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ASPEKTE KOSMOLOGISCHER STRUKTURBILDUNG IN MODELLEN
MIT GEKOPPELTER SKALARER DUNKLER MATERIE

In dieser Arbeit stellen wir ein durch höherdimensionale dilatationssymmetrische Gravitationstheo-
rien motiviertes kosmologisches Modell vor, in dem dunkle Materie und dunkle Energie aus zwei
gekoppelten Skalarfeldern bestehen. Die Analyse dieses Modells besteht aus vier Teilen. In einem
ersten Abschnitt untersuchen wir die homogene und isotrope Hintergrundkosmologie und finden
eine Dynamik ähnlich wie in Quintessenz-Kosmologien im frühen Universum sowie ein Szenario
von gekoppelter dunkle Materie und Quintessenz für späte Zeiten. In der linearen Störungstheo-
rie entwickeln wir zunächst eine effektive Fluid-Beschreibung des Modell, welches wir in einen
Boltzmann-Code implementieren um das lineare Power-Spektrum numerisch zu berechnen. Dieses
zeigt eine Unterdrückung der kosmologischen Strukturbildung bei einer charakteristischen Jeans
Skala. Weiterhin analysieren wir Störungsmoden außerhalb des Horizonts im frühen Universum,
mit besonderem Augenmerk auf die Stabilität der adiabatischen Mode. Zuletzt analysieren wir die
nicht-lineare Strukturbildung in diesem Modell mit Hilfe des Press-Schechter Formalismus und be-
nutzen die Resultate um Grenzen für die Modellparameter anzugeben.

ASPECTS OF COSMIC STRUCTURE FORMATION IN COUPLED
SCALAR FIELD DARK MATTER MODELS

In this thesis we introduce a novel coupled two scalar field model of the dark sector motivated by
higher dimensional dilatation symmetric theories of gravity, which could potentially provide a solu-
tion to the cosmological constant problem. This work is split up into four parts. First, we motivate
the model and discuss its evolution at the background level. We find a quintessence-type scaling
solution in the early universe and a coupled cold dark matter scenario for later times. At the level of
linear perturbations we introduce an effective fluid description of this model and implement it into
a Boltzmann-code to recover the linear power spectrum, which exhibits a characteristic suppression
of power at a Jeans scale. In a third step we analyze superhorizon perturbations in the early universe
in some detail, with particular focus on the issue of the stability of the adiabatic perturbation mode.
Finally we apply the extended Press-Schechter formalism to predict substructure abundances within
a typical galaxy like the Milky Way and use the results to obtain parameter bounds for our model.
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1 INTRODUCTION

1.1 OUR UNIVERSE

Just before the turn of the millennium, a paradigm-shifting discovery altered our understanding of
the universe dramatically. Two research groups, lead by Saul Perlmutter, Brian P. Schmidt and Adam
G. Riess, independently found that distant supernova appear systematically dimmer than they should
be in a universe dominated by ordinary matter [Perlmutter et al., 1999, Riess et al., 1998]. In fact, the
data could only be explained by an expanding universe that is accelerating. In 2012, the nobel prize
in physics was awarded for these observations.

At first glance, this finding seems to contradict our basic understanding of gravitational interactions,
at least from a Newtonian viewpoint. Is not all matter supposed to source an attractive gravitational
force? Even in a big bang scenario, where one imagines the universe starting off as a hot primordial
fireball driven apart rapidly by radiation pressure, one would expect gravity to slow down the cosmic
expansion, not accelerate it. Still, by today the notion of an accelerating universe has become widely
accepted in the scientific community and has been verified to be compatible with a vast number of
cosmological observations.

The reason why this notion may be surprising or unintuitive, but not truly problematic, is the follow-
ing: Our understanding of the evolution of the universe as a whole is based to a large part on the
theory of general relativity, invented by Albert Einstein [Einstein, 1915c,a], a theory which provides
plenty of room for an explanation of the observed accelerated cosmic expansion. There are basi-
cally two ways account for such a phenomenon within general relativity. One can either introduce
a cosmological constant into the theory, or postulate the existence of some form of exotic matter
which violates the strong energy condition. Both types of models are commonly referred to as dark
energy models, a wonderfully mysterious term to indicate our ignorance about what actually causes
the accelerated expansion of the universe. As an alternative, one can try to explain the observations
by going beyond the theory of general relativity. Such models are referred to as modified gravity
theories.

The most commonly used description of dark energy is the cosmological constant, which has a rich
history in its own right. It was originally introduced by Einstein in order to account for the possibility
of a static universe within the framework of general relativity, and famously abandoned later, after
Edwin Hubble discovered the expansion of the universe [Hubble, 1929]. Currently the cosmologi-
cal constant appears to be consistent with virtually all cosmological observations and it has become
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the standard paradigm for dark energy. Despite its undeniable successes, this mathematically sim-
ple model is far from uncontested as an explanation for dark energy. The main reason why many
researchers are not satisfied with this assertion is the so called cosmological constant problem. The
complaint is, essentially, that the value of the cosmological constant necessary to explain current
cosmological observations, roughly

√
Λ ∼ 10−33 eV, is too small to be compatible with expectations

arising from quantum field theory considerations. The discrepancy asserted here is huge. Typically
authors cite the famous 122 orders of magnitude difference between theoretical predictions and ob-
served value, and while this may be an overstatement arising from an overly simplified calculation of
the theoretical value, even under rather realistic assumptions a discrepancy of more than 50 orders of
magnitude appears to be persistent [Martin, 2012].

There have been many attempts to find solutions to the cosmological constant problem, none of which
have been entirely satisfactory. A very common assumption is that the cosmological constant is set
to zero by some unknown mechanism, on the grounds that it seems more likely to find such a mech-
anism than one which tunes the value expected from theory very close, but not equal to zero to an
accuracy of more than 50 orders of magnitude. In this case the observed accelerated expansion of
the universe needs a new explanation, and dark energy is typically attributed to some exotic form of
matter. Among the most popular models for this type of matter are quintessence models, where a
cosmological scalar field, or cosmon, is introduced [Wetterich, 1988a,b, Ratra and Peebles, 1988],
which is then assumed to be the driving component behind the cosmic acceleration. The dynamics
of the cosmon field ϕ are then generally determined by a scalar self-interaction potential V (ϕ). De-
pending on the form of the potential, these quintessence models can exhibit very appealing features,
in particular so called attractive scaling solutions, for which the evolution of the cosmological scalar
field tracks that of the dominant background fluid, i.e. matter or radiation, and adjusts to this evo-
lution largely irrespective of the initial conditions. In such models the quintessence field typically
makes up a fraction of the order of a few percent of the energy budget of the universe throughout its
evolution, which is why they are known as early dark energy models. In the late universe this scaling
behavior has to be stopped in some way, since dark energy needs to become the dominant component
of the cosmic fluid and cause cosmic acceleration. The question why this happened only recently in
the cosmic history and not much earlier is known as the why now or coincidence problem, and poses
one of the major challenges to quintessence models.

Long before the discovery of dark energy, another mysterious substance called dark matter entered
the cosmological stage. It was first discovered by Fritz Zwicky [1933, 1937], who found that the
velocities of galaxies in the outer region of the Coma cluster are too high to be compatible with the
observed amount of luminous matter within that cluster. By today many findings have confirmed
the existence of dark matter, notably by a set of cosmological observations spanning an enormous
period of time in the cosmic evolution. Measurements testing this paradigm within the current matter
distribution of the universe range from observations of rotation curves of stars in galaxies and galaxies
in clusters, much in the spirit of Zwicky’s original findings, to gravitational lensing surveys, which
provide what is probably the most direct evidence of gravitationally bound dark matter structures in
the universe today. Furthermore the amplitude of temperature anisotropies in the cosmic microwave
background require a dark matter component to be present already when the CMB was released,
roughly 14 billion years ago [Peebles, 1982]. So far (almost) all observational findings point towards
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dark matter being a substance which consists of non-relativistic particles which are collisionless (at
least to good approximation) and do not interact with light, called cold dark matter.

Naturally the search for dark matter is an important field of research within the particle physics com-
munity, and many experiments have been set up trying to find evidence of dark matter directly through
weak interactions with ordinary matter. The situation is currently both exciting and confusing, with
two experiments claiming a detection signal [Bernabei et al., 2008, Angloher et al., 2012] in a param-
eter range other experiments claim to have excluded (e.g. [Aprile et al., 2012]). This area of research
will be very exciting in for the next decade or so, since the increasing precision of these experiments
may well yield the final verdict on weakly interacting dark matter soon. From the theory side a large
number of extensions of the standard model have been constructed accounting for various forms of
the mysterious particle [Steigman and Turner, 1985, Bertone et al., 2005, Peccei and Quinn, 1977b,a,
Duffy and van Bibber, 2009, Steffen, 2009, Drewes, 2013]. These include both models yielding dark
matter which is detectable by laboratory experiments, and also models where it is not. So far no clear
favorite has emerged.

Despite the unresolved issues concerning the particle physics origin of both dark energy and dark
matter, within the science of cosmology a standard model has been established a number of years
ago, which has managed to stand its ground against the ever increasing precision of observations
until today. In this model dark energy is described by a cosmological constant and dark matter as a
cold non-relativistic relic of the early universe. Together these two components make up the majority
of todays energy budget of the universe, dark energy roughly 70 %, dark matter about 25 %. Only
the remaining 5% consist of known particles, mostly atoms, with a tiny fraction of photons and
neutrinos. The successes of this relatively simple model have been quite impressive. We can use it to
construct the history of the universe backwards in time from today, when the universe is about 13.7
billion years old, back to the first few seconds and possibly even further. The range of phenomena
taking place within this enormous timespan which can explained within this model is remarkable.
It includes the production of elements in the early universe during big bang nucleosynthesis, the
abundance of which can be predicted and measured [Alpher et al., 1948], the emission of the almost
isotropic Planck-spectrum of cosmic microwave background radiation [Penzias and Wilson, 1965a],
the anisotropies of which can be measured an fitted to excellent accuracy [Hinshaw et al., 2013,
Ade et al., 2013a], and the formation of virialized structures in the cosmos, which can be observed
through a number of different methods. In fact, very recent observations of B-mode polarization in
the cosmic microwave background may have opened up a window into an even earlier period of the
cosmic evolution, called inflation, which probably took place within the first fractions of a second in
the cosmic evolution [Ade et al., 2014].

Despite all its successes, the cosmological standard model, also known as ΛCDM model, may not
be a perfect fit. There has been, for about 20 years by now, a persistent problem with the formation
of structures on small scales. Originally this problem was identified as an issue between simulations
of structure formation in pure cold dark matter scenarios and observations [Navarro et al., 1997], but
even more and more sophisticated simulations including baryonic physics of galaxy formation are
so far unable to completely dissolve these discrepancies [Genel et al., 2014]. The debate about how
severe these problems are and if a better understanding of baryonic physics will ultimately lead to a
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resolution is ongoing [Weinberg et al., 2013a], but these discrepancies might well point us towards a
new paradigm going beyond the simple model of cold dark matter and a cosmological constant.

In this work we investigate an alternative unified model of the dark sector, in which both dark energy
and dark matter consist of cosmological scalar fields. This scenario is motivated by a recent investi-
gation of higher dimensional dilatation symmetric theories of gravity, which may provide a solution
to the cosmological constant problem [Wetterich, 2009, 2010a,b]. Imposing dilatation or scale sym-
metry on a theory effectively removes all fundamental mass scales. In a cosmological setting such
a theory can be realized as a fixed point of the quantum effective action, reached asymptotically by
the cosmic evolution. At the fixed point, the dilaton, the Goldstone boson of dilatation symmetry, is
massless, but for finite times, couplings in the action which break dilatation symmetry give it a small
mass. This makes the pseudo-Goldstone boson of dilatation symmetry a prime candidate to act as a
cosmological cosmon field in quintessence scenarios.

Within a higher dimensional setting dimensional reduction typically leads to a number of effective
degrees of freedom in the four-dimensional theory. We consider a simple model where only a second
scalar field is present and we investigate scenarios where it can act as a dark matter field. We name
this second field bolon (i.e. ’lump’), since it is ultimately responsible for the formation of structures in
the universe. Considerations of the asymptotic dilatation symmetric state then lead is to the important
conclusion that the two scalar fields are necessarily coupled in such a model.

The resulting coupled cosmon-bolon model of dark energy and dark matter has several interesting
features. First, we obtain a cosmology which is largely independent of the initial conditions chosen
for the scalar fields, as both will follow a scaling evolution in the early universe. Second, for the late
universe we will recover a coupled model of dark matter to dark energy. Interestingly, such a coupled
model could be slightly favored by current best parameter fits of cosmic microwave background data
[Pettorino, 2013], if not on a significant level. Third, similar to other models of scalar dark matter,
the coupled cosmon-bolon model exhibits a cutoff in linear matter power spectrum. This cutoff can
be chosen to sit at a scale where it can have significant effects on small scale structure formation,
where the cosmological standard model might run into problems. Finally, the scalar nature of dark
matter yields predictions for the structure of dark matter halos which are significantly different from
standard cold dark matter predictions. While a calculation of halo number counts leads to results very
similar to warm dark matter models, the inner structure of halos is expected to look very different.
We check if these differences could be detectable in the forseeable future, if the parameters of the
model are chosen in a range consistent with current cosmological constraints.

This work is based on three preprints, which include major parts of the content presented in this
thesis. These works are:

• "Small scale structures in coupled scalar field dark matter" [Beyer and Wetterich, 2014]

• "Adiabatic initial conditions in coupled scalar field cosmologies" [Beyer, 2014a]

• "Linear Perturbations in a coupled cosmon-bolon cosmology" [Beyer, 2014b]

All three of them are currently under consideration for publication by peer-review journals and we
expect them to be published by the time of the defense of this thesis. We have taken figures from
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the all three publications and excerpts only from the last two, which were written exclusively by the
author. These excerpts had to be partly adapted or extended to fit into the framework of this thesis.
We have not marked all these changes explicitly, but have denoted which sections of these papers
we follow in our presentation at the beginning of each chapter. At the time of writing this thesis,
copyright for this material resides with the author, however, it will be transferred to the respective
publisher upon acceptance of these papers.

1.2 OUTLINE

We will proceed as follows.

In chapter 2 we will introduce the basics of cosmology. After a short discussion of the symmetry
assumptions of spatial homogeneity and isotropy underlying most of modern cosmological research,
we then move on to discuss Einstein’s theory of gravity and some generalizations of it in section 2.2.
The generalizations will be important in chapter 3. We then go on to discuss the class of solutions to
Einstein’s equations which have become known as Friedmann-solutions [Friedmann, 1922], which
form the basis of modern cosmology, and discuss the cosmological standard model.

In chapter 3 we move on to discuss the cosmological constant problem in section 3.1, quintessence
cosmologies in section 3.2 and their connection to dilatation symmetry in section 3.3. Finally, we
introduce the comson-bolon model and discuss its features at the level of the background cosmology
in section 3.4.

Chapter 4 deals with the evolution of linear perturbations in our model. After we introduce our
conventions concerning cosmological linear perturbation theory, we derive the linear perturbation
equations which govern the evolution of linear perturbations in a coupled scalar field cosmology in
section 4.1. A numerical evolution of these equations requires a Boltzmann code, which we wrote
ourselves in a completely gauge-invariant manner. This required a recalculation of several approxi-
mation schemes commonly used for baryons, photons and neutrinos in such codes in order to adapt
them to our variables, which is what we present in section 4.2. The implementation of the scalar
field perturbations into the Boltzmann code is also not straight forward, and we have to resort to an
effective fluid description for the bolon field for late times. This is derived in section 4.3. Finally, in
section 4.4, we describe how our code works and present the evolution of linear perturbations in the
cosmon-bolon model.

Chapter 5 takes a step back and looks at the perturbations in the very early universe. First, we derive
the generic shape of the scalar potential allowed in scenarios involving scaling solutions for multiple
scalar fields in section 5.1 and classify all such possible solutions. In the next section 5.2 we discuss
perturbations around such scaling solutions, with particular focus on the stability of the adiabatic
perturbation mode.

Chapter 6 deals with the formation of structures in our model, with particular focus on small scale
structures. After a short review of the issues of small scale structure formation within the cold dark
matter paradigm in section 6.1 and a short introduction to the extended Press-Schechter excursion
set formalism in section 6.2, we go on to apply this formalism to our model to predict total number
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counts in section 6.3 and the abundance of substructure within a Milky Way-like galaxy in section 6.4.
Finally we check, based on parameter bounds derived in the previous section, whether the distinctive
structure of dark matter halos present in scalar field dark matter models such as ours can be observed
in the near future in section 6.5.

We present our conclusions in chapter 7.

1.3 CONVENTIONS

We will make all our conventions clear when they are introduced in this thesis for the first time, but
it might nonetheless be helpful to give a short overview over the most important ones at this point.

• We work in units with �= kB = c = 1.

• The metric signature we employ is (−1,1, . . . ,1).

• A dot (like ȧ) denotes a derivative with respect to cosmic time t, whereas a prime (like a�)
denotes a derivative with respect to conformal time τ.

• Greek indices run over all spacetime coordinates (e.g. α = 0, . . . ,n), whereas latin indices run
only over the spatial coordinates (e.g. i = 1, . . . ,n).

• A subscript 0 denotes a quantity evaluated for the present time t0. The scale factor is always
normalized to a0 = 1.



2 THE HOMOGENEOUS UNIVERSE

The science of cosmology saw its foundations laid in the early 20th century with the groundbreaking
formulation of the theory of general relativity (GR) by Albert Einstein [Einstein, 1915c,a]. Since
then, physicists from both theory and observation have developed an extensive set of fundamental
concepts and calculational techniques which are used to predict and/or explain a vast multitude of
physical observations. Many of these concepts and techniques are nowadays widely used and have
become standard repertoire for every aspiring cosmologist to master. In this chapter we want to
introduce the most fundamental cornerstone of this language, the ingredients necessary to proceed
with investigations of the so called background cosmology, which describes the evolution of our
universe under the assumption of spatial homogeneity and isotropy.

The contents of this chapter are standard material and can be found in many textbooks, review articles
and lecture notes, we mainly rely on [Weinberg, 1972, Carroll, 2004, Weinberg, 2008, Amendola and
Tsujikawa, 2010, Gorbunov and Rubakov, 2011b]. Our presentation will therefore be very compact,
skipping many details and calculations which are readily available in the literature. Our purpose is
not to give an exhaustive overview of the subject matter, but to provide the reader with the necessary
information to understand the more advanced work presented in the following chapters and to set up
our notational conventions. The experienced reader may safely skip this part and move on directly to
chapter 3.

2.1 THE SPATIAL SYMMETRY ASSUMPTIONS

Before we continue, we want to pause for a moment to discuss one fairly obvious objection: The
universe is clearly not homogeneous. Nor is it isotropic. The planets in our solar system move
around the sun on a preferred spatial hyperplane and so do the stars in our galaxy. Furthermore,
even within these hyperplanes, the distribution of matter is clearly not homogeneous, and one could
provide many additional examples. So why is the science of cosmology based on a set assumptions
that seems to be, plainly spoken, wrong?

First, as we will see below in more detail, Einstein’s equation describing gravity are quite intricate,
and trying to find a solution corresponding to a matter distribution as complicated as we find in
our universe does not appear feasible. Without any simplifying symmetry assumptions, which are
necessarily approximations, we can not hope to make substantial progress. Second, these symmetry
assumptions are not as bad as they appear at first sight. If we average the matter content of the
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universe over sufficiently large scales of roughly 100 Mpc (approximately 3× 108 lightyears), the
resulting distribution appears to be homogeneous [Sarkar et al., 2009]. Furthermore, observations
of the cosmic microwave background (CMB) indicate that the universe must have been homogenous
and isotropic to very high accuracy in its early days [Dicke et al., 1965, Penzias and Wilson, 1965a,
Fixsen et al., 1996, Ade et al., 2013a]. It therefore seems that the symmetry assumptions of spatial
homogeneity and isotropy hold on sufficiently large scales.

Before moving on to a mathematical description of such a universe we want to mention some caveats.
First, the observations supporting large-scale homogeneity and isotropy are still under scrutiny, and
a differing scenario may ultimately emerge. This holds for both the distribution of galaxies [Labini
et al., 2009b,a] and the temperature anisotropies of the CMB at large scales [Copi et al., 2009, Hansen
et al., 2009, Hoftuft et al., 2009]. Second, all observations are naturally limited to the observable
universe and can not tell us anything about space outside this region. In fact, some theoretical models
of the very early universe, so called eternal inflation models, suggest that the universe may look
drastically different outside of our own observable ’bubble’ [Linde, 1982, Steinhardt, 1982, Vilenkin,
1983]. This scenario, however, does not have any consequences for the mathematical description of
our observable universe and may be considered a less serious problem in that respect. Third, there
is the longstanding issue of averaging Einstein’s equations, which are non-linear. In the context of
cosmology the problem can be described as follows: An averaging of the matter content over some
large scale R corresponds to washing out all inhomogeneities at smaller scales by applying a window
function WR(�x). We then want to integrate the resulting equations in time starting from some initial
configuration, but immediately find that, due to the non-linearity of Einstein’s equations, application
of the window function and time-evolution do not commute. Evolving the equations first with the
full complicated matter distribution and then averaging the result gives a different outcome than
averaging the matter content first and then evolving the equations. This issue of course does not
arise if all fluctuations are small and we can linearize Einstein’s equations. Current gravitationally
bound structures are however roughly 200 times denser than the average cosmic matter density, and
therefore highly non-linear. Any effect they might have on the overall cosmic expansion which
deviates from the results of the homogenous and isotropic calculation is called backreaction. Such
effects have been invoked to try and explain the observed accelerated cosmic expansion without a
dark energy component, but so far these attempts have been unsuccessful. It appears that backreaction
merely provides precision corrections to standard results, at least for the cosmological standard model
[Schwarz, 2010]. For more exotic (strongly coupled) models, however, this effect can be much bigger
and in fact alter the expansion history of the universe considerably [Ayaita et al., 2012b].

Bearing these caveats in mind, the bottom line remains that the description of the universe on very
large scales as homogeneous and isotropic has been tremendously successful in explaining a vast
number of observations and therefore seems to be justified. We can of course not explain the emer-
gence of cosmic structure within this framework, we will describe how that is done in the later
chapters of this thesis. For now we restrict ourselves to a scenario in which all dynamical quantities
describing the matter content of the universe and spacetime itself can only depend on time, not on
spatial coordinates.
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2.2 GENERAL RELATIVITY

Probably the most striking feature of general relativity when compared to Newtonian gravity is that
time and space are no longer considered to be a fixed background in which physical events take
place, instead they become dynamical quantities themselves. Together they form a differentiable
manifold called spacetime, and the dynamical variable describing its evolution is the metric gµν,
formally defined as a (non-degenerate) (0,2)-tensorfield on spacetime. It is often given in terms of a
line element

ds2 = gµνdxµdxν . (2.1)

In this context gravity is no longer given by an additional force which can be described as a force-field
(vector-field) or gravitational potential (function) on spacetime, but is instead realized through the
curvature of spacetime itself. The number of models one can write down within this basic framework
is infinite. The theory named general relativity by Einstein is only one version, one could argue
the simplest one available. Many extensions of it exist, and we will discuss some of them below
and in chapter 3. Since a large class of such generalizations are frequently referred to as generally
relativistic as well, we will call Einstein’s specific theory as derived from the Einstein-Hilbert action
below Einstein gravity (and not GR), in order to avoid confusion.

2.2.1 EINSTEIN GRAVITY

Amazingly, with the basic idea of curved spacetime as the manifestation of gravity in mind, Einstein
was able to develop his theory of gravity (largely) without guidance from observations, as conflicts
between the prevailing theory of Newtonian gravity and observations were (almost) non-existent at
that time. Instead he used physical intuition and a few additional principles. As a starting point, the
theory obviously had to recover Newtonian mechanics in some suitable limit, which is the limit of
weak gravitational fields, meaning small curvature of spacetime, and of small velocities, if we want to
avoid special relativity. From this principle it is already obvious that the spacetime-manifold needs to
be Lorentzian, i.e. the signature of the metric is necessarily (−1,1,1,1), since we want to be able to
recover Minkowski-spacetime at least locally. (Sometimes the sign-convention is chosen in precisely
the opposite manner, i.e. (1,−1,−1,−1). We will work with a minus-sign in the time coordinate,
which is far more common in cosmology.) Furthermore Einstein invoked a generalized version of the
weak equivalence principle of equality of gravitational and inertial mass already present in Newto-
nian mechanics, known as the Einstein equivalence principle (EEP). Carroll [2004] formulates it as
follows:

”In small enough regions of spacetime, the laws of physics reduce to those of special
relativity; it is impossible to detect the presence of a gravitational field by local experi-
ments.”

After some consideration one can convince oneself that the essential implication of the EEP is the
following: All forms of matter, even all forms of energy-momentum, should couple to gravity in the
same fashion. This concept of universality is at the heart of GR, but does not uniquely determine the
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theory. In fact, it is hard to state precisely what its mathematical implications are, as we will discuss
further below. But first, we want to introduce Einstein gravity. As a generalization of Newtonian
mechanics, it should sensibly also consist of two kinds of equations: One determining the motion
of particles in a gravitational field (like Newtons law of motion) and one describing how matter
(or rather energy-momentum) sources the gravitational potential, which in GR is curvature (like the
Poisson equation of Newtonian mechanics). A necessary preface to writing down these equations is a
quantification of curvature. On any manifold this requires a connection (or covariant derivative) Dµ

with corresponding connection-coefficients Γα
βγ, which tell us how to move tensors from one point of

the manifold to another one along a given path. With such a connection the Riemann-curvature-tensor
is defined as

Rρ
σµν = ∂µΓρ

νσ −∂νΓρ
µσ +Γρ

µλΓλ
νσ −Γρ

νλΓλ
µσ , (2.2)

where ∂µ ≡ ∂/∂xµ is a partial derivative and xµ are some local coordinates.

While the choices of connections on a manifold are plentiful, given a metric, there is a canonical
choice known as the Levi-Civita connection, which is defined uniquely by the demands that is should
be torsion-free and preserve the metric, i.e.

T λ
µν ≡ Γλ

µν −Γλ
νµ = 2Γλ

[µν] = 0 , Dµgµν = 0 . (2.3)

For this connection the coefficients (also known as Levi-Civita symbols in this case) can be calculated
directly from the metric as follows:

Γα
µν =

1
2

gαρ �∂µgρν +∂νgρµ −∂ρgµν
�
. (2.4)

One of the nice features of the Levi-Civita connection is that, due to the absence of torsion, one can
easily convince oneself that the Riemann tensor indeed measures curvature. If we parallel transport
a vector vµ along an infinitesimal closed loop spanned by two vector fields Aµ and Bµ, it will change
according to

δvµ = F AσBτ [Dσ,Dτ]vµ = F Rµ
ρστvρAσBτ , (2.5)

where we have assumed that vµ is first transported along Aµ and then along Bµ, and F denotes the
area enclosed by the loop.

Having quantified curvature (we will only consider the Levi-Civita connection from now on), we can
finally write down Einstein’s equations, which read:

Rµν −
1
2

Rgµν =
1

M2
p

Tµν . (2.6)

Here Rµν is the Ricci tensor, which, due to the symmetry constraints arising from the first Bianchi
identity, is the only non-trivial independent contraction of the Riemann tensor with the (inverse)
metric, and R is its trace, known as the Ricci scalar:

Rµν ≡ Rλ
µλν , R ≡ Rµ

µ . (2.7)
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Furthermore we have introduced the reduced Planck mass Mp =
�
�c/8πG ≈ 2.435×1018 GeV/c2.

Throughout this thesis, we will work with units of � = c = 1, i.e. express everything in terms of
energy scales. Finally, Tµν is the energy-momentum tensor of matter, which we will define more
rigorously below. The principle of universality is directly visible in this equation, as the curvature is
simply determined by the overall energy-momentum.

Having written down the generalization of the Poisson-equation in Newtonian gravity, we still have
to do the second part, explain how particles react to the presence of curvature. The way this is done
in Einstein gravity is to generalize Newtons first law to curved spaces, which can be formulated as
follows:

”In the absence of external forces, particles move on geodesics.”

This is of course only true as long as there are no additional fields present which can change this
behaviour, like the electromagnetic field for charged particles. The geodesic equation reads

d2xµ

dη2 +Γµ
ρσ

dxρ

dη
dxσ

dη
= 0 , (2.8)

where η is the proper time of the particle.

Both sets of relevant equations (2.6) and (2.8) can be derived from an action principle, which we
consider to be the most adequate approach for a field theory such as Einstein gravity. For GR, this
concept goes back to Hilbert [1915], who first wrote down the gravitational part of the following
action:

S =
M2

p

2

� √
−gRd4x

� �� �
SG

+
� √

−gLm d4x
� �� �

Sm

. (2.9)

Here SG denotes the gravitational part of the action, also known as Einstein-Hilbert action, and Sm is
the matter part of the action, with Lm containing all matter fields present in the theory. The measure
factor in the integrals contains the determinant of the metric g = |gµν|. Now we can define the energy-
momentum tensor rigorously:

Tµν =
−2√
−g

δSm

δgµν , (2.10)

and Einstein’s equations follow from variation of this action with respect to the metric. The influence
of curvature on the matter fields can be obtained from varying the action with respect to the matter
fields present. For a single particle of mass m without any external forces the action reads

Sm =−m
�

dη , i.e. Lm =− m√
−g

�
gµν

dxµ

dλ
dxν

dλ
dλ
dx0 δ3 (�x−�x(λ)) , (2.11)

where we chose λ to parameterize the path of the particle. Variation (this time with respect to the
trajectory, as we have a point particle) directly recovers the geodesic equation (2.8).

At this point the description or Einstein gravity can be considered complete, Einstein’s equations
plus the equations of motion arising from the variation of the action with respect to the matter fields
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are all we need. There are no additional equations required on a fundamental level. It is nonetheless
very useful in many instances to employ the equations of energy- and momentum conservation as
they arise in Einstein gravity. The most direct approach is to employ the second Bianchi identity in
connection with Einstein’s equations, which directly leads to

DµT µν = 0 . (2.12)

This set of equations is usually referred to as energy conservation for the time-component (ν = 0) and
momentum conservation for the spatial ones (ν = 1,2,3). We do want to point out that there need not
necessarily be a conserved charge associated with this equation, this is a major distinction between a
dynamical global geometry when compared to a fixed background.

If the matter part of the action contains several components, i.e.

Sm = ∑
i

Sm,i , (2.13)

generically only the total energy-momentum tensor is conserved. However, if the matter fields ap-
pearing in Sm,i do not appear in Sm, j for i �= j we think of these different fields as uncoupled (even
though they do of course couple gravitationally), and in fact their individual energy-momentum ten-
sors are conserved separately:

Tiµν =
−2√
−g

δSm,i

δgµν , DµT µν
i = 0 . (2.14)

This can be (heuristically) understood from the fact that variations of the total action include cases
where only the metric and one single uncoupled matter field are varied, everything else is kept fixed.
It is these variations which give rise to the conservation of the energy-momentum tensors separately.

Before we move on to describe some alternative theories of gravity, we want to come back to one
interesting point. As we already mentioned above, when first developing GR, Einstein was guided
by the EEP, which lead him to the concept of universality. What this means mathematically is not
very clear, however, probably the most useful definition is that all matter fields ψi appearing in the
matter Lagrangian Lm should be minimally coupled to gravity. By this we means that Lm neccessariy
contains the matter fields ψi and the metric gµν, but no direct coupling to the curvature tensors should
be present. In accordance with common usage, we will refer to fields satisfying this constraint as
minimally coupled (in contrast to non-minimally coupled), whereas the expression uncoupled refers
to the absence of explicit couplings between different matter fields ψi. As will soon see, there are
still many different theories one can write down which satisfy the constraint of universality (e.g.
f (R)-theories of gravity) and even some theories which seem to violate it at first sight, but can be
transformed into a form where they do (like scalar-tensor theories of gravity).

2.2.2 ALTERNATIVE THEORIES OF GRAVITY

One can deviate from Einstein’s theory and come up with alternatives in many ways, even when one
sticks to the very basic notion of gravity being realized as the curvature of spacetime. Since this will
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become relevant in chapter 3, we want to shorty discuss some possibilities, but are not claiming to be
comprehensive here. In this section we particularly follow [Carroll, 2004].

On the most fundamental level, one could use a connection different from the Levi-Civita one. How-
ever, as long as one leaves oneself enough freedom in the matter part of the action, this does not
really create anything new. To see this one needs to know one important fact, which we state here
without proof:

Any connection which does not preserve the metric (i.e. Dµgµν �= 0) can be written as a
metric compatible part plus a tensorial correction.

One should remember here that the connection coefficients are not tensors, they follow a different,
non-tensorial transformation rule under coordinate change. However, the difference of two connec-
tion coefficients is tensorial. Therefore any theory based on a non-Levi-Civita connection can be
recast as a theory based on a Levi-Civita connection with additional tensor fields in the matter sec-
tor of the action, which represent either torsion or departure from metric-compatibility or both. In
most cases such a matter Lagrangian would contain derivative couplings, i.e. non-minimally cou-
pled fields, as for example the torsion-tensor typically couples directly to the Ricci scalar (see e.g.
[Sotiriou and Faraoni, 2010]), which violates the principle of universality. These theories are some-
times referred to as non-metric theories. In this sense these theories can be seen as a true extension
of Einstein-gravity, but we will not consider them further in this thesis.

A second possibility we want to discuss is an extension of Einstein gravity to higher dimensions.
Obviously we only observe four-dimensional spacetime, the extra dimensions need to be hidden
from us in some way. There are essentially two popular possibilities to do this: The first one is
to assume that somehow all fundamental interactions other than gravity are spatially restricted to
a three-dimensional subspace, called a brane, within the higher-dimensional space, called the bulk.
If the extra dimensions are macroscopic, such a braneworld approach could potentially explain the
weakness of the gravitational interaction [Rubakov and Shaposhnikov, 1983, Gogberashvili, 1999].
As an alternative, one could assert that the extra dimensions are very small. This obviously implies
that their volume is finite and the usual suspects are therefore compact spaces, but this is not manda-
tory. There are non-compact finite volume spaces. In such a scenario the additional spatial directions
would be hidden from us because all experiments take place at energy scales below the typical in-
verse length scale of the extra dimensions, making them insensitive for their detection. These models
fall into the class of Kaluza-Klein theories, named after the first researchers who investigated them
[Kaluza, 1921, Klein, 1926].

Let us examine these models a little further. To do this we need to introduce the concept of dimen-
sional reduction, which shows how to derive effective four-dimensional equations of motion for these
theories. As a toy example, we consider Einstein gravity in d = D+4 dimensions and a simple ansatz
for the metric which reads

ds2 = ĝµ̂ν̂ dx̂µ̂ dx̂ν̂ = g̃µν(x)dxµ dxν + l2(x)γαβ(y)dyα dyβ . (2.15)
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In this ansatz xµ are the coordinates in four-dimensional space with µ,ν running from 0 to 3 and
yα are the coordinates on the extra-dimensional space, with α,β running from 4 to d − 1. The four-
dimensional metric is denoted by g̃µν (the reason for the use of the tilde will become apparent below),
the metric on the internal space by γαβ and l(x) is a so called warping factor. The coordinates x̂µ̂

describe the entire higher dimensional spacetime, with µ̂, ν̂ running from 0 to d − 1 and ĝµ̂ν̂ is the
corresponding metric. In the following formulas we will extend this nomenclature to the curvature
quantities, in particular R̃ will denote the four-dimensional Ricci scalar, R(D) the one corresponding
to the internal metric γαβ and R̂ will be the complete higher-dimensional one. Similarly D̃µ will be
covariant derivatives with the connection derived from the four-dimensional metric, Mp will be the
effective four-dimensional reduced Planck mass and M̂p will be the higher-dimensional equivalent.

Einstein gravity in higher dimensions is of course determined by the action

S =
�

ddx̂
�
−ĝ

�
M̂2

p

2
R̂+ L̂m

�
, (2.16)

where L̂m denotes the higher-dimensional matter Lagrangian. We now want to integrate over the in-
ternal space, i.e. perform the integral over the y-coordinates in the action (2.16) explicitly, thereby re-
ducing the dimensionality of the theory to four. To do this we need to rewrite the higher-dimensional
Ricci scalar as

R̂ = R̃+ l−2R(D)−2Dl−1g̃µνD̃µD̃νl −D(D−1)l−2g̃µν(D̃µl)(D̃νl) . (2.17)

The integration over the y-coordinates gives rise to new quantities in the effective four-dimensional
theory, which we label as follows:

V ≡
�

dDy
√

γ , κ ≡
�

dDy
√

γR(D) , Lm ≡
�

dDy
√

γL̂m . (2.18)

Note that with our ansatz for the metric, only the matter Lagrangian Lm still contains degrees of
freedom depending on the coordiates xµ, V and κ are constants which can be interpreted as volume
(for l(x) = 1) and curvature of the internal space. With these quantities defined we can perform the
dimensional reduction using that �

−ĝ = lD�−g̃
√

γ (2.19)

and obtain:

S =
�

d4x
�
−g̃ lD

�
M̂2

pV
2

�
R̃+ l−2κ+D(D−1)l−2g̃µν(D̃µl)(D̃νl)

�
+Lm

�
, (2.20)

where we integrated once by parts. The theory we have recovered is gravity coupled the scalar field l
in four dimensions. Such a scalar-tensor theory is the third possibility of modifying Einstein gravity
we want to discuss here, and it arises naturally from a higher-dimensional setting.

Before we investigate this further, let us look a bit closer at what we have done. We have assumed
a specific form of the metric and also the matter fields, in particular a specific shape of the internal
geometry and a matter field configuration in the higher dimensions, which allows us to define the
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integrals in equation (2.18). Strictly speaking this is quite a leap. We have taken for granted that the
following procedure is in principle possible for a given matter Lagrangian L̂m:

1. Find a solution of the higher-dimensional field equations.

2. Expand all dynamical quantities (ζ1, ...,ζn) in this solution (both metric an matter fields) in
a complete set of functions fi(y), i ∈ N (like a Fourier-series) on the internal coordinates:
ζi(x,y) = ζi j(x) f j(y).1

3. Integrate the action over the internal y-coordinates to arrive at an effective four-dimensional
theory.

While steps 1 and 2 can be very difficult to calculate explicitly, the crucial part is really step three,
as there is no guarantee that all the necessary integrals do exist, they may well be infinite if the
internal geometry and/or the internal matter field configuration is not suitable. It is therefore clear
that the reducability of a higher-dimensional solution is an additional requirement, it goes beyond the
higher-dimensional field equations. We will come back to this crucial point in chapter 3.

If dimensional reduction is possible, it is only appropriate as long as the excitations we integrate out
correspond to high energy excitations. This means that the resulting four-dimensional theory is valid
in the limit of energies which are small compared to the internal excitations. In such a situation di-
mensional reduction will in general give rise to a huge number of effective four-dimensional degrees
of freedom, one for each coefficient ζi j. These degrees of freedom can be manifested as scalar fields
(as we have seen above), but also vector fields or tensor fields can arise from higher-dimensional
Einstein gravity alone, even without a matter Lagrangian. If the original matter Lagrangian contains
spinors, spinor degrees of freedom can show up in the effective four-dimensional theory as well.
From these considerations it should be clear that the ansatz (2.15) and the resulting theory (2.20) is a
prticularly simple example, the existence of which is far from obvious for a given matter Lagrangian.
(It can however be rigorously derived with a specific choice of gauge fields in Lm, as was shown in
[Carroll et al., 2002]).

Let us now go back and investigate the resulting scalar-tensor theory given by equation (2.20). For
convenience, we introduce the four-dimensional Planck mass M2

p = M̂2
pV and a redefined scalar field

φ ≡
�

D(D+2)
2

Mp ln(l) . (2.21)

Now the dimensionally reduced action reads

S =
�

d4x
�
−g̃

�M2
p

2
eαφ/MpR̃+κ

M2
p

2
e

(D−2)
D αφ/Mp

+
D−1
D−2

eαφ/Mpg̃µν(D̃µφ)(D̃νφ)+ eαφ/MpLm

�
, (2.22)

1We only consider a discrete set of functions here. The generalization to a continuous set is straightforward.
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where α =
�

2D/(D+2). This seems to be quite a complicated theory. The coupling in front of the
Ricci-scalar is now φ-dependent, which can be interpreted as a time-dependent Planck-mass. Fur-
thermore the scalar field φ has a non-canonical kinetic term, an exponential potential and a coupling
to the matter sector. We can however simplify things considerably by a simple redefinition of the
metric by means of a so called Weyl-transformation:

gµν ≡ τ2g̃µν . (2.23)

The transformation of the curvature tensors under such a scaling is straightforward (if a little tedious)
to calculate, the results can be found e.g. in [Carroll, 2004]. What we need here is the result for the
Ricci scalar, which reads in n dimensions:

R̃ = τ2R+2(n−1)gµντ2DµDνlnτ− (n−2)(n−1)τ2gµν(Dµlnτ)(Dνlnτ) . (2.24)

Note that the backtransformation can not be directory obtained from rearranging this equation, as the
covariant derivatives need to be adjusted to the respective metric as well. With the choice

τ = eαφ/2Mp (2.25)

the action (2.22) can be rewritten in terms of the new metric gµν as

S =
�

d4x
√
−g

�M2
p

2
R− 1

2
gµν(Dµφ)(Dνφ)+κ

M2
p

2
e

D+2
D

αφ
Mp + e−αφ/MpLm

�
. (2.26)

This looks a lot more familiar. The curvature term is now the same as in the Einstein-Hilbert action
(2.9), and if we interpret the scalar kinetic and potential terms as part of the matter action, Einstein’s
equations remain unchanged. For this reason the action in this form (with a constant Planck mass) is
known as valid in the Einstein frame, whereas the form (2.22) with a time-dependent Planck mass is
called the Jordan frame action.

In a more general context, scalar-tensor theories in four dimensions can be written as follows:

S =
�

d4x
�
−g̃

�
F(φ)R̃− 1

2
G(φ)g̃µν(D̃µφ)(D̃νφ)−Ṽ (φ)+Lm

�
, (2.27)

with a scalar potential Ṽ (φ) and a possibly non-canonical kinetic term in the Jordan frame. One can
of course still make a Weyl-transformation to the Einstein frame, this time choosing

τ2 = 2M−2
p F(φ) (2.28)

and obtain the following action:

S =
�

d4x
√
−g

�M2
p

2
R− 1

2
K(φ)gµν(Dµφ)(Dνφ)−V (φ)+

M4
p

4F2(φ)
Lm

�
, (2.29)
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where

K(φ) =
M2

p

2F2(φ)
�
3F �(φ)2 +G(φ)F(φ)

�
and V (φ) =

M4
p

4F2(φ)
Ṽ (φ) . (2.30)

One can now redefine the scalar field and make it canonical by introducing

ϕ ≡
� �

K(φ)dφ , (2.31)

which change the functional shape of the scalar potential and the coupling to the matter sector to

V (φ(ϕ)) and
M4

p

4F2(φ(ϕ))
respectively. (2.32)

The corresponding field equations from variation of ϕ then read

DµDµϕ− ∂V (φ)
∂φ

|φ(ϕ)
∂φ(ϕ)

∂ϕ
−

M4
p

2F3(φ(ϕ))
∂F(φ)

∂φ
|φ(ϕ)

∂φ(ϕ)
∂ϕ

Lm = 0 . (2.33)

Again, a possibly non-canoncial scalar-tensor theory in the Jordan frame can be rewritten as a canon-
ical scalar field in Einstein-gravity in the Einstein frame, if we interpret the scalar field as part of the
matter action. In contrast to the non-metric theories discussed above, scalar-tensor theories remain
minimally coupled in the Einstein frame, as can be seen from the action (2.29). It is therefore justified
to say that this possibility has already been incorporated in Einstein-gravity, if one allows for suffi-
cient freedom in the matter part of the action. One need not even give up universality. This statement
should not be misunderstood! Once we fix the matter Lagrangian Lm, the physical predictions of
using either a scalar-tensor type theory or Einstein gravity can of course be very different. However,
we can, by a suitable extension of the matter Lagrangian in Einstein gravity including a scalar field
and a suitable coupling, come up with a theory which is related to the scalar-tensor scenario by a
simple Weyl-scaling and therefore equivalent.

As a last generalization of Einstein-gravity we want to discuss a modification of the Einstein-Hilbert
action through higher order curvature terms, making extensive use of the review [Sotiriou and Faraoni,
2010]. The motivation for considering this can be twofold: First of all, we expect Einstein-gravity to
be an effective theory of gravity, valid at sufficiently low energy scales. At higher energies (around
the Planck scale) we expect quantum effects to become relevant, and, in accordance with what we
know from other quantum field theories, all terms allowed by the basic symmetries of the theory
should in principle be present. In fact, these terms are necessary in order to render the theory renor-
malizable. Second, the presence of dark matter and dark energy in cosmology could potentially be
explained not by so far unknown particles, but by a modification of the laws of gravity (though these
effects can be difficult to disentangle, as we will soon see). However, some higher order curvature-
terms have severe disadvantages, so let us take a closer look. A possible generalized gravity-action
could look like this:

S =
�

d4x
√
−g

M2
p

2
f (R)

� �� �
S f R

+
�

d4x
√
−gα1RµνRµν

� �� �
Sd

+Sm . (2.34)
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One of the major issues with higher order curvature terms can be seen from the variation of the
action Sd . The field equations resulting from the RµνRµν-term will give rise to field equations which
are higher than second order. This is a very fundamental change to the nature of theory! It no longer
suffices to provide initial conditions for the dynamical fields and their first derivatives, one needs
higher derivatives as well. This is generally considered very undesirable and might be difficult to
reconcile with the limit of Newtonian gravity, which is based on second order equations. But there
are even more serious objections. For the action Sd , if one transforms the variables to a Hamiltonian
formulation, one finds that the resulting Hamiltonian is not bound from below, resulting in a linear
instability sometimes referred to as Ostrogradsky instability. This is clearly unacceptable. It can
in some instances be fixed by imposing constraints through the insertion of additional fields in the
action [Chen et al., 2013], but let us keep in mind that the example given in Sd is only one example of
many possible higher order contractions of the curvature tensor, the inclusion of which will typically
give rise to the same issue. We will stay away from these kind of theories.

The first part of the action, named S f R, is free of such issues, which is one of the major reasons it
has been a popular modification of gravity known as f (R)-gravity. The modified Einstein equations
arising from this action (and the matter action Sm) simply read [Sotiriou and Faraoni, 2010]

f �(R)Rµν −
1
2

f (R)gµν −
�
DµDν −gµνDλDλ

�
f �(R) =

1
M2

p
Tµν , (2.35)

which is still a second order equation. This seems like a perfectly valid true alternative to Einstein-
gravity at first sight, since it allows for the correct Newtonian limit (e.g. for f (R) = R+O(R2)) and
a minimally coupled matter sector. It is however possible to show that this class of theories again
only has one additional scalar degree of freedom when compared to Einstein gravity, and in fact, can
be rewritten as a particular class of scalar-tensor theory, known as Brans-Dicke models [Brans and
Dicke, 1961]. These models are a subclass of the generic scalar-tensor theory given above, with the
specific choice

F(φ) = φ and G(φ) = 2ω
φ

, (2.36)

where ω is known as the Brans-Dicke parameter. As long as f ��(R) �= 0 everywhere, f (R)-theories
are equivalent to Brans-Dicke theories with ω = 0, i.e. to a theory without a kinetic term for the
scalar field.

As we have seen, many modifications of Einstein-gravity are often problematic due to very funda-
mental reasons (such as instabilities of the Hamiltonian) or can be re-expressed as Einstein-gravity
with some form of exotic matter, typically scalar fields, in the matter part of the action. In the latter
case of equivalent theories both viewpoints are perfectly valid and correct. Whether one tries to ex-
plain effects typically attributed to dark matter or dark energy one way or the other, is then merely
a matter of choice. In this thesis we will not be much concerned with the viewpoint of modified
gravity, but will extensively focus on the second possibility, exotic forms of matter, in particular
scalar fields, instead. The only exception is chapter 3, where we will combine higher dimensions,
scalar tensor theories and higher order curvature terms to discuss one particularly interesting class
of gravity-theories, which serves as motivation for the work presented in the later chapters. But for
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now, let us move on to the description of our universe in the approximation of spatial homogeneity
and isotropy within the framework of Einstein gravity.

2.3 DYNAMICS OF AN EXPANDING UNIVERSE

2.3.1 FLRW-SOLUTIONS

Not long after the invention of general relativity, the first investigations of so called world models,
meaning mathematical descriptions of our universe in its totality based on the field equations of
GR, were carried out by Einstein himself [Einstein, 1917] and others. Most mentionable amongst
those researchers are probably Alexander Friedmann, who was the first to reduce Einstein’s field
equations to a much smaller set of equations now known as Friedmann’s equations and find simple
solutions [Friedmann, 1922, 1924], George Lemaître, who arrived at similar results somewhat later,
but independently of Friedmann [Lemaître, 1927, 1931], and Howard Percy Robertson and Arthur
Geoffrey Walker, who proved conclusively that the geometries of the Friedmann-universes are the
only possible solutions for a spacetime which is spatially homogeneous and isotropic. These solu-
tions, commonly called Friedmann-Lemaître-Robertson-Walker (FLRW)-universes, form the basis
of modern cosmology up to today.

The symmetry assumptions of spatial homogeneity and isotropy are of course dependent on the ref-
erence frame. An observer for which the universe appears in this way on large scales is called a
comoving observer, the corresponding coordinate system comoving coordinates. In such a reference
frame the most generic metric consistent with our symmetry assumptions is known as the FLRW-
metric. It describes spacetime with a maximally symmetric spatial hyperplane, the line-element of
which reads

ds2 =−dt2 +a(t)2 �dr2 + f 2
K(r)

�
dθ2 + sin2θdϕ2�� , (2.37)

with the radial function

fK(r) =






K− 1
2 sin(K

1
2 r) for K > 0

r for K = 0 .

|K|− 1
2 sinh(|K| 1

2 r) for K < 0

(2.38)

Here the comoving coordinates are (t,r,θ,ϕ), where t is the cosmic time and (r,θ,ϕ) are the usual
spatial spherical coordinates, a(t) is known as the scale factor. The constant K can be interpreted as
the spatial curvature, it is related to the three-dimensional Ricci scalar via R(3) = 6K. An object which
has no peculiar motion, i.e. which only changes its spatial position due to the cosmic expansion,
remains at fixed comoving coordinates �x. The corresponding physical coordinate is given by�rph =

a(t)�x.

It is also common to recast this metric in a slightly different form for K �= 0 by introducing a new
dimensionless radial coordinate ω ≡ |K| 1

2 r and a corresponding scale factor b(t)≡ |K|− 1
2 a(t), which

has the units of a length. In this case the resulting metric depends only on the sign of the curvature
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k ≡ sgn(K) and looks slightly simpler. However, we prefer to use a dimensionless scale factor here
and normalize it to

a0 ≡ a(t0) = 1 , (2.39)

where t0 is the current cosmic time, as is common in cosmology. For most of this thesis we will be
working with a flat spatial geometry, i.e. with K = 0, which is supported by the current best fits to
cosmological data sets and also predicted by inflationary scenarios [Ade et al., 2013a,c, Guth, 1981,
Guth and Weinberg, 1981, Linde, 1982].

Similar to the metric, the energy momentum tensor is also restricted by our symmetry assumptions.
It has to obey the perfect fluid form

Tµν = (ρ+ p)uµuν + pgµν , uµ = (1,0,0,0) . (2.40)

Here ρ can be interpreted as the energy density and p as the pressure. The form of the four-velocity
reflects the fact that the cosmic fluid has no peculiar velocity in its rest frame.

Evaluating Einstein’s equations for this metric and energy momentum tensor yields two equations,
which are famously known as Friedmann’s equations:

H2 ≡
�

ȧ
a

�2

=
ρ

3M2
p
− K

a2 , (2.41)

ä
a
=− 1

6M2
p
(ρ+3p) . (2.42)

Here a dot (like ȧ) refers to a derivative with respect to cosmic time. The expansion rate ȧ/a is called
the Hubble rate H(t), and its current value is often parameterized as

H0 ≡ H(t0) = 100h
km

sMpc
, (2.43)

with h ≈ 0.7. The universe is expanding if H > 0 and contracting if H < 0, the expansion is acceler-
ating if ä > 0 and decelerating if ä < 0. By virtue of equation (2.42) an accelerated expansion as we
observe today requires the existence of a matter component with p < ρ/3, which violates the strong
energy condition.

In the course of this work we will sometimes switch between the usage of cosmic time and other
time-like quantities which change as the universe evolves. We will need the quantities N = ln(a), the
redshift z = 1/a−1 and the conformal time τ, defined by dt = a(t)dτ. The corresponding conformal
Hubble rate is then given by

H 2 ≡
�

a�

a

�2

=
a2ρ
3M2

p
−K , (2.44)

where a prime denotes a derivative with respect to conformal time. Similarly the second Friedmann
equation now reads

a��

a
=

a2

6M2
p
(ρ−3p)−K . (2.45)
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The equation of energy-momentum conservation DµT µν = 0 reduces to one single equation for the
FLRW-cosmology, which reads

ρ�+3H (ρ+ p) = 0 . (2.46)

From this point onward, we will always work with a flat spatial geometry, i.e. K = 0, unless explicitly
stated otherwise.

Horizons

Before we move on, we quickly want to discuss a topic central to modern cosmology: horizons. In a
FLRW universe, photons travel on lightlike geodesics, which are defined by ds = 0. We can assume
that the photon in question travels in the radial direction, and we thus obtain for a flat spatial geometry

dt = a(t)dr . (2.47)

In a big bang cosmology the matter content of the early universe is dominated by highly relativistic
matter (p = ρ/3, see below), and thus satisfies a(t) ∝ t1/2. Extrapolating this evolution to a(t) = 0
would result in a finite age of the universe, which starts in a singularity at t = 0. In fact, current
parameter fits estimate the age of the universe to be roughly 13.8× 109 years [Ade et al., 2013a,c].
This is indeed the standard picture, but we want to point out that this is not the only possibility. One
can construct models where the age of the universe is in infinite [Wetterich, 2014a]. We will however
remain in the standard picture for now and discuss horizons.

The number of definitions for different horizons is quite large, we will follow the basic classification
of Rindler [1956]. First, we can calculate the maximal radial comoving distance which light can have
travelled at time t in a big bang scenario, which is known as the particle horizon

rph(t) =
� t

0

dt �

a(t �)
. (2.48)

It coincides precisely with the definition of the conformal time τ. Two points which are separated by
a physical distance d > a(t)rph(t) at time t were never in causal contact with each other for t � < t.
For some simple universes, this quantity is closely related to the comoving hubble radius

rch(t) =
1

a(t)H(t)
. (2.49)

If an objects physical distance to an observer is bigger than a(t)rch(t), the recession velocity due to
the cosmic expansion is bigger than the speed of light. A scenario where the comoving hubble radius
is very different from the particle horizon is inflationary cosmology, where the difference between
these two quantities is crucial for the solution of the horizon problem.

Rindler then goes on to define the event horizon as the maximal comoving distance light can ever
travel when emitted at time t:

reh(t) =
� tend

t

dt �

a(t �)
. (2.50)
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Here tend denotes the (possibly infinite) time at which the universe ends. One should note that this
need not be a well defined quantity, the integral can be divergent if tend = ∞ or the scale factor
recollapses quickly to zero within some finite time. In fact, one can easily show that the physical
distance a(t)reh(t) is necessarily infinite if the universe never recollapses. Nonetheless, if dark energy
is indeed a cosmological constant, the comoving event horizon reh(t0) is finite.

2.3.2 THE COSMIC INVENTORY

The energy content of our universe clearly consists of more than just one single component. From
particle physics we expect stable particles, in particular photons, neutrinos and atoms to contribute.
(We will frequently refer to atoms as baryons in this thesis, which is of course slightly inaccurate but
common in cosmology.) Furthermore there are the - today still mysterious - substances referred to
as dark matter and dark energy. Each of these components comes with its own energy-momentum
tensor and we can write

T µν = ∑
α

T µν
α . (2.51)

In general, these tensors are not separately conserved, but can couple to each other through non-
gravitational interactions. The generic equations of energy-momentum conservation for a single
component (denoted by α) therefore read

DµT µν
α = Qν

α , with ∑
α

Qν
α = 0 . (2.52)

In a FLRW-universe the couplings are constrained by maximal spatial symmetry and have to be of
the particularly simple shape

Qν
α = (−aQα,0,0,0) . (2.53)

This allows us to rewrite the corresponding equations of energy-(non-)conservation for each compo-
nent separately as follows:

ρ�
α +3H (ρα + pα)(1−qα) = 0 , with qα =

aQα
3H (ρα + pα)

. (2.54)

It is often very useful to integrate this equation in order to find out how the energy density of a
given matter component evolves as a function of the scale factor. However, generically both the
dimensionless couplings qα and the equations of state ωα ≡ pα/ρα can be time-dependent, and an
explicit solution is only possible if this dependence (or rather the dependence on a(t)) is known. A
particularly simple case arises if both quantities are constant, then we directly obtain

ρα ∝ a−3(1+ωα)(1−qα) . (2.55)

From this relation it is reasonable to expect that the energy density of the universe is dominated by
different matter components at different times. A very convenient way to quantify these changes is
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through the density parameters and the effective equation of state

Ωα ≡ ρα
ρ

, ωeff =
p
ρ
, where ρ = ∑

α
ρα , p = ∑

α
pα . (2.56)

Equilibrium thermodynamics and decoupling

In the big bang scenario, all matter was created at some very early stage in the evolution of the uni-
verse known as reheating, probably following an inflationary era. Immediately after this event, the
universe was very hot and dense, full of highly relativistic particles. Scattering processes involving
leptons and gauge bosons were very frequent, keeping the the cosmic plasma in thermal equilibrium
and particle-anti-particle pairs abundant. As the universe expanded and the temperature of the cos-
mic plasma decreased, more and more of the particle-anti-article pairs annihilated, charged particles
combined into stable neutral ones and eventually interaction rates became very low and one by one
different particles dropped out of thermal equilibrium with the rest of the cosmic plasma. As a first
approximation one can assume that this happened when the interaction rate Γα relevant for keeping
the particle species α in equilibrium dropped below the expansion rate H.

In thermal equilibrium the phase-space distribution of particles is simply given by either a Bose-
Einstein distribution (for bosons) or a Fermi-Dirac distribution (for fermions). The parameters of
these distributions are the temperature Tα and the chemical potential µα, both of which can be depen-
dent on time, but not on spatial coordinates in a FLRW geometry. We therefore get

fα(�x,�p) = fα(|�p|) =
�

e
Eα−µα

Tα ±1
�−1

, (2.57)

with Eα =
�

m2
α +�p 2, where mα is the particle rest-mass and �p is the physical momentum. We have

also set kB = 1 and + and − are valid for fermions and bosons respectively. From this distribution
we can directly calculate the energy-momentum tensor for any particle species as follows:

T µν
α = gα

� d3P
(2π)3

1√
−g

PµPν

|P0|
fα(�x,�p) , (2.58)

where gα are the internal degrees of freedom2 and Pµ =m0 dxµ/dλ (with xµ(λ) some parameterization
of the world lines) is the comoving four-momentum. It is related to the physical momentum via
�p 2 = gi jPiP j.

In the limiting cases of highly-relativistic and non-relativistic matter the integrals can be solved
analytically. In the non-relativistic Maxwell-Boltzmann limit Tα � mα, Tα � mα − µα we have
Eα ≈ mα +�p 2/2mα and therefore obtain for both fermions and bosons (to first order in Tα/mα)

ρα = T 00
α = gα

�
mαTα

2π

� 3
2

e−
mα−µα

Tα mα , pα =
1
3

gi jT
i j

α = ρα
Tα
mα

. (2.59)

2Do not confuse gα with the metric gµν. These two objects should, however, be easy to distinguish by the index
structure.
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Clearly we have pα � ρα and we can set as a first approximation ωα ≈ 0. We thus obtain in the case
of no couplings (i.e. qα = 0) ρα ∝ a−3 from equation (2.54) and if the universe is dominated by a
non-relativistic component a(t) ∝ t2/3 and thus H ∝ a−3/2. The number density for non-relativistic
particles is simply given by nα = ρα

mα
. For highly relativistic particles we can work in the limit

Tα � µα,mα. In this case the approximation µα = mα = 0 is justified and we get

ρα =

�
gα

π2

30 T 4
α for bosons

gα
7
8

π2

30 T 4
α for fermions

, pα =
ρα
3
. (2.60)

Therefore ωα = 1/3 for relativistic species and, as long as there is no energy transfer at the back-
ground level, ρα ∝ a−4, which directly implies Tα ∝ a−1. If the energy density of the universe is
dominated by such a component we have a(t) ∝ t

1
2 and H ∝ a−2. The number density of relativistic

particles requires an independent calculation and leads to

nα =
gα

(2π)3

�
d3 p fα(|�p|) = gα

ζ(3)
π2 T 3

α

�
1 for bosons

3/4 for fermions
. (2.61)

Clearly, in thermal equilibrium, the abundance of non-relativistic particles is Boltzmann-suppressed
by the factor e−(mα−µα)/Tα compared to relativistic ones. This sharp drop in the number density of a
particle at Tα ≈mα can be interpreted as particles and antiparticles annihilating, when the temperature
is no longer high enough for particle-antiparticle pair-production to occur frequently and make up for
the losses. If thermal equilibrium continued forever, eventually all massive particles would eventually
have become non-relativistic and the universe would consist of (mostly) photons by now. This is
clearly not the case, as interaction rates eventually became lower than the expansion rate, leading to
various decoupling processes and the freeze-out of non-relativistic matter.

Particles dropping out of equilibrium with the photons will travel freely through the universe from
this point on, i.e. keep their distribution function but with physical momenta redshifted by the cosmic
expansion

fα(p ; t > tdec) = fα

�
a(t)

a(tdec)
p ; tdec

�
. (2.62)

From this one can directly deduce that the temperature of particles which decouple while relativistic
continues to fall like Tα ∝ a−1, wheres particles decoupling while non-relativistic cool faster, namely
like Tα ∝ a−2. For non-relativistic matter one can quickly calculate the effect of such a decoupling
on the number-density. As a toy model, let us consider two kinds of particles with number densities
n1 and n2, both with equal mass m and chemical potential µ but with different interaction rates, so
that the first one (denoted by subscript 1) decoupled at some time tdec (corresponding to a scale factor
adec and temperature Tγ(tdec) = Tdec) and the second one stayed in thermal equilibrium. Assuming a
sudden complete decoupling at adec we obtain for a > adec

n1 ∝ a−3 ∝ T 3
γ ∝ nγ and

n2

n1
= e−

m−µ
Tdec

�
a

adec
−1

��
a

adec

�3/2

� 1 , (2.63)
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where Tγ is the photon temperature, which is usually taken to be the ’temperature of the universe’.
This is what is called freeze out of non-relativistic particles and is responsible for the matter we ob-
serve in the universe today. Realistic freeze-out processes are of course much more complicated than
the simple sudden decoupling approximation used here, a thorough calculation requires knowledge
about the specific interactions relevant to the decoupling scenario and use of the Boltzmann equation.
As this is not the topic of this thesis we will not go into it much further and cite only the results of
the relevant calculations below.

In a universe consisting of a mixture of different particles (in or out of thermal equilibrium with
photons), a useful quantity to describe the energy content of the cosmic fluid is the effective number
of degrees of freedom g∗, defined via

ρ =
π2

30
g∗(Tγ)T 4

γ . (2.64)

The cosmological constant

As both relativistic and non-relativistic matter lead to a decelerated expansion of the universe with
ä < 0, an accelerated cosmic expansion requires the existence of a more exotic substance with pα <

−ρα/3 (we are ignoring possible solutions involving backreaction). Since high redshift supernovae
were observed to be dimmer than expected in a matter-dominated universe slightly before the turn of
the millennium [Riess et al., 1998, Perlmutter et al., 1999], we do indeed know that such a substance
is present in the universe. There are a number of theories what this might be, but probably the
simplest scenario, at least mathematically, is that of a cosmological constant. This concept was first
introduced by Einstein himself with the intent to construct a static universe, but famously abandoned
after Hubble discovered the cosmic expansion [Hubble, 1929].

On a fundamental level the cosmological constant is just a term which can be introduced in the
Einstein-Hilbert action, which then reads

SG =
M2

p

2

� √
−g(R−2Λ)d4x . (2.65)

Einstein’s field equations then read (after inclusion of a matter part)

Rµν −
1
2

Rgµν +Λgµν =
1

M2
p

Tµν . (2.66)

Clearly one could also consider the cosmological constant to be part of the matter action, with energy
momentum tensor

T µν
Λ =−ΛM2

pgµν . (2.67)

In this picture Λ would correspond to a perfect fluid with pΛ = −ρΛ = −ΛM2
p, i.e. ωΛ = −1. Thus

the corresponding energy density remains constant (ρΛ ∝ a0) and a universe dominated by Λ will
perform an exponential expansion a(t) ∝ eHt , where H =

�
Λ/3, which is accelerated.
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The cosmological constant is currently the standard model for dark energy, but it comes with its own
theoretical problems, which we will discuss in some detail in chapter 3.

Cosmological scalar fields

One of the most popular alternatives to a cosmological constant is to model dark energy with a
cosmological scalar field, called a cosmon. In the simplest of these so called quintessence scenarios,
one employs a single minimally coupled canonical scalar field ϕ with potential V (ϕ), corresponding
to an action

Sϕ =
�

d4x
√
−g

�
−1

2
(Dµϕ)(Dµϕ)−V (ϕ)

�
. (2.68)

The energy momentum tensor for such a field reads

T µν
ϕ = (Dµϕ)(Dνϕ)+gµνLϕ , (2.69)

and in a FLRW-background, where ϕ is necessarily homogenous and only depends on time, this can
be identified with a perfect fluid with

ρϕ =
1
2

ϕ̇2 +V (ϕ) , pϕ =
1
2

ϕ̇2 −V (ϕ) . (2.70)

Clearly the equation of state ωϕ can vary between −1 (for ϕ̇ = 0) and +1 (for V (ϕ) = 0), and such
a scalar field is therefore a possible candidate for causing an accelerated expansion. The equations
governing the field dynamics can be deduced from equation (2.33) without a coupling to matter and
read (in conformal time):

ϕ��+2H ϕ�+a2V,ϕ = 0 . (2.71)

We will discuss such scalar fields in much more detail in the later chapters of this thesis.

2.3.3 A SHORT HISTORY OF OUR UNIVERSE

At this point we can finally give an overview over the most relevant cosmological events as they can
be deduced from the standard model of particle physics and cosmological observations as well as
some theoretical speculation for very high energies.

Planck epoch

At energy densities close to the Planck mass, i.e. of about 1019 GeV, the theory of general relativity is
expected to become invalid. Interpolating backwards from the radiation dominated era using Einstein
gravity would put the Planck epoch at a time close to the Planck time of about 5× 10−44 s. An
understanding of this era would require knowledge about a full quantum theory of gravity.

Electroweak and GUT epoch

At lower energies, roughly from 102 GeV to 1016 GeV, we can expect Einstein gravity to work well.
At these energies, still above the scale of electroweak symmetry breaking, the universe is filled with
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Tγ redshift t g∗
electroweak symmetry breaking ∼ 100 GeV 1015 20 ps 106.75

Top annihilation < 173 GeV < 1.7×1015 > 7 ps 96.25
W±, Z0, H0 annihilation < 80 GeV < 8×1014 > 31 ps 86.25

Bottom annihilation < 4 GeV < 4×1013 > 12 ns 75.75
Charm, τ annihilation < 1 GeV < 1013 > 0.2 µs 61.75

TABLE 2.1: Annihilation events in the quark epoch.

massless fermions, gauge bosons and the Higgs, and it makes sense to talk about the temperature of
the cosmic plasma Tγ. The hypothesized unification of strong and electroweak interactions lies in this
era, at the GUT scale of roughly 1016 GeV.

The predicted era of inflation (which we will explain in more detail below) lies within this time
as well. It describes an epoch of the cosmic evolution in which the expansion is accelerated at high
energies, typically driven by one (or more) scalar fields. The precise energy scale of inflation has been
a subject of debate, but the recent discovery of B-mode polarization patterns caused by primordial
gravitational waves in the CMB by the BICEP2-experiment suggest a large ratio of primordial tensor-
to scalar perturbations of roughly 0.2 [Ade et al., 2014]. If these results hold, they would point
towards a high energy scale of inflation close to 1016 GeV. (These results and alternative explanations
are obviously still being debated and confirmation from the Planck mission data is, at the time of
writing this, still missing, but this is the basic picture.) If this inflationary era did exist, its end would
have been the era of reheating, during which the inflaton field decayed, creating massless fermions
and gauge bosons.

Finally, the electroweak epoch ended with the electroweak phase transition, during which the Higgs
field acquired its vacuum expectation value, breaking the SU(2)Y ×U(1) symmetry to the SU(2)×
U(1) of the weak and electromagnetic interactions, giving both fermions and the weak gauge bosons
masses in the process. This happened at a temperature corresponding to the Higgs mass, so roughly
at Tγ ≈ 100 GeV.

The quark epoch

After the electroweak phase transition, there were a number of annihilation events, the temperature
of which can be approximated by the masses of the standard model particles given in appendix A
in Tables A.1 and A.2. We have summarized these events and the resulting effective degrees of
freedom (which are only valid for temperatures far enough away from the transitions) in Table 2.1.
The decimal points come from the fact that g∗ = gb +

7
8 g f (where subscript b stands for bosons and

f for fermions). Note that due to mt > mH0 , massive top quarks were never abundant. The quark
epoch ended with the QCD phase transition, when quarks and gluons were confined into hadrons, i.e.
baryons and mesons. This happened at a temperature of roughly Tγ ≈ 150 MeV.

The hadron epoch

During the hadron epoch, several annihilation events of baryons and mesons took place. The last
mesons to annihilate were the lightest ones, i.e. the pions. The last remaining stable baryons are the
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Tγ redshift t g∗
QCD phase transition ∼ 150 MeV 1012 20 µs 17.25

π, µ annihilation < 100 MeV < 7×1011 > 45 µs 10.75
neutrino decoupling ∼ 1 MeV 6×109 1 s 10.75
e−-e+-annihilation ∼ 500 keV 2×109 6 s 3.38

TABLE 2.2: Annihilation and decoupling events in the hadron epoch.

stable protons and the long lived neutrinos (long compared to the timescales of the hadron epoch).
The remaining leptons also annihilated during this era, as can be seen in Table 2.2. The end of the
hadron era is the event of primordial nucleosynthesis (BBN), when protons and neutrons formed light
nuclei.

During this era the weakly interacting neutrinos decoupled from the cosmic plasma. As the universe
cools down, the weak interactions become much weaker than the electromagnetic ones, and the last
particles keeping the neutrinos in equilibrium are free electron-positron pairs. The interaction rate of
the neutrinos with these pairs can be approximated by

Γν = ne�σv� ≈ G2
FT 5

ν ∝ a−5 , (2.72)

where GF � 1.16×10−5 GeV−2 is Fermi’s constant. Once this interaction rate becomes much lower
than the Hubble expansion, Γν � H, the neutrinos will decouple from the cosmic plasma and free
stream. This happens at a temperature of about 1 MeV.

The effective degrees of freedom after electron-positron annihilation are a little more complex to
calculate. The energy set free by this event heats the baryon-photon plasma, but not the neutrinos,
as they have decoupled earlier. Therefore the temperature of the neutrinos drops below that of the
photons. The precise difference can be calculated from entropy conservation and we obtain

Tν =

�
4
11

�1/3

Tγ , (2.73)

and therefore g∗ = 2+6× 7
8 ×

� 4
11
�4/3 ≈ 3.36.3

Big bang nucleosynthesis

Big bang nucleosynthesis ended the hadron epoch. The abundance of the lightest elements we ob-
serve in the universe today can be compared with theoretical predictions for this process, they agree
to high accuracy [O’Meara et al., 2001, Bania et al., 2002, Olive and Skillman, 2004, Charbonnel and
Primas, 2005, Steigman, 2007]. As we will use constraint from BBN on early dark energy models
later, we want to quickly mention the two major cosmological parameters determining the abundance
of light elements. The first is the baryon-to-photon ratio, which we can infer from measurements of

3The correction to 3.38 originates in QED corrections.
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Tγ redshift t
BBN ∼ 100 keV 4×108 3 min

Matter-radiation equality ∼ 0.75 keV 3400 60 kyr
Recombination ∼ 0.3 eV 1100 380 kyr

Reionization 2.6 - 7 meV 11-30 100-400 Myr
Dark energy - dark matter equality ∼ 0.33 meV 0.4 9 Gyr

Today ∼ 0.24 meV 0 13.7 Gyr

TABLE 2.3: Cosmological events after big bang nucleosynthesis.

the CMB and the current baryon density to be tiny:

η =
nb

nγ
≈ 5×10−10 . (2.74)

This ratio determines the temperature at which BBN takes place. The second parameter is the time
between neutrino decoupling and BBN. This enters because neutrinos decay via

n → p+ e−+ ν̄e (2.75)

with a lifetime of roughly τn ≈ 887s. Neutrons and protons were kept in thermal equilibrium by the
weak interaction until neutrinos decoupled at t ≈ 1s, after that time neutrons decayed into protons. As
the neutron-to-proton ratio is clearly relevant to the outcome of BBN, the time of BBN is important
for its predictions. It is this time that is changed in models with early dark energy. Note that due
to the tiny baryon-to-photon ratio η, BBN took place at temperatures considerably below the typical
binding energy per nucleus in light elements, which is of the order of a few MeV.

After big bang nucleosynthesis there is a long period where the energy density of the universe is still
dominated by relativistic photons and neutrinos. Atoms and dark matter eventually catch up with
radiation, the time when the energy densities of relativistic and non-relativistic particles are equal is
called matter radiation equality, but it takes about 5 ten-foldings of the scale factor. This time is very
important, because the smallest perturbation modes relevant for cosmological observations enter the
horizon during the later stages of this era. The early stages therefore present a phase in the cosmic
evolution which is long (in terms of order of magnitude changes of the scale factor), nothing happens,
and relevant perturbations are outside the horizon. This makes it a period uniquely suited to calculate
the initial conditions for cosmological perturbations. We will come back to this in the later chapters
of this thesis

Recombination

The last particles left to interact with the photons are ionized atoms, mostly hydrogen. The electrons
keep the photons in thermal equilibrium with the baryons through Compton-scattering:

γ+H ←→ p+ e− . (2.76)
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This works efficiently until the universe has cooled down so far that these processes also become
very rare. After that time, the photons are set free and travel throughout the universe essentially as
freely streaming particles. Naively one could expect that this takes place at temperatures of roughly
13.6 eV, the ionization-temperature of hydrogen. However, the huge photon-to-baryon ratio η−1 kept
the photons in thermal equilibrium down to much lower temperatures, and in fact recombination
happened at Tγ ≈ 0.3 eV.

The CMB was first measured by Penzias and Wilson [1965a], and much later the COBE-satellite
confirmed that its spectral shape is indeed a black-body spectrum to excellent accuracy [Mather
et al., 1994, Fixsen et al., 1996]. Its temperature today is Tγ = (2.7260±0.0013) K [Fixsen, 2009],
which corresponds to a density paramter

Ωγ,0 ≈ 5×10−5 . (2.77)

From these numbers we can calculate the temperature of the neutrino background using equation
(2.73) to be roughly 1.95 K. When calculating the corresponding energy density we have to take into
account the degeneracy and the Fermi-factor of 7/8 in (2.60) to obtain

Ων,0 = 3× 7
8
×
�

4
11

�4/3

×Ωγ,0 ≈ 3.4×10−5 . (2.78)

One should note one caveat here: These results are only valid as long as neutrinos are relativistic.
Neutrinos do, however, have a small mass, as we know from neutrino-oscillation experiments [Maki
et al., 1962, Pontecorvo, 1968, Davis et al., 1968, Gribov and Pontecorvo, 1969, Ahmad et al., 2001].
Current upper bounds on the neutrino-masses are in the eV-regime (see appendix A), so that it is
conceivable that cosmic neutrinos have become non-relativistic recently. This possibility has an
interesting connection to the why now problem of dark energy, which we will discuss in chapter 3.
It might have an elegant solution if the neutrino mass depends on a cosmological cosmon field. In
that case, neutrinos becoming non-relativistic could trigger the start of an accelerated cosmological
expansion. The details of this scenario are not the contents of this thesis, but can be found in a series
of papers on this model, known as growing neutrino quintessence [Wetterich, 2007, Amendola et al.,
2008, Mota et al., 2008, Ayaita et al., 2012b, 2013].

These (largely) homogeneous energy densities are by far the largest fraction of the total energy den-
sity of relativistic matter in the universe today, much bigger than the one attributed to photons and
neutrinos produced in stars and other astronomical sources (like Gamma-ray bursts). The neutrino
background, however, remains undetected until today.

Structure formation

At the time of the CMB release, deviations from the FLRW-universe were present, but small (of the
order 10−5). They can be seen as temperature anisotropies in the CMB today. During the epoch of
matter-domination, these small fluctuation grew into larger and larger structures, which eventually
formed the galaxies and galaxy clusters we observe today. An important event during this era was
reionization, when the radiation from first stars reionized the cosmic baryonic gas in clusters (see
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Table 2.3). This has the effect of decreasing the fluctuation amplitude in the CMB through Thomson-
scattering by e−τreio , where τreio is called the reionization optical depth.

Cosmic acceleration

Finally, at very low redshifts, the universe started an accelerated expansion. This is usually attributed
to some form of dark energy, which we will discuss in more detail later in this thesis.

Baryons and dark matter

As we already mentioned above, what we refer to as baryons in this thesis could also simply be called
visible matter or atoms. Most of the atoms in our universe are hydrogen, with smaller fractions
of heavier elements. Today most baryonic matter is concentrated in galaxy clusters and groups of
galaxies, but not primarily in stars or other very dense objects. The biggest fraction resides in hot
intergalactic gas, which can be detected via X-ray Bremsstrahlung, emitted by the free electrons
[Meekins et al., 1971, Cavaliere et al., 1971, Gursky et al., 1971, Forman et al., 1972]. Within this
thesis we will always consider baryons in a FLRW cosmology to be non-relativistic, i.e. consider
their velocities to be negligible. This is well justified, as we have seen that the QCD phase transition
happened at temperature of roughly 150 MeV, whereas the proton mass is roughly 938 MeV.

Still, by far the biggest fraction of the mass of a galaxy or galaxy cluster is not in baryons, but in dark
matter. The existence of such a substance has been predicted as early as in the 30’s by Fritz Zwicky
[1933, 1937], who observed that the rotation curves of galaxies could not be explained by the amount
of luminous matter visible in the COMA cluster, and Sinclair Smith, who found similar results in the
Virgo cluster [Smith, 1936]. Today, a huge number of direct and indirect probes have confirmed this
idea. Probably the most direct evidence comes from gravitational lensing [Mellier, 1999, Bartelmann
and Schneider, 2001, Refregier, 2003] and the rotation curves of galaxies [Sofue and Rubin, 2001,
Kregel et al., 2004], but equally impressive results come from the observation of small anisotropies
in the CMB, which would be expected to be two orders of magnitude larger if dark matter interacted
(considerably) with light [Peebles, 1982, Hinshaw et al., 2013, Ade et al., 2013a,c].
We know a lot less about dark matter particles than we do about baryons, in fact, they have not even
been detected yet in the laboratory. Let us collect a few facts we do know:

• Dark matter cannot interact electromagnetically.

• Dark matter cannot consist of baryons. For a while massive compact halo objects (MaCHOs)
have been popular candidates for baryonic dark matter, but they are difficult to reconcile with
observational facts. Probably the most relevant issues come from the amplitude of tempera-
ture fluctuations in the CMB [Penzias and Wilson, 1965a, Ade et al., 2013a,c, Hinshaw et al.,
2013], which tell us that such objects must have formed before the era of recombination, and
abundances of deuterium and helium from primordial nucleosynthesis, which are dependent
on the baryon-to-photon ratio and push the required formation time of such objects to even
higher temperatures. The formation of dense baryonic objects at such early times is difficult
to realize, as all existing gravitational wells were very shallow. One way out of this could be
primordial black holes [Hawkins, 2011].
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• The free streaming length of the dark matter particles cannot be too large. This length sets
the scale at which the small fluctuations from the FLRW-geometry - which form the seeds of
current structures in the universe - are effectively erased, and if it is too large cosmic structure
formation can not produce the structures we see today.

This still leaves a large number of candidates. The most popular particle physics model is probably
dark matter consisting of WIMPs (weakly interacting massive particles) [Steigman and Turner, 1985,
Bertone et al., 2005]. The reason for this lies in the so called WIMP miracle, which is related to the
freeze-out of dark matter. A relatively simple calculation shows that the abundance of dark matter
observed today is compatible with a cross section characteristic for the weak interaction and a mass
close to the weak scale (m ∼ 100 GeV), i.e. a freeze-out relatively quickly after electroweak symme-
try breaking.
There are many other possibilities, like axions [Peccei and Quinn, 1977b,a, Duffy and van Bibber,
2009], gravitinos [Steffen, 2009] or sterile neutrinos [Drewes, 2013]. In the later chapters of this the-
sis we will consider a very different form of dark matter, an ultralight scalar field. At the background
level, such a field will have very similar properties to the cold dark matter fluid we just described.

2.3.4 THE ΛCDM MODEL

For some years by now, cosmology has a standard model. Within this model, dark matter is modeled
by cold dark matter (CDM), which could be a WIMP, whereas dark energy is simply modeled by a
cosmological constant. Therefore this model is known as the ΛCDM model. In its simplest form (and
for a flat universe), is is completely determined by 7 parameters, which can be taken to be the cur-
rent CMB temperature TCMB, the current Hubble rate, the baryon and CDM density parameters, the
reionization optical depth τreio and two quantities determining the initial amplitude and wavenumber
dependence of the perturbations, which we will discuss in more detail in chapter 4: the scalar spectral
index ns and the amplitude of fluctuations enclosed within an 8 h−1 Mpc sphere, σ8. In practice a
different set of fundamental parameters is often used for fitting reasons, and the ones named here are
then derived from those. From a theoretical viewpoint, however, this set can well be taken as funda-
mental. Furthermore TCMB is usually not included in this list and people only cite 6 free parameters
in the minimal ΛCDM model.

In Table 2.4 we sum up the current best fits for the free and some derived parameters of the ΛCDM
model. The data is taken from Hinshaw et al. [2013], other groups (like the Planck mission) report
slightly different values for some parameters, but there are no major contradictions. We give here the
set of parameters mentioned above as one possible fundamental set, not the one used for the fitting
procedure in [Hinshaw et al., 2013].

The evolution of the energy densities and the effective equation of state in the ΛCDM model can be
seen in Figure 2.1.
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Symbol Value
Free parameters
Temperature of the CMB [K] TCMB 2.726
Current Hubble rate [km s−1 Mpc−1 ] H0 69.7
baryon density parameter Ωb 0.046
CDM density parameter Ωc 0.236
Reionization optical depth τreio 0.08
scalar spectral index ns 0.965
Density fluctuations at 8 h−1 Mpc σ8 0.817
Derived parameters
Cosmological constant density parameter ΩΛ 0.718
Age of the universe [Gyr] t0 13.75
Redshift of matter-radiation equality zeq 3280
Redshift of reionization zreio 9.97

TABLE 2.4: Parameters of the ΛCDM model.
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FIGURE 2.1: Energy densities in the ΛCDM model
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The upper panel shows the energy density for relativistic matter (both neutrinos and photons) in red
(solid line), the one for matter (both baryonic matter and cold dark matter) in black (dashed line) and
the energy density associated with the cosmological constant in blue (dotted line). The lower panel

shows the effective equation of state.



3 THE DARK SECTOR AND DILATATION SYMMETRY

According to the cosmological standard model, a large portion of todays energy content of the uni-
verse, roughly 95%, consists of dark matter and dark energy. In this chapter we will discuss this
dark sector of cosmology, focussing mainly on dark energy and including dark matter only in the
last section. We will not be concerned with the observational evidence for an accelerated cosmic
expansion and thus the existence of dark energy, discussions of this subject matter can be found e.g.
in [Weinberg et al., 2013b]. Instead, we are interested in the most common models of dark energy, in
particular the cosmological constant and quintessence models.

In the first section of this chapter we will review why many researchers are unhappy with the simple
model of cosmological constant, despite the fact that it it appears to be consistent with virtually all
observational findings. After a quick review of the cosmological constant problem and the anthropic
argument, we will then move on to discuss one important class of alternative models of dark energy,
quintessence models. Finally, we go on to review a topic which has been connected to quintessence
models since they were first thought up and could potentially provide a solution to the cosmological
constant problem: dilatation symmetric theories of gravity. In the last section we will then introduce
the cosmon-bolon model of coupled dark energy and dark matter, with which much of the work in
the following chapters is concerned.

For our discussion of the cosmological constant problem we mainly rely on [Martin, 2012], in our
short treatment of inflation we use [Weinberg, 2008, Baumann, 2009], the material covered in the
section on quintessence models can be found in many textbooks and review articles, e.g. [Copeland
et al., 2006, Amendola and Tsujikawa, 2010], our review of dilatation symmetric theories of gravity
is based on [Wetterich, 2009, 2010a,b] and finally the cosmon-bolon model in its basics as presented
here has been published in [Beyer et al., 2011] and [Beyer, 2014b].

3.1 THE COSMOLOGICAL CONSTANT PROBLEM

In chapter 2 we introduced the cosmological constant as a parameter which can be introduced into
Einstein-gravity. As a free parameter of the theory, it can in principle take any value, much like
the couplings and charges in the standard model (which determine the particle masses through the
Higgs mechanism). Its value needs to be determined by observations or experiments, there is a priory
no reason to prefer a specific one. Nonetheless, cosmologists often complain that the value of Λ
necessary to explain current observations, which is roughly

√
Λ ≈ 10−33 eV (ρΛ ≈ 10−47GeV4),
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is unnaturally small. It is indeed tiny when compared to other fundamental mass scales present in
physics, like the Planck scale Mp, the electroweak scale MEW or the QCD scale MQCD, but that fact
by itself need not necessarily be reason for concern. In this section we want to explain why it is
indeed justified to consider this value unnatural, and take a short look at one possible way out, the so
called anthropic principle.

3.1.1 THE NATURE OF Λ

In addition to the cosmological constant as a free parameter of Einstein gravity, there is also a part
of the energy-momentum tensor which has the same gravitational effect: the vacuum. Its energy-
momentum tensor is necessarily of the form

< 0|Tµν|0 >=−ρvac gµν , (3.1)

where ρvac denotes the vacuum energy and |0 > the vacuum state. We can thus absorb this contribu-
tion into a single effective cosmological constant

Λeff = ΛG +
ρvac

M2
p
, (3.2)

where ΛG denotes the gravitational cosmological constant introduced in chapter 2. Cosmological
observations constrain the effective cosmological constant, i.e. the sum of ΛG and Λvac ≡ ρvac/M2

p,
and therein lies the problem.

The contributions to the vacuum energy ρvac can be split up into two parts: Classical contributions
and quantum fluctuations. We will discuss these two parts separately.

Classical contributions: Phase transitions

Classical contributions to the vacuum energy originate from field configurations minimizing the en-
ergy. In the case of a single canonical scalar field φ, the energy is smallest when the kinetic energy
vanishes and the field sits at a fixed value φmin minimizing the the potential energy. The total size of
such a contribution is not the concern here, it could indeed be absorbed by the gravitational constant
ΛG, the issue is that this contribution changes during phase transitions, and the amounts by which it
changes during the electroweak and QCD phase transitions (which we can be quite certain happened
in the early universe) are huge compared to its observational value. Let us discuss this is a little more
detail.

The Higgs field is a doublet of complex scalars Σ which is charged under the group U(1)Y × SU(2).
Its Lagrangian density (in flat Minkowski spacetime) is given by

LHiggs =−(∇µΣ)†(∇µΣ)−V (Σ,Σ†) , (3.3)
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where the covariant derivative reads

∇µΣ = ∂µΣ+ i
g�c
2

YHBµΣ+ igcTaW a
µ Σ , (3.4)

and g�c, gc are the gauge couplings under U(1)Y and SU(2) respectively, YH is the Higgs-Hypercharge,
Ta = σa/2 (a = 1, ...,3, σa being the Pauli matrices) are the generators of SU(2) and Bµ and W a

µ are
the gauge bosons. The Higgs potential is given by

V (Σ,Σ†) =
m2

2
Σ†Σ+

λ
4
(Σ†Σ)2 , (3.5)

where m2 < 0 and λ > 0. In addition to this, the Higgs field also appears in the fermionic mass terms
of the standard model Lagrangian where it is responsible for the masses of both quarks and leptons
after electroweak symmetry breaking. Using the gauge freedom one can fix the Higgs-field to be of
the shape

Σ =

�
0
χ

�
, (3.6)

where χ is real. The potential now simply reads

V (χ) = m2

2
χ2 +

λ
4

χ4 . (3.7)

Since m2 < 0, the minimum of the potential is at χ = ±v = ±
�
−m2/λ and one defines the scalar

Higgs field φ as the deviation from the vacuum expectation value, i.e. χ = v+φ.

Before electroweak symmetry breaking, the interactions with the massless fermions stabilize the
Higgs field around the local maximum at φ = −v. If one interprets the fermion interactions to con-
tribute to an effective Higgs potential, which is justified at sufficiently high temperatures, this is of
the same form as eq. (3.7), but with a positive mass squared. This leads to a minimum of the effective
potential at φ =−v for sufficiently high temperatures.

After electroweak symmetry breaking, however, the Higgs field adjusts to its true vacuum at φ = 0.
This causes a shift in potential energy evaluated at the vacuum expectation value of the scalar Higgs
field of

V (v)−V (0) =−m4

4λ
. (3.8)

As this potential energy contributes to the vacuum energy ρvac, it is shifted by −m4/4λ during the
electroweak phase transition. How big is this shift? This can be answered by determining the Higgs
mass and Fermi’s constant. The Higgs mass is given by the second derivative of the potential at the
vacuum expectation value v, which gives

m2
H =−m2 > 0 . (3.9)

It has recently been measured to be at around 125 GeV [Aad et al., 2012, Chatrchyan et al., 2012]. In
order to find v (or equivalently λ) one can resort to measurements of the weak gauge boson masses
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and the effective Fermi theory of weak interactions, in which the following identification is made:

g2
c

8m2
W

=
GF√

2
, where m2

W =
g2

cv2

2
. (3.10)

From this we obtain

λ =
m2

H
v2 =

4m2
HGF√

2
≈ 1

2
. (3.11)

Now we can calculate the shift in the vacuum energy induced by the electroweak phase transition,
which is

∆ρEW
vac =−m4

H
4λ

≈−1.2×108GeV4 ≈−1055ρ0 , (3.12)

where ρ0 is the current energy density of the universe (which is roughly ρΛeff ). A similar calculation
for the QCD phase transition yields [Martin, 2012]

∆ρQCD
vac ≈ 1045ρ0 . (3.13)

Let us quickly discuss what this means. Clearly we could adjust the gravitational cosmological con-
stant ΛG in such a way that the current effective cosmological constant Λeff is as small as observations
suggest. This would already be cause for some concern, as it seems somewhat unnatural for two in-
dependent quantities to cancel almost precisely, but leave a tiny remnant of the order 10−55 which
makes up dark energy today. Furthermore this would imply that the vacuum energy before the QCD
phase transition was huge by absolute value and negative, and even earlier, before the electroweak
phase transition, it was huge and positive. This is clearly unsatisfactory.

One point might be worth mentioning here. We do not know from observations if these phase transi-
tions really took place. The earliest era in the universe which is observationally accessible to us is big
bang nucleosynthesis (other than possibly inflation through CMB polarization patterns). But even if
this ’classical’ cosmological constant problem is ignored, we will now see how quantum fluctuations
pose a possibly even more severe challenge.

Quantum fluctuations

In addition to the classical configurations, the vacuum energy also receives contributions from the
zero point fluctuations of all fields present in the universe. In this subsection we quickly review the
estimate for these contributions presented in [Martin, 2012]. We start by considering the simple case
of a free canonical complex scalar field φ of mass m in Minkowski spacetime. In the process of
canonical quantization the field is expressed as

φ(t,�x) = 1
(2π)3

� d3k
2ω�k

�
2ω�k

�
c�k eik·x + c†

�k
e−ik·x

�
, (3.14)
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where c�k and c†
�k

are the usual annihilation and creation operators, ω�k = k0 =
�
�k2 +m2 and

d3k
2ω�k

= d4k δ(k2 +m2)Θ(k0) (3.15)

is the Lorentz-invariant measure. (The +-sign in the δ-function comes from the fact that we use a
metric with the signature (−,+,+,+), in contrast to what is usually employed in particle physics.)
The vacuum state |0 > by definition fulfills c�k|0 >= 0 for all�k. We have already seen in chapter 2
how to calculate the energy-momentum tensor for such a scalar field (see eq. (2.69)). After quan-
tization, the vacuum energy momentum tensor can easily be calculated from < 0|T µν

φ |0 > using the
commutation relations

[c�k,c
†
�k�
] = (2π)3δ3(�k−�k�) , (3.16)

all other commutators vanish. This results in the following expressions for the only non-vanishing
parts of the energy-momentum tensor:

< ρφ
vac >=< 0|T 00

φ |0 >=
1

(2π)3
1
2

�
d3k ω�k , (3.17)

< pφ
vac >=< 0|1

3
T i

φ i|0 >=
1

(2π)3
1
6

�
d3k

k2

ω�k
. (3.18)

Clearly both these quantities are divergent. This divergence is usually ignored in quantum field the-
ory, either with the argument that only differences in energy can be measured or removed by normal
ordering of the creation and annihilation operators. There are, however, clear experimental signa-
tures verifying the existence of vacuum fluctuations, such as the Lamb-shift [Lamb and Retherford,
1947, Welton, 1948] or the Casimir effect [Plunien et al., 1986, Milton, 2004, 2011, Lambrecht and
Reynaud, 2012]. Furthermore, the vacuum energy can be measured in gravity, and these infinities
need to be regularized somehow.

The most commonly encountered method of regularization for this particular problem is the intro-
duction of an ultraviolet cutoff at some energy scale M � m. This directly gives

< ρφ
vac >=

1
4π2

� M

0
dkk2

�
k2 +m2 =

M4

16π2

�
1+O

�
m2

M2

��
. (3.19)

The vacuum energy in this scenario is determined by the cutoff scale M, which is sometimes chosen
to be the Planck scale Mp, and sometimes to be some lower scale like MQCD. Plugging in Mp leads to
the famous 122 orders of magnitude difference between ρφ

vac and the observed value of ρΛ. There is,
however, a big caveat here. Calculating the pressure with the same cutoff gives (to the leading order
in m2/M2)

< pφ
vac >

< ρφ
vac >

= 1/3 �=−1 . (3.20)

This is clearly wrong. The vacuum energy needs to respect < pvac >= − < ρvac >. The reason for
this problem lies in the fact that the cutoff chosen above does not respect Lorentz-symmetry. Any
useful regularization scheme leading to credible results should clearly do so.
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As a better approach, Martin [2012] discusses dimensional regularization. In this scheme one extends
the integrals to d = 4−ε dimensions and formally evaluates it, leading to an expression with poles at
d/2 ∈ N. For small ε the resulting expressions can be arranged as a Laurent-series and the divergent
parts (and some numerical expressions not containing the mass) are then simply subtracted in what is
called a modified minimal subtraction (MS) scheme. The results for the vacuum energy and pressure
in this approach read

< ρφ
vac >=

m4

64π2 ln
�

m2

µ2

�
, < pφ

vac >=−< ρφ
vac >, (3.21)

where µ is an energy scale originally introduced in order to keep the correct dimensionality for the
vacuum energy density after extending the integral to 4−ε dimensions. It is usually called the renor-
malization scale. This gives a very different prediction for the energy density of vacuum fluctuations
when compared the the standard cutoff, which now depends on the renormalization scale µ. The
correct setting of µ is a non-trivial issue which we will not go into here.

Whether this approach through dimensional regularization is better than the standard cutoff method
is a question we do not want to answer here, though it might well be, as it preserves the correct form
of the vacuum energy momentum tensor. Clearly, there are many factors complicating the situation
we have not even mentioned so far. First of all, most of the fundamental fields in the standard model
are not scalars, but gauge bosons or fermions. Second, they are not free but interact with each other.
Third, we should not be working in flat Minkowski spacetime, but with a general metric gµν. Finally
one could also consider fields not included in the standard model, such as the ones predicted by
supersymmetric theories. We are not going to give deatils on those issues here, but merely want
to mention that they do not fundamentally change the nature of the problem at hand. In fact, the
dimensional regularization scheme can be extended to include all the above effects, with the results
that

< ρvac >= ∑
i

ni
m4

i
64π2 ln

�
m2

i
µ2

�
, (3.22)

where the sum runs over all particles of the standard model (we exclude SUSY here), ni denotes
their degeneracies (with a minus sign for fermions) and mi their masses. Plugging in the masses and
choosing µ = Mp would give us < ρvac >≈ 1.2× 108 GeV4 ≈ 1055ρ0. A much smaller value of µ
leads to different predictions. In [Koksma and Prokopec, 2011] the authors argue that a good value
would be µ � 3×10−25 GeV, which would lead to < ρvac >≈−2×108 GeV4. Clearly, these results
are much smaller than the predictions from the standard cutoff method, but still much larger than ρ0

by absolute value. The dependence of < ρvac > on the choice of the renormalization scale is shown
in Fig. 3.1. Clearly, a value close to ρ0 would require an extremely precise tuning of µ.

Conclusion

At this point we can sum up the cosmological constant problem as follows: The vacuum energy
associated with the effective cosmological constant Λeff consists of several parts:

ρΛeff = ΛGM2
p+< ρvac >+∆ρEW

vac +∆ρQCD
vac + ... , (3.23)
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FIGURE 3.1: Dependence of the SM vacuum energy on the renormalization scale

where the dots represent possible additional contributions, like other phase transitions. The issue
here is twofold: First, all contributions other than ΛGM2

p can (in principle) be calculated, or at least
approximated, and give a result much bigger than the observed value of ρ0 ≈ 10−47 GeV4. The dis-
crepancy arising from zero point fluctuations gets reduced when choosing dimensional regularization
instead of a simple UV cutoff, but it is still huge. One could of course choose ΛG in such a way that
it cancels all other contributions to precisely this accuracy, but this seems very unnatural. And even
then, we would still expect the vacuum energy to be huge before the QCD and electroweak phase
transitions. This problem persists even if we do assume that quantum fluctuations do not gravitate,
as is sometimes done, due to the remaining issue of phase transitions.

What this discussion hopefully made clear is: The cosmological constant problem is hard. In fact, in
many cosmological models it is assumed that there is some (unknown) physical mechanism adjusting
the effective cosmological constant to zero. The value zero is chosen because it seems much more
likely to find such a scenario than one where the value is tuned to ’almost zero’. This would indeed
solve the cosmological constant problem, but require a novel explanation for the accelerated expan-
sion of the universe. We will discuss a specific class of such models, so called quintessence models,
in the next section. But before that, we want to shortly discuss an alternative, which is sometimes
invoked to explain the small value of Λeff, the anthropic argument.

3.1.2 THE ANTHROPIC ARGUMENT

The problems arising when trying to explain the observed small values of the cosmological constant
lead us to one obvious question: What would the universe look like, if Λ were much bigger? The
answer is quite simple:
All structures we observe in the universe today have grown out of initially very small fluctuations
in the energy density of the universe. As we will discuss in more detail in the coming chapters,
the virialized objects we observe have decoupled from the cosmic expansion, and this decoupling
happens when the overdensity calculated in linear perturbation theory reaches a value of roughly
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1.69. The fact that this value is bigger than one already shows that linear perturbation theory is no
longer valid in this regime, and in fact the physical final overdensity of a virialized object is roughly
200 (see chapter 6 for more details).
If the universe is dominated by a cosmological constant, linear perturbations do not grow, they decay.
So if the cosmological constant were much bigger than the observed value, an accelerated expansion
would have set in earlier and there would not have been enough time for virialized structures to form.
As a consequence, we, or any other observer, would not be here to complain about the fact that the
cosmological constant is so small. Weinberg [1987] used this argument to derive an upper bound on
the cosmological constant consistent with the existence of observers. He arrived at

ρΛ < 103ρΛ,obs . (3.24)

This is still a fairly huge margin, but more recent estimates which took into account a much im-
proved understanding of structure formation come up with bounds much closer to the observed value
[Tegmark et al., 2006].

How far can we take this argument as an explanation for the cosmological constant problem? At first
sight, not very far. If our understanding of the laws of nature dictate that the cosmological constant
should be huge, thereby preventing the formation of structure and our existence, the fact that we do
exist just means that our understanding of the laws of nature is wrong. Calculating the allowed values
for the cosmological constant consistent with the existence of observers and finding that they are in
agreement with our observations is merely a tautology, it provides no explanation or understanding
for anything and certainly does not resolve the discrepancy between observations and the theoretical
understanding of the issue.

Things are different though, if our observable universe is not the only one in existence. In so called
multiverse scenarios, our universe is just one of many universes which exist, in some sense, parallel to
each other, and which can, in principle, differ in the value of the cosmological constant, and possibly
other things as well.1 In such a scenario, some universes would allow for the existence of observers,
while others would not. We, as observers, would then necessarily have to be in one of the universes
which allow for our existence.

Many scientists are not comfortable with this kind of anthropic reasoning, as it seems to reintroduce
the idea that we are in a ’special place’, not within our universe, but within the multiverse. If one takes
the notion of a multiverse seriously, however, and we will soon see that there are good reasons to do
so (beyond it being fun to consider such things), there is no way around the fact that our position is
necessarily privileged in precisely the way we just described: It allows for the existence of observers.
Within a multiverse scenario this kind of reasoning is perfectly valid. But we have not yet taken it far
enough to arrive at a solution of the cosmological constant problem. The question now is: Among
the universes allowing for the existence of observers, how common is the value of the cosmological
constant we observe? This reintroduces the concept of mediocrity [Vilenkin, 1995]: We should think
of ourselves as a civilization randomly picked from the multitude of civilizations in the multiverse. If
we could make this prescription precise, i.e. calculate a probability distribution of possible values of

1A discussion of the different notions of multiverses introduced in the literature can be found in [Tegmark, 2007]. Here
we will only talk about what is referred to as a level 1 multiverse in this reference.
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the cosmological constant, one might consider this line of argumentation valid. However, as we will
see below, this approach runs into enormous problems due to the very fundamental measure problem.

Before we explain what this is, we quickly want to say a few words on the theory of inflation, which,
in many cases, gives rise to a multiverse scenario rather naturally.

Inflation

Inflation describes an epoch of accelerated cosmic expansion in the very early universe. Its existence
is still speculative, even though first observational hints of inflation may have been detected in the
microwave sky [Ade et al., 2014]. Still, inflation has been widely accepted as part of the cosmological
standard model, mostly because it provides answers to (among, possibly, other issues) the following
questions:

1. Why is the universe flat? The fact that ΩK ≡ K/H 2 < 1 today implies that this quantity must
have been tiny in the early universe. This is not necessarily a problem, after all ΩK = 0 is a
perfectly acceptable solution, if an unstable one. Still, one might prefer a physical mechanism
rendering the universe essentially flat ’from the beginning’.

2. Assuming a primordial singularity and extrapolating the radiation dominated expansion back-
wards, the particle horizon at recombination was quite small, it corresponds to an angular scale
of about 1◦ on the sky. How, then, can the entire primordial plasma have been in thermal
equilibrium, as is suggested by the (almost perfect) isotropy of the CMB temperature?

3. Many high energy extensions of the standard model predict a huge abundance of magnetic
monopoles and other exotic relics. Why do we not observe them?

4. What is the origin of cosmic perturbations, and why is the primordial scalar power spectrum
of nearly scale-invariant shape?

The first models carrying the name inflation were thought up to solve the monopole problem [Guth
and Weinberg, 1981, Sato, 1981], even though an early de-Sitter like early expansion of the universe
was proposed slightly earlier [Starobinskiı̌, 1979]. Not long afterwards is is was realized that the
horizon- and flatness problems could be addressed in such scenarios well [Guth, 1981]. These first
models were based on phase transitions in the early universe, motivated by GUT theories. The
simplest inflationary models, so called new inflation models, were thought up slightly later [Linde,
1982, Albrecht and Steinhardt, 1982]. In these models the accelerated expansion is driven by a single
canonical scalar field.

As we have already seen in chapter 2, a canonical scalar field φ can have an equations of state in the
regime ωφ ∈ [−1,1]. For a de-Sitter like expansion, this equations of state needs to be ωφ ≈−1, i.e.
the field is in ’slow roll’, its energy density is dominated by the potential energy. For such a state
to continue for a prolonged period of time, the potential V (φ) has to obey the following slow roll
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conditions for a suitable range of field values:

ε = 1
2

�
MpV,φ

V

�2

� 1 and η =
M2

pV,φφ

V
� 1 . (3.25)

These conditions ensure that the Hubble damping term 2H φ� in the field equations slows down the
field sufficiently, which is only possible if the potential remains ’flat’. Of course, the era of inflation
cannot go on forever, its end is heralded by the scalar field reaching a steeper part of the potential
where the slow roll conditions are no longer satisfied, typically eventually stabilizing in a minimum
and decaying into the particles of the standard model in a process known as reheating. In order to
solve the horizon, flatness and monopole problem, the de-Sitter like expansion must proceed for at
least N =50-60 e-foldings, meaning that the scale factor has increased by a factor of eN during
inflation.

Let us now move to what is probably the most interesting aspect of inflation: Quantum fluctuations
during inflation as the source for cosmic structure. In this (very short) treatment we will use some
terminology from linear perturbation theory in FLRW universes, which we will introduce thoroughly
chapter 4. If some notions are unclear, the interested reader may skip ahead and investigate section I
of this chapter first.

In the simplest new inflation models, all scalar perturbations are sourced by the scalar field pertur-
bations, and it is therefore sufficient to consider a single perturbative quantity. We will however not
use the (gauge invariant) scalar field perturbation δφ here, instead we will use the gauge invariant
curvature perturbation

R = Ψ+
H
φ� δφ , (3.26)

where Ψ is the usual Bardeen potential. (In a cosmology containing only a scalar field in the matter
sector there is no anisotropic stress, hence the two Bardeen potentials coincide.) One can then ex-
pand the scalar field action given in eq. (2.68) around the FLRW solution in terms of the curvature
perturbation and obtain to second order in R

S(2) =
M2

p

2

�
d4xa

φ�2

H 2

�
R �2 − (∂iR 2)

�
. (3.27)

Variation of this action then results in a second order partial differential equation for R , which can be
rewritten as a set of independent second order ordinary differential equations for each Fourier mode
Rk(τ) (corresponding to wavenumber k) after a Fourier-decomposition. (We only use k = |�k| here,
as the resulting equations are isotropic.) The equations correspond to to a set of harmonic oscillators
with time-dependent frequencies:

(zRk)
��+

�
k2 − z��

z

�
zRk = 0 , (3.28)

with z2 = a2φ�2/H 2M2
p ≈ 2a2ε.

The initial conditions specifying the solutions to these equations can be obtained through canonical
quantization of R and a suitable choice of vacuum. Canonical quantization gives the following
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normalization constraint for the mode functions:

R ∗
k R �

k −R ∗�
k Rk = (−i)

H 2M2
p

a2φ�2 . (3.29)

Choosing the Bunch-Davis vacuum then yields for subhorizon scales (corresponding to very early
times)

lim
τ→−∞

Rk(τ) =
H
aφ�

e−ikτ
√

2k
. (3.30)

In an exact de-Sitter expansion (ε → 0), one can find the generic solution to equation (3.28) and
match the integration constants to the constraints (3.29) and (3.30). (Strictly speaking, z = 0 in de-
Sitter space, but one can simply set z = 1 and ignore the z��-term to obtain the correct equation.) From
the resulting solution one can deduce that R remains constant on superhorizon scales (k � H ). This
result directly translates to the quasi-de-Sitter regime of slow roll inflation, if we evaluate the solution
at horizon crossing. Since all relevant perturbation modes exit the horizon during a sufficiently long
era of inflation, one can calculate the the dimensionless primordial power spectrum of the curvature
perturbation and obtain

PR (k) =
H 4

(2π)2a2φ�2

����
k=H

. (3.31)

The scalar spectral index ns can now be calculated to first order in the slow roll parameters ε and η:

ns −1 =
dPR (k)
dln(k)

≈ 2η−6ε . (3.32)

In principle this result has to be evaluated at horizon crossing for each wavenumber separately, but
the slow roll parameters are typically (almost) constant during a long stage of inflation. Already in
very simple single field inflation models, one can get a constant ns ≈ 0.96, as is currently preferred
by observations.

In this calculation we have seen a mixture of classical and quantum mechanical calculations. In
partiular, we have treated the classical two point correlators < ... > as equal to vacuum expectation
value of the corresponding operators < 0|...|0 >. This is by no means a trivial step. In fact, this
quantum-to-classical transition presents a whole research area by itself, a detailed investigation of
which is far beyond the scope of this thesis. An early review can be found e.g. in [Polarski and
Starobinsky, 1996]. Still, the results presented here are standard, and the treatment appears to be
justified.

Quantum fluctuations can have effects going beyond what we have presented above. In fact, the
quantum fluctuations can contain ’jumps’, during which the field suddenly changes its field value
by a rather large amount. This effect becomes important precisely if the change in the field value
due to the jumps becomes bigger than the change due to slow roll, in this case one speaks of the
fluctuation dominated regime. As is discussed in [Winitzki, 2008], this evolution can be described by
the standard slow roll evolution superimposed by a random walk with stepsize

∆φ ∼ H /(2πa) (3.33)
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within a time interval ∆t ∼ a/H . The region with different ’jump histories’ are separated by many
Hubble distances. The quantum fluctuations are a local effect, but any local jump is quickly blown up
to become its own independent patch of the universe through the rapid expansion. This gives rise to
many patches of spacetime reaching the end of inflation at different times, each of these patches can
be considered an independent universe, the whole collection a multiverse. Interestingly, as the regions
which reach reheating later continue to inflate longer, they can split into several distinct patches or
universes. This is what is known as ’self-reproduction’ of inflating regions. Despite the fact that each
single patch will eventually reach the end of inflation within a finite time, the continuous generation
of new universes during inflation will make this process continue forever, hence the name eternal
inflation. As many inflationary models exhibit a fluctuation dominated regime, such a scenario arises
rather generically.

The measure problem

Despite the fact that we have just presented a mechanism giving rise to a multiverse scenario, the
anthropic argument still runs into problems. As we have argued above, with respect to the anthropic
argument, we would basically like to figure out which fraction of universes in the multiverse allowing
for the existence of observers has a cosmological constant close to the one measured. So we simply
have to count, right? Count the number of universes which have a cosmological constant in the
required range and divide by the number of universes allowing for the existence of observers. There
is only one problem: Both of these quantities are countably infinite, and the result depends heavily
on reordering. To put this more precisely: We want to calculate

P = lim
N→∞

1
N ∑

j
B( j) , (3.34)

where B( j) is either 1 or 0. This is not a well defined limit, as it is not stable under permutations
σ ∈ SN. If one could define a canonical measure of finite mass on the group SN, this limit could be
defined as well and one could proceed. This is, however, not possible. Nonetheless, many theorists
have tackled this problem and proposed different measures in order to make progress. The results
are, however, ambiguous, and we will not discuss them here. More information can be found e.g. in
[Winitzki, 2008].

3.2 QUINTESSENCE

In this section we will introduce dynamical models of dark energy, focussing on so called quintessence
models. The underlying assumption for all the scenarios presented here is that the cosmological con-
stant problem is solved by some mechanism setting the effective cosmological constant to zero. In
these models dark energy consists of a cosmological scalar field ϕ with some potential V (ϕ), called a
cosmon or quintessence field. We will only consider scenarios where the potential has a minimum at
ϕmin with V (ϕmin) = 0, otherwise any remaining potential energy can always be included in a suitable
redefinition of the effective cosmological constant. This also includes the case where ϕmin =±∞, the
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mathematically correct statement would be that we only consider potentials with Inf[V (ϕ)] = 0. We
will first focus on the simplest models of a minimally coupled canonical scalar field and move on to
more exotic scenarios later.

3.2.1 MINIMALLY COUPLED QUINTESSENCE

As we have already seen in chapter 2, a canonical scalar field ϕ with a potential V (ϕ) can have
an equation of state anywhere in the interval [−1,1], and therefore can drive an accelerated cosmic
expansion. The conditions for this are essentially the same as we discussed in the context of inflation
in the previous section, just at lower energy scales: The field has to be slow rolling, i.e. the energy
density ρϕ in eq. (2.70) has to be dominated by the potential energy V (ϕ). Current constraints on the
equations of state for minimally coupled scalar field dark energy can be obtained e.g. from the nine
year WMAP data [Hinshaw et al., 2013] and read2

ωϕ,0 =−1.17+0.13
−0.12 . (3.35)

Interestingly, the 1σ bound lies slightly below -1. This is consistent with other results which also find
a best fit value less than -1, but cite larger uncertainties [Ade et al., 2013b, Said et al., 2013]. While
the signal is not significant by any means, it might be a hint towards interesting physics, as we will
discuss below.

If we want the cosmon to constitute dark energy, its dynamics necessarily need to evolve in a way
which gives an equation of state close to -1 for small redshifts. For larger redshifts many scenarios
are possible, the dynamics can be very complex in general. This brings us to the issue of initial
conditions: For a given model, how precisely do we need to tune our initial conditions (i.e. ϕ(τin)

and ϕ�(τin) at some initial conformal time τin) in order to get a realistic cosmology with late time
acceleration? And if we do need to tune them precisely, how natural are the initial conditions that
work? In particular we want to avoid fine tuning problems, which are present in some quintessence
scenarios that give a realistic cosmology only for very precisely tuned initial conditions. This issue
is closely related to the why now or coincidence problem, which asks the question why dark energy
became relevant only recently, and not much earlier or much later in the cosmic history.

Tracker solutions

There is one specific class of solutions of the scalar field equations, called tracker solutions, which
address this issue. These are solutions which act as attractors, meaning that the field dynamics will be
driven towards one of these solutions largely independent of the initial conditions.3 This is clearly a
very desirable feature, as the cosmological evolution is determined by the parameters of the potential

2These are fitting results for models with a specific non-constant equation of state ωϕ = ωϕ,0 +ωaz/(1+ z). This is
still a strong restriction considering the very variable dynamics of a cosmon field, but one can expect similar results in
general.

3It is of course possible to choose initial conditions so far away from the attractor, that even after a very long evolution,
say as long as the universe is old, the scalar field dynamics have not yet adjusted to the tracker. Such initial conditions are
usually very unnatural and we will not consider them further here.
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alone, and not by initial conditions. However, in this case one still has to explain why the parameters
appearing in the potential have the values required for the existence of a valid tracker.

Amongst the possible tracker solutions (which we will discuss a little further below), there is a spe-
cific subclass, called attractive scaling solutions. The nomenclature in this field is not perfectly
consistent throughout the literature, in this work we consider the term scaling solution to mean a
solution for which the energy density scales like the scale factor to some constant power, i.e.

ρϕ ∝ an , n = 3(1+ωϕ) . (3.36)

Clearly n is limited to the range n ∈ [0,6] for a minimally coupled canonical scalar field and a scaling
solution requires ωϕ = constant. The term ’attractive’ means that, in addition to being a scaling
solution, it should also act like a tracker, which is not guaranteed. In fact, sometimes the range of
initial conditions for which a solution acts as an attractor is considered. We will be satisfied if the
scaling solution is stable, i.e. small perturbations around the solution decay, which is often sufficient
to find an attractor for a rather large range of initial conditions.

In the presence of a background fluid with a constant equation of state ωb, e.g. radiation or matter, we
consider an exact scaling solution to be a scaling solution for which the scalar density parameter Ωϕ
remains constant, i.e. ωϕ = ωb or ρb = 0. This is clearly a stronger constraint than merely demand-
ing a constant equation of state. For a minimally coupled canonical scalar field, the only potential
allowing for an exact scaling solution with non-vanishing density parameters for both the scalar field
and the background fluid can be shown to be the exponential potential [Liddle and Scherrer, 1999]

V (ϕ) = M4e−αϕ/M , (3.37)

where the choice of mass M is arbitrary, as it can be redefined to any value through a shift in ϕ. The
exact scaling solutions existing for this potential are universal attractors and given by

Ωϕ =
3(1+ωb)

α2 , (3.38)

they exist for α2 > 3(1+ωb). For α2 < 3(1+ωb) the universal attractor is a scalar field dominated
solution for which

ωϕ =
α2 −3

3
< 0 . (3.39)

Clearly, the parameter range allowing for an exact scaling scenario are at odds with the parameter
range allowing for an accelerated expansion in this case.

Still, the exponential potential can be of great help for understanding generic properties of tracker
solutions leading to late-time cosmic acceleration. It is useful to introduce a ’steepness parameter’

λeff(ϕ) =
����
MpV,ϕ

V

���� , (3.40)

which is clearly related to the slow roll parameter ε introduced in the previous section. This quan-
tity measures the local ’steepness’ of the scalar potential. To some extent, one can understand the



49 3.2 Quintessence

behavior of generic quintessence potentials with knowledge from the exponential potential and this
parameter. We will only quickly review the results here, an exhaustive discussion is given in [Joyce,
2001].

As one would expect, late time acceleration requires that λeff � 1 for suitable range of field values,
which should correspond to energy densities of the order of ρ0. In contrast, the existence of a tracker
solution requires λeff � 1 for field values corresponding to higher energy densities, comparable to
the early universe. Why is this necessary? In short, there is a dynamical adjustment mechanism
which forces the scalar field to adjust to a tracker solution for steep potentials. It can be simply
understood as follows: If the initial scalar field energy density is large, the scalar field will quickly
roll down its steep potential, leading to dominance of kinetic energy over potential energy within a
short period of time. The scalar energy density will therefore (after some short adjustment time) scale
away like a−6 and quickly become subdominant compared to radiation (and non-relativistic matter).
Once the kinetic energy has scaled away sufficiently to catch up with the potential energy, the by now
subdominant scalar field will essentially sit at a fixed value (with ωϕ ≈−1), as long as [Joyce, 2001]

a2V,ϕ
3H ϕ� ≈

MpV,ϕV
3
�

ρtot/V

�a1

a

�3
� 1 , (3.41)

where a1 is the scale factor when the freezing sets in. This condition remains valid as long as the
potential gradients are sufficiently small, but ultimately the left hand side quantity of eq. (3.41)
is increasing in time and so eventually the field will unfreeze. From this point on, a mechanism
balancing the two extremes overdamping and fast roll sets in, which leads to a predetermined scalar
field evolution, the tracker. This can be thought of as the field adjusting to the exponential exact
scaling solution with a slowly varying exponent α = λeff, but this analogy has its limits. If it were
exact, we would expect a constant equation of state during radiation domination (and also matter
domination) for all tracker scenarios. This is not the case, the equation of state is slowly varying in
time for many tracker solutions.

This is what all quintessence potentials allowing for tracker solutions have in common: A steep part
with λeff � 1 corresponding to field values with high energies, which are responsible for the tracker,
and a flat part with λeff � 1 which is responsible for the current cosmic acceleration. The transition
from ’steep’ to ’flat’ has to happen at an energy scale slightly higher than ρ0. So instead of adjusting
the initial conditions, we have to adjust the potential shape to allow for such a tracker solution. The
fine tuning problem then becomes a matter of motivation: We need a credible particle physics model
in order to explain the shape of the potential. The number of quintessence potentials with such a
behaviour suggested in the literature is quite big, an overview can be found e.g. in [Joyce, 2001]. An
example of a tracker quintessence scenario can be seen in Fig. 3.2.

Constraints on early dark energy

In exact scaling or tracker scenarios, the energy density of the cosmon in the early universe is typically
small, but not completely negligible. Thus observations can be used to constrain such scenarios. To
our knowledge the most stringent observational bounds come from big bang nucleosynthesis [Ferreira
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and Joyce, 1997, 1998, Bean et al., 2001] and cosmic microwave background observations [Calabrese
et al., 2011, Reichardt et al., 2012, Xia et al., 2013, Pettorino et al., 2013, Ade et al., 2013b].

Let us start with the BBN bounds. Adding a tracking quintessence field to the early radiation domi-
nated era modifies expansion of the universe and thus standard big bang nucleosynthesis, as we have
described in chapter 2. Observations of the abundances of the lightest elements in the cosmos can
therefore put an upper bound on the quintessence density parameter in an exact scaling scenario. The
tightest constraint known to us is given in Bean et al. [2001], where the derived bound is Ωϕ < 0.045.

Constraints from the CMB on a scaling scalar quintessence component are strong whenever the scalar
field makes up a non-negligible fraction of the energy density of the universe at decoupling [Pettorino
et al., 2013], which is the case in most scaling scenarios. Recently bounds from this era have been
improved by the Planck mission to give an upper limit of about 0.01 [Ade et al., 2013b] for Ωϕ at
95% confidence level.

Finding scaling solutions - The dynamical system approach

We have already highlighted the importance of tracker solutions for scalar field cosmologies. The
question remains how to find them. In the case of exact scaling scenarios, there is indeed an analytical

FIGURE 3.2: Cosmon field adjusting to a scaling solution
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method, called dynamical systems approach, which we will now introduce and employ in chapter 5.

Let us consider a system of dynamical variables xi(t) , i = 1, ...,n whose evolution is governed by a
set of differential equations

ẋi(t) = fi(x1, ...,xn). (3.42)

Here the functions fi have no explicit t-dependence, rendering the system autonomous. A point
(xc

1, ...,x
c
n) is called a critical point of the system if ( f1, ..., fn)|(xc

1,...,xc
n) = 0.

The behavior of the dynamics around a critical point can be easily understood through first oder
perturbation theory. Expanding xi around the critical point (xc

1, ...,x
c
n), i.e.

xi = xc
i +δxi , (3.43)

gives the following equations for the δxi in linear approximation:

d
dt




δx1

...
δxn



= M




δx1

...
δxn



 with M =





∂ f1
∂x1

. . . ∂ f1
∂xn

...
. . .

...
∂ fn
∂x1

. . . ∂ fn
∂xn





(xc
1,...,xc

n)

. (3.44)

The matrix M has n eigenvalues µ1, ... ,µn. Once these are determined, the general solution for δxi

reads
δxi(t) =C1

i eµ1t + . . . +Cn
i eµnt (3.45)

with integration constants C1
i , . . . ,C

n
i . Thus the stability of the fixed point is determined entirely by

the eigenvalues of M . Denoting the determinant of M by d, we can make the following commonly
used classification for the fixed points [Copeland et al., 1998, Gumjudpai et al., 2005]: A fixed point
is stable if the real parts of all eigenvalues are negative, unstable if they are all positive and a saddle
point if some are negative and some are positive. It is called a node if all eigenvalues are real, and
a spiral if all eigenvalues have non-vanishing imaginary parts. If d = 0 one of the eigenvalues is
zero indicating a flat direction in phase space (in linear order). In this case the stability needs to be
established by going to higher orders in the perturbations. A stable fixed point is called an attractor,
if it is the only stable fixed point for a given set of parameters it is the universal attractor.

Application to cosmology

In cosmology the dynamical systems approach is applied to the field equations, which can sometimes
be translated into an algebraic autonomous dynamical system of finite dimensionality. We start by
choosing to be the square roots of the density parameters as variables, which in the case of a universe
containing non-relativistic matter, radiation and a scalar field ϕ means

x =
ϕ�

√
6MpH

, y =
a
√

V√
3MpH

, z =
�

Ωr. (3.46)

The field equations can the be translated to a set of first order differential equations for x,y and z,
where usually N = ln(a) is used as a time variable. Scaling solutions with constant equations of state
and density parameters then precisely correspond to solutions satisfying x� = y� = z� = 0. Note that
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there is no fourth degree of freedom for non-relativistic matter since Ωtot = 1 by assumption (K=0).
Whether or not this set of variables is complete depends on the potential shape, in particular whether
or not the potential derivative V,ϕ appearing in the scalar field equation (2.71) introduces a new degree
of freedom. If it does, we need to add another variable with its own evolution equation, which will
include the second potential derivative V,ϕϕ and so forth. Generally speaking we have to add variables
of the shape

si ≡
∂iV
∂ϕi

Mi
p

V
for i > 1 (3.47)

and corresponding first order differential equations. The question is whether or not the system even-
tually becomes autonomous, meaning that there is some n ∈ N such that

dsn

dN
= f (x,y,z,s1, ...,sn) . (3.48)

If this is the case, one can find all attractive scaling solutions of the potential by looking at the stable
critical points of the autonomous system.

It is important to realize that this approach does not yield the complete information about the system.
In particular the trajectories in phase space usually need to be determined numerically. Its great value
lies in the fact that one can immediately see if there is a stable scaling solution (typically with some
desired property) or not.

3.2.2 COUPLED QUINTESSENCE

We now move on to discuss models of coupled quintessence, meaning a canonical scalar field with
explicit couplings to other matter fields in the theory. As we have seen in chapter 2, such a coupling
arises naturally in scalar-tensor theories of gravity after a transformation to the Einstein frame. We
will restrict ourselves to one simple form of a coupling here, for which the cosmon field couples to
to the trace of the matter energy momentum tensor. Since this trace vanishes for radiation, it makes
no difference if take this to mean only non-relativistic matter or include also radiation. In terms of
the couplings defined in eq. (2.52) we have

Qµ
ϕ =

β
Mp

TmDµϕ , (3.49)

where Tm denotes the trace of the total matter energy momentum tensor. In a FLRW-universe we then
have the following equations of motion for radiation (r), non-relativtistic matter (m) and the cosmon:

ϕ��+2H ϕ�+a2V,ϕ =
β

Mp
a2ρm , (3.50)

ρ�
m +3H ρm =− β

Mp
ρMϕ� , (3.51)

ρ�
r +4H ρr = 0 . (3.52)
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The scaling solutions of this system for the exponential quintessence potential given in eq. (3.37) have
been analyzed in [Amendola, 2000a], using the dynamical system approach described above. Since
there is now a coupling between matter and the cosmon, a scaling solution no longer has to satisfy
ωϕ = ωeff, we merely require that the scalar equation of state and density parameter be constant in
time. Since the results will be of some relevance for the analysis we present in chapter 4, we quickly
summarize them in Tables 3.1 and 3.2. The stable fixed point divide the parameter space of coupled
quintessence into disjunct sections.

Interestingly, coupled quintessence can provide a possible explanation, if the observed dark energy
equation of state turns out to be less than −1. As was shown in [Das et al., 2006], fitting data
resulting from a coupled quintessence model to some uncoupled dark energy parameterization can
lead to a best fit value of ωϕ below −1, despite the fact that it is bound below by −1 in the coupled
quintessence setting. In other words: Fitting observations in an uncoupled dark energy scenario and
obtaining ’superacceleration’, i.e. an equation of state less than −1 can be hint towards coupled dark
energy.

Furthermore, coupled quintessence models can help to provide solution to the coincidence problem.
We want to stress two mechanisms to achieve this. First, one can construct models with a ϕ-dependent
coupling function β(ϕ). The precise analysis of such a model is non-trivial, but in a simplified picture
one can imagine that the time-evolution of the coupling effectively shifts the parameters of coupled
quintessence with constant β from a regime where the attractor is a matter dominated epoch with
subdominant cosmon energy density to a regime where the attractor gives an accelerated expansion.
Thus one can obtain an accelerated expansion and a realistic expansion history independent of initial
conditions, but the problem remains that one has to explain the precise shape of the coupling, which
needs to tuned somewhat to fit observations [Tocchini-Valentini and Amendola, 2002].
Second, one can imagine a simple constant coupling to the trace of the energy-momentum tensor of a
species which becomes non-relativistic in the late universe. The prime candidate for this species are
of course neutrinos. In that case, neutrinos becoming non-relativistic would effectively ’switch on’
the coupling which could then trigger cosmic acceleration. In order for this to work and stop the cos-
mon field sufficiently fast, a rather strong coupling is necessary. This growing neutrino quintessence
model is a very interesting way to solve the coincidence problem, and has been studied extensively in
recent years [Wetterich, 2007, Amendola et al., 2008, Mota et al., 2008, Ayaita et al., 2012b, 2013].
Still, it faces some problems. In particular non-linear structure formation is quite complicated in this
model, the strong coupling causes strong backreaction effects. Nonetheless, causing cosmic accel-
eration through a trigger event like neutrinos becoming non-relativistic might seem more appealing
than introducing some feature in the scalar field potential or coupling function designed to achieve
the same.

3.2.3 ALTERNATIVE MODELS

In addition to coupled or minimally coupled canonical quintessence, the are a number of alternative
models of dynamical dark energy. They will not play any role for the remainder of this thesis, but
we feel we should at least quickly mention the most popular ones among them. More details can be
found in [Copeland et al., 2006] and references therein.
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TABLE 3.1: Scaling solutions in Coupled Quintessence

Point x y z Ωϕ p ωe f f ωϕ

a −α√
6

�
1− α2

6

�1/2
0 1 2/α2 α2

3 −1 α2

3 −1

br

�
8
3

1
α

2√
3α

�
1− 4

α2

�1/2 4/α2 1/2 1/3 1/3

bm

�
3
2

1
α−β

(g−9)1/2
√

6|α−β| 0 g
6(α−β)2

2
3

�
1− β

α

�
β

α−β
18
g −1

cr 0 0 1 0 1/2 1/3 -

crm
1√
6β 0

�
1− 1

2β2

�1/2
1

6β2 1/2 1/3 1

cm

�
2
3 β 0 0 2

3 β2 1
β2+3/2

2
3 β2 1

d -1 0 0 1 1/3 1 1
e +1 0 0 1 1/3 1 1

Only the fixed points of the autonomous systems obeying y ≥ 0 and z ≥ 0 are shown, since the
variables (x,y,z) are restricted to the quarter of the unitary 3-sphere defined by positive values of y,z
by definition. The system is symmetric under a simultaneous sign change of α and β, we fixed this
degeneracy by restricting ourselves to α > 0. The quantity g is defined to be g = 6β2 − 6αβ+ 18.
The quantity p describes the evolution of the scale factor for the corresponding fixed points through

a(t) ∝ ap. Table taken from [Amendola, 2000a].

TABLE 3.2: Existence and stability for CQ scaling solutions

Point Existence Stability Acceleration
a α <

√
6 α < α+, α < 2 α <

√
2

br α > 2 0 < α <
�

2
3 4β never

bm |α−β|>
�

3
2 , α < α0 α > α+, α >

�
2
3 4β α <−2β

cr ∀α, β unstable ∀α, β never

crm |β|> 1/
√

2 α >
�

2
3 4β never

cm |β|<
�

3
2 |β|< 1/

√
2, α > α0 never

d ∀α, β unstable ∀α, β never
e ∀α, β unstable ∀α, β never

Only the fixed points of the autonomous systems obeying y ≥ 0 and z ≥ 0 are shown, since the
variables (x,y,z) are restricted to the quarter of the unitary 3-sphere defined by positive values of
y,z by definition. The system is symmetric under a simultaneous sign change of α and β, we fixed
this degeneracy by restricting ourselves to α > 0. The quantities α+ = 1

2

�
β+

�
12+β2

�
and α0 =

�
0 for β < 0�

β+ 3
β

�
for β > 0

are used. Table taken from [Amendola, 2000a].
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k-essence

In so called k-essence models, the scalar field is no longer assumed to be canonical. Instead, one
assumes an action of the form

Sϕ =
�

d4x
√
−gLϕ(ϕ,X) with X =−1

2
(Dµϕ)(Dµϕ) . (3.53)

While originally being invented as models of inflation [Armendariz-Picon et al., 1999], these models
soon became popular in dark energy research [Chiba et al., 2000, Armendariz-Picon et al., 2000,
2001]. The reason for their popularity is essentially that they potentially provide an elegant solution
to the fine tuning problem. On the one hand, a so called ’leaping kinetic term’ can trigger cos-
mic acceleration [Hebecker and Wetterich, 2001], on the other hand the onset of matter domination
can function as a trigger event for a suitable choice of Lagrangian [Armendariz-Picon et al., 2000].
These models are in principle distinguishable from canonical quintessence models through the time
evolution of the equation of state, which reads

ωϕ =
Lϕ

2 ∂Lϕ
∂X X −Lϕ

, (3.54)

and the sound speed at the perturbative level. However, as recent analyses have shown, putting
strong constraints on the sound speed of dark energy seems to be difficult even with planned future
observations like Euclid [Ayaita et al., 2012a].

Tachyon field

A Tachyon field is a scalar field which has an additional coupling to the metric. The actions investi-
gated in such scenarios are of the type

Sϕ =−
�

d4x V (ϕ)
�
−det(gµν +(Dµϕ)(Dνϕ)) . (3.55)

The equation of state in such models lies between −1 and 0, and for a suitable choice of tachyon
potential V (ϕ) the scalar field can act as dark energy [Copeland et al., 2006].

Phantom dark energy

As we have seen above, current bounds on the equation of state of dark energy are perfectly consistent
with an equations state (slightly) below −1. Models which can realize such a scenario are usually
referred to as phantom dark energy [Caldwell et al., 2003]. A simple possibility to realize such a
model is to simply switch the sign of the kinetic term in the standard quintessence action, i.e.

Sϕ =
�

d4x
√
−g

�
1
2
(Dµϕ)(Dµϕ)−V (ϕ)

�
. (3.56)
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In this case, the equation of state in a FLRW universe reads

ωϕ =
ϕ�2 +2a2V (ϕ)
ϕ�2 −2a2V (ϕ)

, (3.57)

which satisfies ωϕ < 1 for ϕ�2 < 2a2V (ϕ). Note that these models can be considered to be included in
the class of k-essence models discussed above. While such scenarios are valid at the classical level,
at the quantum level they are subject to severe ultraviolet instabilities [Carroll et al., 2003].

Non scalar field models

All the models discussed above were based on a scalar field. There are also models of dark energy
which do not rely on scalar fields. The most popular amongst them are probably the modified gravity
models we already discussed in chapter 2. But, as we have seen, an important subclass of f (R)-
gravity models is in fact equivalent to a certain class of scalar field models, and therefore included in
the above description in this sense.

In addition to modified gravity, there are other non-scalar-field models of dark energy, like the Chap-
lin gas [Kamenshchik et al., 2001], but they can often be shown to be equivalent to a scalar field
model included in one of the classes above from a gravitational point of view. Therefore the class of
scalar field dark energy models is much more general than it may seem at first sight. It can, due to its
huge variability, cover an enormous range of models, albeit as an effective description.

3.3 DILATATION SYMMETRY AND Λ

From the very start, quintessence models were tightly connected to the concept of scale symmetry, or
dilatation symmetry [Wetterich, 1988a,b]. In this section we quickly review this concept, focussing
in particular on its connection to the cosmological constant problem in higher dimensional theories
of gravity, which is discussed in [Wetterich, 2009, 2010a,b].

3.3.1 DILATATIONS

Dilatations are transformations which rescale all dynamical fields of a given theory according to an
appropriate scaling dimension. For a theory involving a metric gµν and a scalar field ξ in d dimensions
this means

gµν → α2gµν and ξ → α−((d−2)/2)ξ , (3.58)

where α > 0. As a consequence a generic action with a Lagrangian density L ,

S =
�

ddx
√
−gL , (3.59)

is dilatation invariant if L transforms as follows under dilatations:

L → α−dL . (3.60)
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Terms involving explicit mass scales in the Lagrangian density clearly cannot be dilatation symmet-
ric, and thus any dilatation symmetric theory is by construction scale free. Since we observe mass
scales in the universe all the time, clearly, dilatation symmetry must be broken either explicitly or
spontaneously by the vacuum.

3.3.2 HIGHER DIMENSIONAL GRAVITY

Dilatation symmetric theories of gravity have particularly interesting features in higher dimensions,
as we will soon discover. One of the main reasons for this lies in the strong constraints dilatation sym-
metry puts on the action in such theories. We will be working with higher dimensional scalar-tensor
theories of gravity here, a combination we have not discussed in chapter 2, where we only focussed
on higher-dimensional Einstein gravity and four dimensional scalar-tensor theories. Following the
same nomenclature introduced in section 2.2, we work in d = D+ 4 dimensions and use the same
notation for the coordinates, the metric and curvature terms as before, with one exception: Now we
have to differentiate between the Einstein- and the Jordan-frame in both the higher-dimensional and
the dimensionally reduced four dimensional theory. We will therefore use ’hatted’ symbols (like ĝµ̂ν̂)
for Jordan-frame quantities is higher dimensions, and ’unhatted’ symbols with a superscript (d) for
Einstein-frame quantities. As before, Jordan-frame quantities in the effective four dimensional the-
ory are denoted with a superscript tilde (like R̃), and symbols without any ornaments or superscripts
denote quantities in the four dimensional Einstein-frame.

For d > 6, the most generic action compatible with dilatation symmetry in a scalar-tensor theory is
the following:

S(d) =
�

ddx̂
�
−ĝ

�
−1

2
ξ2R̂+

ζ
2

∂µ̂ξ∂µ̂ξ+F(R̂µ̂ν̂ρ̂σ̂)

�
(3.61)

where F is some function of the curvature tensor in compliance with dilatation symmetry, i.e.

F → α−dF (3.62)

under the dilatations introduced above and ζ is a dimensionless constant. In particular, no scalar
potential is allowed and the coupling of the scalar field ξ to the curvature tensor is severely restricted.
In contrast, for d = 4 and d = 6 scalar potentials ∝ ξ4 and ∝ ξ3 would be allowed respectively (see
e.g. appendix A of [Beyer, 2011] for a proof). We restrict ourselves to polynomial potentials here.
Non-analytic potentials compatible with dilatation symmetry exist, but we will not discuss those in
this thesis (see [Wetterich, 2010a] for more information no this).

As a first glimpse at the connection of a higher dimensional setting to the cosmological constant,
let us presume that a scalar potential V (ξ) = λξ4 is present in the action. This is only allowed by
dilatation symmetry for d = 4. We can now perform a Weyl-transformation to the Einstein-frame
(see eq. (2.23)) with

τ = M̂pξ−
2

d−2 , (3.63)

where M̂p is some suitable mass. It might seem a bit strange to simply introduce the Planck mass
in this ad-hoc way, but one should remember that the absolute value of the Planck mass has no
physical significance. All that can be measured are dimensionless ratios of masses, and any mass
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terms appearing in the matter part of the action would be affected by the Weyl-transformation as
well. A different choice of M̂p would affect all ratios of masses in the same way. In fact, typically
constant particle masses appearing in the matter Lagrangian in the Jordan frame can become field-
dependent in the Einstein frame. This transformation gives the following action:

S(d) =
M̂2

p

2

�
ddx̂

�
−g(d)

�
−R(d) +∂µ̂δ∂µ̂δ+ M̂−2

p F̃(R(d)
µ̂ν̂ρ̂σ̂,δ)+2λM̂2

p

�
, (3.64)

where

δ =

�
ζ+ 4(d −2)(d −1)

(d −2)2

�1/2

ln(ξ/M̂(d−2)/2
p ) , (3.65)

hd =
2d

(d −2)

�
ζ+ 4(d −2)(d −1)

(d −2)2

�−1/2

, (3.66)

and F̃ depends on δ only through derivative terms. This last fact might not be obvious, since a com-
pletely unconstrained function F can indeed contain terms which lead to a non-derivative dependence
on δ in F̃ after the Weyl-transformation. It is dilatation symmetry which ensures that these terms are
not allowed. To see that, one simply has to note that the dilatations (3.58) correspond to the following
shift in δ:

δ → δ− d −2
2

�
ζ+ 4(d −2)(d −1)

(d −2)2

�1/2

ln(α). (3.67)

Hence, δ is the massless Goldstone boson of dilatation symmetry, the dilaton. We will extend this
name to the field ξ as well.
It is precisely the ξ4-potential which gives rise to the (higher dimensional) cosmological constant
term in eq. (3.64), which is forbidden by dilatation symmetry in d > 6. In absence of this term, the
action is symmetric under a shift in δ, which can be absorbed into a redefinition of the Planck mass
M̂p.

We are, however, not interested in the higher dimensional cosmological constant, we want to in-
vestigate the effective four dimensional theory obtained after dimensional reduction. As we have
already seen in section 2.2, the number of effective four dimensional degrees of freedom which can
in principle arise from the process of dimensional reduction is infinite. This holds not only for higher
dimensional Einstein gravity, as discussed in chapter 2, but also, by the same arguments, for the
scalar-tensor theory investigated here. We will restrict ourselves to a specific class of solutions, for
which only two effective scalar degrees of freedom remain in the four dimensional theory, one of
which is the four dimensional ’version’ of the dilaton ξ. One might imagine a scenario where only
two scalar degrees of freedom are light enough to be of cosmological interest after some very early
time, say reheating. To give a specific model, one can consider solutions for which the scalar field
and the metric can be decomposed as follows:

ξ(x̂) = κ(x) f (y) , (3.68)

ĝµ̂ν̂ =

�
σ(y) g̃µν(x) 0

0 l(x)γαβ(y)

�
. (3.69)
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Here the factor σ(y) accounts for a possible warping, whereas the radion l(x) accounts for a possible
x-dependence of the size of the internal space. In this case the Ricci scalar can be decomposed as
follows:

R̂ = R(D)/l + R̃/σ . (3.70)

Furthermore we assume that an expansion of F in the four dimensional Ricci scalar R̃ is valid, i.e.

F = F0 +GR̃/σ+ . . . (3.71)

where the expansion factors F0 and G get evaluated for flat four dimensional space and are functions
of y and the radion l(x). Following Wetterich [2010a], we introduce canonically normalized scalar
fields ϕξ and ϕl via

ϕξ ≡ κlD/4
��

y

√
γσ2

�1/2

, ϕl ≡ l−1/2
��

y

√
γσ2

�−1/D

. (3.72)

In these variables, the effective four dimensional action reads (to leading order in R̃):

S(4) =
�

d4x
�
−g̃

�
V − 1

2
χ2R̃+Lkin

�
, (3.73)

where Lkin contains the kinetic terms for the two scalar fields and

V = F̃ϕ4
l + Q̃ϕ2

ξϕ2
l , (3.74)

χ2 = ϕ2
ξ −2G̃ϕ2

l , (3.75)

with F̃ , G̃ and Q̃ being constants arising from the integration over internal space. The kinetic terms
are generically of the shape

Lkin =
1
2

cξ

�
∂µϕξ∂µϕξ +

D2

4
ϕ2

ξϕ−2
l ∂µϕl∂µϕl +Dϕξϕ−1

l ∂µϕξ∂µϕl

�
, (3.76)

where cξ is a constant. A complete derivation of this action (including the definitions of the constants
and the shape of the kinetic terms) can be found in appendix B of [Beyer, 2011]. The shape of S(4)

(ignoring for now the kinetic terms), can easily be understood: It is the most generic four dimensional
two scalar field action compatible with dilatation symmetry, with one exception: a potential term
∝ ϕ4

ξ is missing. This is a direct result of the higher dimensional setting. Let us recall that we can
generically expand ξ as

ξ = κi(x) fi(y) , (3.77)

where fi, i ∈ N is some complete set of functions on the internal space. Since the dilaton ξ appears
only quadratic in the higher dimensional action, any one of its expansion coefficients κi can appear
at most to second order in the effective dimensionally reduced action. In the above ansatz (3.68) we
have made the assumption that the only remaining degree of freedom is the overall normalization.
This line of thought shows that the specific ansatz we made above is not necessary to get the theory
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(3.73). It is sufficient to assume that only two effective scalar degrees of freedom survive the process
of dimensional reduction, and that at least one of them originates from the dilaton. It is however
quite natural for the second degree of freedom to be connected to some feature of the geometry of
the internal space, and, as we will see below, the radion is a good candidate.

Stable quasistatic solutions

We are particularly interested in stable quasistatic solutions of the dilatation symmetric field equa-
tions with maximal four dimensional symmetry, as these are suitable asymptotic states for cosmology
(we will discuss this further below). For these solutions we have

R̃ = 4V/χ2 = 4Λ , (3.78)

and thus
S(4) =

�
d4x

�
−g̃ W , with W = Q̃ϕ2

ξϕ2
l + F̃ϕ4

l −2Λϕ2
ξ +4G̃Λϕ2

l . (3.79)

We ignore here possible contributions from higher orders in R̃, which can be interpreted as a re-
striction to the regime where the cosmological constant is much smaller than the effective Planck
mass, i.e. |Λ|� χ2. We also ignore the kinetic terms, as we are interested in quasistatic solutions.
One can now put constraints on the parameters F̃ , Q̃, G̃ and in particular the cosmological constant Λ
appearing in W from the following demands:

1. The (quasistatic) Einstein equation V −Λχ2 = 0 should be obeyed.

2. The quasistatic scalar field equations should be obeyed, i.e. the the extremum condition for W
should be satisfied.

3. The stability of the solutions should be guaranteed, i.e. the matrix 1
2 ∂2W/∂ϕi∂ϕ j should have

non-negative eigenvalues.

4. Stable four dimensional gravity requires χ2 > 0. There is one possible exception to this condi-
tion, which we will discuss below.

One can put additional constraints on the parameters, if on considers the particle-physics models
potentially arising from such higher dimensional theories. A thorough treatment of these issues can
be found in the original papers [Cho and Jang, 1975, Cho and Freund, 1975], here we give only a
very short summary. For a metric of the form

ĝµ̂ν̂(x,y) =

�
g̃µν(x,y) Aµβ(x,y)
Aαν(x,y) γαβ(x,y)

�
, (3.80)

the four dimensional coordinate transformations (acting on x) transform g̃µν, Aµβ and γαβ as a second
rank tensor, vector and scalar respectively, but the D-dimensional transformations acting on y trans-
form them as scalar, vector and rank 2 tensor. If the internal space posseses some symmetries, the
corresponding group of transformations can act as a gauge group in the reduced four dimensional
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theory.
If the cosmological vacuum solution is of block-diagonal form, as assumed above, the gauge-fields
Aµβ now arise as excitations above this vacuum and the gauge coupling gc can in principle be cal-
culated from a particular higher dimensional solution. For the specific ansatz (including the radion)
chosen above one obtains [Wetterich, 2010a]

g−2
c = a1(ϕξ/ϕl)

2 +a2 , (3.81)

with some constants a1 and a2. Clearly a non-vanishing gauge coupling requires a finite non-zero
radion value ϕl �= 0, or a limit ϕl,ϕξ → 0 where the ratio ϕξ/ϕl remains constant. This can be added
to the list of constraints for stable quasistatic solutions for this specific model.

If one includes this constraint the relevant solutions compatible with all demands can be summarized
as follows [Wetterich, 2010a]:

• Flat solutions with F̃ = Q̃ = Λ = 0, ϕ2
ξ/ϕ2

l > 2G̃.

• Non-flat solutions with F̃ ≥ 0, Q̃ > 0, G̃ < 0 and Λ > 0. These require ϕξ = 0 and ϕl �= 0.

• One stable solution with ϕl = ϕξ = Λ = 0 always exists. Despite the fact that it leads to χ2 = 0,
it can nonetheless be compatible with stable gravity. One should consider the approach ϕl → 0
and ϕξ → 0. This still leads to an acceptable (non zero constant) gauge coupling if the ratio
ϕξ/ϕl remains constant in the limiting process. In this case the ratio between typical particle
masses mp and the effective Planck mass m2

p/χ2 also remains finite. However, as the fields
approach their asymptotic values, it becomes clear the the scalar potential terms in V quickly
becomes irrelevant, and thus these solutions are similar to the first case.

Thus stable quasistatic solutions with a non-zero cosmological constant are only possible for a spe-
cific dilaton value of ϕξ = 0. Furthermore, the third case of solutions is not realistic for the ansatz
(3.69), since ϕl = 0 corresponds to an internal space of infinite size. For our purposes, the first class
of solutions is the relevant one. Note that they imply not only a vanishing cosmological constant, but
in fact a completely vanishing scalar potential V = 0.

The issue of tuning

From a four dimensional point of view, it seems like an adjustment of the cosmological constant (and
the parameters F̃ and Q̃) is happening, and one might wonder if such an effective theory can arise
relatively independent of the values of the couplings appearing in the higher dimensional theory, or
if these need to be tuned somehow. As is argued in great detail in [Wetterich, 2010b], this is not the
case. In fact, it is the combination of the constraints derived from dilatation symmetry together with
the higher dimensional setting which allows for this to happen:

"Dilatation symmetry assures that any extremum of W has to occur for W0 = 0 and
therefore Γ = 0. In turn, the higher dimensional setting provides the flexibility that an
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extremum of exists independently of the precise values of the couplings in Γ.” [Wet-
terich, 2010b] (In the original paper the higher dimensional action was denoted Γ, it is
the same object we denote with S(d) in this thesis.)

A simple way to understand this is the following: The higher dimensional field equations are obtained
through local variations of the action. Any solution to these field equations is then described by a
number of integration constants, from which Λ can be calculated. However, not all the solutions
correspond to extrema of the action, i.e. satisfy δS(d) = 0. This demand gives rise to an additional
constraint, which then restricts the range of integration constants, typically singling out the case
Λ = 0. This additional constraint is given by an additional boundary condition

�
dDy ∂µ̂(

�
−ĝξ∂µ̂ξ) = 0. (3.82)

In the case of regular internal geometries this is always fulfilled, but in the presence of singularities
it provides an additional equation.

Conclusion

We conclude that higher dimensional dilatation symmetry has very interesting consequences for the
cosmological constant problem. In particular it provides both the constraints to allow for solutions to
the field equations for which the four dimensional cosmological constant Λ vanishes, and the freedom
for these solutions to exist independent of the precise couplings present in the higher dimensional
action (i.e. in F). Specific higher dimensional finite volume spaces which are solutions of the field
equations can be found in [Wetterich, 2010a,b]. These include a rather wide range of scenarios,
Ricci-flat regular geometries, non-Ricci flat regular geometries and also non-regular geometries with
singularities.

3.4 THE COSMON-BOLON MODEL

In the previous section we have seen how higher dimensional dilatation symmetric theories with two
effective scalar four dimensional degrees of freedom naturally give rise to scenario in which both
the cosmological constant and the effective four dimensional scalar potential vanish. What can we
do with this insight? First we have to acknowledge that we do observe mass scales in nature, and
therefore dilatation symmetry can not be the end of the story. In fact, it has to broken somehow.
Nonetheless, the actions investigated in the previous section can be of relevance for cosmology,
particularly in the a scenario of asymptotic dilatation symmetry, which we will now explain.

3.4.1 COSMIC SCENARIO: ASYMPTOTIC DILATATION SYMMETRY

Let us consider the quantum effective action S(d)[ĝµ̂ν̂,ξ] for higher dimensional scalar-tensor theories.
All quantum corrections are included in this action, the field equations derived from it are exact. We
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do not impose dilatation symmetry at this stage. One possibility is to consider a family of actions
S(d)κ , obtained by rescalings

S(d)κ [ĝµ̂ν̂,ξ] = S(d)[κ−2ĝµ̂ν̂,κd(d−2)/2ξ] . (3.83)

One can now propose that this action should become dilatation symmetric in the limit κ → ∞. Then,
the asymptotic form of the action remains invariant under the transformations (3.83) (they are pre-
cisely dilatations), and it could therefore reasonably correspond to a fixed point of the quantum ef-
fective gravitational action. This is a scenario which can lead to interesting and realistic cosmologies
and we will move on to investigate it. We should note, however, that the existence of such a fixed
point in quantum gravity is far from established, even though first investigations in this direction
appear promising [Henz et al., 2013]. Our assumption could therefore be considered quite a leap.

The conclusions drawn for the quasistatic solutions in the previous section only apply at the fixed
point. For cosmology, they are relevant if the fixed point is approached asymptotically, i.e. for τ→∞.
In terms of eq. (3.83), one may imagine that a dynamical runaway solution drives κ effectively to
infinity, for example by a monotonic increase of the cosmological value of the scalar ξ. In a similar
fashion, the metric ĝµ̂ν̂ needs to be decreasing in time, so that the field equations obtained from S(d)

in the limit κ → ∞ become valid. It is then the approach to the fixed point which describes the
cosmological evolution for finite time and is of particular interest.

We can thus use the results from section 3.3 to draw conclusions for the asymptotic state of cosmol-
ogy: It should correspond to one of the stable quasistatic solutions. We have seen that the asymptotic
effective four dimensional theory (under the assumption of two scalar degrees of freedom, one of
which is the dilaton) has a vanishing cosmological constant and no scalar potential. Therefore, at the
fixed point, both the dilaton and the radion are massless scalar degrees of freedom.

What would such a theory look like for finite times? There would be ’dilatation anomalies’, i.e.
terms in the action which are not dilatation symmetric. These terms are of course expected to vanish
in the limit ξ → ∞. In the effective four dimensional theory, such anomalous terms are realized as
a common potential for the scalar fields V (ϕξ,ϕl). These potential terms break dilatation symmetry
and asymptotic dilatation symmetry implies

lim
ϕξ→∞

V (ϕξ,ϕl) = 0 . (3.84)

Thus the dilaton acquires a small mass, it is now the ’pseudo-Goldstone boson’ of broken dilatation
symmetry. In general we can expect such anomalous terms to be small whenever we are close to
the fixed point. This is typically the case when the universe is old compared to the Planck time, so
basically for all times which are of interest to us. We therefore expect the dilaton mass to be small
and slowly decreasing in time. A natural realization of this setting are quintessence scenarios, where
the dilaton acts as the cosmon field. In fact, in [Wetterich, 2010a] it was shown that the anomalous
potential to leading order in arising for the dilaton in the higher dimensional Einstein frame is of the
following shape

V (d)
an = f

d −2
2d

hd µd exp(−hdδ)(δ+ cµ) (3.85)
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where f > 0, cµ is a constant and µ is the scale of anomalous dilatation symmetry breaking. This is in
fact only the leading order contribution in an expansion of the anomalous potential in m2

δ/M̂2
p, where

mδ is the anomalous dilaton mass

m2
δ =

1
2

∂2V (d)
an

∂δ2 . (3.86)

It vanishes in the limit δ → ∞ when dilatation symmetry gets restored. Further anomalous terms are
suppressed for sufficiently large values of δ and we ignore these terms for now.

The resulting effective four dimensional theory in the Einstein frame is particularly simple if we
assume that the ratio ϕξ/ϕl settles to a constant value, as is appropriate for constant gauge couplings.
In this case one is left with only one scalar degree of freedom and obtains the following anomalous
potential

Van = M4
p e−α(ϕ)ϕ/Mp , (3.87)

where
ϕ =

�
cξ(1+D2/2)2 +6Mp ln(ϕξ/µ̄) , (3.88)

and µ̄ is a mass scale resulting from a combination of the symmetry breaking scale µ and the constants
hd , f and cµ. This redefinition was made in order to obtain a field with canonical kinetic terms. The ϕ-
dependence is such that α decreases with increasing values of ϕ. As the cosmon rolls towards higher
field values, the exponent α(ϕ) slowly decreases and it is conceivable that this decrease leads to a
tracker scenario with late time cosmic acceleration. The change in α(ϕ) then leads to the transition
between the ’tracker phase’ during which the cosmon is in the steep part of the potential with |α(ϕ)+
ϕα�(ϕ)|� 1 and cosmon dominated cosmic acceleration reached for |α(ϕ)+ϕα�(ϕ)|� 1. We have
thus recovered a rather common quintessence scenario with an exponential potential.

3.4.2 COSMON & BOLON

We now want to extend the scenario described above to include a second dynamical four dimensional
scalar degree of freedom. This effectively means that we relax the assumption that ϕξ/ϕl adjusts to
a constant value. One might be concerned about the consequences for the resulting gauge couplings.
We have a few comments on this.

First, the gauge coupling can be almost constant in time, even if the ratio ϕξ/ϕl is changing. If, for
example, we have a2 � a1ϕ2

ξ/ϕ2
l in eq. (3.81), the gauge coupling remains constant to very good

approximation independent of the precise evolution of ϕξ and ϕl . At first sight this condition may
seem a bit unnatural, since we require ϕξ → ∞ for τ → ∞ in order to restore dilatation symmetry. But
one should keep in mind that is is still possible that ϕl → ∞ also, and this limiting process might be
faster than the one for the dilaton.
Second, the second four dimensional degree of freedom need not necessarily be the radion, it could
be something else. In that case, the gauge couplings may depend on the effective four dimensional
fields in a completely different manner, or not depend on them at all. As we have argued above, our
conclusions about the asymptotic state of cosmology do not change in such a scenario, as long as one
of the two fields is the dilaton.
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In such a setting, the question remains what the common anomalous four dimensional potential for
the two scalar fields should look like. We have very little input to guide us here, other than the fact
that it should vanish in the limit ϕ → ∞ and contain the part derived in Wetterich [2010a], i.e.

V (ϕ,χ) =V1(ϕ)+V2(ϕ,χ) , (3.89)

with V1(ϕ) being the exponential quintessence potential

V1(ϕ) = M4
pe−αϕ/Mp , (3.90)

where we have neglected the ϕ-dependence of the exponent, and

lim
ϕ→∞

V2(ϕ,χ) = 0 . (3.91)

Here we use the nomenclature χ for the second scalar field. One can imagine it being related to the
field ϕl is a similar way as ϕ to ϕξ. We will further assume that both fields have canonical kinetic
terms. Within a specific scenario of dimensional reduction this may or may not happen, as we have
seen in eq. (3.76) we would generally expect mixed kinetic terms. We choose to ignore this additional
complication for now.

Particularly interesting cosmologies arise if the potential V2(ϕ,χ) has a local minimum in the χ-
direction. In that case, χ will stabilize around this minimum during the later stages of its evolution
and act like dark matter, as we will see below in more detail. We therefore dub the χ-field bolon
(from the greek bolos meaning ’lump’), since it is ultimately responsible for the emergence of cosmic
structures within this model. A simple model would therefore be

V2(ϕ,χ) = e−2βϕ/Mpm2
0 χ2 , (3.92)

with β > 0. This model has been analyzed in [Beyer et al., 2011] and can give rise to realistic
cosmologies, but the the cosmic evolution is strongly dependent on the initial conditions for the
bolon χ. While realistic cosmologies emerge for initial conditions which seem to be rather natural, a
different scenario in which such a tuning problem does not arise seems more desirable.

This can be achieved if the bolon-potential V2 is modified to be much steeper for larger field values,
so that tracker solutions for both the bolon and the cosmon in the early universe become possible.
We therefore employ a specific form of the potential similar to one originally introduced in [Matos
and Urena-Lopez, 2000, 2001], but with an additional coupling to the cosmon field:

V2(ϕ,χ) = M4
pc2e−2βϕ/Mp

�
cosh

�
λχ
Mp

�
−1

�
. (3.93)

The dimensionless constant c in this potential is closely related to the scale of anomalous symmetry
breaking of dilatation symmetry, as is discussed in more detail in [Beyer et al., 2011]. Asymptotically
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the bolon-dependence of this potential can be decomposed as follows

cosh(λχ/Mp)−1 ≈
�

1
2 e|λχ/Mp| |λχ/Mp|� 1
1
2

λ2χ2

M2
p

|λχ/Mp|� 1
, (3.94)

which ensures the required quadratic χ-dependence for small field values, with a cosmon-dependent
bolon mass given by

mχ(ϕ)2 = c2M2
pλ2e−2βϕ/Mp . (3.95)

For larger field values the potential gets much steeper, which is a necessary feature for a model
exhibiting scaling solutions that lead to an insensitivity of the cosmological evolution to initial con-
ditions for a wide range of initial field values.

We will refer to the cosmological model with two scalar fields and a common potential defined
by equations (3.89), (3.90) and (3.93) as the coupled cosmon-bolon model, where χ is the bolon
(meaning ’lump’), since it will act as dark matter and be ultimately responsible for the formation of
structures in the universe. We choose α > 0 and λ > 0 throughout this work, which can always be
achieved by a suitable redefinition of ϕ and χ. Our motivation by asymptotic dilatation symmetry then
requires β > 0 also. We will however at some stages refrain from this constraint and consider β < 0
as well. Much of this thesis will be concerned with the analysis of its cosmological consequences of
this model. In addition to the two scalar fields, which make up the entire dark sector in our model,
we also include baryons, photons and neutrinos into our cosmology.

In the remainder of this chapter we will provide a short outline of the evolution of the two scalar fields
in a FLRW universe, mainly to give the reader an overview over the situation at hand. In doing so,
we will draw heavily from the results presented in more detail in the coming chapters, in particular
chapters 4 and 5. In chapter 4 we will anaylze the evolution of linear perturbations during the late
universe, when the quadratic approximation for the bolon potential is valid, in some detail, while
in chapter 5 we focus on the evolution of both the background and linear perturbations in the early
universe, when the exponential approximation for the bolon potential is valid.

In the ensuing presentation we follow section III of [Beyer, 2014b] closely. Copyright for the figures
and excerpts of this preprint resides, at the time of writing this, with the author, but will be transferred
to the American Physical Society upon acceptance of the paper.

3.4.3 COSMOLOGICAL EVOLUTION

Cosmology with coupled scalar fields

Before we go to describe the dynamics of the cosmon bolon model, we need to introduce some
nomenclature about cosmological scalar fields. Generically, the action for two canonical scalar fields
which couple through their common potential reads:

S(sc) =−
� √

−g
�

1
2

DµϕDµϕ+
1
2

DµχDµχ+V (ϕ,χ)
�
. (3.96)
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Variation of this action with respect to the scalar field yields the Klein-Gordon equations

DµDµϕ−V,ϕ= 0 , DµDµχ−V,χ= 0 . (3.97)

There is no canonical way to define separate energy momentum tensors for the two scalar fields in
such a coupled scenario, in particular it is unclear how the potential energy should be split up. Let us
nonetheless introduce an arbitrary splitting

V (ϕ,χ) =V1(ϕ,χ)+V2(ϕ,χ) , (3.98)

after which the energy momentum tensors can be readily defined as follows:

T µν
ϕ = DµϕDµϕ−gµν

�
1
2

DτϕDτϕ+V1(ϕ,χ)
�
, (3.99)

T µν
χ = DµχDµχ−gµν

�
1
2

DτχDτχ+V2(ϕ,χ)
�
. (3.100)

In a spatially homogeneous and isotropic FLRW universe we can insert the FLRW-metric and drop
all spatial derivatives in the scalar field equations (3.97) to obtain:

ϕ��+2H ϕ�+a2V,ϕ = 0 , χ��+2H χ�+a2V,χ = 0 . (3.101)

The energy momentum tensor is then again of the perfect fluid form, with the following identifica-
tions:

ρϕ =
1

2a2 ϕ�2 +V1(ϕ,χ) , ρχ =
1

2a2 χ�2 +V2(ϕ,χ) , (3.102)

pϕ =
1

2a2 ϕ�2 −V1(ϕ,χ) , pχ =
1

2a2 χ�2 −V2(ϕ,χ) . (3.103)

The dimensionless couplings governing the equations of energy conservation (see eq. (2.54)) then
simply read:

qϕ =
V1,χχ� −V2,ϕϕ�

3H (1+ωϕ)ρϕ
, (3.104)

qχ =−
V1,χχ� −V2,ϕϕ�

3H (1+ωχ)ρχ
. (3.105)

Having set up the basics, we now move on to discuss the evolution of the cosmon bolon model. We
will split the analysis into two parts, the early universe, when the approximation of the common
potential for large field values is valid, and the late universe, when we can employ the quadratic
approximation for small field values (see eq. (3.94)).
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Tracking in the early universe

The dynamics of the evolution of the cosmon-bolon system in the early universe will be investigated
in detail in chapter 5, here we will only use the relevant results. Using a dynamical system analysis
one can show that attractive exact scaling solutions exist for the coupled exponential, in fact, these
solutions split the parameter space of this model into disjunct sections. There is one particular scaling
solution which is relevant for the early universe dynamics in our scenario, we have denoted it by R4
in Table 5.1 (see next chapter). This is the only stable scaling solution which allows for a radiation-
like expansion for early times with a continuous range of couplings extending from the negative to
the positive realm. It is also the unique stable scaling solution which covers the range of model
parameters which are phenomenologically interesting, in particular the range of small couplings.
All other stable fixed points do either not provide a realistic early cosmology (i.e. a radiation-like
expansion) or only exist for large couplings, which can be observationally excluded, as we discuss
below. Table 5.2 provides the constraints on the model-parameters arising from the demands of
existence and stability of this fixed point, which are given by

β/α <
1
2
,

αβ
λ2 +4β2 ≤ 1

2
, α > 2 , λ2 >

4(2β−α)2

α2 −4
. (3.106)

For the range of positive couplings 0 < β/α < 1/2 the additional condition

λ2 > 2β(α−2β) (3.107)

is required. We will stick to this parameter range from now on.

The evolution of the scalar fields during this early phase of the cosmic evolution can be obtained from
the dynamical system analysis as well, under the assumption that baryons can be ignored, which is a
valid assumption for early times. The results presented in Table 5.1 and a straightforward calculation
give

ϕ(H ) =−
Mp

α
ln
�

f(α,β,λ) H 2

a2M2

�
, (3.108)

χ(H ) =
Mp

λ
ln
�

8(1−2β/α) H 2

a2mχ(ϕ)2

�
, (3.109)

where

f(α,β,λ) = 4(λ2 +4β2 −2αβ)
α2λ2 . (3.110)

The density parameters of the cosmon and the bolon corresponding to this solution can cover a large
range of values, depending on the choices of the model parameters α,β and λ. They are given by

Ωϕ,es =
4

α2 +
8
3

β/α(−1+2β/α)
λ2 , (3.111)

Ωχ,es =
4
λ2 +

8
3

β/α(−5+4β/α)
λ2 , (3.112)

where the subscript ”es” stands for ”early scaling”.
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The stability of this scaling solution is subject to two conditions: First, we neglected baryons in
the derivation. Second, we assumed that the exponential approximation for the bolon-potential is
valid. Both of these assumptions are valid for sufficiently early times (and a suitable range of initial
conditions), but will eventually be violated. When this happens, the scaling behavior will be broken
by a transition to a matter dominated era, where the bolon gets transferred towards the minimum of its
potential and starts to perform quick oscillations, effectively acting like dark matter. Let us estimate
when this takes place. Extrapolating the early scaling solution to the time when the bolon reaches a
field value of Mp/λ gives a good estimate. According to equation (3.109) we have at this time

H 2/a2mχ(ϕ)2 ≈ e/8(1−2β/α) , (3.113)

which is of order 1.

The late universe

For sufficiently late times the cosmic evolution drives the bolon towards the minimum of its potential,
so that it eventually acquires very small field values χ/Mp. For such small deviations from the
minimum we can approximate the bolon potential by

V2(ϕ,χ) =
mχ(ϕ)2

2
χ2 , (3.114)

with
mχ(ϕ) = m0 exp(−βϕ/Mp) and m0 ≡ Mpcλ . (3.115)

The dynamics of the bolon in this regime depend on the ratio µ ≡ H /amχ(ϕ).4 For µ > 1 the Hubble
friction is strong enough to keep the bolon field frozen at some (almost) constant value, whereas for
µ < 1 we expect rapid oscillations to occur. As we have just seen, a scaling scenario in the early
universe will deliver the bolon to field values of the order Mp/λ when µ ≈ 1. We can track the
subsequent behavior of this parameter by investigating the time evolution of µ, which is governed by
the following relations:

µ =
H

am0
eβϕ/Mp =

H
am0

�
3

H 2

a2M2
p

Ωϕ,pot

�−β/α

, (3.116)

µ� =µH
�
−3

2
(1+ωeff)+β

�
6Ωϕ,kin

�
, (3.117)

where Ωϕ,kin = ϕ�2/6M2
pH 2 and Ωϕ,pot = a2V1/3M2

pH 2. Here eq. (3.117) is valid independent of the
precise shape of the potential V1 and therefore for all quintessence scenarios coupled to the cosmon,
whereas eq. (3.116) requires an exponential cosmon potential.

If the quintessence field exhibits a scaling or tracking behavior, i.e. the the density parameter Ωϕ
is (almost) constant and not bigger than a few percent, equation (3.117) directly tells us that µ is

4This should not be confused with the symmetry breaking scale also called µ used above. From here on out µ always
refers to the ratio of the Hubble rate to the bolon mass.
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decreasing as long as β is not too large. During radiation and matter domination when ωeff ≥ 0 this
covers a wide range of couplings. Nonetheless, for very late times, this condition can be violated
even for small couplings. In fact, we might quite generally expect this to happen. To see this, simply
consider a very late cosmology which is dominated by the cosmon and has an (almost) de-Sitter like
expansion, i.e. ωeff ≈−1. This necessarily requires Ωϕ,kin � 1 and one can calculate that µ will start
to increase again if

β >
�

3Ωϕ,kin/2 , (3.118)

where we made the simplifying assumption that Ωϕ = 1, i.e. this should be considered the leading
order contribution in Ωϕ,kin. Therefore any quintessence scenario which converges toward ωϕ =−1
for τ → ∞ will eventually lead to arbitrarily small Ωϕ,kin and ’refreeze’ the bolon field for non-zero
positive coupling. We will not be concerned with this process however, as it lies in the far future.

We can draw deduce a direct constraint on the coupling β from equation (3.116) in conjunction with
the requirement of a decreasing µ. It reads:

β/α < 1/2 . (3.119)

The same restriction was already found earlier by requiring the existence of a radiation-dominated
scaling solution in the early universe (see equation (3.106)). We have therefore shown that a decreas-
ing µ is a quite generic feature in the cosmon-bolon model for a wide range parameters which give
rise to realistic early cosmologies. We will therefore now consider the dynamics in the regime µ � 1.

These dynamics contain very fast oscillations of the bolon field around its minimum, which are
very expensive to resolve numerically. The oscillations transfer, in principle, to all other dynamical
through Einstein’s equations and explicitly to the cosmon through the coupling β. In chapter 4 we
provide an analytical mechanism how to average over these oscillations, which have a period of the
order 1/mχ, a timescale much shorter than a Hubble time. What we end up with is an effective
description valid for sufficiently late times, i.e. sufficiently small values of µ. Leaving the details of
this mechanism for later, the resulting equations are the following:

The cosmon evolution is governed by the field equation

ϕ�� =−2H ϕ� −a2V1,ϕ +
β

Mp
a2ρχ , (3.120)

whereas the bolon energy density follows

ρ�
χ +3H ρχ =−β ϕ�

Mp
ρχ . (3.121)

Friedmann’s equation now reads

H 2 =
a2

3M2
p

�
ρχ +ρϕ +ρext

�
. (3.122)

All dynamical quantities used in these equations evolve adiabatically to leading order, i.e. do not
change considerably on a timescale 1/mχ. The only exception at the background level would be the
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bolon pressure pχ (see next chapter for more details). The energy density ρext contains all additional
energy densities, i.e. photons, neutrinos and baryons. We have thus come to the result that the cos-
mon and bolon form a system of coupled quintessence, which was already analyzed in [Amendola,
2000a] and described in section 3.2. For the range of parameters we are investigating (in particular
α >

√
2) it allows for accelerated expansion only for large negative β, specifically α < −2β (see

Table 3.1). This is not only inconsistent with our original motivation of an asymptotically vanishing
bolon mass, but also excludes the possibility of a prolonged matter dominated epoch in our scenario,
as we have checked numerically. For such large negative couplings the universe simply transitions
quickly from radiation-domination to an accelerated expansion. This problem is connected to the fact
that the coupled quintessence scenario does not describe our model in the early universe. Within a
pure coupled quintessence model realistic accelerated cosmologies are of course possible and were
discussed by Amendola [2000a]. Furthermore current bounds on coupled quintessence models al-
ready rule out such strong couplings (see e.g. [Pettorino et al., 2012]), as we will discuss further
below. We therefore exclude this possibility as unrealistic and focus on smaller couplings.

For these our cosmology will quickly adjust itself to a matter-dominated scaling solution, with the
bolon energy-density scaling slightly differently than baryons due to the coupling. The parameter
bounds resulting from the conditions of existence and stability of this solution can be found in Table
3.2 and read:

|α−β|>
�

3
2
, α >

�
2
3

4β and α >
1
2

�
β+

�
12+β2

�
. (3.123)

For positive β we additionally require

α < (β+3/β) . (3.124)

None of these constraints are in conflict with the ones we found above from considerations of an at-
tractive radiation dominated era in the early universe or the condition of a decreasing µ. All parameter
choices used in this thesis will respect all the bounds mentioned in this section. This is important,
because we will end up using the averaged description in our numerics below, which would possibly
become incorrect it we violated the parameter bounds derived here.

Before we move on we would like to say a few words concerning baryons. The coupled quintessence
model studied in [Amendola, 2000a] considered a universal coupling to all matter. In the model
introduced here, we have recovered a coupling only between dark matter and the quintessence field,
the baryons remain uncoupled. Thus, we can not expect the scaling solutions in Table 3.1 to hold
precisely, a small correction due to baryonic effects should be present. Furthermore, a coupling to
all matter, including baryons, is tightly constrained by experiments testing the equivalence principle,
since the coupling can be interpreted as a ’fifth force’ on the matter particles. One way around this
would be to change the setting in such a way that the ’fifth force’ is shielded within dense matter
accumulations (this is known as the Chameleon mechanism [Brax et al., 2004, Khoury and Weltman,
2004b,a, Brax et al., 2005]). For a coupling only between dark matter and the quintessence field, the
observational constraints are much weaker.
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FIGURE 3.3: Density parameters in the cosmon bolon model
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We show the density parameters for neutrinos (ν), photons (γ), baryons (b), the bolon (dm) and
the cosmon (q) in the cosmon bolon model. The bolon exponential is chosen to be λ = 30, the
quintessence exponential α = 20. The coupling β takes the values 0, 0.05 and -0.05 for the solid,
dashed and dotted lines respectively. The cosmon evolution was stopped by an ϕ-dependent expo-

nential in the cosmon potential (see chapter 4 for more details).

Accelerated expansion

As was already pointed out, the specific model with an exponential potential treated here, with the
restrictions on the parameters just derived, does not result in an accelerated expansion. The cosmon
field simply adjusts itself to a scaling solution and will remain there. We are not too concerned about
this problem, we have already seen several ways out of it in section 3.2. We could for example
assume a slightly different form of the quintessence potential by reintroducing a ϕ-dependent expo-
nential α(ϕ) [Wetterich, 1995], alternatively a non-standard kinetic term [Hebecker and Wetterich,
2001], a ϕ-dependent minimum in the bolon-potential [Beyer et al., 2011], a ϕ-dependent coupling
β(ϕ) [Tocchini-Valentini and Amendola, 2002] or an additional coupling to other components of the
cosmic fluids (e.g. neutrinos, see [Amendola et al., 2008]) can break the scaling behavior and effec-
tively stop the evolution of the cosmon, leading to an accelerated expansion. A detailed investigation
of such scenarios is not the topic of this thesis. In order to arrive at realistic results, we will choose
one of these possibilities in our numerics in the following chapter. An exemplary evolution of the
density parameters in this model is given in Figure 3.3.

Observational parameter bounds

So far all the parameter bound we cited originated from the desire to obtain a realistic cosmology
independent of model parameters. Current experimental bounds on these parameters go far beyond
these theoretical limits. To our knowledge the most stringent observational bounds on a coupled
theory such as ours come from big bang nucleosynthesis (BBN) [Ferreira and Joyce, 1997, 1998,
Bean et al., 2001] and cosmic microwave background (CMB) observations [Calabrese et al., 2011,
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Reichardt et al., 2012, Xia et al., 2013, Pettorino et al., 2013]. These bounds concern two quantities
in our model: The density parameters for the scalar fields in their scaling solution (early dark energy)
and the coupling β.

Let us start with bounds on early dark energy. We have already sketched how a tracker quintessence
field modifies big bang nucleosynthesis and how observations of the abundances of the lightest ele-
ments in the cosmos can put an upper bound on the quintessence density parameter. Let us quickly
recall the bound from Bean et al. [2001], which is at 0.045, the tightest constraint known to us . In our
model this should be seen as a bound for the combined scalar density parameter Ωsc,es = Ωϕ,es+Ωχ,es

as given in equations (3.111) and (3.112), as both fields act as early dark energy in our scenario. On
the other hand, the CMB constraints on early dark energy should be applied only to the cosmon field,
as the bolon already acts as dark matter at the time of CMB emission. The tightest bound comes from
the Planck cooperation [Ade et al., 2013b], and from Table 3.1 one directly obtains

Ωϕ,cq =
3−αβ+β2

(α−β)2 � 0.01 . (3.125)

The subscript "cq" stands for coupled quintessence, indicating that we are in the regime where the
averaged late time dynamics are valid.

Furthermore CMB analyses of coupled quintessence models also put a bound on the coupling [Pet-
torino et al., 2012], currently at the order of β2 � 0.01. Interestingly, the best fit values for such a
coupling from CMB data are inconsistent with zero at around 2−3σ [Pettorino et al., 2012] and fa-
vor a positive coupling. Future constraints using Planck and Euclid data sets are expected to improve
bounds on the coupling by about two orders of magnitude [Amendola et al., 2012] and should be able
to sort out if this is a real effect or not.

These CMB bounds, both for the coupling and for early dark energy, were derived for standard cold
dark matter coupled to quintessence, but we expect similar constraints to hold in our scenario. As we
will see in chapter 4, the evolution of perturbations in our model is different than in coupled cold dark
matter models, but we expect these differences to be largely irrelevant for the CMB constraints, as
they are only important for scales much smaller than the ones corresponding the multipole moments
where the CMB has the most constraining power.

Parameter adjustment

At the background level our model has 4 parameters determining the behavior of the two scalar fields,
the exponents α and λ, the coupling β and the mass-parameter c2. To fully determine the background
evolution (after some suitable very early time, in particular after neutrino-decoupling and electron-
positron annihilation) we also have to fix the current radiation density ρr,0 (or, equivalently, the CMB
temperature) and the baryon density ρb,0. We can now predict the current density parameters for both
the bolon and the cosmon from the fundamental model parameters, adopting a procedure similar to
one introduced in [Matos and Urena-Lopez, 2001]. This is an important step if one wants adjust the
model parameters to values leading to realistic cosmologies.
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First, we define a scale factor a∗ as the scale-factor at which χ = Mp/λ, i.e. roughly the time when
bolon oscillations start. Extrapolating the analytically known bolon-evolution for the early scaling
solution (eq. (3.109)) up to that point directly gives (see eq. (3.113))

H (a∗)2 =
e

8(1−2β/α)
a∗2 mχ(ϕ∗)2 , (3.126)

where ϕ∗=ϕ(a∗). Furthermore we can evaluate Friedmann’s equation to obtain under the assumption
that the cosmon also still follows its early scaling solution up to a∗:

H (a∗)2 =
a∗2

3M2
p

ρr(a∗)
1−Ωsc,es

=
a∗−2

3M2
p

ρr,0

1−Ωsc,es
. (3.127)

Now we can set the last two equations equal, plug in the estimate for the cosmon value ϕ∗ = ϕ(a∗)
by extending the analytic formula for the early scaling solution given by equation (3.108) and obtain
the following estimate for a∗:

a∗ =

�
ρr,0

3M4
p

� 1
4
�

8(1−2β/α) f−2β/α

ec2λ2(1−Ωsc,es)1−2β/α

� 1
4(1−2β/α)

(3.128)

where Ωsc,es = Ωϕ,es +Ωχ,es and f = f(α,β,λ) as defined in eq. (3.110).
To make contact with the current bolon energy density, we can assume that from a∗ onwards, the
bolon will follow its evolution determined by eq. (3.121). Since the coupling causes the bolon-
density to scale slightly differently than the baryons, we can not simply fix the ratio of the two energy
densities, but have to specify ρχ at some redshift, say at z = 0. Once this is set, all that remains to
consider is the cosmon energy density, which should dominate the cosmic evolution at late times. In
particular we need to stop the evolution of the cosmon at some low redshift z̃ (appoximately 5). The
value of the cosmon ϕ0 = ϕ(z = 0) ≈ ϕ(z̃) can the simply be obtained by extending the late time
cosmon scaling solution for coupled quintessence to z̃. For sufficiently late times we thus have

ρχ
ρr

∝ a−1e−βϕ/Mp . (3.129)

Extrapolating this evolution back to a∗ and estimating the bolon energy-density at a∗ by the one given
by the scaling solution then gives

a∗ =
ρr,0

ρχ,0

Ωχ,es

1−Ωsc,es
eβ(ϕ∗−ϕ0)/Mp , (3.130)

where we have not yet inserted the cosmon evolution in order to keep the equation simple. Plugging
in this information using the approximations described above and equating the right hand sides of
(3.128) and (3.130) gives us an approximate expression for the current bolon energy density ρχ,0
given a set of model parameters. We can make this and exact expression by including a numerical
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FIGURE 3.4: Adjustment of the bolon energy density
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We show the bolon energy density in its correct evolution, determined numerically (blue line) and
the approximation we made in eq. (3.131) without the numerical adjustment factor N. Cleary we
overestimate the current bolon energy density by a factor of roughly 2.5, which is why N ≈ 0.4. The

dashed gridline represents a∗. The model parameters are the same as in Figure 3.3 with β = 0.
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where

g =g(α,β,λ) = 1+
6β2 −6αβ+18

6(α−β)2 and (3.132)

g̃ =g̃(α,β,λ) = g(α,β,λ)− 3
2(α−β)2 . (3.133)

The adjustment factor N is of order 1, but always smaller, roughly 0.4. This is due to the fact that
estimating the bolon energy density at a∗ by the scaling solution is quite accurate, but using the
averaged evolution from that point on leads to an overestimate of ρχ,0 since the bolon energy dilutes
faster than non-relativistic matter during the early oscillatory phase. This is visualized in Figure 3.4.
Furthermore N is a function of the model parameters α, β and λ as well as the energy densities ρr,0,
ρχ,0 and z̃. It of course will also take (slightly) different values depending on which scenario is chosen
to stop the cosmon evolution for late times. For practical purposes, we will choose one such scenario
in the following chapter where we present numerical results and determine N (for fixed z̃ = 5, ρr,0 and
ρχ,0) by running through a grid on c2 and the remaining model parameters. We will give the precise
value of N whenever discussing a specific choice of parameters.

We have therefore recovered a model in which the dynamics of the dark sector are determined by
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four parameters. Actually, stopping the cosmon evolution introduces another one, so we should be
honest and say that we have five parameters describing the dark sector. This may seem like a lot
when compared to the cosmological standard model, in which essentially only two parameters, the
cosmological constant and the current dark matter energy density appear as free parameters at the
background level. We should, however, keep a few things in mind: This coupled scalar field model
can be considered to be a complete particle physics model of the dark sector, and therefore should be
compared with particle physics models of CDM, which typically include additional parameters. For
example, in WIMP models, one needs to specify at least the mass and weak interaction cross section
of the dark matter particle in order to predict its abundance in the universe.

Splitting the scalar field potential

Before we move on to study linear perturbations in this model in the next chapter, we want to come
back to one fundamental point: The assignment of energy densities to the two scalar fields. We have
already mentioned that this assignment is, on a mathematical level, completely arbitrary, there is no
reason to prefer a specific splitting of the potential. So one might wonder if it even makes sense to
talk about the two scalar fields separately and consider quantities like the bolon density parameter
and the cosmon density parameter. After all, a different potential splitting would result in a very
different evolution of these quantities. While that is true, we want to give a few arguments in favor
of the splitting used above. First, any splitting should attempt to separate possibly different physical
behaviors of the scalar fields. For a potential with a valley, such as ours, one may hope to find one
degree of freedom describing the direction of the valley and the second one perpendicular to it. This
is not always analytically possible (see e.g. [Beyer, 2011, Beyer et al., 2011]), but for our simple
potential the splitting (3.89) achieves this precisely. Furthermore, as we have seen by the effective
coupled quintessence description above, cosmon and bolon do indeed have very different physical
roles in the late universe, which are well captured by our definitions.



4 THE INHOMOGENEOUS UNIVERSE 1:
LINEAR PERTURBATIONS

The universe is not homogeneous. Any realistic cosmological model should therefore not only pro-
duce a realistic expansion history, but also a growth of cosmological perturbations which is compati-
ble with current observational constraints. The data about cosmological inhomogeneities is plentiful,
and growing quickly.

Small temperature fluctuations in the CMB of the order ∆T/T ≈ 10−5 have been observed by many
experiments, both satellite and balloon-based [Mather et al., 1994, Fixsen et al., 1996, Hanany et al.,
2000, de Bernardis et al., 2000, Kovac et al., 2002, Readhead et al., 2004, Hinshaw et al., 2013,
Ade et al., 2013a,b, 2014]. These provide an (almost) direct picture of the universe when it was
only ∼ 380000 years old. Milestones in CMB observations were its discovery [Penzias and Wilson,
1965a], the detection of a Planckian temperature spectrum [Mather et al., 1994, Fixsen et al., 1996],
the detection of anisotropies at a level consistent with the existence of cold dark matter [Hanany
et al., 2000, de Bernardis et al., 2000], detection of E-mode polarization [Kovac et al., 2002, Read-
head et al., 2004] and, possibly, a recent detection of B-mode polarization which could constrain
inflationary scenarios [Ade et al., 2014].
Since the temperature perturbations are small, CMB features can (mostly) be calculated from linear
perturbation theory. Non-linear structure formation enters only through effects on CMB photon prop-
agation, the most prominent ones are the integrated Sach-Wolfe effect [Sachs and Wolfe, 1967] and
the (kinetic and thermal) Sunyaev-Zel’dovich effects [Sunyaev and Zeldovich, 1972]. Today, CMB
data analysis is very far advanced and provides very strong constraints on cosmological models.

Other probes of cosmic structure formation include galaxy surveys [Lahav and Suto, 2004] weak
lensing [Bartelmann and Schneider, 2001, Refregier, 2003], or the Lyman α-forest [Weinberg et al.,
2003]. Galaxy redshift surveys record the distribution of galaxies (within a limited observable vol-
ume) by determining their redshifts. The resulting data traces the baryon density and can in principle
be used as a tracer of the dark matter density as well. This last step requires knowledge about the
relation between dark matter structures and baryonic structures, the so called luminosity bias, a quan-
tity which depends on galaxy formation processes [Baugh, 2013] .
Weak lensing can probe the dark (or rather the total) matter distribution more directly, opening up the
possibility to reconstruct the three-dimensional matter distribution, at least in principle [Hu, 1999].
Finally the absorption lines in the continuous emission spectra of distant quasars can also be used as a
probe of structure formation models [Weinberg et al., 2003]. As the photons emitted from the quasar
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redshift, each intergalactic gas cloud they pass through creates an absorption line at a wavelength
below the Lyman-alpha line, according to the respective redshift of absorption.

The aim of this chapter is to describe the evolution of linear perturbations in the coupled cosmon-
bolon model introduced in the previous section. This requires several steps. First, we need to derive
the linear perturbation equations for this model, for both the two scalar fields and for photons, neu-
trinos and baryons. This will be done in a gauge-invariant manner in section 4.1. Afterwards, the
equations have to solved numerically in a Boltzmann-code. We have opted not to use one of the ex-
isting codes like CLASS [Blas et al., 2011, Lesgourgues, 2011a] or CAMB [Lewis and Bridle, 2002],
but have written a new one instead which is particularly adapted to fit our model. Nonetheless, we
rely heavily on the techniques employed in these codes, in particular on the approximation schemes
described in [Blas et al., 2011] for baryons, photons and neutrinos. Since we employ a manifestly
gauge-invariant setting, these schemes had to be adapted to our variables. We describe how this is
done in section 4.2.

Finally, the scalar field perturbation equations (in fact, even the background equations) do not lend
themselves well to a direct numerical evolution. This is due to very quick oscillations arising at
both the background and perturbative level during the later stages of the cosmic evolution. Resolving
these correctly, in particular the interferences between background and perturbations, would require a
huge computational effort. Therefore we first derive a set of effective averaged perturbation equations
analytically, which we then use in our code for sufficiently late times. This process is described in
section 4.3, where we compare the resulting equations to those of standard cold dark matter. Finally,
we describe how the different approximations are integrated into our code in section 4.4.1 and present
the results of of the numerical runs, the bolon power spectrum, in section 4.4.2.

The first part of this chapter contains a short introduction to linear cosmological perturbation theory.
This is standard material, we rely on a mixture of [Kodama and Sasaki, 1984, Gorbunov and Rubakov,
2011a, Amendola and Tsujikawa, 2010] and [Mukhanov et al., 1992]. Parts of the contents of this
chapter have been published in [Beyer, 2014b]. In sections 4.1 and 4.3 we draw heavily from the
appendix of [Beyer, 2014b], in section 4.3 we closely follow the presentation of section IV of this
paper. Copyright for the figures and excerpts of this preprint resides, at the time of writing this, with
the author, but will be transferred to the American Physical Society upon acceptance of the paper.
One issue we omit in this chapter is that of initial conditions. These are analyzed in chapter 5 in some
detail, here we simply use the adiabatic perturbation mode derived there as input for our simulations.

4.1 BASICS

In cosmological linear perturbation theory, every dynamical quantity A (e.g. the metric, scalar fields
or fluid quantities in the energy-momentum tensor) gets split up into a background quantity Ā(τ)
and a perturbation δA(τ,�x). In order for linear perturbation theory to be valid, we need to require
δA/Ā � 1. The background field Ā(τ) then follows its evolution according to the equations of
motion in a FLRW universe, and the perturbations δA(τ,�x) follow the equations of motion linearized
around this background. The latter will contain partial derivatives with respect to the comoving
coordinates�x as well as conformal time τ, so they form a set of partial differential equations. These
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are hard to deal with, but luckily one can improve matters by going to Fourier space, i.e. by expanding
the perturbations as follows:

δA(τ,�x) =
� d3k

(2π)3 δA(τ,�k)e−i�k·�x . (4.1)

As is common practice, we do not make a difference in nomenclature between δA(τ,�x) and its Fourier
transform δA(τ,�k). In Fourier space, the equations for the different wavenumbers�k decouple and we
are left with a set of ordinary differential equations in τ. To go from real space to Fourier space one
simply can replace the spatial derivatives as follows:

∂
∂xi δA(τ,�x)→−ikiδA(τ,�k) . (4.2)

As we will soon see, the resulting evolution equations for the linear perturbations do not depend on
the direction of�k, but only on its absolute value k ≡ |�k|, further simplifying the problem.

Any dynamical quantity appearing in Einstein equations can be categorized according to its transfor-
mation behavior under spatial rotations in SO(3). In this context we differentiate between scalars,
3-vectors and rank 2 3-tensors, and denote these by A , Bi and Ci j respectively. The 3-vectors can
now be written as a gradient (the scalar part) and a divergence-free vector:

Bi = ∂iB����
scalar

+ B̃i����
vector

, with gi j∂iB̃ j = 0 . (4.3)

Similarly, rank 2 3-tensors can be decomposed as follows:

Ci j =Cδi j +(∂i∂ j −
1
3

δi j∇2)C
� �� �

scalar

+2∂(iC̃ j)� �� �
vector

+ C̃i j����
tensor

, (4.4)

where the vector and tensor parts are divergence-free, i.e. gi j∂iC̃ j = gi j∂iC̃ jl = 0. Here we also used
the symmetric operator

∂(iC̃ j) =
1
2
�
∂iC̃ j +∂ jC̃i

�
. (4.5)

Note that, slightly confusingly, both 3-vectors and rank 2 3-tensors have a scalar part and a vector part
in the decomposition, we used the nomenclature 3-vector and 3-tensor precisely to avoid confusion
concerning this matter. Hopefully it worked.

In linear perturbation theory, the scalar, vector and tensor perturbations decouple and can be analyzed
separately. In this thesis we are exclusively concerned with the scalar sector of perturbations, since
we analyze a theory of scalar fields and those do not source vector or tensor modes.

Generally speaking, vector perturbations do not play an important role in cosmology, as they can
be shown to decay. So even if they were present in the early universe, they become irrelevant very
quickly. The situation is different for tensor perturbations. They are the source of primordial gravi-
tational waves, which be created during the era of inflation and can in principle be observed through
polarization patterns in the CMB sky. In fact, the ratio of the primordial amplitudes of tensor and
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scalar perturbations might be observable in the near future and can be used to discriminate between
different inflationary scenarios [Gorbunov and Rubakov, 2011a, Ade et al., 2013c].

4.1.1 PERTURBING EINSTEIN-GRAVITY

We now quickly describe how to perturb dynamical quantities in Einstein gravity which are relevant
to our model, i.e. the metric, a generic energy momentum tensor and cosmological scalar fields.

Metric perturbations

Generically, the perturbed metric around a FLRW solution in four dimensional spacetime has 10
degrees of freedom, 4 scalar, 4 vector and two tensor degrees. We are only interested in the scalar
part here, and the generic line element not including vector or tensor contributions is given by

ds2 = a(τ)2�−(1+2φ)dτ2 +2G,i dτdxi +[(1−2ψ)δi j +F,i j]dxidx j� , (4.6)

where a comma denotes a partial derivative, e.g. G,i = ∂iG.

Energy-momentum perturbations

For any (non-minimally coupled) component of the cosmic fluid the most generic form of the linearly
perturbed energy momentum tensor reads

T µ
αν = (ρα + pα)u

µ
αuαν + pαδµ

ν +πµ
αν . (4.7)

Here ρα, pα and uα have the usual meanings of the total (i.e. background and perturbed) energy
density, pressure density and four-velocity, respectively. πµ

αν is the anisotropic stress tensor. It can
always be chosen to be orthogonal to the four-velocity, i.e. uαµπµ

αν = 0, which means we can set
π0

α0 = π0
α i = 0. Furthermore the remaining spatial part can be chosen to be traceless, as any trace can

be reabsorbed into a redefinition of the pressure. The resulting traceless rank 2 3-tensor can therefore
be decomposed as follows (again ignoring the vector and tensor contributions):

πi
α j = Πα,i j −

1
3

∇2Παδi j , (4.8)

while all other components vanish. Concerning the four-velocity, we can write the irrotational part
(again neglecting vector modes) of uµ as

(uµ
α) =

1
a

�
(1−φ) , v,iα

�
. (4.9)
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We thus obtain for the scalar part of the stress energy tensor to linear order:

T 0
α0 =−ρ̄α −δρα , (4.10)

T 0
α i = (ρ̄α + p̄α)(G,i+vα,i ) , (4.11)

T i
α0 =−(ρ̄α + p̄α)(v

,i
α) , (4.12)

T i
α j = ( p̄α +δpα)δi

j +πi
α j . (4.13)

Here we have used a bar (like ρ̄) to mark background quantities.

Gauge transformations

Before we continue to write down the perturbed Einstein equations, we want to address one impor-
tant issue: The splitting of both the metric and the energy-momentum tensor in a background part
and a perturbation introduced above is not uniquely defined. In particular, we defined the spatial
coordinates on a preferred time slicing. Changing the time slicing corresponds to a simple coordinate
change, and since we keep the FLRW background fixed, this change translates to the perturbative
quantities only. This may appear to be a subtlety, but different coordinate choices, or gauges, can
have striking consequences. They can change the values of perturbation variables considerably and
even introduce fictitious perturbations, i.e. degrees of freedom which are non-physical, as they can
be eliminated by a gauge transformation.

Let us make this explicit. A gauge-transformation is simply a coordinate transformation given by

τ → τ̃ = τ+ξ0(τ,�x) , xi → x̃i = xi +ξ,i(τ,�x) . (4.14)

Here we already limited ourselves to the scalar part of the transformation, i.e. we dropped a possible
vector contribution to the change of the spatial coordinates. Clearly the coordinate change needs to
be ’small’, meaning that it should still be possible to consider the resulting perturbations as small
around the FLRW solution. The transformation rules for the metric perturbations can be obtained
from the generic metric transformation rule,

gµν → g̃µν =
∂xρ

∂x̃µ
∂xσ

∂x̃ν gρσ , (4.15)

which needs to be linearized. One obtains:

φ → φ−H ξ0 −ξ0� , ψ → ψ+H ξ0 ,

G → G+ξ0 −ξ� , F → F −ξ . (4.16)

An evaluation of the same transformation rule for the energy-momentum tensor yields the following:
The anisotropic stress tensor πi

α j is already gauge-invariant, whereas a scalar quantity δs (like δρα or
δpα) transforms like

δs → δs− s̄�ξ0 (4.17)
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under a generic gauge transformation. The velocity potential obeys

vα → vα +ξ�. (4.18)

Gauge invariant variables

A very elegant way to deal with the gauge issue is to introduce gauge-invariant variables. This is what
we will do for most of this thesis. For metric perturbations we will always resort to the commonly
used gauge-invariant Bardeen potentials [Bardeen, 1980], defined as

Φ ≡ φ−H σ−σ� and Ψ ≡ ψ+H σ , (4.19)

where σ is given by σ ≡ −G+F �, i.e. σ → σ− ξ0 under the above gauge transformation. For the
energy momentum tensor we employ the following gauge-invariant versions of scalar quantities (i.e.
δρα and δpα):

δs(gi) ≡ δs− s̄�σ , (4.20)

and also define a gauge-invariant momentum-perturbation via

[(ρ+ p)v](gi)
α ≡ (ρ̄α + p̄α)(vα +F �) . (4.21)

Furthermore, we will often use the dimensionless density contrast, defined via

δ(gi)
α =

δρ(gi)
α

ρ̄α
. (4.22)

These definitions are of course not unique, one could employ a large number of gauge invariant
metric and fluid quantities (see e.g. [Kodama and Sasaki, 1984] for an overview). We choose to work
with the definitions that correspond to the standard quantities used when working in the longitudinal
gauge (defined by F = σ = 0, see below).

Specific gauges

As an alternative to gauge invariant quantities, one can choose to fix the gauge specifically. There
are many options to do this, here we will only discuss the two most popular ones, synchronous gauge
and longitudinal gauge.

The longitudinal gauge is defined by F = G = 0. A quick look at the gauge transformations of metric
perturbations in eq. (4.16) confirms that this is is always possible and completely fixes the gauge,
there is no additional freedom left. Any coordinate transformation would lead to a violation of the
gauge conditions. This gauge has the advantage that it is easy to make the connection to Newtonian
gravity, as both remaining gravitational potential ψ and φ reduce to the Newtonian gravitational
potential in the corresponding limit. Our definition of gauge invariant quantities is designed such that
they precisely coincide with the corresponding longitudinal gauge quantities.
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The synchronous gauge is defined by φ = G = 0. Eq. (4.16) now tells us that this does not uniquely
fix the gauge. In fact, a residual gauge freedom of the form

ξ0 = f1(�x)a−1 , ξ = f1(�x) ln(a)+ f2 (�x) (4.23)

is still present. This remaining gauge freedom needs to be eliminated somehow, otherwise it can give
rise to unphysical fictitious gauge modes. This can be achieved if there is a component of the cosmic
fluid with vα ∝ a−1 in synchronous gauge (see eq. (4.18)). Such a component is precisely given by
minimally coupled cold dark matter, a fluid with ωCDM = δpCDM = 0 and no couplings. In this case
one can set vα = 0, leaving only f2(�x) as a free function. This remaining gauge freedom is in fact
meaningless, since it only changes the value of F by a constant (meaning a spatial distribution which
is constant in time), but F itself never appears in the equations of motion, only its derivative F �. The
remaining fictitious gauge mode in Fourier space is therefore one where F is constant in time and all
other quantities are zero, which can be easily eliminated. In our coupled scalar field model we have
no such simple component, making the partial gauge fixing impossible. Thus the synchronous gauge
is particularly unsuited for our situation.
Despite its disadvantages, the synchronous gauge is still commonly used up to today in many Boltz-
mann codes (e.g. [Lewis and Bridle, 2002]) and for the display of results, like power spectra. We
will do the same and thus need the transformation rules from the gauge-invariant description to the
synchronous gauge. First we recall that our gauge-invariant quantities coincide precisely with the
Newtonian gauge quantities, and the transformation to synchronous gauge quantities can therefore
be obtained from the generic gauge transformations for metric and energy momentum tensor quanti-
ties given in equations (4.16) to (4.18) with the following coordinate change:

ξ0 = a
�

dτΦ
a
, ξ� = ξ0 . (4.24)

This does not determine the functions ξ0 and ξ completely, reflecting the remaining gauge freedom
in synchronous gauge.

In the following sections the superscript ”(gi)” will be dropped since we will be using
gauge-invariant quantities exclusively. We will also stop employing the bar to denote the
background quantities, because the total densities will not appear in any of the equations
anymore.

Perturbation equations

Now we will present the equations of motion for the gauge invariant quantities introduced above.
We will work in Fourier space and start with Einstein’s equations. At linear order one obtains the
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following equations around a FLRW-background for the two Bardeen potentials:

k2Ψ =− a2

2M2
p
∑
α
(δρα −3H [ (ρ+ p)v ]α) , (4.25)

Ψ�+H Φ =− a2

2M2
p
∑
α
[(ρ+ p)v]α , (4.26)

Ψ��+2H Ψ�+H Φ�+(2H �+H 2)Φ =+
a2

2M2
p
∑
α

�
δpα −

2
3

k2Πα

�
. (4.27)

The two Bardeen potential are related by

Φ = Ψ−a2Πtot/M2
p , (4.28)

where Πtot =∑α Πα. In order to write down the generic perturbed equations of energy- and momentum-
conservation, we first have to specify the generic forms for energy- and momentum transfer at the
linear level. This is done by perturbing the coupling four-vector Q defined in eq. (2.52), which reads

δQ0
α =−aQα(φ+ εα) , (4.29)

δQ j
α = a [Qα(v+G)+ fα]

, j . (4.30)

Note that we have again dropped a possible vector contribution to the spatial part of the perturbed
coupling four-vector, which does not affect scalar perturbations. While fα is already gauge-invariant,
εα transforms as εα → εα − Q�

α
Qα

ξ0. We define a gauge-invariant momentum transfer via

τα = εα −
Q�

α
Qα

σ . (4.31)

The equation of energy conservation then reads at the linear level

δρ�
α =−3H (δρα +δpα)+ k2 [(ρ+ p)v]α +3(ρα + pα)Ψ�

+3H (ρα + pα)qαΦ+3H (ρα + pα)qατα , (4.32)

where we have used the dimensionless coupling qα defined in equation (2.54). The equation of
momentum conservation gives

[(ρ+ p)v]�α =−4H [(ρ+ p)v]α − (ρα + pα)Φ−δpα

+
2
3

k2Πα +3H qα
(ρα + pα)

(ρtot + ptot)
[(ρ+ p)v]tot +a fα . (4.33)

The equations presented in this section are both not complete and redundant. On the one hand, we
are missing an evolution equation for the anisotropic stress Πα. We will discuss how this can be
obtained for photons and neutrinos, the only constituents in our model which develop anisotropic
stress, in the next section. On the other hand, Einstein’s equations and the equations of energy and
momentum conservation are not independent. In fact, is is sufficient to consider only the equations
of energy-momentum conservation for each component of the cosmic fluid plus the Poisson equation
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(4.25) and eq. (4.28), equations (4.26) and (4.27) are redundant.

4.1.2 SCALAR FIELD PERTURBATIONS

We now want to discuss perturbations for cosmological scalar fields. We will directly start with the
case of two canonical scalar fields ϕ and χ which couple through their common potential, as this is
the relevant case for our analysis. At the background level, we have already seen how the energy
momentum tensor for the scalar fields can be mapped onto a fluid description (see section 3.4). At
the level of linear perturbations we can split the scalar fields into background parts and perturbations:
ϕ = ϕ̄+ δϕ and χ = χ̄+ δχ. In order to remain manifestly gauge-invariant we will work with the
redefined field perturbations (cf. eq. (4.20))

X = δϕ−ϕ�σ and Y = δχ−χ�σ . (4.34)

Plugging this and the linearly perturbed FLRW-metric (eq. (4.6)) into the Klein-Gordon equations
(3.97) yields the following (manifestly gauge invariant) linearized field equations:

X ��+2H X �+ k2X +a2V,ϕϕX +a2V,ϕχY +2a2V,ϕΦ−ϕ�Φ� −3ϕ�Ψ� = 0 , (4.35)

Y ��+2H Y �+ k2Y +a2V,ϕχX +a2V,χχY +2a2V,χΦ−χ�Φ� −3χ�Ψ� = 0 . (4.36)

Following section 3.4 we split the potential into two parts V (ϕ,χ) = V1(ϕ,χ)+V2(ϕ,χ), where the
exact definitions of V1 and V2 are in principle arbitrary. We can now directly calculate the energy
momentum tensor at linear order from eqs. (3.99) and (3.100). We again recover the fluid form given
in equations (4.10) to (4.13), this time with the following assignments:

δρϕ =
1
a2

�
ϕ�X � −Φϕ�2 +a2V1,ϕX +a2V1,χY

�
, (4.37)

δρχ =
1
a2

�
χ�Y � −Φχ�2 +a2V2,ϕX +a2V2,χY

�
, (4.38)

δpϕ =
1
a2

�
ϕ�X � −Φϕ�2 −a2V1,ϕX −a2V1,χY

�
, (4.39)

δpχ =
1
a2

�
χ�Y � −Φχ�2 −a2V2,ϕX −a2V2,χY

�
, (4.40)

[(ρ+ p)v]ϕ =
−1
a2 ϕ�X , (4.41)

[(ρ+ p)v]χ =
−1
a2 χ�Y . (4.42)

Anisotropic stress is not produced by scalar fields.

In order to find the correct perturbative expressions for energy- and momentum-transfer we have to
evaluate the equations of energy- and momentum conservation DµT µν

α = Qν
α at the linear level. We

can do this explicitly, using the linearized field equations (4.35) and (4.36) to finally obtain rather
complicated expressions. Since we assume that no additional couplings are present for the scalar
fields, except of course to gravity, we know that DµT µν

ϕ +DµT µν
χ = 0. From this it is easy to see that
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energy- and momentum transfer of the two fields are related by

fχ =− fϕ and τχ = τϕ , (4.43)

and we can restrict ourselves to quoting only the expressions for the perturbed cosmon-coupling here:

a fϕ =−
a2V2,ϕ

ϕ� [(ρ+ p)v]ϕ +
a2V1,χ

χ� [(ρ+ p)v]χ

+
2
�
χ�V1,χ −ϕ�V2,ϕ

�

3H (1+ωeff)
Φ+

2
�
χ�V1,χ −ϕ�V2,ϕ

�

3H 2(1+ωeff)
Ψ� , (4.44)

�
ϕ�V2,ϕ −χ�V1,χ

�
τϕ =+

a2V2,ϕ
ϕ� δρϕ −

a2V1,χ
χ� δρχ

+

�
a2χ�V1,ϕV2,ϕ −a2ϕ�V1,χV2,ϕ +ϕ�χ�2V1,ϕχ −ϕ�2χ�V2,ϕϕ

�

(ρϕ + pϕ)χ� [(ρ+ p)v]ϕ

−
�
a2ϕ�V1,χV2,χ −a2χ�V1,χV2,ϕ +ϕ�2χ�V2,ϕχ −χ�2ϕ�V1,χχ

�

(ρχ + pχ)ϕ� [(ρ+ p)v]χ . (4.45)

4.1.3 ALTERNATIVE PERTURBATION VARIABLES

In this section we want to introduce alternative perturbation variables which we will use in both our
numerics and analytical analyses below. Following [Malik, 2001] we introduce a redefined density
contrast and velocity potential via

∆α ≡δρα
ρα

+
ρ�

α
H ρα

Ψ =
δρα
ρα

−3(1+ωα)(1−qα)Ψ , (4.46)

Vα ≡−
H [(ρ+ p)v]α

ρα + pα
. (4.47)

The equations of energy- and momentum-conservation can now be rewritten in terms of these new
variables. This gives:

∆�
α =− k2

H (1+ωα)Vα +3(1+ωα)
�
q�α +3H (1+ c2

a,α)qα(qα −1)
�

Ψ+3H (1+ωα)qατα

−3H ωαΓα +3(1+ωα)qα
�
H Φ+Ψ��−3H

�
qα(1+ωα)+ c2

a,α −ωα
�

∆α , (4.48)

V �
α =3H

�
c2

a,α(1−qα)−qα −
1+ωeff

2

�
Vα +

H c2
a,α

(1+ωα)
∆α +3H c2

a,α(1−qα)Ψ

− 2
3

k2

H
ωαΠ̃α

(1+ωα)
+

H ωα
1+ωα

Γα −
H

ρα + pα
a fα +

2qα
1+ωeff

�
H Φ+Ψ��+H Φ . (4.49)
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Here we have introduced the adiabatic sound speed c2
a,α and the internal entropy perturbation Γα,

which are given by

c2
a,α ≡ωα +

ρα
ρ�

α
ω�

α = ωα −
ω�

α
3H (1−qα)(1+ωα)

, (4.50)

Γα ≡ 1
pα

�
δpα − c2

a,αδρα
�
, (4.51)

as well as a dimensionless quantity for the anisotropic stress

Π̃α ≡ H 2Πα
pα

. (4.52)

Einstein’s equations (4.25) - (4.28) can of course easily be adapted as well:

Ψ =−3
2

∑α Ωα (∆α +3(1+ωα)Vα)

k2/H 2 + 9
2(1+ωeff)

, (4.53)

Ψ�/H =−Φ+
3
2 ∑

α
Ωα(1+ωα)Vα , (4.54)

Φ = Ψ−3∑
α

ΩαωαΠ̃α . (4.55)

We have not included eq. (4.27) here, since it is redundant and will not be used below. (Eq. (4.54) is
also redundant, but we will nonetheless use it at one point.)

Scalar fields

Let us now rewrite the equations governing the linear scalar perturbations in our new variables. In
particular we would like to remove all direct dependences on the potential and the field derivatives
and replace them with the equations of state, the adiabatic sound-speeds and the couplings qϕ and qχ.
This setting is not necessary for our work in this chapter, but it will essential for our analysis of early
universe perturbations in chapter 5, and we feel it fits in better here.

To simplify matters we make the assumption that V1,χ = 0. This is not limiting the general model, as
the splitting of the potential is arbitrary and we can thus choose to assign the entire common part to
T µν

χ .

As a first step we employ the following relations to replace the potential derivatives:

V1,ϕϕ� =
3
2

H (1+ωϕ)(1−qϕ)ρϕ(c2
a,ϕ −1) , (4.56)

V2,ϕϕ� =−3H (1+ωϕ)ρϕqϕ , (4.57)

V2,χχ� =−3
2

H (1+ωχ)ρχ

�
1− c2

a,χ +qχ(1+ c2
a,χ)

�
. (4.58)
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The second derivatives can not be so easily replaced, but we can take the time derivative of equation
(4.57) to obtain

V2,ϕχ =
ϕ�

χ�

�
9
2

H 2

a2 qϕCϕ −V2,ϕϕ −3
H
a2 q�ϕ

�
, (4.59)

with Cϕ =
�
1+ωeff +(1−qϕ)(1+ c2

a,ϕ)
�
.

The derivative V2,ϕϕ remains in the equations and cannot be replaced without introducing another sec-
ond potential derivative like V2,χχ. Using these simplifications we can rewrite the perturbed couplings
as follows:

a fϕ =3qϕ(1+ωϕ)ρϕ

�
2
3
(Ψ�/H +Φ)

(1+ωeff)
−Vϕ

�
, (4.60)

τϕ =
1

1+ωϕ
∆ϕ +

�
3
2
(1−qϕ)(1− c2

a,ϕ)−
a2V2,ϕϕ
3qϕH 2

�
Vϕ

−
�

3
2

Cϕ −
q�ϕ

qϕH −
a2V2,ϕϕ
3qϕH 2

�
Vχ +3(1−qϕ)Ψ . (4.61)

The internal entropy perturbations now read:

ωϕΓϕ =(1− c2
a,ϕ)

�
∆ϕ +3(1+ωϕ)(1−qϕ)

�
Ψ+3(1+ωϕ)(1−qϕ)(1− c2

a,ϕ)Vϕ , (4.62)

ωχΓχ =(1− c2
a,χ)

�
∆χ +3(1+ωχ)(1−qχ)

�
Ψ−6(1+ωχ)qχVϕ

+3(1+ωχ)
�

1− c2
a,χ +qχ(1+ c2

a,χ)
�

Vχ . (4.63)

Now the generic perturbation equations can simply be obtained by inserting these results into the
generic equations (4.48) and (4.49). However, we see that the perturbed momentum transfer cannot
be fully specified without making some additional assumption about the coupling to eliminate the
remaining potential derivative. In the case of the cosmon-bolon model we directly obtain

V2,ϕϕ =
4β2

M2
p

V2 = 6β2(1−ωϕ)
H 2

a2 Ωϕ . (4.64)

4.1.4 ENTROPY AND CURVATURE PERTURBATIONS

We have already talked about adiabatic and isocurvature perturbations several times, so let us quickly
define what this actually means.

Entropy perturbations

The pressure perturbation δpα can be decomposed into an adiabatic and a non-adiabatic pressure
perturbation

δpα = δpα,nad +δpα,ad , (4.65)
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where
δpα,ad = c2

a,αδρα . (4.66)

Here c2
a,α is the adiabatic sound speed introduced in eq. (4.50), which should be clearly distinguished

from the total sound speed, defined as

c2
tot,α =

δpα
δρα

, (4.67)

which is fundamentally a perturbative quantity. The non-adiabatic sound speed is often described
using the intrinsic entropy perturbation Γα and defined via

δpα,nad = pαΓα . (4.68)

In addition to intrinsic entropy perturbations there can also be entropy perturbations between different
components of the cosmic fluid. Let us divide the total pressure perturbation as follows:

δptot = c2
tot,aδρtot + ptotΓtot (4.69)

where
c2

a,tot = p�tot/ρ�
tot = ∑

α
(1−qα)c2

a,α
ρα + pα

ρtot + ptot
(4.70)

and
ptotΓtot = ∑

α
pαΓα + ptotΓrel . (4.71)

A straightforward calculation now shows that the total relative entropy perturbation satisfies

ptotΓrel = ∑
α
(c2

a,α − c2
a,tot)δρα . (4.72)

In terms of our new variables we have

ptotΓrel =
1
2 ∑

α,β

(1−qα)(1−qβ)(ρα + pα)(ρβ + pβ)

ρtot + ptot
×
�

c2
a,α − c2

a,β

�
Sαβ (4.73)

where
Sαβ =

∆α
(1+ωα)(1−qα)

−
∆β

(1+ωβ)(1−qβ)
. (4.74)

For this reason, Sαβ is sometimes referred to as the relative entropy perturbation between the two
fluid components labelled by α and β. The condition for a perturbation mode to be adiabatic is some-
times given by demanding that all relative and intrinsic entropy perturbations vanish and sometimes
by demanding only that the total entropy perturbation vanishes. We will use the former definition in
this thesis, which clearly implies the latter. Note that in some analyses [Doran et al., 2003] different
definitions of the relative entropy perturbations are used, but demanding a vanishing for these alter-
native definitions does not ensure a vanishing relative entropy perturbation in coupled scenarios (and
are not even gauge-invariant in this case), and thus they are not suitable for our analysis.
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Curvature perturbations

We define the gauge-invariant total curvature perturbation as

ζ =−Ψ−H δρtot

ρ�
tot

=
1

ρtot + ptot
∑
α

ρα∆α . (4.75)

Perturbation modes for which ζ = 0 are known as isocurvature modes. Some works employ a differ-
ent definition of the curvature perturbation [Mukhanov et al., 1992], but all definitions agree in the
superhorizon limit for a flat universe, which is what is relevant for us. Interestingly, it is easy to show
that on the superhorizon scales

ζ� =− H
ρtot + ptot

δpnad , (4.76)

i.e. the total curvature perturbation is constant for adiabatic modes (see e.g. [Malik, 2001]).

Another gauge invariant curvature variable, sometimes referred to as comoving curvature perturba-
tion is defined via

R ≡ Ψ− H
ρtot + ptot

δqtot . (4.77)

We employed this quantity in our brief discussion of inflation in chapter 3.

4.1.5 STATISTICS

Given specific initial conditions for all (gauge invariant) perturbation fields, i.e. a configuration
δAi(τ1,�x) at some initial time τ1, the equations given above can in principle be used to evolve this
configuration to any time τ2. This is, however, not what is done in Boltzmann codes, for the following
reason: We have no way to predict what the specific initial field configuration should look like. What
we do have, usually from some version of inflation, is a statement about the statistical properties of
the initial conditions.

Perturbations as random fields

By definition, all linear perturbations satisfy

< δAi(τ,�x)>= 0 for all�x and τ , (4.78)

where the average < · · · > is an ensemble average, which can be taken to mean ’averaged over
different realizations of the universe’ in theories like eternal inflation we discussed in chapter 3.
Beyond this, one usually assumes the random fields to be Gaussian, meaning that their entire statistics
(i.e. all statistical momenta) are defined by the knowledge of their (generally �x- and τ-dependent)
two-point correlation functions

ξi j(τ,�x1,�x2)≡< δAi(τ,�x1)δA j(τ,�x2)> . (4.79)



91 4.1 Basics

This demand is non-trivial. In fact, Non-Gaussianities arise during non-linear structure formation,
since some perturbative quantities, like the densities contrast, are bound below by -1 but can reach
big positive values of roughly 200. Furthermore, Non-Gaussianities can arise in theories of inflation,
but we will not consider such scenarios in this work. See e.g. [Chen, 2010] for a review.

Additional assumptions about the perturbations commonly include the extension of the principles
of spatial homogeneity and isotropy to their statistical properties. Imposing statistical homogeneity
simply means that

ξi j(τ,�x1,�x2) = ξi j(τ,�x1 −�x1) for all τ , (4.80)

and requiring statistical isotropy in addition to that gives

ξi j(τ,�x1,�x2) = ξi j(τ, |�x1 −�x2|) . (4.81)

The real space two-point correlators can be directly related to the two-point correlation functions
in Fourier space. One can easily convince oneself that the demands of statistical homogeneity and
isotropy lead to

< δAi(τ,�k)δA∗
j (τ,�q)>= (2π)3 Pi j(τ, |�k|)δ(3)(�k−�q) , (4.82)

where Pi j(τ,k) is called the cross correlation power spectrum of δAi and δA j, or simply the power
spectrum of the quantity δAi for i = j. Note that it is only possible to define it in this very simple way
(i.e. as a function of k = |�k| and τ only) under the symmetry assumptions made above. Its relation to
the real space two-point correlator is simply given by

ξi j(τ, |�x1 −�x2|) =
�

dlnk Pi j(τ,k)
sin(k |�x1 −�x2|)

k |�x1 −�x2|
, (4.83)

where we introduced the dimensionless power spectrum (it is dimensionless if the perturbations δAi

and δA jare)

Pi j(τ,k)≡
k3Pi j(τ,k)

2π2 . (4.84)

Evolution of random fields

As we have seen above, the evolution equations for the perturbation modes in Fourier space are
isotropic, they only depend on the modulus of the wavenumber k= |�k|. Putting perturbation quantities
into a single perturbation vector and assuming we have n dynamical quantities governed by first order
linear differential equations, i.e.

δA(τ,�k) = (δA1(τ,�k), . . . ,δAn(τ,�k))T , (4.85)

a basis of solutions for these equations (for a given wavenumber k) can be written as

δA j
k (τ) = (δA j

1,k, . . . ,δA j
n,k)

T , j = 1, . . . ,n. (4.86)
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The overall normalization of these solutions is of course arbitrary, lets fix it to δA j
1,k = 1, i.e. to the

first perturbation variable for each mode. The generic solution for the quantity A then reads

δA(τ,�k) = α j(�k)δA j
k (τ) , (4.87)

where a sum over j is implicit. Now we clearly have

< δAi(τ,�k)δA∗
j (τ,�q)>= ∑

n,m
δAn

i,k(τ)δAm∗
j,q (τ)< αn(�k)αm∗(�q)>, (4.88)

and can define a set of primordial power spectra at some initial time τ1 through

< αn(�k)αm∗(�q)>= (2π)3Pnm
prim(k)δ3(�p−�q) . (4.89)

These primordial power spectra determine all the statistics of the Gaussian perturbations and the
cross-correlation power spectrum at any time τ can be obtained by the mode functions as follows:

Pi j(τ,k) = ∑
n,m

δAn
i,k(τ)δAm∗

j,k (τ)Pnm
prim(k) . (4.90)

As a sidenote, we would like to mention that the coefficients α j(�k) can be chosen to be uncorre-
lated for different perturbation modes and are also uncorrelated for different wavenumbers under the
assumption of statistical isotropy and homogeneity, i.e. [Weinberg, 2008]

< α j(�k)α∗l(�q)>= 0 for�k �=�q or j �= l. (4.91)

However, this requires a specific choice of basic perturbation modes, which may not coincide with
the commonly used classification into adiabatic and isocurvature modes. Thus it still makes sense
to investigate potential cross-correlations between different perturbation modes (see e.g. [Langlois,
1999, Langlois and Riazuelo, 2000, Langlois, 2003]). We will restrict ourselves to a single mode, the
growing adiabatic mode in this chapter. Why it is justified to do so will be discussed in chapter 5. Un-
der this assumption all statistical properties if the linear Gaussian scalar fluctuations are determined
by a single primordial power spectrum.

We employ a nearly scale invariant spectrum as predicted by inflation, i.e.

Pprim(k) =
2π2

k3 As

�
k

kpiv

�ns−1

, (4.92)

where ns ≈ 0.96 and the pivot scale kpiv is in principle arbitrary, since a change in kpiv can be absorbed
into the normalization As. Since we are dealing with linear perturbation theory here, the overall
normalization of the mode functions is arbitrary, and such is the normalization of the primordial
power spectrum As. It should be fixed either by a prediction concerning the amplitude of perturbations
from inflation or by observations constraining the overall normalization of the power spectum. We
will choose to do the latter below.
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Observations: Ensemble average and spatial average

When we observe cosmic perturbations, we can not observe an ensemble of realizations, we only
have one universe at our disposal. Still, in order to compare observations with theory, we need
to draw conclusions about statistical properties, like power spectra. Luckily, under very generic
circumstances, the ensemble average can be replaced by a spatial average. This is guaranteed by
the ergodic theorem under the conditions that the perturbations are statistically homogeneous and
become uncorrelated at large distances, meaning

< δAi(x+ y)δA j(x− y)>→ 0 for |y|→ ∞ (4.93)

sufficiently quickly. See e.g. Weinberg [2008] for more details.

4.2 BARYONS, PHOTONS AND NEUTRINOS

In the next section we will employ a Boltzmann-code to evolve the linear perturbations in the cosmon-
bolon model numerically. This requires a treatment of perturbations in the baryon, photon and neu-
trino sectors in addition to the scalar fields. For the relativistic particle species it is not sufficient to
consider only the perfect fluid approximation, one has to take higher momenta of the phase space dis-
tribution function into account. Furthermore, acceptable numerical runtimes of the numerical code
can only be achieved through the implementation of various approximations.

All existing Boltzmann-codes deal with these issues in very similar ways, the treatment has become
(more or less) standard [Ma and Bertschinger, 1995, Lewis and Bridle, 2002, Blas et al., 2011].
However, our code uses a manifestly gauge-invariant setting, deviating from other Boltzmann-codes
in this respect. This requires a re-calculation of the various approximations employed, which we will
present in this section. As this is mainly a technical exercise and not particularly interesting, we will
keep this presentation rather short. Essentially all approximations are derived following the same
steps (only slightly adapted) that were used for the synchronous gauge calculation in [Blas et al.,
2011], for the basics we draw heavily from [Ma and Bertschinger, 1995].

4.2.1 FULL EQUATIONS

Let us start by writing down the full equations governing the evolution of perturbations for neutri-
nos. First, let us recall the connection between the energy momentum tensor and the phase space
distribution function (see eq. (2.58))

T µν
α = gα

� d3P
(2π)3

1√
−g

PµPν

|P0|
fα(�x,�p,τ) . (4.94)

In linear perturbation theory we can now decompose f (�x,�p,τ) into the background part given in eq.
(2.57) and a perturbation:

fα(�x,�p,τ) = f̄α(|�p|,τ) [1+δ fα(�x,�p,τ)] . (4.95)
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Now the perturbed energy momentum tensor (4.94) is related to the perturbed phase space distribution
function via

δT 0
α0 =−gα a−4

�
d3 p

�
�p 2 +m2 f̄α(|�p|,τ)δ fα , (4.96)

δT i
α0 = gα a−4

�
d3 p pi f̄α(|�p|,τ)δ fα , (4.97)

δT j
α i = gα a−4

�
d3 p

pi p j�
�p 2 +m2

f̄α(|�p|,τ)δ fα . (4.98)

The evolution of the phase space distribution function is governed by the Boltzmann equation:

D fα
dτ

=
∂ fα
∂τ

+
dxi

dτ
∂ fα
∂xi +

dpi

dτ
∂ fα
∂pi =

�
∂ fα
∂τ

�

C
, (4.99)

where the right hand side includes all terms due to interactions, which have to specified on a case by
case basis. After a Fourier transformation to�k-space and removing the ∂pi/∂τ-terms by employing
a linearized version of the geodesic equation (2.8), one obtains the following linearized equation for
the function δ fα(�k,�p,τ)

∂δ fα
∂τ

+ i
�k ·�p�

�p 2 +a2m2
δ fα +

dln f̄α
dln|�p|

�
Ψ� − i

�
�p 2 +m2(�p ·�k)

�p 2 Φ

�
=

1
f̄α

�
∂ fα
∂τ

�

C
, (4.100)

where m is the particle mass of the species in question and the Fourier-space momenta�k should not
be confused with the physical momenta �p. Note that this equation depends on the physical three-
momentum only through |�p| and the product�k ·�p. Therefore any phase space distribution which is
initially axially symmetric around�k will remain so, and we will assume this to be the case. This is
generally done in linear cosmic perturbation theory.

Now we specialize to neutrinos. We assume them to be massless in this work, meaning we can
set m = 0. Furthermore they propagate freely after neutrino decoupling, thus the term (∂ fν/∂τ)C
vanishes. Since we assume that the phase space distribution function only depends on |�p| and�k ·�p,
we can expand it in Legendre polynomials:

Fν(�k, êp,τ)≡ gν

�
dp p3 f̄ (p)δ f (�k,�p,τ)

�
dp p3 f̄ (p)

=
∞

∑
l=0

(−i)l(2l +1)Fνl(�k,τ)Pl

�
�k ·�p
kp

�
, (4.101)

where êp = �p/|�p|, k = |�k| and p = |�p|. A comparison to the perturbed energy momentum tensor
(4.94) then quickly yields

δν = ∆ν +4Ψ =
1

4π

�
dΩFν(�k, êp,τ) = Fν0 , (4.102)

Vν =
3iH

16πk2

�
dΩ

�
�k · êp

�
Fν(�k, êp,τ) =

3H
4k

Fν1 , (4.103)

Π̃ν =−9H 2(1+ων)

32πk2ων

�
dΩFν(�k, êp,τ)

�
(êk · êp)

2 − 1
3

�
=

3H 2(1+ων)

4k2ων
Fν2 . (4.104)
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The evolution equations for the momenta Fνl can now be obtained by plugging the Legendre-expansion
into eq. (4.100) and comparing coefficients. This gives:

∆�
ν =−4

3
k2

H Vν , (4.105)

V �
ν/H =+

1
4

∆ν −
1
2

Fν2 +Ψ+Φ− 1+3ωeff

2
Vν , (4.106)

F �
νl =

k
2l +1

�
lFν(l−1)− (l +1)Fν(l+1)

�
for l ≥ 2 . (4.107)

Let us now move on to photons. The situation is somewhat similar to neutrinos, but with two im-
portant differences. First, photons are coupled to baryons through Thomson scattering with electrons
before recombination (and strictly speaking after recombination as well, but very weakly). Thus the
right hand side of eq. (4.100) is not zero for photons. Second, photons have two polarization states.
This means we need to introduce two phase space distribution functions, one for the sum of the sum
of the two linear polarization components and one for their difference. The momentum averaged
versions of these distributions will be called Fγ and Gγ respectively, both functions can be expanded
in a Legendre series (see eq. (4.101)). These will not evolve in the same way, as the Thomson cross
section is polarization dependent. The linearized collision operators for the process of Thomson scat-
tering were derived in [Bond and Efstathiou, 1984, 1987, Kosowsky, 1996] and rewritten in terms of
Legendre-Polynomials in [Ma and Bertschinger, 1995]. The results read:

�
∂Fγ
∂τ

�

C
= aneσT

�
4iH

k
(Vγ −Vb)P1 +

�
9
2

Fγ2 −
1
2

Gγ0 −
1
2

Gγ2

�
P2

−
∞

∑
l≥3

(−i)l(2l +1)FγlPl

�
, (4.108)

�
∂Gγ
∂τ

�

C
= aneσT

�
1
2
(Fγ2 +Gγ0 +Gγ2)(1−P2)−

∞

∑
l≥0

(−i)l(2l +1)GγlPl

�
, (4.109)

where ne is the mean electron density and σT = 0.6652×10−24cm2 is the integrated Thomson cross
section. Plugging this into the linearized Boltzmann equation (4.100) gives the following evolution
equations:

∆�
γ =− 4

3
k2

H Vγ , (4.110)

V �
γ/H =

1
4

∆γ −
1
2

Fγ2 +Ψ+Φ− 1+3ωeff

2
Vγ +

aneσT

H (Vb −Vγ) , (4.111)

F �
γ2 =

8
15

k2

H Vγ −
3
5

kFγ3 −
9

10
aneσT Fγ2 +

1
10

aneσT (Gγ0 +Gγ2) , (4.112)
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F �
γl =

k
2l +1

�
lFν(l−1)− (l +1)Fν(l+1)

�
−aneσT Fγl for l ≥ 3 , (4.113)

G�
γl =

k
2l +1

�
lGν(l−1)− (l +1)Gν(l+1)

�

+aneσT

�
−Gγl +

1
2
(Fγ2 +Gγ0 +Gγ2)

�
δl0 +

δl2

5

��
. (4.114)

The photon density contrast, velocity potential and anisotropic stress are related to the function Fγ by
the same relations that hold for neutrinos (see equations (4.102) to (4.104)), the function Gγ does not
enter here.

Finally we also have to add baryons. They are modeled by a barotropic fluid with ωb = c2
tot,b = c2

a,b �
1, qb = τb = 0 and a momentum transfer to photons which is given by

a fγ =−a fb =
4
3

ργ
H aneσT

�
Vγ −Vb

�
, (4.115)

which follows from momentum conservation of the combined baryon-photon fluid. The equations of
energy- and momentum conservation now read at the linear level (see eq. (4.48) and (4.49)):

∆�
b =− k2

H Vb , (4.116)

V �
b =− 3

2
H (1+ωeff)Vb +H Φ+H c2

a,b(∆b +3Ψ)+
4
3

ργ
ρb

aneσT
�
Vγ −Vb

�
, (4.117)

where we dropped all terms of order O(ωb,c2
a,b) except in the third term on the right hand side of

the second equation, where it is the leading order contribution. The adiabatic sound speed can be
calculated from

c2
a,b =

p�b
ρ�

b
=

kbTb

mµ

�
1− 1

3
dlnTb

dlna

�
, (4.118)

where mµ is the mean molecular weight of the baryons, which can be assumed to be constant for the
period of interest. Finally the baryon temperature follows the following evolution equation [Ma and
Bertschinger, 1995]

T �
b =−2H Tb +

8
3

mµ

me

ργ
ρb

aneσT (Tγ −Tb) , (4.119)

where me is the electron mass.

4.2.2 TIGHT COUPLING APPROXIMATION

For sufficiently early times the electron density in the universe is very high, and therefore the inverse
Thomson interaction timescale τ−1

c ≡ aneσT is huge. This causes numerical difficulties, which can be
avoided through the so called tight coupling approximation (TCA). We will now discuss this scheme.
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First, after some algebra, one can eliminate τ−1
c from equations (4.111) and (4.117) to obtain

V �
b =

−1
1+R

�
3
2
(1+ωeff)H Vb − c2

a,bH (∆b +3Ψ)−H Φ

−R
�
−(1+3ωeff)

2
H Vγ +H Φ+

1
4

H ∆γ +H Ψ− 1
6

k2

H Π̃γ

�
+RV �

γb

�
, (4.120)

V �
γ =− 1

2
(1+3ωeff)H Vγ +

1
4

H ∆γ +H (Ψ+Φ)− 1
6

k2

H Π̃γ

− 1
R

�
V �

b +
3
2
(1+ωeff)H Vb −H Φ− c2

a,bH (∆b +3Ψ)

�
, (4.121)

where we introduced R = 4ργ/3ρb and the baryon-photon slip Vγb =Vγ −Vb. The TCA now consists
of finding approximations for the anisotropic stress Π̃γ and the derivative V �

γb to the desired order in
ε = H τc � 1. These quantities are governed by the following evolution equations:

τcΠ̃�
γ = H τc

�
8
5

Vγ −
9
5

H
k

Fγ3

�
+

3
10

H 2

k2 (Gγ0 +Gγ2)−
�

9
10

+(1+3ωeff)H τc

�
Π̃γ = 0 , (4.122)

τcV �
γb =−H

��
3
2
(1+ωeff)+R

�
Vγb −Vb −

1
4

∆γ −Ψ+ c2
a,b(∆b +3Ψ)

�
− 1

6
k2τcΠ̃γ = 0 . (4.123)

A look at the equations for the higher momenta Gγl and Fγl (see equations (4.114)) shows that Gγ0

and Gγ2 are of order O(ε) and Fγ3 is of order O(ε2), and thus both equations can be written in the
form

εy�+ y/ f + εg = 0 . (4.124)

The solution to this equation (to any order in ε) is then given by [Blas et al., 2011]

y =
∞

∑
n=1

εnyn with y1 =− f g, yn+1 =− f y�n , (4.125)

where we ignored a solution of the homogeneous differential equation which is decaying quickly for
f > 0, a condition that is guaranteed for both equations.

To zeroth order we simply have Π̃γ =Vγb = 0. In this case Vγ =Vb and the evolution equations (4.120)
and (4.121) coincide. To first order one obtains

Π̃γ =
3H 2

k2 Fγ2 =
32
15

H τcVγ , (4.126)

V �
γb

H =
2R

1+R
Vγb +

H τc

1+R

�
k2

H 2

�
c2

a,bVb −
1
3

Vγ

�
+

∆γ
2
+

Ψ�

H +
(1−3ωeff)

2
Vb +Φ

�
. (4.127)

For higher order solutions one needs to consider the evolution of the higher momenta Gγl and Fγl

to subleading order, which requires some additional analysis. Second order results (in synchronous
gauge) can be found in [Blas et al., 2011], but we will not use them for our numerics. The advantage
of higher order approximations lies in the fact that they allow the TCA to be used to later times
without losing accuracy, thereby improving the runtime of the Boltzmann code.
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4.2.3 RELATIVISTIC FLUID APPROXIMATION

The infinite hierarchy for the momenta of the phase space distribution function for relativistic parti-
cles needs to be truncated at some lmax. The truncation schemes (which we will describe below) work
well only for times τ < lmax/k, which means that in order to gain sufficient accuracy for large k we
need very high values of lmax. This is computationally expensive. It is thus advantageous to employ
approximations for late times which effectively decrease the number lmax. The first one we employ
is the ultrarelativistic fluid approximation (UFA), as introduced in [Blas et al., 2011]. This scheme
is based on the fact that the collisionless Boltzmann equation for the massless neutrino phase space
distribution function takes the following form in Fourier space:

∂τFν(�k, êp,τ)+ i�k · êpFν(�k, êp,τ) = 4
�

Ψ� − i�k · êpΦ
�
. (4.128)

After an expansion in Legendre-Polynomials (see eq. (4.101)) the formal solution for the coefficients
can be shown to be

Fνl(�k,τ) = α(�k) jl(kτ)+β(�k) j�l(kτ)−4Φδl0 +4
� τ

0
jl(k(τ− τ̃))(Ψ�+Φ�)dτ̃ , (4.129)

α(�k)− i(êk · êp)β(�k) = Fν(�k, êp,0)+4Φ|τ=0 . (4.130)

The real coefficients α(�k) and β(�k) characterize the initial conditions and change according to which
modes are assumed to present. This formal solution is exact, we can use it to derive an integro-
differential equation which will contain F �

l , Fm for m ≤ l and the gravitational potentials Ψ and Φ:

(Fνl +4Φδl0)
� = k

�
Fν(l−1) +4Φδ(l−1)0

�
− l +1

τ
(Fνl +4Φδl0)+β l +1

kτ2 jl(kτ)

+4
�

Ψ� − l +1
τ

Φ
�

δl0 +4kΦδl1 −4
l +1

τ

� τ

0

τ̃
τ− τ̃

jl(k(τ− τ̃))(Ψ�+Φ�)dτ̃ . (4.131)

The task now is to approximate the remaining integral. On subhorizon scales and for low l, the
convolution of the Bessel function with the metric perturbations picks up its dominant contribution
only near the peak of the Bessel function, i.e. for τ̃ close to τ. For these late times the metric
perturbations evolve very slowly on a timescale 1/k � τ, and we can thus approximate them as
constant (i.e. Φ�(τ̃)→ Φ�(τ), Ψ�(τ̃)→ Ψ�(τ)). Now we can solve the integral an obtain for l = 2:

F �
ν2 =

4
3

k2

H Vν −
3
τ

Fν2 −6(Ψ�+Φ�) . (4.132)

This approximation takes into account the transfer of power from higher to lower momenta to some
extent, but of course not completely. It is however accurate enough for our purposes.

4.2.4 RADIATION STREAMING APPROXIMATION

For sufficiently late times and on subhorizon scales, the perturbations of relativistic species perform
rapid oscillations which are numerically expensive to resolve. We will therefore employ a second
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approximation scheme for these late times, called radiation streaming approximation (RSA). This
approximation effectively reduces all relativistic perturbative degrees of freedom from the set of
equations. Let us start with the neutrinos. For sufficiently late times we can ignore the anisotropic
stress and all higher momenta of the phase space distribution function and derive a second order
equation for ∆ν from equations (4.105) and (4.106). Demanding for the averaged density contrast
that |∆��

ν|� |k2∆ν|, one directly obtains

∆ν =−4Φ−4Ψ . (4.133)

Using eq. (4.105) we can infer the value of Vν from this approximation. Through differentiation one
obtains

Vν = 3
H
k2 (Ψ

�+Φ�) , (4.134)

which can be neglected on subhorizon scales. Thus the RSA for neutrinos simply consists of replac-
ing the density contrast by equation (4.133) and setting the velocity potential to zero in the equations
for the gravitational potentials.

The situation for baryons is slightly more complicated, because the Thomson interaction terms can
become relevant again during reionization. Still, for sufficiently late times we have H τc � 1 and we
can employ an approximation valid to first order in (H τc)−1. To zeroth order the replacement for
photons would correspond precisely to the one for neutrinos given above. For the first order we can
investigate the second order equation for the density contrast ∆γ (from eq. (4.110) and eq. (4.111))
and obtain after replacing Vγ in the coupling terms by the zeroth order approximation (and again
ignoring anisotropic stress)

∆γ =−4Ψ−4Φ− 4
H τc

Vb . (4.135)

We can again recover the corresponding first order approximation for Vγ through eq. (4.110), which
gives (after replacing the derivative V �

b to the relevant order)

Vγ = 3
H
k2

�
Φ�+Ψ�+

1
H τc

�
−H Vb +H Φ+H c2

a,b(∆b +3Ψ)− τ�c
τc

Vb

��
. (4.136)

We should note that ignoring the anisotropic stress terms for both photons and neutrinos means that
Φ = Ψ, but we kept both gravitational potentials implicit in all the equations, so that they would
remain valid in a model introducing additional anisotropic stress.

As a final comment we want to note that the matter power spectrum, which is the quantity we will
be ultimately after, is much more sensitive to the RSA approximation than the Cls of the CMB [Blas
et al., 2011]. We will therefore be somewhat conservative in our choices of onset triggers for this
approximation (see below).

4.3 COSMON AND BOLON

In this section we want to analyze perturbations in the coupled cosmon-bolon system. The equations
governing the evolution of perturbations are, on a fundamental level, the scalar field equations (4.35)
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and (4.36), with the scalar potential given by

V (ϕ,χ) =V1(ϕ)+V2(ϕ,χ) , (4.137)

where we leave the precise shape of the quintessence potential V1 undetermined for now. The full
form of the bolon potential is given by eq. (3.93), we are, however only, interested in late time
perturbations in this section, which means that it can be approximated by

V2(ϕ,χ) = mχ(ϕ)2 χ2 , with mχ(ϕ)2 = m2
0e−2βϕ/Mp , (4.138)

where m2
0 = c2M2

pλ2. As we have already discussed in chapter 3, the evolution of the scalar fields
will naturally transition to a regime where H /amχ(ϕ) � 1, during which the bolon will oscillate
quickly around the minimum of its potential. In this section we derive averaged effective equations
for the relevant background and perturbative quantities for this stage of the evolution, which allow
us to implement this model into our Boltzmann code with acceptable runtimes. We make a list of
assumptions here:

• We do not specify the quintessence potential V1 explicitly during this analysis. As will be-
come apparent below, any quintessence potential which satisfies V1,ϕϕ � mχ(ϕ)2 during the
relevant stages of the cosmic evolution can be inserted. This should be a generic feature of all
quintessence potentials giving rise to a realistic dark energy scenario.

• We will explicitly assume that baryons, photons and neutrinos are present in addition to the
scalar fields below, however, any additional component not explicitly coupled to the scalar
fields can in principe be added to these equations, as long as the relevant mass scales introduced
into the perturbation equations are much less than the bolon mass mχ(ϕ).

• Finally, our analysis does not work for arbitrarily large wavenumbers, but the range is more
than sufficient to cover the observable scales.

The derivation is rather technical, so let us declare what we are aiming for. The important results are
equations (4.152), (4.159) and (4.160), which show that the treatment of the cosmon-bolon system
as coupled quintessence is justified for sufficiently late times at the background level, and equations
(4.193), (4.200) to (4.202) and (4.226) to (4.227), which provide an effective fluid description for the
cosmon-bolon model at late times and have, as far as we know, not been studied before.

4.3.1 EFFECTIVE THEORY NEAR THE MINIMUM

Let us now move on to average the equations. The method we employ is in principle very simple: We
make use of the fact that the ratio µ = H /amχ(ϕ) is tiny, and therefore we should be able to expand
the solution as a Taylor-series in µ. Essentially the same ansatz was used to treat a single scalar field
in a harmonic potential (see e.g. [Gorbunov and Rubakov, 2011a]), we will now generalize it to our
coupled scenario. Other approaches in the literature do exist, but they do not lend themselves well to
a generalization to coupled scalar field models [Matos and Urena-Lopez, 2001].
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The basic idea is to first expand all dynamical quantities in a Taylor-series in µ̃ = H0/m0. Since
µ̃ = µe−βϕ/Mp aH0/H , this quantity is always smaller than µ for a < 1, but has the advantage of
being time-independent. To give an example, the bolon-field χ can be expanded as follows:

χ = ∑
j

µ̃ jχ j . (4.139)

We then segment all the Taylor-Coefficients χ j into a Fourier-type sum, given by

χ j = ∑
n∈N

χ j1,ncos(nx)+χ j2,nsin(nx) , (4.140)

with n ∈ N. Here the coefficients χi1,n and χi2,n are of course time-dependent, but are evolving
slowly, i.e. remain almost constant at a time scale 1/mχ(ϕ). The oscillation frequencies are also
time-dependent and given by multiples of the base frequency

x(τ) =
� t(τ)

t0
mχ(ϕ(t �))dt � , (4.141)

with t being the cosmic time and t0 being some suitable early time, chosen such that any phase
potentially appearing in the trigonometric functions gets cancelled. The whole expression should of
course be read as a function of conformal time. We should not that there is a priori no guarantee that
the expansion (4.140) is valid. However, as we will see explicitly below, it does provide a solution to
the field equations to subleading order in µ̃, which is what we are interested in.

Background

Let us start with the background evolution and quickly recall the relevant equations. The scalar fields
obey the scalar field equations

ϕ��+2H ϕ�+V,ϕ = 0 , χ��+2H χ�+V,χ = 0 , (4.142)

and we use the Friedmann-equations

H 2 =
a2

3M2
p
∑
α

ρα , H � =− a2

6M2
p
∑
α
(ρα +3pα) . (4.143)

We assign the scalar energy density and pressure as follows:

ρϕ =
1

2a2 ϕ�2 +V1(ϕ) , ρχ =
1

2a2 χ�2 +V2(ϕ,χ) , (4.144)

pϕ =
1

2a2 ϕ�2 −V1(ϕ) , pχ =
1

2a2 χ�2 −V2(ϕ,χ) . (4.145)

Furthermore we combine all other constituents of the cosmic fluid into a single component with
energy density ρext and (time-dependent) equation of state ωext.
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Now we simply put the most general ansatz into the equations and compare coefficients, with the aim
to find out which terms in the Fourier expansion need to be present at which order in µ̃ in order to
find a solution. This yields the following decomposition for the scalar fields:

χ = χ0cos(x)+χ1sin(x)+χ2cos(3x)+χig , (4.146)

ϕ = ϕ̄+ϕ1cos(2x)+ϕ2sin(2x)+ϕig , (4.147)

and consistency requires that χ1 is of the order O(µ̃χ0), χ2 is of the order O(µ̃2χ0), ϕ1 is of the order
O(µ̃2ϕ̄) and ϕ2 is of the order O(µ̃3ϕ̄). The leading order contributions are formally related by setting
χ0 to be of the order O(µ̃ϕ̄), so that the energy densities for both scalar fields are of the same order,
as is appropriate for a scaling quintessence scenario. The terms χig and ϕig represent higher order
contributions, they will not play a role in our analysis.

We introduced a notation here which we will keep consistently throughout this section: For all quan-
tities which are slowly evolving to leading order we will mark the leading order quantity with a bar
(like ϕ̄ above). This will turn out to be helpful in the final equations, where we will also encounter
quantities averaged over one oscillation period, which we will indicate using triangular brackets:
< . >. This may seem unnecessary, since of course ϕ̄ =< ϕ > holds, but we find it useful to make
this distinction in order to indicate quantities which evolve adiabatically at leading order.

The oscillatory terms present in (4.146) and (4.147) do of course leave an imprint on the scale factor
and we can deduce from Einsteins equations that the expansion for a(η) reads

a = ā+aosc +aig , (4.148)

where aosc is of the order O(µ̃2ā) and aig represents higher order contributions which will not concern
us. For the conformal Hubble rate this directly implies

H = H̄ +Hosc +Hig , where Hosc =
a�osc

ā
. (4.149)

It is important to note that taking the derivative of an oscillatory quantity decreases the order in µ̃ by
one and therefore Hosc is of order O(µ̃H̄ ) (Hig again stands for higher order terms which we ignore).
For the dimensionless coupling parameter qχ the expansion directly gives

(1+ωχ)qχ =−β ϕ̄�

3H̄ Mp
(1+ cos(2x)) (4.150)

to leading order. Averaging this expression over one oscillation period gives:

< (1+ωχ)qχ >=−β ϕ̄�

3H̄ Mp
. (4.151)

With these solutions we directly obtain from Friedmann’s equation to leading order

H̄ 2 =
ā2

3M2
p

�
ρ̄χ + ρ̄ϕ + ρ̄ext

�
, (4.152)
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where ρ̄χ and ρ̄ϕ denote the (non-oscillatory) leading order contributions to the bolon- and cosmon
energy-densities, respectively. These are given by

ρ̄χ =
1
2

m̄2
χ(ϕ̄)χ2

0 , (4.153)

ρ̄ϕ =V1(ϕ̄)+
1

2ā2 ϕ̄�2 , (4.154)

where m̄χ(ϕ̄) simply denotes the leading order term in the µ̃-expansion for the mass, which is of
course only ϕ̄-dependent:

m̄χ(ϕ̄) = m0e−βϕ̄/Mp . (4.155)

Starting here we will drop the explicit ϕ̄-dependence of m̄χ in all the formulas.

Before moving on, a short comment concerning the additional components of the cosmic fluid might
be in order. We assume ρext and ωext evolve adiabatically to subleading order on a timescale 1/m̄χ.
This is consistent with the equations of energy conservation for all standard cosmological components
to the order which we consider here:

ρ�
ext +3H (1+ωext)ρext = 0 . (4.156)

The conformal Hubble rate introduces oscillations into this equation only at subleading order, which
means they are present in ρext only to subsubleading order, which does not concern us.

Evaluating the scalar field equations with the above expansion gives:

χ�
0 =−3

2
H̄ χ0 +

β
2

χ0

Mp
ϕ̄� , (4.157)

ϕ1 =−β
8

χ2
0

Mp
, (4.158)

ϕ̄�� =−2H̄ ϕ̄� − ā2V1,ϕ̄ +
β

Mp
ā2ρ̄χ . (4.159)

From eq. (4.157) we can directly see that ln(χ0) ∝ ln(ā−3/2)+ β
2

ϕ̄
Mp

, i.e. χ0 ∝ ā−3/2exp(βϕ̄/2Mp)

and therefore
ρ̄χ ∝ ā−3exp(−βϕ̄/Mp) , (4.160)

which is the standard evolution of cold dark matter coupled to quintessence we already discussed in
chapter 3.

While not being particularly relevant at the background level, in order to obtain averaged evolution
equations for the perturbations we need the next to leading order equations. Using the above results
we get from Einsteins equations

Hosc =
1
8

ām̄χ
χ2

0
M2

p
sin(2x) , aosc =− 1

16
ā

χ2
0

M2
p

cos(2x) , (4.161)
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and the field equation for the bolon gives at this order

χ2 =
3

128
χ3

0
M2

p

�
1− 2

3
β2
�
, (4.162)

χ�
1 =−

�
3
2

H̄ − β
2

ϕ̄�

Mp

�
χ1 −

1
2m̄χā

�
χ��

0 +2H̄ χ�
0

�
+

3−2β2

32M2
p

m̄χāχ3
0 . (4.163)

Finally the cosmon field equation gives

ϕ2 =− χ0

16m̄χāMp

�
4βm̄χāχ1 −2βH̄ χ0 −χ0ϕ̄�/Mp

�
. (4.164)

Linear Perturbations

We will now extend the procedure given above to the linear perturbations. The aim to construct
effective perfect fluid equations, which arise from the scalar field equations after averaging over one
oscillation period. The final set of equations should be accurate to subleasing order in µ̃ and we thus
have to careful to consider all interference effects, because at this order the background quantities no
longer evolve adiabatically.

Our starting point are the exact gauge-invariant linearly perturbed scalar field equations which we
now briefly recall:

X ��+2H X �+ k2X +a2V,ϕϕX +a2V,ϕχY +2a2V,ϕΦ−ϕ�Φ� −3ϕ�Ψ� = 0 , (4.165)

Y ��+2H Y �+ k2Y +a2V,ϕχX +a2V,χχY +2a2V,χΦ−χ�Φ� −3χ�Ψ� = 0 . (4.166)

We also employ the Poisson equation

k2Ψ =− a2

2M2
p
∑
α
(δρα −3h[ (ρ+ p)v ]α) , (4.167)

and relate the two gravitational potentials via

Φ = Ψ−3ωeffΠ̃tot , (4.168)

with Π̃tot = ∑ pαΠ̃α/ptot. Even though scalar fields do not produce anisotropic stress, we differ-
entiate between Ψ and Φ, since anisotropic stress can be introduced through neutrino- and photon-
contributions. The equations for the momenta of the corresponding phase space distribution functions
(possibly in some approximation) have to be added to the system in order to complete it, the same
holds for the equations of energy- and momentum-conservation for baryons.

The remaining Einstein equations are not necessary to analyze the evolution of linear perturbations,
but they can provide useful trivial checks of the calculations. We will employ equation (4.26) several
times, as it simplifies some steps. Using equation (4.168) it reads:

Ψ�+H Ψ =− a2

2M2
p
∑
α
[(ρ+ p)v]α +3H ωeffΠ̃tot . (4.169)
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As we will see below, the combined Taylor-Fourier expansion required to solve the perturbation
equations at subleading order looks different depending on the size of the wavenumber k and we have
to split up our analysis into two regimes: Large wavelength perturbations for which µk2/H 2 � 1 and
small wavelength perturbations which have µk2/H 2 � 1.

a) µk2/H 2 � 1

For large wavelengths the only consistent expansion in terms of trigonometric functions is given by

X = P+Qcos(2x)+Rsin(2x)+Xig , (4.170)

Y = Acos(x)+Bsin(x)+C sin(3x)+Yig , (4.171)

Ψ = Ψ̄+Ψosc +Ψig . (4.172)

The linearized field equations require Q to be of the order O(µ̃2P), R to be of order O(µ̃P), A to be of
order O(µ̃B), C to be of order O(µ̃2B), Ψosc to be of order O(µ̃Ψ̄) and finally P to be of order O(B)
and Ψ̄ to be of order O(B/M). The terms Xig, Yig and Ψig again represent higher order contributions
which we ignore.

As for the background, the presence of additional non-scalar field components may merit some ad-
ditional discussion. We always assume that all additional energy density perturbations, i.e. the ones
for photons, neutrinos and baryons, evolve slowly to leading order in µ̃ on a timescale 1/m̄χ, the
corresponding momentum perturbations and the higher momenta in the multipole-expansion of the
Boltzmann-equations for photons and neutrinos even to subleading order. We emphasize that this
is consistent with all the evolution equations for non-scalar field quantities, since the quick oscilla-
tions only enter these indirectly through the background and the gravitational potentials. To make
this more precise, simply not that we can combine all non scalar quantities into a single fluid with
qext = τext = fext = 0. For such a fluid eq. (4.32) directly shows that δρext is evolving adiabatically
at leading order, wheres eq. (4.33) guarantees that this is the case for [(ρ+ p)v]ext at subleading
order. The same holds for the higher momenta of the photon- and neutrino phase space distribution
function, as can be directly seen from the equations presented in the previous section. This reasoning
is of course only justified as long as k � m̄χ, because the only additional energy-scales present in
the equations are the Hubble parameter and the wavenumber, both of which are much smaller than
the bolon mass. Thus our approximation breaks down for very large wavenumbers, but this does not
concern us. The range of validity is big enough to cover all relevant scales.

As scalar fields do not produce anisotropic stress, this reasoning directly implies that Φ can be ex-
panded just as Ψ

Φ = Φ̄+Φosc +Φig , (4.173)

where the terms are related by

Φ̄ = Ψ̄−3ωeff
¯̃Πtot and Φosc = Ψosc . (4.174)
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Evaluating the scalar field equations (4.165) and (4.166) to leading order gives

B� =ām̄χχ0(βP/Mp − Φ̄)− 1
2

B(3H̄ −βϕ̄�/Mp) , (4.175)

R =− β
4

Bχ0/Mp , (4.176)

while the Poisson equation (4.167) yields

Ψ̄ =
−ā2

2k2M2
p − ϕ̄�2

�
δρext −3H̄ [(ρ+ p)v]ext + m̄2

χAχ0 −
3
2

m̄χ
H̄
ā

Bχ0 + m̄2
χχ1B

+V1,ϕ̄P−βm̄2
χχ2

0
P

Mp
+3

H̄ ϕ̄�

ā2 P+
ϕ̄�P�

ā2 +3ωeff
ϕ̄�2

a2
¯̃Πtot

�
. (4.177)

We need to go to subleading order, however, as will become apparent from the results below. From
the Poisson equation we then obtain

Ψosc =
1
8

χ0B
M2

p
sin(2x) . (4.178)

Note that this expression is most easily obtained by evaluating equation (4.169) to leading order,
instead of going to next to leading order in the Poisson equation. Both ways are of course equivalent,
and we did both calculations in order to verify our results.

From the bolon field equation we get at this order

A� =− 3
2

H̄ A− 3
32

ām̄χ
χ2

0
M2

p
B+ ām̄χχ1Φ̄+

H̄
ām̄ χ

B�+
1

2m̄χā
B��+

k2

2ām̄ χ
B

+
β2

16
ām̄χ

χ2
0

M2
p

B−βām̄χ
χ1

Mp
P+

β
2

ϕ̄�A
Mp

, (4.179)

C =
13+2β2

128
χ2

0
M2

p
B , (4.180)

whereas the cosmon field equation gives

Q =− χ0ϕ̄�

4ām̄χM2
p

�
1+

β2

2

�
B− β

4

�
χ0

Mp
A− χ1

Mp
B
�
+

3β
8

H̄
ām̄χ

χ0

Mp
B , (4.181)

P�� =−2H̄ P� − k2P− ā2V1,ϕ̄ϕ̄P−2ā2V1,ϕ̄Φ̄+ ϕ̄�Φ̄�+3ϕ̄�Ψ̄�

+βā2m̄2
χ

�
χ0

Mp
A+

χ1

Mp
B
�
−β2ā2m̄2

χ
χ2

0
M2

p
P+βā2m̄2

χ
χ2

0
Mp

Φ̄ . (4.182)

At this point we are ready to write down the effective averaged fluid equations for the bolon. We
could in prinicple do the same for the cosmon, but it is more common to treat the cosmon field
perturbations directly and we will adopt the same approach here. We have already seen in section
4.1 how the scalar field perturbations can be mapped directly onto a fluid description with an energy
density perturbation, a pressure perturbation and a momentum perturbation. We can thus use the
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above subleading order solutions, plug them into the fluid evolution equations and average them term
by term, taking care to treat the interference terms between the background and the perturbations
correctly. As it turns out, all such interference terms cancel precisely, and we could thus simply have
averaged the fluid quantities and use the equations with adiabatically evolving background quantities,
but that is not clear a priori.

Let us start by calculating the averaged perturbative fluid quantities for the bolon to subleading order:

< δρχ >= m̄2
χ (χ0A+χ1B)−2βρ̄χ

P
Mp

, (4.183)

< δpχ >= 0 , (4.184)

< [(ρ+ p)v]χ >=
m̄χχ0

2ā
B . (4.185)

Note that all these quantities have oscillatory contributions at leading order. Now we average over
the equation of energy conservation for the bolon term by term to obtain:

< 3H δρχ >= 3H̄ < δρχ >, (4.186)

< k2 [(ρ+ p)v]χ >= k2 < [(ρ+ p)v]χ >, (4.187)

< 3H δpχ >=− 3
16

ām̄3
χ

χ3
0

M2
p

B , (4.188)

< 3(1+ωχ)ρχΨ� >= 3ρ̄χΨ̄� − 3
16

ām̄3
χ

χ3
0

M2
p

B , (4.189)

< 3H (1+ωχ)ρχqχΦ >=−βρ̄χ
ϕ̄�

Mp
Φ̄ , (4.190)

< 3H (1+ωχ)ρχqχτχ >=−β ϕ̄�

Mp
< δρχ >−β

ρ̄χ
Mp

�
P� − ϕ̄�Ψ̄

�
. (4.191)

The interference terms arising during the averaging procedure in lines 3 and 4 of the above set of
equations precisely cancel each other in the equation of energy conservation (4.32). Since

< δρ�
χ >=< δρχ >

� (4.192)

is obvious to all orders, we can directly write down the equations of energy conservation in terms of
the density contrast δχ and velocity potential Vχ:

< δχ >
�=− k2

H V̄χ +3Ψ̄� −βP�/Mp +β ϕ̄�

Mp

�
Ψ̄− Φ̄

�
. (4.193)

We should not that the velocity potential is strictly speaking not well defined in this case, it is peri-
odically divergent. We thus simply define the averaged version to be

V̄χ ≡−H
< [(ρ+ p)v]χ >

ρ̄χ+< pχ >
=−H

< [(ρ+ p)v]χ >
ρ̄χ

. (4.194)
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Let us move on to the equation of momentum conservation for the bolon. We get to subleading order:

< 4H [(ρ+ p)v]χ >= 4H̄ < [(ρ+ p)v]χ >, (4.195)

< δpχ >= 0 , (4.196)

< (1+ωχ)ρχΦ >= ρ̄χΦ̄ , (4.197)

< 3H qχ
(ρχ + pχ)

(ρtot + ptot)
[(ρ+ p)v]tot +a fχ >= βρ̄χP/Mp . (4.198)

Since again
< [(ρ+ p)v]�χ >=< [(ρ+ p)v]χ >

� (4.199)

is obvious to all orders we can easily obtain the following equation for V̄χ:

V̄ �
χ =−3

2
(1+ωeff)H̄ V̄χ +H Φ̄+β ϕ̄�

Mp
V̄χ −βH̄ P/Mp . (4.200)

Finally we obitain for the cosmon field equation and the Poission equation the following expressions
in terms of the averaged bolon density contrast and velocity potential:

P�� =−2H̄ P� −
�
k2 + ā2V1,ϕ̄ϕ̄

�
P−2ā2V1,ϕ̄Φ̄+ ϕ̄� �Φ̄�+3Ψ̄��+ βā2

Mp
ρ̄χ

�
< δχ >+2Φ̄

�
, (4.201)

and

Ψ̄ =
−ā2

2M2
pk2 − ϕ̄�2

�
ρ̄ext

�
δ̄ext +3(1+ ω̄ext)V̄ext

�
+ ρ̄χ

�
< δχ >+3V̄χ

�

+3ωeff
ϕ̄�2

a2
¯̃Πtot +V1,ϕ̄P+3H̄ ϕ̄�P

ā2 +
ϕ̄�P�

ā2

�
. (4.202)

One can compare these equation with the ones for standard cold dark matter coupled to quintessence
in [Amendola, 2000b]. After adjusting for the different definitions of the velocity potential and the
time variable used, one finds that these equations do precisely coincide to the ones for cold dark
matter coupled to quintessence.

b) µk2/H 2 � 1

In the regime of smaller wavelengths we obtain a different result. The expansion in terms of trigono-
metric functions, however, remains the same:

X = P+Qcos(2x)+Rsin(2x)+Xig , (4.203)

Y = Acos(x)+Bsin(x)+C cos(3x)+Dsin(3x)+Yig , (4.204)

Ψ = Ψ̄+Ψosc +Ψig , (4.205)

Φ = Φ̄+Φosc +Φig , (4.206)

but the orders of magnitude change. This time we have Q and R both of order O(µ̃P), while Yig is still
of order O(µ̃3P), A and B are of the order O(P) while C and D are of the order O(µ̃2P) and Xig is of
the order O(µ̃3P). For the gravitational potential we again have Ψ̄ of the order O(P/M), but this time
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with subleading order contributions as well, Ψosc of the order O(µ̃Ψ̄) and Ψig of the order O(µ̃2Ψ̄).
Furthermore our assumptions about the additional (non scalar field) components of the cosmic fluid
remains the same, which means the the relations (4.174) still hold. Note that A, B, Q and R all have
corrections at next to leading order which will be relevant below, but we have not included them
here explicitly. Instead we we split up A according to A = A0 +A1 with A1 of the order O(µ̃A0) and
accordingly for B, Q and R.

When evaluating the field equations we have to deal with the fact that there are oscillations with
frequency k present in the cosmon perturbations (and possibly in the other components of the cosmic
fluid as well). Since we are setting k2 to be of the order O(H̄ 2/µ̃), we restrict ourselves to the case
k2 � m̄2

χ, so that we can still consider all the the quantities P, Q, R, A, B, C and Ψ̄ to be almost constant
on the timescale 1/m̄χ. (We have already discussed that our approximation becomes inconsistent for
very small wavelengths.) Due to these additional (lower frequency) oscillations one has to take into
account that P� is of the order O(µ̃−1/2H̄ P) and P�� is of the order O(µ̃−1H̄ 2P). When evaluating
the field equations we will always include the next ”half order” in the lower order in µ̃, e.g. if we
evaluate an equation at the order O(µ̃0MpH̄ ) we will also include terms of the order O(

√
µ̃MpH̄ ).

Applying this scheme to the cosmon field equation (4.165) yields to leading order

Q0 =−1
4

β χ0

Mp
A0 , (4.207)

R0 =−1
4

β χ0

Mp
B0 , (4.208)

P�� =−2H̄ P� − k2P+βā2m̄2
χ

χ0

Mp
A0 . (4.209)

A comparison of coefficients in the bolon field equation (4.166) results in the following two equa-
tions:

A�
0 =− 3

2
H̄ A0 +

k2

2ām̄χ
B0 +β

ϕ�
0

2Mp
A0 , (4.210)

B�
0 =− 3

2
H̄ B0 −

k2

2ām̄χ
A0 − ām̄χχ0Φ̄+βām̄χ

χ0

Mp
P+β ϕ̄�

2Mp
B0 . (4.211)

Evaluating the Poisson equation (4.167) to leading order gives

Ψ̄ =− 1
2

ā2

k2M2
p

�
δρext −3[(ρ+ p)v]ext

�
−

ā2m̄2
χχ0

2M2
pk2 A0 −

ϕ̄�

2M2
pk2 P� − 3

2
ϕ̄�2

k2M2
p

ωeff
¯̃Πtot . (4.212)

We can now again evaluate equation (4.169) to leading order and identify the oscillatory part of the
gravitational potential to obtain

Ψ�
osc =

ām̄χχ0

4M2
p

A0sin(2x)−
ām̄χχ0

4M2
p

B0cos(2x) , (4.213)

i.e.
Ψosc =

χ0

8M2
p

A0cos(2x)+
χ0

8M2
p

B0sin(2x) . (4.214)
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As a trivial check one can easily verify that the slowly evolving part of equation (4.169) is indeed
satisfied with the Ψ̄-solution given above. When doing that, on should however take into account
next-to-leading order terms in P, since they yield P�-terms which have to be included in the Ψ̄�-
expression in order to remain consistent. Otherwise, this check does not work.

We will again require the results from the next to leading order calculation in order to come up with
effective fluid equations below. The bolon field equation gives us:

A�
1 =− 3

2
H̄ A1 +

k2

2ām̄χ
B1 −

3
32M2

p
ām̄χχ2

0B0 +
H̄

ām̄χ
B�

0 + ām̄χχ1Φ̄+
1
2

χ0
�
3Ψ̄�+ Φ̄��

+
1

2ām̄χ
B��

0 +
βϕ̄�

2Mp
A1 +

β2

16M2
p

ām̄χχ2
0B0 −

β
Mp

ām̄χχ1P , (4.215)

B�
1 =− 3

2
H̄ B1 −

k2

2ām̄χ
A1 +

9
32M2

p
ām̄χχ2

0A0 −
H̄

ām̄χ
A�

0 −
3β2

16M2
p

ām̄χχ2
0A0

+
βϕ̄�

2Mp
B1 −

1
2ām̄χ

A��
0 , (4.216)

C =

�
13+2β2�

128M2
p

χ2
0A0 , (4.217)

D =

�
13+2β2�

128M2
p

χ2
0B0 . (4.218)

(4.219)

The cosmon field equation gives:

R1 =− β
4Mp

χ0B1 −β k2

16ā2m̄2
χ

χ0

Mp
B0 +

β
4Mpām̄χ

χ�
0A0 +

1
4ām̄χ

χ0ϕ̄�

M2
p

A0 −
β

4Mp
χ1A0

+
β

4ām̄χMp
χ0A�

0 +
1

16ām̄χ

χ2
0

M2
p

P� − β2

8ām̄χ

χ0ϕ̄�

M2
p

A0 +
3βH̄
8ām̄χ

χ0

Mp
A0 , (4.220)

Q1 =− β
4Mp

χ0A1 −β k2

16ā2m̄2
χ

χ0

Mp
A0 −

3βH̄
8ām̄χMp

χ0B0 +
β2

4M2
p

χ2
0P+

β
4Mp

χ1B0

− βχ2
0

4Mp
Φ̄− β

4ām̄χMp
χ0B�

0 −
χ0ϕ̄�

4ām̄χM2
p

B0 +
β2χ0ϕ̄�

8M2
pām̄χ

B0 −
βχ�

0
4ām̄χMp

B0 . (4.221)

We can use these results to perform the same averaging we already executed for large wavelengths.
We will only quote the results here, the calculation proceeds in exactly the same fashion as in the
small-k regime and the details are not particularly enlightening. The averaged quantities now read
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(to subleading order):

< δρχ >=m̄2
χ (χ0A0 +χ1B0)−2βρ̄χ

P
Mp

+
k2

4ā2 χ0A0 + m̄2
χχ0A1 , (4.222)

< δpχ >=
k2

4ā2 χ0A0 , (4.223)

< [(ρ+ p)v]χ >=
m̄χ
2ā

(χ0B0 −χ1A0)+
3H̄
4ā2 χ0A0 −

βχ0ϕ�
0

4ā2Mp
A0 +

m̄χ
2ā

χ0B1 . (4.224)

All these quantities contain oscillatory parts at the order considered here, but in the case of δρχ only
at subleading order. Note that since < δpχ > is surpressed by a factor of µ̃ compared to < δρχ >, we
can write

< δpχ >=
k2

4ā2m̄2
χ
< δρχ > (4.225)

to subleading order. We have recovered a small, scale-dependent sound speed c2
s,χ = k2/4ā2m̄2

χ, which
generalizes earlier findings in [Hu et al., 2000, Matos and Urena-Lopez, 2001]. However, we still
need to verify this by averaging the full equations of energy-and momentum conservation, taking care
of all possible interferences between background and perturbative oscillations to subleading order in
µ̃, as we did above in the case of large wavelength. Doing this yields the following final equations
for the density contrast and the velocity potential:

< δχ >
�=− k2

H V̄χ +3Ψ̄� −β P�

Mp
+

βϕ̄�

Mp

�
Ψ̄− Φ̄

�
−
�

3H̄ −β ϕ̄�

Mp

�
c2

s,χ < δχ >, (4.226)

V̄ �
χ =− 3

2
(1+ωeff)H̄ V̄χ +H Φ̄+β ϕ̄�

Mp
V̄χ −βH P

Mp
+H c2

s,χ < δχ > . (4.227)

The Poisson equation reads as in equation (4.202) if we include subleading non-oscillatory terms,
and we will note repeat it here.

We should mention one important fact at this point. The effective fluid equations we just derived
for small wavelengths can not be derived from equations (25) to (30) in [Amendola, 2000b]. This is
due to the fact that the equations in [Amendola, 2000b] were derived for a barotropic fluid, i.e. for a
fluid without non-adiabatic pressure perturbations. Since we have < ωχ >=< ω�

χ >= 0 to the order
considered here, we can directly deduce that the adiabatic sound speed is zero, and the small sound
speed we recovered is therefore non-adiabatic. As can be seen from comparing equations (4.226) and
(4.227) to [Amendola, 2000b], this makes no difference in the uncoupled scenario, as expected. The
coupling however enters the equations differently, and the evolution equations we have just written
down have, to our knowledge, not been investigated before. They constitute a new system.

4.3.2 RSA FOR THE COSMON

Before we move on the numerics we want to discuss one last approximation we employ in our Boltz-
mann code, which concerns the late time evolution of the cosmon perturbations. Similar to neutrinos
and photons, the perturbed cosmon field will perform high frequency oscillations (of frequency ∼ k)



THE INHOMOGENEOUS UNIVERSE 1: LINEAR PERTURBATIONS 112

for late times, the resolution of which requires much computational power. Fortunately, we can ex-
tend the RSA introduced above for photons and neutrinos to the cosmon. This was effectively done
in [Amendola, 2004], if not under the same name. In our conventions we can directly obtain:

P = 3βMp
H̄ 2

k2 Ω̄χ < δχ > . (4.228)

We have checked numerically that this indeed approximates the averaged evolution of the cosmon
perturbations very well for sufficiently late times.

4.4 NUMERICAL EVOLUTION

4.4.1 THE BOLTZMANN CODE

We have already described the various approximations we employ in our Boltzmann code. In this
section we quickly want to describe how they are implemented, what we choose our initial conditions
to be and how we achieve a realistic cosmology including late time cosmic acceleration.

Let us start with cosmic acceleration. For our numerics we go back to a specific quintessence poten-
tial, the exponential potential given in eq. (3.90). As we already discussed in chapter 3, a constant α
does not lead to a scenario of cosmic acceleration in our model. We have already mentioned several
possible ways to fix this, for our numerics we use a simply way which may seem slightly ad-hoc: We
introduce an ϕ-dependent exponent of the form

α(ϕ) =






α ϕ < ϕ0

α− t(ϕ) ϕ0 < ϕ < ϕ1

0.1 ϕ1 < ϕ
, (4.229)

with

t(ϕ) =
�

3
(ϕ−ϕ0)2

(ϕ1 −ϕ0)2 −2
(ϕ−ϕ0)3

(ϕ1 −ϕ0)3

�
(α−0.1) . (4.230)

This effectively introduces a minimum in the cosmon potential around which the cosmon will stabi-
lize for late times. The values of ϕ0 and ϕ1 do of course have to be adjusted in order to gain a realistic
cosmology. We would like to stress that this scenario does not solve the coincidence problem at all,
it is very much a construction tuned to fit observations. In fact, the author is of the opinion that
possibly the most promising ansatz to address this issue is the growing neutrino quintessence model
mentioned in chapter 3. However, due to the strong backreaction effect present in this model [Ayaita
et al., 2012b] this is not straightforward to implement in a realistic fashion. We do want to point out
that possible solutions of the coincidence problem are not the topic of this work, and thus we are not
too concerned about this ad-hoc adjustment.

It may, however, be appropriate to return to the issue of separating the scalar field potential. As the
cosmon field stabilizes in the minimum of its potential, it starts to oscillate as well and it is justified
to ask whether our potential splitting still remains meaningful or not. We have a few comments on
this.
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• First, the splitting of the potential is completely arbitrary in nature. A different splitting would
simply introduce a different form of the coupling, the dynamics of the Hubble parameter at the
background level or the gravitational potentials at the level of perturbations are not affected by
a redefinition.

• One could, however, reasonably ask if the approximations introduced above remain valid for
the late stages of the cosmon evolution. Concerning this we merely want to mention that the
cosmon mass is of order H /a � m̄χ. This is sufficient to ensure that the approximations
derived in section 4.3 for both the background evolution and the perturbations remains valid.

• Finally one can argue about the physical meaning of the splitting of the two fields. As we
mentioned above, at the background level it is justified by the fact that we recovered two
components behaving as quintessence and coupled cold dark matter to high accuracy, as we
explicitly showed by the analytic approximations in the previous section. For late times one
could argue that the oscillatory part of the cosmon starts to act like dark matter as well, so
we should use a different splitting of the fields. There are two facts ameliorating this concern:
First, the oscillatory part of the cosmon energy density is tiny, both compared to the total en-
ergy density and compared to the bolon energy density. Second, it makes no difference which
splitting definition we employ, as long as we do it consistently at both the background and the
perturbative level. Even if the splitting is not unique or may not even canonical anymore, the
resulting evolution is valid.
A more serious issue concerns observable quantities. For example, one could ask if the matter
power spectrum, constructed from the bolon and baryonic density contrast, remains a useful
quantity to study. The easiest way to deal with this issue is to simply include all density con-
trasts into the total matter power spectrum and see that it makes no difference on the observable
subhorizon scales. Very similar to neutrinos and photons, the cosmon does not make a sizable
contribution, even for the late times when it oscillates during the adjustment to the potential
minimum. Basically what this tells us that our splitting remains ’accurate enough’ for all our
purposes, as is made clear by the huge difference between the cosmon mass and the bolon
mass.

Let us now move on to the initial conditions. In the very early universe we can employ the simplest
(zeroth order) version of the TCA for photons and baryons and truncate the expansion of the phase
space distribution function for neutrinos after the quadrupole [Kodama and Sasaki, 1984]. In chap-
ter 5 we will derive the precise form of the adiabatic perturbation mode and show that it is stable,
i.e. that there exists no isocurvature mode which is growing faster than the adiabatic mode in the
early universe. We thus focus on purely adiabatic perturbations and start with the following initial



THE INHOMOGENEOUS UNIVERSE 1: LINEAR PERTURBATIONS 114

conditions: 
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, (4.231)

where S = (15+ 4Ων) and C is a constant. As our code uses the exact scalar field perturbations in
the early universe instead of a fluid description, we need to translate this to scalar field perturbations,
which yields: 
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X �
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Y �





adiab.
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− 5
α(15+4Ων)

0
− 5(α−β)

αλ(15+4Ων)

0




. (4.232)

One could of course go to subleading order in X � and Y � here, but for the starting time of our code the
corresponding values lie below the numerical precision for all wavenumbers considered and we do
not do so. Note that the baryon and photon velocity potential are equal, Vb = Vγ, in the zeroth order
TCA.

For later times we switch to the first order TCA and then finally to the hierarchy of higher momenta of
the phase space distribution functions for photons and neutrinos. We obviously cannot implement the
full infinite hierarchy and have to truncate at some lmax. We use the standard truncation introduced in
[Ma and Bertschinger, 1995], which reads for massless neutrinos:

Fν(lmax+1) ≈
(2lmax +1)

kτ
Fνlmax −Fν(lmax−1) , (4.233)

whereas for photons we set

F �
γlmax

= kFγ(lmax−1)−
lmax +1

τ
Fγlmax −aneσT Fγlmax , (4.234)

G�
γlmax

= kGγ(lmax−1)−
lmax +1

τ
Gγlmax −aneσT Gγlmax . (4.235)

For even later times we employ the UFA and RSA respectively. When which set of equations is
employed is determined by a set of triggers, which are exactly the same ones used in [Blas et al.,
2011]:

• The first order TCA evolution starts when either H τc > tca_start_hubble_tauc or k/H >

tca_start_hubble_k.
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• We switch to the full truncated set of equations for the higher momenta in the phase space
distribution function (or directly the UFA or RSA) when either H τc > tca_stop_hubble_tauc
or kτc > tca_stop_k_tauc.

• The UFA is switched on when kτ > ufa_trigger.

• Finally the RSA is switched on when both kτ > rsa_k_tau and τc/τ > rsa_tauc_tau.

Clearly the triggers should be chosen carefully. Our standard choices are summarized in Table 4.1.
These values are basically the same as the ones used in the class code reference files for a better
than permille accuracy for both the Cls and the matter power spectrum, except for the TCA-stop
triggers. Since we use only a first order TCA (whereas CLASS uses a second order scheme) we set
these considerably lower. Furthermore we are more conservative with the UFA, setting a higher start
trigger. In order to avoid truncation effects during the phase when the truncated Boltzmann hierarchy
is used, one should choose lmax slightly bigger than the trigger ufa_trigger. Our standard setting is
lmax = 35.

The switching from the exact scalar field evolution of the scalar fields to the fluid description hap-
pens at roughly 10a∗ (cf. eq. (3.128)). To be more precise: We numerically search for the next
oscillation period after 10a∗ and determine the precise time of transition and the initial values for
the fluid description through explicit numerical integration. The value of 10a∗ is chosen such that
the value of µ is small enough for the fluid approximation to be valid and at the same time the nu-
merical inaccuracies resulting from the presence of quick oscillations are still under excellent control
(µ(10a∗) � 10−3). For much later times these can become very big, in fact pushing the exact scalar
field evolution to much later times leads to numerical errors in the bolon background energy density
ρχ, because the constructive interference terms do not get resolved with sufficient accuracy anymore.

Finally we need to determine the free electron density ne(τ). We do this by employing the Fortran-
version of recfast from september 2012 (version 1.5.2). As recfast is programmed to work for ΛCDM
models we had to modify it slightly. In our version the Hubble rate (and its derivative) is not calcu-
lated directly from the ΛCDM parameters but read in from a table created by the Boltzmann code. We
should mention here that reionization effects are not included in recfast, and also not implemented in
our Boltzmann code. The effects of reionization on the matter power spectrum come from the bary-
onic sound-speed, which gets increased during this period. However, as was shown by a comparison
between CLASS, which includes this effect, and CAMB, which does not in [Lesgourgues, 2011b],
the effect is at the sub-percent level for k < 50 Mpc−1, which is an error we are willing to accept.

We adjust the cosmological parameters to the WMAP7-values [Jarosik et al., 2011], i.e.

h = 0.71 , Ωχ,0 = 0.222 , Ωb,0 = 0.0449 , (4.236)

TCMB = 2.728K , ns = 0.961 , σ8 = 0.801 . (4.237)

The normalization of the power spectrum is imposed after actually running the code.
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Runtime and accuracy

The runtime of our code is, plainly, terrible. When compared to a state-of-the-art code like CLASS,
it is slower by a factor of roughly 200 already for the ΛCDM model, and runtimes get slower by
another factor of ∼ 5 for the cosmon-bolon model, due to its increased complexity. There are several
reasons for this: First, we programmed the code in Mathematica, which is comparatively high level
programming language and can generally be expected to produce inferior runtimes when compared
to a C or Fortran code. Second, we do not use an integrator specifically designed to optimize the
speed of the code, but refer to the standard Mathematica option. Finally, there are probably many
small things we have not implemented in an ideal fashion in the code.

To check the validity of the approximations employed and their implementation we compare the
results of our Boltzmann-Code for the standard ΛCDM model with the results of the CLASS-code
[Lesgourgues, 2011a, Blas et al., 2011]. To see that both codes agree to excellent accuracy, we
simply plot the absolute value of the relative error for the matter power-spectrum at z = 0, which is
the quantity we are interested in in this work, i.e.

∆P =

��Pm(k)−PCLASS
m (k)

��
PCLASS

m (k)
. (4.238)

The results for a run with the precision settings of CLASS adapted to ours (and reionization turned
off) for the WMAP-7 parameters are shown in Figure 4.1. For some reason we have an error of about
1% an low k, which is a little bit strange, because this is the regime where the fewest approximations
are employed. For larger k however, which is the regime of interest for us, the error is below half a
percent everywhere up to k ≈ 50 Mpc−1, which is more than good enough for our purposes. This is
roughly the same order of magnitude as the error that gets introduced by switching between different
approximation schemes within CLASS (see [Blas et al., 2011]).

4.4.2 THE BOLON POWER SPECTRUM

Let us now discuss the evolution of linear perturbations in the coupled cosmon-bolon model. The
evolution of the bolon density contrast can be understood fairly easily, at least in its most basic

TABLE 4.1: Approximation triggers for the Boltzmann code: Standard values

Trigger Standard value

tca_start_hubble_tauc 0.004

tca_start_hubble_k 0.15

tca_stop_hubble_tauc 0.002

tca_stop_k_tauc 0.003

ufa_trigger 30

rsa_k_tau 120

rsa_tauc_tau 40
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FIGURE 4.1: Matter power spectrum comparison with CLASS
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The absolute value of the relative error for our matter power spectrum when compared to the results
of the CLASS-code.

features. Perturbations with wavenumbers in the regime µk2/H 2 � 1 follow the evolution of a
coupled cold dark matter component, whereas perturbations in the regime µk2/H 2 � 1 are suppressed
due to the small sound speed. This is a time-dependent condition, so let us see how the quantity
µk2/H 2 evolves during the main stages of the cosmic evolution. We can generally assume that
H̄ ∝ āη, where η = −1,−1/2 and 1 during radiation-domination, matter domination and de-Sitter
expansion respectively. The coupling between the bolon and the cosmon will of course change this
behavior slightly, but that is not crucial for our argument. We then have

µk2/H̄ 2 ∝ ā−1−ηeβϕ̄/Mp , (4.239)

which shows that during the eras of bolon- or cosmon-domination (and for not too large couplings),
this quantity is decreasing, whereas it is (almost) constant during radiation domination. We can
thus draw the following picture concerning the evolution of linear perturbations in the cosmon-bolon
model: Immediately after the onset of bolon oscillations, essentially all subhorizon modes are sup-
pressed in their evolution by the small sound speed (as µ ≈ 1 at this stage). Eventually all modes
will leave this regime and start to grow like a coupled cold dark matter component, with smaller
wavenumbers exiting the suppression stage first.

Due to the delayed onset of growth for short wavelength modes, the power spectrum exhibits a sharp
cutoff at a scale which can be approximated by the horizon size at the time when the bolon oscillations
start, i.e.

k2
J = m0e−βϕ̄∗/M

� ρr,0

3M2(1−Ωsc,es)
, (4.240)

where the value ϕ∗ of the cosmon at a∗ can once again be approximated by extrapolating the early
scaling solution given in eq. (3.108). A similar formula was found in [Matos and Urena-Lopez,
2001] for a different model (see eq. (63) in this work), our result can be considered a generalization.
It is of course only an estimate, but it is the best definition of a Jeans length available in our model as
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it describes the smallest wavenumber for which the pressure balances out the gravitational attraction
during some stage of the cosmic evolution. We can assign a corresponding Jeans mass in the usual
way:

MJ =
4π
3

�
π
kJ

�3

ρ̄χ . (4.241)

At this point we want to mention one feature of the numerics we have not yet discussed, and that is
the matching of the two perturbation regimes. We have derived effective fluid perturbation equations
in the two regimes µk2/H 2 � 1 and µk2/H 2 � 1, and should somehow interpolate between these
two cases. What we argue is that the details of this matching are utterly unimportant for any phys-
ically interesting results. To see this, consider that the point in time determining the position of the
cutoff in the bolon power spectrum is the scale factor a∗ when the bolon oscillations start. At this
time (and for some considerable period ensuing it) we use the scalar field perturbations directly in
our code. The transition to the fluid description happens sufficiently late, that all modes which are
suppressed compared to a CDM evolution, i.e. which are in the vicinity of the cutoff, have already
been suppressed when the switching occurs. We have checked three interpolation schemes between
the perturbative regimes, one where we impose a sharp transition at µk2/H 2 = 1, one where we use
a smooth interpolation function and one where we keep the small sound speed in the equations for
all modes. All schemes give essentially identical results. For the last case the sound speed becomes
numerically so small for the relevant modes in the vicinity of the cutoff that it does not influence their
growth.

To visualize the connection between the evolution of the bolon density contrast and the quantity
µk2/H 2 we show both in Figure 4.2. The plot shows numerical results for two different wavenum-
bers, k = 0.96 h/Mpc (green) and k = 10.7 h/Mpc (blue). The solid lines represent the bolon evolu-
tion, the dashed lines standard cold dark matter modes with the same wavenumbers evolved in the
same background, given here for comparison. The normalization for both modes is arbitrary. First
one should note the slightly elevated initial density contrast in the adiabatic mode for the bolon com-
pared to standard CDM. Also clearly visible is the onset of oscillations in both modes, but while the
k = 0.96 h/Mpc mode, when averaged, follows the evolution of the cold dark matter mode exactly,
the growth of the k = 10.7 h/Mpc mode is suppressed during a prolonged period of time. This can be
understood from the evolution of µk2/H 2, which can be seen in the lower panel of the picture. For
the k = 0.96 h/Mpc mode we have µk2/H 2 � 1 throughout the entire evolution, whereas for k = 10.7
h/Mpc we have µk2/H 2 > 1 initially, but the value decreases for later times and growth sets in.

The power spectrum

The synchronous gauge matter power spectrum resulting from this evolution, which we reconstructed
from our gauge-invariant quantities, is shown in Figure 4.3 (colored lines). For comparison we also
show a number of additional power spectra. The solid black line represents the power spectrum ob-
tained for a cold dark matter component, evolved in the same background cosmology. The colored
lines represent bolon power spectra for different choices of the bolon exponent, from λ = 30 on the
left to λ = 70 on the right, but with c2 adjusted to give the same late background cosmology. Fur-
thermore we show a warm dark matter power spectrum, obtained by modifying the transfer function
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FIGURE 4.2: Evolution of the bolon density contrast
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The upper panel shows the evolution of the linear density contrast for the bolon (solid lines) and a
standard cold dark matter evolution (dashed lines) in the same background. The green lines show a
k = 0.96 h/Mpc mode, whereas the blue ones represent k = 10.7 h/Mpc. In the lower panel we show
the corresponding evolution of the quantity µk2/H 2. The bolon exponential is λ = 30 for this plot,

the coupling is β = 0. Figure is almost identical to Figure 2 in [Beyer, 2014b].

for the cold dark matter component (gray line) in a manner suggested in [Barkana et al., 2001, Bode
et al., 2001], i.e.

Pwdm(k) = Pcdm(k)
�
1+(0.361k/kwdm)

2.4�−4.17
, (4.242)

where

k−1
wdm = 0.201

�
Ωwdm,0h2

0.15

�0.15� ĝwdm

1.5

�−0.29�mwdm

1keV

�−1.15
Mpc . (4.243)

This transfer function is a numerical fit to the WDM power spectrum obtained at z = 0 for thermally
produced warm dark matter. Here ĝwdm denotes the effective number of degrees of freedom for the
WDM particle entering the calculation of the number density, which is 1.5 for a fermion, which we
assume to be the case here.1 The mass of the wdm-particle we use throughout this section is

mwdm = 2.284 keV . (4.244)

All power spectra have been normalized to the value of σ8 = 0.801 given above.

The cutoff in the bolon power spectrum is initially much steeper than in warm dark matter models,
which is typical for scalar field dark matter. Furthermore is gets shifted to smaller wavenumbers

1This is not the same number of degrees of freedom as we employed in chapter 2, which of course is 2 for fermions.
In this definition, the factor 3/4 resulting from the momentum integration for the number densities is already included (cf.
eq. (2.61)).
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FIGURE 4.3: Matter power spectra for different λ
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Power spectra for standard cold dark matter (black), warm dark matter with mwdm = 2.284 keV (grey,
dotted) and the bolon (colored) for different masses. The corresponding values are from left to right
λ= 30 (green line, N = 0.3793), λ= 40 (orange line, N = 0.3804), λ= 50 (brown line, N = 0.3792),
λ = 60 (red line, N = 0.3791) and λ = 70 (blue line, N = 0.3784). The coupling is β = 0, the scalar
field transition values are ϕ0 = 13.806 and ϕ1 = 15.493 for all curves. We also show the estimates
of the corresponding Jeans wavenumbers in the same colors (dashed gridlines). Figure taken from

[Beyer, 2014b].

for smaller λ, which can be easily understood in terms of the bolon mass. Decreasing the bolon-
exponential λ leads to an effective decrease of the bolon mass. Keeping all other parameters fixed
we would obtain m0 ∝ λ, but a more realistic comparison is to investigate this effect after adjusting
the mass-parameter c2 using equation (3.131) to a realistic current bolon energy density. Evaluating
equation (3.131) for β = 0 then directly gives c2 ∝ λ6, i.e. m0 ∝ λ4, an even stronger growth of the
mass with λ. The resulting effect is a larger sound speed as λ decreases and as a consequence a
suppression of growth extending to smaller wavenumbers. The opposite effect for larger values of λ
is also clear.

Effect of the coupling

We now want to move on to study the influence the coupling β has on the evolution of the bolon
density contrast. It can be summarized in four effects:

First, there are effects from the background evolution. The coupling causes the energy density of
the bolon to scale slightly differently from a standard cold dark matter one, for a positive coupling
it scales away faster then a−3 and therefore the bolon energy density exceeds the one obtained for
the β = 0 case for z > 0 after adjusting ρχ,0, leading to shift of matter-radiation equality to earlier
times. This results in a shift of the maximum in the matter-power-spectrum to larger wavenumbers,
since the horizon size at matter-radiation-equality is suppressed, an effect only boosted by the effect
the coupled evolution has on the Hubble parameter. Similarly, a negative coupling has the opposite
effect, shifting the maximum to smaller wavenumbers.
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FIGURE 4.4: Growth of the matter density contrast in coupled quintessence
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Growth of the matter density contrast in coupled quintessence models during matter domination with
a cosmon scaling solution. We shown the exponent m+, where δ ∝ am+ . This plot was created for an
exponential quintessence potential with α = 20 and displays the formula for m+ given in eq. (60) in

[Amendola, 2000b].

Second, the growth of bolon perturbations during bolon-domination also gets changed by the cou-
pling. The evolution of the growth of linear perturbations in a coupled quintessence scenario with a
scaling solution during matter domination was analyzed in [Amendola, 2000b], and the results can
be applied to to our model in the µk2/H 2 � 1 regime. For not too large coupling the effect can be
summarized as follows: A positive coupling increases the growth of linear perturbations, whereas
a negative coupling decreases the growth compared to the uncoupled case. This effect leads to an
increase of power for large k modes in the power spectrum for positive coupling, and a suppression
for a negative one.We have visualized this effect in Figure 4.4.
For larger couplings this no longer holds true. The growth rate now starts to increase even for nega-
tive couplings and a growth faster than δ ∝ a also becomes possible. Note that this is not in conflict
with the results found in [Amendola, 2000a], where a suppression of growth for all couplings was
found. The difference arises from the background evolution, since in our model the quintessence
field adjusts itself to a different fixed point than the one analyzed in [Amendola, 2000a].

Finally the coupling also changes the evolution of the bolon-mass and thus of the sound-speed present
in the µk2/H 2 � 1 regime. Adjusting the background cosmology according to equation (3.131) leads
to an increase in the value of the bolon mass at a = 1 (i.e. today) with a positive coupling, in contrast
to what one might expect naively from the e−βϕ/M-dependence. Similarly, it decreases for a negative
coupling. This leads to a decrease of the soundspeed for a positive coupling and thus to the cutoff
in the power spectrum shifted to larger wavenumbers. The opposite of course holds for a negative
coupling.

As a last effect, the growth of perturbations during the radiation dominated in era and during transition
from radiation domination to matter domination also gets affected by the coupling. This is difficult
to access analytically, and the important modifications of the power spectrum can be understood in
terms of the previously discussed points alone. We will therefore not go into this any further.
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All these effects can be seen in Figures 4.5 and 4.6. In Figure 4.5 we show the evolution of the
bolon density contrast with wavenumber k = 10.7 h/Mpc for a model with λ = 40 and three different
choices of the coupling plus a standard CDM evolution evolved in the same background (black solid
line). Clearly a positive coupling leads to an earlier onset of perturbation growth, thus shifting the
cutoff to larger wavenumbers.

The matter power spectra for the same models are shown in Figure 4.6, where we have also added
the WDM-modification (gray dotted line). Otherwise the coloring is the same as in Figure 4.5. One
can clearly see the small shift of the maximum of the power spectrum depending on the coupling,
as well as the growth modification, epitomized by the different slopes in the power spectra for large
k. Furthermore the shift in the position of the cutoff to larger wavenumbers for a positive coupling
is also evident. The difference in the spectra for smaller superhorizon wavenumbers are an effect
resulting from the normalization in conjunction with the different high-k slopes and position of the
maximum. The position of the cutoff (as long as it is at large enough k) has very little influence on
the normalization.

Finally we have attempted to find a simple fitting function for the form of the cutoff, motivated by
the fact that simple fitting was found in similar models in [Hu et al., 2000, Matos and Urena-Lopez,
2001]. However, a fitting of such a simple form as was proposed there does not yield good results in
our case. A good result is obtained by the following function:

Pχ(k) = Pcdm(k)
�

cos [(bx)a]

1+
√

c (xd1 + xd2)

�2

, (4.245)

where x = k/kJ and the parameters a,b,c,d1 and d2 are functions of the model parameters λ and β.
We assumed a linear dependence for all functions here, optimized the parameters numerically and
eliminated all terms the inclusion of which would not yield a significant improvement of the fitting.
The resulting best estimate is given by

a(β) = 4.105+0.428β , (4.246)

b(λ,β) = 0.827+0.098β+0.006λ+0.0025λβ , (4.247)

c(λ,β) =−0.46−1.9β+0.053λ+0.152λβ , (4.248)

d1(β) = 4.31−1.2β , (4.249)

d2(β) = 7.66+1.49β . (4.250)

This gives a fitting better than 18% up to suppression of 1/500. More details on the fitting procedure
including a comparison to the functions proposed in [Hu et al., 2000, Matos and Urena-Lopez, 2001]
can be found in appendix B.

Summary

To sum up, in this chapter we have introduced an analytical averaging procedure to arrive at an
effective fluid description of the cosmon-bolon model valid for sufficiently late times, which allowed
us to implement the model into a Boltzmann code with high accuracy. The resulting matter power
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FIGURE 4.5: Evolution of the bolon density contrast for different couplings
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Evolution of the bolon density contrast with k = 10.7 h/Mpc for varying couplings. The black line
represents standard uncoupled cold dark matter, the dashed green line an uncoupled bolon model,
the red line a model with β = 0.05 (N = 0.3716, ϕ0 = 13.786 and ϕ1 = 16.248) and the blue line
β = −0.1 (N = 0.3777, ϕ0 = 13.789 and ϕ1 = 16.168). The bolon exponential is λ = 40. Figure

taken from [Beyer, 2014b].

FIGURE 4.6: Matter power spectra for different couplings
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The black solid and gray dotted lines represent cold and warm dark matter spectra respectively, just
as in Figure 4.3. The dotted lines represent cosmon-bolon models with λ = 40 and β = 0,0.05 and
−0.1 for the green, red and blue lines respectively. The three gridlines in the left hand figure show
the positions of the maxima of the power spectra. Figure very similar to Figure 5 in [Beyer, 2014b].
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spectra could be understood, at least qualitatively, by analytical means. A cutoff as we find in this
model is expected to suppress the formation of structure on the corresponding scales, similar to WDM
models. We will investigate these consequences more closely in chapter 6.



5 PERTURBATIONS ALONG MULTIPLE-FIELD

SCALING SOLUTIONS

In the previous chapter we have discussed the evolution of linear perturbations in the cosmon-bolon
model in the late universe, i.e. during the era when the bolon is performing fast oscillations around the
minimum of its potential. In this entire treatment we have assumed that the perturbations are purely
adiabatic, an assumption which is non-trivial and deserves some attention. Furthermore we still need
to derive the specific forms of both the adiabatic perturbation mode we used as initial conditions in
the numerics and the early scaling solution for the coupled cosmon-bolon model, which is essential
for both the background evolution and the determination of the position of the power-spectrum cutoff,
i.e. the Jeans scale.

In this chapter we will address all these issues as part of a larger analysis, which has its own scientific
merits independent of the connection to the cosmon-bolon model. We will focus on the following
questions:

• First, in cosmological models containing multiple canonical scalar fields, what is the most
generic form of common potential that allows for the existence of exact scaling solutions, and
what do these solutions look like?

• Second, how do perturbations around such scaling solutions behave? In particular, are adiabatic
perturbations stable?

The last point is of particular relevance, since current observational constraints clearly indicate that
cosmological perturbations have to be largely adiabatic [Enqvist et al., 2000, 2002, Beltran et al.,
2005a, Seljak et al., 2006, Keskitalo et al., 2007, Kawasaki and Sekiguchi, 2008, Castro et al., 2009,
Valiviita and Giannantonio, 2009, Li et al., 2011, Ade et al., 2013c], meaning that the amount of
isocurvature perturbations present should be small. If adiabatic perturbations are unstable already in
the early universe, i.e. there exist isocurvature modes which grow faster than the adiabatic mode,
any, presumably initially small, admixture of such modes could in principle eventually outgrow the
adiabatic perturbations and become dominant. An example of such a growth of isocurvature per-
turbations can be found during the ’adjustment phases’ in minimally coupled tracking quintessence
models when the quintessence field does not yet follow the tracker trajectory, but a sufficiently long
tracking regime typically erases these modes [Malquarti and Liddle, 2002a]. If, however, such a ’fast
growing’ isocurvature mode is present throughout the era of radiation domination, the initial ampli-
tude of this mode would have to be essentially completely eliminated in order to reconcile the theory
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with observations. This is possible, in fact the simplest models of inflation based on a single scalar
field predict purely adiabatic perturbations, but more complicated scenarios with multiple fields can
lead to substantial isocurvature contributions. It is therefore highly preferable, from a model-building
point of view, to avoid scenarios which include fast growing isocurvature modes during the radiation
dominated era.

While standard minimally coupled one-field scaling quintessence models seem to generically gener-
ate stability of the adiabatic mode [Doran et al., 2003], the situation in coupled models of quintessence
appears to be more complicated. We are aware of only one study which systematically analyzes the
evolution of superhorizon-perturbations in a coupled quintessence model [Majerotto et al., 2010]. It
appears that in such scenarios there are certain sections of parameter space for which the adiabatic
mode becomes unstable, i.e. faster growing isocurvature perturbation modes exist. Since this analy-
sis includes a conventional cold dark matter component and employs a specific commonly used form
of the coupling given by Qϕ = −βMpρcdm, the question remains if similar issues will arise in cou-
pled scalar field models of dark matter. For the case of the cosmon-bolon model and other models
originating from two-scalar field scaling solutions in the early universe, it will be answered below.

Before moving on to our analysis, let us recap some relevant results from previous studies. These
have been limited to cosmologies containing either no scalar fields [Ma and Bertschinger, 1995], only
scalar fields (usually in the context of inflation) [Gordon et al., 2001] or a single quintessence field
[Malik et al., 2003, Malquarti and Liddle, 2002a, Bartolo et al., 2004, Doran et al., 2003, Majerotto
et al., 2010], and therefore differ considerably from our setting. We include neutrinos, photons
and baryons into our model in addition to the two scalar fields, but exclude a possible cold dark
matter contribution, as is appropriate for the cosmon-bolon model. Nonetheless, some important
conclusions can be drawn from these works.
As was shown in [Malik et al., 2003], even in generic non-minimally coupled models (which of
course includes ours), purely adiabatic perturbations remain purely adiabatic on superhorizon scales,
no matter what the interaction is. Here a mode is called adiabatic if all entropy perturbations vanish.
This includes relative entropy perturbations between different components of the cosmic fluid as
well as internal entropy perturbations for a single component - these can exist for non-perfect fluids
(see section 4.1.4 for more details). However, as was noted in [Doran et al., 2003], the existence of
such an adiabatic mode is non-trivial, since demanding all entropy perturbations to vanish typically
introduces more constraints than we have degrees of freedom in the equations, in particular if the
number of species considered is large. One should understand that this is not in conflict with the
theorem found by Weinberg in [Weinberg, 2003, 2004], which states that an adiabatic superhorizon
mode always exists, no matter the content of the universe. The apparent contradiction stems from
Weinberg’s definition of an adiabatic superhorizon-mode, which he takes to mean a mode for which
the total curvature perturbation ζ remains constant, which is the case if the total entropy perturbation
Γtot = 0 (see section 4.1.4). This is a weaker condition than demanding all entropy perturbations to
vanish, which is what we take adiabatic to mean in this thesis.

The contents of this chapter have been published in [Beyer, 2014a]. We follow this work both in con-
tent and in line of presentation with only minor deviations and include only few additions. Copyright
for the figures and excerpts of this preprint resides, at the time of writing this, with the author, but
will be transferred to the American Physical Society upon acceptance of the paper.
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5.1 GENERIC MULTI-FIELD SCALING SOLUTIONS

5.1.1 SHAPE OF THE COMMON POTENTIAL

In this section we investigate exact scaling solutions in FLRW-cosmologies involving multiple cou-
pled canonical scalar fields and a background matter fluid, defined by an energy density ρm and a
constant equation of state ωm. Let us quickly recall what we mean by that: We consider an exact
scaling solution to be a scenario in which all scalar energy densities present scale exactly like the
background fluid.
It is well known that the only potential providing an exact scaling solution for a single canonical
scalar field is an exponential potential. This even holds true in the presence of a coupling to the
background fluid [Amendola, 1999, Uzan, 1999, Copeland et al., 2005, Tsujikawa and Sami, 2004].
Furthermore, even in the presence of non-canonical kinetic terms - however still restricted to those
yielding second order field equations - the form of possible Lagrangians yielding scaling solutions
can be strongly restricted [Tsujikawa and Sami, 2004].
We will now show that in the case of multiple canonical coupled scalar fields similar restrictions for
the common potential can be found. To do this we employ an approach already used in the earlier
papers cited above, slightly adjusted to fit our scenario. We start by considering the following action

S =
�

d4x
√
−g

�
R
2
+

n

∑
i=1

Xϕi +V (ϕ1, ...,ϕn)

�
+Sm , (5.1)

where Xϕi =
1
2 DµϕiDµϕi, n denotes the number of scalar fields ϕi present and Sm denotes the matter

action. The scalar field equations for this action in the FLRW-background read

ϕ��
i +2H ϕ�

i +a2V,ϕi = 0 . (5.2)

The common potential V can in principal be identified with any one of the scalar field energy densities
or even split in some arbitrary fashion, but we choose to assign it to ϕ1 for simplicity and define scalar
energy densities and pressure densities as follows:

ρϕ1 = Xϕ1 +V , pϕ1 = Xϕ1 −V , (5.3)

ρϕ j = pϕ j = Xϕ j , j = 2, ...,n . (5.4)

As we assume no direct coupling between the background fluid and the scalar sector, the equations
governing the background-evolution can be written as

dρm

dN
+3(1+ωm)ρm = 0 , (5.5)

dρϕi

dN
+3(1+ωϕi)ρϕi = 3(1+ωϕi)qiρϕi , (5.6)
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where N = ln(a) and conservation of the total energy-momentum tensor implies that the scalar cou-
plings have to satisfy

∑
i
(1+ωϕi)ρϕiqi = 0 . (5.7)

In an exact scaling scenario we demand

ωϕi =
pϕi

ρϕi

= const. and
ρϕi

ρm
= const. for i = 1 . . .n . (5.8)

Note that the scalar equations of state can differ from the background equation of state even in an
exact scaling scenario if a coupling between the scalar fields is present, only the combined scalar
equation of state has to fulfill

ωsc =
∑i ρϕiωϕi

∑i ρϕi

= ωm , (5.9)

if the scalar density parameters are non-zero. From equations (5.5) and (5.8) we can directly conclude
that

d lnρϕi

dN
=

dlnρm

dN
=−3(1+ωm) , (5.10)

and
dlnXϕi

dN
=−3(1+ωm) . (5.11)

Since Xϕi ∝ (dϕi/dN)2 ρtot, equations (5.10) and (5.11) directly give

dϕi/dN = ci = const. for all i . (5.12)

Furthermore all couplings have to be constant by virtue ofequations (5.6) and (5.10):

qi =
(ωϕi −ωm)

1+ωϕi

. (5.13)

Now we can easily derive a differential equation for the potential V by again employing equations
(5.6) and (5.10):

d lnV
dN

=
dlnV
dϕi

ci =−3(1+ωm), (5.14)

which directly gives

lnV =−3(1+ωm)

c1
ϕ1 + f (ξ2, ...,ξn) , (5.15)

where ξi = ϕi − ci
c1

ϕ1 and f is some arbitrary (smooth) function. One can quickly check that this
solution is not in conflict with the the demand of constant couplings simply by noting that by virtue
of equation (5.12) all ξi have to be constant for a scaling solution and by convention (5.3) we therefore
have

q j =
−V,ϕ j c j

3(1+ωϕ j)ρϕ j

=−
(1−ωϕ1)c jρϕ1

6(1+ωϕ j)ρϕ j

∂ f
∂ξ j

= const. (5.16)

for j > 2 and dynamics corresponding to a scaling solution.

One comment might be in order here: In the derivation of equation (5.15) we made some implicit
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assumptions. The most obvious one is that ωϕ1 �= 1, i.e. the scalar potential energy density should be
non-vanishing. As we will see in section 5.1.2, purely kinetic fixed points with ωϕ1 = 1 do exist, and
we expect them to be present for a large class of potentials, including many not of the shape derived
here. All that is required for this feature is that the common potential should become zero somewhere,
at least asymptotically. We consider this to be the generic case, as any non-zero minimum potential
value can be reabsorbed into a cosmological constant, which we assume to be zero. Furthermore
one might suggest that we have excluded solutions for which the cosmological expansion is purely
scalar field dominated. This is however not the case, as one can simply replace all ωm appearing in
the above equations with a constant effective equation of state ωeff and reach the same conclusions
concerning the potential shape.

To clarify this result: The construction of a potential allowing for exact scaling solution with non-
vanishing potential energy density involving n multiple coupled canonical scalar fields requires the
common potential to fulfill equation (5.15) for some set of constants c1, ...,cn. If that is the case, a
scaling solution can exist.

5.1.2 EXACT SCALING SOLUTIONS

Let us now move on to find explicit examples for exact scaling solutions during radiation domination
for coupled two scalar field cosmologies. Since we are limiting the number of scalar fields to two
from here on out, we will slightly deviate from the nomenclature used above and define

ϕ ≡ ϕ1 , χ ≡ ϕ2 , ξ ≡ ξ2 = χ− c2

c1
ϕ . (5.17)

We start out with a coupled exponential potential and move on to different shapes later.

Coupled exponential potential

Let us first consider a potential of the shape

V (ϕ,χ) = M4
p

�
e−αϕ/Mp +µe−2βϕ/Mpeλχ/Mp

�
, (5.18)

where µ is some constant. We chose this particular shape for two reasons. First, it describes the
cosmon-bolon model in the early universe. Second, as we will show later in this section, this simple
potential is already the most generic case, in the sense that all exact scaling solutions which may arise
for other potentials are already present for this exponential form.
One can easily check that this potential fulfills equation (5.15) with c1 = 3(1+ωeff)/α, c2 = 4(2β−
α)/αλ and

f (ξ) = ln
�
M4

p

�
1+µeλξ/Mp

��
. (5.19)

For the subsequent analysis we split the potential as follows

V (ϕ,χ) =V1(ϕ)+V2(ϕ,χ) (5.20)



PERTURBATIONS ALONG MULTIPLE-FIELD SCALING SOLUTIONS 130

with
V2(ϕ,χ) = M4

pµe−2βϕ/Meλχ/Mp , (5.21)

and assign energy- and pressure-densities accordingly:

ρϕ = Xϕ +V1 , pϕ = Xϕ −V1 , (5.22)

ρχ = Xχ +V2 , pχ = Xχ −V2 . (5.23)

We are interested finding all exact scaling solutions for the case of two coupled canonical scalar
fields ϕ and χ in the presence of a radiation fluid, which is the relevant case for studying physics
in the early universe. The equations of motion governing this system can be directly read off from
equations (5.2) and (5.5). As is common when trying to find exact scaling solutions, we now employ
the dynamical systems approach introduced in chapter 3 [Copeland et al., 1998, Gumjudpai et al.,
2005] and introduce the following new variables:

x =
ϕ�

√
6MpH

, y =
a
√

V1√
3MpH

, u =
χ�

√
6MpH

, v =
a
√

V2√
3MpH

, z =
a
√ρr√

3MpH
, (5.24)

where these variables are subject to the constraint

z2 = 1− x2 − y2 −u2 − v2 , (5.25)

since are assuming a flat universe. The equations of motion can now be rewritten as

dx
dN

=2x
�
1−u2 − v2 − x2 − y2�+3u2x+

√
6βv2 +3x3 −3x+

1
2
√

6αy2 , (5.26)

dy
dN

=2y
�
1−u2 − v2 − x2 − y2�+3u2y+3x2y− 1

2
√

6αxy , (5.27)

du
dN

=3u3 +2u
�
1−u2 − v2 − x2 − y2�+3ux2 −3u− 1

2
√

6λv2 , (5.28)

dv
dN

=2v
�
−u2 − v2 − x2 − y2 +1

�
+3u2v+

1
2
√

6λuv+3vx2 −
√

6βvx , (5.29)

and a fixed point is characterized by dx/dN = dy/dN = du/dN = dv/dN = 0. When solving the
resulting algebraic equations we can reduce the number of fixed points by eliminating some redun-
dancies. First we assume that α > 0 and λ > 0, both can be easily achieved by a suitable sign-change
in the fields ϕ and χ. We exclude the case α = 0, as this would lead to a cosmological constant term
for V1, and come back to λ= 0 below. Furthermore we have y≥ 0 and v≥ 0 by definition. Restricting
ourselves to these ranges, the complete set of all fixed points is given in Table 5.1.

These fixed points can be split up into the purely scalar field dominated fixed points K1 to S3 and
radiation-like fixed points R1 to R4. We expect the kinetically dominated fixed points K1 and K2

to always exist, irrespective of the exact shape of the scalar potential, as long as it exhibits a root,
possibly asymptotically. The same holds for the point R1, which corresponds to both scalar fields
sitting at a root of the potential, in the case of the potential (5.18) ϕ sits at infinity. The kinetically
dominated fixed points are always unstable, as one can see directly by the fact that the scalar energy
densities scales away ∝ a−6 and therefore faster than radiation (or matter). The point R1 is also
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unstable for the coupled exponential potential, as we will see below.
The remaining points S1 to S3 and R2 to R4 are the ones only existing for potentials of the form
derived in section 5.1 and among these, only the ones exhibiting a radiation-like expansion, i.e. R2 to
R4, can result in a realistic early cosmology.

The stability of the fixed points can be analyzed by investigating the Jacobian matrix for x,y,u and v
for each fixed point. We are not interested in the typical classification into nodes, spirals and saddle-
points here, we merely distinguish stable and unstable points [Copeland et al., 1998, Gumjudpai et al.,
2005]. Points for which the Jacobian matrix has only positive (or zero) eigenvalues are unstable, and
points for which all eigenvalues are negative are stable. The conditions for existence and stability of
the fixed points are given in Table 5.2.

As is common in scenarios such as ours, the stable fixed points split up the parameter space into
disjunct sections. For a given set of parameters α,λ and β we therefore have a unique attractive
scaling solution towards which the cosmological evolution will adjust itself relatively quickly in the
early universe. To avoid this fixed point for the prolonged period of radiation domination, one would
necessarily have to start with initial conditions very far away from the fixed point configuration. The
splitting of the parameter space can be seen in Figures 5.1 and 5.2. The region allowing for a realistic
early radiation dominated scaling solution is quite large, in particular for λ > 2. However, only the
point R4 allows for a radiation-like expansion and arbitrarily small absolute values of the coupling.

Let us quickly return to the case λ = 0 ignored above. In this special case the potential does not
depend on χ. The results are almost the same as before, however, all fixed points except for R4 still
exist, and the conditions for stability are the same as given in Table 5.2. We will not be concerned
with this special case any further for the remainder of this chapter.

Non-exponential potentials

We now move on to show that all exact scaling solutions for coupled two scalar field cosmologies
are effectively the ones found above for the coupled exponential potential. We start by recalling the
generic shape of the common scalar potential required for the existence of scaling solutions given in
equation (5.15). As before, we use a the splitting of the potential given by (5.20), which means it is
useful to rewrite f (ξ) as

f (ξ) = ln(µ1 +µ2g(ξ)) , (5.30)

where µ1 and µ2 are some suitable constants. Note that this already shows that V1 has to be an
exponential potential. With these definitions the common potential is given by

V2(ϕ,χ) = µ2 g(ξ)e−αϕ/Mp , (5.31)

with α = 3(1+ωeff)Mp/c1. Our aim is to rewrite the field equations in the same form used in the
discussion of the exponential coupling potential, in order to recover a set of algebraic equations
whose fixed points determine the existing scaling solutions. For non-exponential potentials we can
of course not express the potential derivatives in terms of the potential, and we therefore need a new
set of variables, defined by
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TABLE 5.1: Fixed points for coupled exponential potentials

Point x y u v z ωeff

K1
√

6/α 0 ±
�

1− 6
α2

�1/2
0 0 1

K2
2
√

6β±λ
√

f−6
f 0 ±2β

√
f−6−

√
6λ

f 0 0 1

S1

�
2
3 β 0 −λ/

√
6

�
1− f

6

�1/2
0 −1+ f/3

S2 α/
√

6
�

1− α2

6

�1/2
0 0 0 −1+α2/3

S3
αλ2
√

6g

�
h1
6g2

�1/2 α(2β−α)λ√
6g

�
h2
6g2

�1/2
0 −1+ α2λ2

3g

R1 0 0 0 0 1 1/3

R2

�
2
3

4β
f 0 −

�
2
3

2λ
f

�
4

3 f

�1/2
1− 4

f 1/3

R3

�
2
3

2
α

2√
3α 0 0 1− 4

α2 1/3

R4

�
2
3

2
α

2
√

f−2αβ√
3αλ −

�
2
3

2(α−2β)
αλ

�
4(α−2β)

3αλ2

�1/2
1− 4g

α2λ2 1/3

Here f (β,λ) = 4β2 + λ2, g(α,β,λ) = (α − 2β)2 + λ2, h1 = ( f − 2βα)(6g − α2λ2), h2 = α(α −
2β)(6g−α2λ2) and the sign change for the point K2 should be taken simultaneously in x and y.

Table taken from [Beyer, 2014a].

TABLE 5.2: Existence and stability of the fixed points for coupled exponential potentials

Point Existence Stability

K1 α2 ≥ 6 unstable ∀α,β,λ
K2 f (β,λ)≥ 6 unstable ∀α,β,λ
S1 f (β,λ)≤ 6 f (β,λ)< min(4,2αβ)
S2 α2 ≤ 6 α < min(2,2β)
S3 f (β,λ),α2 ≥ 2αβ, f (β,λ),α2 > 2αβ

6g ≥ α2λ2 4g > α2λ2

R1 always unstable ∀α,β,λ
R2 f (β,λ)≥ 4 2αβ > f (β,λ)> 4

R3 α2 ≥ 4 2 < α < 2β
R4 f (β,λ),α2 ≥ 2αβ, 4g < α2λ2,

4g ≤ α2λ2 αλ2 > 2βg

For definitions of f and g see caption of Table 5.1. Table taken from [Beyer, 2014a].
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FIGURE 5.1: Parameter space of stable fixed points for the exponential
coupling potential with λ = 1
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The phase space structure remains valid for all λ < 2. The shaded region shows the points which
allow for a realistic early universe cosmology, i.e. a radiation-like expansion. Figure taken from

[Beyer, 2014a].

FIGURE 5.2: Parameter space of stable fixed points for the exponential
coupling potential with λ = 3
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The phase space structure remains valid for all λ > 2. The shaded region shows the points which
allow for a realistic early universe cosmology, i.e. a radiation-like expansion. Figure taken from

[Beyer, 2014a].
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sn ≡
g(n)(ξ)Mn

p

g(ξ)
for n > 1 . (5.32)

Since ξ is constant for an exact scaling solution, it is clear that all the quantities sn also have to be
constant for such dynamics. The generic evolution equations for these variables are very simple and
read

dsn

dN
= (sn+1 − s1sn)

√
6(u−σx) , (5.33)

where we introduced σ = c2/c1. For an exact scaling solution we thus have to require

dsn

dN
= 0 for all n . (5.34)

Note that this does not exclude the possibility of algebraic relations between the sn, which might
render some of these equations redundant. For example, in the case of the exponential coupling
potential we have g(ξ) ∝ exp(λξ/Mp), which implies sn = λnv, automtically satisfying eq. (5.34). In
addition to the sn-equations we have to add the following field equations to complete the system:

dx
dN

=− x+ x3 −2xy2 + xu2 −2xv2 +

√
6

2
αy2 +

√
6

2
(α+σs1)v2 , (5.35)

dy
dN

=

�
−
√

6
2

αx+2+ x2 −2y2 +u2 −2v2

�
y , (5.36)

du
dN

=−u−
√

6
2

s1v2 + x2u−2uy2 +u3 −2uv2 , (5.37)

dv
dN

=

�
2+ x2 −2y2 +u2 −2v2 +

√
6

2
s1u

�
v−

√
6

2
(α+σs1)xv . (5.38)

As before, the scaling solutions can now be found algebraically by demanding dx/dN = dy/dN =

du/dN = dv/dN = dsn/dN = 0 for n ≤ m with some suitable m ∈ N, if the set of sn-evolution equa-
tions truncate at m, i.e.

dsm

dN
= f (x,y,u,v,z,s1, . . . ,sm) . (5.39)

This clearly does not hold for all potentials, but we can still make progress in the general case.
Luckily, the only sn-term relevant for the x,y,u and v-equation is s1, which has to be a constant.
Thus, equations (5.35) to (5.38) give exactly the same system of algebraic equations as equations
(5.26) to (5.29), with the replacements

s1 = λ and σλ =−α+2β . (5.40)

Let us pause for a moment to reconsider the logic of our approach. At first sight it may seem strange
that we have apparently extended the equations of motion to include m + 4 dynamical variables
governed by first order differential equations, instead of just the 4 present originally. In fact, the
variables sn are not truly free variables, they depend on y and v in some, typically non-algebraic, way.
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In order to determine this dependence the relation

g(ξ) = µ1

µ2

v2

y2 (5.41)

needs to be inverted (if possible). We could then simply replace s1 in equations (5.35) to (5.38) by
the corresponding non-algebraic expression and recover the equations of motion, without need for
the higher derivatives sn. However, the equations of motion in this non-algebraic form do not usually
allow us to find any fixed points. The extended closed algebraic system of equations including the
quantities sn also describes the full dynamics of the system and is perfectly valid. In order to find a
generic solution one can either integrate the system of four non-algebraic equations, or the system
of 4+m algebraic equations, where the initial conditions for the quantities s1 to sm are given by the
initial values for y and v in some non-algebraic way. We can therefore make the following statements:

• By analyzing the fixed points of extended set of algebraic equations we do capture all possible
scaling solutions. However, since the sn are treated as free constants in this approach, we still
have to check that the non-algebraic relations relating them to y and v (i.e. the scalar potential)
can indeed be fulfilled for a given fixed point within a given model. This may give additional
non-trivial constraints.

• The stability analysis for each fixed point has to be extended to include the variables sn, as they
are dynamical in general, and constant only for exact scaling solutions.

With this in mind, let us quickly clarify what the relation (5.40) is telling us. The equivalency of the
equations for x, y, u and v directly shows that any exact scaling solution for two coupled canonical
scalar fields is effectively given by one of the points found above for the exponential cross-coupling
potential. One should be careful not to take this conclusion too far. We emphasize that the conditions
that all sn have to be static are not necessarily met by all the points above for all potentials of the shape
given in equation (5.31) and furthermore the non-algebraic relations fixing the sn to y and v might be
in conflict with the requirements of existence or stability for the fixed points. These issues have to be
checked on a case by case basis. However, equations (5.33) and (5.40) tell us that all points for which
u = x(2β−α)/λ, i.e. S3 and R4, do exist for all such models, as long as the non-algebraic relations
between the sn and v and y do not violate the conditions of existence. Furthermore, the points K1,K2
and R1 exist if V2 vanishes somewhere, at least asymptotically. We stress once again that the stability
conditions may look very different than for the coupled exponential case, since stability of the sn

provides new constraints, which depend on the functional form of the potential.
Finally, there almost certainly exist potentials for which the series of sn-equations never truncates.
In this case we can still conclude that all possible fixed points are given in Table 5.1, but we cannot
check whether they really do exist or are stable within our approach.

To sum up: We have shown that all scaling solutions for two coupled canonical scalar fields are
included in the set of fixed points found for the coupled exponential potential, and that two of these
points, S3 and R4, appear to exist rather generically. However, the stability conditions for the fixed
points can change for different potentials, and have to be analyzed on a case by case basis.
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Power law couplings

As an example of models with non-exponential potentials allowing for stable scaling solutions, we
now investigate potentials with a power law coupling. By this we mean models for which g(ξ) =
κξm/Mm

p , where obviously m has to be even in order for the potential to be bound from below. In this
case the system of algebraic equations is closed after adding the equation for s1, since

sn =
m!

(m−n)!mn sn
1 for n ≤ m , (5.42)

and of course sn = 0 for n > m. In this case the evolution equations for s1 reads

ds1

dN
=−

√
6

m
s2

1(u−σx) . (5.43)

Let us quickly draw some conclusions concerning the fixed points for this type of coupling. First,
eq. (5.43) is clearly solved for s1 = 0. This is a special case, as we can not make the identification
(5.40) anymore and thus not apply the correspondence to the exponential coupling potential anymore.
However, for a power law coupling potential this is only possible when the field ξ is ’sitting at ∞’.
This requires ’ϕ = ∞’ also, in order to keep V2 finite. Thus the only fixed points available in this case
are the kinetically dominated points K1 and K2 as well as the point R1, all of which are unstable. (In
the case of R1 this requires a stability analysis employing the extended set of equations, which we do
not present here.)
For s1 �= 0 we can use the list of fixed points from the exponential coupling potential and a solution
of eq. (5.43) requires u = x(2β−α)/s1, which is only satisfied for S3 and R4. The stability analysis
for S3 is quite complicated, and as this point does not provide a radiation-like expansion it is not of
particular interest for the early universe and we omit it here. The only remaining fixed point is thus
R4. A stability analysis reveals that stability of R4 for the power-law coupling requires

α2 > 4(1+σ2) , 4σs1 +mα > 0 , (5.44)

−σ((m−2)s1 +mσ(α+σs1))> 0 . (5.45)

Finally, for the point R4 the relation (5.41) can be shown to give

sm
1 +mm 1+σ2

σακ̃
s1 +mm/κ̃ = 0 , (5.46)

where κ̃ = κµ1/µ2. For m = 2 this can be solved explicitly for s1, but the conditions for stability for
R4 are not met for any of the two solutions. For higher values of m, one needs to analyze the situation
numerically. The equation (5.46) has up to two real roots, which can serve as values for s1 given a set
of parameters α, κ̃ and σ. In terms of the original fields these two roots can be interpreted as follows:
For any set of given model parameters we can find two sets of initial conditions corresponding to
the scaling solution R4, with different values for x, y, u and v in each case. These two sets of
initial conditions correspond to the two roots of equation (5.46). We have analyzed the situation
for m = 4,6,8,10 and 12 numerically, and found that the scaling solution R4 exists and is stable
for suitable parameter choices in all these cases. As an example we present a cut through parameter
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FIGURE 5.3: The fixed point R4 for the power law coupling potential
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We have fixed the parameters m = 4 and κ̃ = 1. In the region A the equation (5.46) has no real
solution, in the region B the fixed point R4 exists but is unstable for both real roots of (5.46), in the
region C existence is guaranteed for both real roots of (5.46), but stability only for one of the two.

space in Figure 5.3. This plot shows explicitly that the fixed point R4 exists and is stable for a suitable
choice of parameters.

5.2 PERTURBATIONS ALONG SCALING SOLUTIONS

We will now turn our attention to the evolution of perturbations in the early universe in models
containing two non-minimally coupled canonical scalar fields. We adopt the same conventions as in
the previous section, i.e. denote the fields by ϕ and χ, and split the potential according to eq. (5.20).
By "early universe" we mean an era during which the cosmic expansion proceeds as if dominated by
radiation, i.e. H (τ) = τ−1, with τ being conformal time. We will consider a background-evolution
during which both fields follow an exact scaling bahavior, in particular the equations of state are
assumed to be constant. We stress again that this does not imply a strongly subdominant role of
the scalar fields or equations of state of exactly 1/3. The coupling between the two fields enables
a wide range of possible ωϕ’s and ωχ’s while still allowing for a radiation-like expansion (a(τ) ∝ τ)
and non-negligible scalar field contributions to the energy-densities already in very simple models,
as we have seen above. In addition to the two coupled scalar fields we include neutrinos, photons
and baryons into our model, but exclude a possible cold dark matter contribution, as is appropriate in
coupled scalar field models of dark matter and dark energy.

5.2.1 BASIC FORMALISM

The basic idea we employ to study the early universe evolution of superhorizon perturbations is one
already used in earlier works [Malquarti and Liddle, 2002a, Bartolo et al., 2004, Doran et al., 2003].
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We write the differential equations governing the evolution of linear perturbations in a convenient
matrix form, i.e.

dU(x)
dln(x)

= A(x)U(x) . (5.47)

Here we introduced a convenient new time variable x ≡ k/H and combined all relevant perturbative
quantities into a single perturbation vector U(x). Which quantities these are depends on the ap-
proximations one choses to use in the neutrino-, photon- and baryonic sectors. Here we employ the
simplest (lowest order) version of the tight-coupling approximation for photons and baryons, which
yields a common velocity potential for both components and excludes all higher momenta of the
phase space distribution function for photons (see section 4.2 for a derivation). In the case of neu-
trinos we truncate the Boltzmann-expansion after the quadrupole, leaving an additional anisotropic
stress contribution. This is justified for sufficiently early times (see e.g. [Kodama and Sasaki, 1984]).
The perturbation variables we employ are consistent with the definitions given in section 4.1.

Since the scalar fields only have two degrees of freedom, the components of the perturbation vector
can be chosen to be the energy density contrasts ∆α and velocity potentials Vα for all components of
the cosmic fluid as well as anisotropic stress for neutrinos, i.e.

U = {∆ν,Vν,∆γ,∆b,Vγ,∆ϕ,Vϕ,∆χ,Vχ,Π̃ν} . (5.48)

The common velocity potential for photons and baryons is denoted by Vγ here. The entries of the
perturbation matrix A can now be read off from the differential equations governing the evolution of
these variables. For the photon-, baryon- and neutrino-sector they read

d∆γ
dln(x)

=− 4
3

x2Vγ , (5.49)

d∆ν
dln(x)

=− 4
3

x2Vν , (5.50)

d∆b

dln(x)
=− x2Vγ , (5.51)

dVν
dln(x)

=
1
4

∆ν −Vν +2Ψ−
�

1
6

x2 +Ων

�
Π̃ν (5.52)

dVγ
dln(x)

=
4Ωγ

4Ωγ +3Ωb

�
1
4

∆γ +Ψ
�
−

4Ωγ +6Ωb

4Ωγ +3Ωb
Vγ +Φ , (5.53)

dΠ̃ν
dln(x)

=
8
5

Vν −2Π̃ν . (5.54)

These equations can be derived from the generic equations given in section 4.2 by setting ωeff = 1/3
and employing

d
dτ

=−1
2

H (1+3ωeff)
d

dln(x)
. (5.55)

The equation for the velocity potential Vγ is different from the one employed in [Doran et al., 2003,
Majerotto et al., 2010]. This version is the correct one if one makes no assumption about the ratio
Ωb/Ωγ, as should be clear from the generic derivation given in chapter 4. Both version agree in the
limit Ωb/Ωγ → 0.
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The gravitational potentials are then given by

Ψ =− 3
2

∑α Ωα (∆α +3(1+ωα)Vα)

x2 +6
, (5.56)

Ψ�/H =−Φ+
3
2 ∑

α
Ωα(1+ωα)Vα , (5.57)

Φ =Ψ−3∑
α

ΩαωαΠ̃α = Ψ−ΩνΠ̃ν . (5.58)

The generic equations of motion for the scalar fields are quite complicated (see equations (4.48),
(4.49) and (4.60) to (4.63) in section 4.1), but they can be simplified considerably in an exact scaling
scenario. The background quantities appearing in the scalar sector are the equations of state ωϕ and
ωχ, the adiabatic sound speeds c2

a,ϕ and c2
a,χ, the couplings qϕ and qχ, their time-derivatives and the

second derivative of the common potential V2,ϕϕ.
In an exact scaling scenario we assume constant equations of state, i.e. we set ω�

ϕ = ω�
χ = 0. This

implies that the adiabatic sound speeds are given by c2
a,ϕ = ωϕ and c2

a,χ = ωχ. Furthermore the
couplings qϕ and qχ have to be constant by equation (5.13) and are of course related by equation
(5.7). Finally the scalar equations of state are related by equation (5.9) and we only have to deal
with the second derivative V2,ϕϕ of the common potential. For a generic scalar field evolution this can
of course take any, in principle time-dependent, form, but in a scaling scenario it merely introduces
another constant into the equations, which can be seen as follows.

We start by investigating the generic potential for exact scaling solutions given by equation (5.15).
Let us recall the generic shape of the potential V2 introduced above in eq. (5.31)

V2(ϕ,χ) = µ2 g(ξ)e−αϕ/Mp . (5.59)

We can now take the second derivative of this potential with respect to ϕ and recall α = 3(1 +

ωeff)Mp/c1, to obtain (for ωeff = 1/3)

V2,ϕϕ = µ2e−4ϕ/c1

�
16
c2

1
g(ξ)+ 8c2

c2
1

g�(ξ)+ c2
2

c2
1

g��(ξ)
�
. (5.60)

Since ξ is constant during a scaling solution, it is clear that V2,ϕϕ ∝ V ∝ ρtot in such scenarios and we
can thus define

V2,ϕϕ = 3qϕ
H 2

a2 rϕ , (5.61)

with some constant rϕ. Note that rϕ is in principle a new independent constant depending on the
functional form of g and can generally generally not be related to qϕ, as it depends on the second
derivative g��, whereas only the first derivative g� enters into qϕ.
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Now we can finally write down the equation for the scalar sector in a form where the only remaining
constant parameters are ωϕ, rϕ and the density parameters. They read

d∆ϕ
dln(x)

=
ωϕ −3
1+ωϕ

∆ϕ +(3ωϕ −1)
�
Ψ�/H +Φ

�
+(3ωϕ −1)(rϕ −4)Vχ +

4(ωϕ −3)
1+ωϕ

Ψ

+

�
(1−3ωϕ)rϕ − x2(1+ωϕ)+

2(ωϕ −1)(7+3ωϕ)

1+ωϕ

�
Vϕ , (5.62)

dVϕ
dln(x)

=
1

1+ωϕ
∆ϕ+Φ+

2(1−ωϕ)

1+ωϕ
Vϕ +

4
1+ωϕ

Ψ , (5.63)

d∆χ
dln(x)

=−2∆χ +
Ωϕ
Ωχ

(1−3ωϕ)
�
Ψ�/H +Φ

�
−4

�
2+

Ωϕ
Ωχ

1−3ωϕ
1+ωϕ

�
Ψ

−
�
(rϕ −6)(3ωϕ −1)Ωϕ +8Ωχ

Ωχ
+

4Ωχ +Ωϕ(1−3ωϕ)

3Ωχ
x2
�

Vχ

+
Ωϕ
Ωχ

(3ωϕ −1)
�

4
2+ωϕ
1+ωϕ

− rϕ

�
Vϕ +

Ωϕ
Ωχ

1−3ωϕ
1+ωϕ

∆ϕ , (5.64)

dVχ
dln(x)

=
3(1−3ωϕ)Ωϕ

(3ωϕ −1)Ωϕ −4Ωχ
Vϕ +

12Ωχ
Ωϕ(1−3ωϕ)+4Ωχ

Ψ

+
3Ωχ

Ωϕ(1−3ωϕ)+4Ωχ
∆χ +Φ+Vχ . (5.65)

The coefficients of the matrix A(x) can be read off from equations, (5.49) - (5.54) and (5.62) - (5.65)
after replacing the gravitational potentials.

Before analyzing the solutions for the perturbations we have to investigate the background quantities
appearing in A(x). Those are generally x-dependent, but in this analysis we are interested only in the
superhorizon-limit defined by x � 1 and we can therefore work with Taylor-expansions in x. To see
that, first note that we assume a radiation-like expansion with a scalar scaling solution in the early
universe, a scenario only slightly disturbed by the baryonic density parameter, which is small, but
grows linearly in x:

Ωb = Ωb,in
a

ain
= Ωb,in

Hin

k
x . (5.66)

This implies that all the other density parameters are constant to leading order, but decrease slowly
at linear order in x . Evaluating Friedmanns equations for a flat universe in the form Ων +Ωγ +Ωϕ +

Ωχ +Ωb = 1 order by order in x then yields to leading order

Ωα = Ωα,0 (1− x) for all α �= b. (5.67)

Using this, one can directly deduce that we can expand the matrix A(x) as a Taylor-series in x and
recover a constant matrix at leading order:

A(x) = A0 +A1x+A2x2 +O(x3) . (5.68)
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With this approximation we can immediately write down the leading order solution for equation
(5.47), which reads

U0(x) = ∑
i

cixλiU (i)
0 , (5.69)

where U (i)
0 are eigenvectors of the matrix A0 and λi the corresponding eigenvalues. With this as

a starting point, one can now easily determine higher order corrections to the found solution by
expanding the eigenvectors as follows:

U (i)(x) =U (i)
0 +U (i)

1 x+U (i)
2 x2 +O(x3) , (5.70)

where the first order correction is then given by

U (i)
1 = ((λi +1)I−A0)

−1 A1U (i)
0 , (5.71)

and the other corrections can be calculated in a similar fashion, but we will not need them here. Of
course, the general solution is given by

U(x) = ∑
i

cixλiU (i)(x) . (5.72)

A short comment concerning the different approximations used here might be in order. As explained
in section 4.2, we use the simplest version of the tight coupling approximation for photons and
baryons, i.e. we only include coupling terms to leading order (that is zeroth order) of H τc � 1,
where τc = (aneσT )−1 is the Thomson interaction timescale. One might question whether it is con-
sistent to go to next to leading order in the x-expansion of the matrix A(x), but not include the next
order in the TCA, i.e. terms suppressed by H τc. As it turns out, for the relevant wavenumbers we
have x = k/H � H τc during radiation domination. To see this, note the following: The Thomson
interaction timescale is given by τc = (aneσT )−1. During radiation domination, but after electron-
positron annihilation, we can approximate the electron density by

ne ≈ nb =
Ωb 3M2

pH 2

a2mp
, (5.73)

where mp is the proton mass (which is roughly the hydrogen mass, we ignore other light elements in
this estimate). Since we have H ∝ a−1 during this time, we obtain

x � H τc ⇔ k �
mp

3M2
pσT

a
Ωb

. (5.74)

The ratio a/Ωb remains constant during radiation domination, we estimate it by its value at matter-
radiation equality, i.e. aeq/Ωb(aeq)≈ 1/320. Plugging in numbers then yields that our approximation
appears to be valid for k � 0.2×10−4 Mpc−1. This breaks down for very small k, but 10−4 Mpc−1

is already far below what is currently observable.
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5.2.2 EIGENVALUES AND EIGENMODES

Eigenvalues

In order to determine the dominant perturbation modes in the early universe in coupled two scalar
field models one simply has to determine the eigenvalues λi of the matrix A0 with the largest real
parts and the corresponding eigenvectors. In principle these depend on 4 parameters, which can be
taken to be ωϕ, rϕ, Ωϕ and Ωχ. Here ωϕ, Ωϕ and Ωχ determine the scaling solution and rϕ appears
only at the perturbative level. The remaining density parameters for neutrinos and photons are fixed
by the fact that we assume a FLRW metric without curvature, i.e. Ων +Ωγ +Ωϕ +Ωχ = 1 and the
well known relation Ων = 21/8× (4/11)4/3 Ωγ, which is valid after electron-positron annihilation
(see chapter 2). However, four of the eigenvalues are always given by

{λ1,λ2,λ3,λ4}= {0,0,0,−1} , (5.75)

irrespective of the values of these parameters. The remaining 6 eigenvalues are very complicated
functions of the 4 free parameters. Four of them, say λ5 to λ8, are given by the roots of a fourth order
polynomial, which can be explicitly written down, but the resulting equations are quite complicated
and not enlightening at all. Instead, we treat those eigenvalues numerically by running through a grid
of the four free parameters {ωϕ,rϕ,Ωϕ,Ωχ}. We find that they appear to be bound above by −0.5.
This finding is subject only to the constraint that rϕ is not bound in general, in our numerics we chose
an interval of [−10,10] for this parameter. The other three parameters are bound and thus our grid
coveres the entire allowed parameter range and can be considered ’complete’ in this sense. Still, it
seems unlikely that this conclusion will change for very large absolute values of rϕ, and in fact, for
the specific models we discuss below, this will not be an issue.

The remaining two eigenvalues are given by

λ9,10 =

�
−3ω2

ϕ −2ωϕ +1
�

ΩϕΩχ +4ωϕΩ2
χ +4Ω2

χ ∓
√

F
2(ωϕ +1)Ωχ((3ωϕ−1)Ωϕ −4Ωχ)

, with (5.76)

F =−(ωϕ +1)Ω2
χ(−3ωϕΩϕ +Ωϕ +4Ωχ)

�
(3ωϕ −1)Ωϕ(16rϕ −15ωϕ −79)

+4Ωχ(−4rϕ(1−3ωϕ)−33ωϕ +31)
�
. (5.77)

Only these two ’critical’ eigenvalues can have a real part bigger than zero, a case will will call strongly
growing from now on. As we will see below, the nullspace of A0 always contains an adiabatic
mode. It is precisely the two potentially strongly growing modes which can render the adiabatic
mode unstable, which would make the corresponding scenario difficult to reconcile with observations
[Enqvist et al., 2000, 2002, Beltran et al., 2005a, Seljak et al., 2006, Keskitalo et al., 2007, Kawasaki
and Sekiguchi, 2008, Castro et al., 2009, Valiviita and Giannantonio, 2009, Li et al., 2011, Ade
et al., 2013c]. One could of course conceivably come up with reasons why these modes are initially
strongly suppressed compared to the adiabatic mode, so that it does not become dominant during
the radiation dominated era, but such a fine-tuning of initial conditions is often not very natural and
generally undesirable.
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To visualize the effect of the coupling between the two scalar fields we have plotted the real part of
the two critical eigenvalues in Figures 5.4 and 5.5. Clearly, one of the values can become bigger than
zero for large deviations of ωϕ from the uncoupled value of 1/3, i.e. for big couplings. Furthermore,
as one would expect, this effect becomes stronger for larger scalar field density parameters. In the
uncoupled case, even the critical eigenvalues have real parts bound by −0.5 from above and the cor-
responding modes are thus subdominant. This shows that a strong coupling can be relevant for early
universe perturbations, because it can potentially change the dominant perturbation mode, rendering
the adiabatic mode unstable.

One should note however, that just because we can find a set of parameters which yield a strongly
growing eigenvalue in this numerical treatment does not necessarily mean that we can construct a
model actually yielding a scaling solution with such a feature. The problem is of course, that for any
given scaling solution some of the parameters treated here as free might well be related, or scaling
solutions with a radiation like expansion might not even exist or be confined to specific regions of
parameter-space. Let us therefore investigate the models introduced in section 5.1.2 with regard to
this issue.

Exponential coupling potential

The values of the critical eigenvalues for the exponential coupling potential can now be obtained
directly from the general results. First, we note that the constant rϕ can be related to the the potential
parameters through equation (5.60). We obtain after a short computation:

rϕ =
�

3(1+ωϕ)Ωϕ(α+σs1)

�
1− σ2(s2

1 − s2)

(α+σs1)2

�
. (5.78)

For the exponential coupling potential this simplifies since we have s2
1 = s2 = λ2 and α+σs1 = 2β.

Furthermore, the coupling β is related to qϕ by equations (3.104) and (5.13), which can be combined
to give

β =

√
3Ωϕ(3ωϕ −1)�

(1+ωϕ)Ωϕ
�
2Ωχ +Ωϕ(3ωϕ −1)

� . (5.79)

With this the function rϕ for the exponential coupling potential can be shown to be:

rexp
ϕ =

6Ωϕ(3ωϕ −1)
2Ωχ +Ωϕ

�
3ωϕ −1

� . (5.80)

First we note that the range for rϕ is in this case restricted to −6 ≤ rexp
ϕ ≤ 6, and therefore the range of

rϕ investigated numerically for the eigenvalues λ5, . . . ,λ8 is more than sufficient. It is thus guaranteed
that they do not correspond to strongly growing modes. Furthermore we have checked numerically
that the same holds true for the two critical eigenvalues λ9 and λ10, they are bound above by 0.
This can be seen in Figures 5.4 and 5.5. The particular shape of the potential leads to a form of the
coupling term rϕ that excludes the region of strongly growing eigenvalues as indicated by the solid
red lines.
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FIGURE 5.4: Real part of the critical eigenvalue λ9
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The left panel shows the real part of the critical eigenvalue λ9 for Ωϕ = 0.05 and Ωχ = 0.02, the
right panel for Ωϕ = Ωχ = 0.002. The solid red line represents a model with an exponential coupling
potential, the dashed red line a power-law coupling potential with m= 4. Both models are introduced

and discussed in section 5.1.2. Figure taken from [Beyer, 2014a].

FIGURE 5.5: Real part of the critical eigenvalue λ10
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The left panel shows the real part of the critical eigenvalue λ10 for Ωϕ = 0.05 and Ωχ = 0.02, the
right panel for Ωϕ = Ωχ = 0.002. The solid red line represents a model with an exponential coupling
potential, the dashed red line a power-law coupling potential with m= 4. Both models are introduced

and discussed in section 5.1.2.
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However, in this case a numerical treatment of the two critical eigenvalues is not necessary, we can
determine the eigenvalues analytically in this case. First, we plug eq. (5.80) into eq. (5.76) to obtain

λ9,10 =
1
2



−1±

�
(45ω2

ϕ−66ωϕ+17)Ωϕ+(62−66ωϕ)Ωχ
(ωϕ+1)(−3ωϕΩϕ+Ωϕ−2Ωχ)

sgn(−3ωϕΩϕ +Ωϕ +4Ωχ)



 . (5.81)

This still looks rather involved, but we can evaluate the expression for each stable fixed point with a
radiation like expansion separately.

First, for the point R2 we have ωϕ = 1, from which we directly obtain ℜ(λ9,10) ∈ {−1,0}. Second,
for R3 we have ωϕ = 1/3, which directly gives ℜ(λ9,10) = −1/2. Finally, the point R4 is slightly
more complicated. But we still simply plug in the solutions for Ωϕ, Ωχ and ωϕ for this fixed point and
obtain the eigenvalues as a function of α, λ and β. After some algebra, one comes to the conclusion
that

ℜ(λ9,10)≤ 0 ⇔ αλ2 ≥ 2β(α−2β)2 +2βλ2 , (5.82)

which is guaranteed by the conditions of existence for the fixed point R4 alone.

Thus for the coupled exponential potential there is a huge region of the parameter space which is not
only viable as an early cosmology at the background level, but for which no strongly growing per-
turbation modes exist and the adiabatic mode is therefore stable. With the results presented here one
can therefore directly write down the early universe background evolution for any set of parameters
α,β and λ with the density parameters replaced by the ones given in Table 5.1 for the relevant fixed
point, which we have done in chapter 4. Furthermore, the dominant perturbation modes are given by
the nullspace of A0, which we will analyze in the next subsection.

Power law coupling potential

Let us now move on to see how perturbations around scaling solutions for the power law coupling
potential behave. First we need to determine rpc

ϕ , for which can be directly deduced from equation
(5.78) with the help of (5.42):

rpc
ϕ = rexp

ϕ

�
1− (σs1)2

(α+σs1)2m

�
. (5.83)

Clearly a power law coupling lowers the rϕ(ωϕ) curve for positive values of rϕ compared to the
exponential coupling model, which suggests that it might push the perturbations into a regime where
the critical eigenvalue λ9 can become positive. We have visualized this in Figures 5.4 and 5.5 by a
dashed red line, obtained for m = 4,α = 4 and σs1 =−2.
Before claiming that strongly growing isocurvature modes exist along scaling solutions in this model
we have to check a few things. First, can we really just adjust the value of σs1? After all s1 is
not a model parameter, but needs to obey equation (5.46). This is, however, not an issue, since for
σs1 =−ζ the parameter choice

κ̃ =−mmσm

(−ζ)m

�
1−ζ1+σ2

ασ2

�
(5.84)
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guarantees that equation (5.46) is satisfied for s1 = −ζ/σ. Second, in our analysis of the growth
of perturbations we have chosen our parameters to be Ωϕ, Ωχ and ωϕ. Whether or not the range
of existence (and stability) of the fixed point R4 allows for the parameter range where the adiabatic
mode becomes unstable still needs to be checked. We have done this numerically, with the following
result: Strongly growing isocurvature modes can exist for the power law coupling potential around
the fixed point R4, however, only for one of the two real roots of equation (5.46). This is precisely
the root for which the fixed point is never stable. For the second root, which guarantees stability of
the fixed point in a given parameter range, strongly growing modes do not exist. In other words:
We can choose initial conditions corresponding to a scaling solution in this model which allows for
parameters Ωϕ, Ωχ and ωϕ in the range where the a strongly growing isocurvature mode exists, but
this solution is unstable. We can also construct a stable scaling solution, but this does not allow for
the range of Ωϕ, Ωχ and ωϕ with a strongly growing isocurvature mode.
These conclusions are of course subject to the constraint that or numerical grid is of finite size. We
show the real part of the eigenvalue λ9 for the fixed point R4 in Figure 5.6, where we chose the root
of equation (5.46) leading to an unstable scaling solution.

Eigenvectors

Since the generic eigenvalues have very complicated forms in general, so do the corresponding eigen-
vectors. This also holds for the eigenvectors belonging to the two critical eigenvalues, representing
potentially dominant modes. Things look a lot better for the nullspace of A0, which of course includes

FIGURE 5.6: Eigenvalue λ9 for the power law coupling potential
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all dominant perturbations modes in the absence of strongly growing modes. One is free to choose
any suitable basis of this three-dimensional space, we choose to categorize the modes following Do-
ran et al. [2003], i.e. by means of the total curvature and relative entropy perturbations.

In this categorization a mode is called an isocurvature mode if the total curvature perturbation van-
ishes, i.e.

ζ = ∑
α

ρα∆α
ρtot + ptot

= 0 , (5.85)

and adiabatic if all relative and internal entropy perturbations, i.e.

Sαβ =
∆α

(1+ωα)(1−qα)
−

∆β
(1+ωβ)(1−qβ)

= 0 , (5.86)

Γα =
1
pα

�
δpα − c2

a,αδρα
�
= 0 for all α, β . (5.87)

There are some deviating definitions of the total curvature pertubation in the literature [Mukhanov
et al., 1992], but they agree in the superhorizon limit in a flat universe.

This categorization splits the nullspace into a two-dimensional isocurvature space and one adiabatic
mode. The adiabatic eigenvector is given by





∆ν
Vν
∆γ
∆b

Vγ
∆ϕ
Vϕ
∆χ
Vχ
Π̃ν





adiab.

= C





1
−5/4S−1

1
3/4

−5/4S−1

1
−5/4S−1

1
−5/4S−1

−S−1





, (5.88)

where S = (15+4Ων). This is very similar to the adiabatic mode in minimally coupled quintessence
scenarios [Doran et al., 2003].

The isocurvature-subspace can be further decomposed into one baryon-isocurvature and one neutrino/
scalar-isocurvature mode.

The baryon isocurvature mode is characterized by the demand that all species except for baryons
should be adiabatic, i.e. Sb,α �= 0 for all α, but Sα,β = 0 for α,β �= b. For our set of scaling scenarios
this necessarily implies that the scalar internal entropy perturbations also vanish, i.e. Γϕ = Γχ = 0.
In the corresponding eigenvector all entries except for ∆b vanish at leading order, we therefore quote
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the result to subleading order in x here:




∆ν
Vν
∆γ
∆b

Vγ
∆ϕ
Vϕ
∆χ
Vχ
Π̃ν





bar.iso.

= C





0
−45/8ΩbP−1/(15+2Ων)

0
1

−45/8ΩbP−1/(15+2Ων)

−3/4(ωϕ −3)ΩbP−1

−45/8ΩbP−1/(15+2Ων)

−2Ωb/Ωχ P−1X
−45/8ΩbP−1/(15+2Ων)

−3ΩbP−1/(15+2Ων)





, (5.89)

where we defined the quantities

P = (1+2Ωγ +2Ων) and (5.90)

X =
�
−2(1−Ωχ)+(1−3ωϕ)Ωϕ/4

�
. (5.91)

This vector differs considerably from the ones found in previous studies [Doran et al., 2003], which
is due not only to the presence of two coupled scalar fields, but also to the improved treatment of the
tight coupling approximation, which changes the subleading order contributions to the perturbation
matrix A(x).

Finally, the neutrino/scalar isocurvature mode is characterized by which Sγ,b = 0, as this is the only
relative entropy perturbation not involving neutrinos or scalar fields. Enforcing this necessarily im-
plies Sϕ,χ = Γϕ = Γχ = 0, with all other relative entropy perturbations non-vanishing. The corre-
sponding eigenvector reads at leading order:





∆ν
Vν
∆γ
∆b

Vγ
∆ϕ
Vϕ
∆χ
Vχ
Π̃ν





neut.iso.

= C





S
15/4

−Ων/Ωγ S
3Ων/4Ωγ S

−Ων/4Ωγ (S +4Ωγ)

0
−Ων

0
−Ων

3





, (5.92)

Note that due to the convenient choice of perturbation variables, the dependence on the coupling
only appears at subleading order in the baryon isocurvature mode through ωϕ. At leading order, the
nullspace of the leading order perturbation matrix A0 is completely independent of rϕ or qϕ.



6 THE INHOMOGENEOUS UNIVERSE 2:
STRUCTURE FORMATION

A huge amount of cosmological observations concerns virialized objects, such as galaxies or clusters
of galaxies. Any good cosmological theory should be aiming not only to produce a valid background
expansion and evolution of linear perturbations, but also to give rise to a theory of structure formation
in concordance with observations of such objects. This clearly goes beyond the scope of linear
perturbation theory, as virialized objects typically have an overdensity of roughly 200. So how can
one compare structure growth in a cosmological model with observations?

From the simulation side, the state-of-the-art method to investigate non-linear structure formation
are N-body simulations, which have have advanced considerably during recent years and can by now
not only account for the physics of cold dark matter, but also include quite sophisticated models for
the baryonic physics of galaxy formation (see e.g. [Genel et al., 2014, Vogelsberger et al., 2014a])
or (coupled) quintessence models (see e.g. [Baldi, 2012]). The continuously growing precision of
these simulations allows a comparison with observational data in ever increasing detail. Some of
the results raise questions about the validity of the ΛCDM model concerning structure formation on
small scales (see e.g. [Weinberg et al., 2013a] for a short recent review).

It would, in principle, be desirable to perform similar simulations for our coupled scalar field dark
matter model in order to figure out how the linear suppression of power on small scales translates to
structure formation. This would, however, constitute a quite involved project, which goes beyond the
scope of this thesis. The basic problem is the following: All modern N-body codes are based on a
Newtonian simulation of particles, which trace the distribution of cold (or warm) dark matter. It is
a priori unclear how to translate this concept to a coupled scalar field model such as ours. Clearly
modeling the scalar fields directly is out of the question, as this already failed at the background
level and the level of linear perturbations. It would thus be desirable to come up with a an effective
description of our model which is valid in the regime of non-linear perturbations and try to evolve
the corresponding equations. This could possibly be achieved by a similar averaging procedure as
we introduced in chapter 4, and we have in fact started this project, but not achieved any presentable
results at the time of writing this thesis.

Instead, we take a different approach in this chapter, which is technically a lot less involved: We
study the formation of structures in our model using the extended Press-Schechter (ePS) formalism.
This allows us to make predictions about structure formation in our model from the linear power
spectrum, with very little input from non-linear structure formation. We will discuss the assumptions
made in our calculations and their limits in detail below.
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We start this chapter with a very short and non-technical review about the current situation concerning
the small scale problems of the ΛCDM model and discuss some alternatives to cold dark matter
which might help to alleviate them. In this part we roughly follow [Weinberg et al., 2013a]. We
then move on to introduce the ePS formalism and discuss the technical issues which arise when
trying to apply it to our model. Finally we use the results to put constraints on the current bolon
mass and discuss possible observational signatures. For all models discussed here we use the same
cosmological parameters as in chapter 4 (see equations (4.236) and (4.237)). The results presented
here have been published in [Beyer and Wetterich, 2014, Beyer, 2014b]. In sections 6.2 to 6.5 we
closely follow the presentation of section V in [Beyer, 2014b]. Copyright for the figures and excerpts
of this preprint resides, at the time of writing this, with the author, but will be transferred to the
American Physical Society upon acceptance of the paper.

6.1 STRUCTURE FORMATION ON SMALL SCALES

Let us not take much time talking about the successes of N-body simulations in cold dark matter
scenarios on large scales, where they produce results which are in excellent agreement with observa-
tions. Instead, let us directly move on to smaller scales, where the cold dark matter paradigm might
run into some trouble.

6.1.1 SMALL SCALE ISSUES

As the accuracy of cold dark matter N-body simulations and the amount of observational data to com-
pare them with continuously increased in the late 90s, apparent discrepancies between the predictions
of the cold dark matter scenario and observations started to emerge. Originally these problems were
separated into two issues: the cusp-core problem and the missing satellite problem.

The cusp-core problem describes a discrepancy between simulations and observations concerning
the matter distribution in the center of dark matter halos. In cold dark matter simulations the central
density profile of halos is rising like r−b, with b = 1−1.5 [Navarro et al., 1997, Moore et al., 1998].
Measurements of the circular velocities of stars within galactic halos, however, found that a flat
density profile fits the observations much better [Flores and Primack, 1994, Moore, 1994].

The missing satellite problem is concerned with the distribution of subhalos within a larger cold dark
matter halo. These smaller halos are expected to host satellites of the larger structures, such as dwarf
galaxies surrounding a typical galaxy. Simulations suggest a huge number of such halos exist, but,
until the year 2000, only 9 dwarf galaxies around the Milky way were observed. This lead to the
conclusion that either these dark matter halos are not there, or they are for some reason void of stars.

In recent years much progress concerning both issues has been made. Probably the most important
news in this context was the discovery of an additional ∼ 15 ’ultra faint’ dwarf galaxies through
analyses of SDSS data [Abazajian et al., 2009]. Since this survey covered only about 20% of the sky
and these galaxies are so faint that they could be detected only out to a distance of roughly 50-100
kpc (the virial radius of the Milky way is roughly 300 kpc), some authors have proposed that the
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number of actual dwarf galaxies in the Milky way should be several hundred [Tollerud et al., 2008].
Other studies, however, are more conservative, coming up with a bound of 66 [Lovell et al., 2014].
The situation is further complicated by the fact that baryonic physics may play an important role at
small scales. We cannot even hope to scratch the surface of the complexities of galaxy formation
theories here, but the basic results concerning the missing satellite problem are the following: The
masses of the faintest dwarf galaxies (within a radius of 0.3 kpc) seem to be universal at around 107

M⊙, whereas the luminosities vary considerably (about 103-107 L⊙) [Strigari et al., 2008]. Models
including baryonic physics through stellar feedback and photoionization have shown that galaxy
formation on such small scales is a highly stochastic process, potentially leaving a large number of
dark halos void of stars, and it is in fact possible to account for the luminosity mass relation [Koposov
et al., 2009]. Despite the fact that there are some open issues, it is probably fair to say that the missing
satellite problem is at this stage more a problem of understanding the physics of galaxy formation
than one of the dark sector.
Things look different, however, if one takes a closer look at the most massive dwarf galaxies. Here
ΛCDM simulations suggest that the Milky should contain a number of halos with a mass exceeding
the one observed for the heaviest dwarf galaxies by a factor of ∼ 5 [Springel et al., 2008]. The precise
magnitude of the disagreement depends on the simulation parameters (such as, for example, the not
very well known mass of the Milky way), but even for conservative assumptions the discrepancy
seems to be persistent [Boylan-Kolchin et al., 2011, 2012]. As was concluded in [Weinberg et al.,
2013a], this issue might well be a manifestation of the cusp-core problem in disguise. Since cuspy
dark matter profiles generate larger masses, a simulation giving flatter density profiles might reduce
the masses of the heaviest Milky way subhalos and potentially solve this problem. Whether or not
this can be achieved through baryonic physics is currently a topic of scientific debate. While baryonic
processes certainly flatten the inner density profiles of dark matter halos, it remains uncertain if they
are able to do so for structures which are largely void of baryonic matter today. For more references
on this issue see e.g. [Weinberg et al., 2013a].

Whether baryonic effects will ultimately be able to resolve the small scale issue of the cold dark
matter model or not remains to be seen. In the meantime, however, one might be tempted to explore,
as an alternative route, modifications of the dark sector itself.

6.1.2 MODIFYING DARK MATTER

Many particle physics models of dark have been constructed in attempts to address the small scale
issue of structure formation, we want to give a short (biased) overview over what are some of the
most popular ones.

Warm dark matter

Probably the most popular alternative to cold dark matter is warm dark matter. In these models the
dark matter particle is sufficiently light to retain a non-negligible velocity dispersion, which leads to
a free streaming of particles out of gravitational wells and thereby erases small scale features in the
matter power spectrum. The precise details of the cosmological implications depend on the specific
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particle physics model, here we will focus on the simplest one: A single warm dark matter particle
that is thermally produced in the early universe. Some other models, such as for example sterile
neutrinos, exhibit similar features of power spectrum suppression and can be related to this simple
case for the purposes of structure formation by assigning to them an ’effective thermal’ WDM mass.
It has been shown in recent years that a WDM particle of mass 1− 3 keV can solve a number of
issues of small scale structure formation [Papastergis et al., 2011, Lovell et al., 2012, Menci et al.,
2013], but the precise value of the particle mass required to address the individual observations varies
considerably within this range. These discrepancies have let Schneider et al. [2013] to investigate
whether or not a single WDM particle consistent with observational constraints from the Lyman-α
forest [Viel et al., 2013] and SDSS data [Polisensky and Ricotti, 2011] can in fact improve the small
scale inconsistencies of cold dark matter models. The answer is, essentially, no. The constraints
force the WDM particle mass into a regime where the problems of small scale structure formation
can no longer be effectively addressed. This finding is clearly not the end of warm dark matter
models. The conclusions of [Schneider et al., 2013] may change, if the bounds on the WDM mass
from observations turn out to be slightly weaker than assumed for some reason. Furthermore, one can
easily construct models of non-thermal production or models containing particles of several masses
in order to get around the bounds found in this paper.

Interacting dark matter

An alternative to warm dark matter are models of self-interacting dark matter [Spergel and Steinhardt,
2000]. Recent cosmological simulations suggest that it is possible to find a parameter range for the
interaction strength and the particle mass for which observational constraints are met and yet the
formation of structure on the relevant scales is suppressed [Peter et al., 2012, Rocha et al., 2013].

Scalar field dark matter

Finally, let us discuss models of ultra-light scalar field dark matter. Many models of scalar field dark
matter have been proposed, but the cosmon-bolon model is, to out knowledge, the only one giving
rise to a coupling to dark energy. The literature on these models is quite extensive, and when studying
it, one should keep (at least) two basic distinctions between in mind:

1. Is the scalar field considered real or complex?

2. Is the scalar field action considered to be the classical action, such that quantum effects still
have to considered in addition to the scalar field dynamics, or the effective action, such that the
field equations are exact?

We stress that our model falls within the range of real scalar field models and we consider the action
to be the effective action, with no additional quantum corrections present.
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BEC models

Let us start with models of the sort where the action is considered to be the classical action. In these
models the scalar field is usually assumed to form a Bose-Einstein-condensate (BEC) very early in
the universe. The consequences of such a BEC dark matter model have been studied in great detail
and in a variety of models (see e.g. [Suarez et al., 2013] for a review). The non-linear dynamics in
the Newtonian regime of such models are effectively described by the Newton-Poisson system (see
e.g. [Schive et al., 2014]). We will not be too concerned with this class of models, as it is unclear
how the results relate, precisely, to the cosmon-bolon model, even in the uncoupled case.

Effective scalar fields models

These are models in which the scalar field equations obtained from the action are assumed to be
exact, as in our case. We want to quickly summarize the results that were obtained concerning the
formation of structure which are the most relevant for us.
First, static spherically symmetric solutions for the scalar field equations (excluding any additional
matter) have been found for a variety models, including exact solutions for exponential potentials
[Matos and Guzman, 2000, Matos et al., 2000b,a] and approximate ones for a χ2-potential, so called
oscillatons [Urena-Lopez, 2002]. As the latter ones are relevant for our purposes, let us take a closer
look. In order to obtain these solutions, the full Einstein-Klein-Gordon system, consisting of Ein-
stein’s equations and the Klein-Gordon equation for a (real or complex) scalar field, needs to be
reduced to the so called Newton-Schrödinger system (see e.g. [Alcubierre et al., 2002, Guzman and
Urena-Lopez, 2003, 2004]), which effectively consists of an expansion of the scalar field into Fourier
modes, very similar to what we have obtained in chapter 4. The resulting leading order system is
then the Newton-Schrödinger system. This system allows for stable solutions, so called oscillatons.
These form acceptable states for virialized dark halos, and, as was shown in [Alcubierre et al., 2002,
Guzman and Urena-Lopez, 2003, 2004], dynamical collapse and stabilization of such structures is
indeed possible for suitable initial configurations.
What do such results tell us? First, and this is important, stable spherically symmetric configurations
do exists for simple scalar field dark matter models, and dynamics allowing for collapse and stabi-
lization as well. We can therefore hope that similar structures arise in our coupled scenario, too. But,
we should be remember the conditions under which these results were derived:

1. A spherical spatial symmetry was assumed for both the metric and the scalar field.

2. A weak field limit was assumed for both the deviations of the metric from a Minkowski-form
and for the scalar field.

3. A post-Newtonian approximation was employed, where the time-derivative is assumed to be
small in the sense that ∂t ∼ ε∂r with ε � 0 (r being the radial coordinate).

4. The stabilization of collapsing structures requires the choice of suitable initial configurations.

This gives rise to the following issues: First, initial conditions for realistic collapse should be obtained
from linear cosmological perturbation theory. Second, in an expanding FLRW universe, the collapse
of a structure could look different than in the analyzed oscillaton models, where small departures from
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Minkowski spacetime were considered. Third, the weak field limit is very similar to the expansion in
µ � 1 we employed in chapter 4. We have seen that second order effects matter already in the linear
theory in our model and it therefore far from obvious that the first order approximation employed to
derive the Schrödinger-Newton system is sufficient.

The only way to address these issues properly would be a full cosmological simulation. This is
however technically very involved, and far beyond what we can do here. For the remainder of this
chapter we will be more modest and consider a different approach to structure formation. Instead of
trying to predict precisely the shapes or stability of bolon halos we turn the missing satellite problem
around: The model should at least produce a sufficiently large number of subhalos within a Milky-
way like halo in order to remain consistent with recent observations of dwarf galaxy counts. We can
use this demand to put constraints on the model parameters.

6.2 EXTENDED PRESS-SCHECHTER FORMALISM

One way to make predictions about non-linear structure formation in the universe without compu-
tationally expensive N-body simulations is the so called extended Press-Schechter formalism (ePS).
It was originally introduced by Press and Schechter [1974] and later refined and extended in several
works [Bond et al., 1991, Bower, 1991, Lacey and Cole, 1993, Sheth et al., 2001, Sheth and Tormen,
2002]. The big advantage of this formalism is that it allows the prediction of halo number counts
and merger histories from the linear power spectrum, with very little input from physics of non-linear
structure formation. In this section we want to quickly review the basic formalism.

6.2.1 STRUCTURE FORMATION AS A RANDOM WALK

Let us start with the basic idea introduced by Press and Schechter [1974], which can be summarized
as follows: Evolve the density contrast field to z = 0 using linear perturbation theory and identify
regions of space with an averaged density contrast above a certain threshold with collapsed objects.
To put this in more precise terms: One averages the linearly evolved matter density contrast field over
a radius R and identifies the fraction of space which lies above a given threshold ω with the fraction
of mass of the universe which is bound in objects with a mass greater than the mass associated with
the size of the region, denoted by M(R).
While this approach is certainly sensible, it suffers from one well known shortcoming, the so called
cloud in cloud problem: A typical large halo with a big mass consists of a number of smaller, lighter
halos. A region around a given spatial point in the linearly evolved density contrast field might
therefore switch back and forth from being considered collapsed (i.e. above the threshold) and non-
collapsed (below the threshold) depending on the filtering radius R. Thus it becomes unclear which
mass it should be assigned to. We want to stress that this problem has no canonical solution. The
most commonly used approach to get a unique prescription is described in [Bond et al., 1991] and
has become known as the excursion set formalism.1 In this approach one starts with the linearly

1Probably the most well known alternative to the excursion set formalism is the peak theory, originally developed by
Bardeen et al. [1986]. We will not investigate this approach further here, since it will play no role for the remainder of this
thesis.



155 6.2 Extended Press-Schechter formalism

evolved density contrast field filtered using very large radii, which leads to an effectively vanishing
averaged density contrast everywhere. Subsequently one starts to decrease the filter radius step by
step, thereby creating a random walk in R-space for each spatial point. Now the fraction of mass in
the universe which is bound in collapsed objects of mass bigger than M(R), denoted by Ω(ω;R), is
simply given by the fraction of trajectories which have crossed the threshold at some radius greater
than R. Determining this quantity requires solving an absorbing barrier problem: As the random
walk proceeds, more and more trajectories get absorbed by the threshold ω when they cross it for the
first time.

Let us put this idea in precise mathematical terms. First of all, we can replace the filtering radius with
a new variable, the variance, defined by

S(R) =
� dk

2π2 k2 P(k)
��� �WR(k)

���
2
, (6.1)

where where ρm is the homogeneous (average) matter density, �WR(k) is the Fourier transform of the
filtering function and P(k) the matter power spectrum. Since the power spectrum is a positive definite
quantity, this relation is always invertible, with large radii corresponding to small variances. We will
from now on work with a mass-assignment M(S)≡ M(R(S)) and a mass fraction of collapsed objects
Ω(ω;S) ≡ Ω(ω;R(S)), as is common in this field. The number density of objects of mass M is then
simply given by

n(ω;M)dlnM = ρm f (ω;S)
dS
dM

dlnM (6.2)

where f (ω;S) is the first crossing rate at variance S, which can be calculated as follows:

f (ω;S)≡ dΩ(ω;S)
dS

. (6.3)

Note that equation (6.2) exhibits a clean splitting between linear perturbation theory and non-linear
physics. The quantity dS/dM can be calculated from the linear power spectrum alone, whereas non-
linear physics are incorporated into the first crossing rate f (ω;S). How the first crossing rate can be
determined depends on the choice of the filtering function �WR(k), the barrier shape ω and the mass
assignment M(R), which we will now discuss.

6.2.2 FILTER CHOICES AND MASS ASSIGNMENTS

While the choices of filtering functions are plentiful in principle, there are two particularly popular
filters which get employed almost exclusively (with the possible addition of a Gaussian filter, which
we ignore here). The first one is a real space tophat window function with Fourier transform given
by

�Wth
R (k) =

3(sin(kR)− kRcos(kR))
k3R3 . (6.4)

This filter has the advantage that the assignment of a mass for a given radius R(S) is canonical, the
only sensible choice is

M(R) =
4π
3

ρmR3 . (6.5)
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It does, however, also come with some issues: The random walk of density-trajectories in S-space,
which one needs to analyze in order to calculate the first crossing rate, consists of correlated steps
for this filter, making the calculation rather involved [Maggiore and Riotto, 2010a,b,c, Farahi and
Benson, 2013]. We will come back to this issue below.

The second popular filter choice is a sharp window function in k-space given by

�W sh
R (k) = Θ(1− kR) . (6.6)

For this filter choice the random walk in variance-space is uncorrelated, which allows for a relatively
straightforward calculation of the first crossing rate. In fact, in the case of a constant barrier ω one
can find an analytical solution (the one originally introduced in [Bond et al., 1991]) which reads

fPS(ω;S) =
ω√

2πS3/2
exp

�
−ω2/2S

�
. (6.7)

However, the sharp-k filter also suffers from one disadvantage: It is completely unclear how to assign
a mass to a filter radius. The only safe assumption one can make is that the integral should scale ∼ R3,
i.e.

M(R) =
4π
3

ρm(AR)3 , (6.8)

where A = 1 corresponds to the tophat filter choice. To clarify this issue, we simply note that trying
to define the normalization for the real-space sharp-k filter gives

� Rup

0
dr 4πr2W sh

R (r) = 12πR3
�� Rup/R

0
dz

sin(z)
z

− sin(Rup/R)
�

, (6.9)

which does not have a well defined limit Rup → ∞ due to the sin-function (the integral has an asymp-
totic value of π/2). As we will see below, this is a very severe issue which introduces huge uncer-
tainties for the cosmon-bolon model and will ultimately lead us to discard the sharp-k filter for our
analysis.

6.2.3 BARRIERS

The shape of the barrier ω is obviously an important input into any ePS calculation. It is in fact
the only point where information about non-linear structure formation enters into the formalism.
Generally ω can be expected to be a function of the variance S(M), since the physics of structure
formation can reasonably depend on the mass of the collapsing halo. However, in the original setting,
a constant barrier of the magnitude

ω = δsc ≡
3
5

�
3π
2

�2/3

≈ 1.686 (6.10)

was used, based on considerations of the spherical collapse model in an Einstein-de-Sitter universe
[Peebles, 1967] (see e.g. chapter 8 of [Weinberg, 2008] for a more modern presentation). However,
with the advent of N-body simulations it soon emerged that this barrier, in combination with the first
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crossing rate for Markovian random walks (given by equation (6.7)) was not in good agreement with
simulation results.
As was shown in [Sheth and Tormen, 2002], a remapping of the barrier according to

ω(S) =
√

Aδsc

�
1+b

�
S

Aδ2
sc

�c�
(6.11)

with A = 0.707, b = 0.5 and c = 0.6 gives a more accurate fit. The parameters b and c are a result of a
statistical analysis of the elliptical collapse model, which is more realistic than assuming a spherical
symmetry. The parameter A on the other hand has to be put in manually and adjusted to fit the
results of N-body simulations, but it can be argued that it is related to the way in which structures in
these simulations are identified. Typically the method used to find bound structures allows for some
variability with influences on the halo abundances.

6.2.4 RANDOM WALKS

Before we move on we want to say a few more things about the calculations of the first crossing
rates we will employ in this chapter. We will be using both a sharp-k filter and a tophat filter, at least
up the point where it should become clear that the sharp-k filter results are very difficult to interpret
correctly. We will, however, always consider the random walks to be uncorrelated. While this is
correct for the sharp-k filter, it is not for the tophat filter. Let us therefore quickly explain why we do
this anyway.
Essentially the reason is that the we want to employ the elliptical collapse barrier (6.11) and that
this barrier shape was derived using a spatial tophat filter, but the corresponding first crossing rate
was calculated using uncorrelated random walks. This is mathematically inconsistent, but since the
barrier has been adjusted to fit N-body simulations by Sheth and Tormen [2002] in precisely this way
we can only expect it to give correct results if we do the same. If we wanted to stay mathematically
completely consistent and treat the random walk as non-Markovian, we would have to change the
shape of the barrier in order to get results of acceptable accuracy. We want to point out that this
has been done in a series of recent works [Maggiore and Riotto, 2010a,b,c, Corasaniti and Achitouv,
2011a,b, Farahi and Benson, 2013]. However, this procedure also involves several approximations
along the way and finally requires a fitting of two parameters determining the barrier shape to N-body
simulations. Since the final result is of comparable accuracy to the Sheth-Tormen mass function but
computationally much more complex, we choose to ignore this issue at the cost of, and we should be
clear about this, a (small) mathematical inconsistency. This is, however, a common approach within
the ePS formalism.

6.3 TOTAL NUMBER COUNTS

Let us now start to apply the ePS formalism to the cosmon-bolon model. Essentially we have every-
thing set up, except for one thing: the barrier. What should it look like? We have already seen the
barriers used in the ePS formalism are derived from the spherical collapse model or generalizations
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thereof. However, the model of spherical collapse runs into severe problems in a model such as ours,
where the dynamics of the collapsing component are strongly scale-dependent already in the linear
regime. Let us quickly outline why this is.

6.3.1 PROBLEMS WITH SPHERICAL COLLAPSE

First we should recall that the model of spherical collapse itself is of course an approximation. One
assumes an initial overdensity which is spherically symmetric and homogeneous (i.e. has a tophat-
profile), evolves this overdensity and determines the value of the linearly evolved overdensity at the
time when the structure collapses. The full non-linear collapse equations usually get simplified in
some way, either through an invocation of Birkhoff’s theorem or some incarnation of Newtonian
cosmology. In the first case one effectively treats the overdensity as an independent FLRW-universe,
but now with a positive curvature constant which will ultimately lead to the collapse of the structure.
Within the Newtonian approach there are gradient terms appearing in the equations, which are typi-
cally ignored with reference to either the lack of gradients in the initial density profile or to the size
of the overall perturbation. Whichever approach one employs, it should clearly fulfill (at least) two
basic criteria:

1. The perturbation should retain its (tophat-)profile, at least to very good approximation.

2. The evolution of the perturbation should agree with linear cosmological perturbation theory at
early times.

Both of these demands cannot be met by either formalism for the cosmon-bolon model for structures
with masses close to or below the Jeans scale. To see what the problems are, let us start with the first
condition.

The evolution of linear perturbations in the cosmon-bolon model depends strongly on the wavenum-
ber of the perturbation. This holds even under the simplifying assumption of a cosmology which
is bolon-dominated throughout its evolution (a sort of Einstein-de-Sitter universe with bolon dark
matter). The reason for this is simply the scale-dependent sound-speed present in the the effective
fluid equations we obtained in chapter 4. This constitutes a fundamental difference to CDM-models,
where perturbations have a universal growth proportional to the scale factor during matter domina-
tion. Thus it directly follows that an initially tophat-shaped perturbation will not retain its shape if
modes where the soundspeed is relevant make up a sizable contribution to the Fourier-decomposition
of the perturbation, not even in the linear regime. This is clearly the case if the size of the perturbation
is close to the Jeans mass, which is the most interesting mass range. If we look at much larger masses
however, the suppressed modes play (almost) no role for the evolution of the profile, because they
are almost irrelevant in the Fourier-decomposition. We can therefore expect the spherical profile to
be stable for large masses, at least as a very good approximation.

One might think that a useful way to get around this problem is to employ Birkhoff’s theorem and
treat the overdensity as an independent universe, forcing it to stay spherically symmetric. This is
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however not justified, Birkhoff’s theorem is not applicable, as should become clear by the follow-
ing arguments. The soundspeed present in the averaged equations is non-adiabatic, it is a purely
perturbative quantity (in contrast to the adiabatic sound-speed, which can be calculated from the
background evolution only). Therefore the background equations can not reflect the suppression of
growth present for large-k modes in our model. The background equations give rise to an ωχ = 0
scenario, i.e. one where the perturbation behaves just like cold dark matter. It is possible to obtain
a slightly delayed collapse time compared to a standard CDM collapse if one adjusts the initial con-
ditions to fit the linear evolution at some early initial time, but not by much, and the delay depends
on the initial time chosen. Simply put, the reason for this is that the spherical collapse model in its
simplest form (i.e. with only one component collapsing) is determined completely by two parame-
ters, the initial overdensity and its initial time derivative. When trying to adjust the time derivative
to an initially suppressed evolution for small masses, one finds numerically that the evolution of the
density contrast quickly adjusts itself to the standard CDM evolution, thus resulting in only a small
delay in the collapse time. This is of course very different from the linear evolution recovered in
cosmological perturbation theory and thus unrealistic.

The approach from Newtonian cosmology essentially suffers from the same shortcomings. One can
easily find a version of Newtonian cosmology that recovers the cosmological linear perturbation
equations in the subhorizon regime, but this just puts one back to the problem of stability of the
tophat shape.

The problems just outlined indicate that finding the correct barrier for the bolon model could be a
highly non-trivial issue. The one thing we can say for sure is that for large masses (corresponding to
large radii), the modes which are suppressed in the linear regime play (almost) no role in the evolution
of a tophat-perturbation, and we can thus suspect that the usual spherical collapse model is valid and
recover the standard barrier. For smaller masses close to the Jeans mass however, things seem to
be much more complicated. One might envision a procedure where one averages the full non-linear
bolon perturbations over an oscillation period, much as we have done in the linear theory in chapter
4, to arrive at an effective description of the evolution of non-linear bolon perturbations, possibly
in the Newtonian limit. However, the problem that the tophat profile remains unstable could be
persistent. One could of course consider different radial profiles, but even then it is unclear if one can
find a profile that retains its shape. One the one hand, the evolution of the linearized density contrast
is oscillatory during the suppressed stage of the evolution and the oscillation frequency depends
strongly on the wavenumber. In the interesting mass range these wavenumbers have to contribute to
the density profile of the perturbation considerably, and it is hard to imagine a scenario where one
can make profile-independent statements. On the other hand, the suppression of modes starts already
in the radiation-dominated era, an in the matter dominated era the modes around the Jeans scale are
already growing like cold dark matter modes. So one could reasonably assume that one can avoid
this problem in a bolon-dominated setting. Which is the case can ultimately only be determined by
writing down the non-linear theory explicitly.
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6.3.2 THE BARRIERS WE EMPLOY

Still, we have to make some assumptions if we are to make any progress at all. From the arguments
above the following should be clear: We expect the barrier to be indistinguishable from the cold dark
matter barrier for large masses, but for smaller masses around the Jeans mass, modifications may
become necessary.

To get an idea of what may happen there, let us look at the much better studied WDM models. Several
authors have studied how to apply the ePS formalism to such models, see e.g. [Barkana et al., 2001,
Benson et al., 2012]. Concerning the barrier shape, the following effects are relevant: The velocity
dispersion of WDM particles leads to modifications in the spherical collapse model. As was shown
in [Barkana et al., 2001], these effects lead to later virialization times and larger virialization radii,
which need to be taken into account in the ePS formalism by modifying the collapse barrier. A fit
for this modification (which is accurate for masses not too far below the Jeans mass) was given by
[Benson et al., 2012] and reads

δWDM(M) =δsc

�
h(x)

0.04
exp(2.3x)

+(1−h(x))exp
�

0.31687
exp(0.809x)

��
, (6.12)

where x = ln(M/MJ), with M the halo mass in question and MJ the Jeans mass, defined in [Benson
et al., 2012] as the halo mass for which pressure and gravity balance initially (in the linear regime).
The function h(x) is given by

h(x) = [1+ exp[(x+2.4)/0.1]]−1 . (6.13)

This modification effectively increases the barrier dramatically for masses below the Jeans mass and
thus suppresses the first crossing rate f (ω;S(M)) in that regime, which has a distinct effect on the
predicted number densities. One should note that the modification given in equation (6.12) was
obtained from a 1-dimensional baryonic simulation, where the temperature was adjusted to fit the
WDM velocity dispersion, and not from a spherical collapse model of WDM in the stricter sense.
Still, it has been shown to give results which are in good agreement with WDM N-body simulations.

In a model of scalar field dark matter not dissimilar to ours, Marsh and Silk [2013] argued that a
similar sharp upturn near the Jeans mass should present. The argument was that the ratio of the scalar
field linear growth function Dscalar(k,a) when compared to CDM version DCDM(a) should yield a
scale-dependent critical density of the form

δsc(k,a) = DCDM(a)/Dscalar(k,a) , (6.14)

which clearly has a sharp upturn close to the Jeans scale. This is, however, not a good argument.
The suppression of linear power in the ePS formalism is completely represented by the dS/dM term
in equation (6.2), one cannot draw any conclusions about the barrier shape from linear perturbation
theory. To make this point clearer: The spherical collapse barrier is obtained precisely from a com-
parison between linear and non-linear perturbation growth, given an initial perturbations strength.
The amount of initial perturbations at a given scale is then determined by the linear power spectrum.
It does not enter into the spherical collapse model.
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So we should be honest any say that it is unclear to us what the correct shape of the barrier is in our
model, in particular whether or not it exhibits an increase around the Jeans mass or not. It is entirely
possible that an effect similar to WDM models is present, i.e. the formation of non-linear structures
is additionally suppressed. However, we have seen that linear perturbations around the Jeans scale
evolve just like CDM perturbations during matter domination, and maybe the same holds true in the
non-linear regime. In order to show the full range of possibilities and the effect of the barrier choice,
we will present all calculations for both cases, once for the modified elliptical collapse barrier which
works well for CDM described above and once for a barrier where the WDM-modification given
in equation (6.12) is included. In the latter case we do of course insert the Jeans mass appropriate
for our model, which is given by equations (4.240) and (4.241). Note that we modify the spherical
collapse barrier, i.e. the barrier δsc before insertion into the elliptical barrier modification (6.11), not
the other way around.

Finally we should mention a few additional complications present in our model which we ignore in
our calculations, because their effect is small:

• First, we have a non-negligible fraction of early dark energy in our model. Spherical collapse
with early dark energy has been studied in [Bartelmann et al., 2006, Pace et al., 2010], under
the assumption that dark energy does not cluster. While the effects on the virial overdensity can
be considerable, the effects on the critical density contrast are at the percent level (cf. Figure
4 in [Pace et al., 2010], our dark energy model is closest to the EXP2 model studied there, for
which the effect is completely negligible).

• Second, if one assumes that dark energy can cluster, the critical overdensity in spherical col-
lapse can also be modified [Abramo et al., 2007], in fact it might be lowered up to ∼ 10%.
However, this typically requires an equation of state ω0 > −1, though scaling scenarios were
not investigated in this paper. We ignore such effects as well.

• Third, a coupling between dark energy and dark matter also modifies the value for δsc [Bartel-
mann et al., 2006, Wintergerst and Pettorino, 2010], but for the comparatively small couplings
we are interested in this effect is below the percent level (cf. e.g. Figure 8 in [Wintergerst and
Pettorino, 2010]). We ignore this effect also.

6.3.3 CALCULATION OF THE FIRST CROSSING RATE

For barriers which are not constant or of one of a few other very simple forms, no analytical solu-
tion for the first crossing rate exists, even under the assumption of a Markovian random walk. We
therefore have to resort to a numerical treatment.2 A very suitable numerical scheme to do this was
derived in [Benson et al., 2012].

First, we set up a grid in S-space, i.e. we define Si for i = 0, ...,N by S0 = 0 and Si = ∑i−1
0 ∆Si for

i > 0. The ∆Si for i = 0, ...,N can in principle be chosen arbitrarily, but obviously choosing the steps
2For the elliptical barrier (6.11) a fitting function for the first crossing rate was given in [Sheth et al., 2001], in fact

the first crossing rate was originally fitted and the barrier constructed afterwards. However, for barriers including a sharp
upturn near the Jeans mass no such fitting is available.
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FIGURE 6.1: Accuracy of the numerical first crossing rate calculation

0.5 1 5 10 50
�6

�5

�4

�3

�2

�1

0

S

Lo
g 1
0f
�S�

0.5 1 5 10 50
�5

�4

�3

�2

S

Lo
g 1
0�

f
In the left hand panel we show the first crossing rate, calculated for a constant barrier ω = 1.686
once with the analytical solution (6.7) (red line) and one numerically through equation (6.15) (blue

dots). The panel on the right hand side shows the absolute value of the relative error ∆ f .

too big will cause numerical inaccuracies. Now we can iterate the first crossing rate at each Si step
by step employing the following formula:

f (S j) =
2

∆S j−1

�
1− erf

�
ω(S j)�

2S j

�

−
j−1

∑
i=1

�
1− erf

�
ω(S j)−ω(Si)�

2(S j −Si)

��
f (Si)

∆Si−1 +∆Si

2

�
. (6.15)

For a derivation of this equation see [Benson et al., 2012]. For now let us quickly discuss its numerical
accuracy. First, the accuracy is excellent in the case of a constant barrier, where we have the analytical
solution (6.7) to compare it with. For small variances it takes a few steps to become accurate, as
expected, bit for larger variances the absolute values of the relative error

∆ f ≡
| fnum(S)− fPS(S)|

fPS(S)
(6.16)

becomes tiny. We show this in Figure 6.1.

For models exhibiting a cutoff in the power spectrum, the variance as a function of M will stagnate at
small masses. To get a good mass-resolution for the number densities, the steps ∆Si have to be chosen
appropriately small in this regime. However, if at the same time the first crossing rate becomes very
small due to a rise in the barrier, numerical accuracy becomes an issue. To see this, simply note
that the product f (S j)∆S j−1 can become tiny in this case, and the sum on the right hand side of eq.
(6.15) therefore needs to be determined with high accuracy. For our models, this happens at small
masses (i.e. large variances), when this sum already contains several thousand terms. We optimize
our stepsizes as follows: First, we calculate a variance-grid from the linear power spectrum with a
very fine resolution. Then we choose a subgrid by imposing a minimal stepsize in order to avoid
numerical issues. A good choice for the minimal stepsize in our model is ∼ 10−5, which allows for a
sufficient mass-resolution around the Jeans scale and at the same time avoids numerical issues. This
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FIGURE 6.2: Stepsizes and resolution of the first crossing rate calculation
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In the left hand panel we show the variance as a function of mass for a bolon model (λ = 65, β = 0,
α = 20) in red and a CDM model in blue for a tophat filter. The panel on the right hand side
shows stepsizes used for the calculation of the first crossing rate for the bolon model (in red) and the
corresponding first crossing rate (in blue). The barrier was chosen to include the upturn as given by

equation (6.12).

leads to several thousand sampling points in S-space, which means that the sum one the right hand
side of equation (6.15) can be expected to be accurate to ∼ 10−12 − 10−11 (the numerical accuracy
of a single expression being somewhere at 10−15 − 10−14). Thus we can expect to resolve the first
crossing rate correctly down to a magnitude of ∼ 10−6, and this is indeed the case, as can be seen in
Figure 6.2.

6.3.4 TOTAL NUMBER COUNTS

Let us now move on to investigate total halo number counts for the cosmon-bolon model. Before we
do that, however, we need to discuss one more subject: The barrier for the sharp-k filter.
We have already mentioned that the elliptical barrier modification introduced by Sheth et al. [2001]
assumes an uncorrelated random walk combined with the usage of a spatial tophat filter, which is
mathematically inconsistent. One might hope to avoid such inconsistencies for the sharp-k filter,
where the the Markovian nature of the random walk is guaranteed. However, it is unclear what the
barrier for such a filter should look like. Simply employing the same barrier as for the tophat filter (be
it the barrier for spherical collapse or elliptical collapse) is clearly wrong, since the number densities
obtained when using a sharp-k filter have a different shape, due to a different mass-dependence of
the variance S(M) (see Figure 6.3). We can not fix this discrepancy through an adjustment of the
mass-assignment alone. In order to get number densities on agreement with the tophat-filter results
for the CDM case we also have to modify the barrier used for the a sharp-k filter calculations. This
does not come as a surprise, as the barrier motivated by spherical (or elliptical) collapse can only
be expected to give good results when a tophat-filter is used. As it turns out, one can get very good
agreement already for a very simple modification. Following Benson et al. [2012], we simply shift
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the barrier upwards by multiplying it with a constant factor

ω → Bω . (6.17)

This rescaling needs to be applied after other barrier modifications, in particular after the non-linear
elliptical modification in equation (6.11). A food fit to the total number densities for CDM spectra
can be obtained by adjusting the parameters A in eq. (6.8) and B in the above rescaling. For the
choices A = 2.27 and B = 1.1, the relative discrepancy is below 10% everywhere in the mass range
from 106M⊙ to 1016M⊙ (cf. Figure 6.5).3

The different variances as a function of mass are shown in Figure 6.3, the corresponding barriers in
Figure 6.4 and the resulting number densities in Figure 6.5. The ΛCDM model is shown in black,
with the dashed curve representing the tophat filter and the solid line a sharp-k filter. In both cases
we employed the elliptical barrier modification, in the case of the sharp-k filter the barrier and mass
assignment were adjusted as described above. Both lines are almost indistinguishable. The green
lines are results obtained for the bolon-model with λ = 65, α = 20 and β = 0, where a tophat filter
was used for the dashed line and a sharp-k filter for the solid one. For the dotted and dashed-dotted
lines the additional modification of the barrier due to a possible upturn at the Jeans-mass was put in,
for a sharp-k filter and a tophat filter respectively. Finally the red dotted line represents the WDM
already used in chapter 4 for comparison, with a mass of

mwdm = 2.284 keV . (6.18)

A number of effects are evident.

First, clearly the function dS/dM are suppressed near the Jeans mass compared to the ΛCDM model
for both the bolon and the WDM model, as expected. However, the sharp k-filter clearly leads to a
much quicker decline of the function dS/dM in the bolon case, in fact, the decline is so steep that
the function is effectively zero already at masses above the Jeans mass. This is a first strong hint of a
severe problem with the sharp-k filter. There is no unique way to adjust the mass assignment for this
filter, and we have chosen one with the desire to obtain realistic results for CDM spectra. However,
the resulting mass-assignment is clearly not suitable for the cosmon-bolon model, as it assigns a mass
which is too large to the Jeans scale kJ .

Let us go on and take a look at the resulting number counts. For the tophat filter, using the elliptical
collapse barrier without an upturn near the Jeans mass results in a suppression of the abundance of
small scale structures, but the number density continues to grow with decreasing halo mass even
below the Jeans scale. Using the modified barrier, however, a sharp cutoff in the number densities at
the Jeans scale gets introduced. This seems to be more reasonable, as it is hard to imagine how sub-
Jeans scale structures should form in considerable numbers in a purely hierarchical model of structure
formation, when the linear power at these scales is strongly suppressed. For the sharp-k filter, the
modification of the barrier is almost irrelevant for a prediction of the total number densities, since the

3Other mass assignments suggested for the sharp-k filter correspond to A = 2.5 in [Benson et al., 2012] or A = 2.42
in [Lacey and Cole, 1993], which are not too different from our fit. These assignments are however motivated by different
considerations.
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FIGURE 6.3: Change of variance with mass for different filters
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dS/dLog(M) for a tophat filter (dashed) and a sharp-k filter (solid) with the mass assignment given
in eq. (6.5) for a standard CDM power spectrum (black) and the bolon model (green) with λ = 65,
α = 20 and β = 0. The red line represents a thermal WDM model with a 2.284 keV mass for a
sharp-k filter. The dashed gridline represents the WDM Jeans mass, the dotted one the bolon Jeans

mass. Figure taken from [Beyer, 2014b].

FIGURE 6.4: Barriers for the ePS formalism
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Different barriers used in this work. We show the spherical collapse barrier (black), the elliptical col-
lapse barrier for the tophat-filter given in equations (6.11) (blue dashed) and the elliptical collapse
barrier shifted by a factor of 1.1 (blue solid) for the sharp-k filter. Finally we show the barriers mod-
ified through equation (6.12) to get a sharp upturn near the Jeans mass for both the tophat elliptical
barrier (green, dashed) and its raised version for the sharp-k filter (green, solid). All modifications
have been calculated from a bolon power spectrum with λ = 65, α = 20 and β = 0. Figure taken

from [Beyer, 2014b].
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FIGURE 6.5: Total number densities
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Total number densities predicted by the Press-Schechter excursion set formalism for different models
and different filters. The black lines show the results for a CDM power spectrum with a tophat
(dashed) and a sharp-k filter (solid) respectively. The elliptical barrier and mass assignment for
the sharp-k filter has been successfully adjusted to fit the tophat results, both lines are (almost)
indistinguishable. The green lines show the results for a bolon model with λ = 65, α = 20 and
β = 0. A tophat filter was used for the dashed line, and an additional upturn of the barrier near the
Jeans mass inserted for the dashed-dotted one. The solid line shows the sharp-k filter results with an
elliptical barrier, whereas the dotted line shows what happens if an upturn in the barrier is included.
Finally the red line shows the WDM model with a sharp-k filter and Jeans mass modification already
displayed in Figure 6.3 for comparison. The dashed gridline represents the Jeans mass for the WDM

model, the dotted one the Jeans mass for the bolon model. Figure taken from [Beyer, 2014b].

cutoff is completely determined by the function dS/dM, which goes to zero at masses above the Jeans
mass. The only difference is a slightly quicker suppression of the oscillatory part, resulting from the
oscillatory shape of the power-spectrum cutoff, if the barrier is raised near the Jeans mass. However,
with a different mass assignment the results would be dramatically different. A much lower choice
of the parameter A would of course again lead to a bigger difference between the two barrier choices
and at very low A the first crossing rate would once again determine the cutoff position, similar to
the tophat filter case. From these simple observations it is clear that the mass-assignment for the
sharp-k filter introduces huge uncertainties, which will translate from the total number densities to
substructure abundances (which we treat below) as well. We know currently of no way to resolve
this issue and will continue to use only the tophat filter from this point onward.

6.4 PROGENITORS AND SUBSTRUCTURES

We have not yet discussed how a redshift dependence gets introduced into the sPS formalism. Instead
of evolving the density contrast field to different redshifts, it is far more common to work with the
density contrast field (i.e. the linear power spectrum) at z = 0 and put the entire redshift dependence
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into the barrier, i.e.
ω(z) = ω(z = 0)/D(z) , (6.19)

where D(z) is the linear growth function. We should probably point out that the time-evolution of
the elliptical barrier is not obtained by applying this relation directly, but by replacing the critical
overdensity δsc → δsc(z) and applying the elliptical barrier modification (6.11) afterwards, which is
consistent with the original motivation of the elliptical barrier. Exchanging these two modifications
would lead to a strong underprediction of subhalo abundances at higher redshifts, i.e. a strongly
accelerated version of hierarchical structure growth, which is not realistic.

6.4.1 PROGENITOR MASS FUNCTIONS

Let us now move on to investigate what might be the most interesting aspect of small scale power
suppression: the abundance of substructure within a typical galaxy such as the Milky way. The ePS
formalism does not provide substructure abundances directly, but it does allow for the calculation of
an object called the conditional mass function, which we denote by

g(M1,z1|M2,z2) =− f (ω1;S1|ω2;S2)
dS1

dlogM

���
M=M1

. (6.20)

This function describes the fraction of mass bound in halos of mass M2 = M(S2) at redshift z2 (corre-
sponding to the barrier ω2) which is contained in progenitor halos of mass M1 = M(S1) at redshift z1

(corresponding to the barrier ω1) per log M-interval. It is determined by two quantities: the variance
as a function of mass and the conditional first crossing rate f (ω1,S1|ω2,S2). The latter quantifies the
first crossing rate of Langevin-trajectories through originating at ω2(S2) at variance S2 through the
barrier ω1 > ω2 at S1 > S2.

As one might expect, we can not obtain this function analytically for the complicated barriers depicted
in Figure 6.4, this is again only possible for very simple barriers like a constant one [Bond et al.,
1991]. Still, the elliptical barrier modification given in equation (6.11) has been shown to also give
better results than the constant spherical collapse barrier for progenitor mass functions as well [Sheth
and Tormen, 2002] and we should therefore use it. Luckily we can employ the same numerical
strategy used above for the calculation of total number densities. The reason for that is the following:
the conditional first crossing rate is the same as the unconditional first crossing rate with an adapted
barrier shape [Benson et al., 2012]:

f (ω1;S1|ω2;S2) = f (ω̃;S1 −S2) , (6.21)

where
ω̃(S) = ω1(S+S2)−ω2(S2) . (6.22)

The change of the barrier with redshift is of course determined by the linear growth function D(z),
which we obtain numerically from our Boltzmann-code. It can be somewhat approximated by D(z) =
(1+ z)−1, but this fails for low z due to dark energy and for medium z due to the modified structure
growth if β is non-zero.
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FIGURE 6.6: Conditional mass functions
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Conditional mass functions for different power spectra. The ePS-result for a tophat filter with the
shifted barrier are shown in solid black for CDM and in dash-dotted gray for a wdm model with
particle mass of 2.284 keV. The dashed lines represent the bolon-model with λ = 65, α = 20 and
β =−0.1,0.,0.05 for the red, green and blue lines respectively, where the elliptical barrier was used.
The dotted lines stand for the same models, but this time with an additional upturn of the barrier near

the Jeans mass included. Figure taken from [Beyer, 2014b].

The conditional mass function can be seen for a number of redshifts and models in Fig. 6.6. The
reference mass in this figure is of the order of the Milky way mass, we chose

M2 = 1.8×1012M⊙ , (6.23)

and the reference redshift is z2 = 0. This will be our reference mass for all plots from here on out.
We show the standard CDM prediction (black solid line), together with the WDM-model already
used above (gray dash-dotted line) and three bolon models with modified barrier (dotted) and with
an elliptical one (dashed). The three colors represent different couplings of β = −0.1 (red), β = 0
(green) and β = 0.05 (blue). The bolon exponent λ is 65 for all curves, while α = 20.

6.4.2 MILKY WAY SUBHALOS

Let us now make the final step from progenitor mass functions to the abundance of substructure
within our galactic halo. This quantity is not directly accessible to us via the ePS-approach and
we have to do some additional work. Following the ansatz presented in [Giocoli et al., 2008], we
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calculate the current number of subhalos by a simple integration in barrier space, i.e.

dn
dM1

=
� ∞

ω0

M2

M1
f (ω(δsc,1);S1|ω(δsc,2);S2)dδsc,1 , (6.24)

where ω0 denotes the barrier ω(S2) at redshift 0 and δsc,i denote the spherical collapse barriers at
redshifts zi. Afterwards the cumulative number of subhalos can be obtained by a simple integration
over M1:

n(> M1) =
� M2

M1

dn
dM1

dM1 . (6.25)

At this point a few comments are in order. First, eq. (6.24) necessarily overcounts the number of
subhalos. This can be seen from the simple observation that a single progenitor may stay a progenitor
for a prolonged amount of time before being absorbed into the halo, but it gets counted in the integral
’at every redshift step’. This causes us to lose the overall normalization of the cumulative number
density. In order to regain the correct normalization we impose a constraint from [Diemand et al.,
2005], which states that in CDM simulations about 10% of the the mass in bound structures of
galactic size resides in halos in the mass range from 107M⊙ to 1010M⊙. We then simply impose
the resulting normalization for the cosmon-bolon model as well. Second, we note that an additional
assumption going into this ansatz is that the current distribution of subhalos corresponds directly to
the distribution of progenitor halos when averaged over redshift. This essentially means that there
should be no ’internal mergers’ once a small halo gets absorbed into a bigger one, which appears to
be a good approximation, as we recover the CDM N-body results to good accuracy (see below).

Results for cumulative number counts of subhalos for a Milky-way like structure can be seen in
Figure 6.7. To gauge the accuracy of our assumptions, a comparison with the N-body results shown
in Figure 11 in [Lovell et al., 2014] shows that the CDM result agrees to excellent accuracy.4 This was
expected, as we have adjusted our normalization accordingly. The results for the WDM model on the
other hand looks slightly different, even though we employ the same WDM particle mass (uppermost
WDM curve in Figure 11 in [Lovell et al., 2014]). For a barrier without an upturn near the Jeans
mass we overestimate the abundance of halos with masses below the Jeans mass, which was to be
expected for the WDM model. In fact, the cumulative number counts continue to rise, if very slowly,
for ever smaller masses, which seems unrealistic. For the correct WDM barrier, however, our results
seem agree rather well with the N-body results down to masses slightly above the Jeans mass, but for
smaller masses the ePS results stagnate more quickly, whereas the N-body curve continues to give
small numbers of additional halos below the Jeans mass. We seem to underestimate the asymptotic
value by a factor of about 2. Two reasons which could potentially explain this come to mind. First,
the ePS formalism assumes a strictly hierarchical model of structure formation, which is clearly not
the case. There are violent mergers and disruptions which can strip mass from halos and give rise to
structures below the Jeans scale, which could not have formed hierarchically. Such effects can not
be properly included in the purely hierarchical ePS approach. Second, this is also the regime where
spurious halos start to contaminate the simulation, in fact, this is the scale where spurious halos start

4We are aware of the fact that putting this figure into this thesis would be beneficial at this stage, but we are not sure if
this would violate the journals copyright claims, as this thesis will be available online.
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FIGURE 6.7: Cumulative number of Milky way subhaloes
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Cumulative number of Milky Way subhaloes as a function of halo mass Mh. The CDM power spec-
trum is represented by a solid black line, the gray lines show a WDM modification for a thermally
produced WDM particle of mass mwdm = 2.284 keV. The green lines stands for a bolon power spec-
trum with β = 0 and λ = 69, the blue and red lines correspond to the same λ but with β = 0.05
and β = −0.1 respectively. For all WDM and bolon models, the dashed lines are results calculated
without an upturn of the barrier near the Jeans mass, whereas such a modification is included for
the solid lines. As an additional orientation we added the dashed-dotted gridline at the WDM Jeans

mass. Figure taken from [Beyer, 2014b].

to be more abundant than real ones. Issues with the identification of such halos could introduce
additional uncertainties to the N-body results.

Let us now use these results to put constraints on model parameters in the cosmon-bolon model. To
do this, we simply demand that the number of subhalos should not fall below the number of dwarf
galaxies estimated from observations. As we already mentioned in section 6.1, these estimates are
still the subject ob ongoing debate, current numbers range from 66 [Lovell et al., 2014] to several
hundred [Tollerud et al., 2008]. Since we want to set conservative bounds, we choose the lower value
of 66. We also want to point out, again, that the baryonic physics can additionally suppress structure
formation on small scales, a fact that we ignore. Such an additional suppression would only lead
to tighter parameter bounds, we remain very cautious here. As a third point, we have seen some
discrepancies between the results for substructure calculations arising from the ePS formalism and
N-body calculations for warm dark matter. We count the cumulative number of structures at a halo
mass of 107M⊙, which appears to be a common lower mass for small dwarf galaxies. For this mass,
we already underestimate the N-body result by a factor of about 1.5, which we artificially remedy
by raising our obtained number counts by this factor when we use the modified spherical collapse
barrier in order to remain extra cautious. The results for our parameter bounds can be seen in Figures
6.8 and 6.9.

As a first effect, the coupling β has a direct effect on the value of the current bolon masses mχ(t0)
which are compatible with observations. The smallest current bolon masses are possible for the
largest couplings β. However, we have already discussed in chapter 4 that we expect current coupling
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FIGURE 6.8: Number of Milky way subhalos in the bolon model
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Cumulative number of Milky way subhalos above a mass of 107 M⊙. In the left panel we show
results for the elliptical barrier, in the right panel for the modified barrier where an upturn near the
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FIGURE 6.9: Parameter bounds for the cosmon-bolon model
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constraints from CMB observations to apply to our model as well, as the wavenumbers for which the
CMB has the most constraining power are much lower than the ones where linear structure formation
is modified compared to CDM. In [Pettorino et al., 2012, Pettorino, 2013] the bounds on the coupling
are roughly |β| < 0.1. From this constraint we can derive an upper bound for current bolon mass,
which we estimate by evaluating the boundaries presented in Figure 6.9 for large couplings. For
β = 0.05 the resulting bound is

mχ(t0)� 9.2(4.1)×10−22eV (6.26)

for the modified (ellitpical) barrier. This bound lies at the larger end of typical ultra-light scalar field
dark matter masses, with important consequences for its observational signatures, as we will see in
the next section.

But before we do this, let us compare this bound with another recent work in the field of scalar field
dark matter, which points the way forward in this field. An N-body type cosmological simulation
of structure formation for the Schrödinger-Poisson system, i.e. for the BEC dark matter model, was
achieved very recently by Schive et al. [2014]. While it is unclear how this simulation precisely
relates to our model, even the uncoupled one, they were able to resolve similar quick oscillation and
interference issues which are typical for scalar field dark matter models. Thus it presents a big step
forward. Interestingly, they use a simulation mass of the scalar field of about 8.1×10−23 eV, roughly
an order of magnitude below the bound we derived, and apparently still find a large abundance of
substructures in the mass range relevant for dwarf galaxies. A few comments might be in order here,
since one might consider our findings in conflict with this simulation.

• First, it is unclear how exactly the Schrödinger-Poisson system relates to our model.

• Second, they do not choose this mass based on the results of their simulation, but based on
fitting a soliton density profile arising in this model to data of the Fornax dwarf galaxy.

• Third, so far there is no precise statement concerning the amount of structure within a Milky-
way like halo from the simulation. The statement they make that 80% of the halos formed in
the simulation are in the range relevant for dwarf galaxies might even seem low, considering
that the Milky way galaxy by itself is expected to have at least of the order 66 of them.

• Finally, they start their simulations with a cold dark matter power spectrum at z = 1000, but
we have seen in our model the suppression of linear power is already sourced at much higher
redshifts during the radiation dominated regime. Taking this into account should result in a
stronger suppression of small scale power for a given scalar field mass.

Still, this work very much points in the direction one should go into in order to make predictions of
models such as ours more robust and shows that a full cosmologically simulations might be within
reach in the not-too-distant future.
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6.5 OBSERVING THE OSCILLATIONS?

As a final comment, we want to discuss potential observational signatures of the cosmon-bolon
model. We have seen that this model is, in many ways, similar to WDM models when it comes
to the predictions of halo number densities and substructure abundances. The internal structure of
bolon dark matter halos is, however, expected to look considerably different from CDM or WDM
ones. We do not mean the density profile here, even though this would be interesting as well, we are
talking about the quick bolon field oscillations which we expect to be present in virialized structures
as well, similar to oscillatons [Urena-Lopez, 2002]. These oscillations are then expected to translate
to the gravitational potentials.

In a recent work [Khmelnitsky and Rubakov, 2014] studied if oscillations arising from a scalar field
dark matter halo (with a constant mass and under some simplifying assumptions) could potentially
detected through time variations in pulsar timing signals. Such a time variation would be a very direct
of the scalar nature of dark matter. Unfortunately, however, as can be seen by a quick look at Figure
1 in [Khmelnitsky and Rubakov, 2014], the bound we set on the current bolon mass clearly excludes
a possible near future detection in this way by more than an order of magnitude. However, pending
other smoking gun scenarios yet to be discovered, this also means that we can likely continue to
consider such models for a while, as they are unlikely to be invalidated any time soon.





7 CONCLUSION

In this thesis we have travelled a long path, starting from models of higher dimensional dilatation
symmetric theories of gravity and ending at the small scale problems of cosmic structure formation.
We have almost arrived at the end of this thesis, so it is time to look back and recapitulate what has
been achieved, and also what would be interesting to investigate in the future.

The starting point for our considerations was the cosmological constant problem. We have discussed
in some detail in chapter 3 why the current value of the cosmological constant as inferred from
observations is considered to be unnaturally small by many researchers, and why this problem is
indeed hard to solve. Gravitational theories based on the concept of higher dimensional dilatation
symmetry might provide a solution to this issue, but there is still a lot of work left to be done in this
field. In particular, establishing the existence of a dilatation symmetric fixed of the quantum effective
action of higher dimensional scalar tensor gravity would constitute a big step forward. First attempts
in this direction have been made [Henz et al., 2013], but a substantial amount of additional work is
still required.

As is good practice among theorists we have not shied away from such uncertainties and drawn up a
cosmological scenario motivated by the assumption that this fixed point exists. If so, it constitutes a
valid asymptotic state for cosmology, which is expected to be reached in the limit t → ∞. Consider-
ations of the asymptotic fixed point configuration are crucial for the motivation of our model. They
give rise to the notion that in an effective four-dimensional theory containing two scalar fields, the
effective common potential should vanish at the fixed point. For finite times, away from the fixed
point, we expect anomalous terms breaking dilatation symmetry to be present, which results in the
dilaton acquiring a small mass and acting like a cosmological cosmon field. We have then studied a
scenario in which the second field, called the bolon, acts like dark matter, thus presenting a unified
picture of the dark sector.

We have described at the end of chapter 3 in some detail what the background evolution in this
model looks like, in particular how to achieve an independence of the cosmic evolution from the
precise initial conditions and how to match the model parameters to observable parameters like the
current dark matter energy density. We furthermore have determined the parameter ranges which
are required to keep out model consistent with constraints for early dark energy from both big bang
nucleosynthesis and CMB observations, and also with constraints on the coupling strength.

In chapter 4 we have discussed the evolution of linear perturbations in the cosmon-bolon model in
some detail. The technical aspects included two major steps: First, the derivation of an effective
fluid theory for the bolon perturbations, which is valid for sufficiently late times when the bolon
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field values are small and quick oscillations around the minimum of the potential are present. The
resulting equations for the coupled model have, to our knowledge, not been written down before.
Second, we written a Boltzmann code evolving the perturbations of the two scalar fields as well as
baryons photons and neutrinos. We believe that our code is quite accurate, as we have compared it
with the state-of-the-art CLASS code for a ΛCDM cosmology and obtained good agreement. The
effects of the coupled scalar field dark matter model on the power spectrum are twofold. First, the
coupling modifies the growth of subhorizon perturbations, as for standard cold dark matter coupled
to a cosmon field. Second, the small soundspeed introduced in the effective fluid theory effectively
suppresses the evolution of modes below a Jeans mass, leading to cutoff in the matter power spectrum.
This is similar to other scalar field dark matter or warm dark matter models discussed in the literature.
We were able to get a quantitative understanding of this behavior, including the dependence of the
cutoff position on model parameters, from precise knowledge of the background evolution. Such a
cutoff in the power spectrum could potentially provide a solution to the small scale issues of structure
formation in the cold dark matter scenario, but additional investigations are clearly required here.

Chapter 5 represents a slight detour from our path. Here we investigated exact scaling solutions
involving multiple scalar fields in some detail, and were able to establish some rather interesting
results. We could constrain the generic shape of the common potential for canonical scalar fields
required by the existence of exact scaling solutions. Contrary to the case of a single scalar field, the
potential is not limited to one single shape, but in fact allows for a variety of different functions. In a
second step we obtained all possible scaling solutions for such potentials. This was achieved through
a dynamical system analysis for one particular shape of potential, the exponential cross coupling
potential which is relevant for the cosmon-bolon model, and an ensuing proof that all other possible
potentials consistent with the existence of exact scaling solutions can not add any new solutions to the
list. We showed that scaling solutions for other potentials are possible, even stable ones, by explicitly
constructing one for a power law coupling potential.

In the second part of this chapter we investigated the evolution of perturbations around such scaling
solutions. This was motivated by the recent finding that in models of quintessence coupled to cold
dark matter, the stability of the adiabatic perturbation mode can be an issue for some regions of
parameter space [Majerotto et al., 2010]. It is therefore an interesting question if similar problems can
arise in coupled scalar field dark matter models originating in scaling solutions in the early universe.
The answer we found is: Yes, but not for a suitable choice of potential. We were able to proof
conclusively that the exponential cross coupling potential is free of such instabilities. However, for
the power law coupling potential, we were able to explicitly show that strongly growing perturbation
modes exist around a scaling solution, albeit only for an unstable one. Whether or not it is possible to
construct models with strongly growing perturbation modes around stable two-field scaling solutions
or whether there is some mechanism preventing this, remains an open question for now. The method
we developed can however be applied to any potential allowing for two scalar field scaling solutions,
so anyone can feel free to try out their favorite potential and see what happens.

We finally returned to the issue of cosmic structure formation in chapter 6. Here we employed the
extended Press-Schechter excursion set formalism in order predict total halo numbers and substruc-
ture abundances within a typical Milky-way like halo. While this approach clearly has a number of
shortcomings, the results of more accurate N-body simulations could be obtained with acceptable
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accuracy for CDM and WDM models, indicating we are including essential physics. We were able to
put bounds on the model parameters from demanding that the amount of Milky way satellites should
not be suppressed so much as to become incompatible with recent findings from the Sloan Digital
Sky survey data, and since we were very conservative with our estimates, we believe these bounds
to be quite robust. Depending on the assumptions, we have shown that a current bolon mass should
obey

mχ(t0)≥ 9.2(4.1)×10−22eV . (7.1)

This is at the larger end of typical scalar field dark matter masses.

Now, what could and should be done in the future? Clearly, in order to really understand the impact
of a coupled scalar field dark matter model a full N-body like cosmological simulation of structure
formation would be desirable. Ideally this should include effects of the baryonic physics of galaxy
formation, since the effects of dark matter power suppression and baryonic feedback processes are
somewhat degenerate in their effect on the formation of small scale structures. This type of simu-
lation would however be computationally very demanding, but it might just be within reach in the
forseeable future, if not quite yet. Researchers employing state-of-the art cold dark matter simula-
tions which include baryonic physics come the conclusion that the modeling of baryons still requires
improvement [Genel et al., 2014, Vogelsberger et al., 2014a], and thus it seems premature to exclude
baryonic solutions from the range of possibilities to solve the small scale structure issues. At the
same time, the first cosmological simulation of the Schrödinger-Poisson system has been achieved
[Schive et al., 2014], and while it is unclear how this relates precisely to our model, the numerical
difficulties that have been overcome are very similar to what we expect to be present in the cosmon-
bolon model. Clearly combining both, state-of-the-art modeling of baryonic physics and the scalar
field nature of dark matter into a single simulation may proof to be very challenging, but the fact that
both ingredients work on an individual basis shows that this might be within reach.

If the small scale problems of cold dark matter structure formation can ultimately be solved by bary-
onic physics remains to be seen. We want to stress that even if that is the case, it does by no means
invalidate scalar field dark matter models such as we have presented here. Very similar to WIMP
models of dark matter, where one can interpolate between the warm dark matter and cold dark matter
regime using the particle mass, we can do the same and choose a bolon mass in a regime where
it essentially ends up being another cold dark matter candidate. If searches for weakly interacting
dark matter particles should not provide conclusive results within the next ten years or so, such mod-
els may become more and more appealing. A direct signature of the scalar nature of dark matter
would be a measurement of the time-variations in the gravitational potentials of bound structures,
e.g. through time-variations in pulsar timing signals [Khmelnitsky and Rubakov, 2014]. Such a de-
tection, however, appears to be out of reach for the cosmon-bolon model, as our constraints from
structure formation considerations put an upper bound on the bolon mass in a range where such ef-
fects are expected to be undetectable given current observational possibilities. We want to point out
that a detection of this kind becomes more and more challenging as one moves the mass of the scalar
field dark matter particle further towards the cold dark matter regime.

As a last point we want to back to out original motivation. In an era when cosmological observations
become increasingly precise and the simulation techniques are ever improving, one should not lose
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track of the very fundamental problems in physics. The cosmological constant is most certainly one
of the more persistent ones, and so are the nature of dark energy and dark matter. The fact that
the cosmological standard model has proven to be so very resilient against virtually all observational
probes means that, in the authors opinion, it is very likely to have secured its place in physics, even if it
should be invalidated some day. A so simple model so consistent with a large number of observations
is likely to remain useful for a long time, if only as an approximation. Nonetheless, we should never
stop searching, doing our best to poke holes into the model and come up with alternatives. Ultimately
the ingenuity of scientists will certainly be able to figure out what it is that makes up our universe.
Currently, with 95% of it unknown, it is only fair to say: While we have many, many ideas, we have
no clue which is the right one.
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A PARTICLES OF THE STANDARD MODEL

In this appendix we give an overview over the fundamental particles of the standard model and the
lightest hadrons. This is by no means comprehensive, we only provide the information necessary to
understand the thermal history of the universe as presented in chapter 2.

TABLE A.1: Fermions of the standard model

Name Mass

Leptons τ− ,τ+ 1777 MeV
µ− ,µ+ 105 MeV

spin = 1/2 e− ,e+ 511 keV
d.o.f. = 4 ντ , ν̄τ < 2 eV

νµ , ν̄µ < 2 eV
νe , ν̄e < 2 eV

Quarks t, t̄ 173 GeV
b, b̄ 4 GeV

spin = 1/2 c, c̄ 1 GeV
colors = 3 s, s̄ 95 MeV
d.o.f. = 12 d, d̄ 4.8 MeV

u, ū 2.3 MeV
The masses are approximate values taken from [Beringer

et al., 2012], where current best fits and errors are given.
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TABLE A.2: Bosons of the standard model

Name Mass
Weak gauge bosons W+ 80 GeV

spin = 1 W− 80 GeV
d.o.f. = 3 Z0 91 GeV
Photon γ 0
spin=1

d.o.f. = 2
Gluons (8) 0

spin=1
d.o.f. = 2

Higgs H0 125 GeV
spin = 0
d.o.f. = 1

The masses are approximate values taken from
[Beringer et al., 2012], where current best fits and er-

rors are given.

TABLE A.3: Lightest hadrons of the standard model

Name Mass Quark composition

Mesons π± 140 MeV ud̄, dū
π0 135 MeV (uū - dd̄)/2

Baryons p, p̄ 938 MeV uud, ūūd̄
n, n̄ 940 MeV udd, ūd̄d̄

The masses are approximate values taken from [Beringer et al.,
2012], where current best fits and errors are given.



B FITTING THE POWER SPECTRUM CUTOFF

In this appendix we discuss the procedure employed to fit the power spectrum cutoff in the cosmon-
bolon model in chapter 4. We compare numerically evolved power spectra for two models: A coupled
CDM model and the coupled cosmon-bolon model, both for a wide range of parameters. The evolu-
tion equations for the coupled CDM model are equal to those presented for the averaged (late-time)
coupled bolon model in chapter 4, except that the sound-speed is set to zero. The initial conditions
for the adiabatic mode in the coupled CDM model differ from the ones for the cosmon-bolon model,
but they are easy to derive or even guess from the results of chapter 5 and we will not quote them
here. The grid we investigated runs through the the parameters λ and β for the cosmon-bolon model,
the boundaries we chose to investigate are [20,30] for λ and [−0.2,0.1] for β. This covers (roughly)
the range of observationally allowed couplings.

Building on the results of earlier works [Hu et al., 2000, Matos and Urena-Lopez, 2001], we first
assumed that the cutoff can be well fit by the relation

Pχ(k) = Pcdm(k)
�

cos [(bx)a]

1+ cxd

�2

, (B.1)

where x = k/kJ . In [Matos and Urena-Lopez, 2001], a good fit of the cutoff in a similar model was
reported to be given by a = 3, c = 1 and d = 8. However, in that work a slightly different definition
of the Jeans scale kJ was used, we therefore adjusted the parameter b to fit the data. What we are
aiming for in a good fit is a minimalization of the maximal absolute value of the relative error when
the fitting is compared to the numerical results for the entire grid. This is of course only reasonable
if we do not use the complete power spectra, but cut off wavenumbers for which the suppression
compared to the CDM result is below a given threshold, which we denote by tc.
For tc = 1/500 the best fit is given by b = 1.0725 , but this already gives a maximal relative error of
order 3. Raising the threshold to tc = 1/100 results in the same b = 1.0725, whereas the maximal
relative error is still 0.99.

As these errors are still big, we have to improve the fitting function. We generalized it to be of the
following form:

Pχ(k) = Pcdm(k)
�

cos [(bx)a]

1+
√

c (xd1 + xd2)

�2

, (B.2)

where this time the parameters a,b,c,d1 and d2 are functions of the model parameters λ and β. We
’optimized’ the fitting procedure by assuming a linear dependence on the parameters for all functions
at first, and eliminated all dependencies which would not yield a significant improvement for the
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fitting with a threshold of tc = 1/500. The resulting best estimate reads

a(β) = 4.105+0.428β , (B.3)

b(λ,β) = 0.827+0.098β+0.006λ+0.0025λβ , (B.4)

c(λ,β) =−0.46−1.9β+0.053λ+0.152λβ , (B.5)

d1(β) = 4.31−1.2β , (B.6)

d2(β) = 7.66+1.49β . (B.7)

This gives a fitting better than 18% for tc = 1/500. For tc = 1/100 a fitting better than 8% can be
achieved with the same parameterization. We show the results of our fittings in Figures B.1 and B.2.
We show the numerically obtained ratio Pχ/Pcdm for λ = 28 and β =−0.2 in Figure B.1: black points
represent wavenumbers above the threshold tc = 1/500, gray ones wavenumbers below it. We also
show the estimated ratios given by equation (B.1) in red, and the more complicated one originating
from equation (B.2) in blue. The parameters are chosen such that they give biggest errors for the
optimized fitting within our grid, but not for the simple one. The corresponding relative errors can
be seen in Figure B.2, again in blue for the optimized fitting, and in red for the simple one. This time
the points that were excluded from the fitting by the threshold are shown in lighter colors.
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FIGURE B.1: Fitting the power spectrum cutoff

1.000.50 2.000.30 1.500.7010�5

10�4

0.001

0.01

0.1

1

k�kJ

P
Χ
�k��P c

dm
�k�

We show a fitting the power spectrum cutoff for λ = 28 and β = −0.2. The simple fitting (B.1) is
shown in red, the optimized one (B.2) in blue. Figure taken from [Beyer, 2014b].

FIGURE B.2: Relative errors for the cutoff fitting
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Relative errors for the fitting given in figure B.1. Again the simple fitting is shown in red, the
improved one in blue. The light points are excluded by the threshold. Figure taken from [Beyer,

2014b].
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