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Abstract

In this thesis we present a new method to construct modular forms using rational

functions. It relies on contour integration and Weil’s converse theorem. We give sev-
eral applications, reaching from a relation between cotangent sums and L-functions,
formulas for Eichler integrals and period polynomials and series representations for
L-functions corresponding to products of Eisenstein series.
With similar ideas, based on contour integration, we move on to equations which
were originally studied by Ramanujan and generalize his formulas to those contain-
ing L-functions at rational arguments. We work out a very general framework for
finding new equations of the Ramanujan type that can be applied to a wide range
of L-functions.



Zusammenfassung

In der vorliegenden Arbeit stellen wir eine neue Methode zur Konstruktion von
Modulformen vor, die rationale Funktionen benutzt. Der Beweis dieser Technik beruht
auf Kurvenintegration und dem Weilschen Umkehrsatz. Wir geben zahlreiche An-
wendungen, wie die Herleitung einer natiirlichen Beziehung zwischen Kotangenssum-
men und L-Funktionen, Formeln fiir Eichler-Integrale und Periodenpolynome und
Reihendarstellungen fiir L-Funktionen, die zu Produkten von Eisensteinreihen korre-
spondieren.
Mit dhnlichen Ideen, ebenfalls basierend auf Kurvenintegration, arbeiten wir uns zu
gewissen Gleichungen vor, die bereits von Ramanujan studiert wurden. Diese werden
auf den Fall von L-Funktionen an rationalen Stellen verallgemeinert. Wir arbeiten
indes einen sehr allgemeinen Rahmen aus, innerhalb dessen neuartige Gleichungen des
Ramanujan Typs fiir eine grofse Klasse von L-Funktionen gefunden werden kdnnen.



Introduction

Modular forms belong to the most important objects in number theory. In short,
these are holomorphic functions on the complex upper half plane that satisfy certain
transformation laws. So at first view they are objects from complex analysis. Their
discovery dates back to the 19th century, when they were considered in the context of
elliptic functions. Gotthold Eisenstein defined the Eisenstein series

Ex(7) == Z (mr+n)", k>3,
(m.n)eZ>\{(0,0)}

named after him today as very fundamental examples of modular forms. It is a simple
observation that each Fj is the constant zero function if and only if £ is an odd number.
Their enormous importance is given to modular forms in combination with numerous
other theories in mathematics and physics. They are applied in string theory, the theory
of quadratic forms (see [51]) and in widely generalized form in algebraic geometry and
representation theory (see, for example, [I4], and [19]). Particularly prominent and im-
portant is the long suspected relationship between modular forms and elliptic curves, for
a very readable introduction to this topic see [22]. The proof of the Modularity theorem
was given by Andrew Wiles and Richard Taylor and represents one of the highlights of
20th century mathematics. This was used in proving Fermat’s last Theorem, which states
that for all n > 2 the equation " + y™ = 2™ has only trivial integer solutions. For more
information on this topic (including some background information on the history of the
proof), the reader may wish to consult [17].

The concept of L-functions is of fundamental importance in this context. At first,
these appear, like modular forms themselves, as analytical functions in a complex half
plane. They can often be continued globally (except for a few possible singularities) and
satisfy a certain functional equation. For a systematic approach, see for example [18].
When equipped with an Euler product over prime numbers, these also play a central
role in number theory because they encode important arithmetic information. Of great
importance in this context are so-called non-vanishing results of L-functions, see [41]. An
example is the Riemann zeta function, which is given for s € C with Re(s) > 1 by
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where the product is taken over all prime numbers. It can be shown that ((s) has a
holomorphic continuation to C\ {1} with a simple pole in s = 1. Its non-vanishing in the
region Re(s) > 1 is equivalent to the prime number theorem, which states that

#{p prime number | p < z} ~ L, T — 00.
log()

The Riemann hypothesis, which assumes that ((s) # 0 for all Re(s) > %, would result in
an exceptional smoothness of the prime counting function, i.e., there is some computable
constant C' > 0, such that

dt

< Cz?l 2.
g | = z2 log(z), x>

#{p prime number | p < z} — /
2

For more details on this topic the reader is advised to consult [41], [52] or [57] (Ch. II,
3-4).

According to theories first described in the nineteen-twenties by Erich Hecke, there is
a very close relationship between modular forms and a whole class of L-functions (see [35],
for a more general version [58]). In classical form it describes an isomorphism between
certain classes of modular forms and L-functions. This phenomenon will play an important
role in this thesis.

In Chapter I we obtain a new perspective on the theory of modular forms. To be
more precise, we present a new construction path for Eisenstein series, which results from
the theory of rational functions. This results in useful perspectives on well-known objects
that emerge from modular forms. Two important fields of application are Eichler integrals
and L-functions.

In the literature, besides the theta functions, Eisenstein series attached to Dirichlet
characters x and ),

By vs7) = Y xm)p(n)(mr+n)F, k>3,

(m.n)eZ>\{(0,0)}

are typically the first examples of modular forms (see, for example, [22], and [53]). The
reason is that the transformation properties of Ej are obvious by construction at least in
the cases k > 3. For theta functions, for example the Jacobi theta function

0(7_) = Z e27ri‘rn2’
nez

we need extra knowledge about the Poisson summation formula and Fourier analysis to
verify modularity, see [43]. Theta functions have arithmetic applications in the theory
of quadratic forms (see for example [32] or [38], where the number of representations
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n =z} + .-+ 27 is investigated, and [I3] (Sections 3.1 and 3.2)) and elliptic functions
(see [29], Chapter VI).

We present a new elementary method to construct modular forms. This method
seems to be natural in the sense, that functional equation and Fourier series are on an
equal footing. It also does not distinguish between weights £ = 1,2 and k > 3, as the one
described above does. The method builds on a class of very simple functions which we
will call weak functions. Here, a weak function w is a 1-periodic meromorphic function
in the entire plane, which only has poles at points in QQ that are all simple and tends
rapidly to 0 as the imaginary part increases. By Liouville’s theorem one quickly sees that
cach weak w is essentially just a rational function R € C(X) with (only simple) poles
only in roots of unity, such that R(0) = R(co) = 0. The function R then transforms to a
weak function by setting X := €27, There are no non-trivial weak functions with poles
only in Z. This later refers to the fact that there are no non-trivial cusp forms of weight
2 <k <14, k # 12, for the full modular group. It is possible to assign an integer level to
each weak function w. It is given by the smallest positive integer N such that w(5) only
has poles in Z. We collect all weak functions with level N|M in the vector space W)y,.
The key construction theorem describes a way to write modular forms for the congruence
subgroup I'1 (N1, N») described below, where Ny, Ny > 1 are integers, as a series involving
a pair of weak functions. In Theorem [1.2.16] we specify homomorphisms between the
vector spaces Wy, ® Wy, and the weight £ modular forms My (I'y(Ny, Na)) where k& > 1
is an integer. Here we assign to each element w ® n an infinite sum defined on the upper
(and lower) half plane, which is determined by the residues of w and 7. In fact one can
show that these holomorphic functions have all the necessary transformation properties of
modular forms for congruence subgroups. We call all modular forms, that are generated
by rational functions in the above way, weak modular forms. Their spaces are classified
in Theorem [I.2.2I] The key ingredient for Theorem [1.2.16] foots on a transformation
law, see Theorem [[.2.7] which is proved using contour integration. The proof then makes
use of Weil’s converse theorem [I.1.4] which provides sufficient conditions that a periodic
holomorphic function on the upper half plane is modular.

Besides providing a new way of construction for modular forms, Theorem [I.2.16] has
other applications. One of them are series representations for L-functions corresponding
to several modular forms. Remember that for a modular form f for some congruence
subgroup, say I'g(N), with Fourier series expansion

1) =3 aln)g™,

n=0

we can associate a L-function
L(f;s):= Za(n)n’s, Re(s) > 1.
n=1
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The function L(f;s) has a meromorphic continuation on the entire plane and satisfies a
functional equation, but the Dirichlet series on the right will not converge for all values
of s. With the help of weak functions, we present a different Dirichlet type series repre-
sentation for L(f;s) if f is a product of Eisenstein series that are not associated to the
trivial character. For its proof we use a Dominated convergence theorem for Eisenstein
series, see Theorem [I.3.14] In this theorem, the formula for modular forms in terms of
rational functions is used to derive a principle of fast convergence. We are then allowed to
switch integration and summation in the Mellin transform of products of Eisenstein series
in larger half planes. This yields series representations for L-functions with improved
convergence properties, see Corollary [1.3.33] The formula there, involving products of
Eisenstein series, is a direct generalization of the single Eisenstein series case, given in
[49] on p. 270.

A wider range of applications is achievable when relaxing the conditions on weak
functions by allowing poles at arbitrary real values. We then consider the concept of
“generalized Eisenstein series“. These are given by Fourier type series that may include
non-rational exponents of €?™". A modular transformation law of these objects is stated
in Theorem which is a consequence of the generalized transformation law described
in Theorem [[.4.5] When considering pre-weak functions, which only have to be bounded
on vertical strips, we are able to develop a much wider framework for g-series.

An example is a method to construct functions f(7) = go(7) +791(7) +- - - +7"gn(7),
where the g;(7) are g-type-series, respectively, that own modular transformation proper-
ties. An explicit example is

q" (1
fu(t)=(k—1) anQl—q +27rz7'an 1q +4")

(=g’
Ji (—%) = —7* fi(7)

for all even k > 4. This follows by the version Theorem [1.4.43|of the main transformation
law (Theorem for weak functions with poles of arbitrary order. We can also apply
Theorem [I.4.43] to prove a much more general result on the transformation of so called
rational type g-series, stated in Theorem [1.4.47]

that fulfills

In the more specific situation of negative values of the weight & we can apply the
construction formalism to cotangent sums. E.g., for a character y modulo N we use the
denotation

C(x;m) = ix(j)cotm (W—Ny) . (0.0.0.1)

j=1
Cotangent sums have been studied in lots of different forms and areas: In the setting of

period functions by Bettin and Conrey [8] and by Lewis and Zagier [39] referred to quan-
tum modular forms and the generalized Riemann hypothesis. Generally, it turns out that
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the arithmetic nature of such cotangent sums is strongly tied with the arithmetic nature
of corresponding L-functions. For any 1-periodic function § : R/Z — C with finite sup-
port one can assign cotangent sums >, 8(2) cot™(7z) and a sequence of L-numbers

E(ﬂ; k) :== 3 ,cgx B(x)z™" for k € N. E.g., in the case of (0.0.0.1) these are essentially
Dirichlet L-functions of the characters y. The key idea is to express the cotangent sums

as rational combinations of the L-values and hence to compare their arithmetic nature,
see Theorem [1.4.24] For example, with ((2k) € Qn* an easy consequence of Theorem
1.4.24] is

)T
C(xon;m) = Z cot™ (%) € Q, VYm, N € N.

This is well-known and was verified by Berndt and Yeap (see [4], p. 6). Furthermore,
with our method it is possible to derive explicit formulas for the cotangent sums C(y;m)
where x is an arbitrary primitive character. These will be stated in Corollary [I.4.29]
Similarly, we can give (rather complicated) formulas for Dirichlet series with trigonometric
coefficients at integer arguments, see Corollary and Remark [1.4.33] Finally, using
Fourier analysis and the generalized Clausen functions one can derive closed formulas for
cotangent sums presented by Berndt and Yeap [4] involving sine and cosine functions.
Here we use explicit terms (described in Theorem of the rational isomorphisms
briefly described above.

The rational function at the end of the transformation law refers to a period poly-
nomial of a modular form. This implies that critical values of L-functions attached to
Eisenstein series are just residues of elementary functions. If one formally studies this rela-
tionship, it leads to a duality principle, which we call Eichler duality. Here, the (k—1)-fold
integral of the function ¥i(w ® n), which assigns to a pair of weak functions w and 7 a
modular form, is related to functions ¥;(a ® ) where j takes on negative integers. This

principle is described in Theorem [1.4.58|

In Chapter II we are inspired by the tools that have already been developed in Chapter
I. The Eichler duality mentioned above can be used, for example, to immediately derive
classical series representations for L-functions. A prominent example involves Apery’s

constant:
o

73 1
3)=—-2 —_
¢(3) 180 ; n3(e?™ — 1)
We mainly use strong properties of several gamma factors and functional equations of
L-functions to generalize these kinds of identities to products of L-functions at rational
arguments. Although the techniques are mostly elementary, the given framework is useful
and might comprise deeper information about values of L-functions.

First we continue the study of L-functions at rational points which was done in the
case of Dirichlet L-functions in [25]. In that paper the author generalized some classical
identities for Dirichlet L-functions by Ramanujan. An example is given by the following



formula involving values of the Riemann zeta function at integers

N1 - 1
a™ (§C(2N +1) + Z Je2N+1 (g20k — 1))

k=1
= (=B8N 1((2N+1)+§: ! (0.0.0.2)
2 P k2N+1(62,8k _ 1) U
N+1
_ 22]\7 Z B2k B2N+2 2k OéN—H_kﬁk
(2N + 2 — 2k)! ’

where N > 0 is an integer and «, 3 are positive real numbers such that af = 72. A
proof for this relation is also given in [6]. In fact, one notes that the terms (2N + 1) on
both sides and the finite sum over the Bernoulli numbers come from the residues of the
completion A(s) := (27)*I'(s)((s)((s + 2N + 1) at the points s = 0 and s = —2N (note
that ((0) = —1), and s = —2N —1, —=2N +1,..., —1, 1, respectively. The infinite sums are
of Lambert type but can be rearranged to power series in z = 72 (and z = e~%%) with
coefficients identical to those of the Dirichlet series ((s)((s + 2N + 1).

The formula is associated to the number field K = Q. However, the following
new formula corresponds to the case where K = Q(v/D) is a real quadratic number field.
Let N € N, dx be the discriminant and xj the character associated to K. Let

() =23 ()2 (@)oo ()
djn

be the coefficients of the Dirichlet series 2k ($)(x (s+2N +1), where (x(s) is the Dedekind
zeta function associated to K. Then we have for all a, 8 > 0 with af = 47r2d;<1:

n=1

2N <—<}<<o><K<2N +1 -+ C<”>K0<2OW>>

= gV <—<K< )k (2N + 1 Z n) Ko(26v/n ))

2N—2
43 g (SN F DG4 D) 4Gl - 2N 4 (k) (0009)
— (2N —¢—1)!?
{ even
20k (€ = 2N + 1)(k (¢ + 2) log(a) Hon 1 —7
— 2 — 2N +1 2
GN — (- 1) 2N ot N e+ 2)
+ RKCK(2N 4 2)(0&72]\[72 o 572N72)’
where K is the Bessel function, H, := 2221% is the n-th harmonic number, v =
0,57721... is the Euler-Mascheroni constant and Ry is given by
R — 2log(e)hk

Vide|
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where hg is the class number and ¢ is the fundamental unit. This new result is analogous
to ((0.0.0.2)) in the following sense: Firstly, the infinite sums now involve functions of higher
degree. Secondly, the terms —((0)((2N+1) in (0.0.0.2)) are replaced by —(% (0)(x (2N +1).
And lastly, the finite sum now also involves values of () at integer arguments and a
logarithmic term since the degree of K is not n = 1 but n = 2 and the completion
D(s) = . I'(s)"Ck (s)Cr (s + 2N + 1)
K
has also poles of order 2 in the critical strip. Note that there is a connection to Maass
Eisenstein series. Indeed, the coefficients a(n) := xp(n)og(n) generate the Dirichlet series

CQ(@)(S)Q and

=

= 2mn 2mnx
unle) =t Y at o (T2 Yo () =i
= DI |D|
is a corresponding Maass Eisenstein series on I'p := I'o(D) U ST'(D) with eigenvalue
}l with respect to the hyperbolic Laplacian operator. Here S := (9 ') is the inversion

" To(N) = {(Z Z) € SLy(2)| (i Z) _ <; ’;) (mod N)}

the usual congruence subgroup with level N. In this thesis we consider the situation that
Ko(*ny) sin(xnx) is replaced by Ko(*v/—niT), which is (when looking at the corresponding
gamma factor) a function of degree 2. Note that in [47] Lewis and Zagier study the
exchange by e *™" which is a function of degree 1. To arrive at this point, we consider
generalized Dirichlet series Y .°° a(n)n~%, collected in the vector space D((v,7*), 0, k),
with absolute abscissa o and properties described in Definition [2.2.7] in detail, such as
a functional equation under s — k — s. They are completed by gamma factors of the

form
n

v(s) = ab® H T(a; + 8)9T(b; — s)%
j=1

specified in Definition [2.2.3|with exponential decay in vertical strips. This is a very general
situation and many important Dirichlet series do fit into this family. In Theorem [2.2.10]
we describe the key method for “glueing” several Dirichlet series with transformation
properties to a new Dirichlet series with transformation properties. From this starting
point, we are able to give generalized Ramanujan identities. As examples we consider
the case of Hecke L-functions and L-functions corresponding to modular forms of half
integral weight. In Theorem [2.2.14] a quite general and explicit version for Dedekind zeta
functions of quadratic fields is presented. At the end we will state some open questions
regarding the generalized period polynomials.

vil
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Notation

In the following, we present a detailed list of notation used in this thesis. The reader
is advised to look up the notation only when needed.

As usual we denote N, Z, Q, R and C as the sets of natural numbers, integer numbers,
rational numbers, real numbers and complex numbers, respectively. Also we write Ny =
NU{0}. We set Re(s) and Im(s) as the real and imaginary part of s. We denote H as the
upper half plane, i.e. 7 € H if and only if Im(7) > 0. We abbreviate Fy := Z/dZ for any
number d € N. For positive integers N we sometimes write Fy-1 := Z[N~1]/Z. Several
complex variables with different meanings will appear. We put e(z) := €2™. However, in
the case of variable 7 we use the common notation ¢ := e*™".

We use #5S to indicate the cardinality of a finite set S. Let S be a set (or class) and
0:=(01,...,0,) €S X --- xS be a tuple. We will then use the notation 0,y = (0, ..., 01)
several times. Sometimes we will use the notation exp ,(z) := p”.

Throughout, if not defined otherwise, k, ¢, N, M, N; and N, are (positive) integers.
We briefly define k = (ky,...,k)) € N to be a vector of positive integers. We write
|k| = ki +- - +ko. For real valued vectors w = (uy, ..., u;) € R® we briefly write max(u) :=
max{uy, ..., us}. We use the notation oo in the context of the usual point at infinity on the
Riemann sphere and 700 in the context of the cusp at infinity on a modular curve.

We use the notation sgn(f) = £1 to indicate that f is an even or odd function,
respectively.

Several times we shall use differential operators. To avoid any confusing situation
with possible inner functions we stress at this point that we always mean

2 gla)) = o (0) (0(2)

and fU(g(z)) = f'(g9(z)) (the same for n-th derivatives). We write 0, := ;=2 and
0, = 2%”% If the variable is clear we only write 0.

Throughout we will denote S(f) C U as the set of poles of a given meromorphic
function f: U — C.

X



For each set L (for example the real or the complex numbers) we define L as the
space of all functions f : L — C, that are zero everywhere except finitely many x € L.
The subspace L(go C L% is given by all f satisfying > wer f(x) = 0. In the case 0 € L we
write L0 for the subspace of functions with f(0) = 0.

In the context of weak and pre-weak functions there will be lots of notation for slightly
different objects, so we are willing to provide an overview:

e For any positive integer N, Wy denotes the space of weak functions with level V.

e The spaces Wyeax and Wiy collect all weak and pre-weak functions of degree 1,
respectively.

e The spaces Wyeak,q and Wi, collect all weak and pre-weak functions of degree a,
respectively. In the case a = 0o, these spaces collect functions of arbitrary (but finite)
degree.

e By V* we always mean the subspaces of a space V of complex functions consisting
of all even and odd functions, respectively.

e By W* we denote the subspace of functions f € W with the property f(4-ioco) = 0.
e By W we denote all functions f € W that have a removable singularity in z = 0.

e The set W[T] contains all (pre)-weak functions only having poles in 7 C R/Z. We
write Ty := {0, =, ..., 2L}

We will identify functions f € IF%O with N-periodic functions f : Z — C. For integers
M we will set f[M](x) := f(Mz) when f : Z — C. Note that we will use the same
notation in the context of Atkin-Lehner operators for weak functions.

We write €y for the (multiplicative) group of Dirichlet characters modulo N. We
denote the principal character modulo N by xo . In particular, the trivial character
is given by xoi. For any Dirichlet character x, we define its L-function by L(x;s) :=
Yoo x(n)n~* (where the series only converges for Re(s) > 0 if x is non-principal and
for Re(s) > 1 else). Throughout ((s) and I'(s) denote the Riemann zeta function and
the Euler Gamma function, respectively. As usual for an integer n we write G(x;n)

2mijn

for the Gauk sum » 7" x(j)e = , where x is a character modulo m. We abbreviate

27

G(x) = G(x;1). We use the short notation (p := e .

By GL5 and SL; we mean the general and the special linear group. We write I' C
SLy(Z) for an arbitrary congruence subgroup. The space of modular (cusp) forms of
weight & for I' is denoted by My (I") and Si(I"), respectively. We will investigate modular



forms for some special congruence subgroups. These are

= {(2 a) @] (2 g) = (6 1) toam}
= (¢ g) ese@|(2 )= (5 1) moam},
Ty (N) = {(i Z) € SLy(2) (i Z) = (é j) (mod N)}

and for integers Ny, Ny > 1

I

To(N1, Ny) = {(‘CL Z) e SLQ(Z)‘b —0 (mod N}),c=0 (mod NQ)} ,

Ty (N1, Ny) = {(‘;‘ Z) € Fo(Nl,Ng)‘a =d=1 (mod NlNQ)}.

We will use the common notation S := ({ ') and T := (}1). In addition, we denote
the Fricke involution by w(N) := (% ') for integers N > 1. As usual we define the

Petersson slash operator for integers k by

(D) 0= ety (40,

c ct +d

We use K to denote a number field with ring of integers Ok and we write a, b, f for
(fractional) ideals of K. Also we use the common notation p for prime ideals.

We will use the symbol 1 to denote the vector (1,1,...,1) € R™, where n shall be
clear from the context. Also, for arbitrary a € R™, we write s, = (a,1) = > " a, for
the sum of all entries in a.

X1
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Chapter 1

Rational functions, modular forms and
series representations for L-functions

Note. The main results of this chapter have been accepted for publication, see [27],
or submitted, see [24] and [28].

1.1 Preliminaries

1.1.1 Periodic functions and discrete Fourier analysis

In this short section we want to recall the most important notations and facts about
discrete Fourier analysis. Especially when going over to Fourier series it will be useful to
identify functions in ]F‘%O_1 with those in IF%O via the obvious choice of mapping

ky TP 5 TS
N

T
(s f)@) = £ (5) -
For d|N we also use the trivial injection

d . mCo Co

f(%i), ifz =0 (mod %),

1.1.1.1
0, else, ( )

() = {

for purposes of notation. E.g., depending on the situation it will be more appropriate
to describe a Dirichlet character y modulo N as a function ky'y : Fy-1 — C. A very
important point here is how we understand the embedding of characters with modulus

3



d|N in IFC in this context A legitime way would be to consider those as N-periodic
function and just use kj'. But we use a different interpretation. Write €y for the set of
all characters modulo d, where d divides N. We give €y the structure of a vector space

by
Cy @ K]_Vl (L‘fVQd) .
N
For example, the space €5 is generated by the functions f3(0) = 1, fo(%) =...= fo(%l) =0

and fj(g) = x,(k) for j = 1,...,4, where the y; are the characters modulo 5. It is clear,
that €y just contains all functions on F %0, i.e., we have an isomorphism

Cy 2 FY.

Definition 1.1.1. Let N be a positive integer. Consider the space of functions f: Fn — C
(whose may be identified with functions Fy-1 — C). Then we define the Fourier transform

of B by Z B
ﬁ 7rmJ

JEFN

Note that we will use exactly the same notation for corresponding functions 5 :
Fy-1 — C, ie., we put

FnB)y) = Y Bla)e >N,
2€F N1
which is again in ]F%O_l. We obtain the following.
Proposition 1.1.2. We have the following statements.
(i) The function Fy is an automorphism on IE'%O with tnverse function

FN (B ZB ) W

JEFN

(ii) Both the functions Fy and Fy' induce an isomorphism FX° — (Fy)S°.

(111) The function Fy preserves odd and even functional relations, i.e., if 5(—n) = £5(n)
then we have Fy(B)(—n) = £Fn(5)(n).

Proof. For (i) we note

Fr' (Fn(8))(n) Z (Z Bk ) = Z Ny B(k) = B(n).

geFN keF N keFN

4



The calculation Fy (Fy'(8))(n) = B(n) works the same. To prove (ii), let 3 be a function
in IF%O’O, i.e., #(0) = 0. Then we have

ST A m) = Y N Bli)e T = NB(0) = 0.

nef N nef N jGFN

This shows Fy () € (Fy)$°. On the other side, if 3 € (Fy)5° we have

Fn(B)(0) = > B5) = 0.

JEFN

Since both spaces Fx*° and (Fy)5° have co-dimension 1 in FS, (i) follows with (i). To
see (iii), let B fulfill B(—n) = £5(n) for all n € Fy. Then we obtain for all z € Fy:

Fn(B)(=2) = D Bie ™ = Bl—je ¥ = +£Fn(B)(x),

JjeFN jeFN

which concludes the proof of the proposition. n

Since €y is isomorphic to F%‘), we can apply the Fourier transform F on its elements
too. In the next proposition, we introduce some useful calculation tools.

Proposition 1.1.3. Let d be a divisor of N and 1) € &, a character. We then have

Fn (L(zjv?ﬁ) = Fy (@/J)

as functions on Fy.

Proof. We have for arbitrary n € Fy

Fu ()= D00 = X o)

jeFN jeFN
jeker(Fy—F 1)

and since each element in ker (Fy — Fyg4-1), independent of the class representative, is a
multiple of Nd~!, this equals

ST ke = Fa @) (n).

keFy

Finally, the function n — Fy (144) (n) is well defined as a function on Fy, since the right
side does not change under n + dm for any m € Z. O

Note that this is unusual in the sense that normally there is no canonically restriction
map from F5° to F5° if d < N.



1.1.2 Elliptic modular forms

General definition

Recall the fact that the group GLJ (R) of real matrices with positive determinant acts
on the upper half plane via Mobius transformation. A congruence subgroup I' C SLo(Z) is
a subgroup such that I'(N) C T for some integer N. The minimal N with this property is
called the [evel of I'. Note that every congruence subgroup contains a translation element
(1 k) for some minimal A > 0. An elliptic modular form f of weight k for a congruent
subgroup I is a holomorphic function on the complex upper half plane, that is invariant
under the Petersson operator for all M € I'" and holomorphic at the cusps Q U {ioo}.
In other words, we have f|,M = f for all matrices M € I" and for all U € SLy(Z) the
function f|,U has a Fourier series expansion

fRU(T) => ay(n)gh, e

n=0

In the case ay(0) = 0 for all U we say that f is a cusp form. We collect all modular
forms of weight k for I' in the space M, (I") and all cusp forms in the subspace Si(I'). In a
more general context, whenever y : I' — C* is an abelian character and a modular form
f fulfills

we write f € Mi(I',x). It is a well-known fact that the coefficients a(n) := ay(n) have
the property a(n) = O(n*) (and a(n) = O(nF~1) if k > 2). Hence, it is possible to attach
f an L-function

L(f;s):= Z a(n)n™°.
n=1
Let f € Mg(I'o(N)). If f vanishes in the cusps 7 = 0 and 7 = ioo, it is well known that
we can associate a L-function L(f,s) to f by the Mellin transformation formula

2T

A(f,s) = (W) L)L) = 7f <\;—%) +da, (1.1.2.1)

where the integral converges for all s € C and hence represents an entire function. Since
f fulfills modular transformation properties of weight k, one can show that its L-function
is related to another Dirichlet series by a functional equation under s +— k£ — s. One
can show that there are no non-constant modular forms for £ = 0, no non-zero modular
forms for £ < 0, and that the spaces M(T', x) are finite-dimensional. A fruitful tool for
computing the exact value of the dimensions if £ > 1 is the Riemann-Roch formula. Here,
the connection between modular forms and differential forms on Riemann surfaces gives
the key insights. For more explicit details see for example [22]. Many generalizations of
the classical modular forms have been found, such as Siegel modular forms (see also [I]
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and [31]) for matrix valued arguments that transform under congruence subgroups of the
symplectic group Sp,,, and Hilbert modular forms (for a great introduction, the reader
may wish to consult [30]) that transform under congruence subgroups of SLy(QO), where
O is the ring of integers of a number field K.

Eisenstein series

We briefly sketch the theory of Eisenstein series associated to a pair of Dirichlet char-
acters. For Dirichlet characters y and ¥ modulo positive integers M and N, respectively,
and some integer k > 3, one defines, as already mentioned, the corresponding Eisenstein
series for 7 € H via

En(x, ¥;7) = > x(m)yp(n)(mr +n)F. (1.1.2.2)

(m.n)eZ>\{(0,0)}

This series converges absolutely and uniformly on compact subsets of the upper half plane
and defines a holomorphic function in that region. One can show that gives a
non-zero function if and only if x(—1)¥(—1) = (—1)* and that the E} are modular forms
of weight k for the congruence subgroups I'g(M, N) with Nebentypus character i of
To(M, N). Proofs and a systematic approach to Eisenstein series can be found in [22] and
[49].

However, in the case k£ = 1,2 the above series will no longer give the desired conver-
gence properties. But there might be also non-trivial modular forms of weight £ = 1 and
k = 2. We can remedy this using the non-holomorphic generalization

Ey(x,¢;7,8) = Z x(m)y(n)(mr +n)*lmr +n|™% (1.1.2.3)
(m,n)€Z2\{(0,0)}

if Re(s) > 1, and analytic continuation in s. As a result, the functions Ej keep their
modularity properties when considering the weights £ = 1,2. In this situation it is
reasonable to define Ej via their Fourier expansion. For a detailed presentation of this
Hecke trick see [49] on p. 274 ff.

Every Eisenstein series admits a Fourier series. The coefficients of Ey(x,v;7) are
well-known and given by

2L<¢,k>x<0)+Q(IVQ,QQ_‘Z()‘,”Z S FE)ax (D) | o a2
- m=1 \dm

Note that in the case that ¢ is primitive one has (Fy1)(a) = 1(a)(Fyt)(1) and obtains
the simpler expression ), d* 19 (d)x (2) for the coefficients up to a constant.



1.1.3 Twists and Weil’s converse theorem

Weil’s converse theorem is a technique to determine modularity of a given Fourier
series using twists.

Theorem 1.1.4 (Weil). Let k and N be two positive integers and x let be a Dirichlet
chraracter modulo N such that x(—1) = (=1)*. Additionally, let a(n) and b(n) be two
complex sequences such that a(n),b(n) = O(nl) for n > 0 and some L > 0. If we now
put

f(r) = Za(n)q” and  g(7) = Z b(n)q",

we have f € Mi(Lo(N),x) and g € Mx(T'o(N),X), if the following is satisfied:
(i) We have g(T) = (\/NT)*kf(—NLT).

(i1) For any primitive Dirichlet character b whose conductor is prime to N we have

X(m)e(-NGW)G @) g5(r) = (Nm2r) " £ (— anw) -

Here G(v) is the Gaufs sum of the character ¢» and f, is a twist of f given by
Jo(1) =327 s x(n)a(n)g™. Proofs for Theorem can be found in [49], p. 128 and also
[14], p. 61.

VN
where L(f;s) := Y 2, a(n)n™* denotes the L-series corresponding to f. Note that the

conditions (i) and (ii) in Theorem are equivalent to the following assertions (i)’ and

(i1)’.

(i)” Both An(f;s) and An(g;s) can be analytically continued to the whole complex plane
and satisfy the functional equation

An(f;s) =i"An(g;:k — s),

Remark 1.1.5. Let N and k be positive integers. Let An(f;s) := (2—“> h L(s)L(f;s),

" ©) , 0)
a(0)  "b(0
A .
N(f? S) + s + k — s
is entire and bounded on any vertical strip —oo < gy < Re(s) < 01 < 00.

(i1)” The function

21

Mt = (Z5) T,

where L(f,1;s) = > > (n)a(n)n™%, has a holomorphic continuation to the whole
complex plane, 1s bounded on any vertical strip, and satisfies the functional equation

An(f, 05 8) = i*x(mp) b (~N)G(W)G (8) " An(g, bi k — 5).

8



We will use the conditions stated in terms of Fourier series since our method does not
require any use of L-functions.

1.1.4 Eichler integrals

To any modular form of weight k£ > 2 that vanishes in the cusps in 7 = 0 and 7 = io0,
we can associate an Eichler integral. It has the form

E(fsr) =5 2m /f ) 2dz.

This integral represents a holomorphic and periodic function on the upper half plane and
is tied to the so-called period polynomial p(f;7) of f via the functional equation

£ (f; —%) — 2 RE(fim) = p(f; 7).

Explicitly, we have a correspondence to the critical values of the L-function associated to
f via
— k—2 1—n k—2-n

p(f;7) = ; ( . >z A(fin+1)re=2m,
These period polynomials are highly important objects in number theory. For exam-
ple, they appear in the context of a conjecture by Delinge-Beilinson-Scholl which asserts
about the nature of values of derivatives of L-functions of Hecke cusp forms f, see also [21].
Moreover, an immediate implication of the Eichler-Shimura isomorphism, see [45], applied
to the period polynomial is Manin’s Periods Theorem [4§]. It provides important infor-
mation about the arithmetic nature of critical L-values. For a detailed investigation of the
values of Eichler integrals at algebraic points, particularly in the context of Ramanujan
identities for L-values at integer arguments, see [33]. Finally, a fairly good introduction
to the so-called Riemann hypothesis for period polynomials attached to derivatives of
L-functions is given in [21].

There are also cohomological approaches to Eichler integrals and period polynomials.
More precisely, if f € Si(T') is a cusp form for some congruence subgroup I' we assign f
a map oy that sends v € SLy(Z) to

/f dez

Here zy € HUQU{ioo} is some arbitrary value. We call o a 1-cocycle and its cohomology
class is independent of the choice of zy. In particular, for zp = 0 and v =S = ({ ') we



obtain

/f ) 2dz. (1.1.4.1)

Note that this integral converges since f is a cusp form. The polynomial o(S5) is called
the period polynomial of f. It is tied with values of the corresponding L-function Ly at
critical values by the formula

k—2

or(S)(1) =

L]

(k ; 2)¢1—”Af(n + 1)rhm2, (1.1.4.2)

This relation is just the beginning of a story involving far-reaching consequences for the
geometry and arithmetic of f. One example is Manin’s Periods Theorem [48] providing
important information about the arithmetic nature of critical L-values. On the other
hand, note that

oH(S)(r) = F(r) — (—7)*2F (—1) |

T

/f ) 2dz.

Note that F is essentially the (k — 1)—f01d integral of f.

where

Definition 1.1.6. Let m > 0 be an integer. Then we define the m-fold integral map fm
by

/ G {lg¥) — C I

Zaf n)gy —s MmZaf(n)n’mq%.

n=1

Note that this is the inverse function of 9™ defined on C{[[g]]. This means if f(7) =
> a(n)g", then we have

(=2 i (k-2
oV 2R = T |

n=1

F(r) = f(7).

However, for our purposes assuming f being a cusp form is too restrictive. We would
prefer to investigate modular forms f for congruence subgroups vanishing in the cusps 0
and 700. In this more general case the integral still exists for trivial reasons (for
any calculations, we simply choose the straight line v(t) = it from 0 to ico as the path
of integration) and we also still obtain the identity . The next proposition gives
the desired results in detail.
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Proposition 1.1.7. Let f : H — C be a holomorphic function with the following proper-
ties:

(i) f is periodic and has a Fourier expansion of the form f(1) = >_°"  a;(n)g> for some
A > 0.

(i1) There exists an integer k > 2 and a dual function f* with a Fourier expansion f*(1) =
S Lap(n)g> with \* > 0 such that

r(-1) =

(iii) The coefficients ag(n) and as«(n) are polynomially bounded, such that the correspond-
ing L-functions L(s) =Y ", ar(n)n™* and Lg+(s) converge on some right half plane.

Then the functions Ly and L+ have meromorphic continuations to the entire plane. Put

A = ot S

and

(2mk1 nkl

We obtain

e

2) = Puge(r) = (-1

T

—2
(k_%ylﬁyw+1yk2é

P - (rr (- E

L

Il
o

where
2

Ao = (3) T

Proof. Let 7 € H. Consider the integral

I_/f ) 2dz

which converges absolutely since f(iy) = O(min(e*“y,e—%)) as y — 0 and y — o0
for some constants €1,e9 > 0 due to assumption (ii). On one hand a calculation using

foioo fliy)y*~'dy = (&) " T(s)Ls(s) = As(s) demonstrates

k—2

:Z( —2) k2€£+1k2€/fzy V'dy = Pj - (7).

=0

11



On the other hand we find

[_/f “dz+/f )" 2dz

L) () Jroeor

~ [ re-- “dz+/f s
—2/f*(z) <z+%> dz+/f 7)F2dz

R (7).

T

~\\H

where in the last step we used

100

/f(z) k 2dz_zaf ﬁ/ 2mnzzk72dz
27?2 k= 1Zaf ( > 1

>3

and the analogous result with f replaced by f*.
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1.2 Construction of modular forms

1.2.1 Properties of weak functions

Let w be a 1-periodic meromorphic function on C such that all poles of w lie in Q. We
also want w to be of rapid decay as the imaginary part of its arguments goes to £oo. If
we additionally assume that all poles are simple it is an easy consequence from Liouville’s
theorem that such an w is given by

w(z) = Y Bul@)ha(2),

z€Q/Z

where h,(z) := % with some 3, € (Q/Z)5°, see also notation. As already men-
tioned, we call such an w a weak function. The level of w is defined as the smallest
positive integer IV such that w(%;) only has poles at integers. It is obvious that the set of
all weak functions with level d such that d|N form a finite dimensional vector space over
the complex numbers which we will denote by Wy. The global vector space of all weak

functions will be denoted by Wy, := Uy, Wn-

Remark 1.2.1. We have Wy = 0 since all weak functions with level 1 are multiples of
cot(mz), which does not satisfy the growth condition. This elementary fact also has an
interpretation using modular forms, see Remark|1.2.17.

For a non-principal Dirichlet character y modulo N we write

wn(2) = 3 XUy (2)

JEFN

In this section we use the complex analytic properties of weak functions and contour
integration to construct modular forms. For further applications, such as the classifica-
tion of all modular forms stemming from weak function, it is useful to know the precise
structure of Wy. Let € be the group of all Dirichlet characters modulo L. We define
the principal part of Wy by

Py =qweWy |w= ch Z X0,d(j)h

d
d|N IS

Proposition 1.2.2. We have a decomposition

WN :mN@@ @ (wa.

dIN x€€q\{x0,a}
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Proof. Tt is clear that Wy is isomorphic to {v € CV | Zjvzl v; =0} 2CV ! by w
(BW(O)7 B (%) s oees B (M)) We can now formally write with Euler’s totient function

N
CN—I — (CUO(N)_I D @(:(,a(d)—l7
d|N
since
N—=1=) p(d)-1=) (pd)-1)+> 1-1=> (p(d)— 1)+ 0oo(N) - L.
d|N d|N d|N d|N

Recall that characters are linearly independent. Each summand C#4~! corresponds to a

subspace of W given by the span of the w,, where the x are the non-principal characters
modulo d. Therefore the quotient C7V)~1 is generated by the principal characters and
since we have the vanishing condition of Wy this is given by By, as required. O]

We use the same definition in the context of residue functions, i.e. we basically split
them into non-principal characters and principal part elements. Let ¢ be a non-principal
character or an element of the principal part ¢ = > 4N, cdaﬁl\,q5 Xo,¢ modulo Ny. We then
define the corresponding character by

& (n) P(n), if ¢ is non-principal,
n)=
XO,Nd,(n), if ¢ is in the principal part.
Note that we have ¢(Mn) = ¢*(M)p(n) for any M coprime to Ny.

Definition 1.2.3. Let N be a positive integer. For any positive integer M which is
coprime to N, we define the Atkin-Lehner operator [M]: Wy — Wy by

@)M] = 3 () (M)h

JEFN

g
N

Remark 1.2.4. Each w, is an eigenvector of [M] with eigenvalue ¢*(M).

Before we assign each element w ® n € Wy ® Wj, a holomorphic function, we look
carefully at even and odd subspaces, since there will be lots of trivial assignments by
symmetry. On W, we define an involution = : W, — W, given by &(z) := w(—=z). One
easily checks that this map is well-defined and level preserving. In particular, it restricts
to maps © : Wy — Wy. We define W;F C Wy for T € NU {oo} as the spaces of even
and odd weak functions, respectively. This induces a canonical decomposition map Wy —
Wi @eW, given by w — % + % Hence we obtain multiplicative decompositions

Wp, @ Wp, — (VV;f1 &b WT;) ® (W;fl & WQTQ),
and we define
(W, @ We,) T :=WE W, @ W5, Wy,
and
(W, @ Wr,)™ = Wi @ Wy, @ Wy, @ Wi

14



Remark 1.2.5. Let N € N be arbitrary. Together with the functional equation
h%(—z) = —1—h_%(2)

one easily sees that
WEWSE =0 Y Bu(@)ha(2) | Bu(—1) = Fhu()
z€F |

Definition 1.2.6. Fix an integer k. Every pair w®@n in Wy @ Wy induces a holomorphic
function on the union of the upper and lower half plane H := H* UH™ by

Up(w@n;7) = —2mi Z res,—, (2* 7 In(2)w(27)).

reQX

It can be checked that this series converges absolutely and uniformly on compact
subsets of H. So ¥x(w ® n; 7) is indeed holomorphic in this region. By simple symmetry
arguments one sees (Wy @ Wy)F C ker(dy,) if (—1)% = +1.

The next theorem is one of the central statements of this thesis. It states that there
is in some sense a “modular duality* induced by the isomorphism

Wy @ Wy — Wy @ Wy,
WRN—> N ® —w.

Theorem 1.2.7 (Main transformation law, see [27]). Let w ® n be in Wy @ Wy. Then
we have

z

Uy (w ® n; —%) = 7F9(n ® —@; T) 4 2mi res,—g (zk_ln(z)@ <—>) .

T

Remark 1.2.8. Note that the second summand on the right is a rational function of T
which is holomorphic in C*.

Proof. Let y > 0 be arbitrary and fixed. Put 7 := iy € H and define

z

9:(2) = 21 In(2)5 (;) .

Then g, is a meromorphic function in the plane whose poles are simple and S(g,) C
ﬁZ U %ZT. Note that all poles lie on the real and imaginary axes in this case. Now
consider the closed contour integrals



taken as usual counter-clockwise, where the 7, denote rectangles crossing the axes at
points lying exactly between the n-th and n + 1-th consecutive pole of g,. Let 0 < z; <
Ty < x3 < ... be all positive real and vyy, 1ys, 1ys, ..., such that 0 < y; < yo < y3..., be all

positive imaginary poles of g.. Then we conclude for a, := 2% and b, := L2tiesd

an+iby
|9-(2)|dz| = O ((a,, + bn)kbne"s'aﬂ)

an—1bp,

for some 0 > 0, since 7(z) is periodic and w(—iyz) of rapid decay in real direction. Hence
this integral tends to zero as n increases. Given the symmetry of g., we conclude that
I,(T) = o(1). Hence by the Residue theorem

Z res.—q (9-(2)) + res.—o(g-(2)) + Z res.—qr (g-(2)) = 0.

aeL7\{0} aeL7\{0}

Since 7 € H and the poles of w are a subset of Q, the poles of z — n(2)& (f) in Q% are a
subset of the poles of 1, and hence the first sum clearly equals ¥ (C®mn; %) =9

Since
res,—ar (9-(2)) = Tkl"eSz:a(gT(TZ)),

we obtain for the second sum
Z res;—ar (g-(2)) = TF9,(n @ ©; 7).
ae L 7\{0}
The claim now follows with the Identity theorem. O
Remark 1.2.9. This complex analytic philosophy is not new. For example, Siegel gave a
1
short proof for the functional equation of the Dedekind eta functionn(r) = g2 [[)_(1—¢")

using similar ideas, see [2] on p. 48 ff. They were already used similarly by Berndt and
Straub in [1] when deducing an interesting functional equation for the secant series

ba(r) = Z Sec(m')'

nS

n=1

A detailed description of the space ¥ (W ® Wy) will be given in Theorems [1.2.21
and [1.2.23]

1.2.2 Weak functions and modular forms

In this section we present an alternative proof that the ¥y (w ® n; ) define modular
forms. We use the properties of weak functions and contour integration methods. The
proof underlines the naturalness of the construction and gives modularity for all values k €

16



N simultaneously without using the Hecke trick. Our main tools are the transformation
law Theorem and Weil’s converse theorem, see Theorem Note that we avoid
the use of L-functions in the construction part throughout.

Let N7, Ny be positive integers and x be a Dirichlet character modulo N = N;N,.
Then we have an isomorphism

My (Lo(N1, N2), x) — M;(To(N), x)

f(1) — f(Nor). (1.2.2.1)

~

In the same way we obtain an isomorphism My (I'1(Ny, Ny)) — My (I'1(N)). Furthermore
we have a useful decomposition

= @ My (To(N), x)

where the sum runs over all Dirichlet characters modulo N. Together with ((1.2.2.1)) this
gives the decomposition

M (T (N1, No)) = @ My (To(N1, Na), x), (1.2.2.2)
X
where the sum runs over all Dirichlet characters modulo V.

Let M > 1 be an integer and f(7) = >_o a(n)g™ be a holomorphic function on the
upper half plane. Let v a Dirichlet character modulo r. Then we put

= d(n)a(n)gi.

We say in this case that f is twisted by the character ¢. In the following and for all A € R
we put T'(A) = (§ 1). The following result is well-known.

Proposition 1.2.10. Let f(1) = >.°° ja(n)g™ be holomorphic on the upper half plane
such that a(n) = O(n) for some L > 0. Let 1 be a primitive Dirichlet character with
conductor my,. Then for any integer k > 0 we have

fu(T Z¢ ) f 16T (UM) -

My

Now let N > 1 and M > 1 be coprime integers. We observe that two maps Sy :
Fy — C and By : Fyy — C induce a new map By X B : Fyyr — C when putting

(Bn x Bur)(m) := Bn(v) Brr(u)

17



where m = vM — ulN. We use this type of notation because it is more natural for later
applications. According to the Chinese remainder theorem this is well-defined. Note
that

(Bn % Bar)(m) = Bn[M~(m) By [N~](—m),

where M~! is the multiplicative inverse of M modulo N and N~! is the multiplicative
inverse of N modulo M.

Definition 1.2.11. Let N and M be coprime. Then we define a bilinear map
X WN X WM — WNM

by putting

(wxn)(z) = > (B x B(h s (2).

' MN
JEFNM

Note that this is well-defined since

Y Buax B =D D Bulw)By(v) =0.

jGFNM UG]FN ’UEF]\/[

Lemma 1.2.12. Let ¢ be a primitive Dirichlet character modulo N and d a proper divisor
of N. Then for all integers u we have

M_q

> b(dj+u) =0.
=0

Proof. Let d|N with d < N and u be arbitrary. In the case (u,d) > 1 the assertion is
clear. Therefore we may assume (u,d) = 1. Since 1 is primitive, there is some a € Z such
that (a, N) =1 and a =1 (mod d) such that ¢ (a) # 1. Since we have a bijection

- M S M
rd—l—u,OSrSE—l — rd—l—u,OSrgg—l

e —> ae
between subsets of Fy;, we obtain
M1
(1—(a) Y w(dj+u) =0.
j=0
This proves the lemma. O]

The next lemma is a technical statement for rearranging sums over [F); x Fy over
Fyrnv using the above cross product.

18



Lemma 1.2.13. Let N and M be two coprime integers. Let f:Fny — C and f : Fyy —
C be functions. Let also a be an integer and v a primitive Dirichlet character modulo M.
Then we have the identity

D wWBG) (M — auN) =d(a) > (& x B)(O)f(L).

u€F ) jEFN LeFN M

Proof. We observe that g;(u) := B(j)f(jM — auN) is a function on F,; in the variable

u. We first look at the case when % := (o, M) > 1. Then g, is a function on F,. Since ¢

is primitive, we obtain with Lemma [1.2.12

M_q

d

> d(u)g;(u Zg] W(dr +e) = 0.
u€F s r=0

Now let a« and M be coprime. Then we obtain

= > ) WwWBU) (M = auN) = () > Y (au)B(j) f(iM — auN)

u€l jeEFN ueFy jeFN

With the bijection Fj; — Fj; given by o — o 'z we can make the following rearrange-
ment.

) 3 3 0BG FGM W N) = B(a) S (& x B)(OF(0).

W €eFp jEFN LEF N M
This proves the lemma. O]

The next theorem considers the twists of the functions 9.

Theorem 1.2.14. Let Ny, Ny and M be integers such that (N1, M) = (No, M) = 1 and
Y a primitive Dirichlet character modulo M. Then for any w € Wy, and n € Wy, we
have

(WOr)p(w@m;7) = G (8) ' M10(No) Oy ((wy X w) ® (wy x n[M]); M7).
Proof. With Proposition [1.2.10| we obtain
(Vi)y(w @ n; 7)
g Bt

u€l pr a€cZ\{0}
eler — JM—auNy
No M Ny

—2N1 kg Z ak 1577 Z Z ¢ 6w (aT jM—OéUN1>
1—e 1

a€Z\{0} u€Fpr jEF N, Ny  MN;
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Note that f(z) = e(5% — 35)(1 — e(5Z — 37%)) " is a function of Fy, 5. Now with
Lemma [[.4.3.7 this is

aeZ\{0} LeF N, M

=G @) Y @) 3 @ x A)0— (

= 2N} (NG (@) D R, M (Ma) [Ny (o)
a€eZ\{0}
< @ x A0 €<Ea: MN;)
1—6(— >

LeF N, M Ny~ MN;

T 4
€ <N2 - MNl)

= NG () Y @ x BM@) 3D X A0 — (

aeZ\{0} LEF N, M

_ 2Mk_1¢(N2)g (E)_l (MNQ)l_k Z Ozk_l(¢ X EW[M])(Q)(ME X w) (OéMT) .

a€Z\{0}

This proves the theorem. O

Theorem 1.2.15 (see [27]). Let x and ¢ be two non-principal Dirichlet characters or
principal elements modulo N, > 1 and Ny, > 1, respectively, and k > 1 an integer. Then
if £(7) = V(wy ® wg, Ny7) we have f € My(To(NyNy), x*¢*).

Proof. We check the conditions of Weil’s converse theorem. Here we use the equivalent
version, which gets along without L-functions and uses the transformation properties of

the twists of the Fourier series. For this we frequently use Theorem Put f(r) =

Ur(wy @ we; Ny7). Tt is clear by (1.2.3.1]) that if we put f(7) = > °,a(n)¢" we obtain
a(n) = O(n*) for some L > 0. Now we set

o) = (VI) "t (<5 ) = (V) o (i)

X

k

—k - N\ 2
= — (\ /N¢NX7'> N;:Tkﬂk (Wp ® Wy; NyT) = — (FX) X (—1)V0k (wp @ wy; NyT) .
¢

From this it is clear that g(7) = > 2 b(n)g" for some sequence b(n) with b(n) = O(n*)
for some L > 0. Let 1 be a primitive Dirichlet character with conductor M, such that
(Ny, My) = (Ny, My) = 1. We denote

-1

Cyp = X*(My)¢" (My)1h (=N No)G ()G ()
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The theorem follows if we can show that
fulkw(Ng N M) = Cygy.

On the left hand side we find

_k 1
f¢|kw(N¢NXM1i) = <\ / Nd’NXMi)T) (ﬁk>w (UJX ® We; —]V,X—W> .

Since 1 is primitive we can apply Theorem [1.2.14] and obtain

(YN a27) " G (5) 7 ME (N, <(w¢ X ) ® (wy X wolMy]) —NXLM)

k

__ (%_z) g (§) " ME(Ng) ¢ (My)0 ((ww X we) @ (%/Q’x) sNxMwT>

(1) (=) (%) TG (@) ME (VL) ()

X ’L9k ((O}w X W¢) ® (W@ X UJX) ;NXMl/)T) .

On the other hand we have

g5(1) = =X"(=1) (%) ’ (Vr)z (wo ® wy; NyT)

Multiplying this by Cy clearly gives us fy|pw(NyN,M7). This proves the theorem. [

With this we are able to prove the main construction theorem.

Theorem 1.2.16 (see [27]). Let k > 3 and Ny, Ny > 1 be integers. There is a homomor-
phism
WN1 & WN2 — Mk(Fl(Nl, Ng))

wRn— Z "B (x)w(T).
zeQX
In the case that k = 1 and k = 2 the map stays well-defined under the restriction that the
function z — 287In(2)w(27) is removable in z = 0.
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Proof. First note that
270 ves,—p (2" 'n(2)w(27)) = 2B, (z)w(2T).

Let N; and N, be positive integers with w®n € Wy, ® Wy,. This composes into elements
cijw; ®n;, where both w; and 7; are either the principal part or correspond to non-principal
characters modulo d; and dy respectively, where d;|N;. Here ¢;; are proper constants.
Hence Yy, (w ® n; 7) decomposes into ¢;;0x(w; ® 1;; 7), which belong to My (To(dy, d2), x1,2)

according to (1.2.2.1) and Theorem |1.2.15| with suitable characters x;2. But we have a
canonical embedding My (T'o(dy, d2), x1.2) = Mk(To(N1, N2), x1.2X0.N,N,). Together with

(1.2.2.2)) this proves the theorem. O

Note that we may identify
(Co (CO
Wx, @ Wy, = (IFL> ® (FL) .
N1/ o N2/ ¢

Hence, modular forms constructed via rational functions belong to “tuples* of periodic
functions.

Remark 1.2.17. All these modular forms vanish in the cusps 7 € {0,ic0}. So if there
were non-trivial weak functions with level 1, they would be odd (since there is a simple

pole in z = 0) and one could generate non-trivial cusp forms for any even weight k > 2
for SLy(Z), which is impossible.

In the case Ny = Ny = N and k € 2N we can even say a bit more. Let I's(N) be
the group generated by I'; (N, N) and S. Then we can define an abelian character xy on
['s(N) given by

1, if M =+FE (mod N),

XN(M):{_L if M =+S (mod N).

Corollary 1.2.18. Let wt @ w* € Wﬁ ® vat and k > 2 an even integer. Then we have
ﬁk(cﬁ X w+) < Mk(FS(N>7XN> and ﬁk(w_ %) w_) € Mk(F5<N))

Proof. With Theorem [1.2.16] we obtain ¥, (w* ® w*) € M (I';(N, N)). Using Theorem
[1.2.7 we additionally conclude

Ie(w™ @ w™; 7) 1S = Fp(wF @ wF; 7).
Since I's(N) is generated by I'y (N, N) and S, this proves the corollary. O

We give an example of quick construction. The theta group I'y is a congruence
subgroup generated by the elements 7% = (}?) and S.
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Example 1.2.19. Let vy(n) be the exponent of 2 in the prime decomposition of n. For
any even k > 4 we then have that

o0

J0) = S o () «

n=1

N3

1s an entire modular form of weight k for I'y.

Proof. The space W, @ W, has one dimension and is generated by wy ® wsy, where

wn(2) = e(z) e(®) o |
e(3) —e(z)  e(0) —e(2) sin(2mz)

Hence due to Corollary [1.2.18 we obtain a modular form f € My(T'p) with

oo

@) =Y (e

n=1
Rearranging the Lambert sum shows

f(T):i 2, o (2rﬁ1>k_lqg

n,r

m=
n(2r+1)=m

S S ()

m=1 u|m

wf3

u odd
With -
_1\u—L @ T _1\ym—1/9v2(m)\k—1 ( m )
SEDE(D) = () o (G
u odd
the claim follows. O

1.2.3 The space of weak modular forms

In this section we describe the structure of the spaces of modular forms coming from
rational functions. Here we mainly use the Fourier series expansions of Eisenstein series
introduced in Section 1.1.1, see (1.1.2.4). It is clear that every ¥y (w®n; 7) admits a Fourier
expansion. Since we only focus on the non-trivial cases we assume w®n € (W ® VVN)jE
if (—1)% = +1.

Proposition 1.2.20. We have the formula

Ip(w @ ;) = 2N F i > (M) @) (Furarh) (5 ) ) o, (123.)

d
m=1 d|m
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Proof. A calculation shows

nsnm) =2 X ey (Fhueeea) = X () m (1) (F).

JEZ\{0} JEZ\{0}
By Remark we have

(%) ()= (5)- () w(2)-(5)

and so we can write the above sum as

oNIk ;j’“‘lﬁn (%) w (‘%) — oNIk ;j’“‘lﬁn (%) ;Bw (57) hs (‘%) |
We obtain, if Im(7) > 0, for the inner finite sum
M . M 0 , 0 v
> 8 (57) b (%) =3 (57) Do (—57) aF = D Fulh)wle¥.
a=1 a=1 v=1 v=1

The proposition follows by sorting the terms via m = vj and (knf3,)(j) = 5, (%) as well
as () (7) = B, (7)- 0
According to (|1.1.2.4) we conclude for non-principal characters modulo M and N:

1) (=2mi)*
Ex(x, ;1) = MNEI)C(_QS!Z) De(Wrotn ® Wry(w)i T)- (1.2.3.2)

In particular, if y and v are primitive and hence conjugate up to a constant under the
Fourier transform, this simplifies to

X(=1)(=2mi)*G ()
N(k—1)'G (x)

Ep(x, ;1) = Dy (wy ® wz; 7). (1.2.3.3)

In this section we want to find generators for the space Up(Wy, ® Wy,). We call
their elements weak modular forms. In other words, the vector space Vi (I'1(NV1, N2)) of
all weak modular forms is the image of the linear map

Wi, @ Wy, — My(I1 (N1, Na)),

if we have £ > 3. In the cases k = 1,2 we have to explain weak modular forms via
proper subspaces of Wy, ® Wy,. By Proposition m (ii) the transforms Fx' define
isomorphisms between IF(]CVO’O and (Fy)5°. With this and Proposition we conclude
that

W — W
(rton omo

w) ()T Vo b8\ (o)
is a basis for Wy, ® Wi, where x and 1 are characters modulo d;(x) and dy(1)), respec-
tively. The next theorem provides generators for the space Vi (I'y (N, N2)).
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Theorem 1.2.21 (see [24]). Let k > 3. The space Vi(I'1(N1, N3)) is generated by the

elements Ey(x, ¥; %;Zf T) where x and v run over all non-trivial characters modulo di| Ny

and dy| Ny, respectively, such that x(—1)y(=1) = (=1)*.

Proof. By Proposition m (iii) the Fourier transform preserves the subspaces of odd
and even functions. Hence, for characters satisfying y(—1)w(—1) = (—=1)*
Proposition [1.2.20] the Fourier expansion

, we have by

Ur(Wrgty @ Wry,viT)

— - —_ _ m m
=27 % (@ Frae, ) @) (Fr Pl (%)) 0,
and by Proposition this equals to

miN mNy
IN}- kzz (d’“ Y Fut) al)LN1 (dd11>)qN2d1

m=1 d|m

mNjdo

oS 3 ( F () o R

m=1 d|m

From ([1.1.2.4]) the theorem follows. O]

For our investigations we are especially interested in a subspace of Vj which we will
denote by U, and which contains all weak modular forms which arise from weak functions
that have a removable singularity in z = 0. In the following we shall give generators for
Uy. Let Hy, C Wy, (j = 1,2) be the subspace of weak functions that have a removable
singularity in z = 0. Then we have

Wi, = Cuppy, o, © Ha,:

In other words, the space Hy is given by weak elements w(z) such that ,(0) = 0, which
is equivalent to the statement that w(z) has a removable singularity in z = 0. On the

periodic function side, we define the subspace of these coefficients by (F N__1)(g°’°. Note
J

that, by Proposition m (ii), the Fourier transform Fy, defines an automorphism on the
o : .

subspace (Fy, )5 = (FNj)go N (FNJ_)‘CO,O, So firstly, consider the basis ((A)]_—K]llx ® Wy, ) xt

of Hy, ® Hy,, where y and 1) are either non-principal characters modulo d;|N; and dy| N

or functions w((dj)) LN Xo.d; — Xo,n; for j =1,2.

Theorem 1.2.22 (see [24]

). Let k > 1. The space Uy = Vy(Hy, ® Hy,) is generated by
the elements Ej(x, 1; 24927)
)

and the linear combinations

’Nd

(N1
@(dr)

Ek( Od17¢7 N2d1 )_Ek(XO,NUw; ]c\l[_227_)7
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k
Bu(x o 3 = (52) Bitonansi ).

and

P (V1) p(Na) v o(N) (N .
¢(d1) ¢(ds) Brxo.ai: Xo N2d17> o o(dy) Ay Ek(XO,deO,szd—lT)
k
p(V2) \ Ny
_ Sp(d2) Ek(XO,NNXO,dz; ]C\l[_z'r) + <d_2 Ek(XO,le X0,N2» 7—)’

where 1 < d; < N; and x,% are non-principal characters modulo dy and ds, respectively,
such that sgn(xv) = (=1).

Proof. Since all considered weak functions have a removable singularity in z = 0, we can
apply the theorem to all positive weights k£ € N. The proof works similar as the one of
Theorem [[.2.27] and we omit it. O

Theorem 1.2.23 (sce [24]). We have the following.

(i) The space of weak modular forms of weight k = 1 is given by Vi(I'1(Ny, N3)) =
V1 (Hy, ® Hy,). In particular, it is generated by the elements given in Theorem

fork =1.
(i1) The space of weak modular forms of weight k = 2 is given by Va(Ta(Ny, N3)) =
Vo(Hy, ® Hy, & (wa];fXO’Nl ® Hy, ® Hy, ® Cwry, xqy, ) [0 particular, it is generated

by the elements in Theorem for k=2 and Ey(xo.n,, ¢; ]C\l,—zT), Es(X, Xo,Ns; ];—117'),
where x and v are non-principal characters modulo dy|Ny and dg| N2, respectively.

Proof. Since for k = 1 both w and n must have a removable singularity in z = 0, the claim
follows easily in this case. In the case k = 2 we are allowed that at most one function has
a pole of degree 1 in z = 0. The calculations are the same. O]

In the last section we would like to investigate L-functions of products of weak func-
tions. To formalize this, we give the following final definition.

Definition 1.2.24. Let k = (ky, ..., k¢) be a vector of weights. We then define Vi, (I'1 (N7, N2))
as the vector space of all modular forms that can be written as a sum Zj cifij foj
where each f,; is an element of Vi, (I'1(N1, N2)). Analogously, we define the subspace
Uk(T'1 (N1, Na)) C Vi(Ny, Ny) by demanding f,; € Uy (I't(N1, N2)). We will call the
modular forms in Ug(I'1(Ny, N2)) higher weak modular forms.
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1.3 Series representations for L-functions

1.3.1 A Dominated convergence theorem

In this section we provide a Dominated convergence theorem, which will be applied
to L-series associated to products of Eisenstein series in the following section. The idea
is to investigate finite sums of the form

> n®B(n)w(nt) (1.3.1.1)

on the upper half plane in detail, where a > 0 is an integer, [ is some N-periodic function
(N € Ny) and w(z) is some weak function of level M with a removable singularity in
z = 0. By Theorems [1.2.21] [1.2.22] and [1.2.23] expression (|1.3.1.1) will converge to a
linear combination of Eisenstein series as 1" tends to infinity, if 8 = 3, comes from a weak
function. The purpose of the Dominated convergence theorem is now to give a condition
providing a non-trivial upper bound for the sum . In general, there will be no
non-trivial “small“ upper bound of in terms of T, 7 and a. However, when
replacing T' by NT' and 7 by 7y, where 1 > y > 0, it is possible, but quite technical, to
give a “small“ uniform upper-bound in the sense that it is independent of the choice of
T. This upper bound is of the form C'y" with some integer w. This is summarized in

Theorem [L.3.141

Before going into the proofs, we sketch the idea why dominated convergence of Eisen-
stein series is useful. When considering L-functions of modular forms (vanishing in the
cusps 7 € {0,i00}), we first look at the Mellin transform

/ fliy)y"'dy = / > a(n)e > vy dy.
0

0 n=1

While convergence of integral and sum is no problem on the interval [1, 00|, the situation
looks different for (0,1]. A priori, we will only be allowed to switch integral and sum in
the obvious region of absolute convergence. In this “trivial region® it is well-known that
we end up with the ordinary Dirichlet series for the L-function. But if we can rearrange
the Fourier series to a series of Lambert type and give “small“ upper bounds for the partial
sums , we may use Lebesgue’s dominated convergence theorem to switch integral
and sum also in non-trivial regions. As a result, we obtain a generalized form of Dirichlet
series that also converges in a wider region to L(f;s). All of this will be explained in
great detail in Section 1.3.2.

We will start this section with a classical result.
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Theorem 1.3.1 (Faulhaber’s formula). We have for all « € Ny and T € N:

T Oé'
Z . Ta—k—&—l.
— Na—k+1)!

Here, the By denote the Bernoulli numbers.

It is a trivial but very important observation for us that the left sum defines a unique
polynomial in 7" by interpolation, which is given on the right hand side. We will not prove
Theorem [I.3.1] It can be verified, for example, by using Euler-MacLaurin summation.
For more details on this topic, the reader is advised to consult [I6] on p. 21-31.

Definition 1.3.2. Let N be a positive integer and B : Z — C a function. We say that
has height d (with respect to N ), if for all « € Ny and T' € N:

NT
Z BG)I* Z%u,g O(T*"%), T — .
j=1

Here, the complex numbers 7, g(u) only depend on o, and w. The height of the zero
function is always defined to be co. We denote [N, d] as the vector space of functions with
height (with respect to N ) at least d.

Like in Theorem [1.3.1] the key property of functions in Definition [1.3.2]is that the
left side defines a polynomial. We easily see that the constant sequence S(j) = 1 and
more generally, 3(j) = j¢ will have heights —1 and —d — 1, respectively, where d > 0 is
some integer. But while here the negative height causes an increase in the growth of the
considered sums, we are rather interested in the opposite phenomenon of a non-negative
height. In this case we obtain a decrease in the growth. Periodic functions with this
feature play the key role when looking for “small“ upper bounds of partial sums .
Of course, not all functions # do have a height.

Remark 1.3.3. If d; < dy we have the natural embedding

[N, dg] — [N, dl]

We are only interested in periodic functions. The next proposition guarantees that
they have a height.

Proposition 1.3.4. We have FY C [N, —1].

Proof. Since [ is periodic, we can rewrite the sum over (j)j* as

DB = B0 Y (Nj+0o)



It is clear by Theorem that for any c¢ the expressions

T-1
Ble) Y (Nj+e)*
§=0
are polynomials in 7" with degree up to a + 1. This proves F%O C [N, —1]. O

Proposition 1.3.5. Let d > 0 be an integer and (8 : Z — C be a N-periodic function,
such that

for all0 <u <d. Then 5 € [N,d|.

Proof. Since 3 is N-periodic we know by Proposition that the expressions
NT
> BG)°
j=1

define polynomials for all integers values 0 < a. We need to show, that these have degree
at most o — d. We obtain

NT T-1 N T-1
D B =D ) BN+ q)(NL+q)* =Y Blg)(NL +q)°
Jj= =0 ¢=1 =
T—ll N i ’ T—1 « = N
= a0 (5o =25 (5 )evo S st
(=0 q=1 v=0 =0 v= =1
T-1 « a N « a T-1
- BECES LD 3| )NQ—UZm)quw—v.
=0 v=d+1 v q=1 v=d+1 v q=1 (=0

Since the sum over v starts at d 4+ 1, by Theorem this defines a polynomial of degree
at most a — d. Hence, 5 € [N, d]. ]

Example 1.3.6. Each non-principal Dirichlet character mod N has height at least 0 with
respect to N, since

and each (non-principal) even character has height at least 1, since then we additionally
have



Proposition 1.3.7. Let 5: 7 — C be in [N,d] for d > 0. Then, for all u > 0, there are
coefficients g, such that

N+u—d

1=y (Z ﬂ(rw) 2= 3 ik’

Proof. For d < u the proposition is clear, so we assume d > 1 and 0 < u < d. Let
0<?¢<d-—u—1be an integer. Let

P(z) = Z (Z 5(7’)7’“) zP.

p=1 r=1

Then we obtain for the value P®)(1):

N N N

(Z Blryr'plp—1)---(p— L+ 1)) = Z B(r)r Z [pf +beap™ 4+ bip)

r=1 p=r

p

D B (QuN) = Qu(r — 1)) =0,

since @ is some polynomial of degree £ + 1 < d — u. This proves P(x) = (1 — 2)*“Q(x)
with some polynomial (). O

Our investigations foot on the properties of some explicit polynomials. They are
similar, but simpler as the sums in (|1.3.1.1)). For a fixed non-negative integer o we define

a sequence by
T

pr(a;z) = (1—3:)0‘“260‘553, T=1,23,...
=1

For example we have pp(0;2) =2 — 27 for T =1,2, ...

Lemma 1.3.8. The sequence (pr(a;x))ren converges to some polynomial function on the
interval [0,1) from below for all « > 0. In particular, the terms pr are uniformly bounded
in the sense

sup sup |pr(a;z)| < Cq
TeN z€[0,1]

for some constant Cy, > 0.

This uniform boundedness is a very important property as we will see later.

Proof. Tt is clear that pr(«a; ) is increasing for fixed x. The power series

oo
g ozt
=1
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converges for x € [0,1) to a rational function Q"‘gf)ﬂ, where @), (z) is some polynomial

(1

which is non-negative in [0,1]. This follows inductively by >, 2* = ;2 and the fact
that
Qa1(2)) _  Qalx
dx (1—z)) (1 —gz)et!
with polynomials Q1 and Q. Put C, = sup,¢p 1) Qu(). ]

Remark 1.3.9. In fact, one can give an explicit formula for the Q. in terms of Eulerian
numbers, but we will not need such a precise description for our applications.

Lemma 1.3.10. For each T > 1 there is some number 0 < &, < 1 such that pr(a;x)
is increasing in the interval [0, &, 1] and decreasing in the interval [€, 1, 1].

Proof. Since we have pr(a;x) > 0 for 0 < z < 1 (with equality if x = 0 or x = 1), it
is sufficient to show that p/.(o;x) = 0 has exactly one solution 0 < &, < 1. For values
0 <z <1 we obtain

T T

prlonz) == (@+ 1)1 —2)* Y 2%+ (1—2)*" ) M2t =0

/=1 /=1

which is equivalent to

T
Z (_(a + 1)3:6 + patlp =1 _ ga-ﬁ-lxé) =0,

(=1

and after further manipulations

— a+1
1 .
+ Z (Z (Oé + )£a+1]> xf*T — (Ck + 1)Ta + TaJrl'

=2

The right hand side is greater than the left hand side for x = 1, since

-1 fa+1 -
1+ Z (Z (O‘ + 1)g0‘+1—j) =1+ Z ((1 + g)a+1 (a4 1) - €a+1)

j=2 J =1

N

-1
=14+ (T 1) = (a+1)) T <T 4 (a+1)T*
1

~
I

On the other hand, the left hand side is unbounded and monotonically decreasing in the
interval (0, 1]. Hence, there is exactly one solution for the above equation in this area and
the claim follows. O

Before we can go on to the next lemma of this section we recall:
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Lemma 1.3.11. Let ay be a sequence of complex numbers and by and ci sequences of
positive real numbers such that 0 < bgyq < by and cgrq > ¢ > 0 for all k. Then we have
foralln > 1:

n s

E arbr| < by max g ag
r=1,...n
k=1 k=1
and
n T
E arcr| < (2¢, — 1) max ag) .
r=1,...n
k=1 k=1

Proof. The first statement is called Abel’s inequality, so we will only prove the second
one. We set A, = >"}'_, a) and obtain by partial summation

n n—1 n—1
Zakck = |Ancy, + ZAk(Ck — cpp1)| < |Anlen + Z | Agllcr — cral
k=1 k=1 k=1
n—1
< max |A,| <cn + Z(ckH - ck)> = (2¢, — 1) max |A4,|
T k=1 T
Hence the lemma is proved. O

Our strategy will be to expand w(z) in into a Fourier series. With this
we will obtain a double series, which is on the one hand more complicated. On the
other hand, this simplifies the occurring summands drastically. Partial summation and
Abel’s inequalities are then the key tools when estimating sums of this type, as the next
boundedness lemma shows.

Lemma 1.3.12. Let M, L, T > 1 and w > 0 be integers, C]J\'/I # 1 be a root of unity,
0 < X,Y < 1 be real numbers and ¢ be a monotonically increasing (or decreasing)
sequence (that may depend on X and Y ), which is bounded by 0 < ¢, < B and B does
not depend on X,Y, L and j. Then we have uniformly for L, X, Y, j,

L

Z ckawY)

k=1

< 6BC,M,

where Cy, is the constant defined in Lemma[1.3.8
Proof. Without loss of generality, we assume ¢ to be an increasing sequence. In the case
that ¢, is decreasing the proof works similar. By Lemma [I.3.11] we first obtain

L

Z )eerpr(w; YF)

I
< i yyk vy
< 2B max ;(CMX) pr(w; Y")

(1.3.1.2)
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In the case ¢ is decreasing we could switch 2B by B, but since B < 2B the estimate
works in both cases. To estimate the inner sum for any value I with 1 < I < L, we will
use the fact, that the pr are monotonically increasing first in some interval [0, &, r] and
then monotonically decreasing in [, 7, 1], as it was shown in Lemma . For any [
choose the unique 1 < I'(w,T,Y) < I such that Y* > &, 7 forall 1 <k < I(w,T,Y) and
Yk < &ur for I(w,T,Y) < k < I. Note that in the case Y = 1 the second condition is
empty. Then, using the triangle inequality, we see

I I(w,T)Y) I
S (X prw YN < | > (X prwi YO+ Y (X)) pr(w; YY)
k=1 k=1 k=I(w,T,Y)+1

We apply Lemma [[.3.1T on the first sum to obtain

I(w,T)Y) J
7 X ) pr(w; YR <20, 7X)k
; (GuX) pr(w;Y*)| <20, max ;(CM e

where C, is the constant given in Lemma The inner sum can be estimated again
with Lemma [1.3.11] since 0 < X*+1 < X*¥ <1 by

J H
i vk ik
k=1 k=1
hence
I(w,T)Y)
72X pr(w; YR < 2C M = 2C, M.
; (CM ) pT(w7 ) = w 1§Jg[1(au:fT,Y) w
Similarly, we obtain with Lemma [1.3.11
> (X)) pr(w;YH)| <Cy  max > (X)) < CuM.
k=I(w,T,Y)+1 HwTY)+1sJ<! k=I(w,T,Y)+1
Finally, with (1.3.1.2) we obtain
L
Z Yerpr(w; Y®)| < 2B nax 3C,M =6BC, M.
k=1
This proves the lemma. O]

The next lemma can be seen as an analogous result to the previous lemma.
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Lemma 1.3.13. Let M, N, L, T > 1 be integers, 0 <y < 1 any real number, gfﬁ #1a
root of unity and p(X) = ZZZO ¥(u) X" a polynomial of degree at most d, with coefficients
independent of L,T and y. Then there is a constant D n, > 0 only depending on j,
M, N and p such that uniformly in L, T and y:

L
y'p(T)>  Glre ™™™ < Djnwyp
k=1
Proof. The constant
1
Ujm = sup

0<z<oo |1 — e~ Ne¢] |
exists and only depends on j and M. Put z := yT. We obtain with the geometric
summation formula

—Nxcj e—Nac(L—i—l)cﬁLJrl)

k_—NTk ¥ d u M
ZC] Y= 27 1 — efN:rC}(/[

and hence
L

d
y'p(T) Z Cre VTR < Ujap - 2¢7 Z [y ()|
k=1 u=0
The right hand side is obviously bounded for 0 < x < oo and only depends on j, M, N
and p, so we have found a possible D; s np. O

We now have all the tools to prove the main theorem of this section.

Theorem 1.3.14 (Dominated convergence theorem, see [24]). Let 5 be a N-periodic
function in [N,d], d >0, and w € Wy be a weak function that has a removable singularity
in z=0. Then for all « € Ny there is a constant Cg,, o > 0 such that uniformly for all
T eNandy € [0,1]

OCB nly < C,B,w,ozyd_

Remark 1.3.15. Note that, by Theorem in the case a < d the left hand side is
bounded uniformly for values T and y € [0,1]. Since the series converges absolutely and
uniformly on [1,00], we obtain dominated convergence on [0, cc].

Proof. For y = 0 the inequality holds since in the case a < d the left hand side is always
zero (note that w(0) exists) and otherwise the right hand side is 400 from the right. Let
y > 0. We then have

NT L NT
Znaﬁ(n)w(my) = lim Z Bu(j ZZno‘ﬂ (M g 2mhny (1.3.1.3)
n=1 Loeo k=1 n—1
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In the first step we will only deal with the inner sums. We obtain with partial summation

NT NT NT-1 [/ n
Z naﬁ(n)e—%rkny — 6—27rkNTy Z naﬁ(n) + Z (Z ﬂ(?”)’l“a> (6—27rkny . 6—27rk(n+1)y).
n=1 n=1 n=1 r=1

Since [ has height d, there is a polynomial p, g with degree at most a — d such that

_27rkNTy Z naﬁ 27rkNTypaﬁ (T) )

By Lemma [1.3.13| there is a constant Dq g, > 0 only depending on «a, 8 and w (note that
N belongs to f and M to w, and that §,(0) = 0 which implies ¢}, # 1), such that

NT
> Bl Zd‘“ NI B(n)| <y > 1Bu() Dy, (13.14)

j€FN n=1 jeFN

where we put

aﬂw: Z|Bw |DJMNPa[3

JEFN

On the other hand, we have

2 (Z 6(r)r°‘> (e72mmy — e 2k Yy — (1 — =27y i (Z ﬁ(r)ro‘> o—2mhny

n=1 r=1
N T—1Nt+q
—27rky § :E : § B ro —27rk(N€+q) —27Tky E B re —27rkNTy
q=1 (=0 r=1

For the right sum we obtain with Lemma [1.3.11| and (1.3.1.4) (note that 1 — e=27%¥ is
monotonous):

> 18.3)

JEFN

L

NT
Z 6—27rky) 6—27rkNTy ZB(T>T
r=1

k=1

1 <2y"*Dyp.. (1.3.15)

So we are left to give an estimate for the left sum. Here we obtain

N T-1 Nfl+q
(1 — e=2mk) Z B(r)roe=2rk(Netay (1.3.1.6)
qg=1 (=0 r=1
N T-1 N¢ N T-1 N{l+q
_ (1 e—?ﬂ'ky) <Z 5(T)ra€—2ﬂkN€ye—27rqu + Z 5 QﬂkNEye—Zﬂk’qy> )
qg=1 ¢=0 r=1 q=1 ¢=0 r=N/{+1
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The final estimate will be given by the sum of two separate estimates of both of these
sums. Without loss of generality we assume « > d, since otherwise the left sum vanishes,
which now equals to

N T-1 N/ T-1
727rky § : § § 6 re 727rk:NZy 727rqu (6727rky . e*27fk(N+1)y) E paﬂ(g)ef%rkNZy
q=1 /=0 r=1 =0
T-1
o —2mk —27rk N+1)y u  —2wkIN{
= (6 Y- ( E Ya,5(1) E :E € Y
27rkNy)

_ (6—27rky o~ 2Tk(N+1)y 27 pT 1(u; e
o, efQﬂkNy)“Jfl )

—QﬂkNy)a d+1

After multiplying and dividing by ( , this equals

—onky _ ,—2wk(N+1)y\ o—d
(6 € ) Z'Ya,ﬁ(u) (1 _ 6727rlch)a—d “pT 1( e 27rkNy)

u=0

(1 o e_Qﬂ.kNy>a—d+1
Put Y := e 2. There is a constant A > 0 not depending on y and k such that

|y(1 — Yk)_1| < A for 0 < y < 1. Note that we have

—27k —27k a—
(e 2rky _ o2 (N+1)y) _ ydia y d oy
(1 —Yk)a—d

y a—d
— —2nky
C :— € (—1 — Yk)

is decreasing and bounded between 0 and A%~¢. Also put

(1 o e*Qﬂ'kNy)o‘_d'i_l

For k > 0 the sequence

a—d a—d
D ) (=Y = 3 T sy
u=0 u=0
This gives us
L a—d ;
Z k> Yas(w) (1=Y*) " proy(u; YF) (L3.1.7)
k= u=0
a—d L a—d
Zm,ﬂ 3 (YY) epro(w Y| < 6y MA " [ p(u)|C,
=0 k=1 u=0

when putting X := Y™* and using Lemma [1.3.12]
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On the other hand, when putting Z := e~?™, we obtain for the right sum in (1.3.1.6))

N T-1 Ni+gq
=23 > BlryrezNkzh
q=1 ¢=0 r=N/{+1
T—-1 N q
= (1=Z5)> ) ) BN+ r)(NL+ 1)z 7
/=0 ¢q=1 r=1

K 0 ¢g=1 r= u=0
o N
o k « u : a—u rzkq Pr—1 (U, ZNk)
= (1 —Z ) ; (u)N (ql £ Br)re=Z ) (1— ZNk)qul
« N u+1
_ k «Q u : a—u rz7kq (1 B Zk) Pr—1 (u’ ZNk)
- (1 —Z ) — (u)N (;;5(7“)7’ Z > (1— Zk>u+1 (1— ZNk)“+1

with

Ck(u> T 1 — ZNk o (1 + 7k + 72k ..o 4 Z(N_l)k))u—H.

Note that we always have 0 < ¢x(u) < ¢gy1(u) < 1. Since § has height d, by Lemma
1.3.7], there are coefficients d, g, (w) such that

J N ¢ N+|a—d|
qg=1 r=1 w=0
We conclude

£as () 8

k=1 u q=1 r=

q

B(T)Ta_uqu> ( )pT 1 (’LL ZNk)

« o L N-Ha d|
<yt (u) NSyt (1 2 Z Oapu(w) (Z°)" cx(w)pry (u; ZN*) |
0
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The sequence y®~¢ (1 -7 k)dfa in k is bounded by some V*~¢ and monotonous. Hence
we obtain with Lemma [1.3.11] that the above estimate is smaller or equal to

a N+|a—d| I
2Va_d?/d_az (j) N* Z |00, |1T§fa<>i Z CMZw (w)pr—1(u; Z*)
u=0 w=0 k=1
and by Lemma [I.3.12] this is smaller or equal to
p N+|a—d]|
2VW@*“§:CDAW 3" Jbas(w)] X 6C,M < Fop oy, (1.3.1.8)
u=0 w=0

for some F, g, > 0 only depending on «, and w. By considering (1.3.1.4]), (1.3.1.5)),
(1.3.1.7) and ([1.3.1.8)) and using the triangle inequality in ((1.3.1.3)) (note that the constants
do not depend on L), the theorem is proved. ]

Since we have assumed 3 to be N-periodic it might come from a weak function
n € Wy, ie., B := ,. The purpose of the next section will be to use the Dominated
convergence theorem to improve regions of convergence of L-functions assigned to products
of weak modular forms.

1.3.2 Application to L-functions of modular forms

Let S = {t1,1s,...} be a countable, totally ordered set (the direction is simply given
by t, < t; if and only if ¢ < j) equipped with an integer map | - |s : S — N such that for
some L > 0:

#{teS||tls=n}=0(n"). (1.3.2.1)

In the case the set S is clear, we simply write | - |. For example, S could be the set of
integral ideals of a number field and | - | their norm. Let a(t,,)men a sequence of complex
numbers. We define the corresponding formal Dirichlet series by

[e.9]

F(s):=Y a®)t]™ =" alty)[tm| ™.
tesS m=1
In the case that the series -

1 1

converges for all s € C with Re(s) > 0, one can check using partial summation that such
Dirichlet series converge (if they do) on half planes and represent holomorphic functions
in these regions. This is for example the case, if the |t,| increase monotonously. Since
we have (1.3.2.1), one can show that F(s) will converge in some point sq if and only if
a(t) = O(|t]”) for some v € R.
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Definition 1.3.16. Let F(s) = Y, . a(t)|t|™® be a Dirichlet series, Q a totally ordered
countable set together with a surjective map w : Q@ — S with finite fibres. We also assume
that F' converges to a holomorphic function on some half plane {Re(s) > oo}. The order
of Q shall respect the order of S, this means u; <g ug tmplies w(uy) <g w(uz) for all
u,ug € Q. We define an integer map on Q via |ulg = |w(u)|s. In other words, all
elements in the same fibre of a t € S are associated to the same integer. By a splitting of
F we mean a Dirichlet series F(s) =}, .o b(u)|ulg” that has the following properties:

(i) F(s) converges to a holomorphic function in some half plane {Re(s) > ,}.
(i1) We have for allt € S the summation formula >  b(u) = a(t).

u€w—L(t)

We may think of splittings in the following way: we have @ = [J,cg0 ' (¢) and

therefore
> et =3 Z bu)ulg".

tesS teS uew—1(t

Example 1.3.17. Consider the number theoretic function Ay(n) = #{(x1,x2,x3,24) €
Ng | 22 + 23 + 22 + 23 = n}. Note that normally one considers tuples in Z* but to keep
things simple in this example we use N§. Then the ordinary Dirichlet series

= Z Ay(n)n~

converges for Re(s) > 2. Here we have S =N and |.|y is simply given by |n|y :=n. Now
put Q =N x N3\ {(z,y) | (z,y) = 0} and consider the surjective map w : Q — N with
w(xz,y) = (x,y). There are lots of orders we can define on Q) as long as (x,y) <g (,y)
implies (x,y) < (T,y). Since w™(n) consists of all (x,y) satisfying (x,y) = n and
(x, ) = 2} + 23 + 25 + 23, we obtain

> ey =Ain)
(@y)ew(n)
with the Kronecker delta 4, which is 1 if x =y and 0 else. As a result, the series
2 ey lmy)”
(z.y)eQ

is a possible splitting of Dy. Note, that this series also converges (independent from the
chosen order) on Re(s) > 2 and represents a holomorphic function in this region, which

shows that also condition (i) of Definition is satisfied.

Splittings that are obtained by maps N x N* — N and (z,y) — (x, y) will play the
key role in the rest of this section. Throughout, we will omit the construction details as
they were presented in the last example.

The next definition provides kind of an inverse concept for splittings.
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Definition 1.3.18. Let S = U;’il S; be a disjoint covering with finite S;. We say that a
Dirichlet series F(s) = Y ,.q a(t)|t|™® respects the rearrangement (S;);en, if the series is

given by the partial sums
) W

Jj=1tes;

If there might be danger with confusion we simply write

(F JEN Z Z W*

j=1tesS;

Obviously, F(s ) and (F, (S;);en)(s) coincide in all regions of absolute convergence.
In the case of S; = {t € S | [t| = j}, (F,(S})jen)(s) is an ordinary Dirichlet series
> b(n)n™% — we call this the standard rearrangement. The next proposition makes clear
why rearrangements makes splitting undone in some situations.

Proposition 1.3.19. Let F be a splitting of I over Q). Define the disjoint union Q); :=
o t;). If we now sum F with respect to (Q;);en we obtain F.

Proof. This follows directly from the definitions. m

Definition 1.3.20. We call (T} );eN a sub- rearmngement of( i)jen, if there is a sequence
of integers 0 < ky < kg < kg < --- such that Ty = S1U---U Sk, 1o = Sk, 41 U--- U Sk,
and so on.

In the following we define for any rearrangement the abscissa of convergence
o((F, (S;j)jen)) to be the infimum real value oy, such that for all complex values s € C with
Re(s) > o the series converges and represents a holomorphic function in this region.

Remark 1.3.21. One easily checks o((F, (T});en)) < o((F, (S});en)). Hence Proposition
shows that splitting does not improve the area of convergence. However, when
rearranging a split series the situation might look different.

Let R(F') the set of all rearrangements of /. We define an equivalence relation on
R(F) by putting two coverings in the same class if the resultant series have the same
abscissa of convergence. We collect this data in R(F)/ ~. We would like to study
M(F)/ ~, in particular, we are interested in the following question:

Question 1.3.22. What is the value o(F) := infgenry/~ 0(G)?

There is no simple answer to this question. It rather strongly depends on the Dirichlet
series itself, as the next examples demonstrate.

(i) If a(t) > 0 globally, the region of convergence can not be improved by rearranging
the Dirichlet series. Hence |R(F)/ ~ | =1 and o(F) = o(F).
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(ii) Although the set & is large, —o(F') does not have to be unbounded even in the case
that F' is entire. If y is an even real non-principal character modulo M, one can
show that o(L(x;s)) = —1if L(x;—1) ¢ Z. In this case the “best” rearrangement of
L(x;s) is given by N={J,(({M(j —1) + k| 1 <k < M} and we have

L(x;s) = (Z x(m)(M(j —1) + m)s> , Re(s) > -1

We conclude L(x,0) = 0. Since all inner summands in the rearrangements are integers
when s = —1, there is indeed no better choice if L(y,—1) ¢ Z, as the reader may
easily check.

A similar argument shows o(L(x;s)) = 0o = 0 if x is real, odd and L(y,0) ¢ Z.

(iii) The identity ﬁ =y> = é’j) for Re(s) > 1 is well-known and elementary. Here p(n)
is the Mobius function. Since p(n) has sign changes, it makes sense to look at possible
rearrangements. However, it seems to be extremely difficult to find improvements of
o = 1, since there is no progress in this area until today! We have 3 < ¢(¢™) <1

and ¢((™') = 5 implies the Riemann hypothesis.

Remark 1.3.23. In the case of (ii), where the coefficients are well-studied, there are of
course even more powerful tools for analytic continuation using series transformations,
that can be seen as generalized rearrangements in the sense that we allow the splitting sets
S, to have infinite order. For example, when using Euler summation, we find the right
hand series

n

L(x;s) = gz—”—l > (Z)X(u +1)(v+1)7%,

v=0

will converge globally for non-principal characters .

Let k = (k1,....,k) and f € Ug(I'y(M,N)) be a weak modular form. In the following
we give a natural splitting for L(f;s) in terms of the overset @ = N x N°. After this,
when applying the Dominated convergence theorem from the last section we can find
good rearrangements of these splittings to give estimates for the size defined in Question
. Let G%) =Fy x--- xFy be the ¢-fold product of the residue class groups modulo
N. Then G%) is a multiplicative group and there are ¢(N)* characters 1 : G%) — C~
given by 1(n) = Hle Y;(n;), where ¢y, ..., 1, are characters modulo N. We further call
a character v : G%) — C* non-principal, if no component ; with 1 < j </ is principal
and principal else. Analogously we say that ¢ is primitive if and only if all components

are primitive. Note that each 9 extends multiplicatively to a map 1 : Z* — C*. For
k € N also define the (multiplicative) map ITg(n) = nf1 ... pfet,

Lemma 1.3.24. Let h be a M-periodic function in [M,d], where 0 < d. Then there is
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some constant Cy, > 0, only depending on h, such that we have uniformly for x € [0, 1]:

MT

Z h(v)z®

v=1

S Cg(l — .CE)d.

Proof. We use partial summation again. We obtain:

MT-1 r

Z h(v)z® = Z h(v)zMT + Z Z h(u)(z" — ")

(1—2x) Z(Zh ) (1—2x) ZZ h(r)aMFre
M . u 1 Mk u ul—LUMT
(1—2) Zx Zh x (1—2) ;(TZlh(r)>x—1_mM
:(1—T)£1x—Mx )Z(;h )

u=1

By Proposition there is a constant C}, such that uniformly on [0, 1]:

()

On the other hand, we uniformly have

x" S Ch(l — $>d.

(1—2)(1 — 2MT)
1— oM

<1

This proves the lemma. O]

In the following, consider the subsets T, C N with Ty, = {v € N* | (p — )M <
max(v) < Mp}. Tt is clear that we have a disjoint covering of N* by all Ts1, Thra, ...

Lemma 1.3.25. Let hq,...,h; be functions in (IE‘Mfl)i)CO, such that the associated weak
functions wy; have a removable singularity in z = 0, and Farh; € [M, ¢;] for some c; > 0.
Then we have for all vectors u € N* and s with Re(s) > — Z§:1 cj:

]me (“}\fl) e (%) v e =T(s) (%)S 3 Fh() (u,0)

veENE

where ]:](f)h(v) = (Fnhi)(v1) -+ - (Fnhe)(ve) is the vector valued Fourier transform. Here,
the order of summation respects the rearrangement (Tarp)pen-
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Proof. We have

ULt ) ”
wh1<;\[)..-w (@ > Zhl% q€ He x)

_J —
GGE\? 7=1 M ]N
oo
27ru vz 27qu] j
= E hi(q1) o(qe HE e X
QEG%[) j=1lwv;=1
. 2 v1u1+»-<+veu[)z727ri(v1q1+-~+véq[)
= lim E hi(qr) - QeE Ee N M
T—o0
qeGﬁ\? v1=1 vp=1
¢ MT
h _27rujsz
=TI D (Fuhy)(w)e
j=1 \v;=1
We obtain with Lemma [1.3.24}
y4 MT
_rmujve 1oy foete
LI Do (Fuhy)wy)e 3 | a7 < G Hrertte
j=1 \v;=1

uniformly for = € [0, 1], where C,, > 0 only depends on the functions Ay, ..., hy and the
vector u. As a result, the integral

T UL UpTT a1
Why T s Why T T dx
0

converges absolutely to a holomorphic function for Re(s) > — >
it with summation in this region:

¢ .
j=1 ¢; and me may switch

7 : . o0 ¢ MT
UL Up T . ) 2mujuje .
fon (5 ) e (157 ) o= | fi IT 2Bt s
0 0 = Uj:
=S (©)

_ 1 _2m(ugvy tugug e tuguge g B N ~7:N h(U)
- 3 1w / o dx‘m)(%) 2 Ty
vi=l J=l veNE

1<5<¢

where we respect the rearrangement (7,,)pen in the last sum. This proves the lemma. [

In the following, we will look at L-functions corresponding to higher weak modular
forms. Let f be a modular form in M (T';(M, N)) with Fourier expansion

= Z a(n)g™.
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Then we remember that its corresponding L-function is given by

o
= E a(n)n™*°
n=1

One can show that this series converges on some half plane and we have the relation
2w o . s—1
~ | TEL(fs) = [ (fiw) —a(0))z" dz.
0

Following this type of Mellin transformation, one can show that each L(f;s) has a mero-
morphic continuation to the entire complex plane and satisfies a functional equation. The
next proposition makes a statement about the L-functions of certain products of weak
modular forms defined in Definition [.2.24]

Proposition 1.3.26. Let f € Ug(I'y(M, N)) be a higher weak modular form, such that

f = Z uaﬁkl (wha,l ® wta,l) T lﬁkl (whoc,l ® wta,@)'

a=1
Here we assume that sgn(hg jta;) = (—1)% for all j = 1,...,0. Then, for all complex
numbers s with Re(s) > |k|, we have

L(fis)= Y a(u,v)(u,v)”, (1.3.2.2)
(u,v)eNEXNE

where the coefficients a(u,v) are given by
R ¢
a(u,v) = 2N (w) >~ pro [ [ o () (Farha ) (v;). (1.3.2.3)

Proof. The series on the right of ([1.3.2.2)) converges absolutely on the half plane {s € C |
o > |k|}, since
la(u, v)| < uf !
and on the other hand, for all € > 0,
¢ ¢
j=1 j=1

and hence

k1 1. -
— k|- Uy
Z ‘CL(’U,, ’U) <’Ll,,’U Z Z U 0y + - UgUg)'k‘JrE

(u,v)eNEXNE uj=1 v;=1
1<j<e1<5<¢

kll ke—1

4
S 3 S () (e ) <

u;j=1 v;=1
1<j<e1<5<¢4

44



Since t;(0) = h;(0) = 0 for all 1 < j < ¢, all involved weak functions have a removable
singularity in z = 0 and so have their product. We have for all s € C

R

(zﬁﬂ-) ) F(5>L(f; S) = /Z /La(ﬁkl (wha’l X wtaJ) N ﬂkl (wha,e ® wtm[))(il)m‘()jildl'.
0 a=1

Hence, due to absolute convergence, we obtain for all s with o > |k| according to Propo-

sition [1.2.20k

) o 1 2T ¢ Arl—|k| kal 1 ko e—1

1SJS€

o0 . .
(R) Ui\ 4 q
X /whml (T) T Why (T) x dx.
0

Together with Lemma we obtain, that this equals

2! Nt IK Z Zua (Hu ta.j () thM)(vﬂ) (urvy + - 4 wgve) ™

uj,vj=1 a=1
1<5<¢e

RIS Hu’“ ’1Zua (H i u]><thw><v]>) (urv1 + -+ ugve) ™.

uj,v;=1j=1
1<5<4

This proves the proposition. ]

Proposition [1.3.26| provides us coefficients a(u, v) that belong to splittings of L(f;s)
over Q = N¥ x N. We may use this to define a linear map from “splitting coefficients“ to
modular forms. Firstly, consider the vector space

A=< a: N x N — Cls € C,Re(s) > |k| : Z |a(u,v) (u,v) ™| < oo

(u,v)ENEXN¢

Secondly, look at the subspace By nx C A of functions that generate L-functions of
higher weak modular forms in U (I'1 (M, N)). The linear map By n i — O({Re(s) > |k|})
with a(u,v) — 3 a(u, v) (u,v)”° induces a linear map ¥y v : Bung — Ur(T1(M, N)).
Note that this map is well-defined, since the L-function of a modular form is uniquely de-
termined, and of course surjective (Proposition provides proper pre-images). How-
ever, this map does not have to be injective since there is obviously no Identity theorem
for Dirichlet series of the form > a(wu,v) (u,v) °. This lack of uniqueness is measured
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by the kernel Ay np := ker(¢¥png). So, when considering the coefficients a(u,v) in
(1.3.2.3), all coefficients b(u,v) generating L(f;s) = Y b(u,v) (u,v) ° (assuming abso-

lute convergence in Re(s) > |k|), are contained in the translated set a + Ay ng. All of
this can be summarized in the following proposition.

Proposition 1.3.27. Let f € Up(I'1(M,N)). Then a + Ay nx consists of all coefficient
functions b(u,v), such that

L(f;S) = Z b(u’v) <uav>78

(u,v)EN XN

and the series converges absolutely for Re(s) > |k|. In particular, all of them define
splittings of L(f;s) (S = <N€,N"> C N) over Q = N* x N equipped with the integer map
(u, v)|q = (u,v).

Of course, when using Proposition [I.3.19] one could reconstruct the original ordi-
nary Dirichlet series with a standard rearrangement. However, in the following we study
a completely different rearrangement (Upsnm)men that arises from the results in the

previous section. With this we want to extend the region of convergence of the series
L(f;s) = > a(u,v) (u,v) " naturally. Fix an integer N. We define for p,q € N

Tyunpg = {(u,v) € N¢ x N | N(p—1) < max(u) < Np, M(q—1) < max(v) < Mq}.

Note that the Ty, define a disjoint covering of N* x N. We then define the sub-
rearrangement

Uvuni=Tunii,
Uvunz =Tuni2UTun21 Ul N2z,

Uung i =TunizUTvn23UTynss UTvnz2UTwNss,

and so on. After Proposition provided us some natural splittings (in fact, all
Dirichlet series of L(f;s) arising from products of weak functions for k and not from
the usual Fourier series), we show that we can improve the region of convergence by
rearranging the splittings by Uy n -

Theorem 1.3.28 (see [24]). Let N > 1 and £ > 1 be integers and h; € (IE‘MA)(SO with
Fuhj € [M,c;] and the t; € [N,d;] be even or odd N -periodic functions for 1 < j < { and
some non-negative integers c; and d;. We further assume that we have sgn(h;t;) = (—1)
for every 1 < j < (. Consider the modular form

l
F(r) =T Ok, (wn, @ wy,;7) € U(T1(M, N)).

j=1
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For all values s € C with Re(s) > max(|k|—{—d, —c), where ¢ = Z§:1
we have the series representation

cj andd = Z§=1 d;,

Lf;s) = 2'N“H 3™ M (w)t(u) (FYR) () (u,v)

(u,v)ENEXNE

where t(w) :=t1(u1) - - - to(us) and (f](\f)h)(v) = (Fnhi)(vy) - (Fnhe)(ve) is the multidi-
mensional Fourier transform. The summation respects the rearrangement (Unsnm)men-
In particular, we have

inf & > b(w,v) (u,v) | < max(|k| — £ —d,—c). (1.3.2.4)

bEa+An Nk
(u,v)ENC XN

Here, a(u,v) are the standard coefficients obtained in Proposition for the set
a+ Ay see also Proposition [1.3.27,

Proof. The series on the right of (1.3.2.2)) converges absolutely for all s with Re(s) > |k|.
Since ¢;(0) = h;(0) = 0 for all 1 < j < ¢, all involved weak functions have a removable
singularity in z = 0 and so have their product. We have for all s € C

. . .
(%) vt = [ smeae = [ [0, o0, e
0 o =1

The functions tq, ..., t, have heights d, ..., d, which means by Theorem [1.3.14] that there
is a constant C' > 0 such that forall T e Nand 0 < z < 1:

NT ' - .
Z u]fl_l o u?l_ltl(ul) e t@(uf)whl (ujlvxl> . ~(,dhz (uj\i;”l) xS—l

uj=1

1<5<e
) ekl U Tt
_ .o-1 kj—1 J o+d—1—(|k|-0)
=z H E u; tj(uj)whj( N ) <Cx
j=1|u;=1

and the right hand side is an integrable majorant for o > |k| — ¢ — d. For these values we
therefore have dominated convergence on the interval [0, 1] and uniform convergence on
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the interval [1, 00), hence we obtain for Re(s) > |k| — ¢ —d

L(f:s) = (%”) / i 283 Wy () )
uj=1

F(s) T—00
1§j§f

12U 1T Uy s—1
X Why N W, T " tdx

B (2_7r) ot Nt Ikl Z ul ke Yy (ug) -+ - ()

u;=1
125<0

r 1TUY U\ o
R N "W, N % dax.
0

In the proof of the Dominated convergence theorem the upper bound was independent of
the choice of the partial sums for the series of w. Hence, together with Lemma [1.3.25| we
obtain for Re(s) > —c:

= lim
T—o0

¢ nrl—|K| -1 k 1 — J ](\f)h('v)
L = lim 2°N E u T (u ~te(u g
(F59) = T—00 oy () - te(ue) prt (uvg + - - - + upvy)*
1<5<¢ 1<5<¢

Since the order of summation in the partial sums respects the rearrangement (Ups n 1 )men,
note that

NT MT
u;j=1 wv;=1 uj=1  wv;=1 Unm,N,T

1<]<Zl<]<€ 1<j<e 1<5<¢

Since {Re(s) > |k| —¢—d}N{Re(s) > —c} = {Re(s) > max(|k|—¢—d, —c)} and

follows with

o Z a(u,v) (u,v)’" | <max(|k|—{(—d,—c),

(u,v)ENEXN¢
the theorem is proved. O
From this we obtain a much more general result as (ii) presented in the above exam-
ples.
Corollary 1.3.29. Let t # 0 be N-periodic and be an element of [N,d]. Then the series

NT oo N
Jim Dt =) HO)(Nr 4 £)”
n=1 r=0 /(=1
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converges for all s € C with Re(s) > —d to a holomorphic function L(t,s). In particular,
L(t,—a) =0 for all 0 < a < d.

Proof. Put k = d+ 1. Choose h # 0 such that sgn(¢ - h) = (—1)*. Then we obtain with
Theorem [[.3.28) that the series

e k%i . 1t ;ho)( ) _ ~ i N (fﬁ%@)) (i (fﬂ)@))

u=1 v=1 v=1
converges for all s € C with Re(s) > 0 to a holomorphic function. Since
oo N

lim " u't(u) = t(0)(Nr + £)~s*4,

T— o0
= r=0 (=1
the claim follows. OJ

One consequence of this observation is an application to infinite products.

Example 1.3.30. Consider the function

—1, ifn==+1 (mod 4),
as(n) = < 2, ifn=2 (mod 4),
0, ifn=0 (mod 4).

Then ay has height 1, since obviously ijl as(j) = Z?Zl as(j)j =—-144—-3=0. One
sees quickly that

Za4 (3-27°—2-47"— 1) ((s).

Together with Corollary we conclude that

oo 4
ZZG4 dn+ j)(4n+j5)°

n=0 j=1

converges to a holomorphic function for all s € C with Re(s) > —1 and we find

o0

Z(log(éln + 1) — 2log(4n + 2) + log(4n + 3)) = f'(0).

Since ((0) = —3, we obtain

(4n+2)2 2
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Remark 1.3.31. With a rearranged splitting

S (20— 1)7* = 220)~ + 20+ 1)) = 21— 2)((s) — 1,
n=1
that converges for Re(s) > —1, we similarly conclude (when using ¢'(0) = —3log(2))

the Wallis product

~ (2n—1)(2n+1 2

Example 1.3.32. Let x be a non-principal even character modulo N. Then, using the
well-known Weierstraf§ product expansion

1 S s
— ge* 1 _) T
T(s) se H ( =+ - e n,
n=1
we find

= N mayxom)
TT(Vn+ 1)(Nn+ 2 (N 4+ 30 . (Np + N = )XV D = T T (N) .
n=0 m=1

As a consequence, we obtain the following well-known identity
N m x(m)
L'(x,0) _ I <_> )
=l

The next final corollary provides natural generalized Dirichlet series representations
for L-functions associated to products of Eisenstein series for non-principal primitive
Dirichlet characters.

Corollary 1.3.33 (see [24]). Let x, : Z* — C* be non-principal, primitive characters
modulo M and N, respectively, such that x;(—1);(—1) = (=1)% for all j =1,...,¢. For

all s € C with Re(s) > max<|k| = (1) + 1), 1 (1) + 1)) we

have
l i k| £ . —
L(HEkxxj,wj;T),s) (%) ™ T mwiwe) o).
j=1 j=1 " " (u,v)ENC XN

where the summation respects the rearrangement (Uns N m)men-

Proof. Since all characters are primitive, we have

(=D (=2mi)R G ()
Ekj (vawjﬂ—) - N(k] _ 1)'g(X_])

Vi, (W ® Wy ).
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Hence we obtain with Theorem [1.3.28]

L(HEkj<xj,¢j;T>,s):Al...mw|k. Y7 M(w)d(u)(FYT) () (u, )"

(u,v)ENEXNE

where
(D2 G )
Nk —DIG(x5)

We can simplify the expression ( }—](VZ))(X

o

Yy
(7)) @) = xv) (F'%) 1) = x(@) [ (-1G(5),

so we obtain

Ap--e )\ng—\ld (]—"](\f)y> (fu) = (—%) * ]i[ %X(’U)

The extended domain of convergence follows, because of the rearrangement, with Theorem
1.3.28 and the fact that the height of v; is given by 3(¢;(—1) + 1). O

Note that this representation of the L-function of the considered product is more
natural since it is a direct generalization of the formula for L(Ey(x,;7),s) in the case
¢ =1, where the series directly splits into a product of two Dirichlet L-functions:

2(=2mi)*G(¥) 1T o _ 2(=2mi)*G(4)

(u,v)ENXN

L(¢;s—k+1)L(x;s).

The region of convergence may be improved when summing with respect to the rearrange-
ment (Unrnm)men. In this case we end up with

NT MT

ST () () = Jim S () (0) ()

(u,v)eNXN u=1 v=1

By Corollary this converges, if k > 2, for Re(s) > k — 1 if ¢ is odd and for
Re(s) > k — 2 if ¥ is even (and of course, non-principal). In the case & = 1 we have
convergence in the region Re(s) > —1 if and only if 1) and x are both even and for
Re(s) > 0 else. An important question, which is still unsolved in the very general case,
if modular forms can be written as sums of products of Eisenstein series. But there is
a lot of progress in this field. Dickson and Neururer have shown in [23|, that, if k& > 4,
N = pq° N’ where p?, ¢® are powers of primes and N’ is square free, the space My (To(N))
is generated by Ej(I'o(N), xon) and a subspace containing products of two Eisenstein
series. A similar result for M (p) and k& > 4, where p is prime, is due to Imamoglu and
Kohnen [38]. For a correspondence between values of L-functions for products of pairs of
different Eisenstein series see [20]. Finally, we give an example.
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Example 1.3.34. Let x be a primitive even Dirichlet character modulo N > 1. We then
look on the Eisenstein series Ey(x, x;T) of weight k = 2 and define f(7) := Ea(x, x; 7).
Then f is a modular form of weight 4 for the group T'(N?) and vanishes in the cusps z = 0
and z = 100, hence its L-function L(f;s) is entire. We are especially interested in the
critical value L(f;1). With C’omllary we obtain

NT

L(f;1) = 647G (x)* lim Z ur X ()X (u2)x (vi)x(v2)

N4 T—o0 U1V + UgVy
u1,u2,v1,02=1

Note that this converges, since |k| =4, { =2 and 1 Z?Zl(x(—l) +1)=2,and4—-2-2 =
0<1
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1.4 Pre-weak functions of higher degree and applica-
tions

In this section we study the situation when some assumptions on weak functions are
weakened. On the one hand, we would like to allow “weak functions* to have poles of
arbitrary degree. On the other hand, we will consider “weak functions® with poles that
are irrational. This will provide us generalized Eisenstein series with an “infinite level“.
Furthermore, we can continue our construction principle for functions with interesting
transformation properties on a higher level. Other applications are formulas for cotangent
sums and, when considering negative weights, a formalism which describes the & — 1-fold
integral of ¥ explicitly in the case of finite levels.

1.4.1 Generalized Eisenstein series and generalized periodic L-
functions

We denote the vector space of all generalized weak functions of degree 1 (this means,
that only poles os degree 1 are allowed) by Wicak. lLe., each function w € Wiyea has
period 1, is meromorphic in C and of rapid decay as |Im(z)| — oo and only has poles of
degree at most 1 at real values.

We now call a 1-periodic pre-weak, if it has all properties of a weak function except
that it is just bounded as y — 00 in the strip {0 < z < 1}. In other words, we have the

exact sequence

0 — Wieak — Wore — 0.

The subspaces WS;,@OO C Wiyre contain all pre-weak functions that additionally vanish
in z = +i00. All introduced notations for weak functions will also apply to pre-weak
functions, if appropriate. Note that each w € W, also has a representation

w(z) = wlico) + 3 Bul@)ha(z),  hu(z) = e(2)

oy e(r) —e(z)
where the sum is of course finite. Now consider the homomorphism

(R/Z)° — O({s € C | o > 1}) (1.4.1.1)

B L(B;s) = Y Blx)z ™.

$ER>0

The holomorphic functions on the right will be called periodic L-functions (since the input
function lives on the 1-torus). We have the decomposition

L(ﬂ?‘s) = Z ﬂ(lL‘)C(S,fL’), (1'4'1'2)

z€(0,1]
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where
oo

((s,x) = Z(n + )77, x>0,

is the Hurwitz zeta function. By analytic continuation we may consider the subspace
L-0O(C) c O({s € C| o > 1}) for the image in (1.4.1.1)). The residue map 3

s—1
ress—1 L(; s) has kernel (R/Z)go’o. In the case that 3 has support on +Z\ Z for some N,

we obtain an ordinary Dirichlet series with an exponential factor.

L(5;s) = N* iﬁ (%) n-°.

The aim of this section is to associate periodic L-functions with generalized Eisenstein
series that satisfy certain transformation properties. These Eisenstein series Ej(w ® 1;7)
arise from (generalized) weak functions w ® n with real (but not necessarily rational)
poles. Since we are not able to assign w and 7 a meaningful finite integer level in the case
they have irrational poles, the functions Ej(w ® n;7) will not be modular forms (except
of course they identically vanish).

Definition 1.4.1. We will use the notation W* to indicate the sub-spaces spanned by odd
and even functions. What we need is the following: for k € Z we define

Weeak ® Wweaka Zf k > 0,
W(%) = <Wpre ® Wweak7 Wweak & Wpre, W;’;e & WIZ;EW W};;e & le;e> , zf k= O’
Wpre ® Wprey Zf k < 0.

Also we use the notation W(i’) [T1,Ts] to indicate, that the first and the second space are
associated to the subsets T, Ta C R/Z, e.g. W(% [Ty Tar] = Weak[Tn] @ Weeak [ Tar]-

Consider the following linear map between pairs of pre-weak functions and holomor-
phic functions
19]4 : Vk — O(H+ UH_),

o1 k-1 _. :
wRn— —2mi Blgrolo X:X res.—, (2" 'n(z)w(z7)) = dp(w @ n; 7). (1.4.1.3)
iz

We explain Vi, by Vi := Wyeax @ Wi if k> 0 and Vj, = W(%), else. A proof that this is
well-defined is given in Proposition [1.4.4

Remark 1.4.2. If one considers the decomposition W = W+ & W~ into even and odd
functions, respectively, one can easily show by symmetry that (WT@WHa(W-W ™) C
ker() if k = 1 (mod 2), and (WH@W~) @ (W~ @ W) C ker(Vy), else. We use for
elements w € W\ {0} the notation sgn(w) = +1.
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pre pre re that entirely
map to the constant zero function by Remark [1.4.2] But we will still use this notation for
formal reasons.

Note that W(%) is also spanned by the spaces W @ W, and W @W}

Remark 1.4.3. With the still valid functional equation
hy(—2) = —1—h_,(2)

one easily sees that

w € va:izeak = Z 6w(x)hm(z) ﬁw(—l’) - :Fﬁw<x>

z€R/Z
Proposition 1.4.4. The map vy is well-defined.

Proof. Let x € R* and K C H" UH™ be a compact subset. Then we have the estimate

1

[res.—o 2" n(2)w(27)| < max|w(rz)]| - [res.—m(2)] - 2]

We distinguish three cases.

1. In the case k > 0 the claim now follows easily since then w € Wiea and hence
there is a 6 > 0 (depending on K and w), such that

max lw(rTz)| = O (e"w) .

On the other hand, the term |res.—,n(z)| is bounded since 7 is periodic.

2. If k < 0 it follows that
Ires. 2" 'n(z)w(z7)| < Clz*
where the constant C' > 0 may be chosen as

C = max w(w)| - max |res,_\n(z)|.
weuo¢tes<,,>tl<| (w)] Aem\ =an(2)]

Since the sum >, s\ 103 |z| 11 converges the claim follows.

3. In the case k = 0 we note that the map is defined on the subspace Wieak @ Wire
by the arguments of 1. It is clearly defined for W1 @ W and W ® W since then all

pre pre pre
summands cancel each other. So we are left to show that we can define it on Wye ® Wieak.

Without loss of generality we assume that w®n € Wi, @ WE_ . First let both functions

pre weak "
be even. Then w = ¢ + w,, with some constant ¢ and wy, € Weak. In conclusion, we only

TERX
|z|<R
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converges. Let 0 < x1 < x5 < x3 < --- the sequence of all positive poles of . With
partial summation we obtain

u

Zﬂn(%)x}l = (Z ﬁn(flfj)) Ty + i (Z Bn(a:j)> (zpt, — 7Y, (1.4.1.4)

Since 7 is weak, the term Z;\;l Bp(x;) is bounded and hence the right hand side converges
as N tends to infinity. The odd case works similarly, since then we have w = ¢ cot(72) +wy
and hence (since the cotangent function is odd)

res,—,z 'n(2)w(r2) = icBy(z)|z| "t + O(e™"), 5 >0,

so we are reduced to proving convergence of a series analogous to (1.4.1.4). Finally,
since in both cases we obtain homomorphisms that coincide on the common subspace
Weak @ Wiear We may extend it to the resultant space (Wpre @ Wigeak, Wiveak @ Wire). O

We now obtain the following very general transformation law.

Theorem 1.4.5 (see [28]). Let w®n € W(%), then we have for all k € Z and T € H

z

Uy (w ® n; —%) = 7F9,, (n ® —@;7) + 270 res,—g (zkfln(z)fu (—)) . (1.4.1.5)

Here 0(z) = w(—2).

Proof. Let y > 0 and 7 = iy € H. Define

= —2mizh! ] )
gy(2) iz n(2)W (zy)

Then g, is a meromorphic function in the plane with simple poles at S(g,) = S(n) U
S(w)iy \ {0} (all lying on the real and imaginary axes). Consider the closed contour

integrals
1
Li(y) = 5= 9y(2)dz,
270 J Ry (y) !

where R, (y) is a sequence of rectangles that cross the axes half between the respective
poles z,, and z,, 1. We are left to show I,,(y) "= 0 since then the claim follows with the
identity and residue theorem. Using periodicity of 7, w and the decay of g, we find that
this will certainly be the case for k£ # 0. So we are left to show it for k£ = 0.

We first consider the case w®@n € Wi, @WZE,. Then the functions do(w®n) and Jo(n®—0)
are constant zero. Since the product w(z/iy)n(z)/z is an even function in this case, its
residue at z = 0 will be 0. Hence the transformation law is trivially satisfied in this case.

Now let w € Wyeak- Then the integrals on the right and the left in the rectangle will go
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to zero because of the exponential decay of w and the periodicity of 1. So we can express
I,(y) in the form

—on+itn on—1tn
I,(y) = / gy(2)dz + / gy(2)dz + o(1) (1.4.1.6)
on+itn —op—itn

where 0 < 0,, — 00 and 0 < t,, — 0o are chosen in the sense of R, (y). Now we divide the
integrals into three parts:

on—itn —cy/n—ity cy/n—itn On—itn
gy(2)dz = / gy(z)dz + / gy(z)dz + / gy(2)dz.
—0on—iln —0on—iln —cy/n—itn cy/n—ity

Here, ¢ > 0 is some fixed constant (note that v/n = o(c,)). There is a constant C' > 0
such that we have |n(z)| < C for all [Im(z)| > 1. Also on the segments [—o,, +it,, 0, L it,]
the function W(z/yi) is uniformly bounded (with respect to n =1,2,3,...) by some D > 0
since it is periodic along the imaginary axes. Hence for sufficiently large n we obtain

c/n—ity

/ gy(2)dz < \t/—f =o(1).

On the other hand, since @(z/yi) is of rapid decay as Re(z) — £oo we have |g,(z)| =
O(e*Be@)) uniformly on {z € C | |[Re(2)| > 1, [Im(2)| > 1} for some § > 0. Hence the

integrals
+oo—itn

gy(2)dz
+1%4t,

will certainly converge absolutely and also

t+op,—ity

+ev/n—itn
The first integral in ((1.4.1.6]) tends to zero by the same argumentation. The case w®n €
Wire ® Wyeax Works analogously. This proves the transformation formula. O
Definition 1.4.6. Let 3 be any function in (R/Z)°. Then we define its Fourier transform
F(B):R—C by
FB)y) = Y Bla)e*m.

z€R/Z
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Definition 1.4.7. Let k > 3 be an integer and 3,7 be functions in (R/Z)S°, such that
sen(B)sgn(y) = (—=1)*. We assign these data an Eisenstein series by

E(B,7:7) = Y ar(B,7:t)d

teR~

with the coefficients
ar(B,7:t) = Y Ay B(d)F(7)(da).

dlER>o
d2EN
dida=t
In the cases k = 2 and k = 1 we have the same definition under the restrictions (0)v(0) =
0 and B(0) = v(0) = 0, respectively.

Note that the (non-trivial) exponents in the above Fourier series can be irrational
numbers too.

Theorem 1.4.8 (see [28]). Let all assumptions hold as above. The generalized Fisenstein
series satisfies the modular identity

Ey <ﬁ,7;—%> = 7" Ex (7, —5; 7).

Proof. We find

Bwenn)=2 Y a5a) 3 )27

a€R>o z€R/Z 6(%) N 6(0&7’)

=2 Z Zak_lﬁ(a) Z v(x)e(—vz) | ¢ = 2Ex(5,7;T).

a€R5o v=1 z€ER/Z

The claim now follows by Theorem Note that in the case k = 2 at least one and
in the case & = 1 both of the functions wg and 7, have a removable singularity in z = 0,
such that in every case the rational part in ((1.4.1.5)) vanishes. O]

Analogous to ordinary Eisenstein series we can assign a generalized L-function to
Ex(5,7;7). The result is a generalized Dirichlet series

> a(t)t,

where D C R is a discrete subset and a : D — C a sequence of complex numbers. Like in
the classical case one can show (for example by Mellin transform, using the transformation
law of the Eisenstein series) that these L-functions have a meromorphic continuation to
the entire plane and satisfy a functional equation of the standard type.
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Proposition 1.4.9. The generalized L-function associated to Ey(B,v;T) is given by

L(Ey(8,7);s) = L(B;s+1—k) Y y(x)Liy(e ™),

z€R/Z

where Lis(z) denotes the polylogarithm. It converges on {s € C|Re(s) > k} and has a
meromorphic continuation to the entire plane.

Note that L(5;s) represents a holomorphic function on {s € C|Re(s) > 1} by
(1.4.1.2) (B is l-periodic and zero at all but finitely many points) and has a holomor-
phic continuation to C\ {1} with a possible simple pole in s = 1.

Proof. Starting with Definition [1.4.7] we obtain

S| DD d B F@)(d) [t = (Z ﬁ(t)t”’“> > F)(mn~.

teR~o d1€ER~o teR~o
doeN
dido=t

The function 7 is zero almost everywhere. Since by

IFmI< Y @)

z€R/Z

its Fourier transform F(v)(n) is bounded and hence the corresponding Dirichlet series
converges absolutely on {s € C|Re(s) > 1}. We now have

D FMmnT = y@)e P =Y 1 y(a)Lig(e 7).

n=1 zeR/Z z€R/Z

The claim follows with the analytic properties of s + Lis(e™2™®) and L(3; s). O

In the next theorem we prove a functional equation for the completed L-function
associated to a generalized Eisenstein series.

Theorem 1.4.10. The completed L-function
A(B,7;8) = (2m) T (s) L(ER(B, 7); s)
extends to an entire function and satisfies the functional equation
(BB, 7)ik = 5) = A (B (v, =) :5)
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Proof. By Mellin transformation we obtain

o0

A(B,v;8) = /Ek(ﬁ,'y;iy)y“dy-

0

By splitting the integral in the intervals [0,1] and [1,00) and making the substitution
y — y~ ! in the first integral we obtain

i r o
A(B,7; 5) :/Ek (577; 5) y‘s‘ldy+/Ek(6,wy)y 'dy
1 1

o0 o0

= /Ek(% —5; iy)y’“‘s‘ldy+/Ek(ﬁ,%iy)ys‘1dy-

1 1

From this one sees that A(f3,7;s) is entire. The symmetry on the right hand side leads
to the desired functional equation. O]

1.4.2 Cotangent sums

Besides periodic L-functions we may associate other objects to a pre-weak function.
For integers m = 1,2, 3, ... we define the corresponding cotangent sum

C(w;m) == Z Bu(z) cot™ ().

z€R/Z

The primary goal of this section is to develop a principle which helps to write cotangent
sums as rational combinations of L-functions, and vice versa. With this we may conclude
several results about cotangent sums using well known results about L-functions, and of
course vice versa again.

A famous example for a cotangent sum is given in [34] on p. 262:

Z_cot2 (”—]é) = (N_l)g(N_z), N =23, .. (1.4.2.1)

Note that the sum is always rational independent of the choice of N. This was generalized
by Chu and Marini in [I5] and Berndt and Yeap [4] on p. 6.

Theorem 1.4.11. Let N and n be positive integers. Then

N-1 . n 2n
2n T . n no2n Ber 27
j=1 jo=0 Jlynj2n >0 r=0 U

Jo+j1++jen=n

60



In particular, we have

N—1 i
> (= :
z:; co (N) €eQ

J

Note that the B, denote the Bernoulli numbers defined by generating series

The interesting identity in Theorem |[1.4.11| can be proved by looking at
f(2) = cot®(7z) cot(nkz)

and using contour integration. Another more general result is presented in [4] on p. 17
(there is a mistake in the original paper) and looks as follows.

Theorem 1.4.12. For positive integers 0 < a < k and n let
“— . (2maj 7
nlk,a) = in [ —— " —
Sp(k,a) ;sm( ’ )CO (k)

and

k—1 . ,
2
cn(k,a) = E cos ( 7:”) cot” (W—;) .

—

<

Then we have for all positive integers m

Som_1(k,a) = (—1)m2m1 Y- a“k”l&2ﬁl By (1.4.2.2)
o - ol 2,
J1s--sJ2m—1,1,v >0 r=1
2j14+2j2m—1+pt+r=2m—1
and
2m
1B By
_ (_1\m+1lo2m prpy _— "V 2jr
Com(k,a) = (=1)""2 | E alk PR i (1.4.2.3)
.717"'?]27717“7’/20 r=1

2J1+-+2jom +v+p=2m

In particular, both s,, and c,, define sequences of elements in Q[k, a].

In other words, the theories of generalized periodic L-functions and cotangent sums
are in some way equivalent. To understand this, we modify the definition of
a periodic L-function in the following way. In the entire section we denote Wp,, as the
subspace of pre-weak functions that have a removable singularity in z = 0, which is
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equivalent to 3,(0) = 0. Consider now the homomorphism between the space of pre-weak

functions and an infinite tuple of complete L-values at positive integers

0 N
Whe — C

wr— (E(w; 1), L(w; 2), > : L(w; k) := Z Bo ()"

In the case £k = 1, we interpret the sum as

Lwi)=Jim Y Bule)r = D (Bule) — fu(—a))

N—oo
—N<z<N,x#0 >0

(1.4.2.4)

Remark 1.4.13. Note that by Remark [1.4.9 sgn(w) = (—1)* implies L(w;k) = 0 for
k> 1 (an even pre-weak function is weak up to a constant and an odd up to a cotangent
function). If k =1 this relation still holds if we restrict to weak functions or odd w.

Before we move on, we define a sequence of numbers which is of great importance in

combinatorics.

Definition 1.4.14. Let n € Ny and k € Z. We define the Stirling numbers of the second

kind by
(= L (N a-gr o<ksa
k k! = J ’ - =

where {0} :==1 and {}} := 0 whenever k >n or k < 0.

s = () -(,")

S*(n, k) = k! {Z} - Ek:(—nf <’;) k-,  k<n.

=0

Put

and

To find the connection between (generalized) L-functions and cotangent sums we need

the following lemma.

Lemma 1.4.15. Define a sequence § : N3 — C by

and for integers v,u > 0 with v +u > 2:

iu+u

(v—1)!

0y (u) == (—1)rHrumtor==Ee (y — 1 O AL, ).

1

v—1
l=u—
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Let a € C\ Z. Then we have in an arbitrary small neighborhood of z =0
cot(m(z —a)) = Z P,(cot(ma))z" = — cot(ma) + (=7 — mwcot?(wa))z + - - - ,
v=0

where
v+1

P(X)=7" 6,41 (u)X".

Remark 1.4.16.
(1) The first polynomials P, are given by

Py(X) = —X,
P(X)=—-m—nX>
Py(X) = —m?X — X3,
3 4 3
PX)=-" T x2_ x4
3 3
4 4
PuX) = — 2 x Ty qaxs
3 3
(i1) We have for all v > 1 the formulas
5, (v) = —1 (1.4.2.5)
and for all v > 2
iV v—1
5,(0) = (1) Ttv s (b — 1, 0),

since then A(¢,0) = 1.

(113) It is 0,(u) = 0 if u > v. Since the function cot(x) is odd, we obtain J,(u) = 0 if
v+u=1 (mod 2).

Proof. Tt is clear that the function f(z) = cot(m(z —a)) is holomorphic in a neighborhood
of z =0 in the case a € C\ Z. For the constant term we find

cot(m(—a)) = — cot(ra) = 7° (6,(0) + 61(1) cot(7a)),

and indeed this coeflicient is



Using the formula in [42] on p. 2,

cot™(z) = (20)"(cot(z) — 1)

V=l

|
% {Z} (icot(z) —1)’, n>1,

(note that in the paper, the sum starts at v = 1 but we have n > 1, hence {{} = 0) and
the Binomial theorem, for v > 1, we end up with

F9(0) = —(=2mi)” ézei; (et — 1) — i o(u)) cot® (ra),
where () = S*(QVZ, 0) (5) (—1)-uie,
Put
bo(6,10) = g1 — 1) — o) = g)iu;(_l)z_u ((i) - <uf 1)) (1.4.2.6)

and note that this implies b,(—1,0) = 0. With the additional summand b,(—1,0) we
obtain

v {41 v+1 v
22 bbwy =3 3 bt
/=0 u=0 u=0 ¢=u—1
and conclude »
(V) . 1% 14
90) _ ).
V!
u=0 f=u—1
Together with (|1.4.2.6]) this proves the formula for 6, (u), after the index shift v — v —
1. O]

We can use Lemma [1.4.15| to determine the local Taylor expansion of w(z) at z = 0.
This will later help to explain the relationship between periodic L-functions and cotangent
sums.

Lemma 1.4.17. Let w € W2 _. Then we have

w(z) = w(ico) — —C(w 0) Z (Z Syi1(u )) (zm).

Proof. With the behavior of the function cot(7z) at z = ‘oo we obtain the following
canonical representation of w:

w(e) =wlico) + 3 fula (—cot< <z—x>>—§),

z€R/Z
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and with Lemma [[.4.15] we obtain

% Z Bu(x) cot (7 (2 — x)) Z Z B.(x)P, (cot mx) 2”

z€R/Z v=0 ze€R/Z
i 00 v+1 i 00 v+1
SO DRICED STMUPRTINERS > of oL AU IS0
v=0 z€R/Z v=0 \u=0
The claim now follows with some simple rearrangements. O

At this point we stress the simple but important fact, that the coefficients 6, (u) are
independent of the choice of w.

Lemma 1.4.18 (Generalized Abel’s theorem). Let f, : EU {1} — C be a sequence of
continuous functions that are holomorphic in the unit disc E, such that f,(z) — f(2) as
n — oo for all z € E. We assume that f is bounded on [0, 1] and put D := supy<,<q | f(t)].
Let 32°°  a(n) be a converging series and F(z) = >.°° a(n)f.(2) be holomorphic in E.
Assume that the f,, satisfy the Abelian condition: there is a constant C' > 0 such that
uniformly for allmn >0 and all 0 <t < 1:

[f(t) = fara(B)] < C(1 = £)2"

Then we have

lim Z = f(1)>_a(n)

n=1

Note that the important case f,(z) = 2" is Abel’s theorem.

Proof. We show that for each £ > 0 there is an Ny such that for all N > Ny:

Y a)falt)| < e

n>N

sup
0<t<1

(1.4.2.7)

Let € > 0. Choose 6 > 0 such that max{|f;(1)|d,6(C + D)} < e. We choose an integer N
such that if A, =7, ., a(k), we have

sup |A,| < 6.
n>N

This is possible since the series Y > a(n) converges. By partial summation we obtain
with f,(2) = f(z) and 0 <t < 1:

> a(n)fa(t)

n>N

= > A(full) = fara (1)

n>N

<OD+0C(L—t)Y t"<5(C+D)<e

n>N
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On the other hand we have

> " am) fo(1)] = £ am)| < [f1)5 <e.
n>N n>N
From this follows ({1.4.2.7) and we conclude the lemma. O

We consider the following special case.

Lemma 1.4.19. Let g be holomorphic on E and a neighborhood U of z = 1. Then
fn(2) := g(2") satisfies the assertions of Lemma|l.4.18.

Proof. Let 0 < b < a < 1. To see the lemma one uses the Cauchy integral formula

s =a®) _ 1 [ e
a—7b _QWi],{(z—a)(z—b)d7

where the closed and smooth integration path v C E U U with length £(7) surrounds the
compact line [0, 1] once in positive direction. We find a minimum distance € > 0 between
~ and [0, 1]. Hence

R QR (GO NN
QWié(z—a)(z—b)d

where C' > 0 is independent from a and b. Put a = t" and b = t"! for 0 < ¢
1. Since g(t") converges to ¢(0) if 0 < ¢t < 1 and to ¢(1) if ¢ = 1, one has D

max{[g(0)], [g(1)}-

We are now in the position to prove a result that ties values of L-functions with
Taylor coefficients of pre-weak functions.

max.c, |9(2)|
g2

9(2)
(z—a)(z—0)

1
< — max
2T zey

EOEYs

Y

ol A

Proposition 1.4.20. Let k > 1 be an integer and w®@n € Wye @Wie if bk > 1 and w®n €
<Wpre ® Wiealo, Wihe @ Wi, W @ Wik ) else, such that w has a removable singularity in

z=0. We then have

lim (w175 iy) = w(0)L(n; k). (1.4.2.8)
Y—

In particular, for w@n € Wye @ Wie (andw®@n € <Wpre ® Weak, W;;e ® Wpre> ifk=1)
we have the key identity

L(n; k) = 2mi res,_g (27 n(2)) . (1.4.2.9)

Proof. First we note that in the case £k = 1 (1.4.2.8]) is trivial for elements w ® n in
W, @ WT,, since then both the left hand side and the right hand side are zero (note that

pre pre’

cither w(0) = 0 or L(n;1) = 0). Also if w®@n € Wi, @ W both sides vanish according

pre
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to Remark [[.4.13] and since 7 is odd. So we can assume 7 to be weak in this case.
We have w(z) = R(e(z)) with a rational function R, which fulfills the conditions of Lemma
1.4.19) (note that w has a removable singularity in z = 0). We obtain:

h_k(w@n;iy) = Za "B, ()w(aiy +Z a8, (—a)w(—aiy).

a>0 a>0
Since 7n is weak for £ = 1 both series will converge for y = 0 separately. Hence with
Lemma [[.4.18 we conclude

lim 914 (w @ n; dy) = w(0)L(n; k).

y—0t

Note that we have a homeomorphism between the segments [0,ic0] and [0, 1] given by
2+ €22 On the other hand, with Theorem we obtain

: . _ 1 : _
1151) hok(w@mn;T) = llir[l) {(—T)k Y91k <7) ® —; —;) + 2mires.—o (2 *n(2)w(zT))
= 2miw(0)res.—o (27" n(2)) .

In the case of k = 1, the first term on the right side vanishes because n is weak. The

choice w =1 finally proves ((1.4.2.9). ]

Throughout our analysis of cotangent sums we assume the first component of the
Wire ®@Wie to be the function which is constant 1. It is trivial but crucial that this function
is even. Since we want to consider all values of completed L-functions simultaneously, we
only look at elements 1 ® w € <Wpte @ Weato Wike @ Wi ). In other words, throughout,
w it is an odd pre-weak function or weak function - both have a removable singularity in
z = 0. Together with Lemma [1.4.17 we can now suggest closed formulas for cotangent

sums in terms of corresponding L-functions at integer arguments.

Proposition 1.4.21. Let k> 1 and w € < > We have the formula

wwak’ pre

= Z Bo(a)a™ = —ﬂkZ(Sk(n)C’ w;n

a€RX
which 1s equivalent to
. L(w; k)
L*(w; k) :== — T 0% (0 Zék (1.4.2.10)

Proof. First note that 6;(0) = 0. In the case w is odd it is trivial that L(w;1) = 0 =
C'(w; 1), which proves the formula in this case. So let w be weak if £k = 1. With Lemma
we see that the residue of z7%w(z) in z = 0 is given by

k

res.—o (2 *w(z)) = %ﬂ'kl Z Ik (u)C(w; u).
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Multiplying by 27i proves the claim when using ((1.4.2.9)). O

Definition 1.4.22. For Dirichlet characters x modulo N we put

Clx;m) == ]VZIX(j) cot™ (%) :

Jj=1

Remark 1.4.23. Let k > 0 be an integer. In [5] a relation between the class number hy
of the field K = Q(v/—k) and cotangent sums is proved. If x is an odd (real) character
for K, we have

C(x;1) = 2Vkhy.

The present method now gives a further viewpoint to this equation since by Proposition

(11.4.2.10) we have

L(“x? 1) = _77-51(1)0(6%(; 1)

and by the class number formula L(x;1) is directly tied to hx. Here we have put

where x 1s a character modulo N .

Let A be the linear operator

A R — R

neN neN

(ay,as,as,...)" — (Z (5m(j)aj>

We can write this formally as an infinite lower triangular matrix:

meN

(1) 0 0 0 0
5(1) 6(2) 0 0 0
5(1) 65(2) &) 0 0
B = L) 6u(2) 4(3) a(4) 0 (1.4.2.11)
55(1) d5(2) 35(3) 5(4) 85(5)

68



Proposition [I.4.2T] provides us a linear system with countable many unknowns. In other
words, we can find values for the cotangent sums recursively. We obtain:

E (w;1) C(w;1)
L*(w;2) C(w;2)
L*(w; 3) C(w; 3)
) | Do | C(r ) (1.4.2.12)
L*(w; 5) C(w;5)

Note that in the case that w is weak we have L*(w; k) = —n*L(w; k). With 6,(v) = —1
(see ((1.4.2.5))) we see that the system ([1.4.2.12)) is invertible, since we have a lower diagonal
operator. In other words, for all positive integers m we have

AL, (w) = Cp(w), (1.4.2.13)

where L,,(w) and C,,(w) denote the first m rows vectors of ((1.4.2.12)) and A,, the regular
major m x m block of the operator. Note that since A,, € Q™™ we have A1 € Q™ ™,

Therefore we obtain the following theorem.
Theorem 1.4.24 (sec [28]). Let w € (W0, W) be a pre-weak function. Let K|Q be

pre

a field extension (not necessarily finite) and m € N be any positive integer. Assume that
C(w;0) € K. Then we have

L(w;1) L(w;?2) L(w;m)

)
T 2

€K <— C(w;1),C(w;2), -+ ,C(w;m) € K.

y Ut
7Tm

Proof. As (1.4.2.12) proves, we can express the terms Z(w; k)r=* + C(w; 0)d:(0) as ratio-
nal combinations of C'(w;m), 1 < m < k and vice versa the terms C(w; k) as rational

combinations of L(w;m)r™™ + C(w;0)8,,(0). Since 6,,(0) € Q for all m > 0, the claim
follows with C'(w;0) € K. O

We see that it turns out that there is an arithmetic connection between cotangent
sums and generalized L-functions. Together with Theorems [1.4.11| and [1.4.12| we are able
to find explicit formulas. Here, the key ingredient is the fact that expressions like

N-1 i
Z cot (W)
7j=1

are polynomials P,,(N) for fixed m. Compare Theorem |1.4.11} For the next theorem we
need the Euler numbers E,, that are defined by the generating series

2 ~E, ,
D Dl

n=0
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Theorem 1.4.25 (sce [28]). Let k > 1 and w € (W0, Wha) .
(i) There are rational numbers §i(€) (given in and 6;(0), independent from the

choice of w, such that

= k
—L(:;’“) — 5:(0)C(w;0) = 3" 8, (0)C (s 0) (1.4.2.14)
/=1
and
Clwik) = 6:(0) (— L(;’g D 5,00 (w: 0)) . (1.4.2.15)
(=1

03 (20) = (—1)FHFIR N H BZ” (1.4.2.16)

f+]1+ +jok= k

and

2k—1
B
Oyo_1(20 — 1) = (—1)kHit1gh=2 > 11 ( D (1.4.217)
r=1

27,)!
J1seesJ2k—120 jr)
20—142j1++2jop_1=2k—1

(11i) (Supplementary laws) We have for all positive integers k

(1) 25 (20)050(0) = (=1)F1,

K _1\k
(2) ;6;k<2€><<ze>w—%:% D> H BQJT

31+ +jor=k

Remark 1.4.26. Supplementary law (1) reduces (1.4.2.15)) to the formula
1+ (—1)* i N
Clw; k) + ikTC(w; 0) ==Y () L{w; O)m . (1.4.2.18)

Proof.
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(i)

The formula follows from Proposition Let k < m be arbitrarily
chosen. Formula follows with and the fact that A 1 € Qm*™ is
again a lower triangular matrix, when denoting its coefficients by ¢*(u) (analogously
as it was done in (1.4.2.11))). It is clear that all values 0} (u) are independent of m
and w.

We first show by induction that for v,u > 1 the §%(u) vanish if v +u =1 (mod 2).
This is clear for v < u, so we assume that « < v. Obviously, with the vanishing of
the above triangle in mind, the statement is equivalent to the vanishing of all “odd*
lower diagonals

Dy = (0;(v—1))y=2s..
D3 = (0;(v —3))v=as..

Doj—y = (0, (v — 2k 4+ 1)) ok 2k+1....

We formally write A'A,, = I. First we show the vanishing of D;. Let v > 2. Then
we obtain, multiplying the v-th row of the operator A with the v — 1-th column of
A

25* (v —1) Z 5 (u)d, (v — 1) = 85(v — 1)8,_1 (v — 1) = 0.
u=r—1

Hence 6% (v — 1) = 0, since 6,_1(v — 1) = —1 (note that J,(v — 1) = 0 — remember
that d,(u) = 0 if v + v = 1 (mod 2) by Remark (iii)). Note that the sum
could be reduced to two summands in the first step since we have multiplied two
lower diagonal operators. For the induction step, we assume that we have proved
vanishing for Dy, Ds, ..., Do;,_1. We show that under these circumstances we obtain
the vanishing of Dogy1. Let v > 2k + 2, and multiply the v-th row of AZ! with the
v — 2k — 1-th column of A

25* Su(v — 2k —1) = Z 5 (u)o, (v —2k—1)=0.  (1.4.2.19)
u=v—2k—1

If v — 2k < u < vis of the form v = v — 2¢ for an integer ¢, we have 0} (u)d, (v —
2k — 1) = 0 since §,_9(v — 2k — 1) = 0. Otherwise, if u = v — 2¢ + 1, we also have
0% (u)dy (v — 2k — 1) = 0 since then ¢%(v — 2¢ + 1) = 0 by assumption since ¢ < k.

Hence, ((1.4.2.19) reduces to
5;(V — 2k — 1)5,,,2]671(7/ — 2k — 1) =0.

Since 0, _ok—1(v¥ — 2k — 1) = —1, we obtain 0 (v — 2k — 1) = 0.
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To obtain the coefficients 6* explicitly, we could of course simply use invert the opera-
tor A, which would not be too bad, since all of its finite “blocks" are lower diagonal
with determinant +1. However, there is even a quicker trick that uses a small subset
of cotangent sums that are polynomials in the “period“ variable N.

To prove the formula (1.4.2.16]) for 3, (2¢) with 1 < ¢ < k choose

wy(z) = h

1

J
N

(2) = % (N cot(Nmz) — cot(mz)),

<.
Il

where N > 1 is a positive integer. A brief calculation shows wy € W . We have for
integers k > 0

~ r\ -k 2¢(k)(N* — 1), if k=0 (mod 2),
L(CL)N; /{) = Z - = {O 1
r#0 (mod N) ! else,

and for £k = 1 the right sum is understood as in ((1.4.2.4]). Since wy is not weak, we
have to include the terms C(3,,;0) = N —1. From ([1.4.2.12)) and [1.4.11{ we conclude
for all even positive integers 2k

Zé 772 (=2¢(20) (N — 1) — 7%850(0)(N — 1)) (1.4.2.20)

= (CDN (Y Y HBZ”

Jo=0 | = Ji,e Jor >0
Jo +]1 +-tjop= k

Both sides are a polynomial in N and since this identity is valid for all N > 1, we
obtain

—283,(20)¢ (2077 = —(—1)k2% @f;! > H Doy

|
e e 0
O+t jan=k
by comparing coefficients. Note that by the classical result
27T>2£ng
20 e (21)" Bae (=1,2,3,..
C( ) ( ) 2(2€)! ) ) ) ) )
this is equivalent to
B B B
55,.(20)22(—1)' =25 = (—1 ’f+122’“—2Z 2”
----- 2k

£+J1+ +Jjok= k:
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and with By, # 0 formula ((1.4.2.16)) follows easily.
The proof of formula ([1.4.2.17)) works similar. Take a positive integer N = 0 (mod 4),

set a = % and

- i () 1 () = 3 i ()

Jj= Jj=1

where x4, is the non-principal character modulo 4. Clearly 7y is weak with level N.
Together with (1.4.2.12]) and ([1.4.2.2)) we obtain for positive integers 2k — 1

N—-1 . .
- 225% 120 = D' T Ly 20 — N1 =) " sin (%) cot?F1 (%)

J=1

2k—1
4 o (250)!

o yl
J1yeesJ2k—1,4,v 20 M r=
2j1++2Jok 1 +pt+rv=2k—1

_ (—1)k22k—1 Z By Baj, NJo
B (Jo —a)lal 11 (250
J0sJ15-5J2k—120 a=0 r=
Jo+2j1++2j2k—1=2k—1

2k—1

Using the classical formula

E., 7T2£—1
. _ 0—1 5202
L(X4,2€— 1) = (—1) M, f 1,2,3, s
we obtain by comparing coefficients:
(_1)6531971(% - 1)E2€—2 ko2k—102—4¢ e, B2jr
' J15eensizk—1>0 ol )

20— 1421+ +2jog_1=2k—1

with
20—1

B4
Sae-1 1= ZO 20—1—a)lal’

The identity
Eor o

Sat-1= (20 — 2)!

follows with the fact that

— B4m E2p 2p_ 41‘69” 2ze® 2
(S} () oo e = s e -

m=0 n=0

is an even function. The formula now follows after a simple rearrangement.
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(iii) Looking again at (1.4.2.20)) we obtain by comparing the coefficients belonging to NN:

k

= 53,(20)820(0) = (—1)F = —i*.

(=1

This proves supplementary law (1). On the other hand, making this comparison for
the constant terms we find

225 (20)¢(20) —2f+25 (20)00(0) = =(=1)"2" 3 HB%
=1 j

J1+ +jor=k

and using supplementary law (1) we immediately see (2).
This completes the proof. n

It is clear by the vanishing of §* and ¢ for arguments v + u =1 (mod 2) that

2k—1

Z 85y ( = 0.
Hence

—1)*
2
and with (L.4.2.15) we obtam 4 2.18)).

We want to apply these theorems to make statements about cotangent sums using
L-functions. What we need is the following classical result due to Leopoldt.

Theorem 1.4.27. Let x be a primitive character modulo N and k be a positive integer.
Put § := PXTH If k=6 (mod 2), then

L(x; k) = (—1)1+’%“&_X) Dix (2_7T) :

2¢9 k! N

Here the numbers By 5 are the generalized Bernoulli numbers defined by the identity
N az o)
x(a)ze® 3 Bux n
— V71 — nl

Remark 1.4.28. Let x be a character modulo N. Note that we can express B, , in terms
of the standard Bernoulli numbers by the formula

NZ i ( )Buj”“N“l. (1.4.2.21)

It follows that if x is real we have B, , € Q.
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We can use this to determine a closed formula for the character cotangent sums
N—-1 i
C(x;m) := )cot™ [ = | .
(;m) = > x(j) ( N)

Corollary 1.4.29. Let x* be an even and x~ be an odd primitive character modulo N > 1
and m > 1 be an integer. We have the explicit formulas

m

C(xT:2m) =G(x") S (=1)2%s; (20) (;%"* (1.4.2.22)
/=1 :
and
Clx~:2m —1) = iG(x Zm: Jo21g: (20 — 1)M (1.4.2.23)
X £ 2m—1 20— 1)!. 4.2.

In particular, independently of m, one has

G C(x i 2m) € Q(xt(91), - X H(9e)) C Qe ™) (1.4.2.24)

and

27

iG(x ) 'C(x2m—1) € QX (91), - X (%) C Q(e*™

respectively, where the integers gi,...,g: modulo N are generators of Fx and ¢(N) is
Fuler’s totient function.

) (1.4.2.25)

Proof. Define

I

=
H
<{
>

wy(2) : i

Then wy+(z) is weak and hence C(w,=;0) = 0. By Theorem [1.4.27| one obtains

~ B, —
Fles;20) = (=16 r (2m)*

and similarly
~ . By, | — )
L(wy-;20—-1) = (—1)“129()()—(22 1’>1<)!(27r)2z L

Note that we obtain an additionally factor 2 (by symmetry) and N?* and N2~! (by the
residues), respectively, in this calculation. The formulas ([1.4.2.22)) and (|1.4.2.23)) now
follow with Theorem [1.4.25

To see ((1.4.2.24]) and ([1.4.2.25)) we first note that the right inclusions follow from gf(N) =1

(mod N). By (1.4.2.21)) we see B,z € Q(x(91), -.-, x(9¢)) and with (1.4.2.22)) and (|1.4.2.23))
[

we are done.
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Corollary 1.4.30. Let p be a prime and x be the Legendre symbol modulo p. Then we
have for all m € N

VPC(x;m) € Q.

Proof. For the Legendre symbol y we have the identity

[ if p=1 (mod 4)
G(x) = {Z\/Z_% ifp=3 (mod4).

Since x is real, it is rational, and the claim follows with Corollary (1.4.29| O

There has been lots of effort finding closed values for Gauss sums. The reader may
wish to consult for example [40] for an elementary overview.

Example 1.4.31. With Mathematica we obtain the identities
2 3 4 8
cot? (g) — cot? (%) — cot? (%) + cot? <%) = E,

T 2T 3 47 oT 67 I
t6(—>— 0 = o — tO( — ) —cot® [ — 0 — ) —cot® [ —
co 3 co 13 +co 13 +co 3 Co 13 +co 3 co 3

— cot® bl + cot” o + cot” 1Ty _ cot® Ur + cot® Lom) _ 31852

13 13 13 13 13 ) Vi3’

and

T 2 3 47 5r o 494370
t13 < > t13 t13 t13 t13 t13 '
co —7 +co —7 —Co —7 +co —7 —Co —7 —Co —7 = 9\/7

Also we can use the results about cotangent sums to derive properties about L-
functions having trigonometric coefficients.

Corollary 1.4.32. Let cot = cot except cot(mn) := 0 for alln € Z. Let N > a > 1 and
ni,no,ng > 0 be integers such that ning = 0. We then have for k > 1 with ny +n3 = k
(mod 2):

27ran) cos™? (27ran) é—(\;tn?’

i sin"! ( N . N (%) c Qr*,
n

n=1

Proof. The condition n; +ng = r (mod 2) implies that the coefficients (when extended to
Z) define an even/odd function if and only if r is even/odd. The result now follows with
the well-known expressions for sin™ and cos™ in terms of linear combinations of multiple
arguments sin and cos functions and Theorems [1.4.12] and [1.4.24]. O

Remark 1.4.33. Again, using Theorems|1./.19 and|[1.4.25, one can find rather compli-
cated explicit formulas for the above Dirichlet series in terms of the values §,(u).
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We can use this formalism to give a purely Fourier analytic proof for Theorem [T1.4.12]
Remember the modified Clausen function

> sin(276n
Slgk_l((g) = Z %
n=1
and
2. cos(2mOn
Slok () == %
n=1

Using standard Fourier analysis one obtains for 0 < 6 < 1:

Sloye_1(6) = (—1)F(2m) 21 & <2k 1

2k — Dl ; )Bje%—l—j (1.4.2.26)

J=0

and

k=1(9r)2k 2k '
Sl (6) = % z% <2f> B;6%*. (1.4.2.27)

For a proof see also [16] on p. 16-17. We can now use Theorem [1.4.25| to find the closed
formulas provided in Theorem |1.4.12, To see this, put 6 = # for 0 < a < k. Consider the

function
< 21ay
w(z):Zcos< ’ )hi(z)

j=1

which lies in W;. Then, we have for even values 2¢ > 0

~ 2mau u\ —2¢ > 2mrau w\ —2¢ >
L(w;20) = E ( ) — :QE ( > 2 _9 —2¢
v B\ Tk <k:> 2P\ Tk (k) Zu:l ¢

u#Z0 (mod k)

and by ([1.4.2.27)) this equals to

1okt K an 20—
_ac(20)+ Y (2;)2! k) ;(%)Bj (E)é .

J

For odd values 20 — 1 > 0 we find L(w; 2¢ — 1) = 0. Note also that the sum C(w;0) = —1
for obvious reasons. Hence, with Theorem [1.4.25| we find

C(w;2m) + (—1)™ = — i 53 (20)L(w; 20)7 2. (1.4.2.28)
(=1
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By supplementary law (2) we have

2) 5,,20¢Q207 % = (=) 4 (=)™ Y- Hé}%. (1.4.2.29)
(=1

J1yeenjom >0 r=1
251+ +242m=2m

On the other hand, a straightforward calculation shows

1) (k)2 20 an 20—j
—5§m(2€)( D) (2;)2! £) JZO <%) B, (E) e

J

m m 26 #kuB B T
_ +122 Z Z (% M M;H 2]

]1 7777 j2m >0
2€+2j1+ “+2j2m=2m

The cosine formula of Theorem [1.4.12 follows now by summing this over ¢ = 1,...,m
making the substitution 2¢ = v+ p and adding everything together. Note that the (—1)™
n (1.4.2.28)) will cancel with that of and that the formula (1.4.2.29) is just the
case 20 = p+ v = 0, completing the sum in . Similarly, we can show the sine

formula (|1.4.2.2) in full generality.
Remark 1.4.34. Note that we only have used the polynomials P,, and Q,, defined by

N-1 :
P,(N) = Z cot™ (%)

j=1

AN-1

i the proof of Theorem |1.4.25,

1.4.3 The space W~ and applications

The proofs of Theorem [T.2.7|and [T.4.5did not use the order of the poles that occurred,
only their locations. This motivates us to generalize the concept of pre-weak functions
in the sense, that we allow them to have poles of arbitrary order. In this section we
investigate analogous transformation laws for this kind of situation and will apply this to

specific types of g-series, see also Theorem [1.4.47]

Definition 1.4.35. We call a meromorphic function w pre-weak of degree d, if all condi-
tions for pre-weak functions are satisfied except that w has a pole of order d (and all other
poles have order at most d). We denote the vector space of pre-weak functions with degree
at most a with Wyye .. We collect all pre-weak functions of arbitrary degree in the space

preoo - U Wprea
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Even in the higher degree situation, we will still use the notation

Vp(w@n;7) = —2mi Z res,—, (2" 'n(2)w(z1)).

z€RX

Like in the special case a = 1 it is quite easy to classify all pre-weak functions of degree
at most a using elementary complex analytic ideas. For this purpose we abbreviate

_ e(z)
heo(z) = e — e (1.4.3.1)

We now find that there are uniquely determined functions 5; : R/Z — C, 1 < j < a, that
are zero except finitely many arguments, such that

w(z) = wlico) + ) > Bil@)he(2).
Jj=1 zeR/Z

In other words, there is an isomorphism

Whteo = C ® @D(R/Z)%.

>1

As we will see later, it is natural to study transformations of rational functions when ap-
plying the differential & = ;--2. Note that h, () satisfies the differential equation

)

Ohyo(2) = (1 — O)hyo(2) + le(x) hy i1 (2), (1.4.3.2)
since 9e2™# (2™ — e2m2) = equals to
1 . . , . . ,
T (27m-€27rzz<62m:c o 627r7,z)—€ . 27m'€47rzz<_€)(6271'm o 627rzz)—€—1)
Y
— 627riz<62m'3: o e27riz)—€ + €€2ﬂ—iz<62m2 . 627ri:p + 627rim)<62m'3: . 627riz)—€—1
— 627riz(€27riac o 627riz)—€ + Ee?ﬂ'iz(_(e%ri:c o 627riz)—€ + 627rix(627ri$ o 6277iz)—€—1)

= hye(2) — Chyo(2) + Ee%ixhwﬂ(z) = (1= 0Ohye(z) + le(x)hypi1(2).

We define the projection  : nggjoo — ng‘?j,l (remember that the ico in the exponent
means that w(ioco) = 0) by

N,
T D0 D Borl@hae(z) | = > Bua(@)hea(2).
t=1 z€R/Z 2€R/Z

This implies
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Proposition 1.4.36. Let a > 1 be an integer. We have the exact sequences

0 — Wi, —= Wit o = Wi, — 0,

pre,a pre,1

and
0 — Wi 2y pyicc T ppicc )

pre,co pre,co pre,1

Proof. We only give a proof for the case of the integer a, since the exactness of the second
sequence is immediate with the proof.

It is clear that m; is onto and that the extended homomorphism Wi, , 2, Wire,a+1 has
kernel C. Since Wg"o N C = 0, it follows that 0 is injective.

re,a

To see im(0) C ker(m;) we observe by (|1.4.3.2)) that

0) > Be@)hee(z) =) > Be(@)((1 = Ohoi(2) + le(@) e (2))

=1 z€R/Z =1 z€R/Z

has no non-vanishing term h,1(z). Hence, m1(dw) = 0 for all w € WS .. On the other
hand, if w € ker(m), it is of the form

w(z) =Y (@) hae(2).

=2 zeR/Z

We will show by induction over the maximal degree 2 < r < a + 1 that all expressions of

the form )
D qel@)hae(2)

=2 zcR/Z
indeed have an integral in ngga. If r =2 we are reduced to
> qe(@)haa(2). (1.4.3.3)
z€R/Z
By (1.4.3.2) we find that
1
Cto— > qe(@)e(—x)hai(2)
z€R/Z

is an integral of ([1.4.3.3) and we may choose C' = 0 to achieve that this is part of Wé?é’,a'
Next, assume that we have proven that

S @) ho(2)

=2 z€R/Z
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has an integral in W29, for a fixed number 2 < < a (if we had 7 = a + 1, we would be

done). We then have

wTJrl(Z) = Z Z ”)/g(l')h Z 7r+1 mr+1( ) (1'4'3'4)

(=2 zeR/Z. TE€R/Z

and the left sum on the right of the equation has an integral I; in W by assumption.

pre,a
By ((1.4.3.2)) we obtain
1 r—1
/hmﬂ(z)dz: ——e(—2)hy . (2) + " e(—x)/hx,r(z)dz

2mr

and the integral on the right can be chosen to be in W;fja by assumption again. Hence,

the right sum on the right side of ([1.4.3.4]) has an integral I5 in ngga Hence 2mi(11+15) €
Wiee . and 9(27i(1y + 1)) = wyy1. The claim now follows by induction. O

With this we obtain the following.

Corollary 1.4.37. Let a > 1 be an integer. We have the canonical isomorphisms
prea =C D @anwﬁgp

and

preoo =C D @anwgfgl

Hence, we inductively

Proof. With Proposition [1.4.36{ we see W' nggl @ oW,

pre,n pre n—1-
obtain
100 100 100 100 100 100
Wpren pre,1 ®©0 pre,n—1 — YWoprel S aVVpre,l ® 0 pren—2 — "7
hence

pre,a pre,1-

WZOO é an W’LOO

Since we have Wy, = C @ W;gga and the proof is analogous in the infinite case, the

corollary follows. O

We obtain a similar result for weak functions.
Corollary 1.4.38. Let a be an integer. Then we have the decompositions

a—2

Wweak,a = W, weak 1 S¥ @ 8nt?§1 = Weak 1 S @ an 8Wweak 1 > Ch() 2)

n=0
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Proof. First note that we can write each w € Wieak o in the form

= > Bi@hea(2) + > Y Bel@)hee(z)

z€R/Z =2 z€R/Z

Y bilx) =

z€R/Z

Hence, by Proposition [1.4.36] we obtain

where

a
N x7i00
Wweak,a = Wweakl S ow. pre a—1 — = Weak,l D @ 0 Wpre 1

Together with the obvious isomorphism

W 2 Wearn ® Cho

pre,1 —
we quickly obtain
OW'° 22 OW a1 ® Chy .

pre,1 —

Putting everything together shows the corollary. O

At some stage it will be crucial to change from Wiyeak oo t0 Wire oo in the sense of
decompositions into derivatives. This is done in the obvious way.

Proposition 1.4.39. Let w € Wweak’a. Then we have the following identity between
decompositions provided by Corollary [1.4.38;

w(z>—A0(z)+ian<z) Zaf Y0w;(2) + ¢jhoa(2)),  (1.4.3.5)

where Mo, wj € Waeak,1, Aj € WS, for 1 < j <a—1. As a result, we get B, (y) = B (y)
and for all 1 < j < a —1 the corresponding coefficients

B ), ify #0,
B y) = {ﬁwj(o)ﬂj, ify =0.

Proof. We have

+Z > B, W) hya()

J=1 yeR/Z
—|— Z Cja ho 1 Z Bwj a]hyl )
yeR/Z
+Z ( ¢+ By ()P hoa(2) + Y /%(y)ajhy,l(z)) .
O<y<1
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The result now follows by comparing coefficients, since the & h,1(z) define a basis of
oW e O

pre,a—1-
The next two lemmas will turn out to be very useful when going to Fourier series of
¥y, where symmetry in the sense of sgn(w)sgn(n) = (—1)* is required.

Lemma 1.4.40. Let w € Wyear o with sgn(w) = (—1)" and decomposition

with g € Wyeak1 and \; € Wrel, as in Proposition . Then we already have
sgn(y) = (1),

Proof. Since we have Wyeax1 = Wik} @ Wy and Wiee, = Wiol @ Wior, we can

Wi pre,1 pre,1 »
always write \;(2) = Af(z) + Aj (), where of course sgn(A¥) = £1. We put A*! := \*.
With this we obtain

a—1 ] L a—1 . .
w(z) = AT () = ST ) = Al ) £ YA (2). (14.3.6)
j=1 j=1

The left side of (1.4.3.6]) has signum (—1)" and the right side signum (—1)""!. Since it

is an identity, both sides vanish identically. The claim now follows inductively. The term

of highest degree 0%~ 1)\( 1) " (z) has to vanish, since otherwise there would be a pole
of degree a on the right s1de that does not cancel. Hence /\E;ll)nﬂ(z) is constant, and
n+a

since )\5;11) (ic0) = 0, it is zero. Continue with the second highest term and so on and
conclude \; = Ag-fl)nﬂ, which proves sgn(\;) = (—1)"*. O

The second lemma is stated and proved similarly.

Lemma 1.4.41. Let a > 1 and w € Wyeaka Satisfy sgn(w) = (—1)" for some integer n.
Then, if

a—1 a—1
Z) + Z (9jo (Z) + Z Cjajilhoyg(Z)
p j=1
as in Proposition we have sgn(w;) = (=1)"" and ¢; = 0 if (=1)7 = (=1)™.

. _ o+
Proof. Since we have Wyea1 = W, cak,1 D W

w weak,1» We can write each w;(z) as a unique

sum W) (z) + w; (z), where of course sgn(w®) = £1. For purpose of notation write
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wFl(2) := w*(2). We now collect all terms with signum (—1)" on the left hand side.

Zaﬂ U@ YT 0 hoal(2) (1.4.3.7)

j+n=1 (mod 2)

1<j<a—1
a—1 )
. (_1)n+7+1 i1
= E Pw; () + E c; 0’ " hoa(2).
Jj=0 j+n=0 (mod 2)
1<j<a—1

Note that we have sgn(hg2) = 1, and hence sgn(#~thgs) = (—=1)77'. If n+j =1 mod 2,
it follows sgn(#’~'hgo) = (—1)""~1=" = (—1)". Similarly, we find sgn (8jwj(»_1)n+j) =
(—1)™. Since both sides of have different signums, both have to vanish. It is now
easy to conclude the claim. Indeed, assume without loss of generality that

1)n+a

8a’1w((1:1 (2) + ca_10"hg2(2) (1.4.3.8)

is part of the right side and its “highest term. When assuming that w((lill)n+a(z) does not
vanish, it has to have at least two different poles mod Z, since it is weak (compare also
Remark . It follows, that its a — 1-th derivative has at least two poles of order a.
But no other term on the right of has poles of order a except ¢,—10* *hgo(z), but
this only has one (mod Z) single pole of degree a in z = 0. So both summands in ({1.4.3.8)
have to vanish separately, since otherwise the poles of degree a could never cancel each

other. The lemma now follows when going over all pairs of summands on the right side
in (1.4.3.7)), from above, inductively. m

The next lemma provides some useful differential identities.
Lemma 1.4.42. Let be k € Z and w @1 € W(%.
(1) We have V(0w @n;7) = 0;0k_1(w @ ;7).

(ii) We have 9p(w @ 0.5 7) = = (1 — k — 72 )01 (w @ ;7).

Proof. Since interchanging residue and differential operator is legitimated we easily see

0, 3 teseca (F () = X reseca (47 0() g (7))

271
a€R/Z a€R/Z

This proves (i).
For (ii) let f(z) = 2*~'w(72). Then we note

0 = o8, (F(2)0(2))) = r68.ms F(21 (2) + Te50an ' (2)(2)
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and hence

I(wen'sT)=2mi Z res,_o ((k — 1)2F 2w(r2)n(z) + 25170/ (12)n(2))
a€R/Z

= (1= k)ha(wenT) - 7o(w @n;7)
— ((1 —k)— T%) V1 (w@n;7),

according to (i). O

As an application of the more general formalism we want to give a description of a
special case of the main transformation law in the language of series of rational functions.
To make things more explicit, we are going to use differentials of the form

2 871

W + Wi T=— + WoT? = + - + w, ™"

or or? orn’ w; €C,

and apply the results of Lemma [1.4.42] Since the lemma tells us
D(w @ 0.m;7) = -k 0 Vi1 (w@n;7)
kW 21T = o T@T k—1\W Q175 T),

it seems reasonable to look at differentials

Nn 0 0 0
Dlg,n—<27T'l) <1—k—75> <2_k_7-8_>”.<n_k'_75)

= (2mi)™" Zn: (2”:(—1)” {‘2} Hlkmk(i)) Tgaﬁ—;

£=0

to find that
Vi(w @ 01 T) = Dy nVp—n(w @13 7).

Here {%} denote the Stirling numbers of the second kind and for integers b > a — 1 the
numbers k,(j) are defined by

b—a+1

(X —a)(X —a—1)- (X =b) = > rap()X.

§=0

We abbreviate s(n, £) := (2mi)c 7! > (=1 {9} Ki—kn—k(j).

It is remarkable that we still obtain a simple modular relationship between ¥ (w®mn; 7)
and Vi(n ® W; T), as it was the case in Theorem m
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Theorem 1.4.43. Let w @ 1 € Wieak,co @ Wyeak,oo, Where w and n have the Laurent
expansions

wiz)= ) an,
n=—U

n(z) = buz"
n=—V

We then have the identity
1 U+V—k
Ui (w ®mn —;) = (D" @ @) 2w Y be_vay_g—o(—1)V 07V
c=0

Proof. The proof is essentially the same as the one of Theorem [1.4.50 We may choose
7 = 4y with y > 0 and use the rapid decay of the functions w and 7 for increasing
imaginary parts to show

1
by 2 (2)w(zr)dz = E (res.—p + resz:_g) (2" 'n(2)w(zT))
T J|z|=N+e _N<z<N
x#0

+res,—o (2" 'n(z)w(z7)) = o(1),

where € > 0 is fixed and sufficiently small (note that w and 7 are periodic and only have
real poles).

Put g.(z) := 2" In(2)@(27) and h.(2) := 2F"Lw(2)n(27). For each 7 € H we obtain
the functional equation

g (=2) = (=n)F2 (< 2) B(=2) = (=7 Fhoa (o)

Hence
res,——z (g-(2)) = —%resz:x <g7 (—;)) = (—7) "res,—, <h7%(2)> (1.4.3.9)

by the linearity of the residue. For the residue in z = 0 we obtain

res.—o (g-(2)) = res.—o (kuVl (Z bevze) (Z(_l)EUWUTEUZe))

=0

0 L
= res._g (Zk—U—V—l (Z (Z bC—Va/f—C—U(_1)K_C_UT£_C_U) Z())
{=0 \c=0

U+V—k
V—k—c_V—k—c
= g be—vay _g—c(—1) T
c=0
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and hence

—27i Z res,—. (g-(2)) — 2mi Z res,—_z (g-(2)) — 2mi res,—o (9-(2)) = 0,

TeRX zeRX

and by (|1.4.3.9)) this implies

U+V—k

~ . 1
Ur(n @ w;7) — 2mi Z be—yay_p—o(—1)"F7TV TR = —(—7) M, (w & 1; ——) :
-
c=0
Multiplying this by (—1)%~17% proves the claim. u

This framework can be used to derive transformation laws of “higher* functions ¥ (w®
n; T), where w(z) and 7(z) are allowed to have poles of higher degree. The outcomes are
functions of the form

f(1) = go(T) + 702(7) + - - + 7"gn(7),

where the g;(7) are Fourier series on the upper half plane, such that the f(7) possess
non-trivial transformation properties. We will omit the details of this extremely technical
setup but will give examples in order to convince the reader of its usefulness. We will not
use Theorem [1.4.43| in full generality and show examples with rational poles and lower
degrees.

Example 1.4.44. Let k > 6 be an even integer. Put
w(z) := csc(2mz)

and
n(z) :=icot(2mz) csc(2mz).

Then we have

and hence obtain
1 0
V(0w ® O,w; T) = 0: 01 (w ® OLw; T) = %87 <2 — k- TE) Vpo(w @ w;T).

This equals to

1 0 0?
- ((1 — k)gﬂk_g(u} ®w;T) — Twﬁk_g(w ® w; 7')) )

One could now use the transformation properties of Vy_o(w@w;T) given in Theoremm
to make final conclusions. But we will use Theorem to investigate V. (n@n; 7). Let
n be a non-zero integer. We obtain with the series expansions

FIn(er) = Ao + Ay (Z - g) o <<Z R S)Q)
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k-1
Ag =i <g> cot(nmT) cse(nmT)

Ay =i(k—1) (g)kz cot(nnt) cse(nmr) — 24 (g)kl (77 esc(nmT) + 277 cot® (n7T) esc(nwr))

and 1)
i(—=1)"
= 1
1) = G+ O0)
for k> 6:
N k—2
472resx:g (" n(2)n(zr)) = (-1)"* (k- 1) <§> cot(nm) cse(nmr)
na k-1
+2(-1)" (§> (77 cse(nwr) + 277 cot® (narT) ese(nwr)) .
Since we have
2(¢" +1)q2
cot(mnT)cse(mnt) = ——F—,
() ese(mnr) = =2
2iq*s
csc(nmr) = pr—
2i(q" 4+ 1)%q2
2 _
cot”(nmT) cse(nnT) = P ER

we obtain by symmetry and Theorem (note that sgn(n) = 1), that fi(7T) with series
representation

satisfies

Example 1.4.45. This example is very similar to Example we choose
w(z) = n(z) := csc?(27z)

this time. The main difference is that w(z) has no integral function that is weak, since
the integral is given by —% cot(2mz) + C, compare also the result of Corollary|1.4.38 Let
k > 6 be even. Very similar to Example we find for

’I’L 1+q
_ k—2 k—1
fr(t) = (k—1) E n l—q +27rz7'§ n 1—q
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the transformation law
1
N

T

Definition 1.4.46. We say that a holomorphic q-series

=0

3

on the upper half plane has rational type (M, N), if there is a N-periodic arithmetic
Junction ¥(n), a polynomial P and a rational function R with poles only in {z = (3;,0 <

Jj <M} and R(o0) = R(0) =0, such that

nez\{0}

Theorem 1.4.47 (Transformation law for rational type g¢-series, see [28]). Let f # 0
be a (M, N)-rational type q-series with periodic function satisfying Zjvzl ¥(7) = 0. Put
0(¥) =01if (0) =0 and §(v») = 1, else. Then there is a polynomial Q_1(X) of degree at
most —ordx—;1(R) — ordx—o(P) — 1, and complex numbers Ay and A, such that

1 1 deg(P)+a

f(_F):Q—l (‘;)+A0+5<w>An+ 2. T,

j:OI‘dX:o(P)-‘rl

where each s;(T) is a finite sum of g-series of rational type (N, M) and a is the degree of
R, which is its maximal pole order.

Proof. We are able to present a constructive proof, but we will only sketch the ideas
of construction. Without loss of generality, we assume P(n) = nf~! with an arbitrary
integer £ > 0. Hence ordx_o(P) = k — 1. For each (M, N)-rational type series with the
additional assumption Ejvzl ¥(j) = 0 we find weak functions

N
. Nk-1 AV
n(z) =N Z;w@)h;v(z)
]:
and
such that
f(7) = p(w ;7).
With Theorem [1.4.43| we find polynomials @ _1(X) and @;(X) such that

r(-3) = (-3) * @+ ot umea
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But since V' <1 and V' < 0 if and only if §(¢p) = 0, we see that ); has degree at most 1
and 1 only if 6(¢)) = 1. On the other hand, also by Theorem[1.4.43] @_;(X) has degree at
most U — k = —ordx—1(R) —ordx—o(P) — 1 (note that ordx—_o(P) is the correct measure
at this point, since if P had more higher degree terms then the degree of ¢)_; would be
smaller for these terms). For any fixed x = M # 0, consider the expansions

With this we obtain, that res,_ (z* 1@ (2)n(27)) equals

E—1 .\ k—1-p . u(u) (3T .\ ptrtu
e [ 3 J o (2T ) (L |
A= o M M u! M
w,r+V,u>0

For any triple p + v +u = —1 with 0 < p < k — 1 this is essentially (up to a constant
independent of j and 7) of the form

ktomy () Lup o (I
o (2o (2

and since n is weak of higher degree again, hence of the form W(qﬁ) (note that W (0) =
W (oo) = 0 and W may only have poles in roots of unity () and §,(z) is 1-periodic, we
may sum this over all j/ = j (mod M) to obtain a (NN, M)-rational type series

S e (),

J'ez\{0}

where the M-periodic b,(j') takes the value b, <J—A;> if 7/ = 7 (mod M) and 0 else. It

follows that the term (—1)k~17%9; (n ® ©; 7) is essentially a sum consisting of terms of the

form
ST W ().
J'€Z\{0}
where degy_o(P) +1 < k < deg(P)+1and 0 < u < a— 1. Summing up all the terms
shows the claim. ]

Finally, we give one more example.
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Example 1.4.48. Consider the weak functions w(z) := csc®(27z) and n(z) = csc(27z).
Put P(n) := n*! with some even integer k > 6. This implies a = 3, ordx—o(P) =
deg(P)=k—1,V =1 and U = 3. Following Theorem the g-series

which is essentially Ox(w ® n; 7), satisfies the transformation law

1(=3) = =@l + () = 7 aal) - ),

where

_ 2i(k—1) i(_l)n (ﬁ)’f—2 (14 q¢")q2

_ m\2 "’
- 2 (1—q")

g3(7) 1= 2(—2mi) Z L (—2) (7T2 csc(mnt) + 2r% cot? (mnT) csc(7m7)) <2>k1

2
ey (5) (7L - HEOE).
(

g4(T) == 2(—2m1) Z ;;gn (— csc(mnT)) (k= 1)2<k —2 (g)kg
(k—1)(k —2) n\k-3 ¢
B o2 >_(=1) (5) 1—qn

Note that we were able to start summation at n =1 by symmetry.

1.4.4 Eichler duality

When working with modular forms and generalized Eisenstein series we only consid-
ered positive weights k. We know that in the case of R/Z we end up with generalized
Fourier series, but in case Q/Z they turn out to be modular forms. It is natural that
there is also a theory for negative weights k, but of course, this will not provide non-
trivial modular forms since they do not exist. Instead, in this case we find a direct access
to the theory of Eichler integrals.
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Let &k > 2 be an integer. In this last section we develop an explicit formula for the
(k — 1)-fold integral of ¥ (w ® n;7) in the case w ® N € Wyeak.a[Tn] ® Wi [Ti]. On
the rational function side it is given by a duality using Fourier transforms Remember
Definition where we declared the notation fm for the m-fold integral. Note that this
is the inverse function of 9™ defined on C{|[[q]].

Before we start, we shortly introduce the Fourier transform of a pre-weak function
with rational poles vanishing in ico. Let N be an integer. Then we define

JT-N : Wi?:,l[TN] % prel[TN]

p

Z@( )h l—)Z]:N (é)hN

A simple calculation verifies that the inverse of this isomorphism is given by

‘F WZOO [TN] ;> pre 1[TN]

pre,1

() S (o

By Proposition (ii) we see, that Fourier transforms induce isomorphisms Weo? [Ty] —
Weak,1[Tn] between pre-weak functions vanishing in ico, that have a removable singular-
ity in z = 0, and weak functions. In particular, they preserve the spaces Wo ., [Tn] of
weak functions with removable singularities in z = 0. To prove Eichler duahty we will
introduce the following bracket notation which will simplify the Fourier series, that will
occur frequently.

Definition 1.4.49. Let 3 and 7y be functions in FS and FS?. We put

[8 @ Y]kl —2M1kz S a1 )(%)%(%) &

m=1 dlm

Note that [ ®7]k . always represents a holomorphic function on the upper half plane
with a zero in 7 = i00.
In the following, we want to find the Fourier expansion of ¥4(w ® n;7) in the case that
1 has degree 1. This case is the most important one for most of our applications such as
Eichler integrals. One of our main tool is a certain differential equation satisfied by the
above introduced Fourier series.

Remark 1.4.50. From now on, if not defined differently, we assume that if some w®n €
Wireoo @ Wpreoo is used together with some integer k we have sgn(w)sgn(n) = (—1).
Remember that we say that a function w has signum +1, if it is even or odd, respectively.
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In the applications of this section, we will use the term [ ® 7]y ¢(7) for functions only
referring to F% and ]F(]CVO. This means, that if 8 and v come from a pre-weak functions of
the form

and

we will find it useful to identify § with a N-periodic and v with a M-periodic function
on Z, respectively, and put

(8@ Y]k = [EnS @ Kp )iy

Lemma 1.4.51. Let 8 and v be as above. We then have

O (8 @ YIke(T) = [ @ Ykr1,e01(7)-

Proof. Since we can differentiate termwise we obtain

020" k;z del )<%>£6(%> 2T

m=1 \ d|m

— MRt Z de Ldy(d) (_) 5(-) 2T

m=1 dlm

m
d
=2M" ’“Z de < ZH ) 2T = (8 @ Y41 (7)-

m=1 dlm

This proves the lemma. ]

Proposition 1.4.52. Let k = % (mod 2) be an integer and

WN & Wpre I[TM] Zf k > O,
w®77€ <WN®Wprel[TM] prel[TN]®WM> kaf:(),
pre,l[TN] X Wpre,l[TM]a Zf k< O,

such that sgn(w)sgn(n) = (=1)*. Then the following assertions hold.
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(i) For all 7 on the upper half plane, the identity
Up(w@n;7) = A+ [Fn(Bo) ® Bylro(T)

holds, where

A w(ico)L(n; 1 — k), if k<0,
o, if k> 0.

(i1) For all T on the upper half plane, the identity
Ui (o2 @5 7) = [1 @ Bylia(7)
holds if sgn(n) = (—1)k. Here 1(z) =1 for all x € Z/Z.

Note that we use the convention of Remark [I.4.50] for all such assertions. A special
case of Proposition has been proven in Proposition [1.2.20

Proof. We first observe that, given sgn(wn) = (—1)*, for all a € Z \ {0}

res,—i (Zk_l’I](Z)CU(ZT)> = %Ml_kak_lﬁn(a)w (%) .

Let w = w(ico) + wy with wy € Wie [Ty] and note that 3, = f.,. Now we obtain by
symmetry

Dl ©i7) = 201 S 1) (wlioe) + wn (7))

a=1 M
R € (J\;I— %)
= A+2M'7FY oG () Y Bul) o J
a=1 jeFy —e($5 - %)
= A+2MF3 S am 16, (0) Y Aul) ( ]ﬁy g
a=1 v=1 jeFN
=At+2M'FY "N (d""lﬁn ) > Bl —ERE | g
m=1 d|m JEFN

For convergence of the L-term in the case & = 0 see Proposition [1.4.4 In the case
w(z) = ho2(z) we find for sgn(hg2n) = sgn(n) = (—1)F by symmetry

ﬁk (hO,Q ® n; T) = 2M1_k Z Oék_lﬁn(a) c (WaT 3
(1—e(57))
B oo [e.e] B m
— oM k;;ak 16, (a)vqi = 2M'~ kmzlcqzm@k 16,(d) (E )QM
This proves the theorem. O]
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Note that the inverse Fourier transform of 1(x) is given by

where 6p(z) = 1 if z = 0 (mod Z) and dy(z) = 0 for all other values z € +Z/Z. So we
can also write

Vi (ho2 @n;7) = [Fn(do) @ Bylea (7).

The work we have done so far now provides

Theorem 1.4.53. Let k > 0 be an integer and n € Wie1[Tu|. Let w € Wiyeak o[ Tn] with
decomposition

a—1
W = )\() + Z @j)\j
j=1
such that A\o € Wy and \; € W22 | [Tn] (see also Proposition . Then, the following

wdentity is valid on the upper half plane:

—

a—

De(w@n; )= ) [FN(Br;) @ Byl (7).

<.
Il
o

a

Proof. Starting with an expression w = wy + Zj: P (Ow; + cjho2) with w; € W, we
obtain

a—1
Ve(w@n;7) = Up(wo @m;7) + Z Oy (Olw; @ m;7) + ¢k (0] hoo @ 1;7)
j=1
= J(wo @ m;7) + Z 0y (wj @m;7) + 0 k11 (cihoo @ 15 7)

=1

by Lemma (i). By Lemma we know that sgn(w;) = (—1)’sgn(w) and ¢; = 0
if (—1)7 = sgn(w). From this it follows sgn(w;n) = (—1)sgn(wn) = (—1)7* = (=1)*
and if ¢; # 0, we necessarily have (—1)7"! = sgn(w) = (—1)*sgn(n). We conclude for
this case

sgn(hopn) = sgn(n) = (—1)*sgn(w) = (—1)"7*.
It follows that in both (relevant) cases we are allowed to apply Proposition |1.4.52| (note
that wy(ico) = 0), so this simplifies to

a—1

Fx (Buo) ® Bulko + Y XIFN(Buy) @ Bylk—jo(7) + & [c; Fn(60) @ Byln—jsr1(7)-

J=1
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Note that we have added formally the vanishing c¢; as well. With Lemma [1.4.51] we
conclude that this equals to

a—1

[FN (Buo) @ Bylro + Z[-FN(ﬁwj +¢;00) @ Byli;(T)

Jj=1

where dg(z) = 1 if 2 € Z and 0 else, and finally with Proposition [1.4.39} this equals to

a—1

Z[}—N(ﬁ/\j) ® Bn]k,j (7')

J=0

Hence the theorem is proved. O

The next lemma imitates a classical result by Bol, see [10].

Lemma 1.4.54 (Weak Bol’s identity). Let k > 1 and 8 and «y as above. Then we have

[ o) =¥ o s (37).

Note that the choice of &k — 1 is crucial for this kind of formula.

Proof. This can be followed by direct calculation and for the convenience of the reader
we provide the details.

[ wenam=2[ w3 (Sa@ (5) 5 (%) ] o

m=1 dlm

_ Qi 27(@ (%)Z_kﬂﬁ (%) i
m=1 \_dlm
= 2N1+£kae1mZ:1 C”Zm7 <%> dCHHO=138 () <q%)
NT

= N7y ® Bla—keo (M) :

I3

This proves the claim. O]

We apply the results to obtain a formula for multi-fold integrals of functions ¥ in
terms of functions ¥; with j € Z.
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Theorem 1.4.55. Let k> 2 and w®mn € Wweakoo[TN]®Wm°0[TM] where w = ZJ 0 92N

pre,1

with Ao € Wy and \; € W2 [Tn] as in Theorem . Then we have

“ . B Nt
/k—l Up(wn;T) = ZNH] "9 ki (fMlﬁ ® FNAj; ﬁ) :

J=0

Proof. First of all, Theorem gives us

u

Ip(w@n;7) = Z[]:N(ﬁ,\j) ® Bylk,i(7)-

J=0

Now with Lemma [[.4.54] we conclude

Vp(w@n; T Z [Fn(By;) @ Bylr,;(T)

k—1 k—1
_ZNl-‘r] kﬁ ®]:N(B>\ )]2 k+]0(]]\\[47_> .

By Proposition [1.1.2] (iii) we know that Fourier transforms preserve odd and even func-
tional relations, i.e., the signum of the function. Together with Lemma[T.4.40] we conclude
that sgn (FyA;Fp'n) = sgn(Am) = (—1) sgn(wn) = (—1)7*% = (—1)>7". Since F;;'n is
weak, with Proposition this equals

u

4 N
S N,y <-7:M177 ® FNAj; W) :
=0

This proves the claim. ]

Remark 1.4.56. Note that we can weaken the condition n € Weet [Ty] ton € WigS [Ta]

pre,1

in Theorem if w € Wyeaka|Tn] such that 1 < a < k — 2. The reason for this is
that if 1 < a < k—2 1t follows that 2 —k+j < —1 for all 0 < 5 < a— 1, which allows
Frin to be a pre-weak function in the last step according to Proposition |1.4.59.

To study Eichler duality we extend the C vector space Wi [Tn] to a Clz, 27
module by putting
My = Wpreoo|[Tv] ® Clz, 271

In particular, we obtain a graded algebra

o0

m]\[ = @ Zijre,oo[TN]7

j=—o0

whose elements naturally stand with the function ¢, in the sense that

In(z w@n ) =h(w® 2" 0 7) = Ypre(w @ ;7).
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Definition 1.4.57. Let k > 3 be an integer. Then for each 1 < a < k — 2 we define the
Eichler homomorphism

a—1
ExT @D OIWe [Tn] @ Wit [ Tar] — Wise, [Tar] @ 69 AW [T
7=0
by 1 1
wen=Y #Nen— N'FF e Y (2N) Fy;.
j=0 Jj=0

With these tools we are able to prove the main result on Eichler duality.

Theorem 1.4.58 (see [28]). Let k > 3 and 1 < a < k — 2 be integers. We have the
following assertions:

(i) The map EN:M is an isomorphism.

(ii) Consider the subspace Wieaxa[Tn] @ Wi [Tu] C D) SIS [Ty @ W oo [Tl

pre,1
The diagram

Wieakal Tw] @ Wigea [Tu] ———
Era

19]9 (7' — %T) ¢) 19ka

prel[TM] ® @a ) ZJW;?:l[TN]

]| Cg[lg™]]

fkfl

18 commautative.

Proof. (i) We show that the map

N Wi [Tu] @ EBzJW;fjl [Tn] — @aﬂwggl ® W2 [Th]
with
a—1 a—1
rRy=1® Y 2yr— N NTOLFy @ Fyx
=0 =0
is an inverse of 5 . We find forw®n € @a ! 5JW£,?§1[TN] Wé?gl[TM];
a—1
I}i\i’N (E,’é\;M(w ® 77)) - I&N (le]_—M177 ® Z(ZN>j-7:N)\j>
=0
a—1 a—1 a—1
Nﬂ 00 FR Fad @ FuFan) =D (00N ®@n) =wan.
Jj=0 ¢ j=0
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The other way round we see for a @ b € Wi [Ty/] ® @?;& Wi [Tyl

pre,1 pre,1

a—1
M (z,ng (a® b)) =&.M (N’“ Y NTOF b @ fMa>
£=0

a—1
— NFINI (fleMm ® ) NN )j]:N]:Nlbj) =a®b.

=0

(ii) We prove that the compositions give the same output. Let w ® n € Wyeara|Tn] ®
Wieo [Tu] and w be given by

pre,1

pre,1

a—1
w = Z@j)\j, Xo € Wiy, Ay € Wik [Tl
=0

Since 1 < a < k — 2, according to Theorem [1.4.55| and Remark [1.4.56] we have that
a—1

. _ Nt
/k—l Uplw@n;7) = Z]\ﬂﬂ "o ki (]—"Ml77 ® FNAj; ﬁ) : (1.4.4.1)

J=0

On the other hand, we find

a—1
Dok (5,fl;M(w ®n); 7'> = N'F9,_, (]-"J_V[ln ® Z(Nz)j]:jv/\j; 7')

5=0
a—1
= Z Nl_k+jl92_k+j (./_"]\_/[177 & .FNAJ‘; 7') .
=0
This proves the theorem. 0

We can easily apply this formalism to the simplest case of Eisenstein series. It is
well-known that if x and v are primitive Dirichlet characters modulo N, > 1 and Ny > 1
and f(7) = Ex(x,¥;7) the corresponding L-function is

L(Ew(x, ¢57)is) = %L(X; s)L (;s —k+1).

We assume that both x and 1 are non-principal. From identity (|1.2.3.3) and Theorem
[L.4.58 we obtain
X(=1)(=27)*G (1))

/k—l Bilx i) = Ny(k =1DIG(X)  Jia
. X(=1)(=2mi)*G(¢) 1—kar—1p (7 — Nyt
S NG-ngR) XTI G0 (w‘” ®WX’T¢)

_(=2mi)Rp(—1) N7
— NEINg(k — 1)!192—’“ ( _> ‘

Op(wx @ wyg; T)




Since
—2mi)k1
| Bt = G E)

where
100

F(r) = / By (x, 1; 2)(z — 7)F2dz,

T

this combines to

2mitp(—1) Nyt
F(r)=— Vo — .
(7) NFINy(k—1) " (wd) PO,

In the sense of Proposition we have Ef(x,¥;7) = x(—1)Ex(¢, x;7) and this pro-
vides

211 NyT
F (1) = — Do | Wy ® Wy; ¢),
(7) NEIN(k—1) ’“( XEEIN

since x(—1)> = 1. Now according to Proposition we have the functional equa-
tion

k—2
=

Fr) — (—r)t2F (—%) S (k | Q)il_gAf(€+ D2 (1.4.4.2)

0

On the other hand, from Theorem [I.4.5] we obtain

k—2 k—2 k—2 ¥
A2 [ 2 ) = k20 T 9 Wy @ Woyr —
( ) ( 7 ) ( ) NZZ 1NX(k — 1) 2k ( X ¥ NX7 )

2miTh=2(—1)k2 , i Nyz
— Nﬁ_lNX(k ) x 2mi (—x(—1))res,—o (21 Wy (2)wy (NXT))

2miTh=2(—1)k2 N, \ 2 N,
— X y(—1 — Vo ® Wy —X—
e s () e (e T)
4 2 k-2 _1 N
= — 7,:771— Y(=1) res,—o <zlkww(z)wx (—d’Z))
Ny Ny (k—1) xT
omiTh=2(—1)k2 ( N, )’“—2 ( N. T)
_ X _1 . 19 B ® : X
TR U Ced IR GRS
= - 7;_: (=l res,—o (zlkww(z)wx (_¢z>) + F(7). (1.4.4.3)
Ny Ny(k—1) T

And this concludes the following theorem.
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Theorem 1.4.59. Let k > 3 be an integer, x and v be two primitive Dirichlet characters
with x(—=1)yY(=1) = (=1)* and f(1) = En(x, ;7). We then have the following identity

between rational functions:

k—2

k— 2) 1y —e 4%y (1) ( Lk Nyz
TN )T = —— res,—o | 2 "wy(2)w :
;;( ¢ NNy (k —1) YA\ N7

Proof. With (1.4.4.2)) and (1.4.4.3)) we obtain

47T27_k72¢(_1) . Nz B k—2 k—2\ .
vy (e (357)) = o (e

The claim now follows when dividing by 7572 and with 1(—1)x(—1) = (=1)*. O

Remark 1.4.60. Note that Theorem will nitially work for k = 2 as well, since
the considered characters all satisfy x(0) = (0) = 0, so that we may assume that n is
weak and has a removable singularity in z = 0 in the proof of Eichler duality. So we are

allowed to fulfill step (1.4.4.1)) even if k — 2 < a.

Before looking at the much more difficult case of products of Eisenstein series, we
give a numerical example.

Example 1.4.61. Put k =6, N, =5 and N, = 7. Consider the Legendre symbol 5 and

the character xr generated by x-(3) = e’ . Note that we have P5(—1) = x7(=1) = 1.
With this we obtain the data

A= () rn w0 = 2200 (38) 1)L s )

With this we calculate

i( ) A0+ 1) = _ 285" (25L(X7;2)L(1p5;—3) B 3~54L<><7;4)L(z/»5;—1))

3.57 m2T 2mir3

= (—0.5941948118... + 0.0757203657...7) 7' + (—0.5427628701... + 0.0234276364...7) 7~*

either by numerical calculation or by using the formulas. Again, using direct calculation
or Mathematica one sees

42 x7(—1) _ 5z
TTGSZZO z 5&)1/)5 (Z)LOX7 7—7_
— (—0.5941948118... + 0.0757203657...i) 7~ + (—0.5427628701... + 0.0234276364...i) 7

We can now use this to give detailed expressions for the L-functions in the critical
strip. For products of Eisenstein series, also studied in Section 1.3.2 and [24] in a bit
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different context, the situation is naturally far more difficult. However, it is quite easy to

write the Eichler integral as an infinite series of expressions ¢; in this case. We only need
the following observation.

Proposition 1.4.62. Let k and g > 1 be integers, X1, ..., Xy be a family of Dirichlet char-

acters mod M, and (n;)1<j<g the corresponding family of weak functions. Let (w;)i<j<g
be a family in Wear1[Tn]. Put

w]®77],

T :m

We then have the identity

g9
fry=201 Y (H Aly(A ) Dg(k-1)+1 (H w;j(A;z) ® nX1X2"‘Xg;T> :
Ag)=1

J=1

-----

Proof. Since all sums converge absolutely and uniformly on compact subsets K C H, we
may change the order of summands. We obtain

ﬁ (@) = 99 Z Z (mMgng)k—le(nl) - xglng) [T (%>

. M
ni=1 ng=1 7j=1
AAy - Agn g Anz
:29 Z Z( 2° > 1(A1n)'~-X9(Agn)ij ( ]]\4 )
..... A ) 1 n=1 ]:1
g 00 g
_ n \9(k-1) Anz
NS (H A" 1XJ(A]-)> () e ]Tw ( - )
(A1,...,Ag)=1 \Jj=1 n=1 j=1

The inner sum is clearly %ﬁg(k,l)ﬂ(ngzl wj(Ajz) @ Ny, .xys T), hence

g g
— % (H A?_IXJ‘(AJ‘)) Vg(k-1)41 <H w;j(A;2) ® Tyxags T) :
g)=1

(A1,A2,...,Ag)=1 \j=1 Jj=1

This shows the proposition. O

For integers Ay, ..., A, with (A, ..., 4;) = 1 we see that
wi(Arz)ws(A2z) -+ wy(Agz) € Wiearg[Ta, 45-4,N]

and we write
g—1

wy(A12)wa(Agz) - Z o )\

=0
We can use this to prove the following identity for g(k — 1)-fold integrals for products of
g Eisenstein series.

,,,,,
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Theorem 1.4.63. Let k > 3 and g > 1 be integers, x1,...,Xq be a family of Dirichlet
characters mod M and (1;)1<j<q the corresponding family of weak functions. Let (w;)1<j<g
be a family in Weax1[Tn]. We then have the following series representation for the g(k —
1)-fold integral of the function H?Zl Up(w; @ m;;7):

/(k—l) H Up(w; @y, 7) = 29~ 1 Z (H A;?_lXj(Aj))

j=1 (Al,AQ,...,Ag)Zl

—_

X (Al T AgN)1_g(k_1)+j191,g(k,1)+j (‘FA_z[lnx1X2~‘~xg ® FAl"'AQN)\%Al,...,Ag); 7’).

Q

.
Il
o

Proof. Since the series converges absolutely and uniformly on compact subsets K C H we
can switch integration and summation in Proposition and the theorem now follows
with Theorem [[.4.58 O

We can choose w; and 7; to correspond to several primitive characters. Note that
the right hand side of this formula transforms in connection with the period polynomial
of the product of Eisenstein series.
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Chapter 2

Generalized Fourier series and
L-functions at rational arguments

Note. The main results of this chapter have been published by the author in [25] and
[26].

2.1 Preliminaries

Our main goal is to generalize several identities by Ramanujan to a wide range
of L-functions. These identities give relations between generalized Fourier series and
products of these L-functions at rational arguments. The theory behind these identities
is a powerful framework which applies in many situations. Therefore, we will have a focus
on a specific type of L-function, namely the Hecke L-function associated to a number field
K.

In this section we will recall and develop the tools whose are required. In most cases
we omit detailed proofs. Here we refer the reader to [14], [16], [36], [46] and [50]. In some
cases, however, we sketch proofs to give the reader a feeling for the objects studied. In
particular, the functional equation for the Hecke L-functions is proved at least in the case
of narrow class number 1.

2.1.1 Basic algebraic number theory

The discriminant of a number field

Let K be an algebraic number field, i.e., a finite extension K|Q with degree n = [K :
Q]. We simply call its elements algebraic numbers. An algebraic number is called integral,
or an algebraic integer, if it is a root of a monic polynomial f(z) = 2"+a, 12" '+ - +ag €
Z[z]. Tt can be shown that the subset Ok C K of algebraic integers in K is a ring, the so
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called ring of integers of K. The ring Oy is integrally closed in K which means that each
root of a polynomial 2" + b, 12" ' + -+ - + byw + by € Ok |[z], which lies in K, already lies
in OK

Let L|K be a separable extension and S = {o; : L — K} the set of different K-
embeddings of L into an algebraic closure of K. We then define the trace and the norm
of x € L with respect to K by

Trok(z) = Z o,

O'jGS

and

NL‘K(ZL‘) = H 0.

O']'ES

Let wy, ...,w, be an integral basis of O, i.e., Og = Zw,®- - -®Zw,. Such a basis exists by

Proposition 2.1.1. Let L|K be separable, A a principal ideal domain with quotient field
K and B the integral closure of A in L. Then every finitely generated B-submodule M # 0
of L is a free A-module with rank [L : K|. In particular, B admits an integral basis over A.

A very important invariant of a number field is its discriminant.

Definition 2.1.2. We define the discriminant dx of a number field K by

dK = d(OK) = det(ajwk)2.

Since every base change has determinant 41, this is not dependent by the choice of
the wy, ..., wy.

Example 2.1.3. For every square-free D € 7 \ {0}, the quadratic number field K =
Q(VD) has discriminant

g — D, if D=1 (mod 4),
K7 ) 4p, if D=2,3 (mod 4).

Ideals and the class number

The purpose of algebraic number theory is the study of “primes in Og*“. In the case
that O is a principal ideal domain (PID) we know that it is factorial and every element
of Ok can be uniquely factorized into prime elements up to a unit. However, in general
the ring Ok will not be factorial and as a consequence one might lose the unique prime
decompositions. But in fact, by an observation of Richard Dedekind we can remedy this
situation.
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Instead of looking at algebraic integers a € Ok we consider integral ideals a C Ok,
that are finitely generated Og-modules. Since all finitely generated Og-submodules m of
K admit a Z-basis

m = Zoy + - + Zaw,, n=[K:Q),

so does every ideal a. We can add and multiply two ideals a and b in the obvious
ways
at+b={a+blacabehb}

and

ab = {Zajbj |a; € a,b; € b}.
J
We say that a divides b if b C a and the smallest common multiple is the intersection

anb. The greatest common divisor is the largest ideal containing both a and b. We have
the following important theorem.

Theorem 2.1.4 (Chinese remainder theorem). Let ay,...,a, be ideals in the ring Ok,

such that a; + ay = O if j # k. Put a ={;_, a;. Then we have

OK/O = @OK/GJ‘.

Jj=1

Since a = 7", we obtain that the quotients O /a are finite. Hence we can define a
map

N : {Ideals of O} — N,
N(0) =0, N(a)=#(Ox/a).

We call N (a) the norm of the ideal a. From the Chinese remainder theorem we conclude
that the norm is multiplicative, i.e., N (ab) = N (a)IN(b).

Theorem 2.1.5. Every ideal a # (0), Ok of Ok admits a factorization
a=][r?. v eN,
j=1

into (non-zero) prime ideals which is unique up to the order of the factors.
Proof. See [50] for a complete proof of this statement. O

The reason behind this is that Ok is a so called Dedekind domain. This means,
that it is a Noetherian and integrally closed ring such that each nonzero prime ideal is
maximal.
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Just as for nonzero numbers, we may extent the region of “integer ideals* by consid-
ering integer exponents v; € Z instead. With this we obtain so called fractional ideals,
which are just finitely generated Ox-submodules of K. More importantly we have

Proposition 2.1.6. The fractional ideals form an abelian group, the so called ideal group
Ji of K. The neutral element is (1) = Ok and the inverse of a # (0):

a!'={zec K |zrac O}
Proof. For a proof of this statement, see for example [50] on p. 23. n

The fractional principal ideals (a) = aOk with a € K* form a subgroup Py of
Jg. The quotient Clg = Jg/Pg is called the class group of K. We have the exact
sequence
1 — 0 — K — Jg — Clg — 1,

so the class group can be interpreted as the expansion that takes place when we pass from
“numbers” to ideals. Using Minkowski theory, one can show that Clg is a finite group.
We call its number of elements the class number hx of K. Similarly, the narrow class
group is the quotient

where Pj- is the group of all principal ideals, that are generated by an a € O having
exclusively positive embeddings. We will later demonstrate proofs for some results using
totally real number fields with narrow class number 1, i.e., the narrow class group is
trivial.

The class number turns out to be one of the most important invariants of a number
field. Although a lot of effort has been put into finding relations to other mathematical
areas (such as L-functions, cotangent sums, modular curves, etc.) it remains one of
the bigger mysteries in modern mathematics. For example, it is conjectured, but still
unsolved, if there is an infinite number of number fields with class number one. There
even is a conjecture of Gauss saying there are infinitely many real quadratic fields with

h=1.
Minkowski theory

We say that K has signature (ry, ry), if there exist r; real and 275 non-real embeddings
of K into R and C, respectively. Note that r; +2ry = n = [K : Q]. Of course the number
of non-real embeddings must be even since they occur in pairs by the complex conjugation.
So in other words, we have real embeddings

P1y-s Pr t K — R
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and complex ones, which occur in pairs:
01,01y vy Opyy Oy = K — C.

We will sometimes also use the notation z\9) with 1 < j < 11+ ro for the embeddings
) = pjz (1 <j <) and ) = oz (r+1<j<ry+ry) for some embeddings in
the classes (0,_r,,0,—,). The idea of Minkowski is now to construct a “geometric object",
which contains the field K. However, by modern research we know that this approach is
outdated. But still, the resultant methods of Hecke are inspiring for our methods when
generalizing formulas of Ramanujan, so we will keep the focus on them.

Definition 2.1.7. Let {7} denote all embeddings of K into R and C, respectively. We
call the euclidian vector space

R = {(ZT)EH(C

the Minkowski space of K.

szR;zJ:Z}

One can show that R is canonically isomorphic to R™"?72 by the rule (z,) — (z,),
where z, = 2,, v, = Re(z,) and 27 = Im(z,). Most importantly, there is a homomorphism
of rings

i K — R,

where addition and multiplication in R is defined component-wise. When considering the
multiplicative subgroup R* (all components in the tuples are # 0) in R, this restricts to
a homomorphism of groups

loo : K — R™.

The advantage of the Minkowski space is that we can embed K into a higher dimension
object. This allows us, for example, to identify integral ideals a C Ok with lattices.
When applying Fourier analysis on the Minkowski space, we are able to generalize the
Poisson summation formula to “ideal lattices”, from which transformation properties of
the corresponding theta functions follow.

Embedded ideals a of Ok in R will certainly be discrete subsets. We can say even
more.

Proposition 2.1.8. Let a # (0) be an ideal of Ok. Then, the embedding iy (a) defines
a complete lattice in R. Let I' be a fundamental mesh of this lattice. Then we have the

volume formula
Vol(I") = v/|dk| (Ok : a).

In particular, if Oxg = a, we obtain
Vol(T') = +/|dk]|-

Proof. For a proof of this statement, see for example [50] on p. 33. [
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The Dirichlet unit theorem and the regulator

The following theorem describes the structure of the group of units Og. It is a
fundamental result and is important for the construction of Hecke characters.

Theorem 2.1.9 (Dirichlet unit theorem). Let K be a number field with signature (11, 12).
Let r = ry +ry — 1. Then the units O form a finitely generated Abelian group. We have
an isomorphism O = u(K) x Z" (the torsion part is given by the roots of unity u(K) of
K ). In particular, we can write each unit x € O uniquely as

myr
r o

where ¢ is a root of unity and uy, ..., u, are fived generators in O.
Proof. A proof of this statement is given in [46] on page 105 ff. m

We call an element a € K totally positive if all its embeddings are positive, i.e.
Ta > 0 for all 1 < 7 < n. In this case we use the notation a > 0.

Corollary 2.1.10. Let K be a totally real number field with narrow class number one.
Let (’)IXQJr be the group of totally positive units. Then (’)[XﬂJr is free with rank n — 1.

Finally, we introduce a way to measure the “density of the the units of O. Suppose
that uy, ..., Uy, 4,1 are generators of the group O /u(K). We define the matrix
- ()
A= (08 [7]) e srat1qmrs
Since the sum of each column is zero, the determinant of each (r; +7o—1) X (r; +79 — 1)-
submatrix of A is independent of the removed column. We call its value the regulator
Ry of the number field K. It does not depend on the choice of the generators. It can be

shown that Ry is always a positive real number. In fact, the volume of a fundamental
mesh of the lattice described in Dirichlet’s unit theorem is equal to Ry+/11 + 79.

The discriminant and the different

The discriminant tells us, which prime numbers in Z ramify in Og. Originally, the
different of a number field was constructed to obtain information about the prime ideals
which are ramified in Ok. It is an ideal which is divided by all prime ideals which ramify
in OK

Let L|K be a separable extension. We consider the (nondegenerate) bilinear form
T(x,y) = Tr(zy) on the K-vector space L. It induces a map from the fractional ideals of
L to the Op-modules, given by

a— "a={x € L | Tr(zxa) C Ok}.
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Definition 2.1.11. The fractional ideal

_ x—1
DOLK)K - QOLK/)K’

where
@@LKQK = {l’ e L ’ TI‘(SCOL) - OK}

is called the (relative) different of Op|Ok.

The different 0x := 00, |0, Plays a role when defining the Gauss sum and proving
the functional equation for the Hecke L-functions: let f C Ok be a non-zero ideal and y
be a character of (O /§)* and y € f10". Then we define the Gauss sum of y by

Glx;y) = Y. x(x)e™ ), (2.1.1.1)

ze(Ok /H)*

2.1.2 Fourier transforms and the Poisson summation formula

In this small section we recall the most important basic facts about (high-dimensional)
Fourier transforms. Amongst others, we will state the Poisson summation formula. This
section is mostly inspired by [40], there the reader can also find more detailed information
and examples.

Let f be a function on R™. We say that f tends rapidly to 0 at infinity if for each
positive integer N we have f(z) = O((1+ ||z|))~™").

Definition 2.1.12. We define the Schwartz space S, to be the set of functions f : R" — C
with the following properties:

(i) The function f is smooth in each variable (i.e. partial derivatives of all orders exist
and are continuous).

(i) The function f and all its partial derivatives tend rapidly to zero at infinity.

An important example for a function in the Schwartz space S, is f(z) = e~ (i+-+23),
Clearly, the Schwartz space forms a vector space, but we can even say more. Let 0;
be the partial derivative in the x; direction. Then, for each p = (p1,....,pn) € Nj the
operator

o=

defines and endomorphism of \S,,. It is also convenient to use the notations |p| = p;+- - -+py,
and

(M; ) () = a; f(x).
Note that M?f = MP ... MP~ f maps S, to itself as well.
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Definition 2.1.13. Let f € S,,. We define the Fourier transform f: R™ — C of f by

~

fly)= | fla)e? @ dg,
Rn

where dx = dxq - - - da,,.

Since f(z) = O((1 + x3)~'--- (1 4+ 22)7!) it is obvious that f is well-defined. Less
obvious is the following.

Proposition 2.1.14. The Fourier transform f +— f defines an endomorphism of S,,.

Proof. We first observe that ]/‘:is bounded by

Fw)| < [ 1@l

Note that the right hand side is bounded since f is decreasing rapidly. A simple observa-
tion shows

Pf = (—2mi)PIMr f
and

MPf = (2zi)~PIDrf.

Note that switching integral and differential operator is justified by absolute integrability.
As a consequence, for each p, we find that MPf is bounded at infinity. Hence f tends
rapidly to 0 at infinity. Similarly, we see that M?D? is bounded at infinity since

MPDAf = (—2mi)ll(2mi) Pl Dp AL .
This proves the proposition. O

We call a function g : R" — C periodic with respect to the lattice L if g(z+ k) = g(x)
for all k£ € L. Note that g is also defined on the hyper rectangle R"/L. Let g be a smooth
periodic function. Then we have a representation as a Fourier series

g(x) — Z Cm€2m’(m,:p)7

meL*

which converges uniformly, where the dual lattice L* to L is the set of all x € R™ such
that (x,y) € Z for all y € L. Note that we obtain the m-th Fourier coefficient for m € L*
by

1

_ —2mi{m,x)
Cm = ———< g(x)e dz.
Vol(R"/L) /Rn/L (%)
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Theorem 2.1.15 (Poisson summation formula). Let f be in the Schwartz space S,,. Then

we have
> f(m) v01 Z f(m

meL

for any lattice L C R™.

Proof. The function

= fla+k)

keL

is well-defined (since f is decreasing rapidly), smooth and periodic with respect to L. If
Cm 1s the m-the Fourier coefficient, then

meL* keL
Therefore it is sufficient to prove ¢, = Vol(lI‘L) A(m). Indeed, we have

1 —2mi{m,x) _ 1 —27i{m,x)
Co = Vol(T,) / g(x)e dz = Vol (T,) Z flx + ke dx
1

kerL Y Te
Z f(.il}—i-k') —2mi( mz+k>dx

1
ker VTL

f( ) —27i( mx)dx

= Vol(Ty) ~ Vol(T'p) Je

o~

= Yoir,)! (m).

This proves the theorem. O

2.1.3 Hecke characters

Hecke characters are a generalization of Dirichlet characters to arbitrary number
fields. They were first introduced by Erich Hecke, who proved the functional equation of
their L-functions, see also [36]. In this section we want to recall the ideas of Hecke and
- for the reader’s convenience - we include proofs for the functional equations in some
special cases.

In general, let K be a number field with signature (ry,73), f C Ok be an integral
ideal and J;( C Jk be the subgroup of all ideals a, such that § and a have no prime factor
in common. Let x : J;{ — C* be a character. We may form the L-series

s) =) x(a)N(a)~,

with respect to y, where the sum is taken over all integral ideals a of K and we put
x(a) = 0 whenever (a,f) # 1. Hecke was searching for the most comprehensive class
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of such characters y € Hom(J;(, C*) for which the corresponding L-series has analytic
continuation and satisfies a functional equation.

Define also the mutiplicative subgroup K C K consisting of all numbers z € K
such that (z,f) = 1. This means that the ideals (z) and § have distinct factorization into
prime ideals. Note that we always have a homomorphism

[a +1]
b+

LfIK(f) — (Ok /)", —

Sl S

This leads us to the notion of a Hecke character.

Definition 2.1.16. A Hecke character mod § is a character Ji, — C* for which there
exists a pair (Xj, Xo) Of characters,

Xi 1 (Ok/f)* — C7, Xoo : R — C%,
such that

x((@)) = xi(45(a)) Xoo (oo (@)

for every algebraic integer a € Ok coprime to §f. Recall that 1o : K* — R was the
embedding of multiplicative groups.

In future applications, we will abbreviate x;(a) and xo(a). Let f | f be any proper
divisor of f. We call a Hecke character primitive, if it is not the restriction of a Hecke
character x’ : J;; — C*. This is equivalent to the assertion that yx; does not factor
through (Ok /f)* — (Og/f)* — C*.

The next step is to identify all possible characters
Xoo : R — C*.

Note that the terminus of a character ¢ always means, that, besides multiplicativity,
|to(z)] =1 for all arguments z. We have the following

Proposition 2.1.17. There is a 1-1 correspondence between characters
Xoo : R — C*,
and numbers €., €py; -+, €p,. s €1y €7 -1 Earys Eory € L with €, € {0,1}, 65,65 > 0, eo65 =

0 and vy, Vpys ooy Vpy, s Voy s Vars o3 Vayy s Vary € R With Uy = Vg =1 V5. We pul €55 = €5+¢5.
The correspondence is then given by

. r1 A £\ e 2 ‘ Sk Eo1,.5%
(e,iv) — | (t1, oy ey, S1, 515 -vy Spyy Srp) H |t;]"°i (ﬁ) H | s 7E (m) -
J k

j=1
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A proof of Proposition [2.1.17| can be found in [50].

In other words, we can associate to each Hecke character a uniquely determined tuple
(e,iv) like in Proposition [2.1.17]
Throughout we denote

Ep = (Epy, ...,5,),,1), Uy = (v, ...,up7,1).

and

Eg = (60—1’71, ...,60—7«27707”2), Vg 1= (Va'l,OT’ ey Vo—mr—m).

The case of totally real number fields with narrow class number one

The previous definition of a Hecke character does not give any intuition on the con-

struction. In this section we give the reader a detailed description, starting from a different
direction, which are the characters of (O /f)* and how to lift them to “characters of ide-
als“. We reduce the situation to totally real number fields with narrow class number one.
We abbreviate the real embedding p;(z) by ).
To understand the idea of Hecke characters properly one should first look at a classical
Dirichlet character y mod N. We are able to interpret y as a function of ideals described
as follows. Let a C Z be an ideal. Then a is generated by a (unique) non-negative integer
a. We put x(a) = x(a) and thus x(a) # 0 if and only if (a, N) = 1, in which case we have
|x(a)| = 1. Now, the Dirichlet L-function is given by

Lx;s)= Y, x(@N(a)™=> x(n)n "

(0)#aCZ

The reason why it is more useful to think of characters of ideals is obvious, since we do not
have a unique factorization into primes in the ring Ok (at least when the class number
of K is greater than 1). As a consequence, as it was shown in the previous sections, it is
reasonable to rather think in decompositions of ideals since here the unique factorization
is recovered. However, if K is any totally real number field the situation is more difficult.
Let f be an ideal of Ok and x; be a character of the multiplicative group (Og/f)*. We
assume that x; is primitive, hence it does not factor through (O /f)* — (Ok/f1)* for
any proper divisor §; of §. Our goal is to identify x; with a “character on the ideals of
Ok, as we have done it with Dirichlet characters in the case K = Q. First, we extend x;
to a function on O via

(@) = {Xf(a mod f), if (a,f) =1,

0 else.

We would like to obtain a character on ideals, or at least principal ideals. However,
xj may not be trivial on units, in other words, x; might take values # 1 on Oj. The
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problem is that under these circumstances the extension to (principal) ideals may not be
well-defined. We can remedy this by including a further character y, the “infinite” part
of our Hecke character. Let vy, ..., v, be real parameters such that

v+---+v, =0.

Let ¢; be numbers each equal either 0 or 1. For each 1 < j < n we define a character y;
of R* by x;(z) = sgn(z)%|z|*i. Then the corresponding character xo, of O is defined
by

voolw) = [ [ ().

Note that x. is indeed a character since the embeddings are homomorphisms of fields.
We may choose these data so that x(z) := xj(2)Xeo () is trivial on Oj. Now . can be
interpreted as the “infinite” part of the character xy. As we will see, this is a consequence
of the unit theorem. Indeed, by Corollary the group (’)[XQ + of totally positive units
is free of rank n — 1. Let uq, ..., u,_1 be a basis of OIX(7+. Let mq,...,m,_1 be integers. We
choose the numbers v, ..., v, to satisfy the linear equations

wr+ -4y, =0
n .

Z iv; log(u,(g)) = 2mimy, — log x;(ug).

j=1
The determinant of the corresponding matrix is essentially the regulator of K and there-
fore nonzero. Obviously, the branch of the logarithm is not important, since we may
choose other values for the m;. Given that |x;(u;)| = 1, we conclude that the right hand
side is purely imaginary and hence the numbers v, ..., v, are all real. We now may choose
the v, ..., v, so that x is trivial on O . Indeed, if u = u}* - - w7 for some r; € Z is a
unit in O ,, we obtain

n

X(u) = Xf(u)XOO<u> = Xf(ul)n e Xf(unfl)m_l HX](U(]))

j=1
= xi(un)™ - x5 (g ) H sgn(u(j))sj |u(j)‘il’j
j=1
= X ()™ - x5 (g ) H |(u(1]))” . (ugll>rn71 |5
j=1
= xj(u1)™ - Xj(pg) H(ugj))irwj . H(ugﬁl)“‘nfl’/j
j=1 J=1

= xj(u1)™ - X (1) ™ X ()



Moreover, if w € O, x(w) only depends on the signs of the w(¥), so the £; may be chosen
such that y is trivial on units. In other words, since y is trivial on (9}? o for each choice
of the ; we obtain a real character of the finite quotient O/ (’)[X(, +- By adjusting the ¢;
we may make this character trivial (for example using generators f+wy, ..., £w,_; modulo
(9;(7 ). Thus, we obtain a character x of principal ideals prime to f. Finally, a character

on J}. whose restriction to P) arises in such a way is called a Hecke character.

2.1.4 Hecke L-functions of number fields

Let K be a totally real number field of degree n and y a Hecke character. Then we
define its Hecke L-function by
9= x(@)N(a
a

Here the sum is taken over all non-zero ideals of Og. The unique factorization into prime
ideals of Ok is summarized by the identity

1
i S

This Euler product converges absolutely on the half plane Re(s) > 1. An important
special case, if f = 1 and Y is the trivial character, is the Dedekind zeta function:

1
ZN HT@_S'

In this section we prove that the Hecke L-functions have meromorphic continuation to
the entire plane and satisfy a functional equation. These are the important foundational
results we need for the generalization of Ramanujan’s identities.

Before we can state the functional equation, we have to introduce some more notation.
Denote the “infinite part* of the complete Hecke L-function, which is defined below,

_sTivpitep; 5 — v, + &,
Loo(x;s) := > | —
i) =] ()

(Tk O'k . 5 —
X H2 (27)” (s-ivm ot =575 ) p (3 — W + %)

71 . T2 o
=0, (278 Hr <—S W‘; il 8”]’) TIr (s = ivoor + —e”g”’f)

k=1

, — iV, +¢€ r
=) I (5 )l onol®)
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using the notation from Definition [2.2.3] where

Tr(iv—e)

Cyi=m 7 Q0l+1=5) (2.1.4.1)

For this definition, see also [50] on p. 518.

Definition 2.1.18. Let x be a primitive Hecke character with conductor f. We define the
complete Hecke L-function by

Ak (x:8) = (|dk| N ()2 Loo (x; 8) L(x; $)-

Definition 2.1.19. Let K be a totally real number field and d > 0 be a generator of the
different 0 of K and f > 0 be a generator of the ideal f. Then we define the Gauss sum
of x; with respect to the choice of the tuple (d, f) by

Ok,af(X5) = Z Xf(a)GQWiTr(j‘,id)'

a€O0k /f

Note that by (2.1.1.1) we have Gk q4.5(x5) = Gi(Xj: ﬁ)
We have the following identity for primitive x;:

Grar(Tixi(@) = Y (B, (2.1.4.2)

BeOK /f

From this one can derive

Gr,a,r(X5)9k.a.5(X5) = X (—=1) N (§),

and in particular

Gr.a.r(X)| = VN (). (2.1.4.3)

Theorem 2.1.20 (Functional equation for Hecke L-functions, see also [50] on p. 524).
Let x be a primitive character with conductor §. The function Ak (x;s) has meromorphic
continuation to the entire plane, is bounded on vertical strips (except near possible poles)
and fulfills the functional equation

Ar(x;s) = WH)AK(X;1 - 5),

where W (x) satisfies |W(x)| = 1. The function Ak (x;s) (and so L(x; )) is holomorphic
except for possible poles of order at most one at s = T\f(f# and s =1+ EHV) Cff#£1

ore #0, Ax(x;s) is an entire function.
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One can give an explicit formula for the factor W (x) in terms of y.

Proofs for the very general case can be found in [36], [50] and Tate’s thesis [56]. Here,
the functional equations are proved using a purely adelic approach. A good exposition
can be found in [46]. We will not present the proof here, since it uses techniques that will
not be required for the applications.

Proof. We only sketch the main ideas in the case that K is totally positive with narrow
class number one. Consider the lattice Ox C R"™. For any function F' in the Schwartz
space S5, we have the Poisson summation formula

Y Fla) = V%_Ka;f (%) .

aeOgk

This is the case as the dual O} is just given by the inverse different 9~! which is generated
by d~1, hence O3 = d~'Ok. Also note that Vol(T'p,.) = \/dK by Proposition . hence

the claim follows by applying Theorem [2.1.15 Using we obtain the tw1sted

Poisson summation formula

Grar(X5) Y xi(a)F(a) = \/% S i@ F (;‘—f) . (2.1.4.4)

acOgk K aeOgk

This is a series of functions and for suitably chosen F' the right side is non-zero. Therefore,
in the following we assume G 4. r(X7) # 0.
Let ¢t = (t1,...,t,) > 0 be a vector. We shall calculate the Fourier transform of the
function F; : R — C with
2
Fi(z) = N(a)e ™0,
where N(z°) = [['_,z7. In our notation we also have d = (d;) = (d). For each

Jj=1"7
1 < 5 < n we have the integral

7ry]2~

‘rrt ;v 27riyjzj 1 — .
T T A Ay = e 54 (2.1.4.5)

\/_ Ny

This well-known fact can be proved for example using the Residue theorem. By differen-
tiating we obtain the second identity

2

7rt z 2iy, @ . Y
177 y
J

_ Y
B ) R ¢y dz; = Z_3€ t5d0) (2.1.4.6)

x;e

\/d(J / ’ +2
J

Putting (2.1.4.5) and (2.1.4.6| together shows

Fiz) = ﬁzv ((;)) Fi(a). (2.1.4.7)
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Of course we want to use the Poisson summation formula. We apply this to the theta
function © : RY; — C defined by

O(xj,t) = Y xj(@)N(aF)e ™5,

a0k

By (2.1.4.4) and (2.1.4.7) we obtain the functional equation

S0a1) = GK,d,lfwf) z1v<t>N ((ﬁ)) © (Yf ﬁ) |

As usual, we prove the analytic continuation and functional equation of A(y,s) by ex-
pressing it as an integral of the corresponding automorphic function, in this case ©(xj, t).
First assume that § # Og. Since x; is primitive, it must be non-trivial and the series
©(xj,t) then has no constant term and hence is of rapid decay as t; — oco. For complex
values s (with sufficiently large real part) we show the relation

/R O(xs, t)N (t“i‘”)% =21 MO N(d7Z)A(y, s). (2.1.4.8)

X
7;O/OK,-s-

This readily implies the analytic continuation of A(x,s) and by replacing t by %, we
obtain

NFIA08) = Grar N ( (5 ) ) MU NG AR L )

Then the claim follows by applying (2.1.4.3)). So we are left to show ([2.1.4.8]). Of course

it has to be checked that the integrand on the left is invariant under the action of O .,
but this will be clear after the following arguments. Since every ideal has a single totally
positive generator, every element in O can be written as a product of a totally positive
number and a unit. Hence there is a bijection Ox = Ok  /Of . x O, and the left hand

side of (2.1.4.8)) is equal to

> xi(@)N(a) / e‘”“(m;)N(t”Z”)%

X
a0k Ri/oK7+

- Z Z Xf(na)N((na)g)/ e_FTr(tnda )N(tsﬁ-z—w)%

R% /O
a€0k 1 /Ok , n€0 H/Ok+
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The next step shows that all of this is well-defined. Since y is trivial on units we have

xi(n) = N(sgn(n)~*)N(|n|~"). Therefore, we see x;(n)N(1°) = x;(n)N (sgn(n)*) N (|n|*) =
N(|n|="). Hence

2.2
c —7n'Tr inat ste—iv dt
DD SR RSN () s G
a€0K /0%, 1EOL R /Ok ¢
2

o [ () ppese) A
—2 % Xf(a)N(a)/e () Nt Jros

x R%
QGOK1+/OK,+ +

The last equality holds since 7 runs through O, so clearly n* runs through O | twice.
The resultant integral is just the gamma factor introduced in Definition [2.1.18, Hence

(2.1.4.8)) follows.

The case f = Ok is treated similarly. We omit the details in this case and refer to a
very detailed proof presented in [46] in Chapter XIII. ]

A very important class of Hecke L-functions is the Dedekind zeta function (x(s)
of a number field K. It corresponds to the trivial character x; when f = Ok and is a
generalization of the Riemann zeta function ((s), which corresponds to the number field

Q.

For example, in the case that K is a totally real quadratic extension, its Dedekind
zeta function is given by

Cx(s) = ((s)L(xx; 9),

where y g is the quadratic Dirichlet character modulo dg such that

1, if p splits in K,
xx(p) =4 —1, if p remains prime in K,
0, if p ramifies in K.

Finally, we provide a detailed version of Theorem [2.1.20|in the case of the Dedekind zeta
function.

Theorem 2.1.21. Let K be a number field with degree n and signature (r1,79). Denote
by di, hi, Rk and wg the discriminant, class number, requlator and number of roots of
unity in K. Then we have the following.

(i) The function .
Ag(s) = ( |dK’> F<§>Tl T'(s)"Cx(s)

o2y 2

has a holomorphic continuation to C\ {0,1} with simple poles for s € {0,1} and
fulfills the functional equation

AK(]_ — 8) = AK(S).
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(i1) If we set r =1y +ry — 1, which is the rank of the unit group of K, then (k(s) has a
zero in s =0 of order r and we have

hix Rk

£1_f>%$ Ck(s) =— W

(111) Equivalently, by the functional equation, we have the so called class number formula

21 (2)"2
ress—1(x(s) = (27)" e Fixe

WK |dK|

2.1.5 Modular forms of half integral weight

In this section we sketch the basic theory of modular forms of half integral weight,
in particular their L-functions. For more details on this topic, the reader is advised to
consult the basic article [55] by Shimura. In the next section we will also apply the
framework of generalized Ramanujan identities to those.

Modular forms of half integral weight differ from those of integer weight in many
points. Therefore we anticipate some explanations before giving a final definition.
We start with an example of a modular form of half integral weight for the subgroup I'g(4)
and remember the classical theta function

0(r):=> ¢ =1+20+2¢" +2¢"+---.

ne”L

Indeed, besides the obvious identity 6(7 + 1) = 6(7) and we have verified by the Poisson

summation formula that
1
0 (_E) = (—2i7)20(7),

where consider the principal branch of the square root. By the Jacobi tripel product
identity

o0

o(r) =[]0 -+ ¢ )

n=1

we further conclude that 6 has no zero on the entire upper half plane. Let N =0 (mod 4)
be a positive integer. We then define an automorphic factor j by

i(y,7) = byr) N = (Z Z) € Ty(N), 7 € H.

One can show that

itrp = () e+,
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where (3) is the quadratic residue symbol modulo d. Furthermore, in [54] Serre and Stark

give the explicit formula

with

, ifd=1 (mod 4),
Eqg =
75, if d=3 (mod 4).

Again, we choose the branch of \/z = 27 to be -7 < arg(z2) < 2. Let T:={w e C|
|w| = 1}. First it is convenient to extend the group GLj (R) to a larger set G. An element
of G is a tuple (v, ), such that v € GL] (R) and ¢ : H — C is holomorphic such that
d(7)? = vdet(y)"2(cr + d). Here, v € T denotes a constant independent of 7. Since
ct +d # 0 for all 7 € H, the function 7 — ¢7 + d will have a holomorphic square root on
the upper half plane, i.e., the canonical map

G — GL3 (R)

surjects indeed. Note that here the fibre over an element v € GL3 (R) is isomorphic to T.
Most importantly, G carries the structure of a group by

(7, 9)(0,4) == (v6, 7 — $(d7)0(7)),

with neutral element (7,1). We can now define an action of G on the space of holomorphic
functions on the upper half plane for ¢ € R by

(fle&)(r) = f(am)e(r) ™, &= (1.9) €,

where we consider the principal branch of the power map that is holomorphic on the
upper half plane. Let N be divisible by 4 and x be an odd integer. A modular form f
of weight § for some congruence subgroup I';(/V) is a holomorphic function on H that
satisfies

(fls7)(=) =Ff, 7 = (17(12)), ¥y € I'(N),

and is also holomorphic at the cusps (i.e., for each s € QU{ioco} choose some M € SLy(Z)
such that M (ico) = s, lift it to M € G, and demand that f |§M has a Fourier expansion
with no terms of negative exponent). We denote their vector space by M= (I'1(N)) and
the space of cusp forms as usual by S« (I'1(V)). We can of course extend this definition to
the larger groups I'g(N) involving characters. We say that f is a modular form of weight
& for I'y(N) with character x if for all v € I'y(IN) we have

(flsy") (1) = x(d) f.
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As in the case of integral weight, we obtain a representation of Mx (I';(NN)) in terms of a
direct sum

M (T1(N)) = @) M (To(N), x)-

Similarly for cusp forms. It is clear that we can expand each modular form of half integral

weight as a Fourier series
oo

f(r)=> aln)q",
n=0
this will be also very important for the construction of L-functions.
In the following, we shall also introduce further very important operators on the spaces
M= (To(N), x), see also [12]. Put

w(N) = ((]% _01) ,Ni(—z'f)%) g,

where we take the principal branch in the square root. Then the Fricke involution on
Mx(To(N), x) is defined by f +— flzw(N). Of course we have

flsw(N)(7) = (—z‘\/NT>_; f (-NLT) . (2.1.5.1)

One can show that this defines a linear map

Me(ToV)0) | 5™ M (To(V), (X)) 2.152)

In 1973, Shimura proved a correspondence between modular forms of half integral
weight and even integral weight. In particular, he proved that if f is a cusp form of weight
5 for I'g(N) with character x and

S Amn =[] (= wp™ + X )

p

where the w, are the eigenvalues of f of the Hecke operators T2 : Sx(I'o(N),x) —
5 (To(N), ). then

F(r) = A(n)g" € Se-1(To(N), x%).
n=1
One gets cusp forms for weight at least g, in weight % unary theta functions are mapped
to Eisenstein series.

Examples. Important examples of modular forms of half integral weight are the

Shimura theta functions -

Opm(T) = D (n)ng™

n=—oo

2

124



1-y(=1)

where ¢ is a primitive Dirichlet character modulo r > 0, m > 0 is an integer, a := —5

and the Dedekind eta function

n(r) =g [J(1-q").
n=1
It is shown in [55] that

p My (To(4r?m), xm1), if a =0,
O SsColdrtm) ), ifa=1.

where Y4 denotes the quadratic character corresponding to @(\/3)

L-functions associated to modular forms of half integral weight

Let f € Mx(T'o(N), x) with

1) =3 alm)q".

n=0

Then we can attach to f a Dirichlet series

L(f;s):= Z a(n)n™*

n=1

that will converge on some right half plane. It is known that the L-function L(f;s) has a
continuation to a meromorphic function in the entire complex plane. When putting

we find the functional equation
K
A(fi5 = 5) = Alfluwis):

To see this one can use the standard Hecke converse argument in the setting of a
different multiplier system. Consider the Mellin transform

A(fss) = 7 (f (\;—%) - a(O)) +\da.
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Then we obtain with a substitution in the first integral

= 1 () o) v ] 1 () - -
_ / (5 (=) a0 s+ / (r(22) ~aw) s

and with ([2.1.5.1) and (2.1.5.2)

/°° (xgﬂgw(m (%) B “(0>) 7= ldz + /oo (f ( w ) _ a(O)) vl

N
-] e () -0t (1) )
¢ 2O o)

where f|sw(N)() =: >_7" a*(n)q". This is a holomorphic function in C\ {0, 5}. When

interchanging the role of f and f |gw(N ) in the last equation the functional equation
becomes clear.
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2.2 Generalized Ramanujan identities

2.2.1 Dirichlet series and general modular relations

The theory behind the formula can be explained by the fact that the values
C(2N +1) appear as coefficients of certain period polynomials (or rational functions more
generally speaking) of Eichler integrals £(f;7), where f is a modular form of weight k& with
Fourier expansion f(7) = > 7 a(n)q". An example of this situation looks as follows. Let
X be a primitive character with conductor m > 1 and Gauss sum G(x). We now find that

if

we have
(Fy, — CFgli-1S) (1) = P(7), (2.2.1.1)
where C' = y(—1) and P is a polynomial with degree at most k. The coefficients of P are

related to values of L-functions at integer arguments. In particular, one can compute
z

:Ek: w —O)L(; k — e)( 227)6.

=0

As easy corollaries we obtain identities in the spirit of Ramanujan, e.g.

5v/5 o= x5(n 1 1 1 1
L(X572) = 5< ) ( 2mn 2Trn 271'77, + 27'rn )

2m n’ C5_1 C5_1 45_1 C5_1

n=1

To receive this formula one chooses x to be the Legendre symbol modulo 5 and substitutes
T = ¢ into . For more details about the general theory of Eichler integrals and
period polynomials the reader is referred to [I1]. In [33] transcendental values of Eichler
integrals are investigated.

In [25] the author generalized the above identities to the case of not only integer but
rational arguments. We proved the following: let x be a primitive character modulo m,
k and b be positive integers and k = 1 (mod 2). We define My (7, x) as a holomorphic
function on the upper half plane given by a generalized Fourier series

Mkb 7' X Z/\kb n X E (2212)
where the coefficients A ;(n, x) are defined by the identity
’ 1 j—1
Z)\kbnx HL(X,S—F—)L(X;S—l—T—i-k).

Then we have for the unit character:
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Theorem 2.2.1 (see [25], p. 93 — 94). Let k > 1 be an odd integer and

ve = (2mb) F b0 — 1) ﬁ (E+] )ﬁ <€+j—1 k)

b—l+1£5=1 _

if1<0<b,

_(%mﬁiigg(1—@ f[ ((éi%:i)C(éi%:l+k>

(1—k)b+1—b£j=1

if1—bk < €<b—0bk and

v b - .
o () ()

else. Then we have the modular identity

Mustroxa) = (DAin 0 (1) = 3 l=in

where A = b(k_xg(_l)) = b(kz_l).

For non-principal primitive characters y we obtain the following.

Theorem 2.2.2 (see [25], p. 94). Let

27b\ ¢ (=1)¢ 1 £+y—1 41
o= () G (e ) e (e )

if 1 =0k —b<{¢<0 and vy, = 0 otherwise. Then we have the modular identity

b
Miep(7,x) = (=1)% (=i7)"* " My (‘%X): > wl=in)

{=1—bk—b

where B = Y=x(=D)
),

As a result, products of values of Dirichlet L-functions at rational arguments are
linked with objects which have similar properties like classical modular forms. For exam-
ple, when considering the unit character, we obtain

Z ZO'_ <d> J_g(d)d*% (62”\/5 - 3%68”\/E> = iAj (2.2.1.3)

n=1 dln
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where

Ar=gipmC(3)C(3),  Av= 5T C(3)C(3),

Ay = —5C(3)C3CB),  Ar= 35T C(3)C(3),

As = —51¢(3)C(5)C(3)
This identity is the case b =2, k =3 and 7 = % f Theorem . Note that we used the
functional equation (1 — s) = 2(27)~® cos (%) ) to ehmmate negative arguments

on the right hand side of the 1dent1ty

The purpose now is to generalize this concept to a much wider class of L-functions.
The main problem here is that the gamma factor v(s) of L-functions in the completion
A(s, L) := v(s)L(s) (which continues to a meromorphic function on the complex plane
and satisfies a functional equation of the standard type) is not of he form ~y(s) = A°T'(s)
in general. Consequently, the exponential terms in are replaced by functions
which arise as special cases of the M. eijer G —function

o (15 —S)H?1F(1—aj+8) )
G z z°ds,
W] e) HJ o DO by 4 ) [T, T(a; — )
where 0 < n < p, 0 < m < q are integers and L describes a suitable path of integration

in the sense of an inverse Mellin transformation. For any further details the reader may
wish to consult [3], p. 374.

The matter of this section is to explain the term “Ramanujan identity and to sum-
marize the concept in a formal definition. Like in the special case of modular forms there
is a one-to-one correspondence between Dirichlet series with certain properties (such as a
functional equation) and functions which are holomorphic on the upper half plane and are
related to interesting rational functions. The examples given by Ramanujan only referred
to values of L-functions at integer arguments. However, by including generalized Dirichlet
series of the form

v=1
for some b € N it is possible to develop an analogous theory for L-functions at rational
arguments. To formalize this theory we need the following.

Definition 2.2.3. Let a € C*, b € R.y, a = (ay,...,a,),b = (by,...,b,) be in C" and
c=(c1y...,cp),d = (dy, ..., dy) bein Z". We define the corresponding gamma factor by

" S C; d
765 b)abcd( ) - 7&,b,a,b,c,d<5) =ab HF (aj + 5) T (bj — 5) i
j=1
Observe that in the case n = 1 we have Euler’s formula:

T
71,1,0,1,1,1(3) =T(s)I(1—s) =

sin(7s)’

129



It is obvious that products of gamma factors are again gamma factors and we obtain that
the set 2U of all gamma factors carries the structure of a multiplicative abelian group. We
will simply write v(s) instead of Y, p.ab.cd(s) When the parameters are clear. We have the
following formal trick.

Proposition 2.2.4. For n=1,2,3,... we have multiplicative operators

-1
G,: W — 2, v(s »—>H <S+‘7 >

Proof. 1t is well-known that
Go(T(a; +5)) = (2m)"F ud =D (ua; + 5) € 20,
and similarly we obtain
Go(T (b — 5)), Gy(ab’) € 2.
Since G, is a multiplicative map (in fact, a group homomorphism) our assertion follows.

]

If we fix complex vectors a,b € C" in the expression above, we obtain the subgroup
W, . We then have restricted homomorphisms

Gt Wap — Wia,ub—(u—1)1

by Remark [2.2.6| As we will see later, for some applications the above Gamma trick is
still too restrictive. But by fixing ¢ = (¢4, ...,¢,) and d = (dy, ..., d,,) in Z", we eventually
obtain mappings

M

jzlg‘mavbacvd ’ mua,ub—(u—l)l,c,d‘

This is explained in greater detail in the following proposition. Note that 20, p ¢ q is not
a group with the operation declared above.

Proposition 2.2.5 (Generalized Gaufs formula). We have mappings
Gg,b,c,d : X?:lwa,b,c,d — Wapb—(u-1)1.cd

given by

m .
s+5—1
oy ymbeal)jms = Lo mmea ().
j=1

We explicitly have

a s+j—1

H VYajBiabed | — | = 'YA,B,ua,ub—(u—l)l,c,d(S)7
i=1 H
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where the real numbers A, B are given by

(H CY]B ) 5t (setsa) CeXPy (SC ; a4 (<a7 C> + <b7 d>):u + (N - 1)8(21)

and

respectively. Recall that s, = (v, 1).

Proof. Expanding the product shows

“ (=)
H Ya;,8;,abcd | =™ ——

i 2
)2 stj—1 n s 1 Ccyp s 1 d,@
~ o5 " It (ae N L) r (be _ L)
. 7 7
J=1 /=1
and we use [[}_, I'(b; — %) =TI Db — & — “T_l + ]%1) to obtain

T E:

X H ( (2m)" 7 e SF(uaeJrS)) Z

/=1

5
dg
< (2m) =N /ﬂ THbetS T (b — 5 — 1)) )

Sorting the terms shows that this equals v B ya ub—(u—1)1,c,a(5), as required. O

Sometimes we will leave out the indices of G when the parameters should be clear.

Remark 2.2.6. Proposition [2.2.5 provides us with the explicit formula

G (Yabab,cd(s)) = VA, bu=(etsa) pa,pb—(u—1)1 (s),
where

Se + S4a

A= a"b"T (2m)"T (setsa) exp,, ( 5 ({(a,c) + (b,d))p + (1 — 1)sd> .

The next definition comprises all relevant Dirichlet series for our purposes.
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Definition 2.2.7. Let b,b0* € N. We say that a (generalized) Dirichlet series of the form

[e.e]

D(s) = Z a(v)yh

v=1

has signature ((y,v*), 0, k) where (v,v*) € 2? and k € R, if the following conditions are
all satisfied:

(1) D(s) is absolutely convergent in the right half-plane {s € C | Re(s) > o}, its coeffi-
cients satisfy a(v) < vi ! and has a meromorphic continuation to the entire complex
plane, such that in the “critical strip“ {s € C | k — o < Re(s) < o} there are only
finitely many poles.

(i) There is a dual (generalized) Dirichlet series

o
*“"

D*(s) :== Z a*(v)v~

also absolutely convergent in {s € C | Re(s) > o} with coefficients a*(v) < v=~1
and a meromorphic continuation to the entire plane such that the completions

and

D*(s) :=="(s)D"(s)
are related by the functional equation
D(k — s) = D*(s).
(i1i) There is a C' > 0, such that the function 13(5) is bounded on every vertical strip
{—00 < 01 <Re(s) < g2 < oo} N{|Im(s)| > C}.

We denote the space of such generalized Dirichlet series D(s) by D((7y,v*),0,k). In the
case v = v*, we simply write D(v, 0, k).

From now on let us fix some gamma factors v,~* with the property
Y(8), V" (8) Kooy || 172 2MmEN Vo oy > 0, (2.2.1.4)
on every vertical strip o7 < Re(s) < oy. For lots of applications this follows by application
of Stirling’s formula )
[(s) = V2rs*2e s HHE)
in C_ with a holomorphic H with the property
lim H(s)=0

|s| =00
—T+I<Arg(s)<m—0
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for all fixed values 6 € (0, 7). Let S(f) C U denote the set of poles of the meromorphic
function f : U — C. For fixed o we define

6y := min{x € Re(S(7) US(Y")) | z > o}

Note that 6, is well-defined, since v and v* consist of a finite number of relevant factors of
the form I'(s —a) and I'(b — s), from which follows that there exists a pole and also a zero
with maximum imaginary part. In the case that ,v* have no pole s with Re(s) > o, we
simply set #; = co. Note that we have a holomorphic inverse Mellin transform of ~

c+100

1
My, @) = 9 v(s)z*ds, o< c<by, (2.2.1.5)

c—100

on the half plane Re(z) > 0. By the usual argument including contour integration we see

that (2.2.1.5)) is independent from the choice of c. We can estimate the integral (2.2.1.5)
uniformly for all —iT € Wy := {z € C* | |Arg(z)| < § — 4} by

T [ hteriler=ran <, @210

’M;I(’ya _iT)| <

where o < ¢ < 6 is arbitrarily chosen.

Definition 2.2.8. Let f : H — C be a holomorphic function. We say that f induces a
modular identity (of the Ramanujan type) of signature ((v,v*),o,k) (where k € R and
v, 7" €20 satisfies condition (2.2.1.4]) ) if the following conditions are satisfied:

(i) We can expand f in series of the form
f(r) = Za(u)M;l(’y, —2'7'1/%), beN, (2.2.1.7)
v=1
such that a(v) < vs 1 in this case.

(ii) There is a dual function f* with expansion

1
£

1) =Y a M (v, —itvr), b EN,
v=1

o*(v) < vt and also complex numbers uy, ..., u; with k —o < Re(uy), ..., Re(uy) <
o and polynomials Py, ..., Py with transformation property

F(=3) = im0 P og(-in) -in)

T -
J=1

133



We denote the space of such functions by R((v,v*),0,k). Again, if v = ~* we write
R(vy,0,k). As in classical theory, we will sometimes call k the weight of f.

The next theorem provides a converse theorem, which is the main framework we
are going to work with. It will be used to construct Ramanujan identities from a given
completed generalized Dirichlet series with functional equation.

Theorem 2.2.9 (see [20]). Let v,v* be gamma factors which satisfy (2.2.1.4]), and k € R
with k < 20 (non-emtpy critical strip). Then we have an isomorphism between spaces

T :D((v,7"),0,k) — R((7,77),0,k)

given by
1 c+ioco
YT:Dr— | T+— 5 / v(s)D(s)(—it)"*ds, o<c<b |,
iy
with tnverse

1

Tt fr—|s—
v(s)

/f(i:r;)xs_ldx, o < Re(s) < 6,
0

Note that the representation of Y~1(f) is not defined for all s but its meromorphic
continuation is an element of D((vy,7*), 0, k).

Proof. First we consider the map Y. Let 7 = iy with y > 0. Consider the closed contour

integral
1 ~
— @ D(s)y °ds
where R is the rectangle with vertices 0 +e 44T and k — o0 —e+¢T', where 0 < ¢ < 0, — 0,
taken anti-clockwise. As T goes to oo, this will converge to the following expression

1 o+e-+ico 1 k—o—e+ioco
— D(s)y *ds — — D(s)y—*d 2.2.1.8
s [ Dwras- o= [ Doy as (22.1.8)
o+€e—100 k—o—e—ioco

since the boundedness condition for the complete Dirichlet series on vertical strips allows
us to apply the Phragmen-Lindel6f principle (for details see for example [49] on p. 118)
to the function

s (s —u)™ (s —ug)™ (s — u)"D(s) € O{k — o — £ < Re(s) < o+ £})
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for some natural numbers n;, which means that the horizontal parts will vanish. Note
that for this argument one uses the functional equation D(s) = D*(k — s), the growth
properties of v*(k — s), the absolute convergence of D*(k — s) on the left line of R and
the fact that both v and ~* only have a finite amount of poles in the critical strip. After
the substitution s — k£ — s in the right integral, expression equals

S aW)M (ryrs) =y et ()M <7*, Vy ) :
v=1 v=1

Exchanging summation and integration is justified due to absolute convergence and Lebesgue’s
theorem, since we have

o+e-+ioco 0o 0
Z |a(1/)y_%7(s)y_s| |ds| < / Z vr v y(o e +it)|y o dE < oo
o+€e—100 v=1 —00 v=1

Finally, the Residue theorem gives the desired error terms

S e, (Dol ) = iﬂ(logw»w,

j=1
and the result follows (after adjusting the objects notation) by analytic continuation.

For the other direction one obtains the Dirichlet series by construction (since the coeffi-
cients grow not too fast) by

/f(z'm):ps_ldx = Za(y) /M;l(y,xui)xs_ldx =v(s)D(s)

on the strip ¢ < Re(s) < ;. Note that switching integration and summation is again
allowed using absolute convergence and Lebesgue’s theorem. Indeed, we have

/Z’a(l/)/\/lgl('y,xui)xs 1‘dx
v=1
01 (0.9] ©0 oo
:/Z‘a(u)/\/lgl(%xyi)xSI dx—l—/Z‘a(u)MUl(%xui)xSl dx
0 v=1 1 v=1

and now choose values 6, > Re(s) > ¢; > o and 0; > ¢o > Re(s) > o satisfying (2.2.1.6)),
to finally obtain

1 00

< Zug_llfcbl/xRe(S)_Cl_ldx—i-Zl/Z_ V_ct?/xRe(s)_C?_ldx
v=1

0 v=1 1
Qa1+
Re(s) — ¢ c2 — Re(s)

< Q.
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The dual integral is defined analogously and with the transformation property one gets
back the functional equation. In particular, since Re(u;) < o for all 1 < j < ¢, one has
with the notation I, for the integral of f(iz)z* 'dz between 1 and oo

7f(im)ms_1dm = 7]’ <£) 25 e + I (s)

1
©0 Vi

-/ <x’“f*(ix> +> E(log(x))x“f) e+ L (s)

1 j=1
V4
=TI (k- I(s),
) Z (S—UJ)—'— (5)

where the dual integral converges absolutely since k — Re(s) < k — o < ¢ and the ]5] are
some polynomials. Hence

v(s)D(s) — I*,(k — s) zg:ﬁ (S_u) = Io(s). (2.2.1.9)

With the same arguments (note that we have £k — o < Re(u;) too) one obtains

v (s)D*(s) — —s) é P ( — u) = I (s). (2.2.1.10)

Jj=1

Note that both functions I(s) and I*(s) are holomorphic in the left half plane {s € C |
Re(s) < 61}, since for all s in this area we can find some Re(s) < ¢ < 6 such that

o0

/Z ’04(1/)| ‘M(;l <'7§ Z'V%) ‘ iCRe(S)ildilj' < Z y%f%*l /mRe(S)chdx
1

v=1 v=1 1

and the last integral converges for all Re(s) < c¢o, similarly for I*(s). It follows by
(2.2.1.9) and (2.2.1.10)) that I (s) and % (s) and hence D(s) and D*(s) have meromorphic
continuations to the entire plane, since the vertical half planes {Re(s) > max{k — 0,0}}
and {Re(s) < 6} have non-empty intersection. The function D(s) has only finitely
many poles in the critical strip, since I and I* are holomorphic in this area and all poles
and zeros of v,~* do have bounded imaginary parts in absolute values. The functional
equation becomes clear with and (2.2.1.10)).

The growth conditions are clear for vertical strips in {Re(s) > o} and {Re(s) < k — o}
due to the functional equation (again using that fact that the poles of v and v* have
bounded imaginary parts). For the critical strip {k — ¢ < Re(s) < o} one uses the
standard estimate of the integrals I, and I7 along vertical lines. O]
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For more about converse theorems the reader is referred to, e.g., [9] (p. 336 — 338:
Lemma 1 and Theorems 2 and 3) where general Dirichlet series Y °° | a(n)e ** (as usual,
An 18 a real increasing sequence with A\, — oo0) and modular relations of the type

WE

X

) ) 7 St (1)

I
<)

n

are investigated. In Lemma 1, the effect of the residue integral on the modular error term
is described in detail. Although Bochner assumes #; = oo for the Mellin integrals the
arguments are similar.

We can now use the generalized Gauft formula to introduce a general method to extract
analytic objects related to L-functions at rational arguments from those related to integer
arguments. This is summed up in the next theorem.

Theorem 2.2.10 (see [26]). Let p € N and 5 = (v;)1<j<u and 7 = (7] )1<j<u be collec-
tions of gamma factors in Wapca. We then have a map

T o x4 D((15:77): 0, k) — D ((Gapea(d): GapeaFine)) 1o,k — 1+ 1)

(Di, ..., D,) (sr—>HD (Sﬂ_l)).

Proof. Firstly, we show that the above map is indeed well-defined. To do so, we have
to check that the image of some tuple (Dy,...,D,) is a generalized Dirichlet series with
signature ((Ghy, ¢q(7), Gapeda(Faw)) 1o, pk — p+ 1) as introduced in Definition m

Since .
po < Re(s) implies o < Re ( ) < Re <i) :
p p

the convergence part of condition (i) is clearly satisfied. As a product of meromorphic
functions in the complex plane the resultant function is meromorphic too and still has
poles only in R as every factor does. For part (ii) we use the functional equations of the
individual factors:

TAD ik~ (= 1) =) = ][5 (- 1) - HD<L_1)

Jj=1 H

s+7—1
T HDM ]+1(—>

]

With

we have found the dual which also converges absolutely for all s with Re(s) > o, with
corresponding gamma factor G}y, . 4(74,)- It is plain that (iii) is satisfied and this proves
the theorem. O
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2.2.2 Application to Hecke L-functions of number fields

Let Ky and K, be number fields of the same signature (ry,r3). Let x; and ys be
Hecke characters modulo f; and f,, respectively, with identical exponents. This means,
that

Xi(@) = X3, (@)X (2),  J=12
for the same xoo(z) (and in particular the same data ¢ and v). For example, this is
the case when y; and y, are both trivial. The aim of this section is to construct non-
trivial functions in D((v,7),1 — w, 1) involving Hecke L-functions to generalize identities
of Ramanujan. Here, w is some odd integer. This is done in several steps. In the easy
case that w = 1 we may simply consider the function

S — AKl(Xl; S)AKQ(XQ; S+ 1),

which is related to W(x1)W (x2)Ak,(Xz; $)Ax, (X1; 5 + 1) under s — —s. From this it is
easy to see that the Dirichlet series

D(s) = L(x1;8) L(x2; 8 + 1)

may be an element of D((71.2,7],),0,1) in case we find a proper gamma factor 7,5 in
terms of the ideals f; and f,. Using Definitions [2.2.3] and [2.1.18] we write

S /Ly]—i_g] T2
Ax(x; ) = CA Hr( LI eneIE0G9)

Lt )

where C, was introduced in (2.1.4.1f) and
|dk | N (F)

T2

Ay =

Indeed, using the duplication formula we find

2

— Uyt 41
Ak, (x159) Ak, (X258 + 1) = C,, Oy, As As+1HF< ijl—f-&p])F(S Vpt +Ep, + >

X 7;1,)%0—%,0 1 0( >7§,T12,)5—0—zu0,0,1,0(8 + D L(x1; ) L(x2; s + 1)
- DXLXQE;l X2 Yll,)sp—wp,o 1 0( )7§,17)570—il7g,0,1,0( ),Yirf)f—iygi) 1 O(S _I_ 1)L(X1) S)L(XZ) S _I_ 1)7
with
DX17X2 = (471—)7% 2Tr(il;p_€p)CX1CX2AX27
E =2""A LA,

X1,X2
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We conclude that v, 2 is given by

112(8) = Dysna By W —i,00.0 N 2o i 000N 2 01 0(8+ 1)

2 12

Clearly, the dual of L(x1; s)L(x2; s+ 1) may be chosen as W (x1)W (x2)L(xz; $)L(X1; s+1)
and then we have

(r1) (r2) (r2)
7;,2(3) = DE,KE%,ﬁ%g,épHﬁp,0,1,0(5)71712’%0“%’0’1,0(3)7;127%0“50,07170(3 +1).

In the case w > 1 the situation is more difficult. The problem that occurs now is that we
will not be able to find a suitable gamma factor without making further assumptions for
X1 and 2. But we can remedy this by assuming that the e,-factor of x; and x» is trivial,
i.e. (€p-1€p,,) = (0,...,0). This holds true for example if x1, x2 are squares of another
character. In this case we achieve an analogous result by looking at the function

Ju(K1, x15 K2, X235 8) := Ar, (X15 8) Ak, (XT3 ) A iy (X238 + w) A, (Xas s + w). (2.2.2.1)
We have the following result.

Proposition 2.2.11. Let x; and x2 be two Hecke characters with the same multipliers €,
v and trivial €,-factor, i.e. €, = 0. The Dirichlet series

Dy(x1,X2;8) := L(x1; 8)L(X1; 5) L(x2; s + w)L(X2; s + w)

is an element of D((Yw1xe» Ywxanxi)s 1, L —w) with dual D} (x1, X2;8) = Duw(Xa2, X1 5) and
corresponding gamma factor

— DN ( (
%u»am(s) = Dy1 x ;hxﬂfll,)mp,o,l,o(3)7{11,)417,,,0,1,0(3)

(r2) (r2) (r2) (r2)
X . . . . )
71,1,%0—1‘50,0,1,0(8)71,1,5—04170,0,1,0(8 + w>71,1,%+i95,0,1,0(8)71,1,%0+z‘50,0,1,0(5 +w)

2
The constants 5%){2 and EXLXQ are defined in (2.2.2.3) and (2.2.2.4)), respectively.

Proof. 1t is clear that one may choose 0 = 1 as the abscissa of convergence. Furthermore,
Theorem [2.1.20)] tells us that D, (x1, x2;s) only has a finite number of possible poles in
the critical strip. Let

Yo (K1, X15 K2, X238) = Yoo xe (8) D (X1, X25 ).
We have to prove the functional equation
Y (K1, X15 Koy X251 — w — 8) = ¢y (K2, x2; K1, x5 9)- (2.2.2.2)

Firstly, it is easily verified that f, in (2.2.2.1)) also satisfies (2.2.2.2)). Writing the expres-
sion f, (K71, x1; K2, X2; §) out, we see that it equals

s e S” 58— Uyl §—Vpi+w 5+ Vp,i S+ vy i+ w
Coo CuAv (AL Ay,) Hr( 2n )p( p2 )p( 29 )p( p,2 )
j=1

139




(r2) (r2)
X71,1,%0—1‘90,0,1,0(8)71,1,50 —iﬁg,O,l,O(s + w)

%
X7312,)%’“00,0,1,0(S)7§Tf7)%+iﬁa,071,0(8 +w) Dy (X1, X2 8),

where

CX = CXCY7 AX = AXAY
By the duplication formula this equals

T1

Dy o B2, Pu(s) TIT (s+v,,0) T (s —v,,4)

j=1

(r2) (r2)
X _ -
71,1,%0—z'l~/(,,0,1,0(‘9)71,1,%f—z‘ﬂ(,,o,l,o(s +w)

XVifi)%fwa,o,mwwf?%w%,o;,o(8 +w) Dy (X1, X2 8)

with
Dy o = (47T)TIOXlOX2A;UQ, (2.2.2.3)
By, = 4TAL A, (2.2.2.4)
and the polynomial factor
M5
- s+ 1=, s+ 1+v,i
o T () ().
j=1d=0
The polynomial P, (s) is symmetric under s — 1 — w — s. Indeed,
w—3
A (l-—w—s+1—v,i l—w—s+1+wv,1
P,(1—w—s)= ( 2 —l—d)( 2 —l—d)
, 2 2
j=1d=0
w—3
_Tl (st 14, w—3 y s+1—w,i w—B_d
B 2 2 2 2
7=1d=0
s
- +1+ +1
_ s ) s Vp,1 1) = P, (s)
2 2
j=1d=0
But 1K . )
w » X1; 132, X2; S
w( K1, X1; Ko,y X25 8) = ! :
Y (K1, x15 K2, X2 8) Pu(s)
Hence the theorem is proved. O]
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Proposition [2.2.11] shows that D, (x1, x2; s) are Dirichlet series in

D((7w1X1,X27’7w7X27X1>7 17 1- w)

and so we may apply Theorem to obtain identities for their rational values of the
Ramanujan type using the isomorphism Theorem [2.2.9 We omit any further calculations
in the very general case. In the next section we present some results for the case of
quadratic number fields.

Application to Dedekind zeta functions of number fields

In this section, we will construct identities of higher degree by looking at the specific
gamma factors y(s) = ab’I'"(s) for integers n = 1,2, 3, .... We can define the holomorphic
functions .

1 c+100
Wo(r) = — [(s)"(—iT) *ds,
)= 5 | T Cimyas
on the upper half plane, where ¢ > 0 is some real number. Mellin transforms of (products
of) completed Dedekind zeta functions are now given by series of the form

> a(k)W, (brk?).

)
k=1

Let K, and K3 be two number fields of degree n and the same signature (r1,73), where
r1 and ry denote the numbers of real and complex embedding of K; and K5, respectively.
We now consider the special gamma factor

VIddial\ o
Vi, K (8)n = (W I'(s)".
Here, dk, and dg, denote the discriminants of K; and K5, respectively. We are interested
in the space D(vk, x,, 1, k).

Proposition 2.2.12. Let K; and Ky be two number fields of degree n and same signature
(r1,r2), w > 0 an odd integer and

Vo83 K1, Ka) o= 7k 10 (8)n G (5)Cry (8 + w).
Then we have the functional equation
Yol —w — 8 K1, Ks) = (—1) ™5 4720 (51 Ko, K1), (2.2.2.5)
In other words, we have (g, (s)Crk, (s +w) € D(Vk, iy, 1,1 —w), and
(Cra(8)Giea (s + )" = (=1) 54720, (8)Gie (5 + w) (2:2.2.6)
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Proof. The proof works very similar to the one of Proposition [2.2.11] We will first show
that

INEY o p— <|dK2|> H(EH)_HI:I(SM)T2><£K1(8)€K2(S+w)~

(2y/m)m \ 2r2m2 2 =0

This is a simple calculation involving the duplication formula I'(s)['(s+3) = I'(2s)2' 2% \/7.
We obtain

J=0

1 Wd@) H(ﬂﬂ)—nﬂ(sw—@x&ﬁ(s)wsw)

(2y/m) \ 2rers A2 o~

_ 1 \/|dK1dK2|>5F(E>mF(ﬂ)rlF(g)zrngl(SKKQ(s_,_w)

(2y/m) \ 2%eqn 2 2

Videdi|
- (2\/1%)1“1 211+I;1ﬂ2:§’> (2\/E)T1F(S)r1+2r2gl(1(S)CIQ(S+w)

and since n = rq + 2ry we conclude that this equals

(%) I'(5)"Cr, (5)Cky (s +w),

as required.

Now we show the functional equation by using the above representation in terms of {;
with j = 1,2. Obviously, the term &k, (s)€k, (s + w) changes to &k, (s)Ek, (s + w) under
the transformation s — 1 — w — s. We have

w=3 w=3
= 1_w_5+1+ _Tl_(_l)'rl(igfl) 2 s+1+w—3_ -
, 2 - 2 o 7
7=0 7=0
waii
r1(w—1) + 1 m
— (M T (S5 +)
: 2
7=0
and similarly
w—1 w—1 w—1
[[a-w-sto7 =0 [[s+tw-1-0" =0 [[s+0
=0 =0 =0
Since (—1)* = —1, the claim follows. O

We are interested in formulas for L-functions at rational arguments. To obtain those,
we have to construct a proper generalized complete Dirichlet series.
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Definition 2.2.13. Let w > 1 and b > 0 be integers with w = 1 (mod 2). Also let
K = (Ky,K{, Ky, K}, ..., Ky, K}) be a collection of number fields with the same degree n,
such that K; and K7 have the same signature (ryj,725) for all1 < j <b. Then we define

By (35 K) Hm (l Kj,KJ’).

For the sake of simplicity, we write Dy, 1, (s) := Ck,(5)(k,(s + w). Now one can
apply Theorem [2.2.10| to the data (D, &y DR, K,) € x?le('ijvK;_, 1,1—w) to obtain
the functional equation

b T13(

~ 1
Dpp(l —bw — 55 K) = (—1)%i=1 250, (55 Kiny ). (2.2.2.7)

For the convenience of the reader we want to demonstrate this general principle by the
explicit case of real quadratic number fields. So assume that the above collection now
only contains real quadratic number fields. A calculation shows

2mh
ool (ki hess) = Ab(}) D(s)?,

where D = \/]dK1 ~dpy o dr, - dig| and A = H?Zl |dx, ~dKJ/_|% and hence we have

By (s K) = Ab ( 2\;@) (s)Qli[chj (%) Cx (% 4 w)(2.2.2.8)

Obviously, the central object of studying yet is the generalized Dirichlet series

HCK (L> C % +w) = cup(i K)o, (2.2.2.9)

v=1

where the generating coefficients ¢, ,(v; K ) are defined by the product in the above equa-
tion.

Theorem 2.2.14 (see [26]). Let w > 1 and b > 0 be integers with w = 1 (mod 2). Let
K = (Ky, K1, ..., Ky, K}) be a collection of real quadratic number fields as above. For all
7 € H we define the (holomorphic) function

. > _ v ,
Eup (T; K) = 2Ab;cw,b <y; K> Ky (47rb k' 5\/ —ZT) )
Then, for all T € H, we have an identity

w—+1
Eup <7'; K’) — (—ir)bw’le,b ( mv) ZP + log(—i7) Q4 (7),
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where the P; and Qy, are rational functions with P, = Qo = 0 whenever 1 < a and o =0
(mod 2). The functions P; are explicitly given by

R = Y (ir) A0 H cx, (“J‘l)ncK (F=t ).

j#be £+1
0 ’ :
Ciey,(0)Cxy_, (w) tri-l s
Pl(T) _ Z (_ZT)*KA(K) Ki_y ; £ H CKJ ( ?) )CK§ ( 'Z) + ) )
/=1-b e
#1-
b bw 1"
N iy v, (0)
Pur) = S (i AO R e
{=1-bw .
b .
(+ -1
I (S5 a (),
j;ﬁb—]bw—&-l—f

where Ry := ress—1Ck(s), and for all2 < a <w+1 with a =1 (mod 2) and o # w

P,(r)= i (—iT)_g [(Wq(0) + Wa(l) + Ws(0)]
where
Uy (0) = A(0)(— H—ff — HgK (“J_> e (“JT‘1 + w) ,

wi(0) = A(ﬁ)@ (2 (c;@ (F2=) ey (2 40 Zm) ,
- B 0l (242 (520

with

wo-n ()"

HcK (L) e (% i w) |
J?élt

The functions Q; satisfy Qo = Q1 =0 and

and

Qulr) = —Zga@m-mw) i HcK (=) o (S 0)



asa>2 and o« =1 (mod 2).

Proof. We remember that 2K (2v/z) = Wa(z). From ([2.2.2.7)) we conclude

D;Ug’b(s) = D((Gg,o,zo((WKj,K;)1§j§b)a Gg,o,Q,O((’VK{,,Hpr—Hl)1§J§b>)’ b,1 —bw)
with dual series .
(D) (5) = DR ().
Since we clearly have 1 — bw < 2b, we can use Theorem [2.2.9 The calculations all base
on investigating the residues of the completed Dirichlet series. For example, poles of first

order are given in s = 1,2,...,;b. The residues here are given by the summands of Py(7).
The details and the further calculations are omitted. O

Note that (0.0.0.3)) follows by this new identity by setting b = 1 and o = 27wd 2/ —iT
_1
and = 2md,”> -

1
V—ir’

2.2.3 Application to L-functions for modular forms of half-integral
weight

We can apply the developed methods to find new identities for L-functions assigned
to modular forms of half-integral weight. We consider the Hecke group H(A) C SLy(R),
which is by definition generated by the elements S = (9 ') and T = ({ ) where A > 0
is some real number. It was shown by Hecke that H(\) is discrete if and only if A > 2 or
A = 2cos (%) with an integer m > 3. Let f be a cusp form of weight k € %+NO for H(N).
Then f has a Fourier expansion f(7) = >.°°  a(n)g> and satisfies the functional equation
f(=1) = (—ir)*f(7). Furthermore, the coefficients a(n) shall be bounded by a(n) < ns

(for A < 2 this is always the case, for A > 2 we assume it). The corresponding Hecke L-
function Ly(s) = > o2 a(n)n~* is absolutely convergent in the half-plane {Re(s) > £+1}
and extends to a meromorphic function on all of C. Kohnen and Raji show in [44], that

¢s(s) = Lg(s+k — 1) is an element of D(ypar, 2 — 4,2 — k) with corresponding gamma

factor
=3 () o (+2)r(4-) = ()l

Now we can assign to f the series

£3(r) = i a(n)n'=*H (2”1”7) |




and here,
o

['(o,7) = /ettTldt

oz

denotes the incomplete Gamma function. Note that H is a holomorphic function on the
upper half-plane and H(7) = O(|7|~2). Given a(n) <5 n it is casy to see that Eisa
holomorphic function on the upper half-plane. In [44], Kohnen and Raji used this series
to start a cohomology theory in the case of half-integral weight. It is shown that

[NIES

Ex(r) — (i) €] (—%) — Py(r) + (27;”)_ Qs(7),

where Py and () are polynomials of degree at most k — % In the case k > 3 this result

follows also by D € D(Vpar, 2 — %, 2 —k),

M; (T(s)sec(ws), x) = H(x) (2.2.3.1)

and Theorem by studying the poles of D(s) at half-integral values. Note that the

natural embedding
k 1
D | Yai; 2 — 5,2—19 — D '7ha1fy§;2_k
3

and hence the values o = % and ¢ = 5 are used. We want to apply the main theorem to
construct curious formulas for the functions Ly at rational arguments.

Lemma 2.2.15. Let p € N. We obtain

G Oarr) () = /1t (27T\/X> . (27;#) : cos(;l:—(f))(ws).

Proof. This is routine, observe that

o .
-1
HCOS (WL> = (2m) " cos™ D (rs).
0

j=1
The rest follows by straight calculations. O

Let (fj)1<j<u be a finite collection of cusp forms with same weight & € 3 + Np. One
can now use Theorem [2.2.10 to show that

°w .

+ji—1 L
H% (—S ZL )GD(G"(%alf),u<2—§>,u—uk+1)-
j=1

At this point we obtain an infinite number of new identities, the details are omitted.
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Example 2.2.16. Let = 3. We consider the Dedekind eta function

Zﬁl—q

which s well known to be a holomorphic modular form of weight k = % for SLy(Z) with
certain Nebentypus character. Due to the above discussed results we find that

1 73
¢77 :Ln (S_ 5) €D <’Yhalf74 2)

Ts(¢y) € D (G (Vnatt), 241 2)

Hence

where

T\ —S
Y3(5) := G*(hait) () = —96v/37 (Z) ['(s) sec(ms).
With residue calculus and (2.2.3.1)) we find

M5! 2) = =905m3eEeT (5,77 ) + ),

2" 4
where
19237 384v3 23043 23040v3 3225603
E(x) = - T - 35— T 5 g T + 3 9 -
€2 xr2 T2 T=xr?2 o2
Put
s s+1 542 > s
¢n< )¢n an :ZAnZi(m)m 3,
3 3 3 —
then we obtain
> 21 5
= A — R
mz:l 773 737 ZTmS) € (’737 4 2)

The error term in the transformation law of f (—%) is now related to products of values

of L,, at arguments s € %Z. The calculations are analogous to those made in [25] when
proving Theorem 2.2.2,
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2.3 Questions and outlook

It is natural to ask the following question at this stage.

Question 2.3.1. Is there a possibility to extract more detailed information about (products
of ) L-functions at rational arguments using the introduced techniques?

The most promising way is probably finding a cohomology theory just as in the case
of modular forms of integer and half-integer weight to describe the period polynomials
which have occurred.

A second question refers to results of Jin, Ma, Ono and Soundararajan in [37], who
proved that the zeros of the period polynomial of a newform f € Si(I'g(N)) lie on the
1

circle |z| = Vi

Question 2.3.2. What can we say about the zeros of the error polynomials related to
L-functions at rational arguments?
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