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Suppose one observes a process V on the unit interval, where dV =
fo+dW with an unknown parameter f, € L1[0, 1] and standard Brownian
motion W. We propose a particular test of one-point hypotheses about f,
which is based on suitably standardized increments of V. This test is shown
to have desirable consistency properties if, for instance, f, is restricted
to various Holder classes of functions. The test is mimicked in the con-
text of nonparametric density estimation, nonparametric regression and
interval-censored data. Under shape restrictions on the parameter, such
as monotonicity or convexity, we obtain confidence sets for f, adapting to
its unknown smoothness.

1. Introduction. Suppose one observes a stochastic process V,, = F,, +
n~12W on [0, 1], where F,, is an unknown parameter in ¢ [0, 1] with F,(0) =
0, W is standard Brownian motion on [0, 1], and n > 1 is a known scale param-
eter. Estimation within this model is closely related to estimation of regression
functions or densities based on samples of size n; see Brown and Low (1996)
and Nussbaum (1996). Let C,(V,,, @) be a confidence set for F',, with coverage
probability 1 — « € ]0, 1[. Given a model .# C ¢][0, 1] for F, and any func-
tion ¢ on .Z, the set ¢(C,(V,, @) N.#) is obviously a (1 — «a)-confidence set
for ¢(F,). Numerous applications of this type are described, for instance, by
Donoho (1988), Davies (1995) and Hengartner and Stark (1995). The first two
authors investigate sets C,(V,, «) based on standard goodness-of-fit tests such
as the Kolmogorov—Smirnov test. In the context of density estimation, Hen-
gartner and Stark (1995) utilize a special test criterion which may, but need
not, give optimal confidence bands. The present paper introduces a new type
of goodness-of-fit test such that the resulting confidence sets ¢(C,(V,,, a)N.#)
have optimal size in terms of rates of convergence simultaneously for various
classes .# and functionals ¢.

Suppose we want to test the hypothesis “F, = 0” versus “F,, # 0.” For
fixed numbers 0 < s < ¢t < 1 and r € R\{0} consider the special alternative
“F,(-) = xrLeb([s, t]N[0, -]).” Then an optimal test rejects for large values of
nV,(s,t)%/(t — s); generally A(s, t) stands for the increment A(t) — h(s) of a
function 4 on the line. Now we combine these special test statistics. Suppose
that the triplet (7, s, t) above has an improper prior distribution with Lebesgue
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density 1{(s, t) € II(8)}(¢ — s)¥/2, where I1(8) := {(s,t) € [0,1]*: 0 < t — s <
6} and 0 < 6 < 1. Then the corresponding Bayes test statistic is given by
T(n'2V,), where

) h(s, t)?

T(h) = /H(S) exp<2(t - 8)> ds dt.

This statistic is reminiscent of a goodness-of-fit statistic proposed by Shorack
and Wellner (1982). The main difference is the exponential function in the inte-
grand, which is essential for our results. It is true, but not obvious, that T'(W)
is finite almost surely with continuous distribution; see Section 5. (Note that
ET(W) = c0.) Thus we reject the hypothesis “F, = 0” at level « if T(n'/2V,)
exceeds c(a), the (1 — a)-quantile of Z(T(W)). The corresponding (1 — a)-
confidence set for F,, is given by

C.(V,,a):={F € ¢[0,1]: F(0) =0, T(n"*(V, — F)) < c(a)}.

As for the power of this test and the size of C,(V,, «), note that T'(-) is
convex on ¢ [0, 1]. Hence

D 2T(n'*(G — F)/2) < T(nV*(V, — G)) + T(n"*(V,, — F))

for arbitrary F', G € ¢[0, 1]. In particular, letting G = 0 and F = F, shows
that T(n'/2V,) — oo in probability whenever T'(n'/2F, /2) tends to infinity.
For any fixed F, # 0, it follows from Fatou’s lemma that T'(n'/2F,/2) —
co. Hence T'(-) implies an omnibus test. Unless stated otherwise, asymptotic
statements refer to n — oo.

In order to investigate the power of 7'(-) more thoroughly, we consider the
set

C(V,, a) = {f e L,[0, 1]: /[0"] f(x)dx € C,(V,, a)}.

This is certainly a (1 — «)-confidence set for the Li-derivative [, of F, (if

existent). We consider the intersection of Csll)(Vn, «) with Holder smoothness
classes: let I C R be an interval and B8 = & + y with a nonnegative integer %
and 0 < y < 1. Then % 1, () stands for the set of all real functions f that
are k times differentiable on I such that

[P ) = fP(y) < Llx —y|” forallx,yel;

here (%) denotes the kth derivative of f (where £ := f). Further we define
the supremum norm | f||; := sup,; |f(x)|. All subsequent consistency results
are formulated in terms of

py = log(n)/n.

THEOREM 1.1.  For arbitrary fixed B, L > 0, let I, C [0, 1] be an interval
with length

Leb(1,) = p/ P,
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Then there exists a constant R = R(B, L) such that

! 2B+1
sup{|lf = gllzny: f- & € CL'(V,,0), f — g € T 1)(I)} < Rt/

for any fixed « € 10, 1[ and sufficiently large n.

This result has two straightforward consequences. Suppose that F, is dif-
ferentiable with derivative f, € 3 1[0, 1]. When testing “f,, = 0” versus

“fne {f € S, )0, 1]: [ fllj0,1) = 8n}”

at fixed level «, it was shown by Ingster (1993) that the maximin power con-

verges to one or a as p, JB/@BTY) , tends to infinity or zero, respectively. In
fact,
T(n'?V,) - , 0o provided that w
n) 7p P B8
n

Thus our test 1{T'(n'/2V,) > c(a)} is asymptotically optimal in terms of rates
of consistency for arbitrary Holder classes. Another interesting reference in
the context of nonparametric testing is Spokoiny (1996).

A second implication is that

1 2
sup{||f = Fullo.1: £ € C(Vy, @) N Fig 1[0, 1]} < O, (/™).

Note that the confidence set C(l)(Vn, a) N Fg, 1[0, 1] may be empty, where
sup(d) := —oo. In that2case g, 1)[0, 1] is regarded as a questionable model
for f,. The rate O ,(p Bl2p+ ) was shown by Khas’minskii (1978) to be optimal
for estimating f,, € % 1[0, 1] under sup-norm loss.

Smoothness assumptions such as “f,, € F; 1[0, 1]” are difficult to justify
in practice. It would be desirable to have a (1 — «a)-confidence set for f, whose
size is automatically of the right order of magnitude, depending on the un-
known smoothness of f,. As pointed out by Low (1997), this is essentially
impossible. However, some adaptivity is possible if f, satisfies shape restric-
tions such as monotonicity. Restrictions of this type are indeed plausible in
many applications. Precisely, we shall investigate the classes

Z(I) := {f nondecreasing on I} and % (I):=—-%(]),
Frony(I) := {f convex on I},
(1) .= {f convex—concave or concave—convex on [}.

Rather than doing so in the present white noise model, we propose and analyze
modifications of T for three different models.

Section 2 investigates tests for distribution functions on the line and their
application to density estimation. Let X, = (X;,,, Xa,,..., X,,,) be the or-
der statistic of n independent random variables with unknown distribution
function F, in &, the set of all continuous distribution functions on the line.
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Recall that (F,(X;,))1<;<, is distributed as the order statistic of n indepen-
dent random variables with uniform distribution on [0, 1] [c¢f. Shorack and
Wellner (1986), Chapter 1]. Thus

{F € Z: (F(Xin))lsisn € Bn}

defines a confidence set for F',, whose coverage probability depends only on the
set B, C [0, 1]". Hengartner and Stark (1995) constructed confidence bands
for shape-restricted densities (monotonicity or unimodality) with the help of
simultaneous confidence bounds for F, [ X ;_1)k n» Xik nls 1 < i < n/K, where
X, i=—00, X1, :=00and K = K, is a bandwidth parameter. One can
get rid of the tuning parameter K by considering (essentially) all spacings
[X s> X#nl, 0 < j <k <n+1,in a suitable way. Our particular modification
results in greater computational complexity involving convex rather than lin-
ear progamming, the reward being (almost) optimal rates of convergence for
several functions of F .

Section 3 is concerned with nonparametric regression. Suppose that one
observes Y;, = f,(t;,) + E;,, 1 < i < n, with an unknown function f, on
RY, fixed design points ¢;, € R? and independent errors E;, with median
zero. Davies (1995) obtained tests and confidence sets for (functions of) f,, via
inversion of the runs test, applied to the random vector

Sign(er f) = (Sign(Yin - f(tin)))1§i§n7

where f is a candidate for f,,. For a different application of sign tests in non-
parametric regression, see Miiller (1991). We propose a test criterion, also
based on sign(Y,, f), that yields adaptively optimal confidence bands for f,,.
These results complement the literature on point estimation under shape re-
strictions [cf. Mammen (1991) and the references therein]. Some numerical
examples for our confidence bands are given.

A possible application of the present methods to interval-censored obser-
vations is discussed briefly in Section 4. For a detailed treatment of efficient
estimation within this model, see Groeneboom and Wellner (1992).

All proofs are deferred to Section 5.

2. Distribution functions and density estimation. The idea is to re-
place the process n'/2(V, — F) in Section 1 with the process
t— nl/Z(F(XL(nH)tJ,n) —t).
Let D, denote the set of pairs (j, k) of integers such that 0 < j < k£ <n + 1.
Note that F,[X ;,, X;,] has a Beta-distribution with parameters £ — j and

n+1—k+ j[cf. Shorack and Wellner (1986), Chapter 3.1]. We utilize the
following bounds for tail probabilities of the Beta-distribution.

PROPOSITION 2.1.  For 0 < p < 1, define

p
V(x, p) = plog; + (1 - p)log 1
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if x € 10, 1], and ¥(x, p) := oo otherwise. Let B be a random variable with
distribution beta(mp, m(1 — p)), m > 0. Then
P{B > x} < exp(—-mV¥(x, p)) for x> p,
P{B < x} <exp(—-m¥(x, p)) for x < p.
The function Y(-, p) is strictly convex on [0, 1] with minimum Y(p, p) = 0.
For any ¢ > 0, ¥(x, p) < c implies that
—\/Zp(l —p)e—(1-2p)c=x—p= \/2p(1 —p)e+(1-2p)'e.

With & 3, := (k£ — j)/(n + 1) the precise definition of our test statistic is

Tn(Xn’ F) =n"? Z exp(n\I’(F[XJn, an]7 6jkn))7
(J, k)eD,

where D, := {(j, k) € D,: 8pin., < 8 jkn < 8,} is a nonvoid subset of D,
determined by numbers 0 < 8., , < 6, < 1. A possible reason for using a
lower bound &, , > 1/(n + 1) for & 3, are discretization errors in the data
X;,. It is assumed throughout that

Smin,n = O(pn) and 6n — 0.

Jkn

Using an upper bound 6§, < 1 reduces computational complexity and empha-
sizes smaller intervals. With the (1 — «)-quantile b, () of T,(X,, F,,), the
set

C.(X, &) ={Fec2 T(X,, F)<b,(a)

is a (1 — a)-confidence set for F,. The next proposition summarizes some
properties of T,(X,, F,,) and C,(X,, ).

PROPOSITION 2.2.

(a) (X Fo) > [

B(s, t)?
. exp(za (- t+s>> dsd,

where B is a Brownian bridge on [0, 1].
(b) There is a constant K, depending only on (D,),, such that the following
inequalities hold for any « € 10, 1[ and n greater than some integer n,(«a) > 2:

F() = G()| = /K pu F(J) + K ,p,
for arbitrary F, G € C,(X,, a) and intervals J C R.

Part (b) is the key to various consistency results. One particular application
are confidence bands for monotone densities. Similarly to Section 1, we define
C 511)(X »» @) to be the set of all probability densities on the line whose distribu-
tion function belongs to C,(X,,, «). A possible notion of consistency is in terms
of Hausdorff distance between graphs [cf. Marron and Tsybakov (1995)]. In
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case of monotone functions this is essentially equivalent to considering a Lévy
distance: for functions f, g € 7 (I), define

d(f, g|D)=inf{e > 0: (F(x + &)~ g(x)) v (g(x + &)~ f(x) < ¢

whenever x,x + ¢ € I}.

THEOREM 2.3 (Monotone densities). Let f and g be arbitrary probability

densities in CS})(X,L, a)N (1) for some interval I C R. With K, and n,(«) as
in Proposition 2.2(b),

d(f, glINn[a,00]) < (K,f(a)p,)"? + (K,p)"* forallacl,

provided that n > n,(a).
In addition suppose that f € Fg 1,(I) for some B € 10, 1]. Then there exists
a constant K = K{(K,, B, L) such that

g(x) — f(x) < (K1 f(x)p,)P/®FD 4 (K p, )P/ B+
for x € I with x — (f(x)p, )@+ — pl/ B+ .
f(x) — g(x) < (K1 f(x)p,)P PP + (K p, )P/ P+

1/(2B+1)
) el,

for x € I with x + (inf (o,
yel
provided that n > n,(a).

Analogous inequalities hold in case of f, g being nondecreasing on some
interval. Theorem 2.3 also applies to unimodal or piecewise monotone densi-
ties. For instance, let &2, ; be the class of unimodal distributions. That means,
F ¢ &, if it has a density which is nondecreasing on | — co, m(F)[ and
nonincreasing on |m(F), oo[ for some real number m(F), a mode of F. Let
F,=F, e £, with unique mode m(F,) and density f,. Theorem 2.4 below
shows that for any fixed neighborhood |s, {[ of m(F,), with high asymptotic
probability the mode m(F) of any F € C,(X,, a) N &, is contained in ]s, ¢[.
In that case Theorem 2.3 applies to the two intervals | — oo, s] and [¢, o],
respectively, so that C,,(X,,, o) N £,,; gives nontrivial confidence bands for f .

THEOREM 2.4 (Inference about the mode). Suppose that F, = F, € £,
with unique mode m(F,). Then for any « € 0, 1],
sup{|m(F) —m(F,)|: F € C,,(X,, a) N Z;} —, 0.
In particular, suppose that the density f, of F, satisfies

fo(m(Fo)) _ fo(x) —

2
@ xom(F,)  (m(F,)— x)?

> 0.

Then
sup{[m(F) —m(F,)|: F € C,,(X,, @) N Py} = 0 ,(p)/%).
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The rate O(p,l/ 5) for estimating m(F,) is close to the optimal rate O(n~1/%)
[cf. Khas'minskii (1979) and Romano (1988)].

3. Confidence sets for regression functions. Given an index set 7, =
{t1n>tons --+» tyy} of n points in R?, let Y, be a random vector in R* with
components

Yin = fn(tin) + Ein

for some unknown function £, on R? and a random error E, € R" having
independent components E;, with median zero. That means P{E,, > 0} A
P{E,, <0} > 1/2. For a function f on R?, define

sign(Y,,, ) := {s e {-1,1}": sign(Y,, — f(¢;,)) € {0, s;} for 1 <i < n}.

This somewhat unusual definition is made in order to deal with possibly
discrete error distributions. Let 2, be uniformly distributed on {—1,1}". If
all components of Y, have a continuous distribution, then sign(Y,, f,) =
sign(E,,, 0) consists almost surely of one point whose distribution is #(3,).
In general, one can easily couple the random vectors ¥, and E, in such a way
that

3) 3, esign(Y,, f,) almost surely.

Now we define the test statistic
T,(Y,, f):=min{r,(s): s € sign(Y,, )},

n 2
Ta(s) = (#27,) 7! (X1, 1{t;, € A}s)) |
) =t e SR

where o7, is a family of nonvoid subsets of .7,. A corresponding (1 — «)-
confidence set for [, is given by

CO (Y @)= {f: Tu(Y,, f) < cu(a))

with ¢, (a) denoting the (1 — a)-quantile of .#(7,(3,)). Note that T(Y ., f,,) <
7,(2,) almost surely if (3) holds.

EXAMPLE. Let n = m? for some integers m, d > 0. Then define
i = {1/m,2/m, ..., 1},
o198, = {[x, y]N T x, y e 714 with 0 < y; — x; < §, for all i},

where [x, y] := [1L,[x;, y;] and 8, — 8. Here #/, < (m(m — 1)/2)¢ < n2
Table 1 gives some Monte Carlo estimates for ¢, («) in dimension one.
Here is the analogue to Proposition 2.2.

PROPOSITION 3.1.  Suppose that #.57, — oo.
(a) In general,
T(20) = O, (log(#:27,)).
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TABLE 1
Estimated quantiles ¢, () of 7,(%,) for (%[1], ,,[1](5”)) (20000 simulations)

5,=05 5,=025

n c,(0.5) c,(0.1) c,(0.05) c,(0.5) c,(0.1) c,(0.05)

50 1.85 3.85 5.56 1.97 3.51 4.47
100 1.87 4.13 6.17 2.02 3.96 5.43
150 1.92 4.29 6.53 2.05 4.12 5.77
200 1.93 4.44 6.67 2.08 4.22 5.82
250 1.95 4.50 6.73 2.08 4.34 6.37
300 1.96 4.53 7.03 2.10 4.35 6.43
400 1.96 4.64 7.15 2.12 4.55 6.60
500 1.98 4.65 7.19 2.13 4.55 6.66

Suppose that o/, C {DNT,: D € 9} for some Vapnik—Cervonenkis class I of
subsets of R, and let

limsup(#27,)"t Y log(n/#A) < oco.
n—00 Aes/(n)

Then 71,(%,) = O,(1). In particular, for (7, ,) = (,7”[1], ,1[1](8n)),

(b) Let H: [0,1] — [0, oo] be a fixed nondecreasing function such that all
random vectors E, satisfy

P{E,, < H(u)} A P{E,;, > —H(u)} > HT” for1<i<n, uel0,1]

Then for any fixed « € 10, 1], the probability of

U { sup - min(f(¢) - f,(¢)) vmin(f,(t) - £(¢)) > H@\/@)}

Acc/(n) LreC(Y ) €A
tends to zero, where H(u) := oo for u > 1.
As for part (b), if all components of E, are Gaussian with variance not

greater than 7, one may take H(u) := 7®1((1 + u)/2) with the standard
normal quantile function ®~!. A key condition on H is

H
4) lim sup ()
ul0 u

< OQ.

THEOREM 3.2 (Isotonic regression). Let all f, belong to the class 7 (][0, 1]9)
of functions f on [0, 1]¢ such that f(s) < f(t) whenever s < t componentwise.
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For f, g € 7Z([0, 1]¢), define a Lévy distance

d(f, g):=infle > 0: U(f(s) — g(s+ 1) v (&(5) — f(s5+ e1)) <

whenever s, s + €1 € [0, 1]d},

where 1 :=(1,1,...,1) € R%. Let (7, %/,) = (%[d], ,Q/,Ed](ﬁn)) as above. Sup-
pose that the assumption of Proposition 3.1(b) holds with a function H satis-
fying (4). Then

sup{d(f,f,): [ € ey, a)n 7([0, 1)) < Op(prl/(%d)).

THEOREM 3.3 (Convex—concave regression). Let (], %/,) = (Zn[”, .sa/nm(én)).
Suppose that all f, belong to %,NF s 1,)la, b] for some 0 <a <b <1, B €]0,2]
and L > 0. Further suppose that the assumption of Proposition 3.1(b) holds

with a function H satisfying (4). Then

sup{ ”f —fa ” [a+p£/‘2"“>,b—p}/@/’“)]: fe Cfll)(Yn, a)N 3;} = Op(pg/(%“))_

Numerical examples. In all subsequent examples we consider the pair
(971[1], ,9/,1[1](0.25)). We simulated data Y;, (shown as dots) having logistic dis-
tribution with mean f,(i/n) (shown as dotted line) and standard deviation
v;,. Point estimators and confidence bands are shown as solid lines.

Figure 1 shows two data vectors Y, with n = 200 and v;, = 0.4. We mini-
mized T,(Y ,, f)over all f € %,,,[0, 1]. In both examples the minimum turned
out to be unique, although this is not necessarily the case. This led to a sign
vector s.;,, and the solid lines represent the functions

min{f(t): f € Fonvl0, 1], Smin € sign(Y,, f)},
{maX{f(t): f € Feonvl0. 1], Smin € sign(Y,, f)}.
The regression function f, was taken to be
fa(t) :=(1—5t/2) v (5t/3 — 2/3)*
and
fa(t):=(1—-5t/2)v (5t/3 —2/3)% + 1{2/5 < t < 4/5} sin(57t)/2,

respectively. The corresponding observed p-value P{7,(X,) > 7,(Smin)} Was
estimated in 40000 Monte Carlo simulations. In the first example it turned
out greater than 0.99. In fact, the distance between estimator and [, is small
in comparison with the noise level v;,. In the second example the Monte Carlo
p-value was 0.027, so that the nonconvexity of [, is detected at level 0.05.

Figures 2, 3 and 4 depict examples of confidence bands, that is, the envelope
functions

min{f(¢): f € C(Y,,0.1)n 7},
max{f(t): f € CY(Y,,0.1)nF}.



NONPARAMETRIC CONFIDENCE SETS 297

1.5 - U

1 L 1 1 1 A LI | It 1 1 1 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

F1G. 1. Point estimators for f, € Zonyl0, 1].

Precisely, in Figure 2 the parameters are n = 250, v;, = 0.5 and
() =1{t > 1/2}, 7 = %[0,1].
In Figure 3 we have n = 250, v;, = 0.3 and
Fat) = (1=3t)V (3/2 - 1/2,  F = Fyn,[0,1],
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1 1 i 1 I 1 1

0.4 0.5 0.6 0.7 0.8 0.9 1

Fic. 2. Envelope of C5(Y,,0.1) N %[0, 1].

(o] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIG. 3. Envelope of C(Y,,0.1) N Zone[0, 1].
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1 1 1 1 L 1 i ] L 1 1

(o] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FiG. 4. Envelopes of Ci(Y,,0.1)Nn %[0, 1] and CY(Y,,0.1) N %[0, 1] N %]0, 1].

Figure 4 depicts heteroscedastic data Y;, with n = 200 and

fa)=Bx—1)" AL, vy =(1+f,(i/n))/4
The two plots show the envelopes of CSE)(Y,,, 0.1)Nn %[0, 1] and C;l)(Yn, 0.1)n
10,11 N %[0, 1], respectively. Here the additional constraint “f, € %[0, 1]
led to considerably smaller confidence bands.
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4. Interval censoring. Let X,,, X,,,...,X,, be independent, iden-
tically distributed random variables with distribution function F,. Rather
than X;,, one only observes Z,, := 1{X;, < ri,}, 1 < i < n, where ry, <
ro, <--- <r,, are given censoring times (viewed as fixed). Given a hypothet-
ical distribution function F, let

Z,(t|F)=2n""2 3 (Z;, - F(ry,)),  te[0,1].

Then our test statistic for “F, = F” is T, (Z,(-| F)), where

2
Tn(h) — 2 Z eXp( h(S, t) >
Goe,6,)  N2ES)
with II,(5,) = I1(5,) N {0,1/n,2/n,...1}? and §, — §. Unfortunately the
(1 — a)-quantile d,(a| F,) of the distribution of T7,(Z,(-|F,)) depends on
the unknown function F,. However, the case F,(ry,) = F,(r,,) = 1/2 is the
worst case asymptotically. The corresponding quantile is denoted by d,(«).
We define C,(Z,,, @) to be the set of all distribution functions F such that
T, (Z,(-| F)) = d,(a).

PROPOSITION 4.1. (a) For any fixed « € 10, 1],
lim d,(a) =c(a) and limsup P{T,(Z,(-|F,)) >d,(a)} <a.

(b) For any fixed « € 10, 1],

35~1p,
Mals, £]

lim P{ sup )(F(s)—Fn(t»v(Fn(s)—F(t))z\/

for some s < t} =0,
=00 \FeC,(Z,,«

where p,(-):=n"1Y"  Yr;, €}

Part (b) implies consistency of C,(Z,,, «) in various senses under certain
conditions on the sequence of distributions u,. We mention only two simple
consequences:

THEOREM 4.2. (a) Suppose that F, = F, is continuous and that w, con-

verges weakly to a probability measure p such that support(w) D support(F,).
Then

sup{[|F — F,|g: F € C,(Z,, @)} —, 0.

(b) Suppose that that F,(0) = 0 and F, € Fz 1[0, o[ for some B € ]0,1]
and L > 0. Further let (ry,, I'ays - - -, 'n,) be the order statistic of independent,
identically distributed random variables R, Ro, ..., R, with distribution u
having continuous density uV on [0, oo[. Then

sup{|F — F,|l;: F € C,(Z,,a)} = Op(pg/(ZBﬂ))

for any compact subset I of {t > 0: uV(¢) > 0}.
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5. Proofs. In order to verify the finiteness of T'(W), let

8 W(s, t)?
T(W) := .
(W)= 5P 3= s)log(e/(t — )

According to Lévy’s theorem on W’s modulus of continuity, 1 < T(W) < oo
almost surely [cf. Shorack and Wellner (1986), Theorem 14.1.1]. Now the key
point is that

E 1{T(W) < M} T(W)

1{ W(s, t)?

= 20t —s)

R 0)

< Mlog(ﬁ) } exp <‘;‘;§S—its))2> dsdt

< (1 + 2Mlog(L>> dsdt
1(5) (t—s)

< 00

for any constant M > 1; see Lemma 5.1. Continuity of #(T(W)) follows from
the fact that T is strictly convex on the set {G € ¢[0, 1]: G(0) = 0}. For
W(t) = B(t) + ét, 0 < ¢t < 1, with a Brownian bridge B and a standard
Gaussian variable ¢ such that B and ¢ are independent. Thus conditional on B,
the test statistic 7'(W) is a strictly convex function of £, whence continuously
distributed. This consideration shows in addition that the support of Z(7T'(W))
is connected.

LEMMA 5.1.  Let X be a nonnegative random variable such that P{X >r} <
2exp(—r)forallr >0(eg., X = Z2/2with Z ~ .#(0, 1)). Then forall y,1 > 0,

1+ 21, if y=1,

P = feeh ) = { L 2(exp((y ~ D)~ D/(L- 1), if y# 1.

PrOOF. The expectation of 1{X < [} exp(yX) equals

foo P{X <! and exp(yX) > r}dr
0

exp(yl)
<1+ /1 P{exp(yX) > r}dr

exp(yl) 1
<142 r v dr
1
{ 1+21, ify=1,
14 2(exp((y - D) - 1)/(1-1/y), ify#1L 0

The proofs of Theorems 1.1 and 3.3 are based on a lemma on Hélder classes
of functions.
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LEMMA 5.2.  For B, L > 0 there is a universal constant K g 1) > 0 such
that for arbitrary compact intervals I C R and any f € 9 1,(I) the following
hold.

(a) There is an interval J r C I such that

lf| = K@ pyllfll on Jy,
Leb(J ;) = K g1, (I £1l7* A Leb()).

(b) If B < 2, then for arbitrary g € . (I) there is an interval J s, C I such
that

g — [l = 18(x,) = f(x,)l/4 on Jp,
Leb(J ) = K (g, 1,(18(x0) — f(x,)[''# A Leb(I)),

where x, denotes the midpoint of I.

ProoOF oF LEMMA 5.2(a). Let x; € I with |f(x1)| = ||f|l;, and define y :=

I£17 A Leb(I).
If 0 < B < 1, then |f(x)| = |Ifll; — L|x — x1|# > | f]l;/2 for any point x in
J ;=[x —(2L) Py, 2y +(2L)V/Py] NI, where Leb(J ;) > (2L) "V An271)y.
For B > 1 we use induction on 2 = k(B). Suppose the assertion is true
for (8 — 1, L) in place of (B, L). If |f(x)| = ||f]|;/2 for all x € J = [x; —
Y/2, x1+7v/2]N1, the assertion would be true with J , := J} and K g 1) :=1/2.
Otherwise let xy € J with |f(x3)| < [|f|;/2. Then

IFPUr = 1£(x1) = F(x2)l/|21 = xo| = £ 1/ 7-
By assumption, since f") € Z5_1 1,(I), there is an interval J% C I such that
1FD = Kg1, llf I/ on J7%,
Leb(J%) > K(ﬁ—l,L)((||f”1/7)1/(371) A Leb(I)) = Kg_1,1)7-
Hence, if a := inf(J%) and a; := a + (i/4) Leb(J%), then
|f(a;) — fla;1) = 4_1K?,8—1,L)”f”1 for1<i=<4.
In addition, f is strictly monotone on JJ ;é by continuity of (1. Hence one easily

verifies that |f| > 4*1K%B_1)L)||f||1 on [ag, a;] or [ag, ay]. O

PROOF OF LEMMA 5.2(b). At first we consider the special case, where I =
[—4,4], f = 0, g(0) = 1 and g is convex—concave on [—4, 4]. Under these
assumptions there is an interval J C [—4, 4] such that

|g| >1/20n J and Leb(J) > 1.

Obviously, this is true if g > 1/2 on [—1, 0] or on [0, 1]. Otherwise, let —1 <
21 <0 < x9 <1 with g(x;) Vv g(xy3) < 1/2. Convex-concavity of g implies that
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g is concave on [x,, 4] and convex on [—4, x,] for some x, € [—4, 1], because
otherwise g would be convex on [—1, 1]. If x, < 0, then the L;-derivative gV
of g satisfies

gW(x) < gP(xp) < (8(x2) —1)/x5 < —1/2  for x, < x < 4.

If x, > 0, then convexity of g on [—4, x,] and g(x;) < 1 together imply that
g(x,) > 1, whence

gV (x) = gW(xy) < (g(xg) — 8(x,))/(x3 — x,) < —1/2 for x5 < x < 4.
Thus

g(x) < g(xy) + / gV(r)dr <1/2 — (x — x9)/2 < —1/2 for 3 < x < 4.

2

With the help of affine transformations, one can deduce that in the general
case for any 0 < y < Leb(I)/2 there is an interval /., C [x, — v, x, +y] C I
such that

Gl = |8(x,) = f(%,)l/2 on J g, and  Leb(Jpy,) = v/4,
where
g(x)_f(xo)7 1f0<B§1>
g(x) - f(xo) - f(l)(xo)(x - xo)a if1 < B = 2:
is also in % (I). But for x € [x, — v, x, + V],
|f(x) — £ ()l if0<p =1,
| [ (FO(r) = FD(x,))drl,  if1<p <2,

= L')’B = |g(xo) - f(xo)|/4a

provided that y < (4L)"YP|g(x,) — f(x,)|VF. O

G(x) = {

|G(x) — (g = F)x)| = {

PrOOF OF THEOREM 1.1. Let F, G be continuous functions on [0, 1] with

L-derivatives f, g € C;l)(Vn, a), respectively, such that ' — g € 3 1)({,).

Then by (1),
T(mI2(F - G)/2) < 2 ((T(nVA(V, - F)) + T(3(V, - G) < c(a).

Given any fixed number R > 1, suppose that f(x) — g(x) > Rpg/(%H) for
some x € I,,. According to Lemma 5.2 there exists an interval J = J,, C I,
such that

f—g=K,Roh*™ onJ,
1/(28+1
Leb(J) = K, (I = gli(n) ~ Leb(I,)) = K.px' ",
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where K, denotes a generic positive constant depending only on (3, L) but
possibly different in various places. If J) and J® denote the left and right
third of JJ, respectively, then for s € J) and ¢t € J®),

s> K pYCP),
(F — G)(s, t)? 5 2B/(2B+1) 2
O kR t—s)> K,R%p,.
sios KB (t—s)= p

Thus
T(nY2(F — G)/2) = / 1{s e JV}1{t € J®} exp(K,R?np,) ds dt
> K nK-R-2/2p+1)

For n and R sufficiently large, the latter bound exceeds c(«). In that case

| — &ll7(n) is necessarily smaller than Rpf/(zﬁﬂ). ad

PROOF OF PROPOSITION 2.1. Let G and GG’ be independent Gamma-distrib-
uted random variables with mean mp and m(1 — p), respectively. Then B :=
G/(G 4+ G’) has the desired Beta-distribution, and for p < x < 1,

P{B > x} =P{(1-x)G — xG >0}
< inglEexp(r(l —x)G —rxG’)

=, i{l/f('l )exp(—mp log(1—r(1—x)) —m(1— p)log(1l+ rx))

= exp(-m¥(x, p)),

where r i, = (x — p)/(x(1 — x)). With « := p(1 — p) and y := 1 — 2p one can
write

x—p r
Wer = [ e
_ /x,p ra 0z kHx — p)?/2, if p>1/2,
= r
0 K+yr = ky 2H(k 1y(x — p)), if p<1/2,

where H(y) := y —log(1 + y) is strictly increasing in y > 0. It follows easily
from the series expansion of exp(-) that H-1(y) < (2y)Y?4y. Thus ¥(x, p) < ¢
implies that
(2kc)1/2, if p>1/2,
x—p=
ky TH Yk 1y%c) < (2ke)Y2 4+ ye, if p < 1/2.
For 0 < x < p the assertions follow from the fact that 1 — B ~ Beta(m(1 —
p), mp) and ¥(x, p)=¥Y(1—-x,1—p). O

Here is a modified version of Lemma VII.9 of Pollard (1984), which is con-
venient for our purposes. The proof is essentially the same.
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LEMMA 5.3 (Chaining). Let S = (S(¢)),cs be a stochastic process on a to-
tally bounded metric space (7, p) having continuous sample paths. Let € be
a measurable, nonnegative function on 0, oo[? such that for all n,8 > 0 and
s,te T,

P{[S(s) = S()| = p(s, )Q(n, 8)} < 2exp(—n) if p(s, ) = 8.
Then
P{|S(s) — S(t)| > 12J(p(s, t), a) for some s,t € T with p(s,t) <} <28/a

for arbitrary a, 6 > 0, where

J(s,a) = /0 Q(log(aD()?/u), u)du,

D(u) :=sup{#7, : I, C T, p(s, t) > u for different s, t € T,}. O

PROOF OF PROPOSITION 2.2(a). At first it is shown that

) W(F,[X s Xinls 6 on
= max " ( '{1 jn Xinls 8 )Zop(l).
(. web,  log(87,(1 = 8 4,)7Y)

It follows from Proposition 2.1 that for 5, > 0,
Pl max (X0 Xl o) = 0| <2(" 5P ) expl-n),
(J, eD,, 2

If m, := 3log(n), the latter bound tends to zero. Thus for arbitrary fixed
0<vy<1/2,
nV(F,[X ., Xl 6 n
~ max ( E1 jn> X ik ) = 0,(1).
(o ED,:8,3, (15 3 )<n - 10g(875,(1 = 8 ) 71)

On the other hand,

nW(F,[X s Xpnls 6 kn
(5)  max ( n[l jn k ] ik ) _ Op(].),
(. B)eD,:8,,(1-8 s )znr 10g (850, (1 — 8 5,)71)

where ¥(x, p) := (2p(1 — p))"}(x — p)2. This follows, for instance, from the
Chaining Lemma 5.3 applied to the uniform quantile process S(j/(n + 1)) :=
(n+1)Y2F (X ;) on.7 :={j/(n+1):0 < j < n+1} equipped with p(s, t) :=
Var(B(s, t))"/2. For elementary calculations, show that D(u) < 2/u? for 0 <
u < 1. Further, one can easily deduce from Proposition 2.1 that

Q(n, ) == (2n)"2 + max{(n + 1)/25,1} 'y
satisfies the assertion of Lemma 5.3. Then elementary calculations show that

J(e,a) < K(a)(elog(1/e)? + n~1?log(n)?)
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for all £ € ]0, 1/2] and some constant K(a) not depending on n. Alternatively
one may deduce (5) from the Hungarian approximation [cf. Shorack and Well-
ner (1986), Chapter 12.2]. But (5) implies that

_ max |logit(Fn[Xjn, X, — logit(éjkn)| -, 0,
(7, B)€D: 8 (18 jpp )20~
where logit(x) := log(x/(1 — x)). Elementary calculations show that ¥(x, p)/
W(x, p) — 1 as logit(x) — logit(p) — 0. Thus one may replace ¥ in (5) with ¥
and obtains that 7', = O »(1).
Analogously one can show that

. B(s, t)?
T(B):= su
(B) = Sup  3o(s, 2 log(p(s, ) 2)

is finite almost surely.
Now it follows from Lemma 5.1 that for arbitrary ¢, M > 0,

E 1{Tn < M}n72 Z exp(nq’(Fn[X]n’ an]a 6jkn))
(J, k)eD,,: 8 jpn (1-6 jpy ) <&

< n—2 Z (]_ —+ 2M10g(3;k1n(1 - 6jkn)_l))
(J, R)ED,: 8 jpy (18 ) <6

— (1+2M log(p(s, t)"2))dsdt,
/{<s, DETI(8): (s, 22} (els 1)

2
E1{T(B) < M} exp(B(s—’t)2> dsdt
{(s, t)eTI(8): p(s, t)2<e} 2p(s, t)
< (1+2Mlog(p(s,t)"2))dsdt.

— H(s. 1)ell(3): p(s, t)?<s}

This bound tends to zero as ¢ | 0. Moreover, S(-) = S,,(-) converges in distri-
bution to B if it is suitably extended to S, € ¢[0, 1], whence

n_2 Z exp(nq,(Fn[Xer an]7 6jkn))
(j’ k)EDn:‘Sjkn(l_sjkn)zs

ox (B(s, t)>2
7 i, 0yeni(oy:p(s, =<} P 2p(s, t)?

[Here we applied Rubin’s extended continuous mapping theorem; see Billings-
ley (1968), Theorem 5.5.] These two facts together imply the asserted conver-
gence in distribution of T,(X,,, F',,)). O

—

) dsdt.

PRrROOF OF PROPOSITION 2.2(b). Let K, be a generic real constant depend-
ing only on (D,)),, and possibly different in various (in)equalities. Let F' be an
arbitrary element of C,(X,, ). It follows straightforwardly from part (a) that

(6) W(F[X ;n, Xpnl, 8 1) < 3p, for all (j, k) € D,
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provided that n > n, (a) > 2. This implies that
(7) |F[X an]_ajkn| = (K*Bjknpn)l/2+K*pn for all (.]> k)G Dn

Jn>

It follows from Proposition 2.1 and (6) that (7) holds for D, in place of D,
with K, = 6. Then elementary considerations show that D, can be replaced
with D, if K, is adjusted properly.

Now let G be another element of C,(X,, @) and J C R an interval with
F(J) < G(J). Define

J=Jj(J) :=max{l: X;, <inf(J)},
k= k(J) :=min{l: X;, > sup(J)}.
Then (7) implies that
(8)  G(J) < X o, Xl < 81 + (K. ) + K.y,
9 F(J)z F[X 1,0 Xp1,0] = 0jpn —2/n — (K*Sjknpn)1/2 - K.p,,
and one easily deduces from (9) that
(10) 8pn <2F(J)+ K, p,.
Now subtracting (9) from (8) and plugging in (10) yields
G(J) - F(J) = (K.F(J)p)"? + K.p,. 0
ProoOF OF THEOREM 2.3. Let F' and G be the distribution function of f and

g, respectively. For arbitrary a, x, y € I with a < x < y, the monotonicity of
f and g, together with Proposition 2.2(b), implies that

(8(y) = f(x) v (f(y) — &(x)) = |Glx, y] - Flx, y]l/(y — %)
< (K, Flx, Y1pa/(y = %)) + Kopo/(y = 2)
< (Ko f(@)pn/(y = 2)) + Kop, /(3 — %),
where we assume throughout that n > n,(a). If y — x is greater than
kn(@) == (K, f(@)p,)"® + (Kopn)"?,
then (K,f(a)p,/(y—x))"/*+K,p,/(y—x) < x,(a). Hence d(f, g| IN[a, oo[) <

Ky(@).
Now suppose in addition that [ € F; 1,(I). Then

(&(y) = F) v (F(x) — g(x))
< L(y = )P + (Ko f(2)p/(y = ) + K ,p, /(¥ — %)

Let x := vy — (f(y)p,)Y/@F+D — o/ B assuming that this point is also in 1.
If (£(y)p, )V @+D > pl/ B which is equivalent to p, < f(y)#+1/8, then

f(x) < F(9) + Ly — %) < f(y) + L2P(f(y)p,)P/®PY < (1 + L2P)f(y),

(1D
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and (11) yields
8(y) = () < (L2P + (K, (1 + L2F))"* + K,)(f (y)p,)P/®P+D.

On the other hand, (f(y)pn)l/(23+1) < prll/(B+1) is equivalent to f(y) < pg/(B"rl)
and implies that

f(x) = f(y) + LZBpg/(B-H) < (]_ + L2B)pg/(ﬁ+1),
Thus (11) leads to
2(y) — f(y) < (L2° + (K, (1+ L2°)% + K ) pl/ P+,

As for the lower bound, let y := inf,.;f(y), and suppose that x +
(yp,)/?F+D) e I. Since f(x) — g(x) < f(x), we may assume that f(x) >

Kp/ PtV and define y := x + (f(x)p,/K)"+D for some constant K > 1 to
be specified later. This definition implies that

1/(B+1
pd P <y —x < (F(x)/K)YP.
If y € I, one can easily deduce from (11) that
f(x) — g(x) < (LK—;;/(2/3+1) + K;/ZKl/(4B+2))(f(x)pn)ﬁ/(2/3+1) + Kopg/(ﬁﬂ)_

It remains to be shown that y € I for suitable K = K(B, L). If f(x) < Ky,
then y — x < (yp,)/@F*+D, Otherwise,

L(z—x)P = (1= f(2)/f(x)f(x) = (1 = 1/K)f(x)
for some z € I, z > x. Thus if K := L+1, then z—x > (f(x)/K)'/# > y—x. O
PROOF OF THEOREM 2.4. According to Proposition 2.2(b), it suffices to show

that m(G,) — m(F,) and, in case of (2), m(G,) = m(F,) + O(px"”), where
(G,), is an arbitrary sequence of distribution functions in £, ; with

|Gn(J) - FO(J)| = (KopnFo(J))l/z + Kopn

for all intervals J C R and any n > 1. For fixed ¢ > 0 there are bounded,
nondegenerate intervals J; < J5 < J3 (in a pointwise sense) such that

max F,())/ Leb(sJ;) < F,(J2)/ Leb(J>),

JiUJdygUdg C[m(F,)—e,m(F,)+ ¢l
It follows from Proposition 2.2(b), that there is an integer n; such that
max G,(J;)/ Leb(J;) < G,(J3)/ Leb(J,) if n > n,.
But these two inequalities for G,, imply that m(G,) C J; U Jq U J3.

Suppose that f, satisfies the regularity condition (2), where m(F,) = 0
without loss of generality. We define

Jnl = [_2Kn7 _Kn]7 JnZ = [_Kn’ Kn]’ Jn3 = [Kn’ 2Kn]
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for a sequence (k,), in R" tending to zero. Then
Fo(d) = Fo0, — (v+o(0) [ o dx
= fo(0)x, = (7/3)yK; + o(x})) for I =1,3,
Fo(12) = 2f Ok, 20y +o(1) [ 2 dx
= 21,0, — (2/3)7 + (K2,

Thus for [ =1, 3,
G (J )/ Leb(dJ ) — G, (J )/ Leb(J ;)
> Fo(J2)/(2k,) = Fo( )/ k5 — 2((K o Fo( 52))? + Kopy) [ 6
= 2yk2 — 2(2K,f,(0))2pL %k, % + o(k2) + o(py/ 2k, M/?)
— 2K ,pp/Ky-

(12)

Specifically, let x, = K p’11/ ® for some positive number K. Then the bound
(12) equals
2(vK? — (2K,fo(0))2K~V2)p2° + o(p?°),

which is strictly positive if n is greater than some integer n,, provided that

K is greater than (2K ,f,(0)/y?)/5. Consequently, M(g) is contained in the

interval J,; U d, 9 U5 = [—2Kp,11/5, 2Kp,11/5] forn > ny. O

PROOF OF PROPOSITION 3.1(a). With o,(A):=(2#A)" 12" | 1{t;, € A}S;,
it follows from Hoeffding’s (1963) inequality that P{|o,(A)] > 7'Y?} <
2exp(—n) for all n > 0 and A € &/,. Thus

R max) o,(A)? <log(#s7,) + 0,(1).

Aes/(n
But it follows from Lemma 5.1 that for any positive constant M,
E {7, <log(#4,) + M}7,(%,)
=E {7, <log(#s,) + M}(#2/,)"" 3 exp(0,(A)?)
Aess,
<1+ 2log(#c7,) +2M.
Under the stronger assumption that ©/, ¢ 2 N .7, for a fixed VC-class 2,

. 7, (A)?

T T Rt log(en /#A)
This follows from Lemma 5.3 applied to X(A) := (#4/n)20,(A), A € {D} U
o, where p(A, B) := (#(AAB)/n)Y? and Q(n, 8) := n*/2. The capacity func-
tion D(e) is bounded by K(s A 1)~ for positive constants K, L depending
only on Z [cf. Dudley (1978), Lemma 7.13], and J(&, a) is not greater than a

= 0,(1).
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constant K(a) times glog(e/s)'/2 for all £ € ]0, 1]. Consequently for any fixed
M > 0,

E{f, < M}1,(3,) < (#4,)" Y (1+2Mlog(en/#A4)),
Aeos,

which is bounded by assumption.

Convergence in distribution of 7,(%,) in case of (7, .%4,) = (%[1], .sa/nm(én))
is proved analogously as Proposition 2.2(a), utilizing Donsker’s theorem about
weak convergence of partial sum processes. O

PRrROOF OF PROPOSITION 3.1(b). Let
n +
Yo(A, ) = (@HA) 12 Y Uty € AYRAY > F(ta)} - 1))
=1
Then T, (Y, f) > exp(max ¢ Y, (A, £)? — log(#24,)), and part (a) entails
that for any a € 0, 1[ and n > n, (),
(13) Y (A, f)? < klog(#7,) forall f e CO(Y,,a), Ac .o,

where k > 1 is an arbitrary fixed number.
On the other hand, for some sequence (u,), of positive numbers, define
v,(A):= H((#A) Y2u,) and

E(A) = (2#A) V2 Y 1{t;, € A}{Es, = —vn(A)} — 2B{Ey, = —u,(A)}).
=1
Then

P E,(A)? > klog(#
{max B,(A) = log(#or)| - 0,

by Hoeffding (1963). Now let f € C’(Y,,a) and A € 7, such that (f, —
(&) > v, (A) for all ¢ € A. Then

Y, (A, f) = (2#A)712 i t;, € AH{E;, = —v,(A)} - 1)
i=1

> 2712y, — max |E,(B)|
Beuss,

> 272, — (klog(#.4,))"/?
with asymptotic probability 1. But this is not compatible with (13) unless
u, < (8xlog(#:2,))2.

Hence max, 4 (f — f,)(t) is greater than H((8«log(#.2,)/#A)"?) for arbitrary
Aeo/,and f € CS)(Y,“ «) with probability tending to 1.
Analogous arguments apply to min, ,(f — f,,)(¢). O
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PROOF OF THEOREMS 3.2 AND 3.3. Because of Proposition 3.1(b), we con-
sider an arbitrary fixed sequence (g,),.; of functions on R? such that

I}égl(gn - fn)(t) Vv I}g{l(fn - gn)(t)
< H((Klog(n)/#A)Y?) for all A e o719(5,),

where K := 18.
As for Theorem 3.2, let fn, g, € ([0, 1]%). It suffices to show that

d(gn, fr) = O(k,), where k,, := pn/(d+2) For that purpose let s, s+¢l € [0, 1]¢

with ¢ > 2k,,. For n greater than some n4((8,),) there exists an A € .Mnd](Sn)
with A C [s, s+ ¢1] and #A/n > k,,. By monotonicity of f, and g,,

(&n(s) = Fu(s + 1)) vV (f(s) — gu(s + 1))
= min(g, — f,)(t) vmin(f, — g,)(t) < H((Kpn/k)""?) = O(ky).

As for Theorem 3.3, let f,, g, € %[0, 1] and f, € 3 1)la,b]. With I,

[Cl-‘r‘ 1/(2B+1) b 1/(2[3+1)] it SufﬁCeSZtO show that ”gn f ”I(n) — O( 5/(23+1))
Suppose that lg, — [rl(x,) = R /@B for some constant R > 2 and some
x, € I,,. Then Lemma 5.2(b) 1mp11es that for n greater than some n,(a, b, 8, L)

there exists an A € .Mn[l](Sn) with
#A/n = K 1ypr PP )2,
min(g, — £,)() v min(f, - &)(?) = (R/4)p/ .
Thus
(R/4)pE PP < H((3202OP 1K, 1)),

that means, R < R{(H, B, L) for n > ny(a,b, B, L, H). O

PROOF OF PROPOSITION 4.1. As in the proof of Proposition 3.1, one can ap-
ply Hoeffding’s (1963) inequality, Lemma 5.3 and Lemma 5.1 in order to show
that

Z (s, t|F,)>? 0
hax W(8 | F,)" —,

and

n? > exp(Z,(s,t|F,)?*/(2(t—5))—>,0 asn— oo, 0.
(s, t)ell, (&)

The same is true, if Z,(¢| F,,) is replaced with W(¢) or
W, (t) :=2n"12 30 W,

i<nt
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where W;,, 1 <i < n, are independent Gaussian random variables with mean
zero and variance F, (r;,)(1 — F,(r;,)) < 1/4. Now,
limsup P{T,(Z,(-| F,)) =z d,(a)} < limsup P{T,(W,) = d,(a) + €}

<limsup P{T,(W) > d,(a) + &}
for any fixed ¢ > 0. The first inequality follows via standard approximation
arguments. The second inequality follows from Anderson’s (1955) lemma, be-
cause T, () is convex and Var(}_}_; ~(i/n)W (i/n)) < Var(}_}_; h(i/n)W(i/n))
for arbitrary functions A on [0, 1]. Furthermore, .~(T,(W)) and 4 (T, (Z, x
(-1 F,))) converge weakly to -~ (T(W)), where _#, denotes the distribution in
case of F,(ry,) = F,(r,,) = 1/2. Since -Z(T(W)) is continuous and has con-
nected support, lim,_, . d, (@) = c¢(a) and
limsup P{T,(Z,(-| F,,)) = d,(a)} < P{T(W) = c(a) + &}

— P{T(W) > c(a)} = a, el 0.

It follows from part (a) that for arbitrary fixed y > 2 and « € ]0, 1] the
event

A, = { sup Z,(s,t] F)2 > y(t — s)log(n)
FeC,(Z,, ®)U{F,}

for some (s, t) € Hn(én)}
has asymptotic probability 0. For —co < a < b < oo, let (s, t) € I1,,(6,,) such

that [7,511 1> Tne.n] C @, b] and ¢ — s = w,[a, b] A §,,, where nd, is assumed to
be an integer. Then outside from A, for any F € C,(Z,, @),

(F(a) - F, (b)) v (F,(b) - F(a))
= (F(rnerl,n) - Fn(rnt,n)) Vv (Fn(rns+1,n) - F(rnt,n))
< (Z, (s, t| F)| +1Z,(s, | Fp)))/(2n2(t — 5))

< (v8, pp/1ala, B2, O

PROOF OF THEOREM 4.2. In view of Proposition 4.1(b), we consider an ar-
bitrary fixed sequence of distribution functions G,, such that

(14) (Gu(s) = Fo(1)) v (Fo(s) = Gp(1)) < (Kpn/pls, t)'?

for s < t and arbitrary n > 1. Then it suffices to show that |G, — F,||g — 0

in part (a), and that |G, — F,|; = O(p2®*") in part (b).

As for part (a), by continuity of F', one has only to verify pointwise conver-
gence of (G,,),,. For any ¢ € R and ¢ > 0 there exists s < t with 0 < F[s, ¢] < &.
Weak convergence of (u,,), to u and support(w) O support(F,) together imply
that liminf,_,  w,(]s, ¢[) > u(]s, ¢{[) > 0. Hence

Go(t) = Fo(s) +o(1) = F (t) — & + o(1).
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Analogously, one shows that G,(t) < F,(¢) + ¢ + o(1) for any fixed ¢ > 0,
whence (G, (2)), tends to F ().
Under the assumptions of part (b), (14) entails

(G,,—F,)(s) < L(t - 3)5 +(Kp,/m,ls, t])l/z and

(15)

(G, — F,)(t) = —L(t — 5)P — (Kp,/ma[s, t])"?
for 0 < s < ¢ and arbitrary n > 1. Let «, := p» “**". Continuity of 1 and
compactness of I ¢ {u!) > 0} together imply that

inf s, t] = (y+o(1))k
s, £>0:[s, tINI#£D, t—s=k, M[ ]_ ('}’ ( )) n

for some y > 0. Since «, /p, — 00,

sup |Mn[s7 t]//.L[S, t] - 1| —p 07
s, t>0:[s, tINI#D, t—s=k,
which is well known from empirical process theory (see also Proposition 2.2).
Hence
Su?(Gn —F,)(s)v sup (F,—-G,)()
se

tel:t>k,
< L+ (Kpoiy /(v +0,(1) 7 = 0, (o),
while (F, — G,)(t) < F,(t) < Lkh = Lph/*" for all t € [0, x,]. O

Some final remarks. For the sake of simplicity we confined our attention
to one particular type of test statistic. Obviously there is some arbitrariness
in this definition. For instance, the results for the white noise model remain
valid, if T'(h) is replaced with

T, ,(h) —/ (t—s)"ex p(é}(li t);)dsdt,

where y > 0 and @ — (y — 1)* > —1, or with the statistic 7'(%) defined at
the beginning of Section 5. A very early version of the present paper treated
only test statistics similar to T(h), but numerical examples showed that con-
fidence sets based on maximum type test statistics are often larger than those
considered here. Using an exponent y > 1 for T', (k) increases sensitivity to
deviations on small intervals. The only price to pay for using such an exponent
is the extra arguments involving Lemma 5.1.
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