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Kernspindominierte Relaxation atomarer Tunnelsysteme in Gläsern

Die im Rahmen dieser Arbeit durchgeführten Messungen haben einen nicht phononi-
schen Relaxationskanal in Gläsern bei sehr tiefen Temperaturen offenbart, der durch
elektrische Kernquadrupolmomente hervorgerufen wird. Dielektrische Messungen der
Multikomponentengläser N-KZFS11 und HY-1, welche die Isotope 181Ta beziehungs-
weise 165Ho mit sehr großen elektrischen Kernquadrupolmomenten enthalten, zeigen
eine zusätzliche Relaxationsrate im Kilohertzbereich in diesen Gläsern. Diese ist für
Temperaturen oberhalb der Kernquadrupolaufspaltung der relevanten Isotope kon-
stant. Die Ergebnisse werden mit Messungen an Herasil und N-BK7 verglichen, wel-
che keine großen Kernquadrupolmomente enthalten. Mittels dreier Messaufbauten
zur Messung der komplexen dielektrischen Funktion wurden Messungen über annä-
hernd acht Größenordnungen in der Frequenz zwischen 60Hz und 1GHz bis hinunter
zu Temperaturen von 7,5mK durchgeführt. Die Messungen erlauben eine detaillierte
Untersuchung der in dieser Arbeit entdeckten Effekte und haben zur Entwicklung
eines neuen vereinfachten Modells der Auswirkung von Kernquadrupolmomenten auf
das Tieftemperaturverhalten von Gläsern geführt. Die Daten werden mit auf diesem
Modell basierenden numerischen Berechnungen verglichen.

Nuclear spin dominated relaxation of atomic tunneling systems in
glasses

The measurements performed in this thesis have revealed a non phononic relaxation
channel for atomic tunneling systems in glasses at very low temperatures due to
the presence of nuclear electric quadrupoles. Dielectric measurements on the mul-
ticomponent glasses N-KZFS11 and HY-1, containing 181Ta and 165Ho, respectively,
that both carry very large nuclear electric quadrupole moments, show a relaxation
rate in the kilohertz range, that is constant for temperatures exceeding the nuclear
quadrupole splitting of the relevant isotopes. The results are compared to mea-
surements performed on the glasses Herasil and N-BK7 that both contain no large
nuclear quadrupole moments. Using three different setups to measure the complex
dielectric function, the measurements cover almost eight orders of magnitude in fre-
quency from 60Hz to 1GHz and temperatures down to 7.5mK. This has allowed
us a detailed study of the novel effects observed within this thesis and has led to
a simplified model explaining the effects of nuclear electric quadrupoles on the be-
havior of glasses at low temperatures. Numeric calculations based on this model are
compared to the measured data.
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1. Introduction

Früher waren Gläser einfacher.
Siegfried Hunklinger

One of the great joys of being an experimental physicist lies in the finding of new
and unexpected rules governing the behavior of our environment. It is then an equal
joy to find the exception to the rule and thereby come to a new understanding of
the underlying principles, maybe not only cause of the exception, but also of other,
previously not understood, findings.

One example for such an unexpected rule is the low temperature behavior of glasses.
Measurements of the thermal properties of very different glassy materials showed a
striking similarity [Zel71], that was later also found in other observables. The be-
havior is not only very similar in different glassy materials, but also differs strongly
from the low temperature behavior of crystalline materials.
The reason for this lies in the fundamental difference found in the long range order
– or lack thereof – of the atoms in the material’s structure in the crystalline and
amorphous state of matter. While crystals posses a well-ordered lattice that leads
to a long range order, amorphous materials like silicate based glasses or many poly-
mers, show only short range order. Small variation in the lattice constants of these
materials, the length and orientation of the bonds between atoms, lead to a loss of
long range order.
Many materials can enter this metastable state, when a liquid melt is cooled rapidly
below the so called glass transition temperature Tg, which prevents an ordered lat-
tice from forming. The most prominent group of amorphous materials is that of
multicomponent glasses based on silicate and borate oxides, that can contain a large
variety of other oxides, allowing for a wide spread in the materials’ properties like
density, refraction index, color or even electric conductivity.

The disorder in amorphous solids allows for the existence of localized low energy
excitations that become apparent at low temperatures. As other excitations, such as
phonons, die out towards lowest temperatures, the localized low energy excitations
dominate the properties of glasses. A phenomenological description, that models
the excitations as tunneling particles in two-level systems with a wide distribution
of parameters, was given by Anderson et al. [And72] and Phillips [Phi72] in the so
called Standard Tunneling Model. It considers only the disorder present in any amor-
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2 1. Introduction

phous material and thus leads to the prediction of a universal behavior of glasses at
low temperatures, that has been a cornerstone of low temperature glass physics ever
since.
In its simplicity, the standard tunneling model is able to describe many properties
of glasses like the specific heat [Ste76, Zel71, Las75], thermal conductivity [Cah88,
Zel71] or the dielectric function [Fro77, vR98, Luc11, Ens89, Rog97b, Str98, Woh01a]
and elastic susceptibility [Rau95, Cla94, Cla00] at low temperatures. Measurements
conducted on a large variety of different materials have, over the years, confirmed
the universal behavior and generally show a very good agreement with the model.
Deviations have also been observed, especially in low frequency dielectric and elas-
tic measurements, but are again of a universal nature. They have been attributed
to a restricted distribution of two-level systems [Ens89, Bec90, Dou80] and to their
interaction at lowest temperatures [Bur95, Ens97].
We give an introduction to the structural properties of glasses, their low tempera-
ture behavior and the standard tunneling model in chapter two of this thesis, along
with the most prominent extensions of the model. Numeric simulations performed
within this thesis help discussing the effects caused by these modified versions of the
standard tunneling model in more detail.

Probably the most puzzling effect not predicted by the standard tunneling model
but measured in dielectric glasses is the sensitivity of many multicomponent glasses
to small magnetic fields. It can be observed both in measurements of the di-
electric function [Str98, Str00, Woh01b, Hau02, Pol09] and two pulse polarization
echoes [Lud02, Lud03]. After several different possible explanations were discussed
[Ket99, Str00, Wür02], isotope specific echo experiments on glycerol revealed nuclear
electric quadrupoles to be the cause of the magnetic field dependence [Nag04, Bar13].
Subsequently, detailed models predicting effects of nuclear electric quadrupoles on
both echoes [Wür02, Baz08, Bar13] and the dielectric susceptibility [Bur06a, Bur06b,
Bur06c] were developed.
In chapter three of this thesis, we give a brief overview over the measurements leading
to the discovery of the influence of nuclear electric quadrupoles on dielectric glasses
at low temperatures. This is followed by an introduction to nuclear quadrupole reso-
nance and by a more detailed look at the predictions made for the dielectric function.

Despite the success of the quadrupole model in explaining the dielectric echo ex-
periments, a conclusive understanding for the low frequency dielectric susceptibility
is still missing. Within this thesis, we aim to examine the influence of very large
nuclear electric quadrupoles on the dielectric function of glasses at low temperatures.
A possible influence of the nuclear moments should then be most pronounced and
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be more prominent in the measured data as compared to glasses that contain no or
only small nuclear quadrupole moments.
The possible temperature and frequency range of dielectric measurements most af-
fected by the effects due to nuclear electric quadrupoles is very broad. We have
therefore used three different measurement setups in 3He/4He dilution refrigerators,
allowing for measurements down to 7.5mK and between 60Hz and 1GHz. All three
setups can measure both the real part and the loss tangent of the complex dielectric
function, leading to a data set that allows a very detailed study of the low tempera-
ture dielectric properties of the measured glasses.
The measurement setups are described in chapter four, along with overview over the
four different samples examined within this thesis. We have chosen the quartz glass
Herasil and the multicomponent glass N-BK7, that have previously been measured
in many experiments, as a comparison to the the glasses N-KZFS11 and HY-1, that
have not previously been studied systematically at low temperatures. While the first
two glasses contain no large nuclear electric quadrupoles, we find about one percent
of 181Ta in N-KZFS1 and similar amounts of 165Ho in HY-1. The latter isotope not
only possesses a large nuclear quadrupole moment, but also a magnetic moment due
to its electronic properties.

The results obtained in the measurements of the four samples are presented in chapter
five. Here, the focus lies on the low temperature dielectric properties of N-KZFS11
and HY-1 in the low frequency domain. The results are compared to the measure-
ments of the other two glasses and to numeric simulations of the standard tunneling
model including appropriate modifications. Additionally, we compare the low fre-
quency dielectric measurements of HY-1 to elastic measurements performed on the
sample in the same frequency range.
As previous studies have also concluded, the measurements of Herasil and N-BK7
can be well described qualitatively by the standard tunneling model when including
slight variations in the distribution function of the tunneling parameters. The data
of N-KZFS11 and HY-1, however, shows a strongly increased specific heat and a for-
merly unknown relaxation process due to the presence of large nuclear quadrupoles.
This relaxation rate dominates both the dielectric and elastic behavior of the two
glasses at low frequencies and low temperatures.
As we will show, this novel relaxation is fundamentally different from the relaxation
via thermal phonons. The latter process has been believed to be the only possible
relaxation channel for tunneling two-level systems in dielectric glasses. We develop
a simple model for the new nuclear quadrupole related relaxation channel and show
that the qualitative understanding of the data can thereby be greatly improved. From
this picture we can also draw the conclusion that the magnetic field dependence of
the dielectric properties of glasses, which do not prominently show the influence of
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nuclear quadrupoles in their temperature dependence, is also caused by the nuclear
quadrupole relaxation.

Finally, in section 5.8 of this thesis, we show that the nuclear quadrupole enabled
relaxation depends sensitively on the driving field, an observation that is not yet
fully understood and will certainly prompt further investigations.



2. Theoretical Background

This chapter will give an overview over the relevant theoretical background for the
measurements performed in the course of this thesis. After an introduction to the
structural properties of glasses, a description of the standard tunneling model, that
has been developed to describe low temperature properties of glasses will be given.
The main focus will be on prediction of the dielectric properties, as these are the
focus of this thesis.
Over the years, a broad range of additions and modification of the standard tunneling
model have been proposed. A brief overview over different of these attempts is given,
with a more detailed discussion of effects caused by nuclear quadrupole moments.

2.1 Structural properties of glasses

First attempts to describe glasses as extended disordered networks of oxides were
made by Zachariasen in [Zac32]. In this work it is stated, that in glass networks,
various oxygen polyhedra, connected at their corners, should be formed. In the case
of SiO2, the network is built up of tetrahedra with the Si2+cation in the center and
four oxygen anions at the corners. A schematic drawing of a two dimensional cut
through SiO2 both in its crystalline and amorphous modification is show in figure
2.1.
One oxygen atom of each tetrahedron lies above or below the plain of the sketch.

Similar tetrahedra as in the crystal are present in the amorphous modification, but
they are deformed in the disordered network and their relative orientation can vary
within rather large limits. While there are only rings of six silicon atoms in the
crystal, the ring size varies in the amorphous solid. Sizes between the values of four
and eight are most common in vitreous SiO2 [Koh05].
According to the theory of Zachariasen, order for a stable three dimensional network
to form, the glass forming oxides AOn must fulfill several requirements: Each oxygen
atom can only be linked to at most two atoms A, the polyhedra that are formed may
not contain too oxygen atoms and they must be connected only at their corners.
This leads, for example, to the conclusion, that oxides of the composition AO2 and
A2O5, being able to form tetrahedra and octahedra, should generally be good glass
formers.

5



6 2. Theoretical Background

O Si

Figure 2.1: Schematic two dimensional drawings of SiO2in its crystalline (left) and amor-
phous (right) modification. The dashed triangles indicate an exemplary ring of six SiO4

tetrahedra. Scheme derived from [Zac32]

Since not every oxide of appropriate stoichiometry is indeed a good glass former,
it is necessary to take other properties into account. An extension of the network
theory, as formulated by Dietzel and described in [Vog92], considers the radius of
the cations rA and the field strength F at the place of the oxygen atoms surrounding
the cation. With a being the distance A−O given in pm (which can be estimated as
a ≈ rA + rO, with rO the radius of the O2− anion) given in Å and Z the valence of
the cation in units of the elementary charge, we find

F =
Z

a2
. (2.1)

The value of a can vary slightly with the coordination number CN, that is, the num-
ber of oxygen ions surrounding the cation, but remains stable enough to be able
to draw conclusions, even if the coordination number varies or is unknown. Table
2.1 gives an overview over both cations commonly present in glasses and additional
cations of relevance to this thesis. The cations fall into three groups:
The Glass or Network formers with a large field strength F > 1.3 are able to form
stable networks by themselves. The rings of polyhedra that they form are generally
small, making the resulting glasses rather hard and the temperature of the glass
transition Tg high.
In contrast to this, Network modifiers are comparably large ions with low field
strengths F ≈ 0.1 − 0.4. They themselves do not form networks, but are built
into the rings of the networks of glass formers where they can effectively behave like
almost free ions, as shown schematically in figure 2.2.
Through their large size, they hinder stable A−O bonds from forming, creating larger
rings of SiO2 tetrahedra and dangling bonds of non bridging oxygen atoms [Ovi98].
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Ele- Valence Ionic Coord. Ionic distance Field strength
ment of ion radius number in oxides at O2−ion

Z r [pm] CN a [pm] Z/a2

K 1 133 8 277 0.13


Na 1 98 6 230 0.19 Network
Ba 2 143 8 286 0.24 modifiers
Pb 2 132 8 274 0.27 Z/a2

Ca 2 106 8 248 0.33 ≈ 0.1− 0.4

Fe 2 83 6 215 0.43

Mg 2 78 4 210 0.45


Ho 3 89 6 231 0.56
Zr 4 87 8 228 0.77 Intermediate
Fe 3 67 6 199 0.76 oxides

4 188 0.85 Z/a2

Al 3 57 6 189 0.84 ≈ 0.5− 1.0

4 177 0.96
Ti 4 64 6 196 1.04

Ta 5 64 6 206 1.18
B 3 20 4 150 1.34


Glass formers

Si 4 39 4 160 1.57 Z/a2

P 5 34 4 155 2.08 > 1.3

Table 2.1: List of Cations commonly used in glasses and their field strengths according to
Dietzel. Data taken from [Vog92, Che78, Sha76]

The most common examples for network modifiers are alkaline metals like Na, as
shown in the schematic drawing, and K. Their addition to network formers softens
the resulting glasses, lowers Tg and through their rather large mobility raises the
electrical conductivity of the glass.

The third group of cations is that of the Intermediate oxides. Depending on the
composition of the glass, they can both break up bonds or strengthen the network.
They can not, however, form a glass on their own. A well known example is Al3+,
that is present in a large range of multicomponent glasses where the aluminum ions
form O−Al−O bridges in the network.

The three classes of cations give a good indication, as to whether a glass will form
from their oxides. The reality of glass formation is, however, far more complex. Most
compositions of oxides only become vitreous when the mixing ratio is within certain
limits. As properties of both holmium and tantalum containing glasses have been
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Na O Si

Figure 2.2: Schematic two dimensional
drawing of a typical multicomponent
glass. The large Na+ions have broken
up the SiO2 network, thus softening the
glass. Scheme derived from [Vog92]

investigated in this thesis, we can take a closer look at their roles in glass forming:
The Ta5+ ion is rather large but also has a high valence, placing it right at the
edge between glass formers and intermediate oxides. While first attempts to exam-
ine the role of Ta2O5 in multicomponent glasses were performed in [Sun40], it was
only shown much later in [Ver94] and [Con06] how the oxide acts within glasses.
The ions form a negatively charged [TaO6]− octahedron that greatly strengthens the
connectivity of the network. The structure needs, however a positively charged ion
like K+ or Na+ to counteract its charge and then allows for a rather large band of
glass forming mixtures.

The role of rare earth ions in glasses has been studied less extensively, and then
mostly in borate glasses [Pis05, Cul99] or phosphate glasses [Eli12, Mar03]. Accord-
ing to the studies, its large ionic radius and intermediate valence make Ho2O3 a
rather weak intermediate oxide. The measurements of [Cul99] place it in the role of
a network modifier. This assumption is supported by the fact that the glass HY-1,
whose dielectric properties have been measured in this thesis, is commonly used to
calibrate lasers due to its sharp and stable absorption lines. The absorption spec-
trum moves only slightly due to the glass matrix when compared to that of Ho2O3

in solution [Wei85, All07]. As different cations of an element that is strongly bound
in the glass matrix would experience a great variety of chemical bonding lengths and
angles in their environment, its energy levels would shift and broaden, which is not
observed in the case of holmium. This indicates that the holmium ions are most
probably not bound within the matrix but rather in the intermediate spaces.
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2.2 Low temperature properties of glasses

The main focus of this thesis is on the dielectric properties of glasses at low tem-
peratures. We will therefore give a short introduction to low temperature thermal
properties of glasses and set them in comparison to those of crystalline solids, before
turning to the standard tunneling model, developed to explain the discrepancies de-
scribed below.

The specific heat of crystalline dielectrics at low temperatures is very successfully de-
scribed by the Debye model [Deb12], assuming a linear dispersion relation of phonons
in isotropic materials. Due to their density of states

D(ω)phondω =
V ω2

2π2v3s
dω (2.2)

that depends quadratically on the frequency ω of the phonons. Here, vs is the velocity
of sound and V the volume of a given sample. The resulting heat capacity derived
from integrating the internal energy U over the density of states

Cphon =
∂U

∂T
=

∂

∂T

~ωD∫
0

~ωD(ω)f(ω, T ) d~ω ∝ T 3 (2.3)

is cubic in temperature at low temperatures. Since the phonon wavelength becomes
large at low temperatures, local structural differences in glasses should not influence
the specific heat.
This is not the case, however, as is shown in figure 2.3. In the left part of the figure,

we see a comparison between crystalline and amorphous SiO2. While the crystalline
material follows the T 3 dependence very well even at lowest temperatures, the amor-
phous SiO2 shows an almost linear temperature dependence below one kelvin. This
behavior is due to the disordered structure, as can be seen in the right part of the
figure where the heat capacity of several very different amorphous materials is plot-
ted. Their heat capacity below 1K not only shows a linear temperature dependence,
but is also within about one order of magnitude. This indicates an almost constant
rather than quadratic density of low energy states D(ω) in all of these materials,
that must originate from their local disorder rather than from phonons.

The thermal conductivity of dielectric materials is also governed by phonons and can
be, assuming a free phonon gas, expressed as

κ =
1

3
Cvsl , (2.4)
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Figure 2.3: Heat capacity of amorphous and crystalline SiO2 (left) and different amor-
phous solids (right) at low temperatures. Below one Kelvin, the amorphous solids show
a linear temperature dependence, with the absolute values lying within one order of
magnitude. The heat capacity of the crystalline SiO2depends on T 3 noticeably smaller.
[Ste76, Zel71, Las75]

where l is the phonon mean free path.
The left part of figure 2.4 shows a comparison between the thermal conductivity of
crystalline and amorphous SiO2 at low temperatures. The crystalline material has a
large thermal conductivity with a T 3 dependence below a few kelvin, showing that
the mean free path of phonons is long and constant in this temperature region. It is
only limited by the sample dimensions and the few lattice defects of the crystal.
While the specific heat of the amorphous SiO2 is larger that that of the correspond-

ing crystal, the thermal conductivity is smaller by about two orders of magnitude.
This indicates a much smaller and, as the temperature dependence is T 2, non con-
stant mean free path of the phonons. Again, the effect must be due to low energy
excitations caused by the local disorder, since different amorphous solids show very
similar thermal conductivities as is shown in the right part of figure 2.4. The ab-
solute values of the samples thermal conductivities below one kelvin are within one
order of magnitude, which shows that the density of the additional excitations must
be similar in all the materials.
As the thermal, and indeed many other, properties of amorphous solids are strikingly
similar, one often speaks of the universality of glasses at low temperatures.
The findings described here led to the development of the standard tunneling model
by both Anderson et al. [And72] and Phillips [Phi72]. It offers a simple, phenomeno-
logical approach to the description of low temperature properties of amorphous solids
and will be introduced in the next sections.
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Figure 2.4: Thermal conductivity of amorphous and crystalline SiO2 (left) and of different
amorphous solids (right) at low temperatures. The thermal conductivities of the amorphous
solids below one kelvin lie within one order of magnitude and show a T 2 rather than a T 3

dependence like the crystalline SiO2[Cah88, Zel71].

2.3 The Standard Tunneling Model

Due to the disorder in amorphous solids, atoms or groups of atoms can take up
different, energetically almost equivalent, positions. A schematic drawing of several
possible realizations of such position changes in amorphous SiO2 is shown in figure
2.5. The movements can be both rotational or translational in nature and can be
modeled by double well potentials
The standard tunneling model is valid at temperatures, where thermally activated

processes causing transitions between the two states are no longer important, but
where the particles tunnel quantum mechanically through the barriers separating
the states. At such low temperatures, we can generally assume that only the lowest
energy level in both energy wells will contribute, as excited levels will be energetically
too far removed.
Considering the fact, that the binding energies in amorphous solids are, although
distributed due to the variations in the disordered structure, of the same order of
magnitude as in their crystalline counterparts, we can assume the zero point energy
of the two wells ~Ω/2, defined by the binding energy of the tunneling particle to
its surroundings, to be of the order of half the Debye temperature. For structural
glasses, that are treated in this thesis, this would lead to an energy corresponding
to about 150K to 250K [And59, Zel71]. The assumption of a two-level system at
temperatures below 10K is thus a good approximation.
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O Si

Figure 2.5: Schematic drawing of amor-
phous SiO2 at low temperatures. Sev-
eral possible tunneling systems are indi-
cated with their two possible positions in-
dicated in orange and yellow (oxygen) or
dark and light blue (silicon) respectively.

2.3.1 Two-level systems

The standard tunneling model assumes the two almost degenerate states described
above to be double well potentials consisting of two identical harmonic potentials
that are separated by a distance d in configuration space and possessing a variable
asymmetry energy ∆

V (x) =

{
ξ(x+ d/2)2 +∆/2 for x < −∆/2ξd
ξ(x− d/2)2 −∆/2 otherwise

}
+O(x4) (2.5)

with ξ the steepness of the potential wells. A small correction of order O(x4) or
higher creates a double well out of the two harmonic potentials of the single well.
The soft potential model, briefly introduced in 2.4.5, makes use of such higher order
corrections to the potential, that become important towards higher temperatures
above 10K. At lower temperatures, the soft potential model is identical to the stan-
dard tunneling model, the quadratic contribution will therefore be neglected for all
calculations within the framework of the standard tunneling model that is valid at
lowest temperatures.

A schematic picture of a double well potential as used in the standard tunneling
model is shown in figure 2.6. The particle of effective mass m and dipole moment
p can tunnel between the wells, even if its energy is not sufficient to overcome the
energetic barrier of height V between the two wells, thus coupling the wave functions
of the harmonic potentials.
Within the framework of the standard tunneling model, the concept of two-level
(tunneling) systems is purely phenomenological. Thus, the double well in configura-
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Figure 2.6: Schematic picture of a dou-
ble well potential with asymmetry energy
∆ and separation d of the harmonic po-
tentials containing a particle of mass m
and potentially a dipole moment p.

tion space can be connected via a translational movement, a well defined rotation, as
found in glycerol [Bar13], or a superposition of rotational and translational motions.
Specific heat measurements of amorphous, orientationally disorderd and of crystalline
ethanol at low temperatures have revealed, that the density of tunneling states in
the orientational and the structurally amorphous glass is the same [Tal02], showing
that the exact type of tunneling systems may be unimportant for physical properties
of glasses. At the same time, the molecular weight of organic glass former strongly
influences tunneling rates in spectroscopic measurements [Ere11], and the contribu-
tion of tunneling systems to the specific heat of ultrastable glasses of indomethacin
can both be completely suppressed [PC14] and recovered by heating the glass and
cooling it back down. This indicates that interactions of tunneling systems with their
surroundings and each other may play a crucial role.

Here, we will remain within the framework of the standard tunneling model, and
therefore keep the phenomenological description of two-level systems without spec-
ifying them further. In order to calculate energy eigenstates of a given two-level
system, we need to solve the time independent Schrödinger equation

Hψ(x) = Eψ(x) (2.6)

with the well known Hamilton operator

H = − ~2

2m

d2

dx2
+ V (x) . (2.7)

We now assume the total wave function of the double well potential to be a lin-
ear superposition of the two wave functions ψ1(x) and ψ2(x) of the two harmonic
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potentials of the single wells

ψ1(x) =

(
4λ

πd2

)1/4

e−
λ
2 ( 2x

d
+1)

2

and ψ2(x) =

(
4λ

πd2

)1/4

e−
λ
2 ( 2x

d
−1)

2

. (2.8)

Here

λ :=
ξd2

2~Ω
=

l

4~
√

2mV (2.9)

is the so called tunneling parameter of the system, as calculated by the WKBmethod,
and

Ω =

√
2
ξ

m
(2.10)

is the eigenfrequency of the wells.

The superposition of the single well wave functions

ψ(x) = c1ψ1(x) + c2ψ2(x) (2.11)

is justified in the case of weak overlap, that is a large λ, with c1 and c2 appropriate
coefficients.

The eigenfunctions of the double well potential are then a symmetric and asymmetric
superposition of the single well potentials, specifying c1 and c2 to

ψ+(x) = ψ1(x) cos(ϕ) + ψ2(x) sinϕ (2.12a)
ψ−(x) = −ψ1(x) sin(ϕ) + ψ2(x) cosϕ . (2.12b)

The mixing angle ϕ of the two eigenfunctions can be calculated by solving the
Schrödinger equation of the system. When turning to the matrix notation of the
system, we can derive the matrix elements via the eigenequation

ci (Hji − EDji) = 0 (2.13)

which gives us the matrix elements

Hji = 〈ψj|H |ψi〉 (2.14)

and the overlap of the wave functions

Dji = 〈ψj|ψi〉 (2.15)
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which in turn computes to

D11 = D22 = 1 and D12 = D21 = e−λ . (2.16)

This leads to the diagonal elements

H11 =
~Ω
2

+
∆

2
and H22 =

~Ω
2
− ∆

2
(2.17)

and the off diagonal elements

H12 = H21 = −~Ω
2

e−λ := −∆0

2
(2.18)

of the matrix, where the newly defined ∆0 is the so called tunneling splitting, the
energy splitting created by coupling the two eigenfuctions of the single wells. With
equations (2.16) to (2.18) we can calculate the energy values

E± =
~Ω
2
± 1

2

√
∆2 +∆0(λ)2 (2.19)

of the system and their difference

E =
√
∆2 +∆2

0 . (2.20)

For further calculations, it is very useful to return to the matrix representation of
the Schrödinger equation, which in the base of the eigenfunctions of the single wells
in coordinate space and not including ~Ω (since it will cancel out in all further
calculations), just gives

H0 =
1

2

(
∆ −∆0

−∆0 −∆

)
. (2.21)

As we are mostly interested in energies, we will transform equation (2.21) into its
energy eigenstate via a rotation by

R =

(
cos(ϕ) − sin(ϕ)

sin(ϕ) cos(ϕ)

)
(2.22)

with tan(2ϕ) = ∆0/∆, the same ϕ as in (2.12). This then simply yields

H̃0 =
1

2

(
E 0

0 −E

)
(2.23)

Until now, we have not yet considered a perturbation of the two-level system from
its equilibrium. In general, the Hamiltonian of any perturbation in coordinate space,
where the perturbation is applied, can be written as

Hpert =
1

2

(
δ∆ δ∆0

δ∆0 −δ∆

)
(2.24)
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The change in ∆0, however, is usually neglected, because weak perturbations, as as-
sumed here, will directly affect the asymmetry energy ∆ while a change the overlap
of the wave functions characterized by the tunneling splitting ∆0 is exponentially
suppressed [Phi87].
An intuitive picture of a weak perturbation is the movement of the surrounding
atomic configuration of the two wells. Such a rearrangement can easily change the
energetic landscape enough to modify the asymmetry between two wells. The tun-
neling splitting, however, is most easily accessible via their distance d, which hardly
changed by small rearrangements in the surroundings of the double well potential.
The general perturbation then, if transformed into the energy eigenframe of the
system, gives us

H̃pert =
1

2E

(
∆ ∆0

∆0 −∆

)
· δ∆. (2.25)

and thereby directly delivers an expression for the perturbation of the energy eigen-
value E:

δE =
1

2

∆

E
δ∆ (2.26)

The cause for the change in the asymmetry energy δ∆ can, for example, be due to
a distortion of the two-level systems environment in acoustic measurements or, as in
the case of this thesis, due to electric fields.
When looking again at the energy levels, they should be changed due to the applied
strain by

E =
√
∆2

0 + (∆+ δ∆)2 . (2.27)

The change in the asymmetry energy should thus lead to a hyperbolic dependence
of the change in the two-level system’s energy splitting on external strain. This
has indeed been observed both with elastic strain [Gra12, Lis15] and electric fields
[Sar16].

2.3.2 Interaction of two-level systems with electric fields

In section 2.3.1, we considered a very general perturbation of the two-level system.
As this thesis concerns the dielectric properties of glasses via electric fields, we can
specify the perturbation (2.26) to δ∆ = 2pF which leads to a change in energy of

δE = pF
∆

E
. (2.28)

Here, p is the dipole moment of the two-level system and F the electric field applied.
We will not consider static electric fields here but only sinusoidal ac electric fields:

F (t) = F 0 · eiωt (2.29)
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Since the electric field is then time dependent, we need to solve the time dependency
of the two-level system, in order to find its response to the field. Like any two-level
system, it can be treated completely analogous to a particle of spin S = 1/2 in a
magnetic field B . We can therefore use the Bloch equations developed in [Blo46]
in order to find the response of the tunneling system to ac electric fields. This
was first calculated in [Hun76], we will here closely follow the notation of [Car94,
Esq98]. Using the notation of magnetic fields and remaining in the energy frame, we
immediately find the analogon

H̃ = H̃0 + H̃pert =
1

2

(
E 0

0 −E

)
+

1

E

(
∆ ∆0

∆0 −∆

)
· pF

= SzE +
1

E
(∆Sz −∆0S

x) · pF

:= SzE + p̂F

:= γSB0 + γSB1

(2.30)

In order to express the spin in a matrix form, we have made use of the Pauli matrices

Sx =
1

2

(
0 1

1 0

)
(2.31a)

Sy =
1

2

(
0 −i
i 0

)
(2.31b)

Sz =
1

2

(
1 0

0 −1

)
. (2.31c)

and introduced the spin operator of the dipole moment

p̂ = (∆Sz +∆0S
x)p . (2.32)

The analogon directly gives us the two equivalents −~γB0 = (0, 0, E) for the static
energy splitting and −~γB1 = (∆0/E, 0,∆/E)pF cos(ωt) for the time dependent per-
turbation, where γ is the gyromagnetic ratio. In the case of spin 1/2 particles in
magnetic fields, the static field causes a level splitting, thus creating a two-level sys-
tem. In the case of two-level systems in amorphous solids no static electric field
is needed, since the level splitting comes directly from the potential landscapes in
which the atoms move.
We will, until the end of this section, use the spin and B-field notation, rather than
the polarization and E-field, as it is more common in literature and then translate
the obtained results at the end of the section.
In the case of a spin 1/2 particle in a magnetic field, the static component is usu-
ally chosen to point along the z-axis, the spin being aligned along the field and in
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thermal equilibrium. The perturbation, which in this case has components in z and
x direction, will destroy thermal equilibrium in the system, to which it will return
with a characteristic relaxation time τ1.

Ignoring the relaxational terms, we simply find

dS
dt

= γS ×B (2.33)

for the time dependence of a spin in a magnetic field, where the spin is freely pre-
cessing around the axis defined by the magnetic field. It is practical to transform the
system into a frame rotating with the frequency ω of the ac-field around the z-axis:

dS
dt

= S × [(ω0 − ω)z + ω1x ′] (2.34)

Here, ω0 = γ|B0| and ω1 = γ|B1| and x ′ is the new x-axis of the rotating frame.

In a realistic environment, we will find both longitudinal relaxation processes re-
turning the spin to its original alignment along the z-axis with the time constant
τ1,and processes destroying phase coherence with the time constant τ2 of transverse
relaxation. These will be discussed in more detail in chapter 2.3.4 but introduced to
the calculations here. Note, that τ2 < τ1 in order for the total spin to be preserved.

If we consider both relaxation and phase decoherence, we find

dSx

dt
− γ(SyBz − SzBy) +

1

τ2
Sx = 0 (2.35a)

dSy

dt
− γ(SzBx − SxBz) +

1

τ2
Sy = 0 (2.35b)

dSz

dt
− γ(SxBy − SyBx) +

1

τ1
(Sz − 〈Sz〉) = 0 (2.35c)

with 〈Sz〉 the expectation value of Sz which is given by the thermal equilibrium value
〈Sz〉 = 1/2 tanh(γ~Bz(t)/2kBT ).
If we only consider the case of small perturbations by the ac field, as is the case in the
linear regime, we can linearize the Bloch equations around the unperturbed solution
and only keep first order terms of B1. This means expanding 〈Sz〉 in a Taylor series

〈Sz〉 (B) = 〈Sz〉0 +
∂ 〈Sz〉

∂B + SB

∣∣∣∣
B=0

SB

= −1

2
tanh

(
γ~Bz

2kBT

)
− sech2

(
γ~Bz

2kBT

)
SB

2kBT

(2.36)

and finding solutions for the Bloch equations of the form S(t) = S0(t) + S1(t).
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The resulting differential equations for Sz0 and the components of S1 are as follows:
dSz0
dt

+
1

τ1
(Sz0(t)− Sz0(∞)) = 0 (2.37a)

dSx1
dt
− ω0S

y
1 +

1

τ2
Sx1 = 0 (2.37b)

dSy1
dt
− ω0S

x
1 +

1

τ2
Sy1 − 2γBx

1S
z
0(t) = 0 (2.37c)

dSz1
dt

+
1

τ1

(
Sz1 +

~
4kBT

sech2

(
E

2kBT

)
γBz

1

)
= 0 (2.37d)

Until now, the differential equations for Sx and Sy are still coupled, making them
hard to solve. In order to decouple them, we introduce S± = Sx1 ± iSy1

dS+(t)

dt
+ i
(
ω0 −

i
τ2

)
S+(t)− i2γBx

1S
z
0(t) = 0 (2.38)

and the complex conjugate for S−. We can now solve the differential equations
(2.37a), (2.37d) and(2.38), the detailed solutions can be found in [Esq98]. Having
solved the equations, we can turn back to the dipole in an electric field and calculate
the dielectric susceptibility1 χ = χ′ + iχ′′, defined by χ = dp‖/dFac. We only need
to consider the average component of the dipole moment parallel to the ac electric
field, which we find using equation (2.32)

p‖ = −〈p̂〉 cos θ = −p cos θ

(
2∆Sz1(t)

E
+
∆0(S

+S−)

E

)
(2.39)

where we have to use the solutions to the time dependent spin components.

We can then break the dielectric susceptibility down into the following components,
according to their dependence on τ1 and τ2 and being in phase and out of phase with
the electric field, as well as their time dependence:

χ′rel =
p20 cos2(θ)

kBT

(
∆

E

)2

sech2

(
E

2kBT

)
1

1 + ω2τ 21
(2.40)

χ′′rel =
p20 cos2(θ)

kBT

(
∆

E

)2

sech2

(
E

2kBT

)
ωτ1

1 + ω2τ 21
(2.41)

χ′res =
p20 cos2(θ)

~

(
∆0

E

)2

tanh

(
E

2kBT

)
×
(

(ω − ω0)τ
2
2

1 + (ω − ω0)2τ 22
− (ω + ω0)τ

2
2

1 + (ω + ω0)2τ 22

) (2.42)

1In order to avoid confusion, we will use the susceptibility χ when treating single tunneling
systems and the dielectric function ε when treating the total signal created by summing over all
tunneling systems of the sample.



20 2. Theoretical Background

χ′′res =
p20 cos2(θ)

~

(
∆0

E

)2

tanh

(
E

2kBT

)
×
(

τ2
1 + (ω − ω0)2τ 22

− τ2
1 + (ω + ω0)2τ 22

) (2.43)

χ′time =
2p20 cos2(θ)

~

(
∆0

E

)2(
a+

1

2
tanh

(
E

2kBT

))
e−t/τ1

×
(

(ω − ω0)τ
2
12

1 + (ω − ω0)2τ 212
− (ω + ω0)τ

2
12

1 + (ω + ω0)2τ 212

) (2.44)

χ′′time =
2p20 cos2(θ)

~

(
∆0

E

)2(
a+

1

2
tanh

(
E

2kBT

))
e−t/τ1

×
(

τ12
1 + (ω − ω0)2τ 212

− τ12
1 + (ω + ω0)2τ 212

) (2.45)

Note, that (2.44) and (2.45) contain τ−112 = τ−11 −τ−12 and the starting value a = Sz0(0)

of the spin in z direction and that their contribution decays exponentially with e−t/τ1 ,
so that they become unimportant for equilibrium measurements as performed in the
course of this thesis and were only included for the sake of completeness.
The different contribution to the dielectric susceptibility listed above all scale with
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Figure 2.7: Real part of the dielectric signal measured on vitreous silica with varying
hydroxyl ion concentrations (left) and scaled proportional to the ion concentration (right).
Data from [vR98], 150 ppm data from[Luc11].
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the square of the dipole moment p0 involved in the tunneling motion. The total
dielectric signal of a glass will therefore be governed by the tunneling systems with
the largest dipole moments.
An example for this effect is shown in figure 2.7, where the signal in vitreous silica
with varied concentrations of hydroxyl ions [vR98] and [Luc11] is shown as measured,
and scaled with the hydroxyl ion concentration. It is clearly shown, that the signal
only depends on the ionic concentration over a large temperature range. The contri-
bution of the silicate matrix is not visible, as the tunneling systems’ dipole moments
are far smaller than those of the ions.

2.3.3 Distribution of the parameters

So far, we have only considered an isolated two-level system and its dynamics. In
an amorphous solid, however, we find many two-level systems with a broad range of
parameters due to the inherent disorder of the amorphous state. This distribution
enters into all macroscopic properties of the material, such as its heat capacity,
thermal conductivity, acoustic and dielectric properties.
The standard tunneling model simply assumes a flat distribution in the independent
parameters ∆ and λ

P (∆,λ) d∆dλ = P0 d∆dλ (2.46)

where P0 is an experimentally determined constant. Using (2.9) and (2.18) we can
use a Jacobi transformation to obtain a distribution function of the parameters ∆0

and E, that are more useful for later integrations:

P (∆0, E) d∆0dE = P0
E

∆0

√
E2 −∆2

0

d∆0dE (2.47)

The distribution as a function of the parameter ∆0/E is shown in figure 2.8. It
diverges both at large tunneling splittings ∆0 = E and at very small ones ∆0 = 0.
While the first divergence can be integrated, we need to introduce a minimal tun-
neling splitting ∆0,min, in order to make the latter integrable. A non-integrable
distribution function would not be physically sensible, since there is only a finite
amount of tunneling systems in a given sample. The minimal tunneling splitting
can be chosen arbitrarily small2, and in this case does not influence the outcome
of a macroscopic property obtained by integration over all tunneling systems. The
minimal splitting corresponds to a maximum in energy barriers separating two wells
still considered as a double well potential and not as two isolated wells.

2A practical choice is to use a∆0,min ≈ 1/1000·Tm, where Tm is the lowest temperature measured
in experiment.
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Figure 2.8: Distribution of two-level
systems as a function of the parameter
∆0/E. The minimal tunneling splitting
∆0,min is needed to make the singularity
at ∆0 = 0 integrable.

Note, that the distribution of parameters applies to all tunneling systems present in
the sample. Via dielectric measurements as conducted in this thesis, we can, how-
ever, only access those with a sizable dipole moment p, which couples to externally
applied electric fields. While this is only a subset of all tunneling systems, it is gen-
erally assumed that it will also show a broad distribution in its parameters. We can
thus use the distribution function (2.47) but with an effective P0 which will be po-
tentially smaller from the one that would be found when making analogous acoustic
measurements.

2.3.4 Interactions of two-level systems with their environment

The equations for the dielectric functions (2.40) to (2.43) describe to different types,
namely relaxational and resonant, of interaction of the tunneling systems with their
environment [Pic74]. For both types of interaction we will first consider a single two-
level system and then consider the effect of different frequencies and temperatures on
the whole ensemble by summing up over the distribution given by equation (2.47).

Relaxational interaction

The first type of interaction, as described in (2.40) and (2.41) is that of a Debye
relaxation [Deb13]. Its frequency dependence is shown in figure 2.9 using the ex-
ample of a complex dielectric function ε = ε′ + iε′′. The relevant time constant
for relaxational interaction is that of the longitudinal relaxation time τ1. Given a
constant relaxation time τ1 and beginning at low frequencies, the system can at low
frequencies completely follow the change of the energy energy splitting caused by
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the electric field, leading to a maximum of the signal of ε′ in phase with the electric
field. In this regime of low frequencies, the system does not show any loss, that
would show as a signal phase shifted 90◦ in respect to the electric field and thus in
ε′′. At higher frequencies, the system starts to lag in its response to the field, and
at ωτ1 = 1 has a maximum both in the loss and in the change of signal in phase.
At highest frequencies, the system does not follow the electric field at all any more
and is effectively static. This then means, that there is neither a loss, nor a signal
in phase.
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Figure 2.9: Real part ε′ (black) and loss
ε′′ (red) of a Debye like relaxation as de-
scribed in (2.40) and (2.41) as a function
of ωτ1.

Relaxation by thermal phonons The only relaxation mechanism considered to
be present in dielectric glasses at lowest temperatures is due to interaction of the
two-level systems with phonons. An applied electric field causes a change the energy
splitting E of the tunneling systems, as shown schematically in 2.10. This drives
the occupation out of thermal equilibrium determined by tanh(E/2kBT ), so the tun-
neling system will effectively relax back into thermal equilibrium by absorbing or
emitting a thermal phonon. At temperatures below about one kelvin, the number
of phonon has dropped significantly, so that only interactions with single phonons
need to be taken into account. Above this temperature the number of phonons is
getting large enough that we also have to include two phonon processes, calculated
in more detail in [Dou80]. As before, we will assume an isotropic medium and only
the variation of ∆ with the electric field. We will also neglect the tensorial character
of the electric field and only assume a mean field for the calculations.
The longitudinal and two transversal phonon branches are considered by including
different couplings γi of the phonons to the strain induced by the electric field on
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Figure 2.10: Schematic picture of a
two-level system being modified by an os-
cillating electric field. The energy split-
ting is constantly shifted, causing the sys-
tem to relax back to the current thermal
equilibrium.

two-level systems containing dipole moments.

For each possible transition, the transition probability is calculated using Fermi’s
golden rule, which for the one phonon process gives us

W12 =
2π

~
|
〈

Ψ2|H̃|Ψ1

〉
|2D(E)f(E)δ(~ω = E) (2.48)

where f(E) is the Bose-Einstein distribution and D(E) is the density of states of the
phonons in the Debye model, which is given by

D(E) =
E2

2π2~3v3α
. (2.49)

The velocity of sound vα is different for longitudinal and transversal phonons. The
relaxation rate can now be obtained by adding the transition rate of absorption and
emission: τ−1 = W12 +W21 [Jäc72]. For the one phonon process we obtain

τ−11ph = K1

(
∆0

E

)2

E3 coth

(
E

2kBT

)
=

(
γ2l
v5l

+ 2
γ2l
v5l

)(
∆0

E

)2(
E3

2πρ~4

)
coth

(
E

2kBT

)
(2.50)

where ρ is the density of the sample and the indices l and t correspond to the
longitudinal and transversal phonon branches respectively. The coupling constant
K1 determines the strength of the one phonon relaxation via the coupling constant
γ ≈ 0.2 − 1 eV [Hun76] between phonons and tunneling systems and the sound
velocity, and thereby the relaxation rates τ−11ph.
In principle, one can thus calculate the strength of the one phonon interaction from
material properties. These are, however, not always known and thus K1 is used as a
free parameter in the numeric calculations performed throughout this thesis.
A similar calculation for the two phonon process, which is a first order Raman
process, leads to [Dou80]

τ−12ph = K2

(
∆0

E

)2

T 7F (x) (2.51)
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Here, the coupling constant for this process given by

K2 =
k7B

π32ρ2~7
∑ δ2α,σ

v10α
(2.52)

where we again sum over the longitudinal and transversal phonon branches and
δ ≈ 100 eV [Dou80] is the second order coupling term, describing the coupling of two
phonons and a tunneling system. It is much larger than γ, Finally, the function F (x)

where x = E/2kBT is given by

F (x) =
x

70
(x2 + π2)(x4 − π2x2 + 10/3π4) coth(x) . (2.53)

The total relaxation rate τ−11 is always given by the sum of all rates, in this case the
one phonon and the Raman process:

τ−11 = τ−11ph + τ−12ph. (2.54)

Total relaxational contribution By summing up the relaxational response of a
single two-level system as given by equations (2.40) and (2.41) over the distribution
of all two-level systems (2.47) and using the total relaxation rate (2.54) for τ−11 one
obtains the total relaxational contribution to the dielectric function
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(2.56)
Additionally, we have used the relation ε′ = ε0εr and averaged over all possible an-
gles between the dipole moments and the electric field. This gives us the factor∫ 1

−1 cos2 θdθ = 2/3.
As is traditionally the case the equations give the relative change of the real part
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of the dielectric function δε′/ε′ rather than its absolute value. This allows for a
rearrangement of the curves by adding appropriate constants. The loss tangent
ε′′/ε′ = tan(δ) is given as an absolute value here, but only its change can be mea-
sured with enough precision in many measurements.

Equations (2.55) and (2.56) have been used to perform numeric calculations of
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Figure 2.11: Numerically calculated change of the real part of the dielectric function
δε′rel/ε

′ (left) and loss tangent tan(δ) (right) due to relaxation as a function of temperature
between 1mK and 10K for frequencies between 1Hz and 1GHz. Parameters were chosen
similar to those found in experiments.

the temperature and frequency dependence of the signal, using the parameters spec-
ified in (2.60). As measurements were performed with set frequencies ν = ω/2π, we
will use ν when treating calculations for different frequencies, while keeping ω when
treating relaxational interactions, as relevant regimes are characterized by ωτ .
The results of numeric calculations are shown in 2.11, where the left part of the
figure shows the change of the real part of the dielectric function δε′/ε′ due to relax-
ation as a function of temperature and for frequencies from 1Hz to 1GHz. At lowest
temperatures, there is no contribution to the dielectric function for any frequency.
The relaxation times τ1 are so long in this temperature regime, that ωτ1 � 1 for
all two-level systems, leading to no contribution to the real part of the dielectric
function. Due to the fact that we change ω and that τ1 is strongly temperature
dependent, the position of ωτ1 = 1 is different for changing frequencies. The onset
of the relaxational contribution to δε′/ε′ lies at lowest temperatures for the lowest
frequencies and then shifts with T 1/3. This is due to the fact, that the single phonon
rate (2.50) is effectively proportional to E3 and dominant phonons with E ≈ kBT

contribute strongest to the signal. For temperatures above the onset temperature,
we see a rise in the signal that is logarithmic with temperature as more and more
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two-level systems contribute.
The onset of the two phonon process can be seen by a steepening of the slope of
δε′/ε′. Its position shifts with T 1/7 due to the temperature dependence of the two
phonon relaxation process (2.51). For the highest frequency depicted here, the onset
of the relaxational contribution is at temperatures high enough, that the two phonon
process determines its position. The shape of the onset is also distorted when com-
pared to that of a one phonon process, as seen at low frequencies.

The dielectric loss tangent tan(δ) due to relaxation is shown in the right part of
figure 2.11 as a function of temperature for different frequencies. It is zero at lowest
temperatures for all frequencies and, similar to the real part, starts rising at tempera-
tures where ωτ1 approaches unity at each frequency. The rise is directly proportional
to the energy dependence of the dominant relaxational process and thus shows a T 3

behavior at low frequencies and T 7 at higher ones. We can even see the crossover
in the 1MHz curve, where the slope changes as the two phonon process becomes
dominant. Finally, the loss tangent goes over into frequency independent plateau
region where tan(δ) is constant at high temperatures.

Resonant interaction

The equations (2.42) and (2.43) show the behavior of a resonant interaction, as
depicted in figure 2.12. When considering resonant interaction, one usually con-
centrates on frequencies close to the resonant frequency ω = E/~ ≈ ω0. Here,the
systems shows a large contribution to the loss ε′′ because the system can very effec-
tively absorb energy, as is shown in the figure. The contribution to real part of the
signal ε′ is also large, but changes signs at ω = ω0.
Since a large part of the measurements in this thesis were performed at low fre-
quencies, where ~ω � kBT = E, it is also necessary to look at resonant interaction
far off resonance. For ω � ω0, we do no longer find a contribution to the loss of
the system. However, even down to lowest frequencies where ω/ω0 ≈ 0, there is a
significant contribution to the real part of the signal. The width of the resonance
is characterized by the inverse time constant τ−12 rather than τ−11 that governs the
relaxational processes.
In the picture of the spin in a magnetic field a spin that is tipped out of its equi-
librium position can precess freely with its Larmor frequency. Thus, if the two-level
system is not disturbed from the outside, it will keep on precessing forever. This
leads to τ2 → ∞ and an infinitely sharp resonance. However, since in a glass any
two-level system is surrounded by other two-level systems which can change their
state at any given time influencing their environment, the energy splitting of the
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Figure 2.12: Real part ε′ (blue) and loss
ε′′ (black) of a resonant interaction as de-
scribed in (2.42) and (2.43) as a function
of the reduced frequency ω/ω0.

system can change over time. This causes the system to dephase with the finite time
constant τ2.
Let us consider a situation, where the spin has been completely tipped from the
z-direction of the undisturbed system into the xy-plane. The dephasing leads to
a reduction of the expectation value of the total spin in the xy-plane of the Bloch
sphere, while at the same time relaxation causes the expectation value to increase
in the z-direction. In order for conservation of the total spin or polarization to hold,
we therefore find τ2 ≤ τ1. Measurements in N-BK7 have found values of τ2 about
one to two orders of magnitude smaller than τ1 [Fic12].

Having considered the resonant interaction of single tunneling systems, we can again
sum up over all systems in the sample. This leads to:
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The temperature dependence of δε′/ε′ and tan(δ) caused by resonant processes at
frequencies ranging from 1Hz to the GHz regime are shown in figure 2.13. The
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Figure 2.13: Numerically calculated change of the real part of the dielectric function
δε′res/ε

′ (left) and loss tangent tan(δ) (right) due to resonant processes as a function of
temperature between 1mK and 10K for frequencies between 1Hz and the GHz range.
Parameters were chosen similar to those found in experiments.

change of the real part of the signal δε′/ε′ with temperature shows a common loga-
rithmic decline with temperature for frequencies up to about 1MHz in the relevant
temperature range. The decline is caused by the thermal population of the higher
one of the two energy levels, leading to a decrease of tanh(E/2kBT ) towards higher
temperatures.
Additionally, we see a branching off of the signal for frequencies in the GHz-regime,
where towards low temperatures the signal first shows a maximum and then levels
off towards a constant value. This is due to the rise of the resonant signal close to
the resonant frequency and the change of sign at ~ω = kBT = ~ω0.
The loss tangent tan(δ) caused by resonant processes is only non-zero when the mea-
surement frequency approaches the resonant frequency at any given temperature. As
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ω0 is at least in the MHz-regime for all relevant temperatures, we only find a resonant
contribution to the loss at low temperatures. As shown in the right part of figure
2.13, this contribution increases drastically towards high frequencies. The curves in
the GHz regime also show a plateau at lowest temperatures, which again begins at
temperatures where the measurement frequency is equal to the resonance frequency
of the thermal tunneling systems ~ω = kBT = ~ω0 .

2.3.5 The dielectric function in the standard tunneling model

The total signal of dielectric measurements is the sum of the relaxational and reso-
nant contributions as treated in sections 2.3.4 and 2.3.4. As an example, figure 2.14
shows the resonant and relaxational contribution, as well as the total signal, of the
change of the real part and the loss tangent of the dielectric function. Its contri-

10-1 100 101 102 103 104

kBT/hν

0

50

100

150

δε
’/ε

’

relaxation
resonant
total

STM

10-1 100 101 102 103 104

kBT/hν

0

5

10

15
ta

n(
δ)

relaxation
resonant
total

STM

Figure 2.14: Relaxational (red) and resonant (blue) contribution to the total signal δε′/ε′

(left) and tan(δ) (right) as a function of reduced temperature kBT/hν.

bution to both δε′/ε′ and tan(δ) is only significant at high temperatures, while the
resonant contribution to the loss tangent tan(δ) is negligible at high temperatures.
It can therefore be split rather easily into a high temperature region, where only re-
laxational process contribute and a low temperature region that only shows resonant
processes. The real part also has this purely resonant low temperature region and a
high temperature region, where both resonant and relaxational processes contribute
to the signal. The crossover temperature, defined by the minimum in δε′/ε′ created
by the sum of relaxational and resonant processes, depends on the measurement fre-
quency used in the experiment and allows us to focus on different regions by varying
the frequency.
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Such a variation of the measurement frequency is shown in figure 2.15, where we see
the total change of the dielectric function as a function of temperature for frequen-
cies ranging 1 kHz to 1GHz. In this figure we can very clearly see how the different
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Figure 2.15: Numerically calculated change of the total real part of the dielectric function
δε′/ε′ (left) and loss tangent tan(δ) (right) as a function of temperature between 1mK
and 10K for frequencies between 1Hz and 1GHz. Parameters were chosen similar to those
found in experiments, as given in (2.60).

frequencies lead to a shift of the crossover temperature and thus to a better insight
into either the relaxational or the resonant regime.

As noted before, the temperature of the minimum in δε′/ε′ is defined by the point
where the relaxational and resonant contribution to are equal. In the low frequency
regime, where the crossover happens well within the one phonon dominated relax-
ation, we find

Tmin = 1.30 3

√
2πν

K1k3B
. (2.59)

As the temperature of the minima is easy to measure and intuitive to treat, we
will use Tmin(1 kHz) rather than K1 when discussing the strength of one phonon
relaxation. At high frequencies, where the minimum is shifted into the temperature
range of multi phonon relaxation, the minimum shifts with Tmin ∝ ν1/7 and is visibly
deformed with respect to lower frequencies. The onset of the multi phonon process
as a steepening of the high temperature slopes for lower frequencies is again nicely
visible. Since only the minimum of the 1GHz curve is well within this regime and
measurements at such high frequencies are less common than those at low frequencies,
we will use K2 rather than Tmin(1GHz) as a parameter in the numeric calculations.
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All numeric calculations performed in this thesis, if not specified differently, were
performed with

Tmin(1 kHz) = 60mK and K2 = 25 . (2.60)

In order to discuss the curves, it is useful to determine the values of the slopes due to
resonant and relaxational processes in both the one phonon and two phonon regime,
that amount to

δε′/ε′res = −2

3
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(2.61a)
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(
T
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)
(2.61b)

δε′/ε′rel =
7

3
Cd ln

(
T

T∗
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(2.61c)

leading to slope ratios of δε′/ε′res : (δε′/ε′res+δε
′/ε′rel) = −2 : 1 and −2 : 5 respectively.

The parameter Cd =
p20P0

ε0εr
is a material specific quantity, that already appeared in

the equations (2.55) to (2.58). Again, as the density of two-level systems P0 and the
dominant dipole moment p0 are not usually known, Cd is treated as a free parameter
in the calculations and fits.

The frequency dependence of the total loss tangent tan(δ) is shown in the right part
of figure 2.15, where it is plotted for frequencies ranging from 1Hz to 1GHz. The
high temperature part of the curves is again governed by relaxational processes. We
see the common plateau at highest temperatures, as well as the ν1/3dependence of
temperature where the slope has its turning point in the one phonon regime.
As there is hardly any overlap between the relaxational and the resonant regime in
the loss tangent, we only see an effect in the 1GHz curve, that does not go down
to zero before rising again. The different height of the low and high temperature
plateau is nicely visible now.
Similar calculations as for the real part lead to the values for the two plateaus and
the rise of the loss tangent in the one phonon regime

tan(δ)res =
π

3
Cd (2.62a)

tan(δ)rel =
π

6
Cd (2.62b)

tan(δ)rel =
π4k3B

36K1ω
Cd T

3 (2.62c)

Thus, the slopes in δε′/ε′ and the plateaus and the rise in tan(δ) allow cross-checking
the validity of the standard tunneling model, especially the relative contributions of
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resonant and relaxational mechanisms to the total signal. Additionally, measure-
ments at different frequencies complement each other in the processes they are sen-
sitive to and, by tracking the crossover temperature Tmin, permit a far more exact
tracking of the one- and multi phonon dominated temperature regions than mea-
surements at just one given frequency.
Broadband measurements of the dielectric properties of glasses over a temperature
range from several millikelvin to about ten kelvin, as were performed in this thesis,
therefore allow us to check both the interactions present in glasses and the distri-
bution of the two-level systems and thereby the validity of the standard tunneling
model [Leg13].

2.4 Extensions of the standard tunneling model

The standard tunneling model, as described above, describes many low temperature
properties of amorphous solids very well. Especially for the dielectric properties how-
ever, it fails to accurately describe many details of the data.
Perhaps the most prominent shortcoming of the standard tunneling model lies in the
description of the slope ratio in δε′/ε′. It is, without the influence of multi phonon
relaxation, predicted to be −2 : 1, but measured to be about −1 : 1 in very different
glasses like vitreous silica [Fro77, vR98, Luc11], the multicomponent glass N-BK7
[Ens89, Rog97b] or in the multicomponent glass Albasi [Str98, Woh01a]. Similar ob-
servations were also made in elastic measurements [Rau95, Cla94, Cla00]. Also, the
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Figure 2.16: Change of the real part of the dielectric function δε′/ε′ (left) and the loss
tangent tan(δ) (right) as a function of temperature at a frequency of 10 kHz and numeric
calculations of the standard tunneling model. After [Ens89].



34 2. Theoretical Background

plateau in the dielectric loss tangent tan(δ) is not flat but slopes off slightly towards
higher temperatures. An example for a low frequency dielectric measurement on
N-BK7 performed at 10 kHz is shown in figure 2.16. Both the slope ratio of −1 : 1

in the real part and the non-constant plateau of the loss tangent are clearly visible.
At the same time, the standard tunneling model, that was adjusted to fit at the low
temperature slope of the real part, describes the temperature dependence of the loss
data well below the plateau regions.
Over the years, multiple extensions and modifications of the standard tunneling
model have been proposed in order to accord for these differences. Most of the modi-
fications can be grouped into two different approaches, that, while varying in their ex-
act form, share a common influence on the predictions made by the standard tunnel-
ing model: The extended models either modify the distribution function by diminish-
ing the density of states in a given parameter region [Bur95, Wür02, Bur06c, Bur14]
or consider additional relaxational processes [Bur95, Tie92]. Sometimes, both mod-
ified distribution functions and additional relaxation processes are assumed at the
same time.
The following section will give an overview over some of the most popular modifica-
tions of the standard tunneling model. As far as possible, these modifications were
calculated numerically using equations (2.55) to (2.58) with appropriate changes to
the parameter distribution and relaxation times.

2.4.1 Nonlinear excitation

Until now, we have only assumed linear responses of the system to the forces created
by the dielectric field. This is only true if the electric fields strain is far smaller than
the current temperature,

p0F � kBT , (2.63)

whereas for larger external fields nonlinear effects are expected. As the above equa-
tion is harder and harder to fulfill when going towards lower temperatures with con-
stant field strengths, this is where we expect nonlinear effects to show the strongest.
While not changing the regime of linear response of the standard tunneling model,
the consideration of nonlinear excitation will be very useful for the interpretation of
the data and is therefore presented here.
In a model developed by Stockburger et al. [Sto95] for low frequency acoustic mea-
surements as in [Esq92, Cla94], that was later applied to electric fields in [Rog97b],
these nonlinear effects are calculated.
A larger strain, according to the model, causes a stronger resonant response of the
system, increasing the low temperature slope of the real part of the dielectric func-
tion δε′/ε′. As is shown in the left part of figure 2.17 the steepening of the curve also
pushes the minimum towards higher temperatures. For intermediate strains we see
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Figure 2.17: Change of the real part of the dielectric function δε′/ε′ with drives of
p0F/kB = 0.03, 0.3, 3 and 30mK (left) and the minimal tunneling splitting ∆0,min/kB =

10−4, 10−3 and 10−2mK (right), both from bottom to top, as a function of temperature
for a frequency of 500Hz and N-BK7 material parameters. After [Rog97b].

a change of the slope beginning at temperatures of p0F = kBT and a further steep-
ening towards lower temperatures. At the highest fields this happens in the vicinity
of the minimum so that the slope is steep but constant. At lowest temperatures, the
curve reaches a plateau that is determined by the minimal tunneling splitting ∆0,min,
as is shown in the right part of the figure.
The value of the plateau might help determine of the low temperature cutoff of the
distribution function, that was treated in section 2.4.2.However, the values of ∆0,min

shown here are much higher than expected in experiments and only serve to illustrate
the effects of different minimal tunneling splittings.
Due to saturation effects, we expect a small decrease of the relaxational loss at low
temperatures, but the effect is expected to be far smaller than that of strong fields
on the real part of the dielectric function.

2.4.2 Cutoff of the distribution function

Restriction of the tunneling splitting ∆0

The original flat distribution function of the standard tunneling model is given by
equation (2.47). Instead of choosing an arbitrary small ∆0,min, we can also use
other types of cutoffs. Measurements of the specific heat of vitreous silica or the
behavior of δε′/ε′ in dielectric measurements towards lowest temperatures have led
to the assumption of rather large ∆0,min, lying within the range of several millikelvin
[Str94, Las78, Mei96, Rog97b].
Instead of a simple cutoff at a fixed energy, we have chosen here a Gaussian gap in
the distribution at lowest energies:

P (∆0, E) d∆0dE = PSTM A
(
1− a exp (−∆2

0/2(kBδT )2)
)
d∆0dE (2.64)
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Here, a is the relative depth of the Gaussian ranging from 0 to 1 and δT the width of
the curve, expressed as a temperature. In order to make the effect visible, a rather
large δT =15mK was chosen for the calculations. As for all following changes of
the distribution function, the factor A allows for a normalization of the curves. The
Gaussian gap allows a smoother decline of the distribution at smallest tunneling
splitting and makes investigations on the influence of the gap’s depth a possible.

The calculated curves for four different values of a and the original standard
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Figure 2.18: Change of the real part of the dielectric function δε′/ε′ (left) and the loss
tangent tan(δ) (right) as a function of temperature at a frequency of 5MHz and different
values of the depth a of the modified distribution function as given by equation (2.73).

tunneling model distribution for comparison at a frequency of 5MHz are plotted in
figure 2.18.
The gap causes a decrease in the the low temperature slope of δε′/ε′ towards lowest
temperatures, instead of rising logarithmically. As the constant density of states is
reflected by the constant rise of the low temperature branch of the curve, a gap in
the density is visible immediately through such a decrease in the slope. The exact
form of the gap shows in the temperature dependence of the slope, its depth in the
slope at lowest temperatures. If the gap is not centered around zero, a plateau will
form after which the signal will rise again.
The gap also affects the high temperature plateau in tan(δ), which is not constant
as in the flat distribution, but rises towards a maximum and then drops down again
towards higher temperatures. The resonant contribution is also reduced, the effect
of even a shallow gap with a = 0.2 being clearly visible, while the gap with a = 1

suppresses the signal completely.
The effect on measurements performed at different frequencies caused by a gap

at smallest ∆0 is shown in figure 2.19. A gap with a = 0.5 and the same width
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Figure 2.19: Change of the real part of the dielectric function δε′/ε′ (left) and the loss tan-
gent tan(δ) (right) as a function of temperature for frequencies between 1Hz and 1GHz and
with a modified distribution function as given by equation (2.64) with a = 0.5. Unmodified
calculations of the standard tunneling model are shown as dotted lines.

δT =15mK as before was chosen here.
In the real part δε′/ε′, the effect of the gap has the same strength for all frequencies,
causing the common resonant branch to flatten off. For low frequencies, this changes
the slope ratio from −2 : 1 towards the smaller values observed in experiments. The
plateau of the 1GHz curve is, however, not affected.
The loss tan(δ) shows a much larger frequency dependence on a gap in ∆0. The
plateau of the 1GHz curve is slightly lowered and at lower frequencies the resonant
loss is also strongly reduced, as expected. Most interesting, however, is the behavior
of the relaxational part of the signal: At lowest frequencies, the curve rises as ex-
pected, but only reaches a plateau value of a ·π/6A, while the higher frequencies all
go through a maximum and then drop down towards this lowered plateau value. The
slope of this signal drop towards high temperatures and the height of the maximum
is different for all values, destroying the common high temperature plateau region in
tan(δ).

Restriction of the tunneling parameter λ

As shown above, the restriction of the tunneling splitting either by a hard cutoff
at ∆0,min or by a Gaussian function, leads to a steep temperature dependence of
both the low temperature slope of δε′/ε′ and the high temperature plateau region of
tan(δ). A less pronounced decline of the slopes can be achieved by not restricting
∆0 directly, but rather the tunneling parameter λ.
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A Gaussian distribution centered around zero has already been applied in [Ens89,
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Figure 2.20: Change of the real part of the dielectric function δε′/ε′ (left) and the loss
tangent tan(δ) (right) as a function of temperature for frequencies between 1Hz and 1GHz
and with a modified distribution function as given by (2.65) with δλ = 8. Unmodified
calculations of the standard tunneling model are shown as dotted lines.

Bec90], so a similar change of the distribution was chosen here:

P (∆0, E) d∆0dE = PSTM A exp (−λ(∆0)
2/2(δλ)2) d∆0dE (2.65)

The width of the Gaussian determined is by δλ. The smaller the chosen value, the
steeper the cutoff, pushing the effects to lower temperatures and increasing their
magnitude. For the numeric calculations shown in figure 2.20 a value of δλ = 8 was
chosen.
The restriction of the distribution leads to a gradual flattening of the slope of δε′/ε′

towards lowest temperatures, similar to that of the gap in ∆0, changing the slope
ratio from −2 : 1 closer to −1 : 1. The exact slope ratio depends on the width of the
Gaussian chosen.
The bigger influence between a Gaussian distribution in λ and a direct cutoff in ∆0

is seen in the loss tangent tan(δ). The low temperature plateau is hardly affected
here, while the high temperature plateau region is again temperature and frequency
dependent.
As before, the smallest frequency reaches the lowest plateau value, but the highest
frequencies reach maxima well above the former plateau value. We can even reach
a factor of two between the maxima of the loss tangent of the lowest and highest
frequencies, depending on the width of the Gaussian. The slope towards high tem-
peratures is now linear in a semi logarithmic plot both in the one phonon and the two
phonon regime, a crossover between the regimes is well visible via the change of the
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slope at high temperatures. A linear decrease of the former plateau region towards
higher temperatures in a semi logarithmic plot has been observed in measurements
(see section 5.2), so a Gaussian distribution of the tunneling parameter can be seen
as a good approximation of the distribution of two-level systems.

Variation of E and ∆

A slightly more flexible restriction of the distribution function has been given by
Doussineau et al. [Dou80]. It allows for an individual variation of the three parame-
ters ∆, ∆0 and E:

P (∆0, E) d∆0dE = PSTM A
∆2µE 2ν

∆2γ
0

d∆0dE (2.66)

In principle, the new distribution can have any combination of the three parameters.
If we, for example, set the three additional parameters to µ = ν = γ = 0, we recover
the distribution given by the standard tunneling model.
As the distribution not only influences the dielectric function but also the thermal
conductivity, we find κ ∝ T 2−2(µ+ν−γ) = T 2 for many glasses, as was shown in section
2.2. We can therefore assume

µ+ ν − γ = 0 , (2.67)

thereby fixing one parameter. Furthermore, results of β-alumina require γ = 0

[Dou80], a result which we will also use for the numeric calculations of dielectric
glasses. We then find the more simple form

P (∆0, E) d∆0dE = PSTM A∆2µE−2µ d∆0dE , (2.68)

where µ is in this case assumed to be positive. The result of a calculation using
2µ = 0.36 is shown in figure 2.21. The low temperature branch of the real part
of the dielectric function is again reduced by the new distribution function. While
for the two former modifications the branch showed a flattening off towards lowest
temperatures, no such bending is observed for the combined change of ∆2µE−2µ.
The slope now shows a logarithmic rise, that is less steep than for the original flat
distribution.
The changed slope ratio between the low and high temperature branch also shifts
the minima of the curves slightly to lower temperatures, but does not change the
principal ν1/3and ν1/7dependence of Tmin in the one and two phonon regime.
The loss tangent is not changed but for the highest frequency. Here, where resonant
loss has a large contribution to the total signal, we see its partial suppression by
the modified distribution function. The relaxational contribution remains virtually
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Figure 2.21: Change of the real part of the dielectric function δε′/ε′ (left) and the loss
tangent tan(δ) (right) as a function of temperature for frequencies between 1Hz and 1GHz
and with a modified distribution function as given by (2.68) with 2µ = 0.36. Unmodified
calculations of the standard tunneling model are shown as dotted lines.

unchanged at all frequencies, the high temperature plateau region thus is still flat as
with the unchanged distribution function.
While the modification of the distribution function by∆2µE−2µ is purely phenomeno-
logical, it allows for a very good fit of the predicted curves to the measured change
of the real part of the dielectric function of glasses, that usually shows slope ratios
closer to −1 : 1 than −2 : 1 in the one phonon regime. At the same time, the
loss tangent remains unchanged in the high temperature plateau region, allowing for
a good discrimination between this modification and other causes for the changed
slope ratio that change the plateau region as well.

2.4.3 Long range interaction

The standard tunneling model assumes non-interacting tunneling systems down to
lowest temperatures. There is, however, experimental evidence in microwave experi-
ments that long range interactions between tunneling systems may set in at tempera-
tures below 1K [Arn75]. Recent experiments tracking single tunneling systems in the
dielectrics of qubits, as described in [Gra12], have directly shown interaction [Lis15].
A theory for long range elastic and electric dipolar interaction leading to incoherent
tunneling in crystals was investigated by [Wür95] and applied to glasses in [Ens97].
First considerations for a gap in the density of states due to long range interaction
in semiconductors were made in [Efr75] and later translated to dielectric glasses. A
very detailed theoretical description of such a long range electric dipole interaction
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is given by [Bur95]. Its predictions on both a modified distribution function and an
additional relaxation process will be given here.

Dipole gap in the distribution function

In the theory of long range dipole-dipole interaction, an additional contribution is
added to the Hamiltonian (2.21), that couples two tunneling systems i and j

U = −1

2
UijS

z
i S

z
j , (2.69)

again using the Pauli matrices and a coupling constant Uij that is set to be equal and
isotropic for all two-level systems. The long range interaction then simply becomes

Uij = ±U0/R
3 (2.70)

with R being the distance between tunneling systems and U0 a constant defined by
the type of long range interaction (usually strain or dipole mediated) considered.
The coupling of the two tunneling systems leads to an effective lowering of their total
energy [Bar80]

Eij = Ei + Ej − U0 (2.71)

and thereby to a decrease of low energy excitations and the formation of a pseudogap
in the distribution function, called the dipole gap. The interaction is only significant,
if the interaction strength is similar to or larger than the thermal energy of the
sample:

U0 > kBT (2.72)

For a weak interaction, only the first order correction to the density of states needs
to be taken into account. We then find instead of (2.47)

P (∆0, E) d∆0dE = PSTM A

(
1− 2π

3
P0U0 log

(
W

E + kBT

)
log

(
W

∆0,min

))
d∆0dE

(2.73)

Here, W is the crossover energy between the tunneling regime and that of thermal
excitations, usually found between 1K and 10K [Buc84], as we will discuss in section
2.4.5. It is set to 1K for all calculations of this thesis. The limit of weak interactions
is valid, as long as the correction much is smaller than the original value of the density
of states. This original density of tunneling systems P0 enters into the equation, as
it sets the average distance between tunneling systems.
The nature of the long range interaction has not yet been specified. In any material,
it can be mediated via strain that is applied, as is done in acoustic measurements.
We then find

U0,a ∝ Ca =
γ2P0

ρv2
(2.74)
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with γ being the coupling of tunneling systems to phonons and v the sound velocity,
as in (2.50). The onset of the long range interaction is then linked to the onset of
one phonon relaxation, however with a different dependence on the sound velocity
v.
As most amorphous solids also contain electric dipoles, the dipole-dipole interaction
must also be considered. In this case U0 becomes

U0,d ∝ Cd =
p20P0

ε0εr
(2.75)

and thus proportional to the square of the dipole moment p0. The product P0U0,d is
then not only found in the modified density of states (2.73), but also as the prefactor
in the measurement signals δε′/ε′ and tan(δ) as given in equations (2.55) to (2.58)
[Nat98]. The same is true for the measurement signals in acoustic measurements,
that are directly linked to P0U0,a.
By simply measuring the change of sound velocity δv/v one can thus determine the
strain mediated long range interaction U0,a. The dipole-dipole interaction strength
U0,d can only be determined up to a factor f < 1, as usually not every tunneling
system possesses a dipole moment.
Knowing the usual values for δε′/ε′ and tan(δ), we immediately find, that P0U0

should be in the range of 10−4− 10−2. Figure 2.22 shows the calculated temperature
dependence of dielectric measurements for different frequencies between 1Hz and
1GHz using a value of Cd = 1.51 × 10−3, that was found for N-BK7 in [Nat98].
Again, all the other parameters were chosen the same as for the calculations of the
standard tunneling model.

Due to the suppression of the contribution by tunneling systems with small energy
splittings, the low temperature branch of δε′/ε′ is less steep than that of the unmod-
ified standard tunneling model and flattens of slightly towards lowest temperatures.
The effect becomes more and more pronounced, as the gap in the distribution be-
comes larger with smaller temperatures. This modifies the slope ratio in the one
phonon regime closer to a value of −1 : 1 rather than −2 : 1, as the high temper-
ature branch is hardly affected by the gap at low temperatures. The effect is very
similar to that of the already introduced restrictions in either ∆0 or λ.
The loss tangent tan(δ) also shows distinct differences to both the unaltered standard
tunneling model and the previous modifications. The resonant contribution to the
loss is reduced due to the gap in low energy tunneling systems, which is well visible
in the 1GHz curve. The most prominent difference though is the rise of the plateau
region at higher temperatures. Rather than reaching a constant value, the loss rises
logarithmically with temperature. It even surpasses the original plateau value. This
rise of the plateau region is a feature shows again, that the high temperature plateau
of the loss tangent allows for a good discrimination between different modifications
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Figure 2.22: Change of the real part of the dielectric function δε′/ε′ (left) and the loss
tangent tan(δ) (right) as a function of temperature for frequencies between 1Hz and 1GHz
and with a modified distribution function due to long range interaction, as given by equation
(2.73). Unmodified calculations of the standard tunneling model are shown as dotted lines.

of the standard tunneling model.
Another example of a modified distribution function leading to similar results is given
in [Bur14], where a more simple, phenomenological modification of the distribution
has been chosen:

P (∆0, E) d∆0dE = PSTM A (1 + µ) ln

(
∆0,min

Emax

)(
∆

Emax

)µ
d∆0dE (2.76)

Indeed, the modification is very similar to that of Doussineau et al. in equation (2.68)
with ν = γ = 0. In order to best fit the 1/f noise of a superconducting resonator, a
value for the interaction strength of µ = 0.36 was determined by the authors of the
paper. Since we would like to compare this model to the dipole gap, we use a value
of µ = 0.1, as the effects of the two modifications are then far more comparable.
As shown in figure 2.23, we find that the phenomenological ansatz is indistinguish-

able from the dipole-dipole interaction model in its effect on the dielectric function.
The very small differences between the calculations stem from choosing P0U0 and µ.
The dipole model couples the interaction strength to the total signal, though, and
also makes predictions about interaction driven relaxation, that will be discussed
below. In this way a more extensive analysis of data can be performed using the
dipole-dipole interaction model, while choosing the simple interaction model of (2.76)
can give easily calculable fast results.
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Figure 2.23: Change of the real part of the dielectric function δε′/ε′ (left) and the loss
tangent tan(δ) (right) as a function of temperature for frequencies between 1Hz and 1GHz
and with a modified distribution function due to long range interaction, as given by equation
(2.76). Unmodified calculations of the standard tunneling model are shown as dotted lines.

Interaction driven relaxation

Two tunneling systems coupled by the long range interaction discussed above can
effectively form a new two-level system. If one system is in its ground and the other
in the excited state, they form a so called flip flop state [Bur95]. This state has a
new effective asymmetry energy

∆p = E1 − E2 (2.77)

given by the difference of the level splittings in the two tunneling systems and a
tunneling splitting

∆0p =
U12∆01∆02

2E1E2

. (2.78)

The interaction strength U12 thus determines the properties of the paired tunneling
systems. A stable pair can only form while none of the two interacting tunneling
systems is subject to phononic relaxation which would destroy coherence. Interac-
tion driven tunneling will thus become more important towards lowest temperatures
where phononic relaxation dies out and the effective radius and lifetime of coherent
pairs becomes larger. Combining this, one finds the interaction relaxation rate

τ−1int = 10
kBT

~

(
∆0

E

)2

(P0U0)
3 . (2.79)

The rate depends linearly on temperature and has a cubic dependence on the inter-
action P0U0. The strength of the long range interaction therefore strongly influences



2.4. Extensions of the standard tunneling model 45

the onset of the interaction driven regime. A similar calculation has been made
for the case of long range elastic coupling leading to decoherence, yielding also a
T -dependent relaxation rate [Wür95, Ens97, Bod06].

In figure 2.24, the influence of the interaction driven relaxation on the complex
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Figure 2.24: Change of the real part of the dielectric function δε′/ε′ (left) and the loss
tangent tan(δ) (right) as a function of temperature for frequencies between 1Hz and 1GHz
and with interaction driven relaxation given by (2.79). Unmodified calculations of the
standard tunneling model are shown as dotted lines.

dielectric function is shown. A larger interaction strength P0U0 = 4.7 · 10−3 than
for the dipole gap was chosen in order to shift the onset of the interaction to higher
temperatures.
Both in δε′/ε′ and in tan(δ), the influence is only visible at low temperatures and
frequencies. The minimum of δε′/ε′ at 1Hz is shifted to higher temperatures and it is
flattened off, the 1 kHz is barely and the higher frequencies are not at all influenced,
even at the high interaction strengths that has been chosen here. The same picture
shows in the loss: at lowest frequencies it remains at the plateau value, almost to
lowest temperatures. The 1 kHz shows a contribution of the T dependence, shifting
the original T 3 flank a little, while again the highest frequencies are not touched.

2.4.4 Short dephasing times

Within the framework of the standard tunneling model, a possible influence of the
spin spin dephasing time τ2 on the dielectric function is usually neglected. This
dephasing time is, at least for two-level systems, limited by the spin lattice relaxation
time τ1. Both τ1 and τ2 will increase towards lowest temperatures, reaching values
of several hundred and about ten microseconds at 7.5mK in N-BK7 respectively
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[Fic12].
In numeric calculations of the standard tunneling model, no influence of τ2 on the
dielectric function was found, for τ2 > 10−7s, as then for all temperatures and
frequencies the relation kBT ≤ ωτ2 holds true. At smaller dephasing times, however,
a significant influence can be observed, as is shown in figure 2.25.

Here, a constant transverse dephasing time τ2 = 3× 10−9 s was assumed. While a
nonzero temperature dependency is of course a more realistic assumption, this very
basic modification gives a first intuition as to what short influence short dephasing
times could have on the dielectric function. Contrary to other modifications of
the model, the short transverse dephasing time purely affects the resonant signal.
The low temperature branch of δε′/ε′ flattens off below about 100mK, while the
high temperature part remains the same as for larger dephasing times, as for high
temperatures the resonant interaction will not be affected by the small τ2 any more.
The high temperature plateau in tan(δ) also remains unchanged and only the low
temperature plateau is slightly reduced.
Measurements of the phasing time τ2 can be made in two pulse polarization echoes,
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Figure 2.25: Change of the real part of the dielectric function δε′/ε′ (left) and the loss
tangent tan(δ) (right) as a function of temperature for frequencies between 1Hz and 1GHz
and with a very dephasing time τ2 = 3× 10−9 s. Unmodified calculations of the standard
tunneling model are shown as dotted lines.

where a very short dephasing time would lead to a strongly reduced echo amplitude
in the experimentally accessible range beginning at about one micro second. In
N-BK7 and similar glasses, where the echo amplitude is large after this timescale,
the effect of strongly reduced transverse relaxation times does not have to be taken
into account. However, if there were some glasses showing additional relaxational
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processes down to lowest temperatures, both τ1 and τ2 might be significantly smaller
and the reduced transverse relaxation time would have to be considered.

2.4.5 Incoherent tunneling and thermally activated processes

The standard tunneling model in its most strict form is only assumed to be valid for
temperatures below a few kelvin. At higher temperatures, the tunneling systems will
no longer tunnel coherently and thermal activation eventually becomes relevant, so
that the approximation of two-level tunneling systems is no longer applicable. As the
measurements performed in this thesis cover temperatures up to about ten kelvin, we
will shortly discuss incoherent tunneling and thermal activation. The considerations
will give us indications, as to when the assumption of coherently tunneling two-level
tunneling systems should still be valid.

At lowest temperatures, the two-level tunneling systems show coherent tunneling
due to slow relaxation rates. As these rates strongly increase towards higher tem-
peratures, the thermal bath will destroy the coherence of the tunneling systems,
leading to incoherent tunneling. This was considered using mode coupling theory
in [Wür97]. The crossover to incoherent tunneling leads to additional relaxational
processes not weighed by (∆0/E)2. Such relaxational processes lead both to a steep-
ening of the real part of the dielectric function and to an increase of the loss tangent
at the crossover temperature.
At even higher temperatures than the regime of incoherent tunneling, thermal activa-
tion of the two-level systems becomes the dominating process. If the thermal energy
of the particle is sufficiently high, the barrier between the two wells of the double
well potential can be overcome. The particle can then move classically between the
two wells with the rate

τ−1th = τ−10 cosh

(
∆

2kBT

)
exp

(
−V
kBT

)
, (2.80)

where τ−10 is directly proportional to the vibrational frequency of the well hν0 = 2E0

and V is the height of the tunneling barrier [Tie92]. If the potential is assumed to
be purely quadratic and the mass of the tunneling particles to be constant, then we
find the approximation

V = λE0 . (2.81)

This is strictly true only for large tunneling parameters λ, so for a small overlap of
the two wells. As the parameters are assumed to be very broadly distributed, we can
still use this approximation to calculate effects of thermal activation on the two-level
systems.
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An even more simplified version of the thermal relaxation rate is given as

τ−1th = τ−10 exp

(
−V
kBT

)
, (2.82)

leaving out the dependence on the systems asymmetry [Rau95]. Again, as we inte-
grate over all systems, this simplification will change the quantitative but not the
qualitative effects of thermal activation with given parameters.
We have used the values given in [Tie92] of E0/kB = 12K and τ0 = 5× 10−13 s to
make the numerical calculations shown in figure 2.26.

Both in the real part of the dielectric function and the loss, the influence of the
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Figure 2.26: Change of the real part of the dielectric function δε′/ε′ (left) and the loss
tangent tan(δ) (right) as a function of temperature for frequencies between 1Hz and 1GHz
including relaxation due to thermal activation. Unmodified calculations of the standard
tunneling model are shown as dotted lines.

thermal activation is seen at all frequencies, at temperatures above about 6K. In
δε′/ε′, we see a very steep rise of the curves, much steeper than the two phonon
relaxation. While the onset of two phonon relaxation is only temperature and not
frequency dependent, we see a small but definite influence of the measurement fre-
quency on the onset of thermal relaxation.
While the steep rise of δε′/ε′ at high temperatures could also be due to another
coherent relaxation process, the behavior of the loss tangent at high temperatures
shows the difference between coherent tunneling and thermal activation. A coherent
relaxation, scaled with (∆0/E)2, will not change the plateau region. Thermal relax-
ation, however, leads to a steep rise of tan(δ) towards high temperatures. The signal
then drops down after a sharp maximum, going to zero at higher temperatures. The
onset of this effect is seen in the 1Hz curve, but shifted to higher temperatures for
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the other frequencies.

As mentioned above, the tunneling barriers found when fitting thermal excitation to
dielectric data can easily be of the order of 10K. This suggests that the model is a
phenomenological description of the real processes in the temperature range above
several kelvin, rather than a microscopic description [Wür97].
Both incoherent tunneling and thermally activated relaxation at high temperatures
will significantly influence the dielectric properties of glasses. As the effects both
lead to a rather drastic increase of the loss tangent, we can assume the effects of
incoherent tunneling and thermal activation to be unimportant as long the plateau
of the loss tangent is still flat.

2.4.6 The soft potential model

Until now, we have only considered double well potentials. A more general form was
introduced in the soft potential model, which was developed in [Kar83] in order to
explain thermal properties of glasses above a few kelvin, where they deviate from the
standard tunneling model. Here, instead of a double well potential of two harmonic
wells, a potential of the form

V (x) = E0

(
η
(x
a

)2
+ ξ

(x
a

)3
+
(x
a

)4)
(2.83)

is assumed, where E0 is the binding energy of the potential, x is the generalized
coordinate, a is a length of the order of inter-atomic spacing and η and ξ are dimen-
sionless, small parameters. Due to the disorder of the system, η and ξ are assumed
random, but in the limit of soft potentials their absolute values are much smaller
than one.
For small temperatures T < 1K, the soft potential model effectively becomes the
standard tunneling model, while at higher temperatures the quasi harmonic oscilla-
tors included in the model through η > 0 become important. They dominate the
specific heat and thermal conductivity [Par93, Buc92].
The dielectric properties of a glass can again be influenced in two ways: at temper-
atures above one kelvin we eventually find the onset of thermal excitation, that is
similar to the one described above and will lead to a rise of the loss tangent tan(δ)

and the real part δε′/ε′ of the dielectric function. The density of states can also
be enlarged at temperatures of about 10K, as the higher energy levels of the quasi
harmonic oscillators will also contribute and we no longer only have the distribution
of two-level systems in the tunneling systems. This will lead both to a rise of the
loss tangent tan(δ) and the real part δε′/ε′ at higher temperatures.
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3. Nuclear Moments in Dielectric Glasses

The main focus of this thesis is the possible influence of large nuclear electric quadru-
poles on the dielectric properties of glasses. We will therefore give a short overview
over the findings leading to the discovery of the influence of nuclear quadrupoles
on the properties of glasses at very low temperatures. This will be followed by an
introduction to nuclear quadrupole resonance (NQR) and the relevant energy and
frequency ranges found in glasses containing elements that carry nuclear quadrupole
moments. Finally, we will present the theoretical models developed to predict the
influence of the nuclear quadrupole moments on the dielectric properties of glasses.

3.1 Magnetic field effects in non magnetic glasses

Within the framework of the standard tunneling model, we do not expect any in-
fluence of magnetic fields on the dielectric properties of glasses. Indeed, it has been
suggested to use the low temperature slope of low frequency measurements of the
dielectric constant as a magnetic field resistant thermometers at very low temper-
atures. Such thermometers showed no notable sensitivity to magnetic fields up to
9T [Wie87] or even 20T [Pen95]. The first observations of a linear magnetic field
dependence of the dielectric function on external magnetic fields in the millitesla
range, observed in [Str98], therefore came as a big surprise. Further measurements
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Figure 3.1: Magnetic field effect on
∆ε′/ε′ in Albasi at different temperatures
and small magnetic fields [Str00].
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showed even larger effects: as shown in figure 3.1, even at small fields a very notable
magnetic field effect is observed in the multicomponent glass BaO-Al2O3-SiO2, in
short Albasi. At higher fields the dependence of the dielectric function on the mag-
netic field becomes non monotonous [Str00, Woh01b, Hau02, Pol09]. The change of
∆ε′/ε′ can become as big as 20% of the total signal at small temperatures.

In order to explain this unexpected behavior, the tunneling of particles in three
dimensional wells was suggested [Ket99, Str00]. These so called Mexican hat poten-
tials, that enclose a finite area and thus enable an Aharanov Bohm effect, would lead
to a periodic variation of the dielectric function with an external magnetic field. It
should be noted though, that for a single tunneling particle, the first maximum of
the signal would be reached at fileds of the order of 1× 105 T, while in experiments
it is observed at a few millitesla. As the magnetic field dependence of the maximum
scales inversely with the number of charge carrying particles in one tunneling system,
this would mean that the relevant tunneling systems causing the magnetic field effect
would have to consist of very large ensembles of tunneling atoms.

Subsequent dielectric polarization experiments allowed a further investigation
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Figure 3.2: Magnetic field effect on the
amplitude of two pulse dielectric po-
larization echoes of different dielectric
glasses at 12mK and 1GHz with a sepa-
ration time of t12 = 1.7 µs for Duran and
t12 = 2 µs otherwise. Data from [Lud03]

of the effects of magnetic fields on glasses. First magnetic field dependence effects
were discovered in Albasi [Lud02], where the amplitude of the echo depends strongly
on an applied magnetic field, while the echo decay remains largely the same as in
zero field. Further measurements revealed similar magnetic field dependencies in a
variety of multicomponent glasses such as N-BK7 or Duran, while the quartz glass
Suprasil showed no notable field dependence [Lud03], as is shown in figure 3.2. The
data shows a strongly increased echo amplitude at high fields, indicating a stronger
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coherence. The exact shape of the curve depends both on the temperature of the
sample and the separation time t12 of the pulses.

A three dimensional potential is not the only cause that could lead to the observed
magnetic field dependence, as it is known that the level splitting due to nuclear elec-
tric quadrupoles depends on external magnetic fields. It was therefore suggested by
Würger et al. , that this could be the cause for the observed magnetic field depen-
dence of the echo amplitude [Wür02]. As will be discussed in more detail in section
3.2, the coupling of a nucleus carrying and electric quadrupole moment to a local
field gradient causes a characteristic splitting into sublevels.
As shown schematically in figure 3.3, the electric field gradients in the two wells of

Δ

F1

Δ

F2

Figure 3.3: Double well potential with
a tunneling particle carrying a nuclear
quadrupole moment. The electric field
gradients differ in the two wells, leading
to additional energy splittings.

a double well potential will in general neither point in the same direction nor have
the same strength. If an unperturbed tunneling particle is located mainly in well
one, its spin and thereby its quadrupole quantization axis will align with the local
field gradient. When the particle tunnels to well two, the spin quantization axis will
no longer be aligned with the local field gradient. The coordinate and nuclear spin
contribution to the systems Hamiltonian therefore will no longer diagonalize simul-
taneously, leading to a splitting of the former levels into partly degenerate sublevels.
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3.2 Nuclear quadrupole resonance

Nuclei with a spin I ≥ 1 posses a nuclear electric quadrupole moment. As these nu-
clei are non-spherical, they can couple to local electric field gradients. By measuring
this coupling, one can infer details of the local charge distribution, thus making a
detailed analysis of bonding lengths and angles in both crystalline and disordered
solids possible. Overviews are given in, for example, [Smi71, Vog92, Sui06].
On the other hand, the level splittings caused by nuclear quadrupole interaction are
in the order of several hundred kHz to MHz and therefore accessible in the low tem-
perature range below 10K, that is discussed in this thesis. .

In a deformed nucleus, the quadrupole moment Q of the charge distribution is defined
by

eQ =

∫
ρn(3z2n − r2n) dr3 (3.1)

where ρn is the nuclear charge density in a volume dr3, zn is the axis of symmetry
concerning the nuclear spin and rn the radius of the nucleus.

If a nucleus is spherical, Q will vanish as zn = rn. In oblate or prolate nuclei,

+ +
-
-

∆
F

Figure 3.4: Schematic drawing of an oblate nucleus
aligned along an electric field gradient. The two anti aligned
dipoles that precess around the local electric field are drawn
in red.

however, the resulting quadrupole moment will be a negative or positive area respec-
tively, usually given in barn.

In a classical picture, the deformed nucleus effectively contains two anti-aligned
dipoles, as shown schematically in figure 3.4. It will thus not be affected by constant
electric field as all forces will cancel out. An electric field gradient, however, will
exert different torques on both dipoles and thereby a net torque will lead to a pre-
cession of the nucleus around the electric field. The nuclear quadrupole resonance is
then just the difference between the two Larmor frequencies of the dipoles.
The local electric field gradient at the nucleus ∇F can also be written as the second
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derivatives of the local electrostatic potential V :

∇F = Vij
∂2V

∂ri∂rj
= Vxx + Vyy + Vzz (3.2)

Defining the principal axes in a way that |Vxx| ≤ |Vyy| ≤ |Vzz|, we can further define

Vzz := eq (3.3)

and
η :=

Vxx − Vyy
Vzz

. (3.4)

The field gradient along the z-axis eq defines the direction of the nuclear spin in the
case of a symmetrical potential, where the asymmetry parameter η equals zero.
In this symmetric case, the Hamiltonian of the system can be diagonalized using the
nuclear spin along the z-axis Iz and the magnetic quantum number m. We can then
define the quadrupolar coupling constant CQ and the corresponding frequency νQ
derived from the energy eigenvalues of the system:

CQ =
e2qQ

h
(3.5)

νQ =
3 e2qQ

4I(2I + 1)h
=

3CQ
4I(2I + 1)

(3.6)

The frequency νQ sets the scale of the transition frequencies of nuclei that can be
excited and measured. With the usual selection rules ∆m = 0,±1, the resulting
transition frequencies are

νm,m±1 = νQ |(2m± 1)| with |m|, |m± 1| ≤ I . (3.7)

If the local field gradient is not symmetric, η 6= 0, the resulting transition frequencies
need to be modified. In the case of I = 3/2 we find

ν =
e2qQ

h

(
1 +

η2

3

)1/2

, (3.8)

giving effective frequencies elevated by up to 15% for η = 1. For higher nuclear
spins, the influence of the asymmetry parameter can not be calculated analytically
any more. The resulting frequencies, however, always lie between the highest and
lowest possible frequency thats occur at η = 0.

As a well ordered atomic lattice in a crystal provides very well-defined field gradients,
the transition frequencies one can measure with NQR are very sharp. The disordered
structure of glasses on the other hand leads to great variations in both bond lengths
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Isotope Nuclear Quadrupole Coupling Quadrupole Measured
Spin moment constant frequency material
I Q [barn] CQ [kHz] νQ [kHz]

2H 1 +0.003 165 124 2HC in Glycerol a
11B 3/2 +0.04 300 150 BO4 in Glass b

11B 3/2 +0.04 2.2− 2.65 · 103 1.1− 1.3 · 103 BO3 in Glass b

17O 5/2 -0.26 2.35− 5.0 · 103 350− 700 Glass c

23Na 3/2 +0.10 1.8 · 103 900 Glass d

27Al 5/2 +0.15 3.5− 4.5 · 103 530− 680 Glass b

39K 3/2 +0.05 1.7 · 103 840 Crystal e
91Zr 5/2 -0.2 20.5 · 103 3 · 103 ZrSiO4 Crystal f
137Ba 3/2 +0.24 7− 25 · 103 3.5− 12.5 · 103 Crystals g

165Ho 7/2 +3.5 360 · 103 27 · 103 Ho(OH)3 h

181Ta 7/2 +3.3 470− 590 · 103 33− 42 · 103 OH in metal i

Table 3.1: List of cations and their quadrupolar coupling constants and frequencies com-
monly found in glasses. Data taken from a [Sch92] b [Pra06] c [Mae96] d [Xue93] e [Bas91] f
[Bas90] g[Ham10] h [Bun85] i [Pei83], wherever possible data measured in glasses was used.
Nuclear Quadrupole moments from [Sto05].

and angles and thereby in η, and sometimes even to varying coordination numbers
of cations, changing CQ. This smears out the observed frequencies, which is best
seen in the difference between BO3 and BO4 rings given in table 3.1. Measurements
performed on vitreous and crystalline borates show a broadening of the NQR fre-
quencies in the glassy state for given local chemical composition [Bra99], but the
values given in the table give a good indication of the transition frequencies present
in glasses.
The quadrupole frequency νQ given in table 3.1 needs to be modified according to
(3.8) for I = 3/2, bringing the measured frequencies close to CQ. The possible har-
monics of 4 or even 6 times νQ for I = 5/2 and 7/2 respectively at η = 0 bring the
observed frequencies up even higher.
The overview in the table shows, that relevant nuclei for the glasses investigated in
this thesis lead to quadrupole frequencies ranging from about 100 kHz in the case
of 11B to more than 100MHz for the nuclei 165Ho and 181Ta that carry very large
nuclear quadrupole moments. Since the lowest temperatures used in this thesis cor-
respond to frequencies that lie around several MHz, it is most likely that the nuclei
with the largest quadrupole frequencies will have the greatest effects on the dielectric
measurements performed in this thesis.
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3.3 Influence of nuclear quadrupoles on polarization echoes

The sublevels present due to the nuclear quadrupole moments change the tunnel-
ing systems from a two-level to a multi-level system, enabling additional dephasing
whose rate depends on the spacing of the sublevels. This spacing can be changed
through the application of an external magnetic field that leads to a Zeeman splitting
of the sublevels. As the sublevels distance changes with the magnetic field and levels
can cross, the dephasing rate will be non monotonous. At large enough fields, the
Zeeman splitting of the energy levels will be large enough for the system to become
an effective two-level system once again, leading to no additional dephasing and a
larger echo amplitude, as seen in figure 3.2.

The effects described above can only be realized in systems containing nuclear elec-
tric quadrupoles. An isotope dependent field dependency of the echo amplitude on
an external magnetic field would therefore be a strong evidence of the influence of
nuclear quadrupoles on the dielectric properties of glasses at low temperatures. Such
a measurement was realized in [Nag04] on natural and deuterated glycerol. While
natural glycerol contains no nuclear electric quadrupoles, the deuteron nucleus car-
ries a small quadrupole moment. The results of the measurements are shown in
figure 3.5.
As predicted by the model, the echo amplitude in the deuterated sample is much
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Figure 3.5: Magnetic field effect on the
amplitude of two pulse dielectric polar-
ization echoes of natural glycerol-d0 and
deuterated glycerol-d8 at 13.4mK and
1GHz with a separation time of t12 =

3.5 µs . Data from [Nag04]

smaller than that of the natural glycerol in zero magnetic field. The application of a
magnetic field on deuterated glycerol then leads to an increase of the echo amplitude.
At high fields, it approaches the level of the natural glycerol, showing the suppression
of a dephasing process only present in the deuterated sample. Subsequent simula-
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tions using a microscopic model of tunneling glycerol molecules were able to very
accurately describe the magnetic field dependence of the echo amplitude of partially
deuterated glyercol, as is shown in figure 3.6 [Baz08].

The measurements shown above were conducted at a fixed pulse separation time

-100 -50 0 50 100
Magnetic field B [mT]

0.8

0.9

1.0

E
ch

o
am

pl
itu

de
[a

.
u.

]

Glycerol-d5
Quadrupole Model

Figure 3.6: Magnetic field dependence
of deuterated glycerol at T = 12mK and
a pulse separation of 8 µs and a numeric
calculation including nuclear quadrupole
effects [Baz08].

and in varying fields. The energy splitting of the sublevels at a fixed fields will lead
to a beating of the echo amplitude with the pulse separation time due to the tran-
sition rate between the sublevels. In a system with a wide variety of electric field
gradients and therefore sublevel splittings, the beating can not be directly observed,
but will lead to a reduction of the echo amplitude. Glycerol, however, contains tun-
neling systems with very well homogenous energy splittings and a very small nuclear
quadrupole resonance frequency, leading to a small rate and thus an observable beat-
ing of the echo amplitude with decay time.

In figure 3.7 the beating of glycerol-d5, where 5 out of 8 possible C−H bonds of
each molecule are replaced by C−2H, at a temperature of 4mK with and without
an external magnetic field is shown. The oscillations in zero field are well visible. In
high fields, the large Zeeman splitting again leads a suppression of the rate, visible
here in the larger echo amplitude without a superimposed oscillation.

As we have seen, the theoretical predictions of the effect of nuclear electric quadrupole
moments on the echo amplitude in glasses at low temperatures match the experimen-
tal findings very well. Before turning to a model developed for the effects of nuclear
quadrupole moments on the dielectric function, we will look at nuclear quadrupole
resonance and the energy and frequency ranges that are covered by isotopes found in
multicomponent glasses in order to better predict the temperatures and frequencies
where effects of nuclear quadrupoles on the dielectric function are to be expected.
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Figure 3.7: Decay of the Echo ampli-
tude in deuterated glycerol at T = 4mK
without and with an applied external
magnetic field. The beating is due to the
quadrupole splitting of the deuteron nu-
clei [Bar13].

3.4 Influence of nuclear quadrupoles on the dielectric function

As shown in section 3.1, the application of external magnetic fields has a non linear
effect on the dielectric function on nuclear quadrupole containing glasses. A theory
developed in [Bur06a, Bur06b, Bur06c] investigates possible mechanisms behind this
effects.

In each tunneling system containing a particle carrying a nuclear quadrupole mo-
ment, we need to compare the two competing processes: On the one hand the tun-
neling process, that is characterized by the overlap of the coordinate wave functions
and thus, as given in (2.18) by the tunneling amplitude ∆0. On the other hand we
now need to take into account the nuclear spin Hamiltonian with its corresponding
energy scale of EQ = hνQ and the overlap of the nuclear spin wave functions

α∗ = αn , where α = 〈ψQl|ψQr〉 (3.9)

that depends on the number n of tunneling particles involved in one tunneling sys-
tem [Bur06c].

If the tunneling amplitude is larger than the quadrupole interaction, ∆0 > nEQ, the
system is dominated by tunneling described by the standard tunneling model. If,
however, the quadrupole interaction becomes comparable to or even larger than the
tunneling amplitude, the effect must be taken into account. The effective tunneling
amplitude of such a system is given both by the coordinate and the nuclear spin
waveform overlap, yielding

∆∗0 = α∗∆0 . (3.10)



60 3. Nuclear Moments in Dielectric Glasses

The effective tunneling parameter can therefore be summarized as being

∆∗0 =

{
∆0 ∆0 � nEQ,

αn∆0 ∆0 � nEQ.
(3.11)

The renormalization of the tunneling parameter leads to a gap in the distribution of
the effective tunneling amplitude ∆∗0 and thereby in the total density of states:

P (∆∗0) =


P/∆∗0 ∆∗0 � nEQ,

0 αnnEQ � ∆∗0 � nEQ,

P/∆∗0 ∆∗0 � αnnEQ.

(3.12)

This formula is only true, if we look at the lowest energy sublevels. If the tempera-
ture is far larger than the quadrupole interaction, all sublevels can contribute to the
dielectric function and the effective signal is not altered. so that ∆∗0 = ∆0. At lower
Temperatures, kBT � EQ, only the lowest sublevels will contribute and the reduced
tunneling parameter (3.10) is valid.
We therefore expect a plateau in δε′/ε′ at temperatures nEQαn < kBT < EQ and an
unchanged behavior of the dielectric function at both higher and lower temperatures.
The plateau will become more pronounced at higher nuclear spins and if more par-
ticles participate in the tunneling motion. In figure 3.8, the calculated gaps in the
distribution function for I = 1 and various numbers n are depicted. Instead of using
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Figure 3.8: Pseudogaps in the distribu-
tion function of ∆∗0 for I = 1 and varying
numbers of tunneling particles, compared
to the flat distribution of the standard
tunneling model for n = 0.

the exact form of the gap as given in [Bur06c] for simulations, it was approximated
by a modified Gaussian gap in the flat distribution

P (∆0, E) d∆0dE = PSTM A

(
1− a exp

(
−(∆0 − hνQ)2

2(kBδT )2

)4
)

d∆0dE . (3.13)

This form of the pseudogap is steeper than a regular Gaussian, leading to a less
pronounced effect at smallest ∆∗0, that would be similar to the cutting off of ∆0 de-
scribed in section 2.4.2. This way, the pure effect of the plateau is more pronounced.
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For the simulation, a depth of a = 0.9, a quadrupole interaction energy of hνQ =

20mK and a width of kBδT = 6mK was chosen. This is at the upper maximum
of expected quadrupole interaction energies as given in table 3.1. As seen in figure
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Figure 3.9: Change of the real part of
the dielectric function δε′/ε′ as a function
of temperature for frequencies between
1Hz and 1GHz and with a modified dis-
tribution function due to long range in-
teraction, as given by (3.13). Unmodi-
fied calculations of the standard tunnel-
ing model are shown as dotted lines.

3.9, the pseudogap leads not to a clear plateau, but rather to a slight flattening off
at the resonant interaction slope of δε′/ε′. This is most clear at high frequencies,
where the onset of relaxational processes happens at temperatures far higher than
the quadrupole interaction energy. At frequencies where the minimum is in the tem-
perature range of the gap, it is strongly deformed. In our case, we see a broadened
minimum of the 1 kHz curve. The slope at lowest frequencies is unchanged when
compared to the unmodified curves of the standard tunneling model in figure 2.15.
The considerations above were made for zero magnetic field. Applying an external
magnetic field will have several effects: At small fields, possible degeneracies of levels
will be lifted via Zeeman splitting, leading to more available levels and to an effective
increase in the distribution function. This would increase the dielectric response of
the system. At higher fields, the Zeeman splitting will be so large, that the double
well potentials will effectively become two-level systems again. If the interaction with
the magnetic field is stronger than the quadrupole interaction, the overlap of the spin
part of the wave function will become unity. A quadrupole carrying glass in high
fields should therefore show standard tunneling model like behavior, as discussed for
polarization echoes in section 3.1.

In figure 3.10, the real part of the dielectric function of Albasi is shown, both in
zero field and at as a combination of data taken at the fields where the dielectric
function is maximal in figure 3.1 and where the influence of nuclear quadrupoles
should therefore be minimal.
The plateau at temperatures below about 10mK is very pronounced in zero field.



62 3. Nuclear Moments in Dielectric Glasses

0.001 0.01 0.1 1
Temperature T [K]

0

5

10

15
10

4 ⋅Δ
ε’/

ε’

BaO-Al2O3-SiO2

Figure 3.10: Real part of the dielec-
tric function ∆ε′/ε′ of Albasi at zero
field (black) and at the fields of maximal
∆ε′/ε′ , as shown in figure 3.1. [Ket99].

Using estimations made with the quadrupole model in [Bur06c], the quadrupole in-
teraction would have to be very strong and more than six atoms carrying the relevant
quadrupole moment would have to form tunneling systems. It is intriguing to see,
that the magnetic fields lift the dielectric function and lead to a behavior that is
consistent with the standard tunneling model, even showing the −2 : 1 slope ratio.
The quadrupole model described above does predict this magnetic field effect, but
only at much larger fields than those in the millitesla range applied in this case.
The effect of nuclear quadrupoles on the dielectric function at temperatures kBT >

EQ have also been considered [Ser07]. The model here predicts an additional contri-
bution to δε′/ε′ that at high temperatures is proportional to EQ/T . It then drops to
zero at EQ ≈ kBT and the dephasing due to the interaction described above takes
over. Like all effects caused by nuclear quadrupoles, this additional 1/T contribution
to the dielectric function should be very sensitive to magnetic fields and in this case
first show a strong increase and then a slow decrease with increasing magnetic field
strengths.
Until now, only resonant processes contributing to the dielectric function have been
considered here. As strong quadrupole interactions can move the energy scale to tem-
peratures where relaxational processes are important, a possible influence of should
be considered. The rather closely spaced additional sublevels can be a source for a
non phononic relaxation, especially if tunneling systems can interact over long dis-
tances [Bur06a, Pol05]. The long range interaction has discussed in section 2.4.3 has
been attributed to nuclear quadrupoles in [Pol05], therefore predicting both τ1 and
τ2 to have a 1/T dependence. In this case the interaction driven relaxation would
be strongly magnetic field dependent [Bur06a].
First hints of a relaxational interaction of two-level systems in glasses with nuclear
quadrupole moments have been observed at measurements of the nuclear spin lat-
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tice relaxation times τ1 in doped amorphous borates [Sze75]: When compared to
the relaxation times in crystals, the nuclear relaxation times of quadrupole carrying
nuclei was more than one order of magnitude shorter. An interaction between the
quadrupole moments and nearby tunneling systems might account for this drastic
effect.
All of the models discussed above only consider nuclear quadrupoles that are part of
two-level tunneling systems. The effects predicted therefore should be smaller than or
at most equal to effects predicted by the standard tunneling model, as in multicom-
ponent glasses not all tunneling systems contain atoms carrying nuclear quadrupoles.
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4. Experimental Methods

Having given an introduction to the theoretical background relevant for the measure-
ments performed in the framework of this thesis in chapter 2, this chapter will focus
on the experimental methods employed. First, a short introduction to the working
principle of dilution cryostats is given, followed by a brief section concerning ther-
mometry.
As the measurements within this thesis span almost eight orders of magnitude in
frequency, ranging from 60Hz to 1GHz, we have used three different measurement
setups, that will be described here. A special focus is hereby put on the low fre-
quency setup, as the focus of the thesis is set on measurements in the hertz to
kilohertz regime.
Finally, we will have a look at the four different glass samples used for this thesis
and their chemical composition.

4.1 Generation and measurement of low temperatures

4.1.1 Working principle of a dilution cryostat

Within the framework of this thesis, the dielectric properties of different glasses were
measured between 7.5mK and 300K. In order to be able make measurements at
stable temperatures at lowest temperatures for extended periods of time, a dilution
refrigerator was employed. Detailed descriptions of the working principles of these
machines can be found in literature [Ens05, Pob07], so only a short introduction will
be given here.
The dilution refrigerator uses a closed cycle of a 3He/4He mixture, as is schemat-

ically shown in figure 4.1. Towards low temperatures T < 700mK, the two helium
isotopes separate into distinct phases, thus lowering their entropy. However, even
at lowest temperatures T → 0 and at normal pressure, about 6.5% of 3He are dis-
solved in 4He , as this minimizes the system’s total energy. In the cryostats mixing
chamber, we therefore find a phase of almost pure 3He floating on top of the heavier
3He/4He mixture. If the concentration of 3He in the mixture is reduced, 3He atoms
will transfer form the concentrated phase into the dilute phase. As their entropy is
lower in the concentrated phase, this transition effectively cools its surroundings by
∆Q = T∆S = 84 J/K2T 2 per mol 3He.
The depletion of the 3He/4He phase is achieved by connecting the mixing chamber
to the so called still, where the mixture is heated to about 700mK. The 3He evapo-
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Figure 4.1: Schematic drawing of a dilution cryostat
with the 4He rich phase depicted in dark and the con-
centrated 3He phase in light blue. The drawn com-
ponents are enclosed by a vacuum chamber connected
to the 4K flange and surrounded with liquid 4He This
so called helium bath is not drawn here. Approximate
temperatures are given at the different stages of the
cryostat from the 4K flange to the mixing chamber.

rates easily, while the 4He with its higher boiling temperature will almost completely
remain in its liquid phase. The resulting vapor is then pumped, cleaned, and re-
condensed using the precooling of both a helium bath above the 4K flange and the
1K–pot. This pot, filled with 4He from the bath and pumped, has a temperature of
about 1.5K.
The precooled 3He then flows back through capillaries to the mixing chamber via
two sets of counterflow heat exchangers that minimize the heat input to the mixing
chamber and the attached experimental platform. The quality of the heat exchang-
ers and the existence of heat leaks (for example due to cables leading from room
temperature to the experimental platform) determine the base temperature of the
cryostat. In the case of the cryostats used in this thesis, base temperatures of about
6mK allowed stable measurements of 7.5mK and upward by heating the experimen-
tal platform.
If the experimental platform is heated to temperatures above approximately 1.4K,
the 3He/4He mixture starts to evaporate quickly, making stabilized measurements
impossible. In order to be able to measure up to about 10K, it is useful to only inject
a small amount of the mixture into the system to thermally connect the 1K–pot to
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the experimental platform and use the 3He/4He cycle as a well pumped evaporation
cryostat.

4.1.2 Thermometry

We differentiate between two classes of thermometers: Primary thermometers like fix
point thermometers or noise thermometers allow a direct determination of the tem-
perature without prior calibration. Often, however, they provide only a few discrete
temperature points or need several minutes for the determination of a temperature.
In order for stable, temperature dependent measurements to be conducted, we there-
fore used different resistance thermometers. These secondary thermometers need to
be calibrated against primary thermometers but then provide continuous and fast
temperature measurements.

Measurements below 10K were performed with carbon resistors showing a temper-
ature dependent resistance that grows monotonously for T → 0. At 10mK, the
resistance of the carbon resistors used in this thesis is about 150 kΩ. The readout
was performed with AC resistance bridges AVS-471 or LR7002. These bridges can
perform very precise measurements using only very small excitation voltages, which
prevents an overheating of the thermometer at lowest temperatures.

At higher temperatures, above 10K, the temperature was measured using either a
RhFe-thermometer or a Si-diode. The principle of the measurement was the same, as
with the carbon thermometer, but the almost linear temperature dependence of the
resistance of RhFe at higher temperatures allows for comfortable measurements in
this temperature range. The Si-diode is a calibrated model 3, set up for measurements
from room temperature down to about 4K.

4.1.3 Cables and heat sinks

In order to prevent heating of the measurement setup by the cables leading down
from room temperature into the cryostat, both the inner and outer conductor of the
coaxial cables used for the measurements were thermally anchored at the thermal
stages of the cryostat. In order to prevent reflections in the cables, the heat sinks
were matched to 50 Ω impedance. As is shown in figure 4.2, the outer conductor
is connected directly to a gold plated copper box via an SMA connector, while the

1AVS-47, RV-Elektroniikka Oy Picowatt, Veromiehentie 14, FI-01510 Vantaa, Finland
2LR700, Linear Research Inc., 5231 Cushman Place, Suite 21, San Diego, CA 92110-3910, USA
3LakeShore model DT-670-CU1.4L, Lake Shore Cryotronics Inc., Westerville Ohio 43082, USA
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inner conductor of the SMA connector is soldered to a Niobium strip on a thin
sapphire plate. For the stages above the still, semi rigid coaxial cables were used for

Figure 4.2: Heat sink as used in
this thesis: 50 Ω impedance matched
setup suitable for high frequency
measurements.

all measurements. Below this stage, they were only used for the measurements at
high frequencies close to 1GHz. As the cables had no direct connection to the sample
(see section 4.4), they were not heat sunk below the still. For the lower frequency
measurements stainless steel mini coaxial cables were used, that were heat sunk at
the experimental platform.

4.2 Measurement setup for low frequency measurements

The main focus of this thesis was on low frequency measurements of the dielectric
function at low temperatures. We have used a microstructured interdigital capaci-
tance, that allows for a very good thermal coupling. The details of the measurement
setup, the readout, thermal coupling and the conversion of the measured data to the
complex dielectric function treated by theory are given in this section.

4.2.1 Microstructured interdigital capacitance

The usual form of capacitors used in precision measurements of the dielectric con-
stant is that of a simple or stacked plate capacitor. While this shape offers the
advantage of homogenous, easily calculable field distributions, the ratio between the
capacitance and the amount of dielectric employed depends linearly on the thickness
of the sample. With a typical sample of about 10×10×0.5mm3, one obtains capac-
itances of only 3 pF to 10 pF, depending on the sample’s relative permittivity. Since
the measurements at low frequencies were direct measurements of the capacitance,
a larger value would increase the precision of the measurement. At the same time,
the sample needed to be kept small and well thermally connected in order to prevent
thermal decoupling.
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d

Figure 4.3: Detail of the interdigital capacitance and one bond pad (left) and schematic
drawing of the interdigital structure (right) used for the low frequency measurements. The
distance between the centers of two adjacent fingers was chosen to d = 50 µm.

This combination of requirements was achieved by using a microstructured interdig-
ital capacitance, as shown in figure 4.3 [Kin08]. The fingers form parallel capacitors
on the surface of the glass, leading to a far larger total capacitance. As the electric
field distribution for this capacitor can not be calculated analytically, a finite element
simulation 4 was used in order to simulate the distribution. A sample simulation is
shown in 4.4. The total capacitance per area of the interdigital capacitor increases, if

0 ... 50 V/m
50 ... 100 V/m

100 ... 150 V/m
150 ... 200 V/m
200 ... 250 V/m
250 ... 300 V/m
300 ... 350 V/m
350 ... 400 V/m

650 ... 700 V/m
600 ... 650 V/m
550 ... 600 V/m

500 ... 550 V/m
450 ... 500 V/m

400 ... 450 V/m

700 ... 750 V/m
750 ... 800 V/m
800 ... 850 V/m
850 ... 900 V/m
900 ... 950 V/m

> 950 V/m

Vacuum

25 µm

Glass

Capacitor

Figure 4.4: Finite element simula-
tion of the electric field distribution
of the interdigital capacitance. The
relative permittivity of N-KZFS11
and a voltage of Vexc = 10mV were
used.

the distance d of the fingers is decreased. However, this also leads to higher electric
fields at constant excitation voltages Vexc. This then can lead to non linear excitation
of the sample, as equation (2.63) is no longer fulfilled. The distance of the fingers is
therefore always a compromise between low enough electric fields and high enough
capacitances.
Both the finger size and their distance for all interdigital capacitors that were mea-
sured in this thesis was chosen to be 25 µm, leading to a total distance between
centers of adjacent fingers of d = 50 µm. The simulation then shows a maximal
electric field strength of about |F | ≈ 2 kV/m for an excitation voltage of 10mV. The
estimated limit for the linear range, given a typical dipole moment of p0 = 3D and a
temperature of 5mK is 20 kV/m, so the linear range lies well within the possibilities

4www.femm.info/wiki/HomePage
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of the measurement setup.
The total interdigital capacitance consists of 140 fingers of 10mm and 60 fingers of
4mm on glass samples that have a total size of 12 × 12 × 0.5mm3. The fingers are
made of a 800 nm copper layer covered with 200 nm of gold to prevent oxidation.

4.2.2 Sample holder

The sample holder used for low frequency measurements is shown in figure 4.5. It was
built to maximize thermal contact between the sample and the holder and consists
of a T-shaped copper body, that is covered in 1.5 µm of gold to prevent oxidation
and for a better thermal connection of the sample.
The sample itself is pressed to the holder via a CuBe-spring. Since the microfabri-

Figure 4.5: Sample holder for the low frequency measurements with the
microstructured interdigital capacitance.

cated structure of the interdigital capacitance only uses one side of the sample, the
back can be fully metalized with 1.9 µm of copper and 100 nm of gold, ensuring a
good thermal contact. In order to make the contact even better, two holes of about
8mm× 2mm were cut into the holder, directly behind the sample. Through these
holes, 25 µm gold bonds can connect the back of the sample and the holder. Between
12 and 30 bonds were placed for each measurement.
For the readout of the capacitance via the measurement bridge, coaxial cables were
connected to the sample holder via SMA connectors. The inner conductors of the
SMA connectors on the holder were soldered to copper strips on Kapton foil that
was glued to the sample holder. The copper strips were then bonded to the sample
via 25 µm aluminum bonds. As these bonds become superconducting below 1.19K
the sample was thermally isolated from the cables at low temperatures.
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4.2.3 Thermal coupling of the sample

The mean value for heat dissipated in the sample due to an applied ac electric field
of frequency ν and excitation voltage Vexc on the capacitor is

P =
1

4
CνV 2

exc tan(δ) . (4.1)

Even for the highest frequency ν = 20 kHz and an excitation voltage of 10mV ap-
plied on the sample with the largest capacitance C = 80 pF used in this thesis and
including tan(δ) = 0.1 due to the low pass filters, the dissipated power is only 4 pW,
so no thermal decoupling should be expected even at lowest temperatures.

As different thermal resistances play a role in the thermalization of the sample,
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Figure 4.6: Schematic model of the thermal resis-
tances present in the low frequency measurement
setup. The total thermal resistance is a sum of the
internal thermal resistance of the sample, the Kapitza
resistance and the resistance of the gold bonds.

we will nonetheless have a closer look at their temperature dependent contributions.
Any heat dissipated within the sample must first travel through the sample, then the
metal film and finally the gold bonds in order to reach the heat bath of the experi-
mental platform, as shown schematically in figure 4.6. As the thermal conductances
all become smaller towards lowest temperatures, their values at 10mK are compared
below.

Internal heat resistance of the glass Heat produced in the interdigital capaci-
tor during measurements must travel through the entire glass sample of thickness d.
The internal thermal conductivity of the sample must therefore be taken into consid-
eration. It was already shown in section 2.2 that the thermal conductivity of glasses
decreases quadratically with temperatures. As an approximation for all samples, we
will use the thermal conductivity of vitreous silica, that is about κ ≈ 1W/cm K at
1K. If the heat is produced on top of the sample, we find

Ggl(T ) = κ
A

d

(
T

T0

)2

= 0.3 nW/mK
(

T

10mK

)2

. (4.2)

Internal heat that is released due to thermalization after a temperature step is created
homogeneously in the sample and must therefore travel smaller distances, so the
thermal conductivity given above is a lower boundary.
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Kapitza resistance At the interface of the glass substrate and the metallic film, a
thermal boundary resistance due to acoustic mismatch occurs [Swa89]. This so-called
Kapitza resistance is of the form

RK(T ) =
R2

1

A
T 3 . (4.3)

Using the numerical tables in [Che76], we can approximate the thermal boundary
resistance R2

1 between copper and the glass samples used in this thesis. As the
boundary resistance depends on the speed of sound, that is rather similar in all
samples, and the density we find RCu

Gl1 ≈ 9.5K4 cm2/W for Herasil and RCu
Gl2 ≈

7.8K4 cm2/W for N-KZFS11.
With a sample size of 1.2 cm× 1.2 cm that is fully metalized, the total thermal
conductivity due to the Kapitza resistance becomes

GK(T ) =
1

RK(T )
= T 3(0.15− 0.18)W/K4 = (0.15− 0.18)nW/mK

(
T

10mK

)3

.

(4.4)

Thermal conductivity of the metal bonds The thermal conductivity from the
gold film on the glass sample to the sample holder can be approximated by that
of the gold bonds with an average length of 2.5mm and a diameter of 25 µm that
connect the two pieces. Using the Wiedeman-Frantz law that connects thermal and
electrical conductivity via the constant L = 2.44× 10−8 W Ω/K2, we find

Gel(T ) =
L

R4K

T = n 0.039 nW/mK
(

T

10mK

)
, (4.5)

where we have calculated the resistance R4K = ρel l/(ARRR) at 4K via the specific
resistivity ρel = 2.4× 10−8 Ω/m of gold at room temperature and a typical RRR of
20 for the gold bonds. The total thermal conductivity then depends on the number
n of bonds set. As it was always at least 12, the lowest conductivity through the
bonds was 0.52 nW/mK at 10mK.

The total thermal conductance is given by

Gtot =

(
1

Ggl

+
1

GK

+
1

Gel

)−1
. (4.6)

As has been shown above, all three components are roughly equal at 10mK. At
higher temperatures, the electric heat conductivity of the bonds will limit Gtot, while
at lower temperatures the Kapitza resistance becomes the dominant contribution.
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4.2.4 Data readout

The data readout for the low frequency measurements was accomplished using a
commercial AH27005 capacitance bridge, a schematic drawing of which is shown in
figure 4.7. The bridge generates sinusoidal signals with frequencies ranging from
ν = ω/2π = 60Hz to 20 kHz and using excitation voltages Vexc between 0.1mV and
15V. The voltage is applied at the High gate of the bridge. By varying the Tap 1

Detector

Tap 1

Leg 1
Fused-Silica

Capacitor

L

H

BNC
connectors

Leg 3

Co Ro

Leg 2

Tap 2

Pseudo-
Resistor

Ratio
Transformer

Leg 4

Cx Rx

Unknown
Impedance

Low pass
Filter

Sine
Hz - kHz
Generator

Low pass
Filter

Figure 4.7: Schematic cir-
cuit diagram of the AH2700
capacitance bridge. The
red low pass filters in-
troduced in section 4.2.6
were directly connected to
the BNC connectors at the
High and Low end [AH04].

and 2, as well as the reference impedance R0 + iωC0, the unknown impedance of the
sample can be measured. Both the signal in phase and shifted by π/2 are read out
and then converted to the measurement quantities C and tan(δ), the values are then
read out via a LabVIEW6 program.
The reference impedance in the capacitance bridge is kept at a constant temperature
and allows for an accuracy of ±5 ppm using optimal excitation voltages. The voltages
used in the course of this thesis were usually far lower than the optimal ones used for
capacitances of about 100 pF, lowering the accuracy by about one order of magni-
tude. At each sample, measurements with very low excitation voltages Vexc ≤ 1mV
were taken and then compared to measurements taken at higher voltages to rule out
thermal decoupling and nonlinear excitations. These higher voltages of about 3mV
to 30mV allow for more precise measurements.
The low pass filter boxes were introduced in order to suppress high voltage signals
that couple into the bridge’s output. Even at very small amplitudes they can dis-
turb the measurements, as is discussed in section 4.2.6. Signals coupling into the
measurement line are suppressed by commutation of the bridge’s signal.

5Andeen Hagerling, 31200 Bainbridge Road Cleveland, Ohio 44139-2231 U.S.A., www.andeen-
hagerling.com/

6LabVIEW 6.0, National Instruments, Austin, Texas, USA, /www.ni.com/labview/
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4.2.5 Correcting for stray capacitances

The total measured capacitance C is the sum of the capacitance of the dielectric
filled sample Cs and a parasitic stray capacitance Cp due to the electric field in the
vacuum above the interdigital capacitor. It needs to be taken into account when
calculating ∆ε′/ε′ and tan(δ) of the sample from the measured values.
If we assume the stray capacitance to be parallel to the dielectric filled capacitance,
we can calculate a filling factor

f =
Cs

C
=
C − Cp

C
. (4.7)

From the measured capacitance we then find

∆C

C
=

∆Cs

Cs

Cs

C
=

∆ε′

ε′
f , (4.8)

where we assume the stray capacitance to be temperature independent. For the loss
tangent of the sample, we need to assume an RC parallel circuit as an equivalent
circuit for the measurement setup. We then find

tan(δ)meas =
1

2πνRC
=

1

2πνRCs

Cs

C
= tan(δ) f , (4.9)

where R is the dissipative resistance of the equivalent circuit, that is assumed to be
solely caused by the dielectric.

The simulation of finger pairs using the relative permittivity of the samples used in
this thesis as given in table 4.1 yields parasitic stray capacitances of

Cp(Herasil) = 8.2 pF Cp(HY-1) = 9.7 pF Cp(N-KZFS11) = 10 pF . (4.10)

The total capacitance of the setup at temperatures below 10K is

C(Herasil) = 37 pF C(HY-1) = 60 pF C(N-KZFS11) = 79 pF , (4.11)

leading to filling factors between 0.77 and 0.9, for which the measured data needs to
be corrected. The values are in good agreement with the approximation

f ≈ ε′

ε′ + 1
(4.12)

which can be used, as due to the flat interdigital capacitor the measurement setup
is symmetric with respect to the dielectric filled sample and the vacuum above it.
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4.2.6 Low pass filters

The measurements in this thesis were conducted down to temperatures of 7.5mK.
Even with a very good thermalization of the samples and the suppression of parasitic
heat input via the cables, a flattening of the curves towards lowest temperatures had
been observed in previous measurements [Däh10]. This could be attributed to high
frequencies that are generated in very small amplitudes by the AH2700 capacitance
bridge.

The low pass filters, shown schematically in figure 4.8, were designed using

100 µH 510 Ω 240 Ω

220 pF
 CMC Figure 4.8: Schematic circuit diagram of the

low pass filters used in this thesis. The cutoff
frequency is at ν0 ≈ 1MHz.

the electrical circuit simulation LT Spice IV7. They effectively suppress frequencies
above ν0 ≈ 1MHz. In addition to an RLC low pass, they also contain common mode
chokes8 that further reduce noise.
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Figure 4.9: Change of the dielectric function ∆ε′/ε′ (left) and the loss tangent ∆ tan(δ)

(right) of Herasil as a function of temperature for a frequency of 1 kHz, with and without
low pass filters.

7www.linear.com/designtools/software/#LTspice
8SMD Common Line Filter 744226, Wuerth Electronics
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The effect of low pass filtering on a sample of Herasil quartz glass is shown in figure
4.9. In the real part δε′/ε′ we see a clear difference between unfiltered and filtered
data at lowest temperatures, while the scattering of the loss data tan(δ) makes it
much harder to see a clear distinction. Above 30mK, the high frequency noise seems
to play only a negligible role.
The filters together with the capacitance on the sample form an RLC component,
that turns the angle of the capacitance C∗ and the loss tangent tan(δ)∗ measured by
the capacitance bridge. The additional phase angle is about 0.1 rad at 20 kHz and
rapidly decreases towards lower frequencies. It is therefore necessary to compensate
for this effect in order to obtain an undistorted signal from the sample.
The measured loss tangent with filter boxes consists of the loss stemming from the
sample tan(δ)s that changes with temperature, and an additional angle from the
low pass filter tan(δ)f , that is assumed to be constant. The correction angle then
becomes

δ0 = a · arctan (tan(δ)min) where a =
tan(δ)min

tan(δ)max

, (4.13)

where tan(δ)min and tan(δ)max are the smallest and largest measured values at each
measurement. By including the factor a, we prevent an over correction of the addi-
tional loss tangent and acknowledge the fact, that there might be an intrinsic loss of
the sample even at lowest temperatures.
Conversions from C∗, tan(δ)∗ to C, tan(δ) then can be achieved by first changing
from the loss tangent to the imaginary part of a complex capacitance C∗ = C∗re+ iC∗im

C∗im = C∗re tan(δ)∗ (4.14)

and rotating both C∗re and C∗im by an angle of −δ0. The resulting complex capaci-
tance Cre and Cim can then be used to obtain the loss tangent tan(δ) = Cim/Cre.
The angle correction due to the low pass filters changes neither the temperature de-
pendence of the real part δε′/ε′, nor of the loss tangent tan(δ). Its influence is only
on the absolute value of tan(δ), as was checked by comparing unfiltered data with
both corrected and uncorrected low pass filtered measurements.
Figure 4.10 shows the results of these comparisons. The unfiltered data only goes

down to 15mK, as no thermalization steps were taken for this measurements, leading
to thermal decoupling at lower temperatures.
Although the low pass filters cause a loss angle of δ ≈ 0.1, which is very large com-
pared to the value of δ = 1.5× 10−3 measured without filters in the high temperature
plateau region, the use of low pass filters does not distort the curves significantly.
An exact determination of tan(δ) is, however, not possible even after the correction,
which only gives us values within about 50% of the true value, mostly due to the
unknown residual loss at lowest temperatures.
The temperature ramps measured in this thesis were mostly taken with filters, as
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Figure 4.10: Change of the dielectric function ∆ε′/ε′ (left) and the loss tangent ∆ tan(δ)

(right) of HY-1 as a function of temperature for a frequency of 16 kHz. The black and blue
curves are measured with low pass filters and then corrected (blue) , the red data points
without filters.

in this way continuous measurements could be taken down to lowest temperatures.
An absolute value of the loss tangent tan(δ) could therefore not be determined for
all measurements. The same is true for the high frequency measurements due to the
intrinsic quality factors of the LC resonators, whose value could not be determined
to the precision of 1× 10−6 necessary for the absolute value of the loss tangent. We
therefore only look at the change of the loss tangent ∆ tan(δ) in the analysis of the
data.

4.3 Measurement setup for MHz measurements

In contrast to the direct measurements of the capacitance and loss tangent via a
capacitance bridge performed at low frequencies, the measurements at higher fre-
quencies were conducted using LC resonators. Their resonance frequency ν0 and
quality factor Q also allow the calculation of ∆ε′/ε′ and ∆ tan(δ). The design of the
resonator, signal path and data readout as well as the conversion of the measured
quantities into the desired ones are discussed below.

4.3.1 LC resonator

The measurements performed in the MHz range were conducted using the LC res-
onator, that is shown in figure 4.11 and was developed in [Zei15]. It consists of two
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parallel capacitors filled with the sample and a coil of silver plated copper wire and
has a total diameter of 40mm and a height of 50mm. It is designed to provide excel-
lent thermal coupling, an intrinsic quality factor of Q > 1000 at high temperatures
and contains no additional dielectric apart from the samples, thus enabling precise
measurements at low temperatures.

The sample holder consists of three parts of tempered oxygen and hydrogen free

Figure 4.11: Schematic drawing (left) and circuit diagram (right) of the LC resonator
used for measurements in the MHz-regime, as developed in [Zei15].

copper. The two outer parts, connected via the brass screws and additionally shorted
via another silver plated copper wire, are connected to ground via the experimental
platform. The large diameter of the sample holder ensures that the heat transport
from the samples to the experimental platform is strong enough for a good ther-
malization of the sample even at lowest temperatures. The measurement signal is
coupled into the resonator via weak capacitive coupling using the antennae shown in
the drawing.
Brass disk springs on the screws allow for the compensation of thermal contraction
of the samples and ensure a good thermal and electric contact between the samples
and the sample holder. The samples themselves are thin glass disks of d = 0.5mm
thickness and a diameter of 25mm, leading to capacitances of 30 pF to 70 pF per
sample disk. In order to ensure an even better contact between the samples and the
holder, all samples are metalized with a sputtered 200 nm thick gold layer over the
whole 24mm diameter of the sample holder.
As the two capacitors share the middle part of the sample holder as their common
high electrode, no additional dielectric is needed in order to electrically separate
thermally connected parts. This allows for higher intrinsic quality factors and a
higher precision of the experiment. The addition of two capacitors also lowers the
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resonance frequency ν0 of the setup, as

ν0 =
1

2π
√
LC

. (4.15)

Thermal and electric contact between the middle plate and ground is achieved via
the coil that consists of 12 windings of the 1.5mm silver plated copper wire. The
part of the wire connecting the coil to the sample holder is several centimeters long
and the orientation of the coil is such, that the coupling of its magnetic field into
the samples is very weak. With an inductance of L = (256± 25) nH, the resonance
frequency ranges from 25MHz to about 40MHz, depending on the relative dielectric
permittivity of the samples.

4.3.2 Measurement circuit

The resonance of the LC resonator is measured using the HP 8752C9 network ana-
lyzer. It both excites the resonator and reads out the voltage that is coupled out of
the resonator. A schematic drawing of the measurement circuit is shown in figure
4.12. The transmitting power of the network analyzer can be varied between −20 and

LC 
Resonator

PC

+57 dB

-6 dB -3 dB

-3 dB

Cryostat

-3 dB

+5 –  -20 dBm 0 –  -60 dB

 -20 dB

NA

Figure 4.12: Schematic measurement circuit
of the MHz setup between the network ana-
lyzer (NA) and the LC resonator. The com-
ponents within the blue box are situated in
the cryostat.

5 dBm. For the very small values of excitation power required for the experiment,
additional attenuators are used in the measurement circuit: A step attenuator10 al-
lows a variation of the excitation power over a large range. An additional fixed value
attenuator of −20 dB outside the cryostat lets us achieve excitation powers as small

9HP 8752C, Hewlett-Packard Company, 3000 Hanover Street, Palo Alto, CA 94304-1185 USA
10Step Attenuator AE116-60-01-0N, Weinschel, 5305 Spectrum Drive Frederick , MD 21703 USA
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as −100 dBm or even below, considering the very weak capacitive coupling of the
resonator to the signal line. The attenuators in the cryostat11, connected directly to
the LC resonator, help dampen possible standing waves in the cables.
Prior to detection the signal that is coupled out of the cryostat is amplified by
57 dB12.
The step attenuator and variable power output of the network analyzer allow for
adaptions of the measurement signal with temperature, thus minimizing heating
and nonlinear effects, while allowing good signal to noise ratios.
Both the data acquisition and the temperature are regulated via a LabVIEW pro-
gram. It continuously sweeps appropriate frequency bands and records the output
power, thus creating resonance curves that are then treated further externally.

4.3.3 Data readout

At each temperature step, once the sample is thermalized, resonance curves are av-
eraged in order to increase the precision of the measurement. At high temperatures,
where high excitations are possible without negative side effects, only three to five
curves need to be averaged, while towards lower temperatures where the excitations
are smaller the number of averaged curves is strongly increased.
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Figure 4.13: Resonance curve of N-BK7
measured at 100mK and Lorentz curve fit.
Data by [Hom15]

11All fixed value attenuators are of the type 18AH, Inmet, 300 Dino Drive, Ann Arbor , MI 48103
USA

12MiTEQ M/N-AU-4A-0150, L-3 Narda-MITEQ, 435 Moreland Road, Hauppauge, NY 11788
USA
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The resonance curves show a Lorentzian line shape

L(ν) =
AQ√

(ν2 − ν20)Q2 + ν2ν20
+
(
aν2 + bν + c

)
, (4.16)

that depends on the resonance frequency ν0 and the quality factor Q of the res-
onator, as well as the amplitude A of the measurement. The second part of the
equation accounts for the background signal that is determined by the whole mea-
surement circuit. An example for a resonance curve with a fit is shown in figure 4.13.

For further treatment of the measured data, we are interested in the dielectric func-
tion of the glass samples. Its real part can be obtained from the capacitance of the
two parallel plate capacitors with an area A and thickness d via

C = 2ε′
A

d
, (4.17)

which is in turn connected to the resonance frequency by the relation given in equa-
tion (4.15). The capacitance of the empty resonator (ε′ = 1) is C0 = 16 pF. The
measured capacitance also contains the stray capacitance that was determined to
Cs = 5 pF [Zei15], so that the measured capacitance becomes

Cmeas = ε′C0 + Cs =
1

4π2Lν20
⇔ ε′ =

1

C0

(
1

4π2Lν20
− Cs

)
. (4.18)

This equation is only valid, if the thermal expansion of the sample is negligible. As
for the measured samples the relative thermal expansion is at most α ≤ 10−5 1/K,
the effect becomes at most ∆d/d ≤ 0.3% between room temperature and 7.5mK. It
can therefore be neglected.
The relative change of the real part of the dielectric function can now be determined
via the resonance frequency of the resonator as given by equation (4.15)

∆C

C
=

(
∆ν∗20
ν0
− 1

)
. (4.19)

Here, ν∗20 is a reference frequency that is usually chosen to be at the maximum value
of ν0, so that the resulting relative change of the dielectric function will always be
positive.

The loss tangent of the setup is simply connected to the quality factor of the reso-
nance via

tan(δ) =
1

Q
. (4.20)

Measurements performed on Herasil, which has a loss tangent smaller than 1× 10−6

at lowest temperatures, have shown that the resonator has an intrinsic loss of tan(δ)int =
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7.75× 10−4 that is mainly determined by the electric loss within the coil. It needs
to be subtracted from the measured loss in order to obtain the loss of the sample.
Due to this intrinsic loss, changes of the loss tangent of the order of 1× 10−4 and
larger can be resolved with the setup.

4.3.4 Correcting for stray capacitances

Again, we need to take into account the filling factor f of the setup, that is given by
equation (4.7). The stray capacitance is again to be assumed parallel to the dielectric
filled capacitance, constant in temperature and without loss. We then obtain for the
real part of the dielectric function(

∆ν∗20
ν0
− 1

)
=

∆C

C
=

∆Cs

Cs

Cs

C
=

∆ε′

ε′
f . (4.21)

The loss tangent is determined by

tan(δ)meas =
1

2πν0RC
=

2π
√
LC

RC
=

2π
√
L

R
√
Cd

√
Cd

C
= tan(δ)

√
f . (4.22)

In contrast to the low frequency measurements, where the filling factor enters as a
linear correction in both ∆ε′/ε′ and tan(δ), its influence is only with

√
f in the loss

tangent of the LC resonator. As the quality factor and thereby the loss tangent is
measured at the resonance frequency, which is in turn dependent on the capacitance,
measuring with a resonator setup leads to a different correction of stray capacitances
when compared to fixed frequency measurements using capacitance bridges.
As Cp is only about 5 pF and the two parallel plate capacitors have a combined
capacitance of 60 pF even when filled with Herasil, the filling factor is at least 0.90
for all measured samples and only a small correction.

4.3.5 Electric fields and power input in the sample

In order to avoid both heating and nonlinear driving of the samples, the applied
power at the sample has to be chosen as low as possible, while still allowing for good
signal to noise ratios. This becomes most relevant at lowest temperature.
The samples have a size ofA = 4.8 cm2, leading to input powers P between 260 pW/cm2

at −59 dBm and 260 fW/cm2 at −89 dBm. With a sample thickness of d = 0.5mm
and a relative dielectric constant εr ≈ 6, a quality factor of Q ≈ 1000 and a frequency
of ν ≈ 30MHz, we find that the electric field in the samples

F =

√
PQ

Adε0εr2πν
, (4.23)
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range between 1V/m and 50V/m, so we are far below the 2 kV/m reached in the
low frequency setup.
The calculations made above do not yet take into account the weak coupling of the
setup. As the small antennae radiate homogeneously in all direction, only a small
portion of the power they radiate is coupled into the LC circuit. The values given
above can thus be only an upper limit of the actual values in the sample.

As is shown in figure 4.14, a change of the applied power does not change the
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Figure 4.14: Influence of the input power P applied to the sample on the capacitance
∆C/C (left) and the loss tangent ∆ tan(δ) (right) of N-BK7 at a temperature of 20mK
and a frequency of 30MHz [Hom15].

real part of the dielectric function of N-BK7 within the margin of error at 20mK.
The loss tangent tan(δ), however, is constant at high powers, then shows a clear rise
towards lower powers and settles at a new plateau value at low powers. This is due
to the very strong excitation dependence of the resonant loss., which is much larger
than that of the relaxational contribution.
For low temperatures, measurements on this sample were therefore conducted at
−89 dBm, while at temperatures above 100mK a power of −59 dBm could be used
without effects on either δε′/ε′ or tan(δ).
Similar measurements were performed on all samples and appropriate input powers
were chosen accordingly.
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4.4 Measurement setup for GHz measurements

Similar to the measurements in the MHz regime, those in the GHz regime were
performed using an LC resonator. The higher frequency necessitates the use of a
different setup both for the resonator and the signal creation and path, both of
which will be described below.

4.4.1 LC Resonator

While the resonator for MHz measurement is a classic LC resonator with separate
coil and capacities, the one used in the GHz range is a so called λ/4 reentrant cavity
circuit. A schematic drawing of a cut through the resonator used in the course of
this thesis is shown in figure 4.15. It is built out of gold plated copper and has a res-

Figure 4.15: Schematic drawing of a cut through the LC
resonator used for measurements in the GHz regime. The
sample, shown in blue, is at the location of the high electric
field.

onance cavity of about 42.5mm height and is 18mm in diameter, the inner rod has
a diameter of 8mm. The signal is inductively coupled into and out of the system via
coupling loops at the top of the resonator and excites an electromagnetic standing
wave. The resulting magnetic field is maximal at the top of the resonator, while the
electric field in this transversal magnetic mode is maximal and most homogenous at
the gap at the bottom. Even here, its strength is only a few V/m at the excitations
used in this thesis, so no nonlinear effects should occur.
Due to the oscillation of the electromagnetic field energy, the reentrant cavity res-
onator can be seen as an oscillating LC circuit where the cylinder walls, the rod
and the loops act as the inductor while the gap acts as the capacitor. As the mag-
netic field runs parallel to the cavity walls, the coupling strength of the loops can be
adjusted by simply orienting them more or less perpendicular to the field. For the
dielectric measurements performed in this thesis, a weak coupling is desired in order



4.4. Measurement setup for GHz measurements 85

to maximize the quality factor of the resonator and not dampen it via the measure-
ment circuit, so the loops are turned parallel to the cavity walls. A further decrease
in the coupling was not necessary, as the quality factor was limited by ohmic loss
due to induced currents in the resonator [Wes15] when using the coupling loops.
The rod in the middle of the resonator is connected to the lid so that thermal exten-
sions of the resonator are compensated and the size of the small gap with the sample
remains the same from room temperature down to the millikelvin range. The sam-
ple itself is a small square glass plate of 12mm2 × 12mm2 size and a thickness of
0.5mm, that is pressed down by the rod and thermally attached with a small amount
of vacuum grease.

4.4.2 Measurement circuit

The measurement circuit of the GHz setup is shown schematically in figure 4.16.
The signal generator13creates an amplitude modulated carrier signal.
The carrier signal Vcar corresponds to the measurement frequency ν ≈ 0.85−1GHz

LC 
Resonator

Lock In

PC

+50 dB

-20 dB +29 dB

-3 dB

Vref

V(t)

SG

Envelope
detector

Cryostat

-3 dB

Figure 4.16: Schematic measurement circuit
of the GHz measurement setup between the
signal generator (SG) and the LC resonator.
The components within the blue box are sit-
uated in the cryostat.

and is modulated with a 1 kHz signal. The modulation ratio between the carrier am-
plitude Acar and the modulation amplitude Amod is at 80%. This envelope signal is
directly sent to a LockIn amplifier14 where it serves as a reference signal.
The modulated voltage V (t) is also sent into the cryostat with an amplitude of

13Signal generator 100 kHz–2GHz SMH, Rhode und Schwarz, Mühldorfstrasse 15, 81671
München, Germany

14SR830, Stanford Research Systems, Inc., 1290-D Reamwood Avenue, Sunnyvale, CA 94089,
USA
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Pin = −50 dBm. There, it is dampened by −20 dB by an attenuator that is ther-
mally coupled to the heat exchangers of the cryostat, thus minimizing thermal noise
input to the resonator via the cables. The signal is then coupled into the resonator
via the coupling loop, that is simply soldered on the inner part of a coaxial cable.
After coupling out of the resonator, the signal is amplified by 28 dB using a low
temperature HEMT amplifier15 and by a further 50 dB at room temperature.
Finally, an envelope detector consisting of a germanium diode16 and a low pass filter
demodulates the signal and passes it to the LockIn amplifier, where it can be com-
pared to the reference signal.
As the resonator changes the amplitude of the carrier signal, the amplitude of the
modulation signal changes as well and by analyzing the latter, the resonance fre-
quency and the quality factor of the resonator can be measured indirectly.

4.4.3 Data readout

Just like in the case of the MHz resonator, frequency sweeps are conducted with the
setup, leading to Lorentzian shaped resonance curves. The evaluation of the curves
is also conducted similar to the MHz case as described in section 4.3.3.
Again, the determination of both the filling factor and the intrinsic loss of the setup
is needed in order to correct the measured quantities. The intrinsic loss of the system
was determined to tan(δ)int = 8.33× 10−4 in [Wes15].
The filling factor of the setup could not be measured directly, as it largely depends
on the exact spacing between the resonator body and the rod. As the temperature
dependent behavior of ∆ε′/ε′ should be the same for all frequencies at high temper-
atures, the curves were adjusted to match the slopes of the MHz and low frequency
measurements above about 6K. The thus determined filling factor is about f ≈ 0.5

for both HY-1 and N-KZFS11 [Hau15, Wes15]. Similar resonators were shown to
have filling factors of 0.45 [Ens91] and 0.7 [Wei95].

4.5 Measured samples

Within the course of this thesis, samples of four different glass types were measured:
The pure quartz glass Herasil and the multicomponent glass N-BK7 served as refer-
ence materials, while the multicomponent glasses N-KZFS11 and HY-1 were used to
determine possible influences of large nuclear quadrupole moments on the dielectric

15LNA BB 1020 A-COOL, KUHNE electronic GmbH, Scheibenacker 3, 95180 Berg / Ober-
franken, Germany

16AA118, New Jersey Semi-Conductors Products, Inc., 20 Stern Ave., Springfield, New Jersey
07081, USA
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Parameter Unit Herasila N-BK7b N-KZFS11c HY-1d

TG
◦C 1180 557 551 590

ρ g/cm3 2.20 2.51 3.20 3.19

α 10−6/K 0.3 7.1 6.6 102

εr 3.7 5.6e 8.5e 6.1e

P0p
2
0 10−13C/J m2 0.06e 1.3f 3.5e 5.6e

vl m/s 5800g 6000g

vt m/s 3800g 3800g

Table 4.1: Material properties of the samples: Glass temperature TG, density ρ, coefficient
of thermal expansion α, relative dielectric constant εr, dielectric density of states P0p

2
0 and

longitudinal and transversal sound velocity vl and vt. Data taken from a[Her10], b [Sch07],
c [Sch14], d [Hoy16a], e this Thesis, f [Woh01a] and g [Hun76].

Herasil OH− Al Ca Li Na Ti Fe K
150 20 1 1 1 1 0.8 0.8

Table 4.2: Trace elements in the quartz glass Herasil 3 in ppm. Data from [Her10], trace
amounts of equal or less than 0.1 ppm were neglected.

properties of glasses at low temperatures. An overview over their properties is given
in table 4.1.

The samples of the quartz glass Herasil were used used to test both the newly devel-
oped low frequency and MHz measurement setups [Luc11, Zei15]. It contains only
traces of other constituents than SiO2, as given in table 4.2. The main dielectric
signal needed for the measurements comes from the OH− ions in the glass, as was
shown in figure 2.7. Their concentration in Herasil is very low, so the measured
dielectric density of states P0p

2
0 is almost two orders of magnitude smaller than in

the other measured samples.
Quartz glass like Herasil or Suprasil has, however, often been used as a standard

glass in previous measurements [vS76, Fro77, Esq92, vR98, Cla00, Las78]. The re-
sults obtained on the new measurement setups can therefore easily be compared to
the old measurements, allowing a check of their validity. The low signal also sets a
boundary on the precision that can be obtained in the measurement setups.
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N-BK7 SiO2 Na2O B2O3 K2O BaO Al2O3

74.8 10.1 9.6 4.7 0.76 0.03

Si Na B K Ba Al O
24.9 6.8 3.8 3.1 0.38 0.01 60.9

Table 4.3: Composition of the borosilicate glass N-BK7 in molar and atomic percents
[Lud03].

HY-1 SiO2 Na2O BaO Ho2O3 B2O3 Sb2O3

74 18 3.4 1.2 3.8 0.1

Si Na Ba Ho B Sb O
25 12 1.7 0.5 1.5 0.03 60

Table 4.4: Composition of the glass HY1 in molar and atomic percents17all values are
known with a relative error of ±2 % of the given values. The boron oxide content could
not be measured directly but was approximated using [Hoy16b].

The multicomponent glass N-BK7 used for additional reference measurements in the
MHz range is also a widely used sample. Not only dielectric [Bec90, Rog97b, Woh01a]
measurements have been performed on the glass, but it has also been used to study
the interaction between tunneling systems [Arn75, Nal04] and to measure the polar-
ization echoes [Lud03, Bur13]. As is shown in table 4.3, it contains no elements with
large quadrupole moments.
The two main constituents apart from SiO2, that carries no nuclear quadrupole
moment, are Na2O and B2O3, which both contain quadrupole carrying nuclei with
frequencies given in table 3.1. Comparisons both to the pure quartz glass to deter-
mine possible influences of the higher dielectric density of states P0p

2
0 and possible

effects stemming from the small nuclear quadrupoles and to the other multicom-
ponent glasses in order to better distinguish influences of their elements with large
nuclear quadrupoles, are therefore intriguing.

The main focus of this thesis lies on the possible influence of elements with large
nuclear quadrupoles on the dielectric function of glasses. Two different glasses were
chosen, containing significant amounts of Ho2O3 in the case of HY-1 and TA2O5 in
the case of N-KZFS11. Both glasses are fabricated on an industrial scale by Hoya
Optics and Schott respectively and used for optical precision measurements, ensuring
a constant and high quality of the sample materials.
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N-KZFS11 SiO2 Na2O B2O3 ZrO2 Ta2O5 Nb2O5 ZnO
40 16 25 12.6 5.1 0.3 0.8

Si Na B Zr Ta Nb Zn O
13 11 9.8 4.2 1.5 0.1 0.4 60

Table 4.5: Composition of the glass N-KZFS11 in molar and atomic percents18, all values
are known with a relative error of ±10% of the given values. The boron oxide content could
not be measured directly but was approximated using [Sch15].

The glass HY-1 usually serves as a calibration filter for lasers, having very narrow
absorption lines in the visible spectrum. Apart from the main constituents SiO2,
Na2O and B2O3, it contains about one molar percent of Ho2O3 and three percent of
BaO. Its high content of dielectrically active materials, leading to a high P0p

2
0, make

dielectric measurements on the glass easy to perform even at low excitation volt-
ages or powers. It should be noted, that holmium not only has a nuclear quadrupole
moment, but also a very strong magnetic moment and spin-orbit coupling. The mag-
netic properties holmium aluminosilicates have been measured at low temperatures
[Cha80]. No dielectric measurements have been reported, but microwave experi-
ments in the MHz-range were conducted on holmium aluminosilicates with various
holmium concentrations between 1.5% and 10% were conducted in [Ler84, Ler87].
These measurements allow for an estimation of concentration dependent effects in
this class of materials.

The special short flint glass N-KZFS11 produced for optical precision molding, con-
tains about five molar percent of Ta2O5, as well as more than ten percent of ZrO.
As tantalum has no magnetic moment due to its shell, and is a network former while
holmium is an intermediate oxide, the different electromagnetic environments of the
two elements might lead to different effects in the low temperature dielectric proper-
ties of N-KZFS11 and HY-1. A comparison of the two glasses therefore might help in
discerning different nuclear related mechanisms in glasses at very low temperatures.
The content of elements with medium to large nuclear quadrupole moments in N-
KZFS11, given in 4.5, is thus even higher than in HY-1, while it has a similar amount
of dielectrically active components. First measurements of the low temperature di-
electric properties of N-KZFS11 were conducted in [Kin08, Däh10, Luc11] and now
continued in this thesis.

17Measured by Meyer and Varychev, Geologisches Institut, Heidelberg University
18Measured by Meyer and Varychev, Geologisches Institut, Heidelberg University
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5. Experimental Results

In this chapter, we will present the experimental results obtained within this thesis
using the different measurement setups described in the previous chapter. First we
will discuss the thermalization of the two samples that contain very large nuclear
quadrupole moments at very low temperatures. We then turn to dielectric measure-
ments with the focus on the low frequency dielectric properties of different glasses.
In particular, we will contrast the behavior of glasses with and without large nuclear
quadrupoles and will develop a new understanding of the impact of nuclear moments
on the dielectric properties of glasses at low temperatures.

5.1 Thermalization measurements

As it was shown in previous investigations [Kin08, Däh10], that the measured sample
N-KZFS11 appears to have a much larger specific heat than other glasses, thermal-
ization measurements were performed for all samples, in order to see whether they
reach thermal equilibrium at very low temperatures in the experiments discussed
here. All temperature dependent measurements of ∆ε′/ε′ and ∆ tan(δ) were con-
ducted in temperature steps of 10%, with continuous measurements of the dielectric
function. An equilibrium of the sample and the heat bath of the cryostat is reached,
once the measurement variables show no more time dependence.
Examples of such measurements on N-KZFS11 performed at 120Hz are shown in
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Figure 5.1: Time evolution of the
change of the real part of the dielectric
function ∆ε′/ε′ of N-KZFS11 after tem-
perature steps of 10% at three different
temperatures taken at 120Hz.
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figure 5.1 for three different temperatures. It is clearly visible, that at temperatures
of 40mK and above the sample thermalizes within less than an hour. At a temper-
ature of 12.7mK, the thermalization time has increased to about three hours and
becomes clearly visible in the data. Towards even lower temperatures, the thermal-
ization times increase drastically, the data still showing a clear drift after fifty hours
at 7.5mK. Similar effects were also observed in HY-1.
As described in section 4.2.3, the low frequency setup was designed to provide a very
good thermal coupling of the sample. Indeed, in N-BK7 and Herasil the thermal-
ization times stayed below two hours for all temperatures in all three measurement
setups. Since the thermal coupling of the different samples can be assumed to be very
similar, the long thermalization times therefore indicate a very large heat capacity
of the samples HY-1 and N-KZFS11.
In order to further analyze this behavior at low temperatures a fit assuming expo-
nential convergence of the sample towards the bath temperature leading to a change
of the capacitance of C(t) = CT (1− a exp(−τth/t)) was performed at each tempera-
ture step. The thermalization time constants τth of HY-1 and N-KZFS11 extracted
from these fits are shown in figure 5.2, with the thermalization times of N-BK7 as a
reference for both samples.
The temperature dependence of the thermalization times τth can be fit using equa-
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Figure 5.2: Thermalization times of N-KZFS11 (left) and HY-1 (right) below 50mK and
fits calculated using equation (4.6). The thermalization times of N-BK7 that are shown for
comparison in both figures were measured in [Hom15] with a similar setup.

tion (4.6) that describes the thermalization assuming the Kapitza resistance between
the samples and the metalized layer, proportional to T 3, and the heat transport via
gold bonds linear in T . The contribution of the thermalization within the glass sam-
ple was assumed to be negligible. As can clearly be seen in figure 5.2, the fits describe
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the data very well, allowing for the determination of the samples’ heat capactiy.
As the total heat capacitance CV of the sample is connected to the thermalization
time via the thermal conductance G, we can extract an approximate molar heat
capacitance cV from the fits via

τ =
CV
G

=
cV,K
nGK

+
cV,el
nGel

. (5.1)

Here, n is the number of atomic moles in the sample calculated from the sample
size, the density and mean atomic masses are taken from tables 4.4 and 4.5. The
electronic conductances were given by the number of gold bonds used, 12 for HY-1
and 18 for N-KZFS11. As both the Kapitza resistance and electronic conductance
are not precisely known, cV,K and cV,el are used as independent fit parameters, giving
an estimate of the uncertainty of this rough approximation.

Measurements of the heat capacity on other glasses show a linear temperature de-
pendence in the two-level tunneling regime, as was already discussed in section 2.2.
In stark contrast to this, the heat capacity of bot HY-1 and N-KZFS11 appears to
be almost constant between 7.5mK and 50mK. The absolute values deduced from
the thermalization times are

cV (HY-1) = 0.47± 0.01J/molK cV (N-KZFS11) = 0.95± 0.05J/molK , (5.2)

which for both samples is of the order of 2 − 5% of the 3R = 25 J/molK that are
given by the law of Dulong-Petit and more than seven orders of magnitude larger
than the value of cV (N-BK7)= 2× 10−7 J/mol K that was measured in N-BK7 at
10mK [Hal12].
This means, that in addition to phonons and tunneling systems, we see a very
large contribution to the specific heat in the two samples, that is not present in
other glasses. As HY-1 and N-KZFS11 both contain nuclei with very large nuclear
quadrupole frequencies, the assumption that these nuclei are the source of the un-
known heat capacity is rather natural. A large contribution to the specific heat of
about 3R has been observed in the crystal Ho3Al5O12 at a temperature of 220mK
and has been attributed to electric quadrupole ordering [Nag01]. This further backs
the notion of a nuclear heat capacity due to the quadrupole carrying elements in the
two glasses HY-1 and N-KZFS11.
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5.2 Dielectric measurements of the standard glasses Herasil
and N-BK7

In this section we will discuss the low temperature dielectric properties of the two
standard glasses Herasil and N-BK7. The measurements serve as a reference to
those performed in the two glasses containing large nuclear quadrupole moments,
that were measured in the same setups. This will allow us to better investigate the
influence of the nuclear quadrupole moments on the dielectric properties of glasses at
low temperatures. We will here very briefly discuss the results of the measurements
performed on Herasil and then turn to those on N-BK7 in more detail.
Figure 5.3 shows the change of the real part of the dielectric function up to 10K
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Figure 5.3: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of Herasil as a function of temperature between 10mK and 10K
at frequencies between 120Hz and 38MHz. Data at 38MHz from [Zei15]

and the change of the loss tangent up to 1K. As expected, all curves in ∆ε′/ε′ follow
a common resonant slope at low temperatures and then rise after a frequency de-
pendent minimum towards high temperatures. The resonant slope, however, is not
straight but flattens off somewhat towards lowest temperatures at all frequencies.
This leads to a slope ratio of −1 : 1 rather than −2 : 1 in the one phonon dominated
regime of the low frequency curves, an observation that has, as mentioned before,
already been made in various other glasses.
The measurement performed at 38MHz show a steeper high temperature slope and
a narrower minimum, indicating the onset of the two phonon relaxation at temper-
atures only slightly above the minimum. This can be easily seen, when the position
of the minima is plotted against frequency in a double logarithmic plot, as shown
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in figure 5.5. The ν1/3 shift of the minima then shows as a straight line, its offset
determined by the coupling strength of the phonons to the tunneling systems.
The loss tangent of Herasil shows the common plateau region for all low frequency
measurements, as well as the expected decrease of the loss tangent with T 3 towards
lowest temperatures. The onset of the decrease is frequency dependent, as expected
from the standard tunneling model.

Similar to the quartz glass Herasil, many low temperature measurements have al-
ready been conducted on the multicomponent glass N-BK7. The results of dielectric
low frequency measurements from previous works [Woh01a, Bec90, Kin08] , along-
side high frequency data measured in [Hom15], are shown in figure 5.4.
The low frequency data of the change of the real part of the dielectric function is
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Figure 5.4: Change of the real part of the dielectric function ∆ε′/ε′ (left) and loss tangent
tan(δ) (right) of N-BK7 as a function of temperature between 10mK and 10K at frequencies
between 1 kHz and 31MHz. Data from [Woh01a, Bec90, Kin08, Hom15].

aligned to match on the common resonant slope at low temperatures. It shows the
decreased slope ratio of about −1 : 1 instead of −2 : 1 in the one phonon regime,
that is also present in Herasil. The onset of the two phonon process is again nicely
visible by the increased slope above about 2K.
Very surprisingly, the data measured at 31MHz shows a distinctly steeper resonant
slope than the low frequency data, a feature that could not be observed in the mea-
surements performed on Herasil, as shown in figure 5.3.
While the modifications of the standard tunneling model proposed in chapter 2 often
change the low temperature slope, they always do so uniformly for all frequencies.
The discrepancy must therefore stem from an yet unexplained effect influencing small
frequencies more than high ones. As it does not show up in the measurements per-
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formed on Herasil, it might be due to the chemical composition of the multicompo-
nent glass, that contains elements with nuclei carrying electric quadrupole moments.
The loss tangent shows the frequency dependent rise with T 3 from low temperatures
to the plateau at high temperatures. The plateau region in the low frequency data is
not completely flat but slightly slopes down towards high temperatures, as one would
expect when assuming a restricted distribution of the tunneling splitting. An onset
of thermal activation at about 6K is seen in the 10 kHz measurements. The 31MHz,
however, curve not only goes up to much larger values than the low frequency data
but also shows a peak at 6K rather than a plateau region.

In order to better discriminate between possible causes for the deviations of the
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BK7 at 500Hz from [Rog97a], between
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measured data from the standard tunneling model, we have plotted the temperature
of the minimum Tmin in ∆ε′/ε′ for all measured frequencies of Herasil and N-BK7
in figure 5.5. As already shown in section 2.3.5, the frequency dependence of the
minimum directly shows the temperature dependence of the dominant relaxation
mechanism. This allows us to reliably determine the dominant relaxation mecha-
nisms in a glass even without using the means of elaborate numeric calculations.
As we can see, both Herasil an N-BK7 are dominated by the expected one phonon
process over five orders in frequency up to about 30MHz, shown by the shift of Tmin

with ν1/3. The very similar coupling strengths for one phonon relaxation in the two
glasses lead to two parallel lines in the data, that lie very close together. Above about
30MHz, the two phonon process becomes dominant, leading to a ν1/7 dependence of
Tmin. This confirms the two phonon process as the cause of the narrower minimum
in ∆ε′/ε′ at high frequencies seen in figures 5.3 and 5.4. The thermal excitation seen
in the two figures as a rise in the loss tangent is not yet visible in the shift of Tmin,
as it will only dominate its position at even higher frequencies.
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We have shown that the dynamic behavior of the two standard glasses Herasil and
N-BK7 is completely governed by one and two phonon relaxation between 7.5mK
and several kelvin, where thermally activated processes become relevant. The devia-
tions from the standard tunneling model observed in the data must therefore, at least
in large parts, stem from a modified distribution function of the tunneling two-level
systems. We will therefore compare the curves obtained using two modifications of
the distribution function, namely a Gaussian in the tunneling parameter λ as intro-
duced in section 2.4.2 and the dipole gap in the distribution caused by long range
interaction as described in section 2.4.3, to the measured data of N-BK7. This will
later help us discriminate between effects due to similar distributions and those due
to a change in the system’s dynamics in the glasses HY-1 and N-KZFS11.
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Figure 5.6: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of N-BK7 as a function of temperature between 10mK and 250mK
at a frequency of 1 kHz. Numeric calculations based the standard tunneling model includ-
ing appropriate changes of the distribution function are drawn as solid lines. Data from
[Woh01a].

For the modifications of the distribution function considered here, we have used the
values obtained for the restriction of the tunneling parameter λ of Suprasil [Bec90]
and the so called dipole gap in the distribution due to long range interaction with
P0U0 = 1.5× 10−3 measured in [Nat98] on N-BK7. The long range interaction alone
leads to a rise of the high temperature plateau of the loss tangent towards high tem-
peratures, which is not observed in the data. Numeric calculations including this
effect therefore always also include a restricted distribution of tunneling parameters
to counteract the effect on the high temperature plateau region.
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Figure 5.6 shows the measured data and the numeric calculations, where the unmod-
ified standard tunneling model is drawn in red, the calculations including a Gaussian
in λ are shown in dark blue and those including both a Gaussian in λ and the dipole
gap in the distribution are drawn in light blue. All calculation parameters were cho-
sen so the resulting curves fit the minimum region in ∆ε′/ε′, the parameters used for
for the fits are given in A.1. The same parameters were used for all three frequencies
discussed below.
While none of the distributions of parameters included in the numeric calculation
leads to a perfect description of the data, we see that the light blue curve shows
a slope ratio of ∆ε′/ε′ very close to the observed −1 : 1. Both restrictions of the
distribution function also show a decrease of the plateau in the loss tangent towards
higher temperatures.
As the measurements performed at 10 kHz extend to higher temperatures, we can
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Figure 5.7: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of N-BK7 as a function of temperature between 50mK and 10K at
a frequency of 10 kHz. Numeric calculations based the standard tunneling model including
appropriate changes of the distribution function are drawn as solid lines. Data from [Bec90,
Kin08].

better compare the influence of modified distributions to the data in this temperature
range in figure 5.7. The inclusion of thermally activated processes in the numeric
simulations leads to the rise of the loss tangent at temperatures above 6K, seen well
in the red curve. The strong reduction of states in the modified distributions leads
to a suppression of this rise, showing that the actual distribution of parameters in
N-BK7 must be broader than assumed here. The biggest discrepancy between the
calculations and the data is seen in the two phonon relaxation regime, where the
data’s slope is less steep than that of the model. Again, this points to a broader
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distribution than assumed in the calculations. The same is true for the two phonon
regime in the real part of the dielectric function, where we see deviations, while the
one phonon and thermally activated regime are well described by the doubly modi-
fied distribution function.
Finally, the numeric calculations were compared to the data measured at 31MHz,
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Figure 5.8: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of N-BK7 as a function of temperature between 10mK and 10K at
a frequency of 31MHz. Numeric calculations based the standard tunneling model includ-
ing appropriate changes of the distribution function are drawn as solid lines. Data from
[Hom15].

with the results shown in figure 5.8. As we can see, the different restrictions to the
distribution of parameters both lead to the increase in the loss tangent when com-
pared to the low frequency plateau value and the maximum around 6K observed in
the data.

With the given modifications of the standard tunneling model’s distribution, no pa-
rameter set could be found that describes the data from low to high frequencies over
the entire temperature region equally well. Still, by including rather simple mod-
ifications to the distribution function like a Gaussian distribution of the tunneling
parameter λ and the dipole gap, we can already explain many deviations from the
pure standard tunneling model. The decreased slope ration in ∆ε′/ε′ as well as the
slope in the high temperature plateau of ∆ tan(δ) and the strongly increased plateau
value at high frequencies must be due to a modified distribution of the parameters
close to the combination shown here in numeric calculations.
Only the different resonant slope between the low frequency and the megahertz
regime remains puzzling. As it is most probably not caused by a modification of the
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distribution function, its root must lie in a dynamic process that affects low frequen-
cies more than high ones but is not strong enough to dominate over the phononic
relaxation.

5.3 Dielectric measurements of HY-1

In order to investigate the influence of large nuclear quadrupoles on the dielectric
properties of glasses at low temperatures, we have performed measurements on the
glass HY-1. As described in sections 3.4 and 4.5, HY-1 contains about 0.5% of
holmium atoms, that have a nuclear quadrupole frequency in the high megahertz
range. The effects of any nuclear quadrupole driven effects should therefore be very
large in this sample.
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Figure 5.9: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of HY-1 as a function of temperature between 8.3mK and 10K at
frequencies between 60Hz and 20 kHz.

Figure 5.9 shows the change of the dielectric function of HY-1 between 8.3mK and
10K in the low frequency regime from 60Hz to 20 kHz. Even at first glance, the
measurements look strikingly different from those performed on Herasil and N-BK7.
Instead of being frequency dependent, the minimum in ∆ε′/ε′ does not shift in tem-
perature with the measurement frequency but is constant over the whole frequency
range depicted here. It lies at approximately 300mK, much higher than the minima
observed in the other two glasses in the same frequency range, as was shown in figure
5.5.
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Even more surprising is the low temperature behavior of the data, that shows a
maximum around 15mK at the lowest frequencies. The height of this maximum
decreases with increasing frequency, until only a decrease in the slope of ∆ε′/ε′ to-
wards lowest temperatures remains at frequencies larger than 6 kHz. This behavior
of the higher frequencies looks similar to the plateau in ∆ε′/ε′ due to a pseudo gap
in the parameter distribution, predicted by theory (see section 3.4). Such a plateau,
however, would show a frequency independent behavior and does not explain the
constant minimum temperature in ∆ε′/ε′, that is determined by the dominant re-
laxation. The cause herefore can thus not lie in a modified distribution function.

As the temperature of the minimum Tmin is related to the temperature dependence
of the dominant relaxation, a constant minimum is related to a constant relaxation
rate. Such a rate, never before observed in glasses at low temperatures, can not be
of phononic origin and is most likely due to the presence of nuclear quadrupoles.

As the phononic relaxation has already died out at 15mK in structural glasses even
at 60Hz, only the temperature dependence of the non phononic relaxation present
in the glass can be the cause of the maximum in ∆ε′/ε′. Such a decrease of the re-
laxation rate would have its strongest effects at lowest frequencies, as the additional
relaxation contributes less and less towards higher frequencies. Such a behavior is
observed in the measured data. This means that the low frequency data of HY-1
seems to be dominated by a nuclear spin based relaxation that is constant at inter-
mediate temperatures and then dies out towards lower temperatures. Interestingly,
the highest nuclear quadrupole splitting in holmium (see table 3.1) corresponds to
temperatures of about 7.5mK. This further confirms the idea, of a nuclear spin
based relaxation rate that decreases once the thermal energy becomes comparable
to the level splitting caused by the nuclear quadrupoles.

The loss tangent tan(δ) of HY-1 also shows unexpected features. At lowest frequen-
cies, the loss does not decrease to zero towards lower temperatures, but shows a
very large residual loss even at 10mK. This has been verified in measurements of
the absolute loss tangent, which lies above 1.5× 10−3 at 200mK for all frequencies
shown here. The low temperature flank of all curves does not match a T 3 behavior.
This is yet another sign, that the nuclear spin based relaxation must be temperature
dependent in HY-1. The relaxation causing the high loss is again less important for
higher frequencies, causing the loss tangent to decrease towards lowest temperatures.
Interestingly, both the curves of the frequencies 60 and 120Hz and those between 10
and 20 kHz lie almost perfectly on top of each other, while much larger differences
are observed at the intermediate frequencies.
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In the high temperature plateau regime, we see a frequency dependent maximum
in all curves, followed by the slightly sloping plateau usually observed in glasses,
indicating a phonon dominated regime. Finally, the increase of the loss tangent at
7K over the whole frequency range indicates the beginning of thermal activation.
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Figure 5.10: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of HY-1 as a function of temperature between 10mK and 10K
at frequencies between 60Hz and 1GHz. Numeric calculations of the standard tunneling
model including long range interaction are drawn as solid lines. Data at 30MHz from
[Zei15], at1GHz from[Hau15].

In order to further investigate the nuclear spin based relaxation, measurements were
performed at 30MHz and 1GHz. The results, along with measurements at 60Hz
and 16 kHz, are shown in figure 5.10. The solid lines are numeric calculations of
the standard tunneling model including the dipole gap, that are shown along with
the data for all frequencies at the real part of the dielectric function and the high
frequencies at the loss tangent. The parameters are given in table A.1.

The data clearly shows a crossover from the nuclear relaxation dominated regime at
low frequencies, to a phonon relaxation dominated regime at high frequencies. The
minimum in ∆ε′/ε′ shifts with frequency at high temperatures and both ∆ε′/ε′ and
the change of loss tangent ∆ tan(δ) can be qualitatively described by the standard
tunneling model including the dipole gap.
We now see that the low frequency curves in ∆ε′/ε′ converge towards a common res-
onant slope at temperatures below the maximum, where it should then start to rise
again towards lowest temperatures. Indeed, the 16 kHz curve might very well join
this slope at temperatures only slightly below the ones achieved within this thesis.
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The contribution of the nuclear relaxation to the 60Hz curve is so large, that one
would most probably have to measure down to temperatures of 1mK or below in
order to see a rise in the data.
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Figure 5.12: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of HY-1 as a function of temperature between 7.5mK and 10K at
a frequency of 30MHz and calculations of the unmodified standard tunneling model (red)
and including the dipole gap (blue). Data from [Zei15].

Just like in the two standard glasses, we can track the temperature dependence of the
minima in the change real part of the dielectric function. The results are shown in
figure 5.11 in the usual double logarithmic plot. The regime of constant non phononic
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loss is clearly visible. Once the phononic relaxation becomes stronger than the nearly
constant relaxation, the temperature of the minima shifts again, shown here by the
values at 30MHz and 1GHz. The latter, as expected, lies in the two phonon regime
and matches the N-BK7 measurements very well. The crossover frequency between
the two regimes dominated by phononic and nuclear spin based relaxation lies at
about100 kHz.
We can further investigate the additional, nuclear spin based relaxation process in
HY-1, by comparing the measured data to numeric calculations of the standard tun-
neling model, the parameters are again given in table A.1. As the constant relaxation
rate of HY-1 is in the high kilohertz range, we do not expect large influences of the
nuclear spin based relaxation on the high frequency behavior. Indeed, the compar-
ison between the measured 30MHz data and numeric calculations of the standard
tunneling model, with and without a dipole gap, as shown in figure 5.12, show only
the quantitative disagreement already found in N-BK7. A similar comparison was
made for the 1GHz data, where we see the same behavior. It is shown in the ap-
pendix A.2. As the calculations including the dipole gap are able to fit the real part
of the dielectric function very well over a large temperature range, we have used
them for the comparison to the broadband data shown in figure 5.10.
The situation is very different, if we look at the data measured at 800Hz and com-
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Figure 5.13: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of HY-1 as a function of temperature between 7.5mK and 10K at
a frequency of 800Hz and numeric calculations of the standard tunneling model including
the dipole gap.

pare it to the calculations, as was done in figure 5.13. The large difference between
the calculations and the measured data in ∆ε′/ε′ is caused by the aforementioned
nuclear spin based relaxation. We can now clearly see, the additional signal caused
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by the relaxation, that shifts the minimum and causes a maximum as it dies out.
As we would need to include a restriction of the tunneling parameter λ in order to
model the slope in the plateau region of the loss tangent, we have cut off the simula-
tions at this part here. At lower temperatures, we see the large residual loss caused
by the relaxation. We also se two maxima, one below 100mK and another around
300mK. While the lower must be caused to the nuclear spin based relaxation, the
maximum at higher temperatures can be traced back to the two phonon relaxation.

When plotting the temperature of the high temperature maximum versus fre-

102 103 104

Frequency ν [Hz]

500

1000

300

T
em

pe
ra

tu
re

T
m

ax
[m

K
]

HY-1

∝ ν1/7
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mum in ∆ tan(δ) of HY-1 as a function
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quency, we find a ν1/7 dependence as expected from two phonon relaxation, as shown
in figure 5.14. While the onset of the two phonon relaxation in the loss tangent is
usually hidden in the plateau region at low frequencies, we can see a clear onset
here. The one phonon process does not show in the maxima, but the loss rather
seems change from the nuclear spin based relaxation more or less directly to a two
phonon dominated regime.

5.4 Model of a nuclear spin based relaxation rate

As the measurements performed on HY-1 have shown, the presence of large nuclear
quadrupoles in the glass causes an additional relaxation that dominates the dielectric
function below about 300mK. While at high temperatures the rate is constant, as
indicated by the fixed temperature of the minimum in the change of the real part of
the dielectric function, it becomes noticeably smaller at low temperatures.
The rate must be due to a coupling of the tunneling two-level systems to the nuclear
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quadrupole moments, as its effect are of the same order as those caused by the cou-
pling of the two-level system to phonons. A direct coupling of the nuclear moments
to the applied electric fields would cause a much larger signal, which is not observed
in the measurements.
The exact temperature dependence of the relaxation rate is not known, but we can
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Figure 5.15: numeric calculations of the change of the real part of the dielectric function
δε′/ε′ (left) and the loss tangent tan(δ) (right) as a function of temperature between 1mK
and 10K at frequencies between 1 kHz and 1GHz with an additional nuclear quadrupole
driven relaxation. Unmodified calculations of the standard tunneling model are shown as
dotted lines.

investigate the general effects of such a nuclear quadrupole driven relaxation rate by
using a simplified phenomenological approach with the rate

τ−1NQR = τ−1c,0

(
∆0

E

)2

coth

(
E

2kBT

)(
1− exp

(
−T
2δT

)a)
. (5.3)

The rate introduced here is constant at high temperatures. As the thermal oc-
cupation of the sublevels that are sensitive to the relaxation should be taken into
consideration, we have included the usual coth (E/2kBT ). As the rate takes place in
the regime of coherent tunneling it is weighed by (∆0/E)2.
We have chosen a simply temperature dependent cutoff for the relaxation rate, that
leads to a decrease at low temperatures. As the data does not suggest a T n behavior,
we have chosen here a modified exponential decay of the rate. For a = 2, the decay
is simply a Gaussian centered around T = 0. As the temperature dependence of the
dielectric function is strongly influenced by the shape of the cutoff, the parameter a
was chosen as a variable, set to 3.5 in the numeric calculations presented here.
The results of numeric calculations including the nuclear quadrupole driven relax-
ation are shown in figure 5.15. A rate of τ−1c,0 /2π = 138 kHz was deduced from figure
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5.11, leading to Tmin ≈ 300mK in the low frequency regime. In order to model the
maximum at 15mK, a width of δT = 10mK was used in the calculations.
The curves show all the main features found in the measurements performed on HY-
1. The temperature Tmin in the change of the real part of the dielectric constant is
fixed at low frequencies and then shifts due to the phononic relaxation at frequencies
larger than the nuclear spin based relaxation rate. This is expected, as the contri-
bution to the real part should be large for ωτ � 1 and then become zero at ωτ � 1.
The cutoff of the rate towards low temperatures leads to a decrease of the nuclear
quadrupole driven relaxational contribution, which therefore becomes unimportant
at all frequencies towards very low temperatures. At this point, only the resonant
contribution in ∆ε′/ε′ is still present and all curves follow the common low temper-
ature resonant slope of the purely phononic standard tunneling model. Depending
on the frequency, the cutoff leads to a low temperature maximum in the curves or
simply to a small plateau.

Looking at the loss tangent, we see the extended plateau at low frequencies due
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Figure 5.16: Change of the real part of the dielectric function ∆ε′/ε′ of HY-1 (left) and
numeric calculations including nuclear quadrupole driven relaxation (right) as a function
of temperature between 8.3mK and 10K at frequencies between 60Hz and 20 kHz.

to the constant part of the nuclear quadrupole driven relaxation. As was already
shown in section 2.3.4, the loss caused by a single relaxation rate becomes unimpor-
tant for frequencies both much larger and much smaller than ωτ = 1. We therefore
expect the largest influence at frequencies corresponding to ν ≈ τ−1c,0 /2π. At lowest
frequencies we must then recover the a loss tangent that is dominated by phononic
relaxation, just like at high frequencies. If the nuclear relaxation possesses not only
one rate, but rather a distribution of rates, then the real part of the dielectric func-
tion would be dominated by the highest rate, in our case 138 kHz. In the loss, we
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would, however, see a contribution of the nuclear spin based relaxation due to the
lower rates at smaller frequencies, where the influence of large relaxation rates is
already close to zero.
The shape of the low temperature slope in the intermediate frequency regime is,
however, completely defined by the temperature dependence of the cutoff in τ−1NQR.
At 10 kHz, this leads to a second plateau at intermediate temperatures: As the
phononic relaxation decreases, the loss tangent first decreases from the high tem-
perature plateau value to a slightly lower plateau defined by the constant relaxation
with T 3. With the onset of the low temperature cutoff of the nuclear quadrupole
driven relaxation, the loss tangent drops to zero.

In order to better compare the numeric calculations of this new model to our data,
calculations with the values used in the low frequency measurements were performed
and are shown next to the data in figures 5.16 to 5.18. No direct overlay of data and
calculations was made for the sake of clarity.
We can see that even the very simplified phenomenological assumption for the low
temperature cutoff of τ−1NQR leads to the correct general features in the curves. For
the real part of the dielectric function, the comparison of model and data shows that
the chosen temperature dependence causes a maximum that is still too sharp at low
temperatures. The data shows a much broader maximum, corresponding to a gentler
cutoff in the relaxation rate.

For a better comparison in the temperature region of the cutoff and possible
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Figure 5.17: Change of the real part of the dielectric function ∆ε′/ε′ of HY-1 (left) and
numeric calculations including nuclear quadrupole driven relaxation (right) as a function of
temperature between 8.3mK and 10K at frequencies between 60Hz and 20 kHz. All curves
are shifted to the minimum of ∆ε′/ε′ for a better comparison of the cutoff region.
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differences in the shapes of the curves, the change of the real part of the dielectric
function has been shifted to the minimum in figure 5.17. Both the data and the
numeric calculations are almost frequency independent for temperatures down to
the minimum in the curves. Even the very small shift of the minimum temperature
Tmin with frequency observed in the data is reproduced in the calculations. It seems
to stem from the slight increase of the low temperature slope at higher frequencies,
where the nuclear quadrupole driven relaxation is smaller and the cutoff thus bends
down the curve less at temperatures between the minimum and the maximum of the
curves.
The shifted data also allows us a better look at the exact influence of the cutoff of
τ−1NQR and its frequency dependence below the maximum. The curves at different
frequencies are almost identical, both in the measured data and the calculations, as
long as the relaxational contribution is still significant, seen best at the two lowest
frequencies. Only when the curves approach the common resonant flank, do the
shapes diverge. The higher frequencies most probably reach the resonant flank only
a few millikelvin below the lowest temperatures measured here. The 16 kHz curve
does indeed seem to join the 30MHz curve in figure 5.10, confirming this assump-
tion.

As the shape of the cutoff influences the low temperature behavior of the loss
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Figure 5.18: Change of the loss tangent ∆ tan(δ) of HY-1 (left) and numeric calculations
including nuclear quadrupole driven relaxation (right) as a function of temperature between
8.3mK and 10K at frequencies between 60Hz and 20 kHz.

tangent directly, a bigger difference between the measured data and the calculations
can be seen in figure 5.18. Also, the temperature range that is noticeably influenced
as the nuclear quadrupole driven relaxation dies out is far larger in the loss tan-
gent than in the real part of the dielectric function. Using the phenomenological
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model, the numerically calculated curves only drop off from an intermediate plateau
at temperatures around 20mK, corresponding to the position of the maximum in the
change of the real part of the dielectric function. The data, however, shows a much
gentler drop from the very narrow intermediate plateau at temperatures as high as
200mK at high frequencies. As the numeric calculations still only show the onset
of a one phonon dominated regime for the lowest two frequencies – discernible by
plateau extended to lower temperatures than for the higher frequencies – no clear
evidence either in favor or against multiple nuclear spin based relaxation rates in
HY-1 can be drawn from these measurements. Future measurements at even lower
frequencies and temperatures can help answer this question.

5.5 Elastic measurements of HY-1

The dielectric measurements of HY-1 have shown many features, that were not
present in the measurements of the standard glasses Herasil and N-BK7. We have
therefore also performed low frequency elastic measurements on this glass. They
allow us to probe the full distribution of two-level systems via elastic interaction,
thus excluding the possibility that the effects observed in dielectric measurements
which we have attributed to a coupling of tunneling two-level systems to the nuclear
quadrupole moments are caused by a subset of two-level systems that only couples
dielectrically.
The double paddle oscillator used for the elastic measurements is similar to the one
used in [Cla00], using the capacitive measurement setup developed in [Hem15]. Only
discrete modes can be excited in the paddle, but its shape allows for several of these
modes between several hundred hertz and ten kilohertz.
The theoretical framework for the elastic measurements is very similar to that of

dielectric measurements, only replacing the coupling

Cd =
p20P0

ε0εr
with Ca =

γ2P0

ρv2
, (5.4)

where γ and v are the elastic coupling of two level systems and the sound velocity.
In addition, we find a factor of −1 in the change of the sound velocity with respect
to its corresponding change in the real part of the dielectric function.

The results of the measurements performed at three different frequencies between
900Hz and 5600 kHz are shown in figure 5.19. The elastic data shows the same fea-
tures as the dielectric measurements. Both the constant minimum at about 300mK
and the maximum at 15mK found in the dielectric measurements can bee seen as
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Figure 5.19: Change of the sound velocity ∆v/v (left) and the loss tangent ∆ tan(δ) (right)
of HY-1 as a function of temperature between 10mK and 5K at frequencies between 900Hz
and 5600Hz. Data from [Hem14].

respective maxima and minima in the change of the sound velocity.
The loss tangent in the elastic measurement also remains at very high values down
to lowest frequencies and shows the decrease at lowest temperature that does not
match a T 3 behavior but is dominated by the reduction of the nuclear quadrupole
driven relaxation. The measurement at 1576Hz also clearly shows the maximum
observed in the dielectric measurements, that is most probably caused by the two
phonon relaxation process, and the second plateau at lower temperatures. As the
measurements of the other two frequencies are too noisy, a possible shift of the max-
imum can not be observed here.

An even better comparison of the elastic and dielectric properties of HY-1 can
be made, when overlaying measurements performed at similar frequencies. This has
been done in figure 5.20 for the change of sound velocity and real part of the dielec-
tric function at 981Hz/800Hz and 5571Hz/6000Hz. The two sets of curves match
perfectly from several kelvin down to temperatures below 15mK. The very slight
deviations most likely stem from the small difference in frequency and a possible
small non linear drive in the dielectric measurements.

The comparison between elastic measurements of HY-1 and the dielectric ones show
that the effects measured in this glass are not just caused by a dielectrically active
subset of two-level systems. The nuclear quadrupole driven relaxation instead in-
fluences the whole set of two-level systems and responds in a very similar way to
both electric and mechanic strain. The measurements also show that the nuclear
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Figure 5.20: Change of the sound veloc-
ity ∆v/v and the real part of the dielec-
tric function ∆ε′/ε′ of HY-1 as a func-
tion of temperature between 10mK and
5K at frequencies between 800Hz and
6000Hz. The y−axis of the sound ve-
locity measurements has been flipped for
a better comparison of the data

subsystem of the sample is not accessed directly but via the tunneling two-level sys-
tems. As we only measure a subset of those systems with dielectric measurements,
we would otherwise see a difference in the relative amplitude of the nuclear spin
based relaxation in the total signal between the two measurement methods.

5.6 Comparison with elastic measurements of insulating spin
glasses

Within this thesis, we have conducted dielectric measurements on HY-1, which con-
tains about 0.5% of holmium atoms. Acoustic measurements in the microwave range
on holmium aluminosilicates with atomic holmium contents ranging from 1.5% to
10% were conducted in [Ler84, Ler87]. The results of these measurements, shown
in this section, can be compared to the results obtained within this thesis. Here, we
have changed the direction of the y−axis in the change of the sound velocity for a
direct comparison between the dielectric and elastic measurements.

The relative change of the sound velocity between 100mK and 6K for three dif-
ferent alumosilicates is shown in figure 5.21. The measurements of the two glasses
containing 10% and 6.7% of holmium both show a maximum at about 2K, after
which the curves first drop towards lower temperatures and then rise again below
about 400mK, the glass containing 3.4% of holmium only shows a plateau region in
the same temperature range. We also notice, that the low temperature slope is very
flat in the 10% sample and then becomes steeper with decreasing holmium content
of the glasses.
The principal shape of the curves with an additional maximum is similar to the be-
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Figure 5.21: Change of the sound ve-
locity ∆v/v of holmium aluminosilicates
containing various holmium contents as a
function of temperature between 100mK
and 10K at frequencies between 60MHz
and 110MHz. Data from [Ler84, Ler87].

havior found in HY-1 at low frequencies caused by a constant relaxation rate which
dies out towards lowest temperatures. The rate found in the elastic measurements
of the holmium aluminosilicates seems to increase with the holmium concentration,
which explains the plateau in the 3.4% curve compared to the pronounced maxima
at higher concentrations. We therefore expect the rate in HY-1 to be smaller than
in the three glasses shown here.
This is indeed the case, but while the rate in HY-1 is in the high kilohertz range and
therefore no longer dominates in the megahertz regime (see figure 5.10), the rates
found in the high concentration holmium aluminosilicates are in the high megahertz
to gigahertz range. The rate also begins to die out at temperatures about two orders
of magnitude higher than in HY-1 for all three glasses shown here. It can therefore
be assumed, that the underlying process causing the relaxation is a different one in
HY-1 than in the high concentration glasses, howbeit with a similar general temper-
ature dependence.

As holmium not only carries a nuclear electric quadrupole moment but also magnetic
moment, its spins can undergo a phase transition, which can then in turn influence
the elastic properties of the glass. In magnetic measurements, a spin glass transition
at Tg ≈ 600mK was detected in the glass containing 10% of holmium [Cha79]. Such
a transition could strongly change the coupling between the two-level systems and
the magnetic moment of the sample. If the energy splittings of sublevels due to the
magnetic moments are in the range of several hundred millikelvin to one kelvin, the
rate would also die out in this temperature range. A coupling between the tunneling
two-level systems and the magnetic moments of the holmium, causing a relaxation
that is dominant at high temperatures and then decreases at lower temperatures due
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to high energy splittings of the sublevels or an ordering of the spins, may well explain
the observed data.

Indeed, the phenomenon described above has been observed in other insulating spin
glasses [Dou87, Dou89]. Examples of elastic measurements in the microwave regime
on glasses containing cobalt and nickel are shown in figure 5.22. The two glasses show
spin glass transitions at Tg(Co) ≈ 1.8K and Tg(Ni) ≈ 1.5K respectively. In both
materials, we see the influence of a constant relaxation in the gigahertz range, that
shifts the minima of different measurement frequencies to a constant temperature.
As the influence of the constant relaxation increases towards the lower frequencies,
a plateau and later a maximum in the data develops. In both glasses the relaxation
rate then begins to decrease at temperatures slightly above the spin glass transition
and the magnetic moment driven relaxation dies out. As this happens at much higher
temperatures than in HY-1, the recovery of a common resonant curve is in an temper-
ature region that is easily achievable in experiments and nicely seen in both pictures.

The data shows, that magnetic moments can interact with the tunneling two-level
systems in glasses, causing an additional relaxation rate that is constant at high
temperatures and then dies out once the magnetic moments begin to order or their
energy splitting is in the same range as the thermal energy.
Turning back to holmium aluminosilicates, we can investigate the relaxation pro-
cesses in more detail by looking at the magnetic field dependence of the elastic
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Figure 5.22: Change of the sound velocity ∆v/v of insulating spin glasses containing about
ten atomic percent of cobalt (left) and nickel (right) as a function of temperature between
100mK and 10K at frequencies between 30MHz and 1.6GHz. Data from [Dou87, Dou89].
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properties. Such measurements, performed on the glass containing 10% of holmium
in magnetic fields up to 6T, are shown in figure 5.23, both for the relative change of
sound velocity and the attenuation.
With increasing magnetic field, the relative change of sound velocity both loses the
maximum at 2K and shows a strongly increased slope at low temperatures. At 1T,
the additional relaxation rate causing the maximum has decreased so much, that we
only see a minimum and no more maximum or plateau. The further increase of the
slopes towards higher fields then causes the minimum to shift towards slightly higher
temperatures again.
The system seems to saturate towards 6T, where the low temperature slope is in
fact that of the glass containing 3.4% of holmium, indicating that the relaxational
process causing the observed strong decrease of the low temperature slope is also
strongly diminished by the magnetic field. At the same time, a new maximum ap-
pears around 250mK, that becomes more pronounced with the increasing magnetic
field.
The attenuation also shows a strong magnetic field dependence. A maximum in the
data around 1K present at zero field disappears with higher magnetic field, while a
new maximum appears around 250mK at the highest field.

The magnetic field dependence of the data is consistent with the idea that the addi-
tional relaxation at zero field is caused by the magnetic moments of the holmium in
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Figure 5.23: Change of the sound velocity ∆v/v (left) and attenuation (right) at a fre-
quency of 110MHz of a holmium aluminosilicate containing ten atomic percent of holmium
as a function of temperature between 100mK and 10K in magnetic fields up to 6T. Data
from [Ler87].
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the glass. Their influence disappears with increasing magnetic field, so the new fea-
tures at high fields are most probably due to the nuclear properties of the holmium.
They show up in the same temperature range, where many of the anomalies observed
in HY-1 are observed.

Both the different temperature and frequency range of the additional relaxations
observed in the high concentration holmium aluminosilicates and HY-1 point to-
wards the fact, that the effects in the latter are more likely caused by the nuclear
quadrupole moments than by the magnetic moments of holmium. At the same time,
the coupling between tunneling two-level systems and magnetic moments can give us
a hint as to why the nuclear spin based relaxation rate is so strong in this material.
The temperature of the spin glass transition is strongly dependent on the concen-
tration of magnetic moments, a simple linear dependence is sometimes assumed and
observed at small concentrations [Mal79, Bin86]. This would place the spin glass
transition temperature of HY-1 at temperatures of 30mK or below, as very small
concentrations can suppress the spin glass transition. In this case, the magnetic
dipoles present in HY-1 could lead to a stronger coupling between the nuclear bath
and the tunneling two-level systems, increasing the relaxation rate. Such an increase
of a quadrupole relaxation rate due to the presence of paramagnetic moments has
already been observed at high temperatures [Blo48].

5.7 Dielectric measurements of N-KZFS11

As we have just discussed, the holmium ions in HY-1 possess not only a nuclear
quadrupole moment but also a magnetic moment. It is therefore useful to consider
a material that contains similar amounts of large nuclear quadrupole moments as
HY-1, but no magnetic moment. Similar dielectric measurements as on HY-1 have
therefore been conducted on N-KZFS11, which contains about 1.5% of tantalum.
We will again first focus on the low frequency measurements and then also consider
the data taken in the megahertz and gigahertz regime.
Figure 5.24 shows data taken at multiple frequencies between 120Hz and 16 kHz.

We find both similar features and marked differences between the measurements of
N-KZFS11 and of the other glasses both in the real part of the dielectric function
and in the loss tangent.

Just like in HY-1, the minimum in ∆ε′/ε′ does not shift at lowest frequencies, in-
dicating a regime of constant relaxation. Its presence in both N-KZFS11 and HY-1
confirms the large nuclear quadrupole moments as its most likely source. The rate of
the nuclear spin based relaxation must be lower in N-KZFS11 than in HY-1, however,
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Figure 5.24: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of N-KZFS11 as a function of temperature between 7.5mK and
10K at frequencies between 120Hz and 16 kHz.

as we already see a small frequency dependence of the minimum’s temperature for
frequencies above 6 kHz. The curves slightly flatten below 15mK but the maximum
observed in HY-1 can not be observed in N-KZFS11.
The loss tangent also looks notably different than those of the previously discussed
samples. While it shows a slight slope at high temperatures, much like N-BK7, the
behavior below 1K differs from both the standard glasses and HY-1 for all frequen-
cies. At lowest frequencies, the loss tangent again shows a large residual loss due to
the constant nuclear spin based relaxation, confirmed in absolute measurements to
be above 1.5× 10−3. We do not, however, observe the clear second maximum that
is present in the loss tangent of HY-1 at low frequencies or the direct crossover from
the two phonon to the nuclear spin based relaxation regime.
At frequencies above 5 kHz, where the effect of the nuclear spin based relaxation has
become smaller, the loss tangent instead rises again for temperatures below 50mK,
a feature not observed in HY-1.

Again, a better insight into the nuclear spin based relaxation in the glass can be
gained when measuring over a broader frequency range. An overview of the broad-
band dielectric behavior of N-KZFS11 at temperatures between 7.5mK and 10K is
given by figure 5.25, where the temperature behavior of the dielectric function is
shown for four frequencies ranging from 1 kHz to 895MHz.
Along with the data of the real part of the dielectric function, we show numeric cal-
culations of the standard tunneling model including a nuclear spin based relaxation
rate of τ−1c,0 /2π = 5.4 kHz. As the data shows no large effects of a decrease in the
nuclear spin based rate, we have not included a decrease of the rate in the calcula-
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Figure 5.25: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of N-KZFS11 as a function of temperature between 7.5mK and
10K at frequencies between 1 kHz and 1GHz. High frequency data at25MHz from [Sch16],
at 895MHz from [Wes15].

tions. Neither were any modifications made to the distribution of the parameters of
the standard tunneling model.
This very simple model fits the real part of the dielectric function surprisingly well
below temperatures of about 5K at all frequencies. Only inn the two phonon domi-
nated regime does the model not rise quickly enough towards higher temperatures,
as already observed in N-BK7, and we see small deviations in the 25MHz curve
towards low temperatures.
The crossover from the very high loss at low frequencies to more standard tunneling
model like behavior at higher frequencies can be seen very clearly both in the change
of the real part of the dielectric function and the loss tangent. We can see it even
more easily, if we again plot the frequency dependence of the minimum in ∆ε′/ε′.

The result is shown in figure 5.26 in dark blue. Both the regime of the con-
stant relaxation and the crossover to the one phonon relaxation are well visible. The
crossover frequency lies at about 6 kHz, in good agreement with the rate used in the
numeric calculations to obtain the best fit.
The beginning shift of the the Tmin around several kilohertz shows us that within less
than one order of magnitude in frequency, the system turns from being phonon dom-
inated to the regime of nuclear spin based constant relaxation. We can even see the
onset of the ν1/3 behavior around 12 kHz. The 25MHz measurement deviates from
the value expected from the low frequency measurements, either due to the onset of
the two phonon regime or due to a remnant of the nuclear spin based relaxation that
still influences the lower frequencies more than expected from the observed shift.
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Figure 5.26: Temperature of the min-
imum in the real part of the dielec-
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The rate of nuclear spin based relaxation in N-KZFS11 is more than twenty times
smaller, than the one observed in HY-1, while their nuclear quadrupole frequencies
are very similar. This might be to an enhancement of the coupling strength through
the magnetic moments in HY-1, that are not present in N-KZFS11. We also see a
much bigger effect of the rate’s reduction towards low temperatures in HY-1, espe-
cially in the loss tangent. Partially, this is due to the higher relaxation rate, but it
may also partially be due to the different distribution of electric field gradients of
tantalum ions in N-KZFS11 and holmium ions in HY-1. While the tantalum ions in
N-KZFS11 are part of the glass matrix and therefore experience a broad distribution
of electric field gradients leading to a broad distribution in sublevel energy splittings,
the holmium ions of HY-1 are almost free ions. The distribution of their electric field
gradients should be much narrower, leading to a well defined energy splitting and
thus to a more rapid decrease of the nuclear spin based relaxation rate.

In order to closer investigate the influence of the nuclear spin based relaxation on
the dielectric function of N-KZFS11, we again show measurements alongside nu-
meric calculations for the two frequencies 1 kHz and 12 kHz. Additional figures of
the two other frequencies in the phononic regime displayed in figure 5.25 are shown
in A.2. Figure 5.27 shows the temperature dependence between 7.5mK and 10K of
the dielectric function at a frequency of 1 kHz. Numeric calculations of the standard
tunneling model that give the best fit in ∆ε′/ε′ are shown with the data as red solid
lines.
The change of the real part of the dielectric function ∆ε′/ε′ is very well described by
the model, far better than for example the data obtained on N-BK7 or Herasil. In
fact, no other structural glass other than N-KZFS11 has shown the −2 : 1 slope ratio
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Figure 5.27: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of N-KZFS11 as a function of temperature between 7.5mK and
10K at a frequency of 1 kHz and calculations of the standard tunneling model using ∆ε′/ε′

(red) and ∆ tan(δ) (blue) for the best fit parameters.

in the region of one phonon relaxation. The data of N-KZFS11, however, only shows
a very slight deviation at lowest temperatures, which might be due to the beginning
reduction of the nuclear spin based relaxation.
The loss tangent shows the high residual loss expected from the nuclear spin based
relaxation and the slope at high temperature due to a restricted distribution of pa-
rameters not considered for these calculations. The low temperature behavior of the
loss tangent resembles the shape of the T 3 slope towards low temperatures expected
in one phonon relaxation.
If we use the one phonon coupling strength as a free fitting parameter and allow for
a constant residual loss, we can describe the slope very well, as is shown by the blue
curve. We can then use the value for the one phonon coupling of the fit to calculate
the position of the minimum in ∆ε′/ε′ expected from the deduced coupling strength
at this frequency, as was done for the values of Tmin(loss) plotted in light blue in
figure 5.26.

The shift of the nominal temperature of the minimum calculated from the loss shows
a ν1/3 behavior down to lowest frequencies Unlike in HY-1, we seem to see a clear
influence of the one phonon relaxation in the loss tangent of N-KZFS11. The cou-
pling strength deduced from the loss is larger than the one expected from the real
part, the discrepancy is most likely due to a small distortion of the curves caused by
a modified distribution or not entirely temperature independent nuclear spin based
relaxation.
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Figure 5.28: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of N-KZFS11 as a function of temperature between 7.5mK and
10K at a frequency of 12 kHz and calculations of the standard tunneling model with the
best fit to ∆ε′/ε′ (red) and to ∆ tan(δ) (blue).

While the assumption of a temperature independent residual loss leads to good agree-
ments both at low frequencies and in the two high frequency measurements (see
figures A.2 and A.3 in the appendix), the measurements between 6 kHz and 20 kHz
show an additional feature in their loss tangent. As an example, we have plotted the
12 kHz data in figure 5.28 along with numeric calculations of the standard tunneling
model. The frequency lies in the crossover regime from the nuclear spin based to
the phonon relaxation regime. This leads to a low temperature slope of the loss tan-
gent, that has the much reduced residual loss of a frequency in the crossover regime
between nuclear spin based and phononic relaxation. Its T 3 slope therefore also lies
at temperatures much closer to those expected from the fit of the real part of the
dielectric function.
We also see, however, an increase of the loss towards low temperatures beginning at
50mK. The cause of this increase is yet to be determined, measurements towards
lower temperatures and in the high kilohertz regime would help shed more light on
this intriguing behavior.

The measurements discussed in this section show, that the dielectric behavior of N-
KZFS11 like that of HY-1 is dominated by a nuclear spin based relaxation process
at low temperatures. The measurements also show, that the additional relaxation
observed in HY-1 and N-KZFS11 is indeed most likely due to the large nuclear
quadrupole moments in the two samples, the magnetic moments only make the cou-



122 5. Experimental Results

pling stronger but do not seem to fundamentally change the coupling mechanism.
The nuclear spin based relaxation in N-KZFS11 is therefore smaller than in HY-1,
but much larger than in the standard glasses, where it can not be directly observed
in the temperature Tmin down to frequencies as low as 60Hz. Its temperature de-
pendence down to 10mK is also smaller than the one observed in HY-1. The exact
temperature dependence of the nuclear spin based relaxation depends on the sam-
ple’s chemistry, it therefore differs slightly between N-KZFS11 and HY-1.

5.8 Field dependent measurements of the dielectric function

In addition to measurements in the linear response limit of the glasses, measurements
were also performed at higher electric fields.With these experiments we can address
the question whether the nuclear quadrupole enabled relaxation depends on the field
strength.
Again, we will first show measurements performed on Herasil and N-BK7 and then
discuss the differences observed in HY-1 and N-KZFS11.

5.8.1 Herasil and N-BK7
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Figure 5.29: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of Herasil as a function of temperature between 10mK and 1K at
a frequency of 1 kHz and excitation voltages between 10mV and 500mV.

The dielectric properties of both Herasil an N-BK7 have been measured at different
excitation voltages and thus electric fields at 1 kHz. The Herasil data was obtained
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in [Luc11], that of N-BK7 in [Woh01a]. As the microstructured interdigital capac-
itor used for the measurements on Herasil does not allow for a direct conversion of
excitation voltages into strengths in the sample, only excitation voltages are given.
Figure 5.29 shows the temperature dependent change of the dielectric function at
a frequency of 1 kHz and excitation voltages between 10mV and 500mV. As the
high temperature relaxational slope should be insensitive to high electric fields at
low frequencies according to the model by Stockburger et al. given in section 2.4.1,
the data is arranged to match at high temperatures.
One can clearly see, that the data follows the predictions of the model very well.
While there is no change in ∆ε′/ε′ in the relaxational part of the curve, the resonant
slope steepens more and more with increasing electric fields higher than 30mV. At
the highest applied fields this even leads to a shift of the temperature of the mini-
mum Tmin.
The model also predicts a saturation at very high fields and very low temperatures.
This can not be observed here, but might be reached at even higher fields. As the
two curves measured at 10mV and 30mV are identical over the whole temperature
region, we can safely assume, that we can well reach the linear response regime with
our setup at these excitation voltages.
The loss tangent hardly changes with the applied electric field over the whole mea-
sured temperature range. As the signal is solely caused by relaxational processes, no
large change is expected to happen by the model.
A similar behavior is observed in the nonlinear measurements of N-BK7, as shown
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Figure 5.30: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of N-BK7 as a function of temperature between 10mK and 250mK
at a frequency of 1 kHz and electric fields between 75V/m and 6 kV/m. The lines only join
the data points. Data from [Woh01a].
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in figure 5.30. As the sample was measured in a parallel plate capacitor, we can here
convert the applied excitation voltages to electric field strengths. The relaxational
flank of the change of the real part of the dielectric function ∆ε′/ε′ is not changed,
even up to the highest electric fields applied here. Both the curves of the linear
response regime and the effects at the onset of the nonlinear regime are well visible
and match the curves of Herasil, while the flattening off towards lowest temperatures
at highest fields is most likely due to thermal decoupling due to insufficient thermal-
ization of the sample. This thermal decoupling also masks the expected steepening
of the resonant slopes at high electric field
The loss tangent again remains identical for all electric fields at high temperatures
and then shows a flattening off towards lower temperatures at high electric fields.
The onset of this behavior is moved to higher temperatures with larger fields, thus
confirming the thermal decoupling due to larger input powers.
As the setup used for these measurements is a parallel plate capacitor, the criti-
cal electric field where nonlinear effects begin to show can be estimated to about
500V/m. Assuming a dipole moment p of about 3 Debye, that has been measured in
silicon nitride [Sar16], we find pF ≈ 5× 10−27 J. The onset of field dependent effects
thus already lies about two order of magnitude below the estimation of pF ≈ kBT

even at at 10mK, where kBT = 1.4× 10−25 J.

5.8.2 HY-1 and N-KZFS11

Measurements performed at different field strengths on HY-1 at both 800Hz and
16 kHz allow us to further investigate the nuclear quadrupole driven relaxation.
Figure 5.31 shows the temperature dependence of the dielectric function of HY-1
at 800Hz measured at excitation voltages between 4mV and 2000mV. Again, we
can assume the measurements performed with 10mV and below to be in the linear
regime, as they show no change due to the different electric fields both in the real
part and the loss tangent of the dielectric function.
Unlike Herasil an N-BK7, HY-1 shows a large electric field dependence in the loss
tangent. With increasing voltage, the contribution of the relaxation is gradually
decreased. The onset of this decrease happens at about 350mK for all voltages ap-
plied, directly below the maximum in the plateau of the loss tangent. As we have
attributed the maximum to a two phonon relaxation process, we expect it to remain
unchanged, just like the loss tangent of Herasil and N-BK7.
At lower temperatures the loss tangent decreases, resulting in a narrowing of the
plateau region at temperatures below the maximum. Its strong sensitivity do electric
fields shows once again, that the dominant relaxation process can not be phononic
for all temperatures below the maximum of the loss tangent caused by two phonon



5.8. Field dependent measurements of the dielectric function 125

0.01 0.1 1 10
Temperature T [K]

0

20

40

60

10
4 ⋅Δ

ε’/
ε’

4 mV
10 mV

100 mV
300 mV

1000 mV
2000 mV

HY-1 800 Hz

0.01 0.1 1 10
Temperature T [K]

-12

-9

-6

-3

0

10
4 ⋅Δ

ta
n(

δ)

4 mV
10 mV

100 mV
300 mV

1000 mV
2000 mV

HY-1 800 Hz

Figure 5.31: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of HY-1 as a function of temperature between 10mK and 10K at
a frequency of 800Hz and excitation voltages between 4mV and 2000mV.

relaxation .
The real part of the dielectric function remains unchanged with higher electric fields,
except for the temperatures below 80mK. With increasing electric field, the maxi-
mum becomes less pronounced and finally vanishes due to the increased slope in this
temperature region. The effect seems similar to that of an increase in the measure-
ment frequency, but the temperature of the minimum Tmin is not shifted and the low
temperature slope neither flattened nor steepened.

At first glance, this seems like a contradiction. As the maximum is defined by
decrease of the nuclear spin based relaxation at low temperatures, its disappearance
seems to show that the nuclear relaxation becomes constant even at low tempera-
tures. On the other hand, the behavior of the loss tangent indicates that the nuclear
spin based relaxation vanishes with high electric field. This should then in turn al-
low the minimum in the real part to shift to lower temperatures, or, if the process is
temperature depended, decrease the low temperature slope. As the usual nonlinear
sensitivity of the resonant process should not be changed by additional relaxational
processes, one would also assume a steepening of the low temperature slope.
If, however, the two processes at low temperatures show a similar but opposite reac-
tion to high electric fields, this would explain the data very well. An increase of the
resonant process would steepen the curve, while a reduced relaxational process would
flatten it. If the two effects were of equal magnitude, their effects then would cancel
out, except for the region of the maximum of ∆ε′/ε′, where the relaxational process
no longer gives a constant contribution. Once the relaxational process is completely
switched off by the electric field, the low temperature slope of ∆ε′/ε′ should show



126 5. Experimental Results

0.01 0.1 1 10
Temperature T [K]

0

20

40

60

10
4 ⋅Δ

ε’/
ε’

4 mV
300 mV

1000 mV

HY-1 16 kHz

0.01 0.1 1 10
Temperature T [K]

-12

-9

-6

-3

0

10
4 ⋅Δ

ta
n(

δ)

4 mV
300 mV

1000 mV

HY-1 16 kHz

Figure 5.32: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of HY-1 as a function of temperature between 10mK and 10K at
a frequency of 16 kHz and excitation voltages between 4mV and 1000mV.

an increased slope.
This is indeed the case, as can be seen in figure 5.32, where nonlinear measurements
taken at 16 kHz are shown. As the contribution of the nuclear relaxation is less than
at 800Hz to start with, it already vanishes at lower excitation voltages. We thus see
an increased low temperature slope at 300mV, below about 100mK.
The difference in the loss angle is also smaller than at lower frequencies, but very
similar in its effects. The data again shows an electric field dependence only below
the maximum, where it decreases faster with higher electric fields.

As mentioned before, no effect of strong electric fields on the relaxational processes
is expected by the model of Stockburger et al. developed for low frequencies. A the-
oretical treatment of the nonlinear relaxational response of dielectric glasses at low
temperatures does, however, exist for the microwave regime [Lai84, Kir97]. In both
cases, a linear decrease of the relaxational response with increasing strong electric
field is predicted. The effect should most strongly affect two-level systems with small
energy splittings E ≤ pF .
We can roughly estimate the relevant energy splitting here, by taking into account,
that the onset of the nonlinearities lies between 10mV and 100mV in HY-1. They
are similar in relative magnitude to those found in Herasil at temperatures of about
10mK with the same measurement.
Using the approximation that the dipole moments in both glasses should have roughly
the same value, we can conclude that the relevant relaxational process corresponds
to energy splittings of kBT ≈ 10mK. They dominate the nuclear spin based re-
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laxational contribution even up to temperatures of 350mK. While the two-level
systems have a flat distribution and the phononic relaxation covers a broad energy
range at a given temperature, the energy splitting of the systems contributing to
the constant relaxation seem to have a much smaller distribution. The temperature
corresponding to the largest nuclear quadrupole frequency of 165Ho is about 7.5mK,
again confirming that the nuclei carrying large nuclear quadrupole moments are the
best candidates for the cause of the low temperature relaxation in HY-1.
On N-KZFS11, no systematic measurements of the electric field dependence were
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Figure 5.33: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of N-KZFS11 as a function of temperature between 10mK and
10K at a frequency of 12 kHz and excitation voltages of 3mV and 30mV.

conducted, but we can get a rough estimate of the glasses sensitivity to electric fields.
As is shown in figure 5.33, at 12 kHz measurements both with an excitation voltage of
3mV and of 30mV have been performed. No data exists between 11mK and 100mK
for the higher voltage, as the sample was only thermalized at low temperatures and
then heated up without long thermalization steps. The fine dotted line therefore
only serves as a guide to the eye.
Even in these first measurements, a similar behavior to that of HY-1 can again be
observed in N-KZFS11. The real part of the dielectric function appears to be un-
changed by the stronger electric field, just like the high temperature part of the loss
tangent. Its rise towards low temperatures is strongly suppressed by the electric field,
however, and seems to have vanished even at 30mV. We can thus assume, that the
rise of the loss tangent at intermediate frequencies is caused by a relaxational pro-
cess involving systems with energy splittings below 10mK. Further measurements in
the nonlinear regime both at 12 kHz and at a lower frequency should therefore bring
a deeper insight into the underlying processes of the nuclear relaxation in N-KZFS11.
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5.9 A new picture of nuclear spin based relaxation

The measurements performed within this thesis on glasses both with and without
large nuclear electric quadrupoles have given new insights into the role of the nuclear
moments on the properties of glasses at low temperatures. While the influence of nu-
clear quadrupoles on the dielectric constant of glasses at low temperatures has been
considered before, only possible influences on the resonant regime were regarded, as
described in section 3.4. The only direct observations of a coupling between tunnel-
ing systems and the nuclear bath before this thesis were made in magnetic fields.
Our measurements have, however, revealed a non phononic relaxation mechanism at
zero field that can be attributed to the interaction between tunneling two-level sys-
tems and the nuclei that carry electric quadrupole moments and which must become
the dominant relaxation process in glasses at low temperatures.

An overview of the different relaxational regimes for all four glasses measured
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Figure 5.34: Temperature of the min-
imum in the real part of the dielectric
function Tmin of Herasil (dark red), N-
BK7 (red), N-KZFS11 (blue) and HY-
1 (light blue) as a function of fre-
quency. The expected ν1/3 behavior for
one phonon relaxation and the constant
value found in ∆ε′/ε′ at low frequencies
are shown as solid lines.

within this thesis is shown in figure 5.34. The crossover between the one phonon
relaxation and the regime of constant relaxation in N-KZFS11 and HY-1 is clearly
visible, the different relaxation rates found in the two glasses cause the difference in
the constant temperature Tmin at low frequencies.
We have found that the effect of the nuclear spin based relaxation on the dielectric
function is of the same order of magnitude as that caused by the interaction of the
two-level systems with phonons in both glasses. If the interaction of the electric
field were with the nuclear moments directly, we would expect a larger change of
both ∆ε′/ε′ and tan(δ), as their concentration is around one percent, while that of
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the tunneling systems is only a few ppm and even less for dipole carrying tunneling
systems.
As was shown for HY-1, the relaxational contribution caused by the nuclear moments
is of the same in dielectric and elastic measurements, the different concentration of
accessible tunneling systems does not influence the relative strength of the nuclear
spin based relaxation. This again points towards a coupling between the tunneling
two-level systems and the nuclei.

Around temperatures where the quadrupole splitting becomes comparable to the
thermal energy, the contribution of the nuclear heat capacity to the total heat capac-
ity of a glass becomes dominant by several orders of magnitude. As the rough approx-
imation in section 5.1 has shown, the heat capacity can be of the order of 1 J/mol K.
The large contribution of the nuclear heat capacity to the specific heat shows, that
energy can be effectively transferred to this subsystem once the quadrupole energy
splitting becomes comparable to the thermal energy.
Measurements of nuclear magnetic resonances in crystalline and amorphous materials
show a significantly larger relaxation rate in the amorphous state [Sze75], indicating
a good coupling of the nuclear quadrupole moments to local defects. This coupling
of two-level systems in an amorphous material to external strain, that causes a ther-
mally activated process at high temperatures and a tunneling process below a few
kelvin, leading to a deformation of the lattice. As the energy splittings caused by
nuclear electric quadrupoles are extremely sensitive to local field gradients, such a
deformation can help access the nuclei very effectively.

At low enough temperatures, the constant nuclear spin based relaxation should

Two Level Systems
Phonons

Nuclear Electric Quadrupoles

Figure 5.35: Schematic picture of the
different subsystems present in a glass
at low temperatures. The size of the
connecting bars indicates the coupling
strength between the different systems.
The nuclear quadrupoles of different iso-
topes present in the glass form sepa-
rate subsystems with varying coupling
strengths.



130 5. Experimental Results

become dominant in all glasses containing nuclei that carry nuclear quadrupole mo-
ments. A schematic picture of the different subsystems and their coupling is shown
in figure 5.35: The two-level systems can couple to both the phonons and the nuclear
moments with different coupling strengths. These couplings, leading to different re-
laxation rates, depend on both the temperature and the chemical composition of the
glass.
At high temperatures, the phononic coupling will always dominate. Due to its T 3

dependence at low temperatures, it will then become irrelevant in comparison to a
constant relaxation rate caused by the coupling between the two-level systems and
the nuclear moments. The coupling strength here can depend on the quadrupole
energy splitting, the possible presence of paramagnetic moments in the glass and the
concentration of the quadrupole carrying nuclei. Thus, several isotopes can cause
nuclear spin based relaxations of different rates in the same glass.
Once the temperature becomes comparable to the quadrupole splitting, the relax-
ation rate will diminish notably, as is the case in HY-1 around 15mK. The exact
temperature dependence of this process must depend on the electric field gradient
distribution of the relevant isotopes. It must therefore be different in the case of
glass formers like tantalum, built into the silicate matrix, and in the case of almost
free ions of network modifiers like holmium. The nuclear spin based relaxation thus
depends strongly on the chemical environment, leading to a strong material depen-
dence of the effect. This material dependence is a stark contrast to the universal
behavior predicted by the purely phononic standard tunneling model.
Once the relaxation rate’s contribution to the loss tangent diminishes notably to-
wards lower frequency, we expect the loss tangent to be dominated again by phononic
relaxation at low frequencies, until the frequency one again becomes comparable to
a smaller relaxation rates due to other isotopes in the glass.
With the very small splitting caused by 11B, present in almost all multicomponent
glasses, we would expect a significant contribution of a nuclear spin based relaxation
at lowest temperatures to the dielectric function, only visible at very small frequen-
cies in dielectric or elastic measurements.

Knowing about the possible influence of nuclear quadrupole moments on glasses in
the tunneling regime, we can find other traces of the relaxation in different types of
measurements as well: The nuclear moments can cause a magnetic field dependence,
that is indeed found in multicomponent glasses, even when the dielectric measure-
ments in zero field show no direct evidence of the relaxation [Woh01b, Pol09]. Po-
larization echo experiments also show a magnetic field dependence [Lud02, Lud03]
of the echo amplitude.
Since with echo experiments, either with polarization or phonon echoes, we can de-
termine both the magnitude and the temperature of both τ1 and τ2 by choosing the



5.9. A new picture of nuclear spin based relaxation 131

appropriate echo sequence, they are an appropriate instrument for further investi-
gations of the nuclear spin based relaxation. Phonon echo experiments on the high
concentration holmium aluminosilicate discussed in section 5.6 have already shown,
that the spin lattice relaxation time τ1 in this material becomes much larger with an
applied magnetic field, while the dephasing time τ2 remains almost unchanged.
Two pulse polarization echo experiments on N-KZFS11 and HY-1 show not only a
sizable magnetic field dependence but also much smaller echo amplitudes in zero
field than other multicomponent glasses in the experimentally accessible decay times
[Wol14, Tsu16]. As the two glasses both have a large dielectric susceptibility, this
means that the echo must decay very rapidly within less than 2 µs. As the presence
of nuclear spin based relaxation causes a much smaller τ1 at low temperatures than
phononic relaxation, τ2 is limited as well, causing the rapid decay. The flattening
off towards lowest temperatures observed in the high frequency measurements of N-
KZFS11 and HY-1 may be caused by such a very small τ2.

The large range in possible nuclear spin based relaxation rates and their temperature
dependence effectively breaks the long proclaimed universal behavior of glasses at
low temperatures. Instead, we have found effects in a range of physical properties,
such as the heat capacity and the dielectric and elastic properties of glasses, that
can change over several orders of magnitude depending on the chemical composition
of a glass.
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6. Summary and Conclusions

Within this thesis, we have performed measurements of the dielectric function of
four different glasses down to 7.5mK and over a frequency range spanning almost
eight orders of magnitude between 60Hz and 1GHz. Three distinct setups were used
in order to cover this large frequency range, all of them optimized fore the precise
measurements of both the real part of the dielectric function and the loss tangent.
The focus was hereby put on the low frequency measurements of the two glasses N-
KZFS11 and HY-1 at temperatures below 10K, where the glasses are in the tunneling
regime and their behavior should be described by the standard tunneling model.
Both N-KZFS11 and HY-1 contain a sizeable amount of nuclei carrying very large
nuclear quadrupole moments. Any influence of nuclear moments on glassy proper-
ties, already observed in the case of polarization echoes, was therefore expected to
be most prominent in these two glasses. The two other glasses, Herasil and N-BK7,
measured within this thesis contain no large nuclear quadrupole moments but have
been previously measured. They have therefore served as a comparison and used to
test the validity of possible extensions of the standard tunneling model.

Several modifications of the standard tunneling model have previously been sug-
gested in order to explain the deviations between the predictions of the model and
dielectric and elastic measurements. We have conducted numeric simulations using
the most prominent of these modifications, including different variations of the pa-
rameter distribution, the effects of long range interaction and additional relaxation
mechanisms such as thermally activated relaxation. Comparisons of measured data
to different combinations of the extensions have allowed us to explain certain devi-
ations from the predictions of the standard tunneling model found in the dielectric
properties of N-BK7.

Unlike predicted by theory [Bur06a, Bur06b, Bur06c], we have not found a notable
influence of the nuclear quadrupole moments on the resonant part of the dielectric
function. Instead, both N-KZFS11 and HY-1 show an additional, non phononic re-
laxation rate in the medium to high kilohertz range. Its influence can be observed
both in the shift – or lack thereof – of the minimum of the real part of the dielectric
function and a very large residual loss even at lowest temperatures. This relax-
ation rate becomes dominant in the low frequency regime below several hundred
millikelvin, as the phononic relaxation dies out towards lower temperatures.
Such a relaxation has never before been observed in glasses at low temperatures and
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is most likely due to a coupling of the tunneling two-level systems to the nuclear
heat bath of the glasses.
Measurements of the thermalization times and an estimation of the specific heat at
lowest temperatures have shown a very large specific heat, which implies that the
whole set of nuclei carrying large quadrupole moments in the glasses must contribute
to the nuclear heat bath at temperatures around 10mK. A strong coupling between
the nuclear heat bath and the two-level systems of the glass is thus very likely.
The crossover from the nuclear driven relaxation to the phonon dominated regime
could be observed in N-KZFS11, where it lies within the range of the low frequency
measurement setup. Measurements of the two glasses at much higher frequencies
than the relaxation rate show only marginal influences due to the additional relax-
ation but instead can be well described using the phononic relaxations and the same
extensions of the standard tunneling model applied to N-BK7.
In glasses containing elements with smaller nuclear quadrupole moments, the nuclear
driven relaxation rates must be much lower than in the two glasses containing tanta-
lum and holmium. Although the relaxation in these glasses is dominated by phonons
over a wide range of temperatures, the nuclear spin based relaxation becomes ap-
parent when applying a magnetic field even at relatively high temperatures [Woh01a].

Additional elastic measurements on HY-1 show the same influence of the additional
relaxation as dielectric measurements, confirming the coupling between the tunnel-
ing systems and the nuclei as the cause for the additional relaxation. Field strength
dependent measurements have lead to a better discrimination between the different
relaxational processes in the glasses via their response to large electric fields.

A first phenomenological model of the relaxation rate, that has been developed within
this thesis, is able to reproduce the main effects found in measured data of both N-
KZFS11 and HY-1. Both the large residual loss and the constant minimum and
ensuing maximum in the real part of the dielectric functions are reproduced qualita-
tively by our model. As the temperature dependence of the loss directly shows the
temperature dependence of the dominant relaxational process, the low temperature
loss behavior of HY-1 can be used to learn more about the decrease of the nuclear
driven relaxation. Further, more detailed and microscopically motivated models of
nuclear driven relaxation can now be developed using the results obtained within
this thesis.

The discovery of the nuclear driven relaxation in glasses at low temperatures has lead
to a new understanding of many phenomena in the low temperature properties of
glasses and confirmed the large influence of the nuclear moments via their coupling
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to tunneling two-level systems, that has thus far only been observed in the magnetic
field dependence of non magnetic glasses.
The relaxation rates caused by the nuclear driven relaxation vary over several orders
of magnitude, from below one kilohertz in N-BK7 to more than 100 kHz in HY-1.
Even larger differences can be found in the thermal properties of the glasses, where
the estimated heat capacity of HY-1 and N-KZFS11 at 10mK is more than than six
orders of magnitude larger than that of N-BK7. The long proclaimed universality of
glasses at low temperature that is caused by their disordered state is thus effectively
lifted by the influence of nuclear quadrupoles.

We can learn more about the influence of nuclear quadrupoles and the mechanisms
of the nuclear driven relaxation by performing dielectric measurements in magnetic
fields. In very large fields, the nuclear moments should be aligned and thus no longer
be sensitive to a change of magnetic field gradients. These measurements should
therefore recover a phonon dominated behavior, even in glasses containing a size-
able amount of very large quadrupole moments. Polarization echo experiments, that
allow a direct determination of relaxation rates, both in zero and a large magnetic
field can give a more detailed insight into the nuclear driven relaxation process.

This thesis has shown, that the relevant interaction strengths in amorphous solids
can vary over far larger ranges than previously expected at lowest temperatures.
Measurements of polymer systems, whose composition can easily be varied are under
way. They allow us to set the interaction strengths between tunneling systems and
the concentration of nuclear quadrupole carrying elements, thereby facilitating a
more detailed study of the newly found nuclear driven effects and possible microscopic
descriptions.

Finally, dielectric measurements at very low temperatures and frequencies on glasses
containing only small nuclear quadrupole moments, like N-BK7, should reveal the
presence of a nuclear driven relaxation, that is hidden at higher frequencies due to
the dominating phononic relaxation.
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A. Appendix

A.1 Parameters for numeric calculations

Material Fit One phonon Two phonon Gaussian λ Dipole gap
Tmin(1 kHz) K2 δλ P0U0

Default STM+X 60mK 25 8 1.5× 10−3

N-BK7 STM 70mK 25 – –
STM+λ 70mK 25 8 –

STM+λ+D. g. 80mK 5 7.5 1.5× 10−3

HY-1 STM 60mK 25 – –
STM+D.g. 67mK 15 – 1.5× 10−3

N-KZFS11 STM 80mK 5 – –
STM (1 kHz) 160mK 5 – –

Table A.1: Fitting parameters used for the numeric calculations of the standard tunneling
model with a flat distribution of parameters (STM), a Gaussian distribution of the tunneling
parameter λ (λ) and the dipole gap (D.g.). The default parameters are those used in the
numeric calculations performed for the theoretical description of extensions of the STM.

The parameters given in the table are those used for the numeric simulations of
the different extensions of the standard in section 2.4 unless otherwise specified and
of the fits to the measured data in chapter 5. Additionally, the minimal tunneling
splitting was set to ∆0,min/kB = 2× 10−8 K for all calculations, the maximum energy
Emax/kB = 1× 105 K in order to avoid an influence of these parameters on the
calculations. For the dipole gap, we have always set the crossover energy to W/kB =

1K. All the other parameters are specified for the given calculations when needed.
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A.2 Additional figures
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Figure A.1: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of HY-1 as a function of temperature between 50mK and 10K at
a frequency of 1GHz and numeric calculations of the unmodified standard tunneling model
(red) and including the dipole gap (blue). Data from [Hau15].
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Figure A.2: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of N-KZFS11 as a function of temperature between 7.5mK and
10K at a frequency of 25MHz and numeric calculations of the standard tunneling model
with the best fit to ∆ε′/ε′ (red) and to ∆ tan(δ) (blue). Data from [Sch16].



A.2. Additional figures 139

0.01 0.1 1 10
Temperature T [K]

0

20

40

60

80

100

10
4 ⋅Δ

ε’/
ε’

895 MHz
STM

N-KZFS11

0.01 0.1 1 10
Temperature T [K]

-30

-20

-10

0

10
4 ⋅Δ

ta
n(

δ)

895 MHz
STM real
STM loss

N-KZFS11

Figure A.3: Change of the real part of the dielectric function ∆ε′/ε′ (left) and the loss
tangent ∆ tan(δ) (right) of N-KZFS11 as a function of temperature between 7.5mK and
10K at a frequency of 895MHz and numeric calculations of the standard tunneling model
with the best fit to ∆ε′/ε′ (red) and to ∆ tan(δ) (blue). Data from [Wes15].
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