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“And I'm not happy with all the analyses that go with
just the classical theory, because nature isn't classical,
dammit, and if you want to make a simulation of na-
ture, you’d better make it quantum mechanical, and by

golly it’s a wonderful problem, because it doesn’t look
so easy.”

R. P. Feynman [1]
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Zusammenfassung

Quantensimulation der Hochenergiephysik mit ultrakalten Atomen

Die Vorhersage der Quantendynamik von geladener Materie, die mit dynamischen
Eichfeldern interagiert, ist eine aufSerordentliche Herausforderung in der theoreti-
schen Physik. In Ermangelung einer allgemein anwendbaren Berechnungsmethode
bieten Quantensimulatoren eine vielversprechende Alternative.

Die vorliegende Arbeit leistet einen Beitrag zur Quantensimulation der Hochener-
giephysik, wobei wir uns auf die Plattform ultrakalter Atome konzentrieren. Mittels
Wilson-Fermionen schlagen wir vor die Implementierung von Gittereichtheorien
basierend auf Gemischen kalter Atome in einem optischen Gitter zu verbessern.
Numerische Simulationen zeigen, dass dies die Realisierung der Schwinger-Paar-
Produktion mit aktueller Technologie moglich macht. Unsere vorgeschlagene Im-
plementierung ist modular und ein elementarer Baustein wird experimentell de-
monstriert. Dariiber hinaus identifizieren wir dynamische topologische Uberginge,
die wir im massiven Schwinger-Modell entdeckt haben, als geeignetes Ziel fiir die
Anwendung von Quantensimulatoren. Durch die Definition eines eichinvarianten
Ordnungsparameter konnen wir zeigen, dass diese Ubergénge jenseits schwacher
Wechselwirkungen bestehen bleiben.

Im zweiten Teil dieser Arbeit entwickeln wir einen Formalismus fiir die Analyse
von Quantensimulatoren mittels experimentell zugénglicher irreduzibler Korrelati-
onsfunktionen zu gleichen Zeiten. Wir verifizieren diesen Ansatz numerisch fiir das
Sine-Gordon-Modell im thermischen Gleichgewicht, das durch zwei tunnelgekop-
pelte Superfluide quantensimuliert wird. SchliefSlich wenden wir unsere Analyse
auf die Nichtgleichgewichtsdynamik eines Spinor-Bose-Gases an und finden eine
unterdriickte effektive Wechselwirkung in einem stark korrelierten Infrarotbereich.






Abstract

Quantum simulation of high-energy physics with ultracold atoms

Predicting the quantum dynamics of charged matter interacting with dynamical
gauge fields poses an outstanding challenge in theoretical physics. Lacking a gen-
erally applicable computational method, quantum simulators offer a promising
alternative.

In this thesis, we contribute to the quantum simulation of high-energy physics,
focusing on the platform of ultracold atoms. Using Wilson fermions, we propose to
improve implementations of lattice gauge theories based on mixtures of cold atoms
in optical lattices. Numerical benchmarks indicate that this makes the realization of
Schwinger pair production feasible with current technology. Our proposal is modu-
lar and an elementary building is demonstrated experimentally. We further identify
dynamical topological transitions, which we discovered in the massive Schwinger
model, as a suitable target for quantum simulators. Defining a gauge-invariant
order parameter, these transitions are shown to persist beyond weak coupling.

In the second part of this thesis, we develop a framework for analyzing quantum
simulators in terms of experimentally accessible irreducible correlation functions
at equal times. We verify this approach numerically for the sine-Gordon model
in thermal equilibrium, quantum simulated by two tunnel-coupled superfluids.
Finally, we apply our analysis to the non-equilibrium dynamics of a spinor Bose gas,
revealing suppressed effective interactions in a strongly-correlated infrared regime.
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Chapter 1

Introduction

1.1 Motivation

Since quantum computers were first envisioned in the early 1980’s [1, 2] the mi-
croscopic control of quantum systems has reached an unprecedented level. This
progress paved the way for the fast-growing field of quantum simulation [3, 4].
By quantum simulation we understand the controlled manipulation of a physical
quantum system with the purpose of emulating another quantum system [4]. While
quantum simulators found their first application in condensed matter physics [5, 6],
the interest in quantum simulations of high-energy physics (HEP) started growing
in the last decade [7-9]. Physical phenomena arising in this context include fermion
pair production [10] or string breaking [11], both occurring in the real-time dynamics
of gauge theories such as quantum electrodynamics (QED) or quantum chromody-
namics (QCD). Difficulties in simulating the quantum dynamics of these theories
motivate the use of quantum devices, which promise to overcome the limitations of
classical computational resources [3, 12]. In recent years, several theoretical propos-
als have been put forward, resulting in the first experimental realizations [13-16] of
quantum simulators for simple small-scale model systems motivated by HEP.
Along the way towards the long-time goal of quantum simulating QCD [17],
a number of open problems need to be resolved. The first theoretical task in any
quantum simulation is the identification of an appropriate experimental platform,
together with a mapping of the target model onto the experimental system. In
this context, the improvement and extension of existing proposals to higher spatial
dimensions and non-abelian gauge groups (see [7-10, 18-30] and references therein),
while retaining experimental feasibility together with the possibility to reach large
system sizes [31], is the key challenge. At the same time, it is necessary to identify
relevant physical scenarios [32, 33] that can be addressed by a quantum simulator,
taking into account experimental limitations and imperfections. Related questions
are how to verify a quantum simulation [34, 35], and in particular, to what extent
does the simulator respect gauge invariance [36, 37]? These questions lead to
the read-out of quantum simulators in general. What observables are accessible
and how to sort the relevant information [38, 39]? This thesis presents our recent
contributions towards resolving these open questions. Specifically, we address the
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quantum simulation of U (1) gauge theories and the analysis of quantum simulators
from a quantum field theory perspective.

1.2 Key concepts

The quantum simulation of HEP is an interdisciplinary field of research, bringing
together different disciplines within physics. In order to bridge this gap, we give
a brief introduction into key concepts relevant for this thesis: quantum simulation,
quantum field theory, and gauge theories.

1.2.1 Quantum simulation

In a digital quantum computation, described by the circuit model [40], one encodes
information in the quantum state of a collection of quantum bits (qubits) as a
superposition of binary bit strings. An arbitrary unitary transformation of this state
may then be realized in terms of elementary operations (universal quantum gates)
acting on a few qubits. While it is indeed possible to simulate any local quantum
system in this way [41], digital quantum simulators are not the main topic of this
work.

Instead, we focus on analog quantum simulators. The basic idea of an analog
quantum simulation is to engineer a synthetic quantum system in a highly controlled
fashion in order to emulate the physics of a target model. This approach is usually
formulated in the Hamiltonian picture as follows [4]. The task is to control an
experimental system described by Hgin such that its Hamiltonian can be directly
mapped to a desired model Hiarget,

Htarget x4 Hsim . (1-1)

Ideally, Eq. (1.1) should be understood as a one-to-one map! that identifies suitable
degrees of freedom, Hilbert spaces, and the structure of the Hamiltonians on both
sides. In this way, the experimental system describes the same physical content as the
target model. In practice, the mapping (1.1) between target model and simulator is
of course not exact, but relies on approximations. Nevertheless, an analog quantum
simulation can provide important qualitative or even quantitative predictions [34].

The potential of quantum simulators is based on the structure of quantum many-
body systems. In general, the Hilbert space dimension grows exponentially with
the number of degrees of freedom. This fact impedes solutions using an exact diago-
nalization of the Hamiltonian for large systems, for instance in the thermodynamic
limit. Sometimes this curse of dimensionality can be circumvented by quantum
Monte-Carlo methods [42, 43] that solve the quantum many-body problem by effi-
cient sampling from a statistical ensemble. However, these statistical approaches

'Crucially, only relative (energy) scales matter for this mapping such that the huge difference in
absolute scales between, e.g., a high-energy collision and an ultracold atom experiment is unimportant.
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can break down due to so-called sign problems [44, 45], which can occur for instance
in the presence of fermions or in real-time dynamics. Quantum simulators, being
intrinsically of quantum nature, are a priori free of these complications and thus
offer a promising alternative [3].

The platforms employed for quantum simulations range from arrays of trapped
ions [46] over photons [47] and superconducting circuits [48] to ultracold atomic
gases [49]. The choice of platform depends on the desired target model and the
details of its implementation. In this thesis, we focus on quantum simulations based
on ultracold atoms.

1.2.2 Quantum field theory

Quantum field theory (QFT) describes quantum many-body systems in the limit of
infinitely many degrees of freedom. The most profound difference between (few-
body) quantum mechanics and QFT is the concept of renormalization. In a generic
QFT, quantum fluctuations introduce a dependence of coupling parameters g on the
energy scale u at which the system is observed. This scale-dependence is described
within the renormalization group by beta-functions [50],

__dg
~dlogp

B(g) (1.2)

If 8(g) > 0, the coupling increases with increasing energy scale. Conversely, it
decreases with decreasing energy scale and therefore does not affect the low-energy
physics. Consequently, the coupling is called irrelevant. The situation is reversed
for (g) < 0 and the coupling is called relevant.

Due to this behavior, the renormalization group provides the modern interpreta-
tion of QFT: A (renormalizable) QFT is determined by a finite number of relevant
couplings (and the corresponding terms in the action or Hamiltonian) whose values
at a given energy scale have to be fixed by an experimental measurement. At the
same time, QFT can be seen as a low-energy effective theory which describes the
universal long-distance behavior (determined by the relevant couplings) that is
independent of the microscopic details (the irrelevant couplings) [51].

The observables of QFT are correlation functions C'(™ (x1,...,2y),1€., quantum
expectation values of field operators at different points 1, . .., z, in space-time. The
way in which these correlators change at large distances between points encodes
the scale-dependence of the QFT. Thus, by measuring correlation functions in a
quantum simulator, it is in principle possible to access this information and to
identify the relevant couplings.

For numerical calculations?, a QFT can be formulated by specifying an action S
with coupling parameters g on a space-time lattice with finite spacing a. Formally, a
provides an ultraviolet (UV) regulator and sets the energy scale p ~ 1/a at which

’In fact, this is more than a practicality: The lattice approach provides a definition of QFTs beyond
perturbation theory.
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S with its parameters g is defined. One then calculates correlators according to a
functional integral with a weight determined by S. Finally, one has to reduce a while
keeping certain values of (renormalized) correlators fixed, such as a physical mass
m [52]. The existence of a continuum limit with finite m means that it is possible to
approach the limit a — 0 with fixed m by appropriately adjusting the parameters g
according to 3(g). In this limit, the correlation length ¢ = (ma)~!, which controls the
exponential decay of the correlator C'?)(z,0) ~ e~1*I/€ at large distances, diverges.
In practice, this allows to extract the physical behavior at small but finite a from a
suitable scaling analysis [52].

Throughout this thesis, we employ a Hamiltonian formulation of QFT. While
this choice is less common in the HEP context, it is most convenient for quantum
simulations because we aim to identify an experimental setup with a target model
according to Eq. (1.1). Within this approach, it is also useful to employ a Hamiltonian
lattice regularization where space is discretized but time is kept continuous.

1.2.3 Gauge theories

The concept of symmetries is ubiquitous in theoretical physics. It describes that
certain aspects of a physical model are preserved under transformations described by
a corresponding symmetry group. Most prominent examples include the invariance
of the laws of classical mechanics under spatial translations and rotations. These
global symmetries imply, via Noether’s theorem [53], the conservation of linear and
angular momentum.

A symmetry is called local if the corresponding transformation can act differently
at every point in space-time. Loosely speaking, gauge theories are physical models
with such local symmetries. More precisely, a gauge theory can be defined as a
field theory whose action is gauge invariant, i.e., it remains unchanged under local
transformations specified the gauge group [50]. Among the simplest examples
are U(1) gauge theories, such as QED. Here, a global U(1) symmetry implies the
conservation of an associated charge (). Gauge invariance further ties local changes
of this charge to the surrounding gauge fields. For example, in electrodynamics the
electric charge density p and the corresponding current j are coupled to electric E
and magnetic fields B according to Maxwell’s equations [54].

The framework of lattice gauge theories (LGT) implements the lattice formulation
of QFT while retaining gauge invariance exactly [52, 55]. This formulation provides
a non-perturbative definition of quantum gauge field theories and has proven to
be invaluable for numerical simulations. It is also perfectly suited for quantum
simulators as discussed in this thesis.

In the Hamiltonian formulation of LGTs [56], gauge invariance implies an exten-
3

sive” number of conserved quantities described by operators G,, that commute with

*Here we mean extensive in the thermodynamic sense: There exist constraints at every lattice point
n and thus the number of constraints increases linearly with the system size.
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the Hamiltonian H,
[Gn,H] =0. (1.3)

Additionally, the allowed states |phys) are restricted to be eigenstates of G,,. These

constraints make a prediction of the resulting dynamics extremely challenging.

1.3 Overview

In this work, we specifically address the quantum simulation of gauge theories and
the analysis of quantum simulators from a QFT perspective. Accordingly, this thesis
is structured in two parts. In the remainder of this introduction, we give a brief
overview over our contributions to the quantum simulation of HEP.

1.3.1 Quantum simulation of gauge theories

The main target model of part I is QED in one spatial dimension, also known as the
massive Schwinger model. This model is one of the simplest theories to describe
charged matter interacting with gauge fields, here electrons and positrons interacting
with an electric field. Sharing certain features with QCD, the massive Schwinger
model has proven to be a valuable toy model for HEP [57].

Implementation of lattice gauge theories with Wilson fermions. Inchapter 2, we
describe a detailed proposal [29] to implement the massive Schwinger model with a
mixture of ultracold bosons and fermions trapped in an optical lattice potential. Here,
two hyperfine states of the bosonic and fermionic species are used to implement the
gauge and matter fields, respectively. Following earlier proposals [10, 18], we realize
the gauge-invariant interaction with hetero-nuclear collisions that exchange angular
momentum between the two species. Crucially, these spin-changing collisions (SCC)
conserve the global magnetization, which — by careful engineering of the trapped
mixture — is turned into a local symmetry that furnishes the required U (1) gauge
invariance of QED.

In contrast to earlier proposals, we exploit the possibility to use different lattice
formulations leading to the same continuum theory to improve our setup by using
Wilson fermions. With numerical benchmark simulations, we show that an opti-
mized set of experimental parameters allows to observe the process of Schwinger
pair production, i.e., the creation of electron-positron pairs from the fermionic vac-
uum due to a strong electric field. In particular, we show that the non-perturbative
nature of this effect can be extracted quantitatively from a quantum simulation with
currently available technology.

Realization of a scalable building bock for U(1) gauge theories. The following
chapter 3 extends our proposal by giving up the direct correspondence between
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the lattice sites of the target model and the lattice wells of the simulator. In this
way, the gauge-invariant interaction is isolated in an elementary building block,
which simplifies the experimental realization. An extended U (1) gauge theory can
be realized by connecting multiple building blocks via laser-assisted tunneling,
demonstrating the potential scalability of our approach.

We further describe our recent experiment [16] that realizes a single building
block with bosonic instead of fermionic matter. The faithful representation of this
minimal U(1) gauge theory and its full tunability is demonstrated experimentally,
which we verify by comparison to numerical simulations of the target model includ-

ing experimental imperfections.

Dynamical topological transitions in the massive Schwinger model. The first
part closes with chapter 4, which focuses on an extension of the massive Schwinger
model that includes a so-called topological #-term. This term originates in the
vacuum structure of the theory and analogous terms also appear for other gauge
theories, in particular QCD in three spatial dimensions. In both cases, the topolog-
ical term breaks combined charge conjugation and parity (CP) symmetry, i.e., the
invariance of the model under a simultaneous reflection of space and the exchange
of positively and negatively charged excitations. Experimental observations indicate
that QCD conserves CP [58], which implies the absence of a #-term. This puzzle has
been coined the strong CP problem. Its most common resolution [59] involves an
additional hypothetical field (the axion) that leads to a dynamical relaxation of the
f-term.

Motivated by this solution to the strong CP problem, we study the dynamics
of the massive Schwinger model after a quench of its §-term [33]. We discover
dynamical topological transitions, which are signaled by an order parameter that
we construct from gauge-invariant time-ordered two-point correlation functions
of the matter fields. These transitions are related to dynamical quantum phase
transitions (DQPT), which have been observed previously in condensed matter
lattice models [60]. Our results show that DQPTs also exist in the continuum limit.
Moreover, our numerical simulations indicate that the transitions persist in the
presence of interactions. Furthermore, these transition can robustly be identified
on small lattices due to their topological origin. Together with their occurrence on
short time-scales, the dynamical topological transitions constitute an ideal target for

quantum simulations of QED.

1.3.2 Analyzing quantum simulators with quantum field theory

The focus of part II lies on the read-out of quantum simulators. We address the
question of how to sort the information that can be extracted by measuring higher-
order correlation functions. To this end, we apply the concept of one-particle
irreducible (1PI) correlators [50], which constitute the building blocks of every QFT.
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Extraction of the instantaneous effective action in equilibrium. In chapter 5, we
first give a detailed review of the different types of correlation functions and the
associated generating functionals which occur in the construction of QFTs. In con-
trast to the standard approach, we employ a formulation [61] based on correlation
functions at equal times, which have become accessible in recent quantum simula-
tion experiments [38]. We show that the measurement of equal-time 1PI correlators,
which are generated by the instantaneous effective action, allows to extract the
momentum-dependence of effective interaction vertices, thereby providing impor-
tant information about the scale-dependence of the underlying QFT.

In thermal equilibrium, we test our approach [39] for the example of the Sine-
Gordon model, a paradigmatic QFT in one spatial dimension. Numerical sim-
ulations exhibit excellent agreement with qualitative and quantitative analytical
expectations, which verifies our method. Additionally, the model is quantum sim-
ulated by two tunnel-coupled superfluids in a proof-of-principle experiment that
confirms the possibility to extract the field theory description of a quantum many-
body system from experimental data.

Extraction of the instantaneous effective action out of equilibrium. The chapter
6 extends the approach developed in the previous chapter and contains a first
application out of equilibrium. Here, the experimental platform is a spin-1 Bose gas
that has recently been employed to quantum simulate the physics of non-thermal
fixed points [62]. The latter are characterized by a self-similar evolution of an
emergent (particle number) distribution function in momentum and time. The
theoretical description of non-thermal fixed points remains challenging as it requires
non-perturbative methods due to strong correlations (large occupations) in the
infrared (IR) regime. Approximate kinetic descriptions [63, 64] suggest that the
dynamics is driven by an effective momentum-dependent interaction vertex.

Our analysis [65] of the non-equilibrium dynamics in terms of equal-time 1PI
correlators indeed reveals a similar qualitative behavior We find a strong suppression
of the 1PI four-vertex in a strongly-correlated IR regime. Additionally, the structure
of this vertex indicates momentum conservation, which signals spatial translation
invariance of the quantum simulation. These results demonstrate the capabilities of
quantum simulators to provide input for improving QFT descriptions of challenging

non-equilibrium situations.

Conclusion. We discuss our results and their relevance for the quantum simulation
of HEP in the concluding chapter 7. In the final section, we give an outlook for
future research directions.

1.3.3 Statement of contribution

The five main chapters of this thesis are based on research articles [16, 29, 33, 39,
65] that are either published or being considered in peer-reviewed journals. Since
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modern physics is a collaborative research effort, I am not the single author of any of
these articles. While none of the discussed experiments were carried out by myself,
I performed most of the theoretical calculations. My personal contributions to the
articles [16, 29, 33, 39, 65] are clearly indicated in the beginning of the corresponding
chapters where I list the contributions of all authors and mark the inclusion of

additional material.
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Chapter 2

Implementation of lattice gauge
theories with Wilson fermions

This chapter is based on the article [29] with the figures and large parts of the
text taken from it. The improved implementation based on Wilson fermions was
developed in discussions among all authors (F. Hebenstreit, F. Jendrzejewski, M.
Oberthaler, J. Berges, P. Hauke and myself). While all authors participated in the
writing of the manuscript [29], I made significant contributions to the wording and
structuring of the text. The explicit calculations, i.e., the parameter estimates and
the numerical simulation, were performed by me. In the appendices 2.A and 2.B, I
include additional related material that was not printed in [29].

2.1 Introduction

Even though many proposals to quantum simulate gauge theories exist, there is
yet no experimental realization capable of simulating relevant physical processes,
such as Schwinger pair production of fermions and anti-fermions in the presence of
strong electric fields [66, 67] or string breaking due to confinement [68-70]. Further
progress hinges crucially on efficient implementations, such that present state-
of-the-art experimental resources become sufficient to achieve this goal. In view
of finding optimal implementations, the Nielsen-Ninomiya no-go-theorem [71]
becomes particularly important: it states that it is not possible to discretize relativistic
fermions while retaining the relevant symmetries of the continuum theory. Being
forced to make a choice between discretizations with different symmetry properties,
one should be guided by the requirements of the task at hand, e.g, by conceptual
advantages, numerical efficiency, or — as discussed here — ease of experimental
implementation. So far, however, most proposals for the engineering of quantum
simulators for lattice gauge theories employ one specific discretization procedure
via the so-called staggered fermion formulation [72].

In this chapter, we propose the use of an alternative discretization based on Wil-
son fermions [73]. As discussed below, Wilson fermions have conceptual advantages
over staggered fermions when going to higher dimensions. Moreover, we show

that Wilson fermions can provide a very efficient framework for the experimental
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FIGURE 2.1: Sketch of the proposed implementation of lattice QED in one
spatial dimension. Fermions trapped on the lattice sites (blue circles) are
coupled via a correlated interaction with the Bose condensates residing on the
links (red ellipses). The zoom schematically shows how the gauge-invariant
coupling can be realized via spin-changing collisions between the fermions
(blue) and bosons (orange) in a tilted optical lattice. This process involves two
internal states per species as indicated by the blue and red bars.

implementation of gauge theories using ultracold atoms in optical lattices. As an
example, we discuss QED in 1 4 1 space-time dimensions implemented with a
two-species mixture. Radiofrequency-dressed 6Li atoms act as the fermionic matter,
while small condensates of bosonic 2*Na atoms represent the dynamical gauge fields.
Inter-species spin-changing collisions generate the dynamics of an interacting gauge
theory, where local gauge invariance is ensured by angular momentum and energy
conservation, see Fig. 2.1. Strikingly, the use of Wilson fermions enables an imple-
mentation through tilted optical lattices, instead of the more involved superlattices
employed for staggered fermions [11]. We benchmark our proposal by a theoretical
analysis, and show that the non-perturbative onset of Schwinger pair production
may be observed in realistic experimental settings.

Wilson fermions have been considered previously in a cold-atom context for the
quantum simulation of topological insulators [74-76]. In contrast, we are interested
here in the full, interacting quantum theory with dynamical gauge fields.

This chapter is organized as follows. In Sec. 2.2, we present the lattice Hamilto-
nian of Wilson fermions. We show that an optimal choice of parameters significantly
simplifies the resulting setup, and we compare it to the staggered-fermion formula-
tion. In Sec. 2.3, we discuss how the theory is promoted to a gauge theory by the
introduction of dynamical gauge fields. Moreover, we reformulate the gauge theory
to match it with the degrees of freedom available in cold atomic gases and propose
a possible implementation in a Bose-Fermi mixture in an optical lattice. We give
an intuitive interpretation of various processes appearing in the proposed experi-
mental setup, describe the envisioned experimental protocol, and discuss possible
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limitations. Sections 2.4 and 2.5 give details on the experimental implementation
and the choice of parameters, respectively. In Sec. 2.6, we benchmark the proposed
experiment with the example of the Schwinger mechanism. In particular, we show
that an experiment with realistic parameters may extract the rate of particle-anti-
particle production. Details of the numerical simulation are discussed in Sec. 2.7.
Section 2.8 presents our conclusions.

2.2 Wilson fermions

Before turning to dynamical gauge theories describing the Lorentz-invariant in-
teraction of fermionic matter with gauge bosons, we momentarily drop the gauge
degrees of freedom for clarity. The non-interacting fermion part of the theory is
described in the continuum in d spatial dimensions by the Dirac Hamiltonian

Hp = [ ! () 1770 + m] 0(). @1)

where 1(x) is a fermionic Dirac spinor with 2%/2 components for d even and 2(¢+1)/2
components for d odd. The v" and 4/ denote the gamma matrices in d + 1 space-time
dimensions [77] and 0} is a partial derivative in the spatial direction j = 1,...,d.
This Hamiltonian describes the kinetic energy and rest mass m of Dirac fermions
and leads to the dispersion relation of relativistic particles with energy \/m?2 + p2.

2.21 The doubling problem

For simulations on classical computers as well as on quantum devices consisting of
sites in optical lattices or arrays of qubits, the continuum theory has to be discretized
on a lattice. In view of quantum simulation, we work here in the Hamiltonian lattice
formalism, with spatial lattice spacing a and continuous real time ¢.

The simplest discretization of fermions replaces the kinetic energy in Eq. (2.1)
with a nearest-neighbor hopping term. This naive procedure, however, leads to a
discretized model with an additional “doubling symmetry” [78]. Its physical conse-
quence is the appearance of spurious states, where each fermion in the continuum
theory leads to 27 fermion species for d discretized dimensions, see Fig. 2.2. These
additional degrees of freedom affect the extrapolation to the continuum limit such
that the correct continuum results are not recovered.

The Nielsen-Ninomiya no-go-theorem [71] implies that, in order to remove these
doublers, one has to sacrifice at least one of several fundamental characteristics of
the continuum derivative: hermiticity, locality, discrete translational symmetry or
chiral symmetry. The choice which of these characteristics to sacrifice gives room
for various strategies [79], with the staggered fermion [72] and Wilson fermion [80]

prescriptions being among the ones most commonly known.
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FIGURE 2.2: Comparison of the continuum and lattice dispersion relations,
plotted within the first lattice Brillouin zone for lattice spacing a = 0.1/m
and d = 1 spatial dimension. The black, dashed line is the continuum result
given by the Dirac Hamiltonian (2.1), the low-energy behavior of which we
aim at reproducing. Discretizing the continuum kinetic energy by a nearest-
neighbor hopping yields the blue, dashed-dotted dispersion relation, which
has spurious low-energy states. The addition of a Wilson term, see Eq. (2.3),
removes the minima at the edge of the Brillouin zone, and thus effectively
eliminates the fermion doublers (red, solid line; plotted here for r = 1).

2.2.2 Non-interacting Wilson fermions

Wilson fermions sacrifice chiral symmetry to decouple the doublers from the low-
energy degrees of freedom that describe the continuum theory. Despite the lack of
chiral symmetry, relevant real-time phenomena can be efficiently simulated with
Wilson fermions, with accuracy comparable to alternative implementations that
respect chiral symmetry [81].

Wilson fermions can be understood as the addition of a second-order derivative,

which is discretized as

ne-_2n n-+e;
/ddxzw 10 ORp(x) = =5 D a ¢w;¢+] Vot Vnie,

a
n

2.2)

Here and in the following, the fermionic Dirac spinor 1y, is located at lattice site n =
(nj)jzl,---, ; and e; denotes a translation by a single site along the spatial direction
J. This so-called Wilson term together with a hermitian discretization of the Dirac

Hamiltonian (2.1) yields the lattice Hamiltonian of Wilson fermions,

d—l '
170> [iv7 + 7] ¥ne, + .

n J

Hy = Z a®ypf AP (m + ) tn
(2.3)

The Wilson term is proportional to the lattice spacing a and thus does not contribute



2.2. Wilson fermions 15

in the continuum limit @ — 0. Nevertheless, for any a > 0 it suppresses the fermion
doublers as low-energy degrees of freedom, which is illustrated in Fig. 2.2. This
assures the recovery of the relevant continuum theory in the limit a — 0. The
strength of the Wilson term, given by the Wilson parameter r, can be adjusted in
the range 0 < |r| < 1 while still describing the same continuum theory [52]. In
the following, we will exploit this freedom to optimize the implementation in a
cold-atom quantum simulator.

2.2.3 Optimized Hamiltonian

In principle, the matrices i7°y’/ + 1 in Eq. (2.3) couple all components of the
spinors on neighboring lattice sites. In an optical-lattice implementation, each of
these couplings needs to be realized by a separate hopping process, which in the full
gauge theory discussed below will moreover require the correct interactions with
the gauge fields. With regard to experimental feasibility, it is thus highly desirable
to minimize the number of coupling terms. In view of our application to Schwinger
pair production below, we consider the case of one spatial dimension, d = 1, where
the gamma matrices can be represented with the three Pauli matrices 0%, a = z, v, 2,

AWV =0, =i, (a # ) . (2.4)

In the following, we choose o = x and = z. In the Hamiltonian (2.3), the second
term then takes a particularly simple form by adjusting the Wilson parameter to
r = 1, such that

0 1 1 0 0 2
0 1 - 0.1 0
= s = s 1y +r = 2.5
7 (1 0) 7 (0 —i> 7 7 (0 0) ( )

These choices lead to the Hamiltonian
1 1
_ E : T E : T
Hy = <7Il + a) a (wn,lwnz + hC) + g : (1/1n711pn+172 + hC) R (26)

where we have substituted ¢,, — /a(—1)" ¢,, and written out the components,

Yn = (¥n,1,¥n,2), which fulfill the anti-commutation relations

{nas ¥l g} = Gagbom - 2.7)

The above choice of the y-matrix representation and Wilson parameter is optimal in
the sense that only one out of four possible terms that couple neighboring lattice
sites remains.

Though the striking simplicity of (2.6) is special for one spatial dimension, in
higher dimensions one can apply the same strategy of choosing different values of r,
representations of v*, and canonical transformations to ¢, — Cnn to optimize for

experimental needs.
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FIGURE 2.3: Sketch of a cold-atom implementation of lattice fermions in one
spatial dimension. (a) Optimized Wilson formulation; (b) staggered formula-
tion. The levels (blue) representing fermionic atoms are coupled as indicated
with arrows. The gray curves represent optical potentials. The Hamiltonian of
Wilson fermions (2.6) has a ladder-like structure, which suggests that it can
be implemented in a tilted lattice, while proposals with staggered fermions
based on (2.8) typically require an optical superlattice [11].

2.24 Comparison to staggered fermions

It is instructive to compare the above Wilson Hamiltonian to the lattice Hamiltonian
of staggered fermions as it has been used in previous proposals for quantum simula-
tors of lattice gauge theories. Staggered fermions sacrifice the discrete translational
invariance on the lattice. They give a particularly simple formulation in one spatial
dimension, where they enable one to analytically remove the fermion doublers [82].

The Hamiltonian for non-interacting fermions reads in this case

Hy = Zn: {m (-1)"cle, — 227(1 cengr — h.c.} } ) (2.8)
Here, the Dirac spinor is decomposed onto neighboring lattice sites such that there
is only one fermionic degree of freedom c,, living on each site.

In contrast, the Wilson formulation contains two components v, 1 and ¥, 2 at
each lattice site, and thus realizes the same number of degrees of freedom in only
half the space. Moreover, as discussed in the next section, gauge fields enter only on
links connecting different lattice sites, such that Wilson fermions require only about
half the gauge degrees of freedom.

A prominent difference of Eq. (2.8) with respect to the optimized Wilson formu-
lation (2.6) concerns the sign factors appearing in the staggered mass term, which
are also present in the interacting Hamiltonian that takes gauge fields into account.
The experimental realization of the alternating on-site energy typically requires an
optical superlattice [11], while the Wilson formulation suggests a tilted potential as
illustrated in Fig. 2.3. The tilted potential could be less demanding experimentally
and can be used to suppress unwanted tunneling processes as discussed in detail in
Section 2.3.

Moreover, the decoupling of fermion doublers in the staggered formulation is
special to 1 4 1 space-time dimensions [52]. The theory becomes considerably more
involved in higher dimensions where multiple, coupled fermion species have to
be simulated. The resulting theory involves several coupled fermion species called
“tastes”, and the computation of physical observables requires a correction scheme by
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taking roots of the staggered fermion determinant. This “rooting procedure” is some-
times discussed controversially, but in practice many complications come from the
multi-parameter fitting procedures that are required because of (“taste”) symmetry
violations involving the spurious degrees of freedom in staggered formulations [52].

In comparison, the Wilson decoupling of spurious doublers proceeds along
the same lines in one or more spatial dimensions. On the other hand, while the
low-energy sector of staggered fermions produces the correct dispersion relation up
to order a2, the usual Wilson Hamiltonian is only accurate to first order in the lattice
spacing a. Nevertheless, as it has been recently shown, relatively simple (“tree-
level”) improvements enable a remarkably good scaling towards the continuum
limit of relevant real-time processes of QED and QCD in three spatial dimensions [83-
85]. These include not only Schwinger pair production but also, e.g., the important
phenomenon of anomalous currents due to the presence of quantum anomalies
in QED and QCD. The latter depend crucially on the chiral characteristics of the
system, showing that the explicit breaking of chiral symmetry by Wilson fermions is
no fundamental roadblock.

2.2.5 Coupling to gauge fields

The strong potential of Wilson fermions for atomic quantum simulations becomes
fully apparent when considering interacting gauge theories, as we will discuss
now. Prominent examples for interacting gauge theories include QED based on the
Abelian U(1) gauge group, and QCD with underlying non-Abelian SU(3) gauge
group [52].

To illustrate the use of Wilson fermions, we proceed by focusing on the rela-
tively simple example of the gauge group G = U(1) as realized in QED, where the
fermionic matter fields 1, represent single-flavor Dirac spinors. In this case, since
the U(1) gauge group is local, gauge transformations amount to multiplication of
the fermion fields with a potentially site-dependent phase ax,,

Un = Py = €y . (2.9)

Hopping terms such as wjllanrej appearing in the non-interacting fermion Hamil-
tonian (2.3) are not invariant under this local gauge transformation for arbitrary
non-constant oy, # Qnte;-

In the interacting gauge theory, gauge invariance is obtained by coupling to
operators U, ;, which reside on the links between two neighboring lattice sites n
and n + e;, and which transform as

Unj — Upj = €U je "™ (2.10)

The transformations (2.9) and (2.10) can be realized as 1/, = VT,V and UI’W- =
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V1U, ;V via the unitary operator V = exp [~i/e Y anGyn] with the hermitian gen-
erator Gn = >, (En;j — En—e;j) — ebhonl. Here, By ; is the conjugate field to U, j,
which fulfills the commutation relation

[Enj, Umk] = €0k0nmUm,k - (2.11)

Gauge invariance corresponds to [Gn, H| = 0. Thus, the full Hilbert space can be
decomposed into sectors corresponding to different eigenvalues ¢y, of Gy, and the
physical Hilbert space is defined by picking a suitable subspace. Physically, the gy,
are interpreted as the conserved charges of the group G = U(1), i.e., the electric
charge. The restriction of the accessible Hilbert space to a single eigensector of the
generator Gy, is the lattice analogue of the familiar Gauss” law, which states that the
electric charge is locally conserved, i.e., VE = p. To fulfill the requirement of gauge
invariance, in the interacting theory the hopping terms in the lattice Hamiltonian
(2.3) are replaced by the combination wLUndwnJrej, which couples the dynamics of
the fermions to that of the gauge fields.

The presence of the gauge fields is associated to an energy cost, governed by the

electric Hamiltonian?

q2—d 5
Hp=—5—> Fn;. (2.12)

n7j

This Hamiltonian is gauge invariant and implements the equations of motion for
U that give rise to the correct continuum limit as a — 0 [56]. In spatial dimensions
higher than d = 1, the gauge fields also have a magnetic contribution Hp, for details
on which we refer to Refs. [56]. In total, we end up with the lattice Hamiltonian of
QED with Wilson fermions as

Hogp = Hg + Hg + Y ¢ha” (m+ =) (2.13)

1

B % @DLWO Z [Z./yj + T] Un,j¢n+ej + h.C.

J

As far as the fermion sector is concerned, it is straightforward to generalize
the above construction also to non-Abelian gauge theories. In the fundamental
representation of SU (), the fermion spinors carry an additional group index and
the link variables require a different formulation, but the structure of the gauge-

matter interactions as given by Egs. (2.9) and (2.10) remains the same [52]. For

'The definition of G, is not unique. The sign of ¢ and a possible constant shift are conventions
depending on the definition of the fermionic charge operator (see Eq.s (2.15) and (2.24)).

The power of a arises from our choice of dimensions, where [E] = [¢] = (3 — d)/2 in units where
[m] = 1, in contrast to [E] = (d + 1)/2 in the continuum. While both choices agree for d = 1, in our
convention the phase « is dimensionless for all d. Similarly, we rescaled v to be dimensionless in
contrast to [¢)] = d/2 in the continuum.
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staggered fermions, implementations of non-Abelian gauge theories with cold
atoms have been discussed in Refs. [19, 23, 24].

2.3 Cold-atom QED

The lattice gauge theory written in Eq. (2.13) consists of fermions interacting with
gauge fields. We now reformulate the theory in a way that matches the degrees
of freedom available in cold atomic gases, using the simplest case of QED in one
spatial dimension, also known as the massive Schwinger model [86]. In this case,
Eq. (2.13) simplifies due to the absence of the magnetic field term Hp and we can
adopt the compact form of Eq. (2.6).

2.3.1 Optimized cold-atom Wilson Hamiltonian

Using the same optimization choices as led to Eq. (2.6), Eq. (2.13) yields the quantum
many-body Hamiltonian

Hor = Y {gEz #(m+ 1) vl (‘1) ;) wn} .19

n

0 1
+ % Zn: {w; (o 0> Unthnst —i—h.c.} .

To alleviate notation, we label the gauge fields for d = 1 only with the site to the left,
ie., I, = F, ;-1 and analogously for U. Here, n = 1... N is the number of lattice
sites. Thanks to the choices of the previous section, the number of links carrying
the gauge—matter interactions is only half that of staggered fermions for the same
number of quantum simulated fermionic degrees of freedom.

The generators of the gauge transformations are now given by

G,=E,—FE,1+e (1 - Z @02,@%,(1) . (215)

a=1,2

We choose our physical states from the zero-charge sector G,,|phys) = 0.

The remaining procedure is similar to previous implementations with stag-
gered fermions [10, 87]. The commutation relation (2.11), together with the re-
quirements of E being hermitian and U being unitary, can only be fulfilled in an
infinite-dimensional Hilbert space. Since the quantum control of infinitely many
degrees of freedom is in practice impossible, we adopt the so-called quantum link
[88] formalism as a regularization, which replaces the gauge operators on each link

by spin operators,

E,—eL., , Up — [0+ 2L, (2.16)
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with [Ly o, Lim.g] = i0nm€apyLmy » @, 0,7 € {x,y,2} and Ly, = Ly, £ 4L, . This
regularization leaves gauge invariance and the commutation relation (2.11) intact,
but sacrifices unitarity of the link operators, which now fulfill the commutation
relation [Un, UH = 20pmEm/ [el(£ + 1)]. Already for small representations of the
quantum spin [89], quantum link models share salient features with QED, such as
confinement and string breaking [23]. Moreover, in the limit of large spins (¢ — 00),
which we are focusing on, one recovers full QED [10]. Finally, we represent the spin
operators with two Schwinger bosons,

1
LZ,?’L 2 (bnbn dndn) ) L+’n bndn 3 (2.17)
which fulfill the constraint
20 = bl b, +dl d, . (2.18)

This yields the final Hamiltonian that may be realized with cold atoms in an optical

lattice,

Hea = ‘ﬁ? > (6hbhbabn + dfydldudy ) + (m + i) > (¥hatne +he)

b bt + h.c.> , (2.19)

1
t v =

2 2

where we used that Lgm = (bLbn - E) /24 (6 — den) /2 and dropped an irrelevant
constant. As it becomes apparent in this formulation, gauge degrees of freedom
only enter in couplings between matter fields at different sites, but not in the on-site

terms ~ w271¢n72.

2.3.2 Experimental implementation

We propose to realize the Hamiltonian (2.19) with a Bose-Fermi mixture in a tilted
optical lattice as sketched in Fig. 2.4. Transverse motion is frozen out by a strong
radial confinement, rendering the system effectively one-dimensional. The mixture
is additionally subjected to an optical lattice potential that is attractive (repulsive)
for the fermions (bosons), such that the atomic species are allocated in an alternating
fashion. In the following, we will refer to the positions of the fermions (bosons) as
sites (links). For a sufficiently deep lattice, the atoms will occupy localized Wannier
states, such that tunneling beyond neighboring sites (links) can be neglected. Tilting
the optical potential suppresses this direct tunneling and effectively localizes the
atoms on single sites (links). Moreover, the species are prepared in two selected hy-
perfine states each (denoted by annihilation operators 1 ,,, 12 ,, respectively by, d,,).
The desired dynamics governed by Eq. (2.19) can now be realized by implementing
the following three interactions among these states (angular momentum and energy
conservation ensure that the dynamics accesses no other states [18, 87]).
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FIGURE 2.4: Sketch of the proposed implementation. Fermions and bosons
(blue and red bars, respectively) can occupy two hyperfine states each and
are trapped in a tilted optical lattice potential (gray line). The gauge-invariant
dynamics of 1+1D QED is realized by three processes: (i) local oscillation
between the fermionic species [see Eq. (2.20)]; (¢¢) local bosonic self-interaction
[see Eq. (2.21)]; (ii7) correlated hopping of both species due to spin-changing
collisions [see Eq. (2.22)].

We propose to drive resonant oscillations with Rabi frequency €2 between the
two fermionic states on each site using radiofrequency radiation. This realizes
the second line of Hamiltonian (2.19), i.e., the electron mass plus the on-site

part of the Wilson term,
1
Qs m+—. (2.20)
a

We assume 2/ Bose condensed atoms on each link. In the trapping poten-
tial, the atomic cloud feels an effective interaction constant gp given by the
scattering length, the boson mass, and overlap integrals over localized Wan-
nier functions, see Eq. (2.48). These interactions set the energy scale for the
simulated electric field, the first line of Hamiltonian (2.19),

CL€2

gB < 5 (2.21)
The gauge-invariant interactions in the third line of Hamiltonian (2.19) are
implemented using spin-changing collisions (SCC) between the fermions
and bosons [18, 22, 87]. For this purpose, one has to choose appropriate
hyperfine states to ensure angular momentum conservation and then apply an
external magnetic field in order to tune the SCC into resonance. These lead to
a correlated hopping of the bosons and fermions with an effective interaction

gBF, see Eq. (2.46). These interactions set the lattice-spacing parameter of the
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quantum-simulated gauge theory,

1

& .
IBE i+ 1)

Further details on a possible realization will be discussed in the following section

(2.22)

2.4. Equations (2.20-2.22) define the two relevant dimensionless parameters of the
simulated theory, am and e/m. Note that the value of a is not equivalent to the
optical-lattice spacing aj,; imposed in the quantum simulator [see Eq. (2.27)].

2.3.3 Interpretation of the cold atom Hamiltonian

The individual processes contributing to Eq. (2.19) permit of physical interpretations

in simplified limits, which are useful to gain some intuition.

Free fermion Hamiltonian

The fermionic part of Hamiltonian (2.19) becomes particularly simple in the absence
of interactions with the gauge fields. Referring to the single-particle states of ¢, ; and
Yn2as [1), and |]), , respectively, we start by considering the local, purely fermionic
part in the second line of (2.19), which dominates in the heavy-mass limit m — oo.
It is diagonal in the basis |«+), = % (11, — 4),,) and [=),, = % (1), + 1),,), with
eigenvalues —m and +m, respectively. In this basis the local fermionic Hilbert space
is given by

Hn = {|0<—0—>>n7 |1<—O—>>n7 ‘O<—1—>>n7 ‘1<—1—>>n} ) (2-23)

where |j_, k. ), denotes a state with j fermions in the state | =), and k fermions in
|<=),,- We can therefore identify the fermionic vacuum and electron/positron states

according to

vacuum (“Dirac sea”) : 1)y > |[10-)p , (2.24a)
electron : le ) < [11s)y (2.24b)

positron : le™)n ¢ 10.05) 0, (2.24¢)

electron + positron : lemet), < [0.15), . (2.24d)

Intuitively, an electron corresponds to the presence of a fermion in |—), , while a
positron corresponds to the absence of a fermion in |+),,.

For a finite fermion mass m, we have to take into account the fermionic hopping
terms in (2.19). The decomposition of the vacuum state into the local fermionic
states is then formally given by a Slater determinant involving all lattice sites.
In this case, it is more convenient to describe the quantum system in terms of
correlation functions. In absence of interactions with the gauge field, the matter

fields form a free theory. An initial vacuum of non-interacting fermions can thus
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be completely described in terms of the equal-time statistical propagators Fob —
: < [1/;77%&, @Z)L ﬁ} > In momentum space, this non-interacting vacuum is characterized

by the correlations (cf. section 2.7)

Wi
Fp =0, Fii =0, Fiy =5~ (2.25)
2,
and F,?,g = 0fork # k. Here, z; = m+ % (1+exp (%)) and the dispersion
wi = |z, k=0,1,...,N — 1.

Gauge-field energy

In the experiment, the gauge part corresponds to an array of trapped spinor BECs
in two hyperfine states. For the semi-classical limit of large occupation numbers,
every local BEC can be pictured by a collective spin Bloch sphere. According
to the replacements (2.16) and (2.17) the simulated electric field corresponds to
an occupation imbalance between the two states, i.e., £, /e <> 1/2 (bLbn - den).
Consequently it can be associated with the azimuthal angle measuring the distance
from the equator of the Bloch sphere. Thus, the electric energy, which arises from the
bosonic self-interactions in Eq. (2.19) corresponds to the so-called one-axis twisting
Hamiltonian [90]. This clarifies the contribution from (2.21): It generates a rotation of
the polar angle, whose frequency depends on the azimuthal angle. This corresponds
to a phase rotation of U, <> [((£+ 1)]""/?

simple dynamics that happens locally on every link is modified by the correlated

bld,, in the gauge theory. However, this
hopping of bosons and fermions.

Correlated hopping

In the heavy-mass limit underlying the identifications of equation (2.24), one can
also easily visualize the effect of the correlated hopping (2.22). For example, the
elementary process for the local production of a single et*e™ pair is composed of the
hopping and simultaneous flipping of a single (fermionic) spin from one site to the
next, while decreasing the (bosonic) imbalance on the link joining the two sites.

As for the free-fermion part discussed above, the simplified interpretation in
terms of local single-particle states is convenient to gain a basic understanding of
the cold-atom system, but in order to describe the full complexity of the many-
particle quantum dynamics it becomes necessary to consider many-body correlation
functions. Indeed, for a finite fermion mass, pair production happens non-locally
and can only be detected by measuring correlation functions. In fact, even the
concept of a particle is ill-defined in the generic interacting non-equilibrium situation
[91]. As a measure for the total fermion particle number density n = 1 >, fix, we
employ a typical definition following from the instantaneous diagonalization of the
purely fermionic contribution to the full Hamiltonian. Then, n can be expressed in

terms of the energy density €, which is a function of the statistical propagator, and
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the dispersion @y,

~ €k ~ ~ ~ *
ng = a}—k +1 y € — — <Zka2]% + [szlglﬂ ) s (226)
where the tilde indicates that all quantities have to be calculated on the background

of the gauge fields.

2.3.4 Experimental limitations

There are a number of experimental limitations that set bounds on the implementa-
tion of (2.19). In realistic conditions, the number of bosons on each link will fluctuate
around the target value 2/ in a range in the order of v/2// (2¢). One may interpret
this as disorder on the hopping terms between sites. In the weak-coupling regimes
accessible to our benchmarking calculations, one may estimate the resulting local-
ization lengths by diagonalizing the free-fermion Hamiltonian. For the occupation
numbers that we aim at, the relative disorder strength will be on the percent level,
resulting in localization lengths that are purely finite-size limited for realistic system
sizes of few tens of sites. Thus, while it is an interesting perspective to study the
effect of this disorder in large systems and strong coupling, for early experiments it
is negligible compared to other error sources. Another error source derives from
nearest-neighbor elastic scattering between the species. As we argue below in sec-
tion 2.4, for weak coupling its effect on the dynamics is negligible, though it may
have a quantitative influence at strong coupling. Nevertheless, these terms are
gauge invariant, so that the result will remain a valid U(1) gauge theory.

Stronger restrictions come from several experimental imperfections. The most
important ones limit the accessible time-scales in the experiment as summarized in
the following, and discussed in detail in the sections 2.4 and 2.5.

First of all, we have replaced the gauge fields by finite spin operators (2.16). To
quantitatively approach QED predictions, we would thus like to employ BECs with
large atom numbers corresponding to ¢ — oo. The large boson density will lead to
considerable three-body losses [92], which depend on the precise lattice structure.
These losses set a limiting time T3 for the validity of the quantum simulation.

A second restriction comes from the need to suppress direct hopping terms of
the two species and to conserve the boson number locally on each link to ensure the
constraint (2.18). Wilson fermions naturally favor a tilted lattice, which conveniently
suppresses direct tunneling. On the downside, the tilt renders states localized on
single lattice sites unstable [93]. After a time 77z, they decay due to Landau-Zener
transitions, which is the second main limitation of our proposed setup.

Finally, experiments will implement a set of lattice QED parameters a,m, e with
a resulting Brillouin zone of finite size ~ 1/a. Since we are interested in Schwinger
pair production in strong electric fields, the creation and subsequent acceleration of
particles becomes unphysical when the energy of these particles reaches the cutoff
~ 1/a. This gives a third time-scale Tj,; that limits the accessible dynamics.
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An experimental implementation will have to carefully balance between these
different imperfections. Nevertheless, as we will show in the remainder of this
chapter, the observation of relevant phenomena is achievable in state-of-the art
experiments. Moreover, T3 and Ti,, can be mitigated if we do not require quantitative
agreement with continuum QED. For any finite a, the experiment will implement
a valid lattice gauge theory. Similarly, by settling for finite representations [ < oo,
one implements quantum links models, which are valid gauge theories in their own
right. Already for extremely small representations, these share the most salient
qualitative features with usual QED, such as string-breaking dynamics [11].

2.4 Details of the experimental implementation

As outlined above, we propose to implement (2.19) with a mixture of fermions and
bosons trapped in an optical lattice. In the following, we discuss some details and
subtleties that arise in this implementation. Though we keep the discussion general,
when giving numerical estimates we assume a mixture of fermionic °Li and bosonic
23Na. For the most part, we assume transverse degrees of freedom to be frozen out
and consider the mixture to be effectively one-dimensional.

2.4.1 Single-particle Hamiltonian
In accordance with the structure of Wilson fermions (see Fig. 2.3), we propose to
employ a tilted optical lattice of the form

V, cos? (H> , x=B

QAlat

v () = Foa + ,
X * V, sin? (ﬂ> , x=F

(2.27)

Qlat

where the species index x = F, B refers to either fermions on the lattice sites or
bosons on the links. The depth V,, the spacing aj,;, and the tilt strength F, of
the optical lattice may be tuned independently. Additionally, we apply a constant
magnetic field B perpendicular to the z-direction, which we assume to give rise to a

linear Zeeman shift,
VX(7ZS) = —mxﬁg)((l?s)uzg[)’ . (2.28)

Here, s =1, | denotes the selected two hyperfine states for each species to which the
relevant dynamics of the system is restricted; m, , is the corresponding magnetic
quantum number, ;153 denotes the Bohr magneton, and ggfs) is the Landé g-factor.

Neglecting interactions for a moment, the quadratic part of the full Hamiltonian is
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given by
Ho=7 / dz x}(x)Ho(x, 5)xs(x) (2.29)
XS
h20?
HO(Xa 5) = _ﬁ + Vx(lat) (33) + VX(’ZS) , (2.30)
X

where M, is the atomic mass and we assumed the lattice potential to be species-
dependent, but the same for different hyperfine states. The fields, which we denote
by xs, obey canonical commutation or anti-commutation relations according to their

statistics, i.e.,

@ i) =d@—y), 231)

¢(x) -

where we abbreviate [X,Y], = XY £ Y X with ((B) = —and {(F) = +.

2.4.2 Suppression of direct tunneling in a tilted lattice

Additionally to its matching the natural structure of Wilson fermions, we employ
the tilt to suppress direct tunneling of the fermions. This is crucial to ensure gauge
invariance, because the fermions must only hop between different lattice sites due
to interactions with the bosons. In the untilted case (F, = 0), the one-particle Bloch
waves for the potential in Eq. (2.30) without external magnetic field (B = 0) are
Mathieu functions. In this case, the ground band has the dispersion relation

ey (k) = X — 2., cos(kaa) , ke {—W ”) : (2.32)

)
2 Qlat  Alat

with the mean energy wy = 2,/Vy Erec,x. Here Erec = I?/ [2M,(ajat/7)?] is the
recoil energy and the ratio &, = 2./V},/Eyec, controls the lattice depth. In the limit
of a deep lattice (£, > 1) the hopping element is given by

B = 2 B (6072 5 14 01/, GED

which can be obtained exactly from analytic properties of the Mathieu functions.
We can suppress direct tunneling for both species by choosing a sufficiently

strong tilt, i.e.,
alatFy > Jy (2.34)

In the presence of the tilt, the states in the ground band are modified into resonances
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of a Wannier-Stark ladder (for more details see the appendix 2.A). Including non-
vanishing B # 0, the energy levels are
1 ()
gF,s(l) = §WF + laae Fr — MFsIFp MBB ) (235)

1 1
Ep.(1) = Swp + <z + 2) WatF5 — MEsgy s - (2.36)

The states of the Wannier-Stark ladder have a finite lifetime which can be esti-
mated from the decay rate I', due to Landau-Zener transitions (for more details see
the appendices 2.A and 2.B).

2A2
alat]:x T Ax alat}—x
Lo N < 237
X~ Tonn eXp( SEyamFy | = 2xh 237)

where A, ~ w, is the gap between the ground band and the first excited band. This

lifetime is one of the relevant experimental restrictions.

2.4.3 Choice of the magnetic field

Under the above condition (2.34), we may neglect direct tunneling. The quadratic
part (2.29) of the full Hamiltonian then amounts to a Wannier-Stark ladder of long-
lived resonances. These are coupled by a correlated hopping of the fermions and
bosons as in Ref. [87], which induces the gauge-invariant matter—gauge-field inter-
action. For this purpose, the spin-changing collisions for the chosen hyperfine levels
s =T, ] need to be tuned into resonance, i.e., we demand

Err () —Ep (1 +1) = Epr (1) = Ep (1) VL. (2.38)

If the two components 1, | are chosen from the same hyperfine manifold for each

species, the g-factors are spin-independent, ggg = g>(<8) . Then the resonance condi-

tions can be rewritten as

WatFF | (B)A(B)  (B) A (B)
—_ = NG —gr A, 2.39
1B 9B 2B ~Y9F 2F (2.39)
where we introduced the abbreviation A;B) = Myt — My

For a mixture of bosonic *Na and fermionic °Li, respectively, we choose the

following levels from the ground hyperfine manifold:
1
mBT:0, mB¢:—1, mFT:i’ mrp,=—3- (2.40)

The corresponding Landé factors are g%B) =—2andgy = -1
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2.4.4 Effective interaction constants from overlap integrals in the tilted
lattice

In order to match the coefficients of Hamiltonian (2.19) with experimental param-
eters, we need to calculate overlap integrals involving Wannier-Stark functions
U, (x). In our case, they are built from the Wannier functions 1 , () located at
lattice sites (respectively links) [ = 1... N of the untilted lattice. The Wannier-Stark
functions can be written as superpositions (see the appendix 2.A)

U\ (x ij z( e )wm,x( ), (2.41)

where 7,,(...) denote Bessel functions of the first kind. We only consider the
ground band here. For sufficiently deep lattices, to estimate the relevant overlap
integrals, we may approximate the Wannier functions appearing in the series (2.41)

as harmonic oscillator eigenfunctions,

— / — 2
din(e) = (mat©) " exp [—Q(H) ] , 242)
X

where z; , denote the minima of the tilted potentials and the harmonic oscillator

lengths should be determined from a Taylor expansion of the tilted potentials around
their minima. The minima are shifted from the untilted case to the positions

1

B = <l + 2) alat — 05, rp = lag — O, (2.43)
Alat a1atFy ~ Qlat alatf
0y = o arcsin (WVX ) o 7TV . (2.44)
The oscillator length, ailo =/h/ (mxwi{o), is determined from the condition
2 2
HO 4 At Fy

=2V, 11— =1 . 2.45

CICUREAFARINES e

Using the approximation (2.42), we can calculate the effective interaction con-
stants that enter the quantum simulation. For clarity, we first present estimates based
on single-particle wavefunctions. For the bosonic condensates, we subsequently use
a more appropriate estimate to take their high occupation into account.

The effective boson-fermion inter-species interaction generating the matter-field

hopping is given by the 3D overlap integral

(3D)
gpr =B [ dzdydz |®p(y, 2)]* |r(y, 2) (i1, 7 ()" [ (@) Uy p(2)

2
(2.46)
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where ggg) = (V2/3) 2nh%apr/Myeq is the relevant three-dimensional interac-

tion constant with scattering length agr ~ 0.9a¢9 and the reduced mass Mg =
MpMp/ (Mp + Mg). The Clebsch-Gordon coefficient v/2/3 is the same as for the
previous proposal [87]. For simplicity, we assume a symmetrically harmonic trans-
verse confinement with the same trapping frequency w, for B and F, i.e.,

2 2
-1/2 Yy +z

D\ (y,2) = (Wai’x) / exp (— 5.2 ) (2.47)
01 x

and aj xy = \/h/ (wal) .

Furthermore, we need to calculate the effective bosonic intra-species interaction

(3D)
g
gp ="~ [ dedydz |25(y.2)[* [Vip()]" (2.48)
where gg’D) = (1/6) 4rh?ap/Mp is the relevant interaction strength with ap ~ 5ay.

For the Clebsch-Gordon coefficient, we again refer to [87]. At the large boson
occupation numbers that we are interested in, the effective interaction constant
is modified due to deviations of the bosonic wave-function from the harmonic-
oscillator shape. In a first approximation, we may treat this effect in a Thomas-Fermi

(TF) limit, i.e., we consider the bosonic mean-field wavefunction as

ere(e) =2 1= 20 1e] - om) (2.49)

with the TF radius zp = \/ 2j1/ [M B (wgo)g] and the effective chemical potential /i

is determined by the number of bosons on each link as Np = 4ztgfi/ (3g). Thus, in

terms of the experimental parameters,

~1/3

4V sm\2 Aot F B 2
= - 11— —— 2.
TTE = 35N, (a) \/ ( Vs ) ’ (2.50)
where § is the effective 1D inter-bosonic coupling given by
g(3D)
7= [ayaz | )" @51)

Due to the vastly different trapping frequencies (few Hz compared to several kHz,
see below), it is justified to treat the bosons in the radial direction in the harmonic
approximation, while taking into account the TF profile in the longitudinal direction.
The results of the following sections are obtained with the effective interaction
constants calculated within this approximation.
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2.4.5 Other scattering processes

So far, we have only related the effective interaction constants of the desired interac-
tions to the microscopic properties of the Bose-Fermi mixture. In this subsection, we
briefly discuss possible other scattering processes.

In general, all on-site or nearest-neighbor, both of density-density and spin-spin
type, inter- and intra-species interactions could be as relevant as the desired spin-
changing collision (2.22). Due to a judicious choice of the magnetic field together
with the tilted lattice as described above only the SCCs are resonant and all other
inelastic processes are presumably suppressed. We therefore restrict ourselves to
elastic collisions. Since these do not change the local occupation numbers of either
species, the corresponding contributions all commute with the Gauss’ law operator
and hence do not spoil gauge-invariance of the quantum simulator. The leading
purely bosonic contribution comes from on-site interactions that have already been
taken into account and set the energy scale for the simulated electric field (2.21).

In addition, density-density interactions between the two species on neighboring

sites give rise to a term like

~ 2 (bilb” + den) 2. (w;ww + ¢L+1,awn+l,a) : (2.52)

a=1,2

For an appropriate initial state preparation that respects the constraint (2.18), the
above term reduces to the total fermion particle number (which is conserved) and
thus does not affect the dynamics.

Nearest-neighbor spin-spin interactions on the other hand lead to the contribu-

tion
~ Z (dizfldn—l + den> (1/12,1%,1 — lbl,gllﬁn,z) (2.53)

> <2€ - En_leJrEn) @LJWJ - ﬂ)l,wn,z) : (2.54)

where we used the definitions (2.16) & (2.17), as well as the constraint (2.18). The
term proportional to £ only affects the resonance condition (2.39) and can be absorbed
into a redefinition of the energy levels (2.38). For the real-time dynamics considered
in this work, it is useful to further define F,, = Eﬁo) + 6 F,,, where E,(LO) = (Ey(t =
0)) 2 mTQ is the initial value of the electric field. Absorbing also EY) into the
energy levels (2.38), we parametrically estimate that the above contribution does
not alter the dynamics as long as (0 E,,) < %2 This argument is most accurate in the
weak-coupling limit, where () ?>> 1. In fact, for our benchmarking simulations
the condition is fulfilled for all times shown below in figures 2.9 & 2.7. We can
therefore neglect it for the proposed experiment that may extract the Schwinger
pair production rate as shown in figure 2.8. For the case of strong coupling, which

we are ultimately interested in, these elastic inter-species spin-spin interactions
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will however quantitatively change the behavior in general. We want to stress that
the resulting theory will nevertheless be a fully interacting dynamical U (1) gauge
theory.

Finally, we note that for a general choice of fermion species, purely fermionic
on-site interactions can yield unwanted effects. However, for the present choice
of Lithium, these are absent due to a zero of the relevant scattering length at low
magnetic fields [94].

2.4.6 Three-body losses

One of the leading limitations of our proposal is the instability of the local BECs
due to three-body collisions. On a mean-field level, these three-body losses may be
modeled as

xi = —][\i /dx dydz [vg(z,y,2)|°, (2.55)
with the total particle number per link N = [dzdydz |¢p(z,vy,2) | and the
species-dependent constant K3, commonly referred to as the three-body loss rate
coefficient. We estimate the typical time-scale for three-body losses, T3, as the inverse
of the right-hand side of equation (2.55). Demanding this time to be much larger
than any other time scale in the experiment sets a limit on the boson particle number
Np per link.

2.5 Choice of experimental parameters

In the implementation proposed above, several imperfections arise that limit accessi-
ble time scales. In this section, we discuss the main limitations and an optimization

procedure to maximize the time simulatable in the experiment.

2.5.1 Experimental limitations

A first limitation appears through the three-body loss time of the bosonic conden-
sates, T3. Second, the localized Wannier-Stark states in the tilted periodic potential
have a finite life-time. For the choice of a mixture between °Li and 23Na, due to the
smaller mass of the fermionic atoms the limiting factor will be the fermion life time,
which we denote by 77, 7. Third, the proposed lattice QED implementation will have
a finite lattice spacing a. Deviations from the continuum limit will appear at a time
scale Tj,;, which is defined below.

One can balance between these three effects by adapting the following experi-

mental parameters:
1. The number of bosons per link Np,

2. the number of lattice sites N,
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3. the optical lattice spacing ajqt,
4. the lattice depth V,,

5. the radial confinement w ,,
6. the tilt of the lattice aj, .

Allowing different parameters for the bosons and fermions, the three time-scales
depend on 9 different experimental parameters. We are looking for a set of parame-
ters for which the minimum of (73,777, Tia;) becomes maximal. This optimization
is constrained by experimental restrictions, for instance the achievable number of
lattice sites.

In addition, each parameter set corresponds to two dimensionless parameters on
the lattice QED side, namely the lattice spacing am and the coupling constant e/m
in units of the fermion mass m. We wish to obtain relevant results for continuum
QED and thus seek small values of am < 1. On the other hand, we want to perform
benchmarking simulations employing an approximation which relies on e/m < 1.
These different desiderata generate a rather complicated optimization problem.

2.5.2 Simplified optimization procedure

Relying on physical intuition, we simplify the problem by considering the limiting
time-scales as a function of aj,; in the range 5 — 10um. Since one of the main
complications consists of realizing strong spin-changing collisions, we choose rather
shallow lattices, Vp = 2F,c. p and Vi = FEi. r and fix the tilts aj,«F, = 10J, such
that direct tunneling in the shallow lattice is suppressed. We further fix a strong
radial confinement w, , = 27 x 10kHz that renders the system effectively one-
dimensional. Now we can tune Np, such that 73 and 77, 7 lie approximately in the
same range. We choose Np = 3000, i.e., £ = 1500, which is sufficiently large for
the quantum link regularization to approximate QED. Finally, the total number of
lattice sites is irrelevant for the determination of three time-scales, but enters as the
IR-cutoff after having determined the simulation parameter am. We will come back
to this point later.

We can now calculate the effective bosonic interaction constant (¢gp) and the ef-
fective interaction constant for correlated hopping between the fermions and bosons
(9Br) as functions of aj,;. Finally, we may adjust the local oscillation frequency be-
tween the two fermionic states (2). Then, we can make the connection to lattice QED
according to Egs. (2.20), (2.21), and (2.22). On the QED side, we choose to measure
energies and times in units of m, which in experimental parameters corresponds
tom < Q —2,/{({+1)gp. As a bound for the validity of the lattice simulation,
we take Tj,ym = 27/ (am), which is the time when the momentum py,; = eETj,; of
particles accelerated by a constant electric field E = m? /e reaches the cutoff ~ 27 /a.
Within this framework, we consider a two-step procedure choosing first aj,; and
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FIGURE 2.5: The limiting time-scales T5(ajt) (blue, solid), Ttz (at) (red,
dashed), and Tia¢ (a1at, 2) (green, dotted; top to bottom for 2 = 27 x 4 — 7Hz
in steps of 0.5 Hz). An optimal choice of experimental parameters maximizes
the minimum of these three time scales, conditioned on the desired set of
simulation parameters, see 2.6. Note the logarithmic scale of the ordinate.
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FIGURE 2.6: Dimensionless parameters entering the lattice QED simulation,
am (Q) (red diamonds, dashed), and e¢/m (2) (blue squares, dotted). The
horizontal gray dashed-dotted line indicates the limiting unity. The inverse

behavior favors strong coupling at small lattice spacing.

subsequently 2 in order to optimize the functions 73(at), Tz (a1at) and Tiat (aat, 2),

am(a’la’u Q)/ e/m(alat) Q)

Figure 2.5 shows the limiting time-scales for different values of €2 in the range
of 2 x (4 — 7)Hz. As this plot shows, large values of aj,; are favorable if we
adjust Q accordingly. Consequently, we choose a rather large aj;; = 10pm and
plot the remaining 2 dependence of the lattice QED parameters in Fig. 2.6. The
observed converse behavior of am and e/m restrains us from choosing an arbitrarily
small lattice spacing a for the benchmarking simulations. Note that this should

not be seen as a problem of the implementation, but rather getting close to the
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continuum limit means studying the strong-coupling regime of QED?. This regime
is notoriously difficult for numerical simulations and thus a non-trivial target for
quantum simulation. For benchmarking, however, we choose the following two
possibilities:

Q=927 x 4.5Hz : am =045, e/m=0.45 (2.56)
Q=21 x6Hz: am=0.94, e/m=0.22 (2.57)

Finally, we choose the number of lattice sites to be N = 20, which corresponds to
a reasonable size of the optical lattice. The corresponding IR-cutoff on the QED
side in units of the fermion mass is given by 1/ (N x am) ~ O(0.1). Thus, we
should be able to resolve sufficiently many modes at small momenta to observe the

phenomenon of Schwinger pair production.

2.6 Benchmark: Onset of Schwinger pair production

Having shown how to use Wilson fermions in order to realize a particularly compact
formulation of 1+1D QED in optical lattices, we now turn to making quantitative
predictions for the proposed experimental realization. To this end, we perform
numerical simulations of an important effect that occurs in 1+1D QED: pair produc-
tion via the Schwinger mechanism [66, 67]. The mechanism describes how a strong
external electric field transfers energy to vacuum fluctuations and turns them into
pairs of real particles and anti-particles. In the present case of 1+1 dimensions, one
can analytically compute the particle-production rate in the continuum

no E 7B,
_ _ 2.
m2 ~ wE, eXp( E ) ’ (258)

which is valid for a constant background field that was turned on in the infinite past
[67] (see appendix 2.B for a heuristic derivation). Most importantly, the exponential
factor induces a dramatic increase of particle production above a critical field E. =
m? /e. In this regime, the particle production is non-perturbative and thus constitutes
an excellent non-trivial target for quantum simulation. Moreover, there is no known
analytic prediction for the fully interacting theory including the back-reaction of the
produced particles onto the gauge fields [91].

In the following, we show that the proposed implementation strategy, using a
mixture of fermionic °Li and bosonic 2*Na based on current technology, allows one
to simulate the Schwinger mechanism and the non-perturbative particle-production
rate. For benchmarking purposes, we consider the limit of weak gauge coupling,
where powerful functional-integral methods provide quantitatively reliable results

[95, 96]. Beyond this weak-coupling benchmark regime, the experiment should

’Here, we are referring to the bare parameters am and e/m. Approaching the correct continuum
limit is more subtle in general since it requires to adjust the bare coupling parameters as briefly
discussed in the introduction.
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be able to proceed also into the regime of strong coupling, where these functional-
integral methods are expected to fail. Details of the simulation procedure are

summarized in the following section 2.7.

2.6.1 Proposed experimental protocol

To quantum simulate the Schwinger mechanism, we propose the following experi-
mental protocol. First, the bosonic and fermionic atoms are loaded into the tilted op-
tical lattice structure. At sufficiently low temperatures, we will have single fermions
per lattice site in the state ||), and single-component condensates with average
particle number (dl,d,,) on the links. Initially, the imbalance 0 N,, = (bhbn — didy,) of
the two hyperfine states, which defines the electric field as discussed in section 2.3.3,
is tuned to J.V,, = 0. This can be achieved with a linear coupling between the two
states, e.g., via radiofrequency radiation. This initial state, where the electric field is
prepared in a product of coherent states, is only approximately restricted to a single
gauge sector. However, as it has been shown numerically [95], in the limit of large
boson number and for the present scenario the small fluctuations of the electric field
are too insignificant to compromise the gauge-invariant dynamics.

As described in the previous section, in the heavy-mass limit, the fermionic
vacuum is given by the local superpositions [«), = % (IM,, — 4),,)- This state
can be easily generated from a polarized gas by a /2 radiofrequency pulse (with
a phase shift of 7/2 with respect to the radiofrequency pulse € that drives the
dynamics). Together with the gauge fields, this realizes the ground state at infinite
fermion mass. Alternatively, one may adiabatically prepare the ground state at a
finite value of the fermion rest mass, e.g., by adiabatically ramping down the optical
lattice such that the correlated hopping is gradually turned on.

With either choice of the fermion initial state, the dynamics can be started by
quenching the bosonic imbalance §.V,, from zero to a desired initial electric field. For
the experimentally less demanding case of the infinite-mass ground state, this will
realize a combination of the targeted Schwinger mechanism with a mass quench
from infinity to a desired, finite value. Below, we demonstrate that both initialization
procedures yield comparable results for the particle production rate, at least for the
parameter regimes studied in this work (i.e., weak coupling and relatively coarse
lattices).

After the initialization procedure, the system evolves for a desired time under
Hamiltonian (2.19), after which we extract the relevant observables. In particular,
we are interested in the volume-averaged electric field and the total fermion particle
number. The first is easily achieved by reading out the bosonic imbalance via
standard absorption imaging. Current experimental techniques allow for single-site
resolution, such that one can also access the local electric fields and their spatial

correlations.
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The total fermion particle number can be measured in a number of ways. First,
the definition of the particle number given in Eq. (2.26) can be measured by adia-
batically transferring the system to the limit of infinite mass by increasing (2, see
Eq. (2.20). A subsequent 7 /2 radiofrequency pulse around the y axis on the fermion
Bloch sphere maps fermions in the upper (lower) band onto the pseudo-spin state
1) (I4)). Through a Stern-Gerlach measurement, one can thus detect the produced
particle-anti-particle pairs. In addition, their momentum dependence can be re-
solved by time-of-flight imaging. Since the increase of m amounts to an increase of
the critical field E. = m? /e, this scheme effectively turns the Schwinger mechanism
off smoothly, in a similar spirit as for the so-called Sauter pulses that are often
used to model the Schwinger mechanism in time-dependent (classical) background
tields [91]. Second, one can map out the full band structure by adapting the to-
mography scheme developed in Ref. [97] and first demonstrated experimentally
in Ref. [98]. The particle number is obtained by comparison to the tomography
for the ground state at the mass parameter targeted in the dynamics. Third, the
full information about the fermionic part of the theory can be reconstructed by
measuring spin-dependent and spatially resolved fermion correlation functions,
either via quantum-gas microscopy [99-101] or, since we are interested in the spatial
continuum limit, on coarse grained length scales larger than the lattice spacing.

2.6.2 Simulated real-time dynamics of fermion density and electric field

While lattice-QED has only two free parameters am and e/m, one can change
various ingredients on the experimental side. Different choices can drastically affect
the various time scales governing the quantum simulator. Following the simple
optimization procedure discussed in 2.5, we focus on two examples of realistic
parameter sets, which translate to

(1): am = 0.45 | e/m =0.45, Ey/E.=T7.
(ii): am = 0.94, e/m=0.22, Ey/E.=3,

As these values illustrate, if working at finer lattice spacing am, experimental re-
strictions of the present proposal require an increase of the coupling e/m. This
combination limits the numerical technique employed here to coarse lattices, as it is
quantitatively reliable only at small e/m. However, in the experiment it will allow
one to reach exactly the most interesting regime, namely close to the continuum
limit and with strong coupling.

Since the results for these parameter sets are qualitatively very similar, we
discuss in the following only the set (i) (Fig. 2.7) and delegate the results of set (ii)
to the next section (Fig. 2.9). For both choices, the initial electric field Ey exceeds
the critical value in Eq. (2.58), and thus we expect an enhanced production of
electron-positron pairs. We simulate the real-time evolution of the particle number
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FIGURE 2.7: Benchmarking simulations (¢/m = 0.45, am = 0.45, N = 20, and
¢ = 1500; blue solid line) qualitatively recover the ideal continuum Schwinger
rate (the limit of small am as well as large N and ¢; black dash-dotted). As
the interpolating lines for different am at fixed volume L = aN = 9/m show,
the benchmark simulations are converged with respect to £ and smoothly
approach the continuum prediction (dashed lines from dark to light blue
am = 0.3,0.225, and 0.1).

as well as the decay of the initial electric field employing a semi-classical functional-
integral method [10, 87, 95] summarized in the next section 2.7 and compare them
to an idealized implementation with /, N — oo and a — 0. The latter is obtained
numerically by increasing ¢ and approaching the spatial continuum limit (¢ — 0
with aN = const) until convergence of the fermion density and the electric field is
observed. For the presented realistic parameter sets, though quantitative deviations
from the expected QED behavior occur, the observed particle production shows
good qualitative agreement. It is also possible to observe the onset of the decay of
the electric field due to the backreaction of the fermions. Observed deviations are
mainly due to the large lattice spacings and do not result from the finite / < oo,
which we conclude from the interpolating curves that approach the continuum
limit with decreasing a, while keeping ¢ constant. The quantum simulator will thus
be capable of simulating a dynamical lattice gauge theory, though the realistically
reachable lattice parameters a still lead to quantitative deviations from the spatial

continuum limit, at least for the weak coupling regime.
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FIGURE 2.8: The proposed quantum simulator can quantitatively predict the
non-perturbative behavior of the particle-production rate due to the Schwinger
effect[67]. Blue squares (red diamonds) are extracted from linear fits to results
of our benchmark simulations without (with) initial mass quench. The right-
most squares corresponds to the set of realistic parameters used in Fig. 2.7
(and 2.11) and the others only differ in the initial electric field. The black
dashed-dotted line is the analytic prediction. For the parameters chosen in this
work, the results for both initialization procedures agree within the estimated
experimental accuracy (cf. section 2.7). Main panel: particle-production rate,
rescaled by the linear factor E/ (7 E.). Inset: full rate in logarithmic scale.

2.6.3 Non-perturbative particle production rate

Even with lattice artifacts, the dependence of the particle production rate on the
initial value of the electric field is highly non-trivial. In Fig. 2.8, we present the
numerically extracted particle production rate after dividing out the “trivial” linear
dependence on F, for both initialization procedures outlined above and compare
it to the analytical prediction (2.58). Our simulations indicate that the proposed
implementation can reproduce quantitatively the non-perturbative suppression
of particle production for weak fields £ < 7FE.. For larger fields £ > 7E., we
furthermore observe the expected saturation of the rescaled rate, though quantitative
agreement is not achieved due to deviations from the continuum limit. Nevertheless,
the full rate, plotted in the inset of Fig. 2.8 is remarkably close to the analytic
prediction over two orders of magnitude for our simulations both with and without
initial mass quench. (The excellent agreement for weak fields should be taken with a
grain of salt since the rate will be very challenging to extract in a realistic experiment
in this region.) As these results indicate, non-trivial effects of lattice gauge theories
are within reach of current optical-lattice technology.
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2.7 Details of the numerical simulation

For our numerical simulations, we employ a functional-integral approach that was
also used to benchmark a previous implementation with staggered fermions [10,
87]. The main idea of this method is to map the full quantum theory onto a classical-
statistical ensemble, which is achieved by a semi-classical expansion around the
initial state. Observables are then obtained by solving classical equations of motion
and sampling over fluctuating initial values. This results in a non-perturbative
approximation of the quantum dynamics, which is valid for sufficiently large electric
fields E and weak coupling e/m. In the context of cold atomic gases, the method
is related to the well-known truncated Wigner approximation and can be derived
by integrating out the fermionic degrees of freedom. The validity to benchmark the
proposed quantum simulator relies on the fact that the dynamics is dominated by
the Bose condensates and that direct interactions between the fermions are absent.

2.7.1 Classical equations of motion

In order to calculate the equations of motions for the classical-statistical approach to
Bose-Fermi mixtures, we consider the Weyl symbol of the cold atom Hamiltonian
(2.19), which is given by

2
H= % S (1bal* + 1dnl*) + (m + i) > (d)l,lwn,z + ¢L72wn,1> (2.59)

n n

w;rz—l,lb;—ldn—lwnﬂ + h.c.) .

1
+a«/€(€+1)zn:<

In this expression, b, d,, are c-numbers and v, o, are fermionic operators at site n

and hyperfine state o. Thus, we can decompose the Hamiltonian to H = Hg + Hp,

a€2

with the pure c-number part Hg = %~ 3" (|by|* + |dn|*) and the fermionic part
Hp =3 a8 Pha (hr)25 4, 5, where we abbreviated

1
(et = (ot ) Bomo?
1

- a\/L(L+1)

with the Pauli matrices

01 0 —1 1 )
Oy = (1 O) , oy = (z 0) , Uizi(ax:twy) . (2.61)

In terms of the equal-time two-point function Dﬁ‘ﬁl = <1/J;fn,a1/1n75>, where (...)

(b;;dmam,n,laiﬁ n d;_lbm,l(sm,l,naiﬁ) (2.60)

denotes a quantum expectation value, the explicit equations of motion for the
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classical-statistical theory are derived from

0H d(h

iatcn = A + Tr ( F)_D s z@th‘nﬁn = [hF, D]%ﬁn s (262)
oc;, oc,

where ¢ € {b,d} and the trace runs over spatial and fermionic species indices

m,n and «, 3, respectively. Rewriting DB — %5mn(50‘5 — FPY with the statistical

propagator Fob = 3 < [wm@, wi /3} >, the full set of equations of motion can be

reduced to
2
. _ ae 2 _ dn 21 *
i0pby, = 9 ‘bn| bn, a £(£ T 1) [FnJrl,n} ’ (2.63a)
2
_ _ae 2, by, 21
10¢dp, = 9 |dn|” dn N 1)Fn+l,n ) (2.63b)
IO 2 = (m - i) (F2 —FL) (2.63c)
1
— (b dnF? = b dy 1 F )
+ a €(£+1) ( m n,m+1 n—1 1L, l,m)
i FL = <m + 1) ([Fgl;] - Fg}n) (2.63d)
a
1 *
SR dm F21 _d*an21 )
a €(€+ 1) < m [ m+1,n] n n+1,m)
i0,F2 — <m + 1) (P21~ [F20)°) (2.63¢)
a
1 *
—(d b F2 =0 d, oy [FE .
+ a E(E—l—l) < m—1 15 m—1 n—1 1[ mmn 1] )

Solving these equations numerically for the initial values specified in the next
subsection allows us to benchmark our proposed implementation with Wilson
fermions. Since the dynamics is dominated by the coherent electric field, a single run
with given initial conditions already gives a good approximation. For the purpose
of the present work, we therefore omit the statistical sampling of fluctuating initial

values, similar to what was done in Refs. [10, 87].

2.7.2 Initial values

As discussed above, we consider Schwinger pair production as a test of the proposed
implementation of cold-atom QED. Accordingly, we initialize a fermionic vacuum
state in the presence of a strong electric field that exceeds the critical value E, =

m?/e.

Gauge sector

In the gauge sector, we initialize a coherent electric field as a coherent spin state

with expectation value L,(Z?T)L. The constraint 2¢ = bILbn + dﬁdn is Wigner transformed

to the c-number expression 2¢ = \bn\2 + \dn|2 — 1, which allows for solving the
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Weyl symbol of the spin operator, L., = % (\bn|2 — |dn]2>, for b or d as |b,|?> =
(C+Y +(Lew)y » lda)* = (¢+3) = (L) Thus, we choose the initial values

bu(to) = \/ (é + ;) +19) (2.64)

1
dn(to) = \/ (f + 2) -1 (2.65)
(0)

where L;; € [—/(,{]. We choose a homogeneous initial value Lg?,)z = Ey/e with

electric field £y = 7E, and Ey = 3E,, respectively, for the two sets of optimized
experimental parameters. These values are related to the initial bosonic imbalance
as AN = 2Ep/e ~ O(100) < ¢. To ensure that three-particle losses are not only
irrelevant for the absolute number of Ng atoms but also for their relative distribution
among the two hyperfine states, we stop the simulations at O(100 ms) instead of
O(1s).

Fermion sector

We want to initialize the fermion sector in a vacuum state, i.e., a ground state of
the fermionic part Hy, without electric fields. To this end, we diagonalize Hy, =
Dok Wk (aLak + chk — 1), by the canonical transformation

N G (2.66)
ct) V2 \uka— 2 |
k k,1 Wk k,2
in Fourier space, wk@ = ﬁ Zi\[:_ol 6727”'"]6/N¢n7a, with the diSpQI’SiOl’I relation Wi =

25|, where zj, = m + 1 (1 + exp (2%%)). The ground state |2) is defined by ay|Q2) =
cx|?) = 0, which translates into the following initial conditions for the fermionic
propagator in momentum space,

Wi
Fit(to) =0, FZ(t) =0, F2L(to) = 2 (2.67)

and F,?kﬂ,(to) = 0 for k # k’. These correlators are related to position space via

2mi

Fifl = S e PR,

Gauge invariance

The chosen initial conditions fulfill the (mean) Gauss’ law

1
<Gn> = (|bn‘2 - ‘dn|2) - 5 (|bn71|2 - ’dnfl‘z) + Férlz + ng =0. (2-68)

DO =

This constraint is satisfied during the time evolution by construction, which can also
be verified explicitly by applying the equations of motion.
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2.7.3 Observables

We extract the total electric field as

2

n

The total fermionic particle number density is
1 _
n=- > i (2.70)
k

where 1y, = <d£dk + ELE;Q = E—’i + 1 and the tilde denotes quantities derived from
the instantaneous diagonalization of the fermionic part of the Hamiltonian in the

homogeneous background of b, d. Then
&= — (sz,g,g + [ng,f,g]*) @2.71)
with Z,(b,d) = M + 1 (1 4+ d*bexp (25£)) and @ = |Z|-

2.7.4 Numerical results for an alternative parameter set

For comparison with Fig. 2.7, we show in Fig. 2.9 the results for the second parameter

set
am = 0.94 e/m=0.22, Ey/E. =3,

Qualitatively, the behavior is very similar to what we found in Fig. 2.7, indicating
that in this regime of weak coupling the slightly different values of e/m do not
qualitatively affect the physics of the Schwinger mechanism. However, due to the
relatively large lattice spacing, the electric field and the fermion density start to
deviate more strongly from the expected continuum behavior at about ¢ ~ 70 ms.

2.7.5 Details concerning Fig. 2.8, particle production rate

We extract the particle production rate by fitting a linear function with an offset to
the simulated particle number. The final and initial points for this fit have to be
adjusted due to the following two reasons. First, the initial value problem considered
here can be understood as a quench of the electric field. Therefore, the very early
time dynamics is dominated by this quench and not by the Schwinger mechanism,
which is a many-body phenomenon appearing in the long-time limit. Second, the
simulation is limited by lattice artifacts as discussed in section 2.5. The reason is that
the produced particles are accelerated and invalidate the simulation as soon as they
reach the boundary of the Brillouin zone. We empirically find that we can avoid
both complications if we take 6t = 1/m as a constant window length for the fit and
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FIGURE 2.9: Benchmarking simulations at e/m = 0.22. For the experimen-
tally relevant value of am = 0.94, stronger deviations from the continuum
limit can be observed than in Fig. 2.7. Nevertheless, the results connect
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0.125 = simulation 20
~§ === Jinear fit ~§ ’
=70.100 =
2 215
wm — wm
5 0.075 5
": ": 1.0
g 0.0%0 g
g g
g 0.025 5051
= =

0.000 0.0 4

1 2 3 4 0
Time tm

— simulation

mmm |inear fit

1 2 3 4
Time tm

FIGURE 2.10: Examples of two linear fits underlying Fig. 2.8. Left: Ey/E, = 1
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adjust the initial point accordingly. In Fig. 2.10, we show the fits for the largest and
smallest values of F, that we considered.

In order to estimate the experimental error of the rescaled rate, we tentatively
assume that the bosonic particle number imbalance <bILbn — d,d,,) can be measured
with an absolute accuracy of 10 particles on each site. Then the electric field E/E,
has an uncertainty of A (E/E.) ~ 0.07, see Eq. (2.69). We have further included the
standard deviation of the fits in the calculation of the errors, although it is negligibly
small compared to the uncertainty of the electric field. Though both errors are
barely visible in total rate (inset of Fig. 2.8), they lead to significant uncertainties
of the rescaled rate for larger fields (main panel of Fig. 2.8). Nevertheless, the non-
perturbative behavior of the Schwinger rate can be clearly seen, and the qualitative
agreement with the analytical predictions is satisfactory, in particular in light of the
fact that the latter are derived for the limit of infinitely large times.

To close this section, let us comment on the experimental challenges to extract the
rate. The total particle number corresponding to the density n/m = lisn/mxL =9,
thus on average O(10) respectively O(0.1) particles are produced over the whole
lattice for the initial value £ = 7E, respectively I = 1FE.. Consequently, while the
large-field case seems reasonably accessible, in the weak-field case the precise detec-
tion of the produced particles is very challenging with current technology. Moreover,
the measurement of the rate requires an even higher accuracy as compared to the
total particle number. This is more relevant for the weak-field regime, where the
initial quench dynamics dominates the total particle number production at the short
times accessible in the experiment. Concerning the time-scales, we finally note
that the fits for £ < TE, require an observation time of up to ~ 400 ms. This may
limit the observability of rates at small fields, since then three body losses become

increasingly important, see Sec. 2.5.1.

2.7.6 Results for the initial infinite-mass vacuum

In this subsection, we present results for the experimentally more feasible initial-
ization of the free fermion vacuum for infinite mass m. Therefore we initialize the
numerical simulation according to the fermion correlators (2.67) with m — oo and
solve the same equations of motions as before (with finite m). This corresponds to
an additional quench of the fermion mass that is absent in the adiabatic preparation
of the fermion vacuum. Figure 2.11 compares the extracted particle number density
and the electric field for this initial condition to the data already shown in the main
part. Due to the additional mass quench, the initial state is not the true vacuum of
free fermions and thus the system starts at non-vanishing fermion density. Even
though the quantitative behavior of the particle-production is quite different, the
production rate is very similar to the previously shown result. At the short times
presented here, the electric field also shows qualitatively the same behavior as for
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FIGURE 2.11: The mass-quenched simulation (e/m = 0.45, am = 0.45,
N =20, and ¢ = 1500; red dashed line) shows a similar growth of the fermion
density as the simulation without an initial mass quench (same lattice parame-
ters; blue solid line). The main qualitative difference for this parameter regime
is the non-vanishing initial fermion density, which is due to the mass quench
not realizing the vacuum of the free fermions. Both experimentally relevant
simulations yield a growth rate comparable to the ideal continuum result (the
limit of small am as well as large IV and ¢; black dash-dotted).

the simulations without mass quench. For comparison, we have included the simu-
lations with mass quench in the analysis of the production rate of electron-positron
pairs shown in figure 2.8.

The consistence of the results leads us to conclude that the quantum simulator
could also be benchmarked following the experimentally simpler initialization
procedure, at least for the experimental and resulting lattice parameters that we
have chosen in this work.

2.8 Summary

To summarize, exploiting the freedom in discretizing relativistic fermions on a lattice
opens up a hitherto unexplored possibility for optimizing quantum simulators in
view of experimental implementations. We have exemplified this for the Wilson
formulation of lattice fermions, where it enables an elegant implementation of 1+1D
QED. Our numerical benchmark calculations indicate that available experimental
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resources may access the Schwinger mechanism of particle-anti-particle production,
and in particular extract the non-perturbative onset of the production rate. The
performance of the quantum simulator may even be further improved by resorting
to mixtures with enhanced spin-changing collisions, such as sodium—potassium.

As a final aim of a cold-atom quantum simulator, it stands to advance into pa-
rameter regimes that are not accessible to computer simulations. For the optimized
parameters in the experimental implementation proposed in this work, the dimen-
sionless coupling e/m and the lattice spacing am cannot be tuned independently.
Rather, as one is increased, the other one has to be decreased and vice versa, which
can be exploited as follows. First, one can use the particle-production rate in the
regime of small e/m (and thus large am) to benchmark the quantum simulator using
numerical methods. The experiment may then proceed into the relevant regime
of strong coupling, which for the optimized parameters permits us also to reduce
the lattice spacing. This regime of strong coupling is not accessible within current
numerical simulations such as the functional integral method employed here. The
proposed experiment involves 20 x 2 = 40 fermionic degrees of freedom interacting
with 20 BECs of O(1000) atoms each, resulting in a Hilbert space size that is also
beyond the capability of exact diagonalization methods. While the specific case
of 1+1D gauge theories can also be treated efficiently using methods based on the
density matrix renormalization group [96, 102-104], these approaches are typically
limited to low dimensions and equilibrium properties or short time dynamics. Since
a quantum simulation of lattice gauge theories may in principle be free of such
limitations, a generalization of our present work using Wilson fermions to, e.g.,
higher dimensions will be extremely interesting.

Our work also opens an interesting pathway for future theoretical investigations.
By casting Wilson fermions in the compact form of the Hamiltonian in Eq. (2.6),
the free lattice theory becomes manifestly equivalent to the Su-Schrieffer-Heeger
model, one of the simplest models displaying non-trivial topological properties [105].
Indeed, the topological properties of free Wilson fermions have been considered in
Ref. [74] and, very recently, in Ref. [76]. Such topological properties in the context of
interacting gauge theories are the subject of the final chapter 4 of the first part of this

thesis.
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Appendix: Cold atoms in a tilted optical lattice and Landau-

Zener tunneling

In this appendix, we give more details about the description of cold atoms a tilted
optical lattice. In section 2.A, we discuss the energy levels of the Wannier-Stark lad-
der, their wavefunctions and estimated lifetime. In section 2.B, we present a simple
derivation of the Landau-Zener formula, from which we deduce the Schwinger pair

production rate.

2.A The Wannier-Stark system

In this section, we summarize some important aspects of the Wannier-Stark problem
following the detailed review [93]. Consider a quantum-mechanical particle of
mass m moving in a one-dimensional periodic potential V(z 4+ a) = V(z) with
lattice spacing a, subject to a constant force F'. For later purposes, we also assume a
reflection invariant potential V (—z) = V' (z). The corresponding Hamiltonian reads

Hy = Ho + Fz Hy = p—m +V (), (2.72)

where Hj denotes the unperturbed Hamiltonian (F' = 0). Most importantly, the
linear term breaks the discrete symmetry  — x + a. Thus for an eigenstate Hyy ¥ =
Ey¥, we can generate a ladder of new eigenstates with different energies

E =FEy+laF, €7, (2.73)

by translation over [ periods. This is the so-called Wannier-Stark (WS) ladder. We
expect any superposition of these states to show oscillations with the Bloch period
Tp = 2%. However, the tilt leaves the full Hamiltonian (¥ # 0) unbounded from
below, such that Hy has a continuous spectrum. In fact, the states of the WS ladder

are merely resonances,
Eat = Eo + laF — %ra , (2.74)

with a finite lifetime 7 = % and band index «a. There exist powerful methods to
determine the precise value of &, ; and the corresponding eigenfunctions, see [93].
For our purposes, it suffices to treat the eigenfunctions and the real part of &,
within a tight-binding approximation and determine the imaginary part of £, ; from

a Landau-Zener tunneling estimate.
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2.A.1 Tight-binding model

It is well known that the eigenfunctions of the F' = 0 case are Bloch waves,

H(]d)a,k = 6a(k)¢a,k 5 ¢o¢,k(x) = eikmua,k(x) ) ua,k('r + CL) = ua,k(x) ; (275)

where the quasi-momentum £ is restricted to the first Brillouin zone —g <k< g
because of the periodicity of the Bloch bands, €, (k) = €4 (k + 2). We may choose
the phase of the complex Bloch functions ¢, (x) to make them periodic and analytic

functions of k, such that we can expand them in a Fourier series with coefficients

i) = | // e HMagy () (2.76)
known as Wannier functions. They are exponentially localized in the [-th cell
of the potential and form a complete set w.r.t. both indices, a and [. The tight-
binding approximation is derived by calculating matrix elements in the Wannier
basis, keeping only the diagonal elements of F'z, as well as diagonal and secondary
diagonal elements of Hy w.r.t. [, i.e.,

Hrg =Y (YaglHo+ Fx|tha,)|ta) (Yol

a,l

+ > {WailHoltha 1) Ve ) (Yo rs1] + (Wair1| Holtban) Y1) (ail} -
a,l
(2.77)

In particular, Hy gives the energy contribution

<wa,l H0|¢a,l> = /dﬂ? ¢;,l(x)H0¢a,l($) = /d.T dk dq d)a,q(x)eiqlaHOe_iklaﬁba,k(x)
— a i(qg—Fk)la _ a _ -
- / dkdge baadhgcalk) = - / dhen(k) =en (278

and similarly the hopping element

<7;Z)a,l|H0|1/)a,l+1> = /dgC w;,l-s—l(x)HOd}oc,l(x) = % /dk e_ikafa(k) =Jo, (279)

where every momentum integration is restricted to the first Brillouin zone. Since
Bloch waves are eigenfunctions of the translation operator 7T,z = = + a, the Wannier

functions obey 4 14+1(2) = ¥, (2 — a) from which we find
<¢a,l+n|F$‘wa,l+n> - <¢o¢,l|Fm|wa,l> = nal’ ) n € N. (280)
Dropping an irrelevant constant, the tight-binding Hamiltonian becomes

Hrg =Y {(fa+1aF) [thag)(Vail + Jo [[ay) (Yair1] + hel} (2.81)

a,l
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where we have used J, = J due to the symmetry €,(—k) = €, (k). To diagonalize
Hrp, we make the ansatz |V, ;) = > . cm (1) [1a). The eigenvalue equation
Hrplta) = Ea,ltba,) implies

Eqo) — (€a + mal)
Ja

Cm1(a, ) + epm—1(a,l) = em(a,l) (2.82)
i.e., the expansion coefficients obey the same recurrence relation as solutions to the
Bessel equation

zQBZ(z) +2B.(2) + (z2 — VQ) B,(z) =0, 271/31,(2) = By+1(2) + Bu-1(2) .

(2.83)

Normalizability in the infinitely large system determines the coefficients to be Bessel
functions of the first kind*,

em(a,l) = Jm-y <f;;a) ) (2.84)

and determines the spectrum to be the WS ladder, E,; = €, + laF. The physical
interpretation is the following;:

e For F' = 0, the energy levels of the Wannier states [1,,) coincide for every
[ and the tunneling .J,, couples them into Bloch states |¢pa ) = >; €™ [1a),
which produces the Bloch bands €, (k) = €, + 2J, cos(ak).

¢ For F' # 0, the degeneracy is lifted and tunneling is suppressed, such that we
find the Wannier-Stark functions [V, ;) = 3, Jum—i (222) [¢ha,) as eigenfunc-
tions corresponding to the discrete WS ladder, which are effectively localized

on a few lattice sites.

2.A.2 Landau-Zener tunneling

Since the tight-binding approximation is unable to determine the lifetime of the
WS resonances, we make a semi-classical estimate using the Landau-Zener (LZ)
formula,

TA?
Pz =exp (_46(A:O)|> , (2.85)

which yields the asymptotic probability for a transition between two energy eigen-
states at an avoided crossing. Here, A denotes the energy gap between the two
states and |é(A = 0)] is the “velocity” of the crossing at vanishing gap. We restrict
ourselves to the lowest band in the tight-binding model described above. A is then
just given by the band gap between the ground band and the first excited band and
it remains to determine the “velocity” |¢(A = 0)].

*There should be no danger of confusing the tunneling elements .J,, with the Bessel functions .J,,—;.
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The gauge transformation ¢ (¢, z) — 9 (¢, z)e~*F** brings the Hamiltonian (2.72)
into the form

(p — Ft)?
2m

H = +V(z). (2.86)
This observation demonstrates that any Bloch state (semi-classically) has a time-
dependent momentum k(t) = kg — F't, which explores the first Brillouin zone and
gets periodically reflected at its boundaries, |k| = 7. For simplicity, we consider
a single LZ transition at the position of the avoided crossing between the ground
band and the first excited band, i.e., at |k,yoided| = 5, for each Bloch period T. In
the limit of vanishing gap, the dispersion relation becomes the one of a free particle,
e(k) = %, such that we can calculate the “velocity”

de(k) dk(t) T 2a

(A = = —_— =—F=—FE.F, 2.87
&€ 0) dk dt |po_g p=zx ma T 287)
where we have introduced the recoil energy F, = 57— . Thus we approximate the
decay rate of the ground band as
1 aF T2 A2
' —Pz=— — . 2.
Tg Lz = or P < 8EraF> (2.88)

Note that we have implicitly assumed that the system is “off resonance”, in the
sense that no two states of WS ladders from different bands are degenerate. We
should keep in mind that such a degeneracy may drastically decrease the lifetime
due to resonant LZ tunneling.

2.A.3 Cold atoms in a tilted lattice

For the relevant case of cold quantum gases in an optical lattice, we consider the

potential
vosi? (7F
V(x) = Vysin ( " ) . (2.89)

The case of F' = 0 is well-known [106] and the corresponding eigenvalue problem

can be brought into the form of a Mathieu equation,
2 E
Oy + | o= — s ) +scos(2y)| ¥E(y) =0, (2.90)
Vo

where y = 7* and the parameter s = 2 g—f controls the lattice depth. The dispersion
relation for the ground band is given by

e(k) = % — 2J cos(ka) , (2.91)
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where wg = sE,. The width J of the band can be expressed with the help of Mathieu
functions. In the limit of a deep lattice, s > 1, one finds

) 1/4
J ~ wo (85> e (2.92)

2
Consequently, the tilted lattice (F' # 0) features the WS ladder

E = %—HaF, = (2.93)

and nearest-neighbor hopping is suppressed for

aF > |J|=2J . (2.94)

Additionally, experiments are limited by the lifetime

1 27 T2 A2 U 2m m2$%E, (2.95)
T T wr P \REaF ) T aF TP\ T gar ) '

where the band gap can be calculated from Mathieu eigenvalues as A =~ wy in the
limit s > 1. In this limit, we may further approximate the Wannier functions of the
ground band at site / as harmonic oscillator eigenfunctions

2
(@) = (matio) M exp (—%) , (296)
where z; denotes the [-th minimum of V' () and the harmonic oscillator length apio =
(mwio) /% is obtained by matching the trapping frequencies with the curvature of
the potential around the minima, i.e., mw#o = V" (x;). For the calculation of overlap
integrals involving Wannier-Stark functions we use the next-to leading order in their

expansion as

4] 2J
Uy(z) = ; Im—1 (_aF) Um(z) = Ui(x) — oF [hrs1(z) =i (@), (297)
where we made use of the series expansion of Bessel’s functions as
B o0 (_1)j z 2j+n
J”(Z)_jz;jll“(n+j+1) (2) ' (2.98)

2.B Derivation of the Landau-Zener formula

Consider a two-level system described by the Hamiltonian

1 (vt A
Hi7 = - . 2.99
o 2) 2o
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It has the eigenvalues Ay (t) = j:%\/A2 + (vt)Q, i.e., for A # 0 the system exhibits
an avoided crossing. Let us assume that we prepare the ground state in the infinite
past. What is the probability to find the system in the excited state in the infinite
future? The answer is given by the Landau-Zener (LZ) as discussed below.

We give a convenient solution of the problem [107] that does not rely on the
explicit solution of the Schrodinger equation. Writing the general wavefunction
W(t) = (a(t), 8(t))" with the initial condition [1(¢)|2 — (1,0)” (t — —o0), it is our
2

task to calculate |(t)|* at t — oo. Applying the Schrodinger equation 01 (t) =

H4)(t) twice, the components decouple and we find

i = |2 (Y 4 (Y e (2.100)
at) = |5 5 5 a(t) . .
Instead of solving this equation explicitly, we use the fact that
=g el a(oo)
/OO dt all) log [a(—oo)] (2.101)

and evaluate the left-hand side as follows. If the problem has a convergent solution,
then

a(t) ~ |aje” P (2.102)

as an asymptotic expansion at ¢ — oo with a time-dependent phase ¢, (t) and a

time-independent amplitude |«|. Then the e.o.m. becomes

fro- [+ ()

which is solved by

+i [gba(t) - 9} } alt) =0, (2.103)

. v vlt| AN? ot 1 /A\? AN?
alt) =5, @alt) =E—"4/1 — | =591+5( = — .
Palt) 97 ¥ ®) 2 * <vt> 2 { * 2 (vt) o vt
(2.104)
Consequently, we approximate
at , (vt A2
—L > —ipa(t) = —i | — + — 2.1
o) 19 (t) z<2 + 4vt> + (2.105)

and solve the integral by extending it to the complex plane and applying Cauchy’s

> al) _ . a(z)
/_Oo d a(t) /Ci d a(z)’ (2.106)

theorem,
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where C. denotes an upper resp. lower infinite half-circle given by z = Re** with
6 € [0,7] and R — oo. Therefore

™ 2 2 2
log | -2 | _ 4 / g (CE o A7) _  TAT (2.107)
a(—00) 0 2 4v 4v
Normalizability requires the negative sign, such that
2
a(00) = a(—o00) exp (—FA> . (2.108)
4v
Using the initial value |a(—00)|? = 1, we arrive at the celebrated LZ formula for the
probability to find the system in the excited state,
2
P =|a(c0)]? = exp <—”2A ) . (2.109)
v

The final result depends on the energy gap A between the two states. We want to
emphasize that the second parameter v can be obtained as

_ ‘dki(t) , (2.110)

dt

v
2 A=0
i.e., it describes the “slope” of the energy levels at the avoided crossing in the limit

A — 0.

2.B.1 Schwinger pair production from Landau-Zener tunneling

Using the Landau-Zener formula, we also provide a heuristic derivation of the
Schwinger pair production, Eq. (2.58), in the following. The bare fermion vacuum
of QED can be seen as an insulator with mass gap 2m. Applying a constant external
electric field modifies the momentum as p — p 4 eEt. Focusing first on p = 0, the
probability of exciting a fermion-antifermion pair is equivalent to the Landau-Zener
problem with v = eE and A = 2m. This observation immediately implies that the
electric field results in an occupation of

™m

2
ng = exp <—€E> . (2.111)
Due to the dispersion w(p) = \/p2 + m2, the pair production is exponentially sup-
pressed for any p # 0. Neglecting any backreaction of the produced fermions on
the electric field, the former will simply shift through momentum space with p(t) =
p+ eEt. We thus expect the particle number distribution n(p, t) = no©(p)O(eEt —p)
for an external field turned on at ¢ = 0. Then the total particle number density is

n(t) = 2/00 dfpn(p,t) = %Et exp (—ﬂzng> : (2.112)

oo 2T
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where we included a factor of 2 to account for fermions and anti-fermions. Taking a
time derivative, we reproduce Eq. (2.58). This argument also gives another point
of view on the validity of the Schwinger rate. It neglects any switch-on effect of
the electric field and can therefore only be valid at sufficiently late times when the
Landau-Zener formula becomes accurate. At the same time, the backreaction of the
produced fermions on the electric field is neglected, which invalidates the rate in
fully dynamical QED at late times. Moreover, the whole argument is based on a
tunneling process across the mass gap. Hence, we can the expect the pair production
rate to be correct in an intermediate regime of not too early and not too late times,
parametrically 1/m <t < 1/e, in a weak-coupling regime e < m with strong fields
E 2 m?/e.
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Chapter 3

Realization of a scalable building
block for U(1) gauge theories

This chapter and its appendices 3.A and 3.B are based on the article [16] with the
figures and large parts of the text taken from it. The authors of [16] contributed
as follows: A. Mil, A. Hegde, A. Xia and R. P. Bhatt set up the experiment and
performed the measurements; A. Mil and myself performed the data analysis;
P. Hauke, J. Berges and myself developed the theory; P. Hauke, J. Berges, M. K.
Oberthaler and F. Jendrzejewski supervised the project. All authors participated
in the writing of the manuscript [16] and I made significant contributions to the
wording and structuring of the text. In the appendices 3.C and 3.D, I include
additional related material that was not printed in [16]. The article [16] is also
covered in the experimental doctoral thesis by A. Mil [108].

3.1 Proposed implementation

Our aim is the development of a scalable and highly tunable platform for a continu-
ous U(1) gauge theory, such as realized in QED. Here we enforce the defining local
U(1) symmetry through spin-changing collisions in atomic mixtures, as discussed
in the previous chapter. This promising mechanism to protect gauge-invariance
has been put forward in various proposals [10, 18, 22, 29] but so far it was not
demonstrated experimentally. In this chapter we demonstrate the engineering of
an elementary building block in a mixture of bosonic atoms, demonstrate its high
tunability, and verify its faithful representation of the desired model.

Building on the results of the previous chapter, we further propose an extended
implementation scheme in an optical lattice, where each lattice well constitutes an
elementary building block that contains both matter and gauge fields. Repetitions
of this elementary unit can be connected using laser-assisted tunneling. Importantly,
gauge and matter fields are spatially arranged in such a way that the spin-changing
collisions occur within single lattice wells, in contrast to previous proposals [10,
18, 22, 29] where the gauge and matter fields were spatially separated and spin-
changing collisions had to be accompanied by hopping across different sites of the

optical lattice.
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FIGURE 3.1: Engineering a gauge theory. (A) Structure of a lattice gauge
theory. Matter fields reside on sites, gauge fields on the links in-between.
(B) Proposed implementation of the extended system. Individual building
blocks consist of long spins (representing gauge fields) and matter states,
which are confined within the same well and whose interaction constitutes
a local U(1) symmetry. An array of building blocks in an optical lattice is
connected via laser-assisted tunneling. (C) Experimental realization of the
elementary building block with bosonic gauge (sodium) and matter (lithium)
fields. The gauge-invariant interaction is realized by hetero-nuclear spin-
changing collisions.

We specify our proposal for a one-dimensional gauge theory on a spatial lattice,
as visualized in Fig. 3.1A. Charged matter fields reside on the lattice sites n, with
gauge fields on the links in-between the sites [109]. We consider two-component
matter fields labeled “p” and “v”, which are described by the operators (zSn,p, boy)-
To realize the gauge fields with the atomic system, we employ the quantum link
formulation [11, 88, 110], where the gauge fields are replaced by quantum mechan-
ical spins f,n, labeling link operators by the index of the site to the left. In this
formulation, the spin z-component IA%Z can be identified with a discrete “electric”
tield. We recover the continuous gauge fields of the original quantum field theory in
a controlled way by working in the limit of long spins [10].

Physically, this system of charged matter and gauge fields can be realized in a
mixture of two atomic Bose-Einstein condensates (BECs) with two internal com-
ponents each (in our experiment, we use ’Li and 2?Na). An extended system can
be obtained by use of an optical lattice. In our scheme, we abandon the one-to-one
correspondence between the sites of the simulated lattice gauge theory and the
sites of the optical-lattice simulator. This correspondence characterized previous



3.1. Proposed implementation 57

proposals and necessitated physically placing the gauge fields in-between matter
sites [10, 18, 22, 29]. Instead, as illustrated in Fig. 3.1B, here one site of the physical
lattice hosts two matter components, each taken from one adjacent site (lA)nH,p and
Bn,v), as well as the link (Ly,).

The enhanced physical overlap in this configuration decisively improves time
scales of the spin-changing collisions, which up to now was a major limiting factor
for experimental implementations. Moreover, a single well of the optical lattice
already contains the essential processes between matter and gauge fields, and thus
represents an elementary building block of the lattice gauge theory. These building
blocks can be coupled by Raman-assisted tunneling of the matter fields [111, 112].

The Hamiltonian H = 3, [H,, + hQ(lA)LplA)n?V + h.c.)] of the extended system can
thus be decomposed into the elementary building-block Hamiltonian H,, and the
laser-assisted tunneling (with Raman frequency ~ Q). Here, H,, reads (writing
Bp = l;nJer, by = I;nN, and L = f,n)

N R ANV IR nyn e A A Ny A A
Hofh=xL2+5 (bgbp - bibv) +A (blTDL_bV + b$L+bp) . (3.1)

The first term on the right-hand side of Eq. (3.1), which is proportional to the
parameter x, describes the energy of the gauge field, while the second term ~ A
sets the energy difference between the two matter components. The last term ~ A
describes the U(1) invariant coupling between matter and gauge fields, which is

essential to retain the local U/(1) gauge symmetry of the Hamiltonian .

3.1.1 Bosonic U(1) lattice gauge theory

Our experiment aims at implementing a U(1) lattice gauge theory with bosonic
matter. Since this is non-standard, we briefly discuss the target model and its relation
to QED in this section. The theory is described by the Hamiltonian

=3 {580+ (m+ 1) b he] b 23 [flathiunnahe] - 02)

n n

Here, the gauge fields En, U, live on links n that connect two neighboring lattice
sites n and n — 1 where the two-component matter fields ZA)M with ¢ = 1,2 are
situated. The gauge fields obey the standard commutation relations

[En, Um} — G U | (3.3)

where e is the electric charge. In contrast to QED, we consider bosonic operators for

the matter fields, obeying

(b | = G (3.4)
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Nevertheless, the Hamiltonian is gauge-invariant, [ﬁ , G’n] = 0, with the Gauss’ law

operator

Gp=En—En—eY bl b (3.5)

that generates U (1) gauge transformation. Consequently, the model is a proper U(1)
lattice gauge theory.

The Hamiltonian in the form (3.2) is motivated by our previous proposal, dis-
cussed in chapter 2, to implement QED with Wilson fermions with mass m and

lattice spacing a. With the identifications

ae? 1 1
o — ANy —— Qo m+ =, 3.6
T a/L(L +1) a (36)

our proposed extended implementation realizes the target model in the limit of
large spin length L of the “gauge” bosons when tuning A — 0. When bosonic
matter is used instead of fermionic matter, for QED in three spatial dimensions it is
known that Lorentz invariance remains broken even in the continuum limit, which
prohibits an interpretation as a relativistic quantum field theory. Similarly, in one
spatial dimension, we expect that the theory with bosonic matter will not lead to a
relativistic continuum theory. Thus, to obtain a well-behaved continuum limit, we
intend to replace the bosons by fermions in future experiments. Following Ref. [29],
after replacing the bosons in the experiment by fermions, the above Hamiltonian
will describe a standard lattice discretization of QED. In particular, the fermionic
version of the model has a well-behaved continuum limit where Lorentz invariance,

which is explicitly broken by the lattice discretization, is recovered.

3.2 Experimental realization of the building block

We implement the elementary building block Hamiltonian H,, with a mixture of
300 x 10? sodium and 50 x 103 lithium atoms as sketched in Fig. 3.1C (see appen-
dices 3.A and 3.B for details). Both species are kept in an optical dipole trap such
that the external trapping potential is spin-insensitive for both species. An external
magnetic bias field of B ~ 2 G suppresses any spin change energetically, such that
only the two Zeeman levels, mp = 0 and 1, of the F' = 1 hyperfine ground state
manifolds are populated during the experiment. The 2*Na states are labeled as
1) = |mp = 0) and ||) = |mp = 1), on which the spin operator L associated to the
gauge field acts. The first term of (3.1) is then identified with the one-axis twisting
Hamiltonian [113, 114]. We label the “Li states as “particle” |p) = |mp = 0) and
“vacuum” |v) = |mp = 1), in accordance with the matter field operators Bp and
by. With this identification, the second term arises from energy shifts due to the
external magnetic field and density interactions. Finally, the term ~ ) is physically
implemented by hetero-nuclear spin-changing interactions [115].
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FIGURE 3.2: Tunability of the initial conditions. The normalized spin z-
component L, /L of 2Na atoms as a function of the preparation pulse length,
which shows that the gauge field can be tuned experimentally over the entire
possible range. Simultaneously, the particle number N, /N of “Li is kept in the
vacuum state. The inset shows a sketch of the experimental protocol used for
tuning the initial conditions.

3.2.1 Initialization

The resulting setup is highly tunable, as we now demonstrate experimentally on the
building block. We achieve tunability of the gauge field through a two-pulse Rabi
coupling of the Na atoms between |]) and [1) using an intermediate |F' = 2) state,
which yields a desired value of L./L = (Ny — N|)/(Ny + N, ) (Fig. 3.2). At the same
time, we keep the “Li atoms in |v), corresponding to the initial vacuum of the matter
sector at A — oo, with < 1% detected in |p) (see Fig. 3.2).

3.2.2 Dynamics of spin-changing collisions

If the gauge invariant coupling is turned off by removing the Na atoms from the
trap, we observe no dynamics in the matter sector beyond the detection noise. On
the other hand, once the gauge field is present, the matter sector clearly undergoes
a transfer from |v) to |p) for proper initial conditions, as illustrated in Fig. 3.3A
for an initialization to Ng = —0.188 at a magnetic field of By = 2.118(2) G . This
observation demonstrates the controlled operation of hetero-nuclear spin-changing
collisions implementing the gauge-invariant dynamics in the experiment.

To quantify our observations, we extract the ratio Np, with N = Np + Ny, as
a function of time as presented in Fig. 3.3B. We observe non-zero Np, describing
“particle production”, on a timescale of few tens of ms, with up to 6% of the total
N being transferred to |p). This value is consistent with our expectations from
conservation of the initial energy Ey/h = xL? — ANy /2, from which we estimate a
maximum amplitude on the order of a few percent (see appendix 3.D for a simple
explanation of the maximum amplitude in terms of a particle oscillating in an

anharmonic potential). Due to the much larger 2Na condensate, the expected

1 All uncertainties given in this chapter correspond to a 68% confidence interval.
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FIGURE 3.3: Dynamics of particle production. (A) The number density dis-
tribution in state |p) as a function of time for No¢ = —0.188. (B) The cor-
responding particle number N,/N. The blue circles give the experimental
values with bars indicating the statistical error on the mean. The red curve
is the theoretical mean-field prediction of Hamiltonian (3.1) with parameters
determined from a fit of the data in Fig. 3.4A and phenomenological damping.
The shaded area indicates the experimental noise floor. The dashed line marks
the time of 30ms as it is used for the experimental sequence generating the
data in Fig. 3.4.

corresponding change in Ng is ~ 2%, which is currently not detectable with our
imaging routine (see appendix 3.A). Coherent oscillations in Np are seen to persist

for about 100 ms.

3.2.3 Tunability of the model parameters

We display Np/N over the entire range of initial L. in Fig. 3.4, keeping a fixed
time of 30 ms. The upper panel A corresponds to the same experimental setting as
in Fig. 3.3. A clear resonance for particle production can be seen around L, /L ~
—0.5, approximately captured by the resonance condition 2yL. ~ A (see section
3.3 below). The asymmetry of the resonance is a clear manifestation of the non-
linearity of the dynamics (see appendix 3.D for a detailed discussion of the non-
linearity). As we reduce the magnetic field B, presented in Fig. 3.4B-D, we observe
a shift of the resonant particle production together with a reduction in amplitude,
which continues to be qualitatively captured by the resonance condition 2x L, ~
A. The maximal amplitude of the particle production is necessarily reduced by
the conservation of total magnetization as the resonant peak is pushed closer to
L,/L = —1. For fields that are smaller than By, ~ 1.96 G, the matter field and
gauge field dynamics become too off-resonant and particle production can no longer
be observed.

We compare the experimental results to the mean-field predictions of Hamilto-
nian (3.1) for chosen x, A and A(L,,B) = Ao+ ArL,/L+ Ap(B — Ba)/Ba (see 3.B
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for the origin of the dependence on the magnetic field B and the initial spin L.).
A first-principle calculation of these model parameters, using only experimental
input of our setup, yields x'/27 ~ 14.92 mHz, A\ /27 ~ 42.3 nHz, Al /27 ~ —77Hg,
A /2r a0 4.474kHz and A% /27 ~ —1.669 kHz. These values are obtained by ne-
glecting any residual spatial dynamics [116] of the atomic clouds within the trapping
potential, which renormalizes the model parameters. Moreover, the mean-field ap-
proximation cannot capture the decoherence observed in Fig. 3.3 at later times.
However, the features of the resonance data in Fig. 3.4 are more robust against the
decoherence as it probes the initial rise of particle production.

We include the decoherence into the model phenomenologically by implement-
ing a damping term characterized by /27 = 3.54(94) Hz, which is determined by
an exponential envelope fit to the data of Fig. 3.3B. Physically, the damping has
several origins: Quantum fluctuations; fluctuations of initial state preparation as
well as values of parameters; atom loss; the spatial dynamics of the two species
within the building block. Importantly, the first two do not compromise gauge
invariance. The last two sources of dissipation can be controlled by reducing the
particle density and by implementing a deep optical lattice that freezes out the spa-
tial dynamics within individual wells. Fixing v, the best agreement (solid red line)
with the data in Fig. 3.4A is obtained for x /27 = 8.802(8) mHz, \/2m = 16.4(6) pHz,
Ag/2m = —4.8(16) Hz and A /27 = 2.681(1) kHz. The prediction with these model
parameters shows excellent agreement with the data in Fig. 3.3B (red line) for all
times observed. Remarkably, our established model also describes the data in
Fig. 3.4B-D by including Ap /27 = —519.3(3) Hz. In the next section, we discuss this
effective model in more detail.

3.3 Effective description of the building block dynamics

We find that all experimental data is well described by the building block Hamilto-
nian in the mean-field approximation with a phenomenological damping term. The
deviation from the mean-field building block can be understood from considering
experimental imperfections, such as fluctuating initial conditions and spatial inho-
mogeneities, or quantum fluctuations. These lead to a decoherence of the observed
oscillations and renormalize the building block parameters. The damping is charac-
terized by a decoherence time scale 1/, which is determined by fitting the envelope
of the oscillation in Fig. 3.3B1 with an exponential decay, yielding 1/v = 46(12)ms,
ie., v/2m = 3.54(94) Hz.

In practice, we solve the dynamics arising from the Hamiltonian in Eq. (3.1) in
the mean-field approximation. For convenience, we rewrite it in terms of two
coupled effective spins of length Ly = Ny/2 and L; = Np/2 by using the
Schwinger representation also for Li. Then the Hamiltonian becomes H/h =
XL?,N + AL, 1, + 2\ (LgNLy 1 + Ly nLy ). We can take the damping into account
by formally coupling the system to a bath (consisting, e.g., of the spatial modes
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FIGURE 3.4: Resonant particle production. (A-D) The number of produced
particles as a function of initially prepared L. /L after 30ms for different bias
magnetic fields. Blue circles are experimental values with bars indicating the
error on the mean. The red curve in (A) arises from the theoretical model using
the best estimate values of x, A, Ag and A. The remaining curves in (B-D) are
computed using the same parameters including A g. The shaded area indicates
confidence intervals of the fit from bootstrap resampling. The dashed line in
(A) indicates the L. /L value corresponding to the time evolution shown in
Fig.3.3.

that we neglected). Assuming dephasing of the spin components orthogonal to the
magnetization M = L, y + L, 1, we employ the Lindblad-type Heisenberg equation

of motion (as discussed, e.g., in [117]) for an observable O,

80 =i [H,0] + (LTOL - % {LTL, o}> (3.7)
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with a single jump operator L = M with the decay rate . The resulting (mean-field)

equations of motion for the spin components are

OrLs.n = =2XLaN Ly +2M LN Lyr = S Lo | (3.82)
0Ly N =2xXLonLon —2\L. N Lo.p — %L%N : (3.8b)
OL.n =2MLyNLos — LonLyp) (3.8¢)
0Ly =—ALyp+2)\L. Ly — %LM , (3.8d)
OiLyp =ALys —2\L. [ Lyy — %L%L : (3.8¢)
OL.p =2\LyrLon — LosLyn) . (3.8f)

with initial conditions Lz, (0) = (0,0,—1) x L and Ly (0) = (cos#,0,sinf) x Ly.
Here, § € [—, 7] is chosen in accordance to the quench that initiates the dynamics.
We fit the numerical solution to the resonance data via the observable Ny, = L. +Ly.
To this end, we assume that A = Ag + ApL, nv(0)/Ln + Ag(B — Ba)/Ba. This
dependence of A on the initial spin L, n(0) (for fixed Lz,(0)) and the magnetic field
B is analogous to the functional form derived in appendix 3.B for an ideal building
block. We obtain the effective model parameters x, A\, Ag and Ay, from a single fit to
the data shown in Fig. 3.4A with given . Fixing these parameters, A p is determined
by a second fit to the data of Fig. 3.4B-D. Explicitly, the fits yield the following set of

model parameters describing all experimental data:

% = 8.802(8) mHz , (3.9a)
A

2 =16.4(6)uH :
- = 16.4(6) pHz, (3.9b)
A

A _ 2.681(1) kHz , (3.9d)
27

A

=5 — _519.3(3)Hz . (3.9¢)
2

Comparing to the microscopic ab-initio estimates (see appendices 3.B and 3.C)

gives
M /x~ 1.7, (3.10a)
M~ 26, (3.10b)
A /NG~ 16, (3.10c)
AN AL~ 1T, (3.10d)
AR /Ap ~3.2. (3.10e)

The estimates are typically larger than the measured values by factors of about 2 to 3,

which hints at a systematic uncertainty in the microscopic parameters that enter the
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ab-initio calculation. Nevertheless, most values lie in the right order of magnitude.
Importantly, the signs agree, such that the qualitative nature of the shift due to B
and L, y is predicted in agreement with the experiment. The precise value of A is
less important to fit the experimental data (essentially because of the large value of
Ar), which is also apparent from its larger uncertainty. This observation makes the
larger deviation between the fitted value A and the estimate Al plausible.

In terms of the two coupled spins, the resonance can also be understood more
intuitively as follows. In our case, Ly ~ 6L and thus by angular momentum
conservation the component L, y can not change much (at most ~ 17%) in the
course of the dynamics. Now, if the spins were not coupled, they would rotate in
the (z,y)-plane with frequencies given by 2xL, y and A. If the two frequencies
were very different, the coupling oc A would average out. Therefore 2xL, y ~ A
gives an approximate condition for the resonance (assuming approximately constant
L. n). Solving this condition for L, y with the fitted experimental parameters gives

the following resonance estimates for the four magnetic fields employed in the

experiment:

L, Ao+ Ap (B — Bp) /B

t 22 _ Bo+As( a)/Ba € {0.12(4), —0.18(4), —0.47(5), —0.78(6)} ,
LN |esonance XNy — Ap

B € {Ba, B, Bc, Bp} - (3.11)

The actual peak position is not accurately reproduced because the naive resonance
condition is not quantitative for the employed particle numbers, and non-linearities
and damping of the equations of motion modify the resonance. Nevertheless, the
qualitative shift of the resonance peak is well captured.

3.4 Summary

Our results demonstrate the controlled operation of an elementary building block
of a U(1) gauge theory, and thus open the door for large-scale implementations
of lattice gauge theories in atomic mixtures. The potential for scalability is an
important ingredient for realistic applications to gauge field theory problems. Digital
quantum simulations of gauge theories on universal quantum computers [13, 14]
are challenging to scale up. This difficulty makes analog quantum simulators, as
treated here, highly attractive, since they can be scaled up while still maintaining
excellent quantum coherence [3, 25, 31, 35, 118, 119]. Proceeding to the extended
system requires to combine the current experiment with the established tools of
an optical lattice and laser-assisted tunneling (see appendix 3.B). The resulting
extended gauge theory will enable the observation of relevant phenomena such as
plasma oscillations or resonant particle production in strong-field QED [95]. Along
the path to the relativistic gauge theories realized in nature, we will replace bosonic
7Li with fermionic °Li, which will allow for the recovery of Lorentz-invariance in

the continuum limit.
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Appendix: More details about the spinor Bose-Bose mixture

In this appendix, we give more details about the experiment (section 3.A) and about
the implementation of the U (1) gauge theory (section 3.B). In section 3.C, we discuss
how to simulate the experiment in three spatial dimensions, which demonstrates
how spatial dynamics affects the evolution. Finally, we give another explanation for
the observed resonance by rewriting the dynamics of spin-changing collisions as an
anharmonic oscillator in section 3.D.

3.A Experimental details

We prepare a mixture of bosonic »Na and “Li in a single crossed optical dipole
trap from a far red detuned laser with 1064 nm wavelength. The atoms experience
trapping frequencies of (wg,wy,w.)ne ~ 27 x (243,180, 410)Hz for sodium and
(We, Wy, wz) i = 2.08 X (W, Wy, W) Ng for lithium. To maximize the spatial overlap of
the two individual clouds, we align the direction of strongest confinement in gravity
direction whereby reducing the differential gravitational sag to approximately 1.1um.
The atomic clouds are evaporatively cooled to Bose Einstein condensation and
contain about 300 x 103 2Na atoms and 50 x 10 “Li atoms respectively.

For the spin-exchange dynamics we take into account the following sublevels
of the Hyperfine ground state: ||) = [FF=1,mp =1),|1) = [F =1,mp =0) for
sodium, as well as [v) = [ =1,mp =1),|p) = |F =1, mp = 0) for lithium. We
apply an offset magnetic field of B4 = 2.118(2)G, which lifts the degeneracy of the
magnetically sensitive states. Moreover around By the level spacing of both species
approach each other at (Eyy — E|}y)/h = (E|,y — E}yy)/h ~ 1.45 MHz, energetically
allowing hetero-nuclear spin transfer. Detailed information about the scattering
lengths in our system is given in section 3.B.

At the beginning of the experimental sequence the atoms are prepared in ||
and |v) respectively, suppressing any spin exchange due to conservation of mag-
netization. We initiate the spin dynamics by quenching sodium into a desired
superposition of |1) and ||). To ensure that lithium stays spin polarized during
the quench, instead of direct radiofrequency transfer we couple the sodium states
with a two pulse microwave transition sequence using the sodium |F' = 2, mp = 0)
state as an intermediate state. The first pulse is of variable length, driving pop-
ulation from |}) to the intermediate state with a Rabi frequency of 27 x 2.5kHz.
The second pulse is fixed to 100 us (corresponding to a m-pulse) and subsequently
drives the population from the intermediate state to |1). The total length of the pulse
sequence is at most 300 s, which is at least one order of magnitude faster than the
spin dynamics we observe in our experiment. The initial superposition quench
causes undesired external dynamics of the sodium cloud due to the two states |1)
and ||) being immiscible [116]. This leads to relative motion of the two sodium
spin components within the trap after the superposition quench (see section 3.C for
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more details). Our observation time is limited by losses in the |1) state, leading to a
lifetime of the [1) population of about 560 ms for the data shown in Fig. 3.4.

After an evolution time of up to 100 ms we switch off the trapping potential and
perform a Stern-Gerlach sequence, where a magnetic field gradient is applied across
the atoms’ position for 1.5 ms that separates the magnetic substates spatially. After a
free expansion time of 3 ms (sodium) and 2 ms (lithium) the two spin states of each
species are separated by approximately 130 m. Then we use absorption imaging to
detect the spatial distribution of both species on two individual CCD cameras. The
information about the population of substates is then extracted from the images by
integrating the density distribution of the individual spin components.

The observable in the experiment is the relative lithium atom number population
N, /N. For lithium being initially spin polarized in |v), atoms transferred to |p) are
the signature of spin-changing collisions. The main source of detection noise for this
observable are fringe patterns on the images which are resulting from diffraction
and interference in the imaging path. To account for those we post-process the
lithium absorption images by applying a fringe removal algorithm [120], which
reduces the experimental noise floor below 1% (see Fig. 3.3B).

Due to the 6 times higher sodium atom number the relative change between the
population of |1) and ||) resulting from spin-changing collisions is expected to be at
most 1%. This change can currently not be detected with our imaging routine. Main
limitation are the external dynamics of the sodium spin components in the trap
after the initial quench. This results in strong variation of the density distribution of
the individual sodium components which our imaging calibration is systematically
sensitive to [121].

The observable N,,/N is obtained as an average from a statistical ensemble
of multiple experimental realizations. Each data point shown in Figs. 3.3 and 3.4
corresponds to at least three and ten measurements, respectively. The data displayed
in Fig. 3.4 is binned in 5% intervals of L./L. As the curve in Fig. 3.4D becomes
comparably featureless, we used our resources to more accurately resolve the other
sets for Fig. 3.4A-C.

For more details about the experiment, we refer to the doctoral thesis of A.
Mil [108].

3.B Details of the implementation

3.B.1 Microscopic Hamiltonian

In our experiments, we work with two internal spin states, mr = 0, 1, each from
the spin F; = 1 manifold of the two Bose gases, s = N, L (**Na and “Li in our
case). The total Hamiltonian, H = Hy + H;, of the combined system splits into free,
Hy = Hy + Hy, and interaction, H; = Hyy + Hrr, + Hy 1, parts [122, 123]. The free
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parts have the form

H, = / Px Y Ul () Hea (%) sa (%) (3.12a)
. -V2 i
Hs o (x) = 5t Vi(x) + Esa(B) . (3.12b)

Here, mg denotes the atomic masses, V is the trapping potential and E; ,(B) is
the Zeeman shift in the presence of an external magnetic field B, given by the
Breit-Rabi formula. The field operators v, , (x) fulfill bosonic commutation relations
Vs (X), ws sy )} = 0550030 (x —y), where o, 8 € {0, 1} denote the mp states.
The intra-species and inter-species interactions which are spin-conserving are
described by

IA{ss — /dSngaﬁw )@Z}T7B(X)¢s,ﬁ(X)1ﬁs,a(X) y (313&)
ffNL = /ngZng ¢Na ¢L 5( )@L,ﬁ(X)lﬁNﬂ(X) , (3.13b)
47rh Mix 27rh Mza:

where the interaction constants g° 5= Upp and Jai" = “ B are determined

by the following scattering lengths: a11 = al) = a(])\{ = 55ap, a)), = 53ap, afy =

aly = aly = 6.8ap, aly = 12.5ap [122] and a}l’® = alli® = a}li* = 19.65ap,
a¥i® = 20a [124]. The hetero-nuclear spin-changing collisions are described by
Hsoo = gSCC / d3x Tﬁvyo(x)djzjl(X)QﬁN,l(X)wL,O(X) +h.c. (3.14)

SCC _ 2zh

with the interaction strength ¢ TQCLSCC and the scattering length ascc =

0.35ap [124].

3.B.2 Proposed extended implementation

We propose to implement the extended U (1) gauge theory described in section 3.1 as
follows. Starting from the microscopic Hamiltonian, a deep optical lattice localizes
the atomic clouds on individual lattice wells n. Expanding the field operators into lo-
calized Wannier functions, 1/35,& =>. 38,a7n<1> s,a.n(X), we first perform the spatial in-
tegration to obtain a tight-binding Hamiltonian. For a sufficiently deep potential, all
tunneling and interaction terms between neighboring wells are negligible, resulting
in an array of elementary building blocks n, each containing both species. The Hamil-
tonian has the form H = don H, with H,, = Z ( s+ H,, n) + Hyr n+ chcn
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and

sn—ZEsoz san soz,na (3153)

Hysp = Xllbs 1 nl;S 1 nbs Lnbs,n + X3ob! 0. bl 0.n05,0mbs,0m
+2X350b1 1 b o s 1nbs 0 (3.15b)
Hypp = XM bnanbh 1 nbram + X007 bY 0 nbN,0nbY o nbL.0m
+ XD 1 Wb, 1nbY o br0m + X100 o DN 0mb] | pbrn ,  (3.15¢)

ﬁSCC, _ xscc b;rvoni)LLni)N,l,n[;L,O,n + [A)}LVJ,anL7O7ni)N7O7n(A)L’Ln . (3.15d)

The precise values of the energy levels £ and interaction constants X depend on the
details of the optical lattice and the corresponding Wannier functions ®; o, (x).

We then identify the gauge fields on the building block via the Schwinger repre-
sentation of angular momentum operators,

L"ﬁ” = b;V,O,TLvaLn ? L_vn - b}L\/',l,nvaoﬂ ’ LZ,'H, - (b;V,DJLbNJ)vn - b1]-V,l,nbN717n> :

(3.16)

N |

The matter fields on a building block, however, are partially associated with the two

neighboring internal degrees of freedom according to

i o o
bn = <A 7P> ) bn,p = bL,nfl,O ) bn,v = bL,n,l . (317)

as

Qn = bnbn = b, by p + b, by Gpn="Lop—Lon1—Qn. (3.18)

This construction ensures Gauss’ law, [G’n, H ] = {Gn, H sccn + H scc,n,l} =0, be-

cause {f/z,n, ﬁSC’C,n] — [[A/Zm_l, ﬁgcc}n,l} = [Qn, fAISCC’n + ﬁsccm,l} . Physically,
a global U (1) symmetry due to the conservation of the total magnetization, which
arises from angular momentum conservation, is localized on each building block.
This localization, which is achieved by associating a building block n with a link n
and components of the matter fields on the neighboring lattice sites n and n + 1, is
the key to the scalability of our proposal.

Finally, we connect the building blocks to an extended one-dimensional system

by the term
Ho =10y (B, 1brn10+he) =52 Y (b ybup +he) | (3.19)

which can be realized with, e.g., laser-assisted tunneling. Crucially, this connection
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~

respects Gauss’ law, |:HQ, Gn} = |:HQ, Qn] = 0. The resulting lattice model is similar
to our previous proposal [29] with Dirac fermions replaced by two-component
bosons,

i/n=3"{x L2, + Q@ bouby + A [EL’VL,,HBMLP + h.c.] } (3.20)

n

+ (other gauge-invariant terms) ,

as discussed in section 3.1.

3.B.3 The building block

In the following, we focus on a single building block n of the extended proposal, as
realized in the present experiment. To this end, we consider only two matter field
components, IAJP = IA)LMO and Ev = IA)L%l, together with a single spin L = L,. The
microscopic Hamiltonian conserves the total magnetization M and the total particle
numbers Nz, Ny. To simplify the Hamiltonian of a single building block, we assume
an initial state with fixed magnetization M and particle numbers Ny, N 2. After
some algebra, we obtain the building block Hamiltonian given in Eq. (3.1), up to
constants involving only the conserved numbers Ny, N;, and M. The Hamiltonian
is gauge invariant because it commutes with the two reduced Gauss’ law operators

associated with neighboring lattice sites,

Gl =L, +blby , tor=—L, +blby . (3.21)

!
n

The parameters are given by

A=— |6k —6N 4oL, — 5N 4+ X—];L(NN ~ Np)+2M {—XL _ X%H . (3.22a)
X =—XN — XL — XNL » (3.22b)
A= X9¢C (3.22¢)
where we abbreviated the effective interaction constants
Xs = — [Xoo + X711 — 2X7o] = [X71 — X0l (3.23)
the mean-field energy shifts
Oine = [XT1 — XGo] (N5 — 1) = xs(Ns — 1), (3.24)

2Tt is questionable whether this condition can be realized by preparing a corresponding eigenstate
in the experiment. The fact that we can describe the experiment on the mean-field level shows that this
subtlety is not relevant at the moment. However, it can be crucial for investigating quantum effects
after preparing a gauge-invariant state in future experiments.
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s

and the single-particle energy level differences 4

«t = Fs.1 — Es 0. The interaction
constants are calculated from the relevant overlap integrals by rescaling the mi-
croscopic parameters as X5 = I3 9op Xohe = 1M g iw and X5€C = [jfirgscC

2
with

éﬁ - /d3X Q)z’a’n(x)@z’ﬁ’”(x) ’ Io%il = /dgx (I)?V,a,n(x)(l)%,ﬁ,n(x) ’ (325)

where we have chosen real basis functions ®. From the known experimental parame-
ters, we estimate the overlap integrals from the initial mean-field BEC wave-function
®, 1, with all atoms of both species in the mpr = 1 state by setting ®, 1, = 50,1
We have calculated the necessary wave-functions by imaginary-time propagation of
the Gross-Pitaevskii equation corresponding to full microscopic Hamiltonian (for
more details see the section 3.C). In the experiment, we tune the magnetization M
through the initial value of the spin L,(0) and the magnetic field B. To quantify this
dependence, we split A = Ag+ AL, n(0)/Ly + Ap(B — Ba)/Ba, which holds
for (B — Ba) < Bj and fixed initial condition for the Li atoms. With the given
experimental and microscopic parameters, we obtain the following estimates:

Xth

o & 14.92 mHz , (3.26a)

Y

Ath

o ~ 42.3pHz , (3.26b)

Ath

270 ~ —77Hz , (3.26¢)
T

Ath

TL ~ 4.474kHz , (3.26d)
T

Ath

TB ~ —1.669kHz . (3.26€)
T

3.B.4 Estimates for the extended system

For scaling up our system to an extended lattice gauge theory, we propose to use a
one-dimensional optical lattice array created by a laser of 532nm wavelength, which
is blue detuned for both species. The connecting term, Eq. (3.19), can be realized
by laser-assisted tunneling between neighboring lattice sites. Former proposals re-
quired a species selective lattice, where different species reside on alternating lattice
sites whereas in this implementation both atomic species reside on the same sites.
This arrangement greatly improves the feasibility of an experimental realization.
First, an alternating lattice is technically more demanding. Second, in an alternating
lattice tight confinement is necessary to avoid undesired direct tunneling between
lattice sites. This confinement, however, diminishes also the spin-changing collisions
dynamics, which involve spatial hopping across lattice sites. In our implementation,
each site already contains the gauge-invariant interaction via on-site spin-changing
collisions. Therefore, tight confinement on individual lattice wells that suppresses

direct tunneling at the same time increases the gauge-invariant coupling.
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For the laser-assisted tunneling, we consider two laser beams, each having a
large detuning A from the lithium D1 line. We describe the two beams by E; » =
E ou; 2 cos(ky 2x — wy ot), with ky 2 and w; 2 being the wave vector and frequency
of each laser beam, respectively. The frequency difference of the lasers is tuned to
match the transition frequency between the states 1, = ¥p 0 and ¢y = 91 1. As
discussed, e.g., in [125] this leads to the following contribution to the Hamiltonian,

V= /d3x Qezﬁ}i(x)d}\,(x)eiqx +h.c., (3.27)

where q = ki — ky, and (. being the effective coupling strength. To estimate the
effective tunneling strength, we use similar parameters as in the previous proposal
[29]. For the lattice this results in a lattice spacing of a;, = 2 pm and a lattice depth of
15ER for lithium, and 115ER for sodium, such that tunneling is even more strongly
suppressed for sodium. In this configuration, we obtain a direct tunneling element
on the order of a few Hz. We then estimate the tunneling strength in the presence
of Eq. (3.27). A lower limit for the estimate is given when considering the Wannier
functions within the lattice sites to be harmonic oscillator ground states. Further
assuming a detuning of A = Inm, we estimate a laser-assisted tunneling strength
on the order of a few kHz. Considering spin-changing collisions dynamics, which
may also happen on the scale of hundreds of Hz, we expect the overall dynamics of
the extended system to be at least ten times faster than in previous proposals [10,
29].

3.C Numerical simulation of the trapped mixture

To get a better understanding of the experimental setup we need to go beyond
an ideal setup and take into account experimental imperfections. Here, we focus
on the spatial structure and residual dynamics of the atomic clouds within the
trapping potential. As a first approximation, we describe the BECs in a mean-field
approximation which means that we solve the Gross-Pitaevskii equation (GPE)
derived from the microscopic Hamiltonian described in section 3.B.1 numerically.
The numerical solution is based on a pseudo-spectral method, called “split-step”,
where we refer to [126, 127] for more details. In the following we briefly summarize
the main idea and point out necessary modifications to simulate the present model.
Consider a partial differential equation (PDE) of the form

iOpp(t,z) = (T + V) (t, z) (3.28)

where T" and V' are (not necessarily linear) differential operators, for which the
corresponding PDE is exactly solvable, i.e., we have explicit expressions for the
formal solutions (¢, z) = e~*P%) (0, x) with D = T, V. Then the solution for a short
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time At may be written as
Wt ) = e TR0, ) m e TV AY(0,2) (3:29)

where the error goes to zero as At — 0 according to the BCH formula. For the
GPE of a one-component BEC, T' = —V?/(2m) is the kinetic energy term, which is
diagonal in Fourier space, and V' = Virap + g|t|? is the potential energy term, which
is diagonal in position space. By evolving (¢, z) in alternating steps according
to T and V one obtains an approximation to the exact solution of the full PDE. In
practice, space is discretized on a periodic lattice with spacing a and spatial extent
L and one can efficiently switch between position and momentum space using the
fast Fourier transform algorithm. The resulting numerical implementation scales
as ~ N;N,log N, where N; is the number of time steps and N, = (L/a)d is the
total number of lattice sites for spatial dimension d. The parameters have to be
tuned such that convergence with respect to decreasing the time step At, increasing
the system size L and decreasing the lattice spacing a (for fixed L) is achieved to a
desired precision. Crucially, the split-step method is symplectic, which ensures that
certain symmetries of the system are preserved [127, 128]. For the case of a GPE, this
includes the conservation of total particle number and total energy.

In contrast to the standard GPE, the Bose-Bose mixture involves four hyperfine
components, described by ¢y, 1/0. As a consequence, the GPE includes not only
kinetic energy terms 7" and potential energy terms V', which are both diagonal in the
hyperfine index. There is a third type of terms, due to the spin-changing collisions,
that mix the different hyperfine components. This part of the evolution equation is

local in position space and takes the form

10N = 9UT 1 VLoYNo 10PN = gUL oVLIYN 1 (3.30a)
0L = gYN1YNOYLO 10,0 = YN OYNIYL - (3.30b)

We have not found a simple analytic solution to these equations. To be able to
include the spin-changing collision in the simulation, we instead consider

i0Y1 = gio i0vo = g 1, (3.31)

which can be seen as “half” of the previous equations for, e.g., fixed § = g¢} 1910
With initial conditions 1 (0) and (0), the solution is

D1 (t) = 91 (0) cos(wt) — iwo(())% sin(wt) | (3.32a)
bo(t) = 10 (0) cos(wt) — i¢1(0)§ sin(wt) | (3.32b)

with w = |g|. We can thus approximate the solution to Eq. (3.30) by solving alternat-

ingly for v 1 /0 with g = g} 1910 and for ¢, 1 o with g = gy} 19N 0. Specifically,
we evolve ¥y ;1 /o for a short time At/2, then vy, ; o for At and again ¢ 1 o for At/2.
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FIGURE 3.5: The plots show the integrated (over z, y, = from left to right) two-
dimensional density profiles in units of 1/m? of sodium (in mp = 1, top row)
and lithium (in mp = 1, top row), obtained from imaginary time propagation
of the corresponding GPE. We observe a clear change of the atomic clouds due
to their interaction: the smaller and lighter lithium cloud “sits” on top of a
distorted ellipsoidal sodium cloud (gravity acts in z-direction). The simulation
was done on a three-dimensional lattice with N, = N, = 256 and N, = 128
grid points and lattice spacing a = 0.15um.

This (so-called Strang) splitting is accurate to second order [127]. In this way we
include the spin-changing collisions into the numerical split-step integration of
the combined GPE. As a result, the final integrator is again symplectic and also
approximately conserves the total magnetization (up to bounded oscillations that
go to zero as At — 0).

Solving the imaginary time version for the GPE (together with appropriate nor-
malization steps, see [129] for more details) we have calculated the initial mean-field

(

wavefunctions 'E"'JN?;)’ 11(7,y, 2) of the BEC mixture in the mp = 1 states. The result-

ing density profiles nf@L,l[ar, Y, z) =

-;-:'L!J,(\(?}L,l(ar, y.z)|? are shown in the figures 3.5
and 3.6. The obtained solutions are then used as an initial state for simulating
the real-time dynamics following the quench of the experiment, which we real-
ize by initializing a desired imbalance between the two sodium components, i.e.,
UNmp(2,y.2)(t =0) = Q'm-p'ﬁi‘;(\?,)l(i’a y, z) with |a1]? + |ag|? = 1.

In order to describe the experiment in more detail, we take into account several
imperfections that are neglected in the ideal GPE simulation. In particular, we
have observed loss in the mp = 0 density of sodium. An exponential fit of the
experimental data revealed a finite life-time 7, which we take into account by adding
aterm, i/(27)1n o, to the corresponding component of the GPE. Furthermore, we
have observed a strong dependence of the simulation results on the initial particle

numbers Ny and Np,. Consequently, we extracted the fluctuations from experiment
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FIGURE 3.6: The plots show the integrated (over z and y, z and =, y and =
from left to right) one-dimensional density profiles of sodium (in mz = 1, top
row) and lithium (in mp = 1, top row) for the parameters as in figure 3.5. We
compare the result from imaginary time propagation (solid lines, “IT”) to a
Thomas-Fermi prediction that neglects the interaction between sodium and
lithium (dashed lines, “TF”), which shows that the density-density interactions
significantly modify the shape of the two-species condensate.

and calculated their mean values and empirical standard deviations,

Ny ~ 295.8 x 10% , oNy ~ 7.2 x 10 (3.33a)
Np, ~ 55.6 x 10% ong ~ 3.9 x 10, (3.33b)
T = 505.7Tms , oy &~ 24.0ms . (3.33¢)

We include these fluctuations into our simulation by sampling the corresponding
parameters from independent Gaussian distributions with expectation value and
variance estimated from the experimental data. The results of a single simulation
are illustrated in figure 3.7.

The simulation demonstrates that the sodium clouds change their spatial shape
in the course of the dynamics. In particular, the two components mp = 1,0 tend
to “avoid each other”, ie., regions of large density in one component typically
correspond to low densities in the other component. This behavior is expected
because the hyperfine states are immiscible [130]. As a direct consequence of this
observation, we do not expect to be able to describe the experiment in a single-mode
approximation with the naive microscopic parameters given in Eq. (3.26). However,
the fit shown in figures 3.3 and 3.4 demonstrates that a single mode description is
sufficient to describe the experimental observations. This fact fortifies our statement
that the spatial dynamics essentially “renormalizes” the model parameters, which
in turn enables a simple description of the global observable Ny, /N.

By averaging multiple GPE simulations, we obtain a prediction for the experi-
mental observable, shown in figure 3.8. Even though the predicted curve does not
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FIGURE 3.7: We plot the evolution of one-dimensional integrated densities
(rows: mp = 1,0 components for sodium and lithium, columns: profiles
in z,y, z-directions) extracted from a single GPE simulation in units of 1/m.
The simulation predicts spin-exchange dynamics that increases the density of
lithium in mp = 0. However, we also observe substantial spatial dynamics
that “demixes” the sodium clouds. Note the increased color scale of the lithium
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FIGURE 3.8: We show the average evolution of the particle number (black
dashed line) obtained from 100 GPE simulations with fluctuating experimental
parameters. The red band indicates the error on the mean and the gray
dashed-dotted line corresponds to the specific realization shown in figure 3.7.
The initial rise is in reasonable agreement with the experimental data (blue
symbols).

quantitatively agree with the experimental data, the amplitude of the initial rise
agrees well®. However, due to lattice artifacts at t > 30ms (not shown) the present
lattice sizes prohibit long simulation times, which would be necessary to make a
quantitative prediction of, e.g., an oscillation frequency. Additionally, the individual
runs start to differ strongly after ~ 20ms, such that also the required statistics in-
creases with the evolution time. As a consequence, we have no quantitative ab-initio
prediction of the experiment for the full observation time at the moment.

There is a number of possible reasons for the deviations between the simulation
and the experiment. First, the GPE simulation is a mean-field approximation that
neglects quantum-statistical fluctuations. Second, the approximation also assumes
perfect condensates and neglects any thermal fraction of the Bose gases. Third, any
experimental input parameter is not perfectly fixed; moreover, their fluctuations are
neither Gaussian nor independent. Finally, after the presented simulations were
completed, the particle number measurements were re-calibrated, which revealed
substantially lower particle numbers for lithium (see [108] for new parameter esti-
mates). We expect that a repetition of the simulation, including for instance more
appropriate fluctuations and refined parameters, would lead to a better agreement.
Nevertheless, the results presented in this section already provide a qualitative
picture of the real-space dynamics of spin-changing collisions and indicate that the

experiment indeed follows the expected dynamics.

*We have chosen to display a specific realization in figure 3.7 that is close to this mean evolution.
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3.D Spin-changing collisions as an anharmonic oscillator

Let us reconsider the mean-field single mode evolution equations of the two coupled
spins, Eq. (3.8). Without the phenomenological damping, this set of equations can

be written as

i L,y =A(LyNL_p—L_NLyp), (3.34a)
10t Ly n = F2xL. NL+ N £2\L, L4 1, , (3.34b)
10 L, =AN(Ly L n—L_pLynN), (3.34c)
10i Ly, = FALy p £2M\L, L1 N, (3.34d)

where L = L, +iL,, which arise from the classical Hamiltonian
H=xLiny+AL.p+ALynL_p+L_nLiys) . (3.35)

The evolution can be simplified by considering the conservation of the total energy
E = H, the magnetization M = L, + L, 1, as well as the spin lengths ¢, =
\/L;S + Ly sL_ s = &= for both species s = N, L. With

L.n=M-1L.p, (3.36a)
LipLop=0—-L1L%, (3.36b)

LynLon =11 —(M—L.1)*, (3.36¢)
AMLsNLop+LonLip)=E—x(M—L.1)* - AL, 1, (3.36d)

we can exploit the conservation laws to derive a closed equation for L, y. Explicitly,

we calculate

~07 Lo = AN(=ALy 1 +2\L. 1Ly N) Lo n — (AL_, —2X\L. L_ N) Ly N]
+ A [(2XLz,NL—,N — 2>\L2,NL—,L) L+’L

— (_2XLZ,NL+,N + 2)\LZ,NL+,L) L,7L] (337a)
=g Ly NL-+L-NLip)(=A+2xL.N)
+ 4N L, Ly NL_N—L.nLyrL ) (3.37b)

— A (B =X (M = L.p)? = ML) [=A+2x (M = L.,p)
+4N? {LZ,L [z%v (M- LZ,L)ﬂ (M —L.p) (- LjL)} . (3.37¢)
This equation has the form of a particle oscillating in an anharmonic potential, i.e.,

0L, =—V'(L.1) | V(L.) =1L, + %Li + %Lg + %Lg (3.38)
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FIGURE 3.9: The plot shows the resonance of figure 3.4A with the same ex-
perimental data (blue symbols), together with numerical simulations of the
anharmonic oscillator, Eq. (3.38), with fit parameters given in Eq. (3.9). While
the damped simulation (red curve, evaluated at fixed time ¢ = 30ms) fits the
experimental data, the pure anharmonic oscillator (black dashed curved, eval-
uated is the oscillation amplitude) clearly shows the characteristic triangular
shape (cf. figure 3.10.)

with the coefficients

c1 = —Am 4 2xEM — 4N203 M + x AM — 2> M? | (3.39a)
co = —2XE + 4AX202 + AN2% 4+ A? — A AM + 6x2M? — 4N2M? (3.39b)
c3 = 3YA — 6x2M + 1202 M (3.39¢)
ey =2x% — 82 . (3.39d)

For our usual initial conditions, Li is fully polarized. This implies the initial values
L, (t) =—Lr1, 0L 1(to) =0. (3.40)

The resulting oscillation of L. ;, can therefore be pictured by the potential V, which
is set by the initial condition of Na. In our case, the total energy is then fixed to be

E=x(M—105)*+ Aty (3.41)

and the behavior of the system is dictated by the initial Na imbalance, which sets

the magnetization in the range
A, — by <M<l +UN. (3.42)

In figure 3.9, we show the resulting resonance obtained from a numerical solution
with the parameters given in Eq. (3.9) that we used to fit the experiment at the
magnetic field B4. The plot shows the amplitude of the oscillation of L. , (i.e., the
maximum value) together with the value at fixed time ¢ = 30ms for a simulation
where we include a friction term 2v9; L, 1, with the same damping constant as before.
Although the dynamics of this damping is not identical with the one introduced in
Eq. (3.8), the obtained resonance again fits the experimental data. Both the damped
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FIGURE 3.10: The three rows show simulation results for different values of
L, n/tn =—0.7,—0.68, —0.118 (top to bottom). The middle panel shows the
potential V with the initial condition L, ;, = —¢;, indicated by the gray lines.
The right panel shows the following dynamics of L, ;, for undamped (gray
dashed line) and damped (red solid line) oscillators. The left panel shows a
phase space picture of the evolution. The change of the shape of the potential
is responsible for the shape of the resonance shown in figure 3.9. In particular,
the (dis)appearance of a local minimum close to the initial state is responsible
for the non-analytic change of the amplitude of L, ;, as a function of the initial

L.

and undamped results show a characteristic asymmetric shape with a very steep
slope around L, xy ~ —0.7¢x.

The origin of this shape is a direct consequence of the anharmonic potential
V(L). This is illustrated in figure 3.10. Depending on the initial value of L, y,
the potential V(L 1) changes its shape and the spin L, j, is either “trapped” in a
local minimum or can “escape” to the global minimum, resulting in much larger
oscillation amplitudes.

The plot in the bottom right of figure 3.10, which includes the experimental
data, shows that the phenomenological friction term describes the experiment less
accurately than the damping introduced in Eq. (3.8). However, the resonance shown
in figure 3.9 is not affected because it only probes the early-time dynamics where
this difference is insignificant. In conclusion, the qualitative features of the spin-
changing collisions observed in the experiment are well captured by a anharmonic
oscillator. This observation may provide important physical intuition for future

experiments on hetero-nuclear spin-changing collisions.
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Chapter 4

Dynamical topological transitions

in the massive Schwinger model

This chapter is based on the article [33] with the figures and large parts of the text
taken from it. This project was initiated by discussions among F. Jendrzejewski,
P. Hauke and myself during our combined work on the projects discussed in the
previous two chapters. I performed the analytic and numerical calculations pre-
sented here. The numerical simulations were supported by J. T. Schneider. The
interpretation in terms of correlation functions was developed in discussions among
N. Miiller, J. Berges, P. Hauke and myself. While all authors participated in the
writing of the manuscript [33], I made significant contributions to the wording and
structuring of the text. In the appendices 4.A and 4.B, I include additional related

material that was not printed in [33].

4.1 Motivation and setup

The topological structure of gauge theories has many important manifestations [131-
135]. In quantum chromodynamics (QCD), e.g., it allows for an additional term in
the action that explicitly breaks charge conjugation parity (CP) symmetry [136-138].
Though the angle # that parametrizes this term is in principle unconstrained, experi-
ments have found very strong bounds on CP violation, consistent with § = 0 [58]. In
one elegant explanation, ¢ is described as a dynamical field that undergoes a phase
transition, the “axion” [59, 139, 140], which is currently sought after in experiments
[141]. However, the controlled study of topological effects far from equilibrium
remains highly challenging [142]. Here, quantum simulators, as discussed in the
previous chapters, offer an attractive alternative approach. While theories of the
standard model, such as QCD, are beyond the current abilities of quantum simula-
tors, existing technology [13, 14] can already simulate simpler models, which puts
insights into the topological properties of gauge theories within reach. In this respect,
the massive Schwinger model [86], describing quantum electrodynamics (QED) in
1+1 dimensions, is particularly interesting because it allows for a CP-violating 6-
term similar to QCD. However, while ground state and thermal properties of QCD
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and of the Schwinger model have been extensively studied [57, 143], much less is
known about their topological structure out of equilibrium.

In this chapter, we investigate the non-equilibrium real-time evolution of the
massive Schwinger model after a quench of the topological # angle. We find topolog-
ical transitions in the fermion sector, which appear as vortices in the single-particle
propagator when 6 changes by more than a critical value. In the limit of vanishing
gauge coupling, we rigorously connect this phenomenon to dynamical quantum
phase transitions (DQPTs), which in condensed-matter lattice models are currently
receiving considerable attention [60, 144-146]. A topological nature of DQPTs has
previously been revealed in non-interacting theories [147-149]. Here, we demon-
strate how to construct a general dynamical topological invariant that is valid in the
continuum and, most importantly, also in interacting theories. Moreover, our topo-
logical invariant provides a physical interpretation of DQPTs in terms of fermionic
correlation functions. Enabled by this result, we use non-perturbative real-time
lattice calculations at intermediate to strong coupling to show that the topological
transition persists up to e/m < 1. Already for lattices as small as 8 sites, we obtain
good infrared convergence. Moreover, the relevant phenomena occur on time scales
that have already been accessed in proof-of-principle quantum simulations of gauge
theories [13, 14]. These features will enable near-future experiments based on
trapped ions [13], superconducting qubits [14], and cold neutral atoms [29] to probe

this dynamical topological transition.

4.1.1 60-quenches in the massive Schwinger model

The massive Schwinger model is a prototype model for 3+1D QCD since both share
important features such as a non-trivial topological vacuum structure and a chiral
anomaly [57, 86]. CP violation can be studied by adding a so-called topological
f-term, (ef/27) E,, to the Hamiltonian density, where E is the electric field and e
the dimensionful gauge coupling. In temporal axial gauge, and by making a chiral
transformation, the #-term can be absorbed into the fermion mass term to give the

following Hamiltonian [86],
I t 01 i0~5
Hy= [ do |3E2+ vy (w D, + mei® )wx . 4.1)

Here, 1) are two-component fermion operators, 7°/! constitute the Clifford algebra
in two space-time dimensions, and 7° = 7y!. The Hamiltonian contains the energy
of the electric field, the kinetic term of the fermions, which are coupled to the
gauge sector via the covariant derivative D, = 0, + ieA;, where e is the electric
coupling, and the fermion rest mass m. While the addition of the #-term is an
imaginary contribution to the action (see [150]), we emphasize that the Hamiltonian
(4.1) remains hermitian. In particular, its spectrum is real and 6 does not introduce

any instability.
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Time tm

Momentum k/m Momentum k/m

FIGURE 4.1: Phase of the time-ordered correlator [Eq. (4.2)] after # quenches
at vanishing gauge coupling. The real-time evolution of the phase exhibits
qualitative differences when the quench is weaker/stronger than the criti-
cal value Af, = 7/2, exemplified here for A§ = 0.457 (left) and Af = =

(right). The phase is analytic for small quenches (|Af| < Ad,), while for large

quenches (|Af| > Af,) vortices form at (tk., t&”)). The integration path C, (¢),

here shown for tm ~ 9, encloses a discrete number of vortices (marked by
yellow circles), leading to integer increments of the topological invariant v as
time progresses (see Fig. 4.2).

Here, we wish to study how topological properties appearing through the CP-
violating §-term become manifest in the real-time dynamics of the theory. To this
end, we prepare the system in the ground-state |€2(¢)) of Hy and switch abruptly to
another value #', thereby quenching the system out of equilibrium. Since the #-angle
in the massive Schwinger model has the same topological origin as its counterpart
in 3+1D QCD, we can interpret the studied quench as a classical, external axion field.
In the following, we will show that this quench generates topological transitions,
which appear as momentum-time vortices in the phase of the gauge-invariant

time-ordered Green’s function,
Go—sor (K, t) = / da e He (f (, t)eie I 4 A 40, 0)). (42)

Here, we abbreviated (...) = (Q(6)|...|Q(0)) and O(z,t) = ot O(x)e~ o't with
O € {¢,y', A}, which encodes the dependence on the quench parameters. We will
first discuss these topological transitions in the continuum theory at weak coupling,
where we show analytically their direct correspondence to DQPTs. These results
will motivate the definition of a general topological invariant, which will enable us

to study also the interacting theory, discussed further below.

4.2 Non-interacting limit

In the limit of vanishing coupling, ¢/m — 0, the massive Schwinger model is
reduced to a free fermionic theory that can be solved analytically (see appendix
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FIGURE 4.2: Dynamical topological transitions at vanishing gauge coupling.
(a) The topological invariant exhibits jumps at critical times i = (2n —
D)7/ 2w(k.)] with n € N, if |A]| > 7/2, while the dynamics is topologically
trivial for |Af| < 7/2. (b) For |A8| > 7/2, the rate function [Eq. (4.5)] shows
non-analytic kinks at times tg").

4.A for detailed calculations) by diagonalizing Hy = [ dkHy(k), with Hy(k) =
1/},170 (lwl +m ew”s) Y. Figure 4.1 displays the phase of gy_,¢- as a function of (k,t)
for two exemplary quenches with A = 0.457, 7w (our results here depend only on
AO = (6 — 0') € (—m,r]). Strong quenches in the range |Af| > T are accompanied
by the formation of vortices at critical times £ = (2n — 1)t., with t. = 7/ [2w(k.)],
n € Nand w(k) = Vk2 + m2. These appear in pairs of opposite winding at critical

modes +k. = +m+/— cos (AH).

421 An order parameter for dynamical topological transitions

This observation suggests to define a dynamical topological order parameter that
counts the difference of vortices contained in left (—) versus right (+) moving modes,
v=ny —n_,with

nalt) = 5 55% dz {3(2)Va(z)} (43)

Here, §(z) = go—o (k,t')/|g9—e (k,t')| and C(¢) is a rectangular path enclosing the
left/right half of the z = (k, t')-plane up to the present time ¢, i.e., it runs (counter-
clockwise) along (0,0) <+ (0,t) <> (£oo,t) <> (£00,0) < (0,0) as visualized in
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Fig. 4.1. As exemplified in Fig. 4.2(a), the topological invariant remains trivial for
|A6| < 7/2, while for |Af| > 7/2 it changes abruptly at critical times £,

These critical times coincide with fundamental changes in the properties of
the real-time evolution, coined DQPTs [60]. DQPTs are revealed in the so-called
Loschmidt amplitude, which is related to the vacuum persistence amplitude [91]
and which is a common measure, e.g., in the field of quantum chaos [151]. The
Loschmidt amplitude quantifies the overlap of the time-evolved state with its initial

condition,
Lo () = (200) |1 [2(0)) (4.4

It is convenient to further define an intensive “rate function”

() )= lim
Ly e (t) = — \/h—r>noo % log [Lo—e/(t)| - (4.5)
DQPTs appear as non-analyticities of Eq. (4.5) [zeros of Eq. (4.4)].

In the limit e/m — 0, where the system is in a product state [Q2(0)) = @),. |2 (6)),
the Loschmidt amplitude can be decomposed into Fourier modes,

Loo (t) = [ [(Q(0) e e W0 (6)) . (4.6)
k

At e/m — 0, we have the additional identity (€,(0)|e~"He'*)|Q;(0)) = gg_or (K, t)
(see 4.A for a proof). Thus, zeros of the Loschmidt amplitude imply that the phase of
the Green’s function becomes undefined for a critical mode, enabling the appearance
of the vortices seen in Fig. 4.1. As a consequence, at zero coupling the topological
transitions and non-analyticities of the rate function in Eq. (4.5) strictly coincide [see
Fig. 4.2(b)].

For non-interacting lattice theories, a topological nature of DQPTs has previously
been revealed through the phase of the Fourier-decomposed Loschmidt amplitude,
arg [(Qx(0)| exp[—iHg (k)t]|Q2%(0))] = dgeom + ddayn [147]. Here, the total phase has
been divided into a trivial dynamical phase ¢4y, (k,t) and the so-called Pancharat-
nam geometric phase, ¢geom (k, t). At a DQPT, the winding number of ¢geom changes
by an integer. This change can be computed by integration across (half) the Bril-
louin zone at fixed time ¢ [147], which has been used in the recent experiments of
Refs. [148, 149]. For this prescription to work, however, one needs to subtract the
trivial dynamical phase ¢4y,, which can reasonably be obtained only perturbatively
close to the non-interacting case. Compared to this standard prescription, our con-
struction in Eq. (4.3) has a number of advantages. First, the prescription of Ref. [147]
fails for 6§ # 0, 7, where the absence of a particle-hole symmetry makes modes at
k = 0, £o00 inequivalent. Second, and more importantly, by using a closed path
in the (k,t) plane (cf. Fig. 4.1) only the singular geometric part contributes to the
integral in Eq. (4.3), irrespective of the smooth dynamical phase. Thus, together
with the definition through fermionic correlators, Eq. (4.2), instead of Fourier modes
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FIGURE 4.3: Dynamical topological transitions beyond weak coupling. (a)
The integer-valued topological invariant v clearly distinguishes different
“phases” in the (¢, e)-plane. The topological transition persists at larger cou-
pling, but shifts towards later times and appears at sufficiently large coupling.
(b) The maxima of the rate function obtained from the many-body overlap
agree qualitatively with the transitions in v, but are blurred by the finite lat-
tice size. (c) Rate functions computed from the full wave-function overlap
[red dotted; c.f. panel (b) and Eq. (4.5)], from fermionic two-time correlators
[orange dot-dashed; c.f. panel (a) and Eq. (4.2)], and equal-time correlators
[blue solid line; c.f. Eq. (4.8)], all indicate the same time of the first topological
transition, here illustrated for e/m = 1. Simulations are for a small lattice of
N = 8 sites as relevant for first quantum-simulator experiments, and with
lattice spacing am = 0.8.

of the wave-function overlap, Eq. (4.6), our formulation enables us to tackle also the

interacting theory.

4.3 Towards strong coupling

To investigate if the topological transitions persist at non-vanishing coupling, e/m >
0, we perform non-perturbative real-time lattice simulations based on Exact Diago-
nalization (ED), using the Python package QuSpin [152]. We focus on the strongest
quench Af = 7 (or —m — m), using staggered fermions with lattice Hamiltonian
[82]

N-1 ,
H=Y" BEE +m (1) ohdm — 5 (ShUndnt1 - h.c.)] . 47)
n=0

Here, ¢,, are one-component fermion operators on an even number of lattice sites
N, E,, and U, are electric fields and links, and a is the lattice spacing. To apply ED,
we restrict the simulation to the physical Hilbert space by solving the Gauss” law
constraint G, |phys) = 0 with G,, = E, — E,_1 — ¢ gbILgbn + #} In contrast
to previous works [13, 153], we use periodic boundary conditions (PBC) !, see the
appendix 4.B for more details. To efficiently compute the topological invariant
v in our numerics, we adapt a formalism that has originally been developed for

computing Chern numbers in momentum space [154]. The possibility to adapt

'To obtain a finite-dimensional Hilbert space, we drop the single remaining bosonic mode describ-
ing a homogeneous background electric field.
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this formalism to our case is another feature of our definition in Eq. (4.3) since it
is enabled by the use of a closed integration path in the (k, ¢) plane. This adaption
forces v to remain integer-valued even when evaluated on coarse grids, thus leading
to convergence already for small lattices 2.

As can be expected from the above discussions, at small e/m transitions in
the topological invariant coincide with maxima in the rate function, see Fig. 4.3.
Further, both structures congruently persists at larger values of e/m. Importantly,
however, while the system sizes accessible for ED do not allow one to discern
clear kinks in the rate function, the non-equilibrium topological invariant v sharply
distinguishes between topologically inequivalent phases, revealing a shift of the
transitions towards larger ¢. as e/m is increased. While the results for e/m < 1
are already reasonably finite-volume converged for the small system size plotted,
at e/m 2 1 finite-volume effects persist up to N = 20 (see section 4.3.2 below).
Nevertheless, the topological transition must vanish at sufficiently large coupling
e. because 0 becomes an irrelevant parameter in the limit m — 0 [155]. Finite size
effects in our numerical results hinder a quantitative determination of e.. Motivated
by these limitations, we propose to quantum simulate of the present setup.

4.3.1 Quantum simulation

Importantly, the first topological transition happens on times of order t;m ~ 1 — 2,
which lies within coherence times that are accessible with existing and proposed
quantum simulators [13, 14, 29]. A straightforward realization of the scenario
discussed in this chapter may be achieved with a quantum computer based on
trapped-ions or superconducting qubits, where quench dynamics has been studied
recently [13, 14]. Though these experiments used only four lattice sites of staggered
fermions, larger lattices are within reach of current technology [156-159]. Very
recently, it has been shown that variational algorithms can prepare the ground state
of the lattice Schwinger model with 8 to 20 sites with high fidelity [35, 160]. The rele-
vant dynamics can be implemented by discretizing the unitary evolution operator
into a sequence of quantum gates [13, 161]. For staggered fermions, the mass term is
realized by local rotations and can be quenched by inverting the direction of rota-
tion. All observables studied in this chapter can then be accessed by an appropriate
sequence of unitary operators intermitted by spin flips. Alternatively, various works
have proposed analog quantum simulators of the massive Schwinger model [7, 8,
26, 162]. In the implementations proposed in the previous chapters, which are based
on mixtures of cold atoms in a tilted optical lattice, the fermion mass corresponds to
Rabi oscillations between two hyperfine states driven by radiofrequency radiation
or is set by the laser-assisted tunneling. In these setups, a mass quench may be

’In the non-interacting limit the topological invariant is not affected by the choice of lattice regular-
ization, which we have explicitly checked at the example of staggered and Wilson fermions. Here, we
restrict the simulations in the interacting case to staggered fermions, which are closer to the continuum
limit given the limited resources.
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simply implemented by abruptly adjusting the corresponding parameters, e.g., the
Rabi frequency.

These experiments may unveil the topological transitions through different
observables: First, a digital quantum computer could in principle work with the
many-body wavefunctions to directly calculate the order parameter v [Eq. (4.3)]
and the rate function I'y_,¢/(¢) [Eq. (4.5)]. Second, one could measure the two-time
correlator gg_¢/(k,t) [Eq. (4.2)] [163, 164] and thereby avoid the study of many-
body overlaps. Third, the discrete transition points of the order parameter are
indicated also in experimentally more accessible equal-time correlation functions,
[E))%) = ([0 (t,x),9°(t,y)] ). Namely, let us define

K6—>9’(t) = H [F(kv t) + F(kv 0)]2 ) (4.8)
k

where F = (F}, Fy, Fs) are Lorentz components® of the correlator, F(t) = Fi(t)1 +
F,(t)y" + iF5(t)y5. One has Kg_p (t) = [ |90—0 (k,t)|* = |Lo—e (t)|* in the non-
interacting limit (for details, see the appendix 4.A). This motivates to define the rate
functions T'¥)(t) and ') (¢) analogously to I'\*)(t) by replacing |L(t)| in Eq. (4.5)
with [T, [g(k, t)| and /K (t), respectively. We thus have three complementary defini-
tions that coincide for e/m — 0, obtained from equal-time correlators, Eq. (4.8), two-
time correlators, Eq. (4.2), and the full many-body Loschmidt amplitude, Eq. (4.4).
Remarkably, as illustrated in Fig. 4.3(c) for e/m = 1, even at intermediate couplings
the maxima of all three rate functions indicate the same critical times with relative
deviation less than about 8%. Below we show a quantitative comparison, which
demonstrates that the three rate functions show comparable finite size deviations,
which for the topological order parameter are significantly smaller.

Besides its experimental simplicity, Eq. (4.8) also gives an interesting interpreta-
tion of the dynamical topological transition in terms of a dephasing effect. Namely,
Eq. (4.8) has zeros if and only if the mode k. at time ¢, exhibits perfect anti-correlation
with the initial state, F(k.,t.) = —F(k¢,0). This anti-correlation is responsible for
the non-analytic behavior of the associated rate function.

4.3.2 Finite size dependence of the transition times

) as indicated

We have extracted the critical times of the first topological transition ¢!
by the rate functions of the Loschmidt amplitude L, the equal-time correlator K, the
two-time correlator g, and the dynamical topological order parameter v. While v
unambiguously determines a critical time by its discontinuous jump between two
integer values, we have chosen the maxima of the three different rate functions
as an indicator of t5” for a quantitative comparison. This comparison is shown in
Fig. 4.4 for weak (e/m = 0.5) and intermediate (e¢/m = 1.0) coupling strength as

a function of lattice sites /N. Remarkably, all three rate functions indicate similar

3We exclude Fj in F because mode-wise charge conservation implies Fy(k,t) = 0 at e/m = 0.
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transition times for all investigated parameters. Nevertheless, the rate functions
exhibit strong finite-size fluctuations, as expected for the small lattice sizes accessible
with exact diagonalization, which become more pronounced at stronger coupling.
In comparison, the transition times indicated by the dynamical topological order
parameter show a smoother N-dependence with reduced finite-size deviations. We
attribute this to the topological robustness of v, which makes it a more suitable

observable for finite lattices.

n.‘
1.2 NG .
= /," —
g g u‘{; e/m=10.5
i: 1.0 4 == sudsi Loschmidt amplitude L
—4— equal time correlator K
unequal time correlator g
== order parameter v
(). b= 7 T 7 7 7 T 7 7
4 6 8 10 12 14 16 18 20
Lattice size N
_ T —— —_
141 D - o T
g ,
+= . ; Y
g 1.2 e/m=1
i: v=f= Loschmidt amplitude L
1.0 1 —4— equal time correlator K
unequal time correlator g
=f= order parameter v
0.8

4 6 8 10 12 14 16 18 20
Lattice size N

FIGURE 4.4: The critical times t{") of the first topological transition as in-
dicated by the first maxima of the three different rate functions - extracted
from the Loschmidt amplitude L (red, dotted), the equal-time correlator K
(blue, solid) and the two-time correlator g (orange, dashed) - are shown in
comparison to the time indicated by the dynamical topological order pa-
rameter v (black, dashed-dotted). In general, finite-size deviations are more
pronounced for intermediate coupling (e/m = 1.0, right) than for weak cou-
pling (e/m = 0.5, left), and are stronger for the rate functions than for the
order parameter. Note that we only show data for v for N/2 even because our
definition is ambiguous for N/2 odd. The lattice spacing is am = 0.8 for all
simulations. The error bars arise from a finite time step dt/a = 0.01 for saving
the data.
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4.4 Summary

In this chapter, we have studied the real-time dynamics of massive 1+1D QED
with a #-term, as a prototype model for topological effects in gauge theories. By
establishing a general dynamical topological order parameter, which can be obtained
from fermionic correlators and is valid in interacting theories, we have identified
the appearance of dynamical topological transitions after changes in the external
“axion” field. A connection between the topological transitions to DQPTs, which is
rigorous at zero coupling, persists in our numerics of the interacting theory, thus
providing a physical interpretation of DQPTs in terms of fermionic correlators.
Finally, our topological order parameter can directly be applied also in the study
of condensed-matter models, where the construction of topological invariants for
interacting systems is a major outstanding challenge [165-167].

In this study, we have identified a relevant problem for state-of-the-art quantum
simulation. The described dynamical transitions constitute an ideal first step because
the relevant dynamics appears at short time scales and small system sizes. We expect
the topological nature to provide robustness against experimental imperfections,
which may provide a starting point to tackle the question of certifiability of quantum
simulation.

Despite the simplicity of the considered model, our study shows that quantum
simulators provide a unique perspective to the topological structure of QCD out
of equilibrium. Phenomena closely related to the physics studied in this chapter
are the conjectured Chiral Magnetic and similar effects [168-171], which remain
challenging in and out of equilibrium for theoretical studies [81, 84, 142, 172-178].
Here, a simple next step for future quantum simulators is to model these effects by
spatial domains of the #-parameter [179].
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Appendix: Even more about the massive Schwinger model

In the first section 4.A of this appendix, we give a detailed summary of analytic
predictions for the quench dynamics, which are based on non-interacting fermions.
In the second section 4.B, we prove a general solution of Gauss’ law on a periodic
one-dimensional lattice for arbitrary fermion discretizations, which we used for the

numerical ED simulations.

4.A Free fermion calculations

4.A.1 Diagonalization

Consider the free fermion Hamiltonian H = fOL dx T,Z)on (i’yl@x + meievs) Yy On a
circle of length L. The spatial structure of the Hamiltonian becomes diagonal in

Fourier space,

by = =3 e " =1/dewe4m’ (4.9)
I\/pra p\/zo T 9

where the sum runs over all p = 27n/L with n € Z. Choosing

1 0 0 1 01
0_ : 1 _ ’ 5= , 4.10

as a specific representation of the Clifford algebra, the Hamiltonian reads

mc.osﬁ —p+ imsin 6 7 411)
—p — imsin 6 —mcosf

H=) ylHu,, &@m=<
p

which leads to the eigenvalues and -vectors tw, = +/p? + m? and u;,t. Defining
quasi-particle operators by

(ﬁ):@%’ (4.12)

where U, = (u}, u,, ) is the unitary with UngUp = diag(wp, —wp), this yields

H=Y w, <a;ap +bjby 1) . (4.13)
p
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The explicit expressions for the eigenvectors are

imsing
u; = [2wp(wp — m cos 9)}_1/2 (p v s ) , (4.14a)
m cos 0 — wp
— 0
u, = [2wp(wp — m cos 9)}_1/2 ( mC(_)S ﬂ—wp) , (4.14b)
p+imsind

such that the commutation relations are preserved, {ap, ag} = 0pg = {bp, bg}. The
vacuum |(2) is the ground state of H and fulfills a,|Q2) = 0 = b_,|Q2).

Two sets of quasi-particle operators corresponding to H (6, m) and H(0',m’) are

directly related by
/ /
bL,(0,m) bl (0", m")
The two corresponding vacuua can be related by
200,m)) = [T N 4y + Bpal (@', m L, (¢, m')| 100", m)) (4.16)

P

with the coefficients
Ap(0,m; 60 ,m) = (u;)T 0", m")u, (6,m) , (4.17a)
By(0,m;0',m) = (u;)T @, m')u;'(ﬂ, m) (4.17b)

and |N,|* = |4,* + |Bp|? = 1 is fixed by the normalization (Q2|Q2) = 1 and the

+

orthonormality of the eigenvectors u;; .

4.A.2 Quench dynamics and DQPT

The dynamics following a quench from H (0, m) to H(6',m') is described by

|V6.m—s0r e () = e~ MQ(0 m)) (4.18)
=[N, [Apewp(m’ﬁ + Byal (0, m/ )bl (¢, m')er (M| (0, m)) .
p

Thus, the Loschmidt amplitude follows as

L@,m—>9’,m’(t) = <¢9,m—>9’,m’ (0) ’w@,m—)H’,m’ (t)> (419)

By — [Ap* ]
= cos(wpt) + i——5—— 5 sin(wpt) | .
H[ o0+ 1B,
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Focusing on #-quenches with m’ = m, we explicitly obtain after some algebra,

w2+ p? +m?cos (0 — 0') m?sin” (072—0)

[Ap[* = o B = (4.20)
2w2 w2
Therefore the Loschmidt amplitude becomes
2 2 !
p°+m-cos (0 —0) .
Lo o (t) = erae/ (t,p), Lo (t,p) = cos (wpt) — i 2 ( ) sin (wpt)
p p
(4.21)
and from the condition ¢(p,t) = 0 we can read off the zeros to occur at
2 1
#n) = m@nt+1) p2 = —m?cos (0 —0') . (4.22)
Wp,

In the thermodynamic limit, these zeros cause non-analyticities in the rate function

associated to the Loschmidt amplitude,

. 1 —d
Lorsp(t) = — lim Vlog |Lo—er (t)] = —/ e (t,p). (4.23)

V—oo 00 2

The final integral expression is evaluated numerically for the results plotted in figure
41.

4.A.3 Two-time correlation functions and the order parameter

To get a better understanding of the physics underlying the DQPT, we observe the
following identity

losor(t,p) = (QUO)|al(6)ap(8)e " + bp(6')L,, (0" )e™ 7" |2(0))
= (QO) [V (D) (0)I2(0)) = g(t,p) , (4.24)

=)
2,

where () = e()tpe=H(0) denotes a Heisenberg field operator w.r.t. to the post-
quench Hamiltonian. Consequently, the DQPTs occur at zeros of the time-ordered
correlator g(t,p). As a consequence, the phase of g(t,p) = |g(t, p)|e****) becomes
ill-defined at the critical points (tﬁ”) ,pc) and develops a winding. This observation
underlies the order parameter introduced in this chapter. Crucially, we change
the perspective from the Loschmidt amplitude to correlation functions, which in
turn have a straightforward generalization and interpretation also in the interacting

theory.
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4.A4 Interpretation with equal-time correlators

We can give yet another interpretation by considering the Loschmidt echo,
|Lo—o (t)]* = Tr [pg—er () po—er (0)] (4.25)

where pg_,g/(t) = e HOQ(0)) (Q(0) |0 is the pure-state density operator. For
two Gaussian states py, k = 1,2, e.g., ground states of a non-interacting system and
their time-evolution, the trace in (4.25) can be calculated (see [180]) as

Tr [plpg] = det |:G1G2 -+ éléz] , (4.26)
with the correlators
(Gk)i]‘ =Tr [Pkiﬁgiﬁj} ) (ék)lj =05 — (Gk)i]‘ . (4.27)

In our case the indices i, j label both lattice sites and spinor components. Introducing
the statistical propagator

(Fi)y = 5T e (vl —w50!)] (@.28)

and using the commutation relations {wj ) z/zj} = 0;;, we can rewrite the result (4.26)

as
1
Tr [ppo] = det |:2F1F2 + 2:| . (4.29)
In the our case, this gives

Loor (D)2 = det [QF(t)F(O) + ;] ~ [ det [F(p,t)F(p, 0) + ;} L 430

where the prime indicates the remaining determinant in spinor space after perform-
ing the spatial functional determinant in Fourier space where the correlators are

diagonal,

d .
Fot) = [ 527 VP (431)

We further decompose the correlator in its Lorentz components4, F=rF4y =
F1 + Fy® + Fiy! + iFs+°. For brevity, we only state the explicit expressions for

“The additional matrix ~° corresponds to a change of variables from P to g = TA0.
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the simplest quench —m — m (or ' =7 — 6 = 0),

Fu(p.t) = %Tr Flp ") = [;(pQ — m?) + p? cos (2wpt)] (4.32a)
P
Folp.1) = 3T [{°F(p, "] =0 (4:32b)
Fi(p,t) = %Tr th(p7 t)vo} = % B(m2 —p%) +m?cos (2wpt)] (4.32¢)
P
F5(p,t) = %Tr [—i’y‘r’F(p,t)*yO} = % sin (2wpt) . (4.32d)
Z

At the critical momenta, where p? = m?, these equations further simplify

Fu(pest) = Fi(pert) = —— cos (2\/§mt) , Fs(pe,t) = }sin<2\@mt) . (4.33)
2v/2 2
For a general §-quench, the electric charge is conserved for each momentum
mode separately, i.e., Fo(p,t) = 0, and the remaining components form a spin-
1/2 vector F(p,t) = (Fs(p,t), Fi(p,t), F5(p,t)) with F2(p,t) = 1/4. Then a direct
computation of the relevant determinant gives

det! [F(J% D90 (p,0)70 + ;] = H2F(p 1) F(p. 1) (4.34)

and therefore the Loschmidt can be written as

1Loo () = [[[F(p.t) + F(p.0)] . (4.35)

Thus a DQPT, determined by |Lg_¢ (¢)|> = 0, occurs if F(p,t) = —F(p, 0) (as already
visible in Eq. (4.33)). This expression for the orthogonality of the time-evolved
state and the initial state becomes particularly simple because the (non-interacting)
system remains in a product state in momentum space, completely determined by
the spin-1/2 vectors F(p,t), and may be pictured as a collection of Bloch spheres.

4.B Solving Gauss’ law on a ring

In one spatial dimension, gauge invariance is very restrictive and prohibits propagat-
ing gauge degrees of freedom. As a consequence, the restriction to gauge-invariant
states that fulfill Gauss’ law allows us to rephrase the theory in terms of fermions
only. While this procedure is well known in the continuum and straightforwardly
generalizes to a lattice with open boundary conditions, we are not aware of a solu-
tion of Gauss’ law with periodic boundary conditions (PBC). In this section we give
a detailed solution of this problem with PBC.
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4.B.1 Separating the background

We consider a general coupling between gauge and matter fields described by
some fermion Hamiltonian H,;, and focus on the electric energy part Hg. The full

Hamiltonian reads

H=Hg+Hy Hp=2Y B (4.36)
2 n=0
with a general Gauss’ law operator
Gn=FE,—FEn1—Qn, (437)

where Hy, and @,, depend on the fermion discretization. PBCs imply Fy = Ey and
Qo = Qn. We split

E,=FE+E, (4.38)
with £ =) E,, such that we have the constraint

> 6B, =0. (4.39)

We can thus rewrite

3 % [EQ + 2BESE, + (5En)2] - gﬁ + %Z (OE,)? . (4.40)

n

In the following we focus on the background-independent part and change notation
SE, — E,and Hg — Hp — aNE?/2, i.e we restrict ourselves to

N-1 N-1

HEZ%ZE,%, S E,=0. (4.41)

4.B.2 Solving Gauss’ law
For simplicity, we assume N even. We will show that

N—1N/2

Hp~a) Y f(d)Qn(Quid+ Qn a) (4.42)

n=0 d=0

for a suitably chosen function f(d). Here, “~" denotes equality on the physical
subspace where G,, = 0. This result depends crucially on the periodic boundary
conditions and the constraint (4.39) as will become clear in the following. Consider
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the contribution

Ca=)  Qn(Quida+Qu-a) (4.43)
~ " (En — En-1) (Bntd — Enta—1 + En—a — En—a-1) (4.44)

= Z En(2Enya+2E, 4 — Enyay1 — Envd1 — En—gr1 — En—a-1) , (4.45)
where we have first applied (4.37) for GG, = 0 and then shifted indices (which is
possible due to the PBCs). It is helpful to picture the different contributions by a
string of numbers specifying their coefficients as follows

Coss - —2,+4,-2... (4.46a)

Cpés o —1,42,—2,42,—1... (4.46b)

Co - —1,42,—-1,+0,—-1,4+2,—1... (4.46¢)
Cy34---—1,42,-1,40,+ 0,40, —-1,+2,—1... . (4.46d)

Now, we we want to choose f(d), weighting the coefficients in the above diagram,
such that every column-wise sum is canceled and only the middle one is non-
vanishing. Special care needs to be taken about the boundary conditions. To this
end, we replace the terms

EnEninp = — Z EnEnyj (4.47)
J#N/2

according to the constraint (4.39). In this way, we arrive at the following conditions
on f(d) (the “obvious” conditions from the above diagram on the left-hand side, the
“boundary” conditions on the right-hand side)

-1

4f(0) —2f(1) #4f —2f

)
>_
)

(4.48a)

2f(1) = 2f(0) = f(2) = 4f

[\
~

S~ N7 N -7 N7 N

2f(d) = fd=1) = f(d+1) = 4f —2f{ 5 -1

(30 (3) 15 (5) -

Here the first inequality insures that the coefficient in front of E% is non-zero, while

(4.48¢)

SR R

7~ N7 N~

)
1) s
)

S = A S

—1> . (4.48d)

the other coefficients (E,, E,,4) are all vanishing. The d-dependent equation is only
valid for d # 0,1, N/2—1, N/2. In principle we thus have 2+ (N/2 +1)—4 = N/2—1
equations and one inequality for N/2 + 1 unknown variables. The normalization
(the overall factor) gives one more condition, such that we expect a one-dimensional
solution space (without the inequality).
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We will make the ansatz f(0) = 0 and f(1) = 1 and solve the system recursively.
In the end, we will see that the solution satisfies the inequality

f(Z—l) —2f @7) 41 (4.49)

and we adjust the overall factor. Note that there could be other solutions, but the
following one leads to consistent physical interpretation as discussed further below.

Our recursive ansatz yields

F(2) =2 —4f (J;[) +2f (g - 1) (4.50a)

f(d+1):2f(d)—f(d—1)—4f<];7>+2f<];7—1> : 3§dgg—1

or () =ar (3 1) (3 2). 4500

The first two lines are solved as

d—2 d—2
f(d)d(24j)f<‘]§>+( 2j)f<]§1), 2§d§%—1 (4.51)
j=0 =0

=d+ (d* —3d+2) [—2f (27) f

which can be used to obtain

N —2N +4+2f (X)) (N2 —10N +24
f 2 )= f(Q)( ) (453)
2 N2 — 10N + 20
N N2 —8N +8+2f (X) (N? - 14N 448
2 N2 — 10N + 20
from which one finds from the remaining equation
N —~N24+38 MY (6N2 — 52N + 96
2 N2 — 10N + 20
with the solution
N N2_-38
S (R 4.
f<2> S(N—3)" (4.56)
such that
d? —3d + 2 N
= <d< —-—-1 .
fld)=d TN 2<d< S (4.57)
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and the constraint

N N 1
f(2—1>—2f<2>:3_N7£1 (4.58)

is indeed satisfied if N # 2. The difference of the two sides of the equality {2 sets
the prefactor of E2.

In conclusion, we have found the identity

N-1 N_3 N1 e
Z Eﬁ o~ _m Z {Qn (Qn+1+ Qn—1) + anQnJrN/Q
n=0 e
N/2-1 )
d? —3d+2
+ ; [<d+ ]\7_3) Qn (Qn-&-d—f—Qnd)}} ,

(4.59)

on the physical Hilbert space, assuming N # 2, periodic boundary conditions and
the separation of the background electric field.

4.B.3 Limits of the potential

In a more compact notation our result takes the form

Hp =35 % E2="v(dun) QuQum ; (4.60)

nm

where d,,,,, is the distance
dpm =min (ln—m|,N —|n—m|) , (4.61)

and the potential v(d) is given by

d, d=0,1
a (N-3
- _Z d?—3d+2 N
v(d) = 4<N_2)>< d+ 4342 0 o <g< 1. (4.62)
N2-8 d= N
I(N=3) ° — 2
If we take first the infinite volume limit N — oo, then
v(d) — —(%d , d<oo. (4.63)

Taking first the continuum limit, we define x = ad and L = aN. Keeping L fixed the
asymptotic behavior is

d+

d?2—-3d+2 22— Lx+ 242 1<
a

16'2
_ il 4.64
3-N 3a% — La L)’ (4.64)
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such that
2
o(d) = -+ <x - x) . (4.65)

In any case, the continuum limit in infinite volume gives

62

Hp = = /dw dy |z — ylp(2)p(y) , (4.66)

which is precisely the result one can obtain directly in the continuum theory (see
[86]). For a finite system size with periodic boundary conditions, we have

2
1 == [drdy V(1) pla)oty) (4.67)

with the potential

. 1
oy = min(jz —yl, L~ [z —yl) = 5 (L= |L—2|s —]]) . (468)

Note that this gives a correction to the (otherwise constant) force

2
F(r)=V'(r) =1~ . (469)
with minimum/maximum atr = 0, L /2.
In summary, we have obtained an explicit expression for the electric energy in
terms of the fermionic charge. Our result agrees with the expectations from the

continuum and provides a consistent correction for finite lattices.
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Part 11

Analyzing quantum simulators
with quantum field theory
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Chapter 5

Extraction of the instantaneous

effective action in equilibrium

This chapter is based on the article [39] with the figures and large parts of the text
taken from it. The contributions are the following. Foundational ideas for this
project were defined in discussions among J. Schmiedmayer, J. Berges and S. Erne.
I performed the analytical and numerical calculations for the theoretical part of
this work. The code for extracting 1PI correlators was written by myself, while
the code for generating thermal phase profiles was written by S. Erne. T. Schwei-
gler performed the experiment and analyzed the experimental data, including the
comparison to theory. J. Schmiedmayer and J. Berges supervised and guided the
project. While all authors participated in the writing of the manuscript [39],  made
significant contributions to the wording and structuring of the text. F. Cataldini, S.
Ji, B. Rauer and M. Tajik helped conducting the experiment. In the appendix 5.B, I
include additional related material that was not printed in [39].

5.1 Introduction

Quantum Field Theory (QFT) has a wide range of very successful applications from
early-universe cosmology and high-energy physics to condensed matter physics. A
central aspect of QFT is that it describes the many-body limit of complex interacting
quantum systems, which is also relevant for quantum technology if devices become
large. Present large-scale analog quantum simulators using ultra-cold atoms explore
the many-body limit described by QFT [38, 62, 65, 99, 118, 119, 181-192]. Therefore,
they may also be used to solve outstanding theoretical problems of QFT that are
beyond classical computational techniques.

One of the big experimental challenges is probing the complex many-body
states. One strategy is to detect every constituent (atom, superconducting qubit,
quantum dot ...) and its state. Such detections constitute a projective measurement
of the many-body wave function in the constituent basis. For large systems such a
measurement contains way too much information to be ever analyzed fully. This is
reflected by the exponential complexity of “tomography” that prevents a complete
characterization of the many-body quantum states [193].
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By contrast, there are important simplifications occurring in the many-body limit
described by QFT. In QFT, often only a small subset of the microscopic details of the
underlying theory is relevant for the computation of measurable physical properties.
This effective loss of details has its mathematical foundation in the renormalization
program of QFT [50]. As a result, for a quantum simulation of such a theory, many
of the detailed properties of the microscopic quantum device have no effect on the
simulation outcome for quantities of interest [31].

This raises the important question of how to extract from experimental data the
relevant information content of QFT. It is well known that an efficient description
of QFT can be based on one-particle irreducible (1PI) correlation functions, called
irreducible or proper vertices [50]. They represent the irreducible building blocks
from which all physical observables may be constructed. This can be, e.g., the
effective Hamiltonian determining the macroscopic dynamics, a possible spectrum
of quasi-particles and their effective interaction strength. In a general setting, these
vertices are functions of space and time or momentum and frequency, encoding
the “running” of couplings prominently discussed in high-energy physics in the
framework of the Standard Model of particle physics.

In principle, the irreducible vertices can be extracted from higher-order correla-
tion functions [50]. The standard procedure employs correlation functions involving
large time differences. While this is very suitable for high-energy collider experi-
ments, where an analysis is based on the concept of asymptotic states in the infinite
past and future, this is not adequate for many realizations of strongly interacting
many-body systems where the notion of an initial state “long before” and a final
state “long after” the collision is not physical. Moreover, often these systems are
studied at a given snapshot in time, without any direct reference to states in the
asymptotic past or future. This is especially true for cold-atom experiments where
one takes pictures, for example measuring every atom either after time of flight [194]
or in-situ [195, 196].

In this chapter, we develop a pathway to extract the irreducible vertices of a
quantum many-body system from experimental measurements. Our approach em-
ploys a formulation of QFT based on equal-time correlation functions only [61, 197].
Equal-time correlation functions can be extracted from snapshot measurements [38,
190, 198] and, therefore, match well with experimental capabilities. We lay out the
theoretical foundations of this approach, and illustrate the derivations using the
sine-Gordon model. The irreducible vertices at equal times are estimated for this
model both analytically and using numerical simulations. In particular, we show
how to recover from the vertices the effective Hamiltonian underlying the dynamics.
These theoretical results provide the basis for the benchmark verification of the
QFT description extracted from experimental measurement. In the experiment, the
sine-Gordon model is quantum simulated with two tunnel-coupled superfluids in
thermal equilibrium [38]. We show how to extract the irreducible vertices from
the experimental setup and compare the measurements to the theoretical estimates.
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The agreement of the experimental results with the theoretical expectations within
errors provides a proof-of-principle verification of the approach. This represents an
important step towards quantum simulator applications that are beyond reach of
classical computational techniques. A first example of such an application is the
recent experimental extraction of the irreducible two- and four-vertices for a strongly
correlated spin-1 Bose condensate far from equilibrium [65], where no theoretical
solution is available and which has been performed in parallel to this work.

This chapter is organized as follows. We start in section 5.2 with a self-contained
description of an equal-time formulation of quantum field theory and equal-time
correlation functions as they arise naturally in experiments. In particular, we show
how the instantaneous 1PI vertices, which constitute the fundamental building
blocks of the QFT description of the many-body system, can be extracted from
the measured equal-time correlation functions. In section 5.3, we illustrate these
theoretical foundations for the sine-Gordon (SG) model [199-202] and calculate the
1PI correlation functions and the instantaneous effective action in the classical field
theory limit in thermal equilibrium and compare it to numerical simulations. As a
proof of principle, we show in section 5.4 an application to an experiment with two
tunnel-coupled superfluids, which realizes the SG model [38, 203]. We conclude
our work in section 5.5. The appendix 5.A contains detailed calculations.

5.2 Extracting the irreducible vertices from equal-time cor-

relations

In a standard formulation of quantum field theory one starts from a typical scattering
experiment which gives access to the transition amplitude between an initial state at
times long before the collision and its final state at much later times. These transition
amplitudes determine the S-matrix elements, which can be expressed in terms of
time-ordered correlation functions of the underlying quantum field theory [50].
Knowledge of all time-ordered correlation functions is then equivalent to solving
the quantum theory [204, 205].

However, time-ordered correlation functions and the description by an S-matrix
formulation are conceptually less suitable in the analysis of strongly correlated
complex quantum systems, which are often studied at a given snapshot in time. Such
measurements at a given instant of time lead to the notion of equal-time correlation
functions. In quantum field theory, these can be represented by expectation values of
Weyl ordered products of field operators [61, 206]. Knowledge of all instantaneous
(equal-time) correlation functions at a given time ¢ contains all information about the
many-body system at this instant of time. For example, the factorization properties
of higher-order correlation functions directly reveal if the system is free (factorizing)
or interacting (non factorizing) [38]. To extract the interaction constants of the
underlying (effective) Hamiltonian one has to extract the so-called one-particle
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irreducible (1PI) correlation functions [50] which represent the full non-perturbative
interaction vertices of the quantum system.

While there are standard textbook concepts to extract the 1PI correlation func-
tions from time-ordered correlation functions, the possibility to extract them from
equal-time correlation functions is much less explored. Here we illustrate how to
extract them from the equal-time correlations and thereby show how to determine
the effective Hamiltonian from experiment at a snapshot in time.

We start in section 5.2.1 with an introduction to quantum field theory in an
equal-time formalism. At the example of a scalar field theory, we show the relation
to Wigner’s phase-space formalism commonly used, e.g., in quantum optics. We
further summarize how to extract connected correlation functions (5.2.2) and one-
particle irreducible vertices (5.2.3) by introducing suitable generating functionals.
Finally, we approximately calculate the instantaneous 1P1 effective action in thermal
equilibrium in section 5.2.4, which provides a direct connection to the parameters of

the microscopic Hamiltonian, and give a recipe on how to proceed (5.2.5).

5.2.1 Equal-time formulation of quantum field theory

The use of equal-time correlations is motivated by the progress of cold atomic setups
which nowadays allow to extract highly resolved images at a given instant in time.
It has long been known that QFT can be set up by only employing such equal-
time information, without relying on multi-time correlations [61, 197, 207]. This
formulation has, however, never been widely used. Theoretical progress in solving
the equal-time formalism is hampered by the lack of appropriate approximation
schemes. Nevertheless, an equal-time formulation is perfectly suited to extract the
irreducible vertices from experimental data representing a snapshot of the system at
a fixed time.

Setting up an equal-time formulation relies on measurements of conjugate ele-
mentary operators that are non-commuting. As a consequence, one has to choose
an ordering prescription [206]. Since correlations in cold atom systems are straight-
forwardly obtained by multiplying and averaging single shot results, the obtained
correlations correspond to a fully symmetrized (so-called Weyl) ordering of the
quantum operators. Moreover, as we show below, this choice of ordering leads to a
definition of 1PI correlators that is directly related to Hamiltonian parameters. For
the rest of this paper, we thus focus on Weyl-ordered correlation functions. A short
discussion of other ordering prescriptions is given in the appendix 5.A.2.

For simplicity, we start with a real scalar field theory with Schrodinger field
operators ®(x) and TI(x) that fulfill the canonical commutation relation

N

[@(X),ﬁ(y)} — s (x—y) . (.1)

A general quantum state at time ¢ is in the Schrodinger picture described by the

density operator p;. Equivalently, knowing all correlations characterizes the state p;
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(see appendix 5.A.3 for more details). Formally, all correlations can be conveniently
summarized in the generating functional

Z[J] = Tr [ﬁt exp (Jf(i)x 4T Hx>] . (5.2)

Here we have introduced a notation where repeated indices are integrated over,
e.g., JXbx = [d% J?(x)®(x). The J's are so-called source fields, i.e., auxiliary
variables that encode the dependence of p; on & and 11, as indicated by ¢ and 7. In
the definition of Z;, we have implemented the choice of ordering by treating the
conjugate fields ® and IT symmetrically. The resulting correlation functions, which
are obtained by taking functional derivatives are Weyl-ordered. For example at

second order, we have
Gy (t) = <<%‘¢y>wf <¢xwy>Wt> : (5.3)

which consists of the three independent correlators

52Zt[<]] 1 i A2 A o4 1

(exPy)w, = v7os77| = 51 [Pt (PxPy + PyPx )| (5.4a)
YIWe LIy |y 20 L ( vy )
82 Z4[J] Lo T (s o = 2 \]

(xmyhw, = 5707z = 5T | (@xny+nyq>x) , (5.4b)
X Yy 1J=0 ) -
82Z,[J] Lo T (e oo o \T

<7TX7TY>Wt = 5J7T:SJ7T = §Tr Dt (HxHy + Hny) . (5.4¢)
x y I J=0 - -

This is explicitly verified in appendix 5.A.2, where also the higher-order case is
discussed.

For a general quantum many-body system, Z;[J] may involve more than one
pair of canonically conjugated fields. This possibility can be incorporated by adding
appropriate sources J and essentially does not affect the general discussion.

In the following, we consider only correlators of ¢ to lighten the notation. Nev-
ertheless, ¢ may stand for either of the two fields and 7 is only written explicitly
when necessary to avoid confusion. In general, we then denote all Weyl-ordered

correlators as

n AN
G ) = (x1 - Oxadwy, = 5 tlJ] (5.5)

o 0% L —o
We refer to the appendix 5.A.1 for a summary of all notational conventions used
throughout this paper. In Eq. (5.5), we have assumed a proper normalization,
Tr py = 1, which implies Z,[0] = 1.

To make use of established, powerful QFT tools, we seek a representation of Z;

in terms of functional integrals. As shown in the appendix 5.A.4, the expression (5.2)
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can be rewritten as a
ZJ] = /D(p Dr Wy lp, mlexp (JLpx + Jpmx) - (5.6)
The integration kernel W; can be interpreted as a quasi-probability distribution,

o+ 2 Yo (fums) 7)

the so-called Wigner functional. Here |p) denotes an eigenstate of the field opera-

Wilp, 7] = /DS5 <<P— g‘ﬁt

tor ® with eigenvalue . The Wigner function itself has previously been applied
successfully in the context of quantum optics [208] and also plays a prominent role
in the semi-classical description of non-equilibrium quantum dynamics [209, 210].
Eq. (5.6) is the basis of the equal-time formulation of QFT and allows us to apply

established procedures in the following.

5.2.2 Connected correlation functions

In QFT (and analogously in classical probability theory) it is well known that the cor-
relations encoded in Z; are largely redundant [50, 211]. The first step is the removal

of additive redundancies, by the introduction of another generating functional,

We denote the corresponding correlations, called connected correlators, as

(n) _ O"EJ]
Gesy,oxn (t) = 57 (5.9)

x1 5an

J=0

Explicitly, as shown in the appendix 5.A.5, up to fourth order they are given by

Gl =6l (5.10a)
GOxe = GOy, — QLGS (5.10b)

G oy = O sy = (G s Gy + Gy Gy + Gy, G
M ) M (5.10¢)

c,X1 7 C,Xo T ¢,X3 )

4 _ 4 2 2 2 2 2 2
G((:‘,))Cl,xg,xg,X4 - chl),xz,X3,X4 - (Gg,))(l,XQ GE,))Cg,xAL + Gg,))cl,x;; Gg,))CQ,X4 + Gg,})Cl,X4 Gg,))cz,xg +)

3 1 3 3 1 3
(GO s Gy + Gy Gy + Gy Gl + G sy s G
2 1 1 2 1 1 2 1 1
- (Ggﬁ)(hxz GEJ,DZSGEJ)M + Ggﬁ)(hxs Géﬁ)iz G£7>)<4 + G£73)€17X4 Ggﬁ)iz G£7>)<3

2 1 1 2 1 1 2 1 1
+ GE,))Cg,xg Gl(ZA,))Cl Gg,))€4 + GE,))CQ,XALGI(:,))(:[ Gg,)lg + GE,))Cg,xAL G((:‘,))Cl Gé,}(z)
— ¢ ) (1) 1)

c,X1 ¢, X2 ¢, X3 ¢, Xq )

(5.10d)

where we suppressed the overall time-dependence for brevity. For every order n,

the connected part G is obtained by subtracting the information already given by

)

. m<n
lower-order functions Gg .
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FIGURE 5.1: Feynman diagrams relating full and connected correlation
functions. At first-order (a) the correlations are identical. At second-order
(b) there is one disconnected diagram that contains redundant information.
At higher orders an increasing number of disconnected diagrams need to
be considered. We explicitly show the third-order (c¢) and fourth-order (d)
correlations. The dots indicate permutations of the diagrammatic structure
within the brackets, similar to (¢).

(@)

This can be visualized by a graphical representation in terms of Feynman dia-
grams, which is very helpful to organize the underlying combinatorics. By careful
examination of this reorganization, exemplified in Fig. 5.1, one learns that only
connected graphs contribute to the correlators generated by E;, hence the name
connected correlations. In short, taking the logarithm of Z; in Eq. (5.8) removes all
disconnected diagrams.

Physically, this means that by inspecting the factorization of higher-order corre-
lation functions, one can determine whether or not the quantum system is described
by a Gaussian density operator j;. Since Gaussian distributions correspond to free
(non-interacting) QFTs, this in principle allows to determine the basis of conjugate
fields which diagonalizes the quantum many-body Hamiltonian that governs the

system at hand.
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5.2.3 One-particle irreducible vertices

The connected correlators of order higher than two still contain redundant informa-
tion. In order to access the irreducible vertices, we define the instantaneous effective

action
Ty[®] = —E[J(®)] + Jx(®) @ (5.11)

as a Legendre transform of F;. In Eq. (5.11) the relation ®x(J) = (6E;[J]) / (6Jx)
thus has to be inverted to obtain Jx(®). We emphasize that the above notation is an
abbreviation for a double Legendre transform in both of the conjugate fields ® and
II. Accordingly, equations in this section implicitly include appropriate sums over
the two fields.

Expanding the effective action in a functional Taylor series we have

N “ _

T, [®] = mr,&li,,,,(n(t) [T (@x, - @5, ) - (5.12)
n=2 " j=1

Here ®,(t) = (x)w, is the mean value at time ¢, for which the effective action is

stationary, i.e., (0I'4[®]) / (0®) |_5 = 0. The 1PI vertices,

Ty [@)
X150y Xn (t) - 5@}(1 .. .5(I)Xn

, (5.13)

b=

are the expansion coefficients in this series. In Eq. (5.12), the sum starts at n =
2 because we have omitted an irrelevant constant I'(©1 and the first order, I'V),
vanishes by construction due to the expansion around ®. Physically, ® can take a
non-vanishing value, which plays a crucial role, e.g., in the case of spontaneous

symmetry breaking or the false vacuum decay [212].
As shown in the appendix 5.A.6, the 1PI vertices up to fourth order are related
to the connected correlation functions as follows:

r=o, (5.14a)
M@ =[62] (5.14b)
X1,X2
3 _ 2 2 2 3
an),xz,x?, - _Fgcl)7y1Fgﬁz)JZFg(s)o’sGé,})'l,Y2,)'3 ’ (5'14C)
F§<41),x2,xs7x4 = 7Fxle1 Fx2’Y2Fx3’Y3Fx4vY4 Ggl})’h)’m)’&}% + Fggl)vylF§(22)7y21—‘§(23)7y3F§(24)7y41—‘;21)az2
3 3 3 3 3 3
X (Gé,})'l,yzazlG((i,z)z,ymyAL + Gg,})'hymzng?Z)z,yz,}% + G£>})'1,}'4,21G£7Z)2,y2,}'3) .
(5.14d)

We again emphasize that the explicit equations should be understood including
appropriate sums over ¢ and 7 correlators (see appendix 5.A.6). For higher orders
these relations become more complicated and calculations are conveniently per-

formed with the graphical notation exemplified in Fig. 5.2. These diagrams also

'In thermal equilibrium and for an unnormalized density operator, the constant I'*) plays the role
of a thermodynamic potential, see appendix 5.B.



5.2. Extracting the irreducible vertices from equal-time correlations 111

;i
?

FIGURE 5.2: Feynman diagrams relating connected and 1PI correlation
functions. At second order (a), the correlators are each others inverse. At
third order (b), the connected correlator is “built” from connected two-point
functions that are connected by the irreducible three-vertex. At fourth or-
der (¢), the structure is similar to (b) with contributions from the four- and
three-vertices. Given the 1PI vertices T, all connected correlations can be
calculated by summing so called tree-diagrams, which separate into two dis-

connected parts upon cutting a single line G and hence do not contain any
closed loops.

explain the attribute 1PI: The diagrams representing the vertices can not be discon-
nected by cutting a single line. In this sense they are the irreducible structures from
which all correlation functions and thus all physical observables can be recovered.

This also justifies the name effective action: I'; is the quantum generalization of
a classical action including all corrections due to quantum-statistical fluctuations.
However, in contrast to the “standard” (unequal-time) action, there is one stationar-
ity condition for each time ¢. Together, they do not give a time evolution equation
for the one-point function in the usual sense? but one differential equation for each
time ¢. In this way the time ¢ is treated as a label in the equal-time formulation of
QFT.

?The usual evolution equation for the (time-dependent) one-point function ®x () can be obtained
by taking another derivative of Eq. (5.14a) with respect to time ¢.
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5.2.4 Measuring the effective Hamiltonian

So far, we have equivalently rewritten the quantum-statistical information of a
system described by a density operator p; in terms of generating functionals Z;,
E; and I'; which encode full, connected and 1PI correlation functions, respectively.
While the entries of the density matrix are typically inaccessible and less intuitive,
the equal-time correlators can be measured in experiments and are directly related
to relevant observables and structural information, such as occupation numbers and
couplings. Next, we employ the equal-time formalism to relate parameters of an
Hamiltonian to the 1PI correlators.

As a generic example we consider a relativistic scalar field theory with potential
V described by the Hamiltonian

= / [; M2 + % (vxéx)Q Vv (éx)] . (5.15)

Given the Hamiltonian H, it is possible to derive an evolution equation for I'; [61]
(see also the next chapter 6). For simplicity, we focus on the case of thermal
equilibrium, which is a stationary solution I'g, described by the density operator
pg ~ exp <— BH ) with the prefactor fixed by normalization

In order to obtain the generating functional Eq. (5.6) we need to calculate the
Wigner functional Eq. (5.7). In the interacting case, the involved functional integra-
tion can only be performed approximately. It is however possible to derive an exact
equation for the thermal Wigner functional (see appendix 5.A.7). It takes the form
of a functional flow equation, 95W3 = —(Ho + h*Hy + ... )W, with

Ho = / Bwi+;(vxsox>2+vx )| - (5.16)

It is straightforward to solve the equation for W3 perturbatively by a semi-classical
expansion in powers of . An exact solution for V' = 0 is discussed in appendix 5.B.

The leading order is the classical field theory limit, where we obtain W3 ~
exp (—fHy) with the classical Hamiltonian Hy. Then the generating functional
Eq. (5.6) becomes

Zg[J] ~ / DDy e PHoH Kot Iime (5.17)

Thus S Hj plays the role of a classical action for the fluctuating fields ¢ and 7. This
allows us to calculate the effective action I'g in the equal-time formalism using
established QFT methods, such as a the background field method employed below.

We note that the two conjugate fields ¢ and 7 decouple in the present limit,

which implies that the effective action separates as

T4[®, 1] = T[] + Ts[I0] (5.18)
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with T'g[IT] = g [, I 4 const., as shown in appendix 5.A.8. The separation Eq. (5.18)
is a property of the classical field approximation. In general, the quantum effective
action of the full quantum theory requires knowledge of all equal-time correlators
of ¢ and 7, including mixed terms. However, symmetries such as time translation
invariance simplify the discussion, see appendix 5.A.9.

By means of the background field method, we can calculate the effective action
in a loop expansion. In the present formalism, we split

Ts[®] = BH[®] + I'3[@] (5.19)

where H[®] = Ho[p = ®,7 = 0]. As shown in the appendix 5.A.10, the “rest” I'y
obeys the following functional integro-differential equation,

/ I RAL
e TRl = / Dy exp <—5K[¢, @]+ 56;[ ]sox> , (5.20)
where we abbreviated
OH|D
Klp, 8] = H@ +¢] - e - [ 200 o 5:21)

The solution of this equation is organized diagrammatically as an expansion in
the number of loops (see [213] for a proof to all orders). At leading order (tree-
level) in this expansion I'; = 0 and thus the equal-time effective action is directly
related to the microscopic Hamiltonian. Consequently, the 1PI vertices correspond
to the interaction constants of the underlying system. Beyond the leading-order
approximation, the notion of the microscopic Hamiltonian becomes a less useful
concept. The effective action then plays the role of an “effective Hamiltonian”, with
all corrections from quantum-statistical fluctuations taken into account.

Returning to the leading order approximation, which gives rise to the tree-level
1PI vertices, we explicitly have

32V, ()

(2) _ o2 _
Iy = Vad(x—y) + / 55250y |, s (5.22a)
) _ 0" Va(®)
T3t = / 0B, -+ 00 | (5.22b)

where n > 3. Eq. (5.19) or more explicitly Eq. (5.22) directly show the relation
between the 1PI correlation functions and the parameters of the microscopic (or
more generally an effective) Hamiltonian. Together with the procedure to obtain
the 1PI correlators, outlined below, they provide an experimental prescription for

measuring a quantum many-body Hamiltonian.
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5.2.5 Recipe to extract 1PI correlators

The extraction of 1PI correlators, which are the fundamental irreducible building

blocks for the QFT description, from equal-time data proceeds in the following steps.

1. Identify the degrees of freedom of interest which constitute the elementary
fields ¢ of the QFT.

2. Obtain many realisations (i = 1,. .., N) of the desired field y;(x) at the times ¢

of interest.

3. Estimate the full correlators up to order n by calculating the ensemble average
G oy i i) -+ i)

4. Obtain the connected correlators GU"” by subtracting the disconnected contri-

butions according to Eq. (5.10).

5. Calculate the 1PI correlators '™ by reducing the connected correlators accord-
ing to Eq. (5.14).

This procedure corresponds to a shift of representation from the density operator
p to I, the generating functional for 1PI correlators. In the following two sections
we will illustrate and verify the method in the case of the sine-Gordon model with
numerically simulated data (Section 5.3) and with experimental measurements
(Section 5.4).

5.3 Example: Sine-Gordon model

As an explicit example, we consider the sine-Gordon model [199-202] in thermal

equilibrium. It is an interacting relativistic scalar field theory described by

BHsg = /x {ﬁgﬁi + )?TT B <8Ii>z>2 — ;L%cos (Ci)m)} } ) (5.23)

where 3 = (kgT)~! is the inverse temperature. The specific form of the Hamiltonian
Hsg given above is motivated by the recent progress to quantum simulate the SG
model by two tunnel coupled 1D superfluids [38, 203]. See section 5.4 for the
physical origin of the fields ® and II, the microscopic parameter g and the length
scales Ar and /.

The semi-classical approximation Eq. (5.17) is valid for

V47 < min [1, cﬂ , (5.24)

where the dimensionless parameters are v = 16¢g/5/Ar and Q = Ar /4. In the semi-
classical limit the loop expansion is controlled by () with the tree-level approximation
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valid for 1/Q) < 1 (see appendix 5.A.7 and 5.A.10 for details). We therefore consider
in the following A7 = 17.35 um and vary ¢ such that 1 < @ < 20.

Following the general discussion of the previous section, the tree-level vertices
corresponding to Eq. (5.23) are

A 1
F:(02)7tree — ZT <p2 4 £2> ’ (5.252)
J
n >\T n
Ty == (Z1" (5.25b)
J
Lo e =0, (5.25¢)

where n > 2 and we switched to momentum space correlators. Here and in the
following we always consider a specific diagonal part in momentum space, namely
T =251+ + p)TS .., which removes the volume factors arising
from translation invariance. Note that T'>*~1) = 0 (¥n > 1) remains valid beyond
the tree-level approximation due to the symmetries of the SG Hamiltonian.

Employing a stochastic process based on a transfer matrix formalism [214], we
numerically obtain thermal profiles of the field ¢, corresponding to the operator ®,.
These are exact solutions of the SG model within the semi-classical approximation
and hence have contributions up to arbitrary order in the above loop expansion.
With these statistical samples, we carry out the procedure described in section 5.2.5
and calculate the 1PI correlators up to fourth order.

So far, we have implicitly assumed in Eq. (5.25) that the correlations are obtained
for an infinite system with periodic boundary conditions. The employed numerics,
however, yield correlators from a finite subsystem, which is better described by
open boundary conditions. We therefore employ a cosine transform and translate
the results to momentum space, i.e., Fourier momenta (for details see appendix 5.A).

Figure 5.3 shows the calculated 1PI vertices in momentum space for a large
value of @ ~ 11.5 and different volumes L. Note that due to the periodicity of
the sine-Gordon potential® the value of p = 0 is not defined for the correlations
considered. Therefore the fact that the correlation function is diagonal is crucial to be
able to perform the inversion of the connected second order correlation function in
order to obtain I'®), The diagonal form allows to do the inversion for p # 0 without
knowing the value for p = 0.

We find excellent agreement with the tree-level predictions for the momentum
diagonal of the two and four vertex 4. This demonstrates the possibility to carry out
the procedure described in the previous section, which allows to directly measure the

3The SG model is invariant under the shift ¢ — ¢ + Z x 2. This leads to an undefined offset for
the numerical profiles ¢, and hence an undefined value of the momentum correlators for p = 0.

*One might expect a better signal-to-noise ratio for larger system sizes due the larger number
of data points. However, for a given correlator of order n the number of independent values to be
estimated from the sample increases at the same time. This effect is more pronounced for larger n and
we expect more noise at large momenta p (due to an effective volume average at low p), consistent
with the observed behavior of the statistical errors. In view of experimental limitations, a detailed
statistical survey of this point could be helpful.
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FIGURE 5.3: 1PI vertices in the weak coupling regime at Q =~ 11.52 calcu-
lated from the numerical data for different volumes L = 20pm (M), 50um (@),
and 100pm (#). The 1PI two-point function (upper panel) and 1PI four-vertex
(lower panel) show excellent agreement with the tree-level prediction (dashed
black line) for a wide range of momenta. The results have been obtained from
10® samples. The error bars indicate the standard error of the mean.

microscopic parameters through equal-time 1PI correlation functions if higher-order
loop corrections can be neglected.

However, when the system becomes strongly correlated the microscopic de-
tails become irrelevant and replaced by effective, momentum-dependent (so-called
running) couplings. This behavior is precisely captured by the 1PI correlation
functions, which effectively replace the microscopic coupling parameters appear-
ing in the Hamiltonian Hgg. We therefore adjust the parameters away from the
weakly-coupled limit () > 1. In general, we observe an increasing deviation from
the tree-level approximation, which is expected because loop corrections due to

increasing fluctuations modify the physics.
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FIGURE 5.4: Loop corrections to the 1PI two-point function for different @
in the strong coupling regime, ) = 8.14 (#), 5.76 (®), and 4.07 (M). The calcu-
lated two-point function (upper panel) always approaches the corresponding
tree-level predictions (black dashed lines) at high momenta, as expected. In the
infrared, we observe deviations due to loop corrections. The corresponding
colored dashed-dotted lines include the one-loop correction. The correspond-
ing self-energy (lower panel) quantifies the deviations from the tree-level
prediction. The corrections become more pronounced for smaller @), as ex-
pected. Numerical results are calculated for L = 200 pm and a sample size of
108.

Quantitatively, the corrections to the 1PI two-point function are summarized in
the “self-energy” ¥, defined via

r{d =@ L5, (5.26)
In the appendix 5.A.13, we calculate the leading correction,

sonedoop _ g /(405) . (5.27)

In Fig. 5.4, the 1PI two-point function and the self-energy are plotted as a function
of p. Generically, tree-level dominates in the UV (i.e., at high momenta), which we
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FIGURE 5.5: Loop corrections to the 1PI four-vertex for different values of Q.
The (negative) four-vertex (¢, ®, W), shown for larger values of Q (upper panel,
corresponding to Fig. 5.4), clearly approaches the corresponding tree-level
predictions (colored dashed lines) at high momenta. In the infrared, we ob-
serve a strong momentum dependence, increasing the effective coupling. For
decreasing values of Q) (lower panel) the (negative) four-vertex is increasingly
suppressed in the infrared. The results are consistent with the approach of
the tree-level prediction (colored dashed lines) for high momenta. Numerical
results are calculated for L = 100 pm and a sample size of 108. The error bars
indicate the standard error of the mean. Note that we excluded data points at
high momenta with errors larger than the mean from this plot.

also observe numerically. The 1PI two-point function approaches the power-law
oc p? in this limit and the (normalized) self-energy vanishes.

In the IR (low momenta), however, loop corrections are important. It is this
regime where collective macroscopic phenomena emerge and the microscopic details
are washed out. We observe a negative self-energy and hence a reduction of the
1PI two-point function, which agrees with the one-loop result over an intermediate
range of momenta (and (). Physically, this result implies stronger fluctuations as
() decreases, consistent with the expectation for a strongly correlated regime of the
sine-Gordon model.

Similarly, the loop corrections to the 1PI vertices lead to the notion of running
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FIGURE 5.6: 1PI four-vertex as a function of @ for three different momenta
p = 0.031pm~! (#), 0.125um~" (®), and 0.219um~' (W). At large momenta,
the vertex approaches the tree-level prediction (black dashed-line). At low
momenta, loop correction lead to a suppression or an enhancement depending
on the values of () and p (c.f. Fig. 5.5). Numerical results are calculated for
L =100 pm and a sample size of 105,

couplings, i.e.,, momentum-dependent interaction vertices that deviate from the
constant microscopic values. In the appendix 5.A.13. we calculate the one-loop

vertex

(4),one-loop At 1 1
Fp =

- T 7 5.28
405 85 p?+1/0% ©.28)

Again, it is expected that loop corrections vanish for high momenta and the 1PI
four-vertex converges to the tree-level result, i.e., the microscopic parameters of the
Hamiltonian, which is confirmed by our numerical simulations.

This is demonstrated in Fig. 5.5, where the 1PI four-vertex is shown for the
same values of () as in Fig. 5.4. For very high momenta, we are again limited by
finite statistics. In the infrared, we clearly observe the momentum-dependent, i.e.,
running, coupling. The increased values indicate stronger interactions, qualitatively
consistent with the one-loop calculation. The effect is again more pronounced for
smaller values of (), as expected in the strongly correlated regime of the sine-Gordon
model.

We observe a qualitative difference between large and small values of Q). For
Q) 2 4, the magnitude of the 1PI four-vertex is increased in the infrared and shows a
running coupling towards the smaller tree-level value. For @ < 3, the magnitude
of the vertex decreases in the infrared as compared to the tree-level value at higher
momenta. This behavior is also clearly visible in Fig. 5.6, where we show the

four-vertex as a function of () for fixed momenta.
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5.4 Experimental results: Proof of principle

As a proof of principle to extract the 1PI vertices from experimentally measured
correlations we apply the formalism discussed above to the physical system of
two tunnel-coupled one-dimensional superfluids in a double-well potential on an
atomchip. Such a system can be seen as a quantum simulator of the sine-Gordon
model [38, 203]. The relative phase ¢, between the superfluids corresponds to o
in Eq. (5.23) in section 5.3 while the relative density fluctuations correspond to the
conjugate field TI.

A schematic of the experimental system is given in Fig. 5.7. The parameters
in Hsg (5.23) are related to the experimental parameters via Ap = 2h%nip/(mkgT),
by = \/W, and g = ¢gip + hJ/nip. Here the 1D effective interaction strength
91D = 2hasw is calculated from the s-wave scattering length as and the frequency
w, of the radial confinement; n;p is the 1D density and m is the mass of the 87Rb
atoms which the superfluids consist of. The single particle tunneling rate between
the wells is denoted by J.

In the experiment, the two superfluids are prepared by slow evaporative cooling
in the double-well potential (the same way the slow-cooled data presented in [38]
was prepared). However, in contrast to [38], the data used here was taken for a
box-like longitudinal confinement [215] of 75 um length. Matter-wave interferome-
try [216] gives access to the spatially resolved relative phase fluctuations ¢, between
the two superfluids. More details about the experimental procedure and the data
analysis can be found in [38, 217].

Starting from the measured phase profiles, we can calculate the 1PI vertices in

the same way as was done for the numerics (see section 5.3 and appendix 5.A). For

box like potentials one naturally gets Neumann boundary conditions (BC) for the

Box-like potential

-
g
3 &
= C
falgs
£8
= 0D
>
H Q
Relative degrees
of freedom  ¢@(x) = 64(X) - 8x(X) Double-yvell
- potential

n(x) = [6p1(x) - 5p2(x)])/2

FIGURE 5.7: Schematics of the experimental setup. We consider two tunnel-
coupled one-dimensional superfluids in a double-well potential at a common
temperature 7. Changing the barrier height of the potential (blue lines) al-
lows for an adjustable tunnel-coupling J between the two superfluids. The
superfluids are described in terms of density fluctuations dp; 2 around their
equal mean densities n1p and fluctuating phases 6, » (black lines). From these
quantities we define the relative degrees of freedom 7 and ¢ which represent
the conjugate fields in the sine-Gordon Hamiltonian. Figure adapted from
[38].
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FIGURE 5.8: Cosine transformed second-order connected correlation func-
tion. Results for different phase-locking strength as indicated by the values
of ) stated above the respective subplots. The color represents the values

for cosine transformed second-order connected correlation function C:'ff)‘p, as
defined in (5.29). Note that the value (249.9 in the left subplot and 93.9 in the
right subplot) for the lowest leftmost data point, lies outside the color-range.
The color-range was chosen like this to get better visibility.

phase from the condition of vanishing particle current on the edges [215]. From the
cosine transform (compatible with the Neumann BC) of the complete system we
therefore get the 1PI vertices of the Hamiltonian with this BC. Acknowledging that
our system is still too short to get results free from finite size effects, we nevertheless
apply the conversion factors to Fourier momentum space given in (5.64) and (5.65)
for consistency when presenting I'("),

Let us start the discussion of the experimental results with the cosine transformed

7p)p, l ' g

Here ¢, represents the cosine transform (5.63b) over the finite interval with length
L and we chose the prefactors for later convenience. The factor 2 comes from the
identity (5.64) and the factor 1/L from the delta function. We see from Fig. 5.8
that the correlations are approximately diagonal. Further, note that density-phase
two-point correlations, (r¢)w,, vanish due to time-translation invariance of the
thermal state, even beyond the semi-classical approximation Eq. (5.17). Together,

this enables us to calculate the 1PI two-point correlator as

1
2 _ _ -
I = é((%zp , (5.30)

where we neglected the small off-diagonal elements of G’g - The results are

).

presented in Fig. 5.9.
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FIGURE 5.9: Experimental 1PI two-point function. The four different mea-
surements correspond to @ = 4.5 (0), 3.1 (9), 2.4 (), and 1.3 (). The error
bars represent the 80% confidence intervals obtained using bootstrapping. We
see good agreement with the theory prediction from the sine-Gordon model
in thermal equilibrium calculated for 10 numerical realizations (black solid
lines). The height of the green bars indicates the 80% confidence interval for
the numerical predictions considering the finite experimental sample size.
Note that all uncertainty comes from the finite sample size, no uncertainty in
the parameters Ay and ) was assumed. The width of the bars was chosen
arbitrarily.

All experimental results presented in this chapter are corrected for the expected
influence of the finite imaging resolution. In our simple model, the imaging process
leads to a convolution of the true phase profiles with a Gaussian function with o,sf =
3 pm [217]. In momentum space this leads to a multiplication with exp (— pQO'gsf / 2) ,
which can be corrected by dividing the cosine transformed relative phase ¢(p) by
this factor.

In order to connect the experimental results to the theoretical model (section 5.3)
we estimate Ay = 11 pum for all the different measurements. The values for () =
A7/l are then self consistently fitted from (cos(y)) [217]. We see good agreement
between experiment and thermal sine-Gordon theory for the 1PI two-point function
in Fig. 5.9.

Having obtained the two-point function, and using that the third-order correla-
tion functions vanish for symmetry reasons, we can calculated the diagonal part of
the 4-vertex as

81,

4
(m_ 81 (2)
L) = =22 (e x (1) (5.31)

Here <g5§>c stands for the diagonal elements of the cosine transformed fourth-order
connected correlation function. The factor 8/3 comes from the identity (5.65), the
factor 1/L again comes from the delta function. The results for the three lowest lying
momentum modes are presented in Fig. 5.10 as a function of (). We find qualitative
agreement between experiment and theory as well as the expected approach towards
the tree-level result for higher momenta. The momentum dependence for the

measurements with large experimental sample size (Fig. 5.11) reveal a running
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FIGURE 5.10: Experimental four-vertex. The red bullets represent the exper-
imental results for the four-vertex as a function of = Ay /¢;. The points in
one particular subplot correspond to separate measurements with different
tunneling strength. The different subplots show the results for the lowest three
values of p indicated in the upper left corner of the subplots. The error bars
represent 80% confidence intervals obtained using bootstrapping. The numer-
ical prediction from the sine-Gordon model in thermal equilibrium is given by
the green bars. The height of the bars indicates the 80% confidence interval for
the theory predictions considering the finite experimental sample size. Note
that all uncertainty comes from the finite sample size, no uncertainty in the
parameters Ay and () was assumed. The width of the bars was chosen arbitrar-
ily. The solid black line represents the theory prediction from 105 numerical
realizations and the dashed black line the tree-level prediction (5.25).
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coupling with a qualitative agreement between the experiment and thermal sine-

Gordon theory.

5.5 Summary

The presented method provides a general framework to extract and test the effective
or emergent quantum field theoretical description of generic quantum many-body
systems from experiments. For the example of the sine-Gordon model, which is
quantum simulated with two tunnel-coupled superfluids, we have demonstrated
how to experimentally obtain the irreducible vertices in thermal equilibrium and
compared to theoretical expectations. This represents an essential step in the verifi-
cation of the approach, which opens a new pathway to study fundamental questions
of QFT through large-scale (analog) quantum simulators.

This becomes especially interesting for strongly correlated systems and in non-
equilibrium situations, where it is often not possible to solve the theory using
classical computational techniques. Extracting the irreducible building blocks of
quantum many-body systems, and how they change with time, promises to provide
detailed insights into the dynamics for these cases. The next chapter — where we
discuss a spin-1 Bose condensate far from equilibrium [65], which has been studied
in parallel to the work presented in this chapter and employed similar methods —
presents an example where currently no theoretical solution is available. In turn, the
insight from experimental measurement can support theoretical developments in
devising new approximation schemes and effective field theory descriptions.
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FIGURE 5.11: Running coupling. Like Fig. 5.10, but showing I‘,(,4) as a func-
tion of p for the four measurements with the biggest experimental sample
size. Depending on the value of ) indicated in the different subplots one can
see a clear momentum dependence, i.e., “running coupling”. Note that the
vertical axis of the uppermost subplot is different from the rest. However, the
logarithmic range is the same as in the other subplots.
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p[®]  density operator ® field operator (non-commuting)
W] Wigner functional ¢ fluctuating (microscopic) field
Z[J]  g.f. for full correlators G(™) J auxiliary source field

E[J] gf. for connected correlators G

I'[®] g.f. for 1PI correlators I'(™) ® macroscopic field

TABLE 5.12: Overview over the different objects that appear in the general
discussion. “g.f.” abbreviates “generating functional”.

Appendix: Details about the QFT analysis in equilibrium

In this appendix we show in section 5.A explicit calculations and detailed dis-
cussions that we left out in the discussion of equal-time correlation functions, as
well as technical details concerning the example which is discussed in this chapter.
Additionally, we briefly discuss quantum thermal equilibrium in section 5.B.

5.A Technical details

5.A.1 Notational conventions

In table 5.12, we have summarized the different generating functionals and the
involved fields which appear throughout this chapter.

We use the following notations: Operators are always indicated by a hat. Tr[...]
indicates a trace over the full Hilbert space. The absence of a hat implies a c-number
(i.e., commuting objects). In the whole formalism, the time ¢ is treated as a label
and often left out for brevity. Repeated spatial indices are integrated over, e.g.,
JEdby = [ d%z J#(x)®(x); we write explicit integrals if there is room for confusion.

In this appendix, we also use collective Latin indices, such as a = (¢/7,x);
then repeated indices are integrated or summed over as appropriate, e.g., J, &, =
[diz [J 2(x)P(x) + J” (x)f[(x)}. It is useful to think of correlation functions as
2) )

c,ab

fill ngfg? = 0qq- Here 0,4 is the product of a discrete Kronecker delta and a

continuous Dirac delta distribution.

tensors, e.g., G, /., and its inverse F((Ii are the components of 2-tensors that ful-

5.A.2 Operator ordering at equal-time

There are three common choices of different orderings, often referred to as symmetric
(Weyl), normal (P) and anti-normal (Q). In terms of creation and annihilation oper-
ators a, and &Z, which fulfill [&p, &f]] ~ 0pq, they can be realized by the definitions
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Z0) = Tr | prexp (Sl — Jap )| (5.32a)
ZP) = Tr [ﬁt exp (Jpaj,) exp (—J;;ap)} , (5.32b)
ZO1) = Tr [ﬁt exp (—J2 ) exp (Jp&;,)} . (5.32¢)

In general, there is a continuum of other choices that smoothly connect these three
cases. However, all different choices are fully equivalent in the sense that they
contain all measurable information and the main difference lies in the associated
quasi-probability distributions. For more details we refer to [206].

Explicitly, for our choice, the ordering is resolved as

exp <J§f<f>x + J;{Tﬂx) = KO i =5 KTT il o I P o5 KT (5.33)
where we used the BCH formula in the form
eA+B — (AB—3[AB] (5.34)

9

which is valid for HA, B} ,B} = HA, B] ,fl} = 0. Thus, derivatives acting on

exp (J,‘f Dy + JZ f[x) from the left result in operators and additional sources accord-

ing to
5 I 5 ~ i
b, Ix Oy 5.35
i 2 5o Ty (5:35)

Using this correspondence, it is straightforward to generate explicit expression for
all correlators. For instance, at second order, we have

5 6 § (o QJY N AN Y A
5J55J§_>5J5<HY+2>_><H”+2 Ox = )30 x=y)

Setting the sources to zero proves that
(oxy)yy, = Tr [ptnyq&} +50(x—y) = ;T [pt (cbxny n qu)x)} . (5.36)

where we used the canonical commutation relations and the normalization of p;. In
the following we drop the label ¢ for brevity.

5.A.3 Correlations and the density operator

The density operator p can formally be recovered from Z as [206]

p= / DJ*DJ™ Z]J] [exp <J,‘f<i>x + J;gﬂx)] o (5.37)
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Furthermore, the mappings between the different functionals are invertible (under
appropriate mathematical assumptions): W and Z are related by Fourier transforms,
Z and E by an exponential (or logarithmic) map, £ and I" by Legendre transforms.
Thus, it is completely equivalent to work with the Wigner functional W or any of
the generating functionals Z, E, I instead of the density operator 4.

5.A.4 Functional integral representation, Eq. (5.6)

We seek a representation of Z in terms of classical (commuting) instead of operator-
valued fields. To this end, we evaluate the trace as

Z[J, p(t)] = / Dt D™ (¢ |p(t)]| ™) (™ [eF xRty (5.38a)

= / DDy~ Dt (pH|p(t)] ™) (¢~ | Px|7) (7|e/Fx|pt) 724 R
:/Dw@m <(p—|—¢

(5.38b)
5 p(t)|p — §>

o oL (ox— B0 ) i(px— G ) iw JE Tex—i(pxt B2 ) — S IE S (5.38¢)

_ / D DG D Dre Wi [ip, 7] eimxPxt 5 (o= 50 )+ S i £ I
(5.38d)

= /Dcp Dr Wy g, mlexp [JLpx + Jxmx] - (5.38¢)

In the above calculation, we have again used the BCH formula, performed a change
of variables ¢* = ¢ 4 $/2, and employed the definition of the Wigner functional.

5.A.5 The connected correlators, Eq. (5.10)

To discuss the explicit form of the connected and 1PI correlators, we use the short-
hand notation, where sources J, have a single index indicating space x, as well as
any of the two fields ¢ and 7. Repeated indices are summed and integrated over.
Similarly, we abbreviate the fields as ¢,.

At first order, the connected correlators are directly related to the full Weyl-
ordered one-point function,

0FE  dlogZ 167

0Ja  6J.  ZoJd, 5.39)
Setting the sources to zero, we have Z[J = 0] = 1, which proves Eq. (5.10a).
At second order, we calculate
#E _ 8 (162 _1 82 1262 540
§Jo0Jy  8Ju \Z6Jy)  Z6Ji8Jy  Z26Jy 60y '

which proves Eq. (5.10b).
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The higher orders follow analogously by the combinatorics of the derivatives.
E.g., the third order, Eq. (5.10c), is obtained by

§J 8 Jp0 . Z 8Ju00y6J, Z26J50Jp 6. P ) Z36Jy 8Jy 0,
(5.41)

and using Egs. (5.39) and (5.40).

5.A.6 The 1PI vertices, Eq. (5.14)

The expression for the 1PI two-point function is central for the construction of the
higher orders. It follows by considering a derivative of the stationarity condition,

R N YA
0,60, 0D,

(5.42)

This is the matrix inverse of the derivative of the one-point function (in the presence

of sources), i.e.,

2
0Ba(J) _ 6 (162N _ & E (5.43)
0Jy 0Jy \Z 0J, 8 Ja 0y
Thus, we find Eq. (5.14b), or
82T §2E N\
50,00, (5J5J> ’ (.44)

which also holds without setting the sources to zero.
The higher orders follow by taking derivatives of this equation (with non-zero
sources). To this end, we replace a derivative by

&  6Jy 0 T 4

50,  0D.0Jy  0®0Dy 0]y (545)

and calculate the derivative of the inverse of a matrix M (y) depending on a parame-

ter y according to

diy(MA) S V) Sy V) o (5.46)

This results for the third order in

#r &T 8T T )
5P 0DD, PPy 6PLIPy SPODy 6Ty Ty Ty

(5.47)

which proves Eq. (5.14¢).
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Similarly, the fourth order, Eq. (5.14d) , follows by the combinatorics of taking
further derivatives,

5T _ 5T 52T 5°T 5T §*E
§D,00,00.00,;  6Pu0P, 6Py 6D 0Py 5P 0Py 8,8 Ty 0T8Ty
5°r §°r 5°r 5°r
Tt 38,50, 5D,00y 0D.0B, 5B,0D,
X( BE §°r BE
60Ty 6 Je 0POPp 0. 168y

+2perm.> . (5.48)

5.A.7 The thermal case and the classical limit

In thermal equilibrium, the (unnormalized) canonical density operator pg = e—PH
fulfills the equation 9zps = —3% (f[ s+ paH ) Employing the quasi-probability
formalism [208], one can show that this equation translates to an equation for Wj. It
takes the form

1 _
0sW3 = 3 [H;[r, + HW] Wg , (5.49)

where HViV =Hy |+ %%, TF %%] is a functional differential operator obtained

from the Weyl-transform Hyy [, 71| of the Hamiltonian H by replacing the argu-
ments with the given operators [208]. With the initial condition Ws_,o, = const.,
which follows from the high-temperature limit, this functional flow equation can be
solved perturbatively by expanding W = exp {ZZOZO h"W(")} in powers of 7 and
comparing the coefficients.

The first order in this expansion is the classical field theory limit, where W3 ~
e~ PH with the classical Hamiltonian H = Hy . Parametrically, this is a valid ap-
proximation when £ is small. Since % is a dimensionful quantity, the precise power-
counting of this expansion has to be determined for each theory separately. In
general, any quantum system in thermal equilibrium will be governed by (at least)
two dimensionless parameters ¢4 and eg, that control the strength of quantum and
classical fluctuations, respectively. A sufficient condition for the validity of the
classical approximation is

€q < min[l, eg,] . (5.50)

The parameters ¢q and ey, are obtained by rescaling the Hamiltonian and the
fundamental fields to dimensionless quantities. Explicitly, for the sine-Gordon
model in the form of Eq. (5.23), we have

o= 2 [ G 0) (o) | ~eos(22) . 6

>See, however, our comment on this point for the example of a non-interacting theory in section
5.B.
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together with the rescaled commutation relations

[é;,,ﬁ;,} = icqd(x’ —y) (5.52)
such that we find
€q =47, eth:i{;}:é. (5.53)
Here
mg 1
VZ%ZVLL+@, (5.54)

is dominated by the 1D Lieb-Liniger parameter 1, = mgip/ (h®n1p), such that the
semi-classical approximation is valid in the weakly interacting regime i1, < 1, as
expected.

5.A.8 Derivation of Eq. (5.18) and the II-dependence
From Eq. (5.17), the generating functional separates into a product, i.e., Zg[J]| =

Z£[J%) Z5]J7), with

Z21%] ~ / Do e P I3 (Vxp) HVa(@)] [y Ko (5.55a)

ZFJ™] ~ / D exp [—g /x w2+ /x J;wrx] ~ exp [216 /X (J;{)Q} . (5.55b)

This directly implies that E[J] = log Z5[J#] + log Z5[J] + const. and thus the
effective action becomes I'[®, IT] = I'?[®] + I'"[I1] + const., which proves Eq. (5.18).

Carrying out the Legendre transform in J™, we solve

§Z7[J™] JT
Ik (J7) = =2 = Ji(II) = pllx . 5.56
)= S| =G =g (5.56)
and finally obtain
I7[[] = —log Z™[J™(I1)] 4 JT (D11, = g / 12 . (5.57)
5.A.9 Time translation invariance
For a stationary system, all observables are time-independent, 0;Tr [p;...| = 0. If

additionally the Hamiltonian is of the form H[®, 1] = H[II] + H[®] with H[II] =
%fx I12, then it follows that 0 = Tr [ﬁt (@xﬂy + ﬂxfby)] = (pzmy)w,. As a con-
sequence the two-point function becomes block diagonal, which simplifies the
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inversion,

@ _ [{pp) 0 @ _ [ ()™ 0
G _( 0 <Wﬁ>>;»r _< 0 ) (5.58)

5.A.10 Loop expansion of the effective action

Starting from Eq. (5.19), we calculate

o Thl®] _ ~Tal@]+BH(®] _ Jlog Z[J(®)]—Jx(®)DstAH[D] (5.59)
_ / Dy e FHIFH (BT )0 5[] (5.59b)
_ / Dop e~ BUHlp+ 0]~ H[B])+ (@) (5.59)
3 3 _ 5H[] 6F'B[<I>]
_ /Dgpe B(Hlp+o]-He] - o)+ 5 Zox (5.59d)

Here, we have used Egs. (5.11) and (5.17), then performed a change of variables
¢ — ¢ + ® and finally expressed the sources as Jx(®) = (6I'[®]) / (6Px) .

The first non-trivial correction (one-loop) is obtained by neglecting all terms
beyond quadratic order in the fluctuating fields ¢. The remaining Gaussian integral
can then be performed analytically, which gives

Y iU / Dip e 29x0xy %oy — (det G~1[0])/* . (5.60)

The name “one-loop” stems from the expansion in terms of the tree-level two-point
function Gg. To see this, we rewrite

TP (] = % log det G1[®] = %Tr log G [ @] (5.61a)
1
= %Tr log (GoG~1[®]) + 5Tr log Gy ! (5.61b)
_1 i (Sl {Go (GTH®] - G }" (5.61c)
2 — n 0 0 '

where we have used the identity log det A = Trlog A, employed the series expansion
of the logarithm and dropped the irrelevant constant. Graphically the result can be
pictured as a sum of loops consisting of lines that stand for G, connected by field
insertions coming from (G~1[®] — Gy 1). For more details about the loop expansion,
we refer to [50, 213].

Note that in the standard (unequal-time) formalism, the loop expansion is used as
an expansion in weak quantum fluctuations. Here, in the context of the classical field
theory limit in thermal equilibrium, it is employed as an expansion in weak thermal
fluctuations. In terms of the dimensionless parameters introduced in section 5.A.7,
the loop expansion is applicable for ey, < 1. Thus, the tree-level approximation (i.e.,
the leading order in the loop expansion), which we used to extract the microscopic



5.A. Technical details 133

Hamiltonian parameters, is applicable when the following separation of scales holds:
€g K ep < 1. (5.62)

Colloquially speaking, this is the limit of weak thermal fluctuations and even weaker
quantum fluctuations.

5.A.11 Cosine vs. Fourier transform and the boundary conditions

For an infinite system with translation invariance, the correlation functions in mo-
mentum (Fourier) space are directly related to the correlators obtained by a cosine
transform. Explicitly, with the transforms

©p = / dze g, (5.63a)
~ 1
Pp = / dz cos(px)pr = 3 (op+o—p) » (5.63b)
the two-point functions are related as
oy 1
(@p) = 5 (ep—p) » (5.64)

where we assumed translation invariance, thus (¢2) = 0. Similarly, for the four-point
functions, we have

3

(Bp) = 3 (PrPpopp) (5.65)

where the prefactors arises from the 6 non-vanishing contributions out of 2* = 16
combinations.

In practice, we deal with a finite system without periodic boundary conditions.
A discrete Fourier transform is then not appropriate as it yields numerical artifacts.
Since the calculation of 1PI correlators simplifies tremendously in Fourier space, we
still prefer to work in a Fourier basis. Therefore, we calculate the correlators with a
discrete cosine transform, which reduces the artifacts from the boundary conditions.
Then we translate the correlators using the factors of 1/2 and 3/8 to Fourier-space
correlators and subsequently calculate the 1PI correlation functions. For sufficiently
large system sizes, this procedure yields the desired results and reduces numerical
artifacts in a controlled way.

5.A.12 The 1PI vertices from the numerical data

In practice, the numerical and experimental profiles live on a spatial lattice with
lattice spacing Az and a finite number of lattice sites N, i.e., we have ¢, for
Az €10,1,..., N — 1}. We employ a discrete cosine transform of the individual real-
izations to obtain profiles ¢, , and later translate the results to the Fourier transform.
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The lattice momentum takes the values pj,; = j oo withj € {—%,..., 5 —1}. We
correct for some artifacts of the discrete transform at large momenta by considering

physical momenta

A
W) . (5.66)

2
pphys = Ex sin < 9

The two- and four-vertex densities (normalized to have units of 1/L with L = NAxz)
from the main part of this chapter are obtained by

4
L3 < SOp hys >
@_ L (4 _ _ e . (5.67)

Pp - 2 ’ FP - 9\ 4
< ‘@pphys > < ‘ sppphys >
c c

Here, the expectation values are

<“PP‘2>C = (¢pp-p). =2 <¢127>c ’ (5.68a)
<\<pp\4>c = (PpPpP—pP—p)e = g (@2). (5.68b)

where the index c indicates connected correlators according to Eq. (5.10).

5.A.13 One-loop corrections

To obtain the one-loop correction to the effective action, we approximate

SH[®
BK[p, @] = <H o+ @] - H[P] - — q)[ ]sox> (5.69a)
— )% : {; (81%5)2 — écos O, [—1+ cos ] — ;zsin D, [, — sin <px]}
(5.69b)
1
= SexGry[®@loy + 0 (&) (5.69¢)

with G [®] = ’\TT [—6% + % cos (@x)} d(z — y). From Eq. (5.61), we then have

. =1 /Ar2\" o\ "
I,/,one loop P = —= L (AT 4 N '
5 (@] 5 E S\ Tr < Gy sin 5 , (5.70)
where

(5.71)

with Gop = 55/(p* +1/63).
The one-loop corrections to the 1PI vertices are now obtained by taking deriva-
tives of Eq. (5.70), evaluated at & = 0 in the symmetric case. Explicitly, we find at
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second order

. 1
Al_‘502?/),one loop _ —ﬁGo,m(S(CU —y) (5.72)
J

and at fourth order

AFgczly)z’(fvne-IOOp = %Go,x:c(;(x —y)o(x — 2)8(z — w)
J
1
DY (G0,2yGo, 200 (x — 2)6(y — w) + 2 perm.] . (5.73)
J

The involved loop integrals are given by

* dg 1 Ly
B 74
* dg 1 1 Ly
dg _ : , 5.74b
/oo G YT P S YT YT R (5.74b)

which results in the expressions discussed in the main part of this chapter,

(2),one-loop Ar 2 1 1

. _ A 1y b 7

; (rrg)-m o7
F1(04),one—100p _ Ar 1 1 (5.75b)

42 8B p 1/

Note that the one-loop correction is indeed of order O (e;,) = O (1/Q) = O (¢5/Ar)
compared to the tree-level approximation.

5B Quantum thermal equilibrium

The main results of this chapter are obtained for a system in classical thermal equi-
librium. We now briefly discuss how quantum fluctuations enter the presented
formalism, which differs from the usual approach (see [218]). For simplicity, we re-
strict ourselves to a non-interacting real scalar field theory (in one spatial dimension),
where the instantaneous effective action can be calculated analytically. Starting from
the Hamiltonian

N 1 ~ A 2 n
= / {Hi + (axrbx) +m2q>§} , (5.76)
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the S-flow equation for the Wigner functional W of the unnormalized density
operator ps = e PH, Eq. (5.49), becomes

1 2 2 2 2 hQ 62 2 2 62
(5.77a)
Rl o 6 0
_ * 2 % T \z = 2 . 7
/p>0 {Wpﬂp MG 4 [590;; depp T 5”; 57TJ } ’ 5.770)

where we switched to Fourier space® in second the line, used ¢_, = ¢, and the
same for 7 and abbreviated w? = p* + m?. The flow equation can be solved by the

ansatz’
Wglp, m] = exp {—/ . [Ag,p (W;ﬂp + wzgoz%) + Ng,p} } . (5.78)
P>

Then the functions A and N have to obey the equations

h2w?2
0plsp=1——"AF,, (5.79a)
h2w}%
sNsp = —2Bs,pL (5.79b)

and the volume factor arises from functional derivatives like (d¢,,) / (d¢p,) = L. With
the initial condition 3—¢ = 1, which translates to Ws—q = 1 and thus Ag_g, = 0
and Ng—o, = 0, we obtain the solutions

_ 2 Bhwp
Ag, = ooy tanh( 5 > , (5.80a)
Ngp = Llog {cosh (Bf;wpﬂ : (5.80b)

As a consistency check we note that Ag,, — § and Ng;, — 0 in the limit 2 — 0,
such that we recover the classical limit W5 — e~##W . From this simple example we
also learn that a perturbative solution of the flow equation in powers of & has to be
considered very carefully. Here, the dimensionless expansion parameter would be
Bhw, and thus the range of validity of the semi-classical expansion involves a certain
temperature and momentum regime. Including interactions, the power counting
will be more complicated in general.

Since the Wigner function (5.78) is Gaussian, we can directly read off the instan-
taneous effective action as

T5(®, 7] = / Dy (G, +w}@3,) £ T5[0,0] (5.81)
p

We ignore the zero modes in the following.
"Here, we follow [208]. We refer to [207] for an alternative derivation in the context of a scalar field
theory.
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where the constant I'5[0, 0] would be zero if we had normalized the Wigner func-
tional. If we keep the density operator unnormalized, the constant is determined by

the normalization and can be calculated by performing the Gaussian integration,

eNﬁyp/L

hprﬁ D

1

2 sinh (ﬁm ) 652

e 18l00] — /Dgp Dr Wglp, | = H
p

In this way, we can recover the well-known result for the free energy density [218]
F 1 ; I'5[0,0] Bhwy
== 1 o) — Lsl0.0] / log [2sinh
7 BL ogTr [e } 5L 5 og |2sin

_ /p {ﬁ‘;p + ;mg 1- eﬁhw”]} . (5.83)

In the free theory, the only non-trivial equal-time correlation functions are

7" = Ag, , I =w’Ag, . (5.84)
They determine the particle number distribution n,, as

Nt ., K hwp
<np+2) =re ﬂr@u =PI = hwplgyp (5.85)

which follows from a change of variables to the modes a,;,, a o

| h . . hw .
¢, = %, (ap+a*,) , o, = —i Tp (ap—a*,) , (5.86)

As expected, we find the Bose-Einstein distribution

1 1 1

npzf 7—1 :}Li,
2\ ot (252 eFren — 1

(5.87)

which is characteristic for non-interacting bosons in thermal equilibrium.
Finally, by identifying I's3 = 5 H,g with an effective “Hamiltonian”, we can also
identify an effective “mass” as

Iz, 2 h
mag = T - =%tanh (/B m) . (5.88)

It reduces to the bare mass in the limit of weak fluctuations, i.e., mgff — m?2 as
Bhm — 0. For large fluctuations (for instance increasing the temperature), the mass
becomes irrelevant, mgff — 0, as expected.

In conclusion, the equal-time formulation provides an alternative approach to
study quantum field theory in thermal equilibrium. An extension to interacting

theories may give a new perspective on thermal phase transitions and critical
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phenomena. We plan to study this possibility in a future work.
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Chapter 6

Extraction of the instantaneous
effective action out of equilibrium

This chapter is based on the article [65] with the figures and large parts of the text
taken from it. The authors of [65] contributed as follows: The experimental and
theoretical concept was developed in discussions among all authors. M. Priifer, P.
Kunkel, S. Lannig, and A. Bonnin controlled the experimental apparatus. M. Priifer
and myself analyzed the data. M. Priifer, P. Kunkel, H. Strobel, J. Berges, M. K.
Oberthaler and myself discussed the measurement results. J. Berges and myself
elaborated the equal-time formalism. All authors participated in the writing of the
manuscript [65] and I made significant contributions to the wording and structuring
of the text. In appendix 6.C, I include additional related material that was not
printed in [65]. The article [65] is also covered in the experimental doctoral thesis by
M. Priifer [219].

6.1 Introduction

Understanding how macroscopic phenomena emerge from a given microscopic de-
scription is a formidable and often unsolvable theoretical task. On the fundamental
level, quantum fluctuations or entanglement lead to novel forms of complex macro-
scopic dynamical behavior in many-body systems [220] for which a description as
emergent phenomena can be found within the framework of quantum field theory.
A central quantity in these efforts, containing all information about the measurable
physical properties, is the quantum effective action [50]. Though the problem of non-
equilibrium quantum dynamics can be exactly formulated in terms of the quantum
effective action, the solution is in general beyond capabilities of classical computers
when real-time or non-equilibrium questions are addressed [221]. In this chapter,
we extend the strategy introduced in the previous chapter to determine the non-
equilibrium quantum effective action [61] using analog quantum simulators, and
demonstrate our method experimentally with a quasi one-dimensional spinor Bose
gas out of equilibrium [122, 222]. Spatially resolved snapshots of the complex-valued
transversal spin field [223] allow us to infer the quantum effective action up to fourth
order in an expansion in one-particle irreducible correlation functions at equal times.
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We uncover a strong suppression of the irreducible four-vertex emerging at low
momenta, which solves the problem of dynamics in a highly occupied regime far
from equilibrium where perturbative descriptions fail [224]. Similar behavior in
this non-perturbative regime has been proposed in the context of early-universe
cosmology [225]. Our results constitute a new realm of large-scale analog quantum
computing [226], where the high level of control of synthetic quantum systems [227]
provides the means for the solution of theoretical problems in high-energy and
condensed matter physics with an experimental approach [8, 44, 45, 228].

6.2 Extraction of the effective action

In the many-body limit the measurable physical properties of an interacting quan-
tum system are determined by only a small subset of all microscopic parameters.
As a consequence of this effective loss of details, efficient descriptions of quantum
many-body systems can be found using a concept known as the renormalization pro-
gram of quantum field theory [50, 229]. Renormalization implies a scale-dependent
description that links the physics on small characteristic distances with phenomena
on macroscopic length scales. The scale dependence is encoded in “running” cou-
plings, determined by momentum dependent expansion coefficients of the quantum
effective action. Matching the experimental capabilities, we choose a formulation
of quantum field theory based on equal-time correlation functions only [61] which
has been exemplified in thermal equilibrium [39] but remains challenging far from
equilibrium. Finding the time-dependent quantum effective action I';, equivalent to
solving the non-equilibrium dynamics, involves experimentally observable expec-
tation values of the underlying quantum fields. Therefore, the problem is mapped
onto the ability of synthetic quantum systems giving higher-order correlation func-
tions [38, 198, 230, 231].

Our quantum simulation builds on a spinor Bose-Einstein condensate [122] and
the spatially resolved detection of a complex-valued field F'| (y) = Fy(y) +iFy(y) =
|Fy (y)]e™*™) [223] (see appendix 6.A). We employ ~ 100,000 5Rb atoms in a quasi
one-dimensional regime and quench the effective detuning of spin-mixing [62] by
employing microwave dressing [232]. This leads to spin dynamics in the F' = 1
hyperfine manifold (see Fig. 6.1a), building up excitations in the F,-Fy-plane [233].
Here, F, and F, are the components of the hyperfine spin perpendicular to an
applied external magnetic field. With an optimized optical trap we achieve coherence
times, i.e., we find well defined phase relations of the three magnetic sublevels, up
to ~ 50s due to reduced heating and efficient evaporative cooling. We find that
the dynamics leads to an approximately constant spin length |F'| | and a fluctuating
phase degree of freedom ¢ (see Fig. 6.1c), resembling the structure of a single-
component Bose gas. By averaging over many realizations, we infer an estimator
of the two- and four-point correlation functions (correlators) from the single-shot
results of F'| (y) (see Fig. 6.1b).
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FIGURE 6.1: Experimental platform and extraction of correlation functions.
a, The experimental system consists of an elongated, quasi one-dimensional
87Rb Bose-Einstein condensate in a magnetic field B, in z-direction. The spin
dynamics takes place in the F' = 1 hyperfine manifold and is controlled by
employing microwave dressing (blue shading). b, In a single realization we
access spatially resolved snapshots of the dynamics. We infer the transversal
spin F, and F, (green lines) from atomic densities (gray shading) measured
after a spin mapping sequence in the indicated magnetic substates in the
F =1 and F = 2 hyperfine manifolds, respectively (for details see appendix
6.A). Many realizations are used to determine the correlation functions of
F| = F; + iF, to infer the proper vertices Fﬁ”). ¢, The distribution of F'|
(all realizations and all spatial points) for 18 s evolution time. The black dots
indicate the single realization shown in b, neighboring points are connected
by a gray line. The colored arrows correspond to the spin inferred at the points
Y1, -5 Ye-

At evolution time ¢, the corresponding instantaneous effective action I'; (see
appendix 6.C for the connection to the Wigner distribution, e.g., used in quantum
optics [208]) is a functional depending on the macroscopic field ®!(y) and its canoni-
cally conjugated field ®%(y) = (®!(y))". Using a compact notation, the full quantum
effective action may then be written as an expansion in the fields as (cf. Eq. (5.12) of
the previous chapter)

o

1

Ft[q)] = ﬁ F?I’m’an (yla e 7yn) o (yl) L e (yn)7 (61)
n=1 "

where we sum over repeated indices, a; = 1,2 and integrate over all coordinates
y; with j = 1,...,n. The expansion coefficients I';"" " (y1,...,y,) in (6.1), so-
called proper vertices [50], are the one-particle irreducible (1PI) n-point correlation
functions of F'| (y). By assuming global U(1) symmetry for our system, the only
independent coefficients are T112-2(y1. ... y,) = T\ (y1, ..., yn) with n even
and equally many field and conjugate field components. These quantities directly
characterize the propagation (F,g?) ) and interactions (F§n>2) ) of the field including

all quantum-statistical fluctuations.
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FIGURE 6.2: Statistical significance of the four-point 1PI correlator in mo-

mentum space. a, 1PI four-vertex ng)lss(o, 0, p3,pa) for experimental data
(left panel); for Gaussian model with same statistics (right panel). p;, = 1/L is
the lowest momentum corresponding to the size L of the evaluation region. b,
Ratio of experimental data and Gaussian model indicating the statistical sig-

nificance of the inferred signal (see colorbar for scale). c, I‘Ei)lgs (p1,p2,P3,D4)
for different p; and p; (fixed in each gray square), divided by the Gaussian
bias, revealing an overall momentum conserving structure (see colorbar in b
for scale). We note that some values in b and c lie below the lower limit of the
colorbar of 2.4, which was chosen for better visibility.

As discussed in the previous chapter 5, the equal-time 1PI effective action con-
tains the same information as the density matrix but expressed in terms of observ-
ables (see also appendix 6.C for more details in the non-equilibrium case). While
the entries of the density matrix are often inaccessible, the equal-time correlators
can be extracted in experiments and are directly related to relevant observables,
such as occupation number distributions. The 1PI vertices such as FE4) quantify the
interactions between the excitations described by F| in our system. These vertices
are a generalization of the scattering amplitudes, which are often employed for the

description of high-energy collider experiments. However, the scattering amplitudes
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are typically based on the concept of asymptotic states in the infinite past and future
[50], which is not adequate for strongly correlated many-body systems such as our
cold Bose gas.

The proper vertices represent the irreducible building blocks for the description
of the quantum many-body dynamics, and they can be related to the full correlation
functions measured such as (F'| (y1)F] (y2)): or (F] (y1)F (y2)F1 (y3)F 1 (ya))e. Next,
we obtain the connected correlation functions Ct(Q) (y1,y2) = (FL(y1)F (y2))¢,c and
C (g1, y2, y3, ya) = (F1 (1) F7 (y2) F1(y3) F1(4)) 1 [38] by subtracting the redun-
dant disconnected parts (according to Eq. (5.10)) from the full correlators. The
connected correlators are then decomposed into their irreducible parts representing
the proper vertices (according to Eq. (5.14)). We obtain a momentum resolved
picture by performing a discrete Fourier transform, which yields |Ct(n) (p1y---y0n)l
with momenta p; (see appendix 6.B). With that the macroscopic, long wavelength,
behavior of the quantum system is encoded in the low-momentum or “infrared”

properties of the 1PI correlation functions. More precisely, we extract I‘EQ) (p,—p) =

-1
F§2) (p) = (Ct@)) (p) from the inverse of the connected two-point correlator and
with that the 1PI four-point correlation function for our U(1)-symmetric case:

T (1, p2, p3s pa) = T2 (p1) T2 (p2) T (p3) T (pg) CD (p1, po, ps,pa) . (6.2)

Pictorially, acting with the inverse two-point correlators on the connected four-point
function removes the “external legs” of the diagram (see Fig. 6.1b, and Fig. 5.2).
The experimental extraction of the 1PI four-point correlations requires suffi-
ciently many experimental realizations to ensure the statistical significance of the
results. In Fig. 6.2a we plot a slice of ’FEi)l&s (p1,p2,p3,pa)| by fixing p; = p2 = 0 and
showing its dependence on p3 and p4. Note that F§4) (p1,Dp2,p3,pa) is by construc-
tion symmetric under the exchange p; <+ p» and p3 <+ ps, however the symmetry
p; <> —p; is an experimental observation. The correlator exhibits an overall mo-
mentum dependence with a prominent contribution on the momentum conserving
diagonal (p1 + p2 + p3 + pa = 0). The values found are contrasted to a finite statistical
bias obtained from a Gaussian model with the same number of realizations as in
the experiment (see appendix 6.B). The momentum-conserving diagonal is shown
to be statistically significant by dividing the values inferred from the experimental
data by the finite statistical bias (see Fig. 6.2b). In Fig. 6.2¢c the same proper vertex
divided by the Gaussian bias is shown for different p; and p,. This corroborates the

overall momentum conserving structure.

6.3 Momentum and time dependence

For quantifying the renormalization effects, we investigate the momentum depen-

dence of the proper vertices. Fig. 6.3a shows I‘ngs (p) as a function of the spatial
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FIGURE 6.3: Momentum conserving diagonals of the 1PI correlators. a, Mo-

mentum conserving diagonal of Fglgs. b-d, We show three different momen-
tum conserving diagonals of the four point 1PI correlations (blue diamonds)
for t = 18s. They are statistically significant as quantified by the comparison
to the finite statistics level for the Gaussian case (gray shaded region, see
appendix 6.B). The complex-valued field allows the distinction between case
b and c. The momentum dependence of these correlators over almost two
orders of magnitude indicates the dramatic renormalization of the couplings.
All error bars shown are 1 s.d. calculated from bootstrap resampling.

momentum p. We observe a suppression in the infrared [62, 187] up to a characteris-
tic momentum set by the inverse of the length scale [; ~ 30 um. For the four-vertex
|F§4:)185(p1, D2, P3,pa)|, we focus on statistically significant momentum conserving
diagonals. As a representative example, the case of py = po = 0and p = p3 = —ps
(Fig. 6.3b) shows strongly momentum-dependent values in the observed momen-
tum regime; a similar behavior is also found for different diagonals as shown in
Fig. 6.3c and 6.3d. This demonstrates that the infrared regime exhibits a strongly
suppressed interaction vertex in this far-from-equilibrium situation [63, 64, 225, 234].
While quantitative theoretical predictions for this vertex are so far not possible, the
observed qualitative behavior is expected from the large occupations in the infrared,
as discussed below.

Motivated by the observed structure of the complex valued field, we derive an
exact evolution equation for the two-point function Ct(z) (p) of a one-component
Bose gas with interaction strength ¢ (assuming spatial translational invariance; see
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appendix 6.C for details):

aCP(p) =g /

q,my!

x P (p)CP (P (1) . 6.3)

Here, Ct@) (p) has the interpretation of an occupation number distribution, where
the total number fp Ct(Q) (p) is conserved because of the U (1)—symmetry assumed.
Eq. (6.3) may be viewed as the full quantum field theoretical version of kinetic de-
scriptions for the time evolution of C't(z) (p). With our results we have determined the
defining parameters F§4) (p1, p2, p3, pa) of this exact evolution equation !, answering
the question about the dynamics in the highly occupied regime, which cannot be
captured by standard kinetic theory. Fig. 6.3 and 6.4 show that the momentum-
dependent vertex F§4) drops by almost two orders of magnitude as the occupancy
grows strongly towards lower momenta. The reduced effective interaction strength
diminishes the rate of change of the distribution C®)(p) according to (6.3), counter-
acting the Bose-enhancement from the high occupancies at low momenta.
Moreover, in our experiment we find self-similar dynamics for the statistically
accessible diagonals of F§4) according to F§4) (0,0,p, —p) = t'T5(0,0,t54p, —tP1p)
with scaling exponents v and ;. In Fig. 6.4b we show the time evolution (inset)
and the rescaled data with v = 0 and 84 = 1/2 revealing a scaling collapse on the
function I's oc 1+ (p/ps)%* with ¢4 = 2.2 4 0.2. We also find scaling of the two-point
correlator Ct(z) = t*Cg(tP2p) with Cg oc (1+ (1!)/1)5)42)_1 with (2 = 2.34+0.1 and the
expected exponents a = 3 ~ 1/2[62, 234] (see Fig. 6.4a). The evolution equation
(6.3) connects (a, 52) to (v, fa). Testing a relation of o and +, implicitly given by the
integration in Eq. (6.3), is currently hampered by the limited statistics. We anticipate
that Ct(Z) and I‘§4) have the same momentum scaling exponents, i.e., f2 = 84, which

is consistent with our findings.

6.4 Summary

Our procedure provides a first application to extract the effective or emergent
quantum field theoretical description of a far-from-equilibrium quantum many-
body system from experiment. The approach is general with applications to a wide
range of systems described by quantum field theory in and out of equilibrium. While
our analog quantum simulator employs a specific setup with a spinor Bose gas,
many of the results are insensitive to the detailed properties of the device on short-
distance scales because of renormalization. Our methods are uniquely suitable to

address such quantum simulations, where concepts of quantum field theory such as

1To be precise, we have only determined the absolute value of the four-vertex. However, our
derivation of the perturbative Boltzmann equation in section 6.C suggests that the four-vertex can
exhibit a complex oscillating behavior as a function of time and momentum. We want to clarify this
point in a future study.
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FIGURE 6.4: Observation of scaling in time of the distribution function
as well as corresponding couplings. Rescaled distribution function C’t(z)(p)

and 1PI four-point correlators F§4) (0,0, p, —p) for times between 9s and 18s
evolution time (the reference time for the rescaling is 12's). We fit a universal
function (red line; see text) with power law ¢ and scale pg up to the momentum
scale indicated by the gray shading. The inset shows the unscaled data with
same axis ticks as the main figure. The vertical lines indicate the unscaled
momentum regions excluded for the fit shown in the main figure. a, We use
a = P2 = 1/2 for rescaling and find ps = 1/199 um~! and ¢, = 2.3. Here,
error bars are smaller than the size of the plot markers. b, We use 84 = 1/2 for
rescaling and find pg = 1/93 um~"! and ¢4 = 2.2. All error bars shown are 1
s.d. calculated from bootstrap resampling.

renormalization and the “running” of couplings become essential for a quantitative
understanding. We are convinced that on the experimental side this will lead to a
new class of continuous-variable quantum machines which operate in the regime
of many degrees of freedom. On the theoretical side we foresee breakthroughs in
understanding fundamental questions in quantum field theory inspired by results

of this experimental approach.
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Appendix: Details about the QFT analysis out of equilibrium

In this appendix we give more details about the experiment (section 6.A) and the
data analysis (section 6.B). Additionally, we discuss in detail the real-time evolution
of the instantaneous effective action for the example of a non-relativistic Bose gas
in section 6.C. Within this formalism, we also provide an alternative derivation of
Boltzmann’s kinetic equation in a perturbative limit.

6.A Experimental details

In the experiment, we prepare ~ 10° atoms in the state |F, mg) = |1,0) in a static
magnetic field of 0.884 G in an optical dipole trap of 1030 nm light with trapping
frequencies (w, w1 ) =~ 27 x (1.6,167) Hz. We initiate dynamics by changing the
experimental control parameter ¢, the second order Zeeman shift, by applying off-
resonant microwave dressing. For details on the experiment and the parameter
regime employed see [62].

We use a readout scheme to detect multiple spin projections in a single realization
[223]. After the desired evolution time ¢ we apply a first 7/2-rf rotation around
the y-axis to map the spin projection F, on the detectable population imbalance
N1 — N_;. We store this projection in the initially empty F' = 2 hyperfine manifold
by splitting the populations of the three mp states with three mw 7/2 pulses. A
second, hyperfine selective, rf rotation in F' = 1 around the z-axis allows us to map
the spin projection F, onto the population imbalance in F' = 1. Together with a
single absorption image of the 8 hyperfine levels this procedure allows us to extract
single shot snapshots of the complex valued order parameter F', (y) = Fy(y) +iF,(y)
with

Fo(y) = (N{52(y) — N2 () /N 2 () (6.4)
Fy(y) = (NI (v) = N 7' () /N " (), (6.5)

where Nf,zfzf (y) is is the atom number in the state | f,m ) at position y and Ntﬁt: I(y)
is the total atom number in the hyperfine manifold f after the readout sequence.
At evolution times of 18s we observe no substantial loss of coherence of the
different mg states which would correspond to reductions of the transversal spin
length. Optimizing the transversal confinement leads to coherence times up to ~ 50's
due to reduced heating and efficient evaporative cooling. Due to the harmonic
confinement the atomic density is inhomogeneous and so is the transversal spin
length profile. We choose to analyze the central 400 pixels corresponding to ~
168 pum. The spatial resolution is ~ 1.1 um corresponding to three pixels (pixel size
corresponds to 420nm). As we are interested in the long wavelength (infrared)
excitations we sum over 9 adjacent pixels to reduce the number of points and
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Evolution Time (s) | Number of realizations
9 294
12 511
15 316
18 559

TABLE 6.5: Number of experimental realizations for the evolution times
shown in this chapter.

the computation time. We use the number of realizations given in Table 6.5 for
estimating the correlators.

For more details about the experiment, we refer to the doctoral thesis of M.
Priifer [219].

6.B Data analysis of correlation functions

In practice, we calculate the connected correlation functions in position space using
the Julia package Cumulants.jl [235], which provides a very efficient implementation
of Eq. (5.10). Assuming spatial translation invariance, we then calculate the 1PI

correlators in momentum space where Eq. (5.14) becomes local.

6.B.1 Momentum resolved picture

We calculate all connected correlators in position space and find translation in-
variance. To obtain a momentum resolved picture we perform a discrete Fourier

transform:

Cyt (prs- - ypn) = DET (G717 (g1, yn)] (6.6)

Yj—pj
N N

—12m —i2m e S BN
Yo 3 e e M OO (),
y1=1 yn:]-

where p; € [pr,2pr, ..., Npr], withpy, = 1/L and L the size of the evaluation region.
Further, we compared the results obtained with this procedure with an evaluation
based on calculating the correlator in momentum space by Fourier transforming the
single shot profiles and find no qualitative differences.

6.B.2 Comparison with Gaussian fluctuations

Correlation functions of order > 2 will typically show non-vanishing values when
inferred from finite statistics samples, even for the Gaussian case. In order to check
for significance we compare the correlations obtained from the experimental data
to samples drawn from a Gaussian distribution with a covariance matrix given
by the experimentally estimated two-point correlations. We analyze the profiles
obtained from this routine in the same way as the experimental data. The result of
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this procedure is shown as the upper limit of the gray shaded areas in Fig. 6.3. Data
points for which the 1 s.d. interval lies above this threshold are called significant.
For non-significant points we cannot make a statement whether they are zero in the
infinite statistics limit or just too small to resolve their value with the amount of

experimental realizations employed here.

6.C Quantum field dynamics with equal-time correlations

In this section, we discuss a formulation of quantum field dynamics in terms of
equal-time correlation functions. To be specific, we restrict ourselves to a single-
component non-relativistic complex bosonic field, i.e., Schrodinger picture field
operators ¢, 9! that fulfill [&x, 1/32,} = 0z,4. A generalization to multiple components,

fermions, or relativistic fields is straightforward.

6.C.1 Instantaneous effective action

For completeness, we first repeat the constructions of chapter 5, but now with
non-relativistic fields. An arbitrary state is determined by a density operator p;, or

equivalently a generating functional Z;, constructed as
B *4) * *
ZilJ, T =T | e <J””WW>] = / DYDY Wilth, o7 Vit Ti0a) - (6.7)

Z; generates symmetrically ordered equal-time correlation functions and it is given
by a functional integral with measure DyDy* = [[, [2dRe (¢,) dIm (¢5)] over W,
the field theoretic version of the Wigner distribution which is extensively employed
in quantum optics [208]. The Wigner functional W; is given by the Wigner-Weyl

transform of the density operator,

W, [v, "] = /ann* <¢ _g W+ g> e~ Jalvsvetimimet s (Wine—miva)] (g 8)

Pt
The instantaneous (equal-time) effective action is defined by the Legendre transform

[y, U] = —log Zi[J (W, ¥F), J* (U, ¥*)] + / [ (U, U)W, 4 U7 T, (U, U)] .

T

(6.9)

It generates the 1PI correlation functions as discussed in chapter 5.

6.C.2 Evolution equation

Given a Hamiltonian H, the von-Neumann equation,

iopn = A, (6.10)
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dictates the quantum dynamics. It translates to an evolution equation for the
instantaneous effective action according to

0 Zy[J, J*]

Zi[, T | =g, e =g (w,0%)

= — _ Tr {ﬁt [ﬁ, efz (J”%Jr‘]ﬁ”)] }

Zy[J, J*]

0T, [V, U] = — (6.11)

J=J (U, W), J*=J* (T, T+) '
(6.12)

We can evaluate the trace in terms of phase-space averages over W; as follows. For a
general operator O, the expectation value w.r.t. j; is given by

Te[5,0) = / DUDG Wi, &%) O[5, 47] (6.13)

where Oy is the Weyl symbol corresponding to O [208, 209]. The Weyl symbol of a
product of two operators can be expressed as [208, 209]

(AB)W — Awe? By = Be™ 2 Ay | (6.14)

where we introduced the symplectic operator

— —
5 3 05 7
A _/x (5% 50z Sy 6%) : (6.15)

Therefore the trace in (6.11) becomes

A ot 7 A X y .
Tr {ﬁt [H el C’“"I”ﬂ”z)} } =2 / DY DY* W, Hyy sinh (2) ela(aitTiva)

(6.16)

where Hyy is the Weyl symbol of the Hamiltonian H. Given an explicit form of Hyy,
it is straightforward to calculate the right-hand side. Plugging the result back into
(6.11), the sources are evaluated at
ST [, U]
= J, (U, 0") = ———— . 6.17

Jo = Ja(0, ) = SO (617)
Then, by construction of the effective action, the resulting expression involves
symmetrically ordered equal-time correlation functions which have to be expressed
in terms of 1PI correlators. Since the latter are generated by I';, this procedure yields
a closed evolution equation.
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6.C.3 Evolution of the Bose gas

As an explicit example, relevant for the experiment discussed in this chapter, we
consider a non-relativistic Bose gas described by the quantum many-body Hamilto-

nian
i = [ |5 (90L) (Vo0) + §iLikide —ili) . (619

Here, m, g and ;1 denote the mass, interaction constant and chemical potential,

respectively. Direct computation yields the Weyl symbol

2
= [ [52E o goop o+ G+ 4020|619

where 6(0) = [1[@, 1[1;2] arises from the commutation relations. The last term is a
constant and does not affect the evolution. The remaining term involving 6(0) can
be removed by adding the constant? term g6(0) [, {14, to the Hamiltonian, which
renormalizes the chemical potential.

Since Hyy involves at most four powers of fields, only the first two terms of
2sinh(A/2) = A + A3/4! + ... contribute to (6.16). Explicitly, the quadratic terms
contribute as

/wg’;wasinh (2) el Tyt T5wy) / (WE T, — Jiby) e [, (Jyy+T5¢y) (6.20)

and the quartic term gives
* %k . A f (J Sy OV )
wm/l/]xwx/(/}x 2 Slnh 5 ely\"Y 7y y vy

-/ [w;‘z (wm - ;J;;Jm) Jy (w;% - ;J;;Jm) wm} i)

(6.21)

Taking the phase space average w.r.t. W; and replacing the sources by derivatives,
we find

z@tft[\If 1\ ] Edft[\I’ \I/ ]+ ﬁq[rt] y (622)

where the “classical” part £ resp. “quantum” part £ are linear resp. nonlinear in

derivatives,
C _/ B ] NN f S-S S T
cd — ; om 2 T 9G g 5, m H z T 9Czan 5\112
(6.23a)
o g " (SFt 5Ft (5Ft (5Ft 5Ft 5Ft
La=1} / <‘ll“6\11* S0 5w, UTSW, 00, 0% ) (6.23b)

’Tt is proportional to the total number of particles, which is conserved.
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Here, the full three-point functions have to be expressed in terms of 1PI correlators,

G bV = GU Uy + 2G0T, + G Us + ULT, T, (6.24a)
GUL™ =GU Uy +2GL N0 + G U, + WL, (6.24b)

with the connected two- and three-point functions given by

_11 a8
52T, \ 7!
af t
Gy ( 5@5@1) : (6.25a)
zy
Golyo=— Y / G%;/GEB'IGZZ;/#. (6.25b)
’ L 1) )

6.C.4 Symmetric case

Since the Hamiltonian is U(1) symmetric, an initially U(1) symmetric state will re-
main so. For simplicity, we now focus on this symmetric phase, where all correlation
functions are invariant under global U (1) transformations. This symmetry simplifies

the structure of the effective action,
P, w] = T[], (6.26)

where we denote |\IJ|3W = W ¥,. With this assumption, the evolution equation
reduces to
6Ty
S| W[Z,
+g/ o miﬂ( 6T, o0, oT, oL ) T,
4 Joyew OV, 610 3,  OW[3, 0[WIZ, / O|V[Z,

;m = ‘\I]‘gy +g <G$y;}bwqu - G?ﬁm;ﬁb wll’l/)

10Ty [|9)?] :/

zy

(6.27)

In order to obtain explicit expressions for the evolution equations of correlation
functions, we need to express the terms involving G with 1PI correlators. To reveal
the dependence of these terms on |¥|?, we first split the 1PI two-point function as
I'® =T® 4+ 7@ with

th 5Ft
@) _ [ 39200, 50,00
ny - 6Ty ST ) (628a)
SU500, SULev;
O 6ft
= FEgE
=1 & ", (6.28b)
ez, O
o __ 02Ty wpy 020y
F(2) VIV sz see,  VEVweswr, s,
Tay = .2, o, © (6.28¢)
2w \I/Z\I/ 7t2 \IJZ\I/ 712

WO 0 G, WOl 0V 5
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Analogously, we write the connected two-point function as ng) = @9) + é?) with
GP = (T®) !, which implies the geometric (Dyson-type) series

GO GO _ GOFRGD 4 GOFRGOFRGE + (6.29)

In the following, we will further restrict our attention to the 1PI two- and four-point

functions,
= oy _
Ty = . ¢ .
T 52Ft
’ 5‘\11‘%y5’\11’2w W=U*=(

Since we need to take at most two |¥|? derivatives of equation (6.27), only the first
two terms of the Dyson series contribute to the evolution of these correlators.

6.C.5 Evolution of the two-point and four-point functions
Explicitly, the two-point function evolves according to

VAV, (Ghtws - e,
g
w Zw 5‘\11‘%3/

10T 0y = T... (631)
U=w*=0

The evolution equation for the four-point function reads

—V24V2-V24+V2_

iatf:cy,zw = m TY,ZW
6 (G ws — Glad ) ) ( |
+ g/ Lap 2w + (Y < 2w
ab 51W[3, o

U=U*=0
/
ab

Cap
S| W|Z,01¥2, ¢

U="U*=0

+ [(szr‘xw - 1j\zyl_‘yw) fxy + (fwzrzy - wafwy) f‘zw] ) (632)

>

where (zy < zw) denotes the permutation of the expression in the same line with
the indicated replacement. Evaluating the remaining derivatives is tedious, but
straightforward. For future reference, we sketch how to perform this calculation.
Consider

s(omarer) sfome) | s ()
8|z, o[z, oz, |z,

+ 20020y G Y, 4 SOy | ¥ |2, + 02200 W12, . (6.33)

c,ww
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Using the geometric series for the two-point functions, we obtain

* . YT Yt APty
(5Gg}7u%; (5G$w¢{¢, / 0 (Gc,ww’rw’w”Gc,ww’) 4
w!'w’ B

= (6.34)
S|W[Z,  OWIZ, S|z,
The first term is given by
3G by oT 6°T Y
—_— = —/ 5 5 5 (6.35)
6‘\1"%:[/ w’w“ 5|\I]|ww’ 5|\Il|w’w//6"ll"%'y 5"11’11)”11)

and the second term does not contribute to the evolution of the two- and four-point

functions. Similarly, we have

5 (GEbuwsw?) 6 (GU Tl Gl ) 656
=— : : + 6.36
5|\P|?:y w'w’ 5“”%3}
and only the leading term contributes as
(6o FEE G )
O[3,
_/ ( Y )‘1 6°F < Y )‘1
arar | \O0||? s S| W2, 0W]2, 0 | \O]P|? e
X (0020 | V|25 + Szwbya [¥2g0) + .., (6.37)

where we have not written out terms involving higher powers of |¥|2. The connected

three-point function contributes

PP g% )
s(ehine) >/ 0 {Gw*a ¢ v, O wz} -

2 2 c,ww’ T c,ww’” e ww
5|\Il|xy w'ww'’ 6‘\P‘zy 5@%,5‘1’5),,5‘1’&,,,

(6.38)

a,Byy

Again, we do not need the full expression, but just the terms up to |¥|?. The leading
term in the series of the “diagonal” two-point functions G¥% and GV involves
two powers of the fields ¥ or U*. The same is true for the third derivative of T;
times one field ¥. Thus only the following four (out of the total eight) terms of the
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sum can contribute,

3+
B e 0°T .
(1) - Gc,wqfu’G:f),ww”Gc,ﬁw”’ 5\ij/5\p* SU* \Ilz ) (6393)
'Ll)” w///
2) =GV V.G LG Oy 6.39b
( )_ c,uw’ ™ c,ww’’ c,ww”’(s\I,* SU*  SP* z ( : )
w/ w// w///
LoV ot o 0°T, .
(3) - Gc,ww’Gc,ww”Gc,ww’”5\I,w/5\1,w//5qj* \Ijz ’ (6'39C)
w///
2= G e o 0Ty d
( )_ c,ww’ ™ c,ww!! c,ww”’&qulé\p* (5\I/w/// z " (639 )
'Ll)”

For example, the term (1) involves the third-order derivative

5Ty
5‘\11‘%///@///6’\11’3/,@,

5Ty — /
SWy 6Wr 6%, % fgmgm

(2o + |92

83Ty
5|\IJ|7?U"’1I)”’5|\I]|’%U"’LD”6"I]’211}’1[1’ '

HU 2 |2 " (6.40)

Collecting all relevant terms, the evolution equation of the 1PI two-point function

reads

_ —VZ 4+ V2
0 gy = | —5—

+2g (f;; - fz:zzl)] Lyy
Y =t el (= TS ) o (6.41)
zabe

where we denote the inverse of I';, as I';,}. We emphasize that this equation holds
exactly (assuming only U (1) invariance). Given the 1PI four-point function 'y ..,
it determines the real-time evolution of T,

The evaluation of the terms for the evolution equation of the four-point function

proceeds analogously. For brevity, we just state a part of the full result,

—V24+V2-Vi4+V,
2m

+ g [5:py5:pwfzx + 6zy62wfmz - 5yx5yzryw - 5wx5wzr‘wy]
+ % [(fzwfxw - fwzyf‘yw) facy + (faczfzy - f‘acwf‘wy) f‘zw]

o (6.42)

iatrazy,zw =

The dots indicate several terms that we omitted. They are all proportional to the
coupling g and involve at least one power of ', .., or they depend on the 1PI six-
point function I'yy -y 4. Neglecting the six-point function closes the set of coupled
evolution equations. If we further assume that the four-point function is of order
g, then the omitted terms above do not contribute to leading order in g. In the
remainder of this section, we will demonstrate analytically that this perturbative

truncation can be reduced to a standard kinetic description. We plan to solve the full
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system (neglecting only, e.g., the six-point function) numerically in a future work.

6.C.6 Definition of the particle number distribution

Out of equilibrium, the concept of a particle is not uniquely defined. For a physical
interpretation, it is nevertheless useful to define a particle number distribution. In
the following we assume spatial translation invariance and then define the number
density f, according to

oty = [ T o (3, + L)) (6.43)

To motivate that this definition makes sense, we consider p; = |;)(Q;| witha U(1)
symmetric pure and spatially translation invariant state |€};). In this case, equation
(6.43) becomes

o = AUl 1) 649

with the momentum space operators
dy= [ e, i = [ il (6:45)
T x

that fulfill [1[11), @ZE] = (2m)45(p — q), resulting in the volume factor V = (27)%5(0).
In the non-interacting case f, therefore coincides with the usual definition. In the

interacting case the definition remains sensible because
Ip=0. (6.46)
This follows from the Cauchy-Schwartz inequality
(ulu) (v|v) > [(ulv)]® = f, (f, +1) >0 (6.47)

with |u) = @@pmt) and |v) = 1&2\99, where we used the commutation relations and
U(1) invariance.

The definition (6.43) is equivalent to

1 . B _ 1 . _ _
e N e B R
T—y Ty

\)

such that the equation (6.41) becomes an exact Boltzmann-type evolution equation,

Orfp = Cplf, TW]. (6.49)
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Here the “collision integral” C,,[f, )] explicitly depends on the two-point functions
(or according to (6.48) equivalently on f) and on the 1PI four-vertices as

et ==ig [ (f+3) (f+3) (5+5) (5+3)
qr

Ypprp* Y

X |:Fl:7“»—q7—P o FP,(Iv—”“u—l:| ’ (6.50)
where we relabeled the 1PI four-vertex in accordance with the presentation in section
6.3,

Yt 3T

Lr,—q,—p — 5\1/15\117,5\1/*_(15\11*_],

_ / o~ illy—rw—qz—pz) M . (6.51)
g=yr=g TV ’

Of course the Boltzmann-type equation (6.49) can be obtained with much less effort,
e.g., by directly calculating the Heisenberg equations of motion for the product of
two field operators, taking the average w.r.t. the density operator and expressing
the appearing four-point functions in terms of 1PI correlators. The advantage of the
approach presented here is that it generates equations for the full hierarchy of 1PI
correlators. We use this to discuss the evolution of the 1PI four-vertex next.

6.C.7 Perturbative four-vertex and Boltzmann equation
To leading order in g, the evolution of the four-vertex [Eq. (6.42)] can be written in
momentum space as

z‘@tfgﬁ}pw* — —Awpquf;f;/;}lzmp* _ g(s (p+q+7+1)Gpgr (6.52)

with Awpgr = (p? + ¢* — 12 — 12)/(2m) and the abbreviation
Goqrilf] =4 (Lp+Ty—T_, —T_)) —T, T, (T, +T )+ T, I, (T, +1y) .
(6.53)

The general solution of (6.52) with initial condition I"]

;f:’ }Z’*W (to) is given by

* 00k * 0k iA - _
T () =Tl (to) ettt

: t
+ %5 (p+q+7r+1) / dr e"Bwpant(T=t) g 1f](7) . (6.54)

to
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Without the initial condition (for, e.g., a Gaussian initial state) the contribution to
the collision integral (6.50) becomes

t
T T = 25 =7 =) [ e cos (s =) )
0

t
~ 2ig§ (p + q—T-— l) gp,q,—r,—l[f] (t) / dr cos [Awpqu(T - t)] 3

to
sin [Awpqu(t — to)]
Awpgr (T — 1)

— 2igd (p+q — 1 — 1) 76 (Awpgrt) Gp.q,—r,—1[f1(t) (6.55)

=2igd(p+q—7—1)Gp.g—r—1[f](t)

where the approximation of the second line holds for slowly varying f and we have
taken the limit of late times (t — {9y — o0) in the last line. Inserting this result into
(6.50) gives

2
Op[f] ~ % /qu dQPqu (fp + ;) (fq + ;) (fr + ;) (fl + ;) gp,qﬁ—r,—l[f] (6.56)

with the integration constrained by momentum and energy conservation,

d?q d%r d% d
A, :/ 2m) 6D (p+qg—1—1) (271) 8 (Awpgr) . (6.57
arl pqrl (27_‘_)d (27T)d (27_[_)d ( ) (p q ) ( ) ( 'pq l) ( )

Rewriting the integrand in terms of the distribution f,

<fp + ;) (fq + ;) (fr + ;) (fl + ;) Ip.q,—r,—i1[f]

=4[(fp+D(fe + V)i fi— (i D+ D) fpfd] (6.58)

we finally arrive at the standard perturbative Boltzmann equation (see, e.g., [234])

atfp ~ 2g2/

qr

ldequ [(fp + D(fg + DS fi = (fr + DUe+ D fpfdl - (6.59)

In the approach presented here, the Boltzmann equation relies on several assump-
tions. It is valid in the spatially translation invariant and U(1) symmetric case.
Additionally, we solved the evolution of the 1PI four-vertex by neglecting the effect
all 1PI correlators of order six or higher, assuming Gaussian initial conditions and
a perturbative expansion in the coupling. Finally, we approximated the resulting
integral for a slowly evolving two-point function at sufficiently late times.
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Chapter 7

Conclusion

The work presented in this thesis includes several results relevant for the quantum
simulation of high-energy physics. In this chapter, we briefly discuss the relevance
of the different results before closing with an outlook on possible future research
directions.

7.1 Discussion

Our proposal to implement a quantum simulation of QED in one spatial dimension
with Wilson fermions (chapter 2) illustrates the importance of taking into account
equivalent formulations of the same physics for finding experimentally feasible
schemes. Here we exploited the possibility to choose different representations of
the Clifford algebra together with the fundamental non-uniqueness of discretizing
Dirac fermions. From a more general point of view, it is sufficient to realize an
experimental system that has the right continuum limit. In principle this opens up
the possibility to consider a multitude of different Hamiltonians, only constrained
by relevant couplings (in the sense of the renormalization group), which share the
same universal properties.

In a similar spirit, it is only necessary to retain the mathematical equivalence
between the target system of the quantum simulation and the experimental platform.
By giving up the direct correspondence between the lattice sites of the simulated
gauge theory and the lattice wells of the trapped quantum gas, we have also ex-
ploited this fact (chapter 3). Our improved proposal combines these advances and
can be scaled to large system sizes by connecting elementary gauge-invariant build-
ing blocks. Together with the experimental demonstration of the building block, this
moved the quantum simulation of continuous U (1) gauge theories in one spatial
dimension within immediate reach.

Motivated by the prospect of an experimental realization of QED, we identified
dynamical topological transitions (chapter 4) as an ideal target phenomenon for a
quantum simulation. Here we take into account experimental imperfections since
this physical phenomenon is robustly accessible within relatively short time-scales
and small lattice sizes. In this context, we also re-interpreted the physics of DQPTs in
terms of correlation functions, which allowed us to obtain a dynamical topological
order parameter that remains well-defined in the interacting theory.
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Since correlation functions completely determine any quantum field theory,
a correlator-based description of quantum simulators is highly desirable for the
simulation of high-energy physics. We presented such a formulation based on
equal-time correlation functions (chapter 5), which allows for the extraction of
irreducible vertices directly from experimental data. We verified this novel approach
to analyze quantum simulators for the example of the sine-Gordon model in thermal
equilibrium, both numerically and in a proof-of-principle experiment.

The application of this approach to the dynamics of a strongly correlated Bose gas
(chapter 6) shed some new light on the interaction vertices in a far-from-equilibrium
regime associated to a non-thermal fixed point. In this way, the analysis in terms of
the instantaneous effective action can provide new input for developing effective
models for situations that have otherwise eluded an efficient description.

7.2 Outlook

While our results significantly advance the quantum simulation of high-energy
physics — specifically the simulation of U(1) LGTs and the analysis of quantum
simulators from a QFT perspective — many important questions remain to be tackled
in the future.

One of the most pressing tasks is the extension of LGT implementations to
spatial dimensions larger than one, where qualitatively different phenomena emerge.
The drastic simplification of our approach based on Wilson fermions is unique to
one spatial dimension. However, by relaxing the requirement to recover Lorentz
covariance in the continuum limit and by allowing, e.g., for bosonic matter, an
extension of the matter-gauge coupling to higher dimensions appears to be feasible.

The implementation of non-abelian theories, which has not been addressed
within this thesis, is of equal importance. Since the formulation of non-abelian
gauge invariance differs significantly from the abelian case, we believe that this
step requires a careful re-examination of the available mathematically equivalent
descriptions [56, 236, 237]. For the U (1) case, it was the combination [18] of a suitable
formulation, together with the atomic symmetry underlying SCCs that allowed for
an efficient scalable implementation. We expect a similar approach to be successful
in the case of non-abelian gauge groups, such as SU (V). Promising examples are the
combination of a quantum link formulation with the approximate SU(N) symmetry
present in alkaline-earth atoms [23], and dual formulations of LGTs combined with
atomic constraints arising in Rydberg systems [30].

For both higher dimensions and non-abelian theories, it is conceivable that the
dynamical topological transitions discovered in this work persist. Moreover, it is
straightforward to apply the dynamical topological order parameter introduced
here to these situations and other models as well. It will be exciting to study this
possibility, for instance in QED in two spatial dimensions [32] and related condensed
matter models, arising in the context of topological insulators [238], in the future.
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The demonstrated equal-time formulation of QFT offers unique complementary
perspectives. It provides an equivalent, but yet unexplored description of thermal
field theory that requires further development. If successful, this approach might
provide an alternative picture for thermal phase transitions and critical phenomena.
With the directly experimentally accessible 1PI vertices, this possibility becomes
particularly appealing in the vicinity of a quantum critical point, which could
lead to new experimental signatures of the quantum critical region in terms of
renormalization effects.

Out of equilibrium, extracting the instantaneous effective action can provide
previously unavailable information of the physics emerging in the real-time dynam-
ics of quantum fields. To elevate this method from diagnostics to a theoretical tool
with predictive power, it is crucial to develop controlled approximation schemes.
Although this has not been achieved yet [239], the fact that it is possible to recover
perturbative kinetic descriptions gives hope that this endeavor is not in vain. A
starting point can be non-thermal fixed points [234], which simplify the dynamics
due to self-similarity. If possible, an approximate numerical solution of the evo-
lution of the instantaneous effective action, which is local in time and scales only
polynomially with increasing order of the employed correlation functions, could
even shed new light on the late-time dynamics of quantum fields and the eventual
thermalization [240].

Finally, we plan to apply the equal-time formulation also to LGTs. To this end, it
is necessary to extend the formalism from scalars to fermions [241], spins and gauge
fields [242]. Since the instantaneous effective action captures the same information
as the density matrix, it is in principle possible to study intriguing quantum effects
such as entanglement in real-time dynamics in terms of 1PI correlation functions.
Moreover, it is possible to translate unitary transformations, in particular those
corresponding to symmetries, to the correlators. Concerning gauge invariance,
this translation will yield a set of constraints among the correlators, similar to
Ward identities [50], which in turn may provide the means to test gauge invariance
experimentally. In this way, analyzing quantum simulators of LGTs with QFT
methods may facilitate the controlled quantum simulation of the non-equilibrium
dynamics of gauge theories.
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