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Abstract

Disks around young stars are the birth place of planetary systems like our own
solar system. Thus, the study of turbulent processes in protoplanetary disks is not
only important to understand the transport of angular momentum to explain for
example the angular momentum deficit of our own sun, but also to understand how
large scale structures emerge, which are recently regularly observed and which also
represent a crucial puzzle piece in the understanding of how dust grains can grow into
planetesimals via gravoturbulent processes. In this thesis, I conduct high resolution
studies of three-dimensional global models of turbulent protoplanetary disks using
the magneto-hydrodynamics code PLUTO. I focus my studies on the Vertical Shear
Instability (VSI), which has been shown to operate efficiently at disk radii beyond a
few AU in typical protoplanetary disks. I show that vortices with radial diameters of
around 1.5 local pressure scale heights and aspect ratios y > 8 form in VSI turbulent
disks and that these vortices can survive more than 500 orbits. The vortices are
forming irrespective of the underlying disk density gradient and aspect ratio and
can therefore act as pressure traps for small to medium sized particles over a wide
range of the disk. I also show evidence that these dusty vortices are compatible
with detections of dust concentrations by current sub-mm interferometers. These
findings therefore present a crucial puzzle piece which will help the understanding
under which conditions and how early after the formation of a disk around a young
star planetesimals can form via gravoturbulent planetesimal formation.






Zusammenfassung

Scheiben um junge Sterne sind die Geburtsstatten von Planetensystemen wie unser
Sonnensystem. Daher ist das Studium turbulenter Prozesse in diesen Protoplane-
taren Scheiben bedeutsam, und zwar nicht nur um den Drehimpulstransport zu
verstehen und damit zum Beispiel das Drehimpulsdefizit unserer Sonne zu erklaren,
sondern auch um die Entstehung ausgedehnter Strukturen in diesen Scheiben zu ver-
stehen, welche in jiingster Zeit regelmafig in Beobachtungen gefunden werden und
welche auflerdem ein entscheidendes Puzzleteil in unserem Versténdnis des Prozesses
bilden, welcher mit Hilfe von gravoturbulenten Prozessen Planetesimale — Asteroiden
und Kometen — aus Staubteilchen wachsen lasst. In dieser Dissertation présentiere
ich hochaufgeldste Simulationen von dreidimensionalen Modellen turbulenter proto-
planetarer Scheiben unter Verwendung des magneto-hydrodynamik Simulationspro-
gramms PLUTO. Im Zentrum meiner Arbeit steht die Vertikale Scherinstabilitat
(VSI), welche in fritheren Studien als effizient operierende Instabilitat in typischen
protoplanetaren Scheiben bei radialen Abstdnden von mehr als einer Astronomi-
schen Einheit vom Zentralstern identifiziert wurde. Ich zeige, dass in Scheiben mit
VSI generierter Turbulenz groBflichige Wirbel mit einer radialen Ausdehnung von
ca. 1.5 lokalen Druckskalenhéhen und einem Achsenldngenverhéaltnis y > 8 entste-
hen und dass diese Wirbel fiir mehr als 500 Umldufe um den Zentralstern bestehen
bleiben. Die Wirbel formieren sich dabei unabhéngig vom Dichtegradienten und
Radius-zu-Druckskalenhohenverhéltnis der unterliegenden Scheibe und kénnen da-
her als Hochdruckfallen fiir kleine und mittelgrofle Staubteilchen iiber weite Teile der
Scheibe dienen. Ich prasentiere auflerdem Belege dafiir, dass diese staubigen Wir-
belstrukturen kompatibel sind mit aktuellen sub-mm Interferometer Beobachtungen
von Staubansammlungen in protoplanetaren Scheiben. Diese Ergebnisse sind daher
ein wichtiger Baustein in unserem Verstédndnis unter welchen Bedingungen und ab
welcher Zeit nach der Entstehung des jungen Sterns und seiner Scheibe die Forma-
tion von Planetesimalen durch gravoturbulente Prozesse moglich ist.
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INTRODUCTION

Space: the final frontier.

Star Trek, Roddenberry
(1987-1994)

Have you ever looked at the night sky and thought: What else is out there?
If the answer is yes, then you are in very good company. Astronomers (from the
ancient greek astronomy meaning 'the law of the stars’) have looked at the night sky
for thousands of years, with historical documents going back to the times of ancient
Greece and Mesopotamia.

Some of the questions driving astronomical advance in modern times, especially
in the field of planet formation are: How did earth, and in extension our solar
system, form? And is our solar system unique or are there other systems just like
it out there around other stars? And if this is the case, how typical is our solar
system compared to all the others? And although observational breakthroughs in
the last few decades, from the first planet detected around a solar type star (Mayor
& Queloz 1995), via the 4200 confirmed exoplanets from the Kepler space mission’,
to the high resolution observations of structures in protoplanetary disks with ALMA
ALMA Partnership et al. (2015) and the recent discovery of a planet still forming
in the disk around PDS 70 (Keppler et al. 2018), some of these questions still elude
a definitive answer. But before I introduce the concept of how we think planetary
systems are formed, lets take a look at the road astronomy took to get there.

A Historical perspective

One of the first attempts to explain the formation of our solar system, the nebula
hypothesis, goes back to Immanuel Kant Kant (1755) and Pierre-Simon Laplace
Laplace (1796). They theorised that the solar system formed out of a rotating
nebula which flattens due to angular momentum conservation and eventually forms
rings around the young star which contract seperately to form the planets. But in
this model the sun has orders of magnitude less angular momentum than it should
have (this problem is known as the solar angular momentum problem). Other models
were proposed to solve this, e.g. explaining the solar system as the result of a proto-

'http://exoplanet.eu/diagrams/, accessed on 05.03.2019
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stellar fly-by, which extracted material from the young sun (see Woolfson (1993) for
an overview).

Parallel to the discussion of other models, the solar nebula theory was signifi-
cantly advanced during the second half of the 20th century. Weizséicker (1943) put
Laplaces model on a modern theoretical footing and already postulated the forma-
tion of vortices in circumstellar disks. He also theorised that they are the places
where planets form. Von Weizsacker also argued that turbulent motions must be
present in the disk and that the viscosity from this motions must drive disk evolu-
tion (Weizsdcker 1948). Later, the work of Safronov (1972) significantly advanced
the theory of both disk and planet formation and contains the analytic footing of
many current theories in the field.

The Modern perspective

Class 0 Class | \/ Class Il ‘ Class lll
t~104-108yr t=106yr
* e -

Figure 1.1: Observational classification of Young Stellar Objects according to the
Lada sequence. Class 0 objects are protostars in their early collapsing phase while
Class I objects have already formed a protostellar disk, though both are still embed-
ded in a substantial envelope. Class II systems do not have an envelope but consist
of a central protostar and a thin, gas-dominated disk. Class III systems are gas-poor
and commonly known as debris disks. Image from: Pohl (2018). The images are
not to scale.

In modern astronomy, planet formation is explained as a by-product of star
formation, where planets are formed in disks of dust and gas around young stars.
The formation of the stars themselves occurs in dense molecular clouds. Once a
part of the cloud becomes massive (or cold) enough to exceed the Jeans mass it
collapses, as the internal pressure cannot balance the gravitational pull. This initial
collapse happens on a timescale of ~ 10° yr (essentially the free-fall time) and is
halted once the gas in the inner parts becomes optically thick to its own radiation,
forming the protostar (Class 0 object). Because the protostar is rotating and has to
conserve angular momentum, it has to rotate faster. This halts the direct infall of the
outer shells, which instead form a protostellar disk in the plane perpendicular to the
angular momentum vector. Initially, the protostar and the disk will be surrounded
by an envelope of infalling gas, which is accreted or dispersed through jets within
another few ~ 10° years (Class I objects). Once the envelope is accreted, the
essentially formed protostar is surrounded by a disk containing only a fraction of the
stellar mass, a configuration called Class II object. During this stage, the protostar
accretes mass from the protoplanetary disk while angular momentum is carried away
by the disk, slowing down the protostellar rotation. During this phase, dust grains
are believed to grow from micron sized objects to km-sized boulders, first through



mutual sticking and later through concentration towards the midplane of the disk
and in traps forming in the turbulent disk environment. Also, the formation of gas
and ice giants happens during this stage. Once the accretion onto the central star
ceases after roughly 10 Myr, the disk disperses rather quickly (< 0.5Myr), leaving
behind a gas poor disk dominated by n-body interactions of asteroids and already
formed giant planets. These disks are termed Class III objects, also known as
debris disks. In these disks, rocky planets then form through the mutual interaction
and collision of asteroid sized objects and accretion of the remaining dust (see e.g.
Raymond et al. 2014, and references therein).

Although this model gives us a basic outline as to how planetary systems form,
many detailed questions are still waiting to be answered. For example, as stated
above, during the gas-rich phase of disk evolution, the disk has to shed significant
amounts of angular momentum. This is thought to occur, at least partially, through
viscously driven accretion. But, to accomplish this in the time frame laid out above,
the evolution cannot happen through molecular viscous forces alone. This problem
has been mitigated with the discovery that the Magneto Rotational Instability (MRI,
Balbus & Hawley 1991) can operate in protoplanetary disks, as the turbulence gen-
erated by the instability generates an effective viscosity (Shakura & Sunyaev 1973)
orders of magnitude larger than molecular viscosity, strong enough to drive accretion
on observed time scales. More recent work done on the MRI however shows that
it is inactive near the midplane over a significant range of the disk (Gammie 1996;
Dzyurkevich et al. 2013; Lesur et al. 2014). Therefore, hydrodynamic instabilities
are considered as a source of turbulence (Lyra & Klahr 2011).

In recent years, many hydrodynamic instabilities have been (re-)discovered for
protoplanetary disks. The most important class of instabilities for this thesis are
entropy-driven instabilities. They arise because protoplanetary disks are baroclinic,
which means that isobars (areas of constant pressure) and isopycnals (areas of con-
stant density) are not aligned. Therefore, under the right conditions, the system can
violate or circumvent the Solberg-Hgiland criteria, which govern the hydrodynamic
stability of the system. Examples of this are the Convective overstability (Klahr &
Hubbard 2014) and the Vertical Shear Instability (Nelson et al. 2013), an instability
known for stellar atmospheres as the Goldreich-Schubert-Fricke instability (Goldre-
ich & Schubert 1967; Fricke 1968). These instabilities have been shown to support
turbulence on a sufficient level to explain current observations (e.g. Lyra 2014; Stoll
& Kley 2014).

Another question still not fully answered is how the growth of dust grains pro-
ceeds from sub-micron sized particles in the interstellar medium from which the disk
around the newborn star is formed, to the >1000 km sized object known to us as
earth. In the current model, small dust grains grow through sticking collisions, but
this is only possible up to the size of a few millimeters to meters, depending on the
surrounding disk conditions (see e.g. Testi et al. 2014, and references therein). To
grow to sizes above this threshold, many models have been proposed, relying on
mass transfer collisions or the 'fluffyness’ of the grains. Another avenue pursued is
to skip the growth through the regime of tens of meters sized objects entirely and
form > km sized objects via gravitational collapse of a dust cloud (e.g. Johansen
et al. 2006; Klahr & Schreiber 2016). This method relies however on the existence of
conditions in the disk which are able to efficiently concentrate particles. Especially
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in the early protoplanetary disk, these structures have to form out of the turbulence
itself. Promising candidates to work as these "particle traps’ are zonal flows (Dittrich
et al. 2013) and vortices (Barge & Sommeria 1995), and the search especially for
vortices formed from purely hydrodynamic turbulence is one of the primary topics
of this thesis.

An Observational Perspective

For now, I only presented theoretical concepts of how we think the solar system
formed out of a cloud of interstellar gas. But as the solar system is already several
billion years old, we cannot test these theories from looking at our solar system
alone. We have to turn to observations of other stars in our neighbourhood.

The first evidence of protoplanetary disks come from unresolved observations of
stars performed in the second half of the 20th century. This was possible because
the presence of the disk alters the Spectral Energy Distribution (SED) of the object.
The SED is a measure of the Flux F) of a star as a function of wavelength and for a
main sequence star, it is approximately equal to a black-body of stellar temperature.
For a protostar however, the SED shows excess emissions in the infrared part of the
spectrum due to the dust surrounding the star, as the dust reprocesses the starlight
and emits it at wavelengths corresponding to the ambient dust temperature. This
leads to emission in the near infrared from hot grains close to the central source,
while colder dust far out in the disk will emit in the mid- or even far-infrared. This
classification, proposed in Lada & Wilking (1984); Lada (1987) and Adams et al.
(1987) and extended by Andre et al. (1993), is known as the Lada sequence and
describes the SED according to its near- to mid-infrared slope, with Class 0 objects
showing no excess (undefined slope), Class I showing a positive slope and Class 11
and III showing negative slopes, with slopes for Class III being distinctively steeper
than for Class II.

T
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Figure 1.2: The disk MWC 758, imaged with the SMA in 2008 and with ALMA
nearly ten years later. Although the SMA images already showed an asymmetric
blob structure, the advances in resolution capability accomplished with ALMA al-
lowed to identify and investigate the vortices in more detail and additionally reveal
an inner ring and a gap not detectable with previous instruments. The hatched oval
in the left image and the white oval in the right image represent the beam size of
the respective observation.



With the development of high-angular resolution telescopes and interferometers,
it has become possible to detect protoplanetary disks directly (fig. 1.2). With in-
creasing resolution over the years, especially with the commissioning of the Atacama
Large (sub-)Millimetre Array (ALMA), many more disks have been shown to have
rings and gap structures as well as asymmetric, vortex-like features which were not
as easily determined in previous observations and could not be inferred from simple
SED measurements. Although the detection of the disks is also possible in optical
and near-infrared observations, the cold dust traced by far infrared /sub-mm obser-
vations gives an unique insight into the inner parts of the disk, as it is, especially
in the outer parts, mostly optically thin to radiation emitted at those wavelengths.
This enables a detailed study of the environment in which planetesimals and plan-
etary cores form, and for the firs time allows direct and detailed comparisons of
theoretical models and simulations with observational data.

Outline of this Thesis

The goal of this thesis is to investigate the structure formation capabilities of hy-
drodynamic turbulence on the special case of the Vertical Shear Instability. To
this end, I perform high resolution simulations of protoplanetary disks using the
multi-purpose MDH code PLUTO, re-examining the numerical and physical con-
ditions used in previous work. I will demonstrate that using a sufficiently realistic
numerical setup, the VSI is capable to form large scale non-axisymmetric struc-
tures identified as vortices similar to the structures found in current observations of
protoplanetary disks. The thesis is structured as follows:

Chapter 2 In this chapter, I introduce the basic concepts governing the evolution
of protoplanetary disks in the gas and dust phase, with emphasis on the processes
and equations necessary to understand the work done in this thesis. Additionally, I
introduce the numerical codes used throughout this work.

Chapter 3 Are partial simulations of 3 dimensional protoplanetary disks sufficient
to investigate hydrodynamic instabilities? Or are they missing something? This
chapter presents a disk setup investigated in different numerical setups and discusses
the influence the choice of disk extent has on the saturated state of the instability.
It also presents the first hydrodynamical simulations of long lived vortices formed
from the VSI in a global disk.

Chapter 4 Is vortex formation always a consequence of a saturated Vertical Shear
Instability? Following on the results from chapter 3, this chapter presents a param-
eter study varying the disk density gradient and aspect ratio. It shows that vortices
form in many different disk conditions, but always in a similar shape.

Chapter 5 Can the structures found in our simulations be detected in observations?
Or did we already do? In this chapter, I use analytic modelling of dust trapping
in vortices and radiative transfer calculations to show that the vortices found in
our gas-only simulations can theoretically be observed with state-of-the-art sub-mm
interferometers.
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Chapter 6 This chapter presents a summary of the work presented in this thesis
and conclusions drawn. It also addresses possible future research projects.



A SHORT THEORY OF DISKS AROUND
YOUNG STARS

Disks around forming stars are believed to be the cradles of planet formation and
in this chapter, I will introduce the main equations and concepts necessary to un-
derstand the evolution of those disks. From observations of the interstellar medium
(ISM), we assume that protoplanetary disks consist to about 99.8% out of Hydro-
gen and Helium, whereas the mass of all other elements, colloquially called 'metals’,
combined makes up the remaining 2% of the mass (Ansdell et al. 2016). Because
the temperature of the material in the disk is lower than a few hundred Kelvin
everywhere in the disk except in the innermost part, most of the metal elements
will be in the form of solids rather than gaseous. Therefore it is necessary to define
two different phases in the disk — the gas and the dust phase — where the gas phase
is given by the Hydrogen-Helium mixture and the dust phase is comprised of the
metals in the disk.

Because the gas and the dust phase are governed by similar but different equa-
tions of motion, I start with the equations for the gas phase of protoplanetary disks,
before I introduce the equations governing the dust phase of the disk in section 2.2.
Section then briefly summarizes the equations to calculate radiative transfer models
while section introduces the numerical codes used in this thesis. In sections 2.1 and
2.2 T mainly follow the calculations of Armitage (2009), while section 2.3 is based
on Rybicki & Lightman (1986), Dullemond (2013) and Pohl (2018).

2.1 Protoplanetary Disks: The Gas View

2.1.1 The Equations of Hydrodynamics

The gas phase of the protoplanetary disk has typical particle number densities of
n ~ 10" CILQ,, leading to a typical mean free path of the gas molecules in the disk
on the order of 1 ecm. This distance is orders of magnitude smaller than the typical
length scale of the disk system, the pressure scale height H ~ 5- 10" cm. It is
therefore possible to treat the gas of the disk as a continuous fluid. The dynamics
of the gas can therefore be described using the equations of mass (2.1), momentum
(2.2) and energy (2.3) conservation. The equations are presented in conservation
form, as they will be employed in this form throughout this thesis. A derivation can

be found in many fluid dynamics books (e.g. Clarke & Carswell 2007).
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0

5P TV (pv) =0 (2.1)
% (pv)+ V- (pvv") ==-VP —pVO + S (2.2)
%E +V-((E+P)v) = —pvVe + 57 (2.3)

Here, p represents the gas density, v its velocity and P the gas pressure. £ = p"; +pe
is the total energy density of the gas with e representing the specific internal energy.
® represents the external gravitational potential of the central star

GM,

o —
|

(2.4)

Including gravity in this way neglects the mass of the disk relative to the mass
of the star, which is appropriate for protoplanetary disks with Mp; < 0.01M,.
For massive disks with Mp;g. = 0.01M,, the disks own gravity becomes important
and and Poisson’s equation for the gravitational potential has to be solved. For
the remainder of this work, I will assume disks with low mass and neglect disk
self-gravity.

As the gas in protoplanetary disks can be described as a subsonic Newtonian
fluid, equation 2.2 can be rewritten into the Navier-Stokes-equations, where the
terms S and S* represent the viscous terms in the momentum and energy equa-
tion, although the terms can include other body or surface forces. Neglecting the
additional source terms, the Euler equations are recovered.

The system is closed by prescribing an Equation of State (EoS). Throughout this
thesis, the gas will be treated as an ideal gas, and the EoS will be written in either
thermal or caloric form.

P
;)

P =pey/v—1 caloric EoS

P = kT thermal EoS

For a gas with constant temperature, this reduces to the isothermal EoS P = c¢?p
with constant isothermal sound speed c¢; = 4/ ;/:n_BHT'

2.1.2 Equilibrium Structure of Protoplanetary Disks

A first insight into the structure of protoplanetary disks is given by solving for the
hydrostatic equilibrium of equations 2.2, in which one assumes constant velocities
(0/0t = 0 and Ov;/0z; = 0). Because protoplanetary disks can be described as ap-
proximately cylindrical, T will use cylindrical coordinates (R,¢,z) for the following
derivations. Transforming equations 2.2 using equation 2.1 and assuming axisym-

metry for the ¢-axis (0/0¢ = 0) leads to:

v; GMR 1dP
) *
ST 2 2.5
R~ P | pdR (2:5)
M,z 1dP
0o GMz  1d (2.6)

BErY
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Because in protoplanetary disks the vertical extension is generally much smaller
than the radial one (R > z), the gravitational force can be simplified using the
thin-disk approximation: |r| = Vv R? 4 22 =~ R.

Assuming an isothermal equation of state, Equation 2.6 then transforms to:

1dp Q2

=F_ _TK 2.7

pdz 2 - (2.7)
where I introduce the Keplerian angular frequency Qx(R) = Gé‘g*. Solving the

equation for p then leads to the vertical equilibrium structure of the disk:

22

p(R,2) = p(R)e 2, (2.8)

where H(R) = 5:{({2) is the vertical pressure scale height of the gas.

In this context, the vertical column density of the gas can be defined as

Y= / p(r)dz (2.9)
and volume and column density are related via
Y =p(R)-V2rH . (2.10)

To gain a first estimate on the column density in the early solar system, Wei-
denschilling (1977) spread the mass of the current solar system planets over a disk
annulus defined by the distances between the planets and added enough Hydrogen
and Helium to the mix to gain solar metallicity everywhere in the disk. This model
is known as the Minimum Mass Solar Nebula (MMSN) and, neglecting Mercury,
Mars and the asteroid belt, yields a radial power law distribution with an exponent
of —3/2. With the normalization of Hayashi (1981), the column density is commonly

written as
RY 2 g
=1 — — . 2.11
700 (AU) cm? (2.11)

This estimate has however significant drawbacks, as it does neglect many disk evo-
lution processes, e.g. planet migration. From observations, one finds a range of
slopes generally shallower than the MMSN; for example, Andrews et al. (2009) find
a mean slope of -0.9 for disks in the Ophiuchus star-forming region.

The azimuthal velocity structure of the disk can be obtained from the radial
equilibrium equation 2.5.

(NI

U¢:UK+;—:U12< [1—17] (2.12)

Here vk (R) = Qk(R)R is the keplerian azimuthal velocity and 7 the pressure support
parameter of the disk, defined as

R dP ¢

-~ = 2.13
pvi dR  vE (2.13)

’r]:
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with the geometric scale height h(R) = %R) = ;= < 1. This means that protoplan-

etary disks rotate not strictly at keplerian, but, as the radial pressure gradient is
in general negative, at slightly sub-keplerian velocities. The deviation is small, but
will become important later on when the dust phase is introduced. As the geometric
scale height is related to the Mach number of the disk flow via h = Ma ™!, this also
implies that the azimuthal rotation velocity is highly supersonic throughout most
of the disk.

2.1.3 Viscous and Turbulent Stresses

From the derivations above, we see that the disk, to first order rotates at keple-
rian velocity. Therefore the specific angular momentum of the disk gas is given
as | = R*Qx = +/GM,R, which is an increasing function of radius. But to accrete
mass, the gas has to lose angular momentum. One possibility for the gas to do so, is
viscous dissipation. Lynden-Bell & Pringle (1974) derived the viscous evolution for
a 1D radial disk model (¥ = X(R,t), vg = vg(R)) using the vertically integrated
equations of mass (cf. eq. 2.1)

0 10

(D) + —— (RXYwv») = 2.14
and angular momentum
0 1 0 1 0
—(ZR*Q) 4+ —— YRQ) = —— 2.1
pi SR+ g (RonnFQ) = 5o5p (2.15)

Here, T'= R -27R - EI/R% represents the viscous torque from outer layer shearing
past inner layer. The right hand side in the equation above then describes the net
viscous torque on the disk.

Combining equations 2.14 and 2.15 to eliminate v, and substituting 2 = Qg
then yields the equation describing the viscous evolution of a protoplanetary disk in
radial direction.

oY 3 0 0
L |RYV2Z_ nRY? 2.16
ot ~ ROR { aR" (2.16)
For v = const. it can be shown, by using simple substitutions, that this is a
diffusion equation with the diffusion time scale

4R?

taig = 3 . (2.17)
Using the molecular viscosity vpno ~ Acs we can then estimate the time scale for
molecular viscosity to disperse a protoplanetary disk. The typical mean free path
A is, as stated already at the beginning of the chapter, on the order of 1 cm at 1
AU. The typical sound speed of a disk with geometrical scale height h = 0.05 is
cs = 1.5- 105% at 1 AU, giving a viscosity of vy ~ 1.5 - 105%. This yields a
diffusion time scale of t4if mol ~ 10'3 yr, which is orders of magnitude larger than
the typical lifetime of protoplanetary disks obtained from observations, which is on
the order of 106 — 107 yr. Therefore, molecular diffusion cannot drive the evolution

of protoplanetary disks.
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The Alpha Disk Model

A model saving the explanation of the viscous disk evolution is the so-called a-model
(Shakura & Sunyaev 1973). Here, the molecular viscosity vy, is replaced by the
turbulent viscosity vy, described via a characteristic velocity u and length L. For
(nearly) isotropic turbulence in a protoplanetary disk it is reasonable to assume that
the turbulent eddies have a size smaller or comparable to the pressure scale height
L < H and that the turbulent velocities are smaller or comparable to the gas sound
speed u < ¢,. Note that the a-prescription, originally developed for disks around
black holes, does not make any assumption on how the turbulence in the flow is
created.

With these assumptions, the turbulent kinematic viscosity can then be expressed

as
Viurb = OZCSH (218)

where « is a free parameter. The only condition on alpha from our assumptions
above is that it has to fulfil 0 < a < 1, as turbulence with @ > 1 would be supersonic
and would lead to heating which would lead to o < 1. It should be noted that o can
and should be space and time dependent. Though using a strictly constant o allows
for rigorous analytical derivations otherwise impossible, it should always be clear
that this is a simplification and does not apply in most astrophysical applications.

To measure « in hydrodynamical simulations, the Reynolds averaged fluid equa-
tions (see e.g. Pedlosky (1992) for a derivation) can be used to find an effective
viscous stress tensor describing the turbulent flow by splitting the velocity into a
mean flow v and residual fluctuations v'. The R¢ component of the Reynolds stress
tensor, which facilitates the angular momentum transport in radial direction, can
then be expressed as

Tre = (pv}iv;) (2.19)
where () denotes an average over space and/or time. Combining this with equation

2.18 leads to
(pvivl) = apct = aP : (2.20)

which is the form used to calculate o throughout this work.

To get an estimate how large o should be to explain the observations, we can
use equation 2.17 in combination with equation 2.18. Assuming tgrp = 5 - 10% yr
at 10 AU then gives an « of about 5 - 107, which, as will become apparent in the
next section, is on the order of magnitude of what is expected from (magneto-)
hydrodynamical turbulence models.

2.1.4 Instabilities in Protoplanetary Disks

Until now we have only assumed that some kind of turbulence is active in proto-
planetary disks, because it is a likely explanation for the strong viscous accretion
needed to explain the angular momentum transport. Although other means of an-
gular momentum removal, e.g. magnetically driven winds, are discussed, the focus
in this work lies with instabilities acting throughout the body of the disk.

The first instability of this kind proposed to act in protoplanetary disks is the
Magneto Rotational Instability (MRI, Balbus & Hawley (1991)). The MRI, as the
name suggests, requires a weak magnetic field threading the disk. Additionally, it
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perturb fluid parcels shear leads to magnetic tension fluid elements separate
radially azimuthal displacement  transfers angular radially — instability
maomentum

Figure 2.1: Schematic explanation of the MRI mechanism. The box represents a
small volume within the disk, the black dots the fluid parcels and the red line a
vertical magnetic field line. The arrows show the direction of the force on the fluid
parcels due to the respective mechanism discussed. Adapted from Armitage (2011)

requires that the disk gas is ionized so it can couple to the magnetic field. Under
these conditions, the instability works as follows: Two gas parcels coupled through
a magnetic field line are slightly perturbed to orbiting on neighbouring annuli. To
conserve angular momentum, the inner parcel then rotates with a slightly larger
angular velocity, causing it to drift away from the outer parcel in azimuthal direction.
The magnetic coupling tries to oppose this, creating magnetic tension that effectively
removes angular momentum from the inner parcel and transferring it to the outer
one. This, in turn, forces the inner parcel to drift further inward and the outer to
drift outward to annuli matching their new amount of angular momentum. This
leads the whole cycle to repeat itself, signifying an instability.

Although the MRI was long seen as the main driver for turbulence in protoplan-
etary disks due to its fast growth rate and strong turbulent viscosity (o ~ 1072,
e.g Davis et al. (2010)), its relevance to protoplanetary disk has been debated in
recent years. Unlike in disks around black holes or neutron stars, protoplanetary
disks are at best only weakly ionized. Therefore non-linear Magneto-Hydrodynamic
effects have to be considered, namely Ohmic resistivity, ambipolar diffusion and the
Hall effect. These all work to significantly damp the MRI outside of a few tens of
AU and create a so called "dead zone” where the MRI is not active (e.g. Gammie
(1996); Dzyurkevich et al. (2010, 2013); Lesur et al. (2014), see Armitage (2019) for
a recent review).

In this so called dead zone, hydrodynamically driven instabilities have to be
considered (Lyra & Klahr 2011). A main group of instabilities considered here
are instabilities thriving on the baroclinicity of the disk and the entropy gradient
created as a result. Baroclinicity describes a fluid state where the pressure is not only
a function of density, but also of other variables like temperature. Three different
instabilities should be noted here: The convective overstability (Klahr & Hubbard
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2014; Lyra 2014), the zombie vortex instability (Marcus et al. 2015, 2016; Barranco
et al. 2018) and the vertical shear instability (Fricke 1968; Goldreich & Schubert
1967; Urpin 2003; Arlt & Urpin 2004; Nelson et al. 2013; Lin & Youdin 2015), and
the latter of those three I will introduce in more detail later. For a comprehensive

introduction into all three instabilities I refer the reader to recent reviews by Klahr
et al. (2018) and Lyra & Umurhan (2018).

As a result of the perturbations generated by linear instabilities or overstabilities,
other instabilities can grow. The subcritical baroclinic instability (Klahr & Boden-
heimer 2003; Petersen et al. 2007a,b) has been shown to be a non-linear cousin of
the convective overstability (Lyra 2014) and has been show to form and amplify
vortices in protoplanetary disks Lyra & Klahr (2011); Raettig et al. (2013). An-
other Instability that forms as a secondary instability is the Rossby wave instability
(Lovelace et al. 1999; Li et al. 2000, 2001), which occurs wherever a steep gradient
in vorticity or entropy is present. The presence of vortices will become important
once dust grains are introduced in section 2.2.

It should also be noted, that at early times, when the disk is still very massive
(Mpisk > 0.1M,,), the disks own gravity cannot be neglected. The disk self-gravity
can then also lead to an instability of the disk (see e.g. Kratter & Lodato (2016) for
an overview). Depending on the disk cooling and mass, the disk then either enters
a quasi-stable state forming large spiral arms or it fragments into clumps. The
spiral arm forming form has been shown to be able to transport angular momentum
outwards, while the fragmenting form can explain the existence of wide orbit giant
planets or brown dwarf companions. Throughout this work, self-gravity of the disk
will be neglected, as the disks are assumed to have a low mass compared to the
central object.

Stability Criteria of Rotating Fluids

Although much research has shown instabilities to act in protoplanetary disks, the
fact that those disks become hydrodynamically unstable is non-trivial. To show this,
[ will in the following briefly introduce the criteria for stability against perturbations
in rotating fluids.

The most fundamental stability criterion for rotating fluids is the Rayleigh cri-
terion. It describes the stability of an inviscid rotating fluid between 2 cylinders
(Taylor-Couette flow). A derivation can be found in many fluid dynamics text-
books, e.g. Drazin & Reid (2004). It states that for the flow to be stable, the
angular momentum of the flow has to increase with radius, equal to

1 0, 9.4
7 8R<Q R >0 . (2.21)
As a protoplanetary disk can be approximated as a cylindrical flow with 2 = Qk
R73/% we directly see that the flow in a keplerian disk is unconditionally stable.

Strictly speaking, the Rayleigh criterion only applies to disks which do not have
any stratification. As disk unfortunately have both radial and vertical stratification,
the stability of the disk is governed by the more general Solberg-Hpiland criteria
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(Tassoul 1978):

192 1
P (9205 95208
A (ﬁa— ~9sor) <" (223)

where j = R%*Q denotes the specific angular momentum of the disk. Note that
for a keplerian disk, for which generally % < 0, equation 2.23 reduces to the
Schwarzschild criterion for stability against convection % > 0, which is more readily
expressed as |VT,q4| > |VT| (i.e. the disk temperature gradient has to be subadia-
batic for the disk to be st