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Zusammenfassung

Diese Dissertation betrachtet zwei verschiedene Fragestellungen, eine aus
der probabilistischen Zahlentheorie und eine aus der mathematischen Statis-
tik.

In Kapitel 1 untersuchen wir die Verteilung der Werte des Logarithmus
der Riemannschen Zeta-Funktion auf der kritischen Geraden. Wir beweisen
Mod-GaufBische Konvergenz fiir ein Dirichlet-Polynom, welches Im log ¢(1/2+
it) approximiert. Dieses Dirichlet-Polynom ist lang genug um unter ande-
rem einen neuen Beweis fiir Selbergs zentralen Grenzwertsatz mit explizitem
Fehlerterm zu erhalten. Unter der Annahme der Riemannschen Hypothese
und indem wir die Theorie der Riemannschen Zeta-Funktion anwenden, zei-
gen wir, dass sich diese Mod-Gauf3sche Konvergenz auf die komplexe Zahlen-
ebene erweitern lasst. Mit Hilfe dieser stdarkeren Konvergenz und der Theorie
Grofler Abweichungen konnen wir beweisen, dass Imlog {(1/2 + it) auf der
kritischen Geraden ein Prinzip grofier Abweichungen erfiillt.

In Kapitel 2 betrachten wir ein nichtparametrisches Regressionsmodell
Y = fi(X1)+ f2(X2)+e und beschiftigen uns mit dem Problem die Funktion
f1 zu schitzen. Den Term fo(X5) sehen wir dabei als Storterm an, welcher
wesentlich komplexer sein kann als fi(X;). Unter minimalen Annahmen
beweisen wir mehrere nichtasymptotische obere Schranken fiir das L?(P¥)-
Risiko unserer Schéatzer von fi. Unsere Herangehensweise ist geometrisch
und basiert auf Betrachtungen in Hilbertraumen. Es zeigt sich, dass die
Giite unserer Schétzer eng verkniipft ist mit geometrischen Grofien aus der
Theorie der Hilbertraume, wie zum Beispiel den minimalen Winkeln und
den Hilbert-Schmidt Normen. Mit Hilfe unserer Resultate lassen sich allge-
meine Bedingungen aufstellen, unter denen unsere Schétzer von f; (in erster
Ordnung) dieselbe scharfe obere Schranke besitzen wie die entsprechenden
Schitzer von fi in dem Modell Y = f1(X1) + €. Als Anwendung betrachten
wir unter anderem ein additives Modell, in dem die Anzahl der Kovariablen
sehr grof3 oder die Glattheit der Stérfunktionen sehr klein ist.

In Kapitel 3 und 4 betrachten wir das Problem der Variablenwahl in
hochdimensionalen additiven Regressionsmodellen. Dabei interessieren wir
uns fiir den Fall, dass die Komponenten in nichtparametrischen Funktionen-
klassen enthalten sind. Wir konstruieren ein Verfahren, in welchem die
Normen der Projektionen der Daten auf verschiedene additive Unterrdume
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verglichen werden. Unsere Hauptresultate sind allgemeine Konzentrations-
ungleichungen, die zu Bedingungen fiihren, unter welchen konsistente Vari-
ablenwahl moglich ist. Unsere Herangehensweise ist wie in Kapitel 2 geo-
metrisch und beruht auf Betrachtungen in Hilbertraumen. Des Weiteren
wenden wir Methoden aus der Theorie der Zufallsmatrizen an um den Uber-
gang von der L?(PX)-Norm zur empirischen Norm zu erreichen. Als Anwen-
dung unserer Resulate stellen wir Bedingungen auf, unter denen eine einzelne
Komponente mit derselben nichtasymptotischen optimalen Konvergenzrate
geschatzt werden kann wie in dem Fall, dass die anderen Komponenten
bekannt sind. Zuletzt betrachten wir auch das verwandte und einfachere
Modell des additiven Signals in weiflem Rauschen und leiten optimale Be-
dingungen fiir die Variablenwahl her.



Abstract

This thesis considers two problems, one in probabilistic number theory
and another in mathematical statistics.

In Chapter 1, we study the distribution of values taken by the logarithm
of the Riemann zeta-function on the critical line. We prove mod-Gaussian
convergence for a Dirichlet polynomial which approximates Im log {(1/24-it).
This Dirichlet polynomial is sufficiently long to deduce Selberg’s central
limit theorem with an explicit error term. Moreover, assuming the Riemann
hypothesis, we apply the theory of the Riemann zeta-function to extend
this mod-Gaussian convergence to the complex plane. From this and the
theory of large deviations, we obtain that Imlog ((1/2 + it) satisfies a large
deviation principle on the critical line. Results about the moments of the
Riemann zeta-function follow.

In Chapter 2, we consider the nonparametric random regression model
Y = fi(X1) + f2(X2) + € and address the problem of estimating the func-
tion fi. The term fo(X2) is regarded as a nuisance term which can be
considerably more complex than f;(X;). Under minimal assumptions, we
prove several nonasymptotic L?(P¥)-risk bounds for our estimators of fi.
Our approach is geometric and based on considerations in Hilbert spaces.
It shows that the performance of our estimators is closely related to geo-
metric quantities from the theory of Hilbert spaces, such as minimal angles
and Hilbert-Schmidt norms. Our results establish general conditions un-
der which the estimators of f; have up to first order the same sharp upper
bound as the corresponding estimators of f; in the model Y = f1(X1) + €.
As an example we apply the results to an additive model in which the num-
ber of components is very large or in which the nuisance components are
considerably less smooth than fi.

In Chapter 3 and 4, we consider the problem of variable selection in
high-dimensional sparse additive models. We focus on the case that the
components belong to nonparametric classes of functions. The proposed
method consists of comparing the norms of the projections of the data
onto various additive subspaces. Under minimal geometric assumptions,
we prove concentration inequalities which lead to general conditions under
which consistent variable selection is possible. Again, our approach is based
on geometric considerations in Hilbert spaces. Moreover, we apply recent
techniques from the theory of structured random matrices to accomplish the
transition from the L?(PX)-norm to the empirical norm. As an application,

vii
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we establish conditions under which a single component can be estimated
with the rate of convergence corresponding to the situation in which the
other components are known. Finally, we derive optimal conditions for vari-
able selection in the related and more simple additive Gaussian white noise
model.
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CHAPTER 1

On the mod-Gaussian convergence of a sum over
primes

1. Introduction

In this chapter we study the distribution of values taken by log ((1/2+it).
A breakthrough was achieved by Selberg who showed that as ¢ varies in
[T, 2T, the distribution of (Relog ((1/2+ it),Imlog (1/2 + it)) is approxi-
mately Gaussian, with independent components each having expectation 0
and variance (loglogT")/2. More precisely, he proved a central limit theorem
which, by the Lévy continuity theorem, is equivalent to the statement that

1 2T iuRelogC(l/2+it)+iv[m10g§(1/2+it) YN
T e (oglogT)/2 V(oglogT)/2 (Jt — e~ U /2= /2, (1.1)
T

as T — oo, for all real numbers u and v. For the case of Imlog ((1/2+it) see
[66], [67], and also the work of Ghosh [31]. The general case is investigated
for instance in the book of Joyner [39]. Some of Selberg’s more recent
results, for example about the rate of convergence, can be found in [68]
and the thesis of Tsang [73]. Initially, Selberg obtained the asymptotics of
the joint moments which lead to (1.1) by the method of moments. A more
effective approach, applied in our analysis, too, is treated in the work of
Bombieri and Hejhal [14]. A central limit theorem for the sum over primes
(1/y/(loglogx)/2) 3" -, p~Y2=Ur U being random variables uniformly
distributed on [T, 27T, logz = logT/(loglog T)'/*, follows from the mean
value theorem of Montgomery and Vaughan and the method of moments.
To complete the proof (see [14, Lemma 3 and Corallary]), they showed that
the L'-norm of log ¢(1/2 +iUr) = Y, <, p~1/27Ur g sufficiently small.

The convergence in (1.1) is also a consequence of a conjecture on the
behaviour of the moments of the Riemann zeta-function on the critical line
(see, e.g., the work of Keating and Snaith [41] and the references therein).
It asserts that

e(zf—i—z%)(loglogT)/lll /2T 121 Relog ((1/2+it)+izz Tmlog ((1/2+it) g4
T Jr

— ®y(21,22)Pa(21,22) asT — o0 (1.2)

locally uniformly for z1,z9 € C with Re(iz;) > —1 and analytic functions

®,, &, (see [45, Conjecture 9] and also [33, Conjecture 1]). This type of

1



2 1. MOD-GAUSSIAN CONVERGENCE OF A SUM OVER PRIMES

convergence was introduced in [38] where it is called mod-Gaussian conver-
gence.

A precise form of the function ®, was conjectured by Keating and Snaith
and is based on calculations in the theory of random matrices (see [41],
[45, formula (18)]). The arithmetic factor ®, can be explained, e.g., by
computing the characteristic function of >, - A(n)/(n*/?¥UT logn) (see
[83, Theorem 2], where z has to be O((logT)?~€)) or of the corresponding
stochastic model (replace {piUT }p P by an independent sequence of random

variables uniformly distributed on the unit circle, see [45, Example 4]).

In this chapter we further investigate the distribution of the sum over
primes > _, p~ /271 as ¢ varies in [T, 27 and its consequences on the dis-
tribution of values of the Riemann zeta-function on the critical line. Here,
we will restrict ourselves to the case of Imlog ((1/2 + it). Note that some
of the arguments cannot be applied to the case of Relog((1/2 + it). It
is our first aim to establish mod-Gaussian convergence if z fulfills certain
conditions. Precisely, in Section 4 we prove the following:

THEOREM 1. Let © = ¢! 8T/N and N such that N/loglogT — oo and
x— o0 as T — oco. Then

2T sin(t log p)
eu2<loglogx+v>/4% / T R G S B(u) asT oo (L3)
T

locally uniformly for uw € R. Here, v denotes Fuler’s constant and ® is the
analytic function given by

B(u) = g (1- ;)‘”2/4%(\;%), (1.4)

where Jy denotes the zeroth Bessel function (see, e.g., Section 3).

One interesting point of the result seems to be the size of x. It can be
chosen large enough to obtain Selberg’s central limit theorem with Selberg’s
explicit error term (see [68, Theorem 2] and Appendix A). Moreover, we
obtain the following improvement of (1.1):

COROLLARY 1. Assume RH. For T sufficiently large, we have

2T Im log ¢(1/2+it)
1/ OV ioss 3 gt — ¢=V/2 4 U2O(M> +0(1/logT)
T Jr loglogT

uniformly for |v| < \/log log T/ logloglog T

In Section 5 we deal with the question if the convergence in Theorem 1
can be extended to the complex plane. Assuming the Riemann hypothesis,
we prove such a result for a weighted sum over primes.

THEOREM 2. Assume RH. Let x = €°8T/N and N such that x — oo
and N/loglogT — oo as T — oo. Furthermore, let f be the function
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f(u) = (mu/2) cot(mu/2) and vy = —0.1080... be the constant defined by
[1,<.(1— f*(logp/logx)/p) = (77 /logz)(1 + o(1)). Then
2T . sin(t log o
Hestosrinp /il [7 =S SN 1 0) 0T o0
T

locally uniformly for z € C, where ® is given by (1.4).

More general sums are possible as well (see [32, Lemma 1] and [14,
Lemma 1]). For the evaluation of v; see [32, proof of Lemma 6].

The crucial step from Theorem 1 to Theorem 2 is an estimate of the
exponential moments of the above sum. For this purpose let z < T2 and
h € R. Assuming the Riemann hypothesis, we then show that there exist
constants C, C’, and C” such that

l /2T ehzngz %%\/%gn“%%)dt < C//€C|h|llzgg€+0’h2 loglogT'
T Jr -

Note that this inequality, which is almost a subgaussian bound, is valid
beyond the range which is contained in Theorem 1 and Theorem 2.

We turn to the applications of Theorem 2. As described above, The-
orem 1 can be used to obtain results in connection with the central limit
theorem. In addition, Theorem 2 yields large deviations results. Applying
the Gartner-Ellis theorem and Theorem 2, one obtains a large deviation
principle (see [22, chapter 1.2] or Appendix A for the definition of the large
deviation principle) from which we will deduce the following two Corollaries.

COROLLARY 2. Assume RH. Let Ur be random variables uniformly dis-
tributed on [T,2T]. Then the family (1/((loglogT)/2))Imlog((1/2 + iUr)
satisfies the large deviation principle with the speed 1/((loglogT)/2) and the
rate function I(h) = h%/2. For instance,

1 1
_— 1 —A{t e [T,2T] : Iml 1/2 +it) > h(loglogT)/2
Toatog 773 8 (A1t € [T, 27] : Imlog (1/2 +it) > h(loglog T)/2}))
— —h?*/2 as T — oo, (1.5)
where h > 0 and \ denotes the Lebesgue measure.

COROLLARY 3. Assume RH. Let h € R. Then

1 1 T hImlog{(1/2+1it 2

(loglogT)/210g<T/T e 1/ )dt>—>h/2 as T — oo.

Related papers which also discuss large deviations results are the work
of Radziwilt [56], who extended the range of Selberg’s central limit theorem
for Relog ¢(1/2+ it) and the work of Soundararajan [69], who proved large
deviation bounds for Relog ((1/2+it). In fact, Soundararajan [69, Corollary
A] completed the proof of Corollary 3 in the case of Relog((1/2 + it) by
proving the upper bound. The result can be stated as follows. For all

e > 0and all b > 0 we have (logT)"~¢ < [ C(1/2 + it)[*hdt <p
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(log T)h2+6. Note that the proof of the upper bound also applies to the case
of Imlog ((1/2+it) and that we apply a slightly weaker upper bound in the
proofs of Theorem 2 and Corollary 3.

Finally, I mention that Chapter 1 appeared in Math. Z., see [79].

NoTATION 1. For y > 2 and a function g : [0, 1] — [0, 1], we define

1 1
Egy(t) = ZW ( ng)

P<y logy

1 logn
%, (fogy)
Z logn n1/2+ztg logy

Tgy(t) =log((1/2 +1t) — Xy (1), and 7y (t) = log ((1/2 +it) — X7  (t).

2. Moments of a sum over primes

Section 2 is devoted to some standard mean value calculations. In doing
so, we will apply the following generalization of the mean value theorem of
Montgomery and Vaughan contained in [57, Theorem 1.4.3] (see also [73,
Lemma 3.1]). Let ay,...,ap and by,...,by be complex numbers, M > 2,

and let 7' > 0. Then
> bmm—“> dt

wh (2 ),

= > b+ 022 [ ol [ b 21)

m<M m<M m<M

where 6 depends on the various parameters but satisfies |§| < 1 and D is
the universal constant in [57, Theorem 1.4.3].

PROPOSITION 1. Let x > 2 and T > 0 be real numbers, k be a nonnega-

tive integer, and pi,...,p, be the prime numbers not exceeding x. Then
2T
(t1
/ ( s1n ogp)> "
p<z VP
! 2k k! ? —-A by 2D
= 52k _— ... A = 2% '
—22k<k> Z <)\1!.._)\n!> Pyt Py +0T n2k(2k)!
A1+t An =k
(2.2)

and |(1/T) [ (X<, sin(tlogp)/\/p)* 1 dt| < (2D/T)\/nF1(2k + 1)! with

|0| <1 and D the constant in (2.1). Furthermore, the main term in (2.2)
is bounded by ((2’6)!/22%!)(2,@ 1/p)*.
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PROOF. From sin(tlogp) = (p® — p~*)/2i, we obtain

2T
/ ( sm tlogp)> i@t
VP

p<lz
= . — —_— dt. (2.3
(m%ﬂQ)T () (Ega) v 29
For j =1,...,k the multinomial theorem yields
Z# J _ Z ]7'( —A1 . —)\n)l/2+it (2 4)
Pzt ) T Ml a1 Pn : :
p<z A+ An=j "

If we plug in (2.4) into (2.3) with k replaced by 2k, we obtain from (2.1)
that

/2T< Sm“;gp)> dt (2.5)

p<lzx

1 (2k k! 2
~m () X () e

)\1++)\n:

2k . 2 NN
02D 2k J! (2k — j)!
(O 2 i) X G
j=0 At An=j AL+ An=2k—j
with |6] < 1. Applying j!/(Ai!--- Al < g1, 5 = 0,...,2k, we bound the
absolute value of the remainder by
2k

2D 2k 9D
—_ | n2k— _ ] 2% |
92k T Z <] )\/WJ n2k=3(2k — j)! < T\ (2K)!. (2.6)

§=0

The main term in (2.2) can be bounded similarly. As in (2.5) and (2.6), we
also bound the (2k 4+ 1)th moment. Note that there is no main term in this
case. This completes the proof. O

We want to compare these mean value estimates to some random vari-
ables expectations. Therefore, let X1, Xo, ... be an i.i.d. sequence of random
variables uniformly distributed on the unit circle and let p1,...,p, be the
primes not exceeding x. Then

" Im X;\ 2 1 /2k k! 2
2(X%0) |-= () T (i) mom
= Vbpi 2%\ k _p N A

A1t An
(2.7)

and E [(X1; Im X;/,/p;)**™] = 0. To prove this, we replace sin(tlogp) by
Im X; and integration by expectation in (2.3) and (2.4) and then apply the
formula E[X -« XM X ... X, # = 1if Aj = p; forall j = 1,...,n and
=0 else.
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3. Bessel functions

The Bessel functions appear in the Fourier expansion of the function
eiz sin0,

zzsm@ Z J sz. (3‘1)

k=—o00

Explicitly the kth Bessel function Ji(z) is given by

X 1\n Py k+2n
7 =3 R 52
n=0 ’ ’

for k > 0 and given by the relation Ji(2) = (=1)¥J_p(2) for k < 0 (for
these and more facts about Bessel functions see, e.g., the book of Andrews,
Askey, and Roy [1]). This section is devoted to the following mod-Gaussian
convergence result (compare to [38, Proposition 4.1]).

PROPOSITION 2. Let X1, Xs,... be an i.i.d. sequence of random wvari-
ables uniformly distributed on the unit circle and let py,po,... be the in-
creasing sequence of all primes. Then

Tr(z) ImX

22(log10gx+fy)/4E[ Zzz VP :| — <I)(z) as r — o0 (33)

locally uniformly for z € C. Here, v denotes Euler’s constant, m(x) denotes
the number of primes not exceeding x, and ®(z) is given by (1.4).

PrOOF. By (3.1), we have
. 1 [2% . .
E[emX1] = o /0 #5040 — Jo(2). (3.4)

Applying the independence of the Xj’s, (3.4), and finally Merten’s formula
[[,<.(1 =1/p) = (e77/logx)(1 + o(1)), we obtain that the left hand side

of (3.3) is equal to
2(loglogz+)/4 T (i) (1 22/4 ( _ ,) ! (i)
e 0 + o 1 Jo .
Hol) —ereortll v
It remains to show that the above product converges to ®(z), locally uni-
formly for z € C. This follows from the fact that the product ®(z) is nor-

mally convergent (see [29, Chapter IV.1, especially Remark IV.1.7]). This
completes the proof. O

z2

Consider the random variables Im ¥, ,(—Ur), Ur being random vari-
ables uniformly distributed on [T',27]. As mentioned in the Introduction,
one can use the method of moments to deduce that, as © — oo, z = T°W),
(1/4/(loglogz)/2)Im 3 ,(—Ur) converges in distribution to a Gaussian
random variable with expectation 0 and variance 1 (see [14, Proof of The-
orem BJ). We will generalize this result by considering the cumulants of
Im¥, ,(=Ur).
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If Y is a real random variable such that E[e*"] exists and is finite for all
z € C, E[e*Y] is an analytic function and there exists a neighbourhood of
0 where log E[e*Y] = >"%°_, 1, (Y)2™/m!. The coefficients r,,(Y), m > 1,
are called the cumulants of Y. Thus, x,,(Y) is equal to the mth derivative
of log E[e*Y] evaluated at 0.

COROLLARY 4. Let = e8T/N qnd N such that z — co and N — oo
as T — oo and let Ur be random variables uniformly distributed on [T, 2T].
Then, as T — oo, ke(Im Xy »(—Ur)) — (loglog x +)/2 — c2 and for m # 2
km(Im X1 5 (=Ur)) = ¢, where the ¢y, ’s are defined by the series expansion

o0

log ®(—iz) =) 7 | cm2™/ml, for z in a neighbourhood of 0.

PROOF. By the construction of ®, there exists a real number 0 < r <1

such that for |z| < r, log ®(z) = Zpep((_22/4) log(1—1/p)+log Jo(z//P))-
Hence, by Merten’s formula,

(—22/4)(loglog = + ) + pgzzlog Jo (7};) — log ®(—iz) asz — oo (3.5)

uniformly for |z|] < r, z € C. The uniform convergence implies (see [29,
Theorem II1.1.3]), that the mth derivative of the left hand side of (3.5)
evaluated at 0 converges to ¢,;,. Hence, under the assumptions of Proposi-

tion 2, the cumulants of Z;rfl) Im X;/,/p; satisfy the convergence described

in Corollary 4, since Elexp(z zjﬁ? Im X;//pj)] = [L)<, Jo(=iz/\/p). It
remains to show that for m > 1 a

w(x)

km (Im X1 o(=Ur)) — Km ( Zl h\r;;éj
j=

To prove this, we use the fact that the cumulants can be expressed in terms
of the moments, namely k,,(Y) = Y ay,. , E[Y1M - E[Y™]* where
the sum is over all positive integers such that 1A; + 2o + -+ +mA,;,, = m,
ax, ...\, are integers, and Y is a random variable as above. If we plug in
Proposition 1 and (2.7) into this formula, (3.6) follows from multiplying out
since for k < m and z > 3 the main terms in (2.2) are O((3>_,<, 1/p)™) =
O((loglogz)™) (see [20, (5) of chapter 7]), while for & < m the remainders
in (2.2) are O(T/N)=1) which is O(T~%) for some 0 < a < 1 if T is
sufficiently large. O

) —0 as T — oo. (3.6)

4. Mod-convergence of a sum over primes

By means of Proposition 1 and (2.7), we can apply the method of mo-
ments for fixed z and obtain the following convergence

1 2T sin(t log p)
/ st [ Jo(l) as T — co.  (4.1)
TJr p<w \/15
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Another proof of (4.1) is contained in [48, Theorem 5.1]. The techniques
used therein can be applied to get Theorem 1 and Theorem 2 for the choice
r = (logT)*¢, € > 0 arbitrary. The improvement of Theorem 1 follows
from Proposition 3 combined with Proposition 2.

PROPOSITION 3. Let ¢ > 1 be a constant. Define © = €'°8T/N with
N = (dec?/4)loglog T, where ¢ > 1 is allowed to depend on T but such
that x — oo as T — oo. For T > 3, sufficiently large such that x > 2 and
N > 1, we have

1/2T juy . sn(tlogp) U N-1 2 N
1 etErse gt =T Jo(— ) + 001/ +(2¢"/logx
L TT 5 (J5) + Ot + (22 g

(4.2)
uniformly for |u] <c, u € R.

Proor oF THEOREM 1. We apply Proposition 3 with x, N as in The-
orem 1 and ¢ an arbitrary constant with ¢ > 1. Since ¢ — oo in that case,
the remainder in (4.2) is o(exp(—c?(loglog T')/4)). If we multiply in (4.2)
both sides by exp(u?(loglogz +v)/4) and then apply Proposition 2, we ob-
tain (1.3) uniformly for |u| < ¢. Since ¢ > 1 is arbitrary, this completes the
proof. O

PROOF OF PROPOSITION 3. Let N’ = | N|. From the Taylor expansion
et = ZkSQN,_l(iu)k/k!—k 0u?N' /(2N u € R, with 8] < 1, we obtain

2T . sin(t log p) - \k 2T : k
1/ e’LU Zpgz Tgpdt — Z (Zu) l / Z Sln(t logp) dt
T Jr KT /P

k<2N'—1 T N\p<w
40 u?N’ 1 /2T Z sin(tlogp) QNldt (4.3)
2N'T Jr VP '

p<z

with [#| < 1. By Proposition 1, the remainder is
0 (CW,VI - (> 1)N/ | Er@)” )
N'! 22N P T
p<z

Using the bound (N')! > (N’/e)N', elementary results in the theory of
primes, namely the formulas }  _ 1/p = loglogz + ¢1 + O(1/logz) and
7(z) < 2z/logx, and finally N’ = | N |, this is

o (ecQIOglogT>N’ N (A (x))NV _o (l)N—l_i_ ( 2¢2 )N .
4N’ T c log
Now, let X1, X5,... be an i.i.d. sequence of random variables uniformly
distributed on the unit circle. By Proposition 1 and (2.7), the moments

in (4.3) are equal to those of the stochastic model plus a remainder which
is bounded by (2D/T)+/(w(x))*k!. The resulting remainders in (4.3), k <
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2N’ — 1, add up to O((*n(x))N/T) = O((2¢*/logz)"). Hence, (4.3) is

equal to

(] e

k<2N’—1 j=1 VPj

Applying the above Taylor expansion again, we obtain

[ 5) == ]

p<z

- B E ()

k<2N'—1 j=1 j=1
with |§] < 1. The remainder already appeared in (4.3) and is O((1/¢)V~1).
This completes the proof. [l

5. Mod-convergence in the complex plane

Section 5 is devoted to the proof of Theorem 2. Here, we will apply
an explicit formula obtained by Goldston [32, Lemma 1] assuming RH. For
4<x<t? and t # 7, we have

)sin(tlogn) , (logn
Iml 1/2 t)
m log ¢(1/2 + it) glogn vn f(loga:
((t—)1 O\ oz )2
+§}m (%”A w2+ ((t —7)log)? sinhu <w%xﬁ)

(5.1)

where f(u) = (mu/2) cot(mu/2). We will also apply the following estimate
obtained by Soundararajan assuming RH. For every h € R there exist con-
stants C’, C” > 0 such that
i /2T 6h1m10g<(1/2+it)dt < C«//eC/h2 loglogT‘ (52)
T Jr -
Soundararajan [69] proved (5.2) for Relog((1/2 + it). However, by us-
ing [66, Theorem 1] instead of [69, Proposition], his arguments apply to
Imlog ((1/2 + it), too. We prove (compare to [14, Lemma 3 and Coral-

lary]):

PROPOSITION 4. Assume RH. Let4 < x < T?, f(u) = (7u/2) cot(mu/2).
For every h € R there exist constants C,C’, and C" such that

2T A(n) sin(tlogn) ,( log 1
L[ e Bt (552) gy < o 0 oo
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PROOF OF THEOREM 2. The proof mainly differs from the proof of The-
orem 1 and Proposition 3 in its estimation of the remainder term. Never-
theless, we will repeat the main steps. We assume that |z| < ¢, where ¢ > 1
is an arbitrary constant and z € C, say z = uw — th with u,h € R. Let

= |N/2]. From the Taylor expansion e?* = e+t =3~ o, (i2)*/k! +

e(|2]2N' /(2N")!) with || < 1, we obtain

1 /2T k1 2T
T/T ewImEva(_t)dt: Z (123 T/ (ImEf@(—t))kdt

E<2N'—1 T
CQN’ 1 2T hImS, (1) IN’

with |6] < 1. To continue as in the proof of Proposition 3, we use that under
the assumptions of Proposition 1 we have

;/::T(Imzf@(—t))kdt—EK(Z)II? (ii?))k]”w (m(x))Fk!

j=1
(5.4)
with |0| < 1. Moreover, if we replace k by 2k, the main term is bounded by
((2k)!/22kk!)(2p<x 1/p)*. These estimates follow as in the proof of Proposi-
tion 1 and (2.7). Applying the Cauchy-Schwarz inequality, the absolut value
of the remainder in (5.3) can be bounded by

2T 2T
2N’ / (Im X o (1)) *N'dt / e2hm¥pa (=) qt.,

For z > 2, we have |Im ¥y, (—t) —Im ¥} (—t)| < (loglogx)/2 + O(1), say
< CN for T sufficiently large. Hence, by (5.4) and Proposition 4, the above
is

o \/(4Nf)!(zp91/p>2fv’ L VAN (@)™ e ricen

(2N")! 21N (2 N)! T

for T sufficiently large. Applying (4N')!/(2*Y' (2N")!) < (2N')!, /(2N")! >
(2N'/e)N', 7(z) < 2z/logx, and N’ = | N/2], there exists a constant ¢/ > 0
(depending on ¢, C, and C’) such that this is

N/
o (¢St (e
N/ log x

Since N’/ >, 1/p and log z go to infinity, this is o(exp(—c?(loglog z)/4)).
Hence, applying (5.4) to the other terms, (5.3) is equal to

% S ] e

k<2N'—1 j=1
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uniformly for |z| < ¢. If we replace sin(tlog p) by Im X; and integration by
expectation in (5.3), we can bound the resulting remainder as above. In
doing so, we apply (5.5) instead of Proposition 4. The result is that

m(z) Im X log pj

2T .
1/ eiZIme’z(_t)dt _ E|:62ZZJ v ey f(logz >:| +O(e—c2(loglogT)/4)

uniformly for |z| < c. If we multiply both sides by exp(2?(loglogx +v)/4)
and then apply the formula

TF(I) ImX f(lngj

2(10g10gx+7f)/4E|: ZZE W log x ):| — (I)(Z) as r — o0 (55)

locally uniformly for z € C, the statement of Theorem 2 follows by the
same argument as in the proof of Theorem 1. (5.5) follows as in the proof
of Proposition 2 by using the additional fact, that

(-5 () oG (i) oo o

p<z

locally uniformly for z € C. We conclude by a brief argument why this
holds. Split the product in p < y and y < p < z. The product over
y < p < x converges locally uniformly to 1 if y — oo, while one can show
that the product over p < y, say y = logx, converges locally uniformly to
#(2), by using, e.g., f2(logp/logz) — 1 = O((loglogz)/logz) if p < log .
This completes the proof. O

PROOF OF PROPOSITION 4. From (5.1), (5.2) and the Cauchy-Schwarz
inequality, we obtain

2T A(n) bm(t log n) logn
l eh2n<z logn f(logac)dt
T Jr

2T . d
S C”/eQC,hQ log logT\/l / 62h Zﬁl Sln((t*'Y) log 33) fo w2 ((t— "/) log z)2 smﬁu dt

where C"" is a constant. The absolute value of the sum over zeros is bounded
by a constant times

oo+ ) ((tl 5 (5.6)

|(t=7) log z[<1 [(t—7) log z|>1 7v)logz)

and therefore it suffices to deal with the exponential moments of (5.6) with
h > 0. Using the Cauchy-Schwarz inequality again, we obtain

2T
/ hz\(t w)logzl<11+hzl(t Y logz[>1 ((t—~) logz)2dt

2T
\/ / 2hz\(t ) log z|<1 dt\/ / ZhZ‘(t v) log z|>1 ((t— ’y)logz)2 dt
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We start with the first term, using the following fact on the number of zeros
(see [20, (1) of Ch. 15])
Ny =210~ Ly Tyswy+ o (5.7)
“or %o 27 8 ’ ‘
)

where t # v and S(t) = (1/7)Imlog((1/2 + it). We compute (note that
h >0)

1 2T
/ hz‘(t ) log z|<1 1dt

T
/2T t*loéz)’N(t’loéz))dt

<f T Chlogt+h(s(t+loéz> s(t- kéz))dt
hll(;z:\/ /2T QhS t+log”£ dt\/ /2T _th t_logw)dt
_ O(e hlogT+4C/ h/ﬂ')Q ]OglogT) (5 8)

In the last step we used (5.2). Next, we divide the sum over |(t—7)logx| > 1
into |t —v|>T, 1< |t—~|<T,and 1/logz < |t —~v| < 1.
For ¢t € [T, 2T, we have

Y e~ smee) =)

The last step results from [20, (4) of Ch. 12]. For the second sum we use
the fact that N(t+1) — N(t) = O(1 +1log™ |t]) (see [20, (2) of Ch. 15]). For
t € [T,2T], we obtain

1
2 ((t =) log x)?

1< |t—y|<T
B K%?N(t—i—k—i—l) “N(t+R) gle(t—k)—N(t—k—l)
T = k2(log x)? — k2(log x)?

711
B log T B logT
=o( 2 g o) = togar)

Next, we consider the sum over 1/logx <y —t < 1. We have

M N(t+ 5 ) —N(t+kﬂ'*1)
1 I 1
2 (t log x)? <2 = k2 = (5.9)
1/log z<y—t<1 ((t =) log j=1 j—1
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where 1 = ko < k1 < -+ < kpy with kpr—q1 < logz < kps. By (5.7), this is
bounded by, recall t € [T, 277,

k; kj—1
% C’(k:j—kjfl)logT_F S(t+logjx) _S<t+ légaz)
st (log 9”)]‘%2'71 1%2‘71

We choose k; = 27/2 and bound the left hand side of (5.9) by

27/2 2(i—-1)/2
\/iclogT_F%S(t—}_logz)_S(t_’— logx )
log o

271
It follows that

2T
l / eh 221/ log r<y—t<1 mdt

T Jr
- 42 K(i—1)/2
o 7 () ),
T T

Using E[ehzé\ilxj/y] < Hj]\il(E[thJ’])l/Qj, which follows from repeated
application of the Cauchy-Schwarz inequality, this is

J
M o ( ( 21/) ( 20— 1)/2)) 1/2
lo 2n( S| t+ -S| t+
fchloijz—’ || (1/ e log x log x dt .

T Jr

J=1
Applying again the Cauchy-Schwarz inequality and then (5.2) (as in (5.8)),
this is

O(e fChllggg":f6160'(h/7r)21og10gT)

The same bound is true for the sum over 1/logz < t — v < 1. The claim
now follows from putting together all these estimates. ([

6. Proof of Corollary 1

Let T, ¢, ¢, z, and N be as in Proposition 3, T' > 3 sufficiently large
such that £ > 2 and N > 2. Assume further that ¢ > 4 is a constant such
that the bound (loglog T)'/2(¢'/4)~N/2 = O(1/logT) holds and that T is
so big that the bound (log T')(2¢?/log z)N/? = O(1/log T) holds, too. Then
we show that

/ eiulmlog C(1/2+it) 7y HJ0< )

p<lz

_ Z l{:\[k k( ) HJO< ) —|—u20(logloglogT)+O(1/logT)
k>p3<zdd q#p

(6.1)

uniformly for |u| < ¢, u € R. One can deduce Corollary 1 from (6.1) as fol-
lows. Replace u by v/+/(loglog T)/2 with |v] < y/loglog T/ logloglog T and
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let T be sufficiently large. Then, by (3.2), the formula Epgx 1/p =loglog z+
c1+0(1/logx), and loglog z/loglog T' = 1 + O(logloglog T'/ loglog T'), the
first term on the right hand side of (6.1) is equal to

exp (Z log Jo(v/+/p(loglog T)/2)> = V2 <1 + 020 (W))
p<z
and, by using |Ji(u)| < (|u|/2)¥/k! and |Jo(u)| < 1, u € R, the second term
is v*O(1/(loglog T')?) which is smaller than v?O(logloglog T/ loglog T).
Hence, it remains to prove (6.1). From Imlog ((1/2+it) = Im %, () +
Imry (t) and Taylor’s theorem, we obtain

1 2T 1 2T
/ eiuImlogC(l/Q—l—it)dt _ / emlmzl’z(t)dt
T Jr T Jr

1 2T A W21 27
+iu— / Im 7y o (¢)e M Ena® g 49— — / (Im 1 ,(t))2dt
T/, : 2T Jp :

with || < 1. By Proposition 3 and the above assumptions, the first term
is equal to [],., Jo(u/\/p) +O(1/logT) and by [73, Corollary of Theorem

5.1], the third term is u20O(logloglog T'). It remains to consider the second
term. We start showing that

1 2T )
/ 1m10g¢(1/2+z’t)ewlmzm<t>dt
T Jr

- k\["“ k( )HJO( >+O(1/logT) (6.2)
k:>pl<§dd Z;;

uniformly for |u| < ¢. Let N’ = [N/2]. From the Taylor expansion e’ =
ZkSQlel(iu)k/kH- ou*N' /(2N")!, u € R, with |§] < 1, we obtain that the
left hand side of (6.2) is equal to

(iu)k 1 2T ‘ .
> T, Imlog ¢(1/2 + it)(Im £y . (¢))"dt
k<2N’'—1 ’
2N’ 2T
c 1 . o
+9(2N’)'T/T |Imlog ¢(1/2 +it)|(Im 51, (t))* dt  (6.3)

with |#] < 1. Applying the Cauchy-Schwarz inequality, the estimates in the
proof of Proposition 3, and [67, Theorem 3], i.e. (1/T) T (Imlog ¢(1/2 +
it))%dt = (loglogT)/2+O(1), the remainder is O((log log T)l/Q(( ' /4)~N/2 4
(2¢2/log z)N/?) = O(1/1logT). The remaining moments can be computed
by using the following lemma which is a modification of [66, Lemma 5] and
[32, equation (6.3)] and serves as a substitute for the mean value theorem
of Montgomery and Vaughan in Section 2.
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LEMMA 1. Assume RH. Let k,h < T be two positive integers with
(k,h) =1. Then

2T kit TA(k) B
/T logC(l/Q—i-zt)(E) dt_m+0(\/ﬁlogT), h=1

O(VkhlogT), h #1,
/QTImlogC(l/Q—i—it)(k)itdt— ZITAK) L o(VRRIosT), h=1 (6.4)
T

h 2\/ logk
= hlogT), k=1
" 2Vhlogh log FO(VkhlogT),
O(VkhlogT), h,k # 1.
Denote by p1,p2,...,p, the prime numbers not exceeding x, and let
X1, Xs,... be an i.i.d. sequence of random variables uniformly distributed

on the unit circle. Furthermore, let k,h < T be positive integers with
k/h = pfk1 ---pFn. Then (6.4) can be written as

1 T '
= / T log C(1/2 4+ it) (p 1 - - prbn )it (6.5)
T

n
1
:E[— Zlmlog(l — X, /P X Xﬁ”] + O(T\/pllkl‘ o pltn |logT)
i=1

Expanding (Im ¥ ,(¢))* as in (2.3) and (2.4), we deduce from (6.5) that

1 2T
o / Imlog ¢(1/2 + it)(Im Xy . (¢))*dt
T

EK Zizmlogl— MVE)(Z::IHIX)}
o5 % (), 5w, T )

1=0 A1t +)\n_l A A=k —1

The remainder is O((log T)n*/T) and the resulting remainders in (6.3), k <
2N’ — 1, add up to O((logT)(2¢c/logz)N) = O(1/logT). Hence, (6.3) is
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equal to
(iu)* - " Tm X k
> 1 E Tm log(1—X;/\/p;) 4 +0(1/1ogT)
E<2N’'—1 ’ j=1 j=1 \/lTJ
n S Iij
:E[(ZImlog(lXﬂ@))e 2=t Pa‘]
j=1
2N’ " " ImX;\ Y
—|—9(2N/)'EU Imlog(1 - X;/\/pj) ‘(Z \/1)7]> }—i—O(l/logT).
' j=1 j=1

(6.6)

The last equality follows from applying Taylor’s theorem as in (6.3). If one
treats the first remainder in the last row as the corresponding one in (6.3),
using E[(Z;rfl) Imlog(1 — X;/\/pj))*] = (loglogx)/2 4+ O(1) this time, one
can show that it is also O(1/logT). By plugging in (3.1) and expanding the
logarithm, we obtain that (6.6) is equal to

Z HJO +0(1/1logT)
SREVELS, PIES

k>1 odd q »
which completes the proof of (6.2). The last step in the proof of (6.1) is to

show that

1 T ,
T/ Im¥; ,(t)e™ Im 22 (0) g
T

ImX

:EKihﬁ\/g)ewzﬁ ! \F] +0(1/10gT)
J

- Zf 1(\[) HJO(%) +0(1/1ogT)

p<x q<z

q#p
uniformly for |u| < c. The first equality follows as above or as in the proof of
Proposition 1, the second equality again by plugging in (3.1). This completes
the proof. O

7. Proof of Corollary 2 and 3

Proor or COROLLARY 2. Let £ > 2 be as in Theorem 2 with the ad-
ditional property that N/loglogT = O(loglogT). By Theorem 2 and the
fact that loglogT/loglogx — 1 in this case, we obtain for each h € R

2T
1/ ehlmzf”“(t)dt> —h?/2 asT —oco. (7.1)
T

—1

(loglogT)/2 ©8 <T
By Theorem 16, we obtain that the family (1/((loglogT)/2))Im X, (Ur)
satisfies the large deviation principle with the speed 1/((loglogT')/2) and
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the rate function I(h) = h?/2. Next, consider Imr;,(Ur). We will show
that there exists a constant C' > 0 (the constant in (7.4)) such that for each
>0

(1/T)AN{t € [T,2T] : |Imrs,(t)| > CologlogT})
< e—(l—o(l))(éloglogT) log(éloglogT). (72)

We postpone the proof of (7.2) to the end of this section. From (7.2) we
deduce that for each § > 0

log GA({t € [T,27) : |Tmrpa(t)] > 6loglogT})>
< —2(5/C)(1 — o(1))(loglog log T + log(5/C)).

1
(loglogT)/2

AsT — oo, the right hand side goes to —oo. Hence, by Definition 3, the fam-
ilies (1/((loglogT")/2)) Imlog ((1/2 + iUr) and (1/((loglogT)/2))%.(Ur)
are exponentially equivalent. To obtain the statement of the theorem, we
finally apply [22, Theorem 4.2.13], which states that if two families of ran-
dom variables are exponentially equivalent, and one of them satisfies the
large deviation principle with good rate function I, then the same large
deviation principle holds for the other family.

It remains to show (7.2). Therefore, let V = dloglogT and decompose

Imry, = Im(r;Tl/V + (E;Tuv =, rv) + (B, v — Bgz) + Bg-ra)-

If [ Imrg ()] > CV, there exists a summand on the right hand side whose
absolute value is greater or equal to CV /4. Applying the union bound, we
obtain

(1/T)A({t € [T,2T) : |Tmrp4(t)] > CV}
<(UT)At € [1,27) : [Tmr? 10 (1)] = CV/4})
+ (UYT)A{t € [T.2T) [T S}y (1) — IS, gy (1)] > CV/4})
+ (UT)A({t € [T.2T] : |Tm S, guv (1) — Im Sy 4(£)] > CV/4})
+ (1/DIA{t € [T,27] : |Tm S,y (£)] > CV/4}). (7.3)

If we choose Selberg’s function g(u) = e 2*min(1,2(1 — u)), we can ap-
ply [66, Theorem 1], which says that, assuming RH, there exists constants
C,C" > 0 such that for 2 <y < t? and t > 2,

c’ A(n) logn C logt
. — . 4
logy % n1/2+ltg<logy + 16 log y (74)

| Im r;y(t)] <
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If we choose y = TV and t € [T, 2T, T > 2, we have (C/16)(logt/logy) <
CV/8. For T > 2, sufficiently large such that 2 < TYV < T2, we obtain

(/TN € [T,2T] : [Im7) 1 ()] 2 CV/43)

1 C’ A(n) logn
: T/\<{t e 121 log TH/V <T1/V ”1/2+itg<10gT1/V =CV/Ey ).

Now, we can apply Markov’s inequality and (0.11) to bound the last term
by
8¢\ oy v Vy _ —(1—o(1))VIogV
<CV> 3 (2(AV)Y +0(1)") =e )
Similarly, by using the other bounds in Appendix A, we can bound the three
other terms in (7.3) by exp(—(1 —o(1))V log V). Hence, (7.2) follows. This
completes the proof. O

PrOOF OF COROLLARY 3. The asserted formula is exactly content of
Varadhan’s integral lemma (see Theorem 17). The assumptions of the the-
orem are satisfied by Corollary 2 and Equation (5.2). O



CHAPTER 2

A theory of nonparametric regression in the
presence of complex nuisance components

1. Introduction

In this chapter, we consider the nonparametric random regression model

Y = fi(X1) + folXa) +e. (L1)

We study the problem of estimating the function f;, while the function fs is
regarded as a nuisance parameter. We are interested in settings where the
second term fo(X2) is much more complex than the first term f;(X;). A
particular model of interest is the additive model

q—1

Y = filX1) + ) foj(Xaj) +e (1.2)

=1

in which the nuisance components fs; are considerably less smooth than f;
or in which the number of components ¢ is very large, for instance in the
sense that ¢ is allowed to increase with the sample size n. The estimation
problem is similar to the one arising in semiparametric models where the
aim is to estimate a finite-dimensional parameter in the presence of a (more
complex) infinite-dimensional parameter.

Estimation in nonparametric additive models is a well-studied topic,
especially when considering the problem of estimating all components in
the case that ¢ is fixed. One of the seminal theoretical papers is by Stone
[70], who showed that each component can be estimated with the rate of
convergence corresponding to the situation in which the other components
are known. Since then, many estimation procedures have been proposed,
many of them consisting of several steps. In the work by Linton [50] and
Fan, Hérdle, and Mammen [26], it is shown that there exist estimators of
single components which have the same asymptotic bias and variance as the
corresponding oracle estimators for which the other components are known.

Probably the most popular estimation procedures are the backfitting
procedures, which are empirical versions of the orthogonal projection onto
the subspace of additive functions in a Hilbert space setting (see, e.g., the
book by Hastie and Tibshirani [35] and the references therein). This orthog-
onal projection was studied, e.g., by Breiman and Friedman [15] (see also
the book by Bickel, Klaassen, Ritov, and Wellner [8, Appendix A.4]). They

19
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showed that, under certain conditions including compactness of certain con-
ditional expectation operators, it can be computed by an iterative procedure
using only bivariate conditional expectation operators. Replacing these con-
ditional expectation operators by empirical versions leads to the backfitting
procedures. Opsomer and Ruppert [55] and Opsomer [54] computed the as-
ymptotic bias and variance of estimators based on the backfitting procedure
in the case where the conditional expectation operators are estimated using
local polynomial regression. Mammen, Linton, and Nielsen [51] introduced
the smooth backfitting procedure and showed that their estimators of single
components achieve the same asymptotic bias and variance as oracle estima-
tors for which the other components are known. Concerning the distribution
of the covariates, they make some high-level assumptions which are satisfied
under some boundedness conditions on the one- and two-dimensional densi-
ties. This is still more than is required in the Hilbert space setting (see [15]).
In the work by Horowitz, Klemeld, and Mammen [36], a general two-step
procedure was proposed in which a preliminary undersmoothed estimator
is based on the smooth backfitting procedure of [51]. They also showed
that there are estimators which are asymptotically efficient (i.e., achieve the
asymptotic minimax risk) with the same constant as in the case with only
one component. In addition to the assumptions coming from the results in
[51], they require a Lipschitz condition for all components.

The problem of estimating fi in cases in which f2(X2) is more com-
plex than fi(X1) is also considered in the work by Efromovich [24] and
Muro and van de Geer [75]. In [24], an estimator of f; is constructed
which is both adaptive to the unknown smoothness and asymptotically ef-
ficient with the same constant as in the case with only one component.
The assumptions include smoothness and boundedness conditions on the
full-dimensional density of (X7, X3). The construction of the estimator is
involved and starts with a blockwise-shrinkage oracle estimator. In [75], a
penalized least squares estimator is analyzed in cases where the function
f1 is smoother than the function fo. Under certain assumptions including
smoothness conditions on the design densities, it is shown that for both com-
ponents, the estimator attains the rate of convergence corresponding to the
situation in which the other component is known; i.e., no undersmoothing
of the function f, is needed to estimate the function f;.

The previously discussed literature on additive models focuses on the
asymptotic behavior of estimators as the number of observations n goes to
infinity in the case that ¢ is fixed. Note that one of our purposes is to
generalize several results to the case that ¢ increases with n.

More recently, high-dimensional sparse additive models have been stud-
ied, e.g., in the work by Meier, van de Geer, and Biihlmann [53], Huang,
Horowitz, and Wei [37], Koltchinskii and Yuan [44], Raskutti, Wainwright,
and Yu [58], Suzuki and Sugiyama [71], and Dalalyan, Ingster, and Tsy-
bakov [19]. These papers consider the case that the number of covariates
g is much larger than the sample size n. The focus is on the problem
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of estimating all components under sparsity constraints. In [19], e.g., the
authors construct an estimator achieving optimal minimax rates of conver-
gence. These rates of convergence depend on g and also on the smallest
degree of smoothness of the fy;. Hence, they may only lead to crude bounds
for the rates of convergence of estimators of fi. Let us mention that in this
chapter, we do not consider a sparsity scenario. We are interested in cases
in which the number of components g is very large, but smaller than n.

In this chapter, we consider model (1.1) in the case that the functions f;
and f2 belong to closed subspaces Hy and Hj of {g1 € L2(PX1) : E[g1(X1)] =
0} and L2(PX2), respectively. We propose an estimator of f; which is based
on the composition of two least squares criteria. Our main contribution is to
derive several nonasymptotic risk bounds which show that the performance
of our estimators is closely related to geometric quantities of H; and Ho,
such as minimal angles and Hilbert-Schmidt norms. These risk bounds lead
to minimal conditions under which the function f; can be estimated (up to
first order) just as well as in the model Y = f1(X1) + e. Our analysis is
based on geometric considerations in Hilbert spaces, and relies on the theory
of projections on sumspaces in Hilbert spaces (see, e.g., [8, Appendix A.4]).
Moreover, we apply recent concentration inequalities for structured random
matrices (see, e.g., the work by Rauhut [59]) in order to show that several
geometric properties in the Hilbert space setting carry over to the finite
sample setting with high probability. As a main example we apply our results
to the additive model (1.2) which corresponds to the case that Hy has an
additive structure. Using our results, we establish new conditions on ¢ and
on the smoothness of the nuisance components under which our estimator
of f attains the same (nonasymptotic) optimal rate of convergence as the
corresponding least squares estimator in the model Y = f1(X1)+e¢€. We also
address the question of when the corresponding constants coincide.

2. The framework

2.1. The model. Let (Y, X1, X2) be a triple of random variables satis-
fying (1.1), where X; and X, take values in some measurable spaces (S1, B1)
and (S3,Bs), respectively, € is a real valued random variable such that
E [e|X] = 0 and E [¢*|X] = 02, and the unknown regression functions satisfy
the following assumption:

ASSUMPTION 1. Suppose that fi € Hy, where
Hi C {g1 € L*(PX!) : E[g1(X1)] = 0}

is a closed subspace, and that fo € Hy, where Hy C L?*(PX2) is a closed
subspace.

Structural assumptions on f; and fo (see, e.g., Section 4 where we
also consider the additive model) should be incorporated into the model
by making assumptions on H; and Hy. From the above, we have that
X = (X1, Xy) is a random variable taking values in (S7 x Sz, B; ® B2) (note
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that in Section 4.3, we consider the example S = [0,1], Sy = [0,1]971, and
S x Sy = [0,1]%, where all spaces are equipped with the Borel o-algebra).
Moreover, we have that the spaces L?(P*X1) and L?(PX?) are (in a canonical
way) subspaces of LQ(IP’X ), which implies that H; and Hs are also closed
subspaces of L2(P¥). Finally, we denote by f the whole regression function
given by f = fi1 + fo. We assume that we observe n independent copies

Yt xh,. ..,y Xxm

of (Y,X), where X' = (Xi,X%), 1 < i < n. Based on this sample, we
consider the problem of estimating the function fi.

2.2. The main assumption. Our approach relies strongly on the fact
that the space L?(PX) is a Hilbert space with the inner product (g, h) =
E[g(X)h(X)] and the corresponding norm ||g|| = 1/(g, g) (see, e.g., [23, The-
orem 5.2.1]). In order to state our main assumption, we give the following
general definition of a minimal angle in Hilbert spaces (see [40, Definition
1] and the references therein).

DEFINITION 1. Let H; and Hs be two closed subspaces of a Hilbert
space H with inner product (-,-) and norm || -||. The minimal angle between
H1 and Hs is the number 0 < 79 < 7/2 whose cosine is given by

(h1, ha)
Al 2]

ASSUMPTION 2. Suppose that the cosine of the minimal angle between
Hy and Hy is strictly less than 1, i.e.,

PO(HI, HQ) < 1.

poZpo('Hl,HQ):Sllp{ 0#h1€7‘l1,07&h2€7{2}.

The next lemma states two equivalent formulations of Assumption 2.
Since we will also apply it to the finite sample setting in later sections, we
again give a general statement.

LEMMA 2. Let Hq and Ho be two closed subspaces of a Hilbert space H
with inner product (-,-) and norm || - ||. Let 0 < o < 1 be a constant. Then
the following assertions are equivalent:

(i) For all 0 # hy € H1,0 # hy € Ha we have

[(h1, ha)| 0
A lll[h2ll =

(ii) For all hy € Hy,ho € Ha we have
1By + ha|* > (1 = o) (|hal® + [|h2]|?).-
(iii) For all hy € H1,ha € Ha we have
Iha + hol* > (1 = &) ||

A proof of Lemma 2 is given in Appendix B.
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2.3. The estimation procedure. Let V; C H; and Vo, C Hy be di-
and ds-dimensional linear subspaces, respectively, and let W7 C Vi be a
linear subspace. Let V = V; + V5 and d = di + do. By Assumption 2, we
have V1 NV, = {0}, which implies that d is equal to the dimension of V' and
that each g € V' can be decomposed uniquely as ¢ = g1 + g2 with g1 € 1}
and go € V. We will make only one assumption on V which relates the
oo-norm with the 2-norm, and which will be needed to apply concentration
of measure inequalities (compare to, e.g., [11, Section 3.1.1] and [5, Section
1.1]).

ASSUMPTION 3. Suppose that there is a real number ¢ > 1 such that

lglle < @Vallg| (2.1)
forallge V.

REMARK 1. In view of Assumption 2, Equation (2.1) is satisfied if there
are real numbers ¢; > 1 such that [|g;llec < ¢j+/djllg;| for all g; € Vj,
j =1,2. Indeed, applying the Cauchy-Schwarz inequality and Lemma 2, we
have

w1V 2
g1 + g2lloc < w1V d1llg1]l + w2V d2l|lg2l| £ === V/d1 + d2| g1 + g2]|-
VI—r0

The construction of our estimator is based on two least squares criteria.
First, let fv be the least squares estimator on the model V' which is given
(not uniquely) by

1 n
fy =argmin = > (Y' - g(X7)). (2.2)

geV n 4
i=1

By the definition of V, we have fy = (fy')1 + (fv')2 with (fy)1 € Vi and
(fv)2 € Va. Next, by applying a second least squares criterion, we define
the estimator f; by

n

fi =arg min = S (A (XD) — g1 (XD)2. (2.3)

GEWL N 4
i=1

We will also consider the special case Wy = V4, in which we have f; = ( fv)1-
This means that the second least squares criterion can be dropped. However,
we will see that choosing V; as a preliminary space of larger dimension leads
to a smaller bias (it lowers the dependence on pg). Finally, since we want
to establish risk bounds, it is convenient to eliminate very large values.
Therefore, we define our final estimator fl* by

fi=fiif || fillso < kn and ff = 0 otherwise, (2.4)

where k,, is a real number to be chosen later (compare to the work by Baraud
[5, Eq. (3)]). Finally, note that the estimator is not feasible since the distri-
bution of X is not known and therefore the condition E [g1(X1)] = 0 cannot
be checked. However, one can replace this condition by (1/n) Y"1 | g1(X?) =
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0. In Appendix B, we show how our results carry over to these modified
estimators. A

In our analysis of f{, one important step is to carry over the geometric
properties valid in the Hilbert space setting to the finite sample setting. For
this, the following event

& ={(1=8)lgl* <llgllz < (1 +3)lg|* forallge V},

0 < ¢ < 1, will play the key role. Here, || - ||,, denotes the empirical norm
(see, e.g., Section 5.1). A first observation is that, under Assumptions 1
and 2, the estimator fl* is unique on the event &. This can be seen as
follows. If & holds, then |- || and || - ||, are equivalent norms on V', which in
turn implies that each g € V is uniquely determined by (g(X1),..., g(X™))7.
Hence, the solutions of the least squares criteria in (2.2) and (2.3) are unique
(since the solutions are unique when restricted to vectors in R™ evaluated

at the observations). Moreover, by Assumption 2, the decomposition fv =

(fv)1+ (fv)2 is unique.

In addition, we also obtain a simple representation of our estimator.
Therefore, let fIv be the orthogonal projection from R™ to the subspace
{(g(XY),...,g(X")T|g € V}, and let Iy, be defined analogously. If &
holds, then we have

(D), X)) = T (v Y,

where IIyY = (IIy'Y); + (IT'Y)s is the unique decomposition of the least
squares estimator on the model V', considered as a vector in R", with

(IvY); € {(g;(X}), ..., 9:(X™M)T|g; € V;}.
3. Main results

3.1. A first risk bound. In this section, we present a nonasymptotic
risk bound in the case W; = Vj, which will be further improved (under
additional assumptions) in later sections. We denote by Ily (resp. Ily,,
Iy,, and Iy, ) the orthogonal projection from L?(PX) to the subspace V
(resp. Vi, Vo, and W7h).

THEOREM 3. Let Assumption 1, 2, and 3 be satisfied. Let 0 < § < 1 be
a real number. Let W1 = Vi. Then

E[Ify - fi1P]
2 2 1:
< (11:55)31_1[% <<1 + 80nd> If — Ty £ + W) + R,
with
R, =
21+ 8)*d|| AP f — v, fII* + o)
(1=6)%(1 — pg)k}

2
#2110+ b Pdexp (250 ).
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where K s the universal constant in Theorem 9.

Before we discuss the two main terms, let us give conditions under which
the remainder term R,, is small. Suppose that for some real number ¢ > 0,
we have
co’n
logn’
and let k2 = || f1]|*>n"*/(¢) (this is a theoretical choice of k, leading to a
simple upper bound for R,, many other choices are possible, too). Then
one can show that

12¢(1 + 6)62
(1—6)%(1—pj)
Letting, e.g., 6 = 1/logn and ¢ = 1/logn, we obtain the following corollary
of Theorem 3.

p?d <

fin = (Il + 12 = Ty, o2 + 0%) 541,

COROLLARY 5. Let Assumption 1, 2, and 8 be satisfied. Suppose that

9 n
d< ———. 3.1
va= (logn)* (3.1)
Then there is a universal constant C > 0 such that
E{If - 117
1

2 .
ad;m%) (1+C/logn)

< — Iy, f1]?
< = (15 -l +

_l’_

> ((ogn) 1 f2 = T ol + 1|05 0741
1—p5

The first two terms on the right hand side are (up to the factor (1—p3)~1)
equal to the bias term and the variance term of the same estimator with
Vo = 0 in the model Y = f1(X;) + €. The third term is the approximation
error of the function fy with respect to the space V5. It decreases if Vs is
chosen larger. Moreover, the choice of V5 does not effect any of the other
terms, the only restriction is given by (3.1). The question arising now is as
follows: Is it possible to choose a space Va subject to the constraint (3.1)
such that (1 — pg)~L(logn)| fo — Iy, f2||? is negligible with respect to the
first two terms.

3.2. A refined risk bound. In this section, we improve Theorem 3
such that the factor (1 — p2)~! only appears in remainder terms. Since the
refined upper bound for the variance term will also contain a Hilbert-Schmidt
norm, we give the following general definition (see, e.g., [81]).

DEFINITION 2. Let Hi and Hs be Hilbert spaces. A bounded linear
operator T : H1 — Hs is called Hilbert-Schmidt if for some orthonormal

basis {14 }aer of Hi,
> 1 T¢1a]* < 0. (3.2)

acl
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This sum is independent of the choice of the orthonormal basis (see [81,
Satz 3.18]). The square root of this sum is called the Hilbert-Schmidt norm
of T, denoted by ||T||is-

Let Iy, be the orthogonal projection from L?(PX) to Vs, and let Ty, |,
be the restriction of Ily, to Wi. Then Ily, |w, is a Hilbert-Schmidt operator,
since W7 is finite-dimensional. We prove:

THEOREM 4. Let Assumption 1, 2, and 3 be satisfied. Let 0 < § < 1 be
a real number. Then

E[If - 117

1 o%dimW; 146 1 2¢%d
S(Hfl_HW1f1H2+1_6 n )(1+(1_5)31_p2 n >
0

1+9 6
+(1 5212 (||f1 Iy, A1ll? + || fo — v fol?)

1+6 1 02|\Hv2|w1|ﬁqs
(1-0)*1—pj n

where R, is given in Theorem 3.

+ Ry, (3.3)

In order to state a corollary of Theorem 4 similar to Corollary 5, we have
to discuss the quantity [Ty, |w, HES If {¢1k}1<k<dimw, is an orthonormal
basis of W7, then it can be bounded as follows:

dim W dim W

I R Y 2 <3 Rllowl = o2 dim W 4

ITvs, [w [ = Z [Ty, 1™ < Z Polloikll” = po dimWa,  (3.4)
k=1 k=1

where the inequality can be shown as in (5.7). Using this bound, we get a
variance term which coincides (up to first order) with the one in Theorem 3.
However, (3.4) can be considerably improved under certain Hilbert-Schmidt
Assumptions. In particular, we will derive upper bounds which are dimen-
sion free. The first assumption is as follows:

ASSUMPTION 4. Suppose that there are measures v1 and vo on By and
Bo, respectively, such that X has the density p with respect to the product
measure V1 ® va. Let p1 and py be the marginal densities of X1 and Xo with
respect to the measures vy and vs, respectively. Suppose that

1K 775 = /52 /81 (p (@1, 22) >2Pl(xl)m(@)dm(xl)de(@)

1 xl pz 552)

p(z1,x
/ / 1 T2) dl/l(xl)dyg(:zg) < 00.
Sa J 81 pl x1 P2 962)

If Assumption 4 is satisfied, then we can define the integral operator
K : L2(PX1) — L2(PX2) by

(Koo = [ e (m)mm (a1 )don (1)
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which is the orthogonal projection from L?(PX) to L?(PX2) restricted to

L?(PX1). Applying [81, Satz 3.19], we obtain that K is a Hilbert-Schmidt

operator with Hilbert-Schmidt norm || K ||is. We conclude that
ML, [ [l s < 1K mrs-

Next, we present a more sophisticated upper bound, by using the spaces
Hy and Hy instead of L?(PX1) and L?(PX2). Let IIy, be the orthogonal
projection from L?(PX) to Hy, and let IIx,|q, be the restriction of g, to
H,.

ASSUMPTION 5 (Weaker form of Assumption 4). Suppose that I, |m,
is a Hilbert-Schmidt operator.

If Assumption 5 is satisfied, then

”HV2|W1”HS < ||HH2’H1||HS’

Letting now § = 1/logn and ¢ = 1/logn as in Corollary 5, we obtain the
following corollary of Theorem 4.

COROLLARY 6. Let Assumption 1, 2, 8, and 4 be satisfied. Suppose that

2 n
d< ——.
7%= (logn)?

Then there is a universal constant C' > 0 such that

E [l - £i1?]

< (Hﬁ —Tw, f1] +

2 .
g dI;Ln WI) (1+C'/logn)

o? | K|z LA
+C (Hfl — Iy, fil* + [ f2 = Ty, fo* + - HE o Elogn—1 |’
where C' = C/(1—p3). Moreover, if Assumption 5 holds instead of Assump-
tion 4, then the above inequality holds if || K ||% is replaced by || TLp, | a, H%{S
Finally, if Assumption 5 and 4 are not satisfied, then the above inequality
holds if || K||%g is replaced by pg dim W7.

Now the first two terms in the brackets on the right hand side are equal
to the bias term and the variance term of the same estimator with Vo = 0
in the model Y = f1(X1) + €. As in Corollary 5, we see that the choices of
V1 and V5 do not effect any of the other terms, the only restriction is given
by (3.1).

Finally, we give an alternative representation of the Hilbert-Schmidt
norm ||IIg,|H, || g using the operator Iy, I, Iy, (which we consider as
a map from H; to Hy). To simplify the exposition, we suppose that H;
is separable, which implies that each orthonormal basis of H; is countable
(see, e.g., [60, Chapter II]). From Assumption 5, it follows that Iz, Iz, g,
is compact (see, e.g., [49, Chapter 30.8]). Since it is also symmetric and
positive, the spectral theorem (see, e.g., [49, Theorem 3 in Chapter 28])
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implies that there is an orthonormal basis for Hy consisting of eigenvectors
of I Iy, I1y,. These all have non-negative eigenvalues. We arrange the
positive eigenvalues of Iy 11y, Iy, in decreasing order: a3 > ag--- > 0.
We now have:

LEMMA 3. Under the above assumptions, we have

2
Po =1

and

2
M, 3 = tr (Mg Mg Mg, ) = > ey
E>1

PRrROOF. We only prove the second equality. Let {¢1x}r>1 be an or-
thonormal basis for Hy consisting of eigenvectors of Iy, I, I1g,. Then

eyl s = > M e duell® = (Man M, Iy, s d1x)° = > o

k>1 E>1 k>1
O

EXAMPLE 1. Consider the case that X = (X, X») is a bivariate Gauss-
ian random variable such that E[X;] = E[X5] = 0, E[X?] = E[X2] = 1, and
E[X1Xs] = p.

First, suppose that H; and Hs are the spaces of linear centered functions,
ie, H ={g1: q1(z1) = a-x1,a € R} and Hy = {g2 : g2(x2) = a-z2,a € R}.
Then it is easy to see that

po = |p|
and
(RPAPN R

Second, suppose that H; = {g1 € L*(P*!) : E[g1(X1)] = 0} and
Hy = L%(PX2). Then it follows from [46] that Iz, 1,11y, has eigenvalues
{p%, p*,...}. Hence, the above lemma implies that

po = |p|

and

s 2
2 2k p
HHH2|H1HHS:ZP = 1 27
k=1 —r
which is an improvement over (3.4) if dim W is large.

3.3. Regularity conditions on the design densities. In this sec-
tion, we present two improvements of Theorem 4 which are possible under
Assumption 4 and additional regularity conditions on the design densities.
In particular, we show that the dependence of the bias term on the function
f2 can decrease considerably.

By Assumption 4 and Fubini’s theorem, we have

p(l‘l, )

2 mXa
p1(z1)p2(-) € LA(E™) (3:5)
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for PX1-almost all 1. Thus we can make the following assumption. Suppose
that there is a real number 1(V3) and a function hy; € L?(PX1) such that

< hi(z1)y(Va) (3.6)

H(l — Iy, pe1, )
L2(PX2)

? p1(x1)p2()

for PX1-almost all 1. In analogy, we let ¢(V52) be a real number such that
1f2 =y, fa| < &(V2). We prove:

THEOREM 5. Let Assumption 1, 2, 3, and 4 be satisfied. Let 0 < § < 1
be a real number. Suppose that (3.6) is satisfied. Moreover, suppose that
l911lo0 < ©V/di||g1]| for all g1 € Vi, where ¢ is the constant from Assumption
3. Then (3.3) holds when

1+5 6
A=021-p2 (I1fr = M Aull? + 1 f2 = v, fo1?)

s replaced by

1+4)% 12
214—_5341—% <||f1 — Iy, f1]|* +

121 |? (6(V2)sb(V2))?

1- 3

L LalPIfe = T o5 (0 (V2)? | (6(V2))” ¢2d1>
2 2 :
n 1—p5 1—p§ n

Theorem 5 shows that the regularity conditions on p/(p1p2) and fa have
similar effects, which can be seen from second term. In contrast to Theorems
3 and 4, Theorem 5 shows that the estimator f; can also behave well when
fo is considerably less regular than f;. For instance, if we apply Theorem
5 to an asymptotic scenario, then, under suitable conditions on 1 (V2), the
regularity conditions on fy can be (almost) reduced to ¢(V2) — 0 (see, e.g.,
Corollary 10).

For fixed 1, let the function r(z1,-) be the orthogonal projection of
p(z1,-)/(p1(x1)p2(+)) on Ha. By (3.5), r(x1,-) is defined for PXi-almost all
x1. Thus we can consider the following weaker version of (3.6). Suppose
that there exists a real number 911(V2) and a function hy € L2(PX!) such
that

11 = Iy, )7 (21, ) p2pxey < ha(z)¥n(Va) (3.7)

for PX1-almost all 1. If (3.7) holds, then we obtain the following theorem.
Note that, compared to Theorem 5, the last term is not always negligible.

THEOREM 6. Let Assumption 1, 2, 8, and 4 be satisfied. Let 0 < 6 < 1
be a real number. Suppose that (3.7) is satisfied. Then Theorem 4 also holds
when the term

146 6

ml _ p(Q) (Hfl - HV1f1H2 + HfQ - HV2f2H2)
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is replaced by

146 6 20°d
e (I - (14 229)

(1—9)
WHH (V2)¢H(V2))2 . (¢(V2))? 2902d>
1—pj 1—-p2 n '

4. Applications

4.1. The two-dimensional case. In this section, we want to discuss
Theorem 3 and 4 in the case that X; and X5 take values in R and that
Assumptions 1 and 2 are satisfied with

Hy = {g1 € L*(P*)[E [91(X1)] = 0}

and
Hy = L*(PX2).

The main remaining issue is to bound the approximation errors. This is
possible if the f; belong to certain nonparametric classes of functions and
if the V; are chosen appropriately. Here, we shall restrict our attention
to (periodic) Sobolev smoothness and spaces of trigonometric polynomials.
Note that we will also consider Hélder smoothness and spaces of piecewise
polynomials in Section 4.4 and 4.5. Recall that the trigonometric basis is
given by ¢o(x) = 1, ¢r(x) = V2cos(2mkx) and ¢_i(z) = 2sin(27kz),
k > 1, where x € [0, 1].

ASSUMPTION 6. Suppose that the X; take values in [0,1] and have den-
sities px, with respect to the Lebesgue measure on [0, 1], which satisfy ¢ <
px; < 1/c for some constant ¢ > 0. Moreover, suppose that the f; belong to
the Sobolev classes

W (o, K {Zﬁkqﬁk xj) - Z|k‘]2o‘j9i§Kf},
keZ keZ

where a; > 0 and K; > 0 (see, e.g., [74, Definition 1.12]).

For j = 1,2, let V; be the intersection of H; with the linear span of the
¢k (in the variable x;) such that |k| < m;, and let W; be the intersection of
H, with the linear span of the ¢y (in the variable z1) such that |k| < myy,.
Note that we have d; = 2my and d2 = 2mo + 1. Using the definition of the
W;(aj, K;), we have for all h; € W;(ay, K;) N Hj,

[ = Ty, yl|* < (1/¢) K3 (1 +my) =%
and thus )
lh; — Ty, hyl|* < CEGd; ™, (4.1)

where C; = 22% /c. The same bound holds if Vi and d; are replaced by
Wi and dim W;. Moreover, by applying the Cauchy-Schwarz inequality,

we have [|gjllcc < \/1/cy/2m; + 1| g;|| for all g; € V;, which implies that
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l9jllscv/2/c\/djllg;|| for all g; € V;. By Remark 1, this implies that As-
sumption 3 is satisfied with

2
R e — 4.2
e 2
We now choose d; and dy as the smallest possible integer satisfying
n
di > ——-——, 4.3
7 492loghn (4.3)

and we choose dim Wj (up to constant) equal to

1
K%n 2a1+1
o2 '

If n is large enough, then these choices imply that (3.1) of Corollary 5 is
satisfied. Applying (4.1) and (4.3), we obtain that

—2a2
Iy, fol|? < CyK2 (") ,
| f2 = Iy, fa|” < C2 K5 107 log"
where the last expression is o(n~(@1/Ca1+D)Y if 0y > oy /(201 4 1). Finally,
note that | f1||*> < E[(f1(X1) — 60)?] < K?/e. From Corollary 6, we now
obtain the following asymptotic result when the sample size n tends to
infinity:

COROLLARY 7. Let Assumption 2 and 6 be satisfied. Suppose that
ag > a1/(20q + 1). (4.4)
Then

201 N _day 2
limsup  sup  E [n2H | f; — fi|?| < CoZarT K[ (4.5)
nO fieW(ay,K;)
where C' is a constant depending only on a1, ¢, and pg. If, in addition,
Assumption 5 holds, then the dependence of C on py disappears and we

obtain the same constant as for the corresponding estimator with Vo =0 in
the model Y = f1(X1) + €.

REMARK 2. Corollary 7 says that the estimator ff attains the optimal
rate of convergence in a minimax sense. Note that one can also take the
supremum over random variables X such that ¢, 1/c, and 1/(1 — p2) are
bounded by a fixed constant.

REMARK 3. The assumptions of Corollary 7 are weaker than those
needed in [36], where it is also assumed that the joint density of (X7, X3) is
bounded away from zero and infinity and that the functions f; and fo are
Lipschitz continuous. Note that (4.4) is always satisfied if, e.g., ap > 1/2
and that the boundedness conditions imply Assumption 4 and also Lemma
2 (ii). Hence, the boundedness conditions imply Assumption 2 and 5.
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REMARK 4. In semiparametric models, one often requires a global rate
of convergence of order o(n~"'/4) in order to obtain the rate of convergence
n~1/2 for the parametric component (see, e.g., the book by van de Geer [76,
Chapter 11]). Since «;/(2a7 + 1) goes to 1/2 as ay — oo, condition (4.4)
extends this result to the nonparametric case.

4.2. The multidimensional case. Now, we suppose that the X; and
X take values in [0,1]?* and [0, 1]%2, respectively, and that Assumptions 1
and 2 are again satisfied with

Hy = {g1 € L*(P*)|E [g:(X1)] = 0}
and
Hy = L*(PX2).

In this case, we consider the tensor product Fourier basis:

where k € Z% and z; € [0,1]%. We define the following Sobolev class

0 0
Wiy, Kj) =4 Y Oonlay) © > adbr <K
kez% kez%
with ajr = ||kl[ad, where ||klloo = maxi—1 g, |ki|, & > 0, and K; > 0 (an
alternative choice would be, e.g., a?k = Z?il |ky| ).

ASSUMPTION 7. Suppose that the X; have densities px,; with respect to
the Lebesgue measure on [0,1]%, which satisfy ¢ < px; < 1/c for some
constant ¢ > 0. Moreover, suppose that the f; belong to the Sobolev classes
Wj(ay, Kj), where aj > 0 and K; > 0.

For j = 1,2, let V; be the intersection of H; with the linear span of the ¢y,
(in the variable x;) such that ||k|/s < m;, and let W; be the intersection of
H, with the linear span of the ¢, (in the variable z1) such that ||k||cc < my,.
Note that we have d; = (2my + 1)@ — 1 and da = (2mg + 1)%2. Similarly as
above, one can show that

— 2./ qs
th - HV}thQ < CJK;dJ a;/q;

for all h; € Wj(aj,Kj) N Hj, where C; = 22% /¢, and that Assumption 3
holds with a ¢ satisfying again (4.2). We now choose d; and ds as in (4.3),
and we choose dim W7 (up to constant) equal to

q1
Kfn 2a1+4q;
o2 '

Similarly as above, we conclude:
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COROLLARY 8. Let Assumption 2 and 7 be satisfied. Suppose that

052/(]2 > al/(2a1 + Q1)~
Then

2aq k112 4oy 5 Qq_‘l_
. 5 o L «@
limsup ~ sup  E [n2Fa|fy — f{[|7| < Cozeata K7,
n—00 i EW;(aj,K;)

where C' is a constant depending only on a1, ¢, and pg. If, in addition,
Assumption 5 holds, then the dependence of C on py disappears and we
obtain the same constant as for the corresponding estimator with Vo =0 in
the model Y = f1(X1) + €.

4.3. The additive model with Sobolev smoothness. In this sec-
tion, we want to discuss Theorem 3 and 4 in the case that the random
variables X; and X, take values in R and RY9™!, ¢ > 2, respectively, and
that Assumptions 1 and 2 are satisfied with

Hy = {g1 € L*(P")[E [9:(X1)] = 0}

and
q—1
H2 — ZL2(]P)X2J))
j=1

where the Xo;, j = 1,...,¢ — 1, are the components of X5. If we define
HQj = {ggj € LQ(PXQj)‘E[ggj(XQj)] = 0}, lfj = 1,...,(] — 2, and ng =
L?(PX2), if j = ¢ — 1, then we can write Hy = Eg;} Hy;.

ASSUMPTION 8. Suppose that X1 and the Xo; take values in [0,1] and
have densities px, and px,, with respect to the Lebesgue measure on [0, 1],
which satisfy ¢ < px, <1/c and c < px,; < 1/c for some constant ¢ > 0.

Moreover, suppose that f1 € Wl(ozl,Kl), where a; > 0 and K1 > 0, and
that there is a decomposition fo = Zg;i f2j such that fo; € V~V2j(a27K2) N
Hsj, where ag > 0 and Ko > 0.

Now, let V7 and Wj be as in Section 4.1, and let Vo = ?;% Vaj, where
Vb, is the intersection of Hy; with the linear span of the ¢, (in the variable
xg;) such that |k| < ma. In order to show that Assumption 3 is satisfied, we

we need the following additional assumption on Hs.

ASSUMPTION 9. There is an €2 < 1 such that for each hy € Hy, there is
a decomposition hy = Z?;% hoj with hej € Ha; such that

qg—1
hal|? = (1 —e2) Y [lhoy . (4.6)
j=1

Applying iteratively [8, Proposition 2.A in Appendix A.4], one can show
that Assumption 9 is equivalent to the assertion that > jeg Hajis closed for
all J C {1,...,q—1}. In particular, Assumption 9 implies that Hs is closed



34 2. NONPARAMETRIC REGRESSION WITH NUISANCE COMPONENTS

meaning that Assumption 1 is included in Assumption 9. We mention that
Assumption 9 can also be related to bounds on certain complementary angles
(see [8, Definition 2 and Proposition 2.D in Appendix A.4]).

LEMMA 4. Let Assumption 2, 8, and 9 be satisfied. Then Assumption 3
holds with a constant ¢ satisfying

1
22 < 2 di + 32921 do;
T (1= po)(1 - e2) d ’

where dy; = dim Va;. In particular, if the Va; are linearly independent, then
we have
2
2
< .
7Tl e)
A proof of Lemma 4 is given in Appendix B. Thus (3.1) of Corollary 5
is satisfied if

(4.7)

2 (dl + Z?ﬁ d2j> n
< .
c(1=po)(1—e€) ~ login

We now choose dim W7 as in Section 4.1, and we choose d; and the da; equal
to the smallest possible integers satisfying

c(1 = po)(1 — e2)n
8log*n

dy >

and

dy; > c(1 = po)(1 —e2)n

- 8(¢g—-1) log*n (48)

If the right hand side of (4.8) is greater than or equal to 2, then (3.1) of
Corollary 5 is satisfied. In order to bound the approximation error || fo —
Iy, f2||, we introduce €, which is the smallest number such that

q—1
1hall* < (1 +€5) Y [lhoy? (4.9)
j=1

for all hy = Y97) hyj with hy; € Ha;. Note that
1 + 6/2 S q— 17

by the Cauchy-Schwarz inequality. Using the decomposition of fo in As-
sumption 8, the projection theorem, (4.9), and finally (4.1) and (4.8), we
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have
2

1 f2 — Iy, fol | <

q—1
Z(fQj — Iy, f25)
=1

-1

< (T+€h) Y | foj — Huy, fo5l?
=1

Q

<
Il

—2a2
< (14 €6)CoK3 (g — 1) (C(;(; ioigllojgfjl)n) '

From Corollary 6, we now obtain:

THEOREM 7. Let Assumption 2, 8, and 9 be satisfied. Suppose that the
right hand side of (4.8) is greater than or equal to 2 and that dim Wy < d.
Then

2aq

N daq —2
sup sup E [Hfl — f1*||2] < 00201+1K12“1+1n 2a1+1
f1eWi(a1,K1) fa;€Waj(a2,K2)

+C'(1+ 6'2)q2a2+1(log n)&”((l — 62)n)_2°‘2, (4.10)

where C is a constant depending only on oy, ¢ and pg, and C' is a constant
depending only on az, ¢, po, Ko, and K.

REMARK 5. If the last expression in (4.10) is of smaller order, then
Theorem 7 says that the estimator ff attains the (nonasymptotic) optimal
rate of convergence in a minimax sense. The last expression in (4.10) is of
smaller order if, e.g.,

q2a2+1 (10g n)8a2+1n72042 < C”TL_%, (411)

where C” depends only on as, ¢, po, Ko, K1, €2, and €. This result can
be applied to an asymptotic scenario in which ¢ and n tend to infinity such
that (4.11) is satisfied.

Next, we apply Theorem 7 in the case that the sample size n tends to
infinity, and ¢ is a fixed constant.

COROLLARY 9. Let Assumption 2, 8, and 9 be satisfied. Suppose that
ag > aq /(200 + 1).
Then
. 203 e 112 Aoy 2
limsup  sup sup E [n2a+1||fi — ff|I°| < CoZeatt K™,
N0 £ €W (a1,K1) f2;€Waj(az,K2)

where C is a constant depending only on oy, ¢, and po. If, in addition,
Assumption 5 holds, then the dependence of C on py disappears and we
obtain the same constant as for the corresponding estimator with Vo =0 in
the model Y = f1(X1) + €.



36 2. NONPARAMETRIC REGRESSION WITH NUISANCE COMPONENTS

REMARK 6. Again, the assumptions of Corollary 9 are weaker than those
needed in [36] (compare to Remark 3). For instance, the condition that
the one- and two-dimensional marginal densities of Xo; and (Xaj, Xoj/) are
bounded away from zero and infinity implies that Assumption 9 is satisfied
(see, e.g., [8, Proposition 2.C in Appendix A.4] for the case ¢ = 3 and [51,
Lemma 1] for the general case).

4.4. The additive model with Holder smoothness. We continue
the discussion of the additive model in Section 4.3, and consider briefly the
case of Holder smoothness and spaces of piecewise polynomials.

ASSUMPTION 10. Suppose that X; and the Xa; take values in [0,1] and
have densities px, and px,; with respect to the Lebesque measure on [0, 1],
which satisfy px, > ¢ and px,; > ¢ for some constant ¢ > 0.

Moreover, suppose that the function fi is contained in the Holder class
Hi(an, K1) on [0,1], where oy > 0 and K1 > 0 (see, e.g., [74, Definition
1.2]), and that there is a decomposition fo = Z‘;;} faj such that fo; €
ng(ag,Kg) N Haj, where ag > 0 and Ko > 0.

Let V7 be the intersection of H; with the space of regular piecewise
polynomials (in the variable z1) with integer-valued parameters r; = [aq ]
and my, where r is the maximal degree of the polynomials and {0 < 1/m; <
2/mp < --- < 1} generates the partition of [0,1] into m; intervals (see,
e.g., [10]), and let W7 be the intersection of H; with the space of regular
piecewise polynomials (in the variable x1) with integer-valued parameters
r1 = |aq] and myy, (in order that Wi C Vi we need that m; is a multiple
of my, ). Moreover, let Vo = Z?;} Vaj, where Va; is the intersection of Hy;
with the space of regular piecewise polynomials (in the variable x;) with
integer-valued parameters o = |ag| and my. Note that alternatively, one
could also consider spaces of splines with the same parameters (see, e.g., [21,
Chapter VII, VIII}). We have di = (11 + 1)m1 — 1, dgj = (rg + 1)mg — 1, if
j=1,...,q—1, and dyj = (rg+1)mg, if j = ¢ — 1. Using Taylor’s theorem,
one can show that there are constants C; and Cs depending only on oy and
a9, respectively, such that

inf ||hy — g1%, < CLEZd*™ (4.12)
g1€EV1
for all hy € H(ay, K1) N Hy and
inf ||hg; — gaj1% < CoK3dy (4.13)
g2 €Vaj

for all hoj € H(ag, K2) N Hy;. Note that similar bounds also hold for spline
spaces (see, e.g., [21, Chapter XII]). Concerning Assumption 3, we have a
similar result as in the previous section:

LEMMA 5. Let Assumptions 2 and 9, and 10 be satisfied. Letr = riVrs.
Then we have

o 20+l A 071 da

T i) -e) d
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In particular, if the Va; are linearly independent, then we have
2 . 2(r+1) '
~ (1= po)(1 —e€2)
A proof of Lemma 5 is given in Appendix B. Choosing d;, dim W7, and

doj, 7 = 1,...,q — 1, similarly as in the previous section, we obtain the
following analogue of Theorem 7:

4

THEOREM 8. Let Assumption 2, 9, and 10 be satisfied. Suppose that the
right hand side of (4.8) is greater than or equal to r+ 1 and that dim W; <
c(1 = po)(1 — e2)n/(4(r + 1)log* n). Then

Fx 12 e .} I
E [Hfl - f1 || } < CO’Q"l'HKl 1ty T 241
+C'(1 + 6,2)804a2q2a2+1(10g n)8a2+1((1 _ Eg)n)_2a2

where C' is a constant depending only on oy and py, and C' is a constant
depending only on ag, ¢, r, po, Ko, and || f1]|.

4.5. The additive model with smooth design densities. We con-
tinue the example in Section 4.4 and discuss Condition (3.6) and (3.7) in
Theorem 5 and 6, respectively. First, we apply Theorem 5 in the simple
case ¢ = 2. We suppose that Assumption 4 holds and that for each fixed x1,

px (z1,x2)

P, (21)px, (22) € H(B, ha(21)) (4.14)

with hy € L2(PX1). Let Vi and W as in the previous section, and let V5 be
the space of regular piecewise polynomials in the variable xo with parameters
re = |az] V |B] and da as in (4.3). Then (4.13) holds with a constant C
depending only on as and 3. Moreover, (3.6) is satisfied with hy from (4.14)

and (V) = /Csd, h , where Cj3 is a constant depending only on 5 and 7s.
Thus

n —2—p
]l (Va)$(Va) < v/CoCKol| | (42)
p?log™n

From Theorem 5, we obtain:

COROLLARY 10. Let ¢ = 2. Let Assumption 2, 10, and 4 be satisfied.
Suppose that (4.14) holds, and that

as + > 051/(20614-1). (4.15)
Then

2 N 4oy 2
limsupE |02 | f1 — f72] < Comii KT (4.16)

n—oo

where C' is a constant depending only on .
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Finally, we apply Theorem 4. In the particular case that the Xs;, j =
1,...,q — 1, are independent, one can show that (see (0.15))

qg—1

PX1,Xo; (71, T2;)
r(T1,x2) = —(q—2),
( ) ; Px; (T1)px,; (225) (2=2)

where px, x,, denotes the joint density of (X1, X;). In this particular case,
condition (3.7) is thus much weaker than condition (3.6): we only need
smoothness conditions on several kernels which involve only one- and two-
dimensional design densities. In the general case, we have a similar result.
Suppose that for each fixed x1

DXy, X (X1, Tok)
P, (T1)Pxo, (T21)

€ H(B, hik(x1)) (4.17)

with hyp € L2(PX1), for all k = 1,...,¢q — 1. Moreover, suppose that for
each fixed xo;

PXo;,Xop ($2j, x%)
PXs; (‘TQJ' )pXQk (ka)

with 7% € L2(PX2), for all j,k =1,...,q — 1. Then we have:

€ H(B, Wy, (225)) (4.18)

COROLLARY 11. Let g > 2. Let Assumption 2, 9, 10, and 4 be satisfied.
Suppose that (4.17) and (4.18) are satisfied. Moreover, suppose that oo +
B/(2a1 + 1) > a1/(2a1 + 1). Then (4.16) holds, where C' is a constant
depending only on a;.

A proof of Corollary 11 is given in Appendix B. Note that in Corollary
11, the smoothness condition is stronger than the smoothness condition
given in (4.15).

5. Proof of Theorem 3 and 4

5.1. The finite sample geometry. In this section, we present an
empirical version of Assumption 2, which holds on the event

& ={(1=8)lgl* <llgllz < (1 +3)lg* forallge V},

where 0 < § < 1 is the constant from Theorem 3. Moreover, using con-
centration of measure inequalities for structured random matrices, we lower
bound the probability that the event &5 occurs.

In order to state our first result, we introduce the empirical inner product
(-, -)n and the corresponding empirical norm || - ||, which are given by

(9. W) = = 3" g(Xh(X)
=1

and ||g||2 = (g, g)n for g,h € L*(PYX).
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PROPOSITION 5. Let Assumptions 1 and 2 hold. If Es holds, then we
have

lon-+ ol = (0= o)l + loal) and ()
lov + 92l = (51 )l 65:2)

for all g1 € V1, go € Va, and also
{91, 92)n| _, (1=9)
HnganQHn B (1 +5)
for all 0 #£ g1 € V1, 0 £ go € V5.

PROOF. Let g1 € V1 and g2 € V5. By the definition of £ and Lemma 2
combined with Assumption 2, we have

(1= po) (5:3)

v+ 922> (L= D)llgr + 921 > (1 =31~ po) (an]* + 1)
> G- m)ll + o)

and similarly

g1+ g2)12 > (1= 8)|lg1 + g2|* > (1 = &) (1 — ) |gnI?

(1-9) 2 2

> 1-— .
This gives (5.1) and (5.2). (5.3) follows from (5.1) and Lemma 2. This
completes the proof. O

The following result follows from Rauhut [59, Theorem 7.3] (see also [63,
Theorem 3.1]). It can also be obtained from a combination of Talagrand’s
inequality and Rudelson’s lemma (see [62, Theorem 1]). The details are also
given in Appendix B.

THEOREM 9. Let Assumption 8 hold. Then we have

P (&) > 1 —23*dexp <—K7T> ,
w4d
where K is a universal constant.
PrOOF. Let by, ...,bs be an orthonormal basis of V. By Assumption 3
and [11, Lemma 1], we have
d
H z;zﬁHOO < 2. (5.4)
j=

Now let
Bp, = ({bj, bk)n)1<j k<d-
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Then [59, Theorem 7.3] (in the case s = N = d) yields for 0 < ¢ < 1,

52
P(|Bo — Top < 6) > 1 — 2/4dexp (—”d) , (5.5)
'
where £ > 0 is a universal constant. Here, | - ||op denotes the operator norm

(see Lemma 7 (iii) for the definition). Note that we can apply [59, Theorem
7.3] since in the proof the condition [59, (4.2)] is only used in the form [59,
(7.5)], which is satisfied by (5.4). A similar result follows from [63, Theorem
3.1].

Now, a function g € V with [|g|| < 1 can be written uniquely as g =
Z;-lzl z;b; with z € R? and ||z||2 < 1. Using this and |g||2 = 27 Bz, we
obtain

sup |llgls = llgl* = sup [aT (Ba — Da| = ||Ba — Iflop, (5.6)
geVi|lgll<1 z€RA ||z|]2<1
where the latter equality follows from the spectral theorem. Moreover, we
have that & holds if and only if

sup  ||lgllZ — llgl*| < 6.
gevillgl<1

Applying this, (5.5), and (5.6), we complete the proof. O

5.2. Analysis of the variance via von Neumann’s theorem. The
basic theorem in the theory of projections on sumspaces is due to von Neu-
mann [78]. We state the following version dealing only with the first compo-
nent, which is a consequence of [3, (15) on page 378] (see also [8, Theorem
2.C in Appendix A .4]).

LEMMA 6. Let Hi and Ha be two closed subspaces of a Hilbert space H
with inner product {-,-) and norm || - ||. Suppose that po(Hi,Hs) < 1. Let
II, 11, IIs be the orthogonal projections on Hi + Ha, Hi, Ha, respectively.
Let h € H, and let (IIh); € Hi, (ITh)2 € Ha be the unique elements such
that ITh = (ITh); + (I1h)3. Then

N

|(Th)y — (11 — ' (II115)7 (1 = IIy) ) || — 0

1

<
Il

as k goes to infinity.

REMARK 7. If we set hgl) = II1h and proceed iteratively by setting
W™ = Ty(h — n{™) and K™ = 11, (h — BS™), m > 1, then Lemma 6
can be rewritten as ||(ITh); — hgm)H — 0. This procedure is often called
“backfitting”.

For completeness, a proof of Lemma 6 is given in Appendix B. In this
section, we apply Lemma 6 to the finite sample setting, using results from
the previous section. Recall that Iy is the orthogonal projection from R"
to the subspace {(g(X"),...,g(X™)T|g € V}, and that ITy;, ITy,, and Iy,
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are defined analogously (replace V' by Vi, Vs, and Wy, respectively). We
first prove:

PROPOSITION 6. Let Assumption 1 and 2 be satisfied. Let

(1-9)
(1+9)

pos=1-— (1 - po).

If Es holds, then we have

2 3z 2 ~ ~
a 2 o dim W, 1 o2tr(lly. II
E [T, (fven 21X, .. X" < Ly (1w, Tly;)

n 1—;%75 n

In the proof, we will need the following result:

LEMMA 7. Let A € RFv*k2 gnd B € RF2*F1. Then
(i) tr(AB) = tr(BA).
(i) [tr(AB)| < \/tr(AAT) tr(BBT).
(iii) Let k1 = ko and B be symmetric and positive semi-definite. Then

[ tr(AB)| < [|Allop tr(B),

where [|Allop = supjjy|,=1 | Az|l2 denotes the operator norm. Here,
| - |2 denotes the Euclidean norm.

For completeness, a proof of Lemma 7 is given in Appendix B.

PrROOF OF PROPOSITION 6. Throughout the proof, we suppose that &s
holds. Furthermore, we consider V' as a subset of R™. This is no re-
striction, since (on &) each element g € V is uniquely determined by
(g(XY),...,g(X™))T. From (5.3) and Lemma 6 applied to (H,(-,-)) =
(V. (-,-)n) and H; =V}, j = 1,2, we have

M=

(ve) — (T, — (M Iy, ) (1~ Ty ) e, — 0

1

<.
Il

as k goes to infinity. From (5.3), we have

Ty, galln < po,sllg2lin (5.7)

for all go € Vo, which follows from

1Ty, g2]|2 = (Iv; 92, v, 92)n = (TIv, 92, 92)n < P06l TTv4 92Inllg2 -

Similarly, we have

Ty, 91lln < pos)lg1lin (5.8)
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for all gy € V1. This gives the improved convergence result

k
H(HVG)I - (HVl - Z<HV1HV2)J(1 - Hvl))EHn
j=1
> .

< Z H(HV1HV2)](1_HV1)6HH

j—k+1

25—1
Z Pty ll€lln
j=k+1
2k+1

= €]l

1— P%,(s "

and also
k
HHW1 (Ilve) HWl HVl Z HV1HV2 - HV1))€Hn
7j=1
2k+1
Po.,s
< —5—llelln- (5.9)
L—pgs

Applying (5.9) and the bound (z+y)? < (1+€)z?+ (14 1/€)y?, € > 0, and
then taking expectation, we obtain

E | Iflw; (ven]? | x7,....x"]

k
< (1+OF |||Tw, (T, — > (M Ty, ) (1= Ty)e|2 | X, X7
7j=1

4k+2
,00’5 2

— 0
(1- P(2),5)2

Since E [||A¢€||2] = o2 tr(AAT)/n for all A € R"™*", it remains to bound the
trace of

+(141/€) (5.10)

k k
T, (T, = 7 (T Tl )7 (1= Ty ) (T, = D2 (g f[vl))TﬂWI.
i=1 =1
’ ’ (5.11)
Using
k
ﬂVl - Z(ﬂVIHVQ ) (1 - f‘[VI)
j=1
k-1
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(5.11) is equal to
k k
fIWl Z(ﬂV1ﬂV2)jﬂV1 (ﬂVl HVl Z HV2HV1 ) Wi
Jj=0 J=1
k
_ﬂwl Z(HVlﬂVz) ((1 - HVZ)
j=1
and, since Iy, (1 — IIy,) = 0 and Iy, (1 — ITy;) = 0, this is equal to
k k
My, Y (v, Iy, Ty, — Ty Y (T, Ty, )7 T,
j=0 J=1

o
—_

(HV1 ﬂVz )jﬂV1 + (ﬂvl ﬂVQ )kﬂvl) ﬂWl

wM

By Lemma 7 (i) and the identities f[Wlflvl = fIW1 and ﬂVZﬂVZ = fIV2, we
have for j =1,..., 2k,
(T, (T Ty, ) Tl ) = (T, Ty )/~ Ty Tl T, )
- tr((HVzﬂVlﬂVz) HV2HW1 HV2)

Thus the trace of (5.11) is bounded by

2k A

dim Wy + Z | tf((HVZHwHVZ)]_IHVZHm HV2)|. (5.12)

j=1

Applying Lemma 7 (iii), this can be bounded by

2k—1
dim Wy + Z ||HV2HV1HV2W tr(HVQHW1HV2).
7=0

By (5.7) and (5.8), we have
HﬂVzﬂVlﬂVQ”OP < p(%,&‘ (5'13)

Moreover, we have tr(Ily, Iy, IIy,) = tr(Iy,IIy,). Thus we obtain that
(5.12) is bounded by

1 .
dim W7 + 5 tr(HW1HV2). (514)
1—=pps

From (5.10)-(5.14), we conclude that
E [|Iftw, (v en 17, . X

2 dim W 1 2 tr(TTyy, I1
<4 TdmM, L o ullinll)
1—,0075 n
p4l<:+2
F(141)e) —20 o2,

(1- P(2)75)2
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Now, send k off to infinity first, and then let € go to zero. This completes
the proof. O

From Proposition 6, we obtain a first upper bound for the variance term,
which does not depend on the dimension of V5. Note that in Proposition 7
and Corollary 13, we show that this upper bound can be further refined.

COROLLARY 12. Let Assumption 1 and 2 be satisfied. If E5 holds, then
we have

. . 146 1 o2dimW,
E | |11y (11 2 x1 X"] < .
[y, (v €)X, .., S e —

PROOF. By Lemma 7 (i) and (ii), we have
tr(Iyy, Iy ) = tr(Ty, Iy, Iy, Iy, ).
Applying Lemma 7 (iii) and (5.13), we obtain on &,
tr(Iyw, Iy, ) < T, Ty, T, Jlop tr (I, ) < pf 5 dim Wy
Thus, if & holds, Proposition 6 yields

~ ~ 1 O’2 dim W1
E[H fye) 21X, ..., x| < .
[T, (I €)a ]3| ST, n
Since (1 —¢(1 —0))2 <1 —¢(1 - @?) for o € [0,1] and a constant 0 < c < 1
(both functions are equal to 1 at the right endpoint ¢ = 1 and the derivative
of the left hand side is greater or equal than the derivative of the right hand
side for all p € [0, 1]), we obtain (set ¢ = (1 —9)/(1+ ) and o = pog)
1 1446 1
2 < 1 ) 2"
L=pgs —o0l—pp

(5.15)

This completes the proof. O

REMARK 8. An alternative proof of Corollary 12 is given in Appendix
B.

PROPOSITION 7. Let Assumption 1, 2, and 3 be satisfied. Then

! N 1 11 g di 2d
—E |1g, tI'(HW1HV2)] < (H valwi s + tm Wy sp) .
n

~ (1-9)? n n n

PROOF. Let {¢1}<;cqimn, be an orthonormal basis of Wi, and let
{2;},<;<q, be an orthonormal basis of V3. Let

Z1 = (¢15(X1]))1<i<n,1<j<dim W,
and

Zy = (¢2;(X5))1<i<ni<j<dss
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Now, suppose that & holds. Then we have Iy, = Z(Z] Z1)~'Z] and
My, = Zo(Z¥ Z,)~' ZI. Thus

. 1 1 1 1
tr(Ily, 1Ty, ) = tr ((nzfa) EleZQ (nzzTZQ nZZTZ1> :
where we applied Lemma 7 (i). By Theorem 9, we have || (1/n)ZjTZj —Ilop <

5 and lhus
1 -1 1 k

for 5 = 1,2. We conclude that
E |:156 tr(ﬂwlﬁvé)}
[ 1 ko 1 I
< E |1g. |t I1—=72Yz) =z2Tz2,(1—-=-2Y2,) =217
—Z 551“<( n11>n12( n22>n21

> 1 1 1 T
< ) E |lg [t (I—NZM) ~2{ 7, (nleZQ)

1 2k 1 1 T
tr ((I — Z,2TZQ> *ZZTZ1 (ZgZ1> >
n n n
1 T
< Z 5k+zE[ ( 7z 7, (nZ{fZQ) )] ,
k,l=0

where we applied Lemma 7 (i) and (ii) in the second inequality and Lemma
7 (i) and (iii) and the bound H(l/n)ZJTZj —I||op < ¢ in the third inequality.

Now
1 1 T
(ZlTZ2 (ZlTZQ> )]
n n

dim W1 do
= > > (@) en () + 1 Var(on (X1 on (X))
j=1 k=1
d1mW1 da

< D> (i dar) +d1mW1J

J=1 k=1

o

E [tr

where we applied (5.4). Finally, we use

dim W1 dim W1 da
2
v b s = Y IMwoul> = D Z 15, bar)’
J=1 Jj=1 k=1

This completes the proof. O
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REMARK 9. By considering ITyy, ITy, ITyy, as a map from Wy C L2(PX1)
to itself, we have [|Tly, |w, ”%{S = tr (I, My, Iy ).

Combining Proposition 6 and 7, we obtain the following improvement of
Corollary 12:

COROLLARY 13. Let Assumption 1, 2, and 3 be satisfied. Then
E 1, IfTw, (Tlve)]2]

o2dimW,  (1+0) 1 [o?|ylw g o®dim W, @3d
< + — .
- n (1-6)31—p3

n n n

5.3. End of the proof of Theorem 3. Applying the arguments of
[5], we obtain

BIfs = f1P] < B[l = (Al + R (5.16)

The details can be found in Appendix B. By the projection theorem (see,
e.g., 60, Theorem II.3]), we have

1f1 = (Aol = 1A = T Al + 1y = ()l (5.17)

By the definition of £ and the definition of fv, we have

E [1g ||y, f1 — (fv)1||2}

1 r ~
< gop = el i = Gonl?)
1 r A~
— g (el - (Y )2
1 r ~
= a 5)IE g B | [IThv; f1 — (Y[R ] X - anH : (5.18)

Recall from Section 2.3 that on &5 each g € V is determined uniquely by
(g(X1Y),...,g(X™)T, which implies that on & we don’t have to distinguish
between those objects. For instance, if &5 holds, then fIV and ﬂV1 can also be
seen as maps from L?(PX) to V and V3, respectively (by letting Iy h (resp.
Iy, h) equal to Iy (h(X1), ..., W(X™)T (resp. Iy, (h(X1), ..., h(X™))T) for
h € L(PYX)). Moreover, if £ holds, then we have E[(ITy€);|X!,..., X"] =0
and (IyY); = (Iy f)1 + ([y€); (the former follows for instance from (5.9)).
Thus (5.18) is equal to

1
(1-9)

E 1, (v fy = (v D2 + B0y en Bx,. X )|
(5.19)
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(5.19) and the definition of £, we obtain

7)-
[ &llf1 — )1||2]
<

From (5.1

8 - g; [155 (Hf1 Iy, f1]|? + [Ty, f1 — (f[vf)1H2>]
* (115)13 [1551[*1 [H(ﬂve)lui\xl, .. X"H _ (5.20)

Applying the projection theorem and Corollary 12, this is bounded by
(1+9) (1+6) 1 o?dimW;
(1—0) L 021-f n

By Assumption 2 and Lemma 2, we have

1 — (T 12 < —5 1 — Ty £
1—p§

E [1e, /2 = (v Pal?] +

The projection theorem implies that

If =Ty fI? = (I = Dy fI* + [y f = Ty £,

Now, the following proposition completes the proof.

LEMMA 8. Let Assumption 3 be satisfied. Then

L2
“(1-4)2n

REMARK 10. Instead of applying Lemma 8, one can also apply the easier
and weaker bound

A 1 - 1
Iy f =Ty f||* < T v/ - Iy fll7 < T My f|7,

E |1g,||(ITy — IIy) f|? f—Tvf)2

which follows from the definition of & and the projection theorem.

Proor orF LEMMA 8. Throughout the proof we suppose that the event
Es holds. Let by,...,bg be an orthonormal basis of V. Let

By, = ({bj, bi)n) 1< k<d>
and let
= (b, )., g, NT and z, = (b1, Fns - (bas fln) L.

Then we have

d d
Oy f=> a;b; and My f =Y (B, zn);b;

and thus
I(ILy — Iy) fII” = || By, "2 — 3. (5.21)
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Since &5 holds, we have ||B,, — I|jop < 0 (see the proof of Theorem 9). This
implies that

B,'=> (I-By"

k>0
Thus

B 'z, —x = Z(I - By)rx, —x

k>0
=> (I-By)fan—2)+> (I - By
k>0 k>1

Applying the bounds || B, — I]|op < d and (x +y)? < (1+¢€)x?+ (1+1/e)y?
€ > 0 arbitrary, we obtain

1

1B 2 = 1 < =gyl — alla+ (B = Deo)®
< g1+ =2l + (1 + 1/9)(By = Da).
(5.22)
Now we have
d
E [Jlen — @3] = E[ > (b5, fhn = (b5, 1))
j=1
d
= Iy Vary0p00) < Cp1, 29

1

J

where we applied (5.4). The jth coordinate of (B, — I)z is is equal to

b]7 Z bk@"k bj? f> <bj7 HVf>n - <bj7 HVf> (5'24)
and thus

((bj, Iy f)n — (bj, Iy f))?

M=

B [|(B, - Dzl3] =E

1

Q.
Il

1

Var, (O (X)) < £y p. (529
1

S|

J

Applying (5.21)-(5.25), we conclude that

1
(1-4)

EL 1t I+ (0 + 170 1)
(5.26)

E [Le, 1Ty — f1v) £1] <
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Finally, since IIy and Il fix elements in V, we obtain (ITy — fIV)HV f=0
and thus (ITy —IIy) f = (IIy — Iy )(1 — IIy) f. Combining this with (5.26),
we see that

- 1 ¢%d
E |15, 0ty — ) 7] < =555 5,70+ Ol — TP,
Since € > 0 is arbitrary, this completes the proof. ([

5.4. End of the proof of Theorem 4. Compared with the previous
section, we modify our analysis of the bias term, which is based the following
two lemmas. Moreover, we replace Corollary 13 by Corollary 12.

LEMMA 9. Let Assumption 1 and 2 be satisfied. If Es holds, then we

have
(1+9) 1

(1=0)(1-pp)

[Ty oy — (v ha)y |2 < |7y — Ty, |2

for all hy € H1 and
(1+9) 1
(1—-96) (1 - p3)

[(TTyho)1||2 < |ho — Ty, ha|2

for all hy € Hs.

PROOF OF LEMMA 9. By (5.2) and the fact that projections lower the
norm, we have

vy — (yvhoa)f = [Ty (= Dy k)l
(1+9) 1
T (=0 (1-pp)
This gives the first inequality. Since Iy IIy,hg = IIy,he and (Iy,he); = 0,

we have (ITy-hg)1 = (ITy (he — Iy, hg))1. Using the previous arguments, we
conclude that

[hy — Iy, by |2

(1+9) 1
(1-4)(1-pp)
This completes the proof. O

[(Iyho)1 |2 = ||(Iy (hg — Ty ho))1 |2 < |ho — Ty, hol|2.

LEMMA 10. Let Assumption 1 and 2 be satisfied. Then we have

E [1e,llf1 = (v Pl
(I+4) 3

~(1=0)(1-p3)

Proor orF LEMMA 10. By the projection theorem, we have

If1 — (v ullz = 1A — v AlZ + v, £ — [y fu)1 — Dy fo)a 12

(ILf1 = v ol + 11 f2 = Tvs fol ) -
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Applying this, the bound ||z + y||? < 2[|z||* + 2||y||?, and Lemma 10, we
obtain

E [15,]1f1 — (v 2]

(1+4) 3 ( 2 2 2 2
E [ ~ 11 ~ 11 ]) .
ST 0= 1f1 = My fulls + [ f2 = I foll5;
By the projection theorem, we have for j = 1,2,
1f; = Thv, £l < 115 = T, £l
Moreover, taking expectation, we get for j = 1,2,
E[Ilf; — v, fill] = I1f; — v, £
This completes the proof. [l

Now, we begin with the proof of Theorem 4. Repeating the steps (5.16)-
(5.19) in the proof of Theorem 3, we have

E[If - F1?]

<A —TOw Al +

i i 5)1“3 [1£5HHW1f1 — T, (flvf)lllﬂ

E [1551[2 [”ﬁm (ve) 21X ... ,X”” + Rn.

1
=9

Applying the bound ||z + y||? < 2||=||? + 2||y||? and the fact that projections
lower the norm, we obtain

My, f1 — T, Ty a7
< 2Ty, f1 — T, 1117, + 20T, 1 — T, Ty a2
< 2|[Tw, f1 — w, A7+ 20/ = Ay a2
Thus
E[Ify - f1]

< I = T il + =57 [t M £ = ]
+a L 5E (16, {1, (v ) 27, X7 |
g ® [l = ] + R (527)
Similarly as in Lemma 8, we have
E [1e T fu = Tl fo]2] < ﬂ_l(s)Q“iClllfl —Tw, fill% - (5:28)

Inserting (5.28), Lemma 10, and Corollary 13 into (5.27), we complete the
proof. O
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6. Proof of Theorem 5 and 6

6.1. The bias term revisited. In this subsection, we prove two results
which lead to improvements of the bias term considered in Lemma 10. This
improvement is possible under the additional regularity conditions on the
design densities, namely (3.6) or (3.7). We first prove:

PROPOSITION 8. Let Assumption 1, 2, and j be satisfied. Let r, ¢(Va),
Y(Va), and hy be as in Theorem 6. Then

[Ty f2)1]| < Rl (Va)e(Va). (6.1)

1-p}
PROOF. Let ¢1,...,¢q, be an orthonormal basis of V;. We have

Iy, (f2 — Ty f2)|?
d1

= Z </S S ¢(fl?1)(f2($2) - HVQfQ(l'Q))p(CCl,xQ)d(yl R V2)(x17x2))2

j:

([ ot [ @ 1~ Iy, fol) 282 g% () ap ) (2y))

p1(w1)p2(z2)

3
5

([ (a-n)p Hods) | o™ @)’

where we already applied Fubini’s theorem and Assumption 5 in the second
equality. Since orthogonal projections are idempotent and self-adjoint, the
above is equal to

—Z (1= ) foy (1= T ) (a1, ) ooy (2 )ABY () )
S1

< /S (= T0) o (= T o, ) o A (1)

< [P (¥n(V2)o(V))?,

where we applied Bessel’s inequality in the first inequality and the Cauchy-
Schwarz inequality and (3.7) in the second inequality. Thus we have shown
that

My (f2 = v, f2)[| < lha ([ (V2) o (Va). (6.2)
Now, by Lemma 6, we have

k
|y h)1 — (T, — ZHVIHVQ —TIy,))h| =0, (6.3)

as k — oo, for all h € L?(PX). By Assumption 2, we have
[y Iy, Al < pollTlv,hf| and ||y, Iy, Al < po||I1v; Al
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for all h € L?(PX), which follows as in the proof of (5.7). Applying this and
(6.2), we obtain

k
| (M = (M Ty, ) (1 = Ty, ) (f2 — Ty, fo)|
J=1

k
- ZHVIHI@ Iy, (f2 ~ v, f2)|

k

Z HHV1 HV2f2>H <

1—p2 | P ||m (Vo) (Vo). (6.4)

Since H\/Hvzfg = HV2f2 and (Hv2f2>1 = 0, we have (vag)l = (Hv(fQ —
ITy, f2))1. Applying this, (6.3), and (6.4), we conclude that

|(ILy f2)1]| <

1 _1P%Hh1|’¢H(V2)¢(V2).

This completes the proof. O

PROPOSITION 9. Let Assumption 1, 2, 3, and 4 be satisfied. Let ¢p(Va),
¥(Va), and hy be as in Theorem 5. Suppose that ||g1]leo < ©V/di||g1]| for all
g1 € V1. Then

2
B 110t 1] < B (I 05)004)°

+ L PI0 - e (1) + 200 20 ) (65)

PROOF. The proof is similar to the proof 9f Proposition 8. In the follow-
ing, suppose that the event £ holds. Then IIy is a well-defined map from
L*(PX) to V. Let ¢1,...,¢q, be an orthonormal basis of V;. By repeating
the arguments at the beginning of the proof of Lemma 8, we obtain

1 d
Ty, (f2 = Ty, fo) |17 < 1% (%7( —Ily,) fo)7.

Thus
E [Le, 11, (f> = T, £2)|12]

2 al .
ST ;<¢j,n2,<1—nv2>fz>i (6.6)
di R
+ (1 — 5)E Z<¢J - (ﬁjﬂzv (1 - HVQ)f2>7% s (6.7)

j=1
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where
Simlen) = [ ¢j(fﬂl)mm(x1)dw(wl)

is the conditional expectation of ¢;(X1) given Xy = zo (for PX2-almost all
x2, by Assumption 4). The expectation in (6.6) is equal to

E i</< 2o (1ﬂv2)f2>

2
)’ ¢j($1)p1($1)dV1($1)>
j=1

n

p(xlf) A ?
< /IE [<Pl(l’1)m()’ (1-— Hvz)f2>n] p1(z1)dv (1),

where we applied Bessel’s inequality and Fubini’s theorem in the last in-
equality. Applying the fact that orthogonal projections are idempotent and
self-adjoint and then the Cauchy-Schwarz inequality, this is

[

Applying the projection theorem and then (3.6), this is

< [E
< P (Va)o(Va))? + A1~ ) foll2 (0(V5))2

n

p(ﬂ?l, )
p1(z1)p2() ||,

H(l—ﬂvg)

(1- ﬁvg)f2Hi] p1(x1)dvi(21).

2
H(l—nm plas,) ||<1—Hv2>f2||i] pr (a1 )don (1)

pi(z1)p2() I,

Now we turn to the expectation in (6.7). We have

a A 2y -
E | (05— dima (1= M) f2)2| < ZE [0 - Ty) fol2
j=1
2d
< S5 (1 - ) o

To prove the first inequality, first note that the ((1 — Iy, ) f2)(X%) depend
only on X1,..., X% and we have

E[(6) — 03m) (X)X, X8, XY | =B [(6 — d3m,) (X9)|XE] =0

for ¢ # i’. This implies that the nondiagonal terms vanish. Next, apply the
inequalities E[(¢; — ¢j11,)*(X)[ X2] < E[¢5(X1)|X2] and

di
HE ¢?H < i,
) o0

J=1
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which follows from the bound ||g1 /| < @v/di]|g1]], for all g1 € V1, and [11
Lemma 1]. Thus we have shown that

2
(1-9)

b P = T Rl (002 + 20 2 ) (68)

B 1, 1M1y, (f2 = v ) 3] < (]2 ((V2)6(12)?

The remaining arguments are as in the proof of Proposition 8. From (5.3)
and Lemma 6 we have

k
[(Tyh)y — (T, = > (T, Ty, ) (1 =TIy, ) 2|, = O (6.9)
7=1

as k — oo, for all h € L?(PX). Applying (5.7) and (5.8) as in (6.4), we
obtain

M-

| (T, = (I Iy, ) (1 = TIyy)) (f2 — e fo) ),

1

Ty (fo — Ty, f2) |- (6.10)

J

<

L =055

From (6.9) and (6.10), we conclude that

. . . 1 . .
1Ty f2)1 17 = (v (fo = Ty, f2)) |17 < m”nw(b — Iy, fo) 7.
0,6
Combining this with (6.8) and (5.15) gives (6.5). This completes the proof.

O

6.2. End of proof of Theorem 5 and 6. The only place where we
modify the proof of Theorem 4 is the analysis of the term

2 R
g el - @] (6.11)
which we bounded by
)
(11+5>1 : 5 (11 = Al + (L f2 = T, f211%) (6.12)

by using Lemma 10. We show that, under the additional Assumptions (3.6)
or (3.7), one can replace the upper bound (6.12) by the ones given in Theo-
rem 5 and 6, respectively. To achieve this, we replace Lemma 10 by Propo-
sition 8 and 9.

In order to proof Theorem 5 we decompose

fi— My fi=f— v f)+ Qv f)r — v ) — Ty )i
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Thus
E [1e,1(f1 = (v fi)1 2] < 3E Iy — Ty fia 2]
+3E [Le, Ty )1 — (v f)u 2]
+ 3E [1e, (v f2)1 2]

The third term on the right-hand side is part of Proposition 9. Using Lemma
2 and the projection theorem, the first term can be bounded by

E [Ilf1 — My fu)lla] = 111 — (M fu)a

1
= mﬂfl — Iy fuf?
< (1_1/%)”]3 ST A (6.13)

Applying Proposition 5 and the projection theorem, the second term can be
bounded by

E 1, (v ) — (v )1 2]

(146 1 .

< I pg)E [HHVfl — va1”ﬂ
(I1+4) 1

<y aa" (11 — v f1]12]

< (1+9) 1 1f1 — Iy, fu]|>.

(1=0)(1-pP)

This completes the proof of Theorem 5. In order to proof Theorem 6 we
decompose

fi = Wy = fr = @y fir = [y fo)1 + (v 1 = [y f)1.
Thus
E [1e,1(f1 = (v f)ul2] < 3E [Ify — (v fiu 2]
+3E [||(TTy f2)1[13]
+3E (1| (1 )1 — (v fu 3]

The first term on the right-hand side is bounded in (6.13), the second one
in Proposition 8. Using the definition of £ and Lemma 2, we obtain

E [Le, Ty f)1 = (v 2] < (1+ OE 1,11y )1 = (T s ]

JE [ My £ Ty ]

<0+
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By Proposition 8, this can be bounded by
(1+6) 2
(1-24)? (1~ pp)

This completes the proof.

2d
2 (1 = I Al + [1f2 = T o) -



CHAPTER 3

Variable selection in high-dimensional additive
models

1. Introduction

In this chapter, we consider the two related problems of variable selec-
tion and component estimation in high-dimensional nonparametric additive
models in which the number of covariates is much larger than the number
of observations. We study these models under the assumption that most
components are equal to zero.

High-dimensional linear models have been investigated intensively in the
literature. A great deal of attention has been given to the Lasso (see, e.g.,
the book by Biithlmann and van de Geer [7]| and the references therein).
The Lasso is based on I[;-penalization and can be used for both estimation
and variable selection. There is also a huge literature on estimation and
variable selection via [g-penalization. These procedures can be found, e.g.,
in the book by Massart [52], where a general approach to model selection via
penalization is developed (see also the work by Barron, Birgé, and Massart
[6] and the references therein). Finally, there is a third approach which is
based on exponentially weighted aggregation (see, e.g., the work by Rigollet
and Tsybakov [61] and Arias-Castro and Lounici [2] and the references
therein).

More recently, high-dimensional additive models have been studied, e.g.,
in the work by Meier, van de Geer, and Biithlmann [53], Huang, Horowitz,
and Wei [37], Koltchinskii and Yuan [44], Raskutti, Wainwright, and Yu
[58], Gayraud and Ingster [30], Suzuki and Sugiyama [71], and Dalalyan,
Ingster, and Tsybakov [19]. One approach generalizes the (group) Lasso
and combines sparsity penalties with smoothness penalties or constraints
(see [53, 37, 44, 58, T1]). As in the case of the Lasso, these procedures
can be used for both estimation and variable selection (see [53, 37]). An-
other approach based on exponential aggregation is developed in the work
by Dalalyan, Ingster, and Tsybakov [19]. They considered the problem of
estimation in a more general model which they called the compound model
and which includes the additive model as a special case. In a Gaussian white
noise setting, they showed that their estimator achieves non-asymptotic min-
imax rates of convergence.

Comminges and Dalalyan [18] considered the problem of variable se-
lection in a high-dimensional Gaussian white noise model and established

57
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tight conditions which make the estimation of the relevant variables possible.
They also extended their method to a high-dimensional random regression
model, but they assumed that the joint density of all covariates is known.
Similar results were obtained earlier by Wainwright [80] for high-dimensional
linear models with Gaussian measurement matrices.

Several results in the theory of high-dimensional statistical inference are
initiated by achievements in the theory of compressive sensing (see, e.g., the
introductory book chapters by Fornasier and Rauhut [28] and Rauhut [59]
and the references therein). A popular method is the /;-minimization which
enables sparse recovery if the measurement matrix satisfies, for instance, a
restricted isometry property (RIP). It is known that several random matrices
satisfy the RIP with probability close to one, important examples being the
Gaussian random matrices and the so-called structured random matrices
(see, e.g., the work by Candés and Tao [17], Baraniuk, Davenport, DeVore,
and Walkin [4], and Rauhut [59]). These results were generalized to high-
dimensional linear models by Candes and Tao [16] (see also the work by
Bickel, Ritov, and Tsybakov [9] and the book by Koltchinskii [43, Chapters
7 and 8]).

In this chapter, we study a method for variable selection which consists
of comparing the norms of the projections of the data onto various finite-
dimensional additive subspaces. Given an upper bound ¢* for the number of
nonzero components, the procedure selects the subset of cardinality smaller
than or equal to ¢* which best explains the data in the finite sample setting.
The basis of this procedure is a selection criterion in the population setting
which works well under the essential assumption that the minimal angles
between various disjoint additive subspaces are bounded away from zero.
Applying this assumption and tools from the theory of structured random
matrices, we derive a strong uniform concentration property of the empirical
norm around the L?(PX)-norm, which, in the special case of independent
covariates, can be rewritten as a restricted (block)-isometry property. This
property enables us to carry over the geometry in the population setting to
the finite sample setting, and thus leads to an analysis of our procedure.
Our results are of theoretical interest. Under minimal geometric assump-
tions, we prove upper bounds for the probability that our procedure misses
relevant variables. These concentration inequalities lead to conditions mak-
ing consistent estimation of the relevant variables possible. In the case of
the linear model with random measurement and also in settings considered
in the theory of compressive sensing, these conditions coincide with what
can be usually found in the literature (see, e.g., [80, 59]). In the general
case of the nonparametric additive model, we find conditions which are, to
the best of our knowledge, new. As an application of our variable selec-
tion procedure, we consider the problem of estimating single components.
Combining the results of this chapter with those obtained in Chapter 2, we
establish conditions under which a single component can be estimated with
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the rate of convergence corresponding to the situation in which the other
components are known.

2. The main result

2.1. The variable selection problem. Let (Y, X) be a pair of ran-
dom variables such that X = (Xi,...,X,)T and

Y:ij(Xj)+€, (2.1)
j=1

where the X; are real-valued random variables, the f; are unknown functions
which are contained in L?(P*7), and ¢ is a Gaussian random variable with
expectation 0 and variance o? which is independent of X. Moreover, we
suppose that f; satisfies E[f;(X;)] =0 for j =1,...,¢ — 1. We denote by
f the whole regression function given by f(z) = 25:1 fj(z;). We assume
that we observe n independent copies (Y1, X1),..., (Y™, X") of (Y, X), i.e.,

q
7j=1

The number of covariates ¢ can be much larger than the number of ob-
servations n, but we assume that the number of non-zero components is
smaller than n. Thus we consider a high-dimensional sparse additive model.
We define Jo = {j € {1,...,q¢} : | fj]| > 0}, meaning that we have f(x) =
ZjeJo fj(xj). Moreover, we denote by s the cardinality of Jy, i.e., s = [ Jo|.
The set Jy is supposed to be unknown, but we assume that we are given an
integer ¢* such that |Jy| < ¢*. We aim at selecting a subset of cardinality
smaller than or equal to ¢* which contains Jj.

2.2. The main assumption. Without any further assumption, the
components are not necessarily uniquely determined. In this section, we
give an assumption which implies uniqueness and furthermore makes the
variable selection task accessible. We define H, = L?(PX%) and

Hj = {h; € L*(PY9)|E [h;(X;)] = 0}
for j =1,...,q — 1. Note that f; € H;. The spaces H; are all canonically
contained in L?(PX) which is a Hilbert space with the inner product (g, h) =
E[g(X)h(X)] and the corresponding norm ||g|| = /(g,9). Moreover, for
J C{l,...,q}, we define
H; = Z H;

jed
(with the convention that Hy = 0 if J = ().

ASSUMPTION 11. There exists a constant 0 < p < 1 such that for all
subsets Ji, JJo C {1,...,q} satisfying JyNJy =0 and |J1|,|J2| < ¢*, we have

(s hgy) < pllh [, | (2.3)
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forallhy, € Hy,, hy, € Hy,.

It follows from the fact that the spaces H; are closed combined with
Assumption 11 and [42, Theorem 1la] (applied inductively) that all spaces
Hj with J C {1,...,q} and |J| < 2¢* are closed. The real number

<hJ1ahJ2>
[ [Pl

is the cosine of the minimal angle between H; and Hj, (see, e.g., [40,
Definition 1}). Letting pg« = max po(H y,, H s,), where the maximum is taken
over all subsets Jy, Jo C {1,...,q} satisfying J; N Jo = 0 and |J1], |J2] < ¢*,
then Assumption 11 says that py« < 1. By a simple argument which is given
in Section 5.1, one can show that Assumption 11 can be written as follows:

pU(HJUHJz) = Sup {

O#hJIEHJI,O#hJQGHJQ}

REMARK 11 (Equivalent form of Assumption 11). For all subsets Ji, Jo C
{1,..., ¢} satisfying J;1 N Jo = 0 and |.J1],]J2] < ¢*, we have

lhay + hl* > (1= pZe) ||l (2.4)
forall hy, € Hy,, hy, € Hy,.

Remark 11 shows that Assumption 11 is essential for variable selection:
if (2.4) does not hold, then it is possible that f is arbitrary close to a sparse
additive function which is based on a completely different set of variables.
From (2.4) and the definition of .Jy, we obtain:

LEMMA 11. Let Assumption 11 be satisfied. Then
K= > 0.
im [ o

For J C {1,...,q} let Iy, be the orthogonal projection from L?(PX) to
Hj. In the following we abbreviate I, as II;. Since projections lower the
norm, the set Jy maximizes the quantity ||II;f ||2 If Assumption 11 holds,
the following Lemma shows that |[IIy, f||*> — ||TL; f||? is strictly positive for
all subsets J C {1,...,q} with |J| < ¢* and Jy \ J # 0. This means that
a subset J C {1,...,q} with |J] < ¢* which maximizes ||[II;f|* always
contains Jy (and is equal to Jy in the special case when |Jy| = ¢*). These
observations will be the theoretical basis for our selection criterion in the
finite sample setting.

PROPOSITION 10. Let Assumption 11 be satisfied, and let J C {1,...,q}
be a subset such that |J| < ¢* and Jy\ J # 0. Then

Lo FIZ = 1ML 1P = 11 f = T fIP = (1= pg ),
where | = |Jo \ J| and

2
K; =  min H Z f]H .
J'CJo,|J!|=l
CJo,|J'| oy
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PROOF. The equality follows from Il;, f = f and the projection theo-
rem. We turn to the proof of the inequality. We have f = ZjeJomJ fi+

> jesos [i = frons + [\ Hence
Uy f = fions +1sfing
and
F=1Lf = Frng — Wafin-
We have fj\; € Hjpn\g, ILyfing € Hy, and I = |Jo\ J| > 1. Thus (2.4) and
the definition of k; yield
If =T f|I* = HfJO\J_HJfJO\JH 1—Pq )HfJo\JH (1—Pq )KL
This completes the proof. ([

Finally, we show that p,« can be related to a quantity which is known
in the literature on sparse additive models (see, e.g., [44]).

LEMMA 12. Let eag« be the smallest number such that

H ijH (e (X 151°) (25)
je

for all J C{1,...,q} with |J| < 2¢* and all 3, ; fj € Hy. Then we have
pg < 1if and only if egqr < 1.

A proof of this lemma is given in Section 5.2.

2.3. The selection criterion. In this section, we construct the selec-
tion criterion. For j = 1,...,q, let V; C H; be finite-dimensional linear
subspaces. For J C {1,...,q}, let

b=
Jj€J
and d; = dim V. Moreover, for I =1,...,¢, let d; = max|;_; d;.

In order to proceed, we introduce some further notation. Let || - ||,, be
the empirical norm which is defined by

IR = Z W (X

for h € L?(PX), and which is defined by || - ||2 = (1/n)| - ||? if applied to
vectors in R™. Here, || - ||2 denotes the usual Euclidean norm. Let IT; be the
orthogonal projection from R” to the subspace {(g;(X1),...,g;(X")¥|gs €
Vs}. If h € L*(PX), then we abbreviate IT;(h(X1),..., h(X")T as IL;h.
Finally, let Y = (Y',...,Y™)T and € = (¢',...,¢")T. Motivated by Propo-
sition 10, we define an estimator Jo of Jy as follows:

Jo = arg max (HﬂJYHi — 0'2dj/n> . (2.6)
Jg{]-v-"vq}v“]lgq*
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Conditioning on X', ..., X", the random variable (n/0?)||ILs€||? has a chi-
square distribution with rank(f[ 7) < dj degrees of freedom and the last term
is supposed to cancel its expectation. The last term can also be seen as a
penalty term. In fact, the criterion in (2.6) can be written as a penalized
least squares criterion (see, e.g., [52]).

The success of the criterion depends on a suitable choice of the Vj,
which in turn depends on the regularity conditions of the f;. For instance,
if the f; belong to some known finite-dimensional linear subspaces of Hj,
then we let the V; be equal to these spaces. In the following, we con-
sider the nonparametric case. Without loss of generality, we shall restrict
our attention to (periodic) Sobolev smoothness and spaces of trigonometric
polynomials. A similar treatment is possible, e.g., for Holder smoothness
and spaces of piecewise polynomials or spaces of splines. Recall that the
trigonometric basis is given by ¢1(x) = 1 and ¢ () = v/2cos(27kz) and
Gops1(r) = V2sin(2rkx), k > 1, where 2 € [0, 1].

ASSUMPTION 12. Suppose that the X; take values in [0,1] and have
densities p; with respect to the Lebesque measure on [0,1], which satisfy
c < pj <1/c for some constant ¢ > 0. Moreover, suppose that the f; belong
to the Sobolev classes

o 1) = {3 hnten) 3 (om0 ) < 3
k=1 k=1
where a; > 1/2 and K; > 0 (see, e.g., [74, Definition 1.12]).

For j =1,...,q, let V} be the intersection of H; with the linear span of
}1,- .., &m, (in the variable z;). The choice of the m; will depend on the
following approximation properties.

LEMMA 13. Let Assumption 12 be satisfied. Then there exists a constant
Cj > 0 depending only on o and c (given explicitly in the proof) such that
hj — Iy hi||* < C;K?m > and
H J 7% IRy
1-20;
lhj = Ty, hyll3e < CiEGm; =™
or all h; € Wi(a;, K;) N H;, where Iy, is the orthogonal projection from
J ACIERAY J j
L2(PX) to V.
For completeness, a proof of this lemma is given in Section 5.3. We
suppose that for j =1,...,q,

1/2a;

CiK2¢*(1+ €. !

mj Z ! I]q_( P 1 ) 9 (27)
d(1—pg )k

where 0 < ¢ < 1 is a small constant satisfying (4.3) and e;* is a positive
real number such that

SIS 28)
JjeJ jeJ
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for all J C {1,...,q} with [J] < ¢ and all }_,_; f; € H;. Note that, by
the Cauchy-Schwarz inequality, we can always choose 1 + e’q* = ¢*. The m;
are chosen such that the following upper bound holds

| =S mu s <) S Is -yl < d0 - s (@9)
j€Jdo Jj€Jo

where we used (2.8) and Lemma 13. Applying Bennett’s inequality and
Lemma 13, one can show that a similar bound holds with high probability
when the L?(PX)-norm is replaced by the empirical norm || - ||,,. The result
is as follows:

LEMMA 14. Let Assumptions 11 and 12 be satisfied. Suppose that (2.7)
is satisfied for j = 1,...,q. Let the event A be given by

A= Hf — Z ijfjHi <2d(1 —pg*)ff

j€Jo
Then

P (A°) < exp (—f’GdZJ . (2.10)

A proof of Lemma 14 is given in Section 5.4

2.4. The main result and some consequences. In this section, we
present our first main theorem and derive several consequences. These re-
sults will be further developed in Section 3, where the final results can be

found.
For JC{l,...,q} and 0 <0 <1 (e.g. 6 =1/2), we define the events

€5 = {(1 = O)lgsl? < lgsll2 < (1+8)llgs 1> for all gy € V).
Moreover, we define
Esqr = ﬂ Es, 70
JC{1,...q} | <g*

We prove:

THEOREM 10. Let Assumptions 11 and 12 be satisfied. Let 0 < § < 1.
Suppose that (2.7) is satisfied for j = 1,...,q. Then there is a constant
c1 > 0 depending only on & (given explicitly in the proof) such that

i 3
P(JoCdo) = 1P ()~ exp (1662*)

iq*_i_l) (8> (q " 8>4e p|—c n*(1 — pg)*wi
_ o | — .
I=1 m=0 : m ' otdy—sy1+0?n(l — Pg*)m

(2.11)

Recall, that the d; are given by dj = max| ;- d.
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REMARK 12. Theorem 10 also holds in the parametric case, i.e., if
fj € Vj for j € J. In this case, only Assumption 11 has to be satisfied,
Assumption 12 and the condition (2.7) disappear. Moreover, in (2.11) the
term exp(—3n/(16d,+)) can be dropped.

The bound (2.11) yields the following simpler one

¢ 3 n
<JO C Jo) Z (857(1*) exp ( 16 d >
q _213\2,.2
eq n?(1 Py )k
— 4 - . 2.12

This can be seen as follows. First, we successively apply the bounds k; > &
and dg«_s1; < dg=. Then, we use the following combinatorial result (for a
proof see, e.g., [52, Proposition 2.5])

*

()"

COROLLARY 14. Suppose that the assumptions of Theorem 10 hold.
Then for each constant ca > 0, there is a constant cz > 0 (depending only
on ¢y and cz) such that

M=

.

From (2.12), we conclude:

P(JoC o) 2 1-P (&)~
provided that

2 Jrd1 %) 02q*1 *
I Vadg c;g(eq/q )70 q og(Qe(J/q )7d

REMARK 13. Corollary 14 also holds if the assumptions of Remark 12
are satisfied. In this case, the term dy+ log g can be dropped.

¢+ log q} < c3n.

Next, we present another analysis of (2.11) in the case that ¢* = s. Then
Jo C Jp if and only if Jy = Jy. Thus, we can rewrite (2.11) as

. 3
P (Jo# Jo) P (E5,) +exp (—16 d”*)

EE (e ().

=1 m=0

Applying x; > (1 — €;)lk1, d; < ldy, and

£0()
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the last expression in (2.14) can be bounded by

g4q2l exp < I(n(1—p?)(1 —e5)r1)? ) |

A otdy + o?n(1 — p2)(1 — €5)K1

We obtain:

COROLLARY 15. Suppose that the assumptions of Theorem 10 hold.
Moreover, suppose that ¢* = s. Then for each constant co > 0, there is
a constant cs > 0 (depending only on ¢1 and c2) such that

P (Jo# Jo) <P () +a7, (2.15)
provided that
{ o%\/dilogq o%logq
max ,
(L=p2)(1 —es)rr’ (1= p2)(1 —€s)k1
REMARK 14. Corollary 15 also holds if the assumptions of Remark 12
are satisfied. In this case, the term dglogq can be dropped. In the special

case that the covariates are also independent, we have p; = €; = 0 and the
conditions become

,dslog q} < c3n.

2\/di 1 2]
max{a ! qu,a qu} < csn.
R1 R1

Note that in Chapter 4, we show that this conditions are also necessary.

Finally, we mention that in the case ¢* = s, the conditions in Corollary
14 and 15 are both consequences of a more general condition. One can show
that for each ca > 0, there is a ¢3 > 0 such that (2.15) holds, provided that
forl=1,...,s,

ax { o2y/ld;log(eq/l) o*llog(eq/l)

1—=p)kr 7 (1=pHm

Note that Corollary 14 follows from the bounds k; > k and the fact that
llog(eq/l) is increasing in [ for 1 <[ < ¢, and Corollary 15 follows (up to the
constant e in the logarithm) from the bounds k; > (1 — €;)lk; and d; < ld;
and the fact that log(eq/l) is decreasing in .

,dslog q} < c3n. (2.16)

3. Structured random matrices and the event &

3.1. Independent covariates and the RIP. In this subsection, we
suppose that Xi,..., X, are independent, which implies that the spaces
Vi,...,V are orthogonal in L?(PX). In this particular case, we rewrite the
event Es 4+ as a restricted (block)-isometry property. This allows us to apply
known concentration inequalities.

For j =1,...,q,let {¢jr}1<k<dimv; be an orthonormal basis of V;. Then
we define the n x dim Vj-matrix
1 ,
Aj= % (¢jk(X;))1gign,1gkgdimVj
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and for J C {1,...,q}, we define the n x d;-matrix A; = (4;);c; (
abbreviate Ayy .1 as A). With these definitions, it is easy to see that & ;
is the event such that

we

(1= 0)ll2s113 < [ As2s13 < (1 +0)ll2s113

for all z;y € R% . Here, we have used that the spaces Vi, ..., Vq are orthogo-
nal. Thus, if we define

O = max AT A -1
9 Jg{l,...,q},mgq*” sos A 0o = Llop;

then we have
Esqr = {0g+ <6}

The constant 4+ is bounded by the restricted isometry constant of order dag=
of the matrix A (see [59, Definition 2.4]). Note that the restricted isometry
constant plays a prominent role in the theory of sparse recovery. More-
over, there exist many concentration inequalities for the restricted isometry
constant in many ensembles of random matrices. We give two examples.

ExAaMPLE 2. Consider the model Y = ?:1 X;B; + €, where the X
are independent centered Gaussian random variables and the 3; are real
numbers. Then A is a Gaussian random matrix (the entries are indepen-
dent Gaussian random variables, each with expectation zero and variance
1/n), and [4, Theorem 5.2] implies that there exist constants cz,cq > 0 de-
pending only on § such that P(dg« < 6) > 1 — 2exp(—cqn), provided that
q*log(q/q*) < csn. Combining this with Corollary 15, we obtain (in the
case ¢* = s) that P(Jo # Jo) < 2exp(—cqn) + ¢~, provided that

2]
max {slog(q/s), 7 qu} < c3n.
K1

These conditions are also known to be necessary (see, e.g., [59, Section 2.6]
for the setting without noise and [80, Theorem 2] for the noisy setting).

ExaMpPLE 3. Consider the nonparametric case where Xi,...,X,, are
independent and uniformly distributed on [0,1]. Then the trigonometric
bases of the V; are also orthonormal bases and we can apply [59, Theo-
rem 8.4] (recall that the constant 4+ is bounded by the restricted isome-
try constant of order dy,+) which says that there are constants c3,cy > 0
such that for § < 1/2, P(§« > ) < exp(—cqnd?/dag+), provided that
dag+ 1og®(100da,+ ) log(4d,) log(10n) < c3nd?.

3.2. A general upper bound for P(€f .). In this section, we give a
general upper bound for the probability that the event Sg’q* occurs. This
upper bound is a generalization of [64, Theorem 3.3] and [59, Theorem 8.1
and 8.4]. The derivation will consist in two steps. The first step is the
following generalization of Theorem 3.6 by Rudelson and Vershynin [64].
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PROPOSITION 11. Let Assumptions 11 and 12 be satisfied. Then there
is a universal constant C7 > 0 such that

dagx 2
< 1 d 1
<y A= e og“(dy vV n), (3.1)

provided that the last expression is smaller than 1.

E sup lgllz — llgll?]
g€VJ,\J\§2q*,Hg||§1

A proof of Proposition 11 is given in Section 5.5. The second step is an
application of Talagrand’s inequality (see [72]). Here, we state a version of
Talagrand’s inequality presented in [11, Corollary 2]:

THEOREM 11 (Talagrand’s inequality). Let X',..., X" be n independent
and identically distributed random variables taking values in some measur-
able space (S,B). Let G be a countable family of real-valued measurable
functions on (S,B) that are uniformly bounded by some constant b. Let
Z = Supgeg ’% S g9(XY) —E[g(XY)] ’ and v = sup,eg E [g*(X1)]. Then
for every positive number X,

P(Z>2E[Z]+ \) < 3exp (rm (i‘j/\ 2)) ,

where Kk 18 a universal constant.

We want to apply Talagrand’s inequality to the family G = {¢? : g €
Vi | J| < 2¢%, |lg|| < 1}. This family is not countable, but the value of Z
does not change if we restrict the supremum to a countable and dense subset
(note that the V) are finite-dimensional spaces). For J C {1,...,q}, let

oy = 1 sup 19|00
Vdy ozgev; |9l

Moreover, let @oq+ = max| jj<aq- 7. Under Assumptions 11 and 12, we have

2 < #
802(1* - C(l — qu*),

(3.2)

the details are given in Section 5.6. Therefore, for all g2 € G, we have
2dag

c(1—eq+)

Using this and the bound E [¢*(X')] < ||lg||% |g]|?, we conclude that b,v <

2dyg+ /(c(1 — €24+)). Now, suppose that the last expression in (3.1) is smaller

than §/4, 0 < 6 < 1. Then Theorem 11, applied with A = §/2, yields

P (&) <P sup gl = llgl®| > o
gevJv“]‘S2q*7Hg”S1
o1 = e2q)8?
Sdoy )

913 < @3grdagellgl® <

< 3exp <—n/<a

We have shown:
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THEOREM 12. Let Assumptions 11 and 12 be satisfied. Let ¢y = ck/8
and c3 = \/¢/(4C1), where Cy and k are the constants in Proposition 11 and
Talagrand’s inequality, respectively. Let § € (0,1). Suppose that

dog

0= en log?(d, V n) < c30.
q*

Then
(1 — €2¢* )7152 >

P (5§7q*) < 3exp (—04 p
q*

3.3. Conditions for variable selection. In this section, we combine
Corollary 15 with Theorem 12. Therefore, suppose that the assumptions of
Theorem 10 hold. To simplify the exposition, we will treat the quantities
a = min; o, K = max; K;, and ¢ from Assumption 12 and the geometric
quantities ps, €25, and €/, as constants. Moreover, we assume that ¢* = s and
that ¢ > n. Recall from (2.7) that in this case it suffices to choose the m; of
size constant times (s/k)'/(2®) . By the inequalities x; > I(1 — €)1, we have
that x is bounded from below by a constant times 1, which in turn implies
that the m; can be chosen of size constant times (s/r1)"/(?%). Inserting this
into Corollary 15 and Theorem 12 (let, e.g., 6 = 1/2), we obtain:

THEOREM 13. Make the above assumptions. Then for each constant
co > 0, there are constants cg > 0 and c5 > 0 such that

P <J0 # jo) <q e gl
provided that

5251/(40) log g 0?logq s2a+D/(20) jogh g 3
max L(arD)/(a) 0 g 1) = a3n.
1 1

(3.3)

REMARK 15. In Chapter 4, we will show that the condition

{ o?\logq o?logq }
max < c3n.
K

g4a+1)/(4a) ’ K1
is optimal in an additive Gaussian white noise model. Obviously, this con-
dition is weaker than (3.3). In (3.3), we have the additional factor s'/(4®) in
the first term, and we have an additional term coming from the event &s 4
(note that this event disappears in the Gaussian white noise framework).

3.4. Estimation of single components. The proposed selection cri-
terion can be seen as a method to reduce the dimension of the model. We
start with n independent observations of a sparse additive model with ¢
covariates and an unknown subset Jy of indices corresponding to the non-
zero components, and we end up with a subset Jy such that |j0\ < ¢* and
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Jo C Jo with high probability. More precisely, if {Jo C jo} holds, then we
have successfully reduced the model (2.1) to

Y = Z fj(Xj) + €. (3.4)
i€Jo

We now consider the problem of estimating a single component f; of the
model (2.1) with j € Jy. We may assume without loss of generality that
j = 1. To simplify the exposition, we make the same assumptions as in
the previous Section 3.3. We split the sample into two parts. More pre-
cisely, we assume that we observe an even number of independent copies
(YL, X1, ..., (Y22, X2 of (Y, X). The estimator .Jy of Jy is constructed as
in Section 2.3 using the sample (Y!, X1) ... (Y™ X™"), and the estimator

fl of fi is constructed as in Section 4.3 of Chapter 2 using Jy and the sample
(Yt xnthy (Y2, X21). We have

E [l = fi12] < E [ syhfi = A2+ Ul + k)P (o # o)

meaning that we can apply Theorem 7 to the first term (note that Assump-
tion 11 implies Assumptions 1 and 2) and Theorem 13 to the second term.

THEOREM 14. Make the same assumptions as in Theorem 13. Then
there are constants c3 > 0, C > 0 such that

P —2ay
E|lIfi = fI?2] < ezt
provided that (3.3) is satisfied and that

2041)/(2c)

201
s n2eatD) logt n < esn.

4. Outline of the proof of Theorem 10

4.1. The finite sample geometry. In this section, we present empir-
ical versions of Assumption 11 and Proposition 10. Throughout this section,
let 0 < § < 1 be the constant in Theorem 10. Recall that in Section 2.4, we
defined the events

€50 = {(1 = 8)l9s1 < llgs1 < (1 +8)llg|* for all g € V)
for J C{1,...,q}. Written in the equivalent form of Remark 11, we have:

LEMMA 15. Let Assumption 11 be satisfied. Let Jy,Js C {1,...,q} be
two subsets such that Jy N Jy =0 and |J1|,|J2| < ¢*. If Es, 5,05, holds, then
we have
g + gl = =2

—~
~—

1= p2) lgnl (4.1)

forall g5, € Vi, 93, € V.



70 3. VARIABLE SELECTION IN ADDITIVE MODELS

ProOOF. Under the assumptions of Lemma 15, we have

lgn + 917 = (1= 8)lgn + gnl’

> (1=8)(1 = p)llgn II?
(1-9) 2 2
> 1—pi. .
> (1+5)( P gl
This completes the proof. [l

Applying (4.1) as in the proof of Proposition 10, we obtain:

PROPOSITION 12. Let Assumption 11 be satisfied. Let J C {1,...,q} be
a subset such that |J| < ¢* and Jo\ J # 0. Let v =73 .., vj withv; € V;
for j € Jo. If E jug, holds, then we have

Jj€Jo

PO

Jj€Jo\J

2

—~

1-0)
(1+0

L 0ll7 = MLl = lv = Tyv]l; >

(1-p3)

n

~—

By decomposing f as v + f — v with v = ZjeJo Iy, f;j, we can apply
Proposition 12 to v and Lemma 14 to f — v. The result is the following
empirical version of Proposition 10.

PROPOSITION 13. Let Assumption 11 and Assumption 12 be satisfied.
Suppose that (2.7) is satisfied forj =1,...,q. Let J C {1,...,q} be a subset
such that |J| < ¢* and Jo\J # 0. Let l = |Jo\ J|. If E5.500, NA holds, then
we have

1(1—-6)?

Lo 1l = L A1 2 5y (= A (4.2)
provided that
N2 (1 + 5) /
(2/3)(1 —V)? — S 2 1/2. (4.3)

A proof of Proposition 13 is given in Section 5.7. In the absence of
noise, Proposition 12 and 13 already prove Theorem 10. In fact, if the event
Es,g+ N A holds, then (2.6) selects a subset Jo C{1,...,q} with |Jo| < ¢*
and Jy C Jo. Proposition 13 applies to the nonparametric setting, while
Proposition 12 applies if the components f; satisfy f; € Vj;, the latter being
a commonly used setting in the theory of compressive sensing (see, e.g., [28]
and the references therein).

4.2. End of the proof of Theorem 10. We have
P (Jo 2 Jo) =T o\ Jo #0)
<SPEJCA{L....q} |J| < ¢ with o\ J #0
and |1, Y2~ dy/n > [0, Y2 = dy /n) -
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Applying the union bound, we obtain
P(Jo & Jo) <P (E5y) +P(A)

+ > P& NANILYIE = dy/n > [ Y2 - dg/n)

JC{1,....q}
[TI<q*,Jo\J#D

where A is the event defined in Proposition 13. We have:

LEMMA 16. Let Assumptions 11 and 12 be satisfied. Suppose that (2.7)
is satisfied for j =1,...,q. Let J C{1,...,q} be a subset such that |J| < ¢*
and Jo\J # 0. Letl = |Jy\ J|. Then there is a constant ¢y depending only
on § (given explicitly in the proof) such that

P (E5.0000 VAN T Y 2 = 0dy /n > ([T, Y2 — 0%y, /n)

< 4ex —c d .
- P ( 10—4dq*75+l +o2n(1 - p?]*)m
A proof of Lemma 16 is given in Section 5.8. Thus

P (¢ jo) <P(E,.) +P(A)

(s=D) 2 2\2,.2
Z Z q—s n(1 — pg« )k
4 - .
" < > ( > P ( “ J4dq*—s+l + 02n(1 — pg*)/il

Now apply Lemma 14. This completes the proof. ([

5. Proofs

5.1. Proof of Remark 11. Suppose that (2.3) holds, and let hy, €
Hy, and th € Hy,. Then HhJ1 +hJ2H2 > HhJ1 ||2 - HHh‘JZH + ||hJ2H2
and (2.4) follows from the inequality 2pg+|hs, ||h1, || < p2- by I? + 1Ay I

Conversely, suppose that (2.4) holds, and let hy, € Hj, and hy, € Hy,.
We may assume without loss of generality that h 7 7é 0 and that ||hz,] = 1.
Then ||hJ1H2_<ha717hJ2>2 = ”hJ1 <hJ17hJ2>hJ2|| (1_pq ) ||2 which
gives (2.3). This completes the proof. O

5.2. Proof of Lemma 12. Let Jy,J5 C {1,...,q} be two subsets sat-
isfying J1 N Jo = 0 and |Ji],|J2] < ¢*. Applying (2.5) and (2.8), we see
that

— €2¢*
S A = (1l + 1£17)

for all f;, € Hy,, f5, € Hy,. Thus Remark 11 gives the “if” part. Con-
versely, applying (2.3) iteratively, one gets for instance

1— €24+ > (1 _ pg*)logz g +1

which gives the “only if” part. O
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5.3. Proof of Lemma 13. Let 72, Oxéx € W;(a;, K;). Then there
is a constant c,; depending only on a; such that (see, e.g., [74, Proof of
Lemma 1.8 and Theorem 1.9])

3702 <o, K2m; ™ (5.1)
k>mj
and
2
> 1651 Scaijm;daj. (5.2)

k>m]‘

We now define U; = V; + R, where R denotes the constant functions. Since
V; and R are orthogonal for j = 1,...,¢ — 1, and since V; = U,, we have
H\/jhj = HUjhj for hj € Hjand j = 1,...,q. Now, let f; € HjﬁWj(O&j,Kj).
Then fj(z;) = Y poy Okdr(xj). Let gj(z;) = Z;n:]l 0xdr(xj). Then g; —
E[g;(X;)] € V; and thus ¢; € U;. We conclude that

15 =Ty, S50 = 15 = Mo, 517 < Ny = asl® < (1)) Y 65

and similarly that

k>m]~

I = Ty, fill% < 2015 — 4512 + 2llq; — Oy, f11%

2

<4a| > 161 +2(t/e)mylla; -y, /i
k>mj
2
<4 > 61 +20/emlle — £l
k‘>m]-
2
<4 D01 +201/e)*my; > 63 (5.3)
k:>mj k‘>m]'
Using (5.1)-(5.3), we obtain Lemma 13. This completes the proof. O

5.4. Proof of Lemma 14. Let v =

Jj € Jo. By (2.9), we have

jedo Vj with vy = H\/jfj for

I = oll? < (1= 2 s,

Moreover, by Lemma 13 and the Cauchy-Schwarz inequality, we also have

If = vl < q" Y CKm; ™ <

J€Jo

2dgec(l — pie)k
(1+e€p)

(5.4)
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Thus, letting z = ¢/(1 —pg*)li, Bennett’s inequality (see, e.g., [52, Comment
after Proposition 2.8]) yields

P(|If = vz > 22) <P (If = oll; = [If = vl* > 2)

< exp <— na” >
B 21(f = v)21> + 2/3)If — vl
< <_ 3nx >

=PRI )

Using this and (5.4), we obtain (2.10). This completes the proof O

5.5. Proof of Proposition 11. The proof is taken from [64, proof of
Theorem 3.6] (see also [59, proof of Theorem 8.1]). However, we have to
modify several details. For j = 1,...,q — 1, the spaces V; are spanned by
the functions ¥, (x;) = ¢r(x;) — [gbk( i)l 2 <k <mj, and the space V; is
spanned by Ygr(xq) = ¢r(zq), 1 < k < mgy. Thus each function in ZFI V],
can be written as go = > ajx¥jk, for some o = (alT,...,aqT)T € R%,
Letting

we have to show that there is a constant C; > 0 such that

dog«

(1= s ) log?(d, V n),

E=E {sup lgall2 - rgauﬂ] <o
aET

provided that the last expression is smaller than 1. Using the symmetrization
lemma (see, e.g., [77, Lemma 2.3.1]), we obtain

E <2E |su 5g? )
Leg n Z )]

where 6',...,0" are independent Rademacher random variables. Applying
[77, Corollary 2.2.8], we have for a universal constant Cy,

sup — Z Slg2 (XY

aceT T

n
PRI

E=E

< 02/ V9og N(T,d,u)du,
0

where N(T,d,u) denotes the minimal number of balls of radius w in the
semimetric d needed to cover T and d is the given by

n 1/2
(e ) = (; S (g - g§<Xi>)2> .
=1
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Now,

1/2
d(a, B) < <n2z ga(XP) + g(X' ))2> Jmax [ga(X7) = g5(X")|
2 . .
< —=sup [|galln max |ga(X?) — ga(X?)].
N qeT 1=1,....n

Applying a linear change of variables, we obtain

20 [
Ei <supllg / log N(T, | - ||x,u)du
1 aeTH alln\/ﬁ ; VIog N(T, || - [[x, u)

where the seminorm || - ||x is given by

lelx = Jax |9a(XY)| = max [{cv, ;)] .

seeer Tl

Here, the x; are the vectors of the basis functions evaluated at X*. Note
that the z; are uniformly bounded by K = 2v/2 and that the last expression
coincides with the definition of || - || x in [64]. Now, if @ € T', then

lalo = {7+ ey # 0} < dag-

and
1

C(l — €2q*) '
The first inequality follows from the definition, the second one from As-
sumption 12, (2.5), and ||ga| < 1. Thus

a2 <

yau——
(1 — eyqr)
where
Ddgq* ,dg N qu .
2 =qa €RY: lafo < doge, flafl2 < 17p.

Applying again a linear change of variables, we obtain

pfaard
SUP ‘ga’nCQ\/T/ 10g1/2 ( o Dy |- Hx,u) du.
q

The above integral is the same as in [64, (3.7)] and can be bounded by
O3 log(dag)v/Togny/logd, < Czlog®(d, V n) (here, we use that the z; are
uniformly bounded by 2\/5) We conclude that

El S C(q*7Q7n) sup HgOéH’f“
acT

where

dog

C(q*7 q, n) = (3 m
q

log?(d, V n)
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Using this and the Cauchy-Schwarz inequality, we obtain
1/2
B < a.m (B |sup o2 )
acT

< C(q*,q,n) (B +1)"%.

If
C(¢",q;n) <1,
then we get
E <2C(q*,q,n).

This completes the proof. O

5.6. Proof of Equation (3.2). By the Cauchy-Schwarz inequality, we
have for g =Y ;" Ox o,

m 1
Il <mS 62 =m /0 ¢ (x)d.
k=1

This implies that

lg;l12, < (2/¢) dim V; ||g;1? (5.5)
for all g; € V;. Now, let J C {1,...,q} be a subset with |.J| < 2¢*. Applying
(5.5), the Cauchy-Schwarz inequality, and Lemma 12, we obtain

190 < 3 g5l < V27, [ dim V; \/Z lg; 2

Jj€J jeJ jeJ
2 -
<y = VdimVy g/l
c(1 = ezq7)
for all g5 =3, ;9; € Vy. This completes the proof. O

5.7. Proof of Proposition 13. Let v =)
j € Jo. We have

Ty £11% = 1T £

= [Tl + 2(TL50, Ty, (f — 0))n + [T (f = )12

— T2 — 200, T (f = 0))n — [T (f = 0)II3

> yvllp = Tl + 20w — v, f = o) — [If = vl2, (5.6)

where the inequality holds since orthogonal projections are self-adjoint and
lower the norm. Since Il;,v = v and ||v — IL;v||2 = ||v||?2 — || v||2, we get

2(T v — v, f = v)n
< (1/3)|ITLgy0 = TLy0]2 + 317 = o]l
= (1/3) (I ll? = ITLo)2) + 3L = oll3, (5.7)

jedo Vi with v; = Iy, fj for
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where we also applied the bound 22y < 322+ (1/3)y2. Combining (5.6) and
(5.7), we conclude that

W0 13 = 1T 113 = (2/3) (IMgol2 = IT0l2) =4l = vl2. (5.8)
If & jug, holds, then Proposition 12 says that
2, (1=9)
n= (1+9)
where v\ 7 = ZjeJo\J vj. If & 5, holds, then

2

sl = @ =)o sl? = (1 =8) (1fanal = Ifs = vara )

where fj\7 = >je s\ fi- Asin (2.9), we have

e[, = 1o

(L= pg)llvpallzs

a0 — vanal? < (1= p2 )k < k.
Thus
[vsalls = (1=8)(1 = V) r
If & 70, holds, then we obtain

52
2 ((11 +(?) (1-— pg*)m. (5.9)

If & 704, N A holds, then we conclude from (5.8) and (5.9) that

R . 1(1—6)2
s fl7 = T £7 > 5
H Jof”n H Jan =9 (1 +5)

provided that (4.3) is satisfied. This completes the proof. O

IL,0[|2 = [|TLyo]2 > (1 - Ve)

(1 - pg*)HB

5.8. Proof of Lemma 16. We have
T, Y2 = o%dy/n > [T Y% = o2dyy/n
if and only if
ITLsell2 — [Tpell2 — o2dy/n+ o®dy, /n+ 2((1; — Iy f, €)n
> ||y, £l — 1T £
If & jug, N A holds, then (5.8), (4.3), and (4.2) yield
1(1-9)2

I flI2 — [T £ > = 1—p2
H Joan || Jf”n =9 (1 +5) ( Pq )"{l
and also
R N 1 N 1 -
2 2 2 2
L5 F15 = WL AR 2 S lio = Tl 2 g llo = Lol

Recall that the random variables €', ..., €" are independent and Gaussian,

each with expectation 0 and variance o2. Moreover, they are independent of
X! ..., X™ One can show that, conditioned on X!, ..., X™ and if Es. a0,
holds, we have

~ ~ d
ILyelly — ITLpells = (0®/n)x*(d g g,) — (02 /n)x*(d ),
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where £ denotes equality in distribution, and where x?(d j ,) and x?(d j\ s)
are chi-square distributed random variables with dy j, and d ; degrees of
freedom, respectively. Applying all these arguments and the union bound,
we conclude that

P (Eum NAN LY = 0%y /n > [T Y2 - 0%y, /n)

o2 52
<P (n (XP(dpg) — dpg) > ;((11 +5(5)) (1- Pi*)@)

o2 52
+F (n (o)~ das) < ((11 +‘?) (1- pg*m)

. . 1 A
+ P (857juj0 nNAN 2<(HJ — Hjo)f, €>n > ZHU — HJ'UH%) .

The first and the second term can be bounded by standard concentration
inequalities for chi-square distributions.

LEMMA 17. Let d be a positive integer. Then, for all x > 0, we have

2 @’
P(x*(d) —d>z) < exp <2(2d—|—2x))

and

P (x*(d) —d < —z) < exp <—Z> .

For a proof of this lemma see [47, Lemma 1] and [11, Lemma 8]. Since
|Jo\J| =l and |J\ Jo| < ¢"—s+1, we have d )\ 7, d s, < dg=—s11- Applying
this and Lemma 17, we obtain

o? 52
P <n O (dngg) = dngy) = ;(1 %) (1— pg*)/{l>

(1+0)
o? 1(1-9)2
P (y2 - < —= 1—pi
+ <n (X (dy\g) = dyrg) < S (1+0) (1—pg )M)
2,2(1 — p2. )22
< 2exp L G (L= Py ) K 5 , (5.10)
32804dg g1 + c502n(1 — Py )KL

where ¢s = (1 — 6)?/(1 + §). Thus it remains the third term. It can be
bounded by

. 1 A
P (£ 1 (L0 = viehn 2 Sl — Tl

. . 1 .
+P (&;JUJO NAN(I; —1y)(f —v), €)n > 1—6]\11 — HJU”%) . (5.11)
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These terms can be bounded by standard concentration inequalities for
Gaussian random variables. Applying (5.9), we obtain

. 1 N
P (Eam 0 TLw = vyl > o~ ol )
o~ Byl
<E llg&JuJo exp (—29 = n

2
cs (1 — po )k
< exp <—21002 )

which bounds the first term in (5.11). If A holds, then

(T = TLy,)(f = 0)lI7 < 4l f = olls <8(1 = pi)r < 8 (1 — pio)rr.
Applying this and (5.9), we obtain

P <55,JUJ0 NAN (I = T5)(f —v), €)n

<P <56,JUJO nNAN ((fIJ — f'[JO)(f — ), €)p > i(l —5)2

(1+9)
2
<exp <_ cg n(l— pq*)m)

oldy o2

which bounds the second term in (5.11). This completes the proof. O



CHAPTER 4

Optimal conditions for variable selection in
additive Gaussian white noise models

1. Introduction

In this chapter, we study the problem of variable selection in high-
dimensional Gaussian white noise models. We suppose that the regression
function has an additive form and that its additive components belong to
nonparametric classes of functions. The aim is to derive optimal conditions
under which consistent variable selection is possible.

In order to obtain sufficient conditions, we analyze a penalized least
squares criterion. In contrast to Chapter 3, we do not assume that an upper
bound ¢* for the number of non-zero components is known. This forces us
to introduce an additional penalty term. Our main result is a general expo-
nential bound for the probability that our procedure recovers the support,
i.e., the set of indices corresponding to the non-zero components. In the case
that the components belong to Sobolev classes, we establish conditions mak-
ing consistent estimation of the support possible. Finally, we prove minimax
lower bounds showing that these conditions are also optimal.

High-dimensional additive models have been recently studied in a series
of papers by Meier, van de Geer, and Bithlmann [53], Huang, Horowitz, and
Wei [37], Koltchinskii and Yuan [44], Raskutti, Wainwright, and Yu [58],
Gayraud and Ingster [30], Suzuki and Sugiyama [71], and Dalalyan, Ingster,
and Tsybakov [19]. Most of these papers focus on the problem of estimation.
The latter, e.g., constructs an estimator achieving optimal minimax rates of
convergence. In this chapter, we analyze a penalized least squares criterion
similar to those developed in the work by Birgé and Massart [12, 13] (see
also [10, 6]). Since we are dealing with nonparametric components and
since we focus on the problem of variable selection instead of estimation, we
introduce a slightly different penalty term. This chapter can also be seen
as a complement to Chapter 3. By switching to the Gaussian white noise
framework, the constructions, statements, and proofs become simpler and
more transparent. In addition, we also derive minimax lower bounds. The
proofs of these lower bounds use standard tools, such as Fano’s lemma and
the method of several fuzzy hypothesis (see, e.g., the book by Tsybakov
[74]), and are based on proofs of lower bounds obtained previously in the
linear model (see the work by Wainwright [80] and Arias-Castro and Lounici

79
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[2]) and in the single atom model (see the work by Comminges and Dalalyan
[18]).

2. The main result

2.1. The Gaussian white noise framework. We suppose that we
observe a process (Y¢(h) : h € L?([0,1]7)) such that

Ye(h) = (f,h) + W (h),

where f is an unknown function in L2([0,1]9), € > 0 is a known parameter,
and (W (h) : h € L%([0,1]%)) is a centered Gaussian process with covariance
given by

E [W ()W ()] = (b, 1) 21)
(see, e.g., the book by Massart [52, Chapter 3.5] and the references therein).
Here, (-, -) denotes the inner product on the Hilbert space L?([0,1]%). More-
over, we suppose that f has the form

q
Fl@n,. . mg) =Y filay),
j=1

where the f; satisfy fol fj(xj)dxz; = 0. We denote by Jy the set of non-zero
functions in this sum, i.e.,

Jo={ief{l,....q}: IS5l >0},

where || - || = /(:,-). This implies that f can also be written as
flan,. . mg) =Y fily).
Jj€Jo

In this chapter, we consider the problem of estimating Jy. We are interested
in settings where q is very large, for instance in the sense that ge? is still very
large. Note that €2 plays the same role as 02 /n in the regression framework.

2.2. Model selection via penalization. We begin with introducing
some notation. For j =1,...,¢q, let L?([O, 1]) € L%([0,1]9) be those functions
which depend only on the variable z;, and let

H, - {h]- e L3([0,1]) /01 hy () da; = 0}.

For j =1,...,q,let V; C H; be finite-dimensional linear subspaces, and for

JCA{L,...,q}, let
V=)V
Jj€J
and d; = dimV;. Moreover, we define d; = max|;—;ds, I = 1,...,q.
For simplicity, we suppose that the V; all have the same dimension. This
implies that d;y = |J|d; and also that d; = ld;. Note that the spaces V;
will be the models used in the selection criterion below. In this and in
the next section, we let these spaces unspecified. We only assume that the
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fj can be approximated well (see Theorem 15 below) by some function in
Vj. Concrete examples can be found in Section 3.1. We denote by Ily,
the orthogonal projection from L?([0,1]9) to V. Recall that Iy, satisfies
(Ily, h, Iy, ') = (Ily,h, W) for all h, K’ € L?([0,1]9), which is one of its key
properties. If {¢jk}1<k<d1 are orthonormal bases of the Vj}, then Ily, is given
by

d1
My b= > (hdjk) Sn

jeJ k=1
for all h € L?([0,1]9). This representation shows that we can also apply Iy,
to W and Y by letting

di
Oy, W => "> " W(dir)djn (2.2)

jeJ k=1
and
Iy, Y =11y, f + elly, W.
Note that we have
(v, W, Iy, h) = W (Ily, h)
for all h € L?([0,1]%), which can be compared to the above key property.
We now turn to the construction of the variable selection criterion. We

will consider the following penalized least squares procedure (see, e.g., [10,
6, 12, 13], or the book by Massart [52])

Jo = arg max (T, Y||* — €%dy — €p(J)) (2.3)
TC{L,..0}
in the special case that

p(J) = p(lJ]) = 24/ clJ|d) s log g + 2¢|J|log g,

where ¢ > 1 is a constant. Letting k£ = |.J|, we have

p(k) = 2k (\/cdl log g + clog q) . (2.4)

The choice of the penalty function has the following two explanations. The
first term €2d; is equal to the expectation of ||IIy,eW|? and is there for
centering. The second term e?p(].J|) is chosen such that the procedure will

not choose large values of k& = |J|. Its particular form is based on the
following exponential inequality for chi-square random variables
P (x*(dk) — di > p(k)) < exp(—cklogq), (2.5)

where x?(dj,) denotes a chi-square random variable with dj degrees of free-
dom (see Lemma 18). We mention that in the special case d; = 1, the whole
penalty is equal to

€2k(1 4 2+/clog q + 2clog q),
which has the form considered in [13] (see, e.g., [13, Equation (26)]). Finally,
note that if € > 0 (which we assume in this chapter), then the solution of
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(2.3) is almost surely unique, since the probability that the expression inside
the argmax takes the same value for two different sets is equal to 0. Here, one
uses that the difference of two independent non central chi-square random
variables is absolute continuous with respect to the Lebesgue measure.

2.3. A general variable selection theorem. In this section, we state
our main theorem, which roughly speaking asserts that variable selection is
possible if ||IIy, ;]| is greater than a constant (strictly larger than 1) times

e2p(1), for j =1,...,q. Using the quantity
. 2

K1 = min|| f;
1= win 5],

we will derive this condition from two more concrete ones. Note that appli-
cations can be found in the next section.

THEOREM 15. Let ¢ > 8. Suppose that the following two assumptions
hold:

(i) Forj=1,...,q, we have

1fj = Ty, fill* < k1/2.
(ii) We have
6229(1) < K1/8.
Then
P <jo # Jo) < 9g(e/4=2),

3. Optimal Conditions

3.1. Sufficient conditions. In this section, we want to apply Theorem
15 in a parametric and in a nonparametric setting. The parametric one is
as follows. Suppose that the f; belong to known finite-dimensional linear
subspaces V; of H;, and that these spaces are also chosen in the selection
criterion (2.3). In this case, Theorem 15 has the following corollary. Note
that, since Iy, f; = f;, the approximation condition (i) disappears.

COROLLARY 16. Suppose that the f; satisfy f; € Vj. Let ¢ > 8. More-
over, suppose that the following two conditions hold:

(i)

32¢2¢ log q < k1,

32¢%\/ed; logq < K.

P (jo e Jo) < 9g (/472
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Next, we consider the nonparametric case. Now, the success of the
criterion depends on a suitable choice of the Vj, which in turn depends on
the regularity assumptions on the f;. In the following, we shall restrict our
attention to the case that the coefficients of the f; with respect to some
orthonormal basis belong to some Sobolev ellipsoid. For j = 1,... ¢, let
{®jx},~, be orthonormal bases of the H;. Moreover, let ¥;(a, K) be the
Sobolev class of functions defined by

Yi(a, K) = {hj € L3([0,1]) : ikh (hj, dix)? < K} , (3.1)
k=1

where a@ > 0 and K > 0 are real numbers (see, e.g., the book by Tsybakov
[74]). Specifically, we can consider trigonometric bases (by omitting the
constant function). We now make the following assumption:

ASSUMPTION 13. There are o > 0 and K > 0 such that that f; €
HiNnYj(o,K) forj=1,...,q.

For j =1,...,q, let V; be the linear span of the first d; basis functions
®j1,- -, ¢ja,- Using (3.1), we have

1R — Ty, hyl|* < K1+ dy)~>
for each h; € ¥j(c, K). In particular, if

9 f\ 1/(20)
1+dy > () , (3.2)
K1
then we have
1hj — Ty, |1 < 1 /2 (3.3)

for each h; € ¥j(c, K), meaning that Assumption (i) of Theorem 15 holds.
From Theorem 15, we now obtain:

COROLLARY 17. Let Assumption 13 be satisfied. Let the V; be chosen as
above, where dy is the smallest integer such that (3.2) is satisfied. Moreover,
suppose that the following two conditions hold:

(i)

32¢2clog q < k1,

32¢2\/clogq < /QYMH)/M (2K)~1/(4e),

P (jo e Jo) < 9g~ (/472

(if)

Then

PRrROOF. Recall that Assumption (i) of Theorem 15 is satisfied by the
choice of d; and (3.3). Thus it remains to verify that Assumption (ii) of
Theorem 15 is also satisfied. By the definition of d;, we have

1/(2c)
d < <2K> |

K1
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Using this and the Assumptions of the corollary, we conclude that

p(1) = 2€2 (x/cdl log q + clogq) < K1/16 + K1/16 = K/8,
which is Assumption (ii) of Theorem 15. This completes the proof. O

3.2. Necessary conditions. In this section, we complete Corollaries
16 and 17 by showing that the conditions are (up to constants) also neces-
sary, thus optimal.

We define

Sie, K, m1) = {fj € Zj(e, K) : || £ > 51 }
and
Yo, K k1,8) =1 f = ij cfje¥i(a, K, k1), |J| =5
jeJ
We prove:
PROPOSITION 14. Let s #0, s < q—3, and ¢ > 5. If
e?max {log(q — s + 1),log(s + 1)} > 4x;

or if

62 /log<q — s + 1) Z 8H§4a+1)/4O¢K71/(4a)7

inf sup Py (J£dp) 2 1/4
J feX(a,K,k1,s)

then we have

REMARK 16. Applying the bound max{log(q — s + 1),log(s + 1)} >
log(q/2), the first condition can also be replaced by €%log(q/2) > 4k1.

The proof of this proposition is given in Section 4.2, and uses standard
techniques, namely Fano’s lemma and the method of several fuzzy hypothesis
(see, e.g., [74]).

A similar result also holds in the setting considered in Corollary 16. In
this case, we define

Vi(k1) = {g; € Vi : lgjlI* = s}
and
Viens)=qf=) fi:f € Vi), [T =5
j€J
Then we have (see Remark 17):
PROPOSITION 15. Let s #0, s < q—3, and ¢ > 5. If
e?max {log(q — s + 1),log(s + 1)} > 4k,

or if

e2\/dylog(q — s+ 1) > 8k,
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then we have

inf sup Py (j # Jf) > 1/4.
J feV(ki,s)

4. Proofs

4.1. Proof of Theorem 15. Before we begin with the proof of The-
orem 15, we present some known exponential inequalities for Gaussian and
chi-square random variables which will be used in the proof. Moreover, we
derive a consequence of Assumption (i) and (ii) of Theorem 15.

From (2.1), we have that the random variables W (h), h € L?([0,1]9),
are Gaussian, with expectation 0 and variance ||h||>. Hence,

22
P(W(h) > z) <exp <—) (4.1)
2||A|1?
(see, e.g., [52, Chapter 2]). Moreover, from (2.2), we have

Ly, W* = ZZ (¢58))°,

jeJ k=1

which is the sum of the squares of d ; independent standard Gaussian random
variables, thus a chi-square random variable with d; degrees of freedom. In
the proof, we will make use of the following lemma.

LEMMA 18. Let d be a positive integer, and let x*(d) be a chi-square
random variable with d degrees of freedom. Then, for all x > 0, we have

P (Xz(d) —d > 2Vdzx + 2:1:) < exp(—x)
" P (XQ(d) —d< —2\/@) <exp(—x).

Moreover, let d’ be another positive integer, and let x*(d') be a chi-square
random variable independent of x*(d). Then, for all x > 0, we have

P (x3(d) —d— (@) - d) 2 2/(d+ d)w + 20) < exp ().

The first two inequalities of Lemma 18 follow from [47, Lemma 1]. The
third one follows by the same arguments. Let Z = x2(d) —d — (x*(d’) — d').
Then, for 0 < u < 1/2,

du? b d? < (d+ d')u?
—2u - 1-2u

log (E [exp(uZ)]) <

Now, proceed as in [47] or as in the proof of Proposition 2.9 in [52].
In the proof of Theorem 15, we will apply Assumption (i) and (ii) of
Theorem 15 in the following form:

LEMMA 19. Let J' C Jy be a subset. Then Assumption (i) and (ii) of
Theorem 15 imply that

Ly, fI? = 4€*p(|J']) (4.2)
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PROOF. Applying (i), we obtain

Ty, £117 =D 1Ty, £

jeJ

= (1517 = 1165 =Ty, f511%)

jeJ’
K
> 1715
Combining this with (ii), we get
4€p(|7') = 4| |p(1) < 7|5 < [Ty, £
This completes the proof. O
Proor oF THEOREM 15. Let
P, =P <HHVJYH2 —dy — Ep(J) > |y, Y - Edy, — er(Jg)) .
We have
My, Y| = edy — p(J) > [y, Y|? - €dy, — p(Jo)  (4.3)
if and only if

6Z(HI‘[VJ\JOVVH2 - dJ\Jo) - 62(”]'_‘[VJO\JW||2 - dJo\J) + QEW(HVJO\Jf)
> [Ty, FIIP + € (p() = p(o)).
Let I = |Jo\ J| and m = |J \ Jy|. Then (4.3) is equivalent to
EQ(HHVJ\JOWHQ - dm) - 62(||HVJO\JWH2 - dl) + QEW(HVJO\Jf)
> [y, 1P+ E(m) —p(). (4.4)

By the union bound, we have

P(Jo # Jo) < Y P,

J#Jo

= Z PJ,J0+ Z PJ,J()““ Z PJJO
[J]<|Jol [J|>]Jol,JoCJ [J|>]Jol,JoZJ

=: 81+ 52+ S3.

Step 1. We first consider Sy, i.e., the sum over subsets J satisfying |J| < |Jo].
For such a set, we have [ > m. By (4.2), we have

Ty, fI7/2 = €p(1) + €p(m) > €p(l) + p(m) = Ep(l +m).  (4.5)
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Using (4.4), (4.5), and the union bound, we obtain

Py 1,

< P ((ITy,, WIP = d) = (T, W2 = di) > p(1 +m))
+P (20 (T, , ) > [Ty, £IP/2)

Thus Lemma 18 (see also (2.5)) and (4.1) imply

HHVJQ\quz
PJ,JQ < exp (_C(l + m) log q) + exp —T .

Using the bound ||HVJ0\Jf||2 > 462p(l) > 8e2cl log ¢, we get
Py, < q—c(l+m) +q7(c/4)l < 2q7(c/4)l_

We conclude that

— (s\[(qa—s ¢/l
s<3 3 ()1 )
s !
< —(c/a)l
<3 (")
1=1 m=0
s l
s —s (e
SZ[( q >2q(/4)1
=1
<ZS: 2 _(c/a—2)
S ﬁq
=1
< 2(e—1)g~ /472,

where we used the following combinatorial result (for a proof see, e.g., [52,

Proposition 2.5])
> (2)=(5) a9

m=0

and the inequality s(q — s)e < ¢%e/4 < ¢°.

Step 2. Second, we consider So, i.e., the sum over subsets J satisfying
Jo € J and |J| > |Jy|. For such a set, we have m = |J \ Jy| > 1 and
l=1Jo\ J| =0. Thus (4.4) and Lemma 18 (see also (2.5)) yield

Pygy <P (I, W2 = din > p(m)) < exp (~emlog )
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We conclude that

Step 3. Finally, we consider Ss, i.e., the sum over subsets J satisfying
Jo € J and |J| > |Jo|. For such a set, we have m > [ > 1. Similarly as in
Step 1, we have

v, fI2/2 = €p(1) + ep(m) /2 > p(l + m) /2.
Using this, (4.4), and the union bound, we obtain
P
< P ((ITy, WIP = dm) = ([T, W2 = di) > p(t +m) /2)
+P (2w (I, ) > (I, FI2 4+ €p(m)) /2).
Thus Lemma 18 and (4.1) imply

Py <

2
(e2p(m) + 11y, £12)
32Ty, f1P

exp (—(¢/4)(l +m)logq) + exp

The last expression can be bounded by

exp (= 3 it uplom) + 1/)*) < exp (—go(m)).

Using p(m) > 2cmlog q, we get
Py, < g~ /DM o =(e/Hm < 9=(c/Hm

By proceeding as in Step 1, we conclude that

q—s m
s -5
=1

IN

3

vl

q
(q—8)" (es\™, _(c/1)ym
< M2 (=2
- — m) (m) 2q
2 (e/a2)
—(c¢/4—2)m
< Z mq .

—_

m=

< 2(e — 1)g~/+2
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Finally, from Steps 1-3, we conclude that
P(Jo # Jo) < (2(e = 1) + (e = 1) +2(e — 1) ¢~ (/*72) < 9¢72(/57D),

This completes the proof. [l

4.2. Proof of Proposition 14. The first part of Proposition 14 follows
from:

PROPOSITION 16. Let s #0, s # q, and ¢ > 3. Then

Kk1/€% + log 2
max{log(q — s+ 1),log(s+ 1)}

inf  sup P (JAT) 21—
J feX(a,K,k1,s)

PROOF. The proof is based on Fano’s Lemma (see, e.g., [74] and also
[80, proof of Theorem 2]). We have

ir}f ?clelg}P’f (j #* Jf)

1S (G
> H}fMlz:;Pfl (J# sz):

where f; € ¥ = ¥(o, K, k1, s) have different support sets Jy,. By Fano’s
Lemma, the right hand side is bounded from below by

M
ﬁ Zl,mzl K(Pfl’]P)fm) + log 2
log M ’

provided that M > 3. Let M = max{q — s+ 1,s + 1}, which greater than
or equal to 3, since ¢ > 3. If M = s+ 1, then we choose

Jl:{1778+1}\{l}7
fori=1,..., M. On the other hand, if M = ¢ — s + 1, then we choose

1—

(4.7)

J={1,2,...,s—1}U{s—1+1},
for I =1,..., M. The sets are chosen such that for [ # m, we have
[\ | = [ \ i = 1.
Moreover, let h; € Y;(a, K, k1) be elements such that ||h;||? = ky, for

j=1,...,q9. We choose
fr=2_hj;

JEJ
foril=1,...,M. By [52, Lemma 4.6], we have

1 K1
K(wapfm) = TEQHfl - me2 = 6727
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for [ # m. We conclude that

inf sup Py (j # Jf)
J fex
-1 K1 _ log 2 '
- e2logM  log M
This completes the proof. ([l

The second part of Proposition 14 follows from:

PROPOSITION 17. Let s #0 and s < g — 2. We have

4da+1 1
. 2k, 2% K~ 2a /e* +log?2
inf sup Py (J # Jf) >1- 1 2 /¢ + log
J fex(a,K,k1,s) log(q —s+ 1)

PrROOF. The proof is based on with Fano’s Lemma combined with the
method of several fuzzy hypothesis (see, e.g., [74, Section 2.7.4 and 2.7.5]).
Again the proof is standard (compare to [74, Chapter 2.7.5] and [18, The-
orem 2|). We start with the inequality

lI}f?”lelg Py <j # Jf)

1S ;
er}fM;/EIP’f (J#Jl) pu(df),

where the J; are different support sets and where y; are probability measures
on X each supported on a finite set of functions having support J;. By Fano’s
Lemma, the right hand side is bounded from below by

LM K(P;,Q) + log2

1—
log M ’

(4.8)

provided that M > 3, where

Pi) = [ PO
and Q is an arbitrary probability measure to be chosen later (for this version
of Fano’s lemma, see [34, Eq. (1.3)]). Let M = ¢ — s+ 1, and let
J={1,2,...,s =1} U{s —1+1},

forl=1,..., M. Moreover, let y; be the uniform measure on the set

d
S = f=ijifj:Aijmjk,wjkE{—Ll} ,

JEJ; k=1

where
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and d is the greatest integer satisfying

1
d< <K>2a.
K1

Thus, y is supported on 2°¢ functions which all have the support .J;. More-

over, for such a function f =5 jed, fj, we have

d
K1

1517 = = D ldsell® = k1
d k=1

and .
o 2 gt « o
kz1k2 (fis i) Zd;kz < md** <K

which implies that f € ¥(«, K, k1,s), as required. Next, we choose the
probability measure Q as follows:

Q() = /E Py ()uldf),

where g is the uniform measure on the set
s—1 d
S=4qf= ij Hfy = Azwjk¢jkawjk e{-1,1}»,
j=1 k=1

with A and d as above. We now use:

LEMMA 20. We have

dA*
K(P,Q) < el

A proof of Lemma 20 is given in Appendix C. Inserting the choices of
A and d, we get

da+1

1
2k,% K™ 2

We conclude that
da+

1
2K, K2 log 2
etlog M log M~

inf sup Py (j# Jf) >1-
J fex

O

REMARK 17. The proof of Proposition 15 follows essentially the same
lines as that of Proposition 14. The only difference is that, in the proof of
Proposition 17, we choose d = d; and we let the ¢;; be orthonormal bases
of the V.






APPENDIX A

Appendix to Chapter 1

Selberg’s result

In this appendix we briefly discuss Selberg’s result about the rate of con-
vergence in the central limit theorem of Imlog ((1/2+it) (see [68, Theorem
2] and [73, Theorem 6.2]). From Theorem 1 we deduce:

LEMMA 21. Let © = €°8T/N and N such that N/loglogT — oo and
x — 00 as T — oo. Suppose further that N/loglogT = O(loglogT). Then

sup ( %)\({t € [T,27]: v 1 Z sin(i/l;gp) c [a,b]})

w<b loglogx +7v)/2 <
b 2 dt
_/ e 2% ) = 0(1/,/loglog T). (0.9)
a V2

PrROOF. We denote by ®,(u) the left hand side of (1.3). Using [27,
XVI.3, formula 3.13] we can bound the left hand side of (0.9) by

5 C\/W 1

2 —2/2) (g Toal 9) 1 ).

: |/ Toglogz +7)/2) — 1l + O )

—cy/loglog z ( )
0.10

An inspection of the proof of Proposition 2 combined with (4.2) shows that
D, (u) = @(u)(1 4+ 0(1/logz)) + O(1/logT), |u| < c. If we choose ¢ > 0
such that ®(u) has no zeros for |u| < ¢, we obtain ®,(u) = ®(u)(1 +
O(1/logz)), |u| < c. On the other hand, we have ®(u/+/(loglogx +7)/2) =
1+ O(u?/loglogx), |u| < ey/loglogz. Plugging in these estimates gives
that (0.10) is O(1/+/loglog x). From N/loglog T = O(loglog T') we conclude
that loglog T'/ loglog 2z — 1 and this completes the proof. (I

This lemma combined with the bound (see [73, Lemma 6.2])

[{t € [T, 2T : |r1,.(t)] > ' logloglog T}| = O(1/+/loglog T),
93
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where ¢’ > 0 is a constant, yields Selberg’s result

1 ~Imlog ¢(1/2 + it)
?i% ( T)\({t €11 21): (loglogT)/2 < [a,b]})

_y2/p dt <log log log T)
e — | = — |,
a V2m vl1oglogT
Mean value estimates

For completeness we present some standard mean value estimates which
we applied in the proof of Corollary 2 (see [66, Lemma 3] and [69, Lemma
3]). For this purpose let  and y be positive real numbers, a, and b, be
complex numbers with |ap| < 1 and |by| < logp/logx, and k be a nonnega-
tive integer. By repeating the arguments in the proof of Proposition 1, we
obtain

1 /2T Z ap
T T p1+2it

p<z

2k 1\ k
at < k(> P> + 2Dk (x(2))* /T,

p<z

1 [ a, |* 1\k L

— —_— < k! - ! —

T/T Z ysE dt <k ( Z p> + 2DkN7(x) — w(y))"/T
y<p<z y<p<z

1 2T by 2k 1 log p\ *

= | dt < k! 2Dk! FIT.

T/T gpl/%—zt = " (log z)* (}; » ) + (m(x))"/

If + < TV*, the first and the third term are bounded by (Ak)* and the
second by (k(loglogz — loglogy + A))*, A > 0 some constant.
For example, we obtain for a function |g(u)| <1

1 /2T 1 Z A(n) ( log n ) 2Ldet
il o _,
1/v 1/2+it 1/V
T T 10gT / nSTl/V n / logT /
1 [T by a 2|V
- T/ Z pi/2tit + Z pEST +0(1) dt
T p<T1/V p2<TL/V
<3 ((AV)Y + (AV)" + 0()"), (0.11)

Large deviation theory

In this appendix we give the definition of the large deviation principle
and state two important results which we used in the proofs of Corollary 2
and 3 (see [22]).

A function I : R — [0,00] is called a rate function (resp. good rate
function), if for all @ € [0,00), the sets {z : I(x) < a} are closed (resp.
compact). A family {Z.} of real-valued random variables satisfies the large
deviation principle with the speed ¢ and the rate function I, if
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(a) For any closed set F' C R

limsup elogP(Z, € F') < — inf I(z).
e—0 el

(b) For any open set G C R

lim inf € log P(Z, > — inf I(x).
im inf elog (Z. € G) > inf, (x)

THEOREM 16 (Gartner-Ellis, see Theorem 2.3.6 or 4.5.20 in [22]). Sup-
pose that for each A € R

A(N) = limelogE[e’\Zf/E]
e—0

exists and that A is differentiable. Then the family {Z.} satisfies the large
deviation principle with the good rate function I(x) = supyer(Az — A(N)).

THEOREM 17 (Varadhan, see Theorem 4.3.1 in [22]). Suppose that {Z.}
satisfies the large deviation principle with a good rate function I and let
h € R. Assume further that for some v > 1

lim SupelogE[ewhzi/E] < 0. (0.12)
e—0
Then
lim elog E [ehZG/e] = sup(zh — I(x)).
e—0 zeR

DEFINITION 3 (see Definition 4.2.10 in [22]). Let {Z.} and {Z.} be two
families of real-valued random variables, defined on the same probability
space. Then {Z.} and {Z.} are called exponentially equivalent if for each
6 >0,

limsup elogP(|Z. — Z.| > §) = —o0. (0.13)

e—0
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Appendix to Chapter 2

Proof of Lemma 2

We first show how (i) implies (ii) and (iii). Let h; € H; and hy € Ho.
Then by (i) we have [[h1 + hal? > [[A1 |2 — 2ol |[ial] + /> and (i)
follows from the inequality 2| hq||||h2| < [|h1]]? + ||h2||?, while (iii) follows
ftom 20|/ |l[hal] < &2l | + 1B

Next, we show how (ii) implies (i). Let 0 # hy € Hy and 0 # he € Ha.
We may assume without loss of generality that [|hq|| = ||h2|| = 1 and that
(h1,h2) > 0. Then by (ii) we have 2 — 2(hq, hg) = ||h1 — h2|?> > 2(1 — o)
which gives (i).

Finally, suppose that (iii) is true. Let 0 # h; € H; and 0 # he € Ha.

Again, we may assume that ||h1]| = ||h2| = 1. Then by (iii) we have
1 — (h1,h2)? = ||h1 — (h1, ha)hs|? > 1 — o® which gives (i). This completes
the proof. O

A feasible estimator

In this appendix, we show that estimators which are based on the
condition (1/n) 3", g1(X}) = 0 have (up to a constant and a term of
smaller order) the same risk bound as our estimators based on the condition
E[g1(X1)] = 0. We only sketch the main arguments in the case W = V;.
Suppose that we choose U; C L?(PX1) and Vo C L2(P*2), where V3 con-
tains all constant functions. Let V{ = {g1 € U|(1/n) >_r; g1(X}) = 0} and
Vi ={q1 € Ui|[E[¢g1(X1)] = 0}. Since V5 contains all constants, we have
V = Vi + Vo = V] + Va. This implies that the first components of fV1+V2
and fvl’+vg in V7 and VY, respectively, differ only by the constant
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The risk of this constant can be bounded as follows. By the bound (z+y)? <
222 + 22, we have

n

2
<2E |1g, <Tll > (h)i(xi) - f1(Xf))
=1

n 2
+2E1&<i§:ﬁu®>
i=1

Applying the Cauchy-Schwarz inequality and the fact that the fi(X?%) are
independent and centered, this can be bounded by

£ 2
28 [16, (i — 2] + 221

n

Now apply Lemma 10 to the first term.

Proof of Lemma 4 and 5

First, we prove Lemma 4. In Section 4.1, we have shown that

lgrll2, < ¢idi flgn ]
and
2 2
lgs2l1% < @3d2 llgjol
for all g1 € Vi, gjo € Vj2, 1 < j < g — 1, with p? = 2/c and 3 = 2/c.
Now let g = g1 + g2 € V. Suppose that go = Z?: g2; is the decomposition

satisfying (4.6). Applying the above bounds, the Cauchy-Schwarz inequality,
and Assumption 9, we obtain

q—1
> dajllga]l -
j=1

Applying again the Cauchy-Schwarz inequality and then Assumption 2 and
Lemma 2, we conclude that

qg—1
P2
P2lloe < D 2/ d2j |92l £ ==
lg2lloc ;; Vo llgaill < —==

P2
+ <p1vd +
91 + 92ll00 < 1V di||g1]] A-e

Y1V 2
S%u—@u—m>

q—1
> dyjllge
7j=1

q—1
di+ Y dojllgr + gall. (0.14)
j=1
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This completes the proof of Lemma 4. The proof of Lemma 5 is similar. In
[10], it is shown that

1
lonl% < (1 +1)%my /0 6 (1) day
and
2 2 ! 2
lgialZ, < (rs +1)2ms / G(wj2)da 2

for all g1 € V1, gj2 € Vj2, 1 < j < ¢ — 1. This implies that

2 2

lg1]1Z, < @idi ||gnll

and

2 2
lgi2ll2, < ¥3dj2 [|gj2|

with ¢? = 2(r1 + 1)/c and @3 = 2(ry 4+ 1)/c. Now proceed as above. This
completes the proof. O

Proof of Corollary 11

LEMMA 22. Let Assumption 4 and 9 be satisfied. Suppose that (4.17)
and (4.18) are satisfied. Then (3.7) is satisfied with

qg—1
=05, > dy
k=1

2
px (21, 22) )
(x1) px, (T2)dx2,
i \/1 — €2 / px: (T1)px, (T2) 2(2)

where ¢ = ij 1k 1 |I>. Note that hy € L*(PX1), by Assumption 4.

PROOF. Let z; be fixed (such that px (z1,-)/(px, (71)px,(-)) € L?(PX2),
which is satisfied for PX1-almost all z1, by Assumption 4). By the projection
theorem, the expression

/( px (1, 22) _9(332)>2p2(x2)dx27

px: (T1)px, (72)

subJect to the constraints ¢ € Ho, is minimized by r. Suppose that r =
Zq 7). is the decomposition such that (4.6) is satisfied (note that we omit

the dependence of r and the 7, on x1). For k =1,...,q — 1, we have
px (21, X2) } DXy, Xy, (T1, T2k)
X k= T2k | — ’ . 0.15
[le (21)px, (X2) |72 7 72 o, (@1)pxy, (v2n) (0-15)
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Thus the ry satisfy the ¢ — 1 equations

T (2ok) =

q—1
le,sz l’l,l‘gk Z /7“ 3?2 szj,sz($2]7$2k) Px ($2‘)dx2.
px; (21)pxy (T2) T Dy, (25D Xgy (war) 2

=1,7#k

for PX2k-almost all zop, 1 < k < ¢ — 1 (note again that we omit the de-
pendence of the r; on z1). By (4.17), (4.18), and the Cauchy-Schwarz
inequality, the first and the second term on the right hand side are con-
tained in H (S, h1x(z1)) and H(S Z 1]#6 ||erL2(Px2j)||h;-kH), respectively.
We conclude that

| — HVQTHLQ(PXQ)
-1

Q

< Dl = Wy, rill 2 pxar,
k=1
q—1 q-1

<SG bkl + D il g 1Pl | dor-
k=1 J=15#k

Applying the Cauchy-Schwarz inequality and Assumption 9, this is bounded
by

q_l B HT’Hiz(PxQ) ! )
Csdy | (1) + T Z 172
k=1 2 =Lk

Applying the Cauchy-Schwarz inequality again and the fact that orthogonal
projections lower the norm, we obtain the claimed 1r(V2) and hj(x1). This
completes the proof. O

A remark on Theorem 9

In this appendix, we show how to derive Theorem 9 from Rudelson’s
lemma combined with Talagrand’s inequality. We use the same notation as
in the proof of Theorem 9. Then Rudelson’s lemma [62, Theorem 1] says
that there is a universal constant C; such that

2
p?dlogd
£ [HBn - Illop} <Oy ——, (0.16)

provided that the last expression is smaller than 1. Here, we also used (5.4).
From (5.6), Theorem 11 (applied with A = §/2, note that v,b < p?d), and
(0.16), we now conclude:

THEOREM 18. Let 6 € (0,1). Suppose that

2dlog d
401,/% <4, (0.17)
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where Cq is the constant (0.16). Then

K nd>
P supllgl2— gl >0 ggeXp<)7
<gev,||g||31 " 1%

where K is the constant from Talagrand’s inequality.

Proof of Lemma 6

In this appendix, we prove the following stronger convergence in norm
result

k ' p2ktl
[(TTh)1 — (T — ) (IL1Ia)7 (1 —TIh)) f| < —|A].
j=1 L=
First, note that
[M1h2| < pollhell and [[T2ha|] < po[hi | (0.18)

for all ho € Ho, hy € Hi. The first inequality follows from
[Myhg||* = (Iyhg, Iyhe) = (Iyhg, ha) < pol[Iihe]|||hel,

the second one can be shown analogously. Now, define the alternating sums

L =10y — IGTTp 4 T TaI0 — - - - 4 11 (o0 )F
k
=TI — ) (L) (1 - TIy)
j=1
k—1 '
= I (100, )7 (1 — M) + Ty (TIo 1Ty )* (0.19)
j=0
and
L) =TIy — TLTTy + -+ — (TLITY)F
k—1 '
=T, — > (L) (1 - 1Iy) — (11"
j=1
k—1 '
= (I 1L, (1 — 10y). (0.20)
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Applying (0.18), we obtain

!
! k ;
LY — L op < 37 1M TI2)7 (1 — ) lop
j=k+1

l
2j—1
< E Po
j=k+1

2k+1
< Po

108

Similarly, we obtain

P
1 -3

l k
1LY — L& |op <

We conclude that {Lg-k)} is a Cauchy sequence in the Banach space of all

bounded linear mappings (see, e.g., [65, Theorem 4.1]). Hence Lgk) con-
verges to a bounded linear mapping L; and we have

2k+1

k) Po

1Ly = Loy < .
1 op 1 o p(Z)

Moreover, L") = Lgn) + Lé") converges to the linear map L = L + Lo.
Since L; takes values in H;, it remains to show that L = II. Since L
is self-adjoint, the limit L is also self-adjoint. Applying (0.19), (0.20), and
(0.18), we have

L1h1 = hl, L2h2 = hQ, and L1h2 = L2h1 =0 (0.21)

for all hy € Hq, ho € Ho. This implies that L is idempotent, i.e. satisfies
L? = L. Tt follows from [8, Proposition 2] that L is an orthogonal projection.
But (0.21) also implies that the range of L is equal to H1 + Hz. This gives
L =1I. This completes the proof. ([

Proof of Lemma 7

We only proof (iii), since (i) and (ii) are standard. By the spectral
theorem, there exists an orthogonal matrix V' and nonnegative real numbers
A1 (B), ..., Ak, (B) such that

B =VTdiag(\(B),..., \, (B))V. (0.22)

Now, by the Cauchy-Schwarz inequality, each entry of a matrix is bounded
by the operator norm of that matrix. In particular, we have |(VAVT);;| <
|[VAVT||op = || Allop for all j, k, since V is orthogonal. Applying (0.22), part
(i) of this Lemma, the fact that the \;(B) are nonnegative, and the previous
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argument, we obtain
k1
[tr(AB)] = | Y (VAVT)j;0(B)

< | max, (VAVE) 5] tr(B) < || Allop tr(B).
This completes the proof. O

An alternative proof of Corollary 12

Let {¢15}1<j<a, be a basis of Vi and let {¢2;}1<j<a, be a basis of V.
Let
Zy = (¢1;(XD))1<izn1<j<a; € R
and
Z3 = (¢2j(X3))1<izn1<j<dy € RTE.
Moreover, let
Z = (Z,|Z) € R™,
In the following, suppose that the & holds. Then Theorem 9 implies that
ZTZ is invertible (see, e.g., (5.5)). Thus the minimum of ||e — Z3||? is taken
at 8= (Z72)"'Z" e and we have Iy e = Z(Z7 %)~ ' ZTe. This implies that
(Ilye), = (Z1]0)(27 Z)~' ZTe. We conclude that

E ||(ﬁve)1\|i|X1,...,X”} = tr ((£1]0)(27 2)" (21]0)7) 22.

On the other hand, (5.2) is equivalent to the inequality
(1-9)
(1+9)
for all B8 = (BT, 1T with f; € R® and By € R%. Now, we apply the

following lemma. Note that a proof of a more general result can be found
in [25, Lemma 2.1] and that this result was also applied in [70].

AN A (1—p2)plzr 7,5, (0.23)

LEMMA 23. Let F € R4 agnd Fy € RN pe two symmetric and
positive definite matrices with dy = d—dy > 0. Suppose that vl Fv > vl Fyv;
for allv = (v, vI)T with v € RN and vy € R%. Then, for all w; € R%,

T
<“(’)1> ! (“61) < wl F w. (0.24)
Applying (0.23) and this Lemma with

_ T _(1=9)
F=Z ZandFl—(1+5)

(1 - pg)Zszlv

we obtain

((£110)(Z272)" (Z1]0)") <
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Since Iy, = Z1(ZF 7)) ZT, we have tr(Z,(Z2F 7))~ ZF) = dimV; = d;.
This completes the proof. O

Proof of (5.16)

In this appendix, we prove (5.16). As mentioned in the proof of Theorem
3, the main arguments are taken from [5, page 139 and 140]. We define the

event A = {[|filloo < kn}. Then
E I = FIP] = B [(leyLa+ Ly Lae + 1)l 1 — Fr11?]

<E [1g,llf = AP +E [LeLacl 2] +E [Lgg (1l + Ka)?]

Thus it remains to consider the last two expressions. By Theorem 9, the
last one is bounded by

2
4| fo]| + k) dexp (—f) .

Consider the other one. By Assumption 3, we have ||fi||2 < ©2d||f1]?. If
&s holds, then
A 24 24
2 ¥ ¥
where we applied the definition of £ and the fact that projections lower the
norm. By Proposition 5, the last expression is bounded by
(14 6)¢%d
(1=8)(1—pj)

for gy € Va arbitrary. Using |[IIyY — galln < |y (f — g2)|ln + [[Hvelln <

Ilf — g2|ln + ||€]|n and Markov’s inequality, we conclude that
(1+0)p%d
(1-6)2(1— p2) (I1f = g2lln + ||€||n)2 > k’i
0
<20+ 8)*d(|| f — galI> + 0?)
B (1—0)%(1 — pg)k2
Letting go = Iy, f, this completes the proof. 0

Ty, (Iy Y)1[|2 < (T Y112,

ITvY — g7,

M&mAﬂgP<
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Appendix to Chapter 4

Proof of Lemma 20

The proof of Lemma 20 is similar to the proof of Lemma 10 in [18] (see
also [74, Chapter 2.7.5]). For completeness, we repeat the arguments. First,
we compute dP;/dPy(y). By [52, Lemma 4.6], we have

CcliI;JZ (y) = exp [6_2 <y(fl) - ”JZHZH

2sd d
= exp [— . ] exp |AY Y wiky(dik)
JjeJ k=1
which implies that
dPl d]P’f
TP 9sd Z
d]P’O s e dIP’O
A?sd exp [Ay(d;r)/€*] + exp [—Ay(dj) /e
[ ]HH{ I ]
jeJ k=1
Setting
_exp [Ay(djr)/€* — A?/(2€%)] + exp [~ Ay(oji) /€ — A%/ (2€2)]
Ejr(y) = 5 ;
we obtain

d
dP;
—w=111IE
dPg .
jeJ k=1
Similarly, we have
s—1 d

Fw-II1I5

j=1k=1
We have that the E;,(eW) are independent, and that E [Ej;(eW)] = 1 and

exp [A%/€?] — exp [—A?/€?] '

E [EZ.(eW)] = 5

J
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Using these facts, one can compute the x? divergence between P; and Q

dP 2 dQ
<dP(j(€W)> cm)(ew)]

_ (exp [A?/e?] — exp [—A?/€?] )d
5 :

X’(P,Q) +1=E

Applying the bound (e — e™*)/2 < ¢**| we obtain
dA*
X’(P, Q) +1 <exp [64}

Now apply K (P;, Q) < log(1+x%(P;,Q)) (see, e.g., [74, Lemma 2.7]). This
completes the proof. ([
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