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Abstract

In this thesis we apply methods from the Number field case of Perrin-
Riou [PRO3] & Zabradi [Z&b08] in the Function field set up. In Z;- and
G Lay-case (I # p), we prove algebraic functional equations of the Pontryagin
dual of Selmer group which give further evidence of the Main conjectures of
Iwasawa Theory. We also prove some parity conjectures in commutative and
non-commutative cases. As consequence, we also get results on the growth
behaviour of Selmer groups in commutative and non-commutative extension

of Function fields.

Zusammenfassung

In dieser Arbeit wenden wir Methoden vom Zahlenkorperfall von Perrin-
Riou [PRO3] & Zabradi [Zab08] auf die Funktionenkdrper-Situation an. Im
Z;- and GLo-Fall (I # p) beweisen wir algebraische Funktionalgleichungen
des Pontryagin-duals der Selmer-gruppe. Dadurch gewinnen wir weitere
Hinweise fiir Haupt-vermutungen der Iwasawa-Theorie. Ferner zeigen wir
einige Paritats-vermutung im kommutativen und nicht-kommutativen Fall.
Dadurch bekommen wir Ergebnisse tiber das Wachstum von Selmer-gruppen

in kommutativen und nicht-kommutativen Erweiterungen von Funktionenkorpern.
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0 Introduction

In Arithmetic Geometry one of the main themes has been always to understand
the interplay between analytic invariants and algebraic invariants. One of the most

famous examples of this interplay is Birch and Swinnerton-Dyer conjecture.

Iwasawa theory is one of the important tools which sheds some light on this is-
sue. It provides a crucial link between the characteristic ideal of the Selmer groups
(which are defined algebraically) and p-adic L-functions (which is defined analyti-
cally). There has been a large development of Iwasawa theory due to contribution
of Mazur, Wiles, Greenberg, Rubin, Kato, Fukaya, Coates, Sujatha, Venjakob etc.
Wiles, Mazur-Wiles, Skinner and Urban have proved some important commutative
cases. Whereas Kakde, Ritter & Weiss, Hara, Burns etc have proved some impor-

tant non-commutative cases.

But in most of these recent developments the global field has been taken as
number field. The well known analogy with the function field gives us a hint that
there should be an interesting Iwasawa theory over characteristic p also. In fact we
already know quite a lot of good evidences of BSD conjectures in the function field
case due to Ulmer, Kato, Trihan etc. There is already very well established theory

over cylotomic extension of function field ([Tha94]).

In this thesis we start with Abelian varieties over a global function field and
start asking the similar questions as over number fields like control theorems, defin-

ing characteristic elements and formulating Main conjectures of Iwasawa theory etc.

Let K be a global field of characteristic p and A be a non-isotrivial Abelian
variety over K (ie. j(A) ¢ F,). Let K /K be a Galois extension such that
G = Gal(K/K) is a p-adic Lie group. Suppose A(G) is the associated Iwasawa



algebra
A= A(G) = Z,[[C] = lm Z,[G/U]

where U runs over all open normal subgroups of G and X (A/K ) is the Pontryagin
dual of the Selmer group (See Definition 1.5.1). Assume there exists a closed normal
subgroup H of G such that G/H = Z,. Let My (G) be the category of finitely gen-
erated A-modules such that M /M (p) is finitely generated A(H)-module[CFK*05].

Let S be the canonical Ore set and
S* = Unzoan

For a module M in 9y (G) we can define characteristic element (following [CFK™05])

as a pre-image of the class [M] under the connecting homomorphism
5@ : Kl(A(G)S*) — Ko(mH(G))

Now assuming X (A/K) € My (G), the Main conjectures requires the existence
of a zeta element {x(a/k..) (p-adic L-function) in K;(A(G)s+) mapping to the class
of X(A/K) in Ko(My(G)) and satisfying a proper interpolation property.

When G = Zg, recently there has been progress due to King Fai Lai, Ignazio
Longhi, Ki-Seng Tan and Fabien Trihan [KFL] and they have suggested a proof of
the Main Conjecture. In non-commutative setup there has been much progress due
to David Burns [Bur] and Malte Witte [Witb] using perfect complexes replacing
the Selmer group. They also prove some Main conjectures relating Euler character-
istic of the complex to the p-adic L function in equal and not-equal characteristic

cases respectively. There is also progress due to Vuaclair and Trihan (Unpublished).

In general it is difficult to prove Main conjectures. In this work, we are more
interested in how the characteristic element changes with respect to the involution
of A(G). There is a action of the group of order 2 on the localized Kj-group in-
duced by the anti-isomorphism £ of A(G) and its opposite ring A(G)° which sends
element of G to its inverse. Moreover, if M is a left A(G)-module then M* denotes
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the right module defined by mg = g~!

m. Now, we know the zeta element £ in-
terpolates the complex L-function L(A, T, s) where 7 is an Artin representation of
G. But the complex L-function satisfies a functional equation relating L(A, 7, s)
and L(A', 71,2 — s), where 77! is the contragradient representation and A’ is the
dual Abelian variety. So conjecturally, {x(a/x.) and {x(at k. ) are related by a
functional equation. Thus assuming the Main Conjecture, we should get an al-
gebraic functional equation relating the characteristic elements of X(A/K) and

X(A'/K4 )% But fortunately, this can be proved independently without assuming

Main Conjecture. In turn it gives some evidence for the Main Conjecture.

On the other hand existence of this algebraic functional equation can also be
thought in purely algebraic way. Set X := X (A/K ) and X[0] denotes the complex
centred at 0. Suppose RHoma(X[0],A) is the associated complex of A-modules
and assume also that A is regular i.e. G does not contain any element of order p.
Then H'(RHoma(X[0],A)) = a(X), where d} (X) := Ezt} (X, A) is the extension
group. For M in My (G), if we denote its class in Ko(My(G)) by [M], then

[RHom(X[0], A)] = D lay (X)) 7"

In some cases, it can be shown that characteristic element of [RHomy(X][0],A)]
and characteristic element of [X(A"/K)] are the same up to A*. So by abuse of

notation if we denote by &, , the characteristic element of M then
ex =[x
X7 11 5ai (x)

But in nice cases, higher Ext terms vanish and then with some duality like Cassels-
Tate, we should get the desired Functional equation. This principle is hidden behind

our proofs although we shall not pursue this further.

Here, we first recall the notations and algebraic preliminaries. Then, in the com-
mutative section we let K, be a Z;-extensions of a global field K of characteristic

p with Galois group Gal(K.,/K) = I' and | # p. We have the control theorem
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(Theorem 4.5, [BL09b]) for Elliptic curve E over Z;-extensions over global field of

characteristic p.

The Iwasawa algebra Z,[|T'|], denoted by A = A(T"), is non-canonically isomor-
phic to the power series ring Z;[[T]]. Then from the control theorem, we know that

X(E/L) is a finitely generated module over A. So we can define the characteristic

ideal of X (E/L).

Let M be any finitely generated module over A and a} (M) := Ext}(M,A)
(Definition 1.3.1). We define the Assumption (Finite) in Section 2.2. Then we get

the following theorem,

Theorem 0.0.1. (Theorem 2.3.12) Assume A satisfies the Assumption (Finite).

Then we have a pseudo-isomorphism of A-modules

X(A/Kw) = aj (X (A'/K)).
From this we can prove our main result

Theorem 0.0.2. (Theorem 2.5.1) Assume A satisfies the Assumption (Finite).
Then characteristic ideals of X (A/Ky)* and X(A'/Ky), Cha(X(A/Kx)) and
Chp(X(A'/KL)) respectively, satisfy the following functional equation

Cha(X (A K" = Chy(X(A/Ky)).

The algebraic functional equation can also be shown to be compatible with the
analytic functional equation of L-functions.

In the non-commutative case, again let [ be a rational prime number such
that [ # p. If E is an non-isotrivial Elliptic curve over K then G = G =
Gal(K(E[l*])/K) is an open subgroup of GLy(Z;) [BLV09]. Let K, = K(E[I*]),
K¢ be the unramified Z;-extension of K and I' = Gal(K%¢/K). Then the Ga-
lois group H = Gal(K./K%) is a closed normal subgroup of G4 such that
I'=G/H =17



Remark 0.0.3. By result of Gianluigi Sechi ([Sec]) X (E/K,) belongs to the category

My (G). Hence one can always associate a characteristic element to X (E/K,).

Now in this set up we again have a control theorem and similarly by Cassels-Tate

pairing we will prove the following functional equation

Theorem 0.0.4. (Theorem 3.1.5) Let E be a non-isotrivial Elliptic curve over
K with good ordinary reduction at finite set of prime 3. Then the characteristic
element Ex(p/k.) of the A(G)-module X (E/Ky) in the group Ki(A(G)g+) satisfies
the functional equation
§X(E/Koo)ﬁ = G(X(E/KOO>)£X(E/KOO) H Qg
geER

for some (X (E/K«)) in Ki(A(GQ)), a4 is defined in Lemma 3.3.1 and R denotes

the set of primes of split multiplicative reductions.

We shall define X (tw,(E)/K) in Section 1 (Definition 1.5.3). Let O denote the
ring of integers of some finite extension L of Q,. In the fourth section, we prove an

important parity result

Theorem 0.0.5. With notations as before, let 7 be an irreducible orthogonal Artin
representation of the group G. Then the O-rank of X (tw,(E)/K%) has the same
parity as the O-rank of X (tw,(E)/K).

Then we prove some results concerning parity conjectures in commutative and
non-commutative setting. We also determine the growth of Selmer groups in these

settings.
We can prove the following description of the sign of the functional equation
when we substitute a self dual Artin representation (Section 1.2)

Lemma 0.0.6. (Lemma 4.53.1) Let T be a self dual Artin representation of the group
G. Then we have

E(X(E/KOO))(T) = (_1)07'dT:0€X(tw7—(E)/KCyC) = (_1)TankOX(twr(E)/KcyC))(mOdM)
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where Ex (1w, (B)/Kkevey 15 the characteristic power series (in O[[T]]) of X (tw,(E)/K°)
and M s the mazimal ideal of O.

This description has a nice consequence in terms of the parity of the sign in the
functional equation. Let GGy be the maximal pro-p normal subgroup of G then we
can prove another important theorem which is very closely related to the Parity

Conjecture

Theorem 0.0.7. (Theorem 4.3.3) Let E be a non-isotrivial Elliptic curve defined
over K with good ordinary reduction at finite set of prime ¥ and wg(T) is the

analytic root number. Then, if

(— ko X CurBNK) _ (1)

holds for all self-dual Artin representations T of G /Gy, then this is also true for

any self dual representation T of G.



1 Preliminaries

In this section we will fix the notations for the rest and recall some important

algebraic lemmas.

1.1 Notation

Let K be a global field of characteristic p (p # 2) and K /K is a Galois extension
such that G := Gal(K/K) is a l-adic Lie group (I # p, [ # 2). Suppose A(G) is

the associated Iwasawa algebra

A = A(G) =Z[[G] = Jim Z,[G/U]

where U runs over all open normal subgroups of G. Let M be a A(G)-module then

its pontryagin dual M of M is defined as M := Hom(M,Q,/Z,).

Let X be a finite set of places of K and A be an Abelian variety over K with
good ordinary reduction at every places in X. Suppose v is a place of of K then,
G, denotes the decomposition group at v and I, denotes the inertia group at v. If
L is any extension of K then (L) is the places of L above 3.

Assume there exists a closed normal subgroup H of G such that G/H = Z,. Let
My (G) category be the category of finitely generated A-modules such that M /M (1)
is a finitely generated A(H)-module. Let S be the canonical ore set [CFK'05] and

S* = Upsol™S

Then from [CFKT05], S* is a multiplicatively closed subset and we can localize

A(G) at S*. From loc. cit. We have a long exact sequence of K-groups

K1 (MG))—> K1 (A(G) g+) 2 Ko (M (G)) —0.

For a module M in 9ty (G) we can define a characteristic element (following [CFK*05])

by taking a pre-image of [M] under the connecting homomorphism

5G . K1<A(G)S* — K()(SIRH(G))



1.2 [-adic representation

Let A be an Abelian variety of dimension g over global function field K. Let K
denote a separable closure of K. If [ is different from p, then the absolute Galois
group Gg = Gal(K/K) acts on the group A[l"] & (Z/I"Z)* of ["-torsion points
of A(K). Let T; denote its Tate module, then Gal(K /K) acts continuously on the
vector space V) := T} ®z, ;. Assume p is unramified at places v outside ¥ whose
residue characteristic is not [. By Serre [Ser98] this system of representations are

compatible i.e. in particular, dimension of V; is independent of [.

Let p denote the homomorphism Gal(K/K) — Aut(V;) and G; denote the
Zariski closure of p(Gal(K/K)) in GLa,(Q;) (Algebraic monodromy group).

Now assume there exists a smooth geometrically connected algebraic curve X
over [F, with function field K and U is a zariski open dense subset of X. Let Z
be a geometric point of U. Removing the finite set where p is ramified, then each
representation comes from a representation of the étale fundamental group (U, ).

Every V is the stalk at z of a lisse [-adic sheaf F; on U.

Remark 1.2.1. By Zahrin [Zar74], the action of Gal(K/K) on V; is semisimple for
all [. This implies G is reductive and canonical map Endg(A) x Q; — Endg, (V)

is an isomorphism.

Remark 1.2.2. By Gajda et al [SAdR/|, G; contains Sp(2g,Z;), for certain Abelian

variety of dimension g over global function field K.

1.3 L-Function

Let U be a zariski open dense subset of X with the inclusion map j : U — X.
let I, denote the inertia subgroup and D, denote the decomposition subgroup of
Gal(K/K) at x respectively, where z runs over the closed points |U| of U. Let

7orith([7) denote the arithmetic fundamental group of U which is defined as follows
ﬂ-tllMth(U) = GK/ <I >ze|U|
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We also have the following exact sequence from the definition
1 — I, = D, — Gal(ky/k,) — 1

where k, denotes the residue field of K at . Gal(k,/k,) is topologically generated
by the geometric Frobenius element Frob, defined by

Frob,':a — o ack,
Let P, denote the p-sylow subgroup of I,. Then we have the following exact se-

quence

1— P, — [, — Il = HZz(l) —1
I#p

Let O denote the ring of integers of some finite extension L of (Q; and V' denote a
finite dimensional vector space over L. Suppose we have a continuous representation

p unramified on U
p:Gg — GL(V)

equivalently, from the definition, p is a continuous representation of w{ " ()

E Wi’”th(U) — GL(V)

The L-function of p at U is defined by
1

LU, p) = 1 T
( 7p) xgjl det([ . p(FTObx)Tdeg(z) | V) S +OH H
Similarly, the L-function of p at X is defined by
1
L(X,p) = 1 -
(X.7) H det(I — p(Frob,)Tdes(®) | V1) €1+ O[[T]]

z€| X|
Remark 1.3.1. As | # p, restriction of p to the sylow subgroup P, has finite order
and p is almost tame. In fact it is finite up to a twist if p has rank one (By class

field theory). So there are not many l-adic representations.



Remark 1.3.2. By Grothendieck’s trace formula [Gro95], L(U, p) is always a rational

function. Since,
2 .
L(U, p) = [ [ det(1 — Frob, T | H\U ®F,, F,))"""" € O(T)
=0
where F, denote a lisse l-adic sheaf on U associated with p, and H\(U ® F,, F,)
denote finite dimensional cohomology with compact support.

Remark 1.3.3. Witte [Witb] has proved a Main conjceture interpolating L(U, p)
with some zeta element in K;(A(G)s).

1.4 Twist

As defined in [CFKS10] there is an action of the group of order 2 on the localized
Kj-group induced by the anti-isomorphism £ of A(G) and its opposite ring A(G)°
which sends the element of G to its inverse. Moreover, if M is a left A(G)-module

then M* denotes the right A(G)-module defined by mg := g~ 'm.

Let O denote the ring of integers of some finite extension L of Q, and assume

that we are given a continuous homomorphism
p:G— GL,(O)

where n > 1 is an integer. If M is a finitely generated A(G)-module, put My =
M ®z, O and define the twist of M with respect to p by endowing

twp(M) = Mo ®o O™

with the diagonal G-action. Let G/H =T = Z,, Ao(I') := A ®z, O and Qo(I')
denotes its field of fractions. Then as explained in [CFKT05], p induces a homo-
morphism

®) = Ki(A(G)s-) = Ki(Mn(Qo(I)) = Qo(I)*

Let ¢ denote the augmentation map Ap(I') — O and ker(¢) =: p. Then ¢
extends to the localization of Ap(I") at p (defined as Ap(I'), C Qo(I)).
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We get a map

¢:No(l)y = L

For £ € K1(A(G))s+), we define £(p) := ¢(D,(§)), if D,(&) € Ao(T),, and oo

otherwise.

If we identify Qo (I')* = Q(O[[T]])* sending the topological generator of I' to
the formal variable T', then the leading term £*(p) at p is defined to be the leading
term of ®,(§) at T' = 0.

Remark 1.4.1. Let M be a discrete A(G)-module, My;,, denotes its maximal divisible

subgroup and M /Mgy;, = M finite. Then there exists an exact sequence
0 — Mgiy — M — Myipize — 0.

Let p is given by a Z,-lattice T". Since, T' is free, the exact sequence remains exact
after taking tensoring with 7. As M is discrete, My, is some copies of Q,/Z,. Now
Q,/Z, ® T = (Q,/Z,)"*=»T which is p-divisible. So we get that twist preserves

the maximal divisible subgroup by flatness of T" over Z,.

1.5 Selmer group

Let A[l™] denotes the kernel of the multiplication by {"™ on A and F' be any extension

over K. Taking the following exact sequence
Al — A aso

and taking cohomology and direct limit, we get the Kummer homomorphism

A(F) @ Q/Z; — H'(F, A[I])

Definition 1.5.1. We define [*°-Selmer group Selj~(A/F') of A over any extension

F over K as kernel of the homomorphism

H'(F,AI™)) - @ H'(F,, A1)

11



where v runs through all places of F and F;, denotes the completion of F' at v.

X(A/F) is the Pontryagin dual of Selmer group.

Remark 1.5.2. Firstly, here we can use étale (equivalently Galois) cohomology as
I # p. This definition also makes sense as the image of the Kummer map at v

vanishes as [ # p ([BL09b], Proposition 3.1).

We also define Selmer group twisted by a character of G := Z; (Say p). As we
get a l-adic representation space V; := T} ®z, Q, from E[I*]. We can define E[I*]|®p

as a twist of representation by the character p.

Definition 1.5.3. We define the twisted [*°-Selmer group as follows
Seli(tu,(A)/ F) = her {H'(F, A] @ p) > @) H'(F., A¥] © p))

where v runs through all places of F.

X(tw,(A)/F) denotes the Pontryagin dual of it.

Remark 1.5.4. This twist is compatible with the definition of twist defined in last
subsection i.e. X(tw,(A)/K«) = X(A/Ks) ® p. (Page 735, [PR03]) .

1.6 Iwasawa Adjoints

Definition 1.6.1. Let M be a (left) A-module. Then we define the Iwasawa adjoints
to be
ai (M) := Ext' (M, A)

which are a priori right A-module by functoriality and the right A-structure of the
bi-module A.

Remark 1.6.2. Indeed, when G = Z, then a'(M) is isomorphic to the Twasawa’s
original adjoint upto inversion of group action.

Now we will recall another lemma from ([Z4b10], Lemma 5.1) will be one of the

important tools to form the pairing of the Pontryagin dual of Selmer group later.
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Lemma 1.6.3. Let M be a A(G)-module and M € My (G) then

ap ey (M) = lim aner,) (M)
L

where
K C finite L C Koo, H; = Gal(Koo/Lcyc),FL = Gal(Lcyc/L).
Infact we can say more about the structure of Iwasawa Adjoints.

Proposition 1.6.4. ([Jan89]) Let G be a p-adic Lie group of dimension = cd,(G) =
n and M a finitely generated A(G)-module, which is finitely generated as a Z,-
module of rank r.

(1) If M is finite and nonzero, then a'(M) = 0 except i #n + 1 and a™ (M) # 0.
(2) If M is a free Z,-module, then a'(M) = 0 unless i = n and a"(M) is a free
Z,-module of rank r and there is an isomorphism a"(M)"¥ = M ® D, where D?

denotes the p-dualizing module of G ([NSW00], p.149).
Now, if we fix G = Zg, then we have the following observation

Lemma 1.6.5. Let G = Zg, A = AG) and M be a finitely generated torsion
A-module. Then M is pseudo-isomorphic to a'(M).

Proof. Suppose M is a module of the form A/f, f € A is non-zero. Then taking

Exti(—,A) of the following exact sequence

0—=A—ToA——A/f—0

we get a'(A/f) = A/f as Homp(A,A) = A. Now as G = Z¢, from structure
theorem, we can say that there exists a pseudo-isomorphism from M — E, where
E is an elementary module i.e. product of the modules of the form A/f, f € A. So
for any elementary module E, we have a'(F) = E. The pseudo-isomorphism from

M — FE induces pseudo-isomorphism
a'(E) — a'(M)

13



since a’ of any pseudo-null module is pseudo null (In fact a'(N) = 0, if N is pseudo-
null). So we get M is pseudo-isomorphic to a*(M).
O

Exploiting similar methods, we recall another important Proposition ([Zab10],

Proposition 6.1), when G is an open subgroup of GLy(Z,)

Proposition 1.6.6. Let M € My (G) and §ar, Saiary denote the characteristic ele-
ments of M and a'(M) respectively for 1 <i <5. Then

5
_ (=1t
€M - Hfai(M)
i=1
modulo the image of K1(A(G)) in K1(A(G)s+)

Remark 1.6.7. Note that here we take on the left hand side, the characteristic
element of the left module M where on the right hand side we have characteris-
tic elements of the right modules a’(M). Since all characteristic elements lie in

K1(A(G)s+), it nevertheless makes sense to compare them.

We will finish this section by recalling how the Twist defined in the previous

section commutes with Iwasawa adjoints.

Proposition 1.6.8. ([Ven05], Proposition 7.3) For every i > 0 we have canonical

1somorphism

where p~! denotes the contragredient representation i.e. p~'(g) = p(g~1)" is the

transpose matriz of p(g~t).
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2 Commutative case (I # p)

2.1 Notations

Let K be a function field in one variable over the finite field F,, where ¢ is a power of
p and let Gi denote its absolute Galois group. Let [ be a prime different from p. We
define K := KF, where F{ is the unique subfield of [, such that Gal(F/ F,)

is isomorphic to Z;. Let A be an Abelian variety over K with principle polarization.

Let K be the unique Z-extension of K and I' = Gal(Kc(,é)/K) =7.

Remark 2.1.1. Let F* denote the l-adic completion of a function field F and
V = Q ®z F*. Then the set of Zi-extensions is in a bijection with Grassma-

nian Grassq(V)
(Set of all d—dimensional subspaces of V') ([BL09b], Theorem A.1). But when,
F = K =TF,(t), this forces d = 1.

Consider the sub-extensions K, := (K{)™, where I, = I'". For convenience,

we will describe the whole situation in the following diagram:

Let Gal(Koo/K,) =T, and A, = Z,[|Gal(KY / K,)]).

2.2 Control Theorem

We have a control theorem for Elliptic curve over Z; extension over global field of

characteristic p.

Theorem 2.2.1. (Bandini-Longhi [BL0O9b], Theorem 4.5) Let K be the Z,-extension
of a global field K of characteristic p with Galois group Gal(K./K) =T. Let E be
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a non-isotrivial Elliptic curve over K. Then for every finite intermediate extension

F of K&)/K, the restriction map

res :Seli<(E/K,) — Sellm(E/Kc(Q)Fn

KY/K,

has finite and bounded kernel and cokernel, where T',, = T'"".

Remark 2.2.2. This control theorem is also proved analogous to the number field
case with local kummer map and bounding the first and second cohomology groups

of the torsion points of the Elliptic curve.

Remark 2.2.3. Tt is well known that A(T") is non-canonically isomorphic to the power

series ring Z;[[T7].

Corollary 2.2.4 ([BL09al]). With the conditions from Theorem 2.2.1 we have that,
X(A/K) is a finitely generated module over A(T).

Proof. This follows easily from Theorem 2.2.1 and the Nakayama lemma.

]

If we go through the proof of Theorem 2.2.1 carefully, then we can get more
information. By entirely, similar proof the control theorem will hold for Abelian
varieties also. We note the control theorem for Abelian variety in the following

theorem with the following assumption.

Assumption (Finite)
An Abelian variety A satisfies both the following properties:
1) A[l"o}(K&)) is finite.
2) If L is a complete DVR of characteristic p with K, C L C K,, for some place v
of K and its residue field does not contain Fy’, then A[l*°](L) is finite.

Remark 2.2.5. For Elliptic curve, these conditions are satisfied by Lemma 3.2 and

Lemma 3.3, [BL09a].
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Theorem 2.2.6. Let K be the Zy-extension of a global field K of characteristic
p with Galois group Gal(K./K) = T'. Let A be a non-isotrivial Abelian variety
over K and satisfies the Assumption (Finite). Then for every finite intermediate

extension F of Ko /K, the restriction map

res

K0 /i, © Seli (A)Ky) = Selyoe (A/KL))"

has finite and bounded kernel and cokernel, where T',, = T''".

This statement will be very crucial in forming the relationship between the Pon-
tryagin dual and its extension group. Now, we prove another version of control

theorem for general twisted Selmer group, with the following assumption.

Assumption (Finite-p)
An Abelian variety A satisfies both the following properties:
1) (A[lI™] @ p)(KY) is finite.
2) If L is a complete DVR of characteristic p with K, C L C K, for some place v
of K and its residue field does not contain IF((IZ), then (A[l*°] ® p)(L) is finite.

Lemma 2.2.7. Let p be a character of I'. Then, ignoring finitely many characters,
we can always choose a character p such that part 2 of Assumption (Finite-p) is

satisfied.

Proof. Let Ky be alocal field of characteristic p. If we can show that (A[l*]|®p)(Kj)
is finite, then following (Lemma 3.3, [BL09b]), we get that 2nd condition of Assump-

tion (Finite-p) is true.

For convenience let us denote A[l*°] @ p = A(p), T;(p) = T;(A) ® p and Vi(p) =
Vi(A) ®p, where T}(A) is the associated Tate module and Vj(A) = T;(A) ® Q;. From

the short exact sequence
0 — Ti(p) = Vilp) = Alp) = 0
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we get the following exact sequence
0 — Ty(p)“"0 — Vi(p)“"0 — A(p)“*o — H'(Gx,, Ti(p))

Now A(p)“xo is finite if and only if Tj(p)“%0 = 0 (Proposition 2.1, [0ze09]). So
if A(p)9xo is infinite, Tj(p)%%o # 0. This gives Vj(p)“%0 # 0. We now consider
the action of G, on vector space Vi(p). After taking some finite base change of
Vi(p), action of G, can be always made trianguline. Then we see that there are
only finitely many choices of p such that V;(p)“%o # 0. Ignoring these finitely many
choices, we can always get (A[l*°] ® p)(Ky) is finite.

O

We have the following Theorem

Theorem 2.2.8. Assume A satisfies the Assumption (Finite-p) and p is an char-

acter of I'. The restriction map

res

has finite and bounded kernel and cokernel.

Proof. For convenience let us denote A[l*] @ p = A(p).

We have the following commutative diagram by Hochschild-Serre

0

H' (T, A(p)(KX))

Selpeo (twp(A)/Kn)(—)Hl (K, Alp)) HyeE(Kn) HY((Kn)w, A(p))

Selyee (tw,(A) | K& ) HY (KK, A(p)"* ——T1, ey H (K ), A(p))"

H*(T,, A(p)(KX))

By (Lemma 4.1, [BL09a]) and Assumption (Finite-p), H (T, A(p)(KY)) is
finite and HQ(Fn,A(p)(KéQ)) = 0 (Since I',, = Z;). Using snake lemma, we
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find that coker(resK(z>/K ) is contained in [, ,exx,) H' (Tn; A(p)(KY.,)), where

Gal(chlo),w (Kn>'u) = Fnﬂ)‘

We follow the proof of (Theorem 4.5, [BL0O9b]). Let v be a place of good re-
duction, then by criterion of Néron-Ogg-Shafarevich, (K,),)(A[l*]) is contained
in ((K,),)""", maximal unramified extension of (K,),. Now, A(p)((K,)"") =

v

A(p)((Ky,))!, where I, is the inertia group at v. Since, p is an character of T

and K¢ is unramified over K, p, = 1. So A(p)(K,)o)"™ = A((K.))"(p) =

A(p)((K,)y), where the last equality comes from v being a place of good reduction.

Following the same proof of (Theorem 4.5, [BL09b]) and using Assumption
(Finite-p), we get HY(Gal(((K,),)""" /(K,)s, A(p)) = 0. Now, by inflation map,
there is an injection between H'(Ty,.0, A(p) (KL w)) < HY (Gal(((Kn)o)"™ /(K ), A(p)).
This gives H'(T,,.., A(p)(KY,)) = 0.

If v is a place of bad reduction, then using (A[l*] ® p)((K,),) is finite, we
get HY(T,, A(p)(K¥,)) is finite and bounded by | (A[l*] ® p)(KYw)/((Al1®]
p)(K&)ﬂw))dw | (Remark 3.5, loc. cit. ).

[

2.3 Iwasawa Adjoint and Dualities

Suppose M is a finitely generated A(I')-module, where I' = Z;. We make the
following assumption.

Assumption 1

Mr, is torsion as A,-module for every n, where A, = Zl[|Gal(K&)/Kn)H and
r,=1".
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Remark 2.3.1. Let M be an finitely generated A(I") module satisfying Assumption

1. Then we have

ah (M) =lima}, (Mr,)

Proof. This is a special case of Lemma 1.6.3.

]

Remark 2.3.2. When I' = 7Z;. Let M be a finitely generated A(I')-module satisfying
—~TI,

Assumption 1. Then we have a} (M) = fm M & . Tt follows from the Remark

from ([PRO3], Proposition 1.3.1).

Using Tate module of the Abelian variety as a lisse sheaf, the following can be

deduced from Corollary 5.24, [Wita]

Theorem 2.3.3. Let A be an arbitrary Abelian variety over K. Then, X(A/KY)
is a finitely generated torsion A(I')-module where I' = Gal(K&)/K).

Remark 2.3.4. This is a strikingly different result from the number field case. In the
number field case dual of Selmer group to be torsion module depends heavily on the
reduction of the variety. But in contrast, in the function field case it is independent

of the reduction type of the Abelian variety.

Definition 2.3.5. Let 7 be an character of the absolute Galois group G with
values in Z;. Then 7 is called admissible for A, if X (tw,(A)/ K&))pn is finite for

every n.
Remark 2.3.6. If 7 is admissible, then X (tw,(A)/K{) satisfies Assumption 1.
Lemma 2.3.7. We can always choose an admissible character for A and for At.

Proof. Let M be a finitely generated torsion A(I')-module and P(T") be its charac-
teristic polynomial. Now (M ®@7%)r, is (M ®7%)/(4"" —1), where k is an integer and
7 is topological generator of I'. So (M ® 7%)r, is finite if and only if P(u*¢, — 1) is
nonzero, where ¢, is a ["-th root of unity and u = 7(). But by Weierstrass prepa-

ration theorem, P(7’) has only finitely many roots. So as X (tw,(A)/ Ké?) is finitely

20



generated torsion A(I')-module, we can always choose an admissible character for
A. Since, A has principle polarization, it can be chosen for for A’.

]

Lemma 2.3.8. Let I' = Gal(Kéé)/K) >~ 7, T, = TV and 7 be an admissible

character. Then,
lim el (tw, (A)/K)™ = ap ) (X (twr (4)/ KLY

Proof. This follows from Remark 2.3.2.

Now we have the restriction maps
Selpo (tw,(A) ) K,) — Seljo (tw, (A) /KDY
which induces after taking the projective limit with the previous lemma the
following A(I")-homomorphism.

Ao lim Selp (tw, (A)/ ) = ey (X (tw, (A) /KDY

Kélo),'r

Theorem 2.3.9. Assume A satisfies the Assumption (Finite-t) and T is an char-
acter of I'. Then kerA .« _ and coker A
independent of the base field K.

KO, are finite and bounded by a bound

Proof. Firstly, the maps

T@SK&)/K

1 Selpo (twr(A)/Ky) — Selpeo (tw,(A) /KDY

have finite and bounded kernel and cokernel. Now taking projective limit is a left
exact functor. As projective limit of finite and bounded is still finite and bounded,
from Theorem 2.2.8,

we get the following exact sequence
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0——lim ker(reS(K&)/Kn))Hl'gln Seljs (th(A)/Kn)Ha/l\(F) (X(th(A)/KC()Q)ﬂ)

—=lim coker(res(Kgé)/Kn))

kerApw = lim k:er(res(Kéé)/Kn)) and cokerA
which are finite and bounded fom Theorem 2.2.8, which finishes the proof.

= lim CO]{?GT(T"SS(Kélo)/Kn))

K(()é),T

]

Remark 2.3.10. We can always choose an admissible character 7 (Lemma 2.3.7).
Then Selj~ (tw,(A")/F) is finite. From Kummer theory, (A[l*°] ® p)(Kélo)) is finite.
From Lemma 2.2.7, 2nd condition of Assumption (Finite-7) is true. So we can

apply Theorem 2.3.9.

Now we describe the Cassels-Tate pairing in this case

Proposition 2.3.11. Over any field extension of K, F, we have an isomorphism

X (tw,(A)/F)(1) = Selj (tw,—1 (A" ) F) /div(Sel~ (tw,-1 (A" F))

where div(.) denotes the mazimal divisible subgroup and T be a character of

Gal(F®¢/F) with values in Z} and A' is the dual Abelian variety of A.

Proof. We use Cassels-Tate pairing for global fields from (Theorem 6.6, [GA09]).
We have a canonical Galois-equivariant pairing Selj(A/F)x Selj (A" /F) — Q,/Z,
whose left and right kernels are the maximal divisible subgroups of each group. Now
from Remark 1.5.4, Selj (tw,(A)/F) = Selj<(A/F) @7 and Seljs (tw,-1(A")/F) =
Seli(A/F) ® 771, Since, the twist preserves the maximal divisible subgroup (Re-
mark 1.4.1), the previous pairing induces a canonical Galois-equivariant pairing
Seljs (tw,(A)/F) x Selje (tw,—1(A*)/F) — Qi/Z;, whose left and right kernels are
the maximal divisible subgroups of each group.
This implies, Hom(Selj<(tw.(A)/F)/div(Selj=(tw,(A)/F)), Q,/Z)
>~ Selj (tw,—1(A") /) F) /div(Sel (tw,-1(A")/F)). Then we get the desired claim.
O]
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Corollary 2.3.12. Assume A satisfies the Assumption (Finite). For the Z;-

extension K there is a pseudo-isomorphism
X(A/KQ) = ajry(X(A/KQ))

with kernel and cokernel, finite and bounded by a bound independent of the base

field.

Proof. Let us assume Gal(K. v /K) has an admissible character 7 (Remark 2.3.7) for

A and A'. We can choose 7 such that Selj (tw,-1(A)/F) and Selj= (tw,-1(A")/F)

is finite for any finite extension K C F' C K. Then the divisible part vanishes.

So we have an isomorphism from Proposition 2.3.11,
X (tw,(A)/K,) (1) = Seljeo (tw,-1 (A" K,,)

for every n. Now, as lim X (tw,—1(A)/K,)(1) = X(thfl(A)/K&)), we have the

following map using Theorem 2.3.9,

X(A/EL) @77 = X(twe: (A)/KL)) — aj gy (X (tw (A7) /KQ))

a}x(r)(X(th(At)/K&))ﬁ) = a}\(r)(X(At/K&))ﬁ) ® 77!, from Proposition 1.6.8.
Taking tensor with 7 we get the required homomorphism independent of the char-

acter and then we use Theorem 2.3.9.

[]

2.4 Characteristic series

Recall that a finitely generated torsion A(I')-module is said to be pseudo-null if its
annihilator ideal has height at least 2 ( In other words, E}(M) = EX(M) = 0) i.e.
finite, in this case.

If M is a finitely generated A(I')-module then there is a pseudo-isomorphism ( i.e

morphism with pseudo null kernel and cokernel )
M~ [TA@)/(45)
i=1
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where g¢;’s are irreducible elements of A(I') up to units and e; > 0’s are uniquely

determined by M.

Definition 2.4.1. In the above setting the characteristic ideal of M is defined by
Chary(M) = (T, ¢") if M is A(T')-torsion
and zero otherwise.

Remark 2.4.2. From Theorem 2.2.4 we have that X(A/L) is a finitely generated
A(T)-module so we can define the characteristic ideal of X(A/L).

Now we recall some important results related with the characteristic elements.

Remark 2.4.3. In particular, if M is finite then it represents a trivial element. One
can also prove that, if M is a torsion A(I')-module then in the commutative case,

Chya.(M) =1 if and only if M is pseudo-null.

Now we can prove an important lemma using the above structure theorem,
Lemma 2.4.4. If M is a finitely generated torsion A(I')-module where I' = Z;, then
Chary(ax(M)) = Char)(M)

Proof. From the Lemma 1.6.5, we have a} (M) is pseudo-isomorphic to M. That
gives both to have identical Characteristic Ideal.

]

2.5 Functional equation

Now we will have the functional equation of the characteristic elements.
We do not need to assume additionally that X(A/Kéé)) is A(T") torsion, as it is
true by Theorem 2.3.3 Then we have the following theorem,

Theorem 2.5.1. Assume A satisfies the Assumption (Finite). Then Chy,. (X(At/KéQ)ﬂ)
and Chy,. (X(A/K&))) satisfies the following functional equation

Char (X(A'/EL)) = Chay (X (A/EY))
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Proof. Firstly, from Lemma 2.4.4, C’hA(G)(a}\(X(At/KC(Q)ﬁ)) = Chye) (X(A/Ké?)ﬁ).
Now two modules are pseudo-isomorphic then their characteristic polynomial differs
by an unit in the Iwasawa algebra i.e. they define same ideal. Now Corollary 2.3.12

finishes the proof. O

Remark 2.5.2. In fact by entirely similar proof, we can prove there exists a functional

equation relating Selmer group twisted by a character 7, if 7 factors through K. 9.

We can also explicitly determine the sign of the functional equation if we take

the generators of the corresponding characteristic ideals.

Lemma 2.5.3. Assume A satisfies the Assumption (Finite). Suppose f and f* de-
note generators of the characteristic ideals ofC’hA(X(A/KC(Q)) and C’hA(X(At/K&))ﬁ),

where T 1s a character. Then they satisfy the following equation

f=eX(A/KQ))f

Where e(X(A/KéQ)) is an unit of A and e(X(A/Kéé)))(O) = (—1)’"“”’“0()((‘4/1(&)))
(mod M), where T is realized over O, ring of integers of finite extension of Q; with

maximal ideal M.

Proof. We have a functional equation f(T_—fl) = €¢(T)f(T) with €,(T) € O[[T]]*.
By Weierstrass-preparation theorem, let f(T) = [*u(T)g(T), with k € Z,u(T) €
O[[T]]* and ¢(T) is a distinguished polynomial. Now, g(75) = u'(T)es(T)g(T),

—

a+1) eX-

where u(T') = u’(T)u(T_—JFTl) Clearly, the roots of g(T") occur in pairs («,
cepts the roots a = 0. So we can consider g(T') = T"™.¢1(T"), where ¢1(0) # 0. Sup-
pose, (TT—JrTl)m = (7). T™ and gl(’;_fl> = }(T).9:(T), where e;(T) = €,(T).€;(T).
Then €;(0) = (=1)™ and €}(0) = 1 (Substituting 7' = 0). Since deg(g:) is even,
€(0) = (—1)4e9(91) Combining we get €;(0) = (—1)%99). By structure theory, it is
clear that deg(g) = ranko(X(A/KD)).

[
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3 Non-commutative case (I # p)

3.1 Pairings

Firstly we will recall our set up in the GLy-setting. Let Ko, = K(E[I*]) be a
l-adic Lie extension of the global field K of char p # [, where FE is an elliptic curve
over K without complex multiplication. We know G := G, := Gal(K(E[l*])/K)
is an open subgroup of G'Ly(Z;)(Theorem 11.33, [Sec]). K¢ is the cyclotomic Z;-
extension of K and if L is any finite extension of K in K., then L%¢ is the unique

Zy-extension of L containing both L and K“°. So we get the following diagram.

inite
f /

K
Here, H := Gal(K/K%°),I' = Go/H = 7Z;. Again following Section 2, we can
formulate the 9y (G)-conjecture and the Iwasawa main conjecture.

In this case, we have a result of Gianluigi Sechi (Theorem 4.18, [Sec])
Theorem 3.1.1. X(E/K,) belongs to the category My (G).

Remark 3.1.2. Hence we can always associate a characteristic element to X (E/K)

Firstly, considering the extension L%¢/L, we get the following

Theorem 3.1.3. There erists a quasi-exact sequence (kernel and cokernel is finite

with bounded number of generators)

cyc ¢ cyc
0 — X(E/LY) % ajhgaypeve/ny (X (E/LY)) = [[ Mo — 0

where M, := HY(L%¢/L,, E(L¥))" and v runs through the set of primes in K

where E has split multiplicative reductions.
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Proof. This follows the same argument as Corollary 2.3.12. Similar to the commu-
tative setting, first we define I', = I'"" and L, = (L%)'. Now applying control

theorem Theorem 2.2.6 over L,, we get a homomorphism

Sel(E/L,) — Sel(E/L%¥)™

with finite and bounded kernel and cokernel bounded by [[, H*(L¥¢/L,,, E(L%¢))V
(Remark 4.6, [BL09b]. Also from the Cassels-Tate pairing we have a pairing of the
Pontryagin dual to the Selmer group itself (Proposition 2.3.11). Then similar to
the proof of Corollary 77, taking projective limits we get the required quasi-exact

sequence

¢: X(E/LY) — afl\(Gal(LCyC/L))(X(E/Lcyc)ﬁ)

We claim the following

Theorem 3.1.4. There is an exact sequence

cyc "7[}
0— a}\(FL)(X(E/L V) = a/l\(FL)(X(E/KOO)HL) — coker(¢) — 0

A

where coker (1)) induces the same element in Ko(Mp(G)) as ®u(A(G)@pc,) B(—1))
where v runs through primes where E has split multiplicative reduction and B 1is

isomorphic to Q,/Z, as Gal(K/L),-module.

Proof. We will use the following fundamental diagram :

0 — Sel(E /L) HY (GR(L), B) g HY (L, B) (1)

d | |

00— Sel(E/K. )t — = HY (Gr(Kx), BBt 2=+ @ g J, (Koo )

where J,(L) := @D,,, H'(L,, E)(1) and R denotes the set of primes of potential
multiplicative reduction and Gg(L) := Gal(Kg/L), where Kg is the maximal un-

ramified extension outside R.
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From the diagram we claim the following:
i) ker(g) and coker(g) are finite.
ii) ker(h) is cofinitely generated Z,-module.
iii) ker(f) is finite and coker(f) is Z,-cofinitely generated.
It is known that Ag(L%¢) and @, is surjective from Gianluigi Sechi ([Sec],

Lemma IV.16). Now we have from snake lemma

0 —— ker(f) ——ker(g) — ker(h) — coker(f)

—— coker(g) — coker(h)

We get ker(g) and coker(g) is bounded by H*(Gpeve, E[I°°]) for i = 1,2 respectively
which are finite (Proposition I11.13, [Sec]). This proves that ker(f) is finite.

For ker(h) it is easy to see that only interesting case is when v is place of split
multiplicative reduction. Let E has potential bad reduction at prime v. Then there
exists some finite subextension where it becomes split multiplicative. Now as we
are taking projective limit over all finite subextensions, we may assume it becomes
split multiplicative over L. Then we have a short exact sequence (from theory of

Tate curve)(Section 3.3, [BLV09])
0—-A—E[l*]—-B—=0

where as Gal(K /L), module A is isomorphic to fy= and B is isomorphic to Q;/Z;.
Now ker(h) = @, H (Koo /L, E(Kx,[1*]) and from the above exact sequence
HY (K s/ L, B( Ko 1) = B(—1)
Then ker(h) = @,B(—1), where v runs through places of split reduction. We
have then, coker(f) is Z,-cofinitely generated and bounded by ker(h).

If we take the Pontryagin dual of the map f, then we get

[ X(E/K)y, — X(E/LY)
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with finite cokernel and Z,-finitely generated kernel.

Now a3 (X (E /L)) is finite with bounded number of generators. We
have, a3, (X(E/LY)) = a3y, (F), where F is the maximal finite submodule
of X(E/L%)* since finite modules correspond to pseudo-null modules for A(T'z).
By modifying the argument (Theorem 1 ,[HMO00]) in the function field setting, F

equals the projective limit of the kernels of the restrictions
Selj(E/Ly,) — Selj (E /LYt

where '), is subgroup of I'y, of index {™ and L, is its fixed field (This works as all
the ingredients are avaialble in this function field setting also). Now from the proof
of Theorem 2.2.6, kernel of the above restriction is contained in the finite module
HY(T,,, E(L¥)[i*°]) = E(L¥)[I*°]/ (v} — 1)E(L¥)[l*°] for big enough n. But as
E(L%¥°)[l*°] is cogenerated by atmost 2 elements, we get ai(FL)(X (E/L¥)*) is finite

with bounded number of generators.

Then we get the following quasi-exact sequence

—

cyc ’d}
0— a}\(FL)(X(E/L vy S a}\(FL)(X(E/KOO)%L) — a/l\(rL)(COkeT(f)ﬁ) —0

Again as X (F/K.,) belongs to the category My (G), using Remark 2.3.2 again
we get that a/l\(FL)(lg—\l)) — B(—1). Now B(—1) has a class in Ko(9My(G,)). Now
taking tensor with A(G) over G, we get its image in Ko(My(G)) and we get the

required result. O
Now we get one of our most important results.

Theorem 3.1.5. There exists a quasi isomorphism

@ X(E/Kuw) = ah e (X (B/K.))

with ker(a) finitely generated over Z, and coker(a) representing the same ele-

ment in Ko(Mu(G)) as ©u(AG) @) TI(E)*) where Ti(E)* = Hom(T)(E), Zy)
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Proof. First we take the composition of the following two quasi-exact sequences

cyc ¢ cyc
0— X(FE/LY) = a}x(Gal(Lcyc/L))(X(E/L eyt — HMU —0

0 = ayer, ) (X (B/L¥) 4, arr,) (X (B/Ku)m,)*) — coker(4f) — 0

The second map is obtained from Theorem 3.1.4 and taking involution. Compos-
ing the above maps gives us the map X (E/L%Y¢) — a}\(rL)(X(E/KOO)%L). Now we
take projective limit over all finite extensions of K contained in K

K Cfipite L C K. Then using the Lemma 1.6.3, we get the following map
a: X(E/Ky) = aj)(X(E/Kx))

So the only remaining part is to calculate the kernel and cokernel. Now ker(¢) is
finitely generated over Z; as it is projective limit of finite bounded (independent
of K) kernels. So ker(a) is finitely generated over Z;. For cokernel we have the

following description of the coker(¢) and coker(1*).

Now again over L (Assuming L large enough so that all potentially multiplicative

reduction becomes split multiplicative), we have the exact sequence
0— B(1) = E(L,)[I*] — B[l“:] = 0

where dj, is some nonnegative integer. Now from long exact sequence of cohomology
from the previous sequence H'(L%¢/L,, E(L%¥¢)) = B[l%]. So we have from 3.1.3

coker () is projective limit of B[I?C] which is B. Now as we again have
0— B — T(E)" — B(-1) = 0
So we get that coker(«) is determined by class of T;(F)*. O

Remark 3.1.6. Initially, coker(¢) is calculated as A(I',)-module. IfI'} = Gal(L¥°/K),
coker(¢) is a A(I';)-module. As A(G) = lim A(I'; ), taking projective limit over L,

we consider it as A(G)-module.
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Remark 3.1.7. It can be easily seen that the characteristic element of A(G) ®5(a,)

*

T)(E)* is the same as the image of the characteristic element of 7;(E)* under the

natural map

Ki(A(Gy)s,) = Ki(A(G)s)

where S, is the canonical ore set in A(G,). Infact, we have a commutative diagram
Ki(A(Gy)s, ) —F1(A(G)s)

Ko(My(Gy))—=Ko(Mu(G))
Then coker(1)) is also considered as A(G)-module.

3.2 Characteristic elements

Let &y denote the characteristic element of the module M. From Theorem 3.1.5 we
expect a functional equation relating {x(g/k..) and 5%1\((;) (X(E/Kw)t)- In the commu-
tative case, we obtained the functional equation almost directly from the homomor-
phism as in the previous theorem. But in the G'Ly-case, things become complicated

due to the non-commutativity (e.g. pseudo-null modules no longer represent trivial

class in Ko(My(G))).

Firstly recall, as A(G) is Auslander regular ring [Ven02|, then every left or right
A(G)-module satisfies Auslander condition [Ven02]. Let

0—=AG) LBy B s Ry

be the minimal injective resoulution of A(G) ([Ste75]). Let us define a category
C™ :=full subcategory of all modules M such that Homc) (M, Ey® .....® E,) = 0.
Then we can collect the important technical results to prove our main result of

this section.

Lemma 3.2.1. ([Zdb10],Lemma 6.2) a} ) (ayq(M,A(G)),A(G)) € C° for any
M e My (G), fori>2
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Lemma 3.2.2. ([Zdb10], Lemma 6.3) Any M in My (G)NC? represents the trivial
class in Ko(My(G))

Remark 3.2.3. Both these results of Zabradi remain true in the global field case also

as they are only about abstract algebra.

Now we can prove the main result relating the characteristic elements of x (g/x_ )

and §a1(X(E/KOO)ﬁ)

Proposition 3.2.4. Let E be an elliptic curve without complex multiplication and
with good ordinary reduction at finite set of prime X. Then characteristic ele-
ments fgg(E/Koo) and {il(X(E/KOO)) are the same modulo the image of Ki(A(G)) in
K1(A(G)s+).

Proof. From Lemma 1.6.6, we need to prove that aj\(G)(X(E/KOO)ﬁ) has trivial
characteristic element for ¢ > 2. Now from Theorem 3.1.5 after taking involution,

we get the following homomorphism

af X(E/Koo)ﬁ — CL}\(G)(X(E/KOO))

with ker(a)? finitely generated over Z, and coker(a)?* represents the same ele-
ment in Ko(My(G)) as ®,A(G) @n(a,) Cv, where C, represents the same element
in KoMy, (Gy)) as Ti(E)*. C, is free of rank 2 over Z,, A(G) is flat over A(G,)
and dim(G,) = 2 for v € R (Lemma 5.1, [CS]). So coker(a)* has only non-trivial
Ezt? (Proposition 1.6.4). Now if we take the long exact cohomological sequence

induced from of, we obtain the following exact sequence

0— a?\(G)(cok:er(a)ﬁ) - a?\(G)(a/l\(G)(X(E/KOO))) - a?\(c)(X(E/Koo)ﬁ) —0

Here we are also using how a’ behaves under the base change A(G)®xq,)
(Lemma 5.5, [OV02]). If M € My (G) i.e. M is finitely generated over A(H), then
a'(M) = Ext"™'(M, A(H)) up to a twist (Theorem 3.1, [SV06]). So, a*(M) is finitely
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generated over A(H) i.e. a'(M) € My(G). The first two elements in the above
sequence lie in My (G)NC? by Lemma 3.2.1 and 3.2.2. Then a} ¢ (X (E/K)*) has
trivial characteristic element. Similarly (but easier), it follows aj (X (E/ K.)Y)

has trivial characteristic element for 7 > 3.

O

3.3 Functional equation

Now from Theorem 3.1.5, if we can calculate the characteristic element
of ®,A(G) ®a(q,) Ti(E£)* that will then finish the process of obtaining the required

functional equation.

It is very interesting to note that the description of coker(«) coincides with
description in Number field case [Zdb10]. Now the structure of coker(«) as A(G,)
module is purely algebraic and does not change in case of Function field setting.
So we will omit the details of explicit calculation. Recall that as reduction type
becomes split multiplicative over some finite extension of K, there exists an open
subgroup I, C I, of the inertia subgroup ( can be chosen as pro-I Sylow subgroup)
such that there exists

0—>A, -T(E)—B,—0

where A, and B, are free Z,-modules of rank 1 and I; acts trivially on them. Then

we have from (Lemma 6.5, [Zab10])

(XoBu Xy V)
XXy
where X, + 1 is the topological generator of the I; which is isomorphic to Z, and

Lemma 3.3.1. The characteristic element of A(G)®@a ) T1(E£)* is oy :=

By is 1 + e, Frob, if E has non-split multiplicative reduction or 1 — e, Frob, other-
wise. e, is the central idempotent element in A(1,) C A(G,) corresponding to the

projective module

/

P, = AGy) @a,) (Ay ®z, A(L,))

Theorem 3.3.2. Let E be an elliptic curve over K without complex multiplication

and with good ordinary reduction at finite set of prime X. Then the characteristic
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element Ex(p/k..) of the A(G)-module X (E/Ky) in the group Ki(A(G)g+) satisfies

the functional equation

Exp/rny = € X(B/Kw))éxr [ | o

geER

for some ¢(X(E/Kx)) in Ki(A(Q)), o, defined above and R denotes the set of

primes in K when E has split multiplicative reductions.

Proof. Firstly note that two elements in K (A(G)g+) define the same class in Ko(9My(G))
if and only if they differ by an element in K;(A(G)). From Theorem 3.2.4, Theorem

3.1.5 and Lemma 3.3.1, we get the functional equation.

]

Remark 3.3.3. 1t is interesting to note that it would be possible to generalize this
functional equation in case of Abelian variety also. First of all, let A be an Abelian
variety over K. If A is an Abelian variety of hall type, then G = Gal(K/K)
where K, := K(A[p>]) contains Spy,(Z;) (Theorem 3.6, [SAdR]). Theorem 3.1.3
for Abelian varieties can be established using Corollary 2.3.12 and Theorem 3.1.4
also holds similarly. Then using the similar proof we expect the functional equa-
tion for X(A/K,). One important point is here we will have the assumption
X(A/Ky) € My (G)(which is true in certain cases, see (Corollary 4.8,[BV]). The
second important point is here the structure theorems of Iwasawa algebras of
Zabradi do not hold. So we have to check the structure of pseudo-null module

and trivial characteristic elements etc.

Remark 3.3.4. In fact, from (Theorem 5.3, [BV]) we have control theorem in certain
equal characteristic cases. In that set up again exploiting similar method we can
prove Functional equation in Non-commutative equal characteristic cases. But un-
fortunately, there are no arithmetic situation known when this holds. The difficulty
lies in the fact that the analogue of Serre’s open image theorem is not known in

equal-characteristic cases.
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4 Root Numbers (I # p)

First we set some notations for this section. Let A be an Abelian variety over K
with principle polarization. Assume A satisfies the Assumption (Finite). Let 7
be a self dual Artin representation of the absolute galois group Gk such that A
satisfies the Assumption (Finite-7). It is realized over O, the ring of integers of a
finite extension L of Q;, with maximal ideal M. Let W, be the O-representation

space of 7. Then we define the following
1. r4(7):= multiplicity of 7 in A(K) ® L
2. s4(1):= O-corank of Sel(tw,(A)/K)
3. Aa(7):=0O-corank of Sel(tw,(A)/KY)
4. wy(7):= the analytic root number associated with the complex L function

L(E,T,s)

Remark 4.0.5. Multiplicity of 7 in X(A/K) ®z, Q is given by s4(7) i.e. O-corank
of Sel(tw,(A)/K) (Remark 4.3.2, [Grell]).

Suppose F'is a finite extension of K. K¢ and F“¢ denote the corresponding cy-
clotomic extension. Let us define the Q;-representation space V' := X (A/F%¥°)®z,Q,
for G := Gal(F%¥/K). Define I'p := Gal(F%¥/F), D = Gal(F/K) and A =
Gal(Fe/K%). If T is an representation of the group G, then 7 denotes its con-

tragradient representation.

First of all, it is important to have one theorem analogous to a duality theorem
(In Number field case, due to Greenberg). We will prove this from the functional

equation and pairing on the Selmer group, which will cover the next subsection.

Theorem 4.0.6. Let 7 be an self dual irreducible orthogonal Artin representation

of the group G. Then
sa(T) = Aa(T) mod 2
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4.1 Duality

Firstly we recall an important lemma
Lemma 4.1.1. X(A/F) ®z, Q; is self dual.

Proof. 1t is enough to show that if 7 is an irreducible representation of Gal(F/K),
then 7 and 7 have same multiplicity in X (A/F)®z,Q;. As multiplicity in X (A/F)®z,
Q is given by O-corank of Selmer groups, it is enough to prove s4(7) = s4(7). This
follows the same argument as Theorem 1.1, [DD09], since [ # p. Also see Proposi-
tion 4, [TW11].

O

Proposition 4.1.2. V = X(A/FY) ®z, Q, is a finite dimensional self dual-
representation space for G. Furthermore, W := Ker(V — Vr,.) admits a Q-
bilinear, non-degenerate, skew symmetric G-invariant pairing, where t is chosen

such that corankyg,Selj(A/F}) is maximal (Here F,, is the usual n-th layer in F'°V°).

Proof. Main ingredient of the proof is, from control theorem (Theorem 2.2.6) we

get that the restriction map
Sn 2 Selie (A)F,) — Seljoe (A FYe) n

has finite, bounded kernel and cokernel, where F}, is the nth layer in F<¢. This

induces the dual map
S X(A/FYNyp, — X(A/F,)

which also has finite, bounded kernel and cokernel. Now s, is Gal(F,,/ K)-equivariant,

so we obtain an isomorphism
VFFn = X(A/Fn) Kz, Q

From Lemma 4.1.1, Vp,, is self dual. Then the rest of the argument follows (Propo-
sition 10.1.1 [Grell]).
Note that Selj(A/F%Y) is cotorsion as Z[[['r|] module in Function field setting

36



from Theorem 2.3.3. So the extra assumption in Greenberg’s proof of the number

field case assumption is not needed here.

]
Corollary 4.1.3. If o is an irreducible representation of A, then Aa(6) = Aa(0).

Proof. Since V is self-dual as A-representation space, we get Aa(6) = Aa(0).

]

We denote Orb, to be the set of irreducible constituents of 7 |o. Now, we
can prove the main theorem in this subsection, which follows the same argument

as(Theorem 10.2.1, [Grell]

Theorem 4.1.4. If 7 is an orthogonal, self-dual, irreducible representation of D

and o is an irreducible constituent in T |a and | > 3 then

»
=
\]
S~—
Il
>
=
.
If

Aa(o) mod 2

Proof. By definition, A4(7) =| Orb, | Aa(c). Here | Orb, | is odd as Orb, is power
of I. We get Aa(7) = Aa(o) (mod 2). Let ¢ be as in the above Proposition 4.1.2
and 7’ represents the representation space X(A/F) ®z, Q, for Dy = Gal(F;/K).
From Lemma 4.1.1, 7’ is self-dual. Now, if we consider 7 as a representation of D;

then we get that the multiplicity of 7 as a constituent in 7’ is equal to s4(7). From

Proposition 9.3.5 [Grell],
sa(T) = (1, 7)p, = (7 [a, 7" |a)a, (mod 2)

where A, is the image of A in D;, which is normal and of index of power of [. Now
if we consider o as a representation of A;, then from assumption of the theorem, it
is an irreducible constituent in 7 |a,. So we have sa(0) = (0,7’ |a,)a,. The orbit
of o under the action of D;/A; is Orb,. Moreover, if o; and oy lie in the same
orbit, then their multiplicity are also the same i.e. ss(01) = sa(02). So again using

| Orb, | is odd, we have the following,

<T |At77—/ ‘At>At :| OTbT | '<U> T ‘At>At = SA(U) (IIlOd 2)
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So we have
sA(T) = sa(o) (mod 2)

Let W be as defined in the previous Proposition 4.1.2. As, 7 is orthogonal,
from (Proposition 9.3.1, [Grell]), ¢ is also orthogonal and multiplicity of ¢ in
the A-representation space W is even. From the proof of the Proposition 4.1.3,

V=W & Vr,,, where Vr, = X(A/F}) ®z, Q,. Then it follows,
Aa(T) = sa(0) mod 2
Combining with the previous observation, it finishes the proof. n

Proof. (Theorem 4.0.6) Let 7 be an irreducible Artin representation of G. Then by
definition it factors through some finite extension F'//K. So we can think 7 to be
representation of Gal(F/K). Then we have to show A4 (7) = s4(7) (mod 2), which

is exactly Theorem 4.1.4.
O

Remark 4.1.5. Tt would be interesting to extend Theorem 4.1.1 to general [-adic Lie
extension K, /K i.e to compare rank of X (tw,(A)/K) and rank of X (tw,(A)/K).
The main difficulty lies in proving similar result to Proposition 4.1.2, as no longer

the kernel and cokernel of the restriction map remains bounded.

4.2 Commutative Case

Here K&)/K is a Z; extension and I' = Gal(K&)/K) = Z,. First we will recall the
description of € := e(X(A/KéQ)) from Lemma 2.5.3.

Lemma 4.2.1. For each self-dual Artin representation 7 of G over O

(X (A/EQ))(7) = (1))
modulo M, where M is the mazimal ideal of O.

Proof. The proof follow the same argument as Lemma 2.5.3 [
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Proposition 4.2.2. Let A be an Abelian variety over K with good ordinary or split
multiplicative reduction at all places in K. Then if (—1)*) = w,(7) holds for all
self dual representation T of G/Gy then it is also true for any self dual representation

T of G, where Gy denotes the mazimal pro-l normal subgroup of G

Proof. This follows by the same argument as Theorem 7.8, [Zdb10] and using that
both side depends only on semi-simplification of reduction of 7 modulo the maximal
ideal M of O.

O

Now as a corollary, we get

Theorem 4.2.3. For any self dual Artin representation 7 of G we have
(~1)4) = woa(7)

Proof. Firstly, by Theorem 4.0.6, s4(7) = Aa(7) mod 2. Now we use Iwasawa Main
conjecture proved by Witte [Wita] for Z;-extension and the functional equation for
L-function. Combining these two observations with Lemma 4.2.1, we get Aa(7) =

wa(7) mod 2. This proves the Theorem.

U

4.3 Non-commutative Case

Here we will prove the parity conjectures with some mild assumption on the elliptic
curve. We will prove in using the functional equation and some explicit description
of e-factor as in the commutative case. Here also we will state the results (Proofs
are same from Zabradi, Section 7, [Z&b10], so we omit details) as they are again

results on general algebra and will hold in our case also.

We can prove the following nice description of the sign of the functional equation
when we evaluate a self dual Artin representation i.e. we evaluate ¢(X(E/K)) at

T.

39



Lemma 4.3.1. Let 7 be a self dual Artin representation of the group G and we

have all the assumptions as in Section 3. Then we have
e(X(E/Kx))(7) quR ay = (_1)ord:r:o€x(tm<E)/Kcyc) = (_1)/\E(T) (modM)

where Ex (1w, (B)/Kkevey 18 the characteristic power series (in O[[T]) of X (tw,(E)/K¥°),
oy 18 defined in Lemma 3.5.1 and M s the mazimal ideal of O.

Let Gy be the maximal pro-p normal subgroup of G then we can prove another

important theorem which is very closely related with Parity conjectures.

Theorem 4.3.2. Let E be a non-isotrivial Elliptic curve defined over K with good

ordinary reduction at finite set of places ¥. Then if
(~17) = wp()

holds for all self-dual representations T of G /Gy then it is also true for any self dual

representation T of G.
Now as a immediate corollary we get one important case of Parity conjecture

Theorem 4.3.3. Let E be a non-isotrivial Elliptic curve defined over K with good
ordinary reduction at finite set of places X. Then if E has a l-isogeny over K then

for an sel?-dual Artin representation 7 , we have
Y P
(—1)SE(T) = CUE(T)

Remark 4.3.4. Now we will use results from Rohrlich ([Roh08]). We would like to
note that Rohrlich’s proofs in ([Roh08], [Roh06]) are representation-theoretic and
rest on papers of Deligne and Tate that are valid for local fields with any residual

(or generic) characteristic.

Let us define
0.1 = Z dimW

where the sum is over all irreducible self-dual representation of Gal(K,/K) where

K, = K(Emn) with wg(7) = —1. Then from Rohrlich has shown only orthogonal 7
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occurs in the sum. From (Corollary 2, [Roh08]) follows that 6! > a.p?" for some

a > 0 if and only if [ = 3mod 4.

On the other hand, from Theorem 4.3.3, s/, > 0,*. So combining we get

Lemma 4.3.5. Let Let E be a non-isotrivial Elliptic curve defined over K with
good ordinary reduction at finite set of places 2. Then if E has a l-isogeny over K

and | = 3 mod 4 then for any self-dual Artin representation T, we have

SE/K, = a.l*

Lemma 4.3.6. Let Let E be a non-isotrivial Elliptic curve defined over K with
good ordinary reduction at finite set of places X2. Then if E has a l-isogeny over K

and | = 3 mod 4 then for any self-dual Artin representation T, we have
SE/Kn = C.l2n

for some c independent of n.

Proof. As My (G) conjecture is true in this case, by (Page 52, [CFKS10]) we can

l2n

get a upper bound also i.e. sg/k, < b.I*". With previous lemma, this gives

2n
SE/Kn =c.l

for some ¢ independent of n . n
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