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Eine modelunabhängige Beschreibung kosmologischer Modelle mit Dunkler Energie:
Derzeitige und zukünftige Einschränkungen

Die effektive anisotropische Spannung η = −Φ/Ψ ist eine Schlüsselvariable bei der Erforschung des
physikalischen Ursprungs der Dunkler Energie. Um eine Theorie bedingte Systematik, bei der Cha-
rakterisierung kosmologischer Modelle durch die Messung von η zu vermeiden, ist eine modellunab-
hänige Herangehensweise von großer Bedeutung. Mittels der Kombination von Beochbachtungen
von Galaxienhaufen, der Messung des schwachen Gravitationslinseneffekt und der Beobachtung
von Supernovae machen wir Vorhersagen, mit denen zukünftige Missionen η lediglich auf der Basis
direkt beobachtbarer Größen bestimmen können. Neben diesen Ergebnissen finden wir, dass falls η
unabhängig von k ist, zukünftige Beobachtungen auf großen Skalen η auf bis zu 10% genau bestim-
men können und mit mehr als 60% Genauigkeit, falls es die Form aus Horndeskimodellen hat. Um
den momentan erlaubten Bereich für η zu finden, werden die Daten der Wachstumsrate fσ8 aus
Messungen der „Redshift Space Distortion“ (RSD) , der Hubbleexpansion H(z) und des erlaubten
Bereichs der Größe P2, die durch den Erwartungswert des Verhältnisses zwischen der Galaxie-
Galaxie Korrelation und der Galaxie-Geschwindkeit Kreuzkorrelation definiert ist, genutzt. Mit
den aktuellen Datensätzen erhalten wir η = 0.646± 0.678 bei einer Rotverschiebung von z = 0.32,
welches in Übereinstimmung mit den Vorhersagen des ΛCDM Modelles ist. Schließlich erstellen
wir ein kosmologisches Ausschlussdiagramm für modifizierte Gravitationstheorien in Analogie zu
den Ausschlussdiagrammen, die in Laborexperimenten ermittelt werden.

A Model-Independent Approach to Dark Energy Cosmologies: Current and Future
Constraints

The effective anisotropic stress η = −Φ/Ψ is a key variable in the characterisation of the physical
origin of the dark energy. It is however important to use a fully model-independent approach when
measuring η to avoid introducing a theoretical bias into the results. We forecast the precision
with which future large surveys can determine η in a way that only relies on directly observable
quantities, using the joint combination of Galaxy Clustering, Weak Lensing and Supernovae probes.
Among the results, we find that a future large scale survey can constrain η to within 10% if k-
independent, and to within 60% if it is restricted to follow the Horndeski model. In order to
find current constraints on η data for the growth rate fσ8 coming from Redshift Space Distortion
measurements, observations of the Hubble expansion H(z), and a constraint for the quantity
P2 defined as the expectation value of the ratio between galaxy-galaxy and galaxy-velocity cross
correlations, have been used. We find a value at z = 0.32 of η = 0.646± 0.678, in agreement with
the predicted value for the ΛCDM model. Finally, we produce a cosmological exclusion plot for
modified gravity in analogy with the exclusion plots produced in laboratory experiments.





No! No one can control Dark Energon! It dominates and destroys everything it touches!.

Starscream, Transformers: War for Cybertron.
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4.3 Relative errors for Ā, R̄ and E at every redshift and every k-bin (labeled

with the index i). Since fiducial values for Ā, R̄ and E are independent of
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Notation and Conventions

The sign convention used for the metric tensor is (−,+,+,+), the speed of light is taken
in geometrized units ~ = c = 1. Greek indices α, β, . . . are used for space-time coordinates
and runs from 0 to 3, latin indices a, b, . . . are used only for spatial coordinates and runs
from 1 to 3. Bold symbols A,B,C, . . . denote vectorial quantities. Tensorial quantities
are denoted with calligraphic fonts A,B,C.

Symbol Definition

G Gravitational Constant (6.67× 10−11 m2/kg s2)
κ 8πG
a Scale factor (with present value a0 = 1)
t Cosmic time
τ Conformal time τ =

∫
a−1dt

N Number of e-foldings N = ln a
z Redshift: z = a0/a− 1
˙ Time derivative
′ Derivative with respect to τ
dL, dA Luminosity distance, angular diametral distance
H Hubble parameter: H = ȧ/a

H Conformal Hubble parameter H = aH

H0, h Present Hubble parameter: H0 = 100h km sec−1 Mpc−1

E(z) Hubble parameter normalized by H0: E(z) = H(z)/H0
ρ Energy density
p Pressure
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Symbol Definition

w Equation of state (EoS) w = p/ρ

K Spatial curvature of the Universe
Λ Cosmological constant
cs Sound speed
k Comoving wavenumber
P (k) Power spectrum
G Growth function
f Growth rate
` Spherical harmonics multipoles
C` Multipole power spectrum
Ψ,Φ Gravitational Potentials
δ Density contrast
η Anisotropic stress
S Action
gαβ Metric tensor components
g Metric determinant
Rαβγδ Riemann tensor
Rαβ Ricci tensor
R Ricci scalar
Gαβ Einstein tensor
Tαβ Energy-Momentum tensor
∂α Partial derivative with respect to xα

∇α Covariant derivative
A,B Derivative of A with respecto to B
A(αβ) Symmetrization Aαβ ≡ (1/2)(Aαβ +Aβα)
A[αβ] Antisymmetrization Aαβ ≡ (1/2)(Aαβ −Aβα)
� d’Alambertian � = ∇γ∇γ
φ Scalar field
X Kinetic energy: X = −(1/2)gαβ∂αφ∂βφ





Preface

The current accelerated expansion of the Universe was, without doubt, the most surprising
discovery at the end of the last century. A static model, proposed by Einstein with the
ad-hoc inclusion of the cosmological constant Λ, was ruled out by Hubble’s observations
of galaxies recession in 1931, and instabilities coming from perturbations in the energy
density. Thus, Λ was forgotten at that time. Cosmology became an exact science, with
more accurate data, which implies a better way to falsify models of the Universe. From
the genesis of the so-called standard cosmological model some ideas have survived until
today, such as the Big Bang model supported by observations of the Cosmic Microwave
Background (CMB), the inflationary paradigm, and dark matter, which is still an open
issue. In 1998, two independent groups studying the distance-luminosity relation of Su-
pernovae, discovered that something strange had happened: the Universe was not only
expanding, but doing it so in an accelerated way. Λ was back from the dead to play a key
rule in explaining this speed-up. Recent data of the Planck satellite [15] also confirm that
observations of the CMB are well described by the flat ΛCDM model (Λ and Cold Dark
Matter), whose parameters are determined to percent-level accuracy [2]. The cosmological
model that arises from these data is such that only 5% of today’s energy density consists
of baryonic matter described by the standard model of particle physics. Another 27%
appears to be matter that is only interacting gravitationally with the visible world (dark
matter), and the remaining 68% is made up of a cosmological constant.

Present models associate the cosmological constant with contributions of vacuum fluctu-
ations at the quantum level. The problem comes when comparing the expected value to
the observed one using cosmological data: they differ by around 121 orders of magnitude,
which is the so-called fine tuning problem of Λ, the worst prediction so far in the history
of physics. Another problem it suffers is why the energy density associated is comparable
with today’s matter content (the coincidence problem) [16]. One attempt to solve this
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inconsistency is to consider general dark energy models beyond the cosmological constant,
including modifications of Einstein’s theory of General Relativity (GR), and modifications
in the matter sector. Generically, such an alternative is called dark energy.

The most abundant and accurate source of cosmological information comes from the
CMB [17, 18]. It basically consists of photons coming from the last scattering surface,
which marks the era in which they were released from their tight coupling to baryons, and
were left to travel through space. The fluctuations in the temperature of these photons
carry imprints of primordial perturbations when the universe was about a thousand times
smaller than at the present time. Projects as WMAP [19] and recently Planck [15] have
measured these angular fluctuations in temperature with remarkable accuracy, confirming
the predictions of the standard cosmological model. CMB also provides and interesting
arena to test dark energy models, since matter perturbations and fluctuations of these
fields can introduce variations in the redshifts of photons traveling through overdense
regions. The so called Integrated Sachs-Wolfe (ISW) effect links the evolution of the grav-
itational potentials with the matter distribution via the Poisson equation, which depends
on the gravitational theory used.

But, how can we modify gravity? one approach comes from the action principle: due to
its elegance, it is believed that all physical theories should be completely specified by an
associated action, and asserts that the evolution of physical fields involved in the theory
is determined by a variational principle of an action S. Usually, this action is an integral
of some function of the fields (which in GR corresponds to the metric tensor) , taken over
the space-time with an appropriate weight. The resulting variation of the action gives the
equations of motion for the fields. In the case of GR, the action is constructed with the
Ricci scalar R and a function of the matter fields, which leads to the so-called Einstein-
Hilbert action. This seems a plausible way to modify gravity: instead of adding exotic
kinds of matter, one can modify the geometric part of the action, including additional
degrees of freedom or higher powers of the scalar. Motivations come from two sides: first,
even if GR has been tested in the solar system regime, it has not been tested (accurately)
on cosmological scales, and thus the actual speed-up of the Universe should be produced
by extensions of GR. Secondly, Einstein’s theory is not held as a fundamental theory, since
so far a quantum description of gravity is incomplete; other issues related to singularities
arise, for instance black holes and the Big Bang.

Other modifications include extra degrees of freedom (scalar, vector and tensor fields),
higher dimensions, higher derivatives in the field equations, and theories in which the
Lorentz invariance is violated. However, higher order theories have several theoretical and
practical problems. Generally, the field equations involve derivatives of at least fourth
order, which results in ghost (states of negative kinetic energy) and other kinds of insta-
bilities. When studying these modifications of gravity, a model-independent approach is
always desirable. It allows us to classify large families of theories with parameters which



deviate from the standard approximation (i.e. the ΛCDM model). At the background
level, the modifications of gravity are encoded in the equation of state of dark energy
(which should be close to −1 to generate the current acceleration), Quintessence models
and natural extensions of GR via generalizations of the Einstein-Hilbert action (for in-
stance f(R) gravity), could be studied within this. In a linear perturbation framework
the effective gravitational constant (or the clustering of dark energy) and the anisotropic
stress (or gravitational slip), encompass the deviations from the standard Poisson equa-
tion, and thus a possible scenario to test modified gravity models. Recently Amendola et.
al. [20] showed, assuming a perfect knowledge of background and perturbations quantities,
and assuming a family of modifications of gravity with a single scalar field, the Horndeski
Lagrangian, that the only model-independent observable is the anisotropic stress η. When
assuming these specific lagrangian in the quasi-static approximation, a simple expression
which beautifully links truly observables, and theory, could be obtained. In this way, we
can rule out dark energy models if, for instance, the scale behaviour is not satisfied.

Fortunately, there is an increasing amount of data to test various models. Besides higher
precision measurements of the CMB, galaxy surveys such as the Sloan Digital Sky Sur-
vey (SDSS) [21] and the 2dF Galaxy Redshift Survey (2dFGRS) [22] have been achieving
high accuracy. The observed matter distribution alone is sufficient information to exclude
several ideas accounting for the present cosmic acceleration or, to tightly constrain their
parameters. The study of supernovae still provides the most precise constraints so far.
Future galaxy surveys, such as Euclid, an ESA selected medium-class mission that will
be launched in 2020, would provide new opportunities to verify the current standard cos-
mological model, and also to constrain modified gravity theories. By combining galaxy
clustering and weak lensing information, the accuracy of the Euclid survey makes it pos-
sible to distinguish between GR and other modifications of gravity. Statistical tools like
for instance the Fisher matrix provide an elegant way, constraints on cosmological param-
eters and/or additional quantities which characterize the theoretical dark energy model;
in this way we can make and educated guess as to how well surveys will measure them.
We will then reach a new era of high accuracy measurements, an ultimate opportunity to
unscramble the dark energy paradigm: (High)-precision cosmology is coming!



Outline of The Thesis

The outline of this thesis is as follows: In Chapter 1 we summarize the main ingredients
of the standard cosmological model, from a brief overview of the mathematics behind it
(Einstein Field equations), to a description of cosmological perturbations. The problems
of the cosmological constants are also addressed, in addition to a short explanation of the
current observations of dark energy.

Chapter 2 is devoted to discussing (in some detail) the modified gravity models invoked to
explain the actual accelerated expansion of the universe: we focus, however, on a subclass
of modifications with a single scalar field, namely the Horndeski Lagrangian. Model-
independent parameterizations for those dark energy cosmologies are also explained.

In Chapter 3 we start showing the results of this thesis. Using the main result of [20], and
current data of the growth rate fσ8, the Hubble parameter H(z) and data derived from
galaxy-galaxy and galaxy-velocity correlations, we find bounds on the anisotropic stress
at some specific redshift.

Chapter 4 is devoted to finding the future constraints on the anisotropic stress by per-
forming a Fisher analysis. Adopting the specifications from the Euclid survey, we use the
combination of Galaxy Clustering (GC), Weak Lensing (WL) and Supernovae (SN), to
obtain constraints on the cosmological anisotropic stress η in a model-independent way.

Using the strategy of the previous chapter, in Chapter 5 we use our forecast to create a
cosmological exclusion plot, with the aim of ruling out modified gravity models. For that
purpose we use the theoretical form of the anisotropic stress, coming from the quasi-static
regime of the Horndeski Lagrangian.

Finally, we draw the conclusions in Chapter 6
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Preliminaries
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1
Introduction

“Most of the fundamental ideas of science are essentially
simple, and may, as a rule, be expressed in a

language comprehensible to everyone.”
Albert Einstein

G eneral relativity is the most accepted gravitational theory so far. Proposed by Albert
Einstein in 1916, general relativity explains gravitational phenomena as a consequence

of space-time curvature due to the content of matter and energy. In this way, a transition
between the classical description of gravity as a long-interacting force (Newton) to a purely
geometric property of the space-time (Einstein) was made [23]. Even if General Relativity
(hereafter GR) has a solid observational evidence (at least at a percent level in the solar
system regime [24, 25]), and for its simplicity and beauty is almost a perfect theory [26],
gravity is still mysterious, and confrontation with observational data at large (cosmolog-
ical) scales suggest that possible modifications of Einstein’s theory could in principle be
made.

1.1 General Relativity in a Nutshell

As we all know gravity was first described by Newton as a long-distance force, which,
when considering two objects of masses m1 and m2, depends on the numerical product of
them and the distance of separation. This simple phenomenological description allowed
scientist in centuries XVII to XIX to make amazing scientific developments (in Astronomy
indeed). Although, Newtonian gravity explained for instance the motion of the planets in
the solar system, and the free-fall of objects, it was inherently unable to take into account
why the force should take that particular form.

2



1.1. General Relativity in a Nutshell 3

The Newtonian description, based on the existence of inertial reference systems (even
if that idealistic description is still debated), was incompatible with the electromagnetic
interaction beautifully synthesized by Maxwell in late XIX century. The main problem
was a long-range interaction with an infinite speed of propagation. This is the seed for
the relativistic theory of motion introduced by Einstein in 1905, theory who relies on two
“simple” postulates

1. (Relativity principle) The laws of physics are the same in all inertial frames of
reference.

2. (Constancy of the speed of light) The speed of light c in vacuum is the same in all
inertial frames.

Notice that this relativistic description was in direct conflict with the Newtonian descrip-
tion of gravity, due to the constancy of the speed of light. The fundamental issue was
reconciling the Newtonian description with the constancy of the speed of light in all in-
ertial frames, which was the work of Einstein between 1905 and 1916: the gestation of
(GR). The key ingredient, the Einstein’s equivalence principle which generalizes the weak
equivalence principle 1 and could be written as :

Einstein’s equivalence principle: Experiments cannot distinguish if an object experiences
a free-fall in a uniform gravitational field g, (with g the magnitude of the acceleration in
the gravitational field) or if it is accelerating with a = g.

Einstein’s magnificent idea was to consider the trajectories of particles in free-fall and
argue that they are moving freely in a curved space-time. Thus, a particle in a curved
space-time does not experience acceleration, it is simply following a geodesic on it. But,
which entity curves this space-time? The answer could not be more surprising: any kind
of matter or energy. The link between matter content and curvature (as we will see later)
is given by the Einstein field equations, a set of 10 differential equations which describes
entirely the motion of particles given the energy content. Thus summarizing, according to
Jon Archibald Wheeler [27]: “Space-time tells matter how to move; matter tells space-time
how to curve.”.

1.1.1 Postulates and Mathematical Foundations of General Relativity

The literature on GR is impressively large. There are however milestones books as e.g.
[27–32]. We will try here to define as concisely as possible the mathematical foundations
-in a 3 + 1 form (3 postulates, 1 theorem)-, keeping however a bit of formality. The first
definition concerns the mathematical space in which GR lives:

1The equivalence between inertial mass and gravitational mass of a body.
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Postulate 1.1. The space-time is described by a pair (M, g) beingM a four dimensional
connected Haussdorf C∞ manifold and g a Lorentzian metric onM.

The curvature of the manifold is well described by the Riemann curvature tensor R, whose
components could be written as

Rαβγδ = ∂γΓαδβ − ∂δΓαγβ + ΓαγσΓσδβ − ΓασδΓσγβ, (1.1)

being Γαβγ the connections (or Christoffel symbols)

Γαβγ = 1
2g

ασ[∂γgσβ + ∂βgσγ − ∂σgβγ
]
, (1.2)

with gαβ the components of the metric tensor g. A fundamental restriction imposed on
the manifoldM in GR is that it should be torsion-free, formally [33]:

Theorem 1.2 (Fundamental Theorem of Riemannian Geometry). In a Riemannian man-
ifold (M, g), there is a unique symmetric connection Γαβγ which is compatible with the
metric g. This connection is called Levi-Civita connection.

The condition of torsion-free manifold is satisfied imposing that the torsion, represented
here by the Cartan torsion tensor Sαβγ vanish:

Sαβγ ≡ Γα[βγ] = 0, (1.3)

and the relation between the connection and the metric comes from the metric compati-
bility

∇γgαβ = 0. (1.4)

This postulate however could be relaxed, allowing the manifold to have a non-vanishing
torsion. From the particle physics point of view, this requirement seems reasonable, since
spinor fields could in principle coupled spin, with the torsion tensor. Strictly speaking,
the role of the Poincarè group in quantum theory (from which unitary and irreducible
representations are labeled as mass and spin), is restored in GR, since without this, the
only structure group acting onM is the Lorentz one. The theory that emerges from this
condition is known as the Einstein-Cartan-Sciama-Kibble (ECSK) formulation, firstly de-
scribed by Cartan in 1922 [34], and extended by Sciama [35] and Kibble [36] in the late
1950s.

Let us move forward to the energy-momentum side. As we will see later, the energy-
momentum tensor plays an important role in the geometrical description of the space-time,
since it gives the link between the matter content and the curvature, via the Einstein field
equations.
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Postulate 1.3. Local conservation: There exist a symmetric tensor Tαβ = Tαβ(ψ) = Tβα
which is a function of the matter fields ψ and their derivatives which satisfies:

i. Tαβ = 0 on U ⊂M if and only if ψi = 0 for all i on U .

ii. ∇βTαβ = 0. (Local energy conservation)

Finally, we have the postulate of the Einstein field equations:

Postulate 1.4. The metric on the manifold (M, g) is entirely determined by Einstein
field equations:

Rαβ −
1
2Rgαβ = κTαβ, (1.5)

with Rαβ the Ricci tensor (Rαβ = Rηαηβ), R the Ricci scalar (R = gαβRαβ), Tαβ the
energy-momentum tensor and κ = 8πG, G the gravitational constant and we set units of
c = 1.

If we define the Einstein tensor Gαβ as:

Gαβ ≡ Rαβ −
1
2Rgαβ, (1.6)

then we have a geometrical restriction (coming also from the local conservation of the
energy-momentum tensor)

∇βGαβ = 0, (1.7)

which is known as the Bianchi identity. Notice that we can add a constant term, for in-
stance Λgαβ, in the geometric side of the Einstein field equations (hereafter EFE’s), which
still satisfies the Bianchi condition. As we will discuss later, this introduction is now con-
sidered as standard for cosmology, since it reproduces current observations; further details
will be shown in Section 1.2.

The motion of a particle is dictated by its trajectory on the space-time, xα(λ), where λ is
a parameter. A free particle, i.e., a particle without external forces acting on it (different
from gravity), satisfies the geodesic equation:

V µ∇µV ν = 0, (1.8)

with V µ = dxµ

dλ the tangent vector to the trajectory. An equivalent well-know form of this
equation is:

d2xγ

dλ2 + Γγαβ
dxα

dλ

dxβ

dλ
= 0. (1.9)

This expression applies to the following cases:
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• Massive particles, in which the parameter λ matches with the proper time and then
the corresponding tangent vector V α is normalized: gαβV αV β = −1.

• Massless particles, like the photon, in which the tangent vector, denoted by kα is
null, i.e., gαβkαkβ = 0.

The Newtonian limit (Poisson equation) is recovered as the weak field limit of the EFE’s,
in which a Minkowski space-time is slightly perturbed by a gravitational potential; spe-
cial relativity is, as we expected, a particular case of GR in which the manifold M is
conformally flat and g = n, with n the Minkowski tensor.

1.1.2 The Gravitational Action

A problem that Einstein faced just after the development of GR was to find a Lagrangian
from which his equations could be obtained, after a variational principle δS = 0, being
S the total action. Independently, Einstein and Hilbert found the action associated with
the gravitational field, commonly known as the Einstein-Hilbert action SEH . As we all
know, the Lagrangian should be constructed from a scalar quantity, and the natural choice
was to use the simplest scalar coming from the geometrical side: the Ricci scalar R. The
total action, including the Gibbons-York-Hawking boundary term SGYH [37, 38] which
relaxed the conditions imposed when varying the action 2, and the action associated with
all matter fields SM (ψ, gαβ), could be written as [32]:

S = 1
2κ (SEH + SGYH) + SM (ψ, gαβ), (1.10)

= 1
2κ

(∫
V
d4x
√
−gR+ 2

∮
∂V
d3y ε

√
|h|K

)
+ SM (ψ, gαβ), (1.11)

here V is a hypervolume inM, ∂V its boundary, h the determinant of the induced metric,
K the trace of the extrinsic curvature over ∂V, and ε is equal to +1 if ∂V is time-like and
−1 if ∂V is space-like ; coordinates xα labeled the finite region V and yα for the boundary
∂V. After varying the action w.r.t. the metric gαβ we find the standard form of EFE’s

1√
−g

δS

δgαβ
= 0 =⇒ Rαβ −

1
2Rgαβ = κTαβ, (1.12)

where the energy-momentum tensor is defined as

Tαβ ≡ −
2√
−g

δSM (ψ, gαβ)
δgαβ

. (1.13)

Another very interesting variational approach comes when consider non-metricity, that
means, the connection Γαβγ and the metric gαβ are treated as independent quantities. Thus,

2The usual procedure to obtain the Einstein’s equations from the action fixing δgαβ and δ∂gαβ to vanish
at the boundary, making the variational principle overconstrained.
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in addition to the variation w.r.t. the metric, an additional constraint comes after varying
the action w.r.t. to the connection3. This method is known as the Palatini variation
[39]. Notice that here we also assume a torsionless manifold, and just non-metricity. In
general, if we consider also non-vanishing torsion (as the case of the ECSK formalism),
the field equations are not uniquely determined. As we will see in Subsection 2.1.2 with a
specific example of an extended gravity theory, this approach will give completely different
field equations, and thus, different interpretation of the additional degrees of freedom
introduced.

1.1.3 Cosmological Constant Act I: Bianchi Identities

From the postulate of the energy conservation dictated by the relation

∇αTαβ = 0, (1.14)

it follows from the EFE’s a geometrical restriction on the Einstein tensor Gαβ

∇αGαβ = 0, (1.15)

which is known as the Bianchi identity. We can now guess a first kind of modification in
the geometrical sector, which still satisfies this condition. For instance, a constant term
Λgαβ still fulfills the condition due to metric compatibility,

∇α(Λgαβ) = Λ∇αgαβ = 0. (1.16)

The EFE’s with a cosmological constant are simply obtained adding the term −2Λ in the
Einstein-Hilbert action, which reads:

Rαβ −
1
2Rgαβ + Λgαβ = κTαβ. (1.17)

We will back on that in the next section when considering the cosmic content of the Uni-
verse. Last but not least, the Einstein-Hilbert action somehow works as a template for
other gravitational theories, since apart from issues of instability and higher derivatives,
extended gravity theories could be constructed with a geometrical scalar, or powers of the
Ricci scalar. We will focus on this in Chapter 2.

3This constraint in the case of GR its simply the metric compatibility written as ∇γ(
√
−ggαβ) = 0.
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1.2 The Cosmological Arena

GR is the main ingredient to construct models that can describe the evolution of the
Universe. After being tested experimentally, at solar system level, cosmological models
were constructed based on EFE’s. We can say that Modern cosmology born in 1917,
when Einstein applied his equations to describe a static Universe, with an ad-hoc intro-
duction of the cosmological constant term, which acts against gravity. Between 1920 and
1930, Alexander Friedmann, Georges Lemaître, Howard P. Robertson and Arthur Geoffrey
Walker, using the well known cosmological principle, based on statistical properties of the
Universe at large scales (around 100 Mpc), independently found a solution to the EFE’s,
describing and expanding (or contracting Universe). We will come back to the history
behind the static proposal by Einstein in a subsequent section. This postulate of isotropy
and homogeneity, allow us to write the metric of a maximally symmetric universe given
by the Robertson-Walker metric4 [17, 40,41]

ds2 = −dt2 + a2(t)
[ dr2

1−Kr2 + r2dθ2 + r2 sin2 θdϕ2
]
, (1.18)

being a(t) the scale factor, and K a parameter describing the spatial geometry of the
Universe (K = 0 for a flat Universe, K = 1 for a closed one, and K = −1 for an open),
fig. 1.1. This manifold is represented by a foliationM = Σ×R in which Σ is a maximally
symmetric 3-manifold and R the temporal coordinate of space-time. The metric on Σ
corresponds to the spatial part of eq. (1.18)

ds̃2 = g̃ijdxidxj = dr2

1−Kr2 + r2dθ2 + r2 sin2 θdϕ2. (1.19)

The cosmological principle yields a perfect fluid form for the energy-momentum tensor

Tαβ = (ρ+ p)uαuβ + pgαβ, (1.20)

with p the pressure, ρ the energy density, and uα the four-velocity of fundamental ob-
servers. Einstein field equations for the metric eq. (1.18) and energy-momentum content
given by eq. (1.20) are

H2 =
(
ȧ

a

)2
= κ

3ρ−
K

a2 , Temporal component (1.21)

and
ä

a
= −κ6

(
ρ+ 3p

)
, Spatial components (1.22)

4For historical reasons, the name of the metric is given just by Robertson and Walker (RW), nevertheless
is usual to find it as FLRW, or just FL.
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K = 1

K = −1

K = 0

Figure 1.1: Spatial geometry of the Universe: Flat Universe (K = 0), Open Universe (K = −1) and
Closed universe (K = 1). Credit: NASA/WMAP Science Team.

in which we define the Hubble parameter as H ≡ ȧ
a . Energy conservation, coming from

∇βT 0β = 0 reduces to
d

dt

(
ρa3)+ p

d

dt

(
a3) = 0. (1.23)

We can now get some conclusions from the form of the equations eq. (1.21) and eq. (1.22).
For example, a static solution, demanding ȧ = 0 is consistent with eq. (1.21) if ρ > 0 and
the Universe is open (K = +1). The problem however comes when contrasting this kind of
Universe with eq. (1.22), since ä never goes to zero if the pressure is also positive. This is
the reason why this set of equations, commonly known as Friedmann-Lemaître equations,
does not admit a static solution.

1.2.1 Cosmological Constant Act II: Einstein’s Static Universe

In Subsection 1.1.3 we announced the cosmological constant term in the EFE’s as the most
simple modification on the gravitational sector which still satisfies the Bianchi identity.
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However, the history of Einstein’s motivation for the introduction of Λ is really interesting,
and deserves a few words here. As anticipated, just after the genesis of GR, in 1917 Ein-
stein proposed a model to describe the evolution of the universe, which from his common
sense should be immutable, and thus, static [42]. In the case of the presence of matter,
gravity will make this universe collapse. In order to prevent this, Einstein presented a
constant term in his field equations, which acts as a repulsive force against gravity. That
was then the physical origin of the cosmological constant.

From the EFE’s with cosmological constant, eq. (1.17), the Friedmann-Lemaître equations
becomes

H2 = κ

3ρ−
K

a2 + Λ
3 , (1.24)

and,
ä

a
= −κ6 (ρ+ 3p) + Λ

3 , (1.25)

This set of equations admits a static solution for ρ > 0, p > 0 in an open universe, and of
course, with the restriction Λ > 0. Besides this, alternative cosmologies were built admit-
ting dynamical solutions, for instance the models of Friedmann in 1922, and Lemaître in
1927 (this in addition gives a simple form the distance-redshift relation v = H · d, verified
two years later by Hubble’s observations [43]), which influenced theoretical developments
towards a fully description of the universe.

Einstein himself considered the Friedmann model as “abominable” ; even the mathematics
behind were totally correct, the status of a dynamical universe was completely unaccept-
able. His conversion wait until 1931, the year in which he published a three-page paper
(with not significantly new contribution) in favor of the dynamical solution [44]. One can
think that Hubble’s observations were the deepest reason in Einstein’s conversion from a
static to a dynamical universe. However, as was explained in detail on [45], the main cause
might be the works by Eddington in 1930, showing that the static solution was in fact,
unstable. Their biographical notes suggest that even Einstein was conscious about the
current observations of the expansion by Hubble, the unsatisfactory explanation of them
(mainly the measured redshift on galaxies and the age of the Universe inferred from it),
were enough to consider them as secondary proof. After his change, Einstein jointly with
de Sitter built the cosmological paradigm (the so called Einstein-de Sitter model) valid
until mid of the 1990’s, which consist in a flat universe (K = 0) and zero cosmological
constant (Λ = 0). As pointed by Gamow in 1970 [46], Einstein regret the introduction of
Λ: “he remarked that the introduction of the cosmological constant term was the biggest
blunder he ever made in his life”. At the end it seems Einstein was not totally wrong.
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1.2.2 Cosmic Inventory

The set of equations previously mentioned are not enough to describe the whole dynamical
system of the expansion history. In order to solve this, is necessary to introduce a relation
between the pressure p and the energy density ρ, which is usually taken as a equation of
state (hereafter e.o.s.) in the form [17,40]

p = wρ, (1.26)

being w a parameter, which could depend on time w = w(t). The e.o.s., in addition with
the Friedmann-Lemaître equations, and the conservation equation, determine entirely the
cosmological model at background level. If we consider a constant e.o.s. the solution of
eq. (1.23) becomes

ρ ∝ a−3(1+w), (1.27)

For relativistic species w = 1/3, leading to ρ ∝ a−4 (radiation dominated epoch), and for
non-relativistic species, when pressure is negligible (w = 0), ρ ∝ a−3 (matter dominated
epoch). The condition on the scale factor to have acceleration is ä > 0, thus from eq. (1.22),
we find a condition over the e.o.s. w < −1/3. The particular case w = −1 is obtained
assuming a constant energy density in (1.23) which gives

p = −ρ, (1.28)

This case is the so-called cosmological constant. We can associate an energy density, (the
vacuum energy density) by the relation [47]

ρΛ = Λ
κ
. (1.29)

If we define the cosmological parameters as

Ωm ≡
κρm
3H2 , ΩK = − K

H2a2 , ΩΛ ≡
Λ

3H2 . (1.30)

it becomes
Ωm + ΩΛ + ΩK = 1, (1.31)

known as the cosmic sum rule. We can also consider the values of the Ω’s at the present
time considering as well contributions from matter (ρm) and radiation (ρr) in the energy
density ρ:

Ω(0)
m ≡

κρ
(0)
m

3H2
0
, Ω(0)

r ≡
κρ

(0)
r

3H2
0
, Ω(0)

K = − K

(H0a0)2 , ΩΛ ≡
Λ

3H2
0
. (1.32)

which gives the standard formula for the Hubble expansion
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Figure 1.2: Planck cosmic recipe. Values for the matter-energy content of the Universe before and after
Planck [2]. Figure taken from http://sci.esa.int/planck/.

H2(a) = H2
0
(
Ω(0)

m a−3 + Ω(0)
r a−4 + Ω(0)

K a−2 + ΩΛ
)
. (1.33)

being H0 the Hubble parameter today, which is usually written as

H0 = 100h km sec−1Mpc−1 = 2.133h× 10−42 Gev, (1.34)

where h denote the uncertainty in the measure of H0.

We can infer from these numbers a observational bound on the cosmological constant term.
Notice that from eq. (1.24), the cosmological constant should be at the same order of the
square of H0

Λ ≈ H2
0 = (2.133h× 10−42 Gev)2, (1.35)

http://sci.esa.int/planck/


1.2. The Cosmological Arena 13

this could be interpreted this as an energy density:

ρ
(Obs)
Λ ≈

Λm2
pl

8π ≈ 10−48GeV4, (1.36)

where mpl ≈ 1019 GeV have been used. We will discuss in some detail the impact of these
value on Subsection 1.2.4.

Observations from Supernovae and Cosmic Microwave Background (CMB) put constraints
on the cosmological parameters. For instance, recent data from the Planck satellite [2]
show that our Universe is dominated by an unknown component called Dark Energy which
is responsable of the actual cosmic acceleration, see fig. 1.2. The conclusion could not be
more intriguing: we are now experiencing an era of cosmic acceleration with a fluid of
negative equation of state! Even if many observations support the standard cosmological
model + cosmological constant, namely the ΛCDM model, the introduction of this vacuum
energy has implicit some theoretical issues that we will discuss in detail in Subsection 1.2.4.
This is why commonly we talk about dark energy as the most mysterious problems in
physics so far, and of course, the reason why we look for alternative explanations for the
cosmic speed-up.

1.2.3 Cosmological Distances and Redshift

In 1998 the first evidence of an accelerated universe came from measurements of Su-
pernovae IA [48, 49] when two independent groups studying the supernovae brightness
determined a non-zero cosmological constant contribution to the cosmic content 5. The
main ingredient of this observations were cosmological distances, and the reason is that
they depend directly on cosmological parameters. To see that clearly, we will first define
the redshift.

1.2.3.1 Redshift

We introduce the concept of cosmological redshift considering a light pulse emitted at the
point E that reaches the point O. We define 1+z, being z the cosmological redshift, as the
ratio between the wavelength measured by the observer O, λO and the emitted wavelength
on E, λE . Since the wavelength is inversely proportional to the period we have

(1 + z) = λ0
λE

= ∆T0
∆TE

. (1.37)

5We will focus more on Supernovae observations in Subsection 1.4.1
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Now, the periods ∆T0 and ∆TE are related to the scale factor by

∆T0
a(t0) = ∆TE

a(tE) , (1.38)

thus
(1 + z) = λ0

λE
= a(t0)
a(tE) , (1.39)

being a(t0) the size of the Universe at the time in which the light from an object is
observed, and a(te) is the size at the time in which light was emitted. Fixing a(t0) = 1
(measured today) and with a(t) the redshift at some cosmic time t we arrive to the known
expression:

a(t) = 1
1 + z

. (1.40)

1.2.3.2 Comoving distance χ(z)

First, we want to choose a better choice of coordinates in the Robertson-Walker metric.
Setting r = sinχ (K = +1), r = χ (K = 0), and r = sinhχ (K = −1), the line-element of
Σ could be written as

ds̃2 = dχ2 + (fK(χ))2
[
dθ2 + sin2 θdϕ2

]
, (1.41)

with

fK(χ) =


sinχ, K = +1,
χ, K = 0,
sinhχ, K = −1,

(1.42)

Since observations are based on radiation traveling through the space-time in null geodesics,
in the case of an FLRW is possible to choose radial geodesics, in which we have ds2 = 0 =
−dt2 + a2(t)dχ2. Thus we have that radiation emitted at the point E and received at O
satisfies

dc ≡ χ =
∫ O

E
dχ =

∫ tO

tE

dt
a(t) , (1.43)

using t0 = 0 and writing this expression in terms of redshift using eq. (1.40) we define the
comoving distance as

dc = 1
a0H0

∫ z

0

dz̃
E(z̃) , (1.44)

where
E(z) ≡ H(z)

H0
, (1.45)

is the dimensionless Hubble parameter.
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1.2.3.3 Angular diameter distance dA(z)

The angular diameter distance dA is defined as the ratio between the proper diameter of
an object D to its apparent angular diameter (in radians) δ

dA = D

δ
. (1.46)

Again, from the metric assuming the source laying in a sphere of radius χ, the proper
diameter becomes

D = a(t1)fK(χ1)δ, (1.47)

and
dA = a(t1)fK(χ1), (1.48)

thus using the expression for the comoving distance eq. (1.44) we have

dA(z) = 1
1 + z



1
H0
√
|Ωk|

sinh[
√

ΩkH0dc(z)], Ωk > 0,

dc(z), Ωk = 0,

1
H0
√
|Ωk|

sin[
√
−ΩkH0dc(z)], Ωk < 0,

. (1.49)

This distance is useful for instance in CMB observations.

1.2.3.4 Luminosity distance dL(z)

Finally, we will define the luminosity distance dL as the relation between the flux of a
source F and its luminosity L

dL =

√
L

4πF . (1.50)

Instead of making a formal derivation, a small trick will be used here: The Ethering-
ton Theorem, a geometrical property of null geodesics in Riemannian space-times [50].
This theorem provides a simple relation between the angular diameter distance and the
luminosity one:

dL = (1 + z)2dA, (1.51)
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explicitly

dL(z) = (1 + z)



1
H0
√
|Ωk|

sinh[
√

Ωkdc(z)], Ωk > 0,

dc(z), Ωk = 0,

1
H0
√
|Ωk|

sin[
√
−ΩkH0dc(z)], Ωk < 0,

. (1.52)

Having these tools in hands, we are able to move to a different topic, related to the
inconsistencies of the cosmological constant, and why modified gravity theories and other
scenarios have been brought to our attention.

1.2.4 Cosmological Constant Act III: Vacuum Energy

We assert, from the mathematical point of view, that Einstein’s gravitational description
allows the introduction of the cosmological constant and also briefly discuss the physical
purpose behind. But, there is any way to connect the introduction of Λ with “well-known”
processes at the particle physics level? The answer is yes and the vacuum will start play-
ing a key role. Here we want to briefly summarize the results from Carroll’s review [47],
which also encodes the main “120-number” issue between the quantum description and
the current observation of Λ.

In order to understand the identification of Λ as vacuum energy, we will consider the
consequences of the energy-momentum tensor associated with a single scalar field φ with
potential V (φ) described by the action

S =
∫
V

d4x
√
−g

[1
2g

αβ∂αφ∂βφ− V (φ)
]
. (1.53)

Thus, the associated energy-momentum tensor of this action, eq. (1.13), is

Tαβ = 1
2∂αφ∂βφ+ 1

2(gγδ∂γφ∂δφ)gαβ − V (φ)gαβ, (1.54)

The lowest energy state is such that the kinetic term vanishes, i.e. ∂αφ, thus the energy-
momentum tensor reduces to

Tαβ = −V (φ0)gαβ, (1.55)

being φ0 the value of the scalar field which makes the potential V minimum. Now, we can
just simply rename this potential as ρvac, so the energy-momentum tensor could be finally
written as

Tαβ = −ρvacgαβ. (1.56)



1.2. The Cosmological Arena 17

A simple and elegant link arises when compared this vacuum energy description with the
perfect fluid one, described by eq. (1.20). We can see that this energy-momentum corre-
sponds to a perfect fluid if we set pvac = −ρvac. As final step, we can just simply move
the geometric term Λgαβ to the right side of EFE’s, and then make the identification of
the cosmological constant as vacuum energy.

There is another contribution coming from quantum mechanics, associated with the lowest
energy level of vacuum fluctuations. As almost every elementary example, when learning
quantum mechanics, is associated with harmonic oscillators. Let us then consider a sys-
tem composed by oscillators of frequency ω with a potential V (x) = 1

2ωx
2. In classical

mechanics, the lowest energy corresponds to the case in which the oscillators are in rest,
which is equivalent to have x = 0. However, due to the Heisenberg uncertainty principle,
there exists a minimum energy, since we cannot have the particle with zero position and
momentum at the same time, equals to6 E = 1

2ω. In the field theory scheme, the lowest
energy can be written as an infinite sum of harmonic oscillators, which however diverges.
We can put an upper bound on this sum until a cutoff scale kmax, and thus the vacuum
energy density could be written as

ρvac =
∫ kmax

0

4πk2dk
(2π)3

1
2
√
k2 +m2 ∝ k4

max. (1.57)

In order to have some guess about this number, we can assume that GR should be valid
until the Planck scale, thus, we can use the Planck mass mpl ' 1018 GeV in this cutoff to
obtain:

ρvac ' 1072 GeV4. (1.58)

Hence, if we make the ratio between this vacuum energy, and the observed value coming
from cosmological data, eq. (1.36), we find

ρvac

ρ
(Obs)
Λ

≈ 1072 GeV4

10−48 GeV4.
∼ 10120. (1.59)

This problem, well knonw as the fine-tuning problem, has been described as “the worst
theoretical prediction in the history of physics” [51]. Other contributions coming from the
scale of broken symmetry in the electroweak model, and in the QCD scale, does not im-
prove the situation [52, 53]. This problem was present before the confirmation in 1998 of
the accelerated expansion of the Universe, and so far, no satisfactory explanation exists.
Nevertheless, we pray to the santo ΛCDM model as the most accurate description of our
Universe.

We will finish this Λ play in the arena with another issue, known as the coincidence
problem. The main idea behind is why? today’s present values of the energy density for

6Recall that in our units convention ~ = 1.
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matter and dark energy are of the same order:

ρ(0)
m ∼ ρ(0)

Λ , (1.60)

indicating that we are living a very special period in the cosmic history, requiring also
very special initial conditions in the early Universe. The redshift at which this coincidence
occurs can be computed from the redshift dependence of the matter density (which scale
as z3) and matching this with the constant energy density of dark energy (cosmological
constant), which gives zcoinc ≈ 0.55 [54]. This issue has motivated explanations which re-
lies for instance on interacting dark energy, or coupled quintessence [55], or also scenarios
of quintessence with non-standard behavior, see [56]. Another very interesting approach
consists in anthropic considerations, which basically means that some of the values of the
parameters used to describe the universe cannot be determined by fundamental ideas, but
quoting explicitly Carroll’s paper “the truism that intelligent observers will only ever expe-
rience conditions which allow for the existence of intelligent observers”. In simple words,
this could be rephrased saying that the physical theories need to take into account the
existence of life on Earth. This enlightened discussion is however far from our purposes
(lamentably). Further details should be found in [57–59].

The lesson at the end of this cosmological constant performance is that even if Λ “should”
be zero, when compared with its quantum field theory „Doppelgänger“, amazingly it fits all
current cosmological observations. Due to this lack of consistency, alternative approaches
as modified gravity are playing nowadays on the stage as potential candidates to explain
the current acceleration of the Universe.

1.3 Cosmological Perturbation Theory

In the previous sections we described cosmology based on the Robertson-Walker metric,
plus additional assumptions regarding the e.o.s. However, that description is far from the
real universe, which is not exactly homogeneous, neither isotropic. Cosmological pertur-
bation theory offers a powerful tool to investigate the effects of deviations from the FLRW
background. There exists a vast literature about cosmological perturbation theory [60–67].
Here we try to make a minimalist description of it. In linear cosmological perturbation
theory the main assumption is that we can describe the perturbed real universe (M, g)
by a metric tensor g which is a small deviation from the background (M(0), g(0))), being
g(0) the metric given by eq. (1.18). This sentence has a deep physical meaning and the
mathematical effort to formulate the problem properly has a long history in cosmology. In
one of the most influential works on the topic, Bardeen found the method to formulate the
problem of linear perturbation in a new language known as gauge invariant variables [60].
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In general, the metric on this perturbed manifold could be written as [61,62]

ds2 = a2(τ)
[
−(1 + 2ψ)dτ2 + 2ωidτ dxi + ((1 + 2φ)γij + 2hij) dxidxj

]
, (1.61)

with ψ(x, τ) and φ(x, τ) scalar perturbations 7, γij ωi(x, τ) a 3-vector and hij(x, τ) a
symmetric, traceless second-rank 3-tensor. In this general case, there are 10 degrees of
freedom {1 + 1 + 3 + 5}, corresponding to {ψ, φ, ωi, hij}. However, the decomposition
theorem [63] shows that at linear level, vector and tensor perturbations are decoupled. In
addition, vector perturbations decay in an expanding universe, while tensor perturbations
are relevant only for the description of gravitational waves. Just scalar perturbations are
enough to describe formation of large-scale structure in the universe, thus we focus on
them. In what follows we will use mainly [16, Ch. 4], [17, Ch. 5] and [68, Ch. 8].

We can simplify the perturbed metric with a suitable choice of gauge invariant quanti-
ties [69–71]. For instance, if we choose them to be ωi = 0, ψ = Ψ, φ = Φ we can write
eq. (1.61) in the so-called Newtonian or longitudinal or shear-free gauge

ds2 = a2(τ)
[
−(1 + 2Ψ)dτ2 + (1 + 2Φ) δijdxidxj

]
. (1.62)

In the other hand, the most general form for the energy-momentum tensor could be written
as [72]

Tαβ = (ρ+ p)uαuβ + pgαβ + [2q(αuβ) + παβ], (1.63)

qα representing heat fluxes and παβ is the anisotropic pressure tensor. We consider the
case of perfect fluids (qα = 0, παβ=0), and assume that the perturbed fluid remains a
perfect fluid. Let us define the perturbed quantities

δ ≡ δρ

ρ
, θ ≡ ∇ivi, (1.64)

where
δρ

ρ
≡ ρ(x)− 〈ρ〉

〈ρ〉
, (1.65)

is the density contrast, with 〈ρ〉 denoting the spatial average, and θ is the velocity diver-
gence. The perturbation of the four-velocity reads

uα = 1
a

[
(1−Ψ), vi

]
, (1.66)

uα = a [−(1 + Ψ), vi] , (1.67)
7Beware of signs: some authors use other signature for the metric and/or opposite signs for the scalars,

we use the notation of [17].
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Thus, the perturbed components of the energy-momentum tensor are [17,68]

δT 0
0 = −δρ, (1.68a)

δT 0
i = −δT i0 = (1 + w)ρvi, (1.68b)

δT ji = c2
sδρ, (1.68c)

where we have defined the sound speed

c2
s ≡

δp

δρ
= ṗ

ρ̇
, (1.69)

being w is the e.o.s. In order to derive first-order equations, we decompose the Einstein
tensor and the energy-momentum tensor into background and perturbed parts: Gβα =
G
β (0)
α + δGβα and T βα = T

β (0)
α + δT βα . The first order Einstein equations are given by

δGβα = 8πGδT βα . (1.70)

When using the expressions for the perturbed energy-momentum tensor eq. (1.68), the
perturbed Einstein equations becomes [16, p. 48]

3H(HΨ− Φ′) +∇2Φ = −4πGa2δρ, (1.71a)

∇2(Φ′ −HΨ) = 4πGa2(1 + w)ρθ, (1.71b)

Ψ = −Φ, (1.71c)

Φ′′ + 2HΦ′ −HΨ′ − (H2 +H′)Ψ = −4πGa2c2
sδρ, (1.71d)

begin H = aH the comoving Hubble parameter, and prime denotes derivatives w.r.t. the
conformal time τ . Another important relation comes from the continuity equation of the
perturbed energy-momentum tensor δT βα;β. In the case α = 0 we have

δ′ + 3H(c2
s − w)δ = −(1 + w)(θ + 3Φ′), (1.72)

where the continuity equation eq. (1.23) for the background has been used. In the case of
non-relativistic matter (c2

s = 0, w = 0) this expression reduces to

δ′ = −θ − 3Φ′. (1.73)

This equation describes how the density at position x increases if there is a velocity
divergence at the same point; the term Φ′ is negligible at small scales. The equation for
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α = i could be written as

θ′ +
[
H(1− 3w) + w′

1 + w

]
θ = −∇2

(
c2
s

1 + w
δ + Ψ

)
, (1.74)

and for non-relativistic matter reduces to

θ′ +Hθ = −∇2Ψ−∇2(c2
sδ), (1.75)

which is nothing but the Euler equation in the Newtonian context.

A useful way to study the above equations is going to the Fourier space, that means all
the perturbation quantities {δ, θ,Ψ,Φ, . . .}, that we summarize here as A, are the sum of
plane waves δkeik·r, k being the wavenumber:

A =
∫
eik·rAkd3k, (1.76)

It is convenient to introduce all the perturbations as Fourier modes, e.g., δ(r, t) = δk(t)eik·r.
With this in mind, the perturbation variables an its derivatives can be substituted as

A(x, τ)→ eik·rA(τ), (1.77a)

∇A(x, τ)→ eik·rkA(τ), (1.77b)

∇2A(x, τ) ≡ ∇i∇iA(x, τ)→ −eik·rk2A(τ), (1.77c)

Futhermore, the modes eik·r can be simply dropped out, since the equations are linear,
and decoupled between different modes. The perturbation equations (1.71), (1.72) and
(1.74) becomes

k2Φ + 3H
(
Φ′ −HΨ

)
= 4πGa2ρδ, (1.78)

k2 (Φ′ −HΨ
)

= −4πGa2 (1 + w) ρθ, (1.79)

Ψ = −Φ, (1.80)

Φ′′ + 2HΦ′ −HΨ′ −
(
H2 + 2H′

)
Ψ = −4πGa2c2

sρδ, (1.81)

δ′ + 3H(c2
s − w)δ = −(1 + w)(θ + 3Φ′), (1.82)

θ′ +
[
H(1− 3w) + w′

1 + w

]
θ = k2

(
c2
s

1 + w
δ + Ψ

)
. (1.83)
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Combining eq. (1.78) and eq. (1.79) we get the relativistic Poisson equation

k2Φ = 4πGa2ρ[δ + 3H(1 + w)θ/k2] = 4πGa2ρ∆, (1.84)

where we define the gauge-invariant density perturbation

∆ ≡ δ + 3H(1 + w)θ
k2 . (1.85)

1.3.1 Statistical Intermezzo: Correlation Function and Power Spectrum

So far we set the basic formalism of perturbations which is the most useful tool to describe
the large scale structure of the Universe. A little of statistics is necessary now to quantify
the observables we measure with cosmological observations, following [16, Ch. 3] and [73].
A basic assumption, given at the beginning of this discussion about the pillars of modern
cosmology, is the cosmological principle, based on statistical properties of structures at
larges scales. We will now consider an estimator which allow us to measure the inhomo-
geneities in the distribution of matter. Let us define the two-point correlation function ζ
as the “average of the relative excess number of pairs found at a given distance r”. That
means, if ni with i 1 or 2, denotes the number of objects in certain volume dVi at position
ri, with an average given by 〈ni〉 = n0dVi, we can write the average number of pairs found
in dV1 and dV2 as

〈n1n2〉 = n2
0dV1dV2[1 + ζ(r1, r1)], (1.86)

being n0 = N/V the mean number density. Furthermore, If we consider that matter is
strictly random distributed, then any two volume elements would be uncorrelated, and
ζ would vanish. In addition, if ζ is positive (negative), then we say those two volume
elements are correlated (anti-correlated). Assuming a statistically homogeneous Universe,
ζ can only depend on the difference vector r12 = r2 − r1, and due to statistical isotropy,
ζ only depend on the modulus distance r between r1 and r2. Henceforth, we denote the
two-point correlation function as ζ(r), inverting eq. (1.86):

ζ(|r2 − r1|) = 〈n1n2〉
n2

0dV1dV2
− 1 ≡ 〈δ(r2)δ(r2)〉. (1.87)

Thus, the correlation function is also written as the average over all possible positions

ζ(r) = 1
V

∫
V
δm(x)δm(x+ r)d3x. (1.88)

In the previous section we described variables that encode perturbations, for instance, the
density contrast δ or the gravitation potential Φ. Now, since by definition the average of
some of these perturbations is identically zero, we need to construct estimators based on
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quadratic terms. The power spectrum could be defined as:

Pδ = A|δk|2, (1.89)

being δk the Fourier coefficients of δ, and A some constant. If instead two different
variables enters into the quadratic form as for example δkΦk we called this the cross-
correlation power spectrum. We are interested now in one importante relation, known as
the Wiener-Khinchin theorem, which relates the two-point correlation function with the
power spectrum via a Fourier transform. Let us now formally define the matter power
spectrum as

P (k) ≡ V δkδ∗k = 1
V

∫
δ(x)δ(y)e−ik·(x−y)d3xd3y, (1.90)

if we use now r = x − y, and using the definition of the two-point correlation function
eq. (1.88) we can write

P (k) = 1
V

∫
V
δ(x)δ(x− r)e−ik·rd3xd3r =

∫
ζ(r)e−ik·rd3r, (1.91)

Thus we summarize with an important conclusion, which is amongst the whole theoretical
construction, the main result one should have clear when learning cosmology:

“The power spectrum is the Fourier transform of the two-point correlation function”

Another definition which is also standard in cosmology comes when consider ensamble
averages instead of volume average. For instance for the ensemble V δkδ∗k′ , we can write

V 〈δkδ∗k′〉 = 1
V

∫
〈δ(x)δ(y)〉e−ik·x+ik′·yd3xd3y, (1.92)

= 1
V

∫
〈δ(x)δ(y + r)〉e−i(k−k′)·y−ik·rd3rd3y, (1.93)

If we fix the position and then take the average of the ensambles, it can be enter in the
integration acting only over δ. Hence, we have

V 〈δkδ∗k′〉 = 1
V

∫
ζ(r)e−i(k−k′)·y−ik·rd3rd3y, (1.94)

= 1
V

∫
e−i(k−k

′)·yd3y

∫
ζ(r)e−ik·rd3r, (1.95)

= (2π)3

V
P (k)δD(k − k′), (1.96)

where the definition of the Dirac delta δD had been used, and also we include the Fourier
volume term (2π)3. Another piece of statistic is necessary for our further purposes related
with estimation of parameters and its errors, namely the Fisher matrix formalism. This
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discussion however is left for Appendix A.

1.3.2 The Initial Matter Power Spectrum

Having this tools in hands, is time now to ask in which way we can measure the properties
or large scale structure today (i.e. the matter power spectrum). The answer for this
seems to be simple, and the gravitational potential Φ(k, t) plays and important role: the
power spectrum today can be constructed from the initial power spectrum generated at
the inflationary epoch, evolved with suitable functions of scale k and time a. In a very
minimalistic description, inflation is a process occurring at very early times in the universe,
in which quantum fluctuations evolved with time to generate the large scale structures we
see now. This fluctuations then generate overdense regions, and due to gravitational
instabilities8, matter collapses and generate structures. Inflation itself has a long and
interesting history, developed by Guth early 1980’s [74], inflation born as a candidate to
solve classical problems of cosmology, such as the flatness and horizon problem. A complete
review however is far from our purposes, and we just need here a basic ingredient: the
power spectrum generated at that epoch. We can associate the anisotropies generated
as fluctuations of a scalar field commonly denoted as the inflaton. The power spectrum
generated by this field could be written as [17]

PΦ(k) = 50π2

9k3

(
k

H0

)ns−1
δ2
H , (1.97)

being ns the spectral index and δ2
H (∼ 4.6 × 10−5 for the ΛCDM model) represents the

amplitude of the gravitational potential; from current Planck constraints, the value of the
spectral index is ns = 0.9603 ± 0.0073 [75]. As anticipated, the gravitational potential
today can be written in terms of the primordial one. Neglecting anisotropic stresses, it
reads

Φ(k, a0) = 9
10Φ(k, ai)T (k)G(a0), (1.98)

with T (k) is the transfer function, which relates the primordial potential to its value after
horizon-crossing and matter-radiation equality

T (k) ≡ Φ(k, aLate)
ΦLS(k, aLate)

, (1.99)

8Classically, we can understand a gravitational instability as the war between gravity and pressure.
Matter is attracted to the center of an overdense region, but repelled by pressure. When the region is
overdense enough, gravity wins. This process is similar as the gravitational instabilities inside stars, when
the pressure generated by nuclear fusion and photons trying to scape, is not enough to stop gravity and
the star finally collapse.
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(aLate is the transfer epoch from the radiation era), andG(a) the growth function describing
the evolution of potentials at late times [16]:

Φ(a)
Φ(aLate)

≡ G(a)
a

. (1.100)

Although the formal derivation of the transfer function implies the solution of the pertur-
bation equations into the matter era, some approximate forms had been obtained so far.
For instance, a popular fit given by Bardeen, Bond, Kaiser and Szalay (BBKS) [76] reads

TBBKS = ln(1 + 0.171x)
0.171x

[
1 + 0.284x+ (1.18x)2 + (0.399x)3 + (0.490x)4

]−1/4
, (1.101)

with x ≡ k/keq, and we define the scale of radiation-matter equality as

keq = H0

√√√√2Ω(0)
m

aeq
. (1.102)

Our final ingredient is to relate the matter overdensity with the potential at late times via
the Poisson equation, eq. (1.84), in the sub-horizon approximation (k � H):

k2Φ = 4πGa2ρδ, (1.103)

and then
δm(k, a) = 2k2a

3Ω(0)
m H2

0
Φ(k, a), (1.104)

when we make explicit the contribution of matter with the subscript m. Thus, using
eq. (1.97) and eq. (1.98), the power spectrum of matter perturbations at the present
epoch reads [16, p. 75]

Pδm(k, a) ≡ 〈|δm(k, a0)|2〉 = 2π2δ2
H

(Ω(0)
m )2

(
k

H0

)ns
T 2(k)G2(a0)H−3

0 , (1.105)

In fig. 1.3 we show the initial matter power spectrum calculated numerically (using the
numerical integrator CAMB [77]), and the approximation given by TBBKS transfer function.
The linear regime, in which this solution is valid is given by scales of the order k ∼ 0.05h
Mpc−1, and intermediate range, which could be still solved using for instance the Zel’dovich
approximation [78] lies in the range, 0.05hMpc−1 & k & 0.15h Mpc−1 Finally, small scales
characterized by k . 0.15hMpc−1, enters into the non-linear regime, and thus numerical
tehcniques such as N -body simulations should be taken into account.
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Figure 1.3: The galaxy power spectrum calculated with CAMB (red dotted line) and using the analytical
approximation for the transfer function TBBKS (black dashed line).

1.4 Observing Dark Energy

There are many probes supporting the existence of dark energy than can be classified
mainly in two groups. The first group corresponds to geometrical probes, such as Su-
pernovae observations, measurements of the Hubble expansion, and the Baryon Acoustic
Oscillation (BAO) scale. In the second one, dynamical test are considered, for instance
information from the CMB spectrum and large-scale structure (LSS) observations. The
age of the universe, when compared with the age of stars, provide also information. For
our future forecasts we need information from LSS (which includes weak lansing) and SN,
here we want to emphasize in Supernovae and LSS only; observations related with CMB,
even powerful and so far give the best constraints on cosmological parameters, are far
beyond our purposes, and then, will not be considered here.

1.4.1 Supernovae

We anticipate in Subsection 1.2.1 that the model that had been conquering cosmology
(besides the issues related to dark matter in rotation curves of galaxies) was the Einstein-
de Sitter, consisting of the set of parameters (Ωm,ΩΛ) = (1, 0) and zero curvature K = 0.
This picture significantly changed in the 90’s when two independent groups studying the
light curves of some particular objects (known as supernovae type IA or simply SNIA),
brought the cosmological constant back. We will here briefly discuss this important as-
trophysical observation which changed totally our understanding of the Universe, and put
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Figure 1.4: Top: Modulus distance for the Union 2.1 compilation [3]. The black line represents the
best-fit for a flat ΛCDM cosmology. Bottom: Confidence regions in the (Ωm,ΩΛ) plane. Considering
only SN observations, the constraints suggest a model with non-negligible vacuum energy (or cosmological
constant) with ΩΛ ∼ 0.7 and Ωm ∼ 0.3. Figures obtained from the Supernova Cosmology Project webpage
http://supernova.lbl.gov/Union/.

http://supernova.lbl.gov/Union/
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the laws of physics walking in a tightrope.

Supernovae are basically explosions, occurring when, for instance, a white dwarf starts
stealing mass from a companion star, and exceeds the Chandrasekhar limit. When this
limit is crossed, the hydrostatic equilibrium between pressure and gravity does not hold
anymore and, as a consequence, the white-dwarf collapse and eventually dies. These
events are extremely luminous, almost comparable with the luminosity of the host galaxy.
Supernovae then are classified in terms of the lines we observed in the light-curve of
the explosion. An interesting phenomenon occur in this event, which is that they have
an almost constant absolute luminosity at the peak of brightness (around M ∼ −19.5)
[79]. But, how we can relate this astrophysical objects with cosmological observations?
As similar as the beautiful link between geometry and matter dictated by EFE’s, an
interesting equation, known as the Pogson equation, relates the magnitude of an object
with its flux by:

m1 −m2 = −5
2 log10

(F1
F2

)
, (1.106)

in which m1 and m2 are luminosities of two objects with fluxes F1 and F2 respectively.
Now, since the flux is related to the luminosity distance by eq. (1.50), we can write this
equation in a different way with the help of the absolute magnitude M , which is simply
the apparent magnitude of an object observed at a distance of 10 pc, which finally reads

m−M = 5 log10 dL + 25, (1.107)

with dL measured in pc.

We have then a simple link between cosmology (since dL depends on background cosmo-
logical quantities) and astrophysical observations. This was the basis of the method used
by Riess et al. [High-redshift Supoernovae Search Team (HSST) [49] and Perlmutter et
al. [Supernova Cosmology Project (SCP)] [48], who measuring the luminosities of super-
novae, and taking into account the cosmology behind dL, independently confirmed the
late-time accelerated expansion of the Universe. High amount of data however is crucial
to conclude that the Universe is accelerating, since observations are subject to statistical
and systematic errors. In fig. 1.4 we shown the distance modulus as a function of z for a
recent collection of supernovae compilations, known as Union 2.1 [3].

From these observations is also possible to put bounds on the cosmological parameters. In
fig. 1.4 we also display the confidence region in the (Ωm,ΩΛ) plane, which is in favor of a
model with (Ωm,ΩΛ) ∼ (0.3, 0.7) using the Union 2.1 compilation, which simply rules out
the Einstein-de Sitter prediction (Ωm,ΩΛ) ∼ (1, 0). Similar constraints were found also in
1998 by the HSST and SCP groups, consistent also with this conclusion. This is then the
beginning of the dark energy era.
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1.4.2 Large-scale Structure

We will now consider one the most important probes for the existence of dark energy, and
also a basic pilar for our further analysis. As we mentioned in Subsection 1.3.2, the matter
power spectrum could gives all the information about statistical properties of structures at
large scales. Unfortunately, when using real galaxy surveys, we truly measure the galaxy
density contrast δgal, which, of course, is different from the matter density contrast δm.
A possible way to overcome this is to consider that both densities are related by a bias
factor b, which in general could depend on time and scale b = b(k, z):

δgal = b(k, z)δm. (1.108)

Thus, since the power spectrum is defined as the square of the expectation value of the
density field, we can write the galaxy power spectrum as:

Pgal = b2(k, z)Pm. (1.109)

In addition to this, there is an effect coming from the fact that when measuring redshifts,
these include a systematic error due by peculiar velocities of galaxies [16]. This effect is
called Redshift Space Distortion (RSD), and was first derived by Kaiser in 1987 [80]. In
the most simplest form, we can relate the redshift-space galaxy power spectrum, denoted
as δs(k, z, µ), with the galaxy power spectrum (in real space) by

δs(k, z, µ) = δr(k, z)(1 + βµ2), (1.110)

being µ = (k ·r)/kr the cosine of the angle between the wavevector k and the line of sight
r, β is the linear RSD parameter:

β = f

b
, (1.111)

being f the growth rate:
f = d ln δm

d ln a = Ωγ
m. (1.112)

In the last part of eq. (1.112) an approximation has been used [81], being γ the growth index
which in the case of the ΛCDM model is roughly 6/11. Modified gravity models predict
different values for γ, making RSD a powerful tool to study dark energy cosmologies. We
will rewrite now the galaxy power spectrum (corrected with the RSD term), still using the
subscript gal, as

δgal(k, z, µ) = Gbσ8

(
1 + f

b
µ2
)
δt,0(k) , (1.113)
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where δt,0 = δm,0/σ8 being σ8 the root-mean-square of density fluctuations (or the nor-
malization of the power spectrum) inside a sphere of radius 8 h−1 Mpc [16]:

σ2
8 = 1

2π2

∫
Pm0W

2
R8(k)dk, (1.114)

with WR a spherical window function, WR(k) = 3j1(kR)/(kR), being j`(x) the spherical
Bessel function of the first kind. Also we have for the growth function

G(z) = δm(z)
δm(0) . (1.115)

Let us finally define the standard form of the galaxy power spectrum in redshift-space
that we will use for further calculations [16,82]:

Pr,obs(kr, µr; z) = H(z)d2
r(z)

Hr(z)d2(z)G
2(z)b2(z)

(
1 + β(z)µ2

)2
P0(k), (1.116)

with P0(k) ≡ δ2
t,0σ

2
8. This power spectrum includes also a geometrical correction known

as the Alcock-Paczynski effect [83]

FAP = H(z)dA(z)|r
H(z)dA(z) , (1.117)

which essentially measures the deviation on isotropy in the power spectrum of a cosmo-
logical model, w.r.t a reference fiducial (denoted with the subscript r).

As a final remark, some recent works showed that a formal treatment of galaxy surveys
should take into account corrections due to the finite size of the volume, which add addi-
tional terms into the total density fluctuation [84–91]. In a galaxy survey, we count the
number of galaxies in the direction n at redshift z, and then we find the redshift density
perturbation δz(n, z). However, the volume is also a perturbed quantity, since the solid
angle and the redshift bin are distorted between the source and the observer. Thus, the
truly observed quantity is the perturbation in the number density of galaxies [84]:

∆(n, z) ≡ δz(n, z) + δV (n, z)
V (z) , (1.118)

which indeed is a gauge invariant quantity. Even if the additional corrections are sup-
pressed at large scales, they offer an alternative approach to disentangle the effect of
modified gravity in galaxy clustering measurements.
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Figure 1.5: An artist view of the Euclid Satellite. Credit ESA, Image obtained from the Euclid Consor-
tium webpage.

1.4.3 Future Observations: The Euclid Survey

So far we discussed the current observations on dark energy which mainly includes large
scale surveys, measuring the power spectrum in galaxy clusters. Of course, as every
experiment in physics the purpose, besides theoretical developments, is focussed on the
improvement of observational techniques, increase the amount of data, and reduce sys-
tematic errors. What is the future concerning our current picture of the universe?. The
answer, nor surprisingly should be “something that can disentangle the nature of the ac-
tual expansion of the universe”. Euclid might be the guy with the ultimate truth. We
will here give a short description following the Euclid red book study report [12] and also
information from the Euclid Consortium Team 9 webpage.

Euclid is an ESA (European Space Agency) medium class space mission approved in Octo-
ber 2011, and will be launched to the L2 Sun-Earth Lagrange point in 2020, for a mission
of 6 years. In addition to the main goal (answer the dark energy issue, i.e. the actual
cosmic speed-up), Euclid will also try to find if dark energy is dynamical (looking for time

9http://www.euclid-ec.org

http://www.euclid-ec.org
http://www.euclid-ec.org
http://www.euclid-ec.org
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variation in the e.o.s w), put constraints in the neutrino mass, and find possible modifica-
tions of GR. To accomplish this task, Euclid will use two main probes, weak lensing and
galaxy clustering (with BAO and RSD), measuring about 10 billion sources, from which
around 1 billion will be used for weak lensing, and tens of million redshifts will be used
for galaxy clustering. Giving some technical data: It will use a 1.2 m mirror telescope
operating in both visible and infrared wavelengths, which will cover an area of about 15000
deg2 in the redshift range 0.5 < z < 2.0, when the cosmic speed-up its supposed to start.

Euclid seems promising, and a big scientific effort has been made until now (and for sure in
the forthcoming years) to improve the theoretical predictions, and also statistical analysis,
that would be an enjoyable task of cleaning several Petabytes of data. Being optimistic,
around 2025 we may have first releases and also an excellent opportunity to rule out dark
energy models, and see if, wether or not, Λ wins his dark race. In the next chapter we will
meet the contenders of the cosmological constant, based on modifications on the gravity
sector.
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2
Dark Energy Cosmologies

“The next case in simplicity includes those manifoldnesses in
which the line-element may be expressed as the fourth-root

of a quartic differential expression”
Bernard Riemann, 1854

T he cosmological setup of the previous chapter show us that the standard description
of our Universe should be reformulated; the main issue: Λ. This offers however an

exciting approach considering that GR can be revisited to take into account the actual
accelerated expansion of the Universe, without using the cosmological constant. Since, as
we anticipated, GR has successfully satisfied solar system constraints, the possibility is
that at large scales (cosmological), Einstein’s theory could be modified. Modifications of
GR are not particularly new, since just from the genesis of GR, alternative approaches to
describe the gravitational interaction have been born, also attempting to unify geometry
with the quantum description. However, when modifying gravity the price you pay is high;
instabilities due to the new degrees of freedom, incompatibility with local constraints, and
issues of renormalization at quantum level arise. In this chapter we will briefly review
the main elements of modified gravity, with special attention to a sub-class of theories
with a single scalar field which preserves second order equations of motion: the Horndeski
Lagrangian.

2.1 Beyond Einstein - A Journey Through Modified Gravity

We want to start now a short trip through the vast land of possibilities when modifying
gravity. Our departure point, as previously anticipated in Chapter 1, is at the action
level. GR is based on the Einstein-Hilbert action, in which the Lagrangian density is
constructed from the simplest scalar we can obtain in a Riemannian manifold (M, g), i.e.,

34
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the Ricci scalar. By 1919, Weyl and Eddington [92] proposed theories built by quadratic
Lagrangians (proportional to R2) and particular solutions (Schwarzschild-like describing
the space-time outside a spherical and static massive object) had been studied [93]. The
action in this case could be written as [94]

SR2 =
∫
V

d4x
√
−g(R+ αR2), (2.1)

being α a constant which gives the proper units in the Lagrangian. This action however
leads to fourth order equations of motion (recall that our fundamental dynamical variable
here is the metric tensor gαβ), and thus extra degrees of freedom in the theory. Another
example, just after the publication of Einstein’a legendary paper [23], Kretschmann [95]
proposed an action with the scalar RαηγδRαηγδ instead of the Ricci scalar wich afterwards
was called the Kretschmann scalar

SK =
∫
V

d4x
√
−gRαηγδRαηγδ. (2.2)

Once again, terms like ∇α∇βRα β
(γδ) introduces additional degrees of freedom. There is

a way to avoid the appearance of these terms, considering the so-called Gauss-Bonnet
scalar [96] defined as

G = R2 − 4RαβRαβ +RαβγδR
αβγδ, (2.3)

henceforth we write the action in a D-dimensional space-time as

SG =
∫
V

dDx
√
−gG. (2.4)

This scalar has a particular attribute [97]. Due to a topological property on four dimen-
sions, the density

√
−gG could be written as a total derivative, and then when making the

variation w.r.t. gαβ, this contribution vanished at the boundary ∂V. Thus, the scalars G
and the Ricci scalar R have an interesting property: in a four-dimensional space-time, they
lead to second-order derivative contributions to the field equations. Scalars that satisfy
such property are known as Lovelock scalar invariants [98]. The theory with the Gauss-
Bonnet term has been used recently as a candidate for the dark energy problem [99]. An
extension of this action occurs when considering an arbitrary function of the Gauss-Bonnet
scalar f(G), which however has been highly constrained by cosmological data and despite
does not reproduce background evolution [100].

The Weyl tensor C, which measure the deviation of the manifoldM from conformal flat-
ness [28,32] offers an interesting alternative, since it is invariant under conformal transfor-
mations of the metric. We can construct an invariant as total contraction (similar as the
Kretschmann scalar) and thus works with the so-called conformal gravity theory [101]. Let
us conclude this briefly journey through the huge family of modifications of the action with
a trending proposed model. f(R) gravity is a natural extension of the Einstein-Hilbert
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action considering an arbitrary function of the Ricci scalar [16,97]

Sf(R) = 1
2κ

∫
V

d4x
√
−gf(R), (2.5)

the equations are again fourth order [102–106], but with a Legendre transformation we
can map this into a scalar-tensor theory [16].

In summary, these alternatives to GR, coming from geometric scalars other than simply
R, or powers of it, introduce new degrees of freedom or higher order derivatives. In order
to have a more systematic way to describe modified gravity, let us use now two powerful
theorems. The first one, Ostrogradski’s Theorem [107] states that there exist a linear
instability in any theory, whose fundamental dynamical variable appears in the action
with higher than second order time derivatives. The Hamiltonian that can be constructed
from the Lagrangian is in this case unbounded, and then in principle accepts configurations
with negative energy, see [108].Thus, to avoid this is desirable that the equations of motion
just contain second-order derivatives. The second one, Lovelock’s theorem [98, 109] states
that:

Theorem 2.1 (Lovelock’s Theorem). In a four dimensional space-time the only divergence-
free symmetric rank-2 tensor constructed solely from the metric gαβ and its derivatives up
to second differential order, and preserving diffeomorphism invariance, is the Einstein
tensor plus a cosmological term:

Eαβ = α
√
−g

[
Rαβ − 1

2g
αβR

]
+ λ
√
−ggαβ, (2.6)

where α and λ (cosmological constant) are constants, and Rαβ and R are the Ricci tensor
and scalar curvature, respectively.

Formally, this theorem does not imply that Einstein-Hilbert action is the only action
leading to EFE’s. In fact, we can write a general Lagrangian [98]

LL =
√
−g

∑
n

1
2nαnδ

β1 β2···β2n
γ1 γ2···γ2n R

β1 β2
γ1 γ2 · · ·R

β2n−1 β2n
γ2n−1 γ2n , (2.7)

being δβ1 β2···β2n
γ1 γ2···γ2n a generalized Kronecker delta of order 2n, and αn are constants, with n

the dimension. However, when varying this action, some contributions vanishes, and gives
a contribution to the boundary ∂V in the form of the Gauss-Bonnet scalar G. In this way,
eq. (2.7) is an equivalent action for GR.
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We can thus consider the Lovelock’s theorem, and the assumptions behind, as a clever
way to construct alternative theories beyond Einstein. Indeed, these assumptions means
restrictions, which when avoided, leads to different kinds of modifications. These can be
written as [110,111]:

Restrictions to Lovelock’s Theorem

L1 . Consider extra degrees of freedom more than the metric tensor.

L2 . Work in a space with dimensionality different than four.

L3 . Accept higher than second order derivatives of the metric in the field equa-
tions.

L4 . Consider non-locality.

A nice representation of this set of possibilities was made in Tessa Baker’s thesis [4], a
similar one also presented in [112]. In fig. 2.1 we have shown an adaptation (colorful) of
it; this can be sketched as kind of islands beyond the safe ground of Einstein’s gravity.
In what follows, and for completeness, we want to land in three of these islands, towards
our final destination: the Horndeski Lagrangian. We mainly follow the comprehensive
treatments given in [4, 110,112]. Non-locality theories will be no considered here.

2.1.1 Higher Derivatives

In the previous section we worked out some examples of modified actions, which include
different scalar than the Ricci, or extensions to it. Most of them conduce to field equa-
tions which contains derivatives higher than two. These models are quite dangerous due
to the Ostrogradski instability; in this way we also avoid Lovelock’s restriction. Let us
now discuss some particular examples of these kind of theories.

We already encounter one particular example which is suitable for other kind of viola-
tion on Lovelock’s restriction (adding new degrees of freedom), and has recently gained
impressive attention among cosmology and astrophysical tests for GR: f(R) gravity. Its
main ingredient is the action containing an “arbitrary”1 function of the Ricci scalar. The
action is given by eq. (2.5), and after varying this action w.r.t. the metric tensor gαβ we
find the standard form of the modified field equation [102,103,106]:

fRRαβ −
1
2fgαβ − (∇α∇β − gαβ2) fR = κTαβ , (2.8)

1From solar system constraints and instabilities the first and second derivatives have to be chosen
positives fR > 0, and fRR > 0.
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Figure 2.1: Islands of modified gravity. Adapted from [4]. Theories are classified according to the way
in which they avoid Lovelock’s restrictions.

being fR ≡ f(R)
dR and the D’alambertian 2 ≡ ∇γ∇γ . Since the Ricci scalar contains second

derivatives of the metric, it is clear that the operator Dαβ ≡ ∇α∇β − gαβ2 contribute to
fourth order derivatives of the metric. This new contributions, besides the cosmological
and astrophysical implications, are of particular interest for energy conditions issues [113],
and geodesics leading on cosmological distances [114]. However, there is one way to heal
this condition, using a Legendre transformation which moves this metric representation
to a equivalent scalar-tensor one, we will back on this in the next subsection. A complete
review on f(R) gravity could be found in [16,97].

Additional examples for higher derivatives theories, besides those explained in the previous
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section, are constructed with arbitrary functions of the scalars from Rαβγδ, Rαβ and R; a
general form could be written as

S = 1
2κ

∫
V

d4x
√
−gf(R,RαβRαβ, RαβγδRαβγδ), (2.9)

with the explicit form of the Kretschmann scalarK. Unfortunately, these lagrangian is not
conformally related to GR with a scalar field, as the privileged case of f(R) gravity. In fact,
these kinds of theories introduce two gravitons (i.e. additional degrees of freedom), one of
which has a negative kinetic operator (a ghost). To avoid that, we can write analogously,
an arbitrary function based on the Lovelock invariants R and G, ghost-free, as

S = 1
2κ

∫
V

d4x
√
−gf(R,G). (2.10)

A quite recently proposal, which is an attempt to build a quantum description of gravity, is
the so-called Hořava-Lifschitz model [115,116]. By adding higher order spatial derivatives,
without adding higher order time derivatives, the propagator associated to the graviton
at the Ultra Violet regime (UV) is modificated in a way that the theory becomes renor-
malizable [110]. To do that, a particular space-time foliation is made introducing a time-
dependent lapse function N , making as expected, vanishing spatial derivatives. In this
way, by treating space and time unequally, Hořava’s gravity is indeed an example of a
Lorentz violating theory, since in this case only spatial diffeomorphism is preserved.

2.1.2 New Degrees of Freedom

Other example to avoid Lovelock’s restrictions, which indeed is very popular nowadays,
consist in add new degrees of freedom in the action. The main idea behind is to add scalar,
vector or tensor fields (or combinations of them), which couple minimally to the metric.
These fields in general add new kinetic terms into the action, which however leads to an
inevitable fall into Ortogradski’s instability. Among them, the case of non-dynamical fields
is interesting. The EFE’s, and the Lovelock’s theorem assume that Tαβ is linear into the
equations. If we relaxed this condition, is possible to construct theories in which the r.h.s.
of EFE’s is built with non-linear combinations of Tαβ, although demanding ∇αTαβ = 0.

A relative of f(R) gravity, namely the Palatini formulation f(R) is a good example [117].
In this theory the Ricci scalar R = gαβRαβ is constructed from the connection (not from
the metric as usual), and the field equations leads to a similar form of the modified field
equations eq. (2.8), without the appearance of terms associated with the operator Dαβ.
Instead, an auxiliary non-dinamycal term appears as kind of metric compatibility

∇̄γ
(√
−hhαβ

)
, (2.11)
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being hαβ = f ′(R)gαβ a conformal related metric, and ∇̄γ a covariant derivative defined
with the independent connection. In comparison to the case of GR in which Palatini and
metric version are equivalent, in the case of f(R) gravity its counterpart produces a very
different behavior. Indeed, f(R) gravity has the same degrees of freedom as GR, in con-
trast with metric f(R) which propagates an extra scalar field.

A well-known example of modifications with a single scalar field, are scalar-tensor theories.
These theories are used as standard way in which deviations from GR are modeled, due
for instance to the simple form of the field equations, allowing exact analytical solutions.
The action in this case could be written as

SS−T = 1
2κ

∫
V

d4x
√
−g [f(φ,R)−K(φ)∇γφ∇γφ− 2V (φ)] + SM (ψ, gαβ), (2.12)

being V (φ) the potential for the scalar field φ, and the functions f(φ) and K(φ) acts as
couplings with gravity and the kinetic term. One particular case of this kind of theories, the
so-called Brans-Dicke theories [118], that had been studied to model possible deviations
of the Newtonian gravitational constant G, is obtained if we set f(φ,R) = φR, and
K(φ) = ωBD/φ, which gives the standard form:

SBD = 1
2κ

∫
V

d4x
√
−g

[
φR− ωBD

φ
∇γφ∇γφ− 2V (φ)

]
+ SM (ψ, gαβ). (2.13)

Besides the astrophysical and cosmological applications of Brans-Dicke theory, summa-
rized in [110] which unfortunately are beyond our purposes, the form of the action could
help us to give an interesting example of a theory who possesses an enviable property
among the family of modifications: can be transformed from a higher order theory to a
scalar-tensor equivalent, via a Legendre transformation.

We already advertise this is the case of metric f(R) gravity. The equivalence could be
seen considering the following action

S = 1
2κ

∫
V

d4x
√
−g

[
f(ζ) + f ′(ζ)(R− ζ)

]
+ SM (ψ, gαβ). (2.14)

with prime denoting differentiation w.r.t. the scalar ζ. Variation of this action gives
f ′′(ζ)(R − ζ) = 0, thus R = ζ for all f ′′(ζ) 6= 0, If we replace R = ζ the standard form
of the action in metric f(R) gravity is recovered. If we consider now the transformation
φ = f,R, V (φ) = (1/2)[ζφ − f(ζ)], the action eq. (2.14) is equivalent to eq. (2.13) with
ωBD = 0.

Another example of extra degrees of freedom, which also can be classified as Lorent-
violating approach, is kwown as Einstein-Æther theory. First of all, let us introduce a
progenitor theory made by Szekeres in 1955, in which the cosmic time plays the role of a
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field variable. The idea behind was to overcome the contradiction between the relativity
principle (i.e. the equivalence of all reference systems), and the definition of an absolute
time in cosmology. For that, a time field φ was introduced which then interacts in the
action with the metric; all physical implications (vacuum solutions, cosmology, gravita-
tional waves) were also studied in [119]. As an extension to this model, a dynamical unit
vector field, the æther, was introduced in [120], allowing also the theory to violate Lorentz
invariance (via local boost invariance). The action in this case could be written as

SS−T = 1
2κ

∫
V

d4x
√
−g

[
R+Kαβ

γσ∇αAγ∇βAσ + λ(AαAα + 1)
]

+ SM (ψ, gαβ), (2.15)

where Kαβ
γσ = c1g

αβgγσ + c2δ
α
γ δ

β
σ + c3δ

α
σ δ

β
γ for some suitable constants ci, and λ is a La-

grange multiplier which constraint the vector field Aα to be time-like. This action includes
a kinetic term for the æther, coupled to the metric through covariant derivatives. The
presence of this Lorentz-violating vector field can affect cosmology. For instance, it can im-
print signatures on perturbations at early universe stages [121], and also affect the growth
rate of structure [122,123].

Finally, we will discuss an example of a modified theory based on an additional tensor
field. GR is indeed a massless gravity theory. Some attempts to construct theories in
which the graviton could have a mass, had been proposed first by Fierz and Pauli in
1939 [124]. They considered a mass term for linear gravitational perturbations, which
is uniquely determined by requiring the absence of ghost degrees of freedom. The mass
term breaks the gauge invariance of GR, leading to a graviton with five degrees of freedom
instead of the usual two of GR. In order to construct a theory which avoids this instability,
a new tensor field should be added to the action which interacts with the metric [125].
The simplest way is to add a second metric to the action, that can be written as the form
of the so-called bimetric gravity

Sg,f = −
M2
g

2

∫
V

d4x
√
−det gRg −

M2
f

2

∫
V

d4x
√
−det fRf

+m4
∫
V

d4x
√
−det g

4∑
n=0

βnen

(√
g−1f

)
+ SM (ψ, gαβ), (2.16)

where Mg and Mf are Planck masses and Rg and Rf are the Ricci scalars associated with
the metrics g and f respectively. Notice that the action for the matter fields is determined
by the metric g, and thus matter follow geodesics in the space-time gαβ; there are five
interaction terms en and βn representing arbitrary constants. These theory has recently
brought the attention since is cosmologically viable [126–129].

Those few examples were just an appetizer from the vast family of modified theories with
extra degrees of freedom. Other possibilities, such as TeVeS [130], which is a mixture of
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scalar-tensor (a single scalar field φ and Einstein-Æther theories (with a dual vector Aα)
has also been extensively studied for cosmological purposes [131–133].

2.1.3 Extra Dimensions

One of the assumptions when constructing the mathematical space-time in which GR lives,
is that it should be 4-dimensional (3 spatial dimensions + 1 temporal). Is plaussible thus
to consider gravitational theories in more than 4 dimensions. In fact, supergravity (or
SUGRA), which is one of the strongest candidates for a quantum description of gravity,
is formulated in a space-time of D = 11 dimensions. Most of the approaches consist in
extra spatial dimensions, and following [4], can be summarized as:

(a) Models in which the additional dimensions are compactified, that means, those di-
mensiones are “squeezed” to an unnacesible small size, in comparisson with the 3
spatial dimensions. One famous example of this kind, is Kaluza-Klein (KK) the-
ory [134,135], which is an attempt to construct an unified description of gravity and
electromagnetism, with an action written in a 5D space-time. In 5 dimensions, the
metric has 15 independent components, 10 of them leads to the standard form of
the metric in 4D (gαβ), 4 gives Maxwell equations (via the electromagnetic potential
Aα), and the additional component is attached to a scalar field φ [136]:

ĝAB =
(
gαβ + κφ2AαAβ κφ2Aα

κφ2Aα φ2

)
, (2.17)

with the indices A,B running from 0 to 5. An extensive treatment on KK gravity,
from spherical solutions, to cosmological applications, could be find in [136]

(b) Models in which the additional dimensions are large or infinite. In this case, our four-
dimensional universe is then referred to as a brane existing in a higher-dimensional
bulk spacetime. Among this approach, there exist a well-known case: the Dvali-
Gabadadze-Porrati (DGP), a 5D model described by the action [137]:

S = 1
2M3

5

∫
d4x

√
−(5)g (5)R+ 1

2M2
4

∫
d4x
√
−g

(
(4)R+ Lm

)
, (2.18)

being (5)R and (4)R the 5D and 4D Ricci scalars, respectively. In this theory, one
define a crossover scale rc = M2

4 /2M3
5 below which the theory looks 4D, and above

which looks like 5D. The Friedmann equation in this model becomes [138]:

H2 = ±H
rc

= κ

3ρ. (2.19)

At early times H/rc� 1, and we recover the usual 4D Friedmann equation. For late
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times, the Hubble parameter approach to H → 1/rc, kwown as the upper branch,
in which the expansion accelerates, without cosmological constant. On the other
hand, the lower branch solution, requires the cosmological constant to realise the
accelerated expansion. This theory however is ruled out as candidate for the dark
energy problem, since that at linear perturbation level, it suffers a ghost instabil-
ity [139, 140], additionaly, in the linearized case, solar system constraints are not
satisfied.

We are now prepared to our landing in a special case of modifications, based on a single
scalar field.

2.2 The Horndeski Lagrangian

The Lovelock Lagrangian is the most general one, which leads to a second order field
equations, with a cosmological constant, i.e. to the EFE’s. As first extension one can
think in the form of a scalar-tensor like theory, including a single scalar field. This task
was made by Horndeski (Lovelock’s student) in 1974 [141], theory however forgotten until
2011, when was independently rederived by Deffayet [142]. Horndeski theory has been
atracted interest recently, since, as we see later, encodes a large family of theories based
on a single field [20,143–147]. The action containing the Horndeski lagrangian [141] could
be written as:

S =
∫
V

d4x
√
−g

[ 5∑
i=1
Li + Lm[gµν ]

]
, (2.20)

with the Lagrangians Li:

L2 = K(φ,X) , (2.21a)

L3 = −G3(φ,X)2φ , (2.21b)

L4 = G4(φ,X)R+G4,X
[
(2φ)2 − (∇µ∇νφ)2

]
, (2.21c)

L5 = G5(φ,X)Gµν∇µ∇νφ−
G5,X

6
[
(2φ)3 − 3 (2φ) (∇µ∇νφ)2

+ 2 (∇µ∇νφ)3
]
. (2.21d)

The functions K(φ,X) and Gi(φ,X) are arbitrary functions of the scalar filed φ and its
canonical kinetic term X = −(∇µφ∇µφ)/2. The subscript X represents derivative w.r.t
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X, and subscripts φ represent derivatives w.r.t. the scalar field φ.

The theories that fit in this description can be obtained via special choices of four arbi-
trary functions of the scalar field, that appear in the Horndeski Lagrangian. For instance
it contains: Brans-Dicke [118] and scalar-tensor gravity, f(R) gravity (with the scalar-
tensor analogue), single-field quintessence and K-essence theories [148, 149], single-field
inflation models, the covariant Galileon, Dirac-Born-Infeld theory, Kinetic Gravity Braid-
ing (KGB) [150,151], actions involving derivative couplings between a scalar field and the
Einstein tensor and f(G) [152] theories.

In general, the Horndeski Lagrangian could be obtained from an Effective Field Theory
(EFT) expansion [153–155] . Specifically, EFT describes the space of scalar field theories,
with a Lagrangian written in unitary gauge, that preserves isotropy and homogeneity
at background level, assumes the weak equivalence principle, and has only one extra
dynamical field. The action in general could be written as [153] :

S =
∫
V

d4x
√
−g
[
m0
2 [1 + Ω(τ)]R+ Λ(τ)− a2c(τ)δg00 + M2

2 (τ)
2

(
a2δg00

)2

− 2M̄3
1 (τ)a2δg00δKµ

µ −
M̄2

2 (τ)
2

(
δKµ

µ

)2
− M̄2

3 (τ)
2 δKµ

ν δK
ν
µ + a2M̂2

2 δg00δR(3)

+m2
2(τ)(gµν + nµnν)∂µ(a2δg00)∂ν(a2δg00)

]
+ SM (ψ, gαβ), (2.22)

being R is the Ricci scalar, δR(3) is its spatial perturbation, Kµν is the extrinsic curvature,
and m0 is the reduced Planck mass. This action depends on a set of nine time-dependent
functions, {Ω, c,Λ, M̄3

1 , M̄
4
2 , M̄

2
3 ,M

4
2 , M̂

2,m2
2}, whose choice specifies the theory. In this

way, EFT provides a direct link to any scalar field theory. Based on this EFT scheme,
the evolution of perturbations is entirely determined by four independent functions α’s
of time that are related to the functions K and Gi of the Horndeski theory, introduced
by [156]:

M2
∗ ≡ 2(G4 − 2XG4,X +XG5,φ − φ̇HXG5,X), (2.23)

HM2
∗αM ≡

d

dt
M2
∗ , (2.24)
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HM2
∗αK ≡ 2X(K,X + 2XK,XX − 2G3,φ − 2XG3,φX)

+12φ̇XH(G3,X+XG3,XX−3G4,φX−2XG4,φXX)+12XH2(G4,X+8XG4,XX+4X2G4,XXX)
− 12XH2(G5,φ + 5XG5,φX + 2X2G5,φXX) + 4φ̇XH3(3G5,X + 7XG5,XX + 2X2G5,XXX)

(2.25)

HM2
∗αB ≡ 2φ̇(XG3,X −G4,φ − 2XG4,φX) + 8XH(G4,X + 2XG4,XX −G5,φ −XG5,φX)

+ 2φ̇XH2(3G5,x + 2XG5,xx) (2.26)

HM2
∗αT ≡ 2X(2G4,X − 2G5,φ − (φ̈− φ̇H)G5,x). (2.27)

Here, M∗ corresponds to the Planck mass. This formulation indeed represents an impor-
tant reduction in the number of degrees of freedom: the set of nine parameters of the
EFT description has been reduced to a set of four, namely {αK , αB, αM , αT }. Quoting
explicitly [156], the meaning of these four functions could be summarized as follows:

• αK , kineticity: Kinetic energy of scalar perturbations arising from the action. It is
the only contribution of perfect-fluid models but is not present at all in archety-
pal modified gravity models such as f(R) and f(G). Contribution from all of
K,G3, G4, G5.

• αB, braiding: Means braiding or mixing of the kinetic terms of the scalar and the
metric. Causes clustering of dark energy. Contributions from G3, G4, G5.

• αM , Planck-mass run rate: Rate of evolution of the effective Planck mass. Contri-
butions from G4 and G5.

• αT , tensor speed excess: Deviation of the speed of gravitational waves from that
of light. This violation of Lorentz-invariance for tensors also changes the response
of the Newtonian potential Ψ to matter sources even in the presence of no scalar
perturbations, leading to anisotropic stress. Contributions from G4 and G5.

Let us denote this as the Bellini-Sawicki parametrization.

Despite the complicated form of the α’s, there is a way to put constraints on them, coming
from the recent Planck data release. In the particular case of αM = −αB, with αK fixed,
and setting αT = 0, a suitable scaling was made by Ade et al. (Planck collaboration) [5].
In this choice, the only free function is αM , which can be written in terms of the parameter
Ω of the EFT approach as:

αM = a

Ω + 1
dΩ
da . (2.28)

Using the scaling ansatz
αM = αM0a

β, (2.29)
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Figure 2.2: Marginalized posterior distributions at 68% and 95% confidence level for the two parameters
αM0 and β of the exponential evolution, Ω(a) = exp(Ω0a

β)−1. αM0 is defined as Ω0β and the background
is fixed to ΛCDM. The value ΩM0 = 0 corresponds to the ΛCDM model also at perturbation level. Figure
obtained from [5].

where αM0 is the value of αM today, and β > 0 which determines how quickly the modi-
fication of gravity decreases in the past, eq. (2.28) can be integrated to obtain

Ω(a) = exp
(
αM0
β

aβ
)
− 1. (2.30)

This expression can be evaluated using a EFT version of the Boltzmann code CAMB, known
as EFTCAMB [157]. In fig. 2.2, the marginalized posterior distributions for the two parame-
ters Ω0 = αM0/β and β, are plotted. The case αM0 = 0 corresponds to the ΛCDM model.
Ade et al. used for both, the exponential and the linear model, a flat prior with Ω0 ∈ [0, 1]
and β ∈ (0, 3]. For β → 0, the parameter αM remains constant and does not go to zero
in the early Universe, while for β = 3 the scaling would correspond to M functions in the
action eq. (2.22), which are of the same order as the relative energy density between dark
energy and the dark matter at background level.

As final remark, extended theories which contain Horndeski as a particular case have been
built [108, 158–163]. They include extra terms in the Lagrangian that can lead to higher
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order terms in the field equations, which however does not imply the presence of extra
degrees of freedom. These theories are known as beyond Horndeski theories.

2.3 Modifying Linear Perturbation Equations

Here we want to find the final ingredient towards the model-independent description of
dark energy cosmologies. In Section 1.3 we briefly summarized the main elements of cos-
mological perturbation theory, focusing on scalar perturbations. The metric perturbations
in the Newtonian gauge eq. (1.62) are determined by the potentials Φ and Ψ, so we can ex-
pect to model relevant degrees of freedom by these potential as functions of scale and time.
For instance, the anisotropic stress η, which is defined as the ratio (negative) between the
two gravitational potentials η = −Φ/Ψ, is a signature of modifications of GR [62, 164].
Some of the most popular parametrizations can be summarized as follows

Modified Gravity Parameters

1 . Q(a, k), which modifies the Poisson equation through extra DE clustering
according to

k2Φ ≡ −4πGa2Q(a, k)ρm∆m, (2.31)

being ∆m the comoving density perturbation

2 . Y (a, k) , the clustering of dark energy (or effective gravitational constant also
called µ(k, k)), which modifies the equivalent equation for Ψ rather than Φ

k2Ψ ≡ −4πGa2Y (a, k)ρm∆m, (2.32)

3 . Σ(a, k), which modifies the lensing potential Ψ− Φ

k2(Ψ−Ψ) ≡ −8πGa2Σ(a, k)ρm∆m, (2.33)

4 . η(a, k), the anisotropic stress or gravitational slip defined by the ratio

η(a, k) ≡ −Φ
Ψ , (2.34)

These functions are certainly not independent, it is enough to choose two independent
functions of scale and time to describe all modifications with respect to GR [6]. Popular
choices are {Y, η}, which have a simple functional form in many theories; {Y,Σ}, which
is more related to what we observe given that CMB lensing measure a projection of the
lensing potential Φlens = Ψ − Φ. We can simply go from one set of parameters to the
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Figure 2.3: Planck constraints on modified gravity. 68% and 95% confidence regions for the two pa-
rameters Σ0 and µ0 (Y0) obtained from Planck CMB measurements in combination with WL, BAO and
RSD [5].
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another using
Y (a, k) ≡ Q(a, k)

η(a, k) , (2.35)

and

Σ(a, k) ≡ 1
2Q(a, k)

(
1 + 1

η(a, k)

)
,

≡ 1
2Y (a, k) (1 + η(a, k)) . (2.36)

All these functions are unity in the ΛCDM model: Y (a, k) = η(a, k) = Σ(a, k) = 1, thus,
if we modify gravity, they deviate from this value. Of great importance is of course to
put constraints on these functions, with current observations. Some previous attempts
were made on this direction [165–171]. However, given the actual accuracy, is necessary
to assume particular time and scale dependence of these functions. One way is to con-
sider these as scale-invariant, and dictate their time dependence by the density parameter
associated with Λ [170]:

Y (a, k) = Y0ΩDE(a), Σ(a, k) = Σ0ΩDE(a), (2.37)

Simpson et. al. found Y0 − 1 = 0.05± 0.25 and Σ0 − 1 = 0.00± 0.14 using RSD from the
WiggleZ Dark Energy Survey [172] and 6dF Galaxy Survey (6DFGS) [173]. Planck gave
constraints on Y0 and Σ0

2, shown in fig. 2.3, combining Planck CMB observations with
various external data, as BAO, WL and RSD. The ΛCDM model is in tension with the
data at 3σ level, if the Planck data is combined with WL and RSD/BAO. This tension is
reduced to 1.7σ level if we include CMB lensing.

2.4 Model-Independent Observables In Dark Energy Cos-
mologies

In the previous sections we discuss the many ways to modify gravity. In these approaches
one fix an action, study its evolution and then compare the effect of the extra degrees
of freedom with observations. The case of the extended linear perturbation equations
was made to encode somehow the effect of modifications of gravity with a general set of
functions, which parametrize large families of theories. But the question arises, which of
these set of functions is really model-independent? i.e. parametrizations that does not
use any particular gravity model? In this subsection we want to summarize the results
of Amendola et. al. [20] in which this question was adressed. Their results at the end
will establish the basis for the determination of future constraints on model-independent

2Notice that the notation in [5] uses µ instead of Y , thus their µ0 corresponds to Y0 in our choice.
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observables, the root topic of this thesis.

The main goal of Amendola et. al. was to answer the following questions:

1. In the ideal case of precise cosmological observations (at background and linear
perturbation level), which physical properties could in principle be reconstructed if
we were to avoid any parameterization of dark energy?

2. Can we use these observable quantities to rule out not just some particular cosmo-
logical model, but an entire family of viable single scalar-field models?

Some previous attempts were made to study in a model-independent way, dark energy cos-
molgies. For instance, at background level a null test to to constrain the expansion history
was developed in [174,175], in addition a principle-component analysis of the equation of
state for dark energy was made in [176]. For linear perturbations, parametrizations for the
growth of structure were studied in [165,177–180], the so-called Parametrized-Post Fried-
mann approach which exploits general properties of GR-like theories (as Bianchi identities,
energy conservation, and a given background expansion) were discussed in [179,181–183].
Despite its generality, these models require parametrizations to break degeneracies when
contrasted with data, inducing also dependent biases.

The difference of the approach explored in [20] is that, given a minimum set of assump-
tions, it is possible to elucidate the observables that can be measured without assuming
any particular dark energy model. In this way, model-independent observables can pro-
vide tests to eliminate or confirm potential candidate models used to explain the current
acceleration. Of course, these tests are subject to systematics, and future surveys should
be designed to achieve considerable precision in the measurements.

2.4.1 Assumptions

The minimun set of assumptions needed to answer those two questions can be listed as:

(a) The geometry of the Universe is well described by small fluctuations in an FLRW
background metric with scale factor a(t).

(b) The matter content is pressureless (w = 0) or evolves in a known way.

(c) The relation between the galaxy distribution and the matter distribution at linear
scales can be modeled as δgal = b(k, a)δm, where b(k, a), see Subsection 1.4.2.

(d) The total action describing the evolution of the Universe reads

S =
∫
V
d4x
√
−g

(1
2R+ Lx + Lm

)
, (2.38)
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(with κ = 1) which includes the standard Einstein-Hilbert and the the matter La-
grangian Lm. Additional terms thus are described by the dark energy Lagrangian
Lx.

In order to answer question (1) is quite enough to consider background and linear pertur-
bations equations, that will be matter of next subsection. Question (2) needs an important
assumption, regarding the dark energy Lagrangian:

(e) The Lagrangian Lx, which describes dark energy, is any one describing a single scalar
field governed by second-order equations of motion, the Horndeski Lagrangian.

2.4.2 Background and Linear Perturbation Observables

We will focus now on assumptions (a)-(d). At background level, if we assume that the
energy content is composed of matter ρm and density ρx coming from the dark energy
Lagrangian Lx, we can write the Hubble parameter eq. (1.33) as

H2 −H2
0 Ωk0a

−2 = 1
3(ρx + ρm) , (2.39)

being again H0 the present value of the Hubble parameter and Ωk0 the present curvature
density parameter. In addition, since we are assuming pressureless matter, ρm evolves
as a−3. Now, observations of the cosmic expansion are basically estimations of distances
D(z) (encoding this the angular diameter distance dA and the luminosity distance dL) or
directly H(z) (for instance with longitudinal baryon acoustic oscillations) assuming the
existence of standard candles, rods or clocks. Thus, we can say that background observa-
tions can estimate D(z), as well as the dimensionless Hubble function E(z) ≡ H(z)/H0.

If we combine both, it is possible to estimate the present curvature parameter Ωk0. The
evolution of the combined matter and dark energy content, 1−Ωk, could be then obtained.
In the case of just two components in the fluid, we arrive to the conclusion that the only
free parameter is Ωm0. In fact, we can write

Ωx = 1− Ωk − Ωm = 1− 1
E2

(
Ωk0a

−2 + Ωm0a
−3
)
. (2.40)

Summarizing, background observables can reconstruct both Ωm and Ωx, but only up to
Ωm0 [184]. The degeneracy between Ωx and Ωm0, could be removed if we assume some
parametrized e.o.s. which is usually made in SNIa analysis.

Let us concentrate now on the observables coming from linear pertubations. There are two
sources that will be considered here and were briefly summarized in the previous chapter,
galaxy clustering (large-scale structures) and weak lensing. In the first case we start
with the definition of the correlation of galaxy number counts as δgal which is equivalent
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to δgal ≡ P
1/2
gal (k, z) being Pgal the galaxy power spectrum. The wavenumber k will be

expressed in units of the cosmological horizon, k = kphys/aH, and since k is independent
of H0 if kphys is measured in h/Mpc, makes k a time-dependent quantity. As anticipated in
Subsection 1.4.2 we truly observe galaxies, not matter perturbations, and thus introduce
a bias factor b(k, z) such that δgal = bδm. It is useful to define a total density fluctuation
δt ≡ Ωmδm + Ωxδx built with the contributions from matter and components coming from
the dark energy Lagrangian Ωxδx, introducing a similar bias B we can write

δgal = Bδt = BZΩmδm , (2.41)

being Z(k, a) ≡ 1 + Ωxδx/(Ωmδm) a function of space and time depending on the x-
component.

We can define also the initial density fluctuation as δ2
t,in(k) andGt(k, z) the scale-dependent

growth function of the total perturbation. From the perturbation equations, the velocity
field is related to the matter density perturbation as θgal = θm = −δ′m = −fδm, Hence
θgal = −(f/b)δgal, being f = G′/G the growth rate and G(k, z) the growth function. Also,
this velocity field contributes with RSD, similar to the case of the galaxy clustering power
spectrum in redshift space, see eq. (1.110). Thus, the fluctuation in the number counts
could be written as [80]

δgal(k, z, µ) = GtBσ8,t

(
1 + f

b
µ2
)
δt,0(k) , (2.42)

where σ8,t is the normalization of the total density spectrum. With GtB = Gb/(ZΩm)0,
we arrive to the standard expression eq. (1.116)

δgal(k, z, µ) = Gbσ8

(
1 + f

b
µ2
)
δt,0(k) . (2.43)

where the normalization σ8 has been written as

σ8 = σ8,t
(ZΩm)0

= Z−1
0

(∫
Z2

0Pm0W
2(k,R8)dk

)1/2
. (2.44)

Now, in Section 2.3 we introduce the parametrizations for modified gravity as extensions
of the results from linear perturbations. With a suitable expression for the effective grav-
itational constant Y (k, a) the set of parameters {Y, η} could be written as [147,180]

Y (k, a) = − 2k2Ψ
3Ωmδm

, (2.45)

η(k, a) = −Φ
Ψ . (2.46)
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We can obtain an expression for the lensing potential in terms of the set {Y, η}, also shown
in the previous section eq. (2.33)

k2Φlens = k2(Ψ− Φ),

= −3
2Y (1 + η)Ωmδm,

= −3
2Y (1 + η)Gtσ8,tδt,0

Z
,

= −3
2ΣGΩmσ8δt,0 , (2.47)

with3 Σ(k, z) ≡ Y (1 + η). We can use now another estimator, the ellipticity correlation,
which is an integral function of the lensing potential Φlens, within a window function that
depends on the survey geometry. This can be differentiated to obtain:

σ(k, z) ≡ 2
3(k4PΦlens)

1/2 = 1
a3E2 Ωm0ΣGσ8δt,0 . (2.48)

Thus, we can see that we can measure three quantities: two coming from the galaxy clus-
tering power spectrum δgal(k, z, µ) (one related with the amplitude A and the other one
with the RSD contribution R), and one from the lensing part σ(k, z), denoted as L, and
are defined as

A = Gbσ8δt,0 , (2.49a)

R = Gfσ8δt,0 , (2.49b)

L = Ωm0ΣGσ8δt,0 . (2.49c)

Notice however, that these quantities depends directly on the present power spectrum δt,0,
which is unknown without assuming a dark energy model. One simple way to avoid the
appearance of this term is to consider ratios of the set of parameters A,R,L, and deriva-
tives w.r.t. the number of e-foldings N . As had been shown in [20] the only independent
ratios are

3Notice that in eq. (2.36) the modified lensing has an additional factor of 1/2, which makes the fiducial
unity. In this case, the fiducial value is 2.
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P1 ≡
R

A
= f

b
, (2.50a)

P2 ≡
L

R
= Ωm0Σ

f
, (2.50b)

P3 ≡
R′

R
= f + f ′

f
. (2.50c)

Additional ratios as A/L or higher derivatives could be obtained from the previous set.
Some of these parameters have been already introduced in the literature, let us summarize
them:

• P1. This observable was already defined in eq. (1.111) and denoted as β [17]. How-
ever, since it depends on the bias b, which assume an unknown dark energy model,
we will not consider it here anymore.

• P2. The quantity P2 has already introduced in [6] denoted as EG (up to factor of
2), as a smoking gun to test GR. It could be written considering the galaxy-galaxy
and galaxy-velocity cross correlations as

EG =
[
∇2Φlens

3H2
0a
−1fδm

]
k=`/χ̄,z̄

= Ωm,0Σ
2f , (2.51)

being χ̄ the mean comoving angular diameter distance. From their definition, we see
that it does not depend on the bias, neither the inital power spectrum δm,0, but on
Ωm0, which is not a direct observable.

• P3. It contains the quantity R which as well contains Gfσ8, also denoted as
f(z)σ8(z) in the literature [185]. It depends on δt,0, and thus is not directly ob-
servable. It is important to stress here that in the case of absolute knowledge of P3,
is not possible to reconstruct f , since the definition itself contains the derivative f ′
unsolved without initial conditions.

We will come back to current observations of these observables, in particular of P2 and P3,
in Chapter 3. Henceforth, besides the determination of the Hubble expansion E ≡ H/H0,
linear observations also can provide the observables P1−3 as functions of time and space.
It is mandatory however to use the combination of galaxy clustering and weak lensing
information to measure them.

2.4.3 The Horndeski Lagrangian: The Quasi-Static Regime

Now we want now to link those model-independent observables with the theory (relying
on assumption (e)). As we discussed in Section 2.2, a special case of modifications of
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gravity, which includes a single scalar field φ, and still gives second-order field equations,
is dictated by the Horndeski lagrangian. We want to use now the quasi-static limit (here-
after QS) assumed to be valid for the evolution of perturbations. This implies that we are
observing scales inside the cosmological horizon, k ≡ kphys/(aH) � 1, such that terms
containing k dominate over the time-derivative terms. Thus, with this in mind, in the QS
limit the expression for the anisotropic stress and the clustering of dark energy could be
cast as [147,186]:

η = h2

(
1 + k2h4
1 + k2h5

)
, (2.52)

Y = h1

(
1 + k2h5
1 + k2h3

)
. (2.53)

being the time-dependent functions hi combinations of the proper functions of the Horn-
deski Lagrangian K,G3,4,5 and derivatives w.r.t. the scalar field φ and the kinetic term
X, evaluated at background level. The explicit form of the hi functions is presented in the
Appendix B for completeness, since for our further purposes they are not really useful. In
the case of the ΛCDM we have h1 = h2 = 1 and h3 = h4 = h5 = 0, thus as we expected
η = Y = 1.

We concentrate now on the relation between the perturbation equations and the form of the
Horndeski Lagrangian in the QS limit. Some warning before: the perturbation equations
listed in Section 1.3 are written in terms of conformal time τ , in [20] they used conformal
time and the number of e-foldings N ≡ ln a as time-variable, in a interchangeable way.
Here we use also the same notation, keeping in mind that the derivatives may be replaced
as

d
dτ ≡ H

d
dN

. (2.54)

The equation for the matter perturbation can be written as

δ′′m +
(

2 + H ′

H

)
δ′m = −k2Ψ = 3

2Ωmδmh1

(
1 + k2h5
1 + k2h3

)
, (2.55)

if instead we use the growth rate f , defined in eq. (1.112), which can be written as

f = δ′m
δm
, (2.56)
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the expression for the matter perturbation eq. (2.55) becomes

f ′ + f2 +
(

2 + H ′

H

)
f = 3

2Ωmh1

(
1 + k2h5
1 + k2h3

)
. (2.57)

Now, the weak-lensing function Σ introduced eq. (2.36) (again without the additional 1/2
term) reads

Σ = Y (1 + η) = h6

(
1 + k2h7
1 + k2h3

)
, (2.58)

being h6 and h7 two new auxiliary functions defined as

h6 = h1(1 + h2), (2.59)

h7 = h5 + h4h2
1 + h2

. (2.60)

With the observables Pi, E it is possible to write a simple expression for the anisotropic
stress η. Notice that from the parameter P2 we can write the growth as

f = Ωm0Σ
P2

, (2.61)

and from P3:

f ′ = P3
Ωm0Σ
P2

−
(Ωm0Σ

P2

)2
. (2.62)

Inserting this in eq. (2.57), employing eq. (2.58), and doing the algebra explicitly, we have

P3
Ωm0Σ
P2

−
(Ωm0Σ

P2

)2
+
(Ωm0Σ

P2

)2
+
(

2 + H ′

H

)(Ωm0Σ
P2

)
= 3

2Ωmh1

(
1 + k2h5
1 + k2h3

)
,

P3
Ωm0Σ
P2

−
��

����(Ωm0Σ
P2

)2
+
��

����(Ωm0Σ
P2

)2
+
(

2 + H ′

H

)(Ωm0Σ
P2

)
= 3

2Ωm
Σ

(1 + η) ,

���Ωm0�Σ
P2

[
P3 + 2 + E′

E

]
= 3

2
���Ωm0(1 + z)3

E2
�Σ

(1 + η) ,

where we have used that
Ωm = Ωm0(1 + z)3

E2 , (2.63)

and H′

H ≡
E′

E . Hence, finally we arrive to the master equation and one of the most impor-
tant results of [20]:
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3P2(1 + z)3

2E2
(
P3 + 2 + E′

E

) − 1 = η = h2

(
1 + k2h4
1 + k2h5

)
. (2.64)

Notice that the l.h.s. of eq. (2.64) is a function of the model-independent parameters P2, P3
and E, thus giving a model-independent measurement of the anisotropic stress. The form
of the r.h.s is determined by the QS limit of the Horndeski Lagrangian. With the help
of this equation we can treat η as a kind of symbiotic entity, between observations and
theory. The expression is powerful, since it allows to exclude dark energy models described
by a single scalar field, showing for instance, that the anisotropic stress measured does
not follow the particular k2-dependence. In fact, eq. (2.64) must be valid at all times and
scales. Based on the previous results, this scale-dependence was studied in [187] making
measurements at different scales, but fixed redshift in some particular dark energy models.
Besides the approximation of single scalar field dark energy models, recently multi-field
scalar-tensor models had been studied with also particular interest in the modified gravity
parameters {Y, η} [188].

In the previous two chapters we settle the basis for our future calculations. We went from
basic cosmology, modified gravity theories, and arrive to a simple link between model-
independent quantities and theory based in a single-scalar field models. The dark recipe
is complete and we can move forward to the constraints that future galaxy surveys can
imprint in those observables; this will be the main contribution of this thesis.
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3
Current Constraints on the Anisotropic

Stress

“Dark energy is incredibly strange, but actually it
makes sense to me that it went unnoticed,

because dark energy has no effect on daily life,
or even inside our solar system”.

Adam Riess

I n the previous chapter we briefly summarized the ways to study dark energy cosmologies,
the approaches are mainly two: in the first one we fix a Lagrangian and study the

dynamics of the additional d.o.f., and after we compared the prediction with data. In the
second one we try to find general parametrizations of key variables for the dark sector,
which allow us to restrict a larger family of modifications. In this chapter, and using the
simple expression for the anisotropic stress given by Amendola et. al. [20], we want to
obtain the current constraints on η using observations of the growth rate f(z)σ8(z), the
Hubble rate H(z), and the quantity P2 (also denoted, up to a factor of 2, as EG in [6,7]).
It is clear that given the current paucity of data, especially from lensing, we expect very
weak constraints; however, we think it is a useful exercise to quantify how weak they really
are, to identify the progress that it is still to be made in this direction, and to show that,
nevertheless, the current and near future data can indeed provide a model-independent
measurement of η.

3.1 Initial Setup

For our further purposes (specially when dealing with the constraints coming from the
Fisher matrix analysis), is useful to define a new set of parameters {Ā, R̄, L̄}, related to

60
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the set {A,R,L} given in eq. (2.49), as

Ā ≡ A

δt,0
= Gbσ8 , (3.1a)

R̄ ≡ R

δt,0
= Gfσ8 , (3.1b)

L̄ ≡ L

δt,0
= Ωm0ΣGσ8 . (3.1c)

where we explicitly used δt,0 = δm,0/σ8. Let us consider once again the expression for η
based on model-independent observables

η = 3P2(1 + z)3

2E2
(
P3 + 2 + E′

E

) − 1. (3.2)

Later on, when constraining η, we will use an equivalent quantity which we call η̄, defined
as

η̄ ≡ 2
1 + η

= 2Ψ
Ψ− Φ . (3.3)

The reason is that even for large future surveys the expected error on P3 is substantial,
especially when we want to allow for an unknown redshift and scale dependence. This
large error makes the division by (P3 +2+E′/E) in eq. (3.2) badly behaved. The quantity
η̄ on the other hand is more stable. Explicitly, we have for η̄

η̄ =
4E2

(
P3 + 2 + E′

E

)
3P2(1 + z)3 . (3.4)

We will use also, as a fiducial, a flat ΛCDM, characterized by the WMAP 7-year values,
Ωm,0h

2 = 0.134, Ωb,0h
2 = 0.022, ns = 0.96, τ = 0.085, h = 0.694 and Ωk = 0. The

dimensionless expansion rate, eq. (1.45), in the fiducial model is given by

E2(z) = Ωm,0(1 + z)3 + (1− Ωm,0) , (3.5)

and we will often use the dimensionless angular diameter distance, see Subsection 1.2.3,
d̂A(z) = r̂(z)/(1+z) and the dimensionless luminosity distance d̂L(z) = r̂(z)(1+z), where
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in a flat FLRW Universe
r̂(z) =

∫ z

0

dz̃
E(z̃) . (3.6)

which is nothing but the dimensionless comoving distance χ, see eq. (1.44). As expected,
the usual distances are related to the dimensionless distances through r̂ = H0r and
d̂ = H0d. All numerical calculations on this thesis are performed using the software
Mathematica 9.0 [189].

3.2 Current Constraints on η

In order to have a current constraint on η we need measurements from the different
quantities involved on eq. (3.2):

1. Constraints on P2: They come from the measurements of the quantity EG defined
as the ratio between the lensing potential and RSD measured at z = 0.32 [6, 7].

2. Constraints on P3: Measurements of fσ8 from RSD (15 observations in the redshift
range 0.067− 0.8 [1]).

3. Constraints on E: Current measurements of the Hubble parameter (21 observations
in the redshift range 0.090− 1.750 [8], coming from spectroscopic study of luminous
red galaxies (LRGs) [9,10], and early-type galaxies [11]) and supernovae data (Union
2.1 catalog consisting of 580 observations of modulus distance µ in the redshift range
0.015− 1.414 [3]).

Our calculations are strongly restricted by the measurement of EG, which consist of a
single datum at z = 0.32. In the next subsection we are going into the details of each
contribution.

3.2.1 Constraints on P2 = 2EG

The quantity EG, defined as the ratio of the weak gravitational lensing potential and
galaxy flows, has been proposed as direct test for gravity at large scales [6,7]. It could be
written considering the galaxy-galaxy and galaxy-velocity cross correlations as

EG =
[
∇2(Ψ− Φ)
3H2

0a
−1fδm

]
k=`/χ̄,z̄

= Ωm,0Σ
2f , (3.7)

being χ̄ the mean comoving angular diameter distance. The parameter P2 is then related
to EG by eq. (2.50b)

P2 = 2EG. (3.8)

The advantage for analyzing EG resides in its insensitivity to galaxy bias b and to the
initial matter power spectrum δm,0 [190], implicit on the definition of P2. However, EG

http://www.wolfram.com/mathematica/new-in-9/
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Figure 3.1: Constraint on P2 = 2EG at z = 0.32, from large-scale gravitational lensing, galaxy clustering
and structure growth rate [6, 7]. The black line represents the fiducial ΛCDM for P2.

alone cannot be employed to test modified gravity (i.e. the functions Y, η) in a model-
independent way, since it depends on the unobservable quantities Ωm0, f . It is only in
combination with P3 and E that a model-independent test of modified gravity becomes
possible. Measurements of EG comes from large-scale gravitational lensing, galaxy clus-
tering and structure growth rate, specifically, analyzing a sample of 70205 LRGS from the
SDSS, giving at z = 0.32 a bound 〈EG〉 = 0.392 ± 0.065, in agreement with the general
relativistic description. Other models, like f(R) in which EG = Ω0/(1 + fR)β, gives a
prediction of EG = 0.328 − 0.365, and for TeVeS is about EG ' 0.22 [7, 110]. In fig. 3.1
we show the calculated value for P2 and the ΛCDM prediction.

3.2.2 Constraints on R̄ = fσ8 and P3

Measurements of the growth rate are inferred from peculiar velocities coming from Redshift
Space Distortions (RSD). Recent galaxy surveys (WiggleZ, 6dF Galaxy Redshift Survey
(6dFGRS), LRG, BOSS and VIPERS) provided constraints on the quantity fσ8 [1], being
σ8 the normalization of the power spectrum at scales of 8h−1 Mpc.

Furthermore, in order to compare the measurements to predictions from Planck, we have
to account for the additional anisotropy introduced by inferring distances from WMAP to
Planck parameters. To approximate this Alcock-Paczynski (AP) effect, we thus re-scale
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Figure 3.2: Observations of R̄ = fσ8 from RSD in the redshift range 0.067 − 0.8 [1]. The black line
represents the fiducial ΛCDM for R̄. Data with open markers correspond to the original data corrected by
the Alcock-Paczynski effect FAP(z).

to growth rate measurements and uncertainties by the ratio

FAP(z) ≡ H(z)dA(z)|PLANCK
H(z)dA(z)|WMAP

, (3.9)

being dA the angular diametral distance. In fig. 3.2 we show the data from [1] and the
fiducial ΛCDM prediction for R̄.

We define the χ2 function as follows:

(χ′fσ8)2 =
11∑
i=1

[
R̄i − R̃(n)(zi)

]
C−1
ij

[
R̄j − R̃(n)(zj)

]
, (3.10)

being R̄i the observational data and Cij the covariance matrix. The quantity R̄ could be
also written as

R̄(z) = f(z)G(z)σ8 = σ8
δ′

δ0
, (3.11)

with f(z) = δ′m/δm the growth rate. We thus will denote the theoretical estimates as
ti = δ′i/δ0, and R̃i = R̃(zi) = σ8ti. Since we do not know the parameter σ8 and cannot use
the standard estimates because they have been obtained assuming the standard ΛCDM
model, we need to marginalize the likelihood L′fσ8

= exp(−(χ′fσ8
)2/2) over σ8 between
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Survey z R̄ = f(z)σ8(z) Reference
6dFGRS 0.067 0.423 ± 0.055 Beutler et. al. (2012) [173]
2dFGRS 0.17 0.510 ± 0.060 Percival et. a. (2009) [191]

LRG200
0.25 0.351 ± 0.058 Samushia et. al. (2012) [192]
0.37 0.460 ± 0.038

LRG60
0.25 0.367 ± 0.060 Samushia et. al. (2012) [192]
0.37 0.403 ± 0.059

BOSS 0.30 0.408 ± 0.055 Tojeiro et al. (2012) [193]
0.60 0.433 ± 0.066

WiggleZ
0.44 0.413 ± 0.080

Blake et al. (2012) [172]0.60 0.390 ± 0.063
0.73 0.437 ± 0.072

VIPERS 0.8 0.470 ± 0.080 De la Torre et al. (2013) [194]
LRG 0.35 0.429 ± 0.089 Chuang and Wang (2013) [195]
LOWZ 0.32 0.384 ± 0.095 Chuang et al. (2013) [196]
CMASS 0.57 0.441 ± 0.043 Chuang and Wang (2013) [195]

GAMA 0.18 0.360 ± 0.090 Blake et al. (2013) [197]
0.38 0.440 ± 0.060

Table 3.1: Data for the growth rate fσ8 from RSD [1].

(0,∞), such that Lfσ8 =
∫
dσ8L

′
fσ8

, leading to a new marginalized χ2 function:

χ2
σ8 = S20 −

S2
11
S02

+ logS02 − 2 log
[
1 + Erf

(
S11√
2S02

)]
, (3.12)

where the auxiliary quantities Smn are defined as

S11 = diC
−1
ij tj , S20 = diC

−1
ij dj , S02 = tiC

−1
ij tj . (3.13)

and the standard definition for the “error function”

Erf(x) = 2√
π

∫ x

0
e−t

2dt. (3.14)

In order to derive from the data of R the derivative R′, we use a simple polynomial fit for
the observational data of R̄:

R̃(n)(z) ≈
n∑
i=0

aiz
i, (3.15)
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Figure 3.3: Third order fit for R̄; shadow regions represent the 1σ (light) and 2σ (dark) level for the fit.
The black line represents the fiducial ΛCDM for R̄.

with the derivative w.r.t. the conformal time given by

R̄′(n)(z) = −(1 + z)
n∑
i=1

ai(izi−1), (3.16)

The errors in R̄ and R̄′ are obtained from the covariance matrix of the fit parameters ai
as

σ2
Y =

∑
i

(
∂Y

∂ai

)2
σ2
ai +

∑
i,j
i 6=j

(
∂Y

∂ai

∂Y

∂aj

)
ρijσaiσaj , (3.17)

being Y = {R̃, R̃′}, σai the variances of the parameters and ρij the correlation coefficients
between them. In table 3.2 we present the results obtained with a third order fit. This
choice is of course arbitrary and the resulting constraint do depend on the order of the
polynomial, typically increasing with the order. However, on one side, most cosmological
models do have just a few free effective parameters, especially when restricting to a small
interval in redshift; on the other, the errors we obtain by using current data are already

z̄ R̃(3) R̄′(3)

0.32 0.409 ± 0.023 -0.082± 0.258

Table 3.2: Values of R̃ and R̃′ from χ2 minimization with marginalization over σ8.
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very large and there is no point at this stage in making them more robust towards the
choice of the underlying model. Finally, we propagate the errors on P3, table 3.3.

3.2.3 Constraints on E and E′
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Figure 3.4: (Top): Observational data for H(z) [8], coming from spectroscopic study of luminous red
galaxies [9,10], and early-type galaxies [11], (Bottom): Third order fit to H, shadow regions represent the
1σ (light) and 2σ (dark) level for the fit. The black line represent the fiducial ΛCDM for H(z).

We can perform a similar analysis as in section 3.2.2 using the compilation of H(z) data
from [8]. As before, we use a simple polynomial fit for the data

H̃(n)(z) ≈
n∑
i=0

biz
i. (3.18)
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The derivative w.r.t. the conformal time is given by

H̄ ′(n)(z) = −(1 + z)
n∑
i=1

bi(izi−1), (3.19)

and is evaluated at z = 0.32. The errors in H̄ and H̄ ′ are obtained from the covariance
matrix of the fit parameters bi as in eq. (3.17)

σ2
Z =

∑
i

(
∂Z

∂bi

)2
σ2
bi +

∑
i,j
i 6=j

(
∂Z

∂bi

∂Z

∂bj

)
ρijσbiσbj , (3.20)

being Z = {H̃, H̃ ′}, σbi the variances of the parameters and ρij the correlation coefficients.
In fig. 3.4 we present the results for a third-order fit. Since we actually need E, not H,
the value of H0 is immaterial.

We can also obtain constraints on E(z) by using Union 2.1 SN Ia data. We start considering
the likelihood function for the supernovae after marginalization of the offset [16]

L = − logL = 1
2

(
S2 −

S2
1
S0

)
, (3.21)

where
Sn =

∑
i

Xi
n

σ2
i

, (3.22)

with Xi = mi−µi, µi = 5 log d̂L, being where d̂L is the dimensionless luminosity distance,
see Eq. (3.6). We use again a polynomial fit (third order) for the Hubble expansion
Eq. (3.18), which allows to write the theoretical form for the distance modulus as

µi = 5 log
[∫ z

0

dz′

H̃(n)(z′)

]
+ 25, (3.23)

Thus, we perform a minimization of the likelihood Eq. (3.21) to obtain the set of pa-
rameters bi that makes the best fit to the observational data of the modulus distance µi.
The results obtained for the ratio E′/E are presented in table 3.3, which shows a better
agreement of the predicted ΛCDM value (E′/E = −0.678) with the fit of the H(z) data.
However, due to large data points at low redshift, the error obtained from the SN data
are slightly smaller.
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Figure 3.5: Observational constraints on η̄. For visualization, we slightly shift the values around z = 0.32.

3.2.4 Constraints on η

Here we just assume that η and its error could be obtained with error propagation from
P2, P3, E

′, and E assuming the data are uncorrelated,

σ2
η =

∑
i

(
∂η

∂qi

)2
σ2
qi , (3.24)

with qi = {P2, P3, E,E
′}. In table 3.3 we present the estimate for η and its error. In fig. 3.5

we find the respective errors coming from the approaches for calculating the constraints
on E′/E.

Due to the lack of observational data, as we expect, the error on the measure for η̄ is
quite large (about 60% for η̄), nevertheless, the mean values are close to unity (ΛCDM
prediction). More observational data, for instance of the parameter EG and the growth
rate fσ8, are required to put tight constraints on the scale-independent form of η.

As matter of exercise, we can try to visualize the bounds on η and η̄ from the fits, consist

z̄ P2 P3 Method E′/E η η̄

0.32 0.784 ± 0.13 0.013 ± 0.470 Fit on H(z) -0.651 ± 0.192 0.646 ± 0.678 1.215 ± 0.500
Fit on SN -0.724 ± 0.181 0.545 ± 0.629 1.294 ± 0.527

Table 3.3: Constraints on η and η̄.
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Figure 3.6: Contour plots for η and η̄ evaluated at the mean of P2 and P3 at z = 0.32. E and E′

are allowed to vary along their observational bounds (in the case of direct observations of the Hubble
expansion H(z)). Models like f(R) gravity who predict an scale-independent value of η = 1/2 are inside
our constraints.

on fix P2 and P3 to the mean values of table 3.3, and allow E and E′ to vary along their
uncertainties, due to the considerable amount of observational data at the moment for the
Hubble expansion H(z) (in comparison of course with the other observables). In fig. 3.6
we shown the contours for η and η̄. Models as f(R), which predict a value of η = 1/2
(k-independent) are still inside our current constraints.

3.3 Summary and Conclusions

This chapter was devoted to obtain the current observational constraints on the anisotropic
stress, based on a model-independent approach. We used observations of the Hubble ex-
pansion H(z), measurements on R̄ from RSD (which allow us to determine P3), and a
single datum of the quantity P2, which at the end restrict our calculations to a particular
redshift value of z = 0.32. Even with large uncertainties arising from the lack of observa-
tional data, and also for the arbitrary choice in the order of the fits, the values computed
for η and the related quantity η̄, are in agreement with the prediction of the ΛCDM model.

We hope that with surveys as the Large Sky Area Multi-Object Fibre Spectroscopic Tele-
scope (LAMOST) and the Square Kilometer Array (SKA) [198], tight constraints on EG,
and consequently on P2 will com in the near future. However, is important to emphasize
here that by first time we are putting constraints on the anisotropic stress in a totally
model-independent way, without assuming a particular underlying dark energy model.
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The next chapter is devoted to alleviate somehow the lack of data on scales, performing
a Fisher matrix analysis, and using a key ingredient on our description, relying in the QS
form of the Horndeski Lagrangian.
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.



4
Future Constraints on the Anisotropic

Stress

“Nothing is impossible, not if you can imagine it.
That’s what being a scientist is all about.”

Prof. Hubert J. Farnsworth - Futurama

T he current constraints on η obtained in the previous chapter were restricted to a
single value at z = 0.32. Besides the low statistics due to large errors in the model-

independent observables, our results agree with the predictions from the ΛCDM model,
and also open the possibility to study different approaches, like f(R) gravity in a scale-
independent regime. For this reason, lack of observational data in scales, we want to
perform a Fisher matrix analysis to find the constraints that future galaxy surveys (in
particular Euclid), will put on our parametrization. In addition, with the expression for
the Horndeski Lagrangian in the QS regime, we will be able to alleviate somehow the
deficit in k-dependent current observations. The results of this chapter are based on the
joint publication [199].

4.1 Fisher Forecast for the Anisotropic Stress

As anticipated, we will use the Fisher matrix formalism in this chapter to forecast the
expected precision on Ā, R̄ and L̄, which afterwards will be projected onto the accuracy
with which we can obtain P1, P2 and P3, and finally on η̄, based on the expected per-
formance of future large-scale galaxy and weak lensing surveys. In addition, we will also
include a supernova survey to improve the constraints on the background expansion rate
E(z), although we find that its impact on the final constraints on η is rather modest. For
the final projection on the anisotropic stress, we will assume four models:

73
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1. First, we assume that η is constant at all scales and at all redshifts. This occurs for
instance in ΛCDM and in all models in which dark energy does not cluster and is
decoupled from gravity.

2. Second, we assume that η is constant in space but varies in redshift (z-varying case).
In other words, we assume that η has a different arbitrary value for each redshift
bin.

3. Third, we assume η varies in both redshift and space (z, k-varying case).

4. Fourth, we take for η the qQS Horndeski result [20], see Subsection 2.4.3:

η = h2

(
1 + k2h4
1 + k2h5

)
. (4.1)

(Here we assume k to be measured in units of 0.1 h/Mpc, so the hi functions are
dimensionless). We denote this model as the Horndeski case.

As in the previous chapter, in all cases the fiducial model will be chosen to be flat ΛCDM,
for which η = η̄ = 1. For the first two cases we need only a binning in redshift, while for
the third and fourth case we will bin both in redshift and in k-space. The fiducial values
in the first Horndeski case are h2 = 1, h4 = h5 = 0.

In Subsection 4.1.1, Subsection 4.1.2 and Subsection 4.1.3 we set up the Fisher matrix for-
malism for the galaxy clustering (GC), weak lensing (WL), and SN-Ia observations (SN),
espectivley. As already mentioned above, we will see that we need to combine the different
probes to obtain constraints on η, and we discuss the combination of the Fisher matrices
in Subsection 4.1.4

The initial setup is the same as the used in the previous chapter: a flat ΛCDM character-
ized by the WMAP 7-year values, Ωm,0h

2 = 0.134, Ωb,0h
2 = 0.022, ns = 0.96, τ = 0.085,

h = 0.694 and Ωk = 0. The new WMAP 9-year and Planck results are not very different
so the results are not significantly affected by our choice. In the fiducial model, both G
and f only depend on the scale factor, not on k. We will combine in the following the
Fisher matrices for future galaxy clustering, weak lensing and supernovae surveys. More
specifically, we will take for galaxy clustering (GC) and weak lensing (WL) a stage IV kind
of survey [200] like Euclid1 [12]. For supernovae (SN) we assume a survey of 105 sources
with magnitude errors similar to the currently achievable uncertainties, as expected in the
LSST survey [201].

1http://www.euclid-ec.org/

http://www.euclid-ec.org/
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4.1.1 Galaxy Clustering

In this section we deal with the observables Ā and R̄ coming from galaxy clustering. Us-
ing the expression for the galaxy power spectrum eq. (1.116), we can write it using our
quantities Ā, R̄, see eq. (3.1), and H:

P (k, µ) = G2(z)b2(z)P0(k)
(
1 + β(z)µ2

)2
e−k

2µ2σ2
r , (4.2)

=
(
G(z)b(z)δm,0 +G(z)b(z)δm,0β(z)µ2

)2
e−k

2µ2σ2
r ,

= (A+Rµ2)2e−k
2µ2σ2

r ,

= (Ā+ R̄µ2)2δ2
t,0(k)e−k2µ2σ2

r , (4.3)

where in addition we introduced a exponential factor σr = δz/H(z), δz being the absolute
error on redshift measurement, and we explicitly use P 1/2

0 (k) = δm,0 = σ8δt,0.

As already emphasized, we will ignore in the following the information contained in δ2
t,0(k),

since this depends on initial conditions that are in general not known. This of course will
reduces the amount of information available, and increases the error bars.

The dependence on E is implicitly contained in µ and k through the Alcock-Paczynski
effect [83]. However, we can only take into account the µ dependence, since the k depen-
dence occurs through the unknown function δm,0. The Fisher matrix for the parameter
vector pα is in general [82] (se also Appendix A)

Fαβ = 1
8π2

∫ +1

−1
dµ
∫ kmax

kmin
k2∂ lnP (k, µ)

∂pα

∂ lnP (k, µ)
∂pβ

Veff dk, (4.4)

with
Veff =

[
n̄P (k, µ)

n̄P (k, µ) + 1

]2
Vsurvey, (4.5)

is the effective volume of the survey, with n̄ the galaxy number density in each bin. The
Fisher matrix is evaluated at the fiducial model. We will use a subscript GC to differentiate
it from the other contributions, hence we rewrite the Fisher matrix as:

FGC
αβ = 1

8π2

∫ 1

−1
dµ
∫ kmax

kmin
k2VeffDαDβ dk , (4.6)
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where
Dα ≡

d logP
dpα

∣∣∣∣
r

(4.7)

is the parameter derivative evaluated on the fiducial values (designated by the subscript
‘r’) .

For this evaluation we will assume that the bias in ΛCDM is scale independent, and equal
to unity, which implies that the barred variables Ā and R̄ also do not depend on k in the
fiducial model (although of course in general they will be scale dependent).

Our parameters are therefore pGC
α = {Ā(z̄1), R̄(z̄1), E(z̄1), Ā(z̄2), R̄(z̄2), E(z̄2), . . . }, where

the subscripts run over the z bins. Indices α or β always label the parameters in the Fisher
matrix. From the definition of the galaxy clustering power spectrum, eq. (4.2), we find
that2

DĀ = 2
Ā+ R̄µ2 , (4.8)

DR̄ = 2µ2

Ā+ R̄µ2 , (4.9)

and using [16, p. 393]
µ = Hµr

HrQ
, (4.10)

where

Q =

√
E2d̂2

Aµ
2
r − E2

r d̂
2
Ar(µ2

r − 1)
Erd̂A

, (4.11)

we get for the derivative with respect to the parameter E

DE = 4R̄µ2(1− µ2)
(Ā+ R̄µ2)

(
1
Er

+ 1
d̂Ar

∂ d̂A
∂E

)
. (4.12)

Here we explicitly consider the dependence of the dimensionless angular diameter distance
d̂A on E via eq. (3.6).

4.1.1.1 z binning

We consider an Euclid-like survey [12] from z = 0.5−1.5 divided in equally spaced bins of
width ∆z = 0.2, and, in order to prevent accidental degeneracies due to low statistics, a
single larger redshift bin between z = 1.5− 2.1 (thus the number of bins is nB = 6). The

2The simplicity of the angular dependence of these expressions and the relative insensitivity of the
effective volume, eq. (4.5) to µ, mean that the Fisher matrix (4.6) leads to a generic prediction for galaxy
clustering surveys. We discuss the results of the generic degeneracy between Ā and R̄ on Appendix C [202].
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lower boundaries of the z-bins are labeled as za while the center of the bins are labeled as z̄a
(latin indices a, b, . . . label the z-bins). The galaxy number densities in each bin are shown
in table 4.1; for the bin between 1.5 and 2.1 we use an average number of 0.33 × 10−3

(h/Mpc)3 [203]. The error on the measured redshift is assumed to be spectroscopic:
δz = 0.001(1 + z). The transfer function in the present matter power spectrum (δ2

t,0) is
calculated using the Boltzmann code CAMB [77] for the ΛCDM cosmology. The limits on
the integration over k are taken as kmin = 0.007 h/Mpc (but the results are very weakly
dependent on this value) and the values of kmax are chosen to be well below the scale of
non-linearity at the redshift of the bin3, see table 4.2.
Since the angular diameter distance can be approximated by the expression

d̂A(z̄a) = 1
(1 + z̄a)

b=a∑
b=0

∆zb
E(z̄b)

, (4.13)

we have for the term ∂ d̂A
∂E in equation (4.12)

∂d̂A(z̄a)
∂E(z̄b)

= − ∆zb
(1 + z̄a)E2

b

δab, (4.14)

where δab is a Kronecker delta symbol. Then we calculate the Fisher matrix block-wise
with independent submatrices FGC

αβ for each bin.

The errors in the set of parameters pGC
α are taken from the square root of the diagonal

elements of the inverted Fisher matrix, as explained in Appendix A. In table 4.1 we
present the fiducial values for Ā, R̄ and E evaluated at the center of the bins (z̄a), and
the respective errors, and in 4.1 we plot their fiducial values and errors.
If we use a redshift dependent bias b(z) (for instance taking the values from the Euclid
specifications, see [12,13], see fig. 4.2), we get only slight deviations from the errors found
for the previous case, as we can see in table 4.1. Thus, our choice of a bias equal to unity
does not impact the Fisher errors significantly.

4.1.1.2 k binning

For the third and fourth model we also need a binning in k-space. Since ultimately we
would like to obtain error estimates on three functions, h2, h4, h5, we will need a minimum
of three k-bins. We denote with latin indices a, b, c... the z bins and with indices i, j, k...
the k bins. So for the first z-bin we have as parameters s1 = {Ā11, R̄12, E1}, for the
second s2 = {Ā21, R̄22, E2}, and so forth, with Āai = Ā(z̄a, k̄i), R̄ai = R̄(z̄a, k̄i), and
Ea = E(z̄a), where k̄i denote the centers of the k-bins. The set of parameters is therefore

3The values of kmax are calculated imposing σ2(R) = 0.35, at the corresponding R = π/2k for each
redshift, being R the radius of spherical cells, see [82], and Subsection 1.3.1.
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z̄ n̄(z̄)× 10−3 Ā ∆Ā ∆Ā(%) R̄ ∆R̄ ∆R̄(%) E ∆E ∆E(%)
0.6 3.56 0.612 0.0022 0.37 0.469 0.0092 2.0 1.37 0.12 8.5
0.8 2.42 0.558 0.0017 0.3 0.457 0.0068 1.5 1.53 0.073 4.8
1.0 1.81 0.511 0.0015 0.29 0.438 0.0056 1.3 1.72 0.058 3.4
1.2 1.44 0.47 0.0014 0.29 0.417 0.0049 1.2 1.92 0.05 2.6
1.4 0.99 0.434 0.0015 0.35 0.396 0.0047 1.2 2.14 0.051 2.4
1.8 0.33 0.377 0.0018 0.47 0.354 0.0039 1.1 2.62 0.061 2.3

(a)

z̄ Ā ∆Ā ∆Ā(%) R̄ ∆R̄ ∆R̄(%) E ∆E ∆E(%)
0.6 0.645 0.0023 0.36 0.469 0.0094 2. 1.37 0.12 8.8
0.8 0.628 0.0018 0.28 0.457 0.0072 1.6 1.53 0.078 5.1
1.0 0.575 0.0015 0.26 0.438 0.0059 1.3 1.72 0.06 3.5
1.2 0.584 0.0014 0.24 0.417 0.0052 1.2 1.92 0.053 2.7
1.4 0.561 0.0015 0.27 0.396 0.005 1.3 2.14 0.053 2.5
1.8 0.561 0.0015 0.26 0.354 0.0038 1.1 2.62 0.056 2.1

(b)

Table 4.1: (a) Fiducial values and errors for Ā, R̄ and E using six redshift bins. Units of galaxy number
densities are (h/Mpc)3. (b) Fiducial values and errors for Ā, R̄ and E using six bins, considering a redshift
dependent bias.

z̄ kmin k1 k2 kmax
0.6 0.007 0.022 0.063 0.180
0.8 0.007 0.023 0.071 0.215
1.0 0.007 0.024 0.078 0.249
1.2 0.007 0.026 0.086 0.287
1.4 0.007 0.027 0.094 0.329
1.8 0.007 0.029 0.112 0.426

Table 4.2: Values of k1, k2 and kmax for every redshift bin, in units of (h/Mpc).
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Figure 4.1: Errors on Ā, R̄ and E from Galaxy Clustering in the z-binning case. The black line represents
the fiducial ΛCDM model.
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Figure 4.2: Redshift-dependent bias b(z) from Euclid specifications [12,13].

pGC
α = {s1, s2, ...}. The Fisher matrix integration over k is split into three k-ranges between
kmax and kmin which we choose so that ∆ log k = const. The Fisher matrix becomes

FGC
αβ = 1

8π2

∫ 1

−1
dµ
∫

∆k
k2VeffDαDβ dk , (4.15)

with ∆k representing the respective range of the integration. Denoting the entry FĀR̄ as
ĀR̄ , and so on, we can represent the structure of the matrix for every redshift bin as
follows: 

Ā1Ā1 Ā1R̄1 0 0 0 0 Ā1E

R̄1Ā1 R̄1R̄1 0 0 0 0 R̄1E

0 0 Ā2Ā2 Ā2R̄2 0 0 Ā2E

0 0 R̄2Ā2 R̄2R̄2 0 0 R̄2E

0 0 0 0 Ā3Ā3 Ā3R̄3 Ā3E

0 0 0 0 R̄3Ā3 R̄3R̄3 R̄3E

EĀ1 ER̄1 EĀ2 ER̄2 EĀ3 ER̄3 EE


, (4.16)

In table 4.2 we display the values for the integration limits at every redshift (the k-bins
borders), and in table 4.3 we present the errors for all (z, k)-bins. Notice that the errors
on E are not affected by the k-binning, as E does not depend on k. In fig. 4.3 we shown
a representation on the errors for Ā and R̄, in the (z, k)-binning case.
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Figure 4.3: Graphical representation of the errors on Ā and R̄ in the k binning case. The bins are
labeled as za a ∈ {1, 6} and ki with i ∈ {1, 3}.

4.1.2 Weak Lensing

(This section was made by Adrian Vollmer). Now we consider the Fisher matrix for a
future weak lensing survey. We can write lensing convergence power spectrum from a
survey divided into several redshift bins (same binning as in Subsection 4.1.1 as [204]

Pij(`) = H0

∫ ∞
0

pij(z, `)dz ≈ H0
∑
a

∆za
Ea

KiKjL̄
2δ2

t,0 (z̄a, k(`, z̄a)) , (4.17)

with the integrand

pij(z, `) = Ki(z)Kj(z)
E(z) L̄(z)2δ2

t,0 (z, k(`, z)) , (4.18)

where
k(`, z) = `

r(z) and Ki(z) = 3
2(1 + z)Wi(z) , (4.19)

and Wi(z) is the weak lensing window function for the i-th bin

Wi(z) = H0

∫ ∞
z

(
1− r̂(z)

r̂(z̃)

)
ni(z̃) dz̃ . (4.20)
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z̄ i Ā ∆Ā ∆Ā(%) R̄ ∆R̄ ∆R̄(%) E ∆E ∆E(%)

0.6
1

0.612
0.025 4.

0.469
0.07 15.

1.37 0.11 8.42 0.0058 0.94 0.017 3.6
3 0.0023 0.38 0.0097 2.1

0.8
1

0.558
0.018 3.2

0.457
0.05 11

1.53 0.074 4.82 0.0039 0.71 0.012 2.6
3 0.0018 0.32 0.0074 1.6

1.0
1

0.511
0.014 2.7

0.438
0.039 8.9

1.72 0.058 3.42 0.003 0.59 0.0089 2.
3 0.0016 0.31 0.0062 1.4

1.2
1

0.47
0.011 2.4

0.417
0.032 7.7

1.92 0.051 2.62 0.0025 0.54 0.0072 1.7
3 0.0015 0.32 0.0055 1.3

1.4
1

0.434
0.01 2.3

0.396
0.028 7.

2.14 0.052 2.41 0.0024 0.55 0.0065 1.6
3 0.0018 0.41 0.0057 1.4

1.8
1

0.377
0.0063 1.7

0.354
0.015 4.3

2.62 0.059 2.32 0.0022 0.58 0.0047 1.3
3 0.0024 0.64 0.0061 1.7

Table 4.3: Relative errors for Ā, R̄ and E at every redshift and every k-bin (labeled with the index i).
Since fiducial values for Ā, R̄ and E are independent of k, these are the same for the three k-bins.

Here, ni(z) equals the galaxy density n(z) if z lies inside the i-th redshift bin and zero
otherwise. Notice that

ni(z)dz = ni(r(z))
H(z) dr . (4.21)

The overall galaxy density is modeled as

n(z) ∝ za exp(−(z/zp)b). (4.22)

We take a = 2, b = 3/2 and choose zp such that the median of the distribution is at
z = 0.9, i.e. zp = 0.9/1.412 = 0.6374 [12, 205]. The ni(z) (which should not be confused
with the n̄(z) from GC) are then smoothed with a Gaussian, to account for the photomet-
ric redshift error (see [205]) and normalized such that

∫
ni(z)dz = 1. Following the Euclid

specifications, we set the survey sky fraction fsky = 0.375 and the photometric redshift
error to δz = 0.05(1 + z).

Including the noise due to intrinsic galaxy ellipticities we have

Cij = Pij + γ2
intn̂

−1
i δij , (4.23)

with the intrinsic ellipticity γint = 0.22 and the number of all galaxies per steradian in the
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i-th bin, n̂i, which can be written as

n̂i = nθ

∫ zi+1
zi

n(z)dz∫∞
0 n(z)dz , (4.24)

where nθ is the areal galaxy density, an important parameter that defines the quality of a
weak lensing experiment. We set it to nθ = 35 galaxies per square arc minute [12].

For a weak lensing survey that covers a fraction of the sky fsky, the Fisher matrix is a
sum over ` bins of size ∆` and given by [206]

FWL
αβ = fsky

∑
`

∆`(2`+ 1)
2

∂Pij
∂pα

C−1
jm

∂Pmn
∂pβ

C−1
ni , (4.25)

and now the parameters are pGC
α = {L̄(z̄1), E(z̄1), . . . }. Here, ` is being summed from 5

to `max with ∆ log ` = 0.1, where `max corresponds to the value listed in table 4.4 for the
redshift bin a or b.

The value `max is derived as follows. We start with the relationship

`

r(zmed(`, a)) = k, (4.26)

where zmed(`, a) is the median with respect to z of paa(z, `), which is defined in eq. (4.18).
For a given wave number k and a redshift bin a, we can solve for `. To find `max we use
the following method:

We begin with zmed = 1, compute the kmax for this redshift as before by imposing σ2(R) =
0.35, solve eq. (4.26) for `, and compute zmed(`, a). We repeat this step until the value
for zmed converges with an accuracy of approximately 1%. A list of the values for `max as
well as zmed used in each redshift bin can be found in table 4.4.
To find the derivatives needed in eq. (4.25), we divide the integral in eq. (4.17) into nB
integrals that each cover one redshift bin. We could assume that L̄(z) is constant across
any redshift bin to get an approximate expression for the integral that depends on L̄ in
an analytical way, but the discrepancy between the actual integral and the approximate
integral (and consequently the discrepancy of the derivative) can be up to a factor of 2,
which may not be sufficient. Assuming that the integrand is linear in z gives the same
result (when using only the center of the bin as the sampling point), so the issue arises
when the curvature of the integrand becomes large.

As a solution, we take the actual value of the integral and simply assume that it depends
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z̄ `max zmed L̄ ∆L̄ ∆L̄(%) E ∆E ∆E(%)
0.6 311 0.26 0.342 0.0044 1.3 1.37 0.0062 0.46
0.8 385 0.31 0.311 0.0044 1.4 1.53 0.0069 0.45
1.0 515 0.40 0.285 0.0059 2.1 1.72 0.017 0.96
1.2 609 0.45 0.262 0.0059 2.3 1.92 0.029 1.5
1.4 760 0.54 0.242 0.014 5.7 2.14 0.029 1.4
1.8 959 0.64 0.210 0.035 16 2.62 0.077 3.0

Table 4.4: Errors on E and L̄ from weak lensing only (with six redshift bins) and a list of the value `max
used at each redshift together with the corresponding zmed value.

z̄ `0 `1 `2 `3
0.6 6.3 39 120 410
0.8 7.9 45 190 610
1.0 9.4 66 240 880
1.2 11 83 320 1200
1.4 12 97 390 1500
1.8 14 120 550 2200

Table 4.5: Borders of the `-bins for each redshift bin converted from the k-bins according to (4.26).

quadratically on L̄(z̄a), such that the derivative can be written as

∂Pij(`)
∂L̄(z̄a)

= 2
L̄(z̄a)

∫ za+1

za
pij(z, `)dz. (4.27)

Since E appears in the comoving distance, it is more complicated for the derivatives of
Pij with respect to E(z̄a). We substitute the regular definition of E by an interpolating
function that goes smoothly through all points (z̄a, E(z̄a)) and (0, 1). Instead of depending
on Ωm it now depends on the values of all E(z̄a), and so do all functions that depend on
E, in particular the comoving distance and consequently the window functions Ki(z).
The derivatives are then obtained by varying the fiducial values of E(z̄a) while keeping
L = L̄δt,0 fixed so that we again do not include the derivative of δ2

t,0 with respect to k.
The resulting uncertainities on E(z̄a) and L̄(z̄a) can be found in table 4.4; they are visu-
alized in fig. 4.4.
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Figure 4.4: Errors on E(z̄a) and L̄(z̄a) from weak lensing. The black line represents the fiducial ΛCDM
model. Plots made by Adrian Vollmer.
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Figure 4.5: Graphical representation of the errors on L̄ in the k binning case, same as fig. 4.5.

4.1.2.1 k binning

As similar as the GC case, we need to consider L̄ as a function of k (although with the same
fiducial value for all k, as the fiducial model is ΛCDM), and we divide the full k-range again
into the same three bins. The observables are then L̄an ≡ L̄(z̄a, k̄n), where k̄n denote the
center of the k-bins, with n = 1, 2, 3. They are defined as in Subsection 4.1.1, and are given
explicitly in table 4.2. The k-bins fix the ranges for ` via the relation used in eq. (4.26).
We label the center of the `-bins accordingly as `n. See table 4.5 for a list of the `-bins.
The derivatives needed for the Fisher matrix will be evaluated at the center of these `-bins.

They can be computed similarly as in eq. (4.27). We find (using Kronecker deltas, no
summation):

∂Pij(`)
∂L̄(z̄a, kn)

= 2δan
L̄(za)

∫ za+1

za
pij(z, `)dz ×

{
1 if `n−1 < ` < `n

0 else.
(4.28)

The derivatives with respect to E(z̄a) are computed the same way as before. We can then
define the parameter vector pα = {L̄11, E1, L̄12, E1, L̄13, E3, L̄21, E2, ...} and evaluate the
Fisher matrix formally as before. The structure of the Fisher matrix can be schematically
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represented as follows: 
L̄1L̄1 0 0 L̄1E

0 L̄2L̄2 0 L̄2E

0 0 L̄3L̄3 L̄3E

L̄1E L̄2E L̄3E EE

 (4.29)

In figure fig. 4.5 we display a graphical representation on the errors for L̄ in the k-binning
case.

4.1.3 Supernovae

(This section was made by Simone Fogli). Finally, we consider here the forecasts for a
supernovae survey. The likelihood function for the supernovae after marginalization of the
offset is [16]

L = − logL = 1
2

(
S2 −

S2
1
S0

)
, (4.30)

where
Sn =

∑
i

(mi − µi)n

σ2
i

, (4.31)

and µi = 5 log d̂L, where d̂L is the dimensionless luminosity distance, see eq. (3.6). This
can be written as

L = 1
2XiMijXj , (4.32)

where Xi = mi − µi and

Mij = sisjδij −
s2
i s

2
j

S0
, (4.33)

(no sum) where si = 1/σi. The Fisher matrix can be written as

F SN
αβ =

〈
∂L
∂pα

∂L
∂pβ

〉
, (4.34)

where now the parameters are pSNαa = E(z̄a). Similarly to section Subsection 4.1.1 we can
write

d̂L(z̄a) = (1 + z̄a)
b=a∑
b=0

∆zb
E(z̄b)

, (4.35)

so that
∂d̂L(za)
∂E(z̄b)

= −∆zb
E2
b

(1 + za)δab (4.36)
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Figure 4.6: Errors on E from Supernovae. The black line represents the fiducial ΛCDM model. Plot
made by Simone Fogli.

where δab is a Kronecker symbol. The Fisher matrix for the parameter vector (which in
this case has only one entry) is pα = {E(za)} with a running over the z-bins is then

F SN
αβ =

〈(
∂µi
∂pαa

MijXj

)(
∂µi
∂pβb

MijXj

)〉
= 25YiαMijYjβ. (4.37)

where
Yiα ≡

∂ log d̂L(z̄i)
∂pα

= 1
d̂L(z̄i)

∂d̂L(z̄i)
∂E(z̄α) = − 1

d̂L(zi)
∆z̄α
E2
α

(1 + z̄i)δiα. (4.38)

We have to make a choice to define the redshifts zi and the uncertainties σi for the super-
novae of the simulated future experiment. We take the Union 2.1 catalog as a reference
(580 SNIa in the range 0 < z . 1.5). We assume that the survey will observe supernovae

z̄ σdata,a na E(z̄) ∆E ∆E(%)
0.6 0.287 46429 1.37 0.0026 0.19
0.8 0.285 25000 1.53 0.0041 0.27
1.0 0.329 16071 1.72 0.0086 0.50
1.2 0.327 7143 1.92 0.016 0.83
1.4 0.258 5357 2.14 0.028 1.3

Table 4.6: Redshift uncertainties, number of supernovae, fiducial value of E and errors for each bin.
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WL GC SN WL+GC WL+GC+SN
z̄ E ∆E ∆E(%) ∆E ∆E(%) ∆E ∆E(%) ∆E ∆E(%) ∆E ∆E(%)
0.6 1.37 0.0062 0.46 0.12 8.5 0.0026 0.19 0.0062 0.45 0.0023 0.16
0.8 1.53 0.0069 0.45 0.073 4.8 0.0041 0.27 0.0068 0.44 0.0029 0.19
1.0 1.72 0.017 0.96 0.058 3.4 0.0086 0.50 0.016 0.91 0.0067 0.39
1.2 1.92 0.029 1.5 0.050 2.6 0.016 0.83 0.024 1.2 0.012 0.65
1.4 2.14 0.029 1.4 0.051 2.4 0.028 1.3 0.022 1.0 0.017 0.78
1.8 2.62 0.077 3.0 0.061 2.3 - - 0.046 1.8 0.043 1.7

Table 4.7: Errors on E from the three probes.

in the redshift range 0.5 < z < 1.5, and divide that interval in bins of fixed width ∆z = 0.2
just like in Sec. 4.1.1, in order to combine the SN Fisher matrix with the galaxy clustering
and the weak lensing ones.

We assume the total number of observed SN to be about nSN = 100000 in that range, as
expected for the LSST survey [201]. We further assume that the supernovae of the future
survey will be distributed uniformly in each bin, respecting the proportions of the data of
the catalog Union 2.1 and with the same average magnitude error. The values of σdata,a
and na for the bins centered in z̄a are summarized in table 4.6.

Finally, the corresponding errors on E from supernovae are shown in fig. 4.6 and in ta-
ble 4.6. In table 4.7 we compare the errors on E from the three different probes with each
other. We notice that the supernova constraints are the most stringent ones among the
three probes and improve the WL+GC constraints by almost a factor of two. All this of
course assumes that systematic errors can be kept below statistical errors.

4.1.4 Combining the Matrices

Once we have the three Fisher matrices for galaxy clustering, weak lensing and supernovae,
we insert them block-wise into a (4nB)× (4nB) matrix for the full parameter vector

pα = {Ā, R̄, L̄, E} × nB, (4.39)

Notice that we need also

R̄′ = −(1 + z)R̄(z + ∆z)− R̄(z)
∆z ,

E′ = −(1 + z)E(z + ∆z)− E(z)
∆z . (4.40)
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The full schematic structure for every bin will be:
ĀĀ ĀR̄ 0 ĀE

ĀR̄ R̄R̄ 0 R̄E

0 0 L̄L̄ L̄E

ĀE R̄E L̄E (EE)Σ

 , (4.41)

with (EE)Σ = (EE)GC + (EE)WL + (EE)SN. This matrix must then be projected onto
η̄. It is however interesting to produce two intermediate steps, namely the matrix for
qα = {P1, P2, P3, E} where P1 = R̄/Ā, P2 = L̄/R̄ and P3 = R̄′/R̄, as well as the matrix
for qα = {P1, P2, P3, E

′/E}. They are given by

F
(q)
αβ = F

(p)
γδ

∂pγ
∂qα

∂pδ
∂qβ

. (4.42)

Notice that as discussed in Appendix A, in order to write the Fisher matrix for other set
of parameters, is necessary to find the elements of the transformation, i.e., the elements
of the Jacobian. In the first step, for the transformation pα −→ qα these elements yields

∂P1

∂Ā
= − R

A2 ,
∂P1

∂R̄
= 1
A
,

∂P1

∂L̄
= 0, (4.43)

∂P2

∂Ā
= 0, ∂P2

∂R̄
= − L

R2 ,
∂P2

∂L̄
= 1
R
, (4.44)

∂P3

∂Ā
= 0, ∂P3

∂R̄
= − R̄

′

R2 ,
∂P3

∂L̄
= 0. (4.45)

Similarly, the projection qα −→ sα, with sα = {P1, P2, η̄, E} involves explicitly the deriva-
tives of η̄ w.r.t. P2, P3 and E:

∂η̄

∂P2
= −

4E2
(
P3 + 2 + E′

E

)
3P 2

2 (1 + z)3 , (4.46)

∂η̄

∂P3
= 4E2

3P2(1 + z)3 , (4.47)

∂η̄

∂E
= 4

3P2(1 + z)3

[
2E

(
P3 + 2 + E′

E

)
− E′

]
, (4.48)

The elements of the Jacobian are then evaluated at the fiducial, and later projected via

F
(s)
αβ = F

(q)
γδ

∂qγ
∂sα

∂qδ
∂sβ

. (4.49)



4.1. Fisher Forecast for the Anisotropic Stress 91

0.0 0.5 1.0 1.5 2.0

0.5

0.6

0.7

0.8

0.9

z

P
1

nB = 5

0.0 0.5 1.0 1.5 2.0

0.6

0.7

0.8

0.9

1.0

1.1

z

P
2

nB = 5

0.0 0.5 1.0 1.5 2.0

-0.5

0.0

0.5

z

P
3

nB = 5
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model.
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z̄ P1 ∆P1 ∆P1(%) P2 ∆P2 ∆P2(%) P3 ∆P3 ∆P3(%) η̄ ∆η̄ ∆η̄(%)

0.6 0.766
0.14 18

0.729
0.12 17

0.134
1.4 1100

1
1.1 120

0.032 4.1 0.030 4.1 0.33 240 0.26 26
0.013 1.7 0.015 2.0 0.15 110 0.12 12

0.8 0.819
0.11 13

0.682
0.092 13

0.317
1.2 380

1
0.93 93

0.024 2.9 0.021 3.1 0.26 83 0.2 20
0.011 1.4 0.013 1.9 0.14 43 0.1 10

1.0 0.859
0.093 11

0.65
0.076 12

0.46
1.1 240

1
0.82 82

0.020 2.3 0.019 2.9 0.23 51 0.17 17
0.011 1.2 0.012 1.8 0.14 31 0.1 11

1.2 0.888
0.084 9.4

0.628
0.074 12

0.569
1.1 190

1
0.78 78

0.017 2.0 0.021 3.3 0.23 40 0.16 16
0.011 1.2 0.017 2.7 0.17 29 0.12 12

1.4 0.911
0.079 8.7

0.613
0.084 14

0.654
0.79 120

1
0.55 55

0.017 1.9 0.027 4.4 0.17 26 0.12 12
0.013 1.4 0.023 3.8 0.14 21 0.094 9.4

Table 4.10: Here, the errors on P1, P2, P3 and η are listed for the z, k-varying case with a similar structure
as table 4.3.

In table 4.8 we present the fiducial values for the parameters P1, P2, P3; In fig. 4.7 we plot
their fiducial values and errors. Let us call this the basic Fisher matrix.

As we mentioned in the introduction, we decided to consider four models for η̄: constant,
variable only in redshift, variable both in space and redshift, and the Horndeski model.
For the constant η̄ case we project the basic Fisher Matrix for P1, P2, η̄, E onto a single
constant value for η̄. The resulting uncertainty for η̄ is 0.010. For the z-variable case we
project on five η̄ parameters, one for each bin. The results are in table 4.8. We see that
the error on η̄ rises to around 10%. Without the SN data, the final constraints on η would
weaken only by roughly 1%. If we collect the data into only three wider z bins, the error
reduces to about 3%.

For the z, k varying case, we consider the k-binning of Sec. 4.1.1.2. Now the information
is distributed over many more bins, so the errors obviously degrade (see table 4.10). We
find errors from 10% to more than 100%.

Finally, for the Horndeski case, table 4.11 gives the absolute errors on h2, h4 (measuring
k in units of 0.1 h/Mpc). Here we are forced to fix h5 to its fiducial value (i.e. to zero)
due to the degeneracy between h4 and h4 when the fiducial model is such that h4 = h5, as
in the ΛCDM case. This means we are only able to measure the difference h4 − h5 rather
than the two functions separately. The absolute errors on h2, h4 are in the range 0.2-0.6.
This result implies for instance that, at a scale of 0.1 h/Mpc and in a redshift bin 0.5-0.7,
a Euclid-like mission can detect the presence of a k2 behavior in η if it is larger than 60%
in the k-independent trend (see fig. 4.8 for a visualization of the constraints on η).
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Figure 4.8: Constraints on η(k) in the Horndeski case for z = 0.6 (light) and z = 1.4 (dark). The black
line represents the fiducial ΛCDM model. Plot made by Adrian Vollmer.

4.2 Summary and Conclusions

In this chapter we study the precision in which a future galaxy survey can determine the
anisotropic stress in a model-independent way using three probes: galaxy clustering, weak
lensing, and supernovae. We found that the expansion rate E(z) can be determined up
to 1% of accuracy in the range 0.6 ≤ z ≤ 1.5, and up to 4% until a redshift of z = 2.0.
The observables P1 and P2 are also constrained with the same precision, until z = 1.5,
in which the errors increase considerable. Due to the appearance of an explicit derivative
on P3 this quantity is less constrained (about 30%). Afterwards we considered four dif-
ferent cases for η. In the first one, in which it is assumed constant, the precision is about
1%. If we assume η varying just in redshift, the errors are around 10% until z = 1.5.

z̄ ∆h2 ∆h4
0.6 0.58 0.56
0.8 0.44 0.32
1. 0.37 0.22
1.2 0.35 0.18
1.4 0.25 0.1

Table 4.11: Absolute errors on h2 and h4. Because of the degeneracy between h5 and h4, h5 has been
fixed. The fiducial values are h2 = 1 and h4 = 0.
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For the (z, k)-varying case, the errors can go from 10% until 100%. Finally, in the fourth
case, which correspond to the Horndeski, the functions h2 and h4 lies in the range 0.2−0.6.

In a posterior work [207], a similar analysis was made using a principal component analysis
(PCA), in order also to constraint the set of parameters {Y, η} in a general case in which
they both varying with scale and redshift. In their parametrizations, the expressions for
Y and η reads:

η(k, z) = p1(z) + p2(z)k2

1 + p3(z)k2 , (4.50)

Y (k, z) = 1 + p3(a)k2

p4(z) + p5(a)k2 , (4.51)

thus, in comparison with our parametrization, we have the algebraic relations linking both
set of parameters:

p1 ≡ h2, p2 ≡ h2h4, p3 ≡ h5, h1 = p4 ≡ 1, p5 ≡ h3. (4.52)

Among their results, about 10 eigenmodes coming from the PCA, are constrained with
and error smaller than 1%. The degeneracies between the pα’s are also presented in their
calculations. In our case however, the practical reduction in the number of time-dependent
functions made the analysis simpler.
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5
A Cosmological Exclusion Plot

“You underestimate the power of the Dark Side”
Darth Vader - Star Wars: Episode VI - Return of the Jedi (1983)

I n this short chapter, we want to show some preliminary results consisting in determine
the region of parameter space in η, that can be excluded by a future survey, that approx-

imates the performance of the Euclid satellite [12,203]. This cosmological exclusion plot is
an analog of the gravity exclusion plots that can be derived with laboratory experiments,
as in e.g. [14, 208]. We will use again the expression coming from the QS regime on the
Horndeski Lagrangian

Current data are clearly too limited to give interesting constraints on η. In particular,
they give no constraints on its scale dependence, since the data do not retain any scale
information. Future data, however, promise to be so rich, in comparison with present
ones, that they can be binned both in redshift and in scale. In this way one can put con-
straints also on the three time-dependent functions h2,4,5 that characterize the Horndeski
form eq. (4.1). In the previous chapter the constraints on η were obtained by fixing h5
to its ΛCDM fiducial value , i.e. zero. It is not possible in fact to obtain meaningful
constraints on all three functions since h4, h5 are fully degenerate for large k. Here we
wish to continue that analysis by obtaining an exclusion plot, i.e. the region of parameter
space that a future, Euclid-like, survey, can achieve. This is obtained by repeating the
procedure of [199] obtaining the errors on h2, h4 for every possible h5. The region outside
the errors is therefore the region that an Euclid-like experiment will be able to rule out.
A similar analysis was performed in [209] to obtain a exclusion plot for the clustering of
dark energy Y .
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Figure 5.1: Fisher analysis scheme for the anisotropic stress.

Additional to the exclusion plot that can be obtained from the errors on h2, h4 varying
h5, we will assume that the anisotropic could represent a Yukawa-like potential. Thus,
instead of h2,4,5, it turns out to be more convenient to use the strength Q and range λ on a
Yukawa term by identifying h4 = (1 +Q)λ2 and h5 = λ2 in the term for the gravitational
slip in the Horndeski parametrization eq. (4.1). The idea behind is that, at linear level,
the Horndeski model induces a Yukawa like-potential which could be written in real space
as [16]

Ψ(r) = −GM
r

(
1 +Qe−r/λ

)
, (5.1)

representing the correction to the standard Newtonian potential.In Chapter 4 we discuss
in detail the Fisher procedure to obtain the constraints in the anisotropic stress η. As
matter of visualization, in fig. 5.1 we make a schematic diagram used here to determine
the excolusion plot for a Yukawa-like potential, involving the h’s functions.

5.1 Exclusion Plot in the Plane (λ,∆Q)

In order to find the constraints on the strength Q, we project the Fisher matrix for η̄(k, z)
onto the parameter space spanned by h2 and Q while fixing λ to a specific value, assuming
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Figure 5.2: ∆Q̄ as a function of λ. The colored region can be excluded by a Euclid-like survey at the 1σ
level. The curve approaches ∆Q̄ ≈ 0.021 for large λ. Plot made by Adrian Vollmer.

that η̄ does not depend on z. This way, we can obtain the uncertainty on Q, which we
call ∆Q, as a function of λ. However, in the limit λ→∞, the expression for η becomes

η = h2(1 +Q) , (5.2)

which is degenerate in h2 and Q, which means that the uncertainty on Q diverges for large
λ. Thus, we switch from Q to a slightly different parameter,

Q̄ ≡ h2(1 +Q) . (5.3)

This enables us to plot the region in the Q̄-λ parameter space which can be excluded by
a survey like Euclid (see fig. 5.2). The derivatives needed for the projection read

∂η̄

∂h2
=− 2

(k2λ2 + 1)
(
h2+k2λ2Q̄
k2λ2+1 + 1

)2 , (5.4)

∂η̄

∂Q̄
=− 2k2λ2

(k2λ2 + 1)
(
h2+k2λ2Q̄
k2λ2+1 + 1

)2 . (5.5)

They are evaluated at the center of all three k-bins for each of the five z-bins and arranged
in a 2× 15 transformation matrix to obtain the Fisher matrix for h2 and Q̄.
As matter of comparison, in fig. 5.3 we display a exclusion plot obtained with the aim to
test the validity of the equivalence principle. For that purpose, as similar to the approach
of [209], the Yukawa interaction had been determined.
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Figure 5.3: Testing the equivalence principle with a torsion balance. The plot shows the upper lim-
its for the Yukawa interactions coupled to baryon number with 95% confidence. The shaded region is
experimentally excluded. Figure taken from [14]

5.2 Exclusion Plot in the Planes (h4, h2) and (h5, h2)

We can obtain two exclusion plots starting from the Fisher matrix for η̄. The first one
consist in fix the value of h4, and then find the corresponding errors on h2 (since in the
fiducial h2 = 0, we still denote the error as h2) for every possible value of h5. The second
one, in a similar way, could be constructed fixing h5 and find h2 as function of h4. The
results are shown in fig. 5.4.

These plots allow us to rule-out modified gravity models by following the evolution of the
time-dependent functions h2, h5 and h6. This could be done using the expressions for the
α functions listed in table 1 of ref. [156]. This work is still in progress [210]; in addition,
for the specific case of f(R) gravity, with an explicit evolution of perturbations equations,
we plan to construct exclusion plots with the aim to constraint particular choices of the
function f(R).
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Figure 5.4: Exclusion plots for the set of functions {h2, h4, h5}. h2 as a function of h4 (top), h4 as a
function of h5 (mid), and h2 as a function of h5 (bottom). The colored region can be excluded by a
Euclid-like survey at the 1σ level. Plots made by Adrian Vollmer.
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6
Conclusions and Outlook

Dark Energy, the mysterious entity which is responsable for the current acceleration of
the Universe is, without a doubt, the most important unsolved problem in physics today.
The ΛCDM model, elegantly simple, and supported by various probes, relies, however on
the introduction of the cosmological constant, which presents issues when compared to
a quantum description of the vacuum energy density. The cosmological model resides in
the beautiful mathematical structure of General Relativity (GR), which has been tested
with high accuracy (at solar system level), and is among all physical theories the most
perfect. Nevertheless, its non-renormalizable character suggests that it cannot be valid up
to Planck scales; in addition, it becomes unpredictable when singularities such as black
holes and the Big Bang arise.

These issues, however, open a window into a fascinating world of alternative approaches:
from modifications of GR (including extra degrees of freedom and extra dimensions) to
exotic matter contents, these are just a few examples of the vast family of possibilities.
Modifying gravity offers an exciting opportunity. Just after the genesis of GR, modifica-
tions at the action level, including scalars other than the Ricci scalar, had been considered;
at the time, those alternatives arised mainly from the mathematical richness offered by
differential geometry, the pilar supporting any gravitational description. After the amaz-
ing development of quantum theory, GR aquire a status of non-quantizable theory, this
provided an additional plus for those theories. Recently, with the discovery of the cosmic
speed-up, modifying gravity seems to be a plausible solution. However, the more you
modifiy, the more you pay: instabilities arising from higher order derivatives, failures to
describe Solar system constraints and actual large-scale structure data, makes it counter-
productive to play with the Lagrangians.

When modeling dark energy cosmologies, it is desirable to have a minimal number of ad-
ditional free parameters, since this makes a confrontation with observations more suitable.
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Popular phenomenological descriptions encoring the effect of modifications of gravity have
been proposed. In contrast to the standard procedure of fixing a Lagrangian, studying
its dynamics and comparing it with observations, those parametrizations can be tested
with minimal assumptions at background and linear perturbation levels. A popular ex-
ample includes the clustering of dark energy or effective gravitational constant Y , and the
anisotropic stress or gravitational slip η, as core. These quantities provide a powerful tool
to constrain deviations from GR. On the other hand, the study of a particular Lagrangian,
the so-called Horndeski Lagrangian, had recently attracted considerable attention, since it
encodes a large family of modifications with a single scalar field, demanding second-order
derivatives in the field equations. In the quasi-static regime, the linear perturbation equa-
tions lead to compact expression for {Y, η} making explicit the time and scale dependence.

Here, a simple question emerges: are cosmological observables really “observables”? Specif-
ically, having an ideal case of observations at background and perturbation level in a range
of redshifts and scales, which quantities are truly independent of the underlying dark en-
ergy model? This query was beautifully answered by [20], showing that the only model-
independent observable is the anisotropic stress η. Furthermore, an easy expression which
links theory (the Horndeski lagrangian) with model-independent quantities, was obtained.

This thesis was devoted to obtaining the future and current constraints on the cosmo-
logical anisotropic stress, using a model-independent approach. Coming from this angle,
and using current data for the growth rate fσ8 taken from Redshift Space Distortion
(RSD) measurements, observations of the Hubble expansion H(z), and a constraint for
the quantity P2 defined as the expectation value of the ratio between galaxy-galaxy and
galaxy-velocity cross correlations, we found a value at z = 0.32 of η = 0.646 ± 0.678, in
agreement with the predicted value for the ΛCDM model, see Chapter 3. Despite the low
statistics and large dispersions in the measurements, dark energy scenarios can be tested,
demanding however independence of scale. Is important to stress here that for first time
we obtained a model-independent measurement, without assuming any underlying dark
energy model.

We also studied the precision with which a future large survey of galaxy clustering and
weak lensing, such as Euclid, can determine the anisotropic stress of the dark sector with
the help of the model-independent cosmological observables, when augmented with a su-
pernovae survey. This alleviates the current lack information of scales. We found that
galaxy clustering and weak lensing will achieve precise measurements of the expansion
rate E(z) = H(z)/H0, with errors of less than a percent, in redshift bins of ∆z = 0.2
out to z = 1.5, and with less than 4% out to z = 2, see table 4.7. They will also be
able to measure P1 = f/b and P2 = Ωm,0Σ/f , to about a percent precision over the full
redshift range (in the same bins), except at z > 1.5, where the errors increase rapidly. The
final quantity, P3 = f + f ′/f , is constrained much less precisely, to only about 30%, be-
cause it involves an explicit derivative. The detailed results are given in tables 4.8 and 4.9.



105

We then considered four different models for η = −Φ/Ψ:

1. A constant η: In this case we found that we can determine the derived quantity
η̄ = 2/(1 + η) with a precision of about 1%.

2. In the case of a z-dependent η, we found a precision on η̄ of about 10% out to z = 1.5.

3. η̄ varying both in z and in k: the errors vary considerably across the z, k range, from
10% to more than 100%.

4. The Horndeski case: now the absolute errors on h2, h4 are in the range 0.2-0.6

We stress again that we used only directly observable quantities without any further as-
sumptions about the initial power spectrum, the dark matter, the dark energy model
(beyond the behavior of η in the last step) or the bias, as such assumptions may be un-
warranted in a general dark energy or modified gravity context. On the other hand, we
do assume that a window between non-linear scales and sub-sound-horizon scales exists
and is wide enough to cover all the wavelengths we have been employing in our forecasts.

Expectations of the generic degeneracy between the amplitude (Ā) and Redshift Space
Distortion (RSD) contribution (R̄) of the galaxy clustering power spectrum were also ob-
tained, see Appendix C. For instance, galaxy surveys have generically a slightly negative
correlation between Ā and R̄, and they can always measure R̄ about 3.7 to 4.7 times better
than Ā.

When modeling a future large-scale survey along the lines of the ESA Euclid mission, we
produced a cosmological exclusion plot for modified gravity in analogy with the exclusion
plots produced in laboratory experiments. Adopting the specific form of η predicted by
Horndeski Lagrangian, we discovered how well future clustering and weak lensing sur-
veys can constrain its strength and range; our fig. 5.2 resembles, for instance, a plot for
testing the equivalence principle using a torsion balance shown in fig. 5.3. Additional
exclusion plots for the h’s which characterize the time dependence in the quasi-static limit
in Horndeski perturbations, have been built. This plots allow us to rule out dark energy
cosmologies in a single plot, assuming for instance small deviation at background level
when compared with the ΛCDM model. Further results on constraining specific models
are still in progress, with special attention to f(R) gravity models.

Our work could be easily extended. One assumption when obtaining the model-independent
expression for the anisotropic stress was that matter is presureless. A further step should
thus be to consider non-negligible, sound speed cs and equation of state w, and investigate
the impact of these in the cosmological observables. Another posible extension is related
to the quasi-static regime, used to construct a simple expression for η, coming from the
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Horndeski Lagrangian. Non-linear regimes in the power spectrum could be also imple-
mented, implying however a careful revision of the statistics of the Fisher matrix scheme.
The results were obtained following the specifications of a large scale survey like Euclid,
which can be easily modified for the radio telescope SKA (Square Kilometer Array) [198].
In the coming years theoretical extensions, new observational techniques, faster and more
refined codes will provided greater more opportunities to test the standard cosmological
paradigm (and also to increase enormously the zoo of modifications from GR). Despite
the long wait for Euclid data, crossed fingers for a definitive answer as to the nature of
Dark Energy.
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A
Properties of the Fisher Matrix

Here we briefly summarize the main elements of the Fisher matrix formalism, following
mainly [16, Ch. 13] and [73]. Let us start considering a vector of parameters p, and
a vector of data x, from them we can construct a probability density function f(x,p)
which basically gives us the probability P (x|p) of getting a realization of the data x given
the theory p. However, since is not common a prior knowledge of the exact theory, we
can try to draw samples xi of an unknown Probability Density Function (PDF), making
experiments in order to infer the estimate on the parameters p. Thus, We define the
likelihood function as

L(p;xi) ≡
∏
i

f(xi,p), (A.1)

which is a joint PDF with p interpreted as a variable, and x a fixed parameter. Cosmology
is particular, since we rarely have information on the parameters from observations or
theories. For that reason the common approach is to use the Bayes Theorem, which states
that:

P (p|x, I) = P (p|I)P (x|p, I)
P (x|I) , (A.2)

being I the background information. Bayes theorem allow us to invert the situation and
ask instead what should be the probability of the theory, given the data. Here the prior
is given by P (p|I), and P (x|I) is the marginal probability of the data x, which usually
acts as a normalization factor, P (x|p, I) is identical to the likelihood given by the model.
The idea behind the Fisher matrix is quite simple. Let us suppose that we can approximate
the posterior with a multivariate Gaussian distribution [16, p. 367]

L ≈ N exp
[
−1

2(pα − p̂α)Fαβ(pβ − p̂β)
]
, (A.3)
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where the maximum likelihood estimators p̂α are functions of the data, and Fαβ is the
Fisher matrix, also defined as the inverse of the covariance matrix. As a good approxima-
tion, (at least near to the peak of the distribution), the posterior can be expanded up to
second order in a Taylor series:

lnL(pα) ≈ lnL(p̂α) + 1
2
∂2 lnL(pα)
∂pα∂pβ

∣∣∣∣
ML

(pα − p̂α)(pβ − p̂β), (A.4)

(by defintiion the first term vanishes since is evaluated at the peak), and then we define
the Fisher matrix as

Fαβ ≡ −
∂2 lnL(p)
∂pα∂pβ

∣∣∣∣
ML
, (A.5)

Using a more precise explanation, the Fisher matrix is defined as the expected value of the
matrix −∂2 lnL/∂pα∂pβ, to be obtained by averaging the matrix over the data distribution

Fαβ ≡ −
〈
∂2 lnL(p)
∂pα∂pβ

〉
= −

∫
∂2L(p)
∂pα∂pβ

L(x;p)dx, (A.6)

Nevertheless, with the approximation of the Gaussian for the likelihood eq. (A.3), both
definitions coincide. This definition is not very useful when we need to find the maximum
of a multi-dimensional function and then compute the derivatives numerically, however,
since in cosmology we use some fiducial model to compute constraints that future galaxy
surveys can put on parameters, the Fisher matrix analysis becomes a powerful tool.

A.1 Properties

There are some interesting properties about the Fisher matrix, here we just summarize
them without going deeply into details.

1. Fixing a parameter. If we want to know what the Fisher matrix would be given
that we knew one particular parameter pα precisely, we simply remove the α-th row
and column of the Fisher matrix.

2. Marginalizing over a parameter. If we want to eliminate a particular parameter
pα, we remove the α-th row and column from the inverse of the Fisher matrix and
invert again afterwards. If we are only interested in exactly one parameter pα, then
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we cross out all other rows and columns until the correlation matrix only has one
entry left. That means:

σ(pi)2 = (F−1)αα. (A.7)

3. Combination of Fisher Matrices. If for instance we include some prior data in
our analysis, is straightforward to have the total Fisher matrix, which is just the
sum of both: add the Fisher matrix:

F(Tot) = F + F(Prior). (A.8)

This only holds if both matrices have been calculated with the same fiducial model,
i.e. the maximum likelihood is the same. If one matrix covers additional parameters,
the other matrix must be extended with rows and columns of zeros accordingly.

4. Parameter Transformation. This is a clue property, sicne we used many times
in our forecasts. If we consider an additional set of parameters, saying sα

sα ≡ sα(pα), (A.9)

which can occur when combining Fisher matrices from different sources. Then the
Fisher matrix transforms like a tensor, that means:

F′ = JᵀFJ, (A.10)

being J the Jacobian matrix of the transformation, which in components could be
written as

Jij = ∂si
∂pj

. (A.11)

which does not necessarily need to be a square matrix.

5. Confidence Regions. In the case we have reduced the Fisher matrix to a 2× 2 for
two parameters p1 and p2, explicitly the covariance matrix becomes (C = F−1)

Cαβ =
(

σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

)
, (A.12)

then we can construct confidence regions defined as regions of constant likelihood
that contain a determined fraction of the total likelihood. For instance, the semiaxes
lengths are equal to the square root of the eigenvalues of the inverse Fisher matrix
(the covariance matrix)

√
λi, while the semiaxes are oriented along the corresponding
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eigenvectors, they form an angle

tan 2α = 2ρσ1σ2
σ2

1 − σ2
2
. (A.13)

The area of the ellipse (or volume of an ellipsoid) is proportional to the square root
of the determinant of the inverse Fisher matrix.

A.2 Fisher Matrix for the Power Spectrum

Here we briefly want to derive an expression for the Fisher matrix for an experiment that
measures the galaxy power spectrum. The power spectrum, including the Poisson noise
could be written as [16, p. 376]

∆k ≡ 〈δkδ∗k〉 = 〈δkδ−k〉 = P (k, z) + 1
n
, (A.14)

being n(z) the galaxy density. The coefficients δk are complex variables in which real
and imaginary parts obey the same Gaussian statistics. Assuming, again, that the galaxy
distribution can be approximated by a Gaussian, the likelihood yields

L = 1
(2π)m/2

∏
i Λi

exp
[
−1

2

m∑
i

δ2
i

∆2
i

]
. (A.15)

In this case P (k, z) is taken as the theoretical spectrum of the fiducial model described by
the parameters p(F )

α . Thus we have

L = − lnL = m

2 ln(2π) +
∑
i

ln ∆i +
∑
i

δ2
i

2∆2
i

. (A.16)

Denoting differentiation w.r.t. the α parameter as ∆,α, the Fisher matrix eq. (A.5) be-
comes

Fαβ =
〈

∂2L
∂pα∂pβ

〉
=
∑[∆,αβ

∆ − ∆,α∆,β

∆2 − 〈δ2〉
(∆,αβ

∆3 − 3∆,α∆,β

∆4

)]
, (A.17)

= 1
2
∑
i

∂ lnPi
∂pα

∂ lnPi
∂pβ

(
nP

1 + nPi

)2
, (A.18)

where 〈δ2〉 = ∆2. For a more compact expression, we approximate the sum with an integral
over k. Basically, we take into account how many modes lie in the bin defined in the
interval k, k+dk and cosine interval dµ, i.e. in the volume 2πK2dk dµ. The Fourier space
can be descretized into cells of volume Vcell = (2π)3/Vsurvey, so that 2πk2dk dµ/Vcell =
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(2π)−2Vsurveyk
2dk dµ modes in the survey. Finally, we have [82,211]

Fαβ = 1
8π2

∫ +1

−1
dµ
∫ kmax

kmin
k2∂ lnP (k, µ)

∂pα

∂ lnP (k, µ)
∂pβ

Veff dk, (A.19)

with
Veff =

[
n̄P (k, µ)

n̄P (k, µ) + 1

]2
Vsurvey, (A.20)

which could be seen as an effective survey volume.
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B
Relations in the Horndeski Lagrangian

This appendix concerns the properties of the scalar-field theories described by the Horn-
deski Lagrangian. Theese results are obtained from [20, App.]. Subscripts here , φ and
, X, denote derivation w.r.t. that variable. On a flat FRW background, the energy density
and pressure are given by

ρx =3H2(1− w1) + 2XK,X −K − 2XG3,φ+ (B.1)
+ 6φ̇H (XG3,X −G4,φ − 2XG4,φX) +
+ 12H2 (X (G4,X + 2XG4,XX)−G5,φ −XG5,φX) +
+ 4φ̇XH3 (G5,X +XG5,XX) ,

Px =−
(
3H2 + 2Ḣ

)
(1− w1) +K − 2XG3,φ + 4XG4,φφ+

+ 2φ̇Hw1,φ − 4X2H2G5,φX + 2φ̇XH3G5,X + φ̈

φ̇
(w2 − 2Hw1) ,

where, given a slight rearrangement of the results in [147,186], we define four functions wi
as
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w1 ≡1 + 2
(
G4 − 2XG4,X +XG5,φ − φ̇XHG5,X

)
, (B.2)

w2 ≡− 2φ̇ (XG3,X −G4,φ − 2XG4,φX) +
+ 2H (w1 − 4X (G4,X + 2XG4,XX −G5,φ −XG5,φX))−
− 2φ̇XH2 (3G5,X + 2XG5,XX) ,

w3 ≡3X (K,X + 2XK,XX − 2G3,φ − 2XG3,φX) + 18φ̇XH (2G3,X +XG3,XX)−

− 18φ̇H
(
G4,φ + 5XG4,φX + 2X2G4,φXX

)
−

− 18H2
(
1 +G4 − 7XG4,X − 16X2G4,XX − 4X3G4,XXX

)
−

− 18XH2
(
6G5,φ + 9XG5,φX + 2X2G5,φXX

)
+

+ 6φ̇XH3
(
15G5,X + 13XG5,XX + 2X2G5,XXX

)
,

w4 ≡1 + 2
(
G4 −XG5,φ −XG5,X φ̈

)
.

All of the dynamics of linear perturbations are fully determined by the above four func-
tions. In particular, the speed of propagation of gravitational waves, cT, and the normal-
ization of the kinetic term of these tensor perturbations, QT, reads

c2
T = w4

w1
> 0, QT = w1

4 > 0 , (B.3)

with positivity required by stability. From the above, is can be seen that w1 has the
meaning of the normalization of the tensor perturbations, i.e. it is the effective Planck
mass squared. The corresponding quantities for the scalar degree of freedom, the sound
speed of dark energy, cs, and the normalization of the kinetic energy for perturbations,
QS, in the presence of dust with energy density ρm, are

c2
s =3

(
2w2

1w2H − w2
2w4 + 4w1w2ẇ1 − 2w2

1(ẇ2 + ρm)
)

w1(4w1w3 + 9w2
2)

> 0 , (B.4)

QS =w1
(
4w1w3 + 9w2

2
)

3w2
2

> 0 .

With above definitions in hand, we can define the five scale-independent functions h1−5
which appeared in the result eq. (2.52) and eq. (2.53). All the observables for scalar
perturbations in the quasi-static regime are determined by these five functions,
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h1 ≡
w4
w2

1
= c2

T
w1

, h2 ≡
w1
w4

= c−2
T , (B.5)

h3 ≡
H2

2XM2
2w2

1w2H − w2
2w4 + 4w1w2ẇ1 − 2w2

1(ẇ2 + ρm)
2w2

1
,

h4 ≡
H2

2XM2
2w2

1H
2 − w2w4H + 2w1ẇ1H + w2ẇ1 − w1(ẇ2 + ρm)

w1
,

h5 ≡
H2

2XM2
2w2

1H
2 − w2w4H + 4w1ẇ1H + 2ẇ1

2 − w4(ẇ2 + ρm)
w4

,

and where the effective mass squared, M2, can be expressed in terms of derivatives of the
total pressure and total energy with respect to the scalar as

M2 = 3H (Px,φ + ρx,φ) + ρ̇x,φ

φ̇
. (B.6)
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C
Semi-analytical Study on the Degeneracy

for Ā and R̄

We discuss in Subsection 4.1.1 the Fisher matrix for galaxy clustering, specifically on the
measurements of the parameters Ā, R̄ and H. Now we want to obtain some results on the
intrinsic degeneracy on galaxy clustering measurements, using just the quantities Ā and
R̄ [202]. Let us consider once again the galaxy power spectrum in redshift space

P (k, µ) = (A+Rµ2)2 = (Ā+ R̄µ2)2δ2
t,0(k), (C.1)

whit Ā = Gbσ8, R̄ = Gfσ8, and we explicitly use δm,0 = σ8δt,0. The Fisher matrix is in
general

Fαβ = 1
8π2

∫ 1

−1
dµ

∫ kmax

kmin
k2VeffDαDβ dk, (C.2)

where Dα ≡ d logP
dpα

, and Veff is the effective volume of the survey

Veff =
(

n̄P (k, µ)
n̄P (k, µ) + 1

)2
Vsurvey, (C.3)

being n̄ the galaxy number density in each bin. We want to study the dependence on the
angular integration in the Fisher matrix for the set of parameters pα = {Ā(zα), R̄(zα)}.
The derivatives of the power spectrum are

Dα = 2
Ā+ R̄µ2 {1, µ

2}. (C.4)

we consider two cases depending on the behavior of Veff, equation (C.3):

1. “Enough data” n̄P (k, µ) � 1, then we have Veff ≈ Vsurvey and the Fisher matrix
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could be written as

Fαβ ≈
1

2π2

∫ kmax

kmin
k2VsurveyMαβ dk, (C.5)

where

Mαβ = 4



√
S̄ + (Ā+ R̄) tan−1√P1

Ā3/2
√
R(Ā+ R̄)

−
√
S̄ + (Ā+ R̄) tan−1√P1

R̄3/2
√
A(Ā+ R̄)

−
√
S̄ + (Ā+ R̄) tan−1√P1

R̄3/2
√
A(Ā+ R̄)

R̄(3Ā+ 2R̄)− 3(Ā+ R̄)
√
S̄ tan−1√P 1

R̄3(Ā+ R̄)


(C.6)

being S̄ = ĀR̄.

2. Shot-noise dominated n̄P (k, µ) � 1, and then Veff ≈ (n̄P (k, µ))2Vsurvey and since
we are interesting only in the µ dependence we can write Veff ≈ P (k, µ)2. Then the
Fisher matrix becomes

Fαβ ≈
1

2π2

∫ kmax

kmin
k2δ4

t,0(k)Nαβ dk, (C.7)

with

Nαβ = 8


Ā2 + 2ĀR̄

3 + R̄2

5
Ā2

3 + 2ĀR̄
5 + R̄2

7

Ā2

3 + 2ĀR̄
5 + R̄2

7
Ā2

5 + 2ĀR̄
7 + R̄2

9

 . (C.8)

We notice that in the two limiting cases above, we can move the matrices Mαβ and Nαβ

outside of the integral, as for the fiducial model Ā and R̄ do not depend on k. This means
that, although the absolute size of the error ellipse depends on the integral, the relative
size and orientation do not. In other words, we can obtain ‘generic expectations’ for the
shape of the degeneracy between Ā and R̄ from galaxy clustering surveys. These results
are quite representative for the full range of Ā and R̄, i.e. galaxy surveys have generically
a slightly negative correlation between Ā and R̄, and they can always measure R̄ about
3.7 to 4.7 times better than Ā, see Figure C.1. In comparisson to the results of [212], we
remove the dependence on δt,0, (2.49), which is a quantity that depends on inflation or
other primordial effects.
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Figure C.1: Confidence contours for Ā and R̄ in the three cases: orange line Veff, blue line Veff ≈ Vsurvey,
and green line Veff ≈ P (k, µ)2.
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