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Abstract

We generalise spectral sequences for Iwasawa adjoints of Jannsen to higher dimensional
coefficient rings by systematically employing Matlis, local, Koszul and Tate duality. With
the same strategy we achieve a generalisation of Venjakob’s local duality theorem for
Iwasawa algebras and compute the A-torsion of the first Iwasawa cohomology group,
both locally and globally.

Furthermore, we develop a flexible framework to prove standard results of group coho-
mology for topologised monoids with coefficients in topologised modules, using explicit
methods dating back to Hochschild and Serre. This closes a few argumentative gaps in
the literature.

We also prove a form of Poincaré duality for Lie groups over arbitrary complete non-
archimedean fields of characteristic zero.

Finally, we take tentative steps towards applying these results to (¢, I')-modules.

Zusammenfassung

Wir verallgemeinern Spektralfolgen fiir Iwasawa-Adjungierte von Jannsen auf hoéher-
dimensionale Koeffizientenringe, indem wir systematisch Matlis-, lokale, Koszul- und
Tate-Dualitét verwenden. So erreichen wir auch eine Verallgemeinergung von Venjakobs
Theorem tiber lokale Dualitét fiir Iwasawa-Algebren und bestimmen die A-Torsion der er-
sten Iwasawa-Kohomologie-Gruppen, sowohl lokal als auch global.

Ferner entwickeln wir ein flexibles Framework, um Standard-Resultate der Gruppenko-
homologie fiir topologisierte Monoide mit Koeffizienten in topologisierten Moduln zu
zeigen. Hier nutzen wir explizite Methoden, die auf Hochschild und Serre zuriickgehen.
Dies schlief3t einige argumentative Liicken in der Literatur.

Wir zeigen eine Form von Poincaré-Dualitét fiir Lie-Gruppen tiber beliebigen vollstandi-
gen nicht-archimedischen Kérpern der Charakteristik null.

Schlussendlich gehen wir erste Schritte in Richtung einer Anwendung dieser Resultate
auf (¢, I')-Moduln.
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Introduction

Cohomology has jokingly been referred to as the fifth operation of elementary arithmetic
after addition, substraction, multiplication and division." The development of the cohomo-
logical machinery started in the early twentieth century in the area of algebraic topology.
Since then it has been an invaluable tool in many areas of mathematics, algebraic num-
ber theory chief among them. Since at least the publication of Artin’s and Tate’s notes
on class field theory (cf. [AT68]) it is universally accepted that the cohomological point
of view is the most conceptual and insightful one for proving the results of class field
theory — a major achievement in algebraic number theory in the twentieth century. It is
therefore no wonder that many modern results in algebraic number theory are phrased
in a cohomological language, where a rich machinery is available.

One example of this is Iwasawa theory. In his seminal paper [Iwa73], Iwasawa uses an ad
hoc construction for something that is nowadays called an Iwasawa adjoint, and which can
be described as an Ext-group. Norm compatible elements in field extensions can via class
field theory also be expressed as corestriction compatible systems of Galois cohomology
classes, which are closely linked to Euler systems and play a key role in the construction
of p-adic L-functions, a major area of research in algebraic number theory in general and
Iwasawa theory in particular.

The first chapter of this thesis is devoted to studying Iwasawa adjoints and Iwasawa coho-
mology. We systematically employ Matlis duality, local duality, Koszul duality and Tate
duality to derive more general versions of important spectral sequences due to Jannsen
(cf. [Jan89; Jan14]): Where he only considered Z,-coefficients, we allow higher dimen-
sional local rings. This also allows us to prove a quite general local duality theorem for
Iwasawa algebras, generalising the results of [Ven02]. We also show that the first Iwa-
sawa cohomology groups are torsion-free over their Iwasawa algebras. This chapter has
been accepted for publication as [TV19].

The first chapter mainly handles variants of two cohomology theories: Ext% (M, R) where
R is a commutative ring, and group cohomology H*(G, A), where G is a locally compact
group and A a discrete G-module. By cleverly combining these two types of cohomology
theories, we also gain access to the cohomology groups Ext} (M, A), where A is the (non-
commutative) Iwasawa algebra. The arguments are not purely algebraic in nature: We
often employ continuous duals and have to take care about how we topologise certain
modules. However, as the modules in question are finitely generated, this does not pose
an actual obstacle.

Everything becomes significantly more complicated if instead of considering discrete G-
modules A, one wants to look at coefficients with more complicated topological data. It
gets even worse when G and A are not only topological groups, but also have the struc-
ture of e. g. manifolds. We will call these groups and coefficients topologised to denote a
potentially finer structure than that of topological groups. Developing cohomology the-
ories which make use of this finer structure, one is confronted with a fundamental issue:

"We would like to point out that even the addition of natural numbers can benefit from a cohomological
point of view, cf. [Gril7].
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The classical machinery of homological algebra refuses to function and results are much
more difficult to prove.

There seem to be three possibilities to circumvent these problems. The most conceptional
one, due to Flach (cf. [Fla08]), embeds topological modules in a strictly larger category.
He is able to elegantly recover standard results — however, many of the objects appearing
are not representable by actual cohomology groups and only exist in this larger category,
which makes explicit determinations rather difficult. A middle ground between explicit
calculations and a more abstract point of view can be found for example in the work
of Casselman and Wigner (cf. [CW74]), comprehensively in the book of Borel and Wal-
lach (cf. [BWO00]) and with applications to locally analytic representations in the work of
Kohlhaase (cf. [Koh11]). Here, injective resolutions are replaced with certain acyclic reso-
lutions with “strictly injective” differentials or similarly, whose existence in applications
is somewhat unclear. The third possibility is the one originally used by Hochschild and
Serre (cf. [HS53]), where everything is explicitly done on the level of cochains.

One result one would like to recover is a version of the Hochschild-Serre spectral sequence
for topologised groups. The discrete version of the theorem reads as follows:

THEOREM. Let G be a group and N a normal subgroup. Let A be a G-module. Then there is
a convergent first-quadrant spectral sequence

HP(G/N,HI(N, A)) = HP4(G, A).

Another important result is known as Shapiro’s lemma, which in the discrete case can be
stated as such:

THEOREM. Let G be a group and H < G a subgroup. Let A be an H-module. Then there is
an easily defined induced module Indg(A), on which G operates, such that there are natural
isomorphisms for all n:

H™(G, IndH(A)) = H"(H, A).

There are numerous instances in the literature where variants of these two results are used
for topologised groups and coefficients — sometimes in a generality we find implausible,
often in ways that turn out to be correct, but where we find the arguments insufficient,
cf. e.g. [Lec12, lemma 5.26, theorem 5.27], [GR18, proposition 3.3], [Ked16, lemma 3.3],
[Pot13, theorem 2.8], [BF17, remarks after definition 2.1.2].

The aim of the second and third chapter is to remedy this oversight. Our philosophy
largely follows the original ideas of Hochschild and Serre and especially something they
call the direct method (for reasons that will become painfully apparent in chapter 3). The
reason for following this approach is that we can give insight into cohomology groups
with explicit descriptions in terms of cochains (in contrast to the more conceptional one
as laid out by Flach) and hold unconditionally (in contrast to the Casselman, Wigner, et. al.
approach, where everything depends on the existence of certain resolutions.)

We first introduce a framework for topologised groups, which somewhat axiomatises the
idea of group cohomology by means of cochain complexes in chapter 2. This is necessary as
we want our proofs to hold in the most general version we can imagine, so that no-one
else has to go through the tedious calculations of chapter 3 ever again. There we prove
the maximal versions of aforementioned results we consider plausible. Specific instances
of our results on topologised group cohomology are the following.

THEOREM (theorems 3.3.2, 3.4.2, 3.5.8, 3.6.27 and 3.8.1). Cohomology theories such as con-
tinuous, L-analytic, pro-L-analytic and bounded cohomology yield a long exact sequence of
cohomology groups. Shapiro’s lemma, the Hochschild-Serre spectral sequence and the classi-
fication of torsors via H* all hold.

The precise statements of course do not hold in all generality, assumptions on certain
subgroups will need to be imposed. However, in practice these assumptions are easy
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to check. We also prove a stronger version than the Hochschild-Serre spectral sequence
itself for direct products in theorem 3.7.6, where we show that the spectral sequence stems
from a quasi-isomorphism to a certain double complex.

Of the aforementioned examples of cohomology theories for topological groups, we won’t
show applications in bounded cohomology (used in differential geometry) and continu-
ous cohomology (with plentiful applications in number theory) — the application we are
most interested in is (pro-)analytic cohomology. Here an analytic group over a p-adic
field acts locally analytically on a locally convex space. The first major result might be
due to Lazard (cf. [Laz65, V.(2.3.10)]), who showed that Q,-analytic cohomology is just
continuous cohomology. For analyticity over proper extensions of Q, these cohomology
theories however no longer coincide. Another important result of Lazard is the fact that
Lie groups over Q, are Poincaré groups, i.e., their continuous cohomology groups are
dual to one another (cf. [Laz65, V.(2.5.8)]).

If G is a Lie group over a p-adic field L, then it is of course also a Lie group over Q, and
hence also satisfies duality over Q,. But is there is also a corresponding duality result for
the L-analytic cohomology groups?

Our main result of chapter 4 is an affirmative answer to this.

THEOREM (theorem 4.5.3 and corollary 4.5.4). Let G be a compact Lie group over a non-
archimedean field of characteristic zero of dimension d. Then Poincaré duality holds, i. e., for
an analytic representation V of G with continuous dual V' we have isomorphisms of analytic
cohomology groups

H'(G,V')—— H¥ (G, V),
which are functorial in V.

The precise statement is more complicated than this, as we also want to have duality for
infinite-dimensional representations of G. But we then run into topological difficulties,
as locally convex representations are not particularly well behaved.” Above statement is
however unconditionally true for finite dimensional representations.

Analytic cohomology naturally turns up in the study of (¢, I')-modules. Here we however
not only have an analytic group acting on the coefficients, but also a non-invertible oper-
ator ¢, which necessitates to prove the results of chapter 3 for monoids instead of groups.
This poses additional technical difficulties.

Using the results of chapters 3 and 4, we are able to extend an exact sequence due to
Berger and Fourquaux in theorem 5.1.5. We end this thesis with a discussion of a possible
duality in the Herr complex: Morally speaking, analytic duality should apply to the Herr
complex, which would then be self-dual. In section 5.4 we discuss this possibility with
a somewhat pessimistic answer: While we can construct a duality morphism, we do not
expect it to be a quasi-isomorphism in general.

*In [Sci85], Rota is quoted as follows: “Other branches of mathematics are not so clear-cut. Functional
analysis of infinite-dimensional vector spaces is never fully convincing; you don’t get a feeling of having done
an honest day’s work.”






CHAPTER 1
Spectral Sequences for Iwasawa Adjoints

A slightly abridged version of this chapter has been published as [TV19]. The results are
based on ideas of the second author as written up in [Ven15] and hence resulted in a joint
publication.

The second author’s contributions are easily seen in [Ven15], the differences between the
following chapter and the preprint being due to us. Our contributions include: all results
up to proposition 1.5.5, which include answers to questions posed in the preprint; gen-
eralising all remaining results to the derived setting (the original statements now being
present as remarks); simplifying their proofs at the same time; and completely rewriting
the exposition of the material.

1.1. Overview

Let O be a complete discrete valuation ring with uniformising element 7 and finite residue
field. Consider the ring of formal power series R = O[[X3, ..., X;]] in ¢ variables, which
is a complete regular local ring of dimension d = t + 1 with maximal ideal m. While our
results hold under more general assumptions, this is the case we are most interested in.

In this setting, we can look at four types of dualities.

First, there is Matlis duality: Denote with & an injective hull of R/m as an R-module. Then
T = Homg(—, &) induces a contravariant involutive equivalence between Noetherian and
Artinian R-modules akin to Pontryagin duality.

Second, there is local duality: If RT}, denotes the right derivation of

. k
M hinHomR(R/m , M)
in the derived category of R-modules, then

RI,: = [-d] o T o RHomg(—,R)

on finitely generated R-modules.

Third, there is Koszul duality: The complex RI},; can be computed by means of a Koszul
complex K*® which is self-dual: K* = Homg(K*®, R)[d].

Finally, there is Tate duality: Let G be a pro-p duality group of dimension s. Then for
finite p-torsion G-modules A we have

H(G,Homz(A, 1)) = H (G, A)*
for a dualising module I. Here —* denotes the abstract dual
(-)" = Homz(-, Q/2).

Consider Ag(G) = liilU R[G/U] where U runs through the open normal subgroups of G
foratopological group G. Itis well known that Ag(Z;) = R[[Y1, ..., Ys]]and R = Ao(Z}).
The maximal ideal of Ar(Z;) is then generated by the regular sequence

(JT,Xl,...,Xt, Yl,...,Ys)

1
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and no matter how we split up this regular sequence into two, they will remain regular.
The Koszul complex then gives rise to a number of interesting spectral sequences and
these should (at least morally) recover the spectral sequences

z
(1) Tory” (Dm(MY),Q,/Z,) = Ext/’g;"(G)(M, Az,(G))"
and
. Z n+m
(2) lim D(Tory/ (Zy/p". M)") = Ext7" (M. Az, (G))",
k

which show up in Jannsen’s proof of [Jan89, 2.1 and 2.2]. The functors D,, stem from Tate’s
spectral sequence and are a corner stone in the theory of duality groups. In contrast to
the abstract dual —* above, —" denotes the Pontryagin dual Hom,s(—, R/Z).

This chapter is structured as follows: After briefly fixing a few conventions, we lay the
ring theoretic groundwork in section 1.3, including a discussion of local cohomology. Af-
terwards, we compare Matlis with Pontryagin duality in section 1.4 and observe a relation
between Tate cohomology and local cohomology in section 1.5. We will then show in sec-
tion 1.6 that aforementioned spectral sequences (and many more) are consequences of the
four duality principles laid out above. This also allows us to generalise Jannsen’s spectral
sequences to more general coefficients. For example, generalisations of eq. (1) and eq. (2)
are subjects of proposition 1.6.6 and of proposition 1.6.10 respectively. While another
spectral sequence for Iwasawa adjoints has already been generalised to more general co-
efficients (cf. theorem 1.8.1), the generalizations of the aforementioned spectral sequences
are missing in the literature. We can even generalise an explicit calculation of Iwasawa
adjoints (cf. [Jan89, corollary 2.6], [NSW08, (5.4.14)]) in theorem 1.6.15.

Furthermore, we generalise Venjakob’s result on local duality for Iwasawa algebras (cf.
[Ven02, theorem 5.6]) to more general coefficients (cf. theorem 1.7.2). As an application
we determine the torsion submodule of local Iwasawa cohomology generalising a result
of Perrin-Riou in the case R = Z, in theorem 1.8.2.

1.2. Conventions

In this chapter, a ring will always be unitary and associative, but not necessarily com-
mutative. If not explicitly stated otherwise, “module” means left-module, “Noetherian”
means left-Noetherian etc.

We will furthermore use the language of derived categories. If A is an abelian category, we
denote with D(A) the derived category of unbounded complexes, with D*(A) the derived
category of complexes bounded below, with D™(A) the derived category of complexes
bounded above and with D?(A) the derived category of bounded complexes.

As we simultaneously have to deal with left- and right-exact functors, both covariant and
contravariant, recovering spectral sequences from isomorphisms in the derived category
is a bit of a hassle regarding the indices. Suppose that A has enough injectives and pro-
jectives and that M is a (suitably bounded) complex of objects of A. Then for a covariant
functor F: A—— A we set RF(M) = F(Q) and LF(M) = F(P) with Q a complex of in-
jective objects, quasi-isomorphic to M and P a complex of projectives, quasi-isomorphic
to M. If F is contravariant, we set LF(M) = F(Q) and RF(M) = F(P). For indices, this im-
plies the following: Assume that M is concentrated in degree zero. Then for F covariant,
RF(M) has non-vanishing cohomology at most in non-negative degrees and LF(M) at
most in non-positive degrees. For F contravariant, it’s exactly the other way around. We
set LIF(M) = HY(LF(M)) and RYF(M) = H4(RF(M)). Note that with these conventions

+ RP(-)C(M) = HP(G. A)
+ L9(-= ® N)(M) = Tor_4(M, N)
« R? Hom(—, N)(M) = Ext?(M, N)



1.3. A FEW FACTS ON R-MODULES 3
. (13 _Uyx =1 -9 *
L (th( )Y )(M) th H™1(U, M)

If F: A—— A is exact, then F maps quasi-isomorphic complexes to quasi-isomorphic
complexes. Its derivation RF (or LF) is then given by simply applying F and we will make
no distinction between F and RF: D(A) —— D(A) in this case.
For every integer d € Z we have a shift operator [d], so that for complexes C and n € Z
the following holds:
([d1(©O)" = c™+.
We will at times write C[d] instead of [d](C). Note that although we occasionally cite
[Wei94], we deviate from Weibel’s conventions in this regard: Our [d] is Weibel’s [—d].
We furthermore set Hom(C*®, D*®) to be the complex with entries
Hom(C*,D*) = @ Hom(Ck, DF*).

nez
Sign conventions won’t matter in this chapter.
If R is Noetherian, the category of finitely generated R-modules f.g.-R-Mod is abelian.
Its inclusion into the category of all R-modules induces equivalences D*(f.g.-R-Mod) =
D (R-Mod) for * € {+, b} where subscript “c” means complexes with finitely generated
cohomology. (The letter “c” actually stands for “coherent,” which for Noetherian rings
amounts to finitely generated.)

1.3. A Few Facts on R-Modules

1.3.1. Non-commutative rings. Let R be a ring. The intersection of all maximal
left ideals coincides with the intersection of all maximal right ideals and is called the
Jacobson radical of R and is hence a two-sided ideal, denoted by J(R). For every r € J(R)
the element 1 — r then has both a left and a right inverse and the following form of
Nakayama’s lemma holds, cf. e. g. [Lam91, (4.22)].

Lemma 1.3.1 (Azumaya-Krull-Nakayama). Let M € R-Mod be a finitely generated R-
module. If J(R)M = M, then M = 0.

Proor. Suppose M # 0 and my,...,m, is a minimal generating system of M. By
assumption there exist ry,...,r, € J(R) with }; rym; = 3}; m;, Le,

Z(l - rl-)mi =0.

Multiplying this equation with (1 — r,)™! from the left, we see that m,, lies in the span of
mi,..., My—_1, a contradiction. n

Recall that a ring is called local if it has a unique maximal left-ideal. This unique left ideal
is then also the ring’s unique maximal right-ideal and the group of two-sided units is the
complement of this maximal ideal.

The following is well known and gives rise to the notion of “finitely presented” (or “com-
pact”) objects in arbitrary categories.

Lemma 1.3.2. Let R be a ring and M an R-module. Then
Hompg(M, -)
commutes with all direct limits if and only if M is finitely presented.
Proor. Suppose that Homg(M, —) commutes with direct limits. Let M; be a family
of R-modules with limit M. Then by assumption canonically

h_g)lHomR(M, M;) = HOHlR(M,li_I'I)lM,-) = Homg(M, M).

1 1
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The identity then has a preimage, represented by ¢: M —— My, i.e,,

M— > My ——M
is the identity and hence M is a direct summand of M. But it is easy to see that if
M = F(X)/S with F(X) the free R-module with basis X, then
_ . ’ ’
M= h_r)n F(X")/S".

X’ CX finite,
S’ CSNF(X’) finitely generated

and is hence the direct limit of finitely presented modules. Therefore, M is a direct sum-
mand of a finitely presented module and thus itself finitely presented.

On the other hand it is clear that for finitely generated free modules M the functor
Hompg(M, —) commutes with all direct limits. For the general case, consider

R R? M 0
exact and an arbitrary direct system of R-modules (N;);. Apply Homg(—, h_r)n N;) to the
1

presentation of M. Comparing this with li_r)ni Hompg(—, N;) yields the following commu-
tative diagram with exact rows:

0——s 1'£>ni Hompg(M, N;) —— h_n},- Hompg(R?, N;) — li_H)li Homg(R", N;)

l l l

0 —— Homg(M, li_r)ni N;) —— Homg(R?, H_H)ll_ N;) —— Homg(R, li_I)l'li N;)
A diagram chase (or the five lemma if you're lazy) completes the proof. -

If R is Noetherian, this isomorphism extends to higher Ext-groups.

Proposition 1.3.3. Let R be a Noetherian ring, M a finitely generated R-module, and (Nj);
a direct system of R-modules. Then

Extj (M, lim N;) = lim Ext} (M, Ny).
i i

PrOOF. As R is Noetherian, there exists a resolution of M by finitely generated pro-
jective R-Modules. As furthermore h_H)l commutes with homology, lemma 1.3.2 yields the
result. -

Remark 1.3.4. Recall the following subtleties: Let R, S, T be rings, N a S-R-bimodule and
P a S-T-bimodule. Then Homg(N, P) has the natural structure of an R-T-bimodule via

(rf)(n) = f(nr) and (ft)(n) = f(n)t.

Furthermore let M be a R-left-module. Then canonically
Hompg(M, Homg(N, P)) = Homg(N ®g M, P)
as T-right-modules.
Lemma 1.3.5. If P is an R-R-bimodule that is flat as an R-right-module and Q an injective
R-left-module, then Hompg(P, Q) is again an injective R-left-module.

Proor. Hompg(—, Homg(P, Q)) = Hompg(—, Q) o (P ®g —) is a composition of exact
functors and hence exact. -

Lemma 1.3.6. Let N be an R-R-bimodule and M an R-left-module. Then
Tor§ (N, M) =0

if and only if
Eth(M, Hompg(N,Q)) =0

for all injective R-left-modules Q.
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Proor. The isomorphism of functors
Homg(—, Q) o (N ®g —) = Hompg(—, Homg(N, Q))
yields an isomorphism
Homg(—, Q) o (N & -) = RHomp(~, Homg(N., Q)
in the derived category, which in turn yields
HomR(Torg(N, M), Q) = Extz(M, Hompg(N, Q))

for all q. As the category of R-left-modules has sufficiently many injectives, this shows

the proposition. "
Definition 1.3.7. Let R be aring. A sequence (r1, ..., rq) of central elements in R is called
regular, if for each i the residue class of ;41 in R/(r1, ..., r;) is not a zero-divisor.

Definition 1.3.8. For a regular sequence r = (1, .. .,74) we denote by r'¥) the sequence

(rf, ey rS), which is again regular (cf. e. g. [Mat86, theorem 16.1]). If I is an ideal gen-
erated by a regular sequence r, we will by abuse of notation refer to the ideal generated
by ) as ), Note that I*) actually depends on the chosen regular sequence, which is
either going to be clear from the context or arbitrary as long as chosen consistently.

Proposition 1.3.9. Let R be a ring and (r1, . .., Tk, S1, - - ., S1) such a regular sequence that
the sequence (s1, ..., s;) is itself regular. Let I = (r;); and J = (s;); be the ideals generated
by the first and second part of the regular sequence. Then for allq > 1

Tory(R/I,R/]) =0

and
@Torfj(R/I",R/J") =0.

n

Proor. Let us first show that Tor}f(R/I,R/ J) = 0 and then reduce to this case by
induction on . Consider the exact sequence of R-modules

0 J R R/J 0
and apply Tor®(R/I, ). As R is flat,

njJ
Ij -
We argue by induction on [ that this is zero: For I = 1, x € IN J implies x = As; = 511 € I,
soAd = 0in R/I, so A € I and hence x € I]J. Denote with J’ the ideal generated by
$1,...,8/-1. By inductionIN J' =IJ'. Letx e IN J =IN(J' + s;R), so x = a + s;b with
ac J' and b € R Clearly s;b = 0in R/(I+ J’), so b € I + ]’ by regularity of the sequence
and hence
InNJ=In(J' +sR=InJ +s;I+])=In{J +s)=In]J +INsl

assgI CIL.NowIN]J +INsI=1IJ +s;I=1IJ +sR)=1I],and this was to be shown.

We now argue by induction on [ that Torf;(R/I, R/J) =0forall ¢ > 0. For [ = 1 we have
the free resolution

TorR(R/L,R/J) = ker (R/I ®r J R/I) -

0 R—2 >R R/J 0
hence Torf;(R/I,R/]) =0 for g > 1 and for ¢ = 1 by what we saw above. Let J’ be again

the ideal generated by sy, ..., s;—1. By induction we can assume that all Torf;(R/I, R/
vanish. Consider the sequence

0 R/J—'— R[]’ R/J 0,
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which is exact as the subsequence (sy, ..., s;) is regular. Applying TorR(R/I, -) shows
that Toré2 (R/I,R/]) = 0 for g > 1 by induction hypothesis — and by what we saw above
also for g = 1.
Let m’ = max{k,!l}. Clearly m'm c [m) ¢ [m and the same is true for J, hence the
natural map

Torf(R/T™™, R/J™™) —— Torf(R/I™,R/J™)
factors through Torg(R/I(’"), R/J(™), which is zero. -

1.3.2. The Koszul Complex. We recall a couple of well-known facts about the
Koszul complex (cf. e. g. [Wei94, section 4.5]).

Definition 1.3.10. Denote by

Ko(x)=0 R—ZXR 0
the chain complex (i. e., the degree decreases to the right) concentrated in degrees one
and zero for a ring R and a central element x € Z(R). For central elements x3, . . ., x4 the
complex
Keo(x1,...,x3) = Ko(x1) ® - - - ® Ku(xg)
is called the Koszul complex attached to xi,...,x4. We will also consider the cochain
complex K*(x1, .. ., xg) with entries KP(x1,...,xq) = K_p(x1,...,xq).

Remark 1.3.11. While this definition is certainly elegant, a more down to earth descrip-
tion is given as follows: Kj(x1,...,xy) is the free R-module generated by the symbols

ei, N+ Aej, withi; <--- < i, with differential

P
diei, Ao Aei) = Y (=D e A AT A Ae,.
k=1

This description emphasises the importance of using central elements (x;);.

Remark 1.3.12. The importance of the Koszul complex for our purposes stems from the
following fact: If x1, . . ., x4 is a regular sequence, then K¢(x1, . . ., x4) is a free resolution
of R/(x1,...,xq), cf. e.g. [Wei94, corollary 4.5.5].

Proposition 1.3.13. The complex Ko = Ko(x1, . . ., X4) is isomorphic to the complex
0 —— Homg(Kp,R) —— ... —— Hompg(Ky,R) —— 0,
where Hompg (Ko, R) is in degree d and Homg(Ky, R) in degree zero. Analogously
K* = Homg(K*, R)[d].

Proor. We have to describe isomorphisms K, = Homg(K4-,, R) such that all dia-

grams
d

K, Kp-1
e
HOmR(Kd_p, R) I HOmR(Kd_p+1, R)
commute. Consider the map
A Nej, — (ej1 AN Nejy, r—»sgn(o))

e,~1

where sgn(o) is the sign of the permutation
o(l)=iy,...,op)=ipolp+1)=ji,...,0(d) = Jd—p»
i.e., in the exterior algebra A¢ R? we have
€

/\---/\eip/\ejl/\--'/\ejdfp=Sgn(0)el/\~~/\ed.

1
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(Note that sgn(o) = 0 if o is not bijective.) It is then easy to verify that the diagram
above does indeed commute: Identifying R with A R?, all but at most one summand
vanishes in the ensuing calculation and the difference in sign is precisely the difference
in the permutations. -

Proposition 1.3.14. Let R be a ring and x1, . . ., x4 a regular sequence of central elements
in R. Then in the bounded derived category of R-modules

[d] o RHomg(R/(x1, . . ., Xn), =) = R/(x1, . .., X,) ®F —.

Proor. Denote with K, the Koszul (chain) complex K¢(x1, . . ., x4) (concentrated in
degreesd,d—1,...,0)and with K* the Koszul (cochain) complex (concentrated in degrees
-d,-d+1,...,0).

As xy, ..., x4 form a regular sequence, K* is a free resolution of R/(x1, . . ., x,) and hence
allows us to calculate the derived functors as follows.

RHomg(R/(x1, ..., x,), M)[d] = Homg(K*, M)[d]
=~ Homg(K*[-d],R) @y M
=K*®Qr M
= R/(x1,. ... xq) ®F M,

with the crucial isomorphisms being due to the fact that K* is a complex of free modules
and proposition 1.3.13. It is clear that these isomorphisms are functorial in M. -

Corollary 1.3.15. Let R be a commutative ring, X1, ...,xq a regular sequence in R and
T = Hompg(—, Q) with Q injective. Then

RHompg(R/(x1,...,x4),—) o T =T o [d] o RHompg(R/(x1,...,%xq),—)

on the derived category of R-modules.

Proor. The functor T is exact and
Hompg(R/(x1,...,xq),—)oT =T o (R/(x1,...,Xq) ®r —)
by adjointness. Hence also
RHomg(R/(x1,...,x4), =)o T = T o (R/(x1,...,x4) ®F -).

By proposition 1.3.14, this is just T o [d] o RHompg(R/(x1, . . ., xg), —). -

Corollary 1.3.16. Let R be a commutative ring and x1, . . ., xq a regular sequence in R. Let
further M be an R-module. Then

Extd P(R/(x1,....xa). M) = TorR(R/(x1, ..., xa). M).

Proor. This is just proposition 1.3.14, taking extra care of the indices:
Ext&P(R/(x1, . . ., xa), M) = R4 Homg(R/(x1, . . ., xa), M)
= H? RHomg(R/(x1, . . ., xg)[~d], M)
= HP(R/(x1.....xa) ® M)
= TorE(R/(xl, e Xgq), M).
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1.3.3. Local Cohomology.

Definition 1.3.17. Let R be a ring and J= (Jn)nen a decreasing sequence of two-sided
ideals. (The classical example is to take a two-sided ideal ] and set | = (J™),.) For an
R-left-module M set

;M) = {m e M| J,m = 0 for some n}.

It is clear that I} is a left-exact functor with values in R-Mod. Denote its right-derived
functor in the derived category D*(R-Mod) by RT}.

Remark 1.3.18. Iy = li_H)ln Homg(R/J,, —), so
RI = lim RHomg(R/J, -)
n
and
-1 q
R, = h_rr)lExtR(R/]n, -).
n
Remark 1.3.19. Let I be an ideal generated by a regular sequence in a ring R. Then by
cofinality of the systems
Lum), = Loy, -
Lemma 1.3.20. Let A,B be abelian categories, with additive functors L: A —— B left
adjoint toR: B——— A. If L is exact, R preserves injective objects.
Proor. Let Q be an injective object in B and let
M =0 M M M 0
be an exact sequence in A. Apply Homa (-, R(Q)). We want to see that the resulting

complex Homp (M*®, R(Q)) has trivial homology. But by adjointness, this is the complex
Homp(F(M*), Q), which by assumptions on F and Q is exact. -

Remark 1.3.21. Let ¢: R——— S be a homomorphism between unitary rings. Let J be
decreasing sequence of two-sided ideals in R and denote with JS the induced sequence
of two-sided ideals in S. If ¢(R) lies in the centre of S, then I} o res, = res, o Iys.
If furthermore injective S-modules are also injective as R-modules, e.g., if S is a flat R-
module via lemma 1.3.20, then RI} o res, = res, o RI}s. Local cohomology is thus
independent of the base ring for flat extensions and we will omit res,, and the distinction
between JS and J in the future. Note especially that if R is complete, then R[[G]] = R[G]"
is a flat R-module.

Proposition 1.3.22. Let R be a Noetherian local ring with maximal ideal m and finite
residue field. Let M be a finitely generated R-module. Then I,,(M) is the maximal finite
submodule of M.

Proor. Denote with T the maximal finite submodule of M (which exists as M is
Noetherian). By Nakayama there exists a k € N with m*T = 0 and hence T C Lu(M).
Conversely R/mF is a finite ring for each k, hence Rm is a finite module for each m €
Lw(M) and is thus contained in T. -

Proposition 1.3.23. If R is a Noetherian ring and ] a decreasing sequence of ideals, then
RI; and Ry commute with direct limits.

Proor. This is just proposition 1.3.3, as for Noetherian rings, direct limits of injective
modules are again injective. -

Definition 1.3.24. For [ and J decreasing sequences of two-sided ideals of a ring R set
(l"'l)n =1In + Jn
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Remark 1.3.25.If ] and ] are two-sided ideals of a ring R, then generally I + ] # [ + J.
But as these two families are cofinal, I'7, 7 =Ty

Remark 1.3.26. Clearly I}, = Ij o I}, but regrettably

is in general false if the families [ and ] are not sufficiently independent from one another:
For R =Z,1 =] = (n;Z); any descending sequence of non-trivial ideals and M = Q/Z,
the five-term-sequence in cohomology would start as follows:

0 — lim Extz(Z/n;, Hom(Z/nj,Q/2)) — lim Extz(Z/n;,Q/2)
v
But clearly EX‘D%(Z/TI,‘, Q/Z) =0 and

Ext%(Z/ni, Hom(Z/n;,Q/Z)) = Ext%(Z/ni, Z/n;j) = Z/(n;, ny),

hence
lim Ext} (Z/n;, Hom(Z /n;, Q/2) = lim Zm;
LJ i
so the sequence above cannot possibly be exact.
This argument of course generalises: Were RI, j = RI“LRTL, then [CE56, chapter XV,
theorem 5.12] implied that

h_;)n Exth(R/1;, h_r)n Homg(R/J;,Q)) =0
i J

for all p > 0 and Q injective, i.e., if the isomorphism in the derived category holds,
then because RI; mapped injective objects to I7-acyclics. Using lemma 1.3.6, a suffi-
cient criterion for that to happen is that the transition maps eventually factor through
Ext‘;(R/Ii, Homg(R/J;, Q)) for some I;, J; with Torﬁ(R/Ii, R/J;) = 0forall p > 0 and this
criterion appears to be close to optimal. The following proposition is a simple application
of this principle.

Proposition 1.3.27. Let R be a commutative ring and

(7’1,...,rk,31,...,31)

such a regular sequence, that (s1, . . .,s;) is itself again regular. Then for the ideals I = (r;);
and J = (s;); we have

Rrb.l = RFLer = erer'

Proor. The transition maps in the system

lim Extp(R/T', lim Hompg(R/V', Q)) = lim Exth(R/T', Homg(R/J’, Q))
i J L,J

eventually factor through Ext‘; (R/I™, Homg(R/J™, Q)). But by lemma 1.3.6 and propo-
sition 1.3.9 this vanishes for p > 1. As TorR(-,-) is symmetrical for commutative rings,
the same argument also applies for RIJRI;. .

1.4. (Avoiding) Matlis Duality

First recall Pontryagin duality.
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THEOREM 1.4.1 (Pontryagin duality, e. g. [NSWO08, (1.1.11)]). The functor
T = Homes(—, R/Z)

induces a contravariant auto-equivalence on the category of locally compact (Hausdorff)
abelian groups. It interchanges compact with discrete groups. The isomorphism A——
II(TI(A)) is given by a ———> (¢ ——— ¢(a)).

If G is pro-p, then II(G) = Homs(G, Qp/Z,). If D is a discrete torsion group or a topologi-
cally finitely generated profinite group, then II(D) = Homz(D, Q/Z).

We will write =" for I1 if it is notationally more convenient.

Matlis duality is commonly stated as follows:

THEOREM 1.4.2 (Matlis duality, [BH93, theorem 3.2.13]). Let R be a complete Noetherian
commutative local ring with maximal ideal m and & a fixed injective hull of the R-module
R/m. Then Hompg(—, &) induces an equivalence between the finitely generated modules and
the Artinian modules with inverse Homg(—, &).

Example 1.4.3.If R is a discrete valuation ring, then Q(R)/R is an injective hull of its
residue field.

Matlis duality — using an abstract dualising module instead of a topological one — behaves
very nicely in relation to local cohomology. In applications however the Matlis module
& is cumbersome and in general not particularly easy to construct.

Example 1.4.4. Consider the rings R = Z,, Sy = Z,[r] and S; = Z,[[T]] with 7 a
uniformiser of Q,(+/p). Clearly the homomorphisms R —— S; are local and flat and
their respective residue fields agree. But while Eg = Q,/Z,,, Es, = Q,/ Z;‘,ﬂ as an abelian
group. Furthermore, Es, = Py Qp/Z,, as an abelian group by proposition 1.4.8.

The best we can hope for in general is the following.

Proposition 1.4.5 ([Stacks, Tag 08Z5]). Let R—— S be a flat and local homomorphism
between Noetherian local rings with respective maximal ideals m and M. Assume that
R/m™ = S/IM™ for all n. Then an injective hull of S/M as an S-module is also an injec-
tive hull of R/m as an R-module.

Starting with pro-p local rings, Matlis modules are however intimately connected with
Pontryagin duality.

Lemma 1.4.6. Let R be a pro-p local ring with maximal ideal m. Then there exists an iso-
morphism of R-modules R/m = Homgz, (R/m, Q,/Z,).

Proor. As R/m is finite and hence a commutative field, both objects are isomorphic
as abelian groups. As vector spaces of the same finite dimension over R/m they are hence
isomorphic as R/m-modules and thus as R-modules. -

Lemma 1.4.7. Let R be a pro-p local ring with maximal ideal m and M a finitely presented
or a discrete R-module. Then II(M) = Hompg (M, II(R)).
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Proor. Let first M = lim_ M; be an arbitrary direct limit of finitely presented R-
—>1
modules. Then by lemma 1.3.2

Homp(lim M;, TI(R)) = lim Homp(M;, lim TI(R/m"))
i i k
. . k
im h_rr)l Homg(M;, Homgz, (R/m*, Q,/Z,))

T
(iLnli_I)nHOmZp(Mi/mstp/Zp)
ik

1

I
—

I
—

If M itself is finitely presented, this shows the proposition. If M is discrete, we can take
the M; to be discrete and finitely presented (i. e., finite). The projective limit of their duals
exists in the category of compact R-modules and it follows that £i£1i II(M;) =1I(M). u

Proposition 1.4.8. Let R be a Noetherian pro-p local ring with maximal ideal m. Then
II(R) = Homcs(R, Qp/Z,) is an injective hull of R/mt as an R-module.

Proor. II(R) is injective as an abstract R-module: By Baer’s criterion it suffices to
show that Homg(R, II(R)) —— Homg(I, II(R)) is surjective for every (left-)ideal I of R.
By lemma 1.4.7, this is equivalent to the surjectivity of II(R) —— II(I), which is clear.
In lieu of lemma 1.4.6 it hence suffices to show that

Homgz,(R/m,Q,/Z,) € Homets(R, Qp/Zyp)
is an essential extension, so take
H < Homgs(R, Qp/Z,)
an R-submodule and 0 # f € H. Then by continuity, f descends to
f: R —— Qp/2,

with k minimal. It follows that there exists an element r € m* with f(r) # 0. The map
rf: R—— Q,/7Z, is consequentially also not zero, lies in H but now descends to

rf: Rfm—— QP/ZP,
i.e, HNHomgz,(R/m,Q,/Z,) # 0. n

Corollary 1.4.9. Let R be a commutative pro-p Noetherian commutative local ring. Then if
M is finitely generated or Artinian, Matlis and Pontryagin duality agree.

Proor. Immediate from lemma 1.4.7 and proposition 1.4.8. -

Proposition 1.4.10. Let R satisfy Matlis duality via
T = Hompg(—, &).
Let I be a decreasing family of ideals generated by regular sequences of length d. Then
RI; = h_n)lT o[d] e RHom(R/I,,,—)o T

n

on D (R-Mod).

Proor. By corollary 1.3.15 it follows that
RI = h_n)lRHom(R/In, —)oToT= li_n}T o[d] o RHom(R/I,,—) o T.

n n
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1.5. Tate Duality and Local Cohomology

Remark 1.5.1. Working in the derived category makes a number of subtleties more ex-
plicit than working only with cohomology groups. Assume that R is a complete local
commutative Noetherian ring with finite residue field of characteristic p and G an ana-
lytic pro-p group. Then every A = R[[G]]-module has a natural topology via the filtration
of augmentation ideals of A. It is furthermore obvious to consider the following two
categories:

« C(A), the category of compact A-modules (with continuous G-action),
+ D(A), the category of discrete A-modules (with continuous G-action).

Pontryagin duality then induces equivalences between C(A) and D(A°), where —° de-
notes the opposite ring. It is furthermore well-known that both categories are abelian,
that C(A) has exact projective limits and enough projectives and analogously that D(A)
has exact direct limits and enough injectives, cf. e. g. [RZ00, chapter 5]. It is important to
note that the notion of continuous A-homomorphisms and abstract ones often coincides:
If M is finitely generated with the quotient topology and N is either compact or discrete,
every A-homomorphism M —— N is continuous, cf. [Lim12, lemma 3.1.4].

In what follows we want to compare Tate cohomology, i.e. LD as defined below, with
other cohomology theories such as local cohomology. Now Tate cohomology is defined
on the category of discrete G-modules and we hence have a contravariant functor

LD: D*(D(A)) —> D~ (A°-Mod)

Local cohomology on the other hand is defined on D*(A-Mod) or any subcategory that
contains sufficiently many acyclic (e. g. injective) modules. This is not necessarily satisfied
for D7(C(A)). A statement such as

LDoIl = [d] oRIy

without further context hence does not make much sense: The implication would be that
this would be an isomorphism of functors defined on D?(C(A)), but RT 7 doesn’t exist on

D(C(A)).

Definition 1.5.2. Let G be a profinite group and A a discrete G-module. Denote with D
the functor
D: A—— lim(AY)*
v

where N* = Homz(N, Q/Z), the limit runs over the open normal subgroups of G with the
dual of the corestriction being the transition maps (cf. [NSWO08, I1.5 and II1.4]). D is right
exact and contravariant and D(A) has a continuous action of G from the right. Denote its
left derivation in the derived category of discrete G-modules by

LD: D*(D(Z[[G]])) —— D™ (Z[[G]]*-Mod)
(where —° denotes the opposite ring), so
Di(A) =L™'D(A) = li_I)nHi(U, A)*.
U

If G is a profinite group, R a profinite ring and A a discrete R[[G]]-module, then D(A) is
again an R[[G]]-module, so

LD: D*(D(R[[G]])) —— D™ (R[[G]]°-Mod),

where D(R[[G]]) denotes the category of discrete R[[G]]-modules. Furthermore, we can
of course also look at the functor

LD: D*(R[[G]]-Mod) —— D~(R[[G]]°-Mod).

Naturally, these functors don’t necessarily coincide.
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Proposition 1.5.3. Let R be such a profinite ring, that the structure morphism Z——R

gives it the structure of a finitely presented flat Z-module. Let G be a profinite group such
that R[[G]] is a Noetherian local ring with finite residue field. (This is the case if G is a p-adic
analytic group and R is the valuation ring of a finite extension over Z,.)

Then an injective discrete R[[G]]-module is an injective discrete G-module.

Proor. By lemma 1.3.20 it suffices to show that j: D(R[[G]]) —— Z)(z[[G]]) has
an exact left adjoint. It is clear that

M ——— R[[G]] 71161 M

1
is an algebraic exact left adjoint, so it remains to show that R ®5 M = R[[G]] ®31161] M is
a discrete R[[G]]-module. Now M is the direct limit of finite modules, hence so is R®; M.
But for a finite R[[G]]-module N this is clear as then m¥M; = 0 for some k with m the
maximal ideal of R[[G]] by Nakayama. -

Corollary 1.5.4. The following diagram commutes if R is aﬁnitelypresentedﬂati-module
with R[[G]] Noetherian and local with finite residue field:

D*(D(R[[G]]) —— D*(DZ[[G])

lLD lLD
D~ (R[[G]]°-Mod) ——> D~(Z[[G]]°-Mod)

Proor. Clearly the forgetful functors and D all commute on the level of categories
of modules. The result then follows from proposition 1.5.3. -

Proposition 1.5.5 ([Lim12, corollary 3.1.6, proposition 3.1.8]). Let M, N be A-modules.

(1) If M is Artinian, then A X M ——— M is continuous if we give M the discrete

topology.
(2) IfN is Noetherian, then N is compact if we give it the topology induced by A.
(3) The functor

f.g.-A-Mod —— C(A)

maps projective objects to projectives.

Proposition 1.5.6. Let O be a pro-p discrete valuation ring, R = O[[X1, ..., X;]] with
maximal ideal m, G = Zz and A = liLni R[G/GP"] with generalised augmentation ideals

I; = ker A——> R[G/GP"]. Then the following holds in D?(A-Mod):
LDoT = [d] oRIT,

Especially the following diagram commutes:

D?(A-Mod) = D’(f.g.-A-Mod) — D?(C(A)) > DY (D(A%))

¥ LD
, [d]oRTyy b
D”(A-Mod) D?(A-Mod)
Proor. A is aregular local ring with maximal ideal generated by (r, X1, ..., X, y1 —
L,...,ya — 1) for any set of topological generators (y;); of G and uniformiser 7 of O. One

immediately verifies that the sequences yf - 1,..., yg —lare again regular and generate
the ideals I;.

By proposition 1.4.10,
[d] oRIT = h_r)n T o RHomp(A/I;, =)o T.

n
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Take a bounded complex M of finitely generated R-modules that is quasi-isomorphic to a
bounded complex P of finitely generated projective modules. The resulting complex T(P)
is then not only a bounded complex of injective discrete modules by Pontryagin duality
and proposition 1.5.5, but also a bounded complex of injective abstract A-modules by
lemma 1.3.5. In all relevant derived categories T(M) = T(P) holds. As Homp(A/I,, —) =
(-)%” by construction, we can compute [d] o RI7(M) as follows (keeping corollary 1.4.9
in mind):
[d] o RI3(M) = [d] o RI}(P)

= h_nn)lT o RHomy(A/I,, =) o T(P)

= lim T(Homa(A/I,, T(P)))

Ty Gr"

= limy T((P)°"")

n
T Gr"
= lim I(T(P)*"”)

= D(T(P)) = LD o T(M).

Lemma 1.5.7. Let R be a commutative Noetherian ring with unit and R—— S a flat ring
extension with R contained in the centre of S and S again (left-)Noetherian.
Then
RHompg: D™(R-Mod)°P? x D*(R-Mod) —— D*(R-Mod)
extends to
RHomg: D™(R-Mod)°P? x D*(S-Mod) —— D*(S5-Mod),
which in turn restricts to
RHomp : D?(R-Mod)°PP x D¥(S-Mod) —— D%(5-Mod),

Proor. First note that if M is an R-left-module and N an S-left-module, then the
abelian group Hompg(M, N) carries the structure of an S-left-module via (s f)(m) = s f(m).
Then Homg(R, S) = S as S-left-modules and the following diagram commutes:

S-Mod _Home(M.D)_ S-Mod

| |
R-Mod 22m* ™7 p Mod

As S is a flat R-module, ; preserves injectives by lemma 1.3.20 and we can compute
RHompg (M, —) in either category.

If furthermore M is a finitely generated R-module and N a finitely generated S-module,
then Hompg(M, N) is again a finitely generated S-module, as S is left-Noetherian. If M
is a bounded complex of finitely generated R-modules, then it is quasi-isomorphic to a
bounded complex of finitely generated projective R-modules. The result then follows at
once. .

Remark 1.5.8. Note however that RHomp does not extend to a functor

RHompg: D™(5-Mod)°P? x D*(R-Mod) —— D*(S-Mod).
Even in those cases where we can give Hompg(M, A) the structure of an S-module (e. g.
when S has a Hopf structure with antipode s ——— s via (sf)(m) = f(sm)), projective

S-modules in general are not projective. This is specially true for R[[G]], which is a flat,
but generally not a projective R-module.
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An essential ingredient in the proof of this section’s main theorem is Grothendieck local
duality. It is commonly stated as follows:

THEOREM 1.5.9 (Local duality, [Har66, theorems V.6.2, V.9.1]). Let R be a commutative
regular local ring of dimension d with maximal ideal m, and & a fixed injective hull of the
R-module R/m. Denote with R[d] the complex concentrated in degree —d with entry R. Then

RI = T o RHompg(—, R[d]) = [-d] o T o RHomg(—, R)
on D?(R-Mod).
The regularity assumption on R can be weakened if one is willing to deal with a dualising

complex that is not concentrated in just one degree (loc. cit.). Relaxing commutativity
however is more subtle and will be the focus of section 1.7.

THEOREM 1.5.10. Let O be a pro-p discrete valuation ring, R = O[[ X4, . .., X;]] with max-
imal ideal m, G = Zj, and A = R[[G]]. Then

T oRHomp(—,A) = [t+1]oRIl,oLDoT
onD2(A-Mod). The right hand side can furthermore be expressed as

RI,oLDoT = h_H)l LD o T o RHomg(R/m*, -).
k

ProoF. Aisagain aregular local ring, now of dimension ¢ +s+1. Denote its maximal
ideal by M. By theorem 1.5.9

RIig = T o RHomp (=, Als +t + 1]) = [-s =t — 1] o T o RHom (=, A).

Now M = m+(y1 —1,...,ys — 1) and if x1,...,x,41 is a regular sequence in R, then
X1,..,Xe+1,¥1 — L, ..., ¥s — 1 is a regular sequence in A. Furthermore, the sequence
y1—1,...,ys — Lis of course itself regular in A. Let it generate the ideal I. Then we can

apply proposition 1.3.27, i.e.,
RIy = RL, o RI}.
By proposition 1.5.6, we have RI] = [-s] o LD o T, which shows the first isomorphism.
Consider furthermore the functor li_I)l’lk LD o T o RHomg(R/mk, —). By lemma 1.5.7 we
can compute it on D%(A-Mod) as
. k N~ k _
h_;)nLD o T o RHomg(R/m", —) = h—i)nm o RI7 o RHompg(R/m", —)
~ ] k —
= [s]oRIjo h_;)nRHomR(R/m , )
=[s]oRI7 oRIx
= [s]oRI}, o RIT
= [s]oRLyo[-s]oLDoT
=RL,oLDoT,

R

as by proposition 1.3.23, local cohomology commutes with direct limits, RI}, and RI7
commute by proposition 1.3.27, and by two applications of proposition 1.5.6. -

Remark 1.5.11. Proposition 1.5.6 and theorem 1.5.10 should together be compared with
the duality diagram [Nek06, (0.4.4)].

Remark 1.5.12. If we express theorem 1.5.10 in terms of a spectral sequence, it looks like
this:
. q k t+1-p—q
h_n)leD(T(ExtR(R/m ,M))) = T(Ext, (M, A)).
k



16 1. SPECTRAL SEQUENCES FOR IWASAWA ADJOINTS

Writing E} for Ext} (-, A), flipping the sign of p and shifting ¢ —— ¢ +1 —q then yields

@Dp(Ext;*I*q(R/mk,M)V) = BV (M)
k

and the following exact five term sequence:

Ei(M)Y — lim Dy(Exty ™ (R/mk, M)Y) —— lim D(ExthH(R/m¥, M)¥)

E M)V — lim Dy (Exti ™ (R/m¥, M)Y) 0

1.6. Iwasawa Adjoints

In this section let R be a pro-p commutative local ring with maximal ideal m and residue
field of characteristic p. Let G be a compact p-adic Lie group and

A= A(G) = limRI[G/U]],
U
where U ranges over the open normal subgroups of G. As is customary, we set again
ES{(M) = Ext} (M, A).

Remark 1.6.1. Note that if M is a left A-module, it also has an operation of A from the
right given by mg = g~'m. This of course does not give M the structure of a A-bimodule,
as the actions are not compatible. We can however still give Homp (M, A) the structure
of a left A-module by (g.¢)(m) = p(m)g~*.

The following lemma is based on an observation in the proof of [Jan89, theorem 2.1].

Lemma 1.6.2. EQ(M) = @U Hompg(My, R) for finitely generated A-modules M, where

the transition map for a pair of open normal subgroups U < V are given by the dual of the
trace map

My —— My, m+—— Z gm.
gev/U

Proor. Note first that as Homy (M, —) commutes with projective limits,

Hom (M, A) = lim Hom (M, R[G/U]) = lim Homggu)(My, RIG/U]).
U U

For U an open normal subgroups of G, consider the trace map

Homg(My, R) —— Homg|g,u)(Mu, R[G/U])

pr— |m—— > olg7'm) g,
geG/U

which is clearly an isomorphism of R-modules and induces the required isomorphism to
the projective system mentioned in the proposition. -

Proposition 1.6.3. On Df(A—Mod) we have

IT o RHomp(—, A) = li_r)nl'l o RHompg(—,R) o L(-)y.
U

Proor. Immediate by lemma 1.6.2, as (—)y clearly maps finitely generated free A-
modules to finitely generated free R-modules. -
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Remark 1.6.4. The spectral sequence attached to proposition 1.6.3 looks like this:

h_n)lExt‘;(Hq(U, M), R)Y = ER™(M)Y
U
Its five term exact sequence is given by

E;(M)Y — lim Ext3(My, R)Y ——> lim Hompg(H: (U, M), R)”

E (M) — li_n)lU Extp(My, R)Y 0

The following lemma is also based on an observation in the proof of [Jan89, theorem 2.1].

Lemma 1.6.5. Homu(M, A)Y = lim RY ®g My for finitely generated A-modules M.

Proor.

Homp (M, A)Y = li_II}H(HOHlR(MU,R))
U
= h?H)l ITHomp(II(R), II(My))
=J]o H(h_EI)n My ®g II(R))
o v

Proposition 1.6.6. IT o RHoma(—, A) = (RY ®% —) o LD o II on D} (A-Mod).
Proor. Using lemmas 1.6.2 and 1.6.5, usual Pontryagin duality, and the fact that ten-
sor products commute with direct limits, we get:
Voo %
Homp(M, A)" = th}R ®r My

~ pV . U

= R’ ®r h_r)nH(H(M) )

= RY ®g D(II(M)).

It hence remains to show that (D o IT) maps projective objects to RY ®g —-acyclics and it
actually suffices to check this for the module A. But D(II(A)) = li_r)nU R[G/U] is clearly

RY ® —-acyclic. -
Remark 1.6.7. The spectral sequence attached to proposition 1.6.6 looks like this:
Tory(R", Dg(M")) = ER™ (M),

which yields the following five term exact sequence:

E3(M)Y —— TorX(RY,D(M")) —— RY ®g D1(M")

EX(M)Y —— Tor¥(RY,D(M")) ———— 0

This also proves that Eﬁ(M) =0ifp > dimG + dimR. If dimR = 1, the spectral se-

quence degenerates and we can compute E‘Z(tor r M) and Ef\(M /torg M) akin to [NSW08,
(5.4.13)]. The spectral sequence for R = Z,, first appeared in [Jan89, theorem 2.1].

Lemma 1.6.8. RV = lim R/m® ifR is regular.
—k
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Proor. R satisfies local duality by assumption, hence by corollaries 1.3.16 and 1.4.9
RV =T(R) = RLw(R) = lim Ext4(R/m®), R) = lim, R/m), .

Lemma 1.6.9. Homua (M, A)Y = h_H)lU k(M/m(k))U for finitely generated A-modules M and
regular R. ’

ProoF.
Voo pV :
HOIDA(M, A) =~ R’ ®p h_r)nMU
U

~ | (k)

= h_n)lh_r}nR/m ®r My
U &k

~ | (k)

= h_rr)lh_r>n(M/m M)U
U k

using lemmas 1.6.5 and 1.6.8. -

1

Proposition 1.6.10. If R is regular, IT o RHomp (-, A) = li_r)nk LDoIl o (R/m® ek -)
h_H)lk LD oIl o [d] o RHomg(R/m®*), ) on D2(A-Mod).

Proor. By lemma 1.6.9
Vo~ limli (k)
Homp(M, A)" = lim lim(M/m™ M)y
Uk
=~ i ®)AnU
_h_r)nH(H(M/m M)™)
U.k
- (k)
_th}D(H(R/m ®r M)).

By proposition 1.3.14 it suffices to show that (A/m®*))" is D-acyclic. But
L™'D((A/m™)Y) = lim H'(U, R/mW[[G]]")" = lim H; (U, R/m®[[G]]),
U U
which is zero for i > 0 by Shapiro’s Lemma.

The other isomorphism now follows from proposition 1.3.14. -

Remark 1.6.11. Write D, for L™”D. The spectral sequences attached to proposition 1.6.10
look like this:

h_r)nDp(Torg(R/m(k), M)Y) = EF™(M)Y

k

and

. d-

lim Dp(Exty /(R/m™, M)") = E{™(M)"

k

with exact five term sequences

E2(M)Y — lim, Do(M/m®M)Y) —— lim, D(TorR(R/m®, p)Y)

1 \% : (K)anVv
EA(M)Y —— lim, Dy((M/m®¥M)") 0
and

E3(M)" —— lim Dy(Bxt(R/m®, M)Y) — lim D(Extd™ (R/m*, M)")

E}(M)Y — lim, Dy (Ext$(R/m®), M)V) 0
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respectively. For R = Z,, these appear in the proof of [Jan89, theorem 2.1].

Lemma 1.6.12 ([Lim12, proposition 3.1.7]). Let M be a finitely generated A-module. Then
M = £i£1k M/IMKM algebraically and topologically.

Lemma 1.6.13. IloRHompg(R/m®), —) maps bounded complexes of A-modules with finitely
generated cohomology to bounded complexes whose cohomology modules are discrete p-
torsion G-modules. If M is a complex in l'l>nU D%(R[G/U]-Mod), then all cohomology groups

of
RHomg(R/m®, M)Y

are furthermore finite.

Proor. The groups Eth(R Jm®) M) for M finitely generated over A are clearly p-
torsion and finitely generated as A-modules, hence compact by lemma 1.6.12, and con-
sequentially topologically profinite and pro-p. Their Pontryagin duals are thus discrete
p-torsion G-modules.

If M is finitely generated over some R[G/U], it is also finitely generated over R and
Eth(R/m(k), M) finitely generated over R/m®), hence finite. -

Proposition 1.6.14. Assume that R is regular. Let G be a duality group (cf. [INSW08, (3.4.6)])
of dimension s at p. Then

ER (M) = lim LD Exty " (R/m®, M)”
k
= li_r)nL’sD TorR _ (R/m®, M)".
k
or finitely generated R|G/U]|-modules M. Especially II o ES is then right-exact.
V8 P y A g

PROOF. As G is a duality group of dimension s at p, the complex LD(M’) has trivial
cohomology outside of degree —s if M’ is a finite discrete p-torsion G-module. Together
with lemma 1.6.13 this implies that the spectral sequence attached to proposition 1.6.10
degenerates and gives

ET(M)Y = li_r)nL‘sD Extg_(m_s)(R/m(k),M)v.
k

The other isomorphism follows with exactly the same argument. Note furthermore that
asdimR = d, Exti_(m_s)(R/m(k), M) =0if m—s <0, hence E}'(M)" =0ifm <s. -

THEOREM 1.6.15. Assume that R is regular and that G is a Poincaré group at p of dimension
s with dualising character y: G —— Z;f (i.e, li_r)nv Dy(Z[p") = Qp/Z,y(x), cf- [NSWOS,
(3.7.1)]), which gives rise to the “twisting functor” y: M ——— M(y). Assume that R is a
commutative complete Noetherian ring of global dimension d with maximal ideal m. Then

T o RHomp(—,A) = y o[d +s] oRI},
. b -
on th DJ(R[G/U]-Mod).

Proor. Let I = Q,/Z,(x) = x(Q,/Z,) be the dualising module of G. For any
p-torsion G-module A we have by [NSW08, (3.7)] that L™SD(A) = h_r)nU H*(U,A)" =
li_n}U Homgz, (4, nv = Homg, (A, I), as I is also a dualising module for every open sub-
group of G.

Note that
H(x o [d] oRTy) = x o R'Ty
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and that y o R7T,, is hence right-exact. Note furthermore that
HY([~s] o T o RHomy(—, A)) = ES(-)”
~1; -s d (k) _\Vv
= h_H)lL D Extp(R/m™, —)

k

= h_II)l Homg, (Extfz(R/m(k), )
k

N . d *) _

= Xoh_;)nExtR(R/m =)

=yo Rdrm

using proposition 1.6.14 and Pontryagin duality.

By [Har66, proposition 1.7.4] the left derivation of Rdl“m is [d]oRI: The complex RI}w(R)
is concentrated in degree d and hence every module is a quotient of a module with this
property, as local cohomology commutes with arbitrary direct limits. -

Note that even though this theorem suspiciously looks like local duality, the local coho-
mology on the right hand side is with respect to the maximal ideal of the coefficient ring,
not the whole Iwasawa algebra. The local duality result is subject of the next section.
We end this section with a generalisation of [Jan89, corollary 2.6], where R = Z, was
considered.

Corollary 1.6.16. In the setup of theorem 1.6.15 assume that M is a finitely generated
R[G/U]-module. Then the following hold:

(1) If M is free over R, then

M®rR"(x) ifq=s

EX(M)V = {0 else

(2) If M is R-torsion, then EZ(M) =0 forallg <s.
(3) If M is finite, then

M ifqg=d
E[‘{(M)VE{O (X) Zje +s

Proor. By theorem 1.6.15, we have
E{(M)" = R*STL,(M)(x)

in any case.

In the first case, this is just M ®g RY for ¢ = s and zero else. In the second case, local
duality yields Rdl“m(M) = Hompg(M, R)" = 0. In the third case, we note that M has an in-
jective resolution by modules that are the direct limit of finite modules. Proposition 1.3.23
together with proposition 1.3.22 then imply the result. -

1.7. Local Duality for Iwasawa Algebras

This section gives a streamlined proof of a local duality result for Iwasawa algebras as
first published in [Ven02] and generalises the result to more general coefficient rings. Let
G be a pro-p Poincaré group of dimension s with dualising character y: G —— Zj
and R a commutative Noetherian pro-p regular local ring with maximal ideal m of global
dimension d. Set A = R[[G]], which is of global dimension r = d + s.

Proposition 1.7.1. RIw(A) = AY[-d - s] and Extf\(A/‘Jﬁl, A) = RTESH(A/M)(y).

m
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Proor. By proposition 1.6.14,

i _ 1 i I
R'Tix(A) = h;nE (A/M)
\%

~ T . —s d—(i-s) (k) I\V
_h_ln)l %}nL D(Extd R/m®, A/mH)|

As in the proof of theorem 1.6.15, we can express
L=D(Exts " (R/m®, A/mh)Y)
as
Homg, (Exty "™ (R/m®, A/M')Y, Qy/Z,y(x)),

which we again see is isomorphic to

Ext4 U R/m®, A/mh) ().

In the direct limit over k this becomes Rlﬁ_(i_s)(A/ﬂJil)()().

[ restricted to the subcategory of finite A- (or R-)modules is the identity. As I}, commutes
with arbitrary direct limits, this is also true for the category of discrete A-modules. As
the latter category contains sufficiently many injectives, RI,w(N) = N if N is a complex
of discrete A-modules.

Now A/ M! is such a finite module, hence
RIp(A) = [-d —s] o li_rr)l(Rl“m(A/fml)()())v =A)'[-r].
i

The proposition now follows at once if we observe that A = A(y) as a A-module via
g — x(9)9- .

THEOREM 1.7.2 (Local duality for Iwasawa algebras).
RIy = [-r] oIl o RHoma(—, A)
onDE(A).

Proor. Because of proposition 1.7.1, this follows verbatim as in [Har67, theorem
6.3]: The functors R'Ty; and Homy(—, A)" are related by a pairing of Ext-groups, are
both covariant and right-exact and agree on A, hence also agree on finitely generated
modules. As the complex RIir(A) is concentrated in degree r, the same argument as in
theorem 1.6.15 shows that the left derivation of R Ty is just [r] o Rl and the result
follows. -

1.8. Torsion in Iwasawa Cohomology

There are notions of both local and global Iwasawa cohomology. Our result about their
torsion below holds in both cases and we will first deal with the local case.

In both subsections, R is a commutative Noetherian pro-p local ring of residue character-
istic p.

1.8.1. Torsion in Local Iwasawa Cohomology. Let K be a finite extension of Q,
and K |K a Galois extension with an analytic pro-p Galois group G without elements of
finite order. Let T be a finitely generated A = R[[G]]-module and set A = T ®g R". Due to
Lim and Sharifi we have the following spectral sequence (stemming from an isomorphism
of complexes in the derived category). Write H{ (Ko, T) = lim  H {(Gg», T) where the
limit is taken with respect to the corestriction maps over all finite field extensions K’|K
contained in K, and where we denote by G| the absolute Galois group of a field L.
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THEOREM 1.8.1. There is a convergent spectral sequence
E\(H'(Gk... A)") = H (K. T).

Proor. This is [LS13, theorem 4.2.2, remark 4.2.3], which generalises a local version
of the main result of [Jan14] to more general coefficients. -

THEOREM 1.8.2. IfG is a pro-p Poincaré group of dimension s > 2 with dualising character
X+ G———Zj and if R is regular, then
torp Hllw(Koo, T)=0.
Ifs =1, then
tora Hy, (Ke, T) = Homg((T*)g, R)(x "),
where T* = Homg(T, R).

Proor. The exact five-term sequence attached to theorem 1.8.1 starts like this:

0 — E (H(Gk,,A)") —> H}, (Koo, T) — EX(H'(Gk..,A)")

l

EX(H%(Gk,, A)Y)

Note that EIQ\(M ) is pseudo-null and hence A-torsion for every finitely generated module

M, which follows from the spectral sequence attached to the isomorphism RHoma (—, A)o

RHoma(—, A) = id on D?(A-Mod). Furthermore E?\(M) is always A-torsion free, as A is

integral. It follows that tory HIIW(KOO, T)C E}\(HO(GKM, A)Y). As the latter is A-torsion,
tora Hy, (Ke, T) = EA(H(Gk., A)").

The result now follows immediately from corollary 1.6.16. -

1.8.2. Torsion in Global Iwasawa Cohomology. Let K be a finite extension of Q
and S a finite set of places of K. Let Ks be the maximal extension of K which is unramified
outside S and K |K a Galois extension contained in Kg. Suppose that G = G(K|K) is
an analytic pro-p group without elements of finite order. Let T be a finitely generated
A = R[[G]]-module and set A = T ®g R". Due to Lim and Sharifi we have the following
spectral sequence (stemming from an isomorphism of complexes in the derived category).
Write H} (Koo, T) = lim H I(G(Ks|K"), T) where the limit is taken with respect to the
corestriction maps over all finite field extensions K’|K contained in K.

THEOREM 1.8.3. There is a convergent spectral sequence

B (H/ (G(Ks|Kw), A)Y) = Hj (Keo, T).

Proor. This follows from [LS13, theorem 4.5.1], which generalises the main result
of [Jan14] to more general coefficients. -

From this we derive the following.

THEOREM 1.8.4. If G is a pro-p Poincaré group of dimension s > 2 with dualising character
x: G——— Zj and if R is regular, then
torp Hllw(Koo, T)=0.

Ifs =1, then
torp Hllw(Koo, T) = HomR((T*)G,R)()(_l),
where T* = Homg(T, R).

Proor. Replace “Gg.,” with “G(Ks|Kw)” in the proof of theorem 1.8.2. .



CHAPTER 2
A Framework for Topologised Groups

There are numerous variants of group cohomology defined via cochains: They can be
assumed to be continuous, analytic, bounded etc. The results we will prove will be valid
for all of these topologised group cohomology theories, as all proofs will be done with
the direct method of Hochschild and Serre on the level of cochains without appealing to
homological arguments.

While the direct method is ridiculously flexible, it is quite hard to present one streamlined
proof that shows off many of its features. For this reason, we will introduce a simple
axiomatic framework that allows us to deal with all of these variants in one go.

One application we have in mind is analytic cohomology of (¢, T')-modules in the sense
of [Col14]. For this reason, we are strictly speaking not setting up a framework for topol-
ogised groups, but for topologised monoids. Regrettably, this does complicate a few ar-
guments.

2.1. Topological Categories

There are a number of notions of topological categories in the literature, none of which
is standard. For our purposes it is sufficient to have a good notion of discrete spaces.

Definition 2.1.1. A concrete category is a faithful functor ; : C —— Set. One often only
says that a category C is a concrete category, even though the forgetful functor ¢ is an
essential part of the datum.

Definition 2.1.2. A concrete category ;: C —— Set is called a category admitting dis-
crete objects, if C has finite limits and § admits a fully faithful left adjoint F.

We will denote by
C° = {X € C | y(Homg(X, -)) = Homset (¢X, ¢(-))}

the discrete objects in C. This terminology is justified as all objects in Set give rise to
discrete objects, cf. proposition 2.1.7. By abuse of notation, we will often only say that a
category admits discrete objects without specifying the forgetful functor.

We will always denote by e a singleton set.

Remark 2.1.3. Note that for a category admitting discrete objects, the forgetful functor
is represented by Fe.

Proposition 2.1.4. Let C be a category admitting discrete objects. Then j o F =~ idget .

Proor. The isomorphism Homget (X, Y) ——— Homc(FX,FY) = Homge (X, ;jFY)
shows that Y = ;FY. "

Proposition 2.1.5. Let C be a category admitting discrete objects. Then ; maps monomor-
phisms to monomorphisms.

Proor. Let X —— Y be a monomorphism in C. It suffices to show that for a #
P € Homget (e, 4X) also their induced maps in Homget (e, Y) differ. Assume they did not.

23
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a and f correspond to @', f’ € Homg(Fe, X). As jF =~ idget by proposition 2.1.4, this
implies that
so a’ = " as X —— Y was assumed to be mono. -

Proposition 2.1.6. Subobjects of discrete objects are discrete.

ProOF. Let X be a discrete object in a category admitting discrete objects C, D a
subobject and Y an arbitrary object in C. We have the following commutative diagram:

Homg(X, Y) —— Homget(: X, ¢Y)

| |

Homg(D, Y) > Homset(3D. ¢Y)

As §D —— ;X is again a mono by proposition 2.1.5, the map on the right is surjective
and hence so is the bottom one, i. e., D is discrete. -

Proposition 2.1.7. Let C be a category admitting discrete objects. Then FS is discrete for
every set S. F is essentially surjective onto the discrete objects, so F': Set —— C? is an
equivalence of categories.

Proor. Let S be a set. Then
Homg(FS, Y) —&— Homget(;FS, ;Y) = Homg(FiFS, Y) = Homg(FS, Y),

and the identifications imply that the first map is an isomorphism.

On the other hand, if X is discrete, i. e., if

Homg(X,Y) = Homget(4X,¢Y) = Home(F¢ X, Y) forall Y,

then Yoneda implies X = FzX, so F is essentially surjective onto discrete objects. .
Example 2.1.8. Categories admitting discrete objects don’t quite behave like topological
spaces, as for example singleton objects need not be isomorphic. Consider the following
category C where the objects are tuples (A, 74) with A any set and 74 any subset of the

power set 24 of A. A morphism (A, 74) — (B, 75) in C is defined asamap f: A ——
B subject to the condition that for b € 75, f~1(b) € 74.

The forgetful functor has the obvious left adjoint A ——— (A, 24), but singleton sets need
not be isomorphic: (e, @) % (e, 2°) and only the latter object is discrete while only (e, @)
is final in C.

Definition 2.1.9. We say that a category C admitting discrete objects is topological, if the
functor F: S —— C commutes with finite limits and if for every discrete object D and
all objects X, Y the natural map

Homg(D X X,Y) —— Homget (4D, Homeg (X, Y))
is a bijection.

Remark 2.1.10. If F commutes with finite limits, it especially maps a final object to a
final object.

Remark 2.1.11. The isomorphism
Homg(D X X,Y) —— Homget (3D, Homg(X, Y))

replaces some kind of internal Hom-functor: In the category of compactly generated
weakly Hausdorff spaces admits we endow for spaces X, Y the set Homcagwn (X, Y) with
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the compact open topology and call the resulting object [X, Y]. This results in a pair of
adjoint functors:

Homcewn(Z x X,Y) = Homcewn(Z, [X, Y]).
If Z is furthermore discrete, this reads as
Homgaewn(Z x X, Y) = Homcawn(Z, [X, Y]) = Homset(;Z, Homecagwn (X, Y)),

which is precisely the second requirement we posed for a category admitting discrete
objects to be topological.

Example 2.1.12. Examples of topological categories are: the category of topological
spaces, of Hausdorff topological spaces, of metric spaces — all with continuous maps. The
category of analytic manifolds (over some arbitrary base) is also topological. In all cases,
¢ is the obvious forgetful functor to Set and F maps a set to the same set with the discrete
topology. Here we regard discrete sets as zero-dimensional manifolds.

Proposition 2.1.13. In a topological category, every constant map of sets lifts to a mor-
phism.

PrOOF. A constant map of sets factors as
X—— o —— ;Y.

As Fe is terminal in a topological category, this factorisation lifts to morphisms in the
topological category. -

2.2. Topologised Groups

Definition 2.2.1. A topologised group is a group object in a topological category. Similarly,
a topologised monoid will mean a monoid object in a topological category. A morphism of
topologised groups is a morphism ¢: G—— H in the ambient category such that the
diagram
GxG s G
[ws s
HxH 2 g

commutes. For a morphism of topologised monoids we furthermore require the commu-
tativity of the following diagram:

¢

G—>H

~N

1

Here 1 is the trivial group structure on a final object of the ambient category and the
morphisms 1 H,1 G are the inclusion of identity elements.

Remark 2.2.2. Note that if C is a topological category, ; maps topologised groups to
groups and F maps groups to (discrete) group objects in C. We again have an equivalence
between the category of (abstract) groups and discrete topologised groups via F.

Remark 2.2.3.If this topological category is the category of (Hausdorff) topological
spaces, our notions of topologised groups and monoids coincide with the standard ones
of topological groups and monoids. Other important examples are the categories of L-
analytic manifolds where L is a local field.
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Definition 2.2.4. A morphism N —— G of topologised groups is called normal, if its
cokernel exists in the category of topologised groups with kernel exactly N—— G. The
cokernel G—— C will also be called the quotient of G by N and we will simply write
C = G/N. A morphism U —— G is called an open normal subgroup, if it is normal and
G/U is discrete.

Remark 2.2.5. Note that this definition allows us to avoid the notion of strictness, which is
rather cumbersome, cf. remark 2.2.10. Indeed, consider the bijective morphism RS —

R in the category of locally compact groups, where IR? carries the discrete topology and R
the usual one. It is easy to see that the cokernel of this morphism is the trivial morphism

R — 1, which has kernel R —¢—» R, so R® — R is not normal.

Proposition 2.2.6. Let U —— G be an open normal subgroup of topologised groups. Then
{(G/U) = ¢G/¢U.

Proor. Note that ; commutes with arbitrary limits and especially with taking ker-
nels. Therefore

Homg:p(((G/U), H) = ; Homgrpe (G/U,FH)
= ¢ {f € Homgrpo (G, FH) | ker f 2 U}
C {f € Homg:p((G, H) | ker f 2 U}
= Homgrp(¢G/¢U, H),
which yields a surjection
{G/eU — ¢(G/U),
as epimorphisms in the category of groups are exactly the surjective group homomor-

phisms. On the other hand we also have a natural injection ;G/;U —— ;(G/U) as 4
preserves kernels. As both maps clearly coincide, this proves the proposition. -

Proposition 2.2.7. Let G be a topologised group with open normal subgroup U. Then
G —— G/U admits a section in C.

Proor. Consider any section §G/;U —— ¢G, which by proposition 2.2.6 is a sec-
tion 3(G/U) —— ;G. As G/U is discrete, this lifts to a section in C. »

Proposition 2.2.8. Let G be a topologised group with normal subgroup N. IfG—— G/N
admits a section in C, then ;(G/N) = ;G/;N.

Proor. As ; preserves kernel, we always have an injection ;G/;N —— ;(G/N).
The existence of a section implies that it is also surjective and hence an isomorphism of

groups. -

Proposition 2.2.9. Let G’ be a topologised group, M a discrete topologised monoid andU an
open normal subgroup of G’. ThenUx1 —— G’XM is the kernel of G'XM —— G’ /[UXM
and the latter map is the cokernel of the former map in the category of topologised monoids.

Proor. That U x 1 —— G’ X M is the kernel is clear, as kernels are stable under
taking products. For G’ X M —— G’/U X M being its cokernel, note that in the diagram

UxX]l ——> G XM — G'/UXM

~_

D

the object G’/U x M is discrete as F commutes with finite limits, so the correspond-
ing proposition in the category of (abstract) monoids yields the proposition by proposi-
tion 2.2.6. L]
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Remark 2.2.10. The following subtlety in the definition of strictness caused the author
much grief. A morphism is called strict, if its image and coimage coincide.

Consider the following notion, which we will call the classical image, which is often sim-
ply called the image of a morphism, cf. [Mit65, p. 1.10]: The classical image of a morphism
f:+ X —— Y is a monomorphism CI —— Y and a morphism X —— CI such that
f = X——— CI —— Y and for every other factorisation f = X ——> D <—— Y
there is a unique morphism CI —— D such that the obvious diagrams commute. We
can analogously define the classical coimage of a morphism.

Note that it is easy to see that in the category of topological spaces, the classical image
is the set theoretic image with the quotient topology (i.e., V C f(X) is open if and only
if f71(V) is), while the classical coimage is the set theoretic image with the subspace
topology of the codomain.

These notions have to be strictly differentiated from the notions of regular images and
regular coimages, which are often simply called the image and coimage of a morphism,
cf. [KS06, definition 5.1.1]: The regular image of a morphism f: X —— Y is defined as
the equaliser lim Y =3 Y Ux Y and its regular coimage as the coequaliser colim X Xy X =3
X.

It is again easy to see that in the category of topological spaces, the regular image of
a morphism is the set theoretic image with the subspace topology, and that the regular
coimage is given by the set theoretic image with the quotient topology, i. e., in the category
of topological spaces the classical image is the regular coimage and the classical coimage
is the regular image!

Indeed, a number of sources simply call regular coimages images to make the confusion
complete.

2.3. Rigidified G-Modules

Let C be a topological category and G a topologised monoid in C. Then we can define a G-
module as an abelian group object A in C together with a morphism GXA —— A subject
to the usual diagrams. Regrettably this definition is too restrictive for our applications.

Definition 2.3.1. Let C be a topological category and D a concrete category. A rigidifi-
cation from C to D is a bifunctor

h: C° xD —— Set
such that functorially in X and Y,
h(X,Y) C Homget(3X, ¢Y)
and
h(Fe,—) = ;.

Example 2.3.2. Even though we haven’t yet defined the notion of h-pliant objects, we
want to give an overview of the most important examples of rigidifications.

C D h(X,Y) h-pliant objects

any topological cate- C Home(X,Y) all discrete objects

gory

analytic manifolds LF-spaces locally analytic maps all discrete spaces
in the sense of [Col16, (considered as
section 5] zero-dimensional

manifolds)
topological spaces metric spaces bounded continuous finite discrete spaces

maps
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But even this notion of rigidifications is in some cases to restrictive.

Remark 2.3.3. LF-spaces and induced modules are the main reason we have to consider
rigidified objects and not just rigidifications: Assume a group G with normal subgroup N
was to act on an LF-space A in a suitable sense. Then AV, being a kernel, need not be an
LF-space itself, cf. [Gro54]. But we still have an object with C-rigidification in the sense
of definition 2.3.4.

Definition 2.3.4. Let C be a topological category. A set with C-rigidification is a set Y
and a contravariant functor hy : C°® —— Set such that functorially in X € C,

hy(X) € Homget(¢X, Y).
We furthermore require that hy(Fe) = Y.

For f € hy(X) we will also write f: X —~~~~ Y. If for discrete D and all X we have an
equality hy(D X X) = Homget (¢ D, hy(X)), we say that D is Y-pliant. It follows that if D
is Y-pliant, then hy(D) = Homget(¢D, Y).

Remark 2.3.5. There is an obvious notion of the category of objects with C-rigidification
where objects are tuples (Y, hy), and a rigidification could then be defined a functor from
D to this category.

Remark 2.3.6. Let h be a rigidification from C to D. Any object in D then gives rise to
an object with C-rigidification via Y —— (4Y, h(—, Y)).

Definition 2.3.7. Let h be a rigidification from C to D. A discrete object D in C is called
h-pliant, if for all Y € D, D is (Y, h(—, Y))-pliant.

Definition 2.3.8. Let C be a topological category and G a topologised monoid in C. A
G-module with C-rigidification is a set with C-rigidification (A, ha) together with a ;G-
module structure on A such that functorially in X € C

+ ha(X) is a subgroup of Homget (3.X, A)
« for f € ha(X) the induced map

id,
O X L oxa A

lies in h4(G X X).

A morphism of G-modules with C-rigidification (A, hy) — (B, hp) is a morphism of
functors hy —— hp such that the induced map A = hy(Fe) —— hg(Fe) = Bisa
morphism of ;G-modules. A sequence

(A9 hA) - (B9 hB) - (C’ hC)

is called a short exact sequence of G-modules with C-rigidification, if for all X € C the
sequence of abelian groups

0 ha(X) hp(X) —— he(X) —— 0

is exact.

Remark 2.3.9. Let G be a topologised group in a topological category C and A a G-
module, i.e., an abelian group object in C with a morphism G X A—— A subject to
the usual diagrams. Then (§A, Homg(—, A)) is a G-module with C-rigidification.

If conversely A is an object in C and (A, ha) a G-module with C-rigidification, then we
can in general only recover a morphism G X A—— A in C if hy = j(Homg(—, A)): In

this case, the map

(id,¢id) H
IGXIA ——> ;GXjA —— ;A

lies in 3(Homg (G X A, A)).
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Remark 2.3.10. The definition of an exact sequence of rigidified G-modules has concrete
interpretations in practice, as the following proposition shows. Indeed they boil down to
the usual requirements as for example in [NSWO08, (2.7.2)].

The same arguments also show that in a topological category, a sequence of G-modules
is exact if it is strict (cf. remark 2.2.10) and the last morphism admits a section in C.

Proposition 2.3.11. Let C be the category of compactly generated weakly Hausdorff spaces
and G a group object in C. We fix G-modules A, B, C with corresponding rigidifications
ha, hp, and hc. Then the short exact sequences

(A ha) —— (B,hg) —— (C, he)
are in one-to-one correspondence with exact sequences

0 A B C 0,

where all maps are continuous, A carries the subspace topology of B and there is a continuous
section C —— B.

Proor. Let us start with a short exact sequences

(As hA) (B’ hB) (C» hC)

By Yoneda, morphisms hy ——> hp are given by morphisms A—— B etc. Evaluating
at Fe hence gives a short exact sequence

0 A B c 0

with continuous maps. As by assumption
Homg(C, B) = hp(C) —— hc(C) = Home(C, C)
is surjective and the latter includes the identity, this yields a section.

We also clearly have a continuous bijective map 1: A——— i(A), where the latter carries
the subspace topology. The inclusion i(A) C A clearly get mapped to zero in hc(i(A)), so
has to come from an element in h4(:(A)), which is the (continuous) inverse to .

Conversely, if we start with a short exact sequence

0 A B c 0

with all maps continuous, B——— C admitting a section and A carrying the subspace
topology, it is easy to see that indeed all sequences

0 ha(X) hp(X) —— he(X) —— 0

are exact. =

Definition 2.3.12. Let C be a topological category, G a topologised monoid in C and
(A, h4) a G-module with C-rigidification. For a normal subgroup N < G we define AN =
(AéN’ hAN) by

han(X) = {f € ha(X) | f(eX) € AN}

We immediately see that this is again a G-module with C-rigidification.

Remark 2.3.13. Let C be a topological category and G a topologised group with normal
subgroup N. Let A be a G-module in the sense that A is an abelian group object in C
together with a morphism G X A——— A subject to the usual diagrams.

Then there is a slightly more natural notion of the invariants AN: Let g € ;G. Then
proposition 2.1.13 yields a morphism

mg: A—— FexA GXA A
that we call multiplication by g. We will also denote m, —id4 € Homg(A, A) by g — 1.
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For a finite set R C ;G, we denote by

(9_1)geR

AR =ker A [Tyer A

and clearly
&(A5) = 4.

If C admits arbitrary limits, we can analogously define A®. If there is a finite set R C ;G
such that j(A)¢C = ;(A)R, then we will also call A° = AR and it is an easy exercise that
both definitions of A® (when applicable) coincide. In this case, the universal property of
the kernel yields an action of G on AN. In the presence of a section G/N —— G in C,
we also get a morphism G/N x AN — AN and we can check on the level of sets that
this gives AN the structure of a G/N-module.

It is easy to check that both definitions of invariants coincide, i. e.,
(G(AN), Home(—, AV)) = (GAEN, han),

where h ~ is defined as in definition 2.3.12.

2.4. The Induced Module

Let C be a topologised category, G a topologised monoid in C and H a submonoid of G.
Let (A, ha) be an H-module with C-rigidification.

Definition 2.4.1.
Indf#(A): C° — Set
X+—— {f € ha(X XG)| f(x,hg) = h.f(x,g) forall x € ;( X,h € (H,g € ;G}
is called the induced module of A from H to G.

Proposition 2.4.2. Set [ = Indg(A), then I is a G-module with C-rigidification, if we give
the set [(Fe) C ha(G) the ;G-module action of right translation:

(9f)(o) = f(ag) for f € I(Fe),g,0 € (G.

Proor. The only difficulty lies in the formalism.

Note first that for g € G and f € I(Fe), gf indeed lies in h4(G), as right-multiplication
by g is a morphism in C. It then follows immediately that gf € I(Fe).
We have to show that for f € I(X) C Homget(4X, I(Fe)) € Homget(¢X, ha(G)) the
induced map
(id.f) Iz
(GXiX —> ;GxI(Fe) —— I(Fe)
lies in I(G X X) € ha(G X X X G).
For this note that there is a morphism G X X X G —— X x G in C, which on the level of
elements is given by (g, x, g’) ——— (x, ¢’g). Precomposing with this morphism yields a
map
ha(X X G) —— ha(G X X X G)
and it is evident that under this map, the subset I(X) gets sent into I(G X X), which is
precisely the map we need. .

Remark 2.4.3.If C is the category of analytic manifolds over a non-archimedean field,
there is also a less sheafy view on the subject of induced modules: Let G be a group object
in C, H < G a closed subgroup, and A an analytic representation of H, cf. definition 4.2.2.
Then there is a natural topology on the induced module Indg (A), such that the action of
Gon Indg (A) is itself analytic, cf. [Féa99, Kapitel 4].



CHAPTER 3
Cohomology of Topologised Monoids

We have now set the stage to define the cohomology of topologised monoids with coeffi-
cients in a rigidified module. Our aim for this chapter is to prove some standard results
of group cohomology in this setting. Namely, we compare cohomology of topologised
monoids with their discrete counterparts in proposition 3.3.1, show the existence of a long
exact sequence in theorem 3.3.2, prove two versions of Shapiro’s lemma in theorems 3.5.8
and 3.8.1, and show variants of the classical Hochschild-Serre spectral sequence in theo-
rems 3.6.27 and 3.7.6.

3.1. Abstract Monoid Cohomology
Note first that the cohomology of monoids is trickier than one might expect.

Definition 3.1.1. Let M be an abstract monoid. Then we define the standard resolution
as follows: Denote by F,, the free Z[M]-module with basis M" and define the coboundary
operator via

0: Fppy —— Fp,

(X1s e vy Xpe1) —> X1 (X2, oy Xpe1) + (1) (1, .o )
n
+ Z(—l)’(xl, c e X1, XX, Xig Ty - o s Xpal)-
im1

Proposition 3.1.2.

Fs F Fy Z 0

is a free resolution of the integers.

ProoF. The map Fy = Z[M] —— Z is given by the augmentation
S i Y an.
meM meM

Proofs that 0 = 0 if M is a group are readily available in the literature and as they at no
point use inverse elements or the cancellation property, we will not repeat them here.

To see that the complex is exact, we will construct maps
h: Fy —— Fpn

such that 0h + ho = idF, .

Set

ch:Z—— Z[M],ar—a,
« h: ZIM] —— Fs,a-m+—— a- (m),
«h:F—— Fyi1,m- (x1,...,x,) —— (m, x1, ..., xy,) continued Z-linearly.

31
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We leave the exactness in low degrees to the unusually enthusiastic reader. For n > 2,

consider an element m - (x1, . .., x,) in the obvious Z-basis of F,,. Then on the one hand,
Oh(m - (x1,...,%n)) = 0(m, x1, ..., Xp)
=m-(x1,...,%n) + (1) (m, x1, ..., xno1) — (Mx1, X2, . . ., X))

n
+ Z(_l)i(m’ X1y ooy Xi=2y Xi—1Xjy Xjtls -+« ’xn)’
i=2

and on the other hand
ho(m - (x1,...,xn)) = h(m-d(x1,...,xn))

= h(m~ (31 (20 ooy ) + (1) (x15 - o Xpm1)

n-1
+ Z(_l)l(xl’ ce s X1, XiXi 1, Xit 2y - - xn))
i=1

= (mx1, X2, ..., Xn) + (=1)"(m,x1, ..., Xn-1)
n-1
+ Z(_l)l(m7 X1yeo s Xiz1, XiXit1, Xit2, - - - ’xn),
i=1

so clearly hd + 0h =id.. -

Proposition 3.1.3. Let M be an abstract monoid and A an M-module. Then the inhomoge-
neous cochain complex computes the cohomology of A ——— AM.

Proor. Immediate from proposition 3.1.2. -

Remark 3.1.4. The homogeneous cochains do not necessarily form a free resolution. In-
deed, set M = (Z/2,-). Then the homogeneous complex is given by F, = Z[M"*'] with
diagonal action and the usual differential. However, it is not a free resolution of the
integers: It is evident that F] is not cyclic. But every two elements e;,e; € F| admit
a non-trivial combination of zero: Multiplied by the monoid element (0), both are con-
tained in (0,0)Z C Z[M?] = F|,say, (0)-e; = a-(0,0)and (0) - ex = f-(0,0). If @ or
is zero, this is a non-trivial combination of zero, otherwise - (0) - e; — a - (0) - e2 will do.
Nonetheless, F; is still a projective Z[M]-module. Consider the Z-linear homomorphisms
F| —— Z[M]

A2 : (1’ 0) (1) - (0)’ (]-’ 1)’ (0’ 1)’ (0’ 0) 0

AS: (09 ]-) — (]') - (0)’ (]-’ ]-)’ (1’ O)a (Oa 0) —— 0.
It is easy to verify that these maps are actually Z[M]-linear and that

x —— (1, DA1(x) + (1, 0)A2(x) + (0, 1)A3(x)

is the identity on F;, which by the dual basis theorem is therefore projective. One can
analogously show that F is still a projective resolution of Z in this case.

3.2. Setup

For the remainder of this chapter, we fix a topological category C = (C, ;,F) in which
everything takes place, a topologised group G’ with an open normal subgroup U’ and
abelian topologised monoids My, ..., M,. Set

U=U"XM]" X x M
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with all ¢; € {0,1} and e; = 1 if M; is not discrete. We also set G = G’ X []; M; and see
that U —— G has a cokernel G/U = G’ X []; Ml.l_el, whose kernel is U and which is
discrete, cf. proposition 2.2.9. We will furthermore use the shorthand M = []; M;.

We let further N’ be a normal subgroup of G’ and N = N’ X []; Mf;' with e/ € {0,1}. It
is again evident that N ——— G has a cokernel (which we denote by G/N) and that the
kernel of this cokernel is precisely N. We furthermore require the existence of a section
s: G/N —— G in C whose image on the level of sets contains the neutral element. If
N = U, this exists automatically by proposition 2.2.7 and everything that we prove for
the N will also automatically be true for U, but the converse does not hold. The section
is of vital importance; without it, statements such as ;(G/N) = ;G/;N need not be true,
cf. proposition 2.2.8.

The projections G ——— G/N and G——— G/U will both be denoted by 7. It will always
be clear from the context which map is meant.

The section gives rise to two important morphisms: On the one hand, the choice of a
representative morphism (—)*: G—— G, which is the composition of the projection
onto G/ N followed by the section s: G/N —— G, and on the other hand the morphism
(=) : G—— G which on 4G is given by x —— (x*)"1x with the obvious interpreta-
tion of this on the monoid parts (either the identity or constant 1). It is clear that (—)x
factors through N—— G, and that the composition

()N

N——G——N
is the identity on N. Evidently we can factor the identity on G as

((=))N) GxG 5 G

G 2> GxG
It is important that these maps exist in C, which is why we spell out these details.
We also fix a G-module with C-rigidification A = (A, h4) and assume that G/U is A-pliant,
cf. example 2.3.2 for examples of what this means in practice.
For n > 0 set

« X" = X™(G,A) = ha(G") € Homget(;(G)", A), the inhomogeneous cochains,
with the convention that G° = Fe and hence X° = A,

« C" = C™(G, A) those maps f € X"(G, A) such that f(xy,...,x,) = 0 if at least
one of the x; is 1, the normalised cochains,

+ UC™ those maps in C" that come from morphisms in ha(G"/ x (G/N))) (i.e.,
IC™ = C" N ha(G™7 x (G/NY), the intersection taking place in X"). We set
IC* =0forj > n.

We can characterise the filtration as follows:

Lemma 3.2.1. Let f € C". Then f € IC" if and only if the last j arguments are ;N-
invariant, i. e.,

flet, o Xy Xnmjs101, .. ., X005) = f(X1, ..., x,) forall x; € ;G,0; € ¢N.

ProoF. The “only if” part of the proposition is clear.

For the “if” part, we only show the case of j = n = 1, as the other cases follow completely
analogously.
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As we have a section s: G/N —— G, proposition 2.2.8 shows that ;G/;N = ;(G/N).
Consider the following commutative diagram:

ha(G/N) —— Homset(;G/¢N, A)

lhA(fT) lHomset(g’n,A)
id ha(G) ——— Homget (3G, A) id
lhA(S) lHorrlset(as,A)

ha(G/N) ——> Homset((G/iN, A)

Starting with an jN-invariant f € hu(G), we know from the assumption that it comes
from an element in Homge(G/¢ N, A). But the diagram implies that this element is nec-
essarily identical to hu(s)(f). n

Note that for f € X", the induced face maps

sk(f): (xi) — f(xl’ v Xy 1’ Xk+1s-- - 7xn*1)
lie in X"t
We will often omit the forgetful functor 4, e. g., instead of x € ;N we will simply write
x € N.

Proposition 3.2.2. The assignment

Of (x1,. . s xn1) = X1 f (%2, .o, Xng1) + (1) fler L xn)
n
+ Z(_l)lf(xl’ s X1, XiXi41, Xi42s - - - ,xn+1)7
i=1

induced by definition 3.1.1, gives rise to well-defines maps
9: X" —— X"
9:C" — Cn+1

9: Vo — pcntt,

ProoF. To see that 3f € X"*! for f € X", it suffices to check this for each of the
summands, as X"*! is an abelian group per definition. All but the first summand stem
from a composition

f

Gn+1 > G" A A

and hence lie in X"*!. That the first summand lies in X"*! is precisely the second require-
ment in definition 2.3.8.

If f is normalised, then in the expansion of  f (x1, . . ., x;, 1, Xj11, . . ., X, ) there are exactly
two terms that are not trivially zero. But these terms are identical except for an opposing
sign and hence cancel.

If f € /C", we want to show that the last j arguments of  f are ; N-invariant. But the last
Jj arguments of df only contribute to the last j arguments of every individual summand
in the coboundary expansion of d f, which are j N-invariant. .

Remark 3.2.3. It might seem artificial to consider cochains whose last j arguments are
¢N-invariant instead of the first j, which will also lead to somewhat counter-intuitive
definitions later on. But the equation

Af(x,y) = x.f(y) = fxy) + f(x)

shows that if f is jN-invariant, only the second argument of df is j N-invariant and not
necessarily the first.
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Remark 3.2.4. For G’ we can also form the complex X*(G’, A) given by
X"(G' 4) = ha((G)"™)

with differential

n+l
()Xo, ... Xne1) = Z(—l)if(xo, e XL, Xit s -+ o X))
i=0
By the usual arguments (cf. e. g. [NSWO08, p. 14]), we get an isomorphism of complexes
X*(G',A) = X*(G, A).
However, the usual morphism
¢: X"(G',A) —— X"(G, A),
which is given by
d(F)x0,--.rxpn) = xof(xalxl,xl_lxg, .. .,x;}lxn)

can only be defined for the group object G’ and not for the monoid object G. The example
in remark 3.1.4 shows that both complexes cannot be isomorphic in general. They might
still be quasi-isomorphic, however, we were unable to show this.

3.3. Cohomology of Topologised Monoids

We will call H*(G, A) = H*(X*®, 9) the (C-)cohomology of G with coefficients in A. Note
that if G is A-pliant, the C-cohomology of G with coefficients in A is just the (abstract)
monoid cohomology of ;G with coefficients in A. Generally, comparing topological coho-
mology with abstract cohomology only works well in low degrees.

Proposition 3.3.1. For every n there is a natural morphism
H"(G,A)—— H"(;G, A),

which is an isomorphism for n = 0 and injective forn = 1.

ProorF. Clearly the following diagram commutes

X" 1G,A) —2 > X"(G,A) —2L > X™1(G, A)

! | !

X" (GG, A) =T X"(GA) —T> X" (G, A),
which yields the required comparison morphisms. By definition,
X°(G,A) = X°(;G, A),

so the morphism is indeed an isomorphism for n = 0 and injective for n = 1. -

Our definition of an exact sequence of rigidified G-modules is custom tailored to admit a
long exact sequence of cohomology groups.

THEOREM 3.3.2. Let
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be an exact sequence of rigidified G-modules. Then there is a long exact sequence of abelian
groups

0 A BiC CéS

Proor. By definition of exactness of a sequence of rigidified G-modules, we have the
following commutative diagram with exact rows:

I I Jo
0 —— X"(G,A) —— X"(G,B) ——— X"(G,C) —— 0
lo Jo Jo

0 — X"1(G,A) — X"Y(G,B) ——> X"(G,C) —— 0

o I b

As usual, the snake lemma implies the existence of the long exact sequence as required.

As in the classical case, the normalised cochains compute the same cohomology as all
inhomogeneous cochains.

Proposition 3.3.3. The inclusion C* —— X* is a quasi-isomorphism.

Proor. The original proof in [EM47, § 6] works without issues, as for every f € X"
the map s f: (x1,...,%p_1) — f(xX1,.. ., Xk-1, 1, Xk, ..., Xp_1) is again in X"~1. 4

3.4. Cohomology and Extensions

For discrete coefficients, the groups H'(G, A) have concrete interpretations for i < 2. We
will give two concrete interpretations for H! also in the topological case. For this matter,
we fix in this section another topological category D and a rigidification

h: C° xD —— Set.

In this section, we assume that A is actually an abelian group object in D and that hy =
h(—, A).

Definition 3.4.1. An A-torsor is an object X in D with a right action from A (i.e., an
arrow ji: X X A—— X in D subject to the usual conditions), such that the induced map

"
m: X x A Sy x

is an isomorphism. The composition 74 o m™': X x X —— A will be denoted by \.

An A-torsor with G-rigidification is an A-torsor X, such that (3 X, h(—, X)) is a G-set with

C-rigidification, and on the level of sets for all g € ;G, x € ;X, and a € ;A the following
holds:

gu(x, a) = p(gx, ga).
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An isomorphism of A-torsors with G-rigidification j: X —— Y is an isomorphism in D
such that on the level of sets, j commutes with both the A- and G-action.

THEOREM 3.4.2. H'(G, A) stands in one-to-one correspondence with isomorphism classes
of A-torsors with G-rigidification.

Proor. Given a torsor X, we construct an element in H'(G, A) as follows: First
choose x € ;X. The definition of a G-set, together with the existence of constant maps in
topological categories, imply the existence of -x € h(G, X), which on the level of sets is
just given by g ——— g - x. As h is a bifunctor, we can compose it as follows:

G AR X

l(x,id)

ex X xX

b
X
Note that on the level of sets, cx(g) is the unique element such that g - x = xcx(g). The

verification that cx is a well-defined cocycle independent of x € ;X is standard.

For the other direction, take a cocycle in H G, A), represented by ¢: G —~~~~ A. Define
X =Aand p: X X A—— X as the addition in A. We define the ;G-action on ;X via

gx=clg)+g-x,
where g - x is the given action of G on A. It is easy to check that this gives a well de-
fined G-module with C-rigidification. The verifications that this construction is (up to
isomorphism) independent of the class of ¢ and both left and right inverse to the previous
construction is again standard. -

Let R be a ring object in D, which is furthermore commutative and unitary. For the
remainder of this section we assume that A is an R-module, i. e., we additionally require
the existence of a morphism R X A——— A subject to the usual conditions. We also
assume that G operates on R via ring endomorphisms in D and that on the level of sets,
the action on A is R-semi-linear, i. e.,

g-(r-ay=(g-r)-(g-a)forallg € ;G,r € jR a € jA.
We will call such an object a semi-linear G-module over R.
An exact sequence

0 M’ M M” 0

of semi-linear G-modules is an exact sequence of G-modules with C-rigidification in the
sense of definition 2.3.8, where we additionally require the morphisms

0 —— hpyr(X) —— hu(X) —— hyr(X) —— 0

to be R-linear. In the above exact sequence, M will be called an extension of M" by M.
An equivalence of extensions of M’ by M’, which will be denoted by M ~ M, is an iso-

morphism of functors hyy —— hj; such that for all X the following diagram commutes:

0 — hy(X) — hu(X) — hyr(X) —— 0

H I H

0 — hy(X) —> hp(X) — hy(X) —— 0.
The equivalence classes of extensions of M”’ by M’ will be denoted by Ext(M", M").
THEOREM 3.4.3. H(G, A) = Ext(R, A).
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Proor. Because of the similarity to theorem 3.4.2, we only sketch the construction.
Let
0 A E—2 R 0

be an extension and denote by 1 € 4R the unit in R. We can construct a cochain via

gr——g-e—e,
where e € ;E is any preimage of 1.

On the other hand, for a cochain ¢: G —~~~~> A define a G-action on A X R via

g-@n=0g-r)-c@g+g-ag-r),
which is a well-defined semi-linear G-module over R. The universal property of the prod-
uct yields the exactness. -

Remark 3.4.4. An alternative to the construction of theorem 3.4.3 goes as follows: As
D is a topological category and all limits exist, we get an object and a morphism X =
p71(1) —— E. It follows that we have an action X X A——— X given by addition in E
and that the composition

Xx AUy x bemm) g

factors through a morphism X X A—— X X A and induces the identity, i.e., X is a
A-torsor. It is also evident that X inherits a G-rigidification from E.

Directly constructing an extension from a torsor X is regrettably not straight-forward, as
it is very cumbersome to define the correct R-module structure on X X R.

3.5. Shapiro’s Lemma for Topologised Groups

We will now prove Shapiro’s lemma for the induction of subgroups, i. e., we will assume in
this section that M = 1. Later on we will also prove Shapiro’s lemma for actual monoids,
cf. section 3.8.

Let H < G be a subgroup of G and assume the existence of a map
o(-):G——H
in C with the following properties:

- u(l)=1,
« glhg)=h-py(g)forallhe Hge G

Remark 3.5.1. Instead of requiring the existence of such a morphism in C, one could also
construct it as follows: Assume that the push-out H\G of the following diagram exists:

HXG —2> G

bk

G —> H\G

H\G is then the space of right cosets of H in G. Assume the existence of a section
s: H\G—— G in C with p o s = idy\¢ and with the neutral element contained in
the image of s. We would then define

H(g) = gs(p(g)) "

Note the similarity with (=)y, which was defined as (¢)y = s(7(g))"'g. As we wanted
to use the same convention for the action of G on Indg (A) as in the literature, we have
to use a different convention here. However, we would then need to check many basic
properties of this construction, which wouldn’t shed any additional light on what actually
happens.
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Example 3.5.2. These requirements are always satisfied if G is an analytic group and H
a closed subgroup, cf. [Bou89, section III.1.6].

Definition 3.5.3. Consider the following maps:
(1) ay: C"(G,Ind5(A)) —— C"(H, A) given by
an(f)(h1s ... hy) = f(h1,..., By, 1),

Note that our formalism ensures that this is a well-defined map.
(2) fn: C"(H,A)—— C"(G,Ind{(A)) by

Br(£)Grs - - s Gn. %) =a () f((0) " 1 (xg1), H(x91)  H(xG192), - - -,
(X1 ... Gno1) " H(XG1 ... gn)).

As we can express f,(f) in a (very large) diagram in C, it again gives a well-
defined element in h4(G" X G), and we immediately verify that it indeed lies in
C™(G, IndE (A)).

(3) Kn+1: C™(G,IndE(A)) —— C™(G,IndE(A)) given by

Kn+1f(g1s - -5 Gns X)
= f(x a(x), m(x) " H(xg1),
1(xg1) ' H(xg192)s - o H(XG1 - . Gno1) T H(XGL - . . Gn), X)

F YD o g (g g0 lxgr - g0)
i=1

g1 ... g0  H(xg1 .. giv1), ..
H(xg1 .. .gn,l)_lH(xgl e Gn), X).

The summands of k.1 are given by morphisms in C followed by f, so indeed
Kn+1(f) € X™(G, IndZ(A)) and also in C"(G, IndZ(A)).

Remark 3.5.4. While we can adapt the definition of f to also work in a monoid setting
by explaining what the map is supposed to do on the monoid part, this is no longer true
for k. We will prove later in section 3.8 that Shapiro’s lemma still holds in the monoid
setting.

The proof of Shapiro’s lemma now consists of the following few lemmata which show
that a, and f, are quasi-isomorphisms. Their proofs are routine, excruciatingly unen-
lightening, and given only for sake of completeness.

Lemma 3.5.5. a, and B, are maps of chain complexes, i. e., they commute with 0.

Proor. First,
8aﬂf(h1’ L] hn+1)
=hianf(ho, ... hps1) + (=1)" L, f(hy, ... hy)

+ Zn:(—l)ianf(hl, cooshict, Bihir, higo, o Bgg)
i=1
=hif(ho, ... e, 1) + (D)™ f(hy, ... b, 1)
+ i(—l)'ﬂhl, cooshict hihiey Biga, B, 1)
i=1
= f(ha, ... hpy1, 1-hy) + (=) f(hy, ... hp 1)

+ Z(—l)if(hl, cooshict, hihigt, hiva, oo By, 1)
im1
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Of(hi,. .., hpe1, 1)
= ap10f(h1, ..., hpt1).
Secondly,
OBnf(gr, .-\ gn+1,%)
= Buf(g2 - s Gns1, xg1) + G B f (g1, -+, Gns X)

+ Z(—l)iﬁnf(gl, e o3 Gi-15GiGi+1> §i+2s - - - » n+1, X)
i=1

= p(xg1)f (n(xg1) " H(xg192). 1(xg192) " H(xg19293), - - -
H(xg1 ... gn) 'H(xg1 .. . Gns1))

+ 2 D HEf () g0, 1) Hxgig2), -
i=1

H(xg1 ... i) H(xg1 . .. gis1),
H(xg1 ... gis1) " H(XGL ... Giva), . ..,
HxGL ... Gn)  H(XG1 . . . Gns1)))
+ (D" g f () a1, (g1 - gne1) (G - gn))

n

= )| ) G+ D (D) + CD)TACLL)

i=1
= g(0)Of (1) w(xg1), m(x91) " H(xg192). .. .,
H(xg1 ... gn) ' H(Xg1 . .. Gns1))
= ﬂn+15f(91, ce ,gn+1,x)-

Lemma 3.5.6. a, © f, = idce(#, 4).
Proor. Note that g(—) restricted to H is the identity. We hence have
anﬁnf(hl’ et hn) = ﬁnf(hl» MR hn, 1)
= u(f (g u( - k1), g1 h) w1 - haha), ..,
(L hy . he) PRy hn))
= f(hy,...,hy).
n
Lemma 3.5.7.d ok, + kpy1 00 = fpoay — idC"(G,Indg(A))’ i.e., Ke is a chain homotopy
from B, o a, to the identity.
Proor. This is going to be as bad as it looks. Let us first compute d o k,, and x,,41 © 9,

subtract (8, o @, — id) from this and show that the sum of the remaining terms is zero.
We first compute 0 o kp:

(0 oKkn)f(g1s-->Gn,x)
=kn(f)G2s - s Gnoxg1) + (=1)"kn(f)91, . . ., Gn-1,%)

n—1
+ Z(—l)ikn(f)(gl, e e o3 Gi=15GiGi+1> §it2s - - - » Gn> X).
im1
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We can also expand

(m)

-D"knf(g1,---

(©)

(*)

(€.0)

Knf(g2,- ..

»Gn> Xq1)

= f((xg1) " 1(xg1), m(xg1) " H(xg192),

H(xg1) " H(xg192), . . .

cH(XG1 - gn-1) " H(xg1 . . . gn), Xg1)

n
+ Z(—l)jf(QQ, Gt (XG1 - gia1) T H(XGL L Gje1)s
=

£ gn—l’ x)

H(xg1 .. -gj+1)_1H(x91 ca i) s

H(XG1 ... Gn-1) " H(XG1 - .. Gn) XG1),

= (D) f () 1) E(xg),

n—1

a(xg1) " r(xg192)s - .-

JH(XG1 - Gn2) ' H(xG1 . . . Gn-1), X)

+ YT f (g gjs (g1 gp) M u(xgr - 9p),
j=1

=D'kn ()1, - - -

H(xg1 .. .gj)_lH(xgl .. -9j+1) ey
H(XG1 - gn-2) " H(xg1 - . - Gn-1), %)

s gi—l’ gigi%—l» 9i+27 e

’ grh x)

= (D fOT ) H() o), H(xg) " H(xg192), - -

H(xg1 ..
H(Xg1 ..
H(xg1 ..

H(xg1 ..

-gi-2) 'H(xg1 ... gi1),
.gi-1) ' H(xg1 . .. gis1),
-9i+1)  H(XG1 - - gir2), -
gn-1) "' H(xg1 ... gn), X)

ey

i-1
+ 2 D f(gr, o gp (xg1 - 9) T HxGL - gyan),
j=1

H(xg1 ..
H(xg1 ..
H(xg1 ..
H(xg1 ..

H(xg1 ..

-9j+1) T H(xg1 ..
-gi-2) 'H(xg ..
-9i-1) H(xg1 ..
gir1) H(xgr ..
gn-1) 'H(x91 ..

Gjg2)s s
-gi—l),
-Gi+1)s
giv2) L

- Gn), X)

n—-1
+ Z(_l)ij(gl, o5 Gi-159iGi+15 Ji+25 - - - » Gj+1>

J=i

(xg1 .. -gj+1)_1H(xgl o gjel),
w(xg1 ... gj+1) " H(xg1 ... gje2), - - -,

(X1« Gno1) " H(XG1 < Gn), X).
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On the other hand,
(kn+100)f(915- -+ Gn, X)
= (N u(x), 1) Hxgy),
H(xg) " H(x9192). - . H(xg1 ... gn-1) ' H(xg1

e Gn)y X)

+ YOG 9 (g1 g)  Hxgr - g)),
j=1

u(xg: .. .gj)_lH(xgl ceiGj1)s s
HXG1 ... Gn-1) " H(XG1 . . . Gn). X)

and
Yo )g, - - 95 (xg1 ... ) " u(xgr ... gj),
a(xgr .. .gj)_lH(xgl cei i)
g1 ... gn-1) " H(xg1 . .. gn). x)
(m.) = (1Y f(g2,- .95, (xg1 - ) m(xgr .. . g)),
H(xg1 .. .gj)_lH(xgl coi ikl ) s
H(XG1 .. gn-1) " H(XG1 .. gn). Xg1)
j-1
()] + Z(—l)i+jf(g1, s Gi=159iGi+1 Gi42s - - - Gj>
i1
(xg1 .. .gj)_lH(xgl . g5
H(xgi...9)  u(xg1 ... gjr1), .-,
H(xg1 ... gn1) " H(xg1 . . . gn). X)
(€ .j) + (1YY f(g1, ... gj-1. (xg1 - .. gjo1) " H(xg1 - . g)),
u(xgy .. .gj)_lH(xgl cea i) s
H(XG1 ... gn-1) " H(XG1 . .. gn). X)
() + (Y (g1, g5 (kg1 g E(xgL -  gi),
w(xg1 ... gj+1) " H(xg1 ... gje2), - - -,
H(Xg1 ... gn-1) " H(XG1 . . . gn). X)
(»)) + D DG, gp (kg1 - 9) (xg1 - - g)),
i=j+2
u(xg .. .gj)_lH(xgl co ikl ) s
H(xg1 ... gi-3) " H(xg1 ... gi-2),
Hxg1 ... gi-2) " H(xg1 ... gi),
a(xgr...g) ' H(xXg1 ... Gis1)s ...y
GG .- gn-1) " H(xg1 . .. gn). X)
(%)) + (=1 gy, gjs (xegr - ) ExGn - g)),

H(xgl . .gj)_lH(Xgl .. -gj+1)’ ey
H(XG1 . gn-2) " H(XG1 .. gn-1). X).
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We furthermore expand
) () () m(xgr), m(xg1) " H(xg1g2); - - -
H(xg1 -+ gn-1)" H(xXg1 - . gn), X)

(0) = fa() " u(xg1) 5 (xg1) " H(xg192). .. .,
H(xXg1 - .. Gn-1)  H(xg1 .. gn), H(X))
(0) + (D" o ), 1 () H(xg1), m(xg1) H(xg192), - -
H(XG1 ... Gn-2) " H(Xg1 ... gn-1), %)
D — & H(xg1), H(xg1) H(xG192)s - - .

H(Xg1 ... gn-1) " H(xg1 . . . gn). X)
() + 2 D (0, m () (g
i=2

Hxg1 ... gi-3) " H(xg1 . .. gi—2),
H(xg1 ... gi2) ' u(xg1 ... i),
axgr...g) T a(xgr ... Giv1), -
H(Xg1 ... gn-1) " H(x1 . . . gn). %)

Clearly (o) = fpoan(f)(g1s- - -+ 9n,x)and (*.n) = —f(g1, - - ., gn, X), S0 it remains to show
that the other summands amount to zero.

Note first that

(€.1) = —=(D.
(' j)==(C.j+1) forj=1,...,n-1,
(«’.n) =0,

$0 in kp41 0 0 all (€ ), (C ), and ()-terms cancel. Furthermore it is immediately evident
that

(0) ==(0"),
D (mj) = ~(m),
j=1

n—1
D 0K i) = (%), and
i=1

n—-1

D, (%) = =),

i=1

zn:(c d) = - zn:( b.j)
i=1 j=1
Zn:(< Q)= —i(» J).
i=1 j=1

It remains to show that

and
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Write
F(i,j) = f(g1,- . 9j»(xg1 ... g)) " u(xg1 ... gj+1)s
H(xgr .. -9j+1)71H(x91 cagie2)s s
u(xgr ... gi—2) "u(xg1 ... gic1),
H(xg1 ... gi-1) "H(xg1 . . . gir1),
(xgr ... giv1) "H(xgr .. gis2) .,
H(xXG1 .. gn-1) " H(Xg1 . . . gn), %),
G(i,j) = f(915- - 9i-1,9iGi+1, Gi+2s - - -» Gjs1s
(xg1 ... gj+1) " H(xg1 - .. gj+1),
a(xg1 ... gj+1) H(XG1 - . . Gje2)s s
H(xg1 .. gn-1) " H(XG1 .. Gn), X),s
then

n i-1
:ZZ( DYFG) = Y (“1)FG,)),
i=1 j=1

i=1 1<j<i<n
Z(n) Z( DFG-1L7)= > (~D)"*EG,)),
=j+ 1<j<i<n
Z<< i) = Z( DYGE )= Y. (-GG, )), and
i=1 j=i 1<i<j<n-1
-1
Z(» J)= Z( DG -1 = > (DTG ),
j=1 i=1 1<i<j<n-1

so indeed their sum amounts to zero.

We immediately deduce Shapiro’s lemma.
THEOREM 3.5.8 (Shapiro’s lemma). In the derived category of abelian groups,
C*(G,IndH(A)) = C*(H, A).

Especially
H"(G, Indg(A)) = H"(H, A) foralln.

3.6. A Hochschild-Serre Spectral Sequence

We devote this section to proving a Hochschild-Serre spectral sequence in a rather general
fashion. Constructing cochains of course happens in Homget(;G", A) and is done by the
usual tedious calculations. As G is only a monoid, extra care is required. Showing that
these cochains stem from (then necessarily unique) elements in X*® poses an additional

difficulty.

The spectral sequence will indeed follow from the following spectral sequence attached

to the filtered complex I°C*°.

Definition 3.6.1. As for all n the filtration I°C" is a finite filtration and all /'C*® form a

subcomplex, there is a E;-spectral sequence

ss(I*C* Y"1 = HP9(G, A),



3.6. A HOCHSCHILD-SERRE SPECTRAL SEQUENCE 45

where the E;-terms are defined as

ker (Ipcp+q/jp+1cp+q _90 [Pcp+q+1/[17+1cp+q+1)
ss(I'C')f’q =

im (Ipcp+q71/1p+1cp+q71 N Ipcp+q/1p+1cp+q) ’
cf. e.g. [NSWO08, (2.2.1)].

Definition 3.6.2. To simplify reading, we will use the following notational convention:
The first time a variable is used, a superscript will denote the set it belongs to. For example,

instead of “Let x € G”. Then define f(x) = ...” we will simply write “Define f (Gf) =...7

3.6.1. The Meaning of C'(G/N, C/(N, A)). In the previous section, we fixed a con-
crete category C to encapsulate our topological data. Our setup allowed us to give mean-
ing to C/(N, A) for G-modules A. It is however very unclear how we can give the abstract
module C/(N, A) again the structure of an object in C.

If C is the category of HausdorfF topological spaces, one can topologise C/(N, A) with
the compact-open topology, which if we further restrict to compactly generated spaces,
has somewhat nice properties and can be called canonical. But computing cohomology,
we are presented with the issue that images of differentials need not be closed and one
subsequently loses the Hausdorff property, cf. [CW74] for a thorough discussion of these
issues.

If C is a bit more exotic, e. g., analytic Q,-manifolds, then there is no obvious way to
give C/(N, A) the structure of an analytic Q,-manifold compatible with the additional
structure — and especially none that also correctly topologises the cohomology groups.

If the quotient is discrete, we can identify C?(U, A) with FC?(U, A) and define
C?(G/U,C1(U, A)) = C?(G/U,FC1(U, A)),

but note that while C9(U, A) carries the structure of a G-module, in general it does not
carry the structure of a G/U-module (the action is only jU-invariant after passing to
cohomology).

Definition 3.6.3. For N = U, let f € IPCP*9(G, A) and define its p-restriction r,(f) €
CP(G/U, CI(U, A))(= CP(G/U,FCI(U, A))) via

G/U G/U

rp(f)(x1,..., % )(gjjl, . ,qu) = f(Y1,. . Yg s(x1), . . ., s(xp)).
This is well-defined: The induced map

ro(F)(X"): UT —nnr A

stems from the composition

(id,s(x1), ... 5(xp)) f

U1 UIxGP ——> GIXGP —~~—> A,

where we use the existence of constant maps (cf. proposition 2.1.13). As G/U is discrete,
x —— 1p(f)(x) is indeed in CP(G/U, C1(U, A)).
Lemma 3.6.4. Ifp’ < p and f € IPCP*9 then ry(f) = 0.

Proor.

G/’

r (O W - Ypigep) = FW1 - Ygs Ygrts - - - Yprgoprs S))
=fy,...,yg L,..., 1, 5(x))
=0,

as f is normalised by assumption. -
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3.6.2. Extensions of cochains. Comparing C?*4(G, A) with C?(G/U, C1(U, A)), we
will have to extend maps U? X (G/U)? —— A to maps G? X (G/U)? —— A. This ex-
tension process also works if we work with N instead of U.

Definition 3.6.5. Let g: GK™! x N97% x G? —~~~> A be a normalised map (meaning its
value being zero if one of the arguments is 1) with k > 2. Then for normalised f: G¥ x
N9* x GP —~~~> A we define

extr(g9): GF2X GXGXx NIF 1 X GP s A

Gk=2 G G NIkl P
y.wx, o ,z)— gy, wx",xn,0,2) + (=D} f(y, w, X", xn, 0, 2)

It is called the extension of g along f and is again normalised. Note that it actually lies in
ha, as the modification of the arguments is done via morphisms in C.

Calling it an extension is due to the following fact which is immediately verified:

Lemma 3.6.6. In the setting of definition 3.6.5 the following diagram commutes:

GF1x N x NI k1 x Gr
Mﬂ\
A

Gk 1xGx NI k-1 xGp

Proor. Vectors in the image of the inclusion have x* = 1 and xny = x. -

Lemma 3.6.7. In the setting of definition 3.6.5, the usual coboundary formula gives meaning
to the function
d(extr(g)): GF x NT™F x GF s A

and the following diagram commutes:

GF 1 x N x NI% x GP

V\/\’\,\/\/\/(?,(z\)\
A
a(c%/'

GF1x Gx NI7% x GP

Proor. Immediate from lemma 3.6.6. -

Remark 3.6.8. In the setting of definition 3.6.5, g is only defined on GF "' xNxN9%~1xGP.
For the coboundary formula to make sense, all terms (x1, ..., XiXi11, ..., Xp4q) must lie
in GF"1 x N x N97%=1 x GP. This is the reason dg is only defined on G¥~* x N x N97% x G?.

Proposition 3.6.9. Assume N = U. Let q > 2 and f € IPCP*9 with 0f € IPT1CPTatL,
Take u € CP(G/U,C971(U, A)). Define an element g = g(u, f) as follows:

va-1 gr
*g90( o, y)=u@) o)
9-2 Gp
‘g% ,Gg) =x".go(xv, 0, y) — f(x*,xu, 0, y),

* gk = exte(gr-1) € ha(GF x UT 17k x GP) for2 < k < q - 1.
°9=9q-1-
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Then the following hold:
(1) g € IPCPHaL,
(2) rp(g) =u,

(GIuP

3) ifrp(H(X”") = d(u(x)) for all x € (G/UY, then f — dg € 1P+ P+,

Proor. The first assertion follows immediately from the definitions, as none of the
manipulations touches the last p arguments.

The second assertion follows inductively: r,(go) = u is obvious and noting that x* = 1
and xy = x for x € U implies that r,(g1) = g. Using lemma 3.6.6, we find that r,(gx) = u
for all k.

Let us now prove the third assertion. For 1 <[ < k, it is

Gl-1 S(GLU) va-1-1 gp N

gy, x, g ,z)=g(yx",02) =0,
where the first equality is due to lemma 3.6.6 and the second is due to the definition of
the extension, as (x*)y = 1 and all g; are normalised.
By definition
dg; € ha(G' x UT! x GP),

but restricting to G!~! x s(G/U) x U} x G? this shows that the coboundary expansion
of

Gl-1 S(G/*U) U va-1-1 gr

gy . x* .7, o ,z)

consists of only two terms and can be further computed as follows by lemma 3.6.6 and
the definition of the extension: For [ > 2 we have

-2 s(G/U) —1-1
)y o x5 D) = () gy wx'7,0,2) + (<1 gily, woxr, 0, 2)
= (_1)l (eth(gl—l)(gv w, X*T, o, g) - gl—l(z’ Wx*’ 7,0, g))
= f(y, w,x", 7,0, %).
We also have

S(G{kU) 1% Uq71 GP * * *
o ( x* 1, ¢ ,z)=x"q1(r,0,2) —qi(x"7,0,2) = f(x", 7,0, 2),

so altogether we have
(%) (f = 3(g1)) = 0on G x s(G/U) x ULl x GP

We want to show that this holds on all of G! x U?~} x G? by induction on k. Note first

that f — dgo is zero on U9 x GP: Indeed the first q terms in the coboundary expansion

of G(go)(g, UE , Ggp) are by definition the first g terms in the coboundary expansion of

O(u(z))(r, o). The g + 1-th term is
(-1)go(z, 01, ..., 0q-2,0g-121; - - -»Zp) = (—1)qu(o-q_1zl, 29, ..., Zp)T,01,...,04-2)

= (-D)%u(2)(z, 01, . .., 04-2),

as U isnormal in G, i. e., the first g + 1 terms in the coboundary expansion of d(go)(7, 0, z)
are equal to d(u(z))(r, o). All the other summands are of the form

*u(og-1,...)(...)

and hence zero as u was supposed to be normalised. As r,(f)(z) = d(u(2)), this shows
this first assertion.

Assume we had already proved that
f-08g=00nG' xUx Ut xGP.
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As 0f € IP*! and 9dg;,1 = 0,
A(f —8g141) = 0on G x s(G/U) x U x U™ x GP,
so the coboundary expansion of

gl sG/U) o yg-1-1 gp

of —dgr)(y, x* .71, o ,z)=0
yields that
(f = 9g1:1)(y. x"7, 0. 2)

is the sum of terms of the form +(f — dg;+1)(. . . ) where the [ + 1-th argument is either x*
or r. If the [+ 1-th argument is x*, it is zero by eq. (x). If itis 7 € U, thenitis (f—ag;)(...)
by lemma 3.6.7 and hence zero by induction hypothesis, so we have finally shown that

(f = 8(gis1)) = 0 on G x U977 x GP
and hence that forall k < g -1
(%) (f —8(gx)) =0 on GF x UT* x GP.

Consider at last the map f — dgg—1: G77! X G X GP -~~~ A. We want to show that the
last p + 1 arguments are U-invariant. But just as in the previous step, the coboundary
expansion of

a1 GV  op

d(f -094-1)(Cy , x* ,xu,2)=0

q-1 P
expresses (f — ng_l)(Gy %, Gg) as a sum of terms of which a lot are zero by eq. (x%),
lots of others are zero because the (g + 1)th argument is xy € U, and the only non-zero
summand is

(f - 69q71)(2, x*,XUZI, 22,0 vy Zp)'
But as f—dgq-1 lies in IPCP*4, this is independent of xy, so actually f—dg € IP*1CP*.

Remark 3.6.10. The cochain g = g(u, f) of proposition 3.6.9 has a rather unwieldy defi-
nition. However, if f = 0 and U is a direct factor of G, then g has an explicit description,
cf. proposition 3.7.12.

3.6.3. Comparison of the first page.

Proposition 3.6.11.

IR

ss(IC*Y"? = CP(G/N, AN)

forallp.

ProoF. By definition, ss(I’C')If’O = ker IPCP —9 > [PCPHL [[P+1CP*L and further-
more, f € IPCP comes from a (necessarily unique) morphism (G/N)? —~~~~ A, which
yields an element in C?(G/N, A). We first need to show that the image of f is contained
in AN ie.,

(- DfE) =0.
As f is in the aforementioned kernel, df(n,x) = df(1,x) = 0, and as f € I’C? by
assumption, the difference between the coboundary expansions of df(n, x) and df(1, x)
is exactly (n — 1) f(x) and hence also zero. Injectivity of the map is then clear.
On the other hand, for f € C?(G/N, AN) coming from ]7 € hun((G/N)P), consider the
induced morphism

g: G> —— (G/N)? s AN 4
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It is clear that g € I?CP and gets mapped to f. As the image of g lies in AN, dg is {N-
invariant for all of its p + 1 arguments, so lemma 3.2.1 implies that indeed g € ss(I’C’)ﬁ”O.

Remark 3.6.12. By abuse of notation, even for not necessarily open N we will refer to the
map ss(I'C')‘t;’0 —— CP(G/N, AN) of proposition 3.6.11 as a map Tp: ss(I'C’)‘i”0 —
CP(G/N,H°(N, A)). This is clearly compatible with the previous definition of Tp-

Proposition 3.6.13. Suppose that N = U. Thenr,: IPCP*1 —— CP(G/U,C4(U, A)) in-
duces an isomorphism between the E1-terms:

ss(I*C*Y"" = CP(G/U, HY(U, A)).
Proor. Recall that by definition,

ker (Ipcp+q/1p+1cp+q _90 Ipcp+q+1/[p+lcp+q+1)

ss(I*C*Y"7 =
im (Ipcp+q—1/1p+1cp+q—1 -9, 1pcp+q/1p+1cp+q)

ker (Ipcpﬂz _90 cp+q+1/[1>+1cp+q+1)

A(IPCP+a-1) 4 [P+1CP+q

We will first prove injectivity. Therefore, take f € IPCP*9 with §f € [PTLCP+9*1, Assume
that f is zero in CP(G/U, H1(U, A)), i.e.,

(G/UP

(/) x) = d(ux))

for some u € CP(G/U,C971(U, A)). We want to find an h € I[PCP*97! with f — d(h) €
priceta,

The case of ¢ = 0 was already dealt with in proposition 3.6.11.
If ¢ = 1, then define h € IPCP*11 as the normalised cocycle corresponding to u €

CP(G/U,C%U, A)) = CP(G/U, A). Note that by assumption u has the property
FET) = (D) = ) = x.u(y) - uly).

We want to show that f — d(h) € IP**CP*!, For that matter we need to show that
(f -0 - 0. %)
U GP

is independent of 0. As df € IP*1CP*2 ) we see that a(f)(JGc, o, y) = 0. Expansion of the
coboundary operator hence yields

flxo,y) = x.flo,y) + Fx.y)
as f € IPCP*4, and also
J(h)(xo, 2) = x.a.h(g) + terms independent of o,
as h € IPCP. We hence get
(f — d(h))(xo,y) = f(xo,y) — x.0.h(y) + terms independent of &
- x.f(O',_y) + f(x, yg —x.0.h(y) + terms independent of &
= x.(a.u(_g) - u(g))_— x.o.u(g)_+ terms independent of o,

which is independent of ¢.

For ¢ > 1 we are in the situation of proposition 3.6.9, which deals with exactly this case.
(G/U)

For surjectivity, take u € CP(G/U, C1(U, A)) such that d(u( x p)) =0 forall x. Forq =0
finding a preimage is trivial, for ¢ > 1 proposition 3.6.9 yields a preimage g € IPCP*4
with dg € IP*1CP+a*L (take f = 0 in the proposition). .
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3.6.4. The shuffling mechanism. To compare the differential in the spectral se-
quence attached to I*C*®, Hochschild and Serre use a process they call shuffling. However,
in the proof of proposition 3.6.22 their argument misses the terms of type (M3) and leaves
the constructions of the various ' to the reader, which is why we spell out the details.

Lemma 3.6.14. Every x € ;G induces a conjugation action G—— G that on M is trivial
and on G’ is the usual conjugation by the G’-part of x.
Proor. On G’ conjugation is defined via the composition

x71,id,x)

G ' =2F exXG' xFe ( G xXG XG multomult G,

where we use the existence of constant maps from proposition 2.1.13. -

Remark 3.6.15. We will write formulas like x 1 yx even though x need not be invertible
in G. As M is central in G, the usual identities such as y(y~'xy) = xy still hold.

Definition 3.6.16. We will make use of the ordered sets
[n] ={1,...,n}
for n € IN. For every injective morphism of ordered sets
¢: [pl —— p +4l
there exists a unique (injective) morphism
¢": [ql —— [p + 41
such that
[p+q] =im¢ Uim¢*.
We furthermore define . o
sang = ()20 401

Lemma 3.6.17. Let ¢: [p] —— [p + q| be an injective morphism of ordered sets. Then

sgn(¢) - sgn(¢*) = (=1)79.

Proor.
q P 1) - 1) - 1
Z¢*(i)_i+z¢(i)_i_p_q:(p+q)(p+q+ )Qq(q+ ) —p(p + )_pq
i=1 i=1

_29 __

=3 pg=0.

Definition 3.6.18. Denote by F,., the free Z[;G]-module with basis ;GP*9.

For ¢: [p] —— [p + ¢] an injective morphism of ordered sets define

(xl,...,xq,yl,...,yp)¢ =1 > Ypiq)

with
Yo() = Yi

and

Yoty = (W1 Ygr-i) T XiY1 - Ygeciri)-
If we are considering multiple morphisms ¢, we will also write y(¢, k) instead of yx.
Define now

shufflel (2 ) = > sgn(@)z? € Fpeg.
¢

where here and in the following an unspecified sum over ¢ denotes the sum over all
injective morphisms of ordered sets with p and p + g clear from the context.
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Every g € CP*9 gives rise to g¢ € CP*9 via
9°(2) = 9(z”).

Indeed g¢ € XP*9 as both conjugation and reordering come from morphisms in C. We
can also define shufﬂe§+q g € CP*9 via

shuffle) “(9)(@) = ) sgn(@)g(z?).
¢

We will use the convention that shuffle] = id.

Proposition 3.6.19. Let ¢: [p] —— [p + q] be the unique injective morphism of ordered
sets with (1) = g + 1. Then z = z? for all z € GP*9. Ifg € IPCP*9, then

shuﬂie§+qg =gonN?xGP.

Proor. The first assertion is clear from the definitions, as then ¢*(i) = i forall 1 <
i<gq.
For the second assertion we will show that for all other ¢, g¥ = 0 on N7 X G. In this case,
there exists g+ 1 < i < p+q with i = ¢*(k) for some k and y; is then equal to a conjugate
of ay, which lies by assumption again in N. As g was supposed to be normalised and
N-invariant in the last p components, this implies that g¥ = 0 on N7 x G?. -

Definition 3.6.20. For p, ¢ > 1 we define the following two partial coboundary operators
Fprg — Fpig-1:

Oq(X1s . s Xgs Y1y -, Yp) = x1.(%x2, . . .,xq,g) + (-D9(xq, ... ,xq_l,g)
q-1
+ Z(_l)l(xl, e X1, XiXi41, Xi42y - - - ,Xq, 2)
i=1

and

5p(x15 e ,Xq, y19 ] yp) = yl'(yI1£y1’ y2’ LR yp) + (_I)P(E’ yla cee ypfl)
p-1

+ Z(—l)k(ﬁ, Ylo- s Yin 1 Yillin 1> Yit2s - > Yp)s
im1

where x = (x1,... ,xq),y = (Y1, ..., Yp) and yilgyl = (y;lxlyl, e yleqyl). These
formulas also give rise to partial coboundary operators dy, §,: CP*9™! — CP*4 by
the same arguments as in proposition 3.2.2.

Proposition 3.6.21. Let ® denote the set of injective morphisms of ordered sets [p] ——>
[p+q]. Foreachl < k < p+ q — 1 there is a bijection

{ped|keim¢”andk+1€im¢} «——— {Yy€®|keimy andk +1 € imy”}

with the following property: If ¢ corresponds to then y(@, k)y(d, k+1) =y, k)y(¢, k+1)
and y($,i) = y(y, i) for alli # k, k + 1. Furthermore, sgn(¢) = —sgn(y).

Proor. Construct ¢ as follows: Let k + 1 = ¢(a). Then
Y1) =¢(1),....¢(a-1) = ¢(a—1),
y(a) =k,
yla+1)=¢(a+1),....Y(p) = $p)
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and conversely for given ¥ with ¥/(b) = k construct ¢ via
p1) =y¢(@),....p(b - 1) =¢(b-1),
$(b) =k +1,
pb+1) =9 +1),....40p) = ¢(p).

It is clear that both constructions are mutually inverse to one another and satisfy above
requirements. -

Proposition 3.6.22. Forp,q > 1 and z € F,,4 we have
9 shuffle)"(z) = (shufflef ™™ 9,2) + (~1)9(shuffiel"{ " 6,2).
Consequently, for f € CPT9=1 the following identity holds:

shuffle} " (9 f) = g (shuffie) 7~ (£)) + (~1)96,(shufle "7~ (£)).

The proof of this is of course a combinatorial nightmare. Before giving it, we want to
discuss an example which gives an overview to how we will group summands together.

Example 3.6.23. For p = 2, q = 4 consider ¢: [2] —— [6] given by

1 2
¢ =3<4,
)
) 1 2 3 4
$"=1<2<5<6,
where ¢ = -+ < a < ... means that ¢(b) = a etc. It follows that
(X1, - s X1, Y1, ¥2)? = (%1, X2, Y1, y2, (Y192) " x3(y1y2), (112) x4 (y112))
and
sgng = 1.
In the expansion of d shufﬂeg(xl, ..., X4, Y1, Yy2) the terms stemming from ¢ are hence as

follows, the types being explained in the proof of proposition 3.6.22 below.

Sign Term Type

+ x1 (%2, Y1, Y2, (Y192) ' x3(y1y2), (y1y2) ' xa(y1y2))  all of type (S1) to (S3)
(-1)** (x1, %2, Y1, Y2, (Y192) ' x3(y1y2)) all of type (S1) to (S3)
(-1t (x1%2, Y1, Y2, (1192) ' x3(y1y2), (y1y2) ' xa(y1y2))  x1x2 of type (M1)
(-1) (x1, X2y1, Y2, (1y2) P x3(y1y2), (1y2) P xa(y1y2)) X2t degenerate
term of second kind
(-1*  (x1.x2, 9192, (11y2) P x3(y1y2), (Y1y2) *xa(y1y2))  y1ys of type (M2)
D (xn X2, y1, Y2 (Y1y2) T x3(ry2) (n1y2) T xa(yiye))  y2(y1y2) M xs(yiye)
degenerate term of
first kind
(15 (1, %2, y1. Yo, (y1y2)  xsxa(y1y2)) (y1y2) " x3x4(y1y2)
of type (M3)

PROOF OF PROPOSITION 3.6.22. Write z = (x1,...,Xg,Y1,...,Yp). For ¢: [p] ——
[p + q] consider the expansion of

(X1, s Xgy Y1y - - -5 Yp)?).
In this expansion, consider the terms of the form

(V1o s Viels ViVitDs Vid2s - os }’p+q)v
where i = ¢(j) and i + 1 = ¢*(k) or i = ¢*(j) and i + 1 = ¢(k). In the first case,

Yivier = yj(y1 -+~ Yir1—k) Xk (Y1 - Yir1-k),
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which we will call a degenerate term of the first kind. In the second case

Yivier = (Y1 -+ yi—j)_lxj(yl “Yiej)Yks

which we will call a degenerate term of the second kind.
This is the only way in which in the expansion of 6Shufﬂe§+q(g) arguments of these
degenerate two kinds can occur and by proposition 3.6.21 they all cancel, i. e., we are left
with sums of (G operating on) basis elements with each component taking one of the
following forms:

(S1) xi,

(S2) vi,

(S3) (y1---Yge(i-1) " xi(Y1 -+ - Ygo(i)—i)s
except for at most one, which will then be of the form

(M1) xixXis1,

(M2) yiyis1, or

(M3) (g1 -+ Yge(i-i) " Xixie1 (Y1 - - Ygoiy—i)-

Let us formally compare

(%) 0o shufﬁegrq(xl, X YLy s Yp)
with
(4) (shuﬂ'legrq_1 0dq + (=1)7 shufﬂegi‘f_l ocSP) (X15 - X YLy - - -5 Yp).

We will first look at terms in (x) where all terms are of the form (S1) to (S3), which occur
in our convention as the first and second summands in the coboundary expansion, so

9 o shuffle) (z) = ) sgn(¢) - y(9. 1) - (r($.2),....y($.p +9)
¢

(') + > sen(@) 1Py (g, 1), y(gp+ g 1)
¢
+ terms with one component of form (M1) to (M3),

shuﬂﬂlegrq_1 0d4(z) = x7 - (shufHe§+q_1(x2, e, xq,g))
(a) + (-1)¢? shufﬂe§+q_1(x1, e Xgo1s g)

+ terms with one component of form (M1) to (M3),

shuffich ™7™ 08,(2) =y - (shufflel "™ (y1 " x1, v, .-, )
(v) + (=1 shufﬁeﬁt‘f_l(z, Yls- s Up1)
+ terms with one component of form (M1) to (M3) .

Let us first take care of the first group of summands in (x").

Note that independent of ¢, y(¢, 1) is either y; (in which case we wish to find the term in
(%) in the 6,-part of (¢)) or x; (in which case we wish to find it in the d,-part.)

If *(1) = 1 and hence y(¢, 1) = x1, define ¢: [p] —— [p + q¢ — 1] via (i) = ¢(i) — 1.
Then ¢*(i — 1) = ¢*(i) — 1 and sgn(¢) = sgn(¥), so the term

sgn(@) - y($, 1) - (y(¢,2), ..., y(¢.p +q))

in (x”) is equal to the summand stemming from ¢ in the expansion of

X1 - (shufﬂegrq_l(xz, X Y))
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in (a). If #(1) = 1 and hence y(¢,1) = y;, define ¢: [p — 11— [p + g — 1] via
(i) = ¢(i + 1) — 1. Then ¢*(i) = ¢*(i) — 1 and sgn(y) = (-1)? sgn ¢, so the term

sgn(¢) - y(@, 1) - (y(¢,2),....y(¢.p + q))

in (x’) is equal to (—1)9-times the summand stemming from ¢ in the expansion of

Yy - (shuﬂzleij_l(yflxyl, Y2, .- -5 Yp))

in (V).

Let us now take care of the second group of summands in (x”). Similarly to before, y (¢, p+
q) is either y, or (y1 -+ - yp) ' xq(y1 - yp).

If $*(q) = p+qand hence y(4,p+q) = (y1 - yp) *xq(y1 - - - Yp), § restricts to a morphism
V¥ [p]—— [p+q—1]. ¢* is then the restriction ¢*: [q — 1] —— [p+q — 1] and
sgn(y) = (1) sgn(¢), so the term in the second group of (x’) corresponding to ¢ is the
term in the second group of () corresponding to .

Analogously, if ¢(p) = p + g, then we can restrict ptoy: [p—1]—— [p+g—1]. In
this case, sgn(y) = sgn(¢) and we again identify the term in the second group of (x’) and
(—1)9-times the term in (V).
It remains to consider the summands where one component is of the form (M1) to (M3).
Ad (M1): Assume the (M1)-component is xpxg.1, so especially ¢*(k + 1) = ¢*(k) + 1.
Including signs it looks like this in the expansion of (x):

(=D)F - sgn(@) - (x1, . . ., Xk, Xk Xpe 1, Y@ k +2), . y(dap + q)).

Setting /(i) = ¢(i) — 1, we see that this is equal to
(_l)k : Sgn(lp) : (X1, coes X—15 Xk X415 Xke425 - -+ 5 Xq, g)w’

a term occurring in (A).

Ad (M2): Assume the (M2)-component is yxyi+1, so especially ¢(k + 1) = ¢(k) + 1.
Including signs it looks like this in the expansion of (x):

(~D?® - sgn(@) - (y(¢, 1), ..., (¢, (k) = 1), yyrs1 Y( (k) + 2), ..,y (b, p + )
Define

Y(@): [p-11——I[p+q-1]
v = (i) fori <k
S leG+1) -1 fori>k+1,
hence
(X Y1s s Ykmts YkYks 1 Yher2s - - - Yp)¥

is up to signs the term we are looking for.
Clearly

e 9T if ¢*(i) < k
Vi = {¢*(i) -1 else, ’

There are ¢(k) — k numbers i such that ¢*(i) < k, so sgny = sgn¢ - (=1)7"¢*)=%)_The
sign in the 6,-part of () is hence

(17 (-1 - sgn(@) - (<170 = sgn(g) - (1P

which is exactly the sign we were looking for.



3.6. A HOCHSCHILD-SERRE SPECTRAL SEQUENCE 55

Ad (M3): Assume the (M3)-component is (y; - - y¢*(k)_k)’1xkxk+1(y1 “* Ygp(k)-k)» which
is then the ¢*(k)th component. Note that then ¢*(k + 1) = ¢(k)* + 1. Its sign is given by
(=1)?"®) . sgn(¢). Define ¢ via

(i) = {¢(z‘> if §() <k

d(i)—1 else,
then
v {g{)*(i) fori < k
pi+1)—1 fori>k+1
and hence
sgn(y) = sgn(9) - (-1)7 07K,
The sign in the d4-part of (#) corresponding to (x1,. .., Xx—1, Xk Xk11, X125 - - - » xq,g)‘/f is
hence

(-1 -sgn(y) = (-1)?"® . sgn(¢),

which is the sign we were looking for.

Checking the constructions, we see that we identified each term in the expansion of (x)
with exactly one term in the expansion of (¢). It is furthermore evident form the construc-
tion of the various ¢ that every term in the expansion of (#) has a corresponding term in
the expansion of (x). -

3.6.5. Comparison of the second page. So far, we only considered the groups
CP(G/U,H1(U, A)) with the E;-terms corresponding to the spectral sequence attached
to I°C®. Now we need to give C*(G/U, H1(U, A)) the structure of a complex. For this it
suffices to give H1(U, A) the structure of a j(G/U)-module, as then C*(G/U, H4(U, A)) =
C*(G/U,FH1(U, A)) is a complex by section 3.2. The module-structure also exists for
non-open subgroups N.

We also need compatibility between our partial coboundary operators dg, 6, and the op-
erators

§: CP(G/U,FCY(U,A)) —— CP*1(G/U,FCY(U, A))
and
d: CP(G/U,FCi(U, A)) —— CP(G/U,FCI*Y(U, A)).
Proposition 3.6.24. C1(N, A) and H1(N, A) carry the structure of a ;G-module by the usual

conjugation action.

Proor. Recall that every element in y € 4G induces a conjugation morphism on G
(lemma 3.6.14), which restricts to a morphism on N. Defining

. F N = 0 )

yields an element in C4(N, A) because of definition 2.3.8, so altogether we get a G-action
on C4(N, A). As in the classical case, this also gives an action on the cohomology groups.

Lemma 3.6.25. The diagrams

CP+4(G, A) — 2> CP(G/U,C(U, A))

Jsns |

CP+arl(G, A) —225 cPHI(G/U, CI(U, A))
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and
CPYA(G, A) —L— CP(G/U, C1(U, A))
o }
CPHaL(G, A) —2> CP(G/U,CT7L(U, A))
are commutative. As before, 5,11 and 041 are the partial coboundary operators from defini-

tion 3.6.20 and § and 9 are the respective coboundary operators of C*(G/U, —) and C*(U, —).

Proor. Immediate from the definitions. -

Proposition 3.6.26. ;N operates trivially on H1(N, A).
Proor. We use proposition 3.6.22 for the topologised monoid N: For p = 1 and
f € CI(N, A) Nker 0 this reads
0= shuﬁie,lfq(af) = 6q(shufﬂeil(f)) + (—1)q51(shufﬁeg(f))

and hence
51(f) € im 4.
But 81 (f) is explicitly given by

G XY =y L xy) - F@) = @) - f),

so y.f and f are cohomologous, as d, is the differential on C*(N, A), analogously to
lemma 3.6.25. -

THEOREM 3.6.27. There is a convergent Eo-spectral sequence
H?(G/U,HY(U, A)) = HP*9(G, A).
Even if N is not necessarily open, we have the classical five term exact sequence:

0 —— HYG/N,AN) —— H'(G,A) —— HY(N, A){CG/N)

H%(G/N,AN) —— H?(G, A).

Proor. Consider first the case of N = U. By proposition 3.6.13 it suffices to show
that the following diagram commutes:

ss(I'C')Il”q -9 ss(I'C’)ﬁ”l’q

*) | [

cr(G/U, HU(U, 4)) 28 or+i(G /U, HI(U, A))
Here § denotes the coboundary operator on C?, not on lifted maps U9 X G —~~~~ A. By
lemma 3.6.25
dory =rpi108p41.
For g = 0, the commutativity follows immediately from the definitions, so assume g > 1.
Take f € IPCP*9 with §f € I[P*1CP*9*1 Then by proposition 3.6.22 and multiple applica-
tions of proposition 3.6.19,

rp1(9f) = rper(shutled 1 (9 )

= 1yt (Og(shutfiel ] ) + (=1)78,,. (shuffie) ™ f)

= 12 (D (shufle) 17 ) + (-1)78(rp(shutfle) ™ )

= rp1(g(shutfiel 7 1)) + (=1)76(ry(f))-
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As clearly rp+1(8q(shufﬂe£:‘11 f)) = 0in CP*Y(G/U,H4(U, A)) by lemma 3.6.25, this fin-

ishes the proof for open subgroups.
For normal subgroups N, the spectral sequence

ss(I*C*Yo? = HP9(G, A)

still yields a five term exact sequence and we are left with showing that the groups
ss(I°C* é’o, ss(I‘C‘)g’O and ss(I°C* g’l are precisely the cohomology groups we were look-
ing for. For g = 0, the same as above argument works, using proposition 3.6.11 instead of
proposition 3.6.13. For the case of p = 0, g = 1, we cannot use diagram (x). But the same
argument as above yields a commutative diagram

ss(I°C* (1)’1 9 ss(I°C*® }’1

I !

HY(N, A) —— C°;(G/N), H\(N, A)) > CL(3(G/N), HY(N, A))

where the map on the left is induced by the restriction of f € C1(G, A) to N. The map on
the right, defined analogously to before, is however only injective.
The map on the left is however still bijective, adapting the proof of proposition 3.6.13:
Represent an element of ss(I'C’)(lJ’1 by f € C1(G, A). Assume its restriction to N is given
by f(n) = n.a— a for some a € A. Consider h = f — (x ——— x.a — a), which is the same
as f in
ker C! —— C2%/1'C?

a(CY) + 1tCt
We will show that indeed h € I'C! and that hence h and therefore f is zero in ss(I'C')?’l.
By assumption, df(x,n) = 0 for all x € G, n € N, so actually

flxn) = x.f(n) + f(x)

ss(I'C')(l)’1 =

We immediately find that
h(xn) = f(xn) —xn.a+a=x.(n.a—a) + f(x) —xn.a+a= f(x) - (x.a—a) = h(x),
so h € I'C! by lemma 3.2.1.

For surjectivity, choose a representative f € C1(N, A) and simply define f via fo (-)N-
Therefore,

ss(IC*)>!' = ker 8§ = {f e H'(N,A) | g.f — f = 0 forall g € G},
which is precisely H' (N, A)G/N) as N already operates trivially by proposition 3.6.26.

Remark 3.6.28. With all this effort, we still cannot recover the Hochschild-Serre spectral
sequence for Hausdorff compactly generated topological groups G with closed normal
subgroup N and discrete coefficients A. From the point of view presented above, the
spectral sequence

HP(G/N, HY(N, A)) = HP*9(G, A)

is actually an anomaly: The category C would be the category of compactly generated
weakly Hausdorff spaces, which is cartesian closed, where the exponential objects are
given by Homg(X, Y), endowed with the compact-open topology (cf. remark 2.1.11). The
analogue of proposition 3.6.13, which shows an isomorphism of the E;-page, is then gen-
erally only a bijection - but for discrete A, C4(N, A) (and hence also HY(N, A)) is again
discrete and bijectivity then suffices for showing the isomorphism.

In any case, it is much more convenient to derive said spectral sequence from homological
algebra and reserve the direct method for cases where the homological arguments fail.



58 3. COHOMOLOGY OF TOPOLOGISED MONOIDS

3.7. A Double Complex

This section is devoted to making a precise statement of the following sort and proving it
afterwards:

Prototheorem 3.7.1. Let G be a topologised monoid, D an abelian discrete monoid and A
a topologised D X G-module. Then in the derived category of abelian groups the following
holds:

C*(D x G, A) = tot C*(D, C*(G, A)),

This is very much related to the previous results: There, we filtered the complex on the
left hand side. If we are not looking at a direct product D X G, there is no double complex
on the right hand side - but a hypothetical double complex would have C*(D, H*(G, A))
as the cohomology in one direction. We compared this cohomology with the E;-page of
the filtered complex and showed that indeed they coincide.

3.7.1. Setup and Precise Statement. For the whole section, we fix:

« a topological category C,

+ a topologised monoid G in C as in section 3.2,

+ a discrete abelian monoid D,

+ =": D x G—— D x G, the morphism of topologised monoids which on the
level of sets is given by (d, g) ——— (d, 1),

+ —g: D X G—— D X G, the morphism of topologised monoids which on the
level of sets is given by (d, g) ——— (1, g),

« the canonical projections 7p: DX G—— D, ng: DX G—— G, and

« such a D X G-module with C-rigidification A, that D is A-pliant.

As before, C"*(G, A) denotes the set of normalised (inhomogeneous) cochains G" —~~~~ A.
We write C* for C*(D X G, A) and denote the boundary operator of section 3.2 by d. The
filtration I°C" will be taken with respect to the submonoid G of D X G.

Lemma 3.7.2. The assignment

(@f)E) = df @) (= df (@ x)
gives C"(G, A) the structure of a D-module.

Proor. Clear from proposition 3.6.24. -

Remark 3.7.3. This only works because of the direct product structure of D X G, cf. sec-
tion 3.6.1.

Definition 3.7.4. Denote by C** the commutative double complex C?(D, C(G, A)) with
differentials

§: CP(D, CY(G, A)) —— CP*Y(D, CI(G, A))
d: CP(D,CY(G, A)) —— CP(D,CI(G, A))

explicitly given by
5(f)(D§1)(C5_cq) = y1f W2, Ype) @7 xy1) + 1P f(yrs L yp) ()

P
+ Zf(y1, e Yin L Yilie 1 Uit 2s - 5 Ypr1)(X)
i=1
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and
pP_ G+

AL ) = 21 ()2 ... xge) + (DI ()1 .. xg)

9
+ Zf(g)(xb s Xim1, XiXig1, Xi42y - v - ’xp+1)'
i=1

That this is indeed a double complex follows from lemma 3.7.2 and the previous discussion
in section 3.2. We form the total complex

(tot C™*)" = (] P
p+q=n
with total differential
A: CP9—, cP+L9 gy cP-9+1
A=0d+(-1)96
Remark 3.7.5.1f D = Ny (or D = Z) operates via a single operator ¢, then because of
proposition 3.1.2 and the fact that

0—— Z[p] =1 Z]¢) z 0

is also a free resolution of the integers, we see that (by abstract nonsense)

tot C** = tot (C'(G, A)-2=1, C*(G, A))
in the derived category of abelian groups. This immediately generalises to monoids D =
IN{ X Z° by induction.
Our main result of this section can now be stated as follows:
THEOREM 3.7.6. There is a quasi-isomorphism of complexes

C*—— totC*".
The preparations of its proof will span the next couple of pages, which itself is given on
page 63.
3.7.2. The morphism ...

Definition 3.7.7. For f € C?*9 denote by r,(f) € C*9 the map

DP_  G9

rp(F(y)(x) = f((Lx1),. ... (Lxg) (g1, 1), . ... (yp, 1))

and by « the map
a: C"—— P cr
p+q=n
a(f) = EP rp(shuffle)™(f)).

p+q=n

Proposition 3.7.8. « is a morphism of complexes C* —— tot C*°.

Proor. Consider the diagram
-1 )
cr @p+q:n—1 Cp 1

| Js

ct @p+q=n—1 (Cp+1’q ® Cp’q+1) .

To show that it commutes, let p” + ¢’ = n. We will compare

rp (shuffley, (9 f))
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with the entry of A(a(f)) in CP+7 . By definition, this entry is equal to
3(ry (shuffle?, "7 (£)) + (~1)7 8(ry 1 (shufflel, "1™ (£)).

By lemma 3.6.25,
dory =1y 0dy
and
5 o ”p/—l = rp/ o] 5‘0;,
where 8, and 6, are the maps from definition 3.6.20. The claim then follows immediately
from the additivity of r,y and proposition 3.6.22. -

3.7.3. ... and its quasi-inverse.
Lemma 3.7.9. Consider the map
(_)ﬂ: cra ., cPta,

(DxG)P+4

A7) = Fap(zgen)s - - D (zpeg))T6(21), - - TG (20))-

Its image lies in IPCP*9 and the composition

cra =y perra P, cpag

is the identity.
Proor. Clear from the definitions. -

Proposition 3.7.10. (—)* induces a map
(—)*: (totC**)" —— C"
with
a0 (=) = id(ot cropn -
ProoF. Let f € CP9. Lemma 3.7.9 and proposition 3.6.19 (with N = G) imply that
rp(shuffled™(f#)) = f.
It now remains to show that for p’ # p, rp/(shufﬁeﬁ,)rq( f ) =0.

Let ¢: [p']—— [p + q] be an injective map of ordered sets, so

cpra-p

o (FODNE ) = P (Lx1 o (L Xpagop) (1 D (s 1)

= A0 i),
with yx a conjugate of one of the (1, x;) or one of the (y;, 1). Therefore, at least p’ of the
Yk have ng(yx) = 1 and at least p + g — p’ of the yx have np(yx) = 1. Now
fﬁ(yl’ et Yp+q) = f(”D(Yq+1)’ AR} ”D(YP+C]))(7TG(Y1), AR} ”G(Yq))’

and all cocycles are normalised, so this can only be non-zero if all y; with zp(yx) = 1 are
among the first g, so

p+rq-p'<gq
and if all yx with 7(yx) = 1 are among the last p, so
P <p.
But this is impossible if p” # p. Therefore rp ((f #)9) = 0 and hence also
rpf(shufﬂegfq(fﬁ)) =0.
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Remark 3.7.11. The map (-)* of proposition 3.7.10 is not a map of complexes, so while it
is easy to construct preimages in the direct product case, these are not particularly useful.
Showing that « is a quasi-isomorphism hence again uses the calculations of section 3.6.2.

Proposition 3.7.12. Let u € CP9 and g = g(u,0) € IPCP*9 jts extension along 0 from
proposition 3.6.9. Then

DxG DxG (DxG)P
g(x1,..., xq, y ) =x] ...x;.uﬂ(xl,...,xq,g).

Proor. Note first that by definition of —ﬂ,

uf(zy,. .., ZqsZhse e 2p) = u*((z1)es - - -, (2g)Gs 215+ - 7).
Define as in proposition 3.6.9

X 9-2 (DxG)P *
q(3.% .y = xuf(x1)e. 0. y).

and g = exto(gx—1) for 2 < k < g, so that g = g,. We will inductively show that

DxG DxG G1°k (DxG)P « «
gk(x19'-"xk7 ga y ):xl"‘xk'u (xl"'-7xk9g7y)a

which is trivial for k = 1. By definition of the extension,

DxG DxG DxG GI7%-1 (DxG)P «
Gra1( X1, ooy X\ Xk, O 5 Y ) = Ge(Xa, oo X1, XX s (Xk41) G5 O Y)s

which by induction hypothesis is exactly
X xpy  Gaxy) " wt (e - (k)6 (X )es (Kki1)6, 05 Y)

As in our case —* and —g are homomorphisms with —g o —* = 1, this shows the proposi-
tion. -

Corollary 3.7.13. Let u € CP*? and define g = g(u, 0) as in proposition 3.6.9. Then

(DxG)4 (DxG)P

gC x .y )=0

if one of the first q arguments lies in D.

Proor. Clear from proposition 3.7.12 and the definition of —t -

Proposition 3.7.14. Let u € CP9 and g = g(u,0) € IPCP*9 its extension along O from
cP-q

proposition 3.6.9. Then a(g) = (0,...,0, u ,0,...,0).

PROOF. As g € IPCP*9, we have for allp” < p
(gl I = ry(shuffie] " (9)) = ry(g) = 0

by proposition 3.6.19 and lemma 3.6.4. By propositions 3.6.9 and 3.6.19, a(g)?*? = u, so it
remains to show that a(g)?#*97?" = 0 for p’ > p, i.e., that

cpra-p’

p?’
shufﬂegrq g(d, y )=0.

But the definition of the shuffle operator implies that this is the sum of values of the form

(DxG)P*4
(Y )
where at least p” arguments lie in D. As p’ > p, one of these arguments that lie in D is in
one of the first g positions, so g(y) = 0 by corollary 3.7.13. .

Proposition 3.7.15. Extension along zero is a morphism of complexes tot C** —— C°.
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Proor. We need to show the following: Letu € CP-9 with Au = v+w withv € CPT14
and w € CP-9*!, Call their respective extensions along zero from proposition 3.6.9
g =9g(u,0) € IPCP*Y,
h = g(v,0) € IP*L P9+ and
W = g(w,0) € [PCPTIHL,

Then
dg=h+h.

Using proposition 3.7.12, this is now a straight forward (albeit lengthy) calculation. First
of all,

(DxG)P+q+1
ag( x ) = x1.9(x2, ..., xp+q+1) + (—1)p+q+19(x1, cees xp+q)
ptq )
+ Z(—l)’g(xl, e X1 XiXig 1o Xi42s - - o5 Xpigel)
i=1
_ * * #
= X1 Xp .. Xgyq U (2, . s Xg41, Xqe2s - - s Xprgr1)
+ (1P (xg .xq)*.uﬁ(xl, s Xgs Xgils - Xpiq)
q .
(=.1) U1 Ger - xgen) ut e, XX Xpegi)
i=1
ptq )
(=.2) + Z (=D*(x .. .xq)*uﬁ(xl, e X1 XiXit 1, Xi42s - 5 Xprgil)
i=q+1
Expanding h we first get

(DxG)P+q+1
hC x )= (x .. .xq)*vﬂ(xl, e Xy Xgals - - s Xprgil)

=(x1.. .xq)*v(xf;“, . ,x;+q+1)((x1)G, . (xg)e)

*

We can furthermore express (—1)qv(xq+1, cee, x;+q+1)((x1)(;, ..., (xg)c) as follows:

(_1)qv(x;+1’ ERE) X;+q+1)((X1)G, DS (xq)G)
= x;+1.u(x;+2, .. .,x;+q+1)((x1)c, o (xg)e)

+ (—1)P+1u(x;+1, s X (1) - - -5 (Xg)G)
p .

# D D UG it (g Xgain)) s Xaiaas -+ > Xpage) ) (K16 - (59)6)
i=1

*
= xq+1.uﬁ(x1, e Xgs X2y - s Xprgrl)

+ (=Pt (. Xy Xgils - s Xpiq)

P
+ Z(—l)luﬁ(xl, s Xgri-1s Xg+iXq+i+1s Xq+i+2s « - ,xp+q+1)-
i=1

On the other hand,

(DxG)P+q+1
h,( X = (x1 e xq+1)*wﬂ(x1, e ,xq+1,xq+2, [N ,XP+q+1)

= (xl e xq+1)*w(x;+25 ] x;+q+1)((x1)G’ L] (xq+l)G)5
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and we can express w(x;+2, cee, x;+q+1)((x1)c, .., (xg+1)c) as follows:
w(x;+2, .. ,x;+q+1)((x1)(;, oo (xg41)6)
= (X1)G.u(x;+2, ] x;+q+1)((x2)Ga LI (xq+1)G)
1
+ (_1)q+ u(x;+27 LN ] x;+q+1)((xl)G, LI ) (xq)G)
9
+ Z(_l)lu(x;+2a ey x;+q+1)((x1)G’ ey (xi—l)G’ (xixi+1)G’ Xit2y+ v vy (xq+1)G)
i=1
= (xl)G'uﬁ(XQ» DR ] Xq+1, Xq+2, e ,XP+q+1)
+ (_1)q+1uﬁ(x1’ sy Xy Xg42s - ,xp+q+1)
q .
+ Z(_l)luﬁ(xl’ s Xi 1, XiXit 1, Xit2s - - - ,Xq+]_, Xq+2, X xp+q+1)'
i=1

We see at once that (2.1) appears in our expansion of A’ and that (2.2) appears in our
expansion of h. The remaining terms are as follows:

(DxG)p+q+1

(@g—h-n)(""x )

(*.1) =Xx1-X5.. .x;‘”l.uﬁ(xg, e Xpigel)

(%.2) + (1P (xg .xq)*.uﬂ(xl, s Xpiq)

(*.3) —(=1)9(xy .. .xq)*x;rluﬁ(xl, ey Xy X2y - s Xprgil)
(*.4) — (P ey Ut (s Xpag)

(*5) = (01 xge1)" (e )ou (2, - Xprgen)

(%.6) — (1) (xy .. .xq+1)*un(x1, e X Xqe2s s Xprgel)-

By construction,
X1 X5 .x;H =(x1)G - x .. .x;H = (x1...%g+1)" (x1)G,
so (*.1) and (*.5) cancel. Also (*.2) and (*.4) cancel, as do (*.3) and (*.6). -
Armed with this, we are now ready to prove the main result of this section.
PROOF OF THEOREM 3.7.6. Indeed « is the required quasi-isomorphism
a: C* —=— tot C*°.
Surjectivity on the level of cohomology follows immediately from propositions 3.7.14

and 3.7.15.

It remains to see that « is injective on cohomology. For this matter, take f € C" withdf =
0 and a(f) = A(u) for some u € (tot C**)""1. Write a(f) = (fP)p,q € ®P+q=n Ccr-1
We will now modify f step by step by elements of 3(C"!) such that it lies in higher and
higher I?C" until it lies in I"*1C" = 0, i.e., f is cohomologous to zero.

Let j? € C" and u € (tot C**)""L. We call the tuple (f,&) better than (f,u) at p if the
following hold:

(1) f-feac™,

@) f eIrcn,

(3) a(f) = A@), and

(4) w1k =0 for k < p.

We will inductively construct an f € C", such that (]7, 0) is better than (f,u) at n. We
will afterwards show that this fis already zero and hence f € (C"1).
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Obviously (f,u) itself is better than (f,u) at 0. If (f,7) is better than (f,u) at p, we
construct a tuple (f, u) which is better than (f,u) at p + 1 as follows:

Note that analogously to proposition 3.7.14, by proposition 3.6.19 and lemma 3.6.4, fp =
0 for allp’ < p and ?P’nip = r,(f). By assumption,
rp(f) = ouP " 1P

If p < n— 2, we can do the following: By proposition 3.6.9 (withu = @?"" 7, f = f,p =
p,q =n—p) we find g € I’C""! with the following properties:

(1) a(g) " =@ "1 forall p’ < p,

(2) f-a(g) errricm.
Note that for proposition 3.6.9 to be applicable, we need the assumption that p < n — 2.

Now set f = ? —d(g) and u = u — a(g). To show that (]?, u) is better than (f,u) atp + 1,
we only have to show that

a(f) = A@),

but this is straight forward:

a(f) = a(f) - a(dg) = A@) - Ma(g)) = A@).
Repeating this process, we get a tuple (f, %), which is better than (f,u) at n — 1, so
i=000®---000u" "’

and » .
af)=0®---000f of .

Now set g = @ %)% e I""1C""1(D x G, A),f = 7 — d(9),u = u — a(g). (Note that by
construction, u = 0.)
It is immediately clear that

a(f) = Aw) = 0.
To see that (f, 0) is better than (f, u) at n, it only remains to show that f e I"C". Asitis
clear from the construction that f € I""1C", we only need to show that
~ (DxG)n—1

f((ﬁ,c‘?), % )=f<(d, 1), x).

The equality ]_‘n_l’l = 9u" " (together with ]_‘ € I""1C") implies
F((1,6), %) = ras (F)(p())(0)
=7 " () (o)
8@ (mp(x)))(0)
= ou" " (np(x)) — 7" O (np(x))

(L)@ O (x) - @) (x).

As (9(]_”) =0and 7 € I""1C™, the coboundary expansion of 6]_‘((61, 1),(1,0),x) = 0 yields
f((d,0),x) = (d Df((1,0),x) + f(d 1),x)
=(d, 1)?((1, 0),x) + terms independent of &
and analogously

0(9)((d, o), x) = (d, 0)g(x) + terms independent of ¢.
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We can hence compute:
f(d.0).x) = (f = 8(9))((d. 0). x)
=(d, 1)7((1, 0),x) — (d,0)g(x) + terms independent of o
= ()@ ")) - (@ DE") @) - (@ )@ )
+ terms independent of o,

which is independent of o, hence f eI'cn.

We conclude the proof by showing that iff € I"C" Nnker a Nker 0, then ]? € 4C""!. But
indeed such an f € I"C" N ker « is already zero:

Tk (de X)) = FU(dra D) (d 1)
= ra(f)(d1s . . .. dy)
= a(f)"(dy,....d,) = 0.

3.7.4. On a theorem of Jannsen. The main result of [Jan90] also has a variant in
the topological setting.

We first recall the following result:
Proposition 3.7.16 ((NSW08, (2.3.4)]). Let C*, D* be complexes of modules over a Dedekind
domain R. Assume that both complexes are bounded in the same direction or that one of them
is bounded above and below. If C* consists of flat R-modules, then there is a non-canonical
splitting
H"(tot C* ®g D*) = @ ss(C* ®@g D*)0Y,
prq=r
where ss(C* ®g D‘)‘g’q denotes the Eo-terms of the spectral sequence attached to the double
complex (cf. e. g. [NSW08, (2.2.3)] for details).
Proposition 3.7.17. If ;D is finite and acts trivially on A, then
H™(D X G, A) = @ HP(D, HY(G, A)).
p+q=n
Proor. By theorem 3.7.6 it suffices to show that
C** = C*(D,Z) ® C*(G, A)

as double complexes, as we can then employ proposition 3.7.16 to get the desired result.
As D is finite, it is clear that

C?(D,Z) ® C1(G, A) —— CP(D,C4(G, A))

I LIt )

is bijective and it is easily verified that it commutes with differentials. -

The assumption of finite D is regrettably crucial in the proof. In [Jan90] the case of
compact (but not necessarily discrete) D and discrete A is considered. Every morphism
D —~~~~ A then has finite image, which induces the isomorphism above.

However, for the easiest monoids we also have the following:

Proposition 3.7.18. If D = Nj (or D = Z") acts trivially on A, then

H'(D % G, 4) = (P H"*(G,4)°W.
k=0
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Proor. It suffices to show the proposition for r = 1, as the general case then follows
by induction. By remark 3.7.5 and theorem 3.7.6
C*(D X G, A) = tot (c‘(G, A —9, (G, A)) = C*(G,A) & C*"L(G, A),

SO
H™(D x G, A) = H* (G, A) ® H" (G, A).

3.8. Shapiro’s Lemma for Topologised Monoids

The results of the previous section allow us to extend Shapiro’s lemma to monoids.

THEOREM 3.8.1. Let C be a topological category, G a topologised group in C and D a discrete
monoid. Let H < G be a subgroup as in section 3.5 and A a rigidified D X H-module with D
being A-pliant. Then

C*(D x G, Ind2(A)) = C*(D x H, A)

in the derived category of abelian groups.
ProOOF. Let us first note that D is also Indg (A)-pliant: We need to show that for every
X € C we have an equality
Ind (A)(D X X) = Homget (¢ D, Indg (A)(X)).

As D is A-pliant, Indg (A)(D x X) are those maps in Homget (3D, ha(X X G)) which are
H-linear in the G-argument. But that is exactly Homget (3D, Indg (A)X)).
We can hence use theorem 3.7.6 to see that

C*(D x G,IndB(A)) = tot C*(D, C*(G, Ind} (A))).
By proposition 3.3.3 we have a quasi-isomorphism
tot C*(D, C*(G, Ind& (A))) = tot X*(D, C*(G, IndH (A))).

As D is discrete, X*(D, —) = Homgp)(F,, —), where F, is a complex of free Z[D]-modules,
cf. proposition 3.1.2. Thus X*(D, —) preserves quasi-isomorphisms. Using these argu-
ments again, together with theorem 3.5.8, we arrive at quasi-isomorphisms

tot X*(D, C*(G, IndH(A))) = tot X*(D, C*(H, A)) = tot C*(D, C*(H, A)) = C*(D x H, A).



CHAPTER 4
Duality for Analytic Cohomology

The aim of this chapter is to prove a duality result for analytic cohomology of Lie groups
acting on locally convex vector spaces. The statement of this duality result as given in
theorem 4.5.3 is a bit cumbersome, as the functional analysis required to deal with locally
convex vector spaces introduces topological difficulties. For finite dimensional vector
spaces we however get a very clean result, cf. corollary 4.5.4.

4.1. Some Functional Analysis

We want to briefly recall some notions of non-archimedean functional analysis. We refer
the reader to [Bou67; Sch02; Eme17] for details. An excellent overview can also be found
in [Cre98]. In this section, we fix a complete non-archimedean field K with valuation ring

Ok.
4.1.1. Foundations.

Definition 4.1.1. K is called spherically complete, if every decreasing sequence of closed
balls has a non-empty intersection.

Example 4.1.2. Every locally compact field is spherically complete. C,, the completion
of an algebraic closure of Q,, is not spherically complete.

Definition 4.1.3. A lattice L in a K-vector space V is an Og-submodule of V, which

satisfies
V= U AL.

Definition 4.1.4. We call a topological K-vector space locally convex (or an LCVS), if it
has a neighbourhood basis of lattices.

Remark 4.1.5. Note that a subset M of a K-vector space is an Ox-module if and only if
for all m,m” € M and all A, p with |A|, |u| < 1 also Am + pm’ € M. This is the analogy to
the usual notion of convexity. Requiring Am + (1 — A)m’ € M regrettably does not suffice.

Remark 4.1.6. Let V be a K-vector space. For every lattice L in V, there is an attached
seminorm pj, defined by

pr)= inf 2.

A€eK,aeAL

Conversely, for a seminorm p: V——— R and ¢ > 0 we can define a lattice

Vo(e) ={v eV |p(v) < e}.
These constructions are inverse to one another in the following sense: For a family of
seminorms (p;);, the coarsest topology on V such that all p; are continuous is the locally
convex topology generated by the lattices (V},(¢));,.. Conversely, if V is locally convex,
the topology on V is the coarsest topology, such that all (py); are continuous, where L
ranges over the open lattices in V. We refer to [Sch02, section 1.4] for details.

Definition 4.1.7. A subset B of an LCVS V is called bounded, if for any open lattice L in
V there isa A € K such that B c AL.

67
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Proposition 4.1.8. Every quasi-compact subset C of an LCVSV is bounded.

Proor. Let L be an open lattice. By assumption, V = [J;¢x AL, so finitely many
ML, ..., A,L cover C. We can assume that none of the A; lie in Ox. Then C C Ay --- A, L.

Remark 4.1.9.If K is not locally compact, an LCVS over K does not have non-trivial
compact Og-submodules.

Definition 4.1.10. Let V be an LCVS. We call V bornological, if a K-linear map V ——
W of LCVS is continuous if and only if it respects bounded subsets. V is called barrelled,
if every closed lattice is open.

4.1.2. Dual spaces.

Definition 4.1.11. Let V, W be LCVS. We denote the set of continuous K-linear maps
from V to W by £(V,W). For bounded subsets B € V and open subsets U C W we
denote by L(B,U) € £(V, W) those continuous linear maps which map B into U. The
families

{L(S,U) | S € V asingle point, U € W open}
{L(C,U) | C € V compact, U C W open}
{L(B,U) | B C V bounded, U C W open}

generate locally convex topologies on the space L(V, W) of continuous linear maps from
V to W, which are called the weak, compact-open, and strong topology respectively. The
corresponding LCVS will be denoted by £(V, W), £.(V, W), and £;,(V, W).

Remark 4.1.12. The weak topology is coarser than the compact-open topology, which
in turn is coarser than the strong topology.

Remark 4.1.13. At this point we have to expand on our previous remark 2.1.11 on the
compact-open topology. Denote by T the category of Hausdorff topological spaces. (A
variant of this remark also holds in the non-Hausdorff case.) For topological spaces X, Y
we denote by [X, Y] the set HomT(X, Y) endowed with the compact-open topology. It is
an easy exercise to check that for topological spaces X, Y, Z there is a well-defined map

Homt(X X Y,Z) —— Homrt(X,[Y, Z])

sending f to
X (y—— f(xy).

However, the obvious candidate for an inverse
HOmT(X, [Ya Z]) - HomSet(X X Y’ Z)a

sending f to
(. y) —— f(O)(©).

in general does not yield continuous maps! Formally speaking, not every topological
space is exponentiable. In our setting, we would have a bijection if Y was locally compact,
and locally compact spaces are the largest class for which this holds for all spaces X and
Z. As LCVS are only locally compact if they are finite dimensional, we cannot use the
adjointness properties of the compact-open topology. In fact, there is mostly no reason to
look at the compact-open topology at all. Considering linear maps, the strong topology
plays the same role, but better.

Proposition 4.1.14 (Hahn-Banach). If K is spherically complete, V a LCVS and W a lin-
ear subspace of V. endowed with the subspace topology. Then every continuous linear map
W —— K extends to a continuous linear map V —— K.



4.1. SOME FUNCTIONAL ANALYSIS 69

Proor. [Sch02, proposition 9.2, corollary 9.4]. -

There is also the following version of the Hahn-Banach theorem for LCVS of countable
type.
Definition 4.1.15. An LCVS V is said to be of countable type, if for every continuous

seminorm p on V its completion V), at p has a dense subspace of countable algebraic
dimension.

Proposition 4.1.16. Let V be an LCVS of countable type and W a sub-vector space endowed
with the subspace topology. Then every continuous linear map W —— K extends to a
continuous linear map V. —— K.

Proor. [PS10, corollary 4.2.6] -

Definition 4.1.17. We say that Hahn-Banach holds for an LCVS V, if K is spherically
complete or V is of countable type.

Remark 4.1.18. Spaces of countable type are stable under forming subspaces, linear im-
ages, projective limits, and countable inductive limits, cf. [PS10, theorem 4.2.13].

Proposition 4.1.19. Let f : VXW —— X be a (jointly) continuous bilinear map of LCVS.
Then it induces a continuous map f: V—— Lp(W, X).

PRrROOF. As a jointly continuous map is also separately continuous, we have a well-
defined map f: V—— £(W, X). We only need to show that it is continuous with re-
spect to the strong topology. For this, let B € W be bounded and M C X an open lattice.
We need to show that the set T of those w € W such that f(w,B) € M is open. Let
w € T and b € B. By separate continuity we get open lattices w € L, b € L’ such that
f(LXL") C M. As M is bounded, there exists A € K with B C AL’. Then

f(w+ AL, B) = f(w,B) + f(L,A™'B) C f(w,B) + f(L,L') C M.

Proposition 4.1.20 (Banach-Steinhaus). Let V, W be LCVS. If V is barrelled, then every
bounded subset H C £(V, W) is equicontinuous, i. e., for every open lattice L’ C W there
exists an open lattice L C 'V such that f(L) C L’ for every f € H.

Proor. [Sch02, proposition 6.15] -

Proposition 4.1.21. Let G be a locally compact topological group and V a barrelled LCVS.
Assume that G acts via linear maps on'V. Then

GXV——V

is continuous if and only if it is separately continuous.

Proor. It is clear that a continuous group action is separately continuous.

LetU c V bean openlatticeandg € G,v € V,gv € U. Let H be a compact neighbourhood
of g with Hv € U, which exists by local compactness of G and separate continuity of the
group action.

Consider the set M = {h- — | h € H} of continuous linear maps V —— V. We want to
show that it is bounded in the topology of pointwise convergence on Homs(V, V). For
this matter, take w € V, S C V an open lattice, and denote by L those continuous linear
maps V. —— V which map w into S. We need to show that there exists A € K with
M C AL. As H is compact, so is Hw C V, hence there exists A € K such that Hw € A71s,
ie, MCAL.

Proposition 4.1.20 now shows the existence of an open lattice L’ such that HL’ C U, or in
other words, H x L’ C mult™(U). -
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Definition 4.1.22. The dual space of an LCVS V is the vector space of continuous K-linear
functions V —— K and will be denoted by V".

We denote by V/ the dual space equipped with the weak topology, which is the topology
of pointwise convergence.

V! will denote the dual space equipped with the compact-open topology, which is also
the topology of uniform convergence on compact subsets.

The strong dual will be denoted by V, and is defined as the topology of uniform conver-
gence on bounded subsets of V.

Remark 4.1.23. Note that for both the weak and strong duals, the dual of a direct sum
of LCVS is the product of its duals. However, only for the strong dual is the dual of a
product of LCVS the sum of its duals.

Note that by [Sch02, lemma 6.4], V! can be defined as the coarsest topology on V’ such
that for every quasi-compact K € V the map

V —— R

0" —— sup|v’(v)|
veC

is continuous.

4.1.3. Analyticity.

Definition 4.1.24. Let E be a normed K-vector space and V a LCVS. A formal sum

f=>f

nelNg

of continuous functions f,, : E——— V which are homogeneous of degree n (i. e., f,(Ax) =
A" fu(x) for all n € No, A € K, x € E) is called a convergent power series, if there exists
an R > 0 such that for every continuous seminorm p: V—— K the following holds:

[(fidnll, g = sup  sup  R"p(fu(x)) < co.

n€Ng x€E, ||x||<1

The supremum over all R such that for every continuous seminorm p we have ||(fy,)n|| R <
oo is called the radius of convergence of f.

A map ]7: E—— Vis called analytic in x € E, if there exists a convergent power series
fx such that for all h € E close enough to zero, we have an equality

fx+h) = fi(h).
It is called analytic, if it is analytic at every point.
Let M be an analytic Banach manifold over K (i. e., M is locally isomorphic to K-Banach
spaces with analytic transition maps). A map ]7: M —— V with values in V is called
locally analytic, if it is analytic in charts. The radius of convergence of fat x is the radius
of the power series development at a local chart. It might be larger than the chart itself.

Lemma 4.1.25. Let f: E——— V be an analytic map from a normed vector space to a
Hausdorff LCVS V. The map ry: E—— R U {oo}, mapping a point to the radius of
convergence of the power series development of f at that point, is lower semi-continuous,
i e., for every x € E we have

liminf re(x’) > re(x).
Consequently, if C C E is compact, then

)1(22 rr(x) > 0.
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PrROOF. A power series is analytic within its ball of convergence. It follows that the
radius of convergence can at most increase. As lower semi-continuous maps attain their
infimum in compact sets, the claim follows. -

Proposition 4.1.26. The development as a power series is unique, i. e., 1f]7 E——Vis
an analytic map between a normed K-vector space E and a Hausdorff LCVSV and if

fa+hy = fay = Y L)

nelNg nelNg

for sufficiently small h with f,gll, continuous and homogeneous of degree n, then f,gl,), = )52,),

foralln.

Proor. It suffices to show that if ), f;, is the zero function with f;,, continuous and
homogeneous of degree n and (f,), convergent close to zero, then all f, = 0. Assume
that fi # 0. We can assume that k is minimal with this property. Let p be a continuous
seminorm on V with p(fx(x)) > 0. By replacing x with Ax for some A close to zero, we
can assume that p(fx(x)) > p(fx+n(x)) for all n > 0: By convergence of the power series,
{p(fr+n(x)) | n} € Ris bounded from above by some R € R. Choose now A € K with
|A] < max{1, p(fr(x))/R}, then it is easy to see that indeed p(fx(Ax)) # 0, k is minimal
with this property, and p(fi(Ax)) > p(fr+n(Ax)) for all n > 0.

But then p(3,, fn(x)) = p(fr(x)) > 0, so X, fu is not the zero function. -

4.1.4. Strictness. In chapter 2 we went to great lengths to circumvent the notion
of strict morphisms, cf. remarks 2.2.10 and 2.3.10. At this point, we cannot avoid it any
longer.

Definition 4.1.27. A linear map V —— W of LCVS is called strict, if the induced map
V/ker f —— im f

with the quotient topology on V /ker f and the subspace topology on im f is an isomor-
phism.

Remark 4.1.28. Open linear maps are clearly strict, but strictness is remarkably bad be-
haved in general: Neither the sum nor the composition of strict maps needs to be strict
again.

Definition 4.1.29. A sequence of LCVS
0 A B C 0

is called exact if it is exact as a sequence of vector spaces and if the involved maps are all
strict.

Proposition 4.1.30. Let
0 A B c 0

be an exact sequence of LCVS. If Hahn-Banach holds for B, then the induced sequence of
abelian groups

0 c’ B’ A 0

is also exact.

Proor. Let
0 A——>»B—="-C 0

be exact. It is clear that

0——>C =P
is exact. Let f: B——— K be in the kernel of 1*, i.e., 1A C ker f. This induces a map
B/1A—— K, which by strictness is a map C —— K.
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It remains to show surjectivity of i*, i. e., the existence of a map f such that the following
diagram commutes:

i

IA—> A—>K
//7'

—~
-

N -

T
B
But this extension exists by proposition 4.1.14 or proposition 4.1.16. -

Lemma 4.1.31. Let V be an LCVS and A: K" —— K™ a linear map. Then the induced
map

AQgV: Ve —— yom
is strict.

Proor. Note that finite direct sums of LCVS coincide with their product. It is then
clear that every component map (A ®k V);: V®" —— V is open, so A ® V is open as
well. -

Definition 4.1.32. A Fréchet space is an LCVS which is isomorphic to the projective limit
of Banach spaces.

Remark 4.1.33. A space is Fréchet if and only if it is a complete LCVS whose topology
is induced by a translation-invariant metric if and only if it is a Hausdorff topological K-
vector space whose topology is induced by a countable family of semi-norms for which
every Cauchy sequence converges.

Proposition 4.1.34 (Open-mapping theorem). Let f: V —— W be a continuous surjec-
tive linear map from a Fréchet space to a barrelled Hausdorff LCVS. Then f is open.

Proor. [Sch02, proposition 8.6] "

Definition 4.1.35. An LCVS is called an LF-space, if it is the direct limit of a countable
family of Fréchet spaces, the limit being formed in the category of locally convex vector
spaces.

Remark 4.1.36. Let (A;); be a directed system of Fréchet spaces. Then their inductive

limit A = l£>n A; is the set h_r)n A; with the finest topology which is locally convex, such
1 1

thatall Ay —— h_r)n A; are continuous. References for LF-spaces in the p-adic case are

1
hard to come by with [Eme17] being the most comprehensive one. Arguments such as
the one above are best found in the original work of Dieudonné and Schwartz, cf. [DS49],
which however strictly speaking only covers the archimedean case.

Remark 4.1.37. LF-spaces are Hausdorff.

Proposition 4.1.38 (Open-mapping theorem for LF-spaces). Every continuous surjective
linear map between LF-spaces is open.

Proor. [Sch02, proposition 8.8] -

Proposition 4.1.39. Ifa continuous linear map f: V. ——— W between LF spaces has finite-
dimensional cokernel, it is strict.

Proor. Note that this does not follow immediately from proposition 4.1.38, as we do
not know that im f is again LF.
Take finitely many independent vectors whose projection to the cokernel form a basis of
the cokernel. Their span in W will be called X. As X is finite dimensional, it is especially
also LF and hence so is V @ X. The map

id
vex —% LW
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is then bijective, linear and continuous; thus it is an isomorphism by proposition 4.1.34
and f hence an isomorphism onto f(V). -

4.2. Analytic Actions of Lie Groups
We continue with a fixed non-archimedean field K.

Definition 4.2.1. A group object in the category of (finite-dimensional analytic) K-mani-
folds is called a Lie group over K.

Definition 4.2.2. Let G be a Lie group over K and V a separated LCVS. A continuous
action G X V—— V by continuous linear maps is called analytic, if every orbit map
g — gv is analytic. It is called equi-analytic, if it is analytic and the contragradient
action on the dual space G X V' —— V’ is analytic with respect to the strong topology
onV’.

Proposition 4.2.3. If a Lie group G acts continuously on an LCVSV and if the evaluation
map V) X V. ——— K is continuous, then the contragradient action G XV, —— V; is also
continuous.

Proor. Consider the following maps:

-1 id,id)

GxVx Vb, (=) (mult,id)

GxVxVb’ VxVb’—>K

The last map is just the evaluation function. The composite is now clearly continuous and
by proposition 4.1.19, so is the induced map

’ ’
GxV, ——V,,
which is the contragradient action. -

We will spell out the following proposition in more detail than necessary to show where
the name equi-analytic stems from.

Proposition 4.2.4. An analytic action G X V—— V is equi-analytic, if V is of finite
dimension.

Proor. By proposition 4.2.3 we only need to show that every orbit map
gr——"0(g7"-)

is analytic. Fix v’ € V’.
Considering a chart coord: U —— K@ of a neighbourhood U of g and h close to the
neutral element,

(gh) v =" Fyon(coord(h))

nelNg

with Fy o n: K 4 > V continuous and homogeneous of degree n. Define

F;’U,’n(x)(v) = 0'(Fy,0,n(x)).
It suffices to show that

F/ U—— V!

g,’u’,n .
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is well-defined, continuous, homogeneous of degree n, and gives rise to a convergent
power series, as then

D F} o a(coord(h)(v)

D0/ (Fy 0 n(coord(h))

n

/() Fy.o.n(coord(h)))

='((gh)"0)

= ((gh)v)(w).
Note first that by linearity of v’, indeed F ;7 . 18 homogeneous of degree n. Using propo-
sition 4.1.26, we see that F !; o.n(h) is K-linear. The same argument that resulted in propo-
sition 4.2.3 also shows that F g’ o 1S continuous. It remains to show that (F; o nn 18
convergent with respect to the strong topology, i. e., we need to show that there exists an
R > 0 such that for every bounded set B C V we have that
sup sup supR”

ne€Ng xeKd, ||x|| <1 vEB

Fj o n)@)] < o,

which by definition of F ;’ . 18 €quivalent to
(%) sup sup  sup R”|v'(Fg,v,,,(x))| < o0,
n€Ng xeK9,||x||<1 vEB
Analyticity of the group action on the other hand yields that for fixed g € G,v € V we

have an R, ., > 0 such that

sup  sup sup RZ’U|U”(F9’-U,”(X))| < oo.
n€No xeK4d,||x|| <1 0" €V’

If B C V is compact, lemma 4.1.25 yields the existence of Ry g > 0 such that

(4) sup sup  sup sup R;yclv”(Fg,v,n(x))| < oo.

neNg xeKd,||x|| <1 vEB v"eV’

We cannot directly deduce (x) from (#), as we have no means of controlling the radius
of convergence across different compact (or bounded) subsets. This homogeneity is what
equi-analytic alludes to.

By proposition 4.1.26, for any u,w € Vand 1 € K
Fyutrw,n(x) = Fg un(x) + AFg v n(x).
It follows that if u € V is in the linear subspace generated by w1, . .., wx € V, then for the
radii of convergence of the orbit maps — - u and — - w; we have the following estimate:
r-u(g) 2 minr_.,(g).
If V is generated by vy, ..., v, and R = min; r_.,,,(¢), then R > 0 and

sup sup  sup sup R"|z/(Fg,v,n(x))| < o0,
neNg xeKd,||x||<1 veEV v' eV

which is more than enough to show (x). -

Lemma 4.2.5. Let ¢ be a continuous endomorphism of V. Then it induces a continuous map
oV, ——V,.
Proor. We need to show that if B € V is bounded and U C K is open, then also

(¢") Y (L(B,U)) = L(¢(B), U) is open. But a continuous map clearly maps bounded sets to
bounded sets. -

Proposition 4.2.6. Let M be a Banach manifold and V, W separated LCVS. If f: M ——
V is analytic and ¢: V —— W continuous and linear, than ¢ o f: M—— W is also
analytic.
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Proor. We can assume that M is a Banach space. Let x € M be arbitrary and let
fx.n: M —— V be continuous maps, homogeneous of degree n, such the family (fx n)n
is a convergent power series and that for all h sufficiently close to zero we have an equality

fee+h) =" fonlh).

It suffices to show that the family (¢ o fi.n), is a convergent power series. By continuity
of ¢, for every continuous seminorm p on W we can find a A, € R such that

plo(m) < Apllyll.

Let R be the radius of convergence of (f ), and p a continuous seminorm on W. Then

sup  sup  R'p(¢p(fen(h) <Ay sup  sup  R"||frn(h)|| < o0
neNg heE, ||k <1 neNg heE, |k <1

4.3. Duality for Lie Algebras

For the general theory of Lie algebras and Lie groups we refer to [Ser92; Bou89]. In this
section, we fix a complete non-archimedean field K of characteristic zero and a Lie group
G over K. We also consider its attached Lie algebra g with Lie bracket [—, —]. The adjoint
action of G on g by differentiating conjugation maps will be denoted by Ad(-), the adjoint
action of g on itself given by x ——— [x, —] will be denoted by ad(-).

Definition 4.3.1. For a g-module M we define the Chevalley-Eilenberg complex
€*(g,V) = Hom(A" g, V)
concentrated in non-negative degrees by considering the differential
d: €"(g, V) —— C"*(q,V)
given by
df(xy A+ - Axpe1) = Z(—l)i+1xif(x1 A AXiA-Ax+n+1)

1
+Z(—1)i+ff([x,~,xj]/\x1/\---/\a?,-/\---/\a?j/\-~-/\xn+1).

i<j
As usual, X; means omitting x; etc.

Remark 4.3.2. In section 1.3.2 we introduced the Koszul complex K*(x1, . . ., x4), which
for a commutative ring R and a sequence of regular elements (t1, . . ., t7) yielded an R-free
resolution of R/(t1, ..., tg). Proposition 1.3.13 said that

K*(x1,...,xq) = Homg(K*(x1, ..., xq), R)[d].
In our convention (cf. section 1.2), the complex K*(x1, .. ., x4) is concentrated in degrees
—d,...,0and Homg(K®(x1, ..., x4), R) in degrees 0, . . ., d. Choosing a basis (x;); of g, we
see that
Homg (K*(x1,...,x4), V) = €*(g,V)
whenever g is abelian. The duality of the Koszul complex generalises to the Chevalley-
Eilenberg complex as follows.

Definition 4.3.3. Let V be a g-module. Define V'V as the vector space V with a g-action
given by

x - o = xv - Tr(ad(x))o,
where Tr is the trace map.

Proposition 4.3.4. For V # 0, V™ = V if and only if HY™9(q,K) # 0. If g is abelian or
nilpotent, V'™V = V.



76 4. DUALITY FOR ANALYTIC COHOMOLOGY

Proor. [Haz70, corollary 2] -

In applications, this is very often the case.

Proposition 4.3.5. If G is compact, then V?" = V.

PRrOOF. As for a compact group G, the left and right Haar measures coincide, [Bou89,

section I11.3.16] implies that
det Adg=1
for all g € G. By [Bou89, section II1.4.5], we see that for all x in a neighbourhood of zero
of g
Ad(¢(x)) = exp(ad x),

where ¢ is a local exponential map from this neighbourhood into G. Here, exp is the
usual exponential map of K extended to matrices. Applying the determinant, we see that

1 = det exp(ad x) = exp(Trad x)

so Trad x = 0 in a neighbourhood of the identity. Choosing a basis of g in this neigh-
bourhood, we see that indeed

Tr(adx) =0
for all x € G and hence V'V = V. .
Remark 4.3.6. The argument of proposition 4.3.5 shows that if Trad x = 0 for all x € g,
then det Ad(g) = 1 for all g in a neighbourhood of the identity. If G is a connected Lie
group over R or C, then det Adg = 1 for all g € G. [Bou89, section II.3.16] then implies
that the left and right Haar measures of G coincide.

Proposition 4.3.7. Let M be a finite dimensional vector space with basis ey, . . .,eq. For an
injective morphism of ordered sets ¢: [k] —— [d] (cf- definition 3.6.16) define
ep =ep1) N Aegk) € /\kM.
Also define the K-linear isomorphism
*: NFM—— AR M
given by
*eg = sgn(¢”)eg:.
Then for any invertible endomorphism A of M the following holds:
detA- (AN ox) = %0 A.

Proor. This is a straight-forward piece of linear algebra, but we could not find a

reference for k # 1.

Let ¢, : [k] —— [d] be injective maps of ordered sets. For a matrix A denote by Ay ,
the matrix with entries (ag(i),y(j))i,jerx]- Now a straight forward calculation (or [Bou98,
proposition 9 in I11.8.5]) shows that for fixed ¢, we have

(s) Aey = Z(det A¢,¢,)e¢,
¢
where ¢ ranges over the injective maps of ordered sets [k] —— [d]. We hence also get
(A * ey = sgn(y”) Z det((A™)}. ydege,
¢*
where ¢* ranges over the injective maps of ordered sets [d — k] —— [d]. Applying
to (), we are reduced to showing
sgn(y”) - det(A) - det(A_l);*’l//* =sgn(¢”) - det Ag .

For k = 1, this is precisely Cramer’s rule.
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Generally, for a matrix B, the submatrix By ; can be considered as a linear map from
the span of eg(1), - . ., €4(k) to the span of ey (1), . . ., ey(x). Denote this linear map by B>

s ¢y
Define B¢,‘// via

Byiyesn = By eow
BGes0(i) = €yt

It is clear that det BZ";/ =edet By y, with e = (-1)Zi 9" D+Y7(0) g0

edet(Bg,y)-er A+ Aey = B‘;’,‘;el A A B‘;’,‘;en
= sgn(¢@*) - B;ej//e(ﬁ A ey
By anticommutativity of the exterior algebra, we see that indeed
Bzif//eqs Aey = Beg A ey,
s0
(%) e-det(Bg y)-er A---Aep =sgn(¢p”) - Beg A ey:.
If B is invertible, we can apply B! and get
edet(Bg,y) - det(B™')-e; A--- Ae, = sgn(¢*) - eg A B_lew
= sgn(¢" (=1 FB ey A ey
Applying (&) to (B™!)y+ 4+, we find that
B ey ANey =¢ -sgn(y) - det((B™ )y g) €1 A+ Aey
with &’ = (=1)2: ¢+ A clearly ee’ = 1, we get
det(By.y) - det(B™) = sgn(@”) - (=14 - sgu(y) - det(B™ )y 50)

and using lemma 3.6.17, this becomes

sgn(¢”) - det(Bg,y ) - det(B™!) = sgn(y*) - det((B_l)W,qs*),

which is exactly what we needed to show. -

THEOREM 4.3.8. Let V be a LCVS with a continuous action by g. If g if of dimension d,
and if Tr(ad(x)) = 0 for all x € g, then there is a G-equivariant functorial isomorphism of
complexes

€*(9, V') = €*(g, V)'[-d].

Proor. In [Haz70], Hazewinkel shows (without the restriction Tr o ad = 0) that as
abstract vector spaces
€ (g, (V™)) = €(a, V)'[~d],

where (—)* = Homg(—, K). While it is easy to check that the isomorphism respects con-
tinuous maps, it is not immediate at all that it is G-equivariant. The proof itself is a brutal
calculation.

Choose a basis (e;); of g and define the star operator as in proposition 4.3.7. Hazewinkel’s
isomorphism stems from the following pairing:
<_’ _> : HomK(/\k g, V,) X HomK(/\d_k g, V) — K
(a,b) —— (a,b) = > aleg)(b(xey))
¢
We need to show that

(9a,b) = (a,g 'b)
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for all g € G. Write A for Ad(g). Then

(9%, 1) = ) (g-x)(es)(y(xeg)) = D (A es))(y(ke)) = > x(Aeg)(g " y(xey))
) ¢ ¢
and
(x.g7'y) = > x(eg)g  y(Ax ey)).
¢
In both cases, ¢ runs over the injective increasing maps [k] —— [d].

By considering the finite dimensional subspace of V generated by all y(xeys) and their
images under g_l, we can consider a finite dimensional vector space instead, i. e.,

(g, y) = D (A7) X'GTIY *e]

and
(x,g7'y) = Z e'X'G'YAxe]

1

for appropriate matrices X, G1Y, % and (e7); the canonical basis of K’ (z). (The matrix
G~! will not be invertible in general, even though the notation does suggest this.) As
Ax = x(A™1)! by propositions 4.3.5 and 4.3.7, equality follows, as the trace is invariant
under cyclic permutations. .

4.4. Tamme’s Comparison Results
We will summarise the results from [Tam15] which we need as follows:

THEOREM 4.4.1. Let K be a complete non-archimedean field of characteristic zero. Let G
be a Lie group over K andV a barrelled LCVS with an analytic action of G. Then there is a
functorial morphism

X*(G, V) —— C*(g,V)

from the analytic homogeneous cochains of G with coefficients in'V to the Chevalley-Eilenberg
complex of the Lie algebra g of G with coefficients in V.

For an open subgroup U < G, we denote its Lie algebra by g(U). Above morphism induces
for all n isomorphisms

lim H"(U,V) = lim H"(3(U), V) = H"(3, V).
U<,G U

The adjoint action of G on g together with the action of G on V induce an action of G on the
Chevalley-Eilenberg complex and on the Lie algebra cohomology groups. If G is compact,
then above morphism of complexes induces an isomorphism

H"(G,V) = H"(3,V)"
foralln.

ProoF. [Taml5, sections 3-5] -

4.5. The Duality Theorem

Lemma 4.5.1. Let G be a finite group acting linearly on an L-vector space V. If the order of
G is invertible in L, the composition of the canonical inclusion and projection

VeV — Vg,

is an isomorphism.
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Proor. By Maschke’s theorem, L[G] is a semisimple ring. Therefore there exists an
L[G]-submodule W of V with V = VC @ W. Without loss of generality we can assume
that W is irreducible. Denote by I the augmentation ideal in L[G]. Then

Vo =VO/IVeaW/IW =VC e W/IW

and as W is irreducible, IW is either 0 or W. If IW = 0, then W C VC and hence W = 0
by assumption, so W/IW = 0 in any case. -

Fix now a complete non-archimedean field K of characteristic zero and a Lie group G over
K, which acts equi-analytically on an LCVS V.

Lemma 4.5.2. Let R be a K-algebra. Assume thatV carries the structure of an R-module,
such that the operation of G on V is R-linear. If H'(g, V) is finitely generated over R, then
there is an open subgroup of G which acts trivially on H (g, V).

Proor. By theorem 4.4.1,
: i _ gl
U<,G,res

which is R-linear by our assumptions. Taking preimages of the finitely many generators in
H'(g, V), we see that there is an open subgroup U < G such that H(U, V) —— Hi(g, V)
is surjective. This U then operates trivially on H'(g, V). -

THEOREM 4.5.3. If G is compact and V, V, barrelled, we get a functorial (in V)) morphism
of complexes

C.(G’ Vb’) - HOmK(C. (G’ V)’ K)[_d]
If one of the following two conditions is satisfied:

* An open subgroup of G operates trivially on the Lie algebra cohomology, the differ-
entials in the Chevalley-Eilenberg complex are strict and Hahn-Banach holds for
V, or

* V is finite-dimensional,

then this morphism induces isomorphisms
HY(G,V)) = H"Y(G, V).

Proor. Note first that by lemma 4.5.2, an open subgroup of G operates trivially on
the Lie algebra cohomology, no matter the case.

By theorem 4.4.1 and remark 3.2.4 we have morphisms
C'(G V) — € (s, V)
and
HOmK((S.(g, V)9 K) - HOmK (C. (Ga V)7 K)

As G is compact, we can employ theorem 4.3.8 without having to twist the Lie algebra
action (cf. proposition 4.3.5). We therefore get a G-equivariant isomorphism

€*(g,V,) = Homg s(€*(g, V), K)[—d].
Composition with the inclusion
HomK,Cts(G’.(gv V)a K) c HOmK(G/'(g, V)7 K)

then yields the comparison morphism, which is clearly functorial in V.
If the differentials in the complex €(g, V) are strict and Hahn-Banach holds for V, we get
a G-equivariant isomorphism on the level of cohomology:

H'(g, V}) —— Homg cts(H (3, V), K).
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Especially we get the following commutative diagram:

(H" (g, V)9

~
~ ~
~ ~
~_ =
~
~
~
~

T s N

~ ~
~ =
~
~
~
~
S

H'(g, V)¢ ———— (H"(3,V)s)’

The dashed isomorphisms are again instances of theorem 4.4.1. If an open subgroup of G
acts trivially on the Lie algebra cohomology, then the composition

(H (9, V)6) —— H (8, V) —— (H (6, Y
is an isomorphism by lemma 4.5.1 and the claim follows. .

Corollary 4.5.4. Let G be a compact Lie group of dimension d acting analytically on a finite
dimensional K -vector space V. Then we have a functorial quasi-isomorphism

C*(G,V*) —=— C*(G, V)*[d].

Proor. By proposition 4.2.4, we are in the setting of theorem 4.5.3. If V is finite-
dimensional, we see that €(g, V') is a complex of finite dimensional vector spaces and the
analytic cohomology groups are therefore finite-dimensional as well by theorem 4.4.1. For
all cohomology groups involved, their abstract duals hence coincide with their continuous
duals and the result follows. -

Remark 4.5.5. Functoriality in theorem 4.5.3 means the following: Let V, W be LCVS
with equi-analytic actions of G on them. Assume thatV, W, V/, Wh’ are all barrelled. Given

a G-equivariant continuous linear map ¢: V—— W, we get a commutative diagram:
C*(G, W) —— Homg(C*(G, W),K)[~d]
lC(G,(p’) lHomK(C(G,qj),K)

C.(G, Vb/) — HOmK(C.(G, V)? K)[_d]
That the maps involved are well-defined follows from lemma 4.2.5 and proposition 4.2.6.

Remark 4.5.6. Of course a quasi-isomorphism would be a nicer result in the setting of
theorem 4.5.3. The obvious strategy would be topologise C*(G, V) in such a manner that
the differentials are strict and that the cohomology groups are topologically identical to
the topology on the Lie algebra cohomology. The same argument as above would then
(under the additional hypotheses on the Chevalley-Eilenberg complex and the Lie algebra
cohomology) yield a quasi-isomorphism

C.(Ga V,) - HomK,cts(C.(G? V)’ K)

We consider this endeavour to be rather futile, which is the reason we axiomatised and
capsuled topological considerations in chapter 3 in the first place.

Remark 4.5.7.If K = Q, and V is a finite-dimensional Q,-vector space, then by [Laz65,
V.(2.3.10)] analytic cohomology is just continuous cohomology. Theorem 4.5.3 is then a
possible way to phrase Poincaré duality, which however does not coincide with Poincaré
duality due to Lazard (cf. [Laz65, V.(2.5.8)]). Poincaré duality there is an integral phenom-
enon and the dual is given by HomZP,CtS(V, Q,/Z,).
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Example 4.5.8. Let V be any barrelled LCVS and G a compact abelian Lie group over K of
dimension d. The trivial action of G on V is of course equi-analytic. The Lie algebra g of G
then operates by zero on V. The differentials in the Chevalley-Eilenberg complex €*(g, V)
are all zero. Theorem 4.4.1 then yields that H'(G,V) = H'(g,V) = Homg(A'g, V) and
the isomorphism H(G, V))=H 4-i(G, V)’ of theorem 4.5.3 stems from the pairing

A Ngx N4 lg—— K.






CHAPTER 5
Two Applications to (¢, I')-modules

In this chapter we apply the results of the previous chapters to (¢, I')-modules. Analytic
cohomology as it appears in the theory of (¢, I')-modules has mostly had a very strong
ad hoc flavour. Arguments often used crucially that I is a one-dimensional Lie group and
¢ a single operator. However, our framework of chapter 2 and our results of chapters 3
and 4 are much more flexible and easily apply themselves to higher-dimensional I and
multiple operators ¢1, . . ., 4. The natural objects to look at are thus multivariable (¢, T)-
modules. There is, however, no unified notion of multivariable (¢, I')-modules and to our
knowledge, no definition of multivariable Lubin-Tate (¢, I')-modules has been published.
Consequently many results which are well known in the univariate case are unknown to
hold in the multivariable case. Our arguments, not relying on the ad hoc constructions
of analytic cohomology, should easily carry over to the multivariable case as soon as the
necessary category equivalences are shown. An important step towards this has recently
been done by [PZ19].

5.1. An Exact Sequence of Berger and Fourquaux

We start by improving a result of Berger and Fourquaux, cf. [BF17, theorem 2.2.4], which
can be stated without precisely defining (¢, I')-modules.

Let F|Q, be a local field and consider the category M of analytic F-manifolds.

We fix an LF-space A = lim lim Al"-*! with Banach spaces Al">*! for the remainder of
—r s

,
this section (cf. definition 4.1.35). The notation Al">*! will become apparent in the next
section.

Definition 5.1.1. For X € M let f: X —— A be a continuous map. We call f pro-F-
analytic, if there exists an r and a factorisation

X —— limAs — 5 A
f
im
S

such that all induced maps

X — lim Al
h

|

Alrs]
are locally F-analytic. We denote the set of pro-F-analytic maps from X to A by h(X, A),
ie,
h(X, A) = lim lim han (X, A3,
—_ —
r N
where h,, denote the analytic maps in the sense of definition 4.1.24.

Remark 5.1.2. From the definitions it is clear that h is actually a rigidification from M to
LF.

Proposition 5.1.3. An F-analytic map into a Fréchet space in the sense of definition 4.1.24
is pro-F-analytic.

83
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Proor. Let B = gn By, be a Fréchet space with all B, Banach. We need to show

that if f: M —— B is analytic, then so is f: M —— B——— B,, for each n. But this
is precisely the content of proposition 4.2.6.

Remark 5.1.4. The argument in proposition 4.2.6 shows why not every pro-analytic map
needs to be analytic: For a pro-analytic map M —— l(in B, (and around a fixed point
in M), we have a positive radius of convergence R, of the power series development for
every B,. But there is no need for inf, R, to be positive, which is the natural estimate for
the radius of convergence for B.

Let I’ be a group object in M, G = Ny X T and A an LF-space over F which carries the
structure of a G-module with h-rigidification — in other words, let I" be an analytic group
over F and A an LF-space an action from I' by pro-F-analytic maps and a continuous
L-linear endomorphism (which we will call ¢) of A.

We now prove the following stronger version of [BF17, theorem 2.2.4], where only the
case of one-dimensional T is considered. For the one-dimensional case, we can also show
that the last map appearing in the exact sequence of Berger and Fourquaux is surjective.

THEOREM 5.1.5. There is an exact sequence of cohomology groups with respect to the pro-
analytic rigidification h:

0 ——> HY(T,AV"Y) —— H'(yNo xT,A) —— (A/( — 1A

H?(T, A=) —— H2(yNo xT, A)

The second to last group can be replaced by zero if T is compact, has dimension one over L,
and also operates analytically on each m Alrsl,
N

ProoF. Inlieu of theorem 3.6.27 it only remains to show the surjectivity onto (A/(y—
1)A)!' for compact one-dimensional I'. Note that we can’t directly use theorem 4.4.1 to
compare this cohomology group to Lie algebra cohomology, as pro-analytic maps and
analytic maps don’t necessarily coincide.

By definition 5.1.1 and the exactness of direct limits we can assume that A is Fréchet. As
every analytic map is also pro-analytic, the same proof as for proposition 3.3.1 together
with theorem 3.6.27 shows that we have the following commutative diagram with exact
rows:

0 —> HYT,AV"Y) —— H'(yNo xT,A) — (A/(y - DA —— HA(T, AV
0 — HL (T, A7) — HL (yNo xT,A) —> (A/(Y - DA —— HZ (T, A=)

Here, H;, denotes cohomology with respect to analytic maps in the sense of defini-
tion 4.1.24, which also induces a rigidification. For these cohomology groups, we can
apply theorem 4.4.1 to see that

Hy, (T AV = 0.
The exact sequence
0—— H'(,AY™Y) —— H' (YN X T, A) —— (A/(y - DA —— 0

follows at once. n
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Remark 5.1.6. Assume that T' is compact and of dimension one and that A = 121 A, is

n
Fréchet. Then even if the operation on A is only pro-analytic, the same argument as in
theorem 5.1.5 yields exact sequences

0 —> HL(T, AL —— HL@GN XT,A,) —> (Aa/(§f = DA,) —> 0

for every n. Assume furthermore that the image of A,, in A, is dense for every m > n.
We then have isomorphisms

H'(y™N° x T, A) = lim H,, (™ X T, A,)

n

by [BF17, proposition 2.1.1]. As taking invariants commutes with projective limits, we
therefore get the following exact sequence:

0 — HY(T,A/7Y) — HL(y™No X T, 4) — (4/(y - DA —> lim! HL, (1, A7)

Using again theorem 4.4.1, we see that H (T, Ale) = Hl(g,Algzl)r, where g is the Lie
algebra of T'. The action of T on g is trivial and g = L, so H'(g, Al,'lizl)F has a comparatively

simple description as the I'-invariants of certain quotients of Al,/fl, which depend on the
precise group action, cf. e. g. [Wei94, theorem 7.4.7]. For these it might in certain examples
be possible to show the (topological) Mittag-Leffler condition, cf. e. g. [Groé61, (0.13.2.4)],
and hence show that

0—— HYT,AV"Y) — HY(yYNo x T, A) — (A/(y - A —— 0
is exact.

Remark 5.1.7. Considering remark 5.1.6, it is natural to ask for the relationship between
H*(T, A) and £i£1n H*(T, A,), where A = @n A, is again assumed to be Fréchet.

Consider the exact sequence
0 —> C*([,A) —> T1, Cou(T, An) = 1, Co (T Ap) —> Lim! 3, (T A,) —> 0,

whose middle map is given by

1-u: (fn)n N (fn —(Ans1 » Ap)o fn+1)n'
Its existence follows from very general arguments, cf. [NSW08, (2.4.7)] for a correct state-
ment and proof.

If one could show that 1 — u is indeed surjective, then the long exact sequence of coho-
mology would yield the following short exact sequences for every k:

0 — lim! HG T, Ay) —— HY(T,A) — lim H{ (T, A,) — 0

Write d = dimp I'. Then these short exact sequences would show that H*(T', A) = 0 for
every k > d + 1 and that H d+1(F, A) = liLnl Hg (T, Ap). Especially, the considerations in

n
theorem 5.1.5 and remark 5.1.6 would coincide for d = 1.

5.2. So Many Rings
Fix a complete field L C C,. We mostly follow the notation of [BF17].
Definition 5.2.1. Consider the abelian group Map(Z, L) = L[[X, X !]]. In this set, we

can define the following rings. Let I C [0, 1] be an interval. Set

B£ = {Z a; X' € L[[X,X"']] | convergent for z € Cp.lz| € I} .
ieZ
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For I = [r,s], this is a Banach space over L with norm ||—|lgir.s1 = max{[|=|l,, |-ls},
L
where ||—||, and ||—||, are defined via
Z a;X'|| = supla;|t’.
i€z t i€Z
We also define
B = lim B"foro<r<1, and
rig,L P L
r<s<l,s—1
¥ _ : f.r
Brig,L - h_r>n Brig,L'

O<r<l,r—1

For L finite over Q,,, we can also define the complete discrete valuation ring
A = OuIXTIIXTT"
with quotient field
B, =A[p'],
where —" denotes p-adic completion. We also define
B}i = {f € B, | f has a non-empty domain of convergence} .

If M|L is a finite extension, the theory of the field of norms provides a certain ring exten-
sion A ML OVer A, . Its quotient field B L IS an unramified extension of B;. We define
the following complete discrete valuation ring and its quotient field:

A= |J A
M]|L finite

B =( U B,
ML finite

Remark 5.2.2. Some authors denote the rings AM|L and B, simply by A, and B,

obfuscating the fact that these rings are relative notions: In our notation, we always have
A MM = A, but generally A,  # A, . We consider this abuse of notation in the litera-
ture truly abusive.

MI|L

5.3. Lubin-Tate (¢, ')-modules

Fix a finite Galois extension L|Q,, for the remainder of this chapter. We denote the ring of
integers of L by Of, and its residue field of cardinality q by k. We also fix a uniformiser
7 of Oy.

5.3.1. The Lubin-Tate Case. We assume familiarity with the theory of formal mul-
tiplication in local fields, cf. e. g. [Ser67, section 3].

Denote by LT the Lubin-Tate formal Op-module attached to 7, i.e., as a set LT is the
maximal ideal of the integral closure of Oy, in an algebraic closure of L and the addition
is defined via the unique formal group law corresponding to the endomorphism

[#](T) =T? + nT.

Lubin-Tate theory then yields commuting power series [a](T) € O[[T]] for all a € Oy,
which give rise to a O -module structure on LT. It also yields a homomorphism

xir: GL—— Of,
which induces an isomorphism
xir: It = G(Le|L) —— OF,

where L, is the extension of L generated by all 7 -torsion points of LT.
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For f(T) in any of the rings Bjig’ Iz Bz, AL, B, we have well-defined elements

o(f)(T) = f([x)(T)),
(9T = f(lxer(9I(T)), g € Iy.

Denote the monoid (p]NO by ®. Then by construction above formula induce a continuous
action of ® X I'y by ring homomorphisms on each of the above rings with their respective

topologies, which for BTi

rig, 1 1S even pro-L-analytic cf. e. g. [Ber16, theorem 8.1].

Definition 5.3.1. Let R be either of Biig’L,BLAL,BL. A (¢,T1)-module M over R is a

free R-module of finite rank with a semi-linear continuous action of ® x Iy. It is called
étale if p(M) generates M.

5.3.2. Relation to Iwasawa Cohomology. Recall the following result due to Kisin
and Ren.

THEOREM 5.3.2 ([KR09, theorem 1.6]). The functor
V —— Do(V) = (A 89, V)° QL)

establishes an equivalence between the categories of Op-linear representations of G and
étale (¢, Ty )-modules over A .

For any étale (¢, Iz )-module D over A, there is an Of -linear endomorphism

Yy:D——D
satisfying
Vo= Tidp,
T

cf. e.g.[SV16, p. 416].

There is the following relationship between (¢, It )-modules and Iwasawa cohomology
(cf. section 1.8). While (¢, I'.)-modules have plentiful applications, this is our main reason
for studying them.

THEOREM 5.3.3 ([SV16, theorem 5.13]).
Hllw(Loo, V(X]jjl“)(cyc)) = DO(V)I//:l,

where ).y denotes the cyclotomic character.

Corollary 5.3.4. If L # Q,, we have DY=YT=1 = 0 for any étale (p, Ty )-module D overA, .

Proor. Together with these two aforementioned results, this follows immediately
from theorem 1.8.2, as elements in DY=1'=1 are torsion over the Iwasawa algebra. -

5.3.3. Overconvergence. For the remainder of this chapter, we also fix a finite ex-
tension F|L.

Definition 5.3.5. For an L-linear representation V of Gr set
+ G(Qp|FLe)
mm43&ﬂ .

I' = G(FL|F) is an open subgroup of I, and by the Lubin-Tate character hence isomor-
phic to an open subgroup of O5. D(V) is an étale (¢, I')-module over B, .

Definition 5.3.6. Let D be a (¢, I')-module over B, . If there is a basis of D such that all en-

domorphisms in @ XI" have representation matrices in B!, we call D overconvergent. This

basis generates a (¢, I')-module over Bz, which we will call D'. A Galois representation
V is called overconvergent if D(V) is. We will then write D¥(V) instead of D(V)T.
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Definition 5.3.7. Let V be an overconvergent Galois representation. Set

T _nt T
D[, (V) =B, ; & D'(V).

Definition 5.3.8. A finite dimensional L-linear representation V of G is called L-analytic,
if for all embeddings 7: L —— QD different from the fixed one,
C,o Vv

is a trivial semilinear C,-representation, i. e., as a Galois module it is isomorphic to C,® LV
for an L-vector space V with trivial Galois operation.

Lemma 5.3.9. A finite dimensional L-linear representation V is L-analytic if and only if
V* =Homy(V,L) is.

Proor. Note that a representation is trivial if and only if its dual is. The statement
then follows from the isomorphisms

(C,®p V) =C, @ V' =Cp®; V7,
where -V = Homg, (-, Cp). .

.- . ¥ . .
Proposition 5.3.10. The action of T on Drig(V) is pro-L analytic.

Proor. This follows for example from [Ber16, theorem 8.1]. -

Proposition 5.3.11 ([FX13, p. 2554]). Let D be an étale (¢, T')-module overBLg p» Which be

T

finite generation can be written asD = B
rig,F

®B2;F D" for somer and some (¢, T')-module

D’ overBZi’g - Then the series

©  1yi-1
bgg=§;(1) g-1
i=1

i
converges for g small enough to an operator on D". By Z.,-linear extension, this gives rise to
a well-defined action of the Lie algebra g = L via
(x, d) ——> (log(exp x))(d).

Definition 5.3.12. A (¢, T')-module D over Biig
Lie algebra of T on D is L-linear.

pis called L-analytic, if the action of the

Berger then shows the following refinement of the category equivalence.
;ig
between L-analytic representations of Gr and étale L-analytic (¢, T')-modules over Biig P

THEOREM 5.3.13 ([Ber16, theorem D]). V. ——— D'. (V) is an equivalence of categories

5.4. Towards Duality in the Herr Complex

We continue to use the notation from section 5.3.
Let V be an L-analytic representation of Gr. Then the Herr complex is given by the double
complex
C*(r, DL (V) -¢=L> C*(T, D],_(V)),
whose attached double complex is quasi-isomorphic to

C*(@xT, D} (V)

by theorem 3.7.6. Here C* denotes the pro-F-analytic cochains.

It seems natural to try to apply our duality result theorem 4.5.3 to this setting, however,
this is not immediately possible.
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Starting with Dzig (V), there are (at least) three natural ways to dualise this object: We can
consider the (¢, I')-module attached to the dual representation, the module theoretic dual
over the Robba ring B;g 1> or the topological dual D, (V). We first need to investigate

how they relate to one another.

Lemma 5.4.1. Diig(V*) = HomB;g’L (DLg(V),BIig’L).

¥

rig

Proor. It is well known that the category equivalence over B, is a functor of closed
monoidal categories and hence respects taking duals. As the duals of analytic represen-
tations are again analytic by lemma 5.3.9, the finer category equivalence theorem 5.3.13
also has to respect duals. -

Let Q € C, be the period of LT, cf. [Col16, §1.1.3]. If L # Q,, it is transcendent over Q,.
Let K be the complete subfield of C, generated by L and Q. For a (¢, T')-module D over
B:ig 1, write Dy for the respective (¢, I')-module over BIig  after extension of scalars.

Serre duality implies the following result:

Proposition 5.4.2. Homp; (DT. (V)K,BT< er) = (D, (VMk);, where the dual is
rig, K T8 rig, rig b

taken over K.
Proor. [SV19, lemma 2.37] -

Note that as the extension K|Q, is infinite, we cannot assume that K is spherically com-
plete. However, we at least have the following.

Proposition 5.4.3. Etale (¢, T)-modules over B:ig are of countable type.

K

Proor. It suffices to show that Bl'i x is of countable type. The completions of 3 %
g rig,
at the various continuous seminorms are exactly the rings B;i’g};]. We will show that the

countable set Z(Q)[X, X~1]is dense in every Bji’g}(s], where L is a number field which is
dense in L.

Let f = Y,a,X" € Bii’g}?] and ¢ > 0. Convergence of f on the closed annulus of inner

radius r and outer radius s implies
suplay|r* —— 0 (k > —)
n<k

and

suplap|s" —— 0 (k — o).
n>k

We can therefore choose k with || X, _r an X", | Xnsk an X"l < €. As L(Q) is dense in
K, we can also choose a_g, . .., ar € L(Q2) such that
max|a; — a;| < erk.
1
It follows that

< E.

g

i=— filr.s)
! Bliex
Proposition 5.4.4. There are natural morphisms of complexes

C*(¥ X T, DL, (V) (xrr)) —— Homg(C*(@ X T, D], (V)k), K)[-2]

rig rig

T

and

C*(® x T, Dl (V)k(xer) —— Homg(C*(¥ x T, D], (V)k), K)[-2]

stemming from a comparison of Lie algebra cohomology.
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PROOF. Diig(V*) kx(yrr) is an étale (¢, I')-module over Bzig’ x and has the structure of
an LF-space over K, so
il * R TN x,[r,s]
Dy (VIx(yer) = lim lim D™,

rig
ros

where D*["-s] are Banach spaces over K.
We see that

t

Cc*(T, DI
rig

(V)x(xer)) = lim lim €3, (T, D" 1*1),
r N
By theorem 4.4.1 we get a morphism
. T ® . . . %, [r,s]
C*(T. D}, (V)k () —— lim lim 6°(g, D1"9))

Now

. . . w[r,s]\y _ c® t *
lim lim €*(g, D*'"*) = €*(a, D, (V)k (7))
r N
by lemma 1.3.2. Analogously we also get a morphism

C*(T. D}, (V)k) —— €*(a. D], (V)x).

By lemma 5.4.1 and proposition 5.4.2, we can identify DLg(V*)K()(LT) with (DT. k), =

rig
Homg ¢5(D'. (V)k, K)p, where the strong dual is now taken over K. By theorem 4.3.8
we get a I'-equivariant K-linear morphism

rig

I (V)k,K)) —— Homg cs(€°(g, D!, (V)k), K)[-1].

€*(g, HomK,cts(Drig rig

Composing all these morphism, we get a functorial morphism of complexes

C*(T, D}, (V")k(xrr)) —— Homg(C*(T, DY (Vi) K)[-1],
which we can extend to a double complex as follows:

C*(, DL, (V*)k (1)) — Homg(C*(T, DY, (V)k), K)[-1]
(%) lC(G,(p’—l) lHomK(C(F,qJ—l),K)

C*(1, D], (V)k(xer)) —— Homg(C*(T, D, (V)), K)[-1]
Here, ¢ denotes the intrinsic ¢-operator on D(V)x and ¢’ its vector space dual. Note
jig(V),Br‘ig 1) is the intrinsic y/-operator on
DLg(V*) and vice versa, cf. [SV16, remarks 4.7 and 5.6]. The diagram can hence also be
written as

that the dualised ¢ operator on Homg; (D
rig,L

L (V) (xur)) ——— Homg(C*(T, D], (V)k), K)[-1]

lc<c,¢—1) lHomK(C(Fv‘P_l)aK)

C*(T,D

C*(T, DL (V) (xrr)) — Homg(C*(T, D], (v)), K)[-1],

where 1 is the intrinsic ¢/-operator of DLg(V*)K( XLT)-

By theorem 3.7.6, this induces the first morphism of complexes as required. The sec-
ond morphism can be constructed completely analogously: Instead of using the intrinsic
p-operator of DT(V)k in diagram (%) on the right hand side, start with its intrinsic -
operator. Then we get the vector space dual ¢’ on the left hand side, which is the intrinsic
¢p-operator of DT (V*)k. n
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Remark 5.4.5. The comparison morphism

C*(T, D}, (V)k) —— € (8, D], (V)k)

does probably not induce an isomorphism on cohomology after taking G-invariant on
the right hand side. We expect liill—terms to appear. Note however that for the first
cohomology group, a Mittag-Leffler argument makes a comparison possible, cf. [BF17,
proposition 2.1.1].

Apart from this and under the assumptions of theorem 4.5.3, i. e., strict differentials in the
Chevalley-Eilenberg complex and an open subgroup of I' operating trivially on the Lie
algebra cohomology, we can follow the same argument to compare cohomology groups,
as by propositions 4.1.30 and 5.4.3 taking duals is exact.

Remark 5.4.6. In degrees zero and one, ¢ and ¢ yield the same cohomology groups,
cf. [BF17, corollary 2.2.3].
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