
A Fully Eulerian Formulation for
Fluid-Structure-Interaction Problems

Thomas Richtera,1

aInstitute for Applied Mathematics, University of Heidelberg, INF 294, 69120 Heidelberg,
Germany

Abstract

In this work, we present a Fully Eulerian framework for fluid-structure interac-
tion (fsi) problems coupling the incompressible Navier-Stokes equations with a
hyperelastic solid.

The Fully Eulerian framework is a monolithic implicit variational formu-
lation for the coupled problem. In contrast to the well-established Arbitrary
Lagrangian Eulerian (ALE) coordinates, the Fully Eulerian framework formu-
lates both subproblems, fluid and solid, in Eulerian coordinates. This concept
circumvents various difficulties connected to ALE coordinates since no artificial
domain mapping is used. The formulation is an interface-capturing method and
uses an extension of the solid’s deformation, the Initial Point Set, to detect the
interface location.

By construction, very large deformation as well as topology changes like
contact of the solid to the domain boundary or other solid parts are possible.

Keywords: finite elements, fluid-structure interaction, Eulerian, monolithic,
interface-capturing
PACS:

1. Introduction

We present a monolithic variational finite element method for fluid-structure
interaction problems. Emphasis is on applications where very large structural
deformations, free movement of the structure within a flow domain and contact
of the structure with the domain’s boundary, with other structures or self-
contact appears. The formulation presented in this work is Eulerian-Eulerian
and a first variant of this novel approach has been suggested by Dunne [11, 12].

There exist countless different approaches to model and simulate fluid-structure
interaction problems. Among them, we focus on monolithic models, where the
complete problem is formulated in one coupled system including the interface
conditions between solid and fluid. Monolithic models allow for implicit solution
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schemes, large timesteps and offer the possibility to use sensitivity based error
estimation and optimization methods. They are well suited for the simulation
of problems with large fluid densities as appearing in hemodynamics [15]. While
fluid problems are naturally described in a fixed Eulerian coordinate framework,
a Lagrangian, material centered description is the usual basis for solid problems.
All monolithic schemes for a fluid-solid interaction must somehow match these
two different frameworks.

In Lagrangian or arbitrary Lagrangian methods, the flow problem is mapped
onto a matching reference domain. Classical approaches are the ALE method,
see [25, 3, 31] or deforming-spatial-domain / stabilized space-time methods
(DSD/SST), see for instance [50, 48]. These formulations have in common,
that kinematic and dynamic coupling conditions are easily embedded into trial
spaces and established by variational techniques. A drawback of Lagrangian
methods is the underlying transformation of the fluid-problem which can break
down for large deformations or large solid movements. Lagrangian approaches
are interface-tracking methods as the common interface is shared by both sub-
problems.

The Eulerian-Lagrangian methods use a Eulerian fixed computational mesh
for the fluid problem and a Lagrangian mesh for the solid problems. Coupling of
the two frameworks is accomplished by using force densities as in the immersed
boundary method by Peskin [39] or the immersed interface method [35]. Other
approaches introduce additional interface variables and couple the two systems
using Lagrange multipliers. Examples are the fictitious domain method [19], or
other recent approaches based on the extended finite element method [17]. A
survey of interface coupling approaches is given by Felippa et. al. [14]. Eulerian-
Lagrangian methods are interface-capturing approaches. The interface is not
part of the fixed Eulerian fluid mesh and its location within the computational
fluid domain must be captured implicitely as part of the solution scheme. An
early approach for capturing the interface is the Volume of Fluid method [26],
where a tracking function ΦV takes the value one in the fluid domain and zero
in the solid domain. This function ΦV is transported with the interface velocity.
A proper numerical approximation of ΦV with a sharp jump from fluid to solid
domain is one of the difficulties connected to this scheme. Another possibility for
capturing the interface – at first used to model multiphase-flows – is by means
of a scalar Level-Set [38, 44] function ΦL which in any point of the domain
indicates the signed distance to the interface. The interface itself is given as
zero-contour of the Level-Set function. Based on Level-Sets, very efficient and
simple numerical schemes exist to describe free-boundary and fluid-structure
interactions [34]. Usually, Level-Set representations of the interface lack the
ability to reproduce sharp corners. A general problem of Eulerian-Lagrangian
methods are the approximation properties close to the interface. Since the fluid
elements are cut by the interface and the solution may be discontinuous (or at
least not differentiable) across the interface, approximation with standard finite
elements is difficult. Here, the extended finite element method helps to improve
accuracy [8, 17].

Finally, for problems with very large deformation, an Eulerian description of
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the structural problem is desirable [51, 37]. Using a fixed Eulerian background
mesh, the interface between fluid and solid will freely move in the domain. A
Eulerian method will always be of interface-capturing type. Dunne [11, 12] has
first implementations of an Eulerian-Eulerian model for the interaction of an
incompressible fluid with an hyper-elastic solid. Here, capturing of the interface
is accomplished with the Initial Point Set (IPS), a vector-field ΦIPS used to
transport the complete reference coordinate system. The IPS-method is able to
capture interfaces with sharp edges. A finite difference approach for Eulerian-
Eulerian fluid-structure interaction based on the Volume of Fluid method [26]
is introduced by Sugiyama [47] et. al. Here, the coupling between incom-
pressible fluid and structure is solved with a pressure correction iteration. An
Eulerian-Eulerian fluid-structure interaction method based on Level-Set func-
tions is introduced by He & Qiao [20]. Four Level-Set functions are required to
represent the moving structure domain. Two of them take a role similar to the
Initial Point Set as introduced by Dunne [11, 12].

The Fully Eulerian formulation introduced in this work is based on exten-
sions of the IPS method [43, 13, 40]. Fluid and solid problem are given in
an Eulerian formulation, the interface conditions are embedded in the function
spaces and realized by variational load balancing. For capturing the interface
the solid’s deformation will be extended to only a small layer in the fluid do-
main. The flow problem is modeled without any transformation and apart from
the small interface layer no additional variables must be introduced, making the
method very efficient.

In the second section we shortly introduce the required notation. Section 3
is devoted to the governing equations in Eulerian coordinates and deals with the
coupling of fluid and solid problem. Details on discretization and the solution
scheme are provided in Section 4. Finally, in Section 5 we present different
numerical examples demonstrating the scope of this new Fully Eulerian fluid-
structure interaction formulation.

2. Preliminaries

Let Ω ⊂ R2 be a two dimensional domain. At time t = 0 this domain is split
into a non-overlapping partitioning into the fluid part Ω̂f := Ωf (0) and solid

part Ω̂s := Ωs(0) with a common interface Γ̂i := ∂Ω̂f ∩ ∂Ω̂s. We will consider
problems, where the domain partitioning will change in time, the combined
domain Ω however will be fixed:

Ω̂f 7→ Ωf (t), Ω̂s 7→ Ωs(t), Γi(t) = ∂Ωf (t) ∩ ∂Ωs(t), Ω = Ωf (t) ∪ Ωs(t).

At time t = 0 we call Ω̂f and Ω̂s the reference configuration. In the context of

fluid-structure interaction, Ω̂s refers to the Lagrangian view-point and Ωs(t) to
the Eulerian. For simplicity, we will consider problems with Dirichlet boundary
conditions only and define

Γf (t) := ∂Ωf (t) ∩ ∂Ω, Γs(t) := ∂Ωs(t) ∩ ∂Ω.
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As function spaces we use the Lebesgue space L2(Ω) in the domain Ω or in
the (moving) subdomains as well as Sobolev-spaces of L2 functions with weak
derivatives in L2. By (·, ·)Ω we denote the L2-inner product and by ‖ · ‖Ω the
usual L2-norm on Ω. Further, by 〈·, ·〉Γ we denote the L2-inner product on
(parts of) the boundary Γ ⊂ ∂Ω, usually the inner interface between the two
subdomains.

3. Eulerian formulation of fluid structure interaction

In this section we derive the coupled system of equations describing the
interaction of an incompressible Stokes or Navier-Stokes fluid with an elastic
structure of St. Venant Kirchhoff type. All equations are given in variational
formulation. This allows for an easy transformation between Eulerian and La-
grangian coordinate frameworks.

3.1. Eulerian description of fluid flows
Fluid problems are naturally given in the Eulerian coordinate framework.

Here, the flow domain Ωf (t) is moving in time along with the interface Γi(t)
to the solid domain. On this interface, a no-slip condition is assumed for the
viscous fluid. Let vi(t) be an extension of the interface-velocity into the fluid
domain. Then, velocity and pressure are given as

vf (t) ∈ vi(t) + Vf (t), pf (t) ∈ Lf (t) :

ρf (∂tvf (t) + vf (t) · ∇vf (t), φf )Ωf (t) + (σf (t),∇φf )Ωf (t) = ρf (ff (t), φf )Ωf (t)

(div vf (t), ξf )Ωf (t) = 0

∀φf ∈ Vf (t), ∀ξf ∈ Lf (t),

(1)

where by Vf (t) and Lf (t) we denote suitable function spaces for velocity and
pressure on the moving domain Ωf (t). The Cauchy-stress tensor is given by

σf := ρfνf (∇vf +∇vTf )− pfI,

where by ρf we denote the fluid’s density and by νf its kinematic viscosity.

3.2. Lagrangian description of a St. Venant Kirchhoff material
In natural Lagrangian coordinates, elastic structures are modeled by describ-

ing the deformation of the reference domain Ω̂s := Ωs(0) via T̂s(t) := id +ûs(t) :
Ω̂s → Ωs(t). The computational domain Ω̂s is fixed. On Γ̂i := Γi(0) we drive the
problem by interface-stresses coming from the flow domain. Let F̂s := I + ∇̂ûs
be the deformation gradient, Ĵs := det F̂s its determinant and v̂s := dtûs the
solid’s velocity. The hyperelastic material is governed by:

ûs(t) ∈ V̂s, v̂s(t) ∈ L̂s :

(ρ̂sdtv̂s(t), φ̂s)Ω̂s
+ (F̂s(t)Σ̂s(t), ∇̂φ̂s)Ω̂s

= ρ̂s(f̂s(t), φ̂s)Ω̂s
+ 〈ĝs(t), φ̂〉Γ̂i

(dtûs(t), ψ̂s)Ω̂s
= (v̂s(t), ψ̂s)Ω̂s

∀φ̂s ∈ V̂s, ∀ψ̂s ∈ L̂s.

(2)
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Again, by V̂s and L̂s we denote suitable function spaces on Ω̂s. By ĝs we
denote interface-stresses on the interface boundary and by ρ̂s the solid’s density
(in unloaded reference configuration). With the Lamé coefficient µs and shear
modulus νs the second Piola Kirchhoff stress tensor for a St. Venant Kirchhoff
material [27] is given by

Σ̂s := 2µsÊs + λs tr (Ês)I, (3)

where Ês := 1
2 (F̂T

s F̂s − I) is the Green-Lagrange strain tensor.

3.3. Eulerian description of a St. Venant Kirchhoff material

The Eulerian version of solid equation (2) is derived by simple integral trans-
formation using the natural mapping to the Eulerian framework T̂s(t) : Ω̂s 7→
Ωs(t). First, for an Eulerian coordinate x := x̂+ ûs(x̂, t) we define on Ωs(t) the
Eulerian deformation us(t) ∈ Vs(t) and velocity vs(t) ∈ Ls(t):

us(x, t) := ûs(x̂, t), vs(x, t) := v̂s(x̂, t).

These definitions allow us to introduce an inverse mapping Ts(t) : Ωs(t) → Ω̂s

back to the reference domain, its deformation gradient Fs and determinant Js:

Ts(x, t) := x− us(x, t), Fs := ∇Ts = I −∇us, Js := det Fs. (4)

With the relation Ts(t) ◦ T̂s(t) = id, it follows in Eulerian coordinates:

FsF̂s = I ⇒ Fs = F̂−1
s , Js := Ĵ−1

s , Es :=
1

2
(F−Ts F−1

s − I). (5)

Next, let φ̂(t) ∈ V̂s be arbitrary with Eulerian counterpart φ(t) ∈ Vs(t) defined

by φ(x) := φ̂(x̂). Then, it holds:

∇̂φ̂ = ∇φF−1
s , dtφ = ∂tφ+ vs · ∇φ. (6)

Integral transformation of (2) using (4), (5) and (6) gives the Eulerian formula-
tion of the solid problem:

us(t) ∈ Vs(t), vs(t) ∈ Ls(t) :

(ρ̂sJs(∂tvs + vs · ∇vs), φs)Ωs(t) + (σs,∇φs)Ωs(t) = (Jsρ̂sfs, φs)Ωs(t) + 〈gs, φs〉Γi(t)

(Js(∂tus + vs · ∇us), ψs)Ωs(t) = (Jsvs, ψs)Ωs(t)

∀φs ∈ Vs(t), ∀ψs ∈ Ls(t),

(7)

where the Cauchy stress tensor in Eulerian formulation reads:

σs = JsF
−1
s ΣsF

−T
s = JsF

−1
s (2µsEs + λs tr(Es))F

−T
s , Es :=

1

2
(F−TF−1−I).

In Eulerian framework, the solid’s density gets ρs(x, t) = Js(x, t)ρ̂s(x̂). Tran-
sition to Eulerian coordinates gives rise to convective terms in the momentum
equation as well as the velocity-deformation relation.
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3.4. Coupled fluid structure interaction problem in Eulerian coordinates

Coupling of (1) and (7) is accomplished by prescribing balancing conditions
for velocity and normal stresses on the common interface:

vf (t) = vs(t), σf (t)n(t) = σs(t)n(t) on Γi(t).

We realize these conditions by variational techniques. Continuity of velocities
is incorporated in one globally defined and “continuous” trial space V on Ω =
Ωf (t) ∪ Ωs(t). For v(t) ∈ V we use the notation vf (t) := v|Ωf (t) and vs(t) :=
v|Ωs(t). While looking straightforward, prescribing continuity of the velocities
reveals a regularity problem that is discussed in literature [10]. Without further
damping, the structure’s velocity lacks the required regularity to have a well-
defined trace on Γi(t). Although being fundamental, we do not elaborate on
this issue here.

The dynamic condition coupling the normal-stresses is realized by means of
variationally consistent load evaluation [7, 18] choosing common and “contin-
uous” test-functions φ ∈ V with φs := φ|Ωs(t) and φf := φ|Ωf (t). Then, the
dynamic condition is inherently given (gs = 0) with integration by parts:

(σf ,∇φ)Ωf
+ (σs,∇φ)Ωs

= 〈σfnf + σsns, φ〉Γi
+ “volume integrals”, (8)

with the outward facing normal vectors nf = −ns at the interface Γi(t) with
regard to fluid- and solid-domain.

For simplicity of notation we introduce characteristic functions with respect
to the two subdomains:

χf (x, t) :=

{
1 x ∈ Ωf (t)

0 x ∈ Ωs(t)
, χs(x, t) :=

{
1 x ∈ Ωs(t)

0 x ∈ Ωf (t)
. (9)

Combining (1) and (7) the coupled fsi problem is given using the globally defined
function spaces:

v ∈ V, us ∈ Vs, pf ∈ Lf :(
(ρfχf + Jsρsχs)(∂tv + v · ∇v), φ

)
+
(
σfχf + σsχs,∇φ

)
=
(
ρfffχf + Jsρsfsχs, φ

)(
div vf , ξf

)
Ωf (t)

= 0

(Js(∂tus + v · ∇us), ψs)Ωs(t) = (Jsvs, ψs)Ωs(t)

∀φ ∈ V, ξf ∈ Lf ψs ∈ Ls.
(10)

The crux of this very simple looking variational formulation is the partitioning
of the domain Ω into the two subdomains described by (9). The characteristic
functions depend on the solution, namely on us, itself. Dunne [12] used the
deformation to introduce an additional global vector field, the Initial Point Set
ΦIPS which at time t = 0 is the identity Φ(x, 0) = x and then transported
with the solid’s velocity vs and its extension to the fluid-domain. This IPS
function helps to find a reference location of every Eulerian point. We further
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simplify this approach by directly using the Eulerian inverse transformation
Ts(t) := id−us(t) : Ωs(t) → Ω̂s and its extension to define the characteristic
functions:

χs(x, t) =

{
1 x− u(x, t) ∈ Ω̂s

0 x− u(x, t) 6∈ Ω̂s

, χf (x, t) = 1− χs(x, t), (11)

where u : Ω → R2 is an extension of us to the whole domain. The extension
u of the solid’s deformation us establishes the Initial Point Set by the relation
ΦIPS(x, t) := x − us(x, t) without the need to introduce additional variables.
Note, that for a fluid-coordinate x ∈ Ωf (t) we do not necessarily require x −
us(x, t) ∈ Ω̂f , see (11).

3.5. Comparison to ALE formulations

In the classical ALE formulation for FSI problems the structure problem is
formulated on the static reference domain Ω̂s and the flow problem is mapped
onto the fixed matching domain Ω̂f via T̂f (x̂, t) := x̂ + ûf (x̂, t), where ûf =
extf (ûs) is an extension of the solid’s deformation field to the flow domain,
see [31, 32, 18, 1]. By this transformation, the interface does not move in the
computational domain and can easily be resolved with high accuracy. As a
drawback, strong nonlinearities are introduced. For comparison with (10), the
variational formulation of the coupled ALE system is given by:

(Ĵρf∂tv̂f + ρf F̂
−1(v̂f − ∂tT̂f ) · ∇̂v̂f , φ̂)Ω̂f

+ (Ĵ σ̂f F̂
−T , ∇̂φ̂)Ω̂f

+(ρ̂s∂tv̂s, φ̂)Ω̂s
+ (F̂ Σ̂s, ∇̂φ̂)Ω̂s

= (Ĵρf f̂f , φ̂)Ω̂f
+ (ρsf̂s, φ̂)Ω̂s

(d̂iv(Ĵ F̂−1v̂f ), ξ̂)Ω̂f
= 0, (dtûs − v̂s, ψ̂)Ω̂s

= 0,

with deformation gradient F̂ := I+∇̂û, its determinant Ĵ and the stress tensors
in Lagrangian formulation:

σ̂f := ρfνf (∇̂vf F̂−1 + F̂−T ∇̂v̂Tf )− p̂I, Σ̂s := µsÊs + λs tr(Ês).

In both formulations, Eulerian and ALE, an extension of the deformation into
the fluid domain is introduced. The conceptual difference between the Eulerian
and ALE formulation is the use of the deformation-extension to the flow domain.
In ALE, with this extension a mapping T̂f (Ω̂f ) = Ωf (t) is established used to
transform the set of equations. This gives rise to one fundamental problem: if
the mapping gets irregular, i.e. Ĵf := det(∇̂T̂f ) → 0/∞, the ALE formulation
will break down. This is unavoidable in the case of very large movement (e.g.
permanent rotation of a free solid) or topology change (e.g. contact of the solid
with the domain’s boundary).

In the Fully Eulerian formulation, the extension uf is only used to capture

the interface as a look-up function in the definition of (11). Here Tf (Ωf (t)) 6= Ω̂f

is allowed. We only expect Tf (Ωf (t)) ∩ Ω̂s = ∅. This gives more freedom in
the choice of the extension’s boundary values. Possible regularity problems of
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uf do not influence the overall scheme. For the numerical application it will
turn out, that the extension uf is only required in a small layer around Γi(t).
Beyond this layer it is sufficient to solve the Navier-Stokes equations without
further variables. This leads to a very efficient scheme.

One major drawback of transforming the structure system to Eulerian co-
ordinates is the introduction of convection terms in the equations. Here loss of
conservation principles due to numerical diffusion has to be expected. Further,
even if the coupled Eulerian system (10) does not include strong nonlinearities
at first sight (like it is the case for ALE), implicit domain affiliation leads to
nonlinearities in the coupling. This even holds true, if linear models (Stokes and
linear elasticity) are coupled. Finally, by having the interface cut through mesh
elements, a discretization will require finer meshes to get accuracies similar to
those of the ALE approach.

4. Discretization

In this section, we describe the discretization scheme used to approximate
the fluid-structure interaction system (10). In short, we use a semi-implicit time
stepping scheme for temporal discretization and a stabilized equal order finite
element discretization in space.

4.1. Temporal discretization

Let 0 = t0 < t1 < · · · < tM = T be a subdivision of the time interval [0, T ]
with (possibly non uniform) step-size km := tm − tm−1. By uk = (ums )Mm=0,
vk = (vm)Mm=0 and pk = (pmf )Mm=0 we define the solution Um := {vm, ums , pmf }
at the discrete time-steps tm. Every time-step is split into two sub-steps: (1)
we march in time Um−1 → Ũm using the old domain-partitioning at time tm−1.
(2) we update the domain partitioning Γm−1

i → Γm
i by extending the new solid-

deformation ũms and then project the solution to the new domains Ũm → Um.

(1) time-marching. For simplicity, we define χm
f/s := χ(tm)f/s, Ωm

f/s := Ωf/s(tm),
and combine trial-spaces and test-spaces to

Um ∈ Xm := V × Vs(tm)× Lf (tm), Φ ∈ Ym := V × Ls(tm)× Lf (tm).

For time-stepping, we use the θ-scheme and starting with Um−1 ∈ Xm−1 we
find the intermediate Ũm ∈ Xm−1 by

Ũm ∈ Xm−1 : Am−1(Ũm)(Φ) = 0 ∀Φ ∈ Ym−1, (12)
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with the test-functions Φ := {φ, ψs, ξf} and the semilinear form

Am−1(Ũm)(Φ) = k−1
m

(
(ρfχ

m−1
f + J̃m

s ρsχ
m−1
s )(ṽm − vm−1, φ

)
Ω

+ (div ṽm, ξf )Ωm−1
f

+
(
ρf (θṽm · ∇ṽm + (1− θ)vm−1 · ∇vm−1), φ

)
Ωm−1

f

+
(
ρs(θJ̃

m
s ṽ

m · ∇ṽm + (1− θ)Jm−1
s vm−1 · ∇vm−1), φ

)
Ωm−1

s

+
(
θσ̃m

f + (1− θ)σm−1
f , φ

)
Ωm−1

f

+
(
θσ̃m

s + (1− θ)σm−1
s , φ

)
Ωm−1

s

+ k−1
m

(
ũm − um−1, ψs

)
Ωm−1

s
+
(
θṽm · ∇ũm + (1− θ)vm−1 · ∇um−1, ψs

)
Ωm−1

s

− (θṽm + (1− θ)vm−1, ψs)Ωm−1
s

− ρf (θfmf + (1− θ)fm−1
f , φ)Ωm−1

f
− ρs(θJ̃m

s f
m
s + (1− θ)Jm−1

s fm−1
s , φ)Ωm−1

s
.

(13)

The scalar parameter θ ∈ (0, 1] controls the time-stepping scheme. For θ = 1 we
get a variant of the implicit Euler scheme, for θ = 1/2 the well known Crank-
Nicolson scheme which is of second order in the time. Since we use a first order
explicit representation of the domain affiliation by freezing the characteristic
functions at the old time step tm−1 we cannot expect second order convergence
of the overall scheme in the general case. Nevertheless, we choose an implicitely
shifted variant of Crank-Nicolson with θ = 1

2 +O(k) to avoid excessive numerical
dissipation in the fluid equation while formally preserving second order accuracy,
see [23, 24, 36]. The intermediate solution Ũm ∈ Xm−1 at time tm is still
given on the old domain partitioning belonging to tm−1. Transition to Xm is
accomplished in the second substep.

(2) extension step. To generate a new partition Γm−1
i → Γm

i we need to extend
the intermediate deformation ũms to the entire domain. Then, given ũm : Ω →
R2 we can define the new domain partitioning with help of the characteristic
functions (11):

ũm−1 :=

{
ũm−1
s in Ωm−1

s

extf (ũm−1
s ) in Ωm−1

f

, χm
s :=

{
1 x− ũm−1(x, t) ∈ Ω̂s

0 x− ũm−1(x, t) 6∈ Ω̂s

.

Projection of Ũm−1 to the new domain partitioning is accomplished by simply
restricting the extensions to the corresponding subdomains:

vm := ṽm−1, ums := ũm−1
∣∣
Ωm

s
, pmf := p̃m−1

∣∣
Ωm

f

This very simple extension and projection operation will limit the overall accu-
racy of the scheme to O(k). For obtaining higher order schemes, time-stepping
should be performed on space-time slabs similar to the DSD/SST formulation
introduced by Tezduyar [49]. For extending the deformation one should use an
extension operator which preserves the stiffness of the structure like the bihar-
monic operator, see [22]. However, since we will introduce a discrete extension
on the algebraic level we skip further discussions at this point.
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Kf Kf

Figure 1: Left: partitioning of a finite element triangulation into overlapping sub-meshes.
Right: partitioning of interface-elements into four triangles each for accurate numerical
quadrature.

4.2. Spatial discretization of the time-matching step (1)

Equation (12) is discretized by a finite element method using continuous,
piece-wise polynomial equal order elements. First, by Ωh, we denote a triangu-
lation of the domain Ω into quadrilaterals. Ωh consists of open, non-overlapping
elements K ∈ Ωh and all elements have interior angles which are bound close to
π/2 in order to prevent too sharp or blunt corners. Details on principals of finite
element meshes as well as necessary modifications to deal with adaptive meshes
and local mesh refinement are given in the literature [9, 5, 2]. The triangulation
Ωh must not necessarily be aligned with the fluid and structure domain as it is
usually the case in ALE formulations. Hence, an element K can be cut by the
Interface Γi(t) and be part of both subdomains. In the Fully Eulerian frame-
work the domain partitioning is changing and a matching triangulation would
require costly remeshing in every time-step. We define the sub-meshes (see the
left sketch in Figure 1):

Ωm
f/s,h := {K ∈ Ωh;K ∩ Ωm

f/s 6= ∅}, Ωm
i,h := Ωm

f,h ∩ Ωm
s,h.

By Xm
h = Vh×V m

s,h×Lm
f,h we denote a couple of H1-conforming isoparametric

finite element space of degree r ≥ 1 which is assembled on the mesh Ωh and
has the usual modification for Dirichlet boundary conditions on ∂Ωh. Since
all unknowns (velocity, deformation and pressure) are discretized with order-r-
finite elements, additional stabilization terms SLPS(·)(·) are added to the semi-
linearform A(·)(·) (see (13)). Here, we use the Local Projection Stabilization
method to cope with the discrete inf-sup condition. See the survey [4] and [42]
for a first application to fluid-structure interaction problems. The stabilized
semi-linearform is denoted by Ah(·)(·). Further stability problems occur by
discretizing the convective terms in the deformation-velocity coupling ∂tu +
v · ∇u = v. Here, a stable discretization is accomplished with the consistent
streamline diffusion method [33] by modifying the test-space Y m,sd

h := Vh ×
V m,sd
s,h × Lm

f,h.
We emphasize, that deformation uh ∈ Vs,h and pressure ph ∈ Lf,h are not

defined on the whole mesh. They appear only on the corresponding sub-meshes.
As opposed to ALE formulation, no global extension of the solid deformation is
required to solve the fluid-problem. By defining the deformation locally only on

10



um−1
h

xm
ixm−1

i

ũm
h

˜̃um
h

Γm−1
i Γm

i

Figure 2: Extension-step (2): old deformation um−1
h and intermediate ũm

h (on old mesh).

Extension ˜̃um
h into fluid-domain. xm

i is new interface location.

Ωs,h (which is the solid domain plus the small layer of interface elements Ωi,h),
a significant reduction of numerical effort is reached, as in many applications,
the structure fills only a very small part of the entire domain. The stabilized
Petrov-Galerkin-formulation of (12) reads:

Ũm
h ∈ Xm−1

h : Am−1
h (Ũm

h )(Φh) = 0 ∀Φh ∈ Y m−1,sd
h , (14)

where Ah(·)(·) := A(·)(·) + SLPS(·)(·).
Since the interface Γi(t) is moving through the domain and crossing mesh

elements, one cannot align the mesh nodes with the interface. This is a one
severe drawback compared to interface tracking formulations like ALE. Numer-
ical integration thus has to carefully consider the interface regions where the
dynamics of the coupled problem are dominated. In Dunne [12] it was proposed
to use summed integration formulas to evaluate integrals on elements touched
by the interface. For an accurate integration a very large number of integration
points is necessary. This method, not taking the specific layout of the interface
into account is not efficient. Here, we approximate the interface by a piece-wise
linear function and split every element touching the interface into four triangles.
In the right sketch in Figure 1 we show examples for the splitting of an element
into triangles. Each triangle is integrated with a seven-point Gauss formula [46].

A further approximation problem occurs, since piece-wise polynomial finite
element functions Uh ∈ Xh are not able to correctly reflect the solution’s be-
havior at the interface. While the velocity is continuous over Γi, it’s gradient
is expected to have a jump. Here, one should use the extended finite element
method [8, 17] for increasing the interface accuracy.

4.3. Spatial discretization of the extension-step (2)

In the extension-step, we first have to extend the intermediate deformation
ũmh,s into the fluid-domain. We assume, that the time-step km is small enough
to prevent interface-movements larger than one element-size

km‖vh‖−1 ≤ h.

11



By this assumption it is sufficient to extend the deformation ˜̃umh := exth(ũmh,s)
to at most one layer of elements into the fluid-domain. Here, we use a simple
constant extension. In Figure 2 we give a plot of a one dimensional configura-
tion. After extending the deformation we can locate the new interface-location
using the extended ˜̃umh . The new interface-location xmi belonging to Figure 2 is
characterized by the relation

xmi − ˜̃umh (xmi ) = xm−1
i − um−1

h,s (xm−1
i ).

Since ˜̃uh is a piece-wise polynomial, this equation is easily solved for xmi with
some few steps of a Newton’s iteration. Likewise, we extend the intermediate
pressure p̃mh,f one layer into the solid mesh. Given the new partitioning Ωm

f,h,Ω
m
s,h

we acquire Um
h by restriction to the subdomains:

vmh := ṽmh , ums,h := ˜̃ums,h
∣∣
Ωm

s,h

, pmf,h := ˜̃pmf,h
∣∣
Ωm

f,h

.

4.4. Solution scheme

In every time-step tm−1 7→ tm we need to solve a large, nonlinear coupled
system of discretized partial differential equations given by (13) and (14):

Uh ∈ Xh : Ah(Uh)(Φh) = 0 ∀Φh ∈ Yh,

where we have skipped the superscript “m” denoting the time-step. Given a

suitable initial guess U
(0)
h , which is usually the old time-step U

(0)
h := Um−1

h , we
approximate the solution by a Newton iteration

W
(t)
h ∈ Xh : A′h(U

(t)
h )(W

(t)
h ,Φh) = −Ah(U

(t)
h )(Φh), U

(t+1)
h := U

(t)
h +W

(t)
h ,

where by A′h(Uh)(Wh,Φh) we denote the Gateaux derivative of Ah(·)(·) in di-
rection Wh := {wh, rh, qh} ∈ Xh. This derivative is computed analytically
based on the variational form (13). The Jacobian of the Navier-Stokes equa-
tions is standard and found in the literature. Computing the Jacobian of elastic
structure equations, in particular including fluid-structure interactions is more
involved, see [18, 1, 42] for works regarding ALE formulations. Here, due to the
separate extension step, the Jacobian does not include derivatives with regard
to the movement of the domain. Including these derivatives will be necessary
when deriving fully implicit time-stepping schemes which will help to increase
stability for larger time-steps. In this case, the derivatives with regard to the
domain movement correspond to shape-derivatives as known from topology- and
structure-optimization problems [45]. In the context of fluid-structure interac-
tions or free-surface flows, these shape derivatives are analyzed by Brummelen
and coworkers [55, 54]. As mentioned, using the semi-implicit time-stepping
scheme we only need to evaluate the derivatives with respect to the principal
variables which are easily given with help of the following fundamental rela-
tions [27, 42]:

∂F−1
s (u)

∂u
(φ) = F−1

s (u)∇φF−1
s (u),

∂Js(u)

∂u
(φ) = Js(u)F−1

s (u) : ∇φ.
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Figure 3: Configuration of the CSM-1 benchmark problem and modifications with larger
gravity force. Left gs = −2, middle gs = −4 and right gs = −8.

For completeness, we give the full Jacobian of A(·)(·) for the case of the backward
Euler scheme (θ = 1) using the notation W := {w, r, q} and skipping all indices
regarding temporal and spatial discretization

A′(U)(W,Φ) =k−1
m

(
(ρfχf + Jsρs)w + ρsJF

−1 : ∇r, φ
)

+ (div w, ξf )Ωf

+
(
(ρfχf + ρsJχs)(w · ∇v + v · ∇w) + ρs(JF

−1 : ∇r)v · ∇v, φ
)

+ (ρfνf (∇w +∇wT )− qI,∇φ)Ωf
+
(∂σs(u)

∂u
(r),∇φ

)
Ωs

+ (k−1
m r + v · ∇r + w · ∇u− w,ψs)Ωs

− (ρs(JF
−1 : ∇r), φ)Ωs

,

(15)

with the derivatives of the St. Venant Kirchhoff stress tensor in Eulerian coor-
dinates:

∂σs(u)

∂u
(r) =(F−1 : ∇r)σs(u) + F−1∇rσs(u) + σs(u)∇rTF−T

+ µJF−1F−T (∇rTF−T + F−1∇r)F−1F−T

+ λsJF
−1 tr(F−1∇rF−1F−T )F−T .

(16)

A very efficient implementation of these derivatives is possible since most terms,
like the product F−1F−T appear very often and must be coded only once. The
linear system to be solved in every step of the Newton iteration involves a very
large and coupled, ill conditioned matrix given by (15) and (16). In this first
work on the Eulerian method we use a direct solver. While multigrid methods
are well established for both solid and fluid computations, the application to a
coupled fluid-structure interaction problem is very involved. For efficient solv-
ing one has to exploit a partitioned structure within the multigrid smoother,
see [21, 28, 6, 16, 41]. Application of a partitioned inner iteration to the Eule-
rian formulation is difficult, since the interface cuts through mesh elements and
no strict partitioning is available.

5. Numerical Examples

5.1. Model validation

For validation of the Eulerian model we consider a simple fluid-structure
interaction benchmark, the CSM-1 problem as proposed by Hron and Turek [29].
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In this benchmark configuration, we model the deformation of an elastic beam,
attached to an obstacle under a gravity force, see Figure 3. In [29] different
configurations have been proposed. Here, for validation purposes, we focus on
the first CSM-1 test-case. Initially, fluid and solid are at rest, the problem
is driven by a gravity force fs = −Jsρ̂sgsχs acting on the elastic beam. In
the original benchmark configuration [29] gs = 2 has been used, Wick [52]
also published results for gs = 4 yielding a larger deformation. To exploit the
possibilities of very large deformation with the Eulerian approach, we add a
further test-case using gs = 8. We measure the deformation us in the tip of the
beam A = (0.6, 0.2) in the stationary limit. In Table 1 we present the deflections
in this measurement point on different meshes with decreasing mesh sizes under
three different gravity forces. For comparison, we indicate the reference values
are stated in [29, 30] and [52, 53]. The complete set of parameters used in this
configuration is:

ρf = ρ̂s = 103, νf = 10−3, µs = 5 · 105, λ2 = 2 · 106, f = −gsJsρ̂sχs

It is clearly seen, that the Full Eulerian Method yields accurate values which
are very close to the reference values cited from the literature. Further, the
Eulerian framework is able to increase the gravity force. Considering the test-
case gs = 8, the beam touches the rigid bottom of the flow-chanel, see Figure 3.
Here, no results for comparison are available in the literature.

gs = 2 gs = 4 gs = 8
mesh size ux(A) uy(A) ux(A) uy(A) ux(A) uy(A)

hmin ≈ 0.008 6.372 61.84 21.22 114.54 59.846 189.74
hmin ≈ 0.004 7.116 64.70 25.02 121.25 65.760 192.03
hmin ≈ 0.002 7.149 66.07 25.10 122.16 66.857 192.35

Hron & Turek [29] 7.187 66.10 n/a n/a
Wick [52, 53] 7.150 64.90 25.33 122.30 n/a

Table 1: Results for the CSM-1 benchmark problem using increasing volume forces. Functional
values on a sequence of meshes. Comparison to reference values taken from the literature using
the ALE framework.

5.2. Contact problem

Finally, we model the “free fall” of an elastic ball Ωs with radius rball = 0.4
in a container Ω = (−1, 1)2 filled with a viscous fluid Ωf . Figure 4 shows the
configuration of this test-case. At time t = 0, the midpoint of the ball is at
x0 = (0, 0). Since gravity is the only acting force on the solid, the ball will
accelerate and fall to the bottom Γbot. At this rigid wall, the ball stops and due
to elasticity it will bounce off again. The parameters used for this test-case are
given by

ρf = 103, ρ̂s = 103, νf = 10−2, µs = 104, λs = 4 · 104, f = −Jsρ̂sχs.
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Figure 4: Falling ball bouncing of the bottom wall. Snapshots of the solution at times t = 0,
t = 0.71, t = 0.96 (first contact), t = 1.035 (biggest deformation), t = 1.125 (breaking contact)
and t = 1.38 (highest bounce-off).

As functional outputs, we measure the average y-displacement and y-velocity of
the structure as well as the structure’s volume:

jvol(t) :=

∫
Ωs(t)

1 dx, ju(t) :=

∫
Ωs(t)

uys(t) dx, jv(t) :=

∫
Ωs(t)

vys (t) dx.

HH
HHHh

k
0.0100 0.0050 0.0025

2−5 -0.4977 -0.4990 -0.5006
2−6 -0.5248 -0.5286 -0.5298
2−7 -0.5402 -0.5311 -0.5315

HH
HHHh

k
0.0100 0.0050 0.0025

2−5 0.320 0.348 0.365
2−6 0.318 0.369 0.396
2−7 0.357 0.388 0.404

Table 2: Left: maximum (negative) velocity reached in free fall. Right: maximum average
velocity after bounce-off. Calculations on three different spatial and temporal meshes.

In Figure 4 we show snapshots of the solution for different times. Figure 5
shows the progress of the functionals as function over time.

In Table 2 we indicate the maximum (negative) velocity that is reached at
the time of first contact tC ≈ 0.952, as well as the maximum velocity that is
reached after the first bounce-off tB ≈ 1.105, see Figure 5. Computations are
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Figure 5: Falling ball: functionals as plot over time. Left: solid’s average deformation. Middle:
solid’s average velocity. Right: solid’s relative volume. The two turning points of the velocity
for contact (C) and maximum bounce-off (B) are indicated in the middle plot.

done using three different temporal and spatial discretization parameters h and
k. All meshes are uniform in space and time.

Finally, in Table 3 we give the temporal error with regard to mass conserva-
tion

‖jmass(t)− ρ̂sπr2
ball‖L2([0,2]), jmass(t) :=

∫
Ωs(t)

Jsρ̂s dx.

Here, we observe O(h2) convergence. Being an interface-capturing method like
Level-Sets, this result has to be expected for linear finite elements. The time-
discretization parameter k appears to be too small to have a substantial influence
on the accuracy.

HHH
HHh
k

0.0100 0.0050 0.0025

2−5 2.68 · 10−3 2.66 · 10−3 2.69 · 10−3

2−6 7.82 · 10−4 6.95 · 10−4 6.72 · 10−4

2−7 2.63 · 10−4 1.92 · 10−4 1.68 · 10−4

Table 3: Error in mass conservation for the falling ball.

6. Outlook
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Basel-Boston-Berlin, 2008.

17
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