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Intr oduction

Xenobioticssuchaspesticides,herbicidesor fungicides,playakey role in anefficientandeco-
nomicagriculture.Their critical impacton theenvironment,in particularon thegroundwater,
haslong beenrecognized.In recentyears,careaboutenvironmentaleffectsandhumansafety
hasbecomeof major public interest. Authoritieshave respondedby introducingstricterreg-
ulationsandimposingstringenttestproceduresbeforereleasinga substancefor usein fields
(Plimmer, 1999[101]).

On the Europeanlevel, the RegistrationDirective 91/414/EEC,concerningthe placingof
plantprotectionproducts(PPP)ontheEU market,cameinto forcein 1993(Boestenetal.,1999
[24]). Uniform principlesfor theregistrationprocess,e.g.the typeandscopeof experimental
studies,weredefined. In particular, it is requiredthat in additionto the experimentscarried
out for theassessmentof thefateandbehavior of plantprotectionproductsin theenvironment,
estimatesof predictedenvironmentalconcentrationsin soil, water, and air basedon mathe-
maticalmodelinghave to provided (Kloskowski et al., 1999[73]). Several simulationtools,
e.g.PELMO (Klein, 1995[72]; Jene,1998[69]), PEARL (Tiktak et al., 1999[125]), PRZM
(Carselet al., 1998[29]) or MACRO (JarvisandLarsson,1998[68]), have becomeavailable
andarewidely usedby researchinstitutesaswell ascompaniesandregulatoryagencies.Devel-
opmentsin recentyearshave shown thatdueto its enormouspotentialto predictthesubstance
behavior for differentsoilsandclimaticconditions,mathematicalmodelingandsimulationwill
beof increasingimportancefor theregistrationprocess.

In orderto solve the simulationproblem,i.e. the forward problem,for predictingsystem
states,e.g.concentrations,thevaluesof all parametersusedin themathematicalmodelhave to
be available. Usually, the unknown parametersin the model,suchassorptioncoefficientsor
half-lifes,aredeterminedfrom batchexperimentsor incubationstudiesusingsievedsoilsunder
controlledtemperatureandmoistureconditionsin the laboratory. However, thevalidity of the
extrapolationof laboratorydatato transportanddegradationprocessesin undisturbedsoil cores
or in thefield havebeenquestioned.

An alternativeandverypromisingwayto obtainparameterssuitablefor predictingtheenvi-
ronmentalfateof xenobioticsis inversemodeling.Theideaof inversemodelingis to estimate
the unknown parametersdirectly from lysimeteror field measurementdata. This is doneby
mathematicaloptimization,whereanobjectivefunctioncontainingweighteddeviationbetween
thecomputedandtheobserveddatais minimized.
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2 Intr oduction

Inversemodelinghasbeencommonpracticefor saturatedflow problemsin ground-water
hydrologyfor years(Yeh,1986[142]). Its applicationto theunsaturatedzoneis relatively new.
It hasthusfar beenmainly limited to the watertransportequationto infer hydraulicparame-
tersof thesoil. For overviews see(Kool et al., 1987[81]) and(HopmansandŠimůnek,1999
[61]). Thereareonly few papersconsideringparameterestimationfor reactivesolutetransport
underunsaturatedconditionsdescribedby coupledwaterandsolutetransportequations(see
e.g.MishraandParker, 1989[92]; MedinaandCarrera,1996[90]; Abbaspouret al., 1997[1];
ŠimůnekandvanGenuchten,1999[116]; Dieseset al., 1999[41]; Dieseset al., 1999[43]). In
thecontext of registrationstudies,the ideahasbeenpursuedto computeunknown parameters
by couplingsimulationtoolswith commonlyavailablenonlinearregressionsoftware,e.g.PEST
(Doherty, 1994[44]). However, theresultsthusobtainedaremainlyunsatisfying.

Up to now, theregistrationof new substanceson thebasisof parametersderivedby inverse
modelinghasbeengrantedonly in somespecificcases.However, theroleof inversemodelingin
theregistrationof plantprotectionproductsis underdiscussion.Membersof differentnational
authoritiesof Europeancountries,e.g.Germany, Denmark,UnitedKingdom,TheNetherlands,
Belgium andFrance,gave statementson the currentstatusof the useof inversemodelingin
nationalpesticideregistrationat the recent“Workshopon InverseModeling” at the Research
CenterJülich in May 2000.An expertof theGermanregulatoryagency, theBiologischeBun-
desanstaltfür Land- und Forstwirtschaft(BBA), for example,statedthat “up to now inverse
modelingis a procedurethat is not very well testedandaccepted”and that “more informa-
tion on the methodis neededuntil it canbe accepted.” In summary, therewasno consensus
assuch. Even thoughthe benefitsweregranted,thebroadmajority of the representativesex-
presseda rathercautiousattitudetowardstheresultsobtainedsofar. Most adopteda policy of
wait-and-seeaskingfor moreinformationandexpertisein orderto judgethemethod’svalidity.
In particular, moresophisticatedmathematicalmethodswererequiredin orderto overcomethe
deficienciesencounteredby combiningsimulationmodelswith model-independentnonlinear
regressiontools. The INRA, France,for example,claimedthat “more insight into the tech-
niquesof inversion(feasibility, mathematicalpitfalls,robustnessof themethod,...)is needed.”

However, in orderto establishinversemodelingin the registrationprocess,in additionto
reliabletools for parameterestimation,optimizedexperimentaldesignsfor column,lysimeter
andfield experimentsarenecessary. Methodsareneededto determineexperimentalconditions,
suchasirrigation or applicationschemes,andsamplingdesignsleadingto measurementdata
that is suitablefor parameterestimation.The choiceof the experimentaldesignis of partic-
ular interest,as the parameterestimationproblemsinvestigatedso far have frequentlybeen
shown to beill-posed.Eventhoughthisproblemof ill-posedness,mainlycausedby parameters
thatarepracticallyinsensitive to themeasurementdata,hasbeenencounteredin many studies
(e.g.Hornung,1983[63]; Kool et al., 1985[80]; Toormanet al., 1992[126]; vanDamet al.,
1992[127]),only afew approachesfor optimizingtheexperimentaldesignshavebeenreported.
In somefew casestheproblemto derivebetterexperimentalconditionsandsamplingschemes
hasbeeninterpretedandformulatedasa mathematicaloptimizationproblem.Dueto thelack
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of suitableoptimizationprocedures,theproblemhasoftenbeensolvedby anenumerativegrid
searchthroughthedesignspace(e.g.KnopmannandVoss,1987[74]; 1989[76]). Sun(1994
[123]) evenstatedthat“in practiceto solvesuchageneralproblemis toodifficult” and“that up
to date,only few hypotheticalexamplesandsimplifiedcaseshavebeenreported”.

Hence,in additionto the scientificinterestthereis an increasingdemandby industryand
alsoby nationalauthoritiesfor sophisticatedandreliablemethodsfor bothparameterestimation
andoptimalexperimentaldesignin transportanddegradationprocessesof xenobioticsin soils.

This is thebackgroundsettingfor this work whichaimsatproviding methodsthatsimplify
investigationsandenablea betterunderstandingof theobservedprocesses.In orderto support
themathematicalmodeling,thetoolsECOFIT (Diesesetal., 1999[41]; 1999[43]) for param-
eterestimationandECOPLAN (Dieseset al., 2000[42]) for optimal experimentaldesignin
waterandreactive solutetransportprocessesin soilshave beendeveloped.In this thesisnew
contributionsaremadeto thefollowing fields:

t Modelingof parameterestimationproblemsandoptimalexperimentaldesignproblems

t Numericalmethodsfor parameterestimationin waterflow andreactive solutetransport
processesof xenobioticsin soils

t Numericalmethodsfor optimal experimentaldesignin water flow and reactive solute
transportprocessesof xenobioticsin soils

t Applicationof thedevelopedmethodsto variousreal-lifeproblems

In thefollowing wegivea summarycontainingthenew contributionsmadeto thesetopics.
We have organizedthis thesisin essentiallyindependentchaptersbecausewe assumethatnot
all readersareinterestedin all chaptersto thesameextent. Thosereaderswho aremainly in-
terestedin the modelingaspectsandin the applicationof the toolsECOFIT andECOPLAN
to column,lysimeterandfield studiesarereferredto the Chapters1 and 5. For thoseread-
erswho areinterestedin themathematicalpartandwant to geta deeperunderstandingof the
multiple shootingmethodandtheGeneralizedGauss-Newton method,a review is providedin
Section2.1and 2.2basedon(Bock,1981[19]; 1983[20]; 1987[21]; Schl̈oderandBock,1983
[109]; Schl̈oder, 1988[108] ).

Modeling for Parameter Estimation and Optimal Experimental Design(Chapter 1)

Whenstudyingtheenvironmentalfateof xenobiotics,thevadozezone,i.e. thefirst 30 to 100
centimetersof the soil wherethe relevantprocessessuchasdegradationtake place,is of par-
ticular interest. As this zoneis generallynot saturatedwith water, the transportof dissolved
substancesis greatlyaffectedby theflow of water. Thus,unlessstudyingcolumnexperiments
in thelaboratorywheresteady-stateconditionscanbemet,thetransportof bothwaterandso-
lute have to be consideredsimultaneously. The mathematicalmodelingof waterand solute
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transportprocessesin the unsaturatedzoneleadsto instationarypartial differentialequations
(PDEs)coupledwith nonlinearordinarydifferential(ODEs)or differentialalgebraicequations
(DAEs).

For thesakeof comparabilityandin orderto enabletheuseof thedevelopedtoolsfor regis-
trationstudies,thechoiceof modelequationsconsideredin thiswork isorientedattheequations
implementedin thesimulationmodelsusedsofar for registration.In additionto thesemodels,
presentedin Section1.1and1.2,we investigatemorecomplex models,not yet availablein the
commonlyusedsimulationtools, that includee.g.nonlinearsorptiondescribedby Langmuir
isothermsor nonlineardegradationaccordingto Michaelis-Mentenkinetics. A very difficult
problemin themodelingof column,lysimeteror field experimentsis theappropriatedescrip-
tion of initial andboundaryconditions.In Section1.3,we summarizefrequentlyencountered
conditionsin practiceandwork out suitablemodelingapproachesfor initial, upperandlower
boundaryconditions.

Section1.4 is devotedto the parameterestimationproblemin environmentalfateexperi-
ments. In Section1.4.1,we presenta formulationfor the inverseproblemthat coversa wide
rangeof typical columnandlysimeterexperiments.In Section1.4.2,theparameterestimation
methodsusedin commonpracticearereviewedandanalyzed.In contrastto thefrequentlyre-
portedapproachwherethesimulationandtheoptimizationproblemsaretreatedseparately, we
pursueadifferentapproachwheretheparameterestimationproblemis interpretedasaweighted
least-squaresproblemconstrainedby asetof PDEsandODEs(Bock,1981[19]).

Theproblemof how to optimizetheexperimentaldesignfor columnandlysimeterexper-
imentsis addressedin Section1.5. In Section1.5.1,basedon our approachfor theparameter
estimationproblem,theoptimalexperimentaldesignproblemis derivedandformulatedasan
optimalcontrolproblem.Hereby, we build on theapproachworkedout by Körkel et al. (1999
[83]) andBaueret al. (1999[9]; 2000[10]) for systemsdescribedby ODEsandDAEs. We
distinguishbetweenseveral typesof optimizationvariables.Experimentalconditionssuchas
initial conditionsof thesoil columnandirrigation/applicationschemesaredescribedby time-
independentcontrolvariablesandcontrolfunctions,respectively. In orderto optimizethesam-
pling scheme,binary weightsfor eachpossiblemeasurementpoint are introduced. The few
approachesreportedin literaturefor optimizingthedesignarereviewedin Section1.5.2.

The set-upof a meaningfulmodelfor suchcomplex systemsasthe environmentalfateof
xenobioticsin soils is, however, generallyan iterative processwhich requiresthe supportof
suitabletools. For this purpose,we have developedthetoolsECOFIT andECOPLAN for pa-
rameterestimationandoptimalexperimentaldesignwhicharepresentedin thefollowing.

ECOFIT: An efficient method for parameter estimation(Chapter 2 and 3)

While enormousprogresshasbeenmadein thedevelopmentof powerful methodsfor thesim-
ulation of multi-componentmulti-phaseflow in two and threedimensions,the study of the
inverseproblemhasup to now beenmainly limited to smallertestproblems(Sun,1994[123]).
This might bedueto the fact that theadequatetreatmentof parameterestimationproblemsas
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they arisefrom columnor mini-lysimeterstudiesunderunsaturatedflow conditionsis a very
demandingandcomplex taskrequiringmethodsthat

t cantreathighnonlinearities,

t enablesufficiently finespatialgridsin orderto handlehighspatialactivity within thesoil
cores,

t enablethefastsolutionof theresultinglargescalesystems,

t guaranteetheefficientgenerationof sufficiently accuratederivatives,

t incorporateprior information,

t arebasedon reliableterminationcriteria.

The developmentof the parameterestimationtool ECOFIT accordingto theserequirements
hasonly beenpossiblewithin this periodof time sincewe could built uponthe sophisticated
methodsandtheknowledgeavailablein theresearchgroupof Bock andSchl̈oder. Essentially,
thedevelopedapproachrestson thefollowing two pillars:

t a reducedGeneralizedGauss-Newtonmethod(Chapter2)

t veryefficientstrategiesfor thegenerationof therequiredderivatives(Chapter3).

In Chapter2, the focus is upon the efficient solutionof large scaleparameterestimation
problems. In the first section,we outline how the parameterestimationproblemconstrained
by PDEsandODEs is transformedby discretizationinto a large scalenonlinearconstrained
least-squaresproblem.Finitedifferencesareemployedfor spatialdiscretization.Discretization
in time is doneby multipleshooting.A shortreview of theGeneralizedGauss-Newtonmethod
(Bock1981[19]; 1983[20]; 1987[21]) andits convergenceresultsis givenin Section2.2.The
needfor aspeciallytailoredapproachfor largescaleproblemsis motivated.

In Section2.3, we presentan approachbasedon the reducedGeneralizedGauss-Newton
method(Schl̈oder, 1988[108]) thatis capableto handletheselargescaleproblemsarisingfrom
thediscretizationof PDEs.We exploit thefactthattheinitial conditionsfor thestatesarefixed
andthus the systemshave only few degreesof freedom,namelyequalto the numberof un-
known parameters.Usingdirectionalderivativesfor settingup thelinearizedproblems,weend
up with essentiallythe samecomputationaleffort andstoragerequirementsas for the single
shootingmethodwhile maintainingtheadvantagesof multipleshooting.

In Chapter3, efficient strategiesare presentedfor the computationof derivatives in dis-
cretizedPDE-systems.Theanalysisof thereducedGeneralizedGauss-Newton methodshows
thatby far themajorityof computationaleffort is spentin thecomputationof derivatives.Thus,
in orderto further speedup the code,we developspeciallytailored,highly efficient methods
thatexploit structuresonseverallevels.
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In ECOFIT, thestate-of-the-artintegratorDAESOL (Bauer, 1999[11]; 2000[8]), a multi-
stepmethodcodewith avariablestepsizeandordercontrolbasedonBackwardDifferentiation
Formulae(BDF), is used.So far, DAESOL hasbeenthe only tool that providesthe solution
of the forward problemaswell asthe computationof both first andsecondorderderivatives
within the framework of InternalNumericalDifferentiation(Bock, 1981[19]). The required
directionalderivativesarecomputedby thesolutionof thecorrespondingvariationaldifferential
equations.

In thefirst section,theperformanceof a standardversionof DAESOL to handlealsolarge
scaleproblemsasthey arisefrom discretizedPDEsis investigatedfor boththefinite difference
mode(FD) andtheautomaticdifferentiationmode(AD). In thelattermodethederivativesof the
right handside

�
with respectto thestatesu andtheparametersv areprovidedby theautomatic

differentiationtool ADIFOR (Bischofet al., 1992[15], 1994[16], 1998[17]). Analysisof the
performancerevealsthatthecomputationaleffort for parameterestimationis mainlydominated
by thefrequentcomputationof

�xw
whosecomputationalcomplexity increasesquadraticallywith

thenumberof spatialnodesy > . #w C .
In Section3.2,we first outlineanapproachthatcircumventsthecomputationof

�+w
in each

BDF stepby using a modified Newton method(Dieseset al., 1999 [41]; Bock et al., 1995
[23]). Theideais to reducethenumberof

�+w
-computationsby substitutingthemby directional

derivativesof type
�+w 4 .

Secondly, in Section3.3,wepresentanapproachthatremovesthecomplexity order y > . #w C
in orderto furtherspeedupthecode.Weexploit thefactthatdueto theuseof fixedspatialgrids
thesparsitypatterninducedby thespatialdiscretizationof thePDEsremainsunchangedin the
coursethe reducedGeneralizedGauss-Newton method. By identifying structuralorthogonal
columnsof

�xw
(Curtisetal.,1974[34]),

�xw
is computedvia acompressedmatrix requiringonlyz|{ . w insteadof . w directionalderivatives.Thus,thecomputationof

�+w
is only dependenton

theorderof thespatialdiscretizationroutineandthenumberof PDEsandis independentof the
numberof spatialnodes.By this strategy, wemanageto reducethecomputationcomplexity of�xw

to thesamecomplexity order y > . wFC astheevaluationof theright handside
�

.
Combingboth strategies,the modifiedNewton methodandthe compressedapproachfor

thecomputationof
�+w

, finally a speedup by a factorof 40 is gainedfor a parameterestimation
problemwith 2 PDEsand961spatialnodes.TheCPUtime is reducedfrom originally 2.5days
to lessthan1.5hours.

ECOPLAN: An approach for optimizing experimental conditions and sampling schemes
(Chapter 4)

Dueto thenumerousproblemsencounteredby estimatingunknown parametersfrom waterand
solutetransportprocesses,many researchershave claimedthe needfor methodsto optimize
experimentaldesigns.

In orderto addressthis problem,it hasbecomepopularamongthesoil sciencecommunity
within recentyearsto deriveimproveddesignsby analyzingtwo-dimensionalresponsesurfaces
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or by calculatingsensitivity coefficientsfrom hypotheticaldata. However, in both casesthis
is doneon a tediousandcumbersometrial-and-errorbasis,ratherthanembeddingtheproblem
into the framework of optimization. Thereareonly few studiesthat considerthis problemin
thecontext of optimalexperimentaldesigntheoryusingstatisticaldesigncriteria.Thebasisfor
this is the variance-covariancematrix, which describesthe statisticalquality of theparameter
estimates.The objective of optimal experimentaldesignis to minimize a function } of the
variance-covariancematrix of theunderlyingparameterestimationproblem.Oftenoneof the
classicaldesigns,

G
-, ~ -, or � -optimality areused,which aim at minimizing thedeterminant,

thetrace,andthelargesteigenvalueof thevariance-covariancematrix, respectively. Sofar this
approachhasonly beenusedto derive optimal samplingschemes,i.e. optimal allocationsof
measurementpointsin timeandspace.

However, consideringin particularcolumnor mini-lysimeterstudies,thereareby far more
possibilitiesto influencetheexperimentsin orderto obtaingoodmeasurementdatawith respect
to parameterestimation.In thiswork, for thefirst timeanapproachis presentedthatenablesto
optimizebotht theexperimentalconditions,e.g.initial soil profiles,irrigation andapplicationschemes,

and

t thesamplingdesign

with respectto parameterestimationin transportanddegradationprocessesof xenobioticsin
soils. Theapproachpresentedfollows theconceptsworkedout within theBMBF project“Op-
timale Versuchsplanungfür nichtlineareProzesse”(FKZ: 03 D 0043,principal investigators:
Bock,Schl̈oder).Within this projecttheoptimalexperimentaltool VPLAN for parameteresti-
mationproblemsconstrainedby ODEsandDAEswasdeveloped(Baueretal.,1999[9]; Körkel
etal.,1999[83]; Baueretal.,2000[10]). Onthebasisof VPLAN andtheparameterestimation
tool ECOFIT, thenew tool ECOPLAN thatis suitablefor optimalexperimentaldesignin water
andreactivesolutetransportprocesseshasbeendeveloped.

In Section4.1,theoptimalexperimentaldesignproblemis formulatedasanoptimalcontrol
problem.Hereby, in additionto time-independentcontrolvariablesandtime-dependentcontrol
functions,binaryweightsfor feasiblemeasurementpointsin timeandspaceareconsidered.For
thenumericalsolution,asdescribedin Section4.2,a directapproachis employedwheretime-
dependentcontrolfunctionsandstateconstraintsarediscretizedonasuitablegrid. This results
in a finite dimensional,nonlinearconstrainedoptimizationproblemthat is solvedby a struc-
turedSQP-method.In Section4.3,we discusspracticalrequirementsfor optimalexperimental
designsandpossibleextensions,suchassequentialdesignsor designsfor modeldiscrimination.

Application of ECOFIT and ECOPLAN to column, lysimeter and field studies(Chapter 5)

As this is aninterdisciplinarywork, theapplicationof thedevelopedtoolsECOFIT andECO-
PLAN to column,lysimeterandfield experimentsis of particularinterest.Differenttypesof ex-
amplesarepresented,someof themusinghypotheticaldata,someof thembuilding ondatathat
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is providedby experiments.In thefirst two examples,in orderto enablea controlledscenario,
measurementdatais generatedby solvingtheforwardproblemfor apredefinedtrueparameter
set followed by addingpseudo-normallydistributednoise. In the first example,Section5.1,
the performanceof ECOFIT is investigatedfor identifying waterandsolutetransportparam-
etersfrom differentnoisy datasetsstartingfrom poor initial guesses.The secondexample,
Section5.2,is devotedto thetreatmentof parameterestimationproblemsin layeredsoils.

In Section5.3,we alsostudya field experimenteventhoughthemainfocusof this work is
uponinversemodelingin columnandmini-lysimeterexperiments.Here,ECOFIT is usedfor
estimatingthevanGenuchtenparameters. , e and

T *
from field data.Theexperimentalpartof

thisstudywascarriedoutby Aden(1999[3]; [2]) ataBASFtestsitein theupperRhinevalley.
Time domainreflectrometry(TDR) wasemployedto monitorthevolumetricwatercontentsin
severaldepths.For this typeof experiments,anadequatemodelis developed.

In two casesECOFIT is appliedto mini-lysimeterstudiesasthey areperformedfor reg-
istrationpurposes.In the first case,Section5.4, the transportandsorptionbehavior of three
Europeansoilsaredetermined.Theexperimentswerecarriedout by theStaatlicheLehr- und
Forschungsanstalt(SLFA), Neustadt/Weinstr. (Fent,1999[50]). After the applicationof the
non-reactive tracerbromideandof a

)��Y�
-labeledtestsubstanceX, the undisturbedsoil cores

wereirrigatedby aconstantdaily rateandleachatevolumesweresampled.A modelis worked
out for thistypicalclassof outflow experimentsandtheunknown transportandsorptionparam-
etersareestimated.

In a secondstudy, Section5.5,we investigatetheenvironmentalfateof thegrassherbicide
S-Metolachlorandits two mainmetabolitesby meansof ECOFIT. Thedatausedfor inverse
modelingwas obtainedby mini-lysimeterexperimentsperformedby Horn (1999 [62]) at a
Novartis test site in Switzerland. In this study the mini-lysimeterswere exposedto normal
climatic conditions. Again, the unknown parameters,suchasthe linear sorptioncoefficients
andthe degradationrates,aredeterminedbasedon leachatedata. This parameterestimation
problem,however, suffersfrom theproblemof ill-posednessdueto theinsufficient information
providedby theavailabledata.

In the lastsection,thepotentialandthe featuresof ECOPLAN aredemonstratedon a hy-
potheticalcolumnoutflow experimentwhereboth waterandsolutetransportparametersare
estimatedsimultaneously. In a first scenario,theimpactof optimizedexperimental(boundary)
conditions,suchas irrigation schemeand substanceconcentrationin the irrigation water, is
studiedfor a givensamplingscheme.Theobjective of a secondscenariois the simultaneous
optimizationof both the samplingschemeandthe experimentalconditions.Comparingintu-
itivedesignswith theexperimentaldesignoptimizedby ECOPLAN revealsthehugepotential
of optimal experimentaldesign. With the samenumberof observationsparametervariances
canbe drasticallyreduced.Moreover, questionsaboutthe influenceof neglectingor adding
certaintypesof dataon thequality of parameterestimatescanbeeasilyanswered.We can,for
example,decideapriori, whetherprofileconcentrationsobtainedby slicingsoil columnsat the
endof anexperimentcanessentiallyimprove estimationresultsor not. Severalexamplesare
presentedanddiscussedin detail.
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All computationalresultspresentedin this work wereobtainedon a workstationSUN ULTRA
SPARC 10(300MHz)runningSolarisversion7.
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Chapter 1

Mathematical Problemsin the
Envir onmentalFateModeling of
Xenobiotics

Registrationof xenobioticsrequires,besidestheecotoxicologicalrisk assessment,studiesabout
theenvironmentalfateof theemployedsubstances.On theonehand,regulatoryauthoritiesare
interestedin parametervaluessuchassorptioncoefficients,e.g.

TWN
-values,or degradationrates.

On theotherhand,morerecentlysimulationresultshave to besubmittedaswell. A European
consensusabouta simulationmodelhasnot beenobtainedyet. In most WesternEuropean
countriesthe one-dimensionalmodelsPELMO (Klein, 1995[72]; Jene,1998[69]), PEARL
(Tiktak et al., 1999[125]), PRZM (Carselet al., 1998[29]) or MACRO (JarvisandLarsson,
1998[68]) areused.

As the tools developedin this work shouldalsobe applicableto registrationstudies,the
choiceof the modelequationsconsideredis basedon the simulationmodelsusedin current
practiceby industryandregulatoryauthorities.

In the first two sectionsthe relevantmodelequationsappliedfor registrationcalculations,
i.e. the Richardsequationfor the water transport,the convection-dispersionequationfor the
solutetransport,linearsorptionanddegradation,arepresented.In addition,morerecentmodel
approachesfor nonlinearprocessessuchasLangmuirsorptionor Michaelis-Mentenkinetics
arediscussed.Thesemorecomplex modelsaregenerallynotavailablein commonlyusedsim-
ulation tools. Up till now, nonlinearapproachesof this type areof minor interest,asthe risk
assessmentof xenobioticsrequiredby authoritiesis mainlyconstrainedto linearapproaches.

In Section1.3 specialaspectsassociatedwith themodelingof column,lysimeterandfield
experiments,in particulartheadequatedescriptionof upperandlowerboundaryconditionsare
addressed.The following sectionis devoted to the formulationof the parameterestimation
problemasit typically arisesin theenvironmentalfatestudies.An overview of parameteresti-
mationtoolsusedin currentpracticeis given.Frequentlyencounteredpitfallsandshortcomings
aresummarizedandthe needfor moresophisticatedmethodsis motivated. In Section1.5 an
optimalcontrolproblemisderivedfor thedeterminationof optimalexperimentalconditionsand

11
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samplingschemesfor columnandmini-lysimeterstudieswith respectto parameterestimation.
Strategiesemployedin practiceto treatthedesignproblemarereviewed.

1.1 Transient Flow of Water in the UnsaturatedSoil

Undernaturalconditions,asthey arisein lysimeteror field experiments,waterflow throughsoil
is in generalinstationary, i.e. it variesin timeandspace.In thefollowing theRichardsequation
for water transportin the unsaturatedzoneis derived. Frequentlyusedparameterizationof
thesoil watercharacteristicandtheunsaturatedhydraulicconductivity arepresentedwhichare
assumedto hold for soilswith uni-modalporesizedistributions.

However, in thecaseof macroscopicstructureslike fracturesor macroporesmorecompli-
catedmodels,e.g.two domainapproachesconsideringmacroporeflow (Jarvis,1991[67]) or
capillaryflow (e.g.Diekkrüger, 1992[36]; Richteretal.,1996[104]) shouldbeemployed.Even
thoughtheseapproachesarenotdiscussedin thefollowing, they can,in principle,betreatedby
themethodsdevelopedin thiswork.

1.1.1 Richards Equation

Thetransportequationfor waterin avariablysaturatedrigid porousmediumcanbederivedby
themassconservationequation,which in theone-dimensionalcaseis of theform� E

� 1 5X� � /� ;�� a �
(1.1)

where
E ��� � � �	� 


is thevolumetricwatercontent,/ ��� ( �$) 
 is thevolumetricwaterflux density,
S
� ( �$) 


is a source/sinkterm, ; ���0
 is theverticalcoordinate(positivedownward),and
1 � (2


is
time.

WeassumeDarcy’s law

/�5�� �T � @ O� ; (1.2)

to hold,whichrelatesthewaterflux / with ahydraulicgradientby thehydraulicconductivity
�T��� �$) � � (2


. However, in contrastto thecaseof saturatedconditions,thehydraulicconductivity
is a function,

�T >�EFC ��� �$) � � (2

, thatnotonly dependsonthegeometryof theporespaceandthe

physicalpropertiesof thewaterphasebut alsoon thegeometryof thewaterphase.
The soil waterpotential

@ O ����� �$) ( �$# 

is composedof several partial potentials,i.e. the

gravitationalpotential
@ S ����� �$) ( �$# 


, theosmoticpotential
@ * ����� �$) ( �$# 


andthetensiometer
potential

@Uoqp ����� �$) ( �$# 

: @ O 5 @ S � @ * � @Uoqp �

(1.3)

Thegravitationalpotential @ S 5X��7:9 �� > ;V��; H C (1.4)
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describesthe energy that is necessaryto move water from a referencelevel ; H to a depth ; ,
where7:9 ����� �	� 


is themassdensityof waterand
�� is theaccelerationof gravity

���������|�"! �$# 

.

In thefollowing weneglecttheosmoticpotential
@ *

andassumetheair pressureto beconstant.
Consideringonly onecomponentof the tensiometerpressure

@Uoqp
, namelythematricpotential@BA ����� �$) ( �$# 


, (1.3)reducesto@ O 5 @ S � @BA 5 @UA � �4 > ;D��; H C � (1.5)

with
�4�5�7:9 �� �������	���"!F�$#�


. Thematricpotential
@UA

is the energy that is requiredto move
waterinto theporousmedium.

Combiningthemassconservationequation(1.1) with theDarcy law (1.2) andputting the
referencelevel ; H 5�� wegettheRichardsequation� E

� 1 5
�
� ; �T >-E	C �� ; @BA � �4�; � a �

(1.6)

Treating
E

asa functionof
@UA

, asoutlinedin detail in thenext section,we canapplythechain
rule to

� E\� � 1
andrewrite

�T
asa functionof

@BA
,
T >q@UAVC ���X�$)��0��(2


. Thus,weendupwith the
Richardsequationin thematricpotentialform

=�>q@UA�C � @UA� 1 5 �
� ; T >�@BADC �� ; @BA � �4�; � a �

(1.7)

where
=�>q@UAVC 5�� E	� � @UA ��� �$) �0( # 


is thespecificsoil watercapacity. Note,that(1.7) is valid
for boththesaturatedandtheunsaturatedcase.

On theotherhand,we canalsointerpret
@UA

asa functionof
E
. By applyingthechainrule

to
� @UAD� � ; , weobtaintheRichardsequationin thewatercontentform� E

� 1 5
�
� ; �G >�E	C � E� ; � �4 �T >�E	C � �a��

(1.8)

where �G >-E	CP� 5 �T >�EFC �=?>�E	C � �=?>�EFC 5 � @UA
� E (1.9)

is thesoil waterdiffusivity
��� # ( �$) 


.
�a � 5 �a >�E	C � ( �$) 


denotesthesource/sinktermin
E

in con-
trastto

a � 5 a >q@UA�C
. Dueto thefactthat

�=?>�E	CP� � ����� �$) ( �$# 

asthesoil becomessaturated,

(1.8) is only definedfor the unsaturatedcase.Note, that (1.8) canbe formally interpretedas
a convection-dispersionequation,whereformally

b >-E	C 5 �4 > � �T � � E�C denotesthe convection
velocityand

�G >�EFC
thedispersioncoefficient (Roth,1996[106]).

1.1.2 Parameterization of Hydraulic Functions

Severalparameterizationsof theunsaturatedsoil hydraulicproperties,i.e. thesoil waterchar-
acteristicandtheunsaturatedhydraulicconductivity areknown. In orderto enablea compact
formulationwe introducethenormalizedwatercontent

�k�

s 5 E � E �E * � E � � (1.10)
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where
E * ��� � � �	� 


is thesaturatedvolumetricwatercontentand
E � ��� � � �	� 
 is theresidualvolu-

metricwatercontent.
Oneof thefirst modelswasgivenby BrookandCorey (1964[27]) andBurdine(1953[28]):

s�>q@UA�C 5 ����:�
� � �¢¡ @UA¤£¥@Un� � �¢¡ @UA¤¦8@Bn (1.11)

T >�@UAVC 5 T * s �+§¨#© � �
(1.12)

where
@Un ����� �$) ( �$# 


denotesthebubblingpressure,
j �k�


theporesizedistribution index, andT * ��� �$) � � (2

thesaturatedhydraulicconductivity.

Basingon (1.11)vanGenuchten(1980[129]) developeda classof functionsthatis contin-
uouslydifferentiableandapplicableto abroaderrangeof soil types:

s?>q@UAVC 5 � � > e2ª @UA ª C�« � A � �¢¡ @UA¤£ �� � �¢¡ @UA¤¦ � � (1.13)

where
� �k�


, . �k�

and e ��� �$) �0( # 


arepositive fitting parameters.In connectionwith the
statisticalporesize distribution modelof Mualem(1976 [94]) for the unsaturatedhydraulic
conductivity

T >�@BADC 5 T * > � � > e2ª @UA ª C « �$) > � � > e¬ª @BA ª C « C � A C #> � � > e¬ª @BA ª C « C �  (1.14)

frequently
� 5 � � � � . is used.

Conversely, bothfunctionscanbealsoexpressedasfunctionsof
E
:

ª @UA,>�EFC ª�5 e �$) s �,®� � � ®¯ � �\¡ @UA°£ � (1.15)�T >-E	C 5 T * s ® � � � � s ®�
A # �

(1.16)

Remark 1.1(Hysteresis)
Theparameterizationfor thesoil watercharacteristicmentionedabove doesnot considerhys-
teresis. For modelsthat include hysteresisseefor example(Kool et Parker, 1987 [78]). It
shouldbenotedthatthehydraulicconductivity in

@BA
generallyshowsastronghysteresiswhile

hystereticeffectsfor theformulationin
E

areoftennegligible.

1.2 SoluteTransport thr ough the Subsurfacewith Transient
Flow of Water

Theprocessesassociatedwith theenvironmentalfateof xenobioticsin soilsarevery complex
andby farnotcompletelyunderstood.Theiradequatemodeling,in particularfor heterogeneous
structures,is subjectof currentresearch.
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In this section,we derive theconvection-dispersionequationwhich is assumedto hold for
thedescriptionof thetransportof dissolvedsubstancesonthecolumnandmini-lysimeterscale.
Underunsaturatedconditionstheconvection-dispersionequationhasto besolvedtogetherwith
the Richardsequation.Several approachesfor the modelingof linear andnonlinearsorption
anddegradationprocessesarepresented.

1.2.1 Convection-DispersionEquation

Thetransportof dissolvedchemicals,e.g.xenobiotics,in aporousmediumsuchassoil is driven
by convection, moleculardiffusion and dispersion. Consideringalso massconservation for
theseprocessestheconvection-dispersionequationfor solutetransportin theunsaturatedzone
canbederived.

Startingfrom thegeneralcontinuityequationmassconservationof the total concentration�� ����� �	� 

in theone-dimensionalcaserequires� ��� 1 5�� � R �� ;±� `W�

(1.17)

where
R � �������$#²(,�$)-


denotesthe total massflux and
` �������	��(,�$)-


is a sourceor sink term
representingthecreationor disappearanceof substance.

Thetotal concentration�� canbedecomposedinto therespectiveconcentrationsoccurring
in theliquid, solidandgaseousphase:

��³5 E � � 7 ! � i � � (1.18)

where � ����� �	� 

is theconcentrationin theliquid phase,

!,����� �$) 

is theconcentrationin the

solid phase,7 ����� �	� 

is thebulk density, � ����� �	� 


is theconcentrationin thegaseousphase,
and i ��� � � �	� 
 is thevolumetricair content.

For thetotalmassflux
R � severalcomponentscanbedistinguished,namelymoleculardiffu-

sionin theliquid andgaseousphase,dispersion,andconvective transportalongwith thewater
flow. Eachof thesetermswill be discussedin the following and modelapproacheswill be
given.

Molecular diffusion in the liquid phase

Moleculardiffusionof dissolvedsubstancesin theliquid phaseis causedby Brownianmotion
andleadsto mixing dueto concentrationgradients.It is describedby Fick’s law

R	N 5X� GKN >-E	C � �� ; � (1.19)

where
G´N ��� # ( �$) 


is calledthecoefficientof moleculardiffusion.However,
GKN

is notaconstant
but a functionof

E
andparameterizesthegeometryof thewaterphase:

GKN >�EFC 5 GIH r >-E	C � (1.20)
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where
GIH ��� # ( �$) 


is the coefficient of moleculardiffusion in purewater, and r >�EFC �k�
 is the
tortuosity factor. This empirical tortuosity factor r >-E	C is a function of the volumetricwater
content

E
andtakesinto accountlongerflow pathsdueto thespacegeometry.

Oftenusedapproximationsarebasedon theMillington-Quirk modelsfor gaseousdiffusion
(Millington andQuirk, 1961[91]), suchas

r >-E	C 5 E ) H ©��
l # (1.21)

or asproposedby Jin andJury(1996[70])

r >-E	C 5 E #
l #©�� � (1.22)

Here
l ��� � � �	� 


denotestheporosityof thesoil. KemperandvanSchaik(1966[71]) suggested
theempiricalparameterization

r >-E	C 5Xµm¶·¹¸ >-ºYE	C � (1.23)

whereµ ���²
 and
º �k�


arepositiveconstants.

Molecular diffusion in the gaseousphase

Accordingto Fick’s law themassflux of substancein thegaseousphase
R\S ����� �$# ( �$) 


dueto
moleculardiffusionis givenby

R\S 5�� G * � �� ; � (1.24)

where
G * ���P#�(,�$)-


is thecoefficientof moleculardiffusionin thegaseousphase.Employing the
approachof Millington andQuirk (1961[91]) weget

G * 5 i ) H ©��l # GKJdL � � (1.25)

with thecoefficientof moleculardiffusionin theair
GKJdL � ��� # ( �$) 
 .

Dispersion

Superimposedon the diffusive transportis the dispersive transport. Mechanicaldispersion
arisesfrom inhomogeneityof the pore spaceand leadsto mixing causedby randomwater
movement:

R A 5X� E G A � �� ; � (1.26)



1.2SoluteTransport through the Subsurface 17

where
G A ��� # ( �$) 


is thecoefficientof dispersionin theliquid phase.For theone-dimensional
caseit is often assumedthat

G A
increaseslinearly with the pore water velocity 3»5 ª�/$ª �¢E���0(,�$)�


G A�> / C 5�egf ª�/¼ªE � (1.27)

Thedispersionlength egf ���0
 is determinedby thegeometryof thetransportvolume.

Remark 1.2
For thesaturatedcase,thetransportvolumeequalstheporespaceandcanthusbetreatedasa
constant.Underunsaturatedconditions,however, thegeometryof thewaterphasevaries.Thus,e�f relieson thevolumetricwatercontent

E
whichvariesin timeandspace.

Themoleculardiffusion in the liquid phase(1.19)andthedispersionterm(1.26)areboth
proportionalto thegradient

� � � � ; andthusareoftencombinedto thehydrodynamicdispersion
term

GKO >�E � / C 5 G´N >-E	CE � G AW> / C � (1.28)

Convection

Theconvectiveflux
R & ����� �$# ( �$) 


translatesthedissolvedsubstancealongwith thewaterflux/
R & 5X/F� � (1.29)

As convectionis oftenthedominantcomponentin thetransportthecorrectdescriptionof water
transportis aprerequisitefor ameaningfulmodelingof thesolutetransport.

Collecting(1.28),(1.24)and(1.29)thetotal soluteflux is givenby

R �½5X� E GKO � �� ; � G * � �� ; � /	� � (1.30)

By combiningnow thecontinuityequation(1.17)with thetotalsoluteflux (1.30)weobtainthe
convection-dispersionequation

� �M�� 1 5 �
� 1 >�E � � 7 ! � i � C 5 �

� ; E GKO � �� ; � G * � �� ; �°/F� � `¾�
(1.31)

whichdescribesthesolutetransportin theunsaturatedzone.
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1.2.2 Modeling of Sorption Processesin Soils

Sorptionprocesseswith thesoil matrix generallyinfluenceboththetransportandthedegrada-
tion of substances.In thefollowing theimpactof sorptionon thetransportbehavior is studied.
How sorptionaffectsdegradationis discussedin detailin thenext section.

Dependingonthetimescalewedistinguishequilibriumandnon-equilibriumsorption.Con-
sideringequilibriumsorptionwe assumethesorptionprocessto bevery fastcomparedto the
transport.In thiscasetheretardationfactor

¿ 5 � �
7 E �

!
�:� (1.32)

is a measurefor the delayof the transportcausedby sorption. For non-equilibriumbindings,
however, thevelocityof thesorptionprocessis of thesameorderof magnitudeasthetransport
velocityor thedecayrate.

In the following the classicalone-binding-sitemodelsfor linear andkinetic sorptionare
presentedfor equilibriumandnon-equilibriumconditions.For modelstakingseveralbinding
sitesinto accountthereaderis referredto e.g.Richteret al. (1996[104]), Nörtersheuser(1993
[96]), Beulke (1998[14]).

Linear sorption

Thenon-equilibriumkineticsof sorptionfor a first-orderreactioncanformulatedas

�
� 1 > 7 ! C 587 �e > T¾N �B� ! C �

(1.33)

where
T¾N ��� �$) � � 


is theequilibriumconstantfor linearadsorptionand
�e � ( �$) 
 is theadsorption-

desorptionrate.In theequilibriumstate,wherethetimederivative � ! � � 1 is zero,(1.33)reduces
to

! 5 T¾N � � (1.34)

Therespective retardationfactoris thengivenby

¿ 5 � �
7 E T¾N � (1.35)

Langmuir isotherms

For nonlinearsorptionprocessesthatarecharacterizedby finite bindingcapacitytheLangmuir
isotherm

�
� 1 > 7 ! C 587 �e T¾] h �� � T¾] � � !

(1.36)
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maybeused,where
TW] ��� �$) � � 


denotesthesorptioncoefficientof theLangmuirisothermandh ����� �$) 

thefinite adsorptioncapacity. Underequilibriumconditions(1.36)becomes

! 5 TW] h �� � TW] � (1.37)

andweobtaintheretardationfactor

¿ 5 � �
7 E TW] h> � � TW] � C # � (1.38)

For small concentrations� { T �$)] (1.37)convergesto the linear isotherm(1.34)with
T¾N 5T¾] h

. At high concentrations�IÀ T �$)] theabsorbedconcentration
!

is boundedby the finite
absorptioncapacity

h
.

Freundlich isotherms

Nonlinearsorptionthatis not boundedby a finite numberof bindingsitesis traditionallymod-
eledby

�
� 1 > 7 ! C 5¥7 �e > T �:� [ � ! C �

(1.39)

where
T � ��� �\[ � �[ 


is the sorptioncoefficient of the Freundlichisothermand
_ �k�


is the
Freundlichexponent.Consideringtheequilibriumcasefor (1.39)

! 5 T �:� [ � (1.40)

wecomeupwith a retardationfactorof theform

¿ 5 � �
7 E _³T ��� [¬�$) � (1.41)

However, it shouldbenotedthatfor
_ÂÁ �

and �¬5�� theretardationfactor(1.41)is notdefined.
Recently, several formulationshave beengiven (seee.g. Roth 1996 [106]; Tiktak et al.,

1999[125]), whichavoid aunit of theFreundlichcoefficient
T � thatdependsontheFreundlich

exponent
_

. The ideais to introducea fixed referenceconcentration����Q� �������	��

. Applying

thisstrategy wecanrewrite (1.39)as

�
� 1 > 7 ! C 587 �e �T �:�M����� �

�M����� [ � ! �
(1.42)

wheretheFreundlichcoefficient
�T � is now of thedimension

��� �$) � � 

.
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1.2.3 Model Approachesfor Degradationof Xenobioticsin Soils

As thegaseousphaseis of no importancefor theapplicationproblemstreatedin this work, we
concentratein thefollowing on theliquid andthesolidphases.For thesakeof presentationthe
operator

� >-E � / C � � 5 �
� ; E GKO � �� ; ��/F� � (1.43)

is introduced.

Linear degradationmodels

The simplestapproachwhich considersdegradationin both the liquid andthe solid phaseis
givenby afirst-orderdecaymodel�

� 1 E � � 7 ! 5 � >-E � / C �Ã� %�& E �U� %'* 7 ! � (1.44)

where
%�& � ( �$) 


and
%�* � ( �$) 


denotethe degradationratesin the liquid and the solid phase,
respectively.

Duringdegradationin soil xenobioticsareoftentransformedinto severalmetabolites,which
undergo further transformationprocesses.Let us considera systemwith a parent � ) andone
metabolite(child) � # . Assumingthatdegradationonly occursin theliquid phasewecanwrite�

� 1 >-E � ) C 5 � ) >�E � / C � ) � � %'& ) E � ) (1.45)�
� 1 >-E � # C 5 � # >�E � / C � # � � %�& ) E � ) � %'& # E � # � (1.46)

where
� �k�


is acorrectionfactorfor themassbalanceof thetransformationprocess.

Nonlinear degradationmodels

As mentionedin theprevioussectionsorptionmaynot only affect thetransportin thesoil but
alsothedegradation.This is workedout in thefollowing for equilibriumconditions.

Evenin thecasewherethedegradationrate
%'&

is independentof theconcentration�
¿ E � �� 1 5 � >�E � / C �U� %'& E � � (1.47)

nonlinearsorptionisotherms,i.e.Langmuiror Freundlichisotherms,leadto nonlineardegrada-
tion behavior

E � �� 1 5
�
¿ � >�E � / C �U� % �Q�Y� E � � (1.48)
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wheretheapparentrateconstant
% ���Y� � ( �$) 
 is a functionof theconcentration� :

% �Q�Y�¾5 %'&
¿ 5 %�&

� �ÅÄÆ
N *N & 5

%'& � � Ä Æ ÇPÈ ÉÊ )²§ Ç È
&dË  �$) ÌÎÍ¢Ï$Ð¢ÑWÒ$Ó ¡

%'& � ��ÄÆ _½T ��� [¬�$) �$)ÕÔ ¡ ¶ Ò$Ï$Ö$×kÓ�Ø�Ù (1.49)

Thus,in contrastto linearsorption,nonlinearsorptioninducesnonlineardegradation.

In additionto nonlinearsorptionnonlinearitiesin kineticsareoftendueto biologicalpro-
cessessuchasdegradationbymicroorganisms.Whenmicroorganismsareinvolvedin thedegra-
dationprocessgoodresultshave beenobtainedby theuseof anenzymaticalcatalyticreaction
model(seee.g.Richteret al., 1992[105]; Richteret al., 1996[104]). Thus,capacitylimited
degradationprocessesmaybedescribedby Michaelis-Mentenkinetics

�
� 1 >�E � � 7 ! C 5 � >�E � / C �U� E b A JMc �

� � TW^ �
(1.50)

where
b A JMc ����� �	� ( �$) 


representsthemaximalreactionvelocityand
TW^ ����� �	� 


theMichaelis
constant.For � { T¾^

theMichaelis-Mententermapproximatelyobeyslineardegradationwithb A Jdc � � TW^ÂÚ %�& � . However, for �ÛÀ T¾^
theconcentration� dropsout andwe endup with a

reactionof zeroorder.

The influenceof envir onmentalparameterson degradation

So far the degradationratehasbeenassumedto be a constant. In the soil, however, kinetic
processesareinfluencedby variousenvironmentalparameters,e.g.theorganiccarboncontent
or thepH-valueof thesoil. Degradationrates,in particular, aredependenton temperatureand
humidity. A comparatively simpleapproachto modeltemperaturedependenceis theArrhenius
law asit is usedin chemicalreactionkinetics. However, the activity of microorganismsdoes
not increaseabove a certaintemperature.This effect may be modeledby O’Neills’ function
(O’Neill, 1972[97]) which is basedon theassumptionthatanoptimal temperatureexistsand
thataboveandbelow this temperaturethedegradationratedecreases.

Similarly, the influenceof humidity, i.e. thesoil watercontent,on degradationcanbe for-
mulated. In addition to the mostcommonlyusedmodelof Walker andAllen (1984 [137]),
which assumesthat an increasein the watercontentleadsto an increasein the degradation,
Nörtersheuser(1993[96]) andRichteret al. (1996[104]) proposea modelthat takesdecreas-
ing degradationnearsaturationinto account.

The influenceof temperatureand humidity, for example,plays an importantrole in the
degradationbehavior of herbicidesasseveralstudieshaveshown (seee.g.Nörtersheuser, 1993
[96]; von Götz, 1997[134]; Beulke, 1998[14]; Adenet al., 1999[3]). If requiredthemodels
mentionedabovecaneasilybeaddedin ECOFIT andECOPLAN.
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1.3 Mathematical Modeling for Column, LysimeterandField
Experiments

Themeaningfuldescriptionof upperandlowerboundaryconditionsis averydifficult problem
in the modelingof column, lysimeterandfield experiments.Often the practitionercarrying
out theexperimentscanonly giveadescriptivecharacterizationof whathappensat thetop and
thebottomof thesoil coreconsidered.In orderto closethis gapbetweena descriptive anda
propermathematicalformulation,a lot of modelingwork hasto bedonebeforecomingupwith
reliableboundaryconditionsthatwell approximateexperimentalreality.

In thissection,wefirst definedifferenttypesof boundaryconditionsanddiscusstheirphys-
ical meaningandtheirsuitability for column,lysimeterandfield experiments.Eventhoughthe
main focusof this work is on columnandmini-lysimeterstudieswhich arecarriedout under
controllableconditionsa shortoverview of theadditionaldifficultiesthatoneencounterswhen
modelinglysimeteror evenfield experimentsis given.

1.3.1 Modeling of Initial and Boundary Conditions

In orderto setup theinitial boundaryvalueproblemfor thePDEs

=�>q@UA�C � @UA� 1 5 �
� ; T >�@BADC �� ; @UA � �4Ü; � a

(1.51)� E
� 1 5 �

� ; �G >�EFC � E� ; � �4 �T >�EFC � �a
(1.52)�

� 1 >-E � � 7 ! C 5 �
� ; E GKO � �� ; ��/F� � `

(1.53)

bothinitial andboundaryconditionshave to bespecified.
For theone-dimensionaldomainÝ 5 � ; H � ;�� 
 underconsiderationinitial valuesfor thestate

variablesu > u 5 @UA � E � � C at thetime
1 5�� arerequired:

u > 1 5�� � ; C 5 u H > ; C ;WÞ Ý � (1.54)

Moreover, initial values
! H

have to beprovidedin casethat thesolid phase
!

is describedby a
non-equilibriumisotherm,i.e.by anODE.

Definition 1.1
In general,we candistinguishthe following typesof boundaryconditions(seee.g.Zauderer,
1989[144]; Schwarz,1997[110]) givenby

µ > 1 C � u > 1 � ; C�Pß. � º	> 1 C u > 1 � ; C àFá 5â� > 1 C � (1.55)

where µ > 1 C , º	> 1 C and � > 1 C aregiven functionson the boundary
� Ý ,

ß. is the outward normal
vector. In particular, noticethat µ and

º
areindependentof thestatevariableu . If µ³5ã� andº¾ä5X� , (1.55)is referredto asa first-typeor Dirichlet boundarycondition.For µ ä5X� and

º 5X�
(1.55)is calleda second-typeor Neumannboundarycondition. A linearcombinationof both
conditions,i.e. µ ä5�� and

º¾ä5Å� , is namedthird-typeor Cauchyboundarycondition.
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Water transport

In thefollowing thedifferenttypesof boundaryconditionsarediscussedfor theRichardsequa-
tion in thematricpotentialform (1.51).Theboundaryconditionsfor thedescriptionin thewater
contentform (1.52)canbederivedanalogously.

Dirichlet condition: prescribesthematricpotentialon theboundary
� Ý :

@UA,> 1 � ; C àFá 5 � ) > 1 C � (1.56)

Neumanncondition: prescribesagradientnormalto theboundary
� Ý :

� @UA�> 1 � ; C��ß. àFá 5 � # > 1 C � (1.57)

A specialcaseof (1.57)is animperviousboundarywherethegradientequalszero.
McCord(1991[89]) pointsout thatonly thespecifiedmatricpotentialgradient(1.57)is a

truesecond-typeboundarycondition.However, it hasbecomestandardin hydrologicliterature
to alsoreferto thespecifiedflux condition

� T >q@UAVC �� ; @UA � �4,; àFá 5 �� # > 1 C (1.58)

asNeumannboundarycondition.

Cauchy condition: prescribesa linearcombinationof thematricpotentialandthegradient:

µ > 1 C � @UAÜ> 1 � ; Cß. � ºF> 1 C�@UA�> 1 � ; C àFá 5 � � > 1 C � (1.59)

Upper boundary
For soil columnexperimentsin thelaboratory, wheretheboundaryconditionscanbecontrolled,
conditionsareusedthat canin generalbe describedby Dirichlet conditionsor specifiedflux
conditions.

Consideringexperimentsundernaturalclimatic conditions,i.e. lysimeteror field studies,
thesituationis morecomplicatedbecausethenetinfiltration flux throughthesoil surfacehasto
bedeterminedfrom theprecipitationrate(pluseventuallythe irrigation rate),the interception
rate due to crop canopy and the evapotranspirationrate. In most simulationtools for field
watermovement,e.g.SWATRER (Dierckx et al., 1986[39]), AMBETI (Braden,1995[26]),
SIMULAT (Diekkrügeretal.,1995[37]), or PEARL(Tiktak,1999[125]), thecalculationof the
evapotranspirationis basedon thePenman-Monteithequation(Penman,1949[100]; Monteith,
1965[93]).
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As long asno saturationoccursat the upperboundarythe specifiedflux condition(1.58)
is used.For a saturatedupperboundaryinfiltration is limited by the saturatedhydrauliccon-
ductivity

T *
. In this caseDiekkrüger(1992[36]) proposesto prescribe

@BA
, i.e. to switchto a

Dirichlet boundarycondition,in orderto calculatethe real infiltration andthus,basedon the
differenceof rainfall andinfiltration rates,thesurfacewaterrunoff.

Lower boundary
In soil columnexperimentsfrequentlythematricpotentialat thebottomof thecolumnis con-
trolledwhichcorrespondsto aDirichlet condition.In orderto describecolumnoutflow experi-
mentsalsoaninfinite lowerboundarycondition,i.e.

� @UA�> 1 � �°CZ� � ;¾5�� or
@UA,> 1 � �°C 5Å� , may

beassumed.
Investigatingfield studiesin generalthreesituationsaredistinguished(seee.g.Diels,1994

[38]; Tiktak etal.,1999[125]):

1. Thegroundwaterlevel
��
, where

@UA,> 1 � �� C 5�� , is specifiedasa functiontime.

2. Thematricpotential
@UA

at thelower boundaryis known asa functionof time (Dirichlet
condition).

3. Theflux throughthelowerboundaryis givenasa functionof time (specifiedflux condi-
tion).

(a) Zeroflux at thelowerboundary, i.e.
�� # > 1 C 5Å� .

(b) Freedrainageconditionat thelowerboundary, i.e.
� @UAD� ��ß.å5�� .

Here it is assumedthat the flux throughthe lower boundaryequalsthe hydraulic
conductivity

T >q@UAVC
at the lower boundary. This implies that the matric potential@UA

at thebottomof thecolumnis constantwith respectto depthandthatthewater
flow is only drivenby gravity. In orderto satisfythisconditionthewatertablemust
besufficiently deep.Moreover, we have to guaranteeby thechoiceof thedepthof
thelowerboundarythattheinfiltratedwaternever reachesthis lowerboundary.

A goodmodelfor thelowerboundaryof a lysimeteris still achallengingtaskbecausenone
of thepreviousconditionscanbeapplied.Dueto thedrainageor outletsysteminstalledat the
bottomof thelysimeteroutflow normallyonly occurswhenthebottomis saturated.To describe
thissituationoftenamixtureof Dirichlet andspecifiedflux conditionis used.

SoluteTransport

For theconvection-dispersionequation(1.72)thefollowing threetypesof boundaryconditions
maybeformulated:
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Dirichlet condition: prescribestheconcentrationon theboundary
� Ý

� > 1 � ; C àFá 5¥� ) > 1 C (1.60)

or theconvective transportover theboundary
� Ý

/ > 1 � ; C � > 1 � ; C àFá 5 �� ) > 1 C � (1.61)

Neumanncondition: prescribestheconcentrationgradienton theboundary� � > 1 � ; C��ß. àFá 5â� # > 1 C (1.62)

or thehydrodynamicdispersiveflux over theboundary

� E$> 1 � ; C G´O >-E � / C � � > 1 � ; C�Pß. àFá 5 �� # > 1 C � (1.63)

In practice,the specificationof a Neumannconditionis only possiblefor imperviousbound-
aries,i.e

� � � � ;,5�� .
Cauchy condition: prescribesthetotal flux over theboundary

R � > 1 � ; C àFá 5�� E¼> 1 � ; C GKO >�E � / C � � > 1 � ; C��ß. � / > 1 � ; C � > 1 � ; C à	á 58� � > 1 C � (1.64)

Upper boundary
For theboundaryat thesoil surfaceoftenaCauchy-typeboundaryconditionis chosen(Richter
etal., 1996[104]):

R � > 1 � � C 5�� E¼> 1 � � C GKO >�E$> 1 � � C � / > 1 � � CdC � � > 1 � � C� ; � / > 1 � � C � > 1 � � C 5 / > 1 � � C � H > 1 C / > 1 � � C�¦ �� / > 1 � � C�£ � �
(1.65)

where� H > 1 C denotesthesubstanceconcentrationin theirrigationwater. Hereit is assumedthat
the substanceis appliedto the soil surfacetogetherwith the irrigation water, i.e. / > 1 � � C,¦ � .
Whenirrigationis stopped,i.e. / > 1 � � C 5�� , or whenevaporationbecomesanissue,i.e. / > 1 � � C Á� , nosubstanceentersthesoil system.

Alternatively, substancecanbeincorporatedwithin thefirst centimetersof thesoil column.
This is modeledby theinitial condition

� > 1 5�� � ; C 5 � H > ; C ; £ ; H� ; ¦ ; H (1.66)
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combinedwith azeroflux conditions
R � > 1 � � C 5�� at theupperboundary.

Lower boundary
At thelowerboundarythehydrodynamicdispersionterm

GKO >�E � / C maybesetto zero,i.e.only
theconvectivetransportalongwith theflow of wateris thentakeninto account.Frequently, also
aninfinite lowerboundarycondition,i.e.

� � > 1 � �°CZ� � ;W5�� or � > 1 � �°C 5�� , is chosen.Thelatter
is usuallyusedfor themodelingof columnoutflow experimentswhereat thereallowerbound-
ary of the soil columnflux concentrationsarecomputedfrom residentconcentrations(Parker
andvanGenuchten,1984[99], 1984[131]).

1.3.2 Modeling of Outdoor Conditions

Whenfield applicationsareconsideredthis causesa hostof new problemsfor modeling. Be-
sidesthemodelsdiscussedfor thetransportof water, additionalmodelsarerequired,e.g.for the
lateralmovementof waterdueto slopedsoil surfaceor for drainagesystemswhichbecomeac-
tive for high groundwaterlevels.Moreover, theuptakeof waterby plantrootsmayessentially
affect thetransportof water.

In the caseof crop cover also the descriptionof the upperboundaryfor the transportof
xenobioticsbecomesmorecomplicated.Dependingon theapplicationmethod,e.g.spraying,a
partof thesubstancemaybeinterceptedby thecropcanopy or maydrift to adjacentfields.An-
otherpartmaydissipateonthesoil surfacedueto volatilizationbeforeenteringthesoil system.
Anothersourceof lossis the substanceuptake by plant roots. As mentionedin the previous
sectionevapotranspirationplaysan importantrole, which itself is dominatedby plantgrowth.
In contrastto columnor mini-lysimeterexperimentsthetemperaturecannot beassumedto be
constantfor field experiments.Being awareof the influenceof soil temperatureon degrada-
tion andtransportthis effect cannot beneglectedin thefield scale.This implies that theheat
conductionequation,taking into accountthe propertiesof the soil, hasto be solved simulta-
neouslywith thewaterandsolutetransportequationin orderto describethetemperaturefield
adequately.

For mostof thesedifficulties arising in field or even lysimeterstudiesmodelshave been
developed.Nevertheless,thesecomplex processes,in particularin combinationwith heteroge-
neoussoil structures,remainonly partiallyunderstoodandareby far notvalidated.

In principle, however, if modelsfor more complex processesare available, they can be
incorporatedwith relatively little effort into ECOFIT andECOPLAN.
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1.4 The Problemof Parameter Estimation in Envir onmental
FateStudies

Dueto thelack of reliableandvalidatedmodelsfor (large)lysimeterandfield studieswe con-
centratein this work mainly on theenvironmentalfateof xenobioticson thecolumnandmini-
lysimeterscalewhich we assumeto be governedby the Richardsequation,the convection-
dispersionequation,andthesorptionanddegradationprocessesdiscussedin theprevioussec-
tions.

Simulationtoolsfor bothwaterandsolutetransportin thevariablysaturatedsoil arewidely
used.Enormousprogresshasbeenmadein thedevelopmentof powerful methodsfor thesim-
ulationof multi-componentmulti-phaseflow in two or threedimensions.However, in orderto
meaningfullysimulatethe fateof substancesreliableparametersarenecessary. In contrastto
thedevelopmentsfor simulationmethods,thestudyof theinverseproblemis up to now mainly
limited to smallertestproblems.

Sofar it is still commonpracticeto derivetheparametersby manuallychangingtheirvalues
andrunningsimulationsuntil a satisfyingagreementbetweensimulatedandobserved curves
is obtained.However, this trial-and-errorapproachmaybevery time consumingandtedious,
particularlyif morethantwo parametershave to befittedsimultaneously.

In contrastto this manualoptimization,we will presentin Chapter2 anapproachthatsup-
ports the identificationof unknown parameterson the basisof measurementdatain an auto-
matedwayby mathematicaloptimizationmethods.

In this sectionwe first give a formulationof an inverseproblemthat coversa wide range
of typical columnandmini-lysimeterexperiments.In our approachthe parameterestimation
problemis interpretedasa weightedleast-squaresproblemconstrainedby a setof PDEsand
ODEs. In addition,an overview of the tools usedin currentpracticefor the solutionof the
parameterestimationproblemis presentedandfrequentlyencounteredpitfallsareoutlined.The
needfor thenew solutionmethodsthataredevelopedin this thesisis motivated.

1.4.1 Formulation of the InverseProblem

For thesakeof clarity anddueto thefactthatthesubstancesinvestigatedin Chapter5 arenon-
volatile,we restrictourselvesto theliquid andsolid phase.However, theformulationgivenin
thefollowing canbeeasilyextendedto includethegaseousphase.

In the inversemodelingcontext we arefacingthesituationthatmeasurementdataæ\ç Léè for
oneor morespecies

%
(
% 5 @UA � E � � ] ) or functionsof themis given, e.g. for the soil matric

potential
@BA

, the watercontent
E

or for the concentrations� ] of the differentsubstances
> z 5� � �ê�ê� � . C , for exampleparentsandtheir metabolites.The datais recordedin depths; è >�ë 5� � �ê�ê� � � # C at time points

1 L >�ì 5 � � �ê�ê� � � ) C . Dependingon the experimentalset-upstate
variablescanbemeasureddirectly, e.g.watercontentsby TDR sensorsandmatricpotentials
by tensiometers,or indirectlyby devicesthataredescribedby observationfunctions,e.g.time-
averagedintegralsof concentrations.
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Pointmeasurementsof substanceconcentrationsduringtheexperimentarehardlyaccessible
without disturbingthe flow regime or even destroying the soil core. In generaltwo typesof
measurementsareavailablefor thesubstanceconcentration.First of all, in columnandmini-
lysimeterexperimentsthe outflow or also called the leachate,i.e. the volume of waterwith
the dissolved substancethat leavesthe soil bottom, is collectedandanalyzedat certaintime
intervals.Secondly, by slicing thesoil columnrespectively themini-lysimeterat theendof the
experimentconcentrationdatafor certaindepthscanbeobtained.Dependingon thesubstance,
thisoptionmaybevery tediousandexpensivein particularif boundresiduesareexpected.

In the practicalstudiesinvestigatedhere,we assumethat measurementscanbe described
by observationfunctions

º ç of themodelresponses
% > 1 � ; C plusanerror that follows a normal

distributionwith zeroexpectationi ç Líè2Ú°î > � �êï #ç Léè C :
æ\ç Léè 5 º ç 1 L � % > 1 L � ; è C � v � �/ �dð � i ç Líè � (1.67)

Here, v Þ «�ñ
denotesthe parameters,

�/òÞ [ ® time-independentcontrol variablesandð � � 1 H � 1 � 
 � [  time-dependentcontrol functions. In the context of parameterestimation,
however,

�/ and
ð

arefixed.
Thetaskof parameterestimationis to determineanunknown parametervector v , e.g.van

Genuchtenparametersfor the water transport,degradationratesor
TWN

-valuesfor the solute
transport,andsolutions

% > 1 � ; C thatfit thedatabest:

ÑIÓ�Ï
ç'ó �:� ô Æ ô

&
È

A ®
L ó )

A 
è ó )

4 ç Léè æ¢ç Léè � º ç > 1 L � % > 1 L � ; è C � v � �/ �dð C #ï #ç Léè (1.68)

suchthat

=?>�@UAVõ v � �/ �Mð C
� @UA
� 1 5 �

� ; T >�@UAVõ v � �/ �Mð C
�
� ; @BA � �4�; � a >�@BADõ v � �/ �dð C (1.69)� E

� 1 5 �
� ; �G >�EFõ v � �/ �dð C

� E
� ; � �4 �T >-E	õ v � �/ �dð C � �a >�E	õ v � �/ �dð C (1.70)�

� 1 E � ] � 7 ! ] 5 �
� ; E GKO

È
>-E	õ v � �/ �dð C

� � ]� ; �¥/ > v � �/ �dð C � ] (1.71)

� ` ] >-E � � ) � �ö�ê� � � « � ! ) � �ê�ê� � ! « õ v � �/ �dð C (1.72)

� ODEsfor
! ]

(
z 5 � � �ê�ê� � . C (1.73)

� initial and boundaryconditions, (1.74)

aresatisfied.
The term

` ] >�E � � ) � �ê�ê� � � « � ! ) � �ê�ö� � ! « õ v C (1.72) summarizesall sourcesandsinks, i.e. all
processescreatingor consumingsubstances,e.g.first-orderor Michaelis-Mentendegradation
terms

����� �	� ( �$) 

. TheODEsfor

! ] > z 5 � � �ê�ê� � . C describeinteractionsbetweenliquid and
solidphaseconcentrationsdueto thesorptionprocessesdescribedin Section1.2.2.
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Theleast-squaresfunctional(1.68)hasto beminimizedundertheinfinite constraintthatthe
PDEsfor the waterandthe solutetransport(1.69)-(1.73)including their initial andboundary
conditions(1.74)aresatisfied.Theweights4 ç Léè Þø÷¢� � �öù describeaselectionof measurements
pointsout of a setof feasibleones.As it is thecasefor thecontrolvariables

�/ andthecontrol
functions

ð > 1 C
, they arefixedfor parameterestimation.In theframework of optimalexperimen-

tal design,however, thesevariablesarefree,i.e. they becomeoptimizationvariables,aswewill
outline in Section1.5. Here,the individual termsof the least-squaresfunctionalareweighted
by thestandarddeviations

ï ç Líè of themeasurementsæ\ç Léè .
Tokeeptheformulationasgeneralaspossibleboththe

@UA
- andthe

E
-versionof theRichards

equationare presented.The versionuseddependson the experimentalset-upand the data
available. Note that the useof observation functionsenablesthe simultaneoustreatmentof
profileandalsoleachateoutflow data.

1.4.2 Solution Methods in Curr ent Practice

Inversemodelinghasbeenusedin groundwaterhydrologyfor saturatedflow problemsfor years
(seee.g.Yeh,1986[142]). But dueto thenonlinearitiesinherentto theequationsdescribingun-
saturatedflow andtransportprocesses,its applicationto theunsaturatedzoneis relatively new.
Up to now, parameterestimationmethodshave beenmainly usedto determinesoil hydraulic
parametersin thewatertransportequation.

Estimationof unsaturatedsoil hydraulicfunctionsstartedwith studiesof Zachmannet al.
(1981[143]), DaneandHruska(1983[35]) andHornung(1983[63]). Reviews canbe found
in Kool et al. (1987[81]) andHopmansandŠimůnek(1999[61]). In themid eightiesinverse
modelingwasmainly usedwith one-stepoutflow experiments(seee.g.Kool et al., 1985[80];
Parker et al., 1985[98]; Kool andParker, 1988[79]; Toormanet al., 1992[126]; vanDamet
al., 1992[127]) andwaslaterexpandedto multi-stepoutflow experiments(seee.g.vanDamet
al., 1994[128]; Durneret al., 1996[45]). Severalapplicationsof parameterestimationto field
experimentsbasingon e.g. tensiometerandTDR measurements(seee.g.Arning, 1994[4]),
tensiondiscinfiltrometersexperiments(seee.g.ŠimůnekandvanGenuchten,1996[114], 1997
[115]; Šimůneket al., 1998[112], 1999[121]) extractionmethods(seee.g.Inoueet al., [66])
or conepermeametermethods(seee.g.Gribbetal., 1996[57]; Šimůneketal., 1999[113]) are
alsoreported.

In contrast,parameterestimationfor transientsolutetransportin theunsaturatedzonede-
scribedby coupledwaterandsolutetransportequationsor even the simultaneousidentifica-
tion of soil hydraulic,solutetransportandreactionparametersis barelyreported(Mishraand
Parker, 1989[92]; MedinaandCarrera,1996[90]; Abbaspouret al., 1997[1]; Šimůnekand
vanGenuchten,1999[116]; Diesesetal.,1999[41]; Diesesetal., 1999[43]).

Severaltoolsfor inversemodelingin groundwaterflow, e.g.MODFLOWP(Hill, 1998[60])
andcoupledwaterflow andsolutetransport,e.g.HYDRUS-1D (Šimůneket al., 1998[119]),
HYDRUS-2D (Šimůnek et al., 1996 [118]), are available. It hasbecomestandardamong
hydrologistsand soil scientiststo estimateunknown parametersin theseequationsby cou-
pling simulationtools, e.g.SWMS 2D (Šimůneket al., 1994 [117]), PEARL (Tiktak et al.,
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1999[125]), SIMULAT (Diekkrügeret al., 1995[37]), ESHPIM(Zurmühl andDurner, 1998
[146]) etc., with nonlinearoptimizationsoftwarepackages,in particularimplementationsof
theLevenberg-Marquardt(Marquardt,1963[88]) or theGauss-Newton algorithm.Oftenused
packagesaree.g.PEST(Doherty, 1994[44]), UCODE(PoeterandHill, 1998[102]), BMDP
(Bard,1974[7]), MATLAB (Grace,1992[56]). Parametersaredeterminedby repeatedcalls
of theoptimizerto thenumericalsimulator. Simulation,i.e. thesolutionof the forwardprob-
lem,andoptimizationaretreatedastwo separateprocedurescommunicatingonly by asuitable
interface.

At first glancethis approachseemsconvenientandstraightforward. However, frequently
unsatisfactoryresultsareobtained.Oftenestimationresultsarehighly dependenton theinitial
guessesused. In particular, difficulties have beenencounteredwith re-estimatingthe correct
parametervaluesin nonlinearproblemson the basisof undisturbeddatawhenstartingfrom
only slightly perturbedparametervalues.Moreover, theseapproachesarenot ableto account
for problem-inherentstructureswhichresultsin longcomputingtimes,evenfor smallproblems,
i.e.coarsespatialgrids.For thisreason,spatialdiscretizationwith lessthan50spatialnodesare
oftenusedignoringthespatialdiscretizationerror.

In Chapter2 and3,wewill presentsolutionmethodsthatovercometheselimitations(Dieses
etal.,1999[41]; 1999[43]). As theformulationof theinverseproblem(1.68)-(1.74)indicates,
wepursueadifferentapproachwheretheparameterestimationproblemis interpretedasaleast-
squaresproblemthat is constrainedby coupledPDEsandODEs. Both thesimulationandthe
optimizationproblemaresolvedsimultaneously. Thesemethodsprovidethebasisfor thenewly
developedtool ECOFIT (Diesesetal., 1999[41]; 1999[43]) suitablefor parameterestimation
in nonlineartransportanddegradationprocessesof xenobioticsin soils.

1.5 The Problemof Optimal Experimental Conditions in En-
vir onmentalFateStudies

Many authorswho investigatedparameterestimationfor transportprocessesin theunsaturated
zoneencounteredproblemswith ill-posednessof theinverseproblems(seee.g.Hornung,1983
[63]; Kool etal.,1985[80]; Toormanetal.,1992[126]; vanDametal.,1992[127]). They often
describedthe situationthat parameterswerepracticallyinsensitive to observeddata. Thus,it
wasconcludedthatdatashouldbecollectedat pointsin time andspacewhich showeda high
sensitivity to theparametersunderconsideration.

Oneapproachto determinepointsthat deliver datathat is mostsensitive to parametersis
optimalexperimentaldesign.Sincethemid eighties,Yeh(1986[142]), Kool etal. (1987[81]),
Kool andParker (1988[79]) andothersclaimedtheneedfor optimalexperimentaldesignsuch
asoptimalallocationof samplingpointsor optimalinputboundaryconditions.

However, in practiceexperimentsareoftenperformedintuitively or with theobjective that
experimentalconditions,e.g.irrigation schemes,resembleasmuchaspossibleoutdoorcondi-
tions.Samplingschemesgenerallyfollow simplerules,e.g.measurementsarecarriedoutonce
per day or oncea week. However, measurementdatathusobtainedmight not be necessarily
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suitablefor parameterestimation.Thecontraryis frequentlythecasewhereinversemodeling
on thebasisof suchdataleadsto unsatisfactoryresultsor evento (nearly)singularparameter
estimationproblems,i.e.estimationof all requiredparametersis notpossible.In thelattercase,
oftenregularizationstrategiesareappliedwheree.g.in thesimplestcasesomeof theparameter
valuesarefixedandonly a subsetof parametersis determined.Evenif parameterestimationis
possible,theresultingvariancesareoftenlargeandthustheestimatesunreliable.

In contrastto this intuitive approach,the objective of optimal experimentaldesignis to
optimizeexperimentalconditionsandsamplingschemessuchthatparameterestimationbased
on thisdataresultsin thebestpossiblereliability of theestimates.

In thissection,theoptimalexperimentaldesignproblemfor theparameterestimationprob-
lem setup in the previous sectionis derived and formulatedasan optimal control problem.
The approachpursuedis orientatedby the oneworked out in (Baueret al., 1999[9]; Körkel
et al., [83]; Baueret al., 2000[10]). We discusspossibleoptionsto control respectively influ-
encethe systemin the context of columnandmini-lysimeterstudies.A first insight into the
mathematicaltreatmentof the differentoptimizationvariables,i.e. control variables,control
functionsandweightingfactorsfor measurementpoints,is given. In Section1.5.2,we review
the state-of-the-artin experimentaldesignwith respectto parameterestimationin waterflow
andsolutetransportprocesses.It will becomeobviousthatdueto thelack of suitablesolution
methodsfor thesehighly demandingproblems,up to now hardlyany practicaloptimalexperi-
mentaldesignproblemshave beenaddressed.Thedevelopmentof new, sophisticatedmethods
is indispensableif optimalexperimentaldesignshouldbeestablishedalsoin thisarea.

1.5.1 Formulation asOptimal Control Problem

In columnandmini-lysimeterstudiesexperimentalconditionsthat canbe optimizedare, for
example,the initial andthe boundaryconditions. In particularat the top of the soil column,
i.e. at theupperboundary, theirrigationschemeandtheconcentrationsof theaddedsubstance
cangenerallybecontrolledandthusbeoptimized.Thesamplingscheme,e.g.whereandwhen
measurementsarecarriedout, dependson the experimentalset-up. Out of a setof feasible
measurements,e.g. leachateor point measurements,the optimal samplingschemehasto be
chosen.

In orderto formulatetheoptimalcontrolproblemwe considerthediscretizationof (1.68)-
(1.74)in timeandspace.As it will bediscussedin Section2.1.1and2.1.2,thisresultsin afinite
dimensional,nonlinearconstrainedleast-squaresproblemof theformÑIÓ�Ï*

ô
pûúMü ) > ! � v C ú ## (1.75)

ü & > ! � v C 5 � � (1.76)

Here,
!

is a finite dimensionalvectorparameterizingthesolutionsof thePDEsandODEs. ü )
denotesthevectorof residualsandü & theequalityconditions.

Sophisticatedparameterestimationtoolsusuallyenableastatisticalanalysisof thesolution,
e.g.correlations,variancesor confidenceintervals for theparameterestimates.Thevariance-
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covariancematrices
=

aregenerallyderived from the linearizedvectorof residualsandcon-
straints.Thesmallerthevariances,i.e. theentriesin thediagonalof

=
, themorereliablearethe

parameterestimates.Thus,a reasonablegoal to improve estimationresultsis to identify sam-
pling schemesandexperimentalconditionsthat aremost likely to yield parameterestimates
with low variances.

In theoptimalexperimentaldesignproblemdifferenttypesof control/optimizationvariables
arisingfrom thedescriptionof theexperimentalconditionsandthesamplingschemecanbedis-
tinguished.In thespecificationof experimentalconditions,controlvariables

�/ * > ! 5 � � �ê�ê� � _ ) C ,
suchasinitial concentrations,or time dependentcontrol functions

ð ] > 1 CD> z 5 � � �ê�ö� � _ # C , such
aswater infiltration rates,canoccur. For optimizationpurposesevery control function

ð ] > 1 C
is parameterized,e.g.by piecewiseconstantor piecewise linearcontrols. For all controlvari-
ables

�/ andcontrolfunctions
ð > 1 C

definingexperimentalconditionsfeasibleranges,in particular
upperandlowerbounds,arechosenaccordingto theexperimentalpossibilities.

Secondly, in orderto derive optimalsamplingschemesthetotal numberof measurements,� A JMc
, anda setof

� �+� J feasiblemeasurementpoints ý 5þ÷öÿê� � ü 5 � � �ê�ê� � � �Y� J ù have to be
specified.With everypossiblemeasurementpoint ÿö� > ü 5 � � �ö�ê� � � �Y� J C a weight 4�� being0 or
1 is associated.Theaim is to determineanoptimalsamplingscheme

465 > 4 ) � �ö�ê� � 4�f������ C � � 4���Þø÷¢� � �öù (1.77)

with
f������� ó ) 4��25 � A Jdc

.
It is importantto note that differentassumptionsare madefor parameterestimationand

optimal experimentaldesign. In the context of parameterestimation,the givenmeasurement
datais obtainedfrom a givendesign,i.e. all controlsandweightsareknown andfixed. On the
basisof thisdataparametersareoptimized.

This is in contrastto optimal experimentaldesignwherecontrol variables,control func-
tionsandweightsareobtainedby optimizationfor a fixedsetof parametersv . Thus,herethe
variance-covariancematrix

= � 5 =�> ! � v � �/ �dð � 4 C is consideredasa functionof the controls
�/

and
ð > 1 C

andtheweights4 .
Thevariance-covariancematrix

=
is usedfor thedescriptionof thestatisticalqualityof the

estimatedparameters.Theobjective of optimalexperimentaldesignis to minimizea function} of thevariance-covariancematrix
=

of theunderlyingparameterestimationproblem.Often,
oneof theclassicaldesigncriteria,

G
-, ~ -, or � -optimality, whichareoutlinedin Section4.1.2,

is used.Themostcommoncriterion,the
G

-optimality, for example,aimsat themaximization
of the determinantof the informationmatrix which is equivalent to the minimizationof the
determinantof thevariance-covariancematrix (seee.g.Silvey, 1980[111]).

The optimal experimentaldesignproblemcan now be formulatedas a nonlinearstate-
constrainedoptimalcontrolproblem:

ÑIÓ�Ï*
ô �� ô � ô 9 }

>-=�> ! � v � �/ �dð � 4 CdC (1.78)

ü & > ! � v � �/ �dð C 5 � � (1.79)
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Additionally, equalityandinequalityconditionson controls,weightsandstatescanbeformu-
latedandaresummarizedas

	 > ! � v � �/ �dð � 4 C 5
 �
(1.80)

Note, that (1.78)-(1.80)describea mathematicallyhighly intricateproblem. It is necessaryto
treatanobjective functionon thevariance-covariancematrixwhich is implicitly definedby the
Jacobianof theunderlyingparameterestimationproblem.

1.5.2 Solution Methods in Curr ent Practice

Sofarmeasurementpointsandexperimentalconditionsthatdeliverdatabeinghighly sensitive
to parametershave beenmainly determinedby eithertheanalysisof responsesurfacesand/or
thestudyof parametersensitivities (seee.g.Toormanet al., 1992[126]; vanDamet al., 1992
[127]; Šimůnekandvan Genuchten,1996[114], 1997 [115]; WeissandSmith, 1998[139];
Inoueetal.,1998[66]; Šimůneketal, 1998[120]).

The first approachusestwo-dimensionalresponsesurfacesof objective functions. These
arecomputedby evaluatingtheobjective functionfor two parameterswith varyingvaluesat a
time while keepingthe otherparametersfixed. Even thoughthis approachtakesinto account
nonlinearitiesit is verytedioussincetheobjectivefunctionhasto beevaluatedtypically several
hundredtimes for every parametercombinationto provide sufficient datafor contourplots.
Moreover, eventakingthecomputedcross-sectionstogether, thisgivesonly a roughideaabout
the completeresponsespacespannedby all parameters(Šimůnekandvan Genuchten,1996
[114]).

In the secondapproach,sensitivity coefficients are calculateda priori from hypothetical
data.Accordingto therule thathigh sensitivitiescorrespondto well definedminimaandsmall
parameteruncertainties,measurementpoints in time and spaceare determined. Again this
approachis verycumbersome.

Otherauthorsstudiedtheimpactof differentboundaryconditionson parameterestimation
results.Durneret al. (1999[46]), for example,evaluatedone-step,multi-stepandcontinuous
boundaryconditionsfor inflow/outflow experimentsandinvestigatedtheirsuitability to estima-
tion of soil hydraulicpropertieson thebasisof sensitivity studies.

KnopmanandVoss(1987[74]) werethefirst whoconsideredexperimentaldesignproblems
for transportprocessesin soil in the framework of optimizationproblemsby usingstatistical
designcriteria. Accordingto theideaof optimalexperimentaldesignthey aimedto determine
samplingschemesthatdeliver observationsbeingmostsensitive with respectto unknown pa-
rametersaccordingto someprescribedoptimality criteria on the variance-covariancematrix.G

-optimalsamplingdesigns,i.e.optimalallocationsof measurementpointsin time andspace,
for an one-dimensionalsolutetransportmodel with two unknown parametersundersteady-
stateconditionswerefoundby KnopmanandVoss(1987[74]) by anenumerative grid search
througha discretizeddesignspace.This conceptwasfurtherextendedto multi-objectivesam-
pling designwhich includesmodeldiscrimination,variancereductionin parameterestimation



34 Chapter 1. Mathematical Problems

andsamplingcost(KnopmanandVoss,1989[76]). Again,dueto lackof suitableoptimization
procedures,thisproblemcouldonly besolvedby enumerativegrid search.KnopmanandVoss
(1989[76]) proposedthat “to solve the optimizationproblem,integerprogrammingcould be
usedto identify optimaldesignsfor bothsingleandmulti-objective problems”.But they sup-
posedthat “evenwith a relatively simplesetof constraintsandlinearobjective functions,the
multi-objectiveintegerprogrammingproblemmaybedifficult to solve”.

Someauthorschosetheminimizationof experimentalcostasobjective functionwhile the
reliability of identifiedparameterswasusedasconstraints(e.g.NishikawaandYeh,1989[95];
Hsu andYeh, 1989[64]). For a coupledtwo-dimensionalwaterandreactive solutetransport
model Wagner(1995 [136]) presenteda samplingstrategy that minimizesmodel prediction
uncertaintysubjectto a constrainton a given datacollectionbudget. For the solutionof the
integerprogrammingproblemabranch-and-cutandageneticalgorithmwereused.

In orderto relaxtheuniquenessrequirementof inversesolutionsSunandYeh(1990[124])
definedtheconceptof extendedidentifiability andshowedtheirrelationto experimentaldesign.

Sun(1994[123]) gavea generalformulationof anoptimalexperimentaldesignproblemin
ground-watermodelingthatcontainedtwo typesof decisionvariables.He distinguisheddeci-
sionvariablesassociatedwith systemexcitation,e.g.irrigation rates,timeperiodsof irrigation,
concentrationin the irrigation water, andthoseassociatedwith systemobservation,e.g.loca-
tions and time points of measurements.Someof the variablesaredescribedby continuous
functionssuchasirrigation schemes.Othervariables,e.g.measurementpoints,take discrete
valuesor wereeven binary. Sun(1994[123]) statedthat “in practiceto solve sucha general
problemis too difficult” and“that up to date,only few hypotheticalexamplesandsimplified
caseshavebeenreported”.

To our knowledge,sofar no studyhasaddressedtheproblemof optimizingbothsampling
schemesandexperimentalconditions,e.g.boundaryconditionssuchasirrigation schemes,si-
multaneouslyfor coupledwaterand reactive solutetransportin the unsaturatedzoneon the
basisof optimalexperimentaldesigntheory. In Chapter4 anapproachis presentedthatallows
to solve this highly demandingclassof problems.This approachhasbeenimplementedin the
toolECOPLAN suitablefor optimalexperimentaldesignin nonlineartransportanddegradation
processesof xenobioticsin soils(Diesesetal.,2000[42]).



Chapter 2

FastNumerical Methods for the Solution
of Lar geScaleParameter Estimation
Problems

In this chapterwe presenta very efficient reducedGeneralizedGauss-Newton methodfor the
solutionof parameterestimationproblemsconstrainedby PDEsandODEs. So far, theappli-
cationof the GeneralizedGauss-Newton methoddevelopedby Bock (1981[19], 1983 [20],
1987[21]) hasbeenmainly limited to parameterestimationproblemsconstrainedby ODEsand
DAEs. In addition,modificationsof theGeneralizedGauss-Newton methodhave beendevel-
opedthat are suitablee.g. for large scaleinverseproblemsin ODEs/DAEs (Schl̈oder, 1988
[108]), or for multi-experimentproblemsin ODEs/DAEs (Schl̈oder and Bock, 1983 [109];
Schl̈oder, 1988[108]; von Schwerin,1998[135]). Zießeet al. (1996[145]) appliedtheGen-
eralizedGauss-Newton methodto systemsconstrainedby PDEs. In orderto handlethe huge
amountof computationalwork arisingfrom thediscretizationof PDEsaparallelapproachwas
used(Gallitzend̈orfer, 1997[53]).

Ourapproach,implementedin thenewly developedtool ECOFIT (Diesesetal.,1999[41];
1999[43]) for parameterestimationin multi-speciestransportreactionsystems,restson two
pillars:

t a reducedGeneralizedGauss-Newtonmethodand

t averyefficientstrategy for thegenerationof therequiredderivatives.

Contentof the currentchapteris the derivation of the reducedGeneralizedGauss-Newton
method. In Chapter3, we will presenta very efficient approachfor the computationof the
derivativeswherein generalmostof theCPUtime is spent.

This chapteris structuredas follows: In the first sectionwe discussapproachesfor the
discretizationin spaceandtime. In Section2.2 theGeneralizedGauss-Newton method(Bock,
1981[19]; 1983[20]; 1987[21]) is reviewed. It will beshown that theproblemsizesinduced
by the PDEsrequirea speciallytailoredapproach.In Section2.3 we presenta specialform

35
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of thereducedapproachof Schl̈oder(1988[108]) which enablesusto handletheselargescale
problemsby exploiting given structureson several levels. How the correspondingvariance-
covariancematricesof thesolutionsarecomputedis outlinedin Section2.4.

2.1 ProblemDiscretization

2.1.1 Spatial Discretization

In order to solve the least-squaresproblem(1.68)-(1.74)numericallythe PDEs(1.69)-(1.72)
andtheODEs(1.73)describinginfinite constraintshave to betransformedinto finite ones.We
employ themethodof lines in its verticalversion(seee.g.GroßmannandRoss,1992[58]) to
ensuremodularityandflexibility of the developedtools ECOFIT andECOPLAN. The idea
of the methodof lines, which hasbecomea commonapproachfor solving one-dimensional
time-dependentPDEs,is to reducethe initial boundaryproblemto a systemof ODEsin time
by discretizingin space.In a secondstep,theresulting,in generalstiff initial valueproblemis
solvedby anappropriateintegrationmethod.Theconvenienceandpowerof themethodof lines
lies in thefactthathighly developedsolversfor stiff ODEsandDAEshavebecomeavailable.

The spatialdiscretizationmay have variousforms, e.g.finite difference,finite elementor
finite volume schemes.For the regular geometryconsideredin this work we choosefinite
differences.In our approachthe public domainspatialdifferentiationroutinesof order four
DSS004 andDSS020 by Schiesser(1991[107]) areapplied.For parabolic-typecomponents
in thePDEs,i.e.thediffusion-dispersionterm,theroutineDSS004 basedoncentraldifferences
schemes,is used.Approximationsof hyperbolic-typecomponents,i.e.theconvectiveterm,may
causenumericalproblems.Goodresultshave beenobtainedwith thefive point biasedupwind
finite differenceschemeof Carver andHinds(1978[30]) implementedin theroutineDSS020
(Schiesser, 1991[107]). Detailsabouttheseroutinesandstudiesabouttheir performancecan
befoundin AppendixA.

Dependingon thespatialactivity exhibitedby thesystemsufficiently fine spatialgridsare
requiredto guaranteea certaindegreeof accuracy. Basically thereare two ways to handle
this problem. First of all, methodsmaybeusedwhich attemptto adjustthespatialgrid auto-
matically. Over the pastdecadethe interestin adaptive spatialdiscretizationmethodsfor the
solutionof theforwardproblemin theframework of themethodof lineshasrapidly increased
(seee.g.Verweretal.,1989[132]; Furzelandetal.,1990[52], BerzinsandWare,1996[13]; Li
etal.,1998[85]; Berzinsetal., 1998[12]). Adaptivemethodsareveryattractivewith regardto
simulationandarethuswidely used.Theirapplicationin thecontext of optimization,however,
is moredifficult andsubjectof currentresearch.Thedevelopmentof reliableadaptive spatial
discretizationmethodssuitablefor parameterestimationusingtheGeneralizedGauss-Newton
methodis a topicon its own andoutof thescopeof thiswork.

Heretheprimaryfocusis onapplicationsandon thereliablesolutionof real-lifeproblems.
We pursuein the following an approachthat is basedon a fixed spatialgrid. However, in
orderto handlehigh spatialactivity a sufficiently highspatialresolutionfor thewholedomain,
i.e. several hundredup to thousandspatialnodes,may be necessaryleadingto a large scale
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optimizationproblem.Sincetheparameterestimationproblemassuchdoesnot changeduring
the optimizationprocessproblem-inherentstructurescanbe exploitedon several levels. This
enablesusto designa very efficient parameterestimationcode,evenfor systemsconsistingof
severalthousandODEs.

Discretizingthe parameterestimationproblem(1.68)-(1.74)on a fixedspatialgrid results
in a least-squaresproblemconstrainedby ODEsof theformÑIÓkÏ ª�ª�� > u > 1 � v CZC ª�ª ## 5 Ñ�ÓkÏ L

ô
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�u > 1 C 5 �Ã> 1 � u � v C u > 1 H C 5 u H (2.2)

with
� � � 1 H � 1 � 
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and. w 5 _ � > .������ � .������ C , where
_

, .������ and.������
denotethenumberof spatialnodes,PDEs(1.69)-(1.72)andODEs(1.73),respectively.

2.1.2 The Multiple ShootingMethod for Parameterization in Time

As outlinedin Section1.4.2it is mostwidespreadto solve inverseproblemsin PDEs/ODEsby
combiningtoolsfor thesolutionof theforwardproblemwith iterativeoptimizationroutines.In
general,aninitial valueproblemapproachis used.

In contrastto this,we pursuetheapproachof Bock (1981[19]; 1983[20]) who interpreted
the parameterestimationproblemsof type (2.1)-(2.2)as a constrainedmultipoint boundary
valueproblem. For its solutiona boundaryvalueproblemapproachusingmultiple shooting
wasdeveloped.Theideabehindthismethodis not to integratetheODEs(2.2)on thecomplete
interval

� 1 H � 1 � 
 but to divide it into
�

subintervals
� r è � r è §¨) 
 >që 5�� � �ê�ê� � � � � C

:

1 H 5 r H Á r ) Á �ê�ê� Á r A 5 1 � � (2.3)

Additionalvariables
! ç areintroducedateachmultipleshootingnode.Onthebasisof theinitial

values
! ç initial valueproblemsareformulatedoneachof the

�
subintervals

�u > 1 C 5 �U> 1 � u � v C u > r ç C 5 ! ç � % 5�� � �ê�ê� � � � �ö�
(2.4)

Thus, an only piecewise continuoussolution u > 1 õ ! ç � v C is obtained. Continuity of the final
solutionis enforcedby requiringtheadditionallydefinedmatchingconditions

� ç > ! ç � ! ç §¨) � v C 5 u > r ç §¨) õ ! ç � v C � ! ç §¨) � % 5�� � �ê�ö� � � � �
(2.5)

to besatisfied.
It shouldbe notedthat the multiple shootingmethodguaranteesthe existenceof a start

solution on the completeinterval by choosingadequatelysmall subintervals and reasonable
initial guesses.In contrast,the single shootingmethodmay lead to singularitiesin caseof
badinitial guessesfor parameters.Thus,integrationuntil theendof the time interval maybe
impossible.This situationis oftenreportedfor real-lifeproblemswheredueto poorfirst initial
guessesthesolverfailseventhoughtheparameterestimationproblemassuchis well-posedfor
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thetrueparameters.Thesepitfalls of thesingleshootingmethodmayalsobeencountered,for
example,for theRichardsequationwhichis notdefinedwhen

@BA
respectively

=�>q@UAVC
becomes

zero.

Example2.1.1
We considerthe following systemdescribingwatertransportfor a typical columnoutflow ex-
periment.For thesoil hydraulicfunctionsthevanGenuchten-Mualemparameterization(1.13)-
(1.14)is used.

=�>q@UAVC � @UA� 1 5 �
� ; T >�@BAÛC �� ; @UA � �4Ü; (2.6)

with

T >�@BADC 5 T * > � � > e¬ª @UA ª C « �$) > � � > e2ª @BA ª C « C )© « �$) C #
> � � > e¬ª @BA ª C « C ®��F® � ¯=?>�@BADC 5Xe > . � � C'>�E * � E � C'> e2ª @UA ª C « �$) > � � > e¬ª @UA ª C « C )© « �$# (2.7)

t Initial condition:
@UA,> � � ; C 5��"!�#¢� � ; 
 �

t Upperboundary:

/ > 1 � � C 5�� T >q@UAÜ> 1 � � CdC �� ; @UA,> 1 � � C � �4�; 5 � �%$ 1 £ ! � �� � � 1 ¦ ! � �
t Lowerboundary:

� @UAÜ> 1 � $ � CZ� � ;W5Å� � 1 
 �
Suppose.ø5 �ö�&$I�k�


, e 56� � � � � $I� ��' µ �$) 
 , T * 5 � � � � � � � � �$) 

,
E * 56� �%(Ü���
 and

E �Û5X� � �*) �k�

(Seppelt,privatecommunication;Vink et al., 1994[133]) arethetruevanGenuchtenparame-
ters.For thesevaluestheforwardproblemcanbesolvedwithout any problems.Measurement
datais generatedfor severaldepthandseveralpointsin time by simulationand- for testpur-
poses- no error wasadded. The aim is to estimatethe parameters. , e and

T *
. However,

startingthe parameterestimationfor the values
E *

and
E � as given above and with the only

slightly perturbedinitial guesses. 5 �ö�&+
, e 5»� � � � ��# andthecorrectvalue

T * 5 � � theinte-
grationandthustheparameterestimationfails. Due to the initial guesses,

@BA
goesto zeroat

theupperboundaryandtheproblembecomesundefinedat
1 5,) ��� . Usingmultiple shooting,

i.e. by restartingthe integrationon eachsubinterval, the trajectoryis preventedto drift too far
away from the true trajectory, i.e.

@UA
is preventedfrom becoming0. Employing 20 multiple

shootingnodes,evenfor initial guesses.°5 �ö�&(
, e¥5 � � � � ) and

T * 5 $ � convergenceto the
trueparametervaluesis reachedwithin 10 iterations.

Another importantadvantageof multiple shootingover single shootingis that multiple
shootingallows for the useof prior information. In particular, measurementdatais not only
usedin theobjective function(2.1)but it mayalsobeexploitedfor selectingtheinitial guesses
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for theinitial values
! ç . By thismeans,it is easilypossibleto incorporateavailableinformation

aboutthesolution.Moreover, multipleshootingreducesthenonlinearityof theproblem.
Parameterizingthesemi-discretizedparameterestimationproblem(2.2)-(2.1)in timeresults

in afinite dimensional,nonlinearconstrainedstructuredleast-squaresproblemin theaugmented
vector - 5 > ! H � �ê�ö� � ! A � v C � Þ «

with ."5 > � � � C . w � . p
Ñ�ÓkÏc ª�ª ü ) > ! H � �ê�ê� � ! A � v C ª�ª ## (2.8)

ü # > ! H � v C 5 � (2.9)�ü � > ! H � �ê�ê� � ! A � v C 5 � � (2.10)

Here,ü ) Þ = � > G � « ® C , G/. «
, denotesthe . ) least-squaresconditionsandü # Þ = � > G � «  C

the . # initial conditions.
�ü � 5 > ü � � � H � �ê�ê� � � A �$) C � Þ = � > G � �«10YC

describesotherpossible
equalityconditionsü � Þ = � > G � «10xC

includingthe
�

matchingconditions
� L

, altogether
�. � 5� . w � . � .

Note that theseparameterestimationproblemsarisingfrom thediscretizationof PDEsare
large scale. Considering,for example,a problemconstrainedby 3 PDEsandemploying 400
spatialnodesand10multipleshootingnodes,weendupwith anoptimizationproblemin 12000
variables.Commonlyavailablenonlinearleast-squaressolversarenot capableof copingwith
suchproblemsizes.

However, in the parameterestimationproblemsarising from columnand mini-lysimeter
studiesthe initial values

! H
aregenerallyknown, i.e. ü # is independentof

! ) � �ê�ê� � ! A . This
inducesa specialstructureof the Jacobianwhich is exploitedby the methodsderived in Sec-
tion 2.3in orderto reducethecomputationaleffort for thesolutionof theproblem.

2.2 The GeneralizedGauss-NewtonMethod

For thesolutionof nonlinearconstrainedleast-squaresproblemsof thetypejustdiscussed,Bock
(1981[19]) proposeda generalizationof theGauss-Newtonmethodwhich originally wasonly
applicableto unconstrainedleast-squaresproblems. In the following the GeneralizedGauss-
Newton method(Bock, 1981[19], 1983[20], 1987[21]) is presentedwhich hasprovento be
stableandefficient for aseriesof real-lifeparameterestimationproblemsconstrainedby ODEs
andDAEs. A big advantageof the GeneralizedGauss-Newton approachis that it is not only
superiorto “lower ordermethods”,e.g.manualoptimization,but alsoto “higher ordermeth-
ods”,e.g.SQPmethods.It showsgoodlinearlocal convergencebehavior, i.e. theconvergence
rateimprovesasbetterdataandmodelfit. In contrastto SQPmethodswhich requiresecond
orderinformationfor quasi-linearconvergencebehavior, only first orderinformationhasto be
provided.

First, themainstepsof theGeneralizedGauss-Newtonalgorithm,which is thecoreroutine
of theparameterestimationtool PARFIT (Bock,1981[19], 1983[20], 1987[21]), areoutlined.
After asummaryof theunderlyingtheoryincludingoptimalitycriteriaandconvergenceresults,
anestimationof thecomputationaleffort andthestoragerequirementsis given. It will become
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obvious that for the large scalesystemsthe standardimplementationis not suitableandthat
moreefficientstrategiesarerequired.

2.2.1 Algorithm

The most importantstepsof the algorithmappliedto the nonlinearconstrainedleast-squares
problem(2.8)-(2.10)are:

1. Startwith aninitial guess- H .
2. Improvethesolutionsiteratively by

-¢ç §¨) 5 -¢ç � j ç�23-¢ç �
where23-¢ç solvestheconstrainedlinearproblemÑIÓ�Ï4 c ª�ª ü ) > -¢ç C � R ) > -¢ç C 23-¢ç ª�ª ## (2.11)

ü # > -¢ç C � R # > -¢ç C 23-¢ç 5 � (2.12)�ü � > -¢ç C � �R � > -¢ç C 23-¢ç 5 � (2.13)

with theJacobians
R\L > - CÛ� 5 � ü L > - CZ� � - >�ì 5 � � $ C

and
�R � > - CV� 5 � �ü � > - C�� � - .

j ç Þ > � � �

denotesa relaxationfactorof aglobalizationstrategy.

ThecorrespondingJacobian
R > - C 5 � ü � � - is largescaleandshows thetypicalblockstructure

dueto themultipleshootingdiscretization:

R 5
R )R #�R �

5

G H) G )) �ê�ê� �ê�ê� G A ) G p )G H# � �ê�ê� �ê�ê� � G p #G H� G )� �ê�ê� �ê�ê� G A� G p�5 H �"6 5 p H
5 ) �76 � ...

... ...
...� 5�A �$) �76 5 pA �$)

ü 5
ü )ü #ü �� H
...� A �$)

(2.14)

G èL 5 � ü L > ! H � �ö�ê� � ! A � v C�� � ! è � G pL 5 � ü L > ! H � �ê�ê� � ! A � v C�� � v �5 L 5 � u > r L §¨) õ ! L � v C�� � ! L � 5 pL 5 � u > r L §¨) õ ! L � v CZ� � v �
with

G è ) Þ « ®98 « � � G p ) Þ « ®:8 « ñ �G è # Þ «  8 «;� � G p # Þ «  8 «Fñ �G è� Þ «10 8 «;� � G p� Þ «<0 8 «Fñ �5 L � 6WÞ «;� 8 «;� � 5 pL Þ «�� 8 «Fñ
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Heretheblockcolumnsof
R

describethederivativeswith respectto thevariables
! L

andv . The
block rows with the

GKL
matricesdenotethederivativesof thefunctionalsü L with respectto the

initial values
! L

, wherethelastcolumncontainsthederivativeswith respectto theparametersv .
Theblock rows with the

5 L
matricescorrespondto thederivativesof thecontinuityconditions� L

.
Note,that for theparticularsituationconsideredhere,wheretheinitial conditionsü # > ! H � v C

only dependon
! H

and v , a specialstructurein thesecondblock row is induced.This canbe
exploitedaswewill seein Section2.3.

2.2.2 Optimality Criteria

For theeaseof presentation,wesummarizeall equalityconditionsin ü & 5 > ü � # � �ü �� C � Þ = � > G � «�=�C
,. & 5â. # � �. � , andrewrite thenonlinearproblem(2.8)-(2.10)asÑ�ÓkÏc ª�ª ü ) > - C ª�ª ## (2.15)

ü & > - C 5 � � (2.16)

Analogously, thelinearproblem(2.11)-(2.13)is of theformÑ�ÓkÏ4 c ª�ª ü ) > -¢ç C � R ) > -¢ç C 2>-¢ç ª�ª ## (2.17)

ü & > -¢ç C � R & > -¢ç C 23-¢ç 5 � � (2.18)

Definition 2.1(Constraint Qualification [CQ] )
TheConstraintQualification[CQ] is satisfiedif

¿ � > R & > - CZC 58. & � (2.19)

A point - Þ G/. «
is saidto beregularif - satisfiesthe[CQ].

Definition 2.2(PositiveDefiniteness[PD] )

¿ � R ) > - CR & > - C 5¥. ? - Þ G
(2.20)

Thenthefollowing equivalenceholds:� ' G 
A@>B 4 � R ) > - C � R ) > - C 4 ¦ � ?¨4òÞ T 	 ü R & � ÷¢� ù (2.21)

Definition 2.3(Lagrangian Function)
TheLagrangianfunctionfor thenonlinearproblem(2.15)-(2.16)is definedas

� > - � j C 5
�
$ ª�ª ü ) > - C ª�ª ## � j � ü & > - C � (2.22)

where
j Þ « =

is calledLagrangemultiplier.
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Theorem 2.4(NecessaryConditions)
Let -�C beregularanda solutionof (2.15)-(2.16).Then -�C is feasible,i.e. ü & > -�C C 5 � , andthe
first ordernecessaryconditionholds: Thereexists a multiplier vector

j C that uniquelysolves
thestationarycondition�

� -
� > - C � j C C 5 ü ) > - C C � R ) > - C C � j C � R & > - C C 5�� � (2.23)

Additionally, thesecondordernecessaryconditionis satisfied:For all directions
?¨4 ä5Å� R & > - C C 465Å�

theHessianmatrixof L is positivesemi-definite

4 ��D > - C � j C C 4 
 � � D > - C � j C CP� 5
� #
� - #

� > - C � j C C � (2.24)

Definition 2.5(Karush-Kuhn-Tucker Point (KKT Point))
A vector

> -�C � j C C which is feasibleand satisfiesthe stationarycondition (2.23) is called a
Karush-Kuhn-Tuckerpoint (KKT point).

Lemma 2.6
If
� = ` 


and
� ' G 


aresatisfied,thenthefollowing equivalenceholds> -�C � j C C is a KKT point of (2.15)-(2.16)
@EB > � � j C C is a KKT point of (2.17)-(2.18),

i.e. a KKT point of the nonlinearproblem(2.15)-(2.16)is a fixedpoint of the Gauss-Newton
iteration.

A greatadvantageof theGeneralizedGauss-Newtonmethodis thatageneralizedinverse
R §

can
bedefinedwhichsolvesthelinearizedproblem(2.17)-(2.18).Thisenablesauniformtheoretical
treatmentof nonlinearequationsystems,unconstrainedandconstrainedleast-squaresproblems
aswewill seein thenext section.

Theorem 2.7(Existenceof a GeneralizedInverse)
If
R 5 > R �) � R �& C � in the linear constrainedleast-squaresproblem(2.17)-(2.18)satisfiesthe

conditions
� = ` 


and
� ' G 


, thenit follows:

1. For any ü 5 > ü � ) � ü �& C Þ « ® § « = existsexactlyoneKarush-Kuhn-Tuckerpoint
> 2>- � j C for

(2.17)-(2.18),and 23- is astrictminimum.

2. Thereexistsa linearmapping
R § � « ® § « =B� «

, suchthat

23- 5�� R § ü (2.25)

solves(2.17)-(2.18)for any ü Þ « ® § « = with

R § 5 6 � R �) R ) R �&R & �
�$) R �) �� 6 �

(2.26)

3. Thesolutionoperator
R §

is ageneralizedinverseandsatisfiesthedefiningconditionR § 5 R § RBR § �
(2.27)
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2.2.3 ConvergenceResults

TheLocal ConvergenceTheoremof Bock (1987[21]) presentedin thefollowing givescondi-
tionsfor thelocalconvergenceof thefull stepGeneralizedGauss-Newtonmethod(

j ç 5 �
) and

quantifiesit. Thistheoremalsoholdsfor theunconstrainedcase,where
R §

becomestheMoore-
Penrosepseudo-inverse,andfor nonlinearequationsystems

 > - C 5 � , where
R §

reducesto
thenormalinverse

R �$)
. In the lattercase,convergencecanalsobeshown for approximations

of
R �$)

.

Theorem 2.8(Local ConvergenceTheorem)
Let

R > - C § be the generalizedinverseof the Jacobian
R > - C 5 > R ) > - C � � R & > - C � C � with respect

to thefunction ü 5 > ü � ) � ü �& C � Þ = ) > G � « ® § «�=²C
in a nonlinearconstrainedleast-squaresprob-

lem. The Jacobian
R

respectively its generalizedinverse
R §

satisfy the following Lipschitz
conditions:

ª�ª R > u C § R > - � 1 > u � - CdC � R > - C > u � - C ª�ª £GF 1 ª�ª u � - ª�ª # � F Á �
(2.28)

ª�ª R > ; C § � R > - C § ¿ > - C ª�ª £IH|> - C ª�ª�;D� - ª�ª £IH ª�ª�;�� - ª�ª (2.29)

¿ > - CP� 5 ü > - C � R > - C R > - C § ü > - C > ¡ ¶KJ ÓkÖ$Ò$Ò$Ñ C H Á �
? 1 Þ � � � �
 � ? - � u � ;WÞ G

and - � u 5 R > - C § ü > - C .
Thenfor all - H Þ G

with

L H � 5 e H F$ � H Á � � e è � 5 ª�ª R > - è C § ü > - è C ª�ª (2.30)

GIH � 5 T - H � e H� � L H .XG
(2.31)

follows:

1. Theiteration

- è §¨) 5 - è � 23- è � 2>- è 5�� R > - è C § ü > - è C (2.32)

is well-definedandremainsin
GIH

.

2. - è � - C Þ GIH >�ë�� �°C
with

R > - C C § ü > - C C 5�� .
3. Theconvergenceis linearwith

ª�ª 23- è §¨) ª�ª £ e è F$ � H ª�ª 23- è ª�ª	5 ��L è ª�ª 23- è ª�ª �
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4. For the
ë
th iterationthefollowing apriori estimationholds

ª�ª - è � - C ª�ª £IL è H e H� � L H �

Remark 2.1
The Lipschitz constant

F
characterizesthe nonlinearityof the model. Its inverselimits the

region wherethe linearizationis valid. Therefore
F

is of greatimportancefor theselectionof
the relaxationfactor

j ç of the dampedGeneralizedGauss-Newton method(Bock, 1981[19];
1987[21]).

The Lipschitz constantof
R §

,
H
, measuresthe compatibility of the datawith the model.

For
H Á �

, the fixed point - C is not only a stationarypoint but a strict local minimum. In
contrastto this, for

H 
 �
, theremayexist perturbationsof themeasurementdatain sameorder

of magnitudeasthe measurements,suchthat the fixedpoint is stationarybut not a minimum
(Bock,1987[21]).

Consideringreal-lifeparameterestimationproblemswhicharehighly complex andnonlin-
ear, in generalno initial guesses- H canbeprovidedthataresufficiently closeto thesolutionto
satisfytherequirementsof theLocalConvergenceTheorem. Thus,it mayhappenthatthestart
incrementpointsoutof theregionwherethelinearapproximationis valid.

In orderto extendtheconvergencedomain,theiteration(2.32)is relaxedto

-¢ç §¨) 5 -¢ç � j çM2>-¢ç j ç Þ > � � �²
 (2.33)

in eachiteration.Therelaxationfactor
j ç is chosenaccordingto specialglobalizationstrategies

(Bock,1987[21]; Bocketal., 2000[22]) in orderto comecloserto thesolution.

2.2.4 Estimation of the Computational Effort

According to the GeneralizedGauss-Newton algorithm in Section2.2.1, the solutionof the
nonlinearconstrainedleast-squaresproblem(2.8)-(2.10)is obtainediterativelyby solvinglinear
least-squaresproblemsof theform (2.11)-(2.13).Thecomputationof theaugmentedvectorof
variables

23- 5 > 2 ! H � �ö�ê� � 2 ! A � 2´v C 5X� R § ü (2.34)

is doneby recursive decompositionmethodswherebysystemsof dimension. w � . p aregen-
erated. In the following, the main stepsfor the solution of the linearizedsubproblemsare
summarized(Bock1981[19], 1987[21]).

In order to solve the linear subproblem(2.8)-(2.10)of dimension
> . w¼> � � � C � . p'C , we

first reducethelargebut sparseandstructuredsystemto asmalleroneby condensing.Theidea
is not to directly solve the original systembut to iteratively exploit structuresby employing
suitabletransformations.Using,e.g.a block Gausselimination,which canbe interpretedasa
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transformationof theoriginalsystemto atriangularform, weendupwith acondensedproblem
of dimension

> . w � . p'C dependingonly on theinitial values2 ! H
andtheparameters2Kv :ÑIÓ�Ï4 *9N ô 4

p ª�ª � ) 2 ! H � ' ) 2Kv � ð ) ª�ª ## (2.35)

� # 2 ! H � ' # 2Kv � ð # 5 � (2.36)

� � 2 ! H � ' � 2Kv � ð � 5 � (2.37)

Hereby, thematrices� ] and
' ]

andthevectors
ð ] > z 5 � � + C

canbecomputedaccordingto the
following scheme(Bock,1987[21]; Schl̈oder, 1988[108]):

� ] 5 G H] �
A
L ó )

G L]
L
è ó )

5 L � è � z 5 � � +
(2.38)

� # 5 G H# (2.39)

' ] 5 G p] �
A
L ó )

G L]
L �$)
è ó H

L �$)� è
ç'ó )

5 L � ç 5 pè � z 5 � � +
(2.40)

' # 5 G p # (2.41)

ð ] 5 ü ] �
A
L ó )

G L]
L �$)
è ó H

L �$)� è
çêó )

5 L � ç � è � z 5 � � +
(2.42)

ð # 5 ü # (2.43)

For thesakeof clarity we introduce
«è ó ] � è � 5 � ]PO � ] §¨) �ê�ê�ê� « for

z £ . and
«è ó ] � è � 5Q6

for
z ¦ . .
In orderto compute2 ! H

and 2Kv thecondensedsystem(2.35)-(2.37)is reducedto a trian-
gularform usingequivalencetransformations:

� # ' #
� � ' �
� ) ' )

5 �R &�R ) 5 ( �� `
¿ )²) ¿ )²#� ¿ #²#� �

�
(2.44)

In a first step,
�R &

, i.e. the part associatedwith equalityconditions,is reducedto an uppertri-
angularform by a suitabletransformation

(
, e.g.by Gausseliminationor orthogonaltransfor-

mation. By the useof the matrix
�

the variablescorrespondingto the triangularmatrix
¿ )²)

areeliminatedfrom the least-squarespart. In a secondstep,the remainingleast-squarespart
is triangularizedby anorthogonaltransformationQ, e.g.Householdertransformation,andthe
increments2 ! H and 2Kv arecomputed.

After thesolutionof thecondensedsystem(2.35)-(2.37)theotherincrements2 ! ) � �ê�ê� � 2 ! A
arecomputedby theforwardrecursion

2 ! è §¨) 5 5 è 2 ! è � 5 pè 2 p � � è � ë 5�� � �ê�ö� � � � �ö�
(2.45)
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In thestandardimplementationof theGeneralizedGauss-Newtonmethod,PARFIT (Bock,
1987 [21]), the right handside ü and all derivative matrices

G èL
and

5 L
in the Jacobianare

computedin eachiteration. Basically, in order to derive the condensedsystem(2.35)-(2.37)
explicitly all matrix andvectoroperationsdescribedin (2.38)-(2.43)have to becarriedout. In
PARFIT, however, givenstructuresin the

GKL
matricesareexploited.

In summary, in eachGeneralizedGauss-Newtonstepthefollowing work hasto bedone:In
orderto evaluatethe right handside ü the ODE systemarisingfrom semi-discretization(2.2)
hasto be integrated. Additionally, to setup the Jacobianthe solutionof . w � . p variational
differentialequationsrespectively variedtrajectoriesarerequired. As . p { . w we canstate
that thecomputationaleffort is of order y > . w	C , i.e. it is linear in thenumberof spatialnodes.
Also the storagerequirementsfor the Jacobianaredeterminedby the spatialgrid. A single
storageof theJacobianrequires

> . ) � . � C � > . w¼> � � � C � . p'C � . w � > . w � . p'C � � � . # � > . w � . p'C 5 y > . #w C (2.46)

memorycells.
A simpleestimationillustratesthatfor thedegradationandtransportprocessesstudiedhere

thestandardapproachleadsto anunacceptablecomputationaleffort andto enormousstorage
requirementsevenfor moderatelyfinespatialgrids.

Example2.2.1
Let usconsidera least-squaresproblemconstrainedby two PDEs(e.g.waterandsolutetrans-
port). 6 parametersareunknown. For aspatialdiscretizationwith 400nodesweobtainasystem
of 800ODEs. A multiple shootingparameterizationwith 10 multiple shootingnodesgivesan
optimizationproblemin 8006variables.Supposethat theparametershave to beestimatedon
thebasisof 40 measurements.Not consideringgivenstructuresin the

G´L
matrices,according

to (2.46)thecorrespondingJacobianthenwould have 7445040entries.Assumingthat8 bytes
arerequiredperentry, already56MB wouldbenecessaryjust to storetheJacobianonce.

Hence,to treat theselarge scaleproblemsin thousandof variablesefficiently non-standard
techniquesarenecessary. Oneway to copewith thehugebulk of computationalwork required
is by parallelizing.This wasdoneby Zießeet al. (1996[145]) employing theparallelversion
PARFIT/MP (Gallitzend̈orfer, 1997[53]). In thisapproachtheevaluationof theright handsideü andthecomputationof the

G èL
and

5 L
matricesareperformedcompletelyin parallelon each

subinterval. Moreover, on thelinearalgebralevel parallelismis used.
Wewantto pursueadifferentapproachwhichexploitsgivenstructuresto reducethedimen-

sionof theoptimizationproblem.This reducedapproachis outlinedin thenext section.

2.3 The ReducedApproach

Parameterestimationproblemsin PDEsresultin largescaleoptimizationproblemsfor which
very efficient solution methodsare required. The approachpresentedin the following is a
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specialcaseof a reducedGeneralizedGauss-Newtonmethodwhichwasdevelopedandimple-
mentedin thecodeFIXFIT by Schl̈oder(1988[108]). Theideaof Schl̈oder’sreducedapproach
is to exploit equalityconditionsto reducethecomputationaleffort for thesolutionof theprob-
lem.

In thenewly developedparameterestimationtool for multi-speciestransportreactionsys-
tems,ECOFIT (Dieseset.,1999[41]; 1999[43]), we exploit thefactthattheinitial conditions
for all statesarefixed.Thus,thesystemshaveonly few degreesof freedom,namelyasmany as
unknown parametersarepresent.In contrastto thestandardprocedurediscussedin theprevious
section,directionalderivativesarethereforeusedfor settingup thelinearsubproblems.

2.3.1 An Efficient CondensingAlgorithm

For the sake of presentationwe assumein the following that eitherthe
! L

directly enterü ] or
thatseparabilityfor ü ] 5

AL ó H ü L] > ! L � v C is givenwhich impliesseparabilityfor
G p] 56� ü ] � � v 5AL ó H ü L] > ! L � v CZ� � v 5 � AL ó H L G

p] . Thenwe canaddtheparametersv to eachmultiple shooting
variable

! L
andconsidera problemin

�- L 5 > ! �L � v �L C � � v L 5 v L §¨) , instead.This formally leads,
comparedto theformulationin (2.14),to aslightly modifiedJacobian

�R
andright handside

�ü :

�R 5

�G H) �G )) �ö�ê� �ê�ö� �G A )�G H# � �ö�ê� �ê�ö� ��G H� �G )� �ö�ê� �ê�ö� �G A��5 H � �6�5 ) � �6 �
... ...� �5VA �$) � �6

�ü 5
ü )ü #ü ��� H
...�� A �$)

(2.47)

with
�G èL � 5 G èL è G pL Þ «;R 8 Ê «�� § «Fñ Ë

(2.48)
�5 L � 5 5 L 5 pL

� S6 Þ Ê «;� § «Fñ Ë 8 Ê «;� § «�ñ Ë
(2.49)

�� L � 5 u > r L §¨) õ ! L � v L C � ! L §¨)
v L � v L §¨) (2.50)

�6 Þ Ê « � § « ñ Ë 8 Ê « � § « ñ Ë S6�Þ « ñ 8 « ñ � (2.51)

Applying block Gausseliminationto (2.47) resultsin the samecondensedsystemasin Sec-
tion 2.2.4 ÑIÓ�Ï4 *9N ô 4

p ª�ª � ) 2 ! H � ' ) 2Kv � ð ) ª�ª ## (2.52)

� # 2 ! H � ' # 2Kv � ð # 5 � (2.53)

� � 2 ! H � ' � 2Kv � ð � 5 � � (2.54)
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This time,however, slightly differentformulasfor
' ]

and
ð ]

areobtained

� ] 5 G H] �
A
L ó )

G L]
L
è ó )

5 L � è z 5 � � +
(2.55)

� # 5 G H# (2.56)

' ] 5 H G p] �
A
L ó )

L G p] � G L]
L �$)
è ó H

L �$)� è
ç'ó )

5 L � ç 5 pè z 5 � � +
(2.57)

' # 5 G p # 5 H G p # (2.58)

ð ] 5 ü H] �
A
L ó ) ü L] � G L]

L �$)
è ó H

L �$)� è
ç'ó )

5 L � ç � è z 5 � � +
(2.59)

ð # 5 ü # 5 ü H# � (2.60)

with
çè ó ] � è � 5 � ]�O � ] §¨) �ö�ê�ö� ç for

z £ %
and

çè ó ] � è � 5T6 for
z ¦ %

. Decomposing
G p]

resp. ü ] on eachsubinterval into its separablecomponents
L G p] resp. ü L] is a crucialprerequisite

for theuseof directionalderivativesasoutlinedin thefollowing.
Assumingthat

G H# hasfull rank- which is thecasein many practicalapplications- we can
formally eliminatethevariablesfixedby theinitial conditions

2 ! H 5�� > G H# C �$) � H G p # 2´v � ü H# 
�� (2.61)

This resultsin a reducedcondensedsystemwith only few degreesof freedom,i.e. numberof
parameters. p . ÑIÓkÏ4 p ª�ªK�' ) 2Kv � �ð ) ª�ª ## (2.62)

�' � 2Kv � �ð � 5 � � (2.63)

where

�' ] 5 ' ] � � ] � > G H# C �$) O H G p # z 5 � � + � (2.64)
5 G H] � � > G H# C �$) O H G p # 
 �

H G p] � (2.65)A
L ó )

L G p] � G L] >
L
è ó )

5 L � è C � � > G H# C �$) O H G p # 
 �
L �$)
è ó H

L �$)� è
ç'ó )

5 L � ç 5 pè
(2.66)

�ð ] 5 ð ] � � ] � > G H# C �$) ü H# � (2.67)
5 G H] � � > G H# C �$) ü H# 
 � ü H] � (2.68)A

L ó ) ü L] � G L] >
L
è ó )

5 L � è C � � > G H# C �$) ü H# 
 �
L �$)
è ó H

L �$)� è
ç'ó )

5 L � ç � è �
(2.69)
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2.3.2 Efficient Evaluation by Dir ectionalDerivatives

Theexplicit evaluationof �' ] and �ð ] accordingto (2.64)-(2.69)is very expensive if - asit is the
casein thestandardprocedure- all expressions

G L]
,
5 L

etc. areindependentlyevaluatedandif
all matrix andvectorproductsareexplicitly computed.Basingon thework of Schl̈oder(1988
[108]), theexplicit computationandstorageof

G L]
,
5 L

etc.is avoidedin theapproachusedhere
by asuccessiveevaluationof directionalderivatives.Definingrecursively for

% 5�� � �ê�ê� � � � �
�$) 5�pÛ� 5 � > G H# C �$) O H G p # ç 5VpV� 5 5 ç O ç �$) 5�p � 5 pç (2.70)�$) 5 � � 5 � > G H# C �$) ü H# ç 5 � � 5 5 ç O ç �$) 5 � � � ç (2.71)

theforwardrecursionfor
ì 5 � � �ö�ê� � �

and
z 5 � � +

S' H] � 5 G H] O �$) 5�p �
H G p] S' L] � 5 S' L �$)] � G L] O L �$) 5�p �

L G p] (2.72)
Sð H] � 5 G H] O �$) 5 � � ü H] Sð L] � 5 Sð L �$)] � G L] O L �$) 5 � � ü L] (2.73)

resultsin therequired

�' ] 5 S' A] �ð ] 5 �ð A] � (2.74)

If the initial values
! H

aregivenexplicitly,
G H# 5T6 . For problems,however, whereneitherthe! L

directly enter ü ] nor the separabilityassumptionmadeabove holds,it is necessaryto store
all the directions

L 5�p
and

L 5 � until a completeforward integrationis performedto obtainthe
requiredinformationfor ü ] andthusfor therecursion(2.72)-(2.73).

Thegreatadvantageof the reducedapproachis that for the recursionpresentedabove the
computationof only . p � �

directionalderivativesis needed,namely. p for ç 5Vp resp.
G L] O L �$) 5Vp

andanadditionalonefor ç 5 � resp.
G L] O L �$) 5 � . How thesedirectionalderivativesareobtainedis

outlinedin thefollowing for ç 5Vp .
Insteadof formulatingthe

ë
th column

> ç 5�p'C è asa productof
5 ç with thevector

> ç �$) 5VpêC è
plusavector

>U5 pç C è , we interpretit asadirectionalderivative:

> ç 5Vp'C è 5 5 ç 5 pç ç �$) 5�p
S6 è 5 �

� i u r ç §¨) � �-¢ç � i ç �$) 5�p
S6 è V ó H � (2.75)

with
�-¢ç 5 > ! �ç � v � C � .

Thesedirectionalderivativesmaybeapproximatedby thedifferencequotientbetweenthe
variedandthenominaltrajectoryasit is donein FIXFIT (Schl̈oder, 1988[108]):

> ç 5�pêC è 5 u > r ç §¨) � �-¢ç � iXW çè C � u > r ç §¨) � �-¢ç Ci � y > i C � (2.76)

whereW ç � 5 ç �$) 5Vp
S6 .
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In our approachwe compute
> ç 5�pêC è by solvinga socalledvariationaldifferentialequation

(VDE):

�5 ç �5 pç W çè 5 �xw �+p �5 ç W çè �5 ç > r ç C W çè 5 W çè �
(2.77)

with
�5 ç 5 5 ç 5 pç� S6 Þ Ê «�� § «Fñ Ë 8 Ê «�� § «Fñ Ë

. Formally, this VDE (2.77) is solved together

with

�u 5 �Ã> 1 � u � v C u > r ç C 5 ! ç � (2.78)

An advantageof the VDEs (2.77)over the variedtrajectories(2.76) is, that if the directional
derivativesof type

�xw �+p �� � ��WÞ «�� § «Fñ
(2.79)

canbeobtainedanalytically, it is possibleto compute
> ç 5�p'C è without theapproximationerrory > i C . An efficient way to solve (2.77)is discussedin Chapter3. Thesamestrategy is applied

to theothermatricesç 5 � , G L] O L �$) 5�p
and

G L] O L �$) 5 � .
Oncethereducedcondensedsystem(2.62)-(2.63)is setup,equivalencetransformationsare

appliedto the Jacobian �R � 5 > �' �� � �' �) C � andthe right handside �ð � 5 > �ð � � �ð ) C reducingthe
systemto a triangularform

¿ )²) ¿ )²#� ¿ #²#� �
2Kv )2Kv # 5 3 )3 #3 �

. �
. ) (2.80)

with 2Kv 5 > 2´v � ) � 2Kv � # C � . The solution is given by 2Kv # 5 ¿ �$)#²# 3 # and 2Kv ) 5 ¿ �$))²) > 3 ) �¿ )²# 3 # C . Finally, in orderto solve theoriginal linearsubproblem(2.11)-(2.13),we computethe
missingunknown increments2 ! ) � �ö�ê� � 2 ! A , which wereeliminatedby condensing,with low
computationaleffort by forwardrecursion:

2 ! è 5 è �$) 5�p 2Kv �
è �$) 5 � � ë 5 � � �ê�ê� � �"�

(2.81)

In summary, we can statethe following main resultsfor the reducedapproach:For the
solutionof thelinearsubproblem(2.11)-(2.13)now only . p � � insteadof the. w � . p directional
derivativesasrequiredin thestandardapproacharenecessary. Thus,thenumberof derivatives,
whichgenerallycausethemainbulk of computationalwork, is independentof thespatialgrid.
Dueto thefactthatonly . p � �

directionalderivativesareneeded,weendupwith essentiallythe
samecomputationaleffort asfor thesingleshootingmethodwhile maintainingtheadvantages
of multipleshooting.
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2.4 Sensitivity Analysisof the Solution

In addition to the solution of the parameterestimationproblem,a statisticalanalysisof the
solutionis of greatpracticalimportance.Theestimatedparametersareonly meaningfulif an
estimateof their reliability, i.e. variance-covariancematricesor confidenceintervals, canbe
provided. In thecurrentsection,we outlinedhow variance-covariancematricesandconfidence
intervals(Bock,1987[21]) canbederivedin theframework of theGeneralizedGauss-Newton
method.Thisprovidesthebasisfor thesolutionof optimalexperimentaldesignproblemswhich
aimat theminimizationof a functionon thevariance-covariancematrix.

Let
R

be the Jacobianof the completesystem(2.14) in the solutionpoint - C and
R §

the
respective generalizedinverse. Under the assumptionaboutthe measurementerror madein
(1.67),with thevectorof residualsü ) , thesolution 23- 5ò� R § ü is alsoa randomvariable.An
approximationof thecorrespondingvariance-covariancematrix is givenby

=�> - CÃ� 5 > 2>-�23- � C 5 > R § ü	ü � R § � C 5 R § > üFü � C R § � 5 h # R §�Y R § � �
(2.82)

where

> ü	ü � C 5 h # 6 « ® �� � 5 h # Y �
(2.83)

In theframeworkof theGeneralizedGauss-Newtonmethodanapproximationof thevariance-
covariancematrix for theparametersv is easilyaccessible.Usingequivalencetransformations
as describedin (2.44) resp.(2.80) for the solutionof the reducedcondensedsystem(2.62)-
(2.63),wecanwrite theJacobian�R 5 > �' �� � �' �) C � as

�R 5 �( ¿ 5 ( �� `
¿ )²) ¿ )²#� ¿ #²#� �

�
(2.84)

Thegeneralizedinverseof �R canbeformulatedas

�R § 5 ¿ § �( �$) � (2.85)

where

¿ § 5 ¿ �$))²) � ¿ �$))²) ¿ )²# ¿ �$)#²# �� ¿ �$)#²# � �
(2.86)

Dueto its specialform, thevariance-covariancematrixcanthenbeeasilycomputedby
=�> v C 5 h # �R § �Y �R § � 5 h # ¿ § �( �$) �Y �( � � ¿ § � 5 h # ¿ § �Y ¿ § 5 h # �= �

(2.87)

with �Y 5 � �� 6 « ®
�
Thestandarddeviationsof theparametersv aregivenby

ï > v L C 5 h �= ®LéL � ì 5 � � �ö�ê� � . p � (2.88)
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In asimilarway, thestandarddeviationsfor thevariables
! H � �ê�ö� � ! A

canbeobtained(Schl̈o-
der, 1988[108]). Theseareof particularinterestwhenthequality of thesolutionof stateshas
to beassessedfor whichnodatais available.

For thecasethatthecommonfactor
h #

is unknown,anindependentestimatecanbeobtained
by

º # � 5 ª�ª ü ) > ! H � �ö�ê� � ! A � v C ª�ª ##z # �
(2.89)

where
z # � 5». ) � z ) and

z ) � 5 > . w � . p'C � > . # � . � C . Approximationsof thecorresponding
confidenceintervals

E L
canbecomputedby

E L 5 º �= LéL z ) ¹] ® ô
] [Z )��\ ® ì 5 � � �ê�ê� � . p � (2.90)

where
¹] ® ô

] XZ )��\ denotesthe
> � ��e C -quantileof the

¹] ® ô
]  -distribution.



Chapter 3

Efficient Generationof Derivativesin
DiscretizedPDE-Systems

The primary focus of this chapteris on efficient strategies for the computationof accurate
derivatives. In the framework of the reducedGeneralizedGauss-Newton methodby far the
largestpartof computationalwork is causedby thecomputationof thedirectionalderivatives
requiredto generatethe reducedcondensedsystem(2.62)-(2.63). Even thoughthe explicit
computationof thederivative matrices

G èL
,

5 L
, etc. is avoidedby the reducedapproach,there

remain . p � �
directionalderivativesto be computedin eachiteration. Thus, in additionto

solvingthestiff initial valueproblem(2.2),sufficiently accuratedirectionalderivativeshave to
beprovidedto ensuretheconvergenceto thecorrectsolution.

In ECOFIT, for the solution of the stiff initial value problems,the integratorDAESOL
(Bauer, 1999[11]; 2000[8]), suitablefor ODEsandDAEs of index 1, is used.DAESOL is a
multi-stepmethodcodewith a variablestepsizeandordercontrolbasedon BackwardDiffer-
entiationFormulae(BDF).Sofar, DAESOL hasbeentheonly tool thatprovidesthesolutionof
theforwardproblemaswell asthecomputationof bothfirst andsecondorderderivativeswithin
the framework of InternalNumericalDifferentiation(Bock, 1981[19]). However, in orderto
handlealso large scaleparameterestimationproblemsarising from PDEsefficiently, further
developmentsarenecessary.

In Section3.1,we first overview commonlyused,state-of-the-artmethodsfor thecompu-
tationof thedifferenttypesof derivativesrequired.It will beshown thatevenwhenapplying
thesehighly sophisticatedmethodsto ourclassof problemshighCPUtimesareneeded,unless
only smallsizedproblemswith coarsespatialgridsareconsidered.Analyzingtheperformance
revealsthat thecomputationaleffort for parameterestimationis mainly dominatedby the fre-
quentandexpensivecomputationof

�xw
, i.e. thederivativeof theright handside

�
with respect

to thestatesu .
Two strategiesaredevelopedto remove this bottleneck.In Section3.2, we first presenta

modifiedNewton methodwhich permitsa significantreductionof thenumberof
�+w

-computa-
tionsby substitutingthemby directionalderivativesof type

�+w 4 . In a secondstep,Section3.3,
a speciallytailoredstrategy is derived to efficiently generatethe remaining

�xw
. A significant

53
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speedup is obtainedby combiningbothstrategiesresultingin a very fastparameterestimation
codefor largescaleproblemsinvolving severalthousandODEs.

3.1 Computation of DerivativesBasedon IND

In this section,we studythedifferenttypesof derivativesrequiredin thecourseof thereduced
GeneralizedGauss-Newtonmethodanddiscussmethodsfor theirgeneration.Basically, wecan
distinguishtwo classesof derivatives:

t Derivativesresp.directionalderivativesof theright handside
�

with respectto thestatesu andto theparametersv , suchas
�xw

,
�xw 4 and

�xp
.

t Sensitivity matrices:Directionalderivativesof the solution u > 1 õ ! L � v C with respectto
! L

andv , suchas ç 5�p , ç 5 � , G L] O L �$) 5Vp
and

G L] O L �$) 5 � .
In thefirst section,theBDF discretizationschemefor thesolutionof theforwardproblemis re-
viewedandstate-of-the-artmethodsfor thecomputationof

�xw
requiredby theBDF methodare

discussed.In Section3.1.2,aftersummarizingthepitfallsfrequentlyencounteredin thecompu-
tationof sensitivity matrices,weoutlinetheircomputationin thecontext of InternalNumerical
Differentiation(Bock,1981[19]). Finally, in Section3.1.3,theperformanceof thestate-of-the-
art integratorDAESOL appliedto a representativesoil columnexperimentis investigated.

3.1.1 DerivativesRequired by the BDF Method

Theevaluationof theleast-squaresconditionsü ) andtheequalityconditionsü # andü � requires
the solutionof the forward problem(2.2). Using a BDF method,the derivativesof the right
handside

�
of theinitial valueproblem(2.2)with respectto thestatesu have to beprovidedin

eachiteration.
In the

> . � � C
ststeptheBDF discretizationschemeis of theform

 > u « §¨) CP� 5
ç
L ó H

e L u « §¨)� L � � �Ã> 1 « §¨) � u « §¨) � v C 5Å� � (3.1)

Thisnonlinearequationsystemin u « §¨) is solvedby amodifiedNewtonmethod.Theevaluation
of thecorrespondingJacobian

R > u « §¨) CÃ� 5Xe H 6 � � �xw¼> 1 « §¨) � u « §¨) � v C (3.2)

requiresthe expensive computationof
�xw

. In DAESOL, a monitoringstrategy is usedwhich
keepstheJacobianfrozenaslongaspossibleto avoid theexpensiveevaluationanddecomposi-
tion of

R > u « §¨) C in eachBDF step.
In small-sizedproblems,thecomputationof

�+w
is of minor importance.Consideringlarge

scalesystems,however, theefficient generationof
�xw

playsthekey role in thedevelopmentof
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a fastparameterestimationcodeaswewill outlinein Section3.2and3.3. In thefollowing, we
overview commonlyusedmethodsfor computing

�xw
.

Essentially, we candistinguishfour approachesfrequentlyappliedin commonpracticeto
generatederivativesof anexplicitly givenfunction

ð > - C , suchastheright handside
�
: hand-

coding,symbolicdifferentiation,finite differencesandautomaticdifferentiation.A straightfor-
ward way to computethe derivative of a function

ð > - C with respectto - is by hand-coding.
This producesaccurateandgenerallyefficient code. However, hand-codingmaybea tedious
andveryerror-proneprocess,especiallyif highlycomplex functionsareinvolved.A majorprac-
tical drawbackis thatwhenever theoriginal function is changed,thederivative-codehasto be
modifiedtoo. Anothercommonlyusedoptionto obtainderivativesis by employing asymbolic
differentialtool suchasMathematica(Wolfram, 1997[140]) or Maple(GanderandHrebicek,
1993[54]). Despitetheirpowerful capabilitiesfor manipulatingalgebraicexpressions,they are
ill-suited for handlingroutineswith branches,loops,or callsto subroutines.Dueto its combi-
natorialcharacter, symbolicdifferentiationrequiresenormousresources,even for small sized
problems.The mostpopularapproachto approximatederivativesis to usefinite differences.
The derivative of

ð > - C with respectto the
ì
th componentat a point - H canbe approximated,

e.g.by first-orderaccurateforwarddifferences� ð > - C� - L c ó c N 5
ð > - H � æ 	 L C � ð > - H C

æ � y > æ C � (3.3)

where 	 L denotesthe
ì
th unit vectorand æ a perturbationfactor. Critical in this context is the

choiceof a reasonableperturbationfactoræ . On theonehand,a small æ is neededto minimize
the truncationerror, on theotherhandthesubtractionof nearlyidenticalfunctionvaluesmay
leadto numericalcancellation.

In ECOFIT, we generatethe requiredderivativesof the right handside
�

with respectto
statesu andparametersv by automaticdifferentiation, whichwill beshown to beveryadvanta-
geousin our case.Automaticdifferentiationis essentiallybasedon thefact thateachfunction
canbe interpretedasa sequenceof elementaryoperationssuchasaddition,multiplication,or
elementaryfunctionsasfor examplesineor cosine.By successively applyingthechainrule to
thefunctionmadeupof elementaryfunctions,e.g.�

� -
ð > � > - CZC c ó c N 5

�
� ! ð > ! C * ó S Ê c N�Ë

�
� - �

> - C c ó c N �
(3.4)

the derivativescomputedarecorrectup to machineprecision. In general,two waysof prop-
agatingderivatives in automaticdifferentiationcan be distinguished. In the forward mode,
derivativesof intermediatevaluesarecomputedwith respectto theinputvariables.As therun-
timeandthestoragerequirementsof theforwardmodeareroughlylinearin thenumberof input
variables,it is veryefficientfor computingderivativesof alargenumberof outputvariableswith
respectto few input variables.In thereversemode,which is in a certainsensecomplementary
to the forwardmode,derivativesof thefinal resultwith respectto the intermediatevaluesare
generated.Here,theruntimeis linear in thenumberof outputvariables.Thestoragerequire-
ments,however, aremoredifficult to accessasall intermediatevalueshave to bestored.The
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reversemodeis particularlysuitedto derive sensitivitiesof a smallnumberof outputvariables
with respectto a largenumberof inputvariables.

In ECOFIT, we usetheautomaticdifferentiationtool ADIFOR (Bischofet al., 1992[15],
1994[16], 1998[17]), which is basedon a hybrid forward/reversemodeapproach.As we will
seein thecourseof this chapter, in our caseit is very advantageousthatADIFOR producesa
product

�+w � a
, insteadof generating

�xw
assuch.Hereby,

a
denotesthesocalledseedmatrix

whichhasto beinitializedby theuser. If thefull Jacobian
�xw

is needed,theseedmatrix
a

is set
to theidentitymatrix 6 . Directionalderivatives

�+w 4 areobtainedby setting
a 584 .

3.1.2 Generationof Dir ectionalDerivativesUsing IND

By far the most CPU time is spenton the computationof the sensitivity matricesç 5�p , ç 5 � ,G L] O L �$) 5Vp
, and

G L] O L �$) 5 � , requiredto setup thelinearsubproblem(2.62)-(2.63).In eachof the
iterationsdirectionalderivativesof thegeneraltype

5?> 1 õ^]¼C 465 � u > 1 õ^]¼C
� ] 465 �

� æ u
> 1 õ1] � æ 4 C _ ó H ] 5 > u H � v C (3.5)

with

�u > 1 C 5 �Ã> 1 � u � v C u > 1 H C 5 u H (3.6)

areneeded.Thesecanbeobtainede.g.by finite differencesof theform

5?> 1 õ^]¼C 465 u > 1 õ^] � æ 4 C � u > 1 õ^]¼C
æ � y > æ C � (3.7)

In contrastto thefinite differenceschemeusedin theprevioussectionfor anexplicitly given
function

ð > - C , the situationbecomesmorecomplicatedwhenfinite differencesareappliedto
theoutputu > 1 õ^]¼C

of anintegrator. Whenusingasophisticatedintegratorwith anautomaticstep
sizeandordercontrol, the solution u > 1 õ^] C

is generallya discontinuousfunction of the input,
i.e. the initial valuesu H andtheparametersv . Applying finite differencesto suchanintegrator
outputgenerallyleadsto poor derivatives,unlessboth the nominal trajectory u > 1 õ^]¼C

andthe
variedtrajectoryu > 1 õ1] � æ 4 C arecomputedwith an extremelyhigh accuracy. This approach
is alsoreferredto asExternalNumericalDifferentiation(END). As a rule of thumb,to gaina
certaindegreeof accuracy in thederivativesthesquareof this accuracy hasto beprovidedfor
thesolutionof u > 1 õ^]¼C

leadingto anenormouscomputationaleffort.
Thisfact,however, maycauseproblemswhenusingsocalledmodel-independent,derivative-

freeparameterestimationcodessuchasPEST(Doherty, 1994[44]). There,parametersarees-
timatedby repeatedcallsof theoptimizationroutineto thesimulationroutinefor thesolution
of the forward problem. Typically, theseoptimizationroutinestreat the simulatorasa black
box. Consequently, unlessintegratorswith a fixedstepsizeandorderareused,thederivatives
aregeneratedaccordingto theconceptof ExternalNumericalDifferentiation,employing finite
differenceschemesof type(3.7).This impliesthathigh integrationaccuraciesarenecessaryfor
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thecomputationof u > 1 õ1] � æ 4 C and u > 1 õ^]¼C
in orderto avoid poorderivativesandthuswrong

parameterestimates.In addition,theseoptimizationroutinesaregenerallyextremelyinefficient
sincepossiblesaving potentialsin thelinearalgebradueto similarstructuresin thenominaland
in theperturbedsolutionarenot exploited.

A remedyis provided by computingthe derivativesaccordingto the conceptof Internal
NumericalDifferentiation(IND) whichwasintroducedby Bock(1981[19]). Thebasicideaof
thisapproachis to computethederivativesof thediscretizationschemeassuch,ratherthanthe
derivativesof thesolutiontrajectoryu > 1 õ^]¼C

. Regardingthefinite differencescheme(3.7), IND
impliesthecomputationof thevariedtrajectoryu > 1 õ^] � æ 4 C with thesamestepsizeandorder
asthenominaltrajectoryu > 1 õ^]¼C

. As linearalgebracomponentsof thenominaltrajectorycanbe
reusedfor thevariedtrajectory, thecomputationaleffort canbedrasticallyreduced.Bock(1981
[19]) hasshown thisapproachto bestableespeciallyfor low integrationaccuracies.In contrast
to END, in orderto calculatearequireddegreeof accuracy for thederivatives,only solutionsof
thisaccuracy have to beprovided.

A realizationof this strategy, i.e. finite differenceschemesusing IND, was appliedby
Schl̈oder(1988[108]) for thecomputationof thesensitivity matricesrequiredby thereduced
approach.

In our context, it is advantageousto computethe requiredderivativesof the generalform
(3.5)by solving- within theframework of IND - avariationaldifferentialequation(VDE). Due
to thefact thatwe canobtaindirectionalderivativesof type

�+w 4 analytically, i.e. by automatic
differentiation,this approachenablesusto getrid of theaccuracy limit y > æ C in (3.7)which is
inherentto finite differenceschemes.

In the following, we outline the conceptof IND for the solutionof the VDE within the
BDF discretizationscheme.Differentiatingtheinitial valueproblem(3.6)with respectto

] 5> u H � v C , weobtainfor thesensitivity matrix
5�> 1 õ^]¼C 5 � u > 1 õ^]¼C�� � ]

thecorrespondingvariational
differentialequation

�5�> 1 õ^]¼C 5 �xw > 1 � u � v CX5?> 1 õ^] C � ��`�> 1 � u � v C 5?> 1 H õ1]¼C 5 � u H� ] (3.8)�u > 1 C 5 �Ã> 1 � u � v C u > 1 H C 5 u H � (3.9)

which hasto besolvedalongwith thenominaltrajectory(3.9). Thedifferentiationof theBDF
discretizationscheme(3.1) itself with respectto

]
resultsin

ç
L ó H

e L u ` ô « §¨)�
L � � �+w¼> 1 « §¨) � u « §¨) � v C u ` ô « §¨) �

� ��`�> 1 « §¨) � u « §¨) � v C �
� �� ] �Ã> 1 « §¨) � u « §¨) � v C 5Å� �

(3.10)

WhentheVDE (3.8) is computed- accordingto theconceptof IND - with thesamestepsize
andorderasthenominaltrajectory(3.9), theerror term

� � � � ]
is zero. Thenthesolutionfor

theVDE is theexactderivativeof thenominaltrajectoryapproximation.
In everyBDF stepthelinearsystem

e H 6 � � �+w$> 1 « §¨) � u « §¨) � v C u ` ô « §¨) 5�� � �K`�> 1 « §¨) � u « §¨) � v C �°� (3.11)



58 Chapter 3. Efficient Generationof Derivatives

hasto be solved for u ` ô « §¨) , where �?5 çL ó ) e L u ` ô « §¨)�
L
. This direct strategy, i.e. the explicit

solutionof thelinearsystem(3.11),is typically usedin theliteraturefor sensitivity analysis.

3.1.3 Performanceof State-of-the-Art Methods

In the following examplewe investigatetheperformanceof this standardtechniquein the in-
tegratorDAESOL for the two optionsavailableby meansof a setof two PDEsdescribinga
typical columnexperiment.In thefirst mode,thederivatives

�xw
and

�xp
arecomputedby finite

differences(FD-mode).In thesecondmode,thederivativeinformationgeneratedby automatic
differentiation(AD-mode)is used.

Example3.1.1
As a referenceexamplethroughoutthis chapterwe considera soil columnof 20 cm lengthde-
scribedby theRichardsequationandtheconvection-dispersionequationcontaininganonlinear
Michaelis-Mentendegradationterm:

Water transport

=�>q@UAVC � @UA� 1 5 �
� ; T >�@BAÛC �� ; @UA � �4Ü; (3.12)

with

T >�@BADC 5 T * > � � > e¬ª @UA ª CQ« �$) > � � > e2ª @BA ª CQ«�C )© « �$) C #
> � � > e¬ª @BA ª C « C ®��F® � ¯=?>�@BADC 5Xe > . � � C'>�E * � E � C'> e2ª @UA ª C « �$) > � � > e¬ª @UA ª C « C )© « �$# (3.13)

t Initial condition:
@UA,> � � ; C 5��"!�#¢� � ; 
 �

t Upperboundary:

/ > 1 � � C 5�� T >q@UAÜ> 1 � � CdC �� ; @UA,> 1 � � C � �4�; 5 � �%$ 1 £ ! � �� � � 1 ¦ ! � �
t Lowerboundary:

� @UAÜ> 1 � $ � CZ� � ;W5Å� � 1 
 �

Solutetransport �
� 1 >�E � C 5

�
� ; E GKO >-E	C � �� ; �°/	� � E b A Jdc �

� � T¾^ (3.14)

with

GKO >-E	C 5 � � �¢� ( !�¶·¹¸ >�ºYE	CE � G A
(3.15)
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t Initial condition: � > � � ; C 5�� � ; 
 �
t Upperboundary:

� E$> 1 � � C GKO >�E¼> 1 � � C � / > 1 � � CZC � � > 1 � � C� ; � / > 1 � � C � > 1 � � C 5 � � � �m/ > 1 � � C 1 £ ! � �� 1 ¦ ! � �
t Lowerboundary:

� � > 1 � $ � C�� � ;¾5�� � 1 
 �
The van Genuchtenparameterscharacterizingthe hydraulicpropertiesarefixed to . 5 �x�%$�k�


, e 5 � � � � � $ � ��' µ �$) 
 , E �85 � � ��) �k�

,
E * 5 � �%(å���²


and
T * 5 � � � � � � � � �$) 


(Seppelt,
privatecommunication;Vink et al., 1994[133]). In thesolutetransportequation,theexponentº

in thediffusionterm,thedispersioncoefficient
G A

andtheparameters
b A JMc

and
T¾^

in the
Michaelis-Mententerm areunknown. Measurementdatafor 4 depths( ;"5 $ � # � �K$ � � # � � � 
 )
and11 pointsin time (

1 5 � � $ � �ê�ê� � �\��� � 

) is generatedby solvingthePDEs(3.12)and(3.14)

for theinitial andboundaryconditionspresentedusingthe“true” parametersasgivenin Table
3.1. No noiseis added.Startingfrom the initial guessesfor the parametersin Table3.1, the

TrueParameters Initial Guessesº
10.0 17.0G A
5.0 2.0b A Jdc
0.2 0.1TW^
1.0 0.5

Table3.1: TrueParameterValuesandInitial Guesses

parameterestimationproblemis solvedaccordingto thestandardapproachby directly solving
thelinearequationsystem(3.11)in eachBDF step.Two differentmodesfor thegenerationof�+w

and
�xp

areused:

t Finitedifferenceschemes(FD)

t Automaticdifferentiation(AD) usingthetool ADIFOR 2.0 (Revision D)

In Table3.2, the CPU times,the numberof
�

-callsandthe numberof iterationsrequiredfor
parameterestimationin theFD modearesummarizedfor increasinglyfiner spatialgrids. The
hugenumberof

�
-calls is dueto the frequentevaluationof the right handside

�
in orderto

approximate
�+w

and
�xp

via finite differences.In theAD mode,subroutinesfor thecomputation
of
�xw

and
�+p

generatedby ADIFOR areprovided.In additionto Table3.2, Table3.3showsfor
theAD modethenumberof callsto thesubroutines

�xw
and

�xp
. Comparingbothmodes,asdone

in Figure3.1,whereCPUtimesareplottedagainstthenumberof spatialnodes,illustratesthat
the AD modeis roughlya factor2 fasterthanthe FD mode. Moreover, parameterestimation
in theAD moderequireson averagefewer iterationsthanin theFD mode,which is likely due
to the higheraccuracy of derivatives. However, Figure3.1 alsorevealsthat neithermodeis
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a
Nodes

a
ODEs CPU

a �
-Calls

a
Iter.

41 82 6 min 23sec 565708 6
81 161 28min 47sec 1340518 8
161 321 1 h 27min 2076748 5
321 641 6 h 04min 4368027 5
641 1282 24h 51min 8958814 5
961 1922 57h 08min 13701043 5

Table3.2: StandardTechniqueUsingFiniteDifferences(FD) for
�xw

and
�xp

a
Nodes CPU

a �
-Calls

a �xw
-Calls

a �xp
-Calls

a
Iter.

41 3 min 6 sec 37926 5557 5293 5
81 15min 13sec 49073 7236 6897 7
161 45min 11sec 46012 6274 5994 5
321 3 h 19min 50033 6754 6454 5
641 13h 54min 52708 6979 6625 5
961 33h 55min 56850 7484 7046 5

Table3.3: StandardTechniqueUsingAutomaticDifferentiation(AD) for
�xw

and
�+p

capableto copewith thelargescalesystemsleadingto unacceptableCPUtimesof severaldays.
Unsatisfyingresultsareobtainedif morethan600ODEsareinvolved.Thecomputationaleffort
to evaluate

�+w
is in bothcasesof complexity order y > . #w C asexhibitedin Figure3.2.Figure3.3,

showing the quotientbetweenthe CPU-timerequiredfor computing
�+w

andthe overall CPU
time,demonstratesthatalmostthecompleteCPUtime is spentin thecomputationof

�+w
.

We canconcludethat the derivativesgeneratedby ADIFOR outperformthe finite difference
approximationsin termsof efficiency, accuracy andconvergenceratesof the reducedGener-
alizedGauss-Newton method.However, in summarywe have to statethatevenwhenusinga
highly sophisticated,state-of-the-artintegratorsuchasDAESOL - even in combinationwith
ADIFOR - the computingtimesobtainedfor the large scaleparameterestimationproblems
studiedhereareby far not acceptable.Hence,for thetreatmentof real-lifeproblemstheuseof
fasterstrategiesis indispensable.

Theanalysisin Example3.1.1showsthatthecomputationaleffort is dominatedby thecom-
putationof

�xw
in every BDF step.TheCPUtime for thecomputationof

�+w
increasesquadrati-

cally with thenumberof spatialnodes.Consequently, strategiesto speedup parameterestima-
tion, in particularfor fine spatialgrids,mustaim at removing this bottleneck.Basically, this
canbe approachedin two waysby avoiding the computationof

�xw
in every BDF stepand/or

by drasticallyreducingthecomputingtimesfor
�xw

, i.e. by gettingrid of thecomplexity ordery > . #w C . In thenext two sectionsapproachesfor bothstrategiesarepresented.
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Figure3.1: OverallCPUtimesfor parameterestimationin theFD andtheAD mode.
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in theFD andtheAD mode.
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Figure3.3: Fractionof theoverallCPUtime spentfor thecomputationof
�xw

in theFD andthe
AD mode.

3.2 Solution of VDEs Usinga Modified NewtonMethod

In this sectiona new approachis outlinedthatcircumventsthecomputationof
�+w

in eachBDF
stepby usingamodifiedNewtonmethod(Diesesetal., 1999[41]) insteadof adirectapproach
for thesolutionof thelinearsystem(3.11).This approachis alsoa realizationof theprinciples
of InternalNumericalDifferentiation(seeBocketal.,1995[23]; Bauer, 2000[8]).

3.2.1 Description of the Approach

In ourapproachwemakeuseof themainresultof Chapter2: In thereducedGeneralizedGauss-
NewtonmethodtheVDE (2.77)hasto besolvedonly for a few directions,namelyonly . p � �

.
In thiscaseit is moreefficient to solvethelinearsystem(3.11)by meansof amodifiedNewton
method.Thisavoidstheexpensivecomputationof

�xw
in everyBDF step:

 > u ` ô « §¨)
CÃ� 5 e H 6 � � �xw¼> 1 « §¨) � u « §¨) � v C u ` ô « §¨) �

� ��`¨> 1 « §¨) � u « §¨) � v C � �ed5Å� (3.16)

For the
�

th modifiedNewton iterationweget

�R 2Ku Ê
A Ë`
ô « §¨) 5X�  > u Ê

A Ë`
ô « §¨)

C
u Ê
A §¨) Ë`
ô « §¨) 5 u Ê

A Ë`
ô « §¨) � 2Ku Ê

A Ë`
ô « §¨)

� (3.17)

Here �R denotesanapproximationfor
R 5 �  > u ` ô « §¨)

CZ� u ` ô « §¨) . Applying themonitoringstrategy
originally usedin DAESOL notonly for thecomputationof thenominaltrajectorybut alsofor
thesolutionof (3.17), �R is keptfrozenaslongaspossibletokeepthecomputationaleffort aslow
aspossible.Since �R is alreadyneededin theintegrationof thenominaltrajectory, noadditional
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a
Nodes CPU

a �
-calls

a �xw
-calls

a �+p
-calls

a �+w 4 -calls
a

Iter.
41 1 min 42sec 62547 1029 5974 25173 6
81 4 min 01sec 64245 952 5801 25419 5
161 12min 00sec 70792 998 6215 27778 5
321 39min 31sec 75869 941 6507 29487 5
641 2 h 30min 81158 960 6874 31415 5
961 5 h 38min 83991 1010 7047 32845 5

Table3.4: Strategy OPT-I: UsingaModifiedNewtonMethodwith
�+w 4

computationanddecompositionof �R is required. Hencethe expensive computationof
�xw

is
avoided. Instead,to setup

 > u ` ô « §¨)
C
, only the directionalderivatives

�+w$> 1 « §¨) � u « §¨) � v C u ` ô « §¨)have to be provided. As a resultof the reducedapproachaltogetheronly . p � �
directional

derivativesareneeded.Thesecanbegeneratedefficiently andwith highaccuracy via ADIFOR
which enablesa direct evaluationof eachdirectionalderivative at the costof 3 to 5 function
evaluations.In summary, thisapproachleadsto anenormousreductionof theoverallCPUtime
astheresultsin theexamplediscussedin thenext sectionwill demonstrate.

3.2.2 PerformanceStudy

In thissection,weinvestigatetheperformanceof thereducedGeneralizedGauss-Newtonmethod
usingthemodifiedNewtonapproachfor thesolutionof theVDEs. Theresultsarecomparedto
theonesobtainedin Section3.1.3employing DAESOL in theFD andtheAD mode.

Example3.2.1(Continuation of Example3.1.1)
Thestrategy of employing amodifiedNewtonmethod,asdescribedin Section3.2.1,insteadof
a directmethodfor thesolutionof thelinearsystem(3.11)is appliedto thereferenceexample,
Example3.1.1,outlined in the previous section. For this mode,in the following referredto
asOPT-I, in additionto theCPUtimes,the numberof

�
-callsetc., thenumberof directional

derivativesis listed in Table3.4. Comparingtheseresultswith the onesobtainedin the AD
mode,Table3.3,showsthatthenumberof theexpensivecomputationsof

�+w
canbereducedby

approximatelya factorof 6. As Figure3.4 illustrates,this resultsin significantsavingsof the
overallCPUtimes.Thespeedupcanreachfactorsof 5 resp.10 comparedto theAD resp.FD
mode.Althoughthenumberof

�xw
-computationsis drasticallyreduced,still morethanthehalf

of thetotal computationalwork is spentfor thecomputationof
�+w

(Figure3.5).

Firstof all, wecanstatethatthenew strategy performsextremelywell for thisclassof problems
requiringonly . p � �

directionalderivatives.Thereductionof thecomputationaleffort gained
is considerable.However, Example3.2.1alsorevealsthatin orderto furtherspeedup thecode
it is necessaryto reducetheCPUtimesfor thecomputationof

�xw
assuch. In thenext section

we will presentanapproachthat removesthecomplexity order y > . #w C for thecomputationof�+w
.
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Figure3.4: OverallCPUtimesfor parameterestimationin theFD, AD andOPT-I mode.
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3.3 SpeciallyTailoredMethodsfor the Computation of Jaco-
bians

3.3.1 Description of the Approach

In this sectionwe outlinea strategy for thecomputationof
�xw

which is of thesamecomplexity
orderastheevaluationof theright handside

�
itself, namely y > . w	C . We exploit thefact that,

asa resultof theuseof fixedspatialgrids,thesparsitypatternremainsunchangedin thecourse
of thereducedGeneralizedGauss-Newtonmethod.

EventhoughADIFOR outperformsfinite differenceapproximations,it doesnot automati-
cally take into accountthespecialsparsitystructureof

�+w
inducedby thespatialdiscretization

of thePDEs. Due to the fact thatADIFOR is mainly basedon the forwardmode(Bischofet
al., 1996[18]), it is in its standardversion,asusedin the previoussections,ratherexpensive
for computingsparseandstructuredJacobians

R
. In orderto generatethefull . w � . w JacobianR 5 �xw Þ «�� 8 «��

thecorrespondingseedmatrix is theidentitymatrix 6�Þ «�� 8 «��
consistingof. w columns,i.e. thesocalledleadingdimension

z v is . w . Thus,roughly
z v 5°. w operationsfor

everyassignmentstatementin theoriginal function
�

arerequired.Consequently, thecomputa-
tion of

�+w
requires. w timesasmany operationsasthecomputationof

�
. As thelatteroneis of

complexity order y > . wFC , thegenerationof
�xw

is of order y > . #w C asexemplifiedin Figure3.2.
However, it is well known that thenumberof functionevaluationsrequiredto computean

approximationto theJacobianby divideddifferencescanbemuchlessthan . w if
R

is sparse.
One option to exploit the sparsitystructureof a Jacobian

R
is by computinga compressed

Jacobian
b

(Curtis et al., 1974[34]). The key ideaof this approachis to identify structural
orthogonalcolumnsof

R
. Thecolumnsof

R
arepartitionedinto groupssuchthatcolumnsof

thesamegroupdonothavenonzerosin thesamerow position.Suppose
R

hasbeenpartitioned
into

z
groups,eachgroupconsistingof structurallyorthogonalcolumns,

R
canbe derivedby

computing
z

directionalderivatives
R �! L >qì 5 � � �ö�ê� � z C

. Hereby, a vector
�! L

is associatedwith
eachof the

z
groups,whose

ë
th component

�! Léè 5 �
if the

ë
th columnof

R
is in this group,

and
�! Léè 5Â� otherwise.Thus,we cansubstitutethe computationof . w directionalderivativesR 	 L >qì 5 � � �ê�ö� � . w�C , 	 L ì th unit vector, in the standardapproachby computingonly

z�{ . w
directionalderivatives

R �! L >�ì 5 � � �ê�ê� � z C
. TheresultingcompressedJacobian

b
, a . w � z

matrix,
hasto beextractedto obtainthe requiredJacobian

R
. Becauseof thestructuralorthogonality

propertiesthisextractionis unique.
Thecrucialpoint in thisapproachis theidentificationof thestructuralorthogonalcolumns.

Curtiset al. (1974[34]) proposedanalgorithm,alsoreferredto asCPRalgorithm,wheresuc-
cessively groupsareformedby scanningtheoriginalJacobiancolumnby column.If theactual
columnunderconsiderationhasnotbeenincludedin oneof thepreviousgroups,it is apotential
candidatefor the currentgroup. For thecasethat it doesnot have a nonzeroin the samerow
positionasoneof theothercolumnsalreadyin the group,this columnis addedto the group,
otherwiseit is skipped.ColemanandMoré (1983[33]) interpretedthispartitioningproblemas
a graphcoloringproblem. By employing methodsfrom this field, Colemanet al. (1984[32],
1999[31]) wereableto improvetheoriginalCPRalgorithm.
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Avericket al. (1994[6]) appliedtheseideasto automaticdifferentiation.If thestructureof
theJacobianis known a priori, theseedmatrix hasto beinitialized accordingto theidentified
partitioningin structurallyorthogonalcolumns.

For theclassof problemstreatedhere,thestructureof theJacobian
�xw

is inducedby thespa-
tial discretizationschemesfor thePDEs.Employing thespatialdiscretizationroutinesDSS004
andDSS020 (Schiesser, 1991[107]) of order4,abandwidthof 5 is obtainedfor first orderspa-
tial derivativesin

�
. Accordingly, the secondorderspatialderivativesleadto a bandwidthof

9. ConsideringtheJacobian
�+w

for .������ PDEsand
_

spatialnodes,i.e. . w 5X.������ � _
, at

most
�f� .������ � . w out of . w � . w entriesin

�+w
arenonzero.For example,for two PDEsand

321,641 and961 spatialnodesonly 5.6 %, 2.8 % and1.9 % of the entries,respectively, are
nonzeros.Thus,theresultingJacobiansaresparseevenfor moderatelysizedproblems.

Analyzing the structureof
�xw

inducedby the spatialdiscretizationroutinesusedin this
work, it canbeeasilyseenthattheJacobiancanbegroupedinto

�f� .������ setsof structurally
orthogonalcolumns,independentof thenumberof spatialnodes.As Figure3.6 illustratesfor
a small examplewith 2 PDEsand 21 spatialnodes,18 structuralorthogonalgroupscanbe
formedwherethe columns1, 10 and19 are in the first group, the columns2, 11 and20 in
the secondgroup, the columns22, 31 and40 in the 10th groupandso on. The structureof
the correspondingseedmatrix is given in Figure3.7 togetherwith the resultingcompressed
Jacobian.

Themainadvantageof this approachis that the leadingdimension
z v is no longerequalto

thenumberof variables. w 5û.������ � _
but is independentof thespatialdiscretization.Now

the leadingdimension
z v is determinedonly by the numberof PDEs .������ , which is for the

classof problemsstudiedheretypically lessthan10,suchthat
z v is only asmallmultipleof the

bandwidthinducedby thesecondorderderivativesin space,i.e.
z v 5 �g� .������ . As a result,

thecomputationof
�+w

is now of thesamecomplexity order y > . w	C astheevaluationof theright
handside

�
.

Usingthiscompressedapproachto derive
�xw

within thereducedGeneralizedGauss-Newton
methodenablesconsiderablesavings in theoverall CPUtimesfor parameterestimation.This
will beexemplifiedin thenext sectionby meansof thereferenceproblemusedsofar.
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Figure3.6: Sparsitypatternof theJacobianfor 2 PDEsusing21spatialnodes.
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Figure3.7: SeedmatrixandcompressedJacobianfor 2 PDEsusing21spatialnodes.
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Figure3.8: CPUtimesfor thecomputationof
�xw

usingtheFD, thestandardAD andthematrix
compressionmode(OPT-II).

3.3.2 PerformanceStudy

In thissection,weinvestigatetheperformanceof thereducedGeneralizedGauss-Newtonmethod
usingthespeciallytailoredmethodsfor thecomputationof

�xw
asjustderived.

Example3.3.1(Continuation of Example3.1.1and 3.2.1)
Theefficientcompressingstrategy to derive

�xw
is appliedto thereferenceproblemdiscussedin

Example3.1.1and3.2.1.First of all, we investigatethecomplexity behavior for thecomputa-
tion of

�+w
in dependenceof thespatialgrid. As shown in Figure3.8,usingmatrix compressing

thecomputationaleffort for
�+w

increasesonly linearlywith thenumberof spatialnodes,instead
of quadraticallyasbefore.This confirmsthetheoreticalresultsthatboththecomputationof

�
and

�xw
areof thesamecomplexity order y > . w	C .

Beforecombiningthis efficient strategy with the modifiedNewton methoddevelopedin
Section3.2,wefirst studytheperformanceof matrixcompressionin thecontext of theoriginally
useddirectapproachfor thesolutionof thelinearproblem(3.11).Thiscombinationis referred
to in the following as OPT-II. The correspondingresultsfor OPT-II are given in Table 3.5.
Figure3.9 comparestheperformanceof OPT-II with theoptimizedmodeOPT-I basedon the
standardcomputationof

�+w
in the AD modeandthe modifiedNewton method. We canstate

that for this exampleit is moreefficient to speedup the computationof
�+w

assuchwithout
reducingthenumberof required

�+w
-computationsthanto avoid apartof the

�+w
-computationsin

theoriginal,expensive mode.However, theseresultsmight bereversedfor differentexamples
asotherstudieshaveshown.

The bestresultsarefinally obtainedby combiningthe matrix compressingstrategy for
�+w

with themodifiedNewton methodof Section3.2. As shown in Table3.6,evenfor largescale
problemswith 961spatialnodes,i.e.1922ODEs,lessthan1.5hoursarerequiredfor parameter
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a
Nodes CPU

a �
-calls

a �+w
-calls

a �+p
-calls

a
Iter.

41 1 min 24sec 37926 5557 5293 5
81 3 min 53sec 49073 7236 6897 7
161 8 min 03sec 46012 6274 5994 5
321 27min 54sec 50033 6754 6454 5
641 1 h 52min 52708 6979 6625 5
961 4 h 21min 56850 7484 7046 5

Table3.5: Strategy OPT-II: CompressedComputationof
�xw

andDirect Solutionof theLinear
System3.11
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Figure3.9: OverallCPUtimesfor parameterestimationin theOPT-I andOPT-II mode.
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a
Nodes CPU

a �
-calls

a �xw
-calls

a �+p
-calls

a �+w 4 -calls
a

Iter.
41 1 min 23sec 62547 1029 5974 25173 6
81 2 min 41sec 64245 925 5801 25419 5
161 5 min 59sec 70792 998 6215 27778 5
321 14min 41sec 75869 941 6507 29487 5
641 42min 31sec 81158 960 6874 31415 5
961 1 h 25min 83991 1010 7047 32845 5

Table3.6: Strategy OPT-III: CompressedComputationof
�+w

andModifiedNewtonMethodfor
theSolutionof theLinearSystem3.11
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Figure3.10: Overall CPU timesfor parameterestimationin the OPT-I, OPT-II andOPT-III
mode.

estimationinsteadof the approximately2.5 daysneededin the finite differencesmode(FD)
describedin Section3.1,Table3.2. This givesa speedup by a factorof 40. Comparedto the
modesOPT-I andOPT-II additionallyanaccelerationby a factorof 4 respectively 3 is yielded.
Figure3.10summarizestheperformanceresultsof thethreemodesOPT-I, OPT-II andOPT-III.

Theseresultsexhibit thatfor thelargescaleparameterestimationproblemstudiedherenei-
therof thetwo strategieswill providethespeedupgainedin theendon its own. Thefirst strat-
egy OPT-I, which aimsat substitutinga partof the expensive

�+w
-computationsby directional

derivatives,suffers from thefact thatstill morethanonehalf of theoverall CPUtime is spent
for thecomputationof

�xw
dueto its computationalcomplexity of order y > . #w C (Figure3.11).

The secondstrategy OPT-II, even thoughenablinga very fast computationof
�+w

, is still
dominatedby thehugeamountof

�xw
-calls. Hence,still 20 � of the total computationaleffort

is dueto theevaluationof
�+w

(Figure3.11).Only by combiningbothstrategy dowe manageto
reducethefractionspentfor thecomputationto lessthan5 � asvisualizedin Figure3.11.
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Figure3.11: Fractionof the overall CPU time spentfor the computationof
�xw

in the OPT-I,
OPT-II andOPT-III mode.

In summary, we canstatethat by meansof synergy effectsof the two outlinedstrategies,
themodifiedNewton methodandthecompressedcomputationof

�xw
, a very efficient approach

for the solutionof VDEs hasbeendeveloped. Using this speciallytailoredapproachin the
framework of the reducedGeneralizedGauss-Newton method,we endup with a fastmethod
for parameterestimationin largescaleproblemsarisingfrom discretizedPDEs.



Chapter 4

Optimization of Experimental Conditions
and SamplingDesign

Relatively few studiesaboutoptimal experimentaldesignfor parameterestimationproblems
constrainedby differentialequationsarereported. Lohmann(1992[87], 1993[86]), for ex-
ample,developedmethodsfor optimalexperimentaldesignin chemicalreactionsystems.His
focuswasonthedeterminationof optimalsamplingdesigns.Hilf (1996[59]) investigatedopti-
malexperimentaldesignproblemsfor thecalibrationof robotswhichweredescribedby DAEs.
The optimizationof both samplingdesignsandcontrolswereconsidered.In contrastto the
problemstreatedhere,theunderlyingparameterestimationproblemswereunconstrained.

Basedon the resultsof LohmannandHilf, recentlyanapproachfor optimalexperimental
designin parameterestimationproblemsconstrainedby ODEsandDAEs hasbeendeveloped
in theframework of aBMBF project1. Thesestrategieshavebeenimplementedin thesoftware
tool VPLAN (Baueret al., 1999[9]; Körkel et al., 1999[83]; Baueret al., 2000[10]) andare
usedfor optimalexperimentaldesignin chemicalreactionsystems(Körkel, [82]).

In this work we extend this approachto parameterestimationproblemsconstrainedby
PDEs. It is usedfor the determinationof optimal samplingschemesandexperimentalcon-
ditionsof columnexperiments.Onthebasisof VPLAN andECOFIT (Diesesetal., 1999[41];
1999[43]) thenew tool ECOPLAN (Dieseset al., 2000[42]) hasbeendeveloped.In partic-
ular, ECOPLAN is suitablefor optimalexperimentaldesignin waterflow andreactive solute
transportprocesses.

Themainfocusof thischapteris ontheformulationof anoptimalexperimentaldesignprob-
lem wheretheunderlyingparameterestimationproblemis constrainedby PDEsandODEsas
discussedin thepreviouschaptersandon thepresentationof state-of-the-artsolutionmethods.
Hereby, the way of presentationis orientatedby Baueret al. (2000[10]). In thefirst section,
theoptimalexperimentaldesignproblemis derivedin theframework of theGeneralizedGauss-
Newton method.We discussthe differenttypesof optimizationvariablesandobjective func-
tionsandformulatethedesignproblemasanoptimalcontrolproblem.In Section4.2,numerical

1Verbundvorhaben“OptimaleVersuchsplanungfür nichtlineareProzesse”sponsoredby BMBF
(FKZ: 03D 0043)
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solutionmethodsareoutlined. Usinga directapproach,the time-dependentcontrol functions
andstateconstraintsarediscretizedonasuitablegrid. Theresultingfinite dimensional,nonlin-
earconstrainedoptimizationproblemis finally solvedby astructuredSQP-method.Section4.3
is devotedto thediscussionof practicalrequirementson optimalexperimentaldesignsandon
possibleextensions,suchassequentialdesignsor designsfor modeldiscrimination.

4.1 Formulation of the Optimization Problem

4.1.1 Variance-CovarianceMatrix

The formulation of the optimal experimentaldesignproblemas derived in the following is
basedon anapproximationof thevariance-covariancematrix. As this matrix characterizesthe
statisticalquality of the parameterestimates,a reasonableapproachfor optimal experimental
designis to determinesamplingschemesandexperimentalconditionsthatyield estimateswith
low variances.

In the framework of the approachoutlinedin Chapter2, the discretizationof the original
parameterestimationproblem(1.68)-(1.74)in time andspaceresultsin a finite dimensional
nonlinearconstrainedleast-squaresproblemof theformÑIÓkÏ*

ô
p ª�ª ü ) > ! � v C ª�ª ## (4.1)

ü & > ! � v C 5 � � (4.2)

Hereby, ü ) denotesthe least-squaresconditionsand ü & the equalityconditions,i.e. the equal-
ity conditionsarisingfrom theparameterizationof thePDEsandODEsincludingtheir initial
andboundaryconditionsandpotentiallyfurther equalityconditions. In every iterationof the
GeneralizedGauss-Newtonalgorithmaproblemof theformÑIÓ�Ï4 * ô 4

p ª�ª ü ) > S! � Sv C � R ) > S! � Sv Cê> 2 ! � 2Kv C ª�ª ## (4.3)

ü & > S! � Sv C � R & > S! � Sv Cê> 2 ! � 2Kv C 5 � (4.4)

is solved,where
R ) and

R &
aretheJacobiansof thevectorof residualsü ) andof theconstraintsü & , respectively. With thegeneralizedinverseof theJacobian

R � 5 > R ) R & C �
R > S! � Sv C § 5 6 � R �) R ) R �&R & �

�$) R �) �� 6 �
(4.5)

which is the solution operatorfor the constrainedlinear problem(4.3)-(4.4), the variance-
covariancematrix for theparameterestimates(Bock,1987[21]) canbewrittenas

=�> S! � Sv C 5 R > S! � Sv C § 6 �� � R > S! � Sv C § � � (4.6)

Thus, the variance-covariancematrix is easily and in comparisoninexpensively accessible
within theGeneralizedGauss-Newtonmethod.Thisprovidesthebasisfor optimalexperimental
designwhichaimsatminimizinga functionon thevariance-covariancematrix.
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4.1.2 Optimization Variablesand ObjectiveFunctions

In orderto formulatetheoptimalexperimentaldesignproblemwehave to specifyoptimization
variablesandanobjective function.

In the columnandmini-lysimeterstudiesconsideredherewe have several possibilitiesto
controlrespectively influencetheexperimentalconditionsandthesamplingdesign.In thefol-
lowing wedistinguishthreetypesof control/optimizationvariables:

t Control variables
�/ aretime-independentoptimizationvariables,suchasinitial condi-

tions for the soil column,i.e. the initial matricpotential
@UA,> 1 5Â� � ; C and/orthe initial

substanceconcentrations� > 1 5�� � ; C . For optimization,feasiblerangesfor
�/ , in particular

upperandlowerbounds,have to bedefined.

t Control functions
ð > 1 C

arein contrastto controlvariables
�/ time-dependent.In ourcase,

possiblecontrol functionsenterupperandlower boundaryconditions.For example,we
cancontrolthewaterinputflux / > 1 � � C or thesubstanceinputconcentration� H > 1 � � C at the
topof thesoil column.At thelowerboundary, new technologiesallow to vary thematric
potential

@BA�> 1 � � C
asa functionof time. Similar to thecontrolvariables,upperandlower

boundsfor
ð > 1 C

have to bespecified.

t Weights 4 areusedto describethe samplingdesign,i.e. whereandwhenwhich mea-
surementsarecarriedout. A setof

� �Y� J feasiblemeasurements

ý 5X÷öÿö�25 > 1 L � ; è � � ç C ª 1 L Þ ( � ; è Þ�� � � ç Þ � � ü 5 � � �ê�ê� � � �+� J ù (4.7)

hasto bedefined.Here,
(

and � denotethetemporalandspatialdomains,respectively.�
representsthe different typesof feasiblemeasurements,i.e. which speciescan be

measuredby meansof which type of measurementdevice, e.g.point or outflow mea-
surements.For everymeasurementpoint ÿê� a guessof theaccuracy of themeasurement,
i.e. thestandarddeviation,

�ï � hasto beprovided. We associatewith every measurement
point ÿê� > ü 5 � � �ö�ê� � � �Y� J C a weight 4�� being0 or 1. Out of thesetof the

� �Y� J feasible
measurementsý a prescribednumberof

� A JMc
measurementshasto bechosensatisfying

for 465 > 4 ) � �ö�ê� � 4�f ����� C � with 4��VÞø÷¢� � �öù
f���� �
� ó )

4���5 � A Jdc �
(4.8)

As mentionedin Section1.5.1,in thecontext of optimalexperimentaldesigntheparametersv arefixed, i.e. an optimalexperimentaldesignis determinedfor a fixed setof parametersv .
The correspondingvariance-covariancematrix

=
is now a function of the optimizationvari-

ables/functions
�/ , ð > 1 C and4

=�� 5 =?> ! � v � �/ �dð � 4 C � (4.9)
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In orderto setup theexperimentaldesignproblema suitableobjective function, i.e. a de-
sign criterion, has to be chosen. Frequently, one of the classicalobjective functions } on
the variance-covariancematrix (seee.g.Fedorov, 1972[47] , AtkinsonandDonev, 1992[5],
Pukelsheim,1993[103]) is used:

t A-Criterion : minimizestheaveragevariancesof theestimatedparameters

} ) >�=´C 5
�
. p 1 ü µ:�K	 >-=¾C � (4.10)

t E-Criterion : minimizesthelargesteigenvaluesof thevariance-covariancematrix

}�� >-=¾C 5 j A Jdc >-=¾C �
(4.11)

t D-Criterion : minimizesin the caseof an unconstrainedparameterestimationproblem
thedeterminantof thevariance-covariancematrix

} H >-=¾C 5 > ��	 1 =´C ®¯ ñ � (4.12)

Dueto thefact that thevariance-covariancematrix is singularfor constrainedparameter
estimationproblems,a restrictionto a regularsubmatrixof

=
is necessary

} H >�=´C 5 > ��	 1 T � = T C ®¯[� � (4.13)

where
T

is a full rank, . Ç
� . p matrixsuchthat

T � = T
is regular.

If the main focus is on standarddeviations respectively confidenceintervals, a
� ì . -

� µ - -
criterion (Bock 1987, [21]; Lohmannet al., 1992 [87]) may be employed which minimizes
themaximalstandarddeviation.

4.1.3 The Optimal Control Problem

Theoptimalexperimentaldesignproblemcannow beformulatedasanonlinearstate-constrained
optimalcontrolproblem: Ñ�ÓkÏ*

ô �� ô � ô 9 }
>-=�> R > ! � v � �/ �MðB� 4 CZCdC (4.14)

ü & > ! � v � �/ �dð C 5 � � (4.15)

Additionally, equalityandinequalityconditionson thecontrols
�/ and

ð > 1 C
andtheweights4

canbedefinedandaresummarizedas

� > �/ �MðB� 4 C 5
 �
(4.16)



4.2Solution of the Optimal Control Problem 77

In particular, (4.16)containstheconstraintson theweights465 > 4 ) � �ê�ê� � 4�f ��� � C �
f ��� �
� ó )

4��25 � A JMc � 4���Þø÷¢� � �öù�� (4.17)

Moreover, stateconstraintsof theform

� > u � v � �/ �dð C 
 � (4.18)

canbespecified.
Consideringcolumnandmini-lysimeterstudies,constraintson the control variables

�/ are
e.g.upperand lower boundsfor feasibleinitial valuesfor the matric potential

@UA,> 1 5þ� � ; C
and/orfor thesubstanceconcentration� H > 1 5 � � ; C . Analogously, we candefine,for example,
upperandlowerboundsfor feasiblewaterinputfluxes / > 1 � ;¾5�� C and/orfor feasiblesubstance
input concentrations� H > 1 � ; 5ã� C at theupperboundaryby formulatingthe constraintson the
correspondingcontrol functions. Usingstateconstraintsof type (4.18),we canavoid e.g.the
Richardsequationto becomeundefinedby requiring

@BA�> 1 � ;Å5 � C ¦��X¦ � at the upper
boundary.

In summary, we endupwith ahighly intricateoptimalcontrolproblemconstrainedby infi-
nitedimensionalequalityandinequalityconditions.In particular, we have to treatanobjective
functionon the variance-covariancematrix which is implicitly definedby the Jacobianof the
underlyingparameterestimationproblem. Thus,theobjective functionalreadycontainsfirst-
orderderivativeswhich impliesthatfor optimizationemploying e.g.SQP-methodssufficiently
accuratesecond-orderderivativeshave to beprovided.

4.2 Solution of the Optimal Control Problem

4.2.1 Dir ectApproach

Theoptimalcontrolproblem(4.14)-(4.18)is treatedby meansof adirectapproach.Theideais
to transformtheinfinite dimensionalproblem(4.14)-(4.18)into a finite dimensionalnonlinear
constrainedoptimizationproblem.To thisendthefollowing stepsarecarriedout:

t Parameterization of control functions
The time-dependentcontrol functions

ð
(
ð � � 1 H � 1 � 
 � [  ) are parameterizedon a

suitablegrid, e.g.by piecewise constantor linear functions. For every control functionð ] > z 5 � � �ê�ê� � _ # C � control variables
�/ ç > % 5 _ ) � > z � � C � � � � �ê�ê� � _ ) � z � C

are introduced. Togetherwith the
_ ) time-independentcontrol variables

�/ Þ [ ® , an
augmentedvectorof controlvariablesis defined

S/ � 5 > �/ ) � �ê�ê� � �/ [ ® � �/ [ ® §¨) � �ê�ê� � �/ [ ® § ^ [  C � � (4.19)
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t Discretization of stateconstraints
Stateconstraintsarealsodiscretizedon a suitablegrid andsubstitutedby corresponding
interior-pointconditions.

t Relaxationof integrality constraints
In orderto enabletheuseof a SuccessiveQuadraticProgramming(SQP)methodwe use
insteadof thebinaryweights4 Þø÷¢� � �öù f���� �

a relaxedformulation4 Þ � � � �
 f ��� � �
(4.20)

Thus,alsofractionalweights,e.g.0.75,maybeidentifiedby optimization.By applying
a suitableroundingheuristican integersolutioncanbeobtainedwhich typically hardly
increasestheoptimality criterionvalue. However, for thenumericalresultspresentedin
Chapter5 no roundingstrategiesarenecessarybecausethesolutionsatisfiesalreadythe
integrality constraints.

4.2.2 Numerical Solution of the DiscretizedProblem

SQP-method

Using a direct approachas describedin the previous sectionresultsin a finite dimensional
nonlinearconstrainedoptimizationproblem. Rearrangingequalityandinequalityconstraints
wecanwrite ÑIÓkÏ

�  ) > 3 C (4.21) # > 3 C 5 � (4.22) � > 3 C 
 � � (4.23)

where3 5 > ! � S/ � 4 C .
As in the GeneralizedGauss-Newton method(2.11)-(2.13),Section2.2.1, the solutionis

iteratively improvedby 3 ç §¨) 583 ç � Sj ç�2 3 ç � Sj ç Þ > � � �
�� (4.24)

This time,however, theiterate2 3 ç solvesaquadraticsubproblemof theformÑIÓ�Ï4 �
�
$ 2 3 �nD ç�2 3 � SR ) > 3 ç C 2 3 (4.25)

 # > 3 ç C � SR # > 3 ç C 2 3 5 � (4.26) � > 3 ç C � SR � > 3 ç C 2 3 
 � � (4.27)

with SR\L > 3 ç C 5I� ¹L > 3 ç C � . Here,
D ç denotesanapproximationof theHessianof theLagrangian

functionof thenonlinearproblem(4.21)-(4.23)� > 3 � j ��� C 5  ) > 3 C � j �  # > 3 C � � �  � > 3 C � (4.28)

where
j

and
�

arethecorrespondingLagrangemultipliers.
For the solution of the discretizedoptimizationproblem(4.21)-(4.23)the SQP-method

SNOPT developedby Gill et al. (1998[55]) is used.
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Generationof Derivatives

In orderto solve thefinite dimensionalnonlinearconstrainedoptimizationproblem,theevalu-
ation of

 # and
 � andthe computationof the Jacobians SR	L >�ì 5 � � $ � + C

arerequiredin each
iterationof theSQP-method.In addition,anapproximationof the Hessian

D ç hasto bepro-
vided. As in theGeneralizedGauss-Newton method,themain loadof computationalwork is
againdueto thegenerationof derivatives.

Applying thechainruleweobtainfor theJacobians
�  )�ê3 5 � }� =

� =
� R � R

�ê3 (4.29)� ¹L
�'3 5 � ¹L� u

� u� 3 �
� gL� 3 � ì 5 $ � +��

(4.30)

Of particularinterestis thecomputationof (4.29)becausetheobjectivefunction } is implicitly
definedby the Jacobian

R
of the underlyingparameterestimationproblem. For moredetail

aboutthecomputationof theindividual termssee(Baueretal., 2000[10]; Bauer, 2000[8]).
In the courseof the computationof (4.29) and(4.29)mostof the CPU time is spentfor

computingderivativesof thesolution u > 1 õ ! � v � S/ C with respectto
!
, v and S/ . In additionto the

first-orderderivatives� u > 1 õ ! � v � S/ C� ! � � u > 1 õ ! � v � S/ C� v
Í¢Ï$Ö � u > 1 õ ! � v � S/ C� S/ �

(4.31)

which canbeefficiently derivedby themethodsoutlinedin Chapter3, alsothemixed,second-
orderderivatives � # u > 1 õ ! � v � S/ C� S/ � !

Í¢Ï¼Ö � # u > 1 õ ! � v � S/ C� S/ � v (4.32)

areneeded.Similarasfor thefirst-orderderivatives,thesecond-orderderivativesaregenerated
by againsolvingvariationaldifferentialequations(Bauer, 2000[8]). Thesestrategiesareim-
plementedin DAESOL. Thus,DAESOL is ableto provide all the informationrequiredto set
up thequadraticsubproblem(4.25)-(4.27).

An approximationfor theHessian
D ç is obtainedby updateformulasbasedon derivatives

of theLagrangianfunction(4.28).

4.3 Practical Requirementson Experimental Designs

In contrastto parameterestimation,wherethe parametersare free variables,we have so far
assumedtheparametersfor optimalexperimentaldesignto befixedwhile optimizingthecon-
trols andtheweights.Thismayseema paradoxin sofar astheidentificationof the(unknown)
parametersis theprincipaltargetof optimizingthedesign.As this dependency on theparame-
tersis inherentto theuseof oneof theclassicaldesigncriteriafor nonlinearproblems,several
strategieshavebeendevelopedto circumventthesedifficulties.
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Firstof all, sequentialprocedureshavebeensuggested(seee.g.Box andLucas(1959)[25]).
Theideais thatonestartswith aninitial parameterguess,identifiesanoptimalexperimentalde-
signaccordingto oneof thedesigncriteria,performstheexperiments,determinesanupdateof
theparametervaluesby parameterestimationincorporatingthenew data,andrepeatsthis loop
until a prescribedconvergencecriterionis reached.Nishikawa andYeh(1989[95]), for exam-
ple,appliedsucha strategy for determininga

G
-optimalpumpingtestdesignin a groundwater

system.The optimalexperimentaldesigntool VPLAN by Körkel et al. (1999[83]) hasbeen
developedin suchawaythatit supportsthissequentialapproach.They usespecialstrategiesto
reducethecomputationaleffort by freezingpartsof theunderlyingJacobian.

Secondly, parameter-robustdesignmethodsareemployedthatareintendedto cover a rea-
sonablerangeof parametervalues(seee.g.Walter andProzato,1987[138]). Determininga
designthatmayreduceparametervariancesfor abroadrangeof parametervaluesis morelikely
to minimizetherisk of missingimportantsensitivity informationthanif only oneparameterset
wasusedwhichmayturnout to bewrong.

In Section5.6, we will investigatethe robustnessof a computed~ -optimaldesignfor pa-
rameterestimationin a columnoutflow experiment.It will beshown thateventhoughthe ~ -
criterionvalueincreasesfor shifting theparameterswithin reasonableranges,theseoptimized
designsby far outperformcommonlyusedstraightforwarddesigns.

However, asleastasimportantasoptimizingexperimentaldesignsto increasethereliabil-
ity of parameterestimatesis optimal experimentaldesignfor modeldiscrimination. So far,
optimalexperimentaldesignfor parameterestimationhasbeenderivedunderthe assumption
that the underlying“true” modelis known. In practice,this is frequentlynot the case.Often
severalmodelsseemto bepossible,andthequestionariseswhich of thesecompetingmodels
shouldbechosen.Model discriminationaimsat answeringthis typeof questions.In general,
first a reliablemodelshouldbeselectedbeforeidentifying optimalexperimentaldesignswith
respectto parameterestimation.As thelatteronedependson thechosenmodel,wrongmodel
assumptionsleadto optimizeddesignwhich are,however, not optimal for estimatingthe true
parameters.

Recently, moreandmorescientistsdealingwith column,(mini-)lysimeteror field experi-
mentshaveclaimedtheneedfor reliablemethodsrespectively toolsfor modeldiscrimination.

In theliterature,severalstrategiesmainly basedon a sequentialapproacharereported(see
e.g.,HunterandReiner, 1965[65]; Fedorov andMalyutov, 1972[49]; Fedorov, 1975[48]).
Theseapproachesaimat identifyingsequentiallythemeasurementpointswherethecompeting
modelsunderconsiderationdiffer most.Theideais thatmeasurementpointsof greatestdiffer-
encein themodelpredictionscontributethemostinformationto thediscriminatorypowerof the
samplingdesign.KnopmanandVoss(1988[75], 1989[76]) andKnopmanet al. (1991[77]),
for example,studiedsamplingdesignsfor modeldiscriminationin one-dimensionalanalytical
modelsfor transientsolutetransportin porousmedia.

However, methodsfor modeldiscriminationin systemsdescribedby differentialequations
are barely reported. We have developedan approachfor model discriminationin dynamic
systemsdescribedby ODEsandDAEs, which enablesto optimizein additionto thesampling
designsomeor all initial valuesof thedynamicsystem(Dieses,1997[40]). As this approach
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canin principlebeextendedto theproblemclassconsideredhere,we sketchin the following
themainstepsof thealgorithm.For thesake of presentationwe assumeall initial valuesto be
optimized.

1. Set
% 5 � . Givenaretwo models

� ) and
� # describedby ODEs/DAEs, initial valuesu H) 5 u H# , initial guessesfor theparametersv H) andv H# andmeasurementdatacorresponding

to a startdesignÝ H .
2. Set

% � 5 % � �
. Estimatethenew parametersv ç ) and v ç # on thebasisof themeasurement

datacorrespondingto the designÝ ç �$) , the initial guessesv ç �$)) and v ç �$)# andthe initial
valuesu ç �$)) 5 u ç �$)# .

3. Solve for themodels
� ) and

� # updatedby thenew parametersv ç ) andv ç # , respectively,
a suitableoptimizationproblem. Determine,for example,a measurementpoint

1 ç and
initial valuesu ç ) 5 u ç # within a definedrange,suchthat the differencefor the model
outputsof themeasuredspeciesis maximized.

4. Runanew experimentfor theidentifiedinitial valuesu ç ) 5 u ç # andcarryout themeasure-
mentat

1 5 1 ç .
5. UpdatethesamplingdesignÝ ç andgo to step2.

In general,after a few iterationsthe underlyingsamplingpatternbecomesobvious. The pro-
cedureis stoppedwhena suitabledeterminationcriterion, e.g.basedon significancetests,is
reached.For the solutionof the parameterestimationproblemconstrainedby ODEs/DAEs,
step2, the GeneralizedGauss-Newton methodPARFIT (Bock, 1981 [19]; 1983 [20]; 1987
[21]) is used. The optimizationproblemdescribedin step3 is solvedby meansof the direct
multipleshootingmethodMUSCOD-II (Leineweber, 1999[84]).



82 Chapter 4. Experimental Conditions and SamplingDesign



Chapter 5

Numerical Results

In this chapterthetoolsECOFIT andECOPLAN developedfor parameterestimationandop-
timal experimentaldesignareappliedto severalcolumn,mini-lysimeterandfield experiments.
Theobjective is to determinehydraulicparametersaswell asenvironmentalfateparameters.

In the first section,the main focusis uponinvestigatingthe performanceof ECOFIT for
identifyingvanGenuchtenparametersandsolutetransportparametersfrom noisydatastarting
from poor initial guesses(Dieseset al., 1999 [41]). In order to have a controlledscenario,
measurementdatais generatedby solvingtheforwardproblemfor a predefinedtrueparameter
setfollowedby addingpseudo-normallydistributednoise.

Thesecondsectionis devotedto thetreatmentof parameterestimationproblemsin layered
soils.Consideringahomogeneoussandlayeron topof ahomogeneousclay layer, theaim is to
determinethehydraulicparametersfor bothlayersin oneexperiment.Here,measurementdata
is generatedusingthevanGenuchtenparametersof aDutchsoil.

In Section5.3wedescribehow ECOFIT is usedfor estimatingthevanGenuchtenparame-
ters. , e and

T *
from afield experiment(Diesesetal.,1999[43]). Theexperimentalpartof this

studywascarriedoutby Aden(1999[3]; 2000[2]) ataBASFtestsitein theupperRhinevalley.
Time domainreflectrometry(TDR) wasemployedto monitorthevolumetricwatercontentsin
severaldepths.For thesetypesof experiments,anadequatemodelis developed.

In Section5.4ECOFIT is appliedto amini-lysimeterstudyin orderto determinethetrans-
port andsorptionbehavior of threeEuropeansoils. The experimentswerecarriedout by the
StaatlicheLehr- undForschungsanstalt(SLFA), Neustadt/Weinstr. (Fent,1999[50]). After the
applicationof thenon-reactive tracerbromideandof a

)�� �
-labeledtestsubstanceX, theundis-

turbedsoil coresare irrigatedby a constantdaily rateandleachatevolumesaresampled.A
modelis workedout for this typical classof outflow experimentsandtheunknown parameters
areestimated.

In thefollowing sectionwe demonstratehow theenvironmentalfateof thegrassherbicide
S-Metolachlorand its two main metabolitesis investigatedby meansof ECOFIT. The data
usedfor parameterestimationis obtainedby mini-lysimeterexperimentsperformedby Horn
(1999[62]) at a Novartis testsite in Switzerland. In contrastto the mini-lysimeterstudy in
Section5.4,themini-lysimetersarehereexposedto normalclimaticconditions.Again,theun-
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known parameters,e.g.thelinearsorptioncoefficientsor thedegradationrates,aredetermined
basedon leachatedata.This parameterestimationproblem,however, suffersfrom theproblem
of ill-posednessdueto theinsufficient informationprovidedby thedataavailable.

In thelastsection,theperformanceof theoptimaldesigntool ECOPLAN is studiedwhich
aimsat avoiding theill-posednessproblemby optimizingthesamplingdesignsandtheirriga-
tion/applicationschemesin orderto obtaindatacontainingsufficient informationfor parameter
estimation.In particular, ECOPLAN is usedto designtypical columnoutflow experimentsfor
identifyingbothwaterandsolutetransportparameterswith highaccuracy in oneexperimentby
meansof leachatedata(Diesesetal., 2000[42]).

5.1 Column Experiment with Nonlinear Michaelis-Menten
Kinetics

In thefollowing ahypotheticalsoil columnexperimentis studiedto investigatetheperformance
of ECOFIT for estimatingparametersfrom noisydata(Diesesetal.,1999[41]). Generatingthe
measurementdataby solvingtheforwardproblemfor thetrueparametervaluesanddisturbing
it, enablesusto verify theresults.

Theaim of this columnexperimentis to determinethehydraulicparametersfor thewater
transportandtheenvironmentalfateparametersfor thesolutetransportin anunsaturatedsoil.
In accordancewith generalpractice,we first estimatethevanGenuchtenparameters. , e andT *

on the basisof point measurementdataof the matric potential
@BA

andthe watercontentE
. In a secondstep,thehydraulicparametersarefixedandthesolutetransportparametersare

estimatedby meansof substanceconcentrationdata.

5.1.1 Estimation of Parametersin the Water Transport Equation

First, we considerthe flow of waterin anunsaturatedsoil columnof 20 � � lengthwhich we
modelby theRichardsequationin the

@UA
- respectively

E
-form in orderto estimatethehydraulic

parametersin thevanGenuchten-Mualemmodel:

Richards equation in
@BA � ��' µ 


=�>q@UAVC � @UA� 1 5 �
� ; T >�@BAÛC �� ; @UA � �4Ü; (5.1)

with

T >�@BADC 5 T * > � � > e2ª @UA ª C�« �$) > � � > e2ª @BA ª CQ«:C A C #> � � > e2ª @UA ª C « C A ©�# � � 5 � � � � . (5.2)

=?>�@BAVC 5 e > . � � Cê>�E * � E � C'> e2ª @BA ª C « �$) > � � > e2ª @UA ª C « C )© « �$# (5.3)

t Initial condition:
@UA,> � � ; C 5�� � #¢� � ; 
 �
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t Upperboundary:

/ > 1 � � C 5X� T >�@UA,> 1 � � CZC �� ; @BA�> 1 � � C � �4,; 5 � �&$ 1 £ ! � �� � � 1 ¦ ! � � (5.4)

t Lowerboundary:
� @BAÜ> 1 � $ � Cd� � ;W5�� � 1 
 � .

Richards equation in
E ���


� E
� 1 5

�
� ; �G >�E	C � E� ; � �4 �T >�E	C

(5.5)

with

�T >�EFC 5 T * s ® � � � � s ®�
A # � s 5 E � E �E * � E � (5.6)

�=?>�EFC 5 �
eg. � s � ®� � � � A s � ®� >-E � E � C �$) � � 5 � � �

. (5.7)�G >�EFC 5 �T >�EFC �=?>�E	C
(5.8)

t Initial condition:
E¼> � � ; C 5�� �&$ # � ; 
 �

t Upperboundary:

/ > 1 � � C 5X� �G >-E$> 1 � � CZC � E$> 1 � � C� ; � �4 �T >-E$> 1 � � CZC 5 � �&$ 1 £ ! � �� � � 1 ¦ ! � � (5.9)

t Lowerboundary:
� E¼> 1 � $ � C�� � ;W5�� � 1 
 � .

The columnexperimentlasts12 hours
� � 


. During the first 6 hourswater is infiltrated with
a constantrate / > 1 � � C 5 � �&$ � � � � �$) 


. Thenthe infiltration is stopped.This is modeledby
a specifiedflux conditionat the upperboundary. The lower boundaryis describedby a free
drainagecondition,i.e. thegradientof

@UA
respectively

E
is zero.

Measurementdatafor
@UA

and
E

for 4 depths( ;³5 $ � # � �K$ � � # � � � 
 ) and11 pointsin time
(
1 5 � � $ � �ö�ê� � �¢�P� � 


) is generatedby solving (5.1) and (5.5) for the true parametervalues. 5 �ö�&$I�k�

, e 5�� � � � � $Ü� ��' µ �$) 
 , T * 5 � � � � � � � � �$) 


,
E �D5�� � ��) �k�
 and

E * 5X� �%(����
 (Seppelt,
privatecommunication;Vink etal., 1994[133]). This “error-free” datais disturbedasfollows:

æ L 5 u L > � � h i C i L Ú¥î > � � � C � (5.10)

where
h

describesthe factorof perturbation,e.g.
h 5�) � . Thesolutionsurfacesfor the true

parametervaluesillustratingtheeffectof theirrigationschemearegivenin Figure5.1and5.2.
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§ ¨ ©7ª « Iter.
TrueValues 1.2 0.0102 10.0

Initial Guesses 2.0 0.08 100.0¬® ¥K¯
1.1993° 0.0011 0.01025° 0.00035 10.33 ° 0.88 12¬®Q± ¯
1.1964° 0.0055 0.01088° 0.00188 12.82 ° 5.40 16¬� ¥K²*¯
1.1918° 0.0108 0.01277° 0.00411 20.53 ° 17.23 16

Table5.1: ParameterEstimatesfor § , ¨ and ©7ª and95̄ ConfidenceIntervals

¬® ¥K¯ ¬®Q± ¯ ¬® ¥K²*¯
¨ ©"ª ¨ ©"ª ¨ ©7ª

§ -0.56 -0.68 -0.51 -0.65 -0.37 -0.54¨ - 0.97 - 0.96 - 0.97

Table5.2: CorrelationMatricesfor
¬� ¥�¯

,
± ¯

and
¥K²*¯

In thefollowing we studydifferentscenarioswith increasingcomplexity. First,we investi-
gatetheidentifiability of § , ¨ and ©7ª while keeping

¤X³
and

¤ ª fixed.This is acommonscenario
in practiceas

¤X³
and

¤ ª areoftenobtainedseparately. Secondly, westudywhetherit is possible
to estimatefrom thesamedataalso

¤X³
in additionto § , ¨ and ©7ª . Finally, we try to determine

all five parameterssimultaneously. This latterestimationproblemis known to bevery hardas
theparametersaregenerallyhighly correlated.

In the first scenario,§ , ¨ and ©7ª areestimatedon the basisof 1̄ , 5̄ and10̄ pseudo-
normally disturbeddata. As Table 5.1 shows, even thoughpoor initial guessesare usedall
parameterscanbe identifiedandlie within the 95̄ confidenceintervals. The corresponding
correlationmatrices,which do not differ muchfor

¬Q ¥K¯
, 5̄ and10̄ , aresummarizedin

Table5.2.

The estimationof
¤X³

in additionto § , ¨ and ©7ª , however, is only possiblefor datawith¬/ ¥K¯
andimproved parameterguesses(Table5.3). As the correlationmatrix, Table5.4,

reveals,thefour parametersarehighly correlated.

§ ¨ ©7ª ¤X³
TrueValues 1.2 0.0102 10.0 0.05

Initial Guesses 1.5 0.02 20.0 0.07¬� ¥K¯
1.1977° 0.0333 0.01027° 0.00055 10.46 ° 2.75 0.048 ° 0.041

Table5.3: ParameterEstimatesfor § , ¨ , ©7ª and
¤X³

and95̄ ConfidenceIntervals
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¨ ©7ª ¤X³
§ -0.86 -0.96 0.99¨ - 0.95 -0.86©7ª - - -0.97

Table5.4: CorrelationMatrix for § , ¨ , ©7ª and
¤X³

If we now try to determineall five parameters§ , ¨ , ©"ª , ¤X³
and

¤ ª , the parameterestimation
problembecomesnearlysingular, even for error-freedata. Thedatadoesnot containenough
informationto identify thefive vanGenuchtenparameterssimultaneously. This situationis of-
tenencounteredin practice,in particularfor theidentificationof thehydraulicparameters.

Considering,however, anexperimentwith aslightly differentirrigationscheme,all fivepa-
rameterscanbeestimated.In contrastto theirrigationschemedescribedby theupperboundary
conditions(5.4)and(5.9)wenow useanalternatingirrigationschemeof theform

´lµ·¶�¸ ²*¹ Iº ©»µ �¼� µ·¶�¸ ²*¹½¹¿¾
¾�À

�¼� µ·¶�¸ ²*¹ ºÂÁÃ À

Iº ÁÄ µ ¤ µ&¶�¸ ²*¹�¹ ¾ ¤ µ·¶�¸ ²*¹
¾�À

ºÂÁÃ Á©»µ ¤ µ·¶�¸ ²*¹�¹ 
²ÆÅ%Ç ²*Å%²"È ¶ÊÉQË Å%²²ÆÅ%² Ë Å%²"È ¶ÊÉQÌ Å%²
²ÆÅ%Ç Ì Å%²"È ¶ÊÉQÍ Å%²²ÆÅ%² Í Å%²"È ¶ÊÉ ¥KÇÆÅ&²

Å (5.11)

This causesmorespatialandtemporalactivity of the solutionsurface,asFigure5.3 and5.4
show, andleadsto measurementdatawhichexhibitsahighersensitivity to theunknown param-
eters.Now theparameterestimationproblemassuchis well-posedandit is possibleto identify
all parametersfrom undisturbeddatastartingfrom the initial guesses§  ¥<Å Ë , ¨  ²*Å%²�¥

,©7ª  ¥�¥<Å%²
,
¤X³� ²ÆÅ&²*Î

and
¤ ª  ²ÆÅ ±

.

Here,the modificationof the upperboundarywaschosenintuitively basedon the insight
gainedby studyingsimilar problems. Consideringreal life problems,however, designsare
requiredthatguaranteewell-posedparameterestimationproblemseven for noisydata. Thus,
the choiceof good irrigation schemesshouldbe embeddedin the framework of optimal ex-
perimentaldesignwhich aimsat optimizing the designsaccordingto someprescribeddesign
criteria. In Section5.6. we will outlinehow anoptimalexperimentaldesigncanbedetermined
by ECOPLAN thatenablesthesimultaneousestimationof bothwaterandsolutetransportpa-
rametersin only oneoutflow experiment.

5.1.2 Estimation of Parametersin the SoluteTransport Equation

After thehydraulicparametershavebeenidentified,theaimis now to determinetheMichaelis-
MentenparametersÏ �AÐ�Ñ3� ÒQÓrÔ;ÕMÖ�Ô�×z£

and ©7Ø �ÙÒQÓrÔ;ÕX£
andaparameterizationof thediffusion-

dispersionterm, Ú �%¥�£
and

Ä �Û�ÙÜ�ÝßÞXÖ�Ô�×z£
. Thetransportof thedissolvedsubstance,e.g.a pesti-
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upperboundarycondition(5.11).

0

5

10

15

20

Length 0
2.5

5
7.5

10
Time

0.26
0.28
0.3
0.32
0.34

0

5

10

15

20

length

0.26
0.28
0.3
0.32
0.34

theta

PSfragreplacements

¤

Figure5.4: Solutionsurfacefor the Richardsequation(5.5) in
¤ �%¥�£

with the modifiedupper
boundarycondition(5.11).



90 Numerical Results

cide,in theunsaturatedsoil is modeledby two coupledPDEs,namelytheRichardsequationin
the

�¼�
-form (5.1)asdiscussedin theprevioussectionandthefollowing convection-dispersion

equation:

Solutetransport

¾
¾ ¶ µ ¤ Ü�¹  ¾

¾�À
¤ Äãâ µ ¤ ¹P¾ Ü

¾�À
º ´ Ü ºä¤ Ï �AÐ�Ñ*Ü

Ü¼å ©"Ø (5.12)

with

Äãâ µ ¤ ¹  ²ÆÅ&²*²*æ Ìrç�è�é"µ Ú ¤ ¹
¤ å Ä �

(5.13)

ê Initial condition:
Ü µ ² ¸ À ¹  ² ¸ À"ë ²

ê Upperboundary:

º"¤ µ·¶�¸ ²*¹ Äãâ µ ¤ µ&¶�¸ ²*¹ ¸1´Pµ&¶�¸ ²*¹½¹�¾ Ü µ&¶�¸ ²*¹
¾�À

å ´Pµ&¶�¸ ²�¹XÜ µ&¶�¸ ²*¹  ÜKì ´Pµ&¶�¸ ²*¹ ¶íÉIÌ Å%²² ¶íî�Ì Å&²
ê Lowerboundary: ¾ Ü µ·¶�¸ Ç*²*¹[ï ¾�À  ² ¸ ¶ ë ²

.

In contrastto theinitial conditionusedin Section5.6.1,now awettercolumnis employedwith��� µ&¶�¸ ²*¹ áº Ì Î�²E� ��¡7¢<£
for À î ²

. ThevanGenuchtenparametersarefixedto thetruevalues§  ¥KÅ%Çð�¦¥�£
, ¨  ²ÆÅ&²�¥K²*Çð�Ù��¡"¢ Ô�× £

, ©"ª  ¥K²ÆÅ&²ð� Ü�Ýá� Ô�× £
,
¤X³f ²*Å%² ± �¦¥�£

and
¤ ª  ²ÆÅ%æð�¦¥�£

. Both
equations(5.1) and(5.12)arecoupledby the waterflux ´Pµ&¶�¸ À ¹

andthe watercontent
¤ µ&¶�¸ À ¹

which is relatedto thematricpotential
��� µ&¶�¸ À ¹

by thewaterretentioncurve

¤ µ �¼�ñ¹  µ ¤ ª ºä¤X³ ¹ ¥�å µU¨ � �¼�à�ò¹:ó Ô � å ¤X³ ¸ Ý  ¥ º ¥
§ Å

(5.14)

During the first half of the experimentwith ô�õ ó<ö  ¥�Ç÷�Ù��£
the dissolvedsubstance

ÜKì  ¥�²ÆÅ%²�ÙÒQÓrÔ;ÕX£
is infiltratedtogetherwith thewater, thenthe infiltration is stopped.Figure5.5 illus-

tratesthefateof thesubstancewhich is degradedwithin thefirst 10
Ü�Ý

suchthatno substance
reachestheendof thecolumn.

1̄ , 2̄ , 3̄ , 5̄ and10̄ pseudo-normallydisturbeddatafor thesubstanceconcentrationÜ
is generatedfor 4 depths( À  Ç ¸ Î ¸ ¥KÇ ¸ ¥KÎñ�ÙÜ�Ýð£

) and11 pointsin time (¶  ¥ ¸ Ç ¸ Å<Å1Å ¸ ¥*¥�� ��£
)

by meansof theprocedureusedfor the
�¼�

- and
¤
-data.Startingfrom theinitial guessesgiven

in Table5.5, the parameterscanbe estimatedin all casesandlie within the 95̄ confidence
intervals. As the correspondingcorrelationmatricesaresimilar, only the onefor

¬ø ¥K¯
is

shown hererepresentatively in Table5.6.

In summary, wecanstatethatECOFIT enablesto identifyevenhighlycorrelatedparameters
from noisydata. Even for poor initial guesses,convergenceto the trueparametersis reached
within few iterations.
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Figure 5.5: Solution surfaceof the convection-dispersionequation(5.12) for the substance
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Üñ�ÙÒQÓ Ô;Õ £
.

Ï �AÐ�Ñ ©7Ø Ú Ä � « Iter.
TrueValues 0.2 1.0 10.0 5.0

Initial Guesses 0.1 0.5 17.0 2.0¬ù ¥K¯
0.205 ° 0.011 1.045 ° 0.117 10.22 ° 2.51 4.95 ° 0.31 5¬ù Ç*¯
0.209 ° 0.024 1.095 ° 0.240 10.41 ° 4.41 4.91 ° 0.55 5¬ù Ë ¯
0.214 ° 0.036 1.139 ° 0.371 10.64 ° 6.24 4.86 ° 0.84 5¬ùú± ¯
0.228 ° 0.068 1.276 ° 0.711 10.87 ° 9.20 4.77 ° 1.38 5¬� ¥K²*¯
0.270 ° 0.178 1.703 ° 1.897 11.50 ° 13.95 4.56 ° 2.53 5

Table5.5: ParameterEstimatesfor Ï �AÐ�Ñ
, ©7Ø , Ú and

Ä �
and95̄ ConfidenceIntervals

©7Ø Ú Ä Ø
Ï �AÐ�Ñ

0.99 -0.54 0.32©"Ø - -0.48 0.24Ú - - -0.97

Table5.6: CorrelationMatrix for Ï �AÐ�Ñ
, ©7Ø , Ú and

Ä Ø for 1̄ DisturbedData
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5.2 Estimation of Hydraulic Parametersin a LayeredSoil

In the columnexperimentinvestigatedin the previoussection,we assumedthe soil to be ho-
mogeneous.In general,this assumptiononly holdsfor repacked soil columns. Considering,
however, lysimeterstudieswhereundisturbedsoil coresareused,or evenfield experiments,the
soilsmightexhibit horizontallyparallellayers.

In the following we studya two-layersoil columnof 40
Ü�Ý

lengthcomposedof a homo-
geneoussandlayeron top of a homogeneousclay layer, bothof 20

Ü�Ý
length. Theaim is to

estimatethehydraulicparameters§ , ¨ and ©"ª of bothlayersin oneexperimentbasedon
�¼�

-
and

¤
-measurementdata.As in Section5.1.1,thewatertransportin theunsaturatedsoil is mod-

eledby theRichardsequationin
�¼�

(5.1) and
¤

(5.5). In additionto the initial andboundary
conditions,atransitionconditionat thelayerinterfacehasto beformulated.Thisis discussedin
thefollowing for

�¼�Q� ��¡7¢<£
. Thecorrespondingconditionfor

¤ �%¥�£
canbederivedanalogously.

ê Initial condition:
�¼� µ ² ¸ À ¹ �º Í Î�²�åeÇ*²�û À ¸ À7ë ²

ê Upperboundary:

´Pµ&¶�¸ ²*¹ Iº ©»µ ��� µ&¶�¸ ²*¹½¹ ¾
¾�À

�¼� µ·¶�¸ ²*¹ ºÂÁÃ À 
²*Å%Ç ²ÆÅ&²7È ¶üÉQÌ Å%²²*Å%² Ì Å&²7È ¶üÉ ¥�ÇÆÅ%²
²*Å%Ç ¥KÇ*Å%²"È ¶ÊÉ ¥KýÆÅ&²²*Å%² ¥Ký*Å%²"È ¶ÊÉ Ç*æÆÅ&² (5.15)

ê Lowerboundary: ¾ ��� µ·¶�¸ æ*²*¹½ï ¾�À  ² ¸ ¶ ë ²
.

ê Condition at the layer interface
As thewaterflux ´lµ·¶�¸ Ç*²*¹

is thesamein both layers,at the layer interfacethe following
transitionconditionmusthold:

´lµ·¶�¸ Ç*²*¹ �º ©"ª Ð ó<ö µ �¼� µ·¶�¸ Ç*²*¹�¹ ¾
¾�À

�¼� µ·¶�¸ Ç*²*¹ ºþÁÃ À ª Ð ó<ö
�º ©"ÿ�� Ð � µ ��� µ&¶�¸ Ç*²�¹½¹ ¾

¾�À
��� µ&¶�¸ Ç�²*¹ ºÂÁÃ À ÿ�� Ð � Å

(5.16)

As truevaluesfor theparameterestimationproblemthevanGenuchtenparametersin Table5.7
areused.They arebasedon theDutchtextureclassesandcharacterizea loam-poorfine sand
anda light sandyclay (Wöstenetal., 1994[141]).

Figure5.6and5.7 illustratethesolutionsurfacesfor theRichardsequationin
�¼� �Ù��¡"¢1£

and
¤�¦¥�£

usingthe vanGenuchtenparametersgiven in Table5.7. For eachlayermeasurementdata
for

���
and

¤
for 3 depths( À  ²ÆÅ ± ¸ ÎÆÅ ± ¸ ¥ ±�� À  Ç*Ç*Å ± ¸ Ç ± Å ± ¸<Ë ÇÆÅ ± �ÙÜ�Ýð£

) and24 pointsin time
(¶  ¥ ¸ Ç ¸ Å<Å1Å ¸ Ç�æ

) aregeneratedemploying thetruevaluesin Table5.7.Theresultsin Table5.8
demonstratethat the parameters§ ×

, ¨ ×
and © ×ª in the first layer, wherethe solutionsurface

exhibits a high spatialandtemporalactivity, arewell determinedby the dataandthuscanbe
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Figure5.6: Two layers:Solutionsurfacefor theRichardsequationin
�����Ù��¡"¢<£

.

0

5

10

15

20

Length

0

2.5

5

7.5

10

Time

0.1
0.15
0.2

0.25

0

5

10

15

20

Length

PSfragreplacements

¤

Figure5.7: Two Layers:Solutionsurfacefor theRichardsequationin
¤ �%¥�£

.



94 Numerical Results

§ �¦¥�£ ¨ �Ù��¡"¢PÔ�×�£ ©"ª � Ü�ÝáÖ�Ô�×z£ ¤X³ �%¥�£ ¤ ª �%¥�£
Sand 1.507 0.0249 17.46 0.43 0.01
Clay 1.250 0.0194 14.07 0.40 0.0

Table 5.7: Van GenuchtenParametersfor a Loam-PoorFine Sandand a Light SandyClay
(Wöstenetal., 1994[141])

estimatedwith high accuracy. Theestimationof the parameters§ Þ
, ¨ Þ

and © Þª in the second
layer, however, is more difficult sincetheseparametersare insufficiently determinedby the
data.As Table5.9 illustrates,they aremuchhighercorrelatedthantheparameters§ ×

, ¨ ×
and© ×ª in thesandlayer. Thisexampledemonstratesthat,in orderto identify parametersin deeper

layers,betterexperimentaldesignsarerequiredto guaranteeidentifiability of all parametersin
practice.

TrueValues Initial Guesses
¬� ¥K¯ ¬ùú± ¯

§ ×
1.507 2.0 1.5189° 0.0321 1.5731° 0.1732¨ ×
0.0249 0.03 0.02488° 0.00062 0.02461° 0.00379© ×ª 17.46 20.0 17.83 ° 1.32 19.13 ° 6.85§ Þ
1.250 2.0 1.2465° 0.0256 1.2452° 0.1064¨ Þ
0.0194 0.03 0.01690° 0.01663 0.01261° 0.05592© Þª 14.07 20.0 9.79 ° 22.86 4.24 ° 43.29

Table5.8: Estimatesfor theParameters§ ×
, ¨ ×

and © ×ª in theSandLayerandfor theParameter§ Þ
, ¨ Þ

and © Þª in theClayLayerIncluding95̄ ConfidenceIntervals

¨ × © ×ª § Þ ¨ Þ © Þª§ ×
-0.62 0.48 -0.51 -0.34 -0.34¨ ×

- 0.88 0.40 -0.65 -0.65© ×ª - - -0.19 0.78 -0.77§ Þ
- - - 0.79 0.80© Þª - - - - 0.99

Table5.9: CorrelationMatrix for § ×
, ¨ ×

, © ×ª , § Þ
, ¨ Þ

and © Þª
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Figure5.8: Hourly watercontentdatain
ÎãÜ�Ý

,
¥ ± Ü�Ý

and
Ç*² Ü�Ý

depth.

5.3 Estimation of Van GenuchtenParametersin a Field Ex-
periment

In thefollowing applicationECOFIT is usedto determinethewatertransportparametersfrom
a field experiment(Dieseset al., 1999[43]). The experimentaldatausedherewasobtained
in thecontext of anenvironmentalfatestudyof theherbicideMetazachlor, which wascarried
out by Aden (1999 [3]; 2000 [2]) in her PhD projectat the BASF AG, Agricultural Center
Limburgerhof, and the Institute of Geoecology, TechnicalUniversity of Braunschweig.As
a prerequisitefor a reliable modelingof Metazachlorunderoutdoorconditions,the correct
representationof thewatermovementisnecessary. Thepurposeis to identify thevanGenuchten
parameters§ , ¨ and ©7ª from watercontentdata.Theresidualandthesaturatedwatercontent,¤X³

and
¤ ª , aredeterminedby othermethodsandarekept fixed during the estimationprocess

(
¤X³� ²ÆÅ&² Ë �%¥�£

,
¤ ª  ²ÆÅ Ë*Ë æg�%¥�£

).
The samplingis conductedon an agriculturalsite without crop cover in the upperRhine

valley. The top zoneof the loamysandsoil, which is of particularinterestwhenstudyingthe
dissipationbehavior of xenobiotics,consistsof 10 % clay, 13 % silt and77 % sandandhas
anorganiccarboncontentof 0.6%. Time-domainreflectrometry(TDR) is usedto monitorthe
volumetricwatercontent

¤
in thefield. TheTDR probesareinsertedat

ÎñÜ�Ý
,

¥ ± Ü�Ý
and

Ç*²ñÜ�Ý
depth. Watercontentdatais recordedon an hourly basis. Figure5.8 shows the monitoring
curvesduringatimeperiodof 46days(28October- 13December1997).As Figure5.8reveals,
the TDR probesexhibit strongdaily variationswhich particularlyaffect the measurementsof
themostupperTDR probe.To smooththesefluctuationsthehourly datais averagedto obtain
daily ones.



96 Numerical Results

Dueto theloosetextureof thedry soil within thefirst
¥K²�Ü�Ý

, theactualpositionof theupper
TDR probewhich is originally fixed in

Î�Ü�Ý
depthis highly uncertain.In addition,theheavy

rainfall, whichstartsafterapproximately200hours(3 November1997),leadsto acompression
of theuppersoil horizonwhich againshifts the positionof the upperTDR probe. Therefore,
thedeterminationof its actualdepthshouldalsobepartof theoptimizationprocess.

5.3.1 Modeling of TDR-Measurements

Thewatertransportis modeledby theRichardsequationin
¤ �%¥�£

:

¾ ¤
¾ ¶  ¾

¾�À
ÁÄ µ ¤ ¹ ¾ ¤

¾�À
º ÁÃ Á©»µ ¤ ¹

(5.17)

with Á©»µ ¤ ¹  ©7ª��	�
 ¥ º ¥ º ����
� Þ ¸ �  ¤üºä¤X³

¤ ª ºä¤X³ (5.18)

Á µ ¤ ¹  ¥
¨�§ Ý � Ô �� º ¥ Ô �

� Ô �� µ ¤üºä¤X³ ¹ Ô�× ¸ Ý  ¥ º ¥
§ (5.19)ÁÄ µ ¤ ¹  Á©»µ ¤ ¹ Á µ ¤ ¹XÅ

(5.20)

In contrastto thecolumnexperimentsdiscussedsofar, heretheinitial andupperboundarycon-
ditions cannot be controlled. They aredefinedby the climatic conditionsat the agricultural
site, i.e. by thehistoryof thesoil andtheprecipitationrates.This makesa suitablemodeling
muchmoredifficult. A straightforwardway to describethe upperboundaryis to formulatea
specifiedflux conditionfor theprecipitationrates.Unfortunately, dueto stronglocal climatic
differencesduring the experimentalperiodbetweenthe agriculturalsite andthe weathersta-
tion wherethe precipitationdatais recorded,this datacannot beusedfor definingthe upper
boundarycondition.

A remedyis providedby pursuingtheideato formulateDirichlet conditionsattheupperand
the lower boundaryemploying the measurementdatain

Î3Ü�Ý
and

Ç*²gÜ�Ý
depth,respectively.

In this approachwe assumethe measurementdatausedfor definingthe boundaryconditions
to be freeof measurementerrors. In general,TDR performswell for determiningvolumetric
watercontentsanddeliversdatawhichis of highaccuracy relatively to eachother. Theabsolute
measurementerrorliesin therangeof 1 Vol

¯
. Thus,takinginto accounttheotheruncertainties,

suchasthepositionof theTDR probesor probableinhomogeneitiesof thesoil, it is justifiable
to neglectthiserror.

In order to describethe initial profile on the first day, i.e. the initial conditions,a linear
interpolationof the correspondingwater contentmeasurementsin

Î Ü�Ý
,

¥ ± Ü�Ý
and

Ç�² Ü�Ý
depthareused.

5.3.2 Estimation Results

The aim is now to estimatethe hydraulicparameters§ , ¨ and ©7ª by fitting the TDR datain¥ ± Ü�Ý
depth. In addition,dueto uncertaintyaboutthecorrectdepthof theupperTDR probe,
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depth.

§ �¦¥�£ ¨ � ��¡"¢ Ô�× £ ©"ª � Ü�ÝáÖ Ô�× £
Initial Guesses 1.5 0.05 35.0

Estimates 1.262 ° 0.036 0.0324° 0.0024 20.92 ° 1.68

Table5.10:ParameterEstimatesfor § , ¨ and ©7ª and95̄ ConfidenceIntervals

thedeterminationof its actualdepthis alsoincludedin theoptimizationprocess.
As Table5.10shows,all parameterscanbeidentified. Thecorresponding95̄ confidence

intervalsandthecorrelationmatrixaregivenin Table5.10andTable5.11,respectively.

For thepositionof theupperTDR probea depthof
¥KÇ Ü�Ý

is found.A goodfit is gainedasthe
comparisonof thefittedandmeasuredcurvesin Figure5.9 illustrates.

In summary, we canstatethatvery encouragingresultsfor thefield situationsareobtained
by ECOFIT in spiteof numerousuncertaintiesin thewatertransportmodel(e.g.inhomogeneity
of thesoil,cracksetc.)andin themeasurementdata(e.g.depthsof theTDRprobes,temperature
dependenceof TDR).

¨ ©7ª
§ 0.14 -0.61¨ - -0.94

Table5.11:CorrelationMatrix for § , ¨ and ©"ª and95̄ ConfidenceIntervals
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5.4 Mini-L ysimeter Study: Determination of Transport and
Sorption Parametersfor Bromideand a SubstanceX

Thepurposeof this studyis to determinethetransportandsorptionbehavior of a substanceX
in threeEuropeansoils. Thecorrespondingmini-lysimeterexperimentswerecarriedout at the
StaatlicheLehr- undForschungsanstalt(SLFA) Neustadt/Weinstr. (Fent,1999[50]). ECOFIT
is usedfor theestimationof thetransportandsorptionparameters.

Theexperimentsarebasedon undisturbedsoil columnswhich aretreatedwith theconser-
vative tracerbromideanda radio-labeledtestsubstanceX. The leachatesarecollectedat the
baseof thecolumnandtheconcentrationsareanalyzedevery12hours.Theunknown parame-
ters,e.g.thediffusion-dispersioncoefficientor sorptionparameters,areestimatedby fitting the
breakthroughcurvegeneratedby theleachateconcentrations.

For this studythreetestsiteswithout crop cover arechosenthat arespecifiedby the soil
characteristicsgivenin Table5.12. Fromeachtestsiteseveralundisturbedsoil coresaresam-

Clay
�ò¯ £

Silt
� ¯ £

Sand
� ¯ £ ���������ò¯ã£

Soil A 4.1 21.8 74.1 0.6
Soil B 6.0 7.0 87.0 1.3
Soil C 16.0 22.0 62.0 1.2

Table5.12:Soil CharacteristicDatafor theTestSoilsA, B andC

pledby forcingsteeltubesof
Ç�¥KÅ:¥�Ü�Ý

diameterand Ë ²rÜ�Ý
lengthinto thegroundby meansof a

hammer. WhenthesteeltubehasreachedË ²rÜ�Ý
depth,thesoil aroundthetubeis removedand

thesoil at thelowerendof thetubeis cutoff with aknife.
Beforethe outflow experimentis started,the soil columnsareequilibratedfor 7 daysby

applyingthesameirrigationrateof 0.Ë æ¿Ü�ÝøÖ�Ô�×
aslaterin theexperiment.

For theapplicationsolutionsareusedcontaining
²ÆÅ ±��

bromiderespectively
²*Å%Î Ë Î�Ý �

of the
testsubstance.Thereplicatecolumnsof eachsoil areappliedat thesametime by meansof a
maskwith 20 holes.Themaskis placedon the top of thecolumn. Througheachhole

Ç*²*²����
of the bromidesolutionareappliedto the soil surfaceby useof a pipettor. Thenthe maskis
rotatedabout45degreesandthedissolvedtestsolutionis addedin a similarway. Immediately
afterapplication,thesoil columnsareirrigatedwith

²ÆÅ&ÇfÜ�Ý
waterwithin 72 minutes.During

theexperimentanaverageirrigationrateof
²*Å Ë æ¿Ü�ÝøÖ Ô�×

is applied.

5.4.1 Parameter Estimation for BromideOutflow Data

In a first stepthesolutetransportbehavior in thethreesoilsis investigatedemploying thecon-
servative tracerbromidewhichshowsneithersorptionnordegradation.
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Figures5.10,5.13and5.16 illustratethe analyzedconcentrationsof bromidein the mea-
suredleachatesasa functionof time. Eventhoughthereplicatespartially differ considerably,
all columnsexhibit thetypicalbreakthroughbehavior.

Modeling

As theexperimentiscarriedoutundersteady-stateconditionsboththewaterflux ´ andthewater
content

¤
areconstant,andit is sufficient to only considertheconvection-dispersionequation

of theform

¾ Ü ³
¾ ¶  Ä ¾ Þ[Ü ³

¾�À Þ º�� ¾ Ü ³
¾�À

Å
(5.21)

Here,
Ü ³ � � � Ô�× £

is the(resident)concentration,
Ä �ÙÜ�Ý Þ Ö Ô�× £

is thediffusion-dispersioncoefficient
and

�ð ´ ï ¤ � Ü�ÝáÖ�Ô�×z£
is theporewatervelocity.

Investigatingthe initial andboundaryconditions,we have foundthat it is advantageousto
assumethe bromideto be incorporatedwithin the first

²ÆÅ&æfÜ�Ý
of thesoil column,ratherthan

modelingthe instantaneouspulseof the 20 holesassuch. This leadsto the following initial
condition:

Ü ³ µ ² ¸ À ¹  ÜKì À É ²*Å%ærÜ�Ý² À î ²ÆÅ&æ Ü�Ý ¸ (5.22)

where
ÜKì¿� � Ü�Ý Ô;ÕX£

denotesthesoil concentrationof the incorporatedbromide.As no bromide
is addedwith the irrigatedwaterduring theexperiment,a zeroflux conditionis formulatedat
theupperboundary:

� Ü ³ µ&¶�¸ À ¹ º Ä ¾ Ü ³ µ&¶�¸ À ¹
¾�À ��� ì  ² ¶Êî ²ÆÅ

(5.23)

In theexamplesdiscussedsofar, we haveuseda Neumannconditionof theform ¾ ÜKï ¾�À  ²
at

thelowerboundaryassumingthedispersiveflux to bezeroandconsideringonly theconvective
transportalongwith the waterflow. Here,accordingto the approachof van Genuchtenand
Parker (1984[131], 1984[99]) for the modelingof outflow experiments,formally an infinite
lowerboundaryis defined

¾ Ü ³ µ·¶�¸ À ¹
¾�À ��� �

 ² ¸ (5.24)

which in ourcaseis substitutedby

¾ Ü ³ µ·¶�¸ À ¹
¾�À �!��"

 ² ¸ (5.25)

with a sufficiently large
Ó

, e.g.
Ó  Ì ²rÜ�Ý

. The ideabehindchoosingsucha typeof bound-
ary is to computeat theactuallower boundaryof thesoil column,i.e.

Ó õ  Ë ²rÜ�Ý
, socalled
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flux-averagedconcentrations
Ü$# �&% Ñ µ·¶�¸ À ¹

. They arefrequentlyusedfor thedescriptionof thecon-
centrationspassingthe boundary. Theflux-averagedconcentrations

Ü # �&% Ñ µ&¶�¸ À ¹
canbederived

from thenormal,socalledresidentconcentrations
Ü ³ µ&¶�¸ À ¹

via

Ü # �'% Ñ µ&¶�¸ À ¹  Ü ³ µ&¶�¸ À ¹ º Ä
� ¾ Ü ³ µ&¶�¸ À ¹

¾�À
Å

(5.26)

As the leachateconcentrationsare not analyzedcontinuously, but only every 12 hours, the
measuredconcentrationsareaveragedconcentrationswhichwemodelby

Ò)( µ·¶ ( ¸ Ó õ ¹  ¥
¶ ( º ¶ ( Ô�×

*,+
*,+ Ô�×

Ü # �&% Ñ µ.-�¸ Ó õ ¹XÖ - /  ¥ ¸ û^û^û ¸�§ Å
(5.27)

In ECOFIT, the quantities
Ò ( µ&¶ ( ¸ Ó õ ¹ canbe easilycomputedby introducingoneadditional

ODE.

Estimation Results

Parametersto beestimatedaretheporewatervelocity
�
, thediffusion-dispersioncoefficient

Ä
andtheinitial soil concentration

Ü�ì
of theincorporatedtracer. In principle,wecanderive

Ü�ì
by

thefractionof theamountof bromideusedandthevolumeof soil water Ï10 in theconsidersoil
volume Ï ª

Ü�ì  ²ÆÅ ±!�
Ï10

Å
(5.28)

Hereby, thesoil volume Ï ª is givenby

Ï ª 32547698;:=<5>@?A8CB.DE>F2G?;HAI1<5?=I 47JLKNM�H,KO<5?;69PQ?;6!:=B.HA?;KSR=>�PTB.Dð ¥ Ë*Í Å%ýrÜ�Ý Õ Å
(5.29)

In orderto computeÏ10 T¤ Ï ª , theactualwatercontent
¤

is required,which is not availablea
priori. A posteriori,however, wecanapproximatethewatercontentby theestimateof thepore
watervelocityvia

¤� ´ ï �
with ´  ²ÆÅ Ë æ Ü�ÝøÖPÔ�×

. This independentvaluefor
Ü�ì

canfinally be
usedto validatetheestimates.

For all soil columnsthe parameterscanbe estimated.The estimatesincluding their 95̄
confidenceintervals and the correspondingcorrelationmatricesare summarizedin the Ta-
bles5.13and5.14.As theFigures5.11-5.18show, goodfits areobtainedin all cases.
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Figure5.10:Measuredbromideconcentrationsfor thecolumnsA-I andA-II.
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Figure5.11:Fittedandmeasuredbromideconcentrationsfor columnA-I.
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Figure5.12:Fittedandmeasuredbromideconcentrationsfor columnA-II.



102 Numerical Results

0
0.05

0.1
0.15

0.2
0.25

0.3
0.35

0.4
0.45

0.5

0 5 10 15 20 25 30 35 40

B
ro

m
id

e 
 [g

/l]

U

Days

Data Soil B-I
Data Soil B-II

Figure5.13:Measuredbromideconcentrationsfor thecolumnsB-I andB-II.
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Figure5.14:Fittedandmeasuredbromideconcentrationsfor columnB-I.
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Figure5.15:Fittedandmeasuredbromideconcentrationsfor columnB-II.
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Figure5.16:Measuredbromideconcentrationsfor thecolumnsC-I andC-II.
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Figure5.17:Fittedandmeasuredbromideconcentrationsfor columnC-I.

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0 5 10 15 20 25 30 35 40 45 50

B
ro

m
id

e 
 [g

/l]

U

Days

Data Soil C-II
Fitted Curve

Figure5.18:Fittedandmeasuredbromideconcentrationsfor columnC-II.
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� �ÙÜ�ÝøÖPÔ�×�£ Ä �ÙÜ�ÝßÞ[Ö�Ô�×z£ Ü�ìü� � �zÔ�×U£
Soil A-I 1.387 ° 0.011 1.646 ° 0.095 20.98 ° 0.11
Soil A-II 1.502 ° 0.007 1.273 ° 0.061 23.66 ° 0.10
Soil B-I 1.39 ° 0.006 0.84 ° 0.048 20.25 ° 0.10
Soil B-II 1.35 ° 0.004 0.88 ° 0.031 19.86 ° 0.07
Soil C-I 1.20 ° 0.006 1.54 ° 0.063 17.47 ° 0.07
Soil C-II 1.18 ° 0.003 1.33 ° 0.027 17.30 ° 0.03

Table5.13:Estimatesof
�
,
Ä

and
ÜKì

and95
¯

ConfidenceIntervals
�
-
Ä �

-
ÜKì Ä

-
Ü�ì

Soil A-I -0.77 -0.18 0.55
Soil A-II -0.62 0.45 0.47
Soil B-I -0.60 0.24 0.56
Soil B-II -0.65 -0.21 0.61
Soil C-I -0.61 0.74 0.02
Soil C-II -0.59 0.71 0.19

Table5.14:CorrelationMatrix

Now it remainsto checkwhetherthe estimatedvalue
Ü�ì

andthe onecomputedby (5.28)
areof thesameorderof magnitude.For Soil A-I, for example,we obtainanapproximationof
theactualwatercontentof

¤  ´ ï �� ²ÆÅ&Ç*æ ± �%¥�£
which resultsaccordingto (5.28)and(5.29)

in an initial concentrationof
Ü ÿ Ð �Ùÿì  ¥KæÆÅ ± � � � Ô�× £

. Consideringall theuncertaintiesinvolvedin
theexperiment,e.g.theapplicationandthe irrigation, andin themodeling,thematchof both
values,14.5and20.98,is verysatisfyingandvalidatesthevaluesfoundby optimization.

5.4.2 Parameter Estimation for SubstanceOutflow Data

Studyingreactive substances,the sorptionbehavior is generallyof particularinterest. In the
following,twomodelingapproachesarediscussedfor thesorptionbehavior of thetestsubstance
X, namelya linearsorptionapproachanda nonlinearonedescribedby a Langmuirisotherm.
In bothcasesequilibriumconditionsareassumed.

Linear Sorption

In afirststepwestudytheperformanceof thelinearsorptionmodel,whichis thestandardmodel
requiredby authoritiesfor registration.Similar to thenon-reactive tracer, thetestsubstanceX
is modeledby aconvection-dispersionequation

V ¾ Ü ³
¾ ¶  Ä ¾ Þ[Ü ³

¾�À Þ ºW� ¾ Ü ³
¾�À

Å
(5.30)
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Figure5.19:Linearsorptionapproach:fittedandmeasuredconcentrationsof thetestsubstance
X in columnA-I.

Thistime,however, aretardationfactoris consideredwhichis for thelinearsorptionof theform
V  ¥�åZY ¤ © ö Å

(5.31)

Theinitial andboundaryconditionsareidenticalto theonesusedfor thetracerbromide(5.22),
(5.23)and(5.25). Here,

�  ¥KÅ Ë ý�Î � Ü�ÝøÖ�Ô�×z£
is fixed to the valuecalculatedin the previous

section.Y is put to 1.53
� � Ü�Ý Ô;Õ £

. Parametersto beestimatedarethelinearsorptioncoefficient© ö , thediffusion-dispersioncoefficient
Ä

andtheinitial value
ÜKì

.
Even thoughall parameterscan be identified, Table 5.15 and 5.16, the fitting resultsin

Figure5.19revealthatthelinearsorptionmodelcanneitheraccountfor theobservedrisingflank
nor for theamplitude.Thus,wecanstatethatthis linearapproachis notsuitableto describethe
observedprocessproperly. For this reason,weinvestigatein thefollowing whetheranonlinear

© ö �ÙÜ�Ý Õ � Ô�×z£ Ä �ÙÜ�ÝßÞ[Ö�Ô�×z£ ÜKìÊ� Ý � �zÔ�×U£
Soil A-I 0.162 ° 0.002 2.086 ° 0.102 8.26 ° 0.04

Table5.15:Estimatesof © ö ,
Ä

and
ÜKì

and95
¯

ConfidenceIntervals

© ö -
Ä © ö -

Ü�ì Ä
-
ÜKì

Soil A-I 0.67 -0.84 -0.44

Table5.16:CorrelationMatrix

modeldeliversbetterresults. Due to the fact that the Freundlichapproachis not definedforÜ ³ µ·¶�¸ À ¹  ²
anda Freundlichexponent[ È,¥

, we choosetheLangmuirapproachwhich does
notsuffer from this limitation.
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Nonlinear Langmuir Sorption

Themodelequationfor theLangmuirsorptionis thesameasbefore(5.30),only theretardation
factor

V
is substitutedby

V  ¥�åZY ¤ ©\� ¬
µ ¥så ©\� Ü ³ ¹ Þ Å (5.32)

In thisapproach,in additionto
Ä

and
Ü�ì

theLangmuirparameters©]� and
¬

havetobeidentified.
Theestimationresultsarepresentedin Table5.17and5.18.

Ä �ÙÜ�Ý Þ Ö Ô�× £ ÜKìü� Ý � � Ô�× £ ©]� �'�pÝ � Ô�× £ ¬ �%¥�£
Soil A-I 1.582 ° 0.065 12.99 ° 0.05 2.155 ° 0.235 0.128 ° 0.010

Table5.17:Estimatesof
Ä

,
Ü�ì

, ©\� and
¬

and95
¯

ConfidenceIntervals

Ä ÜKì ©]�¬
0.92 -0.96 0.99Ä

- -0.78 0.90ÜKì
- - -0.95

Table5.18:CorrelationMatrix

As Figure5.20shows, employing the nonlinearLangmuirapproach,a by far betterfit in
comparisonto the linear approachis achieved. The sumof squaredresidualsis reducedby
approximatelya factorof 3. Up till now, however, only the linearapproachandthenonlinear
Freundlichapproachareavailablein thesimulationtoolsusedfor registrationstudies.As these
resultsexemplify, thereare good reasonsto also considerthe nonlinearLangmuirapproach
wheninvestigatingthesorptionbehavior of new substances.

5.5 Mini-L ysimeterStudy: Envir onmentalFateof S-Metola-
chlor and Its Main Metabolites

The aim of the following parameteridentificationproblemis to determinethe degradation,
sorptionanddispersioncoefficientsfor the grassherbicideS-Metolachlor(2-chloro-6’-ethyl-
N-(2-methoxy1-methylethyl)-O-acetotoluidide)andits two majormetaboliteson thebasisof
mini-lysimeterleachatedata.Thetransformationpathsof interestareshown in Figure5.21.

Theexperimentalpartof thisstudywasconductedby Hornin hisdiplomathesisattheInsti-
tuteof Geoecology, TechnicalUniversityof Braunschweigandat theNovartisCropProtection
AG, Basel.Herethediscussionis restrictedto theexperimentalaspectsrequiredfor modeling
andparameterestimation.For moredetailsabouttheexperimentswe refer to Horn’s diploma
thesis(1999[62]).
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Figure5.20: NonlinearLangmuirapproach:fitted andmeasuredconcentrationsof testsub-
stanceX in columnA-I.

Figure5.21:Schemeof transformationof S-Metolachlorin ^`_�acb × .
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Figure5.22:Schemeandphotoof theglassmini- bedf^gaih çAj^ç!k × .

5.5.1 Experimental Set-Up

For thestudysoil samplesof a sandyloamaretakenfrom anagriculturalsite in Switzerland.
Thesoil chosenconsistsof 12̄ clay, 21̄ silt and67̄ sandandhasanorganiccarboncontent
of 1.2̄ . Glassmini-lysimetersof

²*Å Ë Ý
lengthand

²ÆÅU¥Kæ ± Ý
diameter, asshown in Figure5.22,

areinstalledona lysimetertestsitein Stein,Switzerland.
After a preconditioningphaseof four weeks,soybeanseedsareput into the soil column.

Two daysaftersowing (17 May 1999)a solutionof the
×�lm�

-labeledparentcompoundS-Meto-
lachloris drippedon thebaresoil with a syringe.During thefirst 24hoursthemini-lysimeters
areprotectedfrom precipitationin orderto enableanoptimalefficiency of thesubstance.Then
themini-lysimetersareexposedto normalclimaticconditionsfor 97days(18May to 23August
1999).Meteorologicaldata,e.g.air temperature,irrigationandprecipitationvolumes,aredaily
recordedat thetestingfacility andaresummarizedin Figure5.23. Theleachatesarecollected
in intervals of 14 daysand are analyzedfor their radioactivity amount. The amountof S-
Metolachlorandits metabolitesarequantifiedby thin layerchromatography(TLC).

In addition,a mini-lysimeterwith a nominalsuctionof
º Í ²à��¡"¢

at the lower boundaryis
installedto studythe watertransport.TDR is usedto monitor the volumetricwatercontents.
TDR probesareinsertedin

± Ü�Ý
,

¥ ± Ü�Ý
, and

Ç ± Ü�Ý
depthanddatais recordedhourly during

theexperiment.

1Figureswereprovidedby Horn



5.5Mini-L ysimeterStudy for S-Metolachlor 109

n o p
q r
s
t
u v
w x
y z
{ |
} ~
� �

����� ���
����� ���

� ���� ���
� ���� ���

��� ¡ ¢££
¤¥¦§¨ ©ªª

«¬ ®¯ °±±
²³ ´µ ¶·¸¸

¹º»¼ ½¾¿¿
ÀÁ ÂÃ ÄÅÆÆ

ÇÈ ÉÊ ËÌÍÍ
Î ÏÐÑÒ ÓÔÔ

ÕÖ ×ØÙ ÚÛÛ
ÜÝ Þßà áââ

ãä åæç èééê ë ì í

î ï ï ð ñ ò ó ð ô õ ö ÷ ÷ øù ú û ü ý þ ý ÿ � ÿ ý � � � � � �� � � 	 
 � �   �� � � � � � � � � � � � � � � � � �

Figure5.23:Meteorologicaldatafrom thetesting
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.

5.5.2 Modeling

Water Transport

Thewatertransportis modeledby theRichardsequationin
¤

(5.17)-(5.20)asdescribedfor the
field experimentin Section5.3. Again the ideais to employ theTDR measurementsat

± Ü�Ý
and

Ç ± Ü�Ý
depthasupperand lower boundaryconditionsand to estimatethe unknown van

Genuchtenparameters§ , ¨ and ©7ª by fitting theTDR datain
¥ ± Ü�Ý

depth.This time,however,
this approachfails. In contrastto theTDR datain Section5.3,Figure5.8, themini-lysimeter
studiedhereshowsa higherwatercontentat

¥ ± Ü�Ý
thanat

± Ü�Ý
and

Ç ± Ü�Ý
. Thereareseveral

possibilitiesto explain this unusualbehavior. It maybecausedby the suctioninstalledat the
lowerboundary, but alsoby theinfluenceof preferentialflow processesor by inhomogeneities
of the soil core. Studiesshow that in this caseit is not possibleto reproducethe observed
behavior by theRichardsequation.

As areliabledescriptionof theflow of wateris necessaryto meaningfullysimulatethetrans-
port anddegradationbehavior of S-Metolachlorand its main metabolites,the experimenters
proposeto approximatetherequiredquantities,i.e. thevolumetricwatercontent

¤ µ·¶�¸ À ¹
andthe

waterflux density ´Pµ&¶�¸ À ¹
asfollows. First of all, it is assumedthat the volumetricwatercon-

tents
¤

aswell asthewaterflux densitieś areconstantacrossthesoil profile. Weeklyaveraged
volumetricwatercontentsareobtainedfrom TDR data.Waterflux densitiesarealsoadjusted
in weeklyintervals. Their averagedvaluesarecalculatedasthemeanof averagedrainageflux
densitiesandaverageprecipitation/irrigationflux densitieswithin thetimeintervalsconsidered.
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SoluteTransport

After preliminarystudiesthefollowing modelconsistingof threePDEsis setupto describethe
environmentalfateof theparentcompoundS-Metolachlor,

¡
, andits mainmetabolites,

Ò × andÒ Þ , for thetransformationpathsgivenin Figure5.21:

V"! ¾ Ü !
¾ ¶  Ä ª¤ ¾ Þ[Ü !

¾�À Þ º ´¤ ¾ Ü !
¾�À

º$# × V"! Ü ! º%# Þ V"! Ü ! º$#�³ V"! Ü !
(5.33)

V Ø �
¾ Ü Ø �¾ ¶  Ä ª¤ ¾ Þ Ü Ø �¾�À Þ º ´¤ ¾ Ü Ø �¾�À

å%& × # × V'! Ü ! º$# õ � × V Ø �
Ü Ø � (5.34)

V Ø 
 ¾ Ü Ø 

¾ ¶  Ä ª¤ ¾ Þ Ü Ø 


¾�À Þ º ´¤ ¾ Ü Ø 

¾�À

å%& Þ # Þ V'! Ü ! º$# õ � Þ V Ø 
 Ü Ø 
 ¸ (5.35)

with retardationfactorsdescribinglinearequilibriumsorption

V �  ¥�å Y ¤ © ö)( �U¸ �  ¡ ¸ Ò × ¸ Ò Þ Å (5.36)

In all casesthe degradationprocessis consideredto be first orderlinear andto take placein
boththedissolvedandtheadsorbedphase.Assumingthatdispersionaffectsthetransportof all
threespeciesto thesameextent,only oneapparentdispersioncoefficient is defined

Ä ª +* � ´ ��å ¢ ç è�é7µ Ú ¤ ¹ Ä 0 Å
(5.37)

For the sake of clarity, we summarizeall variablesintroducedabove andexplain themin the
following table:

Ü !
,
Ü Ø � ,

Ü Ø 
 Residentsoluteconcentrationof theparentcompound,of metabolite1,
andof metabolite2

� � Ý Ô;Õ½£
© ö)( ! , © ö,( Ø � , ©.- ( Ø 
 Linearsorptioncoefficientof theparentcompound,of metabolite1,

andof metabolite2
� Ý Õ � Ô�× £

# × , # Þ , #�³
Degradationrateof theparentcompoundto metabolite1,
to metabolite2 andto othermetabolitesand

�0/ Þ � ÖPÔ�×�£
# õ � × , # õ � Þ Degradationrateof metabolite1 andmetabolite2 to othermetabolites,

and
�0/ Þ �ÙÖ�Ô�×z£

& × , & Þ , & Õ Correctionfactorsfor themassbalanceof thetransformation
processes

�%¥�£
¤

Volumetricwatercontent
�¦¥�£

´ Volumetricwaterflux density
� ÝøÖ�Ô�×z£

�ð ´ ï ¤
Porewatervelocity

� ÝáÖ Ô�× £
Y Bulk density

� � Ý Ô;Õ £
Ä ª Apparentdispersioncoefficient

� Ý Þ Ö Ô�× £
*

Dispersionlength
� Ýð£

Ä 0 Moleculardispersioncoefficient in water(
æÆÅ Ë û�¥K²�Ô21A� ÝßÞ½ÖPÔ�×�£

)¢
Soil parameter, for sandyloam(

²*Å%²*² ± �%¥�£
)Ú Soil parameter, for sandyloam

�%¥�£
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As in the mini-lysimeterstudydiscussedin Section5.4, we assumethe substance,in this
casetheparent,to be incorporatedin theupper

± Ü�Ý
of the soil definingthe following initial

condition

Ü ! µ ² ¸ À ¹  Ü�ì À É ²ÆÅ&² ±² À î ²ÆÅ&² ± À î ²ÆÅ
(5.38)

At thebeginningof theexperimentthemini-lysimeteris assumedto befreeof metabolite1 and
metabolite2

Ü Ø � µ
² ¸ À ¹  Ü Ø 
 µ ² ¸ À ¹  ²ÆÅ&² À î ²ÆÅ

(5.39)

Afterwards,no moresubstanceis added.Therefore,zeroflux conditionsareformulatedat the
upperboundary

� Ü ��µ&¶�¸ À ¹ º Ä ª¤ ¾ Ü �½µ&¶�¸ À ¹
¾�À ��� ì  ² �  ¡ ¸ Ò × ¸ Ò Þ ¶üî ²ÆÅ

(5.40)

Thelowerboundaryof themini-lysimeteris modeledby meansof thesemi-infiniteapproachof
vanGenuchtenandParker(1984[131],1984[99]). For thecomputationacolumnof

Ó  ¥<Å&²nÝ
lengthwith aNeumannconditionat thelowerboundaryis used

¾ Ü ��µ&¶�¸ À ¹
¾�À ����"

 ² �  ¡ ¸ Ò × ¸ Ò Þ Å (5.41)

At theactuallower boundaryof themini-lysimeter,
Ó õ  ²ÆÅ Ë Ý

, flux-averagedconcentrations
for thethreespeciesareobtainedvia

Ü # �&% Ñ� µ·¶�¸ À ¹  Ü ��µ&¶�¸ À ¹ º Ä ª
´ ¾ Ü �½µ&¶�¸ À ¹

¾�À ¸ �  ¡ ¸ Ò × ¸ Ò Þ Å (5.42)

Theleachateconcentrations
Ò (� for theparent

¡
andthemetabolites

Ò × and
Ò Þ , sampledin a

time interval
� ¶ ( Ô�× ¸ ¶ ( £ , aremodeledby

Ò (� µ&¶ ( ¸ Ó õ ¹  ¥
¶ ( º ¶ ( Ô�×

*,+
*,+43 �

Ü # �'% Ñ� µ -�¸ Ó õ ¹½Ö -n¸ /  ¥ ¸ û^û^û ¸�§ �  ¡ ¸ Ò × ¸ Ò Þ Å (5.43)

In orderto simulatethetransportanddegradationbehavior of thethreespecies,valuesfor all
parametersusedin themodel(5.33)-(5.43)arerequired.Someof theparameterscanbederived
from literatureandfrom (laboratory)experiments,while the othershave to bedeterminedby
parameterestimation.

The linearsorptioncoefficient for theparentS-Metolachlor, which is known to bea rather
immobilesubstance,is calculatedfrom theorganiccarbonpartitioncoefficient ©.576 ( !  ÇÆÅ&æ Ì û¥�²�Ô l�Ý Õ � Ô�×

andtheorganiccarboncontentof thesoil
989³;:ñ ¥<Å&Çg�ò¯ £

by

© ö)( !  ©.576 ( !
989³;: � ¯ £

¥K²�²  Ç*Å Í ± û�¥�² Ô=< � Ý Õ � Ô�× £�Å
(5.44)
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Themassbalancecorrectionfactorsof thetransformationprocessarederivedby

& �  Ò � 8 � ( > ³;8 ö %pÿ *Ò � 8 � ( õ ö %pÿ *
�  ¥ ¸ Ç ¸<ËÆ¸ (5.45)

where
Ò � 8 � ( > ³;8 ö %pÿ * and

Ò � 8 � ( õ ö %pÿ * denotethemolecularweightof theproductandthemolecular
weight of the educt,respectively. For the substancesconsideredherethe values

& ×  ¥<Å&Ç*æ�¥
,& Þ  ²*Å Í ý�Î

and
& Õ  ²*Å%Î Í ±

areobtained.The initial concentrationof the parent,which we
considerto beincorporatedwithin thefirst 5

Ü�Ý
of thesoil, is computedfrom theactualamount

of substanceapplied
Ý >  ÇÆÅ&æ ± û�¥K²�Ô;Õ"� � Ý Ô;Õ�£

accordingto

ÜKì  Ý >
Ï10 V'!

 ²ÆÅ ± Î Í � � Ý Ô;Õ £�Å
(5.46)

Here, Ï 0  ¤ Ï ª where Ï ª  ýÆÅ&Ç ± û�¥�²�Ô l7� Ý ÕX£
is thevolumeof thesoil cylinder consideredand¤3 ²ÆÅ Ë ± �%¥�£

is thewatercontentat time ¶  ²
. Dueto equilibriumsorptiononly a partof the

substanceappliedis availablein thedissolvedphase.In orderto obtaintheconcentrationin the
dissolvedphase,thequantity

Ý > ï Ï 0 hasto bedividedby theretardationfactor
V  ¥nå$?@ © ö,( !

with Y  ¥<Å Ì Ç�û�¥K²,<"� � Ý Ô;Õ½£
.

Unknown parametersare the linear sorptioncoefficients for the metabolites,© ö)( Ø � and© ö)( Ø 
 , thedegradationratesof theparentto themetabolites
Ò × and

Ò Þ andtoothermetabolites
and

�0/ Þ , # × , # Þ , # Õ , thedegradationratesof themetabolites
Ò × and

Ò Þ to othermetabolites
and

�0/ Þ , # õ � × and
# õ � Þ , thedispersionlength

*
andtheparameterÚ in theapparentdispersion

coefficient
Ä ª . In summary, 9 parametershave to beestimatedon thebasisof leachatedatafor

theparentandthetwo metabolites
Ò × and

Ò Þ .
5.5.3 Results

In afirst step,we investigatetheperformanceof theinitial guessesfor theunknown parameters
asgiven in Table5.19,which arecollectedfrom literatureor areobtainedfrom prior (labora-
tory) studies(Horn,privatecommunication).In Figure5.24thesimulationresultsfor theparent
andthetwo mainmetabolitesusingtheinitial guessesarecomparedwith themeasuredleachate
concentrations.While thesimulatedresultsfor theparentarein accordancewith themeasure-
ments,theonesfor themetabolitesdiffer by a leastoneorderof magnitudefrom themeasured
leachateconcentrations.

In particular, notethatatthetimepoint ¶  ý�æ �ÙÖ<£
nomeasurementdataisavailable.Duetoa

droughtof two weeksandamissingirrigation(seeFigure5.23),notenoughoutflow is sampled
to enableareliableanalysis.In orderto guaranteemeasurementdatafor thelastsamplingpoint¶  Í ýð� Ö<£

(23 August1999),themini-lysimetersareirrigatedduringthelastweekwith up to¥K²�Ý Ý
waterperday.

Theparameterestimationproblemfor all 9 parameters,however, is singular, which is not
surprisingconsideringthemeasurementdataavailable.In orderto identify theparameters,the
optimizationproblemis regularizedby estimatingonly someof theparameterssimultaneously
while keepingthe otherparametersfixed. The final resultsarepresentedin Table5.19. The
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Figure5.24:Simulationwith initial parameterguesses.

Initial Guesses Estimates Unit© ö,( Ø �
²ÆÅU¥KÇ�û�¥K²�Ô=< ¥KÅ:¥Ký�û�¥�²�Ô=< ° ²*Å:¥KÎ Ì û�¥K²�Ô=< � Ý Õ � Ô�×z£

© ö,( Ø 
 ²ÆÅU¥Kæ�û�¥K² Ô=< ²*Å Í*Ì û�¥�² Ô=< ° ²*Å:¥ Ì ý�û�¥K² Ô=< � Ý Õ � Ô�× £
#^³ ²ÆÅ%² Ë*Ë ±

0.23 ° 0.06
� ÖPÔ�×U£

# × ¥<ÅU¥sû�¥K² Ô�Þ ²*Å%ý Í û�¥�² Ô�Þ ° ²*Å:¥ Ì û�¥�² Ô�Þ � Ö Ô�× £
# Þ ÎÆÅ&ý ± û�¥K²�Ô;Õ Ì Å%² ± û�¥�²�Ô;Õ ° ²*Å:¥KÇ�û�¥�²�Ô�Þ � ÖPÔ�×U£
*

0.054 0.144 ° 0.02
� Ýð£

# õ � × ± Å Ë ¥sû�¥K² Ô;Õ ± Å Ë Î�û�¥�² Ô;Õ ° ²*Å Ì æ�û�¥�² Ô;Õ � Ö Ô�× £
# õ � Þ ¥<Å Ë Ç�û�¥K² Ô�Þ ¥KÅ Ë æ�û�¥�² Ô�Þ ° ²*Å:¥ ± û�¥�² Ô�Þ � Ö Ô�× £
Ú 10.0 4.83 ° 4.89

�%¥�£
Table5.19:Initial Guesses,Estimatesand95% ConfidenceIntervals

groupsof parametersestimatedtogetherareseparatedbyhorizontallines.Accordingly, the95̄
confidenceintervalsonly refer to the correspondinggroups. Table5.19shows that the initial
guessesfor thedegradationrates

# × , # Þ , # õ � × and
# õ � Þ areessentiallyconfirmedby theestimates

except for
#�³

which is increasedby a factorof 7. The initial guessesfor the linear sorption
coefficients © ö)( Ø � and © ö,( Ø 
 aresignificantlyreducedby optimization,while theestimatefor
thedispersionlength

*
is approximatelythreetimesthevalueof theinitial guess.Thevaluefor

theparameterÚ in theapparentdispersioncoefficient,however, is ill-determined.Eventhough
theestimationresultspartially differ considerablyfrom theinitial guesses,which areobtained
from literatureor laboratoryexperiments,all estimateslie within reasonableranges(seeHorn,
1999[62]).

As Figure5.25demontrates,asatisfyingmatchof simulatedandmeasuredleachateconcen-
trationsis obtained,bearingin mind the approximationsmadefor the watercontentsandthe
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Figure5.25:Simulationwith estimatedparameters.

waterflux densities.Thesolutionsurfacesillustrating the transportanddegradationbehavior
of theparentcompoundandthetwo metabolitesareshown in theFigures5.26,5.27and5.28,
respectively.

Thisexample,however, demonstratesthatthemeasureddatais by farnotoptimalfor param-
eterestimation- acasethatoftenoccursin practice.Up till now, experimentshavegenerallynot
beendesignedwith theobjective of parameterestimation.Commonly, themainfocusof such
studiesis on investigatingthe transportanddegradationbehavior of substancesundernormal
climatic conditions. The dataobtainedfrom theseexperimentsis thenre-usedfor parameter
estimationleadingfrequentlyto ill-posedor singularproblems.

Theresultsdiscussedaboverevealthatparameterestimationrequiresdesignsthatguarantee
datawhichcontainsenoughinformationin orderto reliablydeterminetheunknownparameters.
In the next sectionwe will outlinehow optimalexperimentaldesignsfor this typeof outflow
experimentscanbeobtainedandhow they improvethequalityof theestimationresults.

5.6 Optimization of Experimental Conditions in Column Out-
flow Experiments

In this sectionanoptimalexperimentaldesignproblemfor a hypotheticalcolumnoutflow ex-
perimentis outlinedto demonstratethepotentialof ECOPLAN. Thecomputedoptimalexperi-
mentaldesignshowsthatit ispossibleto reliablyestimatebothsoil hydraulicandenvironmental
parametersin oneexperimentsolelyonthebasisof averagedleachateconcentrations(Dieseset
al., 2000[42]).

In thefollowing severalscenariosarediscussed.In thefirst scenario,thesamplingscheme

1Differentscalethanfor themetabolitesBDC and BFE
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is givenandkeptfixed.Here,theaim is to optimizetheexperimental(boundary)conditions,in
particularthe irrigation schemeandthesubstanceconcentrationin the irrigation water. More-
over, the influenceof differenttypesof measurementerrorswith differentstandarddeviations
is investigated.In thesecondscenario,boththesamplingschemeandtheexperimentalcondi-
tionsareoptimizedsimultaneously. Thelastsectionis devotedto parametersensitivitiesof the
resultingoptimaldesigns.

5.6.1 Model Equations

For bothscenariosthesystemisdescribedby thefollowingcoupledPDEsandinitial andbound-
aryconditions:

Watertransport:

 µ ����¹ ¾ �¼�
¾ ¶  ¾

¾�À ©»µ ����¹ ¾
¾�À µ ��� ºÂÁÃ À ¹

(5.47)

�¼� µ ² ¸ À ¹  Ì Î�² ¸ À"ë ²
(5.48)

º ©»µ �¼� µ&¶�¸ ²*¹½¹ ¾
¾�À

�¼� µ·¶�¸ ²*¹ º ÁÃ À  ´Pµ&¶�¸ ²�¹
(5.49)

¾ ��� µ&¶�¸LK ¹
¾�À

 ² ¸ ¶ ë ²*Å
(5.50)

Solutetransport:

¾ µ ¤ Ü�¹
¾ ¶  ¾

¾�À
¤ Äãâ µ ¤ ¹P¾ Ü

¾�À
º ¾ µz´ Üp¹

¾�À
º ¤M# Ü

(5.51)

Ü µ ² ¸ À ¹  ² ¸ À�ë ²
(5.52)

º Äãâ µ ¤ µ&¶�¸ ²�¹½¹ ¾ Ü µ&¶�¸ ²�¹
¾�À

å ´lµ·¶�¸ ²*¹
¤ µ·¶�¸ ²*¹ Ü µ·¶�¸ ²*¹  ´Pµ&¶�¸ ²*¹

¤ µ·¶�¸ ²*¹ ÜKì µ·¶�¸ ²*¹
(5.53)

¾ Ü µ&¶�¸LK ¹
¾�À

 ² ¸ ¶ ë ²
(5.54)

Altogether6 parametersareunknown: thevanGenuchtenparameters§ , ¨ and ©"ª , thedegra-
dationrate

#
, andtheparametersÚ and

Ä �
in thehydrodynamicdispersiontermof theform:

Äãâ µ ¤ ¹  ¢ONQP @
¤ å Ä ��Å

(5.55)

The lengthof the soil column µ Ó õ ¹ is Ë ¥<Å ± Ü�Ý
. To approximatethe infinite lower boundary

conditionahypotheticalcolumnof Í ²rÜ�Ý
lengthis computed.
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Original Scaled DesignA DesignBR
-Criterion 3.88 0.75§ 1.2 1.0 ° 0.1604 ° 0.0800¨ 0.0102 1.0 ° 1.5968 ° 0.8600©7ª 10.0 1.0 ° 3.3751 ° 1.6735#

0.05 1.0 ° 0.0124 ° 0.0083
Ú 10.0 1.0 ° 3.0460 ° 0.9712Ä �

20.0 1.0 ° 0.2644 ° 0.1032

Table5.20:StartDesignsA andB:
R

-CriterionValuesandStandardDeviations

5.6.2 Scenario1: Optimization of Experimental Conditions

Accordingto commonmeasurementpracticefor outflow experiments,we setup thefollowing
scenario:Leachateis sampledandanalyzedonaprescribedequidistanttimegrid. Two typesof
measurementsarecarriedout. During theexperimentalperiodof 12 daysleachateis sampled
twiceadayandsubstanceconcentrationsin theleachatesareanalyzed.At theendof theexper-
iment thecolumnis slicedandresidentconcentrationsin

æÆÅ ± ¸�Í Å&² ¸ ¥ Ë Å ± ¸ ¥�ýÆÅ%² ¸ Ç*Ç*Å ±
and

Ç*ÎrÜ�Ý
deptharedetermined.Thestandarddeviationof theleachateconcentrationmeasurementsis as-
sumedto be S  ²ÆÅ&²�¥

. For theprofileresidentconcentrationmeasurementsastandarddeviation
of S  ²ÆÅU¥

is used.
Theexperimentalconditionsin this scenarioareoptimizedwhile keepingthesamplingde-

signfixed.Here,thetwo controlfunctionsarethewaterflux densitýPµ&¶�¸ ²*¹
(5.49)andtheadded

substanceconcentration
ÜKì µ·¶�¸ ²*¹

(5.53)at theupperboundaryÀ  ²
. Bothcontrolfunctionsare

parameterizedby piecewise constantfunctionswith valuesin the intervals [0, 0.6] and[50.0,
200.0],respectively. It is assumedthatthecontrolsmaychangeonceadaywithin theprescribed
ranges.

Start designs

As theoptimizationproblemconsideredis nonlinear, aninitial guesshasto beprovided.In the
context of our experimentaldesignproblemthis impliesthata startdesignfor bothparameter-
izedcontrolfunctionsis needed.

Startdesignsaregiven in Figure5.29and5.30. For examplein startdesignA, the input
waterflux ´Pµ&¶�¸ ²*¹

is reducedstepbystepwhilekeepingthesubstanceinputconcentration
Ü�ì µ·¶�¸ ²*¹

constantat a mediumlevel. In startdesignB, we combinethe maximumfeasiblewaterflux
duringthecompleteexperimentalperiodwith aconstantmediumsubstanceinputconcentration.
Within thegivenconstraintsfor thecontrolfunctionsthestartdesignsA andB seemto begood
choices.

Beforepresentingtheoptimalexperimentaldesignresultsfor this problem,we discussthe
quality of the parameterestimatesonewould obtaincarryingout startdesignA or B. For the
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¨ ©"ª # Ú Ä �
§ -0.79 -0.99 0.80 -0.41 0.43¨ - 0.85 -0.29 -0.23 0.21©"ª - - -0.74 0.32 -0.35#

- - - -0.84 0.87Ú - - - - -0.99

Table5.21:StartDesignA: CorrelationMatrix
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¨ ©7ª # Ú Ä �
§ -0.91 -0.99 -0.12 0.03 0.06¨ - 0.87 -0.27 -0.43 0.36©7ª - - 0.21 0.06 -0.15#

- - - 0.97 -0.98Ú - - - - -0.99

Table5.22:StartDesignB: CorrelationMatrix

calculationsthe original parametervaluesarescaledto 1.0 (Table 5.20). Even thoughboth
designsenableparameterestimates,someof thestandarddeviationsarenot acceptable.

For startdesignA with an
R

-criterionvalueof 3.88thestandarddeviationsfor ¨ , ©"ª andÚ are1.5 respectively 3.0 timesthe parametervalues(Table5.20). Estimatesof this accuracy
areunsatisfactoryfor any practicalpurposes.The correlationmatrix, Table5.21,revealsthat
theestimationproblemis nearlysingularwith two entriesin thecorrelationmatrixof modulus
0.99.

StartdesignB seemsto bemorepromisingwith an
R

-criterionvalueof 0.75being5 times
smallerthanfor designA. Nevertheless,the standarddeviationsfor ¨ , ©"ª and Ú arestill too
large (Table5.20). Additionally, the correlationmatrix, Table5.22,containsfive entrieswith
modulusgreaterthan0.90andtwo of thembeing0.99.

Optimal experimentaldesign

Startingtheoptimizationfrom startdesignA, B, or oneof theotherstartdesignsgivenin Figure
5.29and5.30,ECOPLAN deliversin all casesthesameoptimalexperimentaldesignwith anR

-criterionvalueof 0.047whichis afactorof 19betterthanstartdesignB. Thisoptimaldesign
deliverssufficiently smallstandarddeviationsfor all parameterestimates(Table5.23)with the
sameexperimentaleffort.

Theoptimaldesignsfor theinputwaterflux ´lµ·¶�¸ ²*¹
andthesubstanceconcentration

Ü�ì µ·¶�¸ ²*¹
are shown in Figure 5.31 and 5.32. The water flux (Figure 5.31) startswith the maximum
feasiblerate and then the infiltration is stoppedfor 3 days. During the following 3 daysa
mediumrateis chosenwhich is followedagainby 4 daysof maximuminput. For thesubstance
input concentration(Figure5.32) it is found that a changebetweenmaximum,minimumand
againmaximumratesis optimal. It shouldbenotedthat- asa sideeffect - thecorrelationsare
reducedsuchthatthereoccurnoentriesof modulus0.99any more(Table5.24).

To summarizewe canstatethatby mathematicaloptimizationwe obtainexperimentalcon-
ditionsthatallow for parameterestimatesof significantlyhigheraccuracy comparedto straight-
forwarddesigns.
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.

R
-Criterion 0.047§ 1.0 ° 0.0191¨ 1.0 ° 0.2438©7ª 1.0 ° 0.4348#

1.0 ° 0.0086Ú 1.0 ° 0.1852Ä �
1.0 ° 0.0108

Table5.23: Scenario1 (Example1): OptimalDesign:
R

-CriterionValueandStandardDevia-
tions
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¨ ©"ª # Ú Ä �
§ -0.98 -0.93 0.19 0.77 -0 .87¨ - 0.98 -0.04 -0.63 0.76©"ª - - -0.17 -0.49 0.64#

- - - 0.71 -0.60Ú - - - - -0.98

Table5.24:Scenario1 (Example1): OptimalDesign:CorrelationMatrix

Original Scaled Exp.1 Exp.2 Exp.3R
-Criterion 0.047 0.075 0.0038§ 1.2 1.0 ° 0.0191 ° 0.0283 ° 0.0047¨ 0.0102 1.0 ° 0.2438 ° 0.2850 ° 0.0747©7ª 10.0 1.0 ° 0.4348 ° 0.4735 ° 0.1126#

0.05 1.0 ° 0.00857 ° 0.0121 ° 0.00007Ú 10.0 1.0 ° 0.1852 ° 0.3764 ° 0.0691Ä �
20.0 1.0 ° 0.0108 ° 0.0351 ° 0.0064

Table5.25:Scenario1 (Experiments1-3):
R

-CriterionValuesandStandardDeviations

Modified experiments

As we have seenit is possibleto find a designby optimizationthat enablesreliableparam-
eterestimateson the basisof 24 leachatemeasurementsand6 profile measurements.In the
following thisset-upis referredto asExperiment1.

However, thequestionmayarise,whetherthe6 profileobservationsobtainedby slicing the
columnareessentialor whetherthey containin principleredundantinformation. How ’good’
would anoptimaldesignbewithout theseprofile datacomparedto theresultsof theprevious
section?

To answerthesequestionswecomputetheoptimalexperimentaldesignfor asecondexper-
iment, Experiment2, that only takesthe leachatemeasurementsinto account. As in Experi-
ment1, we assumea standarddeviation of S  ²*Å%²�¥

for thesemeasurements.Usingthesame
startdesignsfor thecontrolfunctionsasbefore,ECOPLAN convergesagainin all casesto the
sameminimumwith an

R
-criterionvalueof 0.075. But the

R
-criterionvaluehasnearlydou-

bled. Table5.25shows that importantinformation,in particularfor § , Ú and
Ä �

, is lost when
neglectingtheprofiledata.

In addition,theseresultsconfirm well known difficultieswith a preciseestimationof ©"ª .
Experiment1 and 2 demonstratethat the profile datacontainsparamountinformation even
thoughthey area factorof 10 lessaccurate.Supposewe couldmeasuretheprofile concentra-
tionswith thesameaccuracy astheleachateconcentrations( S  ²*Å%²�¥

), how would this affect
the estimationresults? The computationof the optimal experimentaldesignfor this set-up,
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Scaled Scen.1 (Exp.1) Scen.2R
-Criterion 0.047 0.026§ 1.0 ° 0.0191 ° 0.0215¨ 1.0 ° 0.2438 ° 0.203©"ª 1.0 ° 0.4348 ° 0.2872#

1.0 ° 0.00857 ° 0.0050Ú 1.0 ° 0.1852 ° 0.1876Ä �
1.0 ° 0.0108 ° 0.0217

Table5.26:Scenario1 and2 (Example1):
R

-CriterionValuesandStandardDeviations

denotedby Experiment3, revealsthe significantimpactof goodprofile measurementson the
reliability of theparameterestimates(Table5.25).

5.6.3 Scenario2: SimultaneousOptimization of Sampling Schemeand
Experimental Conditions

In accordancewith commonmeasurementpracticeleachatesaresampledin Scenario1 on a
fixed equidistanttime grid consistingof 2 measurementsper day over a period of 12 days
(altogether24 measurements).But it seemsmost likely that a non-equidistantsamplinggrid
optimizedtogetherwith the experimentalconditionscould further improve the reliability of
estimates.

Assumingthat leachatesamplingis generallypossibleevery 6 hours,a feasiblesetof 48
measurementpoints V is defined. Within this set24 measurements,the samenumberas in
Scenario1, have to bechosen.For thetwo control functions ´Pµ&¶�¸ ²�¹

and
Ü�ì µ&¶�¸ ²�¹

thesamestart
designsasin Scenario1, Figure5.29and5.30,areused.

As expected,by the optimizationof both the samplingschemeandthe experimentalcon-
ditions,againa considerablereductionof the

R
-criterionvaluefrom 0.047in Scenario1 (Ex-

ample1) to 0.026canbe achieved (Table5.26). It shouldbe notedthat this improvementis
obtainedwithout increasingthenumberof measurements.Theoptimaldesignsfor thecontrol
functionśPµ&¶�¸ ²*¹

and
ÜKì µ·¶�¸ ²*¹

aregivenin Figure5.33and5.34.
Figure5.35shows thecomputedcumulatedleachateconcentrationsandtheoptimizeddis-

tribution of measurementpoints,i.e. theweightsÃ , which aremarkedby verticalbars. Note,
thattheintegrality constraintsfor theweightsaresatisfied.Sono roundingstrategy wasneces-
sary.

5.6.4 Parameter Sensitivity of Optimal Designs

At thefirst glanceonedrawbackof designsoptimizedto theclassicalexperimentaldesigncrite-
ria (

R
-,

Ä
-, W -optimality) for nonlinearproblemscouldbetheirdependenceon the(unknown)
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parameters.As statedbefore,differentassumptionsaremadefor parameterestimationandop-
timal experimentaldesign.While for parameterestimationcontrolsandweightsarefixedand
parametersareoptimized,this is viceversafor optimalexperimentaldesignwherecontrolsand
weightsarefreevariableswith parametersbeingfixed.

However, the true valuesof theseparametersare, of course,generallyunknown. Thus,
we arefacingthe paradoxicalsituationthat the optimal designrelieson the guessesof those
parameterswhich in fact theexperimentis beingdesignedto identify. As theseguessesmight
considerablydiffer from thetruevalues,theoptimizeddesignshouldalsoperformwell over a
reasonablerangeof parametervalues.

To studytheeffecthow well suiteda designthatwasoptimalfor a specificparametersetis
for othervaluesof parameters,

R
-criterionvaluesfor Example1 (Scenario1) areevaluatedby

successively shiftingoneparameterwithin aplausiblerangewhile keepingtheotherparameters
fixed. For perturbationsup to 100

¯
in both directionsthe

R
-criterion valuesareplotted in

Figure5.36. Here, the (scaled)parametervalues1.0 correspondto the valuesfor which the
designwasoptimized.

For someshiftsthe
R

-criterionvalueis reduced,but for others,for examplewhendoubling
thevalueof ©7ª , it is increasedup to a factorof 5. At first, thisdoesnotseemverypromising.

But comparingtheseresultswith the
R

-criterionvaluesobtainedusingthestartdesignsas
givenin Figure5.29and5.30,thetremendouspotentialof optimalexperimentaldesignbecomes
obvious.Figure5.37revealsthateventhoughthe

R
-criterionvaluesmightbeafactorof 5 or 10

worsefor thedisturbedparameters,they aredrasticallybetterthanfor any of thestraightforward
startdesigns.This indicatestherobustnessof theoptimizedexperimentaldesignagainstpoor
parameterguesses.
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-criterion valuesfor shifting one parameterwhile keepingthe
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Figure5.37:
R

-criterionvaluesfor startdesigns,optimaldesignanddisturbedoptimaldesigns
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R
-criterion valuesfor the start designs. This demonstratesthe potentialof optimal

experimentaldesignandits robustnessagainstpoorinitial parameterguesses.
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Conclusionsand Outlook

In this lastchapter, we a givea brief summaryof thedevelopedmethodsfor parameterestima-
tion andoptimalexperimentaldesignwith regardto theirperformancein applicationproblems.
Finally, we discusspossibleextensionsanddevelopmentsof ourmethodsaswell asfurtherar-
easof application.

Summary and Conclusions

In this work we have presentedefficient andreliablemethodsfor both parameterestimation
andoptimalexperimentaldesignin waterflow andreactive solutetransportprocessesin soils
describedby instationarypartialdifferentialequationscoupledwith ordinarydifferentialequa-
tions. In particular, the tools ECOFIT andECOPLAN have beendevelopedsupportingthe
inversemodelingapproachfor thepurposeof registration.Theregulatoryframework of Euro-
peanauthoritieshasbeentakeninto accountaswell.

ECOFIT hasso far beenthe only tool which provides, even for highly resolved spatial
grids,a reliablesolutionfor inversemodelingin waterflow andreactive solutetransportpro-
cesseswithin arangeof 1-2hoursCPUtime. This reductionof thecomputationaleffort for the
problemclassconsideredwasessentiallyachievedby meansof thefollowing strategies:

ê A reducedGeneralizedGauss-Newtonmethod(Chapter 2)
We exploit the fact that thesystemsunderconsiderationhave only few degreesof free-
dom,namelyasmany asthemodelhasunknown parameters.Theexplicit computation
andstorageof theJacobianof thenonlinearconstrainedleast-squaresproblemis avoided.
Instead,the linear systemsaresimultaneouslyevaluatedand decomposedusingdirec-
tional derivatives.This reducesthecomputationaleffort for thegenerationof derivatives
essentiallyto theonerequiredby asingleshootingmethodwhile maintainingtheadvan-
tagesof themultipleshootingmethod.

Y A modified Newton method for the computation of dir ectional derivatives (Chap-
ter 3)
As aresultof thereducedGeneralizedGauss-Newtonmethodonly few directionalderiva-
tiveshave to becomputed.Thus,insteadof solving the linearsystemsarisingfrom the
computationof the correspondingvariationaldifferentialequationdirectly, a modified

127
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Newtonmethodis usedto avoid theexpensivecomputationof theright handside Z with
respectto thestates[ ( Z)\ ) in everyBDF-stepof theintegrator.

Y A speciallytailor edstrategy for the computation of Z]\ (Chapter 3)
We exploit thefact thatasa resultof theuseof fixedspatialgrids,which arisefrom the
discretizationof thePDEsin space,thesparsitypatternof Z)\ remainsunchangedin the
courseof the reducedGeneralizedGauss-Newton method. Applying matrix compres-
siontechniquesin theframework of automaticdifferentiation,theeffort to computeZ)\ is
reducedto thesamecomplexity orderastheevaluationof theright handside Z .

Therobustnessandreliability of ECOFIT hasbeentestedanddemonstratedby meansof hypo-
theticalcolumnexperimentsusinga controlledscenario(Section5.1and5.2). Its usefor esti-
matinghydraulicandenvironmentalfateparametersfrom field (Section5.3)andmini-lysimeter
data(Section5.4and5.5)hasprovenECOFIT to bea powerful tool for inversemodeling.

Secondly, wehavedevelopedECOPLAN (Chapter4), whichis thefirst tool for optimalex-
perimentaldesignof columnandlysimeterexperimentsthatallows to simultaneouslyoptimize
both

Y theexperimentalconditions,suchasboundaryconditionsdescribingirrigationandappli-
cationschemes,and

Y thesamplingschemes,suchastheallocationof measurementpointsin timeandspace.

In thiswork,ECOPLAN hasbeenusedto optimizetheexperimentaldesignof atypicalcolumn
outflow experiment(Section5.6). Thedifferentfeatureshavebeendemonstrated.Recently, we
have determinedan optimalexperimentaldesignfor soil columnexperimentsby ECOPLAN
which will be carriedout by the group“TerrestrialSystems”of Kurt Roth at the Instituteof
EnvironmentalPhysics,Universityof Heidelberg.

Several institutesaswell regulatoryagencieshave expressedtheir interestin ECOFIT and
ECOPLAN. ECOFIT hasalreadybeenusedfor inversemodelingstudiesby BASF Agricul-
turalCenterLimburgerhof.

Outlook and futur ework

In the following, we outline furtherpromisingdirectionsof researchfor parameterestimation
andoptimalexperimentaldesignbuilding onECOFIT andECOPLAN:

Y Incorporationof adaptive spatialdiscretizationmethodsthat aresuitablefor parameter
estimationin thecontext of thereducedGeneralizedGauss-Newtonmethod.

Y Extensionof thedevelopedmethodsfor parameterestimationandoptimalexperimental
designto two andthreedimensions,e.g.in orderto studyheterogeneoussoils.
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Y Developmentof methodsfor modeldiscriminationin transportprocessesdescribedby
instationarypartialdifferentialequations.

Y Onlineoptimizationof experimentaldesigns.

Y Extensionof themethodsfor the treatmentof parameterestimationandoptimalexperi-
mentaldesignproblemsover randomparameterfields.

In this work theprimaryfocushasbeenuponwaterflow andreactive solutetransportpro-
cessesin soilsconsideringin particularcolumn,mini-lysimeterandfield experiments.In gen-
eral, the developedmethodscanbeappliedto a by far broaderclassof transportprocessesin
porousmedia,asthey arise,for example,in chemicalengineering.
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Appendix A

Spatial Discretization Routines

A.1 Weighting Coefficientsfor DSS004 and DSS020

The routine DSS004 (Schiesser, 1991 [107]), basedon an equidistantcentereddifference
schemeof orderfour, is appropriatefor parabolicPDEs.Therespective weightingcoefficients
canbederivedby linearcombinationsof Taylorseriesexpansions(Fornberg, 1988[51]):

^L_a`Qb ^dcfehg,b2ikj l mDcMnLipoFq rs_a`utwv xy_az{oF| js_~}�t.� jy_7��o$xf_a�wn�t%��ikmDc � n
^L_azQb ^dcfehg,b2ikj l mDcMnLipo�x _a`�o.j ry_az�t.� xs_~}+ohg)jy_7��t�jf_a�wn�t%��ikmDc � n
^L_7��b ^dc�ehg,b2ikj l mDcMnLi j�_7���2z�o�g)x�_7���2`�t�r _7�{t�g)x�_�����`�o$j"_7����z�n�t%��ikmDc � n

^L_7�0�2`Qb ^dcMehg,b2ikj l mDcMnLipo�j'_7�0�=�Lt�g)j)_����=}�oF� x,_7�0�2z�t.j r,_7���2`�t�x�_7��n�t%��ikmDc � n
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TableA.1: DSS04: WeightingCoefficientsfor
_a`

,
_az

,
_7� i¢¡£e��¥¤,¦L¦L¦�¤L§¨o%jMn

,
_7�0�2`

and
_7�

.

Note, that in order to avoid fictitious points for the grid points
¡�e g,¤,j¥¤L§©o�g)¤L§

non-
centeredapproximationsareused.Thederivationof weightingcoefficientsfor unequallyspaced
gridsis usuallybasedonLagrangeinterpolationpolynomials.

The routine DSS020 (Schiesser, 1991 [107]) which takes into accountthe direction of
flow is suitablefor convectivesystemsmodeledby first-orderhyperbolicPDEs.Thefive point
biasedupwind finite differenceschemeof orderfour derivedby Carver andHinds(1978[30])
combinesbothcenteredandbiasedupwindapproximationsto reducenumericaloscillationand
numericaldiffusion.Thecorrespondingweightingcoefficientsaregivenin TableA.2.

A.2 Comparisonof Numerical and Analytical Solutions

In orderto checkthe accuracy achieved by usingthe spatialdiscretizationroutinesDSS004
and DSS020 numericalsimulationresultsare comparedwith analyticalsolutionsevaluated
by Mathematica[140]. Similar to Stock (1995 [122]), the following convection-dispersion
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^L_a`�bM^OcaeDg,b�i�g]j mDcMn�ikowj q�_a`{twlMªy_az{o.� x�_7}�t�g)x�_~�+o��f_a�wn«t{�¬i�mDc � n
^L_az�bM^OcaeDg,b�i�g]j mDcMn�ikoy� _a`{o�g]ry_az{t�g)ª�_7}�oyx _~�+tfg�_a�wn«t{�¬i�mDc � n
^L_~}�bM^OcaeDg,b�i�g]j mDcMn�i g_a`{o�ª _az{t�r _7}�tyª _~�+ofg�_a�wn«t{�¬i�mDc � n
^L_7�;bM^Oc'eDg,b�i�g]j mDcMn�iko®g¯_����=}°t�x�_7���2z�o�g)ªa_7���2`�t�g)r±_7�{t��'_7����`�n«t{�¬i�mDc � n
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TableA.2: DSS020: WeightingCoefficientsfor
_a`

,
_az

,
_~}

,
_7� i¢¡£e�l¥¤,¦L¦L¦�¤L§¨o³g]n

and
_7�

.

equationfor whichananalyticalsolution(vanGenuchtenandAlves,1982[130]) is availableis
usedasa referenceproblem:

´¶µ~·
µ ¸

e+¹ µ
z
·

µ c z
o»º µ~·

µ c (A.1)

· ipcM¤,r n¼e�r
o.¹½µ~· ikr¥¤ ¸ n

µ c
t¾º · ikr ¤ ¸ n°e

º ·)¿ rwÀ ¸�Á{¸]¿r ¸�Â�¸]¿
µ~· ikÃ$¤ ¸ n

µ c
e�r¥¦

(A.2)

Theassociatedanalyticalsolutionis of theform:

· ipc ¤ ¸ n£e · ��t+i ·)¿ o · �;nQÄÅipc ¤ ¸ n r.À ¸"Á%¸]¿
· ��t+i ·)¿ o · �;nQÄÅipc ¤ ¸ n�o ·)¿ ÄÅipc ¤ ¸ o ¸]¿ n ¸�Âu¸]¿ ¤ (A.3)

where
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g
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l¥¹ ´ ¸

o g
j i�g t

º�c
¹ t º z ¸¹ ´ n ÇÓÏ�Ñ

º�c
¹ Ç,È�É�Ê

´ c²t¾º ¸j¥Ì ¹ ´ ¸
¦ (A.4)

The simulationis carriedout for the values
´ e g,¦¢r

,
º�e g,¦¢r

,
¹ e g)¦Ôr

, ¸]¿ eÕr¥¦Ôq
, ·]¿ e g

and · �9e³r
. In FigureA.1 concentrationprofilesin deptharegivenfor thetime pointş

e±j¥¦Ôq
,q

,
g)r

,
g)q

and
j r

. Comparingthenumericalandtheanalyticalsolutions,FigureA.2, revealsa
goodagreementfor theuseof theroutinesDSS004 andDSS020 basedon 101spatialnodes.
Plottedis thedifferencebetweentheanalyticalandthenumericalsolutionwith respectto depthc

for differentpointsin time. Note,thatdifferentscalingsfor theconcentrations· is used.
In accordanceto the theory, by refining the grid, i.e. by increasingthe numberof spatial

nodes,thespatialdiscretizationerroris reduced.For example,usingagrid with 401nodes,the
maximalabsoluteerrorbecomeslessthan

x¥¦¢rÅÖ%g)r �2×
.
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FigureA.1: Concentrationprofilesin depthat ¸ e�j¥¦¢q
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large sparseJacobianmatricesusingautomaticdifferentiation. SIAM J. Sci. Comput.,
15(2):285–294,1994.

[7] Y. Bard. NonlinearParameterEstimation. AcademicPress,Inc.,SanDiego,1974.

[8] I. Bauer. NumerischeVerfahrenzur LösungvonAnfangswertaufgabenund zur Gener-
ierungvonerstenundzweitenAbleitungenmit AnwendungenbeiOptimierungsaufgaben
in ChemieundVerfahrenstechnik. PhDthesis,Universityof Heidelberg, 2000.

[9] I. Bauer, H. G. Bock,S.Körkel, andJ.P. Schl̈oder. Numericalmethodsfor initial value
problemsandderivativegenerationfor DAE modelswith applicationto optimumexper-
imentaldesignof chemicalprocesses.In F. Keil, W. Mackens,H. Voss,andJ.Werther,
editors,ScientificComputingin ChemicalEngineeringII , volume2: Simulation,Image
Processing,Optimization,andControl,pages282–289.Springer-Verlag,Berlin, Heidel-
berg, 1999.

135



136 BIBLIOGRAPHY

[10] I. Bauer, H. G. Bock, S. Körkel, andJ. P. Schl̈oder. Numericalmethodsfor optimum
experimentaldesignin DAE systems.J. Comput.Appl.Math., 120(1-2):1–15,2000.

[11] I. Bauer, H. G. Bock, andJ. P. Schl̈oder. DAESOL – a BDF-codefor the numerical
solutionof differentialalgebraicequations.Internalreport,IWR, SFB359,Universityof
Heidelberg, 1999.

[12] M. Berzins,P. J.Capon,andP. K. Jimack.On spatialadaptivity andinterpolationwhen
usingthemethodof lines. Appl.Numer. Math., 26:117–133,1998.

[13] M. BerzinsandJ.M. Ware.Solvingconvectionandconvection-reactionproblemsusing
themethodof lines. Appl.Numer. Math., 20:83–99,1996.

[14] S.Beulke. UntersuchungundmathematischeBeschreibungdesAbbausvonHerbiziden
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[113] J.Šimůnek,R.Koděsová,M. M Gribb,andM. Th.vanGenuchten.Estimatinghysteresis
in thesoil waterretentionfunctionfrom conepermeameterexperiments.Water Resour.
Res., 35(5):1329–1345,1999.

[114] J. ŠimůnekandM. Th. van Genuchten.Estimatingunsaturatedsoil hydraulicproper-
ties from tensiondisc infiltrometerdataby numericalinversion. Water Resour. Res.,
32(9):2683–2696,1996.
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