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Abstract

The Standard Model (SM) of particle physics is complete with the discovery of the Higgs
particle. However the SM cannot be a complete theory of nature as it does not explain the
origin of neutrino mass, dark matter (DM), dark energy, matter-antimatter asymmetry
and smallness of the strong CP parameter. From theoretical point of view we do not un-
derstand the origin of the scale separation between the electroweak (EW) and the Planck
scale, and also the flavor puzzle. In this work we will tackle the hierarchy problem with
scale symmetry and the flavor puzzle with discrete flavor symmetries, charting new sym-
metry groups and their breaking, while investigating their implied phenomenologies along
the way. In the first part we provide two novel mechanisms to explain the origin of the
EW scale generated by quantum effects from an anomalous breaking of a classical scale in-
variant extension of the SM. For the first model we utilize a direct scale transmission from
condensation of a scalar, charged under a high representation of QCD, to trigger EW sym-
metry breaking (EWSB) dynamically. In the second model, we will use the indirect scale
transmission approach to generate the EW scale transmitted by a singlet scalar mediator
which couples to the SM and a strongly coupled hidden sector. Chiral symmetry in the
dark fermion sector is broken spontaneously due to nonperturbative effects of the running
coupling in the hidden sector, triggering indirectly EWSB due to dimensional transmuta-
tion and providing stable DM candidates in the form of dark pions. In the last part of this
work we focus on charting new discrete flavor symmetry groups to obtain experimentally
acceptable leptonic and quark mixing patterns. The interesting new discrete groups that
we have found are classified mathematically and provide a new starting point for model
building in discrete flavor symmetry.

Zusammenfassung

Das Standardmodell (SM) der Elementarteilchenphysik ist komplett mit der Entdeck-
ung des Higgs-Teilchens. Wir wissen aber dass das SM nicht die endgiiltige Theorie
der Natur sein kann; das SM enthélt keine Dunkle Materie oder Dunkle Energie, und
hat keine Erklarung fiir Neutrinomassen und die Asymmetrie zwischen Teilchen und An-
titeilchen. Von theoretichen Seite, unbefriedigend ist die grofle Skalenhierarchie zwis-
chen elektroschwache und Planck-Skala, sowie die Herkunft der Flavorparameter im SM.
In dieser Arbeit versuchen wir die genannten Probleme mit Hilfe von Symmetrien zu
16sen. Im ersten Teil unserer Arbeit geht es um die Erweiterung des SM mit klassicher
Skaleninvarianz, und wie die elektroschwache Skala quantenmechanisch durch die anoma-
len Brechung der klassichen Skaleninvarianz erzeugt wird. Solche Skalenerzeugung lésst
sich in zwei Klassen einteilen, entweder durch direkte oder indirekte Skaleniibertragung.
Bei der direkten Skaleniibertragung erweitern wir QCD mit einem Skalar-Teilchen, das
ein Kondensat bei der TeV-Skala bildet und elektroschwache Symmetriebrechung verur-
sacht. In einem Modell mit indirekter Skaleniibertragung wird die elektroschwache Sym-
metriebrechung dagegen durch die chirale Symmetriebrechung in einem verborgenen Sek-
tor erzeugt. Ein Stabiler Dunkle Materie-Kandidat ergibt sich durch die Pseudo-Nambu-
Goldstone-Bosonen von chiralen Symmetriebrechung. Als letztes konzentrieren wir uns
auf das Flavorproblem, und suchen systematisch nach neuen diskreten Symmetriegrup-
pen, welche die experimentell bevorzugten Mischungswinkeln fiir Leptonen und Quarks
vorhersagen konnen.
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IChapter 1 Samgisvese
Introduction and Roadmap

The Standard Model (SM) of particle physics, which consists of the Glashow-Weinberg-
Salam theory of Electroweak (EW) interactions [1, 2] and Quantum Chromodynamics
(QCD) [3-5], has served as a successful low energy description of the subatomic physics
for the last forty years. With the Higgs-like particle being found in the ATLAS [6] and CMS
[7] detectors, the SM itself is now complete. However we know that the SM is not the full
description of our Universe. The neutrinos, for instance, are massless in the SM and hence
further extension is required to accommodate the well measured neutrino mass differences
in the neutrino oscillation experiments. Furthermore, the SM does not contain candidates
to explain the dark matter (DM) and the dark energy, which make up 95% of the energy
content of our Universe. Other problems such as the origin of the matter-antimatter asym-
metry, the strong CP problem, and the origin of inflation, also require solutions beyond the
SM if we demand that the solution is not fine-tuned but natural.

From the theoretical point of view, the SM parameters also contain some tantalizing
puzzles, which crave for simpler explanations. Aside from experimental observations which
deviate from the SM prediction, the theoretical problem of the SM in general can be divided
into two aspects: scales separation and flavor puzzles. To provide explanations for these
two puzzles under the banner of symmetry is the main focus of this thesis'. Let us start by
discussing the aspect of scales in fundamental physics. At the moment we only know three
fundamental energy scales in the nature, namely

e the QCD scale Aqcp ~ 300 MeV, where the QCD physics becomes strong and non-
perturbative,

e the EW scale v = 246 GeV, which generates masses for elementary particles,
e the Planck scale M ~ 10" GeV, where gravity becomes strong.

Arranging in their strength, one notices that
AQCD ~ <L Mpl, (1'1)

prompting the so-called hierarchy problem of energy scales. At the moment we are not
sure whether the Planck scale is something fundamental, or if gravity is some emergent
effect which is described by physics beyond Quantum Field Theory (QFT). The hierarchy

1 And also to provide fine selections of red wine.
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between the QCD and Planck scale can be understood as a dynamical phenomenon, where

the smallness of Aqcp,

]2

Aqcp = My exp <_b92(Mpz)

) < My, (12)
is due to the renormalization group effect, with the beta function coefficient b calculated for
the QCD coupling g;. Such an explanation does not apply to the case of the EW scale v.
We will give a thorough explanation for the hierarchy problem regarding the EW scale later
in Chapter 2. It suffices to say that there is no symmetry in the SM to protect the EW scale
against the high energy scale QFT that the SM embedded into, unless a new symmetry is
introduced either in the form of supersymmetry or scale invariance. In this thesis we will
follow the latter approach, taking classical scale invariance as a new starting point to solve
the hierarchy problem. In Chapter 2 we will give an introduction to classical scale invariance
and its anomalous breaking, which will generate the EW scale quantum mechanically. We
will see that we can generate the EW scale dynamically from this approach, mimicking
the success of QCD. The additional fields charged under a non-abelian gauge group form
condensates that can trigger EW symmetry breaking (EWSB) either directly or indirectly.
We will present one model each for these two different approaches.

In Chapter 3 we will introduce a model based on direct scale transmission. An additional
scalar field charged under a higher representation of QCD can condense at the TeV regime,
generating the Higgs mass via dimensional transmutation. As this new particle is charged
under QCD, it can be easily produced at the LHC. Furthermore this new scalar field can
alter the production cross section of the SM Higgs, which can be detected or constrained
by ATLAS and CMS. The collider phenomenology and the nonperturbative aspects of this
new particle will be discussed in detail.

For the second approach based on indirect scale transmission, a model along this line
will be discussed in Chapter 4. Here additional fermions charged under fundamental rep-
resentation of a new non-abelian gauge group will be introduced. Similar to QCD, the
fermions form condensates when the chiral symmetry is broken by the nonperturbative ef-
fect of gauge coupling flow. The chiral symmetry breaking scale is transmitted via a singlet
scalar mediator to trigger EWSB indirectly. As an additional bonus, the pseudo Nambu-
Goldstone bosons (PNGB) due to this spontaneous chiral symmetry breaking can serve as
DM candidates. The DM phenomenology and the detection prospect of this model will be
discussed. Furthermore, we will discuss some of the early universe physics of this new sector,
particularly the order of the phase transition.

Hierarchy problem aside, the origin of flavor is also one of the important questions of
beyond the SM physics. All absolute entries of the lepton mixing matrix, or the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix

0.821 0.549 0.152
|Upmns| = | 0.374 0.573 0.694 |, (1.3)
0.382 0.567 0.684



are of order one. Comparing this to the Cabibbo-Kobayashi-Maskawa (CKM) matrix

0.974 0.225 0.004
[Uckm| =~ | 0.225 0.973 0.041 (1.4)
0.009 0.040 0.999

of the quark sector whose off-diagonal entries are small [8], the very different form of the
PMNS matrix seems to suggest a different leptonic flavor origin. One popular approach to
solve the flavor puzzle is to invoke spontaneously broken discrete symmetries to describe the
observed patterns, where the leading-order (LO) leptonic mixing angles up to permutations
of rows and columns can be determined solely from flavor symmetry breaking. This approach
is based on the misaligned remnant symmetries between the charged lepton and neutrino
mass matrices. Since the recent discovery of the large reactor mixing angle 613 [9-11], the
beloved simplest discrete group Ay [12-18] that has been utilized to build most of flavor
models is strongly disfavored. In Chapter 5 we will perform a systematical scan of discrete
symmetry groups up to order of 1536 to determine which discrete groups can generate LO
leptonic mixing angles compatible with the experiments. We extend also the discrete group
approach in the quark sector to search for groups that can predict the LO Cabibbo angle.
The leptonic mixing patterns may have a common origin with the quark mixing angles. If
both the quarks and leptonic mixing patterns originate from a common discrete group, they
could serve as a new model building approach, which could be embedded in a Grand Unified
Theory (GUT). We will also discuss the predictivity of discrete symmetry groups compared
to the anarchy approach.



'Chapter 2 P A2, |
Standard Model and Symmetries

The modern concept of relativistic Quantum Field Theory (QFT) constructed from prin-
ciple of quantum mechanics, relativistic invariance and cluster decomposition principle, con-
tains three fundamental concepts, namely dynamics, symmetries and scales, which has de-
scribed different physical systems successfully'. By dynamics we mean that QFT is based
on field operators whose structure is a result of quantum mechanics, relativistic invariance
and cluster decomposition principle. The dynamics of QFT give rise to the physical observ-
able of the theory. Of course with only dynamics, one can construct more general classes of
theories which are not as constrained. A QFT of our particular interest, namely the Stan-
dard Model (SM) of particle physics, possesses more structures of symmetries, consisting
the Poincaré invariance and the internal gauge symmetry SU(3). x SU(2);, x U(1)y. Fur-
thermore, the SM requires the notion of spontaneous symmetry breaking of scalar field and
the Higgs mechanism to generate the masses for the elementary fermions and electroweak
(EW) gauge bosons. We will provide a quick review of the SM in Sec. 2.2. Perhaps the
most characteristic feature of QFT is the applicability to physics of different scales. Physics
is about describing laws of nature at a certain scale. The fact that we can describe low
energy physics well without knowing much details about the high energy physics is due to
the principle of coarse graining. Most of the low energy physics will decouple from the high
energy modes, with the exception of the scalar mass. As we will discuss later, most of the
solutions proposed to solve such a hierarchy problem in the SM involve certain types of
new physics or energy scales near the TeV regime. In this chapter we will discuss a novel
solution that might serve as a good candidate in solving the hierarchy problem, namely
classical scale invariance. We will clarify the subtle difference between conformal symmetry
and scale/dilatation symmetry, and also explain the form of such symmetries in the classical
and quantum regime in more details. We will also highlight the conjectures and problems
arise in conformal field theory. A general model building approach along this line of thought
will be discussed and we will present two models with different approaches that yield dif-
ferent phenomenologies in Chapter 3 and 4. The current chapter provides an overview of
the latest research on solving the hierarchy problem by breaking classical scale invariance
anomalously. This chapter is based on the author’s understanding of the conceptual issue in
the hierarchy problem, scale invariance and attempts to cure the hierarchy problem starting
from the principle of classical scale invariance.

!This classification is often ignored in the modern QFT literature. For a more conceptual approach towards
QFT please refer to Ref. [19].
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2.1. Symmetries and Conservation Laws

In this section we will give a precise and general way of deriving Noether’s first theorem,
which states that symmetries of a physical system imply conservation laws. We follow
the notation of Refs. [19-21]. Consider a system with n general field variables ®, with
a=1,...,n. The dynamics of the system is encoded in the action

S—/d%;ﬁ(:c,@,au@), (2.1)
u

with £ being the Lagrangian and i is a domain bounded by spacelike surfaces 31 and 39
which extend to infinity. The local field variation é®, and total field variation A®, are
defined as

6P, = @/ (z) — D4(x), Ad, = P (2') — Py(x) = 6D, + AztD, P, (2.2)
where the infinitesimal change of coordinates is given by
ot =t + Azt (2.3)

We differentiate the two cases in Eq. (2.2) because certain symmetry transformations act
on coordinate and field representation simultaneously. If we assume that £ is unchanged by
the variations in Eq. (2.2) and Eq. (2.3), i.e.

L'z, @', 0,0") = L(2', ¥',0,9'), (2.4)
with ), = (0z/02'),/' 0, = 0, + O(9,Ax"0,,), the total variation of the Lagrangian is given
by

AL =L (2, ®',0,9") — L(z,®,0,P) = (0,L)Az* + 0,(7H6D,) + E,0Pa, (2.5)

with 7} = 9£/8(8,P,) as the momentum conjugate to ®, and &, = dL/IP, — 7l the
Eulerian for field ®,. Now let us investigate the total variation of the action

AS = y d4x’L’(x’,c1>’,a;<1>’)/ud‘*;cﬁ(x,@,a,@). (2.6)
Changing the measure with d*2’ = det(d2’/0x)d*z = (1 + 9,Az*)d*z and substituting
Eq. (2.5) in Eq. (2.6), we obtain
AS = / A*z [O(LATH + 7h6D,) + E,6P,) = Q(Z2) — Q(Z1) + / diz £,00,,  (2.7)
u u

where the Gauss theorem has been applied to the first term with @ given by

Q) = /E o, (W OB, — 8, A2"), (2.8)

2

with the canonical energy momentum tensor ©,, and o, representing the normal vector to
the surface .
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Eq. (2.7) serves as a core equation for investigating the dynamics and conservation laws of
a system. For instance if we demand that the total field variation vanishes at the boundary
¥; and the action principle AS = 0, the Euler-Lagrange equation &, = 0 for the field &,
is obtained. Let us now investigate Noether’s first theorem. We allow the most generic

transformation
Azt =w (z)ek, A®, = Rz, D)k, (2.9)

on a Lagrangian where w" i and R,y being representations of certain group transformations
in coordinate space and field space respectively. For an internal symmetry, w" x = 0, while
for spacetime transformations, both w’, and R, are nontrivial. By demanding that the
transformation leaves AS = 0 and the equation of motion (EOM) is satisfied &, = 0 in
Eq. (2.7), the charge of the transformation is conserved

Qk—/dau Ru — ©% w",) =const, k=1,...,m. (2.10)

Noether’s first theorem states: Invariance of AS = 0 under a continuous transformation of
an m parameter group implies m global conservation laws with conserved currents

0p Tt = 0 (' Rep — O ) =0, k=1,...,m. (2.11)

If the Lagrangian is invariant up to a surface term 9, K*, the current J,g is modified to be
WgRak — @MVka + K*#,

The above derivation is valid for classical field theory. After quantizing the classical field,
the validity of classical conservation laws induces the Ward identities

0

dy u<TJ”( Ye@)... o(zn)) =(T5 2T W)@(@1). .. &(zn))

—125 =y (T O(21) ... AD(x) ... D(z,))  (2.12)

among the Green functions. We remind the reader that the charge @) of a transformation
generate the total variation of the field:

[Q.2(y)] = A2(y), [J(x,1), 2(y,1)] = A®(y,1)5°(z — y). (2.13)

The surface terms in Eq. (2.12) can lead to so-called anomalies in the quantum system even
though the classical currents are conserved. We will investigate this property in Sec. 2.4
later.

So far we only concerned ourselves with global symmetry and its implication on conser-
vation law, which only holds when the EOM &, = 0 is applied. The ¢, parameter above is
independent of spacetime, however when it is promoted to a local parameter ex(x), the situ-
ation changes drastically as we would need to introduce additional gauge fields to maintain
the invariance of the transformation. This is the core of Noether’s second theorem: Suppose
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that the action is invariant under infinitesimal field internal transformation
AD, = Qu(x, ®,8,9)e"(x) + RY, (x,®,8,9)d,€"(z), (2.14)

where Q1 and ng are functions of group transformation of kth parameter, then there exist
linear relation between Eulerians and their derivatives

Qakga = aLL(RZkga)- (215)

This equation is often not appreciated (or mentioned) in modern QFT literature albeit its
importance. The RHS of Eq. (2.15) usually is contributed by gauge field due to their affine
transformation structure in field space. Once the EOM of the gauge field is satisfied, the
current continuity equation on the LHS is derived, without the use of EOM from matters.
Quantizing the gauge fields however, particularly the non-abelian gauge fields, requires
tremendous mathematical machinery. We refer the reader to Ref. [22].

2.2. Quick Review of the Standard Model

In the previous section we have introduced the concept of symmetries and their implications
on conservation laws. Let us now investigate the symmetries of the SM. Essentially the
SM consists of the gauge group SU(3). x SU(2)r, x U(1)y which dictates the fundamental
interactions of elementary particles mediated by the strong force and the EW force. The
particle content of the SM consists of the vector gauge bosons in the adjoint representation
and the fermionic sector constitutes the left-handed doublets (L and @) and right-handed
singlets (E, U and D)

er, dr,

U=up~(31,2/3), D=dg~(3,1,-1/3), (2.16)

L= (w) ~(1,2,-1/2), Q= (%) ~(3,2,1/6), E=-ep~ (1,1,-1),

in SU(3). x SU(2)1, x U(1)y representation. The SM Lagrangian can be divided into
Lsm = Lyin + Ly + Ly, (2.17)

where the component of the sub-Lagrangian Ly, contains the kinetic terms of the SM gauge
and fermionic fields:

1 1 1 _
Lin = — G, G = Wi, W — B B +iL; DL,

4
+ iEleEj + ’LQJJDQJ + iﬁleUj + iDleDj, (2.18)
where G}, W}, and By, are the gauge field strengths of SU(3). x SU(2) x U(1)y given

in terms of their respective gauge fields Gj;, W and B, and the flavor index j is included.

As the three of the EW gauge fields and the fermions are not massless, the mass terms
can be generated by using the Higgs mechanism [23-25] to break SU(2);, x U(1)y — U(1)em
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spontaneously. In the SM we have a Higgs SU(2);, doublet

a+
H=| rtic° | ~(1,2,1). (2.19)
V2

The (G*,G?) are the would-be Nambu-Goldstone modes, while the neutral component h
represents the physical Higgs field. The Higgs Lagrangian is given by

Ly = (D, H)(D'H) —m?HYH — A\ (H'H)?, (2.20)

In a well defined QFT, the potential must be bounded from below, i.e. Ay > 0. When the

2 is positive, the potential has only a minimum at (H) = 0. To achieve

mass parameter m
spontaneous symmetry breaking we have to demand that m? < 0, i.e. the doublet acquires
a non-zero vacuum expectation value (VEV) and we can parameterize its value to be at the

neutral component of the doublet

[m?|
(h)y =v =4/ —~—— =246 GeV. (2.21)
AH
Once the Higgs field acquires a non-zero VEV, EW symmetry is spontaneously broken and
three of the EW gauge bosons, W and Z, acquire masses while the photon A, remains
massless. The weak mixing angle 6y with

92 g1

NCET A Vi +a

parameterizes the mixing between the third component of the SU(2), gauge field and the B,,.

cos by = sin Oy = (2.22)

The only remaining physical component of the scalar Higgs doublet in unitary gauge after
spontaneous symmetry breaking is the real scalar h, and its mass is given by m,zl = 2\ gv2.
The origin of mass for all the massive particles in the SM stems from the VEV of the SM
Higgs field. We see that the SM has only one dimensionful parameter, namely the mass

2

parameter m*. The SM Lagrangian enjoys an additional classical dilatation symmetry if

this parameter vanishes. We will investigate this very interesting possibility and its implied
phenomenology later in this chapter.
The last piece of the SM Lagrangian, the Yukawa sector Ly is given by

Ly = -YPLiHE; - Y;?Q:HD; — ;i Qi(ic* H*)U; + h.c. , (2.23)

where the Yukawa matrix Y;} generates a complex 3 x 3 mass matrix M, = vY; /\/2 for
charged fermions s € {E, D,U} after EWSB. By applying the bi-unitary transformation

VSTMSWS = diag(ml,mn,mm), (2.24)

where {I, IL, ITI} represents the fermion generation, the mass matrix My can be diagonalized.
The mixing between different flavors of the quarks is described by the unitary Cabibbo-
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Kobayashi-Maskawa (CKM) matrix [26],
Vexwm = ViVp. (2.25)

Similar mixing matrix can also be found for the leptonic sector, if neutrinos are not massless,
which would require already physics beyond the SM. We will discuss the structure of flavor
physics later in Chapter 5.

2.3. Puzzles and Problems of the Standard Model

Despite the success of the SM in describing the subatomic physics that we have observed,
there are observations and theoretical puzzles that require an extension of the SM. The
observations incompatible with the SM are:

Neutrino Mass

From pure experimental facts, neutrinos are proven to be massive from the oscillation ex-
periments [27, 28], contrary to the SM where neutrinos are treated as massless fields. Until
today, we do not know the absolute mass scale of the neutrinos, their mass hierarchy and
origin. The bound for the neutrino mass sum obtained from combined analysis of Planck,
WMAP and baryon acoustic oscillation [29] is found to be less than 0.23eV at 95% C.L.,
while the future measurement of electron end point energy spectrum from beta decays by
KATRIN [30] should improve the neutrino mass scale bound. It is also not known whether
neutrinos are Majorana or Dirac particles, therefore neutrinoless double beta decay (0v/3[3)
experiments are crucial to determine such a distinction. Recently GERDA [31] has put a
lifetime 71,5 > 2.1 X 10%° yr at 90% C.L. on 0vB33 decay Germanium ggGe isotope, future
run of this experiment could provide hints on the nature of neutrinos. We refer the reader to
some reviews [32, 33| for the current status of experimental searches for neutrino properties.
In this thesis we are interested in the role of discrete symmetry for the leptonic mixing
pattern and we will focus on the leptonic mixing structure for both cases when neutrinos
are Majorana and Dirac particles in Chapter 5.

Dark Matter

From the cosmic microwave background (CMB) [29] and large-scale structure observation
[34], we know that the energy density of the Universe consists of 25% pressureless fluid,
which can be explained by dark matter (DM). DM can also explain the flat angular rotation
curves of galaxies [35] and some gravitational lensing observations [36]. The SM also does
not have a good candidate for explaining the existence of DM, however. For a long time,
the weakly interacting massive particle (WIMP) has been a leading candidate in explaining
the DM. In the early universe, the WIMP annihilated with each other to produce the
SM particles, and this reversible process continued until the expansion rate of the Universe
exceeded the annihilation rate, i.e. a freeze-out process for the DM occurred. The remaining
thermal relics, acting as DM, served as the seed for structure formations at later stage of our
cosmological evolution. Various direct detection experiments with different techniques have
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Figure 2.1: This diagram illustrates all the

relevant interactions for a thermal DM. For DM SM
DM annihilation we read the diagram from

left to right, while the direct detection ex-

periment for DM can be represented by

looking at the diagram from top to bottom.

If DM can be produced at collider, we can

interpret the process happening from right DM SM
to left.

been built and customized to detect the WIMP interaction with the nuclei. The relevant
WIMP interaction for calculating the relic abundance, production rate at collider, direct
and indirect detection cross section can be compactly summarized in Fig. 2.1. The topic
of DM is vast and we cannot cover all its aspects, for a more comprehensive review on
DM candidates, direct and indirect detection experiments please refer to Ref. [37]. We
will discuss more on the DM candidate proposed in our model and its phenomenologies in
Chapter 4.

Baryogenesis

The fact that we exist today and were not annihilated into energetical radiation requires an
asymmetry in matter and antimatter. To achieve such a baryon asymmetry it is necessary
that the three Sakharov conditions [38], namely baryon number violation, C (charge) and CP
(charge-parity) violation, and out of equilibrium dynamics are satisfied. As the CP-violation
and the out-of-equilibrium dynamics is not enough to satisfy the Sakharov conditions in the
SM. the origin of the matter-antimatter asymmetry demands an explanation beyond the
SM. Several proposed solutions for baryogenesis such as Affleck-Dine mechanism [39], EW
baryogenesis [40] and leptogenesis [41] have been put forward. We will not discuss this topic
further in this thesis, but will briefly touch upon the out-of-equilibrium dynamics described
by phase transition in Chapter 4.

Strong CP-problem

The QCD sector in the SM contains the CP violating term

0
Lo %eﬂ”ﬂ”mﬁm (2.26)

in the Lagrangian due to the nontrivial structure of its vacuum. Writing down the most
general mass term in the Lagrangian and rotating all the spurious phases away in the SM,
one is left with a physical phase in the CKM matrix and an axial phase which induces a
similar term like Eq. (2.26). Hence a physical strong CP violating phase

0 = Oqcp + arg det( M, My) < 1071 (2.27)

is induced which a priori should not be small [42]. The delicate cancellation between the
two terms at the RHS of Eq. (2.27) requires extreme fine-tuning, unless there is a new
physical mechanism which can explain the reason for such a small value of #. Solutions for
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strong CP-problem can be obtained by introducing an axion particle [43] with additional
symmetry, or imposing symmetries so that one of the term in RHS of Eq. (2.27) vanishes,
e.g. strong CP is spontaneously broken from flavor symmetry [44].

Dark Energy

From the CMB and supernova observations [45, 46] we know that the Universe is expanding,
requiring a negative pressure or dark energy. So far we do not know the nature of dark
energy, whether it is a constant, some new fields, or due to cosmic inhomogeneity. In this
thesis we will not deal with the expansion of the Universe and we refer the interested reader

to Ref. [47] for a more complete review.

Theoretical Problems of the Standard Model

From the theoretical point of view, the SM contains some of the puzzles which might hint
at the existence of new physics. These problems are not signaling the inadequacy of the
SM, rather their appearance has prompted us to rethink the SM and its possible embedding
in another perspective. The most interesting theoretical puzzles of the SM consist of the
hierarchy problem and the flavor puzzle. The stabilization of the Higgs mass against the
high energy correction in QFT remains one of the most puzzling problem in high energy
physics. We will first focus on the conceptual issue in the hierarchy problem in this chapter
and will provide our attempts to tackle this problem in Chapter 3 and Chapter 4. On the
other hand, the existence of different mass and mixing structure in the quark and leptonic
sector seems to crave for simpler explanation. The flavor puzzle and its possible solution
will be addressed in Chapter 5. The core of this thesis is to tackle both the theoretical
problems and to obtain their interesting phenomenological predictions, which are relevant
for explaining the above mentioned discrepancy from the SM prediction. But first let us
look at the general attempts to solve any problem in high energy physics.

Problem Solving with Symmetry

In high energy physics we are trained to tackle an issue or a problem from different perspec-
tives. However most of the toolbox can be classified into three categories:

e Symmetry,
o Geometry,
e Dynamics,

where typically one is forced to utilize more than one item in the toolbox. Under dynamics
we usually assume some additional field operators that can “align” certain field or vacuum
configurations in a desired solution plane. However to engineer such a solution we usually
assume that there are some underlying symmetries or geometrical configurations in extra
dimension that provide the desired field configuration naturally. The geometrical approach
is sometimes not a satisfactory solution, as typically one does not address the reason why
certain field configurations are stuck in a certain layer of brane or bulk [48, 49], except just to
generate a proper solution set favored by experiments. In this thesis, we instead focus on the
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approach based on symmetries and dynamics, where the phenomena and theoretical puzzle
that require physics beyond the SM can be addressed with simple reasoning of symmetry
and its breaking. Let us now look into the conceptual problem of scales in QFT and its
implication for the SM and its possible embedding.

2.3.1. The Hierarchy Problem

With the Higgs boson discovered at the LHC, the SM is complete. At the present all
the properties measured for this new boson seem to indicate that the newly discovered
scalar boson is SM-like. The SM Higgs field provides a simple mechanism to generate all
the masses for the massive elementary particles in the SM, when the Higgs field obtained a
nonvanishing vacuum expectation value (VEV). At the moment with all the measured values
of other SM couplings, the SM could possibly survive up to the Planck scale by analyzing the
renormalization group equation (RGE) [50-55]. In the language of renormalization group
(RG), some classes of operators can contribute towards the low energy observables, while
some will decouple and become irrelevant for macroscopic phenomenology. Operators that
decouple from high energy modes are called irrelevant operators, while operators that are
always sensitive to the ultraviolet (UV) physics are known as relevant operators. Weakly
coupled operators with d = 4 canonical dimension in a 4-dimensional spacetime are known
as marginal operators and they may contribute to the macroscopic physics depending on
the RGE.

The Higgs mass, being the coupling of the relevant operator ¢2, is sensitive to UV physics.
Historically, the large separation between the EW scale and the very high energy scale,
e.g. M, is known as the hierarchy problem, making it mandatory to fine-tune the cancellation
between the couplings to obtain the low energy EW mass scale. However, one should be
careful with the subtle details involved.

First of all we need to distinguish the difference between the two fine-tuning notion ap-
pearing in the scalar field theory, best illustrated by an example. Let us consider two singlet
scalar fields that are coupled to each other by potential

Mo D g A
V =migt +mies + ol + res+ Tl (2.28)

where we have imposed a Z, parity for each of the scalar fields. Suppose that all the
couplings are positive so that spontaneous symmetry breaking does not occur, the one-loop
correction for the ¢ mass can be written as

2 2
om? ~ Cihymiln <T/721> + CyA3m31n <7;L22) , (2.29)

where C; represents some pure number coefficients. The parameter p represents the renor-
malization scale of our theory. Suppose that m; < mo, then we would obtain the so-called
hierarchy problem between the mass scales. However one can fine-tune the coupling A3 such
that A3 < 1 in order to ameliorate the hierarchy between the two mass scales. Such a
delicate cancellation suffers from the subjective naturalness problem?, but it is technically

2Also known as strong naturalness problem, real naturalness problem, bottom-up naturalness problem,
Dirac naturalness problem by some authors [56, 57].
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Figure 2.2.: (Left) Phase diagram of vacuum stability /metastability depending on the top and Higgs
mass [54]. (Right) Planck scale boundary conditions for the Higgs quartic coupling and their Higgs
mass predictions [52].

natural® [58], because the beta function for the portal coupling A3 is multiplicative

dAs
~ A3g(Az, \o), 2.30
dh’lu 39( 3 ) ( )

and therefore the coupling A3 stays small once it is set to be small at a certain energy. The
function g(As,\;) contains all the relevant couplings. The theory suffers from subjective
naturalness problem as a priori one should not expect the coupling to be so small to cancel
out the large contribution of ¢y to the mass of ¢1. If the parameter m? is negative, the
field ¢; would obtain a nonvanishing VEV v and trigger spontaneous symmetry breaking.
Depending on the renormalization scheme either the mass parameter m3 or the VEV v is
sensitive to the correction of m3. Again we could fine-tune the A3 parameter to be small
such that it is protected by technical naturalness, yet the problem of subjective naturalness
remains.

We now like to discuss some of the confusion regarding the subjective naturalness problem
in the high energy physics community. The couplings for relevant operators suffer from
subjective naturalness problem as they are sensitive to the high energy modes, like our
example above. As we know that the SM Higgs doublet undergoes spontaneous symmetry
breaking, the Higgs VEV or its mass parameter is sensitive against high energy correction,
parameterized by

om? ~ f(\)A*In <A2> (2.31)
7 /_,L2 . .

The term A in this case represents the sensitivity of new QFT physics scale, and it is not
a regulator’ that can be sent to infinity after renormalization has been carried out. The

3These two different notions of naturalness have caused so much confusions in the high energy physics
community.

4In fact we should stop talking about the misleading quadratic divergence from technical cutoff, which is
just a regulator and has no meaning.
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quantum correction in Eq. (2.31) contributes to the RGE of the Higgs mass

dm?

dlnu:

m*y(A) + f(A)AZ, (2.32)

where we have neglected some irrelevant numerical coefficients. The term ~ dictates the
running of the Higgs mass if the EW scale is the only scale of nature. If we extend the SM
with new physics of scale A stemming from high energy QFT physics, one would necessar-
ily run into the subjective naturalness problem. Conventional solution for the subjective
naturalness problem is to invoke a new symmetry (supersymmetry) [59] to cancel out the
function f or to postulate new structure such as extra dimension [48, 49] or compositeness
[60-63] such that the new physics scale A is near the scale of m. Applying the argument
to the case of the SM, we should observe new physics at TeV scale. However with only the
Higgs-like particle discovered and no new particle beyond the SM being found, generally
proposed solutions to the hierarchy problem are pushed towards fine-tuned corner. With
the current measured Higgs mass and the top quark mass, the SM could even survive up to
the Planck scale [53, 64], see Fig. 2.2. It seems that the experimental results so far do not
provide any evidence for the conventional solutions of the hierarchy problem and we may
ask ourselves whether traditional view of subjective naturalness is correct.

As we have stressed earlier, A represents the scale of new heavy QFT modes which couple
to the SM Higgs field. From the traditional Wilsonian view of QFT, low energy physics
is a remnant of physical degrees of freedom after integrating out the high scale physics.
Embedding the SM in another high energy QFT may risk of running into subjective natu-
ralness problem when the m is fine-tuned against the correction of high energy modes. Even
the minimal supersymmetric version of the SM suffers from such fine-tuning problem if the
supersymmetry breaking scale is large enough. However, the Wilsonian view might not be
applicable when the only high scale physics is beyond the concept of QFT, which could be
the scenario for quantum gravity as a priori we have no idea what this new physics might be,
and the SM might just be a boundary condition of an unknown non-QFT quantum gravity.
One might ask, which boundary condition from quantum gravity might be reasonable to
explain the SM? Since we do not want a fine-tuning between two widely separated energy
scales, then we should perhaps start from a fundamental theory with no explicit energy
scale, with the resulting EW scale generated quantum mechanically. That is, we assume
that m(M,;) = 0. Looking back at the SM Lagrangian, the only explicit mass scale in the
Lagrangian is the Higgs bare mass parameter that breaks classical scale invariance and from
the observation that m/M,; < 1, the SM in a full embedded theory with gravity exhibits
classical scale invariance from UV perspective due to the smallness of m [65]. Therefore it
is possible that the EW scale is generated quantum mechanically via anomalous breaking
of the classical scale symmetry. Embedding the SM in a new QFT with very high energy
between the EW and Planck scale would invalidate our argument, hence we need to assume
that new physics at TeV regime which break classical invariance anomalously in the second
term of Eq. (2.32) should be generated radiatively. Why we have a classically invariant
Lagrangian as boundary conditions of Planck scale physics, this has to be justified in an
UV complete quantum gravity framework. In this thesis we will assume that this is the
case, and investigate the implied phenomenologies. This idea is not as far fetched as it
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seems as the QCD hadronic length Aqcp is generated by dimensional transmutation from
the dimensionless strong coupling. Perhaps classical scale invariance is a good starting point
to rethink about the hierarchy problem, and that the EW scale is generated by quantum

phenomenon.

2.4. Scale Invariance Versus Conformal Symmetry

Scale invariance is a special property of an object or a law that preserves its form after a
scaling of length or energy is performed, i.e. the object preserves its form when we zoom in
or out on it. Since we are dealing with fields in modern high energy physics, a multicompo-
nent field ®(x) with d as scale dimension is said to possess classical scale invariance if the
transformation

AyD(z) = Ay(20,, + d)D (), (2.33)

with \s as dilatation parameter, leaves the classical action of the theory invariant. The scale
current associated with the above symmetry is defined as

JH=x,0" and 0,J" =W, (2.34)

with W as some function of the fields and their derivatives after performing the transfor-
mation in Eq. (2.33). The term O is the improved symmetric energy momentum tensor
[66]. The classical scale current in Eq. (2.34) is conserved iff W vanishes

o, = 0,J" = 0. (2.35)

Suppose that we restrict ourselves in considering only the scalar, spinor and vector fields
with canonical dimension 1, 3/2 and 1 respectively, the quantity ¥/ will only consist of
combinations of fields with dimension d # 4, e.g. W = mMZHZJ + méqﬁZ + p¢® if we write
down all the possible renormalizable terms allowed by the symmetry of the theory (we have
restricted our dimensionality to d = 4 in the Lagrangian). It is clear from the analysis of
W that all terms with dimensionful parameters break classical scale invariance.

What about conformal symmetry? Mathematically speaking conformal symmetry con-
tains scale transformation as its subgroup. The action is classically conformal invariant
if it is invariant under the Poincaré transformation, scale transformation and the special

conformal transformation
AD(z) = (27 - Az’ — 22N0)0, @ () + 2(z - Aed — 25, M) D (), (2.36)

where ¥, represents the Lorentz rotations on the components of ®(z) and ¢ is a special
conformal transformation parameter. The conformal group with D conformal transforma-
tions is SO(D,2). Naively one would think that a classically conformal invariant physical
theory is necessary different than classically scale invariant theory. However physical theory
may contain more surprises than mathematical intuition. Under some assumptions, scale
invariant QFT always seems to be conformal invariant too. It is the dynamic of the theory
that promotes the scale invariant QFT to conformal QFT. For d = 2 scale invariant QFT,
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it has been proven that such QFT possesses the enhanced conformal symmetry, guaranteed

by Zamolodchikov-Polchinski theorem [67, 68] under the following assumptions
e unitarity,

e Poincaré invariance,

discrete spectrum in scaling dimension,

existence of scale current,
e unbroken scale invariance.

It is conjectured that with the above assumptions, the symmetry enhancement from scale
invariant theory to conformal symmetry theory should be also valid for d = 4, which up until
today, no counter example has been found®. We will not distinguish the difference between
scale invariance/dilatation symmetry and conformal symmetry in this thesis as most of the
models constructed for high energy physics satisfy the required assumptions listed above,
but readers should keep in mind the assumptions in play.

2.4.1. Breaking Scale Invariance

In low energy physics, scale invariance must be broken, otherwise particles would have con-
tinuous mass spectra or be massless. There are several ways to account for global symmetry
breaking. One way is to write down the explicit symmetry breaking term in the Lagrangian
with small coupling such that the symmetry is explicitly broken. Another way to achieve
symmetry breaking is via spontaneous symmetry breaking, where the ground state of the
theory does not respect the original symmetry. Depending on the underlying symmetry, one
may obtain Nambu-Goldstone bosons, domain walls or cosmic strings if the symmetry is
broken spontaneously. On the other hand, the dynamical equations still possess the desired
symmetry and the Ward identities are still valid. Lastly a classical symmetry in a theory
can be broken anomalously, where quantum corrections to the classical theory break the
underlying symmetry. In this approach, anomalies occur and the quantum correction to the
classical theory does not respect the Ward identity (2.12). Scale invariance is interesting
as it is possible to achieve the breaking of such symmetry with all the methods mentioned
above. For the SM, dilatation symmetry is broken explicitly by the m?HTH term. Suppose
that we assume m? term is zero at classical level, perturbative quantum corrections will
require us to renormalize the theory at a specific energy scale, hence breaking the scale
symmetry anomalously. If we insist on breaking scale invariance spontaneously [70], we are
not allowed to introduce an energy scale in our renormalized theory, therefore one has to
find a method to keep scale invariance at quantum level, and only break the ground state
symmetry. A theory with spontaneous broken scale invariance would contain a massless
Nambu-Goldstone boson known as dilaton in the spectrum, whereas if scale invariance is
broken anomalously, such dilaton particle would not appear. To maintain quantum scale
invariance and break it spontaneously, nonrenormalizable terms or some nonperturbative
aspects of QFT are usually required and it is not known however if such an approach is

®See Ref. [69] for more detailed discussions.
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consistent. We will not pursue model building along this direction in the thesis, and instead

focus on breaking scale invariance anomalously.

2.4.2. Anomalies

Depending on how the classical scale invariant theory is defined, i.e. whether it is defined
on a curved spacetime or how additional gauge group and representations are introduced,
the anomaly from breaking dilatation symmetry anomalously would increase with much
complexity. Simply put, the anomalous Ward identity of scale symmetry is badly violated,
and even the partially conserved dilatation current (PCDC) in perturbation theory does not
exist® [71]. The general anomalous Ward identity for the scale/dilatation current can be
cast in the following form [69, 72]

(©r) =B'0r+ A+V, (2.37)

where ! is the corresponding beta function for operator O;’. We can see that the nonva-
nishing RHS of Eq. (2.37) can contribute to the violation of dilatation current. The term
A only arises when the theory is defined on curved spacetime, stemming from the Weyl
anomaly. We will not discuss the Weyl anomaly as the scale invariant extensions of our
models are only defined on a flat spacetime. The term V contains vector beta functions
which describe the RGE for the vector background source. This term is also irrelevant
for our discussion. The most important contribution to the anomalous breaking of scale
invariance stems from the RGE of the couplings involving the d = 4 operators.

There exists a class of theories where the beta functions of the couplings always vanish,
which is known as conformal field theory (CFT). For instance the N’ = 4 Super Yang-Mills
theory [73] is a pure CFT due to the cancellation of the terms contributing towards the beta
function. Alternatively there is another scenario to restore scale invariance at high energy.
A theory is called asymptotically safe if the couplings of the theory flow to a set of fixed
points at high energy [74, 75], i.e. the beta functions vanish at the UV of the theory, see
Fig. 2.3. If this scenario is possible, then scale invariance is restored at the high energy.
For a successful implementation of this idea in the case of the SM, the transition scale for
a theory to a CFT has to be around the TeV scale in order to avoid the hierarchy problem.

SCompared to anomalous breaking of axial current in a generic fermionic QFT with flavor chiral symmetry,
at least a partially conserved axial current (PCAC) can be defined.
"Remember that W vanishes as we have a classical scale invariant theory from the start.
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Model building along this direction so far has been unsuccessful, as it is nontrivial for all
the couplings in the SM with extensions to flow towards a set of fixed point. Furthermore,
quantum gravity might play a role in the RGE at the Planck scale, potentially spoiling the
asymptotic safety scenario.

2.4.3. Boundary Condition or Symmetry?

If we suppose that we have no CFT as our UV completion in our model, at first glance
classical scale invariance seems to be a bad symmetry to begin with, as the dilatation current
for an interacting theory is anomalous. There is an alternative way to interpret a classically
scale invariant theory in another language, namely that all the renormalized dimensionful
couplings vanish at some high energy scale, i.e. the vanishing renormalized dimensionful
couplings at certain high energy scale are just a specific set of boundary conditions for the
RGE of the couplings. One might still worry about the fine-tuning problem between the
cancellation of Planck scale value to obtain the EW scale. However if quantum gravity is a
new concept beyond QFT, then such a Wilsonian view might not apply to the argument on
the sensitivity of EW scale against the Planck scale physics. If we accept such an assumption,
then classical scale invariance provides a set of special boundary conditions for the RGE of
the SM and its extension, which is obtained from the non-QFT physics. This argument also

8

explains the appearance of the dimensionful counterterm in the Lagrangian®, as one would

have naively thought that such terms should not be there due to scale invariance.

The model building with the assumption of scale invariance is hence now straight forward.
We will demonstrate how dimensional transmutation is obtained from a concrete ¢* example,
starting with a classically scale invariant Lagrangian

LD (Do) (D"¢) — Z(819)?, (2.38)

A
4
where the scalar field ¢ is charged under some gauge group. Next, the effective action
with quantum correction taken into account is calculated and depending on the dynamics
of the theory, dimensional transmutation can occur perturbatively or via strongly coupled
dynamics. The former can be achieved when quantum corrections to the effective potential

. C
cause a nonzero VEV to arise’

Ay 2 .4 o
Ao (%) o]+ »

where the field ¢. represents the flat direction of the potential. Notice the appearance of the
renormalization scale p, which breaks the dilatation symmetry due to the renormalization
procedure. The renormalized mass appears due to the renormalization conditions and hence
one can say that the scale of this theory appears radiatively. This radiative correction as
the origin of spontaneous symmetry breaking for the scalar sector is called the Coleman-
Weinberg mechanism [76]. Simply put, the anomalous breaking of scale invariance triggers

8We need the counterterms to obtain renormalized quantities.
9There is a saying that log = quantum in QFT folklore.
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the spontaneous symmetry breaking of the scalar sector, which can be summarized as

(©",) #0 = (¢¢) # 0. (2.40)

The effect of mass scale generation by a nonzero VEV in the effective potential can be seen
in Fig. 2.4.

On the other hand, dimensional transmutation can also be achieved by strong dynamics.
From the example given in Eq. (2.38), suppose that the gauge coupling g of a non-abelian
gauge group under which ¢ is charged becomes nonperturbative at some energy scale due
to RGE, the theory becomes strongly coupled and a bound state of the scalar field ¢ can
be formed due to confinement. The resulting condensate (@) # 0 generates a mass scale
of the low energy theory, realizing dimensional transmutation in a nonperturbative way.
Again, like the perturbative method explain above, the mass scale generation for the scalar
field can be achieved via the anomalous breaking of classically scale invariant theory

(©8,) #0 = (olg) #0. (2.41)

2.5. Scale Invariance and the SM

It is interesting that the SM contains only one dimensionful parameter, namely the mass
squared term m? in Eq. (2.20). Therefore it is intriguing to extract the SM Higgs mass
prediction if the SM possesses classical scale invariance as an additional symmetry. If we
accept that classical scale invariance represents a special boundary conditions imposed by
quantum gravity beyond QFT, we can extract the SM Higgs mass prediction at low energy,
generated by quantum effects. The SM effective potential for the Higgs field is given by

2 2

m A h
V=—"nh*+Zht+ Bt | — 2.42
g g ArhIn v2 )’ (242)
where we sum over only the EW gauge bosons, the Higgs and the top quark contributions
for the beta function g8y of A. We have chosen the renormalization scale p = v. From

the minimum conditions at h = v and the classical scale invariant condition m? = 0, the
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predicted Higgs mass

&y

= 86yv? (2.43)
on2 |,

=

m? =

turns out to be imaginary as the beta function for quartic Higgs coupling is negative due to
the heavy top quark mass. Therefore classically scale invariant SM is completely ruled out
and if classical scale invariance is a boundary condition predicted by quantum gravity, the
SM has to be extended.

2.6. Scale Invariant Extension of the SM

With only the SM Higgs like particle discovered and no new particle beyond the SM been
found so far, there is no evidence for any of the generally proposed solutions to the hierarchy
problem. With the current measured Higgs mass and the top quark mass, the SM could
even survive up to the Planck scale [53, 64]. A possible solution to the hierarchy problem is
based on classical scale invariance, which is violated at the quantum level and hence a scale
is generated. Suppose that we extend the SM with a new classically scale invariant sector,
then the EW scale can be generated by the anomalous breaking of dilatation symmetry.

Essentially the dimensional transmutation can be achieved in two classes of theories'’:

e Coleman-Weinberg mechanism [77-94],
e Nonperturbative scale generation in a strongly coupled sector [95-102],

where renormalizability is assumed. Many of these attempts rely on the Higgs portal
AusSTSHTH, (2.44)

where the additional scalar field S (charged or neutral under a certain gauge group) obtains a
VEV either directly or indirectly. It is also possible to generate the EW scale if a condensate
of (S'S) is formed due to some underlying strong dynamics [102].

For the case of the Coleman-Weinberg mechanism, the EW scale is generated when the
whole effective potential has a global minimum at nonvanishing field value after taking
quantum corrections into account. From Eq. (2.42), we see that by minimizing the effective
potential at the nonvanishing VEV, the physical Higgs mass with quantum correction has
the form of Eq. (2.43). For the SM case, the beta function for A is negative due to the
large top quark contribution. Hence in order to obtain the desired m; =~ 125GeV [6, 7],
extra bosonic degrees of freedom have to be introduced in order to cancel out the top quark
contribution. An additional scalar S can accomplish this task and depending on whether the
new scalar is charged under certain gauge group or not, one can obtain richer phenomenology
in DM or collider searches.

In this thesis we will focus on some other possibilities to generate the EW scale nonper-
turbatively from a strongly coupled sector. In general a non-abelian gauge sector with some
matter representations charged under this gauge group is introduced in order to achieve it.

10 At least up until this thesis was written.
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The dimensional transmutation method is similar to QCD, where the strong gauge coupling
grows to nonperturbative regime at Aqcp and subsequently confinement takes place with
nontrivial condensates making up the low energy vacuum of QCD. The condensation scale
from a strongly coupled sector is transmitted to the EW sector to trigger EWSB, either
directly or indirectly.

2.6.1. Direct Scale Transmission

Consider the Higgs portal term in Eq. (2.44), the difference between direct and indirect
scale transmission depends on the role of the scalar field S that couples to the Higgs. In
a direct scale transmission scenario, we demand that this additional scalar forms a con-
densate, generating a scale via dimensional transmutation from a strongly coupled sector
and subsequently triggers EWSB. We can consider an additional scalar S charged under a
representation of a non-abelian gauge group, which is introduced in addition to the SM. The
Higgs portal term always exists as it is a renormalizable term. In general, the condensation
of S, i.e. (STS) # 0, takes place when

Ca(S)a(A) 2 1, (2.45)

with C representing the quadratic Casimir of the certain representation R of .S and « is the
gauge coupling of the chosen non-abelian gauge group. Condensation of S takes place when
Eq. (2.45) is satisfied, generating a condensation scale (STS) = A2 which serves effectively
as the Higgs mass parameter at low energy

AusSTSHVH — Apys(STSYHTH = A\ysA2H'H =~ m?>H'H. (2.46)

This mechanism followed the idea of Eq. (2.41) and we will provide a concrete model in
Chapter 3.

2.6.2. Indirect Scale Transmission

Contrary to the direct scale transmission scenario above, the role of the new scalar field in
this case is more passive. In general this scalar particle acts as a mediator that transmits a
scale from another sector, with the assumption that the new scalar boson couples to both
the SM and the additional strongly coupled sector. For example we could insist on using
a condensate formed by fermion pair, which is generated by spontaneous chiral symmetry
breaking in the hidden sector, to trigger the EWSB. A scalar mediator S, which coupled to
both the hidden and SM sector as follows

LD ySyp + A\ggS?HTH, (2.47)
is needed in order to make the theory renormalizable, as the direct coupling
(Py)HTH (2.48)

requires the nonrenormalizable operator ¥ HTH. Instead we achieve the scale transmission
via an additional scalar field as mediator, where this scalar field .S is coupled to the fermions
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that form a condensate through the Yukawa interaction. Once the fermionic condensate is
formed, the S field obtains a nonzero VEV and subsequently transmits the condensation
scale to the EW sector. Schematically this process is summarized as

() = (S) — (H), (2.49)
where the EW scale generation proceeds as follows
ApsS?HYH — Apys(S)2H'H. (2.50)

Note that (STS) is an condensate in Eq. (2.46) while (S) represents a VEV in Eq. (2.50).
We will discuss a concrete model along this approach in Chapter 4.

2.7. Summary

In this chapter we have provided an explanation for the hierarchy problem and scrutinized
it in a detailed way. We have proposed a scale invariant extension of the SM to solve the
hierarchy problem. The EW scale is generated quantum mechanically and does not suffer
from UV sensitivity, assuming that there is no mass scale in a strict QFT sense between the
EW and the Planck scale. As the SM without the mass term could not generate the correct
Higgs mass, an extension of the SM is necessary if we assume that classical scale invariance
is the right candidate to solve the hierarchy problem. In general there are two ways to
generate mass scale from a classically scale invariant theory, either through a perturbative
(Coleman-Weinberg) approach or a strongly coupled theory. In this thesis we will focus on
the latter and we have classified the general approach to generate mass scale from a strongly
coupled sector, either directly or indirectly. In the next two chapters we will show some
models on how to implement these core ideas.



Electroweak Symmetry Breaking by QCD

In this chapter we propose a model to trigger electroweak symmetry breaking (EWSB)
by the condensation of a scalar charged under the QCD gauge group. We start off with
the classically scale invariant Standard Model (SM) plus an additional scalar field which
only couples to the Higgs sector. To obtain a condensate at the TeV regime, the scalar
field has to be necessarily charged under higher-dimensional representation of SU(3).. As
the scalar field is charged under QCD, it can be produced at the LHC. We will discuss the
collider phenomenology relating to the production and decay channels of the QCD scalar
field. Additionally the production cross section of the Higgs particle in the gluon fusion
channel will also be modified and such deviation can be detected also at the LHC. We will
discuss some of the nonperturbative aspects of the model and highlight the challenges that
we need to tackle to obtain information in the nonperturbative regime. The structure and
results presented in this chapter are based on our work with Jisuke Kubo and Manfred
Lindner [102], accepted for publication by Physical Review Letters.

3.1. Scale Invariant Extension with Scalar QCD

We would like to explain the electroweak (EW) scale from quantum phenomena, and since
the SM alone with m? — 0 predicts an incorrect value for the Higgs mass, the SM necessarily
needs to be extended. In this chapter we propose a model with an additional scalar field S
which is charged under a non-abelian gauge group, forming a condensate when the gauge
coupling becomes nonperturbative. As we have mentioned in Sec. 2.6.1, in general the
condensation of S, i.e. (STS) # 0, occurs when [103-105]

Os(S)a(A) > 1, (3.1)

with Cy representing the quadratic Casimir of a gauge group representation R for S particle,
and « is the gauge coupling of a chosen non-abelian gauge group. The important point here
is that confinement' can occur even if the gauge coupling « is relatively small, provided
that the representation of S is large enough to satisfy Eq. (3.1). This important fact is
often ignored in the introductory lecture and literature of QCD or strongly coupled QFT.
For the case of ordinary QCD, the C5 of quarks is small due to the fact that it belongs to

!Though there are subtle differences, we assume that the confinement scale is the same as the condensation
scale in this thesis.



24 3. Electroweak Symmetry Breaking by QCD

the fundamental representation of SU(3)., and an energy scale of O(1GeV) is generated
by the quark condensates. Hence according to Eq. (3.1), QCD can generate much more
higher energy condensates in principle, if new colored degrees of freedom charged under a
larger representation of QCD exist, One might wonder whether this approach agrees with
traditional view of dimensional transmutation, where a gauge coupling is exchanged with a
dimensional quantity. We would like to clarify that this view of one-to-one exchange of di-
mensionless parameter to dimensional quantity is wrong. In fact, dimensional transmutation
mechanism can generate different mass scales from a single dimensionless gauge coupling.
The crucial point for this situation to occur is the existence of different particles in different
representations under a non-abelian gauge group. One can also view the different mass scale
generation from a different perspective, where the higher mass scale is generated from the
running of the lowest mass scale obtained from the condensates of particles in fundamental
representation, with the running dictated by the beta function. Intuitively for the case of
QCD we have

dlnp > ( dlnp )
A — A exp|— | ——— ) = A expl— [ ———— ] — ..., (3.2
aep Qep P < Bacpte(i) QoD P Bacp+e+s (i) (3.2)

AG AS

if particles with larger representation such as 6 or adjoint exist’. Exotic quarks which
generate higher energy condensate have been considered before in Refs. [106, 107]. However,
most of these exotic fermions which are charged under the EW gauge group cannot generate
the correct EW scale without running into large discrepancy with the EW precision tests.
The situation will be different if we consider a colored EW singlet scalar field.

The idea presented above works for any arbitrary non-abelian gauge group, for simplicity
we would like extend the success of QCD minimally and see whether it is possible to generate
the EW scale from QCD condensates. We assume that the SM with a new scalar charged
under QCD is classically scale invariant. The EW scale is dynamically generated via the
condensation scale of S once Eq. (3.1) is fulfilled. We remind the reader that the strong
sector of the SM itself is scale invariant before EWSB, contrary to ordinary QCD with
explicit massive quarks after EWSB. The full Lagrangian for our model is given as

L =Lonm2—0 + (DuigS;) (DLSK) + AusHTHSTS — A, [S x S x §x S|, ,  (3.3)

where Dl‘-‘j = 0;;0" — igs(TR)ijg is the covariant derivative of S, and T represents the
generator for the S field in representation R of SU(3).. The quartic scalar coupling Ay,
denotes the ith invariant singlet term formed by the contraction of four tensor products in
the S representation.

Due to classical scale invariance, quadratic and cubic terms of S do not appear in Eq. (3.3).
Hence one can see that the Lagrangian (3.3) exhibits an accidental U(1) symmetry for the
S field, which is a priori an accidental global symmetry. This accidental U(1) symmetry for
the S sector has very interesting phenomenology if it is identified with the gauged U(1)y

2In principle, the scale generated by fermions in fundamental representation of QCD should differ from the
gluon condensation scale. The fact that both the scales are of similar order is due to the small difference
between the quadratic Casimirs of fundamental and adjoint representations in SU(3)..



3.1. Scale Invariant Extension with Scalar QCD 25

Rep (R) | C2(R) | C(R) | A (GeV) Table 3.1: Values for the quadratic Casimir

and index of certain representations in

3 4/3 1/2 0.3 QCD are listed. We list down the approxi-
8 3 3 1 mate confinement scale A for each represen-
10 6 15/2 20 tation, calculated from Eq. (3.1). Similar
15 16/3 10 10 table for different gauge groups and repre-

15/ 28/3 | 35/2 1000 sentations can be found in Refs. [108, 109].

21 40/3 35 10°

hypercharge symmetry of the SM, which we will discuss later.

The EWSB triggered by QCD comes with the following steps: First, the strong coupling g
runs from a finite value fixed at high energy scale (e.g. the Planck scale) to the condensation
scale of S. The scalar condensate (STS) is formed when Eq. (3.1) is satisfied for O(1TeV)
where the small value of strong coupling as(A = 1TeV) ~ 0.09 is compensated by the large
value of Cy for S in higher representation, say R = 15’. The condensation scale is fixed
once a representation for S is chosen as the strong gauge coupling is well measured and
constrained. Table 3.1 shows a list of representations and the order of confinement scale for
QCD. The condensate then generates a scale A, triggering EWSB dynamically:

As(STSYHTH — A\ysA2HTH. (3.4)
The Higgs mass can be determined from
mi = 2AgsA?, (3.5)

after EWSB and this subsequently dictates the Higgs quartic coupling gy

An A (3.6)

Ags 02
where v = 246 GeV is the Higgs vacuum expectation value (VEV). Note that the coupling
Ags is determined once the condensation scale A is set to be any energy value higher than
the EW scale, as we require the condensate to form before EWSB. There is no upper limit
on A in general, except that one would require a larger representation of S to trigger EWSB
if A is larger, as o decreases with higher energy and Agg is getting more fine-tuned in order
to match the experimentally observed Higgs mass. The core idea above is to generate the
EW scale by direct transmission of condensation scale of a new colored scalar field which
couples to the Higgs directly, realizing the radiative EW scale generation by anomalous scale
symmetry breaking

(OF,) #0— (S1S) # 0 — (H) #0. (3.7)

Our new additional field does not alter the low energy QCD as the effect of S decou-
ples from the running of strong coupling at low energy. The coupling of S (in higher
representation) with the quarks (in fundamental representation) to form a singlet typically
requires higher-dimensional operators, therefore the effect of S on hadronic physics is al-
ways suppressed. It is crucial to remember that a large Cs value for larger representation



26 3. Electroweak Symmetry Breaking by QCD

accomplished two things for us:

e It gives a large contribution to Eq. (3.1) such that condensation can take place at scale
of O(TeV) despite the small coupling of .

e It suppresses the interaction between S and quarks as more quarks fields (higher-
dimensional operators) are needed to contract the group indices.

As we can see from Table 3.1, the representation 15’ is suitable for EWSB as it generates the
desired condensation scale at O(1TeV) naturally without fine-tuning of Ayyg. The choice
of 15’ is unique as smaller representations cannot generate a correct Higgs mass my at
perturbative level. The coupling A\rys has to be larger than 20 even for the next possibility
10, which would render the theory nonperturbative.

3.2. Theoretical Constraints and RGE

Let us discuss the phenomenology of this new colored scalar particle S charged under 15’
of the QCD representation. Without imposing some constraints on the parameters based
on the experimental measurements, we can first impose some theoretical constraints on
the coupling Aq; and Agg from the requirement that all the relevant scalar couplings do
not destabilize the vacuum or hit a Landau pole. For a 15’ representation, three quartic
couplings A1, exist in the scalar potential as three invariants can be formed from the tensor
products

15’ ® 15" ® 15/ ® 15’ = 145045 + Leoseo + 115015, + nonsinglet, (3.8)

where for instance 145445 stems from symmetrical tensor product of 45, ® 45,. The invari-
ants formed by the tensor products can be calculated by considering all the Clebsch-Gordan
coefficients. From there we can calculate the one-loop beta functions for all the scalar quartic
couplings [110]. A priori these three A1, couplings are independent of each other and one has
to perform experiments to obtain them independently. However, since we do not have any
prior information about them, and experiments at first stage can only measure the S parti-
cle’s mass, we have to make some assumptions regarding \y,. We simplify our calculation by
assuming that each A1, has roughly the same order, i.e. we normalize A1, &~ \g/3 such that
the mass mg of S can be obtained from the Lagrangian. Attentive reader may have noticed
already that the bare mass term mg does not appear in Eq. (3.3) due to scale invariance.
The mass of S field is also generated radiatively and can be obtained from self-consistent
mean field (SCMF) approximation [111] after (STS) is formed, where the condensate mean
field serves as a backreaction source to the S field. The mass for S is obtained from

A

;(STS)(STS) 5 A\g(S19)STS = AgA2STS. (3.9)
The SCMF technique is known as bosonization in condensed matter theory and it is usually
applied to the fermionic condensate. We will study SCMF also in Chapter 4 and we refer the
reader to Appendix B for more details. We can think of the mass term of S as being sourced

by the background vacuum of the (STS) condensate. Once the dimensional transmutation
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occurs, the coupling \g dictates the mass m% = A\gA?, while the mixing parameter A\gg
determines my,. As the couplings and the masses are related, our model is very predictive.
Note that the large mg will cancel the negative contribution from Apg term after EWSB,
preventing the S field from obtaining nonzero VEV and hence the SU(3). symmetry is not
spontaneously broken.

From the RGE analysis we obtain the running of scalar couplings once the condensation
scale is set. The resulting RGE for certain generic values of A\g(A = 1TeV) is shown in
Fig. 3.1. Remember that the coupling Apg is set once the condensation scale is fixed, as
they are related by the measured Higgs mass my. As we demand that theory is perturbative,
and since the mass mg is proportional to Ag, we cannot tune the mass term to be heavier
like most of the beyond the SM extension due to the emergence of Landau pole. The upper
bound on mg is obtained by demanding perturbativity in our simplest scenario, and other
more realistic model with additional particles would alter the upper bound significantly.
The mass lower bound can be obtained from collider searches, as we will discuss in the next
section. The running of A\ g is relatively slow as it is technically nature in the RGE and will
become nonperturbative when Ag hits the Landau pole. The coupling Ay is subsequently
driven to a Landau pole once Arg and Ag become nonperturbative.

At the RGE analysis it seems that our model does not solve the hierarchy problem, as we
would require new physics at O(10) TeV. We would like to stress that Fig. 3.1 is obtained
by our simple assumptions from above, and other RGE scenarios will be obtained if the
parameters \;, and the confinement scale A are varied independently, which is possible
as the coupling Ay, should be a priori independent. In this thesis we have introduced
the simplest extension of a QCD scalar boson to achieve EWSB, realistic models which
include dark matter (DM) and neutrinos that coupled to the new sector might change the
RGE for Ag substantially. For instance adding new fermions which couple to our colored
scalar will decrease the running of Ag. The existence of Landau pole might be a signal of
nonperturbativity, or it might signal the need for more realistic models. We will leave the
UV completion issue for the future, and stress that more realistic model building would need
to take other physics beyond the SM into account. But we stress that our simple model
with minimalistic assumptions and the requirement of low UV scale with the assumption of
perturbativity can be tested or ruled out at the LHC.
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Figure 3.2.: (Left) The contribution of S to the Higgs production in the gluon fusion channel. (Right)
The Higgs production cross section from the gluon fusion channel at NLO is calculated for different
values of Aprg and mg. The solid (dashed) curves represent the o(gg — h) prediction at /s = 14 TeV
(8 TeV). The combined signal strength p for ATLAS [112] and CMS [113] is shown where we have
assumed a SM-like BR.

3.3. Collider Phenomenology

3.3.1. Higgs Production Cross Section in Gluon Fusion

As the scalar S is coupled to the gluon, it can alter the Higgs production rate in the gluon
fusion channel due to Eq. (2.44). We have calculated o(pp — h + X) to next-to-leading
order (NLO) with this additional scalar, with the general formula for the hadronic cross
section of the Higgs production via gluon fusion given as

h >6ab(z), (3.10)

1
a(pp = h+ X) = Z/ daydaadz fa(r, p7) folza, pF)6 (96 -
ab 0 T12

with 73, = mi /s, where s is the center-of-mass energy squared. The term pp represents
the factorization scale for the parton density function (PDF) f,;. The cross section 645
includes all the partonic processes of ab — h+ X at the center-of-mass energy § = x1x2s with
a,b = g,q,q. The additional color scalar S in our model contributes to the Higgs production
in gluon fusion via loop, see Fig. 3.2. We followed the calculation of Ref. [114] and utilized
the heavy scalar approximation. For the case of the SM, we have checked our calculation
against the automated calculation from HDECAY [115], HIGLU [116], and iHixs [117]. The
PDF parameterization of MSTW2008 [118] implemented in LHAPDF [119] has been utilized in
our computation, where we have set the factorization scale ur and the renormalization scale
g to be at my. The zero-width approximation for the Higgs boson has been utilized to
simplify the calculation. The leading-order (LO) partonic cross section of the gluon fusion
process depends on the couplings in the following way:

2 2 2
5o = GuosWR) |\ gy L o) AHs g | (3.11)

99 1928v2r

2
2mS
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where C'(R) is the index of the R representation for bosons and fermions listed in Table 3.1.
The MS strong coupling « is evaluated at the scale of y1g. We only consider the top quark
and S scalar contributions, with their Harmonic Polylogarithms Gg; given as

2 \/1—4m?/m? — 1
G = ——& 8—4<1—4mg>1n2 " :
my my, \/1—4m?/m? +1
2 \/1—4m2/m? —1
Gs =475 |14 51 2 Sl . (3.12)

my, mj, \/1—4mZ/m2 +1

For this thesis, we have calculated the Higgs production cross section via gluon fusion up to

[\

[\

NLO including the Altarelli-Parisi splitting function. The result is too tedious to be shown
and we refer the reader to Ref. [114] for the technical details. The resulting NLO production
cross section is shown in Fig. 3.2 (Right).

Since our simplest extension of QCD does not modify the branching ratio (BR) of the
SM Higgs®, the signal strength u times o(pp — h)sm from our model’s prediction can be
compared to the measurements by ATLAS [112] and CMS [113]. Depending on the coupling
Axs and the mass of S, the S field decreases the Higgs gluon fusion production rate, to
almost half the SM rate for large value of Ayg (small A) and small mg. Contrary to the usual
color scalar extension of the SM [120], we obtain a suppression of the gg — h production
rate instead of enhancement due to the negative sign of Agg, which is crucial for EWSB.

3.3.2. Colored Scalar Boson Production

As the LHC is mainly a gluon collider, our colored S boson can be produced at the LHC,
with the dominating LO production channel gg — S;'S; given by

3y ¥
* 3.13
o~ *< E‘ 3”” o

The LO pair production of colored scalars charged under higher QCD representation in the
gluon fusion channel has been calculated in Refs. [121-125] and the relevant result for our
case is given by

1
o(pp — SS*) = / dzideadz fy(z1, u3) fo(22, u3)6 (g9 — SS*), (3.14)
0

with the partonic cross section given as

. o a3 +1
5(gg — SS*) = Qé’;"*) [y(41 — 31y2) + (182 — y* — 17)1 ‘y ] , (3.15)

3The decay h — ~v is modified with the U(1) accidental symmetry which we will discuss later, but this
loop induced decay is very small compared to the tree-level decays.
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where y = /1 — 4m?9 /s. The resulting two S particles will form a bound state pair each,
with each pair decaying predominantly to gg (2 jets) or to Higgs particles. As we demand
the condensate (STS) to trigger EWSB, it has to be heavier than the Higgs, and therefore
will decay to Higgs particles or two gluons. For the case when the condensate mixes with
the Higgs, the BR of h — bb for the final state dominates. While if (STS) decays into
two gluons, we would expect two jets emerge as final state decay products. Taking both

section.

The prediction of the production cross section times branching ratio for our model is given
in Fig. 3.3. Like in previous section, the MSTW2008 parameterization of PDF implemented in
LHAPDF is utilized in our calculation with the factorization scale ur and the renormalization
scale up set to be at mg. The width of the color band in Fig. 3.3 represents the theoretical
uncertainty on factorization and renormalization scale and the «g uncertainty from RGE
with extra S contribution. Note that we did not consider the bound state and fragmentation
study in our analysis, which would require a dedicated study. As every (STS) bound state
will decay predominantly into 2 jets and only events with more than 2 jets will be triggered
at the LHC, we can only compare the model’s prediction with hadron collider experimental
results if we consider the production of more than one condensate. For the simplest case
we consider the production of two condensates resulting from the processes in Eq. 3.13. We
can impose a lower mass limit on our colored scalar with the ATLAS exclusion limit on pair
production of massive colored scalar decaying to four jets [126]. We have assumed 100%
BR to four jets for the sake of comparison. From the ATLAS searches, mg < 350 GeV is
excluded at 95% confidence level and serves as our lower bound on mg. Combining this
result with the perturbative upper bound from the triviality bound in Sec. 3.2, the mass

parameter of .S in our simple model is constrained from both ends, i.e.
350 GeV < mg < 3TeV, (3.16)

which can be probed or ruled out by the LHC.

In principle exotic condensate such as condensate of S and quarks can be formed, it turns
out that to contract the 15’ index with the fundamental 3 to form a singlet, at least four
quarks are needed, i.e. (ggqqS*) can be formed. In principle this exotic condensate can
be produced at the LHC. However, as the S sector contains an accidental U(1) symmetry
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(see below) and if this global symmetry is not broken, such exotic bound state are required
to be pair produced. We therefore expect that the production of this exotic particles is
a subleading effect as the exotics are much heavier than the simplest (STS) state. Let us
discuss some other interesting phenomenologies regarding this accidental symmetry.

3.3.3. Accidental Symmetry

The colored S field in Eq. (3.3) possesses an accidental U(1) symmetry
S —ells (3.17)

due to the absence of a cubic term as classical scale invariance is imposed in the Lagrangian.
We can have interesting phenomenology depending on how this accidental symmetry is
identified. Let us imagine a scenario where the scalar “proton”, i.e. a bound state of (SSS)
exists. Due to the accidental U(1) symmetry, this particle is stable, and can serve as a
good DM candidate. However, like the case of baryon, we need to explain the origin of
(SSS) — (SSS) asymmetry, which is usually very involved.

A more interesting possibility for rich collider phenomenology is when the accidental sym-
metry is identified with the local U(1)y of the SM, i.e. the S particle is electromagnetically
charged. For instance the h — v decay channel is enhanced by the additional S running in
the loop. Enhancement of h — v+ is obtained due to the minus sign of Agg [120], contrary
to the usual suppression factor obtained in other typical scalar extension with positive cou-
pling between the Higgs and the additional scalar particle [127]. Strong enhancement of the
signal strength p., for different values of mg, Ayg and electric charge can be obtained, with
the result normalized to the SM prediction shown in Fig. 3.4. As we have mentioned before
in Sec. 3.3.1, the negative sign in the A g term suppresses the Higgs production cross section
in gluon fusion channel, while enhancing the signal strength f,,. The combined effect of
o X BR can be only enhanced by increasing the electric charge of S or A\gyg to compensate
the suppression of production cross section. Comparing to gy, ~ 1.57 (1.13) reported by
ATLAS [112] (CMS [113]) with the average p,, ~ 1.35, our simplest model would require
relatively large electric charge to explain the large h — v anomaly for large mg. If the
accidental symmetry is indeed a local abelian electromagnetic gauge group, the large elec-
tric charge provides another possibility to study the S particle production via Drell-Yan
processes in a linear collider, which we postpone for future analysis.
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3.4. Confinement of Strongly Coupled Scalar Field

In the previous sections we have discussed the perturbative aspects of the colored scalar
S. We have restricted the nonperturbative aspect of the model to the upscaling of the gap
equation in Eq. (3.1). Note that it is highly nontrivial to obtain the inequality of Eq. (3.1)
and it turns out that the condition in Eq. (3.1) is even harder to be proven for the scalar
QCD case. But before we highlight the challenges, let us turn to the example of fermionic
QCD.

An analytical way to understand confinement of QCD in the quark sector is to calculate
the scaling of the gap equation from the Dyson-Schwinger equation (DSE)

~1 -1
IR o N o

where simplification with rainbow-ladder approximation has been utilized and only the LO
contribution is kept in our analysis, i.e. we have dropped the dressed propagator for the gluon
in the last term of Eq. (3.18). Without further simplification, we would require the DSE
of the gluon propagator and the three-point function, which would make this equation very
hard to solve. We will approximate the one-particle irreducible (1PI) three-point function
by the tree level value —igsy”. Written in full equation

4
57 0) = p=m—ig? [ G Glo— WIS (319)

with the dressed propagator for the quark given as

S(p) = 5

WP —S0) (3.20)

The wave function Z(p) and self-energy X(p) are both scalar functions of momentum. As
it turns out, the self-energy Y(p) is the crucial part that determines the effective mass
generated by dimensional transmutation of QCD coupling ¢s;. From the matrix structure
of the p, the wave function and the self-energy term can be separately solved. Rearranging
Eq. (3.19) and working in Landau gauge, the wave function Z(p) = 1 for any self-energy
value, while the self-energy becomes

B Ak S(k)
¥0) =+ 350 [ G )
oy @0 [T g B Csas [* 4 KER) (3.21)

2X Jo PR+ X2%(E)  2X J, k? 4+ 32(k)’

after the angular variables are integrated. The value X is 7/3 in our case, however it is
gauge and truncation scheme dependent and different values ranging from 0.6 to 7/3 have
been obtained [103-105]. We will keep X to be free in our general analysis. Differentiating
Eq. (3.21) and rearranging the terms, we obtain the differential equation

Chay p°%

P’y 4 3pY + X it 0, (3.22)
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which can be further linearized to a Fredholm integral equation [103, 128, 129] for large p
when ¥ in the denominator of the last term is neglected. Using the ansatz X ~ (p)%, we
obtain that the power a must satisfy

Coag,

=-1 1-— . 2
a + X (3.23)

Within certain truncation scheme, in order to know whether dynamical chiral symmetry is
broken and confinement has taken place, we need to obtain the critical value X in

Co(v)a(A) 2 X. (3.24)

Intuitively, if Coa(A) > X, we can satisfy the finite boundary condition at the UV for the
oscillatory differential equation, even if m — 0. For the case of Coa(A) < X, the boundary
condition cannot be satisfied and hence dynamical chiral symmetry breaking is excluded.
Now comes the subtlety that one has to be careful in obtaining the exact bound of X as the
value X is gauge and truncation scheme dependent. Lowering X will enable us to consider
lower representation of S but throughout our analysis in this chapter we have assumed the
conservative bound X > 0.8. We refer the reader to Refs. [103-105] for more details.

Let us turn to the case of our interest in this thesis, i.e. the nonperturbative aspects of
scalar QCD. The DSE for scalar QCD is given as

—@emm = e + 7 e- +..., (3.25)

where we have dropped all the subleading terms without gauge coupling. Written in full
equation form

. 3CQC¥S p q5 > qp2
R </0 Y Zoe+ ) T /p Yz ) |

(3.26)

we notice that the wave function and the self-energy term for scalar DSE are not separable
as the scalar field does not possess the v matrix structure in the DSE, contrary to the case
for quarks. Furthermore, the scalar DSE integral equation is not linearizable, contrary to
the DSE for quark. The main reason for such difficulty is due to the lack of a confinement
order parameter for scalar QCD. Comparing to the case of ordinary QCD with fermions, the
order parameter for confinement can be related to the degree of chiral symmetry breaking.
Although we cannot solve Eq. (3.25), numerical lattice QCD may shed light on the solution,
which we leave for the experts.

We instead try to understand confinement from a perturbative perspective. We have uti-
lized the scaling > ~ (p)® from Eq. (3.23) to obtain Eq. (3.24) for the case of fermionic DSE.
The a parameter is actually the negative part of anomalous dimension Vi) = —@ for the
self-energy ¥(p) of the quark condensate. From the perturbative calculation, the anomalous
dimension of operator (STS) can be calculated from the wave function renormalization of S
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and renormalization of the composite operator STS:
\\\ \\\ \\ ,’\\ -~
co = ce + e+ e . (3.27)

It turns out that when we calculate the anomalous dimension for (1)) in the same repre-
sentation with the scalar case above, both the anomalous dimensions turn out to be the
same

up to the correction subleading correction of O(\g). Hence we can conjecture that the rele-
vant order parameter Coas at LO for determining confinement in QCD should be the same
for both fermion and scalar in the same representation, which we have assumed through-
out the thesis. In fact it has been argued that the scaling property for scalar and quark
propagator in the infrared is identical [130] and this result can be verified in lattice QCD.
The QCD coupling a; also becomes nonperturbative in the TeV regime even though the
coupling is pretty small. From the perturbative RGE of «;, the one-loop beta function
guarantees asymptotic freedom for oy with our additional 15’ scalar field. However at
two-loop order, the asymptotic freedom is lost. This comes from the large Cy value which
is responsible for high energy condensation and as a consequence, the exact evolution of
strong coupling cannot be perturbatively calculated in the TeV regime. One has to rely on
nonperturbative methods such as Functional Renormalization Group (FRG) [131] or lattice
QCD to obtain the running of as. The strong coupling may become perturbative again for
sufficiently small o or with additional vector bosons charged under QCD at high energy
such that perturbative asymptotic freedom is restored. A similar conclusion was made
also in Ref. [107]. On the other hand, measuring a; at high energy will provide another
independent test for our model, and the plan of the LHC is to probe a; up to 2 TeV.

3.5. Summary

In this chapter we have introduced a minimalistic classically scale invariant extension of the
SM to trigger EWSB radiatively by the condensation of a new scalar charged under QCD.
The condensation scale of the colored scalar particle, which is obtained by the running of
strong coupling, generates the EW scale dynamically. As the LHC is essentially a gluon
collider, this new colored scalar particle can be pair produced and can be probed by ATLAS
and CMS. With the theoretical and experimental constraints imposed, the mass of this
scalar particle should be in the range of 350 GeV to 10 TeV. Additionally, the production
cross section of the SM Higgs particle in gluon fusion channel will be modified if such a
colored scalar boson exists. We have seen that the model proposed in this chapter generates
the EW scale from a direct condensation scale transmission. In the next chapter, we will
discuss another model based on indirect scale transmission.
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Scale Invariance and Dark Sector

In this chapter we will introduce an indirect scale transmission mechanism to trigger elec-
troweak symmetry breaking (EWSB) radiatively from a classically scale invariant extension
of the Standard Model (SM). We will introduce a classically scale invariant model with a
strongly coupled hidden sector, mimicking the success of QCD. Additional fermions charged
under this hidden gauge group, which are invariant under the additional continuous flavor
symmetry, will undergo spontaneous chiral symmetry breaking when the hidden gauge cou-
pling evolves to nonperturbative regime. The breaking scale is then transmitted to the SM
Higgs sector, triggering the EWSB. The model contains dark matter (DM) candidates, which
are pseudo Nambu-Goldstone bosons (PNGB) resulting from spontaneous chiral symmetry
breaking. The phase transition in the dark and electroweak (EW) sector will be discussed.
This chapter follows the original works [100, 101] resulted from collaboration with Martin
Holthausen, Jisuke Kubo, and Manfred Lindner. As the results of Ref. [100] precede those
in Ref. [101], this chapter will contain more accurate analysis and we will present only
the updated plots, leaving those which are obsolete. All the relevant plots and results are
reproduced from Refs. [100, 101] with reprint permission.

4.1. A Scale Invariant Hidden Sector Extension of the SM

As we have mentioned in Sec. 2.6, the key to transmit the scale of chiral symmetry breaking
from a dark sector to the Higgs sector is the Higgs portal term

L5 AgsSTSHTH, (4.1)

where S could be a real or complex scalar, charged or neutral under certain gauge groups.
For simplicity we only consider a real singlet S field which is the only field that communicates
between the SM (via Higgs portal) and the dark sector. We propose a model with a hidden
SU(3)u gauge sector coupled to the SM via this real singlet scalar S, similar to Refs. [96-
98]. Our work goes beyond Refs. [96-98] as the Nambu-Jona-Lasinio (NJL) [132] method is
utilized throughout this work to calculate the mass spectrum of the relevant fields and the
couplings in a coherent and consistent manner. The work in Refs. [96-98] used the effective
field theory (EFT) approach to describe the low energy interactions of the new particles,
resulting in more low energy parameters which are free and in general not restrictive. The

scarcity of parameters in our approach allows us to relate and exclude certain low energy
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EFT parameters in Refs. [96-98].
The hidden sector Lagrangian is given by

Ly = —% Tr F2 4+ Trp(iv" D, — yS)i (4.2)

where the hidden sector fermion v transforms under fundamental representation of SU(3)y
and possesses a chiral SU(3); x SU(3)r symmetry. The F' term is the usual kinetic term
for the hidden SU(3)y gauge field. The trace is taken over the flavor and hidden color
indices with or without spinor indices, which should be clear from the context. The co-
variant derivative is defined as D, = 9, —ig4s\*GY, and A* are the usual SU(3) Gell-Mann
matrices. The total Lagrangian L1 = Ly + Lsms consists of the hidden sector and the SM
interactions, along with the modified scalar potential

1 1
Vamas = g (HTH)? + Z)\SSA‘ - 5)\HSS2(HTH), (4.3)

where H is the SM Higgs doublet field defined in Eq. (2.19). No mass term and dimensionful
parameter appears in the classical Lagrangian above due to the requirement of classical scale
invariance, which itself is anomalous. This symmetry is violated at quantum level by the
nonperturbative effect of dynamical chiral symmetry breaking, which generates a conden-
sation scale. This scale is transmitted to the SM sector by the singlet S and subsequently
a mass term in the Higgs potential is generated. The whole scale generation process can be

summarized as

(V) = (S) = (H). (4.4)

The EWSB scale is dynamically generated. After spontaneous chiral symmetry breaking,
the dark pions exist in the form of PNGB and have the mass scale of the order of the
condensation scale, close to the EW scale. As we have nonvanishing Yukawa interaction
between 1) and S, a hidden Yukawa coupling y breaks the chiral SU(3);, x SU(3) g symmetry
of ¢ explicitly to the diagonal SU(3)y, and hence only PNGBs are obtained instead of
massless Nambu-Goldstone particles. The dark pions are stable due to the unbroken SU(3)y
symmetry and they could serve as DM candidates. Unlike most of the DM models, no
additional discrete symmetry is required to guarantee the stability of dark sector in our
model. The scale tumbling mechanism described above provides a good motivation on the
common origin for the EW and DM scale, which is largely motivated by the WIMP miracle.
Note that in our model we have chosen a gauge group of SU(3)y and 3 flavors of hidden
sector fermions charged under the fundamental representation of this non-abelian gauge
group, this is because we can rescale the NJL parameters from ordinary QCD to fit our
model in order to analyze some nonperturbative aspects such as confinement, condensation
and chiral symmetry breaking without utilizing nonperturbative calculations. In principle
other non-abelian gauge groups with a different number of fermions charged under different
representation can also be used to construct models for explaining the origin of the EW and
DM scale, however one would require to calculate the NJL parameters nonperturbatively.
Our simple model, which mimics the success of QCD, serves as a prototype of EW scale
generation via an indirect scale transmission from a strongly coupled hidden sector.
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4.1.1. NJL Treatment of the Low Energy Hidden Sector
Dynamical chiral symmetry breaking can be analyzed with the NJL approach

Lngn = Trp(iy"0, — yS) + 2G Tr &'® 4 Gp(det @ + h.c.), (4.5)

which we will use as a low-energy approximation for Eq. (4.2) similar to QCD, where

_ 1 _
Cij =thi(l = 75)15 = AT TrYA* (1 —5)¢,

(®)5 =i(1 42505 = S X5 THA (14 95)e) (1.6

and A\* are the Gell-Mann matrices with \° = /2/3 1. The second term in Eq. (4.5)
describes four-fermion interactions while the last term describes six-fermion interactions,
which breaks the axial U(1)4 symmetry [133-135]. We refer the reader to Appendix B for
a quick relevant review of the NJL approach. For a more thorough review please refer to
Refs. [111, 136-139]. The essence of NJL is as follows, the chiral symmetry in the dark
sector is spontaneously broken due to nonperturbative effects of strongly interacting dark
sector, dictated by the renormalization group of the hidden gauge coupling. The vacuum
of the dark sector becomes nontrivial and subsequently the scalar condensates are formed.
The dark fermion constituent mass is also dynamically generated. Also due to the explicit
breaking of chiral symmetry by the Yukawa coupling y, PNGBs are obtained. All of this
relevant physics happen simultaneously in the NJL. model. Note that however NJL does not
describe confinement.

Let us investigate the relevant parameters in the NJL approach for our model in more
details. The effective Lagrangian L1, possesses four parameters, y[0], G [—2],Gp [—5],
and the cutoff A[1], with the canonical mass dimension for each parameter given in the
bracket. The parameters G, Gp and A are not independent as £y has only two independent
parameters and can be related by the NJL approach, typically

GY2A ~ |Gp|YPA ~ O(1). (4.7)

In principle G,Gp, A can be calculated from lattice QCD or Dyson-Schwinger equation
(DSE), which is highly nontrivial for arbitrary gauge group with different fermionic repre-
sentation. Instead, as we utilize a SU(3) gauge group for our hidden sector with 3 flavors
of fermions, we can use the relations from observed hadron physics in QCD to scale up
G,Gp, A to obtain the NJL parameters for our model. This allows us to circumvent the
nonperturbative calculation.

To obtain the condensates from Eq. (4.5) we will use a self-consistent mean field (SCMF)
approximation [111, 136, 137] to calculate the hadron spectrum in QCD. In essence, SCMF
approach is a trick to integrate out the heavy modes of the fermions to obtain the bosonic
condensate, while leaving the interaction between the condensates and heavy fermions intact.
SCMF is known as bosonization approach in condensed matter physics or Hartree-Fock
approximation in many-body physics. We refer the reader to the Appendix B for a quick
review of relevant tools in bosonization in the NJL approach. Here we briefly outline this
approximation method.
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As the coupling g4 becomes nonperturbative in the infrared (IR) region, a chiral symmetry
breaking condensate

(1/71%-) = @ dlag(a 0,0), (4.8)

4G

is generated by the dynamics of our theory. This condensate is a CP-even classical field
o(xz). The contraction denoted by ~ is defined w.r.t. the nontrivial mean field vacuum
[IVAC) = |[o, ¢a]), which one can think of as the bosonic bound state of the fermion pair.
The CP-odd effective field counterparts are given by the dark pions

—

o = — 2iG TZJ'YSXIQ;Z)» (49)

normalized with the constant G such that ¢ has a proper mass dimension. We collect the

relevant mean fields in

=p = —i (diag(c,0,0) + z()\a)Tqba) , (4.10)

ignoring the analogous 7 or p mesons in our theory, and systematically normal order each
fermion pair in Eq. (4.5) (see Appendix B) until the whole equation is divided into the sum

Ly, = Lo+ Ly, (4.11)

where L represents the mean field dynamics which is of interest to us, and £; describes the
fluctuations. For consistency we require (VAC|L;|VAC) = 0, i.e. we need to average out the
fluctuations w.r.t. [VAC). Once the normal ordering is completed, we find the mean field
Lagrangian to be

Lo =i TI‘KZJ’Y‘“@;A/J — <a +yS — 861@0 ) Trww — zTrz/wg)gZ)@b - — (30 + 22¢a¢a>

Gp

t 862

3 8
( Tr $¢*) + Z Gatha Trpip +io Tr st + 2+ _(6) ) - (412)

with the notation
8
EDIN (4.13)
a=1

Note that the trace acts on the dark color space, the spinor indices as well as the flavor
structure, e.g. a full form of Trvn) is written as Try) = Yaiaaie With a representing
the spinor index, i the dark color index, and a the flavor index. The Lagrangian (4.12)
determines the dynamics of the effective condensate fields and their interaction with the
heavy fermions. The bosonic fields have to be considered as propagating fields, even though
they lack proper kinetic terms. This is because they are the physical degrees of freedom
in low energy regime after bosonization. Eq. (4.12) determines all the coupling necessary
for computing the mass spectrum for the bosons and serves as a starting point for us to
calculate all the relevant effective couplings for DM interactions.



4.1. A Scale Invariant Hidden Sector Extension of the SM 39

4.1.2. The Effective Potential and Symmetry Breaking

Now let us study the condensation in the hidden sector due to dimensional transmutation.
We integrate out the fermion fields in £y given in Eq. (4.12) to obtain the one-loop effective

potential:
=—0" — —3n. | —— Indet(f — M), 4.14
Vaun(o, S) 5’ 163’ 3n 2n) ndet(f ) (4.14)
where the “constituent mass” M is given by'
M=o +yS — Gp (4.15)

8G?

The first two terms in Eq. (4.14) are obtained from “tree level” effective Lagrangian (4.12),
while the last term encodes the one-loop contribution of the heavy fermion to the effective
potential. See Appendix B for a short introduction to path integral bosonization approach.
In this thesis we evaluate all the loop integrals with four-dimensional momentum cutoff A,
in contrast to the three-dimensional momentum cutoff introduced in Refs. [111, 136, 137].
The potential is asymmetric in o due to the anomaly term (the determinant) in Eq. (4.5).
The full effective potential for our model is

V = Vamyis + VoL, (4.16)

which gives a full picture of how the scale transmission from chiral symmetry breaking to
EWSB really works. The o condensate formed by spontaneous chiral symmetry breaking
influences the potential by shifting the S field in last term of Eq. (4.14). Hence S obtains
a nonzero vacuum expectation value (VEV) and subsequently the Higgs field undergoes
EWSB. As a consistency check, the spontaneous chiral symmetry breaking scale is not
transmitted for y — 0, as the scalar mediator S will not feel the shift in Eq. (4.14). In this
case, the dark pions remains massless as they are true Nambu-Goldstone bosons.

The dimensionless parameters in our theory, y, Afr, Agsg, Ag, remain as primary free pa-
rameters in our effective NJL theory. Once their values are given, the form of the effective
potential is determined and the global minimum of the potential can be obtained. The
vacuum subsequently determines the amount of scaling required for the dimensionful quan-
tities G, Gp, A with the constraint that (h) = 246 GeV. The parameters G, Gp and the
phenomenological cutoff A for our models are determined from rescaled QCD values?

(GREDY1/2 — 461 MeV, (—GEP)~1/5 = 437MeV, AQCP = 924 MeV, (4.17)
according to their dimensions as
G = foGQCD ’ GD — ff5G%CD : A= fAQCD, (418)

by a common rescaling factor f. We scale up all the dimensional parameters w.r.t. a fixed
Higgs VEV. Again we stress that G, Gp, A are not free parameters in our theory. Once the

LM is the constituent dark fermion mass when all the bosonic fields obtain their VEVs.
2For the determination of QCD parameters we refer the reader to Refs. [100, 111, 136, 137].



40 4. Scale Invariance and Dark Sector

dimensionless parameters are specified and the absolute minimum of the effective potential
is determined, the mass spectrum of particles in the model can be calculated. At low energy
we have three CP-even scalars h, S, o, and eight CP-odd DM ¢,. The former mix with each
other, and the SM Higgs-like particle with my =~ 125 GeV has to be identified with one of
the mass eigenstates of the CP-even particles.

We remind the reader that h and S are propagating fields already at tree-level, but the
bosonized fields, e.g. o and ¢,, only become dynamical at one-loop order. The bosonized o
and ¢ do not have canonically normalized kinetic terms in the lowest order, therefore we can
only determine the masses from the poles of the propagators A;;(p?) = i(I'"1);;(p?). At one-
loop order the contributions to the inverse propagators I';; (i,j = h,S,0) are determined
via

1
Tin(p®) =p* = 3Au (W) + =Ans(S)?, Ths = Aus(h)(s), Thy =0,

2
4 r(k —
Lss(p?) 9" = 3As(S)" + %/\HSW? e 2/ i(irrk;él (;;E ]\—;2])\?153%— p?;_]\ﬁz),

Gp(o) d*k Tre(k+M)(F—p+ M)
AG? ) / i(2m)* (k> — M?)((k — p)* — M?)’

Iso(p?) = — 3ney (1 -

3Gplo) 3 Gp(o)\* [ d%k  Tr(k+ M)k —p+ M)
Por(0") ==5Ga~ ~ 36~ 3" (1 462 ) /i(27r)4 (kK2 = M2)((k — p)? — M?)
G d*k M
* 3”073 / i(2m)t (k2 — M2) (4.19)

where the constituent mass M is determined from Eq. (4.15) with all the bosonic fields
obtaining their VEVs. The integrals in Eq. (4.19) have to be regulated with a cutoff,
which can be further simplified with the cutoff version of Passarino-Veltman functions [140],
see Appendix C for more details. Once the propagators are diagonalized, the physical
mass spectrum from the poles ﬁl%, m% and ﬁm% can be obtained, and the corresponding

cigenvectors £ can be computed from
Iy (mg) & =0, (4.20)

which can be used to rotate the flavor eigenstates (h, S, o) to the mass eigenstates (s1, s2, s3)

) ()€ 0N [
S |=| &V ¢ &P s | - (4.21)
o)\ )\

Once we have rotated the fields to the mass basis, the wave function renormalization Z for
each field can be calculated as

. (4.22)

p*=m

As we have argued in Sec. 2.6, we requires that any scale invariant extension of the SM
needs to survive up to the Planck scale, should classical scale invariance be the solution to
the hierarchy problem. This requirement restricts a sizable amount of parameter space in
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Figure 4.1.: (Left) The RG running for g7 = 47, Ay = 0.13, Ag = 0.15, Ags = 0.1, y = 0.3 with
the boundary conditions given at = 1 TeV are shown. We also show the running of the SM gauge
couplings gy = \/%gl, g2 and g3. (Right) The allowed parameter regions for A\g and y (u = 1TeV)
for a given value of Ayg.

low energy EFT approach of Refs. [96-98]. We require that all parameters do not destabilize
the scalar potentials, and all the couplings do not hit a Landau pole up to the Planck scale
in accordance to the RGE, i.e.

0<Ag<d4m, 0<Ag<dm 4 gls— g > 0. (4.23)

These theoretical considerations restrict the parameter regions of Ay, Ag, Agg and y mas-
sively. We have calculated the relevant one-loop RGE for our model:

3, 3 1
167 By, = (=995 — 397 +127) + 24Ny + 795 + (91 + 63) — 6y + 5 AErs,

9 3
167T25)\HS = —2)\Hs <2)\HS —3Xg + Zg% + 19% — 3yt2 — 6y — 18y2> ,

167280y = 203 + 18X 4 72y A5 — 18y,
167° 5, = 3y(7y* — 4g3),
16723, = —945. (4.24)

The remaining SM RGEs are unchanged.

We can go beyond the perturbativity and vacuum stability requirement and restrict some
boundary conditions based on theoretical reasoning. Since g4 becomes nonperturbative at
the vicinity of y ~ 1TeV, we demand that g4(u = 1TeV) ~ /47 for simplicity. Next we
fix Ay and Agg from the experimental Higgs mass measurement [6, 7]. Lowering Ay (u =
1TeV) < 0.13 will make the Higgs vacuum unstable before Planck scale while increasing
Ag(p = 1TeV) > 0.15 will require a larger mixing with the S field to generate the correct
Higgs mass, this scenario is strongly constrained [112, 113]. Therefore we restrict Ag(u =
1TeV) € (0.13,0.14) in our analysis. The Agg, As and y couplings are restricted by the
requirement of perturbativity and vacuum stability. At one-loop order, the RG evolution of
the Yukawa coupling y is only influenced by the value of y and g4. Hence with the boundary
condition of g4 fixed as mentioned above, the range of y valid up to Planck scale is naively
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determined to be y(u = 1TeV) € (0,0.6), as shown in Fig. 4.1 (right). As for the quartic
S coupling, A\g(u = 1TeV) € (0,0.2) is sufficient to guarantee the running of coupling up
to the Planck scale, without violating the vacuum stability and perturbativity constraint.
Lastly once the range of Ag is known, it is easy to determine the range of Agg from the
last vacuum stability condition in Eq. (4.23), which typically has the same parameter space
as Ag. In Fig. 4.1 (left) the running of the relevant couplings are shown for some generic
boundary conditions imposed within the discussed allowed range. The gauge coupling g4 for
the dark sector possesses a similar value to the SM QCD gauge coupling g3 at the Planck
scale. This observation is intriguing if we assume that both the strongly coupled sectors
possess a common origin at the Planck scale, as this might explain why

Aqcp ~ A < My, (4.25)

which can be traced back to the different running of strong couplings due to a different num-
ber of fermions charged under the hidden gauge group. The strong hidden sector coupling
g4 grows nonperturbative at a higher scale than QCD due to the smaller number of flavors.
This observation is also fascinating for the DM phenomenology, as the similarity for both
strongly coupled sectors could explain the similar magnitude of relic abundance

Qch? ~ h?, (4.26)

for the DM and baryons. Once the parameter space is fixed from the constraints above, the
masses and couplings for the scalars can be calculated as described in the previous section
and furthermore, the properties of our DM candidate can be determined, which we now
describe.

4.2. Dark Pions as Dark Matter Candidates

Before we move on to calculate the relevant interaction for the DM, let us briefly discuss
the folklore of the theoretical limit imposed on strongly interacting DM and how such naive
estimation could be misleading. In general the leading-order (LO) relic abundance of the
DM from thermal production can be approximated to be

Q.h? ~ <Zg“;f, (4.27)
where T’y denotes the freeze out temperature and mpn denotes the mass of the DM particle.
The quantity (vo) represents the velocity-averaged annihilation cross section of the DM
particles into the SM particles.

There exist a common folklore in the DM model building community that strongly inter-
acting DM will require that the mass of such DM candidate to heavier than ~ 20 TeV [141]
in order to produce the correct relic abundance. This is because the DM, in a form of bound
state, generally has mpy ~ A and the cross section (o) ~ A~2 from naive dimensional
analysis. One can compare the case of proton and its self interaction in the QCD case. The
mass and the annihilation cross section of the DM determine the relic abundance directly
and there is no way to escape the estimation that A ~ 20 TeV. This conclusion is however
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incorrect, if the strongly interacting DM is a PNGB [142]. In this case, the mass of the DM
particle is separated from the annihilation cross section, enabling us to have more freedom
to obtain a TeV scale DM in a very natural way. The lightness of the PNGB DM is due to
the approximate chiral symmetry of the fermionic sector and the coupling that determines
the annihilation cross section is determined by the nonperturbative confinement scale A. As
a comparison, one observes that the QCD pions are significantly lighter than the baryonic
counterparts.

One might worry that it is difficult to build a model with interacting dark pions as DM
candidates. As we have learned from QCD, the QCD pions can decay into two photons and
hence are not stable over cosmological evolution. However, one has to be careful on the
type of PNGB in a certain model. If the PNGB is a condensate of chiral fermions charged
under a certain gauge group, the only possibility to assure the DM stability is by imposing a
discrete parity or by demanding a gauge group that has real or pseudo-real representations
[142]. For vectorial fermions, life is much more simpler, as we do not have an anomaly that
generates the decay of pions to two photons, which is the case for our model.

As our DM consists of mesonic bound states, one would think that hidden sector baryons
could also be stable due to hidden baryon number conservation, and can contribute addition-
ally to the DM abundance. However, like the ordinary SM scenario, one would also need to
explain the excess of dark baryons over their antiparticles. With the assumption of no such
asymmetry in our model, let us estimate the hidden baryon abundance by using the strongly
coupled cross section for the hidden sector op; ~ 47r/m%b ~ 5x1077GeV~2 for a 5TeV
hidden baryon mass. The relic hidden baryon density is estimated to be Quph? ~ 1074, too
small to explain the cold DM relic abundance on its own. Hence we will neglect the dark

baryons in our work.

4.2.1. Dark Matter Mass and Couplings

As we have mentioned above, our DM candidates, i.e. the dark pions, are CP-odd particles.
Like the bosonized o field discussed in Sec. 4.1.2, the DM ¢, do not contain tree-level kinetic
terms. The DM mass is generated at one-loop level and is defined as the solution of the
inverse propagator:

1 GD<J> Gpne d*k M
26 868 G /i(27r)4 (k2 — M?)
Gp(o)\* [ d'% Tx[(F—p+ M)ys(k + M)s]
+ 2n, <1 - 8DG2 ) /Z'(Qﬂ)zl (k—p)2 — M2)(kZ— M?)

I'pm(p?) =

(4.28)

where the constituent fermion mass M is given in Eq. (4.15) with all the scalar fields
obtaining VEVs. The DM mass mpy; and the wave function renormalization Zpy
_ dlp (p?
Tom(min) =0, Zpy = dg() ; (4.29)
p p2:m2DM
can be calculated from the inverse propagator in Eq. (4.28).
The DM mass mpy vanishes for y — 0 as the chiral symmetry is not explicitly broken
in this limit (pure Nambu-Goldstone bosons are obtained). To imitate the success of NJL
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Figure 4.2.: Relevant one-loop contributions to the effective ¢S coupling are shown.

in describing hadron physics, we take mpy < 2M. The fermion modes are not allowed
to be integrated out if the constituent mass M is lighter. The DM mass will develop an
imaginary part in the one-loop amplitude when M < mpy < 2M. The imaginary part of
the two-point function is related to the real part due to dispersion relation

I F
ReT'(p 77/ - —|— subtractions, (4.30)

where we only take the principal part of the integral [111, 136]. This requirement of mpy <
2M will constrain our parameter space for y later.

Before we calculate the annihilation cross section of our DM, we need to know how it
communicates with the SM sector. The dark pion is connected to the SM sector only
through loop-suppressed interactions, with the S and o particles acting as messenger fields,
which mix with the SM Higgs. The o field is very heavy for our allowed parameters and
can be ignored. The dominating channel of DM interaction which is relevant for calculating
the relic abundance and the direct detection cross section is contributed by ¢¢S and ¢¢pS.S
interactions. The ¢@S coupling is generated from the one-loop diagrams shown in Fig. 4.2,
where the three-point vertex function is given by

Gp(o) Gp
Lyps(p,p', M) =4ney <1— RC2 ) L(p, 7, M)+ncy4G2 b(p, ', M), (4.31)

where the integrals

o [ Yk T [(F 4 M)ys(F—p+ M)(K + o + M)ys]

falpp, M) ‘/ im0t ((k —p)? = MA(R2 ~ M2)((k + 92~ M?)’
oy [ T [y + M)+t M)

et ) = | i@m)T (k= #)? = M)((k +p)? — M?)

can be recasted in the cutoff version of Passarino-Veltman integrals (Appendix C). For the

(4.32)

calculation of the relic abundance of DM and its interaction cross section with matter, we
/

require Lyg5(p,p’, M) for p = p’ = (mpm, 0) and for p = —p':

FZ = Ia(pvp/7 M)‘pzp’Z(mDM,O) 9 FZ = Ia(p7p/7 M){pz—p/,pQZm%M 9
Fg = Ib(pvp,7 M)IPZPIZ(mDM,O) 5 Fé = Ib(p7p,a M)|p:7p/7p2:m2DM ) (433)
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Figure 4.3.: One-loop contributions to the ¢SS coupling.

which after performing the integration, the effective ¢S couplings

Gp(o)\* s | Gp
Rs =NcY [4 (1 — 8G2 ) Fa + @Fb 5 (434)
_ Gp(@)\* v . Cp v
Rt =Ny [4 (1 — 8G2 ) Fa + @Fb y (435)

are obtained

Next we consider the four-point vertex function which, depending on the dimensionless
parameters, can be dominant effect for the relic abundance. This channel only contributes
to the direct detection cross section as subleading effect due to t-channel suppression. The
four-point vertex function ¢¢SS is given as

Gplo)\* Gp .
F¢¢SS :2ncy2 Z [(1 - 8G<2 >> Ié(pap,7Q>q,7M) + TGQIZl(pap,7Q>q,7M) ) (436)
1ZEquiv

{p.p',0,q'}
where we sum over all the topologically inequivalent loop diagrams shown in Fig. 4.3 by
taking the crossing symmetry into account. The integral I. represents the loop integral in
left figure while I; the right one. We only need the four-point vertex function in computing
the relic abundance of DM, hence we only consider the case for p = p’ = (mpw, 0)

7 / _ j /
Li= Y L M|y o Ta= D Lo M), o, (437)
1ZEquiv i¢Equiv
{p.r",q,q'} {p.r",q,4'}

and denote the effective ¢SS vertex coupling as

2
s =210y [(1 _ GD<U>> s+ @m

32 102 (4.38)

The effective s, only contributes significantly to the DM annihilation cross section when
the Yukawa coupling y becomes large and mg < mpy. In this parameter region, the one-
loop diagrams contain an imaginary part, which is not a pathological problem in the NJL
approach as it can be related to the real part via Eq. (4.30). The inclusion of the imaginary
part for the calculation has proven to be a successful approach in the NJL approach for QCD
[111, 136, 137]. In our previous paper [100], this channel was ignored and as a consequence,
a fine-tuned parameter space was needed in order to explain the relic abundance of the DM.
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Figure 4.4.: Relevant annihilation modes of DM into the SM particles in calculating the DM relic
density. The relevant s-channel ¢¢S (left and middle) coupling is s given in Eq. (4.34), while ¢SS
coupling (right) given as s is obtained from Fig. 4.3.

The inclusion of s provides a more experimentally accessible phenomenology, which we will
discuss below.

4.2.2. Dark Matter Relic Abundance and its Direct Detection

We will now focus on the DM annihilation to the SM particles, predominantly to the Higgs
particle, the top quark, the S particle, and the EW gauge bosons in the early universe. We
utilize the approximation for calculating the relic density [143]

3.8 150 2

QCBQ :8 X —————
Va My (00) e

(4.39)

where sy = 2970 cm ™ is the entropy density at present, p. = 1.05 x 10-5h2 GeV /cm? is the
critical density with h ~ 0.7 the dimensionless Hubble parameter and g, = 115.75 is the
number of the effectively massless degrees of freedom at the freeze-out temperature. The
prefactor 8 in Eq. (4.39) stems from the fact that we have eight DM pions in the model
due to spontaneous chiral symmetry breaking. Furthermore x; = mp /7 at the freeze-out
temperature Tt can be obtained from [143]

1My (5
z;=In <O pl<w>mDM>. (4.40)
g«Z f

The next task is to obtain the annihilation cross section (vo) from our theory.

In Fig. 4.4 we show the effective diagrams for DM annihilation into the SM particles.
The leading effect in DM annihilation is given by the s-channel interaction, as the t-channel
contributions are small due to two k; coupling insertions with ¢ propagating in between,
which can only dominate if the total four-momentum of the incoming DMs is approximately
the mass of the DM. Hence they are typically negligible compared to the dominant channel
in Fig. 4.4.

Let us consider first the s-wave contribution to the thermal average (vo), as shown in
Fig. 4.4. Since our DM candidates are cold relics, we can utilize the low velocity approxi-
mation of the annihilation cross section

2

Z2
(00) ~vs DM | (mbyg — i) 2aw + (mby —m)2az + (mby — m?)*a,
DM

+(ming — mi)Pan + (ming — m) 2| (4.41)
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Figure 4.5: Relevant diagram con-
tributing to the direct detection of
DM in our model. The ¢¢S coupling
h is K¢, which is given in Eq. (4.35).

where Zpy is given in Eq. (4.29) and

2 4 2
aw :4|Ahs|2mi1/[/ (I{S) <3+4maM —4mDM> )

Ty 2
v mW mW
2 4 2
2 4 (Ks Mpm mpm
az :2|Ahs| mgyg (7) <3+4 1 —4 3 R
v mZ mZ

K 2
ap =24 (f) | Aps|?m2,

1 [ kemw \> (S) 2
ap 25 < ) ‘ 24)\HAhs — 4)\H5'7Ass s (4.42)
vg v
with v = 246 GeV and
A e eV
hs T am2 —mZ 4+ +4 20— m2’
DM s T ysms Mpym — My,
(2) +(2) (1) (1)
Ass o €2 §2 + 52 52 5. (443)

) 2 | - 2
dmiy — mg +ivsms  dmpy —m

Here ks and ¢'s are given in Eq. (4.34) and Eq. (4.21), respectively, g ~ 0.63 is the SU(2),
gauge coupling, and

2 2 2
is the decay width of S. For y = 0.4, the annihilation cross section is dominated by ¢¢SS
interactions. This channel was previously ignored in our paper [100] as we have imposed
that M < mpwm, which is too restrictive. In later publication [101], we restore the ¢¢pSS
as in this parameter region, we have M < mpy < 2M and the s, effective coupling is no
longer negligible. The M < mpym < 2M constraint is valid, as this also occurs in ordinary
QCD (compared the constituent mass of strange quark and the 1’ meson mass).

If we assume that the DM is thermally distributed in our galaxy with a certain profile,
we can in principle detect its interaction with ordinary matter with a DM direct detection
experiments. The DM direct detection is a very rich subject and we refer the reader to
Ref. [144] for a review. The thermal DM can propagate to the detector and scatter off a
nuclei, leaving its imprint in the form of nuclear recoil. We can compute the interaction
cross section of our DM candidate with nuclei. The spin-independent elastic scattering cross
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Figure 4.6.: The DM mass mpy; against the spin-independent cross section og; with the relevant
satisfying additional constraints are shown. The XENON100 limit [147] and the LUX limit [148] is
~ 107 cm? for mpy ~ 700 GeV. The XENONIT [149] and the LUX 300 days run [150] will probe
or exclude the natural parameter space of our model.

section off the nucleon og; shown in Fig. 4.5 is calculated to be [145]

. 2
Krfmn <£§2)£§2) +€§1)52§1)>] < MNMDM >2 , (4.45)

2
ZDM

™

0s1 =
2vmpm m% my my + mpwMm

where k; is the effective ¢S coupling is given in Eq. (4.35), my represents the nucleon mass,
and f ~ 0.3 stems from the nucleonic matrix element [146]. Before we scan for parameter
space for our DM that can yield sizable spin-independent elastic cross section, we need
to constrain the parameters from relic abundance of DM Qch? ~ 0.119 from cosmological
observation [29].

We are ready to scan the parameter space for our model. We impose that all the dimen-
sionless parameters y, Ag, A\ and Apgg satisfy the theoretical bounds described in Sec. 4.1.2
and experimental constraints v = 246 GeV, my = 125.9 GeV, O.h? ~ 0.119, and |§§1)| = 0.9,
and allow the uncertainties up to 30. The phenomenology of our model is very promising
as the spin independent annihilation cross section is just below the XENON100 [147] and
LUX [148] constraints and above the XENONIT sensitivity [149], see Fig. 4.6 for more
details. The mass of the DM shift towards 700 — 900 GeV region and can be probed with
future XENONIT experiment or LUX 300 days run [150]. The annihilation cross section
is mainly contributed by the ¢¢SS interaction for large Yukawa coupling y. The allowed
natural region on the og; — mpnm plane is restricted to a small strip due to the very con-
straining parameters imposed by experiments, e.g. Higgs masses, relic density, etc., and also
by theoretical constraints such as vacuum stability and triviality bound. As we are not
allowed to utilize NJL approach for Mpy > 2M, we obtain an upper bound for the DM
mass. The lower bound of DM mass comes from y = 0.4, while lowering y would require
very fine-tuned parameter mg ~ 2mpy; to satisfy the correct relic abundance. Therefore
with the restrictive natural parameter space, our model is very predictive and easily probed
or excluded by future direct detection experiments.
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v, Z

Figure 4.7.: DM annihilation to two photons or two Z bosons in addition to the annihilation channel
in Fig. 4.3.

4.2.3. Electromagnetically Charged Dark Fermions and Gamma-ray Line

Our simple model described so far should be viewed as a prototype for model building
along the direction of indirect scale transmission. We have scaled up the known QCD
values to simplify some calculations. There are many possible ways to extend the classically
scale invariant model which contain richer phenomenology. One possible way to extend the
model is by introducing another value of ny and n., which would yield different spectrum
and constraints of the model, but comes with the disadvantage that one is not allowed to
scale up the known QCD values and must determine the NJL parameters by solving the
DSE. Another possible interesting extension of our model is to assign a U(1)y hypercharge
() to the hidden sector fermions so that they are electrically charged

L= — 3 TF? 4 Tei(id + X6 + 9y QB — yS)o. (4.46)

Strictly speaking the hidden sector is not dark anymore due to the electric charge assignment.
The coupling is vector-like and hence does not break the U(1)y after dynamical chiral
symmetry breaking has taken place. The changes to the £Lxj1, are minimal, as only the first
term in Eq. (4.12) is augmented with extra covariant derivative of U(1)y. The U(1)y does
not contribute to the effective potential, hence the mass spectrum of the CP-even scalar and
DM remain the same at lowest order.

The additional U(1)y provides an interesting phenomenology, particularly in astroparticle
physics. After EWSB has taken place, the neutral component of the SU(2), mixes with the
U(1)y, hence the DM could annihilate into y-rays or Z bosons via a one loop process, see
Fig. 4.7 for more details. The annihilation cross section of DM into ~-rays or Z bosons can
be calculated as

ab
2094 72
(00 g ==L 20N 20y f (W2 for vy (g
16m3mi, to (1 —m3 /4miyy) for ~Z

(3/4)th, (1 —m%/md\ )2 for Z Z

where tyy = tanfy and A(y7y) contains the sum of all topologically nonequivalent loop
integrals in Fig. 4.7. The structure of A is highly nontrivial, because we need a renormal-
ization prescription to restore gauge invariance, as NJL method introduces a cutoff that
breaks gauge invariance explicitly. We propose a new renormalization procedure within the
framework of NJL to restore gauge invariance, which we call least subtraction procedure.
This method is developed by one of our collaborators, J. Kubo, and we refer the reader
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to our paper [101] for a step-by-step introduction to this new approach. This procedure is
crucial to describe our DM annihilation into y-rays or Z bosons within the NJL framework.
Note that in principle the annihilation modes in Fig. 4.7 are required to be included in the
relic abundance calculation in Sec. 4.2.2. However, as the annihilation cross section to SS is
proportional to y* while the annihilation cross section to vy, vZ and ZZ is only a function
of a?Q*, the latter will only contribute significantly if the charge @ > 1. We will consider
an example with Q = 1/3 and calculate the annihilation cross section of the DM to v-rays.

The ~y-rays produced from DM annihilation can be detected by the Fermi LAT [151] and
the H.E.S.S. experiments [152]. The energy E, of a y-ray line produced in the annihilation
into vZ is given by mpm(1 — m%/4md, ;). The finite detector energy resolution usually
cannot distinguish this line from the line obtained from ¢¢ — =7, hence both cross sections
are added

<770>’Y’Y+’YZ = <T)O’>¢¢fw + <@0>¢¢’7Z‘ (4.48)

We take the electric charge = 1/3 and we scan for viable parameter space in the
(00)yy4~2z — mpm plane, taking the constraints mentioned in Sec. 4.2.2 into account. Note
that one can scale up our result to obtain the cross section for another charge by including a
factor of (3Q)*. The result is shown in Fig. 4.8 (right) and can be compared to the H.E.S.S.
limit (left). As we have mentioned in Sec. 4.2.2, our model predicts a DM mass in the
range of 700 — 900 GeV due to the tight theoretical and experimental constraints on the
dimensionless couplings. For @) = 1/3 the majority of the predicted (00)4,z lies around
102" cm?/s. Increasing the strength of the charge @ will yield a larger cross section than
102" cm?/s and is already disfavored by H.E.S.S. limit. We have not included the annihi-
lation modes into vv,vZ, ZZ in calculating the relic abundance in our Q = 1/3 example,
as such annihilation modes are negligible compared to the ¢¢ — SS channel. Therefore the
information on the annihilation cross section producing the ~-ray spectrum of DM in our
example can be obtained independently, provided that the electric charge is small. Once
Q@ 2 1, the annihilation channel to photons and Z will start to contribute significantly to
the relic abundance calculation and one would need to do a thorough analysis.
The analysis of the differential y-ray flux

do dNYY dN7*
v 007 — = (80) 1402 (B, — mpy) (4.49)

TEY O(<’UO'>—\/»YE —+ <’UO' ’YZdE,yZ ~
has not been carried out, however the prospects of observing such a line spectrum is discussed
in detail in Refs. [153, 154]. Observations of y-ray lines of energies between 700 — 900 GeV
not only fix the charge of the hidden sector fermion, but would also yield a first experimental
hint on the hidden sector for our model.

4.3. Phase Transition at Finite Temperature
So far there are no direct evidence that temperature above O(1) MeV existed in the early

universe. The observation probe for early universe so far only confirms the physics of our
Universe up to the epoch of Big Bang Nucleosynthesis (BBN). However, it is natural to
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Figure 4.8.: (Left) The Fermi LAT [151] (black) and H.E.S.S. [152] (red) upper bounds on the
velocity-averaged DM annihilation cross section for monochromatic y-ray lines. (Right) the velocity-
averaged DM annihilation cross section (00),y4,z as a function of mpy with @ = 1/3, where
Q.h? = 0.1187 £ 0.005(30) [29] is imposed.

assume that the Universe had much higher temperature in its history, i.e. the Universe had
different phases (ground state configurations) at different epoch. As the temperature of the
Universe cooled down to T' ~ Aqcp and below, the QCD chiral symmetry is spontaneously
broken [155] with a phase transition from quark-gluon plasma to hadronic matters expected
to occur.

At a certain finite temperature of O(1) TeV, the chiral symmetry for our dark sector is
expected to be restored, and hence the EW symmetry must be restored above the critical
temperature as our model relates both symmetry breaking. The nature of the EWSB could
be related to baryon asymmetry in the Universe [156-159] and it is interesting to find
out whether the allowed parameter space in Sec. 4.2.2 can generate a strong first order
phase transition, which would be natural if it can be realized without extra fine-tuning.
A strong first order phase transition is a crucial ingredient for EW baryogenesis and we
would like to know whether the chiral symmetry breaking and the EWSB process are highly
nonequilibrium as the temperature decreases, which could leave an imprint in the thermal
history of the universe.

We continue our analysis with the NJL approach and include the quantum effects at a
finite temperature. An effective potential at a finite temperature consists of five components

VEFF(¢e, T) = Vomys(de) + VaiL(oe) + Vew(9e) + Vir(9e, T) + VRing(9e, T) ,  (4.50)

Vv
Tree level Quantum correction Finite temperature

is obtained, where ¢, represents a collection of the classical scalar fields h, S and . We have
followed the calculation in Refs. [160-163]. The term Veniys(¢e) is the tree-level contribution
given in Eq. (4.3), VNyL(¢c) is the one-loop effective potential in Eq. (4.14) when the heavy
dark fermions are integrated out. Vow(¢.) is the effective potential (Coleman-Weinberg
potential) with one-loop quantum corrections from the relevant fields at 7' = 0. The finite
temperature contribution consists of Ve from bosonic and fermionic contributions while
VRing is the ring contribution or plasmon contribution for the bosons, which can be treated
as thermal mass contribution sourced by the heat bath. At the one-loop order they are
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where nlB = 1 for a real scalar, nf = 3 for a vector boson, and nf = —4 for a Dirac fermion.

Note that we include only the relevant contributions from the top quark, the W+, Z gauge
bosons and the scalars h and S in the Coleman-Weinberg potential and the ring correction.
Contributions from Nambu-Goldstone bosons and the rest of the SM particles are negligibly
small. The relevant tree level field dependent masses m?(¢.) are given as

2 2 2 2
() = 202 ) = LR ) = B, (4.54)

while the masses for m? (h, S) and m%(h, S) are given in Eq. (4.19).

The crucial part of the potential for a phase transition to occur stems from the finite
temperature contribution Vet and VRing. For a strong first order phase transition to occur,
the parameter (¢)/T has to be larger than 1. The relevant thermal functions Jp and Jp
are defined as

Te (") :/ de %n (1_6_W) , Tr(r?) =/ dz 2°In (1+e—\/m) ’
0 0
(4.55)

where we have also utilized the high temperature expansion to simplify our calculation.
Essentially the most important term determining whether phase transition could happen
stems from Jp, as we require the odd polynomial term in 7" to have a bump in the effective
potential. An additional contribution from the hidden constituent quark is also present in
the Vpr potential, where the fermions in the hidden sector is integrated out and we obtain
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Figure 4.10.: The temperature dependence of (S)/T (left) and (o)/T (right) near the critical temper-
ature for the allowed parameter region. In this parameter space, only second order phase transition
is obtained with critical temperature ranging from 7' = 254 GeV to 262 GeV.
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where the constituent mass M is given in Eq. (4.15). The ring contributions are usually
small, but we will include them for completeness. In addition to the field dependent mass
m2(¢.), the ring contributions also require the thermal mass M?(¢., T) for i boson [164]:
11

79%T2,

6
2 A 2 A
My, (h, S, T) = miy(h, S) + <3g2 NIAI O T HS) T2,

My, 17, (h, T) = miy 7(h) +

8 2 4 24

Mg'S(ha S7 T) = m%S(ha S) + (if - )\Igs> T27

We have ignored the contribution from Nambu-Goldstone bosons and U(1)y as they are
negligibly small. The mass eigenstates for M i%hv M gs are given by

1
M3 o(h, S, T) ~5 <M£h + Mg T \/(Mih — M3g)? — 4M£S> ) (4.58)

where only the longitudinal part of W+, Z contributes to their thermal masses.

The temperature dependence of (h)/T near the critical temperature for the parameter
space that predicts acceptable relic abundance is shown in Fig. 4.9. The EW phase transition
for the SM (in red) is plotted for comparison. From the parameter space that predicts
acceptable relic abundance, the EW phase transition is weakly first order and that the critical
temperature of the present model is around 150 GeV. The shift of critical temperature from
the SM is caused by the nonnegligible value of Afrg. We can conclude that our model cannot
account for EW baryogenesis, which would require a strong first order phase transition of
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(h)/T > 1. A nonperturbative calculation is required for a more accurate analysis however.
What about the chiral phase transition in the dark sector? The temperature dependence
of (S)/T and (0)/T is shown in Fig. 4.10. The phase transition in the dark sector occurs at
around 7" ~ 250 GeV and all of them are of the second order type. No bubble nucleation can
occur during the thermal expansion of the universe. However, we would like to stress that
our result is based on the NJL approach. Nonperturbative analysis could alter the result.

4.4. Summary

In this chapter we have presented a model where a scale generated via dimensional transmu-
tation in a classically scale invariant hidden sector is transmitted to the SM sector indirectly
via a scalar mediator coupled to the SM Higgs. The indirect scale transmission from a TeV
scale hidden sector triggers the EWSB radiatively. The origin for such a dimensional trans-
mutation stems from spontaneous chiral symmetry breaking in the hidden fermion sector,
which also provides the PNGB as DM candidates. We have utilized the NJL approach to
calculate all the relevant scalar mass spectrum and their couplings. In this approach, most
of the couplings are interrelated and the parameter space for generating experimentally
allowed observations is very restrictive. The predicted DM direct detection cross section
can be probed or excluded by the future XENONI1T and LUX experiment. Furthermore,
we have extended our model to include electrically charged hidden fermions, which could
provide striking monochromatic ~-ray line signature in indirect detection experiments. Our
model serves as a prototype for model builders who would like to construct more inter-
esting models involving classically scale invariant extensions of the SM and indirect scale
transmission.
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Discrete Flavor Symmetry

In this chapter we will leave the domain of scale invariance and the electroweak (EW)
sector and discuss another type of symmetry, namely the discrete flavor symmetry, which
could provide a solution to the flavor puzzle in the quark and leptonic sector. We will first
review the flavor puzzle, e.g. comparing and contrasting the mixing structure between the
quark and leptonic sector. We will introduce the idea of utilizing a discrete group, broken
in a specific vacuum alignment, to explain the mixing pattern for both quarks and leptons.
We will introduce an algorithm and implementing it inside the computer algebra program
GAP [165—-168] to systematically scan all the finite discrete groups up to the order of 1536
which can generate leading-order (LO) mixing patterns that are experimentally favored
with the assumption that neutrinos are Majorana particles. The search is then extended to
the case when neutrinos are Dirac particles and also to the quark sector. A mathematical
classification will be introduced to categorize all the predictive finite discrete groups. Finally
we will develop a method to quantify the predictivity of discrete symmetry groups and test
their goodness-of-prediction against flavor anarchy. The results and presentation in this
chapter follow Refs. [169, 170] stemming from a collaboration with Martin Holthausen and
Manfred Lindner. All the relevant plots and results are reproduced with reprint permission.

5.1. Motivation and Introduction

The origin of flavor structure for the Standard Model (SM) fermions is one of the puzzle that
requires solutions beyond the SM. Neutrinos, which are massless in the SM, necessary require
extension of the SM to explain their mass terms and mixing with the flavor eigenstates. From
the mass spectrum point of view, neutrinos have very tiny masses compared to the quarks.
Their mass hierarchy is not as obvious as the quarks, as only the mass square difference
between the neutrino masses are known. The absolute ordering of the masses, whether
the hierarchy is normal (m3 > m3 > m?) or inverted (m3 > mj > m3), is still currently
unknown. From the mixing pattern perspective, i.e. how the different flavors between quarks
or the leptons mix with each other, all the absolute entries of the lepton mixing matrix or
the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix

0.821 0.549 0.152
|Upmns| ~ | 0.374 0.573 0.694 |, (5.1)
0.382 0.567 0.684
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Leptonic Mixing Angles Quark Mixing Angles
SiIl2 912 Sin2 923 sin2 913 ) sin2 912 Sin2 923 Sin2 913 1)
[1071] [1071] (1072 [7] (1072 [1073] [1079] [10~17]

3.20715  6.13722 246733 0.81L? 509+0.04 1.724+0.09 123+0.14 3.840.3

Table 5.1.: (Left) Global fit of neutrino oscillation parameters for the case of normal ordering of
neutrino masses with the 1o error adapted from Ref. [171]. There are two nearly degenerate minima
at sin® fyg = 0.430f18§(1) in the global fit. (Right) The quark mixing parameters converted to sin;;
format, which will be useful later [8].

are of order one. Compared to the quark mixing matrix, or the Cabibbo-Kobayashi-Maskawa
(CKM) matrix [8]

0.974 0.225 0.004
Uckm| ~ | 0.225 0.973 0.041 |, (5.2)
0.009 0.040 0.999

whose absolute off-diagonal entries are small, we can see that neutrinos mix strongly unlike
the case for quarks. The different mixing patterns between these two sectors at first would
naively let us to conjecture that both sectors have different origin, which is usually the case
for most of the models proposed to explain the flavor structure. This assumption is naive,
as both the different structures of quarks and leptons could have a common origin, which
we will see later.

Before we start to discuss the different approaches to tackle the flavor problem, let us
first define a convention to parameterize the mixing pattern. Both the Upynsg and Uckwm

matrices can be parameterized as

1 0 0 c13 0 Slgefiécp C12 si2 O

Unix = 0 c23 823 | X 0 1 0 x| —s12 c2 0 |, (5.3)
0 —S8923 (€23 *Slgeiécp 0 C13 0 0 1

where ¢;; = cosf;; and s;; = sinf;; describe the mixing between ith and jth fermion

generations. The Dirac CP phase is parameterized by dcp. If neutrinos are Majorana
particles, additional phase matrix P = diag(e®, €, 1) is multiplied to the RHS of Eq. (5.3).
The best fit result for neutrino oscillation parameters from global fit [171-173] and the
experimentally measured quark mixing parameters are given in Table 5.1.

For the leptonic mixing angles, the s;o ~ 1/4/3 is measured from the solar neutrino
oscillation [28] while so3 ~ 1/4/2 represents the amplitude of atmospheric neutrino mixing
flux [174]. Until year 2012 the reactor angle s;3 was not measured but only limited by
CHOOZ experiment [27]. It was thought that the reactor mixing angle is small, possibility
zero. This has spark a lot of interest in the high energy physics community to build model
based on A4 [12-18] and Sy [175-177] discrete symmetries that can lead to the tri-bimaximal
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mixing pattern (TBM)

2 1 0
5
Upmns ~ Unps = —% % % , (5.4)
11 1
V6 VB V2

proposed by Harrison, Perkins and Scott [178, 179]. It is only until recently that the reactor
mixing angle is measured by DAYA BAY [9], RENO [10] and DOUBLE CHOOZ [11],
with the value s13 =~ 0.15. For the quarks mixing patterns, most of the mixing angles are
determined from decays of mesons and they have been measured very precisely compared
to the leptonic sector. For a thorough review of the quark mixing patterns and how they
are measured please refer to the PDG review [8].

In general the ansatz to explain the flavor structure can be classified into two categories:
e Symmetry based approach,
e Anarchy based approach [180-182].

For the latter the occurrence of mixing pattern consists of random variables drawn from the
distribution of U(3) Haar measure

dV = dcfyds?ydss. (5.5)

The crucial hypothesis here is that there is no underlying symmetry in the flavor structure,
and nature chooses a specific point in the mixing angle space from the above probability
distribution. We would not pursue this idea further in this thesis, except that we will provide
a test of goodness-of-prediction for flavor symmetry against anarchy to see how predictive
both the approaches are.

We assume that the underlying Yukawa matrices and mixing patterns in the leptonic
and quark sectors result from certain symmetries. In general, in order to build a flavor
model, one needs to explain the mass hierarchy between the fermions and also the mixing
patterns. This is typically done by spontaneous symmetry breaking by certain flavon fields
charged differently under a symmetry group. All the approaches to solve the flavor problem
using symmetry groups require flavon fields, whether in the form of additional scalar fields
or multi-Higgs fields'. To explain the mass hierarchy one typically requires mass matrices
with certain texture zeros, which are motivated by flavor symmetry groups. In the sim-
plest scenario, a U(1) group is utilized with the charges of left-handed and right-handed
fermions chosen in an appropriate way to generate mass hierarchy”. The small Yukawa cou-
pling/mass term of certain generations are generated from higher-dimensional operators,
when the flavon fields obtain a certain configuration of vacuum expectation value (VEV).
This approach is known as Froggatt-Nielsen mechanism [184] and is only useful to generate
the mass hierarchical structure. To obtain the nontrivial mixing pattern, non-abelian sym-
metry groups are typically assumed to provide the vacuum alignment of the flavon fields.
Continuous non-abelian symmetry such as U(2) [185], SO(3) [186] and SU(3) [187] have

!By Higgs field we mean scalar field charged under the EW gauge symmetry.
2For a good introduction to this approach please refer to Ref. [183].
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been studied extensively to explain the nontrivial mixing patterns, however they are gen-
erally complicated as additional auxiliary symmetries are required to suppress undesired
operators. These problems can be solved in a simpler approach when a discrete non-abelian
symmetry is chosen as a starting point, which is the main focus of this chapter. For a more
comprehensive review on discrete flavor symmetries and model building in this direction we
refer the reader to Refs. [188-190].

With so many flavor parameters to be explained, the actual model building regarding
discrete flavor symmetry is very involved. Let us look at the prototype model building for
leptonic sector with an Ay discrete group [12-18] , which is the smallest group that contains
a 3-dimensional representation. Rather than writing out a specific A4 model explicitly, we
just want to present the idea and model building approach in flavor symmetry. Let us assign
the EW singlet leptons, {er, ur, Tr} with the following representations {171,147, 14~} with
17 as the trivial representation of A4. For simplicity let us introduce two real scalar fields
x and ¢ charged under 3-dimensional representation 3, under which also the EW lepton
doublet L are charged. The LO lepton mass operators are given by

yexLHer _ yuXLHur _ yoxLHrr _ a¢L°H'HTL

£2 A A A AZ

h.c, (5.6)

with H = io2H* and notice that the LO charged mass Lagrangian consists of dimension
5 operators while Majorana neutrino mass matrix is described by dimension 6 operators.
Once all the flavon fields obtain their VEVs and break the discrete flavor symmetry, the
LO mass matrices for the leptons are obtained. After diagonalizing the mass matrices with
the flavor rotation matrices, the mixing matrix Upyng can be obtained. Now comes the
crucial point, if the VEV configurations are random and have no specific structure, we
have no predictions of the mixing patterns. This is clear as we did not solve anything
with the additional flavon fields, but rather just reparameterizing the Yukawa couplings in
another way. This argument changes if the mass matrices contain certain structures. For our
example let us assume that the scalar field y obtains a VEV in direction (x) ~ ¢/(1,1,1)%.
Notice that with this VEV configuration, there is a Z3 residual exchange symmetry of the
charged lepton VEVs. Similarly we can work out an interesting VEV configurations for the
neutrino sector, say (#) ~ u(1,0,0)7 and we notice that we have a Z symmetry for the two
zeros. The residual symmetry of the VEV implies the same residual symmetry of the mass
matrices for the leptons. Why we emphasize so much on the nontrivial residual symmetry
of the broken flavor group? As the PMNS matrix is determined from the product of unitary
and orthogonal rotation matrix that diagonalizes the charged leptons and neutrinos mass
matrices, the residual symmetries remain invariant after diagonalizing the mass matrices,
and the mismatch amongst them dictate the PMNS matrix up to permutations of rows and
columns. The mixing matrix can be determined solely from a given discrete flavor symmetry
group and its breaking to the residual subgroups. The crucial ingredient to obtain the mixing
patterns without looking at the dynamics of the model depends on the representations of
the fields in a certain discrete group and the structure of mass matrix which preserves the

residual symmetry.

Let us be more precise with this approach. We start with a finite discrete flavor group
Gy, under which the left-handed fermion (lepton or quark) doublets transform under a
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Figure 5.1: Sketch of remnant symmetry ap-
\ / proach in this thesis. The flavor group G
is broken down to different remnant symme-
G f tries of the different mass matrices, with the

CKM and PMNS matrices generated by the
mismatch of the subgroups.

faithful unitary 3-dimensional representation. Assuming that the flavons obtain their VEVs
in such a way that the misaligned remnant symmetries between the charged lepton (u-type
quark) and neutrino (d-type quark) mass matrices emerge, we can obtain a LO prediction
for the leptonic (quark) mixing patterns. The crucial point is that G is broken to discrete
subgroups G, and G, for the leptonic sector, with the mass matrices of charged leptons and
neutrinos respecting the symmetries of the subgroups G, and G, respectively. Similarly
the u-type and d-type quark mass matrices still enjoy the remnant symmetry of G, and Gy
respectively in the quark sector. The mismatch between G, and G, generates the leptonic
mixing patterns while misalignment between GG, and G4 creates the CKM matrix, see Fig. 5.1
for a clear sketch of the idea. We abbreviate the idea above as remnant symmetry approach
[169, 170, 175177, 191-193]. Of course the flavor group Gy in the leptonic sector can be
different from the quark sector, and we can treat those two flavor groups independently.
However it turns out that most of the interesting flavor groups that we will encounter
later can yield both experimentally favored CKM and PMNS matrices at LO. The spirit of
this chapter is to find common discrete groups that can explain leptonic and quark mixing
patterns simultaneously.

In the leptonic flavor sector, the small discrete flavor symmetry groups such as A4 and Sy
were popular approaches in model building as they predict the TBM mixing pattern at LO.
With the recent nonzero reactor mixing angle 13 measured (see Table 5.1), TBM is strongly
disfavored and one needs to rethink the discrete flavor symmetry approach to explain lepton
flavor. In general there are two possibilities to reconcile the discrepancy. One possibility is
to construct models which can lead to LO TBM structure and allow for large next-to-leading
order (NLO) corrections, which usually involves breaking some of the remnant symmetry
groups and severely limits the predictivity of the models. Another alternative approach is
to start with new (larger) discrete groups that can predict a different type of mixing pattern
at LO. In this thesis, we will pursue the second route and give a model independent list of
discrete groups that can generate mixing patterns for leptons and quarks at LO. But before
that let us first define our conventions and some basic notations in group theory which will
be useful for classifying the relevant discrete groups.

5.2. PMNS and CKM Matrices from Remnant Symmetries

As we have seen in Fig. 5.1, lepton mixing can be obtained from the breaking of a discrete
flavor symmetry group to some remnant symmetries in the charged lepton and neutrino
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masses respectively. Analogously the CKM matrix can be derived in similar way where the
remnant symmetries remain for the u-type and d-type quarks mass matrices. The sponta-
neous symmetry breaking is usually achieved in concrete models with the relevant flavon
fields obtaining VEVs in some vacuum alignment configurations, as we have seen above. The
actual models to achieve such symmetry breaking with specific vacuum configuration will
not be considered in this thesis, but rather we want to search for discrete symmetry groups
containing relevant residual symmetry groups which can predict acceptable LO PMNS and
CKM matrices, i.e. we need to find discrete flavor groups that can be broken down to some
nontrivial residual subgroups for the mass matrices. We first assume that neutrinos are
Majorana particles, and will generalize our approach later to include Dirac neutrinos.
The mass matrices for the fermions are defined as

1 __
L=—e;Meep — §VTMVV — dpMydg — up Myug, (5.7)

after EW symmetry breaking (EWSB). Here we do not assume any specific mechanism to
generate the Majorana neutrino mass. The PMNS and CKM matrices

Upnins = ViV, Uckm = VdTVu (5.8)

are obtained from the product of the unitary matrices Vs and V,, which diagonalize the mass

matrices
VIM MV, = diag(mi, miy, miy), VMV, = diag(m1,ma, ms). (5.9)

We denote the symbol s € {e,d,u} as the type of matrix and the numeral I, IT and III as
the fermion’s generation for charged leptons, u-type and d-type quarks. For the case where
neutrinos are Dirac particles, s € {e, d, u,v}, i.e. neutrino mass matrix can be diagonalized
like the LHS of Eq. (5.9).

In this thesis we follow the notations in Refs. [169, 170, 175-177, 191-193]. We assume
a discrete symmetry group Gy in the leptonic sector, under which the left-handed lepton
doublets L = (v,e)” transform under a faithful unitary 3-dimensional representation p :
Gy — GL(3,C):

L —p(g)L, ge€Gy. (5.10)

Similarly for the quarks we assume that there is a discrete symmetry group G under which
the left-handed quark doublets Q = (u,d)” transforms:

Q—p(9)Q, g¢€Gq. (5.11)

In general the discrete group Gy for leptonic sector is not the same as G and we can classify
the different cases for Gy and G into two settings:

e Gy and G are independent, in this case we treat the both the discrete groups as sep-
arate starting point to obtain PMNS and CKM matrices independently. The leptonic
discrete group Gy is broken into remnant symmetry subgroups {G.,G,} for charged
lepton and neutrino sectors. Analogously the argument applies for Gg — {Gy, G4}
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e Gg C GyorGg D Gy, which we can identify the larger group to be a common discrete
group that can simultaneously yield the LO PMNS and CKM matrix, following the
idea in Fig. 5.1.

For the first scenario we focus only on the breaking of Gy — {G., G} and classify all the
discrete groups that predict experimentally favored LO leptonic mixing patterns. For the
latter, as all the quark and lepton masses are different, the flavor symmetry group is required
to be broken into two set of different subgroups, i.e. {G4,G,} for the quark and {G, G, }
for the leptonic sector. In general the generators of G4 and G, only generate the group
G, which is a proper subgroup of Gy, if we assume that G is larger. Since we would like
to find a unified discrete symmetry group Gy which can predict the LO PMNS and CKM
matrix simultaneously, we will only consider a direct breaking G — {Gg, Gy}, i.e. we look
for groups Gy that can be broken into discrete subgroups {Ge, Gy, Gy, G4}

As all lepton masses are unequal and the mixing amongst all three mass eigenstates
are nontrivial, the discrete flavor symmetry group Gy cannot be a global symmetry of the
Lagrangian but has to be broken to different subgroups G. and G,, (with trivial intersection)
in the charged lepton and neutrino sectors respectively, and to nonequal subgroups G, and
(G4 in the u-type and d-type quark sectors. Subgroups from different subgroup set, e.g. G,
and Gy can have nontrivial intersection. An intersection of two subgroups contains the
same elements. Note that within a set of the residual leptonic subgroups {Ge, G,}, the
intersection between subgroups in each set has to be trivial as we would like to predict
three different mixing angles in the leptonic sector. However, this condition is relaxed for
subgroups {G4, G, } in the quark sector as we do not find any group that can predict three
different quark mixing angles at LO. For the quark mixing patterns, all the interesting
discrete groups can only predict the LO Cabibbo angle.

As a consequence of the breaking of Gy — {G¢,G,} and Gy — {G,Gq}, the mass
matrices have to fulfill

p(gs) M Mlp(gs) = MM and  p(gy)" Myp(gy) = M, (5.12)

where g5 € G5 and g, € G,,. The transformation matrix p(gs) only acts on the flavor space
of the respective left-handed fermion. Choosing non-abelian subgroups for G, will lead to
degenerate mass spectrum, as representations of non-abelian groups cannot be decomposed
into three inequivalent 1-dimensional representations of G5 ,,. This scenario is not compatible
with the experiments as all three neutrinos and charged fermions are distinguishable. We
therefore restrict the subgroups G, to the abelian case. So what are the constraints on
the subgroups G, 7 As the charged leptons and quarks are distinguishable, the G; group
cannot be smaller than Z3, i.e. all abelian subgroups of Gy with |G| > 3 can serve as
good remnant symmetry group. This also applies for neutrinos if they are of Dirac nature.
For the case when neutrinos are Majorana particles, we cannot have complex eigenvalues
from the matrix p(g,), and therefore p(g,)? = 1 has to be satisfied. We can further choose
det p(g,) = 1 and by requiring all three Majorana neutrinos to be distinguishable, the group
G, is restricted to be the Klein group Zs X Zs. In fact the Klein group is the only unique
group that satisfy Eq. (5.12) for three distinguishable 1-dimensional representation of G,.
Higher ZI' (n > 2) product groups are redundant as the Klein group is the maximal group
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to accommodate three inequivalent generations of neutrinos.

Once the generators of all the residual subgroups are specified for a given representation,
the mixing patterns of quark and leptonic sector can be determined from the product of the
unitary matrices €25 and 2, satisfying

Q;yp(gs,l/)ﬂs,u = p(gs,v)diag- (5.13)

The unitary matrices 2, and (), are determined up to permutation matrices P, and a
diagonal phase matrix K ,, i.e.

Qs,u — Qs,uKs,szs,V- (514)

The PMNS and CKM matrix up to the permutations of rows and columns can be obtained

from
Upmns = QLQ,  Uckm = QZQu- (5.15)

The Dirac CP phases of the PMNS and CKM matrices can also be determined from this
method. However the Majorana phases cannot be determined from the remnant symmetry
approach. We stress that it is not possible to obtain the unique mixing matrix in the
remnant symmetry approach, but only up to the permutations of rows and columns as it is
not possible to predict lepton masses. In this sense, the remnant symmetry approach allows
us to obtain a manifold of mixing pattern configurations independent of the explicit mass

matrices.

5.2.1. Simple Example for Leptonic Mixing Patterns

We will now apply the machinery above to some interesting cases by focusing on the leptonic
mixing pattern only. Again we assume in this section that neutrinos are Majorana particles.
As we have argued above that the smallest residual symmetry in the charged lepton sector
is given by a G, = <T|T3 = E> & Zs. The bracket notation represents the presentation
of a group generated by the element inside. For a relevant introduction to group theory
particularly in discrete groups we refer the reader to Refs. [189, 194]. Next we need to
specify the basis for the generators. As it will turn out to be useful later, we assume that
G = Z3 is in a basis where the generator in 3-dimensional representation is given by

0 1
p(T)=T35=| 0 0 (5.16)
10

o = O

We denote p for a general representation, and T3 for this special 3-dimensional matrix. The
matrix p(7T) is diagonalized by

1 1 1
1
Qip(T)Q. = diag(1,w?, w) with Qe=Qr=—11]1 ? w |, (5.17)
V3 1 w W?
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and w = €'2™/3. For the Klein group G, one of the generator S of G, satisfying p(S$)? =1
and det p(S) = 1, is given by

1 0 0
p(S)=S;=| 0 -1 o |. (5.18)
0O 0 -1

Due to the degenerate eigenvalues (—1), we still have a two-parameter freedom in the matrix
Q.. It turns out to be useful for classifying our result later if we rotate the diagonal matrix

p(S)

QI p(9)Q, = diag(—1,1,-1)  with  Q, = QuUi3(,9), (5.19)
where
0 1 0‘ cos 6 0 e“sinf
W=|J 0 -5 and  Uz(0,6) = 0 1 0 - (5:20)
% 0 ﬁ —e®sing 0 cosf

The degeneracy of the eigenvalues appears because the S generator only generates a Zs
group with the degeneracy parameterized by a rotation € in the 1-3 space. As we require
three distinguishable Majorana neutrinos, we need the subgroup G, to be the Klein group,
which requires additional generator U with

10
p(U)=Us=—| 0 0 . with  Qf p(U)Qy = diag(—1,—1,1). (5.21)
0 1

o = O

This fixes the value of € to zero. The discrete group Sy = (Ss3, T3, Us) with Ss, T5 and Us
given in our example above generates the famous TBM pattern

Upnins = QUQu = Unps, (5.22)

introduced in Eq. (5.4). Until very recently, this pattern gave a good LO description of
the leptonic mixing matrix. However the recent measurements of a nonvanishing 63 have
strongly disfavored the TBM pattern and to reconcile with this discrepancy, three general
approaches are considered within the flavor physics community:

e Give up on flavor symmetry, which would imply flavor anarchy. We will not discuss
flavor anarchy in details, but rather we will test its goodness-of-prediction against

flavor symmetry in Sec. 5.4.

e Take TBM as starting point and break some residual symmetries with higher order
corrections. This approach will not determine the full mixing pattern, but only partial
mixing angles with certain sum rules. For instance if the remnant symmetry in the
neutrino sector G, is taken to be G, = (S) = Z,, i.e. U generator is broken, then the
leptonic mixing matrix is given by Upyns = UnpsUis(6,6) [195-201]. This mixing
pattern leads to sin? 6y > 1/3 and is known as tri-maximal pattern TM2 [196, 202—
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204]. Similarly we would obtain different sum rules if T" generator is broken. This
approach however only predicts a partial set of mixing angles but can accommodate
the experimental results more easily. A group scan based on this assumption has been
performed in Ref. [193].

e Start with new discrete symmetry group. Instead of breaking the residual symmetries
and losing some predictivities of flavor symmetry group, we start with a (larger) new
discrete symmetry group that generates experimentally allowed LO leptonic mixing
angles. This idea can be generalized to the quark sector and we can chart new ter-
ritories of possible interesting discrete groups. Utilizing this approach is the spirit of
this chapter.

5.3. Charting New Discrete Flavor Symmetries

We will now survey a large group of discrete flavor groups that predict acceptable LO mixing
patterns. First we will focus solely on the leptonic mixing pattern with the assumption that
neutrinos are Majorana particles in Sec. 5.3.1. We then move on to apply our technique to
search for discrete symmetry groups that simultaneously predict LO CKM and PMNS struc-
ture allowed by experimental measurements in Sec. 5.3.2. In Sec. 5.3.3 we will assume that
neutrinos are Dirac particles and perform a scan of discrete groups that predict acceptable
leptonic and quark mixing patterns.

To perform such a large survey we would require the computer algebra program called
GAP [165] with the additional packages such as REPSN [166] to construct representations for
finite groups, and SmallGroups [167] for accessing the subgroups of discrete groups. The
procedure to perform and speed up such a group scan is laid out as follows:

1. We fix the relevant G5, and G, where s; € {e,u,d,v} and look for groups which
contain these two subgroups. For instance if we want to find discrete groups that
explain the leptonic mixing pattern when neutrinos are Majorana particles, G5, =
G. = Z3 and G, = G, = Zy X Zy are good candidates, as mentioned previously.

2. As all the discrete groups (for our purpose) are known and classified, we systematically
look for a group Gy that contains G, and G, as its subgroups in a certain order,
starting with the smallest. In general there are more than one group with the same
order, and for simplicity we follow the ordering of SmallGroups in GAP. For example
we loop from --- — [11,1] — [12,1] — [12,2] — ..., with the first number represents
the order of the group while the second represents the identification of a certain group
in this order. Every discrete group (up to order 1536) in SmallGroups is labeled in
this way.

3. Some group theoretical result can be exploited to speed up the scanning process. For
instance the Lagrange theorem can be used to skip over groups with order which is not
divisible by |Gs,| and |G, |, while the dimension theorem can be utilized to discard
groups with order not divisible by 3. This is because we only consider groups which
possess at least one irreducible 3-dimensional representation of the group generators.
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For our example we skip over groups with order that is not divisible by 4 (order of

Klein group) and 3 (order of Z3).

4. For a specific group, all the 3-dimensional representations for the generators {p, (S;)}
and {ps,(Sk)} are then recorded. The unitary matrices, Qs, and Q,, that diagonalize
the generators are then being multiplied to obtain the desired mixing patterns as
shown in Eq. (5.15). All the matrices with permutations of rows and columns for the
mixing matrices were recorded. In the example, all the 3-dimensional representations
p(U), p(S) and p(T) for generators U, S (Klein group) and T' (Z3 group) are recorded.
With each set of generators for the Klein group, we determine the unitary matrix 2,
which simultaneously diagonalizes both p(S) and p(U). In the same representation, a
unitary matrix €. that diagonalizes the p(7') matrix is obtained. The corresponding
Q, and €2, will be multiplied to obtain a PMNS matrix. We repeat the process for all
the different combinations of €2, and €. obtained from different sets of {p(U), p(S)}
and p(T) respectively.

5. We then repeat process (2) for the next group Gy.

5.3.1. Leptonic Mixing Patterns for Majorana Neutrinos

In Sec. 5.2 we have shown that in order to (up to permutations of rows and columns)
determine the leptonic mixing patterns from pure group theory approach, the most crucial
ingredients are the unbroken remnant symmetries in the neutrino and charged lepton mass
matrices. It is also important that there are three inequivalent 1-dimensional representations
for each sector, such that we have no degeneracy among the generations. As we have argued
above, we require that the neutrino sector possesses a Klein group symmetry Zs x Zs, as
we require three distinguishable generations of Majorana neutrinos. For the charged lepton
sector we require an abelian group. We first consider the smallest relevant Z3 group, and

generalize our search to general finite abelian groups later.

For the case of G, = Z3 X Z3, G, = Z3

We first assume that the charged lepton sector has a Z3 symmetry while the neutrino sector
has a Zy x Zy symmetry, and perform a scan for all discrete groups of size smaller than
1536 using the algorithm above. The total number of 1336749 finite discrete groups (with
an additional group of A(6 - 162)) has been scanned, and only groups which contain the
Klein group and Z3 as their subgroups are kept. All the permutations of rows and columns
for the corresponding PMNS matrices are generated and we order the PMNS matrices with
the smallest 1-3 entry and an additional condition such that the 1-1 entry is larger or equal
to 1-2 entry. This sorting algorithm removes a huge amount of irrelevant and duplicated
matrices.

The flavor mixing angles are extracted from the resulting PMNS matrices and the results
are plotted as black circles in Fig. 5.2. From over one million finite discrete groups that we
have scanned, only three finite discrete groups up to the order of 1535 including A(6 - 162)
can generate the leptonic mixing angles allowed by the experimental values up to 30. The
strongest constraint comes from the recently measured reactor mixing angle 6135. We observe
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n G n G n G n G

4 A(6-42) 9 (Z1g X Zg) x S3 13 A(6-26?) 18 (Z15 X Zg) ¥ Sz
5 A(6-10%) 10 A(6-10%) 14 A(6-142) 24 73 x A(6-8%)
7 A(6-14%) 11 A(6-22?) 15 Z3 x A(6-10?)

8 A(6-8%) 12 Z3 x A(6-42) 16 A(6-162)

Table 5.2.: Interesting groups generated by T3, S3 and Us(n, k = 1) that predict acceptable leptonic
mixing structures. The number n defines the Us(n,k = 1) generator for generalized Klein group.
We observe that only groups of (Z,, X Z,,/) x S3 generate leptonic mixing structure that are favored
by the experiments.

that many of the discrete finite groups with G, = Z3 and G, = Zs X Zy predict leptonic
mixing patterns that lie on a parabola in the mixing angle plane. Note that Fig. 5.2 is a
zoom-in plot where we have ignored mixing angles that lie beyond the plotted region. The
mixing angles lying outside the zoom-in region will be shown in Fig. 5.3. The mixing angles
predicted by TBM are given as the minimum of the parabola. All the groups scanned up
to order 1536 predict solar mixing angle sin?(62) > 1/3.

Can we classify all those discrete groups that lie on the parabola in a simple systematic
way? In Sec. 5.2.1, we had shown that if the Z3 remnant symmetry in the charged lepton
sector is generated by the matrix T3 given in Eq. (5.16), and the Klein group is generated by
the Ss and Us in Eq. (5.18) and Eq. (5.21), the resulting mixing matrix is a TBM as shown
in Eq. (5.22). It turns out that all the new mixing patterns in Fig. 5.2 can be parameterized
as

1
Upmns = UnpsUis(6 = 3 arg(z),0 = 0), (5.23)

with Ujs defined in Eq. (5.20), i.e. they are all just TBM matrix rotated with certain angle
in 1-3 angle plane. This result can be understood as a misalignment between the remnant
symmetry 73 in the charged lepton sector and the “generalized” Klein group generated by
S3 and Us(n, k = 1) in the neutrino sector, with

1 0 0
Us(n,k)=—1 0 0 2z |, with z,,=e* /" k<neN. (5.24)
0 Z;;,k 0

We think of Us(n,k = 1) as one of a generalized generator for the Klein group. Note that
the awkward notation k will be useful for Sec. 5.3.2. It is easy to see that for any |z| = 1,
we have [S3, Us(n, k = 1)] = 0 and Us(n, k = 1)? = 13 and therefore the group generated by
S3 and Us(n, k = 1) is always a Klein group. The leptonic mixing pattern generated by T3,
S3, and Us(n,k = 1) has to be of the form given in Eq. (5.23) with z, y=; parameterizing
the rotation away from TBM. Note that (z,x=1) = Z, is a cyclic group. Different nth
root of z, j will in general generate different leptonic mixing angles according to Eq. (5.23),
with the results shown in Fig. 5.2. We list down the names of the groups generated for
n =4,...,16 in Table 5.2. From a first glance one might be tempted to think that all of
the interesting groups on the parabola can be classified as A(6 - n?) [205, 206], however the
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Figure 5.2.: The leptonic mixing angles determined from group scan up to order 1536 are plotted in
black circles. The red dots represent the mixing angles determined from the generator Ss3, T3 and
Us(n, k = 1), with the red labels represent the integer n for generator Us(n, k = 1). The interpolating
parabola is colored according to the value of 8 as defined in Eq. (5.20).

correct classification should be of the form of (Z,, x Z,/) x S3, which we will discuss shortly.
The predictions for mixing angles using our classification are calculated to be

] V2cos(2 —Z) 1 /2sin(Z —I) )
|Upmns| :% V2cos(F+Z) 1 V2sin(5+Z%)|, for sin?(fa3) > X (5.25)
V2sin(Z) 1 V2cos(Z)
1 ﬁcos(ﬁ -5 1 \ﬁsin(E - )
or =—4= V/25sin(T) 1 V2cos(Z) . for sin?(fa3) < 7 (5.26)
V3 V2cos(24+Z) 1 2sin(Z 4+ I)

Note that we consider only the absolute value of the resulting matrices shown in the form
above. The result is shown (red dots) in Fig. 5.2 with the relevant result shown in Table
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n G GAP-Id sin2(012) sin2(913) sin2(923)

) A(6-10%) [600,179]  0.3432 0.0288  0.3791/0.6209
9 (Zig X Zg) x Ss [648,259]  0.3402  0.0201  0.3992/0.6008
16 A(6-16?) n.a. 0.3420 0.0254  0.3867/0.6134

Table 5.3.: Mixing angles predicted by interesting groups which are compatible with 3¢ experimental
results are shown. The group identification function in SmallGroups is not available for group with
order 1536.

5.3, and all of them agree with our simple classification. Some of the groups such as A(96)
(n =4) and A(384) (n = 8) have been obtained before in [192], however they do not predict
acceptable mixing angles and hence are of no further interest. All the groups restricted to
those shown in Fig. 5.2 predict dcp = m or 0. The parabola depicted in Fig. 5.2 will be
densely covered for groups with arbitrary size. The mixing patterns corresponding to n = 5,
n =9 and n = 16 predict experimentally favored leptonic mixing patterns.

For the case of G, = Z3 X Z3, |G| > 3

We now relax the condition on the charged lepton subgroups by allowing G. to be any
abelian group which is a subgroup of Gy. We keep the Klein group for Majorana neutrino
sector. As the number of groups are larger due to the less constraining assumption, a
complete search to large order of groups is computationally expensive. Therefore, we have
restricted our scanning process of all the discrete finite groups Gy only up to order 511. The
result is shown in Fig. 5.3 and to our surprise, only the leptonic mixing patterns predicted
by finite modular groups and their subgroups [192] are obtained. Note that in general other
groups which lie outside the region shown in Fig. 5.2 do give nontrivial Dirac CP phases,
unlike those predicted by (Z, X Z,/) x Ss.

Can we understand heuristically why from all the discrete groups up to order 1536 scanned
above, only those with (Z,, x Z,/) x S3 predict acceptable leptonic mixing angles? It turns
out that we can naively expect that most of the groups that can yield experimentally favored
mixing patterns have the form of TBM, as TBM already provides a relatively good starting
point for LO mixing angles compared to other finite modular groups such as Az, PSL(2, Z7).
From the group structure, the group (Z, x Z,/) x 83 can be broken into

(Zn X Zn’) X S3 y (527)
—_— =~
! |
ZQ X Z2 ZS

where we can observe that the resulting deviation from TBM described by the parabola in
Fig. 5.2 stems from the misalignment of the generalized Klein group and Zs. Of course the
actual breaking of (Z,, x Z,,») X S3 is more involved than what we have shown in Eq. (5.27),
and the reader should take such a naive argument as an idea on how the discrete groups are
broken in such a way that we obtain a deviation pattern from TBM.
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Figure 5.3.: Mixing patterns obtained from G up to order 511 by considering all the abelian sub-
groups for G.. We also plotted the mixing patterns obtained from groups with G, = Z3 for the
sake of comparison, shown in black dots. Only the mixing patterns predicted by finite modular
groups and their subgroups are obtained for |G| > 3 [192]. The mixing patterns from G, = Z3
outside the parabola are also generated by finite modular groups (e.g. As, PSL(2,Z7)) and their
subgroups. Nontrivial Dirac CP-phases are predicted for some of the discrete groups lying outside
of the experimentally 30 range.

5.3.2. Leptonic and Quark Mixing Patterns from Unified Symmetries

In this section we extend our scanning algorithm to search for discrete groups that predict
acceptable LO quark mixing angles. The Cabibbo angle 6. is of similar size as the reactor
mixing angle 013 ~ 6./v/2 ~ 9.2°, therefore it would be interesting if all the leptonic and the
Cabibbo angle are produced at LLO as a result of remnant symmetries from the breaking of
a common discrete group. Since other angles in CKM matrix are smaller than the Cabibbo
angle, we can assume that they are obtained as a result of NLO corrections. From the finite
discrete groups with order less than 1536 in Sec. 5.3.1, only three interesting groups predict
LO leptonic mixing patterns within 3¢ of current best fit. Since we are looking for discrete
groups that can predict both the LO leptonic mixing angles and Cabibbo angle, perhaps
these three groups, namely A(6-10?), (Z15 X Zg) x S3 and A(6 - 162), could provide a good
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n Gy GAP-Id sinf  type

5 A(6 - 10?) [600, 179] 0.156 1
0.309 1I

9 (Z18 % Zg) % S3 (648, 259 0.259

16 A(6 - 162) n.a. 0.195 1

Table 5.4.: LO Cabibbo angles sin@ generated by flavor groups up to order 1536 compatible with
experimental results are shown. Type I and II refers to different breaking of Gy into residual
symmetry groups (see Sec. 5.3.2).

starting point for us to look for their predicted LO Cabibbo angle. By searching all the
abelian subgroups contained in these three groups, all the LO CKM matrices obtained are
in the following form:

cosf sinf 0
Uckm = —sinf cosf® 0 |. (5.28)
0 0 1

The values of sinf are given in Table 5.4 and the form may be compared to the the CKM
experimental values in Eq. (5.2). We also extend our searches to find generic G¢ that can
predict three different mixing angles in the quark sector at LO, however no such group
has been found. We conclude that no discrete group can predict three distinguished LO
CKM mixing angles, as a consequence the Dirac CP phase for the CKM matrix cannot be
determined from this approach.

We will now classify our result for the quark mixing patterns in group theory language
analogue to the leptonic mixing patterns in Sec. 5.3.1. From the searches, we found two
different types of residual subgroups which are relevant. From Eq. (5.28) with the LO CKM
matrix, the intersection between G, and Gy must be nontrivial, otherwise there would be
full 3 x 3 mixing as in the leptonic case. It turns out to be useful to pick S as the generator
for the intersection. As a result, we found 2 types of remnant symmetries generated by:

e type [:

e type II:

Gd = (S,U(n,p)> = ZQ X ZQ,
Gy = (S, (U(n,m)T?)*(U(n,m)T)?U(n,m)) = Zy x Zs.

where the 3-dimensional irreducible representations for S, 7' and U(n,p) are defined in
Eq. (5.18), Eq. (5.16) and Eq. (5.24) respectively. Observe that abelian groups of order 4
play an important role in predicting the acceptable Cabibbo angle.

Let us discuss the case of type I residual symmetries. The LO CKM matrix in Eq. (5.28) is
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obtained from the breakdown of G’y down to residual subgroups G4 = (S,U(n,m)) = Zyx Z
and G, = ((ST)*TU(n,p)) = Z4, with m # p. The element ((ST)*TU(n,p))? = S belongs
to both G4 and G, as it is the generator for the intersection. The generator of the group
G, is given by

1 0 0
Rs(n,p) = p((ST)*TU(n,p))=| 0 0 —znp (5.29)
0 2,, O

with 2, defined in Eq. (5.24). In a same unified group Gy, typically a different nth root in
Eq. (5.24) and Eq. (5.29) is required to generate experimentally favored leptonic and quark
mixing matrices. For example, if we choose 2, ,, in Eq. (5.24) and z,), in Eq. (5.29), the
LO CKM matrix

14+ ie—?ﬂi(m—p)/n 1— ie—?ﬂ'i(m—p)/n 0
1 . .
Uckn =000, = 5 | 1—iemm R 1 emrmitmnn o | (5.30)
0 0 2

is generated by

0 0 V2 . 0 0 V2
Qu - 2'627rip/n _Z'627rip/n 0 , Qd - e27r7lm/n _e2m'm/n 0

V2 1 1 0 V2 1 1 0
(5.31)

where Q, diagonalizes R3(n,p) while €y diagonalizes S3 and Us(n,m). The resulting
Cabibbo angle can be expressed as

sinf = ;\/2 — 2sin (W) (5.32)

For case of type I, the interesting cases shown in Table 5.4 correspond to (n =5,p=1,m =

2), (n=9,p=1,m=4) and (n = 16,p = 1,m = 2), respectively. Since G, and G4 have
a nontrivial intersection, the full flavor group generated by the elements of G, and Gy is
not Gy, but rather a subgroup of U(2), depending on the values of n, p and m. The three
groups generated by (n =5,p=1,m=2),(n=9,p=1,m=4) and (n=16,p=1,m = 2)
are isomorphic to (Z1g9 X Z2) X Za, (Zg X Z3) X Zs and QDs35°, respectively. See Ref. [189)]
for a comprehensive review on the groups described above. For the case of type II, applying

the analogous methods and arguments above we find

cos <7T(m_4p)> ‘ : (5.33)

n

sinf =

where only A(6 - 10?) predicts acceptable Cabibbo angle prediction, shown in Table 5.4.
The corresponding subgroup is generated by (n = 5,p = 1, m = 1), which is a Dyg, dihedral
group of size 20 [207].

3The quasi-dihedral group of order 32.
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The structure of the LO CKM mixing (5.28) stems from symmetry breakdown to the
remnant symmetry subgroups of type I and type II, which are all abelian groups of order 4.
The groups A(6 - 102), (Z1s x Zg) x S and A(6 - 162) are all of the form (Z,, x Z,/) x S3,
where they are generated by:

Zn 2 ((ST)*(U(n, )T)"T),
Zy 2 A{(STSU (n, 1)T?U (n, 1)T?U (n,1)TU (n, 1)),
S3 = (R, T?’R'TR’), with R’ = (U(n,1)T?)*(U(n,1)T)*U(n,1). (5.34)

Using this structure, one can work out the mathematical structure of the groups. Is there
a heuristic way to understand the origin symmetry breaking to type I and II subgroups? It
turns out that from the examples we have studied above, the groups of type I and II are
subgroups of type (Z,, X Z,) X Zs, which are always subgroups of (Z,, X Z,/) x 83 with
n) > m). One of the Z,, can be trivial, e.g. the dihedral group. Schematically we can
understand the flavor symmetry breaking as follows

(Zn X Zn’) X 83 . (535)
—_— =

! |
Zm X Zm/ Z3

We remind the reader that discrete groups that predict acceptable leptonic mixing angles
in Sec. 5.3.1 are always in the form of (7, x Z,/) x Ss, given in Eq. (5.27). Therefore the
1-2 mixing structure of Eq. (5.28) is always a by-product from the leptonic flavor symmetry,
i.e. the Cabibbo angle always comes for free in the remnant symmetry approach, provided
that we consider group of type (Z, X Z,/) x S3. Of course we would need to choose a
flavor group G wisely to find the one that predicts both LO CKM and PMNS closer to
the experimental values. One might ask whether it is possible that Gg € G = (Ge, G,)
but rather as subgroup of yet larger group Gy = (Gg,Gr). However, from all the discrete
groups that we have found, Gg is always a proper subgroup of G;, = G, and hence an
extension to larger group is not necessary. The group generated by G, and Gy is not Gy
but typically a smaller proper subgroup Gg C Gy. As all the groups we have scan cannot
predict three distinguished quark mixing angles which are experimentally acceptable, it is
better to think that the 3-dimensional representation 3 of Gy is always decomposable into
3 = 2+1, where the doublet 2 of G is responsible for generating the Cabibbo angle®. This
scenario should be kept in mind when we look for quark mixing angles using the remnant
symmetry approach.

As we have seen above we can only obtain one mixing angle in the quark sector from
our approach. Having Eq. (5.28) as a LO CKM matrix is better than having no mixing
angle, i.e. a unit matrix, as we only require small NLO corrections to obtain the correct
CKM matrix. NLO corrections of the order of U, ~ )% ~ 0.04 are needed if we have a LO
prediction of the form in Eq. (5.28). Compared to the case of Ay where only Ucky = 13
is predicted at LO, the NLO corrections have to be of the size U,y ~ A¢c = sinf,. ~ 0.22,
which is large.

4Remember that doublet mixing is described by only an angle.
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Gy GAP-Id  {G.,G,} {Gg4,G,}  sin®(f12) sin(013) sin?(fs) sind
A(6-5%) [150,5]  {Z10, %5} {Zi0,Z10} 03428  0.0289  0.6217  0.309
0.3428 0.0289 0.3794

N(3-33) %2y, [162,10] {Zs, Zo} {Zs,Zs}  0.3403  0.0202  0.6013 0.5
(Zg X Zg) bell 83 [162, 12} {Zl& Zg} {Zlg, Zlg} 0.3403 0.0202 0.3996
(162,14]  {Z1s,Z3} {Z1s, Z1s}

Table 5.5.: Lepton mixing parameters and LO Cabibbo angles predicted by finite discrete groups of
order 150 and 162. We show also the smallest generators for relevant {G,.,G,} and {G4,G,} in the
middle columns.

As a quick summary for this section: We systematically scanned for groups that can
predict experimentally acceptable leptonic mixing patterns with the assumption of Majorana
neutrinos. From over one million groups, only groups of type (Z,, X Z,/) x S are interesting
and they also predict decent LO Cabibbo angles in the quark sector. Those discrete groups
might provide an interesting opportunity for model building.

5.3.3. Leptonic Mixing Patterns for Dirac Neutrinos

In this section we drop the Majorana assumption for neutrinos and assume that they are
Dirac particles, as a priori we have no evidence that neutrinos are of Majorana nature. Like
previous section, we scan for the smallest finite discrete group that can yield experimentally
favored quark and leptonic mixing patterns by assuming that neutrinos are Dirac particles.
As we have previously mentioned in Sec. 5.2, the residual symmetry group of neutrino masses
may now be an arbitrary abelian group, when we dropped the assumption of Majorana
neutrinos. As the amount of group is large and we cannot utilize Lagrange theorem to skip
some of the groups, we only perform a scan for all the abelian subgroups of discrete group
Gy up to the size of 200. It turns out that the two smallest discrete groups interesting for our
purpose are of the order of 150 and 162, with the resulting structure of the relevant remnant
groups given in Table 5.5. The 3-dimensional generators for the relevant groups are given
in Table 5.6 where we gave the smallest relevant subgroups {G.,G,} and {G,, G4} that
can predict acceptable PMNS and CKM mixing parameters. One can ignore the Cabibbo
angle if one is only interested in the smallest discrete flavor group that can yield acceptable
leptonic mixing patterns by assuming that neutrinos are Dirac particles. For the first time,
the discrete groups that predict acceptable LO leptonic mixing angles with Dirac neutrinos
and CKM matrix up to order 200 are completely charted.

Let us discuss some interesting properties of the found groups. To be concrete, we focus
on the group A(6 x 52) as an illustrative example’. The group A(6 x 52) may be generated
by

A= (TU(5,1)*T? — B=(U((5,1THU(5,1), (5.36)

*Note that the group A(6-5?) is also discussed in Ref. [208], however they only consider a Z» as one of the
residual subgroup, which will not give full leptonic mixing angle predictions.
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Gy [GAP — Id] Generators of subgroups

o

0 (—1)3/5 0 (-1)*° 0 0
A(6 - 5?) (Ge,Gy) = < 0 0 =1 |, 0 0 Y-1 >
—/—1 0 0 0 -1 0
(-1)%5 0 0 (—1)3/5 0 0
[150, 5] (Gu, Ga) = 0 0 —(=1)** 0 0 (—=1)%/° >
0 _(_1)4/5

$(3-3%) % Z» (Ge,G.) =

(162, 10] (Gu,Ga) =

(Zg X Zg) X 83 <G5,GV> =

[162,12]

0
(—1)%/° 0 0
0 0 (_1)8/9 (_1)5/9
0 (1% = (=1)°? >
—(=D¥° 0
0 0 (—=1)>/°
(Zo % Z3) x S3 | (Ge,G.) = 0 —(=1)¥° 0 ,
(—1)%/° 0 0
0 J—1 - (—1)¥° 0
[162, 14] 0 0 (—=1)4/° >
=1 — (—=1)¥/° 0 0
0 0 (—1)%/°
(Gu,Gq) = 0 (—1)%/° 0 ,
(—1)%/° 0 0
0 0 —(—1)8/?
0 (—1)%/° 0 >
(=1¥° = (=p*” 0 0

Table 5.6.: The relevant group generators for each group listed in Table 5.5 that predicts acceptable
mixing patterns with the assumption of Dirac neutrinos are shown.

where again we remind the reader that the 3-dimensional irreducible representations for S, T’
and U(n,p) are defined in Eq. (5.18), Eq. (5.16) and Eq. (5.24) respectively. After breaking
the flavor symmetry to subgroups G, = (4) = Z3 and G, = (B) = Z;p, the PMNS mixing
angles of the first line in Table 5.5 are realized. Analogously the Cabibbo angle can be
obtained from the breakdown to G4 = (A?B3A%B?) & 7}y and G, = (ABA?BA%B3A) =
Z19. Now comes the interesting part, subgroups of type I and II are constructed from
generators of A(6-102) (see Sec. 5.3.1), and therefore A(6-52) is a subgroup of A(6-10?). Both
discrete flavor groups predict the same PMNS matrix, despite that the remnant symmetries
in the mass matrices are different. The only difference is that we have assumed that neutrinos
are of Majorana nature in Sec. 5.3.1, and the group A(6-10?) is the smallest one that predicts
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acceptable leptonic mixing patterns in 3o region. By dropping the Majorana assumption and
allowing for Dirac neutrinos, the order of G is reduced by a factor of 4, while retaining the
same leptonic mixing pattern prediction. This observation indicates that the leptonic mixing
pattern does not depend on whether neutrinos are Dirac or Majorana particles (i.e. whether
Zo x Zy C Gy or not), but rather on the representation of the group generators. Our results
indicate that different subgroups can give rise to the same mixing patterns, independent of
the nature of neutrinos. The same argument also applies for (Zg x Z3) x S3 and X(3-3%) x Z3
as these groups are subgroups of (Z13 X Zg) x S3. Interested reader can use the relevant
group generators in Table 5.6 for model building. All the interesting groups in Table 5.5
predict a trivial Dirac CP phase in the leptonic sector, as in the case when neutrinos are
Majorana particles.

Combining the argument above and the results in Sec. 5.3.2 and Sec. 5.3.1, we conclude
that only groups of type (Z, x Z,/) x S3 can predict LO leptonic mixing patterns which
are experimentally favored, if the discrete flavor symmetry group Gy is broken in such a
way that remnant symmetries in the leptonic masses are preserved, independent of whether
neutrinos are of Dirac or Majorana nature. Additionally we can obtain the LO Cabibbo
angle from groups of type (Z, x Z,/) x S3 as by-product if the size is sufficiently large,
as we have pointed out in Sec. 5.3.2. All of the interesting groups predict a trivial Dirac
CP phase for the case of lepton mixing, which is already in mild tension with the recent
T2K experimental data [209, 210]. Future experiments will shed further light on the fate of
discrete symmetry.

5.4. Flavor Symmetry Versus Anarchy

The core of this chapter centered upon the search for new discrete groups that can predict
acceptable LO mixing patterns for the lepton and quark sector. So far to be able to explain
the experimental results, all the qualified discrete groups are found to be large. As larger
flavor groups generically have many different abelian subgroups, very large flavor groups
should be able to be reproduce any sort of mixing patterns. From the aesthetical point of
view, one should prefer to start from a small flavor group to explain the mixing patterns,
which is usually less cumbersome from a model building point of view. However, as we
have seen from our scan in Sec. 5.3, only groups with order larger than 100 can predict
experimentally favored leptonic and quark mixing pattern at LO. These groups are generally
large compared to the simple A4 or S4 and one may wonder what is the difference between
building models from such a large group and an anarchical [180-182] approach by randomly
drawing three angular values from the Haar measure’.

In this section we aim to compare the predictivity of discrete flavor symmetry approach
and the anarchical approach with a quantitative measure, i.e. we want to test the goodness-
of-prediction of flavor symmetry against anarchy. We will not provide a mathematically
rigorous analysis like Bayesian model selection, but rather we suggest a physically intuitive
measure to quantify our test. Essentially we want to reward groups which can predict
accurate experimental values, while punish them if their size is getting larger. That is, we
do not prefer a large group which can predict everything. We assume that the LO quark and

5See also Ref. [211, 212] for a critical remark on anarchy approach.
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Figure 5.4.: The distribution p(Gy) is plotted for groups Sy(left) and (Zig x Zg) x Sg(right). The
width of Gaussian Distribution in 1o deviation is plotted in green. The blue (red) region represents
the 30 global fit region for the leptonic (quark) mixing pattern. The small group Sy predicts less
mixing angles and requires large NLO correction to cover the experimental values, while larger group
(Z1s X Zg) x Ss generates more mixing patterns and requires smaller NLO correction.

lepton mixings are determined from mismatched remnant symmetries, where we take each
possible LO mixing pattern predicted by a discrete flavor group to be equally probable, i.e. all
the predictions of QLQSQ including all the permutations of rows and columns are equally
probable for a chosen discrete group. NLO corrections are assumed to be randomly scattered
around the LO values, such that the mixing angle predictions from discrete flavor groups
should approach the experimental values at NLO uncertainties. This is well motivated from
a model building perspective as typically we have numerous higher-dimensional operators
contributing to NLO corrections’. The comparison of CP phases is discarded as the leptonic
Dirac CP phase is not measured while the CKM CP phase is not predicted in the remnant
symmetry approach.

We remind the reader that we work in the coordinates 0‘113 = cos? 013, 3%2 = sin? 615 and
52, = sin? 93 for which the invariant SU(3) Haar measure is flat, see Eq. (5.5). Under
the anarchy hypotheses, each point in the selected angular coordinate space is uniformly
distributed:

pdV = 1y 1ppdefzdsTydsss. (5.37)

In this sense, the anarchy hypothesis acts as a flat prior in Bayesian statistics. Let us com-
pare it with the case of flavor symmetry. Without NLO corrections, the discrete flavor group
would predict a sum of Dirac delta functions pdV = 3", 6@ (Z — #;)dcl;ds?yds2; centered
about all the possible LO predictions #; = (c‘l{g, 3%2, 333)T generated by misalignment of all
possible remnant symmetry groups. The LO predictions must either be accepted or rejected

"In typical models (e.g. [16, 18, 213, 214]), usually these higher-dimensional operators will break the remnant
symmetries. However, we stress in some models the structure of NLO corrections are predictive [203, 215],
which is usually the case when additional structure such as supersymmetry is included in the theory.
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when compared to the experimental values. But since we expect that the NLO correc-
tions exist and they are randomly distributed around the LO predictions, for simplicity we
parameterize the NLO corrections as 3-dimensional Gaussian distribution

) (T — ;)*
_ _ i 5.38
p; = exp [ | (5.38)
centered around the ith LO mixing, i.e. we have
prdV = E pgf)dc‘des%stgg (5.39)

as the probability distribution for a discrete group Gy to predict NLO mixing patterns. The
variance of the Gaussian distribution is given by

0% = Min(0gxy) + Min(opyns), (5.40)
i.e. we take the the quadratic sum of the shortest distance
Min(ockm/pyng) = inf | % — Zoxm/puns |, (5.41)

between the best fit CKM angles Zcxnv and PMNS angles Zpying to a LO prediction of the
group. We need to normalized the distribution p; of a discrete group Gy by integrating
the sum of p}i) and dividing it by the total volume. Let us explain our approach in more
details, we assume that for each discrete group, all its mixing angle predictions are generated
on the angular coordinate space. Once the points are given, we then look for the shortest
distance between one of the points to the experimental points and treat this distance as
the NLO corrections. The shorter the distance is, the smaller the NLO corrections should
be, such that the LO + NLO prediction of a certain discrete group should be within the
error of experimental values. For illustration in Fig. 5.4 we show the p; distribution for the
group Sy and (Z1g X Zg) X S3 in the angular coordinate space. The small group Sy predicts
less mixing angles and requires large NLO correction (o) to cover the experimental values,
while larger group (Z1g x Zg) x S3 generates more mixing patterns and requires smaller
NLO correction. The model building community members who favor large discrete groups
usually argue that such large groups are better, as their LO predictions are accurate and
the required NLO corrections are smaller (shorter distance); while those who favor small
discrete groups will argue the other way round, claiming that such large groups predict
better LO value because they simply just “fill up” the angular coordinate space. It is our
task to quantify this problem and tackle it in meaningful way.

We introduce a measure of predictivity with the integration of py within the 3o region
from global fits of experimental values Veyp:

M(Gf)E /pf(cil373%27333)d0113d3%2d3§37 (5.42)
chp

as a measure for goodness-of-prediction in mixing angles up to the NLO correction by a
particular flavor symmetry group. For our example we have calculated u(Sy) = 1.8 x 1073
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Figure 5.5.: The goodness-of-prediction p(Gy) for discrete flavor symmetry groups Gy is plotted.
1((Z1s x Zg) x S3) is the discrete group that predict the closest experimental values. p(Gy) for
anarchy is represented by a black square in the plot. Groups that are relevant for our analysis are
highlighted.

and p((Z1gx Zg) xS3) = 4x1073. The larger group that needs smaller NLO corrections beat
smaller groups that require larger NLO corrections. The absolute value of ;1(Gf) alone has no
intrinsic meaning, rather it serves as a comparison yardstick for the goodness-of-prediction
between different flavor groups. Groups that predict values far from the experimental results
have smaller values of ;1(Gf). The goodness-of-prediction for each discrete group up to the
order 200 and other larger interesting groups identified in Sec. 5.3.1 are plotted with blue
points in Fig. 5.5. Some of the groups yield the same ;(G¢) as the lower order group, this
is usually the case when the lower order group is their subgroups. For example S X Z5 and
S4 X Z3 yield the same value of ;(Gy) as S4. From our construction, groups with higher
values of u(Gy) predict better mixing patterns. However here is the catch, even though
larger groups tend to predict better mixing patterns, their larger order would in general
reduce or “dilute” the value of u(Gy). From Fig. 5.5 we see that A(6 - 16%) yields a lower
value of ;(Gy) than (Z1s x Zg) x S3 and A(6 - 10?), even though A(6 - 16%) predicts better
mixing pattern compared to the experiments. Essentially as the group gets too large, it will
be punished for every other wrong “prediction” generated. Therefore an optimal discrete
group should be predictive (generates the best LO mixing patterns) and simple (small and
easy for model building). By this measure the group (Z1g X Zg) x Ss is the most predictive
for groups smaller than 1536.

We can now pitch the discrete groups against the predictivity of anarchy

p(anarchy) = / Lo dejsds?adss; = 3.22 x 1074 (5.43)
Vexp

which as our measure has shown, anarchy turns out to be the least predictive theory. Any
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Figure 5.6.: The goodness-of-prediction p(Gy) for discrete flavor symmetry groups G is plotted,
with only the leptonic mixing patterns considered.

flavor theory should certainly be more predictive than anarchy, as anarchy essentially “pre-
dicts” every point in the mixing space. Neglecting the CKM contributions, a similar plot in
Fig. 5.6 can also be obtained with o2 = Min(al%MNS), i.e. we only consider the predictivity
of discrete groups in the leptonic sector. The resulting ;(Gy) for each flavor group follows
the same trend as in Fig. 5.5. Notice that by combining different subgroups of a fixed G; in
pairs, we essentially give up the information on the nature of neutrinos, otherwise we only
restrict the subgroups to Klein group if this additional assumption is made.

One might argue that the our measure of NLO given in Eq. (5.40) is not the best one,
as the variance of the Gaussian distribution defined in Eq. (5.40) is arbitrary. Typically
the NLO corrections to the leptonic mixing angles are of the order of o = A2, = sin”6, or
o = A}. The result of (G) obtained with these assumptions is plotted also for the sake of
comparison, and the only significant changes in Fig. 5.5 and Fig. 5.6 stem from the group Sy,
A(6-42), A(6-52), (Zg x Z3) 1S3 and X(3-33) x Z3. The deviations result from larger volume
covered by the integration due to narrower Gaussian spread. With o = A%, the width of the
Gaussian distribution is larger, making smaller groups which predict next-to-best mixing
patterns to yield higher values of ;(Gy). However, the Gaussian spread is too narrow for
the case of 0 = )\‘é, hence only groups that predict very accurate LO leptonic mixings will
generate higher y(Gy) values. In fact, u(Gy) for anarchy is higher than certain groups such
as Sy and A(6-4?) in this case. The decreasing p(Gf) w.r.t. the increasing size of the group
agrees with our intuition that larger groups tend to generate smaller p(G¢) values, as more
combinations of the mixing patterns can be generated by larger groups. While we admit
that our measure is not unique and not rigorous, it is to our knowledge, the first attempt
to quantify such a problem and address it in an intuitive physical way.
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5.5. Summary

In conclusion, we have performed a class of systematical searches for finite discrete groups
which predict experimentally favored mixing patterns for the leptonic and the quark sector.
Our approach only relies on the residual symmetries in the fermionic mass matrices and is
model independent. By assuming that neutrinos are Majorana particles, we have scanned
all the discrete groups up to the order of 1536 and only three groups, namely A(6 - 10?),
(Z18 x Zg) x S3 and A(6 - 162) can generate LO leptonic mixing angles within 30 region
of global fits. Furthermore they can also generate sizable Cabibbo angle which is close to
the experimental value. While for the case of Dirac neutrinos, all the discrete groups up
to the order of 200 have been surveyed and only three groups listed in Table 5.6 can give
rise to acceptable leptonic and quark mixing patterns. Those groups are subgroups of the
groups found in the Majorana case, leading us to conclude that mixing patterns predicted
by discrete groups are independent of the nature of neutrinos, whether they are Majorana
or Dirac particles. All of the interesting groups found predict a trivial Dirac CP phase in the
leptonic and quark sector, with the prediction of leptonic case to be the most interesting,
as it can be confirmed or ruled out in the future experiments. All the group theoretical
classifications have been carried out for our interesting groups, and we conclude that only
groups of type (Z,, x Z,s) x S3 are relevant as a new starting point for model building with
flavor symmetry. And finally we have provided a measure to test the goodness-of-prediction
for flavor symmetry against the anarchy hypothesis, with the relatively unknown group
(Z1g % Zg) x Sz stands out to be the most predictive.
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Conclusion and Outlook

In this thesis we have focused on the theoretical puzzles in the Standard Model (SM),
namely the separation of fundamental scales and the flavor puzzle. We have provided some
possible solutions to solve both puzzles, guided by the principle of symmetry. Regarding
fundamental scales in high energy physics, the large separation of 17 orders of magnitude
between the electroweak (EW) and the Planck scale is known as the hierarchy problem. We
have provided two aspects of naturalness, namely the subjective naturalness and technical
naturalness, and carefully formulated the hierarchy problem in this context. Given that
generic predictions from traditional approaches to solve the hierarchy problem, be it super-
symmetry, extra dimension or partial compositeness, have not appeared at the LHC or any
other experiment, new ideas and their phenomenologies must be considered.

In the first part of our thesis we have introduced the concept of classical scale symmetry,
which could serve as a possible solution to the hierarchy problem. If classical scale symmetry
is manifest in nature, its anomalous nature could provide a mechanism to generate the EW
scale radiatively. In general there are two ways to generate the EW scale via this anomalous
scale symmetry breaking mechanism: either perturbatively with the Coleman-Weinberg
mechanism or nonperturbatively through a strongly coupled sector, as we have shown in
Sec. 2.6. We have focused on the nonperturbative EW scale generation in this thesis and
classified the models which implement this idea into two classes; direct and indirect scale
transmission. We have presented a model for each of these approaches.

In Chapter 3 we utilized the direct scale transmission approach to explain the EW scale
from dimensional transmutation of a strongly coupled sector that is well known, namely the
QCD. We have extended QCD minimally by only one scalar particle charged under a higher
representation of QCD. Due to the running of the strong coupling, the new scalar particle
forms a condensate at the TeV regime and generates a condensation scale which triggers the
EW symmetry breaking (EWSB) dynamically. With this minimalistic scenario, the mass of
the new scalar particle is bounded from above due to the perturbative renormalization group
equation (RGE) constraint. Our model is predictive as the parameter space is constrained
by the principle of classical scale invariance. The new QCD scalar particle can be probed
by searching for four jets events due to the decay of the condensate pair, while the sizable
coupling term for the SM Higgs with the colored scalar can influence the Higgs production
cross section in the gluon fusion channel significantly. Furthermore the colored scalar sector
in our model possesses an accidental U(1) symmetry, which yields interesting phenomenology
particularly in the signal strength of Higgs decaying into two photons, if the accidental
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symmetry is identified with the abelian gauge group of electromagnetism. The existence of
Landau pole for the colored scalar quartic coupling could signal a need for more realistic
models, which could also reconcile the dark matter (DM) problem and explain the origin of
neutrino mass. For instance we could introduce additional fermions charged under higher-
dimensional representation of QCD to alter ameliorate the Landau pole problem, while
providing a good DM candidate. We leave this exciting possibility for future work.

As for the indirect scale transmission mechanism to generate the EW scale, we have
proposed a model in Chapter 4 with a hidden sector and three flavors of dark fermions
charged under the fundamental representation of a new SU(3) gauge group, similar to QCD.
A scalar singlet mediator, which couples to the hidden sector via Yukawa interaction with
the dark fermion and the SM via the Higgs portal, is introduced. The chiral symmetry
of the dark fermion sector is spontaneously broken once the gauge coupling in the hidden
strong sector becomes nonperturbative due to RGE. As a consequence mesonic condensates
are formed and subsequently the scalar mediator obtains a nontrivial vacuum expectation
value (VEV), which triggers EWSB when this VEV is transmitted to the Higgs sector.
Due to spontaneous chiral symmetry breaking, dark pions in the form of pseudo Nambu-
Goldstone bosons can serve as good DM candidates. We utilized the Nambu-Jona-Lasinio
(NJL) approach to calculate the relevant masses and couplings for the scalars and the DM.
The advantage of utilizing such a QCD-like model is that we can scale up all the massive
NJL couplings from ordinary QCD. As NJL relates the relevant couplings and masses of the
theory, the parameter space of our model is very restrictive, where the resulting DM direct
detection cross section and the predicted mass can be probed or ruled out by the future
XENONIT and LUX experiments. Our model serves as a prototype for model building
along the line of indirect scale transmission from a classically scale invariant theory, and
further extensions to explain the neutrino mass, or the asymmetry of matter over antimatter
have not been charted, which could provide an interesting opportunity for us to investigate
further.

In Chapter 5 we tried to provide a solution to the flavor puzzle in the leptonic and quark
sector based on the approach of discrete symmetries. With the discovery of a nonzero re-
actor mixing angle in the leptonic sector, simple discrete groups such as A4 are strongly
disfavored and it is necessary to search for new discrete flavor groups which can yield ex-
perimentally compatible mixing patterns. The crucial ingredient for a successful prediction
of leading-order (LO) leptonic mixing angles from a discrete flavor symmetry relies on the
residual symmetries which remain in the mass matrices of the charged lepton and the neu-
trino sector. Omnce the residual symmetries in the mass matrices are identified, the LO
leptonic mixing matrix can be obtained without an explicit model. We have systematically
searched all the discrete flavor groups up to order 1536 that yield acceptable leptonic mixing
angles if neutrinos are Majorana particles. It turns out that from over a million discrete
flavor groups, only three can explain the experimental values. The success of these three
groups can also be extended to the quark sector, where acceptable LO Cabibbo angle can be
obtained. Furthermore we have also perform a group scan for the case when neutrinos are
Dirac particles, and all discrete groups up to order 200 are charted. It turns out that those
groups which generate mixing patterns compatible with experiments are subgroups of those
three interesting groups found for the case of Majorana neutrinos. Our result implies that
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the mixing patterns generated by discrete flavor symmetries are independent of whether
neutrinos are Dirac or Majorana particles, but rather rely on the representations of the dis-
crete groups. All the interesting discrete groups, which are all of the type (Z,, X Z,/) x Ss,
and their breaking to residual symmetries, can be classified by simple mathematical rea-
soning. Combined with the measure of goodness-of-prediction proposed by us, we conclude
that discrete flavor symmetry is more predictive than flavor anarchy. All the interesting
groups that we have found pave a new model building direction, and indeed several authors
have started pursuing this new idea [206, 216].

With no new physics appearing so far, the traditional approach towards naturalness and
flavor symmetry should be scrutinized. We should keep an open mind for different possibil-
ities in solving the hierarchy and the flavor puzzle. In this thesis we have proposed several
unconventional and interesting new ideas to tackle the two problems. Our ideas are general
and can serve as new starting points in model building, whether to solve the hierarchy prob-
lem, to explain the origin of the EW scale, to provide a DM stable candidate, or to look for
new discrete symmetries for the flavor puzzle. This is not the end of our journey, but only
the beginning towards new uncharted territories.
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Abbreviations and Notations

We list down some of the abbreviations and notations used throughout the thesis. This
compilation is useful also in case the reader is feeling a bit rusty with the high energy physics

jargons.

BR
CKM
DM
DSE
EFT
EOM
EW
EWSB
GUT
IR
LO
NJL
NLO
PCAC
PCDC
PMNS
PNGB
QCD
QFT
RGE
SCMF
SM
TBM
UV
VEV
WIMP
1PI

Ovfp

Branching ratio
Cabibbo-Kobayashi-Maskawa

Dark matter

Dyson-Schwinger equation
Effective field theory

Equation of motion

Electroweak

Electroweak symmetry breaking
Grand Unified Theory

Infrared (low energy)

Leading order
Nambu-Jona-Lasinio
Next-to-leading order

Partially conserved axial current
Partially conserved dilatation current
Pontecorvo-Maki-Nakagawa-Sakata
Pseudo Nambu-Goldstone boson
Quantum chromodynamics
Quantum field theory
Renormalization group equation
Self-consistent mean field

Standard Model

Tri-bimaximal mixing

Ultraviolet (high energy)

Vacuum expectation value

Weakly interacting massive particle
One-particle irreducible
Neutrinoless double beta decay
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Bosonization and NJL Methods

Bosonization of a fermionic theory provides a description of the transformation of the
original Lagrangian into an equivalent description with only bosonic degrees of freedom.
This is particularly useful in describing the bound state formed by fermionic pair, and has
been extensively used in condensed matter physics. Bosonization provides a relation between
physical observables at low energy and the UV parameters, and hence is more predictive
than just parameterizing the low energy degrees of freedom such as the linear or nonlinear
sigma model. The Nambu-Jona-Lasinio (NJL) approach belongs to one of the bosonization
methods, suitable for describing low energy physics of scalar bounded system formed by two
underlying fermions. In the NJL model for QCD or strongly coupled theory, nonzero vacuum
condensate is formed by such a fermionic pairing, subsequently the Nambu-Goldstone bosons
and the chiral partners are formed. The fermion mass is dynamically generated and all of
the dynamics described above happen simultaneously in the NJL model. NJL however,
does not describe confinement in QCD. For a more complete review we refer the reader to
Refs. [111, 136-139].

Let us illustrate the path integral bosonization technique for a free one fermion flavor
system. For the NJL approach to work, we introduce the nonrenormalizable operators, say
the four fermions operator to our example Lagrangian

L= —m)p + G [()* + (ivse)?] . (B.1)

One needs to eliminate the heavy fermionic degrees of freedom and this can be achieved by
introducing auxiliary bosonic fields, e.g. in our case one scalar ¢ and a pseudoscalar ¢ which

transforms according to

V26 V2G

o— o+ IZwa, o — o+ p Piysi). (B.2)

Rearranging and simplifying some terms in the path integral, the functional determinant
can be integrated out, resulting in a pure bosonic theory with potential

2 dik
V=" (07467 - 2/ o (0F 8 = ). (B-3)

The constituent mass of the fermion is given by M = m+ v 2G (o) the mass of the conden-
sate is given by p. So far our approach seems easy for a one fermion system. Complications
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occur if we consider multi-flavored fermionic system with interactions. To describe the
bosonization with interacting system, we will utilize the self-consistent mean field (SCMF)
approach, introduced by Kunihiro and Hatsuda [111, 136, 137].

B.1. Bosonization with the SCMF Approximation

In many branches of physics such as solid state physics, many-body physics or high energy
physics, the complication of many-body interaction can be usually simplified to mean field
approximation. In our case, the fermions are interacting in the background field where chiral
symmetry is broken. Although one should think that chiral symmetry is broken dynamically,
the mean field approach allows us to investigate the condensates and the fermions in a self-
consistent picture at leading-order (LO) approximation. In the NJL approach, we divide the
Lagrangian (B.1) into quadratic part £y and interacting part £;. The background vacuum
consists of the mesonic spectrum, i.e. [VAC) = |[o, ¢]) where the interacting £; is normal
ordered w.r.t. this nontrivial vacuum. The price that we need to pay for such a trick is the
necessity to include c-number terms in the quadratic Lg. In our example above, let us try
to obtain the time-ordered product of the potential of Lagrangian (B.1)

<T{w_a¢aﬂ;b¢b}> = w_adjaqj;bwb : +2@m&bwb + @@, (B'4)

where the : represents normal ordering and ~ denotes the contraction w.r.t. the vacuum
[VAC). The spinor index is given by a and b explicitly. The second term contains a factor 2
as there are two pairs of ¢ that need to be normal ordered. As the second term is quadratic
in fermion fields, it should be considered as part of £y. Adding and subtracting terms

2g0tpthy — 29@%% = 290yt — 29@ L hpthy —QQme, (B.5)

to Eq. (B.4) where we have normal ordered the last term in the LHS of the equation, the
mean field Lagrangian Ly is given as

Lo = Pidhp + 29000 — g, (B.6)

with the bosonic field ¢ = —(o + i¢)/g representing the resulting condensate. The rest
of the terms are included in the interacting part L£; of the total Lagrangian, satisfying
(VAC|L;|[VAC) = 0. Eq. (B.6) serves as a starting point to calculate all the relevant coupling
and interaction.

Let us now apply our formalism to our relevant model in Chapter 4. With the given
Lagrangian (4.5), the interaction part 2G Tr ®T® in Eq. (4.5) can be written as

8
2GTr®T® =G>~ [(PA"Y)? + (iy511))?] (B.7)

a=0
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while the second term of the RHS of Eq. (B.7) is given as
8 B ) 8 B 1 2 1 8 8 B
G (ipyX ) =G> (www + 2G¢a) — 16 2 Pata = D _ i1\ Va. (B8
a=0 a=0 a=0 a=0

We regard the first term of Eq. (B.8) as an interaction term and according to the SCMF
approximation, it can be rewritten as normal products:

8 2 8 8 — 2
GZ (iw%/\“w + 21G¢a> :GZ : (“575)‘%/1)2 : —|—GZ (ilﬂ’)%)\aiﬁ + 21G¢a>
a=0 a=0

a=0
8
+26Y igysA (z‘&waw + 2le>) . (B.9)
a=0

Similarly the scalar part (first term of Eq. (B.7)) can be rewritten in the same way. Like
Eq. (B.6), we can package the bosonic fields as a condensate of fermionic pair

~

d=p= —é (diag(o, 0,0) + i()\“)Tqﬁa) . (B.10)

The axial anomaly term can also be treated in a similar manner. Using the result of Cayley-
Hamilton theorem for operator

1 1 1
det¢:§Tr<1>3— §Tr(I>2 Tr<I>+6(Tr<I>)3, (B.11)
we obtain

1 1
Gp <Tr ©*® — Trpd Trp — 5 Tr ©*Trd + 5(Tr ©)? Tr c1>> — 2Gp(det p) + h.c., (B.12)

and this term should be added to the quadratic part Ly of the Lagrangian. Adding all the
relevant terms together yields the quadratic part £y of the Lagrangian

Lo =Tr(ir"8, — yS) + 2G Tr('® + h.c) — 2G Tr o' — 2Gp(det  + h.c.)

1 1
+Gp (Tr<p2<l> —Tre®Trp— §Tr<p2 Tr® + 5(Trg0)2 Tr® + h.c.> , (B.13)

while (VAC|L;|VAC) = 0, as required.
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Usetul Passarino-Veltman Integrals for NJL

All the relevant messy integrals found in Chapter 4 can be cast into some basic integral
functions, known as the Passarino-Veltman integrals [140]. Typically the Passarino-Veltman
functions are expressed with dimensional regularization already been carried out, which are
not that useful in the NJL approach. We follow the FeynCalc [217] notations and recast
some of the relevant integrals with a cutoff here.

The one-point function is given as
1 d*k A? k2
o(m”) z'7r2/l<:2—m2 /0 Ek%—i—m?
A2
=—A’+m’h (1+2>. (C.1)
m

The relevant two-point function is calculated to be

B(2m2m2)—1/ dk
P T | = m?)((k o p)? =)

1 A2 A2
= 1+ ) - ———
/Odwn<+A]23> A2+ Ap

2 2

—z(l —z)p~.
The interesting three-point function related to our model is given as

where Ag = m

1 d*k
2 . 2,02, 2 2y _ 1
CO(p17p1 D2,pPa, M, M ,m) i772/(k2—m2)((k+p1)2—m2)((k+p2)2—m2)
1 1—=x A4
/0 o UAc(Ac + A2)2 (€-3)

with Ac =m? + x(x — 1)p? + y(y — 1)p3 + 2xyp1 - po.
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Lastly the important four-point function is given as

D0<p%7p%7p§apl *P2,P2 - P3,P1 'p37m27m27m2>

1 / d*k
“in? ) (k2 —m2)((k +p1)? — m2)((k + p2)2 — m2)((k + ps)2 — m2)
A4 3AD —|—A2)
/ dx/l wdy/l oy AT (A 1 A2 (€4

where Ap = m? + (zp1 + yp2 + 2p3)? — zp? — yp3 — zp3.
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