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�
0
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�

0
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Cn (K) Cn( eKn)

Cn (L) Cn(eLn).
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pnK : ( eKn, eKn�1,ek0) ! (eLn, eLn�1,el0)
uK :

Cn (K) ,! Cn( eKn) uL : Cn (L) ,! Cn(eLn)

Cn (K) Cn(K) = ⇡n(K, eKn�1,ek0) ⇡n(K, eKn�1,ek0)

Cn( eKn) Cn( eKn) = ⇡n( eKn, eKn�1,ek0) ⇡n(Kn, Kn�1, k0)

qK⇤ ⇠=

uK jK⇤

pnK⇤
⇠==

=

qK⇤



(ii)) (iii)
(iii)) (iv) ef � jK efn�1 : eKn�1 ! eLn�1(⇢ L) (n� 1)

(en� , @e
n
�)

�(en� )���! (K, eKn�1)
jK�! ( eKn, eKn�1)

ef�! (eLn, eLn�1)

@en� L �

eKn�1 ef � jK L
(eLn, L, eLn�1)

⇡n(L, eLn�1)
jL⇤��! ⇡n(eLn, eLn�1) �! ⇡n(eLn, L),

[ ef �jK ��(en�)] 2 ⇡n(eLn, eLn�1) jL⇤ �
ef�jK��(en�) ⇡n(eLn, L,el0)

@en� L ⇡n(K, eKn�1)

⇡n( eKn, eKn�1)
eKn�1 L [ ef � jK � �(en�)] 2

⇡n(eLn, eLn�1) en� 2 Cn

�
K
�

Cn

�
K
� jK⇤��! Cn( eKn)

ef⇤�! Cn(eLn).

(iii) ef⇤ uK uL uK

jK⇤ : Cn

�
K
�
,! Cn( eKn) uL

jL⇤ : Cn

�
L
�
,! Cn(eLn) ef⇤(jK⇤(en�)) jL⇤ : Cn(L) ,! Cn(eLn)

(iv)) (i) ef �jK eKn�1 f : K ! L

f efn�1 : eKn�1 ! eLn�1 (n� 1)

qL � f = pnL � jL � f ' pnL � ef � jK = fn � pnK � jK = fn � qK eKn�1.

qK : K ! K qL : L! L n
qK �� (e↵) = � (e↵) ↵ {e↵} n

K {e↵} n K
fn�1 : Kn�1 ! Ln�1 g : K ! L

K
n�1

L
n�1

Kn�1 Ln�1

gn�1

qn�1

Lqn�1

K

fn�1

fn�1 f : K ! L f � qK = qL � g



fi : K ! L i = 1, 2 fn�1 : Kn�1 ! Ln�1

gi : K ! L i = 1, 2 gn�1 : K
n�1 ! L

n�1

K
n�1

i = 1, 2

K L

K L

gi

qLqK

fi

g1 ' g2 K
n�1

f1 ' f2 Kn�1

Kn�1 = Ln�1 K
n�1

= L
n�1

qL � �
�
e0�
�
= �

�
e0�
�

�
�
e0�
 

n L
�
e0�
 

n L f : K ! L

idKn�1 g : K ! L id
K

n�1

K
n�1

K L

K L

g

qLqK

f

g K
n�1

f Kn�1

(i)

Kn�1
F

↵ @e↵ =
F

↵ @e↵
F

↵ e↵

L L L

F
�(e↵)|

� fn�1 � fn�1 �
F

�(e↵)|

= =

qL � g �
F

�(e↵)

qL � g : K ! L qn�1
L � gn�1 = fn�1 � qn�1

K :

K
n�1 ! Ln�1 qn�1

K � � (e↵) | = � (e↵) | ↵
K f : K ! L

f fn�1 f � qK = qL � g
↵ x 2 int (Dn)

(qL � g) (� (e↵) (x)) = (f � qK) (� (e↵) (x)) .

f (� (e↵) (x))
qK (� (e↵) (x)) = � (e↵) (x)

(ii) ↵ i = 1, 2

fi � � (e↵) = fi � qK � � (e↵) ' qL � gi � � (e↵) @e↵ = @e↵.

g1 ' g2 K
n�1

qL � g1 � � (e↵) ' qL � g2 � � (e↵) @e↵
↵

H↵ : e↵ ⇥ I ! L @e↵



H↵
0 = f1 �� (e↵) H↵

1 = f2 �� (e↵) H : K⇥I ! L

F
↵ e↵ ⇥ I

F
↵ @e↵ ⇥ I Kn�1 ⇥ I

L L L

F
H↵ F

H↵|

= =

F
�(e↵)|⇥idI

� fn�1 � proj
1

H Kn�1 H0 = f1 H1 = f2
(iii) g0 : L ! K g id

K
n�1

g � g0 ' idL K
n�1

g0 � g ' idK K
n�1

(i)
f 0 : L ! K idKn�1 f 0 � qL = qK � g0 qn�1

K = qn�1
L

qL � g ' f � qK K
n�1

(n� 1) (ii)
f � f 0 ' idL Kn�1 f 0 � f ' idK Kn�1

⌧ 0<n

K

(K,YK , K, qK)
0
n�@

n

K<n K/n K

K<n K/n Kn

iK hK

qKqK/nqK<n

iK hK

• (K,K/n, hK , K<n) n YK = hK⇤iK⇤Cn (K<n)
• iK hK id eKn�1

(n� 1)
• 0

n�@

(iK ,eiK) :
�
K<n, Cn (K<n) , K<n, qK<n

�
!
�
K/n, iK⇤Cn (K<n) , K/n, qK/n

�
,

(hK ,ehK) :
�
K/n, iK⇤Cn (K<n) , K/n, qK/n

�
!
�
K,YK , K, qK

�
,

eiK iK � pK<n pK/n
ehK

hK � pK/n pnK eiK ehK id eKn�1

(n� 1)

{⇣�}
Zn (K) {⌘↵} YK {⇣�} [ {⌘↵} Cn (K)�

⇣�
 
[ {⌘↵} Cn(K) qK⇤ : Cn(K)

⇠=�! Cn (K)
n

K
�
⇣�
 
[ {⌘↵} Cn

�
K
�

• n K/n (n� 1) eKn�1



• hK : K/n ! K eKn�1

hK⇤ : Cn(K/n)
⇠=! Cn

�
K
�

Cn(K/n)
�
⇣�
 
[ {⌘↵} Cn

�
K
�

hK Hr(K/n) ⇠= Hr

�
K
�

r
eKn�1 n � 3 K K/n
hK

hK
eKn�1

{fn

� } n K/n �

d� := pn�1
K � �(fn

� )| : Sn�1 ! Kn�1.

n {fn
� } n

K/n := Kn�1 [
[

d�

fn
� .

eKn�1
F

� @f
n

�

F
� f

n

�

Kn�1
F

� @f
n
�

F
� f

n
�

F
�(fn

� )|

pn�1

K =

F
d�

=

qK/n : K/n! K/n qK/n��(f
n

� ) = � (fn
� ) �

qK qK/n pn�1
K hK id eKn�1

(n � 1)
(i) hK : K/n! Kn

Kn�1

K/n K

K/n Kn

hK

qKqK/n

hK

hK Kn�1 (iii) hK

eKn�1

{fn

� } ⇢ Cn(K/n) Cn

�
K
�

�
�
⇣�
 
[ {⌘↵}

{fn
� } ⇢ Cn (K/n) Cn (K) � {⇣�} [ {⌘↵}

hK⇤ ⇠=

qK⇤ ⇠=qK/n⇤ ⇠=

hK⇤



hK⇤ {fn
� } Cn (K/n)

{⇣�} [ {⌘↵} Cn (K) hK⇤ : Cn (K/n)
⇠=�! Cn (K)

hK⇤| : Zn (K/n)
⇠=�! Zn (K)

hK Kn�1

{⇣�} Zn (K) hK⇤
�
⇣ 0�
 

Zn (K/n)
{fn

� } {⌘↵} YK n {⌘0↵}
{fn

� } K/n n
iK : K<n ,! K/n

K/n n
�
⇣ 0�
 

iK : K<n ,! K/n

K/n n�
⇣ 0�
 

qK/n⇤ qK/n qK<n : K<n ! K<n

(K,K/n, hK , K<n)
n hK⇤iK⇤Cn (K<n) = YK

hK⇤ : Cn (K/n) ! Cn (Kn)
iK⇤Cn (K<n) Cn (K/n) n {⌘0↵} YK

iK hK
0
n�@ (iK ,eiK)

(hK ,ehK) (i) 0
n�@

⌧ 0<n

(K,YK , K, qK)
0
n�@

⌧ 0<n(K, YK , K, qK) = (K,K/n, hK , K<n) .

K
(K, YK) n

⌧ 0<n(K, YK , K, qK) = ⌧<n(K,YK).

K n YK

n K K/n = Kn K/n = K
hK = idKn hK = idK qK/n = qK K<n K<n

⌧<n

⌧ 0<n(K, YK , K, qK) = (K,Kn, idKn , K<n) .



⌧ 0<n

(f, ef) :
�
K,YK , K, qK

�
!

�
L, YL, L, qL

�
0
n�@

K<n K/n K L L/n L<n

K<n K/n Kn Ln L/n L<n

iK hK

qKqK/nqK<n

iK hK fn

iLhL

qL qL/n qL<n

iLhL

f/n : K/n! L/n
f<n : K<n ! L<n

• Kn�1

K<n K/n Kn K

L<n L/n Ln L

iK

f/n

hK incl

ffnf<n

iL hL incl

f/n f<n fn�1 0
�<n

([f ] , [fn] , [f/n] , [f<n]) : (K,K/n, hK , K<n)! (L,L/n, hL, L<n) .

• 0
n�@

(f/n, ef/n) :
�
K/n, iK⇤ (Cn (K<n)) , K/n, qK/n

�
!
�
L/n, iL⇤ (Cn (L<n)) , L/n, qL/n

�
,

(f<n, ef<n) :
�
K<n, Cn (K<n) , K<n, qK<n

�
!
�
L<n, Cn (L<n) , L<n, qL<n

�
,

ef/n f/n � pK/n pL/n ef<n

f<n �pK<n pL<n
ef/n ef<n

efn�1 (n� 1)

f/n : K/n ! L/n f<n : K<n ! L<n

ef/n ef<n

fn � hK ' hL � f/n Kn�1

f/n � iK ' iL � f<n Kn�1

( ef/n)⇤ : Cn( eK/n)! Cn(eL/n) uK/niK⇤ (Cn (K<n)) uL/niL⇤ (Cn (L<n))

( ef<n)⇤ : Cn( eK<n)! Cn(eL<n) uK<n (Cn (K<n)) uL<n (Cn (L<n))
h0
L hL Ln�1

hLh
0
L ' idLn Ln�1 h0

LhL ' idL/n Ln�1

f/n := h0
L � fn � hK : K/n! L/n,

hL � f/n = hL � h0
L � fn � hK ' fn � hK Kn�1 (1)

k0 2 Kn�1 l0 := f (k0) 2 Ln�1

f<n



⇡n (K<n, K
n�1, k0) ⇡n (K/n,Kn�1, k0) ⇡n (Kn, Kn�1, k0)

⇡n (L<n, L
n�1, l0) ⇡n (L/n, Ln�1, l0) ⇡n (Ln, Ln�1, l0) (⇤)

iK⇤ hK⇤ ⇠=

fn
⇤(f/n)⇤

iL⇤ hL⇤ ⇠=

(f<n)⇤

eiK iK � pK<n pK/n
ehK

hK � pK/n pnK eiK ehK id eKn�1

(n� 1) eiL
ehL

ef/n f/n � pK/n pL/n
efn�1 (n� 1) ek0 2 eKn�1 k0 pnK

el0 := ef(ek0) 2 eLn�1

pX⇤ : ⇡n( eX, eKn�1,ek0)
⇠=�! ⇡n

�
X,Kn�1, k0

�
,

pY ⇤ : ⇡n(eY , eLn�1,el0)
⇠=�! ⇡n

�
Y, Ln�1, l0

�
,

X 2 {K<n, K/n,Kn} Y 2 {L<n, L/n, L
n}

ef<n

⇡n( eK<n, eKn�1,ek0) ⇡n( eK/n, eKn�1,ek0) ⇡n( eKn, eKn�1,ek0)

⇡n(eL<n, eLn�1,el0) ⇡n(eL/n, eLn�1,el0) ⇡n(eLn, eLn�1,el0) (⇤⇤)

eiK⇤ ehK⇤ ⇠=

ef⇤( ef/n)⇤

eiL⇤ ehL⇤ ⇠=

( ef<n)⇤

eKn�1 eLn�1

(ii)

Cn (K<n) Cn (K/n) Cn (Kn)

Cn( eK<n) Cn( eK/n) Cn( eKn)

Cn(eL<n) Cn(eL/n) Cn(eLn)

Cn (L<n) Cn (L/n) Cn (Ln) (⇤ ⇤ ⇤)

iK⇤

uK/n

( ef/n)⇤

hK⇤ ⇠=

uKuK<n

eiK⇤ ehK⇤ ⇠=

ef⇤

uL<n

eiL⇤ ehL⇤ ⇠=

iL⇤

uL/n

hL⇤ ⇠=

uL

( ef<n)⇤



ef⇤ uK (YK) = uKhK⇤iK⇤ (Cn (K<n)) = ehK⇤uK/niK⇤ (Cn (K<n))

uL (YL) = uLhL⇤iL⇤ (Cn (L<n)) = ehL⇤uL/niL⇤ (Cn (L<n)) ( ef/n)⇤ = (ehL⇤)�1 ef⇤ehK⇤

uK/niK⇤ (Cn (K<n)) = eiK⇤uK<n (Cn (K<n)) uL/niL⇤ (Cn (L<n)) = eiL⇤uL<n (Cn (L<n))
(3) {y↵} n K<n {y↵} n

K<n ⇢ eK<n ( ef/n)⇤eiK⇤uK<n (y↵) = ( ef/n)⇤eiK⇤ (y↵)
eiL⇤ ↵ k0 := � (y↵) (s0)
(⇤)

(f/n)⇤iK⇤ [� (y↵)] 2 ⇡n

�
L/n, Ln�1, l0

�

iL⇤ : ⇡n (L<n, L
n�1, l0) ! ⇡n (L/n, Ln�1, l0) ↵

f/n � iK
Kn�1 f<n L<n ⇢ L/n f<n

(2) (⇤)
f<n

ef<n f<n �pK<n pL<n

efn�1 (n� 1) (⇤⇤) (⇤ ⇤ ⇤)
ef<n (3) ( ef/n)⇤

uK/niK⇤ (Cn (K<n)) = eiK⇤uK<n (Cn (K<n)) uL/niL⇤ (Cn (L<n)) = eiL⇤uL<n (Cn (L<n))
(⇤ ⇤ ⇤)

( ef/n)⇤eiK⇤uK<n (Cn (K<n)) = eiL⇤( ef<n)⇤uK<n (Cn (K<n)) ⇢ eiL⇤uL<n (Cn (L<n)) .

eiL eL<n ,! eL/n eiL⇤ : Cn(eL<n) ! Cn(eL/n)
(4)

(f, ef) :
�
K, YK , K, qK

�
!
�
L, YL, L, qL

�
0
n�@

⌧ 0<n(f, ef) (f, ef)

⌧ 0<n(f, ef) = id⌧0<n(K,YK ,K,qK) .

�
K,YK , K, qK

� �
L, YL, L, qL

�

⌧ 0<n f<n : K<n ! L<n f/n : K/n! L/n
f/n = h0

L �fn �hK h0
L

Ln�1 hL

⌧ 0<n(f, ef) = ([f ] , [fn] , [f/n] , [f<n]) .

K L

⌧ 0<n(f, ef) = ⌧<n (f) .

⌧ 0<n : 0
n�@ ! 0

�<n

⌧<n : n�@ ! �<n

⌧ 0<n

(K, YK , K, qK)
K<n (n� 1)



(K,YK , K, qK)
0
n�@

K<n K/n K K/n0 K
0
<n

K<n K/n Kn K/n0 K 0
<n

iK hK

qKqK<n

iK hK

i
0
Kh

0
K

q0K<n

i0Kh0
K

qK/n q0K/n

K<n K 0
<n

(n� 1)

(idK , id eKn) : (K,YK , K, qK)! (K,YK , K, qK)

0
n�@ f/n : K/n! K/n0 f<n : K<n ! K 0

<n

K<n K/n Kn

K 0
<n K/n0 Kn

iK

f/n

hK

=f<n

i0K h0
K

Kn�1

(f<n, ef<n) :
�
K<n, Cn (K<n) , K<n, qK<n

�
! (K 0

<n, Cn (K
0
<n) , K

0
<n, qK0

<n
)

0
n�@

ef<n f<n � pK<n pK0
<n

ef<n

id eKn�1

(n� 1) f<n

f<n⇤ : Cn (K<n)
⇠=�! Cn (K

0
<n) .

Cn (K<n) Cn (K/n) Cn (Kn)

Cn (K 0
<n) Cn (K/n0) Cn (Kn)

iK⇤

(f/n)⇤

hK⇤ ⇠=

=f<n⇤

i0K⇤ h0
K⇤

⇠=

f<n⇤ iK⇤ hK⇤
f<n⇤ hK⇤iK⇤ (Cn (K<n)) = YK = h0

K⇤i
0
K⇤ (Cn (K 0

<n)) (f/n)⇤ = (h0
K⇤)

�1 � hK⇤

i0K⇤f<n⇤(Cn (K<n)) = (f/n)⇤ iK⇤ (Cn (K<n)) = i0K⇤ (Cn (K
0
<n)) .



i0K⇤ f<n⇤(Cn (K<n)) = Cn (K 0
<n)

0
n�@ (f<n, ef<n) ef<n⇤uK<n (Cn (K<n)) ⇢ uK0

<n
(Cn (K 0

<n))
(iii) (i)

f<n : K<n ! K
0
<n ( ef<n)n�1 = id eKn�1

qK0
<n
� f<n ' f<n � qK<n

eKn�1 f<n

f<n⇤ : Cm(K<n)
⇠=�! Cm(K

0
<n) 8 m � 0.

m 6= n K<n K
0
<n n f<n

id eKn�1

(n� 1) m = n

Cn(K<n) Cn(K
0
<n)

Cn (K<n) Cn (K 0
<n)

f<n⇤

q0K<n⇤
⇠=qK<n⇤ ⇠=

f<n⇤ ⇠=

f<n K<n K
0
<n

f<n

f<n
eKn�1

(iii) qK0
<n
� f<n ' f<n � qK<n

eKn�1 f<n

Kn�1

�<n n

n 0
�<n

�<n

([f ] , [fn] , [f/n] , [f<n]) : (K,K/n, hK , K<n)! (L,L/n, hL, L<n)
0
�<n n g1, g2 : K<n ! L<n

K<n K/n

L<n L/n

iK

f/ngi

iL



Kn�1 i = 1, 2 Kn�1

⇢ 0
n�@ n

n ⌧ 0<n

X Y Y 0 X k k � 1
Y Y 0 g1, g2 : X ! Y

Xk�1 f : Y ! Y 0 f⇤ : ⇡k (Y ) ! ⇡k (Y 0)
f⇤ : ⇡k (Y, y0) ! ⇡k (Y 0, f (y0))

y0 2 Y f � g1 ' f � g2 Xk�1 g1 ' g2 Xk�1

(k + 1) Z = X⇥I k Zk = (X ⇥ I)k =
(X ⇥ @I) [

�
Xk�1 ⇥ I

�
g1|Xk�1 = g2|Xk�1

g = (g1 ⇥ {0} [ g2 ⇥ {1}) [ (g1|Xk�1 ⇥ idI) : Z
k ! Y.

Xk�1 X⇥ I = Z ! Y 0 f �g1 f �g2
Zk f � g : Zk ! Y 0 (k + 1)

ek+1 Z

Sk
�(ek+1)|
�����! Zk f�g�! Y 0

Dk+1 s0 2 Sk

⇥
f � g � �

�
ek+1

�
|
⇤
= 0 2 ⇡k (Y

0, f (y0)) ,

y0 s0 2 Sk g��
�
ek+1

�
|

f⇤ : ⇡k (Y, y0)! ⇡k (Y 0, f (y0))
⇥
g � �

�
ek+1

�
|
⇤

⇡k (Y, y0)

Sk
�(ek+1)|
�����! Zk g�! Y

s0 (k + 1) ek+1 Z Dk+1

g Xk�1 Z ⇥ I ! Y g1
g2

0
�<n n

�<n

([f ] , [fn] , [f/n] , [f<n]) : (K,K/n, hK , K<n)! (L,L/n, hL, L<n)
0
�<n n

• iL⇤ : ⇡n (L<n)! ⇡n (L/n)
• @n : Cn (K)! Cn�1 (K)
• @n : Cn (L)! Cn�1 (L)

g1, g2 : K<n ! L<n iL�gi ' f/n� iK
Kn�1 i = 1, 2 iL � g1 ' iL � g2 Kn�1 iL � g1 iL � g2

Kn�1 iL : L<n ,! L/n g1 g2
Kn�1 = (K<n)

n�1



• g1 ' g2 Kn�1

• K<n = Kn�1 @n = 0
n YK = 0 g1 g2 Kn�1

• L/n = L<n Zn (L) = 0
YL = Cn (L) iL = idL/n

n � 3

⌧ 0<n : 0
n�@ ! 0

�<n

⌧<n n�@ ⌧ 0<n

n ⇢ 0
n�@

P 0
4 : 0

�<n ! n�1

⌧ 0<n

t<n = P 0
4 � ⌧ 0<n : 0

n�@ ! n�1.

�
K, YK , K, qK

�
0
n�@ ⌧ 0<n

�
K,YK , K, qK

�
= (K,K/n, hK , K<n)

n emb0
n : t0<n ! t0<1�

K,YK , K, qK
�

Kn�1 K<n ! K

K<n ,! K/n
hK�! Kn ,! K.

n � 3
t0<n : 0

n�@ ! n�1 emb0
n : t0<n ! t0<1

t<n embn t0<n

n ⇢ 0
n�@

K

(K,YK , K, qK) (K, Y 0
K , K

0
, q0K)

0
n�@

⌧ 0<n K
K<n K 0

<n

Kn�1 K<n K 0
<n

K YK = Y 0
K

(idK , id eKn) : (K, YK , K, qK) ! (K,YK , K
0
, q0K)

0
n�@

K<n

K 0
<n Kn�1



K
K K2 ⇢ ... ⇢ Kn ⇢ ... ⇢ [nKn = K

ir : Kr ,! K

Hr (Kn) = 0, r > n,

ir⇤ : Hr (Kn)
⇠=�! Hr (K) , r  n.

K
L n n � 3

L L2 ⇢ ... ⇢ Ln ⇢ ... ⇢ [nLn = L
Ln

n � 2 (n+ 1) Ln+1

K n
n � 3

L

n n � 2

f : X ! Y n
n � 0 X n (n+ 1) X 0

(n+ 1) Y 0 n Y
f 0 : X 0 ! Y 0 f f 0

f : X ! Y
n > 0 m > n

fm : Xm ! Y m m f

x0 2 X y0 := f (x0) 2 Y f
f⇤ : ⇡n (X, x0)! ⇡n (Y, y0) n � 0

n = 0 ⇡0 (X, x0) ⇡0 (Y, y0) X
Y n > 0 m > n fm : Xm ! Y m

m f : (X,Xm, x0)!
(Y, Y m, y0)

i : Xm ,! X j : Y m ,! Y



⇡n+1 (X,Xm, x0) ⇡n (Xm, x0) ⇡n (X, x0) ⇡n (X,Xm, x0)

⇡n+1 (Y, Y m, y0) ⇡n (Y m, y0) ⇡n (Y, y0) ⇡n (Y, Y m, y0)

@ i⇤

f⇤

incl⇤

fm
⇤

j⇤@

incl⇤

(X,Xm) m ⇡n+1 (X,Xm, x0) ⇡n (X,Xm, x0)
m � n + 1 > n > 0 i⇤

j⇤ fm : Xm ! Y m

fm
⇤ : ⇡n (Xm, x0) ! ⇡n (Y m, y0)

f⇤ : ⇡n (X, x0) ! ⇡n (Y, y0)

K
• L L2 = K2 Zn (L) n � 3
• q : K ! L K2 q
qn : Kn ! Ln n n = 2

n > 2

K = K2
h<3�! K3 �! ... �! Kn

h<n+1�! Kn+1 �! ...

n � 2
• (Kn)

n = (Kn+1)
n (n+ 1) Kn+1

• h<n+1 : Kn ! Kn+1 (h<n+1)
m : (Kn)

m !
(Kn+1)

m m m = n
m > n

Kn n = 2 K2 =
K Kn+1 h<n+1 : Kn ! Kn+1

Kn
0
n+1�@

• (n+ 1) Kn/n+1 (Kn/n+ 1)n = (Kn)
n

(n+ 1)
• h0 : (Kn)

n+1 ! Kn/n+1
n (Kn)

n (Kn)
n

h0 Kn

• Kn+1 (Kn+1)
n+1 = Kn/n+ 1

• h<n+1 : Kn ! Kn+1 (h<n+1)
m : (Kn)

m !
(Kn+1)

m m h0 m = n + 1
m > n+ 1

Kn+1 h<n+1

• (Kn+1)
n = (Kn/n+ 1)n = (Kn)

n Zn+1 (Kn+1) = Zn+1 (Kn/n+ 1)



• h<n+1 : Kn ! Kn+1 (h<n+1)
n = (h0)n (Kn)

n

(h<n+1)
n+1 = h0 (h<n+1)

m

m > n+ 1
L q : K ! L

(Kn)
n = (Kn+1)

n ⇢ (Kn+1)
n+1 n � 2 L

Ln = (Kn)
n n � 2 L2 = (K2)

2 = K2

Zn+1 (L) = Zn+1 (Ln+1) = Zn+1

�
(Kn+1)

n+1� n � 2
q : K ! L K2 n � 2

qn+1 : K
n+1 = (K2)

n+1 (h<3

)n+1

�! (K3)
n+1 �! ... �! (Kn)

n+1 (h<n+1

)n+1

�! (Kn+1)
n+1 = Ln+1

(qn+1)
n =

(
(h<n+1)

n � qn = qn n > 2,

idK2 n = 2.

q : K ! L qn+1 = qn+1 n � 2 qn : Kn ! Ln

n > 2 q2 = idK2 q
L L2 = K2 q

K2

K
L Zn (L) n � 2

K2 P 2

Z2 (P 2) K
P P 2 Z2 (P )

P L
P 2 = L2

• K1 ,! K2 ⇡1 (K1, k0) ⇠= ⇡1 (K2, k0)
k0 2 K1 Z2 (K2) =

C2 (K2) Z2 (K2) {e2↵} K

(K2, K1, k↵) k↵ := � (e2↵) (s0)

⇡2

�
K2, K1, k↵

� @�! ⇡1

�
K1, k↵

� ⇠=�! ⇡1

�
K2, k↵

�
.

@ ([� (e2↵)]) = [� (e2↵) |] = 0 ⇡1 (K1, k↵) ↵
� : C2 (K) = H2 (K2, K1)! H1 (K1)

�
�
e2↵
�
= �Hur

�⇥
�
�
e2↵
�⇤�

= Hur @
�⇥
�
�
e2↵
�⇤�

= 0.

e2↵ @2 : C2 (K)! C1 (K) ↵



• K2 ⇡1 (K2) (= ⇡1 (K)) ⇡1 (K) =
Z/m1 ⇥ ... ⇥ Z/mn mi|mi+1 m1 > 1 K2

P 2 := Kr _
_

S2,

r m1 Kr

Pr = ha1, ..., ar|am1

1 , ..., amn
n , [ar1, a2] , [ai, aj] i < j, (i, j) 6= (1, 2)i

⇡1 (K) Kr

Pr

Pr

Pr

Z2(Kr)
ami
i C1(Kr)

Z2 (P 2)
• K2 ⇡1 (K) K2

P 2

Z2 (P 2) = C2 (P 2)

k

k



n � 2 p k = n�1�p (n)
1  k  n� 1

(n, p)
• (X,⌃,⇤)

X n
� ⇢ X X �

�
⇠�! � x 7! Lx

L 2 �
⌃ (x, cone (Lx)) x 2 �

X

x 2 int(cone (Lx)) ⇢ cone (Lx) = (Lx ⇥ I) / (Lx ⇥ {0}) ⇢ X,

cone (Lx) ⇢ X
M := X �

F
L2� int(cone (L)) @M =

F
L2� L

⇤ (L,L<k, fL) L 2 �
fL :

L<k ! L k
k = 1 k = 2 L 2 � fL

L<k ,! L
L k

• (X,⌃,⇤) ! (X 0,⌃0,⇤0) F : X ! X 0

F (M) ⇢M 0 L 2 � L0
L 2 �0 F (L) ⇢ L0

L

(n, p) (X,⌃,⇤) (n, p)
j : @M ,! M

fL : L<k ! L L 2 �
@M k

f : (@M)<k :=
G

L2�

L<k

F
L2� fL�����!

G

L2�

L = @M.

I : Ob (n, p) ! Ob , I (X,⌃,⇤) = cone (j � f) .

⇤ (n, p) (n, p)
I⇤ : ⇤ (n, p)! I

⇤ (n, p)

⇤ (n, p)! (n, p)

L L<k I

⇤ (n, p)
L

L (L,L<k, fL)



k = 1 I (X,⌃,⇤)
(X,⌃,⇤) (n, p) L 2 � IL
[0, 1] M

F
L2� IL 0 2 IL

⇤ L 2 � 1 2 IL L<1 2 L ⇢ @M

⇤ (n, p) (n, p)
I⇤ : ⇤ (n, p)! (X,⌃,⇤) 7! I (X,⌃,⇤)

• • (n, p) (n, p) (n, p)
F : (X,⌃,⇤) ! (X 0,⌃0,⇤0)

F (L<1) = (L0
L)<1 L 2 � F (L) ⇢ L0

L

F : I (X,⌃,⇤)! I (X 0,⌃0,⇤0)

F (x) =

8
><

>:

⇤0, x = ⇤,
x (2 IL0

L
), x 2 (0, 1) ⇢ IL,

F (x) (2M 0), x 2M.

I•(F ) = F I• : • (n, p)!
• 1 (n, p) (n, p) (X,⌃,⇤)

L 2 �
F : (X,⌃,⇤) ! (X 0,⌃0,⇤0) 1 (n, p) L 2 � �L :
[0, 1] ! L0

L �L (0) = (L0
L)<1 �L (1) = F (L<1) (2 L0

L)
F : I (X,⌃,⇤)! I (X 0,⌃0,⇤0)

F (x) =

8
>>><

>>>:

⇤0, x = ⇤,
2x (2 IL0

L
), x 2 (0, 1/2) ⇢ IL,

�L (2x� 1) (2 L0
L), x 2 [1/2, 1) ⇢ IL,

F (x) (2M 0), x 2M.

⇥
F
⇤

�L

�0
L L 2 � [1/2, 1] ! L0

L

x 7! �L (2x� 1) x 7! �0
L (2x� 1) L0

L

F
⇥
F
⇤

I1 : 1 (n, p)! H := G � F
G : (X 0,⌃0,⇤0)! (X 00,⌃00,⇤00) G�F H M ⇤

⇤00 L 2 � G � F H [0, 1] = IL ⇢ I (X,⌃,⇤)
L00
L _ IL00

L
⇢ I (X 00,⌃00,⇤00) ⇤00 G(F (L<1))

L00
L _ IL00

L
' L00

L

F (X,⌃,⇤) �L = constL<1

L 2 �
F I (X,⌃,⇤)

k = 2
(X,⌃,⇤) (n, p) L<2 L L 2 �



(n, p)

one (n, p) (n, p)

• (X,⌃,⇤) (n, p) X
� = {x} � = {L}

• F : (X,⌃,⇤)! (X 0,⌃0,⇤0) (n, p)
F (X) ⇢ X 0 � x0

one (n, p) G � F F :
(X,⌃,⇤) ! (X 0,⌃0,⇤0) G : (X 0,⌃0,⇤0) ! (X 00,⌃00,⇤00) G

(G � F )(X) ⇢ G(X 0) ⇢ X 00 � x00

Ione : one (n, p)! ,

I Ione
(X,⌃,⇤) one (n, p)

• q : X � x!M
M L ⇥ (0, 1) ⇢ X � x q(a, t) = (a, 1) 2 L ⇥ {1} ⇢ M
i : M ,! X l : X � x ,! X i � q

l
•

b : M ! I (X,⌃,⇤) , c : I (X,⌃,⇤) ! bX (:= X/� = X),

b M ,!
I (X,⌃,⇤) = cone(j � fL) f = fL c : I (X,⌃,⇤) = cone(j � fL) !
cone(j) = X

cone(L<k) L<k M

cone(L) L M

at 1

cone(fL) fL

at 1 j

j�fL

=

M I (X,⌃,⇤)

X.

b

c
i

F : (X,⌃,⇤)! (X 0,⌃0,⇤0) one (n, p)
F (X,⌃,⇤)

Ione (F ) = [idI(X,⌃,⇤)] 2 .



F F | : X ! X 0�x0

Ione (F )

I (X,⌃,⇤)
c�! X

F |�! X 0 � x0 q0�!M 0 b0�! I (X 0,⌃0,⇤0) .

G : (X 0,⌃0,⇤0)! (X 00,⌃00,⇤00)

one (n, p) Ione (G � F ) = Ione (G) � Ione (F )
F G

Ione (G) � Ione (F ) = [b00 � q00 �G| � (c0 � b0) � q0 � F | � c]
= [b00 � q00 �G| � (i0 � q0) � F | � c]
= [b00 � q00 � (G| � l0 � F |) � c]
= [b00 � q00 � (G � F ) | � c]
= Ione (G � F ) .

J : one (n, p) ! J
p : !

Ione �! p � J.

(X,⌃,⇤) one (n, p)
[c] : I(X,⌃,⇤) ! X

F : (X,⌃,⇤)! (X 0,⌃0,⇤0) one (n, p)

I (X,⌃,⇤) I (X 0,⌃0,⇤0)

X X 0

I
one

(F )

[c0][c]

[F ]

F

I (X,⌃,⇤) X X 0 � x0 M 0 I (X 0,⌃0,⇤0)

X X X 0 X 0 X 0

[c] [F |] [q0] [b0]

[c0][i0][l0][idX ][c]

[idX ] [F ] [idX0 ] [idX0 ]



k

(n, p)
k

fL : L<k ! L L

Cyl (n, p) (n, p)
(k) Cyl (n, p)

(k)
• (k) P
Zk (P ) k P k eP : P<k ,! P

P<k P k k
• F : P ! Q (k)

F : (P ⇥ I, P ⇥ {0} , P ⇥ {1})! (Q⇥ I,Q⇥ {0} , Q⇥ {1}) ,

F
�
P k�1 ⇥ I

�
⇢ Qk�1 ⇥ I F (P<k ⇥ {0}) ⇢ Q<k ⇥ {0}

(k) K
k @k : Ck (K) ! Ck�1 (K)

@k 0 Ck (K)
K k ek ek @k

@k Ck�1 (K)

• m m � 1 Sm = e0 [ em

• Lp p � 2 Lp = e0 [ e1 [p e2 [ e3

• m � 1 RPm = e0 [ ... [ em

• 2m m � 1 CPm = e0 [ e2 [ ... [ e2m

(k) k � 3 P Q (k)�
P, YP , P , qP

� �
Q, YQ, Q, qQ

�
0
k�@

YP ⇢ Ck (P ) YQ ⇢ Ck (Q) k

(f, ef) :
�
P, YP , P , qP

�
!
�
Q, YQ, Q, qQ

�
0
k�@ F : P ! Q (k)

F | : P = P ⇥ {1} ! Q ⇥ {1} = Q f
f<k : P<k ! Q<k

(k � 1)

P<k P

Q<k Q.

eP

ff<k

eQ



emb0
k : t0<k ! t0<1

⌧ 0<k emb0
k

�
P, YP , P , qP

�
= [eP ] emb0

k

�
Q, YQ, Q, qQ

�
= [eQ]

f<k t0<k(f, ef) P k�1 H : P<k⇥ I ! Q
H0 = eQ � f<k H1 = f � eP
(P, P<k)

P ⇥ {1} [ P<k ⇥ I
f[H��! Q

F 0 : P ⇥ I ! Q

F : P ⇥ I ! Q⇥ I, F (p, t) = (F 0 (p, t) , t) .

Cyl (n, p) (n, p)

• Cyl (n, p) (X,⌃,⇤) (n, p) L 2 �
(k) fL

eL : L<k ,! L
• Cyl (n, p) F : (X,⌃,⇤) ! (X 0,⌃0,⇤0) (n, p)

L 2 � FL :
L! L0

L (k) F L cFL : cone (L)!
cone (L0

L) FL 0
cFL FL

ICyl : Cyl (n, p)! I
eP : P<k ! P ⇡P

⇡P : P
G

(P<k ⇥ I)!
⇣
P
G

(P<k ⇥ I)
⌘
/ (eP (x) ⇠ (x, 1) 8x 2 P<k) = cyl (eP ) .

cyl (eP )

AP := ⇡P (P<k ⇥ {0}) ,
BP := ⇡P (P ) ,

CP := ⇡P

�
P k�1 ⇥ I

�
.

⇡P

�P : P
⇠=! BP .

⇡P P<k ⇥ I

⇢P : (P<k ⇥ I, P<k ⇥ {0} , P<k ⇥ {1}) ,! (cyl (eP ) , AP , BP ) .

P<k P<k ⇥ {1}

P BP .

=

⇢P |eP

�P



P (k) EP : cyl (eP ) ,! P ⇥ I

i : P
�P�! BP ,! cyl (eP ) EP � i : P = P ⇥ {1} ,! P ⇥ I

q : P ⇥ I ! P
EP � i q �EP : cyl(eP )! P i EP

i � q

glue : ! refl

refl

F : (X,⌃,⇤)! (X 0,⌃0,⇤0) Cyl (n, p)
{L⇥ I ! L0

L ⇥ I}L2�
F I(X,⌃,⇤)! I(X 0,⌃0,⇤0)

glue : ! refl M M 0

{L⇥ I}L2� {L0 ⇥ I}L02�0

coll : refl !
ICyl : Cyl (n, p) ! I

Tk : (k)!

(X,A,B) A B
X (X,A,B)! (X 0, A0, B0) B

[F ] F : (X,A,B)! (X 0, A0, B0) F eF
B F eF A A0

[F ] : (X,A,B) ! (X 0, A0, B0) [F 0] : (X 0, A0, B0) !
(X 00, A00, B00) [F 0] � [F ] := [F 0 � F ]

refl

(X,A,B,C) A B C
X B ⇢ A (X,A,B,C) ! (X 0, A0, B0, C 0) C

[F ] F : (X,A,B,C)! (X 0, A0, B0, C 0)

(X0, A,B0, B) (X0, A,B0)
B0 ⇢ B ([F0] , ⇢) : (X0, A,B0, B) ! (X 0

0, A
0, B0

0, B
0)

[F0] : (X0, A,B0) ! (X 0
0, A

0, B0
0)

⇢ : B ! B0 ⇢| = F0| : B0 ! B0
0

([F 0
0] , ⇢

0) : (X 0
0, A

0, B0
0, B

0) ! (X 00
0 , A

00, B00
0 , B

00)
([F 0

0] , ⇢
0) � ([F0] , ⇢) := ([F 0

0] � [F0] , ⇢0 � ⇢)



glue : ! refl

• glue (X0, A,B0, B) = (X,X0, A,B) X
X0  - B0 ,! B

• ([F0] , ⇢) : (X0, A,B0, B) ! (X 0
0, A

0, B0
0, B

0) glue ([F0] , ⇢) = [F ]
F : (X,X0, A,B)! (X 0, X 0

0, A
0, B0)

X0 B0 B

X 0
0 B0

0 B0.

F
0

F
0

|

incl

incl

⇢

Tk : (k) �! ,

• P (k) Tk (P ) = (cyl (eP ) , AP , BP )
• F : P ! Q (k)

P ⇥ {1} = P BP

Q⇥ {1} = Q BQ.

F |

�P
⇠=

Tk(F )|

�Q
⇠=

F : (X,⌃,⇤)! (X 0,⌃0,⇤0) Cyl (n, p)

Tk (L) = (cyl (eL) , L<k, L) 8L 2 �,

Tk (L
0) = (cyl (eL0) , L0

<k, L
0) 8L0 2 �0.

F
L2� L = @M M

F
L02�0 L0 = @M 0 M 0.

F |F
Tk(FL)|=

F
FL|

F
 
G

L2�

Tk (FL) , F |
!

:
�
cyl (f) , (@M)<k , @M,M

�
!
�
cyl (f 0) , (@M 0)<k , @M

0,M 0�

f =
F

L2� eL (@M)<k =
F

L2� L<k ⇥ {0} (⇢ cyl(f))
Tk

Tk : Cyl (n, p) �! ,



• (X,⌃,⇤) Cyl (n, p) Tk (X,⌃,⇤) =
�
cyl (f) , (@M)<k , @M,M

�

• F : (X,⌃,⇤)! (X 0,⌃0,⇤0) Cyl (n, p) Tk (F ) =
�F

L2� Tk (FL) , F |
�

eICyl(k) = glue �Tk : Cyl (n, p) ! refl

eICyl(k) (X,⌃,⇤) =
�
cyl (j � f) , cyl (f) , (@M)<k ,M

�
,

j : @M ,!M

coll : refl �!

• (X,A,B,C) refl coll(X,A,B,C) = X/B
• ['] : (X,A,B,C)! (X 0, A0, B0, C 0) refl coll([']) = [']

' : X/B ! X 0/B0 '

ICyl = coll �eICyl(k) : Cyl (n, p) �! .

ICyl I

Tk

Tk Tk

(k) P (k)

AP [ BP [ CP ⇢ cyl (eP )
EP
,�! P ⇥ I.

F : P ! Q (k) F (AP ) ⇢ AQ F (BP ) ⇢ BQ

F (CP ) ⇢ CQ F (AP [BP [ CP ) ⇢ AQ [ BQ [ CQ (⇢ cyl(eQ))
F : P ! Q (k)

F< : cyl (eP )! cyl (eQ) ,

cyl (eP ) P ⇥ I

cyl (eQ) Q⇥ I

F<

EP=

F

EQ=

AP [BP [CP F<

F AP [BP [CP EP EQ F< (AP ) ⇢ AQ F< (BP ) ⇢ BQ

F< (CP ) ⇢ CQ F< (AP [ BP [ CP ) ⇢ AQ [ BQ [ CQ F<

[F<] : (cyl (eP ) , AP , BP ) ! (cyl (eQ) , AQ, BQ)
Tk



F< [F<]

Tk : (k)!

F<

F � EP : (cyl (eP ) , AP [ BP [ CP )! (Q⇥ I, cyl (eQ))

cyl (eQ) 6= ;

cyl (eP )� AP [BP [ CP = (P<k ⇥ I)� (P<k ⇥ I)k

(k + 1) EQ : cyl (eQ) ,! Q ⇥ I

(Q⇥ I, cyl (eQ)) ⇡k+1 (Q⇥ I, cyl (eQ)) = 0

F< : cyl (eP )! cyl (eQ) ,

F � EP AP [ BP [ CP EQ � F< F<

F : P ! Q (k) F< :
cyl (eP ) ! cyl (eQ)

AP [ BP [ CP ⇢ cyl (eP )

cyl (eP ) P ⇥ I

cyl (eQ) Q⇥ I

F<

EP=

F

EQ=

G< [F<] = [G<]
F<, G< : (cyl (eP ) , AP , BP )! (cyl (eQ) , AQ, BQ)

EQ � F<, EQ �G< : cyl (eP )! Q⇥ I

AP[BP[CP F �EP AP[BP[CP

EQ � F< EQ � G< AP [ BP [ CP EQ

F< G< AP [ BP [ CP F : P ! Q
(k) F< (AP ) ⇢ AQ F< (BP ) ⇢ BQ F< (CP ) ⇢ CQ

G< F< (BP ) , G< (BP ) ⇢ BQ F<

G<

D : BP ! BQ.

X := P<k⇥ I Y := cyl (eQ)
Y 0 := Q ⇥ I X (k + 1) Y



Y 0 ⇢P : P<k ⇥ I ,! cyl (eP )

g1 := F< � ⇢P , g2 := G< � ⇢P : X ! Y.

⇢P
�
Xk
�
⇢ AP [ BP [ CP Xk = P<k ⇥ {0, 1} [ P k�1 ⇥ I

⇢P (P<k ⇥ {0}) = AP ⇢P (P<k ⇥ {1}) ⇢ BP ⇢P
�
P k�1 ⇥ I

�
= CP F<

G< AP [BP [CP g1 g2 Xk

f := EQ : Y ! Y 0 f⇤ : ⇡k+1 (Y ) ! ⇡k+1 (Y 0) EQ

f

f � g1, f � g2 : X ! Y 0,

Xk EQ �F< EQ �G< AP [BP [CP

⇢P
�
Xk
�
⇢ AP [BP [CP g1 = F<�⇢P g2 = G<�⇢P

Xk P<k ⇥ {1} ⇢ Xk g1 g2

P<k ⇥ {1}
⇢P |
,�! BP

D�! BQ.

Xk g1 g2
Xk [ BP ⇢ cyl(eP ) g1 [D : cyl(eP )! cyl(eQ) g2 [D : cyl(eP )! cyl(eQ)

J : X ⇥ I ! Y Xk g1 g2
Xk [BP g1 [D g2 [D t 2 I

P<k ⇥ I P<k ⇥ {1} BP

cyl(eQ) BQ BQ

D�⇢P |

incl

⇢P |

D

==

incl

Jt

g1 [D = F< g2 [D = G< Xk [BP = AP [BP [CP

F<, G< : (cyl (eP ) , AP , BP ) ! (cyl (eQ) , AQ, BQ)

Tk : (k)! P
(k)

Tk (P ) := (cyl (eP ) , AP , BP ) .

F : P ! Q (k) F<

Tk (F ) := [F<] : Tk (P )! Tk (Q) .

F< F BP

Tk



F : P ! P F<

cyl(eP ) Tk (F ) = [F<]
F : P ! Q G : Q ! R (k)

H := G � F

Tk (H) = Tk (G) � Tk (F ) .

Tk Tk (F ) Tk (G) Tk (H)

F< : (cyl(eP ), AP , BP ) ! (cyl(eQ), AQ, BQ),

G< : (cyl(eQ), AQ, BQ) ! (cyl(eR), AR, BR),

H< : (cyl(eP ), AP , BP ) ! (cyl(eR), AR, BR),

↵ : EQ � F< ' F � EP AP [BP [ CP ,

� : ER �G< ' G � EQ AQ [ BQ [ CQ,

� : ER �H< ' H � EP AP [BP [ CP .

[H<] = [G< � F<] ↵ �
ER �G< � F< H � EP AP [ BP [ CP

� AP [ BP [ CP

(ER �G<) � F< ' (G � EQ) � F< F< (AP [ BP [ CP ) ⇢ AQ [BQ [CQ

� AQ [ BQ [ CQ ↵ AP [ BP [ CP

G � (EQ � F<) ' G � (F � EP ) � ER �H< ER �G< � F<

H �EP AP [BP [CP

H< G< � F<

ICyl : Cyl (n, p) !
Cyl (n, p) k

Lk�1 ⇢ L<k ⇢ Lk L 2 � (X,⌃,⇤)

Cyl (n, p) fL : L<k ! L
L<k

Y Zk(L) Ck(L) Y k
L k k k

Zk(L)
L<k ⇢ L k

L Lk�1 ⇢ L<k ⇢ Lk

L<k (k)
(k) L<k



X = (X,⌃,⇤) X 0 = (X,⌃,⇤0) (n, p)
Lx = L0

x x 2 � ⌃

X idX : X ! X 0 idX : X 0 ! X
(n, p) X X 0

⇤ (n, p) (n, p)

I⇤ : ⇤ (n, p)! ,

I idX : X ! X 0 idX : X 0 ! X
⇤ (n, p) X X 0

⇤ (n, p)
I⇤ (X ) I⇤ (X 0)

X
(X,⌃,�) X X 0

⇤ (n, p)
X (X,⌃,�) (n, p) ⇤ (n, p)

X X 0 (X,⌃,�) (n, p)
idX : X ! X 0 idX : X 0 ! X ⇤ (n, p)

X

1

(n, p) (n, p)

• (X,⌃,⇤) (n, p) L 2 �
L<k

fL : L<k ! L
L<k

• (X,⌃,⇤) (X 0,⌃0,⇤0)
idX X = X 0 ⌃ = ⌃0 Lx = L0

x x 2 �

I : (n, p) ! ,

I : Ob (n, p) ! Ob
(X,⌃,⇤) (n, p)

Iref (X,⌃,�) p X Iref (X,⌃,�)
X

I (X,⌃,⇤) ! Iref (X,⌃,�) fL : L<k ! L

(X,⌃,⇤) (n, p) h (X,⌃,⇤) : I (X,⌃,⇤)!
Iref (X,⌃,�) h (X,⌃,⇤) F = idX : (X,⌃,⇤)! (X,⌃,⇤0)

(n, p)

I (F ) =
⇥
h (X,⌃,⇤0) � h (X,⌃,⇤)

⇤
: I (X,⌃,⇤) ! I (X,⌃,⇤0) .



L k > 0
L k

" : L ! E(L) E (L)
f : L<k ! L

k L
ee : L<k ! E (L)k�1

t<m (K,Y )
K m � 3 K (K,Y )

m�@

K =
�
S3 _ S4

�
[↵ e5a [� e5b ,

↵ : @e5a = S4 2�! S4 ,! S3 _ S4,

� : @e5b = S4 c�! S4 _ S4 �_2��! S3 _ S4,

c S3 ⇢ S4 � : S4 ! S3

⇡4 (S3) = Z/2 @5e
5
a = @5e

5
b = 2e4 Z5 (K) = Z (e5a � e5b) ⇢

C5 (K) = Ze5a � Ze5b
Ya = Ze5a Yb = Ze5b K (K,Ya) (K,Yb)

5�@ t<5 (K,Ya) t<5 (K,Yb)

{⌘(a)} = {e5a} Ya {⌘(b)} = {e5b} Yb

K
(a)
<5 = t<5 (K, Ya) =

�
S3 _ S4

�
[↵ e5a = S3 _

�
S4 [2 e5a

�
,

K
(b)
<5 = t<5 (K, Yb) =

�
S3 _ S4

�
[� e5b .

K
(a)
<5 K

(b)
<5 ↵ �

K
(a)
<5 K

(b)
<5 K

(a)
<5 K

(b)
<5

 3

• S4 [2 e5a n = 3 q0 = 1 ⇡4 (S4 [2 e5a) = Z/2
• (S3 _ S4) [� e5b n = 3 q0 = 1 ⇡4(K

(b)
<5) = Z/4

r = 2 n = 3 s = 4 K(1) = S3

K(2) = S4 [2 e5a K
(a)
<5 = K(1) _K(2) 1 < s < 2n� 1

⇡4(K
(a)
<5 ) = ⇡4

�
S3
�
� ⇡4

�
S4 [2 e5a

�
= Z/2� Z/2 6= Z/4 = ⇡4(K

(b)
<5).



k � 3
�
P, YP , P , qP

�
0
k�@

eP : P<k = t0<k

�
P, YP , P , qP

�
�! t0<1

�
P, YP , P , qP

�
= P

emb0
k

�
P, YP , P , qP

�
k�1 emb0

k : t0<k ! t0<1
t0<k : 0

k�@ ! k�1

t0<1 : 0
k�@ ! k�1

k ⇢ 0
k�@

�
P, YP , P , qP

�

⇡k+1 (P ) = 0 (n, p)

F : (n, p)! (n, p) .

(X,⌃,⇤ ) (n, p) (X,⌃,⇤) (n, p)
X (n, p)

(n, p)
t0<k : ! k�1 k

I : (n, p)! ,

I (F (X,⌃,⇤ )) = I (X,⌃,⇤ ) (n, p)

T : ! ,

•
�
P, YP , P , qP

�
T
�
P, YP , P , qP

�
= (cyl (eP ) , AP , BP )

• (f, ef) :
�
P, YP , P , qP

�
!
�
Q, YQ, Q, qQ

�

P BP

Q BQ.

f

�P
⇠=

T (f, ef)|

�Q
⇠=

T
⇢ 0

k�@ T T
⇡k+1 (P ) = 0

�
P, YP , P , qP

�

T t0<n

• S1 = e0 [ e1

• g � 1 Xg = e0 [ e1a
1

[ e1b
1

[ ... [ e1ag [ e
1
bg
[ e2



0
k�@

�
P, YP , P , qP

�

P k�
P, YP , P , qP

�
⇡k+1 (P ) = 0 P

(n, p)

• (n, p) (X,⌃,⇤ )
(X,⌃,⇤) (n, p) L 2 �

�
L, YL, L, qL

�

⇤ fL
eL : L<k ! L emb0

k

�
L, YL, L, qL

�
L 2 �

(X,⌃,⇤) (X,⌃,⇤ )
F (X,⌃,⇤ )

F : Ob (n, p)! Ob (n, p) .

• (X,⌃,⇤ ) ! (X 0,⌃0,⇤0 ) (n, p) (F,�) F :
F (X,⌃,⇤ )! F (X 0,⌃0,⇤0 ) (n, p) �

(fL, efL) :
�
L, YL, L, qL

�
�! (L0

L, YL0
L
, L0

L, qL0
L
)

fL := F | : L ! L0
L

(F 0,�0) : (X 0,⌃0,⇤0 )! (X 00,⌃00,⇤00 ) (F 0 � F,�00)
�00 (f 0

L0
L
� fL, ef 0

L0
L
� efL)

F (F,�) = F

F : (n, p)! (n, p) .

(f, ef) :
�
P, YP , P , qP

�
!
�
Q, YQ, Q, qQ

�

f<k : P<k ! Q<k (k � 1) t0<k(f, ef) emb0
k : t0<k !

t0<1
(k � 1)

P<k P

Q<k Q.

f<k

eP

f

eQ

eP eQ idPk�1 idQk�1 (k � 1) f<k

fk�1 P k�1 f<k P<k Q<k

k H : P<k ⇥ [1/2, 1] ! Q P k�1

H1/2 = eQ � f<k H1 = f � eP

F< : (cyl (eP ) , AP , BP )! (cyl (eQ) , AQ, BQ)

3



P<k ⇥ [0, 1/2] P<k P [eP P<k ⇥ [1/2, 1]

Q<k ⇥ I Q<k Q

f<k⇥(t 7!2t) f<k

eQ

f[eP H

P [eP P<k ⇥ [1/2, 1] P<k ⇥ [1/2, 1] ��- P<k
eP�! P

T (f, ef) = [F<] .

T (f, ef)
f<k t0<k(f, ef) H

T : !

(f, ef) :
�
P, YP , P , qP

�
!
�
Q, YQ, Q, qQ

�

T (f, ef) f<k H f 0
<k

(k � 1) t0<k(f, ef) H 0 :
P<k⇥[1/2, 1]! Q P k�1 H 0

1/2 = eQ�f 0
<k H 0

1 = f �eP = H1

F<0
: (cyl (eP ) , AP , BP )! (cyl (eQ) , AQ, BQ)

[F<] =
⇥
F<0⇤

[f<k] = t0<k(f, ef) = [f 0
<k] k�1 (k � 1)

E : P<k ⇥ [0, 1/2] ! Q<k E0 = f 0
<k E1/2 = f<k P k�1

eQ �E : P<k ⇥ [0, 1/2]! Q H : P<k ⇥ [1/2, 1]! Q (eQ � E)1/2 = eQ � f<k =
H1/2

L : (P<k ⇥ [1/2, 1])⇥ I �! Q

L0 = H L1 = (eQ � E)⇤H L1 P k�1

(L1)1/2 = (eQ � E)0 = eQ � f 0
<k (L1)1 = H1 = f � eP

Ls (x, t) =

(
(eQ � E)2t� 1

2

� s
2

(x) , 1/2  t  s/4 + 1/2,

H 2t�s
2�s

(x) , s/4 + 1/2  t  1.

M : cyl (eP ) ⇥ I ! cyl (eQ) s 2 I
3

P<k ⇥ [0, 1/2] P<k P [eP P<k ⇥ [1/2, 1]

Q<k ⇥ I Q<k Q

E
1�s
2

⇥(t 7!2t) E
1�s
2

eQ

f[eP Ls

f [eP Ls (Ls)1 = H1 = f � eP
(Ls)1/2 = (eQ � E)

1�s
2

= eQ � E 1�s
2

M BP



Ms (AP ) ⇢ AQ Ms (BP ) ⇢ BQ s 2 I [F<] = [M0] =
[M1] M0 = F< L0 = H E1/2 = f<k

L1, H
0 : P<k ⇥ [1/2, 1] ! Q

P<k⇥[1/2, 1] (k + 1) Q (k + 1)
⇡k+1 (Q) = 0 L1 H 0 k

(P<k ⇥ [1/2, 1])k = P k�1⇥ [1/2, 1][P<k⇥ {1/2}[P<k⇥ {1} H 0
1/2 = eQ � f 0

<k =
(L1)1/2 H 0

1 = H1 = (L1)1 t 2 [1/2, 1] H 0
t|Pk�1 = H 0

1|Pk�1 =

(L1)1 |Pk�1 = (L1)t |Pk�1 H 0 L1 P k�1

! (L1, H
0) 2 Ck+2 ((P<k ⇥ [1/2, 1])⇥ I; ⇡k+1 (Q))

⇡k+1 (Q) = 0 (P<k ⇥ [1/2, 1])k

N : (P<k ⇥ [1/2, 1])⇥ I ! Q, N0 = L1, N1 = H 0.

M 0 : cyl (eP ) ⇥ I ! cyl (eQ) s 2 I
3

P<k ⇥ [0, 1/2] P<k P [eP P<k ⇥ [1/2, 1]

Q<k ⇥ I Q<k Q

f 0
<k⇥(t 7!2t) f 0

<k

eQ

f[eP Ns

f [eP Ns N P<k ⇥ {1} ⇢ (P<k ⇥ [1/2, 1])k

Ns|P<k⇥{1} = N0|P<k⇥{1} = (L1)1 = f � eP s 2 I

N P<k ⇥ {1/2} ⇢ (P<k ⇥ [1/2, 1])k Ns|P<k⇥{1/2} =
N0|P<k⇥{1/2} = (L1)1/2 = eQ � f 0

<k s 2 I M 0
0 = M1 M 0

1 = F<0

M 0
s (AP ) ⇢ AQ M 0

s (BP ) ⇢ BQ s 2 I M 0 BP

[F<] = [M1] = [M 0
0] = [M 0

1] =
⇥
F<0⇤

T id(P,YP ,P ,qP ) =

(idP , id ePk) t0<k(idP , id ePk) =
⇥
idP<k

⇤
⌧ 0<k

idP<k
t0<k(idP , id ePk) H = eP ⇥ idI

F< : cyl (eP )! cyl (eP ) AP [ BP idcyl(eP )

T (idP , id ePk) = [id(cyl(eP ),AP ,BP )] (f, ef) :
�
P, YP , P , qP

�
!�

Q, YQ, Q, qQ
�

(g, eg) :
�
Q, YQ, Q, qQ

�
!
�
R, YR, R, qR

�

(h,eh) = (g � f, eg � ef) :
�
P, YP , P , qP

�
!
�
R, YR, R, qR

�

f<k g<k t0<k(f, ef) t0<k (g, eg) k�1

t0<k : 0
k�@ ! k�1

t0<k(h,eh) = t0<k(g � f, eg � ef) = t0<k(g, eg) � t0<k(f, ef) = [g<k] � [f<k] = [g<k � f<k]

k�1 g<k � f<k (k � 1)
t0<k(h,eh) P k�1 eQ � f<k ' f � eP Qk�1



eR � g<k ' g � eQ F< : cyl (eP ) !
cyl (eQ) G< : cyl (eQ)! cyl (eR)

D : P<k ⇥ [1/4, 1]
↵�! cyl (eP )

G<�F<

����! cyl (eR) .

↵

P<k ⇥ [1/4, 1] ,! P
G

P<k ⇥ I
⇡P�! P [eP P<k ⇥ I = cyl (eP ) .

D : P<k ⇥ [1/4, 1]! R (⇢ cyl (eR))

(G< �F<)(P [eP P<k⇥ [1/4, 1]) ⇢ G<(Q[eQ Q<k⇥ [1/2, 1]) ⇢ R (⇢ cyl (eR)).

D : P<k ⇥ [1/4, 1] ! R P k�1 D1/4 =
eR � (g<k � f<k) D1 = g � f � eP = h � eP D P k�1 eP

idPk�1 (k�1) P k�1⇥I ⇢ cyl(eP )
Q (f<k)k�1 = fk�1 F< : cyl (eP )! cyl (eQ)

P k�1 ⇥ I ! Qk�1 ⇥ I, (x, t) 7!
(
(f(x), 2t), 0  t  1/2,

(f(x), 1), 1/2 < t  1

G< D(x, t) = (g � f)(x) (x, t) 2 P k�1 ⇥ [1/4, 1]
K : cyl (eP ) ⇥ I ! cyl (eQ) s 2 I

3

P<k ⇥ [0, s+1
4
] P<k P [eP P<k ⇥ [ s+1

4
, 1]

R<k ⇥ I R<k R.

s+1

4

(g<k�f<k)⇥(t 7! 4

s+1

t) g<k�f<k

eR

s+1

4

h[eP (D��s)

�s : P<k ⇥ [ s+1
4
, 1] ! P<k ⇥ [1/4, 1] �s(x, t) = (x, 3t�s

3�s
)

h [eP (D � �s) (D � �s)1 = D1 = h � eP
D1/4 = eR � (g<k � f<k) AP [ BP

K : cyl (eP )⇥ I ! cyl (eQ) K0 = G< �F< H< := K1

T (h,eh) = [H<] T

T (h,eh) = [H<]
K
= [G< � F<] = [G<] � [F<] = T (g, eg) � T (f, ef).

T

I
⇡k+1

T I



F : (X,⌃,⇤) ! (X 0,⌃0,⇤0) (n, p)
F ⇤(n, p)

(n, p) I⇤(F ) :
IpX ! IpX 0 eH⇤(IpX)!
eH⇤(IpX 0)

n X

IHp
r (X) =

8
><

>:

Hr(M), r < k,

im(↵), r = k,

Hr(M, @M), r > k,

↵ : Hk(M) ! Hk(M, @M) M ,! (M, @M)
F : X ! X 0 F (M) ⇢ M 0 F (@M) ⇢ @M 0

F IHp
r (X) ! IHp

r (X
0) r r = k

Hk(M, @M) ! Hk(M 0, @M 0)
im(↵)! im(↵0)

(X,⌃,⇤)
(n, p) k

eHk+1

(IpX) Hk(@M) eHk(I
pX) Hk�1

(@M) eHk�1

(IpX)Hk+1

(@M) Hk�2

(@M)

eHk+1

(IpX) IHp
k+1

(X) Hk(@M) Hk�1

(@M) IHp
k�1

(X) eHk�1

(IpX)0 0

Hk+1

(@M) 0 Hk(M) Hk(M,@M) 0 Hk�2

(@M)IHp
k+2

(X) IHp
k�2

(X)

IHp
k (X)

0 0

↵
+

=

↵

=

0

==

↵�

↵0
� ↵0

+

= =

k
IHp

⇤ (X)
I⇤ : ⇤(n, p) ! ⇤(n, p)

k

k



I⇤ refl

⇤(n, p)

refl (⇤).

I⇤

eI⇤ coll

eI⇤ : ⇤(n, p)! refl

• eI⇤(X,⌃,⇤) = (cyl(j � f), cyl(f), (@M)<k,M) (X,⌃,⇤) ⇤(n, p)
• eI⇤(F )|M = F |M F : (X,⌃,⇤)! (X 0,⌃0,⇤0) ⇤(n, p)

coll : refl !
• coll(X,A,B,C) = X/B (X,A,B,C) refl

• coll([']) = [X/B
'�! X 0/B0] ['] : (X,A,B,C)! (X 0, A0, B0, C 0)

⇤ I• I1 ICyl

I F

I⇤ : ⇤(n, p)! ⇤
F : (X,⌃,⇤)! (X 0,⌃0,⇤0) ⇤(n, p)

k (X,⌃,⇤) k
(X 0,⌃0,⇤0)

• eH⇤(IpX)! eH⇤(IpX 0) I⇤(F ) : IpX ! IpX 0

• IHp
⇤ (X)! IHp

⇤ (X
0) F : X ! X 0

• H⇤(@M)! H⇤(@M 0), Hk(M)! Hk(M 0), Hk(M, @M)! Hk(M 0, @M 0)
F

@M ! @M 0, M !M 0, (M, @M)! (M 0, @M 0)

F : (X,⌃,⇤)! (X 0,⌃0,⇤0) ⇤(n, p)

eI⇤(X,⌃,⇤) = (cyl(j � f), cyl(f), (@M)<k,M),

eI⇤(X 0,⌃0,⇤0) = (cyl(j0 � f 0), cyl(f 0), (@M 0)<k,M
0).
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Hk+1

(A,C) Hk(B) Hk(A,C) Hk�1

(B) Hk�1

(A,C)Hk+1

(B) Hk�2

(B)

Hk+1

(A) Hk+1

(A,B) Hk(B,C) Hk�1

(C) Hk�1

(A) Hk�1

(A,B)Hk+1

(C) Hk�2

(B,C)

Hk+1

(B,C) Hk(C) Hk(A) Hk(A,B) Hk�1

(B,C) Hk�2

(C)Hk+2

(A,B) Hk�2

(A)



k
k

(X,⌃,⇤) (X 0,⌃0,⇤0)

(A,B,C) := (cyl(j � f), cyl(f), (@M)<k),

(A0, B0, C 0) := (cyl(j0 � f 0), cyl(f 0), (@M 0)<k).

• Hr(f) = Hr(B,C) Hr(j � f) = Hr(A,C)
• Hr((@M)<k) = Hr(C)
•

Hr(M) = Hr(A), Hr(@M) = Hr(B), (Hr(j) =)Hr(M, @M) = Hr(A,B).

eI⇤(F ) refl

eF : (A,B,C,M) �! (A0, B0, C 0,M).

eF : (A,B,C) �! (A0, B0, C 0)

• Hr(B)! Hr(B0) Hr(A)! Hr(A0)

@M @M 0 M M 0

B B0 A A0.

eF |=F |

inclincl

eF |

eF |=F |

inclincl

eF

eF |⇤ : Hr(B)! Hr(B
0) eF⇤ : Hr(A)! Hr(A

0)

F |⇤ : Hr(@M)! Hr(@M
0) F |⇤ : Hr(M)! Hr(M

0).

• Hr(A,B)! Hr(A0, B0)

(M, @M) (M 0, @M 0)

(A,B) (A0, B0).

eF |=F |

inclincl

eF |



eF |⇤ : Hr(A,B)! Hr(A
0, B0)

F |⇤ : Hr(M, @M)! Hr(M
0, @M 0).

• Hr(A,C) ! Hr(A0, C 0) Hr(A,C) = Hr(A)
r > k Hr(A,C) = Hr(A,B) r < k

(A,C) (A0, C 0)

(I(X,⌃,⇤), ⇤) (I(X 0,⌃0,⇤0), ⇤0).

[ eF ]

[proj][proj]

coll([ eF ])

eF⇤ : Hr(A,C)! Hr(A
0, C 0)

coll([ eF ])⇤ = coll(eI⇤(F ))⇤
(⇤)
= (I⇤(F ))⇤ : eHr(I

pX)! eHr(I
pX 0).

• k

Hk(M) Hk(M, @M)

Hk(M 0) Hk(M 0, @M 0)

↵

F |⇤F |⇤

↵0

Hk(M) im(↵) Hk(M, @M)

Hk(M 0) im(↵0) Hk(M 0, @M 0),

↵|

(F |⇤)|

incl

F |⇤F |⇤

↵0| incl

im(↵) = IHp
k(X) im(↵0) = IHp
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(X,⌃,⇤)
(n, p) X

X = Xn � Xn�1 = ... = X0 = � � X�1 = ;,
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X � � �
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r (X) =
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Hr(X � �), r < k,

im(�), r = k,

Hr(X), r > k,

� : Hk(X � �)! Hk(X) X � � ,! X
F : X ! X 0

T X 0 F�1(T )
X codimF�1(T ) � codimT

(X,⌃,⇤) (X 0,⌃0,⇤0) (n, p) F : X ! X 0

F�1(�0) ⇢ � F codimF�1(x0) �
codim x0 = n x0 2 �0 F�1(x0) X

� n � F�1(�0) ⇢ �
x0 2 �0 codim(X 0 � �0) = 0 F�1(X 0 � �0)

X X �� ⇢ X �F�1(�0) = F�1(X 0��0)
F�1(�0) ⇢ � F (X � �) ⇢ X 0 � �0

F : X ! X 0 F (X � �) ⇢ X 0 � �0 F
IHp

r (X) ! IHp
r (X

0) r r = k
Hk(X)! Hk(X 0) im(�)! im(�0)

F
F (C) ⇢ C 0 C :=

F
L2� cone(L) ⇢ X

F : (X,⌃,⇤) ! (X 0,⌃0,⇤0) (n, p) F
F (C) ⇢ C 0 F : X ! X 0

F (M) ⇢M 0, F (@M) ⇢ @M 0, F (C) ⇢ C 0, F (X � �) ⇢ X 0 � �0.

Hr(M) Hr(X � �) Hr(X) Hr(X,C) Hr(M, @M)

Hr(M 0) Hr(X 0 � �0) Hr(X 0) Hr(X 0, C 0) Hr(M 0, @M 0).
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