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Abstract

Well-known results for sums of independent stochastic processes are extended to processes
S=Y7%.1 ¢inw, where ¢ = (¢ij)1 <i.j<n is a collection of independent stochastic processes ¢;;
on some set 7, and I is a random permutation of {1, 2, ..., n} such that IT, ¢ are independent.
The general results, a uniform Law of Large Numbers and a functional Central Limit Theorem,
are applied to permutation processes and randomized trials.
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1. Introduction

The starting point of the present paper are results of Alexander (1987) on stochastic
processes S = (S())ees of the form

~

oi

=

S=
i=1

#

with independent processes ¢1,dz,...,¢» on a set F. Special cases are empirical
processes and set-indexed partial sum processes. Another useful reference for this
topic is Pollard (1990).

There are various statistical applications involving experimental randomization, in
which the ¢; can be viewed as a random subsample of a larger family of processes.
Precisely, let ¢ = (¢ij)1<i.j<n be a collection of independent stochastic processes
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¢i;on 7. Let I be a uniformly distributed random permutation of {1,2, ...,n}, where
I1, ¢ are independent. In what follows we investigate the stochastic process

S:= Z iny -
i=1

Conditional on I1, this process S has the same structure as S, but we are interested in
its unconditional behavior and thus have to account for the dependence of the
summands ;. At first glance S seems to have a rather special form, but one can
represent quite different processes in this way. To give a simple example, let M be
a uniformly distributed random subset of {1,2, ...,n} with fixed cardinality # M = m
such that M and 51,52,...,5,, are independent. Then ¥ ;. w®: is distributed as
Y, binan if L($i;) = L(P;) for j < m and ¢;; =0 for j > m.

An early reference in this context is Hoeffding (1951), who considered statistics of
the form ¥, r; ) with some fixed r = (1)1 <1, <» in R"*" His combinatorial central
limit theorem has been extended by numerous authors. In particular, Chen (1978)
considers Y ; R; ;) with a random n x n matrix R. Classical applications are rank tests
and permutation tests.

Section 2 contains general asymptotic results. That means, n, 7, and ¢ depend on
an additional, but hidden index v = 1,2, ..., and all asymptotic statements refer to
v— oo. The results and proofs are similar to parts of Alexander {1987). The main
contribution is a new method of symmetrization, which is suitable for the present
situation. Throughout this paper it is assumed that 2 < n=n,— oo and that the
mean function p: 7 — R"*" of ¢ exists, namely p;;(t):= P¢;;(f). An elementary
calculation shows that

PS@) =n""ps (1), (1)
wherer, , :=3%,; r;j, Fiv =31 andr,;:=Y r;forreR"*" Theorem 1 and Corol-
lary 1 give sufficient conditions for

IS—PS|—,0,

where | |l = || fll # := supies | f ()| for 7 — R. In addition assume the existence
of the covariance function y: 9 x .9 — R"*" of ¢, namely y;;(s, t) : = Cov(¢;;(s), ¢:;(1)).
Let

Gri=(r—n're—n"lro;+n"%r )1cij<n
and let {r,s) := Y, r;s; be the usual inner product on R"*" . Then standard
calculations such as in Hoeffding (1951) show that

Cov(S(s), S@®) =n" 741 (5,5) + (n — )7 <Gu(s), Gu(0)). @)

Theorem 2 gives sufficient conditions, under which the process S — PS can be
approximated by a centered Gaussian process having uniformly continuous paths
with respect to the pseudo-distance p on ', which is defined by

p(s,0% = 1Y P(505) — $50)? = (1 —n™*)Var(S(s) — S()) 3)
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Two different applications are given in Sections 3 and 4. The first one is an analysis
of permutation processes, which arise in connection with certain permutation tests.
The second one concerns randomized trials, in which subjects with subject- and
treatment-dependent distributions of responses are randomly assigned to different
treatments.

2. Asymptotic results

In order to avoid measurability problems, we assume that the index sets F = .7,
are countable; see Pollard (1984) for other conditions that guarantee measurability of
various suprema. Alternatively one may assume that the underlying probability space
is discrete (as it is in Section 3). The results are defined in terms of the random
pseudo-distances d,,d,, d¥ on 9, where

dp(s, 1) = dyls,t|ine: 1 <i<n)f = Z [ @i () — Ginwy@®I”, p=1,2,

dy (s, = dy(s,t|pinep: 1 <i<n)? = z (1biniy 1" — 1¢in (D73

Note that Pd# is just p? as defined in (3). For any pseudo-distance d on . define the
covering numbers

N(u,y",d):zmin{#ﬁ’ozﬂ'ocﬂ', inf d(to,t)Stheﬁ'}.
twed o

In the sequel {condition} stands for 1 if condition holds and 0 otherwise.

Theorem 1. Suppose that all ¢;; are nonnegative and the following conditions are satisfied:

sup 4 (1) = O(n); 4
teT

Z Pl il { | il >u} = o) Yu>0; (5)
N, 7,d¥)=0,(1) Yu>0. (6)

Then |S — PS|| tends to zero in probability.

Corollary 1. Suppose thar (4) and (5) hold with P|¢;l in place of ;. If
N, 7,dy) = O,(1) for arbitrary u > 0, then ||S — PS| tends to zero in probability.

Corollary 1 follows from Theorem 1, applied to the processes ¢i(j1) :=¢;; v 0 and

,-(jz’ := (— ¢y;) v 0 separately, because

df( 1o 1 <i<n? <di(, w1 <i<ny<d, forl=12
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Theorem 2. Suppose that the following conditions are satisfied,

sup ZJ Péy;(t)* = On); (7)

ALY P2 {1 g% > u} = o(n) Vu>0; ®)

[, toe N 77,422 2,0 (v 0,210 o)
Then

1} = p*7xsr—,0 and Nw,7,p)=0(1) VYu>0, (10)

e s —‘PS)(S) — (S —PS)(t)|>,0 (> w0, 0), (11)

IS—PS| = Op(li. (12)

Moreover, let a,: T — R be arbitrary functions such that y,_,|a,(t)] = O(1). Then

D(y( Y a,(e)(S ~ [P’S)(t)), m(o, Var( Y av(t)S(t)>>>—+ 0, (13)

ted teJ

where D(-,") is any metric on the space of Borel-probability measures on R, which
metrizes weak convergence.

Assertion (13) can be deduced from Chen (1978, Theorem 5.1). An alternative proof
is given below.

Before proving Theorems 1 and 2 let us describe the symmetrization used here: First
of all one may assume that

all numbers n = n, are even. (14)

For let k be uniformly distributed on {1,2,...,n + 1} such that ¢, IT, k are indepen-
dent. Then
oi) ifk#i<n,
TG):={Hk ifk<n+l=i
n+1 if k=i,

defines a uniformly distributed random permutation I’ of {1,2,...,n + 1}. With
¢iji=0for (,j)e{l,2,....,n+ 1}°\{1, 2,...,n}* one may replace S with

n+1 n

§'i=3% durp=5S— % {i=kldiny,
i=1 i=1
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because d(*," |pip-w: 1 <i<n+1)<dford=d,,d5, d,, and

PSS < n_zzp|]¢ij” — 0 under (5),
ij

PIS—S'I?<n 2 P|¢;I*— 0 under (8).
ij
In order to bound ||S — PS|, we write S = S; + S;¢, where I := {1, 2, ...,1/2}, and
Sui= ) binp, M :={1,2,...n}\M,
ieM

for any set M < {1, 2, ...,n}. Since one may rearrange the processes ¢;; with respect to
the first index i, it suffices to bound || S; — PS,||. This process S; — P S; is symmetrized
by subtracting a dependent copy rather than an independent one. Namely, we
consider S; — S/ in place of §; — PS;, where

Sfi= Z ¢in(i+n/2)~
iel

Note that S; and S} are dependent and identically distributed, while conditional on
the random set I1(I) they are independent and have different distributions (in general).
Let & = (¢4, ¢, ..., &,) be a Rademacher sequence, independent from ¢ and [1. Then

LS — SI*) = g(z 8i(¢in(i) - ¢in(i+n/2)))~

This can be seen by conditioning on the sets {II(i), II(i + n/2)}, ie I. Consequently, it
suffices to bound the supremum norm of

Si:= Z 8i¢in(i)-
iel

The next two lemmata are needed for justifying this symmetrization. The first one is
about the conditional expectation and variance of S;, S;* given IT(I), while the second
one is a modification of the symmetrization lemma in Pollard (1984).

Lemma 1. Under (14),
P((SF —PSHOIIT)) = — P((S; — PS))II(I)),
Var(S(t) + STOIII)) < 2(n — 2)"Y(n — 1) Var(S(1)) VieT.

Lemma 2. Let Z, Z* be two independent processes on a countable set I. Further let
f be a fixed function on I and 5 > 0 such that

PUEZ*+ )01 <0} AP{Z =)0 —(Z*+ )<} 2g>0 Vied.
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Then
P{IZI >G20+8)} <q 'P{IZ—2Z*| >n} Vn.
Proof of Lemma 1. Note first that £ (S;|I1(I) = J) is essentially of the same form as
Z(S) for any fixed set J < {1,2,...,n} with # J = n/2; just replace ¢ with (¢;;)ic1.jcs
and 7 with a uniformly distributed random bijection IT':I— J. Furthermore,
LSHOI)y=J)= (S| I(I)=J°). Now the equality for the conditional means
follows from routine calculations. In analogy to (2) one obtains
Var(S,(t) + SFOUI() = J) = 2n7 (3106, 0) + 71,°(5,1)) (15)
+ (/2 = )7 G u(e), G u(e) >
+ <G Ou®, GV p(®)),
where rp;i=Y. 1y, riyr 1= Yiem Fiis Tiv := Licy jen Tids and
GUMp:={iel}{jeM}(ry—2n"tr;— 20" rps + 407 2rp))icisj<n

for reR"™" and M =J,J°. The mapping G defined in the introduction is the
orthogonal projection from R"*" onto its subspace

V:= {((Xi + Bj)lgi,js,l: o, ﬂER"}L,
and GY™) is the orthogonal projection from R"*" onto
VIMY =V {reR" "1y =0V(i,j)¢ IxM]}.

Since VY70 and ¥ %) are orthogonal subspaces of V, the right-hand side of (15) is not
greater than

27y 4 (68 4 (n/2 — 1)1 GR), Gu(n)),
and the desired inequality follows from (2). O
Proof of Lemma 2. Suppose that | £(t)] > ( + 6)/2 for some te 7. Then
P{IZ—Z*| >n} = P{Z(O) — Z*0O)] > n}
2 P21f(O)] —UZ = 1)) —(Z* + )] > n}
=P{Z -y - (Z*+ /) <}

> q.
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On the other hand, suppose that ||f| < (n +9)/2. Let T = 1(Z) be a J-random
variable such that |Z(z}| > (3/2)( + &) whenever || Z|| > (3/2)(n + ). Then
PUZ—Z*| >n} 2P{IZ(x) - Z*®)| >n and |Z(1)] >(3/2)(n + 0)]
2 P{Z@O)| - 1f@ = (Z* +/)) >n
and |Z(7)] > (3/2)(n + 5)}

2P{(Z*+ /)W <d and |Z(1)] >3/l + )}

2 qP{|Z()| > (3/2)(n + 3)}

=qP{IZ| >3/ +5)}. O

Proof of Theorem 1. According to (5) there exist numbers u, > 0 such that

u,}]0 and n”! Zpﬂfﬁu” {19l >u,}—>0.

Conditions (4) and (6) remain valid if ¢;; is replaced with Gi:= i {1 ¢yl <u,},and
the mean of ||S -}, {5,-,,(0 | is not greater than n~! i Pl {N ¢l >u,}. There-
fore, one may assume that

il <u, Yij Vv

As mentioned earlier, it suffices to show that (| S; — PS,| —,0, where we assume
(14). One may symmetrize S; — PS; as described earlier. For

Var(S@) < (n — )71 Y Py < uy(n — 1) s 1 (1),

and the right-hand side tends to 0 uniformly in t € 7, by (4). Hence, Lemma 1 implies
that

sup Var(S;(t) + SF@) [ II(I)=J) = o(l).
te7,J<{1,2,..,n}: #J=n/2
Moreover, the processes Z := S; — PS; and Z* := S§ — PS; are independent condi-
tional on I1(I), and f:= P(Z|II(I)) equals — P(Z*|I1(I)). Thus, one can deduce from
Lemma 2 that [|S; — P§;|| - ,0, if | §f| —,0.
Clearly, |Sf(s) — Si(t)] < d,(s,t) for arbitrary s,¢1€7 . Since all ¢;; are nonnegative,
one may write

d,(s, 1) = Z (Diny (' + inw( OV Piniy () = Pine (D

< (SEY? + S@®)V2)d3 (s, 1)
<2082 d3 (s, 1),
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where the first inequality follows from the Cauchy-Schwarz and triangle inequalities.
Hence P(| Sil| > 2q|I1, ¢) is not greater than
N(n/2|ISII'?), 7, dF) sup P(ISi(t)| > 0|11, ),

ted

and for arbitrary te J and 5 >0,

PS> 7|, ¢) < 2exp( - '12/(2 ZI d)iH(i)(t)2>> < 2exp(— 1*/Q2u,[ S1)),
according to Hoeffding’s (1963) inequality. Consequently, it suffices to show that || S|
is bounded in probability.

We now apply LeCam’s (1983) square root trick: Let M := {i:g = 1}. Since
NS < i Sxll + | Suell, and since Sy, Sy are identically distributed, it suffices to
show that

ISa i1 = IS3° 1l = O, (1)

Conditional on (g, I1(M)) the two processes SAll/ 2, S}u/% are independent with

sup P(Sye(t)le, I(M)) = (# M*)" ' sup )y 15()

ted ted ieM®, jelm(M®)
< (# M) sup py (1)
te T
= 0,(1),

because of (4) and # M°/n— ,1/2. Hence, one can apply the symmetrization lemma in
Pollard (1984), and it suffices to show that

183" — Saell = 0,(1).
However,
(Sx” = SMOE) — Su” — Sus) (0]
< Sy (8) = Sa (O] + 1S4 (s) — Sa()|
<dF(s, t1Pineie M) + d5(s,t|piprgy ie M)
<22 4% (s, 1)
Thus, P (|| S;/Z 1/2 <\l > 2n|1I1, ¢) is not greater than
N@Q 20,7, dF)sup P(((Sy" — Sy )] >yl 1T, ¢)

ted

=0, (1)sup P(I(Sy — Su) ()| > (SM> + SiO) (eI, )

ted

<O, ()sup P(I(Sy — Sue) () > SOV 0|11, $),

ted
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and for ail teJ and n > 0,

P((Sm — Sue)@)| > S(6) > |11, ¢)
<2 exp( - ﬂzS(t)/(2 ) ¢m(i>(t)2>> < 2exp(—1*/(2u,))- 0,
by Hoeffding’s (1963) inequality. [

Before proving Theorem 2 let us mention an auxiliary result, which follows from
oeffding (1951, Theorem 3), by a simple truncation argument.

Lemma 3. Let r = r,e R"™" such that

ey =0(m) and Y ri{ri >u}=o0(n) Yu>0.
ij
Then

D(.,?(Z Grl-n(,»)>, A (0,(n — 1)1 <Gr, Gr>))—+ 0.

Proof of Theorem 2. The arguments of Alexander (1987) carry over with only few
modifications: We define processes y;; on 7 x 7 via

Yij(s, 1) 1= ij(s) — Pis(0)-
Then d3(s,t) = ¥ Y (s, 1) and p? = PdZ. Note that
N, T x T, d5(, Wie: 1 <i<n) < NP, 7,d,)* =0,1) Yu>0,
because of (9) and
F((s,0), (8, Y| Whay 1 i< n) <dy(s, s') + dy(t, t)

Moreover,

sup 3 Pyys,t)’ < 4sup Y Pgy(t)* = Olm),

s,ted ij ted ij
LPIE e {1l 5sr >u} < 42 Plloyli* {1l ¢:;1* >u/4} = o(n) Yu>0.

Consequently, the first half of (10) follows from Theorem 1 applied to 7 in place of
¢;;. This, together with (9), yields the second half of (10).
In order to prove stochastic equicontinuity of S — PS, assertion (11), one may
assume (14) and symmetrize as in the proof of Theorem 1. Thus, it suffices to show that
sup [Si(s) — Sj(1)] »p O whenever a(v) | 0.

S, teFp(s,t) < a(v)
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Since d# is a uniformly consistent estimator of p2, one may replace p with d,. But then
the assertion follows from Hoeffding’s (1963) inequality and the Chaining lemma in
Pollard (1984) applied to the conditional distribution of S} given ¢ and IT.

Let 7 (u) be a subset of F such that # 7 (u) = N(u, 7, p) and inf .7, p(s, 1) < u
for all te 7. By (10), # 7 (u) = O(1), and thus |S — PS|| 5, = O, (1), according to
(7). But (11) implies that for any &>0 there is a u >0 such that
IS —=PS|>|S—PS|lsu+ 1 with asymptotic probability at most &. This yields
(12).

As for assertion (13), one can easily show that (7) and (8) remain valid, if I is
replaced with the singleton {a,} and ¢;(a,):=Y 1y (1) ¢;(0). Elementary calcu-
lations show that these conditions can be reformulated as follows:

{ula,), wa,)y = O(m) and 3 pyla,){uy(a,)* >u} = ofn) Vu>0, (16)

7++(@)=0(m) and 7y, (aJu)=o0(n) VYu>0, (17)

where  y;(a,):= Var(¢;;(a,)) and y;(a,Ju) stands for P(¢;; — p;)a,)?
{(¢i; — ;) (a,)* > u}. In fact, the second half of (16) follows from the following simple
inequality for integrable real random variables Y:

PY{Y>u}=PY{PY >2u}/2 VYu>0. (18)

Now write (S—PS)(a,) as the sum of S%a,):=3,(¢ine — inw)(a,) and
M(a,):= Y, (Gu(a,))ine - It follows from Lemma 3 and (16) that

D(Z (M(a,)), #(0,(n — 1)"*{Gu(a,), Gu(a,)»)) — 0.

Since Var(S(a,)) equals n™ 1y, (a,) + (n — 1)"*<{Gu(a,), Gu(a,)> and M(a,) de-
pends only on I, it suffices to show that

D(Z(S%(a) ), A (0,07 y 4 +(@))) =, 0.

But this is a consequence of Lindeberg’s central limit theorem. For

Z 'yil'l(i)(av) = n_l)’+ +(av) + Op(l)a

Z Vinw(a,u) = 0p(1) Yu>0.
The latter two claims follow from (17), because PY, yin(a,|u) equals n™ 'y, 4 (a,]u),
while Var (Y, yinw(a,) — ¥, inw(a,|u)) is not greater than (n — 1) 'uy, 4 (a,). O
3. Permutation processes

Let & = (£i;)1 <1,j < be a collection of fixed points £;; in some set X, and let 7~ be
a family of real-valued functions on X such that its envelope T (x) := sup,cs | t(x)] is
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finite for all x e X. For some constant ¢ > 0 we define
¢i;(t) 1= ct(&y;),

i.c. each ¢;;is a nonrandom function on . We now consider the asymptotic behavior
of § =Y, ¢inwy, where n, &, c depend on v withn —» o0 asv— oo, while 7 is fixed. §'is
regarded as a random variable with values in the Banach space (I,(Z ), ||-]) of
bounded functions on . Let

Nw, T ):=supNwuQ(T), 7,dyp),

where the supremum is over all discrete measures Q on X such that Q(7) < oo, and
dg(s, t):= Q(|s — t|). A useful inequality is

Nu, 7)< Au™® Vue(0,1]

for Vapnik—Cervonenkis subgraph classes 4 (4, B > 0); see Pollard (1984, Lemma
11.25).

Theorem 3. Suppose that the following conditions are satisfied:

c? Y T(&;)* = O(n); (19)
ij
c? Z T(E) {2 T(E)* >u} =o0(n) Yu>0; (20)
Jl (log Nw? )2 du < w; 21)
0

for some function K on T x T,

1Cov(S) = Kl 55— 0. (22)
Then T is totally bounded with respect to the pseudodistance

pls, )= (K(s,s) + K(t,1) — 2K (s, )/

Moreover, S — PS converges in distribution in |, (7 ) to a centered Gaussian process
W = (W (1));e 5 having uniformly continuous paths with respect to j, and Cov(W) = K.

An important special case is that &;; = (y;,z;)e Y x Z and " = % x % with families
& and % of functions on ¥ and Z, respectively; we identify a pair ( f, g)€ J with the
function fx g(y, z) : = f(y)g(z), so that ¢;;(f, g) = ¢f (y:)g(z;). Processes of this type
appear in various statistical applications. In the context of generalized bootstrap
methods, Praestgaard and Wellner (1993) consider the case that ¢ consists of one
indicator function. Applications to the changepoint problem are given by Romano
(1989), Lausen and Schumacher (1992) and Diimbgen (1992). There z; = j/n and
4 ={{ <r}:re[0,1]}. If one wants to extend these methods to generalized
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changepoint models such as in Carlstein and Krishnamoorthy (1992), one has to
consider z;e R? and more general classes 4.
Condition (21) is satisfied if

1 1
j (log N(u?, FNV2 du + j (log N, %9))? du < .
0] 4]

For let F and G be the envelopes of # and ¥, respectively, and let Q be any discrete
measure on Y x Z such that Q(F x G) < oo. Then

QUfxg—f'xg'Nh=<QUf=fN+Q"(g—g'l) Vff'eF Vg,g9'€¥,

where Q'(-):=Q( xG) and Q"(-):=Q(F x -). Since Q'(F)= Q"(G) = Q(F xG),
one can easily deduce that N(u, 7 ) < N(u/2, #)N(u/2, 9).

To give a specific example, let Y = Z = R and z;:= j/m with 1 < m < n. Further,
suppose that the points y; = y; , and m = m, satisfy

Yyi=0 and Y y?=n Vy,

Ly {y? > um} =o(n) Yu>0.

Then the process (m™'? ¥ yi{znw < 1})rero, 1) converges in distribution to the stan-
dard Brownian bridge if m = n and to the standard Brownian motion on [0, 1] if
m — oo and m/n— 0. This is an extension of Billingsley (1968, Theorem 24.1), which
follows from Theorem 3 and the subsequent remarks, when &% = {y+—>y} and
g ={{<r}:rel0,1]}.

Proof of Theorem 3. One can write S — PS as Y, ¥; ), where y;;(t) : = (Go());;. We
now show that the assumptions of Theorem 2 hold with these functions i;; in place of
¢:;- This implies Theorem 3, because

p(s, )2 = (1 — n~Yyn Var(S(s) — S(1))

converges to p(s, t)? uniformly in s, t€ ", according to (22).

With the measure gq;:=0dy, +n 'Y, (8¢, + d¢,) +n 2y, 0, one can write
Yi;(t) = qi;( fi;¢) with a density f;; €[ — ¢, ¢]. Then the Cauchy-Schwarz inequality
yields

Wi 11? < 4c? qij(Tz)'

Together with (18) one can deduce from (19) and (20) that

?q++(T?)=0(m) and c?) q(T*){c*q;(T?) >u} =o0(n) Yu>0, (23)
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which certainly implies (7) and (8). The random distance d,(s, t)* is not greater than
Q(|s — t|), where

o():= 8¢* Z Gimay(T-).

Thus N(u, 7, d;) < Nu*/Q(T), 7 ), and (9) follows from (21) and Q(T) = O,(1). The
latter fact is a consequence of (23). [

4. Randomized trials

Suppose that one is interested in the influence of different treatments (e.g. medical
drugs) b = 1,2,..., B on a group of subjects that are indexed by i = 1, 2, ...,n. Often it
is not possible to expose one subject to several treatments, and one picks disjoint
subsets Dy, D,,...,Dg of {1,2,...,n} randomly, where all subjects in D, receive
treatment b. The assignment D := (Dy,...,Dg) is uniformly distributed under the
restriction that # D, = n, for all b = 1, 2, ..., B with fixed integers n, > 2. Then one
observes the response Y; of subject i for all ie UbD,,.

We assume that for each subject i there are distributions P;y,P;,,...,P; on
a measurable space Y such that for given assignment D the Y; are independent
random variables with

E(YIID):PH) ViEDb.
A natural estimator for the average distribution P,:=n"'Y_ P, is given by
Isbi‘;nzfl Z Oy >
ie Dy

and one casily verifies that it is unbiased. The question is, how good these estimators
are. More precisely, let # be a family of measurable functions f: Y — R. Then we are
interested in the behavior of the process S — PS on  := % x {1, 2,..., B}, where

S(f, b):= ni”? Py(f).

This example fits into our general framework as follows: Let ¥ = (Y;;)1<i j<n
consist of independent Y-random variables Y;; such that

g(),ij)zpib Vjer:= {] Z nc<js z nc}'

1<e<b l<ec<bh

Further, let Y and I be independent. Then S can be represented as ', ¢; ), where
ii(f, ) :=ny l/zf(Yij) {jer}-
In other words, we define Y;:= Yy and Dy := IT71(J,).
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An often made assumption is that
(iid) Py=P, ViVbh.

This can be justified if n is huge compared to n; + n, + .- + ng. Under (iid) the
empirical processes ((S — PS)(f, b))ses, | < b < B, are independent, whereas in
general they are dependent. However, it is shown below that under (iid) the process
S is maximally dispersed in a certain sense.

Here (Gu(f, b)); equals ny, Y2(Py — Py) (f) ({j€Js} — ny/n), and one can derive
from (2) that

Cov(S)=V — 4,
where

V((f )19, )= {b = c} (Py(fg) — Po(f) Ps(9))

+{b=clnn~1))"1 Y (Py — Po)(f) (P — Py)(g)

i

= Coviq)(S(£ 1), 59, ) + {b = c}ny " 4((, b). (g, b)),
A((£:b),(g,)) 2= (nn — 1)) (p1)' " 3 (Pip — Po)(f)(Pic — P)(9).

The function 4 is nonnegative definite, ie. . __ a(s)a(t)4(s, 1) is nonnegative for all
aeR7 such that a(t) = 0 for all but finitely many ¢ .. Since each subject gets only
one treatment, one cannot expect to find a consistent estimator for 4 without special
assumptions. However, let

V((£b)(g,0)):= (b= c}m,~ 1) my(Py(fg) — Po(f) Pe(9)).

Under (iid), I’ is an unbiased estimator for the covariance function of S. The
remarkable thing is that in general,

PV =V (24)

We now analyze the asymptotic behavior of S and ¥ under the assumption that the
number B of treatments and the (countable) family # with envelope F are fixed, while
ny, = ny,,— oo for all b, and the averages P, may also depend on v. Further, we
assume that

Y Py(F?) = O(l), (25)
b
Y Py(F*{F?>mu})>0 Yu>0, (26)
b

Jl (log N(w?, F))'? du < 0. 27)



L. Diimbgen/Stochastic Processes and their Applications 52 (1994) 75-92 89
Under these conditions,
[V — CoVia) (S) | 7o = O(m™') and |[4|l;csy= O<n_1 max nb)~

b

Hence Cov(S) can be approximated by Covq)(S) — 4, where A is negligible, if
n,/n— 0 for all b. In what follows let P, and P * denote inner and outer probability,
respectively. For A <!, (7 ) let B(A,¢) be the set of all xel (7 ) such that
inf,e 4 lx —al <e.

Theorem 4. Suppose that conditions (25)-(27) hold. Then the conditions of Theorem
2 are satisfied, and

1V = Vg er=,0. (28)
Further, for arbitrary convex and symmetric sets C, < (T ),
P.{S— PSeB(C,,&)} = Py {S— PSeC,} +0o(l) Ve>0. (29)

For instance, if ¥ =R, one can compute simultaneous Kolmogorov—Smirnov
confidence bands for the distribution functions of Py, P,, ..., Pg. Namely, let (0, 1)
and R(x) > 0 such that

P{IWlou<R@}=01-x",

where W is a standard Brownian bridge on [0, 1]. Then Theorem 4 and classical
results for empirical distribution functions together imply that

lim sup P{||S — PS|| > R(2)} < o,

where # := {{- < r}:reR}. This is a new example for the phenomenon that standard
procedures, which are motivated by assumption (iid), are still reliable and often
conservative in the general case. Some other references for this topic are Neyman
(1923, 1990), Copas (1973), Robins (1988) or Freedman et al. (1991, Chapter 27.3).

For general Y and & one can estimate % ;4,(S — P) consistently by the bootstrap
estimator (S — S|D, Y), which is constructed as follows:

S(fb)i=n, 2 Y (T,

ie Dy

where the random variables ¥,, Y,, ..., ¥, are conditionally independent given (D, Y),
and

L(YD,Y)=P, VieD,.

Corollary 2. Suppose that (25)—(27) are satisfied. Then for arbitrary sets A, = 1 (T ),
Py {S — PSeAd,} < P(S — SeB(4,,8)|D, Y) + 0,(1),
P(S—5Se€A,|D,Y)< P, qiS — PSeB(4,,8)} + 0,(1) Ve >0.
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Theorem 4 and Corollary 2 together extend recent results of Liu and Singh (1992),
who demonstrated that standard bootstrap methods typically yield conservative
confidence sets, if applied to independent, but not identically distributed observations.

Proof of Theorem 4. We first check the conditions of Theorem 2. One can easily show
that (25) and (26) imply (7) and (8). Moreover, N (u, 7,d,) < ¥, N(u, # x {b},d,), and
for any fixed b,

dy((f, b). (g, b)) = Po((f— 9)) < 2Py(F|f—g|) VS geF

Hence N(u, # x {b},d,) < N(u? JQP,(F?)), F # ), and condition (9) follows from (25)
and (27).

One may assume without loss of generality that 0 4. Then one can deduce (28)
from (10), (12) and (25). For (P, — P;)(fg) can be written as

(d? — p*)((£, b),(0, b)) + (d3 — p*)((g,b),(0,b)) — (d% — p*) (£, b),(g,b)))/2,
while
| Py(f)Py(g) — Po(f)Pu(g)l <y 1 | S — PS|% + 2P, (F)n; Y2 ||S — PS|.

It remains to prove inequality (29). Note that (25)-(27) involve only # and the
averages P,. Likewise p((f,b), (g,¢))* = P,(f?) + P.(g*) — 2{b = ¢} P,(fg) depends
only on Py, P,,..., Pg. Thus (11) implies that for any & > 0 there is a sequence of sets
To=5,, < and mappings y =y, from & onto F, such that # 7, = O(1) and

lim sup P*{||S' — S’ ey|| = 0} <4,
lim sup P, {IS"— S"°yll =6} <6,

where S’ := § — PS. But (13) implies that £ (S'|#,) and & 4)(S’|#,) can be approx-
imated by centered Gaussian distributions Q = Q, and Q 4y = Q ia),» 01 [, (F o ) with
covariance functions (V' — 4)| s, .o, and V] z, . s, , respectively. Further, the mapping
lo(Tp)axpr>T'xp:= xpoy€l,(J ) is linear and isomorphic. Hence,

P(Tid){S'ECV} < Ip(iid){S(OVEB(CV,(S)} + )
= P(iid){swyoerle(Cv,é)} + (S
< Quiay(I’ “1B(C,,20)) + 26

for sufficiently large v. Since I "' B(C,, 26) is also convex and symmetric, and since
Alg, < 7o 15 nonnegative definite, Corollary 3 of Anderson (1955) implies that

Quiay(I" "' B(C,, 20)) < QI "' B(C,, 20))
<P{S'|soel "'B(C,,36)} + o
<P.{S'eB(C,,48)} + 25
for sufficiently large v. Letting 6 | O yields (29). O
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Proof of Corollary 2. Note that #(S|D, Y) is the same as Z iiay(S) with P, in place of
P,. Moreover, the pseudodistance p corresponding to S has to be replaced with d,,
and

Cov(S(£), S(g,)ID, ¥) = (my — Vg * V(£ b), (g, ¢))
Now  conditions (25 and (26) hold in  probability, because
PY, Py(F?) =Y,Py(F?) = O(l) and PY, P,(F*{F? > nyu}) = o(1) for all u>0.
Since ||d3 — p?|{ 7,7 —,0 and | V— Covigy(S) | # x 7 = 5 0, Theorem 2 implies that

D, Y)

P( sup IS —=8)() — (S-S >e¢

s,teFp(s,t) <a

-, 0v> 0,00 Ve>Q,

D, Y>, -/V<O, Var(iid)( Z av(t)S(t)>>> —>p0
ted

for arbitrary functions a,: 7 — R such that ' __ |a,(t)| = O(1). Now the assertion of
Corollary 2 follows with similar arguments as in the proof of (29). O

and

D(f( Y, 4,0 = $)()

ted
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