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HIDDEN FREQUENCY ESTIMATION WITH
DATA TAPERS

Zhao-Guo Chen', Ka Ho Wu? and Rainer Dahlhaus?®

Statistics Canada, The Chinese University of Hong Kong and Universitat Heidelberg

SUMMARY

Detecting and estimating hidden frequencies have long been recognized as an important
problem in time series. This paper studies the asymptotic theory for two methods of high-
precision estimation of hidden frequencies (secondary analysis method and maximum
periodogram method) under the premise of using a data taper. In ordinary situations,
a data taper may reduce the estimation precision slightly. However, when there are
high peaks in the spectral density of the noise or other strong hidden periodicities with
frequencies close to the hidden frequency of interest, the procedures of detection of the
existence and the estimation for the hidden frequency of interest fail if data are non-
tapered whereas they may work well if the data are tapered. The theoretical results are

verified by some simulated examples.
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1 Introduction

The model under consideration is

y(n) = s(n) + (n). (L.1)

where the observations y(n) consists of two real components s(n) and z(n). Here z(n) is
the stochastic component called “noise” and s(n) is the deterministic component called

“signal” defined as

K K
s(n) = Y Apexpliwen) =Y 2|Ax| cos(wpn + i), 0 <wi <, (1.2)
k=—K k=1

where A = |Aple®r, —m < ¢, < 7, wo = 0 and Ay = 0. Each term in (1.2) is
called a hidden periodicity, and wy, is called a hidden frequency. This model finds wide
applications in the fields of science, engineering and economics.

The ordinary assumption for {z(n)} in the literature is that it is a linear process of

the form

z(n) = Zﬂjs(n -7, Z 0;| < oo, 6y=1; (1.3)
=0 =0



where £(n) are independent, or more generally, martingale differences satisfying
E(e(n)|Fne1) =0,  E(e(n)*|Fpei) = 02, (1.4)

where F,, are the o-algebras of events determined by (t), t < n.

In the literature, it has long been recognized that the key step for modelling data as
(1.1) and (1.2) consists of two steps: detection and estimation of the wy. The history of
this research topic may go back as early as Fisher (1929), and others like Hartley (1949),
Grenander and Rosenblatt (1957). All these authors assumed {z(n)} be white noise, i.e.
z(n) = £(n). The methodology they used for detection is the following.

Define the finite Fourier transform and periodogram of {y(n)} by

dy(w) = (27 N) /2 Z:ly(n) exp(—iwn) (1.5)
and
Iy(w) = ldy(w)[* = (27N) Z:ly(n) exp(—iwn) (1.6)

respectively, where N is the number of observations. Similar notations are d,(w), I,(w)
for {x(n)}. If {s(n)} is absent, then I, (w) = I,(w), and the periodogram ordinates
I,(2mj/N), j =1,2,...,[N/2], are independently distributed as (c%/47)x3, if {z(n)}
is Gaussian white noise. Therefore, the statistic ¢ = {max; I,(27j/N)}/ >, I,(2nl/N)
can be used to detect wy in which a value of g, larger than a preassigned critical value,
indicates the existence of an wj, around the frequency where I,(27j/N) is the largest.
Whittle (1952), Hannan (1961) and other authors extended the methodology to {z(n)}
being a linear series. See Priestley (1981) for details.

Unfortunately, there are two major drawbacks of the above method. Firstly, when an
wy, falls around the center between two successive 275 /N, the power becomes particularly
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low. Secondly, when there are more than one wy, large contributions of other w; to the
denominator of the statistic ¢ may result in an unacceptably low power of the test. For
redesigning a procedure detecting hidden frequencies, the background theory should not
restrict I, (w) to w = 2mj /N, and the testing statistics should not depend on the existence
of other hidden frequencies which keep away from the hidden frequence of interest.

Let f(w) be the spectral density of {z(n)} and f(w) > 0 for all w. Under the conditions
(1.3) with iid €(t), Turkman and Walker (1984) derived an asymptotic probability about
max, I,(w)/f(w) which may be used to develop some testing procedures with higher
power than above reviewed methods. Another fundamental result given by An, Chen

and Hannan (1983) is that, under conditions (1.3) and (1.4),

limsupmgx[x(w)/{f(w) logN} <1, a.s. (1.7)

N—o0

This result motivated the following approach. Let

=1 (3) {5 () e} e

where fy()) is a nonparametric estimate of f()). We may conclude that there exists a
hidden frequency wy around wy, = 7j/N if Z; exceeds the threshold 1 + ¢ for some small
£ > 0. The problem is to find an adequate estimate fN which is not influenced by large
values of I,(A) at the hidden frequencies. Chen (1988a, 1988b) had proposed a method
which may be called “three-leave-out”-estimator. Von Sachs (1993) used a more general
peak-insensitive estimator for f(\). Furthermore, he already used data tapers. If one
regards this procedure as a testing procedure a heuristic rule for the selection of ¢ in

dependence on the significance level « is given in von Sachs (1993, Lemma 2). In general



it is known that the so obtained initial estimate fulfills
|(I)k — wk| < 7T/N a.s. (19)

The second step consists of improving the initial estimate ;. One straightforward
method is the value wj, maximizing the periodogram I,(w) in some neighbourhood of wy,
which we simply shall call MP. The other method is the so called secondary analysis (SA).
SA is quite an old method which is restated in Priestley (1981, p.413). Chen (1988a)
pointed out that there was a hidden flaw in the procedure and made a revision.

Both methods offer estimates &y of wy, with precision O(N~3/2) which is a considerable
improvement of @y. For & obtained by MP, Hannan (1973) proved the following central
limit theorem (CLT):

N32(@p, — wi) 5 N(0,6R;2). (1.10)

Hannan and Mackisack (1986) also proved the strong consistency, more precisely, the

following law of the iterated logarithm (LIL):

lim sup(N?/loglog N)Y2|&y, — wi| < 12Y2R,,  a.s. (1.11)

N—o00

where

Ry = |Ayl/ (2 f(wi)'? (1.12)

is called the local signal to noise ratio at wy. Notice that in this paper, the amplitude
of a sinusoid is 2|A| [see (1.2)], while in above mentioned papers, 2 is dropped; so in
(1.10), the coefficient of R, * is 4 times larger and in (1.11), the coefficient of R, ' is 2

times larger than those in the above mentioned papers. For @& obtained by SA, Chen



(1988a) proved a LIL:

lim sup(N®/loglog N)Y2|&y, — wy| < 2M*2CyR,'  a.s. (1.13)

N—oo

where M > 2 is an integer and C); is given by (2.25) in the next section. However, the
CLT for this estimate has not been proved so far. This paper fills the gap.

Theoretically, as N — oo, the above classical results seem to be satisfactory. However,
for finite IV, the periodogram may be heavily biased due to strong peaks in the spectrum
of the stochastic component or due to more than one hidden frequency in the periodic
component. This effect is called leakage effect. As we will show in Section 3 this leakage
may affect the estimates of the hidden frequencies discussed above.

To guard against such effects we suggest in this paper the use of data tapers for the
estimation of hidden frequencies. In ordinary spectral estimation, data-tapers are known
to be an effective tool in reducing the bias due to frequency leakage (cf. Dahlhaus, 1988,
1990).

Define a taper function hy(u) of order (I, k) as in Dahlhaus (1988, Definition 5.1.).
Loosely speaking, [ is the degree of smoothness (in particular at the edges) while k > 0
means that the portion of tapered data goes to zero with a certain rate. When x = 0, we
simply put hy(u) = h(u). Here, we list three important and well-known taper functions.

In all cases, hy(u) =0, if u ¢ (0, 1].

hn(u)=h(u) =1, 0<u<l; (1.14)



(b)l=1,0<k<1/2(py, =pN7"):

2u/py, 0<u<p,/2,

hy(u) =1 1, Py /2 <u<1/2, (1.15)

hn(l—w), 1/2<u<1;

\

(c)l=2,0<Kk<1/2(p, =pN*3):

[1 —cos(2mu/py)]/2, 0<u<p,/2,
hy(u) =1 1, py/2 <u<1/2, (1.16)
| hn(1—w), 1/2 <u<1;

where py is the fraction of the data that are tapered. Letting py tend to zero at some
slow rate seems to be realistic in most situations — in particular if one regards tapering
as smoothing the break from “data” to “no data” at the edges. Asymptotically, data
tapers with py — 0 very often lead to fully efficient procedures (compare for example
our Theorems 2.1 and 2.3 below) while on the other side the advantages of tapers can be
retained (cf. the discussion in Section 3).

In Section 2, we prove some CLT and LIL for the SA estimate and the MP estimate. All
discussions are under the premise of using data taper. The coefficient on the right hand
side of (1.13) is reduced from 2 to 1. The performance of the SA and MP procedures,
and the effect of data taper are compared.

When the performance of a procedure for detecting or estimating hidden frequencies
with data taper is judged, there is a fact that the bias due to leakage disappears asymp-
totically. But this advantage of data taper cannot be reflected by a classical CLT or
LIL. For this reason, we adopt in Section 3 the special asymptotic approach of Dahlhaus
(1988, 1990) for spectra with strong peaks: The peaks are assumed to increase with the
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sample size leading to different asymptotic results which seem to be more realistic for
finite sample situations with strong peaks. By this approach, we show that data tapers
diminish the leakage effect and that this advantage overcomes the increase of estimation
variance derived from the classical CLT and LIL in Section 2 which may be a misleading
in the situations of “strong peak” or “more than one hidden frequency”.

In Section 4, we provide some simulation results which verify our theoretical proposi-

tions and Section 5 offers some concluding remarks.

2 Asymptotic properties of estimates

For a taper function hy(u) we use the following notations:

HW) = X ()Y exp(cion), Y= B0, 0 = [y}
o
(2.1)

We assume that the taper function is symmetric about 0 with hy(0) = hx(1) = 0
The taper (1.14) which belongs to the non-tapered case does not fulfill this. However,
all results proved below also hold for this case since the contribution resulting from the
observation y(N), [u = 1 in (1.14)] can be neglected asymptotically.

Furthermore, we always assume in this section that the taper is of the order (I,0).
Setting x = 0 is not a substantial restriction because if £ > 0, the situation is closer and
closer to the non-tapered case as N — oo, i.e. hy(u) converges to (1.14). However, the
case Kk = (0 is easier to treat theoretically.

If K =0, hy(u) and AN are independent of N. We simply denote them by h(u) and



h. respectively. Obviously, for large NV,

H™N = Nh,. (2.2)

r

2.1 How to use data tapers to SA

For the sake of simplicity, we concentrate our discussion on the hidden frequency wy,
and @; is an initial estimate of wy, satisfying (1.9). The main steps of SA are (see Chen
1988a):

(1) Choose a small integer M > 2 and divide the data of size N into M equal segments.
As M is small, we may throw away the last few data points until /N is divisible by M.
On the other hand, note that hy(1) = 0, so y(V) is always diminished to zero and hence
sometimes we may add {y(N)} of any values to make N being divisible by M. In either

case, we always can assume that M divides N. Let

sN/M

E(s) = &(s) —i&(s) = > y(n)exp(—iwin), s=1,2,...,M (2.3)

n=(s—1)N/M+1
(2) Denote

2(s) = arg(&(s)) (2.4)

which takes values in, say, [0, 27) or [—7, 7). Form a linear regression model
z(s) =a+fBs+e(s), s=12,...,M. (2.5)

(3) The LSE of f is

Z(S - 9 )27 (2'6)



and the final estimate w; of wy is

~

@y =@ 4+ BM/N, e (= (& —a)N/M. (2.7)

Chen (1988a) pointed out that step (2) should be revised as the result depends on

the choice of an interval of length 27. Using the “mean direction” 3, he puts &'(s) =

£(s) exp(—if3) = &,(s) +i&}(s) and replaces z(s) in (2.4) by
z(s) = arg(&'(s)), —w<z2(s) <. (2.4)

It can be shown that, for large N, values of z(s) are within or around the interval
[—7/2,7/2]. (See the end of Section 3, Chen 1988a). In this interval, 0 corresponds to
the “main direction”.

We now introduce data taper to every segment of data. Suppose h(u) is an ordinary

taper function, put

h(Mu—(s—1)), (s—1)/M <u<s/M,
h(u,s) = (2.8)

0, otherwise,

s=1,2,..., M. Then instead of (2.3), we have

&(s) = > h(—,s)y(n) exp(—iwin), s=1,2,..., M. (2.3")

Using (2.3’), (2.4’), (2.6) and (2.7), we obtain w;.

For taper (2.8), corresponding to (2.1), we may define H{})(w) from h(n/N, s) and

HN = HM(0) = i{h(ﬁ s)) = fo{h(@)y M =Ny, (2.9)
7,8 r,s — N’ — N i M i '
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In view of (1.1), (1.2) and (2.3’), and notice that h(u) is symmetric about 1/2,

N/M
£(s) = Ajexp(is(wi —w1)N/M) Y h(nM/N)exp(—i(w; — w1)n)
N "~ N,
ALY h(ﬁ’ s)exp(i(wy, — @1)n) + > h(ﬁ’ s)x(n) exp(—iwin)
k#1 n=1 n=1
which can be rewritten as
E(s) = A1G exp(ifis) + 3 AHLY (wr — 1) +€°(s) (2.10)
k#1
where
ﬁ = (w1 - (DI)N/M, (211)
N/M
G=HY(w —@) =3 h(nM/N)exp(—i(w;, —@1)n), (2.12)
n=1

and the definition of £*(s) is self-clear from (2.10) by referring to (2.3’) with z(n) replacing

y(n). It is worth noting that @;, #, G all depend on N.

Lemma 2.1 For any @, satisfying (1.9), as N — oo,
N Ny . N
Mhl S |G| S Hl(,l) = Mhl a.s. (213)

where

’

W=t {(f " h(u) (cos u)du)® + ( | () (singu)du)?} 2 > 0,

0<p<n/M

If |w; — ©1| = o(N7Y) a.s., then |G| = (N/M)h, a.s..

Proof: Suppose |w; — @1 = ¢/Nwith|y| < n. Forn=1,...,N/M, 0 < |w; —&|n =
(¢/N)n < w/M always holds. Hence the first inequality of (2.13) follows from (2.12)
immediately. The second inequality and the approximation in (2.13) are obvious.

11



2.2 CLT for SA

Lemma 2.2 Suppose z(n) satisfies

z(n) = io: O;e(n —j), i 07 < oo, (2.14)

j==s0 j==o0
where e(n) are i.i.d. with Ee(n) = 0 and Ee(n)? = o2, f(w) = (27) 0?2 0,6 7|2 is
piecewise continuous and continuous at wy. Put £%(s) = &7(s) — i&3(s). If w1 — wy a.s.,

then
(rH5Y) (€0 (1), =5 (1), .-, T (M), =& (M) 5 N5 (0, (f(w1)/2)Toar)  (2.15)
where Iopy is the unit matriz of order 2M and T denotes transposition.

Proof: The proof can be viewed as an application of Theorems 8 and 10 of Chapter IV

in Hannan (1970) by taking (referring to examples therein)

yélsv_)l(n) = h(%, $) cos w1 n, yéf)(n) = h(%, $) sinwyn.

We omit the details.
Remark: Notice that (2.14) is a weaker condition than (1.3). Alternative conditions
for (2.15) to hold are given in Hannan (1970, p.226) by assuming {z(n)} being uniform
mixing and some others.
Denote o = arg(A,G),
n(s) = {Z ARHLY (w — @1) + f’”(S)} /A6, (2.16)
k#1
and
7' (s) = exp(—i(a + 35))n(s). (2.16’)

12



In view of (2.10), we have

§(s)/|AG| = exp(i(a+ Bs)){1 + 1 (s)}, (2.17)

¢'(5)/141G| = exp(=if){&(s) /| A1G} = exp(i(a’ + 8s)) {1+ 1/(s)} (2.17)
where o/ = o — 3. Denote 1/'(s) = 1} (s) +inh(s). Since all wy, (k # 1) stay away from w,
(and hence from @), Hg) (wg — @1) = O(1). In view of Lemmas 2.1 and 2.2, and (2.16’)

i.e. the transformation from (n;(s),n2(s)) to (1} (s), n5(s)) is orthogonal], asymptotically,
1 2

we have

|A,G |
(2rH{Y)1/2

f(w1)
2

(0, (1), mb (1), - (M), 15(M))™ 5 N (0, Lonr). (2.18)

The scaling factor on the left hand side is O(N'/?), that means the mean of both 7/ (s)
and n5(s) is o(N~'/2) and the standard deviations of both 1| (s) and n}(s) are of order
O(N~2). With some elemental discussion and inequalities in the probability theory, it
is easy to show the following property: If a random sequence, xy, has mean o(N~'/2)
and standard deviation O(N~'/2), then N'/22% % 0.

Now, the right hand side of (2.17’) can be viewed as |1 +17/(s)| exp{(i(a/ + s +¢e(s))},

where

e(s) = arg(1 +17'(s)), (2.19)
which is the expression of e(s) in (2.5). By Taylor expansion and the above mentioned
property, one sees that N'/2(e(s) — n}(s)) 2 0. Hence,

|A,G |
(2mHSY))1r2

(e(1),...,e(M))” % N(0, f(;"l)IM). (2.20)

13



In view of (2.9), Lemma 2.1 and notation (1.12), if |w; — ©;| = o(N ') a.s., then
(N/M)@rHY /| AGI) f (1) 2 5 (ha/ W) Ri 2 2. (2:21)

If it only holds |w; —@;| < /N a.s., hy may be replaced by a stochastic number between
h, and A’ defined in Lemma 2.1.

.From (2.6) and (2.5), it is easy to show that

B—ﬁzz(s—M“>e<s>/z<s—M“V. (2.22)

T 2
Therefore, 3—3 is asymptotically normal with Var(6—3) = 12Var{e(1)}/{(M—1)M (M+
1)}. By (2.7) and (2.11), & — wy = (8 — f)M/N. Combining these results, we have the

following theorem.

Theorem 2.1 For model (1.1) and (1.2), where {x(n)} satisfies conditions in Lemma
2.2, if the initial estimate @1 of wy satisfies |wy, — @1| = o(N7') a.s., then as N — oo,

the estimate w1 obtained by SA satisfies
N32(@y = wi) 5 N(0,{6M?/(M? — 1)} (ha/h}) R7). (2.23)

In the case where @y only satisfies (1.9), then asymptotically, the mean of &y — wy s
o(N~3/2) and its asymptotic variance is between N~3{6M?/(M? — 1)}(hy/h?)R;* and

N=H{6M2/(M? — 1)} (ha/h”) R

Remark: (i) Usually, the first &; obtained in the stage of detecting the hidden frequency
with special form of 7j/N, (j is an integer in [1,N]) only satisfies (1.9); however, as the

theorem does not require w; to be of any special form, we may use the resulted w; from
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the preliminarily use of SA which satisfies |@; — wi| = O(N~%?2) = o(N~') a.s. (see next
subsection); i.e. when the SA procedure is iterated twice, (2.23) is assured.

(ii) The data taper introduces the extra factor ho/h? into the asymptotic variance (and
its square root into the upper bound of the LIL — see Theorem 2.2 below). By using
Cauchy-Schwarz inequality it can easily be shown that hy/h? > 1 with equality if and
only if A(u) = 1 for 0 < u < 1 a.s. which is the non-tapered case. Equality also holds
for an asymptotically vanishing taper with py — 0. Thus, we have an asymptotic loss
of efficiency by using a non-vanishing data taper. Nevertheless, tapering may be very

beneficial in certain situations as we will point out in Sections 3 and 4.

2.3 LIL for SA

Theorem 2.2 For model (1.1) and (1.2), where {x(n)} is defined by (1.3) and (1.4)
with some further conditions as stated in Theorem 3.1 of Chen (1988a), if |dh(u)/du| is
uniformly bounded in (0,1) and the initial estimate w; satisfies |wy — w| = o(N"1); then

as N — oo, the estimate Wi obtained by SA satisfies

limsup(N?/loglog N)2|& — wy| < M3¥2Ch(hy? /b)) R, a.s. (2.24)

N—00

where

M M+1 M M +1
Cu =Y Is = =51/ (s = =) (2.25)
i=1 j=1

In the case that @y only satisfies (1.8), hy in the right hand side of (2.24) should be

replaced by h' defined in Lemma 2.1.
Proof: It is trivial to introduce the factor hé/Q/hl into the formula. For that, all we
have to do is replacing “h(u,s) = 1, if (s = 1)/M < u < s/M; or 0, otherwise” (that

15



gives hy = hy = 1) by a general taper function satisfying the conditions mentioned in
the theorem and carry on the proof in Chen (1988a). The major task is then to reduce
coefficient 2 in (1.13) to 1.

Consider [see (3.30) in Chen, 1988a]

N N

n . %), 1 .
Z h’(ﬁ’ )z (n) exp(—iwin) = Z hgv)(ﬁa s)x(n) exp(—iwin), (2.26)
n=1 n=1
where
h(N*) (u,s) = h(u, s) cos Noyu — ih(u, s) sin Noju (2.27)

and @, = &1 —w;. As |01 < 7/N, so, |[INw;| < m and hence |dh§$)(u, s)/du| are uniformly
bounded in v and in N.

Lemma 3.1 in Chen (1988a) may be extended to the complex situation: ¢y = oW —

i, Y = ) — iy, with

P(limsup [¢x(Uy)| < limsupsup |pn(2)]) =1, (2.28)
N—x

N—oo zeEK

where QO%) and 1/)%) are sequences of linear functional in C[0,1]. Similar to (3.21), (3.22)

in Chen (1988a), put

() = [ LB (s = 3 () = o ()
n(z) = | Z(u)hy (u,s U_n:1zN A5 ~ (5 5)
then |[¢n]|| is bounded in N, limsupy_,., sup,cx [¥n(2) — pn(2)] = 0 where K is a

compact subset of C[0,1] with its elements z(u) satisfying 2(0) = 0 and fj 2(u)du = 1
where Z(u) denotes dz(u)/du. Hence the conditions of the lemma are all satisfied. Thus
(2.28) gives

n n—1

&)~ Uv( I (55 9)

N
limsup | Y {Un(

N—oo n=1
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1
< limsupsup | é(u)h%)(ﬁ,s)dm
N—oo z€K J0 N
1 1
< limsupsup(/ Z(u)Qdu)l/Q(/ |h§$)(u,s)|2du)l/2
N—oo z€K J0 0

1
= lim sup(/ h(u, s)*{(cos N&yu)? + (sin Noyu)?ydu)'/?
0

N—x

= (hoy/M)Y? a.s. (2.29)

Therefore except introducing some factors of h; and hy, the coefficient 2 + € in (3.31)
of Chen (1988a) may reduce to 1 + e. The rest of the proof is exactly the same. There
is a slip in Chen (1988a) of ignoring the condition |@; — w;| = o(N™') for (2.24) to be
true which has been taken into consideration in Lemma 2.1 of this paper. As it was
pointed out in the remark right after Theorem 2.1, iterating the SA procedure once more

is suggested.

2.4 CLT and LIL for MP

Apart from the notations in (2.1) and (2.2), we introduce the following notations:

b, = [} u{h(u)} du h, = [} u?{h(u)} du
M (w) = SN (2){h(2)} exp(—iwn), H. (W) = SN (2)2{h(2)}" exp(—iwn), |
HiN) _ HfﬂN)(O) - N]i,, HiN) _ quN)(O) -

)
(2.30)

We do not go into the details of proving theorems, as Hannan (1973) and Hannan and
Mackisack (1986) have already got the results for the non-tapered case. We just show,

under the conditions given in this paper, what happens if a data taper is introduced.
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Imitating Hannan (1973), put
N n 2
gy (W) =N y(n)h(ﬁ) exp(—iwn)| . (2.31)
n=1

By expressing y(n) by (1.1) and (1.2) and focusing our attention to wy, under conditions

of either Theorem 2.3 or Theorem 2.4 below, we may show that:

—1/2 dgy(wi) N-5/2 al _
N g = i{(A NHY Z h n) exp(iwyn) — the conjugate)
w 1
AlNH(N Z h n) exp(iwyn) — the conjugate)}
+O(N1?), (2.32)
Lo d?qy (W) 2 1 2 ~1/2 . / ~1
N - —2|A;[*(hihy — b)) + O(N %), if |w) —wi| =o(N 7); (2.33)

where the meaning of O(N~/2) in (2.32) and (2.33) is “O(N~/2) a.s.”, and dq(w;)/dw

etc means {dq(w)/dw},—y,, etc. By Taylor expansion,

d d2 l
N1/2% = —N¥2(, — wl)]\ﬂ%, (2.34)

where w; in the MP estimate satisfying dg, (@1)/dw = 0 and w] is a value between w; and
@p. Similarly to Lemma 2.2 with hy(u, s) replaced by hy(u) or uhy(u), we can show
that the right hand side of (2.32) is asymptotically normal with mean 0 and variance
2| Ay [2(h2hg + h2hy — 2hyhyhy) (27 f(wr)). Combining (2.32) through (3.34), we have the

following theorem.

Theorem 2.3 For model (2.1) and (2.2), where {x(n)} satisfies the conditions in Lemma

2.2, the solution of (2.34), @1, exists (in probability) in a neighbourhood of wy, and

N3 (@1 = wi) 5 N0, (pa/203) R?), (2.35)
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where

M1 = h%hQ + hfhz — thﬁlﬁg,
(2.36)

2

Mo = hlﬁl - hl'
The proof of the existence of the solution of (2.34) [i.e. there is an w; satisfying (2.34)]

is outlined as follows. Consider all w in a neighbourhood of w;, say {w : |w—w;| < N~9/8},

and 6 > 0 (say, 1/8), in view of (2.33) and (2.36), put (2.34) in the form of
N2 w — wi) = (N2 0dg, (wi) /dq} /{21 AufP o + O(N 2} (2.37)

Notice that d?qy(w])/dw? is a function of w (since w}] depends on w), we may put (2.37)
as D1(N)/Dy(N,w). Then P(|Di(N)| <¢) > 1—c¢€ (¢ > 0is a constant) for any € > 0
and all sufficiently large N [since N°D;(N) is asymptotically normal with finite variance)].
For fixed large N, with |D;(N)| < ¢, since Dy(N,w) is a continuous function of w and
takes values around 2|A;|?uz, Di(N)/Dy(N,w) is a continuous bounded function of w.
But since N3/27%(w —w) is a linear function and reaches =N"*in &; € (w; —N~Y%, w, +
N~98), there must be a solution &; in this neighbourhood. Similarly, &; exists a.s. in

the following theorem.

Theorem 2.4 For model (1.1) and (1.2), under the conditions of Theorem 2.2, the

solution of (2.84), @, exists almost surely in a neighbourhood of wy and

lim sup N*/2(loglog N)Y2|@y — wy| < (u}/z/ug)Rl’l, a.s. (2.38)

N—oo

Proof: From (2.32), we have

N, ‘ N, _
|dgy (w1)/dw] = 24| [cospr ) g(N)x(n) cos win — sin g Zg(ﬁ)x(n) sinwin
1 1
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= 2] | Refe” 3 g(=)a(n) exp(iwin) }
< 2|A1||;g(%>x<n>exp<—mn>|, (2.39)

where A; = |A;|exp(ip1), 9(%) = Mh(F) % — hlh(%) We have [3 g(u)?du = py. How-

ever, (see Theorem 3.1 in Chen, 1988a)

N—x

N
lim sup(27 N loglog N)™/2| 3 g(-)a(m)e "]
1

IN

() [ gluduy”

F)?u” as., (2.40)

therefore (2.38) follows from (2.40) and (2.32) through (2.34).
Remark: Data taper introduces the extra factor u;/(12u32) into the asymptotic variance
of the CLT and its square root into the upper bound of the LIL [cf. (1.10) and (1.11)].
Below, we prove that this factor is larger than or equal to 1 with equality in the non-
tapered case which leads to the same situation as for SA estimates [see Remark (ii) after
Theorem 2.1].

To prove the inequality ju;/(12u2) > 1, we first note that due to the symmetry of the

taper about 1/2 we have hl/hl = 1/2. We then get with the Cauchy-Schwarz inequality

. . 1 1 . 2
W= by == U (uhy — hl)Qh(u)du]
1 0

< Uol(uh,1 — hn)?h(u)de] hi%/ol(uhl ~ h)2du

Theorems 2.3 and 2.4 give (1.10) and (1.11) respectively, where equality holds in (2.38)
for the non-tapered case. In fact, under some other conditions (Theorem 3 in Chen, 1990),
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it can be shown that the equality in (2.38) holds for general taper functions. For SA we

do not know whether equality in (2.24) holds under some conditions.

2.5 Comparison

For SA, the effect of a data taper produces a factor hy/h? in the asymptotic variance and
a factor hé/Z/hl in the a.s. upper bound; while for MP, correspondingly, y;/(12u3) and
11 /(1242 1). For the non-tapered case (1.14), and the cases of using tapers (1.15) and
(1.16) with p, = p = 1 (full size tapers), we list these values in Table 2.1. For tapers

with smaller p, the efficiency loss is smaller.

Table 2.1 The taper effects

SA MP
Taper hy Iy h;ﬂ/hl Ha 25) M}/z/(ml/?/@)
(1.14) 1 1 1 0.0833  0.0833 1
(1.15) 1/3 1/2 1.15 0.00208 0.01042 1.27
(1.16) 3/8 1/2 1.22 0.00148 0.00820 1.36

Intuitively, in SA, we may regard £(s) as a vector in the complex plane of length
about |A;G| = hyN/M turning an angle of # every time for s = 1,... M with a
disturbance which has mean O(1) and standard deviation in each dimension about
r N F(w1)/2)172 = (hymN f(wy)/M)V? [see (2.10), (2.15) and (2.9)]. When a data
taper is used, the disturbances become smaller (smaller hy) but the vector becomes
shorter (smaller hy). As the result of balancing, hé/Q/hl increases and hence the stochas-
tic error of the actual turning angle from 3 increases by the data taper. That leads to a
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larger estimation error of 4 and a larger estimation error of w.

For MP, p; may represent the effect of tapers on the scale of disturbances, and pus
represents the effect on the sharpness of the peak generated by w; (a sharper peak leads
to a more accurate estimate). As the result of balancing, u}/ 2 /12 increases, and so
tapering also increases the stochastic error. In ordinary situations [no high peaks in the
spectrum of {z(n)}, no other close and strong hidden frequencies], “no taper” or “light
taper” (say, p = 0.1) are recommended (cf. Section 4).

Now, the performance of SA and MP are compared for the non-tapered case. Table 2.2
lists the asymptotic standard deviation (A.S.D.) for CLT and the almost sure boundary
(A.S.B.) for LIL where M = 2,3,5,7. Since R; ' is common in all the formulae, only the

coefficients are listed. Theoretically, M may take any integer value greater than 1.

Table 2.2 A.S.D. and A.S.B. in the non-tapered case

SA MP

M 2 3 3 7

ASD. 6YV2M/(M?—1)V/2 2383 260 250 248 ui/?/(2Y%u,) =2.45

A.S.B. M32C, 57 52 67 7.9  ul?/uy =346

notes Chr 2 1 3/5 3/T = pe=1/12

If we take A.S.D. as the measure of accuracy, we observe that a large value of M is
preferred for the SA method which converges to the A.S.D. of the MP method (i.e. as
M increases, 6Y/2M /(M2 —1)1/2 — ;1/? /(2Y/21,) = 61/2 = 2.45). However, all differences
are insignificant. If we take A.S.B. as the measure of accuracy, the minimum for SA is

attained at M = 3 and increases rapidly as M increases. The values are much larger than
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the A.S.B. via MP. However, for SA, we are not sure whether this bound can be achieved
or not. It could be a conservative bound. Anyway, a large M is not recommended for
SA. From Table 2.2, we see MP is better than SA in ordinary situations.

In practice, the solution via MP is obtained by a grid search (say, in a finer lattice
than 7j/N) rather than by solving dI,(w)/dw = 0 [I,(w) is given by (1.6) with tapers].
SA obtains the solution by a simple analytic formula which is computationally far more
efficient. In our experience, for N = 150, SA only takes about 1/50 of the time used by

MP.

3 The advantages of using a data taper

3.1 A model coping with leakage effect

Theorems 2.1 and 2.3 only show a disadvantage of using data taper, namely the increase of
the asymptotic variance of the SA estimates and the MP estimates. This is typical when
data tapers are used. A similar increase of the asymptotic variance can be observed in
several other situations, for example for tapered kernel spectral estimates (cf. Dahlhaus,
1990) or for tapered Whittle estimates and tapered Yule-Walker estimates (cf. Dahlhaus,
1988). Nevertheless, tapering may lead to dramatic improvements of the bias of the
estimates. Simulations which show these improvements for kernel spectral estimates
and tapered Yule-Walker estimates can be found in Dahlhaus (1988, 1990). The bias
of non-tapered estimates usually results from spectral leakage from strong peaks in the

spectrum, or - from the periodic components. The leakage effect is a finite sample effect
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and the classical asymptotic analysis therefore is not suitable for describing this effect.

For this reason Dahlhaus (1988) had introduced a different type of asymptotic analysis.
In his approach, the magnitudes of peaks in the spectrum were allowed to increase with
the sample size. With this (different) asymptotic theory, the leakage effect does not
disappear asymptotically and the benefit of data tapers can be seen. Thus, the use of
this theory reflects some problems for a fixed sample size in a much better way.

We basically follow the notation of Dahlhaus (1990) where he introduced a class of
stationary processes X (N, s1, o, 0g, Cp). An element, {z:(n)}, in X (N, s1, 2, g, ¢g) can be

represented in the form

z(n) = fj 0 u(n — ) (3.1)

j=—00

where, {v(n)} is an ordinary stationary series with spectral density satisfying c¢j' <
fvo(w) < ¢y. Dahlhaus also requires stationarity up to 4th order and that the 4th order
spectral density is bounded, but these are not necessary in our study. The transfer
function O (w) = ¥2 Gj(-N)e_i“’j can be written as
T1 72
N S1j N 52j
O (w) = [T {0 (w - )} [ T1{65" w — A} (3.2)
j=1 j=1
with Sij < s (’L = 1,2), |>\i1j1 — Ai2j2| > 2(50 (HlOd 271') for (ilajl) §£ (ig,jg). If we denote
2
O57 () "= g5 (V), then
i {Ln, VY < gV} < cof L, (VY (3.3)
where N;; < N and Ly()) is a function defined as

N, Al < 1/N,
Ly(\) = (3.4)

1IN, 1/N <[\ <
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This means that the spectral density may have peaks of order O(N?%2) and troughs of
order O(N~21).

We do not try to convince readers that there must be realistic series like that, but we
use this model as a tool to describe the situations that for a given N, the heights of peaks
or the depths of troughs of the spectral density are competitive with N22 or N~ 21 and
embed such situations into the model for theoretical discussion. We now use this model

to describe the advantages of using a taper.

3.2 A property of data tapers

We may introduce data tapers in (1.5) and (1.6) to define dy(w) and I,(w). Similarly,

2

L(w) = |dy(w)|? = rHSY 2_: N ) exp(—iwn)| . (3.5)

Here, we temporarily assume that {z(n)} is observable. From (2.1), it is easy to show

that

EL) = [ o= NerHM) M ()P, (3.6)

The classical result is that as N — oo, El,(w) — f(w). However this is not necessarily
true for {x(n)} € X (N, s1, $2, d9, ¢o)-

Put A = ¢/N, and denote the Fourier transform of hy(u) by

Hy() = (27) /_ °:o hi (w) exp(—itpu)du = (27rN)1HfN)(%

) (3.7)
then we have
B = 2 [ o - D)ty (w) P, (3.8)

h2 —N7
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Using integration by parts, if Ay (u) is of order (I, ), and d’hy(u)/du’ is a piecewise

continuous function plus Dirac-é function, then for j <[+ 1,
e . ,
Hy () = (16) 7 [ (@ hae(w)/du) exp(—iup)du/ (2r).
For (1.14), (1.15) and (1.16), we obtain respectively:

Hy(4) = H(y) = (i) {1 — exp(—iv))}/2m,

Hy () = (i) {1 — exp(—it)) {1 — exp(ip, ¥/2)}/ (mpy),

Hy(¥) = (i) 7{(1 — exp(—i)))(1 + exp(ipy1)/2))

22 2
- /pN sin ﬂ exp(— iuz/))du(—ﬂ)
N

27r(1 —u)

+ sin ———= exp(— zuw)du( )}—

1—pn /2 Py

In general, we may write formulae of (3.10) as

Hy(¥) =~ " p g, py ),

(3.9)

(3.10a)

(3.10b)

(3.10¢)

(3.11)

where |¢;(¢, p, )| is bounded for all ¢» and p,. Unlike Dahlhaus (1988, 1990), we simply

define the order of a taper by (I, ¢), if Hy(1) has an expression like (3.11) and p,, = pN ¢,

where ¢ > 0, usually, is very small. Now (3.11) may be written as

Hy () = ONCG (4, N€), |di(, N79)| < ¢,

(3.12)

where, ¢ > 0 is a constant. From (3.12), we see that larger [ gives smaller |Hy(¢)]| (for

|| > 1), and hence (3.8) is closer to f(w). In particular (3.8) shows that FI,(w) is less

affected from peaks of f(\) at frequencies A different from w.
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3.3 Eliminating leakage

In the following, we denote the spectral density of {z(n)} € X(N, sy, 52,0, co) by fn(w).
A simulation (Dahlhaus, 1990) has shown that if {z(n)} € X(N, sy, s2, d9, ¢o), with non-
tapered data, there is no indication in I,(w) to reflect small peaks of fy(w). But with
data tapers, the small peaks of fy(w) can be discovered by I,(w). We now show more
detailed why leakage from large peaks of fy(w) can be eliminated by data tapers.

In view of (3.2) through (3.4) and ¢;* < f,(w) < o, for fy(w) = |0M)(W)|2f, (w), we
have

CQLN((U — )\2j)252j S fN(w) S clLN(w — )\2j)252j, w & [)\2]' - (50, )\2]' + (50],

oLy (w— A1) < fy(w)™' < erLy(w — Aij)*Y, w € [\ — 0o, A1j + ol; (3.13)

e < fyv(w) < e, otherwise;
\

where ¢, co > 0 are constants.

For simplicity of notation, suppose at Ag; = A2, fy(A) has a highest peak with sy; =
sy > 1. Fixw ¢ (Aa—do, Aa+Jp). The cumulated leakage from fx(X), A € (Aa—0dp, Aa+0p),
to El,(w) is then the integral (3.6) but with lower integration bound w — Ay — dp and
upper integration bound w — Ay + &y, or in (3.8), the bounds are N(w — Ay — dp) and

N(w — Ay + &p). In view of (3.11) and (3.13), for large N,

(w=X2+d0)
[ o - ) lHy @)y

N(w—X2—0dp)

N(w—/\2+60) 1/)

< N2+ —21/ L — Ay — )22

< cg O N(w = A N) (0

oty [N V26 Cor—1y2c [ 20

— ¢gN / Liv(=50)2dv) = g / L (6)22d0
—Ndo —do

= cg]\/PZl*lJerC(N2S2 + /50 97252d9) — CgNZsT?(lH)JF?K (3 14)
N 1 ’ '

where g = max{|w — Ay + Jo| 2V jw — Ay — 724D} and ¢ > 0 is some constant
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that may be different in different formulae. Note that (3.14) is true only for s, > 0. If
sy = 0, we obtain cg N=2=1+2¢ for the last expression; it could be O(N~1!) even for [ = 0
(non-tapered) by choosing ¢ = 0 — this is not the situation of our concern.

On the other hand, again by (3.11) and (3.13), for large N (so N~ < dy),

N(w—X2+4d0)
[ et = )l () P

N(w—X2—4dp)

- —1
o /N(w Ao+ N1)

Y 25y 1-201
= Ln(w — Ay — —)282)[—204D) 2,
N n(w — o N) )] \u(, p,, ) |2def

1
= Cplw — Ao T2 p2t N 2s2 2 ) / |01 (N(w — Xo) + 6, p,)?d0.  (3.15)
—1
If data are non-tapered (I = 0), we obtain from (3.10a), with ¢y = N(w — \y),

/_11 o1 + 0, p,, ) |2dO = /_11 11 — exp(—irp) exp(—if) [*(27) ~2df > c; (3.16)

then, from (3.15), (3.16) and noticing py* > ¢, we see that the leakage from this highest
peak reaches the order O(N?(2=1). Therefore the periodogram can not be asymptotically
unbiased if sy > 1.

In general, the leakage is dominated by (3.14), that is O(N2(2=+K=1) For [ > 0,
from (3.10), we may also show that [*, |¢;(1) + 0, p,)[?d@ is bounded away from 0, so
that (3.15) may reach the order of O(N?2=+¢=1)) "it means that a data taper with an
adequate [ and ( eliminates the leakage.

Not only high peaks of fy(\) may produce large frequency leakage, strong hidden
periodicities can also produce leakage. The main contribution of a hidden frequency, wy,
to dy(w) is like a term in the middle summation of (2.10). Referring to (2.1), (3.7) and

(3.11), we have

A2aN)V2HN (0 — wy)

28



= A(27N)2(27N)~ Z hN ) exp{—iN(w — wk)%)}
= A, (20 N)YV2Hy(N(w — wy))

= Ak(27r)1/2N_l_1/2p;l(w — wi) "D (N (w — wi), py ) (3.17)

If |A.] is a constant, (3.17) is the order of O(N~=1/2%¢), The main contribution of wy
to I, (w) = |dy(w)|? is the squared value of (3.17), which is O(N~!) in the non-tapered
situation for w ¢ (wy, —d,, wr+0,). However, the coefficient in the O(N~!) - term depends

on |Ag|?. Let us put
|Ak| = O(NP?), p>0 (p=0 is the ordinary case). (3.18)

Here again this model is used to describe such critical situations although it does not
necessarily exist in the real world. The leakage from wy to I, (w) now is O(N2P=+=1/2))
(which also fades away as w goes away from wy), and the use of a data taper (I > 0)
again helps to eliminate the leakage.

In the following subsections, we discuss how data taper may improve the methods for

detecting and estimating hidden frequencies discussed in this paper.

3.4 SA and MP may not work without data taper

Let w; be a hidden frequency and @; be an initial estimate, for them, (1.9) holds. Using

the definition of £(s) in (2.3’), we have
(2rN)~12¢%(s) = dy(@,)  with taper function hy(u,s), s=1,...M. (3.19)

Suppose that fy(w) has a peak of order sy at \o, wy; & (A2 — dg, A2 + dg). Since
the asymptotic variance of d, (&) is El.(@), in view of (3.14) and (3.15), the cumu-
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lated leakage from fx(A), A € (Ay — do, A2 + dp), to EI,(&;) may reach the order of
O(N2s2=1+=1)). or this leakage to the asymptotic standard deviation of £7(s) may be
as large as O(N*2~1=1/2+1¢),

For SA to work, the error of regression model (2.5), e(s), must be of order at most
o(1). Since n(s), n'(s) and e(s) [for the definition, see (2.16), (2.16’) and (2.19)] are of
the same order, so 7(s) must be of the order of at most o(1). Now, |4;G| = ¢N (Lemma
2.1), so, the deviation of £7(s) is allowed to be at most o(/N). Hence, the requirement for
suppressing the leakage is

Sg—1—1/241C < 1. (3.20)

For the leakage does not affect the asymptotic properties of the estimate (Theorems 2.1
and 2.2) which hold under the conditions that the deviation of £%(w)/|A,G] is O(N~'/?)

the other term in (2.16) is of smaller order, we require that
so—1—1/24+1( <1/2. (3.21)

If we take [ = 0, then for s, = 1, the left hand side of (3.21) is 1/2. SA works but the
asymptotic properties are jeopardized, while s; = 2, SA fails to work. Now, we take
[ = 2 and a small value for ¢ (simply, ¢ = 0), the left hand side of (3.21) may be even
less than 0, SA works as good as in the ordinary situations.

For MP, consider the effect of the cumulated leakage from fx(\), A € (Aa—dp, Aa+0y), tO
the standard deviation of N'/2 3>V hy(2) 22 (n) exp(iwin) and N2 32V hy(2)z(n) exp(iwin)
in N'2dgy(w;)/dw of (2.32), where notice that N=5/2(NHM) = O(N='/2), h(u) and
h(u) = h(u)u have the same order [ [though A(u) is not a usual taper function as it is not
symmetric about 1/2]. This cumulated leakage may reach the order of O(N%2~!=1/2+¢),
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But the variance of the left side of (2.34) is O(1) [similar to EI,(w)]; so, only if the
contribution of the leakage is of o(1), then its effect on the estimate of w; can be ignored.
It means that s, — [ — 1/2 +I¢ < 0 is required, and we have to choose some [ > 0 if
s9 > 0.

Data tapers also help if Ay, in the model are of the form (3.18), i.e. Ay = O(NP*), p >

0. Applying (3.17) to Hg) (w —wy), we have
AkHl(fZ)(wk — @) = O(NPeIHIGY, (3.22)

Suppose that {z(n)} is an ordinary series (no sharp high peaks in its spectrum) and
p1 = 0. Consider the estimation of w;. Due to (3.19), a term in the summation of the
right hand side of (2.10) is O(NP+="+¢) In the ordinary situation where all p, = 0 and
[ = 0 (no taper) we have O(NPx=1+¢) = O(1). Now, some p, > 0. For SA may work
as well as in the ordinary situation, it requires p, — [ + [ < 0. Note that the standard
deviation of £%(s) is O(N'/?). If py, — [ +1¢ < 1/2 is not fulfilled then SA does not work.
Obviously, these inequalities may be fulfilled for p, > 0 if [ is chosen large enough. A

similar discussion can be carried out for the MP method.

3.5 A data taper helps detecting w;
The basic statistic for detecting w; in model (1.1) and (1.2) is 2(w) = I, (w)/ {fN(w) log N},
where

K
Lw) = N Y QA HM (0 —w) BV (W - w;)?

Jk=—K

H%Nrm(ilﬂmm@—wm%wy

k=—K
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+(2rN)~V2( fj A HM (w = wi)) dy (w) + L(w). (3.23)

k=K

and fy(w) is a nonparametric estimate of f(\) — usually an average of neighbouring
periodogram values where I, (w) is left out, or some peak insensitive estimator for f(\)
as in von Sachs (1993).

Consider w in a neighbourhood of w;. In ordinary situations, w; contributes a peak to
I,(w) at w; through the first summation of (3.23), with the height of (27 N) 1| A, H{M|? =
O(N), while the estimator fy(w) should not be influenced too much by the peak of I, (w)
at w; [it is one of the major problems to design the estimator fy(w) in such a way -
however, this is not discussed in the present paper|. Ideally, fN(wl) should be of order
O(1) leading to a value for Z(w) of magnitude O(N/log N). The test suggested in Section
1 then detects the existence of a hidden frequency.

When heavy leakage is present, these ideal properties of I, (w) and fn (w) are corrupted.
In particular fy(w;) may increase substantially which leads to a much lower value of 2(w)
around wy. A similar situation may happen if there are other hidden periodicities of strong

magnitude. However, leakage effect can be eliminated or reduced by data taper.

4 Simulation

4.1 An ordinary situation

The following specification is used in our simulation to verify the theorems in Section 2.

Let N = 150, {z(n)} in (1.1) be a Gaussian white noise with variance one, and three
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hidden periodicities with |Ax| = 1 at frequencies (10k + 4.5)7 /150 for k£ = 0,4, 5, i.e.
wy = 0.0942, w4 =0.9320, ws;=1.1410. (4.1)

Obviously either (10k +4)7/150 or (10k 4 5)m/150 can be used or regarded as the initial
estimate of wy as wy is almost the average of these two points. The error of the initial
estimate is always about £0.0105. This setting provides an easy way to demonstrate the
improvement of the final estimate and leads to a fair comparison for different procedures
and different k. Notice that, for SA, the final estimate heavily depends on the initial
estimate, while for MP, the initial estimate only serves as a reference of the location.

According to the above model, samples of 150 observations y(n) with 1000 replications
are generated with ¢y, £ = 0,4, 5, being independent uniform random numbers in (—, 7]
in each replication.

First, we use the procedure discussed in Section 1 [around (1.8)] with € = 0 to detect wy,.
The choice of £ = 0 may lead to the detection of spurious hidden periodicities. However,
we took this value since our concern was to study the effect that hidden frequencies which
could not be discovered due to leakage. In our simulation study, all the w,, £ = 0,4,5
are always detected throughout the 1000 replications with the initial estimate, wy being
either (10k + 4)7 /150 or (10k 4 5)7/150 no matter whether the data are tapered or not.

Let a;,(f) be an initial estimate in the pth replication and d},(cp) be the corresponding final

estimate G),(cp ) obtained by either SA or MP. The quantities

MFEAN(k) = — o (4.2)
1000 = "
and
1 X (p) 211/2
RMSE(k) = {1550 (@ —we)?H (4.3)
p=1
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indicate the bias and the accuracy of the estimate respectively. Here RMSE stands for
the “Root of Mean Square Error”. RMSE(k) < 0.0105 indicates that the estimate has
been improved from its initial value.

Table 4.1 lists the RMSFE of both SA and MP procedures for all the combinations of
p = 0 (non-taper), 0.4 (medium-size taper), 1.0 (full-size taper) and M = 2,3,5,7. Since
MEAN (k) is very close to the true value wy, in all cases, its values are not shown.

The numbers with brackets and without brackets under the SA part of Table 4.1 are
the results of using SA once and twice respectively. It is evident that using SA twice
reduces the error significantly in many cases. Among all the M used in SA, M = 3 and
5 provide better results (M = 4 should also be good).

For MP, we do not use the avenue of solving (2.34), since we believe that the remainder
terms in (2.32) and (2.33) are too complicated. We simply calculate I,,(j7/{150 x 100}),
where j runs over all integers between (10k+ 3) x 100 and (10k + 6) x 100; i.e. the values
of the periodogram I, (w) in the range [(10k + 3)7/150, (10k 4 6)7/150] and on a lattice
100 times finer than 7/150 are calculated. The final estimate of wy, is then the value
maximizing I, (w).

To compare the SA and MP procedures, we observe that we can often find a value in
SA part which is better than, or at least, competitive to the corresponding value given
by MP in each case. However, we see that, MP is more stable than SA.

For wy = 0.0942, the results confirm that data taper increases the estimation error
which is theoretically demonstrated in Table 2.1. However, the results for ws and ws do
not support the theoretical conclusion as data taper does not make RMSFE larger, but
contrarily, often smaller.

In fact, this is the advantage of data taper mentioned in Section 3. This example makes
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us aware that, even for such small |A4| = |A5| = 1, the effect of frequency leakage exists
because w, and ws are close; but data taper may reduce this mutual effect. To illustrate
this, an experiment was carried out as follows. Using the same parameter as before to
generate y(n) except for putting |As| = 0, the RMSFEs of MP estimation procedure for
wy are shown in the brackets of MP column and the rows of ws in Table 4.1. These
numbers follow the same pattern as those in the rows of wy, because now the estimate
of w4 is no longer affected by the leakage from ws. The numbers in the brackets of MP

column and the rows of w5 are obtained by the similar way (putting |A4| = 0).

4.2 Some critical situations

We now study the estimation of the same hidden frequencies wy, w,, ws under the situation
where either additional strong peaks at frequencies A;, A\» or additional hidden frequencies
wi,wy with strong amplitudes are present. Here wy = A\, = (10k + 4.5)7/150, i.e. the

strong peaks or hidden frequencies are at frequencies
w; = A1 = 0.3040;  wy = Ay = 0.5130. (4.4)
Again, let
|Ao| = |A4] = 45| = 1. (4.5)

The following four specified situations are employed to demonstrate the advantage of

data taper in detecting and estimating wy, ws and ws.
(A) {z(n)} € X(N,0,2,dy, cp) is the AR(4)-model given by
{1 — 2rn(cosXa) B + 1% B*Y’z(n) = v(n), (4.6)
where B is the backward shift operator and {v(n)} is white noise series with N(0,1)
distribution. By choosing ry =1 — 1.1/N, N = 150 gives ry = 0.9927. As {z(n)} has
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w=A2)|=4 e see that the peak of fy(w) at Ay is

spectral density fy(w) = (27)|1 — rye
(150/1.1)*/27. Furthermore, |A;| = 0 and |Ay| = 0.

(B) {z(n)} € X(N,0,1,0d,¢o) is given by
{1 — 2ry(cos M) B + r3B*}{1 — 2qn(cos \y) B + ¢ B*}x(n) = v(n); (4.7)

where 1 — gy = 5(1 — ry) gives gy = 0.9633 for N = 150, fy(w) has peaks at A\; with
height (150/1.1)%/27 and at Ay with height (30/1.1)%/27. |A;| = 0 and |A5| = 0.

(C) {z(n) = v(n)} is a white noise series with N(0,1) distribution
|A;| =45, |A3] =0 and (4.5) holds. (4.8)
(D) The same as in (C) except
|Ai| =30, |Ay] =15. (4.9)

In the simulation, all initial estimation errors are supposed to be (7/150)/2 = 0.0105.
If the RMSE of the final estimate, given either by the SA method or the MP method, is
larger than 0.0105 in a case, then the method is regarded as offering no further improve-
ment and we simply say that the method “fails to work” in this case.

Tables 4.2 and 4.3 list the MEAN and the RMSE of MP estimates for 1000 replications.
The column “No.” represents the number of times (among 1000 replications) that wy, is
detected for each p. Although wy; may not be detected in many cases, the MP estimation
procedure is carried out throughout all 1000 replications.

The results for wy and ws in these tables show that the medium-size and full-size taper
may make the detection procedure and MP estimation procedure work very well while
they fail to work or work badly for non-tapered data. The further wj stays away from

those high peaks, the better estimation results we have. The results of wy show the
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limitation of data tapers since wy is too close to the highest peak of the spectrum or the
hidden frequency with largest |Ay|.

Here, the improvement of the estimates are in both MEAN and RMSE. For w, and
ws, perhaps, medium-size taper is slightly more preferable. However for wgy, the most
difficult situation, full-size taper makes MP work for (C) and (D), while medium-size
taper fails at all.

These two tables also show that light taper does not make a difference for situation
(A), but has more or less help for situations (B), (C) and (D).

Table 4.4 shows some RMSFE of the SA estimation procedure. The results are the
average of using both (10k + 4)7 /150 and (10k 4 5)7 /150 as the first initial estimate of
wg. Similar to the MP procedure, basically, SA fails to work for wy, and p = 0.1 does not
make much difference with p = 0. We only list the results for w, and ws with p = 0.4 and
p = 1.0. The numbers with brackets and without brackets are again the results of using
the SA once and twice respectively. In all these situations, different from the ordinary
situation, M = 2 is always better than M = 3 [with one exception in situation (B) and
p = 1.0]. SA almost “fails to work” for higher M (those results are not listed). The reason
for this is that in critical situations with strong peaks or strong periodic components as
much data as possible are needed for a reasonably good Fourier transform.

For ease of comparison of SA with MP, we put the corresponding numbers of MP (has
been given in Tables 4.2 and 4.3) again in this table (columns MP). We see that for
situation (A), SA is better than MP; for (B), both methods are competitive; for (C) and

(D), MP is better.
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Table 4.1 RMSEs of SA and MP estimates (white noise case)

SA

we p M=2 M=3 M=5 M=7 MP

0.0942 0 0.0037 0.0017 0.0019 0.0021  0.0016
(wp) (0.0059) (0.0018) (0.0020) (0.0021)
0.4 0.0036 0.0018 0.0041 0.0025  0.0018
(0.0059) (0.0019) (0.0041) (0.0026)
1.0 0.0036  0.0024  0.0063  0.0032  0.0022

(0.0058)  (0.0025) (0.0069) (0.0033)

09320 0  0.0044 0.0025 0.0014 0.0024  0.0026
(wa) (0.0063) (0.0025) (0.0014) (0.0025) (0.0014)
0.4 0.0037 0.0027 0.0015 0.0034  0.0019

(0.0055) (0.0026) (0.0017) (0.0038) (0.0016)

1.0 0.0036  0.0021  0.0020  0.0048  0.0020

(0.0061)  (0.0049) (0.0032) (0.0066) (0.0020)

1.1410 0  0.0044  0.0025  0.0014  0.0023  0.0022
(ws) (0.0063) (0.0025) (0.0014) (0.0024) (0.0014)
0.4 0.0037 0.0026 0.0015 0.0033  0.0019
(0.0054) (0.0024) (0.0017) (0.0040) (0.0017)

1.0 0.0036  0.0021  0.0020  0.0048  0.0021

(0.0066) (0.0067) (0.0035) (0.0068) (0.0021)
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Table 4.2 Detected numbers and MP estimates (cases A and B)

Situation A Situation B

Wi p No. Mean RMSE No. Mean RMSFE

0.0942 0 1 0.1187 0.0385 4 0.1109  0.0373
(w) 0.1 0 0.1228 0.0400 3  0.01145 0.0385
0.4 0 0.1254 0.0394 5 0.1140  0.0382

1.0 1 0.1153 0.0422 6 0.1088  