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Nichtlineare Strukturentstehung in Standard- und
Nichtstandardkosmologien
Diese Arbeit beinhaltet Forschung über zwei Themen aus dem Bereich der kosmolo-
gischen Strukturentstehung auf großen Skalen. Ein Teil untersucht die Bildung von
Neutrinoklumpen in “Growing Neutrino Quintessence” (GNQ), einem Model für die
Dunkle Energie. Hierfür werden N-body-Simulationen mit relativistischen Teilchen
und nichtlinearen skalaren Feldgleichungen benötigt. Die Bildung von Klumpen wird
von einer Kopplung zwischen den Neutrinos und einem skalarem Quintessenzfeld
verursacht. Die Neutrinoklumpen erzeugen Rückwirkungseffekte, die möglicher-
weise GNQ als Model für die Dunkle Energie disqualifizieren. Wir untersuchen ob
trotz der Rückwirkungseffekte eine realistische Kosmologie möglich ist. Für eine
konstante Kopplung ist dies schwer zu realisiren, während wir für eine variierende
Kopplung eine realistische Kosmologie finden. GNQ kann mithilfe von kosmologis-
chen Beobachtungen über den Nachweises der Gravitationspotentiale der Klumpen
getestet werden. Der andere Teil untersucht effektive Flüssigkeiten als Modelle für
die gewöhnliche Strukturentstehung von Dunkler Materie. Diese Modelle zielen
darauf ab Störungsmethoden zu verbessern, indem über kleine Skalen gemittelt
wird und Informationen über die Nichtperturbative Dynamik auf kleinen Skalen aus
Simulationen entnommen wird. Dabei garantiert eine Renormierungsprozedur, dass
physikalische Größen unabhängig von der Mittelungsskala sind. Wir untersuchen
die Konsistenz der Renomierungsprozedur mit der Galilei-Invarianz der Theorie.

Non-linear structure formation in standard and non-standard
cosmology
This thesis comprises research on two topics of cosmological non-linear structure
formation. One part investigates the formation of neutrino lumps in the Dark Energy
model Growing Neutrino Quintessence (GNQ). Therefor N-body simulations with
relativistic particles and non-linear scalar field equations are required. The formation
of lumps is caused by a coupling between the neutrinos and a scalar Quintessence
field. The neutrino lumps induce backreaction effects, possibly invalidating GNQ
as a Dark Energy model. We investigate if despite the backreaction effects a real-
istic cosmology is possible. For a constant coupling this is hard to realize, while
we find a realistic cosmology for a varying coupling . GNQ can be tested with
cosmology by detecting the gravitational potentials of the lumps. The other part
investigates effective fluid models for ordinary structure formation of Dark Matter.
These models aim at improving perturbative methods by averaging over small scales
and taking the information on the non-perturbative dynamics on small scales from
simulations. Thereby, a renormalization procedure ensures that physical quantities
are independent of the arbitrary smoothing scale. We investigate consistency of the
renormalization procedure with the Galilean Invariance of the theory.
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1Introduction

When talking about cosmology one usually talks about the expansion history of the
universe, about its composition, and asks questions like: How much Dark Matter
(DM) is there? And how much Dark Energy (DE)? All this refers to the overall
cosmology, or as cosmologists say to the homogeneous background cosmology.
However, to learn about the background cosmology observations of fluctuations and
structures are crucial. Primarily, of course, the small temperature fluctuations in the
cosmic microwave background (CMB), as first observed by the COBE satellite [1],
but also the large-scale structure (LSS), i.e. the matter distribution in the universe,
yields valuable information about the cosmic history. While the small temperature
fluctuations in the CMB can be described by (simplified) linear equations, describing
structure formation via gravitational collapse requires to solve non-linear equations.
Needless to say, this is much more difficult. During the early stages, i.e. at early times
and on large scales, one can use perturbation theory to calculate corrections to the
linear dynamics, but to follow the formation of structures also on small scales one
has to use simulations. From simulations of structure formation a lot of knowledge
about the process could be gathered: DM virializes and forms gravitational bound
structures, so called halos. Within halos a sub-structure with sub-halos exist, in
which galaxies can form. All this happens hierarchically, i.e. small scales collapse
first and the first halos are formed, these halos merge to form larger halos.

Although the technology evolved, simulations are still to slow to scan different
cosmological models as required for a comparison with observational data. Suitable
(semi-)analytical tools may allow to scan different cosmological models much faster.
Effective fluid approaches to cosmological structure formation are one possibility,
recently they attracted a lot of attention in form of the effective field theory of
large-scale structure (EFToLSS) [2]. These hybrid approaches use insights into the
dynamics of non-perturbative small scales obtained from simulations in order to
improve achieve a higher accuracy of perturbative calculations on large scales and to
extend their validity to smaller scales. In publication 3 we investigate the consistency
of such models.

The publications 1 and 2 explore Growing Neutrino Quintessence (GNQ) as a
possible Dark Energy (DE) model, i.e. as an explanation for the observed accelerated
expansion of the universe. Due to a fifth attractive force between neutrinos, they
cluster to form large structures, called lumps. In GNQ lumps can induce strong
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backreaction effects on the cosmological background. Therefore, understanding
structure formation in GNQ is not only important in view of future tests, but also to
explore the viability as a DE model.

The outline for the thesis is as follows.

Section 1.1 sets the stage. Here the dynamics of a homogeneous and isotropic
cosmos is reviewed and the notation is introduced. Furthermore, a brief overview
over cosmic perturbation theory is given.

In section 1.2, we briefly review the dynamics of gravitational instability, responsible
for the formation of the observed structures. We then describe the standard perturba-
tive approach (SPT) and the numerical approach, via so called N-body simulations,
to structure formation. Understanding the formation of neutrino lumps in GNQ only
requires mild modifications to this picture.

In section 1.4, we describe the motivation for exploring alternative DE models.
Furthermore, we describe the homogeneous limit of GNQ. We briefly discuss neutrino
structures and how they differ from standard gravitational bound structures.

The sections 2, 3 and 4 contain the publications. Publication 1, “Nonlinear grow-
ing neutrino cosmology”, can be found int section 2. In Section 3 publication 2,
“Backreaction in Growing Neutrino Quintessence” can be found. Publication 3,
“Renormalizing a viscous fluid model for large scale structure formation”, can be
found in section 4.

In section 5 we give a brief summary of the obtained results together with a conclu-
sion and a discussion of possible future research directions.

1.1 The cosmic history

This section briefly reviews the cosmological standard model. The focus thereby
lies on introducing the notation and concepts required to understand the rest of
the thesis. The interested reader can find more details in text books on modern
cosmology e.g. [3, 4, 5] or on General Relativity e.g. [6, 7].

Modern cosmology is build on two pillars: General Relativity (GR) as the theory
of gravity and the homogeneity and isotropy of the universe. GR provides the
mathematical framework, determining the space-time in which all matter in the
universe lives. As a consequence of the weak equivalence principle is GR invariant
under diffeomorphisms, i.e. invariant under arbitrary coordinate transformations.
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The central quantity is the metric of the space-time gµν . The metric is connected to
the matter by the Einstein equation

Gµν + Λgµν = 8πGTµν . (1.1)

The two constants are the Gravitational constant G and the cosmological constant
(CC) Λ. On the left hand side the Einstein tensor is defined as Gµν = Rµν − 1

2gµνR.
The Ricci scalar R = Rµµ and the Ricci tensor Rµν = Rλµλν are contractions of
the Riemann curvature tensor Rλµνσ = Γλµσ,ν − Γλµν,σ + ΓρµσΓλρν − ΓρµνΓλρσ, where the
Christoffel symbols are given by Γλµν = 1/2gλσ (gσµ,ν + gσν,µ − gµν,σ). The source Tµν
is the matter energy momentum tensor. The energy momentum is most conveniently
derived form the action

S[gµν , ψ] = SEH[gµν ] + Sm[ψ, g] = 1
16πG

∫
d3x
√
−g (R− 2Λ) + Sm[ψ, g], (1.2)

with g = det (gµν). Sm is the action of the matter fields, denoted by Ψ. Varying
the Einstein-Hilbert action SEH with respect to the metric yields the Einstein tensor.
Varying the matter action yields the Energy-momentum tensor

Tµν = − 2√
−g

δSm

δgµν
. (1.3)

Conversely to matter determining how the space-time is curved, the space-time
determines how matter moves in it. For example, in the absence of other forces
classical particles follow geodesics, determined by the geodesic equation

duµ

dη
+ Γµνλu

νuλ = 0, (1.4)

where uµ = dxµ/dη is the four-velocity of the particle and η is the proper time.

The second pillar is the homogeneity and isotropy of the universe. Testing homogene-
ity and isotropy directly is difficult if not impossible, but the cosmological standard
model based on the assumption of homogeneity and isotropy has so far passed all
tests: Therefore homogeneity and isotropy are fair assumptions. The metric of of a
homogeneous and isotropic universe is the Robertson-Walker metric

ds2 = gµνdx
µdxnu = −dt2 + a2(t)

(
dr2

1− kr2 + r2
(
dθ2 + sin2(θ)dφ2

))
. (1.5)

Here, k denotes the curvature of spatial hypersurface (t = const.). They can be
flat k = 0 or curved with positive (negative) curvature corresponding to a closed
(open) universe. All observations point towards a flat universe, which is assumed
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in the following. The (cosmic) time dependent function a is the scale factor, whose
dynamics is determined by the Friedmann equations

H2 = 8πG
3 ρ̄− k

a2 ,

ä

a
+ 1

2H
2 = −4πGp̄− k

2a2 , (1.6)

where the Hubble parameter is defined as H = ȧ/a. The CC has been absorbed into
the homogeneous (energy) density ρ̄ = −T̄ 0

0 → ρ̄+ 3Λ/(8πG) and the homogeneous
pressure p̄ = T̄ ii /3→ p̄− 3Λ/(8πG). Combining the two equations 1.6 one obtains
the continuity equation, expressing the conservation of energy

˙̄ρ+ 3H (ρ̄+ p̄) = 0. (1.7)

In the case of several non-interacting species the individual energy densities are
conserved, i.e. one copy of equation 1.7 holds for each species.

Before discussing the matter content of the universe a few remarks on the homo-
geneity are in order. In section 1.1.4 a more detailed discussion will follow. Clearly
the universe is not homogeneous, as for example the existence of black letters on a
white background proofs. But the distribution of matter in the universe is statistically
homogeneous and isotropic such that on larges scales the universe can be considered
as being homogeneous and isotropic. The standard treatment of deviations from
homogeneity and isotropy is to use the Robertson-Walker metric as a background
and add small metric fluctuations to account for the inhomogeneities, see section
1.1.3.

1.1.1 The cosmic inventory

The evolution of the scalar factor depends on the matter content of the universe. To
get some feeling on how the matter content effects the evolution of the universe, we
first consider a universe containing only one species. It is convenient to define the
equation of state parameter as

w = p̄

ρ̄
. (1.8)

For many species one has w = const., but even if this is not the case, w still provides
useful information about the expansion of the universe. In the case of a constant
equation of state, one finds for the energy density as a function of the scale factor

ρ̄ ∝ a−3(1+w). (1.9)
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For w > −1 the energy density decreases, while for w < −1 it increases. The latter
violates the Null Energy Condition (NEC). For matter respecting the NEC Tµνn

µnν ≥
0 holds for any light like vector nµ, i.e. for any vector satisfying gµνn

µnν = 0.
Constructing a healthy theory violating the NEC is difficult. w < −1 will not be
considered in the following. If w > −1, two cases are of special interest. First, dust
or non-relativistic matter with w = 0: in this case the energy density is simply diluted
with the expanding volume, hence ρ̄ ∝ a−3. Second, radiation or relativistic matter
with w = 1/3, which looses in addition to the growing volume energy as a−1 by the
gravitational redshift, hence ρ̄ ∝ a−4. For the special case of w = −1 one finds a
constant energy density, which corresponds to the CC. Consider now the Friedmann
equations 1.6 and combine them to

ä

a
= −4πG

3 (ρ̄+ 3p̄) . (1.10)

From this equation one can read off that for w > −1/3 the expansion of the universe
is slowed down, this is in particular the case for dust and radiation. For w = −1/3
the universe expands with a constant speed. For w < −1/3 the expansion of the
universe is accelerated, this includes in particular the CC.

Most of the preceding arguments about the expansion of the universe remain true if
the universe is populated by several species. In this case, it is useful to quantify the
amount of energy each species contributes to the total energy budget in terms of the
critical energy density, defined as

ρcrit = H2

8πG. (1.11)

Now, the energy density ρi of one species can be specified in units of the critical
density, via

Ωi ≡ ρ̄i/ρcrit. (1.12)

In a flat universe the total energy density equals the critical one. The Ωi measure
then the fraction each species contributes to the total energy of the universe. In
the following we will briefly discuss the most important species populating the
universe.

Baryons In cosmology the term baryon refers to “ordinary” matter, like protons,
neutrons, electrons. . . Baryons are luminous, by observing stars and galaxies we
observe the distribution of baryons in the universe. For most of the cosmic history
baryons are non-interacting; only before recombination, see “Photons”, their interac-
tion with photons is relevant. Baryons have non-relativistic velocities v � 1, so their
pressure p ∼ ρv2 is negligible and we have w = 0. Although baryons are everywhere
in our daily life, only around 5% of the total energy of the universe is baryonic.
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Dark Matter Most of matter in the universe is made of an unknown matter species,
ΩDM ∼ 0.25, dubbed Dark Matter (DM). Although DM particles have so far not been
observed directly, they must be non-relativistic and non-interacting, otherwise DM
would not be able to form structures and attract baryons to form galaxies and stars.
Evidence for the existence of a non-luminous matter species comes from different
astrophysical length scales, see e.g. [8]. Also cosmological observations, as the
measurement of the Cosmic Microwave Background (CMB), see “Photons”, have
confirmed the existence of Dark Matter.

Photons Today, photons only make a very small fraction of the total energy density
of the universe, Ωγ ∼ 10−5, but as radiation their energy density decreased faster
than the one of matter, so the universe was radiation dominated in the past. In the
early universe photons were interacting with protons and electrons. At a scale factor
around arec ∼ 10−3 the temperature of the universe dropped below Trec ∼ 345 eV
so that electrons got captured by protons, the process is known as recombination.
The universe became opaque for photons, which can be observed today as the CMB.
Acoustic oscillations in the photon-electron-proton plasma before recombination
got frozen. They are imprinted in the CMB and are observed in the temperature
fluctuations of the CMB [9, 10]. Their amplitude and angular scale provides im-
portant information on the composition of the universe at recombination. Note
that these acoustic oscillations are also imprinted in the matter distribution. They
can be observed in the matter correlation function in form of the Baryonic Acoustic
Oscillation (BAO) peak, located at a characteristic scale.

Neutrinos Similar to photons, neutrinos contribute only little to the energy budget
of the universe today, Ων ∼ 10−3-10−2, the precise number depends on the unknown
neutrino masses. But they were important at earlier times. The observation of
neutrino oscillations has proven that at least two of the three neutrino species are
massive. Together with measurements of the beta-decay endpoint spectrum the sum
of the neutrino masses can be constrained to lie in the range [11]

0.06 eV .
∑
i

mi

∑
. 6 eV. (1.13)

Due to the small mass they act as radiation in the early universe, but are non-
relativistic in the late universe and participate, as hot dark matter, in structure
formation. However, the origin of the neutrino mass is unknown and requires
physics beyond the Standard Model, for example the existence of right handed
neutrinos. In GNQ, see section 1.4, the mass scale of neutrinos is related to the
energy scale of Dark Energy.
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1.1.2 Dark Energy

In the discussion of energy content of the universe, so far, we skipped Dark Energy,
which makes today around 70% of the total energy. Apart from being almost constant
in time, the nature of DE is unknown. A CC is consistent with observations, but
many alternatives have been proposed [12].

DE was discovered in [13, 14] by measuring the distance to super novae of type Ia
(SN Ia). These measurements use the fact that a relation between the luminosity
and the duration of the super nova exists. So, the luminosity can be considered as
known. Using that the luminosity decreases with the distance of the source r as
L ∝ r−2, the distance of a SN Ia can be inferred from the observed luminosity. On a
cosmological space time modifications to this relation are necessary. First, as already
mentioned, photons experience a gravitational redshift, so that a photon emitted
with an energy Es at a scale factor as, has today an energy E0

E0
Es

= as
a0
≡ 1 + z, (1.14)

where we defined the redshift z, providing an alternative measurement of time or
distance. Second, the distance is given by the distance travelled by the light

χ =
∫ t0

ts
dt

1
a(t) = 1

a0

∫ zs

0
dz

1
H(z) . (1.15)

The measured luminosity L0 of a supernova is given by

L0 = Ls
4π2d2

L(z)
, (1.16)

where we defined the luminosity distance

dL(z) = (1 + z)
∫ z

0
dz′

1
H(z′) . (1.17)

Observing SN Ia at different redshifts (distances) allows to reconstruct the (recent)
cosmic history. Either it allows for a direct measurement of the Hubble parameter as
a function of time, by using

1
H(z) = d

dz

dL(z)
1 + z

(1.18)

or a measurement of the energy densities today, Ω0,i, the equation of state parameters
and today’s Hubble parameter, via

dL = (1 + z)
H0

∫ z

0
dz′

1√∑
i Ω0,i(1 + z′)3(1+wi)

. (1.19)
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The observed SN Ia at larger redshifts had larger distances than expected from a
matter dominated universe, which is consistent with the presence of a CC with
ΩΛ ≈ 0.7. Recent analyses of redshift measurements of SN Ia, with z . 1, together
with measurements of the distance to the BAO Peak, found for a constant equation of
state w = −1.027± 0.057 [15]. Assuming an equation of state of the form w = w0 +
wa(1−a), the best fit values are w0 = −0.957±0.124 and wa = −0.336±0.552. This
is close to a CC, but the large errors leave still room for alternative explanations.

Independent evidence for DE is obtained form the CMB and structure formation,
see [16] for the recent Planck results. We will not discuss all different effects DE
has on the CMB and structure formation. We will only give a brief discussion on
Early Dark Energy (EDE). This is of particular interest for dynamical DE models, in
which the Dark Energy density increases with time. The presence of DE effectively
changes the strength of gravity. The reason is that for fixed H the amount of matter
is smaller if DE is present, reducing the amount of structures, affecting for example
CMB lensing (the deflection of light by gravitational potentials). The presence
of EDE is strongly constrained by the recent Planck results ΩEDE < 0.0036 and
w0 < −0.93 at 95% confidence level , if the time evolution of DE is parametrized as
ΩDE = Ω0,DE+ΩEDE(1−a−3w0 )

Ω0,DE+(1−Ω0,DE)a−3w0 + ΩEDE(1 − a−3w0). If EDE is only present for a limited
time the bounds are weaker, ΩEDE = O(1%). This challenges dynamical DE models.
A realistic DE candidate, with w ≥ −1, must mimic a CC for a large range of
redshifts.

1.1.3 Inhomogeneities

A complete description of the universe requires to go beyond the homogeneous
approximation. For small fluctuations this can be done by splitting the metric in a
background part ḡµν and a perturbation part δgµν . For small perturbations we can use
cosmological perturbation theory, in which the Einstein equation is linearized around
the background, for a review see for example [17]. Using the Robertson-Walker
metric as the background metric, the perturbed metric can be written as

ds2 = a2(τ)
(
−(1 + 2Ψ)dτ2 + 2widτdxi + hijdx

idxj
)
, (1.20)

where the conformal time adτ = dt has been introduced. The spatial indices i and j
are raised (lowered) with δij (δij). On an isotropic background it is convenient to
decompose wi and hij into scalar, vector and tensor modes, according to their trans-
formation properties under SO(3). For the vector wi this is the usual decomposition
into a divergence-free w̃i and a curl-free part ∂iw

wi = ∂iw + w̃i. (1.21)
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The tensor hij can be decomposed as follows

hij = −2Φδij +
(
∂i∂j −

1
3δij∇

2
)
h+ 1

2 (∂ihj + ∂jhi) + χij , (1.22)

with

χii = 0, ∂iχ
i
j = 0, ∂ih

i = 0. (1.23)

In total, these are 10 degrees of freedom, distributed among the 4 scalar modes Φ,
Ψ, w, h, the two vectors w̃i, hi, each carrying two degrees of freedom, and the tensor
mode χij , carrying two degrees of freedom. Not all of the 10 degrees of freedom
are physical. The reason is that there is no unique choice of coordinates for the
background. Consider an infinitesimal coordinate transformation of the form

x̂µ = xµ + ζµ. (1.24)

To first order in ζµ the metrics transforms as follows

ĝµν = gµν − gµλ∂νζλ − gλν∂µζλ − ∂λgµνζλ. (1.25)

By decomposing ζµ into scalar and vector parts

ζ0 = α, (1.26)

ζi = ∂iβ + βi, ∂iβ
i = 0,

we obtain the following transformation laws

Ψ̂ = Ψ− ∂τα−Hα,

Φ̂ = Φ + 1
3∇

2β +Hα,

ŵ = w + α− ∂τβ,

ĥ = h− 2β, (1.27)

ŵi = wi − ∂τβi,

ĥi = hi + βi,

χ̂ij = χij ,

where we defined the conformal Hubble parameter H = aH = da/dτ/a. We can
now employ the freedom in choosing the coordinate system to gauge away two scalar
modes and one vector mode. So we are left with 6 physical degrees of freedom.
Note that the tensor mode is not affected by the gauge transformation, since the
gauge transformation 1.24 is fully specified by two scalar and one vector mode.
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In practice, it is sufficient to consider the scalar modes only, since at linear order
scalar, vector and tensor modes decouple and vector and tensor sources vanish in
most cosmological scenarios. We will therefore consider in the following only the
scalar modes. We choose to work in the Newtonian gauge, in which the metric has
the form

ds2 = a2
(
−(1 + 2Ψ)dτ2 + (1− 2Φ)dx2

)
. (1.28)

At linear order in the gravitational potentials Φ and Ψ the Einstein equation be-
comes

∇2Φ− 3H (∂τΦ +HΨ) = 4πGa2δρ, (1.29)

∇2 (∂τΦ +HΨ) = −4πGa2(ρ̄+ P̄ )θ, (1.30)

∂2
τΦ +H (∂τΦ + 2∂τΨ)

+
(

2 dH
dτ2 +H2

)
Ψ + 1

3∇
2(Ψ− Φ) = 4πGa2δP, (1.31)

∇2(Ψ− Φ) = 12πGa2(ρ̄+ p̄)σ, (1.32)

where we decomposed the energy-momentum tensor as follows

T 0
0 = − (ρ̄+ δρ) ,

T 0
i = (ρ̄+ p̄) vi, (1.33)

T ij = (p̄+ δp) δij + Σi
j ,

with

θ = ∂iv
i, Σi

i = 0, (ρ̄+ p̄)∇2σ = −
(
∂i∂

j − 1
3δ

i
j∇2

)
Σi
j . (1.34)

General Relativity enforces energy-momentum energy conservation. Therefore, addi-
tionally to the four equations 1.29-1.32 one has the continuity equation Tµν;µ = 0,
whose scalar parts read to first order in metric and energy-momentum perturba-
tions

∂τδρ+ 3H(1 + w)δρ+ (1 + w)ρ̄ (θ − 3∂τΦ) + 3H
(
c2
s − w

)
δρ = 0, (1.35)

∂τθ +H(1− 3w)θ + ∂τw

1 + w
θ + c2

s

(1 + w)ρ̄∇
2δρ−∇2Ψ = 0, (1.36)

where we defined the adiabatic sound speed c2
s = δp/δρ. To close the set of equations

further information is required. One possibility is to assume a perfect fluid σ = 0
and fix w and c2

s. For example for CDM, with w = 0 and c2
s = 0, this a good

approximation for most of the cosmic history. However, in most cases the linearized
Einstein equation must be supplemented by equations of motion for matter, typically
a Boltzmann equation. In any case for the gravitational potentials only two of the
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equations 1.29-1.32 are required. A convenient choice is to work with equation 1.29
and 1.32.

Perturbation theory is applicable as long as the inhomogeneities are small. During
structure formation δρ ∼ ρ̄ is reached at some point and perturbation theory for
matter can not be applied. However, metric perturbations remain small. We can
use the linearized Einstein equations together with appropriate matter equations,
see section 1.3. On small scales we recover Newtonian gravity. Showing that the
Newtonian limit holds is subtle, see [18] for a discussion of the correspondence
between relativistic and Newtonian cosmologies. Instead of showing that the Newto-
nian approximation can be used, we rather try to motivate it. Most conveniently this
is done in Fourier space. The Newtonian limit holds then for wave vectors k � H.
Combing equation 1.29 with equation 1.30 we obtain

−k2Φ = 4πG
(
δρ+ H

k
ρ̄(1 + w)θk

)
. (1.37)

Which reduces for k � H to the Poisson equation. Also equation 1.35 assumes its
Newtonian form. From equation 1.30 we have ∂τΦ ∼ H2

k2 θ � θ, so that ∂τΦ can be
neglected. For non-relativistic matter, we have σ ∼ v2 � 1, equation 1.32 tell us
that Φ = Ψ and gravity becomes fully Newtonian.

The Newtonian limit provides an enormous simplification. To implement it in
practice one use for the gravitational potentials the Poisson equations

∇2Φ = 4πGa2δρ,

∇2(Ψ− Φ) = 12πGa2(ρ̄+ p̄)σ (1.38)

and employs the quasi-static limit, by neglecting ∂τΦ and ∂τΨ in the matter equa-
tions. In non-standard cosmologies this requires further justification, in particular in
modified gravity theories, but the applicability of the quasi-static approximations
has been confirmed by simulations [19, 20].

1.1.4 Averaging and backreaction

As discussed, the universe being homogeneous and isotropic with small fluctuations
on large scales is usually used as an argument for the use of the Friedmann equations.
Given that on small scales fluctuations are large the Friedmann equations can only
hold after some coarse-graining procedure has been applied. The standard approach
is correct if the averaged metric gµν obeys the Einstein equation

Gµν(gµν) = 8πGTµν(gµν). (1.39)
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Since averaging and time evolution do not commute, i.e. Gµν(gµν) 6= Gµν(gµν), the
metric obtained in this way is in general different from the one obtained by first
solving the Einstein equation and then averaging the metric. A correct treatment
requires to account for these differences by adding backreaction terms, e.g. in the
form of an effective energy-momentum tensor, and to replace the energy momentum
by its average, such that the Einstein equation takes the form

Gµν(gµν) = 8πG
(
Tµν + Teff,µν

)
= 8πGτeff,µν , (1.40)

with the effective gravitational energy-momentum tensor Teff,µν = Gµν(gµν) −
Gµν(gµν). From this one recovers the standard approach if Tµν � Teff,µν and
the energy-momentum tensor as calculated from the homogeneous matter fields
approximates the averaged one Tµν .

The effective theory for the averaged metric is only diffeomorphism invariant, if the
coarse graining prescription is diffeomorphism invariant. Since tensors at different
points can not be added, constructing such a prescription is difficult. One approach,
aiming at constructing an effective scale factor and deriving the corresponding
effective Friedmann equations, is to average only scalar quantities [21]. This
approach does not assume the metric of the universe to be close to the FRW-metric,
hence is able to construct an effective FRW-metric in a highly inhomogeneous
universe. In contrast to that, the approaches of [22, 23] use the fact that metric
perturbations are small, Φ ∼ 10−5, everywhere except in the immediate vicinity of
compact objects as black holes. Nevertheless, derivatives of the metric perturbations
can still be large, since first derivatives are related to velocities and second derivatives
are related to the density. In principle they can induce large backreaction effects,
leading to speculations that backreaction effects could account for DE, see for
example [21, 24].

In [22] it is shown that backreaction effects from virialized structures can not give
rise to an accelerated expansion, instead they mimic dust. Since this is similar to
the backreaction effects of neutrino lumps in GNQ, we will briefly describe the
argument. The average is performed by smoothing fields using a window function
WΛ(|x|). Here Λ denotes the coarse-graining scale. Expanding in the small metric
perturbations, but keeping the (spatial) derivatives, one finds

ρeff = ρ̄

(1
2(1 + δ)v2 + 1

2Φδ
)
, (1.41)

peff = ρ̄

(
(1 + δ)v2 − 1

2Φδ
)
. (1.42)

As expected, the effective energy density is given by the sum of kinetic and potential
energy within the averaging volume Λ3. For virialized structures 2Ekin + Epot = 0
holds, hence the pressure vanishes, as it is the case for dust. From the Irvine-
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Layzer equation ∂τ
Ekin+Epot

ρ̄ + 2H 2Ekin+Epot
ρ̄ = 0 follows that for virialized structures

ρ̄eff ∝ ρ̄ ∝ a−3. Furthermore, it can be shown that the effective stress tensor can be
written as

τeff,ij = 1
2∂

2
τ Iij . (1.43)

The inertia tensor associated with the averaging domain is defined as

Iij =
∫
d3x′WΛ

(
|x− x′|

)
ρ(x′)x′ix′j . (1.44)

Since we are interested in the effect of small scales on large scales, evolving on a
long time scale, we average over a long time scale T and obtain

τeff,ij →
1
T
∂τIij |T0 ∼ ρvl ∼ ρv2 ts

T
� ρv2, (1.45)

where l denotes the typical size of the system and ts its typical timescale. For
virialized systems we have ts � T . The effect of small (virialized) scales on large
scales is, compared to the expectation τeff,ij ∼ ρv2, suppressed by the ratio of the two
time scales, hence backreaction effects are small. If we anticipate from the discussion
in section 1.3.2, that the effect of small scales on large ones is described by the
effective stress tensor. We can extend the decoupling property to the effect of small
scale fluctuations on large scale fluctuations, which is small too. The conclusion that
backreaction is negligible is in agreement with other quantitative estimates based on
perturbation theory [25] and relativistic simulations in the weak-field limit [26].

All this refers to gravitational backreaction in General Relativity. In modified gravity
theories backreaction can be important [27] and in principle can account for DE [28].
Independent of the gravity theory non-gravitational backreaction, on the matter side,
is possible. This is the case in GNQ, but could also be relevant in viscous fluids [29,
30].

1.1.5 Inflation

Before we can discuss the details of cosmological structure formation, we need
to briefly discuss inflation. Inflation is a phase of rapid expansion in the early
universe. It has been proposed to solve the following problems within the standard
Big Bang Cosmology. First, the horizon problem: the causal horizon at recombination
corresponds today to an angular scales of about 1◦, but the CMB temperature is, up
to very small fluctuations, the same in every direction, even on scales larger than
1◦. No causal process could have caused this. During inflation a tiny region, in
causal contact, grows large enough to be the observed universe today. The second
problem is that in a decelerated universe, a tiny initial curvature grows large, which
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is in contrast with the observed almost flat universe. This is the flatness problem.
The rapid accelerated expansion during inflation drives the curvature towards zero,
leaving a flat universe at the end of inflation. The third problem, the monopole
problem, is that many particle physics models predict the existence of of stable relics,
which are not observed in the universe. During inflation these are simply diluted
away.

We will not discuss the details of the solutions to these problems. Important for us is
that inflation generates initial conditions for structure formation. Loosely speaking,
inflation reboots the universe, inhomogeneities are diluted away, at the same time
quantum fluctuations generate new inhomogeneities in a predictable way. The
simplest realization of inflation is a single scalar field

L = −1
2∂µφ∂

µφ− V (φ). (1.46)

The details of the self-interaction potential V are not important. A homogeneous
scalar field has the energy density and pressure

ρ̄ = 1
2

˙̄φ2 + V (φ̄), (1.47)

p̄ = 1
2

˙̄φ2 − V (φ̄). (1.48)

If the time derivative is small the energy density is constant. The Friedmann equation
H2 ≈ 8πG

3 V , tells us that the scale factor grows approximately exponential. The
Klein-Gordon-equation for the homogeneous field is

¨̄φ+ 3H ˙̄φ+ V ′(φ̄) = 0. (1.49)

The solution is a slowly moving field if φ̈ � 3Hφ̇. This constrains, together with
1
2 φ̇

2 � V , the potential to be flat, as expressed by the slow roll conditions

ε1 = 1
128Gπ2

(
V ′

V

)2
� 1 (1.50)

ε2 = − 1
192Gπ2

V ′′

V
� 1. (1.51)

Inflation ends when the slow roll parameters reach order unity. ε1/2 ∼ 1. At the end
of inflation φ decays into (beyond) Standard Model Particles and (re)populates the
universe.

Now we consider quantum fluctuations by adding a perturbation δφ to the homoge-
neous field φ = φ̄+ δφ. It is sufficient to consider perturbations to linear order. The
Klein Gordon equation in Fourier space becomes

∂2
τ δφ+ 2H∂τδφ+ k2δφ+ V ′′(φ̄)δφ = 0. (1.52)
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Neglecting the mass term, the solutions have the form

δφk = Hτ√
2k
e−ikτ

(
1− i

kτ

)
. (1.53)

Using this we can write

δφ(x) =
∫

d3k

(2π)3 αke
ik·xδφk + α∗ke

−ik·xδφ∗k. (1.54)

The field can be quantised by promoting the coefficients to ladder operators αk →
ak, with the usual commutation relation [ak, a

†
k′ ] = (2π)3δD(k − k′). The Power

Spectrum of Gaussian vacuum quantum fluctuations is given by

Pδφ(k)(2π)3δD(k + k′) = 〈0|δφ(k)δφ(k′)|0〉 = |δφk|2(2π)3δD(k + k′). (1.55)

Of interest are the modes leaving the horizon, −kτ � 1. Note that τ < 0 and τ = 0
corresponds to the end of inflation. In this limit the Power Spectrum reads

Pδφ(k) = H2

2 k−3. (1.56)

Qualitatively this can be understood as quantum fluctuations generated inside the
horizon leave the horizon. Outside the horizon they freeze and reenter the horizon as
classical fluctuations and provide Gaussian initial conditions for the further evolution
of inhomogeneities.

A correct treatment also involves metric fluctuations, taking them into account the
Power Spectrum for the metric perturbations reads

PΦ(k) = Ask
ns−4, (1.57)

with the spectral index ns = 1− 6(ε1 + ε2) and the amplitude As determined by the
Hubble parameter at horizon crossing. Since we only know the statistic of initial
conditions, we can only predict statistical properties of inhomogeneities. Typically
one is interested in the density-density power spectrum, which using homogeneity
and isotropy reads

Pδ(k, τ)(2π)3δD(k + k′) = 〈δ(k, τ ; δi)δ(k′, τ ; δi)〉. (1.58)

Where δ(k, τ ; δi) denotes the density contrast at τ with the initial conditions δi.
The average is understood to be taken over the initial conditions set by inflation.
As long as the dynamics is linear the distribution remains Gaussian. The Power
Spectrum can then be written as Pδ(k) = T 2(k)Pδin ∝ T 2(k)k4PΦin , with the transfer
function T carrying all information about the dynamics between the initial time and
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Fig. 1.1: The large-scale structure as seen by 2DF Galaxy Redshift Survey 2. Observe the
web-like structure, with galaxies concentrated in filaments and the large empty
regions between, called voids.

τ . Observable is only one realization of the initial conditions1. The ergodicity of
the distribution allows us to trade the ensemble average by a spatial average, so
predictions can be compared to observations.

1.2 Cosmological structure formation

Although the universe is homogeneous and isotropic on large scales the observed
structures range from cosmological scales, like galaxy clusters, ∼ 2 Mpc and larger,
down to astrophysical scales as galaxies, ∼ 30 kpc, and solar systems, ∼ 109 km. By
now it is accepted that the structures in the universe originate from the tiny fluctua-
tions generated during inflation, see section 1.1.5. The initially small fluctuations
in the distribution of Cold Dark Matter grow under the influence of gravity and
form all the structures observed in galaxy surveys, see figure 1.1. Observing the
cosmic large-scale structures became more and more important in the last years.
Already running and upcoming surveys will increase the amount of available data
even further [31, 32, 33, 34]. Observing the LSS is not only important to test the
described picture of structure formation, e.g. to test DM properties, but it also
provides a tool to test DE and modified gravity models. The evolution of structures is
sensitive to the late time cosmic history. It is therefore expected that LSS observations
can constrain properties of DE and deviations of general relativity relevant at late
times much better than CMB measurements by the WMAP and PLANCK satellites [9,

1Similarly, simulations are performed with one realization of initial conditions
2http://www.2dfgrs.net/
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10]. Cosmology even allows us to “measure” the total neutrino mass, by observing
a suppression of structures on small scales caused by neutrinos not being a cold
dark matter species. In fact, the non-observation of this scale dependent effect and
a similar effect in the CMB temperature autocorrelation spectrum3 allowed us to
constrain the total neutrino mass to

∑
imi . O(1eV) [35, 36] in the standard ΛCDM

model and variants thereof, the precise number depending on the cosmological
model and the data combination used in the statistical analysis.

1.3 The dynamics of gravitational collapse

The mathematical model for structure formation is the Vlasov-Poisson system, con-
sisting of the Vlasov equation 1.59 for the phase space distribution f(x,p, τ) and
the Poisson equation 1.60 for the gravitational potential Φ(x, τ)

∂f

∂τ
+ p
ma
· ∇f − am∇Φ · ∂f

∂p = 0, (1.59)

∇2Φ = 3
2Ωm(τ)H2(τ)δ(x, τ). (1.60)

Here x denotes the comoving coordinate, meaning that coordinate distances must
be multiplied by the scale factor a to obtain physical distances. The momentum is
defined as p = amu, with u denoting the peculiar velocity, i.e. the velocity relative to
the overall Hubble flow. The density contrast δ is defined by ρ̄(1+δ) = ρ =

∫
d3pf .

The use of the Vlasov-Poisson system relies on a few assumptions and approximations.
First, DM is non-interacting except for gravity. So no additional force is present
on large scales nor is equation 1.59 a Boltzmann equation with a collision term.
Second, CDM particles have non-relativistic velocities, therefore the non-relativistic
Vlasov equation can be used. Third, on scales much smaller than the horizon scale
Newtonian gravity can be used instead of full general relativity. Finally, the system
of equations 1.59+1.60 is valid for one (dark) matter species. In case of several
species, for example in the presence of massive neutrinos, one copy of equation 1.59
is required for each species and equation 1.60 is sourced by all species4. At first these
approximations seem to be very restrictive given that the nature of DM is unknown,
but every viable DM candidate must effectively behave like non-interacting and
non-relativistic particles, otherwise the observed structures would not have formed.
An example for which it is not obvious that these criteria are fulfilled is ultra-light
axion Dark Matter. Axion DM is described by a collective wave-function obeying a

3In the CMB neutrinos manifest as an enhancement of power in the temperature autocorrelation
spectrum on small angular scales.

4Using an effective one-particle description in terms of the Vlasov equation is an additional approxi-
mation requiring that two particle correlations are negligible. This is the case since in a typical
galaxy the number of DM particles is very high. This is true for all plausible DM candidates.
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Schrödinger equation and may form a Bose-Einstein condensate [37]. Still, in the
classical limit, ~→ 0, a correspondence between the wave function and the phase
space distribution exists [38, 39]. This implies that axion DM behaves on scales
larger than a characteristic scale like CDM. Other examples, requiring only mild
modifications are coupled Quintessence models and some modified gravity models.
Often, only the Poisson equation needs to be modified. Even in GNQ where, with
neutrinos an extra species violating the first three conditions is present, it is still
possible to understand the formation of neutrino lumps using a modified version of
this framework.

To solve the Vlasov-Poisson system and its variants one has either to rely on numerical
simulations, described in section 1.3.3, or on perturbative methods based on fluid
equations, as described in the next section, for an extensive review see [40].

1.3.1 Perturbation theory

The Vlasov equation is impractical for analytical calculation and carries too much
information. Observable is only the density (contrast) by measuring the gravitational
potential or to some extent the velocity, e.g. by measuring the redshift of galaxies. It
is tempting to derive a set of equations for the density ρ and the velocity u. This is
done by taking velocity moments as follows:

ρ(x, τ) =
∫
d3p f(x,p, τ), (1.61)

ρ(x, τ)u(x, τ) =
∫
d3p

p
am

f(x,p, τ), (1.62)

ρ(x, τ)u(x, τ)u(x, τ) + σ(x, τ) =
∫
d3p

pp
a2m2 f(x,p, τ). (1.63)

Taking the moments 1.61 and 1.62 of the Vlasov equation 1.59 one obtains the
continuity equation 1.64 and the Euler equation 1.65

∂τρ+ 3Hρ+∇ · (ρu) = 0, (1.64)

∂τu +Hu + u · ∇u−∇Φ = 1
ρ
∇ · σ. (1.65)

Taking higher moments one finds similar equations for the stress σ and higher
moments. This infinite hierarchy can be truncated by setting all moments higher
than the velocity to zero. By setting σ = 0 the equations 1.64 and 1.65 reduce to
those of a perfect pressureless fluid. This is the so called single-stream approximation,
in which the distribution function is of the form

f(x,p, τ) = ρ(x, τ)δD (p− a(τ)mu(x, τ)) . (1.66)
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Fig. 1.2: A sketch of a possible phase space distribution, illustrating the breakdown of the
singles stream approximation

The single-stream approximation is a good approximation during the early stages
of structure formation, but will fail at late time and small scales, even for perfect
single stream initial conditions, see figure 1.2 for a sketch of a possible phase-space
distribution. This happens when several characteristics of equation 1.59 cross in
position space, c.f. 1.3.3. When this happens the velocity is not single-valued any
more and the Vlasov equation has no solution of the form 1.66 anymore, see [41].
At points where this happens the solution of the fluid equations develops so-called
shell-crossing singularities. This failure of the single-stream approximation is one
of the motivations for studying effective fluid approaches approaches, see section
1.3.2. For warm and hot DM species the velocity dispersion is non-negligible already
initially. Often, a fluid approximation with an effective sound speed σ = c2

sδ1 is
invoked [42, 43] , but at least for hot DM this is questionable [44].

The fluid equations can be simplified further. Taking the curl of the Euler equation,
one finds an equation for the vorticity w = ∇×w

∂τw +Hw−∇× (u×w) = 0. (1.67)

This equation is solved by w = 0. As a consequence a vanishing primordial vorticity
remains zero until shell crossing. Even if a small initial vorticity is present, the
vorticity decays away as w ∝ a−1, as can be seen by linearizing 1.67. It is therefore
justified to neglect the vorticity. The velocity is fully specified by the divergence
θ = ∇ · u.
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Perturbation theory is most conveniently formulated in Fourier space. The equations
1.64 and 1.65 become in Fourier space

∂τδ(τ,k) + θ(τ,k)+ (1.68)∫
d3k1d

3k2 δD(k− (k1 + k2)α(k1,k2)δ(τ,k1)θ(τ,k2) = 0,

∂τθ(τ,k) +Hθ(τ,k) + 3
2ΩmH2(τ)δ(τ,k)+ (1.69)∫

d3k1d
3k2 δD(k− (k1 + k2)β(k1,k2)θ(k1)θ(k2) = 0,

where we used the Poisson equation to replace the potential by the density contrast,
and defined

α(k1,k2) = (k1 + k2) · k1
2k2

1
, β(k1,k2) = (k1 + k2)2k1 · k2

2k2
1k

2
2

. (1.70)

The linear theory

Let us first consider the linearized equations 1.68 and 1.69, formally α = β = 0.
They can be combined into an equation for δ

∂2
τ δ +H∂τδ −

3
2ΩmH2δ = 0. (1.71)

The solution can be written in terms of the fastest growing mode D and the fastest
decaying mode D−

δ(τ,k) = D(τ)A(k) +D−(τ)B(k). (1.72)

The functions A and B are fixed by the initial conditions. In a matter dominated
universe one finds

D = a, D− = a−3/2. (1.73)

Having the form of linear solution in mind we define

ϕ =
(

δ

− θ
fH

)
, η = ln(D), f = dη

d ln a. (1.74)

In terms of these variable the fluid equations 1.68 and 1.69 become

∂ηϕa(η,k) + Ωab(η)ϕa(η,k) = γabc(k,−k1,−k2)ϕb(η,k1)ϕc(η,k2). (1.75)
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A summation over repeated indices and an integration over repeated wave vectors is
implied. The non-vanishing elements of the vertex function are

γ121(k,k1,k2) = γ112(k,k2,k1) = δD(k + k1 + k2)α(k1,k1)
2 ,

γ222(k,k1,k2) = δD(k + k1 + k2)β(k1,k2), (1.76)

and the time dependent matrix is defined as

Ω =
(

0 −1
−3

2
Ωm
f2

3
2

Ωm
f2 − 1

)
. (1.77)

Using that in a ΛCDM cosmology Ωm ≈ f2, Ω becomes time independent

Ω =
(

0 −1
−3

2
1
2

)
. (1.78)

In order to recover the linear solution in terms of a growing and a decaying mode,
we define the linear propagator by

∂ηgab(η) + Ωacgcb(η) = δabδD(η). (1.79)

The solution is

g(η) =
(
eη

1
5

(
3 2
3 2

)
+ e−3/2η 1

5

(
2 −2
−3 3

))
θ(η). (1.80)

Note that the growing mode eη = D is not affected by the approximation Ωm ≈ f2 ,
while the decaying mode is approximated by D− ≈ e−3/2η = D−3/2. Using the linear
propagator we can write down the equal time Power Spectrum at linear order

PL,ab(η, k) = gac(η − ηin)〈ϕin,c(k)ϕin,d(k)〉gbd(η − ηin) = D2uaubPδin(k). (1.81)

In the last step we used that the initial conditions are given by growing mode initial
conditions 〈ϕin,aϕin,a〉 = uaubPδin , with u = (1, 1)T and sent the initial time to the
infinite past ηin → −∞.

Higher-order perturbation theory

The linear solution we discussed so far is the lowest order in a systematic expansion
in powers of the fields δ and θ. The corresponding expansion of correlation functions
can be organized in terms of Feynman diagrams. To obtain the Feynman rules we first
cast the equation 1.75 into a Martin-Siggia-Rose-Janssen-de Dominics (MRSJD) path
integral [45], for the MRSJD path integral in the context of cosmological structure
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formation see for example [46, 47, 48]. From the associated MSRJD action the
Feynman rules, corresponding to the linear Power Spectrum, propagator and vertex
function, can be read off.

The expectation value of an observable O[ϕ], with respect to the stochastic initial
conditions can be written as

〈O[ϕ]〉 =
∫
Dϕin P [ϕin]

∫
DϕO[ϕ]δD [∂ηϕa + Ωabϕa − γabcϕbϕc = ϕinδD(η − ηin)] ,

(1.82)

where here and in the following constant factors are absorbed into the measure. The
δ-functional picks out the solution of equation 1.75 with the initial conditions ϕin

5.
The average is performed over the distribution of initial conditions

P [ϕin] ∝ exp
(
−1

2ϕin,a(−k)P−1
in,ab(k)ϕin,b(k)

)
. (1.83)

Expressing the delta-functional as a functional Fourier integral over an auxiliary field
χa and performing the Gaussian integral over the initial conditions, we obtain

〈O[ϕ]〉 =
∫
DϕDχ O[ϕ]eiS[χ,ϕ]+iχa(k)Pin,ab(k)χb(−k). (1.84)

The action reads

S[χ, ϕ] =
∫
dη χa(η,−k) (δab∂η + Ωab)ϕa(η,k) (1.85)

− χa(η,−k)γabc(k,−k1,−k2)ϕa(η,k1)ϕa(η,k1).

From this we can read off the Feynman rules depicted in 1.3. The linear or free
theory is recovered by formally setting γ = 0. The free two-point functions are given
by (

PL(η, η′, k) −iGR(η, η′, k)
−iGA(η, η′, k) 0

)

≡
(
〈ϕa(η,k)ϕ∗b(η′,k)〉′ 〈ϕa(η,k)χ∗b(η′,k)〉′

〈χa(η,k)ϕ∗b(η′,k)〉′ 〈χa(η,k)χ∗b(η′,k)〉′

)
(1.86)

=− i
(

0 −δab∂η + Ωba

δab∂η + Ωab iPinab(k)δD(η)

)−1

δD(η − η′),

5Note that we implicitly used the Îto-discretization scheme, in which the determinant of the Jacobian
det δ

δϕd
(∂ηϕa + Ωabϕa − γabcϕbϕc = ϕinδD(η − ηin)) is a constant.
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Fig. 1.3: The Feynman rules for the action 1.85. Similar to the in-in formalism in non-
equilibrium quantum field theory, is the causal structure of the theory reflected by
the different “propagators”: the retarded greens function g and the linear Power
Spectrum PL. The vertex implies wave vector conservation and an integration
over time and internal momenta.

where the prime denotes that we omitted an overall (2π)3δD(k + k′). The retarded
and advanced Green functions are given by the linear propagator

GRab(η, η′, k) = GAba(η′, η, k) = gab(η − η′) (1.87)

and the linear Power Spectrum at unequal times is given by

PL,a,b(η, η′, k) =
∫
ds GRac(η, 0, k)Pin,cd(k)GAdb(0, η′, k)

=gac(η)gbd(η′)Pin,cd(k) = eη+η′Pδin(k)uaub (1.88)

As an example we give the expression for the 1-loop correction to the equal time
density Power spectrum,

P 1-loop
11 (η, k) = 8×

q

η,k η,−k
η1 η2k− q

+ 2×

q

k− q

η,k η,−k
η1 η2

= P13(η, k) + P22(η, k), (1.89)

where

P13(η, k) =8Pδin(k)eη
∫ η

0
dη1

∫ η1

0
dη2 g1c(η, η1)gfh(η1, η2)eη1+2η2

×
∫
d3q γbef (k,−q,q − k)ueγbgh(k,q,−q + k)ugubPδin(q)

=D4Pδin(k) k
2

252
1

(2π)3

∫ ∞
0

dq Pδin(q) (1.90)

×
(

12k2

q2 − 158 + 100 q
2

k2 − 42 q
4

k4 + 3
q3k5 (q2 − k2)3(2k2 + 7q2) ln

(
q + k

q − k

))
,
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Fig. 1.4: The dimensionless Power Spectrum as a function of k, for an exemplary flat
cosmology with Ωm = 0.3. The dimensionless Power Spectrum becomes order
unity around k = 0.1 hMpc−1- 0.2 hMpc−1 indicating the breakdown of SPT.

P22(η, k) =2
∫ η

0
dη1

∫ η

0
dη2 g1c(η, η1)g1d(η, η2)e2(η1+η2)

×
∫
d3q γbef (k,−q,q − k)ueufγbgh(k,q,−q + k)uguhPδin(q)Pδin(|q − k|)

=D4 k
2

98
1

(2π)3

∫ ∞
0

dq

∫ 1

−1
dµ Pδin(q)Pδin(

√
k2 + q2 − 2kqµ) (1.91)

×
(

3kq + 7µk2 − 10qkµ2

k2 + q2 − 2kqµ

)2

.

The quadratic dependence of the 1-loop corrections on the initial Power Spectrum
highlights that SPT is an expansion in powers of the initially small linear density
Power Spectrum, but the density contrast grows with time, and so does the Power
Spectrum. We should not expect that perturbation theory is valid at all scales for
all times. As a rule of thumb, perturbation theory fails when the dimensionless
Power Spectrum reaches order unity, ∆2 = k3P (k)/(2π2) ∼ 1, translating into the
statement that SPT is valid today for k . 0.1 hMpc−1, see figure 1.4.

Mode coupling and failure of perturbation theory

We finished the last section with a rough criteria for the validity of SPT. We will
now try to give a more refined analysis of the performance of SPT. Ultimately, the
failure of SPT is related to the coupling between modes of different wavelengths.
As a starting point consider the 1-loop Power Spectrum in the limits of a soft,
long-wavelength, and hard, short-wavelength, internal wave vector.
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Soft modes First, consider the P13 contribution. In the limit q � k we find

P13(k) = −k2PL,11
4π
3 e2η

∫
dq Pin,22(q) +O(1) ≡ −k2σ2

d(η) +O(1). (1.92)

This contribution is finite for initial Power Spectra which decay in the IR faster than
k−1. For a realistic initial Power Spectrum Pin ∼ kns the integral is IR-finite, but still
dominated by the soft modes. For the second diagram, summing over the two soft
limits q � k and |q − k| � k, we find

P22(k) = +k2σ2
d(η) +O(1). (1.93)

The sum of both contributions vanishes. Although the individual diagrams are
dominated by soft modes, their sum is free of a large soft enhancement. The
large leading soft contributions cancel among different diagrams at any order in
perturbation theory for equal time correlation functions6 [51, 52]. The cancellation is
a consequence of the invariance of the fluid equations under time dependent boosts,
often referred to as (Extended) Galilean Invariance. A long-wavelength velocity
field moves short-wavelength modes coherently, due to the Galilean Invariance the
short-wavelength modes are not affected by a coherent motion and hence not by the
long-wavelength velocity field. However, subleading soft contributions can still have
a sizable effect, e.g. they can lead to a broadening of the BAO peak [53].

Hard modes Now consider the opposite limit q � k, the dominant contribution
is

P13(k, η) = − 61
105k

2PL,11(k, η)4π
3 e2η

∫
dq PL,22(q) +O(1). (1.94)

This integral is finite, if the initial Power Spectrum decays in the UV faster than
P ∼ q−1. A realistic initial Power Spectrum has in the UV the asymptotic form
Pin ∼ k−3 ln2

(
e+ q

k0

)
, hence the one loop integrals are UV-finite7. Generalizing to

n-loop order one finds [50]

Pn-loop ∼ −
61
105Cnk

2PL(k, η)4π
3 e2η

∫
dq PL(η, q)σ2n−2(q, η) (1.95)

where the Cn are unknown coefficients, while the expansion is controlled by

σ2(k, η) = 4π
∫ k

0
dq q2PL(η, q) ∼ D2 ln3

(
e+ k

k0

)
. (1.96)

6For an accurate numerical evaluation of loop-integrals is important to make the cancellation between
the different soft contributions explicit [49, 50]

7UV-divergences appear fo a Power Spectrum P ∼ k−m at n-loop order, if m > 3 − 2/n
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The parameter σ is logarithmically divergent for k →∞, hence strongly depends on
the UV-modes. For the n-loop integrals, in the limit k � q this translates into the
finite asymptotic form

Cn

∫
dq PL(η, q)σ2n−2(q, η) ∼ (3n− 1)!

23n CnD
2n. (1.97)

The quickly growing numerical factor (3n− 1)!2−3n hinders the convergence of SPT.
As the authors of [50] explicitly demonstrate the 3-loop contribution is larger than
the one and two loop contribution, even on large scales. In SPT one expects the best
approximation to the “true” answer to be the two loop approximation, which is a
bad approximation compared to simulations [54].

1.3.2 Effective fluids as models for large-scale structure formation

The strong UV-sensitivity not only introduces a large parameter into the perturbative
expansion, it also causes a strong dependence on scales which are neither described
by perturbation theory nor by the perfect fluid approximation. The non-perfect fluid
corrections have been quantified in [41] by measuring the velocity dispersion in
simulations. At k ∼ 0.1 hMpc−1, corrections to the linear Power Spectrum are small
O(1%), but non-negligible in view of future surveys. On smaller scales they are
even more important. Note, that independent of the size the velocity dispersion is
important to regularize shell-crossing singularities, therefore in any consistent model
the velocity dispersion must be taken into account.

A possibility to account for the complicated physics on small scales is to extract the
relevant information from (small) simulations and to use it as an (external) input
for perturbation theory. In practice this can be implemented by splitting fields into a
long-wavelength part and a short-wavelength part, by smoothing over a scale Λ. For
a well chosen averaging scale Λ the long-wavelength field will be in the perturbative
regime. The long(short)-wavelength part of the density ρΛ (ρs) is defined as

ρΛ(x) =
∫
d3x′WΛ

(
|x− x′|

)
ρ(x′),

ρs(x) = ρ(x)− ρΛ(x). (1.98)

Instead of directly smoothing the velocity field it is convenient to smooth the
momentum-density

πΛ(x) =
∫
d3x′WΛ

(
|x− x′|

)
ρ(x′)u(x′) (1.99)
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and define the long-wavelength uΛ and short-wavelength velocity us fields by

ρΛ(x)uΛ(x) = πΛ(x),

ρ(x)us(x) = ρ(x)u(x)− πΛ(x). (1.100)

The fluid equations 1.64 and 1.65 for the long-wavelength fields become [22]

∂τρΛ + 3HρΛ +∇ · (ρΛuΛ) = 0, (1.101)

∂τuΛ +HuΛ + uΛ · ∇uΛ −∇ΦΛ = 1
ρΛ
∇ · τ eff. (1.102)

The coupling between small and large scales is taken into account by the effective
stress tensor, given by

τ eff =
∫
d3x′WΛ

(
|x− x′|

)
(1.103)(

σ + ρusus + 1
8πG

(
2∇Φs∇Φs − 1(∇Φs)2

))
(x′) +O

(
∇2

Λ2

)
.

As we have seen in section 1.1.4 the contribution of virialized structures is suppressed,
the UV-sensitivity is smaller than expected from SPT. Still, scales between Λ and the
virialization scale can give sizable contributions. To improve perturbation theory,
the strategy is to extract τ eff from simulations and use it as an external input for a
perturbative treatment of the left hand side of equation 1.102, along the lines of
section 1.3.1. τ eff can be either directly measured in simulations, as in the coarse-
grained perturbation theory [55], or parametrized in terms of the long-wavelength
fields as ∂i∂jτ

ij
eff/ρ̄ = J + c2

s∇2δΛ − c2
vis∇2θΛ/H+ . . .. The information on the small

scale physics is encoded in the effective fluid parameters cs and cvis and the stochastic
noise J . The ellipsis denote possible higher order terms, as in effective quantum
field theories they are assumed to be suppressed by a high scale.

To respect the fact that the long-wavelength fields contain only modes k < Λ one
has to introduce Λ as a UV-cutoff in the loop integrals of the perturbative expansion.
The introduced Λ-dependence of the loops is canceled by the Λ-dependence of
the effective stress, such that physical quantities are independent of the arbitrary
smoothing scale Λ. In effective fluids models this can be realized by absorbing the
cutoff dependence into the effective fluid parameters. Publication 3 studies the
consistency of this renormalization procedure.

1.3.3 N-body simulations

To follow the growth of structures beyond the applicability of perturbative methods
numerical simulations are required. For a detailed review see [56], for newer but
shorter overviews see [57, 58, 59].
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The Vlasov equation 1.59 is a conservation equation for the phase space density
f(x,p) along the trajectories or characteristics of fluid elements (x(τ),p(τ)) as
dictated by the Newtonian equations of motion

dx
dτ

= p
am

,

dp
dτ

= −am∇Φ. (1.104)

By solving these equations one transports a fluid element initially at (xi,pi) to
its position at later times. Therefore calculating the characteristics for all initial
conditions (xi,pi) is equivalent to solving the Vlasov equation.

In principle one has to sample both the space and momentum dependence of the
initial distribution function, but for CDM, which is initially single streaming, only
the position dependence has to be sampled. In this case the characteristics obeying
equation 1.104 are until shell crossing the same as those of the Euler equation
1.65.

A simulation is performed in a box of comoving volume V , typically V ∼ (100 Mpc)3-
(1000 Mpc)3. The volume is filled with a homogeneous fluid with a density ρ̄. By
dividing the box into N cells the initial conditions are sampled by effective particles
each with a mass m = ρ̄V

N . These effective particles are evolved according to
equations 1.104. The actual universe is infinite and has therefore no boundaries, to
account for this one imposes periodic boundary conditions. This prevents particles of
leaving the simulation box, since a particle leaving the volume on one side reenters
on the opposite side. As a consequence mass, momentum . . . are conserved.

Initial conditions

N-body simulations are typically initialized at z ∼ 50-100. This is a compromise
between the need of starting the simulation as late as possible, to reduce computation
time, and the need of initializing the simulation while perturbations are still in the
linear regime. Furthermore, at those times most particles of interest are non-
relativistic.

Initial conditions are usually generated by displacing the homogeneously distributed
particles using the Zel’dovich approximation. The Zel’dovich approximation assumes
that particle velocities are proportional to gradients of the initial gravitational

28 Chapter 1 Introduction



potential Φin. A particle initially at position q is then displaced to its final position x
with the velocity u, according to

x = q −D∇qΨ(q).

u = −∂τD∇qΨ(q), (1.105)

with the displacement field Ψ = 2
3ΩmH2 Φin. The initial potential is a Gaussian

random field determined by the initial Power Spectrum PΦin(k). A simple procedure
to generate the initial conditions is to decompose the initial potential in the box into
a Fourier series

Φin(q) =
∑

k
αk

√
PΦin(k) cos(k · q) + βk

√
PΦin(k) sin(k · q). (1.106)

The Fourier coefficients αk and βk are Gaussian random variables with mean 0 and
width 1. Non-linear transients prevent reaching an accuracy of 1%, or better, as
required for future observations. To avoid this, improvements of the Zel’dovich
approximation based on Lagrangian Perturbation Theory should be used [60, 61].

As pointed out earlier, N-body simulations rely on the fact that for CDM only the
position dependence of the distribution function must be sampled. For neutrinos
this not possible, due to their large thermal motion. To account for this one adds a
random thermal contribution to the velocity. The thermal velocity is drawn from the
Fermi-Dirac distribution of the neutrinos.

Calculating the force

At the heart of each simulation code lies the calculation of the interaction between
particles. Most existing codes fall into two classes: particle-mesh (PM) codes and tree
codes. None of them is superior to the other, both have their specific (dis)advantages
with respect to accuracy, speed or the possibility of generalizing to other forces. Often,
one uses a hybrid scheme, in order to obtain the best compromise between speed
and accuracy. This is for example the case in the public available code GADGET2
[62].

Particle-mesh codes In PM codes the Poisson equation for the gravitational po-
tential Φ is solved numerically on a Cartesian grid, typically using Fast Fourier
Transformations (FFT). Since they respect periodic boundaries automatically, PM
codes are natural choices for cosmological simulations. PM codes can be generalized
to situations where Fourier transformations can not be applied, by simply replacing
the FFT based solver. For example to solve the non-linear scalar field equation in
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GNQ we use a Newton-Gauß-Seidel multigrid relaxation method, described in the
publications 1 and 2.

The force calculation proceeds as follows. First, the density field ρ(x) is calculated
from the particle positions. This requires to project the position of every particle to a
grid point. The simplest way to do this is to assign each particle to the nearest grid
point. Summing up the mass of all particles at one grid point yields the density at
that point. Higher accuracy can be achieved by treating the particle not as point-like.
A first improvement is the cloud-in-cell scheme treating the particles as cubic. Here,
each particle contributes to the density on eight cells. The next step solves the
Poisson equation. Therefor the density field is Fourier transformed. The potential is
obtained by transforming Φ(k) = −4πG

k2 ρ(k) back to real space. Similarly, the force
field can be computed by transforming −4πG ik

k2 ρ(k) to real space. Finally, the fields
are interpolated back to the particle position, using the same prescription used to
project the particles on the grid.

PM codes are fast. They scale with the number of particles Np and grid points Ng as
O(Np) +O(Ng ln(Ng)), but the force calculation becomes unreliable at distances of
the order of the grid spacing.

Tree codes An alternative way of calculating the force uses that Newtonian gravity
is a two-body force. The force acting on one particle at position xi can be written as
the sum over all other particles

Fi = G
∑
j 6=i

mimj
xi − xj
|xi − xj |3

. (1.107)

To avoid the singularity for xi = xj often a softening length ε is added to the
numerator, which determines the force resolution. However, the force resolution of
tree codes is still better than the one of PM codes.

A direct summation for each of the Np particles over all other Np− 1 particles would
require O(N2

p ) operations, which is impractical. A more sophisticated treatment is
implemented by Tree codes. The idea is to approximate particles far away by their
monopole. Higher order generalizations are possible. As an illustration of the idea,
consider one particle experiencing the force of a cloud of particles at a distance r. The
particles belonging to the cloud are separated by a typical distance d. Now, consider
θ = d/r. If θ is smaller than a predefined value, the force of the cloud particles is
replaced by their monopole; if θ is larger, the force is calculated by summing over
the particles. In practice this is implemented by dividing the simulation box into
subboxes and organizing the particle content in a tree structure, see figure 1.5. The
force acting on a particle can be calculated by walking down the tree and adding
whole branches or walking further down according to the selection criteria. This
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Fig. 1.5: Illustration of a tree code. Left: The particle distribution in a simulation box, dived
into subboxes. Right: The corresponding tree structure, each leave corresponds to
one particle, indicated by the numbers.

scheme speeds up the force calculation to O(Np ln(Np)). In contrast to PM codes
periodic boundary conditions are not treated naturally in tree codes, but respecting
periodic boundary conditions is possible by applying the Ewald summation [63].

Leapfrog

The last piece missing is an integrator for the equation of motion of the particles
1.104. The standard method is the leapfrog scheme, in which the velocity and posi-
tions are update alternately after half a time step ∆τ/2, according to the following
scheme:

p
(
τ + ∆τ

2

)
= p

(
τ − ∆τ

2

)
+ F (x(τ), τ) ∆τ,

x (τ + ∆τ) = x(τ) +
p
(
τ + ∆τ

2

)
a
(
τ + ∆τ

2

)
m

∆τ. (1.108)

This scheme is a second order scheme. Hence, it is more accurate than a simple
Euler scheme, while requiring less memory than other second order schemes, since
only one copy of the velocities and positions must be stored. Furthermore, leapfrog
is a symplectic time-reversible scheme and as a consequence of that it conserves
energy, angular momentum etc. Unfortunately, the leapfrog scheme can only be
applied to velocity independent forces.
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1.4 Growing Neutrino Quintessence

Although the CC provides a good fit to the cosmological data, a large amount
of alternative DE models exists, see e.g. [12] for an overview. Questioning the
standard paradigm and finding alternative explanations for the observed accelerated
expansion of the universe is one motivation for the search for alternative DE models.
The other motivation is the so called CC problem; a theoretical dissatisfaction with
unpredictability of the CC, related to its size.

1.4.1 The Cosmological Constant problem

In this section, we describe several aspects of the CC problem. Hereby, we will follow
the review [64]. General Relativity, including the CC, is the most general, local
theory of a classical rank two tensor field with second order equations of motion [65].
However, even if the CC were classically absent the CC is generated by quantum
effects, as the CC is consistent with the symmetries of gravity, namely diffeomorphism
invariance. The Einstein-Hilbert action of gravity contains the term

SEH ⊃ −
1

(8πG)

∫
d4x
√
−gΛ. (1.109)

This term can be interpreted as a classical vacuum energy given by the minimum
of the matter potential Λ = −8πGρvac = −8πGV (Φmin). Such a term is irrelevant
for non-gravitational physics. Furthermore, because the observed vacuum energy is
small, ρvac,obs ∼ 10−9 eV4, it is only relevant on cosmological scales.

The minimum of the potential changes during phase transitions, therefore also the
classical vacuum changes during the cosmic history. In a given model the change
is calculable for each phase transition, in the standard model of particle physics
these are the electroweak phase transition with ∆ρvac,EW ∼ −1055ρvac,obs and the
QCD phase transition with ∆ρvac,QCD ∼ 1045ρvac,obs. By choosing the minimum of
the potential we are always able to set the vacuum energy to the observed value, but
leaving us with a huge vacuum energy before the electroweak phase transition. Even
if we set the vaccum energy to the observed value and “solve” classical CC problem
the problem reapers at the quantum level.

In a quantum treatment of matter fields on a gravitational background the vacuum
energy is the expectation value of the energy density

ρvac = 〈0|ρ̂|0〉. (1.110)

The mass dimension of the vacuum energy is 4, hence one expects that the vacuum
energy is of the order of ρvac ∼ M4, with M being the highest scale of the theory.
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Since gravity is involved it is plausible that M is of the order of the Planck scale.
Hence, the quantum contribution to the vacuum is much larger than the observed
value ρvac ∼M4

Pl ∼ 10120ρvac,obs. This requires the classical contribution to be of the
same order, with the opposite sign, such that the sum gives the observed value. This
enormous amount of fine tuning is considered as being unnatural. Using a smaller
cutoff, as the electroweak or QCD scale, the vacuum energy is still many orders of
magnitude too large.

Let us now explain how to obtain a more trustworthy estimate. As an illustrative
example consider a free scalar field ϕ, with the Lagrangian

L = −1
2∂µϕ∂

µϕ− 1
2m

2ϕ2. (1.111)

The quantum contribution to the vacuum energy is dominated by UV-modes. These
modes effectively see a Minkowski background. Therefore we can restrict the
following considerations to flat space. A straightforward calculation yields

ρvac = 1
2(2π)3

∫
d3k

√
k2 +m2. (1.112)

This integral is divergent and must be regularized. As pointed out in [64] it is impor-
tant to use a Lorentz invariant scheme e.g. dimensional regularization, yielding

ρvac = − m4

64π2

(
2
ε

+ 3
2 − γ − ln

(
m2

4πµ2

))
+O(ε). (1.113)

The 1/ε-pole can be absorbed into the CC, using a modified version of the MS-scheme,
also absorbing the 3/2, the quantum contribution to the vacuum energy is

ρvac = m4

64π2 ln
(
m2

µ2

)
. (1.114)

In this expression the UV-cutoff of the theory is not present. Instead the mass
of the field together with the renormalization scale µ determines the size of the
vacuum energy. Although this is a toy model calculation, the result is similar to
those obtained in more realistic situations. The same contribution can be found
for each degree of freedom of massive vector and fermion fields, with a minus
sign for fermions. Even in the presence of interactions, calculations based on non-
perturbative variational methods reproduce this result, in particular the logarithmic
term. To estimate the vacuum energy we choose the renormalization scale to be
µ ∼

√
EgravEγ . This choice combines the two relevant energy scales; the energy

scale related to the expansion of the universe Egrav ∼ H0 and the typical photon
energy Eγ , determined by the typical wavelength of the photons travelling to us from
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super novae, λ ∼ 500 nm. Plugging in the masses of the standard model particles
the vacuum energy is estimated to be

ρvac ∼ 1056ρvac, obs. (1.115)

This is much smaller than the Planck scale estimate, but still many orders of mag-
nitude larger than the observed one. This conclusion is not altered by varying the
renormalization scale µ.

Whether this estimate is more realistic than the Planck scale estimate or any other
estimate is not important. What is important, is that any reasonable estimate gives,
up to logarithmic corrections, an expression for the vacuum energy density of the
form ρvac ∼M4, with some mass scale M . For any plausible mass scale the quantum
contribution to the vacuum energy is many orders of magnitude larger than the
observed value. To avoid fine tuning the smallness of the vacuum energy density
must be explained.

1.4.2 (Growing Neutrino) Quintessence

Popular alternatives to a CC as Dark Energy are dynamical Dark Energy models.
Cosmologists’ favorites are scalar field or Quintessence models, first proposed in [66,
67], and modified gravity theories. Dynamical DE models offer natural explanations
for the smallness of the DE component. Typically its energy density decreases with
time, as the density of matter and radiation. The DE density was larger in the past,
its small value today is simply a consequence of the age of the universe. This reduces
the amount of required fine tuning. However, many of those models still contain the
CC therefore do not explain its absence. The publication [66] proposes to address
the CC problem by classical scale free or dilatation invariant theories, in which the
dilatation symmetry is anomalously broken in the quantum theory. The CC becomes
an effective time dependent “cosmological constant” related to the pseudo-Goldstone
mode of the broken dilatation symmetry.

In our discussion of inflation in section 1.1.5, we have seen that a minimally coupled
scalar field can mimic a cosmological constant. However, every DE model must
predict the correct amount of DE, preferably without fine tuning of initial conditions.
Hereby, the form of the self interaction potential is crucial. If the potential allows for
an attractor solution, the dynamics of the scalar field becomes independent of the
initial conditions. The DE density and equation of state are specified in terms of the
free parameters in the potential, see [68] for a discussion of requirements on the
potential to allow for attractor solutions.
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A possible choice, motivated by the dilatation invariant scenario, is an exponential
potential

V (ϕ) = V0e
−αϕ. (1.116)

The value of V0 is arbitrary. Changing V0 corresponds to shifting ϕ by a constant
value. Effectively, the model possess only one free parameter α > 0. The exponential
potential has scaling solutions, in which the scalar field equation of state assumes the
value of the dominant energy density present, i.e. wϕ = 0 during matter domination
and wϕ = 1/3 during radiation domination. The energy density becomes for all
initial conditions Ωϕ = 3(1+wϕ)

α2 . However, an accelerated expansion is not possible,
since the scaling regime will never end. An alternative choice possessing attractor
solutions is a power law potential V (ϕ) ∝ ϕ−α. The power law potential flattens
out for large field values. A field rolling towards large field values will eventually
reach negative wϕ. But, typically wϕ → −1 is only reached for Ωϕ → 1. Therefore it
is difficult to find a model with Ωϕ ≈ 0.7 and wϕ ≈ −1, without fine-tuning of the
potential.

Growing Neutrino Quintessence

Let us consider a possible coupling of the scalar field, the cosmon, to matter. The
energy scale in particle physics, which is closest to the DE energy scale is the neutrino
mass. Therefore a coupling to neutrinos, via a cosmon dependent neutrino mass
is plausible [69]. The coupling between neutrinos and cosmon allows the cosmon
to exit the scaling regime, as soon as the cosmic neutrinos become non-relativistic.
In this section we briefly discuss the homogeneous limit, for more details see for
example [70].

The main ingredients are the equations of motion for the cosmon and the neutrinos

¨̄ϕ+ 3H ˙̄ϕ+ V ′(ϕ̄) = β(ϕ)
(
ρ̄ν − 3P̄ν

)
, (1.117)

˙̄ρν + 3
(
ρ̄ν + 3P̄ν

)
= − ˙̄ϕβ(ϕ)

(
ρ̄ν − 3P̄ν

)
. (1.118)

The potential is the exponential. The ϕ-dependent coupling β < 0 is related to the
neutrino mass by

β(ϕ) = −d ln(mν(ϕ))
dϕ

. (1.119)

Two regimes are of interest. First, a small mass variation with ϕ, corresponding to
β = const. and mν = mie

−βϕ. Second, a scenario where the mass varies strongly
near a formal pole mν = mi/(ϕcrit − ϕ) corresponding to β = −1/(ϕcrit − ϕ). We
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will restrict our discussion to the technically simpler case of a constant coupling, the
case of a varying coupling is analogous. The coupling between neutrinos and the
cosmon vanishes for relativistic neutrinos. Hence, it is irrelevant at earlier times.
The cosmon approaches its scaling solution. During matter domination we have

ρ̄ϕ ∝ V (ϕ̄) ∝ a−3, mϕ ∝ a−3β/α. (1.120)

The scaling regimes ends when the neutrino mass has grown large enough so
that the neutrinos become non-relativistic. At this point the interaction becomes
important. The neutrinos act as an effective potential barrier, stopping the cosmon
once αV (ϕ) = −βρν is reached. Both the cosmon and neutrino energy density are
approximately constant. Today’s DE is the combined cosmon-neutrino fluid. The DE
density is ρ̄DE = ρ̄ϕ + ρ̄ν . Using the relation between total neutrino mass and the
energy density of non-relativistic neutrinos Ων,0 = mν,0/(h294 eV), we can relate DE
properties to the neutrino mass

ΩDE,0 = −
(
β

α
+ 1

)
mν,0

h294 eV
, wDE,0 = −1 + mν,0

ΩDEh294 eV
. (1.121)

For a fixed neutrino mass the late time cosmology is describe by a single free
parameter β/α. Demanding for the DE density ΩDE ∼ 0.7 and for the neutrino mass
mν,0 ∼ 1 eV the equation of state is w ∼ 0.9 and the free parameters is β/α ∼ 5.
Since bounds on EDE require α & 10, the coupling β ∼ 50 must be large and the
attractive fifth force between neutrinos mediated by the cosmon is large.

1.4.3 Structure formation and backreaction in Growing Neutrino
Quintessence

We have seen that GNQ provides a realistic homogeneous cosmology, this does not
remain true once fluctuations are taken into account [71, 72, 73]. As a consequence
of the required large coupling, linear perturbations become unstable and perturba-
tion theory fails already on large scale, ∼ 100 hMpc, around a ∼ 0.4. In the constant
coupling model the instabilities are resolved by the formation of stable neutrino
lumps, of a typical size ∼ 30 hMpc, to be compared with the size of large galaxy
clusters ∼ 10 hMpc. Also in the varying constant coupling lumps form, but instead
of being stable they periodically form and dissolve. The formation of neutrino
lumps shares many similarities with the formation of gravitational structures, but
in contrast to gravitational structures neutrino lumps induce large backreaction
effects, invalidating the homogeneous analysis once structures have formed. Since,
neutrinos became non-relativistic in the recent cosmic history, say at a ∼ 0.2, lumps
form late. Neutrino structure and backreaction is unimportant during most of the
cosmic history, in particular the CMB and the large-scale structure formation remain
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unaffected until lumps start to form. Afterwards, the lumps form and may leave
observable effects. The differences to gravitational structure formation can be traced
back to the field dependent mass, which does vary in time and space. A neutrino
“falling” into a lump looses mass, to compensate the accompanied loss of energy the
neutrino is accelerated to relativistic velocities. In the varying coupling model this
process is so violent that structures form and dissolve periodically. In the constant
coupling model the relativistic neutrinos form stable lumps. The small neutrino
masses together with the relativistic velocities reduce the (volume) averaged trace
of the energy momentum tensor, compared to the homogeneous estimate. Hence,
reducing the stopping power. In the constant coupling model the stable lumps decou-
ple [74], similar to gravitational bound structures, see section 1.1.4. The pressure of
lumps vanishes when averaged over a sufficiently large scale, Λ & 30 hMpc, hence,
on scales larger than Λ the lumps can be interpreted as an effective non-relativistic
fluid interacting with a long-wavelength cosmon field, c.f. section 1.3.2. The weaker
stopping effect is accounted for by a reduced effective coupling βΛ < β.

The publications 1 and 2 investigate the possibility of a realistic cosmology. In
publication 2 the constant coupling model is considered and in publication 1 the
varying coupling model. In the constant coupling model, the strong backreaction
effects induced by the stable lumps, seem not to allow for a realistic cosmology.
In contrast, the oscillating lumps in the varying coupling model induce only small
backreaction effects, the overall cosmology is close to the ΛCDM model.
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The energy scale of dark energy, ∼2 × 10−3 eV, is a long way off compared to all known fundamental
scales—except for the neutrino masses. If dark energy is dynamical and couples to neutrinos, this is no
longer a coincidence. The time at which dark energy starts to behave as an effective cosmological constant
can be linked to the time at which the cosmic neutrinos become nonrelativistic. This naturally places the
onset of the Universe’s accelerated expansion in recent cosmic history, addressing the why-now problem of
dark energy. We show that these mechanisms indeed work in the growing neutrino quintessence model—
even if the fully nonlinear structure formation and backreaction are taken into account, which were
previously suspected of spoiling the cosmological evolution. The attractive force between neutrinos arising
from their coupling to dark energy grows as large as 106 times the gravitational strength. This induces very
rapid dynamics of neutrino fluctuations which are nonlinear at redshift z ≈ 2. Nevertheless, a nonlinear
stabilization phenomenon ensures only mildly nonlinear oscillating neutrino overdensities with a large-
scale gravitational potential substantially smaller than that of cold dark matter perturbations. Depending on
model parameters, the signals of large-scale neutrino lumps may render the cosmic neutrino background
observable.

DOI: 10.1103/PhysRevD.93.063511

I. INTRODUCTION

The cosmological constant Λ has emerged as the standard
explanation for the observed accelerated expansion of the
Universe [1,2]. Together with the assumption of cold dark
matter (CDM), it forms the remarkably successful concord-
ance model ΛCDM [3]. The proposed alternatives to the
cosmological constant are already many—more complicated
and often a worse fit to observational data [4]. A new model
should only be added to this list if it provides theoretical
advantages or phenomenological aspects that neither the
cosmological constant nor its most prominent competitors
can offer. Growing neutrino quintessence (GNQ) was
proposed in this spirit [5,6]. It addresses both the cosmo-
logical constant problem (why is the energy density of dark
energy so small?) and the why-now problem (why has dark
energy just started to dominate the energy budget of the
Universe?) [7,8]. On the phenomenological side, it predicts a
time-varying neutrino mass and the formation of large-scale
neutrino overdensities that might be detectable by their
gravitational potentials [9].

As a quintessence model [10,11], GNQ describes the
dark energy by a dynamical scalar field, the cosmon φ.
Analogous to the inflaton in inflationary theories of the
early Universe, the cosmon can describe an accelerated
expansion of the Universe at late times. The similarity of
the mechanism even allows for a unified picture in which
the same field is responsible for both the early and the late
accelerating epochs [12,13]. Quintessence models address
the cosmological constant problem: the energy density of
dark energy decays, during most of the cosmological
evolution, just like that of radiation and matter. Its small
size today is then simply a consequence of the large age of
the Universe.
In contrast to the simplest quintessence models, GNQ

includes a mechanism for a natural crossover to the
accelerated phase. No fine-tuning of the self-interaction
potential is needed. Instead, a coupling between the
cosmon and the neutrinos affects the dynamics of dark
energy. The event of the cosmic neutrinos becoming
nonrelativistic—which, due to their small masses, happens
in relatively recent cosmic history—triggers the onset of
dark energy domination. The present dark energy density is
correlated to the present value of the neutrino mass [5].*ayaita@thphys.uni‑heidelberg.de
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Within a quantum gravity setting the change in the ratio
between neutrino masses and the electron mass may be
associated to a crossover between two fixed points [14].
A substantial effect of neutrinos on the overall cosmic

evolution requires a coupling between the cosmon and the
neutrinos, which is substantially larger (say a factor 102)
than the gravitational coupling. A cosmon coupling to
neutrinos, rather than to electrons or nucleons can have
a natural explanation in a particle physics setting [6].
Such a coupling has, however, a decisive impact on the
evolution of perturbations in the neutrino density. The
perturbations become nonlinear even on very large scales
[9]. Furthermore, the expansion history can be affected by a
nonlinear backreaction effect [15]. These technical com-
plications motivated a comprehensive simulation technique
[16]. The technique has by now matured and allows us to
obtain full cosmological evolutions of the model. In the
technically simpler case of a constant coupling parameter,
its preliminary results already inspired a consistent physical
picture and an approximation scheme for the nonlinear
evolution [17]. In this work, wewill turn to the more natural
yet technically challenging case of a field-dependent
coupling. Again, a coherent (though fundamentally differ-
ent) physical picture of the cosmological evolution will
emerge. Our results for the first time show the full
cosmological evolution of GNQ until redshift zero.
A relation between dark energy (in the form of a scalar

field) and the neutrino masses has earlier been studied in
models of “mass-varying neutrinos” (MaVaNs) [18]. These
models share certain features with GNQ, in particular the
instability problem of neutrino perturbations [19–21]. The
cosmon-neutrino coupling, once strong enough, can lead to
the formation of large nonlinear neutrino lumps. These
lumps would, as a backreaction effect, influence the
expansion dynamics of the Universe. They could even
prevent the Universe from entering a phase of accelerated
expansion. For GNQ, the strong backreaction effect of
stable neutrino lumps on the expansion dynamics has been
shown in a simulation [16]. Our results, however, provide a
counterexample in which—in spite of the instability of
perturbations—the backreaction effect remains small and
the expansion dynamics is affected only marginally. We
anticipate this numerical result in Fig. 1. Although we will
encounter sizable backreaction effects in the interaction of
dark energy and neutrinos, the backreaction effect on the
combined cosmon-neutrino fluid is hardly visible. The
evolution of the energy density of this fluid is very similar
to that of a cosmological constant. The main distinction is
the presence of a small fraction of early dark energy.
This work is organized as follows. The next section

covers a brief overview of the fundamentals of the model
and the most important insights into its cosmological
evolution that preceded this work. Section III will explain
the main ideas of the simulation method. The numerical
results in Sec. IV are followed by a physical interpretation

in Sec. V sketching a coherent physical picture of the
evolution. The work concludes in Sec. VI.

II. GROWING NEUTRINO QUINTESSENCE

A. Basic concepts

In this section, we briefly collect and explain the main
ingredients that make up the GNQ model. In a nutshell,
these are the cosmon φ described as a scalar field with a
canonical kinetic term and a self-interaction potential VðφÞ
and the neutrinos whose masses are assumed to depend on
φ. The field dependence of the neutrino mass defines an
interaction between the cosmon and the neutrinos whose
coupling parameter β is a measure of how strong this field
dependence is.
Let us take the time to go through this in more detail. The

Lagrangian of the cosmon alone is of standard form

−Lφ ¼ 1

2
∂λφ∂λφþ VðφÞ: ð1Þ

Here and in the following, we use the metric signature
ð−;þ;þ;þÞ and units where the reduced Planck mass is
unity, implying 8πG ¼ 1. We assume an exponential
potential VðφÞ ∝ expð−αφÞ [22]. The details of the poten-
tial do not matter as long as it gives rise to suitable scaling
solutions ensuring—for a wide range of initial conditions—
that dark energy decays just as the dominant component
(radiation and later matter). In our case, the constraints on
early dark energy require α≳ 10 [23–25]. The scaling

FIG. 1. The transition to dark energy domination in nonlinear
growing neutrino cosmology. The figure shows the energy
fraction of the coupled cosmon-neutrino fluid as obtained in a
nonlinear simulation (red solid) and a purely homogeneous
computation (black dashed). The two lines almost coincide,
demonstrating the smallness of the “backreaction”. The individ-
ual components are the cosmon (gray dotted) and the neutrinos
(green dotted). The cosmological evolution of the dark energy
fraction is compared to a cosmological constant normalized to the
same present-day dark energy density (blue dot-dashed).
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solution should hold as long as neutrino masses play
no role.
The second ingredient is the dependence of the neutrino

masses on φ [6]. For simplicity, we only consider the average
neutrino mass mν instead of the full mass matrix Mν of the
three light neutrinos. A dependence mν ¼ mνðφÞ occurs if a
fundamental mass scale M in the mechanism of neutrino
mass generation depends on φ. For example, in the cascade
or induced triplet mechanism [26–29], the neutrino masses
are proportional to M−2

t where Mt denotes the mass of a
heavy SUð2ÞL triplet. IfMt depends on φ such that it reaches
a small value near φ ¼ φcrit, the average neutrino mass can
be approximated, in the range of interest, by the ansatz

mνðφÞ ¼
m̄

φcrit − φ
ð2Þ

with a parameter m̄ [6]. The formal pole at φcrit is never
reached by the cosmological solution and may be considered
as an artifact of the approximation. Also the behavior far
away from this pole is not important for our considerations
as, in this case, the cosmon-neutrino coupling is negligible.
We can thus employ the relation given by Eq. (2) for the full
cosmological evolution.
The cosmon-neutrino coupling β quantifies the strength

of the field dependence of mν. It is defined as

βðφÞ≡− d lnmνðφÞ
dφ

¼ − 1

φcrit − φ
; ð3Þ

where, in the last step, we have used the explicit depend-
ence of Eq. (2). When φ approaches φcrit, the coupling
becomes strong and successfully stops the evolution of the
cosmon. However, other functional shapes for β are
possible as well. For instance, a technically simple choice
is a constant coupling β ¼ const implying an exponential
mass dependence mνðφÞ ∝ expð−βφÞ. A growing neutrino
mass requires a negative coupling parameter β < 0. We
assume that only neutrinos have a sizable coupling to the
cosmon. This is motivated in particle physics by a cross-
over in the flow of couplings within the beyond standard
model sector, which first manifests itself in the neutrino
sector through the dependence of neutrino masses on some
heavy scale [30].
The coupling between the cosmon and the neutrinos

manifests itself as an energy-momentum exchange between
the two components. This energy-momentum transfer is
proportional to the coupling parameter βðφÞ and reads

∇λT
μλ
ðφÞ ¼ þβðφÞTðνÞ∂μφ; ð4Þ

∇λT
μλ
ðνÞ ¼ −βðφÞTðνÞ∂μφ; ð5Þ

where TðνÞ ≡ Tλ
ðνÞλ ¼ −ρν þ 3pν denotes the trace of

the neutrino energy-momentum tensor. Quintessence

couplings of this simple type are discussed in early works
on coupled dark energy [31,32].
Inserting the cosmon’s energy-momentum tensor in

Eq. (4) yields the field equation

∇λ∇λφ − V;φðφÞ ¼ βðφÞTðνÞ: ð6Þ

It shows that the cosmon-neutrino coupling becomes only
effective once the right-hand side βTðνÞ is comparable to or
larger than the potential derivative V;φ. As long as the
neutrinos are relativistic with wν ≈ 1=3, the trace TðνÞ ¼
−ρνð1 − 3wνÞ and thereby the effect of the coupling is
negligible. In this sense, the neutrinos becoming non-
relativistic serves as a trigger event. On the other hand,
also βðφÞ grows towards large negative values as φ rolls
down its potential towards φcrit. This ensures that, even-
tually, the effect of the coupling cancels the effect of the
potential derivative. In that case, the evolution of the
cosmon is essentially stopped, and the dark energy approx-
imately acts as a cosmological constant with vacuum
energy VðφcritÞ. We will find that φ, and therefore the
neutrino masses, oscillate around a slowly increasing value.
For a neutrino particle on a classical path, the coupling

implies the equation of motion [16]

duμ

dτ
þ Γμ

αβu
αuβ ¼ βðφÞ∂μφþ βðφÞuλ∂λφuμ; ð7Þ

where uμ is the four-velocity and τ denotes the proper time.
The left-hand side is simply the motion under gravity,
whereas the right-hand side includes the effects of the
cosmon-neutrino coupling. For the (spatial) velocities uk,
the first term β∂kφ is similar to a potential gradient in
Newtonian gravity and can be interpreted as an attractive
force between the neutrinos. In the limit of small velocities,
it is about 2β2 stronger than gravity [33]. For relativistic
velocities, it becomes negligible as the other contributions
grow quadratically with components of the four-velocity
uμ. In this case, the coupling is only important in the second
term on the right-hand side, which, however, cannot change
the direction of motion of the particle. Thus, the cosmon-
mediated attraction of neutrinos is only effective in the
nonrelativistic case.
A second important ingredient is the replacement of the

Hubble damping by “cosmon acceleration.” Neglecting the
(spatial) gradients ∂kφ (and, similar, for the metric), Eq. (7)
becomes (u0 ¼ γ)

duk

dt
¼ ½βðφÞ _φ − 2H�uk; ð8Þ

dγ
dt

¼ ½βðφÞ _φ −H� γ
2 − 1

γ
: ð9Þ

(This is consistent with the defining relation
γ2 ¼ 1þ a2ukuk.) For an expanding universe, the positive
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sign of H induces a damping of all motions. We will find
that the contribution ∝ β _φ overwhelms the Hubble damp-
ing for important periods in the formation of nonlinear
neutrino structures. The acceleration of all neutrino
motions for _φ < 0will play a crucial role for the dissolution
of previously formed neutrino lumps.

B. Cosmon-neutrino structure formation for
constant coupling

Understanding structure formation in GNQ is not only
important to make contact with various observational
constraints such as from the cosmic microwave background
(CMB) or galaxy surveys. It even is a prerequisite for
obtaining reliable estimates of the expansion dynamics.
This is because, as we will review in this section, nonlinear
perturbations in the cosmon-neutrino fluid can lead to
strong backreaction effects. They alter cosmological aver-
ages of the neutrino mass and equation of state, which, in
turn, influences the evolution of dark energy at the back-
ground level. We explain this by briefly reviewing the main
steps undertaken by previous works that have shed light on
the issue [9,15–17,21,33–36]. These works focused on the
constant coupling model where β does not depend on φ. It
is technically simpler and may be regarded as a useful
approximation in the case where βðφÞ does not vary much
in late cosmology. Obtaining a realistic accelerated expan-
sion requires couplings of order β ∼ −102 if the potential is
exponential with α≳ 10.
The large value of the coupling implies a fast growth of

linear neutrino perturbations. The transition to the nonlinear
regime can be associated roughly with the moment at which
the dimensionless power spectrum Δ2

νðkÞ ¼ k3PνðkÞ=ð2π2Þ
reaches order unity. In contrast to the CDM case, this
transition occurs even on very large scales leading to a
breakdown of linear perturbation theory [9]. Let anlðkÞ
denote the cosmic scale factor at which Δ2

νðkÞ¼1 in linear
perturbation theory. Figure 2 shows the transition to non-
linearity (in the Newtonian gauge) for β ¼ −52, α ¼ 10, and
a relatively large present-day average neutrino mass m0

ν≈
2.3 eV. Although the details depend on the precise param-
eters chosen, the qualitative finding is generic and has its
origin in the instability of linear perturbations (cf. Sec. II A).
The first scales to enter the nonlinear regime are of

comoving size λ ∼ 100h−1 Mpc (cf. Fig. 2). The over-
densities at this scale evolve into massive neutrino lumps
that are stable for constant β. Although the picture will be
different for the varying (i.e. cosmon-dependent) coupling
βðφÞ investigated in this work, cf. Eq. (3), it is worthwhile
to discuss the main effects in the technically simpler setting
of a constant coupling β ∼ −102. They will reappear, albeit
in a weaker form, in the varying coupling model and play a
role in the physical interpretation of our results.
Two properties of the lumps were identified that imply a

backreaction effect altering the expansion dynamics [35].
They both lead to a suppression

jTðνÞj < jThom
ðνÞ j ð10Þ

of the actually averaged trace of the neutrino energy-
momentum tensor as compared to the trace obtained in a
purely homogeneous computation that neglects the non-
linear perturbations. It is, however, this trace TðνÞ that enters
the cosmon field equation, Eq. (6). The more severely the
trace is suppressed, the less effective is the coupling in
stopping the evolution of the cosmon.
First, during the lump formation, the neutrinos are

accelerated to higher velocities. This can lead, in particular
close to the lumps’ centers, to relativistic neutrino veloc-
ities. Those neutrinos no longer contribute to TðνÞ as the
energy-momentum tensor of relativistic particles is approx-
imately traceless. Second, similar to a gravitational poten-
tial well, the local cosmon perturbation δφ is negative in
lumps, leading to neutrino masses mνðφ̄þ δφÞ that are
smaller inside the lumps than expected for the cosmological
average field φ̄. As TðνÞ ∝ mν, this substantially weakens
the effect of the coupling as most neutrinos will be located
in lumps. The effect can be physically understood as an
approximate mass freezing within lumps—the nonlinear
lumps approximately decouple from the background; the
local value φl of the cosmon within the lumps no longer
follows the evolution of the homogeneous component φ̄
[35]. We illustrate this schematically in Fig. 3. In this
illustration, a stable lump is located at r ¼ 0; within some
time interval Δt, the cosmon evolves by Δφl within and by
Δφ̄ far outside the lump. The figure tells us that φl < φ̄ and
Δφl < Δφ̄. Stated differently, the background component
φ̄ feels a smaller neutrino mass mνðφÞ < mνðφ̄Þ, which, in
addition, depends more weakly on φ̄ [15]. This weaker
dependence can be expressed as a weaker effective
coupling

FIG. 2. Onset of nonlinearity for neutrino fluctuations. We
show the scale factor anl at which different scales enter the
nonlinear regime. Compare with the corresponding figure in
Ref. [9].
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βeff ≡− d lnmνðφÞ
dφ̄

; jβeff j < jβj: ð11Þ

It postpones the onset of the accelerated expansion [16].
For constant β, a clear physical picture and a resulting

approximation scheme have emerged that describe the
cosmological evolution after the formation of lumps
[17]. Despite relativistic neutrino velocities in the lumps’
cores, the total lumps—also including the local cosmon
perturbation—behave like nonrelativistic objects. This is
because the negative pressure contribution of the local
cosmon perturbation just cancels the positive neutrino
pressure. The mutual attraction between these cosmon-
neutrino lumps and the interaction between the nonrela-
tivistic cosmon-neutrino lump fluid and the background
cosmon φ̄ are governed by effective couplings weaker than
the fundamental coupling β.
In this work, we investigate a field-dependent β given by

Eq. (3). We will find that important features behave
qualitatively different since lumps turn out to be no longer
stable.

III. METHOD

A. An N-body approach

Usually,N-body simulations are employed to understand
the nonlinear small-scale dynamics of a cosmological
model whereas the evolution of the homogeneous back-
ground and of large-scale linear perturbations can be
obtained by simpler means. Not so in GNQ: The effects
of nonlinear perturbations have an impact on all scales
including the homogeneous background (cf. Sec. II B). As
a consequence, a nonlinear method is bitterly needed in
order to understand the cosmological dynamics of
the model.

The first step towards anN-body simulation of GNQwas
to incorporate the cosmon-mediated attraction between
neutrinos in the Newtonian limit [36]. In this setting, the
attractive force is analogous to gravity but stronger by a
factor 2β2. The simulation was capable of describing the
first stages of the nonlinear evolution in which large
neutrino lumps started to form. However, the simplifying
assumptions of the approach subsequently broke down.
First, the approach is only valid for nonrelativistic neutrino
velocities, but the neutrinos reached, due to the attractive
force, the relativistic regime. Second, the neutrino masses
were assumed to only depend on the background cosmon φ̄
rather than on the local cosmon value φ; this is a good
approximation as long as the local cosmon perturbations
are sufficiently small, i.e. mνðφÞ ≈mνðφ̄Þ. Inside neutrino
lumps, this no longer holds.
These issues were addressed by a comprehensive sim-

ulation method specifically designed for GNQ [16]. The
latter allows for relativistic neutrinos whose motion is
described by the full equation of motion, Eq. (7). The local
neutrino mass variations are included by actually solving
the nonlinear field equation for the local cosmon perturba-
tion δφ (cf. Sec. III B). The backreaction effects (explained
in Sec. II B) are accounted for by solving the equations for
the homogeneous background simultaneously with the
nonlinear perturbations.
Every neutrino particle p with four-velocity uμ, proper

time τ, and trajectory xμp gives rise to an energy-momentum
contribution

Tμν
ðpÞðxÞ ¼

1
ffiffiffiffiffiffi−gp

Z
dτmνðφðxpÞÞuμuνδ4ðx − xpÞ ð12Þ

with the determinant g of the metric and the Dirac delta
function. From this, not only the perturbations of the energy
density δρν and of the pressure δpν, the anisotropic shear
Σi

j, but also the background quantities ρ̄ν ¼ −T̄0
ðνÞ0 and

p̄ν ¼ T̄i
ðνÞi=3 can be calculated as sums over particle

contributions [16]. These are the actual cosmological
averages

T̄μν
ðνÞ ¼

R
V d

3x ffiffiffiffiffiffiffigð3Þ
p Tμν

ðνÞR
V d

3x ffiffiffiffiffiffiffigð3Þ
p ð13Þ

that appear in the background equations. Here, gð3Þ is the
determinant of the spatial metric, and V is the comoving
simulation volume. In this way, the background quantities
are directly linked to the perturbed quantities, thereby
including the backreaction effects.
The anisotropic shear Σi

j is no longer negligible once
the neutrinos reach relativistic velocities. Assuming the
Newtonian gauge

ds2 ¼ −ð1þ 2ΨÞdt2 þ a2ð1 − 2ΦÞdx2; ð14Þ

FIG. 3. The local value of the cosmon effectively decouples
from the background evolution leading to an approximate mass
freezing within lumps. We use arbitrary units in this schematic
plot, where the core of the potential well is typically of the size of
several megaparsecs and the depth of the potential well is of order
φ̄ − φð0Þ ∼ 10−2 [16].
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it implies a difference Ψ ≠ Φ between the two gravitational
potentials. This is accounted for by solving the well-known
Poisson equation for Φ −Ψ.
The simulation includes also CDM as nonrelativistic

particles accelerated by the Newtonian gravitational poten-
tial Ψ. In GNQ, also the neutrino perturbations contribute
to Ψ such that additional forces act on CDM particles
potentially increasing their peculiar velocities [37].
The N-body simulation is specified by a number of

physical and numerical parameters [16]. The most impor-
tant numerical parameters are the comoving box volume
V ¼ L3, the number Nν of neutrino and Nm of effective
CDM particles, the initial scale factor ai, and the resolution,
i.e. the number Nc of cells. A fixed, equilateral cubic lattice
is used. This is sufficient as cosmon-neutrino structures
form on relatively large scales. On this lattice, the gravi-
tational potentials Ψ, Φ, and the cosmon perturbation δφ
are calculated.
The initial conditions at ai are taken from linear pertur-

bation theory [9]. The evolution of CDM particles in the
N-body simulation starts even earlier than ai since non-
linearities in CDM perturbations occur at much smaller scale
factors than in the neutrino perturbations. The simulation is
governed by a global time parameter for which we use the
scale factor a. As the dynamical time scale of the cosmon-
neutrino interaction varies with the coupling β, it is adequate
to let the time steps depend on β, i.e. Δa ¼ ΔaðβÞ.

B. The cosmon field equation

A technical difficulty lies in nonlinearities in the field
equation for cosmon perturbations δφ. Whereas the per-
turbation δφ generally remains rather small, the steepness
of the mass functionmνðφÞ expressed by the large values of
β can invalidate the linear approximation

mνðφÞ ≈mνðφ̄Þ − βðφ̄Þmνðφ̄Þδφ: ð15Þ
This can arise for two reasons. First, if stable cosmon-
neutrino lumps form, the local neutrino mass within lumps
effectively freezes while the mass far outside the lumps
continues to grow (cf. Fig. 3). Second, for very large
coupling parameters, e.g. for φ close to φcrit in Eq. (3), the
linear approximation of the mass function can even break
down without a mass-freezing effect.
The nonlinear mass function enters the field equation for

δφ by virtue of the trace TðνÞ ∝ mνðφÞ. The equation for δφ
is obtained from the fundamental field equation for φ,
Eq. (6), which we split into a homogeneous and a
perturbative part. The homogeneous part reads

̈φ̄þ 3H _̄φþ V;φðφ̄Þ ¼ −βðφÞTðνÞ: ð16Þ

In the perturbative part, we neglect the time derivatives of
δφ and the nonlinearities in δφ except for the coupling
parameter and the mass function [16]:

1

a2
Δδφ − V;φφðφ̄Þ þ 2Ψð ̈φ̄þ 3H _̄φÞ ¼ δðβðφÞTðνÞÞ: ð17Þ

Here, the right-hand side is defined as the perturbation

δðβðφÞTðνÞÞ ¼ βðφÞTðνÞ − βðφÞTðνÞ ð18Þ

and can be highly nonlinear in δφ. The solution of Eq. (17)
by an iterative Fourier-based method broke down once the
nonlinearities became severe; for the constant coupling
model, this happened at a≳ 0.5 [16]. We have imple-
mented a Newton-Gauß-Seidel (NGS) multigrid relaxation
method recently developed for modified gravity [38] to
overcome these difficulties. Thereby, stable solutions of the
cosmological evolution can be obtained.
We write Eq. (17) schematically as

L½δφ�≡ Δδφ − F½δφ� ¼ 0 ð19Þ
with nonlinear functionals L and F. The NGS solver
applies an iterative prescription which, similar to
Newton’s method, is based upon finding the root of the
linearized functional in each iteration step. However, the
linearization is done at every lattice point x individually; no
functional derivative is performed. The main step of the
iteration is thus

δφðnþ1ÞðxÞ ¼ δφðnÞðxÞ − L½δφðnÞ�ðxÞ
∂L½δφ�=∂δφðxÞ ; ð20Þ

where the derivative in the denominator is just a usual
partial derivative with respect to the value δφðxÞ. The
coupling between neighboring cells is accounted for by the
iterative procedure. We split the derivative as follows:

∂L½δφ�
∂δφðxÞ ¼

∂ðΔδφðxÞÞ
∂δφðxÞ − ∂F½δφ�

∂δφðxÞ : ð21Þ

Approximating the Laplacian by a seven-point stencil gives
us −6=Δx2 for the first term on the right-hand side if Δx is
the comoving lattice spacing. In the second term, the
crucial δφ dependence comes from the product βmν,

∂½βðφÞmνðφÞ�
∂δφ ¼ β;φðφÞmνðφÞ − β2ðφÞmνðφÞ: ð22Þ

For the varying coupling model investigated in this work,
Eq. (3), the coupling βðφÞ and the mass function mνðφÞ
grow large for φ → φcrit. When the background cosmon φ̄
is very close to the barrier φcrit, the perturbation δφ has to be
calculated very accurately. A small numerical error might
lead to exceeding the barrier, φ̄þ δφ > φcrit, which gives
unphysical results. If this is an issue, a change of variables
is appropriate that automatically enforces the barrier
φ < φcrit. This is achieved by solving the field equation
for the variable uðxÞ defined by
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euðxÞ ≡ φcrit − φðxÞ: ð23Þ

Regardless of which values uðxÞ obtains in the NGS solver,
calculating back to δφðxÞ will give a value respecting the
barrier. The resulting term ΔeuðφðxÞÞ is represented by finite
differences as proposed by Ref. [39]. The NGS solver uses
multigrid acceleration and the so-called full approximation
scheme, which is suited for highly nonlinear problems. Full
details are given in Ref. [38].

IV. RESULTS

The generic finding of our simulations is a strong
oscillatory behavior of the neutrino perturbations—mildly
nonlinear neutrino overdensities continuously form and
dissolve. In contrast to the stable neutrino lumps in the
constant coupling model (cf. Sec. II B), these short-lived
overdensities never reach high density contrasts. So, neither
do they induce a large gravitational potential comparable to
that of cold dark matter nor do they decouple from the
evolution of the homogeneous background. The expansion
dynamics is only slightly affected, cf. Fig. 4. In particular,
the effective average cosmon-neutrino coupling differs only
mildly from the microscopic coupling β. A standard epoch
of accelerated expansion results from the effective stop of
the cosmon evolution.
The numerical method (cf. Sec. III), however, is not yet

sufficiently fast and robust to explore the parameter space
of the field-dependent coupling model, Eq. (3). A crucial
parameter is the normalization m̄ of the average neutrino
mass defined in Eq. (2). For large m̄, the cosmological
evolution becomes more similar to the constant coupling
case. The short-lived overdensities are more concentrated
and massive, and a reliable numerical treatment of the
violent oscillatory behavior in combination with these

concentrated lumps has not yet succeeded. For small m̄,
the neutrinos are lighter and accelerate to highly relativistic
velocities in the process of the formation and dissolution of
the short-lived overdensities. Our method is not yet capable
of accurately resolving the collective motion of neutrinos
very close to the speed of light.
The results presented at this stage are thus obtained for

an exemplary set of parameters. They will be followed by
more comprehensive studies once the numerical methods
are sufficiently refined. The neutrino mass parameter m̄ is
chosen as m̄ ¼ 0.5 × 10−3 eV corresponding to a present-
day neutrino mass mνðt0Þ ≈ 0.2 eV. In the exponential
potential of the cosmon, we choose α ¼ 10. The comoving
box of size V ¼ ð600h−1 MpcÞ3 is divided into Nc ¼ 1283

cells. The number of effective neutrino and matter particles
is chosen equal to the number of cells,Nν ¼ Nm ¼ Nc. The
simulation starts for matter at aini;m ¼ 0.02 and adds
neutrinos at aini;ν ¼ 0.15. The initial perturbations are
characterized by a nearly scale invariant spectrum,
ns ¼ 0.96, with scalar amplitude As ¼ 2.3 × 10−9 at the
pivot scale kpivot ¼ 0.05 Mpc−1.
The form of the coupling βðφÞ is not restricted to the one

in Eq. (3). As long as it is increasing steeply with the field,
we expect a cosmology similar to the one discussed in this
paper. In particular we expect oscillating neutrino pertur-
bations. The constant coupling model and the presented
field-dependent coupling model can be seen as two extreme
cases. Between these two cases we expect models with a
moderate field dependence of the coupling, in which the
lumps are more stable than in the varying coupling model,
but not as concentrated as in the constant coupling model.
Those models might still have a realistic overall cosmology,
but also interesting and observable deviations from a
ΛCDM-like cosmology.

A. Cosmic neutrinos

One cycle of disappearance and reappearance of mildly
nonlinear neutrino overdensities is shown in Fig. 5. Large-
scale neutrino lumps have formed at a ¼ 0.45. At the
intermediate scale factor a ¼ 0.475, however, the neutrino
distribution again is almost homogeneous. Shortly after-
wards, the overdensities appear again. Even in their centers,
neutrino lumps hardly reach density contrasts above order
10. The number of structures within the whole 600h−1 Mpc
simulation box is very small. The overdensities thus form
on a scale of roughly λ ∼ 100h−1 Mpc. This is similar to the
constant coupling model in which, however, the lumps
subsequently shrink to the size of several megaparsecs and
subhalos form [16]. In order to guarantee that the simu-
lation box is a representative cosmological volume and to
generally avoid box size effects, a larger simulation box
would be desirable. Due to the corresponding loss of
resolution or, if more cells are used, the increased numeri-
cal effort, this analysis is postponed to future work. Our

FIG. 4. The conformal Hubble parameter aH calculated using
the simulation (red solid line) compared to the homogenous
computation (black dashed line). The backreaction effects of the
neutrino lumps on the expansion history are small.
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preliminary tests indicate that our findings are robust with
respect to box size.
A period of overdensity formation is initiated by a low

neutrino equation of state wν ≈ 0. As discussed in the
context of the neutrino equation of motion, Eq. (7), the
bending of neutrino trajectories and therefore the formation
of neutrino overdensities is most effective in this case. The
effect is strengthened when the cosmon φ̄ has come close to
the critical value φcrit implying large neutrino masses by
Eq. (2) and according to Eq. (3) a strong coupling. During
the formation of lumps the coupling is enhanced compared
to other periods by a factor of about 62, where both the
mass and the coupling contribute the same factor. This adds
to the effect of vanishing pressure.
After the stage of neutrino lump formation, the cosmon

“bounces” against the barrier, and _̄φ switches sign becom-
ing negative. The cosmon acceleration ∝ β _φ − 2H in
Eq. (8) becomes then positive. Rather than as a damping,
it acts as an accelerant and leads to relativistic neutrino
velocities high enough such that the neutrinos fly out of the
lumps. Consequently, a period of lump formation is
followed by a period of lump dissolution. Subsequently,
_̄φ turns again positive due to the gradient of the cosmon
potential and a new period of lump formation begins.
These cycles of slowdown and speedup are visualized

in Fig. 6. None of these oscillatory features are visible in
a purely homogeneous calculation, which would predict a
neutrino equation of state very close to zero. It is the
proper treatment of nonlinear perturbations that uncovers
why the instability of neutrino perturbations is not
“catastrophic” [19]. The instability, only present for
nonrelativistic neutrinos and leading to the formation
of neutrino lumps, is counteracted by the neutrinos

turning relativistic again. This constitutes a nonlinear
stabilization mechanism.

B. Dark energy

The periods of nonrelativistic neutrino velocities wν ≈ 0
are essential for stopping the evolution of the cosmon and
ensuring a phase of accelerated expansion (cf. Sec. II A).
The periodically reached relativistic neutrino velocities
render the stopping mechanism slightly less effective as
they suppress the coupling term ∝ Tλ

ðνÞλ in Eq. (6). This is

visible in the evolution of the cosmon equation of state wφ,
cf. Fig. 7. The equation of state wφ approaches the
cosmological constant value wΛ ¼ −1 although the full
simulation taking the effect of periodically relativistic
neutrino velocities into account approaches this value a

FIG. 5. Forming and dissolving mildly nonlinear neutrino
overdensities. Simulation cells with a neutrino number density
contrast nν=n̄ν ≥ 5 are marked red.

FIG. 6. Evolution of the average equation of state wν of
neutrinos in the simulation (red solid line) as compared to a
purely homogeneous computation (black dashed line).

FIG. 7. Evolution of the equation of state wφ of dark energy in
the simulation (red solid line) and in a homogeneous computation
(black dashed line). The double peak structure reflects the
oscillation of φ in an effective potential.
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bit more slowly. Albeit clearly visible, this backreaction
effect does not significantly postpone the onset of the
accelerated expansion as seen in Fig. 1.
The oscillations in Fig. 7 show a simple pattern.

Repeatedly, wφ reaches the value −1. These are turning
points where _̄φ switches sign and thus encounters a zero
where wφ ¼ −1 holds exactly. Narrow and wide minima
alternate. The narrow minima occur when φ̄ bounces
against the steep barrier at φcrit. The wide minima are
related to the other turning point when φ̄ has climbed the
gently inclined scalar self-interaction potential Vðφ̄Þ. The
decay of the oscillation amplitude for growing a is a
consequence of the damping term 3H _̄φ in Eq. (16).
The evolution of the cosmon φ̄ is reflected in the

evolution of the coupling parameter βðφ̄Þ and the average
neutrino mass mνðφ̄Þ, cf. Fig. 8. They are both proportional
to the inverse of φcrit − φ̄ (which is the distance to the
barrier), Eqs. (3) and (2), and reach extrema at the turning
points of φ̄. As the cosmon perturbations δφ remain small,

it is justified to assume βðφÞ ≈ βðφ̄Þ and mνðφÞ ≈mνðφ̄Þ
for the averages; this is different from the constant coupling
case, cf. Sec. II B. Figure 8 tells us that the backreaction
effect is most pronounced at the cusps of the plots. The
coupling reaches values β ≈ −1.2 × 103, and the highest
average neutrino mass is mν ≈ 0.6 eV. At the opposite
point of the oscillation, the coupling parameter is around
β ≈ −2 × 102, and the mass is at mν ≈ 0.1 eV. As the
precise oscillatory pattern will sensitively depend on the
chosen model parameters, we conclude that the varying
coupling model will not predict a precise value for the
present-day neutrino mass but rather a range.

C. Neutrino lump gravitational potential

The only way for cosmological observations to detect the
large neutrino overdensities is via the effects of their
gravitational potentials. These gravitational potentials have
an impact on the evolution of CDM perturbations, in
particular on the peculiar velocity field [37]. More impor-
tant, they can leave direct observational traces on the
cosmic microwave background via the Integrated-Sachs-
Wolf effect. The quantitative results on these gravitational
potentials will thus ultimately decide whether the GNQ
model will prove viable in light of various observational
constraints. Although answering this question is beyond the
scope of this work as it requires an exploration of the
model’s parameter space, we show the results obtained for
the exemplary set of parameters employed here in Fig. 9.
The neutrino-induced gravitational potential Φν is sub-
dominant, by 2 orders of magnitude, compared to the CDM
potential Φm. More precisely, the figure shows the dimen-
sionless spectra ΦνðkÞ, ΦmðkÞ (cf. also Ref. [16]).
Between the different comoving scales, we observe a

phase shift. During the dissolution process, small scales
are washed out more rapidly than large scales. Inversely,
during the formation process, small-scale perturbations
build up faster.
Even though the neutrino-induced gravitational potential

is small at late time the neutrinos could have a more
substantial effect on the density perturbations over time.
For example such a cumulative effect happens for standard
massive neutrinos which suppress the growth of density
perturbations on small scales [40,41]. We do not expect an
effect of similar size in GNQ from the neutrino perturba-
tions. Before the neutrinos become nonrelativistic the only
difference to ΛCDM with relativistic neutrinos is the
presence of a dynamical early dark energy component
which suppresses the growth of matter perturbations
compared to ΛCDM. This is small for a large enough
parameter α in the cosmon potential. Neutrino perturba-
tions are only important at late times after neutrinos became
nonrelativistic. Since the formation of neutrino structures is
dominated by the cosmon-neutrino interaction, we can get
an estimate of the effect of neutrino perturbations on the
matter perturbations by running a simulation in which the

FIG. 8. Evolution of the coupling parameter βðφÞ and the
average neutrino mass mνðφÞ in the simulation (red solid line) as
compared to a purely homogeneous computation (black dashed
line). The nonlinear effects (backreaction) enhance the peaks and
lead to a small shift.
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neutrinos do not source the Poisson equation for the
gravitational potential. As the lower plot of Fig. 9 shows,
the effect of the neutrinos on the matter is on the
subpercent level.
We find that, for most of the cosmic history, the cosmon-

induced gravitational potential is one order of magnitude
smaller than the one induced by neutrinos. Only around
a ¼ 1 on large scales, it becomes comparable to the one
induced by neutrinos.

V. PHYSICAL PICTURE

A. Effective cosmon dynamics

Our aim is an analytic understanding of the time
evolution of the average cosmon field φ̄ in the presence
of inhomogeneous and possibly rapidly moving neutrinos.
For this purpose, we employ an effective potential Veffðφ̄Þ

which depends, in addition to φ̄, also on a characteristic
neutrino momentum p and the average neutrino density n̄ν.
Both p and n̄ν may depend on the scale factor a or other
cosmological quantities, but are assumed to show no
explicit dependence on φ̄. The time evolution of φ̄ will
then be governed by the equation of motion

̈φ̄þ 3H _̄φþ Veff;φ̄ðφ̄Þ ¼ 0: ð24Þ

The derivative Veff;φ̄ is composed of the self-interaction
part V;φ̄ and a contribution from the cosmon-neutrino
interaction given by the right-hand side of Eq. (16),

Veff;φ̄ðφ̄Þ ¼ V;φ̄ðφ̄Þ þ βTðνÞ: ð25Þ

For an estimate of the coupling term, we assume that it can
be written in the form

βTðνÞ ¼
∂m̄νðφ̄Þ
∂φ̄

n̄ν
γ̄
; ð26Þ

with m̄νðφ̄Þ the average neutrino mass and n̄νðaÞ ∝ a−3 the
(known) average neutrino number density. The exact
formula would be a sum over individual particle contribu-
tions, where the right-hand side for each particle is just as in
Eq. (26) if we replace γ̄ by the usual Lorentz factor γ
(cf. Ref. [16]). The effective Lorentz factor γ̄ is assumed to
depend on φ̄ only through m̄νðφ̄Þ. Then, dimensional
analysis implies that γ̄ is a function of the combination
p2=m̄2

νðφ̄Þ, where p is some appropriate characteristic
momentum for the neutrinos and p ¼

ffiffiffiffiffi
p2

p
. In principle,

the difference between the average of ∂mν=∂φ and
∂m̄ν=∂φ̄ is included in the factor γ̄. For the present scenario,
our numerical simulations show that these two quantities
are approximately equal since the neutrino density pertur-
bation sourcing the cosmon perturbation δφ never reaches
large values during the cosmic evolution.
The effective potential can now be defined as

Veffðφ̄Þ ¼ Vðφ̄Þ þ n̄νm̄νðφ̄Þγ̂; ð27Þ

with γ̂ related to γ̄ by

γ̂ þ ∂γ̂
∂ ln m̄ν

¼ 1

γ̄
: ð28Þ

Employing that γ̂ is a dimensionless function of p2=m̄2
ν,

Eq. (28) follows directly from Eq. (24) and the definition of
γ̄ by Eq. (26). For the case of a free particle with

γ̄2 ¼ 1þ p2

m̄2
νðφ̄Þ

; ð29Þ

one obtains γ̂ ¼ γ̄. For more general momentum distribu-
tions of neutrinos, the functions γ̄ðp2=m̄2

νÞ and γ̂ðp2=m̄2
νÞ

FIG. 9. Top: Comparison between the neutrino-induced gravi-
tational potential Φν and the total gravitational potential Φ during
the first oscillations at three large comoving scales. Bottom:
Comparison of the total gravitational potential obtained from a
simulation in which the Poisson equation is not sourced by the
neutrinos, with the one obtained from the full simulation. The
overall effect of the varying neutrino masses on the gravitational
potential remains on the subpercent level.
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may be somewhat more complicated, but the qualitative
relation remains similar.
We next need to understand the time evolution of the

characteristic neutrino momentum p. We distinguish for
each oscillation period two stages. The first stage is
characterized by the importance of inhomogeneities in the
cosmon field, occurring when φ̄ is close to the critical value
φcrit. There, the neutrino mass is close to its maximum, and
p2 ≪ m̄2

νðφ̄Þ such that γ̄ ≈ γ̂ ≈ 1. The spatial cosmon
gradients in the neutrino equation of motion, Eq. (7), lead
to the growth of p2 and to the formation of neutrino
overdensities. We identify a second stage when φ̄ is no
longer close to φcrit. Here, inhomogeneities in the cosmon
field are no longer decisive, and the overall dynamics is
dominated by cosmon acceleration. We will argue that, for
this second stage, p2 is (almost) conserved. The effective
potential Veffðφ̄Þ then only depends on the value of p2 that
has been reached during the first stage.
For a single particle in a homogeneous background, the

combination p=a is conserved due to translation symmetry.
In the absence of gravity (for constant a), this follows
directly from the neutrino equation of motion, Eq. (7), in
the case where spatial gradients of φ can be neglected,

duk

dt
¼ βðφ̄Þ _̄φuk: ð30Þ

This equation of motion conserves the relativistic momen-
tum p ¼ mνðφ̄Þu. Beyond small effects from the expanding
scale factor, any additional change of p has to arise from
inhomogeneities. These are small during the second stage.
We plot, in Fig. 10, the effective potential given by

Eq. (29), taking the parameters from the simulation around

the oscillation at a ≈ 0.5. The homogeneous computation
that we show as a comparison employs p ¼ 0. The cosmon
φ̄ oscillates around the minimum of the effective potential
according to the effective equation of motion, Eq. (24). The
asymmetry of the effective potential explains the double
peak structure discussed in Sec. IV B.
The identification of the characteristic neutrino momen-

tum p as the decisive parameter for the cosmon dynamics
opens the door to effective descriptions no longer relying
on a full cosmological simulation. For example, the
momentum buildup during overdensity formation might
be estimated in a suitable spherical collapse approach [42]
or even with an adaption of linear perturbation theory. A
detailed investigation of these routes is beyond the scope of
this paper and left for future work.

B. Effective neutrino dynamics

Within the structure formation cycle, we consider first
the period of approximate homogeneity for which the
cosmon acceleration has violently disrupted the previously
formed overdensities. During this period, the effects of the
mutual attraction of the neutrinos are suppressed due to
their relativistic velocities. The decisive conserved quantity
is the relativistic momentum p whose value is determined
by the preceding period of overdensity formation. Of
course, p shrinks due to the ordinary Hubble damping,
but this effect is small because it is linked to a much larger
time scale, 1=H, as compared to the dynamic time scale of
the cosmon-neutrino coupling, which is 1=jβ _̄φj. During this
approximately homogeneous phase, the neutrinos influence
the cosmon evolution via the effective potential Veffðφ̄;pÞ
according to Eq. (24). For large enough φcrit − φ̄, there will
be a turnaround with φ̄ increasing subsequently until a new
phase of lump formation sets in.
The cosmon and the neutrinos can exchange energy.

As a consequence the cosmon energy density is slightly
decreasing. This is compensated by a slightly increasing
neutrino energy density (cf. Fig. 1), so that the total
energy density of the cosmon-neutrino fluid is constant.
This effect can be taken into account by an increasing
effective potential. This increase happens on a time scale
of the order of 1=H and has only a small quantitative
influence.
We next discuss the phase of lump formation. During

this phase, the influence of neutrino inhomogeneities on the
effective potential Veffðφ̄;pÞ is small, and we may use the
homogeneous computation (p ¼ 0). Indeed, when φ̄ comes
close to φcrit (where overdensities form), the neutrinos
become nonrelativistic due to their rapidly growing masses,
and the homogeneous computation of Veff is fairly accu-
rate. In principle, the validity of the homogeneous compu-
tation could be spoiled by the type of backreaction effects
encountered in the constant coupling model, cf. Sec. II B,
where the local cosmon value effectively freezes and no
longer follows the homogeneous component. We do not

FIG. 10. Effective cosmon potential Veffðφ̄Þ for the nonlinear
(red solid) and the homogeneous case (black dashed). For
comparison, we also show the self-interaction potential Vðφ̄Þ
(gray dotted) without the effects of the cosmon-neutrino cou-
pling. Units of V are set by the normalization factor
Vð0Þ ¼ 1.06 × 10−7 Mpc−2.
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observe these effects, here, since the neutrino overdensities
never become large.
Taking things together, we end with a rather simple

qualitative understanding of the role of nonlinearities. The
evolution of the cosmon average field φ̄ is rather indepen-
dent of the details of the lump formation process. We only
need to understand the small increase of the characteristic
neutrino momentum p during each phase of lump for-
mation. On the other hand, for the stages of lump
formation, the cosmon field dynamics can be approximated
by neglecting the backreaction effects (e.g. p ¼ 0 in Veff ).
The details of the stages of lump dissolution are not

crucial because the overall picture there is just given by the
conservation of the momentum distribution fðpÞ. The latter
provides an explanation for some of the observations made
in Sec. IVA. Not only did the lumps periodically appear
and disappear—they occurred roughly in a similar shape as
in the preceding period. Furthermore, the periodic minima
in the neutrino equation of state wν, cf. Fig. 6, reach higher
values every time rather than always shrinking to wν ¼ 0.
This cannot be explained by the spatial distribution of the
neutrino density which is, to a very good approximation,
homogeneous after each dissolution phase. It is the con-
servation of the neutrino momentum distribution fðpÞ
during the dissolution process that tells us that the over-
density formation process does not start from a clean state.
When the overdensities are just to form again, the neutrino
velocities are already pointing to the—previous and next—
overdensities’ centers. The momentum buildup during
overdensity formation then adds up with the preceding
momentum. In each iteration, the momentum thus takes on
larger values, and the equation of state after overdensity
formation has increased compared to the last iteration.
Rather than describing the process of overdensity for-

mation in an adapted linear perturbation theory or spherical
collapse scheme, we content ourselves here with a brief
qualitative discussion explaining the main effects. This will
make plausible our finding that the neutrino-induced
gravitational potentials remain small compared to those
of CDM (cf. Fig. 9). A refined analysis will be the subject
of future work. The overdensities form when the cosmon
comes close to φcrit, the barrier in the effective potential
Veff . The spatial cosmon gradients become important
compared to the time derivative. The coupling parameter
β reaches order −103, cf. Fig. 8.
Although the resulting forces on the neutrinos are

2β2 ∼ 106 times stronger than gravity, several factors hinder
the formation of highly concentrated lumps. First, the
period of time during which the cosmon is close to φcrit
and the neutrinos are nonrelativistic is limited to roughly
Δa ∼ 10−2, cf. Figs. 6 and 7. The nonrelativistic neutrinos
are not fast enough to form overdensities beyond roughly
δν ∼ 10−2 as seen in the simulation. After the cosmon has
bounced against the barrier and _̄φ is negative, the cosmon
acceleration increases all neutrino velocities along their

respective directions of motion. At first, the overdensities
continue to grow as the neutrino velocities were on average,
during the nonrelativistic period, targeting towards the
centers of the forming overdensities. This explains why
the maxima of the neutrino-induced gravitational potential
occur at later times than the bouncing of φ̄ against the
barrier, cf. Fig. 9. However, during the cosmon acceler-
ation, the neutrino masses rapidly decrease. Consequently,
although the number overdensities grow, the effect on the
gravitational potential is only moderate. At its maxima, the
large-scale gravitational potential induced by neutrinos is
only at the percent level compared to the CDM potential.
For small scales, the neutrinos form even less over-

densities compared to δm. The relative importance of the
neutrino gravitational potential therefore decreases towards
smaller length scales.

VI. CONCLUSION

The growing neutrino quintessence model with a field-
dependent coupling βðφÞ shows violent nonlinear dynam-
ics of the coupled cosmon-neutrino fluid, and yet an overall
phenomenology similar to the standardΛCDM picture. The
accelerated expansion is almost the same as for ΛCDM
(cf. Fig. 1), while large-scale neutrino overdensities remain
small enough so that their induced gravitational potentials
are subdominant to those of cold dark matter. At the
fundamental level, however, the model is not anywhere
near ΛCDM. Rather than being a parameter, the present
dark energy density results from the stop of a scaling
solution by a cosmological trigger event, namely neutrinos
becoming nonrelativistic. In the process, the coupling
parameter between the neutrinos and dark energy dynami-
cally reaches order βðφÞ ∼ −103 (cf. Fig. 8), inducing an
attraction between neutrinos 106 times stronger than
gravity. This may serve as an example that a standard
overall phenomenology still leaves room for new physics,
without unnaturally small parameters.
The average neutrino mass mν is small in the early

Universe. For most of the cosmological evolution, the dark
energy scalar field rolls down steadily its potential towards
larger values, and the average neutrino mass grows with
time. In the recent epoch, however, the cosmon field value
oscillates and so do the neutrino masses. For the inves-
tigated parameters, mν oscillates between about 0.15 and
0.6 eV (cf. Fig. 8). Nonrelativistic neutrinos experience an
attractive force due to the coupling βðφÞ substantially
stronger than gravity. Furthermore, Hubble damping is
replaced by cosmon acceleration.
The violent nonlinear behavior of neutrino perturbations

manifests itself in the repeated rapid formation and dis-
solution of large-scale overdensities (cf. Fig. 5). Rather
than becoming nonrelativistic once and for all, the neu-
trinos are accelerated to relativistic velocities periodically
(cf. Fig. 6). This effectively stabilizes the evolution of
perturbations, and the “catastrophic” instability first
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discussed in the context of MaVaNs is avoided [19]. The
(short-lived) overdensities induce oscillating gravitational
potentials, whose relative strength compared to those of
cold dark matter remains at the percent level (cf. Fig. 9).
By virtue of the coupling between dark energy and the

neutrinos, the nonlinear dynamics of neutrino perturbations
exert a backreaction effect on the evolution of dark energy
at the background level. Relativistic neutrino velocities
reduce the strength of the effect of the coupling and thereby
weaken the dark energy stopping mechanism. Although the
backreaction is clearly visible quantitatively for the equa-
tions of state of individual components, it does not alter the
qualitative picture with a usual crossover to the accelerated
expansion epoch (cf. Fig. 7). For our parameter set, the
backreaction effect becomes negligible for the evolution of
the overall energy fraction for the coupled cosmon-neutrino
fluid which constitutes dark energy, see Fig. 1. This finding
is in contrast to the constant coupling model in which stable
neutrino lumps form and effectively decouple from the
homogeneous component. There, a much stronger back-
reaction effect substantially postpones the onset of the
accelerated expansion [16] and makes it difficult to find
realistic models [43].
We have obtained our numerical results from anN-body-

based simulation technique [16], specifically developed for
the growing neutrino quintessence model, together with a
Newton-Gauß-Seidel solver for the local dark energy
perturbations [38]. Our method (described in Sec. III)
has allowed us to show, for the first time, the nonlinear
evolution of the model until redshift zero. Earlier attempts
had to stop at z ≈ 1 and were restricted to the technically
simpler constant coupling model [16,36]. Still, the very
strong coupling parameters and the violent perturbation
evolution have so far prevented a scan of the model’s
parameter space for the field-dependent coupling model.
This, however, would be a decisive step towards a con-
frontation of the model with observational constraints.
Further efforts are required to render the numerical method
faster and more robust.
A complementary road consists in a semianalytical

approach allowing for a simplified yet reliable description
of the cosmological dynamics. In the constant coupling
model, this had inspired the physical picture of a cosmon-
neutrino lump fluid [17]. We have laid the ground here for
such an effective description of the field-dependent cou-
pling model, whose cornerstones we have explained in
Sec. V. In periods during which the cosmon evolves rapidly,
the neutrino momenta are approximately conserved.
This conservation has enabled us to define an effective

self-interaction potential for the scalar field VeffðφÞ
(cf. Fig. 10) that fully describes the evolution of the
homogeneous dark energy. For the neutrino component,
our findings motivate an adapted spherical collapse
approach that would allow us to estimate the momentum
buildup during the overdensity formation process. Such a
semianalytical approach will be shaped along with the
continuing work on the numerical simulation method.
Despite the important steps still to be done, the overall

picture for the confrontation of growing neutrino quintes-
sence with observations already takes a clear shape. For the
varying coupling βðφÞ and the parameter set chosen for the
present paper, the background evolution is essentially
indistinguishable from the ΛCDM model. (The small
fraction of early dark energy can be further reduced by a
larger value of the parameter α.) Also the gravitational
potential induced by the neutrino lumps seems too small for
an easy observational detection. Such models appear to be
compatible with present observations to the same degree as
ΛCDM. On the other side, the models with constant
coupling β may allow for parameters such that the present
dark energy can be adjusted to the observed value. In this
case, we expect much stronger neutrino-induced gravita-
tional potentials observable by the Integrated-Sachs-Wolf
effect or other tests. It is obvious that, for part of the
parameter space, growing neutrino quintessence deviates
substantially from observation and the ΛCDM model.
Large parameter regions lie between the two extremes.
They will allow for clear signals for future observations
without being inconsistent with present observations.
The cosmic neutrino background may finally become
observable.
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We investigate the cosmological effects of neutrino lumps in growing neutrino quintessence. The
strongly nonlinear effects are resolved by means of numerical N-body simulations which include
relativistic particles, nonlinear scalar field equations, and backreaction effects. For the investigated models
with a constant coupling between the scalar field and the neutrinos, the backreaction effects are so strong
that a realistic cosmology is hard to realize. This points toward the necessity of a field-dependent coupling
in growing neutrino quintessence. In this case realistic models of dynamical dark energy exist which are
testable by the observation or nonobservation of large neutrino lumps.
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I. INTRODUCTION

The origin of the observed accelerated expansion of the
Universe is still unknown [1,2]. It is usually accounted for by
a dark energy (DE) component. The simplest possibility
consistent with observations is a cosmological constant Λ,
but a lot of alternatives have been proposed [3]. Prime
candidates are dynamical dark energy models mediated by a
scalar field or modified gravity—the latter being often
equivalent to the former [4]. For many alternatives the
cosmological constant problem [5,6] of explaining the small
value of Λ persists, however. Also the explanation of why
DE becomes important in the present cosmological epoch is
often not more convincing than for a cosmological constant.
Growing neutrino quintessence (GNQ) [7,8] offers some

advantages here. As a quintessence model [9,10], the late
time acceleration is driven by a scalar field φ (the cosmon),
employing a mechanism similar to inflation. It is possible to
unify the late and early time acceleration into a single
picture [11–13] so that the same field is responsible for DE
and inflation. As an overall description within quantum
gravity crossover cosmology [14], GNQ also addresses the
cosmological constant problem.
GNQ is able to explain the smallness of the DE

component, since the dynamical DE density decays during
the cosmic history, just as the other energy densities in the
Universe. The DE density being small is then just a matter
of time—it is small because the Universe is old. In contrast
to simpler quintessence models, GNQ solves the why-now
problem. No fine-tuning of the self-interaction potential is
needed for this purpose. A coupling between the cosmon
and the neutrinos provides a mechanism for stopping the
evolution of the cosmon field as soon as the neutrinos
become nonrelativistic. The phenomenology of a very
slowly evolving scalar field resembles a cosmological
constant. The transition from relativistic to nonrelativistic

neutrinos acts as a trigger for the DE domination. For
neutrino masses allowed by observations, this transition
happens in the “recent” past, explaining why DE has
become important now.
Despite a background evolution similar to the ΛCDM

model for redshift z≲ 5, GNQ has a phenomenology which
is distinct from other models. It predicts a time varying
neutrino mass and the formation of neutrino lumps, which
might be detectable through their gravitational potentials
[15]. The formation of lumps is a consequence of the large
coupling between neutrinos and the cosmon, which is
required for the stopping mechanism. The resulting addi-
tional attraction between neutrinos is about 103 times
stronger than the gravitational attraction. It can have a
natural explanation in a particle physics framework [8].
While the strong coupling on the one hand offers with the

lumps a clear and distinct way of testing the model, on the
other hand, it renders the model technically difficult to
study. In GNQ perturbations in the neutrino density become
nonlinear already at z ≈ 1, this happens on very large scales
[15]. This has lead to the development of a comprehensive
N-body simulation [16,17] to follow the formation of the
neutrino lumps. The simulation is different from the usual
cold dark matter (CDM) only simulations: To include
backreaction effects, induced by the highly nonlinear nature
of the lumps [18], the background is solved simultaneously
with the perturbations. Additionally, neutrinos becoming
relativistic during the formation of lumps are captured by
the simulation. A similar framework for relativistic N-body
simulation with focus on the metric perturbations was
explored recently in Ref. [19]. With our simulation it
was possible to draw a consistent picture of neutrino
structures within GNQ. For stable lumps themain character-
istic features can be understood within an approximation in
terms of a nonrelativistic fluid of neutrino lumps [20].
In this work we investigate if GNQ can provide a realistic

expansion history. Therefore, we study the equation of state
and the energy density of the cosmon for different model*fuhrer@thphys.uni‑heidelberg.de
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parameters. We aim to find model parameters for which the
backreaction effect remains compatible with an accelerated
expansion with ΩDE ≈ 0.7. At the same time, the accel-
erated expansion of the Universe must start early enough to
be consistent with observations.
A time-dependent neutrino mass related to a scalar dark

energy field concerns a wider setting than GNQ. Mass
varying neutrino scenarios have been studied earlier in
Ref. [21] and share common features with GNQ as the
instability of neutrino perturbations [22–24].
This work is organized as follows. We start with a brief

review of GNQ in Sec. II. In Sec. III we discuss the
formation of lumps and their backreaction on the cosmo-
logical expansion. In Sec. IV we describe our simulation,
which we use to perform a parameter scan. Results are
presented in Sec. V. Finally, we conclude in Sec. VI.

II. GROWING NEUTRINO QUINTESSENCE

A. Basic concepts

In this section we briefly describe GNQ. The ingredients
of GNQ are a scalar field φ (the cosmon) and neutrinos. The
neutrino mass depends on the value of φ, thereby coupling
the cosmon and the neutrinos. The cosmon itself is described
by the standard Lagrangian of a scalar field which takes,
using the metric signature ð−;þ;þ;þÞ and setting the
reduced Planck mass to unity, 8πG ¼ 1, the form

−Lφ ¼ 1

2
∂μφ∂μφþ VðφÞ: ð1Þ

Wechoose an exponential potentialVðφÞ ∝ e−αφ. As long as
the neutrinomass can be neglected, the exponential potential
leads to scaling solutions of the cosmon field. The back-
ground energy density of the cosmon becomes independent
of the initial conditions andmimicsmatter (radiation) during
matter (radiation) domination [9], where the energy density
of the cosmon is a constant fraction of the total energy
density Ωφ ¼ 3 1þw

α2
. Here w is the equation of state of the

dominating species. Constraints on early dark energy (EDE)
require α≳ 10 [25–28], where we use a conservative bound
in view of possible unexplored parameter degeneracies.
The dependence of the neutrino mass on the cosmon is

given by

β ¼ −
d lnmνðφÞ

dφ
< 0: ð2Þ

In general the couplingβ canbeφ dependent.We establish in
this paper that the size of the backreaction effect depends
crucially on the presence or absence of a variation of βðφÞ.
An investigation of a particle physics motivated variation of
β [8] inRef. [17] has revealed a small backreaction effect and
an overall cosmology consistent with present observations.
For a constant β, large backreaction effects have been
observed [16]. We address here the question if the model
remains compatible with observations in this case as well.

A constant coupling implies for the neutrino mass

mνðφÞ ¼ mie−βφ; ð3Þ

where an additive constant in φ is fixed such that
Vðφ ¼ 0Þ ¼ 2.915 × 10−7 eV. The φ-dependent neutrino
mass allows for energy transfer between neutrinos and the
cosmon, which is proportional to the trace of neutrino
energy-momentum tensor:

∇νT
μν
ðφÞ ¼ þβTðνÞ _φ

∇νT
μν
ðνÞ ¼ −βTðνÞ _φ: ð4Þ

The trace of the energy-momentum tensor TðνÞ ¼ Tμ
μ;ðνÞ ¼

−ρν þ 3Pν vanishes for ultrarelativistic neutrinos. The
coupling between neutrinos and the cosmon is therefore
ineffective for relativistic neutrinos. The neutrino energy-
momentum tensor also sources the Klein–Gordon equation
which governs the evolution of the cosmon:

∇μ∇μφ − V 0ðφÞ ¼ βTðνÞ: ð5Þ

We will describe neutrinos and dark matter by an N-body
simulation. The trajectories of classical neutrinos obey a
modification of the geodesic equation [16],

duμ

dτ
þ Γμ

νλu
νuλ ¼ β∂μφþ βuν∂νφuμ; ð6Þ

where uμ denotes the 4-velocity and τ the proper time. The
left-hand side is the usual gravitational motion, with
the Christoffel symbols Γλ

μν determined by the metric.
Throughout this work we use the Newtonian gauge for
the metric:

ds2 ¼ −ð1þ 2ΨÞdt2 þ a2ð1 − 2ΦÞdx2: ð7Þ

We will work to first order in the gravitational potentials Φ
and Ψ and neglect their time derivatives.
The right-hand side of Eq. (6) describes an additional

force due to the coupling to the cosmon. It consists of two
parts. First, a velocity-dependent part βuν∂νφuμ compen-
sates changes in the mass for neutrinos moving in a varying
cosmon field so that momentum is conserved. A neutrino
moving into a region with smaller (larger) values of φ
will lose (gain) mass. To compensate the loss (gain) of
momentum, it will be accelerated (decelerated). Second, the
term β∂μφ is a velocity-independent fifth force. In the
nonrelativistic limit, it acts as an attractive force about 2β2

times stronger than gravity [29].

B. Homogeneous evolution

Let us now turn to the homogeneous limit and discuss
how GNQ in its simplest form can lead to an accelerated
expansion of the Universe. At early times when the
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neutrinos are relativistic, the evolution of the cosmon is
determined by the potential. Therefore, the cosmon will
evolve toward its scaling solution with the DE density
decreasing with a−3 during matter domination. In view of
the growing mass, the neutrinos become nonrelativistic
rather late. The interaction becomes important once
αVðφÞ ≈ βTðνÞ ≈ −βρν. It acts as an effective potential
barrier stopping the time evolution of the energy density
of the cosmon-neutrino fluid. The constant energy density
then mimics a cosmological constant. Since the energy
density of the neutrinos is small compared to the cosmon
energy density, the coupling must be rather large.
Most of the cosmological parameters asΩDE ¼ Ωφ þΩν

and mν depend to a good approximation only on the ratio
− β

α; see Fig. 1. Demanding a dark energy density of ΩDE ≈
0.7 enforces − β

α ≈ 5 [7] for a present neutrino mass
mν ¼ Oð1 eVÞ, where smaller neutrino masses require
large − β

α. We note that the usual cosmological bounds
on the neutrino mass from CMB and large scale structure
observations [30,31] do not apply here, since neutrino
masses have been substantially smaller in the past. In the
homogeneous limit, the neutrino mass is mainly con-
strained by Earth-based experiments. Also the scale factor
at which the neutrinos stop the cosmon evolution has only a
moderate dependence on the individual values of α and β.
The energy density fraction of the cosmon before stopping
is given by Ωφ ∝ α−2 and hence becomes smaller for larger
α. The time at which the interaction with neutrinos
compensates the self-interaction of the cosmon becomes
earlier for larger α. The onset of dark energy is therefore
earlier for larger values of α and β; see Fig. 1.
As we will discuss later, strong backreaction effects

will alter this simple picture. We will see in Sec. III
that backreaction effects always counteract the stopping

mechanism and the cosmon will evolve again, so that
it is not guaranteed that values for α and β which describe
a realistic cosmology in the homogeneous limit will
also describe a close-to-realistic cosmology including
backreaction.
Since backreaction effects can only be important after the

neutrinos became nonrelativistic, the homogeneous
description remains valid at early times. Large values for
α are preferred by bounds on EDE. For large α the stopping
mechanism acts earlier, and hence also the backreaction
becomes important earlier. From these qualitative consid-
erations, we already find some tension between reducing
the backreaction effects, which spoil the stopping of the
cosmon evolution, and satisfying bounds on EDE.

III. BACKREACTION AND EFFECTIVE
EQUATION OF STATE

A. Neutrino lumps

In GNQ it is important to understand structure formation,
not only in view of using large scale structure observation
as a probe for our cosmological models, especially to test
DE models or “measure” the neutrino mass. It is crucial to
understand the formation and evolution of neutrino lumps
before being able to judge about the viability of GNQ as a
DE model. In this section we shortly review the progress
toward an understanding of the neutrino lumps, for details
we refer to previous work [15,16,18,20,24,29,32–34]. Our
main focus lies on the strong backreaction effects from
nonlinear perturbations in the neutrino-cosmon fluid.
The large nonlinearities have their origin in the large

coupling β ¼ Oð102Þ. Therefore, the additional force
between neutrinos will be about 103 − 104 times larger
than the gravitational interaction between neutrinos and
between neutrinos and CDM. In turn the neutrino pertur-
bations grow very quickly as soon as neutrinos become
nonrelativistic. This implies that the fluctuations in the
neutrino energy density become nonlinear even at large
scales. The scale factor aNL at which this happens for a
neutrino perturbation of a given wavelength k−1 can be
estimated by the value of a at which the linear dimension-
less neutrino power spectrum ΔνðkÞ ¼ k3PνðkÞ=ð2π2Þ
becomes order unity. Looking at Fig. 2, we see that for
the particular choice of parameters α ¼ 10 and β ¼ −52
already at a ∼ 0.4 scales around kNL;ν ∼ 0.01 hMpc−1

become nonlinear, while today scales around kNL;ν ∼
0.002 hMpc−1 are nonlinear. The exact value of the
nonlinear scale of neutrino-cosmon perturbations depends
on the chosen parameters, but it is a generic finding
that kNL;ν is smaller than the corresponding wave vector
for CDM perturbations, kNL;C;0 ∼ 0.1 hMpc−1. These
can be traced back to instabilities in the neutrino perturba-
tions already present at linear order. These instabilities
are stabilized nonperturbatively by the formation of
neutrino lumps.

CDM
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FIG. 1 (color online). Energy density of the cosmon-neutrino
fluid, for different parameters α and β. We compare to the CDM
density and the density of a cosmological constant ΩΛ. The
parameters were chosen to match ΩΛ today. The stopping occurs
earlier for larger α, with a smaller amount of EDE.
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B. Backreaction

Usually backreaction in cosmology is assumed to be
negligible. In the last years, several quantitative estimates
[35–37] came to the conclusion that backreaction is indeed
small in the ΛCDMmodel. In contrast, backreaction effects
are crucial in GNQ. We demonstrate this in Fig. 3, where
we compare the numerical results for the clumping neu-
trinos with the pure background evolution for which the
effects of nonlinear neutrino perturbations are neglected.
We choose the parameters α ¼ 10 and β ¼ −52 that have
often been employed in the literature.
We find two types of backreaction effects. First, the

Friedmann equation involves the volume averaged energy
density, which we will define below. Second, the average
value of the cosmon φ̄ cannot be obtained by solving the
homogeneous equation of motion. The Klein–Gordon
equation needs to be modified to include backreaction
effects from the neutrino lumps. The reason is that the
typical velocities and masses of the neutrinos do not
coincide with their counterparts of the homogeneous
calculation. While the first effect mainly affects the
expansion history of the Universe, the second effect is
also important for an understanding of the lump dynamics.
Let us first discuss the second effect. Due to the strong

interaction, most of neutrinos are bound in the lumps.
Inside gravitational bound objects, the gravitational poten-
tial has a well. Similarly, inside neutrino lumps the local
field value is smaller than its average by an amount
of δφ. The mass of a neutrino inside a lump is therefore
smaller than the mass of a free-streaming neutrino
mðφ̄þ δφÞ < mðφ̄Þ. As a consequence most of the neu-
trinos have a mass substantially smaller than the mass
estimated from the homogenous calculation. Due to the

velocity-dependent force, the loss of mass during the
formation of lumps is accompanied by an acceleration to
relativistic velocities. These two effects lead to a mismatch
between the energy-momentum tensor of neutrinos from
the homogeneous calculation and its average value, as soon
as the formation of lumps has started.
We account for the backreaction effects by using the

volume averaged energy-momentum tensor. The Klein–
Gordon equation for the average field is given approx-
imately by

̈φ̄þ 3H _̄φþ αVðφ̄Þ ¼ −βT̄ðνÞ; ð8Þ

where the volume average is defined as

T̄ðνÞ ¼
1

V

Z
d3x

ffiffiffiffiffiffiffi
gð3Þ

q
TðνÞ ≈

a3

V

Z
d3xð1 − 3ΦÞTðνÞ: ð9Þ

The determinant of the spatial 3-metric up to first order in

metric perturbations is given by
ffiffiffiffiffiffiffi
gð3Þ

p
≈ a3ð1 − 3ΦÞ. The

integration is to be understood over the whole simulation
box. The volume is given by V ≈ a3

R
d3xð1 − 3ΦÞ. Taking

backreaction effects consistently into account and evolving
the volume averaged field φ̄, additional modifications arise

FIG. 2 (color online). The scale factor aNL at which the
dimensionless linear neutrino power spectrum becomes unity,
Δðk; aNLÞ ¼ 1, as a function of scale, for the parameters α ¼ 10
and β ¼ −52. Already at a ∼ 0.40 scales around k ∼ 0.02 are
nonlinear, demonstrating the failure of standard perturbative
methods compared to the same figure in Ref. [17].

homogenous computation

simulation with backreaction
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FIG. 3 (color online). Dark energy density fraction ΩDE (top)
and equation of state w (bottom) as a function of the scale factor,
for α ¼ 10 and β ¼ −52, with and without backreaction.
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in the equation. However, we will neglect these terms for
the qualitative discussion of backreaction in this section
and postpone a more detailed discussion to Sec. IV.
The right-hand side of Eq. (8) can be written as

βT̄ðνÞ ¼ βð−ρ̄ν þ 3P̄νÞ ¼ −βρ̄νð1 − 3wνÞ < −βρ̄ν; ð10Þ

where the energy density and pressure are understood as
volume averages. We use them to define the equation of
state wν. The neutrino pressure is positive (wν ≥ 0) such
that pressure effects lower the effective potential barrier
which stops the cosmon evolution. As a consequence, the
time at which the cosmon evolution stops is postponed
toward the future. If the evolution has already stopped, the
effective reduction of the barrier can have the effect that the
cosmon will evolve again. The weaker interaction between
the neutrinos and the cosmon after the formation of lumps
can also be interpreted as a lower effective coupling βl,
which gets renormalized by integrating out short wave-
length modes [20]. In a qualitative sense, βl can be
interpreted as the effective coupling between a fluid of
neutrino lumps and the homogenous cosmon field. The
smaller value of βl as compared to β is the dominant
backreaction effect in our model.
We next turn to the backreaction effect for the evolution

of the background metric. One needs to replace the back-
ground density of neutrinos and the cosmon by their
volume average, such that the Friedmann equation becomes

H2 ¼ ρ̄CDM þ ρ̄ν þ ρ̄φ: ð11Þ

In the presence of lumps, ρν has contributions from the
neutrino velocities, and ρφ involves additional gradient
contributions. The observable DE component is the com-
bined neutrino-cosmon fluid ρDE. The neutrinos are typ-
ically subdominant but still contribute a significant fraction
ρ̄ν
ρDE

∼ 0.1. With an equation of state wν ∼ 0.1, the neutrinos
lift the dark energy equation of state away from w ≈ −1 to
some higher value.
The volume average of the cosmon energy density is

given by

ρ̄φ ¼ 1

2
_φ2 þ 1

2a2
ð1þ 2ΦÞð∂iφÞð∂jφÞδij þ VðφÞ; ð12Þ

where we only keep metric perturbations up to first order,
neglect their time derivatives, and use that the volume
average of the gravitational potentials vanishes Φ̄ ¼ Ψ̄ ¼ 0.
Also assuming that time derivatives of the cosmon pertur-
bation δφ are small allows us to approximate _̄φ2 ≈ _̄φ2.
Using the quasistatic approximation is justified although
the individual neutrino velocities are large. For the quasi-
static approximation to hold, it is sufficient that the energy-
momentum tensor for all neutrinos does not evolve quickly,
so that there are no quickly varying sources for the cosmon.

A nonzero δ _φ results in a positive contribution to the
pressure, making it even harder to achieve an almost
constant energy density for the cosmon-neutrino fluid.
Without the gradient term, one has the usual competition

between potential and kinetic energy. The potential energy
should be dominant in order to have an accelerated
expansion. The averaged potential energy VðφÞ differs
from the potential energy Vðφ̄Þ of the averaged field φ̄ only
by a few percent, such that no major backreaction effect
arises from this source. In contrast, the gradient term can be
almost as large as the potential energy. From the expression
for the pressure

P̄φ ≈
1

2
_̄φ2 −

1

6a2
ð1þ 2ΦÞð∂iφÞð∂jφÞδij − VðφÞ; ð13Þ

we see that a gradient term dominated equation of state
would be wν ¼ − 1

3
. We emphasize that all backreaction

effects individually lead to an evolving energy density of
neutrino-cosmon fluid and typically push w away from −1.
For models with constant β, the lumps have the tendency

to stabilize and to remain present once formed. The
neutrino-cosmon fluid can be understood as an effective
fluid of nearly virialized neutrino lumps with parameters
differing from the microscopic ones [20]. The observable
DE is then the sum of a neutrino lump fluid and a
homogenous background field. For virialized lumps the
pressure between relativistic neutrinos and cosmon gra-
dients is expected to cancel [20]. Therefore, the equation of
state of the lump fluid is close to zero, similar to the fluid of
nonrelativistic neutrinos. The backreaction effect that
remains even in this limit is the reduced effective coupling
βl between neutrino lumps and the cosmon background
field. Due to the not completely virialized lumps, the
pressure contribution from the neutrinos and the cosmon
gradients do not cancel exactly, adding a small but relevant
additional backreaction effect. This is different to gravita-
tionally bound objects, for which a nonrenormalization
theorem states that small virialized objects decouple
completely from the background evolution and there is
no backreaction effect from small virialized objects at
all [36].

IV. N-BODY SIMULATION

The highly nonlinear nature of the neutrino lumps makes
their description nonamenable to standard perturbative
techniques. Instead we use a N-body simulation specially
designed for GNQ. The N-body simulation solves the
background and the inhomogeneities simultaneously and
therefore allows us to study the backreaction effect of
lumps on the homogeneous background evolution. The
concept and many details of the simulation were already
described in Refs. [16,17], and we focus here on the
equation of motion for the average cosmon field φ̄ and
its perturbation δφ.
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In our simulation we follow the usual motion of non-
relativistic CDM particles and their clustering due to
gravity. In contrast to the standard picture of structure
formation, the two gravitational potentials differ, Φ ≠ Ψ,
because of the anisotropic stress from the neutrinos. This is
accounted for by solving the Poisson equation for Φ −Ψ,
which yields Φ once the Newtonian potential Ψ is known.
The Poisson equation for Ψ is sourced by the energy
density of CDM, neutrinos, and to a small part by the one of
the cosmon perturbations.
The neutrinos are evolved using Eq. (6). The cosmon

evolution is governed by the Klein–Gordon equation (5).
We split the cosmon into the volume average

φ̄ ¼ 1
V

R
d3x

ffiffiffiffiffiffiffi
gð3Þ

p
φ and a perturbation δφ ¼ φ − φ̄.

Neglecting time derivatives of the gravitational potentials,
time derivatives commute with the process of averaging
_̄φ ≈ _̄φ. The averaged equation (5) is

̈φ̄þ 3H _̄φþ αð1þ 2ΨÞVðφÞ
¼ −βð1þ 2ΨÞTðνÞ þ a−2δijð∂jΨÞð∂iδφÞ; ð14Þ

where we expanded up to first order in metric perturbations.
Equation (14) is the full version of Eq. (8). As already
discussed in Sec. III, the most important difference as
compared to a naive homogeneous calculation is the use of
the actual average of the neutrino momentum tensor.
Including the gravitational potential in the average gives
only a minor correction. Also the averaged potential term
agrees up to a few percent with the homogeneous estimate.
The gradient terms are roughly 1 order of magnitude
smaller than the potential term and therefore only sub-
dominant. Nevertheless, our numerical code includes all
these effects.
By subtracting Eq. (14) from the Klein–Gordon equa-

tion (5), we find the equation for the perturbation:

δφ̈þ 3Hδ _φ − a−2δij∂i∂jδφð1þ 2ΦÞ
− a−2δijð∂jðΨ − ΦÞÞð∂iφÞ þ a−2δijð∂jΨÞð∂iφÞ
þ αðð1þ 2ΨÞVðφÞ − ð1þ 2ΨÞVðφÞÞ

¼ −βðð1þ 2ΨÞTðνÞ − ð1þ 2ΨÞTðνÞÞ: ð15Þ

This equation is a nonlinear wave equation, which is, due to
the averaging, nonlocal in position space. To be able to
solve this equation, we need to make some approximations.
We employ a quasistatic approximation for the cosmon
perturbation for which we neglect the second-order time
derivative δφ̈. Simply neglecting all time derivatives is not a
consistent approximation. Doing so the resulting equation
does not ensure that the perturbation has a vanishing mean
δ̄φ ¼ 0. This can be seen by averaging Eq. (15). Taking
into account the Φ dependence in the volume element and
only keeping terms to first order in the metric perturbations,
all terms except the time derivatives cancel:

δ̈φþ 3H _δφ ¼ 0: ð16Þ

This relation ensures that the if the average vanishes
initially it will vanish at all times. This is still true if we
neglect the second time derivative while keeping the first
one. This approximation is consistent with the approxima-
tion for the kinetic term of the average energy density and
pressure

_φ2 ¼ _̄φ2 þ δ _φ2; ð17Þ

where we neglected the δ _φ2 term, which is also second
order in time derivatives of the cosmon perturbation.
If one instead neglects the second derivative with respect

to conformal time, the Hubble damping changes
3H → 2H; we compared both possibilities and found only
a small difference. We interpret this as a sign that the
quasistatic approximation is justified. To solve the equation
for δφ, we use a Newton–Gauss–Seidel (NGS) multigrid
relaxation method, already applied to the varying coupling
model [17] and originally developed for modified gravity
[38]. The quasistatic approximation is crucial for applying
the NGS method, which is not applicable to wavelike
equations but can be applied to diffusionlike equations [39].
The idea of the NGS solver is to rewrite the equation to be
solved into a functional form,

L½δφ� ¼ Dδφ − F½δφ� ¼ 0; ð18Þ

with some differential operator D and a nonlinear func-
tional F. The root of L½δφ� ¼ 0 can be obtained by a
Newton-like iterative procedure,

δφðnþ1Þ ¼ δφðnÞ − L½δφðnÞ�
�∂L½δφðnÞ�

∂δφðnÞ

�−1
; ð19Þ

the derivative is taken at each point individually, and the
coupling between different points, induced by the deriv-
atives, is taken into account solely by the iterative pro-
cedure. The derivative of the differential operator ∂Dδφ

∂δφ is
defined by the discretization rule used in the simulation. We
define the gradient and the Laplacian by relating a grid
point to its neighbors in the j direction by a Taylor
expansion, δφðxi � ΔxδijÞ ¼ δφðxiÞ � ∂jδφðxiÞΔxþ
1
2
∂2
jδφðxiÞΔx2 þ …, with Δx the spacing between two

grid points. The Laplacian is then approximated by a seven-
point stencil, and the derivative is −6=Δx2. The derivative
of the gradient vanishes.
In principle this method can be applied even in the

presence of the nonlocal terms present in Eq. (15). In
practice this not possible because calculating the nonlocal
terms involves an integration over the full simulation box in
each iteration step. We account for these terms iteratively.
The difference between the values of the average terms of
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two time steps is small. So we use at a given time step the
average terms of the proceeding time step as a first
approximation and apply the NGS solver a few times to
correct for the difference.

V. RESULTS AND DISCUSSION

Using the N-body simulation described in Sec. IV, we
perform a parameter scan and search for parameters
describing a realistic universe with accelerated expansion.
For the details on the formation of lumps and their
characteristics, we refer to previous work [16,20]. We
use a simulation box with a comoving volume of
V ¼ ð600 h−1 MpcÞ3, which we divide into Nc ¼ 128
cells. The numbers of effective CDM particles NC and
neutrino particles Nν are chosen to be equal to the number
of cells Nc ¼ NC ¼ Nν. The initial power spectrum has a
spectral index of ns ¼ 0.96 and an amplitude of As ¼
2.3 × 10−9 at the pivot scale kpivot ¼ 0.05 Mpc−1. We start
our simulation with the CDM particles only at aini;C ¼ 0.02
and add the neutrinos at a later time, after they became
nonrelativistic.
In view of the strong backreaction effects, it is no longer

clear that the stopping power of neutrinos for the time
evolution of the cosmon is sufficient in order to account for
a large present fraction of dark energy and an acceleration
of the expansion similar to a cosmological constant. If so,
the parameter range where this happens may be rather
different from the one where the background evolution
neglects the effect of neutrino structures.
Our model has three parameters relevant for this inves-

tigation, namely α related to the amount of EDE, the
cosmon neutrino coupling β and the parameter mi which is
related to the size of the neutrino mass. We have performed
a parameter scan in order to search for a parameter range
consistent with observations. For this purpose we vary the
parameters α and β individually while fixing the mass
parameter
to mi ¼ 1 eV. Figure 4 shows that changing the mass
parameter by a factor of 10 affects the effective equation of
state and the energy density by no more than 10%.
A realistic DE model must certainly assume the bench-

mark values for the present DE density ΩDE;0 ≈ 0.7 and the
present equation of state w0 ≈ −1. In Fig. 5 we show the
values of ΩDE;0 and w0 for a grid in the parameter space for
α and β. Sufficient acceleration typically requires rather
small values α≲ 5. A band with an acceptable fraction of
present DE is typically found in the range 5≲ α≲ 10,
showing some tension already at this stage.
The parameter range yielding an accelerated expansion

(α ≲ 5) is problematic also in view of the bounds on EDE,
which require α≳ 10. In the parameter range where one
finds w0 < −0.9, some tension persists if one tries to get
both the equation of state and the energy density compat-
ible with observations. For α ¼ 3 and α ¼ 4, we indeed
find w0 ≲ −0.9, but the energy density exceeds with

ΩDE ≈ 0.75 the benchmark value of ΩDE;0 ≈ 0.7. On the
other hand, for α ¼ 5 one has ΩDE ≈ 0.7, but the equation
of state is w0 ≈ −0.7. Although we could not find param-
eters for which w0 and ΩDE;0 match the benchmark values
precisely, our results are not too far from those values,
either. It might be that varying also the mass parameter mi
could bring them into agreement with observations.
The equation of state is not constant in time, and it

can even possess oscillating features; see Fig. 4. It may
happen that the present time coincides with a minimum
(maximum) of w during an oscillation. In this case the
cosmic evolution is actually better described by an average
value somewhat larger (smaller) than w0. The time evolu-
tion of the equation of state is shown in Fig. 6 for a range of
parameters α and β in the region not too far from the
benchmark values. One typically observes a first stop of the
scalar field (w ≈ −1). Due to backreaction this is followed
by a slow decrease of the dark energy, typically
with −0.9≲ w≲ −0.8.
Only looking at the energy density and the equation of

state today is not sufficient. In the parameter range
acceptable for the benchmark, the neutrinos become

mi 2.75 eV

mi 27.5 eV

mi 0.275 eV

0.5 0.6 0.7 0.8 0.9 1.0 1.1
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FIG. 4 (color online). Energy density fraction of the cosmon-
neutrino fluid ΩDE and effective equation of state w, for different
mass parameters mi, with α ¼ 5 and β ¼ −78. Even for mass
parameters different by a factor of 100, the equation of state varies
at a maximum of about 10%, indicating that the value ofmi plays
only a minor role.
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nonrelativistic late. Consequently the cosmon evolution
stops late. This is visible in Fig. 6, where the first
pronounced minimum in w precisely corresponds to
the time when the increase of φ is first stopped and the
oscillations set in. Supernova observations probe the
expansion history up to redshifts higher than z ≈ 1 and
prefer an almost constant dark energy [40]. We find that for
close-to-realistic models the equation of state reaches
values around −1 only for scale factors a≳ 0.6, which
is difficult to get into agreement with w ≈ −1 from a≲ 0.5
until today.
Figure 6 shows the generic evolution of the equation

of state: It drops down after the neutrinos become

nonrelativistic followed by a few damped oscillations. In
the homogeneous evolution, these oscillations are damped
away quickly, and the equation of state assumes an almost
constant value rather close to w ¼ −1. In fact the equation
of state grows again due to the backreaction and typically
reaches values w ≈ −0.8. An equation of state of w0 ≲ −0.9
is only reached before or shortly after backreaction
becomes important. This simply means that lumps do
not have enough time to grow large enough for being able
to induce significant backreaction effects.
From these results we conclude that GNQ with a

constant coupling β is probably not a viable DE model.
Realistic values for w0 and ΩDE;0 seem only possible if the
cosmon evolution is stopped late, so that backreaction
effects have no time to become important. Stopping the
cosmon evolution late is in some tension with supernova
data and involves a large amount of EDE, probably not
consistent with observations.

VI. CONCLUSION

We have performed a numerical analysis of GNQ with a
constant cosmon-neutrino coupling β. Due to strong back-
reaction effects from the formation of large neutrino lumps,
these models have difficulties being compatible with the
observed properties of dark energy.
A specific choice for the model parameters α, β, and mi,

which appears to be compatible with observations at the
homogenous level, is typically no longer viable if back-
reaction is included. Our parameter scan reveals regions for
which the backreaction effects are small enough to allow a
slowly evolving cosmon and consequently an almost

FIG. 5 (color online). Present energy density ΩDE;0 and
equation of state w0 of the cosmon-neutrino fluid. Realistic
values (w0 ≈ −1, ΩDE;0 ≈ 0.7) are found for small values of α.
It is hard to get both values “correct” simultaneously, for
sufficiently large α.

FIG. 6 (color online). Equation of state as a function of the scale
factor. The model parameters are chosen such that w and ΩDE;0
are near the benchmark values. Values w0 ≲ −0.9 are only
reached before backreaction effects become important. Thus, w ≈
−0.99 for α ¼ 5 and β ¼ −52 is not accompanied by large
negative w at redshifts relevant for supernova observations.
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constant DE density. However, this is only possible if the
neutrino lumps form late so that backreaction effects are
still small today. In this case an accelerated expansion is
only possible for scale factors a≳ 0.6, in tension with an
almost constant equation of state for scale factors a≲ 0.5,
as preferred by supernova data. Furthermore, the parameter
region for which the equation of state is close to −1 and the
DE density is not too far from 0.7 requires α ≲ 5. This
contradicts constraints on EDE for which α ≳ 10 is
necessary. We conclude that GNQ with a constant coupling
β is probably not a viable DE model.
These results for a constant coupling should be con-

trasted with models where β increases with φ. For this
second class of models, the backreaction effect is found to
be small since the neutrino lumps form and disrupt
periodically [17]. At the present stage this second class
of models seems compatible with observations. In certain
parameter ranges, it may even be hard to detect a difference
from the ΛCDM model and its variants.
These two classes of models may be seen as particular

points in a larger class of models where β is allowed to vary
with φ. Having established points that are viable with only
rather small deviations from ΛCDM, as well as other points
where the deviations are so strong that the model is no
longer acceptable, we can conclude by continuity that in
between there will be models which are still compatible
with observations today but also offer highly interesting
prospects of finding deviations from ΛCDM. Finding large
neutrino lumps, thereby observing the cosmic neutrinos
directly, would be a direct hint for GNQ. Even for models
with small neutrino perturbations, we expect observable
deviations from the ΛCDM model, due to the different
evolution of the neutrino sector. First, the transition of
relativistic to nonrelativistic standard massive neutrinos is
imprinted in the CMB fluctuations as well as in the matter
distribution, with a specific scale dependence [30,31].
The signal differs for constant or time-varying neutrino
masses. Second, free-streaming standard massive neutrinos

attenuate the growth of matter perturbations on small scales
and therefore add an additional scale-dependent effect to
the matter distribution. Observing these scale-dependent
effects as predicted for standard neutrinos with a constant
mass would be a strong argument for the ΛCDMmodel and
against GNQ.
The result for models with constant β presented in this

note as well the results on the varying β model presented in
Ref. [17] suggest that only those models are viable in which
the small scale nonlinear neutrino perturbations have only a
moderate effect on the large scale dynamics. Nevertheless,
the neutrino lumps can have a observable effects on larger
scales. One possibility to account for these effects is to
construct an effective fluid for the long wavelength
perturbations by averaging over small scale nonlinearities
as proposed in Ref. [36]. A similar route has already been
taken in Ref. [20] to describe the large scale dynamics of
virialized neutrino lumps in the constant β model by means
of an effective lump fluid. These ideas were already
successfully applied to the mildly nonlinear regime of
structure formation in the form of the effective field theory
of large scale structure [41–46]; see also Ref. [47].
Adopting these ideas to GNQ, we hope that it will become
possible to study the dynamics of perturbations in GNQ on
large scales qualitatively. It might even become possible to
study some effects of lumps on the CMB, without running
time-consuming simulations.
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1 Introduction

Understanding the evolution of density fluctuations under the influence of gravity is a central,
but still open issue in cosmology. While fluctuations on large scales are small and can be
well described using linear perturbation theory, on small scales the fluctuations grow large
and the Standard Perturbation Theory (SPT) fails, see [1] for a classic review. Two possible
sources of the failure of SPT have been identified. The first relates to the influence of very
long-wavelength modes, still within the perturbative regime, on very small scales. After [2, 3]
first presented their resummation scheme, a lot of progress has been made towards a better
understanding of how long-wavelength modes effect smaller scales [4–10], but also different
resummation schemes have been explored [11, 12]. The effect of long-wavelength modes on
very short modes is absent for equal time correlators due to Galilean Invariance (GI) [13–16].
Nevertheless, it is still possible that long-wavelength modes can strongly affect intermediate
modes and one can hope that the effect of the former on the latter can be inferred from
the effect on short modes by adopting a Galilean invariant resummation scheme (see the
appendix of [9] for one possible approach).

The second source of failure, that large density fluctuations on small scales can in
principle have a sizable effect on the small fluctuations on large scales, must be investigated
independently of the importance of long-wavelength modes. On small scales not only is the
density contrast large but also, and crucially, the single-stream approximation fails and hence
the fluid approximation fails. Calculating the effect of small on large scales is therefore not
possible within the framework of SPT or Lagrangian Perturbation Theory (LPT). To address
the issue, it has been proposed to average over small scales such that one is left with equations
for the large scale density contrast δ and velocity dx

dD = w plus an additional effective stress
tensor σ which encodes the small scale dynamics [17–19]. The Euler equation then takes
the form

∂Dw +
3

2

γ

D
(w +∇Φ) + w · ∇w =

∇ · ((1 + δ)σ)

1 + δ
, (1.1)
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where D is the linear growth factor, the background cosmology is encoded in γ = Ωm(
d ln(D)
d ln(a)

)2

and Φ is the rescaled gravitational potential, determined by the Poisson equation ∇2Φ = δ
D .

For a ΛCDM cosmology we have γ ≈ 1. The effective stress σ is unknown. One possible
strategy of treating this term is to measure it directly from N-body simulations, in which case
σ acts as a source for the perturbations on large scales [19, 20]. Another possible strategy is
to attempt its parametrization in terms of the velocity and the density contrast as follows

∇ · ((1 + δ)σ)

1 + δ
= J− ν1

D
∇δ + ν2∇2w + ν3∇×∇×w + . . . , (1.2)

where the νi are effective viscosity parameters and J is a stochastic noise. The ellipses denote
terms which are higher order in fields or derivatives which are expected to be suppressed
compared to the leading terms. This second strategy goes under the name of Effective Field
Theory of Large Scale Structure (EFToLSS) and has, in its eulerian formulation, drawn a
lot of attention in recent years [21–28], including the possibility to resum long-wavelength
modes [29]. A Lagrangian version has also been formulated in [30, 31]. The unknown
parameters νi are to be fitted to observations or simulations.

The added effective terms not only encode the small scale dynamics, they also ensure
that physical quantities, for example correlation functions, are independent of the arbitrary
smoothing scale. These terms could be treated perturbatively, employing a power counting
where the linear propagator does not involve any damping due to the viscosity terms — see
for example (4.1) for this kind of propagator in the model considered here. The EFToLSS
approach effectively corresponds to such a power counting applied ot the full set of fluid
equations. As we argue below, to ensure cutoff independence of correlation functions with
such a power counting the r.h.s. of (1.2) must be non-local in time. Galilean Invariance
of this non-local-in-time theory also dictates the inclusion of higher order non-local-in-time
terms of a certain form on the r.h.s. of (1.2). As we will see, these terms ensure cutoff inde-
pendence and renormalization is possible and consistent with GI. In the EFToLSS literature,
the physical meaning of this non-locality in time is traced to the lack of a fast timescale for
short wavelengths. It should be noted however that fitting the Power Spectrum obtained
by an EFToLSS calculation to a fully non-linear Power Spectrum is possible with a similar
accuracy using both local and non-local counter terms [32].

Another possibility is to include the effective viscosity terms in the linear propagator,
see (4.13). This power-counting scheme was employed in [33]. The authors of [34] have
used a closely related approach by including a local viscosity and sound speed in the linear
fluid perturbation equations, and find that better agreement with N-body simulations can
be achieved compared with the usual SPT calculation. We show that in this case the theory
is Galillean invariant, local in time and one-loop renormalizable. A theory local in time is
expected if the effective terms are dominated by sufficiently small scales, where, according to
the gravitational free-fall time ∆D ∼ δ−1/2, the typical time scale is much smaller then the
time scale on large scales. This is in particular the case if the cutoff of the theory is given by
the scale where multi-streaming becomes relevant. For example the viscosity is then given
by the microscopic viscosity plus a contribution from scales beyond the cutoff.

Let us emphasize that the effective terms aim to encapsulate the influence on large scales
of the highly non-linear evolution of short wavelength perturbations, accounting for short
wavelength deviations from a single stream fluid. They are not meant to include the effect
of a possible non-trivial background phase space distribution or an initial deviation from a

– 2 –
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single stream fluid, as is the case for free-streaming particles like neutrinos. Nevertheless, the
fluid description of such free-streaming particles on scales larger then the free-streaming scale
kFS can also be interpreted as an Effective Field Theory with kFS as the cutoff. Let us briefly
sketch this idea. For n > 1 moments of the velocity distribution are of the order wn ∼ k−nFS

and thus can be treated as perturbative corrections to δ and w. The first corrections are
then given by the stress tensor, which obeys, neglecting the third moment,

∂Dσ + 3
γ

D
σ + w∇ · σ + σ · ∇w + (∇w)T · σ = 0. (1.3)

Splitting the stress into a background and a perturbation σ = σ̄1 + δσ one can write the
stress, for γ = 1, as

σ = 1σ̄i

(
Di

D

)3

+ δσi

(
Di

D

)3

+ 1σ̄i

(
Di

D

)3 ∫ D

Di

dη (∇w + (∇w)T )(η) + . . . , (1.4)

with σ̄i and δσi being the background value and the perturbation of the stress at some initial
time Di. Plugging this into the right hand side of the Euler equation (1.1) we have

∇·((1+δ)σ)

1+δ
=∇·δσi

(
Di

D

)3

+σ̄i

(
Di

D

)3

∇δ+1σ̄i

(
Di

D

)3∫ D

Di

dη(∇2w+∇∇·w)(η)+.... (1.5)

To this order the initial stress perturbation plays the role of a stochastic noise and the
background stress induces a local sound speed and a non-local-in-time viscosity. Higher
order contributions can be obtained straightforwardly in the double expansion in ∇

kFS
and

the fields δ and w. Note that the time dependence of the effective terms is fixed and does not
coincide with the SPT loop time dependence so the theory cannot be renormalized. Since
the velocity moments of the background and the initial distribution are in principle known,
they can be resumed such that one obtains a theory which is non-local and valid at all scales
as long as the density contrast is small [35]. We see that the effective long wavelength theory
for CDM may be thought off as analogous to this approach to free-streaming particles. The
analogy is imperfect though, given that different time dependences of the effective terms are
required for CDM.

The outline of our paper is as follows. In section 2 we introduce our simplified toy model,
the Stochastic Adhesion Model. Then in section 3 we discuss GI and how it constrains the
allowed terms that can be used to parameterize the effective stress tensor. In section 4 we
discuss renormalization of the local-in-time and non-local-in-time versions of the effective
theory. We conclude in section 5.

2 The stochastic adhesion model

Instead of discussing the full set of equations consisting of the continuity and the Euler
equation, we study the technically simpler Stochastic Adhesion Model (SAM) as a toy
model. The SAM, as already discussed in [33], can be obtained from the fluid equations
by a Zeld’ovich approximation, see also [36–39] for earlier work on the Adhesion Model
and the Burgers Equation. The Zel’dovich approximation reads w = −∇Φ and as a result
dw/dD = ∂Dw + w · ∇w = 0. This approximation decouples the Euler equation from the
continuity equation. In principle one can obtain δ from the continuity equation once h is
known, for details see [33]. In the following we will not consider the continuity equation,

– 3 –
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since the scope of this paper is to discuss the interplay between renormalization and GI,
which can be done by considering the Euler equation alone. The SAM is obtained by writing

dw/dD = ∂Dw + w · ∇w = ∇·((1+δ)σ)
1+δ and expressing the effective stress tensor as dis-

cussed above. It thus approximates deviations of fluid elements from their long wavelength
Zel’dovich trajectories. One ends up with a time dependent Kadar-Parisi-Zhang (KPZ) equa-
tion [40] for the velocity potential h, defined by w = −∇h.

SAM is a stochastic field theory and is most conveniently formulated by defining the
MSRJD action1

S =
1

2

∫
dDdD′

d3k

(2π)3

[
( hk , χk )D

(
0 (−∂D+νk2)δ(D−D′)

(∂D+νk2)δ(D−D′) iN (k,D,D′)

)(
h−k
χ−k

)
D′

+ Lint

]

(2.1)

=
1

2

∫

DD′

d3k

(2π)3

[
( hk , χk ) Ĝ−1

0

(
h−k
χ−k

)
+ Lint

]
,

where

Ĝ−1
0 =

(
0 [GA0 ]

−1

[GR0 ]
−1

iN (k)

)
. (2.2)

and

Lint =

∫
d3q1

(2π)3

d3q2

(2π)3
(q1 · q2) χkhq1hq2 δ(k + q1 + q2) (2.3)

is the interaction vertex. In the second line of (2.1) we condensed the notation for time inte-
grations. The field χ is an auxiliary field and the χ2 term in the action encodes stochasticity.
It can be used to encode both stochastic initial conditions as well as the continuously acting
stochastic part of the tress tensor, modeling the action of small scale fluctuations. Accord-
ingly, N contains the initial Power Spectrum PΦin as well as the Power Spectrum ∆ = 〈JJ〉
of the (gaussian) noise J . For the Fourier transform of N we assume

N (D,D′;k,k′)=PΦin(k)(2π)3δD(k+k′)δD(D−Din)δD(D′−Din)+∆(D,D′)(2π)3δD(k+k′),
(2.4)

with the scale independence of ∆ ensuring that the small scale fluctuations induce the well
known k2 peculiar velocity Power Spectrum at large scales and, correspondingly the k4 tail

in the density. The term ν∇2h is the effective viscosity term. G
R(A)
0 is the free Retarded

(Advanced) Green function and the notation
[
G
R(A)
0

]−1
is used to denote the operators

appearing in (2.1) with Retarded (Advanced) boundary conditions. All correlators of interest
can then be obtained from the generating functional

Z =

∫
DhDχ eiS , (2.5)

with the MSRJD propagator Ĝ defined as the functional and matrix inverse of the matrix in
the quadratic part of the MSRJD action:

Ĝ0 =
(

F0(D,D′;k) −iGR0 (D,D′;k)

−iGA0 (D,D′;k) 0

)
=
( 〈hk(D)h?k(D′)〉 〈hk(D)χ?k(D′)〉
〈χk(D)h?k(D′)〉 〈χk(D)χ?k(D′)〉

)
. (2.6)

1Named after Martin, Siggia, Rose, Jansen and De Dominicis [41].
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Figure 1. The Feynman rules for the action (2.1) — for more details see [33]. As usual, wave-vector
conservation applies and the vertex has to be integrated over internal momenta and time.

The advanced and retarded Green functions are not independent since GR0 (D,D′)=GA?0 (D′, D).
Furthermore, knowledge of GR0 allows the computation of F0 as

F0(D,D′; k) =

D∫

0

dudv GR0 (D,u; k)N (u, v; k)GA0 (v,D′; k). (2.7)

As we already discussed, the theory is expected to be non-local in time and this can
be implemented by the replacement ν(D)∇2h(D) →

∫ D
Din

dD′ ν(D,D′)∇2h(D′). From the
action (2.1) one can read off the Feynman rules depicted in figure 1. Note, that the form of
the propagators GR0 (D,D′;k) and F0(D,D′;k) is different if the viscosity and the noise are
treated pertubatively (á la EFToLSS) or non-perturbatively. Note also that F0 is simply the
linear Power Spectrum PL of h.

The MSRJD action and propagator imply that the “self-energy” (the sum of all 1PI
diagrams2) also has the structure

Σ̂ =

(
0 ΣA(D,D′; k)

ΣR(D,D′; k) iΦ(D,D′; k)

)
. (2.8)

If G is the full dressed Green function it satisfies the Schwinger-Dyson equation

(
Ĝ−1

0 − Σ̂
)
◦ Ĝ = 1̂ (2.9)

where the circle product denotes integrations over time and matrix multiplications. Writing
it explicitly we obtain

(
∂D+νk2

)
GR(D,D′)−

∫
duΣR(D,u)GR(u,D′)=δ

(
D−D′

)
,

(2.10)

(
−∂D+νk2

)
GA(D,D′)−

∫
duΣA(D,u)GA(u,D′)=δ

(
D−D′

)
,

(2.11)

(
∂D+νk2

)
F (D,D′)−

∫
duΣR(D,u)F (u,D′)+

∫
du(N (D,u)−Φ(D,u))GA(u,D′)=0. (2.12)

To close this section, we emphasize that SAM is not intended as a tool for precision cos-
mology calculations as it contains uncontroled approximations. Nontheless, it can reproduce
qualitatively the morphological structure of the cosmic web obtained from N-Body simula-
tions — see [42–44] for some early works on the adhesion model. The addition of a stochastic

21PI-diagrams are those diagrams which cannot be cut into two by cutting a single line.
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component could be used to parametrize short scale, highly non-linear processes and could
improve the results of those early works by generating more realistic short scale power. Fur-
thermore, it seems that an irreducible stochastic component is necessary for describing the
effects of short scales and becomes dominant over further additions to the stress energy ten-
sor [45]. With these remarks we postpone a detailed evaluation of SAM for future work.
What is important for us here is simply that the SAM is invariant under Extended Galilean
Transformations (GT), like the complete fluid equations, and we are therefore able to discuss
the interplay between Galilean Invariance (GI), non-locality in time and renormalization with
the SAM as a conceptually useful toy model.

3 Galilean Invariance

Symmetries constrain the allowed terms to be added to the fluid equations for CDM. In
the previous section we already stressed that the fluid equations as well as the SAM are
invariant under GT. The GI of the fluid equations in the context of LSS and the corresponding
consistency relations were already discussed in [14, 15, 46, 47]. GI of the fluid equations is
the symmetry of the relativistic equations with a non-trivial Newtonian limit [48] and are
therefore related to diffeomorphism invariance of the full relativistic theory. A GT is a time
dependent boost with a velocity β(D). The coordinates then transform according to

D → D′ = D (3.1)

x→ x′ = x +

∫ D

Di

dη β (η) ≡ x + T (D) ,

and the velocity potential transforms accordingly as

h(D,x)→ h(D′,x′) = h(D,x + T(D))− x · β(D). (3.2)

The action (2.1) then transform as follows

S[h, χ]→ S[h, χ] + δSN [h, χ] +

∫
dDd3x χ

(
−x · ∂Dβ +

1

2
β2

)
, (3.3)

where we used that time derivatives are not GI, but the convective derivative ∂D+ 1
2∇h ·∇ is

GI. Compared to the action in equation (2.1), equation (3.3) contains two extra terms. The
term δSN [h, χ] will vanish for a GI stochastic noise. The term

∫
dDd3x χ

(
−x · ∂Dβ + 1

2β
2
)

contains two unobservable contributions. The β2 terms simply adds a constant contribution
to the velocity potential, while the x · ∂Dβ term is a frame fixing term and ensures that the
homogeneous mode of the velocity is given by β [15].

As discussed above, higher order terms are allowed but GI only allows terms built of
second or higher derivatives of h. For example we can add a second order viscosity

ν(2)∇4h (3.4)

or new vertices as

λ
(
∇2h

)2
+ g (∂i∂jh)

(
∂i∂jh

)
. (3.5)

Let us now have look at the noise and how it is constrained by GI. The Power Spectrum
of a statistically homogeneous and isotropic noise J is of the form 〈J(D1,x1)J(D1,x2)〉 =
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∆(D1, D2, |x1 − x2|). The noise term in the action is only GI if the noise Power Spectrum is
invariant

∆(D1, D2, |x1 − x2|) = ∆(D1, D2, |x1 + T(D1)− x2 −T(D2)|), (3.6)

which is only the case if the noise is temporally white

∆(D1, D2, |x1 − x2|) = ∆(D1, |x1 − x2|)δD(D1 −D2). (3.7)

Similar arguments hold for higher order correlators or a multiplicative noise.

A noise with a finite correlation time is not apparently GI. However, consider the noise
term evaluated along the path of a fluid element [23]

J (D;xfl (D,Di)) , (3.8)

where the position of the fluid element can be obtained by solving

xfl

(
D,D′

)
= x +

∫ D

D′
dη ∇h (η,xfl (D, η)) . (3.9)

Since xfl does not change under GTs, neither does the argument of J and its correlators are
invariant. It is interesting to note that a noise of the form given in equation (3.8) is nothing
but a solution of an equation of the form:

dJ

dD

∣∣∣
xfl

= ∂DJ + w · ∇J = . . . , (3.10)

i.e. of a derivative taken along the fluid flow lines. The ellipses denote possible further
terms consistent with Galilean symmetry. So a non-local noise can be seen as new degree of
freedom, governed by (3.10), which can be added to the set of equations. As we will discuss
in section 4 the time dependence of the noise is fixed by the time dependence of the loops.
This means that it is sufficient to provide initial conditions to specify the noise, suggesting
that a non-local noise arises from coarse graining over the initial conditions.3

If we treat the dependence on the fluid path perturbatively we find for the noise

J(D;xfl(D,Di)) = J(D;x) +

∫ D

Di

dη ∇h(η;x) · ∇J(D;x) + . . . . (3.11)

For the corresponding Power Spectrum we find a temporal non-white noise plus corrections
in form of a multiplicative noise

∆(D1,D2;|xfl(D1,Di)−xfl(D2,Di)|)=∆(D1,D2;|x1−x2|) (3.12)

+

∫ D1

Di

dη(∇h)(η;x1)·∇1∆(D1,D2;|x1−x2|)

+

∫ D2

Di

dη(∇h)(η;x2)·∇2∆(D1,D2;|x1−x2|)+....

3Our discussion of free-streaming particles in the introduction provides another example where the initial
stress tensor has been integrated out.
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So a non-local noise is allowed as long as it is the first term in a series of terms all with the
same coefficient function.

Evaluating the fields along the fluid path xfl we can likewise generalize local terms
containing h to non-local terms. For example a non-local viscosity reads

∫ D

Din

dD′ν(D,D′)∇2h(D′;xfl

(
D′,Di

)
)=

∫ D

Din

dD′ν(D,D′)∇2h(D′;x)

+

∫ D

Din

dD′
∫ D′

Din

dην(D,D′)∇2
(
(∇h(η;x))·∇h(D′;x)

)
....

(3.13)

Similarly to the noise, a non-local viscosity is allowed as the first term in a series of terms,
all with the same coefficient.

Observe that these extra terms can and must contain the velocity itself, so terms with
only one derivative acting on h appear in the action. The non-local-in-time terms in (3.12)
and (3.13), a consequence of GI, lead at one loop to the new vertices

D,k

D1,k1

D2,k2

= −k
2k1 · k2

2
(ν(D,D1)θ(D1 −D2) + ν(D,D2)θ(D2 −D1)) (3.14)

D,k

D1,k1

D2,k2

= (k · k2∆(D1, D2; k2) + k · k1∆(D1, D2; k1)) (θ(D1 −D) + θ(D2 −D)),

(3.15)

where as usual “momentum” conservation is implied. In contrast to the usual vertex one has
to integrate over all three times D,D1 and D2. In the EFToLSS approach these terms will
only appear at second order, so are relevant for the one-loop bispectrum and the two-loop
Power Spectrum.

4 Renormalization

We now discuss the implications of GI for the renormalization of UV-divergences. By a
UV-divergence we refer to the leading contribution from hard loop momenta, irrespectively
of whether the loop integrals are finite or infinite. In both cases these are unphysical con-
tributions and must be removed from physical quantities by counter terms corresponding
to the effective terms. Since in SPT loop integrals are finite for realistic initial conditions,
actual divergences are not present at low orders, but will arise at higher orders from loops
containing the effective terms.

When renormalizing the loop integrals one has to pay attention to the fact that they
have a non-trivial time dependence, so the counter terms must match the time dependence
of the UV-divergences, either local or non-local in time. Since the time dependence of the

– 8 –



J
C
A
P
0
2
(
2
0
1
6
)
0
3
2

effective terms is not constrained by GI or any other symmetry, the time dependence can
always be chosen as required for the cancellation of UV-divergences, but if the effective terms
are non-local in time the same divergence appears at higher order again. Since the counter
terms appear again at higher order, these divergences are automatically renormalized. We
will explicitly show that this happens at one loop. Afterwards, we will discuss how the
Ward-Identities (WI) from GI ensure that this will happen at any loop order.

4.1 Non local in time

The approach taken in the EFToLSS leterature treats the effective viscosity and the noise as
perturbative corrections. The diagrammatic expansion in the EFToLSS therefore consists of
the SPT diagrams plus counter-term diagrams for the effective terms. In the framework of
SAM this translates into the free propagators reading

GR0 (D,D′; k) = θ(D −D′)
F0(D,D′; k) = PΦin(k), (4.1)

where we used initial conditions in the past at Din → 0. At one loop the self-energies are

ΣR (D1, D2; k) = D1,k D2,−k = −k
2

12
θ(D1 −D2)I2

Φ (D1, D2; k) = Φ(k) = D1,k D2,−k =
1

4
Y4(k)− k2

8
Y2(k) +

k4

64
Y0(k),

(4.2)

where we defined

In =

∫
d3q

(2π)3
qnPΦin(q) (4.3)

Yn(k) =

∫
d3q

(2π)3
qnPΦin

(∣∣∣∣q−
k

2

∣∣∣∣
)
PΦin

(∣∣∣∣q +
k

2

∣∣∣∣
)
. (4.4)

As a consequence of causality, inherent in the MSRJD form of the action, Σ is only non-
vanishing for D2 < D1, while Φ is always non-vanishing. Since the self-energies are not
sharply peaked for any D1 and D2 nor for D1 ≈ D2, they require non-local counter terms.
It is immediately clear that the dependence of external wave vector k of the leading UV-
divergences of Σ matches the k2 dependence of the viscosity. The leading UV-divergence in
Φ comes from Y4, the term with the highest power of q under the integral. Taking the limit
where the loop momentum q is much larger then the external momentum k, q � k, we see
that the divergence can be absorbed into the scale-independent noise. At higher order it is
ensured by the form of the SPT kernels, as dictated by momentum conversation, that the
k-dependence of the divergences always matches the one of the viscosity and the noise [1, 24].

Using the above one-loop self-energies the Schwinger-Dyson equations give

∂DG
R(D,D′)+k2

D∫

0

du

(
ν(D,u)+

I2

12

)
GR
(
u,D′

)
=δ
(
D−D′

)
,

(4.5)

∂DF (D,D′)+k2

D∫

0

du

(
ν(D,u)+

I2

12

)
F (u,D′)+

D∫

0

du(N (D,u,k)−Φ(k))GA(u,D′)=0. (4.6)
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They can be renormalized by constant contributions to the viscosity and noise

ν(D1, D2) = c2
v

∆(D1, D2) = ∆. (4.7)

It has been noticed [26, 27] that at lowest order a non-local viscosity can be mimicked by a
local one. In principle this is still possible at higher order but then new terms are necessary
correcting for the error made by using a local viscosity instead of a non-local one. For the
noise a similar procedure is not possible.

As discussed in section 3 the same constants c2
v and ∆ appear as coefficients of vertices,

so the same divergences as in the vertices must be present in the vertex corrections, which
are given by the sum of the three upper diagrams shown in figure 2

Π(D,D1, D2;k1,k2) = −θ(D−D1)θ(D1−D2)
k2k1 · k2

12
I2 + θ(D−D1)θ(D−D2)

(k1 · k2)2

12
I2

+ (D1 ↔ D2). (4.8)

Note that contributions to Π which would renormalize the vertex k1·k2
2 cancel among the

three different diagrams. The first term in equation (4.8) has exactly the from required by
GI, the second term can be renormalized by a non-local version of the g-term in equation (3.5)
while the non appearance of a term corresponding to λ in (3.5) is a consequence of the simple
form of the vertex.

The second class of diagrams we have to consider are those generating a multiplicative
noise (the two diagrams in the second line of figure 2). Their sum is

Ψ(D,D1,D2;k1,k2)=θ(D1−D)

(
−k1·k

16
Y4(k1)−k2·k

16
Y4(k2)+

1

8
k·(Y4(k1)+Y4(k2))·k

+
k2

1k1·k−(k1·k)2

32
Y2(k1)+

k2
2k2·k−(k2·k)2

32
Y2(k2)

− 1

32
k·
(
k2

1Y2(k1)+k2
2Y2(k2)

)
·k

−k
4
1k·k1−k2

1(k·k1)2

128
Y0(k1)−k

4
2k·k2−k2

2(k·k2)2

128
Y0(k2)

)
+(D1↔D2),

(4.9)

where we used that
∫
d3q qqnPΦin

(∣∣q− k
2

∣∣)PΦin

(∣∣q + k
2

∣∣) = 0 and defined

Yn+2(k) =

∫
d3q

(2π)3
qqqnPΦin

(∣∣∣∣q−
k

2

∣∣∣∣
)
PΦin

(∣∣∣∣q +
k

2

∣∣∣∣
)
. (4.10)

The leading divergences are again those of Y4 and Y4, where due to rotational invariance Y
must be of the form

Yn+2(k) = F (k)1 +G(k)kk. (4.11)

Since in the limit q � k, Yn+2(k) depends only on the absolute value k, we conclude that
the leading divergence stems form F (k), which is the same as that of Y4. So we can simply
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Figure 2. The 6 one-loop contribution to the bispectrum. The upper three renormalize the vertex.
The two diagrams in the second line generate a multiplicative noise. The diagram in the last line
generates a bispectrum for the noise.

replace F by Yn+2

3 . In that limit Ψ reads

Ψ(D,D1,D2;k1,k2)∼θ(D1−D)

(
−k1·k

16
Y4(k1)−k2·k

16
Y4(k2)+

k2

24
(Y4(k1)+Y4(k2))

)
+(D1↔D2).

(4.12)

We are left with two divergences. First, the one in k2Y4(ki) which can be renormalized by a
multiplicative noise of the form J̃∇2h and the one in ki · kY4(ki) which as required by GI is
the same as in the Power Spectrum.

4.2 Local in time

The power counting of the effective viscosity and noise terms discussed above, corresponding
to that employed in the EFToLSS literature, implies that loops are renormalizable if the
effective terms are non-local in time. We will now demonstrate that by including the effective
viscosity and the noise in the propagators, loops can also be renormalized in a theory local
in time. In that case the theory is similar to an ordinary viscous fluid with stochastic noise.

Let us in the following write the viscosity as ν(D) = c2
vν̃(D), with ν̃(D) = O(1). We

chose the time dependence of the noise to be ∆(D,D′) = ∆ν̃3(D)δD(D − D′). The linear
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propagator and the linear power spectrum are then given by

GR0 (D,D′; k) = e−c
2
vk

2
∫D
D′ dη ν̃(η)θ(D −D′) (4.13)

F0(D,D′; k) = e
−c2vk2

(∫D
0 dη ν̃(η)+

∫D′
0 dη ν̃(η)

)
PΦin(k)

+ e
−c2vk2

(∫D
0 dη ν̃(η)+

∫D′
0 dη ν̃(η)

)
∆

∫ min(D,D′)

0
dη e2c2vk

2
∫ η
0 dη′ ν̃(η′)ν̃3(η).

As already argued in [33] on large scales we recover the usual linear Power Spectrum, while
on small scales the Power Spectrum is dominated by the noise.

F0(D,D′; k) = e
−c2vk2

(∫D
0 dη ν̃(η)+

∫D′
0 dη ν̃(η)

)
∆

∫ min(D,D′)

0
dη ν̃(η)e2c2vk

2
∫ η
0 dη′ ν̃(η′)ν̃2(η)

= e
−c2vk2

(∫D
0 dη ν̃(η)+

∫D′
0 dη ν̃(η)

)
∆

2c2
vk

2

∫ min(D,D′)

0
dη ν̃2(η)

d

dη
e2c2vk

2
∫ η
0 dη′ ν̃(η′)

(4.14)

=
ν̃2(D′)∆

2c2
vk

2
e−c

2
vk

2
∫D
D′ dη ν̃(η)θ(D −D′) + (D ↔ D′) +O

(
(cvk)−4

)
. (4.15)

To obtain the last line we performed a partial integration and neglected terms which are expo-
nentially suppressed. Repeated partial integration would allow to calculate the O

(
(cvk)−4

)

terms and higher. Note that on small scales the Power Spectrum is exponentially suppressed
unless D ≈ D′.4

The leading UV-divergences of the self energies are then

Σ
(
D,D′; k

)
∼ ∆

2c2

∫
d3q

(2π)3

(q2 + q · k)q · k
q2

ν̃2(D′)θ(D −D′)GR0 (D,D′; q)GR0 (D,D′; |q + k|)

Φ
(
D,D′; k

)
∼ ∆2

4c4

∫
d3q

(2π)3

(
q2 − k2

4

)2

(
q + k

2

)2 (
q− k

2

)2 ν̃
4(D′)θ(D −D′)GR0

(
D,D′;

∣∣∣∣q−
k

2

∣∣∣∣
)

·GR0
(
D,D′;

∣∣∣∣q +
k

2

∣∣∣∣
)

+ (D ↔ D′). (4.16)

The above expressions are non-vanishing only for D1 ≈ D2 and they can therefore be ap-
proximated as local in time. Integrating over time we obtain to leading order

Σ
(
D,D′; k

)
∼ ν̃(D2)

∆

2c4
δD(D −D′)

∫
d3q

(2π)3

(q2 + q · k)q · k
q2(q2 + (q + k)2)

Φ
(
D,D′; k

)
∼ ν̃3(D2)

∆2

8c6
δD(D −D′)

∫
d3q

(2π)3

(
q2 − k2

4

)2

(
q + k

2

)2 (
q− k

2

)2 (
q2 + k2

4

) . (4.17)

We immediately see that the time dependence matches the one of the viscosity and the
noise.5 The q-integrals are actually UV-divergent and must be regularized by an appropriate

4More precisely it is suppressed unless c2vk
2
∫ D
D′ dη ν̃(η) � 1, which translates for monotonic (growing)

ν̃(D) into (D −D′) � 1
c2vk

2ν̃(D′) ∼ 1
c2vk

2 .
5Reference [33] treated the special case of ν̃(D) = D.
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prescription. From inspecting the integrals we see that Σ has a quadratic and a linear
divergence. The quadratic vanishes due to rotational invariance and the linear divergence
has the correct k dependence to be absorbed into the viscosity. There is also a logarithmic
divergence stemming form the sub leading terms O( 1

q4 ), we dropped this term since the
divergence vanishes. The linear divergence in Φ can be absorbed into the noise.

Observe that the divergences are the same as in the time independent theory with ν̃ = 1,
as are the leading divergences at higher orders. There will also be additional divergences with
new time dependencies at higher orders which will require new counter terms, including terms
with additional time derivatives. This is not a problem since the theory is non-renormalizable
and new counter terms must be added any way. It is interesting to note that if instead
of a scale independent noise we chose one with ∆ ∼ k−1 in the UV, the theory becomes
renormalizable by power counting.

If we follow the same procedure as for the self-energies for the triangle diagrams we find

Π(D,D1,D2;k1,k2) ∼ − ∆

16c6
δD(D−D1)δD(D−D2)

(∫
d3q

(2π)3

k1·qk2·(k1+q)q·(k+q)

q2(q2+(k1+q)2)(q2+(k−q)2)

+

∫
d3q

(2π)3

k1·qk2·q(k1+q)(k2−q)

q2(q2+(k1+q)2)(q2+(k2−q)2)

)
+(D1↔D2)

Ψ(D,D1,D2;k1,k2) ∼ ∆2ν̃2(D)

16c6
δD(D−D1)δD(D−D2)

·
(∫

d3q

(2π)3

(
k2

1−4q2
)
k·(k1+2q)(k1−2q)·(k1+2k−2q)

(k1+2q)2(k1−2q)2

·
(

1

(k2+4q2)(k2+4q2+q·(k1−2q))

+
1

(2k2+(k−2q)2+k·(k1−2q))((k2+4q2)+q·(k1−2q))

+
1

(k2+4q2)(2k2+(k−2q)2+k·(k1−2q))

))
+(D1↔D2). (4.18)

The individual diagrams contributing to Π are linearly divergent, but the divergences cancel
among the integrals, ensuring that the vertex is not renormalized, as required by GI. Ψ is
by power counting logarithmically divergent, but this divergence vanishes due to rotational
invariance.

The third triangle diagram with three external dashed lines is finite and no non-gaussian
noise is required to obtain finite results. Similarly, higher order correlators are finite at one-
loop, so the SAM and most likely also the fluid equations are one-loop renormalizable. Of
course, the loop integrals still contain unphysical contributions from modes beyond a UV-
cutoff Λ� ki and must in principle be renormalized, but the error made by not renormalizing
the triangle diagrams is suppressed by ki/Λ and therefore of the same order as the residual
cutoff dependence of renormalized self-energies, and hence only subleading. So the minimal
set of counter terms required to make the local-in-time theory cutoff independent at leading
order, and hence the number of free parameters, is smaller than in the non-local-in-time
version. Note that finite contribution from the g- and λ-type vertices or new noise terms as
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discussed in section 3 can still be important but a detailed analysis is beyond the scope of
our paper and we leave it for future work.

4.3 Ward Identities

The Ward Identities (WI) encode the statement that the effective action Γ transforms under
infinitesimal GT in the same way as the bare action S. This implies a set of relations
that counterterms necessarily satisfy. The effective action Γ is related to the generating
functional of connected correlation functions and any physical information about a system
can be obtained from it. We will now briefly discuss how the WI ensure that in a non-local
theory the same divergences arise in different n-point functions.

The WI for the fluid equations were already derived in [15, 46], see also [49]. The
corresponding WI for the SAM are

∫
dDd3k

(
k ·T(D)

(
δΓ

δhk(D)
hk(D) +

δΓ

δχk(D)
χk(D)

)

+ δD(k)

(
β(D) · ∂k

δΓ

δhk(D)
− ∂Dβ(D) · ∂kχk(D) +

i

2
χk(D)β2(D)

))
= 0. (4.19)

The ∂kχ-term relates the mean velocity to the Galilean boost β and the χ-term is related
to an unobservable shift in the potential. These terms correspond to the change of the
bare action under GT, see equation (3.3). The 1-particle-irreducible vertices (1PI-vertices)
defined as

Γ(n,m) ≡ δn+mΓ

δχp1(η1) . . . δχpn(ηn)δhq1(λ1) . . . δhqm(λm)

∣∣∣∣
h=χ=0

, (4.20)

are given by the sum over all 1PI-diagrams with n dashed and m solid lines. Taking n
derivatives with respect to χ and m derivatives with respect to ϕ of equation (4.19), we
arrive after a partial integration, for n 6= 1 and m 6= 0, at a relation between a vertex with
n+m legs and one with n+m+ 1 legs of the form

n∑

i=1

piδD(D − ηi)Γ(n,m) +
m∑

i=1

qiδD(D − λi)Γ(n,m) −
∫
d3k δD(k)∂D∂kΓ(n,m+1) = 0. (4.21)

Note that Γ(0,m) = 0 for any m. The WI in this form relate a 1PI-vertex to another 1PI-
vertex with one more leg. The extra leg thereby corresponds to a velocity i.e. a solid line.
The delta-function picks out the limit k → 0. Terms with more then one factor of k are
therefore unconstrained by the WI, as expected from our discussion in section 3. Since each
velocity leg must contain at least one factor of k the WI relate 1PI-vertices with velocity
legs with one factor of k to a 1PI-vertices with one velocity leg less. This is exactly what is
required by GI as discussed in section 3.

Let us illustrate that this ensures that loops can be renormalized with GI counter terms
at any order in perturbation theory with the example of 2-vertices and 3-vertices. For n = 1
and m = 1 the WI read

k1G
−1(D1, D2; k1) (θ(η −D1)− θ(η −D2)) = lim

p→0
∂kΓ(1,2) (D1, D2, η;k1,p) (4.22)
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where the full inverse propagator is given by

G−1(D1, D2; k1) =
(
G−1

0 (D1, D2; k1)− Σ(D1, D2, k1)
)

(4.23)

and similarly the full vertex is composed of the tree level vertex γ̃, containing both the usual
vertex and a possible contribution from the non-local viscosity, and the loop corrections

Γ(1,2) (D1, D2, η;k1,k2,p) = −2γ̃ (D1, D2, η;k1,k2,p)−Π (D1, D2, η;k1,k2,p) . (4.24)

Using that in the local theory the tree level propagator is G−1
0 (D1, D2; k1) = ∂D1δD(D1 −

D2) + k2
1ν(D1)δD(D1 −D2) and the vertex is γ̃ = δ(η−D1)δ(η−D2)k1·p

2 in equation (4.22)
we find that convective derivative is GI. If the viscosity is non-local, its contribution does
not cancel and the vertex gets an extra contribution, as discussed in section 3.

For n = 2 and m = 0 a similar relation holds. At loop level we have

Σ (D1, D2; k1)k1 (θ (η −D1)− θ (η −D2)) = lim
p→0

∂pΠ (D1, D2, η;k1,p)

Φ (D1, D2; k1)k1 (θ (η −D1)− θ (η −D2)) = lim
p→0

∂pΨ (D1, D2, η;k1,p) . (4.25)

As an example the relations at one loop are depicted in figure 3. If we now use that in the
limit p→ 0 the vertices are Π(k1,p) ∝ p · k1Π(k1) and Ψ(k1,p) ∝ p · k1Ψ(k1), we explicitly
find the same relation as as we found in section 3:

Π(D1, D2, η;k1,p) = p · k1Σ(D1, D2; k1) (θ(η −D1)− θ(η −D2)) +O
(
p2
)

Ψ(D1, D2, η;k1,p) = p · k1Φ(D1, D2; k1) (θ(η −D1)− θ(η −D2)) +O
(
p2
)
. (4.26)

These relations guarantee that the same divergence appearing in loop corrections to the power
spectrum also appears in loop corrections to the bispectrum. In particular since the leading
UV-divergences scale as Σ ∝ k2 and Φ ∝ k0, the WI guarantee that the same divergence
also appear in Π and Ψ, if the theory is non-local in time, while if the divergence is local in
time the WI guarantee that there is no vertex correction of this type, unless the self energies
contain time derivatives. Then as at tree level the WI guarantee that the time derivatives
are always part of a convective derivative.6

From the form of the WI in equation (4.21) it is immediately clear that the same
procedure also applies to higher order vertices. The general relation between vertices with
n+m legs and n+m+ i legs can be obtained by applying equation (4.21) recursively.

4.4 The bispectrum in the local and non-local theories

The scale and time dependence of correlation functions obtained from the local-in-time theory
is much more complex then that obtained from the non-local-in-time one. But on sufficiently
large scales c2

vk
2 � 1, and if the noises are neglected, the one-loop Power Spectra of both

theories are expected to agree. Nevertheless, the two theories give different results for the one-
loop bispectrum. In the non-local-in-time power counting, the one-loop bispectrum consists
of the SPT tree-level and one loop bispectrum plus EFT corrections in form of the new

6These terms are redundant i.e. for practical calculations they can be simplified using the equation of
motion.
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Figure 3. The WI in equation (4.25) at one loop.

vertex, with the coupling g, and the counter terms for Σ:

BNLT(D1,D2,D3;k1,k2,k3)=Btree(k1,k2,k3)+B1−loop(D1,D2,D3;k1,k2,k3)+gD3
3

(k1·k2)
2

6
PL(k1)PL(k2)

−c2v
k1·k2

2
PL(k1)PL(k2)

(
k21
6

(D3
3+3D2

1D3)+
k22
6

(D3
3+3D2

2D3)+
k23
2
D3

3

)

+permutations. (4.27)

For the bispectrum in the local theory we find

BLT(D1, D2, D3; k1, k2, k3) = BNLT(D1, D2, D3; k1, k2, k3)− gD3
3

(k1 · k2)2

6
PL(k1)PL(k2)

(4.28)

+ c2
vD

3
3

k2
3k1 · k2

12
PL(k1)PL(k2) + permutations.

That g appears in BNLT but not in BLT is an illustration that less free parameters are
required for consistency in the local theory compared to the non local one. Of course, a
g-type vertex can still be added to action but is not needed for renormalization. Similiar a
λ-type vertex can be added to both the local and non-local theory, but is not required for
renormalization. The second term which is different comes from the extra vertex enforced
by GI and by integrals in the local theory of the form

∫ D
0 dη ηf(η) which must be replaced

by integrals of the form
∫ D

0 dη
∫ η′

0 dη′f(η′) in the non-local theory. These integrals are the
same only if f = 1, while for a power law f ∝ Dn both integrals become ∝ Dn+2 but with a
different prefactor. Since for the full system the time dependence of the propagator is more
complicated one should expect that the difference between BLT and BNLT, the bispectra in
the local and non-local theories, becomes larger within the full theory.

5 Conclusion

In this paper we discussed renormalization of the stochastic adhesion model (SAM). This is
a toy model of structure formation, based on a simple parameterization of deviations from
the Zel’dovich trajectories, which shares the same symmetries as the full set of Euler and
continuity equations along with extra effective “viscosity” terms and a stochastic noise term.
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Because of these features we expect that the general conclusions arrived at here should also
be applicable to the complete theory.

Treating the viscosity terms as counter terms, one is led through a one-loop calculation
to a theory necessarily non-local in time. To ensure Galilean Invariance, non-local counter-
terms must be evaluated along the fluid element path, introducing vertices at higher orders
which are related to the lowest order counter terms by having the same coefficients. These
terms are individually not GI, so their dependence on the wave-vector differs from that of
local counter terms. As we have shown, these terms are required to ensure cutoff indepen-
dence. This implies that the EFToLSS type approach with non-local-in-time counter terms
is consistent with respect to renormalization, while the EFToLSS with local counter terms
is not.

Alternatively, if the effective viscosity is included in the computation of the linear prop-
agator [33, 34], leading to exponential damping on short scales, one obtains a consistent
theory, renormalizable to one loop. For a numerically small viscosity one naturally recovers
the known results with perturbative local counter terms for the one-loop Power Spectrum.
In contrast to the EFToLSS type of approach though, no new counter terms are required to
renormalize the one-loop bispectrum in this case.

We briefly discussed the possibility to decide whether a theory local or non-local in
time would be appropriate as an effective description of CDM by considering the bispec-
trum. As we pointed out, the precise size of corrections stemming from virialized scales are
crucial in that respect. The local-in-time approach requires a minimal set of counter terms
for renormalization and as a consequence the one-loop bispectrum is fully predicted by the
one-loop Power Spectrum, although extra parameters are allowed. The non-local-in-time ap-
proach requires one more parameter for the renormalized bispectrum. We expect that similar
conclusions would hold in the full system of continuity + Euler equations. Renormalized bis-
pectra have only been computed in the EFToLSS approach which uses the non-local-in-time
power counting. It would therefore be interesting to contrast the predictions of the local
and non-local in time approaches in the full theory against the bispectrum from N-Body
simulations.
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5Summary, discussion and outlook

5.1 Growing Neutrino Quintessence

GNQ is a theoretically well motivated DE model. In GNQ the accelerated expansion
of the universe starts when the cosmic neutrinos become non-relativistic, therefore
in contrast to other Quintessence models no fine tuning of the self-interaction
potentials is required. But studying the cosmological dynamics is challenging. In the
two publications 1 and 2 we explored the possibility of two different variants of GNQ
as a DE model. The large non-linearities, induced by the strong interaction between
neutrinos and the cosmon, did not allow for a perturbative treatment, instead N-
body simulations with relativistic particles and non-linear scalar field equations are
required. In both scenarios backreaction effects alter the expansion history, but
the phenomenology is different. In the constant coupling model stable neutrino
lumps form, inducing strong backreaction effects, while in varying coupling model
an oscillation pattern of forming and dissolving lumps is observed, the backreaction
effects remain small.

In publication 2, we explored the parameter space aiming at finding parameters for
which the constant coupling model is a viable DE model. Indeed we found regions
in the parameter space for which the cosmon evolves slow enough to allow for an
accelerated expansion of the universe. However, in order to have an accelerated
expansion today, the lumps must have formed late, such that backreaction effects
are still small. Since, lumps form quickly after the cosmon evolution stopped,
the accelerated expansion also starts late, a & 0.6. This is difficult to bring into
agreement with an approximately constant energy density for a & 0.5. Furthermore,
we could observe the tendency that for a smaller w the energy density is larger.
Hence, we had difficulties to get wDE,0 ≈ −1 and ΩDE,0 ≈ 0.7 simultaneously, but
wDE,0 . −0.9 and ΩDE,0 ∼ 0.75 is possible. Which is not too far from the target
values. Although we could only scan a limited range of parameters, we believe
that late forming lumps and a large amount of DE are related. The reason can be
understood from the homogeneous evolution. The cosmon evolution stops after
the neutrinos became non-relativistic once βρν = −αV ∝ α−1a−3 is reached. For a
smaller α the right hand side is larger, to full fill the equation ρν must have grown
larger, i.e. longer. For a smaller α the cosmon evolution is stopped later, with a
larger energy density, see also publication 2, figure 1. Furthermore, a small α implies
EDE. We found that the equation of state can be close to −1 for α . 5, violating
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Fig. 5.1: A sketch of the effective potential felt by the cosmon during the process of lump
formation and dissolving. The cosmon performs damped oscillations, eventually it
settles near the minimum. Note that the amplitude of neutrino induced effective
potential Veff is space and time dependent. For non-relativistic neutrinos Veff =
mνnν with the neutrino number density nν , while for relativistic neutrinos Veff
vanishes.

bounds on EDE α . 10. Given the fact that an approximately constant DE density
is only possible, at the prize of a late stopping cosmon, which seems to imply a
large amount EDE and a large DE density today, we find it unlikely that a region in
parameter space with a realistic cosmology exists.

The publication 1 explores non-linear structure formation in the varying constant
model. Here, in contrast to the constant coupling model no stable lumps form.
Instead mild neutrino over densities form and dissolve. The reason is the form of the
coupling and mass mν ∝ β ∝ 1/(ϕ− ϕcrit), which grows large near the critical value
ϕcrit. For the cosmon the coupling constitutes an effective potential barrier, see figure
5.1, which can not be crossed, so that ϕcrit is never reached. The cosmon performs
damped oscillation around the minimum of the effective potential. As in the constant
coupling model neutrinos start to cluster, when they are non-relativistic. During the
oscillation the sign of the cosmon acceleration changes. Instead of being decelerated
the neutrinos are accelerated to relativistic velocities and the lumps dissolve. Here,
similar to the constant coupling model the neutrinos being relativistic, weakens the
stopping power. The phases at the beginning of lump formation, during which the
neutrinos are non-relativistic, ensures that that the cosmon is stopped and finally
reaches w ≈ −1. It is interesting to note, that at the microscopic level the dynamics
is very complicated and at the first sight one does not expect the overall cosmology
to be close to the rather simple homogeneous limit. The reason is that instabilities
in the varying coupling model are stabilized and the neutrino density contrast never
grows large. This can serve as a proof (of principle) that an unhealthy cosmological
model, can be cured by taking into account all relevant effects.

The average dynamics of the varying coupling model is close to the pure homoge-
neous dynamics. The most important difference is that the neutrinos are “heated”
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during the lump formation. In the publication 1 we proposed to account for the
effect of the faster neutrinos on the background cosmon, by introducing a new
parameter γ, characterizing the typical momentum scale. The parameter γ is closely
related to the effective temperature of [75]. The heating and cooling of the cosmic
neutrinos can be emulated by adding the term −Γβϕ̇p∂pf̄ to the neutrino Vlasov
equation. The effect of this term can be translated to a temperature varying in time
as T = Tie

∫
dτ Γβϕ̇. For Γ > 0 the temperature decreases when the cosmon moves

towards ϕcrit, as observed in the simulations. In the future, fixing Γ by the temper-
ature measured in [75] some effects on the CMB can be studied using corrected
Boltzmann codes.

Thanks to the differences in the neutrino sector, compared to ΛCDM, can GNQ
be tested with cosmology. A “measurement” of the neutrino mass by observing
the specific scale dependent effect of constant mass neutrinos in the CMB and the
LSS, would be clear signal against GNQ. Furthermore, the gravitational potential
of neutrino lumps allows for direct tests of GNQ. The neutrino induced potentials
in varying coupling model are at the order of a few percent of the matter induced
potential. This is probably small enough to be consistent with the CMB and structure
formation, but might be still large enough to be detectable. This should be contrasted
to the lump potential in the constant coupling model, which can be larger than the
matter potential. Here, we like to note that if the mass amplitude mi is increased the
lumps in the varying coupling model become more stable [75]. In that case models
exist with a viable background cosmology, but neutrino lumps might contribute to
the gravitational potential by more than a few percent.

Let us first have a look at the oscillating lump potential in the varying coupling model,
which might be detectable in the CMB via the Integrated-Sachs-Wolf (ISW) effect, see
[4, 76]. Let us consider a photon which is deflected by the gravitational potentials.
We are interested in deviations δnµ from the four velocity in an unperturbed FRW-
metric n̄µ. To first order in the perturbations the geodesic equation becomes

dδnµ

dλ
= −δΓµνρn̄µn̄ν , (5.1)

where we used the conformal invariance of like light-geodesics to rescale the affine
parameter λ, in such away that we get rid of the cosmological redshift. We are
interested in the energy change of photons, emitted at some initial time tin and
observed at some final time tf, which reads

Tf

Tin
= ain

af

(nµuµ)|f
(nµuµ)|in

, (5.2)
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where u = (−a(1 + Ψ), avi) is the 4-velocity of the emitter relative to the observer.
The change in the temperature fluctuations is

∆Tf

Tf
= ∆Tin

Tin
+ δnµūµ + n̄µδuµ

n̄µūµ

∣∣∣
f
− δnµūµ + n̄µδuµ

n̄µūµ

∣∣∣
in
. (5.3)

Integrating the geodesic equation 5.1 one obtains

δn0
f − δn

0
in = −2Ψ|fin −

∫ f

in
dλ ∂τ (Ψ + Φ) (x(λ), λ), (5.4)

where x = xf− n̄(λf−λ) is the unperturbed photon path. Plugging this into equation
5.3 we arrive at an equation for the temperature difference

∆Tf

Tf
= ∆Tin

Tin
+ n̄ivi −Ψ|fin +

∫ f

in
dτ ∂τ (Ψ + Φ) (x(τ), τ). (5.5)

∆Tin/Tin = δrad,in/4 is the intrinsic temperature fluctuation of the CMB, n̄ivi is a
Doppler term and Ψ|fin gives rise to the ordinary Sachs-Wolf-effect. Here, we are only
interested in the integral, giving rise to the ISW. The ISW effect can not be larger
than the maximal potential difference. For neutrino induced potentials they are of
the order Ψν ∼ O(1%)ΨMatter ∼ 10−7, hence, the change in the temeperature can
not be larger than ∆T

T ∼ 10−7. Each cycle of lump formation consists of a phase with
positive and negative time derivatives, such that the ISW effect is smaller than 10−7,
we found for a single lump ∆T

T ∼ 10−8, the precise number depends on the details
of the lump. This is to small to be detected for a single lump. In principle the effect
can be enhanced for photons travelling through several lumps. Given that lumps are
large, ∼ 100 hMpc−1, and form late, it is unlikely that a photon travelled through
several lumps. We conclude that for the simulated parameters the ISW effect is
probably to small to be observed. However, in a model with more stable lumps the
effect can be larger.

Even though small, the lump neutrino induced gravitational potential could leave its
trace in the LSS. The performed simulations are restricted with respected to box size
and resolution, this hinders a detailed analysis. Nevertheless, on general grounds
we can discuss expected effects, worth studying once the numerics has been refined,
see below. Until neutrino lumps form, structure formation is only affected by the
different background cosmology. Only at low redshift, z . 4, lumps can leave a trace
in the LSS. Here, it is interesting to differentiate between direct measurements of
the matter distribution, e.g. by gravitational lensing, and indirect measurements, e.g.
by galaxy surveys. Galaxy surveys infer the matter distribution from the observed
distribution of galaxies. Galaxies are biased with respect to the underlying matter
distribution, i.e. they are no perfect tracers of the matter distribution. Since, for lump
formation gravity is irrelevant, lumps can form independent of ordinary structures.
We expect a bias between galaxies and neutrino lumps, probably the correlation
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between them is small. So galaxy surveys are not sensitive to the lump potential.
This is different for gravitational lensing, which is caused by the deflection of light by
the gravitational potentials, hence it is sensitive to the total gravitational potential.
The neutrino induced potentials should give for a & 0.2 rise to an effect of the order
of a few percent, while in the galaxy distribution even for a & 0.2 a smaller effect is
expected.

Testing GNQ outside cosmology is difficult for two reasons. First, earth based
experiments can only measure the neutrino mass locally and today. Given that
the cosmon varies only on cosmological time scale observing a time variation on
earth seems to be impossible. Second, due to the small mass neutrinos are typically
relativistic. Hence, typically the neutrino mass and the neutrino-cosmon interaction
can be neglected. However, super nova neutrino oscillations might provide a way of
testing GNQ directly, for a review of neutrino oscillations in Super Novae see e.g.
[77]. Crucial is the squared mass difference ∆m2

αγ = m2
α−m2

γ between the different
neutrino flavors, labelled by α and γ. As the individual neutrino masses vary the
mass difference varies

∆m2
αγ =

(
m2
α,i −m2

γ,i

)
e−βϕ, constant coupling,

∆m2
αγ =

(
m2
α,i −m2

γ,i

) 1
(ϕcrit − ϕ)2 , varying coupling.

Neutrino oscillations have a significant impact on super nova physics e.g. on the
neutrino energy spectrum. This in principle allows to measure or constrain the
mass difference. Constrains obtained from different galactic super novae could be
converted into constrains on the variation of the mass difference, hence on the
variation of the mass. Unfortunately, only a few neutrinos, ∼ 10, from a single
galactic super nova, the SN1987A [78], have been observed so far, therefore it is
unlikely that the next two observed super novae allow to put stringent constrains on
a varying neutrino mass.

The search for viable models as well as a detailed study of effects on the matter
distribution requires a refined numerics. Furthermore, the study of substructures
in neutrino lumps is so far hindered by the restricted resolution of a few Mpc of
our simulation. Recently, gevolution [79] a highly parallelized relativistic N-body
simulation in the weak field limit became available. Gevolution shares many features
with our N-body simulation, but is superior with respect to speed and accuracy. It is
desirable to implement GNQ in gevolution. Relativistic neutrinos and backreaction
effects are already implemented in gevolution, only minor changes are necessary.
The calculation of the gravitational potential goes beyond our code, by taking into
account the most important non-linear effects and is not restricted to the quasi-static
approximation. The only missing piece is the solver for the cosmon field. The
use of the quasi-static approximation in GNQ has never been tested. Therefore,
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it is preferable to solve the non-linear wave equation for the cosmon, this is for
example possible with an appropriate leapfrog scheme. Although solving the cosmon
equation in the quasi-static approximation by implementing the NGS-solver used in
our simulation is possible.

5.2 Effective fluids in large-scale structure formation

Effective fluid models provide a systematic treatment of mode-coupling between the
non-perturbative dynamics on small scales and the perturbative dynamics on large
scales. Measuring the effective fluid parameters in simulations allows to extend the
applicability of perturbative calculations.

In the publication 3 we investigated renormalization of effective fluid model for
LSS, using the Stochastic Adhesion Model (SAM) as a toy model. We contrasted the
power counting scheme of the EFToLSS with a different power counting scheme,
closer to ordinary fluids. In such a scheme the lowest order effective viscosity and
noise are included at linear order. This results in a damping of the propagator on
small scales. The theory is renormalizable at one loop, i.e. the local viscosity and
noise are sufficient to renormalize all one loop diagrams. In contrast, in the power
counting scheme of the EFToLSS the lowest order effective terms are counted as
one loop terms, i.e. they are counter terms for the loop diagrams. As explicitly
shown the counter terms must be non-local in time. Galilean Invariance of the
fluid equations, enforces the non-local effective parameters to depend on the whole
history of a fluid element. This introduces at every order new vertices, with the
lowest order counter terms as coefficients. We have explicitly demonstrated that
they are required to renormalize the one loop three point function. Ward-Identities
guarantee that this is the case at every loop order. This implies that the EFToLSS
can be consistently renormalized with non-local counter terms, but not with local
counter terms. Our conclusion is primary a consequence of the Galilean Invariance
of the SAM, which is shared by the fluid equations. We therefore expect that our
conclusion remains valid, when the fluid equations, including the vorticity, instead
of the SAM are considered.

In the last years the EFToLSS and related approaches attracted a lot of attention.
Since perturbation theory must be supplemented by parameters measured in simu-
lations, effective fluid models are not a reliable and predictive tool, yet. Certainly,
the effective fluid models can provide systematic ways of parameterizing results of
simulation and using it to predict other observable e.g. CMB lensing, as proposed in
[80]. Note, that the same strategy can be used to calculate the effect of neutrino
lumps in GNQ on the CMB, once an interesting and viable set of parameters is
found. Furthermore, effective fluid models provide analytical models, which can
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be used to study bias [81, 82] and redshift space distortions [83]. But they can be
more than a way to parametrize simulation data. Since effective fluid parameters
parametrize the effective stress tensor in terms of the long-wavelength field, they
measure the response of the effective stress tensor to the long wave-length field.
Short-wavelength modes feel the presence of long-wavelength modes effectively as
a different background cosmology. Therefore the response of the effective stress
tensor to short-wavelength modes can be measured in separate universe simulations
[84, 85], in which the long-wavelength mode is absorbed into a change of the
background. Therefore the effective parameters can be measured in small simulation
and hence fast simulations. This is similar to the measurements of bias parameters
in separate universe simulations [86]. Combining small and fast simulations with
perturbative calculations on large scale has the potential to become a fast and pre-
dictive tool for LSS calculations. It will be interesting to study the dependence of
the fluid parameters on the cosmological parameters. If it is possible to map the
fluid parameters measured in one cosmology to a different cosmology, without the
need of running a new simulation, the predictivity can be further increased. See
[87] for an implementation of this idea in the coarse-grained perturbation theory.
Finally, it would be interesting to investigate the relation between effective fluid
approaches and the halo model [88], by considering the long-wavelength limit of a
fluid of virialized structures, this is closely related to the lump fluid in GNQ.

There is a huge body of work applying effective fluids to LSS, but the justification
of effective fluid models has been investigated very little. Here most of the works
investigate the (self-)consistency of the theory, publication 3 being one of them,
other examples are [89, 90]. To our knowledge only the series of works [91, 92,
93] challenges the applicability, by applying the EFToLSS to individual realizations
instead of applying it to Power Spectra. Ultimately, the justification and performance
of the effective fluids models, as well as all other (semi-)analytical tools, depends
on the coupling between different modes. While the focus of most simulation
studies of cosmological structure formation lies on the impact of cosmological
(background) parameters, [94] studied the response of long-wavelength modes to
short-wavelength modes. The authors found, compared to SPT, a reduced sensitivity
to short wave-length modes, an indication that their effect can be accounted for in
an effective model with a only few free parameters. Studying mode coupling via a
change of initial conditions in simulation, see also [95], is a promising way of testing
effective models, as well as other perturbative approaches.

By studying mode coupling only via simulations, it is difficult to differentiate between
non-perturbative effects within a perfect pressure less fluid and effects arising from
shell-crossing. In effective fluid models this is reflected by the fact that by measuring
the size of the effective parameters we can only learn something on the importance
of short-wavelength modes on the evolution of long-wavelength modes. But the
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effective parameters account for both; mode coupling effects and effects beyond
the perfect pressureless fluid approximation. We can not get information on the
relative importance of the effects and can not decide whether the decoupling of
small scales can be understood within the perfect pressureless fluid approximation or
not. It would be interesting to quantify the impact of first shell-crossing by analytical
calculations. A possible analytical model would be the Schrödinger equation, also
describing axion DM, see section 1.3, an alternative would be the statistical field
theory of [96]. The Schrödinger equation can be written as the fluid equations
1.64 and 1.65, with an additional quantum pressure term ∝ ~2 (∇2√ρ

)
/
√
ρ. The

quantum pressure regulates shell crossing singularities, even in the classical limit.
It is therefore possible to calculate the velocity dispersion and vorticity generated
by first shell crossing using the Schrödinger equation and estimate their impact on
long-wavelength modes, without ad-hoc assumptions as in [97].

Finally, renormalization group techniques provide a systematic way of studying
mode coupling and calculating the effective fluid parameters. Recently, a functional
renormalization group approach has been employed [98]. Assuming a viscous fluid
an infrared fixed point was found, further supporting the use of effective fluid models.
It would be interesting to see how the fixed point is related to our findings regarding
the form of the effective parameters and the renormalizability of loops. In particular,
if they become local in time at the fixed point, when allowing for non-local in time
parameters.
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