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Abstract

An infinite discrete subgroup of a Lie group acts on its homogeneous spaces. If the action
is proper on an open subset, we call this subset a domain of discontinuity. In this thesis
we investigate criteria when this happens, for some groups and spaces.

In the first part, we consider the action of an Anosov subgroup I' C G of a semi-simple
Lie group on the associated flag manifolds. It is known that domains of discontinuity can
be constructed from combinatorial objects called balanced ideals [KLP18]. For A-Anosov
groups, we prove that every maximal and every cocompact domain of discontinuity arises
from this construction, up to a few exceptions in low rank. In particular, this shows that
some flag manifolds admit no cocompact domain of discontinuity. Applied to Hitchin rep-
resentations, we determine exactly those flag manifolds which admit cocompact domains
of discontinuity and give the number of different domains in the case of Grassmannians.

In the second part, we extend the theory of balanced ideals to the action of I' C G on
oriented flag manifolds. These are quotients G/ P, where P is a subgroup lying between a
parabolic subgroup and its identity component. Under the condition that the limit curve
of I' lifts to some oriented flag manifold, we identify cocompact domains of discontinuity
in oriented flag manifolds which we do not see in the unoriented setting. They even exist
in some cases where in the unoriented flag manifold there are no cocompact domains
at all. These include in particular domains in some oriented Grassmannians for Hitchin
representations, which we also show to be nonempty.

As another application of the oriented setup, we give a new lower bound on the num-
ber of connected components of A—Anosov representations of a closed surface group into
SL(n,R). We further use certain balanced ideals to construct a compactification of lo-
cally symmetric spaces arising from Anosov representations into Sp(2n,R). Finally, we
discuss an approach to generalize the construction of domains of discontinuity to other
homogeneous spaces.






Zusammenfassung

Eine unendliche diskrete Untergruppe einer Lie-Gruppe wirkt auf deren homogenen Réu-
men. Ist die Wirkung auf einer offenen Teilmenge eigentlich, dann nennen wir diese Teil-
menge einen Diskontinuitétsbereich. In dieser Arbeit wollen wir fiir gewisse Gruppen und
R&ume Kriterien fiir die Existenz solcher Bereiche untersuchen.

Im ersten Teil betrachten wir die Wirkung einer Anosov—Untergruppe I' C G einer hal-
beinfachen Lie-Gruppe auf den zugeordneten Fahnenmannigfaltigkeiten. Es ist bekannt,
dass Diskontinuitdtsbereiche mithilfe von kombinatorischen Objekten, den ausgegliche-
nen Idealen, konstruiert werden konnen [KLP18|. Fiir A—Anosov—Gruppen beweisen wir,
dass jeder maximale und jeder kokompakte Diskontinuitétsbereich aus dieser Konstruk-
tion entsteht, bis auf ein paar Ausnahmen in niedrigem Rang. Insbesondere sehen wir,
dass manche Fahnenmannigfaltigkeiten keine kokompakten Diskontinuitétsbereiche ha-
ben. Angewandt auf Hitchin—Darstellungen kénnen wir exakt bestimmen, welche Fahnen-
mannigfaltigkeiten kokompakte Diskontinuitdtsbereiche enthalten, und die Anzahl dieser
Bereiche in den Grassmannschen Mannigfaltigkeiten bestimmen.

Im zweiten Teil erweitern wir die Theorie der ausgeglichenen Ideale auf die Wirkung von
I' C G auf orientierten Fahnenmannigfaltigkeiten. Dies sind Quotienten G/P, wobei P
eine Untergruppe ist, die zwischen einer Parabolischen und ihrer Identitdtskomponente
liegt. Unter der Bedingung, dass sich die Randkurve von I' auf eine orientierte Fahnen-
mannigfaltigkeit hochheben lésst, finden wir kokompakte Diskontinuitédtsbereiche, die in
der unorientierten Theorie nicht auftauchen. Diese existieren sogar in manchen Féllen,
in denen es in der unorientierten Fahnenmannigfaltigkeit gar keine kokompakten Berei-
che gibt. Insbesondere schlieftt dies Diskontinuitétsbereiche fiir Hitchin—Darstellungen in
orientierten Grassmannschen ein, von denen wir auch zeigen, dass sie nicht leer sind.

Als eine weitere Anwendung des orientierten Aufbaus geben wir eine neue untere Schranke
an die Anzahl der Zusammenhangskomponenten von A—Anosov—Darstellungen von einer
geschlossenen Flachengruppe in SL(n,R) an. Weiterhin benutzen wir bestimmte ausgegli-
chene Ideale zur Konstruktion einer Kompaktifizierung von lokalsymmetrischen Rédumen,
die von Anosov-Darstellungen in Sp(2n,R) stammen. Schlieklich diskutieren wir noch
einen Ansatz, um die Konstruktion von Diskontinuitdtsbereichen auf andere homogene
Raume zu erweitern.
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1 Introduction

1.1 Discrete subgroups of semi—simple Lie groups

Studying geometries always involves studying their symmetry transformations. In fact,
since Felix Klein’s Erlangen program [Kle72], it has become common to characterize
properties of a geometry as those being invariant by a group of transformations G, which
is generally a Lie group.

If we want to study objects inside a geometry described by G, or if we want to equip a
manifold with a geometric structure modeled on it, then we are quickly led to consider
subgroups of G, and in particular discrete subgroups. They come in two fundamentally
different forms: The finite subgroups, for which one can restrict to compact groups G, and
the infinite discrete subgroups, which are interesting for non—compact GG, and whose most
interesting features lie in their behaviour at infinity. We want to examine this second kind
of subgroups of a semi-simple Lie group G and their actions on various spaces. Such a
group G can for example be one of the classical matrix groups, like SL(n,R), SOq(p, q),
or Sp(2n,R).

To be able to speak about deformations of discrete subgroups, a useful viewpoint is to
fix a finitely presented group I' and consider the space Hom(I', G) of its group homomor-
phisms into G. We call these representations of I' in G, and the space Hom(T", G) the
representation variety. Indeed, if T' is generated by k elements, then Hom(I', G) can be
realized as a subset of G¥ cut out by polynomial equations given by the relations of I'. In
particular, this gives Hom(I', G) a topology which does not depend on the choice of the k
generators.

The character variety
X(I',G) == Hom(I", G) /G := Haus(Hom(T", G) /G)

is the space of representations up to conjugation by G, or more precisely its largest Haus-
dorff quotient!. Taking the largest Hausdorff quotient is in fact equivalent to restricting
to the subset of reductive representations [Ric88; CLM18].

The character variety contains a subset ygisc(I', G) C x(T', G) of representations p which
have a finite kernel and whose image p(T') is discrete in G. Under some general assump-
tions, e.g. when I is a hyperbolic group, xaisc(I', G) is a closed subset of x (', G) |GM87b,

IFor any topological space X, Haus(X) is the quotient of X by the following equivalence relation:
z,y € X are equivalent if and only if x ~ y for every equivalence relation ~ which makes X/~ a
Hausdorff space.
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Lemma 1.1]. Its elements describe all discrete subgroups of G which are isomorphic to a
quotient of I' by a finite group.

The most classical case is when I' = 7.5 is the fundamental group of a closed orientable
surface S of genus g > 2, and G = PSL(2,R). Then the space x(I', G) consists of 4g — 3
connected components, which can be distinguished by the Euler class of the plane bundle
S x, R? — S associated to p € Hom(I', G). This Euler number takes integer values in
the interval [2 —2g,...,2g — 2] [Gol88|. xdisc(I', G) is the union of two of these connected
components, namely those corresponding to Euler numbers 2 — 2¢g and 2¢g — 2.

Either of these components can be identified with Teichmiiller space, the space of marked
hyperbolic structures on S, by taking the quotient of the p-action on H?. Teichmiiller
space, and therefore each of these two components of x (715, PSL(2,R)), is homeomorphic
to R%~6. In this way, discrete injective representations into PSL(2,R) can be interpreted
as holonomies of hyperbolic structures on S.

1.2 Anosov representations

If G is a semi-simple Lie group of higher rank, then xgis.(I', G) is generally not a union
of connected components. Instead, it is a closed subspace whose structure is largely
unknown.

In several cases, well-behaved subsets of xgisc(I', G) were found: For example, Hitchin
identified a component of x (w5, PSL(n,R)) [Hit87], now called the Hitchin component,
which was later shown to consist of discrete injective representations [Lab06|. Further
examples of such nice subsets of ygisc(I', G) are positive representations [FG06], maximal
representations into Hermitian Lie groups [BIW10], or automorphism groups of convex
divisible sets [Ben05].

The discovery of these notions was the starting point for what we call higher Teichmiiller
theory today, the study of discrete subgroups of higher rank Lie groups via techniques
inspired from those of hyperbolic geometry. It is in this sense a higher rank analogue
of classical Teichmiiller theory, the theory of hyperbolic or conformal structures on sur-
faces.

Most of the aforementioned classes of representations are instances of the more general
notion of Anosov representations X anosov(Ls G) C Xdisc(I', G) from a hyperbolic group T’
|Gro87|. Anosov representations can be seen as a generalization of convex cocompact
representations (see below) to Lie groups of higher rank. A first definition by Labourie
[Lab06] was generalized to its current form by Guichard and Wienhard [GW12], but in
recent years several equivalent characterizations were found [KLP17; GGKW17; BPS16;
DGK17; an overview can be found in KLP17].

The following definition of Anosov representations from [BPS16]| is one of the simplest.
For concreteness, let us focus on the group G = SL(n,R) for now. The general case is
similar, but requires more prerequisites from Lie theory (see Definition 2.1.9).



1.2 Anosov representations

Definition 1.2.1. Let A = {1,...,n — 1} and § C A non—empty. Let I be a finitely
generated group. A representation p: I' — SL(n,R) is §—-Anosov if there are constants
C,c > 0 such that
Uz(p(’Y)) > Cecf(’y)
oir1(p(v)) ~
where ¢ is the word length in any finite generating system for I' and o1(g) > -+ > 0,,(g9) >
0 are the singular values of g € SL(n,R).

VyeTl, i€,

One consequence of this definition is that I' has to be a hyperbolic group [KLP14b; BPS16].
A hyperbolic group is a group whose Cayley graph for some (and therefore any) finite
generating set is a d—hyperbolic space for some § > 0, meaning that for every triangle,
each of the sides is contained in a d—neighborhood of the other two. A central feature
of hyperbolic groups (or generally d—hyperbolic spaces) is that we can associate to them
a boundary at infinity dooI' [Gro87|. The elements of J,I" are equivalence classes of
geodesic rays in the Cayley graph, with two rays being equivalent if they are at bounded
distance from each other. There is also a natural topology on 0., given by pointwise
convergence of the geodesic rays. In the case I' = 1.5 for a closed surface S, the boundary
Osol is a circle and can be identified with the boundary at infinity of the hyperbolic plane
e.g. in the disc model. If T' is a free group, then 05" is a Cantor set. See [KB02| for a
summary of basic facts on hyperbolic groups.

The #—Anosov representations Xg-anosov(I'; G) are a subset of ygisc(I', G) and an open set
in x(I', G). We can see them as the “nice” part of xqisc(I', G) of representations we know
something about because we can study them by deformations.

A lot of information about a #—Anosov representation is captured by its boundary map or
limit map, that is a unique map
{: O — Fo

into the flag manifold Fy which is continuous, p—equivariant, transverse and dynamics—
preserving (see Section 2.1.5 for more details).

The (partial) flag manifold Fy for a non—empty subset § C A = {1,...,n—1} is the space
of sequences of subspaces

VicVv2c...cV* cR", dim V% =i;, 6 = {iy,... i},

called flags. Special cases of flag manifolds are the full flag manifold Fa and the Grass-
mannians Gr(k,n) = Fyy of k-dimensional subspaces of R". The flag manifolds can
be realized as homogeneous spaces G/P with P C G a parabolic subgroup (a proper
subgroup containing the group B of upper triangular matrices). The flag manifolds are
compact spaces since the maximal compact subgruop K = SO(n) C G acts transitively
on them.

While £ is continuous, it is usually not a smooth map, but often has a rough, fractal
structure. Two examples of limit curves of representations in X aAnesov(715, SL(3,R)) are
shown in Figure 1.1, one of which is C!, while the other is not differentiable.

Flag manifolds and Anosov representations can be defined for general semi—simple Lie
groups G. The role of A is then filled by the set of simple restricted roots of G.
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Figure 1.1: Two different examples of limit curves ¢: S* — RP? of Anosov representations
in X Anosov (1.9, SL(3, R)), shown in an affine chart for RP2. The representation
on the left is in the Hitchin component, while the right one is of Barbot type.

There is a large variety of Anosov representations, each with their own distinctive features.
The examples include:

e Let X be anegatively curved (i.e. rank 1) symmetric space. These are the hyperbolic
spaces with isometry group SOg(n, 1), complex and quaternionic hyperbolic spaces
with isometry groups SU(n,1) and Sp(n,1), and an exceptional 16—-dimensional
space with isometry group a real form of Fy [Hel79, X.6.2|. A discrete subgroup I C
Isom(X) is called convex cocompact if it preserves a non—empty closed convex subset
C C X and the quotient T'\C' is compact. In rank 1, this property is equivalent to
the inclusion being an Anosov representation [GW12, Theorem 1.8].

o If I' = m S is the fundamental group of a closed surface S of genus at least 2,
then x(mS,SL(n,R)) for n > 3 has 3 connected components if n is odd and 6
if n is even [Hit87]. One respectively two of these components consist entirely of
A—Anosov representations and are called Hitchin components [Lab06]. These are
the components which contain representations of the form ¢ o pg, where pg: ™S —
SL(2,R) is discrete and injective and ¢: SL(2,R) — SL(n,R) is the irreducible
representation, which is given by the action of SL(2,R) on Sym™ !(R?) = R™.

e If we compose a discrete injective representation pg: m1.S — SL(2,R) with the re-
ducible embedding /: SL(2,R) — SL(3,R) (that is, let SL(2,R) act on a fixed
2-dimensional subspace), then the composition ¢’ o pg is also A—Anosov, though it is
not in the Hitchin component. Since the Anosov representations form an open set,
small deformations of /' o py are still Anosov, but in contrast to the Hitchin case,
large continuous deformations may fail to even be discrete. These representations
were studied by Barbot [Barl0] and a similar construction works for all SL(n,R)
with odd n (see Section 4.6).

e More generally, if we start with an Anosov representation pp: I' = G and a (non—



1.3 Domains of discontinuity

trivial) Lie group representation ¢: G — G’ into some other semi-simple Lie group
G’, the composition o py will also be Anosov. Due to openness, small deformations
of it are still Anosov. This is the primary way of producing Anosov representations
in higher rank and all examples listed here are of this type. Exceptions are e.g.
representations of reflection groups [DGK18; LM17].

e If G is a Hermitian Lie group and I' a closed surface group, a topological invariant
for representations in x(I', G) generalizing the Euler number is the Toledo invariant.
Representations with maximal Toledo invariant are called maximal representations,
and are also examples of Anosov representations [BIW10].

e If a subgroup I' C SL(n,R) acts properly discontinuously and cocompactly on a
strictly convex subset 2 C RP"~!, a so-called convex divisible set [Ben04], then the
inclusion is {1,n — 1}~Anosov by [GW12, Proposition 6.1].

e Another class of A-Anosov representations (which is a far more restrictive notion
than the other kinds of Anosovness) of free groups I' are those p: I' — SL(2n,R)
which arise as a sum of discrete injective representations pi,...,pn: I' = SL(2,R)
such that p; uniformly dominates p; for all ¢ > j. This means that log A1 (pi(7y)) >
c log A1(p;j(7)) for some constant ¢ > 1 and all v € I', where A; denotes the highest
eigenvalue. Then p is A—Anosov, as are small deformations [GGKW17, 7.1].

The fact that Xanosov(I'; G) is open and xqisc(I', G) is closed already implies that these
sets are not equal in most higher rank situations. However, most known examples of
representations in xgisc(I', G) are actually Anosov or limits of Anosov representations.

1.3 Domains of discontinuity

We can give Anosov representations an interpretation as holonomies of geometric struc-
tures on compact manifolds, similar to how every representation in xgisc(m1.5, PSL(2,R))
is associated to a hyperbolic structure on S. Particularly rich in higher rank are geome-
tries modeled on flag manifolds. Not only do they capture a lot of information about the
representation, but they also appear as the boundary at infinity of Riemannian symmetric
spaces.

The action of an Anosov representation p € Hom(I', G) on a flag manifold F is in general
not proper, so I'\F will not be a manifold. However, in [GW12| Guichard and Wienhard
described a way of removing a “bad set” from a suitable flag manifold such that p acts
properly discontinuously and cocompactly on the complement. In other words, they
constructed cocompact domains of discontinuity:

Definition 1.3.1. A domain of discontinuity Q@ C X for p is a p(I')—invariant open subset
of a G—space X such that the action I' ~ Q via p is proper. It is called cocompact if the
quotient I'\Q is compact.

Note that we require domains of discontinuity to be open subsets. In contrast, Danciger,
Gueritaud and Kassel [DGK17; DGK18] and Zimmer [Zim17] recently proved that the
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Anosov property is equivalent to the existence of certain cocompact domains in RP™ or
HP-9. These domains are closed subsets.

A systematic construction of (open) domains of discontinuity for Anosov representations
in flag manifolds was given by Kapovich, Leeb and Porti in [KLP18]. Given a #—Anosov
representation p which comes with a p—equivariant limit map £: 0" — Fy, we want to
find a cocompact domain of discontinuity in a flag manifold F,, which may be different
from Fy.

To construct such domains, [KLP18| use a combinatorial object called a balanced ideal.
The finite set G\ (Fg x Fy) is naturally equipped with a partial order (the Bruhat order,
which describes the inclusion relations of orbit closures) and with an involution. A subset
I C G\(Fp x F,) is called balanced ideal if it is an ideal with respect to the Bruhat order
and every orbit of the involution has two elements, exactly one of which is contained in
I (definitions of these notions can be found in Section 2.1). [KLP18] then prove that, for
every balanced ideal I and every #—Anosov representation with limit map &, the set

Qr=F,\ | {fer|Géw),f el

is a cocompact domain of discontinuity.

In this thesis, this idea will be extended in several directions.

1.4 Balanced ideals and maximal domains

For A—Anosov representations also the converse of the above construction is true. Namely,
we will show in Chapter 3 that every cocompact domain of discontinuity in a flag manifold
actually comes from a balanced ideal.

Theorem 1.4.1. Let p: I' = G be a A-Anosov representation and € C F, a cocompact
domain of discontinuity for p in some flag manifold F,. Then there is a balanced ideal
I € G\(Fa x Fa) such that the lift of Q to the full flag manifold Fa is a union of

connected components of 1.

We can say more if the dimension of the bad set is not too big. To compute this dimension,
we associate to a semi-simple Lie group G a number mbic(G) which gives a lower bound
on the codimension of the set we have to remove for every limit point z € 0. It
increases with the rank of G, for example mbic(SL(n,R)) = [(n + 1)/2]. The general
definition is given in Definition 3.1.20. With this we get

Theorem 1.4.2. Let p: I' — G be a A—-Anosov representation and assume dim O, 1" <
mbic(G) — 2. Then there is a 1:1 correspondence of balanced ideals in G\(Fa x F;) and
non-empty cocompact domains of discontinuity in F,.

A key point for these theorems is that cocompact domains are maximal among all domains
of discontinuity, at least if they are connected. We establish a correspondence between
minimal fat ideals and maximal domains of discontinuity, even if they are not cocompact.



1.4 Balanced ideals and maximal domains

This approach only works for A—Anosov representations: Section 3.1.6 shows an example
of an Anosov, but not A—Anosov representation which admits infinitely many maximal
domains of discontinuity. They are not cocompact.

If G = SL(n,R) or G = SL(n,C) we get a full description which flag manifolds admit
cocompact domains of discontinuity, by combining Theorem 1.4.2 with a criterion for the
existence of balanced ideals.

Theorem 1.4.3. Let T’ be a hyperbolic group, K € {R,C}, and let p: T' — SL(n,K) be a
A-Anosov representation. Choose integers ig, ..., ipr1 with 0 =iy < iy < -+ <ipy1 = n.
Denote by F the corresponding flag manifold

F={Vtc...cV* cK"|dimg V¥ = i;}.
Assume that
- 2dim 0, I' + 3 fK=R
T 12[(dim0I'+1)/2] +1 fK=C

and let 6 = [{0 < j < k|ij41 —1;is odd}|. Then

(i) If n is even, a non—empty cocompact open domain of discontinuity for T A F exists
if and only if 6 > 1.

(ii) If n is odd, a non—empty cocompact open domain of discontinuity for I’ A F exists
if and only if § > 2.

In particular, for surface group representations into SL(n,R) acting on Grassmannians
we get:

Corollary 1.4.4. Let n > 5 and let p: mS — SL(n,R) be a A-Anosov representation
from the fundamental group of a surface S with or without boundary. Then the induced
action w1 .S A Gr(k,n) on the Grassmannian of k—planes in R™ admits a non—empty
cocompact domain of discontinuity if and only if n is even and k is odd. For n = 6,8, 10,
the number of different such domains is

| k=1 k=3 k=5 k=7 k=9
n=6 1 2 1
n = 1 7 7 1
n=10| 1 42 2227 42 1

While we do not know a general formula for these numbers, they are obtained by counting
balanced ideals. This is a combinatorial problem and needs no information about the rep-
resentation except that it is A—Anosov. So we can use a computer program to enumerate
all balanced ideals. Chapter 6 shows more results from this enumeration.

In low ranks, e.g. SL(n,R) with n <4 if I is a surface group, the existence of cocompact
domains of discontinuity depends on more information about the geometry of p, so we
cannot make general lists like above in these cases. But for Hitchin representations, the
cocompact domains of discontinuity are known in these low ranks. We will briefly discuss
this in Section 3.2.2.
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1.5 Domains of discontinuity in oriented flag manifolds

The goal in the second part of this thesis is to generalize the construction of cocompact
domains of discontinuity from [KLP18]| to actions on oriented flag manifolds. Before giving
more details on what we mean by that, let us illustrate it with an example.

Let po: I' — SL(3,R) be a discrete injective representation of a free group I' whose image
is contained in SO¢(2,1) and has no parabolic elements. Such a representation can be
interpreted as the holonomy of a complete open finite type hyperbolic surface S. pg is
A-Anosov and so is every nearby p € Hom(I',SL(3,R)). Let {: OI' = Fyy2) be the
limit map of p and £': 9,oI' — RP? and ¢2: 9,.I' — Gr(2, 3) its components. We consider
the action of I' on RP? defined by p. The maximal domain of discontinuity for this action
is (by Corollary 3.1.15)
Q=RP*\ [J P& (2)),

TEDsoT

so it arises by removing a line from RP? for every element of d,I'. Since the boundary
OxoI" of a free group I' is a Cantor set, we remove a Cantor set of lines (Figure 1.2 left).
Q) is not cocompact and in fact there are no cocompact domains of discontinuity for this
action in RP? (see Lemma 3.1.16).

Surprisingly, a cocompact domain of discontinuity for this representation does exist in
the space of oriented lines, which is simply the double cover S? of RP2. This was first
observed by Choi and can be found in [CG17]. We can describe the domain as follows.
For every boundary point z € dsI', the limit map defines a great circle £2(z) in S? and
two antipodal points on it (the lifts of ¢!(x)). These two points split the great circle
into two halves, and we remove from S? one of the closed halves, where the choices are
made consistently so the half circles are all disjoint (Figure 1.2 right). As a result, we
get two “caps” at the top and bottom and a countable number of “strips” joining them,
one for every gap in the limit set. In the quotient, the caps become two copies of the
surface S with open ends, and the strips become cylinders connecting the two copies.
The resulting space is homeomorphic to the double of a surface with boundary and in
particular compact.

As it turns out, this example is far from the only one where passing to a finite cover
of the flag manifold leads to new cocompact domains of discontinuity. For instance, the
above can be generalized to higher dimensions: Let p: I' — PSL(4n + 3,R) be a small
deformation of the composition of a convex cocompact representation into PSL(2,R) and
the irreducible representation. Then there is a cocompact domain of discontinuity in
S4n+2 Tt is obtained by removing the spherical projectivizations of 2n+2-dimensional
(half-dimensional in $***2) half-spaces.

The construction also works if I" is a closed surface group and p is a Hitchin representation.
In S? this will only give the two “caps”, the quotients of which are homeomorphic to the
closed surface. But in higher dimensional S%"*2? we get cocompact domains which do
not exist in the unoriented case. This family of examples was independently found by
Danciger, Guéritaud and Kassel.
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Figure 1.2: The maximal domain of discontinuity in RP? (left) and the cocompact domain
in S (right).

We try to gain a better understanding of this behavior by generalizing the construction in
[KLP18| to actions on oriented flag manifolds. The above examples will be special cases
of this. An example of an oriented flag (for SL(n,R)) is a usual flag with orientations
assigned to some of these spaces. More generally, for a semi-simple Lie group G, we
consider as oriented flag manifolds the homogeneous spaces GG/P where P is a proper
subgroup of G containing the identity component By of a minimal parabolic subgroup.
For technical reasons, we will restrict ourselves to linear groups G in this chapter.

Let us assume that the oriented flag manifold 7 = @ /P is a finite cover of the unoriented
flag manifold Fy. Then we call a §—Anosov representation P—Anosov if its limit map &
lifts continuously and equivariantly to F. There is in fact a unique maximal choice of
such an oriented flag manifold F that one can lift { to (Proposition 4.2.4). To such a lift
&: 0ol — F , we can associate its transversality type wg, which is the G—orbit

o~

wy = G(E(),E(y) € \F x F),  wy€dul, a#y
of a pair of distinct oriented limit flags (it is independent of z,y).

If 7' is another oriented flag manifold, then as in the unoriented case, there is a partial
order < on G\(]? x F' ) describing orbit closures. Furthermore, the transversality type wy
induces an order-reversing involution on G\ (F x F') (see Section 4.1.4 for the definition).
This allows us to define the notion of a wy-balanced ideal I C G\(F x F'): It is an ideal
with respect to < which is sent onto its complement by the involution wy. Our main
theorem of this chapter is then the following:

Theorem 1.5.1. Let I' be a non—elementary word—hyperbolic group and G a connected
semi-simple, linear Lie group. Let p: I' — G be a 0-Anosov representation with limat
map §: OscI' = Fy which admits a p-equivariant continuous lift £: Oscl' — F to some
oriented flag manifold F finitely covering Fy. Let wg be the transversality type of & and



1 Introduction

IC Gl\(]? X .7/-:’) a wo—balanced ideal, where F' is another oriented flag manifold. Define
KcF by
K= | {feF|GE),f eI}

Then K is I'—invariant and closed and T' acts properly discontinuously and cocompactly

on the domain Q = F'\ K.

If we take F and F' to be unoriented flag manifolds (so in particular F= Fp), then we
recover the original theorem from [KLP18|.

We also develop a combinatorial description of the sets G\(F x F') and the partial order
and involution on them. While this can be done in the unoriented case by using quotients
of the Weyl group W = Nk (a)/Zk (a), our description of these oriented relative positions
is in terms of what we call the extended Weyl group W = Nk (a)/Zk(a)o.

As an example, we apply Theorem 1.5.1 to the action of Hitchin representations on Grass-
mannians. If p: I' = PSL(n,R) is a Hitchin representation, it defines an action of I" on
the Grassmannian Gr(k,n). If n is even and k is odd, then there is a cocompact do-
main of discontinuity  C Gr(k,n). For odd n > 5, no cocompact domains exist in
any Gr(k,n) (by Corollary 1.4.4). However, we find oriented Grassmannians admitting
cocompact domains of discontinuity in these cases. More precisely, there is a cocompact
domain of discontinuity in the oriented Grassmannian Gr*(k,n) whenever n is odd and
k(n+ k+2)/2 is even (see Proposition 4.5.3).

1.6 Other results

While developing the theorems described in Section 1.4 and Section 1.5, we obtained some
smaller independent results, which either emerged as a by—product or are still at an early
stage of development and will be extended in the future. In the last two chapters we
present and discuss these results.

1.6.1 Connected components of Anosov representations

The theory of oriented Anosov representations has another use concerning connected
components of Anosov representations. It is based on the following proposition:

Proposition 1.6.1. Let the oriented flag manifold F = G/P be a finite cover of Fy.
Then the set of P—Anosov representations is open and closed in the space of all 0—Anosov
representations.

Consequently, this notion can be used to distinguish connected components of Anosov rep-
resentations: If two #—Anosov representations lie in the same connected component, then
both the maximal choice of oriented flag manifold F which their boundary maps can be
lifted to and the transversality type of their boundary maps must agree (Corollary 4.2.11).
We apply this fact in Section 4.6 to A—Anosov representations of closed surface groups

10
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I' into SL(n,R) for odd n. Namely, we consider block embeddings constructed by com-
posing a discrete injective representation into SL(2,R) with irreducible representations
into SL(k,R) and SL(n — k,R). For different choices of block sizes, we show that these
representations lie in different connected components of Homa_anesov(I's SL(n,R)). To-
gether with an observation by Thierry Barbot and Jaejeong Lee, which is explained in
|[KK16, Section 4.1], this leads to the following lower bound for the number of connected
components:

Proposition 1.6.2. Let I' = 7.5, where S is a closed surface of genus g > 2, and let n
be odd. Then the space Homa anosov(L, SL(n, R)) has at least 229~ (n — 1) + 1 connected
components.

1.6.2 Domains of discontinuity in other homogeneous spaces

We can also look at the action of an Anosov representation p: I' = G on G—homogeneous
spaces G/H which are not flag manifolds. If p has a limit map into G/P and the double
quotient G\(G/P x G/H) is finite, it is possible to extend the notion of fat ideals and
construct domains of discontinuity in G/H by a similar method. Since G/H is not
compact, there is little hope of generalizing the cocompactness part as well.

The set G\(G/P x G/H) again carries a partial order <, but in contrast to the case of
flags or oriented flags, there is no natural order-reversing involution. We have to replace
it with a relation which specifies which position an element of G/H can have towards a
pair of transverse flags in G/P. We then call I C G\(G/P x G/H) a fat ideal if it is an
ideal with respect to < and if every element of G\(G/P x G/H) is either in I or related to
something in 1. With this definition, we get the following statement, which is analogous
to the flag case:

Theorem 1.6.3. Let p: I' = G be an Anosov representation with limit map &: Oxol’ —
G/P and let I C G\(G/P x G/H) be a fat ideal. Then

O=G/H\ |J {z€G/H|G(E(2),x) €T}
2E€E0soT

is a I'—invariant open set and the p—action of I' on ) is proper.

This part is joint work with Leén Carvajales and is an ongoing project.

1.6.3 Enumerating balanced ideals

The set G\(Fg x F;) of relative positions between two flag manifolds Fy and F;, has a
combinatorial description in terms of the Weyl group, which makes it possible to enu-
merate all balanced ideals using a computer program. Together with David Dumas, the
author devised and implemented an algorithm to efficiently do this.

The table in Corollary 1.4.4 is a result of this, and in Chapter 6 we give some additional
lists and tables in interesting cases. Our program can also be found online at https:
//florianstecker.de/balancedideals/.

11
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1 Introduction
1.6.4 Compactification of certain Hermitian symmetric spaces

An observation from studying the list of balanced ideals is the existence of a balanced ideal
in Sp(2n, C)\(Lag(C?") x Lag(C?")) for odd n. This allows us to construct a compactifi-
cation for locally symmetric spaces associated to {«a;,}—Anosov representations, which is
modeled on the bounded symmetric domain compactification of the symmetric space. In
particular, this includes maximal representations into Sp(2n, R).

The symmetric space X = Sp(2n,R)/U(n), like any Hermitian symmetric space, can
be realized as a bounded symmetric domain D C C*"+1)/2 [Hel79, Theorem VIIL7.1].
Concretely, we can take as D the set of symmetric complex matrices Z such that 1 —
77 is positive definite. Its closure D in C™"t1)/2 is the bounded symmetric domain
compactification of X.

Theorem 1.6.4. Let n be odd and p: I' — Sp(2n,R) be an {an} —~Anosov representation.
Then there exists a subset D C CM"+D/2 sych that D ¢ D C D on which p(T) acts
properly discontinuously with compact quotient. This quotient I‘\D is a compactification
of the locally symmetric space T'\D.

1.7 Outline

We start in Section 2.1 with some basic definitions and fix notation for the rest of the
thesis. The rest of Chapter 2 gives detailed proofs of some technical lemmas which will
be needed later. None of this is original, but we need it in a slightly different setting than
we could find in the literature. Section 2.2 investigates orbits and orbit closures of the
By x Bp—action on G by left— and right— multiplication, following [BT72]. Section 2.3
treats expanding actions on compact homogeneous spaces. This is based on [KLP18|.

Chapter 3 proves the results described in Section 1.4, that all cocompact domains of
discontinuity for A—Anosov representations come from balanced ideals. The proofs of the
main results are contained in Section 3.1, while Section 3.2 applies this to representations
into the special linear group. This work was published on the arXiv as [Stel8|.

Chapter 4 is concerned with the action of Anosov representations on oriented flag man-
ifolds. First, Section 4.1 gives definitions such as oriented flag manifolds and oriented
relative positions. Section 4.2 introduces an oriented version of the Anosov property
and shows that these representations form a union of connected components inside the
Anosov representations. Section 4.3 then proves the main result about cocompact do-
mains of discontinuity in oriented flag manifolds. Section 4.4 is mainly of combinatorial
nature and gives some examples of balanced ideals in this more general and flexible set-
ting. Section 4.5 applies the results to Hitchin representations and generalized Schottky
representations. Finally, Section 4.6 discusses how to get a lower bound for the number of
connected components of Anosov representations out of this theory. Chapter 4 was joint
work with Nicolaus Treib and was published on the arXiv as [ST18|.

12



1.7 Outline

Chapter 5 generalizes the construction of domains of discontinuity to other homogeneous
spaces, as outlined in Section 1.6.2. This part is joint work with Leon Carvajales and still

an ongoing project.

Chapter 6 lists balanced ideals in some interesting cases. In Section 6.4 we use some of
these balanced ideals to construct a compactification of certain locally symmetric spaces.
Chapter 6 is also included in [Stel§|.
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2 Preliminaries and technical lemmas

We begin by introducing the basic notions of Lie theory, flag manifolds, and Anosov
representations. Then we prove in detail two technical results, which are known, but
which we need in a slightly different setting than how they can be found in the literature
[BT72; KLP18§|, even though the arguments are very similar.

2.1 Basic definitions

2.1.1 Lie groups and flag manifolds

Let G be a connected semi—simple Lie group with finite center and g its Lie algebra.
Choose a maximal compact subgroup K C G with Lie algebra £ C g and let p = £ be the
orthogonal complement in g with respect to the Killing form. Further choose a maximal
subspace a C p on which the Lie bracket vanishes. The dimension of a is called the rank
of G.

For any functional o € a* let
60 = {X € g| [H,X] = a(H)X VH € o}

be the restricted root space and let ¥ = {a € a* | go # 0} be the set of restricted roots.
Also choose a simple system A C ¥ and let ¥ C ¥ be the corresponding positive and
negative roots. Note that in contrast with the complex case, X is in general not reduced,
i.e. there can be o € ¥ with 2o € ¥ (but no other positive multiples except 2 or 1/2). We
denote by ¥y C ¥ the indivisible roots (the roots o with o/2 ¢ ¥ and let F = 2+ 0%,
Let at = {X € a| a(X) >0Va € A} and at = {X € a| a(X) > 0Va € A} be the
positive Weyl chamber and its closure.

Note that any choice of the triple (K, a, A) is equivalent by conjugation in G (see [Hel79,
Theorem 2.1] and [Kna02, Theorems 2.63, 6.51, 6.57]).

Define for @ # 6 C A the Lie subalgebras

n= @ga, n = @gaa Po = @ Ja

aext agex~ aeXTUspan(A\0)

and let A, N, N~ C G be the connected Lie subgroups corresponding to a, n, and n~. The
exponential map of G restricts to diffeomorphisms from a to A, nto N and n™ to N—. Let
Py = Ng(pg) be the parabolic subgroup corresponding to 6. In particular, b = pa is the
minimal parabolic subalgebra and B = Pa the minimal parabolic subgroup. It decomposes
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as B = Zx(a)AN via the Iwasawa decomposition. A parabolic subgroup or subalgebra is
generally defined as a conjugate of the “standard parabolics” py or Py, but when we say
“parabolic” here, we will usually mean only py or Py themselves.

The quotients
Fo:=G/Py

are compact G-homogeneous spaces and are called (partial) flag manifolds.

The Weyl group of G is the finite group W = Nk (a)/Zk(a). It can be viewed as a group
of linear isometries of a equipped with the Killing form. A natural generating set of W
is given by A, identifying every a € A with the orthogonal reflection along ker a. We
will write £(w) for the word length of w € W in this generating set. As (W, A) is a finite
Coxeter system, there is a unique longest element wg € W, which squares to the identity.
The opposition involution is the map t(w) = wowwy on W. It restricts to an involution
t: A — A of the simple roots. Choosing any representative of wy in Nk (a), we have
woNwy L= nN-.

A central feature of W for us is the Bruhat decomposition [Kna02, Theorem 7.40]

G = |_| BuwB.
weW

Note that writing BwB, just like woNwg L above, is a slight abuse of notation, since w is
not an element of G, but a choice of representative in Nk (a) is required. However, this
choice is irrelevant since Zx(a) C B. We will often use these kinds of shorthands when
dealing with the Weyl group. For example, for a subgroup H C G containing Zx(a) we
will write H N W C W instead of an ugly expression like (H N Nk (a))/Zk(a).

Finally for this subsection, let o
w: G — at

be the Cartan projection defined by the KAK-decomposition. That is, for every element
g € G there are k,/ € K and a unique u(g) € at such that g = ket 0. k and £ are
uniquely defined up to an element in the centralizer of p(g).

2.1.2 Relative positions

Definition 2.1.1. For any pair of closed subgroups Hi, Ho C G we define a relative
position map

pos: G/Hy x G/Hy — H\G/Hy,  ([g1],[92]) = lg7 " 92).

It captures all information about a pair in G/H; xG/Hy which is preserved by G. Likewise,
we call the double quotient H1\G/Hz the set of relative positions.

Definition 2.1.2. If H;\G/H> is a finite set, it carries a natural partial order given by

HigHy < HigdH» < HigHs C H1g'Ho.
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Lemma 2.1.3. The relation < is a partial order.

Proof. The only thing to show here is that HygHs = Hyg'Ho implies HygHs = Hyg'H>.
To see this, we prove that every orbit closure HigH> contains a unique relatively open
orbit, which is H1gHs. Note that every orbit HigH> C G is at least an immersed subman-
ifold and therefore a countable union of embedded submanifolds. Embedded submanifolds
are always locally closed, meaning they are the intersection of an open and a closed set.
It is easy to see that a locally closed set is either nowhere dense or contains a non—empty
open subset.

Since we assumed H;\G/Hz to be finite, HigHy consists of finitely many orbits and
thus countably many locally closed sets, which are clearly also locally closed as subsets of
HygH,. By the Baire category theorem, these cannot all be nowhere dense, so some double
coset H1g'Hy C Hy1gH> contains an open subset (open in HygHj3). Then Hyg' Hy must be
open in HygHs, and therefore intersect the dense subset HigHs. So HigHy = Hig' Ho,
and this is the unique open orbit in HigH>. O

It is not hard to see that pos(z,y) < pos(z’,y’) if and only if G(z,y) C G(«',y’). The
order can therefore be interpreted as measuring the “genericity” of the relative position
of a pair. In other words: If we have sequences (z,) € (G/H1)Y and (y,) € (G/H)N
converging to z and y with pos(x,,y,) constant, then pos(x,y) < pos(xn, yn)-

Definition 2.1.4. A pair (z,y) € G/H1 x G/Hs is transverse if pos(z,y) is maximal in
this ordering.

In the case of two parabolic subgroups Py, P, C G, the set of relative positions is finite
and has a combinatorial description via the Weyl group:

Po\G /Py = (ANG\W/(A\n).

Here (A) denotes the subgroup generated by A C W. The identification follows from the
Bruhat decomposition together with the fact that By N W = (A\#). We will sometimes
abbreviate the double quotient (A\@)\W/(A\n) as Wy,,.

For any = € Fy and w € Wy, we call the space

Cuw(z) ={y € F | pos(z,y) = w}

the Bruhat cell or Schubert cell of w relative to x (it is indeed a cell if n = § = A, but
not in general). The order described above is given by the Bruhat order on the Weyl
group W, that is if s1 ... sy is a reduced expression in A for some representative in W of
w € Wy, then

(W' € Wo, | w' <w}={si...s|i; € {0,1}},

i.e. we get all lower elements by removing some number of letters. This classical fact
actually follows from Proposition 2.2.13 proved below.

A consequence of this is that the position represented by wq is the unique maximal one,
so two flags f € Fp and f' € F, are transverse if and only if posy , (f, f') = wo.
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2.1.3 Ideals

In this section, let X be a finite set equipped with a partial order < and an order-reversing
involution o: X — X. The main example is of course X = Wp , with the Bruhat order
<. If «(8) = 0, then left-multiplication with wy descends to an order-reversing involution

of ng.

Definition 2.1.5. A subset I C X is called an ideal if for every x € I and y € X with
y < x, we have y € I. Furthermore,

o [ is called o—fat if x ¢ I implies o(x) € I.
o [ is called o—slim if x € I implies o(z) & I.
e [ is called o-balanced if it is o—fat and o—slim.

Observe that there can be no o—balanced ideal if ¢ has a fixed point. Conversely, if ¢ has
no fixed points, there will be balanced ideals by the following lemma. For the case of the
Weyl group, this is proved in [KLP18, Proposition 3.29|.

Lemma 2.1.6. If 0 has no fized point, then every minimal o—fat ideal and every maximal
o—slim ideal is o—balanced.

Proof. The two statements are equivalent by replacing an ideal I by X \ o(I). So assume
that I C X is a minimal o—fat ideal which is not o—balanced. Choose a maximal element
xelIno(l)# @ andlet I' =TI\ {z}. If I is an ideal, it is clearly o—fat, contradicting
minimality of I. So I’ is not an ideal. Then there exist x; < x9 with 29 € I’ but 1 & I'.
So x1 = x since I is an ideal. Furthermore o(z3) < o(z1) = o(x) and o(z) € I, so
o(x2) € I and therefore xo € I No(I). Since x is maximal in I No(I) and = < x9, this
implies 9 = x = x1, a contradiction. ]

2.1.4 Proper actions

Let I" be a Lie group acting smoothly on a manifold X.

Definition 2.1.7. The action of I' on X is proper if the map
'x X —» X x X, (v,z) — (yz,x)

is a proper map, i.e. the preimage of every compact set is compact.

An equivalent characterization of properness is the following: The action is proper if for
all sequences (z,,) € XN and (v,,) € TV such that (z,,) and (7,7, ) converge, a subsequence
of (y,) converges.

If I' is a discrete (i.e. O—dimensional) group, this has a reformulation in terms of dynam-
ically related points, given in [Fra05, Definition 1]:
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Definition 2.1.8. Let T' be discrete, (v,) € I'N a divergent sequence (i.e. no element

occurs infinitely many times) and =,y € X. Then x is dynamically related to y via (vy),

z y, if there is a sequence (x,,) € X" such that

Tp —x and YT, — Y.

We say x and y are dynamically related, x ~ y, if they are dynamically related via any
divergent sequence in I'.

It is easily proved that the group action is proper if and only if there are no dynamically
related points. Proper actions of discrete groups are often also called properly discontin-
UOUS.

The significance of proper actions comes from the fact that their orbit spaces have a
simple local description: If I' is discrete and acts properly, and x € X, then a I'-invariant
neighborhood of x is I'-equivariantly diffeomorphic to a neighborhood of the zero section
in I' xp, T, X (for a proof see e.g. [GGK02, Theorem B.24]). Here I, is the stabilizer at
x, which is a finite group, and acts linearly on T, X. If the action is free, i.e. all ', are
trivial, then this gives I'\ )X the structure of a smooth manifold. If the action is not free,
we still get at least an orbifold structure on I'\ X.

2.1.5 Anosov representations

Let ' be a Gromov hyperbolic group and G a semi-simple Lie group. Recall that a
Gromov hyperbolic group comes equipped with a boundary 0 I'. For example, if I is the
fundamental group of a finite type surface, then 0, I' is a circle if the surface is closed
and a Cantor set otherwise.

There exist several equivalent definitions of Anosov representations [KLP14b; KLP14a;
GGKW17; BPS16]. One of them is the following, from [BPS16]:

Definition 2.1.9. Let § C A be non—empty and ¢(f) = 6. A representation p: I' — G is
0—Anosov (or Py—Anosov) if there are constants C, ¢ > 0 such that

a(u(p(7))) 2 Chl—c  Vaeb,yeT,
where | - | is the word length in T' with respect to any finite generating set.

Definition 2.1.10. Let ' be a word hyperbolic group, 0xI" its Gromov boundary and
& 0" = Fy a map.

(i) A sequence (g,) € GV is called 6-divergent (or Py—divergent) if
a(u(gn)) — oo Va € 6.

A representation p: I' — G is O—divergent if for every divergent sequence =, — 0o
in ' its image p(7,) is f—divergent.

(ii) € is called transverse if for every pair x # y € O [, the images &(x),£(y) € Fp are
transverse, i.e. pos(§{(z),£(y)) = wo.
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(iii) ¢ is called dynamics—preserving if, for every element v € T' of infinite order, its
unique attracting fixed point v+ € 951" is mapped to an attracting fixed point of

p()-

The main fact we need about Anosov representations is that a 6—Anosov representation
p: I' = G admits a unique p—equivariant limit map

5: 6OOF—>]U9

which is continuous, transverse and dynamics—preserving [KLP14a; BPS16|. It can be
constructed as follows: For z € 05T, take a diverging sequence (7,) € I'N with attracting
fixed point x. Then (p(7,)) as a sequence of maps Fyp — Fy converges locally uniformly on
an open dense subset to a constant map, the value of which is £(x) (see Lemma 3.1.9).

Note that the limit map is also commonly used to define Anosov representations: Every 6—
divergent representation of a hyperbolic group which admits a continuous, p-equivariant,
transverse, dynamics—preserving limit map is #—Anosov [GGKW17, Theorem 1.3|.

Remark 2.1.11. There are many different conventions in use for the “type” of an Anosov
representation, which are all equivalent. Besides the convention used here, which follows
|[GGKW17], it is also common to define the parabolic subalgebra as pg = U, es+Uspan(o) 8o
effectively interchanging the roles of # and A\# [GW12]. Furthermore, some authors do
not require ¢(f) = 0 and instead write (P*, P~)-Anosov or (G, Pt N P~)-Anosov, with
P~, P being a pair of opposite parabolics. Kapovich-Leeb—Porti instead use terms like
Tmod—AN0SoV, Tmod—CEA, Tmea—RCA, Tmod—URU or mnoq—Morse, with 7,04 being the
simplex in the boundary of symmetric space fixed by Py [KLP17]. Finally, some special
cases have been given additional names like k—Anosov, projective Anosov, symplectic
Anosov, etc.

2.2 The By x By—action on G

2.2.1 Extended Weyl group and the refined Bruhat decomposition

We will assume for this section that G is a linear group. Let B C G be the minimal
parabolic subgroup, and By its identity component, i.e. the connected subgroup of g
with Lie algebra b = @a€2+u {0} Ja- We consider the action of By x By on G by left—
and right-multiplication. The goal of this section is to prove Proposition 2.2.4, which
is a refinement of the Bruhat decomposition. It will be an important ingredient for our
description of relative positions of oriented flags. The proof requires some rather technical
preparations.

First of all, we define the groups
W = Ni(a)/Zk(a)o, M = Zx(a)/Zx (a)o,

where Zg (a)g is the identity component of the centralizer of a in the maximal compact
subgroup K. We call W the extended Weyl group. If we write ¢(w) for w € W we mean
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the length ¢(m(w)) of its projection to W. See Section 4.4.2 for a description of W, M,
By etc. in the case G = SL(n,R).

Remark 2.2.1. Our attention in this section and Chapter 4 will be restricted to semi—
simple Lie groups G such that the group M is finite abelian and consists entirely of
involutions. This holds for all G which are linear, i.e. isomorphic to a closed subgroup of
some GL(n,R) (see [Kna02, Theorem 7.53] and note that all connected linear Lie groups
have a complexification). Also, every linear semi-simple Lie group has a finite center
[Kna02, Proposition 7.9]. All our arguments work equally well for Lie groups which
are not linear, as long as their center is finite and M is finite abelian and consists of
involutions. These assumptions on M do not appear to be essential for our theory, but
they significantly simplify several arguments, e.g. the statement and proof of Lemma 2.2.9.

As restricted root systems are not necessarily reduced, we will work with the set ¥g of
indivisible roots, i.e. the roots o € ¥ such that /2 ¢ ¥. For any a € EO+ =Xt N
let Uy = go @ g2o. Then u, is a subalgebra of g. Let U, C G be the connected subgroup
with Lie algebra u,.

For a, B € Ear let (o, B) C Ear be the set of all indivisible roots which can be obtained as
positive linear combinations of o and 8. Then [uq, us] C €D, ¢ 5) Uy For every w € W
the set ¥, = X NwY; has the property that (o, 8) C ¥,, for all a, 8 € ¥,,. Let Uy, be
the connected subgroup of G with Lie algebra u,, = @ae\lfw Ug.

Lemma 2.2.2. Let V' C ¥ C ©f such that (o, 8) C ¥ and (a,y) C ¥ for all a,3 € ¥
andy € V. Letu= P cqta and v’ = @ g Ua and let U,U’' C G be the corresponding
connected subgroups. Let W\ W' = {ay,...,a,}, in arbitrary order. Then

U=U'Uy, - U,,.

In particular, for V=V, and V' = &, we have Uy, = HaG\Ilw Uy, where the product can
be written in arbitrary order.

Proof. First note that the conditions ensure that u,u’ C g are subalgebras and that u’ is
an ideal of u. We proceed by induction on n = |¥ \ ¥’|. The case n = 0 is trivial and for
n =1 the statement is shown in [Kna02, Lemma 7.97].

If n > 1, choose a longest root ay among ag,...,a, and let ¥/ = U U {ay}. Then
(o, B) C W' C U” for all @ € ¥ and B € U’ since every element of («, a) will be longer
than aj and therefore in W'. So u’ = @ cyn ta is an ideal of u. Let U” C G be its
connected subgroup. Since v’ and u” are ideals of u, U’ and U” are normal subgroups of
U. Now let g € U. By the induction hypothesis there are ¢” € U”, g_ € Uy, -+ Uq,_,
and g4 € Uy, , - U, such that g = g"g_g,. Since U"” C U is normal, g = g_g"g4 for
7' = g-'¢"g_ € U". Since ¥ C U” satisfy the assumptions of the Lemma for n = 1,
we get g7 = g'go for some ¢’ € U’ and go € U,,. Now set g = g_g'g—' € U’, then
9=79-90g9+ € U'Uy, -+ U,,,, as required. O

Lemma 2.2.3. Let w € Ng(a). Then the map

Uy x B— G, (u,b)— uwb (2.1)
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is a smooth embedding with image BwB. The restriction of (2.1) to Uy, x By maps onto
waBo = BowBo.

Proof. We get (2.1) as a composition

conj, —1 xid

U, x B wUyw x B N~ x B— G 22 @,

The first and last map are diffeomorphisms, the inclusion is a smooth embedding and
the multiplication map N~ x B — G is a diffeomorphism onto an open subset of G by
[Kna02, Lemma 6.44, Proposition 7.83(e)|. So the composition is a smooth embedding.
We only have to compute its image, i.e. that U,wB = BwB.

To prove this, use the Iwasawa decomposition B = NAZk(a) to get BwB = NwB and
then write, using Lemma 2.2.2,

Nsz(H Ua)< I1 Ua)wB:wa( I1 w_anw)B.

acly aeX i\ Ty aex i\ Wy,

For all a € 23 \ ¥, we have wta € E;, $0 Ady, -1y = Uy-1, Cnand w U,w C N C
B, so BwB = UywB. If we restrict (2.1) to the connected component U,, x By, its image
is UywBy. The Iwasawa decomposition shows that By = NAZk(a)g, so BowBy = NwBjy
and this equals U,wBy by the same argument as above. O

Proposition 2.2.4 (Refined Bruhat decomposition). G decomposes into the disjoint union

G = |_| BowBy.

weWw

Proof. Let : W — W be the projection to the Weyl group. By the Bruhat decompo-
sition [Kna02, Theorem 7.40], G decomposes disjointly into BwB for w € W, so we only
have to show that
BwB= || BBy (2.2)
w'en—1(w)
Lemma 2.2.3 identifies BwB with U, x B, the connected components of which are the sets

U, x mBy for m € M. These correspond via the map from Lemma 2.2.3 to the subsets
UpwmBy = BowmBy C BwB. Also 7~} (w) = {wm | m € M}, proving (2.2). O

2.2.2 Orbit closures

We now turn to analyzing the closures of By x Bp—orbits in G. We call such orbits
refined Bruhat cells. The main result of this section is Proposition 2.2.13, which gives a
combinatorial description of closures of refined Bruhat cells. This part is similar to [BT72,
Section 3], where Borel and Tits describe the left and right action of the Borel subgroup
for an algebraic group G. Most of their arguments also work in our setting.

Let W = Nk (a)/Zk(a)y as before and 7: W — W the projection to the Weyl group
W = Ngk(a)/Zk(a). As described in Section 2.1, A is realized as a generating set of W
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and we write £ for the word length with respect to A. We want to define a lift v: A — W
of this generating set so that v(a) € (Pa\{a})o for every a € A.

The construction requires some Lie theory. If (-,-) is the Killing form on g and ©: g — g
the Cartan involution, which is 1 on € and —1 on p, then || X||? = —(X,0X) defines a
norm on g. Its restriction to a is just (X, X). For a € a* let H, € a be its dual with
respect to (-,-), i.e. (Hqy, X) = a(X) for all X € a. We use the norm on a* defined by
o2 = (Ho, Hy).

Definition 2.2.5. For every o € A choose a vector E,, € g, such that || E,|? = 2||a|| 2.
Then we define

v(a) = exp (g (Eq + @Ea)).

By |Kna02, Proposition 6.52(c)| this is in Ng(a) and acts on a as a reflection along the
kernel of the simple root ae. We will regard v(«) as an element of W = Nk (a)/Zk (a)o.

Remarks 2.2.6.

(i) v(a) € W is almost independent of the choice of Eq: If dimgs > 1, then the set
of admissible E, is connected. Since W is discrete and v(a) depends continuously
on E, this means that v(a) € W is independent of E,. In particular, we get the
same v(a) when substituting E, by —Fg, so v(a) = v(a)~!. On the other hand, if
dim g, = 1 then v(«) need not be of order 2, and there can be two different choices
for v(a), which are inverses of each other. If they do not coincide, v(«) is of order
4 since v(a)? acts trivially on a and is therefore contained in M.

(ii) By our assumption of G being linear, M consists of involutions, and therefore v(a)
has order either 2 or 4. In the group SL(n,R) for example, v(«) is of order 4 for all
simple restricted roots «, while in SOy(p, q), p < ¢, the image of the “last” simple
root ay, is of order 2.

(iii) For every aw € A, we have m(v(a)) = a € W, so the projection of v(A) to W is just
the usual generating set A. In fact, v(A) also generates the group W (this can be
seen using Lemma 4.1.11 with 6 = A).

Recall that ¥, = Eg Nwy .

Lemma 2.2.7. Let wi,wo € W. Then
Wiy N wl(\llwz) =9, Yy, C ¥y, U wl(\l’wz)7 |\I]w1| = g(wl)'
Furthermore, W,, C span@ for § C A if and only if w € (§) C W.

Proof. First observe that aX{ = X§ \ {a} U {—a} and therefore ¥, = {a} for any
a € A. The first two identities follow easily from the definition of ¥,, and the inequality
| W, | < ¢(w) is a direct consequence of Wy, C ¥,, Uw¥, for every o € A.

We want to show that |¥,,| = r implies £(w) = r by induction on r € N. For r = 0 this
follows from the fact that W acts freely on positive systems of roots. If |¥,,| = r > 0, then
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A ¢ wEl, as otherwise Zar - wEar and thus ¥,, = @. So choose a € ANwX, C ¥,.
Then

¥y = aXi NwEy = (37 \ {a}U{-a}) NuwS; =V, \ {a},
50 |¥quw| =r — 1 and thus {(aw) = r — 1 by the induction hypothesis. So ¢(w) = r.

To prove the remaining statement, note that the reflection along a root & maps every other
root 3 into span(a, #). So span(f) is invariant by every w € (f). Assume the equivalence
of ¥, C spanf and w € (#) was already proved for w € W and let {(aw) = ¢(w) + 1.
Then ¥y, = ¥, Ua¥,, = {a} U a¥, is contained in spanf if and only if o € 6§ and
w € (6), proving what we wanted. O

The two cases ord(v(a)) = 4 or ord(v(a)) = 2 in Remark 2.2.6 are related to whether
there is an associated embedded SL(2,R) or PSL(2,R):

Lemma 2.2.8. Let « € A and E, as in Definition 2.2.5. Then there is a Lie group
homomorphism ®: SL(2,R) — G, which is an immersion and satisfies

(i) di®: sl(2,R) — g maps (3 §) to Ea, (19) to —OF,, and ((1) _01) to 2||a|| "2 H,,

(ii) @ (% 5) = v(a),
(iii) ® is an isomorphism if ord(v(«)) = 4, and ker ® = {£1} if ord(v(a)) = 2.

Proof. d;® as defined in (i) is a monomorphism of Lie algebras [Kna02, Proposition
6.52], so it integrates to an immersive Lie group homomorphism D: SL(2,R) — G. Since

ker ® C SL(2,R) is a normal subgroup and discrete and SL(2, R) is connected, conjugation
actually fixes ker @ pointwise, i.e.

ker® C Z(SL(2,R)) = exp(ZX), X =(27).

Now <AI;(e§p(/<:X)) = exp(d1®(kX)) = exp(km(Eq + OF,)) = v(a)?*. If ord(v(a)) = 2,
then ker ® = exp(ZX) and if ord(v(a)) = 4, then ker ® = exp(2ZX). By Remark 2.2.6(i),
these are the only possibilities. In any case, ® descends to a homomorphism ® on

SL(2,R) = SL(2,R)/ exp(2ZX), having the desired properties. O

We can now already understand the closures of double cosets containing one of the genera-
tors, and show how to decompose parabolic subgroups determined by one simple restricted
root according to Proposition 2.2.4.

Lemma 2.2.9. Let a € A and let s = v(a) € W. Then

(PA\{Q})O = By U BysBg U 308230 U B()S3Bo, (23)
BysBy = By U BysBy U 305230,
308305_130 = By U BysBy U Bos_lBo.

Note that these unions are disjoint unless s has order 2.
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Proof.  First note that Pa\foy = BU BsB. This follows from the Bruhat decomposition
and the following argument: An element w € W is contained in Pp\{q) = Ng(pA\{a}) if
and only if Ady PA\{a} C PA\fa}- This holds if and only if w preserves Ear U span(«), or
equivalently ¥,, C {a}. By Lemma 2.2.7 this is true if and only if w € {1, a}.

We now distinguish two cases, depending on the dimension of u,. First assume that
dimu, > 1. In this case, (Pa\{a})o N B C (Pa\{a})o is a closed subgroup of codimen-
sion at least 2. Therefore, its complement (Pa\{a})o N BsB in (Pa\{a})o is connected,
thus equal to BpsBp, which is a connected component of BsB by Lemma 2.2.3. This
implies (Pa\fa})o N Zx(a) = Zg(a)o, as otherwise there would be m € M \ {1} with
BosBym = BosmBy C (Pa\{a})o, but this is disjoint from BysBy by Proposition 2.2.4.
So (PA\{Q})O = By U BysBy. Since s € W must have order 2 in this case by Proposi-
tion 2.2.4, this is (2.3) as we wanted.

To see (2.4) and (2.5) in this case, we only have to prove that the inclusions BysBy C
BysBy and By C BysBgs !By are strict: Using By-invariance from both sides, this will
imply B()SBO = B03303*1B0 = (PA\{a})O = Bo U B()SB(). And indeed, B(]SBO = B()SB()
would imply that BysBy and By are closed, so BysByU By would not be connected. Also,
if By = BosBgs !By, then sBys™' C By, s0 g_o = Ads g C Adgb C b, a contradiction.

Now we consider the case dimu, = 1. Then Pa\(q) /By is a compact 1-dimensional
manifold, i.e. a disjoint union of circles. Denote by 7 the projection from P\ o} to the
quotient. Let e = (J{) and let ® be the map from Lemma 2.2.8. The map v: R —
Pa\{a}/Bo defined by () = m(®(exp(te))s) is an injective smooth curve in this 1-
manifold. This is because the map R — Uy, t — ®(exp(te)) = exp(tE,) is injective,
and the map Uy — Pa\({a}/Bo, u+ m(us) is injective as a consequence of Lemma 2.2.3.

Therefore, its limits for ¢ — +o00 exist and y(R) = v(R)U{~(£o0)}. Now by Lemma 2.2.3

BysBg = U,sBy = exp(ug)sBy = 7 H(m(exp(ug)s)) = 7 H(y(R)),

BysBy = ' (7(R)) = BosBy U (7(00)) U™ (7(~00)).

To compute the limits, note that

[t~ sen(t)) —log |¢| 0 0 t
¢ < 0 ] =exp|d1® 0 log |1 exp |d1 P 00 € By,
S0

t_l)igloofy(t) = tl}gl@ﬂ(@(exp(te)S)) = tl}glooﬂ {CD K(l) i) <_01 (1)) (W(}l Sgﬁft)>”

— [cb [ lim (:ﬁn(f) 0 (t)>” = 1(D(F1)) = m(s ).

t—=oo —sgn

So BysBy = BysBy U By U B()S2Bo, which is (2.4).

Since By U BgsBy U B[)SQBO U B()S3BO = BysBy U Bys3By C PA\{Q}, PA\{Q} decomposes
into the disjoint union
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PA\{a} = |_| (BO U B()SB()) m = I_l (B()SB() U 3083B0> m.
meM me(s2)\

=l

Therefore, BysBg U Bys3 By is closed and open in PA\{ay}, hence equal to (Pa\fa})o-

Finally, to prove (2.5), we claim that, for ¢,7 € R,

(1) if =0,

m(exp((t — 77 1) Ey)s#(7)) if 7 £ 0. (2:6)

m(exp(tEy)s exp(TEq)s 1) = {

This then shows m(UysUss 1) = m(1) U (Uys) U(Ugs™ 1) and therefore
BysBys ' By = UyasUqas ' By = By U UasBy U Uys™ ' By = By U BysBy U Bys™ ' By.

The claim (2.6) is clear if 7 = 0, since exp(tE,) € By. So let 7 # 0. Then

et =a[o [0 (5 )6 D0 )]
6T G =) (7 )]

(1 t—771 sgn(T) -1 sgn(T)
=7 | 0 1 58 =m7(exp((t — 77 ") Eq)s®"™). O

= o

In preparation for the general case, the next three lemmas show how products of refined
Bruhat cells behave.

Lemma 2.2.10. For any w1, ws € W with l(wiwe) = L(wy)+L(we) we have Bywiwe By =
BowlBOwgBo.

Proof. From Lemma 2.2.3 we obtain the identities Byw; Bow2 By = Uy, w1Uy, w2 By and
Bowiwa By = Uy w,w1w2aBy. We want to show Uy, = lewlUwzwfl. By Lemma 2.2.2
both sides can be written as products of U, for some set of «. For the left hand side,
the product is taken over all @ € Wy, 4, while for the right hand side we need all a €
U, Uw1Wy,. But it follows from Lemma 2.2.7 that Wy, = Yayy, Uwi Wy, if ((wiws) =
l(wy) + £(we). O

Lemma 2.2.11. Let w € W and s = v(a) € W for some a € A. Then {(sw) = £(w) + 1
and
ByswBy if U(sw) = L(w) + 1,

BysBowBy =
07020 {BowBo U BoswBy U Bos*>wBy  if £(sw) = £(w) — 1.

Proof.  Clearly |[¢(sw) — ¢(w)| < 1 since w(s) € W is in the generating system, but also
l(sw) # f(w) by the property of Coxeter groups that only words with an even number
of letters can represent the identity. If ¢(sw) = ¢(w) + 1, then the statement follows
from Lemma 2.2.10. Assume £(sw) = £(w) — 1. Then /(s~'w) = £(s 2sw) = {(w) — 1
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since £(s72?) = 0. So BysBys 'wBy = BywBy by the first part and also BysBysBy =
BysBy U Bys?Bg U Bys®By by Lemma 2.2.9. We thus get

BosBowBgy = B()SB()SB()S_IU}BO = B()SB()S_I’(UBO U 3082308_1UJBO U 3083305_111)30
= BowBy U BgswBy U 308221130,
again using the first part of the lemma for the last equality. O

Lemma 2.2.12. Let w € W and s = v(a) € W for some a € A. Then BysBywBy =
BysBy BowBy and BysByBywBy = BowBy U ByswBy U Bosszo.

Proof. For the first part, note that BysBy BowBy C BysBywBy. We want to prove that
BysBy BowBy is closed. Consider the map

f! G/B() — C(G/B()), gBO — gBOwBO

where C(G/By) is the set of closed subsets of G/By. Since G/By is a compact space
and f is G—equivariant, the space C(G/By) is compact with the Hausdorff metric, f is
continuous and for any closed subset A C G//By the union J, 4 f() is closed (see e.g.
Proposition 2.3.1, Lemma 2.3.8(i), and Lemma 2.3.8(ii)).

In particular, the union of all elements of f(BysBy/By) is a closed subset of G/By, and
so is its preimage in G. But this is just BgsBy BowBy, which is therefore a closed set
containing BysBow By, hence equal to BgsBywBy.

For the second part, Lemma 2.2.9 implies that
BysByBywBy = BowBy U BysBywBy U BoS2BowBo

and in both cases of Lemma 2.2.11 this equals what we want. O

We now arrive at the following combinatorial description of closures of refined Bruhat
cells.

Proposition 2.2.13. Let w € W and m(w) = «a1...ax a reduced expression by sim-
ple root reflections for the projection w(w) € of w to the Weyl group. Then w =
v(aq)...v(ag)m for some m € M. Let

Ay = {v(a)™ .. v(agp)*m | iy, ... ip € {0,1,2}} c W.
be the set of words that can be obtained by deleting or squaring some of the letters. Then

Bo'wBO: U Bow/BO.
w/ €Ay

In particular, Ay, does not depend on the choice of reduced word for m(w).

Proof. First of all, since w(v(ay)...v(ax)) = aq ...ap = w(w), there exists m € M such
that w = v(ai) ... v(ag)m.

We now prove the second statement by induction on ¢(w). If {(w) = 0, then w € M,
so BowBy = wBy is already closed, and A, = {w}. Now let {(w) > 0 and assume
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the statement is already proven for all @ € W with l(w) < l(w). Assume that w =
v(aq)...v(ag)m as above. Then we can write w = sw with s = v(ay) and ¢(w) = ¢(w)—1.
Using Lemma 2.2.11 and Lemma 2.2.12 we get

B(]’UJB(] = BostQ = B(]SB()@BO = BOSBO BowBo = U BOSBO Bow/BO

w' EAG
= U Bow' By U Bysw' By U B()SQQUIBO = U Bow'By. ]
w'eAG w' €Ay

2.3 Group actions on compact homogeneous spaces

The goal of this section is to give a detailed proof of Proposition 2.3.11, which gives a
sufficient criterion for cocompactness of a discrete group action on a compact homogeneous
space. This is the equivalent of [KLP18, Proposition 5.30] in a slightly more general
setting. All key arguments of that paper still work.

For a compact metric space Z let C(Z) be the space of closed subsets, equipped with
the Hausdorff metric. The following fact will be useful later on (see for example [BH99,
Lemma 5.31] for a proof).

Proposition 2.3.1. The space C(Z), equipped with the Hausdorff metric dg, is a compact
metric space.

Definition 2.3.2. Let Z be a metric space, g a homeomorphism of Z and I' a group
acting on Z by homeomorphisms.

(i) g is ezpanding at z € Z if there exists an open neighbourhood z € U C Z and a
constant ¢ > 1 (the ezpansion factor) such that

d(gz,gy) > cd(z,y)
for all z,y € U.

(ii) Let A C Z be a subset. The action of I' on Z is expanding at A if for every z € A
there is a v € I' which is expanding at z.

In [KLP18|, expansion was used together with a new and more general definition of
transverse expansion to prove cocompactness.

Definition 2.3.3 (|[KLP18, Definition 5.28]). Let Z be a compact metric space, g a
homeomorphism of Z and Q: A — C(Z) a map from any set A.

Then g is expanding at z € Z transversely to Q if there is an open neighbourhood z € U
and a constant ¢ > 1 such that

d(gz,gQ(N) > cd(z, Q(N))

for all z € U and all A € A with Q(\) N U # @.
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Lemma 2.3.4 (|[KLP18, Remark 5.22]). If the action of T' on Z is expanding at a closed
T'—invariant subset A C Z then it is arbitrarily strongly expanding, i.e. for every z € A
and ¢ > 1 there is a v € I' which is expanding at z with expansion factor c.

Proof. If the action is expanding at z € A with some expansion factor, then it is expand-
ing by the same factor in a neighbourhood of z. By covering A with finitely many such
neighborhoods, we can assume that the action is expanding with a uniform expansion
factor C' > 1. Now let z € A and let 71 € T' be expanding at z by the factor C. Let
72 € T be expanding at 412 € A by C. Then 27, expands at z by C2. Iterating this, we
get an element v, - - -1 € [’ which is expanding with expansion factor C"™ > c at z. [

Let G be a Lie group and X, Y be compact G-homogeneous spaces. Fix Riemannian
metrics on X, Y and a left-invariant Riemannian metric on G. Recall that smooth maps
between manifolds are locally Lipschitz with respect to any Riemannian distances.

Lemma 2.3.5. There exists a compact subset S C G such that for every pair (z,y) € X?,
there ewists sy € S satisfying sgzyr = y.

Proof. Fix a basepoint xg € X and let V be a precompact open neighborhood of the
identity in G. Since G — X, g — gxg is a submersion, Vg is a neighborhood of xg.
Then by compactness there are finitely many ¢1,...,9, € G such that the sets g;Vxq
cover X. So S = g1V U---Ug,V is a compact subset of G which maps ¢ to any point
in X. The set SS~! is compact and satisfies the desired transitivity property. O

Lemma 2.3.6. There exists a constant C > 0 such that the following holds: For any two
points x,y € X, there exists g € G satisfying gr =y and d(1,g) < Cd(z,y).

Proof. Assume by contradiction that there are sequences (), (y,) € X" such that every
gn sending x,, to y, must satisfy d(1,g,) > nd(zy,yn). After taking subsequences, we
have =, — z, y, — y. If * # y, we obtain in particular that d(1,g,) — oo for every
choice of g, sending x, to y,. But by Lemma 2.3.5, a compact subset of G already acts
transitively on X, so g, can be chosen such that d(1, g,) remains bounded. We are thus
left with the case x = y. Since the map G — X, g — gz is a smooth submersion, there
exists a local section at z: There is a neighborhood x € U and a smooth map s: U — G
satisfying s(z) = 1 and s(z)x = z for every z € U. After shrinking U if necessary, s
is C'-Lipschitz for some C’ > 0. For large n, z, and vy, are inside U, and we have
5(yn)8(zn) "'z = yn. Since inversion in G is a smooth map and therefore C*-Lipschitz
close to the identity, it follows that (after possibly shrinking U some more)

d(l, S(Qn)s(xn)il) = d(s(yn)ilﬁ(xn)il) < C”d(s(yn), s(zn)) < C/C”d(ym$n)7
a contradiction. O

Lemma 2.3.7. Let A C G be a compact set. Then there exists a constant C > 0 such
that:

o The map A — X, g+ gx is C'—Lipschitz.

o For every g € A, the diffeomorphism X — X, x — gz is C'—Lipschitz.
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Proof. The map G x X — X, (g,x) — gz is smooth and thus locally Lipschitz. Its
restriction to the compact set A x X is therefore Lipschitz. This implies both parts of
the claim. ]

The following auxiliary lemma is a combination of the corresponding statements in Lem-
mas 7.1, 7.3 and 7.4 in [KLP18], transferred to our setting.

Lemma 2.3.8. Let
Q: X —C(Y)

be a G-equivariant map. Then there are constants L, D > 0 such that
(i) Q is L-Lipschitz.
(ii) If A C X is compact, then |J,c4 Q(x) is compact.
(111) For allz € X andy €Y there exists ' € X such that y € Q(z') and

d(z',z) < Dd(y, Q(x)).

(iv) If A C X is compact with Q(N\) N Q(N) = & for all distinct \,\" € A, then the map
T |J o —A
A€A

mapping every point of Q(X) to X is a uniformly continuous fiber bundle (in the
subspace topologies).

Proof.

(i) Let x,y € X be arbitrary. Using Lemma 2.3.6, we choose g € G such that gr =y
and d(1,g9) < Cd(z,y). By equivariance, gQ(xz) = Q(y) holds. As diam(X) is
finite, Lemma 2.3.7 implies that d(gz, hz) < C'd(g, h) for any g,h € Be.giam(x)(1)
and z € Y. Both constants C, C’ do not depend on the choice of x and y. Therefore,

dp(Q(z), Qly)) = max{ max d(a,gQ(z)), max d(Q(x),gb)}

a€Q(z) gbegQ(x)

< max{ max d(a,ga), max d(b, gb)} < C'd(1,9) < CC'd(z,y).
a€Q(z) gbegQ(z)

(ii) Let (y,) be a sequence in |J, 4 Q() and z,, € A such that y,, € Q(x,). Passing to
a subsequence we can assume that y, >y €Y and =, — = € A. But

d(yn, Q) < du(Q(zn), Qx)) — 0
by (i), so d(y, Q(x)) = 0, which means y € Q(z) since Q(z) is closed.

(iii) Let a € Q(x) be such that d(y, Q(z)) = d(y,a). By Lemma 2.3.6, there is an
element g with ga = y and d(1,g9) < Cd(y,a). Moreover, since diam(Y") is finite,
Lemma 2.3.7 implies that d(z,gz) < C'd(1,g). Therefore, gx is the point z’ we
were looking for.
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(iv) We start by showing continuity of 7. Assume that y,, € Q(z,), Yn = ¥ € Urep Q(A)
and 7(yn) = z, — x € A. We need to show that m(y) = z. Since Q is continuous,
we have Q(z,) — Q(x) in C(Y). Therefore, d(y, Q(z)) = 0, so y € Q(x) and
m(y) = x as Q(z) is closed. By compactness of | Jyc, Q(A) (according to (ii)), 7 is
uniformly continuous.

Now we construct a local trivialization. Let € A be a point, U a neighborhood of
zin X, and s : U — G a smooth local section of the submersion G — X, g — gz.
Then the map

(ANT) x Qz) — | 2

AEA
(A y) = s(Ny

is a homeomorphism onto its image, since its inverse is given by
y = (1), s(n(y))"'y). O

The following key lemma shows how expansion in X leads to expansion transverse to the
map Q: X — C(Y) in Y (compare [KLP18, Lemma 7.5]).

Lemma 2.3.9. Let Q: X — C(Y) be G-equivariant and A C X compact with Q(A) N
Q(N) = @ for all distinct \\ N € A. Let g € G be expanding at X\ € A with expansion
factor ¢ > LD, where L and D are the constants from Lemma 2.3.8. Then g is expanding
at every y € Q(N) transversely to Q|x.

Proof. We give a short outline of the proof before delving into the details. Let V' be a
neighborhood of the point y € Q(\), ¥/ € V and X € A such that QN )NV # &. We
want to choose z € X with y' € Q(x) such that the following string of inequalities holds:

) (¥)
d(y', Q) < du(Q(x), Q(N)) < Ld(x,N) < ¢™'Ld(gz,gN) < ¢ 'LDd(gy’, Qg\))

The first two inequalities are true for any choice of z. For (x), x and X need to be
close to A so g is expanding. For (#x), we need gx to be a “good” choice in the sense
of Lemma 2.3.8(iii). Our task is to make sure that the choices of V' and x can be made
accordingly.

Since g is expanding, there is an open neighbourhood U C X of A with d(gz, gz") >
cd(z,2') for all z,2" € U. We can assume that U = B;(\) for some £ > 0. Let 7 be the
bundle map from Lemma 2.3.8(iv). Since 7 is uniformly continuous there is 6 > 0 with

d(r(y), m(y)) < % whenever d(y,y’) <. (2.7)

We can assume that § < ﬁ where o and 8 are Lipschitz constants for the action of
¢~ on X and the action of g on Y.

Let V = Bs(y) and let M € A with Q(N)NV # @ and 3y € V. Then by Lemma 2.3.8(iii)
(applied to g\ and gy’) there is gz such that gy’ € Q(gz) and thus 3’ € Q(x) and

(%%)
d(gz,g\') < Dd(gy', Q(g\)).
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Next we want to show that z, \' € U = B.(\) by bounding d(\, \) and d(x, \'). First,
since Q()\') intersects V, there is a point p € Q(N) with d(p,y) < §. So d(\,\) =
d(m(y), m(p)) < /2 by (2.7). Second,

d(z,\) < ad(gr,g\) < aDd(gy’,gQ(\)) < aBDd(y, Q(\)) < 2a8Dd < /2,
so x € U and also A" € U. This implies (x). Therefore,
d(y', Q(\")) < ¢ 'LDd(gy', Q(gN)),
and ¢71LD < 1, so g is transversely expanding. O

Lemma 2.3.10. Let Y be a compact metric space acted upon by a group I' and = C Y
a compact, I'—invariant subset. Assume that for every y € Z, there exists a neighborhood
Uy, an element v € I' and a constant ¢ > 1 such that

d(vy,E) 2 cd(y',E) Wy €U.
Then T acts cocompactly on 'Y \ E.

Proof. By compactness of =, we can find finitely many points y1,...,y, € Y such that
their associated neighborhoods U, cover Z. Moreover, there exists a § > 0 such that their
union | J; Uy, contains the d-—neighborhood Ns(Z). Let ¢ > 1 be the minimal expansion
factor of the corresponding elements ;. We will show that every orbit I'y, y € Y \ = has
a representative in Y \ Ns(Z). This will prove the lemma since Y \ Ns(Z) is compact.

Indeed, if y € Ns(E) \ Z, there exists ip € {1,...,n} such that y € Uy, . Therefore,
d(viyy, 2) > cd(y, 2). If d(vi,y,E) > 0, we are done. Else, we repeat the procedure until
we obtain a point in the orbit which does not lie in Nj(E). O

After these preparations, we now turn to our goal for this section: A criterion for group
actions to be cocompact. Let p: I' = G be a representation of a discrete group into a Lie
group G. This defines an action of I' on any compact G-homogeneous spaces X and Y.
Connecting expansion, transverse expansion and Lemma 2.3.10 yields the following useful
result (compare [KLP18, Proposition 5.30]):

Proposition 2.3.11. Let Q: X — C(Y') be G-equivariant and let A C X be compact and
T—invariant with Q(A\) N Q(N') = @ for all distinct \,\' € A. Also assume that the action
of I' on X is expanding at A. Then I' acts cocompactly on Q=Y \ [Jycp QN).

Proof. Since A is closed and I'-invariant, we know by Lemma 2.3.4 that the action of
I' is expanding arbitrarily strongly at every point A € A. Lemma 2.3.9 therefore shows
that the action of I' is expanding at every point of [Jyc, Q()) transversely to Q. We
will show that this implies the prerequisites of Lemma 2.3.10 and thus the action on €2 is
cocompact.

First of all, we observe that for any point z € Y, we have

a(= U W) = d(z, () (2.8)

AEA
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2.3 Group actions on compact homogeneous spaces

for some X, € A (this follows from compactness of Jycp Q(A), Lemma 2.3.8(ii)). Now
let ¥ € Uyea @(A) and let a neighborhood U > y and v € T' be chosen such that + is
c—expanding on U transversely to Q. There exists ¢ > 0 satisfying

Be(vy) CU.
Let 6 > 0 be sufficiently small such that

vBs(y) C Beja(vy)-

For any point ¥’ € Bs(y), let A, be chosen as in (2.8). Since d(vy',vy) < €/2 and
Yy € Urea Q(A), we necessarily have Q(\,,) N B:(vy) # @. Therefore,

YO, )NU # 2.

Since y' € Bs(y) C U, transverse expansion now implies

a(vy'. \J QW) = d(ry', Q) = ed(y', v Q) = ed(y | @) O
AEA A€A
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3 Balanced ideals and domains of
discontinuity of Anosov representations

This chapter will prove the results described in Section 1.4, that all cocompact domains of
discontinuity for A—Anosov representations come from balanced ideals. It is identical to
[Stel8] up to minor changes like harmonizing the notation with the rest of this thesis.

3.1 Domains of discontinuity

In this section, we prove the main theorems, Theorem 3.1.17 and Theorem 3.1.23 which
correspond to Theorem 1.4.1 and Theorem 1.4.2 in the introduction.

3.1.1 Divergent sequences

We first consider the behaviour of divergent sequences (g,) € G in the semi-simple Lie
group G. Let 6,7 C A be non—empty subsets of the simple restricted roots and assume

L(f)=0.
Recall that we call a sequence (g,,) € GN §-divergent if a(u(gn)) — oo for all a € 6.

Definition 3.1.1. A f-divergent sequence (g,,) € G is simply 0 —divergent if it has KAK-
decompositions g, = kpanf, such that (k,) and (¢,) converge to some k,¢ € K. Then
g~ = [7lwo] € Fp and gt = [k] € Fy are the repelling and attracting limits of this
sequence.

Remark 3.1.2. By compactness of K, every #—divergent sequence in G has a simply 6—
divergent subsequence. The limits (¢, ¢") do not depend on the choice of decomposition.
If a simply 6-divergent sequence (g,) € GN has limits (¢~, g") € F2, then (g; ') is also
simply -divergent with limits (g™, g7).

In [KLP18], the following characterization of f—divergent sequences is used.

Lemma 3.1.3. Let (g,) € GN be a simply 6-divergent sequence with limits (g~,g7) € FZ.
Then

InlCuy(g-) = 97"

locally uniformly as functions from Fy to Fy (where g* is the constant function).
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3 Balanced ideals and domains of discontinuity of Anosov representations

Proof. By assumption, we can write g, = kpe?"¢, with k, — k and ¢, — ¢ in K,
A, € at and «(A,) — oo for all a € §. Furthermore, g~ = [(~'wp] and g+ = [k]. Now
let (fn) € F) be a sequence converging to f € Cy,(g7). Then £y, f,, — £f € Cuy([wo))-
Since this is an open set, we can assume that ¢, f,, € Cy, ([wo]) for all n. By the Langlands
decomposition of Py [Kna02, Proposition 7.83] we can write ¢, f,, = [exp(X,,)] with

Xo=> Xte Pt
a aeX~\span(A\0)

All of the roots o appearing in this sum are linear combinations of simple roots with only
non—positive coefficients, and with at least one coefficient of a root in 6 being negative.
So a(A;) — —oo for all such roots «, and therefore

Infn = [k‘neA”@X"] = [kneA”exne_An] - [kn exp (Z ea(A")X’?>

[0}

—kl=9¢". O

Lemma 3.1.4 is the key step of the proof of proper discontinuity in [KLP18, Proposition
6.5]. It states that flags in F,, can only be dynamically related (Definition 2.1.8) by the
action of p if their relative positions satisfy the inequality (3.1). Lemma 3.1.6 is a converse
to this statement in the case § = A: It says that whenever two flags f, f’ satisfy a relation
like (3.1), then they are indeed dynamically related.

Lemma 3.1.4. Let (g,,) € GN be a simply 0-divergent sequence and let (g~,g") € FZ be
its limits. Let f, f' € F, be dynamically related via (gn). Then

pose,n(ngaf/) < wo pOSG,n(giaf)' (31)

Proof. As f, f' are dynamically related, there exists a sequence f, € F; converging to
f such that g, f, — f’. We can write f,, = h,, f for some sequence h,, € G converging to
1. Let w = posy, (g7, f). Then there exists g € G such that g(g~, f) = ([1], [w]). Define
F = [g7 wg] € Fp. We get the following relative positions:

pOSG,H(g_a F) = Wo, pOSH,n(g_v f) = w, pOSQ,n(F) f) = Wow.

Now h,F — F and since F' and almost all of the h,F are in Cy,(g~), we get by
Lemma 3.1.3 that g,h,F — g*. So

pos(g*, f') < pos(gnhnF, gnhn f) = pos(F, f) = wow = wo pos(g™, f). O

—N
Lemma 3.1.5. Let (A,) € at  be a A-divergent sequence and n™ € N,n~ € N~. Then
there exists a sequence (hy,) € GN such that h, — n~ and e*nrhpe~4n — nt.

Proof. We can write n= = eX for X~ € n~ and nT = X" with Xt € n. Let
H, = X~ 4+ e 24X+ and h, = efl*. For all @« € ¥ and X, € go we know that
emaddnx  — emlAn) X converges to 0. As X1 is a linear combination of these, H,, —
X~ and thus h,, — n~. On the other hand

efneflne=4n — exp(Ad,a, Hy,) = exp(e®@4nH,)) = exp(e®d4n X~ 4+ XT)

. + o e
which converges to nt = X" by a similar argument. O
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Lemma 3.1.6. Let (g,,) € GN be a simply A—divergent sequence with limits (9=, g%) €
F3. Let f, f' € F,) and w € Wa, with

pOSA,n(gia f) = w, pOSA,n(g+7 f/) = Wow. (32)
Then f is dynamically related to [’ via (gn).

Proof.  Fix some representative in Ng (a) for w and wyg. Let g, = kne?nl, be a KAK-
decomposition, such that (k,), (¢,) € K~ converge to k,¢ € K and a(A,) — oo for all
« € A. Then the limits can be written as

9~ =" wo] € Fa, 9" =[k] € Fa.
Because of (3.2) there exist h, h' € G with
g =hleFa, f=lweF, g =[eFa, [ =Ihwu]eF,

So wg '¢h, k™A € B, which means we can write wy '¢h = nam and k~'h' = n’a'm’ for
some n,n' € N, a,a’ € A and m,m’ € Zx(a). Consequently,

f = [hw] = [ wonamw] = [0~ (wonwy Hwow],

I = [Wwow] = [kn'a'm'wow] = [kn'wow],
since elements of A and Zx(a) commute with Weyl group elements. By Lemma 3.1.5
there is a sequence (h,) € G with h, — wonwo_1 and eAnhp,e=4» — n/. Let f, =
[0 hpwow] € Fyy. Then f,, — f and

Infn = [kneA”hnwgw] = [kneA"hne_A"wgw] — [kn'wow] = f'. O

3.1.2 Limit sets

Now let I' be a non—elementary hyperbolic group and p: I' — G a representation.

Definition 3.1.7. Let § C A be non—empty and (—invariant. The limit set of p is the set
Ayp=1{g" | I(gn) € p(T)N simply f-divergent with limits (g7, g7} C Fp

and the set of limit pairs is

AE}G ={(g7,9") | 3(gn) € p(T)N simply 6-divergent with limits (g7, ¢97)} C Fa.

These limit sets are particularly well-behaved for Anosov representations. Namely, we
have the following well-known facts:

Proposition 3.1.8. If p is 0-Anosov with limit map &: 01" — Fy, then

Apo = E(0T), A2 =€(0,T)%
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3 Balanced ideals and domains of discontinuity of Anosov representations

The first part can be found e.g. in [GGKW17, Theorem 5.3(3)]. We give a detailed proof
of the second part. We first need two short lemmas.

Lemma 3.1.9. Let p: ' — G be a 0—Anosov representation with limit map &: Oscl’ — Fy,
(7)) € TN a diverging sequence and (v~,vT) € 0xI'2 such that

Ynlowr\(r-1 =7

locally uniformly. Then on Fy we also have the locally uniform convergence

Py ) = E(Y)- (3.3)

Proof. By restricting to a subsequence we can assume that p(7,) is simply 6—divergent
with limits (g7, g%) € F2, so P )lcu, o) = gt by Lemma 3.1.3. Since A,y = {(dT),
we have g~ = £(x) for some x € 0. Let z € 05" \ {77, 2}. Then £(2) € Cy,(&(x)),
50 p(Yn2) = p(1m)é(2) — gT, but also v,z — 71, so gt = £(y"). The same argument
applied to 7, ! instead of v, shows that g~ = £(y~). Finally, since any subsequence of
(7n) has a subsequence satisfying (3.3), it actually holds for the whole sequence (). O

Lemma 3.1.10. Let (v~,7") € 05I'2. Then there exists a divergent sequence (7,) € I'N
such that

lowrviy-3 = 7" (3.4)

locally uniformly.

Proof. Fix a metric on OxI. Let P C 05 be the set of fixed point pairs of infinite
order elements of I'. P is dense in 0, I'? by [Gro87, 8.2.G], so we find a sequence (v,,) € T'N
whose fixed point pairs (v, ,7,") approach (y~,vT). Substituting each ~, by a sufficiently
high power, we can assume that v, maps the complement of By, (7, ) into B; /n(vf{ ) by
[Gro87, 8.1.G]. Now let z,, — x be any convergent sequence in 95" with 2z # v~. Once
n is large enough such that

d(xn,z) < 3d(z,77), d(v,,77) < 3d(z,y7), 1/n < 3d(z,y7),
then z,, lies outside of By, (7, ), 50 Yn&n € By () and therefore vpz, — 47, O

Proof of A,[j}e = (8% We first prove £(85I')% C A[p%]e. Let (7v7,7") € 0% and let
(v,) € TN be a divergent sequence satisfying (3.4), which exists by Lemma 3.1.10. By
Lemma 3.1.9 this implies

Py ey = 0.

Let p(7n,,) be any simple subsequence of the §—divergent sequence (p(v,)) and (¢, g%) €
]:92 its limits. Then by Lemma 3.1.3

p(rYnk)‘Cwo(g—) - g+7

so gt = &(y1) since Cuy(E(77)) N Cuy(97) # 2. It is not hard to see that (3.4) implies
7;1 |300F\,7+ — 77, and repeating the argument for this sequence shows that g— = £(77).

So (£(y7).€(v)) € AZ).
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For the other direction, let (g7, g") € A[p%}e' Then there exists a divergent sequence
(72) € TN such that (p(7y)) is simply @-divergent with limits (¢, ¢"). Passing to a
subsequence, we can also assume that it satisfies (3.4) for some pair (y7,7") € 0512,
since I' ~ 0 I is a convergence group action. As before, we can use Lemma 3.1.9 as
well as Lemma 3.1.3 to show that g7 = £(y1), and g— = £(7y~) by applying the same
argument to the sequence of inverses. So (g7, 9") € £(0x1)% O

3.1.3 Maximal domains of discontinuity

Recall that we call Q2 C F,, a domain of discontinuity if it is an open I'-invariant subset
on which I' acts properly. In this section, we deal with maximal domains of discontinuity,
i.e. those which are not contained in any strictly larger domain of discontinuity.

Definition 3.1.11. Let 2 C F;;, A C Fy, and I C Wp,. We define

QA I)={z e F,|pos(l,x) IVl € A} C F,
I(A, Q) = Wy, \ {pos(l,z) [ L € A,z € Q} C Wy,

Remark 3.1.12. It is easy to see that I C I(A,Q(A,I)) and Q C Q(A,I(A,Q)). If [ is
an ideal and A is closed, then Q(A, I) is open by Lemma 2.3.8(ii).

For completeness, the following proposition is the properness argument from [KLP18|. It
is a simple consequence of Lemma 3.1.4.

Proposition 3.1.13. Let p: I' = G be 0-Anosov with limit set A = A, g9 and I C Wy, be
a fat ideal. Then Q = Q(A,I) C F, is a domain of discontinuity (but it could be empty).

Proof. Assume that  is not a domain of discontinuity. Then there is a dynamical
relation f ~ f’ via some sequence (g,) € p(I')N. By taking a subsequence we can assume
that (g,,) is simply —divergent with limits (g7, ¢") € AE]Q = A? (Proposition 3.1.8). Since
f € Qand g~ € A, we have posy, (97, f) & I, so woposg (9=, f) € I as I is fat. By
Lemma 3.1.4 and since [ is an ideal we get pos97n(g+, f’) € I. But this is impossible since
freq. O

Proposition 3.1.14. Let p: I' — G be A-Anosov with limit map &: 0" — Fa and
A = £01). Let Q C F,; be a mazimal domain of discontinuity of p. Then I =
I(A, Q) C Wa,y is a fat ideal and Q = Q(A,I).

Proof. We first prove that I is an ideal. If not, there are w’ < w with w € I and
w' & I. So there exist £ € A and x € Q such that pos(¢,z) = w', i.e. € Cy (£). But
Cw(f) C Fyy \  which is closed, so x € Cyy (¢) C Cyy(£) C Fyy \ 2, a contradiction. So I is

an ideal.

If I was not fat, there would be a w € Wa,, with pos(¢,z) = w and pos(¢’,z") = wow
for some £,/ € A and z,2' € Q. But ({,¢) € ALQ,]A by Proposition 3.1.8, so there is a
simply A-divergent sequence (p(v,)) € p(I)N with limits (£,¢'). So x and 2’ would be
dynamically related by Lemma 3.1.6, a contradiction.

Now ©Q C Q(A, I) and Proposition 3.1.13 says that I being fat implies (A, I) is a domain
of discontinuity. So by maximality Q = Q(A, I). O
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Corollary 3.1.15. Every mazimal domain of discontinuity of a A—Anosov representation
with limit set A is of the form Q(A,I) for a minimal fat ideal I C Wa 4.

Proof. Let € be a maximal domain of discontinuity. Then by Proposition 3.1.14 I(A, Q)
is a fat ideal and Q = Q(A, I(A,€)). In general, there could be other ideals generating
the same domain. Let I be minimal among all fat ideals I with Q(A,I) = €. Then I is
in fact minimal among all fat ideals, as otherwise there would be another fat ideal I’ with
Q=Q(A, I) C QA, I'), contradicting maximality of €. O

This statement does not hold in general for 6—Anosov representations with 6 # A. In
Section 3.1.6 we will discuss an example of a reducible representation of a free group into
Sp(4,R) which has uncountably many different maximal domains of discontinuity.

3.1.4 Cocompactness

The most important fact we need about cocompact domains of discontinuity is that they
are essentially maximal. More precisely:

Lemma 3.1.16. Let p: I' — G be a representation and 2 C F, a cocompact domain
of discontinuity. Then Q is a union of connected components of a mazximal domain of
discontinuity.

Proof. By Zorn’s lemma 2 is contained in some maximal domain of discontinuity Qe Fn
and it is an open subset. Then also I\Q C I'\Q, where I'\Q is compact and N\Q is
Hausdorff. So T'\Q is closed in T'\Q and therefore Q is also closed in €. O

This immediately leads to our first main theorem. Let m,: FAo — F,; be the natural
projection.

Theorem 3.1.17. Let p: I' — G be A-Anosov with limit map §: OcI' — Fa and let
1 C F,; be a cocompact domain of discontinuity for p. Then there is a balanced ideal I C W

such that 7,1 (Q) is a T~invariant union of connected components of Q(€(scT), I) C Fa.

Proof.  The natural projection m,: Fa — JF, is smooth, G-equivariant and proper. This
implies that Q= T, 1(Q) is also a cocompact domain of discontinuity. So by Lemma 3.1.16
there is a maximal domain of discontinuity Qc Fa and Q is a union of connected
components of Q. By Corollary 3.1.15 () = Q(A,I) for a minimal fat ideal I C W. But
since the action of wg on W has no fixed points, every minimal fat ideal in W is balanced
by Lemma 2.1.6. O

We know from [KLP18| that domains constructed from a balanced ideal are cocompact.
The combination of the next two lemmas shows that if the domain is dense, the converse
also holds. That is, if a domain constructed from a fat ideal is cocompact, then this ideal
must be balanced.

Lemma 3.1.18. Let I C Wy, be a fat ideal and A the limit set of a 6-Anosov represen-
tation p. Let

DA I)={z € F, | #L € A: pos({,z),pos({',z) € I}
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3.1 Domains of discontinuity

and let Qg C Q be a p(I") ~invariant union of connected components of == Q(A, I). Then
Qo can be cocompact only if QoN D(A,I)=o.

Proof. Assume that € is cocompact and z € 0€p. Take a sequence (x,) € Q) with
z, — x. Let (h,) € GN be a sequence converging to the identity such that z, = h,z.
By cocompactness, a subsequence of (x,) converges in the quotient. Passing to this
subsequence, there is (g,) € p(I')Y such that g,z, — 2/ € Q. Clearly g, — oo as
otherwise a subsequence of (g,x,) would converge to something in 9)y. Passing to a
subsequence another time we can also assume that (g,,) is simply 6—divergent with limits
(97,9") € A%

Now let £ € A\ {g°}. Then h,¢ — ¢ and thus g,h,f — ¢g© by Lemma 3.1.3 since
¢ € Cy,(g™) and this is an open set. So

pos(g™, 2") < pos(gnhnl, gnhnz) = pos(f, x).

Since 2/ € Q(A,I) we know pos(g™,2’) € I, so pos(¢,x) € I. This holds for every
e A\ {9}, sox & D(A,I). We have thus proved that 9Qy N D(A,I) = @. Also

Qo N D(A,I) = @ holds by definition. O
Lemma 3.1.19. In the setting of Lemma 3.1.18 an ideal I C Wy, is slim if and only if
DA ) =2.

Proof. First assume that I is not slim, i.e. there is w € I with wow € I. Let £ # ¢’ € A.
Since ¢, ¢ are transverse there is g € G such that g¢ = [1] and g¢' = [wo] € Fyp. Let
z = [g7'w] € F,. Then

pOSam(f, 33) = pOSH,n([l]a [w]) =wel, pOng(fl, LE) = pOng([wo], [U}]) = wow € I,

so x € D(A,I). Conversely, suppose that x € D(A, ). Then there are transverse £, ¢’ €
A C Fy such that pos(¢,z),pos(¢',x) € I. Let g € G with gf = [1] and g¢' = [wp]. As for
any flag, there exist n € N and w € W with gz = [nw] € F;;. Choose any A-divergent
sequence aj = e* € A with Ay € at. Then a;lnak — 1. Now

pose,n([wo], [nw]) = posgm([wofwglakwo], [nww tapw]) = posem([wo], [a;lnakw])

and since [a; 'nagw] — [w] we get pos(¢', z) = pos([wo), [nw]) > wow and thus wow € I.
But also w = pos([1], [nw]) = pos(¢,x) € I, so I is not slim. O

3.1.5 Dimensions

If the domain § comes from a balanced ideal, the “bad set” F,, \ Q fibers over 05 I'. The
dimension of the fiber is bounded by the following quantity, depending only on G:

Definition 3.1.20. For a subset A C X of the simple roots let
dim A = Z dim g,.
acA
The we can define the minimal balanced ideal codimension of G

mbic(G) = min dim W, U, =St nwy.
we

wow Zw
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3 Balanced ideals and domains of discontinuity of Anosov representations

Dumas and Sanders showed in [DS17, Theorem 4.1] that if the Weyl group W of G has
no factors of type Ay, then wow < w for all w € W with ¢(w) < 1, and that the same is
true for £(w) < 2 if W also has no factors of type Ay, A3 or Be. This implies mbic(G) > 2
resp. mbic(G) > 3 in these cases (and even higher lower bounds if the root spaces are
more than one-dimensional, e.g. in the case of complex groups).

Example 3.1.21. For the special linear group we have

n—+1
2

mbic(SL(n,R)) = { 5

J . mbie(SL(n,C)) = 2 {” + 1J .
To see this, recall that the Weyl group of SL(n,R) can be identified with the symmetric
group S, with its standard generating set of adjacent transpositions. There is also a
simple description of the Bruhat order on S,,: Define, for any permutation w € .S,, and
integers 1, j

wli, j] = Ha <ifw(a) <j}.

Then w < w' if and only if w[i, j| > w'[i, j] for all ¢, j [BB06, Theorem 2.1.5]. So w < wow
if and only if
wli, j] = wow(i, j] = [{a < i [ w(a) > n - j}|

for all 4, j. Since every root space g, is 1-dimensional and |¥,,| = ¢(w), mbic(SL(n,R)) is
therefore the minimal word length an element w € .S, has to have such that there is a pair
(1,7) not satisfying this inequality. We can express this problem in a nice graphical way:
Suppose we have n balls in a row which we can permute. What is the minimal length of a
permutation such that for some choice of ¢ and j, if the first ¢ balls were initially painted
red, then after the permutation there are more red ones among the last j than among the
first 57

@0@@000C0000 @OOOO00O00O0

The solution of this elementary combinatorial problem can be seen in the right picture.
At least [(n+1)/2] adjacent transpositions are needed, and the minimum is obtained e.g.
by choosing i = 1 and j = [n/2]. The argument for SL(n,C) is the same except that the
root spaces g, are 2—dimensional.

Similarly to the nonemptiness proof in [GW12, Theorem 9.1|, a bound on the dimension
of the limit set can ensure that the domain is dense or connected.

Lemma 3.1.22. Let p: I' = G be A-Anosov with limit map &: Oscl’ — Fa. Then
(i) dim OsoI" < mbic(G).
(1t) If I C Way is a balanced ideal and dim O I" < mbic(G)—1, then Q(§(0xI), 1) C F,

is dense.
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3.1 Domains of discontinuity

(vir) If I C Way is a balanced ideal and dim OcI" < mbic(G)—2, then Q(§(0xI), 1) C F,

18 connected.

Proof. We can assume that n = A in parts (ii) and (iii) as otherwise we could just lift
to Fa. Solet I C W be a balanced ideal. We will calculate the covering dimension of

K= F,\ Q& = U Ucul

TEDo ' wET

Since I is balanced, K is a continuous fiber bundle over OxI' with fiber |J,,c; Cw([1])
by Lemma 2.3.8. Since the dimension can be calculated in local trivializations and the
fiber is a CW-complex, dim K = dim 9. 4+ dim (J,c; Cw([1]) [Mor77, Theorem 2|. To
bound the latter dimension, we use that dim C\,([1]) = dim ¥,, and that all w € I satisfy
wow £ w. Furthermore, it is easy to check that dim ¥,, = dim Fa — dim ¥,,,,, for every
w € W. So we get the estimate

dim U Cy([1]) = maxdim ¥,, < max dim ¥,, = dim Fa — mbic(G). (3.5)

wel wow Lw
wel 0wz

Now if we assume dim JooI' < mbic(G) — 1, then dim K < dim Fa — 1. So 2 must be
dense, as otherwise KC would contain an open subset and therefore dim C = dim Fa. This
proves (ii).

For part (iii), we can use Alexander duality [Hat10, Theorem 3.44|: For a compact set
K of a closed manifold M, there is an isomorphism H;(M,M \ K:Z) = H" '(K;Z)
for every i. Since dim K < dim Fa — 2, and every Cech cohomology group above the
covering dimension vanishes, we have Ho(Fa, % 7) = H"(K;Z) = 0 and Hy(Fa, % 7Z) =
Hn_l(lC; Z) = 0. So by the long exact sequence of the pair (Fa, 2) there is an isomorphsim
Ho(Q;Z) = Ho(Fa;Z), i.e. Q is connected.

Finally, for part (i), we just need a balanced ideal which gives equality in (3.5). This
always exists: Take w’ € W such that wow’ £ w’ and which realizes the maximum.
Then the ideal generated by w’ is slim and can therefore be extended to a balanced
ideal I by Lemma 2.1.6 with max,crdimV¥,, = dim ¥,y = max,,uwgw dim ¥,,. The
corresponding K then satisfies dim Fao > dim K = dim 0soI' 4+ dim Fa — mbic(G), so
dim 0o I" < mbic(G). O

Theorem 3.1.23. Let p: I' — G be A-Anosov with limit map §: oI’ — Fa and A =
£(0xcT"). Assume that dim 0soI" < mbic(G)—2. Then every non—empty cocompact domain
of discontinuity in JF, is dense and connected and there is a bijection

{balanced ideals in Wa ,} <> {non-empty cocompact domains of discontinuity in F;}
given by I — Q(A,I) and Q — I(A, Q).

Proof.  Let € be a non-empty cocompact domain of discontinuity. By Theorem 3.1.17

T, 1(Q) is a union of connected components of Q(A, ) for some balanced ideal I C W.

But by Lemma 3.1.22 Q(A, ) is dense and connected. So T, L) = Q(A,I) and Q is

dense and connected.
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3 Balanced ideals and domains of discontinuity of Anosov representations

We have to prove that both maps are well-defined and inverses of each other. If Q is a
non-empty cocompact domain of discontinuity, then it is a union of connected components
of some maximal domain € C Fy by Lemma 3.1.16. Since €2 is dense it equals Q and
is maximal itself. So by Proposition 3.1.14 I(A, ) is a fat ideal and ©Q = Q(A, I(A,Q2)).
Since Q(A, I(A, Q)) is dense and cocompact, Lemma 3.1.18 shows that D(A, I(A,Q)) = @,
and by Lemma 3.1.19 this is equivalent to I(A, ) being slim, so I(A, ) is balanced.

Conversely, if I C Wa, is a balanced ideal, then Q(A,I) is a cocompact domain of
discontinuity by the main theorem of [KLP18|. It is dense and thus non—empty by
Lemma 3.1.22(ii). By the above, I(A,Q(A,)) is then a balanced ideal, and since I C
I(A,Q(A, 1)), they must be equal. O

3.1.6 A representation into Sp(4,R) with infinitely many maximal domains

In this section, we describe an example of a representation (of a free group into Sp(4,R))
which is Anosov (but not A-Anosov) and where the analogue of Corollary 3.1.15 does not
hold, i.e. there are maximal domains of discontinuity which do not come from a balanced
ideal. In fact, it will admit infinitely many maximal domains of discontinuity, which are
however not cocompact. It is unclear whether the cocompact domains for general Anosov
representations can still be classified using balanced ideals.

Let I' = F,, be a free group in m generators and pp: I' — SL(2,R) the holonomy of a
compact hyperbolic surface with boundary. Such a representation is Anosov with a limit
map &o: 0o’ — RP! whose image Ag = &y(0xI') is a Cantor set. We will now consider
the representation p = ¢ o pg into Sp(4,R), where

0 1)

with 1 being the 2 x 2 identity matrix. Here we chose the symplectic form w = (_1 o)
Then p is {a@2}~Anosov (where ay is the simple root mapping a diagonal matrix to twice
its lowest positive eigenvalue), but not A—Anosov. Therefore, it carries a limit map
€: 0ol — Lag(R?) to the manifold of Lagrangian subspaces.

The space Lag(R*) admits the following (non-injective) parametrization:

0: RP! x RP! x RP! — Lag(R?)

ae cf
<[%],[31,[§1>H< o] >
bf —de

O is a smooth surjective map and the non—injectivity is precisely given by
O(p,p,r) = O(p,p,r') and O(p,q,r) = O(q,p,Rr)  Vp,q,r,r' € RP!

with R= (% ).
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3.1 Domains of discontinuity

The action of A € SL(2,R) on Lag(R*) through ¢ is just
U(A)O(p, q,r) = O(Ap, Ag, 7).

This results in the following simple description of the dynamical relations by the p—action
on Lag(R*):

Lemma 3.1.24. Let ~ be the dynamical relation on Lag(R*) by the action of p(I'). Then
for all z,y € Ay and p,q,r € RP! we have

O(p,q,;7) ~O(y,y,r) and O(p,z,r) ~O(y,q,7). (3.6)
These are all dynamical relations.

Proof. Assume that ©(p,q,r) ~ O(p,¢',7") via a sequence (p(v,)) € p(I')N. Passing to
subsequences, we can assume that (po(v,,)) € SL(2,R)Y is simply divergent with limits
(z,y) € Ap and that there are sequences (py,), (¢n), (rn) € (RPHN such that

Pn — ﬁa PO(’Yn)pn — ﬁv dn — EIV’ pO('Vn)Qn - Zf, Tn — 777

0(p,q,7) = O(p,¢,7), OF.7,7) =00 q,r).
So p~ p' and ¢ ~ ¢ via (po(7y,)). This either means that p = ¢ =z or p’ =
which case the relation is of the first type in (3.6), or that (p,q’) = (x,y) or (¢,p’
which is of the second type.

Conversely, let y € Ag and p,q € RP!. Since |Ag| > 3 we find 2 € Ag \ {p,q}, and by

Lemma 3.1.10 there is a sequence (g,) € po(I')Y which is simply divergent with limits

(z,y). Then p (gn) y and ¢ () y, which proves the first relation in (3.6). For the second

relation let 2,y € Ag and p,q,7 € RPL. If x = p or y = ¢ then it follows from the first
relation. Otherwise, take a simply divergent sequence (g,) € po(I)N with limits (z,y).
-1
Then p () y and ¢ (o2, x. This shows the second relation in (3.6). O
Proposition 3.1.25. Let A C RP! be a minimal closed subset such that AU RA = RP!.
Then
Q4 = Lag(R) \ {O(p,¢,) | p € Ao, g € RP', 7 € A}

is @ maximal domain of discontinuity for p.
Proof. Q4 is open since (RP1)3 is compact and © therefore is a closed map.

Assume that there was a dynamical relation within Q4. Then following (3.6) it would
either be of the form O(p,q,r) ~ O(x,z,r) or O(p,z,7) ~ O(y,q,r) with =,y € Ag and
p,q,7 € RPL. In the first case, O(z, z,7) is independent of 7, so we can assume r € A,
and ©(x,z,r) can thus not be in Q4. In the second case, O(p, z,r) = O(z, p, Rr) can be
in Q4 only if r ¢ RA and O(y, q,7) € Q4 implies r ¢ A. But by assumption both can not
hold at the same time.

Finally, assume that €24 was not maximal, i.e. there was another domain of discontinuity
Q) C Lag(R*) with Q4 € Q. Let

A ={r e RP! |Vz € Ag,q € RP': O(z,q,7) & Q).
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3 Balanced ideals and domains of discontinuity of Anosov representations

Then A’ C A and A’ is closed. Since A is minimal among closed sets with AU RA = RP!,
there has to exist some r € RP!\ (A’ U RA’). But since r, Rr ¢ A’ then there are
x,y € Ag and p,q € RP! with ©(y,q,7),0(x,p, Rr) € Q. But these are dynamically
related by Lemma 3.1.24, a contradiction. O

Through the accidental isomorphism PSp(4,R) =2 SOg(2,3) the space Lag(R*) can be
identified with the space of isotropic lines in R?3. The form of signature (2,3) restricts
to a Lorentzian metric on this space, which is why it is also called the (2 + 1) Einstein
universe. A detailed explanation of its geometry can be found in [Bar+08, Section 5].

We can use this to visualize © and the construction of 24 above: The limit set £(0-I") C
Lag(R*) is a Cantor set on the line {O(x,z,*) | € RP'}. If we take two different
points on this line, described by x,y € RP!, their light cones intersect in the circle
{O(z,y,7) | r € RP'}, where r acts as a global angle coordinate. If 2,y € Ag then every
point on the future pointing light ray emanating from x in a direction r is dynamically
related to every point on the past pointing light ray from y in direction r (the red and blue
lines in Figure 3.1). So by choosing the set A C RP!, we decide for every angle whether
to take out from our domain all the future or all the past pointing light rays emanating
from the points in the limit set in this direction.

4

Figure 3.1: The parametrization © interpreted by intersecting light cones in Lag(R*). The
vertical line is the set of points O(x, z, *) containing the limit set.

3.2 Representations into SL(n,R) or SL(n,C)

3.2.1 Balanced ideals

The question for which 7 C A there exists a balanced ideal in W ,, is only combinatorial.
For G = SL(n,K) with K € {R,C} the answer is given by the following proposition.
Theorem 1.4.3 and its corollaries then immediately follow using Theorem 3.1.23.
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A maximal compact subgroup of SL(n,R) is K = SO(n) and for G = SL(n,C) we can
choose K = SU(n). In either case, a maximal abelian subalgebra a of so(n)* resp. su(n)*:
are the traceless real diagonal matrices, and a simple system of restricted roots is given
by {a; = A\; — A\it1}, where A;: a — R maps to the i—th diagonal entry.

Proposition 3.2.1. Let n = {aj,,..., o} C A be a subset of the simple roots of
SL(TZ,K), with 0 =19 <11 < -+ <} < lk+1 = N. Let

5: ’{0§j§k‘|ij+1—ij 18 Odd}‘

If n is even, a balanced ideal exists in Wa , if and only if 6 > 1. If n is odd, a balanced
ideal exists in Wa, if and only if 6 > 2.

Proof. A balanced ideal exists if and only if the action of wp on Wa , by left-multiplica-
tion fixes no element of Wa ,, (see Lemma 2.1.6). This means that wwow™ & (A\n) for
any w € W. The Weyl group of SL(n, K) can be identified with the symmetric group S,
with its generators A being the adjacent transpositions. Assume first that n is even. Then
wy is the order-reversing permutation and its conjugates are precisely the fixed point free
involutions in S,. So the existence of balanced ideals is equivalent to every involution in
(A\n) having a fixed point.

Now observe that (A\n) is a product of symmetric groups, namely (A\7n) = H?:o Siji1—iss
and that there are fixed point free involutions in S if and only if £ is even. So a balanced

ideal exists iff at least one of the 4,11 —4; is odd, i.e. § > 1.

The same argument works if n is odd, except that the conjugates of wg are then involutions
in S,, with precisely one fixed point (every involution has at least one), and so we need
d > 2 to have none of these in (A\n). O

For the action on Grassmannians, Proposition 3.2.1 specializes to the following simple
condition: A balanced ideal exists in W (4,} if and only if n is even and k is odd. We
can enumerate all balanced ideals for n < 10 using a computer and obtain the following
number of balanced ideals in W (4,1

k=1 k=3 k=5 k=7 k=9
n = 1
n=4 1 1
n = 1 2 1
n =23y 1 7 7 1
n =10 1 42 2227 42 1

In particular, a cocompact domain of discontinuity in projective space RP?~1 or CP"!
exists if and only if n is even. Interestingly, these are also precisely the dimensions which
admit complex Schottky groups by [Can08|.
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3 Balanced ideals and domains of discontinuity of Anosov representations

3.2.2 Hitchin representations

Let I' be the fundamental group of a closed surface. As mentioned in Section 1.2, a Hitchin
representation p: I' — SL(n,R) is a representation which can be continuously deformed
to a representation of the form ¢ o pg where py: I' — SL(2,R) is discrete and injective
and ¢: SL(2,R) — SL(n,R) is the irreducible representation. Hitchin representations are
A-Anosov |Lab06].

Theorem 3.1.23 together with Example 3.1.21 shows that if n > 5 then the cocompact
domains of discontinuity of a Hitchin representation in any flag manifold %, are in 1:1
correspondence with the balanced ideals in W ;. These were discussed in Section 3.2.1.

For completeness, let us also have a look at the cases n € {2,3,4}.

In SL(2,R) the Hitchin representations are just the discrete injective representations.
The only flag manifold is RP', and since the limit maps &: 05" — RP! of Hitchin
representations are homeomorphisms, there can be no non—empty domain of discontinuity
in RP.

In the case of SL(3,R) there is only a single balanced ideal I € W. By Theorem 3.1.17
the lift of any cocompact domain of discontinuity to the full flag manifold Fa must be a
union of connected components of the corresponding domain, which is

QAT ={f € Fa | Vo € 0T: fL £ M) A f2 # 2(2)}.

It is known (see [CG93|) that for any Hitchin representation p into SL(3,R) there exists
a properly convex open domain D C RP? on which p acts properly discontinuously and
cocompactly. The image of the limit map of p are then the flags consisting of a point on
0D and the tangent line of D through this point. The domain Q(A,I) C Fa therefore
splits into three connected components: One of them (shown in red in Figure 3.2) consists
of flags (i.e. a point and a line through it in RP?) with the point inside D. The second
component (blue in Figure 3.2) are flags whose line avoids D, and the third (green) consists
of flags whose line goes through D but with the point being outside.

Only the red component descends to a domain in RP2, and only the blue one to Gr(2, 3),
each forming the unique cocompact domain of discontinuity in these manifolds. The
cocompact domains in the full flag manifold are any unions of one or more of the three
components.

Finally, let’s have a look at SL(4,R). There are ten balanced ideals in W in this case
(see Section 6.1.3), corresponding to ten maximal domains of discontinuity in Fa. By
dimension arguments as in the proof of Lemma 3.1.22 all of these domains are dense and
eight of them are connected. The other two domains are

W ={feFa|VeedT: fl g x)), Q={f€cFa|Vredl:Ex)¢ 3}

The topology of these domains does not change when the representation is continuously
deformed, and from the Fuchsian case we can easily see that £, and €y each have two
connected components, all of which are lifts of domains in RP? or Gr(3,4), respectively.
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Figure 3.2: The three connected components of the maximal domain of discontinuity in
Fa for a Hitchin representation p: I' — SL(3,R). One exemplary flag out of
every component is shown, appearing as a point on a line in RP2.

The quotient of one of the components in RP? describes a convex foliated projective
structure on the unit tangent bundle of S [GWO0S].

Out of the other 8 cocompact domains in Fa, one descends to the partial flag manifolds
Fi,2, F23 and Fi 3, each. Counting all possible combinations of connected components
separately, we have 14 different non—empty cocompact domains of discontinuity in Fa.
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4 Domains of discontinuity in oriented
flag manifolds

In this chapter, we will prove the results described in Section 1.5 concerning the action of
Anosov representations on oriented flag manifolds.

Other than before, we will assume for this chapter that G is a linear group. This will
be relevant to ensure that M is abelian and all its nontrivial elements have order 2 (see
Section 2.2). Furthermore, to avoid confusion when dealing with different kinds of quotient
spaces, we introduce a convention: equivalence classes of quotients of W or W will be
written with double brackets, i.e. [w].

4.1 Oriented relative positions

4.1.1 Oriented flag manifolds

Let B be the minimal parabolic subgroup as defined in Section 2.1.1 and By its iden-
tity component. Note that a proper closed subgroup By C P C G containing By has a
parabolic Lie algebra and is thus a union of connected components of a parabolic sub-

group.

Definition 4.1.1. Let By C P C G be a proper closed subgroup containing By. We call
such a group (standard) oriented parabolic subgroup and the quotient G/P an oriented
flag manifold.

Example 4.1.2. Let G = SL(n,R) be the special linear group. Then By is the set of
upper triangular matrices with positive diagonal entries A1, ..., \,. The space G/Bj can
be identified with the space of complete oriented flags, i.e. complete flags with a choice
of orientation in every dimension. An example of a closed subgroup By C P C G is the
group of upper triangular matrices where A1 and Ay are allowed to be negative, while the
remaining entries are positive. The space G/P identifies with the space of complete flags
with a choice of orientation on every component except the 1-dimensional one. In this
way, all partial flag manifolds with a choice of orientation on a subset of the components of
the flags can be obtained. However, we can also consider e.g. the group P’ = (By, —1) if
n is even. Its corresponding oriented flag manifold G/ P’ is the space of complete oriented
flags up to simultaneously changing the orientation on every odd-dimensional component.

The parabolic subgroups of G' are parametrized by proper subsets 6 of A. We want a
similar description for oriented parabolics. To define this, recall the lift v: A — W we
defined in Section 2.2.2:
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4 Domains of discontinuity in oriented flag manifolds

Definition 4.1.3. For every a € A choose a vector E, € g, such that |[E,|* = 2|« 72.
Then

v(a) = exp (g (Eo + 9Ea)>

is in Ng(a). Regarded as an element of W=N x(a)/Zk(a)o, a different choice of E,, can
only yield the same v(«) or its inverse.

Now we can define our objects parametrizing oriented parabolic subgroups. Recall we
defined M = Zk(a)/Zk(a)o.

Definition 4.1.4. Let @ # 6 C A and My = (v(A\@)) N M. Let My C E C M be a
subgroup. Then we call the group R = (v(A\f), E) C W an oriented parabolic type.

Remarks 4.1.5.
(i) This definition does not depend on the choices involved in v (see Remark 2.2.6(i)).

(ii) For every oriented parabolic type R, there is a unique pair (0, F) with @ # 0 C A,
My C E C M, and R = (v(A\f), E). In fact, using Lemma 4.1.8 below, we can
recover # and E from R by

RNM = (v(A\O)ENM = MyE = E

and
T(R)NA =7((v(A\0))) N A = (A\O) N A = A\b

where 7 is the projection from W to W.

Proposition 4.1.6. The map
{oriented parabolic types} — {oriented parabolic subgroups}

mapping R to Pr = BoRBy 1is a bijection. Its inverse maps P to PN W. We will call
PN W the type of P.

Definition 4.1.7. Let Pr be the oriented parabolic of type R = (v(A\#), E). Then we
write

Fr=G/Pr, Fo=G/Py
for the associated oriented and unoriented flag manifolds. Fg is a finite cover of Fy.

The remainder of Section 4.1.1 is a proof of Proposition 4.1.6. We first need a few
lemmas.

Lemma 4.1.8. Let « € A and w € W such that m(w) and a are commuting elements of
W. Then wv(a)w™t € {v(a),v(a)"t} € W. In particular, this holds for any w € M.
As a consequence, for any 0 C A and any subgroup E C M

(v(0), E) = (v(0)) E = E (v(0)).
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4.1 Oriented relative positions

Proof. We compute, using that Ad,, commutes with the Cartan involution,
wv(a)w™ ! =exp (% (Ady Eq + © Ady, Ey)).

Since Ad,, preserves || - || and the root « is preserved by w this just corresponds to a
different choice of E,, € g, in the definition of v(a), so wv(a)w™! must be either v(a) or
v(a)~™! by Remark 2.2.6(i). So in particular m (v(6))m~! C (v(#)) for any m € M and
0 C A, which shows the second statement. O

Lemma 4.1.9. Let R, S be oriented parabolic types and w € W. Then
B()RB()’U)B()SBO = BonSB(]

Proof. Let R = (v(A\#), E). We first prove Bow' BywBy C ByRwBy for all w € W and
w’ € R by induction on ¢(w'). If {(w') = 0, then w’ € M, so Bow' BywBy = Bow'wBy C
BoRwBy. If £(w') > 0 then we can find @ € A\# and s = v(«) with v’ = w”s and
l(w') = £(w") + 1. So by Lemma 2.2.11

Bow’BOwBO = Bow//SBO’U)Bg = B()'LU”B(]SB()U}BO
C Bow"BowBo U Bow”BoSlUBQ U BOwHB()82wBo,

which is in BoRwBy by the induction hypothesis, since s,w” € R. So BoRBywBgy C
BoRwBy. By the same argument BgSBow !By C BySw™' By, and thus BowBySBy C
BywSBy. Together, this shows the lemma. O

Lemma 4.1.10. If R is an oriented parabolic type, then BoRBy is a closed subgroup of
G.

Proof. Closedness follows from Proposition 2.2.13 as A,, C R for every w € R. This
is because we can write w = w'm with v’ € (v(A\f)) and m € E, and then A, =
Awm C R. To see that ByRBy is a subgroup we take w,w’ € R and need to prove that
BoywBow'By C ByRBy. But this follows from Lemma 4.1.9 (with S = 1). O

Lemma 4.1.11. Let 6 C A be non-empty. Then PynW = (v(A\8), M) and (Pp)oNW =
(v(A\B)).

Proof. Since Py is B—invariant from both sides, it is a union of Bruhat cells, so Py NW =
77 1(Py N W). Recall that Py = Ng(pg), so w € W is in Py if and only if Ady, pg C ps.
This holds if and only if w preserves X Uspan(A\#). A simple computation shows that
this is equivalent to ¥,, C span(A\#), which in turn is equivalent to w € (A\@) C W by
Lemma 2.2.7. This proves the first equality.

For the second one, note that v(a) € (Py)o C (Py)o by Lemma 2.2.9 for every oo € A\#,
so (vV(A\#)) C (Pp)o N W. By Lemma 4.1.10, Py(a\g)) is a closed subgroup of G and
Puaveyy C (Pp)o- But by the preceding paragraph, Py = P(v(A\e),JW) = Puavg)yM is a
union of finitely many copies of Py(a\g))- This is only possible if Py(a\g)y = (Pplo- O
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4 Domains of discontinuity in oriented flag manifolds

Proof of Proposition 4.1.6. Lemma 4.1.10 shows that Pr = ByRB is a closed subgroup
containing By for every oriented parabolic type R. On the other hand, the Lie algebra
of such a subgroup P contains b and is therefore of the form py for some § C A [Kna02,
Proposition 7.76]. So (Py)o C P C Py and, by Lemma 4.1.11, (v(A\@)) C PN W c
(v(A\@))M. Let E = PNM. Then My C E C M and PAW = (v(A\0))E is an oriented
parabolic type.

So the maps in both directions are well-defined. It is clear by Proposition 2.2.4 that they
are inverses of each other. O

4.1.2 Relative positions

Let Pr and Ps be the oriented parabolic subgroups of types R = (v(A\f), E) and S =
(v(A\n), F) and let Fr, Fs be the oriented flag manifolds. The general definition of
relative positions (Definition 2.1.1) specializes to:

Definition 4.1.12. The set of relative positions is the quotient

Wgs = Pr\G/Ps = G\(Fr x Fs),
and the map .

posgpg: Fr X Fs = Wgrs

is called the relative position map.
Example 4.1.13. Consider the group G = SL(2,R) and R = S = {1}, so that both
Fr and Fg are identified with S', the space of oriented lines in R2. Then there are two
2-dimensional and two 1-dimensional G-orbits in the space S' x S'. The 2-dimensional

orbits consist of all transverse pairs (v, w) defining a positively or negatively oriented basis
of R?. The 1-dimensional orbits consist of pairs (v, £v).

As in the unoriented case, the relative positions admit a combinatorial description in
the framework of the preceding sections. This is the main reason why we consider the
parabohc types as subgroups of W and the reason for the notation Wgg. When we
write WR s in the following, we will usually regard it as R\W /S and we will write double
brackets [ -] for equivalence classes in these quotients.

Proposition 4.1.14. The map

R\W/S — Pp\G/Ps
induced by the inclusion of Nk (a) into G is a bijection. In particular, /W/Rys s a finite
set.

Proof. It is clear from the definitions that the map is well-defined. To see that it is
surjective, let PrgPs € Pr\G/Ps. By Proposition 2.2.4 g € BywBy for some w € W.
Then Jw] € R\W /S maps to [g].

To prove injectivity, let w,w’ € W with PrwPs = Prw'Pg. Since Pp = BoRBy and Ps =
BySBy by Lemma 4.1.10, we can write w’ € PrwPs = BoRBywBySBy. By Lemma 4.1.9,
ByRBywBySBy = BoRwS By, and by Proposition 2.2.4 this implies w’ € RwS, proving
injectivity. O
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4.1 Oriented relative positions

4.1.3 The Bruhat order
Again, let Pr and Pg be the oriented parabolic subgroups of types R = (v(A\#), E) and
S = (v(A\n), F) and let Fg, Fs be the oriented flag manifolds.

Recall that there is a partial order on WRS = Pr\G/Ps given by inclusion relations of
orbit closures (Definition 2.1.2), which we call the Bruhat order. If we have sequences of
flags f, — f € Frand f), — f' € Fs with posg ¢(fn, f;,) constant, then

posg s(f, f') < posg s(fu, fr,)-

The Bruhat order thus encodes the “genericity” of a pair of flags.

The following lemma shows how the Bruhat order on W relates to that on the quotients
WR s = R\W/ S.

Lemma 4.1.15. Let RC R and S C &’ be oriented parabolic types. In this lemma, we
write [w] for the equivalence class of we W in WRS and [w]" for its equivalence class

m WR',S’ Then for every wy,wq € w
(1) If [w1] < [we], then Jwi]) < [we]’.
(i1) If [w1] < [we]’, then there exists ws € W with [ws]' = [w2]’ and [w1] < Jws].

(iii) If [un]’ < [wa]', then there exists ws € W with [ws]’ = [w1] and [ws] < [ws].

Proof. If Jw1] < Jwz] then w; € PrwaPs C PrwaPgr. As the last term is Pr—left and
Pg/—right invariant and closed, this implies Pr/wy Ps: C PriwgPsr, hence (i).

The assumption in (ii) is equivalent to w; € PrrwsPg. By Lemma 4.1.9 and Lemma 4.1.10,
PrwoPgr = BoR'ws S’ By, so there exist r € R’ and s € S’ such that wy € ByrwssBy. So
w3 = Twsys satisfies the properties we want.

In part (iii), as [wi]’ < [ws]’ there is a sequence (g,) € GN such that [g,] — [1] in
Fr and [gobwa] — [wi] in Fg. Passing to a subsequence, we can also assume that
[9n] = f1 € Fr and [ghwa] — f2 € Fs. Let [ws] = posg g(f1, f2). Then [ws] < [wz] and
[ws]" = posp g (7R (f1), w5 (f2)) = Pospr o ([1], [w1]) = [wn]" O

The Bruhat order on W is defined by orbit closures of the By x Bp—action. Proposi-
tion 2.2.13 describes this in combinatorial terms. Combining this with Lemma 4.1.15
allows us to also describe the Bruhat order on Wg g combinatorially. Essentially, we get
everything lower than [w] in the Bruhat order by deleting or squaring letters in a suitable
reduced word for w.

Proposition 4.1.16. For any w € W choose at,...,ap € A and m € M such that
w=v(ay)...v(ar)m and that this is a reduced word, meaning k = £(m). Then define

Ay = {v(a)™ - v(ag)*m | iy, ..., 0 € {0,1,2}} C W.
This is independent of the choice of reduced word. The Bruhat order on W is given by

w<w & weA,. (4.1)
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4 Domains of discontinuity in oriented flag manifolds

On WRS it is given by

[w]<[w] < weRAS & we |J Aus (4.2)
reR, s€S

Proof. The well-definedness of A,, and (4.1) hold by Proposition 2.2.13. For the general
case (4.2), if w' € Apyps or w' € r~1A,s7! for some r € R, s € S, then w' < rws or
rw's < w in W, respectively. By Lemma 4.1.15(i) both inequalities imply [w'] < [w].
Conversely, if [w'] < [w], then w’ < rws and r'w's’ < w for some r,7" € R and s,s' € S
by Lemma 4.1.15(ii) and Lemma 4.1.15(iii), so w’ € Ays and w’ € r=1 A, 571 O

The following characterization of the Bruhat order on W will also be useful later:

Lemma 4.1.17. Let w,w' € W with £(w') = ((w) + 1. Let
Q={wv@TwllweW,ac A} C W

be the set of conjugates of the standard generators or their inverses. Then

/

w<w = IeQ:w=qu.

Proof. The implication ‘=’ follows from Proposition 2.2.13 by choosing ¢ of the form

g=v(ai)...v(a;— 1)v(a,~)i1v(ai_1)*1 .. .v(al)*1

for some 7. For the other direction, assume that w = qw’ and write

w' =v(a)...v(ag)m
for some aq,...,ar € A with k = ¢(w') and m € M. Then m(w') = a1 ...ay and by the
strong exchange property of Coxeter groups [BB06, Theorem 1.4.3]

~

m(w) =7()n(w) =a1...4;...q
for some i, s0 7(q) = (o1 ... i—1)ai(ay ... ai_1)"L. Set ¢ = v(ay)...v(ai—1) € W. Then
clqgc € 7)) N Q = {v(e;)*'} by Lemma 4.1.8. So

w=qu = cv(a )il ! = v(iag).. (Oéi_l)V(CYi)li1V(Oéi+1) oov(ag)m <,

where the inequality at the end follows by Proposition 2.2.13. O
The following lemmas will be useful when calculating with relative positions.
Lemma 4.1.18.

(i) Zk(a) normalizes the subgroups Pr, Ps. Consequently, the (finite abelian) group
M/E acts on Fr by right multiplication, and this action is simply transitive on
fibers. The analogous statement holds for M /F acting on Fs.

Furthermore, M /E acts on WRS by left multiplication and M /F acts on WRS by
right multiplication. Both of these actions preserve the Bruhat order.
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4.1 Oriented relative positions

(ii) For any f1 € Fr, f2 € Fs, m1 € M/E, mo € M /F, right multiplication by my and
ma has the following effect on relative positions:

posg 5(Rmy (f1), Ry (f2)) = my ' posg s(f1, f2)ma
Proof.

(i) It follows e.g. from Lemma 4.1.8 that M normalizes R = (v(A\f),E) and S =
(v(A\n), F'). Furthermore, Zx(a) normalizes By and thus also Pr = ByRBj and
Ps = BpSBy. This implies that the actions of M on Fgr and Fg by right multipli-
cation and on Wg g by left and right multiplication are well-defined. Since E resp.
F acts trivially, we obtain the induced actions of M/E resp. M/F. The action
of M/E on Fg is simply transitive on each fiber (over Fy) since M N R = E (see
Remark 4.1.5(ii)); in the same way, M /F acts simply transitively on fibers of Fg.

The actions on WR,S preserve the Bruhat order since, for m,m’ € M,

[w] < [w'] & PrwPs C Prw'Ps < mPrwPsm’ C mPgrw’ Psm/

& Prmwm/Ps C Prmw'm/ Ps < [mwm'] < [mw'm/].

(ii) Let posg g(f1,f2) = [w] € ’WVR,S. This means that there exists some g € G such
that g(f1, f2) = ([1], [w]). It follows that

my ' g(Rony (f1), Rina (f2)) = my ! ([mu], [wma]) = ([1], [my ' wma]).
So we obtain posg g(Rm, (f1), Bm,(f2)) = [my twms]. O
Corollary 4.1.19. Let f € Fr, w € W and m € M. Then we have
Rin(C7 (1) = Clamy (F) = CLt (Rumu1(f)).
Proof. From the previous lemma we obtain

pOSR,S(fv Rm—1 (fl)) = [[w]] A pOSR,S(fa f/) = [[wmﬂ g pOSR,S(fiwmw—1 (f)’ f/) = [[w]]D

We close this section with an inequality for relative positions that will play an important
role in the proof of cocompactness of domains of discontinuity in Section 4.3.2. It can be
read as a triangle inequality if the position wq is a transverse one.

Lemma 4.1.20. Let wg, wi,ws € W with wona1 = R. Assume there are f1, fo € FRr
and fs € Fg such that

posg r(f1, f2) = [wo] € Wr,R,
posg s(f1, f3) = [wi1] € Wh,s,
posg s(f2, f3) = [wa] € Whr.s-

Then
[wi] > [wows]

in Wrs.
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4 Domains of discontinuity in oriented flag manifolds

Proof. Using the G—action on pairs, we can assume that (fi, f2) = ([1], [wo]). Then,
since posg g(f2, f3) = posg s([wo], f3) = [we], Lemma 4.1.27 implies that f3 has a repre-
sentative in G of the form wourws for some u € N and r € R. We want to find elements
gn € G such that

n—oo

gn(f1, f3) = gn([1]; [wourws]) —— ([1], [wows]).

Let (A,) € ot bea sequence with a(A,) — oo for all @ € A and g, = wor ™ te™Anwyt.

Then g, € Pr since A and R are normalized by wg. Observe that ws Lr=leAnrwy, € A C
Pg, since A is normalized by all of W. Then g, stabilizes [1] € Fr, and we calculate

gnlwourws) = [(worfle*A"wgl)wgurwg(wglrfleA”rwg)]
= [worflefA”ueA”rwg] e, [wowa],
where we used that e Anyedn 27%% 1. O

4.1.4 Transverse positions

Recall that we call a position transverse if it is maximal in the Bruhat order. Let T' C W
and Tr s C Wg s be the set of transverse positions. The following lemma shows that the
transverse positions are given by the lifts of the longest element wq of the Weyl group.

Lemma 4.1.21. Let 7: W — W and TR,S: W — V[N/RS be the canonical projections.
Then TR,S = 7rRy5(7r_1(wg)).

Proof.  First consider the case R = S = {1}, i.e. the Bruhat order on w. By Proposi-
tion 4.1.16, if w < w’, then ¢(w) < ¢(w') with equality only if w = w’. This immediately
implies that every lift of wg is maximal. Conversely, if w € W is maximal, then so is 7(w)
(e.g. by Lemma 4.1.15(i)). But wy is the unique maximal element in the Bruhat order on
W [BB06, Proposition 2.3.1].

For general R, S, let w € 7~ (wp) and assume [w'] > [w] in WR,S- Then [w'] = [w"] and
for some w” € W with w” > w by Lemma 4.1.15(ii). Since w is maximal, w” = w and
[w'] = [w], so [w] is maximal. On the other hand, if [w] € Tr g and w € W is a maximal
representative of the equivalence class [w], then for every w’ > w, Lemma 4.1.15(i) shows
that [w'] > [w], so [w] = [w] and even w' = w. So w is maximal in W and thus
[w] = mrs(w) € Tr.s(m (wp)). O
In contrast to the setting of unoriented flags, there can be multiple transverse positions.
Indeed, there are always |M]| transverse positions in W. However, the situation is less

obvious in double quotients Wg s: In the example in Section 4.4.5, there is a unique
transverse position although the projection to unoriented relative positions is nontrivial.

Now we consider the action of transverse elements wg € T C W on the set of relative
positions Wgr g. We want to identify those wg acting as order-reversing involutions. There
are in general multiple choices which depend on the oriented parabolic type R. From now
on we also assume that ¢(0) = 0, where R = (v(A\0), E).
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4.1 Oriented relative positions

Lemma 4.1.22. Letwy € T C W. Then for any w,w' € W, w < w' implies wow’ < wow.
If onwa1 = F and w% € I, then wo acts as an order-reversing involution on Wg s.

Proof. Assume w < w’. Then by Proposition 2.2.13 there exists a sequence
w=w < <wp=w
with £(w;11) = ¢(w;) + 1. So by Lemma 4.1.17 w; = gjw;4+1 for some ¢; € Q. Therefore,
WoWi4+1 = onflwi = qwow;

for ¢} = woqi_lwo_1 € Q. By |BB06, Corollary 2.3.3], ¢(wow) = ¢(wg) — £(w) for any
w € W, so

Z(wowz) = f(wg) — K(wl) = E(U}o) — E(wiﬂ) +1= E(U}Owlyrl) + 1,

so wow' = wowy, < -+ < wowi = wow by the same lemma.

We now show that wp normalizes R if it normalizes F, and thus the action of wgy on
Wrs = R\W/S by left-multiplication is well-defined. The induced action of wy on
reduced roots is given by ¢ and 6 is (—invariant. Moreover, Remark 2.2.6(i) implies that
for every a € A\, we have wov(a)wy ' = v(i()) or wov(a)wy ' = v(i(a))~!. Therefore,
(v(A\0)) is normalized by wy. Since R = (v(A\#), E), the same is true for R.

If in addition we have w € E, the induced action on WR,S is an involution. It is an easy
consequence of Lemma 4.1.15 that the action on this quotient still reverses the order. [

Remark 4.1.23. For wy € T the condition wgRw, ' = R is equivalent to ¢(f) = 6 and
woEw L' — E. Moreover, w% € F is equivalent to w% € R.

Example 4.1.24. Consider G = SL(3,R) with its maximal compact K = SO(3,R) and
A1
a= A2 | A1, A2 € R %. The extended Weyl group W = Ng (a)/Zx (a)o
A1 — A2
consists of all permutation matrices A with determinant 1 —i.e. all matrices with exactly
one %1 entry per line and row and all other entries 0, such that det(A) = 1. The transverse
positions are

The first two of these are actually involutions in W, so the condition w € F is empty. The
condition woEwy ' = E is a symmetry condition on E, similar to the condition ¢(8) = 6.
It does not depend on the choice of lift: Any other wy is of the form w{ = wym for some
m € M, and M is abelian. In Proposition 4.2.5, we will show that we can always assume
it to hold in our setting. .

The last two are not involutions in W. The smallest possible choice of E' containing their
square is
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4 Domains of discontinuity in oriented flag manifolds

1 -1

The existence of an involution wgy on WR,S allows us to define the notions fat, slim

and balanced for an ideal I C fW/Rys (see Definition 2.1.5). They play a crucial role in
the description of properly discontinuous and cocompact group actions of oriented flag
manifolds in Section 4.3.1 and Section 4.3.2.

Definition 4.1.25. Let I C WR,S be an ideal and wyg € T' C W satisfying onwo_1 =F
and wg € E. Then

o [ is called wo—fat if x &€ I implies wopx € I.
o [ is called wo—slim if x € I implies wox & 1.

e [ is called wo—balanced if it is fat and slim.

4.1.5 Refined Schubert strata

Definition 4.1.26. Let f € Fr and [w] € WR,S. Then we call the set

CES(f) = {f' € Fs | vosps(f. £) = [u]}

of flags at position [w] with respect to f a refined Schubert stratum. We sometimes omit
the superscript R, S if it is clear from the context.

Every refined Schubert stratum admits the following simple (but in general not injective)
parametrization by R and the unipotent subgroup N C G:

Lemma 4.1.27. Let w € W Then

Cor (1)) = NR[w] C Fs.

Proof. Let g € G such that [g] € C[ﬁ]ﬂs([l]) Then by Lemma 4.1.9 we have
g € PrwPg = ByRwPs.

Using the Iwasawa decomposition By = NAZk(a)p and the fact that both A and Zx(a)
are normalized by N (a), this implies

ByRwPs = NAZg(a)jRwPs = NRwAZk(a)gPs = NRwPs. O

If R=S and [wo] € WR, R is a transverse position, then Cf,,j(f) is a cell, parametrized
as follows.
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4.1 Oriented relative positions

Lemma 4.1.28. Assume that 1(0) = 0 and let wo € T such that woFwy ' = E. Define

n, = @ da-

aeX~\ span(A\0)

Then the map
ping = CBR (g, X o [6Y]

s a diffeomorphism.

Proof. Let N, C G be the connected subgroup with Lie algebra n,. As a subgroup of
N~ its exponential map n, — N, is a diffeomorphism. So it suffices to show that the
projection map ¢: N, — Fg is a diffeomorphism onto C[[wo]]([wal]).

First we verify that C’[[U,Oﬂ([wal]) = {[n] | n € N, }. We have

Chuol ([wg ') = {f € Fr | posg g([1], wof) = [wo]}
={feFr|3peG: 1] = [p], wof = [pwo]} = {lwg 'pwo] | p € Pr}

and 7,()0]\T9_wo_1 C (P,p))o C Pg, so it remains to show that wo_lPRwo C N, Pg. As a
consequence of the Langlands decomposition [Kna02, Propositions 7.82(a) and 7.83(d)] we
can write Py = N;Zg(ag) with N0+ = woNng)wgl = woNe_wo_1 and ay = ﬂ,@eA\e ker 3.
Now Ad,,, preserves ag and thus fwngg(ag)wo = Zc(ap), hence fwangwg = N, Zg(ag).
As N, is connected, we even get wal(Pg)owo = N, Zg(ag)o and therefore

wo_lPng = wo_l(Pg)oEwo = wo_l(Pg)()’on = Ne_Zg(ag)()E C NQ_PR.

To prove injectivity of @, let n,n’ € N, with [n] = [n]. Then n™'n’ € N, N Pg = {1}
by [Kna02, Proposition 7.83(e)|, so ¢ is injective. To see that ¢ is regular, we observe
that n, is composed of the root spaces of roots in ¥ \ span(A\¢) while py has the root
spaces YT Uspan(A\@). So g = n, & pg and D15: ny — g/pg is an isomorphism. By
equivariance we then see that ¢ is a diffeomorphism onto its image. O

Using ideals in WR,S and refined Schubert strata, we can define the following map Q
assigning to each flag in Fr a subset of Fg. It is the centerpiece of our construction of
domains of discontinuity in Section 4.3.

Lemma 4.1.29. Let Fr and Fg be two oriented flag manifolds, and let I C WR,S be an
tdeal. Then the map

Q: Fr — P(Fs)
f= U Crh

[w]ler
is G—equivariant with image in C(Fg), the set of closed subsets of Fg.

Proof. Observe that for any element g € G satisfying [g] = f € Fgr and any relative
position [w] € Wg,s, we have Cp,)(f) = gCJ)([1]); in other words, the map f +— Cyy(f)
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from Fgr to subsets of Fg is equivariant. By definition of the Bruhat order on WR,S, the
closure of Cf,,p(f) is given by

CyH= U Crn®
[w]<[w]

In particular, if I C WR,S is an ideal, then U[[w]}el Clu)(f) is closed for any f € Fg. O

4.2 Pr—Anosov representations

Let Pgr be the oriented parabolic of type R = (v(A\f), E), with ¢(f) = 6. Moreover, let
wo € T C W be a transverse position. Let ' be a finitely generated group and p: I' = G
a representation.

Recall that a representation p: I' — G is Py—Anosov if I' is word hyperbolic, p is Py—
divergent and there is a continuous, transverse, dynamics—preserving, p—equivariant map
&: 0o’ — Fy called limit map or boundary map.

We extend the notion of an Anosov representation to oriented parabolic subgroups by
requiring that the limit map lifts to the corresponding oriented flag manifold.

Definition 4.2.1. Assume that I' is non—elementary. The representation p: I' — G is
Pr—Anosov if it is Py —Anosov with limit map &: 3 I' = Fy and there is a continuous, p—
equivariant lift 5 Osol' = Fg of €. Such a map § will be called a limit map or boundary
map of p as a Pr—Anosov representation. The relative position posR’R(f( ),5( )) for
T # Yy € Ol 18 its transversality type.

We should verify that the transversality type is in fact well-defined.

~ ~

Lemma 4.2.2. The relative position posg p(§(),&(y)) in the above definition does not
depend on the choice of x and y.

Proof. By |Gro87, 8.2.1], there exists a dense orbit in dsI' X 05I'. By equivariance of
E, the relative position [wy] of pairs in this orbit is constant. It is a transverse position
because this orbit contains (only) pairs of distinct points. An arbitrary pair (z,y) of
distinct points in dool" can be approximated by pairs in the dense orbit, so by continuity
of &, we have

posg r(£(2),§(y)) < [wo].
But posRyR(g(a:), g(y)) is a transverse position, thus equality holds by Lemma 4.1.21. O
Remarks 4.2.3.

(i) The definition (apart from the transversality type) makes sense for elementary hy-
perbolic groups, but it is not a very interesting notion in this case: The boundary
has at most two points. Consequently, after restricting to a finite index subgroup,
the boundary map always lifts to the maximally oriented setting. Moreover, after
restricting to the subgroup preserving the boundary pointwise, the lifted boundary
map holds no additional information.
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4.2 Pr—Anosov representations

(ii) In the oriented setting, the boundary map E : O’ — Fp is not unique: For any

element [m] € M /E, the map R,, o ¢ is also continuous and equivariant. This gives
all possible boundary maps in Fg:
Since the unoriented boundary map & : ' — Fp is unique [GW12, Lemma 3.3],
an oriented boundary map E’ must be a lift of it. But if E’ agrees with R, o E at
a single point, it must agree everywhere by equivariance and continuity since any
orbit is dense in JxI' [KABOQ, Proposition 4.2|. If the transversality type of E was
[wo], then that of Ry, o ¢ is [m~twem] by Lemma 4.1.18.

The oriented flag manifold Fg in Definition 4.2.1 which is the target of the lift E is not
unique. However, there is a unique maximal choice of such a Fg (or equivalently, minimal
choice of R), similar to the fact that an Anosov representation admits a unique minimal
choice of 8 such that it is Py;—Anosov.

Proposition 4.2.4. Let p: I' = G be Py—Anosov. Then there is a unique minimal choice
of E such that My C E C M and p is Pr—Anosov, where R = (v(A\0), E).

Proof. Assume that there are two different choices E; and E5 such that p is both Pg,—
and Pg,~Anosov, where R; = (v(A\f), E;). Let E5 = E; N Ey. We will show that p is
also Pr,~Anosov. To do so, we have to construct a boundary map into Fg, from the
boundary maps into Fg, and Fg,.

Let &: 0" — Fy be the boundary map of p as a Py—Anosov representation, and let
€11 Ol = FR,, &2: OxcI' = FR, be the two lifts we are given. Fix a point x € 0T,
and let F, € Fg, be a lift of £(z) € Fy. Denote by m: Fr, — Fr, and ma: Fr, — Fr,
the two projections. After right-multiplying &1 with an element of M /E; and ¢ with an
element of M /FE,, we may assume that m;(F,) = &(z) for i = 1,2. Set &3(2) := F, and
observe the following general property:

For every point y € O I, there is at most one flag F,, € Fg, satisfying m;(F,) = &(y) for
t = 1,2. Indeed, if gPr, and hPgr, satisfy gPr, = hPg, for ¢« = 1,2, there are elements
pi € Ppr, such that g = hp; = hps. This implies that h=tg € Pr, N PR, = Pg,.

By equivariance of {1, {2 and uniqueness of lifts to Fg,, we can extend {3 equivariantly to
amap &: I'e — Fr,. It is a lift of both & |, and &2|r,. Recall that the orbit I'z is dense
in O, I for any choice of = ([KB02, Proposition 4.2]). Using the corresponding properties
of & and &, we now show that this map is continuous and extends continuously to all
of OxI'. Let z, € 'z and assume that x,, — oo € 0. Then &(x,) — &(xs) for
i = 1,2. Therefore, there exist m,, € M /(FEy N Ey) such that &3(zy,)my, converges in Fg,.
By injectivity of the map

M/ElﬁEQ%M/EHXM/EQ

and convergence of &;(x,), ¢ = 1,2, m, must eventually be constant. Thus the limit
€3(Too) = limy o0 €3(y ) exists and is the unique lift of &} (), &2(Too) to Fry. O

The following proposition shows that given a Pr—Anosov representation p of transversality
type [wo], we may always assume that R is stable under conjugation by wg. This appeared
as an assumption in Section 4.1.4 and plays a role later on when showing that balanced
ideals give rise to cocompact domains of discontinuity.
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4 Domains of discontinuity in oriented flag manifolds

Proposition 4.2.5. Let wg € T and E' = ENwoEwy ', and let R = (v(A\@), E) and
R' = (v(A\0), E'). Assume that p: I’ — G is Pr—Anosov with a limit map &: OosI' — Fr
of transversality type [wo] € Wgr r. Then p is Pr—Anosov.

~ ~

Proof. Let x # z € OxI', and consider the images £(x),{(z) € Fr. We claim that there
is a unique lift n,(z) € Fgr satisfying

e 7,(z) projects to g(z)

® DOSp R/ (€(@), nu(2)) = [wo]-

~ ~ ~

To show this, let us first fix a good representative in G for {(2): Since posg g(§(7),&(2)) =
[wo], there exists h € G such that

h(€(@),€(2)) = (1], [wo))-

Then h~'wg =: g € G represents the flag £(z) and also satisfies

posy (&), [9]) = [wo].

~

Any lift of £(2) into Frs can be written as [gm] € Frs for some m € E. By Lemma 4.1.18,
we have posg g/ (&(z),[gm]) = [wom]. We claim that [wom] = [wo] € WR,R/ implies
that m € E’ and therefore [gm| = [g] € Fg/, proving uniqueness of 7,(z). Indeed, if
wom = rwor’ for some r € R,r’ € R’, we obtain

m = walrwor' S walRwo R C walRwo.

Since
ENwy!'Rwy = ENwy ' Bwy = F,

it follows that m € E’ and the lift [¢] € Fp/ is unique.
This defines a map
Ne: Ol \ {2} = Frr

which is continuous since E is continuous. We will show that it is independent of the
choice of x, i.e. if y # z is another point, we have 7,(z) = 1,(2). Let v € I" be an element
of infinite order with fixed points v+ € 95I" such that z # v~ and y # v~. Then we have

[wo] = posg  (E(x), nu(77)) = Posg wr (p(7)"E(), p(7)™1:(v7))

~ ~ ~

for every n € N. Moreover, p(7)"é(z) — £(y1) and p(y)"n.(v7) is a lift of £(y7). For
every subsequence ny such that p(v)™n,(y~) is constant, it follows that

posg g (E(vH), (7)™ 12(77)) < [wo]. (4.3)

~

But as posp r(£(77), g(’f)) = [wo], the position in (4.3) must be a transverse one, thus
equality holds by Lemma 4.1.21. As seen before, this uniquely determines p(y)™*n(y™)
among the lifts of £(77). Since the same holds for any subsequence ny such that p(y)™n,(y7)
is constant, p(y) fixes 7,(v~) and we obtain

o~

posg r(§(v1),12(v7)) = [wo].-
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4.2 Pr—Anosov representations

Applying the same argument to y # v~ shows that 1, (y~) = ny(v7).
Therefore, 1, and 7, are continuous functions on dxI' \ {x,y} which agree on the dense
subset of poles, hence they agree everywhere. We denote by

N: Oscl' = Fpr

the continuous function defined by n(y) = 7. (y) for any choice of  # y. It is p-equivariant
because n(vy) = Nyz(vy) € Fre is the lift of £(yy) defined by

~ ~

POSg R E(vz), nya(vy)) = POSR R/ (P(V)E(@), Mya(vy)) = [wol,

which is p(7)n:(y) = p(7)n(y)- -

Remark 4.2.6. It is worth noting that the independence of 7, (2) of the point x simplifies
greatly if O, I is connected: If x and y can be connected by a path z; in aooAr, we consider
the lifts 7, (z) along the path. They need to be constant by continuity of &, so 1,(z) and

ny(2) agree.

Example 4.2.7. Let us illustrate Proposition 4.2.5 with an example. Let G = SL(n,R)
and p : I' = G a representation which is Pp—Anosov with 0 = {a;,an—1}, so that we
have a boundary map ¢ : I' = Fi1 ,—1 into the space of partial flags comprising a line
and a hyperplane. Assume that p is Pg—Anosov, where R = (v(A\#),v(a,—1)?). Then
there is a boundary map E into the space Fpr of flags comprising an oriented line and an
unoriented hyperplane. Let z,z € 01" be two points as in the proof of the proposition.
We can fix an orientation on E(z)(”_l) by requiring that (2(:U)(1),§A(z)(”_1)), written in
this order, induces the standard orientation on R™ (or the opposite orientation, depending
on which element wqg € W we chose to represent the transversality type Jwo] of E ). Doing
so for all points z € OxI" extends the boundary map to a map into the space Fgr: of flags
comprising an oriented line and an oriented hyperplane.

As a consequence of the previous two propositions, the minimal oriented parabolic type
associated to a Py—Anosov representation automatically has certain properties.

Proposition 4.2.8. Let @ # 6 C A be stable under v, R = (v(A\#), E) an oriented
parabolic type, wy € T with woFwgy V= FE, and p: I' = G be Pr—Anosov with transversal-

ity type [wo] € Wr.r. Then w3 € E.

Proof. Let x # y € 0xI be two points in the boundary Then [wo] = posg, R(E(2), ()
where &: 9o’ — Fp is the limit map. Then posg, R(f(y) f(az)) [wy']. As observed in
the proof of Lemma 4.2.2, there is a dense orbit in OxoI' X O5I'; let (a,b) be an element
of this orbit. Since we can approximate both (z,y) and (y,z) by this orbit, continuity

of € implies that [wo] < posg, R(E( ), g(b)) and [wy '] < posp, R(ﬁ( ), §(b)) All of these
are transverse posmons thus equality must hold in both cases by Lemma 4.1.21 and we
conclude [Jwo] = [wy '] € WR . Since woRwy* = R, this implies w3 € RN M =E. [

The final part of this chapter is aimed at distinguishing connected components of Anosov
representations by comparing the possible lifts of the limit map.

Proposition 4.2.9. The set of Pr—Anosov representations is open and closed in the space
of Py—Anosov representations Homp, _aneson(I', G) C Hom(T', G).
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4 Domains of discontinuity in oriented flag manifolds

To prove this proposition, we will make use of the following technical lemma. Choose an
auxiliary Riemannian metric on Fy and equip Fr with the metric which makes the finite
covering mr: Fr — Fp a local isometry.

Lemma 4.2.10. Let E: Oso' = FR be a limit map of an Pr—Anosov representation and
E=mro&. Then there exists 6 > 0 such that for every x € Ol

(i) 71'}_%1(35(&(1‘))) = |_| Bg(Rm(A(x))), and Tr maps any of these components
[mleM/E
isometrically to Bs(&(x)),

(ii) and the set Ry, (B;s(£(x))) C Fg intersects £(OsoT) if and only if [m] =1 € M/E.

Proof. By compactness of Fy there is an € > 0 such that, for every f € Fy, the preimage
of B.(f) under mp is the disjoint union of e-balls around the preimages of x. Together
with the choice of metric on Fg, this shows (i) for any ¢ < e.

Now for every z € 9,I define

Ro = (€ Y (Fr\ Be(E(w)))), 0, = min{e, 3d(&(z), Ry)}.

This is positive since R, C Fy is closed and £ is injective. By compactness there is a
finite collection 1, ..., 2y € Ol such that the sets By, ({(zi)) C Fy cover {(Oscl). Let
d = min; 65,. Then U = Bs({(x)) C B:({(x)) for every & € Ool, s0 5! (U) decomposes
into disjoint d—balls as in (i). One of these is V = Bs(£(x)), and it is indeed the only one
intersecting 5(8 I):

If y € 0soT with &(y) € 75 (U), then £(y) € U = B;(&(w)) C Bos,, (§(2)) for some i. So

d(§(:c,),§(y)) < 261‘1’ < d(g(xl)ﬂR$1)7

~ ~ ~

thus £(y) & Rg, or equivalently €(y) € Be(&(x)). So E(y) € 7 (U) N B.(&(w;)), which is
exactly V. 0

Proof of Proposition 4.2.9.  'To show openness, let po be a Pr— Anosov representation with
limit map 50 Osol' = Frand & = 7TRO£0 Let § be the constant from Lemma 4.2.10 for fg
Choose 1, ..., 7k € sl such that Bs/4(&o(w:)) cover §p(dacl’) and let U; = Bso(&o(4))
and V; = B5/2(§0(xi)). For every i we get a local section s;: U; — V;. If U; and U;
intersect, then s; and s; coincide on the intersection, since U; U U; is contained in a
0—ball, of which only a single lift can intersect Eo(aoor), so V; and V; both have to be
contained in this lift. Therefore, the s; combine to a smooth section s: |J, U; = U, Vi.

For every p1 € Homp, Anosov(I'; G) which is close enough to pg, there is a path p; €
Homp, Anosov(I', G) connecting po and p; such that doo(&, &) < §/4 for every t € [0,1].
This is because Homp, anosov(I'; G) is open and the limit map depends continuously on
the representation [GW12, Theorem 5.13]. Then for every & € O, there is an 4 such
that

d(&1(z), §o(xi)) < deo(&1,€0) + d(&o(x), &) < 6/2,
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4.2 Pr—Anosov representations

hence & (z) € U;. So 51(8 I') € |U; Ui and we can define & = so&;. This is a continuous
lift of &1. Note that also 50 = s o0 &y and that we can equally define ﬁt = s o0 & for every
t €10,1].

To show p;—equivariance of 51, let v €T, x € 0" and consider the curves
alt) = p(y) " Helye),  B(t) = &(2).

They are continuous and mg(a(t)) = pt('y)_ITrR(a('yx)) =& (x) =mr(B(t)). Also a(0) =
po(7) Yo (yz) = &o(x) = B(0) by po-equivariance of §y. Therefore, the curves o and 3
coincide, so in particular &; is p;—equivariant.

For closedness, let p, be a sequence of Pr—Anosov representations with limit maps En
converging to the Py—Anosov representation p. Then the unoriented limit maps &, =
TR O fAn converge uniformly to &, the limit map of p. Let v € I" be an element of infinite
order and v,y € O I its poles. Since 7p is a finite covering, up to taking a subsequence,
we can assume that fn( T) converges to a point we call £ ( T). First, we are going to show
that there is a neighborhood of 4% in O, I on which the maps En converge uniformly to
some limit.

As p is Anosov, the points £(v7),&(y1) € Fy are transverse fixed points of p(y). Since
&.(vF) = £(yF), we can find an € > 0 such that all elements of B.(£(y*)) are transverse
to &,(y7) for sufficiently large n. In particular, p,(y*) restricted to this ball converges
uniformly to (the constant function with value) &,(y") as k — oco. After shrinking e, the
preimage 7' (B:(£(71))) is a union of finitely many disjoint copies of B:(£(yF)):

B = || BE)m

(mleM/E

For n large, Zn( *) e B (5( +)). Furthermore, for large k, p,(7*) maps B.(£(y)) into
itself. Since p,(7* )35(5(7 )) C Fr is connected and contains gn(fy""), it must be inside
B:(£(v1)). So as Pr(Y) B (e(4+)) = &n(yT) uniformly for k& — oo, when seen as maps
on Fr, pn(v") B.(E+)) also converges uniformly to é\n( *). Now choose § > 0 such that

&(Bs(yh)) C B€/2(§(7+)) and v~ ¢ Bs(y"). We claim that then £n|35 (y+) converges
uniformly to a lift of £|,(,+)-

To see this, let n be large enough so that deo (6, &) < €/2. Then &,(Bs(y1)) C B-(§(vT)).
Let y € £,(Bs(y")) be any point, and let m € M be chosen such that y € B.(£(yF))m. Tt

k—o0

f;gllows that pn(yk)( ) —— En( T)m. So by p(I')-invariance and closedness of En(a I),
&n(yT)m e §n(8 I),s0 [m] =1 € M/E by transversality. Thus for all sufficiently large n,
the image of §n|B5 (r+) ] is entirely contained in B, (f(’y+)) so we can use the local section

s: B:(£(vT)) — B: (f( 1)) to write fn\Bé (v+) = 89 &n|By(y+)- This proves the stated
uniform convergence on Bs(yT).

Now we use local uniform convergence at v+ to obtain uniform convergence everywhere.
For any point y € 950" \ {7~} and any neighborhood U > y whose closure does not
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4 Domains of discontinuity in oriented flag manifolds

contain y~, there is an integer k(U) such that v*(U) C Bs(y") for all k > k(U) [KB02,
Theorem 4.3|. Then, for z € U,

~ ~ ~

fn(Z) = pn(f}/)ik(U)fn(’}/k(U)Z) rH—OO> p(fy)*k(U)é‘(fyk(U)Z)’

so we get local uniform convergence on d,I'\ {7~ }. Similarly, since En =pa(O)7to E o(
for some ¢ € I with (v~ # 77, &, also converges uniformly in a neighborhood 7~ So the
maps &, converge uniformly to a limit &, which is continuous and equivariant. O

From the previous proposition, we obtain the following two criteria to distinguish con-
nected components of Anosov representations.

Corollary 4.2.11. Let p,p': T — G be Py—Anosov. Furthermore, let R,R' C W be
the minimal oriented parabolic types such that p is Pr—Anosov and p' is Pg—Anosov
(see Proposition 4.2.4). Assume that p and p' lie in the same connected component of
Homp, Anoson(I', G). Then the types R and R’ agree. Furthermore, sz,E’ O’ — Fr
are limit maps of p,p’ of transversality types [wo], [wy] € WR,R; then [wo], [wy] are
conjugate by an element of M.

Proof. By Proposition 4.2.9, p is also Pr—Anosov and p’ is Pg—Anosov. If R and R’
were not equal, either R’ would not be minimal for p’ or R would not be minimal for p.

By Remark 4.2.3(ii), the transversality type of any limit map &,: OxI' — Fg of p is
conjugate to [wg] by an element of M. By (the proof of) Proposition 4.2.9, p also admits
a limit map of transversality type [w(], so they must be conjugate by an element of
M. O

4.3 Domains of discontinuity

In this section, we extend the machinery developed in [KLP18| to the setting of oriented
flag manifolds (Definition 4.1.1). More specifically, we show that their description of
cocompact domains of discontinuity for the action of Anosov representations on flag man-
ifolds can be applied with some adjustments to oriented flag manifolds. Our main result
is the following theorem, which is analogous to [KLP18, Theorem 7.14]:

Theorem 4.3.1. Let I' be a non—elementary word hyperbolic group and G a connected,
semi-simple, linear Lie group. Furthermore, let R, S C W be oriented parabolic types and
wo € T C W a transverse position such that wonal =R and w% € R.

Let p: T' — G be a Pg-Anosov representation and & : Ool' — Fg a limit map of transver-
sality type [wo] € Wgrr. Assume that I C Wgyg is a wo-balanced ideal, and define

K C Fg as
K= J U Cu@).
2€0T [w]erl

Then K is I'—invariant and closed, and T" acts properly discontinuously and cocompactly
on the domain Q = Fg \ K.
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We first observe that this theorem implies Theorem 1.5.1: By Proposition 4.2.5, when
starting with a Pr—Anosov representation such that woRw, L' £ R, then it is actually
Pr—Anosov, with R = RNwyRwy'. Then the conditions woR'wy ' = R’ and by Propo-
sition 4.2.8 also wg € R are automatically satisfied. Also, if a balanced ideal is invariant
by R from the left and S from the right, then it is also invariant by R" and gives a balanced
ideal in Wg g.

A large part of the work required to prove this version, namely extending the Bruhat
order to the extended Weyl group W, was already done in Section 4.1 and Section 2.2.
We prove proper discontinuity and cocompactness of the action of I' on 2 separately in
the following two subsections (Theorems 4.3.7 and 4.3.11). The part about cocompactness
follows [KLP18]| in all key arguments. Since oriented flag manifolds are not as established
and well-studied as their unoriented counterparts, we reprove all the required technical
lemmas in the setting of compact G-homogeneous spaces X,Y and G—equivariant maps
between X and C(Y), the space of closed subsets of Y.

4.3.1 Proper discontinuity

Let Pr, Ps be oriented parabolic subgroups of types R = (v(A\f), E) and S = (v(A\n), F).
Furthermore, let wy € T C W be a transverse position. We assume that ¢(0) = 6,

onwO_1 = F and w% € E, so that wy acts involutively on Wg g (see Section 4.1.4).

The following definition of wy—related limits is an oriented version of the one used for
contracting sequences in [KLP18, Definition 6.1] (see also Lemma 3.1.3). The idea goes
back to the study of discrete quasiconformal groups in [GM87a]. Apart from the depen-

dence on the choice of wg, we will see later that pairs of such limits are not unique in this
setting (Lemma 4.3.5).

Definition 4.3.2. Let (g,,) € GY be a diverging sequence. A pair F~, FT € Fg is called
a pair of wg-related limits of the sequence (gy,) if

n—00 +
gn|C|Iw0]](F_) F

locally uniformly.

Recall also the definition of dynamical relation (Definition 2.1.8): Two flags F, F’ € Fg
are dynamically related if there are sequences (g,) € G and F,, € Fg with F,, — F and
gnFy — F'. Using similar arguments as in the unoriented case (see Lemma 3.1.4), we can
prove the following useful relative position inequality.

Lemma 4.3.3. Let (g,) € GV be a sequence admitting a pair F* € Fr of wo-related
limits. Assume that F, F' € Fg are dynamically related via (gy). Then

posg s(F*, F') <wyposg g(F~, F).

Proof. Let (F,) € F5 be a sequence such that F,, — F and g, F, — F’. We pick
elements h, € G satisfying F,, = h,F and h, — 1. Writing [w] = posg (F'~, F), it
follows that there exists some g € G such that g(F~, F) = ([1], [w]). Define f € Fg as
f = [g7 twp], so that we obtain the following relative positions:
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4 Domains of discontinuity in oriented flag manifolds

o posp r(F7, f) = [wo]
® posp 5(F~,F) = [w]
e posg s(f, F) = posg s([wo], [w]) = [wow]

In other words, f is chosen such that posg p(F'~, f) = [wo] and posg g(f, F') is as small
as possible. Then, since hy, f — f, f lies in the open set Cf,] (F~) and F'* are wg-related
limits, it follows that g,h,f — FT. Finally, observe that

pOSR,S(gnhnfa GnhnF') = pOSR,S(fa F)

is constant. We thus obtain the following inequalities:

pOSR,S(F+> F,) < pOSR,S(gnhnfy gnhnF) = pOSR,S(fv F) - [[wow]] [

One consequence of this inequality is that being wo-related limits is a symmetric condi-
tion.

Lemma 4.3.4 ([KLP18, (6.7)]). If (F~,F*) is a pair of wo-related limits in Fg of a
sequence (gy) then (F¥,F~) is a pair of wo-related limits of (g, 1).

Proof.  Let Fy, — F be a convergent sequence in Cf,,] (F*) C Fgrand g;lenk — F' e Fr
a convergent subsequence of g, 1 F,. This means F is dynamically related to F' via (g;kl)
or equivalently F” is dynamically related to F via (gn, ). So by Lemma 4.3.3 (with S = R)

[wo] = posg r(F*, F) < woposg p(F~, F').

Since [wo] is maximal in the Bruhat order, this implies that wo posg r(F~, F') = [wo] by
Lemma 4.1.15. As wg induces an involution on /V\V/RR, we obtain posg p(F~, F') = [1], i.e.

Gny, Fn, — F' = F~. By the same argument every subsequence of g, 1 F,, accumulates at
F~ and thus g, ' F,, — F'~, which shows that (F T, F~) are wo-related limits of (g, !). O

In the unoriented case, a Py—divergent sequence admits subsequences with unique attract-
ing limits in Fy. In the oriented case, however, this uniqueness is lost and all lifts of such
a limit will be attracting on an open set.

Lemma 4.3.5. Let (g,) € GY be a Py—divergent sequence. Then there is a subsequence
(gn,,) admitting |M /E| pairs of wo-related limits in Fr. More precisely, the action

M/E x F& — Fa&, (Im],(F~,F"))~— (R 1(F7), Rn(FT)) (4.4)

womwy
is simply transitive on the pairs of wo-related limits of (gn,, ).

Proof.  Observe that since woEw 1 — E, conjugation by wq defines an action on M /E.
In other words, the choice of the representative m € M in (4.4) does not matter.

Let us first prove that M/E acts simply transitively on the wo-related limits of (g, ),
assuming such limits exist. We know from Corollary 4.1.19 that

Cluwol (Bgmust (F7)) = Clugm] (F7) = B (Cpug) (F7))-
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4.3 Domains of discontinuity

Because of this and since left and right multiplication commute, (4.4) restricts to an action
on wp-related limits of (g, ). It is free by the definition of E' and Fg. For transitivity,
let F= and F'* be two wo-related limit pairs for (gy, ). Then

U BulChg@ N = U Clum(F)

[mleM/E [mleM/E

is dense in Fg since its closure is all of Fg by Proposition 4.1.16. So for some [m] € M /E,
R (Cpue)(F7)) must intersect the open set Cp,,(F”~). On this intersection, gn, con-
verges locally uniformly to R,,(F*t) and F'", so F'" = R, (FT). By Lemma 4.3.4,
(F'*,F'") and (Rn(F*), R 1(F7)) are wo-related limits for the sequence (g, 1),

? T Mwomawy

S0 on C[[wo]](F’+) = Cluo)(Rm(F*)) it locally uniformly converges to both F'~ and
R 1(F7),s0o '~ =R 1(F7).

womwg womw,
What is left to show is the existence of wg-related limits. This is done by an argument
similar to [GKW15, Lemma 4.7]. Decompose the sequence g, as g, = knednt, with
kn,l, € K and A, € at. After taking a subsequence, we can assume that k, — k and
ln — €. We want to show that F~ = [("lw, '] € Fg and FT = [k] € Fg are wy related
limits of (g,). We use the following characterization of locally uniform convergence: For
every sequence F, — I’ converging inside Cf,,)(F'~) we want to show that g, F;, converges
to F'*. For sufficiently large n the sequence £, Fy, will be inside C) (£F ™) = Cluy] ([we ),
so by Lemma 4.1.28 we can write £, F,, = [e*"] with

X, P s
aeX~\span(A\0)
converging to some X from the same space. So
GnFy = [kpetreXn] = [kpetreXne™4n] = [k, exp(Ad,a, X,)] = [kn exp(e2d4n X)),
If we decompose X, = ) X into root spaces then
6aud Aan _ Z ea(A")X,r?.
aeX~\span(A\0)

Now every o € ¥~ \ span(A\@) can be written as a linear combination of simple roots
with non—positive coefficients and with the coefficient of at least one simple root 5 € 0
being strictly negative. As S(A,) — oo by Py—divergence, a(A,,) must converge to —oo
adAn X goes to 0. This implies g, F,, — [k] = FT, so gn|0[[w01](F—) — FT
locally uniformly. O

and therefore e

Let I be a non—elementary word hyperbolic group and G a connected, semi-simple, linear
Lie group (see Section 2.1 for some remarks on these assumptions).

Lemma 4.3.6. Let p : I' — G be a Pr—Anosov representation and let £ : 0" — FRr
be a continuous, equivariant limit map of transversality type [wo]. Then every sequence
(vn) of distinct elements admits a subsequence (Vn,) and points x,y € Oxl' such that
Y losr\{z} = Y locally uniformly. Moreover, for any such subsequence, (§(),§(y)) is a
pair of wo-related limits for the sequence (p(yp,))-
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4 Domains of discontinuity in oriented flag manifolds

Proof. The first property is simply the fact that I" acts as a convergence group on 9’
[Bow99, Lemma 1.11].

To simplify notation, we assume from now on that v, |, r\{z} — ¥ locally uniformly. By
Lemma 4.3.5, there exists a subsequence (p(7y, )) with wo-related limits F* € Fg. Then
F~ is alift of the unique repelling limit 7(F~) € Fy, and we have 7(F~) € m(£(00I")) (see
the description of the boundary map in [GGKW17, Theorem 5.3|). By right—multiplying
F~ with an element m € M/E and F* with wy Yy if necessary, we may assume
that F'~ = £(z) for some = € Ol (see Lemma 4.3.5). For any = # z € O0xl', we
have posg p(F'~,£(2)) = posg r(£(x),€(2)) = [wo]. Since the wo-related attracting limit
F* € Fg is characterized by

PO opugy (7o) >

it follows that p(vn, )(€(2)) == F*. As

n—oo

PV ) (€(2)) = &(my2) —— (),
we obtain £(y) = FT.

The same reasoning also shows that any subsequence (7y, ) of (7,) has a further subse-
quence (7, ) such that (§(x),£(y)) is a pair of wo-related limits of (p(yn,,)). So it is in
fact a pair of wy-related limits of the whole sequence (p(vy)). O

Recall from Section 4.1.3 and Section 4.1.4 that a subset I C WR,S is an ideal if Jw] € I
and [w'] < [w] implies [w'] € I, and it is wo—fat if [w] & I implies [wow] € I.

Theorem 4.3.7. Let p: I' — G be an Pr—Anosov representation and let § : 01" — Fr
be a limit map of transversality type [wo]. Assume that I C Wgs is a wo-fat ideal, and

define K C Fg as
k= U U Cui@).

2€00eT [w]el
Then K is I'-invariant and closed, and I acts properly discontinuously on the domain
Q=Fs\K.

Proof. T'-invariance and closedness of K follows from Lemma 4.1.29 and Lemma 2.3.8(ii).

Assume that the action of I on € is not proper. Then there exist F, F’ € Q which are
dynamically related by some sequence (p(7,)). This sequence is Py—divergent and by
Lemma 4.3.6, a subsequence admits a pair of wg—related limits of the form & (xi), where
% € 0. So Lemma 4.3.3 shows that

posg s(&(z™), F') < woposg s(&(x7), F). (4.5)
Since F,F" ¢ K, neither posg ¢(§(z™), F') nor posg ¢(§(z7), F) can be in I. As I is

wo—fat, this implies in particular woposg ¢(§(x7),F) € I. But I is an ideal, so (4.5)
implies posg ¢(&(z"), F') € I, a contradiction. O
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4.3 Domains of discontinuity

4.3.2 Cocompactness

We now come to the cocompactness part of Theorem 4.3.1. Owing to the fact that we
want to apply everything to oriented flag manifolds, our setup here is more general than in
[KLP18]. Nevertheless, all the key arguments from that paper still work. This includes in
particular the idea of using expansion to prove cocompactness. The connection between
(convex) cocompactness and expansion at the limit set was originally observed for Kleinian
groups in [Sul85].

We included a detailed discussion of these arguments in Section 2.3 and just state the
result here. The following notion of an expanding action was introduced by Sullivan in

[Sul85, §9).

Definition 4.3.8. Let Z be a metric space, g a homeomorphism of Z and I'" a group
acting on Z by homeomorphisms.

(i) g is expanding at z € Z if there exists an open neighbourhood z € U C Z and a
constant ¢ > 1 (the expansion factor) such that

d(gz, gy) > cd(z,y)
for all z,y € U.

(ii) Let A C Z be a subset. The action of I' on Z is expanding at A if for every z € A
there is a v € " which is expanding at z.

Recall that for any compact metric space Z, we denote by C(Z) the set of compact subsets
of Z. The key proposition will be the following:

Proposition 4.3.9 (Proposition 2.3.11). Let p: I' = G be a representation of a discrete
group I" into a Lie group G, X andY compact G-homogeneous spaces and Q: X — C(Y')
a G—-equivariant map. Let A C X be compact and T'—invariant such that the action of T
on X is expanding at A. Assume further that Q(\) N Q(N') = & for all distinct A\, \' € A.
Then I' acts cocompactly on Q@ =Y \ Uycp Q(A).

We apply this to the setting of Anosov representations and oriented flag manifolds, to get
the main result of this section. Let I', G, R, S and wg and I be as in Theorem 4.3.1.
We need to show is that the action of a Pr—Anosov representation is expanding at the
image of its limit map. This follows easily from the analogous statement in the unoriented
setting (see |[KLP17, Theorem 1.1(ii)]), but for convenience we also give a direct proof
here.

Proposition 4.3.10. Let p : I' — G be a Pr—Anosov representation and & : Oxol' — FRr

a limit map of transversality type Jwo] € WR’R. Then the action of I on Fg is expanding
at £(0s0T).

Proof. First note that expansion does not depend on the choice of Riemannian metric
on Fr. To get rid of some constants, we will use a K—-invariant metric for this proof.

Fix x € 0,[. Since I' is a non—elementary hyperbolic group, z is a conical limit
point, meaning there is a sequence (v,) € 'V and distinct points b,c € 95I" such that
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4 Domains of discontinuity in oriented flag manifolds

Ynlowr\{z} — b locally uniformly and v,z — ¢ (see [Bow99, Proposition 1.13] and [Tuk98,
Theorem 1A]). We will show that p(7,) is expanding at £(x) for (some) large enough n.

Decompose p(v;!) = knanly, with k., £, € K and a, = e € exp(a®). After replacing
(7n) by a subsequence, we may assume that k, converges to k and ¢, converges to /.
As in the proof of Lemma 4.3.5 we see that ([~ wy '], [k]) is a pair of wy-related limits
for (p(7,1)). By Lemma 4.3.6 and Lemma 4.3.4, (£(b),&(x)) are also wo-related limits
for (p(,')). Using the action from Lemma 4.3.5 and possibly modifying the KAK-
decomposition accordingly by some m € Zy (a), we can thus assume that &(b) = [(~ wy ']

and &(x) = [k].

Since b # ¢, {(c) is contained in Cfp,,,1(£(b)). This is an open set, so we can choose § > 0
such that Bas(£(c)) C Cluep(£(D)). As a first step, we prove that a, is contracting at

C = Fr\ Ns(Fr \ Clup([wy]))-

By Lemma 4.1.28, X — [e*] is a diffeomorphism from n, to Clwo] (Jwg']). Choose a scalar
product on n, which makes the root spaces orthogonal. It defines a Riemannian metric
on n, and therefore also on C[woﬂ([wal]). On the compact subset C C Cﬂwoﬂ([wal]), it
is comparable to the K—invariant metric on Fr up to a constant C. Now a,[exp(X)] =
[an exp(X)a, 1] = [exp(ed4» X)] for every X € ny, so the action of a, on C[[wo]]([wal])

ad A

translates to the linear action of €*““ on n,. So for every z € C

||Dzan|| < CHeadAnHug < C’e_min{o‘(A")'O‘EA\e}.

Here || - ||~ is the operator norm with respect to the chosen norm on n,. The second
0

inequality holds since every root 8 € ¥7\(A\#) has a strictly negative coefficient for at
least one a € 6 and nonpositive coefficients for all o/ € A, so B(A,) < —a(A4,).

Let n be large enough such that ||D,a,| < 1 for all z € C. By a standard argument on the
lengths of curves, this implies that every z € C has a small neighborhood and a constant
x < 1 such that d(anv,a,w) < kd(v,w) for all v,w in this neighborhood. Clearly, this
means that a,! is expanding on a,C. As our metric is K—invariant, p(v,) = ¢, 'a, 'k,
is thus expanding at k,a,C = p(v,,1)¢, 'C.

But since £,&(ynz) — ££(c) we can, by taking n large enough, assume that ¢,£(y,x) €
Bs(£&(c)). Since Bas(€&(c)) C Cﬂwoﬂ([wo_l]), we have Bs(£&(c)) C C. This shows {(z) €
p(v)e,1C, 50 p(7,) is expanding at that point, which is what we wanted to show. [

Theorem 4.3.11. Let p: I' = G be an_Pr—Anosov representation and § : OscI' = Fr a
limit map of transversality type Jwo] € Wgr r. Assume that I C Wg,s is a wo-slim ideal,
and define the set K C Fg as

K= {J U Cu@).

€T [w]el

Then K is I'—invariant and closed, and T' acts cocompactly on the domain Q = Fg \ K.
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4.4 Examples of balanced ideals

Proof. TI'-invariance and closedness of K follows from Lemma 4.1.29 and Lemma 2.3.8(ii).
As discussed in Lemma 4.1.29, the map

Q: Fr — C(Fs)
f= U Crh)

[wler

is G—equivariant. Moreover, (0 I") is compact and the action of I on Fp is expanding
at £(0I") since p is Pr—Anosov (Proposition 4.3.10). If we can show that Q(&(x)) N
Q(&(x")) = @ for x # ', cocompactness will follow from Proposition 4.3.9.

Let ¥ € Q(£(2')) be any point. Since & has transversality type [wo] and by definition of
Q, we have the relative positions

posg g(§(2), £(2")) = [wol,
posg s(§(2'),y) =: [w] € I.

By Lemma 4.1.20, this implies that posg ¢(§(7),y") > [wow]. Since [wow] & I by wo-
slimness and I is an ideal, v’ & Q(&(z)). O

4.4 Examples of balanced ideals

In this section, we will describe explicitly the Bruhat order on W and the possible balanced
ideals for the group G = SL(3,R). These examples already show how passing from W to
1% vastly increases the number of balanced ideals and therefore the possibilities to build
cocompact domains of discontinuity. We have no classification of all balanced ideals, so
explicit examples of balanced ideals will be restricted to low dimensions and some special
cases in higher dimension.

4.4.1 Reduction to R = {1,w?} and S = {1}

In applications, we are usually given a fixed representation p: I' — G. If it is Anosov, then
by Proposition 4.2.4, there is a unique minimal oriented parabolic type R = (v(A\0), E)
for p. If we also fix one of the possible lifts of the boundary map to Fg, then we get a
transversality type [wo] € Wg, r. To apply Theorem 4.3.1 and find cocompact domains of
discontinuity in a given flag manifold Fg, we need to look for wp—balanced ideals in WR,S.
Note that this notion of wp—balanced only depends on the equivalence class [wo].

To enumerate all balanced ideals as we want to do in this section, a different approach
is more convenient: We first determine the set T' C W of transverse positions. Then, we
want to list all wp-balanced ideals in Wg g for wg € T" and all possible oriented parabolic
types R = (v(A\0), E) and S = (v(A\n), F). For this to be well-defined, wp must act
as an involution on AW/RS, which by Section 4.1.4 happens if () = 6, onwgl = F and
wg e k.
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4 Domains of discontinuity in oriented flag manifolds

Note that the smallest E satisfying these conditions is E = {1,w2}. The following lemma
implies that when listing all possible wg—balanced ideals, one can restrict to the minimal

choice R = {1,w?} and S = {1}.

Lemma 4.4.1. Let R and S be oriented parabolic types as above, and consider the pro-
Jection T W{17w3}7{1} — Wgrys. Assume that I C Wgs is a wo-balanced ideal. Then

7 1(I) C Wit wzy 1y @ a wo-balanced ideal as well.

Proof. By Lemma 4.1.15(i), 7= (1) is again an ideal. Let [w] € W{17w8}7{1}, and recall
that wg acts by left multiplication on both ’Wv{ng}, (1y and WR,S, satisfying

7 ([wow]) = wor([w]).
Therefore, we obtain the following equivalences:

[w] € 7~ 1(1) & w([w]) € I < wor([w]) ¢ I < [wow] ¢ (1) =

By this lemma, every wp—balanced ideal in WR,S is obtained by projecting a R-left in-
variant and S-right invariant wg—balanced ideal of W{ng}, (13- We can further reduce
the number of wy we have to consider by observing that choices of wg conjugate by an
element in M lead to essentially the same balanced ideals:

Lemma 4.4.2. Let I C W{ng}’{l} be a wo-balanced ideal and m € M. Then ml is a

mwom ™ —balanced ideal.

Proof. ml is again an ideal by Lemma 4.1.18(i). It is mwom~!-balanced because

[w] € mI < [m™ w] € I < wo[m ™ w] ¢ I & (mwom™)[w] & ml. O

Given a wo-balanced ideal I and an element m € M such that mwom ™" = wg, mI is
again wg—balanced. The cocompact domains obtained via Theorem 4.3.1 for I and m[ are
in general different. In contrast to this, the action of M by right-multiplication is easy to
describe: An ideal I is wg—balanced if and only if I'm is. Moreover, by Lemma 4.1.18, the
domain will simply change by global right—-multiplication with m, i.e. by changing some
orientations.

4.4.2 The extended Weyl group of SL(n,R)

Let G = SL(n,R) with maximal compact K = SO(n,R) and a C sl(n,R) the set of
diagonal matrices with trace 0. Then ¥ = {\; — A\ | i # j} C a*, where \;: a — R is the
i—th diagonal entry. Choose the simple system A consisting of all roots «a; = A\; — A\j11
with ¢ < i <n — 1. Then By is the subgroup of upper triangular matrices with positive
diagonal. The group Zx (a) is the group of diagonal matrices with +1 entries and det = 1.
Its identity component is trivial, so M = Zx(a). The extended Weyl group W = N (a)
consists of all permutation matrices with determinant 1 — i.e. all matrices with exactly
one *+1 entry per line and row and all other entries 0, such that det = 1.
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4.4 Examples of balanced ideals

A generating set v(A) in the sense of Definition 2.2.5 is given by

Iiq
V(i) = -
In—i1
The transverse positions 17" C W are antidiagonal matrices with £1 entries. The number

of —1 entries has to be even if n is equal to 0 or 1 mod 4, and odd otherwise. In one
formula, it has the same parity as (n — 1)n/2.

The group M is generated by diagonal matrices with exactly two —1 entries and the
remaining entries +1. Conjugating wg € T by such an element negates the two lines and
the two columns corresponding to the minus signs. This yields the following standard
representatives for equivalence classes in T under conjugation by M:

(i) If n is odd, the (n—1)/2-block in the upper right corner can be normalized to have
+1-entries.

(ii) If n is even, the (n—2)/2-block in the upper right corner can be normalized to have
+1-entries.

If wo, w) € T of this form are different, they are not conjugate by an element of M.

4.4.3 Balanced ideals for SL(3,R)

Let G = SL(3,R) and A = {ay, as} the set of simple roots, viewed as their associated
reflections. These generate the Weyl group

W = (ar, a0 | af = a3 = (a1a2)® = 1) = {1, a1, a2, @109, agay, ayazan }.

The Bruhat order on W is just the order by word length and there is a unique longest
element wy = ajaga; which acts on W from the left, reversing the order (see Figure 4.1).

10

I

a1 Q201

)
a1\ /042

1

Figure 4.1: The Weyl group of SL(3,R). The black lines indicate the Bruhat order, in the
sense that a line going downward from x to y means that = covers y in the
Bruhat order. The red arrows show the involution induced by wg. The subset
surrounded by the green box is the only balanced ideal.
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4 Domains of discontinuity in oriented flag manifolds

There is only one wg—balanced ideal in this case, which is indicated by the green box in
Figure 4.1.

Since |M| = 4, each of the 6 elements of W has 4 preimages in W, corresponding to
different signs in the permutation matrix. The Bruhat order on W can be determined
using Proposition 4.1.16 and is shown in Figure 4.2. See Section 4.4.4 for a geometric
interpretation in terms of oriented flags.

Figure 4.2: The Bruhat order on the extended Weyl group of SL(3,R). Different colors
are used purely for better visibility.

To find balanced ideals, we first list the possible transverse positions wg € T'. These are
1 -1 -1 1

1 -1 1 -1

The first two of these are conjugate by M, as are the last two. So we have to distinguish
two cases.

1
(i) wo = (1 -1 > Since w3 = 1, the minimal choice of E (or R) is the trivial group,

SO WR,S = W{l}’{l} = W. The involution induced by wg acts on W in the following
way (each dot represents the corresponding matrix from Figure 4.2):
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4.4 Examples of balanced ideals
X XXX
([ J ([ J [ [ [ J ([ [ ] ([ J

We obtain the following balanced ideals:

a) The lift of the unoriented balanced ideal contains all relative positions in the
bottom half of the picture.

b) Ideals containing two positions from the third level and everything below these
two positions in the Bruhat order. The possible pairs of positions from the third
level that can be chosen are (ideals which are equivalent by right-multiplication
by M are in curly brackets):

{(1,4),(2,3)},{(5,8),(6,7)}

as well as

{(1,7),(2,8),(3,6), (4,5)},{(1,8),(2,7),(3,5), (4,6)}.

In the following picture, we drew the examples (1,4) in red and (1,7) in green.

c) Ideals containing one relative position from the third level and everything ex-
cept its wo-image from the second level and below. There are 8 balanced ideals
of this type, determined by the element on the third level. Right multiplication
by M identfies the first 4 and the last 4 ideals.

In total, we find 21 wp—balanced ideals, which form 7 equivalence classes with respect
to right-multiplication with M. Let us emphasize again that the balanced ideals
in (b) and (c) are not lifts of balanced ideals from the unoriented setting. If a
representation satisfies the prerequisites of Theorem 4.3.1, we therefore obtain new
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4 Domains of discontinuity in oriented flag manifolds

cocompact domains of discontinuity in oriented flag manifolds. For example, we will
apply this to Hitchin representations in Section 4.5.1.

—1 -1
(i) wo = (1 1 ) Since wg = ( 1 1) is nontrivial, the minimal choice of R is

{1,w?} and we consider R\W. By Lemma 4.1.15 we get the Bruhat order on R\W
as the projection of Figure 4.2. It is shown in Figure 4.3 alongside the action of wy

on R\W.
L o
%
’111‘ ’711_1‘ ‘—11_1‘ )111’ o o o o
1%%(1‘111 ll
—1 1 1 1 ) \
‘111’ ‘171—1’

Figure 4.3: The Bruhat order on R\W and the involution given by wg. Different colors
are used purely for better visibility.

In this case, the only balanced ideal is the lift of the unoriented one, and we do not
obtain any new cocompact domains of discontinuity in oriented flag manifolds.

4.4.4 Geometric interpretation of relative positions for SL(3,R)

In order to give a hands—on description of the various relative positions we saw in the pre-
vious subsection, we need notions of direct sums and intersections that take orientations
into account. These notions appeared already in [Gui05], where they are used to describe
curves of flags. First of all, let us fix some notation for oriented subspaces.

Definition 4.4.3. Let A, B C R"™ be oriented subspaces. Then we denote by —A the
subspace A with the opposite orientation. If A and B agree as oriented subspaces, we

write A £ B.

Now let A, B C R™ be oriented subspaces. If they are (unoriented) transverse, taking
a positive basis of A and extending it by a positive basis of B yields a basis of A & B.
Declaring this basis to be positive defines an orientation on A @ B. The orientation on
the direct sum depends on the order we write the two subspaces in,

A® B ; (_1)dim(A)dim(B)B @ A.
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4.4 Examples of balanced ideals

The case of intersections is slightly more difficult. Assume that A, B C R™ are oriented
subspaces such that A + B = R", and fix a standard orientation on R™. Let A’ C A be
a subspace complementary to AN B and analogously B’ C B a subspace complementary
to AN B. We fix orientations on these two subspaces by requiring that

AeBIR?

and
Ae B LR"

Then there is a unique orientation on A N B satisfying
A'®(ANB)® B £R"

This is the induced orientation on the intersection. Since the set of subspaces of A
complementary to AN B can be identified with Hom(A’, AN B) and is therefore (simply)
connected, the result does not depend on the choice of A’, and analogously does not
depend on the choice of B’. Like the oriented sum, it depends on the order we write the
two subspaces in,

BNnAZX (_1)codim(A) codim(B) A A B.

With this terminology at hand, consider the oriented relative positions shown in Fig-
ure 4.2. Let f € G/By be a reference complete oriented flag. We denote by %) the

-1 —~
k—dimensional part of the flag f. Let w = ( ) —1 ) € W. Then the refined Schubert

stratum of flags at position w with respect to f

Cu(f) ={F€G/By | f@orW =R fOor® L R

The other three positions of the highest level are characterized by the other choices of the
two signs. Similarly, for the position w' = (1 ) 1) € W, we obtain

Cw(f)={F e G/By | f(l) o FM L f(2)’ f(2) NF® = F(l)},

and the other three positions are characterized by the other choices of the two signs.
Similar descriptions hold for the remaining oriented relative positions.

4.4.5 A simple example in odd dimension: Halfspaces in spheres

As the previous subsection demonstrated, calculating the most general relative positions
and the Bruhat order gets out of hand very quickly as one increases the dimension. For
example, in SL(5,R), there are 120 unoriented relative positions between complete flags
and 1920 oriented relative positions between complete oriented flags. For practical reasons,
it thus makes sense to restrict to more special cases, i.e. to consider relative positions
Wrg,s for bigger R, S than strictly necessary.
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4 Domains of discontinuity in oriented flag manifolds

Let G = SL(2n + 1,R) and 6 = {ay,, ant+1}, 1 = {a1}, so that Fy is the space of partial
flags consisting of the dimension n and n + 1 parts, and F,, is RP?". Furthermore, let

E= <M97V(an)2v(an+l)2> - {m € M | mn+1,n+1 = +1}’

F =M, R= (v(A\§),E), and S = (v(n), F). Then Fg is the space of oriented partial
flags consisting of oriented n— and (n + 1)—dimensional subspaces up to changing both
orientations simultaneously, and Fg is 52", the space of oriented lines on R2"*!. Choose
wp to be antidiagonal with —1 as the middle entry. The remaining entries are irrelevant
for this example; if 2n 4+ 1 € 4Z + 3, there should be an odd number of minus signs, if
2n + 1 € 47 + 1, it has to be even.

The Bruhat order on the space WRS of relative positions as well as the involution wy
are shown in Figure 4.4. We only need to keep track of the first column of the matrix
representative since we right quotient by S. The left quotient by R then reduces the
possible relative positions further.

0
0
1

0 0

0 0
1
0
0

Figure 4.4: Oriented relative positions between Fr and Fg

There are thus two balanced ideals, determined by choosing one of the two middle posi-
tions. This is in contrast to the unoriented case, where the two middle positions coincide
and are a fixed point of the involution. In the case n = 3, the lifts of these two balanced
ideals to W are among the 21 wp—balanced ideals described in Section 4.4.3. In the no-
tation of case (i)b there, these are the ideals (1,4) and (2,3). In particular, the balanced
ideal indicated in red in Section 4.4.3 is the lift of the balanced ideal we obtain here in
Wr,s by choosing the first of the middle positions.

The geometric description of the relative positions is as follows. Let f € Fgr be a reference

0 1
flag. Then [w] = [0 and [w'] = [0
1

0

] correspond to

Cloy(f) ={FeS™|F ¢ fmYy,  Cpq(f)={Fes™|Fefm},
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4.5 Examples of representations admitting cocompact domains of discontinuity
0
and [w"] = | 1| corresponds to
0
Crum(f) ={F € ™| fMW o F £ frth},

This can be rephrased slightly: The codimension 1 subspace f(™ ¢ f("+1) decomposes
F+1) into two half-spaces, and we say that an oriented line I € (1 is in the positive
half-space if f(™ & 1 = f+1) " This is invariant under simultaneously changing the
orientations of both f( and f™*Y and therefore well-defined. Then Clurp(f) is the

spherical projectivization of the positive half of f(*+1).

The half great circles in Figure 1.2 in the introduction are an example of this construc-
tion, and the associated cocompact domain of discontinuity in S? for a convex cocom-
pact representation p: F, — SOg(2,1) corresponds to this balanced ideal. The higher—
dimensional cases apply to Hitchin representations and generalized Schottky represen-
tations into PSL(4n + 3,R), yielding cocompact domains of discontinuity in S*"*+2 (see
Section 4.5.1 and Section 4.5.2). The latter case includes in particular the motivating
example from the introduction.

4.5 Examples of representations admitting cocompact
domains of discontinuity

4.5.1 Hitchin representations

Let I' = 71 (S) be the fundamental group of a closed surface S of genus at least 2. Recall
from Section 1.2 that a representation p: I' — PSL(n,R) is called Hitchin representation
if it is in the same connected component as a representation of the form ¢ o pg, with
po: I' = PSL(2,R) discrete and injective and ¢: PSL(2,R) — PSL(n,R) the irreducible
representation. Every Hitchin representation is B—Anosov |Lab06].

To find out if the limit map of a Hitchin representation lifts to an oriented flag manifold,
let us first take a closer look at the irreducible representation. The standard Euclidean
scalar product on R? induces a scalar product on the symmetric product Sym™ ! R? by
restricting the induced scalar product on the tensor power to symmetric tensors. Let X =

((1)) and Y = (?) be the standard orthonormal basis of R?. Then e; = (?_‘%)X noiyi-l

for 1 < ¢ < n is an orthonormal basis of Sym”_1 R? and provides an identification R 22
Sym"™ ' R% For A € SL(2,R) let ¢(A) € SL(n,R) be the induced action on Sym" ! R? in
this basis. The homomorphism

t: SL(2,R) — SL(n,R),

defined this way is the (up to conjugation) unique irreducible representation. It maps —1
to (—1)""! and is therefore also well-defined as a map ¢: PSL(2,R) — PSL(n,R). The in-
duced action on Sym™ ! R? preserves the scalar product described above, so +(PSO(2)) C
PSO(n).
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4 Domains of discontinuity in oriented flag manifolds

It is easy to see that ¢ maps diagonal matrices to diagonal matrices. It also maps upper
triangular matrices into By C PSL(n,R) (that is, upper triangular matrices with the diag-
onal entries either all positive or all negative). Therefore, ¢ induces a smooth equivariant
map

¢: RP' — Fiyy

between the complete oriented flag manifolds of PSL(2,R) and PSL(n,R).

Proposition 4.5.1. Let p: I' — PSL(n,R) be a Hitchin representation. Then its limit
map §: Ol — Fy; = G/B lifts to the fully oriented flag manifold Fyy = G /By with
transversality type

wy =
-1

1

So all Hitchin representations are Bog—Anosouv.

Proof. Since the By—Anosov representations are a union of connected components of B—
Anosov representations by Proposition 4.2.9, we can assume that p = ¢ o pg is Fuchsian.

Let &: O’ — RP! be the limit map of pg and =: Fi1y — Fyr the projection forgetting
all orientations. Then the limit map &: O I' = Fj; of p is just m o ¢ o & (this is the
unique continuous and dynamics—preserving map, see [GGKW17, Remark 2.32b]). So
§ = ¢ o0& is a continuous and p-equivariant lift to Fy1y. To calculate the transversality
type, let x,y € 0xI' with &(x) = [1] and & (y) = [w] € RP!, where w € PSL(2,R) is the
anti-diagonal matrix with £1 entries. Then, since ¢(w) = wy,

~

pos(&(x), £(y)) = pos(([1]), ¢([w])) = pos([L], [s(w)]) = wo € W. O

Remark 4.5.2. Note that Hitchin representations map into PSL(n,R) and not SL(n, R).
If n is even, the fully oriented flag manifold Fy;y in PSL(n,R) is the space of flags
fM ... c fO=1 with a choice of orientation on every part, but up to simultaneously
reversing the orientation in every odd dimension (the action of —1). While we could lift
p to SL(n,R), its limit map would still only lift to f{s’iY}L’R) = ]:ES}L(n’R) and not give us
any extra information.

Now that we know that Hitchin representations are Bp—Anosov, we can apply Theo-
rem 4.3.7 and Theorem 4.3.11. For every wp—balanced ideal in W we get a cocompact
domain of discontinuity in the oriented flag manifold Fy;, of PSL(n,R). These include
lifts of the domains in unoriented flag manifolds constructed in [KLP18|, but also some
new examples.

There are 21 different such wp—balanced ideals if n = 3 (see Section 4.4.3) and already
4732 of them if n = 4, which makes it infeasible to list all of them here. However, it is
not difficult to state in which oriented Grassmannians these domains exist.

Proposition 4.5.3. Let n > 3 and p: I' — PSL(n,R) be a Hitchin representation. As-
sume that either
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4.5 Examples of representations admitting cocompact domains of discontinuity

(i) n is even and k is odd, or
(ii) n is odd and k(n+k +2)/2 is odd.

Then there exists a nonempty, open U'—invariant subset Q C Grt(k,n) of the Grassman-
nian of oriented k—subspaces of R™, such that the action of I' on § is properly discontinuous
and cocompact.

Remarks 4.5.4.
(i) The domain €2 is not unique, unless n is even and k € {1,n — 1}.

(ii) In case (i) of Proposition 4.5.3, there is a cocompact domain of discontinuity also
in the unoriented Grassmannian, and 2 is just the lift of one of these. The domains
in case (ii) are new (see Section 3.2.2)

Proof. In the light of Theorem 4.3.1 it suffices to show that there is a wo—balanced ideal
in the set W /S where S = (v(A \ {ax})). A wo-balanced ideal exists if and only if the

action of wg on W /S has no fixed points (see Lemma 4.1.22 and Lemma 2.1.6).

To see that wgy has no fixed points on W /S, observe that every equivalence class in W /S
has a representative whose first k columns are either the standard basis vectors e; , ... e;,

OF —€,,€io, ..., €4, With 1 <y < -+ < i <n. So we can identify W/S with the set
{£1} x {k—element subsets of {1,...,n}}.
The action of wg on this is given by
(e, ity .. ix}) = ((1)FED240,GH e n 41— n+ 1 —dg)).

Only looking at the second factor, this can have no fixed points if n is even and k is odd,
showing case (i). Otherwise, to get a fixed point it is necessary that i; +ip11—; =n+1
for all 7 < k. But then

k(k — 1)
2

E(n+k+2)

k(k — 1)
2 + 2 ’

J

(ij+1) = +§(n+3):

k
=1

so wo fixes these elements if and only if k(n + k +2)/2 is even. Note that this number is
always even if n and k are both even, which is why assuming n odd in case (ii) does not

weaken the statement.

It remains to show that every Q € Grt(k,n) constructed from a balanced ideal I C W/S
is nonempty. Consider the lifts Q' C Fi1y of 2 and I' C W of I. Then € is the domain in
Fi1y given by [ ’. We will show that Fiy \ ' has covering codimension' at least 1, so €
must be nonempty. Similar arguments were used in [GW12]| to prove the nonemptiness of
certain domains. See [Nag83] for more background on dimension theory. In this case, we

1 The (Lebesgue) covering dimension of a topological space X is the smallest number n such that every
open cover of X admits a refinement with the property that each point of X is contained in at most
n + 1 of its elements.
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4 Domains of discontinuity in oriented flag manifolds

could also use the dimension of Fyy \ Q' as a CW-complex, but the present approach has
the benefit of generalizing to word hyperbolic groups with more complicated boundaries.

By Lemma 2.3.8 and the proof of Theorem 4.3.11, Fyy \ @ is homeomorphic to a fiber
bundle over d,,I' = S* with fiber Upwer Crup([1]). The covering dimension is invariant
under homeomorphisms and has the following locality property: If a metric space is
decomposed into open sets of dimension (at most) k, then the whole space is (at most)
k-dimensional?. Therefore, the dimension of this fiber bundle equals the dimension of
a local trivialization, that is, the dimension of the product R x Up,e; Crup([1])- By
[Mor77, Theorem 2|, the dimension of a product is the sum of the dimensions of the
factors whenever one of the factors is a CW complex®. Thus

. no__ . _

dim(F \ Q) =1+ Ilfgleal);:dlm Cuw([l) =1+ rwng;,(ﬁ(w).
If we know that £(w) < l(wp) — 2 for every w € I', then, since dim Fy;y = £(wp), the
codimension of Fyyy \ ' is at least 1, so Q # @.

For k < n, if we write wy = v(a1)v(ag) - - - v(ag), and w = v(az) - - - v(ag), then by direct
calculation, one verifies that
Wy = Wp—1 W1

and
wov(Qg) = Wp—1 *** Wy 1 WWp—1 - - W1

(see Section 4.4.2 for an explicit description of W) These are reduced expressions in the
v(a;). So if n > 3, then v(ay) < wov(ay) by Proposition 4.1.16. Therefore, the balanced
ideal I’ C W cannot contain wov(ay) and thus no element of length ¢(wg) — 1. O

A special case of such cocompact domains of discontinuity for Hitchin representations
p: I' = PSL(4n+3, R) is described by the balanced ideals in Section 4.4.5: Let £: OxI' —
F{1y be the boundary map of p, with image in complete oriented flags in R*+3_ Then the
domain inAS‘”H'2 is obtained by removing the spherical projectivizations of the positive
halves of ()2, 2 € 0,I'. Note that in the case of PSL(3,R), the result is not
very interesting: Consider the base case dnI' £% PSL(2,R) % PSL(3,R), where pg is
Fuchsian and ¢ is the irreducible representation. Since the limit set of pg is the full circle,
the domain simply consists of two disjoint disks, and the quotient is two disjoint copies of
the surface S (compare Figure 1.2). In higher dimension however, the domain is always
connected and dense in S4"+2,

4.5.2 Generalized Schottky representations

In |[BT18|, generalized Schottky groups in G = PSL(n,R) are introduced. The con-
struction relies on the existence of a partial cyclic order on the space G/By = Fi1ys

2This follows from the equivalence of covering dimension and strong inductive dimension ([Nag83, The-
orem IL.7]) and locality of the strong inductive dimension.

3In that paper, Kat&tov—Smirnov covering dimension is used, which coincides with (Lebesgue) covering
dimension for normal spaces.

86



4.5 Examples of representations admitting cocompact domains of discontinuity

which is an oriented version of Fock—Goncharov triple positivity [FG06] and Labourie’s
3-hyperconvexity [Lab06]. We will give a brief overview of generalized Schottky groups
and their properties before showing how they fit into our framework. More details and
proofs can be found in [BT17| and [BT18|.

For all odd dimensions, the partial cyclic order on Fyqy is given as follows. Recall that
we defined oriented direct sums in Section 4.4.4.

Definition 4.5.5. Let G = PSL(2n + 1,R) and Fi, I, F3 € Fy;) be complete oriented
flags. Then the triple (Fy, Fy, F3) is positive or increasing if

Fl(h) @ Fz(iz) @ F§i3) + gp2ntl
for every choice of i1, 49,73 > 0 such that i1 + 9 + i3 =2n + 1.

Note that positivity of a triple includes in particular the condition Fi(“) D F].(ZZ) £ R2n+l
for ¢ < j and i1 +12 = 2n+ 1, which we call oriented transversality of F; and Fj. In terms
of relative positions, this means that pos(Fj;, Fj) = wp, where wy is the transversality type
of Hitchin representations (see Proposition 4.5.1). Having this partial cyclic order allows
to define intervals in Fyyy:

Definition 4.5.6. Let (F1, F3) be an oriented transverse pair of complete oriented flags.
Then the interval between F; and Fj is given by

(F1, F3)) = {F> | (I, F», F3) is increasing}.

Consider a cycle (Fi, ..., Fy), that is, a tuple such that (Fj, F}, F) is increasing for any
1 < j < k. This defines the 2k intervals

I = (Fo—1, Fy)), 1 <i < 2k.
We say that a transformation g € PSL(2n+ 1,R) pairs two intervals I; and I;, i # j, if
g(Fpi—1) = Iy and g(Fo;) = Foj_1.
Now pick k generators gi,...,gx € PSL(2n + 1,R) pairing all of the intervals in some
way.

Definition 4.5.7. A purely hyperbolic generalized Schottky group in PSL(2n+1,R) is the
group (g1, ...,gx) C PSL(2n+1,R), where the generators g; are constructed as above. The
associated representation p: F, — PSL(2n+ 1,R) is called a purely hyperbolic generalized
Schottky representation.

In this definition, “purely hyperbolic” refers to the fact that all of the endpoints of intervals
are distinct. This assumption is important to obtain contraction properties and provides
a link to Anosov representations. It is an easy consequence of the Ping—Pong-Lemma
that all generalized Schottky representations are faithful.

A map between partially cyclically ordered sets is called increasing if it maps every in-
creasing triple to an increasing triple. Moreover, the abstract group I' = F}, is identified
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4 Domains of discontinuity in oriented flag manifolds

with a subgroup of PSL(2,R) by picking a model Schottky group in PSL(2, R) admitting
the same combinatorial setup of intervals and generators as in PSL(2n+1,R). This yields
a homeomorphism between 0,I" and a Cantor set in OH?Z.

The following result allows us to apply our theory of domains of discontinuity to purely
hyperbolic generalized Schottky representations.

Theorem 4.5.8 (|[BT18|). Let p: I' = F, — PSL(2n + 1,R) be a purely hyperbolic gen-
eralized Schottky representation. Then p is Bo—Anosov. Moreover, the boundary map
§: Oocl' — Fy1y is increasing.

As observed above, the definition of the partial cyclic order on F(;y implies that the

transversality type wg of Z is the same as for Hitchin representations. Consequently,
the same balanced ideals can be used to obtain domains of discontinuity. In particu-
lar, the balanced ideals from Section 4.4.5 yield cocompact domains in S4**2 for purely
hyperbolic generalized Schottky representations p: I' — PSL(4n + 3,R). The motivat-
ing example from the introduction is a special case of this: Every convex cocompact
representation po: I' — PSL(2,R) admits a Schottky presentation, and the composition
r 2, PSL(2,R) = PSL(3, R) with the irreducible representation ¢ is a purely hyperbolic
generalized Schottky representation acting properly discontinuously and cocompactly on
the domain shown in Figure 1.2.

4.6 Block embeddings of irreducible representations of
SL(2,R)

Let n be odd and k < n. Let t;: SL(2,R) — SL(k,R) be the irreducible representation
(see Section 4.5.1). Then we define

be: SL(2,R) — SL(n,R), A (“C%A) Ln_;?(A)> .

Let I' be the fundamental group of a closed surface of genus at least 2 and p: ' —
PSL(2,R) a Fuchsian (i.e. discrete and faithful) representation. Let p: I' — SL(2,R) be a
lift of p. We get every other lift of p as p®, where e: I' — Z/2Z is a group homomorphism

and 7°(7) = (—1)°V5(7).

In this section, we will consider representations pj, = by o p° obtained by composing
a Fuchsian representation with b;. Our main result is the following proposition and
its corollary: For different choices of k and e, the representations pj, land in different
connected components of Anosov representations.

Proposition 4.6.1. The representation pj, is B-Anosov and there ewists wy € T such
that its limit map lifts to a continuous, equivariant map into ]:{Lwi} of transversality type

[we]. Thus p5, is Py y2y~Anosov. The choice R = {1,w?} is minimal in the sense of
Proposition 4.2.4.
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4.6 Block embeddings of irreducible representations of SL(2,R)

Futhermore, wy, is up to conjugation by elements of M given by

J

Wg =

with
5 (—1)k=1/2] k odd
(=) ED2 0k eyen

and J € GL(%,R), K € GL(¢g — 1,R), and L € GL(%,R) denoting blocks of the
form

J= K= 1 L=(-1)9!

where ¢ = min(k,n — k) and Q = max(k,n — k).
Proof. To simplify the description of the limit map, we will first modify the block em-
bedding. For any A > 1 the map b, maps <())\ )\01> to

Akfl
Ak—S

Al_k

gx
Anfkfl

Ak+1fn
1

Let z € SO(n) be the permutation matrix (or its negative) such that the entries of zgyz~
are in decreasing order, and consider

P
where ¢ is the composition of b, and conjugation by z. The representation p’ is B—Anosov
if and only pf is, and, since SO(n) C SL(n,R) is connected, p’ then lies in the same

component of Homp_anosov(I', SL(n,R)) as pf. So we can consider p’ instead of pj.

We first show that p’ is B-Anosov. By [BPS16, Theorem 8.4], it suffices to show that
there exist positive constants ¢, d such that for every a € A and every element v € I', we
have

a(pn(p' (7)) > ¢yl — 4, (4.6)
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4 Domains of discontinuity in oriented flag manifolds

where p, is the Cartan projection in SL(n,R) and | - | denotes the word length in I". It
follows from the description in Section 4.5.1 that ¢ maps SO(2) into SO(n), and it maps

<>\ )\_1) to zgxz~!. Let ag denote the (unique) simple root for SL(2,R) and «; the
i-th simple root for SL(n,RR). Then by the above, for h € SL(2,R),

sao(ua(h)) if "5t — g <i < 54,
ag(pa(h))  otherwise

ai(pn(e(h))) = {

Since p° is Fuchsian and therefore Anosov, there are positive constants cg, dg such that

ao(p2(p” (7)) > coly| —do Yy eT.

This implies (4.6) with ¢ = ¢p/2 and d = dy/2, so p’ is B-Anosov.

The map ¢ maps B§L(2’R) into BSL(R’R) and —1 to some diagonal matrix m = 1(—1) € M

with £1 entries. So +(B) C Bg UmBy = Py ) and ¢ therefore induces smooth maps
@:Rpl%f{lym}:G/P{Lm}, w: Slﬁf{l}:G/B()

which are (—equivariant. Let m: Fyy 1 — Fj; be the projection which forgets orienta-
tions, and let £: JooI' — RP! be the limit map of p°, a homeomorphism (which does not
depend on ¢). Then the curve &€ = mopof: Ju ' — Fyz is p~equivariant and continuous.
The definition of z ensures that it is also dynamics—preserving. So by [GGKW17, Remark
2.32b] ¢ is the limit map of p/, and §A = pof is a continuous and equivariant lift to Fii,m)-

We now show that £ does not lift to f?ﬁ(n’R). Write 7’ Fy — Fip and p: S1 — RP! for

the projections. Then mopop = 7’ 01). Now assume that ¢ lifts to Fi1y- Then the curve
505‘1 = 7o @: RPT — Fy; also lifts to some curve $: RP* — Fiyy, ie. @' o @ =mo .
So
mofop=mopop=1o.

By right-multiplication with an element of M we can assume that $([1]) = [1]. So
o(p([1])) = [1] = ¥([1]), and uniqueness of lifts implies that @ o p = . But p([1]) =
p([—1]), so then [1] = 9 ([1]) = ¥ ([~1]) = [m] € F1y, which is false since either k or n —k
has to be even and therefore m € M \ {1}.

To calculate the transversality type, let w = (Pl (1)) € SL(2,R). Then ((w) € W and we
1

can easily compute the relative position of fA at the points x = ¢ "([1]) and y = g_l([w]).
It is L
pos(&(z),£(y)) = pos(p([1]), ¢([w])) = pos([1], [((w)]) = [¢(w)].

Now ¢ (w) and ¢,_(w) are antidiagonal, with alternating 41 entries and starting with
+1 in the upper right corner. Conjugation by z interlaces the two blocks in the following
way: The resulting matrix is antidiagonal, the middle entry is assigned to the odd—sized
block and going towards the corners from there, entries are assigned alternatingly to the
two blocks for as long as possible. Combined with the remarks on conjugation by M
at the beginning of Section 4.4.2 and careful bookkeeping, this proves the claim about
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4.6 Block embeddings of irreducible representations of SL(2,R)

the transversality type [wy]. Since t(w)? = ¢(—1) = m, we have wj = m (recall from
Remark 4.2.3 (ii) that wy, is well-defined up to conjugation with M, which does not change
the square since M is abelian). O
Corollary 4.6.2. Let n be odd, 0 < k1 < ko < "T_l and pill,piz be as in the previous
proposition. ]fpill and piz are in the same connected component of Homp_Anosov (L', SL(n, R)),
then k1 = ko and either k1 = ko =0 or €1 = 9.

As a consequence, Homp anosov(I', SL(n, R)) has at least 229~ (n — 1) + 1 components.

Proof. We saw before that pf, is P{Lw%}fAnosov, with a limit map of transversality
type [wyg], and that this is the minimal oriented parabolic for which pf is Anosov. By
Corollary 4.2.11, if p;! and piiwere in the same connected component, then [wg,] and
[wg,] would be conjugate by M, which only occurs when if k1 = ko by the discussion at
the beginning of Section 4.4.2.

Now assume that k1 = k2 = k # 0 but ;() # ea2(y) for some v € I'. Then p°'(y) =
—p°2(7y), so one of them, say p° (), has two negative eigenvalues while the eigenvalues of
7°2(7) are both positive. Then pi!(v) has k (if k is even) or n — k (if k is odd) negative
eigenvalues, while p;?(7) has only positive eigenvalues. But since p(7) has only real non-
zero eigenvalues for every B—Anosov representation p, there can be no continuous path

from p'(7) to pi?(7y) in this case.

In summary, we have ”Tfl different possible non-zero values for k and 229 different choices
for ¢ (its values on the generators of I'), giving 2297 (n — 1) connected components, plus
the Hitchin component, k& = 0. [
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5 Domains of discontinuity in other
homogeneous spaces

In this section, we consider the action of P—Anosov representations on the larger class of
homogeneous spaces G/H with finitely many P—orbits. Some parts of the construction
of domains of discontinuity generalize to this situation.

Let G be a connected semi—simple Lie group with finite center, P = Py C G a parabolic
subgroup with ¢(f) = 0, and H C G any closed subgroup such that the double quotient
P\G/H is finite. Recall that P\G/H then carries a natural partial order < (Defini-
tion 2.1.2). Let wy € W be the longest element of the Weyl group.

Examples for such homogeneous spaces are the symmetric spaces associated to G, i.e. the
spaces G/H where H is a union of connected components of the fixed point set of an
involutive automorphism o: G — G. These spaces have finitely many B-orbits [Wol74|
and the set B\G/H admits a Lie theoretic description [Mat79]. Note that if G/H is a
Riemannian symmetric space, i.e. if H is compact, then |B\G/H| = 1 and in fact every
discrete subgroup I' C G acts properly discontinuously on G/H.

In contrast to the case of flag manifolds, there is no natural order-reversing involution
available in this more general setting. Instead, in order to generalize the notion of fat
ideal, we introduce the following symmetric relation:

Definition 5.1.1. We write £ « & for £, € P\G/H if there exist f,F € G/P and
x € G/H such that

pos(f, F') = w, pos(f,z) =¢, pos(F,z) = ¢ (5.1)

This relation also has a simple description in terms of double cosets:

Lemma 5.1.2. Let g,g' € G be representatives of £,&' € P\G/H. Then & < & if and
only if PgH C PwoPg H.

Proof. Using the transitive G—action on transverse pairs of flags, we see that £ < & if
and only if there exists x € G/H such that pos([1],z) = £ and pos([wg],z) = £'. Now
this is equivalent to the existence of p,p’ € P with = [pg] and x = [wep'g’] (choosing
any representative in G for wy), or in other words g € PwoPg H. Since PwoPg' H is a
union of double cosets, it then contains all of PgH. O

Lemma 5.1.3. Let £,¢',¢" € P\G/H with § <+ & and £" > ¢'. Then £ + .
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5 Domains of discontinuity in other homogeneous spaces

Proof. We use Lemma 5.1.2. Let g, ¢, g € G represent £,&',£"”. Then Pg'H C PwyPgH
and Pg'H C Pg"H, so PwgPgH N Pg"H # &. But note that PwyoPgH is open, since it
is a union of copies of the oben subset PwoP C G. So PwgPgH must in fact intersect,
and therefore contain, Pg"” H. O

Example 5.1.4. If H = @ is another parabolic subgroup and &, & € P\G/Q, then £ <> &
if and only if & > weé.

Proof. 1t is easy to show that & <> woé for any £ € P\G/Q: Just represent £ by some
w € W and consider the triple [1], [wy] € G/P and [w] € G/Q. Lemma 5.1.3 then shows
that also & <+ &’ for every & > wo.

The converse is just an “unoriented” version of Lemma 4.1.20, but let us repeat the proof
here: Suppose £ <> & and represent &, &’ by w,w’ € W. Then there exist f, F € G/P and
xz € G/Q with

pOS(f’ F) = Wo, pOS(f,CC) = w, pOS(F,CL‘) = U}/.

We can assume that f = [1] and F' = [wp]. Then we can write x = [urw] with w € N and
r€ R:=PNW = (A\#) (this follows e.g. from Lemma 4.1.27).

Now let (A4,) € ot be a sequence with a(A,) — oo for all & € A and let g, = e~ € G.
Then g, f = f and g, F = F, but

A Ad;L An

= [e~Arurwerdrw An] = [~ Angyen

GnT = [eiA”urw] rw] — [rw]

and therefore

wow = pos(fwy], [w]) = pos(fwor™], [w]) = pos([wo], [rw]) < pos(Fx) =w'. O

There is an analogue of Lemma 3.1.4 in this general setting, which is as follows:

Lemma 5.1.5. Let (g,) € GN be a simply 0-divergent sequence and let (9=, g7) € F7 be
its limits. Let x,y € G/H be dynamically related via (g,). Then

€+ pos(g—,x) = pos(gh,y) < ¢ v¢ € P\G/H. (5.2)

Proof. Let & € P\G/H with £ <> pos(¢—,z). Then since the G-action on pairs of a
fixed relative position is transitive, there exists F' € G/P such that the triple (¢7, F, x)
satisfies (5.1), i.e.

pos(F,x) =&, pos(g—, F) = wy.

Since x,y are dynamically related, there is a sequence (x,) € (G/H)Y converging to x
such that g,x, — y. We can write x,, = h,z for some sequence h,, — 1 in G. Then
GgnhnF — g7 by Lemma 3.1.3, so

pos(gt,y) < pos(gnhnF, gnhnx) = pos(F,z) = &. O

This allows us to construct domains of discontinuity in an analogous way.
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Definition 5.1.6. Let I C P\G/H be an ideal with respect to <. Then we call I fat if
for every & & I there exists £ € I with £ < £’.

We do not define a notion of slim ideals because in contrast to the case of flag manifolds,
the space G/H is usually not compact in this generalized setting, and there is therefore
no hope of proving cocompactness for any of the domains of discontinuity. It remains to
be seen if there is any meaningful generalization of the theory of slim ideals to this setting
beyond cocompactness.

Theorem 5.1.7. Let p: I' — G be P-Anosov representation with limit map &: O’ —
G/P and I C P\G/H a fat ideal. Then

Q=G/H\ |J {zeG/H|pos({(2),z) € I}

2€050T
is an open and I'—invariant set and the action I' ~ Q via p is proper.

Proof.  Q is clearly I'-invariant. Since [ is an ideal, the set {x € G/H | pos(f,z) € I} is
closed for every f € G/P. Then Lemma 2.3.8(ii) shows that 2 is open.

To show properness, assume that z,y € ) are dynamically related. Then they are dy-
namically related by a simply §-divergent sequence (g,) € p(I')N with limits (¢~,g") €
£(05I")? (see Section 3.1). So by Lemma 5.1.5 we have

§ <> pos(g™,z) = pos(gt,y) <&  VE&e P\G/H.

Now pos(g~,z) € I as z € Q, so & <> pos(g—, z) for some & € I since I is a fat ideal. So
pos(gT,y) < & and therefore pos(g™,y) € I, which is a contradiction to the assumption
that y € Q. O

Note that, just as in the case of flag manifolds, the domain 2 from Theorem 5.1.7 could
be empty. Once again, one could use dimension arguments to show non—emptiness in
many cases. But one thing we can show in general is that there is always a non—trivial
fat ideal.

Lemma 5.1.8. £ € P\G/H is maximal if and only if

Ce(z) ={f € G/P|pos(f,z) =&}
is open for any (or every) x € G/H.

Proof. Clearly ¢ is maximal if and only if P\G/H \ {{} is an ideal. Now by the definition
of < this happens if and only if the union of all double cosets except the one corresponding
to £ is closed, i.e. if this double coset (let’s call it PgH) is an open subset of G. This is
open if and only if Hg~' P is open, the projection to G/P of which is precisely Ce([1]).
But by equivariance C¢([1]) is open if and only if C¢(z) is open for any « € G/H. O

Lemma 5.1.9. Assume |P\G/H| > 1. If ¢ € P\G/H 1is mazimal, then & <> &' for some
non-mazimal ¢ € P\G/H.
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5 Domains of discontinuity in other homogeneous spaces

Proof. Assume £ is maximal and £ ¢ &' for every non-maximal £’. Then choose F' € G/P
and x € G/H with pos(F, z) not maximal (there have to be non-maximal positions since
|P\G/H| > 1 and G is connected). Now if f € G/P is transverse to F', then pos(f, z) # &,
as otherwise £ <> pos(F,z). So

Cuy(F) C{f € G/P [ pos(f,z) # &} = G/ P\ C¢(x).

But the set Cy,(F) of flags transverse to F' is dense in G/P and C¢(x) is open by
Lemma 5.1.8, so this is a contradiction. ]

The following is a simple consequence of Theorem 5.1.7 and Lemma 5.1.9.

Corollary 5.1.10. Assume |P\G/H| > 1. Then I = {¢£ € P\G/H | £ not mazimal} is a
fat ideal.

Therefore,
Q ={z e G/H | pos(&(z),x) is mazimal Vz € OxI'}

is a domain of discontinuity for any P—-Anosov representation p: I' — G with limit map

£: 0’ - G/P.

Example 5.1.11. Let G = SL(3,R) and H = S(GL(2) x GL(1)) be the subgroup sta-
bilizing the plane (ej, es) and the transverse line (e3). Then G/H can be interpreted as
the space of all transverse (plane,line)-pairs in R®. The set B\G/H of relative positions
between such a pair and a full flag has 6 elements, shown in Figure 5.1.

A B C D E F

Figure 5.1: The relative positions between a transverse line and plane and a full flag in
R3, shown in the projective plane RP?.

The ordering < on B\G/H, shown in Figure 5.2, has a single maximum (A), but three
different minimal elements (D, E, F'). Furthermore, D <+ F and E < FE, and so by
Lemma 5.1.3 everything above D is related to everything above F', and everything above
F is pairwise related by <. This describes the whole relation <> in this case.

Therefore, the two minimal fat ideals in B\G/H are {D, E} and {E, F'}. So for an Anosov
representation p: I' — SL(3,R) we get the domains of discontinuity using Theorem 5.1.7:

Uppy ={(L,P) | Vo € 0T P# (2) N (L ¢ E(2) VE () ¢ P},
Qpry = {(L, P) | Vo € 0T L#EN (@) AL ¢ E(x) VEN(x) ¢ P}

Note on the other hand that the action on G/H as a whole can not be proper: If v € I" has
infinite order, and v~,y" € G/B are the repelling and attracting fixed flags of p(v), then
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\z/ \"» \('/ \\1

D E F
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-4

Figure 5.2: The order < and part of the relation <+ on B\G/H and the two minimal fat
ideals.

the line (y7)2 N (y")? and the plane (y~)! @ (y*)! are fixed by p(7) and are transverse,
so they define an element in G/H. But if the action was proper, infinite order elements
could not have fixed points.

It is unclear whether the domains of discontinuity constructed this way are maximal or
in any other way special. It would also be good to have a combinatorial description of
P\G/H and the relations < and <> on it, at least in some special cases like if G/H is
a symmetric space. This is an ongoing project with Ledén Carvajales and we hope to be
able to answer these questions soon.
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6 Lists of balanced ideals

The description of cocompact domains using balanced ideals often reduces finding them
to enumerating balanced ideals, which is a purely combinatorial problem. This means
we can use a computer to do it. This section shows the resulting lists and numbers in
some potentially interesting cases. The program used to compute them was written by the
author together with David Dumas. It can be found online at https://florianstecker.
de/balancedideals/.

6.1 Balanced ideals in A,

Assume the Coxeter system (W, A) defined by the Weyl group and the restricted roots of
G is of type A,. For example, G could be the group SL(n+1,R) or SL(n+1,C). We write
A ={ai,...,ap} in such a way that a;a; 41 € W is an element of order 3. The following
tables show all balanced ideals in W. For every balanced ideal I, it shows the subset of
A it is left— and right—invariant by. This means that for 6,7 C A the balanced ideals
in Wy, are precisely those in W whose left-invariance includes A\# and right-invariance
includes A\n. We also show the (real resp. complex) dimension of the set we have to take
out of the Fa for every limit point, and a minimal set of elements of W generating I as
an ideal.

6.1.1 Balanced ideals in A;

left—invariance ‘ right—invariance ‘ dimension ‘ generators
o | o | 0 |1

The corresponding cocompact domain of discontinuity for an Anosov representation I' —
SL(2,R) with limit set A C RP! is just the classical RP! \ A.

6.1.2 Balanced ideals in A,

left—invariance ‘ right—invariance ‘ dimension ‘ generators
%] 16/]

1 ‘ a1,
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6 Lists of balanced ideals

For two full flags f, F € Fa in R3, pos(f, F) = a1 if and only if f! = F! but f2 # F?
and pos(f,F) = ag if and only if f2 = F? but f! # F'. The ideal I = {1,a1, a2}
generated by these two elements also contains the identity element in W, corresponding
to the position f = F. Applied to a A—Anosov representation p: I' — SL(3, R) with limit
map &: OsoI' = FAa, this means that

Q= {f € Fa | pos(€(a), f) ¢ I Vo € 9T}
—{f e Fa| /' £ @) A2 # () Vo € 0T}

is a cocompact domain of discontinuity in the full flag manifold Fa.

6.1.3 Balanced ideals in A;

left—invariance | right—invariance | dimension | generators
{o, a3} {a1, 00} 4 301 i
{al,ag} {042,043} 4 1239
{a2} %) 3 a1, Qa1 (3, iai3(Lg
%] {011} 3 a3ti0y, (pipoy, 0oy
%) {Ckg} 3 103009, 100, (ra(30g
1%} {as} 3 1003, Qo013 Qa3
%) %) 3 3001, \o3tie, 103
16 1%/ 3 3001, N ORQa3, (ati]Os
%) %) 3 a30p0], (xpg3t, ], 003
%] 1] 3 103009, (a0, a3y, ip(]

For example, the first line means that there is a balanced ideal in

Wias) fas) = (A\a2)\W/(A\as).

Therefore, every {as}—Anosov representation into SL(4,R) with limit map &: OscI' —
Flazy = Gr(2,4) has a cocompact domain of discontinuity in Fy,,3 = Gr(3,4). The
generating element agajasa; corresponds to a relative position of two full flags f, F' with
dim(f? N F3) = 2, so the domain is

Q= {H € Cr(3,4) | dim(&*(z) N H) < 2Vx € 9T}

6.1.4 The number of balanced ideals in A,

There are 4608 balanced ideals in W, so we cannot list them all. Instead, the following
table shows just how many balanced ideals exist in Wy, for any choice of 6,7 C A
with ¢(f) = 6. The rows correspond to different values of 6 (for example 14 stands for
0 = {a1,a4}) while the columns correspond to 7.
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6.2 {au,...,ap_1}-Anosov representations into SOy(p, q)

0 711234 123 134 124 234 12 13 14 23 24 34 1 2 3 4
1234 | 4608 35 o7 o7 35 2 0 3 0 0 2 0 0 0 O
14 1 0 0 0 0 0 0 0 0 0 0 0 0 0 O
23 12 2 ) 5 2 1 0 2 0 0 1 0 0 0 O

One feature stands out: There is only a single balanced ideal in Wy, ,},a, and it has no
right—invariances at all. In fact, we have the same situation generally in Wy, o,1,a if W
is of type A,. For the case of A3 compare the third row of the above table and recall that
Wo.an = (A\@)\W. For an {o, a, }-Anosov representation into SL(n + 1,R) with limit
map &: s’ = Fi p, this corresponds to the cocompact domain

Q=Fa\{FeFa|Izedl,i<n: V(x)cFDce(z)

which was also constructed in [GW12, 10.2.3] using the adjoint representation.

6.2 {ay,...,o,_1}—Anosov representations into SOy(p, q)

Guichard and Wienhard recently identified an interesting class of surface group repre-
sentations they call ©—positive representations [GW18]. This includes a family of repre-
sentations into SOg(p, q) with p < ¢ which they conjecture to be a union of connected
components and to be #-Anosov with § = {a,...,ap—1}. Here we ordered the simple
roots such that non-consecutive ones commute and oy,_1c,, has order 4. If this conjecture
is true, balanced ideals in Wy, induce cocompact domains of discontinuity of these repre-
sentations. Similarly to the table in Section 3.2.1, the following table shows the number
of balanced ideals in Wjy , for n = {ay}, i.e. corresponding to domains in Grassmannians
Isi (RP9) of isotropic k—subspaces.

p 1 2 3 4 5 6 7
2 0 1

3 0 1 1

4 0 1 2 2

) 0 1 7 14 3

6 0 1 42 616 131 7

7 0 1 429 303742 853168 8137 21

There is always a unique balanced ideal for n = {as}. It corresponds to the cocompact
domain of discontinuity

Q={V elsa(RP) |V LD (2) = VNeED(2) =0Ve € 9T Vi<p—1}

in the space of isotropic planes.
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6 Lists of balanced ideals
6.3 {1, az}—Anosov representations into F}

There is another exceptional family of ©—positive representations, which are conjectured
to be {a1,a2}-Anosov in a group G with Weyl group of type Fy. This table shows
the number of balanced ideals in Wy, q,},, for different choices of 7. Again, 134 is a
shorthand for {ay, as, a4}

0 77‘1234 123 134 124 234 12 13 14 23 24 34 1 2 3 4
12 ‘1270 182 140 66 44 16 18 5 14 6 4 1 2 2 0

6.4 Symplectic Anosov representations into Sp(4n + 2, R)

In this section, we will prove Theorem 1.6.4, i.e. we construct a compactification for
locally symmetric spaces modeled on the bounded symmetric domain compactification.
We first recall some facts on this compactification, which can be found in [Hel79| and
[Sat80].

Every Hermitian symmetric space can be realized as a bounded symmetric domain in
some CV. That is an open, connected and bounded subset D C CV such that for every
point z € D there is an involutive holomorphic diffeomorphism from D to itself which
has x as an isolated fixed point. Concretely, to get the symmetric space Sp(2n,R)/U(n)
we can consider the bounded symmetric domain

D ={Z € Sym(n,C) | 1 — ZZ is positive definite} c C""+1)/2,

The group of holomorphic diffeomorphisms of D is isomorphic to Sp(2n,R) and acts with
stabilizer U(n). We compactify the symmetric space by taking the closure D in C*"+1)/2,
This is the bounded symmetric domain compactification of Sp(2n,R)/U(n).

Instead of working with bounded symmetric domains, we will use an equivalent model
of Sp(2n,R)/U(n), the Siegel space. Let w be a symplectic form on R?" and wc its
complexification on C?". Together with the real structure this defines an (indefinite)
Hermitian form ]

h(v,w) = %wc(@,w) Vo, w € C2".
The Siegel space is the subspace H,q C Lag(C?") of complex Lagrangians L such that
h|rxr is positive definite.

The correspondence between these models uses the Cayley transform: Regard the sym-
metric complex matrices Sym(n, C) as a subset of Lag(C?") by mapping X € Sym(n, C)
to {(Xv,v) | v € C"} € Lag(C?"). The Cayley transform on Lag(C?") is just the action

of the matrix
—i / L € Sp(2n,C)
3\l 1 p(2n,C).

It maps D to Hno and D to H,o, establishing an equivalence of these compactifications.
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6.4 Symplectic Anosov representations into Sp(4n + 2, R)

More generally, let H,, C Lag(C?") be the set of Lagrangians such that h restricted to
them has signature (p,q), meaning that there is an orthogonal basis with p vectors of
positive norm and g vectors of negative norm (and possibly null vectors). Then

Lag(CQn) = |_| Hpg,
0<p,g<n
pHg<n
and the H,, are precisely the orbits of the action of Sp(2n,R) C Sp(2n,C) on Lag(C?").
Furthermore, the map
Hpg — Isp—p—q(R*™), L—LNL

makes every Hp, a fiber bundle over the isotropic (n—p—g)-subspaces with fiber the semi-
Riemannian symmetric space Sp(2p + 2¢,R)/U(p,q). In particular, this means H,o =
Sp(2n,R)/U(n). A more detailed explanation can be found in [Wiel6|.

Now let p: I' — Sp(2n,R) be an {a,}-Anosov representation and &: I' — Fro,y =
Lag(R?") its limit map. Important examples of these representations are maximal rep-
resentations from a surface group I' = 7.5, if either S is a closed surface, or an open
surface where the boundary elements map to Shilov hyperbolic elements of Sp(2n,R).
The following theorem implies Theorem 1.6.4:

Theorem 6.4.1. If n is odd, then there exists a balanced ideal I C W4, 3 fa,y- Therefore,
X = Hpo N QEOsT), I) = {L € Hpo | dime L N E(2)C < n/2Va € 05T}

18 I'—invariant and the quotient F\)? s a compactification of the locally symmetric space
I\ Houo = I\ Sp(2n, R)/U(n).

Proof. 'The Weyl group W of Sp(2n, C) can be identified with the group of permutations
mof {—n,...,—1,1,...,n} with 7(—i) = —=(¢) for all 7. In this identification, the gener-
ator a, negates n and —n keeping everything else fixed, while ay for k # n exchanges k
with k£ + 1 and —k with —k — 1. The longest element wy negates everything.

Denote by [k] € Wia,} tant = (a1, s an—1)\W /{1, ..., an_1) the equivalence class of
permutations which map exactly k positive numbers to positive ones. Then wy[k] = [n—k]
and [k] < [/] in the Bruhat order if and only if k¥ > ¢. Furthermore, pos(L, L") = [k] for
two Lagrangians L, L’ € Lag(C?") if and only if dim¢(L N L') = k.

If n is odd, then I = {[k] | K > n/2} is a balanced ideal, so
Q = Q(E(9T), 1) = {L € Lag(C?") | dime (L N E(x)C) < n/2 Vo € duoT}

is a cocompact domain of discontinuity for our {a, }=Anosov representation p by [KLP18§].
Here p is regarded as a representation into Sp(2n, C). But because p maps into Sp(2n, R),
it preserves H,, and therefore also X. The quotient I'\ X is a closed subset of I'\{2 and
thus also compact. O

Note that this is just a special case of a general principle to construct compactifications for
locally symmetric spaces arising from Anosov representations described in [GKW15| and
[KL18]. However, it is a particularly interesting one as this compactification is modeled
on the bounded symmetric domain compactification for Sp(2n,R)/U(n).
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