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We consider nonparametric estimation of the parameter functions ;(-), i =1, ..., p, of a time-varying
autoregressive process. Choosing an orthonormal wavelet basis representation of the functions a;, the
empirical wavelet coefficients are derived from the time series data as the solution of a least-squares
minimization problem. In order to allow the a; to be functions of inhomogeneous regularity, we apply
nonlinear thresholding to the empirical coefficients and obtain locally smoothed estimates of the a;.
We show that the resulting estimators attain the usual minimax L, rates up to a logarithmic factor,
simultaneously in a large scale of Besov classes. The finite-sample behaviour of our procedure is
demonstrated by application to two typical simulated examples.
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1. Introduction

Stationary models have always been the main focus of interest in the theoretical treatment of
time series analysis. For several reasons autoregressive models form a very important class of
stationary models: they can be used for modelling a wide variety of situations (for example,
data which show a periodic behaviour); there exist several efficient estimates which can be
calculated via simple algorithms (Levinson—Durbin algorithm, Burg algorithm); and the
asymptotic properties, including the properties of model selection criteria, are well understood.

Frequently, people have also tried to use autoregressive models for modelling data that
show a certain type of non-stationary behaviour by fitting such models on small segments.
This method is often used, for example, in signal analysis for coding a signal (linear
predictive coding) or for modelling data in speech analysis. The underlying assumption then
is that the data are coming from an autoregressive process with time-varying coefficients.

Suppose we have some observations {Xi,..., Xy} from a zero-mean autoregressive
process with time-varying coefficients a;(:), ..., a,(-). To obtain a tractable framework for
our asymptotic analysis we assume that the functions a; are supported on the interval [0, 1]
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and connected to the underlying time series by an appropriate rescaling. This leads to the
model

P
Xor+ Y alt/T)X 1 ir = o(t/ D, t=1,...,T, (1.1)
=1

where the ¢,s are independent, identically distributed with Ee; = 0 and var(e;) = 1. To make
this definition complete, assume that Xy, ..., X|_, are random variables from a stationary
AR(p) process with parameters a;(0), ..., a,(0). As usual in nonparametric regression, we
focus on estimating the functions «; in full, although, strictly speaking, the intermediate
values a,(s), for (1 —1)/T <s<t/T, are not identifiable. This time-varying autoregressive
model is a special locally stationary process as defined in Dahlhaus (1997). However, for the
main results of this paper we only use the representation (1.1) and not the general properties,
like analogue of Cramér’s representation a non-stationary (see Dahlhaus (1997, p. 3)), for
example, of a locally stationary process.

The estimation problem now consists of estimating the parameter functions a;(-). Very often
these functions are estimated at a fixed time point #,/7 by fitting a stationary model in a
neighbourhood of f,, for example, by estimating a;(to/T), . . ., a,(to/T) with the classical Yule—
Walker (or Burg) estimate over the segment X, _y 7, ..., Xy +n,r, Where N/T is small. This
method has the disadvantage that it automatically leads to a smooth estimate of «;(-). Sudden
changes in the ¢;(-), common as they are for example in signal analysis, cannot be detected by this
method. Moreover, the performance of this method depends on the appropriate choice of the
segmentation parameter N. Instead, in this paper we develop an automatic alternative, which
avoids this a priori choice and adapts to local smoothness characteristics of the a;(-).

Our approach consists in a nonlinear wavelet method for the estimation of the coefficients
a;(-). This concept, based on orthogonal series expansions, has recently been brought into
the nonparametric regression estimation problem by Donoho and Johnstone (1998), and has
been proven very useful if the class of functions to be estimated exhibits a varying degree of
smoothness. Some generalizations can be found in Brillinger (1994), Johnstone and
Silverman (1997), Neumann and Spokoiny (1995) and Neumann and von Sachs (1995). As
usual, the unknown functions, a;(u), are expanded by orthogonal series with respect to a
specially chosen orthonormal basis of L,[0, 1], a wavelet basis. Basically, the basis functions
are generated by dilations and translations of the so-called scaling function ¢ and wavelet
function 1, which are both localized in spatial position (here temporal) and frequency. These
basis functions, unlike most of the ‘traditional’ ones (Fourier, (non-local) polynomials, and
so on), are able to optimally compress both functions with quite homogeneous smoothness
over the whole domain (like Holder or L,-Sobolev) as well as members of certain
inhomogeneous smoothness classes (like L,-Sobolev or Besov B, with p <2). Note that
the better compressed a signal is (that is, the smaller the number of coefficients representing
it), the better the performance of an estimator of the signal which is optimally tuned with
respect to bias—variance trade-off. A strong theoretical justification for the merits of using
wavelet bases in this context has been given by Donoho (1993): it was shown that wavelets
provide unconditional bases for a wide variety of these inhomogeneous smoothness classes
with the result that wavelet estimators can be optimal in the above-mentioned sense.
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To actually achieve this optimality there is need to nonlinearly modify traditional linear series
estimation rules which are known to be optimal only in the case of homogeneous smoothness:
there the coefficients of each resolution level j are essentially of the same order of magnitude,
and the loss due to a levelwise inclusion/exclusion rule, as opposed to a componentwise rule, is
only small. However, under strong inhomogeneity, the coefficients of each fixed level might not
only differ considerably in their orders of magnitude but also have significant values on higher
levels to be included by a suitably chosen inclusion rule. Surprisingly enough, this is possible by
simple and intuitive schemes which are based on comparing the size of the empirical
coefficients with their variability. Such nonlinear rules can dramatically outperform linear ones
in cases where the vector of coefficients forms a sparse signal (that is, in cases of
inhomogeneous function classes represented in an unconditional basis).

In this work, we apply these locally adaptive estimation procedures to the particular
problem of estimating autoregression coefficients which are functions of time. A basic
problem in this situation is to obtain adequate emprirical wavelet coefficients. For example,
if one made a wavelet expansion of the function d;(-) where a,(#o/T) was the Yule—Walker
estimate on a segment (as described above), then the information on irregularities of the
functions «;(-) would already be lost (since the segment is smooth). No thresholding
procedure of the empirical wavelet coefficients would recover it.

To overcome this problem, we suggest in this paper using the empirical wavelet coefficients
obtained from the solution of a least-squares minimization problem. In a second step, soft or
hard thresholding is applied. We show that in this situation our nonlinear wavelet estimator
attains the usual near-optimal minimax rate of L, convergence, in a large scale of Besov spaces,
that is, classes of functions with different degrees of smoothness and different norms in which
smoothness is measured. The full procedure requires consistent estimators for the variance of
the empirical coefficients. In particular, a consistent estimator of the variance function is
needed (cf. Section 3), for example the squared residuals of a local autoregressive model fit.

Finally, with this adaptive estimation of the time-varying autoregression coefficients, we
immediately provide a semi-parametric estimate for the resulting time-dependent spectral
density of the process given by (1.1). An alternative, fully nonparametric approach for
estimating the so-called evolutionary spectrum of a general locally stationary process (as
defined in Dahlhaus 1997) has been delivered by Neumann and von Sachs (1997), which is
based on nonlinear thresholding in a two-dimensional wavelet basis.

The content of our paper is organized as follows. While in the next section we describe
details of our set-up and present this main result, in Section 3 the statistical properties of
the empirical coefficients are given. Section 4 shows the finite-sample behaviour of our
procedure applied to two typical (simulated) time-varying autogressive processes. Section 5
deals with the proof of the main theorem. The remaining Sections 6—7 and the Appendix
present some auxiliary results, both of interest in their own right and in this particular
context used to derive the main proof (of Section 5).

2. Assumptions and the main result

Before we develop nonlinear wavelet estimators for the functions a;, we describe the general
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set-up. First we introduce an appropriate orthonormal basis of L,[0, 1]. Assume that we have
a scaling function ¢ and a so-called wavelet 1 such that, defining ¢ ;(x) = 2"2¢p(2'x — k)
and v j(x) = 27/29p(2x — k), {pu()}iez U{pu()}=1kez forms an orthonormal basis of
Ly(R). The construction of such functions ¢ and w, which are compactly supported, is
described in Daubechies (1988). It is well known that the boundary-corrected Meyer wavelets
(Meyer 1990) and those developed by Cohen, Daubechies and Vial (1993) form orthonormal
bases of L,[0, 1]. In both approaches Daubechies’ wavelets are used to construct an
orthonormal basis of L,[0, 1], essentially by truncation of the above functions to the interval
[0, 1] and a subsequent orthonormalization step. Throughout this paper either of these bases
can be used, which we write as {¢lk}k€,o U{%}j=rker,. It is known that #1; = 2/, and that
#]0 = 2! for the Cohen—Daubechies— Vial (CDV) bases whereas for the Meyer bases,
#10 =2/ + N for some integer N depending on the regularity of the wavelet basis. For
reasons of notational simplicity, in what follows we restrict our attention to the CDV bases.
Accordingly, we can expand a; in an orthogonal series

= Z apu + Z Zﬁ(lk)%k, 2.1)

kel‘} j=1 kel
where a(lg = [ai(w)¢ u(u)du, ﬁ;'k) = [ai(u)y jx(u) du are the usual Fourier coefficients, also
called wavelet coefficients.
Assume a degree of smoothness m; for the function g;, that is, a; is a member of a
Besov class B (C) defined below. In accordance with this, we choose compactly
supported wavelet functions of regularity 7> m := max{m;}, that is:

Assumption 1.
(i) ¢ and y are C'[0, 1] and have compact support.
(i) [@(ryde=1, [p()t*dr=0 for 0 < k< r

The first step in each wavelet analysis is the definition of empirical versions of the
wavelet coefficients. We define the empirical coefficients simply as a least-squares estimator,
that is, as a minimizer of

2
T p
I EEEDY Za<’>¢,k(r/r)+2 Y B/ D X | . 22)
t=p+1 i=1 [ kel j=1 kel

where the choice of j* will be specified below. Since {¢y}r U {0k} /<j< 1.1 forms a basis
of the subspace V'« of L,[0, 1], this amounts to an approximation of a@; in just this space V.
_ In the present paper we propose to apply nonlinear smoothing rules to the coefficients
ﬁ(jlk) It is well known (cf. Donoho and Johnstone 1998) that linear estimators can be optimal
with respect to the optimal rate of convergence as long as the underlying smoothness of a;
is not too inhomogeneous. This situation changes considerably if the smoothness varies
strongly over the domain. Then we have the new effect that even at higher resolution scales
a small number of coefficients cannot be neglected, whereas the overwhelming majority of
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them are much smaller than the noise level. This kind of sparsity of non-negligible
coefficients is responsible for the need for a nonlinear estimation rule. Two commonly used
rules to treat the coefficients are: hard thresholding,

oMPBY, 1) = BRIABRI = Ay
and soft thresholding,
OOBY, 1) = (B = 2)+ sen(BY).

To treat these coefficients in a statistically appropriate manner, we have to tune the
estimator in accordance with their distribution. It turns out that, at the finest resolution
scales, this distribution actually depends on the (unknown) distribution of the X, rs,
whereas we can hope to have asymptotic normality if 2/ = o(T). We show in Section 3 that
we do not lose asymptotic efficiency of the estimator if we truncate the series at some level
j = j(T) with 2/ =< T'/2_ To give a definite rule, we choose the highest resolution level
¥ =1 such that 2/"~! < T1/2 <2j*, that is to say, we restrict our analysis to coefficients
ay (kely, i=1,...,p)and By (=1 2<T'2 kel, i=1,..., p). Unlike in
ordinary regression, it is not possible in the autocorrelation problem considered here to
include coefficients from resolution scales j up to 2/ = o(T). This is due to the fact that the
empirical coefficients cannot be reduced to sums of independent (or sufficiently weakly
dependent) random variables, which results in some additional bias term.

Finally, we build an estimator of a; by applying the inverse wavelet transform to the
nonlinearly modified coefficients.

Before we state our main result, we introduce some more assumptions. The constant C
used here and in the following is assumed to be positive, but need not be the same at each
occurrence.

Assumption 2. There exists some y = 0 such that

lcum,(g,)| < C"(n)'*7, for all n, t.

Assumption 3. There exists a p >0 with
p .
1+ Zai(s)zl # 0, forall |z] <1+ pandall s €[0, 1].
i=1

Furthermore, o is assumed to be continuous with C; < o(s) =< C, on [0, 1].

Remark 2.1. Note that, besides the obvious case of the normal distribution, many of the
distributions that can be found in textbooks satisfy Assumption 2 for an appropriate choice of
y. In Johnson and Kotz (1970) we can find closed forms of higher-order cumulants of the
exponential, gamma and inverse Gaussian distribution, which show that this condition is
satisfied for y = 0. The need for a positive ¥ occurs in the case of a heavier-tailed
distribution, which could arise as the distribution of a sum of weakly dependent random
variables.
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Assumption 3 implies uniform continuity of the covariances of {X,;7} (Lemma 8.1). We
conjecture that the continuity in Assumption 3 can, for example, be relaxed to piecewise
continuity.

In the following we derive a rate for the risk of the proposed estimator uniformly over
certain smoothness classes. It is well known that nonlinearly thresholded wavelet estimators
have the potential to adapt to spatial inhomogeneity. Accordingly, we consider Besov classes
as functional classes which admit functions with this feature. Furthermore, Besov spaces
represent the most convenient scale of functional spaces in the context of wavelet methods,
since the corresponding norm is equivalent to a certain norm in the sequence space of
coefficients of a sufficiently regular wavelet basis. For an introduction to the theory of
Besov spaces B’ see, for example, Triebel (1990). Here m =1 denotes the degree of
smoothness and p, ¢ (1 < p, ¢ < oo) specify the norm in which smoothness is measured.
These classes contain traditional Holder and L,-Sobolev smoothness classes by setting
p=¢q=o00 and p = g = 2, respectively. Moreover, they embed other interesting functional
spaces such as Sobolev spaces W', for which the inclusions B, C W' C B, (in the
case 1<p=<2) and B, CW}CB) (if 2< p<oo) hold true; see, for example,
Theorem 6.4.4 in Bergh and Lofstrom (1976)

For convenience, we define our functional class by constraints on the sequences of
wavelet coefficients. Fix any positive constants Cy, i =1, ..., p; j =1, 2. We will assume
that a; lies in the set of functions

7, = {f = Zalkfplk + Zﬁjk’/’jk
k Jk

latlloo < Cirs 1B M mi.pig: = Ciz},

where

1B.11m.pa = (Z [2/’51" 3 ﬁjkp] q/p) /g

=1 kel

s=m+1/2—1/p. It is well known that the class .77; lies between functional classes
B ,(c) and B7Y (C), for appropriate constants ¢ and C; see Theorem 1 in Donoho and
Johnstone (1998) for the Meyer bases, and Theorem 4.2 of Cohen, Dahmen and DeVore
(1995) for the CDV bases.

To ensure sufficient regularity, we restrict ourselves to the following:

Assumption 4. 5;> 1, where §; = m; + 1/2 — 1/ p;, with p; = min{p;, 2}.

In the case of normally distributed coefficients 3§2 ~ N(ﬁy,g, 0?), a very popular method
is to apply thresholds A = o+/2logn, where n is the number of these coefficients. As
shown in Donoho et al. (1995), the application of these thresholds leads to an estimator
which is simultaneously near-optimal in a wide variety of smoothness classes. Because of
the heteroscedasticity of the empirical coefficients in our case, we have to modify the above
rule slightly. Let 77 = {(j, k)|l < j, 2/ < T2, k € I;} and let 02, be the variance of the

ijk
empirical coefficient ﬁ k) Then any threshold lyk satisfying
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0i\/2l0g(# 7 1) < A = O(T /% /log(T)) (2.3)

would be appropriate. Particular such choices are the ‘individual thresholds’

/lijk = Ojky/2 log(# 7 1)

and the ‘universal threshold’
=0 2log# 7)., 0P = max {ou}.
(ke 7 r

Let i,yk be estimators of A or 249, respectively, which satisfy at least the following minimal
condition:

Assumption 5.

() (e 7, Plhii < yrig) = O(T"), where n<1/(2m; + 1) for some yr — 1.
(i) Y (jme 7 Py > CT~1/2\/log(T)) = O(T ).

With such thresholds i,«jk we build the estimator

aw) =Y appuy + > 0B, dwu(u), 2.4)

kel GRET T

where 00 stands for 0 or 6©), as appropriate.

Finally, we wish to impose an additional condition on the matrix D defined by (7.4) in
Section 7.1. Basically, this matrix is the analogue of the p X (7T — p) matrix
((Xt—m))i=p+1,...,T;m=1,...,p> as arising in the classical Yule—Walker equations, which describe
the corresponding least-squares problem for a stationary AR(p) process {X,}. Here, we
assume additionally the following:

Assumption 6. E||(D'D)~"||**° = O(T %), for some & > 0.

Theorem 2.2. (i) If Assumptions 1-5 hold, then
sup {E([|d: — a;]|7,01) A O] = O((log(T)/ T)>"/@mtD),

a7
(ii) If, in addition, Assumption 6 is fulfilled, then
sup {E|ld; — aill 1,00} = O((log(T)/ T /0,

a;icr

Remark 2.3. Even without Assumption 6 we can show that D'D is close to its expectation
ED'D, >and hence Ay;,(D'D) is bounded away from zero, except for an event with a very
small probability. To take this event into account, the somewhat unusual truncated loss
function is introduced in part (i) of Theorem 2.2.

Remark 2.4. In our estimator (2.4) we restricted ourselves to a fixed primary resolution level
1, that is, 1 does not change with growing sample size T. In principle, we could allow I to
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increase with T at a sufficiently slow rate. This has already been considered, for example by
Hall and Patil (1995), in a different context. We expect the same rate for the risk of our
estimator (2.4) as long as 2/7) < T1/@7+1 which can be shown similarly to methods in Hall
and Patil (1995).

It is known that the rate 7-2"/@”+1) js minimax for estimating a function with degree of
smoothness m in a variety of settings (regression, density estimation, spectral density
estimation). Although we do not have a rigorous proof for its optimality in the present
context, we conjecture that we cannot do better in estimating the a;s.

Analogously to Donoho and Johnstone (1998), we can obtain exactly the rate
7-2mi/Cmi+1) by the use of level-dependent thresholds AY(j, T, .7 ;). These thresholds,
however, would depend on the assumed degree of smoothness m;, and it seems to be
difficult to determine them in a fully data-driven way. In a simple model with Gaussian
white noise, Donoho and Johnstone (1995) showed that full adaptivity can be reached by
minimization of an empirical version of the risk, using Stein’s unbiased estimator of risk.
Because of our really strong version of asymptotic normality, we are convinced that we
could attain this optimal rate of convergence in the same way.

Let us, however, note that the ‘log-thresholds’ are much easier to apply, with only the
small loss of a logarithmic factor in the rate. The surprising fact that a single estimator is
optimal within some logarithmic factor in a large scale of smoothness classes can be
explained by methodology quite different from conventional smoothing techniques: rather
than aiming at an asymptotic balance relation between squared bias and variance of the
estimator, which usually leads to the optimal rate of convergence, we perform something
like an informal significance test on the coefficients. This leads to a slightly oversmoothed,
but nevertheless near-optimal estimator.

3. Statistical properties of the empirical coefficients

Before we prove the main theorem in Section 5, we give an exact definition of the empirical
coefficients and state some statistical properties of them.

First, note that our estimator, as a truncated orthogonal series estimator with nonlinearly
modified empirical coefficients, involves two smoothing methodologies: one part of the
smoothing is due to the truncation above some level j*. Whereas such a truncation amounts
to some linear, spatially non-adaptive technique, the more important smoothing is due to the
pretest-like thresholding step applied to the coefficients below the level ;j*. This step aims
to select those coefficients which are in absolute value significantly above the noise level
and eliminating the others.

From the definition of the Besov norm we obtain that (cf. Theorem 8 in Donoho et al.
1995)

a; €7 =k

sup {Z > lﬁE’EF} = 0@, 3.1)
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where §; = m; +1/2 — 1/min{p;, 2}. Hence, our loss due to the truncation is of order
T-2mi/@mit1) " if ¥ i chosen such that 2725 = Q(T~2m/@m+1D) - According to our
assumption that 5; > 1, it can be shown by simple algebra that j* with 2/" ! < T1/2 <2/" is
large enough.

A first observation about the statistical behaviour of the empirical coefficients is stated by
the following assertion.

Proposition 3.1. If Assumptions 1—4 and 6 hold, then
(i) B(@y —ay)? = o),
(i) BB — B = o1
hold uniformly in i, k and j<j*.

In view of the nonlinear structure of the estimator, the above assertion will not be strong
enough to derive an efficient estimate for the rate of the risk of the estimator. If the
empirical coefficients were Gaussian, then the number of 0(2f*) coefficients would be
dramatically reduced by thresholding with thresholds that are larger by a factor of
v/2log(# Zr) than the noise level. If we want to tune this thresholding method in
accordance to our particular case with non-Gaussian coefficients, we have to investigate
their tail behaviour. Hence, we state asymptotic normality of the coefficients with a special
emphasis on moderate and large deviations. To prove the following theorem we decompose
the empirical coefficients into a certain quadratic form and some remainder terms of
smaller order of magnitude. Then we derive upper estimates for the cumulants of these
quadratic forms, which provide asymptotic normality in terms of large deviations due to a
lemma by Rudzkis et al. (1978); see Lemma 6.2 below. o

It turns out that we can state asymptotic normality for empirical coefficients ﬁyk) with
(j, k) from the following set of indices. Let, for arbitrarily small 6, 0 <0 <1/2,

Tr={G, b2/ =T, j<j* ke L}

Proposition 3.2. If Assumptions 1—4 hold, then
P((BY) — B o = x) = (1 — ®(x)) + o(min{1 — (x), P(x)}) + O(T )
uniformly in (j, k) € /‘,’?T, x € R for arbitrary 1 <oc.

We now derive the asymptotic variances of the B(]'k)s For notational simplicity, again,
restricting ourselves without loss of generality to the treatment of CDV bases, we identify
l/)l, L YA (A= 2’ ) with ¢11, "~ ¢121, 1/}11, cees Yroty oy 1/}j~711 cee, Wj*fl,szl and
19(1’), .. 0(’) with a(lll), 2,, ﬁ”, .. ﬁlz,, ...,ﬁj’*) TR ﬂ(* 127> Tespectively.

Furthermore let
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o?(s)
2

“2exp(idk) dA. (3.2)

T p
c(s, k) == J 1+ Z a;(s)exp(il))
o =

Here c(s, k) is the local covariance of lag & at time s € [0, 1] (cf. Lemma 8.1).

Proposition 3.3. If Assumptions 1—4 and 6 hold, then
var@) = (A7 BA™Y) pu 1y a1yt + o(T ), (33)

where

Aty bono et = jwu(s>wu<s)c(s, k— D)ds,

Burtysico- et = [PulOPoS00cts. k= s
Furthermore, A~'BA~' = E~!, where
E pu—1y+k, po-1y+1 = J%(S)%(S)(OZ(S))_IC(S, k —Dds.
The eigenvalues of E are uniformly bounded.

Remark 3.4. The above form of A and B suggests different estimates for the variances of 6"
and therefore also for the thresholds. One possibility is to use (3.3) and plug in a preliminary
estimate (o%(s) may be estimated by a local sum of squared residuals). Another possibility is
to use a nonparametric estimate of the local covariances c(s, k). However, these suggestions
require further investigation.

4. Some numerical examples

Before proving our main theorem, we wish to apply the procedure to two simulated
autoregressive processes of order p = 2, both of length 7 = 1024 = 210:

Xir+ai(t/ DX 10+ ax(t/)T)X o1 = €4, t=1,..., T,

where the &, are i.i.d. standard normal, Ee, = 0 and var(e;) = 1. In both examples, the
autoregressive parameters a; = a;(¢/T), i = 1, 2, are functions which change over time, that
is to say, our simulated examples are realizations of a non-stationary process which follows
the model (1.1).

Example 1. Here a)(u) = —1.69 for u < 0.6, a;(u) = —1.38 for u>0.6, whereas a,(u) =
0.81 for all 0 < u < 1; that is, the first coefficient is a piecewise constant function with a
jump at u = 0.6 and the second coefficient is constant over time. This gives a time-varying
spectral density of the process {X, 7} which has a peak at t/9 for ¢t < 0.6T and at 4xt/9 for
t>0.6T (see Figure 1, bottom right-hand plot).



Nonlinear wavelet estimation of time-varying autoregressive processes 883

Pre—LS—solution for a_1 Pre—LS—solution for a_2 AR-spectrum by Pre—-LS
0 2 1 % ;
MLy = T ° 4‘ ; f
-1 0 £ 05 i
=
-2 -2 0 .
0 0.5 1 0 0.5 1 -0.5 0 0.5
Time Time Frequency
Wavelet estimator ) Wavelet estimator ARl—spectrum by wavelets
1 (]
-1 £ 05
0 =
-2 -1 0
0 0.5 1 0 0.5 1 -0.5 0 0.5
Time Time Frequency
True function a_1 ) True function a_2 1True AR-spectrum
-1 E 0.5 E
0
-2 1 0 |
0 0.5 1 0 0.5 1 -0.5 0 0.5
Time Time Frequency

Figure 1. Example 1: preliminary LS solution, wavelet threshold estimator and true function for a,
a, and resulting AR(2) spectrum

We have applied our estimation procedure using Haar wavelets and fixing the scale of
our least-squares (LS) procedure to be j* =5, that is, A = 32. Then we feed the resulting
solution a'?, for each i =1, 2, a vector of length A (cf. also equation (7.2)) into our fast
wavelet transform, apply hard thresholding on all resulting wavelet coefficients ﬁyk) on scales
j=0,...,4, and apply fast inverse wavelet transform up to scale 10, our original sample
scale. Hereby, we use a universal data-driven /2logA threshold based on an empirical
variance estimator of the finest wavelet scale j* — 1 = 4.

In Figure 1 we show, for a; (left column) and @, (middle column), in the upper row the
solution & of the LS procedure (without performing nonlinear wavelet thresholding). In
the middle row the nonlinear wavelet estimators are shown, and in the bottom row the
corresponding true function, all on an equispaced grid of resolution 7! =271 of the
interval [0, 1]. In the right-hand column, by grey-scale images in the time-frequency plane,
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we plot the resulting time-varying semi-parametric spectral density, based on the respective
(estimated and true) autoregressive coefficient functions. Note that the darker the scale the
higher the value of the 2 — d object as a function of time and frequency.

Note that although the number of samples used for denoising by nonlinear wavelet
thresholding is comparatively small (A = 32 only), this second step delivers an additional
significant contribution, which differs in its smoothness considerably from the LS solution
alone.

We did not try different threshold rules, which possibly could improve a bit on the
denoising. We found that the simple automatic universal rule is quite satisfactory, as it is
also in accordance with the theoretically possibly range of thresholds as given by (2.3). Of
course, in one or the other realization we observed that randomly one of the coefficients
contributing only by noise was not set to zero, which, not surprisingly, had some disturbing
effect on the visual appearance of the estimator, in particular of the constant autoregressive
coefficient. Also, both in this and the next example we did not observe any significant
difference between using hard or soft thresholding.

Example 2. This is a slight modification of both Example 1 and the example to be found in
Dahlhaus (1997). The second autogressive coefficient is again constant over time; however,
the first shows a smooth time variation of different phase and oscillation between the imposed
jumps at v = 0.25 and u = 0.75. This was achieved by choosing a;(u#) = —1.8cos(1.5 —
cos(4nu + m)) for u < 0.25 and for u>0.75, and a;(u) = —1.8 cos(3 — cos(4mu + m/2)) for
0.25 <u = 0.75, whereas again a,(u) =0.81 for all 0 < u < 1.

A simulation of this process with 7 = 1024 is shown in Figure 2. It is the same
realization that was used for the estimation procedure. Clearly one can observe the non-
stationary behaviour of this process.

Here, we chose as wavelet basis a (periodic) Daubechies with N = 4 vanishing moments
(filter length 2N = 8), and we chose A = 64 (j* = 6). Note that for this specific example
we replaced wavelets on the interval by a traditional periodic basis simply for reasons of
computational convenience, as our chosen example is periodic with respect to time.
However, we do not expect a big difference in performance between these two bases. In
Figure 3 we have again plotted the LS solutions, the estimators based on wavelet hard
thresholding with the same universal threshold rule as before, and the true functions, both
for a;, a; and for the resulting time-varying autoregressive spectrum.

5. Proof of the main theorem

To simplify the treatment of some particular remainder terms which occasionally arise in the
following proofs, as for example in the decomposition (7.5), we introduce the following
notation.

Definition 5.1. We write
Zr =0(7),
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Example 2: Process data, T = 1024
40 T T T T T

_30_ -

_40 | | | | |
0 200 400 600 800 1000 1200

Figure 2. Example 2: realization of a stretch of length 7= 1024

if for each A < oo there exists a C = C(A) such that

P(|Zr|> Cyr) < CT™*.

(If we use this notation simultaneously for an increasing number of random variables, we
mean the existence of a universal constant only depending on A.)

Proof of Theorem 2.2. We prove only (ii). The proof of (i) Wlthout the additional assumption
(A6) is very similar, because the stochastic properties of the ﬂ s are then nearly the same.
The only difference is that we cannot guarantee the finiteness of moments of the ﬁ(’)s and
therefore we need the truncation in the loss function.

Using the monotonicity of (3(')@;'), .) in the second argument we obtain
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Pre—LS—solution for a_1 Pre—LS—solution for a_2 AR-spectrum by Pre—-LS
2 2 1
1 ()
0 E 0.5
0
-2 -1 0
0 0.5 1 0 0.5 1 -0.5 0 0.5
Time Time Frequency
Wavelet estimator ) Wavelet estimator ARl‘SpeCt“‘m by wavelets
()
0 0 £ 0.5}
'_
-2 -2 oL .
0 0.5 1 0 0.5 1 -0.5 0 0.5
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True function a_1 ) True function a_2 1T"U9 AR-spectrum
“’ «:\”
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-2 -1 0= -
0 0.5 1 0 0.5 1 -0.5 0 0.5
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Figure 3. Example 2: preliminary LS solution, wavelet threshold estimator and true function for g,
a; and resulting AR(2) spectrum

B = BO? + (OB, v i) — B2
if A > v rhik
OOBY. yrhz) — B + (VB CT712/log(T)) — B2,
if yrdp < Aijk < Ccr~'/*/log(T),
(OB, €112 /log(D)) — B3 + (BLY,
if Ay > CT 12\ /log(T),

OB, ) — B <

which implies the decomposition
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Elld; — ail® < ZE(a(,;g—ag;Q + 30 BOVGY. A =BT+ Y D (BY)?

G.heT T J=j kel
<ZE<a‘,;3—a$2 > E@VEL yrig) — B
GKET T
+ > EEV@BY, cr72\/log T) - B)

(VROISZ8%

+ Y Bl <yrig)BY — B

kw7 r
+ Y B PG> T log D+ Y (B
(j’k)e]’l' _]>/* kE[
=8 +...+ 8. 5.1

By (i) of Proposition 3.1 we immediately obtain
Sy =Oo(T™. (5.2)
Let (j, k) € ;? 7. We choose a constant y;; such that
OB, yrdp) =By, i B— B >y

VB, yrhu) <BY.  if BB <y

Without loss of generality, we assume 0(y  + 5% > VT hik) = ﬁ
Let 5y = CT~'/2/logT for some appropriate C. Then we decompose the terms
occurring in the sum S, as follows:

Sﬂ; — E](Vuk < ﬂ(!) ﬂ(!) <77T)((3()(ﬂ]k’ Vlej/k) ﬁ(l)
) = El(—nr <BY — B <y OV B, yram) — B
and
S =EI(BY = BRI = nr)©VBY. yrim) — B

Using Proposition 3.2 we obtain, with ’g‘§2 ~ N w§2, O,Z-jk), due to integration by parts with
respect to x,
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S = = |t = x <6 + . yrag - B4 PBY - £ = 0}

j{P(ﬂ‘” B = 0} Ui = x <O B +x yrdg) — B
+ PG = B = v OV BG + v yrg) — B
{J{P@s(” B = 0 pdU s < x<npO B +x, yrag) — B

+P(§(1) ﬂ§2 = m-k)(é(')(ﬂﬂ? + Vi Y1hipe) — 135-2)2}
+O(T™)
= CrEI(y < ) — B <nr) 0V EY. yrizm) — B + 0T
for some C7 — 1. Analogously, we obtain
S)y < CrBI(—nr < &5 — BY <y O ER, vrim) — B + O(T~A).
Finally, we have, for any d; with 0 <d; <9 and & as in Assumption 6, that
S5 < (PUBY — BRI = nr)! = COEOOBY, yri) — BYPTONHCTN = o(T ),
which implies
E@VBY. yrag) = B = CrEQVEL, yrdu) = B + OT . (53)

From Lemma 1 in Donoho and Johnstone (1994) we can immediately derive the formula

EOVED, ) — B9y < f_jk(p< 4 ) ( A 1) +min{(B})7, /12}>, (54)

Oijk ) \ Oijk

where ¢ denotes the standard normal density. This implies, by Theorem 7 in Donoho et al.
(1995), that

> BOVED, yrim) — BYY

(G.0eTr

G:e T

—0<T1<#%)”? gD+ Y min{(BY, <yrz,-jk>2}>

- 0((10g(T)/ T)2"1i/(2mi+1)).

Therefore, in conjunction with (5.3), we obtain that
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S E(0VB. yrg) — B2 = O((tog(1)/TymCmD). (5.5)
G.oEF T
Further we obtain, because of |6")(8, 1) — B| < A, that
> EOVBY vram) - B < YD REBY - B + 2y rA)*]
GRheZ\Tr GRheZ\Tr

= #(7 1\7 DT~ log(T)).

If we choose 0 in the definition of ] r in such a way that 0 <1/(2m; + 1), we obtain, by
#( 71\ T 1) = O(T?), that

Y BB yrag) - BR) = o(r /Gy, (5.6)

GRETT\TT
By analogous considerations we can show that
S5 = O((log(T)/ T)*" /D). (5.7)
From (7.14) and (7.22) we have
B — BY = O(T~'2\/log(T) + 2772 T~ 1og(T)),

which implies by Assumption 5(i) and Lemma A.2 that

Se=O(T ' log(T)?) Y Pl <yrhi)
(WASIS784

+C Z (P(|ﬂ(l) (1)‘ >CT~ 12 log(T)))Z/(2+él)(E|ﬁ(1) _ ﬂ32|2+(§1)2/(2+(31)

keI T
= (T ~2mi/@mit1)), (5.8)
The relation
S = O(T—2m/@m+D) (5.9)
is obvious, due to Assumption 5 (ii). Finally, it can be shown by simple algebra that
S = 0275y = o(T~2m/@mth), (5.10)
which completes the proof. (I

6. Asymptotic normality of quadratic forms

In this section we list the basic technical lemmas which are necessary to prove asymptotic
normality or to find stochastic estimates for quadratic forms. First, we quote a lemma that
provides upper estimates for the cumulants of quadratic forms that satisfy a certain condition
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on their cumulant sums. This result is a generalization of Lemma 2 in Rudzkis (1978), which
was formulated specifically for quadratic forms that occur in periodogram-based kernel
estimators of a spectral density. We obtain a slightly improved estimate, which turns out to be
important, for example, for certain quadratic forms with sparse matrices.

We consider the quadratic form

nr =XrdAXr,
where

Xr=(X1, ..., X7),

A= ((aij))i,jzl ..... T, ajj = ajj.
Further, let
Er=Y7rAYr,
where Y7 = (Y1, ..., Y7)' is a zero-mean Gaussian vector with the same covariance matrix

as Xr.

Lemma 6.1. Assume EX, = 0 and, for some y = 0,

T
sup cum(X,, ..., X, )| b < CEk)!7, forall T and k=2,3, ... .
> : .

1=sy<T

Then, for n =2,
Cumn(nT) = Cumn(gT) + Ry,
where

(l) |Cumn(§T)| = Var(gT)zn_z(n - 1)![ernaX(A)Amax(COV(XT))]n_za
(i) R, < 2"2C*"((2m))'*? max {|aq|}A| 4]|";2,

A=Y maxf{lagl}, 4w = mgX{zk: Ias,}-

The proof of this lemma is given in Neumann (1996).

Using Lemma 6.1 we obtain useful estimates for the cumulants, which can be used to
derive asymptotic normality. For the reader’s convenience we quote two basic lemmas on
the asymptotic distribution of 7. Lemma 6.2, which is due to Rudzkis ez al. (1978), states
asymptotic normality under a certain relation between variance and the higher-order
cumulants of #7. Even if such a favourable relation is not given, we can still obtain
estimates for probabilities of large deviations on the basis of the Lemma 6.3, which is due
to Bentkus and Rudzkis (1980).
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Lemma 6.2. Assume, for some Ay — 0, that

Ni+r
|cum, (7 /+/var(r))| < () forn=3,4,....

AL
Then
P(£(nr — Enr)/v/var(nr) = x) 1
1 — d(x)
holds uniformly over 0 < x < vy, where vy = O(AIT/(SJFGJ/)).
Lemma 6.3. Assume, for some Ar — 0, that
N H
|cum,,(77)| < (£> _—,T2, forn=2,3,....
2 Al
T

Then, for x = 0,

2
P(xnr = x) < exp| — —aT2)
2[Hy + (/A7 Y0/ 0]

exp(—x* /4 Hr), if 0<x<(H;"Ap)"/0+2),

=

exp(—L(xAp)!/ (1), if x = (Hy 7 Ap)/0+),

7. Derivation of the asymptotic distribution of the empirical
coefficients

7.1. Preparatory considerations

Before we turn directly to the proofs Propositions 3.1-3.3, we represent the empirical
coefficients in a form that allows the nature of every remainder term to be easily recognized.
Note that throughout the rest of the paper, for notational convenience we now omit the double
index in the sequence {X,r}; that is, in the following let X, := X, 1.

Although it is essential for our procedure to have a multiresolution basis, that is,
empirical coefficients from different resolution levels, it turns out to be easier to analyse the
statistical behaviour of such coefficients coming from a single level. Since the empirical
coefficients of the multiresolution basis can be obtained as linear combinations of
coefficients of an appropriate monoresolution basis, we are able to derive their asymptotic
distribution.

Since both {1, ..., Prot, Yits s Yints ooos Wi g s ooy Yoo} and {@ g, ...,
) j*’z/*} are orthonormal bases of the same space V+, the minimization of (2.2) is
equivalent to that of
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2

T
Z Xt+z Z (X ¢j k(t/T) Xt i . (71)
t=p+1 i=1 EIO

Assume for a moment that D'D is positive deﬁnite which is indeed true with a probability

exceedlng 1 — O(T~*). The solution & = (&' FTRERE &(fi, A &(f)A, - N(l) A= #10
=2/, can be written as the least- -squares estimator
a=(D'D)'DY (7.2)
in the linear model
Y = Da + v, (7.3)
where
:(Xp-‘rl’ S XT)/a
+1 +1 +1 +1
‘pi*l(pT)XP ¢/*1(1’T )Xl ¢,,‘*A(pT>Xp ¢/_*A(PT >X1
+2 p+2 +2 +2
B R NG T
T T T T
o PN RPN 1
(7.4)
1 1
=@l d?, L aly
and
Y=psts -5 V1)

The residual term in (7.3) can, for t = p+1, ..., T, be written as
vi=X;— (Da),—,
P
= —Za(r/T)X, ,+e,+z Y a2t/ DX =Y R TIX i+ e,
i=1 kE]O i=1
where

Ri(w) = —a(w)+ » a_(ii)kgbj*k(u) =0 B

kel J=J kel
J

With the definitions

S = (im(p—;l) i - ZR( )XT )
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and
e=(eps1> -5 ET),
we decompose the right-hand side of (7.2) as
a=(D'D)"'D'Da+ (ED'D)'D'e+[(D'D)"' —(ED'D)'1D'e +(D'D)"'D'S
=oa+ T+ T+ Ts. (7.5)

Because of the above-mentioned relation between the two orthonormal bases of V«, there
exists an orthonormal (A X A) matrix I with

Doy os Pran s oo Wity s W ags - W) =L@, o Pea)"
This implies

Pn
1 ’
() (l) O] (l) ' 12!
(a FIEREED A) —(aj*l,... T Wi
¢j*A :
Y1201
Hence, having the least-squares estimator (a ST a'? A) according to the basis {¢ ;,
, $a}, We obtain the least-squares estimator in model (2.2) as
(a(]ll)a ~([l;/9 ﬂ(]ll)a "'9ﬂ([f;19 . ﬁ(* L1’ "'9ﬂ;l*_l’2j*—l) r(a(l*)]a d(]l*)A)’
In other words, every empirical coefficient ﬁyk) which is part of the solution to (2.2) can be

written as
B =Tha, (7.6)
where ||[jk||;, = 1. (Analogously, &([2 =Tja.)

7.2. Proofs of the Propositions 3.1, 3.2 and 3.3

Proof of Proposmon 3.1. For notational convemence we write down the proof for empirical
coefficients ﬁ i only. The proof for the a s is analogous.
According to (7.5), we have

B = Y + DTy + T To + T Ts. (1.7)
From (i) and (iii) of Lemma A.3 we conclude

E(TjT1)* = Tj(ED' D)~ cov(D'e)(ED' D) 'Ty

< [Tyl 3 IED' D) [[3][cov(D’ )|, = O(T ). (7.8)
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The vector [j; has a length of support of O(2/"~/), which implies

S 1Tl < ITyllay/#UNT) # 0 = 0@U 7). (7.9)
l

We have, by Taylor expansion of the matrix (D’D)’l, T, = Th1 + T»p, where
T»; = (ED'D) '(ED'D) — D'DYED'D) 'D'e
and
17222 = OCI(ED' D)~ [F|(ED’ D) = D' D)5 D'e]l2).
Using (i) of Lemma A.3, (A.8) and (A.9) we obtain
12110 < IED" D) [IED" D) = D' Dljoc|| D el

= 0" 2T 1og(T)). (7.10)

Since we have enough moment assumptions, we obtain the analogous rate, but without the
logarithmic factor, for the second moment of I'j; 7>;, that is,

E(Tj To1)? = 07 727 T72), (7.11)
Further, we have
D Toy = O 2T 32 log(T)). (7.12)
Using (i) of Lemma A.3 and (i) of Lemma A.4, we obtain
D" Dy M2 < |ED'DY 2 + |(D'D)" = @D'D) M| = O(T ) + 0@ 21732 /1og(T)),
which yields, in conjunction with Lemma A.5, that

L' Ts = O(|(D'D) "' [12||D'S|2)
— O((ij*min{fv,-} + T71/227j*min{ml-f1/271/(2p,)}) log(T))

= (T, (7.13)

for some 7> 0. Now we infer from (7.7), (7.8) and (7.11)—(7.13), which are in part O-results
rather than estimates for the expectations, that

EL(Qo)((BY — BY)H = o1 ™),

where Q is an appropriate event with P(Q¢) =1 — O(T*) for A <oo chosen arbitrarily
large. This implies in conjunction with Lemma A.2, with 0 <, <0, that

E[(Qo)(w(l) ﬂ(l)) )< (E|852 (l)|2+61)2/(2+61)(P(Q ))1 —=2/(2+01) _ = O(T )

which finishes the proof. U

Proof of Proposition 3.2. It will turn out that the asymptotic distribution of ﬁ(l) ﬂ(]lk) is
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essentially determined by the behaviour of I'j; 71. By (7.9), (7.10), (7.12) and (7.13) from the
proof of Proposition 3.1 we infer that

Cia(Ty + T3) = OQ /2T~ 2 log(T) + T~1/27), (7.14)

for some x> 0.
First, note that the process {X,r} admits an MA(oo) representation

Xor = ZVnT(S)szfs’ (7.15)
s=0
with
Z sup{[y.r(9)|} = C, for all T;
s=0 t,T

see Kiinsch (1995).

Now we turn to the derivation of the asymptotic distribution of I'jy 7. It is clear that,
because of the MA(oo) representation of the process, I'jzT; can be rewritten as
> uvAuveney for some symmetric matrix 4 = A(i, j, k). In the following, without writing
down the explicit form of this matrix, we derive upper estimates for |[A|. and

A= > maxy{| 4ol }-
We have

Tl = Z etZXf zqu, u(t/T)Z«ED DY) 1y 10T

t=p+1 =1

= e 1-swi(l, s)|, (7.16)
Y[y
Ls t

where

A
will, ) = 7-1(8) Y _ ¢t/ T)Y_(ED' DY) piu-1y+10(Ti)o-
u=1 v

If we write the expression in brackets on the right-hand side of (7.16) as Z W,js £j, we
obtain, by sup,{|(Tjz)s|} = 027U ~7/2), that

17l = 0(T*lsgp{m_z(s)|}2f/2>. (7.17)
We can also rewrite w,(/, s) as
will, ) = =71(8) Y (T Y _(ED'D) ")y piu1y519 4t/ T),
1 u

which implies, by 3 o|(Tyi)s] = OV ~7/2) and by 3,0 +,(t/T) = O(2~/"/*T), that
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> sgp{l%l} =Y " wdl, 9)| = 027, (7.18)
i 7

Because of Assumption 3, the summation over s does not affect the rates in (7.17) and (7.18),
and neither does the (finite) sum over /. Hence, with the notation of Lemma 6.1, we obtain
4]0 = O(T~'2772), (7.19)
A=0027. (7.20)

Let (j, k) € /:'T Using Lemma 6.1, we obtain
leum,(Cj T1)| < C"T =" (ny*™2/(T 712722, (7.21)

which implies, by Lemma 6.2,

P Th) /0o = x) = (1 = D)1 + o(1)) (7.22)

uniformly in 0 < x < k7, k7 < T" for some v > 0. This relation can obviously be extended
to x € (—oo, Kr].
Recall that

B — B =TTy + 0T~ (7.23)
holds for some x > 0. Therefore we have, for arbitrarily large 1 < oo, that
PET T /oy — CT™* = x) — CT™ < P(&(BY) — i) /o =
< P(+(TjuT))/om + CT ™" = x) + CT ™,
which implies
P(EBY = B /o = x) = [1 = @I + o(1)) + O(P(x) — P(x + CT 7))
+ O(|®(x) — ®(x — CT ™))+ O(T™H). (7.24)
Fix any ¢ > 1. For x < ¢ we obviously have
|D(x) — B(x + CT )| < CT*¢(0) = o(1 — D(x)). (7.25)

For ¢ <x < (2Alog(T))'/?> we obtain by a formula for Mill’s ratio (see Johnson and Kotz
1970, Vol. 2, p. 278) that

|D(x) — P(x + CT )| < CT “p(x)
< CT_Kx(l - iz)—l(l — ®(x))
X

< CT"x(l - %) 1= dx) = o(1 — Dx)).  (7.26)

The third term on the right-hand side of (7.24) can be treated analogously.
For x> C(2A.10g(T))!/? we obviously have
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P(EBY — B oy = x) = O(T ™) = (1 — D)1 + o(1)) + O(T ), (7.27)

which completes the proof. O

Proof of Proposition 3.3. Because of ET; = 0 we have
cov(T)) = ET, T} = (ED'D) ' cov(D'e)(ED' D),
which implies by (ii) and (iii) of Lemma A.3 that
leov(Ty) — F'GF | = o(T 1),

where

F= <{TJ¢j*u(S)¢j*U(S)C(S9 k — l)ds}p(tt—l)+k,p(v—l)+l)

and

G- ({ 7[5 ru(5102 00t k- z)ds}p(u1>+k,,,<vl>+,).

This yields
lcov(T'Ty) = TF'T'TGT'TF 'T"|| oo = |lcov(T'T;) — A 'BA™"||oo = o(T 7).
Further, due to (6.13), we have
E(Tju(T2 + T5))* = o(T ™),

which proves the first assertion (3.3).
The matrix (j g‘) is non-negative definite, which leads, with Theorem 12.2.21(5) of
Graybill (1983), to 47'BA~' = E~!. Furthermore, we have, with x € CA?,

1 pm R
v Ex :J J |A(s, V*(02(s) ™" pr(u_l)Jrkwu(S) exp(iAk)| dids
07 u,k
1 pm
= CJ J Zxﬂuflwk%(S)eXp(i/lk) 2 4] ds
0J—x u,k
= 2nClJx|”%,

which implies that the eigenvalues of £ are uniformly bounded.

Appendix

In order to preserve a clear presentation of our results, we include some of the technical
calculations into this separate section. We suppose throughout this section that Assumptions
1-5 are satisfied.

Let Z,,T = COV((X,_I’T, ceey Xt—p,T)/)-
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Lemma A.1. By Assumption 3, with some constants Cy, Cy >0,
() Amax(Zr7) < Cy and Amin(Z7) = Cy + o(1), where the o(l) is uniform in t

(ii) there exists some function g, with g(s) — 0 as s — 0, such that

h—un
T

|2t1,T—2t2,T||$g( ) for all 1, 1, T

(iii) c(s, k — 1) is uniformly continuous in s and
lim  cov(X,—11, Xi—p1) = c(s, k=)

T—o00,t/T—s

Proof. Completely analogously to the proof of Theorem 2.3 in Dahlhaus (1996), we can
show that X,y has the representation

Xir= Jn exp(il1) 4] 7(2) d&(A),

with

supl A7 r(A) = A(t/ T, )] = o(1),
t,
where &(A) is a process with mean zero and orthonormal increments,
1 o0
A () = —= Dexp(—ill),
1) == l;m( Jexp(—il)

with y, r(/) given by the MA(o0) representation (7.15), and

» ~1
A(s, A) = f/% (1 + Z aj(s)exp(—i/lj)> )
=

Then
7T
cov(X, 170 Xiopr) = J exp(iA(k — D)A)_; 7(A)A)_; p(=2)dA.
—TT
Since A(s, A) is uniformly continuous in s, this is equal to
7T
J exp(iA(k — 1))|A(s, V) dA + o(1) = c(s, k — 1) + o(1), for t/T — s,
—TT

which implies (iii). We obtain (ii) analogously. Furthermore, we have, for x = (xq, ...,
x,) € C?,
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T 14 2
> xjexp(—idj)A)_ 1) di

J=1

x*Z,,Tx = J

—T

V4 2
> xjexp(—idj)| dA+ [|x[*o(1).

Jj=1

= [ pacym o

Under Assumption 3 there exist constants with C; < |A(s, 4)] < C, uniformly in s and 4,
which implies (i). U

Lemma A.2. Suppose additionally that Assumption 6 is satisfied, and let 0 <1 <0. Then
(i) Bl — ai)P+ = o),
(i)) E|BY — B = 0(1)

hold uniformly in i, k and j<j*.

Proof. (i) In this part we derive estimates for the moments of || D’e|| and ||D’S||, which will
be used later in this proof.

Using the MA(oco) representation of {X,}, we can write (D'e),pu—1)+x as a quadratic
form &'Ae for some A = A(p, k), where e =(e7, ..., €, &, €_1,...) is an infinite-
dimensional vector according to the MA(oo) representation of {X,}. Since, however, the
proof of Lemma 6.1 does not depend on the dimension of the matrix 4, we can apply this
lemma also to this infinite-dimensional case.

We obtain, using the notation of Lemma 6.1, that

A=00277"1),

max{lay[} < [|4] = 0Q//?),
which implies
lcum, (D' €) pu—1ys 1) < C"(n!> ¥ T2/ /?)2, for n = 2.

Since E(D’e) pu—1)+x = 0, we obtain, for even s, that

n
EI(D'e)punisl’ =0 > [ leumi (D'e)pu1y0) | < Cs)T>.
= ili?.’:ril:::n,
ii=1

We obtain, with A = O(2/"),
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B Dell’ = E<Z<D/e>§)(u_l>+k>s/2

u,k
< (Apy*! ZE(D,e)i;(u—l)Jrk
u,k

= O((Ap)Y 211;’2}(X{E(D "€) pu—1y+ k)

= 02752 T5/%), (A1)

We now treat the quantity ||D'S|| in an analogous way. (D'S) ,u—1)+4 is a quadratic form in
X = (X4, ..., X7)" with a matrix 4, which satisfies, according to (A.11) below,

A= 0(2 @0t/ DI |Rl«<t/T>|)

=0(>. ﬁj ¢t/ T) ﬁj Ri(t/T)

_ O(T(z—/*mm{sl} + T—]/22—j*min{mi—1/2—1/(2p,-)})) — O(T]/Z)
and, by (A.10),

4] = o(zf"/zz ||R,-||oo> - 0" ).

Therefore, we obtain by Lemma 6.1, that
lcum,, (D' S) pu—nye4)| < C"(n T2 for n =2,
which implies, in conjunction with E(D'S) yu—1y+x = O(4) = O(T'/?), that
E|D'S|* = 0721/, (A.2)
(i) According to (7.5), we have & — a = (D'D)"!(D’e + D'S), which yields that

E[BY — BOIP* = E|Tju(@ — a)P

< E(|(D'D) " [l(|| D"el|2 + || D' S]|2))* "

120
(z+o|)(2+a)) 270

240
< @©(D'Dy Py (B el + D))

— O(T7(2+61))0((21*/2 Tl/2)2+(51)

= O((27"*T =124y = Oo(1). O
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Lemma A.3. Let j* = j*(T) — oo and j* = o(T). Then
@) [ED'D) s = O(T™),

-1
=o(T7),

(i) H(ED'D)1 - ({ Tj¢j*u(s>¢fu<s)c<s, k- 1) ds} )
plu—1)+k, p(o—1)+1

oo

(iii)

=o(T)

o0

cov(D'e) — <{ TJ¢j*u(S)¢j*u(s)GZ(S)C(S, k—1) ds}P(ul)+k,P(Ul)+l)

hold uniformly in u, v, k, 1.

Proof. (i) Let M = T diag[M}, ..., Ma], where M, =X, for any ¢ with ¢/T € supp( j+,,)-

Because of M~! = T~ !diag[M|", ..., M'] we obtain by (i) and (ii) of Lemma A.1, that
1M~ oo = OT ™). (A3)

Further, we have, by j* = j*(T) — oo and j* = o(T), that

r
(ED'D — M) pu—1y+ k. po-1)+1 = Z Dy (%) ? 0 (%) [(EDu — M)u]

t=p+1

T
1Y o) o (3) - 70w | i

t=p+1

= o(T) (A.4)

holds uniformly in u, v, k, I. Since ¢+, and @ ;x, have disjoint support for [u —v| = C, we
obtain (ED'D)y; = 0 for |k — I| = Cp. Therefore we obtain, by (A.4),

|ED'D — Mo = o(T). (A.5)
Because of (A.4) and (A.5) there exists a 7T, such that
|M~V2ED'D - MyM~'?|| < Cc<1, for all T = Ty.

Therefore, by the spectral decomposition of (I + M~Y*(ED'D — M)M~'/?), the following
inversion formula holds:

=M 2|1+ ()M VAED'D - MMy M2 (A6)

s=1

which implies (i).
(i1) It can be shown in the same way as (A.4) that
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H(ED/D) — ({ TJq)j*u(s)(pj*U(s)c(s, k—1) ds} H = o(7), (A7)

p(ul)+k,p(vl)+l>

which implies, analogously to (A.6),

-1

H(ED'D)“ - ({qus,*u(s)w,,(s)c(s, ) ds}

e e}

pu—1)+k, p(o—1)+ l>

= H(ED'D)—‘ S ~IUED'D~{.. )YEDD | =o(T .
s=1

o0
(iii) Obviously we have
ED'e =0,

which implies

T
, , N t
cov((D e)p(u—l)+ks (D'e) p(v—1)+l) = Z ¢j* u (T) ¢_/*u (T) Eege, X1 Xi—g

s,t=p+1

T S S 2
> b 7) 90| 7 JBEEX 4 X

s=p+1

TJ¢j*u(S)¢j*U(S)02(S)C(S, k— Dds+ o(T).

The corresponding result in the ||.||oo-norm follows from the same reasoning, leading to
(A.5). O

Lemma A.4. We have:
(i) |(D'D)"" — (ED' D)o = OQ7 2T 3/2\/Tog(T));

(ii) | D'e|l5 = OQ7 Tlog(T)).

Proof. (i) First, observe that by Assumption 2 and the MA(oo) representation of {X,},
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T

Z leum(X,, ..., Xo,)l

12,y =1

I
=[]~

t I
cum( Z Vo (t1 — $1)€s5 - - s Z y,k(tksk)esk>‘

§]=—00 Sp=—00

[V (tt = )| - |y, (1 — 5)| [coumy (&)

- N
HM
(]

N

0 T k—1
sup{ Jcum(e,)[} Y [74(5)] ( Dyt — s)l)
S 5s=0 t=sV1

CH (k).

Al

We see that

T
(D'D)putyikpwo-nyi1 = D Pt/ TP ot/ TIX 1 X1
t=p+1
is a quadratic form with a matrix A satisfying, in the notation of Lemma 6.1,
4]l = 027),  A=0(T).
This implies, by Lemma 6.1, that

.
leum,, (D’ D) pu—1y4k, po—1y+1)] < CH(nl> 227y

< (ﬂ') 142y 1
J— _2 b
2 A;

where Hy =< 2/"T, Ap < 2/". Hence, by Lemma 6.3, we obtain that

2
14 ! x
P(|(D' D) p(u—1y+k, po—1y+1 — (ED" D) pu—1)4 &, po—1)+1| = X) < exp (—CW>,

for 0=<x< (le+yKT)1/(1+2”). Since (H1T+VKT)1/(1+2V) = 27 /(42y) p(49)/(142y) 5,
2/ 2T1/2 we obtain

(D' D) piu—1y+ k. pto—1y+1 = (ED' D) ptutyt, pro-1y1 = 027 2T /log(T)).
Since ¢, and ¢+, have disjoint support for [u — v[ = C, we immediately obtain

|D'D—ED'D|s = O/ T\ /1og(T)), (A.8)

which yields, in conjunction with (i) of Lemma A.3,
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o0
[(D'D)™" = (ED'D) | < [I(ED'D) " [|oc > _(|D'D = ED' Do ||(ED' D) [|c)*

s=1

= (T "0/ T >\ /log(T)T ")
=00/ P13, /1og(T)).

(i1) From similar arguments we obtain

(D'€) pu—1yrk = O(T'*\/1og(T)), (A.9)
which implies (ii). O

Lemma A.5. We have
HD,SHg — é(TZ(z—zj*min{S‘[} + T—lz—j*min{sm,‘—l—1/p;))10g(T)).

Proof. Because of our assumption m; + 1/2 — 1/p; > 1, we get

IRl = o(Z 2’/2m,§x{|ﬁ§-2}>

=i

=

=0 Z 2]’/22—/5‘:) — O(z—j*(mf—l/pz)) (A.10)
and

=i

TV(R) = 0(2 23 |ﬁ§2l>
3
=0 22//2 Z‘ﬁ(]tlﬂp 1/pi J1=1/p)
J=J k
= 0<Z 2j/22j512j(11/p,)> _ 0(2*j*(m,v—1))’

=

where TV(f) denotes the total variation of a function f. This implies

T T t/T
TS RO = Rl = S j( R/ RGBT R d
=1 =1 1=

=Y O |Ri o TV (R |2.p)
t

— O(T—lz—j*(me—l—l/pz))'
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Since we know from Theorem 8 in Donoho et al. (1995) that
HRiHZLz[m Z Z |ﬂm =02,
=i
we have that
T
TS Rt/ T)? = 0@ %5 4 77127/ Gmm1=1/p0y), (A.11)
=1

Now,

(D'S) pu—1y+k = Z Gt/ VX (- kZXt iRi(t/T)

t=p+1

~ ok p
0" P\log(T)) >~ Y |R(/T)],

t/Tesupp( ) =1

which implies

P A 2
ID'S|E = 027 log(T) S Z( 3 |R,~(r/T)>
1

i=1 t/Tesupp(p x,)

p A
=00 log(TN > >

R(t/TY\ 127"
i=1 u=1 t/Tesupp(p )

= O(r?(2 % min(sd 4 pipm/ min@2m—1=1/phlog( 7). O]
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