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Abstract

In this thesis, we advance efficient methods to solve parameter estimation problems con-
strained by partial differential equations (PDEs). If PDE constrained parameter estimation
problems are solved by derivative based methods, here, the generalized Gauss—Newton
method, and multiple shooting, the numerical effort growths drastically with the num-
ber of states. The reduced approach couples the computation of the Jacobians and the
subsequent block Gaussian elimination using directional derivatives by exploiting the
special structure of the constraints which arises from the shooting formulation. Thus, the
computational effort is reduced to the one of single shooting. The advantages of the new
method in comparison to the common approach are illustrated by means of two academic
examples.

Furthermore, we are the first to adapt methods of optimum experimental design for
parameter estimation to processes of microbial enhanced oil recovery. We consider a
nonlinear coupled PDE model which consists of two parts. The first part, the black
oil model, describes two phase flow through porous media and a model of convection—
diffusion—reaction type depicts the transport and growth effects of bacteria, nutrients, gas
and other metabolites in the two phases. A mixed discontinuous Galerkin finite element
discretization is applied in space. The discretized model is solved in time by the extended
IMPES method.

Under the assumption of rotational symmetry, we examine a one dimensional model
formulation for parameter estimation and optimum experimental design. We follow the
principles of internal numerical differentiation and algorithmic differentiation to evaluate
the required derivatives, i.e., the derivatives of the model functions are computed by
software tools and we solve the tangential problems with respect to the model parameters
and the control variables. By optimum experimental design, a new experiment is planned
to reduce the uncertainties of the estimated parameters. The designed experiment differs
substantially from the experiments which are usually realized in practice. The confidence
intervals for the estimated parameters are reduced by a factor of one hundred.

The developed methods for parameter estimation are implemented in the software package
PAREMERA which is embedded in the optimum experimental design software VPLAN.
The model equations for microbial enhanced oil recovery are implemented in a simulation
tool which computes not only the nominal equation but also evaluates the derivatives with
respect to parameters and controls up to second order.






Zusammenfassung

Ziel dieser Arbeit ist die Weiterentwicklung effizienter Methoden zur Losung von Para-
meterschitzproblemen mit partiellen Differentialgleichungen (PDE) als Nebenbedingun-
gen. Wenn PDE beschrinkte Parameterschitzprobleme mit ableitungsbasierten Methoden,
hier dem verallgemeinerten Gauss-Newton-Verfahren, und einer Mehrzielmethode gelost
werden, steigt der numerische Aufwand mit der Anzahl der Zustdnde betréchtlich. Der
reduzierte Ansatz koppelt die Berechnung der Jacobimatrizen und die anschlieBende
Block-Gauss Elimination durch die Bildung von Richtungsableitungen. Dabei wird die
spezielle Struktur der Nebenbedingungen, die durch die Verwendung der Mehrzielmethode
entsteht, ausgenutzt. Der numerische Aufwand reduziert sich dadurch auf den Wert des
Einfachschiessens. Die Vorteile der neuen Methode werden an Hand zweier akademischer
Beispiele erlidutert und mit dem herkdmmlichen Ansatz verglichen.

Des Weiteren behandeln wir als Erste optimale Versuchsplanung zur Parameterschétzung
fiir Prozesse der mikrobiellen Techniken zur erweiterten Olférderung. Wir betrachten
ein nichtlinear gekoppeltes Modell partieller Differentialgleichungen, welches aus zwei
Teilen besteht. Das black oil Modell beschreibt Zweiphasenfluf} in porésen Medien und
ein Modell vom Typ Konvektion-Diffusion-Reaktion beschreibt den Transport und das
Wachstum der Bakterien, Nihrstoffe, Gase und anderer Stoffwechselprodukte in den zwei
Phasen. Wir verwenden ein gemischtes, unstetige Galerkin-Verfahren, um das Modell im
Ort zu diskretisieren. Das diskretisierte Modell wird dann mit dem erweiterten IMPES
Verfahren in der Zeit gelost.

Unter der Annahme von Rotationssymmetrie betrachten wir ein eindimensionales Modell
fiir die Parameterschitzung und optimale Versuchsplanung. Wir folgen den Prinzipien
der internen numerischen Differentiation und der algorithmischen Differentiation, um die
bendtigten Ableitungen auszuwerten, d.h. die Ableitungen der Modellfunktionen werden
durch Softwarewerkzeuge berechnet und wir 16sen die tangentialen Gleichungen beziiglich
der Modellparameter und Kontrollvariablen. Durch die optimale Versuchsplanung wird
ein neues Experiment entworfen, um die statistischen Unsicherheiten der geschitzten
Parameter zu reduzieren. Das geplante Experiment unterscheidet sich wesentlich von den
Experimenten, die in der Praxis durchgefiihrt werden. Die Konfidenzintervalle verkleinern
sich fiir die geschitzten Parameter um den Faktor hundert.

Die entwickelten Methoden zur Parameterschédtzung wurden im Softwarepaket PAREMERA
implementiert, das an das Programm zur optimalen Versuchsplanung VPLAN gekoppelt
ist. Die Gleichungen des Modells fiir mikrobielle Techniken zur erweiterten Olforderung
wurden in einem Simulator implementiert, der nicht nur die Nominalgleichung 16st, sondern

il



auch die Ableitungen beziiglich der Parameter und den Kontrollvariablen bis zur Ordnung
zwei berechnet.
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1 Introduction

The study of mathematics, like the Nile, begins
in minuteness but ends in magnificence.

(Charles Caleb Colton)

In engineering and natural sciences, many processes can be described by mathematical
models. In order to predict or to optimize the behavior of a process, it is essential that
the corresponding model correctly reflects the real behavior of the process. Usually,
the mathematical model contains quantities whose values are known only insufficiently
and cannot be derived from theoretical considerations. We refer to these quantities as
parameters. From measurement data the parameters can be identified which is the general
idea of parameter estimation as described in, e.g., Bard [6]], Bock [[13, 18] and Schloder
[85].

In this thesis, we consider processes which can be modeled by partial differential equations
(PDEs). The PDE is considered as a constraint for the parameter estimation problem. We
restrict ourselves to direct methods, i.e., we discretize the model first and determine an
optimizer for the arising discretized problem afterwards. Here, the PDE is discretized in
space by a method of lines (e.g., Schiesser [83], and Deuflhard and Weiser [33]). The
approach leads to a system of differential algebraic equations (DAEs). The resulting system
of DAEs is parametrized by multiple shooting (Bock and Plitt [17]). We end up with a
nonlinear program (NLP) which is solved by a tailored generalized Gauss—Newton method
(Bock [113]).

The efficient treatment of PDE constraints is a main topic of this thesis. For a general
overview of PDE constrained optimization we refer to, e.g., Hinze et al. [51] and Troeltzsch
[94]]. When PDEs are discretized by a method of lines, we obtain a high-dimensional
system of DAEs, i.e., with a large number of coupled differential and algebraic states. In
the context of multiple shooting, the application of the generalized Gauss—Newton method
causes an excessive computational effort. Schloder [85] developed a method for parameter
estimation problems constrained by ordinary differential equations (ODEs) that couples the
evaluation of the Jacobians for the generalized Gauss—Newton method and the subsequent
condensing algorithm by directional derivatives, the reduced approach. Bauer [7] extended
this method to constraints described by DAEs. The first application to PDE constrained
parameter estimation problems was presented by Dieses [34]. Dieses considered only
systems of ODEs to approximate the solution of the partial differential equation. We
derive a different formulation of the reduced approach for parameter estimation problems
constrained by DAEs. We consider the DAE model as an approximation of the solution of



partial differential equations. The class of problems, which can be solved by this approach,
is widened to the examination of multiple experiments and equality constraints that couple
the experiments with each other. The advantages of the reduced approach are illustrated by
means of two academic examples. The developed formulation of the reduced approach is
implemented in the FORTRAN software package PAREMERA.

Measurement data are perturbed by measurement errors which leads to uncertainties in
the estimated parameter values. The quality of the results of the parameter estimation
can be expressed by the confidence regions of the estimated parameters. The confidence
regions can be described by the variance—covariance matrix in the solution of the parameter
estimation problem. Optimum experimental design (OED) refers to the determination of
optimal control settings for the process and measurement points such that an information
function on the variance—covariance matrix is maximized (e.g., Korkel [58]], Lohmann et al.
[67] and Pukelsheim [80]). The OED problem is a nonstandard optimal control problem
which has to be solved by tailored methods. The control functions and the constraints are
discretized and the resulting NLP is solved by a sequential quadratic programming method.
The methods for OED are implemented in VPLAN by Korkel et al. [S8]].

In this thesis, the methods of parameter estimation with single shooting and optimum
experimental design are applied to the process of microbial enhanced oil recovery (MEOR)
for the first time. First fundamental applications of parameter estimation have been
presented by Hazra and Schulz [49] for two phase flow through porous media. We consider
a more complex model also for OED. Hron et al. [54] presented parameter estimation for
ground water flow which can be described by a model of an equal complexity.

Oil exists in small pore spaces within reservoir rocks underneath the surface of the earth.
We distinguish three types of oil recovery. After a production well is drilled into a reservoir,
the natural reservoir pressure pushes the oil up to the surface. This is the so-called primary
oil recovery. During the oil is recovered in the primary phase, the natural pressure decreases
and soon reaches a level where the pressure is insufficient to lift the oil up to the surface.
An external force is needed which is accomplished by the injection of water or gas. Thus,
an economical oil production rate can be maintained. We refer to the methods as secondary
oil recovery. Less then 50 percent of the original oil in place is recovered by primary and
secondary production (Gao and Zerki [40]).

MEDOR is classified as tertiary or enhanced oil recovery. In-situ microorganisms, which are
stimulated by the injection of suited nutrients, e.g. sugar and yeast, mobilize residual oil
trapped in the pore space. There are no reliable long-term studies, but this technique is
assumed to be environmentally-friendly and comparatively cheap since existing infrastruc-
tures (e.g. drilled wells) can be used (Maudgalya et al. [[72]). When bacteria are provided
with nutrient, they reproduce themselves and produce metabolites. The microbial growth
at the oil/water interface causes many effects (Kogler [S7]). The viscosity of oil is reduced
by dissolved gas which is produced by the bacteria. The permeability of the reservoir rock
is reduced due to clogging and selective plugging effects and we observe a decrease of the
interfacial tension (IFT) which leads to a reduction of the capillary pressure.



1.1. RESULTS OF THE THESIS

We consider a coupled model of partial differential equations to describe the process of
microbial enhanced oil recovery. The model consists of the black oil model (Abou et
al. [1]], and Kou and Sun [60]), which describes two phase flow through porous media,
and a transport model of convection—reaction—diffusion type for bateria, nutrients, gas
and metabolites (Chang et al. [22] and Desouky et al. [31]). The model equations are
discretized in space by a mixed discontinuous Galerkin finite element method (Hesthaven
and Warburton [50]). For the temporal discretization, we apply the extended IMPES
method (Chang et al. [22] and Berenblyum [9]]). The model equation for the pressure is
solved by an implicit time step while the saturation of the water phase and the remaining
components are computed explicitly. The model equations as well as the time stepping
scheme are implemented with the finite element library deal.ii (Bangerth et al. [3]).
PAREMERA is used to identify the parameters of the considered model for microbial
enhanced oil recovery. VPLAN is applied to solve the OED problem.

There is a considerable amount of existing open source and commercial reservoir simulation
softwares: The MATLAB Reservoir Simulation Toolbox (MRST) by SINTEF Applied
Mathematics [66], BugSim of the international research institute Stavanger [68]], the
Implicit Parallel Accurate Reservoir Simulator (IPARS) developed by Wheeler et al. at
the center for subsurface modeling at the university of Texas at Austin [99, [100] , the
Automatic Differentiation General Purpose Research Simulator (AD-GPRS) developed
at Stanford University [79] and STARS from the Computer Modeling Group Ltd. The
majority of the simulators lacks the ability to describe the microbial transport and growth
inside the reservoir and its multiple effects properly. First papers on the simulation of
MEOR processes can be found in, e.g. Chang et al. [22], Maudgalya [71] and Nielsen
[76]], but a validated model is missing. This thesis can be regarded as a first step into that
direction.

1.1 Results of the thesis

We develop a new formulation of the reduced approach for parameter estimation problems
constrained by DAEs which fully eliminates the algebraic constraints. We consider
DAE models as an approximation for the solution of partial differential equations. The
reduced approach lowers the number of required derivatives for the generalized Gauss—
Newton method in the context of multiple shooting to the minimal number. The method is
implemented in the parameter estimation software package PAREMERA which is embedded
in the software package VPLAN. The new method is tested by means of two academic
application examples.

We develop robust numerical methods for the simulation of a model for microbial enhanced
oil recovery based on the extended IMPES method with respect to varying parameters,
controls and boundary conditions and implement the methods in deal.ii.

We use derivative based optimization methods for parameter estimation and optimum
experimental design. For the latter, we need to evaluate second order derivatives with



1.2. THESIS OVERVIEW

respect to parameters and controls. We apply methods of internal numerical differentiation
and algorithmic differentiation. For the numerical computations, we implement a software
package which simulates the model equations and evaluates the required derivatives for
parameter estimation and optimum experimental design. The software is interfaced with
VPLAN to exchange all necessary quantities.

For the first time, we execute a full cycle of parameter estimation and optimum experimental
design for microbial enhanced oil recovery. By optimum experimental design, we reduce
the size of the confidence intervals of the estimated parameters for the MEOR model by a
factor of 100.

1.2 Thesis overview

The thesis is structured as follows. In Chapter 2] we specify the basic definitions of rock
and fluid properties and introduce a nonlinear coupled model for microbial enhanced oil
recovery that consists of two parts. The first part describes two phase flow of water and
oil through porous media while the second one models the transport phenomena of the
bacteria and nutrients as well as the production of gas and other metabolites by the bacteria
when provided with nutrients.

In Chapter [3] we discretize the spatial operators by using a mixed discontinuous Galerkin
finite element approach. Then, we explain how the discretized model is solved by an
IMPES method. The method is extended to an explicit computation of the concentrations
of microbes, nutrients, gas and metabolites. We apply our methods to a transient, nonlinear
2D benchmark problem.

We derive the parameter estimation problem constrained by a system of differential alge-
braic equations and discuss the multiple shooting formulation by Bock et al. for this kind
of problems in Chapter @ We present the generalized Gauss—Newton method for solving
parameter estimation problems and give a short overview of the restricted monotonicity
test as a globalization strategy. To determine the statistical quality of the estimates, we
illustrate how to compute the variance—covariance matrix and define the linear confidence
regions. Furthermore, we state Bock’s Local Contraction theorem and explain how to
evaluate the sensitives of the states with respect to the model parameters.

Chapter [5]is concerned with optimum experimental design problems. We state the general
problem formulation and define first-order necessary conditions. Additionally, we present
a sequential quadratic programming method to solve the constrained optimization problem
and illustrate the evaluation of the mixed second order sensitivities of the states with
respect to the parameters and controls for microbial enhanced oil recovery.

In Chapter [0 we discuss a method based on the Schloder trick to reduce the number of
derivatives, which are required to compute the Jacobian for the generalized Gauss—Newton
method, to the smallest possible; the reduced approach. We present the features that are
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implemented in the new parameter estimation software package PAREMERA and examine
two academic application examples to point out the advantages of PAREMERA and the
reduced approach.

Chapter [/| contains numerical results for the model for microbial enhanced oil recovery.
We describe the sequential procedure of optimum experimental design and parameter
estimation. We execute two cycles of the procedure. We illustrate the results of a parameter
estimation computed with the methods developed in Chapter[6] Then, a new experiment is
planed applying the results of Chapter [5|and the designed experiment is used to determine
a statistically better estimate of the model parameters.

The thesis is completed with a summary of the main contributions and an outlook on future
research and developments of the model.

1.3 Danksagung
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gutes Ende Disziplin.
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Mathematischen Gesamtfakultdit und der Fakultdt fiir Mathematik und Informatik der
Ruprecht-Karls-Universitit Heidelberg mochte ich fiir die Moglichkeit danken, meine
Dissertation dort zu erarbeiten.

Des Weiteren danke ich Prof. Dr. Dres. h.c. Hans Georg Bock und Dr. Johannes Schloder
fiir die zahlreichen guten Ideen und Denkansto8e, die die Fertigstellung dieser Arbeit erst
ermoglichten, sowie allen Mitgliedern der Arbeitsgruppe Simulation and Optimierung und
der Nachwuchsforschungsgruppe Optimum Experimental Design, die immer ein offenes
Ohr fiir meine Fragen hatten. Ich bin froh, ein Mitglied dieser Gruppen zu sein.

Ein besonderer Dank gilt auBerdem der BASF SE, der Heidelberg Graduate School for
Mathematical and Computational Methods for the Sciences, dem Zentrum fiir wissen-
schaftliches Rechnen und der Ruprecht-Karls-Universitit Heidelberg fiir die finanzielle
und wissenschaftliche Unterstiitzung wihrend der Zeit meiner Promotion.

Dr. Michael Rieger, Dr. Hakan Alkan, Dr. Eva Mahler, Felix Kogler und allen Beteiligten
am Projekt Microbial Enhanced Oil Recovery danke ich fiir die vielen Anregungen und
Ideen bei der Modellierung. Unsere Treffen und Diskussionen gaben mir tiefe Einblicke in
die komplexen Vorginge dieses Prozesses.
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2 Microbial enhanced oil recovery

Even with the growing environmental consciousness among the general public, crude oil is
and will stay the main energy source in the world with around 33 percent because of missing
affordable and efficient alternatives. With today’s state of the technology and the growing
demand for energy, crude oil is the only non-renewable resource for which the global
demand cannot be satisfied in the next decades (Bundesanstalt fiir Geowissenschaften und
Rohstoffe [21]]). Enhanced oil extraction technologies have to be applied. Therefore, a
validated model is needed to evaluate the efficiency of the new methods.

The chapter briefly reviews the main definition and notations in reservoir engineering. We
introduce the main model that is examined in this thesis. We consider a coupled model
consisting of two parts. The basis is the black oil model as it can be found in Abou et
al. [1], Hoteit and Firoozabadi [53], and Kou and Sun [60]. The second part models
the microbial transport phenomena as well as the production of gas and other metabolic
compounds such as acid, surfactants and polymers, see Chang et al. [22], Desouky et al.
[31]], and Corapcioglu and Haridas [27]. Furthermore, we state the boundary and initial
conditions of the model.

2.1 The black oil model

The black oil model describes fluid flow through porous media. Before we derive the
system of partial differential equations, we give some essential definitions and settle some
basic properties. A more detailed description can be found in Chen [24]].

2.1.1 Rock and fluid properties

Porosity is the fraction of a rock which is pore space. We consider exclusively effective
porosity which includes all interconnected voids, because only interconnected pore spaces
allow fluid flow. Porosity is denoted by ¢ and varies from O to 1.

Permeability is the capacity of a rock to transmit fluids through its interconnected pore
space. It is represented as K and has the unit square meter (m%). Usually we assume that
K is a diagonal tensor, e.g., for a three dimensional model

K = diag(ky, k2, k3).
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This conducting capacity is sometimes referred to as absolute permeability. The porous
medium is called isotropic if k| = ky = k3.

Phase refers to a chemically homogeneous region of fluid that is separated from another
phase by an interface, e.g., oleic (oil), aqueous (mainly water), or gas. The phases are
subscripted by w and o for water and oil phase, respectively.

The viscosity of a fluid is a measure of the (frictional) energy dissipated when it is in
motion resisting an applied shearing force. It has the unit pascal seconds (Pa-s) and is
referred to as .

The fluid saturation of a phase is the ratio of the pore space that it occupies. It is indicated
by S. For two phase flow of water and oil, the saturations Sy, and S, satisfy

Sw+So=1. 2.1

Capillary pressure denotes the discontinuity in fluid pressure across an interface between
any two immiscible fluids (e.g., water and oil). It results as a consequence of the interfacial
tension that exists at the interface. The capillary pressure is denoted by

Pcow = Po — Pw» (2.2)

where p,, is the pressure of the nonwetting phase (oil) and pyy, is the pressure of the wetting
phase (water).

Interfacial tension exists when two phases are present and is denoted by oyy. These
phases can be gas/oil, oil/water, or gas/water. Interfacial tension is the force that holds the
surface of a particular phase together and has the unit newton per meter (E) .

Relative permeability specifies the amount of diminishment to flow of one phase on an-
other. In two phase flow, it is a function of the phase saturations. The relative permeabilities
of water and oil phases are denoted by k;, and k., respectively.

Typical curves suitable for two phases with water displacing oil are presented in Figure
The value of the water saturation, at which water starts to flow, is called critical
water saturation, Sy, and the value at which oil stops to flow is referred to as residual
oil saturation, So;. There is a broad variety of analytical expressions for the relationship
between relative permeabilities and the water saturation (Corey [28]], Naar and Henderson
[[75], Stone [90]). We use a modified Brooks—Corey relation [20]

~ So — Sor co
ko =k - 2.3
o 10 (1 S ch) ) (2.3a)
~ Sw — Swe v
kew =k - . 2.3b
() oo

The exponents ¢, and cy, in equations [2.3]are crucial for the behavior of the water and the
oil phase. Their measurement is not possible, but an accurate knowledge is desirable. In
Chapter[7], we consider ¢, and ¢, as model parameters.



2.1. THE BLACK OIL MODEL

rel. permeability
o
(&)

0 01 02 03 04 05 06 07 08 09
Saturation

Figure 2.1: Typical curves of the relative permeabilities modeled by Equations (2.3) for a
oil/water system.

The mobility of a phase is defined as the quotient of its relative permeability and viscosity
of the phase. We define
Ao = @, = kr—w
Uo Hw
Fractional flow is a quantity which determines the fractional volumetric flow rate of a
phase with given pressure gradient in the presence of another phase. Symbols for water
and oil in a two phase flow system are

Aw :

o M
f0~: Ta fW-_ 2

t t

where A := A, + Ay is the total mobility.

2.1.2 Basic differential equations

Let a bounded, continuous domain Q — R, d = 1,2 be given. The black oil model is a
coupled system of nonlinear time-dependent PDEs that describes two phase flow through
porous media. We consider a flow formulation according to Hoteit and Firoozabadi [S3],
and Kou and Sun [60] and assume that both fluids are incompressible, immiscible and
that the phase densities are constant. Then, for nondeformable porous media the mass
conservation within each phase is described by

oS
¢(0—ta+V-ua:qa, o =w,o, (2.4)

where g 1s the external mass flow rate and u 1s Darcy’s velocity of phase @ = w, o.
Darcy’s velocity is determined by the extended Darcy’s law:

k
Uy = —‘ur—aK‘V(Pa +pPagVz), a=w,o. (2.5)
o
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Here, g denotes the gravity acceleration, z is the depth and p, is the density of the
corresponding phase.

Additionally, we consider constraint which assures that the two phases jointly fill the
pore space. We assume that the medium is isotropic. Thus, the permeability tensor can
be represented as K = k- I;, where I; € IR?*4 ig the d-dimensional identity matrix and k
is the absolute permeability, see Section[2.1.1] We apply (2.3)) for the formulation of the
relative permeabilities.

We add equations (2.4) and eliminate the phase saturations to get
V- (uw + o) = gw + qo-

We apply (2.5) and define
Py, 1= Pw + ngVZ, (ONBES Pcow — (po - Pw)gVZ
to get
Vi(us+uc)=-V-LKV®Py, -V - A, KV, = gy + qo, (2.62)
oS
i) atw —gw =V (fyutta) = V- Ay KVD,, (2.6b)

where we used the definitions for total mobility and fractional flow given in Section [2.1.1]
In equation (2.64), we use the total velocity u, and the capillary velocity u. to eliminate
the oil pressure p,. Obviously it holds

Uy + Uc = Uy + U

The primary states of System are the pressure py and the saturation of the water
phase Sy,.

We follow Valvatne and Blunt [96] to model the capillary pressure by the Young—Laplace
equation for known shapes of the pores

200w COS O
Pcow = Po = Pw = WT (2.7)
with the oil-water interfacial tension O,y and the receding oil water contact angle ¢ and
the inscribed radius R, see Figure [2.2] Equation (2.7) is a microscopic formulation for
the capillary pressure. As we will see in Chapter [7, we have exact knowledge about the

properties of the pores. This is why it is reasonable to use this formulation.

2.2 Microbial transport

The second part of the model predicts the propagation and distribution of the bacteria and
the nutrients in porous media. The transport model takes into account the most important
effects which influence the transport of bacteria such as diffusion, absorption, growth and
decay of bacteria, and consumption of nutrients. Furthermore, the model describes the
production of metabolites and accounts for permeability reduction and the changes of the
viscosity of the water and the oil phase, respectively.

10



2.2. MICROBIAL TRANSPORT

Figure 2.2: Menisci in a conical capillary, see Dullien [37]

2.2.1 Motivation

Due to batch experiments, where bacteria and nutrients have been filled into two intercon-
nected vessels, see Figure[2.3] that have been executed by our project partners, we found
out, that the bacteria do not move in the absence of an outer force. We deduce that the

inert gas phase inert gas phase
J\
water water

S «
7= o
=i~ \#

N

vessel 1 with nutrient vessel 2 with bacteria

N, QO

Figure 2.3: Setup of the batch experiment.

bacteria do not show any diffusion effects and do not move in the direction of the nutrient
gradient. Because of this, we set the diffusion and chemotaxis coefficients to zero

D=0, kn=0

in the equation for the microbial transport.
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2.2. MICROBIAL TRANSPORT

2.2.2 Mathematical formulation

We assume that bacteria and nutrients are solved in the water phase. Then, the microbial
transport in the water phase is described by

0(¢SwC)

C
P —V - (uyC) +¢Sw(rg—rd)C+qWV —kc0SyC, (2.8)

see Chang et al. [22]]. The primary state in (2.8)) is the bacteria concentration C while Cy
refers to the nutrient concentration. The equation is of convection—reaction type. The first
term characterizes the transport with Darcy velocity u,, and we have to consider several
reaction terms.

¢Sw(re —ra)C

is the growth and decay term with growth rate r, and decay rate ry.

C

qu

describes the source term with well rate gy, and bulk volume of the well block V. While
ke SwC

relates to clogging effects, i.e., the bacteria stick together with the walls of the porous
medium, with clogging rate k..

The rate ry, at which new cells are formed, is limited by a maximal bacteria concentration
Cmax and the availability of nutrient. Nutrients are organic compounds such as sugar and
yeast. The growth rate is then written as

Fg = (1 - (Crfax) ) I, (2.9)

where Fy represents the specific growth rate for a given nutrient concentration. The
exponent m is a modeling parameter usually chosen between m = [1,2]. We use the
common Monod expression [[74] to compute Fy. The nutrient factor, with only one type of
nutrient considered, can be described by

FN = Umax (L) , (210)

Kg + Cy

with nutrient concentration Cr and the half rate constant Kg at which half of the maximal
growth rate Um,x is reached. Similar to the exponents in the modified Brooks—Corey
relation (2.3), it is not possible to measure U,k and Kg directly, but their value is very
important for the behavior of the process. We add timax and Kg to the vector of parameters.
At the end of this chapter, we will summarize the model.

12



2.3. BOUNDARY AND INITIAL CONDITIONS

The nutrient transport in the water phase is modeled by

M =V Ds-V(¢SwCt) — V - (uyCt)
ot (2.11)

Ct
- ¢SwUfrgC + QWV7

see Chang et al. [22]. Equation (2.11) for the nutrient concentration Cy is of diffusion—
convection—reaction type with corresponding diffusion coefficient Dy and Darcy’s velocity
uy,. The use of nutrients is described by

—¢SwUsr, gC,
where Ur 1s the usage factor of the nutrients for the growth of the bacteria.

When bacteria are provided with nutrients, they do not only start to reproduce themselves
but produce gas and other metabolites. We follow Lohne [68] to model these effects. The

production of gas relates to
roC
S U,-2—
OSuUe'y
with usage factor Uy, which illustrates how much nutrients are converted into gas, and yield
factor ¥Y;. We assume that the produced gas does not diffuse and that is solved completely
in the oil phase. Combined with the convection and source terms, the transport equation

for the concentration of gas Cy is given by

A similar term is defined for the production of the other metabolites
05y Un EC
w+~m Ym I

where Uy, is the usage factor and Yy, refers to the yield factor for the production of metabo-
lites. For reasons of simplicity of the model, we do not differ between the metabolites.
We assume that the metabolites are dissolved completely in the water phase. Again, we
consider a diffusion—convection—reaction equation for the concentration of metabolites
Cm

0(0SwC
(Qbﬁ—wtm) =V-Dy- V((PSow) -V (uwcm)
¢ - C c (2.13)
+¢SwUm)g;_m +QW7m-

2.3 Boundary and initial conditions

We complete the model by imposing boundary and initial conditions for the states where
needed. We distinguish three different kinds of boundaries: the inflow boundary T'j,, the

13



2.3. BOUNDARY AND INITIAL CONDITIONS

outflow boundary I'y and the enclosing boundary I'¢;, with

aQ = Fln U Fout ) Fen (2. 14)
and
FinnToww=T, I'nnlen =, I'en " 'owe = I, (2.15)
see Figure for a 2D illustration. Note that for Q ¢ R' we have I'ep = &J. The inflow
1—‘out

Fin
Figure 2.4: Domain in 2D.
boundary is the part of 0Q where the water enriched with bacteria and nutrient, respectively,

is injected while the outflow boundary is the part where the oil water mixture flows out.
The enclosing boundary is a shell where no inflow or outflow is possible.

2.3.1 Black oil model

Since there is no derivative with respect to time in Equation (2.6a), we do not need to
define initial conditions for the pressure. We employ three types of boundary conditions
for the pyw. On I'yy;, we formulate Dirichlet-type boundary values

DPw = pD on Loy
On I'},, inhomogeneous Neumann-type boundary conditions are applied
n- (ug +uc) = ¢™ on Ty,

while on the enveloping boundary, homogeneous Neumann-type boundary conditions are
imposed
- (Uy +uc) =0 on ey,

where 7 is the outward normal vector to I'j, and Iy, respectively. We refer to ¢™™ as inflow
velocity. In Chapter 7, we use g™ as a control variable for the optimum experimental
design problem.

14



2.3. BOUNDARY AND INITIAL CONDITIONS

We impose Dirichlet-type boundary conditions on the inflow boundary for the water
saturation '
Sw = Sy on Tiy.

On 'y, we do not need to specify any boundary conditions for the water saturations since
we consider a transport problem. On the enveloping boundary, homogeneous Neumann-
type boundary conditions are stated again

0S
(_W - O on Fen.
on

The initial saturation at the beginning of the water flood is set to

Sy = S%in Q.

2.3.2 Microbial and nutrient transport

We consider transport dominant problemes, i.e., with a high the Péclet number

L
D; '

Pe i=1f,m,

where L is the characteristic length.

On I'j,, we formulate Dirichlet-type boundary conditions for the concentration of the
bacteria .

C=C"onTj,
and for the nutrient concentration

Ct = C" on Ty,

The variables C™ and C%n will are considered as control functions in Chapter As
mentioned above, we examine transport dominant problems. Thus, we do not have to
define any boundary conditions for the bacteria and nutrient concentrations on the outflow
boundary.

Homogeneous Neumann-type boundary conditions are applied for both concentration on

the enveloping boundary
oC 0C¢
— =0, — =0onTlk,.
on 7 On -
The initial concentrations of bacteria and nutrients at the beginning of the time interval are
set to

C=0, C=0inQ.

Since the equations for the gas and metabolites of the same type as Equations (2.8)) and
(2.11), respectively, we impose the same type of boundary conditions. On I';,, we formulate
homogeneous Dirichlet-type conditions

Cs =0, Cn=0o0nTyy
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2.4. EFFECTS OF THE BACTERIA

and on I',,;, we do not have to impose boundary conditions. Since there is no flow through
the enveloping boundary, we have

a—n— N on =OonFen.

The initial gas and metabolites concentrations at ¢ = 1 are set to

C;=0, Cp=00nQ.

2.4 Effects of the bacteria

We follow Lohne [68] to characterize the effects of the bacteria and the metabolites on the
fluid and rock properties. Since the viscosity of gas is lower than the viscosity of oil, the
dissolved gas lowers the viscosity of the oil phase and thus raises its mobility. Let t, be
the viscosity of gas and let [l, be the viscosity of pure oil. Then, the viscosity of the oil
phase is computed as .

1o = Fo . (2.16)

()]

A contrary behavior is observed for the aqueous phase. The viscosity of the metabolites
Um is higher than the viscosity of water fl,,. We deduce that the viscosity of the aqueous
phase increases with the concentration of metabolites as

flw

)]

Additionally, we consider the effect that the clogged or immobile bacteria reduce the
permeability of the porous medium. Let MV, denote the the number of clogged bacteria
and Ry, refers to the average radius of one microbe. Then the reduced permeability K’ is

computed by
2
K’ IK
<= [1+2.483 aanRgl , (2.18)

2.5 Summarization of the model equations

(2.17)

Hw =

see Lohne [68]].

In the introduction, we mentioned that we want to apply methods of parameter estimation
and optimum experimental design to our model for microbial enhanced oil recovery. In
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2.5. SUMMARIZATION OF THE MODEL EQUATIONS

Sections [2.1.2)and 2.2.2] we have defined the vector of parameters that we want to identify.
We refer to them as

0 = (Co, Cw, Mmax,Ks)" - (2.19)
The control variables that are optimized by OED are defined in Section

q=q", (2.20a)

u(t) = (ci“,C}n)T. (2.20b)

To improve the readability, we summarize our model equations (2.6), (2.8), (2.11), (2.12)
and (2.13) to a more general formulation of a PDE

‘gz(%g(ta07(]:U(I))30:Qau(t)) =0, (2.21)

where
S = (p7 SW7 Ca Cfa Cga Cm)T

denotes the vector of states that depend on the choice of the parameters and controls.
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3 Numerical simulation of microbial
enhanced oil recovery

In this chapter, we deduce the solution techniques that we apply to solve the model
equations derived in Chapter 2] We develop a mixed discontinuous Galerkin finite element
method that is used to discretize the model in space. Additionally, we introduce the IMPES
method and extend the method. The extended IMPES method is applied to solve the model
in time. We explain how the length of the time step is determined. We perform a 2D
simulation example of the full model in the final section.

3.1 Finite element approach

In this section, we explain the discretization in space of the model equations (2.6)), (2.8)),
(2.11), 2.12) and (2.13). Since we consider convection dominated transport problems, we
apply a mixed discontinuous Galerkin finite element method (DG-FEM). Finite element
methods (FEMs) are superior in complex geometries to, e.g., finite difference methods and
allow a profound mathematical analysis. There is a broad variety of text books concerning
FEMs. For an overview of FEMs calculus, see for instance Braess [[19] or Grossmann and
Roos [47]. For an introduction to DG-FEMs, we refer to Hesthaven and Warburton [50].
DG-FEMs combine features of the finite element and the finite volume framework. By
using a space of basis and test functions, DG-FEMs emulate the finite element methods
and still satisfies the equation in a sense closer to the finite volume methods (FVMs).

The first analysis of DG-FEMs was presented in Reed and Hill [82]]. The application to
nonlinear conservation laws was first presented in Chavent and Salzano [23]]. We use the
FEMs library deal.ii, an open source software which is widely used in the community of
scientific computing, see Bangerth et al. [3]].

Since we do not demand continuity along the intersection of two elements, we have two
or more solutions at the same physical location along the trace of an element. In the
following, we refer to the information of the current element by a superscript “—"" and
to the information of the neighbor element by a superscript “+”°. With this notation, we
define the average

a +at

flal =
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3.1. FINITE ELEMENT APPROACH

where a can be a scalar or a vector. Likewise, we define jumps along a normal vector, n,

as

[a] =n"a +n"a", [a]=n"-a” +n"-a”.

Note that we have different definitions for the jumps depending on whether a is a scalar or
a vector.

We decompose the domain Q by a regular, quadrilateral triangulation .7 consisting of
elements 7;,. We use isoparametric bilinear and constant elements and denote the underlying
polynomial spaces with

Oo(T,) = span{1},
Q] (Th) = Span{l » X1 ,Xz,X]Xz},

for a 2D model. The bilinear elements have their support points in the corners of the cells
T,,. We apply an H'-conform finite element ansatz

Vii={one H! (Q): Oy € O1(Th), Th € 7, @y continuous along the edges of 7,
and @, = 0 on Ty},

for the pressure p,,. For the water saturation Sy, the bacteria concentration C, the nutri-
ent concentration Cy, the gas concentration C, and the metabolite concentration Cy,, we
consider

U, = {Gh € HI(Q) . Gh|T € Qo(Th), T, € 9, Oy = 0 on I'gy ul“in}.
Here, we use the partitioning of the boundary from Section
aQ - Fln U Fout |\ l—‘en.

On the parts of the boundary where we impose Dirichlet-type boundary conditions, I'oy for
¢y, and 'y, U Iy for oy, the ansatz functions are set to zero. On the remaining parts of the
boundary I'e, and I}, U I'en, respectively, Neumann-type conditions have to be fulfilled.

We do not consider mass flow. In the following, we set
gw =0, qo=0.

We formulate the weak form of Equation (2.6a) and integrate by parts

0= (=V-[MK -VOu 1], 0n)a+ (—V - [MK - VO], 04)0 (3.1
= (MK -V®y 4, Vop)a+ (MK - VO, Vo0
—(n- MK -VPy ], 01)r, — (1 [An K - VO], @p) 0. (3.2)

From Darcy’s law (2.5)) it follows

0= (AK-VOy, 1, Vou)a + (AWK - VO, V@)

20



3.1. FINITE ELEMENT APPROACH

+ (- [ugn+ uenl, on)r,
= (MK -V 1, VO )0 + (K - VO, V)0 + (™, o), - (3.3)
The weak form of the mass conservation law (2.6b) results in
OSw
(‘P aW, ) Gh) == (V ’ [fwua,h] ’ Gh)Q
4 Q

= 2 ((fwtan VOu)z, — (fom - Uap, On)or,) (3.4)
Theﬁ

Since we consider discontinuous spaces and discontinuous functions are not defined on
the boundary of the cells, we have to specify how to evaluate the terms on the interfaces
between the cells. We evaluate the second term on the right hand side of the weak
saturation equation following the approach of Li and Bangerth [65] by using an
upwind stabilization:

(fW(SWJz)n *Uq hy Gh) oTh, = <fw(S;t h)(n ’ u;_h), Gh> +
’ ' 67}1 a

’ (3.5)
+(ASypmeug,).on)

) k] aThﬁa

where 0T, := {x€ 0T}, n-u,(x) <0} denotes the inflow boundary and the outflow
boundary is identified by 07, := &Th\ﬁTh+a. The quantities S ,,u_, then correspond to
the values of these variables on the boundary of the present cell, whereas S:;. > u: , (needed
on the inflow part of the boundary of 7},) are quantities taken from the boundary of the
neighboring cell.

We apply the same considerations to the equation for the transport of the bacteria (2.8)) in
order to obtain

o(pSy ,C,
(%c) = > ((wwsCh, VOu)7, — (Chm w1, 1))
o = (3.6)

+ (0Swnlre — ralChy 0n) o — (ke ®Sw 1Ch, G-

Again, we have to specify the meaning of the terms on the boundaries of the cells. We use
a stabilization similar to (3.5])

(€t 0) o, = (G (moud o)+ (Grineug o), G

’ aTh.w ’ aTh.w
with the inflow boundary 6Th+w = {x € 0T, M- Uy p(x) < O} and the outflow boundary
0T, := OT;\0T,"

hw*
For the nutrient transport (2.11)), we account also for diffusion effects. First, we apply the
product rule and get

a(‘PSwa)

=V [Ds-V(9SwCe)| =V - (uwCt) — ¢Sy UprgC
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3.1. FINITE ELEMENT APPROACH

— V- [D;- (§CiVSy, + Sy VCi)] = V - (unCr) — 9 Sy UsrC. (3.8)

We follow Hesthaven and Warburton [50] to formulate the weak formulation. We rewrite
(3.8) as a problem of first order in C¢

q1 =/ SwDs- VCy, (3.9)

a((pSwa)
— OV - [CiD;-VSy |+ V- [\/ Swa'fh] (3.10)

— V- (uwC) — ¢Sy UsroC

to obtain a system which can be discretized using techniques for the conservation laws.
We obtain the weak formulation for (3.9))

(q1mm)e = (v/SwaDr- VCrnmh)a
= (VCle, \/m nh)Q

= 2 (- @V [VSuDrml),,

Theﬂ

+ (n' (\/Sw,thCf,h)* ’nh>ar) :
h

(3.11)

Here and in the following, 7, denotes the multidimensional version of o}, that corresponds
to the dimension of Q. Since the diffusion parameter Dy = /Sy Dy is only piecewise
smooth, we define the numerical flux according to

(V/SwiDiCrn)" = {{/SwaDiCin}} + 3 [v/SwaDi] CF,, (3.12)

see Hesthaven and Warburton [50]. The weak formulation of (3.10) then reads

( a((pSw,th,h)

p» ,Gh) =—(9CspDi - VSy i, Von)a

+ )] < £ q1h, VOn) g,
TyeT

+ (¢n- VSwaDra) @), ) O

+ Z ((ww.nCip, VOR)1, — (Cepe - U i1, On) o )
ThEy

- (‘PSWJ:UgrgChyo-h)Q-

Once more we have to give a meaning to the terms at the interfaces of the cells. For the
specification of the diffusion term, we refer to Hesthaven and Warburton [50]. We consider
the numerical flux

(VSwaDr-a1n)” = {v/SunDr-aip}} + 3 [V/SwaDr ] -af,.  (3.14)
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3.1. FINITE ELEMENT APPROACH

We evaluate the transport over the cell boundary as before in Equations (3.5) and (3.7)

(Ceam -t On) o7, (C;h(n ul ), Gh)m + (ijh(n.uv;yh),oh%r (315

hw hw
where we use the same definitions for 8Th+ and 6T ,, asin (3.7).

The equations for transport of the gas (2.12)) and the metabolites (2.13) are of the same
type as (2.8)) and (2.11), respectively. Hence we apply the same arguments as above to
obtain the corresponding weak formulations

(0S0,1Cq p
(%ﬁh = Z ((20,1Ce,n VO)T, = (Cgpimv o, On)or;)
Q They (3.16)

r:Cy,
+ <¢Sw,hUggTa Gh)
g Q

with the already known transport over the cell boundaries

(o o1y On) oy, = (Cgh(n ul)), ah)aT+ + <C§;h(n-u;h),(7h>aT7 AT

h,0 h,0

Note, that we use a slightly different definition of the inflow and the outflow boundary of
the cells. Since all the gas is dissolved in the oleic phase, we use u,, instead of u,, to define
oT, , and (9Th+0, respectively.

For Equation (2.13)), we simply repeat the steps that we have executed for Equation (2.11])
to recover its weak formulation. We transform Equation (2.13) into a system of first order
in Cy,

q2 =/ SwDn - VCn, (3.18)

(¢S C
% =@V [CnDm - VSy] + ¢V - [«/Sme : qz]
(3.19)
rgC
-V ('Ufwcm) - (pSwUmY_
m
and obtain the weak formulation of (3.18])
(@2.,m1) 2 =(\/Sw.p Dm - VCin s ) @
= > (- Cnn V- [VSusD-ml)y,
T,eT
(3.20)

+ ('I’I, . ( Sw,thCm.,h)* 777h> aTh) )

where we consider the numerical flux

(VSwiDuCmi)” = {{/SwsDuCrmn}} + 5 [/ SwnDm| CLy (321
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3.1. FINITE ELEMENT APPROACH

The weak formulation of Equation ((3.19)) looks as follows

(PSwnC
(W’ Gh) =— (q)Cm,th : VSw,ha VGh)Q

+ 2 (= (0VSusDn- @2 Vo),
Thef

+ (‘Pn (\/SwiDm - q2,1) " Gh) m) (3.22)

+ > (wwsCini» VO)1, = (CorpT2 - Uny 1, O ) ;)
TyeT

reCp,
+ (¢Sw7hUggT7Gh> :
g Q

We choose the numerical flux according to

(7/Sw#Dm - QZ,h>* = {{7/SwiDm - @n}} + 5 [7/SwiDm| 'q2+,h7 (3.23)

see Hesthaven and Warburton [50], and

(Coam -t ) o, = (Con(mouly)ion)  +(Cualmoug)ion) . (324)
hw hw

with the established definitions of 6Thjw and é’ThTW.

The model equations in the weak formulation can be summarized as the following problem:
Find (®y 4, Sw.1,Ch,Cep,Coy Cn ) € VO +V, x U;?, such that Equations (3.3), (3.4), (3.6)),
(B-13), (3-16)), (3-22) are fulfilled with an arbitrary function v’ € H'(Q). The trace of v°
on the boundary matches to the Dirichlet boundary values of the states ®y,, Sy, C, G, Cq
and Cp,. With N and M the dimensions of V}, and Uy, respectively and the nodal bases

{o)....,0)} and {0}},...,0M} we represent the solutions as
N M M
k k k
Dy p = ). D i, Swh =Y, Sw kO, Ch = ) Cio}
k=1 k=1 k=1
M M M
k k k
Cip = Z Ci 0y, Con = Z Cy k0, Cnh = Z Cin 1O}, -
k=1 k=1 k=1

We apply these representations to the weak system and test with all basis functions
¢i,i=1,...,M,and 6}, i = 1,...,M. The differential operators V and V- act only on
the space-dependent ansatz functions, for which the exact derivatives are known. We
manipulate the system matrix and the right-hand side to incorporate the Dirichlet-type
boundary conditions. The degrees of freedom on the boundary are removed and the
solution is set to the predefined value. The inhomogeneous Neumann-type conditions are
formulated directly in the weak representation while the homogeneous Neumann-type
boundary conditions are imposed naturally via the weak formulation.
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3.2. THE CLASSICAL IMPES METHOD

3.2 The classical IMPES method

The considered differential equations for the black oil model are strongly coupled and
nonlinear. There is a widespread selection of approaches to solve these problems, such as
simultaneous solution (SS) techniques by Douglas et al. [36]], sequential implicit methods
by MacDonald and Coats [69] and adaptive implicit methods by Thomas and Thurnau [93]].
In the following, we focus on the classical IMplicit Pressure Explicit Saturation (IMPES)
method, which is a very powerful method for the numerical treatment of incompressible
two phase flow. It was first proposed by Sheldon et al. [88] in 1959 and Stone and Garder
jr. [91] in 1961, and it is still the most popular algorithm in the petroleum industry.

We state the approach as it was presented in Chen [24]. The basic idea of the IMPES
method is the separation of the computation of the pressure from that of the saturation.
First, Equation (2.64) is solved for the pressure using an implicit equation, then we apply
an explicit time stepping scheme to compute the saturation from (2.6b). The resulting
scheme is rather easy to implement and requires less memory than other methods such as
the SS method. One drawback of this method is that the classical IMPES methods require
small time steps for the saturation equation in order to be stable. Especially for long time
horizons and fine meshes this restriction is expensive and prohibitive.

The algorithm can be written as follows:

Algorithm 3.2.1. The classical IMPES method
1. Setk := 0 and set Sk = S°
2. Solve for pk+1

0= (A(Sk K -V Vo) + (An(Sh ) K-VOL VL) +(d" @i,

3. Update
k k—+1
uaj,;l —(SK WK VO
4. Choose a time step At**1,

k+1
5. Solve for Swfh

k k
R (CERTREN

25



3.3. CHOOSING A TIME STEP

6. If

k

t +1 _ tk+Atk+1 >tend

stop. Otherwise:

7. Setk:=k+1. Goto 2.

To solve the equations in Step 2 and 5 of Algorithm [3.2.1)we apply a conjugate gradient
(CG) method that is implemented in the SolverCG class of deal.ii without preconditioning.
For more information about CG methods we refer to Nocedal and Wright [[7/7]]. In step 2,
we solve the implicit pressure equation which depends only on the water saturation S¥,
that was computed in the previous step. Then, we apply an explicit time step to determine
S%+1 which depends only on the old saturation SX and the just updated w*!. By using the
IMPES method, we never have to iterate for the nonlinearities of the system as we would
have if we use a fully implicit method.

3.3 Choosing a time step

For the choice of the time step, we follow Li and Bangerth [65]. In 1928, Richard
Courant, Kurt Friedrichs, and Hans Lewy stated a condition for the numerical stability
of the solution of hyperbolic partial differential equations, see Courant et al. [29]. The
Courant-Friedrichs—Lewy (CFL) number

B Ut

‘=

(3.25)
describes how many cells are crossed by an observed quantity in one time step. Here, &
denotes the diameter of a cell, u refers to the velocity of the particle and At is the length of
the time step.

If one uses an explicit time stepping scheme for hyperbolic transport equations, as we do,
when we solve the saturation equation (3.4)), a general rule of thumb is to choose the time
step At**! in a manner that the particles can not travel a distance larger than the diameter
of a single cell within one time step. This corresponds to a CFL number smaller or equal
to 1. Coats [25] 26]] showed that the choice of

c<1
ensures non-oscillatory stability for the solution. In other words, here, we should choose

h
k+1
t < —F.
st (@)

Fortunately, this quantity is rather easy to calculate in the current setting. If we recall
Algorithm , we update Ar**! in Step 4 right after we have updated u**!. We loop

26



3.4. THE EXTENDED IMPES METHOD

over all quadrature points of the domain and determine the maximal norm of the velocity.
Then we set the time step to

min A
T,e T g

k+1 .
At ’ k—H( )

(3.26)

maXHu HZ

It can easily be shown that larger time steps lead to grid points where the water saturation
is larger than one or less than zero. Since the saturation corresponds to the fraction of water
that fills the pore space our model would not be evaluable anymore. If we use a time step
according to (3.26), this should not happen anyhow. To be on the safe side, we run a routine
called project_back _saturation, see Li and Bangerth [65]], at the end of each time step. As
the name suggests it projects the water saturation back onto the interval [Syc, 1 — Sor] if
necessary. We have to do so since the functions (2.3b)), for the relative permeabilities
and the fractional flow f;,(Sy) are not evaluable outside this range.

3.4 The extended IMPES method

We still have to specify how to solve the equations for bacteria (3.6), nutrients (3.13)), gas
(3.16) and metabolites (3.22)). The considered equations are dominated by the convection
term. Hence, it is reasonable to use an explicit time stepping scheme for (3.6), (3.13)),
(3.16) and (3.22)) as well. We have to pay attention to the coupled time derivative of the
saturation and the respective states on the left hand side of all of these equations. To
overcome this issue, we extend the IMPES method by inserting the updated saturations
S+ and St = 1 — §%F1 that we have computed in Step 5 of Algorithm into
Equations (3.6), (3.13), (3.16) and (3.22), see Berenblyum [9] and Nielsen [76]. This
approach is sometimes also referred to as IMPEC method where the capital letter C
stands for components. The computation of Ck+1 Cﬁl’] ,C’;;l , and Cﬁfh , 1s then added to
Algorithm 3.2.1] after Step 5 has been executed

Algorithm 3.4.1. Extension of the classical IMPES

k+1
5.1 Solve for C,
(oss5ici o) =arkst Y (( ’thlcz,w)g

Tye T
k+1
( ) ’Gh> ort

hw

k+l
Gh)
( W h ) ’ aTh.w)
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((]) m%h) g
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3.4. THE EXTENDED IMPES METHOD

5.2 Solve for qll‘}'ll
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oT,

5.3 Solve for C;!
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3.4. THE EXTENDED IMPES METHOD

5.5 Solve for qlﬁl

(@55 ma= D, (— (CI’;WV- [\/S’;fthm-nhDT
h

5.6 Solve C)
(¢Sk+lck+1 Gh) — Ak (¢C§Lth : VS];,ThI,VGh)Q

w,h “m,h
+ AFH! Z (— (¢ S]\fv—t-hl Dy, - Q. VG},) .
Thefy h

+(¢n'(~/5§fh1Dm-Qz,h> ,ch) )
oT,

k+1 k+1 -~k
VSRS (<u CIRZAR
Theﬁ

k k+1
~((eh) -l ten)

k+1 ~k
+ (o8 Chpon)

Note, in Equations and we consider diffusion. In LeVeque [64], it is shown
that for explicit time stepping schemes the time step has to respect the following con-
straint

hZ

ﬁ?

where D denotes the diffusion constant. In our setting we have to use D = max {Dg, Dy, } .
As mentioned in section [2.3.2] we consider only convection-dominated processes with a
high Péclet number. Therefore, we neglect the constraint.

Ar <

We use the same CG algorithm to compute the solutions of Step 5.1-5.6 in Algorithm|3.4.1
as we did in Step 2 and 5 of Algorithm [3.2.1
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3.5. 2D SIMULATION

3.5 Numerical simulation of microbial transport - 2D
example

We conclude this chapter with a simulation of a 2D example to illustrate that our model
is appropriate to describe the underlying processes. Due to the rotational symmetry and
homogeneity of the core and the boundary and initial condition, we are actually concerned
with a 1D model. But to show that the methods are independent of the dimension, we
execute the following computations in 2D. We assume that there is no capillary pressure.

We consider a rectangular domain Q = [0, 5] x [0,31] with Iy, = [0,5] x 0, Ty = [0, 5] x
31 and T'e, = 0Q\{Iip U Toue}- The time horizon is set to feng = 240. We consider minutes
and centimeter as units for time and space, respectively.

We consider one control variable, the injection velocity g™ = —0.212758715(~ 100’”71),
that is constant in time and two control functions, namely the injection concentration of
bacteria C'™ and nutrients C}n. We start by injecting pure water without any bacteria or
nutrients. At = 135, we add bacteria to the injected water until we start the first nutrient
injection at t = 165. The second nutrient injection is started at # = 190 and ends at t = 215.
It follows a final water flood. The sequences for the three different controls are listed
below:

g™ = —0.212758715, t € [0,240]

0.0, t€[0,135],
c"={ 0.01, re(135,165],
0.0, 1€ (165,240,
0.0, r€[0,165],
cin_ ) 008, re(165,190],
f 0.05, te(190,215],
0.0, te(215,240],

The initial water saturation is set to S° = 0.079 and the initial concentration of the bacteria,
nutrients, gas and metabolites are set to zero. The injected water saturation is set to
St — 0.95 and the pressure at the outflow boundary is equal standard pressure. We
simulate our model equations with the parameter settings listed in Table We use
a uniformly refined grid of 4096 cells and 41089 degrees of freedom. The results at
t € {0, 135, 165, 190, 215, 240} are shown in Figures We do not show the
results for the axillary states ¢; and ¢»>. The order of the subfigures is the same for all
figures. From the top left to the bottom right, we show the pressure of water, the water
saturation and the concentrations of bacteria, nutrients, gas and metabolites.

Figure 3.1|illustrates the initial values of the water saturation, the four concentrations and
the computed pressure profile at r = 0, cf. step 2 of Algorithm [3.2.1]

The states at t = 135, right before the start of the bacteria injection, are shown in Figure
[3.2] There are no bacteria, nutrients etc. present. The pressure profile is flatter than in
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3.5. 2D SIMULATION

A

I%ro kew Co Cw ,ao .aw Hg Um K ch Sor
1.18 039 20 1.6 42.17 1.18 0.02 20.10 1047 0.037 0.05

o Cmax Ks  Hmax 74 ke up ug un Yy Yy
0.399 005 005 83 025 00 05 045 005 3.0 1.0

Table 3.1: Parameter settings

the beginning which leads to a slower replacement of the oil. We observe a high water
saturation at the inflow boundary which decreases in direction of the outflow boundary.

In Figure [3.3] we depict the primary states of the model at r = 165 when we stop the
injection of the bacteria. Since the bacteria are not provided with nutrients, no gas and
metabolites have been produced. The pressure profile is even flatter than before and the
water saturation has increased. The concentration of bacteria is comparatively high at the
inflow boundary and lessen in direction of the outflow boundary.

After the first nutrient injection at # = 190, we have a uniform concentration of bacteria
with a minimum at the outflow boundary. The nutrients have migrated into the core. Due
to the presence of gas and metabolites, the pressure profile is stepper and more oil has
been replaced. The concentration of gas is low with a peak at the inflow boundary. The
metabolite concentration has its maximum to the right over the middle of the core because
of convection effects.

Figure [3.5]illustrates the states at the end of the second nutrient injection r = 215. The
pressure profile is nearly unchanged. More oil has been replaced. The core is almost
evenly filled with the maximal concentration of bacteria. Especially in the middle of the
core, most of the nutrients have been consumed. The concentration of gas has slightly
risen but its peak has become higher. Since the oil concentration has reached the residual
oil saturation at the bottom half of the core, there are no convection effects to observe. We
notice a medium concentration of metabolites at the inflow boundary which increases in
direction of the outflow boundary.

In Figure we present the results of the simulation at the end of the time horizon.
Bacteria, nutrients and metabolites have been flushed out of the bottom half of the core.
The pressure profile is flatter than in Figure [3.5|due to the absence of metabolites at the
bottom half. The gas concentration is almost unchanged.
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Figure 3.1: States at r = 0. Computed initial pressure and initial values for saturation,
bacteria, nutrient, gas and metabolite concentration.
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pressure at t=135 saturation at t=135
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Figure 3.2: States at t = 135. Pressure profile flatter. Water saturation rises from the inflow
boundary.

33



3.5. 2D SIMULATION

34

pressure at t=165

2 3

diameter

bacteria concentration at t=165

- e,

B ==

length

! i -
diameter

gas concentration at t=165

length

o 05 1 15 2 25 3 35 a 45 s

diameter

Figure 3.3: States at t = 165.

0009

o000

= o

- Jomos

0005

B %

00z

002

0001

saturation at t=165

1

diameter

nutrient concentration at t=165

s . 15 2 25 a s 4 a5 s

diameter

metabolite concentration at t=165

05 1 15 2 25 3 35 4 a5 5

diameter

Bacteria have been injected into the core.

oos

- o

ooz

oo

- o

s

o



3.5. 2D SIMULATION

pressure at t=190 saturation at t=190
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Figure 3.4: States at = 190. End of the first nutrient injection. Pressure profile is steeper.
High gas concentration at the inflow boundary (low oil saturation). Metabolites
have been transported to the right half of the core.
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pressure at t=215
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Figure 3.5: States at t = 215. Beginning of the terminal water flood. Bacteria fill the core.
Nutrient almost consumed in the middle. High metabolite concentration.
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Figure 3.6: States at ¢t = 240. End of the time horizon. Bacteria, nutrient and metabolites
have been flushed out of the left side of the core or have been consumed.
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4 Parameter estimation

Models that describe processes, e.g., in chemistry or physics, like the one for microbial
enhanced oil recovery presented in Chapter 2] usually contain quantities whose values are
not known exactly. We refer to those quantities as parameters. In order to predict or to
optimize process behavior, an exact knowledge of the main parameters of the system is
desirable. While the parameters can not be measured directly in most cases, it is possible
to observe other quantities of the system. By fitting model to measurement data the
parameters can be estimated.

In this chapter, we formulate a mathematical problem whose solution is a good approxi-
mation of the true parameters with respect to a specific criterion. First, we introduce the
dynamical model and the measurement model for a considered process, and derive the
parameter estimation problem. We explain how the problem is parametrized and state the
generalized Gauss—Newton method as well as a local convergence theorem. We analyze
the solution in a statistical sense in anticipation of optimum experimental design and
motivate the use of a damping strategy. The chapter is concluded by a short introduction to
parameter estimation for microbial enhanced oil recovery.

In 1987, Bock [13]] presented a method to solve parameter estimation problems constrained
by systems of ordinary differential equations (ODE) by a boundary value problem opti-
mization approach. An extension to differential algebraic equations was presented by Bock
et al. [18]. For a detailed overview, we refer to Korkel [58]]. In this chapter, we will follow
these methods.

Here and in the following, we omit the highlighting of vector-valued variables because it
does not help to increase comprehensibility and readability.

4.1 Constrained parameter estimation problems

In this section, we derive the constrained parameter estimation problem. We refer to Seber
and Wild [87] for the underlying statistical principles. Similar approaches can be found in
Bock [[13]], Korkel [58]], Bock et al. [[15]], Weiler [98]] and Lenz [62].
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4.1. CONSTRAINED PARAMETER ESTIMATION PROBLEMS

4.1.1 Differential algebraic equations

We consider processes described by a system of linear-implicit DAEs

A(t,y(1),2(), 0,9, u(1))y(t)
0

f(e,y(1),2(1),6), (4.1a)
g(tay(t)vz(t>797)' (4.1b)

Herein f and g are arbitrary functions of time ¢ € [fy, fenq], dependent variables y(¢) € R™,
which are defined by the ordinary differential equations (4.1a)), dependent variables z() €
IR":, which are determined by the algebraic equations (4.1b), and parameters 0 € IR"¢.
Please note that system (4.1)) may be obtained from partial differential equations discretized
by a method of lines, see Schiesser [83], and Deuflhard and Weiser [33]].

Usually, we consider initial value problems. The initial conditions often depend on the
parameters:

¥(to) = y0(0). 4.2)

The initial values of the algebraic states may be chosen in a way such that we have
consistency

g(t0,¥(t0),z(t0),0) =0
for the algebraic equations (4.1b)) at ¢ = 7.
For the solvability of a DAE, the differentiation index is a crucial criterion, see Hairer

and Wanner [48]]. We evaluate the derivative of the algebraic equations (4.1b)) of a linear-
implicit DAE with respect to ¢ and obtain

0= g(1,y(1),2(1),0) +&y(t,y(1),2(1), 0)y(1) + 8 (¢,y(1),2(), 0)2(¢).

If g is regular, we perform algebraic manipulations with respect to z

2(1) = 82(t,3(1),2(1),8) ™" (811, 3(1),2(1), 8) + 8y(t,3(1),2(1), )3(1)) .

With (@.1a), we get an ODE system for y and z. In that case, we say that the DAE has
(differentiation) index 1. In general, the differentiation index of an DAE corresponds to the
minimal number of differentiations with respect to ¢ that have to be executed to transform
a DAE into an ODE.

Definition 4.1.1. Equation (1)) has differentiation index m if m is the minimal number of
analytical differentiations

og d"g

such that Equations @.3) allow us to extract by algebraic manipulations an explicit
ordinary differential system.
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4.1. CONSTRAINED PARAMETER ESTIMATION PROBLEMS

Consequently, an ODE always has index 0. We assume that the considered differential
algebraic equations (4.1)) have differentiation index 1.

Additionally to the model equations [4.1] interior point constraints have to be fulfilled at m;,
time points. We refer to these constraints in the form:

0= > n(u)z(1),0), (4.4)
k=1

with r : R™*" x R" — IR". In the following, we assume that the interior point constraints
(4.4) include the initial conditions for the differential states(4.2]).

4.1.2 Model responses and measurements

As mentioned above, usually a dynamic model contains parameters, whose true values
0* are unknown, but there are measurement instruments that allow us to determine other
observables of the system. Applying these methods to the process, we obtain a vector of

measurements 7);, j = 1,...,m. We refer to a function /; that describes the measurement
process as the model response and we assume
nj=hj(t;,y"(1),2°(t;),0%) + &, j=1,....m. (4.5)

Here, y* and z* refer to the states computed by evaluating the model equations (4.1)) for
the true parameters 8*. We assume that the model responses /; describe the measurement
process correctly. Then, €; is the measurement error for the j-th measurement.

The measurement errors are random variables, i.e., for two sets of measurement val-
ues (n j) - and (ﬁ j) - that have been observed for two identical experiments
j=1,...m j=1,...m

geeey

executed in exactly the same way, we have almost surely
Sjsfééj, j=1,...,m,

if €; and &; denote the corresponding measurement errors. Thus, it holds n; # 7;, j =
1,...,m. We assume the measurement errors to be additive, independent and normally
distributed

g~ N (0,07), j=1,....m, (4.6)

with mean 0 and known variance GJZ. Following the argumentation of Bard [6], we define
the joint probability density function

m 2
e =2 [ o e ()

For any (feasible) vector of parameters 0, it is possible to define the residuals

R(97rl]): n]_h(tﬁy(tJ)?Z(tj)ae)a ]:1,,771 (47)
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From Equation (4.3), it follows

R(Q*,T]j) = 8]', j: 1,...,m.

We apply the definition of the residuals (4.7) to define the likelihood function. If the
measurement errors are distributed as described above, the likelihood function is defined
as

m 2
L(9|T]) — (m)—mno.j—lexp (_ (le—hj(tj,y(tj),z(tj),e)) ) (4.8)
=1

2
26].

withn = (m,...,nm)7.

4.1.3 Maximum likelihood estimation

The argumentations in Sections 4.1.1{and 4.1.2| hold if we consider n.x experiments, too.
We extend the notation of the previous subsections by the superscript i withi = 1,... nex.
The likelihood function for nex experiments then reads as follows:

ey mo ;= h(t;,'(t),2 (1)), 0)
L) = [(v2m) ™[ (o)) " exp i )

N2
i-1 il 2 <o']’.>

As the name suggests, the maximum likelihood estimation is to find parameters 6 such
that the likelihood function is maximized:

4.9)

6 = L(6
arg max L(8][n)

= arg max logL(6|n)

Nex M hl tl g Nex M
=arg erg%%——zz . +2210g ;
i=1j=1 ] i=1j=1 4/27[ G)

independent of 6

8 ()= (e &), 0)
=arg min —ZZ

o
OER 2 =0 ])

with & = (v}, 7))

Considering the model equations (4.1)) and the interior point constraints as additional
constraints of the problem, we obtaln the constrained parameter estimation problem

Nex M; 1 (41 j (41 2
min —ZZ( Y é(j)’6)> (4.10a)

0.y,
M i=1j=1
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4.2. DIRECT SHOOTING PARAMETRIZATION

st A,y (0),2 (1), 0)y' (1) =f'(1,)' (1), 2 (1), 6), (4.10b)
0=g'(t,y'(t'),7(1),0), i=1,... 0, (4.10c)
0=>1r /(). (c).6). (4.10d)

k=1

4.2 Direct shooting parametrization of parameter
estimation problems

So far, we consider a infinite dimensional optimization problem in function space. For
numerical examinations, we have to transform the parameter estimation problem (4.10) into
a finite dimensional one. Therefore, the dynamic model (4.1)) has to be parametrized.

The following method is applied for all nex experiments. Without loss of generality, we
present the methods for the first experiment and omit the superscript 1.

The most obvious approach is the single shooting method. The relaxed system of differen-
tial algebraic equation is solved

A, y(1),2(1), 0, q,u(1))y(1) = f(2,y(1),2(), 6)

=]
[
oQ
\‘N
<
~
I
—~
~
~—
D
~—
|
=
—~
-~
~—
oQ
=N
e
~
—~
S
~
A\
—~
S
~
D>
~

with the initial values
y(to) =y0(0),  z(to) = 55
and a monotonic decreasing function f(¢) with B(¢p) = 1 and llign B(t) = 0. This results
—lend

in a representation of the solution at every time point ¢ € [fg,fenq| Which depends on the
parameters 6 and the parametrization variables s;,

() v

We refer to v as the nominal trajectory. The consistency condition

0= g(t07y(t0)7sév 9)
is considered as an additional constraint of the optimization problem (4.10).

Bock proved [13] that single shooting may not be suitable to parametrize the dynamic
model of a parameter estimation problem. The initial value problem may be ill-conditioned,
1.e. small perturbations of the initial values may lead to large perturbations of the solution
of the parameter estimation problem in a nonlinear way. This is described by the following
Lemma, that can be found in Bock et al. [14]].
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Lemma 4.2.1. Let f € C°(D) and Lipschitz continuous on D = [a,b] x {|[y —yo| <K} = D
with Lipschitz constant L < c0. The solutions y,w of

() = f(£,y(1)), ¥(to) = yo

w(t) = f(t,y(1)) + 61 (t,y(t)), wlto) =wo=yo+ 8y

both exist on [ty,t¢] < [a,b] in D. Under the two assumptions ||8yo| < & and
16 f(z,w(2))|| < & forall (t,w(t)), the deviation 8y(t) := w(t) — v(t) satisfies

|6y(t)]l < erexp(L- (1 —to)) + &rexp(L- (t —10))(t — o)

The proof uses Gronwall’s Lemma [3]].

In other words, small perturbations of the initial values or the model equations, mainly by
the unknown parameter values, may propagate exponentially in time.

We suggest the use of the direct multiple shooting method to overcome this problem. In the
beginning, this method was applied to solve boundary value problems, e.g., see Stoer and
Bulirsch [89]. Bock and Plitt [[17] successfully applied this method to the parametrization
of the model equations for solving parameter estimation problems.

We decompose the time interval into nyg + 1 subintervals
=T<T <...<Tn < Tnpet+1 = lend

and solve the relaxed DAE system
A(l‘,y(l‘),z(t%@)j(t) = f(t,y(t)@(l), 9)7
0=g(r,y(t),2(r),0) = B(r) - 8( T, ¥(T),2(T), 0).

on the subintervals € [Ty, Ty1 1), k =0, ... ,nys. Here, we use an interval-wise definition
of the monotonic decreasing function § with 3(¢) € [0,1], B(t) =1 and[ li%n B(t) =0.
U+1

For each subinterval we have initial conditions
y(T) = S{u 2(t) =55, k=0,...

and sy = yo(6). The parameterization of the solution of (#-1)) is illustrated in Figure 4.1|for

ny = 1 and n; = 0. The shooting variables s; = (SZ, 57), k=0,...,ny are additional degrees

of freedom of the problem. This approach leads to a piecewise continuous representation
of the nominal trajectories of the model equations (4.1))

(igg):‘l’(f;sk,e), e[t %), k=0, mms. @10

Since we want the trajectories to be continuous and consistent, we have to demand that the
continuity conditions for the differential states

0= c(Tps1,85k41,0) 1= V(T 1556:,0) — 5,1, k=0,... . nms—1 (4.12)
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Figure 4.1: Illustration of the parameterized solution of an ODE using multiple shooting.

and the consistency conditions for the algebraic states
0=g(t,5:,0), k=0,...,1nns (4.13)

are fulfilled. In the following, we use a closed form for the interior point constraints

(W), W), 0) = DA (w0 0). (4.14)

To improve readability, we omit the dependencies of y from s and 6. By using the
parametrized formulation of the trajectory and adding the constraints (4.12) and (.13)
to the problem formulation (4.10)), we obtain a finite dimensional, nonlinear constrained
least-squares problem

IIO}I? % (77 _h(ll/(S? 6)7 G)Tz_z (77 —h(‘l’(& 9)7 9)) (4.15a)
st. 0= (T, 1,5 5k11,0), k=0,...,ni —1  (4.15b)
0=g'(t,s.,0), k=0,...,n (4.15¢)
i: 17 7nex
0=r (y/i(z{),...,wi(t;i),(a) , (4.15d)
with s = (s{,...,s1, ..., 8], ... 5", ). Here, we use an abbreviated form for the vector

of all measurement values

. 1 1 n n T
n:= (nl7"'7nm17"'7nlex7'"7nmilxex) :

The vector of all model responses i(y/(s,0),0) and variance matrix X as a diagonal matrix
of the standard deviations are structured according to this definition.

4.3 Generalized Gauss—Newton method

By defining
Fi(s,0) :=x"(n ~h(§(s.6).6)) (4.162)
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4.3. GENERALIZED GAUSS-NEWTON METHOD

(¢ (T 13530511 0)) k0.1

=1, Tlex
F(s,0) := (8i(T£7S§;79))/§?,...,Z;15 : (4.16b)
(v vi)) .
we get a shorter formulation for (4.15)
min LIFi(s,0)]3 (4.17a)
s.t. 0=F(s,0). (4.17b)

We apply the generalized Gauss—Newton method as it was presented by Bock [13] to
solve (4.17). Problem is solved iteratively by examining a linearization. For the
linearization, the evaluation of the Jacobians

OF,
= 4.1
= 556 (4.18a)
oF,
2= e (4.18b)

and ;
= (4)
is needed. The following outline describes the generalized Gauss—Newton method.
Algorithm 4.3.1. Generalized Gauss—Newton method
1. Setl:=0. Choose an initial guess (s°,0°) and a termination tolerance TOL.

2. Solve the linear constrained least-squares problem

min  ~|F(s,0Y) + 1 (5", 01) A |7 (4.19)
adael 2 ne a0}, '

I ol I iy (A
st 0=Fy(s',0) + (s, 6") ( 01 ). (4.19b)

3. Update the iterate

Sl—l—l . Sl Asl

el—i-l = 91 + Ael :
As!
AB!

4. If
<TOL,

2
terminate, otherwise:
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4.3. GENERALIZED GAUSS-NEWTON METHOD

5. Setl:=1[1+1.Goto?2.

We assume that problem (4.19) is regular in all points (s, 60) where we have to evaluate F
and J. Let (s,0) € R", Fi(s,0) € R" and F»(s,0) € IR">. We demand that the following
regularity conditions are fulfilled:

1. Constraint Qualification (CQ)

rank J,(s,0) = ny.

2. Positive Definiteness (PD)
rank J(s,0) = n.

Conditions (CQ) and (PD) are equivalent to the condition, that J; (s, 8)7J; (s, 8) is positive
definite on the kernel of J5(s, ). Under these assumptions, we formulate a Lemma about
the representation of the solution of (4.19) that can be found in Bock et al. [14].

Lemma 4.3.2. Let (CQ) and (PD) hold. The solution of the constrained linear least-
squares problem

2

) 1 As
AIRIA% 3 i+ (AG) , (4.20a)
L o0—Rd (N (4.20b)
S.I. =Ir) 2 AO .

can be represented as

&Y ;o) JTn I T o\ (R
AO* Lo 0 0 1)\R

and the Lagrangian multiplier is

. I JIN T o\ (F
w0 () (5 ()

Proof. Because of (CQ) and (PD),
Jhy Jt
Jr 0

is regular. The Lagrangian of the constrained linear least-squares problem is

1 1

w(een(3))
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4.3. GENERALIZED GAUSS-NEWTON METHOD

Setting the gradient of the Lagrangian to zero

As™
AG*

A % bl
K+ (A;*) —JZTA*

JTF +JTJ, —JIAx

0 = V.Z(As*,AO* A*) =

which here is necessary and sufficient for optimality because of (CQ) and (PD), results in

ﬁg* (T NTH(IT 0\ (R
Ny Lo 0 0 1)\R)

[
The generalized inverse of J is defined by
JT=(10) (J 1;;1 JST ) B (J(;T (I)) (4.21)
and we obtain the representation
()~
with
Fo (g ;) (4.22)

for the solution of the linear constrained least-squares problem (4.20).

4.3.1 Local convergence of Newton type method

In the next subsections, we use v as an acronym for the variables (s, 8) of problem {#.17).
For the Newton type methods, the increment is computed as the solution of a linearized
problem according to

AV = —MOHF(V).

We distinguish

o Newton’s method with
M) =J""(v)

for nonlinear systems of equations F (%) = 0,

e Quasi—-Newton methods with an approximation of the inverse (based on secant
updates, see, e.g., Nocedal and Wright [77]])

M) ~J7H(v),
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4.3. GENERALIZED GAUSS-NEWTON METHOD

e and the generalized Gauss—Newton method with
M(v)=J"(v)
for constrained nonlinear least-squares problems.

We state the local contraction theorem, proved by Bock [[13]], to define the local convergence
behavior of Newton type methods.

Theorem 4.3.3. [Local Contraction theorem] Let F : IR" 2 D — R", F € C*(D,R"),
J:=9 Forallv,we D, 9 €[0,1] withw—v=—M)F(v):

1. There exists @ < o0, such that the Lipschitz condition
[M(w) (v + B (w =) =J () (w=v)| < @O |w—v|?
holds.
2. There exists K(v) < k < 1, such that the compatibility condition
[MW)R()| < k(v)|v—w]
for the residual R(v) := F(v) —J(v)M(v)F (v) is satisfied.
Let V0 € D be given with
AV = —MOW)F()

« (0]
8o = K‘-i-EHAVOH <1, §:=x+ EHAle,

Do i— v.”v_v0||<HAVOH D
o : : ST 6 (=P

Then:
1. The iteration vV'*1 = ! + AV is well defined and stays in Dy.
2. There exists an v* € Dy, such that V! converges to v* for | — 0.

3. The following a priori estimate holds:

. S/
[ ( [
Vv < ——<[AV].

1-9
4. The following a posteriori estimate holds:

i i I, @
AV < §Aav ] = kA + EHAV 2.
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4.3. GENERALIZED GAUSS-NEWTON METHOD

It follows directly that Newton’s method for unconstrained nonlinear problems with
M(v) = J(v)~! converges locally quadratically because R(v) = 0 and therefore x = 0.
Applied to the Gauss—Newton methods for constrained nonlinear least-squares problems,
we draw the following conclusions, that can be found in Bock et al. [14].

Corollary 4.3.4. (Local convergence of Gauss-Newton methods) Let F = (?) :IR™ 2
2
D — R", FeC*D,R"), J:= ‘fl—f. Let (CQ) and (PD) hold and

rre) = 1 o) (100 Jz(@)—l (10 0y (20

be the solution of the linearized constrained least-squares problem
min 3 |Fi () +71(v)]3
s.t. 0=Fv)+(v).

Let J*(w) be bounded in a neighborhood of the solution v* of the nonlinear problem,
IJT(w)|| < B, and let J satisfy the following Lipschitz condition

[+ 3w =) =IW)(w=v)| < 7- - [w—v[*.
Jt is continuously differentiable, thus
|77 (w) =TT )| <L+ |w—v].
Let |[R(v)| < p. Then the three conclusions hold:
1. o= vyislarge if

o |J'| respectively |F"| is large, i.e. the problem is very nonlinear.

o |Jt(w)| is large, i.e. (Jih Jg) is almost singular.
2. Due to
TTW)R(y) =TT )(F(v) =J()J T (V)F(v))
= (JT (V) =TT (WIW)JTT(V)F(v) =0,
it holds

[T )R = (T (w) =TT (W)RE)| < p - L+ |w—v].
Hencex=p-L<1if

o the residual R is small,
e J 1 satisfies a Lipschitz condition respectively the first derivative of J* is small.
3. If the starting value is close to the solution, where “close” is determined by
K+ %HAVOH <1,

then the Gauss—Newton method converges, and the convergence is linear with
convergence rate K < 1.
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4.3. GENERALIZED GAUSS-NEWTON METHOD

4.3.2 Statistical analysis of the solution

Since measurement data are random variables, the estimated parameters as the solution of
the generalized Gauss—Newton method will be a random variable, too.

We consider the linearized problem (4.19)) in the solution ¥ of the Gauss—Newton method.
We have, Av = —J " F is multivariate normally distributed with mean

E(Av) =E (-ﬁ (2)) =—J'E (2) =—J* (8) =0

and variance—covariance matrix
C=E(AvAV")
FF' FRE! T
=F J+ 1 2 J+
( <F2F1T BEF
E(RFL) 0\ 47
_ gt 1 +
J ( 0 0 J

()

-1 -T
B Jiy JI JLn o\ (Jtn gt 1
_(10)( no 0 o o)\ 0 o) (4.23)

Here, we used that
ERF) =2 "E(nnT)z =222 =1

for the vector of measurement values ) and E (FiFy ) =0, E (RF) =0, E(RF) =0,
since F; is not a random variable.

The (100 - &t)% confidence region is the region where the true parameters 6* lie with
probability « € [0, 1].

In Section[4.3] we stated that the nonlinear constraint least-squares problem (4.17) has n
variables and n; equality constraints. Let

(@) = 2y (1 - @) (4.24)
be the quantile of the ? distribution for ¢ with n —n, degrees of freedom.

Since the true parameters are unknown, we examine an approximation of the (100 )
confidence region for the solution v of the generalized Gauss—Newton

G(a,9):={veR": F(v) =0, [F()|3~[F (D] < v (a)}.

This region is not easy to compute because of the nonlinearity of the least-squares function
and the constraints. Thus, we consider the linear approximation

G (a,9) = {veR": F(9)+J(0)(v—9) =0,

4.25
B0+ hO0-E-IROR <Pl
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4.3. GENERALIZED GAUSS-NEWTON METHOD

Bock [[13] has shown that the linearized confidence region can be expressed by the for-
mula

ow

G (a,9) := {veR”: v—v=—J"(9) < 0

), SweR", |8w|, < y(oc)}. (4.26)

Following Korkel [S8]], we use the last results to define estimates for the confidence
intervals of the single parameters.

Corollary 4.3.5. Let
0, := ’}/(a) Cii(‘,}\)ﬂ i=1,...,n7

with y(ot) as in @.24) and A/ C;i(V) the square root of the i-th element of the main diagonal
of the variance—covariance matrix (4.23)). Then it holds: The linearized confidence interval
41 (o, V) is enclosed by the cuboid with side length 2 - ©; :

gL(OC,\?) - [\91 —@1,\91 +®1] X ... X [ﬁn_®n7‘9n+®n]-

Proof. Let e; € IR" be the i-th unit vector. With (4.26)) we have for v e Gr(o, V) :

(o)

_ (e,rﬁ«) ({)) (1 o) <v>Te,~) S
</Cal) A@), i=1,...n.

‘V,‘—\M < H5WH2

2

4.3.3 Computation of the Jacobian

In the following two subsections, we consider a single experiment. The extension to
multiple experiments is straightforward.

As mentioned above, we have to compute the Jacobian of problem (4.17)

B oF, B oF,
"=y 2Tk ey

in every iteration of the generalized Gauss—Newton algorithm. In the context of multiple
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4.3. GENERALIZED GAUSS-NEWTON METHOD

shooting, the Jacobian has the following structure

D} D! D, D,
Go (_I”y 0) Gg
5 Gupe—1 (I, 0) G8 |
J- ( J2> N g @
H, HY
Hnms nems
2 2 2 2
DO Dl A Dnn"S De
with
e the derivatives of the least-squares functional
OF] oF;
Dl :=—, DL:i="", k=0,... 10,
S T fims
e the derivatives of the continuity conditions
oy o._ OV
Gy = —(Tke135,0), Gy i= —(Trr155,0), k=0,..., -1,
£ B (%135, 8), Gy 1= — o= (Ter15k, 6) M
o the derivatives of the consistency conditions
08 0. 08
Hy = T 0 H := —(7 0 k=0,...
k aSk( ks Sk )7 k 66( ks Sk )7 ’ » Pms,
e and the derivatives of the interior point constraints
or or
D}:=—, Dj:=—, k=0,... .
k aSk 9 0 ae 9 ) s Mms

Note, that for nys = 0 and consequently sy = s we obtain the Jacobian of the single
shooting case. For the evaluation of the block matrices G and H, we apply the approach of
forward internal numerical differentiation (IND), i.e., the incorporation of the derivative
computation into the integrator scheme. Thereby, the derivatives are determined as solu-
tions of the variational differential equations (VDE) with respect to the shooting variables
Sk
Al w(1),0)Gi(1) :Z—g(t, v(1),0) (1?128)  Gw) =1, k=0,... i,
0A

- %(l,l[/(t),9>
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_0s Gi(t)
022 w00 (1)

and with respect to the parameters

Al W).0)60(0) = 1.y (), 0) (H,f(t; + L v0.0), k=0,

C 0
- (Ggvie) (Gh)) + S5 v.e)
0
025 wi0).0) (b)) + 25 w0 0)
o
Gim) ~{ G810 -0

These equations form a system of differential algebraic equations and can be solved as a
system together with the DAE system (4.1) which we refer to as the nominal DAE. For the
concrete realization of this method we refer to, e.g., Bock [11], Bauer [7]], Albersmeyer [2]]
and Lenz [62].

If the initial values of the algebraic states are inconsistent, a relaxed formulation has to be
applied here as well, i.e., we differentiate the relaxed formulation of the nominal problem
according to the above settings.

The required derivatives of the model functions f, g, & and r are computed by algorithmic
differentiation (AD), see Griewank [46]. In comparison with finite differences or symbolic
differentiation, AD has two main advantages:

(1) No suffering from numerical truncation errors.

(i) The evaluation is done efficiently, i.e. already computed expressions are not evaluated
twice.

4.3.4 Condensing

The multiple shooting formulation induces a comparatively large, but very sparse Jacobian
with a special structure, compare Equation (4.27)). Bock [[13] developed a factorization
algorithm that exploits the special structure of the Jacobian for ODE constrained parameter
estimation problems and manipulates the system by a sequence of block Gauss eliminations;
the condensing method. Due to the index-1-assumption for the algebraic equations
this method can be extended to parameter estimation problems with DAE constraints, see
Leineweber [[61]].

We separate Hy = (H; H{) with

, 0
H/{ = s (Tk,Sk,Q), HZ = a_é(fk7sk76)7 k
k

D
oq

0,...,ms

)
L]
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4.3. GENERALIZED GAUSS-NEWTON METHOD

and transform the corresponding part in the constrained linear least-squares problem (4.20))
with respect to As; :

As§ = — (HF) ™" [HYAS, + HEAD + 8(ti51,0) |, k=0, . (4.28)

We do not compute the inverse of H; but use a decomposition algorithm, e.g., QR or
singular value decomposition. Equation (4.28]) is applied to and we obtain a modified
representation of the Jacobian and the right-hand side of the constrained linear least-squares
problem which does not depend on As;, k=0, ..., Ay

D) Dl -~ Dl D £
G() _Iny Gg 6(1’1)
f= : , F= : ) 4.29)
Gupe—1 —ln, G2 _, &t )
f)(Z) [)% ﬁ%ms [)% 7

Here, we suppressed the dependencies of ¢ with respect to s, s;.1 and 8. Because of the
identity matrices I, on the diagonal of J, cf. (4.29), the elimination is straightforward. We
multiply the rows of J which belong to the continuity constraints by the corresponding
submatrices D};, i=1,2, k=1,... ,nys and sum up the results. The condensing algo-
rithm factorizes the system, which is defined by {#.29), to the condensed system for the
increments of the first shooting variable Asg and the parameters A0 :

1 2
min > us + E1As) + Ef A6 (4.30a)
AsyA0 2 2

st. 0=uy+ErAsy+ESA6. (4.30b)

The submatrices of system (4.30) are computed in the following way, see Schloder [85]],

Nms k
E; =D+ > Di[ [ Gi—ys i=1,2, (4.31a)
k=1 j=1
) Nms ) k—1 kil*].
EP =D+ ) Dj ( ék_l> G9 |. i=1,2 (4.31b)
k=1 j=0 \ I=1
Nms k—1 kil*j
Uy = ﬁl + Z lA),i Gk—l) @(Tk) , (4.31c)
k=1 j=0 \ I=1
Nms k—1 kil*j
Y10y ( Gk_l> é(w) | (431d)
k=1 j=0 \ I=1

j j
with | [Ax =1Ifor j<iand [ [Ax=Ai-Ajsr-...-A;.
k=i k=i
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After we have solved (#.30) for As and A6, the remaining increments are computed by
forward recursion

Asi = — (HF) ™! [HZAS% +HPAB + g( e, 51, 9)] k=0, i, (4.322)
As, = GiAs) + GIAO +&(Th1), k=0,...,nms— 1. (4.32b)

The common approach, e.g., see Bock [12], Korkel [S8], is to compute all submatrices
D, G and H of the Jacobian (4.27) and the right-hand side. Afterwards, the condensing
algorithm is applied.

For the computation of the right hand side, we need to compute the nominal trajectory of
the differential algebraic equation (4.1)) while ny, + n; + ng additional variational differential
equations have to be evaluated for the evaluation of the derivatives. The effort increases
with the number of state variables and parameters. For high-dimensional problems this
method becomes very expensive.

In Chapter[6] we develop an approach to lower the computational effort.

4.3.5 Restricted monotonicity test

The convergence results presented in Section [4.3.T|especially in Lemma (4.3.4)) hold only
for small residuals, i.e., if we start sufficiently close to the solution. If this is not the case,
we need to apply a globalization strategy.

We suggest the application the restricted monotonicity test (RMT) developed by Bock et al.
[16]]. The computation of the quantities that are necessary for the evaluation of the RMT
are very costly. Here, we illustrate the practical realization.

The costly evaluation of the curvature information is approximated by

_2a0)* (O + @t — (1~ @) F )|
- o[yl .

o(a) (4.33)

The evaluation of (4.33) involves the calculation of the current increment
AV = —TT(WVYF (W,
what has already been done, and of
AV = —JTOHF (O + av'),

which we would have had to compute for a line search strategy, too. For the step length
ok, we demand the less restrictive condition

5. <o wla) HAle <5 (4.34)
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4.4. PARAMETER ESTIMATION FOR MEOR

to hold, with 8, < 8 < 0™ for a prescribed constant o < 2.

By a root finding strategy for
o o) HAle ~5=0,

we determine an o such that condition (#.34) is fulfilled. Bock et al. [16] suggest

. o
P = i (1’w<al—l>wl|\>>

as a good starting value for the computation of ¢!, where we use the curvature information
of the previous iteration.

Though there is no proof of global convergence, the RMT shows promising results in
practical applications and does not lead to iteration cycling for the well known example by
Ascher and Osbourne [4].

Furthermore, in the neighborhood of the solution this approach leads to full step iterations
(o = 1) and the application of the restricted monotonicity test does not result in convergence
of the generalized Gauss—Newton towards statistically instable solutions.

The algorithm for the practical realization of the restricted monotonicity test looks the
following:

Algorithm 4.3.6. Let the current iterate V!, the step for the Gauss—Newton iteration AV!

and the previous curvature information o'~ be given.

1. Set k = 0 and compute a candidate for the step length oc,ﬁ = min <1 , m>

2. Calculate the simplified increment AV = —J* (V))F (V! + el AV!)

2/ A —(1—af V)|

(o) |v)2

3. Compute the curvature information a),i =

4. If the monotonicity test
5. <o) HAle <6

is satisfied, update v'*1 = V! + OC,iAvl and set o' = a),i. Otherwise, set @' ~! = a),i go
to step 1.

4.4 Parameter estimation for microbial enhanced oil
recovery

Since a partial differential equation can be considered as a system of DAEs after being
discretized by a method of lines, all the results and methods presented above are valid for
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4.4. PARAMETER ESTIMATION FOR MEOR

PDE constrained parameter estimation problems as well. A similar approach for adjoint
derivatives can be found in Weiler [98]].

As mentioned in Sectiond.1.2] we examine model responses of the form:

h](tjaéj(e)ae)a j:17'-~>m

where the states £; are computed by solving the general PDE model equations (2.21) from
Section
Zj(t,8;(6),6) = 0. (4.35)

Here, we omit the dependencies on the controls. The index j of .# symbolizes that the
configurations, e.g., the controls, are the same as in the experimental setup for obtaining
n;. In every iteration of the generalized Gauss—Newton method, we solve (#.35) applying
the methods presented in Chapter 3] For the computation of the Jacobians (4.184), we
need to evaluate the derivatives of the model response 4 and the model equations .% with
respect to states & and parameters 6

Ozh, dgh, 0:.F, 9.7

As mentioned before, for the computation of the derivatives we choose algorithmic dif-
ferentiation in forecast of the optimum experimental design problems, we want to solve,
where second order derivatives are required. Computing the Jacobians (4.18a)) requires the
differentiation of & in every unit direction of R"®. To determine ng parameters without
regularization for the number of measurements, it has to hold m > ng. Griewank [46] has
shown that in this case the forward mode of AD is suitable. Then computing dg/; results
in

dhy oy, by

de ot 06’

where 597 J€ R™7"e_ j—1,... mand 7 is the number of states. The sensitivities are derived
by solving the variational differential equation

OF, 0.F;
0- 7 S0t g (4.36)

The VDE:s are of the same type as our model equations (2.21)). Therefore, it is reasonable
to apply the methods presented in Chapter 3| for the solution of the variational differential
equations (4.36), too. We exert a mixed discontinuous Galerkin finite element method for
the discretization in space and apply corresponding formulations of Algorithms[3.2.T]and
[3.4.1lfor the solution in time.
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S Optimum experimental design

Usually, the prediction of variance—covariance matrix depends on control variables g € IR,
and control functions, u(t) € R™, e.g., temperature and feeding rates, and the choice of
measurement points. By varying the influencing factors, we design experiments that allow
an improved estimation of parameters.

By the methods of experimental design, we try to determine an experimental setup which
permits the best identification of the parameters with respect to a later defined objective
function. We follow the approaches of Korkel [58|] and Lohmann et al. [67]. We state the
general problem formulation. We introduce a sequential quadratic programming method
and explain how the required derivatives are evaluated.

For the computations, we use the software package VPLAN developed by Korkel [58]].
VPLAN offers the possibility to exploit structures that arise when multiple experiments
are designed, an interface to ADIFOR by Bischof et al. [10] for the evaluation of the
derivatives by algorithmic differentiation and an interface to SNOPT by Gill et al. [44] to
solve the optimum experimental design problem.

In this chapter, we consider unconstrained parameter estimation problems, i.e., F = Fy,

see Equation (4.22)).

5.1 The general problem formulation

As mentioned before, the prediction of the variance—covariance matrix depends on the
control variables g € IR"4, that are constant in time and the control functions u(z) € R™,
that vary over time. Constraints may be given for both of them. In the form of lower and
upper bounds

qi € [giac_]iL = 17"'7”6]7

M[(t) € [ﬂiaﬂiL l: 1,...71/1,“
or as nonlinear control constraints
c(q,u()) € [c,c]

with ¢ ;: R" ™ — [R"c,
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Besides the choice of the controls, the quality of the parameter estimation depends on the
selection of measurement points. Due to various given constraints, it may not be possible
to measure whenever and as often as we want to. Therefore, it is necessary to determine
the optimal placement for the available measurement methods.

Consider a set of possible time points, 7o < #] < ... <t < f,;q, Where a measurement may
be taken with corresponding model response £(t;,&(t}),0,q), j = 1,...,m. Thereby, it
is possible that two or more time points are equal or that we have the same measurement
functions at different time points. For each possible measurement, we define a weight

wie{0,1}, j=1,...,m (5.1)

with w; = 1 if the measurement is taken and w = 0 else. Similar to the controls, lower and
upper bounds can be given to model the minimal and maximal number of measurements
per time point, measurement type etc.

wy < Y wi <Wi, k=1,...,n (5.2)
J€Jk
for suitable index sets J; < {1,...,m}, k= 1,...,n;. In addition, we may have to deal

with cost constraints. If we assume a linear cost model with cost coefficients c;-V for the
measurement j, the total measurement costs are described by

m

W .
2. wj.
j=1

We summarize all possible constraints in the form

ci(qu(t),w)=0,ieé&, (5.3a)
ci(q,u(t),w) =0, ie 7. (5.3b)

The predicted variance—covariance matrix at the solution 0 of the parameter estimation
problem

c=("n"

is a function of the design variables ¢, u and w.
We use information functions ¢ to rate the quality of the parameter estimation, see
Pukelsheim [80]. The most common are:

e The trace criterion (A-criterion):

04(C) = itrace(C).

ng

e The determinant criterion (D-criterion):

9p(C) = (det(C))".
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5.1. THE GENERAL PROBLEM FORMULATION

e The largest eigenvalue criterion (E-criterion):

0r(C) = max{A : A — eigenvalue of C}.

Another possibility is to use the approximation of the confidence intervals of the parameters,
see Theorem

e The confidence interval criterion (M-criterion):

(PM(C) = max{ Ciia 1= 1,...,1’19}.

Using the confidence ellipsoid (4.23)), we interpret the different criteria geometrically. The
A-criterion is proportional to the average length of the semiaxes of the confidence ellipsoid,
the D-criterion to its volume, the E-criterion to the squared length of the semimajor axis
and the M-criterion to the side length of a bounding box around the ellipsoid, see Figure

5.1

objective functions

N

40
2.5 ‘
150N

-

3 ellipsoid ||

| | = Accrit.
1.0F-9 | ® - FE-crit.

3 3 3 il M-crit.
05 : : ‘ C _ 2 D-crit.
0'00 1 2 3 4 5 6 7

Figure 5.1: Visualization of the optimum experimental design criteria taken from Walter
[97].

Then, the nonlinear optimum experimental design problem looks as follows:

min ¢ (C) (5.4a)

q7u7w7x

with C = (J7J)~! and the Jacobian J evaluated at the solution of the parameter estimation
. 2
problem rrgn% IF(0)]5

st. 0=%(t,£(0),0,q,u(1)), (5.4b)
0F;, 07
= ; i=1,... 4
0 ag 59,]4_ ae ) .] ) 7m7 (5 C)
0 =ci(q,u(t),w), ieé&, (5.4d)
0 < ci(q,u(t),w), ie s, (5.4e)
we {0,1}™, (5.4f)

where .%; are the underlying model equations as defined in (4.35).
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5.2 Sequential quadratic programming

We follow the notations of Nocedal and Wright [[/7] throughout this section. Korkel
[58] presented how the infinite dimensional problem is transformed into a finite
dimensional one. Thereby, the control functions u are discretized by piecewise constant,
piecewise linear or the like polynomial approximations and the integral measurement
weights w are relaxed to the interval w € [0, 1]™.

Let 7 be the discretized version of u and let w be the relaxation of w. By assuming our
model equations to be continuously differentiable with respect to g, and W, we rewrite
(5.4) in the standard form of nonlinear optimal control problems

min  ¢(4) (5.52)
q

st. 0=ci(q), ieéd, (5.5b)

0<ci(q), ie.7, (5.5¢)

with the setting § = (g,4,Ww) and continuously differentiable functions ¢ and ¢;. We define
the Lagrangian

24 =9(q) - 2 Aici(q) — Z Hici (5.6)

€& i€ed
with Lagrange multipliers A, e R, i€ &, and y; € R*, i€ .7.
Definition 5.2.1. (Nocedal and Wright [77]) The active set <7 (§) at any feasible point §

consists of the equality constraint indices from & together with the indices of the inequality
constraints i for which c¢;(§) = 0; that is,

A (q) =& vije S |ci(§) =0}

At a feasible point §, the inequality constraint i € . is said to be active if ¢;(§) = 0 and
inactive if the strict inequality ¢;(§) > 0 is satisfied. We define a condition on the active set
to guarantee the existence of a solution of (5.5)).

Definition 5.2.2. [fthe set

{Vei(@) - ie 7(§)}
is linearly independent, then the linear independence constraint qualification (LICQ)
condition holds.

With Definitions [5.2.T|and [5.2.2] we state the first-order necessary conditions.

Theorem 5.2.3. Let §* be a local solution of (5.5) and let the functions ¢ and c; be
continuously differentiable. Furthermore, suppose that (LICQ) holds at §*. Then, there are
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5.2. SEQUENTIAL QUADRATIC PROGRAMMING

Lagrange multipliers A* = (A;)ice and W* = (W;)ic.s such that the following conditions
are satisfied

0=V 2(G", A%, 1*), (5.7a)
0 =c;("), Vie &, (5.7b)
0 <ci(g"), Vie .7, (5.7¢)
o<y, Vie .7, (5.7d)
0=u'ci(q"), Vie 7. (5.7¢)

For a proof, we refer to Nocedal and Wright [[77]. Conditions (5.7) are referred to as the
Karush—Kuhn—Tucker (KKT) conditions. With the set of linearized feasible directions

P:={d: d"Vei(§)=0,Vie&andd Ve (§) =0V ie o (§) .7}
and the critical cone
C(G" A" 1) = {d e 2(q°): Vei@) d=0Y ie 4(3") n S}

we formulate second-order sufficient conditions for twice continuously differentiable
functions ¢ and ¢; :

Theorem 5.2.4. Let the KKT conditions (5.7)) be satisfied for some feasible point §* and
Lagrange multipliers A* and u*. If

A"V L@ A%, 1*)d >0, Vde€(q*,A*,u*), d #0,

then §* is a strict local solution for (5.5)).

We solve problem by applying a sequential quadratic programming (SQP) method,
which is a powerful approach for solving nonlinear constrained optimal control problems.
SQP methods are treated in many textbooks concerning nonlinear optimization, see for
instance Fletcher [39]], McCormick [73], Nocedal and Wright[77], and Ulbrich [935]].
Furthermore, there is a broad variety of practical implementations at hand. We use the
software package SNOPT, see Gill et al. [43] [44]. The idea is to solve problem (5.5))
iteratively. As the name suggests, we have to solve a quadratic subproblem in each iteration
whose objective function is the sum of the gradient of ¢ and the Hessian of the Lagrangian
function (5.6) and whose constraints are linearizations of the nonlinear constraints (5.5b))

and (5.5¢).
The following algorithm describes the basic approach of the SQP method.

Algorithm 5.2.5. (SQP method)

1. Set k := 0. Start with an initial guess (§°,A°, u®).
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5.2. SEQUENTIAL QUADRATIC PROGRAMMING

2. Compute the function values
oF = 0(gh), K:=c(gh), iecu.s
the gradients
Vot :=vo(gh), VEi=ve(@), iefus
and an approximation of the Hessian of the Lagrangian function

HY ~ V223", A%, ub). (5.8)

3. Determine the increment d* as solution of the quadratic program
min  3d"H'd + V"' d
st 0=c"+Vg¥a, ic&
OéckT—i—Vcde, i€ s.
Compute the corresponding multipliers ¥ and ik,

4. Determine the step size o € [0,1] and update:

=g +a*-d", (5.92)
AR Ak k(AR — 4K, (5.9b)
W= o (- ). (5.9¢)

5. If some convergence criterion is not satisfied continue with step 2 and k := k+ 1.

If the exact Hessian is used in (5.8), the SQP method is locally equivalent to Newton’s
method and converges locally quadratically. In general, we will not compute the exact
Hessian. For large-scale problems, its computation is too costly for an efficient treatment
of the problem. One of the most common Hessian approximation strategies is the Broyden—
Fletcher—Goldfarb—Shanno (BFGS) update. BFGS is a symmetric rank two update for
which one can proof superlinear convergence using the theorem of Dennis and Moré
[30].

In SNOPT, a limited memory BFGS, where only a history of the past /i updates is main-
tained, together with an Active-Set method is implemented. For further details on Active-
Set methods, see Nocedal and Wright [77]. For the determination of the step size o in
by line search methods for the globalization of convergence, we refer to the literature
as well, cf. Nocedal and Wright [/7], and Geiger and Kanzow [41]. As convergence
criterion, we choose, that the KKT conditions are satisfied up to a predefined tolerance,
i.e., the first order necessary conditions are satisfied up to the predefined tolerance.
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5.3 Derivatives

Since SNOPT uses BFGS updates to approximate the Hessian of the Lagrange function,
we need to compute only the gradient of the objective ¢ and the constraints ¢;, i€ & U &
of problem (5.5). The formulas for the directional derivatives of ¢ are taken from Korkel
[58]]. A directional derivative with direction dx is defined by

df Sx— lim f(x+hox)— f(x)
dx h—0 h '

The derivatives of the information function ¢ in direction 6C € IR"¢*"¢ of the variance—
covariance matrix C € IR"®*"¢ of the optimum experimental design problem are

(1) A-criterion:

d ¢A 1 d traceC d traceC d traceCkk
- %Z Cij=— Z ———=8C;;

1
= Z 86 0C:j = ” 5Ckk = —traceSC.

n
ljk 6

(i1) D-criterion: With
—det )8C = Zdet 5C;;

we have

(i11) If the largest eigenvalue has multiplicity one with corresponding normalized eigen-
vector v, then

CZIZE oC = %max{l . A eigenvalue of C}6C = v 8Cv.

(iv) M-criterion: We transform the problem
min ¢y (C) = minmax{+/Cj;,i = 1,...,ng}
into an auxiliary problem
min ¢
st. @ <+GCj,i=1,... ,ng.

The constraints are added to the inequality constraints ¢;, i € .# in (5.4). The
derivative is then given by

d 1
%(\/Cii)5c = 2\@60
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We state the following lemma which is needed for the evaluation of the derivative of the
variance—covariance matrix.

Lemma 5.3.1. For a regular matrix A € IR"6*"6 and A € IR"6*" it holds

dA~!
dA

SA = —-A"16AA71

Proof. Define F : IR"*"6 x R — IR™*"6 as
F(B,h) := (A+hSA)B —1,,,.
F is continuously differentiable and it holds
(i) F(A~1,0) =0,
(ii) ‘Z—g(A_l,O) = A is regular.

By applying the implicit function theorem, there exists a continuously differentiable
function B with

(i) B(h) = (A+hSA)~!,
Gi) B'(h) = — (%(B(h),h))i OF (B(h),h) = — (A + hSA) "' SAB(h).

Hence it follows

A1 B(h)—B
A~ A — 1im B —BO) _ B(0)=-A"154A7 1.
dA h—0 h

[]

Following the conclusion of Lemma the derivative of the variance-covariance

matrix X
c= ")

in direction 8J is
1

dc d(Jrn)” -1 -1
— 8 =—"LG8J=—(JT) (8JTT+JTSI)(JTT) .
= - (77) (8757 +7787) (1)
We recall the notation for the Jacobian from (4.18al)
Ldhj,, . .
Jji _g]d_el<§(Q>7q>

Then, the gradient of the objective ¢ is determined by the derivatives
d (dh; d (0h; Oh;
— |55 ) =5 | =%+ =54
dg \ do dg \ 0& 7' 06
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0%h; 0%h; J 0%h;
(agag 0.t ﬁ) 0. " g 00t aeag 7608 Focq

The first order sensitivities &, ; are derived by the variational differential equations

0F; 0F
0=—; —1 5.10
0& éq j aq ) ( )
while second order sensitivities g, ; are given by second order VDEs
a%/,é PF; Té P a@jé 7 5
DEQE ST T Q8o ) ©00 T BE 9900 FeaE %0 T Ggas '
with &g j and &; ; computed by (4.36) and (5.10) respectively.
As presented in section the derivatives of model response
2 2 2 2
ﬁgh, 39h, @gh, aégl’l, (99§h, agﬁh, 897qh,
the model equations
2 2 2 2
559, 3935, 8@@, ﬁééﬁ’ 8%?, %ﬁg, 597@40/\,

and the constraints
VC,'

are evaluated with the algorithmic differentiation tool ADIFOR.

Similar to (4.36)), Equations (5.10)) and (5.11) feature the same structure as the underlying
model equations (2.21) and we apply an analog mixed DG-FEM formulation to the
variational differential equations and (5.TT)), respectively. The extended IMPES
Algorithms [3.2.1] and [3.4.1] adopted to the weak formulation afterwards.
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6 Efficient parameter estimation

In this chapter, we revisit an approach that reduces the increasing demand of computa-
tion time for high-dimensional parameter estimation problems in the context of multiple
shooting. The reduced approach was developed by Schloder [85] for parameter estimation
problems constrained by high-dimensional ODE systems. A first extension to DAE models
was presented by Bauer [/]]. We consider constraints of partial differential equations as the
origin of the DAE constraints and develop of different formulation of the reduced approach.
A short introduction to the method and a first application to PDE constraints parameter
estimation can be found in Kircheis and Korkel [55]].

We derive the reduced approach from the condensed system and illustrate the efficient
computation of the increment for the generalized Gauss—Newton method. We introduce
the new parameter estimation software PAREMERA and the implemented algorithms. The
last sections provides numerical results of two academic examples.

6.1 The reduced approach

We recall the finite dimensional parameter estimation problem (@.15)) for n,., executed
experiments from Section {.2]

min 3 (0 —h(y(s,6),0)" T2 (N —h(y(s,6),6)) (6.12)
st 0=c' (T 5k 5ks1,0), k=0,...,nh—1  (6.1b)
0=¢'(, 5, 0), k=0,....n (6.1¢)
i=1,..., 1
0 =y5(6) — sy 6.1d)
e M
0=> > (¥(%).6). (6.1e)
i=1k=1

YON _ s 0), reftha, ), k=0l i=1L...n
Zl<t) _II/ 59k ) ks Yk+1/> — Yy flmsy — Ly llexs
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6.1. THE REDUCED APPROACH

the continuity conditions for the differential states
0=c' (T}, 1,k 5k 1,0) = (Tl 115k, 0) =50, k=0,...n0—1,  (6.2)
i=1,...,e,
and the consistency conditions for the algebraic states
0=g'(t,5,0), k=0,....n i=1,... ne. (6.3)
We consider a linear-implicit DAE

Al yi(1),0)y'(t) =f'(t,¥'(1),0), v (n)=s, (6.42)
0=g'(r,y'(1),0), te[t,Ts1], k=0,... ,nms, (6.4b)

1= 17...,nex,

as the approximation of a parametrized partial differential equation, e.g. discretized by a
methods of lines.

In comparison with the parameter estimation problem (4.15) in Chapter 4 we examine
a slightly different formulation of the interior point constraints. In (6.1¢]), we consider
linearly coupled constraints that allow us to model conditions which interconnect two or
more experiments. Note, that the interior point constraints (4.14))

0=>Yr (W(t).0), i=1,.. ne.
k=1

i
"

are a special case of (6.1¢]).

By using Equation (6.1¢), e.g., it is possible to model matching conditions between single
experiments of the general form

r(y (tq),y T (#T)) =0, (6.5)

where the superscript i refers to the different experiments, to model discontinuities in the
state equations
jio={ 0000 1<
fZ(t’y<l>7 9)? t>1
or even jumps of the trajectories. We refer to equation as multi-experiment interior
point constraints.

We introduce new variables s” that arise from the parametrization of the model equations. In
Section 4.3] we demand that the constraint qualification condition holds, i.e., the Jacobian
of the constraints J, is regular. Under the assumption that we add the initial conditions of
the differential states (6.1d), that may depend on the variables s”, to the multi-experiment

interior point constraints, the Equations (6.2)), (6.3) and (6.1€) sum up to

Nex Nex Nex Nex

Enimn’y—kz (nfns+ 1) -né+n,+2n§ = nr+2 (nfns—k 1) : (n’y+n’z)
i=1 i=1 i=1 i=1
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6.1. THE REDUCED APPROACH

conditions. Since we have

Nex

ng +Z (nins+ 1) . (n’y+n;)
i=1

degrees of freedom, the Jacobian J, has full rank by all means if we establish n, new
variables s”. The variables s” are defined by the condition

Nex m

I Z Z rk ) —regular,

i=1k=1

and add the variables s” to the dependencies of the multi-experiment interior point con-
straints. Thus, it is ensured that CQ holds.

For further examinations, we add the variables s to the vector s and define

i r,i o 7i
<y0(6 § ) % )i 1,...,nex
d(s, 6) = Nex M . (66)

ZZrk GS”)

i=1k=1

Note, that the initial conditions (6.1d) may depend on the variables s”, too. Again we
introduce a shorter notation of problem (6.1)) to increase readability

min LIFi(s,0)]5 (6.7a)
st. 0=F(s,0) (6.7b)
with the settings
Fi:=27"(n—h(§(s,6),0)) (6.8a)
(Ci(fli+1asiasi+1ve))k:0, ~1
= (¢i(tl,si,0)) kol,_l’ R (6.8b)
o) "

As described in Section the solution of is computed iteratively by means of a
generalized Gauss—Newton method where we iteratively solve a series linearized problems
instead

2
. 1 As
AIRIA% B ‘F1<S,9) +J1(s,0) <A9) ) (6.92)
As
s.t. 0 =F2(S, 9) —l—Jz(S, 9) <A9) . (6.9b)
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We recall the Jacobian for DAE constrained parameter estimation problems and a single
experiment

1 1 1 1 1

DO Dl A Dnms Dsr DG

Go (—I., 0) G G§

X ; 0
J 1 Gnm5 —1 <_Iny 0) G:lms_l Gnms_l
J- (Jz) | 5, g H |, 610

H, Hy HY
Hnms Hz;s Hnems

2 2 2 2 2

DO Dl A Dnms Dsr De

see (4.27), to illustrate the required computational effort for a single iteration of the
generalized Gauss—Newton method. Here, we have added a new column for the derivatives
of (6.8) with respect to s".

In each iteration, we have to evaluate ny + n; + ng + n, derivatives of the underlying
model equations (6.4) per shooting interval to compute the matrices Gy, G} , G?, k =
0,...,nus — 1 and Hy, H} H,? , k=0,...,n, For complex systems of partial differential
equations, the effort is tremendous.

As discussed in Section the condensed system has the form

1 2

min = ur + E\AS) + EfAD + EfAS (6.11a)
As)AB.As" 2 2

st 0=uy+ ExAsy+EJAO + E3As". (6.11b)

cf. (4.30). Note, that we have to consider an additional block for the variables s”.

6.1.1 Derivation of the reduced approach

Schloder [[85] developed an approach for high-dimensional ODE systems that couples the
computation of the Jacobian (6.10) and the subsequent condensing algorithm presented
in Section #.3.4] The approach uses directional derivatives which exploit the special
structure of the parametrized parameter estimation problem. With the approach and the
extensions for DAE constrained parameter estimation problems developed by Bauer [7],
it is possible to reduce the computational effort to evaluate and solve to the one of
single shooting.

We develop a different approach than in Bauer [7] that leads to an other formulation of the
reduced condensed system and increase the set of problems that is solvable by this method

to described by (6.1).
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6.1. THE REDUCED APPROACH

Before we continue, we reformulate (if necessary we rearrange the time points) the multi-
experiment interior point constraints

Nex n;nb
0=>> > rk 57, (6.12)
i=1k=0 je.7 (k

and the residuals of the measurements

Nex nms

0=>> > My hy = i — h, (6.13)
i=1k=0je_7 (k)
with
IE)={jlm<tij<t}, k=0,...nh, i=1,... ne,
Fh)y={jlt<t <rk+1},k:0,...,nfns,i:1,...,nex.

We refer to Equations (6.12)) and (6.13)) as separability conditions.

We present the following computations exemplarily for the first experiment. For the
remaining nex — 1 experiments the steps have to be repeated. For the sake of readability, we
omit the superscript 1 and consider a single experiment formulation of the initial conditions
in Equation (6.6) of d(s,0).

We have already eliminated the continuity constraints and the consistency conditions.
Because of the definition of d(s, 0) in Equation (6.6) we deduce that E, has n, + n, rows.
We separate Equation (6.11b)) and obtain

0 = uy; + EajAsy + ES A8 + ES | A", (6.14a)
0 = up + EnAsy + ESHA8 + ESAs”, (6.14b)

where contains the first n, rows of (6.11b) and (6.14b)) includes the remaining n,
rows. From Section 4.3.4] and Equation (6.6), it follows directly that the matrix Ey; is

regular.

We eliminate the variables As, which are defined by the initial conditions (6.1d), and
obtain the reduced condensed system for the remaining variables (A6, As")

1 o e |2
— iy + E{ A6 + E{As” 6.15
A%HAIL 2 ”ul FEIATEEIAS 2 (6.153)
s.t. 0= I/l2 + E2 AO + EzAS (615b)
Note, that Equation (6.15b)) has only n, rows. We define
~1
0. Ey 0 0
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-1
Ey O )
MO = — ( E3,, (6.16b)
K H())’ Hé 21
—1
Ey O )
M° = — ( ! w). (6.16¢)
’ Hy  H

We refer to My, M; and M, as seed matrices.

Remark Because of the index-1-assumption, the inverse matrix in Equations (6.16)) is
well defined.

With the definitions of the separability conditions (6.12) and (6.13)), we have

Nex nms Nex nms Nex nms
Dh=5d1d, X rk EDIIFIDY "k )= 2.2 D
i=1k=0 je.s (k i=1k= 0 jeﬂ i=1k=0

Nex nms Nex nms Nex nfns Li

R

Dh=1521d, O Mo =3 & hk 17).0) = 2,2, Dy
i=1k=0 je_ (k) Sicod /ej i=1k=0

We get similar expressions for the derivatives with respect to s”. With these relations, we
obtain a forward recursion that is closely related to the backward condensing (4.31)) in

Section 4.3 4]

Nms k
Gy
[ 0 0 ]; klj[ Hk—]—H 0
= j—]
Mims k—1 [k—j—1 0
Gi— G
+Dy+ ) Dt ( ( ) < /
kZ1 = H Hi—111) \H},
Nms k G
0 0 lgll k jl:[ Hk—j+]
(6.17a)
k—1 (kjl G GQ
+ ) ( "")( 91)> +DL, v, 1=1,2,
= ﬂ Hi—111) \H}, ’
Nms k G
ES =D} -M° + D! ( k= ) M°
l 0 s kzl k Jl:[ Hk 41 s
(6.17b)
k—1 [k—j—1 G r
+ > T] ( "’)( z)) +DL b, 1=1,2,
j—0< o e \H i
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Nms
~ a0 ! Gr—j ) . g0
=Dy M2+ ), D H<Hk J+1> '

k=1 j=1

(TG ) =) e

where we suppress the remaining dependencies of the continuity conditions ¢ and the
consistency conditions g and define

> hl(w(t)),0), ifl=1,

Ay 6.18
' Z re(y(t)),0), else. (6.18)

jes (k)

(6.17¢)

We update the seed matrices recursively

G G
k k—1 k—1 —
- (5) )
Mf _ <G11f1_1) Mf_l " (Gksr1>7 k=1,... nms, (6.19b)
k
Gi—1 k—1 (C(Tk)>
W By = , 6.19¢
g < Hy ) ' 8(%) ( )
and set
E)Y:=Dy-M
00._ pj. 0.4+ Dl o (6.20a)
EN":=D)-M0+ DLy, =12, (6.20b)
) :=Dh-M° +R), (6.20c)

where we used the definition given by Equation (6.18]) and compute the expressions
iy, E El7 [ = 1,2 by the forward recursion

~0.k ~0.k—1

Ef" = E)"' 4+ Di - Mg + Dy ., (6.21a)
B =B 4Dl ME+ DL, k=1, s [=1,2, (6.21b)
af =i + D} - MF+ R, (6.21¢)

With
Ep = EPMms ES = B iy =™, 1=1,2

1

we obtain the reduced condensed system (6.15).

In difference to the approach presented by Bauer [/] we eliminate the consistency con-
ditions completely from the constraints of the reduced condensed system, cf (6.20) and
(6.21). We transfer all informations of the consistency conditions to the seed matrices,
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6.1. THE REDUCED APPROACH

compare Equations (6.19). The approach illustrated by Bauer [7]] results into redundant
constraints, i.e., the resulting reduced condensed system has more rows than the regular
condensed system, which could lead to numerical problems.

The expressions in Equations (6.20) are evaluated by directional derivatives. According
to this, we compute Df{ -M’é + Dle o D]lc -Mf + Dé, . and D,i -Mf in (6.21) by directional
derivatives, too.

The main advantage of this method is that we do not have to compute the block matrices
D, G and H of the definition of the Jacobian (6.10) explicitly. Thus, we save n, +n,
evaluations of the variational differential equations.

6.1.2 Determination of the increment

Again, we illustrate the proceeding for the first experiment and omit the superscript 1.

Here, we explain in detail the derivation of the reduced condensed system and the determi-
nation of the increment for the generalized Gauss—Newton method. Therefore, we define
the residual between initial values and shooting variables at t = 1

do(S,G) ::y()(Q’sr)—yz), (622)

Equation (6.22)) is a constraint of the parameter estimation problem, see (6.6)). For the
generalized Gauss—Newton method we evaluate the derivatives of dy and the algebraic
constraints (6.4b) at r = 7 with respect to s;, 55, 5" and 6

DV. ddo(s79)
0= "
dV Z r
v=sy, 55, s, 0
HY — dg(,tOvSan) 070
0 dv ’

and set up the linearization of (6.22) and the consistency conditions at =

do(s,8) + DYAS, + DIASS + DY As” + DEAB = 0 (6.23a)
¢(T0,50,0) + HOAS, + HOASS + HS As” + HOAB = 0. (6.23b)

It is easy to see that Equations (6.23)) are a subsystem of (6.9b)) since ([6.22)) is a subequation
of (6.6). As mentioned before, we require that the algebraic equations have index 1. It

follows that Hgé is regular, see Section4.1.1{ From Equation (6.22), we deduce

We obtain the matrix
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which is regular and solve (6.23)) for s, s,

—1
Asy —I, 0 Dy D§ do
=— r L) As" (8 ) AG + 6.24
<AS6) <H55 )  \\#; Hy % (€2
= MPAs™ + MAB + M?

with the definitions

—1
I, 0
R <d°>, (6.252)
HY HY g0
—1 r
I, 0 D}
M=~ s6> <0> (6.25b)
Hy H, H;
—1
~I,, 0 G§
MY = — , , (6.25¢)
o=\ H3°> (H)

cf. Equations (6.16). The columns of (M?, Mg) form a basis of the null space of the matrix
that defines the linear system of equations (6.23]). We use (6.25)) as initial seed matrices
for the directional derivatives.

Let t = 19 be not only a shooting node but also a measurement point, where we have to
evaluate the model response A (7y, so, 0). Then,

_6h0 AS% ahO r ah()
o(sh,55) (70,50,0) <As6) + ﬁ(fo,so, 0)As" + %(To,SQ, 0)A6 + hy(79,50,0)

is a row of J! (6.9b).

Observe, hy does not depend on s;, i = 1,...,n,,. We insert (6.24) and obtain

oh

go(’co,so, 0)- (MOAs" + MJAG +MP)
0

ohg

os”

We factor out the increments As” and A6 in Equation (6.26)) to get

(6.26)

oh
+ (T(),S(),Q)Asr-i-a—;(TQ,S(),G)AG+l’l0(‘L’o,S0,9).

a]/10 6h0
_a_SO(TOaSO» 0) M)+ W(To,so, 9)] As"
_aSO

[ Oh
+ _0(7075076) M}(’) +h0(TO7S079)] .

oh
(to,50,0) - M + —(390(10,%,9)} AO (6.27)
C

0so
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9 99

Remark Here and in the following, ”-”, e.g., in Equation (6.27), does not denote a matrix
matrix product but a directional derivative, cf. @ The first would require the evaluation
of ny + n, additional variational differential equations while for the second ng +n, VDEs
have to be evaluated, which is necessary anyway.

Following the remark, we compute

-— 0)-M =—h (M) ., 0 6.28
<(3S() (T()aSO) ) s)j de ()(T(),S()-FE ( s)]a )7 ( )

where B.; denotes the j—th column of some matrix B. As already mentioned in the chapters
before, we use algorithmic differentiation to efficiently compute the required directional
derivatives of the model response in (6.27). If at t = 7y multi-experiment interior point
constraints have to be evaluated, we proceed in the same manner with the derivatives of

[ 0 0
0= r(T(),So,QS)MO-i-—S

| Oso 6s’(fo’so’ e’sr)] A

2 50,057 MO+ 2 (20,50, 8.5 )}AG (6.29)
(/S() 006

[ Or

+ (T(),S(),@ s ) M9+r0(TQ,S0,9,Sr):| .
| s

With the evaluated derivatives, we define the right-hand side vectors and the matrices
which we will use to assemble the reduced condensed system (6.11)

—o

0
— (—ho(l’o,so, 6)-M° + hy (19,50, 6)) 7
6s0

5 (6.30a)
I/l(z) = <_r0(T07s05955r) 'M,(,)+I’0(T0,S0,9,Sr)> 3
6s0
0
Ef’o = (gho(fo,So,@) Mg) ,
aO ] (6.30b)
’0 - 4
E; = (aSOrO(TO,SO’G’S) M +5 Os r <T07S059 S ))
6.0 0 o, ©
El’ = —/’l()(To,S(),G)'Me +—h0(‘L’0,S0,9) ,
aSO 00
5 p (6.30¢)
6.0
E)7 = — MY
) (asOro(To,Sm@,S ) Mg+ =5 20" r0(70,50,0,5 ))

Here, we used that

0
@ho—O
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6.1. THE REDUCED APPROACH

Now, we explain how we proceed from a shooting node 7 to a stopping point #;. A stopping
point is a point where we have to stop the computation of the nominal trajectory to evaluate
either a measurement function A, the algebraic equations g or the multi-experiment interior
point constraints r.

Att = T, the values of the shooting variables sy, the parameters 6, the previously com-
puted seed matrices M¥, M¥, M’g and the matrices for the reduced condensed system

uf‘, Els7k, El6 ’k, [ = 1,2 are given. We evaluate the constraints, compute the corresponding
directional derivatives and add them to the known matrices for the condensed system

N 0
M{ = ulf + (ghk(rkaska 9) Mil’( +hk(fkaska 9)) s

. p (6.31a)
ué u2+ (75 (T, S, 0,8) - Mf—I—rk(’L'k,sk,G,sr)) ,
’J < Tk,Sk, Mf) ;
p (6.31b)
Tk,Sk, ) S ) M + = os’ (Tk,Sk,G,Sr)),
91 k ¢
Tk,Sk, MO + %I’lk(fk,Sk,e) )
(6.31¢)

0
E E + <a % (Tk, Sk, 0,5") - M9+ ae i(Thy Sk, 0,8 ))

which follows directly from Equations (6.17)).

Afterwards, we solve the model equations on the interval [,f]. As before, we
denote the resulting nominal trajectories by

l[/(l‘;sk,e).

The seed matrices are updated by the simultaneous evaluation of the variational differential
equations via methods of internal numerical differentiation

i 0
M = -y (tsi5i,0)) - Mf (6.32a)
M/ = gw(ts;sk, 0)-M*, (6.32b)

S

ai 0
Miy = (15351, 0) - Mg, (6.32¢)

where we use M¥, M* and M’e‘ as initial states and directions for the sensitivities of the
states at the same time. The updated seed matrices are applied to proceed to the next
stopping point and the previous steps are repeated.
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If at ¢ = ¢, the next shooting node is reached, we evaluate the continuity conditions (6.2))
and the consistency conditions (6.3]). Then, the seed matrices at f = T; | result to

M = W <C(T"+1)> , (6.332)
g( Tkt 1)

MY — (6.33b)

MEY = a1, (6.33c)

We continue to execute these steps above until we reach the last shooting node 7, 1 = feng
to obtain the reduced condensed system

1 - - 2
in - |+ ESAsT EGAOH 6.34
AT A 2Hu1+ 148+ ErAG], (6.342)
st. 0=ia+E5As" + E9 A0, (6.34b)

where we use the settings
iy = B = gyt EP — pOmt =100,

The effort to set up the reduced condensed system (6.34) consists of the integration of the
underlying model equations (6.4)) and the computation of n, + ng + 1 directional derivatives
by internal numerical differentiation. If the initial values of the differential states are given
in the form

¥(to) = yo(0),

i.e., the initial conditions do not depend explicitly on s”, the number of directional deriva-
tives is independent of the number of states.

After we have applied this approach to all experiments, the reduced condensed system for
nex experiments has the following form:

78,1 0,1 ~1
E E u
JO = B EPre | FO= | @ | (6.35)
Nex Nex

s, 1 5,1 0.1 ~i
Esl L B N ES P
i=1

i=1

We solve the system, which is defined by (6.35]), for As” and A8 and compute the remaining
increments for the shooting variables by

Asj, = MM + MEAS™ + Mg'A,  k=0,....n] (6.36)

ms»

i=1,... Ny,

where we use the previously computed seed matrices.
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6.2 PAREMERA: PARameter Estimation for Multiple
Experiments using a Reduced Approach

In Chapter 4, mathematical methods for solving parameter estimation problems have
been established by giving convergence results of the damped generalized Gauss—Newton
method. In section[6.1] we presented a reduced approach for the efficient treatment of these
kind of problems. These results are the basis for the implementation of the PARameter
Estimation software for Multiple Experiments using a Reduced Approach (PAREMERA),
a new software package for solving PDE constrained parameter estimation problems with
multi-experiment interior point constraints.

Survey of existing solvers

The variety of solvers that are available to solve nonlinear constrained parameter estimation
problems is large. It is not our concern to give a complete overview of the available
implementations for this kind of problems.

Naturally, any optimization algorithm for constrained problems could be applied to treat
parameter estimation problems. However, it is possible that such solvers converge to
unwanted local minima or are highly inefficient, see Bock [13]]. Therefore, it is strongly
advised to use appropriate solvers when faced with parameter estimation problems.

The following overview gives an insight to the problem classes which can be solved by the
specific software as well as the applied numerical software.

e PARFIT by Bock et al. [13] can solve parameter estimation problems with ODE
constraints with multiple shooting by a generalized Gauss—Newton method and is
based mainly on the methods presented in Chapter [ that can also be found in Bock
etal. [11,[12,16]. There is also an extension to DAE constrained problems presented
in Korkel [58]] and Bock et al. [14]. The implementation language is FORTRAN77.

e FIXFIT by Schloder [83]] is a generalized Gauss—Newton method for parameter
estimation problems constrained by high-dimensional ODE systems. It adapts
the reduced approach for this class of problems. The solver is implemented in
FORTRANT77. According to Schloder [86], no implemented version is available
anymore.

e PEST by Doherty et al. [35] is a commercial, model independent parameter estima-
tion software, i.e. the user has to provide the model equation in a specific form. The
code relies on a Levenberg—Marquardt algorithm, see Levenberg [63]] and Marquardt
[70] with a Broyden update. The derivatives of the model functions and constraints
are computed by finite differences. The software package is implemented in C++.

e The commercial simulation and parameter estimation tools Presto-Kinetics and
Predici for reactor kinetics and macromolecular processes, respectively, by Wulkow
[102]. The evaluation of the derivatives is done by finite differences following the
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principles of IND, see Bock [[11]. Simulated annealing is used for the global search,
see Kirkpatrick et al. [56]]. The local search is done by a damped Gauss—Newton
method following Deuflhard [32]]. Furthermore, an analysis of the correlation of the
parameters is used within the method of reduced directions, see Telgmann [92]].

o EASY-FIT by Schittkowski [84] is suited for parameter estimation problems with in-
equality constraints. It can handle DAE constraints up to index 3 or one-dimensional
PDAE constraints. It is also suited for the treatment of switching functions. The
derivatives are computed by algorithmic differentiation. SQP methods are applied to
solve the least-squares problem. The implementation is in Fortran.

e COPASI by Hoops et al. [52] is a parameter estimation software for mainly biochem-
ical processes with a high number of parameters. It is equipped with a broad variety
of optimization methods such as steepest descent, Levenberg—Marquardt and some
evolutionary algorithms. The implementation language is C++.

e ParamEDE by Lenz [62] is a software package for parameter estimation problems
constrained by delay differential equations (DDE). It is the first that applies a damped
generalized Gauss—Newton method based on the restrictive monotonicity test and
multiple shooting for parameter estimation with DDEs.

Features of PAREMERA

PAREMERA is implemented in Fortran90 and fits into the field of present solvers in the
following ways.

Only some of the solvers listed above, e.g., PARFIT, ParamEDE and Presto, use the
generalized Gauss—Newton method to compute the solution of the parameter estimation
problem. Bock [13]] showed that the generalized Gauss—Newton method has the advantage
not to converge toward a stationary point with k¥ > 1. Those points are often saddle points
or local minima with a large residual that are far away of the true parameters and are not
stable against small perturbations of the measurement errors.

Another key feature of PAREMERA is the multiple shooting method to decompose the time
interval and, thus, reduces the nonlinearities of stiff systems. This feature is supported else
by, e.g., PARFIT, FIXFIT and ParamEDE.

FIXFIT was the only other solver based on multiple shooting that uses the reduced approach
that allows to solve parameter estimation problems with PDE or high-dimensional ODE
constraints in an acceptable time frame.

In contrast to, e.g., Predici and Presto-Kinetics, PAREMERA is particularly outlined to be
used in combination with a software tool for algorithmic differentiation which provides,
up to machine precision, the exact derivatives of the model functions.

These features justify the implementation of a new solver.
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6.2.1 Decomposition of the Jacobian

In Section [6.1] we illustrated the computation of the reduced condensed system (6.34). In
this section, we present the structure exploiting algorithm for the decomposition of the
Jacobian that we have implemented to solve the system defined by (6.35).

First, we predefine some notations. As mentioned in Section [6.I] we consider equality

constraints of the form '
Nex My

0=> > r(v't),0,5%) (6.37)

i=lk=1
These constraints may still contain interior point constraints of the form

0=

Mz

i (Wi(th),0,5™), i=1,...,ne, (6.38)

k

defined in Section[4.1] Since (6.38) are considered as constraints for a single experiment,
we denote them with the subscript [ for local while we refer to by the subscript m
for multiple

1

Nex m; m;
=3, 2 e (W), 0,5™) =2 k(W) 8,57), i=1, e,
i=lk=1 k=1

1

Observe, that we use the same variables s” = s, ..., s"® in both formulations. Because

of (CQ), the matrix
%)
(5“ =1, 7o

Orm

os”

. T
is regular. If necessary, we rearrange s” = (s’ 1T '"T) such that

arf ) Orm

i=1,...,n —
(’}Srl, ) s TPeXy asrm

are regular matrices, too. Additionally, we rearrange the matrices equivalently to
the following form

Esl’i Esm7i EG,i

S,i 9,1 _ 27rm 27rm 2,rm
(EZ EZ ) o Esl.,i Esm,i Ee,i (6.39)
2 2, 2,

fori=1,...,n.. Here, the superscripts s;, s, and 6 on the right hand side of (6.39) identify
the block matrices correspond to the increments As’!, As" and A6 respectively and the
subscripts r;,, and r; denote if the block matrix was computed by directional derivative of
the multi-experiment and experiment local interior point constraints, respectively.

For the numerical treatment of the multi-experiment version of the condensed system
(6.34), we transform the Jacobian to an upper triangular matrix. The Jacobian for ne,
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experiments is very sparse since there is a subvector s’ for each experiment. That is why
we store the blocks for each single experiment as presented on the left hand side of (6.40).
By a series of equivalent matrix factorizations similar to an algorithm by Bock [13]], the
single blocks are transformed in the following fashion:

Sp,1 Sl 0, 2 Sl 70,

El El El El El

By BB Bt B il (640
, . . R17i .

1,1 Sl 0,i j

Ezvrl E27r1 EZ,V[ Dl

For simplicity, we suppress potential pivoting in the notation. Afterwards, we restore the
remaining parts of the experiment block matrices in the upper right corner of (6.40) to a
global, i.e for all n,, experiments, system matrix (6.41).

3
X 0,1 R
Jo8 £
— . (641)
' SmsTex A0 .1,
El El ex
Nex 0
£Sm, 1 [ Sm s Nex ey
2 T Ezvrm 2,rm R2 D2
i=1

The lower left block of the system matrix on the left hand side of Equation (6.41)) that
corresponds to As' is also transformed to an upper triangular matrix R, by matrix
transformations, while the remaining block in the upper right that corresponds to A8 is
decomposed by an QR-decomposition with Householder transformations, see Golub and

van Loan [43]).

The right-hand sight of the system defined by (6.33) is adjusted according to the methods
presented above. We obtain the increments (A87, As’T)T and compute the remaining
increments by

Asi = MM+ MMAST 4+ My'AG,  k =0,... 00— 1, (6.42)
i=1,... N (6.43)

6.2.2 Bound check

Usually, we do not allow inequality constraints for the parameter estimation problem. But
it is possible that for specific values of the parameters the model can not be evaluated
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anymore, €.g., a negative reaction rate. It can happen that the generalized Gauss—Newton
algorithm tends to such a point especially when the current iterate is not feasible. We have
implemented an easy strategy to prevent this scenario from happening.

Let upper 6 € R" and lower 6 € IR bounds for the parameters be given
6c(0,0). (6.44)

Furthermore, let the new increment AGX and the step length a* have been computed,
too. Then, we check if the updated iterate violates the constraints. If, this is the case we
calculate the distance between the specific parameter and the bound and divide it by the
increment. The result is the maximal step length. Since we do not want that

6it! = g

or
61'k+1 = Qi

we multiply the maximal step length by a predefined factor, e.g., % Thereby we achieve

that the iteration remains feasible with respect to the Constraints (6.44) throughout the

whole run of the optimization algorithm. The bound check algorithm then looks the

following:

Algorithm 6.2.1. Bound check algorithm
1. Set oy = ok,
2. Fori=1,....,ngdo
3. If6F! <0, then

4. Compute
o = —Q’HI &
AB¥
5. Set o = min(a1 , 062).
6. Elseif 0" > 0, then
7. Compute
A
SR
8. Set = min(a, ).
9. endif
10. end for
11. If ok > oy, set
ot = 106
— 2 l.
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6.2.3 Parallelization

Usually, the multiple shooting formulation for initial values problems is easily parallelized
because of its already separated structure. Unfortunately, this is not the case for the
shooting formulation within the reduced approach. If we recall

M — o (C(Tk+1))
" ' 8(tks1)

from Equations (6.33)), it is obvious why. We need M{ and y(T1;5¢, 0) that are both
computed in the previous shooting interval to initialize the seed matrix M**! at 1 = 1.
That is why we have to wait until the end of the previous shooting interval is reached,
before we proceed with the next one.

The computation of the reduced condensed systems (6.34)) for each of the n,, experiments
can be scheduled in parallel in a very natural way. We parallelize the loop over the n,,
experiments. Because of the structure how the Jacobian is saved this is a straightforward
task. We use OpenMP [78]] to organize the scheduling. If we have to consider multi-
experiment interior point constraints, we compute the single summands in parallel and
sum them up afterwards. As shown in Section[6.2.1] the vector s” can be split up such that
the single blocks affiliate with one specific experiment.

Additionally, it is possible to parallelize the matrix factorization in Equation (6.40)) since
the transformation of the blocks of the single experiments do not affect each other.

6.2.4 The main algorithm

This section is concerned with the main algorithm which is implemented in PAREMERA
to solve parameter estimation problems by applying the reduced approach.

Algorithm 6.2.2. Main algorithm in PAREMERA

1. Set k := 0. Choose an initial guess (so, 90), an initial step length o and predefine a
termination tolerance TOL.

2. Compute uf, Els’i and Ele"i7 [=1,2,i=1,...,n. for all experiments as described

in Section

3. Solve

1 2

Ask
: e c
Ar;;ile 2 g <A9k> A

k
st 0=J5 (ﬁ&) +Ff

2

using the methods presented in Subsection[6.2.1]
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4. If k = 0, set oF = o otherwise determine the step length a* € (0, 1] applying the
RMT as presented in Section

S §k o [ Ask
gk+1 | = | gk to AGK |

6. If 05+ violates any parameter constraints, recompute the step length 0* applying
the bound check Algorithm from Section and update

K+l K i [ Ak

() = (3e) 2 ()
Ask
AB*

5. Update the iterate

< TOL

2
terminate, otherwise:

8. Setk:=k+1.Goto?2.

6.3 Test of the reduced approach by means of academic
application examples

In this section, we present the results for two academic application examples that are already
adequate enough to highlight the features of PAREMERA. The first is a 1D heat equation
with homogeneous boundary equations and the second one is a home run during a baseball
game where we have two model stages with a state dependent switching function.

6.3.1 Heat Equation

By means of the first application example, we highlight the advantages of the reduced
approach in computational time. We examine a 1D heat equation, see Evans [38]], on the
domain Q = [0,27] and the time interval ¢ € [0, 1]

Uy = 01Uy, (6.45a)
u(t,0) = u(t,2m) = 0, (6.45b)
u(0,x) = sinx. (6.45¢)

The initial value function is illustrated in Figure Here, u is an arbitrary function,
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Figure 6.1: Initial heat distribution.

usually referred to as the temperature. The parameter 0; is referred to as thermal diffusivity.
The exact solution is well known

0

u(t,x) = e " sinx.

We discretize with second order central finite differences with Ax = &5 and obtain
an ODE system with n, = 101 states. We measure the heat at x; = % and xp = 37” at
t € {0.25, 0.5, 0.75, 1.0}. The software package DAESOL by Bauer [8] is applied to
generate measurement data by integrating the ODE system with the thermal diffusivity set
to

6 =1.0

and adding Gaussian noise.

We compare the results of the parameter estimation for three different starting parameters
6? € {2, 10, 25} computed using the reduced approach implemented in PAREMERA with
the results of the parameter estimation software PARFIT. Here, we use the version that is
capable of exploiting multiple experiment structures, see [58]]. Both methods are callable
by the software package VPLAN by Korkel et al. [58]]. For both packages the integration of
the ODE system and the variational differential equations are evaluated by the previously
mentioned software package DAESOL. The computations have been performed on a 64-bit
computer with 4GB memory and an Intel®) Core2Duo with 2 x 2.8GHz. The results
are listed in Table For all starting parameters PAREMERA converges to the same
solution while PARFIT only converges for 610 ! — 2. This can be explained by the different
globalization strategies. In PARFIT, a first order Taylor approximation of the curvature
information (4.33)) is implemented. The computed step sizes for the generalized Gauss—
Newton iterations are too long and Gf ' i =2,3 becomes negative. No such thing as a
bound check routine is applied in PARFIT. For negative 8, Equation (6.43) does not have
a stable solution and the integration of the ODE system fails.

If we compare the computational time for one iteration, we see that PAREMERA is around
five to six times faster then PARFIT. In PARFIT, we have to evaluate 101 (= n,) variational
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PAREMERA PARFIT
6l =2  #of iterations 5 8
time per iteration  0.068 sec — 0.08 sec  0.304 sec — 0.388 sec
éll 0.996622 0.996266
residual 2.12034 2.12748
912 =10 # of iterations 8 3, abort
time per iteration ~ 0.068 sec — 0.1 sec  0.612 sec — 0.676 sec
6? 0.99662 no convergence
residual 2.12035 no convergence
913 =25 # of iterations 9 2, abort
time per iteration 0.068 sec —0.132sec  0.576 sec — 0.728 sec
913 0.996621 no convergence
residual 2.12035 no convergence

Table 6.1: Survey of the results.

differential equations more then in PAREMERA. For more complex models, this factor
will get even bigger. Thus, the application of the reduced approach is indispensable for an
efficient treatment of PDE constrained parameter estimation problems. The reason for the
differences in the computational time (0.068 up to 0.132 seconds for 910 3 = 25) between
the single iterations in PAREMERA is based in the stiffness of the system. For large values
of 6y, becomes very stiff and the step size for the simulation of has to be very
small. In Figure the measurement fits for Gf "3 _ 0.996621 are displayed. We see
that the model responses fit the data very well.

6.3.2 Home run

The second example, that we consider, is a pitch and the parabolic trajectory of a baseball
after the hit. Without loss of generality, suppose we are in Chicago at Wrigley Field to
watch a baseball game. The pitcher stands on the pitcher’s mound and throws a fastball
(a horizontal pitch). At the home plate, there is the batter who hits the ball perfectly and
scores a home run. We want to model that process.

For simplicity, we assume that the ball flies straight from pitcher to batter and straight over
the head of the pitcher after the hit. We end up with a 2D model. We model both curves by

89



6.3. APPLICATION EXAMPLES
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Figure 6.2: Data fit: The left figure illustrates the data and model response observed at

x = 7 and the right figure at x = 37”

a parabolic trajectory with friction, see Gerthsen et al. [42],

x(t) = Vx(l‘), x(t()) = X0, (6.46a)
1

V(1) = —2.—mbpa,-,chb4 JV2(1) +v2(1)ve(0), ve(to) = v, (6.46b)

y(t) = vy(t), ¥(t0) = Yo, (6.46¢)

. 1
vy(t) = —mpairchb\/V?c(f) + (v (t) =8, wylto) =W, (6.46d)

where my, refers to the weight of the baseball, p,;- denotes the density of air, ¢,, is the drag
coefficient of the ball, A; indicates the cross section area of the baseball and g represents
the gravitational acceleration We presume that the baseball is perfectly round.

We demand that the trajectory remains continuous, i.e., the end point of the pitch is the
starting point of the hit. At the moment, when the batter hits the ball, it changes its direction
and its velocity instantaneously. Since we do not know the exact velocity of the ball, we do
not know when the ball will reach the batter. Thus, we do not know when to switch. We
end up with a state dependent switching function. To overcome this difficulty, we separate
the two stages of the model into two processes (experiments) with free end time. The time
becomes an additional state variable
l
i'(f) = %tﬂ i=1,2, ie]0,1], (6.47)
where d' denotes the distance between the pitcher and the batter and the batter and the
outfield wall, respectively. We use the real distances of Wrigley Field, see Wikipedia
[101]. The distance from the center of the pitcher’s mound to the center of the home plate
is around d; = 18,29m (~ 60ft). The outfield wall at the center field is approximately
d?> = 121.92m (~ 400ft) away from the home plate. In addition, we have to transform
Equations by . 4
~ . t
e (¢(7)) = x(t)d—f.
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The continuity of the trajectory is assured by formulation (6.5]) of the multi-experiment
interior point constraints (6.1¢). We define

/1
rii= (X1 |, r(0) = | =5}
!

and add
2 ri=0 (6.48)

i=1,2

as an additional constraint to our problem. The variables s; are the initial states for
t2(0), x*(0) and y?(0) respectively.

We want to estimate three parameters. The velocity of the ball when it leafs the hand of
the pitcher at 7 I'= 0 is referred to as 6, while 6, and 65 denote the initial angle between
the trajectory and the ground and the norm of the velocity of the ball, respectively, when
the batter hits it at 72 = 0.

To solve the model, given by Equations (6.46)), we have to define initial values for the
states. Since we only know the norm of the initial velocity, we have to define a further
constraint which transforms the norm to the values of the velocity in both directions. This
can be done by the Pythagorean theorem

~ (6(3)-cos(6(2)) -5\ .
7= (a3 ot ) <O o

Similar to (6.48) the variables s} and s} are the initial values for v} and v} respectively. We
summarize the initial states
t'(0) =0, x'(0) = 60, v;(0) = 6y, y'(0) = 1.8, v};(0) =0,
2

2(0) = s, 22(0) = 5, 12(0) = s}, y2(0) = s}, 12(0) = s}.

We execute four measurements. We measure the velocity of the ball in x-direction at
i! = 1, when it reaches the home plate, the angle of the trajectory, namely parameter 6,, at
72 = 0 and the position of the ball at the end of the time horizon at 7> = 1. As in the first
application example in Subsection[6.3.1] we use simulated data so that the "frue” parameter

values are known

oF = —44.7" 65 =30°, 07 =40.27™. (6.50)
Ky S

Since this example should serve as a proof of concepts for the treatment of multi-experiment
interior point constraints, we show results for one starting set of parameters

09 = —60™, 89 = 90°, 69 = 60 (6.51)
s s
Additionally, we have to state initial values for the vector s”.

s =0.0, 55° = 0.0, 57° = 0.0, 57° = 10.0, s2° = 10.0. (6.52)
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Table 6.2:

92

b

0NN DN B~ W

Ne)

10
11
12
13

EQ LS INCREM RELAX RK
2.60188-10°  6.28593-107  1.23680-107 8.52-107° 3
2.60143-10°  6.28486-107  1.22168-107 1.59-107%2 3
2.52520-10°  6.15967-107 1.66937-10°  4.70-1072 3
2.31467-10°  5.75224-107  3.75492-10* 7.33-107%2 3
2.00022-10°  5.03770-107  2.18587-10* 1.76-107! 3
1.36901-10°  3.65040-107  4.34467-10* 1.0 3
3.71270-10>  5.01891-10°  1.85598- 1072 1.0 3
4.96001-102  6.09286-10°  6.01948 - 102 1.0 3
1.95987-10%  5.10551-10%  2.20908-10? 1.0 3
1.69509 - 10! 2.55719-10°  4.53835-10! 1.0 3

2.17587-10~1  2.87520-10' 8.74512-107"! 1.0 3

5.16637-10> 7.48120-10~' 2.17827-10~* 1.0 3

3.04598-10"!12 7.41757-10~! 1.18196-10~11 1.0 3

Progress of the parameter estimation. ”I”” denotes the current number of it-
erations, "EQ” is the squared violation of the multi-experiment interior point
constraints and the continuity conditions and ”LS” refers to the squared weighted
sum of the difference between measurement data and model response. “IN-

CREM” stands for the squared norm of the increment ((As*)”, (A6%)T) " and

”RELAX” identifies the step length oX. "RK” represents the rank of the block
E?® of the Jacobian.



6.3. APPLICATION EXAMPLES

Table [6.2] illustrates the output of PAREMERA. For the starting parameters (6.51) and
the initial guesses for s” (6.52)), the residual given by LS is very large. The violation of
Equations (6.48) and (6.49)) illustrated by EQ is substantial. As the iteration proceeds, the
residual and the violation of the constraints get smaller until we reach the minimum at

A

0, =—45.0162 4+ 0.450089 (1.00)%, (6.53a)
6, = 30.5034 +0.305034 (1.00)%, (6.53b)
0; = 40.4874+0.133590 (0.33)%, (6.53¢)

with given confidence intervals. Starting at iteration 6 on, the RMT suggests full steps
for the step length of the generalized Gauss—Newton method. Because we used simulated
data, we obtain the expected, very good result for the parameter estimation problem. For
completeness we state the final components of the vector s”

sf = 0.412403, sb = 6.6876- 1071, 5§ = 0.973991, s = 34.8839, s& = 20.551. (6.54)

It is easy to see that (6.54) fulfill the constraints (6.48) and (6.49). In Figure [6.3] we
display the resulting parabolic trajectory of the baseball with the estimated parameters
(6.53). We observe that the switch from the pitch (stage 1) to the hit and the subsequent
flight (stage 2) is continuous and that we have solved the parameter estimation problem
with state dependent switching function.
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A Parabolic trajectory of the baseball

pitch
hit

pitcher

batter
3 outfield wall

»
X

Figure 6.3: Fitted curve of the pitch and after the following hit. The picture of
the pitcher is taken form http://commons.wikimedia.org/wiki/File:
Baseball_pitch_release. jpg and is public domain, while the picture of
the batter can be found on http://commons.wikimedia.org/wiki/File:
Red_Sox_Yankees_Game_Boston_July_2012. jpg and was taken by Victor
Gigras and added to the Creative Commons Attribution.
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7 Numerical results for microbial
enhanced oil recovery

In this chapter, we apply the methods of optimum experimental design and parameter
estimation presented in Chapters [5|and|[6] respectively, to our model for microbial enhanced
oil recovery. We illustrate the procedure of sequential optimum experimental design and
explain the setup of the considered experiments. The procedure is applied to the model
of microbial enhanced oil recovery and numerical results are presented to conclude the
chapter.

7.1 Model equations for microbial enhanced oil recovery

In Chapter 2] we introduced a coupled model that is a combination of the black oil model
for two phase flow through porous media

V- (ug+ue) = —-V-LKVPy — V-1, KVD, =0, (7.1a)
(paaitw—qwz =V (fwta) =V -AL4KVD,,, (7.1b)
and the transport equations for bacteria, nutrients, gas and metabolites

% = =V (uyC) + ¢Sy (rg —rq)C — ke 9 Sy C, (7.2a)

g1 =/SwDx-VCr, (7.2b)

w = ¢V [CtDs-VSy]| + 9V - [ Swa'ql] (7.20)

— V- (uwCr) — ¢SwusreC,
—a<¢;;Cg) =~V (uCy) + q)SWug%, (7.2d)

q2 = \/SwDm - VCp, (7.2¢)

AO89C) _ 4y [CuDim - VSu] + 0V - |V/SuDn -2
ot
. (7.20)
— V- (ttyCr) — (I)Swum—; .
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7.2. SEQUENTIAL DESIGN AND PARAMETER ESTIMATION

Here, we apply the first order formulation presented in Section [3.1] We use the mixed
discontinuous Galerkin finite element method derived in Chapter [3|to transform the model
equation into the weak formulation. Additionally, we recall the modified Brooks—Corey
relations for the relative permeabilities

A So — Sor c
ko = k _ 7.3
) o (1 ~ Ser _ch) ) (7.3a)
A Sw — Swe v
krw = Kk - 7.3b
() o

and the growth term with the Monod equation

B c\’ Ce
re = (1 - (cmax> ) : Hmax (Ks+cf) (7.4)

since these expressions contain the four parameters we want to estimate. The parameters
are listed below

01 = co, 62 =y, 63 = Umax, 04 = Ks.

As mentioned in Section we consider one control variable, the inflow velocity g™,
that defines the Neumann-type boundary condition at the inflow boundary for the pressure
equation ([/.1a) and two control variables, namely the injected bacteria concentration
C™ and the injected nutrient concentration C%“ that specify the Dirichlet-type boundary
conditions at the inflow boundary for the transport equation of bacteria and nutrients
(7.2c)), respectively.

7.2 Sequential optimum experimental design and
parameter estimation

Experimental design problems depend on the current estimated parameter values. Due to
high nonlinearities, even small perturbations in the model may lead to inadequate results
of the optimum experimental design.

Korkel et al. [59] presented a procedure called sequential optimum experimental design and
parameter estimation that we want to apply to our model (7.1))—(7.2)). Thereby we design
experiments, execute them and estimate the parameters in a repeating order. By optimum
experimental design, we maximize the gain of information to successively improve the
quality of identified parameter values.

We proceed in the following manner, see also Figure[/.1|for a conceptional illustration.
Algorithm 7.2.1. Sequential optimum experimental design

1. Start with an initial guess for the parameters 6° and set k := 1.
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7.3. EXPERIMENTAL SETUP

2. Plan n’gx new experiments in consideration of all already executed experiments and
the current set of parameters 0.

3. The n’éx are executed either in the laboratory or at the computer to produce measure-
ment data.

k
4. Estimate the parameters for all Z ney experiments. Use 0K as starting value.
i=1

5. If a predefined convergence criterion on the variance—covariance matrix is not
fulfilled, set k := k+ 1 and go to step 2.

| Optimum experimental design

parameters controls
Parameter estimation | | Execution of experiments
measurements

Figure 7.1: Scheme for sequential optimum experimental design.

7.3 Experimental setup

In Figure|/.2] we illustrate the experimental setup. In the middle, we have a core sample
that is fixed in a core holder. The core holder controls the temperature around the core. A
dosing system is connected to the bottom of the core. It controls the inflow velocity and
the injected concentrations of the bacteria and the nutrients. A collecting vessel is attached
to the top of the core. It collects the outflow which can be measured. By ports at the side
of the core we can execute some additional measurements from inside the core. We do
not use a core sample from an oil reservoir but a tube filled with glass beads; a so called
sandpack. Sandpacks have the advantage that we know the properties, e.g., the shape of
the pores, the porosity ¢ and the permeability K, very well since the dimensions of the
glass beads of known exactly.

One sandpack experiment contains the following steps, see Kogler [57]. In the beginning,
the sandpack is soaked with oil up to the connate water saturation. We inject water into
the sandpack over a predefined time interval. This phase is called initial water flood.
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7.3. EXPERIMENTAL SETUP

Collecting
Vessel

Core Holder

Dosing
System

I—I By-pass

Figure 7.2: Setup of a sandpack experiment.

Afterwards, the bacteria inoculation starts. A water mixed with bacteria and nutrients is
injected followed by an incubation phase which lasts a few days. Subsequently, the bacteria
are stimulated again by a first nutrient injection. Then, after an additional incubation phase,
a second nutrient injection follows. The sequence is completed by a final water flood.
During the whole process, the difference of the pressure between the top and the bottom
of the sandpack is measured at specified time points as well as the recovered oil. As
mentioned above, the core holder has ports at its side that allow the sampling of the water
phase from inside the sandpack to measure bacteria, nutrients or metabolite concentration.
The three quantities may also be measured at the outflow boundary of the sandpack. Figure

i"‘tz “tB

i

Figure 7.3: Sandpack experiment during the initial water flood at different, unspecified
time points. Copyright: Felix Kogler, Wintershall Holding GmbH, EOT/R.

shows the chronological progress of a sandpack experiment for the initial water flood.

Definition 7.3.1. A sequence consisting of the above described parts is called experiment.
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7.4. RESULTS FOR THE MEOR MODEL

7.4 Results for the MEOR model

In this section, we exemplarily execute two cycles of the sequential optimum experimental
design and parameter estimation presented in Section Again, we assume that there is
no capillary pressure. All computations are done using simulated data, i.e., we know the
“true” parameters from the beginning.

The “true” parameters are set to

o =2.0, ey = 1.6, umax = 8.3, Ks = 0.06. (7.5)

7.4.1 First parameter estimation

Assume that the experimenters have executed one experiment which provides a set of
measurement data. We consider a sandpack experiment as described in Section|/.3| without
incubation. We examine a one-dimensional bounded domain Q = [0,31]. The time interval
is settor € [0,24].

The inflow rate ¢™ is constant over the whole time interval
g™ = —0.212758715, t€[0,24],

and the inflow concentrations of the bacteria and the nutrients are piecewise constant. The
temporal profile of both control functions is depicted in Equation ((7.6))

0.0, te[0,13.5],

0.0, te[0,13.5], 0.05, te[13.5,16.5],

c"={ 001, re(13.5,165], C"=1{ 0.08, re(16.5,19], (7.6)
0.0, te(16.5,24], 0.05, te(19,21.5],
0.0, te(21.5,24.0].

Similar to the 2D example from Section the initial water saturation is set to S = 0.079
and the initial concentration of the bacteria, nutrients, gas and metabolites are set to zero.
The injected saturation of the water phase is set to S = 0.95 and the pressure at the outflow
boundary is equal standard pressure.

In Section we described different methods to observe the process. We consider four
types of measurements. We measure:

1. hy : the difference between the bottom and the top of the sandpack, also referred to
as the pressure gradient at time points

te{1,2,3,4,5,6,7,8,9,10,11,12,13,15,16,17, 18,19,20,21,22,23,24},

2. hy : the volume of recovered oil at time points

te{1,2,3,4,5,6,7,8,9,10,11,12,13,15,16,17, 18,19,20,21,22,23,24},

99



7.4. RESULTS FOR THE MEOR MODEL

3. hj3 : the concentrations of bacteria, nutrients and metabolites inside the sandpack
through a port at x = 5 at time points

te{17,18,19,20,21,22,23,24},
4. hy : and the concentrations of bacteria, nutrients and metabolites through another
port at x = 25 at time points
t€{20,21,22,23,24}.
This sums up to 85 measurements. Note, the concentrations of bacteria, nutrients and
metabolites, respectively can not be measured separately.

The fixed model parameters are listed in Table For the choice of the starting values

]’%I'O lA{r W K I:lO ;[lW .u'g .um S 1o SWC d)
1.18 0.39 1047 4217 1.18 0.02 20.10 0.05 0.037 0.399

0.05 025 0.0 05 045 0.05 3.0 1.0

Table 7.1: Parameter settings

6° of the parameter estimation problem, we pretend that we have only a rough idea of the
region where the true parameters are located. The two exponents ¢, and c,, of the modified
Brooks—Corey relation for the relative permeabilities have to be greater than zero.
The same holds for the maximum growth rate Umax of the Monod kinetics while the
half rate constant Kg is to be found in the interval [0, 1].

Following these argumentations, a reasonable guess for the starting values of the parameters
that we want to estimate is

A2=1.0 2 =10, u,, =10, KJ=0.01.

The progress of the parameter estimation algorithm is presented in Table We see that
the Jacobian has full rank (RK) for all iterations, i.e., the four parameters are identifiable
by the measurements. The least-squares functional (LS) is decreasing until we reach a final
residual 88.5235 for the 85 measurements. The step length per iteration is shown in the
column RELAX. We start relatively far from the solution so in the beginning the step length
is small. While the algorithm advances the step length increases up to full step close to
solution.

We obtain the following values for the vector of estimated parameters

¢o =2.16745 +0.20019 9.24%, (7.7a)
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I LS INCREM RELAX RK
1 1.23201-10° 1.00367-10° 3.16-107° 4
2 1.22721-10° 1.00435-10° 1.00-10°! 4
3 9.36348-10° 6.62681-10*> 1.00-10°! 4
4 7.69562-10° 7.06049-10! 2.87-107! 4
5 4.29877-10° 7.47752-10° 3.16-10°! 4
6 2.60316-10° 4.71281-10° 1.0 4
7 5.82880-10% 1.63041-10! 1.0 4
8 2.54705-10* 8.92830-10! 1.0 4
9 4.71851-10° 8.68825-10° 9.64-10°! 4
10 3.42004-10° 4.27387-10° 1.0 4
11 3.50423-10% 2.53653-10° 1.0 4
12 1.15375-10> 1.05841-10° 1.0 4
13 8.91391-10' 1.85997-10~2 1.0 4
14 8.85252-10! 1.17253-10¢ 1.0 4
15 8.85235-10! 2.65125-10~7 1.0 4

Table 7.2: Progress of the first parameter estimation run. The headers of the table are the

same as in Table @
éw  =1.59567 +0.00930518  0.58%, (7.7b)
flmax = 8.29163  +0.455538 5.49%, (7.7¢)
Ks =0.0598582+0.000120482 0.20%. (7.7d)

All four estimated parameters are good fits for the true parameters (7.3). The standard
deviation for ¢, is comparatively large with around nine percent. The standard deviation
of ¢y and Ky is very small (lower than one percent). Nevertheless, Kg does not lie in the
computed confidence interval. This can be explained by the fact that we compute a first
order approximation of the confidence interval and the model responses depend on the
parameter Kg in a nonlinear way.

Figure|/.4|illustrates the fits of the different model responses to the data. There are eight
subplots one for each model response. The gray lines refer to the different model responses
and the black bars depict the executed measurements with corresponding error bars. Line
by line from the top left to the bottom right we have the model responses and measurement
values of the pressure gradient, the recovered oil, the bacteria concentration at x = 5 and at
x = 25, the nutrient concentration at x = 5 and at x = 25 and the metabolite concentration
at x = 5 and at x = 25.

We deduce that the model describes the process quiet well but that the model responses
do not hit all error bars. Especially for the subfigure in the top left corner we see that not
all measurements are fitted satisfactorily in a desired manner which is probably caused by
the measurement value of the pressure gradient at # = 15 that obviously possesses a large
measurement error.
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nutrient concetration bacteria concetration pressure gradient

metabolite concentration
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Figure 7.4: Data fit for the first experiment after the first parameter estimation.
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7.4.2 Design of additional experiments

We plan a second experiment to shorten the length of the linearized confidence intervals
of the estimated parameters. In words, we try to find experimental settings such that
the information gain is maximized with respect to a criterion on the variance—covariance
matrix as presented in Section[5.1]

Therefore, we define bounds for the controls according to physical, biological and practical
reasons, see (5.3). The inflow velocity has to be chosen out of the interval

g™ € [-0.5,0.0].

We assume the control functions, i.e, the injected bacteria and nutrient concentrations, to
be piecewise constant and define four switching points at

te{13.5,16.5,19.5,21}.

For the control functions, we define interval-wise constraints

cn_ [ [00,00], r€[0,135], [ [00,00], re[0,135],
[0.0,0.05], else, [0.0,0.1], else.

Additionally, we define bounds on the measurements weights, see (5.2), since we do not
want to measure as often as in the first experiment. The possible time points for each
measurement stay the same as in the first experiment. We denote the weights corresponding
to the measurement functions defined in section by w;, j=1,...,4 and state the
bounds for the sums of each measurement weight

24 _ 24 ' 8 . 5 '
diwi =12, Y wh=12, wh=4, > wi=3 (7.8)
i=1 i=1 i=1 i=1

where w’, € {0,1}, j = 1,...,4 for all time points.

For the computations, we have to relax the integral constraints for the measurement
weights .
wiel0,1], j=1,....4.

Afterwards, we use rounding strategies to retransform the measurement weights to integrity.
For an overview of different strategies, we refer to Korkel [58]].

We use the A-criterion as information function on the predicted variance-covariance matrix
and include the first (fixed) experiment as suggested in step 2 of algorithm[7.2.1] In VPLAN,
the computation of multiple experiments can be done in parallel such that the evaluation of
the Jacobians for each experiment requires almost the same computational time as for a
single experiment.

The results for the controls of the optimum experimental design problem are listed in
Equation (7.9)

g™ = —0.126884, 1€ [0,24], (7.92)
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( 0.0, r€[0,16.5],
i« | 7.08635-107°, te(16.5,19],
€= 0.000687064, 1e[19,21.5) (7.95)
0.000155375, 1 e (21.5,24].
0.0, re[0,13.5],
| 0.0104577, 1€[13.5,16.5],
¢ = {0 0.0311397, re(16.5,19), (7.9¢)
0.0160987, 7€ (19,21.5],
| 0.0649456, ¢ (21.5,24].

The first thing to notice is that the inflow velocity is reduced drastically. In comparison to
the first experiment, ¢' is almost halved. This leads to the conclusion that a slower inflow
velocity is more suited to estimate the exponents of the modified Corey—Brooks model
(7.3). Furthermore, the sequences of bacteria and nutrient injections are rearranged. We
start the injection of the nutrients at r = 13.5 before any bacteria have been injected. Thus,
the sandpack is filled with nutrients and the bacteria are able to start growing immediately.
Bacteria are injected from ¢ = 16.5 until the end of the time interval with three different
relatively low concentrations. There is no final water flood for the designed experiment. A
reason for this might be to increase the growth inside the sandpack. Nutrients are injected
also until the end of the experiment with varying concentrations.

As constrained in Equation (7.8)), we end up with 12 measurements for the pressure gradient
and the recovered oil both at the same time points

re{7,8,11,12,13,15,16,18,21,22,23,24}.

The concentrations of the bacteria, nutrients and metabolites at x = 5 are measured 4 times
at
t€{21,22,23,24},

and for the concentrations at x = 25 we measure at
te{22,23,24}.

The measurement weights at the given time points already fulfill the integrity condition.
Thus, no round strategy has to be applied.

In Table we show a comparison of the A-criterion and the relative confidence intervals
for the first experiment and for both experiments. The third column shows the difference
between both values. The A-criterion has been improved by 99 percent. The relative radius
for the first parameter, that has been the largest after the first parameter estimation with 9
percent, is reduced significantly to around 2 percent. All other relative radii are smaller
than 0.5 percent which implies a significantly enhanced estimation for the parameters.

In Figure we illustrate the two dimensional projections of the four dimensional
confidence ellipsoid, i.e., the linearized 95%-confidence region, see Theorem The
projections are moved to the origin by
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Figure 7.5: Projections of the four dimensional ellipsoid of the linearized 95%-confidence
regions for the first (gray) and for the first and the second optimized (black)
experiment. Computed at the solution of the first parameter estimation run

(7.7)
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first experiment plus second experiment error

A-criterion 0.0619034 0.000557845 0.061345555
0,/6; 0.0924 0.0210 0.0724
©,/6, 0.0058 0.0006 0.0052
03/6; 0.0549 0.0013 0.0536
©4/64 0.0020 0.0003 0.0017

Table 7.3: Comparison of relative radii of the confidence intervals for parameters (7.7)).

In the next section, we use the designed experiment to compute a new estimate for the
true parameters ([7.5)).

7.4.3 Second parameter fit

Assume that the experiment designed in Section has been executed by an experimenter
and that corresponding measurement data have been produced. We start the parameter
estimation with the results from Section

A =2.16745 0 =1.59567 ul. =8.29163, KJ =0.0598582.
Table shows the progress of the algorithm. We start with the minimal step size and

I EQ LS INCREM RELAX RK

1 0.0 1.53846-10*> 5.26800-10~3 107! 4
0.0 1.52648-10* 4.25822.1073 1.0 4
3 0.0 1.47534-10% 2.48207-10~7 1.0 4

Table 7.4: Progress of the second parameter estimation run for both experiments

switch to full step afterwards. The residual goes down to 147.534 for 130 measurements.
Since we start close to the true parameters, the increment is small from the beginning.
After three iteration the algorithm stops in the solution

Co =2.09652 +0.0583926 2.79%, (7.10a)
Cw =1.59911 +0.00679002 0.42%, (7.10b)
fmax = 8.30356  +0.0114448 0.14%, (7.10c)
Ks =0.0599189+6.10991-107> 0.10%. (7.10d)

In Figures and we show the model responses fitted to the measurement data for
the first and the second experiment respectively. The order of the subplots is the same as
in Figure We obtain good fits of the measurement data for both experiments and the
model is validated.
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Figure 7.6: Data fit for the first experiment after the second parameter estimation.
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Figure 7.7: Data fit for the second experiment after the second parameter estimation.
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8 Conclusions and Outlook

In this thesis, we have developed an efficient and structure exploiting numerical method
based on multiple shooting to solve PDE constrained parameter estimation problems. By
coupling the evaluation of the Jacobian and the subsequent condensing, we reduce the
number of derivatives to the minimal number and, thus, the numerical effort is reduced
drastically. We have implemented this approach in the new software package PAREMERA
and have illustrated the applicability on parameter estimation problems constrained by
partial differential equations as well as the efficiency and the reliability of the presented
methods by means of two academic application examples.

We have specified a model for microbial enhanced oil recovery (MEOR) and the extended
IMPES method, an efficient and robust numerical simulation method for MEOR processes.
Using this method, we are able to produce simulation results for numerous combinations
of parameters, control variables, control functions and boundary values.

To our knowledge, this is the first time that optimum experimental design (OED) and
parameter estimation have been successfully applied to MEOR problems. This has been
done by the evaluation of the derivatives with algorithmic differentiation and solving
the variational differential equations which has never been done before for this kind of
problems.

In line with this work, we implemented a simulation software using the finite element
library deal.ii where we solve the nominal model and evaluate the first order derivatives
with respect to the model parameters, the control variables and the mixed second order
derivatives.

Our research induces several tasks for future studies. We conclude this thesis with a list of
the major issues:

Extension of the model. We have developed a model that covers the main effects of the
microbial enhanced oil recovery process, but it still may be extended by other components.
One point would be to neglect the assumption that the gas is solved in the oil phase and to
consider a third phase and in this context to assume that the phase densities may vary over
time. It would be worthwhile to include further effects of the bacteria such as the reduction
of interfacial tension or plugging effects. Additionally, we could drop the homogeneity
assumption for the sandpacks. Approaches may be found in Maudgalya [71] and Nielsen
[76].

Numerical simulation methods. The IMPES method is widely used in reservoir engineer-
ing but because of its restrictive constraints for the time steps it is comparatively slow.
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Especially for the evaluation of second order derivatives for OED the computational effort
is comparatively large. Thus, an improved parallelization strategy or the development of
suitable fully implicit methods is needed. Another possible enhancement is the application
of methods for error estimation and mesh adaptivity.

Model validation. To rate the quality of the model, it is necessary to fit the model equation
to measurement data obtained for real experiments executed in the laboratory. This should
be tested as a next step.

Parameter estimation with inequality constraints. So far it is not possible to consider
inequality constraints for the parameter estimation with PAREMERA. Therefore, the adap-
tation of a trust-region method for the determination of the step length for the generalized
Gauss—Newton algorithm is needed.
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9 Erratum et Addendum

9.1 Numerical simulation of microbial enhanced oil
recovery

After the finalization of the thesis, I discovered that there was a serious mix-up in the
Lagrange finite elements stated in Chapter [3] Denotation and description do not match at
all. Furthermore, the stated spaces do not match the polynomials used in all numerical
simulations. The spaces therefore have been changed in Section 3.1

In the original version, the incorrect polynomial spaces

Q1(T;) = span{1},
02(Ty) = span{1,x;,x,}

have been stated where the correct polynomial spaces

Qo(Ty) = span{1},
Q1(T,) = span{1,xy,x2,x1x2}

have been used in the numerical simulations. Thus, the presented results are correct.
Accordingly, the ansatz spaces have been adjusted in Section [3.1]

9.2 Efficient parameter estimation

In Section we compared the numerical results of an academic parameter estimation
problem containing the heat equation computed with PAREMERA and PARFIT. We
applied both algorithms to three different starting parameters. Although, the results
are correct, they are not well suited to show the advantages of the reduced approach
implemented in PAREMERA.

It is more convenient to compare the results for different discretizations Ax = { %5, 5%, 255
corresponding to 101,501 and 1001 states and only one starting parameter 9{) =2. Al
other settings of the application example remain unchanged. Subsequently, the numerical
results for the three scenarios are given.
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9.3. NUMERICAL RESULTS FOR MICROBIAL ENHANCED OIL RECOVERY

states PAREMERA | PARFIT

101 # iterations 5 8
time per iteration 0.08 sec 0.388 sec

501 # iterations 4 8
time per iteration 1.54 sec 18.31 sec

1001 # Iterations 4 8
time per iteration 8.03 sec 157.9 sec

Both algorithms converge on the solution ;" = 1.0. As we see, with increasing number of
states the computational effort for the regular parameter estimation approach implemented
in PARFIT increases exponential while the effort for the reduced approach increases only
linear. Thus, the advantage in computation time is highlighted better.

9.3 Numerical results for microbial enhanced oil recovery

In section [/.4.2] we illustrated the two dimensional projections of the four dimensional
confidence ellipsoid for one intuitive experiment and one intuitive plus one designed
experiment. Obviously, two experiments, and thus more meausrement values, are better
then one experiment to fit parameters. Especially, if the single experiment is a subset of
the two experiments.

In Figure 9.1 we show the projections for two times the intuitive experiment compared to
the intuitive plus the designed experiment. We still observe a significant improvement in
the fit. But the enhancement is smaller than before.

9.4 Typos

Additionally, some smaller typos have been corrected across the entire document.
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9.4. TYPOS
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Figure 9.1: Projections of the four dimensional ellipsoid of the linearized 95%-confidence
regions for the two times the intuitive (gray) and for the intuitive plus the
designed (black) experiment. Computed at the solution of the first parameter
estimation run ((7.7))
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