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Abstract

The neutrino magnetic moment (NMM) in the Standard Model, minimally extended
allowing for massive neutrinos, is many orders of magnitude below current and ex-
pected experimental sensitivities. A potential measurement would therefore strongly
hint to new physics beyond the Standard Model. It raises the question how a positive
NMM signal in future experiments could be explained in a theoretically consistent
way. After a brief theoretical introduction, we summarize existing experimental
bounds and systematically analyze the possibilities of model building for accommo-
dating large NMMs in beyond the Standard Model frameworks. As a by-product, we
derive new limits on millicharged particles from the non-observation of NMMs. The
tight connection of NMMs and neutrino masses generically leads to a fine-tuning
problem in typical models that predict sizable NMMs. We explicitly demonstrate
this problem using a model in which NMMs are proportional to neutrino masses.
Finally, we investigate mechanisms that provide large NMMs and at the same time
avoid the fine-tuning problem. As a result, we find only two such mechanisms that
are not yet excluded and in which large transition magnetic moments can be realized
for Majorana neutrinos only.

Zusammenfassung

Das magnetische Moment eines Neutrinos (MMN) im um Neutrino-Massen minimal
erweiterten Standardmodell der Teilchenphysik liegt um einige Gréflenordnungen
unter den aktuellen und zu erwartenden experimentellen Sensitivitdten. Eine po-
tentielle Messung wére daher ein deutlicher Hinweis auf die Existenz neuer Physik
jenseits des Standardmodells. Das wirft die Frage auf, wie ein mogliches posi-
tives MMN-Signal zukiinftiger Experimente theoretisch konsistent erklart werden
konnte. Nach einer knappen Einfithrung in die theoretischen Grundlagen fassen
wir die bisherigen experimentellen Ergebnisse zusammen und suchen systematisch
nach moglichen Modellen jenseits des Standardmodells, die grole MMN vorher-
sagen konnen. Als Nebenprodukt leiten wir aus der Nichtbeobachtung von MMN
neue obere Schranken fiir Masse und Ladung milligeladener Teilchen her. Der enge
Zusammenhang zwischen MMN und Neutrinomassen fithrt dazu, dass es in typischen
Modellen mit groflen MMN ein sogenanntes Feintuning-Problem gibt. Wir demon-
strieren dieses Problem anhand eines Modells, in dem die MMN proportional zu den
Neutrino-Massen sind. Schliellich untersuchen wir Mechanismen, die ein messbares
MMN liefern und gleichzeitig das Feintuning-Problem umgehen. Als Resultat finden
wir nur zwei mogliche Mechanismen, die noch nicht ausgeschlossen sind und in denen
sich grofle Ubergangs—Momente, allerdings nur fiir Majorana Neutrinos, realisieren
lassen.
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straints on New Gauge Interactions from Neutrino Oscillation Experiments” [1] (in
collaboration with J. Kopp) and is not included in this work. Chaps. 4 and 5 contain
yet unpublished projects. The content of the second publication, “Revisiting large
neutrino magnetic moments” [2] (in collaboration with M. Lindner and B. Radov¢i¢),

is presented in Chap. 6.
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'Chapter 1

Introduction

With the discovery of the Higgs boson at the LHC in 2012 [3,4], the particle content
of the Standard Model (SM) is experimentally verified. Among the shortcomings of
this remarkably successful theory, the experimentally most striking one is provided
by the phenomenon of neutrino oscillations. It inevitably implies the existence of
small, but non-zero neutrino masses and thus requires the SM to be extended such
that neutrinos become massive. Up to now, the absolute value of neutrino masses is
still unknown. Current upper limits show that neutrino masses considerably larger
than 0.2 eV are in conflict with cosmological observations [5].

The idea that neutrinos oscillate was first proposed by Pontecorvo in 1957 [6]
and is considered as well-established since together with the results for atmospheric
neutrinos by the Super-Kamiokande experiment in 1998 [7] and for solar neutrinos in
2002 by SNO [8] the discrepancy between the expected and measured solar neutrino
fluxes could be explained. In the context of this discrepancy, also known as the solar
neutrino problem, the possibility of a solution by a large neutrino magnetic moment
(NMM) led to an increasing interest in theoretical models that can generate NMMs
of sufficient size [9-17]. It eventually turned out that the solar neutrino problem is
solved by resonant neutrino flavor transitions inside the sun, thereby ruling out the
NMDM-solution of the solar neutrino problem. In the subsequent years experiments
measuring reactor, atmospheric, accelerator as well as solar neutrinos continuously
improved the precision of the neutrino mixing parameters.

The current sensitivity to NMMs, on the other hand, is still far away from the SM

1

prediction*. The best direct upper limit is obtained in the reactor neutrino experi-

ment GEMMA which measures the electron recoil of antineutrino-electron scattering

n the original Standard Model neutrinos are massless. As a consequence the NMM is exactly
zero. In the context of NMM predictions, we thus refer by ‘SM’ to minimally extensions of the
Standard Model that allow for massive neutrinos as introduced in Sec. 2.1.



6 1. Introduction

near the reactor core. It constrains the effective magnetic moment to be less than
2.9-10""up [18]. In the SM, the NMM is of the order 10~ *°ug(m, /eV) [19-23] (in

units of the Bohr magneton up = 25% and the neutrino mass m,) which is eight

orders of magnitude below the GEMMA limit. The smallness of the SM prediction

implies that a measurement of a finite NMM would be a clear indication for new

physics beyond the SM. Upcoming experiments are expected to reach NMMs of the
order p, > 1072up [24-27]. Consequently, it suggests itself to ask what kind of
new physics could explain such large NMMs. In this work, we hence want to analyze
the possibilities of generating large NMMs in a theoretically consistent way. Typi-
cally, one is looking for suitable models at high energy scales, but we also study the

interesting connection of large NMMSs with light millicharged particles.

The outline of this thesis is as follows. The theoretical background of neutrino
mass and mixing, neutrino oscillations as well as neutrino electromagnetic properties
and the neutrino magnetic moment is introduced in Chap. 2, followed by a brief sum-
mary of current direct laboratory experiments as well as astrophysical observations
that constrain the size of NMMs in Chap. 3. In a systematic study of theoretical
NMM predictions in Chap. 4, we explicitly rederive the SM prediction for Dirac as
well as Majorana neutrinos and thereby explain the computation procedure. We
then classify the potential generic NMM couplings and calculate the corresponding
results in the case of Dirac and Majorana neutrinos as well as for the zeroth and first
order in neutrino mass. We apply and cross-check our results in the two simplest
scenarios, a model with a charged scalar singlet and the left-right-symmetric model,
in which the proportionality to the neutrino mass can be avoided. It turns out that
in both cases large NMMs can only be introduced by paying the price of fine-tuned
neutrino masses due to large radiative corrections. In Chap. 5 we use the result of
our generic calculation and apply it to models where millicharged particles couple to
right-handed neutrinos. The non-observation of NMMs leads to new constraints for
such scenarios which however turn out to be less stringent than limits from astro-
physical observations. The problem of generating large NMMs, while simultaneously
avoiding the fine-tuning of neutrino masses is explained and tackled in Chap. 6. We
investigate the possibility of NMMs in a model with millicharged particles and find
that there seems to be no room for large NMMs. We then explain the generic diffi-
culty of generating large NMMs due to the tight connection with the neutrino mass
by means of a particularly insightful model and conclude that it is necessary to intro-
duce new symmetries in order to obtain naturally large NMMs. We review, update

and discuss three promising models that provide such a symmetry. It turns out that



currently there is no idea for consistently incorporating large NMMs for Dirac neutri-
nos. For Majorana neutrinos, a SU(2) g horizontal symmetry can realize a large ve-v,
transition moment. In the Barr-Freire-Zee model, which relies on a spin-suppression
mechanism, it is also possible to generate sizable v.-v, as well as v.-v; and v,-v;

Majorana transition moments.






'Chapter 2

Theoretical preliminaries

In this chapter, we give a brief introduction to the basic concepts of neutrino masses,
neutrino oscillations and the neutrino magnetic moment (NMM). In favor of con-
ciseness, the scope of this chapter is restricted to what we consider necessary for
the understanding of this thesis. For more details about neutrino physics and basic

quantum field theory, we refer to the extensive literature, see e.g. Refs. [28-35].

2.1. Neutrino masses and mixing

Except for the neutrinos all fermions in the original Standard Model (SM) consist of
right- and left-chiral fields. For introducing neutrino masses it is therefore straight-
forward to simply add three new right-handed neutrinos to the SM particle content.
In analogy to the other right-handed fermions of the SM it is assumed that they are
SU(2)r, singlets. Since neutrinos are electrically neutral this implies a zero hyper-
charge, which makes them total SM singlets.

When introducing such right-handed neutrino fields vg, it immediately leads to the

additional Lagrangian terms

Lh=— Z YaﬁfaqguﬁR + h.c., (2.1)
a76:e7/'1’77—
1 R
M _ 5 > MEVEusr+ D, (2.2)
CV,BZE,M,T

where L, are the SM lepton doublets, Y3 is the Yukawa coupling matrix, M (fﬁ is
a Majorana mass matrix for right-handed neutrinos and ¢ = ig9¢* using the Higgs
doublet ¢ and the second Pauli matrix o2. The superscript ¢ denotes the charge

conjugated field defined by v© = Cv” with the charge conjugation matrix C.
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After electroweak symmetry breaking Eq. (2.1) induces Dirac neutrino masses,
while Eq. (2.2) is a Majorana mass term for the right-handed neutrinos. Note that
the latter violates total lepton number conservation, which is an accidental symmetry
of the pure SM. In principle one could force the Majorana mass term to be absent,
by imposing total lepton number conservation. In this case the neutrinos are of
Dirac type as will be discussed in Sec. 2.1.1. However there do not exist compelling
arguments for demanding a priori the conservation of lepton number. The presence
of a right-handed Majorana neutrino mass rather provides an interesting and popular
mechanism for explaining the smallness of the neutrino mass. We elaborate on this

scenario in more detail in Sec. 2.1.2.

2.1.1. Dirac neutrinos

When assuming total lepton number conservation the Yukawa interaction, Eq. (2.1), is
the only source of neutrino mass. After spontaneous electroweak symmetry breaking
the neutral component of the Higgs acquires a non-zero vacuum expectation value
(¢°) = v/+/2. Eq. (2.1) then contains the neutrino mass term

_rD Z VaLMvr + hec., (2.3)
OI,BIE,[L,T

where the mass matrix given by M O% =v/ \/iYag. The diagonalization of the mass
matrix is achieved by unitary transformation matrices UL, U® in such a way that AP
becomes diagonal, i.e. (U LipPy R).; = 8ijmy,. The transformation of the neutrino

fields into the basis of mass eigenstates v, 19, v3 is then given by

3
L/R
VaL/R= D Ul VkL/R (2.4)
k=1
and leads to
3 3
— ,Cﬁ = meﬁym + h.c. = ZminTiVi (2'5)
i=1 i=1

with the Dirac field v; = v;1, + v;R.

Similarly, the diagonalization of the mass matrix for the charged lepton fields
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0 =¢ u', v gives the transformation

L/R
/L/R: Z VM/ lL/R (2.6)
l=e,p,T

such that in the mass eigenstate basis e, i, 7 the charged lepton mass is diagonal. In
the electroweak neutral current interaction the transformation matrices cancel each
other due to their unitarity. The only term in the diagonalized Lagrangian, where

those transformation matrices appear is the charged current coupling, which reads

Loo = Z %W:@’)MV@L + h.c. (2.7)
l=e,u,T
3
— g +p A
= Z ZEWN gL"y Upvir, + h.c. (28)
l=e,pu,m k=1

Here, we have defined the matrix in flavor space U = VLTUL , which is called the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix after the works of Refs. [6, 36].
Since the only physical effect of mixing is in the charged current coupling, it is con-
venient to work in a basis, where the charged lepton mass is diagonal. The mixing
is then considered to be present only in the neutrino fields. One therefore defines
the neutrino flavor states ve, v, v, such that the charged current interaction takes it
simple form of Eq. (2.7) with the direct coupling to the charged lepton fields e, p, 7.
The neutrino mass matrix written in this basis is not diagonal. Performing the trans-
formation into the mass eigenstates via the PMNS matrix according to v, = Uyl
results in a diagonal mass, but then the in the PMNS matrix appear in the charged

current coupling.

Since the PMNS matrix is a 3 X 3 unitary matrix, it can be parametrized by three
rotation angles and six complex phases. Except for the charged current term, where
the PMNS matrix is present, the rest of the Lagrangian is invariant under a global
phase shift of the charged lepton fields. One can thus absorb three complex phases
by exploiting the freedom of choosing such a phase shift accordingly. In addition, one
can redefine the Dirac neutrino fields and absorb two further complex phases. This is
not possible with Majorana neutrinos. However, since those two phases are irrelevant

for neutrino oscillations, we will ignore them even in the Majorana case. For more
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details see for example Refs. [31,33,37]. We arrive at the parametrization

0

C12€C13 S12€13 S13€
_ i i
U = | —si2c23 — c12513523€"  c12C23 — 512513523€" c13523 | » (2.9)
i i
512823 — €12513C23€"°  —C12523 — $12513C23€"  C13C23

where s;; = sinf;; and ¢;; = cos;; with the mixing angles ¢; and the CP-violating
phase §. Neutrino oscillations will be discussed in Sec. 2.2 in more detail. We first

turn to the case of Majorana neutrinos.

2.1.2. Majorna neutrinos

Without the assumption of total lepton number conservation the extension of the SM
by right-handed neutrinos introduces the Majorana mass term in Eq. (2.2). Note
that the quantum numbers of the left-handed neutrino field do not allow for an
analogous Majorana mass term of the left-handed neutrinos. Such a term would
require more model building effort, like for example introducing extra scalar triplets.
See Refs. [28,34] for more details. In this brief discussion of Majorana neutrino masses
we stick to the minimal SM extension of just adding right-handed neutrinos. Then,
the two Lagrangian terms, Egs. (2.2) and (2.3), can be rewritten into [28]

1 ( 0o MmP"

D M e
LY+ LY D —-Njf D R

5 ) Ni + hec. (2.10)

by defining a vector consisting out of the six neutrino fields

Ng:<1/eL VuL VrL Vep ViR I/7C_R>. (2.11)

One can block-diagonalize the 6 x 6 mass matrix of Eq. (2.10) by assuming the right-
handed Majorana mass matrix to be much heavier than the Dirac mass term. This
assumption is reasonable, since M P is generated after electroweak symmetry breaking
at low scale, while M® could be related to a high-energy completion of the SM and
therefore be at a high energy scale. The diagonalization yields a light and a heavy
3 x 3 Majorana mass matrix M;, Mj. In the limit M® > MP they are given by (see

Ref. [28] and references therein)

My = —MPT (Mp) " MP, My = ME. (2.12)
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In this way one obtains three light Majorana neutrinos with their masses being the
eigenvalues of M; and three heavy Majorana neutrinos with the mass matrix Mpg. It
is important to point out that the mechanism presented here provides a reasonable
explanation for the smallness of the three left-handed neutrino masses simply by
assuming the masses of the right-handed neutrinos M*% to be much larger than the
electroweak scale (which is the maximum vale of MP as argued above). M; can
therefore be naturally pushed to the sub-eV scale. This interesting and well-studied
mechanism known as seesaw mechanism [38-42].

Accordingly, the low-energy effective mass term of the left-handed neutrinos is given
by

1 .
Lii=-5 Y (M)agvivss +he (2.13)

a’IB:ez,u’yT

The diagonalization is achieved by means of a unitary transformation matrix U such
that (UTMU);; = 8;;m,, resulting in

3 3
1 — 1 —
i = —3 Z My, Vv + he. = —3 Z My, VS Vs, (2.14)
i=1 i=1
where we have defined the Majorana neutrino field v; = v;;, + v§; with the property
v{ = v; implying that it is its own antiparticle.
Analogous to the Dirac case the mixing matrix for Majorana neutrinos is given by

U= VLT[]' and appears in the charged current interaction.

2.2. Neutrino oscillations

We have seen in the previous sections that the presence of a non-zero neutrino mass
directly results in the mixing of neutrino mass and flavor eigenstates. This in turn
manifests itself in the observable effect of neutrino oscillations. Conversely, the ob-
servation of neutrino oscillations provides a proof that neutrinos carry mass. In 2015,
Takaaki Kajita from the Super-Kamiokande Collaboration [37] and Arthur B. Mc-
Donald from the Sudbury Neutrino Observatory (SNO) [43] Collaboration received
jointly the Nobel prize [44] for the discovery of neutrino oscillations. In the following,
we briefly discuss the concept of neutrino oscillations, since oscillation effects play a
role in understanding the physical observables of the NMM.

We want to consider a neutrino source producing neutrinos of flavor « in some
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distance L of a detector, which is sensitive to incoming neutrinos of flavor 3. The
probability of the flavor transition v, — vg in vacuum can be calculated by the

quantum mechanical amplitude according to

3 . 2
Preowy = [ walva®) [P = |32 57 (wpl Unie " 01w) | (2.15)

i=1 y=e,u,T

Note that the neutrino flavor states are no eigenstates of the Hamiltonian. The neu-
trino field has therefore to be transformed into the mass basis and back again, yielding
two insertions of the PMNS matrix. This property causes the probability of detecting
the neutrino in a certain flavor state to oscillate over time. The probability can now be
further simplified by using (vg|v,) = 3, and assuming a relativistic neutrino ¢t ~ L
as well as a definite three-momentum which is the same for all contributing mass
eigenstates. Using this assumption, one can write the neutrino energy approximately
as B; ~ |p| + % ~ |p| + g—g and obtain

m% Am?2 2

3 3
2
o * —iLEiU _ U* —iL|p| _iLgE —iL 2E‘21U
PVa—H/B - ‘ § Uozie 61’ - ‘ E : i€ e € Bi
i=1 =1

A

3 2
L AN 2
= ‘ E Ugni€ “o2E Usi
=1

: (2.16)

where Am?j =m? — m]2 The result of this simplified derivation of the oscillation
probability agrees with the correct treatment accounting for the momentum spread

of the neutrino and using the full quantum field theoretical formalism [31, 34].

Experiments are usually not sensitive to all oscillation phases Am?jL /(2E) simul-
taneously. The best sensitivity is achieved for Am?jL/ (2E) ~ O(1). If instead
Amij/ (2E) > 1, the oscillation is averaged out so that the oscillation pattern
can not be detected due to the finite detector resolution. An experiment with
Am?jL/ (2E) < 1, on the other hand, could not measure flavor transitions at all. Let
us assume, for example, that Am3,L/(2F) < 1 while Am3,L/(2E) ~ Am3,L/(2E) ~
O(1). This is reasonable, since the mass square differences indeed satisfy |Am2,| <
|Am3,| ~ |Am3,|. The oscillation probability then takes the simple form [33]

) Am?
Py ~ 4 Uas|?|Ugs|? sin® (4E31L> . (2.17)

This case is applicable for atmospheric, accelerator and reactor experiments. The
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quantity Am3; ~ 1073 eV? is therefore also called the atmospheric mass square differ-
ence. For solar and very long baseline experiments, Am3, ~ 107° eV? is the relevant
quantity, also called the solar mass square difference. From Eq. (2.17), one can see
that the amplitude is determined by the matrix elements while the oscillation length

is given by Lose = 4mE/Am3,.

So far, we implicitly assumed that the neutrino stays in a coherent superposition
of neutrino mass eigenstates. It is only justified as long as the path length L is much
smaller than the coherence length Lo, = 4v2E?AL/|Am?| [31]. The coherency
depends on the spatial uncertainties of the neutrino detection and production, referred
to as AL. Once the path length becomes much larger, i.e. L > Lo, as it is the case
for example in solar neutrino experiments, the oscillation probability is calculated via

the incoherent sum

Pzﬁc—ogll/ﬁ - ZPVQHVZ' ’ PV«;%V,B = Z ’ <Vi‘7/0¢(t)> |2 ' ‘ <VB‘W> ‘2
i 7

R

2

Am?

. 71

Ure L—=E
[0 %)

2
AUsI* = Uil - [Ugil*. (2.18)

Up to this point, we considered only neutrino oscillations in vacuum. When neu-
trinos travel through matter, they experience the effect of a matter potential induced
by coherent forward scattering off electrons, protons and neutrons. While the neutral
current interaction is the same for all flavors, only the electron neutrinos take part
in the charged current scattering off electrons. The difference in the scalar potential
among the flavors causes the eigenstates of the Hamiltonian and the mass eigenstates
to be not identical anymore (which is the case in vacuum). This in turn effects the
oscillation pattern and leads to a dependence on the matter density. Neutrinos that
travel through a varying matter profile, like for example neutrinos produced inside
the sun, can underlie resonant flavor transitions, which is called Mikheyev-Smirnov-
Wolfenstein (MSW) effect [45,46]. For more details see for example Ref. [33].

In order to conclude this brief discussion of neutrino oscillations, we want to point
out that in the last decades many neutrino experiments have been developed. They
determined the oscillation parameters to good precision. On-going experiments will
even further improve the precision. For the analyses in this work, we use the global fit
values of Ref. [47]. Since the value of the CP-violating phase ¢ in the PMNS matrix,
Eq. (2.9), is not determined yet, we assume it to be zero for the purposes in this

thesis.
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2.3. Electromagnetic form factors

Figure 2.1.: The effective neutrino-photon vertex.

Since the neutrino is neutral, its electromagnetic properties appear only at loop
level. A convenient way of studying these properties on a model-independent level is to
consider the effective neutrino photon interaction. In the one-photon approximation,

the effective electromagnetic interaction Hamiltonian is given by [28]

3
H(x) = Ju(v)A(x) = Z Tf(x)Al{’VZ(x)A“(a:) (2.19)
fra=1

The indices f,7 € {1,2,3} refer to the neutrino mass eigenstates, .J,, is the effective
neutrino photon current and A,J:i is the corresponding vertex function. Within a
certain model, it is obtained by applying the Feynman rules to diagrams of the type
Fig. 2.1 and removing the neutrino spinors and the polarization vector of the photon.

To be more precise, the neutrino part of the amplitude is given by

(i) Ju(@) lvi(p)) = PP a(p)) AL (q)u(p), (2.20)

where ¢ is the four-momentum of the photon as indicated in the Feynman diagram in
Fig. 2.1. The effective neutrino electromagnetic vertex function can be decomposed

into Lorentz invariant bilinears. The most general form is [28]

; ; q g i 109"
Afz :]:fl 2 ( e > Ffl 2 %
7 (2) i (@) (T e +F5'(q )(myf + 1my,)

i 2 i
T — <w - qqf) -

My, + my,
i 2 10uwq” i 2 24
—— : _ 2.21
+3G5'(q )(myf +myi)75+9’5 (q )myf et (2.21)

where ]:,f i, Q’,{i are the neutrino electromagnetic form factors, ¢ refers to the initial, f
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to the final neutrino mass eigenstate and " = i/4[y* 4] as well as v5 = i70y1423

are matrices in Dirac space given by the Dirac matrices y*.

For an appropriate definition of the magnetic moment p and electric moment € in
terms of the form factors, one has to make sure that in the non-relativistic limit the
classical definition is reproduced. The classical electric/magnetic moment describes
the interaction of the spin with the electric/magnetic field E/B according to the
Hamiltonian [48]

HH =—up(0+a)o-B, Hs

non-rel. — non-rel. —

—eo - E, (2.22)

where o is the vector of Pauli matrices, up = 2/(2me) is the Bohr magneton, m, the
electron mass and a is the anomalous magnetic moment. Since neutrinos are neutral,
there is no tree-level electromagnetic interaction and the magnetic moment is thus
given by its anomalous magnetic moment only. For electrons, for example, one has
to replace (0 + a) with (1 + a). For the neutrino it is convenient to define p := aup
and call it the neutrino magnetic moment. One can show (see for example [48]) that

the non-relativistic limit, Eq. (2.22), is reproduced by defining

p=i2=0) - G2(g=0)

, .
My, + my, My + my,

(2.23)

In doing so, p and € are considered as matrices in flavor space, accounting for the possi-
bility to have off-diagonal entries, also called transition moments. The corresponding
high-energy effective Lagrangian terms are then given by (using Eqgs. (2.19), (2.21)
and (2.23))

1 ifz(qQ) _
[ I A S SV nuv
Eeff eff 2 myf + My, V(x)O' V(x)FMV(x)7 (224)
: 2
Lo = —Hig = —e— 200y (@) By (o), (2.25)

2my, +my,

where F),, is the electromagnetic field tensor.

The Hamiltonian and the neutrino photon current are Hermitian, which implies for
the vertex function A, (q) = VOAL( —q)7" and thus for the Dirac electric and magnetic
moment matrices to be Hermitian as well. In the case of Majorana neutrinos there

exists one additional contraction of the neutrino fields, because Majorana particles
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are its own anti-particles. The amplitude is then given by
)| Ju(@) () = 770 ()AL (@up) - v@)AT (o)) . (2.26)

Using the Majorana spinor relation v = u¢ = Cu’, one arrives at the Majorana vertex

function
Mfi _ i if\NT p—1
AP = AT e(aih)Te ! (2.27)

In contrast to the Dirac electric and magnetic moment matrices, this results in g and
€ to be Hermitian and anti-symmetric, i.e. to be purely imaginary. In addition, if CP
is conserved, one can show that either p or € is zero [28]. At this point, it is interesting
to notice the possibility of discriminating between the Dirac and Majorana nature of
the neutrino field by measuring the NMM, since for Majorana neutrinos only the
off-diagonal components exist.

Early systematic studies of neutrino electromagnetic properties can be found in
Refs. [19,20,49-54]. For a recent and detailed review see [28].

2.4. Effective neutrino magnetic moment

In general, neutrino experiments can not directly measure the electric and magnetic
moment matrices in the basis of neutrino mass eigenstates as introduced in Eq. (2.23).
Instead, the physical observable is a combination of the electric and magnetic mo-
ment. Furthermore, neutrino oscillation effects have to be taken into account, since
the neutrino source typically emits neutrinos which are in a superposition of mass
eigenstates [55,56].

In App. B we explicitly derive the cross-section for the neutrino electromagnetic
scattering process, which is the detection channel in laboratory experiments achieving
the currently best sensitivity on NMMs. From the derivation in Eq. (B.25) one can
infer that the cross-section is proportional to the combination | f; —ies;|*. By simply
inserting the spinor u_(p) for the initial neutrino in the scattering matrix element in
Eq. (B.1), we implicitly assume the initial neutrino field to be in the pure neutrino
mass eigenstate |v;). Let us change this assumption by considering neutrinos that
are produced in a specific flavor state |v,) instead. When the neutrinos are detected
after traveling a distance ¢ ~ L between source and detector, at the time of detection
the neutrino fields are in the quantum state |vq(t)) = >, UX e L |yg). The field

contraction then yields Z/T)a (t)) o< 3o, Uk e *Erl . Again using the approximation as
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used in the derivation of Eq. (2.16) this implies for the cross-section

2

= () @)

. Amif

B (g, — degy)

lmw

3daua—>uf 3
st sy

f=1

where ,u;’if is the effective neutrino magnetic moment. Although € and p contribute
to equal amount, it is sometimes also called 'magnetic moment’. For antineutrinos
one has to substitute p s, with —,u}k, €, With —e}k as well as U with U* effectively
leading to [28]

()" = 3 , (2.29)

f=1

D Ume™ T (ppr — degr)

3 Amk
k=1

i.e., the only difference is the different sign in front of the oscillation phase.
For reactor and accelerator experiments with short baselines, such that for the
largest mass square difference L < 2E/Am? holds, the effective magnetic moment

can be simplified by the approximation

2

3
> Uiy (e —iegr)| (2.30)

k=1

(18 = (1) = 32

f=1

which is the same for neutrinos and antineutrinos. In experiments with long baselines,
L > 2E/Am?, on the other hand, neutrino oscillation is washed out as discussed in
Sec. 2.2. This leads to

3 3
2 2
()"~ () e S 10k 3 Mg — ). (2:31)
k=1 f=1

Finally, for solar neutrino experiments, matter effects have to be taken into account.
Since in this case the neutrino path length corresponds to the Sun Earth distance,
the long-baseline approximation, Eq. (2.31), can be applied, where one has to replace
the PMNS matrix by the effective mixing matrix in matter at the point of neutrino

production inside the sun.
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Experimental status

The presence of neutrino magnetic moments (NMMs) would lead to a rich phe-
nomenology. In this chapter we give an overview over the most important observables
and the resulting constraints on the NMM. Due to the numerous amount of obser-
vations effecting the NMM, we restrict ourself to those yielding the most stringent

constraints. For more details we refer to Ref. [28,57-59].

3.1. Terrestrial experiments

The most sensitive and widely used method for constraining NMMs is to measure the
electron recoil due to elastic neutrino-electron scattering with reactor, solar or ac-
celerator neutrinos. We calculate the corresponding electromagnetic scattering cross-
section (do /dT)nnvw explicitly in App. B. In addition to the NMM induced scattering,
the electroweak neutrino-electron scattering has to be taken into account. In the ul-
trarelativistic limit the Standard Model (SM) weak interaction conserves the helicity
while in the NMM interaction the helicity is changed. Thus, the experimentally ob-
served cross-section is a incoherent sum of both processes. The small interference

term due to finite neutrino masses can be neglected [55,60,61]. The cross-section is

do do do
iT = <dT>SM " <dT>NMM’ 3.1)

therefore given by
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Figure 3.1.: Neutrino electron scattering cross-sections averaged over the typical an-
tineutrino reactor spectrum. The colored lines correspond to the elec-
tromagnetic contribution for different NMM values near the current best
upper limit of 2.9 - 1071 u5. The electroweak contribution is shown in
red. Figure taken from [18].

where the SM electroweak cross-section, here for 7.-e scattering, can be written as [62]

do _ Gime
dr SM_ 27

T 2
(1 — E> (1 + 2sin? Oyy)? + 4sin® Oy,
14

mel
B2

v

— 2(1 + 2sin? Byy) sin? Oy

(3.2)

Here, GF is the Fermi constant, 8y the Weinberg angle, F, the neutrino energy and
T the electron recoil energy. Fig. 3.1, taken from [18], shows the two cross-sections for
different NMM values near the current experimental sensitivity. One can see, that it
is necessary to build neutrino detectors that are able to measure electron recoils as low
as T' < 100 keV in order to further increase the sensitivity on NMMs. From Egs. (3.2)
and (B.25), one can estimate that the NMM signal exceeds the SM background if

1202 Meff 2
T < LA 3.3
< Gt (i) &)

uB

is fulfilled [59]. Here, uT is the effective NMM (compare to Sec. 2.4) and up the
Bohr magneton. In principal, it is also possible to investigate the NMM via neutrino-

nucleus scattering. It would, however, require a sensitivity to tiny atomic recoil
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energies, e.g. for germanium (Z = 32) it would be around 7" ~ 0.04 eV, see Ref. [63]

and references therein for more details.

The strategy of direct laboratory experiments is to decrease the electron recoil en-
ergy threshold while simultaneously suppressing background radiation by appropriate
shielding methods. Constraints on the effective NMM can then be derived from the
lack of any observable distortion in the electron recoil energy spectrum. The first
experiment measuring the 7.-e elastic scattering was performed in the 50’s at the Sa-
vannah River Laboratory [64-66] (see also Ref. [59] for a short review of the detector
details) using a detector consisting out of 15.9 kg plastic scintillator. For shielding
against cosmic rays they used a 300 kg Nal crystal shielded by led and cadmium
and enclosed in 2200 liters of liquid scintillator. They measured the recoil energy
of electrons from the scattering with reactor antielectron neutrinos in the range 1.5
MeV to 4.5 MeV. An improved analysis in Ref. [62] hinted at a NMM signal of the
order of p&f ~ (2 —4) - 1071% 5. However, in the 90’s the two follow-up reactor ex-
periments Krasnoyarsk [67] and Rovno [68] also measured the antielectron neutrino
scattering and found upper limits for the effective NMM of ,u,‘%if <24-107%,p and
,u,%if < 1.9-107 1%, 5 respectively, thereby ruling out the previous signal. The currently
best laboratory limit was obtained by the GEMMA experiment [18] located close to
the reactor core of the Kalinin Nuclear Power Plant. The higher sensitivity could
be achieved by the use of a 1.5 kg high purity Germanium detector with an energy
threshold as low as 2.8 keV. They obtained the upper limit

of <2910 up (90% CL). (3.4)
The competing reactor experiment TEXONO [69] located at the Kuo-Sheng nuclear
power plant also used a germanium detector with a threshold of 12 keV. They obtained

v

an upper limit of /f’if <7.4-107Myup.

There have been several accelerator experiments that also searched for NMMs. For
a review, see e.g. [28]. Among them the experiments BNL-E734 [70] and LSND [71]
measured the elastic electron scattering of muon neutrinos, DONUT [72] measured
vr-e as well as U--e scattering and LAMPF [73] was able to detect both, v.-e as well

as v,-e scattering. Due to the lower neutrino rate, those experiments are less sensitive
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compared to the reactor experiments. They obtained the upper limits of

pet <1.1-107%up  (LAMPF [73)]), (3.5)
pet < 6.8-107%up  (LSND [71]), (3.6)
pet <3.9.107up  (DONUT [72)). (3.7)

Finally, it is also possible to constrain NMMs by data from solar neutrino exper-
iments, for which the expected weak scattering rates are a priori unknown. As we
have seen in Fig. 3.1, in the case of reactor antineutrinos, the dependence on the
electron recoil energy is quite different between the weak and NMM induced scat-
tering cross-sections. The NMM limits are therefore extracted by a shape analysis
and are thus independent of the underlying standard solar model [56]. Data from
the Super-Kamiokande neutrino experiment lead in this way to the limit on the solar
effective NMM < 1.1-107 %04 [74]. Very recently the solar neutrino experiment

Borexino presented as a result of their physe-II data an even more stringent limit of
pel < 2.8 107 up [75], which is of comparable size to the GEMMA limit.

Several planned future experiments will potentially increase the sensitivity on
NMMs down to values of the order of u&T > 107125 [24-27].

v

3.2. Astrophysical observations

Neutrino-electron electromagnetic elastic scattering also play a role in core-collapse
supernovae. As discussed in the previous section, the neutrino helicity is flipped
in the NMM induced scattering process. If the neutrino is of Dirac nature, left-
handed neutrinos are thereby transformed into right-handed neutrinos. Those in
turn are sterile, i.e. do not participate in SM interactions, and can thus freely escape
the interior of a supernova. The so induced energy-loss should not be larger than
the total neutrino luminosity and hence leads to an upper bound of the order of

ff < (0.1 -0.4)-10""up [76,77], which is a slight improvement of the previous
result in Ref. [78].

Another NMM-induced process is the radiative decay of a heavy neutrino into a
lighter one by the the emission of a photon v; — vy +~. The Feynman diagram for this
decay is depicted in Fig. 3.2 (a), where the blob denotes the effective electromagnetic

neutrino interaction. From the magnetic and electric moment contribution to the
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Figure 3.2.: Feynman diagrams for radiative decay (a) and plasmon decay (b) gen-
erated by the presence of a non-zero NMM.

vertex function A{Li, see Eq. (2.21), one can derive the decay rate [79-81]

2 2\ 3
1 ml/i m
Lvimvpty = 87(|Mfz‘|2 +leril) (me> : (3.8)

k3

The phase space is suppressed due to the small neutrino mass. The resulting limits
are thus weaker than those obtained in other processes. From the absence of the
decay photons one can derive limits from reactor, solar, supernova as well as cosmic
background neutrinos. The latter give the dominant limit of (|pf;|? + |es]?)/? <
10~ (eV/m,)**up, see also Refs. [28,81] and references therein. Note that this
combination of the electric and magnetic moments is different than the effective NMM
discussed in the context of neutrino-electron scattering. For comparing the upper
limits one has to account for the PMNS matrix, the neutrino energy, the neutrino

path length and the mass square differences according to Eq. (2.28).

The more interesting process for constraining NMMs is the plasmon decay v* —
U; + v;, shown in Fig. 3.2 (b). It is kinematically allowed in very dense media, where
a dispersion relation of w? — k? > 0 makes the photon to behave like a particle
with an effective mass. This process was first studied in Ref. [82] in the context
of solar energy-loss channels. Demanding the energy-loss via plasmon decay not
to exceed the standard solar model luminosity gives the upper limit (3, | wijl* +
lei;12)/? < 4-107%up. A stronger constraint is obtained from red giant stars in
globular clusters. The helium burning inside the core depends sensitively on the
temperature. The energy-loss for a high plasmon decay rate would lead to a cooling
and a delay of the helium ignition. This in turn would imply a larger core mass which
is in conflict with observations. The resulting NMM limit is even stronger than those

from direct laboratory experiments. However, as the other constraints presented in
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this section, it is inly an indirect limit, i.e. astrophysical model-dependent. First
derived in Refs. [83,84], the updated limit is [85]

> (pagl? + lei?) < 2.6 - 107 pp (68% CL). (3.9)
(]

The authors of Ref. [86] showed that large plasmon decay rates not only effect the time
scale of helium burning, but also qualitatively change the structure and evolution of
stars. They estimated the sensitivity of those effects on the NMM to be of the order
(2—4)-10"up.

When charged particles move with a velocity greater than the speed of light inside
the environmental medium, they emit Cherenkov radiation. The same is true for
neutrinos with a non-zero NMM. The Cherenkov radiation process is helicity flipping,
analogous to the radiative decay v, — v + . It was first studied in Ref. [87] in
the context of solar neutrinos. It was found that the resulting energy-loss of solar
neutrinos is not efficient enough for reducing the solar neutrino flux significantly.
Later in Ref. [88] it was shown that although it is a small effect, it can have an
impact on core-collapse supernova. Cherenkov radiation for Dirac neutrinos implies
that more energy is carried away due to the helicity flip which transforms the left-
handed active neutrinos into right-handed sterile neutrinos. By requiring that the
energy-loss of this mechanism is less than the total neutrino luminosity of a typical
core-collapse supernovae, the authors of Ref. [88] found an upper limit for the Dirac
diagonal magnetic dipole moment of 2 - 104 p.

Let us finally mention the studies on neutrino spin-flavor precession [19,89-91].
Neutrinos propagating in an electromagnetic field are effected by an effective potential
similar to matter effects in the context of neutrino oscillations, see Sec. 2.2. The
potential is induced by the coherent forward elastic (NMM-induced) scattering and
depends on the electric and magnetic moments. It is especially interesting to consider
Majorana neutrinos, since the NMM interaction generates v-v transitions (due to the
chirality flip). In this way, one can derive bounds on the Majorana transition moments
from the measured solar neutrino flux. For more details and a theoretical description

of this process see Ref. [28] and references therein.
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Neutrino magnetic moment predictions

In view of the experimental sensitivity on neutrino magnetic moment (NMM) signals,
we want to investigate theoretical frameworks predicting NMM values of observable
size. Note that in the pure Standard Model (SM) neutrinos are massless and the
NMM is thus zero. Since it is by now considered as an experimental fact that neu-
trinos are massive, in the following, we refer by ‘SM’ to those minimally extended
SM frameworks allowing either for massive Majorana neutrinos or massive Dirac neu-
trinos, respectively, as introduced in Sec. 2.1. In this chapter, we start by studying
the NMM in those SM extensions in Sec. 4.1. We then analyze and classify generic
NMM couplings in Sec. 4.2. The two simplest scenarios which, at first sight, seem
to be suitable for generating large NMMs are discussed in Secs. 4.3 and 4.4, thereby

applying and cross-checking our results of Sec. 4.2.

4.1. Neutrino magnetic moments in the Standard Model

The computation of the NMM in the SM at one loop order was already done in the
literature, see for example Refs. [19-22]. In order to understand the calculation in
full detail, cross-check our computation procedure as well as compare the outcome
to other models we explicitly derive and reproduce the former results in this section.
To begin with, we present the calculation, assuming three right-handed neutrinos
leading to Dirac neutrino masses. Afterwards, we explain the difference for the case
of Majorana neutrinos. We stick to minimal extensions of the SM in the sense that
we just assume the Dirac/Majorana nature of the neutrino without accounting for
possible additional contributions that could for example emerge from an extended

(model-dependent) scalar sector.
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4.1.1. Dirac neutrinos

The six Feynman diagrams contributing to the NMM, when evaluating diagrams at
one loop order in Feynman gauge are depicted in Fig. 4.1. First of all, we start by
calculating the neutrino-photon vertex function A,]:i, where 7 refers to the initial and f
to the final neutrino flavor. This vertex function was already introduced in Eq. (2.21).
It is given by the coherent sum of all contributing Feynman diagrams. Applying the
SM Feynman rules as summarized in App. A we arrive at the contributions D, with
x referring to the corresponding Feynman diagram in Fig. 4.1. For the explicit loop-
integrals, see Egs. (D.1) - (D.6) in App. D.

Here, we are only interested in the electric and magnetic dipole moments. For this

purpose, one can extract from the full vertex function,
6
AP =3"D,, (4.1)
=1

the contribution of a single form factor by using appropriate projection operators.

The relevant form factors FQf " and Ggi are then obtained from the Dirac trace
Ffi=tr [PF2A{7} : ali =t [PGQA{L’} . (4.2)

The explicit derivation of the projection operators P, , Pg, can be found in App. C.

From the form factors one can directly calculate the magnetic and electric dipole

moment matrices by taking the limit ¢*> — 0 according to Eq. (2.23). As in the rest

of this work we use Mathematica Package-X [92] for the analytical computation of

one loop integrals. The result for Dirac neutrinos at first order in the neutrino mass
is

M?i _ 3eGp(my, +my,

16+/272

) > fla)UUs, (4.3)

1267%7'

3ieGpr(my,, —my,) .
ey = T \/5‘772 > Ha)U5Us, (4.4)

l=e,p,7

with the loop function

1 1 2a 2a}1nq,
fla) = 5 <1 Tl ren B al)g) , (4.5)

where Gp = v/2¢3/(8M3,) is the Fermi constant, Uj; the PMNS matrix and a; = (my/My)?
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Figure 4.1.: Feynman diagrams contributing to the vertex function Afji.

is the ratio between the charged lepton and the W boson mass.

The diagonal entries of the Dirac electric dipole moments are zero in the SM, while
for the magnetic dipole moment we can use >, UjU; = > ;|U;|? = 1 due to the
unitarity of the neutrino mixing matrix. With f(a;) ~ 1 one obtains the well-known

result (e.g. compare to [19-22])

p _ 3eGpmy,

i N o

which is highly suppressed due to the smallness of the neutrino mass. This prediction

~3.2x 107 Pup (%) , (4.6)

is about nine orders of magnitude below the currently best direct laboratory upper
bound, see Eq. (3.4), even for neutrino masses of m, ~ 0.2 eV which is just below

current experimental bounds [5].

For the transition dipole moments one can use the unitarity relation ), U, l*f U, =0.

Taking into account the expansion f(a;) =~ 1—%, the leading order is now proportional
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to q
P x _3eGF(m,,f + my,
fi 32v/272

3eGp(my, —my,

32+/272

) ZCLZU;}UM ~ O (10724) UB, (4.7)
l

) . _
e]l?i =~ ZalUlfUli ~ 010" up. (4.8)
l
Here we have used that the ratio of charged lepton mass to W boson mass is at
most a; < ar = (m,/My)? =~ 5 x 107* as well as a neutrino mass of m, ~ 0.1eV.
This additional suppression is analogous to the GIM-mechanism, suppressing flavor-

changing neutral currents in hadronic interactions.

As a cross-check we also performed the calculation in unitarity gauge, where only
the diagrams (a) and (e) of Fig. 4.1 contribute. The loop-integrals are the same as in
Egs. (D.1) and (D.5) with the W boson propagator in Feynman gauge replaced by the
unitarity gauge propagator given in App. A.1. The result agrees with the Feynman

gauge computation.

4.1.2. Majorana neutrinos

Because each Majorana fermion is its own anti-particle, we have to take into account
additional field contractions for the case of Majorana neutrinos. Hence we need to
calculate the extra contributions and add it to those for the Dirac case. A general
treatment, how to compute all relevant Majorana Feynman diagrams is explained
in App. A.3. However, in this case, there is a simple alternative. Given the Dirac
dipole moments of the previous section, we can already read off the NMM matrices
for Majorana neutrinos from the relation of the vertex function in Eq. (2.27). This
equation implies for the electric and magnetic form factors

MFi touq” o 10,q" ; 10,,q" T
ot g ot o (st o

(me + mVi) (ml’f + my, My, + my,
— (7= Fif ) I — 4.9
( 2 2 (myf +mVi) ( )
giri_towd” __ gri_towd” - e (fifw“”qy 75>TC—1
2 (me + mVi) 2 (me + mVi) 2 (me + mw)

_ i if) _ iowq” 4.10
<g2 g2 (myf +myi)757 ( : )
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where we have used the defining relation of the charge conjugation matrix C~1v,C = —'yg

as well as
CUE,C_1 = —Ou, C(O‘w,’}/g,)TC_l = =05 (4.11)
We therefore obtain the Majorana NMM matrices from the simple relation
,u% :u?i—,uin, 6% :f?i—e,gc. (4.12)

Using the result of the previous section one immediately arrives at

3eGp(my, +my,)
M _ s M Im (U5 U3;) 4.13
S Zl f(a)tm (Uj3Uii) (413)
3eGp(my, —my,)
M _ - f 7 * )
€ =1 S /o §l f(a)Re (U} Uy) - (4.14)

As expected for Majorana neutrinos the electric and magnetic moment matrices are
antisymmetric and purely imaginary (see Sec. 2.3). Hence, there exist no diagonal
dipole moments. For the transition moments, ¢ # f, one can use the unitarity of the
PMNS matrix as in the Dirac case. At leading order in a; = (m;/My)? the Majorana

NMM matrices are

3eGp(my, +my,)

M - f i *

S = —1 E aIm (U Uy;) 4.15

Hi 16272 ; o (U Us) (4.15)
3eGp(my, —my,)

M . ¥ i N

€f = —1 aiRe (U U) . 4.16

fi 164/272 ; : ( L l) ( )

The Majorana moments are of similar size than the transition magnetic and electric
moments in the Dirac case. However, one can not directly compare them due to the
difference of the PMNS matrix.

As a cross-check we also compute the Majorana contribution by applying the Feyn-
man rules of App. A.3. In doing so, we use the unitarity gauge and find the expressions
for the two additional Majorana loop-integrals, emerging from the Feynman diagrams
depicted in Fig. 4.2. They can be found in Egs. (D.7) and (D.8) in App. D. The other
two contributing diagrams are those of Fig. 4.1 (a) and (e). The corresponding loop-
integrals are Egs. (D.1) and (D.5) with the W boson propagator replaced by the one
for unitarity gauge. Summing over those four diagrams and projecting out the form

factors, taking the limit ¢> — 0 and expanding in neutrino mass as for the Dirac case,
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we get the same result as via using Eq. (4.12).

P
14
; §A

Figure 4.2.: Additional Majorana Feynman diagrams contributing to the vertex func-
tion for Majorana neutrinos Aﬁ/[f ', The extra line below the fermion line
indicates the fermion number flow.

v;

4.2. Classification of neutrino magnetic moment couplings

Let us now turn to neutrino magnetic and electric dipole moments beyond the SM.
In order to understand what kind of NMM contributions could exist, a systematic
analysis is presented in this section. We classify the possible generic couplings, that
can lead to NMMs with special interest in avoiding the proportionality to the neutrino

mass, that is responsible for the small SM prediction.

4.2.1. Chirality flip

In this sense it is an important observation that the NMM interaction is chirality
changing, which can be seen by considering the effective electric and magnetic dipole
moment operators as introduced in Egs. (2.24) and (2.25). The relevant Dirac matri-
ces are 0, and o,,75. Sandwiching those between neutrino spinors of same chirality

gives

VLROwVL/R = VPR 10w Pr RV = V0 PRy Pryrv = 0, (4.17)

U1 ROwYsVL R = VPR 10w s Prrv = 70,5 Pr/ Pr/rv = 0. (4.18)

Therefore, neutrinos taking part in the NMM interaction need to be of different
chirality. Note that this also holds for Majorana neutrinos, with the definition v =
v +vp = v + yg. A pictorial way to understand this property is to look at the
Feynman diagram in the basis of chiral fermions, i.e. treating the fermions as massless

with the mass terms of the Lagrangian as two-point interactions. For the generation
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of a NMM at one-loop level, one necessarily needs a charged fermion F' inside the loop.
Additionally there has to be at least one charged boson field B (scalar or vector) for
closing the loop appropriately. In this picture, the necessary chirality flip implies the
need of a mass insertion either at the internal fermion line or at one of the external

neutrino legs as depicted in Fig. 4.3.

Figure 4.3.: Generic NMM Feynman diagrams in the chiral basis, treating fermion
mass contributions as two-point vertices indicated with a cross. Since the
effective NMM operator is chirality flipping, one needs a mass insertion
either at one of the external legs as in (a) or at the internal fermion line,
figure (b). Note that there are additional diagrams with the photon line
attached to the internal fermion.

Following this line of thought, one understands why the SM prediction is propor-
tional to the neutrino mass. Due to the absence of right-handed electroweak charged
current interactions Feynman diagrams of the type in Fig. 4.3 (b) are not present in
the SM. All contributing NMM diagrams include the neutrino mass insertion at one of
the external legs as depicted in Fig. 4.3 (a). Accordingly, the NMM is proportional to
the neutrino mass. Avoiding this proportionality is only possible, when introducing

couplings to both, the left-handed and the right-handed neutrino field simultaneously.

4.2.2. Generic couplings for Dirac neutrinos

As discussed in the previous section, generating a neutrino magnetic moment at one
loop requires at least one charged fermion F' plus either a charged scalar S or a
charged vector particle V, in the loop. Note that F', due to its charge, has to be a
Dirac fermion with I’ = Fy, + Fg. For the same reason, S and V), have to be complex
fields. We only want to account for renormalizable and Lorentz invariant interactions.
Ignoring the SU(2) structure for the moment, these requirements lead directly to four
different Lorentz invariant generic couplings (and their hermitian conjugates), namely
UL FRS, VRFLS, vy FLVF, Uy FRVHE.
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We assume a right-handed as well as a left-handed coupling simultaneously'. In
this way, one also obtains contributions that avoid the proportionality to the neutrino
mass (see Sec. 4.2.1). We thus start with the following interaction Lagrangian for the

scalar case

Ling, scalar = 9ij Vi PLE;S + hijv; PRF;S + h.c., (4.19)
and for the vector case

Lint, vector = 9ij iV PLF; + hi;;V PrEF; + h.c. (4.20)

Here, we are working in the basis of neutrino mass eigenstates, i.e. the indices 4, j refer
to the three neutrino mass states. By assigning such an index also to the fermion, we
assume that it comes with three generations and that there is an implicit sum over
and j. This is model-dependent and does not necessarily have to be the case. If one
wants to introduce a vector-like fermion with the same coupling to all flavors, one
should drop the index j from the fermion field as well as from the coupling matrices
Gij, hij.

The computation of the electric and magnetic moment matrices is performed as for
the SM calculation of Sec. 4.1.1. The photon couplings are assumed to be the same as
in the SM. Note that this could in principle be a restriction to the model-independent
generic case, especially for the vector-photon coupling. For the application to models
with an enlarged gauge-sector, one therefore has to make sure to use the correct
gauge-invariant Feynman rules. In the following we use the unitarity gauge. For the
calculation with scalar couplings, the Feynman diagrams are essentially the same as
in Fig. 4.1 (d), (f), when exchanging the Goldstone boson and the charged lepton by
the generic scalar and fermion. They lead to the loop integrals in Egs. (D.9), (D.10)
in App. D. For the vector couplings, the Feynman diagrams are analogous to to those
in Fig. 4.1 (a), (e) and lead to the loop integrals in Egs. (D.11), (D.12). Note that the
charges of the scalar/vector and fermion have to fulfill Qr = —Qy/g due to charge
conservation. The electric and magnetic dipole moment matrices are obtained via
summing over the loop integrals D, + Dy, performing the integration, projecting out
the corresponding form factors, taking the limit ¢> — 0 and finally expanding up to
first order in neutrino mass, analogous to Sec. 4.1.1. The resulting NMM matrices

are summarized in Sec. 4.2.4.

!This assumption can later simply be dropped by sending the left- or right-handed coupling to zero
in the final result.
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4.2.3. Generic couplings for Majorana neutrinos

For completeness we also derive the NMM matrices in the case of Majorana neutrinos.
The discussion for Dirac neutrinos in the previous section also apply to this case where
the right-handed neutrino given by the charge conjugated field vg = Prv = vf.
The difference for Majorana neutrinos is that we now need to include additional
contributions. As for the SM calculation, those can be obtained using the Majorana
Feynman rules of App. A.3. For the calculation of the NMM with vector particles the
contributing diagrams are the same as in Fig. 4.2 with the internal particles exchanged
by the generic vector and fermion. For the scalar case, one also has to exchange the

vector boson line with the one for a scalar particle.

Applying the Feynman rules for the generic scalar and vector couplings then lead
to the loop integrals depicted in Egs. (D.13)-(D.16) in App. D.

The NMM matrices for Majorana neutrinos are obtained in the same way as for
Dirac neutrinos, but now summing over the two Majorana and Dirac loop integrals
D, + Dy+ DM + Dé\/l . Applying the computation procedure described in the previous
section we arrive at the electric and magnetic moment matrices as summarized in
Sec. 4.2.4. As a cross-check we derive the Majorana NMM matrices also from the

relation derived in Eq. (4.12). We arrive at the same results.

4.2.4. Results and discussion

Tab. 4.1 contains the list of electric and magnetic dipole moment matrices obtained
from the generic model-independent couplings, as introduced in the previous sections.
The results contain the NMM contributions generated by scalar as well as vector
couplings, for Dirac as well as Majorana neutrinos and categorize the contributions
according to their power in neutrino mass. For better readability, the full mass
dependence is hidden in the loop functions fOS//IV that we define for the scalar and
vector case and for the zeroth and first order in neutrino mass, respectively. The
normalization is chosen such that they equal to one, if the masses of the particles

running in the loop are of same size. The loop functions depend only on the mass
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ratio a; = mp,/mg or a; = mp, /my, respectively, and are given by

f3(a) = 2a (azl_ - (;fg_af)2> , (4.21)
fa)=3 (a21_ @ 2 e ?Zz lfglc;i) (4.22)
0 (a) = an (1 - a23_ ot ?Z; lfgf)i) , (4.23)
V=2 (1- o - e+ ). (4.21)

O(my) O(m,,)
D __ _eQs B* h eQS(muf"qui) * hoerh* S
5 My =~ 6ar2mg (gfl at 9 fl)fo (ar) T 3sanmE (9195 + hphiy) f7 (ar)
fav] .eQS(mV v_ml/i) * *
E ef —ZMfW(gﬂhﬂ — gihp) f§ (@) +ZW(gﬂgﬂ — hph) f{ ()
wn
: * * eQs(my +ml,)
i = 3235 Imgphl + gihpal f (ar) —27319%5 —=Imlgpgh + hphl) £ (a)
. eQs(my mul)
ef = 32W%§15Re[gﬂhfl — gihalfy () +ZWRe[gﬂgzl hpth3) /7 (@)
5€Qv(mu +mui) ¥ %
= —6f§§2V (gl + gihp) fo () +W(gﬂgﬂ + hyih) Y (@)

. .55QV(mV _mui)
e?z' = *+ 64;%\;‘/ (g1l = gihp) fo (@) HW(W% — huhi) i (@)

vector

. 5eQv (my ,+my,;)
= 32763" Im[g by + ghihal fo (ar) +ZWIm[gflg,l+hflhzl]f (ar)

. * * .55QV(mu mul) * *
M = +Z3276r§77‘;\/ Re[gpihy — gihpal f) (@) +ZWRe[gﬂgil — hph) fY (@)

Table 4.1.: Neutrino electric and magnetic dipole moment matrices for generic scalar
and vector couplings up to first order in neutrino mass.

From Tab. 4.1, one can see that the NMM matrices at zeroth order in neutrino
mass are only non-zero if both, the left- and right-handed couplings are present. For
either g = 0 or h = 0, the NMM is suppressed because of the proportionality to the
neutrino mass as in the SM. This is due to the fact, that the NMM operator is chirality
changing as discussed in Sec. 4.2.1. Accordingly, for h = 0, the O(m},

reproduces the SM result, compare to Egs. (4.3), (4.4) and (4.13), (4.14). The second

observation is that all of the matrices are hermitian and those for Majorana neutrinos

) calculation

are antisymmetric and purely imaginary as expected, see Sec. 2.3.
Let us now turn to the mass dependence. Fig. 4.4 shows the loop functions from

Egs. (4.21)-(4.24) plotted against the fermion to scalar and fermion to vector mass
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Figure 4.4.: Loop functions of the NMMs for generic scalar (blue) and vector (red)
couplings. The solid lines correspond to the contribution proportional
to the neutrino mass, while dotted lines are obtained from zeroth order
in my, present only if a right- and left-handed coupling to the neutrino
exists.

ratio respectively. We have seen that all diagrams contributing to the the zeroth
order in neutrino mass (solid lines in Fig. 4.4) contain a mass insertion of the internal
fermion. Therefore in the limit mp — 0, the NMMs goes to zero as well, while for
the first order in m,, (dotted lines in Fig. 4.4) it stays finite.

At the first look, the asymptotic behavior for large fermion mass is surprising,
because the loop function for the vector coupling is divergent for large mass ratios a
(red solid line in Fig. 4.4). Usually one would expect a decoupling, when sending the
mass of an particle inside the loop to infinity. However, in a gauge-invariant theory,
a coupling of v and F' to the same gauge boson implies that they have to be in the
same multiplet. Hence, the non-decoupling of the O(m?) NMM contribution indicates
that in a gauge-invariant theory, one can not simply send mpr — oo independently
of the neutrino mass. Note that in our computation procedure, when evaluating the
loop integrals we expand in neutrino mass to lowest order. Therefore, the appearent
non-decoupling in the mp — oo limit is unphysical.

Expanding the loop functions from Eqgs. (4.21)-(4.24) in the limit of large scalar or
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vector mass for finite mp, the scalar and vector particles decouple and the NMMs
goes to zero as expected.

So far we only investigated generic scalar and vector couplings that are renormal-
izable, i.e. of dimension four, and Lorentz invariant. We did not consider the SU(2)y,
structure yet. Starting with the SM doublet L = (v, er)? with isospin I = 1/2, we
are interested in possible couplings to two additional SU(2) multiplets M; and Mo.
Without loss of generality let M; be the higher n-plet. The possible gauge invariant
combinations are then given by Tab. 4.2. Note that a SU(2); n-plet has isospin

(n—1)/2.

M, M,
I=1/2 I=0
I=1 I=1/2
I=3/2 I=1
I=2 I=3/2

T=(m—1)/2 I=(n—2)2

Table 4.2.: Possible SU(2) multiplet combinations coupling to a doublet.

One of the multiplets M7y, Ms has to be the fermion and the other one a scalar
or vector. We thus can use the previous results and account for gauge invariance
by using Tab. 4.2 as well as the requirement of conserved hypercharge, i.e. summing
over the hypercharges of the combinations of L, My, My have to give zero. According
to the Gell-Mann-Nishijima formula (first given in Ref. [93]), the electric charge is
then given by the sum of the hypercharge and the third component of the isospin
Q = Is + Y. In this way the formulas of Tab. 4.1 together with the requirement of
gauge invariance categorize all possible NMM contributions at one loop level.

The most important observation in this analysis is that the smallness of the NMM
is a generic feature, in the sense that the NMM (generated at one loop level) will
always be proportional to the neutrino mass, unless there exists a diagram like in
Fig. 4.3 with a mass insertion of the internal fermion. In order to generate such a
NMM contribution one is forced to introduce a charged Dirac fermion with couplings
to both, the left- and right-handed neutrino field. In addition, for being able to close
the NMM diagram at one loop level, the third particle (scalar or vector) needs to be
part of both couplings.

In the following, we want to study the simplest scenarios beyond the SM that in-

corporate this idea. Simple in this context means that we introduce a number of
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new particles as low as possible and preferable lower SU(2);, multiplets. Restricting
ourself to singlet and doublet particles we are left with the following four possibilities?
for the coupling to the SM doublet L with isospin I = 1/2 and hypercharge Y = —1/2

(in our notation convention L(1/2,—1/2)):

1) scalar S(0,Ys), fermion Fr,(1/2,1/2 —Yg): L D gL¢oyFrS + h.c.
2) scalar S(1/2,Yg), fermion Fg(0,—Ys —1/2): LD gLSFR+ h.c.
3) wvector V(0,Yy), fermion Fp(1/2,-Yy —1/2): LD gLV Fy + h.c.
4) vector V(1/2,Yy), fermion Fr(0,1/2 —Yy): L D gLfioyV Fr + h.c.

Here, o9 is the second Pauli matrix, acting in the SU(2)-space. In all of these cases,
a second coupling with the right-handed neutrino and the right- or left-handed coun-
terpart of the charged Dirac fermion is required. Otherwise the generated NMM
matrices would still be suppressed by the proportionality to m, as in the SM. This
leads us directly to the following additional couplings to the right-handed neutrino (a
total singlet in the SM vg(0,0)) and requires the introduction of one extra fermion

field for each of the four possibilites.

1) fermion Fgr(0,—Ys): L D hvgFRrS + h.c.
2) fermion Ff(1/2,Ys): L > hvrSTFL + h.c.
3) fermion Fg(0,—Yy): L D hvgV Fr + h.c.

4) fermion Fp(1/2,-Yy): £ D hvgrV FL + h.c.

One other essential ingredient is the mass term of the Dirac fermion which can be
introduced by a Higgs mechanism as in the SM. For example in the first case, the
mass is generated with the help of the SM Higgs H via the Yukawa term FyH Fg.

At this point we are able to see that the simplest model generating a sizable NMM
(not suppressed by m,) is obtained by adding a scalar singlet (couplings 1)) with
hypercharge 1, because we then already have all required coupling terms without
adding additional particles. The role of the fermion doublet is played by the SM
doublet F = L and the singlet by the SM right-handed charged leptons Fr = [g.
We consider this model in Sec. 4.3 in more detail.

The other interesting — and in a model building perspective appealing — possibility

2Note that we use the convention to write all fermion singlet fields as right-handed.
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is to use the SM W boson with couplings of the type 4) in the well-known left-right-

symmetric model, which is discussed in more detail in Sec. 4.4.

4.3. Neutrino magnetic moment with a charged scalar

The probably simplest model generating large NMM is the one proposed by Fukugita
and Yanagida in Refs. [32,94]. It was originally introduced in order to have magnetic
moments of the size (10710 — 107'") 5 in the context of the solar neutrino problem.
As indicated in the previous section, introducing a singly charged scalar singlet S+

with hypercharge +1 leads to the interaction Lagrangian

1., —. _
‘Cint - QUWZZ%JS_ + ih;]LZZUQL;S + h.c.

= gijgiPLl;?S_ + hijfiPRl;;S_ + h.c., (425)

where h;; is the antisymmetric part of h;j and we have used the relation

1, —. 1 . — 1 _ _

1
= i(h;j — h;z)ﬁllCLJ = hijﬁilzj = hijpiPRl‘?. (4.26)

In order to apply the result of our computation of the NMM for the generic La-
grangian, Eq. (4.19), we identify F' = [° and Qg = —1. For the contraction of two

charge conjugated fermion fields one finds

Y (@)Pe(y) = (0] Te (2)d(y) |0) = —C (0| TH" (2)4 7 (y) |0) O~
= —C{O| TP (@)9" () [0y C~F = C [0 Te(y)d(x)0)] O
—C T Tc—l_ d’p C(y7 O~ 1e—ir(y—2)
—clwie] o= [ GREect e

d®p -
_ (—p+ m)e—m(y—r)
/ 2np2E," ¥

_/ d’p —ip(e—y) _ (N
= m(lﬁ‘"m)@ = (x)Y(y), (4.27)
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which implies that it leads to the usual fermion propagator. Thus, we are now able
to read off of Tab. 4.1 the NMM for this model for Dirac neutrinos

(gpihiy + gihg) fo (@), (4.28)

(gpihi; — gihs) f5 (ar). (4.29)

e
Hri= 64m2mg

e
= 16471’27715

Given the interaction Lagrangian, we can read off of Tab. 4.1 the NMM generated by
diagrams of the type (d) and (f) of Fig. 4.1. Expanding the loop function f§(a;) to

leading order in a; = m;/mg we reproduce the result of Refs. [32,94]

my * * ml2

pfi = —em(gﬂhu + gahp) | 1+ log mZ) (4.30)
2
. my * * my

€fi = —Zem(gﬂhﬂ — gihsi) <1 + log m%) : (4.31)

At this point it is important to mention that for such a charged scalar singlet, there
are a variety of phenomenological constraints coming from processes like y — ev,
contribution to g — 2 of leptons, anomalous tauon and muon decay and constraints
from primordial nucleosythesis. A detailed discussion about those can be found in
Ref. [32].

Instead of introducing a scalar singlet, one could think of generating the NMM with
a scalar doublet, which would correspond to the second possibility in the catalog at
the end of Sec. 4.2.4. However, the phenomenology of a doublet would imply even
stronger experimental constraints. For example, the neutral component of the doublet
would also couple to quarks in a way that is in conflict with experimental results on
the KP-K? mass difference. Model variants using a scalar doublet instead of the
singlet are thus stronger constrained and for the purpose of generating large NMMs
it is therefore necessary to further extend such models [94].

To conclude, we want to point out that the key problem in this simple model is
the radiative neutrino mass correction, introduced by the NMM Feynman diagram
with the photon line removed. In order to obtain a small and finite neutrino mass
one has to introduce a fine-tuned counter term in the Lagrangian that cancels the
logarithmically divergent mass term as well as reproduce the right order of magnitude
for the neutrino mass. We turn to the discussion about this fine-tuning problem in
detail in Chap. 6, where we present variants of this model that successfully avoid the
fine-tuning, while still being consistent with experimental constraints and simultane-

ously leading to observable (i.e. large enough) NMMs. In the simple and minimal
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framework as presented in this section, however, one could generate sizable NMMs

only when allowing for fine-tuning in the neutrino masses.

4.4. Neutrino magnetic moment in the left-right symmetric

model

In the following, we compute the NMMs in the framework of the left-right symmetric
model, where we cross-check some of the intermediate expressions with Refs. [95,
96]. Although there are already NMM predictions for left-right symmetric models in
literature, see e.g. Ref [97], we redo the whole NMM calculation, because we could
not find an exact analytic expression for the loop function (at zeroth order in m,) in
the literature. Deriving this expression is in our interest in order to verify the results
for the generic vector couplings in an explicit model®. The calculation of this section
verifies our results of Sec. 4.2.4 and thus proofs the applicability of our generic ansatz

of Sec. 4.2.2 even in a complete and gauge-invariant theory.

4.4.1. Framework of the left-right symmetric model

The left-right symmetric model was originally proposed in the mid 1970s [99-102].
The basic idea is that at high energies the electroweak interaction Lagrangian is
invariant under parity transformations, according to the symmetry group SU(2); ®
SU(2)gr ® U(1)". Then after spontaneous symmetry breaking by a non-zero vacuum
expectation value above the electroweak scale, the SM symmetry group SU(2); ®
U(1)y is recovered.

There are several physical arguments in favor of the left-right symmetric model
besides the restoration of parity at high scales. First of all, it naturally generates
neutrino masses and can explain its smallness via the seesaw mechanism (compare
to Sec. 2.1). Second, it provides a solution to the strong CP problem, which is a
fine-tuning problem in quantum chromodynamics. There the Lagrangian contains

the CP-violating term

1 -
E - HWFLIVF“VG (432)

3There we found, that in the limit of large internal fermion mass, the loop function goes to infinity.
Naively one might think that it is a violation of the decoupling theorem [98], which is not the
case as indicated in Sec. 4.2.4. We explain this asymptotic behavior by the observation that the
neutrino and the second fermion in the NMM interaction have to be in the same multiplet, i.e. one
can not take the limit mr — oo while expanding to lowest order in m, simultaneously.
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which is experimentally strongly constrained by the measurement of the neutron
electric dipole moment, leading to § < 1072, The smallness of this #-parameter is
referred to as the strong CP-problem. Since in the left-right symmetric model, the
Lagrangian can be constructed such that it respects parity, the operator in Eq. (4.32)
is forbidden and the strong CP problem is solved. See also for example Ref. [103] for
more details about the strong CP problem. Finally, the left-right symmetric model
offers an easy opportunity for grand unification into SO(10) [104].

We start by extending the SM with an additional SU(2) g symmetry such that £ be-
comes symmetric under the exchange of SU(2)r and SU(2)r,. We work in the frame-
work of manifest left-right symmetry, i.e. the associated coupling constants satisfy
g = gr = gr- In the scalar sector, the SM Higgs is replaced by one scalar bidoublet ¢
and two scalar triplets Az, . Starting with the gauge group SU(2),®SU(2)r@U (1),
there are now two stages of symmetry breaking. While the vacuum expectation value
of Ay, can be chosen to be zero, the one of Ag is non-zero and thus responsible for
the spontaneous breaking to the SM gauge group. This could also be done by scalar
doublets instead. However, this possibility is less popular since it does not allow ex-
plaining small neutrino masses via the seesaw mechanism. In the second stage, the
bidoublet ¢ acquires a vacuum expectation value, so that at low energies the SM phe-
nomenology is restored. It is also responsible for connecting left- and right-handed
fields, allowing for Dirac type fermion masses. The components of the scalar particles

are given by

oY of 5F p/V2 6k
= : Apr=| % , : 4.33
’ <¢5 Z B T A WAvE: (43

with the vacuum expectation values

_ 1 (k1 0 1[0 0
(¢) = ﬂ< 0 @), (ALR) = \/5<UL,R o)' (4.34)

4.4.2. Lepton masses

The left-right symmetry requires the right-handed leptons to form a SU(2)g doublet.
For that reason, one needs the bidoublet ¢ (doublet under both SU(2), and SU(2)g)
to take over the role of the SM Higgs. The scalar triplets also contribute and are

responsible for the Majorana neutrino masses so that the leptonic Yukawa couplings
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are given by

Ly = fYrdvr + hprdr + har (V5 (im2) Apbr, + D5 (ime) Arior) + hec.,  (4.35)

where 1y, and g refer to the left- and right-handed lepton doublets, f, h, and hys
are the coupling constants and ¢3 = 09¢*09 with the second Pauli matrix os. After

spontaneous symmetry breaking via Eq. (4.34) we obtain

flﬂ—l—h/{;ﬂ y —i—hMULﬂCV —i—thRI?cV fﬁg—i—h/ig{é .

The computation of the NMMs for Majorana neutrinos is very similar and can easily

Ly D (4.36)

be derived from the Dirac case as we have seen in Sec. 4.1.2. Therefore, we assume
for now that we have only Dirac-type masses, i.e. put hys = 0 for simplicity. Then,

for one lepton generation, the neutrino and electron masses are given by

_ Jr1+ hey

_ Jra + hsy
7 —.

7 (4.37)

my = ) me =

4.4.3. Gauge boson mass

The gauge boson masses are derived from the scalar gauge kinetic term, when in-
serting the vacuum expectation values that ¢, Ar and Ay, acquire after spontaneous

symmetry breaking. It is given by
Locatar, in. = 00 [(Du0) D] + tx [(DuAL) DFAL] + b [(DuAR) D AR, (4.38)

with the covariant derivatives

D,¢ = 8u¢ + Z‘QVVLM(ZS - ig¢WRua (4.39)
DMAL = auAL + 29 [WL;u AL] + ig/BLA[n (440)
D}LAR = 8NAR +ig [WRIU AR] + ZgIB//LAR (441)

Using Eq. (4.34) we obtain the gauge boson mass terms

2
‘Cscalar, kin. 2 % (WEM W]gu) Mcharged (W;“ WE#)
Bk
(B/{L WLSH WR3;L) Mneutral ng ’ (4'42)
WM
R3

+

N[ =
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with the matrices

9" (lve]? + |vr]?) —g9'lor|? —g4'|vr|?
21 14,2 21 14,2
Mieutral = —gg'\vL|2 92 ’vL‘Q + <y 4"‘€2| _92 ki 4‘H2| s
2 2 21 10l2
—gq'|vg|? _gz\ﬂhzlfiz\ g2 (|UR\2 4 Isld 4\nzl )
2, |K[i+[re]? *
Lt t+ ——— —K1K
Mcharged = | | *2 9 "@‘%2““2‘2 . (4'43)
—RK2K] ’UR| -+ —

Diagonalization of Mharged Tesults in a heavy and light eigenstate. The latter has
to reproduce the phenomenology of the SM W}, gauge boson, while the former has to

be heavy due to experimental constraints. Their masses are

2
M, = gz <\UL|2 + |orl? + |57 + |rol £ \/(IULP — [vgl?)® + 4!/“”v1f”v2|2> o (4.44)

and in the limit |vg| > |vL|, |K|1, |K2]

Mgy, = ¢*/2lvrl, (4.45)
Mgy, = g% /A (Jor]” + |6[f + [r2?) - (4.46)

The corresponding mass eigenstates, expanded in |vg|~! are given by

KT K9 _
Wi = Wh = T + Ounl ). (1.47)
KX Ko |K1k2] 4
wH = L p WE+0O . 4.48
D |kiko B Jugl2 B +Ovrl™) (4.48)

Similar for the neutral masses one finds by diagonalizing the mass matrix in Eq. (4.42)

Mi=0 (4.49)
20,2 12
2 g (9% +2¢"%) 9 ) ) B
7= aig gy (oLl +Infi o+ Imal?) £ O(forl ) (4.50)
M3, = (g° +g")lorl* + O(url’). (451)

So far, we worked with, in general, complex vacuum expectation values. However, one
has the freedom to use SU(2)r and SU(2)[, rotations in order to remove two phases

as will be explained in the next section. The computation of the corresponding
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eigenstates in the limit of real-valued vacuum expectation values and vy, — 0 gives

p._ a4 99'Z 1) (4.52)
g’\/2+gg,22 VI(g? +97) (9% +297) \/1+ z ”R
A 9>+ ¢%Z
Wis = = — — — =+ 0O( 2) (4.53)
V2t s VI3 4 vk
A Z 1
Wgs = 5 + ) (4.54)
V2+ s e \/1+9 o0

In order to derive the Feynman rules which are relevant to compute the NMM
contribution, one has to find the full basis transformation matrices between the mass
and flavor eigenstates. We did this in an exact (i.e. without expanding in v;il) analytic
way with the help of Mathematica. For the derivation of Eqgs. (4.73), we used these

exact transformation where in the final step, we again made the expansion in v]_%l.

4.4.4. Scalar potential

The scalar potential contains all possible combinations of the scalar fields up to di-

mension four that are allowed by the requirement of left-right symmetry, i.e.
V1 s Mg, AL s e Ap, ¢+ B3l (4.55)

In order to simplify the discussion, the phases f; could be rotated away by global
phase transformations of the scalar fields. The most general scalar potential is then
given by [96]
V = artr[ool] ([ArAL] + r[ApAL] ) + a2 (w[aA]Jtrole] + [ArAk]tr[oe] )
+ a5 (tr[Aal]tr[o76] + tr[Aral]tr[6f¢]) + as (tr[osTALAL] + r[efoARAL] )
+ 6 (tr [6ARGTAT] + tr [ngALgbAH) + B (tr [ ArgTAT] + tr [¢’TAL¢AE]>
+ s (tr[0ArdTAL] + tr[oALg/ AL ) = pPr[6T6] - uo? (tr[0/0] + tr[01] )
— p? (tr[ALA]] + tr[ARAT) ) + Aate[o]® + 2 (1r[0/01] + tr[010]%)
+ Astr[¢/oT] tr[¢T¢] + Aatr[po] (tr [¢'¢'] + tr[¢t ¢]) +p1 (tr [ALAT]? + tr[ARAL] 2)
+po (tr[AL ALt [ALA]] + tr[ARA RN [ALART ) + patr[ALA] tr[ApAT]
¥ (tr[ARAR]tr (AT AT+ tr[ALA L]t [ARTAH> , (4.56)
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where now all of the parameters except for ay are real-valued. Let us furthermore
assume for simplicity that there is no explicit CP-violation in the scalar potential
(g > 0). In this case there exist arguments that also all the vacuum expectation

values vy, Vg, K1, ke Will be real as well [96]. The next step is to enforce the correct

i ' i ov. _ oV _ 9V _ 9OV _
minimum of the scalar potential. In doing so, we set Bor = Dop = Orp = Brg = 0 and

find

,u% = [2)\11511 + 4&‘1’/&2)\4 + ozm% (v% + v%) — 2K1 (2&3)\4 + ﬁlnngvR)

—2X\1k5 — K3 ((1 + ag) (vi + ) + 4B3vLvR)

+ 207 0R(2p1 — p3)]/ [2(k1 — K2) (K1 + K2)], (4.57)
3 = [2650 + AkTR2(200 + A3) + K5 (202 (v +v%) + Bivrvg)

+ k1Ko (—4K3 (20 + A3) + ag (v} + vR) + 2B3vLvR)

+ mng (—2/1%)\4 — 2a9 (v% + vIQDL) + BlevR)

+ 2K9V VR (53&% + ULUR(pg — 2,01)) ]/[41‘?1 (/il — HQ)(KZl + Hg)], (4.58)
u% = (ozm% + 4ok ko + m%(al + a3) +2p1 (’U% + v%)) /2, (4.59)
By = — (Brk1kz + B3ks + vLvr(ps — 2p1)) /K7 (4.60)

4.4.5. Gauge fixing

With the work of the previous section, we can now further investigate the scalar
sector. For a correct gauge-invariant calculation, we have to introduce a gauge fixing
term and in a second step compute the resulting Goldstone boson mass. The scalar
kinetic term, Eq. (4.38), contains the pure kinetic part, the gauge boson mass, the
three- and four-point interaction terms of the form ‘W', WW¢e', WW @', ‘W AN,
WWAN, “WWA’ as well as the following mass/kinetic mixing term which has to
be cancel by the gauge-fixing term

Locatar, vin. D Lonyie = t1 | (0,0) W (9) + (W, (9) 0"

+ 3 [(auAA)TWMAH(W#AA)TamA}. (4.61)
A=L.,R

For notational simplicity we have used the abbreviations

W (¢) = ig (W[ (¢) — (8) W) » (4.62)
WH(A4) = ig[Wau, (Aa)] +1ig'B), (Aa) - (4.63)
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With the SU(2) generators T* = ¢%/2 and the Pauli matrices ¢, we obtain
Lo = itr |gWi, GV + gWh 9GP + ¢/ B 0GB (4.64)
with

oG = (0"9)1T () — () 706 + (0" AL)T [T, {AL)] — [T, (AL)] 9" AL,
oG =T (9)T 0") — (9"¢) (9) T* + (0" Ap) [T, (AR)] — [T°, (AR)]" 0" A,
MG = (" AL) (ALY — (AL)TO"AL + (0" AR) (AR) — (AR)T 0" AR,

A convenient way is to use the class of R¢-gauges as described for example in Ref. [35].

In order to cancel £, we thus add to our Lagrangian the gauge fixing term

1

ﬁg-ﬁ = _?ﬁ

{ (auWLaH — iggtr[G(l)a]>2 + (auwgﬂ _ igftr[G(z)a]>2

Multiplying out the square brackets results in three different terms, being proportional
to £€71, €9 and €' respectively. The term independent of ¢ cancels exactly with £, ks
while the term proportional to £~! contributes to the kinetic terms and modifies the

propagator accordingly. The remaining one results in

Lo g (4G 2 4 PG + 2] GO (4.66)

and is responsible for the Goldstone boson mass. Choosing & = 1 corresponds to

Feynman gauge. With this choice the boson propagator takes the simple form of the
well-known Feynman propagator ]%

—c and the Goldstone bosons have exactly the
same mass as their associated gauge boson. Choosing instead £ — oo corresponds
to unitarity gauge. In this limit the Goldstone bosons decouple and the propagator

p“z;” )

—1 uy o
becomes 54— (g -

p

4.4.6. Goldstone boson mass

For the purpose of calculating the neutrino magnetic moment in R¢-gauge, we need
to know the decomposition of the Goldstone fields. Once we have diagonalized the
Goldstone mass matrix and identified its eigenvectors, we can find all resulting inter-

actions and are finally able to derive the required Feynman rules. The mass matrix
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of the Goldstone bosons Gi and Gf# associated with the light and heavy charged
gauge boson fields Wl/f and Whiu is fully contained in the gauge fixing Lagrangian
Lyg.y.. Since the masses of the Goldstones depend on the gauge choice, there can not
be any mass contribution arising from the scalar potential. Still, we compute the

singly charged scalar mass contributions from the scalar potential. When evaluated
+
I
tribution which can be used as a consistency check for the correct diagonalization

in the basis of mass eigenstates (G Gfﬂ), there should be no additional mass con-

procedure.

Starting from L,y and throwing away any term containing a neutral or doubly

charged scalar field, we find

T

gbf n% + KJ% —2K1K9 V2kovr  —V2kK1vR or

F— _1 9 ; —2K1K9 ﬁ% + KJ% —V2k1vr V2koUR foxe
9-J- 47 5t V2kovr  —V2k10L 207 0 o,
5; —V2k1vp  V2kouR 0 21}12% op

(4.67)

Diagonalization of the matrix in the limit of vanishing v;, gives the mass eigenstates

sz( _1/1%—1-/&%)5; K2

V2uR

k10T + Koty »

12 Py TO(uy’)  (4.68)
R

_ k-3l 1

K1
- \/§UR¢

GE = 0F + sign(k? — K2
: \/K%—FH% V2uR R (i 2) \//Q%—i-,‘ﬁl%
1 (k7 —K3)* 1 -3
X1—--sn—— @ 4.69
< 4 fi%+l€% U%z +O(vg) ( )

with the correct masses, i.e. the same as the corresponding charged gauge bosons. As
a consistency check, we also perform the diagonalization of the singly charged scalar

mass matrix which arises as a consequence of the scalar potential,

1 0 0
= = 4,

scalars s;,s;

and find that it contains no contribution to the unphysical Goldstone boson masses

Gi

Iy Gi as expected.
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4.4.7. Neutrino magnetic moment couplings

With the effort of the previous sections, we are able to extract the NMM-relevant
couplings. Investigating the scalar gauge kinetic term, Eq. (4.38), one finds the cou-
pling term of the form ‘¢ppW’. Evaluating in the basis of mass eigenstates, after

spontaneous symmetry breaking and with the identification

e=—_9 (4.71)

V2+¢%/9%
we recover the interaction term of a photon with two charged Goldstone bosons
which corresponds to the usual quantum electrodynamic interaction as summarized
in App. A.2. In the same way, also for the light and heavy W bosons the SM-like
‘WW A’ coupling is reproduced from terms of the form ‘OWW A’ that appear in the

kinetic terms of the gauge bosons
1 v 1 v
Lw = *§tr[Wf WLuy] — §tr[WE WRuu]o (4.72)

For the triple gauge boson couplings involving a photon, a Goldston boson and a
W boson we find the coupling from the ‘WW ¢’ terms in Lecalar, kin., Eq. (4.38). Here,

we perform the expansion in vgl in the final step which results in

e _ _
Loaw = 7‘% <vR +7 o + O(UR2)> A WG,

2.2
9 Jear(1o 2 L o0 A wtra 1n 473
+5 /<;1—|—/<a2< H%—l—/ﬁ%’l}%—’— (vg”) ) AW, ™MG + hec. (4.73)

From the Yukawa interaction, Eq. (4.35), the Goldstone boson decomposition,
Egs. (4.68), (4.69) as well as using the expressions for the lepton masses, Eq. (4.37),

we derive the ‘vGe’ coupling
2 1
Lé (mePr, —m, Pr)vG, — —¢(mePr —m,Pp) vG,
K2 + K3 UR
1 2

V2kiky
T+ pprE (D = me P

+ K1ko(m, P — mePL)] vG] + O(Ué?’) + h.c. (4.74)

EuGe = -

Finally, the charged current interactions are derived from the leptonic gauge kinetic

term similar as in the SM case, see App. A.2, but here with the difference that the
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leptons are also charged under SU(2)r. This leads to a left- and right-handed current.

Using the diagonalized gauge boson fields we arrive at

_ 9 _ K1k2 —4 +u
Loo=— 2 (v PL+ 22y, Pr+ 0 W
cc \/§€ <'7,LL L+ ’U%{ Yut'r + (UR )> v,
R1K
_Ie <7HPR N 0(@4)) vW, ™ 4 h.c. (4.75)
V2 vgR

4.4.8. Result

The Feynman diagrams contributing to the NMM are similar to the SM case, see
Fig. 4.1. For the left-right symmetric model, however, there are twice as many di-
agrams, because one now has two different Goldstone bosons and W bosons that
contribute. We calculate all 12 diagrams in Feynman gauge. Those that contain the
heavy boson mass eigenstates lead to contributions of the order v;z?’ or higher and are
thus highly suppressed compared to the other contributions. Since we compute the
final result only up to the leading order in vl_%l, we do not give the loop integrals for
diagrams containing the heavy bosons. Those are of higher order in v}_%l. The Feyn-
man diagrams, containing the light bosons, lead to the loop-integrals in Eqs. (D.17)
- (D.22) in App. D.

Following the procedure as explained in detail in Sec. 4.1.1, we compute the mag-

netic dipole moment for Dirac neutrinos in the left-right symmetric model

5692 K1K2

- - v _3
64r2 My, oF, 70 (me/mw;) + O(my) + O(vg?), (4.76)

My =
with the loop function f§ given by Eq. (4.23). Note that in the previous sections, we
have worked with only one lepton generation, for simplicity. However, a generaliza-
tion for the case of three generations can easily be achieved by introducing a leptonic
mixing matrix. The structure of the final result would then look exactly like our for-
mula for generic vector couplings of Tab. 4.1. Comparing the generic vector coupling,
as introduced in Eq. (4.20), with the charged currents in the left-right symmetric

model we identify

g
- 4.77
9ij NG ( )
with real-valued couplings and for one lepton generation. In this way, we reproduce
Eq. (4.76) using the result of our generic computation. The result for the electric

dipole moment is very similar. We explicitly checked that applying Eq. (4.77) to the
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generic result in Tab. 4.1 reproduces exactly what we obtain from the full computa-

tion.

We perform two further consistency checks. First, we calculate the NMM also in
unitarity gauge, i.e. using only two Feynman diagrams, similar to Figs. 4.1 (a) and (e)
with the appropriate gauge boson propagators in unitarity gauge (see App. A.1). We
reproduce the result of the Feynman gauge calculation and thereby proving explicitly
the gauge-independence of the final result. Second, we compare the leading order
term to the literature result. For that purpose, we define the mixing angle 6 of the

gauge bosons according to

I/Vli B cosf) —sinf VVLi (4.78)
Wf ~ \sinf cosh W}% ' '

Together with Eqgs. (4.47), (4.48) one finds for real-valued vacuum expectation values

cosf =1+ O(vyh), (4.79)
sinf = — Hl;@ + O(vRh). (4.80)
VR

In the limit My, > m. we reproduce the result of Ref. [97], here for one lepton

generation

egime

= m sinfcos 0 + O(my) + O(vy?). (4.81)

[

The rich phenomenological consequences of the left-right symmetric model are dis-
cussed extensively in the literature, see for example in Ref. [104]. Depending on the
Majorana or Dirac nature of the neutrino as well as the mass of the right-handed neu-
trino, one can derive bounds from leptonic and non-leptonic decays on the Wy-Wg
mixing angle of the order § < 1073. In this way the authors of Ref. [97] showed that

for the Dirac case one can get the diagonal magnetic dipole moments

P, = 10" 5, (4.82)
Pvyv, = 107 g, (4.83)
fiv,v, =107 pp, (4.84)

and for the Majorana case the transition magnetic moments can at maximum be of
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the order
py ~ 6.4-107Hpup. (4.85)

However, as for example also discussed in Ref. [105], such large values for the NMMs
are impossible, if one wants to avoid fine-tuning the neutrino masses. In the frame-
work of the minimal left-right symmetric model as discussed in this section, but with
the Majorana Yukawa couplings switched on (i.e. hys # 0 in Eq. (4.35)), the authors
of Ref. [105] find that the NMM can not exceed 107'%up5. Models that avoid this

fine-tuning issue and allow for large NMMs are addressed in Chap. 6.






'Chapter 5

New limits on millicharged particles

In the previous chapter, we have systematically analyzed what kind of scalar and
vector interactions lead to neutrino magnetic moments (NMMs) and computed the
corresponding electric and magnetic moment matrices at one-loop order. From the
results in Tab. 4.1, one can see that the O(m))-term is approximately proportional
to the ratio of charge @ - e and squared mass m? of the particles running inside the

loop?
Ly € ~ Qe/m2, (51)

Experimental bounds imply strong constraints for the masses of new particles below
the TeV scale. When thinking about theoretical frameworks beyond the Standard
Model (SM) that can realize large NMMs, the typical paradigm is therefore to search
for new physics at high energy scales. However, Eq. (5.1) is quadratic in 1/m and
just linear in @. It thus motivates to study NMMs of observable size in the context

of light millicharged particles.

In the following, we present new limits on millicharged particles obtained from the
non-observation of NMMs. First, we briefly explain the idea of millicharged particles
in Sec. 5.1. We then give an overview over current phenomenological limits in Sec. 5.2
and continue in Sec. 5.3 with the derivation of the new limits. Finally, we present

and discuss the results in Sec. 5.4.

!This proportionality is exact, when assuming that the two particles inside the NMM-loop have
equal masses.
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5.1. Millicharged particles

The question of the quantization of the electric charge is a long standing and well
studied topic in elementary particle physics, see for example the reviews in Refs. [106,
107]. Although the experimental observation is that the electric charge of all particles
are integer multiples of one third of the electron charge, it would be theoretically
consistent to introduce particles with arbitrary real-valued charge. As this would lead
to a better understanding of the fundamental properties of quantum electrodynamics,
it is still of high physical interest to further study the possibility of millicharged

particles experimentally as well as theoretically.

There are several options how millicharged particles can arise in a theoretically
consistent way [108]. The simplest way would be to add a Dirac fermion which is a SM
singlet except for a finite fractional hypercharge ¥ = Qe with a small real-valued Q.
However, this seems to be in tension with the possibility of embedding the low-energy
theory into a grand unified model [109]. A second possibility is that neutrinos carry
a small electric charge. There exist theoretically consistent frameworks in which this
can be achieved, while preserving the SM anomaly cancellation [106,107]. However,
current constraints on the millicharge for neutrinos are very strong [28]. For example,
from the neutrality of matter, one can derive an upper bound on the electron neutrino
millicharge of @ < 3-1072! [80]. In the work of Ref. [110] the authors derive an
astrophysical limit on the neutrinos millicharge from mechanisms in the context of a

supernova, explosion of @ < 1.3-107!. This limit applies to all neutrino flavors.

The third and more promising possibility is the existence of a paraphoton with an
extra hidden gauged U(1)’ [111]. Such models are also studied in the context of dark
matter candidates and arise naturally in string theory constructions, see for example
Refs. [112,113] and references therein. The basic idea is that there exists a dark
sector of new particles, charged under the new U(1)" gauge group, but not under
the SM gauge group. If the associated gauge boson, the paraphoton (sometimes also
called dark photon or hidden photon), is massless, it can kinetically mix with the SM
photon. In this way, the particles being charged under the new gauge group, obtain

an effective fractional electric charge.

A possible way through which such a dark sector can interact with observable
particles is via the right-handed neutrino. Since it is the only particle being a total
SM singlet, this is one of only a few well-motivated portals between the SM and the
dark sector [112]. The existence of millicharged particles in such a dark sector, would

immediately lead to NMM loop processes via the neutrino portal. Since NMMs are
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not observed, this imposes new limits on millicharged particles.

5.2. Current constraints

Neff

SN
1987A

Log,,(e)

Log,,(my/eV)

Figure 5.1.: Constraints on millicharged particles in the plane of mass (here my) and
fractional charge (here €) from various observations as explained in the
text. The figure is taken from [114].

It is convenient to summarize the experimental constraints on millicharged particles
in a charge vs. mass diagram like in Fig. 5.1 taken from Ref. [114]. The limits
are obtained by many different observations over the last decades which are briefly
summarized in the following.

Direct searches at collider and beam dump experiments (green shaded region in
Fig. 5.1) do not rely on additional theoretical assumptions and are therefore to be
considered rather robust [112]. The bounds include the LEP (Large Electron-Positron
collider) results of the Z width requiring that the millicharged particles should not
contribute to the invisible width more than the experimental 2 o error [108], as well
as the limits from the ASP (Anomalous Single Photon) search carried out at SLAC
(Stanford Linear Accelerator Center) during the PEP (Positron-Electron Project).
There, the constraint is derived from the absence of processes ete™ — vX in electron-

positron collisions, where X could be any weakly interacting particle [108,115]. The
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proton beam dump experiment E613 at Fermilab can be used as another direct probe
of millicharged particles. Here, the sensitivity on charge and mass is given by decays
of vector mesons V, pp — V + --- — XX, and the direct production pp — v* —
X X [116,117]. Moreover the electron beam dump experiment at SLAC leads to limits
obtained from the absence of trident produced® pairs of millicharged particles [115].
The purple area in Fig. 5.1 corresponds to the constraint obtained in an experiment
at SLAC that was uniquely designed for that purpose [119]. This limit therefore
dominates the other direct bounds. At even lower masses, the authors of Ref. [120]
derived limits from the TEXONO experiment. They showed that the TEXONO
detector is sensitive to millicharged particles produced by Compton scattering e~ +
v — e~ +~* — e~ ff in the reactor core. The absence of corresponding electron recoil
signals of the expected subsequent e~ f — e~ f scattering process implies the limit,
indicated by the gray area in the upper left corner of Fig. 5.1. The observation that
the LHC results imply an exclusion region which fills out the gap at around 10! eV
was derived in Ref [121].

The absence of invisible orthopositronium decays places a stringent bound on the
photon-paraphoton mixing [122] which leads to the yellow excluded area. This limit
is also a direct probe for millicharged particles, since it does not depend on further

model assumptions (except for the kinetic photon-paraphoton mixing).

The Lamb shift is a high-precision quantum electrodynamics observable from which
one can obtain a limit on new small-charged particles. It is not included in Fig. 5.1,
but can be found in Fig. 5.3 which also includes the result of this work. Without
additional assumptions, millicharged particles would contribute to the Lamb shift at
one loop level. The high experimental precision hence allows for obtaining a limit
that is stronger than the collider limits at masses up to 10 keV [108,123].

There are also indirect bounds that are, however, astrophysical and cosmological
model dependent. The dominant ones for the low mass region are those derived from
stellar evolution (in Fig. 5.1: WD - White Dwarfs, RG - Red Giants, HB - Horizontal
Branch). Constraints on the stellar energy loss can be translated in bounds on the
millicharge, because pairs of millicharged particles would be produced in plasmon
decays v* — ff and would contribute to the energy loss much more efficiently than
photons. The computation of the resulting bound in the charge vs. mass plane was

done in previous works [108,115] and updated in Ref. [114]. The energy loss argument

2The trident process is the production of electron-positron pairs in strong electromagnetic fields in
the form e~ — e~ 4+ ete™. The theoretically correct treatment of such interactions is still of
current interest, see for example Ref. [118] for a recent study.
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also leads to the bound obtained by the observation of the supernova (SN) 1987A,
where the number of observed neutrinos matched with theoretical expectations. If
there would have been millicharged particles involved in the cooling of the proton
neutron star, one would have observed reduced neutrino fluxes and a shorter neutrino
signal [108].

Two other indirect bounds can be deduced from cosmological considerations which
are computed and explained in Ref. [114] in great detail. First, the presence of a
thermalized dark sector would influence the temperature anisotropies in the cosmic
microwave background (CMB). The CMB contains the information of the number of
relativistic degrees of freedom at the time of decoupling Neg which would be larger
than the one obtained with the CMB data for values of the millicharge and mass
inside the light blue area of Fig. 5.1. Second, the knowledge of the helium-4 abundance
constrains the amount of extra radiation during the epoch of big bang nucleosynthesis
(BBN). In the framework of the dark sector model, the extra radiation increases the
expansion of the universe, leading to an earlier freeze-out of electroweak interactions
and thus increasing the amount of neutrons during the BBN. This in turn would imply

a higher helium-4 abundance and thus leads to the dark blue constraint in Fig. 5.1.

The CMB constraint at masses of around 1072 eV is obtained from an upper limit
on the abundance of millicharged particles inferred from the Planck data [124]. The
authors of Ref. [114] then translated this limit for the dark sector model into an

exclusion area in the charge vs. mass plane.

Finally, the purple DM bound is a rough estimate of Ref. [115] for the sensitiv-
ity of dark matter detection experiments on models of millicharged particles with a

paraphoton.

5.3. Constraints from neutrino magnetic moments

The non-observation of NMMs places bounds on dark sector models containing mil-
licharged particles, if this sector speaks to the SM particles via the neutrino portal.
Let us therefore assume that among the particles of the dark sector there are a mil-
licharged fermion and a scalar with the coupling to the right-handed neutrino given
by

Lyortal = 9iVR:F'S + h.c., (5.2)
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where we define the coupling constants g;, such that it couples to the neutrino mass
eigenstates. As we have seen in Sec. 4.2, the presence of such an interaction directly
leads to the Dirac NMMs at first order in neutrino mass

eQ(me + ml/i) * € = +ieQ(me - ml/i) *
3gdrzp2 i i = 3gdrzp2 i

Hfi = — (5.3)

Here, @ is the millicharge of S, F' is of opposite charge and we assume the masses
to be of the same scale, i.e. mg = mp = M = 1, which leads to the loop function
fi(mp/mg =1) =1 (compare to Eq. (4.22)).

For the derivation of constraints on millicharged particles, we use the results of
the GEMMA experiment which measured the antineutrino-electron scattering cross-
section near a reactor core and thereby obtained the currently best terrestrial limit on
NMMs. As discussed in Sec. 3.1, the bound on the NMMs is driven by the sensitivity
to low electron recoils. The GEMMA experiment realized an energy threshold of
T = 2.8 keV [18]. At such electron recoil energies the value for ¢ in the neutrino-
electron scattering process is calculated to be \/—7(]2 = 2m./T = 53.5 keV. Also
see App. B where we compute the cross-section explicitly. When assuming that the
particles running inside the NMM loop are much larger than \/—7(12 , it is reasonable
to take the limit ¢> — 0. In that limit the cross-section is given by (see Eq. (B.25))

do e2 /(1 1Y, .
—(Vee™ = vpe” ) = o < — > (,uﬂif)z, (5.4)

where the effective NMM is approximately given by Eq. (2.30).

For masses of millicharged particles in the regime M > \/—q¢? = 53.5 keV, one
can therefore directly apply the GEMMA limit of p& < 2.9 -107!up [18]. Using

q. (5.3), we arrive at the inequality

:

por = \/Z‘ZU (1jk — i€jk)

= Z\%P"ZUek%muk'
\ B

However, we are interested in extending this analysis, allowing for lower masses

B —2eQmy, )\ |2
o Z Z ek 3847 2M29Jgk

eQ

W <29- 10_11MB. (55)

M < /—¢2. In this mass regime, the approximation ¢> — 0 is not valid anymore.

Hence, we want to derive a similar inequality for finite ¢2. In this case, instead of
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Eq. (5.4), the observable cross-section is now given by

e o= (5 p) SR w O EOR 6

according to Eq (2.23). One could think of the term that took the place of ugif in
Eq. (5.4) as a “generalized” effective NMM. This makes sense, because in the limit of
zero g2, the effective NMM is recovered. For the purpose of simplifying the discussion

in the rest of this chapter, we therefore define

1o (q?) = Z‘ZU;kfjm) 95" (@) (5.7)

+ my,

We repeat the calculation that we have performed in Sec. 4.2 for generic scalar cou-
plings, but now we keep the exact ¢> dependence and expand only in the neutrino
mass. We find

F®) -G (d®  eQgrgimu, .

= M2, 4%, 5.8
My, + My, 1672 ( ) (58)

with the definition

1 Vi —4M2q2 +2M? — ¢*
F(M?, ) = 4{3q2+M210g2 < q ¢+ q
q

SWE
_ 4M2 2M2 _
+ /g — 402 log ( V' QMj g ) } (5.9)

The inequality in analogy to Eq. (5.5) then becomes

AU /Z\g]P ’ZUekamuk -

and is valid for masses M > m,,.

62|F< 2,¢)| <2910 up,  (5.10)

For a numerical estimate, one can use the global fit values of Ref. [47] for the leptonic
mixing matrix and neutrino mass differences. We assume the lightest neutrino to have

a mass of 0.1 eV and normal neutrino mass ordering. For couplings g; ~ 0.6, one
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‘ 1> lgil?- ‘ > Uekgrmu,
j k

Furthermore, we fix /¢?> = 53.5 keV which is the value at which GEMMA has
the best sensitivity to physics beyond the SM as explained above. In this way, the

arrives at

~107eV. (5.11)

inequality, Eq. (5.10), implies a constraint on the fractional charge @ and mass M of

the millicharged particles.

5.4. Result

Using the results of the previous section and the GEMMA limit we are now able to
deduce constraints on millicharged particles. In Fig. 5.2, we show the generalized
effective NMM as a function of the millicharged particle’s mass M for a fractional
charge of @, = 10710, Values for uﬁf(qQ) above the experimental limit are excluded, as
indicated with the red shaded area. Thus, we can read out of Fig 5.2 that millicharged
particles with a coupling to the right-handed neutrino as in Eq. (5.2) with charges
up to Qs < 1072 can not be lighter than ~ 10% eV. Otherwise GEMMA would have
already observed a corresponding NMM signal.

Fig. 5.3 summarizes the resulting limits in the plane of mass and millicharge and
compares it to already existing constraints. The latter are taken from Refs. [112,
114]. The strongest constraints are driven by astrophysical observations and are thus
astrophysics model dependent. In contrast, the new bound is completely astrophysics
model independent, since it is given only by laboratory experiments. Note however
that it relies on the particle physics model assumption that the new millicharged
particles couple to the right-handed neutrino. It also depends on the neutrino mass
and mixing parameters, the coupling strength as well as the new particle’s masses

which we have assumed to be of the same mass scale.
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Figure 5.2.: The blue curve shows the generalized (i.e. for finite ¢?) effective neutrino

magnetic moment as a function of the millicharged particle’s mass M.

The red shaded area (p > 2.9 x 10711) is excluded due to the absence of
NMM signals in the GEMMA experiment.
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Figure 5.3.: Constraints on millicharged particles in the plane of mass M and frac-

tional charge ) from various observations. The shaded areas corresponds

to the excluded regions. The black line is the limit derived from the non-
observation of NMMs.






'Chapter 6

Naturally large neutrino magnetic

moments

In Chap. 4 we have already seen that in the simplest beyond the Standard Model (SM)
frameworks that predict a sizable neutrino magnetic moment (NMM) of 11, > 1079 p
simultaneously introduce large neutrino mass corrections dm, > m,. Such contribu-
tions have to be canceled by each other or by appropriate counter terms. If we would
have the proportionality dm, o m,, the mass could be made naturally small. How-
ever, this is typically not the case in models with large NMMs (compare to Sec. 4.2.1).
The neutrino mass correction in such models tend to be proportional to masses of
heavier particles, which in turn implies a fine-tuning of neutrino masses. The require-
ment of small and technically natural neutrino masses therefore places a stringent
bound on the size of NMMs.

In view of upcoming experiments, which will improve in sensitivity on NMMs, it
appears nonetheless important to study those models that can accommodate large
NMMs while simultaneously avoiding fine-tuning large neutrino mass corrections.
Furthermore, since in the (for neutrino masses minimally extended) SM the NMM
prediction is at maximum of the order u, ~ 107 up, a potential measurement of a
NMM would hence be a clear indication of physics beyond the SM.

In this chapter we therefore investigate theoretical possibilities how to generate
large NMMs with natural small neutrino masses. We start by explaining the fine-
tuning problem and the resulting bounds on NMMs in Sec. 6.1. In Sec. 6.2, we
consider the NMM in a model with light millicharged particles. In Sec. 6.3, we
explicitly demonstrate the generic difficulty of generating large NMMs by means of
a insightful radiative neutrino mass model. We then study models with large NMMs

that successfully avoid the fine-tuning of m, via symmetries in Sec. 6.4.
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6.1. Naturalness bounds

6.1.1. New physics above the electroweak scale

Consider a model with new physics scale A above the electroweak scale, A > vy,
containing particles of electric charge Qe and new couplings G that introduce the
NMM at one loop. Fig. 6.1 (a) shows the corresponding Feynman diagram. When
removing the photon line, we immediately obtain the neutrino mass contribution
depicted in Fig. 6.1 (b). Integrating out particles of scale A, leaves us with effective
NMM and neutrino mass operators. For Majorana neutrinos the operators of lowest

dimension are of dimension seven and five, respectively and given by

O(5-dim) _ % (F(—102)¢) (CZ)T(—Z'UZ)L) , (6.1)
Og-dim) _ % (ﬁ(—i(fg)(ﬁ) (UMV¢T(—i02)BMVL) , (6.2)
O™ = 5 (To(~i02)8) (™6™ (~ioa) Wy L) (6:3)

where L is the SM lepton doublet, ¢ the SM Higgs doublet, oo the second Pauli
matrix acting on the SU(2)r, space and By, W), are the U(1)y and SU(2)r, field
strength tensors, respectively. After electroweak spontaneous symmetry breaking, the
photon field is identified by A, = sin 6y B,, + cos HWW;E and the operators Og_dim)

i

O‘(;,'dim) would thus contribute to the magnetic moment, also compare to Eq. (2.24)

and Eq. (2.23). From a dimensional analysis, one can thus make the generic estimate

Qer%{ U%{
Ly I omy GA, (6.4)
~
Hy /é\\/xH Hy < H
N N

(a) (b)

Figure 6.1.: Feynman diagrams generating a Majorana NMM and a radiative neu-
trino mass induced by new physics above the electroweak scale.
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which leads to

0.1evV  Q\10¥ug ) \TeV /) ~ '
In the case of Dirac neutrinos, the lowest dimensional effective operators contain only
one single Higgs field instead of two. They are given by the operators in Eqgs. (6.1)-

(6.3) when replacing the expressions (L¢(—io2)$) by vz. The corresponding effective

operators are therefore of dimension six and four, respectively. The estimate thus is

QeGuy

Iy Az omy, ~ Guy, (6.6)

leading to the same relation as for Majorana neutrinos, Eq. (6.5).

For the purpose of avoiding fine-tuning, we require the radiative neutrino mass
correction to be at maximum as large as the measured neutrino masses, dm, < m,,.
For a numerical estimate we use m, ~ 0.1 eV, A ~ TeV as well as Q = 1 and obtain

the naive naturalness bound on NMMs
py <1075, (6.7)

The current best laboratory limit on NMMs is g, < 2.9 - 1071 up [18]. One
can hope for an increase of the sensitivity by future experiments down to about
py 2 107125 [24-27]. Hence, the above estimate shows that introducing such large
NMDMs generically induces neutrino mass corrections that exceeds phenomenological
observations by many orders of magnitude. For example, cosmological observations
constrain the neutrino masses to be not larger than about m, < 0.2 eV [5]. Therefore
a fine-tuning of seven orders of magnitude would be required.

Let us assume for a moment that the Feynman diagram of Fig. 6.1 (b) is forbidden
for some reason (while diagram (a) is still allowed). In that case one would expect
the naturalness bound to be relaxed. However, even then higher loop diagrams of the

type in Fig. 6.2 can not be neglected and can still lead to considerable constraints on

Figure 6.2.: The presence of a NMM induces neutrino mass corrections of this type.
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the NMM. For the purpose of deriving those constraints, Bell et al. and Davidson
et al. performed detailed effective operator analyses for Dirac neutrinos [125] and

< m, for

~

Majorana neutrinos [126, 127]. Requiring the naturalness condition dm,,
Dirac neutrinos they found the model-independent bound of i, < 10~ up for a new
physics scale of A ~ 1 TeV and neutrino masses of m, ~ 0.2 eV [125].

For Majorana neutrinos the NMM operator is flavor antisymmetric while the mass
operator is flavor symmetric. That is why one can not obtain a strong model-
independent naturalness bound on Majorana NMMs [126, 127]. For A = 1 TeV
and m, < 0.3 eV, one can derive the upper limits . v, tv,ve S 10 %ug, Pouve S

310" "up [127] which are however worse than current experimental constraints.

6.1.2. New physics below the electroweak scale

It is also interesting to consider models where the new physics scale is below the
electroweak scale, A < vg. The corresponding lowest-dimensional effective operators
for the NMM and the neutrino mass are then of dimension five and three, respectively,

as depicted in Fig. 6.3. We can thus make the naive estimate

1y~ 2C Sy ~ GA, (6.8)
A
leading to
2
omy L AN (6.9)
0.1eV  Q \10~13up GeV

This relation points out that NMMs can be generated by light particles without fine-
tuning neutrino masses. For example, with ) ~ 0.1 and A ~ 0.1 GeV our estimate

in Eq. (6.9) shows that one can reach j, ~ 10725 in a technically natural way.

Er

(2)
vV v U v
a) (b)

—

Figure 6.3.: The Feynman diagrams for the NMM and the radiative neutrino mass
induced by new physics below the electroweak scale.
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Summarizing the discussion so far we are left with two possibilities how to generate
naturally large NMMs. Either the new physics is at a high scale and the estimate in
Eq. (6.5) applies. In this case one has to find mechanisms to suppress the neutrino
mass correction. Or, alternatively, the new particles responsible for the NMM are
light with fractional charge @@ < 1. The latter possibility is examined in the next
section. The question of neutrino mass suppression mechanisms will be tackled in
Sec. 6.4.

6.2. Naturally large neutrino magnetic moments via

millicharged particles?

In Chap. 5, we have already seen that millicharged particles with couplings to neu-
trinos generate NMMs. There we found that the non-observation of NMMs implies
a constraint on the mass and fractional charge of such particles. Motivated by the
estimate in the previous section, we are now interested in the possibility of generat-
ing large NMMs with the help of millicharged particles. In other words, we want to
analyze, whether or not there exist allowed values of millicharge ) and mass M such
that the generated NMM is of observable size (y, ~ 107'2up) while satisfying the
requirement of naturally small neutrino masses. The results in Sec. 5.4 tell us that
this is not possible in models where the millicharged particles interact with neutrinos
of only one chirality. The values for millicharge and mass that would be needed are
excluded by phenomenological observations. Moreover from the theoretical consider-
ations made in Sec. 4.2.1 we have also seen that for generating a sizable NMM one
needs both, left- and right-handed couplings. In the following we therefore consider a
model with a millicharged complex scalar .S and a Dirac fermion F coupling to light

Majorana neutrinos via the interaction
L= fiFrviiS + [ FrST +hee. (6.10)

The resulting neutrino electric and magnetic moment matrices have already been
computed in Sec. 4.2 and can be read off of Tab. 4.1 with the couplings replaced
appropriately. In the limit M = mg = mp they are given by

iQe Qe

Hji
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Log(Q)
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Figure 6.4.: Lines of constant u, for dm, = 0.2 €V in the plane of mass M and frac-
tional charge @ of the new particles inside the NMM loop. The colored
regions corresponds to already existing constraints and are taken from
Ref. [114]. See also the working group report and references therein [112].

The neutrino mass correction can be computed from the same diagrams with the
photon line removed. The corresponding loop-integrals are simpler than the ones
including the photon line, see Egs. (D.9) and (D.10) in App. D. A straightforward
calculation, again in the limit M = mg = mp, gives

fif; + fifi M?

M log —-. (6.12)

5m” = 1671-2 MZ

For a numerical estimate we assume log(M/u) ~ 1 and that there is no cancellation

in the couplings among the flavors. One arrives at the relation

Ky Qe
om, ~ 4M?’

(6.13)

In this way, one is able to estimate the required values of () and M that allow for large
NMMs while avoiding fine-tuning neutrino masses. We set dm,, ~ 0.2 eV and assume
values of the magnetic moment pu, close to the current experimental sensitivity. We
show the result in Fig. 6.4 in the plane of mass and millicharge of the new particle
overlaid over already excluded regions [112,114]. Note that the existing bounds have
been introduced in Sec. 5.2. They are taken from Ref. [114].

As the relevant parameter space is ruled out (predominantly by astrophysical ob-

servations) there seems to be no room for large NMMs generated by light millicharged
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particles.

6.3. The neutrino magnetic moment in a radiative neutrino

mass model

We turn to the discussion of scenarios in which the new particles are heavier than
the electroweak scale. The generic problem of such models is the tight connection of
the NMM and neutrino mass, see Eq. (6.5). In order to illustrate this in a concrete
example, we consider a model inspired by radiative neutrino mass models. In such
frameworks the light neutrinos have no tree-level mass term. Instead, the mass is
generated in one-loop processes typically involving neutral particles inside the loop,
as for example in the well-known model proposed by Ma [128]. In our context, the
basic idea is to construct such a model where the new particles responsible for the
neutrino mass carries electric charge. In this way, when attaching a photon line to
the internal particle, the radiative neutrino mass diagrams also serve as a source of
NMDMs and we are able to predict the NMMs, given our knowledge of the mass and

mixing parameters of the neutrinos.

We start by extending the SM particle content by two scalar SU(2)z, doublets 1, ¢

as well as a charged Dirac fermion 3 = Xp 4+ ¥ with the quantum numbers given by

n= (77(]) ~ (27 _1/2)7 L;= (VLZ) ~ (27 _1/2)7
n- lLi

6= ((Z’_) ~ (2,-3/2), n e~ (1L-1). (6.14)

The Yukawa couplings, generating both the neutrino masses as well as the NMMs,

are
Ly =Y;Spi' Li + Y/S¢'L; + hec. (6.15)

After electroweak symmetry breaking the singly charged components of the scalar

doublets mix according to

nli cosf sinfd n*
L] = ] L (6.16)
75 —sinf cosf) \ ¢
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and the Yukawa couplings become
Ly = Y;Sg(cosOn, — sinfny )vr; + Yj’zcj-(sin Ony + cosOny )31, + h.c. (6.17)

The Feynman diagrams for the neutrino mass and NMM matrices are depicted in
Fig. 6.5. The computation is very similar to those performed in Chap. 4. We evaluate
the loop-integrals with Mathematica Package-X [92]. Note that for the neutrino
mass, the single 77 and 72 diagrams (Fig. 6.5 a) are divergent, but the divergencies
are canceled by each other due to the relative minus sign of the two diagrams. The

neutrino mass matrix turns out to be

vy, VY,
1672

2 2 2 2
m m m m
i log | —4+ | - 5" log | —% || - (6.18)
ma, —ms, m¥ m2, —ms, mé,

We have added only one charged Dirac fermion > which implies that one of the three

My, = my; sin 8 cos 6-

eigenvalues of the mass matrix is zero, i.e. the lightest neutrino remains massless. For

the electric and magnetic dipole moment matrices we obtain

—iesinf cos 6 , , m727 m?7
Hji = Wlm [Yij - YJYz] f( mg» mg)a (6.19)
—iesinf cos 6 , , m% mfl
€5 = WRG [YzY] - YEYZ] f( mé’ mg)> (6-20)
with the loop function
—1)21 — (a1 —1
flay, a) _ai(ag —1)"log(ar) — (a1 — 1)
(a1 —1)*(az — 1)?
- (—(a1 + Dag + (a1 — 1)azlog(az) + ai + a3) . (6.21)

Let us remark at this point that our model does not allow for fine-tuned cancella-
tions in the neutrino mass, since there is just one single and finite contribution. my,,,
of Eq. (6.18) is therefore given by our knowledge of the two measured neutrino mass

square differences Am3,, Am3, as well as the PMNS-matrix U according to

Myv; = Udiag(0, \/ Am%l? \/ Am%l)UT (6.22)

We use the results of the global fit from Ref. [47] and assume all CP-phases of the
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~
_‘?717772 ,,§‘?717772
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Figure 6.5.: Diagrams for neutrino mass and magnetic moment in the radiative neu-
trino mass model.

PMNS-matrix U to be zero. For the scalar and fermion masses we set mq = 1.1 TeV,
mg = 0.9 TeV, my = 1 TeV. Solving Eq. (6.22) for the Yukawa couplings one finds

Y 1
Yo|=121F16i| -2-107F,

Ys 0.7F 2.8

Y/ 2.9 .

Yy | =|60+45i) - 107%, zec. (6.23)
Yy 2.0 +8.2i

Plugging the results into Eq. (6.19) we obtain for the Majorana neutrino electric and

dipole moment matrices

0 -2 -3.5
€ji =0, pip=%il 2 0 =59 10" ug, (6.24)
35 59 0

which is many orders of magnitude below current experimental sensitivity.

In summary, we have presented a simple insightful model which illustrates the
generic difficulty of generating large NMMs while simultaneously being compatible
with the observed upper bound on neutrino masses. Due to the tight connection
between neutrino mass and NMM, only very low NMMs are generated. Hence, we
conclude that one needs special mechanisms, if one is interested in generating large
NMDMs in a consistent way. For the same reason, models not providing such a mech-
anism can not lead to NMMs considerably close to current experimental sensitivity.
This also applies for example to well-studied models like the left-right symmetric

model [105] (also compare to Sec. 4.4) and the supersymmetric model [129]. On the
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other hand, a recent parameter study in the framework of the minimal supersymmet-
ric model found room for large NMM [130], but does not solve the fine-tuning issue

of the resulting neutrino mass corrections.

6.4. Naturally large neutrino magnetic moments via

symmetries

As argued in Secs. 6.1 and 6.3, for generating sizable NMMSs, one is in need of a mecha-
nism suppressing neutrino mass loop contributions. For this purpose, one should rely
on some sort of symmetry. One can distinguish two classes of symmetries. First,
it seems likely to use one of the quantum numbers of the photon for introducing
large NMMs in such a way that the same diagrams with the photon line removed are
suppressed. In this spirit, Barr, Freire and Zee (BFZ) proposed a spin suppression
mechanism in Ref. [131-133]. We also checked all one loop subdiagram possibilities
trying to exploit the other quantum numbers, the parity and charge conjugation, but
found no such suppression mechanism. The second ansatz is to exploit the symme-
try properties of the effective NMM and mass operators. Such ideas were already
proposed in the late 80s, for example the Voloshin-type symmetry [9,10] (e.g. SU(2)
with v < v%), SU(2) horizontal symmetry [11,12] and discrete symmetries [13-17].

In the following we give a brief overview over the BFZ model, the Voloshin-type
symmtery as well as the SU(2) horizontal symmetry and discuss which of those are
still able to generate large NMMs.

6.4.1. Barr-Freire-Zee model

The spin-suppression mechanism was proposed by BFZ in Ref. [131]. It relies on the
observation that the Feynman diagram depicted in Fig. 6.6 (a) is suppressed when
removing the photon line like in the diagram of Fig. 6.6 (b). In the latter only the
longitudinal degrees of freedom of the W gauge boson contribute, because of spin
conservation. The full two-loop neutrino mass diagram in Fig. 6.7 (a) contains the
subdiagram with the charged scalar h™ and the W coupled to the neutrinos and
a charged lepton inside the loop. It is proportional to the Yukawa coupling and
therefore suppressed by powers of the lepton mass. This suppression do not apply for
the NMM contribution and hence allows for NMMs of observable size as we will see
in the following. Note that this mechanism also applies for higher order contributions

which means that processes like the Feynman diagram in Fig. 6.2 are suppressed in
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Figure 6.6.: The subdiagrams of the BFZ spin suppression mechanism with and with-

out the photon line. Due to spin conservation only the longitudinal com-
ponents of the W will contribute in diagram (b).

X X
N7 0 +
M ¢0 <¢1> ¢2
Ve )\ N b X -~
ab \‘ 4 \\ I/ \
ht-m o oAV P NA] e
+\ —— Vs NS - 4
/ a )/ ?3
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Figure 6.7.: (a) The full two-loop neutrino mass contribution in the BFZ model. The

NMM is generated by the same diagram with the photon line attached

to any particle inside the loop. (b) A similar diagram for a model variant
with Dirac neutrinos.
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the same way. The naturalness bounds summarized in Sec. 6.1 can thus be avoided.

The singly charged scalar singlet AT is an characteristic ingredient for this mecha-
nism. It is rather difficult to find simple alternatives without such a singlet [132]. Its

coupling to the SM lepton doublet is given by
L= fh*LSim L. (6.25)

Additionally, in the realization of the spin suppression mechanism in [131], there are
three scalar doublets ¢, with the quantum numbers of the Higgs. One can choose
the basis such that the neutral component of only one of them, say ¢; acquires a
non-vanishing vacuum expectation value. The scalar doublets couple to the scalar

singlet via the antisymmetric interaction
L= Mn" (¢, ¢y — ¢, ¢9). (6.26)
Together with the quartic term of the scalar potential

L= Aap($])ba(6]) b (6.27)

one has all ingredients for the NMM diagram in Fig. 6.7(a).

From the relations for the generated radiative neutrino mass correction 5m,,il,j and
the NMM ;5 given in Ref. [131] we derive the estimate

mi —m? SM2 + 52 M \?
my.,. = | ——— | - . .
s M3, 202 TeV

i 6
| ————1]-0.5-10"eV. 6.28
<10_12MB> ‘ (6:28)

Here, it is assumed that the masses of the charged and neutral components of ¢ and
¢3 are of similar size M = My ~ Mz with small differences d My, dM3. m; denotes

the charged lepton mass and My, the W boson mass.

In order to check if the model is still viable we use the LHC results of slepton decays
in supersymmetry searches [134,135]. If the new charged scalar particles ht or gb{ 3
would be considerably lighter than 1 TeV, they would already have been detected!.

The new physics mass scale is therefore assumed to be at TeV scale, M ~ 1 TeV.

'Because of similar decay channels in the case of massless neutralinos, the bounds are of the same
order of magnitude when compared to the sleptons.
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Allowing for NMM values of p1;; ~ 10725 will then lead to

SM2 + 6 M?
My, = (221\423) eV, (6.29)
SM2 + 6 M?
My s My, = (22]\42‘3> .2.5-10%eV. (6.30)
We require the cosmological neutrino mass bound to be satisfied, 5ml,il,j < My, <

2 2
% < 0.8-1073, which can be achieved without

fine-tuning. Moreover, this implies that one can accommodate naturally large NMMs
within the BFZ model although it introduces the NMM at two loop order.

0.2 eV [5]. In doing so we obtain

So far we implicitly worked with the assumption of Majorana neutrinos. Is it also
possible to generate Dirac NMMs via the spin suppression mechanism? To answer
this question, we think about a modified version of this model in order to apply the
idea to Dirac neutrinos. For this case, one needs a scalar that connects the right-
handed neutrinos and the left-handed charged leptons. In addition to the doublet
¢1, which takes the role of the SM Higgs, we could introduce an extra scalar doublet
¢2 = (¢3, ¢5 )T with the required interaction Y Lgovgr. The scalar potential would
then contain the coupling A(Z)I(bggb;@. In this way, we would get a sizable NMM from
the Feynman diagram in Fig. 6.7 (b). However, the potential would also contain
the interaction N ¢;¢1¢1¢1. When the neutral component of ¢; acquires a non-zero
vacuum expectation value, this term would also induce (¢3) # 0, since it is linear
in ¢J. This in turn would lead to an unsuppressed tree-level neutrino mass. We
therefore would again have the issue of fine-tuned neutrino masses. Following this
line of thought, we conclude that there seems to be no simple model variant that

applies the idea of the spin suppression mechanism to the case of Dirac neutrinos.

6.4.2. Voloshin-type symmetry

Another suppression mechanism proposed in Ref. [9] is based on the observation that
under the transformation vy, — (vg)%,vr — —(v)¢ the mass and NMM effective

operators transform as

VLVR — —VLVR, (631)
vpouwvrF" — +vpovr M. (6.32)
This property can be exploited when imposing a SU(2), symmetry with ((vg)%,vr)T

transforming as a doublet. In this way the neutrino mass is suppressed, because it is
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not invariant under SU(2), while the NMM operator respects the symmetry. Note
that this mechanism can only suppress Dirac neutrino masses. Also note that for
incorporating the idea into an UV-complete theory (vz)¢ and vz, have to be in the
same multiplet, implying that the SM SU(2)1, doublet needs to be extended for (vg)°.
Hence, the simplest implementation is to use a SU(3)r, x U(1)x gauge symmetry as
done in Ref. [10]. Obviously the new SU(2), symmetry can not be exact. The gauge
group is thus spontaneously broken and the electroweak gauge symmetry is recovered
at low scales. The neutrino mass then becomes proportional to the breaking scale of

the new symmetry.

In the model of Barbieri and Mohapatra [10] the Feynman diagrams for the NMM
and the neutrino mass correction dm, contain two charged components 71 and 79
from the scalar SU(3)y triplet. With the mass difference Am?7 = m%l — m?n they
derive the relation [10]

2e m2
oy = 0m, —— log —2. (6.33)
v Y Am?2 T m2

The size of the NMM is constrained by the naturalness condition on Am% arising
from radiative corrections after symmetry breaking and depend on the mass of the
SU(2), gauge boson My (for more details see Ref. [10]). Barbieri and Mohapatra

derive the inequality

2~ QW 0o

where ayy is the electroweak fine-structure constant.

We account for experimental limits on new gauge boson and scalar masses by set-
ting My ~ my, ~ 5TeV [136]. Plugging this into Eq. (6.34) we arrive at Am?7 pe
7 - 10° GeV2. Together with the requirement of naturally small neutrino masses
dm,, < 0.2 eV we obtain from Eq. (6.33) potential values for the NMM of p,, < 10716 p5.
There is a lack of four orders of magnitude until the benchmark value of p1,, ~ 10~ 2.
This shows that within this framework it is not possible to generate NMMs that are

observable in next-generation experiments in a theoretically consistent way.

Frere, Heeck and Mollet derived inequalities between the transition moments for
Majorana neutrinos [137] and argued that a possible measurement of p,,_ at SHiP [138]
would hint to the Dirac nature of the neutrino. However, up to now it seems not
possible to obtain large Dirac NMMs in a technically natural way. In the case SHiP

would indeed measure a non-zero ., one has to find new ideas how to accommodate
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large Dirac NMMs while simultaneously avoiding the fine-tuning of neutrino masses.

6.4.3. Horizontal symmetry

In the mechanism proposed by Voloshin, the neutrino mass correction is suppressed
with respect to the NMM due to a new SU(2) symmetry under which the right- and
left-handed components of the Dirac neutrino field transform as doublets. One can
apply the same idea to Majorana neutrinos. We have already seen in Sec. 2.3 that no
diagonal Majorana NMMs exist. The question therefore is if it is possible to generate
a sizable transition NMM while suppressing the corresponding corrections to the off-
diagonal neutrino mass matrix. For this purpose, Babu and Mohapatra proposed in
Ref. [11] to introduce the new symmetry as a horizontal flavor symmetry, i.e. where
neutrinos of different flavors together form a multiplet under the new SU(2)x.

In their model, the usual tau lepton doublet, here denoted by W3y, as well as the
right-handed 7p are SU(2)y singlets. The lepton fields of the electron and muon
generation form the SU(2)y doublets

\I/L: Ve Vy 7 \I/R: <€ ,U’> . (635)
e pu), R

In the scalar sector, next to the SM Higgs doublet ¢4 one introduces the bidoublet ¢
and the SU(2)y doublet 7

¢ = <¢1+ ¢2+> n=(nf nf) (6.36)
o #) b
In addition, in order to break the horizontal symmetry in such a way that tree-level
mixing between generation-changing horizontal gauge bosons and the generation-
diagonal ones are avoided, Babu and Mohapatra introduce two new SU(2)y triplet
fields, for more details see Ref. [11].
The above set of particles imply a bunch of new Yukawa couplings. The relevant

ones for the computation of the NMM and radiative neutrino mass dm, are
Ly D fninnVsirgVUsy + f'tr(Vpd)Tr + h.c. (6.37)

The scalar potential after electroweak symmetry breaking contains the term 1k (7]1+ qﬁr—{—
n; qﬁ;) with ks being the vacuum expectation value of ¢s. It generates mixing be-

tween the components of n with the charged components of the bidoublet ¢. In the
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PRI .-
¢+ , + 77§L ¢§L

1 \ 1 \
1

Figure 6.8.: The Feynman diagrams generating the v, — v, transition moment, when
attaching a photon line to one of the charged particles inside the loop.
The circled cross indicates the scalar mixing term.

limit of exact SU(2)y (but broken SU(2)y), the two resulting diagrams for the radia-
tive neutrino mass dm,,,, as depicted in Fig. 6.8, cancel each other while the same

diagrams with the photon line attached still leads to the non-zero v, — v, transition
NMM

1 1 K ( 11 >
Huov, = 26 mr s|—=——=1, (6.38)
" 1672 mg —mg \ my  mj

where m,, = m,, = m,, and my = mg, = mg,. After the spontaneous symmetry
breaking of SU(2)y, mass splittings between the scalar charged components Am,% =
m%z) — m%l and Ami = m%m — mil are generated. This in turn leads to a non-zero

neutrino mass given by

2 2
ff 1 m 1 m
My, = 1672 rHRs | s 5 log (gl - — 5 log (52 . (6.39)
& My, — My, My Mg, — Miy 72

Assuming Am% < m,27 and Ami < m% as well as Am?7 / m% = Ami / mi one can now

derive the estimate

Ml/(il/u 6m1/51/u GeV2 m% m%
— | =2 — — 1] log —. 4
<1012,u3> ( eV > < Am?2 m3 °8 m3 (6.40)

From this relation one can conclude that NMMs of the order 107125 can be reached

without fine-tuning for mass splittings Am% at GeV scale. Such small mass splittings
do not imply additional fine-tuning. One can choose Am% to be small in a technically
natural way, since it is generated by a soft cubic interaction with one of the scalar

triplets that break the horizontal symmetry.

Let us remark that this model allows for breaking SU(2)y in such a way that
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the charged lepton masses m. and m,, are reproduced. It furthermore predicts extra
Ve-vr and v,-v; neutrino mass contributions. We have checked explicitly that the
< 0.2 eV as well as with

Vr ~

model is compatible with the requirement dm,,,,dm,,
the observed charged lepton masses. We found that choosing the masses of the new
particles at TeV scale still allows for a NMM of the order Hvev, ™~ 1072 pup.

Only the electron and muon generation is charged under the horizontal symmetry.
Hence, in this model of Babu and Mohapatra only the v.-v, transition moment can
be sizable, while the symmetry protects the corresponding neutrino mass contribution
from being too large. It suggests itself to think about applying the same mechanism
to the ve-v; or v,-v; transition moments. One could either include the 7 flavor instead
of the e or p flavor in the horizontal symmetry or one could extend the horizontal
symmetry to all three generations, for example by using a horizontal SU (3) symmetry.
However, the Higgs decays h — 77 have been observed by the LHC [139,140]. It is
therefore not possible to introduce the necessary horizontal symmetry breaking in the
coupling of the Higgs boson to charged leptons. Hence, the mechanism involving the

horizontal symmetry works only for Majorana v.-v, transition moments.






'Chapter 7

Summary and conclusion

In the pure Standard Model (SM) neutrinos are massless. From the observed phe-
nomenon of neutrino oscillations, we know that neutrinos carry a small, but non-zero
mass. We briefly discussed how to introduce Dirac and Majorana neutrino masses
in minimally extended SM frameworks in Chap. 2 and explained the concept of neu-
trino oscillations. The presence of neutrino masses inevitably implies the existence
of non-vanishing neutrino magnetic and electric moments. Since the neutrino is neu-
tral, the underlying quantum field theoretical processes occur at loop-level only and
are in general model dependent. We introduced the effective neutrino electromag-
netic vertex function and derived the physical observable of neutrino experiments, a
combination of the electric and magnetic moment, which is typically referred to as

neutrino magnetic moment (NMM).

We continued in Chap. 3 by summarizing the experimental status on NMMs. Al-
though astrophysical observations provide for Majorana (Dirac) neutrinos up to one
(three) order(s) of magnitude stronger constraints than direct laboratory experiments,
they depend on the underlying astrophysical assumptions. The constraints obtained
in terrestrial experiments are mainly driven by reactor neutrino experiments yielding

a model-independent upper limit of 2.9 - 10~y p.

In contrast to the relatively low experimental sensitivity on NMMs, the SM, min-
imally extended for allowing neutrino masses, predicts substantially lower values.
We explicitly derived the corresponding Dirac and Majorana predictions in Chap. 4,
thereby explaining the methods of the NMM computation. We reproduced the re-
sults of previous works and found Dirac electric and magnetic dipole moments of the

0~2%up. For Majorana neutrinos, only the off-diagonal transition moments ex-

order 1
ist. For those as well as for the Dirac transition moments the NMMs are additionally

suppressed due to the GIM-mechanism. This small SM prediction raises the question,
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what kind of new particle physics scenarios could generate NMMs that are observ-
able in future experiments which will further increase the sensitivity. We showed that
reaching NMMs close to the benchmark point of 10725 is a challenge for model
building due to the tight connection of the neutrino mass and the NMM. The first
problem is that the chirality flip of the NMM operator leads to the requirement of a
mass insertion inside the NMM loop diagram. That is why in the minimally extended
SM, the NMM is proportional to the neutrino mass and consequently very small. In
order to avoid the suppression by the neutrino mass, one can introduce new parti-
cles with left- as well as right-handed couplings to the neutrino. We systematically
analyzed this possibility, classified and calculated the electric and magnetic moments
for generic scalar and vector couplings in the case of Majorana and Dirac neutrinos.
We found that the NMM can then indeed be large. We have shown this explicitly
in the two simplest models, a model with a charged scalar singlet and the left-right-
symmteric model and thereby cross-checked the results from our generic calculations.
However, we have seen that a second problem arises. In such models, radiative neu-
trino mass corrections are introduced being proportional to the mass of the particle
inside the NMM loop-diagram. This, in turn, leads to a fine-tuning problem for the

neutrino masses.

In Chap. 5, we used the result of our generic NMM calculation and studied models in
which millicharged particles couple to right-handed neutrinos. We briefly introduced
the concept of millicharge and summarized existing bounds. From the GEMMA
upper limit on NMMs, one can infer new limits on the charge and mass of such
particles which however turned out to be less stringent than limits from astrophysical

observations.

The problem of fine-tuned neutrino masses in models generating NMMs of ob-
servable size was explained and dealt with in Chap. 6. We found that large NMMs
generated by millicharged particles below the electroweak scale can in principle be
achieved while simultaneously avoiding a fine-tuning of neutrino masses, but it would
be in strong tension with astrophysical and cosmological observations. We showed by
means of a very insightful model that theories with new physics above the electroweak
scale predicting sizable NMMs generically lead to large neutrino mass corrections, thus
requiring fine-tuning of several orders of magnitude. We finally reviewed mechanisms
proposed in the literature that suppress such problematic neutrino mass corrections
by a symmetry. For Majorana neutrinos, one can build models using a SU(2)y hor-
izontal symmetry and obtain large ve-v,, transition moments. A second possibility

is the Barr-Freire-Zee model in which all three ve-v,, ve-v, and v,-v; transition mo-
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ments can be large due to a spin-suppression mechanism. For Dirac neutrinos, on
the other hand, it does not seem to be possible anymore to build models predicting

NMDMs of observable size in a technically natural way.
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Feynman rules

There already exists various helpful lists of Feynman rules in literature, see for exam-
ple Refs. [30,35], but they are dependent on some formal conventions. For example
in this work we use the metric tensor g, = diag(1,—1,—1,—1) opposed to the con-
vention in Ref. [35]. In order not to confuse the reader, in this chapter, we shortly
comment on some of our conventions and summarize a small set of Feynman rules

that we use for our computations of quantum amplitudes.

A.1. Propagators

The propagators for scalars, fermions and vector bosons respectively are given by

p i
coo00 = pZ2—m2+ie’
p _i(pm)
- p2—m2+i€’
p . /j, v
A (Q/w —(1-6)2 )7

where the vector boson propagator is given in the R gauge. Choosing for example
& = 1 corresponds to Feynman gauge and taking £ — oo results in the unitarity
gauge. The latter has the advantage that the unphysical scalar degrees of freedom
are removed from the Lagrangian. However, in most cases, using the unitarity gauge
is not convenient for computing Feynman diagrams beyond tree-level, since it can

lead to artificial divergencies in the calculation of loop-integrals’. In this gauge the

!Such gauge dependent divergencies are unphysical and will thus cancel in the sum of all contributing
diagrams.
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propagator becomes

_t <g/w B p“]?”) . (A1)

2 — m2

A.2. Electroweak interactions

We do not give the complete set of electroweak Feynman rules. Instead, we list only
those that are needed for the computations performed in this work.

We begin with the interactions between photons with charged fermion fields. They
can be derived from the kinetic Lagrangian replacing the derivative with the gauge-
covariant derivative @ — D. We use the convention D, = 0, +ieQA, where e > 0 is
the electric charge of a positron and ) the charge of the respective particle in units
of e. The gauge kinetic terms of such minimally coupled charged fermion particles

reads
»cfermion = Z@lﬁw o _€Q¢Au@7#w7 (A2)

resulting in the Feynman rule

For the purpose of calculating the NMM in the SM, we are interested in the WWA |
WHA and HHA triple boson interactions. Those can be derived from the gauge
kinetic terms of the W and the Higgs

Lo = —%tr W™, (A3)
Ly = (Du¢) D, (A.4)

Here, ¢ is the Higgs doublet, W, is the gauge boson associated with the SU(2)r,
symmetry, B, the gauge boson associated with the weak hypercharge and D,¢ =
(Ou +191/2B,, + igaW,,)¢. The field tensor is given by

Wy = 0, W, — 0,W,, + iga [WH, W], (A.5)

where W, = >, Wjo,/2 with the Pauli matrices o;. Using the relations of the boson
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fields
1 .
Wi = E(Wﬁ TFiW)), (A.6)
A, = siny W) + cos Oy By, (A7)

with the Weinberg angle sin 0y = e/go, cosOy = e/g1 as well as the Higgs doublet
¢ = (H*, h+v/vV2+iH°//2)T expanded around the vacuum expectation value v

we have all the ingredients for deriving the triple boson Feynman rules

k % = —ie [g*F (—kH + k') + g7 (q* — k') + g (K — ¢7)],
/ \ -
Wa Wj
= ieMyg"”,
Wi HT
y = ie(k'" — k).
ot “H-

The SM neutrino charged current interaction is derived from the interaction La-

grangian

g2 5 _
Lo = —EZL’}/“UHVMWM + h.c. (A.8)

U is the PMNS-matrix and the sum over lepton flavors [ = e, i, 7 as well as neutrino

mass eigenstates ¢ = 1,2, 3 is implicitly assumed. The corresponding Feynman rule is

Wi
= —i Uy P,
[ v;
W
= -1 ZLU+"Py,.
\/i )
vy l

The coupling of neutrinos to the charged leptons and Goldstone boson H™ is
obtained from the Yukawa interaction. For a minimal extension one usually adds

right-handed sterile neutrinos introducing the Yukawa couplings Y,. The relevant
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Lagrangian after electroweak symmetry breaking then becomes

Ly ukawa = —Y1Lrolr — Y, L1 (i02¢")vr + h.c. (A.9)
g2my — — g2my,; 7 +

D ——Upv;H lp+ ——"Uul;H vg + h.c. A.10

oMy R R oy TR (A.10)

where we have used that the non-zero vacuum expectation value of the neutral Higgs
component v leads to masses My = gov/2, m; = Yjv/v/2 and m, = Y,v/v/2. The

Feynman rule is thus given by

H+
— _45_ 9 * _
l : » = Zﬂ]\ZWUli(mZPR myiPL)7
1
PG N —
}]I_ = —i—=2_U;;(m;Pr, — m,,PRr)
VZ‘ | l V2 My 173 l vitR)-
—)—‘—»—

A.3. Majorana fermions

Standard textbooks usually give very detailed information about the Feynman rules
for Dirac fermions. Since Majorana fermion fields are not present in the original SM,
there currently does not exist a wide-spread common way, how to obtain the Feyn-
man rules for Majorana particles in an easy way. Deriving the matrix element each
time from basic principles using Wick contractions, while carefully tracking all minus
signs correctly, seems to be very extensive. However, one can find several simpler
approaches in the literature that help to obtain simplified Majorana Feynman rules
similar to the Dirac case [141-146]. Very helpful pedagogical reviews on Majorana
particles in general can be found in Refs. [29,147]. In this work we use the Feynman
rules as proposed in Ref. [146] which are briefly summarized in this section.

Dirac fields 1 contain the annihilation operator of the particle and the creation
operator of the anti-particle, while Majorana fields y contain the creation as well as

the annihilation operator of the particle. The field expansions are given by

3 . .

vw) = [ Gy (@) dlp)e) . (A
3 . .

¥@) = [ G (@)™ L @) (a1

. . — 1
As a consequence Majorana the field contractions xx’ as well as Y. x are non-zero
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(unlike for Dirac fermions) and lead to additional propagators. In this way, there ex-
ists a larger number of Feynman diagrams for processes involving Majorana fermions.
Moreover, due to the existence of new Wick contractions, one has to make sure to
keep track of the minus signs arising when commuting two fermion fields.

In order to incorporate these differences, we define the Majorana Feynman rules in
the following way [146]:

1) Majorana fermions do not carry a fermion number flow. Majorana fermion lines
are therefore drawn without arrows. Instead for each fermion chain, an arbitrary
orientation (“fermion flow”) is chosen.

2) When Drawing all possible Feynman diagrams for the given process, one has to
account for additional diagrams, since Majorana fermion lines do not carry arrows.

3) The correct order of the Dirac matrices is the opposite direction as the chosen
fermion flow.

4) The expressions for a fermion propagator has to be modified with respect to
the usual one, if the particle is Dirac and the direction of fermion flow and fermion
number flow are opposite. In that case one has to replace the propagator S(p) with
S(=p).

5) The expression for a vertex has to be modified with respect to the usual one,
if there are Dirac fermion lines attached to that vertex and if the direction of the
fermion flow and the Dirac fermion number flow are opposite. In that case one has
to replace the vertex I' with the reversed vertex I'' = CTTC—1.

6) The spinors corresponding to the external states depend only on the chosen

fermion flow and are given by

—— =1us(p),
o =u(p),
— =),



IAppendix B

Electromagnetic neutrino-electron

scattering

The most sensitive laboratory experiments measuring the NMM are designed to detect
low electron recoil energies of the neutrino-electron scattering process. Next to the
SM contribution, a non-zero NMM would also contribute to the scattering in form
of the Feynman diagram in Fig. B.1. Early computations of the cross-section can be
found in Refs. [62,148], see also Ref. [149] for a more recent work. Since this process
is crucial for the phenomenological analyses in this thesis, we give a short explicit

derivation of the NMM mediated neutrino-electron cross-section in the following.

vy Vf

Figure B.1.: The neutrino-electron scattering process mediated by a NMM. The gray
blob vertex depicts the effective NMM interaction.

It is convenient to calculate the cross-section in terms of the effective NMM opera-
tor. The electric and magnetic moments contribute to similar amount. The relevant

part of the neutrino-photon vertex therefore is
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F(d®)+G3 (s

my, +me ’

=1i0q,

A
Vi NG vy

with the form factors .7-";  and ng‘ introduced in Chap. 2. We label the momenta
as shown in Fig. B.1. In the massless limit, the incoming left-chiral neutrino is at
good approximation in a negative helicity state. We thus obtain the following matrix
element for this process

: fig 2 fig 2
. _ . —i_ .. F3'(¢°) +G5' (¢°)s
M — , k/ ]{3 7 / g 2 2
? Uy ( )Ze’VMUS( )q2 ur(p')ic" q, My + o,

u—(p), (B.1)

where u4(k) denotes a spinor of momentum k and spin s. We assume the ingoing
electrons to be unpolarized. Averaging over the initial electron spin and summing

over the spins of the final spinors, we obtain

— Z MM* = 2 — Z [u )Vuts k)ﬁs(k)vovivousf(k')]-

srs’ s,r,s’

e T3 + G (@)
: uT(p)U o
mVi+me

fig 2 fig 2 f
- (p)y” <0”ﬁ 072 )+ g m) v”ur(p’)]- (B.2)

u—(p)-

mVi + ml/f

Using the Dirac properties 'yO'yL'yO = Yy, 'yOaLZ/yO = o as well as 'yovga;&,/yo =

—0w75, One arrives at

2 - Z tr [ug (k) g (K )yuus (k) as(k)y ] tr [ur(p’)ur(p’)a”aqa-
fi fi* i* 2
F, <m> 1951 @15, i ()05 <m> ﬁi (g m]‘ (B3)
Vi vy v Vg

The polarized spinor relations in the ultra-relativistic limit are [35]

_ 14 575

us(p)us(p) = 9 P (B.4)

w)s(p) = 5, (8.5)
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P ‘/fﬁff_
\P’

Figure B.2.: Momenta and scattering angle in the lab frame, where the initial electron
is at rest, i.e. k =0.

and for the unpolarized electron spinors we use
Z us(p)us(p) = p +m, (B.6)
Z'Us(p)@s(p) = ]/j —m, (B7)

and obtain for the averaged squared matrix element

2

M2 = 2%4“ [(;{/ + me) Y (k + me)fy,,} tr [p/guaqa.

FNA) + (D)1
My, + My 2

@) =6 (@]

(B.8)
my, + My,

po’qs

For the evaluation of the Dirac traces we use mathematica package X [92]. In terms

of the Mandelstam variables

s = (k' +p)* = (k+p)? (B.9)
t=(k-K)>?=0-p?=7¢, (B.10)
u=(k=p)"=F -p)? (B.11)
s+t +u=2m?2 (B.12)

we obtain

S (2 = 5)(m2 —u).

t

F(@®) - 63'(?)

my, + My,

|M|? = 4¢? (B.13)

The differential cross-section can be computed from the phase space and the matrix
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element according to [35]

M2 dk'dp/

do =
7= 4(k-p) (2n)4ELE,

Hp+k—p — k). (B.14)

For the evaluation of the phase space we parametrize the momenta in the lab frame

as depicted in Fig. B.2 with the 4-momenta explicitly given by

B =(me 0 0 0), (B.15)
p=(B 00 B), (B.16)
= (T+me 0 [K|sind [K|cosh), (B.17)
P = (B, =T 0 —[K|sin0 B, —[K|cos0), (B.18)

where one finds |k/'| = /T? + 2m.T. Here, T denotes the electron recoil energy. The

integration over the phase space can now be performed in four steps.
1) Integrate over dp’63(k’ + p’ — k — p) and thereby eliminate p’.
2) Use dk’ = 27|k|?d(cos 0)d|k]|.

3) The remaining integral is of the form
= AL B, ELCD) 6 (B + B, — BRD) — BLKD) dik, (.19

and can be simplified by defining * = E, + E, — E, — E!,. The correct integration

over the § function then gives

/A da _1—A(x) dr - (B.20)
x|} d|k| ’ '
=0
where we find
de \"'  (dE., dE\"' (K| |K|-E,cos0\ "
_ e v) 1L el I B.21
() = (o) =& (B:21)

4) For expressing the final result in terms of dT" we use

—2mT = (K —k)?=t=@ —p)?=-2 (E,(E, —T)— E,(E, — |K'| cos9))
(B.22)
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and find

me + E, T
0= \/ B.2
cos , T+ om,’ (B.23)

d(cos®)  me(E, +me) 1 1 (B.24)
T~ B, T (@2me+ 1) '

Putting everything together we finally arrive at the differential cross-section

2
r_r
T E,

do ¢ |f{"<q2> ~6fi(¢?)

dT  A4r My, + My,
e 12/1 1
=—ufi—it| (= - =—). B.25
4w’“ e (7‘ EL) (B.25)

In the second equality we used Eq. (2.23) as well as the limit ¢?> — 0. Note that the
computation is performed for neutrino fields with distinct masses, i.e. the indices f
and ¢ refer to neutrino mass eigenstates. Since at the point of detection, neutrino
fields are typically in a (coherent) superposition of neutrino mass eigenstates, the
quantity |u/? — ief?|? has to be replaced by the effective NMM (u°)2, which takes

into account oscillation effects, see Sec. 2.4.



IAppendi:x; C

Projectors for neutrino electromagnetic

form factors

A standard technique for calculations of quantities like the electric and magnetic
dipole moments is to project out the relevant Lorentz structure before evaluating
the full loop-integral. Such a technique is essential, especially when dealing with
one, two or higher loop orders. In the following, we derive the projection operators
for the electromagnetic form factors. We used this derivation at an earlier stage
of the package X [92] development in order to cross-check the projectors for the
case of transition moments. For a derivation of the diagonal form factors, see for

example [150].

Figure C.1.: Effective NMM operator.

We start by the most general matrix element of the electromagnetic vertex with
two different external masses as depicted in Fig. C.1. Note that unlike in Eq. (2.21)
we absorb the mass dimension into the form factors Fo and Gy for simplicity. There

are six linearly independent Dirac operators. We therefore define
Al]ii = Ft'v + Fyliouwd” + Fylaqu + (Q{”w +G5iog” + ggiqﬂ) V5- (C.1)

In the following we skip the indices for better readability. We choose as ansatz for
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the projectors

Pl = (p+mi) [aiy" + biPy + ciqu] (F + ma), (C.2)
P, = (p+mi) [din" + ei Py + figu] vs(p +ma), (C.3)

where we have defined P, = (p, + p,)/2. Now, our task is to find the correct
coefficients a;- f; and verify that the projectors fulfill

tr[P AL = Fi, tr[P4 A, = Gi. (C.4)

Applying the Dirac trace with the help of mathematica package Feyn Arts [151] we
find

t[PA AL = Fy [a,- (2(d — 2)¢* — 8(d — 1)A% + 8M?) + b; (2M (4M? — ¢?))
+ ci(q® — 4M2)4A]
+ Folai(d — 1AM + b;(4M? - )| (¢* — 447)
+ Fy|40a; + 4AMb; — 2% (¢ — 40?), (C.5)
tr[Ph Al = G [d (2(d — 2)4% = 8(d — 1)M? + 8A%) + ¢; (2A(4A7 — %))
+ filg® - 4A2)4M}
+ G [di(d — 1AA + (4% - ¢) | (4M? — @)
+ Gy [AMd; + AMAe; — 24 )| (407 — ), (C.6)
where we have defined M = (m; +my)/2 and A = (m; —my)/2. In order to be able
to use dimensional regularization in the evaluation process of the loop-integrals, we

have used that the trace of the unit matrix equals to d. Furthermore for displaying

the result in a nicer form we have used the kinematical relations

, 1

pp = (mi+mi—q), (C.7)
pra=g-md+md = ), (€3)
W a= S0md =i - ), (©9)
P.q= %(—m?+m2). (C.10)

In one last step Egs. (C.5) and (C.5) can be solved in order to reproduce Eq. (C.4).
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In doing so, we finally obtain the projector coefficients

P (g — 4M?) p 2 1)M¢? A (4(d-2)M? + ¢?)
Mo 0 T o “a= A ’
~ M(AM? — ¢?) N 2)¢* + 4M? _ 2(d-1)AM
ay = A 9 2 — A bl o = A Y
 AMAM?—¢?) ) _4(d—1)AM _4(d - 1)A% 4 (d— 2)(4M? — ¢?)
as = — A ) 3 — A ) C3 = 24 )
(C.11)
p P (q? - 4A?) 2(d-1)Ag? s M (4(d—2)A% + ¢?)
1= 2B P €1 = B ) 1 B 3
J ~A(? —4A?) _(d—2)¢* +4A? I _2(d—1)AM
2 — B ) €2 = B ) 2 — B )
g M (g% — 4A2) _ 4d-1)AM fm 4(d — 1)M? — (d — 2)(¢* — 4A2)
3 — B , €3 = B y 3 — 2B )
(C.12)
with
A= (d—2)(¢° — 4M>)*(¢° — 4A7), (C.13)
B = (d—2)(q> — 4M?)(q* — 4A%)*. (C.14)

In the limit A = 0 and M = m the projectors for the diagonal form factors are

reproduced correctly and agree with the projectors of package X [92].
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List of loop-integrals

In the following we explicitly list some of the loop-integrals that appear in our calcu-

lations of NMM loop diagrams.

The loop-integrals for the Dirac neutrinos in the SM calculation (Sec. 4.1.1) are

D, = U;}Ulieg%/ (g:;; (k2 —m3) ((pfyj];:L)ék_Jrj\;n%lf))’y(ﬁ(I;/L_ k)2 — M%/)

(908 (2k —=p =)y + 9o (20 =P — k) + 94520 — 0 — k)a) , (D.1)
o= U | e e ) (o
T
Dy = —U;}Uzi 2;3%/211 / (311;4 ( k(zwi):l?)_ (T;prg))z( k+]\;§; ))(7(7;;17!2 ;)TUZ IXZ;V ) '

2k —p =1 ), (D.4)

g €93 [ dk P — B )y (p— F A+ mu)va L

D= | G g P ) (7 O
e €95 d*k (muPr —my, Pr) (' — K+ m)yu(p — K +mu)

D = Uit | s (=35 (= 7~ ) (0~ =
. (mZPL — myiPR). (DG)

The labeling is referring to the corresponding Feynman diagram in Fig. 4.1.

For the Majorana case, calculated in unitarity gauge, there are the following dia-

grams in addition to Egs. (D.1) and (D.5) with the W boson propagator replaced by
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the one for unitarity gauge

g [ dk YaPr(—K + my)vsPr
D, = Uil =57 / @m)* (k2 —m?) (p— k)2 = ME,) ((/ — k) — MZ,)

o W =R W =R\ [ sy =R —R)\
g MI%V g M%/

(g Ck =D =0+ garu (20 =0 —K)pr + 943 20— 0 — k)or),  (D.7)
eg3 [ d*k  YaPr(=¢ +F+mi)yu(—p+ F+mi)vsPr

Dyt = Uil = | Gy (K = M3,) (0 — k)2 —m3) (' = k)2 —m7)
kakﬁ
‘ <ga/3 - Mgv) . (D.8)

In the context of the classification of NMM couplings in Sec. 4.2 we calculated the

loop-integrals for the generic scalar case, which are

— GQS/ d*k  (gpPrL+ hpPr)(E+mp) (g5 Pr+ hiPr) .
@) (82 = m) ((p = R =) (= R)? = i)

(k?
(Pt P, — 2ku) (D.9)
Yk (9pPr +hpaPr)(W — K+ mp)v(p— ¥ +mp)
Dy=e :
=0 G (0= =) (7 = 02 = )
(9aPr + hy PL), (D.10)
and for the generic vector couplings
_ eQV/ d'k v (gnPrL + hpPr)(k +mp)y" (93P + Wi Pr)
@)t (k2 = m3,) (0= B)> = m2) (@ = k)2 = m3)
9082k —p =)+ gap(20 — 0 — k)3 4+ 9us (20" —p — k)a) -
_ AT / ! )8
. <93 @ kl’;gp ) ) (gg I kl’;ip k) ) 7 (d11)
% v

_ —6Qp/ d4k vﬁ(gszL + hszR)(g%’ k4t mFl)fy#(p —f+mp)

* . k: k
V(g PrL + hij Pr) <9a5 - ﬁ) (D.12)
miy



102 D. List of loop-integrals

For Majorana neutrinos we additionally have the contributions for the scalar case
DM 0 / d*k (95 Pr+ Wy PL)(—k +mp)(9aPL + haPr)
= —e S .
“ 2m)* (k2 —m%) ((p — k)2 = m%) (0" — k)% — m3)

(pp +1), — 2k, (D.13)
DM = GQF/ d4k4 (97 PR+ Wy PL)(=¢ + F +mp)yu(—p+F+ mFl)'
2 ) (0 k2~ i) (@ 2 — )

(9uPrL + haPr), (D.14)

and for the vector case

v d*k (g5 Pr + Wy Pr)(—k + mp)Y (9aPr + haPL)
Da = _eQV/ 1 .
@t (k2= m2) (0 - k)2 = m) (@ — k)2 = m})

(9ap(2k —p = D)y + Gau(2p = 1" = K)p + 9us (20" =P — F)a) -

(o - ©=Rulp =) (o /=Rl =), D15

2 b 2
my my

DM — —eQF/ d4k4 vﬁ(g}lPR + 15 PL) (= + k+mp)yu(—p+ F+ sz).
Gt (2 = mi) (0= )2 =i, ) (0 = K)2 = i)

kok
- (9 Pr + haPr) (gaﬁ - 25> : (D.16)
my
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In the left-right symmetric model we have found in Sec. 4.4 the loop-integrals

e [ d'k 7 (Pr+ EE2Pr)(K +me)y” (P + 532 Pp)

D, =2 .
a 4
2 S Crt 2 —m2) (0 — k)2 = My ) (0 — 02 = M3, )
(9a82k —p =)+ gop (20" —p = K)g + 94320 — 0 — k)a) » (D.17)
2 2,2
D, =9 (1_ ;1*@2212) .
2 K{ + K3 vp
e (GLPL+ GrPR)(K +me)yu(PrL + =152 Pg)
/ oy B : (D.18)
@ (k2 —m2) (0= 0 = M3, ) (7 — k)2 = M3,
2 2,2
D, - " <1_5m2212>.
2 K1 + K3 VR
A u(Pr+ 52 PR)(F +me)(GrPL + GLPrR)
/ ( = : (D.19)

2% (62 = m2) ((p— k)2 = M3, ) (0 = k)* = M3,)
2e / d'k  (GLPp+ GrPr)(F +me)(GRPL + GLPr)
W) Rt e - ) (0 - k)2 - M3,) (07— 02 - M)

2k —p =), (D.20)
eg? ate V(P + Ni? Pr)( — K +me)yu(p —F+ me)%z.

2 / Cmt (k2 = 03, ) (0 = k)2 = m2) (¢ — K)2 = m2)

l‘i1/€2

Dy=—

D, =

(P + PgR), (D.21)

R
% / d*k (GLPp+ GrPr)(f — K+ me)yu(p — Kk +me)
(

wtns S oY (12— M3 ) (0= k)2 —m2) (0 = k)2 —m?)

(GrPL+ GLPR), (D.22)

Dy =—

where we have defined for better readability

R1Kk2 —
GL =my, + m (m,/:‘illig — me(/i% + /43%)) + O(URS), (D23)
Gr = —me+ e 5 (—mer1kr2 + my, (K3 + H%)) + O(vg?). (D.24)

(k% + £3)v%,
(D.25)
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