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In this work we investigate numerous effects of virtual particles on processes relevant for

particle physics and cosmology. A central question is, whether radiative spontaneous

electroweak symmetry breaking can be combined with neutrino mass generation, we find

that the answer is affirmative. We discuss the implication of the RSSB on the neutrino

mass phenomenology and low-energy observables.

Furthermore, by comparing the models to experimental data we find that several anoma-

lies in the present observations favour particular scenarios over the pure Standard Model

hypothesis. We are able to show, that the presence of sterile neutrinos with active-sterile

mixing of order 10−3 and masses in the TeV range leads to a reduced invisible decay

width of the Z-boson and can bring the NuTeV observations in agreement with theoret-

ical expectations.

The models we discuss naturally incorporate long lived particles which can serve as dark

matter candidates and we investigate this phenomenologically. We find that the combi-

nation of the requirements leads to interesting constraints on the model and parameter

space. We find that loop induced electromagnetic moments for the neutral dark matter

candidates, lead to interactions with charged particles. We use this and derive new

constraints from existing XENON100 and LUX data.

In addition we will study how vacuum effects can backreact on a given geometry in

electromagnetism and semiclassical gravity. We find that in the case of gravity the

conformal set up plays a special role and indicate several ideas for further investigation

of this topic.



In dieser Arbeit untersuchen wir Effekte von virtuellen Teilchen auf für die Teilchen-

physik und Kosmologie relevante Prozesse. Eine der zentralen Fragen ist, ob radiativ

spontan gebrochene elektroschwache Symmetrie und die Erzeugung von Neutrinomassen

kombiniert werden können. Dies ist in der Tat der Fall.

Wir Zeigen, dass eine ganze Reihe von Neutrino massen Modellen in diesem Kontext

der radiativen Symmetry Brechung exestieren und die korrekte Phänomenolgie für die

niederenergie Experimente lieferen. Darüber hinaus zeigen wir durch Vergleich der

Modelle mit experimentellen Daten, dass Aufgrund von Anomalien in den vorliegen-

den Beobachtungen einige der Szenarien statsitisch dem reinen Standardmodell Fall

vorzuziehen sind. Insbesondere bringen Modelle mit sterilen Neutrinos an der TeV

Skala und einer aktiv-sterilen Mischung von c.a. 10−3 die unsichtbare Zerfallsbreite

des Z-Bosons und die Ergebnisse des NuTeV Experiments in Übereinstimmung mit der

Theorie.

Die Modelle, die wir diskutieren beinhalten auf natürliche Weise langlebige Teilchen, die

als dunkle Materie Kandidaten dienen können und wir diskutieren die Phänomenologie

dieser Möglichkeit. Wir finden, dass die Kombination der Anforderungen zu interessan-

ten Einschränkungen des Modells- und das Parameterraums führt. Wir benutzen ein

Schleifen Beiträge zu elektromagnetischen Momenten um neue Einschränkungen an die

untersuchten Modelle zu setzten. Dazu verwenden wir XENON100 und LUX Grenzw-

erte.

Zusätzlich betrachten wir, wie Vakuumeffekte auf eine gegebene Geometrie zurückwirken

können. Wir betrachten Elektromagnetismus und ein gravitierendes System. Wir finden,

dass im Fall der Gravitation die konformen Felder eine besondere Rolle spielen und

schlagen einige Ansätze für weitere Untersuchung zu diesem Thema vor.
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Chapter 1

Introduction

One of the biggest conceptual paradigm shifts in the transition from classical to quantum

physics is the introduction of the vacuum state. As realized in the early days of quantum

mechanics, in order to be consistent with special relativity the quantum mechanics

describing nature had to be a field theory. In contrast to classical field theory, the

quantized theory has a highly non trivial ground state, called the quantum vacuum.

This contains all the information about the quantum fields, which exist in nature, and

any of those fields can be created by excitation of the vacuum given that there is enough

energy available. This is exactly what is done at a collider experiments, when the

collision energy of particles is used to excite the vacuum and study the fields, which can

be excited out of it.

However, the vacuum has also much more subtle effects when the energy of the processes

is not high enough to excite the heavy fields residing in it. Those fields can still have

observable effects on our physical quantities and in this work we will investigate many

phenomena of this kind. The main idea is that real particles can interact with virtual

quanta propagating in loops, which has an effect on the behaviour of the real particles.

In the language of Feynman diagrams we can make the following systematic distinctions

of the types of effects Fig. 1.1: A vacuum loop, which is connected to one external field,

we will use the term external leg, can shift its expectation value from the classical point.

Loops with two external legs amount in a mass correction, the so called self energy of the

field, and thus influence the propagation. If three or more external legs are present we

have interactions, which are induced by the vacuum loop, those can change the strength

of interactions present at the classical level or even induce new ones. For example, a

neutral particle can obtain an electromagnetic moment due to a coupling to a loop of

charged particles.

1



Introduction 2

Vacuum fluctuations can change the shape of background fields present at the classical

level, for example a scalar field potential exhibiting a symmetry at the classical level can

lose this symmetry due to the effect of virtual particles. This observation made by S.

Coleman and E. Weinberg in 1972 [1] opens a window of opportunity to understand the

nature of electroweak symmetry breaking. This question became particularly pressing

as so far only the Higgs boson has been observed at the Large Hadron Collider and

nothing else. In particular no supersymmetrc particle has shown up and those particles

were so far the biggest hope to explain why loop corrections of heavy fields do not make

the Higgs boson mass very large. The question of naturalness can be formulated in the

way of asking why loop corrections to the Higgs mass can be much larger than its tree

level mass. In the framework we will be using in this work, the radical answer to this

question will be: because the mass itself is a pure radiative effect and thus is present

purely due to the loop correction.

Figure 1.1: The one loop contributions of the vacuum.

We will see in Chapter 2 that this idea can not be realized in the Standard Model, due

to the mass dominance of fermionic degrees of freedom. However, we will argue that

with certainty the Standard Model is not complete, as it for example fails to account

for neutrino masses. Therefore, an extension, which we will call the Hidden Sector for

obvious reasons, is unavoidable. We will present at the end of Chapter 2 several portals,

which can couple the Hidden Sector with the Standard Model and continue to work out

possible phenomenological scenarios, which could test this hypothesis.

In Chapter 3 we will discuss how the Hidden Sector, which leads to radiative sponta-

neous electroweak symmetry breaking (RSSB), can account for masses of the light active

neutrinos. We will find that there are also other experimental signatures, which can test

the presented models. Of particular interest will be the models with a non-unitary ac-

tive neutrino mixing matrix. We will demonstrate that there are precision observables,

which are sensitive to the vacuum loops of the postulated heavy particles and find that a

collective statistical analysis of those favours our scenario over the pure Standard Model

hypothesis.

This is not the only possibility to search for the Hidden Sector. In Chapter 4 we will

discuss the possibility that a particle from the Hidden Sector could be produced in the

early universe and is long lived enough that a population survived until the present
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day. Those particles can be searched for in astrophysical experiments investigating for

example for annihilation signals or in terrestrial low-background experiments based on

direct particle recoil. We will demonstrate with the help of a Hidden Sector toy model

that the Hidden Sector motivated by the RSSB scenario can be tested in both types

of experiments with the remarkable feature that due to loop processes the interactions

active in direct search experiments are linked unambiguously to the annihilation signal

strength. This makes the model a perfect candidate for a co-discovery, which would also

answer the question whether the amount of the Hidden Sector relic can account for the

dark matter abundance needed to explain the astrophysical experiments seeing indirect

gravitational hints for its existence.

At the end of this work, in Chapter 5, we will discuss the interesting mechanism of

the vacuum fluctuations acting on a given geometry. We will begin by studying an

electromagnetic field, which will be treated as classical background geometry, and see

how the polarization of the vacuum shows a backreaction on the electromagnetic field

itself. Then we will turn to the case of a gravitational background field and investigate

this effect in the case of a de-Sitter geometry.

We will summarize the findings of this work in Chapter 6.





Chapter 2

Symmetry Breaking and Mass

Generation from the Vacuum

In this chapter we will discuss the possibility of generating mass from effects due to

virtual particles and thus due to the quantum vacuum at first. We will continue with

reviewing the mass generation in Quantum Chromo Dynamics (QCD) and its close con-

nection to the underlying symmetries of the theory. Using this guideline we will discuss

the mass of the recently discovered Higgs particle and the question of its naturalness.

Furthermore, there are very light fermions -the Neutrinos- and their mass origin can not

be explained by the Standard Model (SM). We will show that the mass generation can

be understood from one underlying principle based on the effects of the vacuum. Our

discussion is based on our recent work [2].

2.1 Symmetry Breaking and Mass Generation

We will start out and study consequences of symmetry breaking in a Quantum Field

Theory (QFT) in an abstract way, by considering an arbitrary QFT with a Lagrangian

L0 [3]. The theory has a global continuous symmetry denoted by G, the corresponding

classically conserved Noether current is obtained by varying the action with an infinites-

imal parameter αa and assuming that the action is invariant under this transformation

. The variation has the general form

δL0 = (∂µα
a)Jµa, (2.1)

5



Symmetry Breaking and Mass Generation from the Vacuum 6

where Jµa is a construction from the fields of the theory. This implies the conservation

∂µ J
µa = 0 and shows that Jµa is the Noether current of the global symmetry G.

We assume that the global symmetry it is broken spontaneously, without specifying the

exact nature of the breaking. At long wavelength the theory with a broken symmetry

will contain operators which perform infinitesimal transformations of the vacuum Qa |0〉,
defined as volume integrals over the conserved currents Jµa. In the long wavelength

regime the corresponding state, called the Goldstone bososn, is thus created from the

vacuum in the following way Jµa |0〉 = |πk〉, this means the matrix element can be

written as

〈0| J(x)µa |πk(p)〉 = −i pµF ak e−i p·x , (2.2)

with pµ being the on shell momentum of the boson and F ak a matrix of constants 1. The

conservation equation implies 0 = −p2F ak e
−i p·x with the consequence that bosons with

non zero matrix elements F ak have on shell momentum p2 = 0 and are thus massless.

The symmetry can be promoted to a local symmetry by including non Abelian gauge

fields and coupling them to the currents. The new Lagrangian is now

L = L0 − gAaµJµa +O(A2). (2.3)

We investigate now the consequences of the spontaneous symmetry breaking for the

gauge bosons.

i j

Figure 2.1: The one loop contribution to the gauge boson self energy σi j .

To this end we study the one loop contribution to the gauge boson self energy in Fig. 2.1.

With the requirement that the Ward identity [5] is fulfilled we know that the propagator

must be transverse and has the general structure

1Note that F ak is indeed a collection of constants independent of momenta can be shown in a mathe-
matically rigorous way, consult for details [4].
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Σi j = i

(
gµ ν − kµkν

k2

)
·
(
m2
i j +O(k2)

)
. (2.4)

We estimate the pole contribution of the massless Goldstone bosons to this self energy.

The Lagrangian and Eq. 2.2 show that the amplitude for a gauge boson to be converted

to a Goldstone is −gkµF aj . The pole contribution is

Σi j =
(
gkµF il

) i

k2

(
−gkνF jl

)
, (2.5)

which by comparison to Eq. 2.4 shows

m2
i j = g2F il F

j
l . (2.6)

The observation is that from the interaction with the vacuum, including the massless

Goldstone bosons, the gauge bosons became massive. This finding is absolutely general

and so far independent of the nature of the symmetry breaking. An example is a scalar

field condensate which breaks the symmetry in direction 〈φi〉 which then implies for

the matrix elements F ai = T ai j φ
j
0 with T ai j being the symmetry generators having only

non-zero contributions for symmetries a which are broken spontaneously. The current

is given by Jµa = ∂µφiT
a
i jφ

j
0 and shows comparing to Eq. 2.3 that the Goldstone bosons

couple derivatively to the gauge bosons. In this special case the masses of the gauge

bosons are given by m2
i j = T ik lT

j
k l(φ

k
0)2.

This mechanism is called the Higgs mechanism and generates masses for gauge bosons as

well as keeps the scattering cross section for gauge bosons in the regime of perturbative

unitarity. Despite its beauty and the fact that the scalar excitation called the Higgs

boson has been experimentally observed many questions remain open. Mainly they are

linked to the nature of the symmetry breaking. In the simplest realization a scalar

potential of the form

V (H) = λ
(
H†H − v2

)2
. (2.7)
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This potential forces the H†H operator to condensate and breaks the S(2)L symmetry

of the SM. However, while this approach works phenomenologically, it is introduced

absolutely ad hoc and furthermore has the problem that the mass of the resulting scalar

Higgs is a dimension two operator not protected by any symmetry and sensitive to loop

contributions from physics at higher scales.

It is the goal of this work to get a better understanding of this problem. We will see that

the process of symmetry breaking and the mass generation can be linked and explained

by pure quantum vacuum effects and in this way the full picture becomes much more

consistent. At first however we will review the mass generation in QCD.

2.2 Mass Generation in QCD

The generation of mass in QCD has can be understood almost independently of the

process of electroweak symmetry breaking. It has led to statements that the largest

fraction of the visible mass being of baryonic origin stems not from the Higgs mechanism.

We would like to review briefly the mass generation mechanism in QCD since this might

help to understand the spontaneous symmetry breaking including the Higgs mechanism

in a more general way.

2.2.1 Scale Invariance and Dimensional Transmutation

At first we will discuss the case of exactly massless QCD and show that it contains all

the properties to explain qualitatively the strong physics sector. The underlying gauge

group of QCD is SU(3) which means that it is a non-Abelian gauge theory with self

interacting gauge bosons. The Lagrangian is given by

LQCD = LForce + LQuark = −1

4
F (c)
µν F

(c)µν + i
∑
q

Ψ̄q i

(
γµ(Dµ)ij

)
Ψj
q, (2.8)

here the Ψj
q are the quark fields with q the flavour label and i the color label. The

covariant derivative Dµ is defined as

(Dµ)ij = δij∂µ + igs
∑
c

(λc)ij
2

Acµ, (2.9)

with λc the Gell-Mann matrices, gs the QCD coupling parameter, Acµ the gluon fields

and F
(a)
µν the gluon fields strength tensor containing self interactions of the gluons. As
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can be easily seen this Lagrangian is invariant under scale transformations of the form

xµ → sxµ, Ψ(x)→ s3/2Ψ(sx), Aµ(x)→ sAµ(sx), (2.10)

which show the scaling dimension of the fields depending on their Lorentz properties.

This scale symmetry present in the classical Lagrangian is not conserved by vacuum

fluctuations. This can be seen by calculating the divergence of the current which is

related to scale transformations by the Noether theorem, which is

∂µj
µ = − β(Λ)

2 gs(Λ)
F (c)
µν F

(c)µν 6= 0 , (2.11)

for a general scale Λ. The function β encodes the dependence of the Lagrangian quan-

tities on the energy scale and is the manifestation of the effect of quantum fluctuations.

The running of the couplings is a solution of a differential equation, which can be cal-

culated in a perturbative series as

µ
∂αs
∂µ

= 2β(αs) = −β0

2π
α2
s −

β1

4π2
α3
s −

β2

64π3
α4
s − ... (2.12)

and β0 = 11− 2

3
nf , β1 = 51− 19

3
nf , β2 = 2857− 5033

9
nf +

325

27
n2
f ,

with nf being the number of active quark degrees of freedom, which depends on the

scale Λ. Note that the explicit form of this function depends on the details of the

renormalization scheme, here we display the minimal subtraction result. In the case

that all quark masses are zero, it means that all quark flavours are active. The negative

sign of the β function shows that the coupling parameter becomes smaller at higher

energy scales and thus assuming that the perturbative expansion is valid at a scale Λ,

it is valid at all scales which are larger than Λ. In the perturbative regime, i.e. that the

coupling strength is below one, the system can be described by quarks and gluons, this

means particles which propagate freely long enough to be well defined on-shell objects,

with a mass in the propagator and interactions among those particles (in other words

the usual Feynman diagram language). However, the running coupling grows when the

energy is lowered with respect to Λ and there is inevitably a scale -defined as ΛQCD- at

which the perturbative series is not valid any longer. This also means that the description

with individual quarks and gluons is not applicable and non perturbative methods are

needed.
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2.2.2 Chiral Symmetry Breaking and QCD Masses

Lattice calculations can be applied to study the non perturbative regime, in fact it

has been shown that even in a theory without quarks i.e. only with LForce a mass

gap develops and all bound states become massive [6]. Those are called glueballs, but

have not unambiguously been observed in experiments so far [7]. This result, however

shows that masses can be spontaneously generated in a scale invariant theory due to the

vacuum effects.

The best way to understand this process from a analytical point of view is the method

developed by Vainstain, Shiffmann and Zakharov [8]. It is based on the operator expan-

sion in terms of vacuum condensates of diquark and gluon operators of the form

〈
Ψ̄LΨR

〉
≈ ΛQCD

3 and
(αs

12

)2 〈
F (c)
µν F

(c)µν
〉

= γ2
0 (2.13)

with γ0 measured to be γ0 = 0.0574(1± 0.1) GeV2. Those vacuum condensates lead to

a confining dynamics, where di- and triquark bound states can be described with good

agreement with experiment, see for example [9].

The chiral quark condensates break the global chiral symmetry of QCD. Assuming that

all quarks are mass-less the symmetry is SU(6)L × SU(6)R, as the kinetic quark term

respects this symmetry. The spontaneous breaking of this symmetry to SU(6)V (vector,

with UR = UL) would lead to n2 − 1 (with n = 6 thirty-five) massless Goldstone bosons

and (in a non-relativistic approximation) to color neutral three quark states with effec-

tive vacuum ”dressed” quark masses of the order of ΛQCD. Interestingly enough there

is an other global symmetry which is spontaneously broken by the vacuum condensa-

tion, it is the U(1)A Axial symmetry, given by the transformations ΨL → eiαΨL and

ΨR → e−iαΨR. However, this breaking does not lead to a Goldstone boson, since it is

anomalous. It was shown by t’Hooft [10] that the corresponding divergence of the cur-

rent proportional to εµναβF
(c)
µν F

(c)
αβ , even if it is a total divergence, it has an effect when

non-pertrubative - instanton- field confiurations are considered. Thus the symmetry is

not conserved on the quantum level and no Goldstone boson appears. This discovery

by t’Hooft solved the U(1)-problem, but led to the so called strong CP problem, as the

non perturbative term would also induce a CP -violating operator and this CP -violation

has not been measured until the present day.

The appearance of ΛQCD is often termed as ”dimensional transmutation”, as a dimen-

sionless coupling αs(Λ) is traded for a scale. We have to note that this is not entirely

accurate terminology, since even if as(Λ) has no dimension it depends on a scale. Thus
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dimensional transmutation by no means creates a scale out of nothing, but relates two

scales. Namely the scale Λ at which αs(Λ) is specified initially and the scale at which this

couplings becomes larger one. This precisely demonstrates the situation in Quantum

Field Theory (QFT) which has no absolute scale, but operates with scale relations.

Experimentally the QCD coupling parameter turns out to be in the perturbative regime

at the energies of the Z-boson mass, its value at the Z-pole is αs(MZ) ≈ 0.12. The run-

ning with the β function defined by Eq. (2.12) leads to ΛQCD ≈ 300MeV. This explains

qualitatively the baryon masses being modelled with three quarks with masses purely as a

result of vacuum fluctuations. Leading to baryon masses of the order of 3×ΛQCD ≈ GeV.

However, the theory with mass-less quarks predicts the existence of thirty five mass-less

bosons which are not observed. Experimentally we know from scattering experiments at

higher energies that the quarks are not mass-less and the above QCD description is only

an approximation. We can ask the question in what sense this approximation describes

nature. With masses measured in scattering experiments to be of order few MeV the

up and down quarks can be considered much lighter than the symmetry breaking scale.

Thus the chiral symmetry is approximate for a SU(2)R×SU(2)L group and is broken to

an SU(2)V group, known as isospin. This should result in three Pseudogoldstone bosons

with much smaller masses than ΛQCD. In fact a calculation in chiral perturbation [11]

shows that the Pion masses are mπ ≈
√

(mu +md)Λ
3
QCD/f

2
π ≈ 140 MeV, which is in a

few percent agreement with the measured Pion masses. The same argument with the

strange quark included leads to an estimate for the Kaon masses, which is in about 20

percent agreement with the data.

This shows that the mass generation for the constituents of low energy QCD is very

well understood and theoretically described by quark and gluon vacuum condensates

with tree level quark masses as perturbations. In the Standard Model (SM) the tree

level quark masses arise due to Yukawa interactions with the Higgs field H which has

a condensing operator with a Vacuum Expectation Value (VEV) leading to mq = y vH .

The condensation of this operator in the SM is induced by a potential V (H) = µH†H+

λ
(
H†H

)2
with a negative parameter µ. This is phenomenological model but is intro-

duced ad hoc as for the example the Ginsburg-Landau potential to describe supercon-

ductivity [12]. In the following we would like to understand this symmetry breaking

better from a theoretical perspective and get a better unified picture of mass generation

in the SM.
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2.3 The Fermion and Scalar Masses

At the core of the Electro-Weak interactions of the SM is the Weinberg-Salam model

[13]. The underlying symmetry is SU(2)L × U(1)Y and the Leptons are represented by

a SU(2)L left-handed doublet L : (2,−1) and a right-handed singlet `R : (1,−2), not

paying attention to generations for now. Furthermore, the theory has a scalar doublet

H which breaks the SU(2) × U(1)Y symmetry to a remnant U(1). The symmetry of

the theory is gauged by use of the covariant derivatives. From counting the broken

and intact generators of the symmetries we know that there will be one mass-less gauge

boson and three will be massive due to loop contributions from the three Goldstone

bosons of the broken generators. The Lagrangian is formally written as

LSM = LKinetic − y Q̄H uR − y Q̄H̃ dR − y L̄H`R +
1

2
(DµH)†DµH − V (H) , (2.14)

with the covariant derivative being Dµ = i ∂m− g1

2 YWBµ−
g2

2 τ ·Wµ where we denoted by

τ the SU(2) generators and by YW the weak hypercharge. The charged fermions become

massive in this model by the Yukawa interactions with the scalar field controlled by the

couplings y. The question we are interested in is, how the symmetry breaking takes

place and why the scalar mass is not largely affected by hypothetical heavy physics.

Two notes are in place here, the quarks couple in the same way to the Higgs as the

leptons with the differences that up and down type right handed quark singlet states

are observed, which allows to generate masses for up and down type quarks, second and

third term in Eq. 2.14. The quark masses induced by those interactions are negligible

for the phenomenology of light hadron masses and as discussed above have the strongest

implication in the fact that pions are pseudo Goldstone bosons as discussed above.

Furthermore, it is important to stress that so far no right handed neutral lepton has

been observed and thus in the SM the left handed neutrinos are strictly massless.

After summarizing how radiative breaking of scale invariance in QCD leads to broken

chiral symmetry and is the dominant mass generation mechanism for mesons and barions

we argue that the same strategy can work in the sector of fermions. We assume that

the classical SM Lagrangian is scale invariant at high energy which in particular forbids

the Higgs mass term responsible for the symmetry breaking by the ground state, which

is the only explicit mass term in the SM and introduced ad hoc [14]. As discussed

above, scale invariance is violated by the effect of the quantum vacuum. These effects

are mathematically described by the beta functions, which show the running of the
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+ + ...

Figure 2.2: Scalar one-loop contributions to the effective potential

couplings in the Lagrangian with the energy scale. These quantum effects are captured

by the Coleman-Weinberg potential [15] - which we will briefly sketch now.

At first we show explicitly how a collection of scalar fields contributes to the effective

potential. The scalars are denoted by φa where the index a counts the scalar fields. In

fig. 2.2 all relevant vacuum loop diagrams are shown which need to be evaluated. The

propagators in the loops carry internal indices a and the external fields have vanishing

momentum each. The vertices are given by

− iWab(φ) = −i ∂2V

∂φa∂φb
, (2.15)

which connects the two fields a and b, running in the loops, and the corresponding

external fields.

The inner propagators contribute a factor

i

k2 + iε
, (2.16)

where k is the momentum running in the loop which has to be integrated over.

We then have to sum over all internal field configurations, i.e. we have to multiply the

matrices an then take the trace. Summing all diagrams then yields the scalar one-loop

contribution to the effective potential

δV1-loop = i

∫
d4k

(2π)4

∞∑
n=1

1

2n
Tr

[(
W (φ)

k2 + iε

)]n
= Tr

[
i

∫
d4k

(2π)4

∞∑
n=1

1

2n

(
W

k2 + iε

)n]

= Tr
1

2

∫
d4k

(2π)4
ln (k2 +W ),

(2.17)

where the 0-component of k has been Wick rotated into the complex plane like already

done before.
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This integral is divergent and needs to be regularized. If we apply dimensional regu-

larization which only violates conformal symmetry by the logarithmic contributions we

have

δV1-loop =
1

2

∫
d4k

(2π)4
ln (k2 +W ) = divergences +

W 2

64π2
ln
W

µ2
. (2.18)

For a concrete potential this has to be evaluated and renormalized by adding a finite

number of counter terms to eliminate the divergences, assuming we deal with a renot-

malizable theory. Furthermore, the renormalization scale µ in the logarithm is arbitrary

and has no effect on the physical observables. We have to use some renormalization

scheme for example, the on shell renormalization, where we demand the self energy to

vanish at the mass pole of the propagator indicating that the renormalized mass param-

eter in the theory is equal to the physical pole mass, which in our approach means the

the renormalized mass vanishes.

This procedure can be generalized to the Standard Model, containing vector bosons,

fermions and one scalar, lading to

δV1-loop =
3 〈φ〉4

1024π2

(
2g4 + (g2 + g

′2)2 − 4Ncy
2
t

)
log
〈φ〉2
µ2

. (2.19)

Here g and g′ are the gauge couplings, 〈φ〉 the scalar field dressed in quantum fluctuations

and for simplicity we only have considered the top Yukawa coupling yt, as it dominates

all the others by far.

The important observation is that with certain particle contents it is possible that the

running of the Lagrangian parameters with the energy scale leads to a situation where

an effective negative mass term for the scalar is generated and a scalar condensate forms.

As in the case of QCD the condensate brakes symmetries spontaneously, the difference

is that this time gauge symmetry is broken. The breaking of SU(2)L×U(1)Y to U(1)EM

generates no observable mass-less Goldstone bosons but the longitudinal polarizations

for three gauge bosons, called the W±− and Z− boson.

After the symmetry breaking the scalar mass is fixed exactly given the particle content

to be
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m2
S =

3

32π2

(
2g2m2

W + (g2 + g
′2)m2

Z − 4Ncm
2
t

)
(2.20)

Realizing this idea within the SM would require mt < 79 GeV and the Higgs boson mass

would have to be mS ' 9 GeV. This is obviously ruled out, as the top quark is too heavy

and since the Higgs boson discovery at the LHC in 2012 [16] it is known that the Higgs

mass is 126 GeV. However, we know that the SM is incomplete, since neutrino masses

must be included. Furthermore, there is no dark matter (DM) candidate in the SM.

Phenomenologically successful models which employ conformal electro-weak symmetry

breaking require therefore some extension and a number of them predict also interesting

DM candidates [17, 18, 19, 20, 21, 22, 23, 24, 25]. The general framework of scale

invariance has been studied in the following works [15, 26, 27, 28, 29, 30, 31, 32, 24, 33,

34, 35, 36, 37, 38, 19, 39, 40, 41, 42, 20, 43, 44, 45, 46, 47, 48, 18, 25, 49, 50, 51, 52] .

As a general strategy we observe that to realize radiative spontaneous symmetry breaking

(RSSB) a domination of bosonic degrees to freedom in the loops is needed. In this work

we will study several extensions of the SM by a so called Hidden Sector which will allow

RSSB and discuss possible implication for physical observables, as neutrino masses in

Chapter 3 and cosmological relics in Chapter 4.

2.3.1 Vacuum Stability and Naturalness

We would like to comment at this point on the issue of vacuum stability and naturalness

of scale hierarchies. In all models considered in the following the scalar sector is extended

and scale invariant at a high scale Λmax. Thus at this scale the Lagrangian contains only

quartic couplings of scalar fields, we have to impose the condition that the potential is

bounded from below as well on the parameters. When the running to lower scales is

considered, the conditions are on the one hand that no coupling runs into a Landau pole

and that the potential remains bounded from below. If those requirements in the top

down construction of the system are met from our low energy perspective the vacuum

is absolutely stable at all scales up to the scale of scale symmetry Λmax, which is our

boundary condition.

From the conceptual point of view the scale of scale-invariance is only defined on the

level of the classical Lagrangian, since -as we discussed- the quantum effects do not

respect it. Thus it can only be considered as a boundary scale of Quantum Field The-

ory. Mathematically speaking QFT provides us with differential equations which in the

end require boundary conditions to describe physics and classical scale symmetry is a
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legitimate working hypothesis which evaluated in a self consistent framework leads to

interesting phenomenological consequences.

The question of quadratic divergences in the Higgs mass is meaning-less in this con-

text, as Λmax is not a QFT intrinsic scale and even a cut-off regulator at this scale is

not a physical contribution to the Lagrangian of order Λ2
max and if it is applied it has

to be cancelled by an appropriate counterterm to ensure the scale invariant matching

condition. To avoid the technical difficulties dimensional regularization can be applied,

but in fact any regularization procedure is as good as any other if the correct matching

condition of classical scale invariance at the scale Λmax is imposed. We see that a tech-

nical cut-off has no meaning, however physical mass scales enter the loop computation

and affect the effective potential. In this light the question of naturalness in the scalar

sector with multiple scalars obtaining a VEV is how far the VEVs can be separated in

their energy scale. In the technical sense this is controlled by the initial conditions on

the quartic coupling parameters and fine-tuning is only defined by the size of the ratios

of those functions. In particular the couplings which are responsible for prtal terms i.e.

scalar mixing control radiative corrections from one scalar scale to the other. Therefore,

in the limit of small portal terms, scale separation can be stabilized. The stability of

the potential can be studied for demonstration in a two scalar field potential

V (φ1, φ2) =
λ1

2
φ4

1 +
λ2

8
φ4

2 +
λ3

8
φ2

1φ
2
2 , (2.21)

as presented in [30]. Then under the assumption of dominance of bosonic degrees of

freedom the Renormalization Group equations read as

4π
dλ1

d(logµ)
= 3λ2

1 +
N

4
λ2

3 (2.22)

4π
dλ2

d(logµ)
=
N + 8

4
λ2

2 + λ2
3

4π
dλ3

d(logµ)
=

3

2
λ1 λ3 +

N + 2

4
λ2 λ3 +

1

2
λ2

3 ,

with µ being the renormalization scale and N counting the number of bosonic degrees

of freedom. We will use this set of equations to demonstrate the stability issues in the

next subsection.
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2.3.2 Gildener Weinber Approach

The Coleman Weinberg mechanism relies on a perturbative series expansion. However,

the condition of expansion might be violated and lead to incorrect results, to this end the

method of rnormalization group can be used to improve the computation. For multiple

scalar fields the renormalization group improved potential is tedious to derive but an

excellent approximative method was developed by Gildener and Weinberg to handle this

problem. The Gildener Weinberg approach [53] ensures that at the expansion point the

smallness of the expansion parameter is respected. The general strategy is as follows.

At first a flat direction is found in the classical Potential, which would correspond to a

mass-less excitation. Then the loop correction to this mass is calculated. The effective

potential derived in this way gives a good estimate for the true effective potential for

the symmetry breaking theory. We will demonstrate this method in the simplest scale

invariant model of neutrino mass, as in [31].

We demonstrate the power of the Gildener Weinberg technique with a two scalar field

system Eq. 2.21.

V (φ1, φ2) = V (r, θ) = r4

(
λ1

8
cos θ4 +

λ2

8
sin θ4 +

λ3

4
sin θ2 cos θ2

)
(2.23)

in unitary gauge with φ1 =
r√
2

cos θ, φ2 = r sin θ .

The phenomenologically interesting cases are solutions with r 6= 0 and λ3 < 0 or λ3 > 0

leading to spontaneous symmetry breaking and a tree level minimum condition. For

λ3 > 0

〈
sin2 θ

〉
= 0, 〈r〉 =

√
2 〈φ1〉 =: v , 〈φ2〉 = 0 and λ1(ΛSB) = 0 . (2.24)

Only φ1 has a VEV but excitations about the minimum are mass-less at tree level, φ2

has no VEV but a mass mH = λ3v
2/2.

The other case with λ3 < 0 has the solution
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〈
tan2 θ

〉
=: ε =

√
λ1(ΛSB)

λ2(ΛSB)
,
√

2 〈φ1〉 = 〈r〉
√

1

1 + ε
=: v, 〈φ2〉 = v 〈tan θ〉 , (2.25)

with renormalization condition λ3(ΛSB) +
√
λ1(ΛSB)λ2(ΛSB) = 0 . (2.26)

Now both scalar fields have a VEV and the small excitations about the minima give a

massive scalar state mH and a massless state mL with the spectrum given by

m2
H = v2 (λ1 − λ3), H = sin θφ′1 + cos θφ′2 (2.27)

and m
(0)
L = 0, L = cos θφ′1 + sin θφ′2 . (2.28)

Note that the renormalization condition ensures a potential bounded from below. The

mass-less particle is the excitation along the flat direction of the potential, at tree level

it is the ”Goldstone” boson of broken scale symmetry. Now the one-loop contribution is

computed. The aim of the approach is that one imposes the renormalization condition

2.25 at the scale ΛSB and is close enough to the scale for the one-loop result to be a

good approximation for the effective potential. The correction is given by

δV1-loop = r4

(
A+B log

r2

Λ2
SB

)
, (2.29)

with A = FL
(
3Tr

(
M4
VX(MV )

)
+ Tr

(
M4
SX(MS)

)
− 4Tr

(
M4
FX(MF )

))
and B = FL

(
3TrM4

V + TrM4
S − 4TrM4

R

)
,

where X(M) := log

(
M2

〈r〉2
)

and FL :=
1

64π2 〈r〉4
.

The extremum condition implies that log (〈r〉 /Λ) = −1/4 − A/(2B) and thus we do

not have large logarithms, what was the aim of the approach. The ”Goldstone” boson

becomes massive due to this correction and one could speak of a Pseudo-goldstone boson

(PGB). Its mass is approximately

m2
L =

∂δV1-loop

∂r2
|r=〈r〉 = 8B 〈r〉2 =

1

8π2 〈r〉2
(
3TrM4

V + TrM4
S − 4TrM4

F

)
. (2.30)

The masses are Vector boson, Scalar and Fermion masses, from left to right. This

example elucidates why bosonic degrees of freedom have to be dominant for this solution

to be stable. It is immediately clear that the coloured heavy top quark will dominate
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over the gauge bosons in the SM and thus the CW symmetry breaking mechanism can

not work. On the other hand we will interpret this result as a hint that the SM has to

be augmented by a Hidden Sector with dominant bosonic degrees of freedom.

We investigate what phenomenologies can be generated in this set up. There are three

branches of solutions to this.

1. Assuming a mass dominance of mH over all other contributions in Eq. 2.30 one

has in the case of λ3 < 0

m2
L ≈

m4
H cos θ2

8π2v2
≈ v2

8π2
cos θ2 (λ1 − λ3)2 . (2.31)

Given that v ≈ 246 GeV, the mixing θ < 0.37 - see [45]- and the Higgs boson mass

of 125 GeV the new scalar mass has to be about 550 GeV. Since there are only few

parameters in the model and the renomlalization condition Eq. 2.25 reduces them

further, the required Higgs quartic coupling becomes close to the non-perturbative

region, which does not exclude the scenario- as known from QCD- but makes

it more difficult to handle. Furthermore, according to Eq. 2.22 the λ3 coupling

runs into a Landau Pole just three order of magnitude above the scale of broken

symmetry, see Fig. 2.3. Thus the model can clearly not be valid to the Plank scale

in four spacetime dimensions. Note that this is not a problem in a theory, where

the fundamental Planck scale is much lower, see for example [54].
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Figure 2.3: The RG running of λ1 is displayed, here Λ is the scale of symmetry
breaking.

2. On the other hand if λ3 > 0 we have the loop induced mass for the PGB, which is
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m2
L ≈

m4
H

8π2v2
= λ2

3

v2

32π2
, (2.32)

this predicts a vanishing Higgs self interaction λ1 and requires λ3 ≈ 9. The ad-

ditional scalar has a mass of 525 GeV and the mixing of the Higgs boson with

the additional scalar is proportional to
√
λ3/λ2 and can be made acceptably small

by adjusting λ2. Both couplings , however, are in the non perturbative region

and develop Landau Poles four orders of magnitude above the scale of symmetry

breaking.

3. The last option is that φ1 and φ2 are both Hidden Sector fields- for example

components of a complex field- and administer the symmetry breaking. Then

interaction with the Higgs field H can be switched on via an additional portal and

viewed as a perturbation to the symmetry breaking scenario λp,iH
†H φ2

i . Thus

the Higgs mass is proportional to the VEV times the portal coupling of the Higgs

with the Hidden Sector (HS). The couplings in this case can be still well in the

perturbative range and admit a RG running up to the Plank scale, above which

any concept of Quantum Field Theory is questionable.

In this simple model neutrino masses are generated at tree level once a right handed

neutral lepton N is introduced. This allows to form a Dirac mass term with yD L̄H̃ N +

h.c., where H̃ = i σ2H
∗ (note that in scenario 1 and 2 H = φ1) and a Majorana mass

for the neutral lepton yM φ2 N̄ N c. This leads to a neutrino mass of the following form

M =

 0 yD 〈H〉

yTD 〈H〉 yM 〈φ2〉

 . (2.33)

We can immediately infer the consequences of the above scenarios for the neutrino mass

phenomenology

1. Since φ2 has no VEV neutrinos are pure Dirac particles and the yD have to be of

the order 10−13.

2. φ2 has a VEV of the order of the electroweak VEV and thus the Majorana mass

of the right handed neutrino has to be below the electroweak scale if we want the

Yukawa coupling to stay perturbative. The smallness of active neutrino masses is

then guaranteed by a see-saw relation among the Yukawa couplings yM � yD .
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We have thus a see-saw below the electroweak scale. On the other hand yM can

be smaller than yD, which would lead to a pseudo Dirac scenario.

3. Here the VEV of φ2 is related to the Higgs VEV by the size of λp. If one wants to

avoid fine tuning the portal term, the expected VEV for φ2 would be expected at

the order of TeV. Again the smallness of active neutrino masses can be achieved

in a Yukawa see-saw, which now can be at the TeV scale or lower.

The last option opens a door to a broad class of models where the electroweak scale

is generated via the Higgs portal. What we learned from the above example is the

following:

• Masses for the scalars can be generated by spontaneous breaking of scale invariance

in analogy to QCD.

• This scenario can not be realized in the SM and extensions need to be considered.

• The additional sector - we will call it the Hidden Sector (HS)- has to have a

dominance of bosonic degrees of freedom for the loop effects to have the correct

sign.

• We found that if only one additional real scalar comprises the HS, the models are

non perturbative given the experimental constraints.

• The symmetry breaking scenario has an effect on the neutrino mass phenomenol-

ogy, especially the Majorana mass scale appears due to a Yukawa interaction and

thus can be at any value between the symmetry breaking scale and zero.

The above considerations will serve us as a guideline while studying possible extensions

of the SM by a HS.

2.4 The Hidden Sector and its Portals

We will now develop a general strategy to analyse the possible extensions of the SM by

a HS. We will distinguish three most general extension types:

• The SM can be embedded in a larger gauge group, which breaks to the required

gauge group to describe the observed particle spectrum as is the case in GUT

models.
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• The SM gauge group can be left unchanged and additional Hidden Sector fields

postulated.

• A Hidden Sector with an additional symmetry group can be postulated. Resulting

in the total symmetry group being a direct product of the SM and the new sector

G(SM)×G(HS).

In the following we will assume that the latter two possibilities are relevant, since the

embedding of the SM in a larger gauge sector requires an additional scale of symmetry

breaking which itself poses a little hierarchy problem, as in [36] where additional param-

eter tuning is required. Furthermore, the additional symmetry is assumed to be global

to avoid the need for anomaly cancellation at this point.

One of the most studied extensions of the SM is the supersymmetrc SM. It is motivated

by the scalar hierarchy problem and shows many interesting phenomenological and the-

oretical features. However, so far the experiments have not detected any sign of this

extension implying that if supersymmetry is realized it must be at a higher scale. The

rich bosonic sector of this high scale supersymmetry itself can potentially contribute to

a scalar mass hierarchy problem.

Thus given the experimental situation it might be the case that new physics enters

more gently through so called portals. Those are operators which allow a connection to

the Standard Model at a lower energy scale without spoiling its features, which at the

moment are confirmed with great accuracy at the LHC. The portal operators are all of

mass dimension four, thus they are not suppressed by a UV scale and can be relevant even

if the physics generating them is not directly accessible. We would like to systematize

those possible portal operators, which are based on SM singlet field combinations.

The Higgs Portal

In the pure scalar sector the singlet operator which can be constructed from the Higgs

field is H†H and thus as any additional scalar φ has an analogous singlet operator the

composed dimension four operator is called the Higgs portal term [55] of the Lagrangian

LHP = λpH
†Hφ†φ . (2.34)

This term has a prominent meaning for the Electro-Weak (EW) symmetry breaking, as

if scale-symmetry is broken by the HS and
〈
φ2
〉
6= 0, this portal will generate a mass for

the Higgs boson and break EW symmetry.
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An explicit example how an additional scalar can introduce new EW physics was dis-

cussed in the previous section.

The Neutral Lepton Portal

The addition of a neutral fermion singlet N is a minimalistic extension of the SM with

interesting implications. One is, that a Dirac type mass term for the neutral SM leptons

can be constructed by L̄H̃N + hc, where L is the fermion doublet and H̃ := iσ2H
∗ is

the conjugated Higgs field leading to a Lagrangian

LNP = −hαi ¯̀αH̃Ni − h†iαN̄iH̃
†`α (2.35)

where the neutral lepton forms a singlet operator N̄ N c with C the charge conjugation

operator. This coupling of the neutral singlet fermion to with the SM lepton and Higgs

doublets provides a portal to a new physics sector which will be investigated in detail

in Chapter 3. The singlet field itself can have a Majorana mass term with the defining

equation for the spinor N c = N which in a scale invariant model has to be generated

via coupling to a SM singlet scalar

LM =
1

2
Φ
(
N̄ N c + h.c.

)
. (2.36)

It is important to note that in the framework of the scale invariant models no explicit

mass term is allowed, but after scale symmetry is broken it can be generated sponta-

neously. We will study this operators in more detail in the context of neutrino mass

models in the next chapter.

The Charged Lepton Portal

Also in the charged lepton sector there is an SU(3) × SU(2) singlet- the right handed

lepton field `R. This allows to construct an operator of the type

LLP = χ̄η`R + h.c. , (2.37)
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with χ a SM singlet fermion and η a charged scalar field. This operator is not constructed

from a pure SM singlet, but is a generalization of the concept and allows interactions

of the Hidden Sector with the SM consistent with current phenomenology. Particularly

since the masses of the HS fermion and the HS sclar are generated in the process of

spontaneous scale symmetry breaking of a condensing operator they are naturally of the

same order. This implies interesting resonant phenomena and will be discussed in more

detail. We will study the phenomenology of this chiral operator in Chapter 4 and see

how it can play a role for cosmological relics of the Hidden Sector.

The Hidden Force Portal

As we concluded the Hidden Sector has to have a dominance of bosonic degrees of

freedom over the fermionc degrees of freedom. However, those are not necessarily only

scalar degrees of freedom. As we stated the HS can contain symmetry groups, if those

groups are gauged new gauge bosons will be the consequence. As an example we regard

the SM gauge group augmented by an additional abelian group [56] i.e. the symmetry

group is SU(3)C × SU(2)L × U(1)Y × U(1)V . In the low energy regime the relevant

Lagrangian is

LHF = −1

4
FµνF

µν − 1

4
VµνV

µν − ε

2
FµνV

µν + |Dµφ|2 + yMφ
2VµV

µ + V (φ) + eJµemAµ .

(2.38)

The photon field strength is given by Fµν = ∂µAν − ∂νAµ and Vµν is the field strength

for the massive vector field Vµ. The Jµem is an external electromagnetic current which

only couples to the photon field, thus the massive vector can communicate with our

world only via the kinetic mixing with the photon, which we call the kinetic, or hidden

force portal.

At this point we have to note that the mass of the dark photon mV is generated in

the scale invariant models after symmetry breaking by the scalar φ, thus we have after

symmetry breaking the effective Lagrangian with φ→ (v + h)/
√

2 [57]

LSSB = −1

4
FµνF

µν − 1

4
VµνV

µν − ε

2
FµνV

µν +
mV

2
VµV

µ + eJµemAµ (2.39)

+
1

2
(∂µh)2 − m2

h

2
h2 +

m2
V

v
hVµV

µ +
m2
V

v2
h2VµV

µ − m2
h

2v
h3 − m2

h

8v2
h4 .
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Thus in our theory after symmetry breaking interactions of the hidden photon and

the hidden sector scalar and HS scalar self interactions are induced, which can lead to

interesting effects, which will be discussed in the following.

2.5 Conclusion

In this section we have discussed a general framework for generation of mass in QFT

which is based on breaking of scale symmetry by quantum vacuum effects. This approach

is well defined in the mathematical sense as it provides a valid boundary condition for

a system of differential equations which describe the scale evolution of the QFT in

question. The scale of scale invariance is the highest scale on which a QFT can operate

and it is not a well posed question what happens above in, at least in terms of the QFT

itself.

We observe that in fact this mechanism works in QCD but its application to theory if EW

interactions requires extensions of the SM in such a way the the scale dynamics allows

for spontaneous breaking of the SU(2)L symmetry. This brings us to the question how

such extensions can be constructed and tested experimentally, we have called the new

sector the Hidden Sector. We have discussed several relevant operators which can couple

the Hidden Sector to the SM above. We can identify tree big experimental brunches to

access the portals. One is the neutrino mass generation which clearly requires extensions

of the SM and we will discuss the phenomenology in Chapter 3. The other is the

existence of Dark Hidden Relics - remnants from the hot early phase of the universe,

which can be detected in terrestrial or space borne experiments. We will discus the

experimental implications and detection opportunities in Chapter 4. Furthermore, the

hidden sector can contain bosons which lead to dark forces which can also be studied in

various experiments and we will comment of those test as well.

We want to stress that the question of scalar mass hierarchy and vacuum stability can be

addressed in the context of QFTs with scale invariant boundary conditions and lead to

a broad phenomenological spectrum calling for an interdisciplinary experimental agenda

to probe this intriguing solution.





Chapter 3

Neutrino Phenomenology

In this chapter we describe the phenomenological implications of neutrino mass models

with RSSB developed by us in [2] and apply the methods for their analysis we developed

in [58], including the fit to electroweak precision observables.

As discussed in Sec. 2.3 the neutral components of the left handed lepton doublet -

the neutrinos- remain mass-less in the SM. However, this is excluded experimentally

as neutrino flavour oscillations have been observed [59, 60] and discussed theoretically

even way earlier [61, 62]. In a very intuitive way it is clear that, as a mass-less particle

has no eigentime and can not experience any change, the flavour oscillation observation

makes it absolute necessary that the neutrinos have a mass. In this chapter the Hidden

Sector will be constructed in such a way that it accounts for non vanishing neutrino

masses. The strategy followed is that after the general considerations of models with

radiative symmetry breaking as effect of anomalous scale symmetry we would like to

establish a connection with experiment and try to place constraints on the models.

Thus we will study models which are possible candidates of radiativly induced mass

scales and incorporate massive neutrinos. Furthermore, we will discuss the question

how the neutrino mass can be made much smaller than the scale of symmetry breaking

in our models, as it is experimentally constrained to be at the eV scale.

Starting out with a scale invariant theory any explicit Majorana or Dirac mass term

which would otherwise be possible and expected for a given set of fermions is forbidden.

This implies that all mass terms must be dimensionless Yukawa couplings times one of

the vacuum expectation values (VEVs) generated by the dynamical symmetry breaking.

This clearly alters expectations for neutrino masses and we will discuss how this leads

naturally to a generic TeV scale see-saw, inverse see-saw and pseudo-Dirac scenarios.

27
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It has been shown in [29, 31] that extending the SM by merely right-handed neutrinos

and an additional scalar field can result in the correct low energy phenomenology. The

basic idea is that introducing additional scalar degrees of freedom makes the running

of the couplings such that spontaneous symmetry breaking is possible. The additional

scalar singlet gets a VEV and by its admixture to the Higgs a mass term is generated

which can again induce EW symmetry breaking. This cascading symmetry breaking

mechanism results in the discussed model in the correct Higgs mass and VEV. Thus,

the EW scale appears naturally given the particle content of the model.

The simplest model compatible with data contains a complex scalar singlet [63] and the

symmetry breaking takes place entirely in the new scalar sector, then it is transmitted

via the Higgs portal to the SM boson. Explicit Majorana masses are not allowed and

Majorana mass terms arise via Majorana-Yukawa couplings to the new scalar, which

exemplifies nicely how neutrino mass generation is affected. Note that this has imme-

diate consequences for the expected Majorana mass terms. Usually, an explicit mass is

expected to have the largest possible value allowed by the symmetries of the system,

while it is now the product of the symmetry breaking hidden scalar with a TeV-scale

VEV with a Yukawa coupling. Since the Yukawa couplings of the SM show numerically

a huge range, we assume the same to be true more general for all Yukawa couplings

and Majorana mass terms can consequently have now any value between zero and the

symmetry breaking scale.

Motivated by this simple example we would like to discuss in this chapter the changes

for neutrino mass terms in conformally invariant theories in a more general way. We

give therefore in this chapter an overview of the considered cases for the generation of

neutrino masses within the framework of conformal theories. The consequences for the

possible structure of VEVs are elaborated in the same paragraph. On the other hand

we investigate if different conformally invariant neutrino mass models are possible at

all with regard to the occurrence of radiative symmetry breaking and the correct Higgs

mass. The different models are divided into two classes. The first class is based on mere

extensions of the particle content of the SM, whereas the second part consists of theories

that extend the SM gauge group by a U(1) symmetry which separates a Hidden Sector

(HS) from the SM. Different models within these parts are organized by their effects on

the neutrino mass matrix M.

For neutrino masses it is in this context crucial that conformal symmetry forbids ex-

plicit mass scales in the classical Lagrangian. Phenomenological viable conformal EW

symmetry breaking employs Higgs portals which connect to another sector with TeV

scale dynamical mass generation. This implies that all Dirac and Majorana fermion

masses are governed by this TeV scale or by the EW scale times some Yukawa coupling.
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This severely affects expectations for neutrino masses. A parameter scan for an effective

model reveals that there are basically four phenomenological classes of theories. This

scan is presented at the end of this Chapter.

3.1 Neutrino Mass Models

In this section we present model building rules for neutrino masses in a theory with clas-

sically conformal Lagrangian. Specifically we consider the following cases for neutrino

masses in extensions of the Standard Model.

• The SM gauge group can be left unchanged and additional fields postulated.

• A Hidden Sector (HS) with an additional symmetry group can be postulated.

Resulting in the total symmetry group being a direct product of the SM and the

new sector G(SM)×G(HS).

In the following we will assume that the additional symmetry is global to avoid the need

for anomaly cancellation at this point.

3.1.1 General Conformal Building Rules

A fermion mass term is a chirality flip of the field. Therefore, we will have an incoming

particle of one chirality, e.g. the left-handed neutrino νL and its antiparticle of opposite

chirality as an outgoing particle, which is right-handed. This particle can either be its

own antiparticle with a Majorana mass or a distinct particle with a Dirac mass. The

operators in the Lagrangian have dimension three and thus have to be augmented by a

dimension one scalar field in order to fulfil the conformal requirements. Thus we assume

the fermions only to couple via Yukawa couplings of the form

ψLψRϕ and ψRψLϕ , (3.1)

where the ψ are fermions and ϕ represents a scalar. Explicit mass terms are forbidden

in the Lagrangian, i.e. any diagram like
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with an explicit fermion mass term (cross) is forbidden. Yukawa couplings and mass

terms which are generated via Yukawa and VEVs couplings like

y ψLψRvϕ and y ψRψLvϕ . (3.2)

are allowed:

〈ϕ〉

Each neutrino mass diagram needs an odd number of mass insertions. Note that we

work within the flavour basis, i.e. we use fields that appear in the unbroken Lagrangian.

For the scalars conformal invariance only allows couplings which connect 4 scalars, i.e.

diagrams of the form

These rules will be used throughout this work and will serve to derive rules with regard

to specific neutrino mass questions.

3.1.2 The Weinberg Operator Case

We will argue that all neutrino mass diagrams, leading to a Majorana mass contribution

for the active neutrinos, involve at least one vacuum expectation value other than the

Higgs VEV and show that this is a topological necessity of conformally invariant theories

including upto SU(2) triplet representations.

To prove this we first note that any diagram has an even number of doublet scalar

mass insertions. This is because all diagrams generating left-handed Majorana masses
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S D T

S ϕSS Dφ̃S Tr [T∆S]

D DDcϕ , D∆Dc φ̃†TL

T Tr [ϕT cT ]

Table 3.1: Possible dimension 4 Yukawa coupling terms. S, D and T denote singlet,
doublet and triplet fermions respectively. ϕ, φ and ∆ denote singlet, doublet and triplet
scalars respectively. Note that in also the totally antisymmetric coupling T̄1 T2 ∆ is

possible, if there two different triplet fermions in the theory.

have the left-handed doublet as the incoming and the outgoing particle, i.e. we have to

start and end up with a doublet. If we assume that the theory has only upto SU(2)

triplet scalars and fermions, the only possibilities to connect two fermionic doublets are

Yukawa couplings with a scalar triplet or singlet. Connecting a doublet fermion to a

singlet fermion involves a doublet scalar. Equivalently a doublet and a triplet fermion

are connected via a scalar doublet. Furthermore, two fermion singlets can couple to a

singlet scalar, as well as two fermion triplets and a triplet and singlet fermion to a triplet

scalar (see Table 3.1).

Thus scalar doublets occur if and only if we connect a fermionic doublet to a fermionic

non-doublet. This implies that in order to start and end up with a fermion doublet we

necessarily have an even number of scalar doublet mass insertions.

As in any theory including upto SU(2) triplets there are only potential couplings possible

that involve an even number of SU(2) doublets. Thus, each doublet line will couple to

an odd number of doublet lines. As the product of an even and an odd number is an

even number, the number of doublet lines will remain even. Connecting some of these

lines and producing a loop will not change this fact as this closing reduces the number

of external doublet lines by an even number.

On the other hand two fundamental building rules for conformally invariant neutrino

mass generation require that firstly there is always an odd number of mass insertions and

secondly potential couplings always connect four lines. Both together yield that there

has to be left an odd number of scalar external lines. Consequently as there has to be

an odd number of VEVs but an even number of doublet VEVs, there has to be a singlet

or a triplet VEV. Note, however, that this argument is based on the assumption that

there are no fermion or gauge boson loops involved. This finding can be summarized as

follows: If there are no gauge boson or fermion loops possible, a conformally invariant

theory with upto SU(2) triplet scalars and fermions needs a singlet or triplet scalar

vacuum expectation value to generate left-handed Majorana neutrino masses.
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3.1.3 Radiative Models

In this subsection we deal with the question if it is possible to choose the particle con-

tent and the VEV structure of a theory such that the lowest order contribution to the

left-handed Majorana masses is fully radiative i.e. there is no scalar which gets a VEV

coupled to the neutrino line.

As before, we assume that there are no fermion or gauge boson loops involved. We

argue now that if the potential only contains terms which couple fields in singlet pairs

neutrinos can not gain mass via loops. This is the case, as scalars connected to the

fermion line can only be coupled in such a way that they either produce one scalar of

the own kind and two of another or couple to a particle of the own kind coming from

the fermion line and thus reducing the number of the corresponding fields by an even

number. So either the number of the corresponding field quanta stays the same, reduces

or increases by an even number, but never by an odd number. As there has to be an

odd number of mass insertions to the fermion line it is impossible to combine all scalars

connected to the fermion line in a loop without producing at least one external line that

already couples to the fermion line.

An other way to understand this, is that for a loop induced active neutrino mass there

has to be a lepton number violating term in the potential. Since the potential contains

only four scalar operators, there has to be at least one among them with non pairwise

coupled scalars. We can summarize this result: In a conformally invariant theory without

fermion or gauge boson loops it is impossible to generate left-handed Majorana neutrino

masses in a fully radiative way if the potential contains only terms coupling scalars in

singlet pairs.

We present models, which have not only pairwise scalar combinations in the potential,

and yield fully radiative left-handed neutrino masses in Appendix A. We only discuss

models, which can yield neutrino masses with non vanishing diagonal elements, as those

are excluded experimentally, as argued in [64]. Furthermore, two possibilities to cir-

cumvent the above argument are presented, one is a model containing fermion loops.

The other is the Ma model [65] with a Z2 symmetry, which forbids the Dirac tree level

coupling and violates lepton number with the sterile neutrino Yukawa term. However,

we do not consider discrete symmetries in the main body of the articles and the only way

to have a model with this topology is with a Hidden Sector symmetry. The requirement

of electrically neutral VEVs makes this model only viable for generating loop induced

masses for the sterile neutrinos. This possibility will be discussed later on.
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3.1.4 Overview of viable models

In this section we will give a summary of models in which it is possible to have neutrino

masses and radiative scale symmetry breaking (RSSB). The criteria for the generation of

neutrino masses are presented in Sec. 3.1.1. The RSSB works in the case that the scalar

sector is augmented by at least one additional complex scalar, which modifies the beta

function of the mass parameter in such a way that a scalar component gets a VEV of

order TeV, which is then cascaded to the Higgs sector through the Higgs-scalar mixing.

The minimal requirement of two bosonic degrees of freedom in the additional sector is

crucial, since the RSSB relies on the bosonic degrees of freedom dominating over the

top quark contributions. The possibility of one additional bosonic d.o.f. and the SM

Higgs only, results in an unacceptably large mixing of the Higgs with the new boson, as

discussed in Chapter 2.

To avoid this problems the symmetry breaking has to be triggered by the hidden sector

and the pseudo-glodstone boson (PGB) of scale symmetry breaking has to reside mainly

in the hidden sector, see for example [25]. In the case of one additioal bosonic degree

of freedom, the Higgs boson is mainly the PGB which phenomenologically requires

larger values of quartic couplings and leads to low scale Landau poles, see for example

discussion in [31], which corresponds to model 3A with only one real scalar field. It

was demonstrated that RSSB is possible, but in our opinion the low scale Landau pole

is problematic and we will take the model with two real scalars as the simplest realistic

model.

We will demonstrate the RSSB in a case with two bosonic degrees of freeom in the HS.

The scalar field content is given by the SU(2) doublet H and two real SM singlets Φ

and S. The potential has the form

V (H,Φ, S) =
λH
2

(H†H)2 +
λS
2
S4 +

λΦ

2
Φ4+ (3.3)

λHS H
†H S2 + λHΦH

†H Φ2 + λSΦ Φ2 S2 .

For simplicity we will use spherical coordinates in field space with the replacements

H = r sin θ sinω ,

S = r sin θ cosω ,

Φ = r cos θ .
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We find with Eq. 3.4 and the definitions (tan θ)2 =: ε and (sinω)2 =: δ that

(r cos θ)4 V (r, θΦ) =
1

2
(λΦ + ε(2 δλH Φ + 2(1− δ)λSΦ+ (3.4)

ε(δ2λH + 2(1− δ) δ λHS + (1− δ)2 λS))
)

= R(Λ) .

The vanishig of this quantity at the scale of symetry breaking R(ΛRSSB) = 0 defines

the classically flat direction in the potential, it is the renormalization condition.

Assuming that the mixing anomg the scalars is not large i.e. ε, δ < 1 a hierarchical

VEV structure appears

〈Φ〉 = 〈r〉 (1 + ε)−1/2 =: v (3.5)

〈S〉 = 〈r〉 (1 + ε)−1/2√ε = v
√
ε

〈H〉 = 〈r〉 (1 + ε)−1/2
√
ε δ = v

√
ε δ

⇒ 〈Φ〉 > 〈S〉 > 〈H〉 .

After the symmetry breaking the right handed neutrinos get their Majorana mass throug

Yukawa interactions with the HS scalars MNi = YNi/2 v
2(1 + ε). The scalar spectrum

contains two massive excitations and one which is mass-less on tree level and corresponds

to the flat direction in the potential. The idea behind the Gildener Weinberg approach

is that the quantum effects are taken into account in the one loop correction to the mass

of this particle, making it a PGB of brokend scale symmetry. This procedure ensures

perturbativity as discussed in detail in [53]. The mass of the PGB is given by

M2
S =

1

8π2 〈r〉

(
M4
H + 6m4

W + 3m4
Z +M4

Φ − 12m4
t − 2

∑
i

M4
Ni

)
, (3.6)

while the tree level scalar masses are (with λΦS < 0 and λHS , λΦS > 0 for explicitness)

M2
H = v2 [(δ − 1)(1 + 16δ ε)λΦS + δ ε(3δ λH − (δ − 1)λHS)] δ−1 , (3.7)

M2
Φ = −v2 [(16(δ − 1)ε− 1)λΦS − ε(δλHS − 3(δ − 1)λS)] . (3.8)
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In this scenario the PGB resides mainly in the HS and thus the mixing with the Higgs

can be brought in agreement with the experimentally constrained Higgs-scalar mixing

[17], while the potential parameters are perturbative and no low energy Landau pole

appears. We plot the phenomenologically allowed mass regions in Fig. 3.1.

Figure 3.1: The phenomenlogically allowed mass region in the simplest neutrino mass
model with RSSB, a Higgs mass of 125 GeV, a higgs portal mixing compatible with the
bound sin θ < 0.37, perturbative potential parameters and no low scale Landau pole.
Here MN is the mass of the heaviest right handed neutrino, MΦ is the heavy scalar

dominating the spectrum and MS is the mass of the PGB.

The neutrino mass models with RSSB will be organized in the following way. Firstly we

distinguish models with the SM model gauge group and secondly those where an addi-

tional Hidden Sector symmetry comprises with the SM symmetry group a direct product

group. In the first case models are distinguished which affect the left handed neutrino

mass directly (#A) and those with an additional singlet fermion state which contributes

to the left handed neutrino masses, as known from the type I see-saw mechanism (#B).

In the second scenario in all models there are additional SM singlet fermion states. We

distinguish models with effect on the masses of the total singlets under the full gauge

group (#C), denoted by νR and those where masses of fermions are affected, which carry

a Hidden Sector charge (#D) and are denoted by νx. The Dirac type masses in our

framework are always determined by Yukawa couplings yD and the Higgs VEV, and as-

sumed to exist if allowed by the symmetry. We comment on loop effects in models where

those can lead to suppression of mass matrix entries. Furthermore, some comments on

phenomenological implications will be made, but the main phenomenological discussion
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is omitted at this point and postponed to Sec. 3.2. All models carry an identification

number and are described in detail in Appendix A.

At first we focus on the models where the SM field content is extended. Assuming that

we have singlet, doublet and triplet fermionic and scalar SU(2) representations we list

all combinations systematically and check whether a conformal neutrino mass model can

be constructed, see Table 3.2. Assuming only the above mentioned representations the

presented list is complete. The models share features with the non-conformal analogues,

nevertheless the scalar sector is in all cases enlarged to make the graph construction

topologically possible without explicit mass insertions. Furthermore, the mass scales

are all around the TeV scale, since the general spirit of the radiativly broken scale

invariance forbids large scale separation.

We again present a full catalogue of models with a U(1)hidden, given that we only in-

volve up to the triplet representation of the SU(2)L group, see Table 3.3. This model

sector could be enlarged by regarding more complex hidden groups, but due to our little

knowledge of the dark sector we stick here to the minimality condition. As a result we

find a variety of tree level and radiative models with possible textures in the neutrino

mass matrix. As one of the most promising models we point out 1D and 2D, which lead

to an inverse see-saw (ISS) mass matrix structure which implies seizable active sterile

mixing, discussed in [66, 67]. The active-sterile mixing and the light masses are given

by

ε =
1

2
m†D(M−1

Rx )∗(M−1
Rx )TmD ≈

y2
D

y2
M

v2

TeV2 , (3.9)

mν = mT
D(M−1

Rx )TµM−1
RxmD ≈ µ ε.

The MRx scale is of the order of one to few TeV and the µ scale is loop induced in 2D

and suppressed by heavier scales in 1D, which brings it to the keV scale. The Yukawa

couplings in this region can be close to one, which makes it an attractive alternative to

the fine tuned solutions. The effects of the active-sterile mixing can lead to an improved

χ2 for the Electro-weak precision observables, as we showed in [68] and we will comment

on it in the next section.

In general the requirement of no scalar scale hierarchy restricts the vacuum expectation

values of the new scalars not to be higher than the TeV scale. This leads with Yukawa

couplings in the perturbative region to a particle spectrum below the TeV scale. How-

ever, this is not a necessity in all models. For instance if several additional scalar VEVs

induce a cascade where the heaviest field begins with the symmetry breaking and trans-

fers the scale by a portal to the next which in turn cascades down to the third scale,
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the scale separation can become larger without large tuning of the couplings, this can

lift up the spectrum to a few TeV, as can be the case in the conformal inverse see-saw.

In several models, see Table 3.2 and 3.3, the Majorana contribution to the light neutrino

mass is suppressed and therefore an other neutrino mass scenario appears, in that case

the active neutrinos are almost mass degenerate with the sterile components comprising

pseudo Dirac pairs. This possibility is experimentally extremely challenging, but might

be accessible in long baseline and low energy oscillation experiments [69].

In general scale separation does not appear naturally in models with RSSB, thus the

neutrino mass scale can appear if the Yukawa couplings are arranged in a way leading

to a see-saw suppression. The other possibility is that the lightness is connected to a

small lepton number violation parameter. This smallness can be argued to be natural

in t’Hoft sense, as the symmetry of the theory would increase if this parameter would

be exactly zero. Furthermore, in radiative neutrino mass models the smallness of the

lepton number violation is augmented by a mass suppression by the loop factors. The

most interesting possibility is, however, if both of this mechanisms are at work. This is

the case if the Majorana scale is induced by a loop involving a lepton number violating

coupling, leading to the Pseudo Dirac and Inverse see-saw scenarios. Where in the last

scenario the Yukawa couplings can be of order one.

3.2 Experimental Signatures

In this section we study in detail the experimental signatures of the different neutrino

mass generation scenarios discussed in the previous section. We will make use of the

fact that there are observables which are very sensitive to physics at higher energy scales

and study vacuum effects of the new hypothetical particles in our models to gain more

insight in the model space viability. We will perform fits to existing experimental data

and estimate the size of effects which can be detected in future searches.

3.2.1 Observable Effects of Singlet Fermions

In this section we show how our low energy observables can be influenced by heavy

physics coupled through the neutral fermionic portal, we will refer to the singlet fields

from now on as heavy neutrinos. The heavy neutrino fields in Eq. 2.35 are SM singlets

and do not participate in the gauge interactions. However, the breaking of the elec-

troweak symmetry induces a neutrino Dirac mass term. The mass eigenstates obtained

by diagonalization of the full mass matrix couple to the Z and W bosons. Expressed in
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Conformal Mass Models within the SM Gauge Group

# particle content
non-conformal

motivation
neutrino
masses

correct
Higgs
mass

phenomenological note

Left-Handed Majorana Masses

1A
Conformal SM

(CSM)
� No No

This theory does not yield neutrino
masses.

2A CSM + νR : (1, 0) See-saw type I Yes No
Neutrinos in this theory are of

Dirac type.

3A
CSM + νR : (1, 0) +

ϕ : (1, 0)
See-saw type I Yes Yes

In dependence of the coupling
constants this theory can yield Sub

TeV or Pseudo-Dirac neutrinos.

4A CSM + ∆ : (3,−2) See-saw type II Yes No
This theory yields pure left-handed

Majorana neutrinos.

5A
CSM + ∆ : (3,−2)

+ ϕ : (1, 0)
See-saw type II Yes Yes

This theory yields pure left-handed
Majorana neutrinos as well.

6A
CSM + νR : (1, 0) +

ϕ : (1, 0) +
∆ : (3,−2)

See-saw type I/II Yes Yes
Sub TeV and Pseudo-Dirac

neutrinos are possible.

7A CSM + δ− : (1,−2) � No No Neutrinos remain massless.

8A
CSM + δ− : (1,−2)

+ ∆ : (3,−2)
� Yes No

The additional δ− only contributes
corrections to the masses.

9A CSM + Σ : (3, 0) See-saw type III No No Neutrinos remain massless.

10A
CSM + Σ : (3, 0) +

ϕ : (1, 0)
See-saw type III Yes Yes

This theory yields the same
neutrino phenomenology like the

conformal See-saw type I.

11A
CSM + δ− : (1,−2)

+ ε++ : (1, 4) +
ϕ : (1, 0)

Zee-Babu Yes Yes
Pure left-handed Majorana

neutrino masses suppressed by 2
loops.

12A
CSM + H2 : (2, 1) +

η+ : (1, 2) +
ϕ : (1, 0)

Zee Model Yes Yes
Pure left-handed Majorana

neutrino masses suppressed by 1
loop.

13A
CSM + φ1 : (2, 3)
H2 : (2, 1) η :

(1,−4); φ2 : (1, 0)
Law-McDonald Yes Yes

Pure left-handed Majorana
neutrino masses suppressed by 2

loops.

Right-Handed Majorana Masses

1B
CSM + νR : (1, 0) +
Σ : (3, 0) + ∆ : (3, 0)

+ ϕ : (1, 0)
� Yes Yes

This theory can generate
conditions for the Pseudo-Dirac

and the Sub TeV see-saw.

2B
CSM + νR : (1, 0) +

νx : (1, 0) +
ϕ : (1, 0)

� Yes Yes

The extension by further sterile
neutrinos is trivial if they cannot
be distinguished from the original

sterile neutrinos.

Table 3.2: Summary of different conformally invariant models for the generation of
neutrino masses within the SM gauge group. The Lorentz nature of the fields is the
following: νR, Σ are fermions and φ, δ, ε, ∆ are scalars. It is always mentioned if there
is a non conformal motivation to the particular model. Furthermore, short comments
on the phenomenology are displayed. All models carry a number for later reference.
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Conformal Mass Models with Additional U(1) Symmetry

# particle content U(1)H VEV structure phenomenological note

νR Majorana Masses

νR : (1, 0) 0
The double see-saw mass

structure is implied.

1C νx : (1, 0) 1
all scalars get a

VEV
Pseudo-Dirac and

ϕ1 : (1, 0) 1 sub TeV scenarios

ϕ2 : (1, 0) 2 are possible .

νR : (1, 0) 0
The minimal extended

see-saw structure is implied.

2C νx : (1, 0) 2
all scalars get a

VEV
Light sterile neutrinos

ϕ1 : (1, 0) 0 with large

ϕ2 : (1, 0) -2 active-sterile mixing .

3C theory 1C +
theory

1C
ϕ1 gets no VEV radiative model,

ϕ3 : (1, 0) -4
implies Pseudo-Dirac

scenario

νR : (1, 0) 0

Σ : (3, 0) 1 Pseudo-Dirac and sub TeV

4C ∆ : (3, 0) 1
all scalars get a

VEV
scenarios

ϕ1 : (1, 0) 1 are possible.

ϕ2 : (1, 0) 2

5C theory 3C +
theory

3C
ϕ1 gets no VEV radiative model,

ϕ3 : (1, 0) -4
implies Pseudo-Dirac

scenario

νx Majorana Masses

νR : (1, 0) 0

νx : (1, 0) 1

1D Σ : (3, 0) -2
all scalars get a

VEV
generates small νx mass,

∆ : (3, 0) -3
implies the inverse see-saw

scenario

ϕ1 : (1, 0) -3

ϕ2 : (1, 0) -4

ϕ4 : (1, 0) 1

2D theory 1D +
theory

1D
ϕ1 gets no VEV radiative model,

ϕ3 : (1, 0) 10
implies the inverse see-saw

scenario

Table 3.3: Summary of different conformally invariant models for the generation of
neutrino masses with an additional HS symmetry. The Lorentz nature of the fields is
the following: νR, νx, Σ are fermions and φi for i ∈ {1, 2, 3} are scalars. All hidden
sector charges are shown in the third column and the VEV structure is summarized in
the fourth column. Furthermore, short comments on the phenomenology are displayed.

All models carry a number for later reference.
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terms of the mass eigenstates the corresponding part of the Lagrangian takes the form

Lint = − e

2cwsw
Zµ
∑3+n

i,j=1

∑
α=e,µ,τ ν̄iU

†
iαγ

µPLUαjνj

− e√
2sw

Wµ
∑3+n

i=1

∑
α=e,µ,τ ν̄iU

†
iαγ

µPLeα + h.c. , (3.10)

where eα denote the charged leptons, νi denote the light (for i ≤ 3) as well as heavy (for

4 ≤ i ≤ 3+n) neutrinos, and U is the full unitary (3+n)×(3+n) neutrino mixing matrix.

To give masses to at least two active neutrinos, as required by oscillation experiments,

we need two or more heavy neutrinos, i.e. n ≥ 2, but otherwise n is unconstrained.

Below we review the phenomenology of (3.10) together with the corresponding up-to-

date experimental results.

Lepton-flavor violating decays. In the scenario under consideration the branching ratio

of µ→ eγ decay is given by [70]

BR(µ→ eγ) =
Γ(µ→ eγ)

Γ(µ→ eνν̄)
=

3α

32π
|δν |2 , (3.11)

where δν = 2
∑

i U
∗
eiUµi g

(
m2
i /M

2
W

)
and the loop function g is defined by

g(x) =

∫ 1

0

(1− α)dα

(1− α) + αx
[2(1− α)(2− α) + α(1 + α)x].

Note that we use mi to denote the masses of both light and heavy neutrinos. Since the

masses of the active neutrinos are very small we can neglect them in the loop integral,

g(m2
i /M

2
W ) ≈ g(0) = 5/3. Using unitarity of the full mixing matrix we then find

δν = 2
∑3+n

i=4 U∗eiUµi

[
g
(
m2
i /M

2
W

)
− 5/3

]
. (3.12)

The recent limit on this branching ratio obtained by the MEG collaboration [71] is

BR(µ+ → e+γ) ≤ 5.7 · 10−13 (3.13)

at 90% confidence level. From (3.12) and (3.13) we can infer bounds on the products

of the mixing elements Uµi and Uei. An analogous relation also exists for the τ → eγ

decay. However, the corresponding experimental constraints are much weaker and will

not be considered here.

Neutrinoless double-beta decay. Neutrinoless double-beta decay constrains the effective

mass of the electron neutrino 〈mee〉. The latter receives contributions from the light as
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well as from the heavy mass eigenstates [72]:

|〈mee〉| ≈
∣∣∑3

i=1U
2
eimi −

∑3+n
i=4 F (A,Mi)U

2
eimi

∣∣ . (3.14)

For masses of the heavy neutrinos in the TeV range one can use an approximation:

F (A,mi) ≈ (ma/mi)
2f(A), where ma ≈ 0.9 GeV and f(A) depends on the decaying

isotope under consideration [73, 74]. A conservative bound, |〈mee〉| < 0.4 eV, has been

recently obtained by the GERDA collaboration [75].

Unitarity and lepton universality violation. For the following analysis it is convenient to

represent U in the form

U =

 U R

W V

 . (3.15)

The (n× 3) matrix R describes the active-sterile mixing. An obvious consequence of a

nonzero active-sterile mixing is that the (3 × 3) PMNS matrix U is no longer exactly

unitary [76]. The deviation from unitarity can be parameterized by

εα ≡
∑

i≥4|Uαi|2 . (3.16)

In general the quantities εe, εµ and ετ are not equal. In other words, there is also a

violation of lepton universality. Experimental bounds on linear combinations of the εα

read [77]

εe − εµ = 0.0022± 0.0025 , (3.17a)

εµ − ετ = 0.0017± 0.0038 , (3.17b)

εe − ετ = 0.0039± 0.0040 . (3.17c)

The stringent experimental bound on the µ→ eγ branching ratio implies that either εe

or εµ is negligible in (3.17). For a recent study of lepton universality violation in Pion

and Kaon decays in the presence of sterile neutrinos consult [78].

Heavy neutrinos at colliders. Heavy singlet Majorana fermions have been searched for

at the LEP and LHC colliders, see [79, 80] for a review. The searches were based on the

production of the heavy state due to a considerable mixing to the active neutrinos.

At LEP the heavy neutrino could be produced in e+e− annihilation, e+e− → Nν, via

s-channel Z-exchange as well as via t-channel W -exchange. The produced Majorana

neutrinos then rapidly decay via the weak neutral or charged currents: N → Zν and

N → We. A search for heavy neutrinos with masses up to ∼ 200 GeV has been

performed by the L3 and Delphi collaborations using the latter decay channel with W
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decaying into hadrons [81, 82]. The experimental signature of these events would be one

isolated electron plus hadronic jets.

New limits on the active-sterile mixing for the heavy neutrino masses up to 210 GeV have

been obtained recently by the CMS collaboration [83] using a dilepton decay channel

with two leptons of equal charge and flavour plus jets, see Fig. 3.2. Violation of lepton

q′

q̄

W+

N

e+α

e+α

Jet

Jet

W−

Figure 3.2: Lepton number violating process mediated by the sterile neutrino, see
e.g. [84].

number in this process occurs due to the Majorana nature of the sterile neutrino. For

large Majorana masses the square of the momentum transfer in the propagator of the

intermediate neutrino can be neglected and the production cross section depends on the

combination |∑i U
2
αim

−1
i |. Assuming that only one of the heavy neutrinos couples to

the electron with a strength |Uei|2 ≈ 5.2·10−3 it has been estimated in [85] that after the

LHC upgrade to
√
s ≈ 14 TeV this channel can be used to search for Majorana neutrinos

with masses up to roughly 800 GeV. For these parameters we get |∑i U
2
αim

−1
i | '

6.5 · 10−3 TeV−1 and one event per 100 fb−1 is expected. Even though this is a very

weak statistical signal it has been noted that in the highest mass region (800 GeV) the

leptons are emitted back to back providing a very clean signature and allowing for an

excellent background suppression. If the luminocity of ∼ 400 fb−1 is reached one can

hope to find the heavy neutrinos even if the above defined combination of the mixings

and masses is as small as 3.25 · 10−3 TeV−1.

A possible way of testing even higher mass ranges is to study electron-proton collisions

where the dominant detection channel is e− + q → q′ + e+ + W with the Majorana

neutrino as an intermediate state. In [86] it has been estimated that at an electron-

positron collider with a center of mass energy
√
s ≈ 6 TeV mass ranges up to 1.5 TeV

can be tested. We will show that the special scenario of almost degenerate right sterile
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neutrinos with a small Majorana mass fraction can lead to a different collider signature

in Sec. 3.2.8.

Non-unitarity in neutrino oscillations. The standard oscillation formula assumes uni-

tarity of the PMNS matrix U , which is violated in the model under consideration. The

non-unitarity of U will manifest in a modified oscillation probability formula [76], which

in particular includes a zero-length effect [87]:

Pαβ(L = 0) =
δαβ (1− 2εα) + εαεβ

(1− εα)(1− εβ)
. (3.18)

Being of second order in ε for α 6= β this effect is strongly suppressed. As discussed by

a number of authors, see [76] and references therein, the probabilities do not add up to

unity. At non-zero distances the non-unitarity effects are linear in ε [88] and may affect

the results of global fits. For the purposes of this work we will use the best-fit results for

the light neutrino parameters obtained in a unitary fit as an input, see [89]. The order ε

corrections to the parameters of the active neutrinos will be computed using (3.28). At

the end, when comparing the corrected values to the results of the unitary fit in [89] we

find agreement within the one sigma intervals. The values are also consistent with the

one sigma intervals obtained in a non-unitary fit [76]. Furthermore, we have checked

that our results are not sensitive to changes of the active neutrino parameters within

their experimental errors, which justifies our procedure.

Electroweak precision observables. An important consequence of non-unitarity is that

the couplings of the light neutrinos to the Z and W bosons are suppressed with respect

to their SM values. Taking this effect into account we find that the invisible Z-decay

width is suppressed:

Γinv/ [Γinv]SM = 1
3

∑
α(1− εα)2 . (3.19)

This means that the ‘effective number of neutrinos’ measured in the Z-decay is slightly

less than three, which is qualitatively agreeing with the LEP results [90]. Similarly,

cross-sections of the charged- and neutral-current neutrino scatterings on quarks are

also affected:

σCC
α = σCC

α,SM(1− εα) , (3.20a)

σNC
α = σNC

α,SM(1− εα)2 . (3.20b)

The stronger relative suppression of the neutral current interactions can be observed

in experiments measuring ratios of the corresponding cross sections. In particular, it is

qualitatively consistent with the results of the NuTeV experiment [94, 95, 96, 97]. An-

other important consequence of non-unitarity is that Gµ – the Fermi constant measured

in the muon decay – is not equal to the Fermi constant measured in experiments with
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EWPO Theory (Standard Model) Experiment

Γlept (MeV) 84.005± 0.015 83.984± 0.086

Γinv/Γlept 5.9721± 0.0002 5.942± 0.016

sin2 θW 0.23150± 0.0001 0.2324± 0.0012

g2
L 0.3040± 0.0002 0.3026± 0.0012

g2
R 0.0300± 0.0002 0.0303± 0.0010

MW (GeV) 80.359± 0.011 80.385± 0.015

Table 3.4: Theoretical predictions and experimental results for electro-weak precision
observables (EWPO). The theoretical predictions are taken from [91]. The experimental
values for the invisible and leptonic Z-decay widths as well as the Weinberg angle are
from [90]. For the Weinberg angle we use the value measured in the hadronic processes
to make sure that it is free of the non-unitarity corrections. The values of gL and gR

are taken from the NuTeV results after including a recent NNLO analysis [92, 93].

semi-leptonic processes, but

G2
µ = G2

F (1− εµ)(1− εe) . (3.21)

Since the muon decay width is used as an input in the SM fits, this modification influences

many observables and has been used in [76] to obtain bounds on the active-sterile mixing.

However, as argued in [77, 98], the impact of the heavy neutrinos is not limited to the

above discussed tree-level effects. Heavy neutrinos contribute to the self-energies of

the W and Z bosons and therefore modify their propagators. These loop effects can

be described in terms of the S, T, U parameters [99]. A more detailed description of

the oblique correction formalism is presented in Appendix B, while the calculations

are shown in Appendix C and Appendix D. Combining the tree-level and one-loop
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contributions one obtains [77, 98]

Γlept

[Γlept]SM

= 1 + 0.6 (εe + εµ + 0.0145T )

− 0.0021S , (3.22a)

Γinv/Γlept

[Γinv/Γlept]SM

= 1− 0.67 (εe + εµ + ετ )

+ 0.0021S − 0.0015T , (3.22b)

sin2 θlept
w[

sin2 θlept
w

]
SM

= 1− 0.72 (εe + εµ + 0.0145T )

+ 0.0016S , (3.22c)

g2
L[

g2
L

]
SM

= 1 + 0.41 εe − 0.59 εµ

− 0.0090S + 0.0022T , (3.22d)

g2
R[

g2
R

]
SM

= 1− 1.4 εe − 2.4 εµ

+ 0.031S − 0.0067T , (3.22e)

MW

[MW]SM

= 1 + 0.11 εe + 0.11 εµ

− 0.0036S + 0.0056T + 0.0042U . (3.22f)

Comparing (3.19) and (3.22b) we see that the first line in the latter equation is the

leading-order expansion of the former one and that the loop corrections enter through

the T and S parameters.

Cancellation mechanism. Since S and U are related to derivatives of the W and Z

boson self-energies whereas T is proportional to a difference of the two, usually S and

U are subdominant in comparison to T . If S is neglected then (3.22a) and (3.22c)

depend on the same combination of tree-level and one-loop corrections, εe+ εµ+2αemT ,

where αem is the fine structure constant. The reason is that in this approximation the

shift of these observables is solely due to a shift in Gµ [98]. It has been argued in

[76] that a shift in Gµ has dramatic effect on the electro-weak observables and thus εe

and εµ are strongly constrained. However, as follows from (3.22), if the tree-level and

radiative contributions are of a similar size the shift induced by the tree-level effects can

be ‘screened’ by a sizable negative T parameter. Typically, most of the SM extensions

result in a positive T parameter. Therefore, it was assumed in [98] that the Higgs mass

is much larger than the used reference value, mH = 115 GeV. However, interpreting the

recent discovery of the ATLAS and CMS collaborations as the SM Higgs, this option is

excluded.
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3.2.2 Vacuum as precision Laboratory

At this point we would like to emphasise that the quantum vacuum can act as a precision

laboratory in testing new physics. It is the case that even if a particle can not be accessed

at energies available to the experiments it still can have measurable effects on low energy

observables. The reason is that even if the energy of a a process is too low to bring a

particle on shell, loops with virtual particles can be connected to external legs with

gauge bosons and influence their propagation. This process is referred to as vacuum

polarization, technical details for the calculation can be found in the Appendix B. It is

an important point that the vacuum loops are connected to external i.e. real particles

and in this way contribute to observable processes. We will now discuss the effect of

heavy sterile neutrinos on vacuum polarization and use it to study the EW-fit.

Majorana neutrino contribution to the S, T, U parameters. Here we argue that the

screening mentioned in the last section can be realized without invoking any new physics

beyond that already introduced in Eq. 2.35. As demonstrated in [100] for a model with

a single heavy neutrino, in a certain range of the parameter space Majorana neutrinos

can generate a negative contribution to the T parameter. In the model with n heavy

neutrinos we find

Ttot = TN + TSM = − 1

8πs2
wM

2
W

×
[∑3+n

i,j=1

∑
αβ U†iαUαjU

†
jβUβiQ(0,m2

i ,m
2
j )

+
∑3+n

i,j=1

∑
αβ U†iαUαjU

†
iβUβjmimjB0(0,m2

i ,m
2
j )

− 2
∑3+n

i=1

∑
αU†iαUαiQ(0,m2

i ,m
2
α)

+
∑

αm
2
αB0(0,m2

α,m
2
α)
]
, (3.23)

where mα denote masses of the charged leptons. To shorten the notation we have

introduced

Q(q2,m2
1,m

2
2) ≡ (D − 2)B22(q2,m2

1,m
2
2)

+ q2
[
B1(q2,m2

1,m
2
2) +B21(q2,m2

1,m
2
2)
]
, (3.24)

where B0, B1, B21 and B22 are the usual one-loop functions [101], D ≡ 4 − 2ε and

ε → 0. Details of the calculation can be found in Appendix C. Note that although

the loop functions are divergent and contain an arbitrary scale µ, their combination

(3.23) is finite and independent of µ. This can be shown using the unitarity of the full

mixing matrix and the type-I see-saw condition (mL)αβ ≡
∑3+n

i=1 UαimiU
T
iβ = 0 with

α, β ∈ {e, µ, τ}. Therefore, to compute (3.23) one can simply drop the ε−1 terms in

the expansion of the loop functions and evaluate the remaining integrals numerically
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or analytically. As indicated in (3.23), the T parameter is a sum of the SM and new

contributions. The SM contribution can be obtained from (3.23) by setting the active

neutrino masses to zero and taking into account that R = 0 and U is unitary in the

SM:

TSM = − 1

8πs2
wM

2
W

[
3Q(0, 0, 0)− 2

∑
αQ(0, 0,m2

α)

+
∑

αm
2
αB0(0,m2

α,m
2
α)
]
. (3.25)

This expression is also finite. Note that the PMNS matrix does not appear in (3.25)

since the mixing becomes unphysical for massless neutrinos. The S parameter reads

Stot = SN + SSM = − 1

2πM2
Z

×
[∑3+n

i,j=1

∑
αβ U†iαUαjU

†
jβUβi ∆Q(M2

Z ,m
2
i ,m

2
j )

+
∑3+n

i,j=1

∑
αβ U†iαUαjU

†
iβUβjmimj∆B0(M2

Z ,m
2
i ,m

2
j )

+
∑

αm
2
αB0(0,m2

α,m
2
α) +

∑
αQ(M2

Z ,m
2
α,m

2
α)

− 2
∑

αm
2
αB0(M2

Z ,m
2
α,m

2
α)
]
, (3.26)

where ∆Q(q2,m2
1,m

2
2) ≡ Q(0,m2

1,m
2
2)−Q(q2,m2

1,m
2
2) and ∆B0 is defined in the same

way. The SM contribution, SSM , is calculated analogously to TSM . For the U parameter

we obtain

Utot = UN + USM =
1

2πM2
Z

×
[∑3+n

i,j=1

∑
αβ U†iαUαjU

†
jβUβi ∆Q(M2

Z ,m
2
i ,m

2
j )

+
∑3+n

i,j=1

∑
αβ U†iαUαjU

†
iβUβjmimj∆B0(M2

Z ,m
2
i ,m

2
j )

+
∑

αm
2
αB0(0,m2

α,m
2
α)−∑αQ(M2

Z ,m
2
α,m

2
α)

− 2
∑

αm
2
αB0(M2

Z ,m
2
α,m

2
α)

− 2(MZ/MW )2∑
αU†iαUαi∆Q(M2

W ,m
2
i ,m

2
α)
]
. (3.27)

For a single generation Eqs. (3.23), (3.26) and (3.27) reduce to the expressions derived in

[100]. The observation that the heavy neutrinos can ‘screen’ the tree-level contributions

by generating a negative T parameter together with the explicit formulae for the S, T, U

constitutes an important results of the present work.

3.2.3 The Electro-Weak fit

In this section we investigate the impact of TeV-scale sterile neutrinos with a sizable

active-sterile mixing on the physics below the electro-weak scale in the framework of
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the see-saw type-I extension of the SM. In the see-saw limit the active-sterile mixing is

of order m̂T
D(M̂R)−1. On the other hand, the see-saw formula for the mass matrix of

the light neutrinos reads m̂ν = −m̂T
D(M̂R)−1m̂D. Comparing the two expressions we

conclude that for a large active-sterile mixing the smallness of the active neutrino masses

can not be explained by the scale suppression. Instead, contributions from different

heavy states have to mutually cancel. To ensure the cancellation more than one sterile

neutrino is needed. As already mentioned above, two heavy neutrinos are required to

ensure that at least two of the light neutrinos are massive. We have also seen that the

mixing to either the electron or the muon neutrino has to be strongly suppressed to be

compatible with the current µ → eγ bounds. Combined together, the two conditions

imply that the cancellation is only possible for n ≥ 3.

For n = 3 both U and R are (3× 3) matrices which can be written in the form [102]:

R = −iU m̂
1
2
lightO

∗m̂
− 1

2
heavy , (3.28a)

U =
(

1−R R†
) 1

2 U , (3.28b)

with O being an arbitrary complex orthogonal matrix, U the unitary matrix diagonal-

izing m̂ν , m̂heavy the diagonal mass matrix of the heavy neutrinos and m̂light that of the

light neutrinos. The entries of U are extracted from a global fit to atmospheric, reactor

and solar neutrino oscillation data. Note that a possible non-unitarity of U is neglected

in usual global fits, i.e. it is assumed that U = U . The resulting best fit values and 1σ

ranges for the three mixing angles and the Dirac CP -phase1 read (see e.g. [89])

sin2 θ12 = 0.30± 0.013 , (3.29a)

sin2 θ23 = 0.41+0.037
−0.025 , (3.29b)

sin2 θ13 = 0.023± 0.0023 , (3.29c)

δCP = 300+66
−138 , (3.29d)

whereas the two Majorana phases are unknown and will be set to zero in the fit. The

remaining degrees of freedom are the three masses of the heavy neutrinos and the entries

of the matrix O. The latter can be parametrized by three complex angles. The freedom

of choosing O may be used to suppress the active-sterile mixing for one active neutrino

flavour. Whether this suppression is possible or not depends on the structure of the light

neutrino mass matrix, as can be inferred from (3.28). Since the absolute neutrino mass

scale is unknown at present, we consider three possible neutrino mass spectra called NH,

IH and QD which are defined in Table 3.5. In the case of the QD mass spectrum, the

1The one sigma best fit region for the CP-phase was determined in [103] to be 0.77π − 1.36π.
However, the choice of the CP-phase has no significant impact on our results.
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NH IH QD

m1 (eV) ∼ 0 4.85 · 10−2 ∼ 0.1

m2 (eV) 8.660 · 10−3 4.93 · 10−2 ∼ 0.1

m3 (eV) 4.97 · 10−2 ∼ 0 ∼ 0.1

Table 3.5: Assumed masses of the light neutrinos for the normal (NH), inverted (IH)
and quasi-degenerate (QD) neutrino mass spectra.

masses are constrained by the recent WMAP bound
∑
mi ≤ 0.44 eV [104]. For the

numerical example in the QD case we use mi ∼ 0.1 eV.

The minimization of the χ2 function is performed with a Monte Carlo method described

in Appendix E. Let us note that this method can not find continuous solutions but falls

randomly in the good fit points. For a given point in the parameter space we compute

the µ→ eγ branching ratio and the effective electron neutrino mass 〈mee〉, relevant for

the 0νββ. For most of the points with a sizable active-sterile mixing one of these bounds

is violated. To take the two bounds into account in the χ2 analysis we define

χ2
µ→eγ ≡

(
BRth(µ→ eγ)− BRexp(µ→ eγ)

BRexp(µ→ eγ)

)2

× θ(BRth(µ→ eγ)− BRexp(µ→ eγ)) , (3.30a)

χ2
0νββ ≡

( |〈mth
ee〉| − |〈mexp

ee 〉|
|〈mexp

ee 〉|

)2

× θ(|〈mth
ee〉| − |〈mexp

ee 〉|) , (3.30b)

where BRth(µ→ eγ) and 〈mth
ee〉 are the theoretical predictions computed at the chosen

point of the parameter space, whereas BRexp(µ→ eγ) and |〈mexp
ee 〉| are the correspond-

ing 1σ experimental upper bounds. We use the theta step function to restrict the

contributions to the total χ2 to cases when the theoretical prediction exceeds the one

sigma exclusion limit. Additionally, we check whether the universality constraints, see

Eq. (3.17), are fulfilled. Finally, we compute the S, T, U parameters and the corrected

values of the electro-weak precision observables Oi, see Eq. (3.22). The corresponding

χ2
EWPO value is calculated using

χ2
EWPO =

∑
i

(Oi −Oi,SM)2

(δOi)2 + (δOi,SM)2
, (3.31)

where Oi,SM denotes the predictions of the SM, δOi,SM are the theoretical errors and δOi

are the experimental errors, see Table 3.4. Note that we neglect off-diagonal elements of

the covariance matrix in these contributions. The total χ2 is given by the sum of (3.30)

and (3.31).
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Using this definition we find that for points with negligibly small active-sterile mixing

(‘natural’ see-saw) χ2 ' χ2
0 = 7.5 (7.6 for the QD mass spectrum). This relatively large

value of χ2 is induced primarily by the anomalies in the invisible Z-decay width, the

NuTeV results and the deviation of the W boson mass from the SM expectation. The

slightly higher value for the QD mass spectrum stems from the fact that neutrino masses

of the order of 0.1 eV induce an effective electron neutrino mass 〈mexp
ee 〉 comparable to

the current upper bound.

To get a rough estimate of the goodness of the fit we compute the ratio of χ2 to the

number of degrees of freedom. The S and U parameters are always very small and can

be neglected in the fit. Therefore, the initial set of free parameters, the three masses

and three complex angles, maps to four quantities: εe, εµ, ετ and T . Since we fit six

observables and two constraints, the number of degrees of freedom is (6 + 2) − 4 = 4

and χ2
0/d.o.f ≈ 1.9 for the case of negligible active-sterile mixing. Below we perform a

fit for each of the three light neutrino mass spectra to all EWPOs and constraints.

For all mass spectra we will show how the EWPOs in the best-fit regions are shifted

with respect to the SM predictions. The question will be addressed whether a direct

detection or an indirect signal of the new states is feasible in near future. To study

this possibility the µ → eγ branching ratio, the 0βνν decay rate and the strength of a

collider signal will be estimated.

Normal mass hierarchy. Let us first consider the normal mass hierarchy of the light

neutrinos. The µ → eγ branching ratio is suppressed in particular if εµ is small. As

discussed above, if S and U are neglected then the Z boson leptonic decay width (3.22a)

and the Weinberg angle (3.22c) depend on the same combination of tree-level and one-

loop corrections, εe + εµ + 2αemT . The reason is that in this approximation the shift of

these observables is solely due to a shift of Gµ with respect to GF .

In Fig. 3.3 (a) we show the fit to Γlept and the Weinberg angle only. The plot shows

the (approximately) linear relation between εe + εµ and the T parameter. The fact that

the band does not start at the origin indicates that the two observables favour a slightly

negative T in general even in a different new physics model. This plot demonstrates

how a negative value of the T parameter can screen the contributions of the neutrino

mixing εe + εµ to the above mentioned observables. We will see that this cancellation

mechanism is still at work when more observables are considered.

Large cancellations are present when the other EWPOs except the W boson mass are

taken into account. However, in this case the simple linear dependence is violated due

to the necessity of fitting the other observables, see Fig. 3.3 (b). The W boson mass
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Figure 3.3: (a) χ2 as a function of εe + εµ and 2αemTN (NH), here only Γlept and the
Weinberg angle are fitted. (b)χ2 for three d.o.f. as a function of εe + εµ and 2αemTN

(NH). Here the W boson mass is excluded from the fit.
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Figure 3.4: χ2 for four d.o.f. as a function of εe + εµ and 2αemTN (NH), fit to all
EWPOs in (3.22).

has been measured with a very high accuracy and a large negative T would induce

unacceptably large corrections to it.

Note that the following plots are two-dimensional projections of a multi-parameter scan

and therefore points with rather different values of the color coded parameter can appear

mixed on the plots.

In Fig. 3.4 we show how the cancellation pattern changes if all observables in (3.22) are
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Figure 3.5: (a) The lightest heavy neutrino mass as a function of χ2 for four d.o.f.
and εe + εµ + ετ (NH). Here εµ is suppressed. (b) εe + εµ + ετ as a function of the

lightest heavy neutrino mass and χ2 for four d.o.f. (NH). Here εµ is suppressed.

included. In this case for the best-fit points we have χ2 ≈ 4.0 and a small negative T is

favored. The latter partially compensates the small positive contribution of εe + εµ to

Gµ.

As can be inferred from Fig. 3.5 (b), at the best-fit points at least one the Majorana

neutrinos is relatively light, around one TeV, and has a sizable coupling to at least

one of the charged leptons, see Fig. 3.5 (a). In other words, the current data favour

the low-scale type-I see-saw with a considerable active-sterile mixing over the standard

scenario (‘natural’ see-saw) where this mixing is negligible and the masses of the heavy

neutrinos are close to the GUT scale. On the other hand, as can be seen in a different

projection of the same plot in Fig. 3.5 (a), heavy neutrinos with masses below TeV scale

are also disfavoured. The reason is that for sizable active-sterile mixing in this mass

range experimental bounds are more stringent.

As already mentioned above, for a sizable active-sterile mixing the cancellation of the

contributions to the light neutrino masses imposes constraints on the mass spectrum of

the heavy ones. Due to requirements of suppressed εe/µ an active-sterile mixing pattern

occurs where the first and third heavy mass eigenstates have comparable, sizable mixing

to the active flavours while the mixing of the second is small. We find that the first

and third heavy mass eigenstates have approximately equal masses whereas the mass of

the remaining sterile neutrino is considerably larger. This mass pattern leads to a small

negative T parameter as discussed above.
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Figure 3.6: (a) EWPOs calculated at the best-fit point for NH and suppressed εµ
(green dots) compared to the experimentally observed values, denoted by the zero line.
The coloured lines stand for the respective experimental sigma deviations, thus the
displacement of the predicted values form the observations is presented in units of the
experimental error. Note that for the 0νββ and µ→ eγ constraints we present only the
one sigma exclusion limits. The theoretical predictions of the SM with their theoretical
uncertainties, see Table 3.4, are displayed as well (blue bars). (The best-fit point is at
M1 = 20.3 TeV, M2 = 14.1 TeV, M3 = 21.0 TeV, εe = 2.1 · 10−3, εµ = 3.0 · 10−6 and
ετ = 4.5 · 10−3.) In (b) the analogous set of data is plotted but for the case of the QD
mass spectrum and suppressed εµ. At the best-fit point M1 = 14.5 TeV, M2 = 10.5

TeV, M3 = 14.9 TeV, εe = 1.5 · 10−3, εµ = 2.9 · 10−6 and ετ = 2.4 · 10−3.

At the best-fit points the deviation of the PMNS matrix from unitarity is of the order

of

|(U U †)αβ − δαβ| ≈


1 · 10−3 1 · 10−4 2 · 10−3

1 · 10−4 1 · 10−5 2 · 10−4

2 · 10−3 2 · 10−4 5 · 10−3

 ,

which is in excellent agreement with the bounds derived in [105]. This consistency

check justifies our procedure and the applicability of the approximation in (3.28). The

corresponding (largest) zero-length transition probability is Pνe→ντ ≈ 7·10−5. This value

is too small to explain the current short-baseline anomalies [106] but might contribute

to the observed discrepancies.

In Fig. 3.6 we demonstrate how the EWPOs in the considered scenario are shifted

from the values expected in the SM towards the experimentally observed ones. At

the chosen best-fit point χ2 ≈ 4.0 and therefore the absolute improvement of the fit

is ∆χ2 ≈ 3.5 leading to a χ2/d.o.f ≈ 1.0. Some of the observables are shifted away

from the experimentally measured value compared to the SM prediction. Nevertheless,

they remain within the one sigma interval around the experimental results. In addition,

observables for which the SM prediction is in tension with data are brought into the one

sigma intervals around their experimental values. This leads to a global picture in which

all observables agree on the one (or in the case of g2
L on the 1.2) sigma level with the

experiments. This leads to a χ2/d.o.f of order one. The improvement stems primarily
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Figure 3.7: In (a) we display the analogue of Fig. 3.6 (a) but for the case of IH and
suppressed εe. At the best-fit point M1 = 551 GeV, M2 = 242 GeV, M3 = 469 GeV,
εe = 3 · 10−6, εµ = 1.58 · 10−3 and ετ = 1.1 · 10−3. In (b) the analogous data are shown
for the case of suppressed εe in NH. At the best-fit point M1 = 4.1 TeV, M2 = 161.0

TeV, M3 = 7.1 TeV, εe = 1.0 · 10−6, εµ = 1.5 · 10−3 and ετ = 1.2 · 10−3.

from ετ which leaves Gµ unaffected (and thus equal to GF ) but suppresses the invisible

Z-decay width. Furthermore, εe shifts the W boson mass towards the measured value.

The NuTeV observables are not significantly changed. The last two rows in Fig. 3.6

present the ratios of the induced effective electron neutrino mass 〈mee〉 and the µ→ eγ

branching ratio to the corresponding experimental bounds. It is interesting to note that

for the normal mass hierarchy there are many points in the parameters space with values

of these two quantities close to the threshold of the current experimental sensitivity, see

Fig. 3.8. Here the predictions for the µ → eγ branching ratio and |〈mee〉| of the points

in the parameter space with significant improvement of the χ2 are compared to current

experimental limits. Knowing the masses of the heavy neutrinos and their couplings to

the charged leptons we can also estimate the cross-section of the direct detection process

depicted in Fig. 3.2. For all best-fit points the resulting value of |∑i U
2
αim

−1
i | turns

out to be at most of the order of 10−5 and thus beyond the LHC reach.

The µ → eγ branching ratio is also suppressed if εe is small. In this case we obtain

a slightly worse best-fit value of χ2 ≈ 4.8 which corresponds to χ2/d.o.f ≈ 1.2. As

compared to the previous case, in the best-fit points the invisible Z-decay width is less

suppressed and the shift in the W boson mass is smaller, see Fig. 3.7. On the other

hand, g2
L is shifted towards the value measured by the NuTeV collaboration and thus

brought in agreement with the data within the one sigma interval.

Inverted mass hierarchy. For the inverted mass hierarchy scenario only the option of

negligible εe can be realized and results in best fit values of χ2 ≈ 5.5 and χ2/d.o.f ≈ 1.4.

The EWPOs of the best-fit points are influenced such that the predicted invisible Z-

decay width is brought within the one sigma interval to the experimental value, see

Fig. 3.7. The W boson mass is shifted in the right direction but less significantly than

in the normal hierarchy scenario. On the other hand, g2
L is shifted towards the value
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Figure 3.8: (a) χ2 for four d.o.f. as a function of mass of the heavy neutrino giving
the leading contribution and coupling to the muon in the case of IH and suppressed
εe. The region above the solid line can be tested by the LHC after the upgrade to 14
TeV if the anticipated luminosity ∼ 400fb−1 is reached. (b) χ2 for four d.o.f. as a
function of the ratios of the µ → eγ branching ratio and |〈mee〉| to the corresponding
experimental bounds in the case of IH and suppressed εe. (c) χ2 for four d.o.f. as a
function of the ratios of the µ → eγ branching ratio and |〈mee〉| to the corresponding
experimental bounds in case of quasi-degenerate mass spectrum and suppressed εµ. (d)
χ2 for four d.o.f. as a function of the ratios of the µ→ eγ branching ratio and |〈mee〉|

to the corresponding experimental bounds (NH). Here εµ is suppressed.

measured by the NuTeV collaboration and brought in good agreement with the data.

As can be inferred from Fig. 3.8, both the effective electron neutrino mass 〈mee〉 and the

µ → eγ branching ratio are in large parts of the parameter space close to the current

experimental sensitivity.

Furthermore, for a small fraction of the best-fit points, see Fig. 3.8, there is a chance

of observing the heavy Majorana neutrinos at the LHC after the planned upgrade to
√
s = 14 TeV.
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Quasi-degenerate mass spectrum. For the quasi-degenerate mass spectrum it is quite

difficult to find points with sizable εµ that pass the µ → eγ constraint. On the other

hand, there are points with small εµ and sizable εe and ετ which satisfy the µ → eγ,

neutrinoless double-beta decay and universality constraints. For the best-fit points χ2 ≈
5 leading to an improvement of ∆χ2 ≈ 2.6 and to χ2/d.o.f ≈ 1.25. At the best-fit points

the shift of the invisible Z-decay width is smaller than in the normal hierarchy scenario,

but still the prediction moves into the one sigma interval of the observations. The shift

in the W boson brings prediction and experiment in excellent agreement, see Fig. 3.6

(b). The neutrino scattering observable g2
L is not significantly influenced in comparison

to the Standard Model expectation.

As can be inferred from Fig. 3.8 both the effective mass of the electron neutrino and

µ → eγ branching ratio here can be close to the exclusion limit. Note that the active

neutrinos induce a sizable contribution to the effective electron neutrino mass |〈mee〉|
in this case and can constructively or destructively interfere with the heavy neutrino

contributions depending on the Majorana phases of the active neutrinos.

For all the best-fit points the resulting value of |∑i U
2
αim

−1
i | turns out to be at most

of the order of 10−5 and thus beyond the LHC reach.

It has been found that for all three mass spectra the current data favour a type-I see-saw

with considerable active-sterile mixing over the a scenario where the mixing is negligible.

For all three cases there are many points in the parameter space which generate signals

in rare decay experiments close to the current sensitivities. For the IH a part of the

parameter space can be tested at the LHC after the next upgrade.

3.2.4 The Scan over Viable Models

After we discussed the phenomenological implications due to active-sterile mixing and

developed a statistical analysis for comparison of models to experimental data we are

ready to investigate which of the neutrino mass models which allow RSSB are compatible

with observations. We will check which of the proposed models can indeed reproduce the

correct neutrino mass phenomenology i.e. the mass square differences and the correct

mixing angles and at the same time be consistent with rare decay experiments and

electroweak precision observables (EWPO). In a plot we will demonstrate viable regions

of the allowed parameter space and estimate expected signals for future lepton flavour

and number violation experiments.

In most of the discussed models the PMNS matrix becomes not exactly unitary. This

happens if the active-sterile mixing is considerable and induces a number of effects
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on physical quantities as the Weinberg angle, the W-boson mass, the left and right

handed couplings gL, gR, the leptonic and invisible Z-boson decay width and the neutrino

oscillation probabilities, for more detailed discussion and limits see [76] and references

therein. Thus studying the non unitarity allows to narrow down the parameter space of

a given model. However, some effects are not captured by this treatment only. Those are

processes where explicit particle propagation is responsible for the new physics signal.

To get an order of magnitude estimate we integrate out degrees of freedom in such a

way, that we are left with an effective scenario with a (3 + n) × (3 + n) nearly unitary

mixing matrix U.

U =

 U R

W V

 . (3.32)

This corresponds to a scenario with three active and n sterile neutrinos. Here R can be

considered as the active-sterile mixing. U is the PMNS matrix and is not unitary any

more. A measure for non-unitarity of the PMNS matrix is given by

εα ≡
∑

i≥4|Uαi|2 . (3.33)

This matrix diagonalizes the following mass matrix

M =

mL mD

mT
D MR

 . (3.34)

Thus, the active and sterile neutrinos have a Majorana mass and mix due to the Dirac

mass terms. This set up covers all the effects on neutrino physics of a given model. The

Majorana mass nature opens the possibility for lepton number violation and neutrino-

less double beta decay. The propagating sterile states lift the GIM suppression in the

lepton flavour violating processes for the charged leptons and different non-unitraity

parameters εα in Eq. 3.33 parametrise deviation from lepton universality. Furthermore,

in this set up we can get estimates on the oblique corrections [107]. As we saw in the last

section they can contribute significantly to EWPOs especially given large non-unitarity

and heavy sterile neutrinos.
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The mass terms in the effective theory after integrating out heavier degrees of freedom

have the following form.

−Lm =
1

2
m∗L,ij ν̄

c
L,iνL,j +m∗D,ij ν̄L,iνR,j (3.35)

+
1

2
M∗R,ij ν̄

c
R,iνR,j + h.c.,

where m∗D,ij = gH,ij · vH and M∗R,ij = gϕ,ij · vϕ. While direct masses for the left handed

neutrinos are generated due to a scalar or fermionic triplet. m∗L,ij = gaL,ij · v∆ + (gΣ,ij +

gb∆,ij) · v2
H/vφ. The scalar triplet contributes a dimension four operator, both triplets

generate terms proportional to the squared Higgs VEV, the fermionic triplet a dimen-

sion five operator and the scalar triplet a dimension six operator. The g parameters

are effective Yukawa couplings which can contain corrections from heavier particles in-

tegrated out of the theory. Thus depending on the theory in question the perturbativity

condition is not to be taken as a strict bound.

Scanning over the effective Yukawa coupling space provides us with sets of viable so-

lutions according to the above criteria. To visualize the solutions we set up a two

dimensional map with the horizontal axis for the averaged right handed mass scale and

the vertical axis for the averaged Dirac couplings. The average represents the order of

magnitude of the Yukawas in the case they are in the same ball park, if they are spread

apart the average is dominated by the largest. The spread over several orders of magni-

tude, however, is not considered as it would require unnaturally large tuning. The results

of our study are presented in Fig. 3.10. We would like to discuss four phenomenological

scenarios separately.

3.2.5 Pure left handed Majorana mass

In the case that the Dirac coupling is very small, or there are no fermionic singlets

under the SM gauge group included in the theory, the only possible neutrino mass term

is the left handed Majorana mass. In this scenario the charged lepton flavour violation

is strongly GIM suppressed and beyond experimental precision. The PMNS mixing

matrix is unitary and therefore the most promising signals are expected in the 0νββ

experiments. The total mass scale enters the effective electron neutrino mass, since it is

entirely Majorana. For a detailed study if the 0νββ sensitivity depending of the hierarchy

see [72] and references therein. The model leading to a pure left handed Majorana mass

is in our set up 11A, 12A and 13A here the neutrino masses are suppressed by one or

two loops.
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3.2.6 Pseudo Dirac Scenario

The other distinct region with only light neutrinos is around the point in the param-

eter space where the active and sterile neutrinos form mass degenerate pairs of Dirac

fermions. This point has no lepton number violation and an effective GIM suppres-

sion of the charged lepton flavour violating process. Now the pairs can acquire a small

Majorana mass, either through contributions of light sterile neutrinos or a small mL

mass.

This leads to a mass splitting among the degenerate Majorana pairs forming the effective

Dirac neutrino states. Phenomenologically this is consistent with observations as long

as this splitting is smaller than the experimental accuracy of the mass square difference

measurement. For detailed bounds consult [108]. It turns out that the strongest con-

straints apply to the splitting of the first and second mass state and are of the order

of 10−9 eV, while in the third mass state, with the dominant tau flavour, the split-

ting can be up to 10−3 eV. Since the right-handed neutrinos are light in this scenario,

the PMNS matrix is unitary and there are no phenomenological bounds from EWPOs,

lepton universality or lepton flavour violation.

The origin of the mass splitting is not important for oscillation experiments, when it

comes to lepton flavour violation, however, there is an interesting subtlety. Consider the

two cases in the one flavour scenario, where in the first case the Majorana mass appears

on tree level for the active neutrino and in the second case for the sterile component

M1 =

 µ mD

mD 0

 and M2 =

 0 mD

mD µ

 . (3.36)

In the limit µ << mD the mass eigenvalues are given in both cases as m± = ±mD+µ/2

and the diagonalizing mixing matrices are

U1/2 ≈
√

1

2

1± ε −1 + ε

1∓ ε 1 + ε

 with ε =
µ

4mD
. (3.37)

We consider now the expansion of the effective mass for the neutrnoless double beta

decay in powers of the momentum transfer. The effective mass is approximately given

by 〈mee〉 ≈ |q2
∑

iU
2
eimi/(q

2 − m2
i )|, the relation holds that m2

i � |q2| and we can

expand
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〈mee〉 ≈ |
∑
i

U2
eimi + 1/q2

∑
i

U2
eim

3
i +O(1/q4)|. (3.38)

Inserting the parameters we find that in the case where the active neutrino has a direct

Majorana mass the effect is of order 〈mee 1〉 ≈ µ ≈ (m2
+ −m2

−)/(2mD) [72]. In the case

where the Majorana mass appears via the sterile component, the first order contribution

vanishes and one has to leading order 〈mee 2〉 ≈ µm2
D/q

2 ≈ mD (m2
+−m2

−)/(2 q2), which

is suppressed by at least 12 orders of magnitude compared to case one. Thus there is

an interesting experimental possibility to distinguish these scenarios . Assume, neutrino

oscillation experiments on cosmic scales detect a small mass splitting testing oscillations

on cosmic length scales as described in [69]. If this splitting is in the phenomenologically

allowed region today, the contribution to the effective mass for 0νββ decay can be up

to a few 10−5 eV, as displayed in Fig. 3.10 in the zoomed in region. This is only the

case, if the mass splitting originates from a direct active neutrino Majorana mass, in the

second case it would be of the order 10−17 eV and beyond experimental reach. Thus,

measuring the 0νββ decay provides evidence of scenario one and placing a limit smaller

than the predicted value shows that scenario two is realized. Even though the possibility

is interesting from the theoretical perspective, it is extremely challenging experimentally,

since the maximal expected decay rate is four orders of magnitude below the current

sensitivity.

Among the presented models the pseudo Dirac scenario can be realized in 3A, 6A with

a direct active neutrino Majorana mass and in 1B and possibly in all the (#C) models

with a sterile neutrino Majorana mass, leading to no observable 0νββ decays. The

Yukawa couplings in the Majorana and Dirac sector have to be tiny, in fact below 10−12,

but there is no hard theoretical argument which could exclude this possibility a priori.

3.2.7 Sub-TeV Yukawa See-saw

In several models where the right handed Majorana couplings are not loop or scale

suppressed the right handed Majorana mass is below one TeV. Viable solutions lie in

a triangular shaped region for Majorana couplings smaller than one. In this parameter

region the contributions to mL are subdominant and thus the averaged effective Yukawa

couplings represent the sterile Majorana mass on the x-axis and the Dirac mass on the

y-axis respectively. For the scan the Casas-Ibarra parametrisation [109] was used, which

parametrizes the active sterile-mixing as R = −iD√mνO∗D√MR
UPMNS with OT O = 1.

Thus the physical effects connected to non-unitarity are controlled by the norm of O.
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The shape of the Sub-TeV see-saw region is explained as follows. The see-saw relation

(m2
D/MR ≈ mν = 0.1 eV) and mD < MR sets the lowest value for mD given a MR,

which is mD >
√
mνMR. This sets the lower boundary in this region. The points

with the smallest possible active-sterile mixing accounting for correct light neutrino

mass are represented by a black dotted diagonal line of gradient two in the log plot,

see Fig. 3.10. Deviations to higher Dirac couplings induce a larger active-sterile mixing

and thus larger non-unitarity. The unitarity bounds constrain the region to the left and

are represented by a brown line, for non-unitarity of one percent. Since deviation from

unitarity is proportional to mD/MR the line has gradient one in the log plot. However,

those turn out to be not the strongest constraints. The most stringent bounds come

from neutrino-less double beta decay, displayed as a red line. In the region of interest

the dominant contribution to the electron neutrino effective mass for 0νββ is given by

〈mee〉 ≈ |
∑

i≥4U
2
ei GeV2/Mi|. The predicted effective electron neutrino mass violates

the observational bound if the right handed neutrinos become too light. The constraints

from rare lepton flavour violating decays and lepton universality are somewhat weaker.

The EWPOs in this parameter region are consistent with their measured values. To this

end the χ2 function as in [68] has been calculated and loop effects of the right handed

neutrinos included, the resulting χ2 values do not differ significantly from the SM values.

The main characteristics of this scenario is lepton number violation, since the Majorana

mass of the sterile neutrino is not suppressed. Besides the rare decay processes, lepton

number violation can lead to beyond SM processes at colliders in decays of the heavy

Majorana neutrinos, see Fig. 3.2. The production cross section for this process, is

proportional to |∑iU
2
αiM

−1
i | [84] and has basically zero SM background.

It is interesting to discuss the values of the Yukawa couplings in this region. Since in

our models of spontaneous broken scale invariance all the masses are a result of a VEV

coupled with a Yukawa term, the see-saw relation is induced entirely by the Yukawa

coupling structure. While for the Majorana coupling the region of the Sub-TeV see-saw

implies in the presented models couplings between 10−3 and one, the Dirac Yukawa

couplings vary between 10−7 and 10−4. This values might be considered small and fine-

tuned, however we have to stress here that in that case the electron Yukawa coupling,

which is of order 10−6 is suspicious as well. In the models discussed above this scenario

is realized in 3A, 6A, 10A , 1B, 1C and 4C.

3.2.8 Inverse Yukawa see-saw

The most interesting scenario from the theoretical point of view in the context of RSSB

is the inverse see-saw, introduced in [66, 67]. It naturally occurs in models D1 and
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D2, where the mass matrix has the following texture and the scale µ is loop or scale

suppressed

M =


0 mD 0

mT
D 0 MRx

0 MT
Rx µ

 . (3.39)

The spectrum of this models contains Pseudo Dirac pairs of heavy neutrinos, with masses

of order MRx and their mass splitting µ determines the amount of lepton number vi-

olation present. At the same time it is the parameter, which controls the smallness of

the active neutrino masses. As given by Eq. 3.9 the active sterile mixing is determined

by the ratio m2
D/M

2
Rx and the general spirit of RSSB together with no tuning in the

Yukawa couplings suggests seizable values. Seizable mixing is only compatible with small

active masses if a cancellation mechanism is at work. It can be seen in the Casas-Ibarra

parametrization, we choose the two flavour case with UPMNS = 1 for simplicity here.

The orthogonal complex matrix O(θ) is in this case a simple 2× 2 rotation matrix with

the complex angle θ = a+ ib. In the limit a� 1 and 1� b we have

O(θ) ≈

 cosh(b) −i sinh(b)

i sinh(b) cosh(b)

 . (3.40)

As shown in [110], this leads in the limit of mν → 0 and with sinh(b) ≈ cosh(b) ≈ eb,

eb
√
m1 → √µ, eb

√
m2 → α

√
µ to an

mD ≈


√
µM1 −i√µM2

i
√
µM1α

√
µM2α

 . (3.41)

Which in the limiting case has rank 1 and thus induces massless active neutrinos. This

shows that the orthogonal matrix with dominating imaginary arguments is a good ef-

fective description of the ISS.

Using this fact we study experimental constraints on this scenario. At first we consider

the 0νββ decay, which placed the most severe bounds on the Sub-TeV scenario. The

general expression useful to consider in this case is [67] 〈mee〉 ≈ |q2
∑

iU
2
eimi/(q

2−m2
i )|

. Which now can be studied in three cases, depending on the ratio of q2/M2
Rx, where

the neutrino momentum is q2 ≈ −0.1 GeV.
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If we have MRx � 0.1GeV and using the facts that for i > 3, U2
ei ≈ m2

D/M
2
Rx and

µm2
D/M

2
Rx ≈ mν the following approximation holds

〈mee〉 ≈
∣∣∣∑3

i=1U
2
eimi − q2

2

∑
i>3U

2
ei

µ
m2
i

∣∣∣ (3.42)

≈
∣∣∣∑3

i=1U
2
eimi −mν

q2

M2
Rx

∣∣∣ ≈ ∣∣∣∑3
i=1U

2
eimi

∣∣∣ .
Which means that the rate is purely given by the light neutrino spectrum with well

known phenomenology.

The other limit is MRx � 0.1 GeV, leading to 〈mee〉 ≈ |
∑

i(U
2
eimi + 1/q2 U2

eim
3
i )| =

Mee + O(µm2
D/q

2). This situation is similar to the discussed Pseudo Dirac scenario

with light neutrinos and the lowest order contribution is µm2
D/q

2 < µM2
Rx/q

2, which in

this limit is negligible.

The only case when the heavy Pseudo Dirac states can measurably contribute to the

0νββ decay is when MRx ≈ 0.1 GeV. Then we have

〈mee〉 ≈
∣∣∣∣mlight

ee +
∑

i>3U
2
ei µ

(
1 +

m2
i
|q2|

)−1
∣∣∣∣ (3.43)

≈
∣∣∣∣mlight

ee +
∑

i>3mν

(
1 +

m2
i
|q2|

)−1
∣∣∣∣ ,

which is of the order of the light neutrino contributions. Thus, we see that neutrinoless

double beta decay does not provide strong bounds in the ISS scenario, since the lepton

number violation is suppressed as the scale µ.

This is not the case for the Lepton flavour violating processes. The best constrained

value is the branching ratio Br(µ → e + γ), where the limit is placed by the MEG

collaboration [71] and is 5, 7 · 10−13. The neutral fermion contribution to this loop

induced decay is

Br(µ→ e+ γ) =
3αem

32π

∣∣∣∑iU
∗
µiUeiG

(
m2
i

M2
W

)∣∣∣2 , (3.44)

where in the loop function G(x) the masses appear squared and the cancellation leading

to a vanishing 0νββ process can not work. We find that the MEG bound together with

the non-unitarity constraints [76] lead to the most severe constraints on this models, as

shown in Fig. 3.10.

As stated before the ISS opens the possibility in the RSSB framework to have states

above the TeV scale. The region of right handed masses between one and a few ten TeV



Neutrino Phenomenology 64

is divided in two subregions, which are distinguished by the value of the active-sterile

mixing. If this value is sizeable, in fact above 10−6, the phenomenology is considerably

affected. The most sensitive observables are the Z boson invisible decay width and the

Muon decay constant, which is used to determine the Fermi constant. The observables

dependence on the non unitarity parameters, see Eq. 3.33 is given by

Γinv
Z

[Γinv
Z ]SM

=
1

3

∑
α

(1− εα)2 , (3.45)

Gµ = GF (1− εe)(1− εµ) . (3.46)

This region of seizable active sterile mixing with heavy particles is of particular interest,

since here the oblique corrections can become large. So, on the one hand the χ2 with

the EWPOs provides us with phenomenological bounds in this region. On the other

hand this is an example of a theory where contributions from heavy sterile neutrinos can

improve the electroweak fit, as discussed in [68]. In Fig. 3.10 the region with an improved

χ2 is bound towards lower mass values by experimental constraints from the µ→ e+ γ

decay and towards higher masses the radiative corrections become incompatible with

observations in case of large active-sterile mixing.

Having discussed constraints on the right handed mass, it is interesting to study which

Dirac mass scales are allowed. The mass scale of the light neutrinos is set by the following

scale relation mν ≈ µm2
D/M

2
Rx, furthermore it is required that µ/MRx =: δ � 1 and

mD < MRx. Those relations imply that mD >
√
mνMRx/δ. Given a right handed mass

scale, the minimal Dirac mass is larger than in the usual see-saw scenario, which implies

that the active-sterile mixing has to be larger as well.

The most promising signature to distinguish the heavy Pseudo Dirac neutrino from the

ISS scenario from a heavy Majorana neutrino is a direct test at a collider, which is

feasible as all the particles involved are around the TeV scale. The difference lies in

the dominant decay channel of the right handed neutrinos. While in the Majorana see-

saw the lepton number violation is unsuppressed generically, the dominant process is

expected to be the lepton number violating decay in Fig. 3.2. In the case of a decay of a

heavy Pseudo Dirac neutrino, lepton number violation is suppressed by the smallness of

the right handed Majorana scale µ [110], thus the dominant processes are lepton number

conserving decays. As argued in [111, 112], the opposite sign dilepton decay has a very

large SM background and thus the relevant channel becomes the trilepton decay with

missing energy, see Fig. 3.9. As shown by Das et al. the inclusive cross section of the

trilepton final state is controlled by the branching ratio of the heavy neutrino in the W
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boson and a lepton, it has the partial decay width

Γ(N → `αW ) =
g2 εα
64π

m3
i

M2
W

(
1− M2

W

m2
i

)2(
1 + 2

M2
W

m2
i

)
. (3.47)

q′

q̄

W+

N

e+α

e−α

e+α

να

W+

Figure 3.9: The dominant collider signature for the ISS scenario with the trilepton
plus missing energy signature.

As shown by Eq. 3.47, the decay width crucially depends on the non-unitarity parameter

εα. The interesting feature of the ISS in the RSSB framework is, that the requirement of

no large scale separation results in naturally large active-sterile mixing, as ε ≈ m2
D/M

2
Rx.

Thus the most natural value for ε, given an order of magnitude between the scales and

Yukawa couplings of order one is about one percent, close to the sensitivity threshold of

modern experiments. Note that the recently proposed production mechanism for heavy

sterile neutrinos via t-channel processes can further increase the collider sensitivity, as

argued in [113].

3.2.9 Decoupled Hidden Sector

The discussion of RSSB led us to the finding that generically all scalar scales are close to

the TeV scale if no finetuning in the potential is involved. The most natural mechanism

to generate the neutrino mass scale, far below was the connection to lepton number

violation and thus models seem favourable where this scale is suppressed. We found the

most natural model to be the ISS, in this scenario the Majorana scale is generically at

the order of keV. We would like to point out that the connection to the dark matter

sector in this context seems very promising by considering two set-ups.
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Suppose a scenario in which the Hidden Sector contains a SM singlet fermion νx with

the dark U(1) charge 1 and a SM scalar singlet φD with a dark charge 2 which gets a

VEV and thus via the term φDν̄xν
c
x generates a mass between the EW and the TeV

scale for the fermion. This particle is stable but also almost decoupled from the SM,

since the Higgs portal coupling to φD is so far the only allowed interaction channel

and it is constrained to be small by experiment. Therefore, it is a decoupled sterile

neutrino. It is however possible to switch on the charged fermion portal of the form

ν̄xη `R, as discussed in [114, 115, 116, 117] and in a scale invariant context in [118].

Here `R is a right handed lepton, which is a phenomenologically allowed interaction.

The η is an electrically charged scalar mediator which has to be of a similar mass due

to the requirement of no scalar mass hierarchies. This interaction can lead with the

appropriate parameter choice to the production of νx in the early universe with the

correct abundance to be a cold dark matter candidate via the lepton portal interaction,

as discussed in the literature. This class of models has a rich phenomenology including

gamma ray signals which can be peaked and serve as a good DM detection signature

[117]. The detailed discussion, however, is postponed to Chapter 4. The intriguing

insight is, that the requirement of no scalar mass hierarchy leads automatically to the

region of typical WIMP masses.

In the second scenario the ISS, as in 1D and 2D with an additional fermionic state νx in

the Hidden Sector, with the charges (1, 0, 1) in (SU(2), U(1)Y , U(1)Hidden) is considered.

It is thus a 3 active and 3+3+1 sterile scenario. The mass matrix after eliminating

unphysical phases has the structure

M =



0 m3×3
D 0 0

mT
D 0 M3×3

Rx A3×1

0 MT
Rx µ3×3

1 0

0 AT 0 µ2


. (3.48)

The spectrum would be given by three Pseudo Dirac neutrinos of the scale MRx. The

light neutrino mass is given by Eq. 3.9 and with A ≈MRx, which is natural given order

one Yukawas, the additional sterile state has a mass of µ and a small mixing with the

active neutrinos of the order µ2/M2
Rx. The remarkable feature is that the scale µ ≈ keV

required by the see-saw relation is also the correct scale for this state to be a Dark

Matter candidate [119, 120].
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We find that incorporating the neutrino mass generation in the RSSB framework natu-

rally provides us with two scales of DM candidates, those are the TeV scale suitable for

a cold Dark Matter particle and the keV scale leading to warm Dark Matter.

3.3 Conclusion

We have investigated various scale invariant neutrino mass models in this chapter under

the condition that the extended particle content is such that electroweak symmetry is

spontaneously broken. In the considered scenarios the neutrino mass can be generated

directly via Yukawa interaction with scalar fields, which acquire vacuum expectation

values or due to loops, which become possible given the new particle content.

We found that in models where neutrino masses appear due to loops, a necessary condi-

tion is the existence of explicitly lepton number violating couplings in the scalar poten-

tials. Those couplings increase the symmetry of the Lagrangian if set to zero and thus

their smallness can be viewed as technically natural.

The models where neutrinos gain a Majorana type mass due to spontaneous symmetry

breaking appear as well in a different light. The usual paradigm in models, such as Grand

Unified Theories (GUTs), is that the Majorana mass scale is associated with the GUT

scale and thus in the 1013 − 1016 GeV region. In the models considered here however

the Majorana mass can have any value between the scale of symmetry breaking and

zero, since it is controlled by a Yukawa coupling with the scalar. Therefore, we studied

which mass regions are consistent with our low energy phenomenology and found that

two main regions appear to be of interest. One is a see-saw scenario around the TeV

scale and the other is a Pseudo Dirac scenario where the Majorana mass is very low

and the neutrinos are almost mass degenerate states. The question of the smallness of

neutrino mass where it purely arises in Yukawa interactions is somewhat different from

the consideration of absolute scales. The Yukawa couplings are known in the SM to have

a large spectrum and as can be seen in Fig. 3.10 neutrino masses can be small, given

Yukawa coupling combinations of the same size as in the rest of the SM.

We would like to stress that the scale invariant models are a good motivation to search

for a see-saw realized around the TeV scale. As was discussed in Sec. 3.2 the TeV see-saw

can have considerable active sterile mixing leading to detectable signals. Furthermore,

if one considered the results of Sec. 3.2.3 one could say that even existing precision data

favour this scenario.
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We show in Sec. 3.2.9 that in this framework the TeV scale physics responsible for RSSB

and neutrino masses can naturally lead to cold and warm dark matter scenarios. We will

investigate this possibility of detecting a stable relic of the early universe in Chapter 4.
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Figure 3.10: The phenomenologically allowed regions on the Mass Map are displayed.
The averaged right handed scale normalized to the TeV scale of symmetry breaking is
shown on the x-axis and the averaged EW Dirac mass is shown on the y-axis. Two
regions are zoomed in and shown as insets. In the left upper corner the blow up
shows the region around the TeV right handed scale, the color coding represents the
non-unitartity of the active mixing matrix. In the right lower corner the region of sub-
dominant Majorana masses is shown, the color code indicates the maximal expected
effective electron neutrino mass for 0νββ decays. The experimental constraints are the
limits on the rare decay µ→ e+ γ, shown as the magenta line, the lepton universality,
shown as the blue line and the 0νββ decay, leading to the red exclusion line. The points
allowed only in the inverse see-saw are shown in grey-green. The most universal bounds
come from non-unitarity constraints, shown as a brown line with gradient one in the
log-plot. The see-saw relation explains the lower boundary of the allowed region, it has
gradient one-half in the log-plot. I is a fraction of parameter space without a see-saw
relation, it is the Pseudo-Dirac region. Here neutrinos come in pairs of strongly mixed
left and right particles, with mass splitting induced by Majorana mass fraction. II
Yukawa see-saw with the upper bound- Scale 1- set by the requirement of perturbative
couplings. III ISS allows perturbative couplings and at the same time the right handed
mass up to Scale 2. The most natural parameter choice in the ISS scenario leads to
considerable active-sterile mixing of states at the TeV scale and a significantly improved

χ2 of the Electro-Weak fit w.r.t the Standard Model (light blue points).





Chapter 4

Phenomenology of Hidden Relics

In this section we discuss the possibility that particles form the Hidden Sector are

produced in the early universe and a part of the population survives till the present

day with a relic abundance. This population of particles can thus contribute to the

gravitational effects which led to the Dark Matter (DM) conjecture. We will distinguish

thermal and non thermal production processes. We investigate the phenomenology of a

dark matter model motivated by Sec. 3.2.9, based on our work [117].

4.1 Relics of the Hidden Sector

As discussed in Sec. 3.2.9 a Hidden Sector symmetry can decouple the HS physics from

the SM. However, if there is a portal open as for instance the charged fermion portal

described in Sec. 2.4 the HS particles can be produced in the early universe and a

population can survive until today. We would like to study a simple realization of that

model to demonstrate some interesting features, which then can be generalized to a

broader class of models.

It is a long standing fact that there are astrophysical observations which suggest that

there is mass in the universe which we did not observe directly yet but only by its

gravitational effects. As reported by Vera Rubin in an influential paper in 1980 [121], it

was shown that the galaxy rotation curves can not be explained by taking into account

luminous mass only. Further evidence for the presence of non luminous mass has been

found in other observations on cosmic scales including the cosmic microwave background

and gravitational lensing observations. It is very intriguing to investigate the possibility

that relics of HS particles contribute to this missing dark mass and might even explain

the discrepancy between theoretical expectations given the SM only and observations.

71
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We briefly discuss three mechanisms how a relic abundance from the HS can survive until

today. The most prominent and widely discussed mechanism is called the thermal freeze-

out. The physical principle behind the freeze-out scenario is that the number density n

of a particle species at high temperatures T follows the equilibrium distribution which

means it is proportional to T 3. With decreasing temperature there is a time point

where the interaction rate n 〈σvrel〉 becomes smaller than the Hubble rate H(t) and

the HS particle leaves the chemical equilibrium. The effect is that its number density

today is inversely proportional to its thermally averaged cross section for annihilation

times the relative particle velocity. The Boltzmann equations in a simplified form is

ṅ = −3H(t)n −
〈
σvrel(n

2 − n2
eq)
〉

[122], where neq is the chemical equilibrium number

density. In terms of cosmological density parameters the HS particle contributes to the

cosmological budget approximately as

ΩHSh
2 ≈ 3

10−27cm3s−1

〈σ vrel〉
. (4.1)

Thus for a particle species to account for all the observed cold non shining matter content

in cosmology (ΩDarkh
2 ≈ 0.1) the cross section is of the order of pb, which is a typical

size for a weak interaction cross section and lead to the term Weakly Interacting Massive

Particle (WIMP). The final relic abundance of a particle depends thus crucially on its

cross section, in Fig. 4.1 this can be seen as larger masses lead to less abundance, as the

cross section is assumed to be proportional to the mass.

On the other hand a relic density can be produced in a so called Freeze-in mechanism, as

discussed in [123]. The physical principle is different from the freeze-out scenario, as the

particle is never in thermal equilibrium. This is the case when n 〈σvrel〉 < H(t), which

means the particle is even weaker coupled then the WIMP. It can then be produced in

a decay of particles which themselves are in equilibrium and have only a weak coupling

to the freezing-in particle species. The back reaction process in the Boltzmann equation

is very inefficient as the abundance of the freezing-in particles is always small. Then as

the temperature drops below the mass of the freezing-in species production is stopped

by kinematics, its abundance is then frozen-in. The Boltzmann equation for this case

can be approximated as ṅ + 3nH(t) = 〈σvrel〉 n2
eq, where the equilibrium abundance

is controlled by the decaying species. Therefore, in this regime the relic abundance is

proportional to the cross-section, opposite to the freeze-out case.

A scenario known as Dodolson-Widrow (DW) mechanism [124], relies on oscillations

of sterile neutrinos in the hot plasma. Here, the thermal masses are modified by the

temperature corrections in such a way that light mostly active species can oscillate in
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Figure 4.1: The evolution of the number density n/T 3 of a heavy lepton, as discussed
in the classic work [122]. This plot demonstrates the inverse dependence of the final
abundance on the cross section in the freeze-out mechanism. The cross section is

proportional to the mass.

much heavier almost sterile species. When the temperature drops below a critical value

the mass squared differences become too large and no oscillations are allowed. This

scenario can generate a relic abundance of keV scale sterile neutrinos with a velocity

distribution between the cold and hot regimes, this relics are referred to as warm.

We see that there are plenty of possibilities which lead in the evolution of the universe and

a strongly changing temperature to relic populations of weakly coupled particles. This

makes it very interesting to investigate whether terrestrial direct or telescope indirect

experiments can probe the HS by detecting its relics. We will now turn to a scenario

with a simplified model which exemplifies how the different experimental techniques can

interplay to study the Hidden Sector.

4.1.1 The simplest model

The simplest theoretical model with a charged lepton portal extends the Standard Model

by a neutral fermion, as shown in 3.2.9 χ is the decoupled sterile neutrino with a HS

U(1) charge, and a charged mediator η [125]. In the simplest case, we start with the

interaction Lagrangian

L ⊃ −yχ̄PR`η − ie ηAµ∂µη∗ + h.c. , (4.2)
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where Aµ denotes the photon field, χ is the fermionic DM candidate, e is the unit electric

charge, ` is a SM lepton field, PR = (1 + γ5)/2 is the right-handed chiral projection

operator, and y is the Yukawa coupling constant of the DM–lepton interaction. Unless

indicated otherwise, we assume χ to be a Majorana fermion. Do to this fact χ it adds

only half of the fermionic degrees of freedom to the system compared to a Dirac fermion

and therefore the charged scalar, which has a larger mass dominates in the loops.

As a general observation we infer that the natural mass ranges for both particles are

not largely separated, as both masses are generated in the same symmetry breaking

mechanism. Finally, we disregard the vertex e2η∗ηAµAµ from the kinetic term of η

because it is higher order in the coupling constant and will thus be phenomenologically

negligible.

The approximate expression for the relic density of Majorana DM in our toy model

is [125]

Ωχh
2 ' 0.11

1

N`

(
0.35

y

)4( mχ

100 GeV

)2 (1 + µ)4

1 + µ2
(4.3)

for µ & 1.2. For smaller µ, Ωχh
2 is smaller by an O(1) factor due to coannihilations [125]

(see [115] Fig. VII, for a quantitative estimate of the effect of co-annihilations). We see

that in the interesting parameter range 0.1 . y . 1, mχ & 100 GeV, the model (4.2)

naturally predicts a relic density comparable to the observed value 0.089 < Ωχh
2 <

0.1227. Here, the quoted upper limit on Ωχh
2 is taken from Planck [126], whereas for

the lower limit, we conservatively use the WMAP value [127]. We thus account in a

qualitative way for the uncertainty in Ωχh
2 from the yet unresolved tension between

different measurements of the Hubble constant H0 = h · 100 km s−1 Mpc−1.

At this point we would like to stress, that a HS candidate does not necessarily account for

all the Dark Matter abundance needed to explain the discrepancies between theoretical

expectation observations in astrophysics. It is very easy to imagine that the sector of

physics responsible for the DM phenomena is complex and a HS relic, as discussed here,

is just one contribution to it. Our goal now will be to identify relevant experimental

signatures of this theoretical scenarios and derive constraints from already existing data.

We begin with the question what signatures of this model can be expected in indirect

detection experiments, as gamma ray telescopes.

4.1.2 Indirect Searches for the Hidden Sector

Gamma ray astronomical observations are very well motivated, as peaks in the cosmic

gamma ray spectrum from the Galactic Center or other regions of high DM density
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provide one of the cleanest signatures in indirect dark matter (DM) searches. On the

one hand, there are no known astrophysical sources that could mimic such a signal.1 On

the other hand, gamma ray observatories are making tremendous progress in terms of

statistics, resolution and control of systematic uncertainties.

From the particle physics point of view, peaks in the gamma ray spectrum can originate

from DM annihilation or decay to two photons, a photon and a Z boson, or a photon

and a Higgs boson. However, since DM is electrically neutral, these processes can

only happen at the 1-loop level, making it likely that DM is first discovered in other

annihilation or decay channels.

We find, however, that in a significant fraction of the parameter space of our lepton

portal model the first experimental hint for the annihilation of the HS particle is a

gamma ray peak. Namely, this can happens as DM annihilates via the η scalar being

the charged t-channel mediator, so that a photon can be emitted from the mediator, see

Fig. 4.2. This process is called virtual internal bremsstrahlung (VIB) [129, 130, 125]. If

the mediator mass mη and the DM mass mχ are close to each other, the resulting photon

energy is strongly peaked (see Fig. 4.3) and can yield a line-like gamma ray signal if the

width of the peak is below the detector resolution.

As already mentioned above the interesting feature of models with radiatively induced

scale symmetry breaking is that the mass of the HS fermion is linked to the symmetry

breaking VEV. The mass of the scalar η controlled by the size of the portal coupling

and is without an additional tuning also of the order of the symmetry breaking scale.

Therefore, a situation in which the masses of the HS fermion and the mediator are close

to each other can be considered as a natural scenario.

From the phenomenological point of view the lepton portal dark matter models are far

less constraint as models where DM couples to quarks, which are strongly constrained

by gamma ray emission from dwarf galaxies [131, 132], by direct detection bounds [133,

134, 135], and by LHC searches [136, 137, 138, 139, 140, 141, 142, 143, 144]. Additional

phenomenological motivation could be provided by various cosmic ray anomalies. For

instance, attempts to explain the cosmic ray positron excess observed by PAMELA [145,

146], Fermi-LAT [147] and AMS-02 [148] in terms of DM annihilation typically require

a leptophilic DM model [149, 150, 151, 152, 153, 154, 155, 156, 157, 158] in order not to

exceed the measured antiproton flux [159, 160]. Finally, it is intriguing that the possible

anomalies in the gamma ray signal from the Galactic Center [161, 162, 163], in the

gamma ray emission from the Fermi Bubbles [164, 165, 166, 167], and in radio signals

1The authors of Ref. [128] show that a particular composition of a pulsar wind nebula could generate
a peaked gamma ray signal, but an observation of a peak at the same energy in different regions of the
galaxy would rule out this possibility.
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Figure 4.2: The Feynman diagrams contributing to virtual internal bremsstrahlung
(VIB) and to final state radiation in the case of Majorana DM annihilating through a
scalar t-channel mediator. For Dirac DM, the second row of diagrams is absent. Note

that only the sum of VIB and final state radiation diagrams is gauge invariant.

from filamentary structures in the inner galaxy [168] could be explained in leptophilic

DM models. (Note, however, that some of them can also be understood if dark matter

annihilates to bb̄ final states.) Direct detection constraints on leptophilic DM have been

studied in [169, 170, 171].

The simplified model (4.2) has been studied previously for instance in [114], and it

has been shown in [125] that the model could explain the 135 GeV feature in the

Fermi-LAT data. The fit from [125] results in a preferred DM mass of mχ = 149 ±
4 (stat) +8

−15(syst) GeV and an annihilation cross section 〈σvrel〉χχ→`¯̀γ = (6.2± 1.5 +0.9
−1.4) ·

10−27 cm3s−1. (Here, vrel is the relative velocity of the two annihilating DM particles,

and the average 〈·〉 is taken over vrel.)

The interactions in eq. (4.2) lead to annihilation of DM particles into pairs of SM leptons

via t-channel exchange of the charged scalar η. This 2→ 2 process can be decomposed

into an s-wave part and a p-wave part, the latter of which can usually be neglected

because it is suppressed by the square of the small velocity vrel ∼ few × 100 km/s of

DM particles in the Milky Way. The s-wave contribution is unsuppressed for Dirac

DM, while for Majorana DM, it is helicity-suppressed by the small mass of the final

state lepton [125]. This can be understood by noting that DM annihilation through

the Yukawa interaction in Eq. (4.2) produces two leptons of the same chirality. For

Majorana DM, however, Pauli blocking in the initial state requires the incoming DM

particles to have opposite spin. Angular momentum conservation therefore requires a

mass insertion on one of the final state lepton lines. Thus, for Majorana DM, higher order

annihilation processes become important, in particular the 2 → 3 process χχ → `¯̀γ,

with two charged leptons and a photon in the final state (see Fig. 4.2). Since the photon

carries away one unit of angular momentum, it can lift the helicity suppression, see for

instance [172, 173].
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Figure 4.3: The differential cross section Eq. (4.4) for the internal bremsstrahlung
process (Fig. 4.2) for different values of the degeneracy parameter µ = m2

η/m
2
χ. (a)

is for Majorana DM, (b) is for Dirac DM. We have assumed y = 1, N` = 1 and
mχ = 100 GeV.

A helicity suppression of 2-body DM annihilation compared to the 3-body internal

bremsstrahlung process exists also in models where the scalar mediator η is replaced

by a vector particle [174] and in models with scalar DM and fermionic mediators [174,

116, 115]. We will not consider these possibilities here, but will instead focus on the

scenario from Eq. (4.2) as a representative for all internal bremsstrahlung models, also

because it is well motivated for the point of view of our models with brocken sclae

symmetry.

If the mediator mass mη and the DM mass mχ are nearly degenerate, the emission

of an internal bremsstrahlung photon (first and fourth diagram in Fig. 4.2) is strongly

peaked if the photon energy Eγ gets close to mχ. The reason is that, in this case,

one of the final state leptons is very soft, and one of the η propagators gets close to

the mass shell. In other words, internal bremsstrahlung with mη ' mχ and Eγ ∼ mχ

can be viewed as DM annihilation into a lepton and a photon, with the emission of a

soft lepton as a form of initial state radiation. While the spectral peak is thus due to

internal bremsstrahlung only, it is important to take into account also the final state

radiation diagrams to guarantee gauge invariance of the process. Note that, in contrast

to gamma ray lines from DM annihilation to γγ, γZ or γH, the peaked signal from

internal bremsstrahlung is not loop-suppressed, hence the cross section can be sizeable.

The differential three-body cross section for χχ→ `¯̀γ in the case of Majorana DM has
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the following form [125]

vrel

dσχχ→`¯̀γ
dx

' y4αemN`

32π2m2
χ

(
1− x

)[ 2x

(µ+ 1)(µ+ 1− 2x)

− x

(µ+ 1− x)2
− (µ+ 1)(µ+ 1− 2x)

2(µ+ 1− x)3
log

(
µ+ 1

µ+ 1− 2x

)]
, (4.4)

with the electromagnetic fine structure constant αem, the number of final state lepton

flavors N`, and with the definitions x ≡ Eγ/mχ and µ ≡ m2
η/m

2
χ. In Eq. (4.4), we

have neglected the lepton mass m` and the DM velocity vrel. vreldσ/dx is plotted in

Fig. 4.3 for different values of µ. It is clear that, in order to have a distinct peak, a small

degeneracy parameter µ . 1.1 is necessary. Integrating over x, we immediately obtain

also the full cross section [125]

vrelσχχ→`¯̀γ '
y4αemN`

64π2m2
χ

[
1

2µ

(
4µ2 − 3µ− 1

)
log

(
µ− 1

µ+ 1

)
+

4µ+ 3

µ+ 1
− (µ+ 1)

{
log2

(
µ+ 1

2µ

)
+ 2Li2

(
µ+ 1

2µ

)
− π2

6

}]
. (4.5)

Here, Li2 is the dilogarithm function.

For Dirac DM, vrelσχχ̄→`¯̀γ is not a well-defined quantity in the limit m` → 0 due to

infrared divergences in the phase space region where the photon is soft or collinear with

one of the leptons. For m` 6= 0, we can evaluate vrelσχχ̄→`¯̀γ numerically, see Fig. 4.3.2

We find that the spectrum is entirely dominated by final state radiation and no internal

bremsstrahlung peak is discernable at Eγ ∼ mχ. This means in particular that no sharp

spectral features are expected for Dirac DM. In the following, we will therefore use the

two-body annihilation cross section

vrelσχχ̄→`¯̀ =
y4N`

32πm2
χ

1

(1 + µ)2
(4.6)

as a figure of merit for indirect detection of Dirac DM.

4.2 Phenomenology of Vacuum Induced Interactions

In this section we will make use of the fascinating fact that the quantum vacuum can

induce interaction of neutral particles with the photon. We view the vacuum loop in

Fig. 4.4 as a mediator, since it can couple to the neutral lepton χ and would be a

self energy diagram without the external photon leg. However, as the lepton and the

2We have checked that the logarithms appearing in the expression for vrelσχχ̄→`¯̀γ are sufficiently
small for a perturbative treatment to be approximately valid.
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Figure 4.4: The one loop diagrams generating the effective dark matter–photon cou-
pling for Majorana DM. For Dirac DM, the two diagrams on the right are absent.

scalar propagating in the loop are charged and a photon can interact with either the

loop effectively acts as a mediator which allows χ to scatter off a photon. This process

is described with a loop induced electro-magnetic form factor for the neutral lepton.

The essential observation is, that the vacuum loop influences a physical process, the

scattering amplitude of the neutral lepton, only due to the presence of external legs

connecting it to real on-shell particles.

We will investigate what follows from the fact that loop processes endow the DM with

nonzero electromagnetic moments, which in turn allow it to interact in direct detec-

tion experiments. If DM is a Majorana fermion, only an anapole moment is gener-

ated [175, 176], while for Dirac fermions, also a magnetic dipole moment can exist. DM

with anapole interactions has been studied previously in [177, 178, 179, 180] using an

effective field theory framework, and DM with magnetic dipole moments has been in-

vestigated in [181, 182, 183, 184, 185, 186, 178]. The importance of loop processes even

for hadrophilic DM has been studied in the context of LHC searches in [187].

Loop processes involving DM particles can also modify electromagnetic properties of lep-

tons, in particular their anomalous magnetic moments and the energy levels of dilepton

systems such as positronium and muonium. In the most general case, also lepton flavor

violation could be induced by DM loops. Finally, if DM couples to electrons, it can be

directly produced at LEP or at a future linear collider, allowing us to derive constraints

from searches for mono-photons plus missing energy.

4.2.1 Connection between Direct and Indirect detection of DM

We now establish the connection between indirect gamma ray signatures of DM in our

toy model and direct laboratory searches on Earth. Connecting the final state fermion

lines in the internal bremsstrahlung and final state radiation diagrams from Fig. 4.2, we

obtain an effective vertex coupling the DM particle to the photon through loops of the

form shown in Fig. 4.4. At dimension 5 and 6, the most general form of this effective
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interaction for a neutral fermion χ is [188]

Leff ⊃ dM
2
χ̄σµνχFµν +

dE
2
χ̄σµνγ5χFµν + A χ̄γµγ5χ∂νFµν , (4.7)

where dM is the magnetic dipole moment, dE is the electric dipole moment, and A is

the anapole moment. For Majorana DM, only the anapole term is nonzero [175, 176],

as can be seen by using the fact that a Majorana field is invariant under the charge

conjugation operation Ĉ, i.e. ĈχĈ ≡ −iγ2χ∗ = χ. Applying this identity to the fermion

fields in Eq. (4.7), it is straightforward to show that the magnetic and electric dipole

terms vanish.

Note that establishing a similar connection between DM annihilation and loop-induced

electromagnetic form factors is also possible in internal bremsstrahlung models with

scalar DM and fermionic mediators, or with Majorana DM and vector mediators [174,

189]. We have seen above that these scenarios are phenomenologically as interesting as

our model with Majorana DM and a scalar mediator because internal bremsstrahlung

dominates over DM annihilation to 2-body final states in all of them. The connection

between gamma ray lines from DM annihilation and direct detection signals has been

made also for models with loop-induced DM annihilation to photons in [190].

4.2.2 One Loop Contribution to the Electromagnetic Moments

We will now compute the loop induced electromagnetic interactions for the DM particles

in our toy model Eq. (4.2).

4.2.2.1 Anapole moment for Majorana fermions

We begin by evaluating the diagrams in Fig. 4.4 to obtain the anapole form factor A in

Eq. (4.7) for Majorana DM. For negligible 4-momentum transfer q we find

A = − ey2

96π2m2
χ

[
3

2
log

µ

ε
− 1 + 3µ− 3ε√

(µ− 1− ε)2 − 4ε
arctanh

(√
(µ− 1− ε)2 − 4ε

µ− 1 + ε

)]
, (|q2| � m2

` )

(4.8)

with µ = m2
η/m

2
χ , ε = m2

`/m
2
χ. Taking into account the behavior of the arctanh function

when its argument approaches 1, it is easy to see that for 1� µ−1� ε→ 0, the anapole

moment diverges logarithmically as A ∼ ey2/(48π2m2
χ)× log(ε)/(µ− 1). This behavior

can be qualitatively understood by noting that, if mη ' mχ and q2 ' 0, all three

propagators in the loops of Fig. 4.4 can be close to the mass shell simultaneously. In

the limit µ − 1 � ε � 1, on the other hand, the leading term in A is proportional to
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(a) (b)

Figure 4.5: The (a) anapole moment for Majorana DM and (b) magnetic dipole
moment for Dirac DM as a function of µ = m2

η/m
2
χ. We show results for DM cou-

plings to electrons, muons, and tau leptons. Note that for couplings to electrons, the
divergence in A is regularized by the momentum transfer q2 rather than me because
in typical DM–nucleus scattering processes, |q2| � m2

e. We have assumed y = 1 and
mχ = 100 GeV.

1/
√
ε. Note that in this limit, the expression in Eq. (4.8) requires analytic continuation

of the arctanh function into the complex plane. The dependence of A on the degeneracy

parameter µ is shown in Fig. 4.5 (a) for y = 1 and mχ = 100 GeV.

If |q2| � m2
` , a case that is relevant for instance in DM–nucleus scattering through loops

containing electrons, the approximation q2 → 0 underlying Eq. (4.8) is not applicable.

In this case, it is instead convenient to set m` = 0 and keep only to the leading term in

ξ ≡
√
|q2|/mχ, which leads to

A = − ey2

32π2m2
χ

[−10 + 12 log ξ − (3 + 9µ) log(µ− 1)− (3− 9µ) logµ

9(µ− 1)

]
. (|q2| � m2

` )

(4.9)

At very small ε or ξ, one may wonder whether a calculation at fixed order in perturbation

theory is still valid. However, in the case of interest to us, namely µ−1� ε, the divergent

logarithms in Eqs. (4.8) and (4.9) are at most of order 10 even for DM couplings to

electrons.
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4.2.2.2 Dipole moment for Dirac fermions

If χ is a Dirac fermion rather than a Majorana particle, only the two diagrams on the

left in Fig. 4.4 exist. They generate an anapole moment A that is half as large as the

one for Majorana DM, Eq. (4.8), and a magnetic dipole moment dM given by

dM =
y2e

32π2mχ

[
−1 +

1

2
(ε− µ) log

( ε
µ

)
(4.10)

− (µ− 1)(µ− 2ε)− ε(3− ε)√
(µ− 1)2 − 2ε(µ+ 1) + ε2

arctanh

(√
(µ− 1)2 − 2ε(µ+ 1) + ε2

µ− 1 + ε

)]

for q2 → 0. The dipole moment will turn out to be numerically much more important

than the anapole moment in scattering processes involving Dirac DM. If m` is neglected

compared to mχ, i.e. ε→ 0, Eq. (4.11) simplifies to

dM =
y2e

32π2mχ

(
µ log

µ

µ− 1
− 1

)
. (4.11)

Note that, unlike the anapole moment A, the dipole moment dM is not divergent for

ε→ 0. For µ−1� ε� 1, the leading term in dM is proportional to 1/
√
ε. The behavior

of dM as a function of µ is shown in Fig. 4.5 (b).

4.2.3 Direct detection signals

In this section we will discuss the experimental limits on dark matter scattering through

anapole and magnetic dipole interactions. This has been done previously at the ef-

fective field theory level for instance in Refs. [191, 182, 192, 193, 194, 184, 195, 177,

196, 178, 180]. Here, we carry out a similar analysis using the latest LUX [197] and

XENON100 [198] data, and we then translate the resulting constraints into new lim-

its on the expected indirect detection signals in our toy model. Since the differential

DM–nucleus scattering cross section dσ/dEr (where Er is the nuclear recoil energy) for

anapole and dipole interactions differs from the conventional spin-independent or spin-

dependent scenarios, we cannot directly use the published exclusion limits from LUX

and XENON100, but instead have to fit the data at the event level. We do this by using

a framework developed in Refs. [169, 199, 200], which we have extended by including

LUX data and by implementing anapole and dipole interactions.
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(a) (b)

Figure 4.6: Comparison of the differential DM–nucleus scattering rates on a xenon
target for anapole interactions (blue), magnetic dipole interactions (green dot-dashed)
and conventional spin-independent contact interactions (red). We show (a) the theo-
retical rate without nuclear form factor and detector effects, and (b) the event rate
expected in the XENON100 detector, taking into account the detection efficiency,
light yield and energy resolution as given in [198, 201]. We have used a DM mass
of mχ = 40 GeV and coupling constants A = 3.8 × 10−3µN fm, dM = 1.9 × 10−4e fm
and σχp = 5.0 × 10−41 cm2 for anapole, dipole and contact interactions, respectively.
(Here, σχp is the total DM–nucleon cross section.) For the DM velocity profile and the

nuclear form factor, we have used standard assumptions (see text for details).

The differential cross section for DM–nucleus scattering through an anapole interaction

is (cf. also [177, 180])

dσanapole
χN

dEr
= 4αemA2Z2[FZ(Er)]

2

[
2mN −

(
1 +

mN

mχ

)2Er
v2

]
+ 4A2d2

A[Fs(Er)]
2

(
J + 1

3J

)
2Erm

2
N

πv2
, (4.12)

while for dipole interactions we have [202, 203, 192, 194]

dσdipole
χN

dEr
=
αemZ

2[F (Er)]
2d2
M

Er

[
1− Er

2mNv2

(
1 + 2

mN

mχ

)]
+ d2

Md
2
A[Fs(Er)]

2

(
J + 1

3J

)
mN

πv2
. (4.13)

In both equations, the first line corresponds to scattering on the nuclear charge Z, while

the second line describes scattering on the nuclear dipole moment dA.3 The nuclear

3Note that the contributions from the nuclear charge and from the nuclear dipole moment must be
separated carefully. For instance, a naive calculation involving the standard QED vertex for the nucleus
would correctly describe DM–charge scattering, but the contribution from DM–dipole scattering would
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mass is denoted by mN , and v is the velocity of the incoming DM particle. We have

also included the nuclear charge form factor FZ(Er) and the spin form factor Fs(Er).

We parametrize FZ(Er) as [204] FZ(Er) = 3e−κ
2s2/2[sin(κr)− κr cos(κr)]/(κr)3, where

κ =
√

2mNEr, s = 1 fm, r =
√
R2 − 5s2, R = 1.2A1/3 fm (with the nuclear mass number

A). For Fs(Er), we use [194] Fs(Er) = sinκRs/(qRs) for κRs < 2.55 and κRs > 4.5,

and Fs(Er) = 0.217 otherwise. Here, Rs = A1/3. Note that nuclear dipole moments are

subdominant in many target materials, including xenon, which we mostly focus on in

this paper. The contribution from the nuclear dipole moment may be comparable to the

contribution from the nuclear charge for instance in fluorine, sodium and iodine [203].

Note that Eq. (4.12) can be integrated over Er to yield a total cross section, while

Eq. (4.13) has an infrared divergence, which makes the total cross section for dipole

interactions an ill-defined quantity.

The differential DM–nucleus scattering rate per unit target mass is given by

dR

dEr
=

ρ0

mχmN

∫ ∞
vmin

d3v
dσ

dEr
v f⊕(~v) , (4.14)

where ρ0 ' 0.3 GeV/cm3 is the local DM density, vmin =
√
mNEr/2/MχN is the

minimal DM velocity required to yield a recoil energy Er, MχN = mχmN/(mχ+mN ) is

the reduced mass of the DM–nucleus system, and f⊕(~v) is the DM velocity distribution

in the rest frame of the detector. We obtain f⊕(~v) by a Galilean transformation of the

DM velocity distribution in the Milky Way rest frame, fMW. For the latter, in turn,

we assume the conventional Maxwell-Boltzmann form with a smooth cutoff, fMW ∝
exp(−~v2/v2

0)−exp(−v2
esc/v

2
0), with velocity dispersion v0 = 220 km/s and escape velocity

vesc = 550 km/s. We expect the dependence of our results on this choice of velocity

profile to be similar to what was found for DM scattering through contact interactions

in the literature, see for instance [205, 206, 207, 208].

In Fig. 4.6, we compare the differential reaction rates dR/dEr for anapole, dipole and

spin-independent contact interactions, both with and without including nuclear form

factor and detector effects. For easier comparison, all rates are normalized to a total

rate of 1 event above 10 keV per kg per day before taking into account nuclear form

factor and detector effects. We see that anapole and contact interactions lead to similar

event spectra, while dipole interactions are strongly enhanced at low energies due to

the 1/Er dependence of the first term in Eq. (4.13). The nuclear form factor leads to a

suppression of dR/dEr at higher energies. Note that at low energies, the scattering rate

be correct only for a truly pointlike nucleus with magnetic dipole moment e/(2mN ). Here, instead,
this spurious DM–dipole scattering term must be subtracted out and replaced by the correct term for
scattering on the dipole moments of extended nuclei (second line of Eqs. (4.12) and (4.13)).
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(a) (b)

Figure 4.7: XENON100 and LUX 90% CL limits on (a) the anapole moment and (b)
the magnetic dipole moment of dark matter.

remains sizeable down to few keV even because such low energy events can occasionally

produce a detectable number of photoelectrons due to Poisson statistics.

We conclude that with sufficient statistical power direct detection experiments could

relatively easily distinguish dipole interactions from other interaction structures, while

discriminating between anapole and contact interaction is challenging.

In the absence of a signal, we next derive limits on the anapole moment A, the dipole

moment dM and the total DM–nucleon scattering cross section for contact interactions,

σχp.

4.2.4 Constraints from direct detection data

In Fig. 4.7 we show the constraints on the anapole and magnetic dipole moments of dark

matter from 85.3 days of LUX data [197] and from 225 days of XENON100 data [198].

For the statistical analysis, we have used Yellin’s maximum gap method [209]. The code

employed to derive limits has been developed in [169, 199, 200], and we have checked that

it reproduces the XENON100 and LUX limits on standard spin-independent DM–nucleus

scattering to very good accuracy. Note that the qualitative shape of the exclusion curves

is similar to the well-known exclusion limit for scattering through contact interactions.

At low DM mass, the loss in sensitivity is slightly less steep for dipole interactions due

to the enhancement of the scattering rate at low energies (see Fig. 4.6).
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We now derive our main results by translating the LUX constraint on the anapole

moment from Fig. 4.7 (a) into a constraint on the annihilation cross section 〈σvrel〉χχ→`¯̀γ
into two charged leptons plus an internal bremsstrahlung photon using Eqs. (4.8) and

(4.5). Similarly, we convert the LUX limits on the dipole moment of Dirac DM from

Fig. 4.7 (b) into bounds on the DM annihilation cross section into two charged leptons,

〈σvrel〉χχ̄→`¯̀ using Eqs. (4.11) and (4.6). Note that the total cross section for the 3-body

final state `¯̀γ is ill-defined in the Dirac case due to infrared divergences. Moreover,

annihilation into `¯̀γ is subdominant for Dirac DM.

Our results are shown in Fig. 4.8 (a), (b) and (c) for Majorana DM, and in Fig. 4.8 (d)

for Dirac DM. Figs. 4.8 (a) and (d) are for couplings to only one lepton species `, while

(b) and (c) are for flavor-universal couplings.

For Majorana DM, Fig. 4.8 (a) clearly reflects the increase in the anapole moment for

small ε = m2
`/m

2
χ, which here translates into stronger limits on the model parameters and

on 〈σvrel〉χχ→`¯̀γ for coupling to electrons than for coupling to µ or τ . We also clearly see

the effect of degenerate mη and mχ: for µ = m2
η/m

2
χ close to unity, the anapole moment

is significantly larger than for well separated mη and mχ (see Eq. (4.8) and Fig. 4.5).

Comparing to the preferred parameter region from the gamma ray line search in [125],

we find that this region is still marginally compatible with direct detection constraints

if µ = 1.1. For µ = 1.01, it is disfavored at the 5σ confidence level if DM has couplings

to electrons and at the 3σ confidence level if DM couples only to muons. Comparing

to the cross sections required for thermal relic DM (horizontal blue line in Fig. 4.8 (a)),

we see that direct detection limits are just starting to probe this region. Note that our

estimates for the thermal relic cross section are based on Eq. (4.3). They do not include

the effect of co-annihilations [125], which would move the thermal relic cross section to

smaller values. Note also that our perturbative calculations become inaccurate close to

the gray regions in Fig. 4.8, inside of which y2 is larger than 4π.

Comparing direct detection constraints to limits from gamma ray searches (Fig. 4.8 (b)),

we find that for flavor-universal couplings and µ not too far from unity, direct searches are

significantly more sensitive than continuum gamma ray searches in dwarf galaxies [125]

and competitive with the bounds from gamma ray line searches [135]. (Note that in

Refs. [125, 135] these bounds are shown only for mχ & 50 GeV, even though in principle,

Fermi-LAT and H.E.S.S. are sensitive also to lower DM masses.) At mχ . 10 GeV, direct

detection limits are superseded by constraints from the anomalous magnetic moment

g − 2 of the electron and the muon (see Sec. 4.2.6.1).

Looking into the future, Fig. 4.8 (c) illustrates that the sensitivity of direct detection

experiments can be expected to improve by more than two orders of magnitude in the

coming years thanks to the planned XENON1T [210] and LUX-ZEPLIN (LZ) [211]
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experiments. This will make direct DM searches highly sensitive to thermal relic DM.

For XENON1T, we have assumed a total exposure of 2 200 kg yrs, while for LZ we use

10 000 kg yrs. In both cases, this corresponds to roughly 2 years of data taking. For

comparison, we plot in Fig. 4.8 (c) also contours of constant 〈σana〉 (gray dot-dashed

curves), where 〈σana〉 is the direct detection cross section averaged over the DM velocity

distribution: 〈
σanapole
χN

〉
=

∫ ∞
vmin

f⊕(~v)σanapole
χN d3v . (4.15)

Note that direct detection limits on 〈σanapole
χN 〉 are more than an order of magnitude

weaker than direct detection limits on the cross section for DM–nucleon scattering

through contact interactions. The reasons are the velocity dependence in σanapole
χN as

well as the fact that anapole interactions are proportional to the nuclear charge rather

than the nuclear mass. As discussed in Sec. 4.2.3, couplings to nuclear dipole moments

are subdominant for the target material considered here.

For Dirac DM, Fig. 4.8 (d) shows that the qualitative picture is similar to Majorana

DM, but the dependence on the lepton mass m` is less strong. Comparing the direct

detection limits to constraints from the Fermi-LAT analysis of gamma ray signals from

dwarf galaxies [132], we find that for DM masses > 10 GeV, direct detection provides

significantly stronger limits if mχ and mη are not too different. In this case, also thermal

production (horizontal blue band in Fig. 4.8 (d)) is excluded for 10 GeV . mχ .

few× 100 GeV.

4.2.5 Constraints from Collider Searches

A set of constraints on leptophilic DM complementary to the limits from direct detection

can be obtained from collider data. Since tree level production of DM at hadron collid-

ers [212, 213, 136, 137, 214, 138, 215] is impossible in the leptophilic case, the strongest

constraints are expected to come from mono-photon events at LEP [216]. In the future,

mono-photon searches at a linear collider may improve on these bounds [217].

Here, we apply the procedure described in [216] to our toy model, Eq. (4.2). We simulate

the process e+e− → χχγ in CalcHEP 3.4 [218] including the effect of initial state ra-

diation and beamstrahlung (with default parameters) on the beam energy. We analyze

the simulated events in a modified version of MadAnalysis 1.1.2 (from the MadGraph 4

package) [219] that implements the efficiencies and resolutions of the DELPHI detector

at LEP [220, 221], see [216] for details. We have checked that our simulation repro-

duces the predicted γν̄ν background from [221] to very good accuracy. To set limits,
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(a) (b)

(c) (d)

Figure 4.8: LUX 90% CL limits on the DM annihilation cross section in our toy model,
Eq. (4.2). In (a) we show direct detection constraints induced by anapole interactions
for Majorana DM coupling only to electrons (thick solid), only to muons (thick dotted),
and only to taus (thin dotted). The upper and lower boundaries of the colored bands
correspond to µ ≡ m2

η/m
2
χ = 1.1 and µ = 1.01, respectively. For illustration, we

also show the upper limit on the cross section required for a thermal relic (neglecting
coannihilations and using Eq. (4.3)), and the tentative best fit region from Bringmann
et al. [125]. The gray region corresponds to y2 > 4π and thus cannot be reached in our
toy model. In (b), we compare the LUX bounds on Majorana DM with flavor-universal
couplings to limits from LEP mono-photon searches, g−2 measurements, a Fermi-LAT
search for continuum gamma rays from dwarf galaxies [125], and Fermi-LAT (solid) and
H.E.S.S. (dotted) searches for gamma ray lines from the Galactic Center [135]. In (c), we
project the future sensitivities of ton-scale direct detection experiments and of a future
linear collider for Majorana DM with flavor-universal couplings and with µ = 1.01. For
illustration, we have also drawn contours of constant velocity-averaged direct detection
cross section 〈σχp〉 (see Eq. (4.15)). In (d), we summarize direct detection constraints
induced by magnetic dipole interactions for Dirac DM with flavor-specific couplings,
and we compare again to the thermal relic cross section, to LEP mono-photon limits,
to Fermi-LAT limits from dwarf galaxies [132], and to the AMS limits from [157]. Note
that no sharp features are expected in the gamma ray spectrum from annihilation of

Dirac DM.
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we add our signal prediction to the background prediction from [221], and compare to

the DELPHI data from Fig. 1 of [221], which corresponds to an integrated luminosity

of 650 pb−1. Following [216] we use a simple χ2 analysis to set limits on the Yukawa

coupling y as a function of mχ and mη, and then convert these limits into constraints on

〈σv〉χχ→`¯̀γ , which are shown in Fig. 4.8 (b) and (d). Systematic uncertainties are sub-

dominant compared to statistical uncertainties in DELPHI and are therefore neglected

in our analysis.

We also estimate the sensitivity of a future linear collider with a center of mass energy
√
s = 500 GeV to leptophilic DM in our toy model. We simulate the signal and the

dominant γν̄ν background in CalcHEP 3.4 [218] while for the γγν̄ν final state (with one

photon escaping undetected) and for γe+e− events (with an undetected e+e− pair) we

follow [217]: we qualitatively include the γγν̄ν background by simply increasing the γν̄ν

background by 10%. For γe+e− events, we reweight the γν̄ν spectrum by the energy

dependent factor 0.825 [1 − E/(0.9 GeV)]2. Negative reweighting factors are excluded.

The detector response of an ILC detector is modeled according to the information given

in [222, 223, 217]. We assume an energy resolution of ∆E/E = 0.011⊕0.166/
√
E/GeV,

where the notation ⊕ means that the different terms correspond to separate, statistically

independent Gaussian distributions. We restrict our analysis to the photon energy range

10 GeV < Eγ < 220 GeV (divided into 5 GeV bins) to remove events with on-shell Z

production, and to the rapidity range |y| < 2.3. The detection efficiency is given by

0.941 − 0.00129Eγ/GeV. We derive limits using a simple χ2 analysis, assuming an

integrated luminosity of 50 fb−1 and neglecting systematic uncertainties. Our projected

ILC limits are included in Fig. 4.8 (c) and (d).

4.2.6 Constraints from Precision Experiments

In this section we investigate further how the quantum vacuum in our model can influence

physical processes. We first investigate loops of the same topology as in the previous

section but with the external legs containing charged leptons, this will contribute to

leptonic magnetic dipole moments and can set constraints on the model parameters.

Processes where the vacuum loop mediates lepton flavour violating decays comparison

to searches for rare decays will constrain the model interactions to be dominated by

flavour diagonal couplings if the thermal production hypothesis is assumed to hold.

Furthermore, we will study box-shaped vacuum loops, see Fig. 4.10 and suggest that

future muonium spectroscopy can help to enter even deeper in the model parameter

space.
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Figure 4.9: New physics contribution to the lepton magnetic dipole moment (α = β)
and to flavor violating lepton decays (α 6= β) in our simplified model.

4.2.6.1 Lepton magnetic dipole moments

The extension of the SM by a DM particle and a charged mediator in our toy model

Eq. (4.2) leads to a new contribution to the anomalous magnetic moment (g − 2)` of

leptons ` via the vertex correction loop shown in Fig. 4.9. This has been used previously

in [125, 188] to constrain DM annihilation through charged mediators. In the case of

complex Yukawa couplings, there can also be contributions to electric dipole moments,

but we will not consider this possibility here. In the limit m` � mη, mχ, the anomalous

magnetic moment of charged leptons is modified by [125]

∆a` ≡ ∆
(g − 2

2

)
`

= − y2m2
`

96π2m2
χ

µ3 − 6µ2 + 3µ+ 6µ logµ+ 2

(µ− 1)4
. (4.16)

For DM couplings to electrons, we compare Eq. (4.16) to the difference between the SM

prediction for ae and the experimentally measured value, aexp
e − aSM

e = (−1.06± 0.82)×
10−12 [224] to derive the exclusion bound shown in Fig. 4.8 (b) for µ = 1.1 (lower edge

of colored band) and for µ = 1.01 (upper edge of colored band).

For the g − 2 of the muon, the difference between the measured best fit value and the

theoretical prediction is aexp
µ −aSM

µ = [2.87±0.63 (exp.)±0.49 (theor.)]×10−9 [225]. We

add the experimental and theoretical uncertainties in quadrature. To account for the

significant discrepancy between theory and experiment, we artificially inflate the error

by linearly adding an ad-hoc uncertainty given by the central value of the discrepancy,

2.87 × 10−9. Note that the discrepancy has a sign opposite to the one predicted by

Eq. (4.16). The resulting constraint on 〈σvrel〉χχ→`¯̀γ is shown in Fig. 4.8 (b).

We see that g − 2 constraints are competitive with direct and indirect searches only at

DM masses < 10 GeV.
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Figure 4.10: Diagrams contributing to the hyperfine splitting in `+`− systems such
as positronium and true muonium.

4.2.6.2 Positronium and muonium spectroscopy

Lepton–antilepton bound states such as positronium (e+e−) and true muonium (µ+µ−)

are interesting laboratories for precision tests of QED because they can be studied

accurately using spectroscopy, but are theoretically simpler than atoms. In particular,

there are no nuclear effects that need to be taken into account. In our toy model

for leptophilic DM, the box diagrams shown in Fig. 4.10 lead to an effective contact

interaction of the form

L`+`− ≡
1

2
C`+`−(¯̀γµPR`)(¯̀γµPR`) (4.17)

with

C`+`− ≡ −
y4

64π2m2
χ

µ2 − 2µ logµ− 1

(µ− 1)3
. (4.18)

This contact interaction contributes to the electrostatic potential between the `+ and

`−, thus modifying the hyperfine splitting Ehfs between the energy of the ortho-state

(parallel spins, 3S1) and the para-state (antiparallel spins, 1S0). To obtain the new

contribution ∆Ehfs to Ehfs, we first calculate the new term in the Hamilton operator of

the system by plugging explicit expressions for the `+ and `− wave functions into (4.17),

integrating over d3x and adding a minus sign from the Legendre transform that converts

the Lagrangian into the Hamiltonian as well as a factor 4 from the different ways in which

the lepton fields can be contracted with the incoming and outgoing fermion states. The

lepton wave functions are given by

`(x) =
(αemm`)

3/2

√
π

exp
[
− αemm`|~x| − iEt

]
ξ , (4.19)

where ξ is a non-relativistic particle or antiparticle Dirac spinor normalized to unity.

We find that the energy of the ortho-state remains unchanged while the energy of the
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para-state is increased. The splitting between the two states is thus reduced, with

∆Ehfs = −α
3
emm

3
`

8π

y4

64π2m2
χ

µ2 − 2µ logµ− 1

(µ− 1)3
. (4.20)

For positronium, this implies

∆Ee
+e−

hfs = −0.17 Hz× y4

(
100 GeV

mχ

)2

, (4.21)

which is an O(10−12) correction to Ee
+e−

hfs = [203.3941± 0.0016 (stat)± 0.0011 (syst)]×
109 Hz [226], well below the experimental precision and the precision of the SM predic-

tion. The reason for the low sensitivity is that positronium is a relatively large system,

whereas the contact interaction is effective only at very short distance. The same is true

for e±µ∓ bound states.

More promising as a probe for contact interactions of the form of eq. (4.17), and of new

physics in the lepton sector in general, seems to be “true muonium”, i.e. a µ+µ− bound

state. Even though true muonium has never been directly produced and studied in the

laboratory, precision experiments seem feasible [227]. For true muonium, we have

∆Eµ
+µ−

hfs = −1.47 MHz× y4

(
100 GeV

mχ

)2

, (4.22)

which is only an O(10−7) correction to the leading term Eµ
+µ−

hfs ' 4.23× 107 MHz [228].

Using Eq. (4.3) and comparing to Eq. (4.22), we obtain that to exclude thermal relic dark

matter with mχ = 130 GeV, µ = 1.1, Eµ
+µ−

hfs needs to be measured with an accuracy of

0.2 MHz.

4.2.6.3 Lepton Flavor Violation

Even though in the simplest versions of our toy model DM couplings to leptons are flavor

diagonal, we now consider also the general Lagrangian

L ⊃ −
∑
α,j

yαjR χ̄PR`
αηj −

∑
α,j

yαjL χ̄PL`
αηj

− ie
∑
j

ηjAµ∂µη
j∗ + h.c. , (4.23)

including flavor off-diagonal couplings.
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We derive constraints on these couplings from searches for the rare decays µ → eγ,

τ → eγ and τ → µγ, which are mediated by the diagram shown in Fig. 4.9. Computing

this diagram, we obtain for the decay rate

Γ`α→`βγ =
αemm

3
α

1024π4m2
χ

(
|cL|2 + |cR|2

)
(4.24)

where

cL ≡
∑
j

yαjL y
βj∗
R J(µj) +

mα

mχ

∑
j

yαjR y
βj∗
R I(µj) , (4.25)

cR ≡
∑
j

yαjR y
βj∗
L J(µj) +

mα

mχ

∑
j

yαjL y
βj∗
L I(µj) (4.26)

are Wilson coefficients in the effective Lagrangian

Lµ→eγ ≡
e

32π2mχ

[
cL ¯̀

βσ
µνPL`α + cR ¯̀

βσ
µνPR`α

]
Fµν , (4.27)

and the loop functions J(µ), I(µ) are given by

J(µ) ≡ µ2 − 2µ logµ− 1

2(µ− 1)3
, (4.28)

I(µ) ≡ µ3 − 6µ2 + 3µ+ 6µ logµ+ 2

12(µ− 1)4
. (4.29)

We have used the definition µj ≡ m2
ηj/m

2
χ, where mηj are the masses of the charged

mediators (see Eq. (4.23)).

We consider for illustrative purposes the special case where only three charged mediator

η1, η2, η3 exist, and where yL = 0. We obtain in this special case for the branching

ratios BR`α→`βγ ' Γ`α→`βγ/ΓSM (with the SM width ΓSM)

BRµ→eγ ' 0.032

(
100 GeV

mχ

)4[∑
j

yµjR y
ej∗
R I(µj)

]2
, (4.30)

BRτ→µγ ' 0.0057

(
100 GeV

mχ

)4[∑
j

yτjR y
µj∗
R I(µj)

]2
. (4.31)

The expression for BRτ→eγ is identical to the one for BRτ→µγ , with the replacements

yµj∗R → yej∗R . With the current experimental limits BRµ→eγ < 5.7×10−13 [71], BRτ→µγ <

4.4 × 10−8 [229] and BRτ→eγ < 3.3 × 10−8 [229], and using mχ = 100 GeV, we then

obtain the following constraints on the elements of yR at µ = 1.1:
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Process Coupling Limit

µ→ eγ
[∑

j(y
µj
R y

ej∗
R )2

]1/2
< 1.0× 10−4

τ → µγ
[∑

j(y
τj
R y

µj∗
R )2

]1/2
< 7.0 10−2

τ → eγ
[∑

j(y
τj
R y

ej∗
R )2

]1/2
< 6.1 10−2

We have seen in Eq. (4.3) that in our simplified model setup, at least one of the Yukawa

couplings should be of order 0.1–1 to avoid DM overproduction. The above constraints

show that flavor off-diagonal Yukawa couplings are therefore always subdominant. This

justifies our neglecting them in the preceding sections.

We have also studied the decay µ → 3e, which constrains a different combination of

Yukawa couplings because it also receives contributions from box diagrams similar to

Fig. 4.10. If we assume that flavor-diagonal Yukawa couplings are O(1), we obtain limits

on the flavor off-diagonal couplings that are about a factor of 8 weaker than the limit

from µ→ eγ. To arrive at this estimate, we have used Ref. [230] to express BR(µ→ 3e)

in terms of the Wilson coefficients of the effective operators in Eqs. (4.27) and (4.17).

We have then compared the predicted branching ratio to the current experimental limit

from [231, 225]. Note that planned searches for µ → 3e will improve the limit on

BR(µ→ 3e) by up to four orders of magnitude [232].

4.3 Conclusion

In this chapter we studied in detail the scenario that a Hidden Sector which is decoupled

from the point of view of active-sterile mixing has a charged leptonic portal interaction

with the Standard Model. We find that in such a scenario a population of the HS

particles produced in the early universe can survive until today as a HS relic. As the

mass of the Hidden Sector particle is related to the scale symmetry breaking and in our

set up to the electro-weak symmetry breaking its mass is naturally between the EW and

the TeV scale. Furthermore, the mass of the scalar mediator is naturally expected to

be of the same order. As a peculiar fact we find that in the case the the mediator and

HS fermion masses are close to each other a line like gamma ray annihilation signal can

be expected as a indirect detection signal. The fact that vacuum loops in our model

generate electro-magnetic moments for the neutral HS fermion creates a specific situation

where the direct and indirect signal rate can be directly connected theoretically. This

makes the model very attractive from the point of view of testability, since a discovery of

a direct signal in a DM detector, such as XENON combined with astrophysical evidence
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in the gamma ray spectrum would be an extremely convincing scenario. This situation

would be desirable as a contrast to a DM scenario where the signals are of astrophysical

indirect nature only. Thus we find that the understanding of virtual vacuum processes

is highly important from the phenomenological point of view and can help to interpret

experimental observations.

We furthermore find that Dirac fermions in our toy model obtain a dipole moment due

to the loop interaction. For the parameter region where the Dirac fermion could be

produced with sufficient abundance to explain the complete amount of Dark Matter

this dipole moment is not compatible with today’s observations. Therefore, the Dirac

fermion scenario is also disfavoured experimentally in addition to the fact that it is

problematic for the RSSB scenario, as we have already discussed.





Chapter 5

Backreaction of Vacuum on

Geometry

In this chapter we discuss the backreaction problem of vacuum fluctuations on a classi-

cal background. The question is raised whether vacuum fluctuations can influence the

space-time and have an effect on the cosmological solution to Einstein’s equations. To

demonstrate the strategy of our approach to the problem we will sketch it for the case of

scalar electrodynamics. The set up contains a strong background electromagnetic field

caused by an external source which is considered classical. This background field leads

to vacuum polarization, described by the vacuum polarization tensor. This vacuum po-

larization tensor acts as an additional source for the field and thus back-reacts on the

classical background. The situation can be seen as an analogy to the previous cases

where we have used the Feynman diagram language. We have emphasised that vacuum

effect become relevant when the loop is connected to an external field. In the cases

discussed in this chapter this external field will be a background. We will demonstrate

our strategy in a 1+1 dimensional electromagnetic toy model, and compare our result to

the literature. In the second section of this chapter we use the argument we developed

in [50] for applying a generally covariant regularization method in semiclassical gravity

and present some recent findings. We will discuss our observations and make suggestions

for further investigation.

5.1 Semiclassical Electromagnetism

We will first discuss the effect of a strong homogeneous electric field following [233] in

semiclassical electromagnetism in 1+1 dimensional scalar electrodynamics. We choose

97
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this set up as we wish to work in homogeneous system and in this set-up the equations

become particularly simple.

The scalar field has the Lagrangian

LScalar =
1

2
DµφD

µφ∗ − 1

2
m2φφ∗, (5.1)

and the effective Lagrangian for the electromagnetic potential is given by

Leff = −1

4
FµνF

µν + Jext
µ Aµ +

∫
Aµ(x′)Πµν(x, x′)Aν(x) dx′, (5.2)

where Jext
µ is a classical external source which will generate an electric field and the

backreaction effect of the quantized charged scalar field is captured by the vacuum

polarization tensor Πµν . The electromagnetic field is treated as a background geometry

and is not quantized. The equations of motion for the potential are semiclassical, as

the sources are vacuum expectation values of quantum fields giving rise to a classical

potential

∂µF
µν =

〈
Jext ν +AµΠµν

〉
= 〈0| J tot ν |0〉 . (5.3)

A few words on vacuum polarization are in order now; we want to highlight the general

strategy here since it will be transferred analogously to the gravitational system. First,

the symmetry of the theory, which is gauge invariance, has to be respected. This is

ensured by the Ward identity, which implies for the polarization tensor qµΠµν = 0

and thus in position space ∂µΠµν = 0. If there are different regularization procedures

available, then the ones which respect the symmetry are more convenient to use, as

otherwise the symmetry needs to be restored by hand by adding non gauge invariant

counter-terms.

The second requirement is that the vacuum polarization tensor goes to zero once the

classical source is switched off. This is implemented, by performing an adiabatic sub-

traction of a free field, which has the same ultraviolet divergence structure.

Coming back to our set-up where spatial homogeneity leads to vanishing charge density

J0 everywhere, we find that in the gauge where A0 = 0 the equation of motion is simply
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∂2
tA(t) = 〈0| J(t)tot |0〉 , (5.4)

where only spacial parts of the potential are non zero A(t) = A1(t) and J(t) = J1(t).

The matter i.e.the scalar field φ obeys the standard equation of motion which needs to

be solved in order to compute the vacuum expectation values

(
(∂µ + i eAµ)(∂µ + i eAµ) +m2

)
φ = 0 . (5.5)

As discussed in [234], the vacuum polarization can be taken into account by expanding

the scalar field in modes satisfying the enforced equation of motion and computing

the vacuum expectation value of the total current Jµ = −i
(
φ†∂µφ− φ∂µφ†

)
. Due to

homogeneity we can write

φ(x, t) =

∫
dk

2π

[
fk(t)ak + f∗k (t)b†−k

]
ei k x , (5.6)

with the creation and annihilation operators b†−k and ak. Furthermore, the functions

fk(t) obey the differential equations

∂2fk(t)

∂t2
+ ωk(t)

2 fk(t) = 0, with w2
k(t) = (k − eA(t))2 +m2 . (5.7)

The formal solution to this equation is

fk(t) =
1√

2 Ωk(t)
exp

(
−i
∫ t

Ωk(t
′)dt′

)
, (5.8)

with Ωk(t) satisfying the differential equation

Ω2
k(t) = − Ω̈k

2Ωk
+

3

4

(
Ω̇k

Ωk

)2

+ ω2
k(t). (5.9)
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Formulation of the problem in this manner is convenient, since Eq. 5.9 can be solved

adiabatically order by order, with the lowest order being ωk(t) without dependence on

derivatives of the potential, each adiabatic order adds a derivative of the potential.

Inserting the formal mode expansion Eq. 5.6 in the vacuum expectation value for the

current Eq. 5.4 we find

∂2
tA(t) = Jext +

∫
dk

2π
(k − eA)

(
Ωk(t)

−1
)
. (5.10)

The full expression contains a UV divergence, which has to be regularized. This can

be taken care of by subtracting under the integral sign all the adiabatic orders which

are divergent. In this case it is just the zero adiabatic order and the regularized finite

equation reads

∂2
tA(t) = Jext +

∫
dk

2π
(k − eA)

(
Ωk(t)

−1 − ωk(t)−1
)
. (5.11)

It is of course also possible to use a regulator to make the integrals finite and extract the

physically relevant part afterwards, in this case it is most convenient to use a regulator

consistent with the symmetries of the system as then no symmetry restoration by hand

is need. Still there will be a remaining ambiguity connected to the renormalization

procedure, which is unphysical. However, if we are not interested in running effects of

the Lagrangian quantities with the scale, the adiabatic subtraction of all divergences is

the unique unambiguous procedure to extract finite physical quantities.

Equation 5.11 was studied numerically in [233] and it was found that the vacuum polar-

ization leads to an induced current which increases in time and screens the electric field

and after some time damped oscillations of the electric field and the current occur. This

complex situation can be studied in a simplified manner, if we assume that the potential

is approximately linear A(t) ≈ E0 t, which has to be the consequence of an external

current which is a delta distribution (we choose it to be at t = 0). This potential can

be inserted in the adiabatic expansion of Ωk = Ω
(0)
k (t) + Ω

(1)
k (t) + Ω

(2)
k (t) + O(3) taken

to second order i.e. with up to two derivatives of the potential. The expansion reads
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Ω
(0)
k (t) = ωk(t), (5.12)

Ω
(1)
k (t) = 0,

Ω
(2)
k (t) =

1

2

1√
ωk(t)

d2

dt2
1√
ωk(t)

,

with the frequencies being solutions to Eq. 5.9 to the corresponding adiabatic order.

The inverse frequencies are given in terms of this expansion as

(Ω
(0)
k (t))−1 = 1/ωk(t) (5.13)

(Ω
(2)
k (t))−1 = 1/Ω

(0)
k (t)− Ω

(2)
k (t)2/Ω

(0)
k (t)

by demanding Ωk(t) (Ωk(t))
−1 = 1 order by order. With these approximations the source

of the semicalssical equation can be evaluated and the evolution of the induced electric

field can be approximated. After inserting Eq. 5.13 in Eq. 5.11 we obtain in terms of

the rescaled field Ẽ(τ) = eE/m2 and with τ = mt the following

〈0| J tot |0〉 ≈ δ(t− t0)E0 −
m

16π

Ẽ4
0 τ

2

(1 + Ẽ2
0τ

2)
5
2

(5.14)

⇒ Ẽ(τ) ≈ Ẽ0

(
1− 1

48π

τ3Ẽ3
0

(1 + Ẽ2
0τ

2)
3
2

)
.

This expression shows that the requirements on the vacuum polarization are met, as the

adiabatic expansion respects gauge invariance and the quantity vanishes when E0 → 0

implying a vanishing of the classical source. We see that the system starts of with an

initial value of the electric field at t = t0 which is damped by the vacuum response. The

rate of change of the field for small times is given by

∆Ẽ = − 1

16π
Ẽ4τ2 , (5.15)

which shows that as soon as the initial field strength Ẽ � 1 in units of m/e the response

drops with the fourth power of this small number. This initial drop off behaviour is

in good agreement with the results of [233], however the oscillatory behaviour is not

captured by this simplified analytical treatment at only second adiabatic order.
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To summarize the findings, we understand the physical property of the system, as it

screens the external source by particle creation, as was discussed in great detail in [233]

and thus the vacuum backreaction damps the initial external excitation. The strength

of the damping depends on the intensity of the initial excitation in units of m/e since

this is the field strength necessary for particle creation from the vacuum.

5.2 Semiclassical Gravity

After seeing how the semiclassical approach can give us an insight in backreaction phe-

nomena in electrodynamics, we attempt to study in a similar manner the backreaction

of vacuum fluctuations on the metric. Our general approach will be very similar to the

discussion of electrodynamics in the previous section. The gravitational field is viewed

as a classical background responsible for non trivial geometry, as was the electromag-

netic potential in the case considered before. As an external source for the gravitational

field we will take a space-time uniform source proportional to the metric tensor i.e. a

cosmological constant. Then we will use the mode expansion of the fields to define pos-

itive frequency modes and build up the mode sum. This decomposition can be used to

construct the energy momentum tensor of the vacuum state, which in analogy to the

vacuum polarization tensor in the previous section will be the response of the quantized

system to the field induced by a source.

As before there are requirements which have to be fulfilled by the system. The first is

that general covariance of the theory is respected. This is encoded at the level of the

equations of motion by the vanishing of the divergence of the Einstein tensor (see next

section).

∇µGµν = 0. (5.16)

This Bianchi identity is the central building block of general relativity and holds even off

the mass shell. Therefore, Eq. 5.16 with Eq. 5.21 implies that the divergence of the full

energy momentum tensor including the vacuum backreaction vanishes. As shown in [50,

235, 236], conservation of general covariance is related to the regularization procedure;

If a regulator is used which violates general covariance, such as a momentum cut-off,

counterterms are needed to restore it. Therefore, it is more convenient to use a covariant

regulator. The second requirement is that the vacuum response vanishes when the

curvature vanishes. This is a necessary self consistency condition for our semiclassical

analysis.
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5.3 The general set up

We will consider a scalar field with coupling to gravity, described by the action

Sφ =
1

2

∫
d4x
√−g

(
gµν∂µφ∂νφ−m2φ2 − ξRφ2

)
, (5.17)

δSφ
δφ

= 0 ⇒
(
2 +m2 + ξR

)
φ = 0. (5.18)

The coupling constant ξ describes the direct coupling of the scalar to the curvature and

can be arbitrary large in principle. However, two values are of particular interest: one

is zero, called the minimal coupling and the other is ξc = 1/4 · (d − 2)/(d − 1) with d

the number of spacetime dimensions. It is called conformal coupling and is defined by

the requirement that the theory is classically invariant under conformal transformations

defined by

gµν(x)→ κ2(x)gµν(x) , (5.19)

φ(x)→ κ(2−d)/2(x)φ(x) .

In our case d will be four and ξc = 1/6.

The Gravity sector on the other hand is described by the Einstein-Hilbert action

SG =
1

2

∫
d4x
√−g

(
M2
p

8π
R − Λ

)
, (5.20)

δ (SG + Sφ)

δgµν
= 0 ⇒ M2

p

(
Rµν −

1

2
gµνR

)
= M2

pGµν = 8π
(
T φµν + Λgµν

)
. (5.21)

Here, the Ricci scalar is R and g the metric determinant. In the natural units with

~ = c = 1, the Planck mass squared is one over the Newton constant M2
p = 1/GN and

Λ is the cosmological constant, which can be seen as a possible classical source of the

gravitational field. The energy momentum of the scalar field is [237]
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T φµν = ∇µφ∇νφ− 1

2
gµν

(
∇λφ∇λφ−m2φ2

)
− ξ Gµνφ2 + ξ

(
gµν2

(
φ2
)
−∇µ∇ν

(
φ2
))
.

(5.22)

We will use the trace of this tensor in the following, which is given by

Tµµ =
1

2
m2φ2 +

3

2
(ξ − ξc)2

(
φ2
)
. (5.23)

5.3.1 The Geometry

As we are interested in cosmology we will assume that the space is homogeneous and

isotropic, which leads to the solutions for the Einstein equations described by one time

varying parameter. Those are called the Friedmann-Robertson-Walker (FRW) spaces,

and the line element under assumption of spatial flatness is given by

ds2 = dt2 − a(t)2d~x2. (5.24)

For simplicity we will assume that the spacetime is spatially flat, as this seems to be a

very good description of our universe. Furthermore, it will be convenient to introduce

the so called conformal time, defined by dη = dt/a(t). With this choice the line element

is

ds2 = a(t)2
(
dη2 − d~x2

)
, (5.25)

and thus is proportional to the Minkowski line element. This choice of time coordinate

is very useful for our following calculations.

Before we proceed to describe the quantization in curved spacetime we would like to

introduce the geometric toy model we will study. This so called de-Sitter spacetime is

the maximally symmetric space of non zero curvature. The symmetry group is O(1, 3)

which is the symmetry group of a sphere with Riemanian metric. The de Sitter spacetime

is a solution to the Einstein equation with positive cosmological constant and essentially

described by the trace of the Einstein equation i.e.
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−RM2
p + 4Λ = 0⇒ R = 4

Λ

M2
p

. (5.26)

The solution for the metric can be written in the so called open slicing as

ds2 = −dt2 + eH td~x2 ⇒ R = 6

(
ȧ2

a2
+
ä

a

)
= 12H2 ⇒ H =

√
Λ

3M2
p

= const . (5.27)

It is easy to verify that the conformal time as defined by Eq. 5.25 is given by η =

−1/ (aH). This spacetime is of special interest as it shows exponential expansion,

which on the one hand is considered to be very likely the stage governing the early

universe [238], called inflation and at the same time in an approximate way describe our

present day cosmological evolution, as there is strong evidence [239] that we live in a

cosmological constant dominated epoch.

5.3.2 Quantization

After the introduction of the geometrical background we will discuss now the quanti-

zation of matter fields on it. We will discuss the scalar field case as this is the most

transparent discussion and can be generalized to more complex spin fields. As in flat

spacetime for the definition of quantum field operators we need a complete orthonormal

set of mode solutions. To this end we define a scalar product for the fields by taking a

Cauchy hyper-surface Σ on the pseudo-riemanian manifoldM defined by an orthogonal

future directed flow uµ. This enables us to define a scalar product

〈φ|ψ〉 = −i
∫

Σ

√
h(φ∂µψ ∗ −(∂µφ)ψ∗)uµdΣ, (5.28)

h being the metric induced on Σ.

We assume the existence of the set of solutions orthonormal in the sense of this scalar

product and define raising and lowering operators with respect to them. This means

that we have selected a Fock space construction and have chosen a vacuum state.

With f~k(x) being the solutions to the equation of motion Eq. 5.22 the field operators

are then constructed as [240]
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φ(x) =
∑
k

(
A~kf~k(x) +A†~kf

∗
~k

(x)
)
. (5.29)

The ladder operators define the vacuum by A~k |0〉 = 0 for all ~k. This vacuum state

is called the adiabatic vacuum, as it is assumed that the metric, in this case the scale

factor, changes in such a way that we can define a sensible expansion in its derivatives.

We will discuss this in the next subsection.

5.3.3 Adiabatic Expansion

The task is to find a set of solutions for the equation of motion. This can be done in an

adiabatic procedure, assuming that the change in the curvature is small. It is possible

to define an expansion in orders of metric derivatives i.e. in scale factor derivatives. We

begin with a general form of the solution of equation Eq. 5.22

fk =
1√
2V

g(a)hk e
i~k·~x. (5.30)

The rescaling function g(a) will drop out of the vacuum expectation values of operators

quadratic in fields, which we will compute and thus has no physical meaning. At the

same time it can be chosen such that the friction term in the general equation of motion

is not present and transforms it into a harmonic oscillator equation with time varying

mass. So choosing conformal time coordinate η , the rescaling needs to be g(a) = 1/a(η)

in order to cancel out the friction term. We find that with this parametrization the

equation for h(η) is as follows

h′′k + Ω2
khk = 0 (5.31)

Ω2
k = k2 +m2a2 +

(
ξ − 1

6

)
a′′

a
= k2 +m2a2 +

(
ξ − 1

6

)
Ra2 ,

where R is the Ricci scalar of the FRW spacetime. This parametrization shows im-

mediately the special case of the de-Sitter spacetime, as if R is constant the curvature

induced term amounts to a mass correction.

As in the electromagnetic case Eq. 5.31 is a harmonic oscillator with time dependent

frequency and has the formal solution Eq. 5.8, which as we have seen can be solved

iteratively in an adiabatic series.
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In the next section we will find that in order to obtain a physical result at least four

adiabatic orders are needed, the form of the fourth order coefficient is (where we suppress

the k index)

Ω(4) =
1

4

Ω(2)

ω3/2

d2

dt2
1√
ω
− (Ω(2))2

2ω
− 1

4
√
ω

d2

dt2

(
Ω(2)

ω3/2

)
, (5.32)

and its inverse

(Ω(4))−1 = ω−3(Ω(2))2 − ω−2Ω(4) . (5.33)

Note that all the odd orders are zero. With this formalism we are now equipped to

evaluate the vacuum energy momentum tensor.

5.4 The Energy Momentum Tensor

The energy momentum tensor (EMT) is the central object which is of interest to study

the backreaction of vacuum on the geometry, as it is the source in the Einstein field

equations. As before in the electromagnetic case the polarization tensor was induced

due to the presence of the external field, we will assume here that the situation is

analogous and the energy momentum tensor is induced due to the curvature field R,

given by the Ricci scalar in de-Sitter space. Thus one condition will be that the energy

momentum tensor vanishes in the limit of R → 0. Furthermore, general covariance

needs to be respected, which means that the physical energy momentum tensor fulfils

∇µTµν = 0.

We will discuss now how the energy momentum tensor can be computed from vacuum

expectation values of operators quadratic in the fields. Therefore, the object we will

study first is the φ2 operator expectation value. We will obtain the expression from

inserting the mode expansion of the fields between two vacuum states and using the

canonical commutation relation of Ak and A†k as well as the fact that Ak annihilates the

vacuum, so we have

〈0|φ(x)φ(x′) |0〉 =
∑
k

fk(x) f∗k (x′) =
1

8π2

1

a2

∫
d3keik·(~x−~x

′)hk(η)h∗k(η
′). (5.34)
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Here we have taken the continuum limit and used V −1
∑

k = 1/(2π)2
∫
d3k. The integral

is finite as long as x 6= x′ but is UV divergent as the points approach each other. As

before, to obtain the physical result we subtract all the adiabatic orders, which lead

to divergences. It is important to notice that the EMT has derivatives acting on the

fields which will increase the order of divergence. In our de-Sitter case the second

adiabatic order gives finite results in the operator 5.34, but will lead to a divergence in

the expectation value of the square of the field derivatives. Thus we subtract the zero

and second order under the integral sign for the derivative operator and the zero order

for the field square operator leading to the physical expressions

〈0|φ(x)2 |0〉2-finite =
1

4π2

1

a2

∫ ∞
0

dk k2(Ω(2))−1 =
1

4π2

∫ ∞
0

dp p2(Ω(2))−1 =
1

12π2
H2,

(5.35)

〈0|φ(x)2 |0〉4-finite =
1

4π2

1

a2

∫ ∞
0

dk k2(Ω(4))−1 =
1

4π2

∫ ∞
0

dp p2(Ω(4))−1

= − 1

120π2

H4

(m2 + (ξ − 1/6) 12H2)
,

where we replaced k = a p (i.e. chose comoving momenta) and used the scaling behaviour

of the frequency (Ω(k)(4))−1 = 1/a (Ω(p)(4))−1.

We will now turn to the computation of the trace of the EMT. Using Eq. 5.23 and the

equation of motion for the scalar field we write

〈0|Tµµ |0〉 =
1

2
m2 〈0|φ2 |0〉+ 3 (ξ − 1/6) (〈0| ∂µφ∂µφ |0〉+ (5.36)

+
(
m2 + (ξ − 1/6) R

))
〈0|φ2 |0〉 ,

so we now have to compute the expectation value of the field derivative operator squared.

Using the relation between coordinate and conformal time a d/dt = d/dη =: (·)′ and

a = −1/(η H) we have

〈0| ∂µφ∂µφ |0〉4 - finite =
1

4π2 a2

∫ ∞
0

dk k2

(
Ω(4) +H2 9

4

(
(Ω(2))2

ω3
− Ω(4)

ω2

)
− k2 (Ω(4))−1

)
.

(5.37)
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After inserting the expression Eq. 5.33 for the inverse fourth order frequency we can

write

〈0| ∂µφ∂µφ |0〉4 - finite =
1

4π2

∫ ∞
0

dp p2

(
Ω(4) + (Ω(4))−1

(
H2

4
− p2

))
︸ ︷︷ ︸

= Int

+ (5.38)

+
R

6
〈0|φ(x)2 |0〉4-finite .

This leads to an expression for the finite trace of the energy momentum tensor in de-

Sitter spacetime

〈0|Tµµ |0〉finite =
1

2

(
m2 + (ξ − 1/6)R

)
〈0|φ2 |0〉4-finite + (5.39)

+
1

2

(
m2 + 6 (ξ − 1/6)

(
m2 + (ξ − 1/6) R

))
〈0|φ2 |0〉2-finite + 3 (ξ − 1/6) Int

Inserting the values of the integrals in Eq. 5.35 we find (replacing 12H2 = R)

〈0|Tµµ |0〉finite =
1

16π2

(
− 1

2160
R2 +

m2

18
R+

1

3
(ξ − 1/6)m2R+

1

2
(ξ − 1/6)2 R2

)
.

(5.40)

This is the finite part of the energy momentum tensor of the vacuum, where the first

term in dependent of ξ and m is the so called conformal or trace anomaly. It is a

manifestation of breaking of scale invariance by vacuum fluctuations, as was already

discussed in the previous chapters in the context of flat space quantum field theory i.e.

even for a classically conformally coupled (ξ = 1/6) massless field the trace is non-zero.

However, before discussing the physical meaning of this result we should first discuss

the infinities we have discarded.

5.4.1 Regularization

The nature of quantum field theory is such that it deals only with energy differences,

therefore a formally divergent quantity can be made finite by subtracting the infinite

part after it has been isolated by some sort of regularization. However, this procedure

is ambiguous and experimental input is needed to fix the parameter of the theory to

its physical value. The situation we are dealing with here is more involved, as we are

interested in the source of the gravitational field, which is an absolute quantity in energy.
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We will now study the divergent parts. When we write the integral for the zero order

expansion it can be immediately seen by dimensional analysis that it is UV divergent:

〈0|φ(x)2 |0〉div-0 =
1

4π2

1

a2

∫ ∞
0

dk k2(Ω(0))−1 =
1

4π2

∫ ∞
0

dp p2 1√
p2 +m2 + (ξ − 1/6)R

.

(5.41)

Different regularization procedures can be applied. For example a momentum cut-off

can be used to make the expression finite and we are left with quadratic sensitivity on

the cutoff scale. We have shown in [50] that a cut-off regulator leads in the de-Sitter case

to an equation of state of ρvac = −pvac/3 which is a clear violation of general covariance,

as in the de-Sitter spacetime the energy momentum tensor must be proportional to the

metric, which means ρvac = −pvac. This is not a fundamental problem, it just means that

the regulator is inconvenient and the symmetry has to be restored by hand. Therefore, it

is simpler to use a regularization scheme consistent with the symmetry of the underlying

theory. For example dimensional regularization in d = 4 − ε dimensions can be used

with leads to

〈0|φ(x)2 |0〉div-0 =
µ2

8π
Γ (−1 + ε)

(
m2 + (ξ − 1/6)R

µ2

)1−ε
. (5.42)

Two observations are important at this point. The first is, that the divergences are

proportional to to m4 and m2R, which means that the first type renormalizes the

cosmological constant and the second is absorbed in the Newton constant. This at the

same time implies that while those terms are renormalization scheme dependent, the

terms proportional to R2 are independent of the regularization scheme applied. This

can be checked by comparing the coefficients of Eq. 5.40 with results from point splitting

calculations in [241].

The second fact is that the energy momentum tensor computed with dimensional reg-

ularization respects general covariance implied by ∇µTµν = 0. This is a necessary

condition, but not sufficient to fix the tensor uniquely, as there remains the dependence

of the arbitrary renormalization scale µ. A further issue is that for a general choice of

µ the vacuum response does not vanish in the limit R→ 0.

For those reasons we chose the adiabatic subtraction; by construction each order of

adiabatic expansion fulfils general covariance, thus the subtraction order by order leads

always to a tensor with vanishing four divergence. The subtraction of all divergent
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terms under the integral is a unique prescription, leading to an unambiguous result.

Furthermore, as we have seen from Eq. 5.40, the vacuum response vanishes if R→ 0, as

we demanded. However, despite all the advantages of this scheme the big drawback is

that we can not study running effects i.e. describe the evolution of the quantities with

the energy scale.

5.5 Backreaction in de-Sitter

To discuss the possible effects of the vacuum polarization by the gravitational field in

de-Sitter spacetime we consider the trace of the Einstein equation, as in this simple

geometry it is sufficient to compute the curvature. From 5.21 we have the trace

−RM2
p + 4Λ = 8π 〈0|Tµµ |0〉finite . (5.43)

As we have discussed the R2 contributions are independent of the renormalization

scheme, thus taking a massless scalar and denoting the coupling ξ = 1/6 + ε we have

1

30π

R2

144
−RM2

p +
ε2R2

4π
+ 4Λ = 0 . (5.44)

We find two solutions

R1,2 =
24

θ

(
90M2

pπ ±
√

30π
√

270M4
pπ − θΛ

)
with θ = 1− 1080 ε2. (5.45)

which, under the assumption of Λ < M4
p , are given by the approximations

R1 ≈
4Λ

M2
p

+
θΛ2

270πM6
p

and R2 ≈
4320

θ
M2
p π −

4 Λ

M2
p

− Λ2θ

270πM6
p

. (5.46)

Let us discussed the cases separately, starting withR1. We find that the vacuum response

of a massless scalar in de-Sitter space time can have different qualitative behaviours. It

can induce an increase in the curvature and thus in the Hubble rate, as can be seen from

R1 if ε is zero and we are at the conformal coupling point. On the other hand if ε is
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displaced from zero by more than 1/(6
√

30) the effect is the opposite and the vacuum

response decreases the curvature and mimics a decrease in the cosmological constant. If

we compare the effect to the backreaction in the case of scalar electrodynamics, where

the external source was screened. We see that while away from the conformal point

the external source is screened, in the classically conformal scenario the source is anti-

screened and its effect is enhanced.

A very interesting observation is that even if Λ is negligibly small there is a de-Sitter so-

lution with non vanishing curvature, as can be seen from R2. Even though the curvature

exceeds the value of the Planck scale we might not disregard this solution immediately.

As has been discussed by [242] and developed further by [243] in a supersymmetrc Yang

Mills theory, there is a real possibility of anomaly driven inflation without an inflaton

potential or a cosmological constant. As a general observation we have seen that in the

case that the trace of the vacuum energy momentum tensor is negative it enhances the

effect of a cosmological constant and can even lead on its own to a de-Sitter solution.

This inflationary scenario certainly deserves closer attention in the conformal framework

we have developed, especially once interactions of the field are taken into account.

We can get an estimate of how the breaking of conformal symmetry by non zero mass

and non conformal coupling affects the solution from Fig. . 5.1. We observe that the

trace is negative only in the immediate vicinity of the conformal point with m = 0 and

ξ = 1/6, denoted by the first red region. Thus the explicit breaking of scale symmetry

by interacting fields will drastically change the behaviour and especially destroy the

possibility of an inflationary solution without an external source. If the trace of the

energy momentum tensor is positive, it reduces the external source, however as long as
4
√

Λ ,the Hubble rate and the scalar field’s mass are well below the Planck scale the

effects are small.

5.6 Conclusion

In this section we have studied the question how a quantum system can backreact on

an external source which is treated as classical. We have studied as an example an

electromagnetic and a gravitating system. In both cases the source leads to a change of

geometry which induces a change in the mode sum and thus generates a non trivial vac-

uum response. We have constructed the relevant quantum mechanical quantity in both

cases to study the vacuum response. In the case of electromagnetism it was the vacuum

polarization tensor and in the gravitating case, we constructed the energy momentum

tensor. In both cases we required as a consistency condition that covariance is not vio-

lated and that the vacuum response vanishes once the geometry becomes trivial, i.e. the
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Figure 5.1: Trace of the energy momentum tensor of a scalar field in units of H4 in
de-Sitter spacetime as a function of the scalar mass and its coupling to curvature ξ.
The conformal coupling is at ξ = 1/6. It it can be seen that the trace changes sign
from negative to positive when leaving the immediate vicinity of the conformal point,

denoted by the first red contour.

electric field or the curvature vanish. Given those consistency conditions we constructed

regularized physical quantities and studied their effects. In the electromagnetic case we

have observed a screening effect once the fields are close to the critical value e/m which

enables particle creation from the vacuum. The induced currents then screen the source.

Our observations are in agreement with the literature.

In the gravitational system the situation is different, as there are two qualitatively dis-

tinct regimes. If the conformal invariance i.e. scale symmetry of the system is explicitly

broken by a mass term or non-conformal coupling to the curvature, the vacuum response

counter acts the external source given by the cosmological constant. Those effects how-

ever, become relevant for field or curvature values close to the Planck scale. The other

regime is active if the field is close to the conformal point i.e. it is nearly massless

and ξ ≈ 1/6. In this case we observe an anti-screening effect. The resulting curvature is

larger compared to the case if we neglected the vacuum effect and in particular there is a

second solution where the curvature is strong and almost independent of the value of Λ.

We find that if placed at the conformal point our toy model has a de-Sitter solution with

large curvature even at vanishing values of the cosmological constant. However, to in-

vestigate this scenario further we need to include the running effects and the investigate
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the stability of the solution.



Chapter 6

Conclusion

In this work we have investigated the possibility that the electroweak symmetry is broken

by radiative effects only. Several phenomenological consequences of Hidden Sectors

allowing for this radiative spontaneous symmetry breaking were studied in detail.

The general strategy was presented in Chapter 2 and we have argued that to realize

the radiative spontaneous symmetry breaking an extension of the Standard Model by

a sector is needed, which has more bosonic degrees of freedom. As it is known that at

least the existence of neutrino masses requires an extension of the SM we have analysed

a variety of models, which allow the introduction of neutrino masses. The selection is

complete given the minimality criteria we describe in Chapter 3. The models are listed

with details in Appendix A.

We show how in the models discussed, the masses of the active neutrinos can be made

small and their mixing can be brought in agreement with measurements. The main

difference when compared to the usual beyond Standard Model scenarios, as the see-saw

mechanism, is that masses for the neutral fermions, which have Dirac and Majorana

type contributions are not absolute scales. They are now generated in Yukawa type

interactions and this changes our view of them, especially in the case of the Majorana

mass contribution. Usually the Majorana mass is associated with the highest scale at

which the symmetry breaking takes place, for example the scale of grand unification in

the usual see-saw scenario. In our set up however, the Majorana mass can have any

value between the scale of RSSB and zero. We have shown in Chapter 3, which regions

in the Dirac-Majorana mass space are allowed and that two are of particular interest.

We find the possibility to have a TeV scale see-saw mechanism, which has interesting

phenomenological implications and is favoured by a global analysis of precision observ-

ables. It turns out that fermions of the Hidden Sector can have considerable mixing

with active neutrinos and influence electroweak observables. The remarkable feature

115



Conclusion 116

is that non-zero mixing allows to reduce the tension in the data cased by experimen-

tal anomalies, such as the Z-boson invisible decay width and the data of the NuTeV

neutrino scattering experiment. Judging the goodness of fit we found that the value of

χ2 ≈ 2 per degree of freedom for no active-sterile mixing drops to a value of χ2 ≈ 1

per degree of freedom at mixing values on 10−3 and TeV scale fermion masses, which is

statistically significant.

There is a second phenomenologically allowed region of very low Majorana masses,

when the neutrinos are quasi Dirac pairs of left and right handed components with a

tiny Majorana mass splitting. This scenario is more difficult to observe in terrestrial

experiments, but could lead to oscillations on cosmic scales. Since the mass splitting

inside the pseudo Dirac pairs is much smaller that between the mass states containing

mainly active neutrino flavours, the new oscillations would have baselines larger than

the solar system, or even be of intergalactic scales.

By the studying the Hidden Sector, we found models with additional symmetries where

an almost decoupled part of the HS can easily be constructed and has candidates for

long lived particles. In principle these particles are suitable to explain the gravitational

anomalies, which led to the dark matter hypothesis. However, also independently of

their role as dark matter they could be a probe of the Hidden Sector and detectable in

low-background and astrophysical searches. Two regions are worth mentioning in this

context. On the one hand a particle of electroweak scale mass could have a lepton portal

coupling to the SM and effectively be a WIMP i.e. a cold dark matter candidate. This

scenario appears natural in many neutrino mass models with additional HS symmetry

as discussed in Sec. 3.2.9.

On the other hand in the neutrino mass model, which we find strongly motivated by

electroweak precision data, the inverse Yukawa see-saw, a keV scale particle exists, which

has the properties of warm dark matter. This additional sterile state with small active-

sterile mixing is long lived, but at the same time can annihilate in loop process to an

active neutrino and a keV energy monochromatic photon, which is an observable process.

In Chapter 4 we investigated the phenomenology of a relic of the Hidden Sector with

masses around the electroweak scale. Our investigation showed that it can lead to a

scenario, where direct and indirect detection signatures are directly linked. We showed

how the neutral Hidden Sector particle acquires electromagnetic moments through in-

teractions with loops containing charged particles. We found that the best motivated

candidate has an anapole moment, which is large enough to be tested by next gener-

ation liquid gas detectors, such as XENON1T. At the same time it can decay to two

leptons and a highly energetic photon, which is a detectable astrophysical signature for
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experiments such as FermiLAT and HESS. This connection between the direct and in-

direct detection opens the door to a possible co-discovery, which would be a convincing

evidence for the hidden relic hypothesis.

The finding of the last Chapter 5 is that indeed the vacuum can have a backreaction

on geometry. We demonstrate that our approach of semiclassical analysis can correctly

reproduce the phenomenology found in numerical calculations in an electromagnetic set

up. The response of the vacuum to strong external field is a screening of the external

source. This has been discussed in the literature and interpreted in terms of pair creation

from the vacuum.

After this demonstration we study the de-Sitter spacetime. We calculate the backre-

action of a scalar field and identify renormalization scheme independent contributions.

We show that in the case of a massless field with non-minimal coupling to the curvature

the result is indeed scheme independent. In the case of gravity we find an interesting

difference. The backreaction can enhance or weaken the externally applied gravitational

field. The external field is screened when the coupling is not conformal and it is en-

hanced if the field’s coupling to the curvature is classically invariant under conformal

transformations. Especially there seems to exist a de-Sitter type inflationary solution

for fields, which are classically conformally coupled. In our eyes this opens an interesting

possibility that the boundary condition of a conformal quantum field theory is a natural

set up for inflation and no additional input might be needed. Therefore, more theoretical

work is required to investigate whether a conformal boundary condition can indeed lead

to a realistic inflationary scenario, which is long enough to be cosmologically relevant.

If this is the case this could further constrain the parameter space of possible Hidden

Sectors.

Concluding, we would like to remark that in principle, from the model building perspec-

tive, it is possible to construct a Hidden Sector to account for radiative spontaneous

symmetry, which is very weakly coupled and thus extremely difficult to observe. How-

ever, if the requirement of RSSB is combined with the necessity to account for other

phenomena, such as neutrino masses or long lived quasi stable particles, the situation is

more restrictive. Taken into account the experimental anomalies, discussed in Chapter 3

the parameter space of the possible models is strongly narrowed down. Thus the next

generation of gamma ray astronomy, low-background and the LHC upgrade will be able

to cut deep into the favoured parameter space.

We found that the set up of a quantum field theory with a scale invariant boundary con-

dition is a wide field with many possible consequences for particle physics and cosmology

and further research towards a complete scale invariant theory is highly motivated and

might be very rewarding. The biggest conceptual question is the role of gravity, which
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formulated in terms of the Einstein-Hilbert action, has an explicit scale. The role of

this scale, the Planck scale, and its compatibility with the conformal boundary condi-

tion poses an interesting question. If, however, the fundamental Planck scale is as high

as 1019 GeV, it is questionable whether any concept which might be developed can be

confronted with experiments.



Appendix A

Conformal Neutrino Mass Models

Models within the SM Gauge Group

We begin with the systematic description of viable conformal neutrino mass models. It

will be very important in this section to point out which particles have been integrated

out and which picture of neutrino mass generation we are considering.

Models with Dominant Contributions to the Left-Handed Majorana Entry

• 3A: SM + νR +ϕ

Particle content: L : (2,−1); H : (2, 1); νR : (1, 0); ϕ : (1, 0),

Yukawa Lagrangian: −LY = gHLH̃νR + gϕϕν
c
RνR + h.c.

Potential: VI = λH(H†H)2 + λϕ(ϕ†ϕ)2 + λHϕ(ϕ†ϕ)(H†H)

With this we find the diagrams

νR

νR

〈H〉 〈ϕ〉 〈H〉

L L +
νR νR

H H

〈H〉 〈H〉

〈ϕ〉

L L

119



Appendix A. Conformal Neutrino Mass Models 120

+
νR νR

H ϕ

〈H〉 〈ϕ〉 〈H〉

L L +
νR

νR

ϕ H

〈H〉 〈ϕ〉 〈H〉

L L

The first diagram is the tree level contribution while the other three are one-loop

corrections to the first diagram and have thus a smaller contribution to the total

neutrino mass. Further contributions have either at least two loops or 9 mass

insertions and thus have even smaller impact on the masses.

The mass matrix has the following structure:

M =

ML mD

mD MR

 . (A.1)

The masses are given by MR = gφ 〈ϕ〉, mD = gh 〈H〉 and the loop supressed left

handed contributions

ML ≈
g2
Hgφ 〈H〉2 〈ϕ〉

(4π)2Λ2
+
g2
Hgφ 〈H〉2 〈ϕ〉
MR(4π)2Λ

(A.2)

with Λ the dominant loop mass contribution. Integrating out the heavier right

handed states leads to an effective mass for the light species of the order

mν ≈ g2
H

〈H〉2
MR

+
g2
Hgφ 〈H〉2 〈ϕ〉

(4π)2Λ2
+
g2
Hgφ 〈H〉2 〈ϕ〉
MR(4π)2Λ

(A.3)

=
g2
H

gφ

v2
H

vϕ

(
1 +

gφvϕ
(4π)2Λ

+
g2
φ v

2
ϕ

(4π)2Λ2

)
.

With gH being the Dirac and gφ the Majorana type Yukawa coupling. The tree

level contribution dominates in this scenario. We refer to this model type as the

Yukawa see-saw.

We consider now in addition a moled with tree level correction to the left-handed

Majorana entry by introducing a scalar triplet.

• 5A: SM + ∆ + ϕ

Particle content: L : (2,−1); H : (2, 1); ∆ : (3,−2); ϕ : (1, 0)
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Yukawa Lagrangian: −LY = g∆L̄~σ∆Lc + h.c. = g∆(L̄~σ∆Lc + L̄c~σ∆∗L)

Potential:

VII = λH(H†H)2 + λ∆TTr(∆
†∆)2 + λT∆(Tr(∆†∆))2

+λH∆,1(H†H)Tr∆†∆ + λH∆,2H
†∆∆†H

+λϕ(ϕ†ϕ)2 + λHϕ(ϕ†ϕ)(H†H)

+λϕ∆(ϕ†ϕ) Tr ∆†∆ + λϕ∆H [ϕHT iσ2∆H + h.c.].

All 1-Particle-Irreducible (1PI) diagrams with upto 3 mass insertions and maxi-

mum one loop are given by

L L

〈∆〉

+

∆

L L

∆

L L

〈∆〉 〈∆〉

〈∆〉

+

∆

L L

〈H〉 〈ϕ〉 〈H〉

The theory at hand is the conformal analogue of the type II see-saw mechanism.

Based on measurments of EWPOs the VEV 〈∆0〉 has to be orders of magnitude

below the EW scale and in our single scale scenario it seems more natural for it

to be exactly zero at tree level. Therefore, the main contribution comes from the

third diagram which yields the neutrino mass

ML = g∆
λϕ∆H

M2
∆

〈ϕ〉〈H〉2, (A.4)

where M∆ is the physical mass of the scalar triplet. This is controlled by the lepton

number violating coupling λϕ∆H , furthermore the neutrino mass is suppressed by

the mass of the triplet scalar. The mass of the double charged triplet component

is experimentally constrained to be above 450 GeV [244] and since there should

be no large splitting among the components we assume the neutral component to

be at least of the same order.

This model can be enlarged by right handed neutrinos, which leads us to
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• 6A: SM+νR+ϕ +∆

Particle content: L : (2,−1); H : (2, 1); ∆ : (3,−2); ϕ : (1, 0); νR : (1, 0)

Yukawa Lagrangian: −LY = gHL̄H̃νR + gϕϕν̄
c
RνR + g∆L̄~σ∆Lc + h.c.

Potential: V = VII

The following diagram is additional to those of 3A and 5A

νR νR

H ϕ

〈H〉 〈∆〉 〈H〉

L L

The diagram contributes to the left handed mass an approximate term of the order

〈H〉2 〈∆〉 /((4π)2ΛMR) which is supressed by the smallness of the triplet VEV and

therefore subdominant. In this model the ϕ field can have a VEV, which brings

us to the Yukawa see-saw scenario, or it can have no VEV and the right handed

neutrino only adds a Dirac contribution to the neutrino mass. In this case the

phenomenology would be of the Pseudo Dirac scenario.

Like seen in the non-conformal case it is also possible to introduce a triplet fermion

to couple to the left-handed doublet. Unlike in the non-conformal scenario we now

have to introduce an uncharged singlet scalar to generate neutrino masses.

• 10A: SM + Σ +ϕ

Particle content: L : (2,−1); H : (2, 1); Σ : (3, 0); ϕ : (1, 0),

Yukawa Lagrangian: −LY = gΣH̃
†ΣL+ gϕϕTr

[
ΣcΣ

]
+ h.c.

Potential: V = VI

The main contribution to the neutrino mass is given by

Σ

Σ
L L

〈H〉 〈ϕ〉 〈H〉
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This diagram yields the mass

ML = g2
Σ

〈H〉2
gϕ〈ϕ〉

. (A.5)

Models with Dominant Contributions to the Right-Handed Majorana

Entry

Already in model 3A right handed neutrinos with Majorana mass were considered.

There are, however, further ways to influence the right-handed Majorana mass.

The first possibility we want to study is to introduce a scalar and a fermion triplet

and a scalar singlet.

• 1B: SM + νR + Σ + ∆ +ϕ

Particle content: L : (2,−1); νR : (1, 0); Σ : (3, 0); H : (2, 1); ∆ : (3, 0); ϕ : (1, 0)

Yukawa Lagrangian: −LY = gHL̄H̃νR+g∆ Tr [Σ∆νR]+gϕ,1 Tr [ϕΣcΣ]+gϕ,2ϕνRν
c
R+

h.c.

The relevant lepton number violating term in the potential is displayed.

Potential: V ⊃ λϕHT iσ2∆
†H̃ + h.c.

Furthermore we forbid the VEV of ∆. In addition to the diagram of 3A we get

the diagram

Σ

Σ
∆ ∆

νR νR

〈H〉 〈ϕ〉 〈H〉 〈H〉 〈ϕ〉 〈H〉

〈ϕ〉

Note that the scalar triplet ∆ cannot be used to generate left-handed Majorana

masses as it has the wrong hypercharge. Adding contributions from both diagrams
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the right-handed mass is given by

MR = gϕ,2〈ϕ〉+ λ2g2
∆

〈H〉4〈ϕ〉2
MΣ ·M4

∆

≈
(
gϕ,2 + g2

∆

GeV2

gϕ,1 〈ϕ〉2

)
〈ϕ〉 .

(A.6)

Here the fact was used, that the combination λ 〈H〉2 〈ϕ〉 /M∆ from the diagram

induces an effective VEV of the triplet field , which is experimentally constrained

by measurements of the ρ parameter to be 〈∆〉 . 1GeV. Thus the second term is

subdominant.

Models with an Additional Hidden Sector Symmetry

The particle content is extended by additional SM singlet fermions. However,

those would not be distinguishable from the sterile neutrinos νR if they had all

quantum numbers in common. Now with the Hidden Sector symmetry, which will

be denoted by U(1)H , there are observable effects. The SM singlet fermions with a

hidden charge are denoted by νx and this requires the mass matrix to be extended

to 3× 3 in the one flavour case

M =


ML mD 0

mD MR MRx

0 MRx Mx

 . (A.7)

Note that the sterile neutrino νR must not carry a hidden charge, as otherwise

coupling to the Higgs would be forbidden and the complete sector would decouple.

Modifying the νR Majorana Mass

We begin with a theory in which the direct term

gϕνRν
c
R (A.8)

is forbidden by the additional HS symmetry.

• 1C: SM ×UH(1)

Particle content: L : (2,−1, 0); H : (2, 1, 0); νR : (1, 0, 0); νx : (1, 0, 1); ϕ1 :

(1, 0, 1); ϕ2 : (1, 0, 2),
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where the third number in brackets denotes the HS charge. This particle content

yields the additional terms

Yukawa Lagrangian: −LY1 = g1ϕ1νRν
c
x + g2ϕ2νxν

c
x + gHL̄H̃νR

If ϕ1 and ϕ2 get a VEV this theory yields the mass matrix

M =


0 mD 0

mD 0 MRx

0 MRx Mx

 . (A.9)

This mass matrix represents the double see-saw mechanism [245]. In language of

diagrams this model is represented by

νx

νx
νR νR

〈ϕ1〉 〈ϕ2〉 〈ϕ1〉

Integrating out νx we obtain an effective mass MR and find the contracted mass

matrix

M =

 0 mD

mD MR

 , (A.10)

where MR can be calculated from the diagram. Two cases are relevant, either if

MRx << Mx one has

MR ≈
g2

1

g2

〈ϕ1〉2
〈ϕ2〉

, (A.11)

or in the other limit MRx >> Mx the mass is

MR ≈MRx = g1〈ϕ1〉 . (A.12)

This indicates that it is possible to have either the double or the inverse see-saw

scenario realized. So far there is no reason to assume that Mx is small, thus the
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more natural scenario in this model is the double see-saw, leading to a Sub-TeV

see-saw scenario.

• 2C: SM ×UH(1)

Particle content: L : (2,−1, 0); H : (2, 1, 0); νR : (1, 0, 0); νx : (1, 0, 2); ϕ1 :

(1, 0, 0); ϕ2 : (1, 0,−2)

Yukawa Lagrangian: −LY ⊃ −LY1

We see that the Majorana mass term for the hidden sector fermion can not be

constructed and hence the matrix structure is

M =


0 mD 0

mD MR MRx

0 MRx 0

 . (A.13)

This is a structure of the minimal extended see-saw, discussed in [246], but here it

is at the TeV scale. The interesting feature is that with MR > mD and MR > MRx

this see-saw scenario generates light active and sterile neutrinos which can have

large mixing with the active sector. The light sterile neutrino could for instance

explain the missing upturn in the Super Kamiokande data, as discussed in [50], a

detailed discussion of this scenario is beyond the scope of this work.

A phenomenologically different scenario occurs if we forbid the VEV 〈ϕ1〉. Con-

sider the following theory.

• 3C: SM ×UH(1)

Particle content: L : (2,−1, 0); H : (2, 1, 0); νR : (1, 0, 0); νx : (1, 0, 1); ϕ1 :

(1, 0, 1); ϕ2 : (1, 0, 2); ϕ3 : (1, 0,−4),

Note that the newly introduced SM singlet scalar ϕ3 does not change the Yukawa

Lagrangian. There is, however, an additional potential term:

Potential: V ⊃ λϕ2
1ϕ2ϕ3 + h.c.

Thus if we forbid, as mentioned, the VEV of ϕ1, the diagram with the main con-

tribution to MR is given by
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ϕ1

νx

νx

ϕ1

νR νR

〈ϕ2〉 〈ϕ3〉

〈ϕ2〉

The mass of the right handed neutrino is generated at one loop and the effective

mass matrix reads

M =

 0 mD

mD MR

 . (A.14)

To approximate the scale of MR we use the fact that this loop has the same

topology as in the Ma model. Therefore, the right handed mass scale is

MR ≈
λ

16π2

g2
1

g2
〈ϕ3〉 I

(
〈ϕ2〉2
M2
ϕ1

)
, (A.15)

with I(x) =
1

1− x

(
1 +

x log x

1− x

)
. (A.16)

Thus the right handed mass is loop suppressed and controlled by the parameter

λ, which if set to zero increases the Lagrangian symmetry. Therefore, this model

leads to a scenario with Pseudo-Dirac active neutrinos.

• 4C: SM ×UH(1)

Particle content: L : (2,−1, 0); H : (2, 1, 0); νR : (1, 0, 0); νx : (1, 0, 1); Σ :

(3, 0, 1); ∆ : (3, 0, 1); H : (2, 1, 0); ϕ1 : (1, 0, 1); ϕ2 : (1, 0, 2)

Yukawa Lagrangian: −LY = −LY1 + g∆ Tr [Σ∆νR] + gΣ Tr [ϕ2ΣcΣ] + h.c.

Potential: V ⊃ λϕ1H
T iσ2∆

†H̃ + h.c.

Note that we only displayed terms in the Yukawa Lagrangian and the potential

that are relevant for the lowest order diagram of right-handed neutrino mass gen-

eration. The diagram additional to 1C is given by
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Σ

Σ
∆ ∆

νR νR

〈H〉 〈ϕ1〉 〈H〉 〈H〉 〈ϕ1〉 〈H〉

〈ϕ2〉

If ∆ does not get a VEV at tree level this is the leading tree-level diagram in

the 3 × 3 space as the term ϕνRν
c
R is forbidden. The right-handed mass MR can

therefore be estimated using the same argument as in 1B

MR =
λ2g2

∆

gΣ

(〈H〉
M∆

)4 〈ϕ1〉2
〈ϕ2〉

.
g2

∆

gΣ

GeV2

〈ϕ2〉
. (A.17)

This means that the mass matrix is given by

M =


0 mD 0

mD MR MRx

0 MRx Mx

 . (A.18)

Which is similar to 1C but with a non vanishing MR at tree level.

Now we turn to a theory with different phenomenology by forbidding the VEV of

ϕ1.

• 5C: SM ×UH(1)

Particle content: L : (2,−1, 0); νR : (1, 0, 0); Σ : (3, 0, 1); ∆ : (3, 0, 1); H :

(2, 1, 0); ϕ1 : (1, 0, 1); ϕ2 : (1, 0, 2); ϕ3 : (1, 0,−4)

The Yukawa Lagrangian is the same as in the previous theory, while we get an

additional potential term.

Potential: V ⊃ λϕ1H
T iσ2∆

†H̃ + λ′ϕ2
1ϕ2ϕ3 + h.c.+ ...

With 〈ϕ1〉 = 0 the lowest order diagram contributing to the right-handed neutrino

mass is given by
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Σ

Σ
∆

ϕ1 ϕ1

∆

νR νR

〈H〉 〈H〉

〈ϕ2〉

〈ϕ2〉 〈ϕ3〉 〈H〉 〈H〉

Using the fact that the loop has the same topology as in 3C and just the external

VEVs are different we get

MR ≈
λ2λ′

16π2

(〈H〉
M∆

)4 g2
∆

gΣ
〈ϕ3〉 I

(
〈ϕ2〉2
M2
ϕ1

)
. (A.19)

This loop suppression combined with a mass suppression to the fourth power with

the Triplet mass can generate the Pseudo-Dirac scenario for active neutrinos with-

out large fine tuning in the Majorana mass sector.

Modifying the νx Majorana Mass

The general mass matrix structure of the following models will be of the form

M =


0 mD 0

mD 0 MRx

0 MRx Mx

 . (A.20)

• 1D: SM ×UH(1)

Particle content: L : (2,−1, 0); νx : (1, 0, 1); Σ : (3, 0,−2); H : (2, 1, 0); ϕ1 :

(1, 0,−3); ϕ2 : (1, 0,−4); ∆ : (3, 0,−3); ϕ4 : (1, 0, 1)

Yukawa Lagrangian: −LY ⊃ gHLH̃νR+gRxϕ4νRν
c
x+g∆ Tr [Σ∆νx]+gΣ Tr [ϕ2ΣcΣ]+

h.c.

Potential: V ⊃ λϕ1H
T iσ2∆

†H̃ + h.c.+ ...
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The leading diagram is

Σ

Σ
∆ ∆

νx νx

〈H〉 〈ϕ1〉 〈H〉 〈H〉 〈ϕ1〉 〈H〉

〈ϕ2〉

The mass matrix is given by eq. (A.20) and the Majorana mass of νx is

Mx =
λ2g2

∆

gΣ

(〈H〉
M∆

)4 〈ϕ1〉2
〈ϕ2〉

.
g2

∆

gΣ

GeV2

〈ϕ2〉
,

where the suppression of the small lepton number violating contribution by the

heavy scalar VEV makes it an inverse see-saw scenario. Implying sterile neutrinos

with at the TeV scale and slightly above. Those form pseudo Dirac pairs and

can have seizable mixing with the active neutrinos. With the mass scale of 〈ϕ2〉
around a few TeV and the yuakawa couplings of g∆ ≈ 10−1 and gΣ ≈ 1, the scale

Mx is naturally at the keV scale, which is required phenomenologically to have

sub eV active neutrino masses. The active-sterile mixing is approximately given

by (mD/MRx)2 and can in principle range from 1% to undetectable values below

10−10. The interesting observation is that small active-sterile mixing requires

unnaturaly small Dirac Yukawa couplings in this model.

It is possible that the νx Majorana masses are generated radiatively.

• 2D: SM ×UH(1)

Particle content: L : (2,−1, 0); νx : (1, 0, 1); Σ : (3, 0,−2); H : (2, 1, 0); ϕ1 :

(1, 0,−3); ϕ2 : (1, 0,−4); ϕ3 : (1, 0, 10)∆ : (3, 0,−3); ϕ4 : (1, 0, 1)

Here 〈ϕ1〉 = 0 and the Yukawa Lagrangian is the same as in the theory before.

The potential, however, is extended.

Potential: V ⊃ λϕ1H
T iσ2∆

†H̃ + λ′ϕ2
1ϕ2ϕ3 + h.c.

We obtain the following diagram
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Σ

Σ
∆

ϕ1 ϕ1

∆

νx νx

〈H〉 〈H〉

〈ϕ2〉

〈ϕ2〉 〈ϕ3〉 〈H〉 〈H〉

As before the Majorana mass of νx can be approximated by

MR ∼ 10−2 · g
2
∆λ

2λ′

gΣ

(〈H〉
M∆

)4

· EWS . (A.21)

We see that in this setup the νx mass is at the keV scale when the Yukawa couplings

are of order one, the potential terms between 0.1 and one and the Triplet around

the TeV scale. This is the right scale for the inverse see-saw scenario. Note that

as before we need another scalar ϕ4 for the connection between SM sector and

Hidden Sector.

Fully Radiative Generated Left-Handed Masses

As was shown by 3.1.3 there is no way of generating left-handed neutrino masses

radiatively by pairwise coupling scalars in the potential. We go through the five

possibilities for non pairwise coupling of scalars and study whether radiative mass

generation is possible. Furthermore, we present possibilities to circumvent 3.1.3.

• Possibility 1: We can introduce a potential coupling of four different SU(2) sin-

glet scalars such that their hypercharges add up to zero. In this case one SU(2)

singlet with vanishing hypercharge has to be included as we need an electrically

neutral scalar to gain a VEV.

With this kind of coupling it is indeed possible to construct a theory that generates

neutrino masses fully radiatively. Consider as an example the theory 11A.

Particle content: L : (2,−1); `R : (1,−2); H : (2, 1); δ− : (1,−2); ε++ : (1, 4)

Yukawa Lagrangian: −LY ⊃ gδL̄Lcδ− + gεlcR`Rε++ + LH`R + h.c.

Potential: V ⊃ λϕδ−δ−ε++ + h.c.+ ...
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For this theory we find the radiative generation of neutrino masses represented by

the diagram:

δ−

L lR

lR

ε++

L

δ−

L L

〈ϕ〉

The crosses denote the insertion of a Higgs VEV, i.e. they represent the mass

of the charged lepton. This theory is the conformally invariant analogue to the

Zee-Babu model. The corresponding left-handed neutrino mass is given by

ML = 8λ〈ϕ〉m2
l g

2
δgεI , (A.22)

where I is given by eq. (A.23).

I =

∫
d4p

(2π)4

∫
d4q

(2π)4

1

p2 −m2
l

1

q2 −m2
l

1

p2 −m2
δ

1

q2 −m2
δ

1

(p− q)2 −m2
ε

.

(A.23)

• Possibility 2: We can introduce an additional SU(2) doublet H2, an additional

charged scalar singlet η+ and a total singlet ϕ : (1, 0). As stated by before there

has to be a term in the potential with non pairwise coupled scalars. This λL term

violates lepton number and its size controls the neutrino masses.

Particle content: L : (2,−1); `R : (1,−2); H1 : (2, 1); H2 : (2, 1); η+ : (1,+2); ϕ :

(1, 0)

With additional terms in the Yukawa Lagrangian and potential.

Yukawa Lagrangian: −LY ⊃ g1 η+L̄ iσ2L
c + g2 L̄H2`R + h.c.

Potential: V ⊃ λLηH†1H2 ϕ+ h.c.+ ...

The loop diagram gives neutrino masses
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H1/2

`R

L

η+

L L

〈H2/1〉 〈ϕ〉

which have the mass pattern as the non conformal Zee model [247], with the differ-

ence that the dimensionful parameter controlling the neutrino masses is replaced

by the product of the coupling with the scalar VEV λL · 〈ϕ〉, see 12A.

• Possibility 3: We can introduce a potential coupling of 3 different SU(2) doublets

such that their hypercharges add up to zero in the following structure(
φ†1~σHi

)(
H̃†j~σHj

)
. (A.24)

As proposed in [64] an additional doubly charged singlet scalar can be used to gain

neutrino masses at two loop level. In a conformal model, however, an additional

scalar is required to have a lepton number violating term in the Lagrangian without

an explicit mass scale.

Particle content: L : (2,−1); `R(1,−2); φ1 : (2, 3); H1 : (2, 1); H2 : (2, 1); η :

(1,−4); φ2 : (1, 0)

Yukawa Lagrangian: −LY ⊃ g η ¯̀
R`

c
R + h.c.

Potential:

V ⊃ λi φ2ηφ
†
1H̃i + λij

(
φ†1~σHi

)(
H̃†j~σHj

)
Here, both doublets H1 and H2 as well as the singlet scalar get a VEV and generate

neutrino masses at two loop level.

• Possibility 4: A potential term coupling 4 different SU(2) triplets such that their

hypercharges add up to zero in the following way(
∆†1∆2

)(
∆†3∆4

)
. (A.25)

This term generates neutrino masses at the two loop level with the same topology

as in the conformal Zee-Babu model in example 1.

• Possibility 5: A further term that can be introduced is given by the coupling

ϕHT
1 iσ2∆

†H2 , (A.26)
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where ϕ is a SU(2) singlet, H1 and H2 are doublets and ∆ is a SU(2) triplet with

hypercharges such that they add up to zero in this term. That with the help of

such a coupling the fully radiative generation of neutrino masses is possible can

be seen in the following theory:

Particle content: L1 : (2,−1); L2 : (2,−3); L3 : (2, 0)

∆1 : (3,−4); ∆2 : (3,−3); ∆3 : (3,−1)

H1 : (2, 1); H2 : (2,−1); H3 : (2,−3); H4 : (2, 0)

ϕ : (1, 0)

Yukawa Lagrangian: −LY ⊃ gaL̄1~σ∆1L
c
2 + gbL̄2~σ∆2L

c
3 + gcL̄3~σ∆3L

c
1 + h.c.

Potential:

V = λaϕH
T
2 iσ2∆

†
1H3

+ λbϕH
T
3 iσ2∆

†
2H4 + λcϕH

T
4 iσ2∆

†
3H2 + h.c.

+ λ13(H†3H3)(H†1H1) + λ14(H†4H4)(H†1H1)

+ pairwise couplings

If we forbid the VEVs 〈∆1〉, 〈∆2〉 and 〈∆3〉, then the following diagram describes

the radiative generation of neutrino masses:

∆1

L2

L3

∆3

H3

∆2

H4

L1 L1

〈ϕ〉 〈H2〉 〈ϕ〉 〈H2〉 〈ϕ〉

Admittedly this theory is very baroque and can be phenomenologically problem-

atic. Especially to ensure anomaly cancellation the new fermions have to be vector

like. The particle content in the loop is intended to show that it is possible to gen-

erate neutrino masses fully radiatively from a topological point of view.

• Alternative 1: So far in the radiative models no additional symmetries were

considered. However, the argument of 3.1.3 can be avoided if a new symmetry

is present, which forbids tree level couplings for fermion singlets in the SM Dirac

term. If there is a discrete symmetry, for example Z2 under which all SM particles

are even and the spectrum given by



Appendix A. Conformal Neutrino Mass Models 135

Particle content: L(2, 1, (+)); H1 : (2, 1, (+)); H2 : (2, 1, (−)); νx : (1, 0, (−)); ϕ :

(1, 0, (+))

Additional in the Yuakawa Lagrangian there are the following terms.

Yukawa Lagrangian: −LY ⊃ g1L̄H2νx + g2ϕν̄xν
c
x + h.c.

The relevant coupling in the potential is:

Potential: V ⊃ λ (H†2H1)2 + pairwise couplings

with H1 being the SM Higgs. This would be the conformal analogue of the Ma

model and generates neutrino masses at one loop level. Note, however, that in

general discrete symmetries are not so restrictive. Therefore, in our models con-

tinuous symmetries are used. For example a hidden sector U(1) would have the

same effect on the Yukawa Lagrangian, but the potential term would be forbidden.

Thus a model of this type can only generate neutrino masses in the hidden sector,

as shown in the model 3C.

• Alternative 2: To circumvent the argument of 3.1.3 we can allow fermion loops.

The following theory shows that it is possible to construct left-handed Majorana

masses such that the lowest order diagram has to be a full loop diagram.

Particle content: L1 : (2,−1); L2 : (2, 0); L3 : (2, 2); L4 : (2,−2)

∆1 : (3,−2); ∆2 : (3, 0); ∆3 : (3, 2)

Yukawa Lagrangian: −LY ⊃ g11L̄1~σ∆1L
c
1 + g24L̄2~σ∆1L

c
4 + g22L̄2~σ∆2L

c
2

+ g23L̄2~σ∆3L
c
3 + g34L̄3~σ∆2L

c
4 + h.c.

Furthermore we require the VEV of the neutral component of ∆1 to vanish. The

following diagram is then the lowest order contribution to the left-handed neutrino

masses:



Appendix A. Conformal Neutrino Mass Models 136

∆1

L2 L4

L2 L3

L1 L1

〈∆2〉

〈∆3〉

〈∆2〉

Like before this theory can be phenomenologically problematic. And again it

is only intended to show that the topological possibility of fully radiative mass

generation in conformally invariant theories with pairwise scalar coupling exists

when introducing fermion loops.



Appendix B

Oblique Radiative Corrections

The formalism of oblique corrections was developed to study new physics which affects

the observables only via corrections to the propagators of the gauge bosons [248, 249].

The Lorentz structure of the corresponding self-energies is

Πµν
ab (q2) = Πab(q

2)gµν + (qµqν terms) , (B.1)

where a, b = γ,W±, Z. Since in the considered processes all external fermions are

light, the contributions of the qµqν terms is proportional to mf/MW,Z and can safely be

neglected. For the same reason, contributions of the box diagrams as well as the vertex

corrections stemming from the new physics are negligible. Therefore, it is sufficient to

consider only Πab. The latter can be represented in the form

Πab(q
2) = ΠSM

ab (q2) + δΠab(q
2) , (B.2)

where (ab) = (γγ), (Zγ), (ZZ), (WW ). It follows from the Ward identity that δΠγγ(0) =

δΠγZ(0) = 0 which further constrains the number of independent quantities. It can be

shown that for heavy new physics there are only three independent combinations of the

above quantities that enter the expressions for the electro-weak observables [248]. These

are denoted by S, T and U and read [248, 100]:

S =
4s2
wc

2
w

M2
Z

[
Π̂ZZ(0) + Π̂γγ(M2

Z)− c2
w − s2

w

cwsw
Π̂Zγ(M2

Z)
]
, (B.3a)

T =
Π̂ZZ(0)

M2
Z

− Π̂WW (0)

M2
W

, (B.3b)

U = 4s2
wc

2
w

[
1

c2
w

Π̂WW (0)

M2
W

− Π̂ZZ(0)

M2
Z

+
s2
w

c2
w

Π̂γγ(M2
Z)

M2
Z

− sw
cw

2Π̂Zγ(M2
Z)

M2
Z

]
. (B.3c)
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The hats denote self-energies renormalized using the on-shell renormalization condition:

Re Π̂WW (M2
W ) = Re Π̂ZZ(M2

Z) = Π̂Zγ(0) = Π̂γγ(0) = 0 . (B.4)

Explicit formulae for the renormalized self-energies in terms of the unrenormalized ones

are [100]:

Π̂WW (q2) = ΠWW (q2)−ΠWW (M2
W ) +

(
q2 −M2

W

) [(c2

s2

)
R−Π′γγ(0)

]
, (B.5a)

Π̂ZZ(q2) = ΠZZ(q2)−ΠZZ(M2
w) +

(
q2 −M2

Z

) [(c2

s2
− 1

)
R−Π′γγ(0)

]
, (B.5b)

Π̂Zγ(q2) = ΠZγ(q2)−ΠZγ(0)− q2

(
c2

s2

)
R , (B.5c)

Π̂γγ(q2) = Πγγ(q2)− q2Π′γγ(0) , (B.5d)

where

R =
ΠZZ(M2

Z)

M2
Z

− ΠWW (M2
W )

M2
W

− 2
sw
cw

ΠZγ(0)

M2
Z

. (B.6)

Substituting (B.5) into (B.3) and taking into account that ΠZγ(0) = 0 we find:

S =
4s2
wc

2
w

M2
Z

[
ΠZZ(0)−ΠZZ(M2

Z) + Πγγ(M2
Z)− c2

w − s2
w

cwsw
ΠZγ(M2

Z)

]
, (B.7a)

T =
ΠZZ(0)

M2
Z

− ΠWW (0)

M2
W

, (B.7b)

U = 4s2
wc

2
w

[
ΠWW (0)−ΠWW (M2

W )

c2
wM

2
W

− ΠZZ(0)−ΠZZ(M2
Z)

M2
Z

+
s2
w

c2
w

Πγγ(M2
Z)

M2
Z

− 2
sw
cw

ΠZγ(M2
Z)

M2
Z

]
. (B.7c)

Note that only for the T parameter the expression in terms of the unrenormalized self-

energies has the same form as in terms of the renormalized ones, compare (B.3b) and

(B.7b).



Appendix C

STU Parameters of Heavy

Steriles

Calculation of S,T,U

To evaluate the contribution of n Majorana neutrinos to the S, T, U parameters defined

in Appendix B we need to calculate the self-energies entering Eq. B.7. Only charged

Figure C.1: Contribution of the charged leptons to Πγγ and ΠZγ at one-loop level.

leptons contribute to ΠZγ and Πγγ , see Fig. C.1. The resulting self-energies are the same

as in the SM:

Πµν
γγ(q2) =

(
gµν − qµqν

q2

) −e2

4π2

∑
α

[
Q(q2,m2

α,m
2
α)−m2

αB0(q2,m2
α,m

2
α)
]
, (C.1a)

Πµν
Zγ(q2) =

(
4s2
w − 1

)
4cwsw

Πµν
γγ(q2) , (C.1b)

where mα denote the masses of the charged leptons. To shorten the notation in (C.1)

we have introduced

Q(q2,m2
1,m

2
2) ≡ (D − 2)B22(q2,m2

1,m
2
2) + q2

[
B1(q2,m2

1,m
2
2) +B21(q2,m2

1,m
2
2)
]
,

(C.2)
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where B0, B1, B21 and B22 are the usual one-loop functions [101], D ≡ 4−2ε and ε→ 0.

The one-loop contribution of the charged leptons and neutrinos to ΠWW is presented

in Fig. C.2. Note that due to the nonzero active-sterile mixing the heavy neutrinos can

Figure C.2: Contribution of the charged leptons and neutrinos to ΠWW .

also run in the loop. In position space the resulting self-energy is given by:

Πµν
WW (x, y) = − e2

2s2
w

∑
α,i

|Uαi|2

×
〈
T
[
ν̄i(x)γνPL`

α(x)¯̀
α(y)γµPLν

i(y) + ¯̀
α(x)γµPLν

i(x)ν̄i(y)γνPL`
α(y)

]〉
. (C.3)

Since we deal with Majorana fermions, to evaluate (C.3) it is convenient to use the two

component notation for the spinors, see Appendix D for more details. The self-energy

then takes the form:

Πµν
WW (x, y) = − e2

2s2
w

∑
α,i

|Uαi|2

×
〈
T
[
χi(x)σ̄µ`αL(x)¯̀α

L(y)σ̄νχi(y) + ¯̀α
L(x)σ̄µχi(x)χi(y)σ̄ν`αL(y)

]〉
, (C.4)

where `L denotes left-handed component of the charged-lepton field in the two-component

notation. To evaluate (C.4) we need to consider all possible contractions of the field op-

erators. Using the Fourier-representation of the propagators we obtain:

Πµν
WW (q2) = −i e

2

2s2
w

∑
α,i

|Uαi|2 ×
∫

d4p

(2π)4

d4k

(2π)4
(2π)4δ(q − k + p)

× tr
[
/kγµ/pγν

](
p2 −m2

i + iε
)

(k2 −m2
α + iε)

. (C.5)

Note that since only the left-handed component of the charged field runs in the loop,

only ‘kinetic’ contraction is possible. This is reflected by the fact that the numerator of

(C.5) contains only the momenta /k and /p of the intermediate states. Taking the trace

and using the definitions of the one-loop functions we finally arrive at:

Πµν
WW (q2) = − e2

16π2s2
w

∑
α,i

|Uαi|2
[
gµνQ(q2,m2

i ,m
2
α)− qµqν P (q2,m2

i ,m
2
α)
]
, (C.6)
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where Q has been defined above (C.2) and

P (q2,m2
1,m

2
2) ≡ 2B21(q2,m2

1,m
2
2) + 2B1(q2,m2

1,m
2
2) .

For the Z boson self-energy we need to consider two diagrams with the neutral or

charged states propagating in the loop, see Fig. C.3. In this case both ‘kinetic’ and

Figure C.3: Contribution of the charged leptons and neutrinos to ΠZZ .

‘mass’ contractions are possible. In complete analogy to (C.6) the kinetic contraction of

the two neutrino lines results in:

Πµν
ZZ(1)(q

2) = − e2

32π2s2
wc

2
w

∑
ij

∑
αβ

U†iαUαjU
†
jβUβi

×
[
gµνQ(q2,m2

i ,m
2
j )− qµqν P (q2,m2

i ,m
2
j )
]
. (C.7)

Since the intermediate neutrinos are Majorana particles the ‘mass’ contraction is also

possible:

Πµν
ZZ(2)(q

2) = − e2

32π2s2
wc

2
w

∑
ij

∑
αβ

U†iαUαjU
†
iβUβj

×
[
gµνmimjB0(q2,m2

i ,m
2
j )
]
. (C.8)

This contribution vanishes for vanishing Majorana mass as it should. Note also that the

flavor structures of (C.8) are slightly different compared to (C.7).

Since the left- and right-handed charged leptons couple to Z with the strengths 1− 2s2
w

and 2s2
w respectively, the contribution of the kinetic contraction reads:

Πµν
ZZ(3)(q

2) = − e2

32π2s2
wc

2
w

∑
α

[
(1− 2s2

w)2 + (2s2
w)2
]

×
[
gµνQ(q2,m2

α,m
2
α)− qµqν P (q2,m2

α,m
2
α)
]
. (C.9)

Since charged leptons are Dirac particles the mass term appears only for contractions of

the left- and right-handed components and is therefore proportional to a product of the
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two couplings:

Πµν
ZZ(4)(q

2) = − e2

32π2s2
wc

2
w

∑
α

4s2
w(1− 2s2

w)×
[
gµνm

2
αB0(q2,m2

α,m
2
α)
]
. (C.10)

The total contribution to the Z boson self-energy is given by the sum of Eqs. (C.7)-

(C.10).

Substituting the terms proportional to gµν of Πµν
WW and Πµν

ZZ into the definitions of the

S, T, U parameters we obtain Eqs. (3.23), (3.26) and (3.27). Since the one-loop integrals

are divergent,

Qdiv(q2,m2
1,m

2
2) = ε−1(m2

1/2 +m2
2/2− q2/3) , (C.11a)

Bdiv
0 (q2,m2

1,m
2
2) = ε−1 , (C.11b)

each of the terms in these expressions is divergent as well. However, their combinations

in Eqs. (3.23), (3.26) and (3.27) are finite. This can be checked explicitly by using the

unitarity of the full mixing matrix U as well as the relation (mL)αβ =
∑3+n

i=1 UαimiU
T
iβ =

0, where α, β ∈ {e, µ, τ}. The latter reflects the fact that for a type-I see-saw the upper-

left corner of the mass matrix is zero in the flavor basis. Since the divergences and the

scale µ in the finite parts of the loop integrals always appear in the same combination,

ε−1 + lnµ2, the cancellation of the divergences implies that the µ-dependence drops out

as well. In other words, the S, T, U parameters depend only on physical quantities like

the couplings, masses and momentum transfer. This is a consequence of the fact that

they are defined in terms of the on-shell renormalized self-energies, see Eq. (B.3).
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Two-component notation

Two-component notation

To evaluate the contribution of the Majorana fermions to the self-energies it is convenient

to use the two-component spinor notation. In terms of the two-component spinors the

four-component Dirac spinor and its Dirac-conjugate read [250]:

ΨD =

 χβ

ξ̄β̇

 , Ψ̄D = (ξβ, χ̄β̇) , (D.1)

with ξ = eL and ξ̄ = eR for the charged leptons. For Majorana fermions the two spinors

in (D.1) are not independent, ξ = χ, and therefore the number of degrees of freedom is

reduced from four to two:

ΨM =

 χβ

χ̄β̇

 , Ψ̄M = (χβ, χ̄β̇) , (D.2)

with χ = ν for the Majorana neutrino. The Dirac matrices can be written in the form

γµ =

 0 σµ

σ̄µ 0

 , γ5 =

 −1 0

0 1

 , (D.3)
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where σ̄0 = σ0 = 1 and σ̄µ = −σµ with σµ being the Pauli matrices for µ = 1, 2, 3. Using

this representation and the known formula for traces of the Dirac matrices we find:

tr[γµγν ] = tr[σµσ̄ν ] + tr[σ̄µσν ] , (D.4a)

tr[γµγνγργλ] = tr[σµσ̄νσρσ̄λ] + tr[σ̄µσν σ̄ρσλ] . (D.4b)

Using (D.2) and the known form of the Feynman propagator of a Dirac field we can now

infer the form of the propagator of a Majorana field:

〈TΨM (x)ΨM (y)〉 =

 〈Tχβ(x)χγ(y)〉 〈Tχβ(x)χ̄γ̇(y)〉

〈T χ̄β̇(x)χγ(y)〉 〈T χ̄β̇(x)χ̄γ̇(y)〉



= i

∫
d4p

(2π)4

e−ip(x−y)

p2 −m2 + iε

 mδγβ pµσ
µ
βγ̇

pµσ̄
µ,β̇γ mδβ̇γ̇

 . (D.5)

The diagonal components of (D.5) describe contractions of the field with itself and reflect

the Majorana nature of the field.

To use the above formulae we need to rewrite Lagrangian (3.10) in terms of the two-

component spinors:

L = − e

2cwsw
Zµ
∑3+n

i,j=1

∑
αν̄i,β̇U

†
iασ̄

µ,β̇βUαjνj,β

− e√
2sw

Wµ
∑3+n

i=1

∑
αν̄i,β̄U

†
iασ̄

µ,β̇βeLα,β + h.c. , (D.6)

where α are the flavor and β, β̇ the spinor indices. As can be inferred from (D.6), the

contribution to the Z boson self-energy is proportional to

〈
T
[
ν̄β̇(x)σ̄µ,β̇γνγ(x)ν̄ρ̇(y)σ̄ν,ρ̇ηνη(y)

]〉
, (D.7)

where we have suppressed the generation indices to shorten the notation. Now we need

to use Wick’s theorem and find all possible contractions. From (D.5) it follows that for

Majorana fermions there are two possibilities. The first is the contraction of the field

with its conjugate. This gives rise to

− 〈Tνη(y)ν̄β̇(x)〉σ̄µ,α̇β〈Tνγ(x)ν̄ρ̇(y)〉σ̄ν,γ̇δ

∝ −tr[ p · σσ̄µk · σσ̄ν ] = −1
2tr[ /pγ

µ/kγν ] . (D.8)
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The second contraction possible only for Majorana fermions is the contraction of the

field with itself. It gives rise to

− 〈T ν̄β̇(x)ν̄ρ̇(y)〉σµ
γβ̇
〈Tνη(y)νγ(x)〉σ̄ν,ρ̇η

∝ −mimjtr[σ
µσ̄ν ] = −1

2mimjtr[γ
µγν ] , (D.9)

where we have used the identity

χ̄β̇σ̄
µ,β̇γχγ = −χγσµ

γβ̇
χ̄β̇ . (D.10)

Collecting the two contributions and taking the traces of the Dirac matrices we find that

(D.7) is proportional to:

−2 ( pµkν + pνk − (pk) gµν +mimjg
µν) . (D.11)

The contribution to the self-energy of the W boson is proportional to

〈
T
[
ν̄β̇(x)σ̄µ,β̇γeLγ(x)ēLρ̇(y)σ̄ν,ρ̇ηνη(y)

]〉
. (D.12)

Because of the Dirac nature of the charged leptons only one, namely the ‘kinetic’ con-

traction is possible in this case. It results in an expression identical to (D.8).
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Metropolis Algorithm

Metropolis Algorithm

In this work we minimize the χ2 function in a multidimensional parameter space. Due to

the existence of strict constraints on the observables, the gradient minimization methods

are not efficient for finding global minima. Instead a statistical method is applied. In the

first step we perform a random scan in the nine dimensional parameter space. The scan

parameters are the three complex angles of the arbitrary orthogonal matrix in Eq. (3.28)

and the three masses of the sterile neutrinos. The masses are chosen on a logarithmic

scale to cover most efficiently a broad mass range.

If a point of the parameter space chosen in this way satisfies the µ → eγ and 0νββ

constraints, a second step is performed. In the second step we calculate the full χ2 and

perform a local minimization. For this purpose we utilize the Metropolis algorithm which

is usually taken to simulate phase transitions in the Ising model. First a fictive parameter

(which we call temperature T ) is introduced. Then parameters of the potential good-fit

point are changed randomly by a small amount. The χ2
new is computed for the new point

and the Boltzmann function B(T ,∆χ2) with the χ2 difference is evaluated:

B(T ,∆χ2) = exp

(
−|χ

2
old − χ2

new|
T

)
. (E.1)

Furthermore, following the equal probability distribution, a random variable 0 < x < 1

is generated. If χ2
new < χ2

old or B(T ,∆χ2) > x the new point is chosen as the new

starting point. If B(T ,∆χ2) < x the new point is discarded. This process is repeated at

a temperature T1 until a quasi-equilibrium is reached and no large changes in χ2 occur.

Then the temperature is decreased to T2 < T1 and the process is repeated until the
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quasi-equilibrium is reached at the new temperature. This iterations continue until the

effective temperature is zero.

This method proves to be more efficient than a gradient method for finding global minima

in the considered case since the system is highly constrained and thus the parameter

space has a very non-trivial topology. Using the finite effective temperature approach

we are able to scan a larger part of the parameter space before the system settles in a

minimum when the temperature drops to zero. Therefore, with a higher probability, the

found minimum is the global one.
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