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Abstract. Wiener has shown that an integrable function on the circle T which is square
integrable near the identity and has nonnegative Fourier transform, is square integrable on
all of T'. In the last 30 years this has been extended by the work of various authors step
by step. The latest result states that, in a suitable reformulation, Wiener’s theorem with
“p-integrable” in place of “square integrable” holds for all even p and fails for all other
p € (1,00) in the case of a general locally compact abelian group. We extend this to all
IN-groups (locally compact groups with at least one invariant compact neighbourhood)
and show that an extension to all locally compact groups is not possible: Wiener’s theorem
fails for all p < oo in the case of the ax + b-group.

The following theorem is attributed to N. Wiener: If f is a Lebesgue integrable
function on the circle group 7 with nonnegative Fourier coefficients, then square
integrability of f in some neighbourhood of the group identity implies square integ-
rability on all of 7. It follows from this, that the same result with *“p-integrability”
instead of “square integrability” still holds, if p is an even natural number. For
noneven p € (1, c0) however, the theorem fails, as was shown by Wainer [Wa]
(p < 2) and Shapiro [Sh] (p > 2, p not even) in 1969 and 1975, respectively.
The reason for the failure of Wiener’s theorem for noneven p lies in the failure of
the upper majorant property for L”(T) for such p. Bachelis [Ba] in 1973 showed
that for infinite compact abelian G the upper majorant property for L” (G) fails for
noneven p € [1, oo) except for the case where G is a torsion group and p € (2, o)
is noneven. This gap was closed by Fournier [Fo 1] 1974 thus opening the way for
a generalization of the circle results to compact abelian groups, which was done by
M. Rains [Ra] in 1985. Wiener’s theorem for the real line (replace 7 above by R)
was disproved by Kawazoe, Onoe, and Tachizawa [Ka On Ta] in 1994. However,
Fournier reformulated Wiener’s theorem equivalently and was able to extend its
validity/nonvalidity for p even / p noneven in its new form to all locally compact
abelian groups. We further extend this result to all IN-groups in Theorem 1.6 and
construct a counterexample which shows that Wiener’s theorem fails for all p on
the ax + b-group (Theorem 1.16). ,

G always denotes a locally compact group, e its group identity, A a left Haar
measure on G. For [ fdx we also write [ f(x)dx or just [ f. The subsets of
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G which we consider are always assumed to be A-measurable. For A C G, |A|
denotes A(A), A (resp. A) the closure (resp. interior) of A. Note that for A-mea-
surable f : G — [0, co) the measure fA is not necessarily outer regular (even
for G = R). The modular function of G is denoted by A, the space of all com-
plex valued continuous functions by C(G), the subspace of functions in C(G) with
compact support by K (G). For functions f, g on G and elements x,y € G we
set (f, &) ffg GRHGY = F%), (5)E) = F&y), FG) — F) Complex
conjugation), £ = i), f) = Flor Dyt G Al LD e
the convolution of f and g. If f is locally integrable and satisfies (f, g* * g) > 0
for all g € K(G), f is called positive definite. For continuous f, this coincides
with the usual definition of positive definiteness (see [Di] p. 287 and p. 296). If
U C G satisfies xUx~! c U forall x € G, U is called invariant. For U C G, XU
denotes its characteristic function. For p, ¢ > 1, the amalgam space (L”, 17) can
be defined in several (equivalent) ways, for instance as the space of measurable
functions f on G with x = | fxxull, in LY (where U is a relatively compact
neighbourhood of ¢). Using a different neighbourhood U’ leads to the same space
with an equivalent norm. If 7 is a continuous unitary representation of G on a
Hilbert space, its canonical extension to L' (G) is denoted by the same letter 7.
The following condition (%), has already been considered by J.J.F. Fournier:

Definition and Remark 1.1. Ler 1 < p < oo and G be a locally compact group.
We say that G has property (), if for every relatively compact neighbourhood
U of the identity e, there is a constant Cy such that for every locally integrable
positive definite function g : G — C and every x € G we have

lexxullp < Cullgxullp (@)

or equivalently (in the case p < 00)

/w sC&/Ig!” (13)
ol U

It is easy to see that if such an inequality hold for one choice of U, it holds for every
U (with a possibly different constant, of course).

Remark 1.4. For 1 < p < oo, property (x), clearly implies that for locally integ-
rable positive definite functions g on G the following holds:

@@)p If lgxullp < oo for some relatively compact neighbourhood U of the identity
ethent el (s

Conversely, (i), implies (x), if G is abelian. For discrete G this follows from 1.5
(a) below. Now suppose G is nondiscrete abelian and (i) , holds. If f € L'(G) with
f > 0, then f is positive definite, because for 4 € K(G) we have (f, i el =
[(fxh)-h = [ fIh|> > 0. For noneven p € (1, 00), by [Fo 2], Theorem 3.9
there is such an f € L'(G) which is p-integrable near the identity but is not in
(LP, 1%°). So, by (i), p must be even. By 1.6 below, (%), holds.
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Proposition 1.5. (a) If G is discrete, it has property (%), for every p > 0.
(b) If G is locally compact, it always has property ()co.

Proof. (a)For G discrete, U = {e}, x € G and g positive definite we have

lgxsully = lg(x)| < gle) = lexullp-

(b) For g continuous positive definite we have

lexxulloo < llglloo < g(e) = llgxulloo-

For g locally integrable positive definite with [|gxullcc < 00 let V =V~! be a
neighbourhood of e with V2 C U and set h = (ﬁx\/) Sib0n Sk ()—‘l,i)(v)v which
is continuous positive definite. For k € K(G) we have |(h, k)| < [hllollkll1 =
hee) Ikl < (g, (ryav)* * (rxv)llklls < llgxulloo - 1 - lIkil1. Since (h, k) —
(g, k) for V. — {e}, it follows [(g, k)| < llgxu llcollkll1, which implies [|glloc <
llgxulloo- In particular we have [|gxxvllocc < I8 XU lloo- S0 property (*)oo holds
and we see that for p = oo the constant Cyy can always be chosen to be one.

Theorem 1.6. Let G be a nondiscrete IN-group (i.e. having at least one invariant
relatively compact e-neighbourhood). Let 1 < p < oc. Then G has property (x)p
if and only if p is an even integer or p = Q.

The proof of this theorem will follow from a series of Lemmas and Propositions.
For p = oo, the assertion follows from 1.5(b).

The general line of proof is as follows: for the “if”” part, we reduce the prob-
lem to continuous functions where it is easy to obtain the desired result. For the
“only if” part, we reduce to a situation where it is possible to lift a commutative
counterexample.

Lemma 1.7. Let | < p < oo. Let G be locally compact, f : G — C locally
integrable and W C G relatively compact (or with finite Haar measure |W|).

(i) Let Z be a symmetric neighbourhood of the identity e such that fzw |2 =
oo and let V. C Z be relatively compact with || f xzw —,-1 (fxzw)ll, < € for
ally € V. Ifh € LY(G)* has [ h = 1 and vanishes outside V, then || xw(f —
hxf)llp < e.

(ii) If Wis open, fw | I = oo, and for every V from a basis of neighbourhoods
of e, hy is a function in L'Y(G)* with [ hy = 1 and vanishing outside V, the net
[w |hv * fI? converges to infinity as V — {e}.

Proof. (@) ASTH = filx) — fh(y)f(y’lx)dy and 4~ = O outside V, the values
of h % f(x) for x € W depend only on the values of f on V-'W < ZW. So
Ixw(f —h* lp=lxw(fxzw —hx(Fxzw)llp < f xzw —h*(f xzw)ll p,
which is < ¢ by the assumptions on V and h.

(ii) It suffices to prove the assertion for a subnet. As f is locally integrable and
V may be assumed to be relatively compact, the set of functions (hy * f) - xw
is bounded in L' (G). If it were also bounded in L?(G), there would be a weak™
convergent subnet (hy* f)xw — F € LP(G).In particular (hy * f, g) — (F, g)
for all g € K(G) with support in W. But (hy * f, g) = (f, i ol SR el
so f = F as Radon measures on W, hence f = F almost everywhere on W. This
implies f xw € L?(G) in contradiction to the assumption.
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Remark 1.8. The Lemma holds for twosided convolution, too:

(a) In (i) assume fzwz [fIP < ooand V C Z relatively compact such that
I fxzwz —y-1 (fxzwz)llp < eand || fxzwz — (f xzwz)yllp < eforaly e V.
The conclusion then is || xw (f — h * f * E)||,, < el

(b) In (ii) we obtain (without any change of assumptions)

/Ihv x f*hylP > oo as V.—> {e}.
w

The absence of the modular function A does not disturb the proof, as for V suffi-
ciently small A is uniformly on V as near to 1 as we please.

Proposition 1.9. Let 1 < p < oo, G locally compact, W C G open relative-
ly compact, x € G,C > 0 and f locally integrable and positive definite with
J7wz | f1P < o0 for some e-neighbourhood Z and

(i) [ 1f1P > C [IfIP.
c W w

X

Suppose fo 7|5 =tcaton fZ’.xWZ’ [ f1P < oo for some e-neighbourhood Z'.

Then there is g continuous and positive definite such that (i) holds with g instead
oftf
Proof. For any relatively compact e-neighbourhood V C Z let hy = ,—\1/|XV and
gw =" thyeif Wy AT AP = oo, (eSS sy i |2 < ieol iwehanenby
(a) and (b) of the Remark (resp. by applying (a) twice) fw lgv|P — /W | f|? and
f.xw levl? = f,(w |f|? as V. — {e}. So for V small enough, gy will satisfy (i).
Clearly gy is continuous. For r € K(G) we have (gy,r* *r) = (f, hj, * r* *
r= hy) > 0, so0 gy is positive definite. Thus, for V small enough, g = gy satisfies
the assertion.

Remark 1.10. If G is amenable, the function g in the Proposition can be chosen
to have compact support, in addition. This is achieved by multiplying the original
g with a continuous positive definite function in K (G) which is near to one on a
compact set containing W and x W.

Proposition 1.11. Let 1 < p < coand G be locally compact. Then G has property
(x)p if and only if (1.2) is satisfied with continuous positive definite functions.

Proof. Suppose that (x), does not hold. Then there is an open relatively compact
neighbourhood W of e such that for any constant C > 0 there is x € G and a
locally integrable positive definite function f such that (i) in the last Proposition
holds. In particular [y, |f|? is finite.

(a) Suppose first there are W, f and x such that fXW | f|? = oo. We then may
assume fzwz | |1 < oo for some e-neighbourhood Z (otherwise replace W by
an e-neighbourhood ¥ with Y3 C W. Since finitely many translates of ¥ cover W,
there must be some x’ € G with [, | f|? = o0). Applying the last Proposition we
see that we can satisfy (i) there with a continuous positive definite function g for
ceveny € = (O
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(b) When case (a) does notapply, f islocally p-integrable, so we have fZWZ | f1P
< 00 and foWZ |fIP < oo automatically satisfied for every relatively compact
e-neighbourhood Z. Applying the last Proposition again we obtain that (i) there is
satisfied with a continuous positive definite function g. As C was arbitrary, (1.2)
does not hold with continuous positive definite functions. So the assertion is proved.

If piseven, p = 2k say, and g is continuous positive definite on G, |g|" = g* oL
is continuous positive definite and nonnegative, so in order to prove (x), in this
case it suffices to establish the following property (*) for G:

Definition and Remark 1.12. We say that G has property (*) if for every (equiv-
alently: for one) relatively compact neighbourhood U of e, there is a constant Cy

such that
/8 = CU/@

xU U

forevery x € G and g € C(G)™ which is positive definite.
An equivalent formulation of (*) is:
For every (equivalently: for one) nonzero h € K (G)™ which is positive definite,

there is a constant Cj, with
[hg=ci[ne

for all positive definite g € C(G)' and x € G.
4 8

The equivalence of formulations follows form the fact that, given A, there are
constants «, # > 0 and relatively compact e-neighbourhoods U, U’ such that
axy < h < Bxu, and given U, there are positive definite hi,hy € K(G)T
with iy < xy < hp (for h; take a suitable multiple of xy * x,-1 where V is
a relatively compact e-neighbourhood with VV~=! < U. For h; take a suitable
multiple of xy * x(yn-1 where V' is relatively compact and contains the closure

U in its interior V')
For IN-groups, property (*) is easy to obtain:

Lemma 1.13. For G locally compact, x € G, f € L', g continuous positive defi-
nite on G we have

'/(f**&r*f)'g

s/(f**f)-g.

Proof. 1f  is a continuous unitary representation of G on a Hilbert space H and
& € H with g(s) = (w(s)&|&) for s € G, we have

\/(f* * 8y * f>~g} = |(m(f* % 8x * [)EIE)]

= |@OT(NEIT(NHEN < IF(NHEN* = (r(f* * fEIE) = /(f* i
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Remark 1.14. If G has an invariant relatively compact neighbourhood U (and hence
G is unimodular), letting f = xy in the Lemma and using the fact that yy % 8, =
dx * xu and h = x; * xu = Xu * xu is positive definite, we obtain that G has
property (*) and the best constant Cj, for this 4 = xy * xy is one.

In particular, (*) holds for all abelian and all compact groups.

Thus far we have proved the “if’-part of the Theorem. Suppose now p € [1, c0)
to be not an even integer. If G is locally compact unimodular having (%), and K
1s a compact normal subgroup of G, then G/K has (%), as is easily seen (because
a positive definite function on G/K composed with the canonical projection is
positive definite on G, and the Haar measure dx on G can be written dk dx where
dk resp. dx are Haar measures of K resp. G/K). So to disprove (), for G, it is
sufficient to disprove it for G /K where K is compact normal in G. It also suffices
to disprove (x), for an open subgroup of G. We proceed by reducing the problem
to cases where (%), is already known to fail or to the case of an infinite compact
group of finite topological dimension. Let G be a nondiscrete IN-group. There is a
compact normal subgroup K of G such that G=G/Kisa SIN-group (i.e. having
a basis of invariant relatively compact neighbourhoods) (see for instance [Ho Mo],
p. 49).

(a) Suppose G is discrete. Then K is open in G and nondiscrete. Divide by the
identity component Ko, so K /K is totally disconnected and compact.

(1) Suppose K /Ky is discrete. Then K is open in K, so K is nondiscrete
connected and compact. Now proceed as in (b) with K in place of G there.

(i1) Suppose K /Ky is nondiscrete. It is also compact and totally disconnect-
ed, hence of topological dimension zero. Dividing out a suitable compact normal
subgroup, if necessary, by an application of [He Ro], Theorem 8.7, we obtain an
infinite metrizable totally disconnected compact group. (Choose U, there such that

U,? ;é U, 1 in order to guarantee that the quotient is infinite). This case is treated
in the next proposition.

(b) Suppose G is nondiscrete. Being a SIN-group, G is pro-Lie i.e. it has arbi-
trarily small compact normal subgroups A such that the quotient G = G/H is Lie
(see [Gr Mz], p. 11) and is still an IN-group (as we took the quotient of a SIN-group
by a normal subgroup contained in an arbitrarily small e-neighbourhood).

(1) Suppose G = G/H is nondiscrete. Then its identity component Go, is a
nondiscrete connected Lie group and IN-group. By [Ho Mo], p. 50 the topological
commutator group of Go, call it C, is compact. If the (abelian) group Go/C is
nondiscrete, it has not property (%) by [Fo 2], Theorem 3.9. If GO/C is discrete,
C is open in Go, s0 C = G, hence C is a nondiscrete compact connected Lie
group. This case is treated in the next proposition.

(1) If G/H isdiscrete, H is open in G, hence nondiscrete, and compact. Consid-
er H/Gg where G is the identity component of G. If this quotient is nondiscrete, it
is totally disconnected and compact. We may assume it to be metrizable (see (a)(ii)
above), so this case is treated in the next proposition. If the quotient is discrete,
G is open in G, hence a nondiscrete connected compact group. If we now repeat
the first step in (b), dividing out a compact normal subgroup H; that is strictly
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contained in Go, the quotient Go/H1 must be nondiscrete compact Lie, and this
case is treated in the next proposition.

Proposition 1.15. Let | < p < 00, p not even. Let G be an infinite metrizable
compact group of finite topological dimension. There is a neighbourhood U of the
identity such that for every C > O there is x € G and f € C(G)™ positive definite
with || flxullp > Cllflullp. So G does not have property () .

Proof. By Zelmanov’s theorem (see [Ze]) there is an infinite abelian subgroup A.
We may assume it to be closed (otherwise take its closure) and hence nondiscrete.
By [Ra] or [Fo 2], there is g € B positive definite, a neighbourhood W of e
in A and x € A such that [, |g|? < cobut [, |g|? = co. Note that W can
be chosen arbitrarily small (if W' C W is open, we can cover x W with finitely
many translates of W’ and so find a translate s W' with [, |g|” = 00). So we may
assume that for some e-neighbourhood Z = Z~! in A we have Elglh.<ioouhs
G has finite topological dimension, there is (see, [Mo] p. 646/47) a neighbourhood
Qofé = Aein G = G/A and a continuous map o : Q — G with o (¢) = e and
Ao (y) = y forall y € Q. Choose an e-neighbourhood Zy = Z&l in A such that
Z5 C Z and |gxzw—y-1(gxzw)ll, < € forall y € Zo.

Denote the set {ao(q)|la € Zo,q € Q} by Zy x Q (which is topologically
justified). Let V. = V~! be an invariant e-neighbourhood in G such that V? is
contained in Zy x Q. Leth = #Xv % xy. Now g * h (convolution of measures

on G) is an L'-function on G given by

g& his)i= /g(y)h(y“s)dy
A

| (g *ho@)la)a) where s = ao (s),s € QO
T e fors ¢ Q.

Denote hs(5)la by h;. We have {a € Al|h;(a) # 0} C Zo,

S0
P
/ e il = </ hg) / lg|? and hence

ZoW 2w
p
/ g *hl? < f lglp-/</hs> i)
ZoWxQ 2w

where v is a measure on G satisfying
/ fx)dx = / / Gl dEdu(a), songfrell (G).
€ 2 A

Now choose C > 0 arbitrary large and according to (ii) of Lemma 1.7 choose an
e-neighbourhood Z; = Zfl C Zp in A such that fZ()W gt k|2 = €2 fonall
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k € (L'(A))™ with [k = 1 and vanishing outside Z;. Let V as above even satisfy
V2 C Z; x Q. Then we have {a € A|h;(a) # 0} C Z; and hence

p 3
/;WLrg*h&VJZCp'(/hj) fors € Q,
0
4
/ZW leg*hlpoP/(/m) dv(s).
oW x

Soletting U = ZoW x Q and f = g *h we get integrable (and in fact continuous
bounded) functions such that || f|y |, and || f|xv ||, differ by an arbitrarily large
factor (in fact going to co) as V. — {e}.

Asg*h = ﬁx\/ * g % ﬁx\/ (recall that V is G-invariant), forr € K(G) we

ave ol Siri—= <g, (T‘l/_\XVY RS R (ﬁx‘/»

The convolution product to the right is positive definite (because G is unimod-
ular) and so is its restriction to A. The latter belongs to the Fourier-Algebra of A
and hence can be written d * d withd € L2(A). As d = d* (A is unimodular) and
choosing d, € K (A) with ||d — d, |2 — 0, we obtain

SO

(g’ d *d*) = lim(g, dn *d;;) =0

as g is positive definite on A. So we have shown that g * £ is positive definite on
G

We thus have finished the proof of Proposition 1.15. This also marks the end of
the proof of Theorem 1.6.

Theorem 1.16. The ax + b-group does not have property (x), for any p,0 <
Do

Remark. Since (), implies (x)2, it suffices to disprove () for large values of p.

Let G be the ax + b-group, i.e. G = {(a,b)|la > 0,b € R} with (a,b) (c,d) =
(ac, b + ad) with its usual topology. We have e = (1, 0), (a, h~! = (> —g)
and (c,d)""(a,b) (c,d) = (a.—% + c7'(b + ad)). Then a~? da db is a left
Haar measure and A(a, b) = a~! the corresponding modular function. Let H =
et Ol e Z)0 < g.= % and V. = {(e7, 9)|r, s € (—n, )} For x #= y € H the
sets VxV ! and VyV_l are disjoint, as the first coordinates of their points are in
e[z — logx1| < %}and {e*| |z—log y1| < %}respectively and | log x; —log y1| >
1. Let x¢ be the characteristic function of E 1,8 c e el)and f € L%(R)*
vanish outside (—7, n). Then h = x¢® f vanishes outside V.

Lemma 1.17. g = > hx4; *h - A(x)Y2 is a continuous positive definite function
xeH
on G.
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Proof. (i) Each summand is continuous, the sets of points where the summands are
nonzero are pairwise disjoint (see above) and every compact set is met by a finite
number of these sets only, so the sum is continuous.

(ii) Let k € K (G). Then (g, k* ¥ k) = > <h w55 L RS2 % k>
xeH

. Z(/E*h*a\..A(x)‘/Z,k*h>

xeH

As the support of k s & and hence of k * h = k * h is compact, only finitely many
summands are nonzero. Viewed as a function of x, the general term of the above
sum is a coefficient of a unitary antirepresentation of H, hence positive definite.
So the sum is > 0 (and hence g is positive definite) by the following wellknown
Lemma. (Not having found a reference, we include a proof).

Lemma 1.18. For H amenable and unimodular and p positive definite and integ-

rable on H, we have [ p > 0.
H

Proof. Let f, € K(H) be such that f, * fn — 1 uniformly on compact sets. As
Jo =1, wehave ="l [Ofs % [ 20,2 0.
H H

Fix the neighbourhood U = (e’%, e%) x (—1, 1) of the identity in G. We want

to compare [ [g|? = [ |h % h|? with [ |g|? = [[xg|P = [|8,-1 * h % 8, % h -
U U xU U U
Ax)Z|P.

Writing down the intergrals for & x h and (6,-1 * h * 8y * /;)XU in both
cases yields a product of fX§ (zlyl)xg(yl)yfdyl times a “perturbed” convo-
lution on R (with a possible cutoff by xy in the second case), the perturbation
coming from the group multiplication. If we choose & > 1 sufficiently near to
one, the effect of this perturbation can be made as small as we please in || ||,
- norm (supposing f € LP(R) above). So we may assume that (except for the
convolution with the Dirac measures) the convolution in the second coordinate
is just ordinary convolution on R. This implies that in the ratio [ [.g|”/ [ Ig]”

U U
the contribution of the first coordinate cancels out, so the problem is reduced to
one dimension. We first determine what A(X)%(Sx—l * h x 8, looks like in the sec-
ond coordinate: For x = (¢",0) € H we have A(X)%((Sx—] £ NG —
e 3h((e", 0)(y1, y2) (€™, 0))e" = eTh(y1, ") = xe (1) - €% £ (e" y).
Forreal ¢ > 0 and r € L'(R) define nicr by (ni:r)() = cr(cy)itor y.c R.
Then mc(r #5)(y) = erxs(cy) = ¢ [ r(cy —2)s(z2)dz = ¢? [ r(cy —cz)s(cz)dz =
Smer(y — Dmes(2)dz = (mer * mes)(y).
For conjugate indices p and ¢ we have f || Bt f [r(cy)|Pdy
1
= ¢l f 7|7, so ”mcr”p = @4 ||r1|p~
Since the range of the second coordinate in U is (—1, 1), we now want to esti-
1 |
mate the ratio [ e~ 2men (f) * f[l)/ [ 1f = f|P for a special choice of f. This
=

L
needs some preparation.
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For f(y) = y* - x0,)(y) we have m. f(y) = ¢ - ¢ - ¥ - x(g,c~1p)(»). For
0 <a <blet fla = fx0.0)- We have

o o flaly = /(v + Y x5+ ¥) - Y*x0,0)(¥)dy

= /(v i )‘)(X}'O(X(fv‘b—u)ﬂ(O,a)()')dy
0 ifv<-—a

a
[ (wy+y*»*dy if —a<v=<0
—v

(We do not need the other values. If @ = b, the function is symmetric).

For —a < v < 0 we obtain

a

£ faw = | (yu o+ (2) - (g)z)“dy

=)

and, letting # +1=r,hencey = 4(r — 1),

s t]
9,
:<%) . f (rzfl)”%dr
=i
~(#+)

:_@)ml / 2 = 1)%dr

1

now letting » = cosh ¢

a

arccosh (— ST 1)

20+1
s (g) Y / (sinh £)2 sinh ¢ dt
0

For a = b, taking into account the symmetry of f f we get

)4
b arccosh (L% —1 )

v v\ Qa+1)p .
5= fip=2- [ (3) [ o af

0 0
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and letting v = bs

P
| arccosh(%—l)
— const b2 FDP . p / gD / (sinh 1)@t Dgr | ds
0 0

1 4 p
1 log<7~2)
< const pPo+Dp+l /S(2a+1)p o+t i
= O 1 :
0

(as arccosh y < log 2y)
1

(ﬂ _2)2¢)(+l i P
< const b(2a+1)[)+1/S(2a+l)p 5 ds
o 200 + 1

0

As the integral is finite if 2o + 1)p > —1 (and @ # —%), in this case we have

Il f * fvllg < const b2¢+DP+1 where the constant depends on « and p only.
For 0 < a < b we obtain

p
0 arccosh(z—‘; = l) -
£ op oyZahlN L aZadl
Raawi fe f Sl (sinh )2+ ar | dv
=a 0
and letting v = —as
p
1 arccosh(%—l) :
2a+1)p ’
2D(+1)P a/ / (Slnh t)2a+1d[ ds
0 0
= const - a®**tDP+! | the constant depending on « and p only

We now come back to our problem of comparing || ||, - norms. If b < 7, the
support of f is contained in (—n, n). Now consider the “compressed” function
F = m_ f for large ¢ > 0 (in fact ¢ will be of the form ¢"). If, in the construction of
g, wereplace f by F, then for x = (c, 0) the estimation of the ratio of the p-norms
of yg and g on U amounts to estimating the ratio of the p-norms ofc%ml._l (F)F

and F x F (note that both functions are supported in (—1, 1), the second coordinate
range of U). We have

IF = Bl = Ime () £ me( ) lp = lme(f) * me(Hllp = llme(f * Hll,
1 =cillf * fllpand 1 ;

laZm = = | e3[R et () [l = eZee® B+ =il

_1b)2a+l+%

A
= 02" const (o

b Sipr eyl v
= const TR i



12 M. Leinert

s k VTP W ! : 1 '
The quotientis > ¢2 %77 7 Ifo = =i 21%’ the quotient is > ¢# which tends

to infinity if ¢ — oo. Note that 2« + 1)p = (—1 — 2#[) R pi= —% > —1 as

was required above. For p > 2 we do not have f € L? oreven f € L? for such
a, and the first requirement was essential, but this can be arranged by replacing f
by f - X(.») where & > 0 is sufficiently small. As we let ¢ — 0, the norms for
the changed function tend to the respective norms for the original function f. So
G does not have property (), for large p and hence not for any p € (0, c0).

Acknowledgements. 1am grateful to John Fournier for drawing my attention to this prob-
lem, to him and to Michael Cowling for fruitful discussions, and to Karl Heinrich Hof-
mann for immediately and more than completely answering a structure theoretic question
of mine.
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