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Abstract

Since its introduction over 40 years ago algebraic K-theory, which provides powerful
invariants, still remains hard to compute. The subject of this work is the construction of an
isomorphism between relative algebraic K-groups and relative algebraic cyclic homology in
low dimensions, for certain nilpotent ideals. This isomorphism generalizes the Theorem of
Goodwillie [Goo86] concerning rational algebras and provides a more accessible alternative
to topological cyclic homology for the computation of algebraic K-groups.

Following roughly the strategy of Goodwillie, the proof is structured into several parts
of varying interdependencies.

First, we construct a natural isomorphism between group homology and Lie ring homol-
ogy of certain associated groups and Lie rings. This represents an integral generalization
of a Theorem of Pickel [Pic78| concerning nilpotent groups and also provides a strategy for
an integral version of the Theorem of Lazard [Laz65] concerning p-valued groups, which
both considered homology with rational coefficients. The theory provides a bridge in form
of a natural logarithm map from the homology of the multiplicative to that of the additive
K-theory.

Second, we prove that the low-dimensional homotopy groups of an FE..-space can be
identified with the primitive part of its homology by using an improved version of the
Hurewicz map. This represents a variant of a Theorem of Beilinson [Beil4] linking both
objects up to isogeny. We apply this to the E-space of relative K-theory.

Similarly by using an additive analogue we compute the primitive part of the homology
of the Lie algebra homology of matrices as cyclic homology. This can be considered as an
integral generalization of the Theorem of Loday, Quillen [LQ84] and Tsygan [Tsy83].

Combining the single steps we are constructing the desired isomorphism between K-
theory and cyclic homology and also compare it with the negative Chern character.

Alongside the proofs we provide a comprehensive collection of required abstract tools
of simplicial homotopy theory.

As an application of the main theorem we compute the lower relative K-groups of
truncated polynomial rings over a subring of the rationals. This shows that our Theorem
can be used to obtain new results in the computation of K-groups.



Zusammenfassung

Seit ihrer Einfiihrung vor mehr als 40 Jahren bleibt die K-Theorie, als Lieferant méachtiger
Invarianten, schwer zu berechnen. Thema der vorliegenden Arbeit ist die Konstruktion
eines Isomorphismus’ zwischen relativer algebraischer K-Theorie und relativer algebrais-
cher zyklischer Homologie in niedrigen Dimensionen fiir gewisse nilpotente Ideale. Dieser
Isomorphismus verallgemeinert den Satz von Goodwillie [Goo86] iiber rationale Algebren
und bietet eine einfacher zugéngliche Alternative zur topologischen zyklischen Homologie
fiir die Berechnung algebraischer K-Gruppen.

Der Beweis orientiert sich grob an der Strategie von Goodwillie und kann in verschiedene
Teile gegliedert werden, die mehr oder weniger unabhangig voneinander sind.

Zunachst konstruieren wir einen natiirlichen Isomorphismus zwischen Gruppen- und
Lie Ring-Homologie fiir gewisse assoziierte Gruppen und Lie Ringe. Dieser bildet eine
ganzzahlige Verallgemeinerung eines Satzes von Pickel [Pic78] tiber nilpotente Gruppen
und bietet gleichzeitig eine Beweisstrategie des Satzes von Lazard iiber p-bewertete Grup-
pen. Diese beiden Sétze treffen lediglich Aussagen fiir rationale Koeffizienten. Die Theorie
bildet eine Briicke in Form einer natiirlichen Logarithmusabbildung von multiplikativer
in additive K-Theorie.

Dariiber hinaus zeigen wir, dass die Homotopiegruppen eines E,-Raums in niedrigen
Dimensionen mit dem primitiven Teil seiner Homologie identifiziert werden kann. Dies ist
eine Variante eines Satzes von Beilinson [Beild], welcher beide Objekte bis auf Isogenie
in Verbindung setzt. Wir wenden dies fiir den F,.-Raum der relativen K-Theorie an.

Mittels einer additiven Version dieses Satzes berechnen wir, dass der primitive Teil der
Lie Algebren-Homologie von Matrizen mit der zyklischen Homologie {ibereinstimmt. Dies
bildet eine integrale Verallgemeinerung des Satzes von Loday, Quillen [LQ84] und Tsygan
[Tsy83].

Das Zusammenspiel der verschiedenen Teilschritte ermoglicht schliellich die Konstruk-
tion des gewiinschten Isomorphismus zwischen K-Theorie und zyklischer Homologie. Weit-
erhin vergleichen wir diesen mit dem negativen Chern Charakter.

Im Rahmen der einzelnen Beweisschritte stellen wir auflerdem eine beachtliche Samm-
lung abstrakter Werkzeuge aus der simplizialen Homotopietheorie zusammen.

Als Anwendungsbeispiel berechnen wir die ersten relativen K-Gruppen abgeschnittener
Polynomringe iiber einem Teilring der rationalen Zahlen. Dies zeigt, dass unser Satz neue
Moglichkeiten zur Berechnung der K-Gruppen eroffnet.
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1 Introduction

1.1 Algebraic K-theory

Algebraic K-theory appears in various mathematical fields, such as algebraic geometry,
number theory and algebraic topology. The subject arose from the construction of the
Grothendieck group K of the category of projective modules, which encodes important
information like the class group. While explicit algebraic constructions for lower K-groups
could be achieved quite soon, it was a long search for the right definition of higher K-
theory. It ended with Quillen’s introduction of the plus construction for the classifying
space of the general linear group, which required sophisticated topological techniques.
The optimism after Quillen’s computation of all the K-groups of a finite field [Qui72] did
not last very long, as one realized the difficulty of calculating higher K-groups. Like in
lower dimensions, there are strong links between higher K-groups and number theoretic
problems. The Vandiver conjecture for example is equivalent to the knowledge of certain
K-groups of the integers. Another example is the long exact localization sequence for alge-
braic K-theory, which is an important tool in Iwasawa theory. Starting with the sequence
in dimensions 0 and 1, also the higher K-groups become more and more important.

1.2 Comparison with cyclic homology

As the K-groups itself remained mysterious, one tried to compare K-theory to simpler
invariants. It began in 1965 with the Hattori-Stallings trace map Ko(A) — A/[A, A],
that could be extended to a map from the whole K-theory to Hochschild homology by
Dennis in 1976. While it recovers some information for finite coefficients, e.g. when applied
to number rings [KLO02|, it is a poor invariant for rational coefficients. In 1985 Connes
[Con8&5] introduced cyclic homology as a non-commutative variant of de Rham cohomology
by taking account of the canonical action of the circle on the Hochschild complex. At
the same time Loday-Quillen [LQ84] and independently Tsygan [Tsy83] showed that the
primitive part of rational Lie algebra homology of matrices is cyclic homology. Guided
by Quillen’s [Qui69a] characterization of rational homotopy groups as the primitive part
of homology and the philosophy that the group homology is related to the homology of
its associated Lie algebra, Goodwillie proved in [Goo86] that the relative K-theory of a
nilpotent ideal in a rational algebra coincides with its cyclic homology.

While cyclic homology is built as the homotopy orbits of the circle action on the
Hochschild complex, one can similarly consider the homotopy fixed points, which leads to
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the construction of negative cyclic homology. Karoubi [Kar87] constructed the negative
Chern character as a lift of Dennis’ trace map to negative cyclic homology, which canon-
ically maps to Hochschild homology. Moreover Connes operator B provides a natural
map from cyclic homology to negative cyclic homology, which can be imagined as a norm
map and is an isomorphism in Goodwillie’s setting. Cortinas-Weibel [CW09] showed that
Goodwillie’s isomorphism composed with the negative Chern character coincides with B,
in other words there is a commutative diagram

K.(AT) === HC,_,(A,I)

| B
ch™

HC; (A1)

While Goodwillie’s proof worked fine for rational algebras, there was still need for a
comparison theorem that worked for algebras over finite fields. This was the starting
point for a completely new theory.

1.3 Topological cyclic homology

Waldhausen [HKV™02] discovered a connection of stable A-theory, which is a generaliza-
tion of K-theory, and stable homotopy theory. Motivated by his “calculus of functors”,
Goodwillie conjectured that Dennis’ trace map lifts to a map to topological Hochschild
homology T'HH, which should be weakly equivalent to stable K-theory. Topological
Hochschild homology is constructed analogous to algebraic Hochschild homology by re-
placing the tensor products by smash products of spectra and in the context of the sym-
metric monoidal category of spectra, base change along the initial map from the sphere
spectrum to the Eilenberg-Maclane spectrum of the integers S — HZ yields a natural
map from topological Hochschild homology to algebraic Hochschild homology. Like in the
construction of negative cyclic homology, one tried to involve the circle action on TH H to
provide a good technique to attack K-theory. This leads to the construction of topological
cyclic homology and the cyclotomic trace map by Bokstedt, Hsiang and Madsen [BHM93].
Finally McCarthy [McC97] proved that it induces an isomorphism from p-completed rel-
ative K-theory for a nilpotent ideal to relative topological cyclic homology.

It must be warned that topological cyclic homology is not obtained by simply taking the
homotopy fixed points of the circle action on T'"H H, but involves a more careful treatment
and the theory of equivariant stable homotopy theory. There are several computations of
K-theory via the cyclotomic trace map leading also to a better understanding of topo-
logical cyclic homology, [HMO3|, [HM97a], [HM97b] among others, but the latter is still
much more complicated than algebraic cyclic homology and to work with it requires deep
understanding in (equivariant) stable homotopy theory.



1.4. Towards an integral version of Goodwillie’s Theorem

1.4 Towards an integral version of Goodwillie’s
Theorem

The reason, why rationally algebraic cyclic homology works fine for computing K-theory,
lies in the fact that the map S — HZ becomes an equivalence after rational localization.
In particular rationally we do not need to distinguish between topological Hochschild
homology and algebraic Hochschild homology. More precisely S — HZ becomes more
and more connected, the more successive primes we invert, beginning with 2. The same
holds for the map THH(A) — HH(A), provided that A is flat over Z. So it seems natural
to wonder, if integrally there is still a connection between K-theory and cyclic homology
in low dimensions. A first attempt into this direction was established by Brun [Bru01],
who used filtrations on topological cyclic homology to prove that after p-completion

K,(A I)=Z HC, 1(A, ), 0<n<(p—1)/m-—2,

for an ideal I <A with A and A/I flat over Z and I"™ = 0. By showing that after truncating
the filtration, the cyclotomic structure becomes trivial, he could establish a natural zig-
zag of weak equivalences to prove the statement. However due to this abstract approach
there is no hint of a direct map that induces this isomorphism.

The present work gives a positive answer to the proposed question in a more general
situation. The main goal of this work is to prove the following Theorem.

Theorem 1.4.1 (Theorem [6.3.22))

Let A be a ring with (p — 1)! € A*, for some prime number p > 1. Suppose A carries a
finite ring filtration A = FyA D ... D FyA = 0, such that gr¥ A is flat over Z. Suppose
that there is a subset Y C A, such that

(i) gr"A=3" v Z - [y],
(i) y*/nl € F1A, forally e Y NFLA andn > 1.

Then for 1 <n < p—1 there are isomorphisms inducing a commutative diagram

K, (A, F1A) = HC,_1(A, F1A)

N I

HC (A, FLA) —2 ~ HC-(DFA, DFA) <4 HC- (A, L A),

where ch™ s the relative negative Chern character, B is Connes’ operator and the two

horizontal maps are induced by the canonical inclusion A N DE A into the divisible
closure.

Note that Connes operator B has the same connectivity as Brun’s isomorphism, which
gives another proof for his result. It is moreover worth noting that by following (a mod-
ification of) Goodwillie’s strategy we are taking a completely different approach to the
result. The main improvement in comparison with Brun’s Theorem is, that we loose the
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dependency of the degree of nilpotency of the given ideal. Apart from that there is no
need for p-completion in our setting.

Note further that every nilpotent ideal in a rational algebra satisfies the hypotheses of
our Theorem and hence Goodwillie’s Theorem is a direct Corollary.

1.5 Outline of the work

While proving the main result several generalizations had to be established, which partly
evolved into a new theory.

Notation and categorial foundations

In chapter [2| we fix the basic notation, that we will use throughout the thesis.

Homology of associated groups and Lie rings

In chapter [3| we are generalizing a Theorem of Pickel [Pic78] linking homology of nilpotent
groups and Lie rings. A lot of effort is required to set up the theory. The theory is inspired
by Lazard’s theory of p-valued groups [Laz65]. The main difference is, that we are using Ny-
indexed filtrations and develop an abstract approach, while he is working with valuations
and his proofs have a more computational flavor. Despite that of course his axioms are
slightly different, as our theory is a zero characteristic variant of his mixed characteristic
theory.
The main result of this chapter can be summarized as follows.

Theorem 1.5.1 (Theorem [3.5.2)
Let G € Grp and g € Lie carrying filtrations F with gt G and gr™g flat over Z.

~ A~
If G and g are associated, then for every left /right module M over D{'(Z|G]) = D} (Uz(g))
carrying a compatible module filtration F', there is a natural isomorphism

H.(G, M) = H,(g,M).

We introduce the notion of associated groups and Lie rings in Definition [3.5.1] and also
give several examples of associated groups and Lie rings.

Proposition 1.5.2 (Proposition and Remark |3.5.6)
For X € Set, the free (abelian) group X7Z and the free (abelian) Lie algebra Lie(ZX) are
associated via

i DyZI¥Z) 5 DiUz(Lie(ZX)), & — exp(z).

Proposition 1.5.3 (Proposition [3.5.7)
Let A € Ass carrying a complete filtration F, such that gr” A is flat and A = Fy A.
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Then giving G =1+ A < (A4)* and g = A the induced filtrations, there is an isomor-
phism

Aa: DEZ[+ A =5 DEUZ(A), 1+a+—> exposyologoia(l+a).
Moreover the following holds.

(i) A is natural in A.
(ii) Let x € A such that ™ /n € A, for alln > 1. Then Aa(1 +x) =1+ .

(iii) G =14 A and g = A are associated via \a, if there is a subset X C A, such that

a) gt A= Z-[z].
b) z/nl € A, for allz € X andn > 1.

We want to mention, that by our approach to develop the theory from scratch, we are
reproving several well-known results on the way. Worth mentioning is the Theorem of
Poincaré, Birkhoff and Witt for Lie algebras over the integers or the Theorem of
Ado [3.3.16] Moreover there are a lot of slight generalizations of well-known results by
using well-known techniques (like e.g. the Artin-Rees theory for the proof of Proposition
. We will point out at each single step, which parts are new and which are already
known.

E-spaces and their homotopy groups

Following Beilinson [Beil4], the main purpose of chapter [4]is to verify the two homotopy
theoretical tools below. We moreover introduce the category I of injections, that is used
to construct E..-spaces as algebras over the I-operad of monoids that are commutative
up to homotopy and also plays an important role in the subsequent chapter.

Proposition 1.5.4 (Proposition |4.3.10))
Let k € CRing with (p — 1)! € k*, for some prime number p > 1.

Let X € dg(k-Mod) with X,, =0, for alln < ¢, for some ¢ > 0.
Then the map below is an isomorphism, for all 0 < n < pc.

O

H,X - PH,(Com;X) := ker ( H,(Comy (X)) H,(Com(X x X)) ) :

_—
(nxid)«+(idxn)«

Here ¢ is the diagonal map and 0 —= X is the initial map of chain complezes.

Proposition 1.5.5 (Corollary [4.3.13))
Let X be a (¢ — 1)-connected E-space, for some ¢ > 0.

Suppose H,(X,Z) — H.(X, k), where k = Z[1/(p — 1)!], for some p > 1.
Then the Hurewicz map induces an isomorphism, for all 0 < n < min{c,,,2p + ¢ — 4}

(cf. Proposition ,

h=nx—1:m,X — PH,(X,k) :=ker | H,(X,k)
(nxid)«+(idxn)«

Hn(XxX,k)>,
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where X —5 X x X is the diagonal and 1 = X is the unit map.

Beilinson proves this in every dimension but only up to isogeny. So his and our results
are generalizations in different directions of Quillen’s [Qui69a] description of the rational
homotopy groups as the primitive part of homology.

Cyclic homology and the Lie algebra homology of matrices

In chapter |5| we are first recalling the definition and most important facts of cyclic ho-
mology.

Roughly following Aboughazi-Ogle [AO94] the main result is to prove a generalization
of the Theorem of Loday-Quillen and Tsygan.

Theorem 1.5.6 (Theorem [5.4.20))
Let A € k/Ring be flat with (p — 1)! € A*.

Then the map ¢ induces isomorphisms in dimensions 0 <n <p—1

(nxid)«+(idxn)«

H) (A) =5 PH,(gl A k) = ker (Hn(g[OOA, k) H,(gl A x gl A, k) ) .

Here gl A SN al A x gl A is the diagonal and 0 —- gl A is the initial Lie algebra
homomorphism.

Moreover Connes’ operator B and the negative Chern character for Hopf algebras induce
a commutative diagram

HC,_1(A) b HCI(A)

H) ((A) "> PH. (gl A, k) H.(B,Uy(gl,A)) = HC (Uy(glo,A)) — HCS (Mo A)

Aboughai-Ogle give a rational proof of the Theorem of Loday-Quillen-Tsygan, which
is different from the original one and adapts better to an integral generalization. How-
ever there are several steps in their proof that are trivial rationally but require deeper
thoughts for the integral variant. The most important parts are the verification, that the
symmetric group action is trivial on homology in low dimensions (see Corollary and
the following stability result, which uses the former result and explicit computations of
the homology of the symmetric groups.

Proposition 1.5.7 (Proposition [5.4.9)
Let A € k/Ring be flat with (p — 1)! € A*, for some p > 1.
Then H.(gl,_1A, k) — H,.(gl, A, k) is (min(r, p) — 2)-connected, for all r > 1.

It is also worth noting, that Theorem [5.4.20] is independent of the characteristic of the
ground ring k. As far as we know, there is no result for the positive characteristic case in
present literature.



1.5. Outline of the work

The commutativity of the square in Theorem [5.4.20]is established by following Cortifias-
Weibel to construct the negative Chern character for Hopf algebras. While they were only
interested in the rational case, they did not care, if the proofs are also going through
integrally. In fact they do and so this section is more or less an import of their results
into our notation. In particular there is no claim for originality here.

Multiplicative vs. additive K-theory

Following Quillen [Qui7la] we begin chapter @ by defining multiplicative and additive
K-theory via plus constructions for simplicial groups and for simplicial Lie algebras as
well. Using a slightly different technique this was already done by Pirashvili [Pir85] a
long time ago, but recently has found new interest in the context of operads (see [Liv99]
and [CRS04]). Following [Lod98] we are likewise constructing the Volodin constructions
parallel in the multiplicative and additive situation, which allows us to develop the two
theories in perfect analogy. In both cases the plus construction of the Volodin construction
can be identified with the relative K-theory and techniques of the multiplicative theory
can easily be adapted to the additive one. Using the category of injections, we explicitly
construct a plus-construction for BGL(A), that has a natural E.-structure (however we
found out later, that this is not new). Finally the interplay of the tools established in the
chapters before allows us to prove the main theorem.

Appendix: Simplicial homotopy theory

In chapter [7| we are collecting the results of abstract simplicial homotopy theory and
fixing the notation, that we need. The few given proofs are due to ourselves, but they are
probably well-known in literature. Therefore let us emphasize at this point, that we do
not claim the presented results to ourselves. We unfortunately could not find a reference,
that takes account of everything we need.

Appendix: Simplicial homotopy theory

Same also holds for most parts of chapter [§ So let us point out, which parts are new. We
do not know any reference for

Proposition 1.5.8 (Proposition 8.1.10))
Let k € CRing and A € CAT(I, k-Ass), for some I € Cat.

Then there is a natural map of simplicial k-modules
hoc?lim B(k,A.Y) — B(k, hoc?lim ALY, Y € (Collim Ay )-Mod,
which is a weak equivalence, if BI is contractible and A; is a flat k-module, for all i € I.
It plays an important role in the identification of the relative additive Volodin con-

struction with the homology of the corresponding simplicial Lie algebra (cf. Proposition
6.2.9).



Chapter 1. Introduction

Other important tools are the Whitehead Theorems for simplicial groups and Lie alge-
bras. We call it that way, because they are in perfect analogy to the well-known Theorem
of Whitehead for spaces/simplicial sets. Even the proof in the group case is not new as it
is adapted from a similar result of Quillen for profinite groups [Qui69b|. The innovation
in the case of simplicial Lie algebras is the observation that it works in exactly the same
way, when using derived Lie algebra homology, a definition of which we have not found
in current literature. The technical core of the Whitehead Theorems is the Connectivity
Proposition for spectral sequences [8.4.6] While it has strong similarity to Zeeman’s The-
orem [ZeebT] and its generalizations [HR76], we do not know any reference, that states it
in this form.



2 Notation and categorial
foundations

2.1 Categories

In this document a category C is a class of objects Obj(C) together with (homo-)morphism
sets C(X,Y), for each pair of objects X, Y € C. If X =Y, we also use the shorter notation
C(X) =C(X,X). A category is called small, if its objects form a set, otherwise it is called
large. We will abreviate large categories by curly letters and small ones by (capital) latin
letters.

Example 2.1.1
In what follows, we list the most important examples of categories, that appear here.

(i) Set, the category of sets with maps as homomorphisms. This may be the simplest
example of a category that is not small.

(ii) Grp (Ab), the category of (abelian) groups with group homomorphisms.
(iii) Ring (CRing), the category of (commutative) rings.

(iv) R-Mod,Mod-R = R°°-Mod, (R, S)-Mod = (R ® S°?)-Mod with R,S € Ring, the
categories of left, right and bimodules.

(v) The category Cat of small categories with functors as morphisms.

If the homomorphism “sets” carry more structure or more generally, if a particular
category C is enriched over another one, we will write C(X,Y") the object of morphisms
from X to Y.

Example 2.1.2 (i) The category Ab is enriched over itself. For two abelian groups
X, Y € Ab, we call Ab(X,Y) the set of homomorphisms, while Ab(X,Y") is the
abelian group of homomorphisms.

(ii) For two small categories X,Y € Cat, we call Cat(X,Y) the category of functors
from X toY with natural transformations as morphisms.

For example Cat(1,Y) is the category of morphisms Yo — Y1, whose morphisms
are commuting squares.



Chapter 2. Notation and categorial foundations

We also want to talk about functor categories with target in a large category. To keep
notation simple and coherent with everything said before, we introduce CAT as the con-
glomerate of all (in particular the large) categories. Of course we want the morphisms
from one category to another to be functors between them. But these do not form a set,
so we cannot talk about CAT as a category [} Using Grothendieck’s method one can come
around this problem by enlarging our universe and call CAT a category in our enlarged
universe. We do not want to go more in detail, but want to use this sloppy notation to
keep things simple. Further details about can be read in any book about category theory
(e.g. [MLIS8]). With this notation we can also talk about the following category.

Example 2.1.3
For I € Cat and C € CAT, we also denote by CAT(I,C) the category of functors from I
to C with natural transformations as morphisms.

If I was not small, the natural transformations would not form a set. In particular
CAT(I,C) would not be a category in this case.

2.2 Limits and colimits, ends and coends

We will also introduce some general notation for limits and colimits in arbitrary categories.
For I € Cat and C € CAT, let X € CAT(I,C).

e We denote by lim X = lim;e; X (7) its limit in C, if it exists. If the category I°P
is filtered, we will also use the notation 1'&12,e ;X (7) = lim X. We use the letters

lim X % X (i) for the canonical morphisms, where i € I. If C is (finitely) com-
plete, i.e. has limits over small (finite) categories, and limits can be constructed
functorially, we have an adjunction

CAT(I,C)(const X,Y) =C(X,limY),

where const X is the constant functor, sending ¢ € I to X and every morphism to
the identity on X. Then the natural transformation (7;);c; defines the counit of

the adjunction. Moreover, given a natural transformation const X AN Y, we call
(fi)ier = limer f; : X — lim Y the morphism induced by the universal property of
the limit.

o If I € Cat is discrete, i.e. has no non-trivial morphisms, then ], , X (i) = lim X
is called a product. A morphism in C is called a projection, if it is one of the
canonical morphisms corresponding to a product (i.e. to a limit over a discrete
category). The product of a functor X indexed by a finite discrete category (i.e. set)
{1,...,n} will be denoted by X; x ... x X, or simply X; x Xy, if n = 2. For a tuple

of morphisms (C LN Xi)1<i<n, its morphism induced by the universal property is
denoted by
(f17 7fn) : C — Xl X ... X Xn

1Other authors avoid this problem by also allowing the morphisms to be proper classes. What we called
a category, they call a locally presentable category.
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2.2. Limits and colimits, ends and coends

We will also use “x” as a functor C x C — C. So in this notation we have
fix fa = (fiom, faom) € C(X1x X5, Y1 xY3), fieC(X,Y:), X;,Y,€C,i=1,2.

The product over a constant functor const X indexed by a discrete category S € Set
is called power and denoted by X*°. If C has functorial powers, we get a natural
adjunction

SetP(C(X,C),Y) =C(X,CY), CecC.

e If/=1—2<«3and X € CAT(/,C), then X; x x, X3 = lim X is called a pullback
and a square
X4—>X1

|

Xy —=X»
is called cartesian, if the canonical map Xy — X; X x, X3 is an isomorphism.
o [f ] = 1—=2 then ker X = lim X is called a kernel of the morphism pair.

e A terminal object is a limit of the empty category and denoted by x, if it exists.
For X € C we let X — % denote the unique morphism.

Dually we will also introduce analogous notation for colimits.

e We denote by colim X = colim ;c; X (7) its colimit in C, if it exists. If the category
I is filtered, we will also use the notation ligie ;X (1) = colim X. We use the letters

X (i) - colim X for the canonical morphisms, where i € I. If C is (finitely)
cocomplete, i.e. has colimits over small (finite) categories, and colimits can be
constructed functorially, we have an adjunction

C(colim X,Y) = CAT(I,C)(X, constY').

Then the natural transformation (¢;);e; defines the counit of the adjunction. More-

over, given a natural transformation X s const Y, we call colim ;¢; f; : colim X —
Y the morphism induced by the universal property of the limit.

o If I € Cat is discrete, i.e. has no non-trivial morphisms, then [[,.; X (i) = colim X
is called a coproduct. A morphism in C is called a inclusion, if it is one of the
canonical morphisms corresponding to a coproduct (i.e. to a limit over a discrete
category). The coproduct of a functor X indexed by a finite discrete category (i.e.
set) {1, ...,n} will be denoted by X +...4+ X, or simply X;+ X, if n = 2. For a tuple
of morphisms (X; LN C')1<i<n, its morphism induced by the universal property is
denoted by

AU UM X1+ +X, —C.

We will also use “+7 as a functor C x C — C. So in this notation we have

fitfo=(tofi)U(e0fs) € C(X1xXo,Y1xYs), fi€eC(X;,Y;), X;,Yiel,i=1,2.

11



Chapter 2. Notation and categorial foundations

The coproduct over a constant functor const X indexed by a discrete category S €
Set is called a copower and denoted by ®X. If C has functorial copowers, we get a
natural adjunction

C(XC,Y) =Set(X,C(C,Y)), CeC.

If ] =1+ 2 — 3and X € CAT(/,C), then X; +x, X5 = colim X is called a
pushout and a square
X2—>X1

)

X3 —= Xy
is called cocartesian, if the canonical map X +y, X3 — X, is an isomorphism.

If I = 1—=2, then coker X = colim X is called a cokernel of the morphism
pair.

An initial object is a colimit of the empty category and denoted by 0, if it exists.
For X € C we let ) = X denote the unique morphism.

If initial and terminal object coincide, it is called a zero object and denoted by 0. In

the context of an abelian category, finite products and coproducts coincide and are called
biproducts. These will be denoted with the symbol “@” and the symbol “4” will only
refer to the sum (i.e. the pushout over their intersection) of two subobjects of a third
object in this context.

We will also use the notion of ends and coends.

Definition 2.2.1
Let X € CAT(I x I°?,C) with I € Cat and C € CAT.

(i) The end over X is defined (if existing) as an object fieIX(i,z') € C together with

morphisms
/ X(i,1) = X(4,1), iel,
iel

being terminal with the property, that it induces commutative diagramsﬁ

/X(z‘,z’)L»X(z',z')
el
Jxﬁdi’f) feliy),  ijel

l
7id' . .

X(5,7)

2See also [ML9I8] IX.5 for more details.
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2.2. Limits and colimits, ends and coends

(ii) Dually the coend over X is defined (if existing) as an object fieIX(i,i) together
with morphisms

X(i,1) = / X (i,1), iel,
el
being initial with the property, that it induces commutative diagrams

X(idjvf)‘ f S 1@7])7 Z?j € I.

—>/ X(i,1)
Remark 2.2.2

Let X € CAT(I x I°?,C) with I € Cat and C € CAT.

(i) If C is complete, then the end over X is given as the kernel

/Xzz)<—>HXzz 7 HXZJ

el

(ii) If C is cocomplete, then the coend is given as the cokernel

X(4,7) X(i,17) X (4,1).
[Tx6a=5=lx0 —— |
z—>j

Recall the Yoneda-Lemma and its consequences for (co-)ends.

Lemma 2.2.3 (Yoneda)
Let F € CAT(I,Set) with i € I € Cat. Then naturally

F(i) — CAT(I,Set)(1(i,-), F), fr—[I(i,5) > g+— F(g)(f)]-

Corollary 2.2.4
Letiv e I € Cat and C € CAT. Then naturally

(i) CAT(I,C)(X,Y) = / CX(G).Y(),  X,Y €CAT(LC),
(@) (X(eraoier s XG) = [ XY, X eear.c),

i) JT T1 X(f):/jl(j”;)X(j)%X(i), X € CAT(I,C).

Jel fel(j,)

13
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Proof.

(i) By definition of the end a tuple f € [[,.;C(X(4),Y (¢)) is a natural transformation,
if and only if it is an element of the end.

(ii) For every C' € C, applying C(C,-) to the given morphism induces a bijection by (i)
and the Yoneda-Lemma. Equivalenlty it is an isomorphism.

(iii) For every C € C, applying C(-,C) to the given morphism induces a bijection by (i)
and the Yoneda-Lemma. Equivalenlty it is an isomorphism.

Corollary 2.2.5
Let C € CAT and f € Cat(1,J).

(i) Composition with f induces a functor CAT(J,C) AN CAT(1,C).
(ii) If C is complete f* has a right adjoint
CAT(I,C)(f*X,Y) = CAT(J,C)(X, f.Y),
where f,.Y = fie[Y(z')I("f(i)) 1s called the right Kan extension of Y along f.
If f has a left adjoint e, then f, = e* and we do not require C to be complete.
(iii) If C is cocomplete f* has a left adjoint
CAT(J,C)(SiX,Y) = CAT(I,C)(X, f*Y),

where fiY = fiej KFG)) X (4) is called left Kan extension of X along f.
If f has a right adjoint g, then f, = g* and we do not require C to be cocomplete.

2.3 Symmetric monoidal categories

Definition 2.3.1
Let (C,®, E) be a (symmetric) monoidal category.

(i) We call C-Mayg the category of C-magmas, whose objects are C-objects M together
with a binary operation p € C(M & M, M) and whose morphisms are C-morphisms
being compatible with the multiplication morphisms.

(ii) Similarly we call C-Mag, the category of unital C-magmas, whose objects are
magmas M together with a unit morphism E —- M such that po(id®n) = po(n®id)
is the identity on M and whose morphisms are C-morphisms being compatible with
oand .

(iii) We let C-Com < C-Ass < C-Mag and C-Com; < C-Ass; < C-Mayg, denote the full
subcategories of commutative magmas and assoctative magmas.

14



2.3.  Symmetric monoidal categories

(iv) Dually we define the category of (unital) (commutative, associative) C-comagmas as

C-Mag®™ = ((C°?)-Mag)°®, ...

(v) For a magma M € C-Mag, we call M-C the category of objects X € C with left

M-action M @ X =5 X whose morphisms are C-morphisms compatible with the
action. If M is unital we moreover require that A o (n ® id) is the identity on X. In
analogy C-M is the category of objects with right M -action.

Remark 2.3.2
Let (C,®, E) be a monoidal category. Suppose C has functorial countable coproducts pre-
served by “®7.

Then the following holds.

(i) There is an adjunction
C-Mag(Mag(X),Y) = C(X,U(Y)),
where Mag(X) = [1,,-o Mag™(X) is the free C-magma, inductively defined by

MagV(X) =X,  Mag™(X)= ] Mag?(X)® Mag"(X), n>1,

0<i<n

and multiplication Mag(X) ® Mag(X) - Mag(X) given by the union of the
cannical maps

Mag® (X) @ Mag'?(X) — Mag® (X)) — Mag(X).
(i) Similarly we have functorial free associative C-magmas, given by

Ass(X) = HASS(”)(X), Ass™(X) = X°®n, n>1 XeC.

n>1

(iii) If (C,®, E) is symmetric monoidal, we have a functorial free commutative, associa-
tive C-magmas

Com(X) = HCom(”)(X), Com™(X) = X®"/%,, n>1 XeC,

n>1

where the symmetric group X, acts by permutation of the factors using the symmetric
monoidal structure of C.

(iv) For the unital variants, note that there is an adjunction

C-Mag,(E+ X,Y) =C-Mag(X,U(Y)),

X+::

and similarly also for Ass and Com. Combining this with the free magma adjunction,
we get free unital functors by

Mag,(X) = E+Mag(X), Ass1(X) = E4+Ass(X), Comy(X) = E+Com(X).

15
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Example 2.3.3
Consider the symmetric monoidal category (k-Mod, ®g, k), for some k € CRing. Then

(i) Ring = (Z-Mod)-Ass; and CRing = (Z-Mod)-Com;.
(ii) For R € k-Ass; we have R-Mod = R-(k-Mod).

(iii) For X € k-Mod the following holds.
a) Assi(X) = €D,5o X" is the tensor algebra.
b) Comy(X) = D,50 X" /%, is the symmetric algebra.

(iv) We let k-Lie denote the category of Lie algebras over k.

(v) For each N > 1 and each type of algebra we also define the N -nilpotent variants.
For ezample k-Ass<N < k-Ass is the full subcategory of associative k-algebras A
with AN = 0.

16



3 Homology of associated groups
and Lie rings

Goal of this chapter is to establish an isomorphism between integral group homology
and Lie ring homology (see Theorem . This will be the essential tool to link the
multiplicative and additive Volodin constructions in chapter [6] Following ideas of Pickel
[Pic78] and Lazard [Laz65] we are constructing canonical filtrations on group ring and
enveloping algebra and study the structure of the associated graded algebras. Contrary
to the case [PicT8| these filtrations cannot always be obtained as adic filtrations with
respect to the augmentation ideal, as we will later point out. By using Artin-Rees theory,
we use use these filtrations to identify group and Lie ring homology with their completed
variants and then identifying the latter ones.

In this chapter and in the context of k-modules over some commutative ring k € CRing,
the (plain) symbol “®@” will always stand for the tensor product “®;” over this ring k.
In the context of abelian groups, so modules over the integers, this is the tensor product
over Z. Similarly a flat k-module will always be a k-module, that is flat over the ring k,
if it is not explicitly declared flat over some other ring (e.g. the integers).

3.1 Filtered modules

Definition 3.1.1
Let k € CRing.

(i) A (Z-indexed module) filtration F' on a module M € k-Mod is a Z-indexed
sequence of submodules

M>..>F.M>FMZ>FM?>..
A filtered module is a module together with a distinguished filtration.

(ii) Let M, N € k-Mod carrying filtrations F'. A morphism f € k-Mod(M, N) is called
m-equicontinuous, for some m € 7, if

f(F,M) C FymN, n € 7.

We say f preserves the filtration, if it is 0-equicontinuous.
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Definition 3.1.2
Let k € CRing and M € k-Mod carrying a filtration F.

(i) F is called exhaustive, if Xo = J, o FM = M.
It is called negative, if F_1M = 0.
(ii) F' is called Hausdorff or separating, if (o FnM = 0.
It is called positive, if FoM = M.
(iii) F is called complete, if M — fm o M/F,M =: M.
Many other authors define filtrations as sequences of submodules getting larger and
larger for growing index. As most of the filtrations appearing in this chapter are positive,

we decided to define a filtration as a sequence the other way round to reduce the amount
of minus signs.

Let us recall the following elementary result about module filtrations.

Proposition 3.1.3
Let k € CRing and X,Y € k-Mod carrying filtrations F'.
Suppose f € k-Mod(X,Y') is m-equicontinuous, for some m € Z.

(i) Iferf X <gLf> grl’ Y is injective, then )A(oo <L> 3700 18 injective.

*+m

.. rf ) .. S F s . L
(i) If grf X &, grf wmY s surjective, then X —» Yo is surjective.

Proof. Let us write X,, = F,,X and Y,, = F,)Y for short.

(i) Let £ € Z. Using the exact sequences
0 — gl X — X/ X1 — X/ X, — 0, n >/,

by induction on n > ¢ and using the 5-Lemma one shows that X,/ X,, — Y1,/ Yoae
is injective, for all n > ¢. Hence )?g L) }A/Hm is injective, because limits are left

exact, and thus )A(OO <i> EA/OO is injective, because filtered colimits are exact.

(ii) By a similar induction as in (i) one shows that X,/X,, < Y1,/ Yy e is surjective,
for all n > ¢. Giving the kernel K = ker f the submodule filtration induced by F,
we get short exact sequences

0 — Ki/Kn — Xo/ X0 -5 Y)Y, — 0,  n>L

As (Ky/K,)n>e consists of surjections and thus l’&l}l% K,/K, = 0, we see that

X, <i> }/}Hm is surjective, for all £ € Z. Using that colimits are right exact it follows

s oo ..
that X,, — Y is surjective.
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3.1.1 Filtered algebras

Remark 3.1.4
Let k € CRing.

(i) The discrete filtration on a module M € k-Mod is defined as

M, n <0,

F"M:{O, n > 0.

(ii) If M, N € k-Mod carry filtrations F, the tensor product filtration F @ F on
M ® N s defined as

F(M®N)= ) FM®FN, necL,
ptg=n
where by F,M & F, we mean its image in M @ N under the canonical map E]

This defines a monoidal structure on the category of filtered k-modules with 0-
equicontinuous homomorphisms.

A crucial tool in the development of the theory is the following elementary observation.

Proposition 3.1.5

Let k € CRing and M, N € k-Mod carry filtrations F.
Then there is a natural epimorphism gr¥ M @ gt N — grf’ (M @ N).
If moreover gt M or gr' N is flat, then it is an isomorphism.

Proof. The natural epimorphism

P MeN,— > M,eN,=F,(M®N), neck,

pa=n pa=n
maps M, ® Nyy1 + My11 ® N, C M, ® N, into F,11(M ® N) and therefore induces the

epimorphism grf’ M @ grf N — grf’ (M @ N).
Suppose that grf’ M is flat and consider the diagram

P srf Mgl N—— [[ M/F,.iM @ N/F,N,

p+qg=n p+q=n

| |

g (M @ N) [T el (M/FpiiM & N/FyuaV).

ptq=n

The left vertical map is the natural epimorphism just constructed. The lower horizontal
map on the factor (p, ¢) is induced by the quotient maps M —» M/F,;4M and N —»

! As this map is not injective in general, this is a bit sloppy.
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Chapter 3. Homology of associated groups and Lie rings

N/F, 1N with the targets carrying the quotient filtration. Since F,, (M /F,;1M®QN/F, 11N ) =
0, we also have maps

gty (M/FpnM @ N/FypiN) — M/F,. ;M @ N/FyaN, ptqg=mn,

whose product is the right vertical map. The map ¢ is defined as the composite. Let
P, ¢, ,q¢ € Zwith p+q=mn =p +¢. Then by construction the composite 7y 4y 0co Ly g
is zero, if (p,q) # (', ¢'), and is induced by the canonical injections grfM — M/F, . M
and gri' N — N/F_ 1N, if (p,q) = (¢, ¢). It follows that ¢ is the direct sum over all
maps

griM@grfN—)M/Fp+1M®N/Fq+1N, p+q=n,

followed by the natural monomorphism from the direct sum into the direct product. So
to prove that the left vertical map is injective, it suffices to check injectivity for all these
maps. Writing it as the composite

gri M @ grtf N — grb M @ N/Fy (N — M/F, 1M @ N/Fy 1N, p+q=n,

the first map is injective, since grfN — N/F,1N is injective and grfM is flat by as-
sumption. Corollary (i) implies that also the second map is injective, since grf M «—
M/ F, 1M is injective and (M/F,.1)/grs M = M/F,M is flat by Proposition (i).

O

Definition 3.1.6
Let k € CRing.

An algebra filtration on a k—algebmﬂ A is a module filtration, that is preserved by
all structure maps, where k carries the discrete and A ® A carries the tensor product
filtration.

In other words A is an algebra (of the particular type) in the monoidal category of
filtered k-modules with 0-equicontinuous homomorphisms.

3.1.2 Completed Tor-groups

Using the well-known theory of Artin-Rees we compare the Tor groups with their com-
pletions. This is needed later, when we are identifying group and Lie ring homology by
comparing the saturation of group ring and enveloping algebra respecetively.

Definition 3.1.7
Let k € CRing and A € k-Ass, carrying a positive filtration F with flat gr A. Let
X € Mod-A and Y € A-Mod carrying filtrations F' complatible with F' on A.

——A
The completed Tor-functor Tor, (X,Y) is defined as the homology of the completion
of the bar complex

pR1IR1
ne1 —-1our1

T oAy 22 x g A2 gy
1 2

BX,AY)= (XY

)

2Here we allow any kind of algebra, e.g. (unital) associative algebras (with augmentation), Lie algebras,
etc.

20



3.1. Filtered modules

carrying the tensor product filtration.

Proposition 3.1.8
Let k € CRing and A € k-Assy carrying a positive filtration F', such that the associated
Rees ring Ap = @,,~, FnA is left Noetherian.

Then the following holds.

(i) A= Hm A/F,A is a flat right A-module.
So Torf()?, Y) Torf()A(, }A/), for X € Mod-A and finitely generated Y € A-Mod.

(i) Suppose that gr’ A and A are flat over k. Then

T s o~ A
Tor(X,Y) == Tor, (X,Y), for X € Mod-A and finitely generated Y € A-Mod
with grfY and Y flat over k.

For right Noetherian Ar we can consider the opposite ring AP to obtain the dual result.
Proof. With Ap also the quotient Ap —» A is left Noetherian.

(i) This is the usual argument. Let N < M € A-Mod and suppose M = A-21+...+A-z,.
We have to show that A ®4 N — A ®4 M is injective. We give M the filtration

induced by F, i.e.
F,.M =F,A-M, n > 0.

Then My = ®n20 F,M = Ap-x1+...+ Ap-x,, and hence Np = ®n20 NNF,M <

M7 is finitely generated, because A is Noetherian. By replacing each such generator

by its homogeneous compronents, we get a finite set of homogeneous generators for
Np
yi € NN F, M, n; >0, 1<1<s.

Setting m = max{ny, ...,n,} it follows that
NOFpmM = Y Fogmn Ay CFRA-N,  n>0,
1<i<r

which proves that the submodule filtration on N is equivalent to the filtration in-
duced by F'. Hence in the commutative diagram

lim N/(F, A - N) —lim N/N 0 (F, A - M)~ lim M/(F,A - M)

n>0 n>0 n>0

! T

A\®AN A\®AM,

the upper left horizontal map is an isomorphism. By using finite presentations (N <
M are finitely generated and A is Noetherian), one verifies that the two vertical maps
are isomorphisms. It follows that the lower horizontal map is injective and thus A
is a flat right A-module.
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Let X € Mod-A and choose a projective resolution P — Y for Y € A-Mod.
Then X € Mod-A and A ® PF — A®Y —5 Y is a projective resolution of left
A-modules, because A is a flat right A-module. In particular

Tor’(X,Y) = H.(X®4PF) = H.(X®;A)04PF) = H,(X® (A2 4PF)) = Tor} (X, Y).

*

We define the big Rees ring as RFA = @,,., F,A. It is obtained by adjoining the
central element 1 € F. 1A = A to the usual Rees ring, which is equal to €, ~, FnA
in this notation. In particular also R A is Noetherian by Hilbert’s basis theorem
2.0.0l

Asin (i) we give Y the (Z-indexed) filtration induced by F' on A. We will inductively
construct a free resolution W, — RFY = D,,c; Y of finitely generated, graded
left R A-modules, meaning that in particular the differentials preserve the grading.
As Y is generated by some elements yo1, ..., Yo, € Y, We get a surjection

d:Wy:= (RFA)’”O —» RI'Y = W_,, a+— Zai “Yo,i-

Giving Wy the product filtration of F' on each factor A, the map d preserves the

grading. Now having constructed W, SN Wi—1, for some m > 0, we know that
ker d < W, is finitely generated, as W, is finitely generated and R¥ A is Noetherian.
Replacing each generator by its homogeneous components, ker d is generated by a
finite set of homogeneous elements

ym,i S (Wm)(sm+1’i)a 5m+1,i S Z, 1 S Z S rm+1-

We define W,,,,; = (R A)"+ and give the i-th factor the grading shifted by s, 11,
for all 1 <17 < rp0q. It follows that

d: Wy — Wi, a'—>zai'ym,i

is a homomorphism of graded left RF A-modules. So by construction W, — RFY
is a free resolution as desired.

Now the union

E. = [JW)® = 1lim(W.)@ — (W)W — )

k>0

yields a free resolution E, — Y of finitely generated left A-modules. Giving E,,, =
A" the product filtration, where the i-th factor A carries the shifted filtration
Fuis,,,, we get a complex of filtered A-modules with R¥(E,) = W, as graded left
RF(A)-modules. Moreover there is an exact sequence of complexes

0— W, — W, — grfW, — 0, nez,

where the left map is induced by the inclusions F.F, — Fj,_1F,, for k € Z. As a
summary we record the following properties for £, — Y.
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a

b

) E, — Y is a finitely generated, free resolution of left A-modules,
) grf'E, — grfY is a finitely generated, free resolution of left gr”’ A-modules,
c) E, =5 Y is a finitely generated, free resolution of left A-modules.

Now consider the commutative diagram
B.(X,A,Y)<=—Tot*B,(X
| | |
Bo(X,A,Y)<=—Tot"B.(X, A, E.)—=~ X ©, E.,

As Y and A are flat over k, B, (121\ A, }A/) =, Y is a flat resolution of left A-modules
and so R A o
Tor?! (X Y)=H,(X @5 Bi(A,AY)) = H(B.(X,AY)).

As E,, is a free A-module by c), it follows that B*(/Al, ﬁ, Em) =y E,isa homotopy
equivalence, for evey m > 0. Hence the upper right horizontal map is a quasi-
1somorphlsm by a spectral sequence argument. Moreover, for all m > 0, the map
Bn(X, A Y) & Tot*B,(X, A, E,) is a quasi-isomorphism by the Kiinneth for-
mula, since Y is flat over k. In particular also the upper left horizontal map is a quasi-
isomorphism. Similarly as grf’Y and gr’ A are flat over k, B, (grf A, gr¥ A, gr¥Y) —
grf’Y is a flat resolution of left gr’” A-modules and we get quasi-isomorphisms

B.(gr" X, gr" A, gr"'Y) «— Tot* B.(gr" X, gr" A, gr" E,) — gr"' X ®,,r4 g1 E,.

Using that grf’ A and grf’Y" are flat over k, it follows that these maps are isomorphic
to the associated graded of two lower horizontal maps in the diagram above. Hence
they also must be quasi-isomorphisms, as must also be the left vertical map, which
finally proves (ii).

O

3.1.3 Divisible closure and saturation

Following Lazard [Laz65] we introduce the notion of the divisible closure of a filtered
module. Similar to the construction of divided power algebras, this provides the necessary
structure to define logarithm and exponential maps.

Proposition 3.1.9
There is a (Z-indexed) ring filtration D on Q, given by

DQ=2  D,Q= ) p ez, DQ=0 n>o0

p prime
It is the intersection of the (shifted) p-adic filtrations on Q. In other words
D,Q={x€Q; (p—1)v,(x) >n, for all prime numbers p}, n € Z.
We call it the divisble filtration.
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Proof. Let x,y € Z be coprime. Then there are a,b € 7Z, such that ax + by = 1 and thus
(xy) ' = (az +by)(zy) ' =ay t+ b € Z+y 2.
Hence by induction on r > 1 we get

D_Q= Y pp /D)) L g, n >0,

. P1y---5 Dr
distinct primes

={x € Q; (p—1vy(xr) > —n, for all primes p}.

Moreover it follows that D,,Q- D,Q = D,,.,Q, for all m,n < 0, proving that D is a ring

filtration with the desired properties.
O

Definition 3.1.10

Let A € Ab carrying a positive filtration F with gt¥ A flat over Z. The discrete filtration
F and the divisible filtration D on Q give rise to two positive tensor product filtrations
F=F®F and D' .=F® D on A® Q:

F(A®Q)=F,A®Q, DI(A®Q) =Y F,A®D,nQ  n>0.

m>0
We also use the short notation DY (A) = DF(A® Q), for n > 0.
(i) The divisible closure of A with respect to F is DF'(A) and

(ii) the saturation of A with respect to F is its completion with respect to the filtration
induced by F (not by DY), i.e.

D (A) =1lim Df (A© Q)/Df (A2 Q) N (F,A® Q).

n>1

More generally we define F,(A® Q) and DF(A) as the completions of F,(A ® Q)
and DE(A) with respect to the filtration induced by F, for all n > 0.

Proposition 3.1.11

Let A € Ab carrying a positive filtration F with grf” A flat over Z. Defining F,(gr¥ A) as
the sum of all homogeneous components of degree > n, we obtain a filtration F on gri’ A
and for all m > 0 a natural isomorphism

DE (gr¥ A) —=— gr" DF(A)

| |

(grfA) © Q =g (A® Q).

Proof. By definition of the filtrations D on Q and on A ® Q, the upper horizontal map
exists and is onto. The lower horizontal map is an isomorphism, since Q is flat over Z.
The left vertical map is injective by definition of the filtration D. Hence by commutativity

the upper horizontal map must be an isomorphism, too.
O
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Proposition 3.1.12
Let A € Ab carrying a filtration F with gr” A flat over Z and A = FyA, for some N > 0.
Then the natural map A = FyA @ DyQ — DY A — DX A induces isomorphisms:

(i) DFA = DFDLA, for alln > N.
(i) DFA = DFDE A, for alln > N.
Proof.
(i) Since DyQ = Z and D is a ring filtration, it follows that

> pLQ®D_ Q= > D,Q-D_,Q=D_,Q  n>0, (3.1)

,9>0, p,9>0,
ptq=n ptq=n

and thus, for all n > N, the composition

Z FmA®Dn—mQ_> Z FmA®Dm’—mQ®Dn—m’Q;> Z FmA®Dn—mQ
m>N m,m/'>N m>N

is the identity. Hence also the first map is an isomorphism, which is equal to the

map DFA — DFDRA.

(ii) In the commutative diagram

gr’ D, A grl’ DnﬁNA
|
! D,grf DyA "~ DnnglA)NA
|
D,grf A——= D, Dygrf" A,

the vertical isomorphisms are induced by Proposition [3.1.11] and the horizontal iso-
morphism comes from the observation that the graded of an object always coincides
with the graded of its completion. As the lower horizontal map is an isomorphism
by (i), it follows that the upper horizontal map is an isomorphism, which implies

(i).

O

Proposition 3.1.13
Let A, B € Ab carrying positive filtrations F with gr™ A, gr’’ B flat over Z.
Then (DFA) ® (DFB) — DF®F(A® B), for alln > 0.

Proof. Using the isomorphism (3.1)) the map
Y FA®DQ®FB®DQ - Y FRAQFB®DQ, n>0,

pt+q+r+s=n r+s+t=n

is an isomorphism. By definition this is the map (D! A) @ (DE'B) — DI®F(A ® B).
O
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Lemma 3.1.14
Let p > 1 be a prime number and m > 1.
Ifm=ag+a1p+ ... +a.p" with 0 < a; < p s its unique p-adic expansion, then

vp(ml) = Y ai(p’ =1)/(p—1) = (m — (ao + .. +a,))/(p — 1).

0<ilr
In particular (p — 1)v,(1/m!) = ag + ... + a, —m > 1 —m and thus 1/m! € D;_,,Q.

Proof. Any book on number theory/local fields, e.g. [Neu90] Lem. I1.5.6.

Proposition 3.1.15
Let A € Ass carrying an algebra filtration F'. Then logarithm and exponential series define
a natural bijection

log:l—l—ﬁn(A@Q)éﬁ“A@Q):exp, n>1,
restricting to a bijection 1+ DF(A) é DF(A), for alln > 1.
Proof. Since F' is a ring filtration F,(A ® Q)™ C F,(A ® Q), for all m > 0, and thus
the serieses
xm ~
log(1 — x) Z— exp(x)zzm, re FR(A®Q)
m>0 m>0

converge. For the formal power serieses log(1 — t), exp(t) € Q[[t]] we have logoexp(t) =t

and exp olog(1—t) = 1—t. Every z € F,(A®Q) induces a ring homomorphism Q[[t]] LN

F1(A® Q) sending ¢ to z. By construction of the bijection maps, we get
e logoexp(z) =logoexpof,(t) = f,ologoexp(t) = f.(t) =z,
e cxpolog(l —x) =expologof,(1 —t) = froexpolog(l —t)= f.(1 —t)=1—u,

which proves the first part of the statement. By Lemma [3.1.14) we have 1/m! € D;_,,Q
and thus also 1/m € D;_,,Q and we get

xm/m!7xm/m < Drin(A) ’ Df—m(A) - Df—l—(m—l)(n—l)(A) - DW};(A)7 S D'S(A)7 n > 1

This proves that every summand in the serieses 1 —exp(z) and log(1 —x) is in DZ(A), for
x € DF(A). As we gave DF(A) the filtration induced by F (and not by D), convergence

follows from what was shown before.
O

Corollary 3.1.16
Let H € Z-Grp carrying a positive Hopf algebra filtration F'.
Then the natural bijection of Proposition restricts to a bijection

log:@f;(H)éﬁf(H):exp, n>1,

where
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° @f: (H) are the degree-n completed group-like elements, given by

DE ()

GF(H) = (1+ D,H) Nker (f)g(H) f)g(H@H)), n>0,

D§ (n®1)-DE (1@n)

o PF (H) are the degree-n completed primitive elements, given by

n

N DE(9)

PF(H) = (D,H) Nker ( DE(H)

f)g(H@;H)), n > 0.

DE (n@1)+DE (1&n)

Proof. As H is a Hopf algebra, the maps d° = DF(n®1),d? = DF(1®n) and d* = DE(5)
are compatible with the multiplication D{ (1) on D{(H). Hence for x € GE(H) the
elements d°(z),d*(z) € DF'(H ® H) commute, which implies that

d'(log()) = log(d' () = log(d"(x) - &*(x))
— log(d’(x)) + log(d?(x)) = d"(log(x)) + d*(log(x)).

and thus log(z) € PF(H). Similarly for € PF(H) also the elements d°(z),d*(z) €
DY (H ® H) commute, which implies that

d'(exp()) = exp(d'(z)) = exp(d’(z) + d*(x))
= exp(d’(z)) - exp(d®(x)) = d”(exp(z)) - d*(exp()),
and thus exp(z) € CA}’E(H)

Proposition 3.1.17
Let A € Ass carrying an algebra filtration F with A = F1 A.
Then there is a natural isomorphism of Lie rings

la:gr"(1+A) =5 gr"A, [14a] — [a],

where the Lie bracket on the left is induced by the commutators in the group 1 + A and
the Lie bracket on the right is induced by the Lie bracket on A.

Proof. In degree n > 1 the map ¢4 is given by the bijection
1+ F,A/F, A — F,A/F, 1A, [1+a]+— la].
It is a group homomorphism, because
(1+a)- 14+Dd)]=[14+(a+b+ab) =14+ (a+Db)], abeF,A

Now let [1 +a] € grf (14 A) and [1 + 8] € grf (1 + A) with a,b € A. Then using the

expansion (1 +a)™' =37, (—a)" and m,n > 1 we see that

M+a1+b=1+((1+a)(1+b)—1+b)(1+a)) - (1+a) (1+b)"
=1+ (ab—ba)1+a) ' (1+b) " '=1+(ab—ba) mod FpyniiA,

which proves that £, is an isomorphism of Lie rings.
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3.2 Hopf algebras

Let us recall the definition and most important basic properties of Hopf algebras.

Definition 3.2.1
A group object in a symmetric monoidal category (C,®, E) is an object G together with
5 structure maps

GoG-aG6, E-LG G-5GeG G-SE G-5aG,
such that the following identities hold:

(i)
(i) ((d®d)d = (6 ®id)d and (id®e)d = (e ®id)d =id, i.e. (G, 0, €) is a comonoid.
(iif) &

(iv)

A homomorphism of group objects consists of a morphism f € C(G, H) being compatible
with all structure maps. We denote by C-Grp the category of group objects in C.

p(id @ p) = p(p ®id) and p(id @ n) = p(n ®id) = id, i.e. (G, u,n) is a monoid.

and € are monoid homomorphisms and p and n are comonoid homomorphisms.

p(id ® )0 = p(r ®id)o = ne.

Definition 3.2.2 (i) A Hopf algebra over k € CRing is a group object in the monoidal
category (k-Mod, ®, k).

We denote by k-Grp = (k-Mod)-Grp the category of Hopf algebras over k.

(i) A Hopf ring is a Hopf algebra over the integers, i.e. in (Ab, ®,Z).

3.2.1 Canonical filtrations on Hopf algebras

We are introducing the lower and colower central series. We call them this way, because
they are closely linked to the particular series of groups and Lie rings, when applied to
the case of a group ring resp. enveloping algebra.

Remark 3.2.3
Let k € CRing and H € k-Grp be a Hopf algebra.

(i) As e is a monoid homomorphism kere carries an induced multiplication.
(ii) Asn is a comonoid homomorphism coker n carries an induced comultiplication.

(iii) The two operations on ker e = coker n are not compatible in the sense of Definition

(ii1) in general.

Definition 3.2.4
Let H € k-Grp be a Hopf algebra over k € CRing.

(i) We define H as the direct summand ker e = coker n of H.
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(ii) The lower central series (I',H),>o on H is defined as the positive filtration

ToH = H, T.H=H"=im(H*"" S H) cH n>l

The indecomposables of H are defined as Q(H) = coker (H @ H @il H).

(iii) The co-lower central series (L, H),<o on H is defined as the negative filtration
LiH=0 L_,H=ke(H-sH""YCH  n>0.
The primitive elements of H are defined as P(H) = ker(H I I & H).

Proposition 3.2.5
Let k € CRing and H € k-Grp. Then naturally

(i) griH = H/H* = Q(H),
(ii) P(H) > g’ H.

Proof. Consider the two-sided bar construction Be(k, H, k) € s(k-Mod), where k is con-
sidered as a left /right mondule over H via H — k. Then the associated complex of alter-
nating face maps B, (k, H, k) is quasi-isomorphic to the reduced bar complex B, (k, H, k),
which is the quotient obtained by modding out the degenerate summands, so

Bo(k, H, k) = (k £ coker n ““ "% (coker 1)®2 +— ...).

Moroever there is a subcomplex B,(H) < B.(k, H, k), given by
B.(H) = (k <= kere <& (kere)®? &% ),

As the composition B.(H) — B.(k, H,k) — B,(k, H,k) is an isomorphism, the inclu-
sion H = kere — H induces an isomorphism

gri H = Hi(B.(H)) = H\(B.(k, H, k) = Q(H).
Dually we have a two-sided cobar construction B*(k, H,k) € c¢(k-Mod), obtained by

exchanging p for § and € for 7. Similarly we get quasi-isomorphisms B*(k,H k) N

~ ~

B*(k,H, k) — B*(H), inducing the isomorphism

P(H)= HY(B*(k,H,k)) — HY(B*(H)) = g | H.
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3.2.2 Detecting epimorphisms and monomorphisms

Using ideas of [MMG65] Prop. 3.9 we are giving a criterion for a map of algebras and
coalgebras resp. to be surjective and injective resp.

Definition 3.2.6
Let k € CRing. Then the lower and co-lower central series also make sense for associative
algebras/coalgebras.

(i) Let A € k-Ass.

a) The lower central series (I',A),>o on A € k-Ass is defined as the positive
algebra filtration

DoA=A"=im(A*" "5 A)c A, n>1.
b) A is called nilpotent, if [ yA = AN =0, for some N > 0.
c) A is called complete, if A — @@1 AT, A.

(ii) Dually let C' € k-AssP.

a) The co-lower central series (L, C),>o on C € k-Ass® is defined as negative
coalgebra filtration

L_,C =ker(C LI cetly c C, n > 0.
b) C is called conilpotent, if Ly C = C, for some N > 0.
c) A is called cocomplet if Upc1 Ln € = lign<1 L,C = C.

We let k-Ass = < k-Ass®® and k—@ip < k-Ass{® denote the full subcategories of
cocomplete (unital) associative coalgebras over k.

Remark 3.2.7
For k € CRing, there are adjunctions

k-Mod(U(X),Y) = k-Ass (X, Ass (V) = k-Ass, (X, Ass, (Y)),
where Z;sop(X ) = D1 X®" is the cofree cocomplete associative coalgebra.

Proposition 3.2.8
Let k € CRing and f € k-Ass(A, B) with complete A and B.

rlff
Then A L, B, if and only if gri A kA grl' B.

3However some authors call this conilpotence.
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Pmof If f is surjective, so is its induced map on the quotients of indecomposables

grlA —» grl B. Vice versa suppose f is surjective. Consider the commutative square

Ass(grl f)

Ass(gry A) Ass(gr; B)
£ gt f Il
gr' A gr' B,

where the graded object is taken with respect to the lower central series filtration. With
grl f also Ass(gr! f) is epimorphic, because tensor powers and direct sums preserve epi-
morphisms. Moreover as gr' A = @, ., A"/A"*! is generated by gri A = A/A? = gri A

and similar for B, the vertical maps are surjective. It follows that also gr’ f is surjective.

Hence also A/A™ B /B"™ is surjective by induction on n > 1, using the exact sequences

0 grl A AJAT — = AJA" —— ()

]

0 grl' B B/B"*! —— B/B" ——0.

By taking the inverse limit, it follows that A —f» B. As A and B are complete, the

. . . f
commutative square below implies that A —» B.

f

_

S
sy

-
-~

s
l\,
o

Remark 3.2.9
Let k € CRing and f € k-Ass°®(C, D) surjective.
If C' is cocomplete, then so is D:

D=fC)=flJcn=JrCcy)cl Do

n>1 n>1 n>1

Similarly the following proposition is a variant of [MMG65] Prop. 3.9.

Proposition 3.2.10
Let k € CRing and [ € k-Ass°®(C, D) with flat D, cocomplete C' and flat L, C, for all
n < 0.

gl f
Then C <—> D, if and only if gr,C % gt D.
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Proof. This is the dual statement to Proposition If f is injective, so is its restriction
to gr,C = L_; C. Vice versa let n > 1. By tensoring the exact sequence

0—L,C0— 2 oontl

with itself and using the flatness of L_,, C' and %ﬂn>0 L_,C =+ C we get an exact
sequence as in the upper row of the diagram below.

0 L.C®L_,C C g EWEN | centl o 0w 0 g CFnH
A
381 5 (id,id)]
I n
0 L (i) C C gt C®(n+2)

As the lower row is exact by definition of L_,4;)C' and the right square commutes, we
get a map 6| as on the left. The kernel of the right vertical map is trivial, so ker §| —
ker§ = L_; C = gr",C. In particular we get a diagram with exact rows

0——kerd] —=L_(u1) 0 —=L_,C®L_,C
S |
0——=grl,C C d C®C
grLlfl f lf@f
0——=gr*, D D ° D®D.

By induction on n > 1 we will prove injectivity of
f|L,nCIL_nC‘—>CL>D, n > 1.

This holds for n = 1 by assumption. If it holds for some n > 1, then also

f|L7nC®f|L,nCCL_nC®L_nC_>C®O@;D®D

is injective, as L_,,C' and D are flat by assumption. Hence f|L7(n+1)C is injective by the
5-lemma applied to the above diagram, which proves the induction step. As f|_ ¢ factors

L*’n, . . . . . . . .
as L_, C —J) L_, D — D, this implies that L_,(f) is injective, for all n > 1. Since
direct limits are exact, it follows that f is injective using the commutative square

liﬂL_n C—— @L_n D

n>0 n>0

|
C D.
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Corollary 3.2.11
Let k € CRing be integral and f € k-Ass®®(C, D) with cocomplete and flat C'.

rE1f
Then C <L> D, if and only if gr,C %—> gt D.

Proof. Let Q(k) denote the field of fractions of k. Then
0 — (g2,0) @ Q(k) — C @ Q(k) — C & C @ Q(k)
is exact, which proves that the vertical maps in the diagram below are isomorphisms

(&",C) ® QU2 0y @ Qi)

| |

g, (0 Q(k) M o (D & Q).

Moreover (gr®, f)®Q(k) is injective using flatness of Q(k) again. Hence by commutativity

also grl; (f ® Q(k)) and thus C' ® Q(k) 1990 b Q(k) is injective by the preceding
Corollary. In the commutative square

| |
C Q)2 Do Qh),

the left vertical map is injective by flatness of C' and because k — Q(k) as k is integral.
Using commutativity f must be injective, too.
O

3.3 Lie algebras and enveloping algebras

We are now introducing the Hopf algebra of an enveloping algebra of a Lie algebra and
construct suitable filtrations.

3.3.1 The enveloping algebra as a Hopf algebra

Proposition 3.3.1
For every Lie algebra g € k-Lie the enveloping algebra Uy(g) becomes a Hopf ring via

(i) ¢ : Ur(g) — Uk(g) ® Uk(g), g—g®1+1®yg, gE€g.
(i) e: Up(g) — k, gr—0, gEg.

(ili) ¢: Up(g) — Uk(9)®, ¢ +— —g, geg.
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Proof. Using the universal property for enveloping algebras the given Lie ring homo-
morphisms on g uniquely extend to the desired ring homomorphisms. Moreover it follows
that

Uilg x g) — Ui(g) ® Ur(g),  (g.h)—g®1+1®h,  gheg,

and it suffices to check all identities for elements in g.

Remark 3.3.2
Let k € CRing. Taking primitive elements induces a functor

k-Grp — k-Lie, H +— P(H),

which is the right adjoint of an adjunction k-Grp(Uy(X),Y) = k-Lie(X, P(Y)), induced
by the adjunction k-Ass1(Ux(X),Y) = k-Lie(X,U(Y)).

Indeed its unit g — Uk(g) sends g € g to the generator g € Uy(g), which lies in PUy(g)
by construction of the coalgebra structure on U(g).

3.3.2 The co-lower central series on the enveloping algebra

The colower central series on an enveloping algebra is closely related to the filtration used
in the Theorem of Poincaré, Birkhoff and Witt, as we will show in this section.

Definition 3.3.3
Let k € CRing and g € k-Lie. We define an negative (associative algebra) filtration E on
the enveloping algebra Ui (g) as the image of the the increasing algebra filtration

E_,Assi(g) = Asst"(g) == @ g% C Assi(g), n >0,

0<k<n

under the quotient map Ass1(g) — Ui(g) defining Uy(g).

The following proposition is well-known [Bou98] Chapter I, §2.6. For the convenience
of the reader, we recall its simple proof.

Proposition 3.3.4
For k € CRing and g € k-Lie the following holds.

(i) The filtration E on Uy(g) is ezhaustive, i.e. Ug(g) = U, <o EnUi(9)-
(ii) The natural map g —= U(g) extends to an epimorphism of commutative k-algebras

g : Coma(g) — gr”Us(g).

Proof. Let Assi(g) N Uk(g) denote the quotient map.
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3.3.  Lie algebras and enveloping algebras

(i) As the filtration Ass:"(g) is exhaustive on Ass(g) so is E on Ug(g), because

U E-nlie) = | a(Assie) = (| Asst"g) = a(Assig) = Ui(g).

n>1 n>1 n>1

(ii) We have

My (EoUk(g)) = ng '(k) =0,  n4(8) = q(g) = E_1Uk(g),

hence 1, induces a map g — gr”, Uy (g), extending to a map of k-algebras Ass;(g) —
grPUy(g). It can be identified with grfq under the natural isomorphism Ass;(g) —
grf Assi(g). Moreover

[9(2), q(y)] = [g(),n5 (V)] = mel, y] = qlz,y] € E1Uk(g), =,y €g,

which implies that Ass;(g) — grfU(g) factors over Com,(g), as Ass;(g) is gen-
erated by g.

Proposition 3.3.5
For k € CRing and g € k-Lie we have E,Uy(g) C L, Ux(g), for all n <O0.
In particular Ug(g) is cocomplete and we get a natural map grfUy(g) — grUs(g).

Proof. By abuse of notation we write 0" for the composition
Uila) - Unl@)® 229 U, (0)* %23 ... %58 U ()" ™3 U (),

which is a ring homomorphism as § is one by definition of a Hopf algebra. For x € g we
have

5”(;5):21@...@31;@...@1, n>1,

0<i<n

and using that 6" is a ring homomorphism it follows that the composition
n " n
Assi"(g) = Ui(g) — Ui(g)*""Y,
is zero, for all n > 1. In particular

E_.Ui(g) C ker(Uy(g) = Up(g)®™)) = L, Up(g), n > 1.

Proposition 3.3.6
Let k € CRing be flat over Z and g € k-Lie a flat Lie algebra, for which there is a
monomorphism into a flat associative k-algebra A € k-Ass E|

4Such an A always exists, for every flat Lie algebra g, even if k is not flat over Z. Indeed we may take
A = Ug(g), which is flat by Corollary and the general Theorem of Poincaré, Birkhoff and Witt
@ However the latter is much more difficult to prove than the special case presented here.
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(1) vy : Coma(g) — er"Us(g)-
(ii) E,Uk(g) = L, Uk(g), for alln <O0.

Moreover all these are flat k-modules. In particular also Uy(g) is flat over k.
(i) 7y : g — PUx(g).

Proof. By the universal property of the enveloping algebra the identity on A extends to
a surjection Ux(A) — A, —» A, /k = A, where A, = k @ A is the universal unital
k-algebra under A of Remark [2.3.2] By the universal property of cocomplete coalgebras
this map extends uniquely to a homomorphism of coalgebras Ug(A) — Z;S(l)p(A) =
D,~0 A®" inducing a commuting square

——o0p

Comy(A) N Ass; (A)

dmi
O

grPU(A) — grl Uy (A) — gri Ass, (A).

In homogeneous degree n > 0 the map N can be computed as

N a)= J[ "M@= [[ (D 190 000..01) =Y 2@ ... ® Togm),
J

1<i<n 1<i<n 1<5<n 0EYXn

because all summands with at least one tensor factor equal to 1 vanish in A, /k = A.

Hence N is the direct sum of norm maps A®"/3, My A®n The composition (A®™)g, EAN

A% — (A®™)y  is multiplication by n! and thus is injective, since A is flat over Z.
Hence N is injective and by commutativity we get that ¢4 : Comy(A) — grfUi(A) is
an isomorphism and that gr®Uy(A) «— grUi(A) is injective.

Bringing g into play we have a commutative diagram

Com[l (5) o> grE(ij(g) — grLl[k(g)
Comi(A) —2= grE UL (A)—= gV Uy (A),

where the left vertical map is injective, because g — A and both are flat k-modules.
Hence 1)y is an isomorphism, which proves (i). Furthermore the middle vertical map is
injective. As also the lower right horizontal map is injective, so is the upper right horizontal
map.

Now we use the injectivity of grfUy(g) — grtUy(g) to prove (ii). It is equivalent to

E,1Uk(g) N L, Uk(g) = ExUk(g),  n <0,
which implies

E.Uk(g) "L, Ux(g) = EnUk(g) N Lyt Uk(g) N Ly, U(9) = Ernt1Uk(g) N Ly, Uk(g)
=..=FE, 1U(g) NL,U(g) = E,Ux(g), m<n <0,
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3.3.  Lie algebras and enveloping algebras

and hence L, Uy(g) = E,Ui(g), for all n < 0, as E is exhaustive. As Com="(g) =
grE,Ux(g) is flat, so is also F,Uy(g) by Corollary [3.6.2
Finally consider the diagram

Com{" (g) 2= gr? Uy (g) == g™, Un(g)

Tz

g PU(g).

The upper horizontal map is an isomorphism by (i). The equality on the upper right holds
by (ii). The right vertical map is an isomorphism by Proposition [3.2.5] (ii). As the diagram

commutes, it follows that the lower horizontal map must be an isomorphism.
O

Remark 3.3.7

Proposition [3.3.6 (i) is false, if k is not flat over Z.
For example let g € E,-Lie. Then in Ug,(g) we have

() =21+ 1z)=2"®1+1®aP, T € g.

Hence 2P € PUg,(g)\g, for all 0 # x € g.

Corollary 3.3.8

Let k € CRing be flat over Z and g € k-Lie flat over k.
Then every g — P(H) with flat H € k-Grp extends to Ux(g) — H.
If moreover k is integral, the flatness condition on H can be skipped.

Proof. As g maps to the primitive part of H, the unique extension Up(g) — H is
a homomorphism of Hopf algebras. The map g —— H is a monomorphism into a flat
associative algebra and thus by Proposition [3.3.6] (ii) the underlying coalgebra of Uy(g)
satisfies the hypotheses of Proposition . Hence Uy(g) — H is injective, since g =
gr? Uy (g) = gr™,Ui(g) = PU,(g) — P(H) is injective by assumption.

If k is integral, then it injects into its field of fractions Q(k). By flatness of g and Q(k)
we get a monomorphism g — gQ(k) — H®Q(k), which extends to a monomorphism
Ur(g) — H — H ® Q(k) by what we have just shown. In particular also the first map
Ur(g) — H is injective.

O

Proposition 3.3.9
Let k € CRing be integral and flat over Z.

Then every Z~o-graded, flat Lie algebra g € k-Lie satisfies the hypothesis of Proposition
15.3.0)

Proof. There is a derivation  on g, sending an element of homogeneous degree m > 0 to
m - x. Indeed we get

Slz,yl = (m+n) - [z,yl =m-[z,y]+n-|v,y] = [m-z,y] + [z,n-y] = [§(z),y] + [z, (y)],
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Chapter 3. Homology of associated groups and Lie rings

if z,y € g have homogeneous degrees m,n > 0. Considering g as a bimodule over Uy(g),
acting by the adjoint action from the left and trivially from the right, this extends to a
derivation

Uk(9) g wpeex, — Z 1 0(xy) - @, = ad(xy) o ... o ad(z,_1) 0 6(x,).

1<i<n

The composition g LN Uk(g) LN g is again ¢, which is injective as g is flat over k£ and
thus over Z. Hence also 7, is injective.
Now let Q(k) denote the field of fractions of k. For the composition

g — 00 Qk) "= Uy (s ® Q(K))

the left map is injective, as k — Q(k) is injective and g is flat over k, and the right map
is injective by the argument above. As Ugx)(g ® Q(k)) is a vector space over Q(k), it is
flat over k.

O

Proposition m (i) is better known as the Theorem of Poincaré, Birkhoff and Witt,
which also holds in a more general situation. We will state it here, although Proposition
will be enough for the purpose of this work.

Theorem 3.3.10 (Poincaré, Birkhoff, Witt, Higgins)
For k € CRing and flat g € k-Lie the map v, : Comy(g) — gr¥Uy(g) is an isomorphism.

Proof. See [Hig69] Theorem 6, 7 and 8. The proof is far more involved than the proof of
the special case, given in Proposition |3.3.6
([

3.3.3 Filtrations on a Lie algebra and its enveloping algebra

We are now defining filtrations on the enveloping algebra induced by that of a Lie algebra.
As a corollary we obtain the well-known Theorem of Ado.

Remark 3.3.11
Let k € CRing and g € k-Lie a Lie algebra.

(i) The commutator of two submodules X, X, < g is defined as the submodule
(X1, Xo] < g generated by [y, xs], for x; € X;.

(ii) Recall from Definition[3.1.¢ that a Lie algebra filtration on g is a filtration F of

submodules, such that
[Fpg7 Fqg] C Fp+qu D, q € L.

Remark 3.3.12
Let k € CRing and F' a Lie algebra filtration on a Lie algebra g € k-Lie.
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3.3.  Lie algebras and enveloping algebras

(i) The Lie bracket induces a Lie algebra structure on the associated graded module
grf'g = @nzl F.g/Frg.

(ii) There is an induced Hopf algebra filtration on the enveloping algebra Uy(g),
defined as the quotient filtration under Assi(g) —» Ur(g), where the Hopf algebra

filtration on Assi(g) = €D, 9°" is the sum of the tensor product filtrations induced
by F. -

(i) If Fig = g, then the induced filtration F' on Ug(g) is given by

FOUk’(g) = Uk(g)a FnUk(g) = Z Fa1Uk(g) et FarUk(g) n Z 1,

at,...,ar>1,
a1+...+ar>n

where F,Ui(g) = Ui(g) - Fag is the kernel of Uy(g) —> Ui(g/Fag), for all n > 1.
(iv) By construction the map ng : g — Ui(g) preserves the filtrations and induces maps
grfng s grs — o' Ui(a), ¢ : Ur(er"a) — er"Uk(g).

Remark 3.3.13
Let k € CRing.

(i) The lower central series (I',9),>0 on a Lie algebra g € k-Lie is given by
Fog=Twg=9, Tnpg=[glng, n=0.
It 1s the initial Lie algebra filtration on g satisfying I'vg = g.

(ii) The lower central series defines an epimorphism preserving endofunctor

g’ k-Lie — k-Lie, g+ gr'g= @an/FnHQ.

n>1

(iii) By construction the induced filtration T' on the enveloping algebra Ug(g) coincides
with the lower central series defined for Hopf algebras in Definition[3.2.4, so there
s no notational conflict occuring here.

Proposition 3.3.14
Let k € CRing and F' a Lie algebra filtration on a Lie algebra g € k-Lie.

é
Then Uy(grf'g) — grf'U(g) is always an epimorphism.

Proof. The inclusion grf’'g — grf’ Ass; (g) extends to a map Ass;(grf'g) —» grf"Ass;(g),
which is surjective being the direct sum of the natural epimorphisms

(gr"g)®" — gr"(g®"), r>0.
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Moreover by construction the surjection Ass;(g) —» Uy(g) maps F,.Ass;(g) onto F,,Uy(g),
for all n € Z. So using the commutative square

Assy(gr''g) — U (gr’g)

i |~

grl Assy(g) —=gr" Ui(g).

it follows that also ¢4 is surjective.

Proposition 3.3.15
Let k € CRing and g € k-Lie, carrying a Lie algebra filtration g = Fig D ... D F,g =0
with grfg = k¢, for some n,d > 1.

Then g — Ug(9)/F,.Ux(g) is injective.

Proof. This is done by induction on the rank d > 1. Let m > 1 be minimal with grf’ g # 0.
So we can assume n > m. If d =1 then g is abelian and the composition

g — Ui(g) — Ui(g)/Frns1Ui(g) — Ui(g)/Us(g)?

is injective, because by Proposition we have

gri Uil(g) = Ui(g)/Ux(9)* — Q(Uk(g)) = Hi(g, k) = g/[g. 9] = 0.

For d > 1 we take an element a € g, such that [a] € grf’ g can be extended to a basis of

the k-module grf’g. We let grf'g — k be the corresponding projection onto the direct
summand spanned by [a]. Since F is a Lie algebra filtration, the maps

q:9— grhg —>k

are homomorphisms of Lie algebras, the middle and the right one being abelian. The
induced filtration F' on the kernel n <1 g of ¢ is a Lie algebra filtration and grfn is a direct
summand of grf’g and thus free of rank < d. Hence by the induction hypothesis we have
n— Ug(n)/F,Ug(n).

Now we have a € ¢~ (1), the map ad(a) induces a derivation on n and on Uy(n) by the
universal property of the enveloping algebra. The map 1 —— a defines a section for ¢,
which is a Lie algebra homomorphism. In particular g = n x k£ and we get a unique action
of g on Uy(n) extending the action of nand k- a C g. Since a- Fyn = ad(a)(Fyn) C Fyon
and g =n+ k- a, we get

Fog - FoUi(n) C FpyqUi(n), p,q > 0.

Let A denote the k-algebra of k-linear endomorphisms on Ug(n)/F,U(n). Then A car-
ries a ring filtration, where F,A is the k-submodule of endomorphisms f, such that
f(FUp(n)) C FprqUg(n), for all ¢ > 0. Moreover A = F}A is a nilpotent subalgebra

and left multiplication defines a representation g 2 /Lr = A ® k, mapping F,g to F,A,
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3.3.  Lie algebras and enveloping algebras

for all p > 1. It extends to an algebra homomorphisms Uy(g) — A, mapping F,Uy(g)
to F,A, for all p > 1. In particular A factors as g — Uy(g)/F.Uk(g) —> Ay, because
A" = 0. The composition

q
is injective by the case d = 1. Using the commutative diagram

n—— Ui (n)/F,Ui(n)— k-Mod (Ui (n)/ F,Ux(n))

| !

g — Uk(9)/ FuU(g) Ay,
it follows that also g — Uy(g)/F,Uk(g) is injective.

As a consequence we get the well-known Theorem of Ado.

Corollary 3.3.16 (Ado)
Let k be a field and g € k-Lie nilpotent with d = dimy, g < co.

Then the lower central series satisfies the hypotheses of Proposition [3.3.15

In particular we get a finite-dimensional nilpotent representation g — Ui(g)/Ux(g)",
forn > 1 with ',,g = 0.

Proposition 3.3.17
Let k € CRing be integral and g € k-Lie, carrying a Lie algebra filtration F with F1g = g
and grf’g flat over k.

Then grf'g — grf'Uy(g).

If moreover k is flat over Z, then gr*Ui(g) is flat and ¢4 : Ur(gr''g) — grf'Ui(g).

Proof. The proof will be established in several steps.

(i) First we assume that k is a field and that g/F,g is a finitely generated k-module,
for all n > 1. Then gr’’(g/F,g) = gri'g® ... @ grl’ g = k?, for some d > 1, and thus
by Proposition |3.3.15| we get injections

9/Fng — Ui(9)/FuUi(9) — Ukl(g/Frg)/FuUi(g/Fag),  n>1,

where the latter is an isomorphism, because by definition F,Ux(g) contains the
kernel of U (g) — Ur(g/F,g). Equivalently gr’’'g — grf'U,(g).

(ii) Next we only assume that k is a field. For every finitely generated Lie subalgebra g’ <
g we give g’ the subalgebra filtration. Then ¢’/ F, ¢’ is a finitely generated k-module,
for all n > 1, and we get grf'g’ — grf’Ui(g’) by case (i). In the commutative
diagram

ling gr'g’ ———gt"( lim g) ———gr"g
g'<gfg. g'<gfg.

| |

lim gt Ui(g') — gr" Uy( lim g) —grfUs(g),
¢'<gfg. ¢'<g f.g.
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Chapter 3. Homology of associated groups and Lie rings

the horizontal maps are isomorphisms, because grf’ and U, commute with filtered
colimits. Moreover the left vertical map is an isomorphism, because filtered colimits
are exact. Hence also the right vertical map is injective.

(iii) Finally suppose k € CRing is an integral domain and let Q(k) denote its field of
fractions. We give g ® Q(k) the filtration

Folg@Q(k) = (Fog) @ Q(k),  n>1

Then in the commutative diagram

grfg—— (ar'g) ® Q(k) grf (g ® Q(k))

| | |

gt Un(g) — (gr"Un(9)) ® Q(k) —=gr" (U (8 @ Q(K))),

the upper left horizontal map is an injection, because grf'g is flat and k injects into
its field of fractions. Moreover the upper right horizontal map is an isomorphism
by definition of the filtration on g ® Q(k) and because Q(k) is flat over k. The
right vertical map is injective by (ii). Hence by commutativity gr’’g — grf’Uy(g)
is injective.

Now suppose k is flat over Z. As grf (Ugu (g ® Q(k))) is a Q(k)-vector space, it
must be flat over k. In particular

gr’ (Uou (80Q(k)))@gr” (Ugu (89Q(k))) — g (Ugu (99Q (k) @Uqu (90Q(K)))

is an isomorphism and thus the coalgebra structure on Ugx) (g®@@Q(k)) induces a coal-

gebra structure on gr’’ (Ug ) (9®Q(k))). Since the image of gr¥'g — gr’ (Ugu) (90Q(k)))

lies in the primitive elements, Corollaryyields that Uy (g) — gr (Ugu) (92Q(k)))
is a monomorphism. This map factors over grfU,(g) and hence also Uy (grf'g) —
grf’Uy(g) is injective and so bijective by Proposition Moreover using the in-
jection grf'g «— grf (Ugu) (g ® Q(k))) with flat target, Proposition m yields that
Ur(grf'g) — gr’Uy(g) is flat over k.

O

3.3.4 A modified lower central series

Purpose of this section is to point out that the lower central series does not behave well
enough integrally.

Proposition 3.3.18
Let k € CRing be integral with field of fractions Q(k) and g € k-Lie.
Then grf'g — grfUy(g) and ¢ : Up(grf'g) — grfUk(g), for F defined by

Fug =ker(g — (g @ Q(k))/Tn(g® Q(F))),  n=0.

Moreover the following holds.
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(i) If gr'g is flat, then F =T.
(ii) IfI'g =0, for somen > 1, then F,g = ker(g — g ® Q(k)).

Proof. In the commutative diagrams

grfg g’ (g T Q(k)) Uk(erg) — U (gr" (g @ Q(F)))
grf Ui(g) — " (Uguy (9 ® Q(k))), grf Ur(g) — gr" (Uguy (8 ® Q(k))),

the upper horizontal maps are monomorphism by construction of F' and Corollary [3.3.8]

respectively. The right vertical maps are injective by Proposition [3.3.17. Hence by com-

mutativity gri’g — grf’Uy(g) is injective and Uy (grf’g) — grf’Uy(g) is an isomorphism.
Now let n > 1. The following diagram of forgetful and inclusion functors commutes

Q(k)-Lie<" —— k-Lie~"

| |

Q(k)-Lie — k-Lie,

where Lie<" < Lie is the full subcategory of n-nilpotent Lie algebras, i.e. Lie algebras
g with I',,g = 0. Hence also the corresponding diagram of their left adjoints, which are
given by extension of scalars and truncation, commutes up to natural isomorphism. In
other words the natural map

(0/Tng) @ Q(k) — (8@ Q(K))/Tu(g @ Q(F)),  n=>1,
is an isomorphism.

(i) We have just proven that the right vertical map in the commutative square

9/Tng ——(9/Tng) ® Q(k)

i i

g/ Fog— (6 @ Q(k))/Tn(g ® Q(k))

is an isomorphism. If gr'g is flat, so is also g/T',,g by Corollary [3.6.2, Hence the
upper horizontal map is injective and by commuativity the left vertical map is an
isomorphism. Equivalently [',,g = F,g.

(ii) Using the observation above and that I',,g = 0, we get an isomorphism

0@ Q(k) — (9/Tng) ® Q(k) — (@ Q(K))/Tn(g ® Q(F)),

which proves that

Fhg=ker(g — (g Q(k))/Tn(g @ Q(k))) = ker(g — g ® Q(k)).
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Example 3.3.19
Let k € CRing and g € k-Lie nilpotent.

(i) Let k =7 and consider the Lie algebra of upper triangular (3 X 3)-matrices

0 pZ pZ
g=p-t3(Z)=1 0 0 pZ |, p>1.
00 O

Then g is nilpotent and g = 73, but grtg = g/[g, 9] = Z> ®© Z/p is not free.
However as 7 is integral, gr¥g is free, for the filtration F of Proposition|3.3.18

(ii) Let k= Q[t]/(t*) and g = sby(t - Q[t]/(%)).
Then using that sly(Qlt]/(t3)) is perfect (i.e. equals its commutator), we see that
Pg=t-g, Tyg=t"-g=0.

In particular g is nilpotent and g = k3, but gr'g is k-torsion.

In fact the only Lie algebra filtration F, such that gr™ is flat, is given by F,g = g,
for alln > 0.

3.3.5 Free Lie algebras

Here we are showing that at least in the case of free Lie algebras, the lower central series
is good enough.

Proposition 3.3.20
Let k € CRing and X € k-Mod.

Then the free Lie algebra Lie(X) generated by X is Z~q-graded.

Moreover, if X is flat, so is also Lie(X) and thus Proposz'tion together with Propo-
sz'tz'on imply, that Lie(X) — PUy(Lie(X)) = PAss (X) is an isomorphism.

Proof. The free magma Mag(X) generated by X is Mag(X) = P, Mag™ (X) where
the direct summands are inductively be constructed via

Magh(X) = X, Mag"(X) = B Mag(X) @ Mag"(X), n>1

0<i<n
The product map Mag(X) ® Mag(X) 5 Mag(X) is given as the sum of the maps
Mag® (X) @ Mag@(X) = Mag®9(X).

In particular Mag(X) is a Z-g-graded k-magma. The free Lie algebra Lie(X) is the
quotient of the free magma Mag(X) by the ideal I(X) generated by

[z, 2], ) 2+ ly 2] o] + [lz,2) 8], 2y, 2 € Mag(X).
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By replacing z,y, z by its homogeneous components we see that I(X) is generated by
homogeneous elements. Hence also Lie(X) = Mag(X)/I(X) is Zo-graded.

To prove that flatness of X implies flatness of Lie(X) we will use a well-known result
of Hall [Hal50], who explicitly constructed a basis for the free Lie ring generated by a
finite set of generators. In particular his result implies that Lie(k™) = k ® Lie(Z") is a
free k-module, for all n > 1. Since every flat module X € k-Mod is a filtered colimit of
finitely generated free modules and the functors k-Mod £ k-Lie -5 k-Mod commute

with filtered colimits, the statement follows.
O

Proposition 3.3.21
Let k € CRing and let g be the free Lie algebra or free abelian Lie algebra generated by a
k-module X € k-Mod.

Then ¢q : Up(gr'g) — gr''Uk(g).

Proof. Let g = Lie(X) and consider the commutative square of ring homomorphisms
under k

Ass(X) —— grt Ass; (X)

| Jéx

og
Uk(gr'g) —— gr' Uk(g),

where an x € X is mapped to [z] under the upper horizontal and the left vertical map.
Then the upper horizontal map is an isomorphism by construction of the lower central
series. We have a factorization of forgetful functors

k-Assy, — k-Lie — k-Mod,

which proves that also the composition of its left adjoints are isomorphic and hence
Ass1(X) — Up(Lie(X)) = Ux(g). In particular the right vertical map is an isomorphism
and thus the left vertical map is injective. It is also surjective, because the Lie algebra
gr! Lie(X) and hence the ring Uy(gr! Lie(X)) is generated by gr} Lie(X) = X. It follows
that every map in the square and in particular ¢, is an isomorphism. The same arguments
also apply for the abelian Lie algebra g = X.

O

Corollary 3.3.22
¢
For every k € CRing and g € k-Lie, the map Uy(gr'g) — gr''Uy.(g) is surjective.

Proof. For every subset X C g we get a homomorphism Lie(kX) — g inducing a
commuting square

PLie(kX)

Up(gr! Lie(k X)) ———= gr' U (Lie(k X))

| |

)
Uk(gr''g) ? gt Uy(g).
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If X generates g, then Lie(kX) —» g and the right vertical map is surjective, because
gr' and Uy preserve epimorphisms. Hence by commutativity ¢, is surjective, too.
(]

3.3.6 Completed Lie algebra homology

Applying the Artin-Rees theory of section we are linking Lie algebra homlogy to its
completion.

Definition 3.3.23
Let k € CRing. Let g € k-Lie carrying a Lie algebra filtration F with gr¥Uy(g) flat over
k. Let M € Mod-Uy(g) carrying a filtration F, compatible with the induced filtration F'
on Uk(g).

The completed Lie algebra homology is defined as ﬁ*(g, M) = T&f’c (M, k), i.e.
the homology of the completion ak(g, M) = E*(M, Uik(g), k) of the standard complex

(9)

Ci(g, M) = B.(M,Uy(g), k) = (M@Ui(g) +— MeUi(g)® +— MaU(g)®@Uk(g) — -..).

o - =—Ux(9)
Similarly we define H,(g, M) = Tor, — (k, M) for M € Ug(g)-Mod.

Proposition 3.3.24
Let k € CRing be integral, Noetherian and g € k-Lie carrying a Lie algebra filtration F,
such that Fig = g and grf'g € k-Mod is finitely generated.

Then Uy(g) and the Rees ring @,,~, F.Ux(g) are left Noetherian.

Similarly one shows that both rings are also right Noetherian.

Proof. As grf’g € k-Mod is finitely generated, so is also g € k-Mod. Using an epimorphism
k% —s g Proposition yields is a surjective ring homomorphism

¥
klt1, ..., tq) = Comy (k) — Comy(g) — gr¥Uy(g).

Since k is Noetherian, so are also k[, ..., t4] and gr®Uy(g). Hence Uy (g) is left Noetherian.

Now since grf'g € k-Mod is finitely generated, we have Fyg = 0, for some N > 1.
By replacing each generator of grf’g by its homogeneous components, we can assume
that grf'g is generated by a finite set of homogeneous elements. We choose elements
X = {x1,...,24} C g representing the homogeneous generators in grf’g. We will construct
subrings R, < ,,-0 FnUk(g) by descending induction on 1 < m < N. For m = N we
let Ry = Ug(g), which is left Noetherian as we have just proven. Having constructed R,,
we adjoin the elements X N F,,,_1g C F,,,_1Uk(g) to R,, and call this ring R,,,_1. As F'is
a Lie algebra filtration we have

e R, -x+R,=2-R,+R,, € XNF, 19,

o yr+ R, =2y+ R, r,ye XNFE, 9.
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So by the general version of Hilbert’s Basis Theorem [3.6.3] we can adjoin the elements of
XNF,_1gto R, one by one, to show that also R,,_; is left Noetherian. By construction
of the filtration F' on Uy(g) the ideal F,,Ux(g) is generated by products zj - - z,, where
z; € Fo,9, a; > 0 and a1 + ... + a, > n. We have proven that @, -, Fr,Uk(g) = Ry is left

Noetherian.
O

Corollary 3.3.25

If, moreover, gr¥'g € k-Mod is free, then grf'Uy(g) is flat by Proposition|3.5.17 and Uy (g)
is flat by Corollary (ii). So Proposz'tz’on yields a natural isomorphism

H,.(g, M) =5 H.(g, M), M € Mod-Uy(g) or M € Uy(g)-Mod.

3.3.7 Divisible closure and saturation of Lie rings

In this section we introduce the notion of divisible closure and saturation of Lie rings and
show that they behave well with taking the enveloping algebra and the graded objects.

Definition 3.3.26
Let g € Lie carrying a filtration F with grf'g flat over Z.

(i) The divisible closure of g with respect to F is defined as DI (g),
(i) the saturation of g with resprect to F is defined as DF (g).
Beware the index shift compared to the abelian group version of Definition [3.1.10)

Proposition 3.3.27
Let g € Lie be a flat, Z~o-graded Lie ring. Defining F,g as the sum of all homogeneous

components of degree > n, we obtain a Lie algebra filtration F' on g.
Then the following holds.

F
(i) The map D{'g Do (1) DEUz(g) extends to an isomorphism Uz(DEg) — DEUyz(g).

(ii) H,(g, DEUz(g)) = 0, for alln > 0, considering D' (Uz(g)) as a left or right module.
In particular there are natural isomorphisms

o H,(g, M) =5 Tor? O (M1 DF(Uy(g)) ®uy) Z), M € Mod-DF (Uz(g)),
o H.(g, M) =5 Tor?® 9z qy, ) DI (Us(g)), M), M € DE (Uz(g))-Mod.
Proof.

(i) In the commutative square

Ass(D§'g) — D} Assy(g)

| i

Uz(Df'g) D UL(g),
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(i)

48

the vertical maps are induced by the canonical quotient maps. The upper horizontal
map is induced by the inclusion DY'g — D} Ass;(g) and thus an isomorphism by

DF
Proposition [3.1.13] Hence the lower map induced by map Dl'g 0—(2) DEUZ(g) is
epimorphic as the diagram commutes.

In the commutative square
Uz(Dg g) — Dg Uz(g)
Uz(g ® Q) —=Uz(g) ® Q,

the left vertical map is injective by Corollary[3.3.8) as D¥'g — g@Q — Uz(g®Q)
is injective by definition of D and Proposition [3.3.6, which is applicable by Propo-

sition [3.3.9, because g is Z-o-graded and flat over Z.

By (i) we have an isomorphism Uz(D{'g) — D{'Uz(g). The homology H,,(g, D{'Uz(g)) =

H,(g,Uz(Dtg)) is the n-th homology group of the Chevalley-Eilenberg complex
Uz(D}'g) @ A.g, because g is flat over Z. Defining the usual filtration

FUn(Dfg) @ Ag= Y L iUn(Dg) @A g, n >0,
0<i<n

we get a spectral sequence

E,, = Hpio(grh (Uz(D{g) ® Avg)) = Hpiqg(g, Uz(Df g)),

and it suffices to show that H,(grf(Uz(Dfg) ® A.g)) = 0, for all n > 0. As g
is Z~o-graded by Proposition |3.3.9] we can apply Proposition to obtain an
isomorphism

Comi(Dy g) ® Mg — gr” (Uz(Dg 9) © A.g).

The differential on the left object is given by
Ao @ a1 A Ady) =— > (=122 @ 21 A Amisg Ay A oo A,
1<i<n

and hence does not depend on the Lie algebra structure of g. As g is flat, it is a
filtered colimit of finitely generated free k-modules by Lazard-Gomorov. As filtered
colimits are exact, we may therefore assume that g is freely generated by some basis
elements zy, ..., z4 € g. But then Com;(D}'g) ® A.g is the Koszul complex associated
to the regular sequence 1, ..., rg € Comy(D{'g), which is exact in dimensions > 1.

Explicitly, if we denote by e; the generator 1 in dimension 1 of the Koszul complex

K.(2;) = (0 — Comy(DE'g) - Comy(DE'g) — 0),
1 0

then we get an isomorphism of differential graded Com;(D{'g)-algebras
COml(D(I;Q> X A*g L} K*(I1> ®C0m1(Dgg) ®Com1(Dgg) K*(.Td) = K*(ZL’l, ...,Z‘d),
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By induction on d > 1 we get

C DF e Zg), n=0,
H,(K.(z1,...;,2q)) _{ O0m1( 09)/(x1, ..., xa) Z> S

Indeed there is a spectral sequence
E;,q = HP(K*(xl) ®Com1(D(€g) HQ(K*(:BZ?“"xd))) = Herq(K*(xl""?md))a
and using the induction hypothesis for K,(xs, ..., ;) and that
Comy(DEg)/ (2, ..., xq) — Comy(DY'g)/ (3, ..., xq)

is injective, this proves the induction step.

Proposition 3.3.28
Let g € Lie carrying a filtration F with Fig = g and arf'g flat over Z.

Then g — DE&'g induces an isomorphism DoUz(g) — DoUz(DEg).
Proof. In the diagram

N DE(6)
Uz(D§ gr¥g) D{Ug(gr"'g) —=— DE gr" Uz(g)

| |

—~ d) ~ o~
Uz(gr" Df g) gt Uz(D§'g) gr" D{ Uz(g),

the lower right horizontal map is induced by the extension of ﬁg g Déw—(?;) ﬁg Uz(g) to its
enveloping algebra. By Proposition the upper right horizontal map is an isomor-
phism of flat Z-modules and by Proposition (i) the upper left horizontal map is an
isomorphism. Hence by Proposition [3.1.11] also the two vertical maps are isomorphisms.
The lower left horizontal map is surjective by Proposition and thus an isomorphism
as the diagram commutes. Hence also the right horizontal map is an isomorphism, which
implies that the upper horizontal map in the diagram below is an isomorphism of flat
Z-modules.

D§gr" Uz (Df'g) = D{ gr D§ Us(g)
| }
gr" Dy Uz(Dg g) — gr” D§ Dg Uz (g).
Again the vertical maps are isomorphisms by Proposition [3.1.11] As the diagram com-
mutes, also the lower horizontal map is an isomorphism, which implies that the right map
in the composition
DgUs(g) — Dy Uz(Dgg) = Dy Dy Uz()

is an isomorphism. As the composition is an isomorphism by Proposition [3.1.12] it follows

that also the left map is an isomorphism.
O
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Proposition 3.3.29

Let g € Lie carrying a Lie algebra filtration F' with g = g and grf'g flat over Z.
Then DI (g) — PFUz(g) is an isamorphisnﬂ for alln > 0.
In particular ]31FUZ(g) is the saturation of g.

Proof. The composition g — Uz(g) el Uz(g) ® Uz(g) is zero by definition of the

coalgebra structure on Uz(g). Hence it is zero after applying D! and we get a map

DE (n@1—8+1@n)
—

Dig —s PrU(g) = ker (B§UZ<9> DI (Ua(g) Uz<g>)) .

Taking the associated graded object we get Lie algebra homomorphisms
gr’" Dg'g — gr’ By Us(g) < Plgr” Dy Usz(g)) C gr” Dy Us(g),

where the right map is injective, because we give ﬁOF Uz(g) C ﬁg Uz(g) the submodule
filtration. These Lie algebra maps extend to their enveloping algebras as in the lower row
of the diagram below.

~ DE(¢)
Uz(D§ grt'g) D{Uy(gr"'g) —=— D{ gr"Uz(g)

~

| |

Uz(ngﬁgg) — UZ(gTFﬁoFUZ(Q)) — nglA){fUZ(g).

By exactly the same arguments as in the proof of Proposition [3.3.28] one shows that
the vertical maps and the upper horizontal maps are isomorphisms of flat Z-modules. In
particular gr’ DI'Uz(g) and thus also the submodule gr” B Uy(g) is flat, because to be flat
over Z is equivalent be torsion-free. So gr!’ ﬁOF Uz(g) — P(gr” ﬁ(lf Uz(g)) is an inclusion
of flat Z-modules and so the lower right horizontal map is injective by Corollary [3.3.8] As
the square commutes the lower right horizontal map is also surjective and so every map
in the diagram is an isomorphism.

In the commutative square

Dfgrt' g —— Uy (DE gr"'g) — DUy (gr"g)

| |

gr¥ DE g — Uz(gr" D g),

the vertical maps are isomorphisms by Proposition |3.1.11| and the upper right horizontal
map is an isomorphism by Proposition [3.3.27) The upper row is equal to D} applied to the
map gri’'g —— Uz(grf'g), which is injective by Proposition . As by construction Df
is a subfunctor of tensoring by @Q, it is exact and so preserves monomorphisms. Hence the
upper left and also the lower horizontal map is injective. In particular in the commutative

SHere ]35 is meant as in Corollary |3.1.16
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3.4. Groups and group rings

square
Com, (g DE g) — Com (gr¥ PF Uy(g))

wtz wlz
grLUZ(ngﬁgg) — grLUZ(ngﬁ{UZ(g)L

the vertical maps are isomorphisms by Proposition , because gr’’ D¥'g — Uy (gr DE g)
and gr PFU,(g) — Uz(grf PFU(g)) —» grf DFUy(g) are monomorphisms of flat Z-
modules. It follows that the upper horizontal map and so also gr¥ DFg — grf PFUy(g)
is an isomorphism, which finally implies the assertion for n = 0 and thus for every n > 0.

|

3.4 Groups and group rings

Parallel to the theory for Lie algebras, we are developing the analogous theory for groups.
The guideline for the single-steps is exactly the same as in the Lie algebra setting.

3.4.1 The group algebra as a Hopf algebra

Proposition 3.4.1
Let k € CRing and G € Grp.
Then the group algebra k[G] becomes a Hopf algebra via

(i) 0 : k[G] — E[G] ® K[G], g—g®y, geG.
(ii) €: k[G] — k, g—1, g€ G.
(iii) ¢: k[G] — k[G]®®, g+— g7, g€G.

Proof. Using the universal property for group rings the given group homomorphisms on
G uniquely extend to the desired ring homomorphisms. Moreover it follows that

K[G x Gl — kGl @k[G],  (9,h)—g@h,  gheG,

and it suffices to check all identities for elements in G.

Remark 3.4.2
Let k € CRing. Taking grouplike elements induces a functor

k-Grp — Grp, Hvr+— G(H) ={zx € H; e(z) =1, 0(z) =z ® x},

which is the right adjoint of an adjunction k-Grp(k[X],Y) = Grp(X,G(Y)), induced by
the adjunction k-Ass,(k[X],Y) = Grp(X,Y™).

Indeed its unit G =% k[G] sends g € G to 1 - g, which lies in G(k[G]) by construction
of the coalgebra structure on k[G].
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3.4.2 Filtrations on a group and its group ring

Definition 3.4.3
Let G € Grp.

Land 2v = y~tay.

(i) The conjugates of v € G under y € G are defined as Yx = yry~
(i) The commutator of two elements x,y € G is defined as [x,y] = zyz 'yt

(iii) The commutator of normal subgroups Ny, Ny < G is defined as the smallest
normal subgroup [Ny, No| < G containing all elements [nq,ns), for n; € N;.

(iv) A (positive) group filtration on G is a positive filtration of normal subgroups
G = FyG = F1G D F2G D ..., such that

[F,G, F,G] C F,,G, p,q > 0.
Lemma 3.4.4
Let G € Grp and x,y,z € G.
(i) ey, 2] = [2,%2] - [y, 2] = [y, 2] - [, 2],
(i) [, *y] =[x, y],
(i) [lz,y],72] - [ly, 2], *a] - [z, 2], "y] = 1

Proof. Direct computation.

Remark 3.4.5
Let k € CRing and F' a group filtration on a group G € Grp.

(i) Using Lemma the commutator bracket induces a Lie ring structure on the
associated graded abelian group gr’ G = D1 F1G/FunG.

(ii) There is an induced positive algebra filtration on the group ring k|G|, given by

Rk[Gl = K[G],  Fu.kGl= Y F,klG]-.. - F,k[G] n>1,
S,

where F,k|G] = k[G] - k[F,G] is the kernel of k[G] — k[G/F,G), for alln > 1.

(iii) By construction the map ng : G — k[G] preserves the filtrations and by Proposition
induces a (Lie) ring homomorphisms

grfng : @G — gk, o : Un(gr' G @ k) — ar’k[G].

Proposition 3.4.6
Let k € CRing and F a group filtration on a group G € Grp.

@
Then Ug(grf G @ k) — grf'k[G] is always an epimorphism.
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Proof. By definition of F' we have

F,k[G) = ker(k[G] — K[G/F,G]) = k[G] - k[F,G] = > k[G]-(g—1), n>1

geFG
Using this and the identity g(h — 1) = (¢ — 1)(h — 1) + (h — 1), for g, h € G, we get
Fnk[G]: Z Fdlk[G]Fark[G]: Z k'(gl_l)"'(gr_1)7 n > 1.
ai,...,ar>1, ai,...,ar>1,
a1+...+ar>n a1+...+ar>n,
gi€Fa,G

In particular grfk[G] is generated as a k-algebra by the classes [¢ — 1] = grfnglg], for
g € F,G\F,1G and n > 1. As U (gr" G ® k) is generated by grf’G, it follows that ¢¢ is

surjective.
O

The proof for the next proposition is inspired by [Swa67]. It is the group version of
Proposition [3.3.15] and modulo slight modifications the arguments are the same. For the
convenience of the reader, we have written down a complete proof again.

Proposition 3.4.7
Let k € CRing with chark = 0 and G € Grp carrying a group filtration F with F,,G = 1
and grf'g =2 74, for some n,d > 1.

Then G — k[|G]/ F,k[G] is injective.

Proof. This is done by induction on the rank d > 1. Let m > 1 be minimal with gr’ G # 0.
So we can assume n > m. If d =1 then G is abelian and the composition

G — K[G] —> K[G]/Frni1k[G] — K[G]/K[G,
is injective, because by Proposition [3.2.5| we have
gr k[G] = K[G]/K[G) = Q(K[G]) = Hi(G. k) = G/[G,G] & k,

and the characteristic of k£ is zero. For d > 1 we take an element a € G, such that

[a] € grf G can be extended to a basis of the Z-module gr G. We let gr’. G —2 Z be
the corresponding projection onto the direct summand spanned by [a]. Since F' is a group
filtration, the maps

¢:G—agbG ™7

are group homomorphisms. The induced filtration F' on the kernel N <1 G of ¢ is a group
filtration and grf’ N is a direct summand of gr’G and thus free of rank < d. Hence by the
induction hypothesis we have N — k[N]/F,k[N].

Now for a € ¢~*(1), the conjugation map Ad(a) = ¢(-) induces an automorphism on N
and on k[N]. The map 1 — a defines a section for ¢, which is a group homomorphism.
In particular G = N x Z and we get a unique action of G on k[N] extending the action
of N and (a) C G. Since (a —1)-z =z —z = ([a,2] — 1)z € F,11k[N], for all n € F,N,
we get

F,k|G] - Fyk[N] C Fpik[N], p,q > 0.
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Let A denote the k-algebra of k-linear endomorphisms on k[N]/F,,k[N]. Then A carries a
ring filtration, where F},A is the k-submodule of endomorphisms f, such that f(F,k[N]) C
F,iqk[N], for all ¢ > 0. Moreover A = F A is a nilpotent subalgebra and left multiplication

defines a representation G 2 Al = A@k, mapping F,G to F,A, for all p > 1. It extends
to aring homomorphisms k[G] — A, , mapping F},k[G] to F,A, for all p > 1. In particular
A factors as G — k[G]/F,k[G] — A, because A" = 0. The composition

(a) — G — k[G]/F,k[G] —> k[Z)/ F,k([Z]
is injective by the case d = 1. Using the commutative diagram

N k[N]/Fok[N]— k-Mod(k[N]/F,k[N])

l l 1

G —— k[G]/F.k[G] A,

it follows that also G — k[G]/F,k[G] is injective.

Proposition 3.4.8

Let G € Grp, carrying a group filtration F with gr' G flat over Z.
Then gr?' G @ k — grfk[G] and ¢g : Up(gr¥ G @ k) — grf'k[G], for every k € CRing.
Moreover grf'k[G] is flat over k.

Proof. The proof is similar to that of Proposition [3.3.17]and will be established in several
steps.

(i) First we assume that G/F,G is a finitely generated, free abelian group, for all
n > 1. Then grf (G/F,G) = grtf G @ ... @ grf’ |G =2 74, for some d > 1, and thus by
Proposition [3.4.7] we get injections

G/F,G — ZIG]/F ZIG] > ZIG/F Gl FLZIG FaGl,  n> 1,

where the latter is an isomorphism, because by definition F,Z[G] contains the kernel
of Z|G| —» Z|G/F,G]. Equivalently gr’G «— grf'Z|G].

(ii) Now we drop the finiteness condition. For every finitely generated subgroup G’ < GG
we give G’ the subgroup filtration. Then G'/F,G" is a finitely generated abelian
group with no torsion and hence free, for all n > 1. So we get gr’ G’ — grf'Z[G’]
by case (i). In the commutative diagram

grl’G

lig  gr’G’ gt ( lim @)

G'<G'tg. G'<G fg.

| |

liny e Z(G) — 2]l G — " Z(G)
G'<G f.g. G'<G'tg.

o4



3.4. Groups and group rings

the horizontal maps are isomorphisms, because gr’” and Z[-] commute with filtered
colimits. Moreover the left vertical map is injective, because filtered colimits are
exact. Hence also the right vertical map is injective. As grf’G is flat, the map
grf'G — oG @ Q — grf'Q[G] is injective. As grf’Q[G] is a a vector-space
over Q, it is flat over Z. In particular gr’ Q[G] ® gr Q[G] — gr! (Q|G] ® Q[G]) and
the coalgebra structure on Q[G] induces a coalgebra structure on grf’Q[G]. As

fg-D=@-DNe1+1e(@g-)+@g-1)®((¢-1), geaq,

the image of gr’G — grf’Q[G] lies in the primitive elements and so Uz(grf’ G) —
gr’Q[G] is a monomorphism by Corollary[3.3.8. As it factors over gr’’ Z[G], it follows

that also Uz(gr’' Q) 26, grf'Z|G] is injective and thus bijective by Proposition [3.4.6

(iii) Finally for a general commutative ring k € CRing, we have a commutative diagram

Uz(grfG) @ k P (er'Z[G)) @ k (3.2)

| l

Up(erF G & k) ——25—~ ot F[G].

As the following square of right adjoint forgetful functors commutes

k-Ass; —— k-Lie

e

7-Ass, — Z-Lie,

so does the corresponding square of left adjoints, which are given by the enveloping
algebra resp. extension of scalars. This means that the left vertical map in (3.2)) is
an isomorphism.

Similarly, for every n > 0, we have a commutative square of functors

k‘—Assf} ——k-Assy p

| |

Z—Assf} —— Z-Assy ,

where k-Ass; p is the category of filtered unital associative algebras with 0-equicontinuous
homomorphisms and k—Assf} < k-Assy p is the full subcategory of those objects

A with F,,A = 0. The functors are forgetful and inclusion functors, which commute

and are right adjoints. Hence also the corresponding diagram of their left adjoints,
which are given by extension of scalars and truncation, commutes up to natural
isomorphism. Equivalently the natural map below is an isomorphism.

(Z[G)/FZIG)) ® k = K[G]/Fuk[G],  n>0.
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Using the monomorphism grf’G —— gr’Q[G] Proposition (i) yields that
Uz(grfG) — gr'Z|G] is flat. Hence by Corollary [3.6.2| (i) Z[|G]/F,Z|G] is flat,
for all n > 0. So in the diagram

0— (gr, Z[G]) ® k — (Z[G]/ For ZIG)) ® k — (Z[G]/ F,Z[G]) ® k —0

i | !

0 ———gr, k[G] k[G]/Friak[G] K[G1/ Fnk|G]

0,

the upper sequence is exact by Proposition (1). As the lower sequence is exact by
definition, it follows that with the two right vertical maps also the left vertical map is
an isomorphism. Equivalently also the right vertical map in (3.2)) is an isomorphism.
As the upper horizontal map is an isomorphism by (ii), we get that Uy (gr’ Gok) —
grf'k[G] is an isomorphism by commutativity.

It remains to prove that gr’G ® k — U(grG ® k) is injective. This holds, if
grf Gok — U(grf, G®k) is injective, for all n > 0. Again by taking the filtered
colimit over all finitely generated Lie subalgebras of grf G we may assume that
grf G = 7% for some d > 0, and the statement follows from Proposition .
Alternatively the injectivity of gr¥'G @ k — Ui(gr’G ® k) immediately follows
from the general Theorem of Poincaré, Birkhoff and Witt because gr’’ G @ k
is flat over k.

3.4.3 Torsion-free nilpotent groups

For torsion-free nilpotent groups we are constructing canonical filtrations having all the
good properties that we want. It is interesting to note that it is the upper central series
and not the lower one, that has the better behaviour.

Remark 3.4.9 (i) The lower central series (I',,G),>0 on a group G is given by
P()G == FlG = G, Fn+1G = [G, FnG], n Z 1.
It is the initial positive group filtration on G.

(ii) The lower central series defines an epimorphism preserving endofunctor

gr' . Grp — Lie, G— g'G = @FnG/FnHG.

n>1

(iii) For any k € CRing, the induced filtration T' on the group ring k[G] coincides with
the lower central series defined for Hopf algebras in Definition because

l9.h] =1 =(gh—hg)g 'h™' = ((g—1)(h—=1) = (h—=1)(g—1)g 'h™", g,heq.

So there is no notational conflict occuring here.
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(iv) The upper central series is defined by
ZoG =1, Zpy1 =ker(G— G/2,G — (G/Z,)]Z(G/Zy,)), n>1.

In particular we have |G/ 2,G, Z,+1G/Z,G| = 1 and thus |G, Z,,1G| C Z,G, for
all n > 0.

Proposition 3.4.10
Let G € Grp be torsion-free and nilpotent. Then the map below is injective.

201G 2,G > (Z,G) I GIIGRE gy ()5, m> L
In particular gr?G is flat over Z.

Proof. For the convenience of the reader we recall the proof as it is also given in [War70]
Thm. 2.1. Let z € Z,1G with x ¢ Z,G. In particular [x] ¢ Z,G/Z, 1\G = Z(G/Z,_1)
and we get a g1 € G with 1 # ad(g1)(z) = [¢1, 2] € Z,G/Z,1G. Using [G, Z, 1G] C Z,G

and Lemma |3.4.4] (i), we see that the map Z,,1G/Z,G aM) Z,G/Z,_1G is a homo-
morphism of abelian groups. By repeating this argument, we get elements g1, ...,g9, € G
with 1 # ad(g,) o ... o ad(¢1)(z) € Z1G/ZyG = Z1G. So the image of x is non-trivial in
coordinate ad(g,) o ... o ad(g;), which proves the statement.

Now if GG is torsion-free, so is also Z;G and every power of Z;G. Using injectivity of
the maps, it follows that gr?G is torsion-free.

|

Proposition 3.4.11
For G € Grp we define a canonical group filtration F' by setting

F,G=FG=G, F,1G =ker(F,G — (F,G/|G, F,G]) ® Q), n > 1.
Then grf' G is flat over Z and moreover the following holds.
(i) If gt'G is flat, then F =T.
(i) If G is torsion-free and I',,G = 1, then also F,,G = 1.

(iii) F,G =GN (1+Q[G)") c QG]*, n>1.

In particular we have an injection gr’ G — gr' Q|G] extending to the isomorphism
b : Ug(grf G @ Q) — gr' Q[G].

Proof. By construction grf’G is the image of F,G in (F,G/|G, F,G]) ® Q and thus
torsion-free, for all n > 1.

(i) By construction we have I',G C F,G, for all n > 1. If gr' G is flat, then the map
r,G/|G,T,G] — (I,G/|G,T,,G]) @ Q, n>1,

is injective, which proves that I',G = F,,G, by induction on n > 1.
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(i)

(iii)

If I',G = 1, then G is nilpotent and we prove that I',,_;G C Z;G, by induction
on 0 < i < mn. Fori=0 we have I',G = 1 = ZyG. Assuming that I',, ;G C Z;G
the surjection G/T',, ;G —» G/Z;G maps gr’ . G C Z(G/T,,_;G) to Z(G/Z;G) =
griZ_HG and thus we get a surjection on the cokernels

1_>_ng Gﬁ-G/Fn_ZG—>G/Fn_Z_1G—>1

n—i—1

A

¥
1 grz’Z-',-l G/ZG G/ZipG—1,

which proves that I';, ; 1G C Z;,1G. In particular Z,, G =11G = G.

Now turning everything around, we prove that F;G C Z, ;G, by induction on
1 < i < n. Assuming F;,G C Z,.,G, we get |G, FG]) C |G, Z,_,G| C Z,_i1G
and thus F,G — Z,,_,G — Z,_;G/Z,_; 1G factors over F;/|G, F;G]. Using that
Zn—iG |2y i 1G = grf_iG is flat by Proposition it moreover factors over
F,G/F;,1G = grf'G, so we get an injection on the kernels

|
T
Y
11— Zp i 1G—= 7 G —>g?_ G —1,

which proves that F; G C Z,,_;_1G. In particular F,,G C Z,_,G = Zy,G = 1.
We will prove that F,G C 1+ Q|[G]", by induction on n > 1. The case n = 0 being
trivial, suppose the statement holds for some n > 1. Then the composition

FoG — 14 Q[6]" — (1+QIG™)/(1 + QG = Q6] /QlG]™
factors over F,,G/[G, F,,G|, because for g € G and h € F,,G we have
(9,8 =1 = (gh—hg)g~'h™ = ((g = 1)(h = 1) = (h = 1)(g = 1))g~'h~" € Q[G]"*".

Since Q[G]”/@[G]”Jrl is a Q-vector space, it also factors over (F,,G/[G, F,,G]) ® Q,
hence over F,G/F,1G. Equivalently F,,;G C 1+ Q[G]""!, which proves the in-
duction step.

This shows that F' = T'" on Q[G]. Using Proposition we get an injection
gr" G — gr"Q[G] = gr' Q[G] extending to the isomorphism ¢ : Ug(gr’ GoQ) —
gr' Q[G]. The former implies that F,,G = G N (1 + Q[G]"), for all n > 1.

O

As a consequence we get a result, which was proven by several people before (for example
[Jen55] Theorem 5.2 or [Swa67])
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Corollary 3.4.12 (Hall, Jennings, Swan)
Let G € Grp be finitely generated, torsion-free and nilpotent.

Then there is a monomorphism G —— T,(Z) into the group of upper triangular (r X r)-
matrices with ones on the diagonal, for some r > 1.

Proof. By Proposition (ii) we get a filtration F on G, such that gr’ is flat and F,,G =
1, for some n > 1. Then grG — grfZ[G] and grfZ[G] is flat by Proposition [3.4.8|
In particular G — Z|[G]/F,Z|G] and Z|G]/F,Z|G] is flat. As G is finitely generated,
Z|G)/F,Z|G] is a finitely generated, nilpotent (non-unital) ring. In particular it is a finitely
generated Z-module, so Z[G]/F,Z|G] = Z", for some r > 1. Left multiplcation induces a
representation

G — Z|G]/F,Z[G] — Z-Mod(Z[G]/ F,Z[G]) = M,(Z).

Hence G is isomorphic to a nilpotent subgroup of GL,.(Z). By a base change argument,

we get G — T,.(Z).
O

3.4.4 Free groups

Lemma 3.4.13
For the free group XZ generated by a set X € Set, there is an isomorphism of rings

ox - Ass1(ZX))(X)" = ZXZ)ZXZ)" - dx,  n >0,
r—x— 1,
14+ x+— .

Furthermore after abelianization we get an induced isomorphism

ox : Comi(ZX)/(X)" = Z[ZX]/ZIZX]" : bx,  n >0,

Proof. The map ¢x(z) = z — 1 induces a unique Z-linear map ZX — Z[*X7Z] extending
to a unique ring map Ass;(ZX) 25 Z[X7Z)]. Since px(X) C (g — 1;9 € XZ) = Z[X7Z] we
get ox(X)" C Z[XZ)", for all n > 0. In particular we get a ring homomorphism ¢y as
desired.

In the left ring we have (1 + (—z) + ... + (—2)" ')(1 + 2) = 1 and hence (1 +z) is a
unit, for all z € X. So ¥x(z) = 1 + x extends to a unique group homomorphism ¥7 —
(Ass1(ZX)/(X)")* and a unique ring homomorphism Z[*Z] X, Ass1(ZX)/(X)". Using
the formulas

gh=1=(@g-Dh-1)+(@g-D+(h-1), g —-1=—(g-1g", ghe*Z, (33)

we see that ZX7) = (9 — 19 € ¥Z) = (z — 1; = € X) and thus 1x(Z[G]) C (X) and
Yx(Z|G]") C (X)", for all n > 0.
This proves that px and ¥ x are well-defined and since g xot)x () = z and P xopx(z) =

x, for all x € X, the unversal properties show that they are inverse to each other.
O
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Proposition 3.4.14
Suppose G is the free group or free abelian group generated by a set X € Set.
Then ¢¢ : Uz(gr' G) — gr'Z[G] is an isomorphisrrﬁ

Proof. Let G = *Z and consider the commutative square of ring homomorphisms

Ass1(2ZX) — grt Ass  (Z.X)

| Jox

A e p——— ]

where an x € X is mapped to [z] under the upper horizontal and the left vertical map.
Then the upper horizontal map is an isomorphism by construction and the right vertical
map is an isomorphism by Lemma [3.4.13] In particular the left vertical map is injective.
It is also surjective, because the Lie ring gr' G and hence the ring Uz(gr' G) is generated
by X C ZX = griG. It follows that every map in the square and in particular ¢g is
an isomorphism. The same arguments also apply to the case of the free abelian group
G=7X.

O

Corollary 3.4.15
For every G € Grp, we have ¢ : Uz(gr' G) —» gr' Z[G].

Proof. For X C G we get a map XZ — G inducing a commuting square

Un(gr"(¥Z)) 2% g7 7[¥7)

| |

Up(g"G) —2— a1" Z[G).

If X generates G, then X7Z — G and the right vertical map is surjective, because
ZIX7Z] —» Z|G)] is surjective and by definition the lower central series filtration is given
by powers of these ideals. By commutativity ¢¢ is surjective, too.

O

3.4.5 Completed group homology

We are proving results analogous to the Lie algebra case.

Definition 3.4.16

Let k € CRing. Let G € Grp carrying a positive group filtration F with gt G flat over
Z. Let M € Mod-k|[G| carrying a filtration F', compatible with the induced filtration F' on
k[G].

SRecall that by Remark the filtration I' on Z[G] induced by I’ on G, as well as the lower central
series filtration for Hopf algebras is given by the powers of the augmentation ideal Z[G].
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~ kG
The completed group homology is defined as H. (G, M) = Tor*[ ](M, k), i.e. the

homology of the completion a*(G, M) = E*(M, k|G, k) of the standard complex
Ci(G, M) = B,(M,k[G], k) = (M ® k|G] +— M ® k[G]® «+— M ® k[G] ® k[G] +— ...).

o ~ ——k[G]
Similarly we define H, (G, M) = Tor, (

k, M) for M € k[G]-Mod.
Proposition 3.4.17
Let k € CRing be Noetherian and G € Grp carrying a positive group filtration F', such
that gr¥' G € Z-Mod is finitely generated.
Then k[G] and the Rees ring @,,~, F1k[G] are left Noetherian.
Similarly one shows that both rings are also right Noetherian.

Proof. 'This is the group version of Proposition We will carry it out, as there
are some differences. Since gr’G € k-Mod is finitely generated, we have FyG = 1, for
some N > 1. By replacing each generator of grf’ G’ by its homogeneous components, we
can assume that gr’G is generated by a finite set of homogeneous elements. We choose
elements X = {z1, ..., x4} C G representing the homogeneous generators in gr’’G.

We will construct subrings S, < k[G] by descending induction on 1 < m < N. For
m = N we let Sy = k < k[G], which is Noetherian by assumption. Having constructed
Sy, we adjoin the elements X N F,,,_1G C k[G] and their inverses to .S, and call this ring
Sm_1. As F is a group filtration we have

e S, v+S,=2-S,+5., reXnNF, G,
e yr+ .S, =xy+ Sp, r,ye XNFE,1G.

So by the general version of Hilbert’s Basis Theorem [3.6.3] we can adjoin the elements of
XNF,,_1G to S, one by one, to show that also 5,,_; is left Noetherian. We have proven
that k[G]| = S} is left Noetherian.

Next we will construct subrings R, < €D, F»k[G] by descending induction on 1 <
m < N.For m = N we let Ry = k[G] = Fyk|[G], which is left Noetherian as we have just
proven. Having constructed R, we adjoin the elements X N F,,, 1G C F,,_1k[G] to R,
and call this ring R,, 1. As F' is a Lie algebra filtration we have

e R, x+R,=2-R,+R,, z€XNF,_1G,
o yr+ R,, = vy + R, r,ye XNE,_1G.

So by the general version of Hilbert’s Basis Theorem |3.6.3, we can adjoin the elements of
XNFE,_1G to R,, one by one, to show that also R,,_; is left Noetherian. By construction
of the filtration F' on k[G] the ideal F,,k[G] is generated by products (z1 — 1) --- (z, — 1),
where z; € F,,G, a; > 0 and a; + ... + a, > n (compare the proof of Proposition [3.4.6)).
This implies that @, -, F,.k[G] = Ry, which is left Noetherian as we have proven.

O
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Corollary 3.4.18
If moreover gr”’ G € Z-Mod s free, then grf'k[G] is flat by Proposition and k|G| is
flat by Corollary[3.6.9 (ii). So Proposition [3.1.§ yields a natural isomorphism

H.(G,M) =5 H(G,M), M € Mod-k[G] or M € k[G]-Mod.

3.5 Groups and Lie rings that are associated

The notion of associated groups and Lie rings is chosen in such a way that it allows a
comparison of their particular homology. We will later give some examples, satisfying this

property.

Definition 3.5.1
Let G € Grp and g € Lie carrying filtrations F'.

Then G and g are called associated (via \), if there is a commuting square of 0-
equicontinuous isomorphisms

DEZG) —2~ DEUy(g)

] )

1(G) —2—1(g),

~ ~

where I(G) and I(g) are the completions of the right ideals
I(G) = Z[G] - D (ZIG)) < Dg(Z[G]),  1(g) = Uz(g) - D (Uz(a)) < D5 (Uz(g))

with respect to the submodule filtration.

3.5.1 Integral homology of associated groups and Lie rings

We are now able to prove an integral variant of Pickel’s [Pic78] isomorphism between
the completed group and Lie algebra homology. Note that with similar techniques it is
also possible to prove an integral variant of the p-adic version due to Lazard (in fact
he establishes an isomorphism on completed cohomology in [Laz65] Theorem 2.4.10).
Together with the p-adic analogue of Proposition this will also imply an integral
variant of Lazard’s isomorphism for saturated p-valued groups established in [HKNOQ9).

Theorem 3.5.2
Let G € Grp and g € Lie carrying filtrations F with gr’ G and grf'g flat.

If G and g are associated, then for every left /right module M over ﬁg(Z[G]) 2 ﬁg(UZ(g))
carrying a compatible module filtration F', there is a natural zig-zag of quasi-isomorphisms
Ci(G,M) ~ C.(g,M).

In particular there is a natural isomorphism f[*(G, M) = H, (g, M).
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Proof. We give a proof in case of a left module M. The case of a right module is exactly
the same using the left ideal versions of I(G) and I(g) respectively. The zig-zag of quasi-
isomorphisms is given by

~

C ( B.(Z|G), Z[G], M) —» B.(Z|G], Z|G], M) =~ C.(G,M)
( )

C (E*(I(G), DEZ|G), M) — B.(DFZ[G), DFZ|G), M)>

O (B.(1(9), DEU(a). M) — B.(D§ Us(g). D§ Uz(g), M))

~

¢ (B.(Uz(g), Uz(9), M) — B.(Uz(s), Us(a), M)) C.(g, M),
which will be explained in the following.
The inclusion Z[G] — DYZ[G] induces a map of exact sequences

0——Z[q] Z[G] z 0
|

- |

00— I(G) —= D{'Z|G) —— Z @716 ® DY Z|G] — 0.

The upper left object in the zig-zag-diagram is the cone of the map induced by the
inclusion Z[G] — Z[G], while the object beneath is the cone of the map induced by
the inclusion I(G) — DFZ[G]. The map between them is induced by the left two
vertical maps in the second diagram. As the upper sequence splits over Z, we see that
the upper horizontal map in the zig-zag-diagram, which is the canonical quotient map, is
a quasi-isomorphism. Similarly the inclusion Uz(g) — DEYUz(g) induces a map of exact
sequences

00— Usz(g) Uz(g) z 0
|

| |

0——I(g) — D{'Uz(g) — Z Quy(q) @D Uz(g) —= 0,

which enables us to construct the remaining objects in the zig-zag-diagram in the same
way. Now all arguments in the completed bar constructions can be replaced by their
completions and it follows that by definition the isomorphism A induces an isomorphism
as depicted.

So it remains to prove that the upper and the lower vertical maps in the zig-zag-diagram
are quasi-isomorphisms. To this aim we use the natural isomorphisms

Vg Ug(gr” Q) = et Z]G], Vg - Uz(grg) — e’ Uz(g)
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of Proposition |3.4.8/and Proposition respectively. These two propositions also imply
that grZ[G] — grfZ|G] and grf'Uz(g) — grf’Uz(g) are flat over Z. Moreover using
Proposition [3.1.11| we also get natural isomorphisms

P
e oi: DiUz(gr" Q) Do te) DEert7]G] = er" DIZ[G),

DE (1g) ~
e p,: DiUz(gr"g) =" D¥er'Us(g) — gr" D Us(g).

In what follows we only check the group case, as the arguments for the Lie algebra case
are exactly the same. By definition of I(G) the map g restricts to an isomorphism

I(gr" @) = Uyz(gr¥' Q) - DEUL(gr" G)—— DEUL(gr? G)

|
I ZL%
v~
gt I(G) = gr"(Z[G] - D§ Z|G))— g (DG Z[G]),
As the right objects are flat and thus torsion-free, so are also the left ones. Hence Propo-

sition [3.1.5] implies that the associated graded of the upper vertical map in the zig-zag-
diagram is isomorphic to

C(B.(Uz(gr" @), Uz (er" G), gr" M) B.(Uz(gr"G), Uz(gr" G), gr M)

|

C(B.(I(gr"G), Dy Ug(gr" @), er" M) — B.(Dg Uz (1" G), D§ Uz (gr" G), gr" M)

and it suffices to check that this map is a quasi-isomorphism. The targets of the maps,
we are taking the cone of, are contractible. So by the long exact sequence for the cone,
we need to show that

B.(Uz(gr" G), Ug(gr" G), er" M) — B.(I(gr"G), D{ Uz(er"G), er" M)
is a quasi-isomorphism. Taking homology yields the map
Torl2®" D) (0 ("' @), gr" M) — Tor® & D (1(g2" ), " M),

where we use the flatness of Uz (gr”’G), Uz (gr?' G), I(gr” G) and DUz (gr”G) to show that
homology of the particular bar complex is the stated Tor-group. Using the map of the
long exact Tor-sequences associated to the map of exact sequences

00— Uz(gI"FG) —_— Uz(gl"FG) % 0
| | |
]
0—— I(ngG) —_— D{Uz(ngG) —7 QUy(erF &) ®D§UZ(gIFG) —0,
it suffices to check that
DEUZ(erF' G)

H, (ngG7 M) = Tori]Z(ngG) (Za ngM) — Tor, (Z®Uz(ngG)®D5UZ<ngG)7 ngM)

is an isomorphism, which finally follows from Proposition (3.3.27] (ii).
O
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Corollary 3.5.3
Suppose that in the situation of Theorem additionally gr" G and grf'g are finitely

generated and free. R R
Then there are natural isomorphisms H,(G, M) — H,(G, M) = H,(g, M) +— H.(g, M).

Proof. This follows from Theorem combined with Corollary [3.4.18] and Corollary
3.3.25| respectively.

O

Proposition 3.5.4
If in the situation of Theorem also gr” M is flat, then we have natural quasi-
1somorphisms R R R

C.(G,M) = C.(G,g,M) <— C.(g, M),

where we define

-~

C.(G, g, M) = coker <§*(I(G), DFZ|G), M) — B.(DF'Z[G], DI Z|G), M))
2 n F n F F
= coker (B.(I(g), D§Us(a), M) — B.(D{ Us(g), D§ Uz(g), M)) .
Proof. Tt suffices to note that if grf’M is flat, then
B.(I(gr"G), Df Uz (er" G), gr" M) — B.(D§ Uz(gr" G), D§ Uz (er™ G), gr” M)
and hence also
B.(I(G), D ZIG), M) — B.(D§ZIG), Dy ZIG), M)

is injective, which implies that the natural quotient map from the cone onto the cokernel
is a quasi-isomorphism. Hence by replacing cones by cokernels in the zig-zag-diagram of

Theorem [B.5.2] the assertion follows.
O

3.5.2 Free (abelian) groups and free (abelian) Lie rings are
associated

Proposition 3.5.5
For X € Set, the free group X7 and the free Lie algebra Lie(ZX) are associated via

X: DVZ[X7) =5 DYUL(Lie(ZX)), v+ exp(x).

Proof. We will start with the isomorphism

—_— e~ e~

VUx  ZIXZ) — Uz(Lie(ZX)) = Assi(ZX) = Z[XNy), r— 1+,

which is the inverse limit of the isomorphisms ¢ x in Lemma Again by Lemma|3.4.13
also its associated graded is an isomorphism grivx : gt Z[XZ] — et Uz(Lie(ZX)).

65



Chapter 3. Homology of associated groups and Lie rings

Hence in the commutative square

Do(grtyx)

Dogrt Z[X 7 — Dogr'' Uz (Lie(ZX))
zl Lz
or" Do (Z[¥ 7)) E2WX) o1 Dy (U (Lie(Z.X))),

the upper map is an isomorphism. As also the vertical maps are isomorphisms by Propo-

sition , it follows that gr! Do(¢x) is an isomorphism, too.

Now by Proposition we have exp(z) € 1+ Dy Assi(ZX). As exp(z) is a unit
with inverse exp(—z), the map x — exp(z) uniquely extends to a ring homomorphism
Z[X7) —s DYUyg(Lie(ZX)) mapping (z%! — 1) into DyUz(Lie(ZX)), for all x € X. Using
the identity

gh—1=(g—D)(h—D)+(g—1)+(h—1), ghe*z

we see that it also maps (g — 1) into DUy (Lie(ZX)), for all g € XZ. It follows that the
map = — exp(z) extends to the desired map A. Since [(1 + z) — 1] = [exp(z) — 1] in
gr" DY U, (Lie(Z.X)), it follows that gr' A = gr’ Do(1x ) and thus also A is an isomorphism.
Using the formulas (3.3)) again, we see that I(*Z) < DyZ[*Z] is generated by (z — 1),
for x € X. By Lemma [3.1.14] we have 1/(m + 1)! € D,,Q, for all m > 0. It follows that

u@) =Y m—fl), € DoUz(Lie(ZX)),

m>0

which moreover is a unit as the series ) (1 — u(x))" converges in DoUy(Lie(ZX)) by
construction of the filtration. Since we have

xn—i—l

A(x—l)zexp(z)—lzzm:x-u(x),

n>0

-~ ~

it follows that A\(1(¥Z)) = I(Lie(ZX)) and hence *Z and Lie(ZX) are associated via .

O

Remark 3.5.6
Let A be a free abelian group, considered as a group G and as an abelian Lie ring g.

Then one can prove in a similar way, that G and g are associated.
Note that the isomorphism H.(G,7Z) = H.(g,7Z) = N A is functorial in A.

3.5.3 Rings inducing associated groups and Lie rings

Proposition 3.5.7

Let A € Ass carrying a complete filtration F, such that gr A is flat and A = F1A. We
give Ay = k & A, the universal unital k-algebra of Remark [2.3.9, the algebra filtration
F, AL = k@ F,A, forn > 0.
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Then giving G =1+ A < (A4)* and g = A the induced filtrations, there is an isomor-
phism

Aa: DEZ[1+ A =5 DEUZ(A), 1+a—s exposyologois(l+a),

where the underlined expression is meant as an element in 1 + A and the maps

log

1+ A -2 14 DFA 5 DFA 24 PFU,(A) 2B GFUL(A)

are those of Proposition Proposition Proposition and Corollary
respectively. Moreover the following holds.

(i) Aa is natural in A.
(ii) Let x € A such that x"/n € A, for alln > 1. Then Aa(1 +x) =1+ z.

)
(iii) G =14+ A and g = A are associated via Ay, if there is a subset X C A, such that

a) gt A=, Z-[z].
b) z/nl € A, for allz € X andn > 1.

Proof. To check that A\, is well-defined, consider the diagram

DE (qa)]

1+ DFA GFUL(A)——— 1+ DFUL(A) 1+ DFA

logll eXPTZ eXPTZ exp]z

A~ AF ~
Dra PPUL (A DFU,(A) 2 pr gy

1+A

Y

in which the map 74 is induced by the canonical map
A=FA® DyQ — DF(A) —s DFA.

The map Uz(A) 25 A, = A @ Z is the unique map extending the inclusion A — A, .
We claim that the composition exp os o logoiy is a group homomorphism.

By construction of s4 and ¢4 the composition D (ga) o sa is the identity on DF A,
which implies that DF(g4) restricted to PFU,(A) is an isomorphism and equals (s4)~ 1.
As the exponential map is natural in the ring, the two squares on the right commute,
which implies that ﬁg(qAﬂ : @fUZ(A) 1+ 135(14) is a group isomorphism. Hence it
suffices to check that the composition lA)g (ga)oexp osyologoiy is a group homomorphism.
But using again that the exponential map is natural, we see that

Bg(qA) oexposy ologoiy = eXpOZA?g(qA) osyologoiy =expologoiy =iy,

which indeed is a group homomorphism. It follows that exp os, o logoiy extends to ring
homomorphisms Z[1 + A] — DF¥Uz(A) and DEZ[1 + A] 24 DEUL(A) by using Propo-
sition [3.1.12
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We claim that A4 is an isomorphism. Note that grf”A and hence also gr’’ (1 + A) is flat
over Z. Consider the diagram of rings

DEU (e (1 + A)) 222 prorgp 4 4] et DEZ[1 + Al
DgUZ(ZA)jz jng)\A
F 2 D§(¢A) F FAF
Dy Uyz(gr™ A) — D0 gr'Uz(A) gr’ Dy Uz (A),

where Proposition [3.4.8 and Proposition [3.1.11]yield the isomorphisms in the upper row,
and Proposition and Proposition [3.1.11] yield those in the lower row. The isomor-
phism on the left is the one of Proposition [3.1.17] The diagram commutes, because

gr''Aa 0 Dy (¢r14a)[1 +a] = gr" Ma([Lta — 1]) = [exp osa o log oia(1 +a) — 1]
= [saologoia(l+a)] =[saoiala)] = [q]
= Dg (¢a) © Dy Uz(Ca)[L + al.

Hence gr’ A4 and so A4 is an isomorphism.
(i) By construction A4 is natural in A.

(ii) As A is complete with respect to F, it follows that (z"/n),>; converges to 0 in A

and thus
log(1 — ) Zaﬁ”/neA

n>1

As the map A BZN ﬁf A is a 0-equicontinuous ring homomorphism, we get that

A(1+2) =exposyologois(l+x) =exposy oiyolog(l+ x)
=expolog(l+z)=1+u=z.

(iii) We have to show that A4 maps I(1+ A) onto I(A). Let X’ = X U—X and note that
the two assumptions also hold for X replaced by X'. Let I(1 + X') < DEZ[1 + A]
and 1(X') < DEUZ(A) be the closed ideals generated by 14 X" and X' respectively.
We claim that f(A) ](X ) and I(l +A) = I(l + X'). Therefore we let a € A. We
will inductively construct sequences

® 11,%9,... € X’ such that (z; + ... + x,)n>1 converges to a, and
® y1,Ys,... € X', such that ((1+y1)--- (14 yn))n>1 converges to 1+ a.

We may take arbitrary xq,y; € X'. Suppose we have constructed z1, ..., x, € X', such
that a = 21 + ... + 2, modulo F,,A, for some n > 1. Then by the first assumption
we find 2p4q,...,2y € X' N F,41A, such that ¢ = 21 + ... + 2, modulo F,,; A.
Similarly suppose we have constructed yy, ...,y € X’ with 1+a = (14+y1) - - (14+yy,)
modulo F, A, for some n > 1. Then we find 9,41,...,ys € X', such that 1 +a =
I+vy1) - (1+y)+ Y1+ ... +ys modulo F, ;1 A. As F is a ring filtration and
F1A = A this also implies that 1 +a = (1+y;)--- (1 4+ ys) modulo F,, 1 A.
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o~ ~

As I(X') is complete and contains x;+...+x,, for all n > 1, it follows that a € 1(X").

Similarly as f(l + X') is complete and contains 1+ x;---1+ x, — 1 by using the
formula ([3.3)), it also follows that 1 +a € 1 (14 X'). As a € A was arbitrary, we get

~ -~ -~

I(A) =I1(X") and I(1+ A) = I(1 4+ X') as desired.

Now using (ii) for 2 € X, this implies that AsZ(1 + A) = A 1(1 + X') = I(X) =
I(A), which proves that 1 + A and A are associated via \4.

Remark 3.5.8

Proposition |3.5.7 shows that the group structure of 1 + A can be recovered from the Lie
algebra structure of A and vice versa. The difficulty lies in proving that the map X is infact
a group homomorphism, which followed from the properties of logarithm and exponential

series stated in Corollary|3.1.10.
Historically this was proven by Lazard by using that the Hausdorff series log(exp(X)-exp(Y')),

being a rational power series in two noncommuting indeterminants X,Y , infact is a series
of interleaved commutator brackets in X and Y .

Proposition 3.5.9
Let A=t Z[t]/(t™) € Ass with m > 3, that we give the (t)-adic filtration.
Then the following holds.

(i) There is no X C A satisfying the hypotheses of Proposition .

(ii) There is a non-canonical isomorphism 1+ A = A and therefore non-canonically
H(1+AZ) =H(1+AZ) =A1+A)=ANA=H,(AZ) = H,(A L.
Proof.

(i) Assuming the opposite, by assumption (i) there must be an element x € X with
xr = £t + at?, for some a € Z[t]/(t™). But then 2%/2 = t?/2 + bt3, for some b €
Q[t]/(t™), contradicting assumption (ii).

(ii) There are exact sequences
1 — 1+¢" T Z[ /(") — 1+t Z[t] /(") — gr,(1+ A) — 1, 1<n<m,

which non-canonically split, because gr,, (1+A) = t"-Z[t]/(t"*!) = Z is a free group.
Hence we get non-canonical isomorphisms 14 t" - Z[t]/(t™) = Z™ " = t" - Z[t]/(t™),
by induction on 1 < n < m. The computation of the homology of an abelian finitely
generated free group and Lie ring respectively are standard and can be found in
any book about homological algebra. It follows from Corollary and Corollary
that homology and completed homology are isomorphic.
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3.5.4 Associated saturated groups and Lie rings

Proposition 3.5.10
Let H € Z-Grp carrying a Hopf algebra filtration F with grl’ H flat over Z.
Then GF(H) < 1+ DF(H) and PF(H) < DF(H) with the induced filtrations are

associated, for allm > 1, via
\: DIZ[GF (H)] = DEUL(PF(H)), g+ exposoiolog(yg),
where the the maps
GE(H) <% PFH - DFPFH = PFUL(PFH) 2% GFUL(PFH)
are those of Corollary[3.1.16, Proposition and Proposition respectively.

Note that the isomorphism X is natural in H and there is a commutative square

D¥Z|GE(H)) —>—~ D{ Uy (PF (H))

|

DFZ[1 + DY H) 24~ DFU,(DF H),

where the lower map A4 is that of Pmposz'tz’onfor A= Df(H) and the vertical maps

are induced by the natural inclusions.

Proof. Since gr¥ H is flat over Z, the natural map DFgr” H — gr” DF'H is an isomor-
phism by Proposition m 3.1.11] As ng H ® Q is flat over Z, which means torsion-free, so is
also Dy'grH < gt H ® Q. Giving PF(H) < DE(H) the submodule filtration, we get an
injection grf PF(H) — gr DF(H) and by the same argument as before also gr? P¥(H)
is flat, for all n > 0.

As DFgrP H =4 ot DFH is Z.,- graded and flat, Proposition combined with
Proposition [3.3.9| vield that grf DF H <5 PUy(gr¥ DF H) is mJectlve Hence by Corollary
3.3.8 the composition ngPFH — gt DFH — PUZ(ngDFH) extends to an injection
Uz(gr? PFH) < Uy(grf DFH). As DF is a subfunctor of tensoring with Q, it preserves
monomorphisms. Hence the left vertical map in the commutative diagram below is injec-
tive.

A~ F A~ A~ A~
DEU(er? PP H) —229  pFerPU, (PFH) er” DEU,(PF H)
F FNF DF(¢) Fl SNF ~ FAFl NF
DEUy(gr" DF H) DEgr" Uy (DF H) er” DU, (DY H)

The horizontal maps are the isomorphisms of Proposition and Proposition [3.1.11}
It follows that the right vertical map is injective, which implies injectivity of the right
vertical map in the diagram

GPH .. pFy—'. DFPF[ —*. PFU,(PFH) =2 GFU,(PF H)
1+ A—25-A— ' _DFA—5 . PFU,( GFU,(A),
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where the vertical maps are induced by the inclusion PPH «— DFH = A. As the
logarithm map is natural, the lower row is

exp os o i o log = exp os o log oi, (3.4)

which is a group homomorphism and extends to the map As by Proposition |3.5.7 It
follows that also the upper row is a group homomorphism, extends to the map A and
induces a commutative diagram as desired. By the same arguments as in Proposition

one checks that gr”\ and hence ) is an isomorphism.
For every n > 1 we have n=! € D;_,,Q by Lemma [3.1.14] and thus

"/ne(FH"®D, ,QCc F,H®D, ,QC DFH, 1+zeGFH.

So by Proposition m (i) the map A = A4| sends the generator 1+ — 1 € I(GFH)
to the generator 1 + z — 1=z € PF'H C I(PFH). Tt follows that N\I(GEFH) = [(PFH),
which proves that GEH and PIH are associated via \.

O

Corollary 3.5.11
Let g € Lie carrying a positive Lie algebra filtration F with grl'g flat over Z.
Then GY'Uz(g) and Df (g) are associated.
In particular every saturated, filtered Lie ring g has an associated filtered group C/;\fUZ(g).

Proof. The ring gr’’Uz(g) is flat by Proposition |3.3.17| and by Proposition [3.3.29] we
have an isomorphism Df'g — P['Uz(g). Hence GI'Uz(g) and DI (g) are associated by

Proposition [3.5.10}
O

Corollary 3.5.12
Let G € Grp carrying a positive group filtration F with grf’G flat over Z.
Then GY¥Z|G] and PFZ|G] are associated.
In particular every saturated, filtered group G has an associated filtered Lie ring 131F Z|G].

3.6 Appendix

3.6.1 Flat modules

Recall some basic properties of flat modules, that can be found in any algebra book.

Proposition 3.6.1
Given k € CRing and a short exact sequence of k-modules

0—A—B—0C—0.

Then the following holds.
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(i) If C is flat, then A® D — B ® D, for all D € k-Mod.
(ii) If A and C are flat, so is B.
(iii) If B and C are flat, so is A.
(iv) If A and B are flat, then C' must not be flat. Consider for example k =7 and
0—2Z-7—7Z/p—0.

Proof. For D € k-Mod choose a surjection F© —» D, where I' € k-Mod is free. Let K
denote its kernel. Applying the snake lemma to the following map of exact sequences

ARK—B®K—C®K—0

N

0—AQRQF ——BF—CQF——0
yields a short exact sequence
ker(C® K — C®F) — A®D — B®D.

As C' is flat the left object is zero, which proves (i).
Now if C'is flat, by (i) every monomorphism A" —— B’ induces a map of exact sequences

0— A®A —BA —CA —0

L

0—A®B —B®B' —(C® B —0.

If A and C' are flat, the outer two vertical maps and thus also the middle vertical map is
injective by the 5-lemma. This shows (ii). Similarly if A is flat, the middle vertical map

and thus also the left vertical map is injective, which proves (iii).
(]

Corollary 3.6.2
Let k € CRing and suppose X € k-Mod carries an exhaustive filtration F, such that gr¥ X
is flat over k.

(i) If F is bounded below, then X is flat over k.
(ii) If k is coherent, then X = I.&Hngo X/ X, is flat over k.
Proof. Let m € 7Z. Using the exact sequences
0 — gl X — X,/ Xpi1 — X/ X, — 0, n>m,

Proposition [3.6.1] (ii) yields that X,,/X,, is flat, by induction on n > m. By exactness of
direct limits also liy X,/ X, — X/X, is flat, for all n € Z. If F is bounded below,
there is an n € Z with X,, = 0 and thus X = X/X,, is flat.
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Now suppose k is coherent and let I < k be a finitely generated ideal. As X/X,, is flat,
the map X/X, ® I — X/X,, ® k is injective, for all n € Z. In the commutative square

Xol Xok

l l

I'LnX/Xn®[—>l'&nX/Xn®k,

n<0 n<0

the vertical left map is an isomorphism, because [ is finitely generated and thus finitely
presented as k is coherent. The lower horizontal map is injective by exactness of inverse
limits. Hence also the upper horizontal map is injective, which proves that X is flat.

O

3.6.2 Hilbert’s basis theorem

Recall also the skew-commutative version of Hilbert’s basis Theorem.

Theorem 3.6.3
Let R < S € Ring and t € S\R. Suppose R is left Noetherian.

(i) If Rt+ R =tR+ R, then R[t] < S is left Noetherian.
(ii) If moreover t € S*, then R[t,t™'] < S is left Noetherian.

Proof. See for example [MRO1] Theorem 1.2.10.
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4 FEy-spaces and their homotopy
groups

4.1 The category [ of injections

We introduce tha category I of injections, which plays an an important role in this chapter
and will also appear in chapters [f| and [6]

Definition 4.1.1
We let I < Set denote the subcategory of sets

n:={1,..,n}, n>0,
whose morphisms are injections.

Remark 4.1.2
Considering the partial ordered set of natural numbers Ny as a category, we define a chain
of functors )
NQ 4 Ainj L> I L) No,
where
e v is the inclusion functor, sending

— an objectn € Ny ton — 1, for allmn > 0,

— a morphismn <n+1 tod" € Am](n —1,n), for alln > 0.
e « is the forgetful functor, sending n — 1 to n, for alln > 0.

e 7 s the terminal functor, sending n to n, for alln > 0.

Remark 4.1.3
There is a symmetric monoidal structure on I, given by the disjoint union

IxI— 1, (m,n)— m-+n.

~

Its neutral element is the empty set 0.
Moreover the forgetful functor is a strictly monoidal functor (N, ®, —1) — (I,+,0)
(see Remarkfor the monoidal structure on A).
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Proposition 4.1.4
The following two functors are totally final

I 5N, A 515N,

Proof. We only prove that 7 is totally final. The other case can be shown in the same
way. Recall that by definition 7 is totally final, if and only if B(n/7) is contractible, for
all n € Ny. First note, that the forgetful functor

n/t — 1, (n<7(m))+— m,

induces an isomorphism of n/7 with the full subcategory I, < I, whose objects are all
m € [ with m > n. To show that BI-, is contractible, we define a shift functor

S:ilsy, — Isp, n—n+n.

For every f € I(m,m’) we have a commutative diagram

L1 L2
m——m-+it+n<——n

1l

m' ——m’+n-<_—n,

so the inclusions define natural transformations id;. — S «> const,. This shows that
the identity map on Bls,, is homotopic to the constant map or equivalently that Bls,,
is contractible.

(]

4.1.1 Limits over connected, non-empty categories

A detailed study of the behaviour of functors on I with limits is needed to compare their
homotopy colimit with their colimit (cf. section [7.3.7). Here we are verifying the needed
categorial foundations.

Lemma 4.1.5
Let C be a category having arbitrary pullbacks, equalizers and sequential limits.

(i) Then C has limits over connected, non-empty indexing categories.

(ii) Suppose C L Disa functor, which preserves pullbacks, equalizers and sequential
limats.

Then F' preserves limits over connected, non-empty indexing categories.

1See Definition
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(i)

Let G — F be a natural monomorphism of functors C — D and suppose F
preserves pullbacks, equalizers and sequential limits. Moreover suppose that

a(©) 2L (D)
F(c) 22 F(D)

is cartesian, for every morphism f € C(C, D).

Then G preserves limits over connected, non-empty indexing categories.

Proof.

(i)

Let X € CAT(I,C) with connected, non-empty I € Cat. Let U be the set of con-
nected, non-empty subcategories U < I, such that limy X exists. As [ is non-empty,
there is an ¢ € I and hence the discrete category with one object i lies in U. So U is
non-empty. Given a sequence of categories Uy < U, < ... inU, we let U = |, Uy.
Since C has sequential limits, the limit -

lim X = lim(... — lim X — lim X)),
U Uz Ur

exists, which proves that U € U. So by Zorn’s Lemma there is a maximal element
Mel.

Suppose M C I. Then there is a morphism f € I(i,j) not contained in M. If
i,j ¢ M, we take an arbitrary m € M. As I is connected, there is a zig-zag of
morphisms

M —> 11 g —> ... & &y, —> 1.

As i ¢ M, there is a iy, such that iy € M. So by replacing f by the adjacent
morphism, we may assume that ¢ € M or j € M. Let M’ < I be the subcategory
generated by M and f. It is connected, as i € M or j € M.
e If i € M and j ¢ M, then limy; X = limy, X exists.
o If i ¢ M and j € M, then limyp X = X (i) Xx(;) limy X exists, as C has
arbitrary pullbacks.
e Ifi j € M, then

. : X(f)om: ,
1511/1 = ker <llmMX—>X(]) )

5

exists, because C has arbitrary equalizers.
Hence M’ € U, contradicting the maximality of M. It follows that I = M.
Replace “exists” by “is preserved by F” in the proof of (i).

By (ii) it suffices to check that G preserves pullbacks, equalizers and sequential
limits.
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e Given B — A <— (C consider the commutative cube

G(B x4 C) G(C)
. RN
F(B x40C) F(C)
G(B) G(A)
\ \
F(B) F(A).

As F preserves pullbacks, the front is cartesian. Moreover the left side is carte-
sian by assumption. Hence the composite of front and left side is cartesian.
Equivalently the composite of the back and the right side is cartesian. As
G(A) — F(A) is a monomorphism, this implies that the back is cartesian. In
other words G(B x4 C) — G(B) X¢(a) G(C) and thus G preserves arbitrary
pullbacks.

e Given two morphisms f,g € C(A, B), there is a commutative diagram

Gller(f,g) G(A) =——=G(B)
| |
F(ker(f,9)) FA) === F(B).
We have
G(ker(f,g)) — F(ker(f. g)) xra) G(A)

%, lim ( G(A) F(A) %F(B) )
— lim ( G(A) Zif j C(B)— - F(B) )
i (G(A) — G(B)) = ker(G(1). Glg))

where the first map is an isomorphism by assumption on G, the second is an
isomorphism, because F' preserves equalizers, the third one is an equality by
commutativity and the fourth map is an isomorphism, because G(B) — F(B)
is a monomorphism. In other words G(ker(f,g)) — ker(G(f),G(g)) is an
isomorphism and thus G preserves arbitrary equalizers.



4.1. The category I of injections

e Given a sequence ... — C3 — Cy — (' of maps in C, by assumption on G we
have natural isomorphisms

Glim C,) = P C,) xre,) G(Cn)e m = 1.

In particular we obtain a sequence of isomorphisms

and thus the first map below is an isomorphism

n>1 m>1

G(lim C,) — lim (F(ligll Cn) Xpcyn) G(Cm))

5 lim (lim F(Cy) Xpc,) G<Cm))

m>1 \ n>1

5 lim (F(Cn) X F(Cp) G(Cm))

n>m>1

SRR grll (F(C’n) X F(Cn) G(Cn))
= lim G(C,,).

n>1

The second map is an isomorphism, as F' preserves sequential limits. The
third map is an isomorphism, because N>, C N is final and limits com-
mute with pullbacks. The fourth map is an isomorphism, because the diag-
onal N «— N x N is final. And the last map is an isomorphism, because
F(C,) Xp(c,) G(C,) — G(C,) is an isomorphism. This proves that G pre-
serves sequential limits.

4.1.2 Limits of diagrams of injections

Here we are presenting some important functors on I, that preserve limits. We are mainly
interested in modified variants of these (cf. Proposition and Proposition [5.4.10)).

Lemma 4.1.6

Let X € CAT(C, Set) with C € Cat connected and non-empty.
Suppose X maps every morphism in C' to an injection.
Then limg X % X (c) is injective, for all c € C.

Proof. Let ¢ € C and suppose x. = 1.z = 7.y = ¥y., where

ry €limX = {z € I X(H(z) =20, feCle.d)}.

ceC

Let d € C be arbitrary. As C'is connected, there is a zigzag of morphisms in C'

C=0C1 —Cy 4 ... >, =d, n > 1.
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We can now check that x. = v, , by induction on 1 < m < n. Indeed by assumption
the statement holds for m = 1. Suppose it holds for some 1 < m < n and consider the
morphism f between ¢, and ¢, 1.

o If its target is ¢,, 11, then
Tmr1 = X(f)(@m) = X()(¥Um) = Yms1-
o If its target is 7,,, then

X()@mi1) = Tm = Ym = X () Wmt1),

and hence %, 11 = yYm+1, since X(f) is injective.

As ¢ € C' was arbitrary, it follows that x = y, which proves that 7. is injective.

Corollary 4.1.7
The following categories have limits over connected non-empty categories.

(i) The wideﬂ subcategory category Set;n; < Set of sets with injections as morphisms.
(ii) The category I of the sets n = {1,....,n}, for n > 0, with injections.

(iii) The category Ny, .

The functors Amj BN Setin; I Set preserve these limits.

Proof.

(i) Let X € CAT(C, Set;,;) with connected and non-empty C' € Cat. Then by Lemma
all the projection maps limg(JX) =% JX(c) are injective and so they are
morphisms in Set;,;. Given a natural constg 2 X in CAT(C, Set;nj) with S €
Setinj. Then using the universal property for limits in Set we get a unique map

U(S) == lmJX, @ (se())eec:

such that 7.0l = s, for all ¢ € C. As C is non-empty, we find a c € C. As s, = 7.0/l
is injective, so is also £. Hence ¢ is a morphism in Set;,; and thus limge X = lime JX.

In particular Set;,; 7 Set preserves limits over connected non-empty categories.

(ii) Let X € CAT(C, I) with connected and non-empty C' € Cat. Then by (i) limg(¢X)
exists and lime (1.X) =% 1 X (c) is injective, for all ¢ € C. As C is non-empty we find
a ¢ € C and so limg (¢ X) is isomorphic to some subset of ¢tX (c). In particular there
isam € [ with ((m) = limc(¢X) and it follows that m = lime X. By construction
IS etin; preserves limits over connected, non-empty categories.

2A subcategory is called wide, if it contains every object of the larger category.
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(iii) Let X € CAT(C, Amj) with connected and non-empty C' € Cat. Then by (i)
lime(vaX) exists. As C is non-empty we find a ¢ € C and we give limo(vaX)
the initial partial order with respect to the map lime(taX) = ta X (c), i.e.

<y = m.(z) < 7. (y), x,y € liCIp(LOéX).

It is a total order, because 7. is injective and X (c) € Amj is totally ordered. Hence we
find an k& > —1 such that ca(k) = lime(taX). We claim that (k) = lime(taX) —%
taX (d) is a morphism in Amj, for all d € C'. As C' is connected, there is a zigzag of
morphisms in C'

c=0¢C1 —Cy 4 ... > Ccp =d, n>1.

We prove that ta(k) 2 lime (1o X) =5 1aX (d) is a morphism in A,,;, by induction
on 1 < m < k. Indeed by assumption the statement holds for m = 1. Suppose it
holds for some 1 < m < n and consider the morphism f between c,, and ¢, 1.

o If its target is ¢p41, then with X(f) and 7, also 7., ,, = X(f)7.,, is order-
preserving.

o [f its target is ¢,,, then for every x,y € k with z < y we have

e, (T) = X(f)ﬂ-chrl (z) < X(f)ﬂ-c’n’rl»l(y) = e, (¥),

and hence 7., (z) < 7, ., (y), because X (cy,41) carries the initial partial order

to the map X (¢y41) W x (¢m)- Indeed there is only one possible total order

on aX (¢yue1), such that X (f) is order preserving, because X (f) is injective.

This proves the induction step and shows that k£ is a limit of X in Am] By con-
struction A;,; —% I preserves this limit.

O
Lemma 4.1.8
Let X € CAT(C, Set;nj) with connected, non-empty C € Cat. Moreover let ¢ € C' and
a € X(c).

Then there is a mazimal connected subcategory ¢ € M < C', such that a lies in the
image of limy; X —= X (c).

Proof. By Corollary 4.1.7| we have J(lim¢ X) = lime JX, where Set;,; L5 Set is the
canonical inclusion functor. Given a chain ¢ € U; < U, < ... of such subcategories, then
also U = |J,,~; Uy, has this property. Indeed if d € U, then there is an U, containing d
and we let ay € X (d) be the d-th coordinate of a lift of @ under limy, X — X (c). Since
limy, X =% X (d) is injective, a4 is unique. Moreover using uniqueness of the lifts and
the commutative diagram

th X thn X

n+1
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it follows that a4 does not depend on n > 1. Every morphism f € U(d,e) lies in some
U, and thus X(f)(aq) = a., which proves that (a4)sey € limy X is a lift for a under

limy X T X (¢). So Zorn’s lemma yields a maximal connected subcategory M < C of

the desired form.
O

Proposition 4.1.9
Every pointed set S € Set, naturally induces an endofunctor E*S € CAT(Set;,;), given
by
EX(S)=5%,  E/(9)(s :{5” y=/(@) € Setin;(X,Y).
(8) (S)sh={ 7 VY e Sety(XY)

It preserves limits over connected non-empty categories.

Proof. For f € Setin;(X,Y) we see that X(f)(s) € EY(S) = S¥ = Set(Y,S) is the
trivial extension of s € EX(S) = SX = Set(X, S). In particular E/(S) is again injective.
It follows that E*S € CAT(Set;n;).

Let X € CAT(C, Set;y;) with connected non-empty C' € Cat. We find a ¢ € C and
using the commutative diagram

Elme X(§) —— lime EX(S)

Eme(9) Lwc
EXO(S),

we see that the upper horizontal map is injective, as the diagonal map is so.
To check that it is also surjective, let s € limg EX(S). By Corollary we have

J(lime EX(S)) = lime JEX(S), where Set;,; 7, Set is the canonical inclusion functor.
So s is a certain tuple in [, ., EX(S) = [[.co S¥ and we have to prove that (s.), = *,
for all ¢ € C and all @ € X(c) not in the image of the map limg X % X (c). By Lemma
there is a maximal connected subcategory ¢ € M < C, such that a is in the image
of limg X =% X(c). Let f € C(d,e) be not contained in M. As C is connected, there
is a zig-zag of C-morphisms connecting ¢ with d. So by replacing f by some morphism
of the zig-zag, we may assume that d or e is in M. If we had d € M, then we could
set a. := X(f)(aq) to obtain a lift of a under limp;y X —> X(c) contradicting the

maximality of M. Hence e € M. Let (ag)gen € limy, X be a lift of a. Similarly if a; had a

preimage a, under X (d) ) x (e), this would contradict the maximality of M. So as aq4

has no preimage, we have (s4)q, = * by definition of E/(S). Using the zig-zag connecting

c and d, it follows that also (s.), = *.
a

Proposition 4.1.10
For every n > 1, the functor

Dn : Setin; — Setin;, X— X"

preserves limits over connected, non-empty categories.
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Proof. By Corollary [4.1.7| the inclusion functor Set;,; s Set preserves limits over
connected, non-empty categories. Let X € CAT(I, Set;,;) with connected 0 # I € Cat,
we have a commutative diagram

J((limy X)™) —— J(lim(X™))

| |

(limy JX)" —~ lim; (JX)",

where the vertical maps are bijections, because J preserves limits over connected, non-
empty categories by Corollary [£.1.71 Moreover the lower horizontal map is a bijection,
because limits and products always commute. Hence also the upper horizontal map is a
bijection, which proves that also p,(lim; X) = (lim; X)" — lim;(X") = lim; p, X is a

bijection.
O

4.2 [-Operads

Here we are giving a very short introduction to I-operads with particular interest for the
Barratt-Eccles operad (cf. [BET4a]), that classifies F-spaces like the plus construction
in K-theory.

4.2.1 Algebras over monads

Definition 4.2.1
Let C be a category and M a monad on C, i.e. a monoid in (CAT(C), o,id¢).

An M-algebra consists of an object X € C and a morphism px € C(M(X), X), such
that the square below commutes.

M o M(X) 21 hpix)

MOLX)L L/‘X
MX)—2 X

A homomorphism of M-algebras X Tvisa map f € C(X,Y), such the square below
commutes.

M) MY vy
Mxl f Luy
X Y.

We let C-M denote the category of M-algebras.

Remark 4.2.2 (i) Unit and counit of an adjunction D(F(X),Y) =C(X,G(Y)) define
a monad GF on C with multiplication and unit

GFGF Y8 qF  id, - GF.
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Moreover F induces a functor
D—C-M, Xr— (G(X),GFGX) ™ cx)).

(ii) Vice versa, given a monad M on a category C, the forgetful functor U fits in an
adjunction

where F' is the free M-algebra, given by the object M(X) with multiplication

MM(X) "M p(x).

4.2.2 [-operads

Remark 4.2.3
Let (C,®, k) be a monoidal category.

(i) There is a functor
E*: k/C — CAT(A;,;,k/C), (k-5 X)+— E*(X) : [n+— X®8,
where B4 X = (1dx)® @ nx ® (idx)®™9, for all 0 < i < n.
(ii) If the monoidal structure is symmetric, (i) extends to a functor

E*:k/C — CAT(I,k/C), (k- X)r— E*(X):[n+— X®",

where E°X € C(X®™) is given by permutation of the tensor factors, for all o €
I(n)* =%, and n > 0.

Definition 4.2.4
Let (C,®, k) be a symmetric monoidal category.
An I-operad is a functor O € CAT(I°?,C), such that the induced endofunctor

E/C — E/C, (E%X)— 0@ E(X)= /ZEI(’)(Z') ® E'(X)

is a monad on E/C.

Remark 4.2.5
Let (C,®, k) be a symmetric monoidal category, which is cocomplete.

(i) The Day convolution on CAT(I°P,C) is defined as the bifunctor, given by the left
Kan extension

P.q
X*xY =H(XQY)= / ertdx @Y,  X,Y € CAT(I,C).
Using that (I,+,0) and (C,®, k) are symmetric monoidal, it induces a symmetric

monoidal structure, whose neutral element is given by Q = IGO0,
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(ii) The substitution product on CAT(I°P, k/C) is defined as the bifunctor, given by
nel
XoY = X®, EY = / X, ®E'Y,  X,Y € CAT(I®*,C),

where canonically E*Y = Y** € CAT(I,CAT(I°?,k/C)), using that (I,+,0) and
(C,®, k) and hence (CAT(I°?,C),*, D) are symmetric monoidal.

It induces a monoidal structure, whose neutral element is given by I =GV,
(iii) Then the functor (CAT(I°?,k/C),0,I) ELN (CAT(k/C),0,id) is monoidal.

One could (and should!) define I-operads as monoids in (CAT(I°P, k/C),o,1). Although
this is the more elegant way to introduce I-operads, we will work with the shorter defini-
tion above. In general it differs from the definition here, but is enough for our purposes
and avoids much of the abstract nonsense required to make the definitions explicit.

In the most standard references (e.g. [JLL12|] or [Fre09]) only ¥-operads are considered,
i.e. they use upper definitions for the subgroupoid of isomorphisms > = I* < [ instead
using the whole category I.

See also [MMSSO01] Part III for a general treatment of Day convolution on functor
categories between symmetric monoidal categories.

4.2.3 Examples of [-operads

Proposition 4.2.6
Consider the category (Set, X, x).

(i) The associative I-operad Ass, € CAT(I°P, Set) is given by

Ass{™ .= ¥, 2 colim I(n, -), n > 0.
Ainj

Its multiplication map M(Assy) o M(Ass,) = M(Assy) is induced by

oS X (X, X o X Bn) = Bty (191, gk) fo (914 -+ gn),

where f € Y, 4. 4, 5 given by permutation of the k blocks in ny + ... + ny. The
)

unit map is induced by the isomorphism % —— Assgl .
Algebras over Ass; are exactly the monoids, i.e. unital associative algebras in (Set, X, *).
(ii) The commutative operad Com, € CAT(I°P, Set) is given by

Comgn) =%, n>0,

together with the canonical multiplication and unit maps.

Algebras over Comy are precisely the commutative monoids.

There are canonical morphisms of operads Ass —» Com and Ass; —» Com; .
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Proof. See |JLL12] 9.1.3 and 13.1.3 resp. for the corresponding >-operads. The proof is

exactly the same in our more general setting.
O

Remark 4.2.7
Let (C,®, E) be a symmetric monoidal category.

(i) The Assy-fold coproduct of E defines the associative operad in (C,®, E), i.e.

Assi) = A" g =g p >0,
(ii) The Comy-fold coproduct of E defines the commutative operad in (C,®, E), i.e.

n n)
com§>=COm5 E=F, n > 0.

Definition 4.2.8
Let (C,®, E) be a symmetric monoidal category.

Then we get an I-operad Com, o in the symmetric monoidal category (sC,®, E) by
setting

n)

Comg’oo =BEp e s, n > 0.

It 1s usually called the E. -operad.
There is a canonical factorization Ass; — Comy o —» Com,.

Example 4.2.9 (i) For (Set, x,*) we obtain the category sSet-Comy  of simplicial
monoids, that are commutative up to homotopy.

The operad Comy o, on sSet is also denoted by I' and called the Barratt-Eccles
operad after [BE7]d]. The algebras sSet-Com,  are also called E..-spaces.

In [BET4Y] it is shown, that E.-spaces are infinite loop spaces, i.e. spaces being
homotopy equivalent to an n-fold loop space, for every n > 0.

(ii) For (Ab,®,7Z) we obtain the category sAb-Com,  of simplicial rings, that are com-
mutative up to homotopy.

4.3 Homotopy groups of E -spaces

4.3.1 Abelianization of E_-spaces

By considering infinite loop spaces as algebras over the E.-operad, we are giving con-
nectivity results of the map from stable homotopy theory to the integral homology of a
space. We do not claim that the obtained result are new.

Proposition 4.3.1 (Dold, Puppe)
Let X € sAb be dimensionwise free.
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If X is (k — 1)-connected, the object ComMX = X%’: is cpr-connected, where

k-1, 0< k<2,
Ghr =Y 2+ k-3, k>2

Proof. See [DP61] Satz 12.1.

Lemma 4.3.2

Let G € Grp be finite with |G| € k*.
Let M € dg(k[G]-Mod), such that G acts trivially on H,(M), for all n < m.
Then M — Mg is (m — 1)-connected and H,,(M)g = H,,(Mg).

Proof. There is a spectral sequence
Ez,q = HP(G> HQ(M)) = Hp+q(G7M)>
which by Remark can be computed as

E2 _ Hq(M)G:Hq<M)7 p:07 q<m,
P 0, p>0, g <m.

It follows that E2% = EZ . for all ¢ < m, and hence H,, (M) — H,(G, M), for all n < m.
Moreover

Hy(G, M) = B, = B2, = H(G, Hy (M) = Hy (M)
and thus H,,(M) — H,,(G, M), which proves that H.(M) — H.(G, M) is (m — 1)-

connected.
There is another spectral sequence

Ez%,q - HQ(Gv MP) = Hp—i—q(Ga M)7
which by the same argument collapses at the second page, because

El — (Mp)Gv q:O7 E2 _ Hp(MG)v C]:O,
b4 0, q > 0. P4 0, q > 0.

~ ~

Hence H.(G,M) — H.(Mg) and H, (M) — H.(G,M) — H.(Mg) is (m — 1)-
connected.
O

Lemma 4.3.3
Let S € sSet, be (c—1)-connected with ¢ > 1 and suppose H,(S,Z) — H.(S,Z[1/(p—1)!]),
for some prime number p > 1.

Then m,Z[Comi oo (S)] — mnZ[Comy(S)], for all 0 < n < c.,.

Proof. For a commutative ring ¥ € CRing we define kS as the kernel in

0— kS — kS — k — 0,
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where the middle term is the free k-module generated by S and the right map is induced
by the terminal map S — *. Then the composition

B B.(k, k[Z.], (5S)®") — @D Ba(k, k[S,], (kS)®") —> k(colim E,%, x )

n>0 n>0

is an isomorphism of simplicial k-modules, so we have naturally have k[Com; «(S5)] =
Comlm(l;:S ), where Com o on the right is considered as the 3-operad on the symmetric
monoidal category of simplicial k-modules. Now we let k = Z[1/(p — 1)!] and consider the
commutative diagram

Comy oo (ZS) — Comy o (kS) — Com;” (kS)

| | |

Comy (ZS) — Com, (kS) — Com P (kS),

where an upper index < p means that we only take the summands 0 < r < p. By assump-
tion the map ZS — kS is a weak equivalence. In particular it is a cofibrant resolution of
simplicial abelian groups and Lemma [8.3.10] implies that the lower left horizontal map is
a weak equivalence. Moreover the Kiinneth formula implies that (ZS)®" — (kS)®" is a
weak equivalence, for all » > 0. Using the spectral sequence of Remark for the group
%, we see that also (ZS)5y, — (kS)%. is a weak equivalence, for all 7 > 0. Summing
up over all r > 0, we get that also the upper left horizontal map is a weak equivalence.
As rl € k%, for all 0 < r < p, the right vertical map is a weak equivalence, because by
Remark [5.1.8 we have

Com'") (kS) = (kS)E5 = Bu(k,k[S], (kS)®7) —> k@ys, (kS)®" = (kS)E = Com\” (kS).

Moreover the Kiinneth formula implies that (kS)®" and hence Comgfoo(k:S) = (k:S)f?gr
is (cp — 1)-connected, for all r > p. It follows that the upper right horizontal map is
(cp — 1)-connected. Similarly Proposition implies that the lower right horizontal
mabp is ¢ -connected. It follows that m, of the left vertical map is an isomorphism, for all

0<n<c,<cp—1
O

Proposition 4.3.4
Let S € sSet, be (¢ — 1)-connected and suppose H,(S,Z) — H.(S,Z[1/(p — 1)1]), for
some prime number p > 1.

Then the map BComy o (S) — BComy(S) is (2p + ¢ — 3)-connected.

If S is connected, then Comy (S) — Comy(S) is (2p + ¢ — 4)-connected.

Proof. By using the map of [-operads Ass; — Com;  induced by th inclusion of
the O-skeleton Ass; = (Comi )0 < Comy o, we can consider Comy (S) as a simpli-
cial monoid, which moreover is free in every dimension. Hence by Proposition the
map to the group completion Comy (S) — Grp(Com, «(S)) induces a weak equiva-
lence BCom o (S) — BGrp(Com «(S)). Similarly by Proposition we get a weak
equivalence BCom,(S) — BGrp(Com,(S)). Hence, once we have shown that

H.(BComy ~(S),Z) — H.(BCom4(S),Z)
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is (2p+ ¢ — 3)-connected, the Whitehead Theorem for simplicial groups implies that
Grp(Comy o (S)) — Grp(Comy(S)) is (2p + ¢ — 4)-connected and thus BComy o (S) —
BCom(S) is (2p + ¢ — 3)-connected. Moreover, if S is connected, so are also Comy «(S)
and Com4(S), and thus by Proposition (ii) the vertical maps in the commutative
square

Comy oo (S5) Comy(S)

~j j~

Grp(Comy oo(5)) ——Grp(Coma (5)),

are weak equivalences, which proves that also Com; o(S) — Comy(S) is (2p + ¢ — 4)-
connected.
Now there is a commutative diagram

Comy oo(XS) ——= BComy »(5) (4.1)

| |

Comy(XS) —=— BCom,(S),

where the horizontal maps are induced by the terminal maps S L5 x via
(O DvAdVEY D)) iy - O(SY™) = O((SY),AS) — O(X)" = B,O(X), n>0,

for O = Com, » and O = Com, respectively. The lower map is an isomorphism, while the
upper map is a weak equivalence by [BE74a] Lem. 4.6 or [Sch07] Lem. 3.2 combined with
Prop. 4.5 loc. cit.

(i) If ¢ > 1, then X5 is (¢+1)-connected and hence Z[Com; »(XS)] — Z[Com,(XS5)] is
(€et1,—1)-connected by Lemma Using (|4.1)) it follows that ZBComy «(S) —

ZBComy(S) is (ce41,p—1)-connected, which proves the result in this case as c.41,—1 =
2p+c—3.

(ii) If ¢ = 0, then XS is connected and thus Com; »(2S) — Com,(XS5) is (2p+c— 3)-
connected by (i). By taking the loop space we get that Comy o(£S5) — Comy (XS)
is (2p + ¢ — 4)-connected. Then implies that equivalently BCom; o(S) —
BCom(S) is (2p + ¢ — 4)-connected.

O

Corollary 4.3.5
Let k € CRing with (p — 1)! € k™, for some prime number p > 1.

Suppose X € s(k-Mod) is free in every dimension and (¢ — 1)-connected with ¢ > 0.
Then BComy oo(X) — BComy(X) is (2p + ¢ — 3)-connected.

Proof. Let E,X — X be the functorial cofibrant replacement of Corollary[7.2.32/induced
by the free/forgetful functor adjunction

s(k-Mod)(kX,Y) = sSet (X, U(Y)).
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Then using the Quillen spectral sequence of Theorem [7.3.18| it suffices to check that
BCom, oo (£, X) — BComy(E,X) is (2p + ¢ — 3)-connected, for all p > 0. Since £, X =
kU(E,-1X), this map is isomorphic to

kBComy o U(E,_1X) — kBCom U (E,_1X), p > 0.

As the functor koU preserves connectivity and X is (c—1)-connected, so is also UE, 1X.
Moreover H,(UE, 1X,Z) — H,(UE, ,X,k) is an isomorphism by Lemma |4.3.6] be-
cause £, ;X € s(k-Mod). So we can apply Proposition to conclude the proof.

O

4.3.2 Homology of simplicial abelian groups

Purpose of this section is to verify that homology behaves well with localization. Again
we do not claim the results are new. We assume that all the given statements also arise
in Bousfield’s theory of localizations [BK72].

Lemma 4.3.6
Let k < Q be a subring and X € sAb.
Then H (X, k) — H (X ® k, k) <— H.(X ® k,Z), considered as simplicial groups.

Proof. Let F —» X be a dimensionwise free replacement of X as we would get from
Corollary [7.2.32| using the free/forgetful functor adjunction

Ab(kX,Y) = sSet(X,U(Y)).

As homology is a homotopy invariant, it suffices to prove the Lemma for F'.
For M =7 or M = k, Remark (i) provides a spectral sequence

El =mH (F.M) = Hy. (X, M),

where H (F, M), = H,(F,, M), for all p,q > 0. Thus we can assume that F'is a constant
free abelian group. Since k£ < @Q, the module F' ® k is flat over Z and thus we have
isomorphisms

H(F &k, k)~ H.(F @ k,Z)
(AF) @ k—= (A (F ®k)) @ k~"— A (F @ k),

which proves the Lemma.

Proposition 4.3.7
Let k < Q be a subring and X € sSet, be connected with H,(X,Z) — H,.(X, k).
Then we have natural weak equivalences

Comy(X) — Grp(Comy (X)) — Grp(Com, (X)) @ k = kX.

90



4.8. Homotopy groups of E.-spaces

Proof. As X is connected, so is Com; X and thus Com X — Grp(Com, X) is a weak
equivalence by Proposition [7.3.33] The proof for the second map takes a bit longer. Defin-
ing kX as the kernel in

0 — kX — kX — k — 0,

we get a weak equivalence ZX =5 kX by assumption on X and thus the left map in the
commutative diagram

Comy (kX )—— Comy (kX)) — k[Com, X]

- | |

Comy (Z.X ) — Com, (ZX ) — Z|Com, X]

is a weak equivalence by Lemma|8.3.10] As the horizontal compositions are isomorphisms,
it follows that the right vertical map is a weak equivalence. Hence by the Kiinneth formula
we get weak equivalences

Z.B,Com, X = Z[Com X|®" — k[Com, X]®" = kB,Com X,  n >0,

and Corollary|[7.3.19implies that ZBCom, X — kBCom, X is a weak equivalence. Equiv-
alently the left vertical map in the commutative diagram

H.(BComyX,Z)—= H,(BGrp(ComX),Z) — H.(BGrp(Com X) ® k,Z)

| | ]

H.(BComy X, k) —— H,(BGrp(Com,X), k) —— H.(BGrp(Com, X) ® k, k)

is an isomorphism. Using the weak equivalence Com; X — Grp(Com,; X) we see that the
two left horizontal maps are isomorphisms, while by Lemma [4.3.6 again also the lower
right horizontal map and right vertical map are isomorphisms. Hence also the upper right
horizontal map is an isomorphism and the Whitehead Theorem for simplicial groups[8.2.6]
implies that Grp(Comy X) — Grp(Com, X)®k is a weak equivalence, because again both

objects are connected. -

Corollary 4.3.8
Let k < Q be a subring and X € s(k-Mod) be connected.
Considering (X,0) as a pointed simplicial set, we have natural weak equivalences

Comy(X,0) — Grp(Com4(X,0)) — Grp(Coms(X,0)) @ k.

Proof. As X is connected, the adjunction counit (see Proposition [7.2.9) is a weak equiv-
alence
ex 1 ST A sSet, (ST, X) — X.

Hence in the commutative square of simplicial group rings

E[BsSet.(S', X)) == K[S' A sSet. (5", X)] —== K[X]
Z[BsSet. (5", X)| —=12[S" A sSet. (5", X)| —=~Z[X]
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the left vertical map is a weak equivalence by Lemma [4.3.6) because sSet,(S', X) €
s(k-Mod). It follows that the right vertical map is a weak equivalence and we can apply

Proposition [4.3.7]

O

4.3.3 Homotopy groups of connected simplicial k-modules

Finally we are able to prove the advertised link between homotopy and homology using
the Hurewicz map.

Proposition 4.3.9
Let k € CRing with (p — 1)! € k*, for some prime number p > 1.
Suppose X € s(k-Mod) is (¢ — 1)-connected and free in every dimension.
Then the map below is an isomorphism, for all 0 < n < c., (cf. Proposition .

X — P, (Com; X) :=ker | m,(Comy(X))
(nxid)«+(idxn)

T (Comy (X x X)) ) :

Here § is the diagonal map and 0 —— X is the initial map of chain complezes.

Proof. First note that the inclusion
X xX=X&X"2%Comi(X)®Comy(X),

extends to a natural isomorphism of simplicial commutative k-algebras Com; (X x X) —
Comy(X)®@Com;y(X), because Com, as a left adjoint commutes with coproducts, which are
given by the tensor product in the category of commutative rings. Under this isomorphism,
the map d corresponds to the map Com(X) — Comy(X) ® Com,(X), given by § =
n ®id +id ® n on X. Using the commutative square

7. X —= Pr, (Comy1 X)

| |

. X <——Comy(X),

it suffices to check that Pm,(Com;X) - m,X is injective, for all 0 < n < Cep- Let
a € Pr,(ComiX) and 0 < n < ¢.,. Then there are elements a, € WnCOmY) (X), forr >0,
such that a = Erzo a,. For every r > p we have a, = 0, because 0 < n < ¢, < ¢, and
Comgr) (X) is ¢.,-connected by Proposition . So a = ag + ... + a,—1. By definition of

the map 0, the following diagram commutes

T T

mnComy(X) WnCOmY) (X)

s

Tn(Com1(X) ® Comy (X))

P 7 (Comi” (X) ® Com!™ (X)) —— 7, (Com{V (X) @ Com{ ™V (X)).

r,s>0

Hl
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So we get
r-a, =r-m(a)=plom,_106(a)=plom,10(l®a+a®1)=0,
which proves that as, ...,a,-1 = 0, because (p — 1)! € k*. Hence a = ap + a; and
20 =po(n®id+id®@n)(a) = pod(a) = ag + 2a; = 2a — ag

implies ag = 0. It follows that ma = a; = 0 implies a = 0, which finally proves injectivity
of the maps
Pr,(Com; X) LN X, 0<n<ce.

There is a similar result in the setting of chain complexes.

Proposition 4.3.10

Let k € CRing with (p — 1)! € k*, for some prime number p > 1.
Let X € dg(k-Mod) with X,, =0, for all n < ¢, for some ¢ > 0.
Then the map below is an isomorphism, for all 0 < n < pc.

O

_——
(nxid)«+(idxn)«

H,X - PH,(Com; X) := ker ( H, (Com,(X)) H,(Comi(X x X)) > :

Here ¢ is the diagonal map and 0 —— X is the initial map of chain complezes.

Proof. The assumption on X implies that Com™ (X) = X" is not only ¢ ,-connected,
but even trivial in dimensions < rc. The rest of the proof is exactly the same as that of

Proposition [4.3.9]
O

4.3.4 Homotopy groups of connected FE,.-spaces

We are giving a analogous results in the case of E-spaces. Like those in the preceding
section, the following results are inspired by Beilinson’s first Theorem in [Beil4]. According
to Beilinson, integral statements like these have not been present in literature before.

Proposition 4.3.11
Let G € sGrp and k € CRing.

Then the Hurewicz map induces a map

(nxid)«+(idxn)«

h=ng—1:7.G — Pr,(k[G]) := ker <7r*k[G] k|G X G] > ,

where G -2+ G x G is the diagonal and 1 = G is the unit map.
The same holds for connected G € sSet-Ass;.
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Proof. Let [g] € m,G, i.e. g € ker(N,,G N N,-1G), for some n > 0. Then

0(g=1)=(99) - LD =(g:) =D+ ((Lg) =D+ ((g;1) = 1)-((1,9) = 1).

Since g is a cycle in N, G, so are the first two summands

(idxn)g—-1)=(g1) -1, (xid)(g-1)=(1,9) -1

in N,k[G x G]. Hence by Proposition (i) the third summand is zero in 7,k[G x G].
It follows that d, o h = ((n x id), + (id X n).) o h, which proves the assertion.

When G € sSet-Ass; is connected, then can take a dimensionwise free replacement
E.G — G like in Corollary using the free/forgetful functor adjunction

sSet-Assi(Ass1(X),Y) = sSet(X,U(Y)),

and Proposition|7.3.33|yields a weak equivalence to its group completion E,G — Grp(E.G).
Hence using the commutative diagram

.G ToFo(X) ——— m.Grp(EG)

| | |

H.(G,k)<— H.(E,G, k) — H.(Grp(E,), k),

it follows that since the right vertical map maps into the primitive part, so do the middle

and the left vertical maps.
O

Proposition 4.3.12

Let X € sSet,-Comy be (¢ — 1)-connected, for some ¢ > 0.
Suppose H,(X,Z) — H.(X,k), where k = Z[1/(p — 1)!], for some p > 1.
Then the Hurewicz map induces an isomorphism, for all 0 < n < c.p,

s

(mxid)«+(1dxn)«

h=ny—1:mX = PH,(X, k) := ker <Hn(X, k) H,(X x X, k) ) :

where X 25 X x X is the diagonal and 1 = X is the unit map.

Proof. For n = 0, the maps J, (n x id), and (id x n), coincide and are isomorphisms,
which proves the statement for n = 0. So we can assume n > 0. As the statement is void,
for ¢ = 0, we may further assume ¢ > 0. Let 1 € X be the unit and considering (X, 1) as
a pointed simplicial set, we let kX be defined as the kernel in

O—>l§;X—>k:X—>l<;—>O,

where kX in the middle means the free k-module generated by X. Then the composition

Comy (kX) = PEX)E — PEX)E =k [[ X5, — kcolim E"X = kCom X

r>0 r>0 r>0
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is an isomorphism and using Proposition 4.3.11] we get commutative diagram
7,Comy X —> PH,(Com X, k)——m,Com, (l%X)

|-
mi10h
T kX.
We claim that Comy X TR EX s a weak equivalence and that 7 induces isomorphisms
™| PH,(Comi X, k) = mkX, 1< n<ce,

This implies that also h is an isomorphism in that range and using the free/forgetful
functor adjunction

sSet,-Comi(Comy(X),Y) = sSet.(X,U(Y)),
the commutative diagram

U (x) Ulex)

ﬂ}l)(( 7Tn(2077ll)( ﬂyl)(
| | |
PH, (X, k)—"" pH, (Com X, k) X o PH, (X, k)

A : . n Ulex) o, . . .
then implies the assertion. Indeed since X JX Com X % X is the identity on X, the
right vertical map is a retract of the middle one and thus also an isomorphism.

e Iirst we prove that m o h is a weak equivalence. For every tuple (1, .y zy) € X™,
we have in Com, (kX))

h(xy,xn) =212y —1=((xy—1)+1) .- ((z,— 1)+ 1) =1
= ) (m—D" (=) =1

ae{0,1}n
= Yo (@ - 1)@ ® (a, — 1),
0#{i1<...<im}Cn

where in the last term 1 € X is the unit (which coincides with the unit in Com4(X)).
Hence we have

moh(xy,..,z,) = (1 — 1)+ ...+ (x, — 1) € kX, (T1,...,xy) € X", n >0,

showing that Com; X ™k kX is a homomorphism of simplicial monoids. Using that
kX € s(k-Mod), it factors as

Comi X — Grp(Com; X) — Grp(Com1 X) @ k = kX/k - 1x kX,

where we write 1x =1 € X to avoid confusion. Since X is connected, the first two
maps are weak equivalences by Proposition and the third map is an isomor-
phism with inverse given by the canonical composition kX — kX — kEX/k - 1x.
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e Similarly as in the proof of Proposition 4.3.9 one shows that 7 is an isomorphism

in the range 1 < n < ¢.,. However the diagonal ¢ here is slightly different, what
requires some attention. Let

a € kerm C PH,(ComyX, k) C H,(Comi X, k) = ) m(Com{” (kX)).

r>0

We write a = ), ., a, corresponding to the direct sum decomposition. First note
that the maps d,7xid and id x 1 are compatible with unit and counit of the bialgebra
Comy1 X, which implies that the induced maps preserve the direct decompotisition
k®Com(kX) — k®Com(kX @ kX). As all of the three maps induce the identity
on k, it follows that ay = 0. Moreover we have a; = m(a) = 0. Next we define a
filtration I' on Com, (kX) by setting

[,,Comy ( kX 69607711 kX Com(/;;X)m, m >0,

r>m

and similarly on Com; (kX @& X ). Note that this is precisely the lower central series I
for the associative algebra Com(kX) of Definition 3.2.6, As the three maps preserve
the augmentation ideal Com(kX), they also preserve the filtration. Since we have

z—1l)=2z2x-101=10@@-1)+(z-1)®1+(z—-1)® (z—1), reX,

it follows that the algebra homomorphism gr' Com, (£X) £ ngCOm ~X DhkX) =
gr'Comy (kX) ® gr'Comy (kX) is isomorphic to the & of Proposition [4.3.9 So using
the commutative diagram

TnlmComy (kX)) i m.Com{™ (X)

o

' Comy (/;X D l%X)

| ’

Tagrt Comy (kX @ kX)

P mCom”(kX) @ Com(? (kX))

r+s=m

T1,m—1

T (ComP(X) @ Com{™ (X)),

we can prove that a,, = 0, by induction on 0 < m < p. Indeed the statement
holds for m = 1 and supposing it holds for some 0 < m < p, then > =a €
PH,(Com X, k)NT,,H,(Com; X, k) and the upper diagram shows

7">m

m-ay=m-mpa) =pomma06(a)=pomm,u1(1®a+a®1) =0,
which implies a,, = 0, as m € k*. We have proven that

a €l H,(ComX, k) —Wn@COm (kX),

r>p
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which by Propostion is zero in the range 1 < n < ¢.,, because with X also
kX is (¢ — 1)-connected. This concludes the proof that PH,(Com, X, k) = kX is
injective.

Corollary 4.3.13
Let X € sSet,.-Comy  be (¢ — 1)-connected, for some ¢ > 0.
Suppose H,(X,Z) — H.(X, k), where k = Z[1/(p — 1)!], for some p > 1.
Then the Hurewicz map induces an isomorphism, for all 0 <n < min{c.,, 2p +c — 4},

s

h=ny—1:mX =5 PH,(X, k) := ker < H, (X, k) H, (X x X, k) ) :

(nxid)«+(idxn)«

where X —5 X x X is the diagonal and 1 == X is the unit map.

Proof. Consider the commutative diagram

m,Comi X TnComy 0o X Ulex) TpX
ht? hj hl
PH, (Com, X, k) PH,(Com o X, k) —2) o P, (X, k),

where the left vertical map is an isomorphism, for 0 < n < c.), by Proposition 4.3.12] The
left two horizontal maps are isomorphisms in the range 0 < n < 2p + ¢ — 4, as they are
induces by the (2p + ¢ — 4)-connected map Com; X —» Comy X of Proposition .
Hence the middle vertical map is an isomorphism in the range 0 < n < min{c,.,, 2p+c—4}.
Using the free/forgetful functor adjunction

sSet-Comy oo (Comy o X, Y) = sSet (X, U(Y)),

Ulex)
we see that the right two horizontal maps are induced by the retraction Com; o X %

with section X =5 Comy »(X). Hence the right vertical map is a retract of the middle

one and thus also an isomorphism in the desired range.
O
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5 Cyclic homology and the Lie
algebra homology of matrices

Goal of this chapter is the integral generalization of the well-known Theorem of Loday-
Quillen [LQ84] and Tsygan [Tsy83|. Alongside its proof we are giving a streamlined in-
troduction to cyclic homology.

5.1 Cyclic homology

Nothing of this chapter is new. We are just recollecting the required definitions and
elementary properties from [Lod98] that we need.

5.1.1 Variants of cyclic homology of cyclic modules

Definition 5.1.1
Let C be a category.

A cyclic C-object is a simplicial C-object X € sC together with endomorphisms t, €
C(X,), for alln > 0, such that

(i) o+t =idy,, n >0,
. d,, i=0,
(1) ditn = { toadi, 1<i<n,

2.8 1=
i) sit, =q ;
(i) sitn { tngy18i-1, 1 <1< n.

Remark 5.1.2
Let (C,®, E) be a symmetric monoidal category, A € C-Ass;.

(i) For a A-bimodule M € (A®QA°P)-C, there is a functorial simplicial C-object Co(A, M),
given by C,(A, M) = M ® A®™ and

s 11 s 1®(n—i—1) . .
a)di:{ld ® pu ® id , nggn 1,
dotn, L=,

b) s; = id®HY @ p @ id®" ), 0<i<n,

99
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where 1 denotes the multiplication map of A and M respectively, E — A is the
unit morphism and t,, is the cyclic permutation X @ A®" =5 A® X ® A®(—1,

We call H(A,M) = H,(C.(A, M)) the homology of the associative algebra
A with coefficients M.

(ii) For M = A we obtain a cyclic C-object Co(A) = (Co(A, A), ).
We call HH,(A) = H.(C.(A)) the Hochschild homology of A.

Proposition 5.1.3
Let k € CRing and X a cyclic k-module.

(i) The maps t' = (—1)"t, induce an action of the cyclic group C, = (t'Yy = Z/(n+1)Z
on X, for eachn > 0.

(ii) There is a bicomplex

1—¢

CP(X) = (..~ x, E X! Eoxrox, ),
1 2

N
+— X,
—2 -1 0

where
a) X, is the complex X with differential b = Zogign(_l)idi X, — X1,
b) X is the complex X with differential b =3, (=1)'d; : X,, — X, 1,
¢) N =3 ocicn(—=1)"t,, is the norm map with respect to the Cy-action on X,,.
Proof. By computation one checks b(1 —t') = (1 — )b’ and ¥’ N = Nb.

Definition 5.1.4
Let k € CRing and X a cyclic k-module.

(i) The cyclic homology of X is defined as the homology HC,.(X) = H.(Tot*CC (X)),
where , /
COX) = (X, &L x & x, &8 ).
0 1 2
(ii) The megative cyclic homology of X is defined as HC, (X) = H.(Tot*CC~ (X)),
where / )
CO™(X) = (. & X, &8 x0 & X, 58 X)),
—2 1 0 1
(iii) The periodic cyclic homology of X is defined as HP.(X) = H.(Tot*CP(X)),
where

cP(X)=(. <& x, Ex Lox, Eox Aox, £,
-2 —1 0 1 2

(iv) The Connes homology of X is defined as the homology HNX) = H,.(C*(X))

of the Connes complex C*(X), which is the quotient complex of X given by
CMX) = X,,/(1 = (=1)"ty,), for all n > 0.
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5.1.2 Connes’ operator and mixed complexes

Definition 5.1.5
Let k € CRing.
A mixed complex is a chain compler X € dg(k-Mod) together with a second differ-

ential X, 2> ©X, = (X,11, —d) with B*> = 0.

Proposition 5.1.6
Let k € CRing. Then every cyclic module X becomes a mixed complex via

N !
Bn: Xp -5 Xp =5 X1 —% Xp1, 1> 0,

where s = t,118,. It is called Connes’ operator after A. Connes, who introduced it

first.
Proof. Using the formula b(1 —t') = (1 — )b’ of Proposition one checks

bB+ Bb="0b(1—t)sN+(1—t)sNo=(1—-t)('s+ st')N=(1—¢)N =0.

Definition 5.1.7
For k € CRing and X a mixzed complex, we define the following double complezes.

2B )

(1) M(X) = (X, <& 2x, &2 v2x, &8 ),
0 1 2

(i) M~(X) = (.. P y2x, T8 xn1x, £ X)),
-2 -1 0
>-1B >B ¥2B

(iii) MP(X) = (... +—

Remark 5.1.8
Let k € CRing and G € Grp be finite with |G| € k*.

Then the augmentation map k[G] —» k is a retraction with section
1
s = — 1-g¢.
I€ > 19
geG

In particular k € k[G]-Mod is projective, showing that for every X € k[G]-Mod we have

XGJ TL:O,

H,(G,X) = Tor"%(k, X) = { 0 =0

Proposition 5.1.9
Let k € CRing and X a cyclic k-module. Then
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(i) There is a quasi-isomorphism Tot* M(X) — Tot*CC(X), given by
M, (X)) — CC,(X) x CCp_1411(X), x+— (z,sNx).
Similarly we get quasi-isomorphisms

Tot* M~ (X) — Tot*CC~(X),  Tot*MP(X) — Tot*CP(X).

(i) If p > 1 with (p—1)! € k*, then Tot*CC(X) —» CMNX) is (p — 1)-connected.
Proof.

(i) Using the formulas b(1 —¢') = (1 — ')t/ and &’ N = Nb one checks that the given
map is a map of chain complexes. By filtering

= [[ Mu(X), FCCX)= ][] CCu(X), n=>0

0<p<n 0<p<2n

it suffices to check that the map induces a quasi-isomorphism on the associated
graded complexes. But the map

grl’  Tot* M (X)——grf,  Tot* CC(X) n>0

Tot ™ (87X, ) Tot* (X, oxr)
2n 2n+1

is a quasi-isomorphism, because the extra-degeneracy s = t,,115,+1 induces a con-
. . ,
traction for its cokernel X, , ;.

(ii) By filtering CC(X) and C*(X) by

FCoX)= [] cCa(X), RCXX)= ][] crx r>0,

0<n<r 0<n<r

we obtain spectral sequences
« Bl = H(X, EE X &) = H(CL X)) = HOw(X),
o B, =X,/(1-t) = H(X),
and the map E1 — El is an isomorphism, for 0 < r < p — 1, by Remark -

Since also E}, — Ej, is an isomorphism and E}, — E!, = 0 is surjective,
it follows that E' —s E' and hence E® — E® and HC.(X) — HNX) are
(p — 1)-connected.
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Remark 5.1.10
Let k € CRing and X a cyclic k-module.
Then there are maps of short exact sequences of bicomplexes

0—= M~ (X) =2 My, (X) ——X. » 0
H T

0— M~ MP(X) M, i1(X)—=0
T

0 X, M(X) M, 1 oi1(X) —0,

inducing maps of long exact sequences

=2 H, (X)) 2= HC(X) 2> HC, (X)) —E H,_5(X) 2~ ..

| | |

=2 HC, (X) 2~ HC (X)—L= HP,(X)—2+ HC,_(X) 2~ ..

| o, |

S HC, (X)) B~ Hy(X) Co(X) —2 HC,_5(X) -2~ ..

5.2 The negative Chern character for Hopf algebras

By examination of the cyclic structure on the bar complex, we are following [CW09] to
construct the negative Chern character. As we have mentioned before, the key ideas go
back to them. Our essential task is a streamlined presentation of the required results we
and to pay attention that everything works integrally in the same manner as rationally.

5.2.1 Cyclic modules induced by group objects

Remark 5.2.1
Let (C,®, E) be a monoidal category and C' € C-Ass{®.

(i) Then there is a simplicial C-object Eo(C') € sC, given by

E,(C)=C®mY g, =id®@e®id®" ), 5 =id¥®6eid®"), 0<i<n.

(ii) If (C,®,E) is symmetric monoidal, then E.(C) is a cyclic C-object with t, €
C(C®M )X the cyclic permutation mapping the last factor to the first one.

Proposition 5.2.2
Let (C,®, k) be a symmetric monoidal category and G € C-Grp be cocommutative.
Then Eo(G) is a cyclic left G-module by the diagonal action

G ® B, (G) T8 (o)) g (GEMm+DY £y ot — B (@), n>0.
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where by abuse of notation 6™ denotes the map G 0y ez 2808 Gen 09K Gem+l),
and G € C-Ass, via factorwise G-multiplication.

Moreover there is a natural isomorphism of simplicial left G-modules E,G = Bo(G, G, k).
In particular Bo(G, G, k) is a cyclic left G-module.

Proof. Using that G 2 G®Gisa homomorphism of unital C-magmas, it follows that
the diagonal action defines a left G-module structure on E,(G), for all n > 0. By the
same argument, we see that F,(G) € s(G-C) is a simplicial left G-module. Using that G
is cocommutative, it follows that ¢ is G-linear and hence F,(G) is a cyclic left G-module.
It remains to check that F4(G) = B.(G, G, k). First note that there is an adjunction

GC(G®X,Y)=C(X,U(Y)),
where U is the forgetful functor. In particular we get a comonad, that is an associative

comagma B € (CAT(G-C),o0,id)-Ass;, given by B(X) = G ® X, for X € G-C. Its counit
and comultiplication can be computed as

BX)=GeX 25X, BX)=GeX"'GeGeX=BB(X).

Associated to B there is a functorial simplicial resolution E4(B)(X) — X and by con-

struction Eo(B)(k) = B.(G, G, k), where k € G-C via G ® k = k.
Now there is another comonad C' € (CAT(G-C),0,id)-Ass; with G acting diagonally
on C(X):=G® X, for X € G-C. Its counit and comultiplication are given by

CX)=GeX X, CX)=GaXHGeGeX =C0(X),

and again by construction F,(C)(k) = E.(G). Using the axioms of a group object, we see
that the maps

(d®p)o(d®id): BX)=GoX 2 G X = O(X) : (ide u) o (id®:®id) o (§®id),

induce an isomorphism of comonads B = C', which proves the second assertion.

Proposition 5.2.3
Let (C,®, k) be a symmetric monoidal category, G € C-Grp and M a G-bimodule.
Then there is an isomorphism Be(Ad(M), G, k) = Ho(G, M), where Ad(M) = M with
the right conjugation action
AAM) @G B Mo oMo G 28 e Mo G 5 M = Ad(M),

and ~y is the isomorphism twisting the two tensor factors.
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Proof. We consider G®" € C-Ass{¥ by factorwise comultiplication and define the maps
in the middle of the diagram

M ® (G @ (G#n) 29, gen @ M @ Gen

id®s p"®id
H,(G, M) ——M @ G®" = M @ G&n B.(G, M)
n®id id®s
GoM®G®" M ® (G*") @ (G®™)
1®id Y®id

nfli
GoMeaen <% qeng \moGen,

as the composites of the upper and lower path. Using the axioms of a group object, one
checks that they are inverse to each other and that the maps from left to right assemble

to an isomorphism of simplicial objects.
O

Example 5.2.4
Consider the case (C,®, k) = (Set, x,*) and G € Grp.

(i) The isomorphism of Pmposition is given by

B,(G, G, *) & Eu(G),
(X0, ooey Tp) —> (X, ToX1, oory To + * + Tp)
(20, 75 @1, oy T, ) 1 (20, ..., ).
Moreover the cyclic operator t,, on B,(G,G,*) is given by

tn(x07 7'7;11) = (.130 c T, ($1 e xn)ily'rlu ”'vrn—l)v

which is quite complicated compared to the simple cyclic permutation on E,(G).
(ii) The isomorphism of Proposition is given by
Bo(AA(M), G, %) = Co(G, M),

(20, ooy @) > (21~ 2) w0, 71, .0, 1)

(1 Tp) Lo, Ty vey Tpy) 1 (T, ooy Tpy)-

In particular, for M = G, this isomorphism maps the element t,(xq,...,x,) =
(x5t (- xn) Y 2y, o 2s1) € B(A(G), G %) to
(«Tn xgl :vn’ (1'1 e In>_1,$1, "'71‘11—1))

which is unequal to

to((2q - 'xn)_1$07 L1y ey Tp) = (X, (27 - '$n)_1900, L1y ey Tno1),
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unless xog = 1.

In particular the upper isomorphism is not a homomorphism of cyclic objects in
general unless we restrict it to Be(x, G, %) = B4(Ad(1), G, *) — B,(Ad(G), G, *).

Proposition 5.2.5
Let (C,®, k) be a symmetric monoidal category and G € C-Grp be cocommutative.

Then the inclusion k — Ad(G) and the isomorphism of Proposition induce a
homomorphism of cyclic C-objects

¢ Bo(k, G, k) — BJ(Ad(G), G, k) = H.(G.G) = C.(G).

Proof. By explicit computation we have already seen in example that this holds
in the case (C,®,k) = (Set, x,*). Of course one could also verify this in the general
setting by direct computation using the axioms of group objects. However by a more
conceptual approach the case (C,®, k) = (Set, X, *) already implies the general case, as
we will demonstrate in the following. We have to show that the square

B, (k,G, k) — C,(G)

] e

B, (k,G, k) — C,(G)

commutes, for every n > 0. Note that by construction these are built by compositions
and tensor products of the structure maps of G' and the natural isomorphism twisting
the tensor factors. Since G is cocommutative, these maps are homomorphisms of counital
comagmas. Now by Lemma below the functor C-Comi®(G®™,-) is strict monoidal
and hence the upper square under C-Com{¥(G®",-) is isomorphic to the corresponding
square in the category of sets

By (,C-Comi® (G=", G), ¥) —— Cpn(C-Com P (G=", G))

] e

B, (%,C-Com{¥(G®", G), x) — C,,(C-Com{* (G®", @),

which commutes by example . Now on the set of homomorphisms C-ComS$® (G®", G®+1))
the map induced by the functor C-Comi”(G®",-) is injective, because evaluation at the
identity is a retraction. Hence also the square in C-Com{® commutes.

Note that this technique also provides an alternative proof for Proposition [5.2.3

Lemma 5.2.6
Let (C,®,k) be a symmetric monoidal category and C € C-Ass*. Then

(i) There is an adjunction
C-AssiP (YO, Y) = Set(X,C-AssP(C,Y)),

where the left adjoint is given the X-fold coproduct of C, for X € Set.
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(ii) There is a natural map

[T Y @idee®): C-AssP?(C, X1 © .. @ Y,) — [] C-Assi(C, X)),

1<i<n . 1<i<n
=:m;

which is a bijection, if C' is cocommutative.

In particular the functor C-Assi¥(C, -) is strict monoidal in this case via
C-AssP(C, X ®@Y) — C-AssP(C, X) x C-Ass{P(C,Y), C-Ass(P(C k) — *.
Proof.

(i) By the universal property of coproducts, we have a natural bijection

C-AssP(YCY) = [] C-Ass1(C,Y) = Set(X,C-AssP(C,Y)).

zeX

(ii) If C is cocommutative, then C 2y C®Cisa homomorphism of comagmas and
hence
(f)i<icn +— (fi® ... ® f) 06"}
is well-defined and forms an inverse:

e Using that fi,..., f,, are homomorphisms of comagmas and by the axioms of
comagmas, we have, for all 1 < <n, that

Tio(fi®..®f,)00" ' =(fi)®.0 [i®..Q (cfy)) 06" " I<i<n
=(e®.Qfi®...Qc)od" = f.

e Again by the axioms of comagmas there is a commutative diagram

n—1 n—1
(X1 ®..®X,) L2 Xong | @ X0 e (X1 ® ... ® X,)®"

T1Q...QTn
T1&X...Q7x

X1®...0X,.

If the upper right map is the unique isomorphism induced by the natural
isomorphism permuting the tensor factors, preserving the order of X", for
cach 1 < i < n, then the upper row is §"! for the comagma X; ® ... ® X,, and
it follows that

(Mf)®.@ @ f))od" =(m®..0m,)06" tof=Ff

Remark 5.2.7
Let (C,®, k) be a symmetric monoidal category.
Then Lemmal5.2.0] (ii) implies that X1 ®...® X, is a product of X1, ..., X, in C-Com{".
In particular for (C,®,k) = (AP, ®,Z) this proves that the coproduct of commutative
rings 1s given by the tensor product.
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5.2.2 Construction of the negative Chern character

The following results can also be found in [CWQ9]. As their notation is different from ours
and they assumed the algebra to be rational, we recall their proofs, for the convenience
of the reader (without the sign that has unfortunately slipped in).

Lemma 5.2.8
Let k € CRing and A € k-Assy a unital associative k-algebra. Given a homomorphism of

chain complexes of left A-modules C' AN D, such that
(i) C is N-connected, for some N € Z, i.e. C,, =0, for alln < N.
(ii) For allm € Z, we have C, = A® X, for some X,, € k-Mod.
(iii) There is a k-linear contraction s for D.

Then f and 0 are chain homotopic via s, inductively defined by S{V = 5{\1—1 =..=0and

s
Co=ARX, 2 Dpy1, a®@z—sa-s(fn—s _d)1® ), n > N.

Proof. We have to check that f,, —ds/ = sﬁ_ld, foralln € Z. For n < N, we have C,, =0
and there is nothing to check. Suppose the statement is true for some n — 1 > N. Then
the induction hypothesis implies

A(fo — sh_1d) = (fo1 —ds]_;)d = s]_,d* = 0.
Using this, sd + ds = 1, the definition of s/ and its A-linearity, we get
dsi(a®w) =d(a-s(fo —sh_ 1)1 @ x)) = a-ds(fo — s;_1d)(1® x)

= (1—Sd)(fn—8£ Wd(1@x)=a-(fu—si 1 d)(1®z)
= fala® ) _35—1(61@95)»

for all a ® x € A ® X,,, proving the induction step.

Lemma 5.2.9
Let k € CRing and H € k-Grp a Hopf algebm over k.

Then there are H-linear maps E.(H) AN E.ion(H), forn >0, such that

¥ =id,  j"b=b"+Bj"',  n>1.

Proof. By setting j~! = 0, the formula holds for j°. Suppose we have constructed j",

for some n > 0, satisfying j"b = bj™ + Bj" !. Using this assumption and the formula
bB + Bb = 0 of Proposition [5.1.6] we see that the map

f=Bj": E*(H) — ZanE*(H) = (E*+2n+17 _b)
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defines a homomorphism of chain complexes:
fb= Bj"b = B(bj” + Bj™ ') = Bbj™ = —bBj" = (=b)f

As E,(H) is zero in negative dimensions, f maps into the kernel of X*""1E, (H) —»
»27+1E which has a k-linear contraction s induced by the extra-degeneracy s_; = n®id®".
So we can apply Lemma to obtain an H-linear contraction j"*! := s/ for f. The
contraction condition sb + (—b)s/ = f readily implies

3" = s7b = bs! + f = bj" T + By

Proposition 5.2.10
Let k € CRing and H € k-Grp a Hopf algebra over k.

Then the map Tot* M~ (Be(M, H, k)) BN B.(M, H,k) of Remark|5.1.10 has a natural
section J, for all right H-modules M € Mod-H.

Proof. For n > 0, we define J" as the composition

B,.(M, H, k) L B, ok, H k)
I [
M @y B.(H, H, k) M @ Boyon(H, H, k)
I I

M@y E.(H) e M Qu Eiion(H),

where the vertical isomorphisms are those of Proposition and j" is the map of the
preceding lemma. We define

J=(J Y ) s Bo(M, H k) — Tot* M~ (Bu(M, H,k)) = (]| Buszn(M, H, k),b+ B).

n>0
Then using the relations for (j"),>0 we get
(b+ B)J = (bJ°,bJ" + BJ,bJ* + BJ*,...) = (J°b, J'b,...) = Jb,

which proves that J is a homomorphism of chain complexes. By construction PJ = id.
O

Definition 5.2.11
For k € CRing and H € k-Grp the negative Chern character is defined as the com-
position

L(k, H, k) b Tot* M~ (H)
Jl H
Tot* M~ (Ba(k, H, k)) —= Tot* M~ (Bu(Ad(H), H, k)) — Tot* M~ (C\(H)).
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Remark 5.2.12
For k € CRing and H € k-Grp.
Then by construction the diagram below is commutative.

Ba(k, H, k) BJ(Ad(H), H, k) ~ C.(H)

(p T

Tot* M~ (Ba(k, H, k)) —= Tot* M~ (B.(Ad(H), H, k)) —= Tot* M~ (C,(H))

5.2.3 Restriction to the Chevalley-Eilenberg complex

Proposition 5.2.13
Let k € CRing and g € k-Lie.
Then the antisymmetrisation map

e:Ng— B*Uk(g), TN o N Ty — Z sgn(0) « To(1) @ ... @ To(n)
TEY

is a homomorphism of mized complexes with the second differential B =0 on A.g.
Proof. Recall that by Proposition there is a monomorphism of cyclic objects
c: By(k,G k) — B.(Ad(G), G, k) — H(G,Ad(G)) = C.(Q),

which in the case G € Grp is given by

-1

(@1, ey xn) = (X1 )7, X1y ey T, T1,..., T, € G.

As j is injective, so is the map on the associated reduced complexes B,Uy(g) — C.Ux(g)
and it suffices to show that the composition A,g ——= B,Ui(g) — C.Ui(g) is a homo-
morphism of mixed complexes. Recall that comultiplication and convolution on Uy(g) are
given by
r)=1®zr+z®1, v(x) = —x, T Eg.

So translating the formula for i to the setting G = Uy (g) (see also the abstract definition
in Proposition , we get

C(Il R...R® q;n) — Z (_1)a1+..‘+an . ((L’(lll e xgn) ® I%fm R..Q x;—an’ X1, .., Ty € g

ae{0,1}n
=102 Q.. x,,

where the last equality holds, because all terms with values in £ in any of the last n tensor
factors vanish in the reduced complex C,Ug(g). Moreover it follows that

Be(z1®...Qx,) = (1 —(=1)"t,)sN(1®z1 ® ... ® T,,), T1, ., Ty € G,
=1-(-D")(1N1®r ®..Qx,)) =0,
because at least two tensor factors of every appearing summand lie in k. This proves

Bce = 0 and thus ce and e are homomorphisms of mixed complexes.
(]
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Proposition 5.2.14
Let k € CRing and g € k-Lie. The map M~ (A.g) = [[,<o Ae2n9 N A.g of Remark
5.1.10) has a canonical section J = (1,0,0,...) and we get a diagram

id

A.g J Tot™ M~ (A.g) A.g

| | o
B.Uk(g) Tot™ M~ (B.U(g)) B.Uy(g).

\//

id

Then the right square commutes and the left one commutes up to homotopy.

Proof. The right square commutes, because the map A,.g — B,Ux(g) is a homomorphism
of mixed complexes by Proposition [5.2.13| and P is natural in mixed complexes. To see
that eJ and Je are homotopic, consider their lifts

Uk(g) ® Mg ! Tot* M~ (Uk(g) ® A.g)

id®ej id®el

B.(Up(9), U(g), k) ——= Tot* M~ (B.(Uy(g), U(g), k),

and the differences

D" = B(id® e)j" — Bj"(id @ €) : Up(g) ® Aug — Burons1(Ur(g), Un(g), k), 1 > 0.

Like in the proof of Lemma [5.2.9| we will construct Uy (g)-linear maps Uy(g) ® A.g ——
Bit20+1(Uk(9), Uk(g), k), such that

0, n =20,

n—1 n ny __ n __
BR"™ 4 bh" + B"b = D _{j”e, "

Setting h° = h~! = 0, the equality holds for n = 0. Suppose we have constructed h", for
some n > 0, satisfying the equality. Then using the induction hypothesis, the relations
for j” of Lemma and the formula bB + Bb = 0 of Proposition [5.1.6] we see that
f=j""e— Bh": A,g — X2 B (Uk(g), Un(g), k) is a chain map:

fb=j""eb— B(h"b) = (bj"™ + Bj™)e + B(bh™ — j"e + Bh" ') = bj" e — bBh" = bf
As f maps into the kernel of S2"*V B, (Uy(g), Ux(g), k) = L2V E, Uy (g) —» D2 HDE,
which is k-linearly contractible, we get a U(g)-linear contraction A"™! for f. In other

words
bhn+1 4 hn+1b — jn—i-le - Bhn,

which proves the induction step. By construction the map
(k‘ Uy (g) ho, k Uy (g) hl, ) cAg — TotXM_(B*Uk(g))

is a contraction for D, proving that Je and e.J are chain homotopic.
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Corollary 5.2.15
Let k € CRing and g € k-Lie.
Then the diagram below commutes up to homotopy

A.g u NCUK(g) ———(C2,Uk(g), —b)
B*Uf(g) B
Tot* M~ (B.Uy(g)) —— Tot* M (C,Us(g)) ——— Tot* M- (Ux(g)),

where 6 is the antisymmetrisation map given by

O(xg N ... Nxy) = (=)™ - Z sgn(o) - [T0 ® To(1) @ ... ® Tom))-

Uezn
Proof. Since in C,Uy(g) we have

BO(zy Ao ANxp) = (1 — (=1)"n)sNO(z1 A oo Axy,) = (1 — (—1)"t,)se(z1 A oo A )
=1l®e(r1 A... \Nxp) = ce(xy A ... AN xy),

which shows that the square commutes up to homotopy when we replace Je by eJ. Since

these two maps are homotopic by Proposition [5.2.14] the statement follows.
O

5.3 Comparing cyclic homologies

We are comparing cyclic homology and negative cyclic homology by using Connes’ op-
erator B. We show that it has poor connectivity properties integrally contrarily to the
rational case. We are giving an upper bound for the connectivity and prove that essentially
it is sharp by giving an example. It is remarkable that Brun [BruQ1] gets exactly the same
upper bounds for connectivity in his comparison of cyclic homology to topological cyclic
homology. Although their construction is not comparable it seems that the “distance” of
cyclic homology to both “negative cyclic homologies” is the same (called this way as they
both involve taking fixed points of the circle action).

5.3.1 Homomorphisms induced by derivations

Proposition 5.3.1
Let k € CRing and A € k-Ass; together with a k-linear derivation § on A.
Then § induces an endomorphism 0 on the cyclic module C4(A), given by

Li= Y  1d*®6®id*"": C,(A) — C,(A),
0<i<n

o ® ... @ a, — Z o ® ... ®6(a;) @ ... @ ay.

0<i<n
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Moreover the induced map on periodic cyclic homology H P,(A) EZN HP,(A) is zero.

Proof. One checks that Ls commutes with all the face maps d;, degeneracies s; and cyclic
operators t,. In [(Goo85a] Thm. 11.4.2 Goodwillie constructed maps C,,(A) = C,,_1(A)

and C,,(A) 2N Cri1(A), for all n > 0, linearly depending on 4§, satisfying the forumulas
les, b] =0, [es, B] + [E,b] =6, [Es, B] = 0.
In Cor. I1.4.3 he used them to define a contraction

h: ] Co-zmA = Tot* MP(C,A)y, — Tot*MP(CoA)m_y = [ [ Crom—14,
meZ nez
(mm)mEZ L (e(l‘m) + E(l‘m—i—l))mEZu
for the composition Tot* M P(C, A) LLEY Tot*MP(C,A),_,. As the shift map HP,(A) BN
HP, 5(A) is an isomorphism on the underlying complexes, it follows that also Ls = 0 on
HP,.(A).
O

5.3.2 Cyclic homology and filtrations

Proposition 5.3.2
Let k € CRing and A € k-Assy carrying a (descending) algebra filtration F' (see Definition

with FyA = A.
Then the tensor product filtration (see Remark|3.1.4)) defines an induced filtration F' on

the cyclic module C4(A). Moreover the following holds.

(i) FiCo(A) = Co(A, F1A) = ker(Co(A) —» Co(A/F1A)).

(i) If F,i1A =0, then Co(A, F1A) —» Co(A, F1A)/F,Co(A, F1 A) is (p/r—2)-connected.
(iii) If g™ A is flat and (p — 1)! € gr7 A, then HP,(Co(A, F1A)/F,Co(A, F1A)) = 0.

Proof. As F is an algebra filtration, multiplication A ® A -+ A and k —— A are 0-
equicontinuous for the tensor product filtration on A ® A and the discrete filtration on
k (i.e. k = Fok D Fik = 0). Hence face maps and degeneracies are 0-equicontinuous
by definition of Cy(A). By construction of the tensor product filtration also the cyclic
operator is 0-equicontinuous, so Cy(A) is a filtered cyclic module.

(i) Since FyA = A, by construction of the tensor product filtration we have

FiCy(A)= Y A @ RA® A" = ker(Co(A) —> Co(A/FLA)),  n>0.

0<i<n
(i) Tt suffices to prove that the given map is an isomorphism in dimensions < p/r — 1

or equivalently that F,C, (A, F1A) = F,C,(A) = 0, for n < p/r — 1. Suppose
F,C,,(A) # 0. Then there is a tuple my, ..., m,, > 0 with mo+...+m, > p, such that
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Fr,A® .. . ®F, #0.As F..;A =0, we can assume my, ..., m,, < r and it follows
that
p<mg+..+m, <(n+1)r<p,

a contradiction.
(iii) As grf’A is flat we have gr”’C,(A) = C,(gr” A) by Proposition and (i) implies

gt MP(Cy(A, FA)/F,) = @ MP(Ci(gr"A)™),

1<m<p-1

where the upper index ¢ refers to the i-th graded part of the graded complex. There
is a k-linear derivation § on gri’A, given by 6(z) = m - x, for homogeneous = €
gri” A (like in the proof of Proposition . By Proposition it induces an
endomorphism on the cyclic k-module Co(A). As

Ls(20®...Qx,) = Z ToR...QM; T;R...Qx, = (Mo+...+Myp ) ToR...QT,, ; € grf%A,

0<i<n

we see that L; is multiplication by m on C,(grf A)(™). As by assumption (p —1)! €
gri” A, the map Ls is an isomorphism on gr’ M P(C,(A, F1A)/F,). As Ls is homotopic
to zero by Proposition it follows that gr’” M P(C4(A, F1A)/F,) is acyclic and
thus also M P(Cs(A, F1A)/F,,) is acyclic by induction on 1 < m < p using the long
exact sequence. This proves (iii).

Corollary 5.3.3
Let k € CRing and A € k-Ass; carrying a (descending) algebra filtration F with (p—1)! €
A = FyA and flat gr’ A.

Then the map below is (p/r — 1)-connected

HC,_1(A, FLA) —s HC,_(Ca(A, FLA)/F,) 25 HC, (Cu(A, FLA)/F,).

Proof. By Proposition (ii) the map Co(A, F1A) —» C.(A, F1)/F, is (p/r — 2)-
connected. Using the bottom long exact sequence of Remark it follows that also
HC. (A, F1A) — HC.(C.(A, F1A)/F,) is (p/r — 2)-connected. Since the periodic cyclic
homology HP,(C4(A, F1A)/F,C.(A, F{A)) vanishes by Proposition [5.3.2] the map B is
an isomorphism by the middle long exact sequence of Remark [5.1.10]

(]

The connectivity of the map given in the preceding corollary depends inversely propor-
tionally on r. As this is the bottleneck for the connectivity in comparing relative K-groups
and cyclic homology via the negative Chern character, it would be desirable to construct a
(p—1)-connected map to (some modified) negative cyclic homology. However the following
example demonstrates that this seems to be impossible in general.
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Proposition 5.3.4
Let k € CRing and A = Assy" (k) = Z[t]/(t"), for some r > 2.

Then the (t)-adic filtration F is an algebra filtration on A and gr” A = A is flat. For
k =7, we have

., Y/ n € 2Ny,
HHEL(A i) = HL(EA/O. 0 ={ 5z s o,

More precisely the non-zero homology groups of the homogenous parts are given by

Haa(gr/,Co(A)) = Hoga (gr,,Ce(A)) = Z, m ¢ rN,
Hagr1(grh Co(A)) = Z)r, m € rN,

where is the integer part d = ™= |. Connes operator B on H,(grE C,(A)) is given by

r

B : Hyy(gr;,Co(A)) — Haar1(gr;,Co(A)).

Proof. See [HMO97a] section 2.1. See also [Gro94] for the original reference.

Remark 5.3.5

Let p > 1 be a prime number, k = Z[(p — 1)!7'] and A = Assy" (k) = Z[t]/(t"), for some
2<r{p.
Then the preceding proposition implies the following facts.

(i) H.(gr)Co(A)) has a non-trivial generator in dimension 1 + 2 - |2=1]. The same
holds for HC, (grﬁC.(A)) by inspection of the middle long exact sequence of Remark
(5110

In particular the map HC.(A, F1A) — HC,(Cu(A, FyA)/F,) is not 2- (1+ 21 ])-
connected.

(ii) One might try to come around this problem by considering C\ (A, F1A) —» C.(A, F1A)/F,

with ¢ > p. For q = pr for example, this map is (p — 2)-connected by Proposition
0.3 2.

But this ruins the connectivity of the second map
HC,_1(Cu(A, FLA)/F,) 25 HC (Cu(A, FLA)/F,).

Indeed using the spectral sequence for the double complex MP(grgC'.(A)), we get

_ Zp, nel+2Z,
Hp (feua) = { flet e

which implies that B is no isomorphism in any dimension as we can see from the

bottom long exact sequence of Remark|5.1.10
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5.4 Homology of matrix Lie algebras

Following ideas of [AOQ94] we are now generalizing the Theorem of Loday-Quillen and
Tsygan to the integral situation.

5.4.1 Adjoint actions on matrix Lie algebras

The main ideas for the proofs of Proposition [5.4.2| and Proposition [5.4.3| are due to
Aboughazi-Ogle [AOQ94], who worked them out mainly in the rational setting. We will
recall them to point out the technical differences in the integral setting. Moreover we
need more precise statements later on.

Proposition 5.4.1
For g € k-Lie and V € Mod-Uy(g), the adjoint action of g on H,(g,V') is trivial.

Proof. For y € g, the maps
S5y VOANg— VA9, VRTIN AT, — vV QYATL N ... NTp

define a chain homotopy [-,y] ~ 0 on the Chevalley-Eilenberg complex V' ® A.g.

If the Chevalley-Eilenberg complex does not compute Lie algebra homology, one can
argue by induction on n > 0, that [-,y] induces the zero map on homology. Indeed, for
n = 0, this follows from the fact, that Hyo(g, V') = V/[V, g]. Suppose it holds for some n > 0

f
and all V' € Mod-Uy(g). Take an epimorphism F' — V', where F'is a free g-module. We
have a commutative diagram of long exact sequences

f -
i —=Hy1 (9, F) —= Hy 1 (9, V) —2= H, (g, ker f) — ...

[ﬂy]l [-ay}L [-7y]t

f
o — Hy1(9, F) —> Hy1 (9, V) —2= H, (g, ker f) —— ...

As F is free H,,1(g, F') = 0 and so 0 is injective. Hence |-, y| vanishes on H,;1(g,V) as
it vanishes on H,, (g, ker f) by induction hypothesis.
O

Proposition 5.4.2 (Aboughazi-Ogle)
Let A € k/Ring and r > 1. Then the matriz ring M,(A) is totally Z"-graded via

MT(A)(U) = @ A- €ijs v E 7" .
1<4,5<r,
v(i,j):=€ej—e;=v
In particular:

(i) It induces a total Z"-grading on the bar construction B,M,(A).

(ii) With the same grading gl.(A) becomes a totally Z"-graded Lie algebra.
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(iii) We get a total Z"-grading on the Chevalley-Eilenberg complex A, gl (A) = B, M,(A)**.
Proof. Let 1 <4,j,k, ¢ <r and a,b € A. We have
(a-eij) (b-ere) =0 (ab) - €,
where 9,5, is the Kronecker delta. Moreover, if j = k, then
v(i,l) =er—e; =ep—ep+e; —e =v(k,l)+v(i,j).

In particular, whenever the right term does not vanish, it lies in degree v(i, j) + v(k, £).
This proves
M. (AW - M.(A)™ c M (AT weZ,

i.e. M,(A) is a totally graded ring.

Proposition 5.4.3 (Aboughazi-Ogle)
Let A € k/Ring be flat over k and let r > 1.

(1) H.(A.gl,A)®) is gcd(vy, ..., v, )-torsion, for every v € 7.
(ii) If (p — 1) € AX, then A.gl,(A) — (Mgl (A) O is (p — 1)-connected.
Proof.
(i) For 1 <i,j,k <r and a € A we have
[a - eij, enp] = (050 — Gi) - (- €i5) = v(i, )i - (a- € ),

where § is the Kronecker delta. In particular the adjoint action of e, on (A.gl.A)®
is multiplication by vj. As [-, ek ] is homotopic to 0 on homology by Proposition
, it follows that H,(A,gl, A)® is v;-torsion and thus is ged(vy, ..., v, )-torsion by
varying 1 < k <.

(ii) Consider an arbitrary generator
(a1 - ey ) Ao A (an - €, 5,) € Apgl A, n > 0.

It lives in degree v = (i1, j1) + ... + v(in, jn) and so we have |vg| < n, for all
1 < k < r. In particular we get ged(vy,...,v,) < nand n < p — 1 implies v = 0 or
ged(vy, ..., v,) € A*. Hence in the chain of projections

the first map is a quasi-isomorphism by (ii) and the the second map is an isomor-
phism on chains in dimensions n < p — 1 and an epimorphism in dimension n = p.

O

117



Chapter 5. Cyclic homology and the Lie algebra homology of matrices

Proposition 5.4.4
Let A € k/Ring be flat with (p — 1)! € A%, for some p > 1, and r > 1.
Then conjugation by E,.(A) induces the identity on H.(gl.A, k) in dimensions < p.

Proof. The group E,(A) is generated by elementary matrices 1+a-e; ;, for some a € A and
1 <14,5 <r with ¢ # j. Let a denote the automorphism of gl A induced by conjugation
with 1 +a - ¢; ;. It extends to an automorphism & of chain complexes A.gl,A. We claim
that the following composition is zero

(Aogl A)© <5 Agl A 28 Agl A - (Mgl A)©,  n>1,

where the first map is the canonical inclusion and the last map the projection. As 7 is
(p — 1)-connected by Proposition and ¢ is a section for m, we get that 1 — & is zero
on all homology groups H,(gl, A, k) in dimension (p — 1), which will imply the desired
statement.

(i) First suppose char A =0. For b € A and 1 < k,¢ < r we have
(b-epe) T =1 —a-e;)(b-exs)(1+a-e;)
=b- €k + 5571- - ba - €Lj — (5ij -ab - €0 — (5ij : (5471' - aba - €ij
=b-epo+[b-eppa-e | +1/2-[[b e a-eij],a- e,
where ¢ is the Kronecker delta. So a = exp(3), where 3 := [-,a - ¢;;]. The inner
derivation § also induces an endomorphism of chain complexes 5 on A,gl. A, which is
a derivation with respect to the underlying exterior algebra. Since 3° = 0, it follows
that 5?1 = 0, when restricted to A,gl.A. Hence the series exp(3) converges in
Q®A,gl.A. As B is a derivation exp(3) is an algebra endomorphism of Q ® A, gl, A.
Moreover also & is an algebra automorphism. As a = exp(/) on the generators
Q®gl, A C Q®A.gl, A, we thus have & = exp(3). Now using that i # j we see that
B(A.gl,A) C (A.gl,A)FY and hence the composition

(Augl A)@ <5 Agl A 25 Agl A "o (A,gl A)©

is zero. It follows that also 7(1/n!3"). = 0, for all n > 1, and so 7(1 — a) =
(1 —exp(B))e = 0 on Q ® (A,gl,A)@. This implies 7(1 — @) = 0 on (A,gl,A)®,
because we assumed that char A = 0 and that A is flat over k.

(ii) If char A # 0 consider the ring epimorphisms from the monoid rings
K =17[k,-,1)] — k, A" =7[(A, -, 1)] — A,

As A € k/Ring we have A’ € k'/Ring by construction. For a € A we take a lift
a’ € A, which induces a lift o/ = (-)'*%*¢s for o = (-)'*%%3 meaning that we get
a commuting diagram

(A*g[rA/)(O) - (A*g[rA)(O)

e =

(Augl, A0 — (A.gl,4))
Since char A" = 0, by (i) the left map and thus also the right map is zero.
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Corollary 5.4.5
Let A € k/Ring be flat with (p — 1)! € A*, for some p> 1, and r > 1.
Then conjugation by X, induces the identity on H,.(gl, A, k) in dimensions < p.

Proof. Given a transposition 7 = (k ¢) € ¥,,, where 1 < k < ¢ < r, we have to show that
conugation by 7 is the identity on homology. Let T' € G L, A which is equal to

(1a")

on the summand A? = A - ¢, @ A - e, and the identity on the complement. Since

(et )=G)Gt) )

it follows that T € E,A and thus by Proposition [5.4.4] conjugation by 7" induces the
identity on H,(A,gl.A) in dimensions < p. Moreover conjugation by 7" respects the direct
sum decomposition A,gl, A = (A,gl.A)® & (A,gl, A)FO because

Tey 71 = (1) % - eriyrgy,  1<i,j<m

where 6 is the Kronecker delta. By construction of the Z"-grading, (A,gl,A)® is spanned
by
ai - €i1’j1 AN Qp e’in,jna ’U(il,jl) 4+ ...+ ’U(Zn,jn> = 0,

which under conjugation by 7" equals

(_1)5]@7,'1+5k7j1+...+5k,in+5k,jn . al . 67-(1‘1)77-(]‘1) /\ /\ an . 6T(in),7'(jn)'
Now 0 = v(iy, j1) + ... +0(in, Jn) = €, — €j, + ... + €, —€;, € Z" implies that
1< m<riin= k=11 <m <7 jn= K},

and hence 0y ;, + 0 j, + ... + x4, + Ok j, is even. This proves that conjugation by 7 equals
conjugation by T on (A,gl, A)® and thus is trivial on homology.
O

Remark 5.4.6
Note that the conjugation action by 3, < GL,.(A) respects the decomposition

and thus determines an action on (A,gl A)F0).
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5.4.2 Stability in the Lie algebra homology of matrices

The following Proposition is well-known from the computation of the homology groups
of the symmetric groups (see e.g. [Nak60] or [AMO4]). However there is no reference for
precisely the statement that we are interested in. For the convenience of the reader we
will give a short proof.

The computation is essential in the verification of the stability results. Like the integral
version of the Theorem of Loday-Quillen and Tsygan, these cannot be found in present
litarture.

Proposition 5.4.7

Let k € CRing with (p — 1)! € k*, for some p > 1.
Then H, (3., k) =0, for all r Z 1and 0 <n <p.
In particular this also holds for r = oco.

Proof. For 1 <r < p we have |¥,| = r! € k* and Remark yields H,(%,, k) = 0, for
all n > 1. For r = p, let C,, be the cyclic group with p elements, which we consider as a
subgroup of X, by the regular representation

O, s Set(C,)* = %,

The Cp-orbits X,/C,, under the left C,-action have a canonical right ¥,-action and the
quotient map k[X,/C,] — k has X,-linear section

k — k[X,/C,l, ar—a/(p Z z,
z€¥,/Cp

because by assumption (p — 1)! € k*. So we get a retraction

H.(C,, k) H,(3,, k)

Tor"™(k[5,/C,], k) — Tor*®rl(k k).

Now C), is normal in Grp(C,)* — Set(C,)* = ¥,, which acts trivially on H,(3,, k).
Hence the upper retraction factors as

H(Cp, k) —> Hi(Cyp, k)grp(cy)x —> Hi(Ep, k).

Using the standard resolution of k € k[C},]-Mod, given by

t N 1-t

k«— K[C,] < K[C,) < K[C,) £ ...,
where t € C), is a generator, we compute

k, n =20,
H,(Cpk)=<¢ k®TF,, ne2 -Ng+1,
Ab(F,, k), ne2- -Ny+ 2.
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5.4. Homology of matriz Lie algebras

with the canonical action of Grp(C,) = F. It follows that 0 = H,(Cy, k)grpc,)x —
H,(X,, k), for all n > 1, which proves the case r = p.

For p < r < 2p, we can use the same argument as before, to prove that the canonical
inclusion ¥, — 3, induces an isomorphism

Ho(S,, k) = Ho (S, k).

Finally we use Nakaoka’s stability Theorem [Nak60] (see also [Ker(05] for a shorter proof)
to see that

~

Hn(ZQp—la k) L} Hn(ZZpa k’) ;) Hn<z2p+17 k‘) — ... ;> H*(Zoo, k‘), 0<n< p.

Proposition 5.4.8

Let A € k/Ring be flat with (p — 1)! € k*, for some p > 1.
Then H,(A.gl,A) — H,((A.gl,A)s,), for 0<n <pand allT > 1.
Note that the proof even works for r = oo, i.e. r = N.

Proof. First we claim that
H, (3, (gl,A)*") =0, 0<m<p, n > 0.

This is independent of the ring structure of A and as the functor commutes with filtered
colimits in A, we can assume that A € k-Mod is free, because by assumption A is flat
over k. If A C A is a k-basis, then we obtain an isomorphism of k-modules

@ k(/_l X1 X I‘)n ;) (g[TA)®n, (ag,ig,jg)lggsn — a - eihjl X ... Ay ein,jm

which becomes ¥,-linear, when we define a X,-action on (A xr x )" = Set(n, A Xt X 1)
by setting

o-f=({dxox0o)of, o€, feSettn,Axrxr).
For f € Set(n, A x r x r) we define its support as
supp f =m0 f(n) Um0 f(n),

where 7, Ty : A X1 x T —> T are the projections onto the first and second factor r. Then
the isotropy group X of f with respect to the X,-action is given by

Y= Yp\supp s = Set(r\supp f)* < Set(r)” =%,.

Using Shapiro’s Lemma and Proposition [5.4.7| we can compute the homology of ¥, with
the free k-module generated by the orbit X, - f as coefficients as

Ho (S0, k(S - ) = Hon(S0, k(5,/5))) = Hu(S7, k) =0, 0<m < p.
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Taking the union over all orbits and using the upper isomorphism ¢ it follows that
H, (2., (g1, A)®") +— H,, (2, kSet(n, A xr x 1)) =0, 0<m<p,

which proves the claim.
Now for n < p we have n! € k* by assumption and thus the quotient map (gl A4)*" —»
Angl A has a ¥,-linear section given by

Apgl, A — (gl,A)®", ay Ao Na, — 1/n!- Z sgn(0) « (1) @ ... @ Ap(n)-

O'Ezn

So our claim implies that
Hp (3, Apgl, A) «— H,, (3, (g1, A)®") =0, O<m<p, 0<n<p.
In other words the spectral sequence of Remark (i) for the constant group >,
By = Hun(Zr, Angl,A) = Hypn (50, Augl, A),
collapses in low dimensions and it follows that the edge map is an isomorphism
H, (3, Mgl A) — E2 = H, (Mgl A)s, ), 0<n<p.

Now Corollary states that X, acts trivially on H,(gl.A, k) = H,(A.gl,A), for all
0 < n < p, and so Proposition [5.4.7 implies that

H,(Aglb,A), m=0, 0<n<np,

Hon (30, Ha(Agl, A)) = { 0 0O<m<p, 0<n<p

which is the second page of the other spectral sequence of Remark (ii) converging
to Hppn (X, Asgl, A). It follows that also the edge map

H, (Aol A) = EF, — H, (3, Mgl A), 0<n<p
is an isomorphism and it remains to note that the composition
H,(A.gl,A) — H,(3,, Agl,A) — H,((Agl,A)s,), 0<n<p

is induced by the quotient map A,gl,A —» (A,gl, A)x,, which finally proves the Proposi-
tion.
O

Proposition 5.4.9 (Homology stability)
Let A € k/Ring be flat with (p — 1)! € A*, for some p > 1.
Then H.(gl,_1A, k) — H.(gl. A, k) is (min(r, p) — 2)-connected, for all r > 1.

Proof. The conjugation action by ¥, < GL,(A) respects the decomposition
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5.4. Homology of matriz Lie algebras

hence in the commutative diagram

—
Agl A—— (A.gl, A)©

| |

(gl A)z, —= (Mgl A)y)
N~}

the horizontal maps are retractions. Moreover the upper horizontal map is (p — 1)-
connected by Proposition (ii), while the left vertical map is an isomorphism in
homology in dimensions < p by Propposition [5.4.8 It follows that the same holds for the
right vertical map and hence also for the lower horizontal map.

As this observation was independent of » > 0, we see that all the horizontal maps
induce isomorphisms on homology in dimensions < p in the commutative diagram

Mgl A—= (Augl,_, A)© — (A,gl,_, A)Y

| | |

Now by construction of the Z"-grading we have

(Ang[rA)(O) = @ A- €i1 AN NA- €injns r,n > 0.
1§i17j1""7in7j77«§r7
v(i1,51)+...4v(in,jn)=0

Moreover multiplication by an element o € ¥, identifies summands corresponding to
tuples
((ibjl)a s (Znajn)) ~ ((U(il)a U(jl))? ce (U(Zn)a U(jn)))
Using that 0 = v(iy, j1) + ... +0(in, Jn) = €, — €j, + ... + €, —¢;, € Z", it follows that
{ilajla ceey i’len} = {ila ceey Zn}a

whose cardinality is n at most. Thus (Ang[rA)(z?T) is spanned by the summands corre-
sponding to tuples with (i,,,J») € n x n, for all 1 < m < n. This proves that the right
vertical map in the diagram above is an isomorphism in dimensions < r and thus is

(r — 2)-connected.
]

5.4.3 The differential graded Hopf algebra of matrices
Recall from Remark £.1.2] that there are functors

NO L>Al‘nj i)I;)N(),

where we consider the partially ordered set (N, <) as a category and [ is the category of
injections on the sets
n={1,..,n} n > 0.
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Proposition 5.4.10
For A € k/Ring, the following holds.

(i) There is a functor

MJA : [ — k-Ass, r— M.A=MA=A"",

sending a morphism f € I(r,s) to the map M,A = A™" AT psxs — MA.

(ii) The block sum of matrices induces a multiplication map

p: M,Ax M;A— M, A, (X,Y)»—>X@Y::<g( g/)

and the canonical morphism 1 : 0 —+ MgA a unit map, making M,A into a sym-
metric monoidal functor.

(iii) Composing with k-Ass — k-Lie LN dg(k:—C/o?nip), we get a functor
Agl AT — dg(k-Com, ),  nr— Agl A,

which is symmetric monoidal, when giving dg(k—C/oRip) the monoidal structure in-
duced by the tensor product of chain complezes.

Proof.

(i) For f € I(r,s) the element M;(A)(X) € M (A) = A**® is obtained from X €
M,.(A) = by filling up with zeroes elsewhere. Hence M,(A) is a functor I — Mon
and maps morphisms to injections.

(ii) By construction the two maps
o (puxid),po (id x p) : M (A) x Mg(A) x My(A) — M, y54:(A)
are equal and similarly the diagrams commute

nxid nxid

1 x Mr<A) _)MO<A) X MT(A) MT‘<A) x 1 _>MT<A) X MO(A)

,\Lz Lu plz lu
M,(A) Mo (A), M, (A) M, 40(A),

My (4)

~

M,(A)

where A\ and p are the structure isomorphisms of the particular monoidal category.
Hence M,(A) is a monoidal functor. Moreover the diagram below commutes

My (A) x M,(A) —= My (A) x M, (A)

a J»

M (A)
Mr—i—S(A) MS+T(A)>

where 7 is the braiding isomorphism of the particular monoidal category. This proves
that M,(A) is infact symmetric monoidal.
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5.4. Homology of matriz Lie algebras

(iii) As the functor A, is a right adjoint, it preserves products and in particular is sym-
metric monoidal.

O

Proposition 5.4.11
Let k € CRing and A € k/Ring.

(i) The subcomplezes (A,gl, A)© SN A.gl, A define a monoidal subfunctor (I,4,0) —
(dg(k-Mod), ®, k).

(ii) With the monoidal structure of (i) also the quotient map is monoidal
AuglyA — (Al A)©,
which therefore is a retraction of monoidal functors.
(iii) There is an induced coalgebra structure on the quotient (A, gl dA)©.

Proof. By definition of the Z"-grading on A,gl. A, the multiplication of A,gl, A restricts
to maps

(Agl, )@ @ (A gl, A)® — (A,gl,, A,
(@ Ao ANay) @ (b1 Ao Abp) —> ar Ao Aa ANby A oo Ay,

where a € Z",b € Z° and (a,b) € Z""*.

(i) In particular this proves that the multiplication of A,gl, A restricts to (A,gl,A)©,
which therefore is a monoidal subfunctor.

(ii) Moreover this shows that (A,gl,A)7 is an ideal of A,gl, A, which proves (ii).

(iii) Recall that the coalgebra structure on L := A,gl.A is induced by the norm map

——o0p

A, (A) = Comy (gl (A)[1]) s Assy (M,(A)) = B.M,(A).
In particular it is given by

Sz Ao ANay) = Z sgn(0) - (To) A oo A To(p) @ (To(py1) A oo A Tom)),

p+q=n,
o€Shy 4

where Sh, , C ¥,4, is the subset of (p, ¢)-shuffles, i.e. permutations ¢ € ¥,,, with
o(l)<..<o(p), olp+1l)<..<olp+q).
It follows that
SLAY) € LO @ [#0) 4 [0 g [0 | [#0) g [0

which proves, that (A,gl,A)#% is a coideal of A,gl,A. Explicitly §(z; A ... A z,,) is
the sum taken only over all possible decompositions lying in L(®) @ L©),
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Chapter 5. Cyclic homology and the Lie algebra homology of matrices

Remark 5.4.12
The colimit maps (symmetric) monoidal functors to (commutative) monoids in the target

category. As a monoid in dg(k—Comlp) 1s a dg bialgebra, we get a commutative diagram
of dg bialgebras

d(A) := colim a*(A,gl,A) — colim a*(A,gl,A)® = d(4)©

Ainj Ainj

i ;

i(A) = colim A.gl, A 1 col}m(A*g[,A)(O):z’(A)(O),

where the horizontal maps are retractions in the category of dg algebras.

Note that the forgetful functor dg(k—C/O?n(l)p) — dg(k-Mod) is a left adjoint and there-
fore commutes with colimits. So all the objects are also colimits in dg(k-Mod).

Proposition 5.4.13
For flat A € k/Ring and (p—1)! € A*, every map below is (p — 2)-connected (cf. Remark

gl A = colim (av)*A.gl, A — colim (av)* (A, gl, A) O = (A,gl A)O

d(A) = colim a*(A,gl,A) colim o (A, gl, A)® = d(A)©

A Ainj

i(A) = Collim A.gl,A col}m (Agl, A)© =4(A)©)

Moreover the underlying d(A) € k-Assy is a filtered colimit of free k-algebras.

Proof. The upper horizontal map is a (p— 1)-connected by Propostion [5.4.3 (ii). Moreover
by Proposition the left vertical composition is (p — 2)-connected, because i(A) =
(Mgl A)s. . As all the horizontal maps are retractions, it follows that also the right
vertical composition and hence also the lower horizontal map is (p — 2)-connected. Thus
by a similar argument for the upper vertical maps, it remains to check that the upper
left vertical map is (p — 2)-connected. Let us remark here, that the proof of this fact is a
product of an early stage of the work, but finally did not find an application in the later
theory. So it may be interesting, but can also be skipped.

The forgetful functor dg(k—C/oRc;p) SN dg(k-Mod) is left adjoint to the free functor
and thus preserves colimits. Thus it suffices to check that the lower horizontal map in the
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commuting diagam of chain complexes

hoclglim (va)*A,gl,A — hocolim a*A,gl, A
0 A

inj

i |

colim (va)*A,gl, A colim a*A,gl, A
No Ainj

is (p — 1)-connected. This will be done by showing that the vertical maps are quasi-
isomorphisms and the upper horizontal map is (p — 1)-connected.

e The left vertical map is a quasi-isomorphism, because Nj is a filtered category and
filtered colimits are exact.

e To see that the upper horizontal map is (p — 1)-connected, we use the spectral
sequence for homotopy colimits. It suffices to show that the induced map of the
E?-pages

Ty hoclglim (av)*Hs(Awgl,A) — m, hocolim o Hy (A, gl A), r,s >0, (5.1)
0 Ainj

has the desired connectivity. By Corollary conjugation by Y, induces the iden-
tity on Hy(gl. A, k), for all 0 < s < p and all r > 0. It follows that the maps

d : Agl, A — Agl A, 0<i<r,

for varying ¢, induce the same map on homology in dimensions 0 < s < p. Hence
the functors

" H(gl A k) : Am]‘ 5 I — k-Mod, 0<s<p,

factor over the functor Amj s I 5 Ny, which by Proposition is totally
final. Thus by Remark the maps

hoclé)lim (av)*H,(gl, A, k) — hocolim o H,(gl, A, k), 0<s<np,
0 .

ing

are weak equivalences. In particular the map ({5.1) is an isomorphism, for r > 0
and 0 < s < p, and surjective, for r = 0 and s = p, which proves that the map of
E?-pages is (p — 1)-connected.

e The hardest part is to show that the right vertical map is a quasi-isomorphism. To
that aim we filter A,gl, A by dimensions, i.e.

FAgl,A=EPAglA, n>0.

k<n

It follows that the differential d is (—1)-equicontinuous and therefore is zero on the
associated graded object. Moreover the [-structure maps are 0-equicontinuous, so
grA.gl,A € CAT(I,dg(k-Mod)) and we get

hocl\(])lim grA,gl,A = gr hoclglim A gl,A — greolim A,gl,A = hocolim grA,gl, A.
0 0 A A

injg ing
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By a spectral sequence argument, it suffices to check that this map is a quasi-
isomorphism. As the differential of grA,gl, A is zero, we may write

grA, gl A = A, AT = (ALA)P) = (AL A)®" @ (ALA®, >0,

as a differential graded coalgebra and we can ignore the grading of A,. As A is
supposed to be flat, by a filtered colimit argument, we may further assume that A
is finitely generated and free. Hence also A, A is free, say A, A = kX, for some finite
set X, and we can assume that *x := 1 € k = AgA is a base point for X. Then by
construction the isomorphisms

(X)) = (BX)®) 25 (ALA)PC) = A gl A, r >0,
induce an isomorphism of functors kq*(E*X) — A,gl. A, where
q: I — 1, r —> r’,
and E*X is defined as in Proposition , ie for f € I(m,n)and x € E"X = X"

we have
pxn={ 7 1

Consider the commutative diagram

grhocolim A,gl, A

inj ing
l |

hocolim grA.gl,A colim grA,gl, A

ing inj

i} |1
hocolim kq*(E*X) colim kq*(E*X)

Ainj Ainj

] I
k(hocolim ¢*(E°*X)) — k(colim ¢*(E*X)),
A'Lnj Ainj

greolim A, gl, A

where the lower vertical maps are isomorphisms, as the free k-module functor is a left
adjoint and therefore commutes with (homotopy) colimits. Moreover by Proposition

4.1.10| and Proposition resp. the functors I — X Set preserve limits over
connected, non-empty categories. Hence by Corollary the lower horizontal
map is a quasi-isomorphism, which concludes the proof.

For every X € Set, the monoid colim An; q*E*X is freely generated by matrices M €
X" that cannot be written as a block sum

M x
M= ( e ) |
Hence k[colim 4, = ¢"E*X] is the free k-algebra generated by such X-matrices and d(A) =

colim i, A.gl, A is a filtered colimit of these.
! O
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5.4.4 Primitive elements and cyclic homology
We show that the primitive elements in the quotient Chevalley-Eilenberg complex are

closely related to cyclic homology and Connes homology.

Proposition 5.4.14
Let k € CRing and A € k/Ring be flat.

Then there is a monomorphism of chain complexes
¢ DONAIY) = (CL4(A, 1)) — P(Agl,A)©,
a1 ® ... ®a, ® o] — ay - Co(n),o(1) N\ oo Nl * €o(n—1),0(n)

which by definition is natural in v € I. Here we define C)NA,I7) as the Connes complex
to the semi-cyclic sefl] CeA ® k[I}] = CeA® k[I(e,1)].

Proof. Let r > 1. We extend the valuation map r x r — Z" to a map

v:Plrxr)={SCrxr} —7Z", S— v(i,j):Zej—ei.
(i,9)€S (i,5)€S

Then the induced comultiplication on (A,gl, A)® (cf. Proposition |5.4.11|and its proof) is
given by

oar - e A Nan - €, 5,) = > sen(U, V) - N\ ac-ei0 @ J\ ar- ey,
quz{(il’jl) 77777 (ln’]n)}y LeUu Lev
v(U)=v(V)=0

where sgn(U, V') is the sign of the shuffle o € Sh, , with

U={o(1),....0(p)}, V=A{olp+1),..,0(p+q}
It follows that

P(A*g[rA)(O) — Z A.eil,jl /\/\Aezm]n,

{(ilvjl) ~~~~~ (in,jn)}CrXr
irreducible

where we call a subset S C r X r irreducible, if
(i) v(S) =0.
(i) £ S=UUV with v(U) =v(V) =0, then U =0 or V = 0.

For injectivity, note that the definition of ¢ constitutes a lift

CA @ k[I7) —2= ((gl, A)®™)©

| |

CMA, IT) —2— A,gl, A)©),

L “Semi-cyclic” means, that we do not require to have degeneracy maps.
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and the lower map is obtained from the upper by taking coinvariants under canonical
actions of the cyclic group C,, and the symmetric group ,,. The upper horizontal map is
injective by construction, while two elements in the upper left object are identified under
the cyclic action, if and only if they are identified under the symmetric action on the
right. This proves that ¢ is injective.

Finally the maps ¢ define a homomorphism of chain complexes, because

d(b[al &...Qay X U] = d(a1 “Co(n),o(1) N\ e N Gy - eg(n,l),o(n))

= D (U [t Coli1)0)s 4 - Co-1)0()] A1 Copmyot) A Aty - Con1) on)
1<i<j<n

= Z (‘Uiﬂiﬂ) (@30i11) * €a(i=1),0(i41) N O1 * €on),o() A oo Al * €o(n—1),0(n)
1<i<n

= Z (—1)i “ a1 €o(n)o(1) N A (aiaiy1) - €o(i—1),0(i+1) N -+ N Qg(n—1),0(n)

1<i<n

=) (1) dldi(a1 ® ... ® a) @ di(0)] = —¢d[oy @ ... ® 0, ® 7).

1<i<n

Remark 5.4.15
The semi-cyclic set Y := a* colim
define degeneracies by setting

R T ; ;
r€Ain; 1] canonically becomes a cyclic set, when we

0 (%) o ot ;
si(a)(k):{ i(z_)“’ FTh 0<i<n oeX,=Se).

Note that X4 is augmented as a simplicial set and there are extra-degeneracies, given by
the block sums
s1(o)=0+1, spri(0)=1+0, ocEY,.

In particular ¥4 — * is a simplicial deformation retraction by Proposition .

Corollary 5.4.16
Let k € CRing and A € k/Ring be flat.
Then the homology of the canonical map

[ [
colim C(A, IJ) — colim C} (A, I7)
re

T€An;

naturally identifies with the map HC,(A) — H}(A), which by Proposition is (p—1)-
connected, if (p —1)! € A*.
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Proof. Note that the right equality holds, because colim .c; I(-,t) = * and C} (A, *) =
C}A. Next consider the commutative square

CC.(A,D,) —=CC,A
CMA, B,) —= M,

where similarly C'C, (A, ¥,) is defined as the cyclic complex to the cyclic module Cy AQE[3,].
Then the spectral sequence of the proof of Proposition

E}VS = H,(C,,C,A®K[E,]) = HC,(CoA® K[Z,))

collapses, because %, is a free C,-set, for all » > 0. It follows that the left vertical map is
a quasi-isomorphism.

Using the simplicial deformation retraction ¥, — * of Remark , we see that also
CoA ® k[Xs] — C,A is a simplicial deformation retraction. Hence by use of the other
spectral sequence for the double complex CC, ,(-) of a cyclic module

Bl = H(Cy Ho(-) = HCnpil)
(or alternatively Connes’ long exact sequence of Remark [5.1.10)) we see that also the upper
horizontal map is a quasi-isomorphism.
O
5.4.5 Generalizing the Theorem of Loday-Quillen-Tsygan

Having all tools in hand we are now able to prove the generalization.

Remark 5.4.17
For A € k/Ring the composition of the following chain maps is the identity.

C) A -5 Mgl A -5 O (Ui(ghoA)) = CF | Moo(A) 2% €2 A,
where
(i) ¢ is the map induced by Proposition|5.4.14), i.e.
Glag @ ... @ ap] =ag-eno A ... Ny - €1
(i) @ is the map of [Lod98] 10.2.3, given by

O(ap A ... \Nay) = Z sgn(o) - (a0 ® te(1) ® ... @ Go(n)]-

oES,
(iii) € is the counit of the adjunction
k-Assy(Uk(X),Y) = k-Lie(X, L(Y)),
where L maps an associative algebra Y to the Lie algebra A with Lie bracket

[‘Iay]:‘ry_yxa a’7bey

131



Chapter 5. Cyclic homology and the Lie algebra homology of matrices

(iv) trace is the trace map on Connes homology of [Lod98] Def. 1.2.1, given by
n 0 1 n
tracele® @ @™ = 3 (o o) @ @ gy @ B Al g
feSet(n,N)

Proposition 5.4.18
Let A € k/Ring be flat with (p — 1)! € A*.

Then ¢ extends to a map of dg bialgebras, which is an isomorphism in dimensions < p
¢ : Comy(C | A) — i(A) Y = (A,gl AO)s_.

Proof. As ¢ is the colimit of the maps ¢ of Proposition , it maps C2 |(A) into the
primitive elements of i(A)©®, which proves that ¢ is also a homomorphism of coalgebras.
By construction 6 and the trace map are X -invariant, so traceof is well-defined on
(Mgl A®)5_ . Consider the following diagram

id

d)/\

cr A i(A)(O) traceol _ ox 4
7 ~ ~
Ll - /3T¢ AT ~ o TW
Com,(C) | A) Com?p(ijlA).

By the universal properties of algebras resp. coalgebras the extensions ¢ and T exist and
by Proposition the composition T o ¢ must be a direct sum of norm maps. As A
is flat, T' o ¢ is an isomorphism in dimensions < p by Corollary , since C? | (A) is
trivial in dimension 0. It follows that T is surjective and ¢ is injective in dimensions < p
and so it remains to check surjectivity for ¢.

Like in the proof of Proposition we consider the ring epimorphisms from the
monoid rings

K =17[|k,-,1)] — k, A =7[(A,-,1)] — A.

As A € k/Ring we have A’ € k'/Ring by construction. Writing ¢’ and 7" for the particular
map in the situation of A’; Aboughazi-Ogle proved in [AO94] Thm. 1.1.12 that ¢/ ® Q is
an isomorphism. It follows that also 7" ® Q is an isomorphism and using the commutative

diagram
P

i(A)© L Com, (C),A)

| |

(40 ©® Q ——=—Com,"(C2,4) © Q.
flatness of A’ implies that the left vertical map and hence also 7" is injective. As T" was
already surjective in dimensions < p, it follows that 7" and hence also ¢’ is an isomorphism
in this range. Using the commutative diagram

Comy (C) A —2— 4(A))O)

~

| |

Comi(C) | A) —— 4(A)O),
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5.4. Homology of matriz Lie algebras

we see that ¢ is surjective in dimensions < p, which concludes the proof.

Corollary 5.4.19
Let A € k/Ring be flat with (p — 1)l € A*.

Then there is a zig-zag of (p — 2)-connected homomorphisms of dg commutative coalge-
bras

Mgl A — (Mgl )Y = i(A)@ £ Comy (C2, A).
Proof. The first map is (p — 2)-connected by Proposition [5.4.13| and the second one by

Proposition [5.4.1§

O

Theorem 5.4.20
Let A € k/Ring be flat with (p — 1)! € A*.

Then the map ¢ induces isomorphisms in dimensions 0 <n <p—1

H) [(A) = PH,(gl A, k) = ker ( H,(gl A, k)
(nxid)s+(idx7)s

H, (gl A x gl A, k) ) .

Here gl A N gl A x gl_A is the diagonal and 0 —% gl_A is the initial Lie algebra
homomorphism.

Moreover Connes’ operator B of Remark [5.1.10, the negative Chern character for the
Hopf algebra Uy (gl A) of Definition and the antisymmetrisation map e of Propo-
sition mduce a commutative diagram

HC,_1(A) b HC(A)

*

T trace

H - (A) =2 PH (gl A, k)< H(B,Uy(gloA)) &= HCL (Un(gloA)) = HC (Moo A)

We call the composition traceoc och™ the (additive) negative Chern character and
by abuse of notation also denote it by ch™.

Proof. For 0 <n < p—1, in the commutative diagram

H\(A)

/

PH, (gl A, k) — PH,(i(A)©) <2 PH,(Com,(C} ,A)),

the horizontal maps are isomorphisms by Corollary while Proposition 4.3.10[implies
that the right vertical map is an isomorphism.
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In the diagram

H7 (A) id
g T
PH., (gl A, k) —"— H} (Ur(glooA) — H) (Mo A) =25 H)((A)
| g ? ?
H,(B.Up(glooA)) ~F= HC. (Up(glioA)) —= HC (Mo A) 2% HC, (A)
the upper part commutes by Remark [5.4.17], while the left square commutes by Corollary
applied to the Lie algebra gl A. As Connes’ operator B is natural, also the right

two squares commute.
O
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6 Multiplicative vs. additive
K-theory

6.1 Quillen’s plus construction

By recalling the plus construction in the context of simplicial groups, we are following the
same guideline in the setting of simplicial Lie algebras to be ably to develop the additive
and multiplicative theory parallelly.

6.1.1 The plus construction for simplicial groups

Remark 6.1.1
Let ¢ € sGrp(G, H), such that in every dimension

cn =g, G — G+ (H/G)y, n >0,

where H/G = H +¢ 1 € sGrp.
Then by Proposition|8.1.11}, every M € Z[H/G]|-Mod induces a long exact sequence

. — Hy(H/G, M) -2 H\(G, M) — Hy(H, M) — H,(H/G, M) — 0.

Proposition 6.1.2
Let G € sGrp and N < oG be perfect, meaning that N = [N, N].

Then there is cofibration G NN G™, such that
(i) 1 — N — G - 710G — 1 is exact,
(ii) H.(G,Z[roG/N)) - H,(G*, Z[moG/N)) is an isomorphism.

In particular by Proposz'tz’on the map H,.(G, M) ey H.(G*, M) is an isomorphism,
for every M € Z[myG/N]-Mod.

Proof. The proof is established in 2 steps.

e First we assume that N = 1G. We let K = ker(Gy — myG) and define G’ as the
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Chapter 6. Multiplicative vs. additive K -theory

pushout on the left

F(KSO)—>T KlZ—>7r0G
F(*D") — @, 1 ——mG,

where F' is the left adjoint of the adjunction Grp(F(X),Y) = Set. (X,U(Y)) and
S0 «—— D! are suitable models in sSet,. As 7 is a left adjoint, it preserves co-
products and pushouts. So applying my to the left pushout square yields a pushout

square as on the right, so oG’ = 1. The map G — G satisfies the hypothesis of
Remark [6.1.1} Since G'/G = F(¥S'), we get a long exact sequence

o — Hy(F(X5Y),2) % Hy(G,Z) — Hi(G',7) — Hi(F(XSY), 7).
Looking closer at the low dimensions we get an exact sequence
0 — Hy(G,Z) — Hy(G',Z) — Ho(F(XSY),Z) % H\(G,Z) — H\(G',Z) —> 0.
The Hurewicz map induces a commuting square

(70G) /N — > 1o G

af i

Hl(G,Z) —>H1(G/,Z).

Hence H,(G,Z) — H,(G',Z) and
0 — Ho(G,Z) — Ho(G',Z) — Hy(F(5SY),Z) — 0

is non-canonically split exact, since the right object is the free abelian group gener-
ated by K. As myG' = 1, the Hurewicz map is an isomorphism

h: 7T1G, L) HQ(G,,Z) = HQ(G,Z) D 7K.

Let L C G be a subset of cycles, being sent to K under this map, and define G*
as the pushout

F(le) - G/
F(*D?) ——=GT.
By the same argument as before we get a long exact sequence
o — Hy(F(ES?),7) -2 H\(G',Z) — H\(GT,Z) — Hy(F(*S2),Z) — 0,

whose low dimensions are given by

H3(G', Z)— H3(G*,Z) — H3(F(LS?),Z) o Hy(G',Z) — Hy(G",Z)

]

ZL = ZK.
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6.1. Quillen’s plus construction

In particular 9 is injective, which proves H,(G,Z) — H,(G',Z) — H,(G",Z),
for all n # 2. Moreover Ho(G",Z) = Hy(G',Z)/ZK = H5(G,Z), such that in all
dimensions H,(G,Z) — H,(G",Z). As GT is obtained from G by glueing cells, we
see that G — G is a cofibration. Since also myG//N = myG' — myG™, this proves
the statement in the first case.

e For the general case let G be a covering simplicial group for N, which can be
defined as the kernel in

1 — Gy — G — (mG)/N — 1.

Then G satisfies the hypothesis of the first case and we find a cofibration Gy NN
G- We define the plus construction for G as the pushout on the left

GN—>T WOGN—>7T0G
Gt ——G*. e )

As my preserves pushouts, also the right square is cocartesian, which proves that
(moG)/N — mG™. As iy is a cofibration, so is also ¢ and we can apply again
Remark to the Gt /G-module Z[m G /G| = Z[ryG/N] and get a natural map
of long exact sequences

. == H\(Gn, ZmoG/N]) — H\(G, ZlmoG /N]) —= Hi(G}/Gx, ZlmoG/N])

| | |

=2 H\(G, ZlmoG IN)) —— Hy(G, Z[moG/N]) —= Hy(G* /G, ZmoG/N])

Since mGy = N, the simplicial groups G} and Gy act trivially on Z[mr,G/N],
which therefore can be considered as a direct sum of copies of Z. Hence by construc-
tion H.(Gn, ZmG/N]) — H.(G%;, Z|moG/N]). Equivalently using the long exact
sequence we get
H,(G*/G,Z|mG/N)) = H,(G§/Gn, ZImeG/N]) = 0, n>1,
and hence H,(G,Z[roG/N]|) — H,(G*,Z[ryG/N]), for all n > 1. Moreover by
Corollary we have
Hy(G, Z[moG/N)]) = Z7G /Nlpye = Z = ZnoG /Nl zyg+ = Ho(G", Z[myG /N]),

which finally proves that G — Gt is a plus construction.

Remark 6.1.3
Let G € sGrp qnd N < myG be perfect.

Then BG — B(G™) is a plus construction in the sense of Quillen.
In particular, for A € Ring we have

K9P(A) := 1, 1GL(A)" = 1,B(GL(A)") = m,BGL(A)" = K,(A), n>1.
In the context of what will follow, we call K977 (A) the multiplicative K-theory of A.

137



Chapter 6. Multiplicative vs. additive K -theory

6.1.2 The plus construction for simplicial Lie algebras

Remark 6.1.4
Let k € CRing and c € s(k-Lie)(g,h), such that in every dimension

Cngbgn:gnégn*(b/g)m nZO?
where h/g =h x4 0 € s(k-Lie) is a free k-module in every dimension.

Then by the Theorem of Poincaré, Birkhoff and Witt and Proposition [8.1.11], every
M € Ui(h/g)-Mod induces a long exact sequence

.. — Hy(b/g, M) — Hy(g, M) — Hy(b, M) — Hy(h/g, M) — 0.

Proposition 6.1.5
Let k € CRing and g € s(k-Lie) and n <A mog be perfect, meaning that n = [n,n].

Then there is cofibration g — g", such that
(i) 1 — n — mog Loy rogt — 1 s exact,

(il) HE(g, Up(mog/n)) == HE(g", Ui(mog/n)) is an isomorphism.

In particular HE (g, M) AN HE(gt, M), for M € Uy(mog/n)-Mod, by Proposition |8.1.2.

Proof. Replace group homology by derived Lie algebra homology in the proof of Propo-
sition [6.1.2]
O

In [Pir85] Pirashvili constructed a plus construction for Lie algebras. His construction
is (like ours) inspired by Quillen’s original proof of the plus construction for spaces. He
defines homology for Lie algebras by using the total left derived of the abelianization
functor s(k-Lie) — s(k-Mod). As this is isomorphic to our Definition of derived
Lie algebra homology by Proposition the two constructions coincide up to weak
equlivalence.

Definition 6.1.6
Let k € CRing and A € k-Ass;.
Then the additive K -theory of A is defined as K5(A) == m,_1gl(A)*, for alln > 1.

6.2 The Volodin construction
We are introducing the well-known Volodin constructions and also provide simplicial
groups and Lie algebras that up to homotopy equivalence can be identified with the

two variants of the Volodin construction.

Definition 6.2.1
Let k € CRing and A € k/Ring and r > 1.
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6.2. The Volodin construction

(i) For a partial order v on r we define a non-unital subring
1A={a€ MA; a;; #0 = i< j} < MA.
We define induced subgroups and Lie subalgebras.
a) TVA:=1+1t, <GL,A,
b) t7A < gl A.
(ii) We define the multiplicative/additive Volodin constructions:
a) X, A=, BT)A < BGL,A, X(A) = U,»1 Xi(A) < BGL(A),
b) x,A =73 MNAJA < Agl A, z(A) =), 2 (A) < Agl(A).
(iii) We also define the simplicial groups/Lie algebras
a) Y, A = hocolim., E,(TYA) € sGrp, Y(A) = lim YA,
b) y,A = hocolim ., E,(t)A) € s(k-Lie), y(A) = lim YA,
where E is the functorial cofibrant replacement functor in sGrp and sLie resp. (cf.

Corollary .

Remark 6.2.2
Let k € CRing and A € k/Ring and r > 1.

(i) If v is the usual total order on v, then t,.(A) := t)(A) is the associative k-algebra of
upper triangular matrices with zeroes on the diagonal.

(ii) St,.(A) = colim, TY(A) = mY,(A) is the unstable Steinberg group, i.e. the free
group generated by the symbols

z;4(a), 1<u4,j<r, i#j a€A,
modulo the relations
a) z;j(a) - ;;(b) = x;;(a+b), 1<i,j<r, i#j, abeA,

b) [wi(a), Tre(b)] = { Tj’kmb)? zzﬁz ? ;Z’

The (stable) Steinberg group is St(A) = colim > St,(A) = 1Y (A).

(iii) st.(A) = colim, t7(A) = moy,(A) is the Steinberg Lie algebra, i.e. the free Lie
algebra generated by the symbols

l’i,j(a% 1§i,j§7"7 @%], CEGA,

modulo the relations
a) cx;j(a)+dx; ;(b) = x; ;(ca+db), 1<i,j<r, i#j, abeA ¢ dek,

) gl ane®)] = { 70 170
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The (stable) Steinberg Lie algebra is st(A) = colim,>; st.(A) = my(A).
Definition 6.2.3
Let k € CRing and I < A € k/Ring and r > 1.
(i) For a partial order v on r we define a non-unital subring as the pullback
ty(A, 1) = t](A/T) Xar.arn Mr(A) < M, (A).
We define induced subgroups and Lie subalgebras.
a) TYAI):=1+t1(A 1) <GLA,
b) t1(A, 1) = £3(A,T) < gl, A.

(ii) We define the multiplicative/additive relative Volodin constructions:
a) X, (A, 1)=U, BT)(A,I) < BGL, A, X(AI) =U,» Xr(A, 1) < BGL(A),
b) x.(A, 1) =3 At)(A, ) < Agl, A, (A1) = 2 (A1) < Agl(A).

(iii) We also define the homotopy pullback simplicial groups/Lie algebras
W) VoA T) = VilA) <y OLAA), Y(A) =l V(A D),

b) yr(A 1) = ye(A) xg aym 8L(A),  y(A) =lim v (A T).

Remark 6.2.4
Let k € CRing and I < A € k/Ring and r > 1.

(i) If~ is the usual total order onr, then t.(A,I) :=t)(A,I) is the associative k-algebra
of matrices with values in A above the diagonal and in I elsewhere.

(ii) We define the relative Steinberg group
St(A, 1) = col>ign St.(A, I) =mY (A, I), St.(A, I) = colim TY(A, I) = mY (A, I).
r> Y
and the relative Steinberg Lie algebra
st(A, 1) = col>ign st (A, I) = my(A, I), st (A, I) = colim (A, I) = moy(A, I).
r> v

(iii) Each construction relative to I = 0 of Definition is exactly the particular
absolute construction of Definition [0.2.1].

6.2.1 The Volodin constructions as bar constructions

Proposition 6.2.5
Let k € CRing and A € k/Ring and r > 1.
Then the canonical maps induce weak equivalences of pointed simplicial sets

X,(A) = colim BTA <= hocolim BTYA — Bhocolim T'A = BY,(A).
Y Y Y

In particular X (A) ~ BY (A).
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Proof. The functor sending a partial order v on r to the pointed simplicial set BT,)(A)
preserves pullbacks. Hence the first map is a weak equivalence by Corollary [7.3.32, The

second map is a weak equivalence, since the nerve functor sGrp B, sSet, preserves
homotopy colimits by Proposition [7.3.34]
O

Lemma 6.2.6
For I <1 A € Ring with A — im _ A/I", the map GL.(A) — GL.(A/I) is surjective.

Proof. Let a € GL.(A/I) and take lifts z,y € M,(A) with a = [z] and a™* = [y]. It follows
that [zy] = [z][y] = aa™ =1 and thus xy € 1 + M,(I). Since A is I-adically complete,
we see that zy is a unit in M, (A) with inverse > ., (zy — 1)". Hence z(y(zy)™') = 1,
showing that © € GL,(A). As a € GL(A/I) was arbitrary this proves the surjectivity of
GL.(A) — GL,(A/I) resp. GL(A) — GL(A/I).

O

Proposition 6.2.7
Let k € CRing and I < A € k/Ring with I-adically complete A and r > 1.
Then naturally X,.(A,I) ~ BY,.(A,I). In particular naturally X (A,I) ~ BY (A, I).

Proof. As the map GL,(A) — GL,.(A/I) is surjective by Lemma m, its nerve is a
Kan fibration and it follows that the natural map induces a weak equivalence

X, (A1) = X, (A/I) X, a/n) BGL(A) — X, (A/T) x}bep, ayn BGL(A).
Using Proposition [6.2.5| we get a natural weak equivalence
X (A/T) X%GLT(A/I) BGL,(A) ~ BY,(A/I) X%GLT(A/I) BGL,(A).

As the nerve B is a right adjoint it preserves homotopy limits and thus we get a natural
weak equivalence

BY.(A/1) X%GLT(A/I) BGL,(A) «— B (Y(A/T) X}CLT‘LT(A/I) GL,(A)) = BY,(A,I).

Proposition 6.2.8
Let k € CRing and I < A € k/Ring with A and A/I flat over k, as well as r > 1.
Then there is a natural chain of weak equivalences

Iz, (A, 1) ~ BU(y, (A, 1)).

where T' is the Dold-Kan functor sending a chain complex to its associated simplicial
module and Eyy(A,I) — y(A,I) is a cofibrant replacement in the sense of Corollary

[7.2.32
In particular naturally HE(y(A, 1), k) = H,(x2(A,I)).
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Proof. There natural are weak equivalences

Iz, (A, I) = colim TAt7(A, ) <— hoc?lim A7 (A, I) — hocolim B,Ux(t1(A, I)).
v o

Indeed the first equality holds, because I' is part of an equivalence of categories. The left
map is a weak equivalence by Proposition , because the functor v — ['At) (A, 1)
preserves pullbacks. Alternatively one can argue with an induction using the Mayer-
Vietoris sequence as in [Goo85b] Claim II1.9. The right map is induced by the antisym-
metrisation map of chain complexes

Ag — B.UK(9), 1 NA.o ATy —> Z sgn(0) - To1) @ ... @ To(n), g € k-Lie,

0'6271

which is a quasi-isomorphism, because in our case g = t7(A, I) is flat over k. Next using
the short notation

X@"Y = B,(X,AY), A€ s(k-Ass), X € sAb-A, Y € A-sAb,

consider the diagram

. h h
hOCEy)hm k ®Uk(tZ(AJ)) k k: ®Uk(Eoyr(A71)) k
lm%MHk®awmﬂ»Ugﬁ@Un)®a@M@k k @ asny Un(e(A/1)) @5, (an)

hOCglim k ®}lL]k(t;/(A/I)) Uk(ﬁtr(A/.[)) ®hUk(5tr(A,I) k$ k ®}(}k(yr(A/I)) Uk(EtT(A/])) ®}[j'k(5tr(A,]) k.

Note that by assumption A/I and hence t7(A/I) is also flat, so that by Proposition|8.3.11
we do not need cofibrant replacements. The upper vertical maps are the canonical quotient
maps, which are weak equivalences, because

k ®Uk(t"’(A/I Uk( (A/I)) = k, k ®}(ljk(yT(A/I)) Uk(yr(A/])) — k

are simplicial homotopy equivalences induced by the extra-degeneracy s_; = id ® . The
lower vertical maps are induced by the natural maps

(A, T) = colim (A, I) = st, (A, I) = moy(A, I) «— y(A, I).
vy

The proof of Proposition [8.3.14] provides natural weak equivalences from k ®’(}k( al(1) k to
each of the three objects

Un(t](A/D)) @, wan ks U(st(A/1)) O stoan) B Uy (A/D) @, yriay) %o

which therefore must be weakly equivalent. Hence the two lower vertical maps are weak
equivalences. Finally the lower horizontal map is the weak equivalence of Proposition
8.1.10, where the category of partial orders on r is contractible, because the discrete order

“<” = “=" is an initial object.
O
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6.2. The Volodin construction

6.2.2 The Steinberg action on the Volodin construction

Here we are adapting well-known results of the multiplicative setting to the additive one.

Proposition 6.2.9
Let k € CRing and I < A € k/Ring.
Then, for all g € St,11(A) = moY,11(A), the two maps below are equal.

H,(Y.(A,I),Z) — H.(Y,11(A, 1), Z),
Ho(Yo(A, 1), Z) s H,(Yir(A,1),2) 5 H.(Y,01(A, 1), 2),

where Y, (A, I) < Y, 1(A, 1) is the canonical inclusion and g acts via mYyq(A) —
moYr11(A).
In particular St(A) acts trivially on H.(Y (A, I),Z).

Proof. The Steinberg group St,;1(A) is generated by elements w; ;j(a) with a € A and
either ¢ or j is equal to 7 + 1. Under the weak equivalence X, (A,I) ~ BY,(A,I) of
Proposition the map (-)9 o ¢ with g = 2;,11(a) corresponds to the map

X (A1) = | BT}(A 1) — | BTJ (A D) C X,a(A D),

yonr yonr

(X1, ey ty) — (21, ..., 29),

where + is the extension of v to r 4+ 1 given by i <o + 1. On the restriction to the
simplicial subset an explicit homotopy is given by

U B 7“+1 U B 7“+1

yonr yonr

(cjy (T15 ey @) = (B0 0y 059, T g, o, T3),

where c>; is the map being equal to 1 precisely on the elements j < k < n. The other
case is similar. See also [Sus81] (1.3).
O

Theorem 6.2.10 (Vaserstein, Suslin)

The simplicial abelian group Z.X,(A) is | 52 |-connected, for all v > 2.

In particular X(A) and Y (A) are acyclic.

Corollary 6.2.11
For A € Ring flat over Z, we have x(A) — Z.

Proof. Giving A the discrete filtration A = FyA D F1 A = 0, this follows from Theorem
[6.3.19 and the Theorem of Vaserstein-Suslin [6.2.101
O
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Proposition 6.2.12
Let k € CRing and I < A € k/Ring with A and A/I flat over k.
Then, for all g € st,11(A) = moyr+1(A), the map below is zero.

HE(y, (A 1), k) == HE(gn (A1), k) 24 HE (y,,1(A, 1), k),

where y,. (A, I) LN Yrr1(A, I) is the canonical inclusion and g acts via my,+1(A) —

ToYr+1(A, I).
In particular st(A) acts trivially on HE(y(A, I), k) = H,.(z(A,1)).

Proof. This is completely analogous. The Steinberg Lie algebra st,..(A) is generated
by elements xz; ;(a) with a € A and either ¢ or j is equal to 7 + 1. Under the weak
equivalence I'z,.(A, I) ~ BUg(y.(A,I)) of Proposition the map [-,g] o ¢ with g =
Zir+1(a) corresponds to the map

r(AT) =) AB(AT) — Y AL (A ) C (A ),

yonr yonr

n
xl/\.../\xn»—>Za71/\.../\[xi,g]/\.../\a7n,
i=1

where 7/ is the extension of v to r + 1 given by i % 7+ 1. On the restriction to the
particular subset an explicit chain homotopy can be given by

Z Ant;’;rl(A, I — Z An+1t::,-1<Aa I, Ty A ATy — (=) Ao AT, A g

yonr yonr

The other case is similar.

Proposition 6.2.13
Let k € CRing and A € k/Ring flat with (p — 1)! € A*.
Then x(A) — k is (p — 1)-connected.

Proof. By Proposition [6.2.12]st(A) acts trivially on H,(y(A), k). Under the weak equiva-
lence I'e(A) >~ BUx(E.y(A)) the adjoint action of [z;;(1),x;;(1)], for i # j corresponds
to the adjoint action of

leigr €5l = eii — €5 € ol(A).

The Z"-grading on A.gl,.(A) of Proposition induces grading of Z* = lim _ Z"

r>1

on z(A) < A.gl(A). So by the arguments of Proposition the map ad([e; j,e;4]) is
multiplication by v; —v; on the graded summand corresponding to v € Z°°, and the proof
of Proposition m shows that x(A) —» 2(A)© is (p — 1)-connected. For n,r > 1, the
submodule (z,4), < A,gl.A is spanned by all summands

A- €i1,1 AN NA- Ciniins
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such that for some partial order v on r we have
S S : .
t <Ji, w2<J2 o lp <Jn.

But for any such sequence with v(iy, j1) + ... + v(in, jn) = 0, every pair (i, jx) is part of
a cycle

S . Yo . Yo, .
U < T = Uy < Jky = oooe = Uy < Tk = k)

contradicting the antisymmetry of 7, if n > 1. It follows that (z,(A)®), =0, for n > 1,
and hence z(A4)© = z,(A)© = k.
O

6.2.3 Relating Volodin’s and Quillen’s K-Theory

Like in Suslin’s comparison [Sus81] we are linking the Volodin construction to Quillen’s
K-theory. Again we are copying ideas from the multiplicative to the additive situation.

Lemma 6.2.14
A commutative diagram of simplicial groups

E, I B

|,

Ey ——= By
with the properties below is homotopy cartesian.
(i) The fibres F; = fib f; are simple and wo 'y — moF.
(ii) The fundamental group moB; acts trivially on H.(F;,7Z), fori=1,2.
(iii) H.(E1, Z|roFEs)) — H,(Ey, Z|moFs]) and H,(By, Z|moBs)) — H.(Bs, Z[mgBs)).
Proof. Using (ii) the edges of the second page of the Serre Spectral sequences
Ep, = Hy(Bi, H)(F;,Z)) = Hyo(Ei, L),
are given by
Es, = Ho(Bi, Hy(F;, 2)) = Hy(F;,Z), ¢ >0,
Ez,o = H,(B;, Hy(F},Z)) = Hy(B;,Z),
Using (iii) Proposition implies
H,.(By,Z) — H,(By,7Z), H.(E\,7Z) — H,(E,,Z),

and thus the Comparison Theorem yields H,(Fy,Z) — H,(F»,Z). Hence by (i) and
the Whitehead Theorem, we get 7, Fy — m,.F,. Equivalently the square is homotopy

cartesian.
O
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Proposition 6.2.15
Fork € CRing and A € k/Ring, The canonical maps induce homotopy fibration sequences

(i) Y(A) — GL(A) — GL(A)*,
(ii) Y(A) — B(A) — E(A),
(if]) Y(A) —» StH(A) —s St(A)*.

Proof. Consider the diagram

Y (A) —= St(A) E(A) GL(A)

A |

Y (A)f —= St(A)* —— E(A)* —= GL(A)*.

We will show that each square satisfies the hypotheses of Lemma [6.2.14] and thus is
homotopy cartesian. By definition of the plus construction all the vertical maps induce
isomorphisms on homology with local coefficients.

e Since mY (A) — mpSt(A) = St(A) the homotopy fibre of Y(A) — St(A) is
connected. Moreover St(A) = myY (A) acts trivially on H.(Y(A),Z) by Proposition
6.2.9

e The map St(A) —» E(A) is a fibration with fibre K5(A).

e As source and target are constant simplicial groups the map E(A) — GL(A) is a
fibration with trivial fibre.

So each of the three squares is homotopy cartesian and the induced map on the vertical
homotopy fibres is a weak equivalence. Since

ToY (A)* = mY (A)/[moY (A), moY (A)] = SHA)/[SH(A), St(A)] = 1.

and H,(Y(A)*,Z) = H,(Y(A),Z) = H,(X(A),Z) = 0 by Proposition and Theorem
6.2.10[ the Whitehead Theorem implies that Y (A)T is contractible, which finally proves

the proposition.
O

Lemma 6.2.16
A commutative diagram of simplicial Lie algebras over k € CRing

E, I B

e

E2 I B2
with the properties below is homotopy cartesian.

(i) The fibres F; = fib f; are simple and 7oy — moFy.
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(ii) The fundamental group moB; acts trivially on H.(F;, k), fori=1,2.
(111) H*(El, Uk(’ﬂ'QEQ» L) H*(EQ, Uk(ﬂ'oEg)) and H*<Bl, Uk<7ToBQ)) ;> H*(BQ7 Uk(’ﬂ'oBg)).

Proof. Replace groups by Lie algebras in the proof of Lemma [6.2.14
O

Proposition 6.2.17
For k € CRing and flat A € k/Ring with (p — 1)! € A*, the canonical maps induce
homotopy fibration sequences up to the (p — 2)-nd dimensimﬂ

(i) y(A) — gl(A) — gl(A)",
(i) y(A) — sl(A) — sl(A)T,
(iii) y(A) — st(A) — st(A)T.
Proof. Replace groups by Lie algebras in the proof of Proposition [6.2.15]

6.2.4 K-theory and the relative Volodin construction

Like in [Lod98] Prop. 11.3.6 we use the results of the preceding section to link the plus
construction of the relative Volodin construction to relative K-theory.

Proposition 6.2.18
Let I <A € Ring and A be I-adically complete.

Then the composite Y (A,I) — GL(A) — GL(A)" induces a homotopy fibration
sequence

Y(A, I)* — GL(A)" — GL(A/I)*.

Proof. Consider the diagram

Y(A,I) GL(A)
l |
Y(A/T) —— GL(A/I)
l GL(Al/J)f

The upper resp. lower square is homotopy cartesian by Definition [6.2.3|and Lemma [6.2.6
resp. Proposition [6.2.17, Next consider the diagram

Y(AT)—— K(A, ) x

| | |

GL(A) —— GL(A)Y —— GL(A/I)*,

!This means, that there is a (p — 2)-connected map from the homotopy fibre of the right map to the left
object.

147



Chapter 6. Multiplicative vs. additive K -theory

where K (A, I) is defined as the homotopy fibre of GL(A)" — GL(A/I)". We have just
shown that the outer square is homotopy cartesian. Since by definition also the right
square is homotopy cartesian, the left square must be homotopy cartesian, too. This can
be seen for example by comparison of the vertical fibres and the 2-of-3 axiom for weak
equivalences. So the homotopy fibre of Y (A, I) — K(A,I) is weakly equivalent to the
acylic space Y (A) being the homotopy fibre of GL(A) — GL(A)* by Proposition [6.2.17]
Thus the Serre spectral sequence for Y (A, I) — K (A, I) collapses, proving that this map
induces an isomorphism on homology. Since K (A, I) is simple we get

Y(A, DT = K(A )T < K(A,I).

Proposition 6.2.19

Let k € CRing and I < A € k/Ring with A and A/I flat over k with (p — 1)! € A*.
Then the composite y(A, I) — gl(A) — gl(A)™ induces a homotopy fibration sequence

up to dimension p — 2.

y(A, )T — gl(A)" — gl(A/T)".
Proof. Replace group by Lie algebra in the proof of Proposition [6.2.18

6.3 K-theory and group homology of matrices

6.3.1 The plus construction as an FE.-space

Using the category of injection we explicitly construct an F..-structure on the plus con-
struction of the classifying space of the general linear group. Let us point out that this
idea is not new.

Proposition 6.3.1
Let A € Ring.

(i) There is a functor on the category I of injections (cf. Definition
MMJA : I — Mon, s — MMA = (MA, ),

sending a morphism f € 1(r,s) to the map MMy¢A, which associates to an element
X € M, A the unique automorphism of A*, such that the square

A A Aes)
X MMy (A)(X)

A0 A Aes)

commutes and M M;(A)(X) is the identity on the complement AS\V®) < A(s),
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(ii) Moreover there is a multiplication homomorphism induced by the block sum

p: MMA X MM;A — MM, A, <X’Y)'—>X@Y::(g( %)’

and a canonical unit morphism n : 1 — MMyA, making M,A into a symmetric
monoidal functor (I,4,0) — (Mon, x,1).

(iii) As the functors (-)* — Grp By sSet are strictly symmetric monoidal, we also get
symmetric monoidal functors

GLJA - T Mon 5 Grp, BGLJA - T %58 sSet.
For an ideal J < A, all the structure maps of BGL,A restrict to a symmetric
monoidal functor

Xe(A,J) : I — sSet, r+— X, (A,J).

All functors preserve limits over connected non-empty categories.

Proof.

(i) For f € I(r,s) the element MM;(A)(X) € M (A) = A%*® is obtained from X €
MM, (A) = by filling up with ones on the diagonal and zeroes elsewhere. Hence
M,(A) is a functor I — Mon and maps morphisms to injections.

(ii) See Proposition [5.4.10] (ii).

(iii) As the functors (-)* and B are right adjoints, they preserve products and in par-
ticular are symmetric monoidal. Hence the compositions GL,A = (MM,A)* and
BGLJA are symmetric monoidal. Given two partial orders 7 on r and +' on r’ we
give r + 1’ the disjoint union partial order 7 +~'. Then the multiplication of M,(A)
restricts to a map

s T (A) x T (A) — T (A),
which defines the monoidal structure of X(A, J).

Following the arguments in the proof of Proposition 4.1.9, one similarly uses Lemma|4.1.8
to check that M M,(A) preserves limits over connected non-empty categories. Since every
map f € I(r,s) induces cartesian squares

GLA Xp(AJ)

GL ACEEA GLF,A X (A, LD x4, )
M A A, BGL, AL Bar.A,

and since B is a right adjoint and therefore preserves limits, we can apply Lemma to
check that also GLsA, BGL4A and X,(A,J) preserve limits over connected, non-empty

indexing categories.
O

149



Chapter 6. Multiplicative vs. additive K -theory

Remark 6.3.2
Let (C,®,¢) M, (C,®, E) be monoidal functor.
Then canonically colim ¢ M € (C,®, E)-Assy.
Moreover colim ¢ M € (C,®, E)-Comy, if M is symmetric monoidal.

Proposition 6.3.3
For A € Ring, the map of simplicial groups

hocl\(?lim GL,A — hocolim GL,A
0 Ajnj

is a plus construction for hocolimy, GL.A — colim Ny GLeA = GLA.

Proof. This was already noted in [SS12] Ex. 1.5, as the auther found out after writing
down this proof. By the Whitehead Theorem for simplicial groups it suffices to check
that the map induces an isomorphism on homology and that

GLo(A) = m hocl\?lim G LA —» mphocolim GL,A = colim GL,(A)
0 Ninj Ainj

is isomorphic to the abelianization map GLoA —» (G Ly A)?. For the latter, note that
in colim 5, - GL4(A) we have

(7 -(2 ()-8
G- -

for all X, Y € GL,A. This proves that the group colim Auns G L4(A) is abelian. Hence in
the commutative diagram

colim G'Ly A — colim (GL,A)* —~= (colim G'L,A)®
Ng Ng No

| | |

colim G'LyA — colim (GL,A)* —~= (colim G'L,A)™
Aijng Aing Ainj

the two horizontal maps on the right are isomorphisms, because abelianization is a left
adjoint and therefore commutes with colimits. The middle vertical map is an isomorphism,
because maps in Amj with same domain and codomain induce the same maps under
(GL,A)®. Tt follows that also the right vertical map is an isomorphism. Moreover the
lower horizontal composition is an isomorphism, because colim Aun; GLJA is abelian, as
we have just proven. It follows that also the lower left horizontal map is an isomorphism.
This proves that colim Ainj GL,A is the abelianization of GLyA.
To see that

H*(hocl\cl)lim GL4A,Z) — H.(hocolim GL.,A,Z)
0 Ain;
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is an isomorphism, note that the bar construction sGrp N sSet, commutes with ho-

motopy colimits by Proposition [7.3.34. As sSet, Ly sAbis a left adjoint and thus also
commutes with homotopy colimits, it suffices to prove that the map

hoclé)lim ZBGL, A — hocolim ZBGLJA
0

Aing

is a weak equivalence. Using the spectral sequence for homotopy colimits of Proposition

it suffices to check that all the maps
Tp hocg;lim H,(GL.A,7Z) — 7, hocolim H,(GL.A,Z), p,qg>0
0

inj
are isomorphisms. As the adjoint action of a group on its homology is trivial, the functor
Hy(GLJA,Z) : Ayy; — Ab

maps morphisms in Amj with equal domain and codomain to the same maps. In particular
H,(GL,A,Z) factors over A;,; —» Ny and hence the maps

hocolim H,(GLsA, Z) — hocolim H,(GL,A,Z),  ¢>0,
0

Ainj

are weak equivalences by Corollary [7.3.24) and Remark [7.3.25, because Amj Sy SN Ny
is totally final by Proposition

O

Corollary 6.3.4
For A € Ring, the map
BGL A = co%im BGL,A — colim BGL,A =: D(A)
0 Ainj
is a plus construction (for BGLxA in the sense of Quillen).
In particular the group completion Grp(D(A)) € sGrp is a delooping of GLs(A)T.

Proof. Consider the commutative diagram of pointed simplicial sets

colim BG LA <—hocolim BGL,A—— Bhocolim GL,A
No Nop No

|

colim BGL,A<——hocolim BGL,A—— Bhocolim GL,A.
Ajnj Ajnj Ainj

The right vertical map is a weak equivalence by Proposition|6.3.3| The right two horizontal
maps are weak equivalences by Proposition [7.3.34] The upper left horizontal map is a
weak equivalence, as Ny is a filtered category and filtered colimits are exact. The lower
left horizontal map is a weak equivalence by Corollary [7.3.31] as by Corollary and
Proposition the composite functor

~

Ainj BRI U grp By sSet
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preserves limits over connected non-empty categories. As the diagram commutes, it follows
that every map is a weak equivalence of pointed simplicial sets. As the categories Ny and
Amj are connected, it follows that the colimits of pointed simplicial sets on the left are
also colimits of the underlying simplicial sets. This concludes the proof for the first part.

For the second statement, note that the simplicial monoid D(A) is free in every dimen-
sion. Indeed in dimension 1 it is freely generated by matrices X € GL, A, that cannot be
written as a block sum X’ @ X”. Similarly in dimension n > 1 it is freely generated by
tuples (X7, ..., X,,) € GL, A", that cannot be written as a block sum

(X1, X)) = (X®X!, . XX,  (X),..X))eGL.A, (X!, ...,X")€GL.A.

Hence D(A) — Grp(D(A)) is a weak equivalence by Proposition|7.3.33} because moD(A) =

1.
O

Proposition 6.3.5
For every ring A € Ring, the simplicial monoid D(A) € sSet-Assy is an E-space, i.e.
there 1s a multiplication map

Comy o D(A) 2 D(A),

making D(A) into an algebra over the I-operad Com, o € CAT(I,sSet) of Definition

428

Proof. Like in the construction of the associative operad in Proposition 4.2.6| we can
define multiplication maps

Sk X (GLp, AX .. X GLyp, A) 55 GLp gy A, (0,(X1, o, X3)) — 50 (X1 @ ... ® X3),

where 0 € GL,,, 4. 4n, A is the matrix corresponding to the permutation of the & blocks
in n; + ... + ng. By composition with the functor

E : Set — CAT(A®,Set), X +— E*X = Set(-, X),
we obtain multiplication maps
EY) X (BeGLyAX ... x EGL,, A) X5 EGL,, 1. 0 A,

which define an algebra structure on colim Aun; EGL,A € sSet over the operad Com; o =
EY. € CAT(I°?, sSet). By construction the maps p respect the right action by GL,,, Ax...xGL,, A
and thus induce maps

EYg X (BoGLp, AJGLy A X ... X EGL,, AJGLp, A) — EGLy, ¢ 40, A)GLp, 1. in, A,
which define an algebra structure on D(A) = colim Ain; BGLJA = colim Ains EGL,A/GL,A.
O

Using Corollary we obtain the following result. We will not need it later, so we
will only sketch the proof.
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Corollary 6.3.6
Let A € Ring and k < Q with (p — 1)! € k>, for some prime number p > 1.
Then the Hurewicz map induces isomorphisms, for all 1 < n <p

(nxid)«+({1dxn)«

k@K, (A) = PH,(GL(A), k) = ket ( H,(GL(A), k) H,(GL(A) x GL(A), k) ) ,

where GL(A) LN GL(A) x GL(A) is the diagonal and 1 —~ GL(A) is the initial group
homomorphism.

Proof. (Sketch) Let kooD(A) be the k-completion of the space D(A) in the sense of
Bousfield-Kan [BK72] I. Then it can be seen that with D(A) also k., D(A) is an infinite
loop space and thus by [BE74b] Prop. 3.1 lies in sSet,-Com; o up to weak equivalence.
As D(A) is an H-space, it is simple and thus nilpotent in the sense of [BK72] 1.4.3. Hence
by [BK72] Prop. V.3.1 we have isomorphisms

k@mD(A) =5 1 (ko D(A),  k® H,(ksoD(A),Z) = H,(ksoD(A),Z),

which together with Corollary [4.3.13|imply the result.

Corollary 6.3.7
Let J <1 A € Ring.
Then X (A, J)" € sSet.-Comi ~ up to weak equivalence.

Proof. By Proposition [6.2.7| and by construction of the plus construction we have
X (A, J)" ~ (BY (A, J))" ~ B(Y(A, J)*)
Moreover by Proposition and Corollary there are weak equivalences
D(A) ~ BGL(A)" ~ B(GL(A)™).

Since Y (A, J)* is the homotopy fibre of GL(A)™ —» GL(A/J)" by Proposition [6.2.18]

we get a homotopy fibration
X(A, )t — D(A) — D(A/J).

By [BE74b] Thm. A every X € sSet.-Com;  is an infinite loop space (i.e. for every n > 0
there is a space Y € sSet,, such that X ~ Q"Y'). Hence D(A) and D(A/J) are infinite
loop spaces and by the long exact sequence also X (A, J)* is an infinite loop space. Then
[BE74Dh] Prop. 3.1. implies that X (A, J)" is weakly equivalent to an E.-space.

O
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6.3.2 Cyclic homology and the relative Volodin construction

In the same way as in the absolute setting we can prove a relative variant of the Theorem
of Loday-Quillen and Tsygan.

Proposition 6.3.8
Let k € CRing and I <A € k/Ring with A and A/I flat over k and suppose (p—1)! € A%,
for some p > 1.

Then Z°-grading on A.gl A restricts to a grading on the subcomplex x(A, I) < A, gl A
and the canonical quotient map onto the 0-homogeneous summand is (p — 1)-connected

z(A, 1) — x(A, 1),

Proof. Using the trivial action of st(A) on H.(x(A, I)) in dimensions < p from Proposition
6.2.12 this is proven in exactly the same way as Proposition [5.4.3] See also the proof of

Proposition [6.2.13]

O

Proposition 6.3.9
Let k € CRing and I <A € k/Ring with A and A/I flat over k and suppose (p—1)! € A*,
for some p > 1.

Then there is an action of the Steinberg group St(A) on H.(x(A,I)), which is trivial
in dimensions < p.

Proof. Using Proposition [6.3.8] the proof is the same as that of Proposition [5.4.4]

Corollary 6.3.10
Let k € CRing and I <A € k/Ring with A and A/I flat over k and suppose (p—1)! € A%,
for some p > 1.

Then the action of Yoo on Agl A restricts to an action on x(A,I), which is trivial
under H,, for all 0 < n < p.

Proof. Writing a product 7 of two transpositions in ¥, as composition of elementary
matrices similarly as in the proof of Corollary [5.4.5] one can identify the action of 7 with
the conjugation action by some element of the Steinberg group, which is trivial on the
particular homology groups by the preceding Proposition. So again similar arguments as in
Corollary [5.4.5]imply that the infinite alternating group A, acts trivially on H,(z(A,I)).
To see that also X, acts trivially, let 0 € ¥ and take a class v € H,(z(A,I)). Then
infact x € H,(z,(A,I)), for some finite r > 0, and we can modify o by a transposition
being trivial on r to show that also 7z = .

O

Proposition 6.3.11
Let k € CRing and I <A € k/Ring with A and A/I flat over k and suppose (p—1)! € A%,
for some p > 1.

Then the map H,(x(A,I)) — H,(x(A,I)s_) is an isomorphism, for all 0 < n < p.
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Proof. Using Proposition and Corollary |6.3.10] we again want to adapt the proof
of Proposition [5.4.8) However the module structure of z, (4, I) is more complicated than
that of A,gl.A. The critical point is the claim that

H, (3, 20(A 1)) =0, O<m<p, 0<n<p, r=>1,

where we have to pay more attention. Note that by a cofiltered limit argument, this also
implies the case r = oo, which we are really interested in. Considering the colimit over
of the retractions

(A, D) — MEI(AT), 7> 1,

it suffices to check that

H,\ (3, (((AD)®") =0, 0<m<p, 0<n<p r>L1

Y

Now since A and A/ are flat over k, we can write the morphism A N A/I as a filtered

colimit of epimorphisms A’ L. B’ with free A’ ,B" € k-Mod. It follows that ¢)(A,I) is
the filtered colimit of ¢)(A’, I'), where I’ := ker ¢’. In particular this argument shows that
we may assume that A and A/ are free. In this case, note that A —» A/I has a k-linear
section and thus [ is a direct summand of A. So we may choose a basis I C I and extend
it to a basis A C A. Defining

(A D) ={(aij)eAxrxr;acl = i<j}, @(A1): UMf
the ¥,-action on A X r X r restricts to an action on Z(A, ) and the isomorphism ¢ of

Proposition restricts to a k[¥,]-linear isomorphism ¢ : k(z,(A4,1))" — x,(A, )",

Now by the same arguments as in Proposition we can verify the claim.

O
Remark 6.3.12
For I < A € k/Ring the composition of the following chain maps is the identity.
Oy (A ) D a(A D) 2 Y O (U < 3T CAI(A D) TS O (AL ),

v, 7>1 v, 721

where the maps are the restrictions of those in Remark[5.4.17

Proposition 6.3.13
Let k € CRing and I <A € k/Ring with A and A/I flat over k and suppose (p—1)! € A%,
for some p > 1.
Then ¢ extends to the map of dg bialgebras, which is an isomorphism in dimensions
<p
¢ : Comy (CO (A, 1) — i(A, 1) == z(A, ).

Proof. By the same arguments as in Proposition [5.4.18| using Remark [6.3.12| and the

proof for the rational case, given in [AO94] 1.2, implies the statement.
O
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Definition 6.3.14
Let I < A € Ring.

The relative (additive) negative Chern character is defined as the sum over ~y
and r of the compositions

A£(A, D) Tot* M~ (A, )

el ]trace
r

B Uz (T2 (A, 1)) 2 Tot* M~ (U (T2 (A, I))) —— Tot* M~ (t1 A)

where e is the antisymmetrization map of Proposition ch™ is the negative Chern
character for the Hopf algebras Uz (t) (A, I)) of Definition|5.2.11], Uz (t1(A, 1)) —— t1(A,I)
is the fusion map and trace is the trace map for negative cyclic homology (see Remark

G217,

By abuse of notation we will denote it also by ch™.

Theorem 6.3.15
Let k € CRing and I <A € k/Ring with A and A/I flat over k and suppose (p—1)! € A%,
for some p > 1.

Then the map ¢ induces isomorphisms in dimensions 0 < n <p—1

H) (A1) = PH,(x(A,I)) = ker < H,(x(A,I))
(n®id)«+(id®@n) «

H,(z(A 1) ®@z(A, 1)) ) .

Here x(A,I) N (A, I®xz(A, 1) is the comultiplication and n : k = (A, I)g — x(A,I)
15 the inclusion of the zeroth dimension.

Moreover Connes’ operator B of Remark and the negative Chern character of
Definition mduce a commutative diagram

HC, (A1) -2~ HC, (A, I)

T

HY (A1) —2 H (2(A, 1))

Proof. See the proof of Theorem [5.4.20]
O

The original plan was to link KZ*(A) and HC,_1(A) via as stated in Conjecture [9.0.7]
and then use the absolute version Theorem [5.4.20] and the long exact sequence to prove
Theorem [6.3.15, However we do not know yet how to do that and so we had to reprove
the Theorem in the relative setting.

6.3.3 Comparing multiplicative and additive relative K-theory

Finally we have all tools in hand to verify the main result of this work.
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Proposition 6.3.16
Let A € Ring carrying a ring filtration F', such that Z and A = FyA.
Then there is an induced filtration F on t.(A,F1A) € Ass, for every r > 1, (see

Definition and Remark , given by
Fntr(A7 FlA) = Z F]—(n-i-z—])/'r’-\A . 61"]', n Z 1,

1<ij<r

such that Fit,(A, F1A) = t.(A, F{A) and that gr™t,(A, F1A) = t,(grf A, gr’’ (FL A)).
Moreover suppose that grt' A is flat, A is complete with respect to F' and that there is a
subset Y C A, such that

(1) ngA = Zer 7 - [y];
(i) y"/n! € KA, forally € Y NFLA and n > 1.
Then t.(A,I) satisfies the hypotheses of Proposition[3.5.7

Proof. As
1+i—35] [0, 1<i<j<m
r Sl L 1<y<i<,

it follows that Fit,.(A, F1A) =t,.(A, F1A). Since
{n—%z—f‘ N [m—l—j—k-‘ > {n—irm—l—z—k

Y

—‘, 1<i,5,k<r, mmn>1,
r r r

it follows that F,t,.(A, F1A) - Fyut. (A, F1A) C Foimt.(A, F1A), for all m,n > 1, proving
that F'is a ring filtration. Moreover we have

gr, . (A, F1A Z grnﬂj A e, n>1,

1<4,5<r,
r|(nti=j)

which shows that grft, (A, F1A) = t,(gr” A, grf (F1 A)). In particular gr'¢, (A, F} A) is flat,
if grf’ A is flat. We define

X=t,(ARAN |J YV ey

1<¢,5<r
Then (i) implies gr''t, (A, F1A) = t.(gr" A, gr" (F1A)) = >, cx Z - [x] and (ii) implies

n y*/nl e, € 1A e, i=7,
. .. ' oy »J 5J
(y 6%]) /n { 0’ i 7& j,

for all y - e;; € t.(A, F1A). Hence 2"/n! € t,(A, F1A), for all z € X and n > 1.
Remark 6.3.17
Let A € Ring carrying a finite ring filtration A = FoA D ... D FyA = 0 with gr’ A flat

over 7.

If (N —=1)! € AX, then Y := A satisfies the hypothesis of Proposition |6.3.10,
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Corollary 6.3.18
Let A € Ring carrying a ring filtration F, such that Z and A = FyA.

Then for every partial order v on v = {1,....r}, there is an induced filtration F on
t1(A, FiA), satisfying the hypothesis of Proposition [3.5.7

These filtrations can be chosen in a way, such that t)(A, F{A) — ) (A, F{A) is 2r-
equicontinuous, for every vy C «'.

Proof. Then ~ is isomorphic to the usual total order on r by a permutation o, € 3,. So by
Proposition the initial filtration along the isomorphism ¢} (A, F1A) — t.(A, F1 A)
induced by o, satisfies the hypothesis of Proposition [3.5.7 Now by the order extension
principle any partial order v on r can be extended to a total order 7 and the result follows
by giving t7(A, F1 A) the initial filtration along ¢ (A, F1A) — t1(A, F1 A). Of course the
filtration depends on the chosen total extension 7. However, if 7, C v9 and 7, # 7,, then
the filtration on ¢)* (A, F1 A) is given by

E.tlx (A, FlA) =tk (A, FlA) N Z F((n_i_gk(i)_ak(j))/ﬂA €4 s n>1,

1<i,j<r
where o, = 0y, € X, for k =1, 2. Since
(02(i) = 02(4)) = (1)) —=n(h)) < (r = 1) = (1 —=r) <2r,  1<ij<rm
it follows that the induced map t)*(A, F1A) — t)2(A, F1A) is at least 2r-equicontinous.

O

Theorem 6.3.19
Let A € Ring carrying a finite ring filtration A = FyA D ... D FyA = 0, such that gr’ A
is flat over Z. Suppose there is a subset Y C A, such that

(1) grfA=37 o Z-[y],
(i) y"/n! € FA, forally e Y N FLA andn > 1.
Then there is a natural zig-zag of weak equivalences
ZX (A, F1A) ~Tx(A, F1A), X, (A, F1A) ~ Tz (A F1A), r>1,
where X (A, F1A) and x(A, F1A) are the relative Volodin constructions of Definition|[6.2.5

Proof. Suppose v is a total order. Then by Corollary [6.3.18 and Proposition the
group T (A, F1A) = 1+ t)(A, F1A) and the Lie ring ) (A, F1 A) are associated via some
isomorphism

X' DEZITY (A, FLA)] 5 DEUL(£(A, FLA)),

which is natural in the underlying associative non-unital algebra ¢Y(A, F1 A). So by Propo-
sition A7 induces natural quasi-isomorphisms as in the lower row in the diagram
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6.3. K-theory and group homology of matrices

below.
ZBT) (A, F1A) Ag) (A, FLA)
zj Nl
C.(TY (A, F1A),7Z) Ci(t)(A, F1A))

J l

C.(TY(A, FLA), Z) —== C. (T (A, FLA), 01(A, FLA), Z) <=— C.(£1(A, F, A)).

Now #)(A, F;A) is flat, because gr”A and hence also A and FyA are flat by Corollary
3.6.2) using F,,A = 0. It follows that the upper right vertical map is a quasi-isomorphism.
Moreover also gri't)(A, F1A) = t7(grf" A, grf (F1A)) is flat. Assuming that grft)(A,I) is
a finitely generated free abelian group for the moment, also the lower two vertical maps
are quasi-isomorphisms by Proposition [3.4.17 and Proposition respectively.

Note that by Corollary the topology on (A, F1A) and hence on Z[T;)(A, F1A)]
and Uz(t) (A, F1A)) is functorial in 7 in contrast to the chosen filtration F. Using this and
that A is natural in the algebra t7 (A, F} A), all the maps in the diagram above are natural
in v and we can take the homotopy colimit over all v we obtain a natural zig-zag

7.X,(A, F1A) Iz, (A, [1A)
cohm ZBT] (A, F1A) colim M'At) (A, F1 A)
v
hocohm ZBT] (A, F1A) hocolim FA)(A, FLA)

\ /

hocolim C,(T7 (A, F1A), t1(A, F,A),Z),
vy

where the upper vertical maps are the canonical quotient maps, which are quasi-isomorphisms
by Proposition and (the proof of) Proposition respectively. This proves the as-
sertion in the unstable situation, if grf’ A is a finitely generated and free abelian group. By
checking that the inclusions ¢)(A, F1A) — t],,(A, F}) are continuous, one can take the
colimit over r > 1 to get a quasi-isomorphism ZX (A, F1A) ~ x(A, F1A) in this situation.

For the general case, let S C A be a finite subset and let ¢)°(A, F1A) < t7(A, F1A) be
the subring generated by S7 := S™*" Nt)(A, F1A). Now F, A = 0 implies

Flinpyetr(A, F1A) = Z Fr(m+1)yri—jyrA - €ij C Z FopAe; =0,
1<i,j<r 1<i,j<r
and by construction FitY(A, F1A) = t1(A, F1A). So as F'is a ring filtration on t) (A, F} A),
the abelian group underlying #7%(A, Fy A) is generated by the finite set of S7-monomials

of total degree less than (n + 1)r. In particular grft}(A, F1A) is finitely generated as
an abelian group. Giving #)°(A, F;A) < #1(A, F1 A) the subring filtration F, we see that
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Chapter 6. Multiplicative vs. additive K -theory

grit7(A, F1A) is a finitely generated abelian subgroup of the torsion-free gri’t7%(A, Fy A)
and hence free. Now as A is the union of its finitely generated subrings, every of the maps
in the diagram above is natural in A and S and filtered colimits are exact, we get a zig-zag
of quasi-isomorphisms

ZX, (A, F1A) = colim ZBT)S(A FLA) ~ colim DA (A FA) =Txz,.(A FA),

SCA finite,y SCA finite,y

and similarly in the stable situation.

Definition 6.3.20
Let A € Ring.

(i) The (absolute) negative Chern character is defined as the composition of
K.(A) = m.GL(A)" — H.(GL(A)",Z) +— H.(GL(A),Z)

with _the negative Chern character for the Hopf algebra Z|GL(A)] of Definition
5.2.11), the fusion map Z[GL(A)] — M (A) and the trace map of negative cyclic

homology (see Remark
H.(GL(A),Z) = H.(B.Z|GL(A)]) LN HC (ZIGL(A)]) — HC, (MyA) frac HC_(A).

(ii) Simailarly, for I < A, the relative negative Chern character is defined as the
composition of

K. (A D) =mX(A D" — H(X(A, D', Z) «— H(X(AI),7)
with the map induced by the sum of the compositions of the negative Chern character
for the Hopf algebras Z[T7 (A, I)] of Definition|5.2.11), the fusion map Z[T (A, I)] —
t1(A, I) and the trace map
B.ZIT (A, D] L5 Tot* M~ (Z[T7 (A, I)]) == Tot* M~ (£1A) 225 Tot* M~ (A, I).
See also Definition
By abuse of notation we will denote the two maps also by ch™.
Lemma 6.3.21
In the situation of Theorem the following holds.

(i) After taking homotopy groups (which is homology under the Dold-Kan correspon-
dence) the isomorphism induced by the zig-zag of Theorem (i) fits into com-

mutative squares

H.(X(A, FLA),Z) = H.(2(A, 1))

dzl ldi

H.(X(A, F1A) x X(A, F1A),Z)=—=H,.(¢v(A,I) @ z(A,I)),

where the maps d' are given as follows
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6.3. K-theory and group homology of matrices

a) On the left d° is induced by the map n x id, where 1 is the inclusion of the base
point, and on the right by id @ n, where k = x(A, F1A)g SN (A, F1A).

b) On the left d* is induced by the diagonal and on the right by the comultiplication
on the (A, I).

c) On the left d* is induced by id x n and on the right by id ® n, where the maps
n are like in a).

(ii) The isomorphism induced by the zig-zag of Theorem (i) is compatible with

the relative negative Chern character, i.e. there is a commutative diagram

H.(X(A, F1A),Z) < H.(2(A, 1)

.| !

HC- (A, F)) —4 - HC-(DEA, DF A) <A~ HCZ (A, R, A),

where the vertical maps are given by the relative negative Chern character (see Defi-

nition |6.3.20) and Definition|6.5.14)) and the two horizontal maps are induced by the
canonical map into the divisible closure A ~2 DI A (cf. Definition|3.1.10).

Proof.

(i) Let v be a total order on r. Then the isomorphism
X' DEZ[T(A, FA)] = D Us(t(A, i A))
is natural in the underlying associative non-unital algebra t) (A, F1 A). So if
0 -1 t7(A, RA), (A FA) - t(A RA) x /(A R A)

are the initial and diagonal algebra homomorphisms, the maps d° = n x id,d* = ¢
and d? = id x 7 induce commutative diagrams

DEZITY (A, FLA)] & DEUL(t1(A, F1 A))

! I

DEZITY(A, FLA) x TV (A, FLA)] —= DEU(t(A, FLA) x t1(A, FLA)),

which are moreover natural in 7. So by taking the (homotopy) colimit over v as in
the proof of Theorem [6.3.19], we see that all the maps in the zig-zag are compatible
with the d’. As the d' are natural in the underlying associative algebra t) (A, F} A),
the same holds when restricted to the subalgebras ¢)*°(A, F1 A). It remains to note
that the maps d’ defined here in the proof induce the desired maps on X (A, F1 A)
and z(A, F1A).
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Chapter 6. Multiplicative vs. additive K -theory

(ii) There is a natural way to construct the negative Chern character for every object
in the zig-zag except possibly for the middle one (cf. Proposition |3.5.4))

~

C.1+1T,T,Z)
— coker (11(1(1 +T),DFZ[1 +T),Z) — B.(DFZ[1 + T), DYZ[1 + T), Z))
2 n F n F F
= coker <B*(I(T), DEUL(T),Z) —s B.(DEU(T), DFUL(T), Z)) ,
where T' = t)(A, F1A) € Z-Ass. Since the ideals I(1 + T') and I(T') are contained

in the particular augmentation ideals, we have a quotient map

~ ~ A~

and completion of the composition with the negative Chern character map yields
the desired map

C.(1+T,T,Z) — Tot* M~ (T) ™5 Tot* M~ (DE A, DF A).

Since A, = 0, for some n > 0, the object M~ (D{'A, DI A) is complete, if A is
finitely generated over k. As we are taking the filtered colimit over finitely generated
subalgebras of A, we therefore land in M~ (D} A, D A) as desired.

Theorem 6.3.22

Let A € Ring with (p — 1)! € A, for some prime p > 1. Suppose A carries a finite ring
filtration A = FyA D ... D FyA = 0, such that grf’ A is flat over Z. Suppose that there is
a subset Y C A, such that

(1) gr"A=3"v Z- [y],
(i) y*/nl € FA, forally e Y NF1A andn > 1.

Then for 1 < n < p—1 there are isomorphisms inducing a commutative diagram

K,.(A, F1A) = HC, 1(A, F1A)

N |

HC (A, L A)—2 ~ HC;(DFA, DFA) <% HC- (A, FA),

where ch™ s the relative negative Chern character of Definition [6.3.20,, B is Connes’
operator (see Remark|5.1.10), and the two horizontal maps are induced by the canonical

. . 1A
inclusion A — DE A.
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6.3. K-theory and group homology of matrices

Proof. Consider the diagram

PH,(X(A, FLA), Z)— H,(X (A, F}A),Z)

b |

PH,(x(A, F,A))—— H,(2(A, , A)) — HC (DL A, DF A)

ch™
¢]? TiA

HC,_1(A, F,A) & HC; (A, FLA).

Then the upper right triangle commutes by Lemma (ii), while (i) loc. cit. implies
that the upper middle vertical isomorphism restricts to the isomorphism on the left.
Moreover the lower right square commutes by Theorem [6.3.15] while the left one commutes
by Remark [6.3.12] Let k = Z[1/(p — 1)!] and consider the commutative diagram

H.(X(A, F,A),Z) —= H,(X (A, F,A),Z) ® k— H,(X (A, L A), k)

El { fJ

H.(X(A, FLA)", Z) —— Ho (X (A, FLA)T,Z) @ k—— H.(X(A, FLA)* k).

Since (p—1)! € A%, the upper horizontal maps are isomorphisms, which implies that also
the lower horizontal maps are isomorphisms. Since by Corollary X(A, F1A)T is a
connected E.-space, Corollary [4.3.13] implies that

T, X (A, FLA)Y = PH, (X (A, FLA)Y k) «— PH,(X (A, F,A), k) +— PH,(X(A, F1A),Z),
and the result follows, because by Proposition [6.2.18| and Proposition |6.2.7] we have

K*<A7 FlA) = 7T*,1Y(A, FlA)+ = W*X(A, FlA)Jr.

Corollary 6.3.23 (Goodwillie)
Let I <1 A € Q/Ring be nilpotent.
Then ch™ : K, (A, 1) — HC; (A, I).

Proof. Since Q < A, the I-adic filtration satisfies the hypotheses of Theorem [6.3.22] Since
(p—1)! € A*, for all p > 1, the result follows.

This was first proven by Goodwillie [Goo86], but it was not clear that the isomorphism
is induced by the negative Chern character. This was later verified by Cortinas-Weibel in
[CW09).

O
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Chapter 6. Multiplicative vs. additive K -theory

Theorem 6.3.24 (Brun)
Let I < A € sRing with A and A/I flat over Z, and I"™ = 0, for some m > 1.

Then after p-completion in the sense of Bousfield-Kan [BK72], there is a (p/(m—1)—2)-
connected map

K.(A,T) — HC.(A,I).

Proof. This was proven by Brun in [BruO1] using the cyclotomic trace map to topological
cyclic homology. Note that he only requires A and A/I to be flat and does not make any
restrictions on 1" /1" for n > 0. But our Theorem [6.3.22|is more general in some cases.

O

6.3.4 Applications of the Theorem

Proposition 6.3.25
Let k < Q with (p— 1) € X and 1 < r < p.
Then, for 0 < n <p—1, we have

@ k/(a+jr), n=2m+1,
K (K[t/(t7), (8)) = HC, o (K[H/(17), (8) = § Q=

0<a<r
k", n = 2m.

Proof. The k-algebra k[t]/(t") with the (¢)-adic-filtration satisfies the hypothesis of The-
orem Indeed r < p implies (¢)? = 0 in k[t]/(¢"), while 1/n! - ()" C (t), for all
1 <n < p, because (p—1)! € k* by assumption. The computation of the cyclic homology
is due to [Gro94]. See also Proposition [5.3.4]

a

Remark 6.3.26 (i) Brun [Bru(l] used almost free simplicial replacements, Theorem
6.3.24) and Quillen’s [Qui7Z] computation of K,(F,) to deduce

o 0, n € 2Ny,
Kn(Z/p") = { Z/p™-D(pn — 1), n=2m— 1.

We may use our Theorem to at least compute also K, .

(ii) Similarly one could maybe reproduce Hesselholt-Madsen’s [HM97d] computation of

, W, () /ViW,, (F,), n=2m—1,
K/@). )= { ) el >

here W, (F,) are the big Witt vectors of length m > 1 and V,. is the Verschiebung.
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7 Appendix: Simplicial homotopy
theory

7.1 Model categories

7.1.1 Localizations of categories

Definition 7.1.1
Let C € CAT and S C Mor(C) a subclass of morphisms.
A category C - SIC under C is called a localization of C at S, if

(i) v(S) € Mor(S™1C)*, i.e. v sends S to isomorphisms.

(i) It is universal w.r.t. to functors satisfying (i), i.e.

c—L =D  VF: F(S)C Mor(D)*.

Sometimes this diagram is just required commutative up to unique natural isomor-
phism.

Example 7.1.2
Let M € Mon be a monoid, S C M.

o Let [(M) denote the category with one object, whose morphisms are the elements of
M.

o Let STYM be the monoid obtained by formally adjoining inverses for all elements in

S.

Then the canonical morphism M — S™M induces a functor I(M) — I(S™1M), which
is a localization for M.

Remark 7.1.3
If C is not small, then localizations are very hard to construct and do not exist in general.
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Definition 7.1.4
A category with weak equivalences consists of a category C € CAT and a subclass of
morphisms wC C Mor(C), so-called weak equivalences (written “—”), such that:

(i) Mor(C)* C wC.

(ii) The 2-0f-3 axiom holds, i.e. for all A, B,C € C and every commutative triangle

A-L.B

N

C,
if 2 of the 3 morphisms are wes., so is the third.
Its derived category or homotopy category is denoted by D(C) := Ho(C) := wC~'C,
provided that it exists.

7.1.2 Lifting properties

Definition 7.1.5
Let C € CAT and ¢ € C(A,B),r € C(C, D).
If for any commutative square

A C
/7

| 27

BZ D

there exists a (not-necessarily unique) diagonal d making the diagram commutative, then
one says, that

(i) ¢ has the left lifting property (LLP) with respect to r and

(ii) r has the right lifting property (RLP) with respect to (.
For a subclass S C Mor(C) define

(i) LLP(S) :={f € Mor(C); f has the LLP w.r.t. all s € S},

(ii) RLP(S) :={f € Mor(C); f has the RLP w.r.t. all s € S}.

Definition 7.1.6
A weak factorization system on a category C consists of two subclasses L, R C Mor(C),
such that

(i) Mor(C) = Ro L,
(i) L= LLP(R) and R = RLP(L).
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7.1. Model categories

We also say that C is (L, R)-structured.

Proposition 7.1.7
Let C € CAT and L, R C Mor(C).
Then (L, R) is a weak factorization system, if and only if the following holds.

(i) Mor(C) =Ro L,
(i) L € LLP(R).
(iii) L and R are closed under retracts, where a retract of a morphism f € C(A, B) is
a morphism f' € C(A', B') inducing a commutative diagam
id 4/
Yl -
N
B'—=B——=D'.
\'d_/
1 B/

Proof. Suppose (L, R) is a weak factorization system. Then (i) and (ii) hold, because
L = LLP(R). For proving (ii), consider a commutative diagram

id 4
/\ m
A A A X
SA TA
Y4 LZ’ V4 lrER
B—2 .p__" .B vy,
\/’
idg

where ¢/ € LLP(R). We want to show, that there is a diagonal d € C(B, X), making the
right square commute. Since ¢ € LLP(R), we have a diagonal d’, such that

A At X
e'l . -” lreR
BZ~B——Y
commutes. Define d = d'sp and compute
dl = d'sgl = d'l'sy = ursss = u, rd =rdsgp = vrgsg = v,

hence d is a diagonal of the desired form. By duality also R is closed under retracts.
Vice versa assume the hypotheses for (L, R) given above. We have to show, that L =
LLP(R) and R = RLP(L). Let ¢ € C(X,Y)N € LLP(R) be arbitrary. Then ¢ can be

14 r
factored as X »— Z — Y, where £ € L and r € R. Since ¢ € LLP(R) we find a diagonal

Xtz

4
& s T
/

Y Y,
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showing that ¢ is a retract of ¢. Hence LLP(R) C L C LLP(R) and so L = LLP(R).
Dually one shows R = RLP(L).

]
Remark 7.1.8
Given two categories D and C with an adjunction
D(F(X),Y) =C(X,G(Y)).
Let £ € C(C,C") and r € D(D,D’).
Then the following lifting propblems are equivalent
F(C)—“=D C—2 -~ G(D)
/1 7
F(é)l . lr zl /d// LG(T)
F(C’)—b>D’, C’TG(D’),
where o', and d' corresponds to a,b and d under the adjunction bijection.
In particular the two axioms for structured adjunctions are equivalent.
Corollary 7.1.9
Given an adjunction D(F(X),Y) =C(X,G(Y)), the following holds.
(i) For every subclass C C Mor(C), we have GT'RLP(C) = RLP(F(C)).
(ii) For every subclass D C Mor(D), we have F~'LLP(C) = LLP(G(D)).
Remark 7.1.10
Given categories A, B and C and adjunctions
A(A,F(B,0)) =C(A® B,C) = B(B,G(A,C)), AcA BeB, CcC.
Let a € A(A,A'),be B(B,B') and c € C(C,C").
Then the following three lifting problems are equivalent.
A - ~F(B',0) (A@ B') +(aep) (A' @ B) —"=—5C
a o g j(b*’c*) (a@id)U(id@b)l _ - LC
A== F(B,0) Xppcry F(B,C), A®B'- - C.
Up,Usz
B - G(A',C)
bl B /d”/ _ - L(a*7c*)
B =— /(u’l’ 0 G(A, C) XG(A,C) G(A/, Cl).
where
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7.1. Model categories

o uy,uh, us correspond to uy, ug,us under the first bijection and

o ul,ul,uly correspond to uy,us,us under the second bijection.

In particular the three axioms for structured adjoint triples are equivalent.

Proposition 7.1.11
Given an adjunction

D(F(X),Y) = C(X,G(Y)).

Then there is a canonical weak factorization system (L, R) on D, where
(i) L is the class of retracts of inclusions X — X + F(Y), where X € D and Y € C,
(i) R is the class of morphisms r, such that G(r) is a retraction in C.

Proof. Recall that the adjunction bijection is given by

D(F(X),Y) 2= C(X,G(Y)),
f— G(f)onx,
ey o F(g) «— g,

where the unit ide — GF and counit FG —= idp are natural transformations. Every

morphism X 4 ¥ can be factored as

X%

X + FG(Y),

X Y

and G(f Uey) is a retraction having a section

NG(y)

(Y)W araw) ‘I qix + Fay)).

Consider a general lifting problem

X ' G(A)
-7 AN

Lxl /d/ - \r G’(r)i ) s
-7 /
X+FP(Y)————B. G(B).

Let d’ be the composition
FOY) ™™ rary) ™Y reB) 2 FG(A) <4 A.
Then

rd =roegoF(s)o FG(b)o F(ny) =epo FG(r) o F(s) o FG(b) o F(ny)
= epo F(G(r)os) o FG(b) o F(ny) = ep o FG(b) o F(ny) = boep o Fny) = b,
R

=id
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and hence d = a U d’ is a solution to the lifting problem, because
dix = a, rd = (ra) U (rd') = (ra) Ub.

Next we show, that R is closed under retracts. Suppose we are given a commutative
diagram
id 4/

N A2y G(A)

N TA
r’l lr \r’ G’(T)i >s
B 2-p-"p, G(B).
\.d/
Define s’ = G(ra)sG(sp) € C(B', A"). Then we have
r's' =1r'G(ra)sG(sp) = G(rp)rsG(sp) = G(rp)G(sp) = idas,

showing that G(r’) is a retraction with section '
Now we can apply Proposition to show, that (L, R) is a weak factorization system

for D.
O

Example 7.1.12
Let R € Ring and consider the adjunction

R-Mod(RX,Y) = Set(X,U(Y)).
Then for the induced weak factorization system (L, R) of Proposition|7.1.11] we have
(i) L the class of monomorphisms with projective cokernel.

(ii) R is the class of epimorphisms.

7.1.3 The small object argument

Definition 7.1.13 (i) A cardinal number is an ordinal having greater cardinality
than all its smaller ordinals.

(ii) We define w as the smallest infinite cardinal.

(iii) A functor C — D preserves k-indexed colimits, for some cardinal number k,

of
colim F(Y,,) — F(colim Y,,),
n<wk n<k

for all sequences (Yo — Y1 — ...) indexed by ordinals n < k in C.

(iv) An object X € C is called k-small, if C(X, -) preserves r-indexed colimits.
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Proposition 7.1.14 (Small object argument)
Let C be a cocomplete category and S C Mor(C) a set of morphisms with k-small domains,

for some cardinal number k.
Then (LLP(RLP(S)), RLP(S)) is a weak factorization system on C.

Proof. 'We have to prove that Mor(C) = RLP(S) o LLP(RLP(S)). By [Hir03] Prop.
10.5.16 every morphism in C is the composition of a relative S-cell complex followed by a
map in RLP(S) (called the class of S-injectives there). We do not need to know what a
relative S-cell complex is, it suffices to know that it is in LLP(RLP(S)) (called the class

of S-cofibrations there) by Proposition 10.5.10 loc. cit.
O

Corollary 7.1.15
Let C be a category with a factorization system (L, R). Given an adjunction

D(F(X),Y) = C(X,G(Y)).
Suppose there is an ordinal k, such that:

(1) There is a subset C C Mor(C) of morphisms with k-small domains and (L, R) =
(LLP(RLP(C)), RLP(C)).

(ii) F preserves k-small objects.
Then (LLP(G™'(R)),G™'(R)) is a factorization system on D.

Proof. For all (D -+ E) € C the functor D(F(D),-) preserves s-inductive limits by
(ii), since C' is k-small. By Proposition we obtain a weak factorization system
(LLP(RLP(F(C))),RLP(F(C))) on D. As RLP(F(C)) = G 'RLP(C) by Corollary
[7.1.9] this is the factorization system we wanted.

O

7.1.4 Model categories

Definition 7.1.16
A model category consists of a finitely complete and cocomplete category C together with

a model structure. That is three classes of morphisms wC,fibC, cof C C Mor(C), such
that:

(i) (C,wC) is a category with weak equivalences.
(ii) (cof CNwC,fibC) and (cof C,wC NfibC) are weak factorization systems.
We fix the following notation.
e The morphisms in fibC are called fibrations and written as “—”.
e The morphisms in cof C are called cofibrations and written as “—".

o A (co-)fibration is called trivial, if it is also a weak equivalence.
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Proposition 7.1.17
Let C be a category together with three classes of morphisms wC, fibC,cof C C Mor(C).
Then C is a model category, if and only if the following holds.

(M1) C is closed under finite limits and colimits.

(M2) wC satisfies the 2-of-3 axiom.

(M3) The classes wC,fibC, cof C are closed under retracts.

(M4) cofC Cc LLP(fibCNwC) and cof CNwC C LLP(fibC).

(M5) MorC = fibCo (cof CNwC) = (ibC NwC) o cof C.
Proof. (CM1) is part of both descriptions. (CMZ2) is equivalent to (C,wC) being a cate-
gory with weak equivalences. By Proposition (cof CNwC, fibC) and (cof C,wCNfibC)
are weak factorization systems, if and only if (CM3) - (CMS5) hold. Indeed (CMS5) and
(CM3) imply that (trivial) (co-)fibrations are closed under retracts. Vice versa if trivial
fibrations and cofibrations are closed under retracts, so are weak equivalences, since they

can be factored into a trivial cofibration followed by a trivial cofibration.
(]

Remark 7.1.18

Probably the four most important references for model categories are Quillen’s original
paper [QuibT] and the books of Goerss-Jardine [GJ09], Hirschhorn [Hir03] and Hovey
[Hov99]. Unfortunately there are slight differences in their definition of a closed model
category, that we will point out below.

(1) Our definition is equivalent to Quillen’s [Qui67] Definition 1.5.1 of a closed model
category by Remark 1.5.1 loc. cit.

(ii) Our definition is equivalent to Goerss-Jardine’s definition of a closed model category
in [GJ09] 11.1.1, which are precisely the azioms listed in Proposition|7.1.17.

(iii) Hovey [Hov99] Def. 1.1.3 and Hirschhorn [Hir03] Def. 7.1.3 require that C is even

complete and cocomplete, i.e. has limits and colimits over all small index categories.

7.1.5 The derived category of a model category

Definition 7.1.19
Let C be a model category and X € C.

(i) An object X is called fibrant, if the unique map into the terminal object X — x
is a fibration.

(ii) A fibrant replacement of X is a weak equivalence X = Xy with fibrant Xy € C.

FEvery object has a fibrant replacement, given by a factorization of the terminal map

X X; —» %,
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(iii) A cylinder object for X € C is a factorization of the fold map
V = idy Uidy : X + X 23 T+ X =5 X.
Note that every object has a cylinder object.

(iv) Two morphisms f,g € C(X,Y) are called (left) homotopic via h, short f L g, if
there is a map h € C(I - X,Y) inducing a commutative diagram

X+ X

idxl_y [ g
~ h

X — I-X Y.

Dually we also define cofibrant objects, replacements (denoted by a lower index “c”),
path objects (denoted by A = (idy,idy) : X — X! ory) 5 x X ) and right homotopies.

Proposition 7.1.20
Let C be a model category, X € C cofibrant and Y € C fibrant.

Then left-homotopy “~” is an equivalence relation on C(X,Y) and is independent of
the chosen cylinder object I - X for X.

Proof. See [Qui67] Lem. I.1.4 and Lem. I.1.5. Alternatively [Hir03] Prop. 7.4.5 and 7.4.7.

O

Theorem 7.1.21
Let C be a model category.
Then C has a derived category D(C), whose objects are the same as C and

D(C)(X,Y) :=C(X,,Yy)/ =, for all X,Y € C.

Moreover wC = v~ 1D(C)*, i.e. a C-morphism is a weak equivalence, if and only if it maps
to an isomorphism in the derived category.

Proof. [Qui67] Thm. I.1.1” and Cor. [.1.1. Alternatively [GJ09] II.1.

7.1.6 Derived functors

Definition 7.1.22
Let C be a category with weak equivalence having a derived category C —— D(C). Suppose

Cc-SDisa functor into an arbitrary category D.

(i) The left derived functor LG is defined as the right Kan extension of G along
C - D(C), it it exists.
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(ii) The right derived functor RG is defined as the left Kan extension of G along
C - D(C), if it emists.

Lemma 7.1.23 (K. Brown)
In every model category C the following holds.

(i) Every weak equivalence w : X = Y between cofibrant X,Y € C can be factored as

meaning that Y s 7 Y is the identity on Y.

(ii) Every weak equivalence w : X — Y between fibrant X,Y € C can be factored as

X\ = /Y
\Z,

meaning that X sy 7 o X is the wdentity on X.

Proof. Since X and Y are cofibrant and cofibrations are stable under pushouts, we have

X>— X +Y «—Y. Take a factorization X +Y>— Z — Y and let X>— X +Y>— Z
be the composition. This is a trivial cofibration by the 2-of-3 axiom. Moreover Y>—

X +Y>— Z is a section for Z .Y and so is also a trivial cofibration.
Statement (ii) is dual to (i).

Theorem 7.1.24
Let C be a model category and C D functor into an arbitrary category D.

(i) Suppose F' maps trivial cofibrations between cofibrants to isomorphisms.

Then LF exists and is given by
np: LF(X) = F(X,) — F(X), (0— X, — X.

(ii) Suppose F' maps trivial fibrations between fibrants to isomorphisms.

Then RE' exists and is given by
er: F(X) — F(X;) = RF(X), X = X —» %,

Proof. Brown’s Lemma implies that ' maps weak equivalences between cofibrants
to isomorphisms. Hence we can apply [Qui67] Prop. 1.4.1 to prove (i). Statement (ii) is

dual.
O
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Definition 7.1.25
Let C -2 D be a functor between categories with weak equivalences. Suppose C and D
have deriwed categories and F' preserves weak equivalences.

(i) The total left derived functor of F is defined as LF = L(yF).
(ii) The total right derived functor of F' is defined as RF = R(yF).

Theorem 7.1.26 (Quillen’s adjoint functor theorem)
An adjunction between model categories C and D

D(F(X),Y) = C(X,G(Y)),
subject to the following (equivalent) hypotheses.
o [ preserves trivial cofibrations between cofibrants and cofibrations.
o (G preserves trivial fibrations between fibrants and fibrations.
Then the following holds.

(i) The total derived functors of F' and G exist and induce an adjunction

D(D)(LF(X),Y) = D(C)(X,RG(Y)).

(ii) (LF, RG) form an equivalence of categories, if and only if
a) X = GF(X) — G(F(X);) is a weak equivalence, for all cofibrant X € C,
b) F(G(Y).) — FG(Y) =5Y is a weak equivalence, for all fibrant Y € D.

Proof. The existence of LF' and RG follows from Theorem [7.1.24] Let X € Cand Y € D.
Then by construction of the derived category in Theorem [7.1.21, we have a chain of
natural bijections

D(D)(LF(X),7Y) = D(D)(vF(Xe),7vY) = D(F(Xe)e, Yy)/ =
= D(F(X.),Yy)/ == C(X.,G(Y)))/ =
= C(Xe, C(G(Yy)y))/ == D(C)(nX,7G(Yy))/ ~= D(C)(7X,RG(Y)),

where the third and fifth equality hold by assumption on F' and G. The middle bijection
is induced by the adjunction and the arguments for the rest are dual to those given before.
By construction of the adjunction between the derived categories we see that its unit

resp. counit is an isomorphism, if and only if the conditions a) and b) hold.
O

Definition 7.1.27
Let C and D be model categories.
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(i) A Quillen adjunction between C and D is an adjunction
C(F(X),Y) =D(X,G(Y))

subject to the following (equivalent) hypotheses.
e [ preserves trivial cofibrations and cofibrations.
o (G preserves trivial fibrations and fibrations.
(ii)) A Quillen equivalence is a Quillen adjunction inducing an equivalence of the

derived categories.

7.1.7 Model categories induced by adjunctions

Definition 7.1.28
Let k be a cardinal. A model category C is called k-cofibrantly generated, if there are
subsets of C C cof C and T' C cof C NwC, such that

e ibCNwC = RLP(C), fibC = RLP(T),
e All domains X of morphisms in C and T are k-small in C.

We call C (resp. T ) the set of generating (trivial) cofibrations.

Theorem 7.1.29
Let C a k-cofibrantly generated model category. Given an adjunction

D(F(X),Y) =C(X,G(Y)),
where D is an arbitrary cocomplete, finitely complete category. Suppose that:
(i) F preserves k-small objects.
(ii) LLP(G7(fibC)) c G~ (wC).
Then D is a k-cofibrantly generated model category, where
wD = G~ (wC), fibD = G~!(fibC), cof D = LLP(fibD NwD).
Moreover (F,G) form a Quillen adjunction, which is a Quillen equivalence, if and only if

nx : X — GF(X), for all cofibrant X € C.

Proof. As a functor G preserves isomorphisms. Furthermore the 2-of-3-axiom holds for
wD, hence (D, wD) is a category with weak equivalences. Let C,T C Mor(C) be subsets
of generating cofibrations and trivial cofibrations with x-small domains. As G preserves
r-indexed colimits, it follows that the morphisms F'(C') and F(7") have k-small domains.
By Corollary we obtain the two weak factorization systems on D

o (cof D,fibDNwD) = (LLP(G'(fibC NwC)), G~ (fibC NwC)),

176



7.1. Model categories

e (LLP(fibD),fibD) = (LLP(G~'(fibC)), G~ (fibC)).

It remains to show, that LLP(fib D) = cof DNwD. On the one hand we have by assump-
tion on LLP(fibD), that

LLP(fibD) C LLP(fibD) NwD C LLP(fibD NwD) N wD = cof D NwD.

On the other hand suppose ¢ € cof (D) NwD. Then ¢ can be factored as

. Y

X
LLP(fib D% %;ﬁb D
Z.

As c and /¢ are weak equivalences, so is f by the 2-of-3 axiom. Since by definition cof D =

LLP(fibDNwD) C LLP(f) we find a diagonal

Xt 7
7
cj Hd// ¥

s/
Y

=

showing that c s a retraction of ¢ € LLP(fib D). By Proposition|[7.1.7]the class LLP(fib D)
is closed under retracts, so finally ¢ € LLP(fibD).

By construction G preserves (trivial) fibrations and thus (F, G) form a Quillen adjunc-
tion. Since G preserves weak equivalences the composition X -5 GF(X) — G(F(X)j)
is a weak equivalence, if and only if 7y is a weak equivalence. Thus condition (ii) a) of
Quillen’s adjoint functor Theorem is equivalent to the given assumption. We have
to prove, that it also implies condition b). Therefore let Y € D be fibrant and consider
the commutative diagram

GF(G(Y),) —= GFG(Y) S92 a(v)

NG(Y)e | >~ NG (v)
idG(y)

b G(Y).— == G(Y).

Since G(Y), is cofibrant, the left vertical morphism is a weak equivalence by our as-
sumption and hence the upper row is a weak equivalence by the 2-of-3 axiom. Since
wD = G~ 'wC, it follows that F(G(Y).,) — FG(Y) =5 Y is a weak equivalence.

O

Corollary 7.1.30
Let k be an ordinal and C a k-cofibrantly generated model category. Given an adjunction

D(F(X),Y) = C(X,G(Y)),

where D is an arbitrary cocomplete, finitely complete category. Suppose that:
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(i) G is a left adjoint functor.
(il) GF(T) C cof CNwC, where T' C cof CNwC is a set of generating trivial cofibrations.
Then D 1is a k-cofibrantly generated model category with
wD = G~ (wC), fibD = G~!(fib(C), cof D = LLP(fibD NwD).
Moreover (F,G) form a Quillen adjunction, which is a Quillen equivalence, if and only if
nx 1 X — GF(X), for all cofibrant X € C.

Proof. Assumption (i) implies that G preserves arbitrary colimits. Hence for every x-small
object X € C, the functor C(F(X),-) = C(X,G(-)) preserves r-filtered colimits, which
means that also F'(X) is x-small. To check (ii), we let H denote the right adjoint of G.
Applying RLP, which by definition reverses inclusions, to assumption (ii) yields

H'RLP(F(T)) = RLP(GF(T)) > RLP(cof C N wC) = fibC,

where we used the adjunction C(G(X),Y) = D(X, H(Y)) for the first equality. Equiva-
lently we have

G~ (fibC) = G"Y(RLP(T)) = RLP(F(T)) D> H(fibC),

where we used the adjunction D(F(X),Y) = C(X,G(Y)) for the second equality. Finally
applying LLP yields

LLP(G™*(fibC)) C LLP(H(fibC)) = G'LLP(fibC) = G~ (cof C NwC),

where again we used the adjunction C(G(X),Y) = D(X, H(Y)) for the first equality. So

we can apply the preceding theorem to conclude the proof.
O

Theorem 7.1.31
Let k be an ordinal and C a k-cofibrantly generated model category. Given an adjunction

D(F(X),Y) = C(X,G(Y)),
where D 1is an arbitrary cocomplete, finitely complete category. Suppose that
(i) F preserves k-small objects.

(ii) There is a functorial fibrant replacement functor qp : D — Q(D), for all D € D.

(po;p1)

(iii) There is a path object D — D' —=" D x D, for all fibrant D € D.

Then Th@orem (i) holds and so D is a k-cofibrantly generated model category via
wD = G~ (wC), fibD = G '(fibC), cof D= LLP(fibD NwD).

Moreover (F,G) form a Quillen adjunction, which is a Quillen equivalence, if and only if

nx : X — GF(X), for all cofibrant X € C.
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Proof. According to Theorem we have to show that LLP(fib D) C wD. Therefore
let £ € D(X,Y)N LLP(fibD). Using the fibrant replacement functor for X we get a
diagonal d as on the left and using the path object for the fibrant Q(Y") we get a right
homotopy as on the right.

X - Q(X) XLy - y) 2L gv)!

7

7 -
d ~ h - —
ZL z l l _ - (po,p1)
, —
Ve
*

g -
’ ' (ay QO)d) QYY) x Q(Y),

where the right square commutes, since Q(¢£)dl = Q({)qx = qy! as idp —— @ is natural.
Now since G is a right adjoint and preserves fibrations and weak equivalences, we see that
GQ(X),GQ(Y) are fibrant and that

(po,p1)

GQY) — GQ(Y') == GQ(Y) x GQ(Y)
is a path object for GQ(Y). It follows that

From Theoremwe know that the preimage of the isomorphisms in D(C) are precisely
the weak equivalences in C. It follows that vG(d)yG(¢) = vG(qx) is an isomorphism
and thus yG(d) is a retraction. By construction of the derived category in Theorem
we have that 7yG(Q(¢)d) = vG(qy), because GQ(Y') is fibrant. This implies that
YGQ)yG(d) = vG(Q(f)d) = vG(gy) is an isomorphism, showing that vG(d) is also a
section and thus an isomorphism. Since df = gx with isomorphisms vG(d) and vG(gx), it

follows that yvG(¢) is an isomorphism. i.e. G(¢) is a weak equivalence by Theorem [7.1.21],

showing that ¢ € wD by definition.
O

7.2 Homotopy theory of simplicial objects

7.2.1 The category A

Definition 7.2.1
The category A is the category of the totally ordered sets

n={0<..<n}, n € Ny,

together with order-preserving maps as morphisms. For this category we also use the no-
tation AT = A(n,m), so that the hom-functor A™ is the m-th standard simplex of
simplicial sets. For 0 <1 <n we let

o d' € A(n—1,n) be the unique injection, whose image does not contain 1,

e s' € A(n+1,n) be the unique surjection, sending i and i + 1 to i.
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Remark 7.2.2
The category A also contains the empty set —1 = 0 and has a (non-symmetric) monoidal
structure given by the functor

®:AxA—A, (m,n) — m@&n=m+n+1,

which maps a pair of morphisms f; € A(my,n;), for i = 1,2, to the morphism f1 & fy €
A(my +mo + 1,01 + ng + 1), given by

G 0<k<m,
(fl@fﬂ(’f)—{ folk —my =D 4 n +1, my+1<k<n +ny+1.

Remark 7.2.3
We also consider n as a category, for each n > 0, with morphisms “<”. This means, that
there is precisely one morphism from v to j, if i < j, and otherwise there is none. The
category n is small.

In particular A < Cat is the full (2-)subcateg0'mﬂ of objects n.

Definition 7.2.4

For C € CAT, we denote by sC = CAT(A?,C) and ¢C = CAT(A,C) the categories of
simplicial and cosimplicial objects in C. In consistence with the notation for the m-th
standard simplex A™ € sSet we will write

o X, :=X(n), for X € sC.
Moreover we abreviate d; :== X (d') and s; := X (s"), for 0 <i < n.

o X":=X(n), for X € cC.
Moreover we abreviate d* := X (d*) and s := X (s'), for 0 <i < n.

We consider C < sC as the subcategory of constant simplicial objects. So by abuse of
notation X € C will also stand for the constant simplicial object.

7.2.2 (Co-)skeletons

Definition 7.2.5
For any n > 0 we define the full subcategory and its inclusion functor

Ay = {0,...,n} <= A.

Definition 7.2.6
Let C € CAT be finitley complete and cocomplete and n > 0.

(i) The n-skeleton of a simplicial object X € sC is the left Kan extension

Sk X = (i )1 (in)* X

"'We will note make precise what this means, as we will not need the notation later on.
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(ii) The n-coskeleton of a simplicial object X € sC is the right Kan extension

cosk, X = (in)«(in)* X.
Note that unit and counit of the adjunctions induce natural maps sk, — X -2 cosk, X .

Definition 7.2.7
Let n > 0.

(i) The boundary of the n-simplex A" is defined as OA™ = sk, _1A".
(ii) For 0 <k <n the k-th horn of A" is defined as
AvE =) dAT coAm

0<i<n,
itk

(iii) The n-sphere is defined as S™ = A" /OA™.

7.2.3 Function objects and simplicial homotopies

Proposition 7.2.8
For every complete and cocomplete category C there is an adjunction

sSet(S,sC(X,Y)) = sC(°X,Y) = sC(X, sSet(S,Y)),
where
(i) sC(X,Y) = fnC(Xn,Yn)A?L =sC(A"X,Y),
(ii) X :n+— 5 X, is the S-fold coproduct of X,
(iii) sSet(S,Y) = [, Vi 5,
Note that sC(X,Y") also exists for categories C that are neither complete nor cocomplete.

Proof. This follows from the fact that hom-functors preserve limits/colimits and the

Yoneda lemmas.
O

Proposition 7.2.9
For every complete and cocomplete category C with a zero object x, there is an adjunction
Set (S,C.(X,Y)) =C(SNX,)Y) =C(X,Set.(S,Y)),
where
CX,Y) = (C(X,Y), (X 5Y)), SAX:=5X+4.xx Setu(S,Y)=Y5 %y x.
It induces an adjunction

sSC(SANX,Y) = sSet.(5,5C.(X,Y)) = sC(X, sSet,(S,Y)),

where
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(i) s
(ii)) SAX :n+— S, AN X,
(i) sSeto(S,Y) = [, Seto((A"); A S,Y).

L(X.Y) = (sC(X.Y).0) = [, Set(A) 1, Cul(X, Vi),

Proof. Similarly this follows from the fact that hom-functors preserve limits/colimits and

the Yoneda lemmas.
O

Definition 7.2.10
Let C be a category.
(i) For finitely cocomplete C, we define

d
moX := coker (X1:;0X0) = colim X, X e sC.

dq

(i) A simplicial homotopy between two maps fo, fi € sC(X,Y) is a map h €
sC(A'X,Y) = sC(X,Y); with d;(h) = f;.

(iii) Two maps fo, f1 € sC(X,Y) are stimplicially homotopic, if [fo] = [f1] in mesC(X,Y).
Lemma 7.2.11
Let sC carrying the canonical simplicial structure and f,g € sC(X,Y).

Then f ~ g, if and only if there are maps k; € C(X,,,Y,), for 0 <i < n+ 1, satisfying
in every dimension n > 0 the properties below.

N o ) hiadi i< g, o) hyrasi, 1<,
(1) dlh] n { h’]dz? Z Z j7 Slhj N { hjsi7 Z Z ]

(ii) hO = fna hn+1 = Ggn-
Proof. Defining

0, 0<k<i
t* 1, k L ’
B — { 1, 1 <k<n,
there are bijections
T,:n+2-"Al 1t
which induce commutative squares
—>A1 n+2-—" Al 0<i<n.
d; di“j jSi
n 1 Al 7’L+ n+1 A711+1

By checking the simplicial identities, one proves that the injection

sC(X,Y) 1_/0 X, Vo)t e [ ¢, Yo)2 — [ C(X, Vo)t

n>0 n>0
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surjects onto the set of tuples ((ho, ..., hnt1))n>0 satisfying the relations (i). The maps
SC(X,Y)g = sC(X,Y)1 - sC(X,Y)

correspond to the projections onto the factors associated to the constant maps in Al.
Hence the tuples ((hg, ..., hnt1))n>0 define a homotopy from f to g, if and only if (ii)

holds.
O

Proposition 7.2.12
Let C be a category and X € 8C. Suppose there are maps s_1 € C(X,_1,X,) (resp.
Sni1 € C(Xp_1, X)), for alln > 0, extending the simplicial identitieéﬂ

d
Then X —» X_1 is a simplicial deformation retraction with homotopy inverse s_q
(resp. Spi1), i.e. dos_1 =idyx_, and the maps idx and s_1dy are simplicially homotopic.

Proof. One checks that the maps
hi = (S_l)i(do)i S C(Xn), 0 S 1 S n -+ 17

satisfy the relations of Lemma [7.2.11] and so define a homotopy h € sC(X) from idx to
s_1dp. The other statement is dual. Unfortunately we could not find a reference for this

elementary but crucial fact.
O

7.2.4 Reedy factorization systems

Proposition 7.2.13
Let C be a categroy carrying a weak factorization system (L, R).
Then there is weak factorization system (L, R) on sC, given by

(i) €€ sC(X,Y)NL, if (Xp +sk 50 (Kno1Y ) 3 Y,) € L, for all n > 0.

)

(i) r € sC(X,Y)NR, if (X0 "5V, X (cosk,_1v), (coskn_1X)n) € R, for all n > 0.

It is called Reedy factorization system after Reedy, who constructed it first.

Proof. There are proofs in the context of model categories given in [GJ09| 7.2., [Hir03]
15.3 and [Hov99| 5.2. The latter two also consider more generally Reedy categories and
not just A°?. We present a short proof for the special case we will need later on. It suffices
to check that (i) to (iii) of Proposition hold. For (i), let f € sC(X,Y) and recall that
Agn:{gw“aﬂ}(i—n)Aa nzoa
is the full inclusion functor. Following the same pattern we will inductively construct a
factorization (i,)*X N Z(n) rtn} (in)*Y in CAT(AZ,,C), in a way that
Zn:=2Zn)py=2Z(n+1), = ..., Ly:=4L(n),=L(n+1),=.. 7r,:=r(n),=rn+l),=..
2See [GJO9] 1.1.3.
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for all n > 0. Let n > 0 and suppose the construction has been established, for 0 < m < n.

. . . . J . .
Using the canonical inclusion functor A<, —— A<, we get a commutative diagram

Jil(n—1) Jir(n—1)

(skn—1X)n = (1 (In-1)*X)n 7 Z(n—1) (J1(In-1)*Y )n (skn1Y)n

EXL lEY

X, Y,

UYL nyl
.. . hr(n—1) , . ,.
(coskn_1 X ) == (s (in_1)* X ) 32 Z(n = 1) 222G (6 1)*Y ), = (cosky_y V),

Jxb(n—1)

giving rise to a map that we can factor as

Xn +(skn,1X)n (]'Z(n - 1))n h Zn i> Yn X (coskp_1Y)n (]*Z(n - 1))71’
where ¢, € L and r,, € R. Defining face maps and degeneracies by
(i) (dOv “'7dn) : Zn, i> Yn X (coskn—1Y)n (]*Z(n - 1))71 i> (]*Z(n - 1))71 — (Zn—1>n+17

(ii) soU..Usyy:"Zp g — (]'Z(n - 1))n — Xn F(skno1X)n (]‘Z(n - 1))n i) Zn,

this constitutes an object Z(n) = (%o, ..., Z,) € CAT(AZ,,C) with sk, 1Z(n) = jiZ(n—1)
and cosk,,_1Z(n) = j.Z(n —1). Moreover ¢(n) = ({o, ..., £,) and (7o, ...,r,) are morphisms
in CAT(AZ,,C) by construction. In the limit we obtain a factorization X Lz Ly
with

Xn _'_(skn,lZ)n (Skn—IZ)n Zﬁg Zn (w) Yn X(cosknflz)n (COSkn—IZ)nu n Z 07

lying in L and R of C respectively. This proves (i).
For (ii) consider a lifting problem

A X
7
D
Lae| 77 lrER
Ve
B—>Y.

Again we will construct a diagonal D inductively. Let n > 0, such that D,, has been
constructed, for all 0 < m < n, being compatible with face maps and degeneracies in that
range. Then these D,, induce a map D in

sC(sk,—1B, X) = sC(B, cosk,,_1 X),

and by assumption on ¢ and r the lifting problem

An +(skn,1A)n (Sknle)n uob Xn

_
Dp - —
_
// 'r'
_
_
_
_

Bn = Yn X(cosknle)n (COSknle)n

(u,D)
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has a solution D,,, which by construction induces commutative diagrams

An = Xn (Skn—lB)n D Xn
of 2|
B, o Yo, B, 5 (cosk,—1X)p.

Note that for n = 0, the left square provides a diagonal as desired. For n > 0 we have
e soU...Us, 1:"(By_1) — (sk,_1B), =By By,
o (do,...dp) : X =5 (cosk,_ 1 X ) — (X)),
hence commutativity of the right square is equivalent to the conditions
D,s;=sD,_1, 0<i<n-—1, d;D,, = D, _1d;, 0<1i<n,

which proves that Dy, ..., D, are compatible with all face maps and degeneracies in that
range. By construction (Dy, Dy, ...) constitutes a morphism sC(B, X) solving the lifting
problem from the beginning. So we have shown L C LLP(R) or R C RLP(L) respectively,
which proves (ii).
Finally as L and R on C are closed under retractions by Proposition so are also
L and R on sC. This proves (iii) and therefore concludes the proof.
O

7.2.5 Topological spaces and simplicial sets

Definition 7.2.14
A topological space X s called compactly generated, if U C X is closed, if and only if
UNC C C is closed, for every compact subspace C' C X.

Let Sp < Top denote the category of compactly generated, Hausdorff topological spaces.

Definition 7.2.15 (i) The topological standard simplex |A*| € c¢Sp is defined as
the fibre |A®] = (d°)~*(1) of the map Set(A], Rxy) N Set(A*,,Rsg) = R, induced

by —1 (d—0> 0.
(ii) The singular nerve functor is defined as the functor
S :Sp — sSet, X — Sp(|A®], X).
(iii) The geometric realization is defined as the left adjoint in the adjunction
Sp(|X|,Y) = sSet(X,S(Y)),

which exists as Sp is cocomplete.
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Theorem 7.2.16 (Quillen)
The category Sp of compactly generated Hausdorff spaces is a model category with the
definitions below.

(i) Weak equivalences are w.-isomorphisms, i.e. maps X S, Y, such that
mof 1 moX — mY, Tof t (X, %) — T (Y, f(%)), n >0
are isomorphisms, for all x € X.
(ii) Fibrations are Serre fibrations, i.e. maps in RLP{|A™*| — |A"[;0 < k < n}.
(iii) Cofibrations are maps in LLP(fib Sp N wSp).
It is w-cofibrantly generated, because fib Sp N wSp = RLP{|0A™| — |A™|;n > 0}.

Proof. See [Qui67] Thm I1.3.1. We have fib SpNwSp = RLP{|0A"| — |A™|;n > 0} by
[Qui67] Lem. I1.3.2.
O

Theorem 7.2.17 (Quillen)
The category sSet of simplicial sets is a model category, where

(i) Weak equivalences are the maps, whose topological realization is a w.-isomorphism.
(ii) Fibrations are Kan fibrations, i.e. maps in RLP{A™* — A" 0 <k < n}.

(iii) Cofibrations are monomorphisms.

It is w-cofibrantly generated, because fib (sSet) Nw(sSet) = RLP{OA" — A";n > 0}.

Proof. By [Qui67] Thm II1.3.3 sSet is a model category with weak equivalences defined
as RLP(cof (sSet)) o LLP(fib (sSet)). In [Qui67] Prop. I11.3.4 he shows that a map f €
sSet(X,Y)isin RLP(cof (sSet))oLLP(fib (sSet)), if and only if | f| is a weak equivalence.
We have fib (sSet) N w(sSet) = RLP{OA™ — A™;n > 0} by [Qui67] Prop. 11.2.2.

a

Theorem 7.2.18 (Quillen)
The adjunction Sp(|X|,Y) = sSet(X,S(Y)) is a Quillen equivalence.

Proof. Corollary implies readily that S preserves fibrations and trivial fibrations,
hence the adjunction is Quillen by Theorem [7.1.26, The proof that it is a Quillen equiv-

alence is implicit in [Qui67] I1.3. For an explicit reference, see [Hov99] Thm. 3.6.7.
(]

Proposition 7.2.19

The geometric realization functor sSet — Sp preserves finite limits.
In particular every simplicial homotopy induces a homotopy after geometric realization.
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Proof. See [Hov99] Lemma 3.2.4. It follows that
A X =AY x X| =5 Al x |X], X € sSet,

and thus every simplicial homotopy induces a homotopy of spaces.

Proposition 7.2.20
Let X € sSet. Then naturally

(i) mX = mo| X[,
(i) 7 (X, %) := mpsSet,(S™, X) = m,(|X|, %), for alln >0 and x € X, if X is fibrant.

Proof. See [Hov99] Lem. 3.4.3 and Prop. 3.6.3.
O

7.2.6 Model categories of simplicial objects

Definition 7.2.21
A model category of simplicial objects consists of a category C, together with a model
structure on sC, such that the following holds.

(SM) For every cofibration x € sC(X, X") and every fibration y € sC(Y,Y"), the map
(.Z‘*, y*) : i(Xla Y) — i(X, Y) Xi(X,Y’) i(Xla Y,)

15 a Kan fibration of simplicial sets, which is a weak equivalence, if x ory is a
weak equivalence.

In [Qui67] 11.2 Quillen more generally introduced the notion of a closed simplicial model
category. In II.1 loc. cit. he defined a simplicial category as a category C, which is en-
riched, powered and copowered over the category of simplicial sets. In particular there are
adjunctions like in Proposition He then defined a closed simplicial model category
as a simplicial category, which is a model category and satisfies (SM) with respect to the
function objects. In particular the following holds.

Remark 7.2.22
A model category of simplicial objects is precisely a simplicial model category sC, whose
enriched, powered and copowered structure is the canonical one of Proposition[7.2.8

We decided to restrict ourselves to model categories of simplicial objects, because this is
the only form of closed simplicial model categories we need and so we can avoid introducing
the calculus of enriched categories.

Proposition 7.2.23
if b € sSet(B, B') is a cofibration (injection) and ¢ € sSet(C,C") a Kan fibration, then

(b",c.) : sSet(B',C) — sSet(B, C) X gset(n,cry sSet(B',C")
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is a fibration. If b or ¢ is a weak equivalence, so is also (b*,cy).
In particular sSet is a model category of simplicial objects.

Proof. This is axiom SM7 in [Qui67] Def. I1.2.2. Hence the statement follows from [Qui67]

Thm. II.3.3.
(]

Proposition 7.2.24
Let sC be a model category of simplicial objects.
Let s € sSet(S,95"),x € sC(X,X') be cofibrations and y € sC(Y,Y") a fibration. Then

(i) (id) U (M) : (°X7) +sx) (5" X) — 5" X" is a cofibration,

which is a weak equivalence, if a or b are weak equivalences.

(i) (s*, ) : sSet(S",Y) — sSet(S,Y) Xgse(s,yr) sSet(S',Y') is a fibration,

which is a weak equivalence, if a or ¢ are weak equivalences.
More precisely aziom (SM), (ii) and (iii) are equivalent.
Proof. Using the adjunctions of Proposition
sSet(S,sC(X,Y)) = sC(°X,Y) = sC(X, sSet(S,Y)),

by Remark [7.1.10| the three lifting problems

S sSet(X',Y) (5X") +sx) (9 X) =Y

s T } jw,y*) (Sid)U(idx)l P v

S =~ $58et(X,Y) Xaser(x.yn) sSet( X', V), s X1 a
X sC(S",Y)

7
d// _ - -
bl —_ - l(s*ﬂu*)

X' == i(S, Y) X sC(S,Y") i(S’,Y’)

are equivalent. To prove (i), we need to check that the first problem can be solved, for
every (trivial) cofibration s. So it suffices to solve the third problem, which is possible
as the right vertical map is a (trivial) fibration by axiom (SM) of a model category of

simplicial objects. Similarly one checks (ii).
O

Theorem 7.2.25
Given a model category of simplicial objects sC and an adjunction

sD(F(X),Y) = sC(X,U(Y)),

where D is an arbitrary cocomplete, finitely complete category. Suppose that:
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(i) F preserves k-small objects.
(i) LLP(U*(fib (sC)) C U (w(sC)).
Then sD is a k-cofibrantly generated model category of simplicial objects with
w(sD) = U H(w(sD)), fibC =U"(fib(sC)), cof (sD)= LLP(fib(sD)Nw(sD)).

Proof. By Theorem [7.1.29| the category sD is a model category of simplicial objects. Let
s € sSet(S,5") be a cofibration and y € sD(Y,Y”) a fibration. Applying U to the map

(5%, ) : 58et(S",Y) — sSet(S,Y) X ssey(s,yr) sSet(S',Y")
we get

U(S* 7y*)

U(SS(Et(S/, Y)) U (SSGt(S, Y) X sSet(S,Y") sSet(S’, Y/))

zl |

sSet(8",U(Y)) L 5Sel(S,U(Y)) X aseswrny sSet(S', U(Y')),

where the vertical maps are isomorphisms, because U is a right adjoint and therefore
preserves arbitrary limits and ends. Since sC is a model category of simplicial objects,
the lower map is a fibration by Proposition (ii). Hence (s*,y,) is a fibration by
definition of a fibration in sD, which is a weak equivalence, if s or y is a weak equivalence.

Equivalently axiom (SM) holds by Proposition [7.2.24]
O

Corollary 7.2.26
Let k be an ordinal and sC a k-cofibrantly generated model category of simplicial objects.

Given an adjunction
sD(F(X),Y) = sC(X,G(Y)),

where D is an arbitrary cocomplete, finitely complete category. Suppose that:
(i) G is a left adjoint functor.

(i) GEF(T) C cof (sC) Nw(sC), where T C cof (sC) Nw(sC) is a set of generating trivial
cofibrations.

Then sD s a k-cofibrantly generated model category with
w(sD) = G H(w(sC)), fib(sD) =G (fib(sC)), cof (sD) = LLP(fib(sD) Nw(sD)).
Moreover (F,G) form a Quillen adjunction, which is a Quillen equivalence, if and only if

nx : X — GF(X), for all cofibrant X € C.
Proof. The follows readily from Corollary and Theorem [7.2.25|
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Theorem 7.2.27
Given a set J € Set and an adjunction

sD(F(X),Y) = sC(X,G(Y)),
where D is an arbitrary cocomplete, finitely complete category. Suppose that

(i) U preserves k-small objects,

(ii) There is a functorial fibrant replacement qp : D — Q(D), for all D € sD.

Then Theorem (i) holds and so sD is a k-cofibrantly generated model category of
simplicial objects via

w(sD) = G Hw(sC)), fib(sD)= G !(fib(sC)), cof (sD) = LLP(fib(sD) N w(sD)).
Proof. For every fibrant simplicial object X € sD, the construction (cf. Proposition [7.2.8|)

A = (idy,idx) : X = s8Set(A°, X) 2% sSet(A', X) (Zo.4) sSet(A°, X)? = X?, X € D,

1
is a path object. Indeed, the left map is a simplicial homotopy equivalence, since A =
AY is a simplicial homotopy equivalence, being the left adjoint in the adjunction

0(s'(z),y) = 1(z, d(y)),

it is also weak equivalence by Proposition [7.2.19, As Al and A° are cofibrant in sSet,

Brown’s lemma implies that the map
sSet(A%, G(X)) =5 sSet(Al, G(X))

is a weak equivalence by Proposition (ii). Using that G is a right adjoint and there-
fore commutes with limits and ends, this map is isomorphic to G applied to sSet(A°, X)) 2%
sSet(Al, X), which therefore is a weak equivalence, too.

Similarly, as 9A! — Al is a cofibration, X € sD and hence G(X) € sC is fibrant, the

map

(do,dy

(d°,d")* : sSet(A, G(X)) = GsSet(A}, X)) % G(sSet(A?, X)?) = sSet(IA!, G(X))

is a fibration, where for the equalities we again used that U is a right adjoint. So we can

apply Theorem [7.1.31] to conclude the proof.
O

7.2.7 Cofibrations of simplicial objects in categories over Set

Remark 7.2.28
Given a set J € Set and for each j € J a model category C;.

Then the product C := Hjej C; is a model category, when we define weak equiva-
lences/fibrations/cofibrations to be maps f € C(X,Y), such that f; € C;(X;,Y;) are weak
equivalences/fibrations/cofibrations, for all j € J.
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Proposition 7.2.29
Suppose sC is a model category of simplicial objects by an adjunction

sC(F(X),Y) = sSet’ (X, U(Y)), J € Set.
Let f € sC(X,Y) be almost free, i.c. there are S € CAT(AY

J . .
eurj> Set”), satisfying
(i) Yo =X, + F(Sy), for alln >0,

(i) Bvery s € Agyrj(n, m) induces a commutative square

LF(Sm)

F(S) F(Si) + Xy =——1Y,,
F(s*)l ls*
F(Sn) LF(Sp+1) F(Sn) + Xn Yn-

(iil) fn: X =5 F(Sp) + Xy = Yy, for all n > 0.

Then f is a cofibration.

Proof. By Theorem the trivial fibrations in sSet are given by
fib (sSet) Nw(sSet) = RLP{OA™ «— A";n > 0}.

Hence by construction the trivial cofibrations in sC are precisely those maps f € sC(X,Y)
solving the lifting problems

OA" ——
7

/// \f n20, jGJ

A" —

U;(X)

U;(Y),

where U; : sC s sSet’ s sSet, for all j € J. This is equivalent to surjectivity of the
maps

U]<Xn> Uj (Yn X(cosknle)n (COSknle)n)
I
UJ'(Yn) X (coskn—1U;(Y))n (COSkn*IUj(X))n

sSet(A", Uj(X)) —— sSet(A™, U;(Y)) Xsseroan,u,v)) sSet(0A™, U;(Y)),

where the upper right vertical map is an isomorphism, since the coskeleton can be written
as an end, which is preserved by U; being a right adjoint. Since in Set (hence in Set”’)
the retractions are precisely the surjections, it follows that (cof (sC),fib (sC) Nw(sC)) is
the Reedy factorization system (see Proposition to the weak factorization system
of Proposition induced by the adjunction

C(F(X),Y) = Set!(X,U(Y)).
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Now let f € sC(X,Y) be almost free. Then, for each n > 0, we have
(Skn,1Y)n = (Sknle)n + F(Sknfls)n,

and thus

Lx, Uey,

Xn +(skn_1X)n (Skn—ly)n Yn

X+ Fskn18)n — = X, + F(skn_15)n + F(Su\(skn_19),.),

which proves that f is in L of the Reedy model structure and thus is a cofibration.

Corollary 7.2.30
Suppose sC is a model category of simplicial objects by an adjunction

sC(F(X),Y) = sSet! (X, U(Y)), J € Set.
LetY € sC be almost free, i.e.

Y =F(S) in CAT(A% Set”).

surj?

C), for some S € CAT(AY

surjy?’

Then'Y is cofibrant.

Remark 7.2.31
Let C,D € CAT and given an adjunction

sC(F(X),Y)=sD(X,G(Y)), XeD,YeC
Then the following holds.

(i) FG is a comonad on C, i.e. a comonoid in the monoidal category (CAT(C),o,idc),
with comultiplication and counit given by

Gra)x : FG(X) ") PG o FG(X),  (era)x : FG(X) S5 X, X eC.

(ii) The comonad structure induces a simplicial resolution E4(FQG) o, id¢, for every
X € C a natural

S(FG)2(X)
Era(x)» FG(epa(x)),
FG(ex) (FG)?(ex) -

X X FG(X) FG)*(X) (FG)*(X)
T =~ S

F(nara(x))
FGF(ng(x))
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(iii) When composed with G the unit idp — GF induces an extra-degeneracy
s_1 = nrynr € CAT(C,D)(G o (E,(FG)),G o (E,1(FG))), n > 0.

In particular G(E.(FG)) Dy G s a natural simplicial deformation retraction by

Proposition [7.2.12,

Corollary 7.2.32
Suppose sC is a model category of simplicial objects by an adjunction

sC(F(X),Y) = sSet” (X, U(Y)), J € Set.
Then Eo(X) := diagF.(FU)(X) Ny X is a functorial cofibrant replacement for X € sC.
Proof. We have j*E,(X) = F(diagSe(X)) in CAT(AY

surjy?

C) with

S-(X) = ( U<X) NU(x) UFU(X) NUFU(X)
UF(ny(x))

UFUFU(X)

..) € CAT(A®

surjy?

sSet),

which proves that E,(X) is almost free and hence cofibrant by Corollary [7.2.30, Moreover
U(E.(X)) oy U (X) is a simplicial deformation retraction by the preceding Remark.

Hence using Proposition |7.2.19| the map U;(E,(X)) o, U;(X) is a weak equivalence, for

all j € J. Equivalently E,(X) Dy X is a weak equivalence, which concludes the proof.
O

Remark 7.2.33
Dually we can also consider the monad UF € (CAT(sSet”), 0,id)-Mon.

Then E(FU) = Bo(F,UF,U) is a bar construction, where U is a left resp. F is a right
UF'-module by the adjunction counit resp. unit.

In particular, if sC Y Disa functor mapping trivial cofibrations to isomorphisms,

then by Theorem we have
LG(Y) = B(GF,UF,U(Y)) :=diagB.,(GF,UF,U)(Y), Y € sC.

7.2.8 Simplicial groups

Definition 7.2.34
Let G € sGrp.

The Moore complex associated to G is defined as the chain complex NG (of possibly
noncommutative groups), given by

NuG = () ker(Gy - Got),  d=do : NuG —> NulaG, n> 0,
1<i<n

Note that the subgroups dN,G < G,1+1 are normal, being the image of a normal subgroup
under the epimorphism d.

In particular H,(N.G) := ker(N,G N Nyt1G)/dN,—1G is a group, for all n > 0.
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Proposition 7.2.35
For f € sGrp(G, H) the following is equivalent.

(i) f € sSet(G, H) is a Kan fibration.

Np,
(i) N,G Md N, H 1is surjective, for all n > 0.

In . L.
(i) Gy, — H, Xpou m0G s surjective, for all m > 0.

In particular every simplicial group is fibrant, when considered as a simplicial set.

Proof. See [Qui67] Prop. I1.3.1.

Remark 7.2.36
FEvery (dimensionwise) short exact sequence of simplicial groups

1—N—-G—H—1

induces a fibration sequence under realization and so gives rise to a long exact sequence
of homotopy groups

d 0 0
oo —> 7Ty N — 71,G — 7, H — 71N — ... — 1N — 710G — moH.
where we consider the neutral element 1 as a base point.

Remark 7.2.37
Recall that the natural bijection n +0 — n+ 1, for n > 0, induces natural retractions

d
X+1£»X7 d01X+1—O»X0, XGSC,

where C is an arbitrary category, and the second map is a simplicial deformation retraction
by Proposition since so defines an extra degeneracy.

Proposition 7.2.38
For every simplicial group G € sGrp, there is a natural eract sequence

1— QG — FG 2% G — m10G — 1,
splitting up into the shorter exact sequences
1—0G — FG— G —1, 1—G—G— G — 1,
where

(i) FG = ker(G4y 2, Go) is the cocone of G, which is contractible by the long exact

sequence as G 1 —» Gq is a deformation retraction.
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(ii) G = ker(G — mG) is the universal cover for G, since by the long exact sequence

= 1, n =20,
W”G_{ ™G, n>1.

(iii) QG = ker(FG — G) is the loop “space” of G, since by the long exact sequence

0:mp1G = 7Tn+1é - 1,00, n > 0.
Proof. We claim that
d
Go/do ker(G1 i> Go) = coker ( Gl TO>. Go ) = 7TOG, (71)
1

where the cokernel is constructed in the category of sets. Therefore let y, 1y € Go.

e If [y] = [¢/] in the cokernel, then 3 = ydy(x), for some x € kerd; C Gy. Setting
z = so(y)x, we see that

do(2) = doso(y)do(z) = ydo(z),  di(2) = ydi(z) =y,
and thus also [y] = [¢/] in mG.

e Vice versa, suppose y = do(z) and ' = di(z), for some z € G;. Then setting
r =21 50di(z), we see that

do(ﬂ?) = do(Z)ildl(Z), dl(I) = d1<2)71d1<2) = 1,
and so y' = ydy(z), proving that also [y] = [¢/] in the cokernel.

As the relation on Gy defined by dy(ker d;) is transitive, this proves the assertion.
Now the (noncommutative) snake lemma applied to the map of short exact sequences

1 —ker(pg) Gy Zsa 1
g
1 Go— G 1 1,

induces the desired short exact sequence.

Proposition 7.2.39
For every G € sGrp, the following holds.

(i) m(|G,1) = 7, (G, 1) = H,(N.G), for alln > 0.

Moreover s map f € sGrp(G, H) is a weak equivalence (in sSet), if and only if
H.(Nf) is an isomorphism.

(ii) 7, G is an abelian group, for alln > 1.
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(iii) The adjoint action of Gy on G, induces an action of moG on m,G, for n > 1.

Proof. Using the simplicial identities we have

dido(x) = dodip1(x) = do(1) = 1, x € N,G = ﬂ kerd;, 0<i<n-—1, n>2,

1<i<n

proving that dy restricts to a map N,,G BN N,,_1G and moreover that dod is constant 1.

(i) The first isomorphism follows from Proposition [7.2.20] because every simplicial
group is fibrant by Proposition [7.2.35] By definition of the loop space, we have

(Q"G)o =kerdon ) kerd; = N,G, (Q"G)1= () kerd;, n>0.
1<i<n 2<i<n+1

Hence by [7.1] we have
1,G = 1Q"G = Hy(N.Q"G) = H,(N..G), n >0,

where we used the long exact sequence for homotopy groups for the first equation
and the long exact sequence for homology groups for the last equation.

As geometric realization preserves finite limits by Proposition [7.2.19] the geometric
realization |G| of a simplicial group G is a topological group and multplication
by a base point g € |G| induces an isomorphism 7, (|G|,1) — m,(|G|, g). Hence
f € sGrp(G, H) is a weak equivalence of simplicial sets, if and only if m.(|f], 1) is
an isomorphism, if and only if H,(N f) is an isomorphism.

(i) Let z,y € ker(N,G N Nn1G) = (No<icp ker d; and define

= [s0(x), s0(y)] - [s0(x), s1(y)]

Then using the simplicial identities, we get

[z, y] - [:E SOdO( )] = [z,y] - [=, 1]_1 = [z,y], 1 =0,
' [Sodl(x)vsodl( )] [Sodl(x)ay] =[1,1]-[1, ] =1, i=2,
[sodi—1(x), s0di—1(y)] - [s0di—1(x), s1di—1 (y)] ™" 3<i<n.

It follows that z € N, 11G and d(z) = [z, y], which proves that all commutators in
m,G are zero, or equivalently m,G is abelian.

(iii) Conjugation induces an adjoint action
ad : Gg — sGrp(G) = Ab(m,G), z+—— ad(z) = m,"(-).
Moreover, for every z € G, there is a simplicial homotopy %?(-) ~ %#(-), given by

A111 X Gn — Gm (Svy) L s*(z)(y)

In particular Gy =% Ab(m,G) factors over mG.
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Theorem 7.2.40
Let sC - sGrp be a cocomplete, finitely complete category over sGrp. Suppose that the

composition with the forgetful functor sC N sgrp Yy sSet is part of an adjunction
sC(F(X),Y) =sSet(X,UG(Y)).
Then the category sC becomes a model category of simplicial objects, if we define:
(i) Weak equivalences are maps, that are weak equivalences of underlying simplicial sets.
(ii) Fibrations are maps, which are Kan fibrations of simplicial sets.
(iii) Cofibrations are maps in LLP(fib (sC) Nw(sC)).

Proposition (1) implies that weak equivalences in sC are precisely the m,-isomorphisms,
if we define
mX = H. (NG(X)) 2 m.(|JUG(X)|, 1), X € sC.

Moreover every simplicial object in sC is fibrant.

Proof. As every simplicial group is fibrant by Proposition [7.2.35] so is also every simplicial
object in sC, because G is a right adjoint and therefore preserves the terminal object.
Hence the identity functor on sC is a functorial fibrant replacement and we can apply

Theorem [7.2.27| to conclude the proof.
O

Remark 7.2.41
The preceding Theorem provides canonical model structures on the categories

(i) sGrp, sAb, sRing, sCRing,
(ii) R-sAb, for R € sRing,
(iii) k-sAb, (k-sAb)-Lie, (k-sAb)-Ass, (k-Ab)-Assy, ..., for k € sCRing.

Weak equivalences/fibrations/cofibrations in these categories will always refer to this model
structure, as we will not need any other model structure on these categories.

7.3 Homotopy limits and colimits

Remark 7.3.1
Let C be a category with weak equivalences and I € Cat a small category.

(i) Then CAT(I,C) is a category with weak equivalence by saying that a map f €
CAT(I1,C) is a weak equivalence, if f; € C(X;,Y;) is a weak equivalence, for all
1€ 1.
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(ii) Suppose C and CAT(I,C) have derived categories, such that wC = v *D(C)*, i.e.
weak equivalences in C are precisely the maps becoming isomorphisms in D(C).

const

Then by construction the constant functor C — CAT(I,C) preserves weak equiva-
lences and therefore extends to a functor C inducing a commutative diagram

C—< . CAT(I,C)

D(C) == D(CAT(I,C)).

In particular R const = C' = L const is the right and left derived of const.

Definition 7.3.2
Let C be a category with weak equivalences and I € Cat a small category.

(i) The homotopy limit is defined as the total right derived functor (if it exists)
]Rli}n : D(CAT(I,C)) — D(C).

(ii) The homotopy colimit is defined as the total left derived functor (if it exists)
Lcollim : D(CAT(I,C)) — D(C).

Remark 7.3.3
The existence of homotopy (co-)limits is quite hard to achieve in general.

(i) In the context of model categories, the difficulty lies in constructing a suitable model
structure on functor categories. While this is easy for homotopy colimits in k-
cofibrantly generated model categories (using the projective model structur(ﬂ), it is
comparably hard for homotopy limits in this situation and requires more assumptions
on the category of question (to construct the analogous injective model structure).

(ii) However, in the contezt of simplicial objects, one can use the projective model struc-
ture to construct homotopy limits, too.

7.3.1 The projective and injective model structures

Definition 7.3.4
Let C be a model category and I € Cat.

(i) A map f € CAT(I,C)(X,Y) is a projective weak equivalence/fibration, if
fi € C(X;, ;) is a weak equivalence/fibration, for all i € I.

Moreover f is a projective cofibration, if f has the left lifting property to all
trivial projective fibrations.

If these classes of maps form a model structure on CAT(I,C), we call it the pro-
jective model structure.

3See Definition m
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(i)

A map f € CAT(1,C)(X,Y) is an injective weak equivalence/cofibration, if
fi € C(X;,Y;) is a weak equivalence/cofibration, for alli € I.

Moreover f is an tnjective fibration, if f has the right lifting property to all trivial
projective cofibrations.

If these classes of maps form a model structure on CAT(I,C), we call it the injective
model structure.

Remark 7.3.5
Let C be a model category and I € Cat.

(i)

Supposing that C has functorial I-indexed limits, there is an adjunction
CAT(I,C)(const X,Y) = C(X, li}n Y),

where const X s the constant functor, sending every map to the identity on X.

By definition the functor const preserves weak equivalences and injective cofibrations.

In particular by Theorem the total derived functors exist and induces a Quillen
adjunction
D(CAT(I,C))(Lconst X,Y) = D(C)(X,R li}n Y),

provided that the injective model structure on CAT(I,C) exists.
Dually supposing that C has functorial I-indexed colimits, there is an adjunction
C(collim X,Y)=CAT(I,C)(X,constY).

By definition the functor const preserves weak equivalences and projective fibrations.

In particular by Theorem the total derived functors exist and induces a Quillen
adjunction

D(C)(L col}m X,Y)=D(CAT(I,C))(X,RconstY).

provided that the projective model structure on CAT(I,C) exists.

Proposition 7.3.6
Let C be a complete model category and I € Cat.
Then every (trivial) projective cofibration is a (trivial) injective cofibration.

Proof. Consider the functor DObj(I) =% I. Then

()" (e (X); = [[X/Y7, X € CAT(DObj(I),C) = CO%O,

el

Since (trivial) fibrations are stable under arbitrary products, as they are the right mor-
phisms of a weak factorization system, the functor (e7)*(es). preserves (trivial) fibrations,
which we will denote by R. In other words

((er)") 'R D (en)«(R).
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Applying LLP, which reverses inclusions, yields
((e1)") 'R € LLP((er)«(R)) = ((er)") " LLP(R),

where the equality follows from Corollary By definition, the left is the class of

projective and the right is the class of injective (trivial) cofibrations on CAT(7,C).
(]

Theorem 7.3.7
Let C be a cocomplete r-cofibrantly generated model category.
Then the projective model structure exists, for every small category I € Cat.
Moreoever it is \-cofibrantly generated, where X is a cardinal number with cardinality
greater than x and 1.
IfC = sD is a model category of simplicial objects, so is also CAT(I,C) = CAT(I,sD) =
sCAT(I,D).

Proof. We will use the adjunction
CAT(1,C)((e1) X, Y) = CAT(DObj(I),C)(X, (e1)*Y) = COPIN(X, (Y))ier)

of Remark to construct the model structure. The category CAT(DObj(I),C) = COP¥!
is a A-cofibrantly generated model category with

w(COMWD) = (wC)OPD b (COPW) = (fibC)OMD, cof (COMD) = (cof €)M,

Because colimits commute, the functor (g;)* preserves arbitrary colimits. From the de-
scription of (e7); we see that the functor (e7)i(e;)* pointwise takes a morphism to a
copower. Therefore it preserves pointwise trivial cofibrations, since trivial cofibrations in
a model category are closed under coproducts. In particular we can apply Corollary
and see that CAT(I,C) is a A-cofibrantly generated model category. By construction it is
the projective model structure.

In the context of model categories of simplicial objects, we apply Corollary

instead.
O

Remark 7.3.8
Let C be a category with arbitrary coproducts and I € Cat. Let DObj(I) denote the discrete
category with objects I, i.e. the identities are the only morphisms.

Then there is a functor DObj(I) =% I inducing an adjunction

CAT(I,C)((e1)iX,Y) = CAT(DOb(I),C)(X, (1)'Y) = COMD(X, (¥)ier),
where by Yoneda’s lemma (1) X = [[,., "7 X;, for X € COPID).
(i) Remark[7.2.31 provides a canonical resolution functor
E.(I):CAT(I,C) — CAT(I,C), X — E.(I)(X),

such that Ee(I)(X); o, X; is a simplicial homotopy equivalence, for all 1 € I.
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(il) For = € CAT(I,Set) by Corollary the map
By(1/-) = Eo(I)(%) — *
is a natural projective cofibrant replacement in CAT (I, sSet).

Theorem 7.3.9
The injective model structure on CAT(I, sSet) exists, for every I € Cat.

Proof. See [Lur09] A.3.3 or |[GJ09] Prop. VIIL.2.4.
O

7.3.2 Homotopy limits in model categories of simplicial objects

Proposition 7.3.10
For I € Cat and every complete and cocomplete category C there are adjunctions

CAT(I,sSet)(S,sC(X,Y)) = CAT(I,sC)(°X,Y) = sC(X,CAT(I,sSet)(S,Y)),
where

sC(X,Y):=sC(X,-)oY, “X:ir— X, CAT(I,sSet)(S,Y) = / sSet(S;, Y;).
- iel
Dually there are also adjunctions

CAT(I?, sSet)(S,sC(X,Y)) =sC(S®; X,Y) =CAT(I,sC)(X, sSet(S,Y)),

where
el
sC(X,Y) :=sC(-,Y)o X, S®rX = / i X, sSet(S,Y) := sSet(-,Y) o S.

Proof. Using Proposition this follows from the Yoneda lemmas and the fact that
hom-functors commute with limits/ends.
O

Proposition 7.3.11
Let sC be a complete and cocomplete model category of simplicial objects and I € Cat.

(i) Given a projective cofibration s € CAT(I, sSet)(S,S’), a cofibration x € sC(X,Y)
and a projective fibration y € CAT(I,sC)(Y,Y"), the following holds.
a) (@, y.) : sC(X",Y) — sC(X,Y) Xe(x,yy sSC(X',Y') is a projective fibration,
which is a (projective) weak equivalence, if x or y are weak equivalences.
b) (*id) U (Uz) : (5X") +sx) (¥ X) — S X' is a projective cofibration,

which is a (projective) weak equivalence, if s or x are weak equivalences.
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C) CAT([, sSet)(S’, Y) — CAT(I, SSGt)(S, Y) XCAT(I,sSet)(S,Y’)CAT<[7 SSBt)(S/, Y/)

s a fibration,

which s a weak equivalence, if s ory are weak equivalences.
(il) Dually given injective cofibrations s € CAT(I°P, sSet)(S,S") and x € CAT(I, sC)(X, X')
and a fibration y € sC(Y,Y"), the following holds.
a) (x*,y.) 1 sSC(X",Y) — sC(X,Y) Xe(x,y) sSC(X',Y') is a projective fibration,
which is a (projective) weak equivalence, if x or y are weak equivalences.
b) (s®rid)U(id®rx): (S®@rX') +se,x) (8@ X) — S"®; X' is a cofibration,
which is a weak equivalence, if s or x are weak equivalences.

c) (8%, y.) + sSet(X"Y) — sSet(X,Y) Xyser(x,vy sSet(X',Y') is a projective
fibration,

which is a (projective) weak equivalence, if s ory are weak equivalences.

Since every projective (trivial) cofibration is also an injective (trivial) cofibration by
Proposition|[7.3.6, the same holds if we replace the word “injective” by “projective”.
Note that we do not require existence of the injective model structure here.

Proof. We can write down exactly the same proof for (i) and (ii):
By definition of sC(-,-) statement a) follows from Propostion [7.2.24] (ii) for the model
category of simplicial objects sC. By the same arguments as in Propostion [7.2.24] state-

ments b) and c) are equivalent to a).
a

Proposition 7.3.12

Let sC be a complete and cocomplete, rk-cofibrantly generated model category of simplicial

objects. Let I € Cat and V — % be a projective cofibrant replacement in CAT (I, sSet).
Then there is a Quillen adjunction

CAT(I,sC)(Y const(X),Y) = sC(X,CAT(I, sSet)(V,Y)).
As there is a natural isomorphism L(V const) — L const, we get an isomorphism
Rli}n — RCAT(I, sSet)(V, -)
proving in particular the existence of the left object.

Proof. By Proposition [7.3.11| (i) b) the functor ¥ const preserves (trivial) cofibrations
and thus the adjunction is Quillen by Theorem Moreover the left derived functor

L const is given by
L(Y const)(X) =V X,

where X, — X is a cofibrant replacement for X . Using Brown’s lemma and Proposition
7.2.24 it follows that V"X — X is a weak equivalence, for every cofibrant X € sC and
every i € I. Hence in the derived category D(sC) we have

L(Y const)(X) =V X, — X, <~ X = Lconst(X), X € sC,
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proving that naturally (" const) — L const. Again by Quillen’s adjoint functor The-
orem [7.1.26 the functor RCAT(I, sSet)(V,-) is right adjoint to LY = Lconst. As also
R lim; 1s right adjoint to IL const, they must coincide up to natural isomorphism.

O

7.3.3 Simplicial models for homotopy (co-)limits

Proposition 7.3.13

Let sC be a k-cofibrantly generated model category of simplicial objects and X € CAT(I, sC)
with I € Cat. Let V € CAT(I,sSet) and W € CAT(I°P, sSet) be projective cofibrant re-
placements of the constant functor *.

(i) If X; € sC is fibrant, for all i € I, then Rlim; X = CAT(I, sSet)(V, X) in D(sC).
If X = F(X) is a funtorial fibrant replacement in sC, then

Rlim X = CAT(1, sSet)(V, F(X)), X € CAT(I, sC).

(i) If X; € sC is cofibrant, for all i € I, then W ®@; X = L colim ; X in D(sC).
If E(X) = X is a funtorial cofibrant replacement in sC, then

W ®r E(X):Lcollim X, X € CAT(I, sC).
Proof.
(i) As X is projective fibrant, using Proposition [7.3.12| we get

Rh}nX = RCAT(I,sSet)(V,-)(X) = CAT(I, sSet)(V, X).

If X — F(X) is a functorial fibrant replacement, for X € sC, it induces a functorial
projective fibrant replacement on CAT(I, sC), which proves (i).

W —s x can be factored as in Brown’s Lemma
b) yields a weak equivalence

(ii) As the injective model structure on CAT(7, sSet) exists by Theorem [7.3.9, the map
7.1.23| (i). So Proposition [7.3.11] (ii)

W®1Xi>*®1X:collimX,

because X € CAT(I, sC) is injective cofibrant. If E(X) — X is a funtorial cofibrant
replacement, for X € sC, it induces a functorial injective cofibrant replacement on
CAT(1, sC), which proves (ii).

|

Using the canonical cofibrant replacements B(I/-) —» * and dually B(-/I) —» * of
Remark [7.3.8] we can define canonical simplicial models.
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Definition 7.3.14
Let C be a category with arbitrary products and coproducts and I € Cat.

(i) The simplicial homotopy limit of Y € CAT(I, sC) is defined as
holIim X :=CAT(I,sSet)(B(I/-),X) € sC.

(ii) The simplicial homotopy colimit of Y € CAT(I,sC) is defined as
hoc?lim X :=B(-/I)®; X € sC.

Corollary 7.3.15
Let I € Cat.

(i) Since every simplicial set is cofibrant, in the derived category D(sSet) we have

Lcollim X = hoc?lim X, X € CAT(I, sSet).

(ii) Let sC be a model category of simplicial objects, induced by an adjunction (cf. The-

orem
sC(F(X),Y) =sSet(X,UG(Y)), sC - sGrp L5 sSet.
Since every simplicial object in sC is fibrant, in the derived category D(sC) we have

Rli}nX = holIim X, X € CAT(I, sC).

7.3.4 Homotopy pullbacks and pushouts

Proposition 7.3.16
Let P be the category with three objects a,b,c and the only non-trivial morphisms b <—
a—c.

Then there is a projective cofibrant replacement of * € CAT(P°P, sSet)

Wo(P) = P(-.b) +p(-a) * P(~a) +p(-a) P(- ¢) — *.
Proof. We have

Wo(P) = P(-,b) +p(-a) *"P(-,0) +pia) P(-,¢), 120
= P('7 b) —l—p(_,a) n+2P(—, a) —l—p(_’a) P(—, C)
= P(-,b) + "P(-,a) + P(-,¢),

which is free in CAT(P°P, Set), for all n > 0. Moreover the degeneracies correspond to
inclusion maps under this isomorphism. Hence W,(P) is almost free in CAT(P°P, sSet)
and thus projective cofibrant by Corollary [7.2.30] As the three objects

Wa(P)(a) = Al Wo(P)(b) =+ = Wa(P)(c)

are contractible, W,(P) — * is a dimensionwise homotopy equivalence.

204



7.8. Homotopy limits and colimits

Definition 7.3.17
Let C be a category with arbitrary finite products and coproducts.

(i) The homotopy pullback of an X = (B — A+ C) € CAT(P, sC) is defined as

B x"i C = CAT (P, 5Set)(W,(P),X) = B x4 sSet(A', A) x4 C.

(ii) The homotopy pushout of an X = (B <~ A — C) € CAT(P°?, sC) is defined as

B+ C=W,(P)®p X =B+, A+,C.

7.3.5 Bisimplicial objects

Theorem 7.3.18 (Quillen)
For a bisimplicial group G € ssGrp there are two converging spectral sequences

(i) B2, =7lmiG =  mpediagG,
(i) B2, =mmlG =  mpy.diagG,

h

where T

resp. M. means horizontal resp. vertical homotopy groups.

Proof. See [Qui66].

Corollary 7.3.19
Let sC be a model category of simplicial objects, induced by an adjunction (cf. Theorem

sC(F(X),Y) =sSet(X,UG(Y)), sC -% sGrp L sSet.

Let f € ssC(X,Y), such that fpe: T Xpe —> T.Y, e is c-connected, for all p > 0.
Then diagf is c-connected.

Proposition 7.3.20
There is a natural weak equivalence of simplicial sets

B¢": BA/n — Bn=A",  n>0,
which is induced by the natural functor
P An ——n, (m - n)r— a(m), n > 0.
Proof. Let m EEIN m’ LN n be amap in A/n ie. o f = a. Then we have f(m) < m’ and

hence a(m) = o' f(m) < o/(m') and clearly a(m) = o/(m), if f = id. This shows ¢" is a
functor. By construction it is natural in n. Next consider the functors ¢™ defined by

lk,n

Y"in— A/n, k— (kE——n),
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where ¢, ,, is the canonical inclusion. The image of a “morphism” k£ < £ in n is defined as

. . . Lk,e
the canonical inclusion k& —— /.
By construction g, = tg, 0 Lk, SO Lk is indeed a morphism in A/n. By construction

¢" o " = id, and for any (m — n) € A/n the restriction m = a(m) of «a defines

ta(m),n

a homomorphism (m >+ n) N ((m) <= mn). This defines a natural transformation
n:idam — YP" oo™

e}
—_— (Y

m
l ta(m),a! (m")
m'

Indeed the left square commutes, because the right triangle commutes and the outer does

—>>

by assumption on f being a morphism « Lo In particular we get an adjunction

A/ﬂ(¢n<k)7 a) = ﬂ(kjﬂﬁn(a))? n >0,

inducing a homotopy equivalence between BA/n and n. Note that in contrast to ¢™ the
functor ¢" is not(!) natural in n > 0.
O

Corollary 7.3.21
Let sC be a k-cofibrantly generated model category of simplicial objects.

(i) For injective fibrant X € CAT(A, sC) = csC the natural weak equivalence ¢ induces
¢* : CAT(A, sSet)(A, X) — CAT(A, sSet)(B(A/-), X) = holim X.
(ii) For injective cofibrant X € CAT(AP,sC) = ssC the natural weak equivalence ¢

mduces

Gs ho%g)gm X = B(-/A) @pop X — A @po» X = diagX.

Proof. By Proposition [7.3.20| the map B(-/I) %, & is a weak equivalence of injective
cofibrant functors in CAT(I°P, sSet). As the injective model structure on CAT(/, sSet)
exists by Theorem [7.3.9] it can be factored as in Brown’s Lemma So Proposition
yields the desired weak equivalences.

(]
Corollary 7.3.22

Let f € ssSet(X,Y), such that fye: Xpe — Y,.e is a weak equivalence, for all p > 0.
Then diagf is a weak equivalence.
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Proof. There is a commutative diagram

hocolim pop X — diag X
hocolim fl/ ldiagf

hocolim pop Y — diagY.

As the horizontal maps are weak equivalences by Corollary it suffices to check that
the left vertical map is a weak equivalence. Since f is a weak equivalence of injective
cofibrants in CAT(A°P, sSet) this follows from Proposition [7.3.11| (ii) b) by using Brown’s

Lemma [7.1.23| and the existence of the injective model structure by Theorem [7.3.9
O

Proposition 7.3.23
Let sA be a model category of simplicial objects, induced by an adjunction (cf. Theorem

sA(F(X),Y) = sSet(X,UG(Y)), sA -5 sAb s sSet.

Suppose that A is an abelian category and that sA Gy s Ab preserves filtered colimits.
Then, for every I € Cat and X € CAT(I,sA), there is a converging spectral sequence

2 . .
E,,=m hocc])hm TgX =  Tpiq hoc?hm X.

Proof. By definition we have
i€l )
hocolim X = B(-/I) @; X = diag / BGD (X)),

and moreover

00yeeey in€l

By assumption the functor s.A N sGrp SiLN Grp preserves filtered colimits and moreover
arbitrary products. Hence it preserves arbitrary coproducts, as A is an abelian category
and thus finite products and coproducts coincide. It follows that the first of Quillen’s

spectral sequences (cf. Theorem [7.3.18)) is precisely

El =m, hOC(I)liIIl T,G(X) = Ty hOC(I)liIIl G(X).

Corollary 7.3.24
In the situation of Proposition we have

holIim X = ]Rli}n X, Lcollim X = hoc?lim X, X € CAT(I,sA), I € CCat.
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Proof. The first identity was already proven in Corollary [7.3.15, For the second identity
let £, — id, 4 be a functorial cofibrant resolution like in Corollary[7.2.32, Then it induces
a functorial injective cofibrant resolution on CAT(I, s.A) and we get a map

]Lcollim X =B(-/I)®; E(X) = hoccl)lim EJ(X)— hOC(I)lim X.

where the first equality holds by Proposition|7.3.13] Now the right map induces an isomor-
phism on the second page of the spectral sequence for homotopy colimits of Proposition
7.3.23] In particular it is a weak equivalence of simplicial A-objects.

(I

7.3.6 Free resolutions induced by totally final functors

Remark 7.3.25
For every functor f € Cat(I,J), the inclusion the nerve of the comma category j/f is
given by

B(i/f) = ]_[ TG, fio)) % I(ig,ir) X . X I(in_1,in) € CAT(J?,Set),  n > 0.

10yeeytn €1

In particular we have Bo(-/f) = fiBs(-/I) and the inclusion (-/f) — (-/J) induces a
natural map

hocc;lim X =Be(-/I) @1 [*X ZBe(-/f) @5 X — Bo(-/J) @5 X = hocglim X,
where the first isomorphism is induced by the (co-)Yoneda lemma.

Definition 7.3.26
Given a functor f € Cat(I,J).

(i) [ is called totally final, if for all j € J, the comma category j/f is contractibld]

(i) f is called totally cofinal, if for all j € J, the comma category f/j is contractible.

Remark 7.3.27
By definition, every totally final functor f € Cat(I,J) induces a cofibrant resolution
B.(-/f) = * of functors in CAT(J, sSet).

In particular, for a cofibrantly generated model category of simplicial objects sC, by
Proposition we get a natural weak equivalence

hocolim f*X = Bu(-/f) ®; X 3 By(-/))®; X = hocolim X, X € CAT(Z, sC).

Remark 7.3.28
Consider an adjunction I(f(j),i) = J(j,9(7)).

41t is called final, we one only require non-empty and connected instead of contractible.
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(i) The right adjoint g is totally final, because there is a contraction on Be(i/g) induced
by the natural transformation (i —= gf(i)) — id;/y given by

1 1 1
nil gf(f)m=j779<j)f lf
J

9f(0) =7 9f907) mg( ).

(ii) The left adjoint f is totally cofinal, there is a contraction on Be(f/j) induced by the
natural transformation idg;; — (fg(j) N J) given by

£G) L £a 1) 222 £g(5)

fl fEf(i)lEjfg(f) jgj
J J J-

7.3.7 Homotopy colimits being colimits

Proposition 7.3.29
Let I € Cat and F € CAT(I,Set), such that for every functor G € Cat(J,I) with connected

non-empty BJ there is an object m € I and a natural transformation const,, G
inducing a surjection

Then hOC(}lim F— colIim F is a simplicial deformation retraction.

Proof. Let C(F') denote the category of elements of I, whose objects are given by the
set [ [;c; F'(7) and whose morphisms are given by

C(F)(w,y) ={f €lij); y=F(Nx)},  xeF3E), yeFQ), wijel

Then we have BC(F) = B(-/I) ®; F = hocolim ; F. For @ € colim ; F' we let C'(F,«) <
C(F') denote the full subcategory of objects x € [[, (i) = Obj(C'(F)) with a = [z] under
the canonical surjection [[, F(i) — colim; F'. By construction BC(F,a) < BC(F) is
the connected component corresponding to a € colim ; F' = 7y hocolim ; F'. Now using
the hypothesis for the functor

Go:C(Fa) — 1, F(i) 3>z 1,
we get an element m,, € I and a natural const,,, LN G, inducing a surjection

F(ma) —» Jim (FoGo). x> (Fllhoy)(@))secira

Let z, € F(m,) be a preimage of the tuple (y),cc(ra). We define C(F) N C(F) as the
inclusion of the discrete subcategory with objects z,, for a € colim ; F. For all z,y € C(F)
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and f € C(F)(x,y) we have [z] = [y] in colim ; " and hence zj,) = 2. As h) is natural,
we get a commuting square

F(h[z],z)
2z >

‘ [F(f)
F(h[y] y)

’

ly) =Y.

In other words the maps (F(hjy)2))zcc(r) define a natural transformation SR — ide(r),
where

R:C(F) — C(F), o+ zp

R ~
In particular BC(F) —» BC(F) is a deformation retraction with homotopy inverse S.
As the composition

BC(F) < BO(F) = hocolim F — colim F

is an isomorphism, it follows that also hocolim ; F' — colim ; F' is a deformation retrac-
tion.
O

Remark 7.3.30
Let I € Cat and F' € CAT(1,Set). If I has limits over connected categories, which are
preserved by I, i.e.

F(lim G) — lim(F o G), forall G e€Cat(J,I), Je€Cat, mBJ=x,
then the hypothesis of Proposition 18 satisfied via

m:zliLI]nG, hj:WjiliﬁnG—>G<j), jeJ

Corollary 7.3.31
Let I € Cat and F € CAT(I,Set), such that BI is contractible, X — F(i), for alli € I,

and T - X/Set Y Set satisfies the hypothesis of Proposition|7.3.29.
Then hOC(I)lim F— colIim F is a weak equivalence of simplicial sets under X.

Proof. We can consider (X — F'(i)); as a natural injection constxy — F' of Set-valued
functors. Consider the diagram

~

hocolim ; const xy“—— hocolim ; UF’ colim ; UF

] S

X———— U(hocolim ; F') — U(colim ; F').

The uppper right horizontal map is a weak equivalence by Proposition [7.3.29 A (homo-
topy) colimit in X/Set can be constructed by taking a colimit in Set and then identifying
the images of each x € X. So the left and the outer square is cocartesian. Moreover the
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right vertical map is an isomorphism, because B[ is connected. The left vertical map can
be identified with the projection BI x X — X, which is a weak equivalence as I is
contractible. As the upper left map is injective, the left square is also homotopy cartesian,
which implies that the middle vertical map is a weak equivalence. Hence by commutativity
the lower right horizontal map is a weak equivalence.

O

Corollary 7.3.32
Let I € Cat and F € CAT(I,Set.), such that BI is connected, X — F(i), for alli € I,

and I - Set, s Set satisfies the hypothesis of Proposition e.q. if it preserves
limits over connected, non-empty categories (c.f. Remark|7.5.530).

Then hOC([)lim F — colIim F is a weak equivalence of pointed simplicial sets.

7.3.8 Homotopy colimits of monoids

Proposition 7.3.33
Let M € sSet-Ass, be a simplicial monoid, free or free abelian in every dimension.
Then the map from M into its group completion Grp(M) induces weak equivalences

(i) BM — BGrp(M), and
(i) M —= Grp(M), if mgM = 1.

Proof. In |[Qui71b] Q.5. Quillen calls simplicial monoids satisfying (i) good and proves
in Prop. Q.1 that free monoids are good. It follows that also BN{ —+ BZ" are weak
equivalences, for all n > 0. Hence free abelian monoids are good by exactness of filtered
colimits. So in our situation M, is good, for all n > 0, and thus by Prop. Q.2. loc. cit.
also M is good.

For the second statement, note that by Thm. Q.4 loc. cit. the inclusion M —— Grp(M)
induces an isomorphism

H,(M,Z) = H,(M,Z)[rgM | = H,(Grp(M),7Z),

and thus M — Grp(M) is a weak equivalence by the Whitehead Theorem for simplicial

sets/spaces (cf. [Sri08] Cor. A.54).
O

Proposition 7.3.34

The nerve functor sMon N sSet, preserves coproducts up to weak equuivalence.
In particular it also preserves homotopy colimits.

Proof. First suppose we are given a family M; € Mon of free constant monoids. So

M; = F(S;), for some S; € Set. Here Set 4 Mon denotes the free functor being the
left adjoint to the forgetful functor. The Hurewicz map induces a weak equivalence

St = Z(SY) = BZ.
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which restricts to a weak equivalence h : S —s BNy = BF (*). More generally we get a
natural weak equivalence of pointed simplicial sets

S'AS, =55" = F(%%) = F(S), S € Set.
Hence in the commutative diagram of pointed simplicial sets

Hi StA (Si)+ = STA (Hz Si)+

| |

LI BF(S:) —— B, F(S:) —— BF(L, 5i),

the vertical maps are weak equivalences, because weak equivalences are preserved by
coproducts. Hence also the lower left horizontal map is a weak equivalence, which proves
the statement in the free case.

For the case of general constant monoids M; € Mon, consider the commtutative square

Hi BE-(MZ') _>BHi E-(Mz)
[, BM; B, M;,

where F, is the free resolution functor obtained from the adjunction Mon(F(X),Y) =
Set(X,U(Y)). As B and coproducts preserve weak equivalence, the vertical maps are
weak equivalences. By commutativity it suffices to prove that the upper horizontal map is
a weak equivalence. This follows once we have shown that [ [, BE,(M;) — B[, E.(M,),
for all n > 0. As E,,(M;) is free, for all n > 0, we are done.

The general case follows from the constant case, because the map of bisimplicial pointed

sets

H B.(M’L>. i> Bo H(Mz)o
is a weak equivalence in every dimension of M; by the constant case.
Corollary 7.3.35

Let k € sCRing and A; € k-Ass be flat in every dimension.
Then [ [, B(Ai)+ — B]I;(Ai)+ is a weak equivalence of simplicial k-modules under k.

Proof. For A; = k[M;] and M; € sMon, there is a commuting diagram

Hi B®k[Mi] — B® Hz k[Mz]

| |

k11, B*M; —— kB> [, M,

where B® resp. B* refers to the bar construction in algebras resp. monoids. The right
verical maps are isomorphisms, because the free module functor k& preserves coproducts
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and kB* =5 B®k. As lower map is a weak equivalence by Proposition [7.3.34] it follows
that also the lower map is a weak equivalence.
For the general case, consider the diagram

Hi BE-(Az‘)+ —DB Hl E.(A,;)+

|
[T B(Ai)+ BILi(A)+,

where E, is the free resolution functor induced by the adjunction k-Ass(k[X],Y) =
s(Set-Ass)(X,U(Y)). Again it suffices to show that in every E-dimension the upper map
is a weak equivalence. But for every n > 0 there are simplicial semigroups S; € s(Set-Ass)
with F,(A4;)+ = k[Si]+ = k[(Si)+]. As (S;)+ € sMon we are done by the first case.

|

7.4 Homological algebra

7.4.1 Differential graded objects aka chain complexes

Definition 7.4.1
Let A be an abelian category.

(i) We call dgA the category of differential graded objects or (Z-indexed) chain
complezes in A, moreover dg-=mA is the full subcategory of chain complexes X
with X,, =0, for alln < m.

(ii) By abuse of notation every object X € A will also be considered as the object in
dgA, which is equal to X in dimension O and trivial elsewhere

7.4.2 The induced symmetric monoidal structure

Remark 7.4.2
Let A be an abelian category with countable direct sums.

(i) There is a functor dgdgA Tot? dgA, sending a bicompler X € dgA to its total
complex Tot™ X with

M4 (— (2)
T0t+X @ .99 Xp7q a +Q))pd (TOt+X)p+Q) p’ q 6 Z?
p+q=n

where d9 is the differential in coordinate i =1, 2.

(i) Simailarly, if A has countable products, we define Tot™ by replacing direct sums by
direct products.

Note that they coincide on bicomplexes, that are bounded below in both coordinates.
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(i) If A carries a monoidal structure (A, ®, k), there is an induced tensor product on
dgA, given as the composite of Tot™ with the functor

dgA x dgA — dgdgA, (X,Y)+— (X ®Y,d®id,id ® d),
and (dgA, ®, k) is also monoidal.

(iv) If (A, ®, k) is symmetric monoidal, so is also (dgA, ®, k) by the braiding X @Y —
Y ® X given by the direct sum over all isomorphisms

X, 0Y, —Y,®X, z0y— (-1)"yxu, p,q € Z.
Remark 7.4.3
With this symmetric monoidal structure in hand we define the categories
(i) dg(k-Assy) = dg(k-Mod)-Ass;,
(i) dg(k-Comy) = dg(k-Mod)-Comy,
(iii) dg(k-Lie) = dg(k-Mod)-Lie, ...
(cf. section[2.5).

7.4.3 The model structure

Theorem 7.4.4
Let A be a finitely complete and cocomplete category.
Then dg>o.A is a model category with the following structure.

(i) Weak equivalences are quasi-isomorphisms, i.e. chain maps inducing isomorphisms
under homology.

(ii) Fibrations are epimorphisms.
(iii) Cofibrations are monomorphisms, having projective cokernel in every dimension.

Proof. See [Hov99] 2.3
O

Proposition 7.4.5 (i) On the same way one can define a model structure on the cate-
gory of chain complexes, that are bounded below.

(ii) There is also a model structure on the whole category dgA with weak equivalences
and fibrations as before.

However the cofibrations are more complicated.

Proof. See [Hov99] 2.3 for a detailed discussion.
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7.4.4 The Dold-Kan correspondence

Proposition 7.4.6 (Dold-Kan correspondence)
For every finitely complete abelian category A there is an equivalence adjunction of cate-

gories
sATX,Y) = dg>0A(X, NY),

where NX is the Moore complex of X (cf. Definition|7.2.34}), given by

N X =ker(X, "8 (X, 0"),  d=dy).

There is an isomorphism NX — X —» X, where X is the reduced complex, given
by

X, = coker ((X,_1)"* Zi X,), d= Z (—=1)'d;, n > 0.

0<i<n

Moreover there natural maps

(i) The Alexander- Whitney map

A : NdiagX — Tot* NN X,
(do(NdiagX), C Xp — [ NUNZ = (Tot* NN, = (Tot ' NON®),,.

ptq=n

(ii) The shuffle map, being a section for A

V:Tot"NON® X « NdiagX,

1 1 2 2 :
Z sgn(o) - sg(iﬂrq)fl 0.0 sg(LH)A o sg()p) 0..0 sg()l)fl : Nzgl)Nq(Q)X — (NdiagX )14,

o€Shy 4

where Sh,, C X,;, denotes the subset of (p,q)-shuffles, which are permutations
o c Zp+q with
o(l)y<..<o(p), op+1)<..<olp+q).

If A carries a monoidal structure, then using A and V the functors N and I' are monoidal

and comonoidal.
If (A, ®, k) is symmetric monoidal, the following holds.

(i) The functor N is symmetric monoidal and T is symmetric comonoidal via V.

(ii) The functors N is not symmetric comonoidal and I is not symmetric monoidal, as
A in contrast to V does not behave well with the braidings.

Proof. See e.g. [GJ09] I11.2. and/or [Wei94] 8.4 and 8.5. Note that there is a sign twist,

because of the slightly different definition of the Moore complex in [Wei94] Def. 8.3.6.
O
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Proposition 7.4.7
Suppose A = k-Mod, for some k € Ring.

Then the model structure on dg>o(k-Mod) “almost” coincides with the model structure,
obtained by the adjunction

dg>o(NEX,Y) = sSet(X,UT'(Y)).

Moreover the monoidal structure maps A and ¥V of the functors N and I are weak equiv-
alences by the Theorem of Eilenberg-Zilber (see [Wei94] 8.5).

Proof. By Proposition[7.2.39|the weak equivalences are the same, while Proposition|7.2.35
implies that also the fibrations are the same modulo the little difference in dimension 0.

O

7.4.5 Differential graded algebras and coalgebras

Proposition 7.4.8
For X € dg(k-Mod) let X = X+ @® X, where

X" =P X, X =P Xon

nez ne”L

Then there is a ring isomorphism S(X1) ® A(X™) — Comy(X) induced by the ring
monomorphisms

S(XT) :=Comy (X)) — Comy(X), A(X7) :=Comy(X™) — Comy(X),
where here S is the symmetric and A the exterior algebra functor.

Proof. By forgetting the differentials, we also get a symmetric monoidal structure on
g(k-Mod) = (k-Mod)Z and we have X = Xt & X~ in g(k-Mod). The coproduct in
g(k-Mod)-Com, is induced by the tensor product. As Com, is left adjoint to the forgetful
functor, it preserves coproducts and hence

Com (X)) ® Comy(X™) — Com (Xt & X ™) = Comy(X).
Now the following holds.

e As X7 only has even dimensions the ¥,-action on (X)®" is just permutation of
the tensor factors, hence Comy(X 1) = S(X™), the symmetric algebra.

e As X~ only has odd dimensions the ¥,-action on (X ~)®" is permutation tensored

with the sign representation, hence Com;(X~) = A(X ™), the exterior algebra.

Similarly Com;(X ™) only has even dimensions, such that the tensor product of the graded
rings Comy (X ™) and Com, (X ™) coincides with the usual tensor product of rings.
O
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Proposition 7.4.9
For X € dg(k-Mod) there are cocomplete, cocommutative bialgebra structures on Ass;(X)
and Comy (X)), whose comultiplication and counit are determined by

r)=2@1+1®@z, e(z)=0, e X.
Moreover the following holds.
(i) The comultiplication on Comy(X 1) = S(X™) is given by

0zy - xp) = Z To1" To1(p) @ To—1(p41) " * To=1(n), T, ., Ty € XT.

(ii) The comultiplication on Comy(X ™) = A(X ™) is given by

Oxy Ao Nxyp) = Z sgn(0) - To1 A o A Tp1(p) ® To-1(pr1) A oo A Tgm1().

ptq=n,
o€Shy 4

Here Sh,, < X,., denotes the subset of (p, q)-shuffles (c.f. Remark . The comulti-
plication is therefore also called shuffle (co-)product.

Proof. As comultiplication and counit are algebra homomorphisms, they are completely
determined by their restriction to X by the universal property. Similarly the cocommuta-
tivitiy, coassociativity and counit axiom only needs to hold when restricted to X, where it
holds by construction. Arguing via the universal property again it suffices to check this on
Xt@k+k® X CS(XT)®A(X7). The comultiplication restricts to the reduced coal-

gebra Ass(X) = coker (k — Assi(X)), such that Ass;(X) —» Ass(X) is a coalgebra
homomorphism. For cocompleteness we have to prove that

Ass(X) = U ker(Ass(X) AN Ass(X)2rH),

n>0

The iterated comultiplication Ass;(X) AN Ass1(X)®*+D is induced by its restriction to
X, where we have

HOESY 1®..978..91. (7.2)

0<i<n

Hence it maps Ass™ (X) = X®" into

Z Ass1(X)® @ k@ Assy (X)P) € ker(Ass; (X)20HD) — Ass(X)2HD)

0<i<n

which proves that Ass™ (X) C ker(Ass(X) AN Ass(X)®M+D) The case Com is similar.

Properties (i) and (ii) can be verified by induction on n > 1. Note that A(X ™)@ A(X ™)
is not the usual tensor product of rings here. Whenever moving two generators past each
other we will get a sign twist. More precisely

(rey) @ey)=-(@r)EyAY), zyeX .

This is the reason why we get the additional sign twist sgn(o), for a shuffle o.
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Corollary 7.4.10 -
Dually for X € dg(k-Mod) there is a commutative bialgebra structures on Assy(X), whose
multiplication and unit are completely determined by the projection

mxop: Assy (X)®Ass; (X) — (X@k)@(koX) = XBX 5 X, myon:k — X,
The product is also called the shuffle product and is explicitly given by

(1 ® .. @ Tp) LT a1 @ oo @ Typpap) 1= Z (1 ® .. @ Typan)? -
aEShm,n

Keep in mind that o is permutation of the tensor factors plus a possible sign twist depend-
ing on the dimension of the permuted elements.

Proof. By the universal property of coalgebras the projection mx o p extends as desired
and is given by

p=ce-+ Z(WX o p)®k+D o gk
k>0

where § denotes the comultiplication on ngip(X ) ® Z;S(l)p(X ). On .Z;STP(X ) we have

F(11®.. @) = Y. (110 OZp) ® (L1 ® . BT, ) @ .. @ (T, 11 ® ... DTy, ).
0<po<...<pxr<m
(7.3)
Moreover 6% is §%% @ §¥* composed with the braiding bringing the tensor factors in the
right order. By definition under mx o p only those summands of

6 @ 0% (21 ® .. @ ) @ (Ting1 @ oo @ Tygn))

survive, which correspond to partitions p_; == 0 < pg < ... < pp < m =: ppy1 and
g-1:=0<q < ... < qx < n=:qpq1 with

pi—pi-1 <1, q—¢q-1<1, (pi = pic1) + (i — gi—1) = 1, 0<i<k+1
It follows that
(mx o ,u)®(k+1) 00" (11 ® ... @ ) @ (Tyg1 @ oo ® Tyngn)

is zero, if m +n # k 4+ 1 and is equal to the given formula otherwise.

Proposition 7.4.11
For X € dg(k-Mod) the following holds.

(i) The projection Comy(X) = X extends to a coalgebra map
Comy (X) 5 Ass, (X)),
which is induced by the norm maps

Com™(X) = (X®M)g, 5 X" = Ass™(X),  n>0.
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(ii) Dually the inclusion X — ZZSTP(X) extends to an algebra map, which again is N.

In particular Com,(X) N Zl;s(l)p(X) is a bialgebra homomorphism.
Proof.

(i) By the universal property of coalgebras the projection extends as desired and is
given by
N=c+ Z(Wx)®(n+1) 0"

n>0

Using [7.2) we see that

(7TX)®(n+1) o 5”(I1 e ) { degm(fﬂl ®..Q mm)a’ m=n+1,
m 0’

m#n+1,
which is precisely the norm map.

(ii)) The map N restricts to the inclusion of X and is an algebra homomorphism by the
explicit formula of the shuffle product, because

Shp:q X (Ep X Eq) L> EerCb (07 (avﬁ» =00 (Oé @ﬁ)v b, q 2 O

Corollary 7.4.12
For X € dg(k-Mod) the norm homomorphism restricts to a map

Comi (X) =5 @)X =: Comy” (X) C Ass; (X),
n>0
which is an isomorphism in dimensions < p, if the following properties are satisfied.
(i) X is reduced, i.e. Xo =0,
(ii)) (p— 1! ek,

(iii) X is flat over k in every dimension.

Proof. When X is flat in every dimension, then (%Z@?p(){ ) is the cofree cocommutative
coalgebra generated by X, because the maps

(XE)™n e (X @ X P00 (& (XEPYr @ (X®)™ p g >0,

induce a coalgebra structure on C/O;”Lfl)p(X ). Hence by the dual statement of Proposition

[7.4.§ we get an isomorphism

Com," (X) s Com, (X*) @ Com, (X~).
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Consider the following diagram

X"k kX )—m—m——— X"k Bk X")

| ]

Comy (X)) @ Comy (X ™) _NeN, Comcl)p(X+) ® C/o7n(;p(X—)

| h

—— op

Comy(X) N Com, (X).

The upper and the outer square commute. As N is a bialgebra homomorphism, the uni-
versal property of algebras resp. coalgebras implies that also the lower square commutes.
Since (p — 1)! € k£, the norm map Comy(X™) N @?p()(*) is an isomorphism in
homogeneous degrees 0 < r < p with inverse given by the composition

—— op 1/r!

(Comy )W(X*) = ((X*)2r)™ Com{” (X*) -5 Com{” (X*)

\ /

(Ass; )D(X*) = (X*)%r) = Asst” (XF)

The first appearence of a p-th tensor power in Com, (X ) resp. C/OFLTP(X *) is in dimension
p, because Xy = 0 and hence the lowest possibly non-zero dimension of X~ is 1 and of
X1 is 2. Hence N is an isomorphism in dimensions < p.

O
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8 Appendix: Tor-groups and
homology for simplicial objects

8.1 Simplicial rings and modules

Throughout this chapter we give sRing = s(Z-Ass;) the model structure induced by
Theorem [7.2.40| using the adjunction

Assi(Ass1(ZX),Y) = Set(X, UG(Y)),

where Z-Ass, N Ggrp sends a ring to underlying additive group. Similarly, for a simplicial
ring R € sRing, we give R-sAb and sAb-R resp. the model structure induced by the
adjunctions

R-sADR®ZX.Y) = sGrp(X,U(Y)),  sAb-R(ZX ® R,)Y) = sGrp(X,U(Y))

where the forgetful functor R-sAb Y sSet resp. sAb-R Y, sSet sends a module to its
underlying additive simplicial group.

For a simplicial object X we will denote by F.(X) — X the canonical functorial
almost free replacement of Corollary [7.2.32]

Definition 8.1.1
Let R € sRing and X € sAb-R as well as Y, Z € R-sAb.

(i) Torf(X,Y) = mL(X @ )(V) = mL(- @ Y)(X) = m.(X @4 Y) € Ab,
(ii) Exti(Y,Z) = 7, RR-sAW(Y,-)(Z) = n_.LR-sAb(-, Z)(Y) € Ab.

Proposition 8.1.2
Let k € sCRing and f € k-Ass(A, B), such that

fo - Tor+(k, myB) = TorB+ (k,m,B).
Then f, - Tor2+ (k, M) — TorB+(k, M) is an isomorphism, for all M € mwyB-Mod.

Proof. We will show by induction on n > 0 that Tor+ (k, M) — Tor?* (k, M) is (n —1)-
connected, for all M € myB-Mod. Let K denote the kernel of F := 7yB™) — M and
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consider the associated long exact sequences

.. =2 Tor{™* (k, K) — Tor{* (k, F) — Tor{* (k, M)

| |

—8>TorOB+(k:, K) —>TorOB+(k:, F)—s TorOB+ (k, M).

It follows that Torg)4 (k, M) — Torég *(k, M), which proves the case n = 0. Suppose the
statement holds for some n > 0 and all M. Then using the induction hypothesis, for K
and M, the 5-lemma for the sequence

Tor+ (k, K) — Tor™ (k, F)) — Tor’™* (k, M) % Tor’*, (k, K) — Tor’*, (k, F)

| zl | | |

TorP+ (k, K) — Tor?+ (k, F) — Tor?+ (k, M) % Tor’*, (k, K) — Tor2*, (k, F)

yields Tor2+ (k, M) — TorZ+(k, M). By applying the same argument for M = K, we
also get Tora+ (k, K) — Tor?+ (k, K). Applying the 5-lemma again for the sequence

Torfil(k:, K)— Tor;?il(k:, F)— Tor;?il(k:, M) 4 Tor+ (k, K) — Tor+ (k, F)

| | | 2J fl

Torf:[l(k:, K)— Torfil(k:, F)— Torfil(k:, M) % Tor?+ (k, K) — Tor2+ (k, F)

we also get Torfj;l(k, M) — Torfll(k, M), proving that Tor2+ (k, M) — TorB+(k, M)
is n-connected.
(]

8.1.1 Tor-spectral sequences

Proposition 8.1.3
Let R € sRing and Y € R-sAb.

(i) The action RQY — Y defines an action m, R@m,Y — 7,(RQY) — m,Y, n > 0.
We have [ry] =0 in 7Y, for all [r] € 7, R and |y] € ©,Y, when n > 0.

(ii) The action Ry®Y — RQY — Y defines an action iR @ 7,Y — 7,Y, n > 0.

Proof. The proof is exactly the same as in Proposition

(i) Let r € ker(NyR -5 Nyp_1R) = (Nyese, kerd; and y € ker(N,Y -2 N,_,Y). As
n > 0, we can define o

2= 8o(r) - so(y) — so(r) - s1(y) € Yyyq.
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Then using the simplicial identities, we get

rey—r-sodo(y)=r-y—r-0=r-y, i =0,
di(2) = r-y—r-y=0, =1,
Y sedi(7) - sodi(y) — sodi(r) cy=0-0—0-y=0, i=2,

Sodi—1(1) « sodi—1(y) — sodi—1(r) - s1di—1(y) =0, 3 <i<n.
It follows that z € N, 1Y and hence [ry] = [d(z)] =0 in 7,Y.
(ii) The constant simplicial ring of zero vertices Ry < R acts on m,Y via
Ry — sAb(Y) = Ab(1,Y), 7+ m,(r--).

Moreover, for every z € Ry, there is a simplicial homotopy (dpz - -) ~ (dyz - -) of
homomorphisms of simplicial abelian groups, given by

MY, — Y, wly) — 55 () -y

In particular the action Ry — k-Mod(7,Y) factors over moR.

Proposition 8.1.4 (Quillen)
For R € sRing and X € sAb-R as well asY € R-sAb, there are natural spectral sequences

(i) B2, =m, Torl*(X,,Y,) = TorJ,,

(X,Y),

where Torf’ (Xe, Ys) means taking the Tor-group dimensionwise.

. T« R R
(i) E;, = Tory*(m. X, mY), = Tor,,,

(X,Y),
the left object being the q-th homogeneous component of the graded TOI";*R(W*X, Y.

(i) EZ,=Torl(X,mY) = Torl (X,Y),

where ,Y € R-sAb via R® 1, —» myR @ 7,Y % m,Y using Proposition .

(iv) B2, = Tor} (7, X,Y) = Tor],,

(X,Y).

Proof. See [Qui67] II, §6: Theorem 6.
O

The next corollary demonstrates that a dimensionwise flat replacement will be sufficient
to compute Tor-groups.

Corollary 8.1.5
Let k € CRing and R € s(k-Ab), as well as X € sAb-R and Y € R-sAb. Suppose
X, € Ab-R,, is flat, for all mn > 0.
Then the natural map X Q%Y =y X ®p Y is a weak equivalence.
In particular, if Y, R, € k-Mod are flat, for alln >0, then Bo(X,RY) ~ X LY.
By symmetry the same also holds, if we interchange the roles of X and Y .
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Proof. Let EE — id be the functorial almost free replacement in R-sAb of Corollary
7.2.32| Then X ®pr E(Y) is the diagonal of the bisimplicial k-module

Xp ®Rp Eq(%% panO

where £ — id is the almost free replacement in R,-Ab. The associated spectral sequence

(cf. Theorem [7.3.18)) is the first one of Proposition
Ez%,q = mpT(X @r E(Y)) = 7, TOTf’(X., Y,) = Tor®?

p+q

(X,Y).
Hence by assumption on X we get

E2 _ WP(X ®R Y)7 q= 07
P 0, q >0,

which proves that the spectral sequence collapses, so that the natural map X @%VY =
X®rE(Y)— X ®grY is a weak equivalence.
Now if Y,,, R,, € k-Mod are flat, for all n > 0, then the free/forgetful functor adjunction

R-Ab(R ® M, N) = s(k-Mod) (M, U(N))

induces a weak equivalence F(Y) — Y with F(Y), = (R,)®""' ® Y,, being flat over
R, for all n > 0. Hence the maps X ®%Y <— X @k F(Y) — X @z F(Y) are weak
equivalences. As X @ F(Y) = Bo(X, R,Y), this finishes the proof.

(]

The following Corollary will be crucial to construct the generalized Hochschild-Serre
spectral sequences in the situation of simplicial groups and Lie algebras.

Corollary 8.1.6
For f € sRing(R,S), X € sAb-S and Y € R-sAb there is a converging spectral sequence

2 _ oS R R
E, .= Tor, (X, Tor/(S,Y)) = Tor

pt+q

(X,Y).

Proof. Let EY —» Y be an almost free replacement in R-s.Ab. Then S @ EY is almost
free in S-sAb, implying that

Tor?(X,S @r BY) = 1.(X ®5 S @r EY) = m,(X ®g EY) = Tor®(X,Y).

Thus the Tor spectral sequence of Proposition m (iii) is

S R R
Tor, (X, Tor, (S, Y)) = Tor,, (X, Y)
I [
Torg(X,ﬂ'q(S ®rEY)) = Tor§+q(X,S®R EY).

224



8.1. Simplicial rings and modules

8.1.2 Tor-groups and homotopy colimits

We need the following generalization of Shapiro’s lemma.

Proposition 8.1.7

Let k € CRing and ¢ € k-Ass(A, B), such that B is flat over A.
Then, for all X € Mod-A and Y € B-Mod, there is a natural weak equivalence

X @4 B, (Y) = X®4c(BY)= (X ®4B)®sE,Y.
In particular Tor(X,Y) = Tor?(X @4 B,Y).
Proof. For S € k-Ass; consider the free/forgetful functor adjunction
S-Ab(Fs(X),Y) = Set(X,Us(Y)).
Moreover we let (¢, ¢*) denote the adjunction
B-sAb(e,X,Y) = A-sAb(X, 'Y,

ie. ¢ = (B ®y-) and ¢* is the forgetful functor. Then ¢ induces a map of monads
(UaFy) — (UpFp) and a map of right (UsF4)-modules Fy s o Fy = ¢*Fy (cf.
Remark |7.2.33)). In particular we obtain a weak equivalence

E.c'Y = By(Fy,UsFa,Ug(Y)) — B.(c"Fp,UpFp,Up(Y)) = ¢*E.,Y,

inducing the desired map. By Corollary it is also a weak equivalence, because B is
flat over A and thus ¢*F,Y — ¢*Y is a dimensionwise flat replacement.
O

Proposition 8.1.8
Let k € CRing and A; € k-Ass and A =[], A;.
Then the right (A;)y-module inclusions A; — A extend to a right A, -module isomor-
phism
P A ©u,), Ar = A
iel
In particular, if A; € k-Mod is flat, for all i, then Proposition[8.1.7 yields a natural weak
equivalence

@ B'(Aia (Ai)-i-a (LZ)*Y) i> B'<A7A+7Y)7 Y e A+_M0d'

On homotopy groups, we thus have €p, Torff"')*(Ai, Y) = Tor?+(A,Y) by Corollary .

Proof. The algebra A is the free algebra generated by the subalgebras A;. Hence explicitly
we have

A= P A @04, =A)e P A4,0.®4, icl
i1 Fin, i£i1 .. Fin,
n>0 n>0
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It follows that

@Ai Rany Ay = @ ARA®.QA =A,
‘ 7’757417’é>07é71n)

which is A, -linear from the right and induced by the inclusions A; — A. Now suppose
A; is free over k, for all . Then A, is free over (4;);, for all 4. Using Proposition [8.1.7]
this proves

Tor+ (A, M) @Tor A @y, Ay, M @Tor (A, M).

Proposition 8.1.9
Let k € CRing and A € CAT(I, k-Assy), for some I € Cat.
Then there is a natural map of bisimplicial k-modules

hoccl)lim Co(A, X) — C.(hoc?lim A, X), X € (Collim A, Collim A)-Mod,

where the homotopy colimits are taken dimensionwise.

Proof. Let k-Act be the category, whose objects are pairs (A, X ), where A € k-Ass; and
X € (A, A)-Mod. Its homomorphisms are given by

BA(A,X),(BY) = [ (A A)Mod(X, fY) C k-Assy(A, B)xk-Mod(X, V),
fek-Ass1(A,B)

with composition (f,g) o (f',¢") = (ff,99’). Given a set of objects (A;, X;) € k-Act,
define A =[[, A; € k-Ass; and X = @@, A®a, X; ®a, A € (A, A)-Mod. Then (4, X) =
I1,(A4;, X;) in k-Act, because

k-Act((A, X), (B,Y))
={(f,g) € k-Ass1(A, B) x k-Mod(X,Y); g(azd') = f(a)g(x)f(a’)}

={(f.9) € Hk Assi(Ai, B) x k-Mod(X;,Y); gi(axa’) = fi(a)gi(x) fi(a')}

:HhMt&xme»
In particular we can define homotopy colimits in A-Act and in our given situation we have

hocolim ;(A, X) = (hocolim ; A, X'), for some bimodule X’ over hocolim ; A. As the inclu-

sion maps A; — colim ; A define a natural transformation (A, X) — const(colim ; A, X)
in CAT(I, k-Act), we get a map

(hoc?lim A X' = hoc?lim (A, X) — (collim A, X).
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It factors over (hocolim ; A, X), because the action of hocolim ; A on X is induced by the
action of colim ; A. Now using that the construction C, defines a functor

k-Act — s(k-Mod), (A, X) — Co(A, X),
we get the desired map as the composition

hOC(I)lim Co(A, X)) — C, hoc?lim (A, X) — C.(hOC(I)hIn A, X).

Proposition 8.1.10
Let k € CRing and A € CAT(I, k-Ass), for some I € Cat.
Then there is a natural map of simplicial k-modules

hoc?lim B(k,A.,Y) — B(k, hoc?lim ALY, Y e (collim A )-Mod,

which is a weak equivalence, if BI is contractible and A; is a flat k-module, for all i € I.

Proof. Setting X =Y ® k € (colim; Ay, colim; A, )-Mod, the map is the diagonal of
the map of Proposition [8.1.9, We claim that the diagonal of the following commutative
square of bisimplicial k-modules is homotopy cocartesian

BIY Y
[ [

hocolim ; By(k, A, ,Y) —— By(k, hocolim ; A, ,Y)

| |

hocolim ; Be(k, Ay, Y) —— Be(k,hocolim ; A, Y).

This will imply the statement, because if BI is contractible, then the upper horizontal map
and thus also the lower horizontal map is a weak equivalence. As the diagonal perserves
weak equivalences by Corollary or Corollary [7.3.22] it suffices to check that the
square is homotopy cocartesian in every dimension n > 0 of the homotopy colimit. By
setting

Tl yeeey in€l

we see that the in an arbitrary category cocomplete category C, the simplicial homotopy
colimit is given by

(hoccl)lim ) = H I(io,il)x...><I(in—1,in)cfi0 — HS(i,n)Ci’ C € CAT(I,C), n>0.

i0,eyin€l el
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So in dimension n > 0 (in homotopy colimit direction), the diagram from above can be
identified with the outer square of the diagram

Hi S(i,n)Y Y

-] .

Hi S(im)B'((Ai)—i-? (Ai>+7 Y) - B'( ; S(im)(Ai)-&-a Hz S(m) (Ai)-i-? Y)

B'<k7 Hz §lim) (Ai)-l-a Y)

Here the lower vertical maps are induced by the augmentation maps and the upper vertical
maps are given by the extra-degeneracies s_; = n ® id for the bar constructions in the
middle. As the latter are weak equivalences, it suffices to check that the lower square is
homotopy cocartesian. As the two vertical maps are surjective, we can equivalently prove
that it is homotopy cartesian. But the induced map on their kernel is the map

T30 Bu(Ai, (41, Y) = Bu([T 50740 TT 50 (A1) 7).

which by Proposition is a weak equivalence, as by assumption A; is flat over k, for
all 7 € I. This concludes the proof.
O

Proposition 8.1.11
Let k € sCRing and c € k-Ass(A, B), such that in every dimension

Cn =g, Ay — Ay x (B/A),, n >0,

and (B/A),, = By, %4, 0 € k-Ass is a flat k-module, for all n > 0.
Then, for all M € (B/A)-Mod, there is a natural long exact sequence

. —> TorgB/A)+(k, M) N Tori* (k, M) —» Tort* (k, M) —» Tor(lB/A)+(k, M).

Proof. There are two ways to prove this. One can either use the properties of the map
¢y € k-Assi(Ay, By) to show that the quotient map

hocolim (k <— A, % B,) — (B/A),

is a weak equivalence. Then applying Proposition|8.1.10|we obtain a homotopy cocartesian
square
Be(k, Ay, M) Be(k, B, M)

| |

Bu(k, k, M) — Bu(k, (B/A),, M).

As Bo(k,k, M) —» M, this yields the long exact sequence.

228



8.2. Simplicial groups

Alternatively one can use Proposition to prove the result more directly, which
will be done in more detail in the following. First note that for any associative algebra
R € k-Ass and M € R-Mod, the long exact Tor-sequence to

00— R—R, —k—0
yields natural maps 0 : Torfjl(k, M) — Tor!™ (R, M), being isomorphisms for n > 1
and injective for n = 0. Now by Proposition the inclusion A — B induces an exact
sequence of right B, -modules

0 —A®us, By — B —C —0,

where the cokernel C' is isomorphic to (B/A), ®(B/a),), (Bn)+, in every dimension n > 0.
We get an induced long exact sequence by applying Tor?+ (-, M) and the statement follows
by identifying

Tor®+(A®4, By, M) =Tor* (A, M),  Tor?+(C, M) = Tor'®/Y+(B/A, M).

By assumption (B/A), is flat and B, is the coproduct of A, and (B/A), in every
dimension n > 0. So the first equality follows from Proposition We denote by
E7(X) — X an almost free replacement of X € S,-Mod, for S € k-Ass. We have

C ®p, EZ(M) «— C ®p, EPEFA (M) = C oy, EZ/AM).

Indeed, since B,, = A, x (B/A), and C,, = (B/A), ®(B/a),), (Bn)+ is free relative to
((B/A),)+, in every dimension n > 0, the right map is a weak equivalence. This proves
the second identity.

O

8.2 Simplicial groups

8.2.1 Homology and cohomology

Definition 8.2.1
The homology and cohomology of a simplicial group G € sGrp with coefficients M €
k[G]-sAb, where k € sRing, are defined as

() H.(G, M) = Tot Ok, M) = m.(k i) M) = Lu(- @iy )k, M),
(if) H*(G, M) = Extyg(k, M) = R=k[G)-s.Ab(-, ) (M, k).

Remark 8.2.2
Let k € sRing, G € sGrp and M € k[G]-sAb.
Then by Proposition (i) and (iii) we have spectral sequences

(i) B2, =mH, (G, M) = H, (G M),
where H (G, M), = Hy(Gp, M), for all p,q > 0.
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(i)

By, =My (G HM) = Hy (G, M),
where H,M € k[G]-s.Ab via k[G) @ H,M —» mok[G] © H,M -~ H, M.

Corollary 8.2.3
Let k € sRing, G € sGrp and M € k[G]-sAb.

(i)
(i

Hy(G, M) = (oM )ryc = (mok) Q(mok) oG] (moM),

H{(G, M) = (70G)/[m0G, 1G] @ M, if G acts trivially on a constant M € Ab.
If G is (r — 1)-reduced, for some r > 1, we also have H,1(G, M) = (m,G) & M.

Proof. In the notation of (i) of the preceding remark, we have natural isomorphisms

H,

(i)

(i)

230

(G, M), = Ho(Gp, My) = Torgp[Gp](kpa My) = kp @, jc,) My = (My)a,, p=0.
Using the spectral sequence loc. cit., we get an isomorphism
Hy(G, M) = Ej y = moH (G, M) = mo(k@ric1M ) = (70k) @(zok)imoc) (ToM ) = (10 M )mycr,

where the fourth equality follows from the fact that tensor product are right exact
and for the sequence

pid—ideop: kKGO M — ko M,

taking the cokernel, which is k ®y(q M, commutes with taking the colimit over A°P,
which is application of .

If M € Ab is constant and G acts trivially, then we have
ﬂl(G7M)P:H1(GP7M):GP/[GPJGP]®M7 pZOJ

proving that moH,(G, M) = (m0G)/[m0G, m0G] ® M, as tensoring with M and the
abelianization functor of groups are left adjoints and thus commute with the colimit
over A°? which is application of my. So the result follows from the low term exact
sequence for the spectral sequence

Hy(G, M) — E2) % B2 — H\(G, M) — E2) — 0,
since Hy(G, M), = Mg, = M is constant and thus

Note that in the second case, the complex H (G,, M) is (r — 1)-reduced, for ¢ > 1,
and hence
Eﬁquﬂpﬂq(G,M):O, O<p<r, qg=>1.

So we can deduce an exact sequence
d
Hy2(G, M) — E2 50 — B2 — Hy 1 (G, M) — EZ g — 0,

and the statement follows by using the isomorphism =, H,(G, M) = (7,G) @ M.
(]
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8.2.2 The Homology spectral sequence for a fibration

We may deduce the following Proposition, which is probably well-known.

Proposition 8.2.4
Let k € sRing, N < G € sGrp and M € k[G]-sAb. Then there is a spectral sequence

E. =H,(G/N,H,(N,M)) = H, (G M),
where Hy(N, M) € k|G/N]-sAb via
k[G/N]® H (N, M) — mok[G/N] ® H,(N, M) %+ H,(N, M).
Proof. By Corollary we have a spectral sequence

E = Tor’;[G/N](k,Toriqc[Gl(k[G/N],M)) = TOI‘k[G](k;7M) = H,, (G, M).

p+q

Since k[G] is free over k[N] every almost free replacement of M in k[G]-s.Ab is also almost
free over k[N]. This implies

Tor* N (k[G/N), M) = 7.(k[G/N] @pjc) EM) = 7. (k @i k[G] @pie) EM)
= 1, (k @y EM) = Tor*™(k, M) = H,(N, M),

and hence E> = TorI;[G/N](k, Torf;[G](k;[G/N], M)) = H,(G/N,H,(N,M)).

8.2.3 Homology of free groups

Proposition 8.2.5
For every G € sGrp there is a natural epimorphism of simplicial abelian groups

7Z.BG —» LB(G/|G,G])) — B(G/|G,G)).

It is a weak equivalence, if G is almost free.
In particular Ho (G, Z) — 7 L(-/[-, -])(GQ), for all G € sGrp.

Proof. The first map is induced by the natural epimorphism G —» G/[G, G]. Using the
B(G/|G,G]) € sAb, the second map is the counit of the free/forgetful functor adjunction

SAVZX,Y) = sSet,(X,Y).

Now suppose G is almost free and consider both objects as the diagonal of a bisimplicial
object, where the second dimension is induced by the functor B. We compute the first
pages of the associated spectral sequences (cf. Theorem [7.3.18)) as

Gq/[GmGII]? p=1,

By, = Hy(BGy NZ) = Hy(Gq, Z) = my(B(G,/[Gq, Gol) = { 0 p#1.
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Moreover a generator z € G, induces elements [x — 1] = [z] € H1(BG, A Z), which is
mapped to [z] ® a € m(G,/[Gy, Gy]) = G,/|Gq, G4] ® A, for all a € A. This proves that
the given map induces an isomorphism.

We give sAb the model structure of Theorem [7.2.40] induced by the adjunction

sAb(X/[X, X],Y) = sGrp(X,1(Y)),

where [ is the inclusion functor. Since I preserves (trivial) fibrations, its left adjoint
preserves (trivial) cofibrations and so it has a total left derived functor by Theorem

[7.1.26l Hence we have
BG ANZ <— BE(G) ANZ — B(EG/|EG, EG)) = BL(-/[-,-])(G), G € sGrp,

where FG — G is an almost free replacement. As B shifts the homotopy groups by 1
dimension, we get

Hoi(Gy2) = n BG AL = ey BL(-/ [ )(G) = mL(-/ [, )(G).

8.2.4 The Whitehead Theorem

The following proposition is completely analogous to the Whitehead Theorem for simpli-
cial profinite groups, presented in [Qui69b].

Proposition 8.2.6 (Whitehead-Quillen)
Let f € sGrp(G,H) and ¢ > 0.

(i) Suppose moG = 1.
Then G is c-connected, if and only if H.(G,Z) is (¢ + 1)-connected.

(ii) Suppose mof is an isomorphism.
Then f is c-connected, if and only if H.(f,Z[moH]) is (¢ + 1)-connected.

Proof.
(i) By Corollary (ii) we have
Hl(G, Z) = WoG/[TfoG, 7TOG] == O,

so there is nothing to show for the case ¢ = 0.

Suppose we have proven the equivalence for all simplicial groups, for some ¢ > 0.
Let G € sGrp be connected and suppose H.(G,Z) is (¢ + 2)-connected. Since G is
connected, by Proposition we have a short exact sequence of simplicial groups

150G —FGE g 1.
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Since G is connected, the action of G on H,(QG,Z) is trivial, implying that
H.(G,Hy(QG,Z)) = H(G,Z), Ho(G,H.(QG,Z)) = H.(QG, Z),

by Corollary (i). In particular the homology spectral sequence of Proposition

B8.2.4
E;yq:Hp(G,Hq(QG,Z)) = H,,(FG,Z)

satisfies assumption (F) of Proposition m (i). As FG is contractible, H,(FG,7Z)
is acyclic. Hence the map H.(FG,Z) — H.(G,Z) is (c+ 1)-connected, because by
assumption H,(G,Z) is (c + 2)-connected. So by Proposition m (i) we see that
H.(QG,Z) is (¢ + 1)-connected. Moreover mQG = mG is abelian by Proposition
7.2.39| (iii), implying that
ToQG = WoQG/[ﬂ'()QG, WogG] = Hl(QG, Z),

by Corollary (ii). But the first homology group is zero, because 1 < (¢+1). So
by induction hypothesis QG is c-connected or equivalently G is (¢ + 1)-connected.

Vice versa, if G is (¢ 4+ 1)-connected, then QG is c-connected and by induction hy-
pothesis H,(QG,Z) is (¢ + 1)-connected. Equivalently H,(FG,Z) — H.(G,7Z) is
(¢ + 1)-connected by Proposition (i) again, proving that H,(G,Z) is (¢ + 2)-
connected, as F'G is contractible. Be aware that we still have a surjection in dimen-
sion (¢ + 2).

In the model category of simplicial groups we can factor f into a trivial cofibration

followed by a fibration G s G N H. By replacing f by f’ we can therefore
assume that f is a fibration. Then Proposition [7.2.35| implies that f is surjective,
because 7 f is an isomorphism. Suppose H.(f,Z[moH]) is (¢ + 1)-connected. By

Corollary we have
Ho(H,H.(N,Z[roH])) = (H«(N,Z) ® ZroH))myu = H.(N,Z),
H.(H,Hy(N,ZmyH])) = H.(H, Z[moH]),

so again hypothesis (F) of Proposition m (i) holds for the homology spectral

sequence
Equ = HP(H7 Hq(sz[/]TOHD) = I{p+q(G,Z[7TOI{])7

and it follows that H,(N,Z) is (¢ + 1)-connected. Since 7 f is an isomorphism, the
long exact sequence yields an exact sequence
G lf) mH 2, moN — 1,
proving that mo/N is abelian. As 1 < (¢ + 1), we get
7TON = (7TON>/[7TON, WQN] == Hl(N, Z) = 0,
by Corollary (ii). So N satisfies the hypothesis of (i) and therefore must be
c-connected. Equivalently f is c-connected.

Vice versa if f is c-connected, so is N and thus H,(N,Z) is (c¢+ 1)-connected by (i).
Equivalently H.(f,Z[moH]) is (c+ 1)-connected by the argument using the spectral

sequermnce.
O
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8.3 Simplicial Lie algebras

Proposition 8.3.1
Let k € CRing. For every g € s(k-Lie), the following holds.

(i) 79 is a subquotient Lie algebra of g,, for all n > 0.

(i) m,g is abelian, for alln > 1.

(iii) The adjoint action of gy on @, induces a Lie algebra action of mog on m,g, forn > 1.
Proof. The proof is exactly the same as its multiplicative analogue Proposition

(i) The submodule N, g < g,, is normal, being the intersection of kernels. Since
[z, do(y)] = [doso (), do(y)] = dolso(x), y] € doNns18, = € gn, Y € Nupag,

also dgN,,11g is normal in g,. It follows that dy/N, 11g also is normal ker(N,g LN
N,_1(g)), proving that m,g is a subquotient Lie algebra of g,.

(ii) Taking the adjoint action in every dimension we get Ad(g) € Ui(g)-s.Ab. By Propo-
sition [8.1.3] (i) we get an induced action

Tu@ @ Mg — TUi(g) @ Mg — meg, @y r— [,y],
which is trivial in dimension n > 0. Equivalently ,g is abelian, for all n > 0.

(iii) By Proposition (il) we get an induced action of mog — moUk(g) on m,g, for
every n > 0.

8.3.1 Homology and cohomology

Definition 8.3.2
For k € CRing and g € s(k-Lie) a simplicial Lie algebra, M € Ug(g)-s.Ab.
The (dimensionwise) homology and cohomology of g with coefficients M is

(i) H.(g, M) = Tt @k, M) = Ly (k @u,i0) V(M) = ma(k 0, M),
(if) H*(g, M) = Exty, o) (k, M) = R=Ux(g)-sAb(k, -)(M) = R—*Ux(g)-s.Ab(-, -)(k, M).

Remark 8.3.3
For k € CRing and g € s(k-Lie) a simplicial Lie algebra, M € Uy(g)-s.Ab.

(i) For constant g € k-Lie its homology agrees with the usual Lie algebra homology.

(i) If b — g is a homotopy equivalence, then so is Ux(h) — Ur(g) and hence
H,(h, M) = H.(g, M) by Proposition (i).
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It is not clear right from the definition, wheather Uy preserves general weak equivalences
between Lie algebras. Therefore it is also not clear, if this dimensionwise homology is a
homotopy invariant for simplicial Lie algebas.

Remark 8.3.4
Let k € CRing, g € s(k-Lie) and M € Ug(g)-s.Ab.
Then by Proposition (i) and (iii) we have spectral sequences

(1) Ez,q = Wpﬂq(g, M) = HP+Q(g7 M)7
where H (g, M), = Hy(gp, M), for all p,q > 0.

(11> Eg,q = HP(Q? HqM) = HP-H](QJ M);
where H,M € g-sAb via Uy(g) ® HM — moUy(g) @ H,M 5 H, M.

Corollary 8.3.5
Let k € CRing, g € s(k-Lie) and M € Ug(g)-s.Ab.

(i) Ho(g, M) = Ho(g, M) = (WOM)WOQ = (7T0]€) ®Uk(7rog) (WOM);
(i) Hi(g, M) = (mog)/[m09, m0g] ® M, if g acts trivially on a constant M € k-sAb.
Proof. In the notation of Remark (i) we have natural isomorphisms
HO(gu M)p = HO(va Mp) = Toron(E.gp)(kv Mp) =k ®Uk(9p) MP = Mp/[Qp? Mp]7 p > 0.
(i) Using the spectral sequence loc. cit., we get an isomorphism

Ho(G, M) = Ej, = moH (g, M) = (w0 M) /[mogy, ToM] = k Qu, (rog) (moM).

(i) If M € k-sAb is constant and g acts trivially, then we have

H,(g, M), = Hi(gp, M) = 8,/ [9p, 8,] ® M, p >0,

proving that moH (g, M) = (m09)/[m08, o8] ® M. So the result follows from the low
term exact sequence for the spectral sequence

Hy(g, M) — B3y = Egy — Hi(g, M) — Efy —0,
since H(g, M), = M/[g,, M| = M is constant and thus
E2

p,0

- ﬂ-pﬂ(](g7M) = 07 p 2 ]-

Remark 8.3.6
Let k € CRing, n < g € s(k-Lie) and M € Ug(g)-s.Ab.
Then by Corollary there is a spectral sequence

Ej, = Hy(g/n, Tor* @ (Uy(g/m), M) = Hyiylg, M).
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However it is unclear (at least to the author), wheather H, (n, M) —s Tor?*® (U (g/n), M)
is an isomorphism in general. We will later see by using the Theorem of Poincaré, Birkhoff
and Witt that this is true, if g is flat over k£ in every dimension. For the non-
simplicial case this is better known as the Hochschild-Serre spectral sequence [GH53|. In
[Wei94] 7.5.2, the map of question is claimed to be an isomorphism without any hint of a
proof.

8.3.2 Derived homology and cohomology

We already pointed out two possible flaws of the (dimensionwise) homology of simplicial
Lie algebras, as it was introduced in the preceding section:

(i) Tt is unclear, wheather dimensionwise homology is a homotopy invariant.

(ii)) The homology spectral sequence may have a dissatisfactory form for later
applications.

In this section we therefore introduce derived homology and cohomology of simplicial
Lie algebras to fix these problems. It is also shown that it agrees with dimensionwise
homology in the most important cases.

Definition 8.3.7
For k € CRing and g € s(k-Lie) a simplicial Lie algebra, M € Ug(g)-s.Ab.

The derived homology and derived cohomology of g with coefficients in M are
defined as

(i) HE(g, M) = H.(E.g, M) = Tor%s(59 (k. M),
(i) Hi(g, M) = H*(Eeg, M) = Exty;, p,q (k, M).
where Eog — g is an almost free replacement of g.

Remark 8.3.8
Let k € CRing, g € s(k-Lie) and M € Ug(g)-s.Ab.
Then by Proposition (i) and (iii) we have spectral sequences

(i) By, =H,Hy(e,M) = H}, (g, M),
where ﬂqL(g, M), = H gy, M,), for all p,q > 0.
(i) Ep, = Hy(g, HM) = Hy,(9,M),
where H,M € g-sAb via Uy(Eeg) @ H,M — moUy(g) @ H,M 5 H,M.

Remark 8.3.9
Let k € CRing, g € s(k-Lie) and M € Ug(g)-s.Ab.
Then from Corollary we get isomorphisms

(i) Hy(g, M) = Ho(Eog, M) = Ho(g, M) = (10 M) ryg = (mok) @u, (rog) (T0 M),

236



8.3. Simplicial Lie algebras

(H) HlL(gvM) = Hl(Emga M) = Hl(g>M) = (7709)/[709,%9] ® M; ng acts tm’vz’ally on
a constant M € k-Mod.

Lemma 8.3.10
Let k € CRing and X € s(k-Mod) flat over k.

Then every almost free replacement Eo(X) — X in s(k-Mod) induces a weak equiva-
lence Com(Eo(X)) — Comy(X).

Proof. Considering F,(X) as a bisimplicial object and using Quillen’s spectral sequence
(cf. Theorem , it suffices to prove that Com,;(E,X,) — Comi(X,) is a weak
equivalence, for all n > 0. In other words, we can assume that X is a constant simplicial
k-module. As X is flat over k, it is a filtered colimit of free k-modules. As FE,, m, and
Com; commute with filtered colimits, we therefore can assume that X is a free k-module.
But then E,(X) — X and thus also Com,(E,X) — Com4(X) is a simplicial homotopy
equivalence. In particular it is a weak equivalence.

O

Proposition 8.3.11
Let k € CRing and g € s(k-Lie) with g,, flat over k, for all0 <n < c.
Then HE(g, M) — H,(g, M) is c-connected, for all M € Uy(g)-sAb.

Proof. Suppose that g € k-Lie is flat over k and take an almost free replacement of
k-modules Fo,(g) — g. Then by Lemma [8.3.10| the upper horizontal map is a weak
equivalence in the commutative diagram

~

Comy(Eeg) ——=—Com,(g)

| |

grUp(Eeg) ——gr'Usi(g),

where L is the colower central series of Definition Again by flatness the Theorem of
Poincaré, Birkhoff and Witt yields that the two vertical maps are isomorphisms. Hence
by commutativity the lower horizontal map is a weak equivalence. By induction on n > 0
using the long exact sequence, it follows that L, Uy(E.g) — L, Ux(g) is a weak equiv-
alence, for all n > 0, and hence Uy (FE,g) — Ui(g) is a weak equivalence, since filtered
colimits are exact. If g is not flat, we still have

ToUr(Eeg) — moUs(9) = Uk(g), U (Feg) —» mU(g) = 0,

meaning that Ux(Fe.g) —> Ux(g) is 0-connected. Now let g € s(k-Lie) be flat in dimen-
sions < ¢. By considering Uy(Fege) — Uk(ge) as a map of bisimplicial k-modules, the
right one constant in the first coordinate, the map on the first page of the associated
spectral sequences

T Uk(Eegp) — mUk(8y), p=0,

is an isomorphism for 0 < p < ¢ and 0-connected, for p > c. In particular it is c-connected,
implying that also Ug(Feg) — Uk(g) is c-connected. Using Tor-spectral sequence of
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Proposition [8.1.4] (ii), it follows that also
H (g, M) = Tor[x")(k, M) — Tor’*® (k, M) = H.(g, M)

is c-connected.

Remark 8.3.12

We do not know, if the map HE(g, M) — H,(g, M) is an isomorphism in general.
Since we definitely know that HE is a homotopy invariant (and H, maybe not), we will

work with derived Lie algebra homology.

8.3.3 The Homology spectral sequence for a fibration

Lemma 8.3.13
For k € CRing and n g € k-Lie the following holds.

(i) Uk(g)n — Ui(g/n) as Uy(g/n)-modules.

(ii) If g — g/n is a retraction of Lie algebras, every section induces an isomorphism

of Ur(n)-modules Up(n) @ Up(g/n) — U(g).
Proof.

(i) Let g N g/n and Ug(g) N Uk (g)n be the canonical quotient maps. Then ¢ induces
a bijection natural in M € U(g/n)-s.Ab

Uk(@)" = (-0 Ur(q)) = Ur(g/n)-sAb(Uy(g/n), M) — Uy(g)-sAb(Uy(g), M).
Similarly 7 induces a bijection natural in M € Uy(g/n)-s.Ab
r* = (-or) : Up(g/n)-sAb(Uk(g)n, M) — Uy(g)-sAb(Ur(g), M),
because  is epimorphic and for all f € Uy(g)-sAb(Uy(g), M) we have
f(n, Uklg)]) = la(n), f(Uk(9))] = [0, f(U(g))] = 0.

As [n,Ui(g/n)] = 0, the map Uy(q) factors as Ur(g)s s Uk(g/n), which therefore
induces a bijection natural in M € Uy(g/n)-s.Ab

"= (-os) : Ux(g/n)-sAb(Ur(g/n), M) — Ux(g/n)-sAb(Ux(g)n, M).
Equivalently s is an isomorphism of U(g/n)-modules.

(ii) If g — g/n is a retraction, then g = nxg/n and we have Uy (n) ®, Ux(g/n) for some
0 by Proposition [8.5.2 In particular Uy(g) = Ur(n) ®p Uk(g/n) = U(n) ® Uk(g/n)
as Ug(n)-modules.
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Proposition 8.3.14
Let k € CRing, n < g € s(k-Lie) and M € Ug(g)-sAb. Then there is a spectral sequence

B, = Hy(g/n, Hy(n,M)) = Hy (g, M),
where HY(N, M) € Uy(g/n)-sAb via
Ur(g/m) @ Hy (n, M) —» moUy(g/n) @ Hy (n, M) == H(n, M).

Proof. By Corollary [7.2.32] there is a functorial almost free replacement F, induced by
the adjunction
k-Lie(Lie(kX),Y) = Set(X,U(Y)).

It preserves epimorphisms and thus F,(g) —» E,.(g/n). Let n’ denote its kernel and let us
write g’ = F,(g) for short. Then g'/n’ = F,(g/n) and the long exact sequence of homotopy
groups applied to the diagram of short exact sequences

O rJll gLI g//n/ O
0 n g g/n 0,

implies that also n’ — n. For every n > 0 the map E,(g) —» E,(g/n) is of the form
Lie(kX) — Lie(kY), induced by some surjection r € Set(X,Y). For every section s of
r there is an isomorphism of k-modules

kX =5 kY @ kX, x+—r(2)+ (z — sr(x)),

where X = X \sY. Under this isomorphism the map kX - kY corresponds to the
~ id
projection kY & kX kY. So E,(g) — E,(g/n) is isomorphic to

Lie(kX) + Lie(kY) 5 Lie(kY),

whose kernel by Proposition [8.5.5|is the free Lie algebra

Lie(UpLie(kY) @ kX) = Lie(Assy (kY) ® X) = Lie(k(Ass, (V) x X)).

It follows that n’ is dimensionwise free.
Now by Corollary we have a converging spectral sequence

Ez’q:Toerk(gl/”,)(k,Toqu’“(g/)(Uk(g'/n’),M)) = TorU’“(g/)(k,M).

p+q

As g /n! € k-Lie is free, the map g/, — ¢/, /n/ has a section homomorphism, for all
n > 0. So using the Ug(n],)-module isomorphism Uy(g!,) = Ux(n),) ® Ux(g),/n},) of Lemma
8.3.13| (ii) we see that Uk(g)) is a free Ug(n))-module in every dimension n > 0. In
particular every cofibrant replacement of M in Ug(g')-s.Ab is also cofibrant over Uy(n').
This implies

Tor* &) (U (g' /'), M) = 7. (Un(g' /) @) EM) 22 m.(k Qv ) Un(8) @ gr) EM)
= . (k @y, ) EM) = Tor?* ™) (k, M) = H,(w', M),
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and hence the spectral sequence looks like

E?, = Hy(g'/0', Hy(w',M)) = H:(g/n, H (0, M)) = Hy, (g, M) =H), (3. M).

8.3.4 The Whitehead Theorem

Proposition 8.3.15
Let k € CRing,c > 0 and f € s(k-Lie)(g,bh).

(i) Suppose mog = 1.
Then g is c-connected, if and only if HE (g, k) is (¢ + 1)-connected.

(ii) Suppose mof is an isomorphism.
Then f is c-connected, if and only if HE(f, Ux(moh)) is (¢ + 1)-connected.

Proof. Using the Lie algebra analogues Proposition Corollary and the Hochschild-
Serre spectral sequence instead of the group versions, the proof is exactly the same as in
Proposition [8.2.6] Slightly more difficult is only the proof of the equivalence

H,(nk)=0 V0<¢<c = Ho(h, Hy(n, Ug(mon))) =0 V0<g<ec.
Applying HEX(h,-) to the short exact Kiinneth sequence yields a long exact sequence
. — HE (b, Tor} (H;-, (n, k), Ui (mob)) <= H{ (b, Hy (n. k) © Up(mob))
— Hy (b, HY (n, Ug(mob))) — Hy (b, Torf (HY  (n, k), Uk (moh))) — 0.

Hence if H,(n, k) vanishes, for 0 < ¢ < ¢, also Hy(h, H,(n, Ug(mon))) vanishes in that
range. Vice versa, we will show by induction on 0 < ¢ < ¢ that H,(n, k) = 0. Suppose
H;(n, k) is zero for all 0 < i < ¢ and some 0 < ¢ < ¢. Then in particular the first term of
the extract of the long exact sequence is zero. Hence with the third term also the second
term is zero, which by Remark (i) can be computed as

Hy (b, H (n, k) @ Uy(mob)) = (H (n, k) @ Up(moh))mop = Hy (0, k).

This proves the induction step.

8.3.5 Homology of free Lie algebras

Proposition 8.3.16
Let k € CRing and g € s(k-Lie).

Then there is a natural epimorphism of simplicial k-modules

B®Uy(g)/k — B*Uk(g/lg. 8])/k = Com(B*(g/[g.9l)) — B*(9/lg.9])-

It 1s a weak equivalence, if g s an almost free simplicial Lie algebra.
In particular HE (g, k) — mL(-/[-,-])(g), for all g € s(k-Lie).
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Proof. The first map is induced by the quotient map g/[g, g], the equality middle is
induced by the equality Ux(g/[g,g]) = Comi(g/[g, g]), using that g/[g, g] is abelian, and
the identifications

BZComi(g/[g,9]) = Comi(g/[g,8))*" = Comi(g/[g,9]") = Comi(B)g/lg.9]), n>0.

The second map is the projection onto the particular summand. That the given map is a
weak equivalence, for almost free g is exactly the same as in the case of simplicial groups

(see Proposition [8.2.5]).
O

8.4 Comparison theorems for homology spectral
sequences

8.4.1 Connectivity of graded objects

Definition 8.4.1
Let A be an abelian category and k € Z.

(i) A Z-graded object X € A” is called k-connected, if: X,=0, foralln<k.
(ii) A morphism f € AZ(X,Y) is called k-connected, if

isomorphism, n <k,

In -
Xn = Yo L an { epimorphism, n =k + 1.

Remark 8.4.2
Let A be an abelian category and k € Z.

(i) Ewvery object X € dgA is k-connected, if and only if H,X € A% is k-connected.

(ii) For a morphism f € dgA(X,Y), the following is equivalent.
a) f is k-connected.
b) hofibf is k-connected.
c) Hhofibf is k-connected.
d) H.f € AL(H, X, H,Y) is k-connected.

8.4.2 Basic comparison theorem

Proposition 8.4.3
Let A be an abelian category, k > 0 and f € dgA(X,Y).
Suppose the underlying map of graded objects f € AZ(X,Y) is k-connected. Then

(i) The induced map on the cycles Z,(f) € A*(Z.X,Z.Y) is k-connected.
(ii) The induced map on the boundaries B.(f) € A%(B.X, B.Y) is (k — 1)-connected.
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(iii) The induced map on homology H.(f) € AX(H. X, H.Y) are k-connected.

Proof. This is well-known. As the proof is short, we will carry it out for the convenience of
the reader. Since U(f) is k-connected, the 5-lemma applied to the commutative diagram

0—=Z,X —X, —%- X, ,

o i

0—=2,Y Y, 4.y,

yields that Z, f is an isomorphism, if n < k and an epimorphism, if n = k + 1, meaning
that Z,f is k-connected. Similarly the 5-lemma applied to the commutative diagram

0—=Z,X—X,—%2~B, X —1

o

0 7Y Y, —%-B, Y —=1

yields that B,f is (k — 1)-connected. Finally the 5-lemma applied to the commutative
diagram
Xps1 —2>Z,X —= H, X —=0
fn+1l ant ant
Vo1 —2> Z,Y — = H,Y ——=0

yields that H, f is k-connected.

(|
Corollary 8.4.4
Let E 5 Ebea homomorphism of spectral sequences in an abelian category A.
If fr € AZ(E",E") is k-connected, for some r, so is f*, for all s > r.
Proof. Using Proposition [8.4.3| we see that also
fr-i-l . Er+1 — H*<Er) H*_(f;) H*(Er) _ Er-i—l
is k-connected. Hence by induction f* is k-connected, for all s > r.
O

8.4.3 Connectivity of homology spectral sequences

Proposition 8.4.5
Let E" be a first quadrant spectral sequence with r > 2, weakly converging to H.
Then there is a sequence of Ng-graded objects

Eg’* —» B, — Ho — By — Eio.

Moreover all these maps are isomorphisms in dimension 0.
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Proof. Let n > 0 and r > 2. Since Fj, N E", i1 =0, forall r > 1, we have exact
sequences

Bl it~ By — Byt — 0, r>1,
where the left term is zero, if n —r + 1 < 0. Hence the first morphism can be defined as
the composite

2 3 2
Ey, — Eg, — .. — Egt? = EgS, — Hy, n > 0.
o . d
Similarly, since 0 = Ey ., _, — EJ , for all » > 2, we have exact sequences

d
0—>E;;j51—>E;70—>E;; r> 2,

—-r,r—1

where the right term is zero, if n — r < 0. Hence the second morphism can be defined as
the composite
H, — EX, =E' — .. — E}

n,0’

n > 0.

Since E" lies in the first quadrant, we have Ef, = Egy = (TotES,)o, showing that the
maps are isomorphisms in dimension 0.
O

Ideas for the proof of one direction in (i) of the proposition below are based on compu-
tations in spectral sequence as they were given in [Sri08] Prop. 2.5 a). We do not know,
wheather a proof in this generality is available in present literature. The statement is also
similar to Zeeman’s Comparison Theorem [Zee57], the proof of which uses similar tech-
niques but is slightly more complicated. Infact our proposition implies and even tightens
Zeemans comparison in some cases, as we will demonstrate in the subsequent section.
On the other hand it is probably implied by the generalized comparison theorem, whose
hardly readible proof is given in [HR76].

Proposition 8.4.6
Let E" be a first quadrant spectral sequence with v > 2, weakly converging to H.

(i) Suppose, that for every g > 0:

(F) Ej./Ej, q-conmected = E.,/E-; q-connected, for all p > 0.

Then the following is equivalent.
a) H. — E2 is (k — 1)-connected.
b) E§./E§, is (k —1)-connected.

(ii) Suppose, that for every p > 0:
(B) EZ,/Ej, p-connected = EI /Ej,  p-connected, for all ¢ > 0.

Then the following is equivalent.

a) E§, — H, is (k — 1)-connected.
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b) EZ,/Eg, is k-connected.
Proof.

(i) To see that a) implies b), we will show by induction on 0 < n < k, that Ej,/Ef,
is (n — 1)-connected. There is nothing to check, for n = 1. Suppose the statement

: d
holds for some 0 < n < k. Since Ey,, — E”, ., =0, for all r > 1, we have exact
sequences

Bl i~ By — Byl =50, r>1
e For2 <r <n+1wehave 0 <n—r+1<nandthus £§,_,.,, = 0 by induction
hypothesis, which with (F) implies E?, ., =0and so £}, , ., =0.

e For r =n + 1 we have an even longer exact sequence
0— Bty — Bl o5 By, — Bt — 0 > 1
n+1,0 n+1,0 0,n 0,n ) r=»L

Since r = n+1 < k and thus E2y — EZ by a), the left map is an isomorphism
and so d = 0.

It follows that E3,, — ... — E{\? = Eg, = grgH,, = 0, because n > 0 and by a)

~ ~ 2
. . d
Vice versa, we assume b) and let 0 < n < k. Since 0 = £}, , — E], for all
r > 2, we have exact sequences

d
0— E ' — E.,— E]

n—r,r—17

r > 2.

e For 2 <r <k, we have 0 <r —1 < k and thus Egjr_l = 0 by b), which with
(F) implies F2 =0and so E 0.

n—r,r—1 n—r,r—1 =
e For r > k, we have n —r < k —r < 0 and thus again E] 0.

—r,r—1 =
It follows that H, —» gr,H, = E% = El{' — ... — E2.

Now suppose 0 < n < k. Since E,/Eg, is (k — 1)-connected, so is EJ,/E? by
(F), for all p > 0 and 7 > 2. Then E;°, = 0, for all 0 < ¢ < n. Equivalently
H, — gr,H, = E5, and thus

~ . o +1 ~ 2
Hn H gI‘an —_— E’I?L?O _— E’Z,O —> e H En70.

(ii) To see that a) implies b), we will show by induction on 0 < n < k+1, that EZ/Eg
is (n — 1)-connected. There is nothing to check, for n = 1. Suppose the statement
holds for some 0 < n < k+ 1. Since 0 = £}, , 4 Er

. o, for all 7 > 2, we have
exact sequences

d
00— Ej;jgl — B, — E]

n—r,r—17

r> 2.
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e For 2 < r < n we have 0 < n —7r < n and thus Ei_no = 0 by induction
hypothesis, which with (B) implies E2_ ., =0andso £}, .., =0.

n

e For » = n we have an even longer exact sequence
r+1 T d T r+1
0 En,O En,O EO,n—l EO,n—l 0.

Since r —1 =n — 1 < k and thus Ej,_, S EgS._; by a), it follows that the
right map is an isomorphism and so d = 0.

It follows that 0 = gr, H,, = E; = Eq%rl — ... — EZ, because n > 0 and by a)
E(2),n - Eg,on = grOHn — Hn

Vice versa, we assume b) and let 0 < n < k. Since Efp / Egyo is k-connected, so is
El,/E;, by (B), for all ¢ > 0 and » > 2. Then EX,_ =0, for all 0 < p < n.

p,n—p
Equivalently Eg°, = groH, — H, and thus
E§, — .. — Eyt? = B = grogH, — H,.

Now suppose 0 < n < k. Since Fg, A pr

" nar—1 = 0, for all 7 > 1, we have exact
sequences

T d T r+1
Er,n—r—l—l EO,n EO,n ? 07 r Z 1.

e For 2 <r <k, we have E; = 0 by b), which with (B) implies E7, ,,; =0
and so £/, .., =0.
e Forr >k, wehaven—r+1<k—r+1<0andthus £/, _, ., =0.

r

It follows that E3, — ... — Eg? = EgS, = grgH, — H,.

8.4.4 Comparison with Zeeman’s Theorem

Theorem 8.4.7 (Zeeman)

Let E" 25 B be a map of first quadrant spectral sequences in abelian category, r > 2,
each of which gives rise to an exact sequence

0— E ®E;, — E. — Tory (B2, Ef,) — 0,  p,g>0.
Then the following holds.
(i) If f2q is (p—1)- and f§, is (q—1)-connected, then f2 is min(p—2,q—1)-connected.
(ii) If f25 is (n—1)- and ff,o is (p—1)-connected, then f&* is min(n—2, p—3)-connected.

(i) If f25 is (n—1)- and f3, is (q—1)-connected, then fZ, is min(n—1,q—1)-connected.
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Proof. See [Zee57].
O

We want to apply Zeeman’s Theorem to the Serre spectral sequence of a fibration to
be able to compare it with Proposition [8.4.6

Corollary 8.4.8 )
Given a map of fibre sequences with 1-connected base spaces B and B

F—sFE——B
o
F——FE—+B,
Then the following holds.
(i) If Zb is (p—1)- and Zf is (¢ — 1)-connected, then Ze is min(p — 2, ¢ — 1)-connected.
(i) If Ze is (n—1)- and Zb is (p— 1)-connected, then Zf is min(n — 2, p — 3)-connected.
(iit) If Ze is (n—1)- and Zf is (¢ — 1)-connected, then Zb is min(n— 1, q— 1)-connected.

Note that we get similar implications on homotopy groups by applying the 5-Lemma to
the long exact sequence.

Proof. This follows immediately from Zeeman’s comparison Theorem using the
induced maps between their Serre spectral sequences

Hp(ba Hq(f7 Z)) : Hp(37 Hq(Fa Z)) — HP(B’HQ(F7Z>>7 p,q=>0.

Now we will use Proposition |8.4.6[

Proposition 8.4.9
For a fibre sequence F' — E — B with 1-connected base B, the following holds.

(i) ZE —s 7B is (k — 1)-connected, if and only if ZF is (k — 1)-connected.
(i) ZF — ZE is (k — 1)-connected, if and only if ZB is k-connected.

Note that we get similar implications on homotopy groups by applying the 5-Lemma to
the long exact sequence.

Proof. This follows by applying the Proposition m (i) to the Serre spectral sequence

E), = H,(B,H,(F,Z)) — H,(E, 7).
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Proposition 8.4.10 B
Given a fibration between fibre sequences with 1-connected base spaces B and B

F—F—B
o4
F——~FE——B.
Then the following holds.
(i) IfZf is (g—1)- and Zb is (p— 1)-connected, then Ze is min(p — 1, ¢ — 1)-connected.
(i) If Ze is (n—1)- and Zb is (p— 1)-connected, then Zf is min(n— 1, p — 2)-connected.
(iii) If Ze is (n — 1)- and Zf is (¢ — 1)-connected, then Zb is min(n — 1, q)-connected.

Note that we get similar implications on homotopy groups by applying the 5-Lemma to
the long exact sequence.

Proof. Statement (i) follows from Corollary [8.4.4] For (ii) and (iii), consider the commu-
tative diagram

fib f — fibe —+fibb
Lo
F E >B

I
F E 9:}

Since limits preserve fibrations, the upper right horizontal map is a fibration. Moreover
fib f is its fibre.
Using Proposition [8.4.9] (i) we get the following implications.

%f is (g —1)- and Zb is (p — 1)-connected,
Z£ib f is (¢ — 1)-connected and Zfib b is (p — 1)-connected.

2ﬁb f — Zfibe is (p — 2)-connected (or Zfibe —» Zfibb is (q — 1)-connected).
Zfibe is min(p — 1, ¢ — 1)-connected.

(R

Ze is min(p — 1, g — 1)-connected.

Similarly using Proposition [8.4.9] (i) we get the following implications.

Ze is (n — 1)- and Zb is (p — 1)-connected,

Zfibe is (n — 1)-connected and Zfibb is (p — 1)-connected.
Zfib e — Zfibb is min(n — 1, p — 2)-connected.

Z£ib f is min(n — 1, p — 2)-connected.

Z.f is min(n — 1, p — 2)-connected.

[N

And in the same way for (iii)
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Ze is (n — 1)- and Zf is (¢ — 1)-connected,

Zfibe is (n — 1)-connected and Zfib f is (¢ — 1)-connected.
Zfib f —s Zfibe is min(n — 2, ¢ — 1)-connected.

Zfib b is min(n — 1, ¢)-connected.

1y

Zb is min(n — 1, ¢)-connected.

8.5 Appendix: Semi-direct tensor products of rings

Proposition 8.5.1

Let k € CRing and R, S € k-Ass. Suppose S is generated as a k-algebra by a k-submodule
X <S. Forfek-Mod(S® R,R®S) we let R®y S be the k-module R® S together with
the multiplication map

LReys i (R®pS) @ (R®yS) — (R®y S), res)@(r'es)—r-0(ser)- s,

where R ® S carries the canonical (R, S)-bimodule structure.
Then R ®y S is associative, if the following two squares commute

XoROR¥™WReSoRY¥™Y Reo RS S®ORoOR™ReoSoRY™W ReoR®S

id®,ul u®idj id®ul u®idl

X®R d R® S, S®R d R® 5.

Moreover if R and S are unital and
ler)=rel, fr®l)=1®x, reR, relX,

then 1®1 € R®y S is a unit and the canonical maps R — R ®y S +— S are universal
algebra homomorphisms, meaning that there is a unique algebra homomorphism in

R——=R®¢S<~—05
|

N
Y

for every pair of morphisms (f, g) € k-Ass1(R,T) x k-Ass1(S,T) with
pr(f ©@ g)0(x @r) =g(x)- f(r), reX, rekR.
Proof. In a canonical way M := R®y S = R® S € (R, S)-Mod. Moreover if we define
1) re@s)-r=r-0(sx1r), §-(res)=60(ser)-s, forall r,r" € R, s,5' € S.
then right from the definition we get
2)m-(res)=m-r)-s, (re®s)-m=r-(s-m), forallr e R, s€ S, me M,

3) r-(m-r")=(r-m)-r', s-(m-s)=(sm)-s, forallr, 7" € R, me M, s,s' € S,
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and the two squares commute, if and only if
4) O(s@rr)=0(s@r)-r', O(ss®@r)=s-0(sr), forall ;7" € R, s,5' € 8S.

It suffices to check that M is associative under the weakened condition, that the left
equation of 4) only holds for x € X. First of all, the right equation of 4) implies

(ss')- (r"®s") = 6(ss' @71") - 5" s (5-0(s@71"))-s" Z5-(B(sS@r")-5") = 5-(s'+ (" @5")),
for s,s',s" € S and " € R. Hence

5) (ss')-m=s-(s-m), foralls,s €S, meM.
We will prove by induction on n > 1, that

6) (s-m)-m'=s-(m-m'), forallseS,=>,_., X, mmeM.

Let v € X,r e R,se Sand m € M. We have s - m =ri ® s1 + ... + r, ® s,, for some
r; € R, s;, € Sand 1 <i<n. Hence

x-((r@s)-m)%x-(r~(s~m)):x-(%(Zm@SZ Zx (rr; ® s;)

%

éZe T ®rry) - iézw(ﬂf@?‘)'ﬁ)‘si)

)

—ZQ (ri®s)=0(x®r)-(s-m).
Similarly we have (z @ 1) =r; ® $1 + ... + 1, ® sy, for some other r; € R, s; € S, so
(z-(r@s)-m=@z@r) s) m= ((ZT¢®S¢)~S)~m:Z(n®sis)~m
—Zrz 8iS 5Zri-(si-(s-m))

%

—Zn@)s (s@m)=0xz®r)-(s-m).

Putting both together this proves z - ((r ® s) -m) = (z - (r ® s)) - m, which implies the
case n = 1. Suppose 6) holds for some n > 1. Let s € S,,, x € X, m/;m"” € M with
m’ =1’ ® s’ and use the induction hypothesis (I) two times to obtain

sz)- (' @s)-m" = B(sz @7 s)-m"
s-0(x@r))-s)-m rd (s- Bz x7r")-5)) -m"

s-(z-(F®@s) -m" = (s (z-m')) - m"

I~

s ((-m) -m"Ls (z-(m -m") 2 (sz) - (m - m").
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Since S,41 = S, + S, - X, this proves the induction step. As S = anl S,, statement 6)
holds for all s € S. Now for ;7" € R, s,s" € S and m’' € M’ we get

(ros)-m)- (" ®s") 2 (r(s- Z((r-(s-m))-r") - s
= (e ((som) 1) 8" (e (s (7)) -
( . I‘ I/) '3//))

V)
—
~—
—

ﬁ\

02y

V2]

~
—

I
<
—
»
Bl
3

<
—
~—
CI)\
—
Ile
<
—
VA
—~
Bl
=

which finally proves that M is associative.

If R and S are unital, we will prove that (s ® 1) = 1 ® s, for all s € S,,, by induction
on n > 1. By hypothesis this is true for n = 1. Suppose it holds for some n > 1 and let
s € S, and x € X. Then applying the induction hypothesis (I) two times we get

0(sx®1)és-¢9(:p®1)és-(l@x)ée(séél)-xé(1®s)-x:1®sx,
which proves the induction step, as S,11 = S, + 5, - X. Now we can verify
Nlsg-(res)=01lser)-s=(r®lg)-s=r®s, forallre R, s€S.
8) (r@s) - lg=r-0(s®1g)=r-(1p®s)=r®s, foralreR, ses.
This implies that for all m € M we have
(1R®15)-milR-(1g-m);1R-m:m:m-1gi(m-lR)-lgim-(lR(@ls).
The canonical maps R — R ®y S <— S are algebra homomorphisms, because

e rel)-(rewl)=r-01r)-1=r-el)-1=rm'®l, foralrsr cR.

Now let (f,g) € k-Assi(R,
pr(f ®g) € k-Mod(R® S, T

9) (f®eg)(s-m)=g(s) - ((f®gg))(m), forallsesS, meM.

For x € X, r € R, s € S we have by assumption

X k-Assi(S,T) with the given properties. Define f ®y g =

(

e (1®s) - (1®s)=1-0s®1)-§=1-(1®s)-s=1®ss, foralls s eS.
T)
T). We will prove by induction on n > 1 that

(f @ g)(x-(r@s) = (f @ g)0x©r)-5) = (f S 9)0x@7)-g(s)
=g(x) - f(r)-9(s) = g(z) - (f @0 9)(r @ 5),

which proves the case n = 1. Suppose it holds for some n > 1. Let s € S,,, z € X and
r € R. Then using the induction hypothesis (I) we get

(f @0 9)((s2) -m) = (f @9 g)(s - (x-m)) = g(s) - (f @g g)(x - m)
£ g(s) - (g(x) - (f @q 9)(m)) = g(s2) - (f @4 g)(m),
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which proves the induction step, because S,,1 =S, + 5, - X. As S = 2@1 S,, statement
9) holds for all s € S. Now let r € R, s € S and m € M. Then

(f @0 g)(r-(s-m)) = f(r)-(f ©pg)(s-m)
= f(r) - (9(s) - (f @0 9)(m) = (f @0 9)(r ® 5) - (f ©o g)(m),

which proves that (f ®g g) is an algeba homomorphism, since also (f ®y ¢)(1 ® 1) =
f(1)-g(1) = 1. It is the only one being compatible with f and g, because

(f ®o9)((r®s)-m)

(f®eg)r@s)=(f@g)rol) (fRg)(1®s)=f(r)g(s)) reR ses.

Proposition 8.5.2
Let k € CRing and h,n € k-Lie. Suppose § € k-Lie(h, k-Der(n)), where k-Der(n) denotes
the Lie algebra of k-linear derivations on n.

Then b — n x5 b extends to an isomorphism of Uy(n)-modules

Ur(n) @ Ug(h) — Ui(n x5 b),
which becomes an algebra isomorphism Uy (n) ¢ U(h) — Ur(n x5 b) for some 6.

Proof. For every derivation d on n the composition n Lyn Iy Uk(n) extends uniquely
to a k-linear derivation on Ug(n). So ¢ induces a homomorphism of Lie algebras

b -2+ k-Der(n) — k-Der(Uy(n)) —> k-Mod(Ux(n)),

where k-Mod (U (n)) is the associative algebra of k-linear endomorphisms on Uy(n). Using
this we get a homomorphism of Lie algebras

0 - h —> k-Mod(Up(n)) ® Up(h),  h+—6(h)®@1+1®h,

where the tensor product on the right carries the canonical factorwise associative mul-
tiplication. By the universal property 6’ extends uniquely to an algebra homomorphism
Ur(h) — kE-Mod(Ui(n)) ® Uk(h), which we will denote by the same letter. Let 6 be the
adjoint to #'. In the notation of the proof of Proposition this definition immediately
implies

o J(ss'@r)=20(ss')(r)=0'(s)0(s')(r) =s-0(s®r), foralls,s’ € Ug(h), r € Uk(n),
e 1l@r)=01)(r)=(d®1)(r)=r®l, forallre U(n).
e 0(h®1)=00h)(1)®1+1®h=1®h, forallhehb,
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Moreover, for h € b and 7,7’ € Ur(n) we have

Ohar)-r=0Bh)(r)@1+r@h)-r=6h)(r)-00@r)+r-0(h®1)
S(h)(r)-(re@1)+7r-(6h) () @1+ ®h)

(W) @1+rd(h)(r)@1+r @h

S(R)(rrY@1+1r" =0(h@rr).

r

Hence Uk (h) ®q Ux(n) is a unital, associative k-algebra by Proposition [8.5.1] Moreover we
have natural Lie algebra homomorphisms

and since for all h € h and n € n we have
1@hnel]l=1®h) - Nn®1)—nN®1)- (1®h)=0h®n)—n®h
=0h)(n)@1+n®@®h—n®h=273h)(n),

these extend uniquely to a Lie algebra homomorphism g — Ui(n) ®¢ Ux(h) and thus to
an algebra homomorphism Uy (g) — Ux(n) ®g Ui (b). The inclusion maps n — g <— b
induce a k-linear map

b: Ur(n) @ Ur(b) — Ur(g) @ Ur(g) e Uk(9),
which satisfies
bO(h@r)=0d0h)(r)-14+r-h=h-r, heb, reUkm).

Hence by Proposition b is an algebra homomorphism being compatible with ¢ and
j. We have ab(1 ® s) = a(s) = 1 ® s, for all s € h and thus also for all s € Uy(h) by the
universal property of the enveloping algebra using that ab is an algebra homomorphism.
As ab is left Ug(n)-linear, it follows that ab is the identity. Similarly we have

ba(n+h)=bn@1+1®h)=n+h, n+hent+h=g,

which proves that also ba is the identity by the universal property of the enveloping

algebra. By construction b is precisely the Uy(n)-linear extension of Uy(h) — Uy(g).
O

8.5.1 Free products as semi-direct products

Proposition 8.5.3
For G, H € Grp there is a short exact sequenceﬂ

1% SosHg" g 1,

where i = [[,.q iy and H 9% G+ H sends h to ghg™!, for all g € G.

!Note that the coproduct of groups is the free product, which usually is denoted by s’
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Proof. Let G be acting from the left on the G-fold copower  H by permuting the coproduct
factors, i.e.

o:G— Grp(°H), T —> Hbmy.

ye@

The group homomorphisms H —+ “H — “H %, G <— G glue to a group homomor-
phism G * H - “H %, G. By construction we have

io(z)(tyh) = i(teyh) = zyh(zy) ™" = 2(yhy o™ = zi(y,h)z ™, z,y € G, he H,

hence i extends to a homomorphism of groups “H x, G s G % H. For all g € G and
h € H we have

e ab(l,9) = a(g) = (1,9),
o ab(iyh, 1) = a(ghg™") = a(g)a(h)a(g)~" = a(g)(th,1)a(g)~" = t,h,

which proves that ab = id by the universal property of the semi-direct product. Similarly
we have

ba(g) = b(1,9) =g, ba(h) = b(t1h,1) =1-h = h, ge G, he H,

and hence ba = id by the universal property of coproducts.

Remark 8.5.4
In particular for G € Grp and a free group H = X7 generated by a set X € Set, we get
an exact sequence

16Xy Xz 9N g 51,

Proposition 8.5.5
Let k € CRing. For g € k-Lie and X € k-Mod there is a natural exact sequence of Lie

algebrad’]
0 —s Lie(Up(g) ® X) — g = Lie(X) 98 g — 0.

Proof. Using the adjoint action g * Lie(X) becomes a Ug(g)-module and the inclusion
map X — Lie(X) — g Lie(X) extends uniquely to a Ux(g)-linear map Uy (g) @ X —
g * Lie(X) and to the Lie algebra homomorphism i. Moreover left multiplication by an
element g € g induces an endomorphism of Uy(g) ® X extending uniquely to a k-linear
derivation on Lie(Uy(g) ® X). This defines a k-linear map g — k-Der(Lie(Uy(g) ® X).
Since

2To avoid confusion and to emphasize the similarity, we also denote the coproduct in the category of
Lie algebras by ’x’ here.
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it follows that 0 is a homomorphism of Lie algebras and we can form the semi-direct
product Lie(U(g) ® X) X5 g. There are canonical Lie algebra homomorphisms

Lie(X) — Lie(Up(g) @ X) — Lie(Up(g) @ X) X5 g +— g,

which glue to a homomorphism of Lie algebras g + Lie(X) — Lie(Ux(g) @ X) x5 g. For
all go,...,g, € g and z € X we have by construction

i6(90) (g1 9n) @) = i((go" - gn) ® ) = ad(go) © ... 0 ad(gn)(x) = [go,i((g1 - - - gn) @ )],

hence i extends to a homomorphism Lie(Uy(g)@X) xs59 LN g+Lie(X). For all gy, ..., g, €
g and x € X we have

e ab(0, g0) = algo) = (0, go),

e ab((g1-++gn) ® x,0) = a(ad(gy) o ... o ad(g,)(xz)) = ad(g1) o ... o ad(g,)(1 ® z) =
(91---gn) ® ,

which proves that ab = id by the universal property of semi-direct products. Similarly
ba(g) = b(0,9) =g,  ba(z) =b(1®z) =i(l®z) =2, geg, X,

which proves that also ba = id by the universal property of coproducts.
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9 Conclusion and Outlook

First of all we want to mention that our strategy presented in chapter |3| can also be used
to analogously develop a theory for p-valued groups. Then the proof of Theorem [3.5.2)
also provides a plan to prove a mixed characteristic version, which generalizes Lazard’s
rational isomorphism H,(G, M) = H,.(g, M) to integral coefficients. A first step in this
direction was made by [HKNO9], but using our techniques could improve this result even
further. Working this out in detail could be a future project in close range.

A direct application could be a mixed characteristic version of the main Theorem[6.3.22]
which would be a variant of Beilinson’s Theorem [Beil4].

Conjecture 9.0.6
Let p > 1 be a prime number, p € I < A € Ring, such that A — @n>0 A/I™ and
grtA =@, ., I["/I" is finitely generated and free over grZ, = F[t]. -

If r is the mazimum of 2 and the stable range of A, then there are natural isomorphisms

K.(AI,Z,) =2 HC, (A, I, 7,), 1<n<p-—r.

The stable range condition on A is needed, because we cannot hope to be able to identify
the p-completed homology of X,.(A,I) with that of z.(A,I), for arbitrary large r > 1.
Moreover the finite generation property is needed so that we can apply the Theorems of
Suslin [Sus84] and Suslin-Yufryakov [SY86] to verify that K-theory commutes with the
projective limits over all quotients A/I".

Although the main problem could be solved, we want to suggest some further possible
improvements. As we already mentioned in section we originally wanted to identify
Te—18l(A)T with PH,(glA, k) = HC,_1(A) in low dimensions like in the multiplicative set-
ting, and then use the long exact sequence to prove the relative statement. This naturally
leads to the following

Conjecture 9.0.7
For k € CRing and flat A € k/Ring with p > 1, the following seems reasonable.
The Hurewicz map and the maps of Remark[5.4.17 below are isomorphisms

K “(A) = maoagl(A)Y = PHy(glooA k) = HCooa(A),  0<n<p.

Now the map S — HZ is (2p — 3)-connected after inverting (p — 1)! (cf. Proposition
4.3.4), the natural question arises, if we could also extend our isomorphism up to this
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range. As the number p (up to a constant) appears as an upper bound several times, we
will discuss each of its appearances.

First, dimension p is the limit in the identification of the homotopy groups with the
primitive part of homology (cf. Corollary , which only works up to dimension p—1,
if the space of question is connected. Of course, if the first relative cyclic homology group
vanishes, so does the first relative algebraic K-group by the main Theorem In this
case the map automatically gets (2p — 3)-connected by Corollary Another idea
could be to deloop both constructions before taking homology. This could be done using
the bar construction to the monoid structure of

D(A,J) = colim X,(A,J), d(A,J) = colim x4(A, J).
Ainj Ainj
However one should also be able to construct a zig-zag of space level maps between relative
multiplicative K-theory and relative additive K-theory.

Conjecture 9.0.8
Let k € CRing and I < A € k/Ring with A and A/I flat over k and (p — 1)! € A*, for
some p > 1.

Then there is a zig-zag of simplicial sets linking Y (A, )" and y(A,I)" and inducing
1somorphisms on homotopy groups in dimensions < 2p — 2.

Second, the upper bound p appears, when going down to the quotient
(A.gl, A)? — (gl A)g).
From Proposition and Corollary we know that on the primitive part this

map corresponds to the map
COL(A) = CH(A, ) — CX(A),

which also is only (p — 1)-connected by Proposition So one should maybe try to
prove the following conjecture to get better connectivity.

Conjecture 9.0.9
Let k € CRing and I < A € k/Ring with A and A/ flat over k and (p — 1)! € A*, for
some p > 1.

Then the map Comi(C) (A, %,)) — d(A)® = colimAm_(A*g[,A)(o) is (2p — 2)-
connected or even a weak equivalence. ’

Third, we only have connectivity < (p — 1), when going down to the quotient

Agl, A — @(A*g[TA)(a) @ k/ ged(ay, ..., a, )k —» (A, gl A)©.

a€Z”

Using Proposition m (i) one can see that the first map is a quasi-isomorphism, while the
second one is only (p—1)-connected. If the right object corresponds to Com, (C (A, Z.)),
then the left object may correspond to a variant of cyclic homology, maybe topological
cyclic homology. So it also seems natural to ask
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Question 9.0.10
Let k € CRing and I < A € k/Ring.

Are the groups K5(A, I) and . TC, (A, I) isomorphic in positive dimensions?

By the latter we mean the relative topological cyclic homology over the base ring spectrum
Hk (i.e. the Eilenberg-Maclane ring spectrum to the ring k) in the sense of [ABG™ 14)].
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