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Abstract

In this paper we develop an asymptotic theory for the parametric GARCH-in-Mean model. The
asymptotics is based on a study of the volatility as a process of the model parameters. The proof makes
use of stochastic recurrence equations for this random function and uses exponential inequalities to
localize the problem. Our results show why the asymptotics for this specification is quite complex
although it is a rather standard parametric model. Nevertheless, our theory does not yet treat all
standard specifications of the mean function.
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1 Introduction

The aim of this paper is to develop an asymptotic theory for the Quasi-Maximum Likelihood Estimator
(QMLE) in GARCH-in-Mean (GARCH-M) models for the special case of GARCH(1,1)-innovations. This
model was suggested in Engle et al. (1987) and has been frequently used in empirical finance for inves-
tigating the risk-return trade-off implied by Merton’s (1973) intertemporal CAPM (see, among many
others, French et al., 1987 or Lundblad, 2007). Despite of its popularity in empirical applications, up to
now there is no asymptotic theory for the QMLE of the GARCH-M. We will explain why the proof of
the asymptotic normality of the QMLE is so difficult in this simple classical parametric model. There
is also a mathematical motivation for investigating this model, because difficulties in the study of the
model arise from nonstationarities of derivatives of the likelihood function that create some nonstandard
mathematical problems.

The GARCH(1,1)-M model is given by

Y, = mag(he(60)) + he(60)'° 24, (1)

h+(0) w + (Vi1 — my (he-1(0)))* + Bhe—1(0) (2)

with i.i.d. mean zero variables Z; with variance equal to one. Here, § = (¢,~) is the unknown parameter,
consisting of the regression parameter v and the GARCH parameter ¢ = (w, o, ). The true parameters
are denoted by 6y, ¥, Y0, wo, ap and By. We also write h; for ﬁt(eo) and mg for m.,. The function
h¢(6) is defined as the strictly stationary and ergodic solution of (2). Below we will state conditions
under which such a solution exists and is unique (see Lemma 1). The existence and uniqueness of such
a solution at the value 6 = 6y is guaranteed if E[ln(agZ? + 8o)] < 0, see Nelson (1990). We also write

ht(0) for a solution of (2) with fixed starting value (o, that is
hi(0) = w+a(Yir —my(he1(0)))? + Bhi_1(0) with ho(8) = Co. (3)

In the following, the quasi-likelihood function will be based on izt(H). Lee and Hansen (1994) and
Lumsdaine (1996) were the first to derive the distribution theory for the QMLE of the GARCH(1,1) model.
The theory has been extended to the general GARCH(p, q) case by Berkes et al. (2003) and Francq and
Zakoian (2004), among others. The result for the GARCH(1,1) can be easily extended to a GARCH(1,1)
model with a constant function m.,. Also, one can use results from the GARCH(1,1) literature to study
the properties of the GARCH(1,1)-M model. For example, in Carrasco and Chen (2002) it has been
shown that h; in the GARCH(1,1) model is S-mixing with exponentially decaying mixing coefficients.
A detailed discussion of the dependence structure of Y; and h; is provided in Conrad and Karanasos
(2014). Some properties of the volatility process h; follow directly from the ARCH(oc0) representation
of h;. Christensen et al. (2012) give a complete asymptotic analysis for a GARCH(1,1)-M model with



modified recurrence equation (2). In their model it is assumed that h;(0) = w+ oY%, + Bhs—1(0). Then,
by construction, the ARCH(oo) representation of h; does no longer depend on m. This allows them to
develop a detailed theory, also for nonparametric m. Alternative estimators for a nonparametric m have
been studied in Linton and Perron (2003) and Conrad and Mammen (2008).

For a parametric m function, it is standard to assume that the conditional mean can be written as
m~(z) = 711 + v29(z) with a fixed function g. The original specification of Engle et al. (1987) assumes
either g(h(60)) = hi(0) or g(h:(60)) = +/hi(6p), while some authors also use g(h:(6)) = In(hy(6p)).
The linear specification is directly motivated by Merton’s (1973) intertemporal CAPM, which suggests
that the expected excess return on the market should be proportional to the conditional variance of the
market return. As noted by Pagan and Hong (1990), the log specification may be unsatisfactory, since as
ht(0p) — 0 the conditional variance in logs takes very large negative values and the relationship between
the conditional variance and Y; may be overstated.

In this paper we will develop an asymptotic theory for GARCH-M models. For doing so, we will
assume that (2) behaves like a “stochastic contraction”. Our approach will cover the specifications

g(z) = v/ and g(z) = In(z) but will not apply when g(z) = =.

2 Asymptotics for GARCH(1,1)-M models

Our main result is a theorem on the asymptotic normality of the QMLE 0. The proof of this result
proceeds in several steps where in the first step consistency is shown. In the second step, we derive rates
of convergence for 6. In the final step, this result is used to get local expansions of the quasi-likelihood
function that allow to establish asymptotic normality.

In the first step, our treatment of the quasi-maximum likelihood estimator is based on a stochastic
recurrence equations approach as developed in Straumann (2005) and Straumann and Mikosch (2006).
In those papers, stochastic recurrence equations of the quasi-likelihood function and of its derivatives
have been used to show that they have a stationary ergodic functional solution. In the GARCH(1,1)-M
model, we can use these arguments to show that the quasi-likelihood function has a stationary ergodic
functional solution. But this argument does not apply for the derivatives of the quasi-likelihood function,
at least under reasonable assumptions. We argue that the derivatives of the quasi-likelihood functions
show exploding behavior in a neighborhood of the true parameter and that they only have a stable
behavior in a shrinking neighborhood. For this reason, in a second step we have to show convergence
rates for 6. Having these rates, we only have to consider the derivatives of the quasi-likelihood functions
in shrinking neighborhoods.

We make the following assumptions.



Assumption 1. The parameter set © is compact and equal to the closure of its interior. The true
parameter Oy lies in the interior of ©. The function (y,u) ~ m~(u) is continuous with respect to v and
differentiable with respect to w. It holds that w > ws >0, a > a, >0, 8> B« >0 for all @ € ©. The
innovations Z; are i.i.d. with E[Z;] =0 and E[Z?] = 1.

Assumption 2. [t holds that ag + By < 1.

Assumptions 1 and 2 imply that v/h;Z; is a covariance-stationary process with unconditional variance
equal to wo/(1 — g — Bo) (see Bollerslev, 1986). Further, they imply that E[ln(cgZ? + Bo)] < 0. As
mentioned above, this guarantees that (2) has a strictly stationary and ergodic solution h; for 6 = 6.
In the proof of consistency of the quasi-maximum likelihood estimator, we make use of the theory on

stochastic recurrence equations. The essential assumption needed in this approach is stated below. In the

"

S(u), ... Derivatives

following, we denote derivatives of functions m., (u) w.r.t. the argument u by m/ (u), m

w.r.t. the parameter v are denoted by 1 (), 1M (u), ...

Assumption 3. It holds that

Elln(U)] <0, D; < +oo, Dy < +o0,

where
U= = sup 2aDi|Zi\/hy +mo(he)| + D2+ B,
a,p
Dy = swp |l
vu
Dy = sup |m,(u)m/ (u).
vu

Next, we explain why this assumption naturally arises here. For this purpose, we shortly come back
to the classical assumption that E[ln(cZ? + Bo)] < 0. We recall why it implies that there exists a
stationary ergodic solution h; of the GARCH equation. We will later explain why Assumption 3 will be
useful for similar reasons. Afterwards, we will discuss how restrictive the assumption is. We start with a
brief discussion of stochastic recurrence equations.

Consider first two sequences h; and h;* with different starting values (§ > 0 and ¢(;* > 0 that fulfill

the recurrence equation of hy = hy(p):

h;‘ wo + h:_l(OéQZtQ_l + BO);

hi* = wo+hi* (0Z] )+ Bo).

Then hi* — hf = (h}*; — hi_;)(cwZ? , + Bo) and the condition E[ln(agZ? + By)] < 0 implies that
hi* — hf — 0 a.s.. It can be shown that this result implies that there exists a unique stationary ergodic

solution of the recurrence equation of h; = h:(fy). The approach of stochastic recurrence equations has



been generalized w.r.t. two aspects: First, one can consider nonlinear recurrence equations. Then one
needs conditions of the type E[In(A)] < 0 where A is the (random) Lipschitz constant of the recurrence
equation. Second, instead of real valued random variables one can consider random elements of function
spaces.

We use the second approach with the random functions

hi() = w + a(Yio1 = my(he-1()))* + Bhea ().
Consider two sequences h;(-)** and h}(-) again with different starting values ¢;* > 0 and ¢ > 0:

hi*() = wtaYier —my(hi*5 ())* + SRy (),

hi () w+ a(Yier —my(hi 4 ())* + Bhy 1 ().

One can show the following Lipschitz inequality:
177*() = hi (oo < UellhiZy — By lloo

with U; defined above and ||...||oc equal to the sup-norm. In our Assumption 3, we had assumed that

E[ln(U;)] < 0. This assumption implies that the recurrence equation
Ri(0) = we+alYios —m,(he1(6)) + Bhe1(6)
has a stationary ergodic solution hs(6). This is stated in the following lemma.

Lemma 1. Let Assumptions 1-3 be satisfied. Then (2) has a solution hi(-) that is unique, stationary
and ergodic. Furthermore, it holds that there exists a p > 1 such that
plsup  |he(6) — he(0)] — 0, a.s. (4)
6co

for the random function hy that solves (3) fort > 1 with fized starting value (o > 0.

For the convergence statement in (4), one also says that fzt() converges exponentially fast almost
surely to hy(-).

Next, we discuss that Assumption 3 is rather restrictive. It is always fulfilled if 5 < 1 and D; and
Dy are small enough. The assumption Dy < +oo states that our function m does not grow faster than
x — ay/x. The treatment of functions with faster growth would require a different approach. Consider

e.g. the recurrence equation for the linear function m. (z) = 1 + v2x. Here, we get that

ht(e) - ht(eo) = wW—wg+..+ a*yg[ﬁt_l(e) — Bt_l(eo)P + ...

It needs a very careful check why the quadratic term in the recurrence equation does not lead to an

explosive behavior during 0 < ¢t < T'. The process is not stationary and it is to be expected that the



process explodes for ¢ — oo. In order to illustrate this behavior we simulate the GARCH(1,1)-M model
with the following parameters: oy = 0.1, By = 0.85, 791 = 0 and 792 = 0.5. For the process h¢(6), all
parameters but v, are chosen as in h:(fp), while 2 € {0.6,0.7,0.8,0.9,1}. We choose T = 3000 and
consider M = 1000 replications. For different values of Avyy = 75 — 792, the following tables show the
fraction of cases in which hy(6) — h¢(6o) is diverging (defined as h¢(0) — hi(6p) > 100) and the average
point in time ¢ when this is happening (explosion time). As Tables 1-3 clearly show, the fraction of cases
in which hs(6) — hs(fp) is diverging (# divergence) is increasing in A~y,. Also, the larger Avy the earlier
the difference h;(0) — h4(fy) explodes. Further, by considering different values of wy it becomes evident

that divergence occurs more often and earlier the larger is the expected value of hy = hy(6p).

Table 1: Comparison of hs(8) — h:(6y) when wy = 0.05.

Avys 0.1 0.2 0.3 04 05

# divergence 0.02 0.50 0.99 1 1
explosion time 1403.8 1316.5 645.96 187.67 82.73

Notes: The table reports the fraction of cases in which h¢(8)—h¢ (o) is
diverging (# divergence). For those simulations for which we observe

divergence the average explosion time ¢ is reported.

Table 2: Comparison of h;(6) — h(6y) when wy = 0.1.

Avys 0.1 0.2 03 04 0.5

# divergence 0.41 1 1 1 1
explosion time 1327.5 363.15 90.85 40.91  25.09

Notes: see Table 1.

Table 3: Comparison of h:(0) — hi(6p) when wg = 0.2.

A, 0.1 02 03 04 0.5

# divergence 0.99 1 1 1 1
explosion time 513.39 69.49 27.84 16.78 11.67

Notes: see Table 1.




Next, the quasi-maximum likelihood estimator 0 is defined as

0 = argmax IA,T(H),

6eo
where f/T(H) is the quasi-likelihood function:
1 - . .
Lr(0) = —5 > n(he(6)) + he(6) ™" (Y — my (he(6)))?]. (5)
t—1

For the consistency of é, we need one further assumption.

Assumption 4. The distribution of the random wvariable Z; allows for a strictly positive density on an

interval [2*, z**] with z* < z**. The following identifiability condition holds:
m~(ho) = mo(ho) a.s. if and only if v = .

The next theorem states the asymptotic consistency of the QMLE. The proof makes essential use
of the ergodicity of the process h(f). In particular, this also implies that the quasi-likelihood function

converges to its expectation.

Theorem 1. For the model given by (1) - (2), let Assumptions 1 - 4 by satisfied. Then it holds that
0 L5 6,.

In a next step, we will show the asymptotic normality of the QMLE 6. Unfortunately, as mentioned
above, the derivatives of the quasi-likelihood do not behave well in fixed neighborhoods of the true
parameter 6. The basic reason is that under reasonable conditions the derivatives of izt do not behave
well at points 8 # 6y. Only for 6 in a shrinking neighborhood of 6y, one can control the asymptotic
behavior of the derivatives. For this reason, we need a stronger result than Theorem 1. In our next
theorem, we will show that 0 converges to 6y with nearly parametric rate Op(In(T)T~1/2). In a next
step, we will show that the first two derivatives flgl)(é’) (I € {1,2}) of hy(0) converge to a stationary

—1/2_ The limiting processes do not depend

ergodic processes, uniformly over § with |0 — 6p|| < In(T)T
on 6 in this shrinking neighborhood. This can be used to show asymptotic normality of the QMLE. For

our next theorem, we need the following additional assumptions:

Assumption 5. For some D > 0 it holds for ||0—0o|| < 0 that for the functions g1(s) = m~(s)m(s), g1(s) =

M (s)mi (s), 92(s) = m/(s), ga(s) = my(s),92(5) = 10(s),92(s) = 10} (5),92(5) = mI(s),g2(s) =

14(5), 93(8) = 1114(8), ga(s) = m/(s), ga(s) = M. (s) with some constant D >0

lg1(s) = g1(s")| < Dls—+|,
lg2(s) — g2(s')|| < Dis—s'|s™/2,
lgs(s) < Dvs,

lga(s) < Ds™/?

=}



for s > s’ > w.. Here, fw(s) and fw(s) denote the first or second order partial derivative of a function

f~(8) with respect to .

Assumption 6. There exists 6 > 0, D3 > 0 such that for

4D3a|Zs| + aD3 + 4D D38 + 43
Vi= sup d
[10—801<5 4 (a0 Zi + Bo)

it holds that
EIn(W;) < 0.

Here, D3 is chosen such that

N D3 |s — s*
ma(s) — (7)) < 22122

> Vs
for s,8* > w, and ||0 — 0y|| < 6. If Vi fulfills that P[V; > 1] > 0, then we define k1 > 0 as the solution of

the equation EV,™* = 1. If P[V; > 1] = 0 we set 1 = 0o and k' = 0.

If V; fulfils that P[V; > 1] > 0, then there exists a unique solution 0 < k1 < oo of the equation
EV/"* =1, see Theorem 2.1 in Mikosch and Starica (2000).

We make the following assumption on the moments of Z;.
Assumption 7. The random variables Z; fulfill the following moment condition:
EZ? <0
for some ko > 4.
Assumption 8. The random variables Z; fulfill the following moment condition:
B(agZE + Bo)™/* =1
for some k3 > 0 with 2r3 " + 2k < 1.

Assumption 9. The matriz S = S1 + Sy with

_ hi(60) 1} (60) "
so-p R
s _ B [(m%(ht) +mgo<ht>ﬁ;<oo>>}<lmw<ht> + ml, (o) By (60))

s mon-singular.
We now state the following result on the convergence rate of the quasi-maximum likelihood estimator.

Proposition 1. For the model given by (1) - (2), let Assumptions 1 - 9 with § > 0 small enough be
satisfied. Then it holds that
f— 0y =Op (m(T)T*l/?) .



Proposition 1 allows to restrict attention to local expansions of the quasi-likelihood and this is the
essential step to derive asymptotic normality of the maximum quasi-likelihood estimator as stated in our

main theorem.

Theorem 2. For the model (1) - (2), make the Assumptions 1 - 9 with 6 > 0 small enough. Then it

holds that
Vi —6)) 5 N (351555,
where
_ Lh, o S 1/2,. 5 LT ATy A S_1/2, . %
¥, = E §7L_t(Zt_1)+ht (m’YU(ht)+m’yg(ht)ht)Zt §ﬁ_t(Zt_1)+ht (1126 ()
o T
+m'70(ht)h;)Zt} ],
A L S -
Do = B |G b i ()t R i)+, ().
t t

Note that for Gaussian Z;, we have ¥; = ¥4 and the asymptotic covariance is equal to 21—1. On the

other hand, if there is no mean function, i.e. m.,(h:) = 0, then ¥; and X5 reduce to

_ 1 [T _ L hy(hy) "
¥ = 2E { w2 and Yo = 4(E[Zt] - 1HE 2

and the covariance reduces to the one of the standard GARCH(1,1) (see Theorem 2.2 in Francq and
Zakoian, 2004).

3 Conclusions

Finding sufficient regularity conditions that ensure consistency and asymptotic normality of the QMLE
for the GARCH-M model has been a long-standing problem in financial econometrics. We consider
the special case of a parametric GARCH-M model with innovations that follow a GARCH(1,1) process,
which is the specification most often used in empirical applications. Following Straumann (2005) and
Straumann and Mikosch (2006), we make use of stochastic recurrence equations und employ exponential
inequalities to show the consistency and asymptotic normality of the QMLE for certain specifications of

the mean function that do not grow too fast.



Appendix
Proof of Lemma 1. Put
90(y,5) = w + aly —my(s))* + Bs (6)
and consider the sequence of random functions ¢; with:
[9:(5)](0) = go(Yz, s(0)).

The functions ¢; map continuous functions s : © — [0,00) onto the class of such functions. Note that

hi1(0) = [pe(he)](0).

Because Y; is a stationary and ergodic sequence, the same holds for ¢;.

Consider functions s, s* with ||s — $*||c < d. It holds that

[6e(s) = Su(s)(0) < 2alv/huZy +mag (he)|lmy (s) = mey (s7)| + almy (5) — mey (s7)?)
+8ls — 57((0)
< Ugls — s™(0).

The lemma follows from E[In(U;)] < 0 by application of Theorem 3.1 in Bougerol (1993), see also Propo-

sition 5.2.12 in Straumann (2005). See also the discussion before the statement of Lemma 1. O

Proof of Theorem 1. The theorem can be shown by similar arguments as in Theorem 5.3.1. in
Straumann (2005). There, the proof is based on the comparison of Ly (6), Lr(f) and L(0), where Ly (0)
is defined in (5) and

Lo®) = —5 D (@) + hal6) (% my (ha(0)),
LO) = 5B (@) +h(0)" (Y — mo (he(0)))?]

The proof in Straumann (2005) is based on showing:
1, - 1-
T”LT — L7l||looc — 0 (in probability), ||TLT — L||ooc = 0 (in probability), L(#) < L(6p) for 6 # 6.

The second claim follows from the fact that h; is a stationary ergodic process (see Straumann, 2005).

For the first claim, one uses the bound

T . ) - ,
HLr(6) ~ Lr(O) < %ZAtw){(Yt‘Zgg;‘tw” e (ggl (6)) +1}




where s;(0) = h(0) + hy(0), Ar(0) = |hi(6) — hy(F)] and ¢ > 0 is a constant, not depending on 0. Using

2

Assumption 3, we have m2(x) < ¢ z, [m,(x) —my(y)| < ¢ |z —yl, [my(2)? —m,(y)*| < ¢ |o —y| with

a constant ¢’ > 0. Using s¢(0) > 2w, (see Assumption 1) we get with a constant ¢”:

B ¢’ T

—[L7(6) — Ly(0)] < TZAt(G){l—i—ht—i-ht 72+ 72}, (7)
t=1

Because of Assumptions 1 and 2, we have that E[h;Z?] = E[h] < co. Further, because of the ergodicity

of he, hyZ? and Z}, this implies that 135 [1+ hy + he Z} + Z2] = Op(1) for s — co. We apply this

result with s =T and s = C'InT with C > 0 large enough. With this bound, (7) and (4), we get if C' is

chosen large enough that

IN

1. _ CnT\ 1 &
Fllr@) = 120) < 0p (TG ) g D {1kt 2+ )

T
1
+0p (p—cmT) TZ“ +he+he ZF+ Z7}

t=1

— op (%) | s)

uniformly over § € ©. In particular, we have that %[[A/t(H) — L+(0)] converges almost surely to 0, uniformly
over 0 € ©.
It remains to check the last claim: L(6) < L(6p) for 0 # 6. For the proof of this claim, it suffices to
check that
ho(0) = ho a.s. implies § = 6.

From ho(#) = hg a.s. and stationarity of (h¢(0), h), we get that hy(f) = hy a.s.. Thus, we have that
0=w—wy+ (a—ag)Yy — 2Yo(am., (ho) — agmo(ho)) + ami(ho) — agm?(ho) + (B — Bo)ho a.s.

Using Assumption 4 and considering the first two derivatives of the right hand side with respect to the

y value, we get that oo = a9, m = mg on the support of h¢ (a.s.), and w = wy. O
For the proof of Proposition 1, we will make use of the following lemmas.

Lemma 2. Make the assumptions of Proposition 1. Then with he = izt(é) and ™ = ms it holds that

% Z (ift — hy)? i Z (1 (he) — m(hy))? )

2\ p2
3 hiVhi P} ht

< - ; (htﬁ%ht)(zf —1)+2 ;(m(ﬁt) - m(ht))é—_lztzt +Op(InT),

where a \V b denotes the mazimum of the real numbers a and b.

Proof of Lemma 2. Note that by definition of the quasi-likelihood estimator 0, we have that ﬁT(é) >

L7 (6o). Because of (8), this implies that Ly (0) > Lp(6y) + Op(InT). We make use of the inequality

10



In(1+2) <2 —2%(1+ ()5 )1, where (z) is the positive part of . This inequality follows easily from

a Taylor expansion around x = 0. From these two inequalities, we get that

T T
1 h 1 . .
Op(nT) < 3 > In <ﬁ—t> —3 > [ht Y(hy"? 2y + mo(he) — in(he))? — 2}
t=1 t t=1
T o T o T o
1 he—hy 1 (hy —he)? 1 he — hy
D D it D D rverainl D B a4
20 M i hiVhi 20 M
T 12 R 1 I )
=3 == (mo(he) = i(he)) Z; — 3 > hit(mo(he) — i(he))?
t=1 hi t=1
The claim of the lemma follows by rearrangement of the terms. o

Lemma 3. Make the assumptions of Proposition 1. There exist random variables Wy with sup; <,<7 [Wi| =

Op(TV/*1) such that for ||0 — o] < 6

he(0) — hy

. < 10— 6o]Wr, (10)

t

MOZRel < g — gy wi ()
t

Proof of Lemma 3. We only show claim (10). Claim (11) follows by similar arguments. For the proof

of claim (10), we show that for some constant C' > 0 for ||§ — p|| < ¢

}_LtJrl(o) - ht+1

< C|0— 6]+ Vi
ht+1

l_zt(ﬁ) - ht

t

For a proof of this claim, write h; = hy(f) and Aw = |w — wp|, Aa = |a — ag| and AB = |3 — Boy|. We get

that for some constants Cy > 0 for [|§ — || < o

|7Lt+1 — ht+1| < Aw+ AahtZtQ + « (ht1/2Zt + mo(ht) — m,y(f_zt))Q — htZtQ + Aﬁht + ﬁ”_lt — htl

< C1ll0— 0ol + by + B Z2) + 2a|m (he) — moy (he) R 2,
120l (he) — ma (he)| [mey (he) — mo(he)| + almy (he) — mo (Re)[2 + Blhe — hel
_ D2
< Cu|0 = Ool|(1 + hy + he Z2) + |he — he| |@D3Z; + aD D38 + % + ﬂ} )

If we divide both sides of this inequality by h;;1, we get equation (12), because of hy1 > (g ZE + Bo)he.
For the proof of the lemma, it remains to show that (12) implies (10). Put A; = |h; — h¢|/hs and define

A} as the stationary solution of the recurrence equation A7, ; = 1+ V;Af. We have that
Ap1 = Cll0 = Ool| Aty < Vi(Ar = Cfl6 = o] A7)

This implies that (A;11—Cl|0—6o||AF 1)+ < Vi(Ai—=C||0—00]|Af)4, where ()4 denotes the positive part
of x. Because (A; — C||0 — 6p||AF)+ is stationary and E'ln(V;) < 0, we get that (A; — C|0 — 0p||AT)+ =

a.s.. Thus for Wy = CA} we have that A; < ||@ — 6p||W: a.s.. For the proof of the lemma, it remains

11



to be shown that sup; ;< Wi = Op(TY*1). If P[V; > 1] = 0, we can bound V; by a random variable
Vi with P[V;* > 1] = 0 and E(V;*)"1 = 1 with &} as large as we like. Thus, w.l.o.g. we can assume that
P[V; > 1] > 0. For this case we get from Theorem 4.1 in Goldie (1991) that P(W; > x) ~ cz~"* for
x — oo for some constant ¢ > 0. This implies sup; <;<7 [W| = Op(T"/%1). Note also that V; is bounded

by definition. O

Denote by h}(6) the solution of
hy1(8) = Dogo(Ya, he(8)) + Dsgo (Y, he(6)) 1 (6) (13)

with deterministic starting value hf(#) = ¢;. The function gy was defined in (6). Furthermore, dygg and
0sgp are the partial derivatives of gy with respect to 6 or s, respectively. We also define fAL;' (0) as the

solution of
hil 1 (0) = 9pogo(Ye, he(0)) + 20990 (Yr, he ()1} (0) + Dssgo (Y, he(0)) 1) (6) (14)

with deterministic starting value iz’o’ (0) = (2. Here Opogo, Ogsge and Ossgg denote second order partial
derivatives of gp.

The next lemma states that
diy1(0) = Dogo(Ye, he(0)) + sgo(Ye, he(0))d; () (15)
has a unique stationary solution d;(-). We denote this solution by h}(-) = d; (-).

Lemma 4. Make the assumptions of Proposition 1. Equation (15) has a unique stationary solution

hi(-) = d;(-) that is ergodic. For § > 0,p > 1 small enough it holds that

plsup [|R5(0) = h(0)] =0, a.s.
lo—00|<s

Furthermore, it holds that h} is identical to the derivative of hy, a.s., and that it is continuous.

Proof of Lemma 4. According to Proposition 5.5.1 of Straumann (2005), it suffices for the statement of
the lemma to verify that: (i) go(y, s) is continuously differentiable with respect to 6 and s for y fixed. (ii)
For some £ > 0 and a stationary process Cy with E[In™ (C})] < oo it holds that | Age(Yz, s)—Aga(Yz, s*)| <
Cils — s*| for s, 8% > wy, ||0 — 0o < 4. (iii) E[anr(sup”a_‘%HSé Ago (Yo, ho(0))] < oco.

Here, Agg(y, s) denotes the vector of the first order derivatives of gg(y, s) with respect to 6 and s for y
fixed. We now check (i)—(iii). Condition (i) directly follows from our Assumption 1. For the check of (ii) we
note that from Assumption 1 we get by direct calculations that (ii) holds with Cy = C(1+ v/t +v/he| Zt|)
if the deterministic constant C' is chosen large enough. The condition E[In"(Cy)] < oo follows from

EZ} < oo and Ehy < 0.

12



For the proof of (iii), one shows the following bound for ||§ — || small enough and C' > 0 large enough

| Ago (Yo, ho(0)) — Aga, (Yo, ho(00))|| < C[1 + ho + ho|Zo| + (1 + | Zo|)|ho(6) —

< C1+ ho + holZo| + (1 + | Zo|) ho Wo),

hol]

where in the last inequality Lemma 3 has been used. Now, by direct calculations with C* > 0 large

enough

1Ag6, (Yo, ho(60)) | < C*[1 + ho + ho| Zol]-

This gives for ||@ — 6| small enough and C** > 0 large enough

1890 (Yo, ho(0))l < Cho(1 + Z§) W

Claim (iii) follows from E[In"(hg)] < oo , E[ln* (14 Z2)] < co and E[ln™ (Wp)] < oo . This concludes

the proof of Lemma 4.

Lemma 5. Make the assumptions of Proposition 1. It holds for p — 0 that

S R
lo-60ll<p

sup {10 — 6ol 7
10-60l1<p

sup |6 — t9o||_2
[16—=60lI<p

sup (|0 — 6ol 7
10-60l1<p

Proof of Lemma 5. Choose 6,, with 6,, — 6y and ||6,, — 0o/ ~1(0,,

claim (16), we have to show that

\nen ol E [

E

E

E

[82] s

[ (my (Ae(6)) m"(ht))T — (0~ 00)TS2(0 — bo)| = 0

))1 — (6 —00) " S2(6 — 6y)

(he(0n) — >2} B [M] ‘ Y

h?(6,) vV h?

hi

For a proof of this claim first note that because of Lemma 4 we have that

16 = B0l =2 [(Re(6) —

he)?(hi (0,) V i)~ = €' [hy(60)hi(00) T hi ] € as.

Thus, the claim follows by dominated convergence since

||9n - GOH_Q[(Bt(Gn) - ht)Q(Bt(en)Q N h%)_l] < WtthBt(en)_l < WtthW*_l < W4 _1 + hfw*_la

EW/ < oo and Eh? < oo, see also Lemma 3.

Claims (17)—(19) can be shown by similar arguments.

13
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O

(16)

(17)

(18)

(19)

—6p) — e for a unit vector e. For

(20)



Lemma 6. Make the assumptions of Proposition 1. With some constants ¢t > ¢~ > 0, it holds that

T

. 2 L= (Be(8) = he)> 1 = (my (Re(9)) — m(hy))? )
¢ 10— 6ol STZW—i_TZ 70 (0) < c")|6 — 6ol

t=1

t=1

for all |6 — O] < 0 with probability tending to one.

Proof of Lemma 6. Put ¢:(0y) = 0 and define for 0 # 6y

_ Lo [(Ra(8) — he)® | (me (he(8)) — m(h))?
ei(0) = 060l 2[ HONE: 7@ —(0—60)TR.(6— 60)|,
R — MO0k (17, (he) +ml ()R (00)) (170 (he) +mly (he) Ry (60)) T
t = htg Iy .

Because of Lemmas 1 and 4, we have that ¢; is ergodic and stationary. Using the bound (20) for the
first term of ¢; and a similar bound for the second term we get that E[supg_g,|<s [#+(0)|] < co. Thus,

we have that
T

1
sup 1= > ¢i(0) — Elpi(0)]| = op(1).
lo—soli<s | T ;
From Lemma 5, we know that supjg_g, <, [|E[+(0)]]| — 0 for p — 0. Here, || - || denotes the spectral

norm of a matrix, i.e. 8 — E[p.(6)] is continuous in § = y. The statement of the lemma now follows
from % Zthl Ry = S+ op(1), see Lemma 4, and our assumption that S is non-singular. Here, we make
the assumption that J is chosen small enough. O

Our next lemma contains an exponential inequality for martingales. This inequality is a modification

of e.g. Lemma 8.9 in van de Geer (2000).

Lemma 7. For random variables ...,e_1,eq, €1, ...,er suppose that ey is Fy-measurable for an increasing
o-field Fi, that Ele:|Fi—1] = 0 and that sup, E[exp(c|e:|)|Fi—1] < oo (a.s.) for a constant ¢ > 0 small
enough. Consider a sequence of random variables r1,72,... where ¢ is measurable with respect to the

o-field generated by Fy_1. Assume that maxi<i<r |1t| < ¢/2 (a.s.). Then it holds that

T T 1/2
exp <Z rtet>] < {E eXp(Cer)]} ,

where C' is a deterministic a.s. bound of E [2ef exp (c|es|) [Fe-1] .

E

We will make use of this lemma in the proof of the following lemma. For completeness we will give a
proof of Lemma 7, although proofs of related versions of the result must be available elsewhere.

Proof of Lemma 7. We will show that for 0 < s < T

T s
exXp (Z rt€t>‘| <4q E |exp (Z Tt€t> Esi1
t=1

t=1

E

T
exp(C Y 7"?)1 ; (21)

t=s+1

14



where Eg 4 [...] denotes the conditional expectation E[...|Fs]. Note that claim (21) with s = 0 implies

T 1/2 - 1/2
eXp(Cer)H } = {E eXp(Cer)] } .

Furthermore, (21) with s = 7" holds trivially. We will show that (21) for s = u+ 1 implies that (21) holds

the statement of the lemma because of

eXp(Cer)] S{E E

t=1

E E;

for s = u, where w = 1,...,T — 1. Thus by an induction argument we get (21) with s = 0 and this implies
the statement of the lemma.
Suppose that (21) with s = u 4+ 1 for some u = 1,...,7 — 1. then we get by application of the

Cauchy-Schwartz inequality that

T
E |exp <Z rtet>
t=1

u+1
<E |exp <Z 7’t€t> | )

t=1

T
exp(C Z r? )]

t=u—+2

[ u+1 T
=E |E,;1 [exp <Z rtet> E, 12 [exp(C Z 7}2)]
t=1

t=u+2
ut1 1/2
exp (Z 27‘,56,5) } {Eu+1 exp(C Z Tt H}
t=u+2
T

[ u 1/2 1/2
=E |exp (Z Tt€t> {Equl lexp (2rys1€u+1)] } { ut1 |exp(C Z 7"t2 1 }
t=1 2

t=u+
We now argue that

<E {Eu+1 | D

Eyt1 [exp (2rysi1eus1)] < exp(Cri ). (22)

If one plugs this into the last inequality one gets (21) with s = u. This shows the statement of the
lemma. Thus it remains to show (22). This claim follows by a simple Taylor expansion. One gets with

Mut1] < [rus1| leut1] < ¢/2 |euy1| that

Eyt1[exp (2rut1€us1)] = Bugr [14 2rug1eurn + 275 1€y exp (20u41)]
=By [L+ 257 1e5 4 exp (20u41)]
<E 4 [1 + CT’?H_I]
=1+ C’ri_H

< exp(CriH).
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Lemma 8. Make the assumptions of Proposition 1. It holds that

>° B 72 1) 3t - i) % (23)
T R 1/2
— 0op(n(ry) |3 tht 1y bl )h2 L) ] :
SR z2 ) S ) — m(he)) “"_zt (24)
1/2
L /rg hy i (he) — m(hy
= Op(In(T)TY )LZ;(thhz +; 0 m(f))” ]
Proof of Lemma 8. We will show that for § > 0 small enough
- _ —1/2
(ha(0) = he)® o= ha(imey (R (0)) — m(he))?
W P [E AUEEAPS h(0)° ] (%)
o
x [Z D 21 (27 1)+ 3 o () =t} 22| = Op(1n(1)

Because of Lemma 1 and consistency of § this implies (23).

For the proof of (25) we will apply Lemma 7 with e; = e} — Ele}], ef = (ZZ — 1)I[|Z;] < T'/*2] and
7(0) = ri(O)I]|ry(0)| < T2/, 7(0) = ||6 — 60|~ (he(8) — hy) /by for 6 in a S-neighborhood of 6. Note
that with probability tending to one e; = e} for ¢t =1,...,T. Furthermore, we have that for all € > 0 the
constant ¢ can be chosen such that with probability > 1 — ¢ it holds that 7(0) = r;(#) for t = 1,....,T
and for all 8 in a §-neighborhood of . We now show that for p > 0, one can choose a constant ¢, > 0

such that

Zrt er > cpIn(T

T 1/2
T+ Z”I’t ‘| S cr—°r (26)
t=1

for T' > Ty with constant C' not depending on 6 and e and Tj not depending on . For a proof of (26),

we use the inequality

T T 1/2
th(e)et > c,In(T) |T + Z rt(e)ﬂ

exp <Z Tt(9)6t>

t=1

<E

exp (—c,In(T"))

—1/2
with r¢(0) = [T + Zthl ft(Q)Q} 7¢(0). Application of the last lemma with r, = r;(0) gives (26).

In a second step, we apply Lemma 7 with e; = ef — Ele}], e} = ZI[|Z;] < T'/*?] and 74(6) =
rE(O)I[|r} (0)] < cT?/1), v (60) = |0 — 0o~ (m (he(6)) — m(ht))7 t) Z; for 0 in a §-neighborhood of 6.
Also, with these choices (26) holds.
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We now note that it suffices to show (25) with the supremum running only over a grid of polynomially
many f-values. This follows by using rough estimates for neighbored values of 6. Thus, (25) follows from
equation (26) with the two choices of e; and 7:(6). At this stage, also Lemma 6 is used. This concludes
the proof of (23). Claim (24) follows from (23) by using the bound sup;<,<r he/hy < w2 SUPy << Mt =
Op(Tl/ #3). Here, the last equality follows from Assumption 8, see Theorem 2.1 in Mikosch and Starica
(2000) and the arguments at the end of the proof of Lemma 3. O

Proof of Proposition 1. From Lemmas 2 and 8, we get that

This implies that

Because of Lemma 6, this shows that
16— 612 = Op(in(T)> 1=+ /),

With Lemma 3, we get from this bound that

hy — hy

” = Op(In(T)*T~W/D+A/r)+A/R3)y = (1),

Thus,

in probability and we get by using the above arguments with (23) instead of (24) that
T

L ]Alt—ht2 milt —mht 2
Sttt § b it _ g,z

t=1 t N t t=1

Because of Lemma 6, this proves the statement of the proposition. O
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For the proof of Theorem 2 we will make use of the following expansions for functions 6§ — s(6):

1
1)2
Jago(y,s(0)) = + (8 = 2avm’)s’, (27)
S
—2avm
0 0 0 0 0
0 0 0 —2um —4om/ ,
09090 (y, s(0)) + s (28)
0 0 0 0 2
0 —2vh 0 2w’ — 200 dam/m — davrn/

+(B — 2avm’)s".

Here, we denote by 0y and Oy the first and second order partial derivatives with respect to 6. Furthermore,

we define v = y — m,(s) and we write s instead of s(f). These equations can be used to show for

ht(9) = ht(9) or ht(9) = i_zt(G) that

i1 (0) = i1 (B0)|| < CIO = Ooll(1+ he(Bo)| Ze| + e + hi(60)| Ze)) (29)
+1he(0) — he(00)|(1 + [Ze] + hy(00)1Z4])
+ [|h5(8) — hi (60| Vi (o Z7 + Bo)]

for some positive constant C.

Using the last inequality and Lemma 3, we get the statement of the following lemma.

Lemma 9. Make the assumptions of Proposition 1. For a constant C > 0 it holds that

sup sup hy ' (0o) |hi(0) — Ri(60)| = op(1),
16—00)|<C In(T)T—1/2 1<t<T
sup_h;'(60) [R5 (60)| = Op(T'/").
1<t<T
The next lemma states that
dity = 99090, (Ye, he(00)) + 200596, (Ye, he(00)) 5 (00) + Dssgo, (Y, he(00))dis 1 () (30)

has a unique stationary solution d;*. We denote this solution by h} = d;*. Note that this is a random

value and not a random function.

Lemma 10. Make the assumptions of Proposition 1. Equation (30) has a unique stationary solution

hY = d;* that is ergodic. For p > 1 small enough it holds that
PR — By (60)| — 0, a.s.
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Equation (28) can be used to show that

W (0) = R 00| < CTIO = B0ll(L+ 121+ o+ I+ )2 + 17)
h(8) = (o) (1 + 1 Zu) L+ 1B+ 7]+ 17
G 6) = FiBI(1 -+ 1Zd) (1 + 1))

|

B (0) = i (00) | Ve(cwZ2 + o)
for some positive constant C. Using the last inequality, we get the statement of the following lemma.

Lemma 11. Make the assumptions of Proposition 1. For constants C' > 0 it holds that

oo o i)

BO) = 00)| = or(1).
160—6o]|<C In(T)T—1/2 1<t<T

By making use of the derived results, we now get the statement of Theorem 2.

Proof of Theorem 2. We make use of 0 = L/.(6) = L/-(00) + L%.(8%)(6 — 6) for some random 0* with
= Op(In(T)T~'/?). This gives:

VT(0 — 00) = (T7XL(6) T~ Y21 (6o).
Using the above discussions, we get that

A (é ) — 3o, in probabﬂity7

. 1 h’
T2Lh(0,) = \F Z 5}7 (Z2 = 1) + hy 2 (g (he) + ml, (he)B) Zi + op(1).
t

The theorem follows by application of a martingale central limit theorem, see Hall and Heyde (1980). O
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