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REMARKS ON SEGAL ALGEBRAS

Michael Leinert

Let B be an abstract Segal algebra in some Banach algebra A. There was
some belief that in the commutative case A should be semi-simple, if

B is, but this is not so (Section |). It is well known that a (proper)
abstract Segal algebra does not have bounded right approximate units.

It may however have a left unit. Pseudosymmetric Segal algebras in the
sense of Reiter do not have bounded left approximate units (Section [l).
A nonfactorization proof is given for a class of algebras which contains
most of the known examples of Segal algebras on abelian groups (Section II1).

Throughout this note A denotes a Banach algebra with norm | |,. We say
that A factorizes, if any a € A can be written a = bc with b, c e A.
We say that A has left (right) approximate units, if for any a e A and
e>0 there Is some b e A with |a - ba|, < e (|a - ab|, < &;if b can
be chosen with norm |ess than some fixed constant, A is said fto have
bounded left (right) approximate units. This is equivalent (see [6])
to the existence of a bounded left (right) approximate identity, which

is anet {£ .} in A, bounded in norm, with Ilime a =a (limae = a)
] a o o a

for all a € A. By the right operator norm on A we mean the norm which
is induced by the right regular representation of A on itself. If G is

a locally compact group and f is a function on G, we define Xf for

x e G by ><f(y) = f(yx_1), y € G, and call xf the (right) translate of

f by x. We define R f by R f(y) = BT FV), where A is the modular

function of G. The support of f is denoted by supp (f). For a subset
K6 we write Xk or diitsHcharaciioristhilie WiunchilonklfECails abelian
and B L'(6) is a normed algebra with norm | IB’ we denote by B the
image of B under the Fourier transformation f - ?, and for g € B we
define |§|B = Ig]B. By N we denote the set of natural numbers, by C

the set of complex numbers.
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Definition: Let A be a Banach algebra with norm | [, and let B be a
densefilieritiidealiitiiniAsiic hhhait

(i) B is a Banach algebra with some norm | [g
(ii) There is a constant D>0 such that
|b|A = D '|b|B
fiorda lllisbReciBL

Then B is called an abstract Segal algebra in A (or: left normed ideal
AN

For the definition of Segal algebra (on a locally compact group) see
Reiter, [4]. An equivalent definition (see [2] and[3], p. 298) is:

Let G be a locally compact group. A Segal algebra on G is a dense left
ideal S in L'(G) which is a Banach algebra with some norm | | and has

left approximate units (which are unbounded in all known cases).

I. Let S be the multiplicative semi-group of all integers k > 2.
Consider the Banach algebra 21(5). We write e for the element
in 21(8) corresponding to k € S. Let Cz be a one-dimensional

algebra with 22 = 0, and consider the direct product Banach algebra
A=tlsreez
with norm [b + Az, = [b[,1 .5, *+ [A].

For each integer k > 2 denote by Py the smallest prime factor of

k and define

k IS ils piriime

1 otherwise.
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let B= {Z Ab;| Z|A;| < ®}. We have Bc A, and for b e B the
22 &5 122 '

representation b = Zkibi is unique. Thus B is a Banach space with

the norm

e o = 7 Iad
Iizz‘ i s izzI |

Fomge =162, +a2 Aiei in Aand b = % “jbj in B we have

Since pij < PJ we obtain ab e B and

1ab|B iizj‘xiujl = |a|A |b|B g

So B is‘a left ideal, and since |a|A = Zla[B TiorsacclBoinils

a Banach algebra. Since the closure of B in A contains z, B is
dense in A. So B is an abstract Segal algebra in A. For b ¢ B
the spectrum in B and the spectrum in A coincide, B being a left
ideal in A. In particular the spectral radius of b in B is the
speciiial radiusiiof i#s Wisi'e component in £Y(s). S0 B is semi-
simple, since z é B and 21(5) is semi-simple (being a subalgebra
of a commutative group algebra). We have zA = {0}, so A is not

semi-simple.
This example contradicts the second part of Theorem 2.1 in [1]

and shows that the condition given in [3], p. 303, is non-void.

[t is well known that an abstract Segal algebra B in A cannot

have bounded right approximate units unless B = A. This is not
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so for left approximate units.

Let A = £20), B = £'(N). Choose £ € B with |g]l, = 1 and define

fioria, i biceA
ab = ¢a,g> b

where <,> denotes the scalar product in ﬁz(N). We thus obtain an

assoziative multiplication for A, with |ab|, < [a],[b], for

a, b e A, Obviously we have gb = b for all b e A. Since B is a

| inear subspace, it is a left ideal in A. For a, b € B we have

lably < laly lgly lblg < lalg Iblg -
So B is an abstract Segal algebra in A having a left unit.

I+ is not known, if Segal algebras (in the sense of Reitfer) can
have bounded left approximate units. For Segal algebras on
compact groups this is not possible (B.E. Johnson, unpublished).

The same holds for pseudosymmetric Segal algebras.

Proposition 1. Let G be a locally compact group and S be a
pseudosymmetric Segal algebra on G. If S has bounded left

approximate units, then S = L1(G).

Proof. Suppose S has a left approximate identity ba} bounded in
norm by C>0. Let K€ G be a fixed compact neighbourhood of the
identity in G. There is a (two-sided) approximate identity {fB}

Ciliie bilons i e n el o B st = 1 with supp (f)eK (see [4],

B8 8
p. 34). We have for f € S

B



s
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|fafylg = |Sf8(y) R dylg

< sup[Ryf|S <+ o
yeK

By the principle of uniform boundedness the f_ are uniformly

B
bounded in right operator norm on S, say by C'. We have
A [I&m s PRl et

1

So {fB} is bounded in S, hence S = L (G).

The example given in |l. shows that abstract Segal algebras may
factorize. |t is not known if this is possible in the case of Segal

algebras on o locally compact group.

Proposition 2. Let G be a locally compact nondiscrete abelian group
with dual group e. Suppose 8 to be compactly generated and let

U = U_] be a generating compact subset of 6.k B CL](G) be a
subalgebra which is a Banach algebra with respect to some norm

| |g and suppose that BcLP (@) for some finite p. Let f 4 0 e B

be such that f is nonnegative or has compact support in € and such
that all translates of % by elements of G are in B. If there is a

real polynomial P such that
(1 la?|% < P(n)

for all a e U" and all n e N, then B does not factorize.

Proof. a) Let X be a quasi-normed linear space i.e. a normed

linear space except for the fact that
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20l < C Claly + ol

with some constant C. Define a subset ScX to be open, if for any

s € S there is an "open ball" U_(s) = {x e X| |x - s|g <& } with
US(S)C S. Then an "open ball" need not be open but has non-void

inferior containing O. Hence a linear map T from X to some quasi-
normed space Y is continuous if and only if it is bounded. |f we

denote by |T| the least constant C with |Ta| < Clal. '« fofali
Y X

a € X, the space of all continuous |inear maps from X to Y becomes
a quasi-normed |inear space (and a normed space, if Y is normed).
It is easy to check that nearly everything works as in the normed
linear case. In particular the Principle of uniform boundedness,
the Open mapping theorem, and the Closed graph theorem are valid

for complete quasi-normed |inear spaces.

b) Let B, f, and U be as in the assumption of the proposition and

suppose % > 0 (the modification of the proof for £ comp lexvalued

with compact support will be obvious). We assume that B factorizes.

il (mp s slnes EeLP(E), Fhet Bl (4E6) ad hanss 8cP 278
for alll niellN.\ Se BcL9®@) for all g>0. By means of the Closed
graph theorem (it may be applied, since Lq(@) is a complete
quasi-normed |inear space) we obtain that the inclusion map

iq VB Lq(@) is continuous. Hence we have

A A
(2) |b] < ¢ b]

q CRE

for all b € B. Let P be a polynomial of degree m say, such that (1)

P
holds. Choose p < and €>0. There is some sompact set K in G

1

m+1

with K = K '92U and such that
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S 100 | dx < e
N

Choose x, e KBK\KBK_1 for all k e N. We have

Kk

x Knx, K =@

k
S |
fior k 7 k'. For n e N lot g = I f . We have KcU' for some

i e N. Hence

(3) la, |

= ind, .

where Q is a suitable polynomial of degree n + 1. We also have
n A
L R S
P 1
. A- .
since f is nonnegative,

n A p p
= 2 @) S @l RIE=Re )i
sz] b | | Ip

hence

o] T Y ﬁ& const.
P

lihiilsFand  (3) conifiradiici (2)5 S slihece % >0im| =R SolNBNdoesnoik

factorize.

Corollary. If B is translation-invariant and ol g 0 for all
B B

A
aeG, ge @, then B does not factorize.
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Remark. As H.G. Feichtinger has pointed out to me, if the algebra B
in Proposition 2 is a Segal algebra, the assumption on f to have
positive or compactly supported Fourier transform is not necessary.

ol ilieit + 0 e B satisfy equation (1) and k € B be such that Rk has
compact support and fxk 4 0. Then

/f; 4 i
!a(kn )I'B\ < la ILT(\G) . laflg
RN P(n)
So f' = kaf 4 O satisfies (1) and its Fourier +ransform has compact

support.

Proposition 2 has some overlap with [5], Theorem 4.1.
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