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Zusammenfassung

Diese Arbeit besteht aus zwei Forschungsfeldern, die die Wechselwirkung von Licht mit

Materie und Licht mit Licht beinhalten. Der erste Teil untersucht die Wechselwirkung

eines superintensiven Laserpulses mit einer ultradünnen Folie mit der Dichte eines Fest-

körpers. Der vom Laserpuls ausgeübte Strahlungsdruck kann so stark sein, dass prinzi-

piell die gesamte Folie beschleunigt wird. Dies führt zur Erzeugung von dichten, kolli-

mierten und quasimonoenergetischen Ionenstrahlen mit hoher Flussdichte. Das Einsetzen

von transversalen Instabilitäten beschädigt jedoch die Folie, was zu einer ionenspektralen

Verbreiterung führt. Die einfache analytische Modellierung wird durch Particle-in-Cell-

Simulationen (PIC) unterstützt, um Methoden zur Unterdrückung der Instabilität und

zur Verbesserung der Ionenstrahlqualität strategisch zu planen. Im zweiten Teil wird ei-

ne Methode zur Detektion des rein quantenelektrodynamischen Prozesses der elastischen

Streuung realer Photonen im Vakuum vorgestellt. Monte-Carlo-Simulationen werden ver-

wendet, um die Durchführbarkeit der Detektion dieses bislang unentdeckten Prozesses

zu untersuchen. Es wird ein Versuchsaufbau verwendet, der aus einem hochenergetischen

Gammastrahl besteht, der mit einem extrem ultravioletten Puls (XUV) oder einem Freie-

Elektronen-Laser (FEL) kollidiert. Dieser saubere und kontrollierbare Aufbau nutzt die

hohen Gammaphotonenenergien und den groÿen Laserphotonen�uss, um die Wahrschein-

lichkeit von Streuereignissen zu erhöhen.

Abstract

This work consists of two �elds of study involving the interaction of light with matter and

light with light. The �rst part explores the interaction of a superintense laser pulse with

an ultrathin solid density foil. The radiation pressure exerted by the laser pulse can be

so strong that, in principle, the whole foil is accelerated. This results in the generation of

dense, high-�ux and collimated and quasimonoenergetic ion beams. However, the onset

of transverse instabilities damages the foil, thus resulting in ion spectral broadening.

Simple analytical modeling is supported by particle-in-cell (PIC) simulations to strategize

methods for instability suppression and ion-beam quality improvement. The second part

puts forward a method for detecting the purely quantum electrodynamic process of elastic

scattering of real photons in vacuum. Monte-Carlo simulations are used to study the

feasibility of detection of this yet undetected process. An experimental setup comprising

of a high energy gamma-ray beam colliding with an extreme ultraviolet (XUV) pulse

or a free-electron laser (FEL) is utilized. This clean and controllable setup exploits the

high gamma photon energies and large laser photon �ux for enhancing the probability of

scattering events.
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1 Introduction

This thesis comprises of a set of two �elds of study, �light� being quintessential in both.

Simply put, the interaction of light with matter in the �rst part, and the interaction of

light with light in the second. On account of the �dual nature� of this work, the following

introduction, as well as this thesis will focus separately on each part.

1.1 Evolution of the LASER

The popular saying �Necessity is the mother of all invention� holds true to a very large

extent for most of the advancements made by humankind. However, this did not seem to

be the case when the LASER (Light Ampli�cation by Stimulated Emission of Radiation)

was initially invented. It was more of a discovery, waiting to �nd its necessities so to say.

Owing to the multitude of applications and progress in fundamental research in present

times, which would not have been possible without the laser �rst being developed 60 years

ago, it is be�tting to give a brief account of the evolution of lasers over time. Moreover,

it will be an integral part of both the works presented in this thesis.

Max Planck's work on the blackbody radiation spectrum [1] and the introduction of the

quantum hypothesis in 1900, followed by Albert Einstein's work on the photoelectric e�ect

: the fact that light delivers its energy to a material in discrete packets (light quanta; now

known as photons) in 1905 [2], paved the way for Albert Einstein to propose the concept

of stimulated emission of radiation, in 1917 [3]. This sparked o� a series of research

work dedicated to the realisation of this concept in practice. Stimulated emission was �rst

observed in 1928 by Rudolf Walther Ladenburg [4], however it came into practical use with

the conception and development of the MASER (Microwave Ampli�cation by Stimulated

Emission of Radiation) by Charles Townes in 1951 [5, 6]. Townes and Schawlow later

proposed the optical maser for higher frequencies in 1958 [7], and it was around this time

that the term �LASER� was coined. The �rst operational LASER was �nally developed

by Theodore Maiman in 1960 [8]. Soon enough, with further development in the �eld

of lasers, they found application in myriad �elds ranging from communications, military

purposes, surgical practices, probing matter for fundamental research, to mention a few.

A growing interest in using lasers in the context of nuclear fusion (inertial con�nement

fusion) in the 1970s posed the need for producing lasers with higher peak power. This was
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1 Introduction

made possible with the development of CO2 lasers and glass lasers [9�13]. However, the

rising intensities and correspondingly shorter pulses were detrimental for the gain medium,

or su�ered spectral and temporal pulse distortion while propagating through a medium.

This problem was overcome only in the late 1980s, with the chirped pulse ampli�cation

technique (CPA), developed by D. Strickland and G. Morou [14], wherein a laser pulse

is temporally stretched (chirped) by passing it through a dispersive medium (such as

di�raction gratings) such that di�erent frequency components in the pulse travel di�erent

path lengths. Higher frequency components of the pulse traveling greater lengths or being

delayed imply a positive chirp, or a negative chirp if the lower frequency components are

delayed. This way the pulse is stretched temporally, thereby reducing the peak power,

and is later ampli�ed and compressed, to achieve pulses of high intensity and ultra-short

durations. Hence, using the CPA technique, great progress was made in the direction

of generating ultra-short pulses (∼ 10 fs) with higher peak powers (∼ TW-PW), using

Kerr lens mode locked [15], Ti:Sapphire (TiAl2O3) tunable lasers [16], which usually

operate at a central wavelength of 0.8 µm. Achieving peak intensities of the order of 1014

- 1015 W/cm2 opened up the avenue to explore non-linear laser-matter interaction such

as high-harmonic generation (HHG), and later with even higher peak intensities & 1018

W/cm2, the possibility of laser-driven electron and ion acceleration.

Realising the extraordinary potential of lasers, their evolution in this direction has

been almost linear with time. Lasers today play a crucial role in the exploration of newer

regimes of laser-matter or laser-plasma interaction, as alternative table-top sources of ener-

getic particles (particle accelerators), for recreating and studying astrophysical conditions

in the lab (laboratory astrophysics), generating high-harmonics, in laser spectroscopy,

ultrafast imaging, medical applications such as ion beam therapy, and generation of ra-

dioactive isotopes for for medical purposes, among several others. Till date the research

towards the development of lasers and its applications continues to thrive. With the

currently available laser systems across the world [17], such as ELI [18], Apollon [19],

XCELS [20], Vulcan [21], ATLAS [22], HERCULES [23], it is possible to achieve inten-

sities of the order of ∼ 1022 W/cm2 with the potential of reaching even two orders of

magnitude higher intensity, with peak powers up to 10 PW, and pulse durations down to

tens of femtoseconds (fs) [24].

2



1.2 Light-Matter interaction : Lasers as particle accelerators

1.2 Light-Matter interaction : Lasers as particle

accelerators

When an intense laser impinges on matter, the least massive charged particles or the ones

with the highest charge to mass ratio, namely the electrons, are the �rst ones to respond.

Therefore, one important parameter which governs the regime of laser-matter interaction

is the normalised peak amplitude of the laser de�ned as a0 = |e|E0/meωc, which is essen-

tially the work done by the laser �eld on the electron over one laser wavelength. Here, e

is the electron charge, E0 is the magnitude of the peak �eld amplitude, me is the electron

rest mass, ω = 2πc/λ is the laser angular frequency of a laser with peak wavelength λ

and c is the speed of light in vacuum. This parameter can also be written in terms of

the laser peak intensity I0 and wavelength as a0 = 0.85
√
I0[λ2/(1µm2)]/1018Wcm−2 for

a linearly polarised laser pulse. The value of a0 ∼ 1 (corresponding to a peak intensity

of I0 ∼ 1018 W/cm2 for a ∼ 1 µm laser) is the threshold above which relativistic e�ects

become important, and the magnetic �eld contribution to the Lorentz force experienced

by an electron becomes comparable to the electric one, thus introducing signi�cant non-

linearities in the electron's dynamics. Thus, a0 is also known as the classical non-linearity

parameter.

Given that the response of electrons to a laser �eld govern the dynamics of the inter-

action, coupled with the fact that even for intensities I0 ∼ 1014 W/cm2 the laser �eld

becomes strong enough to distort the Coulomb potential felt by an electron in an atom,

thus leading to ionization, the study of the behaviour of single atoms and single electrons

in a strong electromagnetic (EM) plane wave �eld in vacuum, forms the basis of further

investigation of laser-matter interaction. At intensities around I0 ∼ 1014 W/cm2, an

atom can be ionized by multiphoton processes such as Multi-Photon Ionization or (MPI)

or Above Threshold Ionization (ATI), wherein an electron in an atom can absorb more

than 1 photon energy in order to just overcome its binding potential or can absorb more

than the required number of photons for it to be released in vacuum with a signi�cant

energy gain, respectively. Besides this, there could also be �eld ionization, wherein the

�eld strength of the EM wave can distort the Coulomb barrier, thereby allowing the elec-

tron to tunnel through the barrier (Tunnel Ionization), or spontaneously exit in the case

of Barrier Suppression Ionization (BSI) if the barrier height is suppressed even below the

binding energy of the electron [25,26].

Moreover, the behaviour of a single electron to an EM plane wave in vacuum is a well

known result. In this case, the electron drifts along the laser propagation direction in the

LAB frame or performs a �gure-of-eight trajectory in its average rest frame with each

oscillation period for a linearly polarised wave (or a helical trajectory in the laboratory
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1 Introduction

frame, and a circular one in its rest frame for a circularly polarised wave). The average

drift and its transverse displacement from the propagation axis depends on the value of

a0. Even though there is a net displacement of the electron from its initial position, with

each oscillation period, the electron comes back to rest, however large be the value of a0
[25, 27]. This is the well-known result of the Lawson-Woodward Theorem [28, 29], that

an electron cannot gain energy from a plane EM wave in vacuum.

However, if a realistic laser pulse is taken into consideration, then several of the under-

lying assumptions of this theorem can be violated, thus the possibility of accelerating the

electron using a laser emerges. For instance, this could be possible if the laser is tightly

focussed, thereby violating the assumption of a transversally in�nite interaction region.

Additionally, the ponderomotive force of the laser de�ned as fp = −e2∇〈E2〉/2meω
2 [27],

also cannot be neglected in this case. Accelerating electrons in a plasma would imply a

violation of several assumptions of the above theorem, because of the presence of more

surrounding charged particles, and the generation of quasi-static electric or magnetic

�elds.

Consequently, over the years, several vacuum-based and plasma-based electron acceler-

ation schemes have been studied theoretically and experimentally [30, 31]. Some of the

vacuum-based electron acceleration schemes comprise of Vacuum Beat Wave Acceleration

(VBWA) [32], using sub-cycle (∼ 5fs) crossed beams to enhance the energy gained by

an electron [33], phase-matched acceleration [34], oblique injection in a tightly focussed

laser [35], etc. In particular, plasma-based acceleration schemes have been of great inter-

est since a plasma can support very high �eld gradients (∼ several GV/m). As already

mentioned, for such high laser intensities, matter is ionized by the laser, thus forming a

plasma. Now, depending on the characteristics of the laser pulse such as its peak inten-

sity and pulse duration, and also the properties of target plasma, the laser energy can be

coupled to the plasma electrons by various absorption mechanisms.

Now, a plasma can be broadly categorised in terms of the plasma electron number

density ne as underdense or overdense. This decides the characteristic response time

of the plasma electrons or the frequency of electron oscillations, namely the electron

plasma frequency ωpe =
√

4πnee2/me. Another important parameter which is related

to the laser frequency is the critical electron number density nc = meω
2/4πe2 = 1.1 ×

1021cm−3(λ/1µm)−2, and this decides the point upto which a laser can penetrate into the

plasma (i.e., when ne = nc or ω = ωpe). The plasma would therefore be underdense, if

the laser frequency is greater than the plasma frequency (ω > ωpe), meaning the laser

can propagate through the plasma, or overdense if ω < ωpe, meaning that the laser is

re�ected within a region of the order of the skin depth (ls = c/ωpe) of the plasma. In the

case of an underdense plasma, as the laser propagates through the target, electrons are
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1.2 Light-Matter interaction : Lasers as particle accelerators

displaced in the forward direction due to the ponderomotive force of the laser at the rising

edge of the pulse, leaving behind the ions, thereby creating a charge separation �eld. The

electrons are again pulled back at the falling edge of the pulse, as the ponderomotive force

changes its sign, thereby plasma oscillations are triggered in the wake of the pulse. If the

electrons are in phase with the wave, then they can �ride� the wave, thus gaining energy.

This idea was �rst proposed by Tajima and Dawson in 1979 [36], by exciting a wake of

plasma waves, using two pulses with slightly di�erent frequencies, known as Beat Wave

Acceleration (BWA), which later led to several studies on wake�eld generation and Laser

Wake�eld Acceleration (LWFA) schemes [30,31].

On the other hand, in the case of an overdense plasma, or laser interaction with solid

targets, numerous electron heating mechanisms have been studied. In general, the pulse

can penetrate the skin layer, and the electrons in this layer are displaced forward due

to the ponderomotive push. These can travel beyond the skin layer, thus transporting

energy through the target. Depending on the laser intensity and plasma properties, dif-

ferent methods of energy absorption become prominent. For instance, for non-relativistic

intensities and for relatively long pulses (∼ ns or ps), collisional absorption mechanisms

such as inverse bremsstrahlung or resonance absorption are dominant. Whereas, for rel-

ativistic intensities, collisionless absorption mechanisms are more dominant because the

electron temperature is much higher in this case, and the electron-ion collision frequency

scales as T−3/2e , where Te is the electron temperature. For a plasma with very sharp

density gradients or step-like pro�les, Brunel heating, anomalous skin e�ect, or j × B

heating due to the oscillating component of the ponderomotive force (in the case of linear

polarisation), and several other absorption mechanisms come into play [25,27,37] .

Generation of hot electrons in the plasma leads to the formation of strong charge

separation �elds, which are in turn responsible for accelerating the slower responding

ions. This makes laser-plasma based ion accelerators viable. Depending on how the

laser energy is absorbed by the electrons, di�erent ion acceleration mechanisms become

dominant. Among the many ion-acceleration mechanisms that have been studied are

target normal sheath acceleration (TNSA), which is also the most widely explored one

both theoretically and experimentally. Here, the interaction of the laser is usually with

a thick target (few µm), and electrons in the target front get pushed to the target rear

and into vacuum due to the laser ponderomotive force, which leads to the formation of

a strong electrostatic charge separation �eld or sheath �eld. This causes the ions in the

target rear to be accelerated. This was �rst observed in 2000, in one of the experiments

wherein protons with energies upto ∼ 60 MeV were produced [38]. However, the energy

spectrum of the generated protons was very broad, thus making it unsuitable for several

applications. Nonetheless, this sparked further interest in exploring other laser-driven ion
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acceleration schemes.

Some other mechanisms that have been explored over the years are, radiation pressure

dominant acceleration (RPDA) schemes like hole-boring (HB-RPA), which occurs mainly

in thick targets (∼ µm). Here, the radiation pressure of the laser is the dominant accel-

eration mechanism and, as the name suggests, bores a hole through the target, such that

the radiation pressure and electrostatic pressure in the frame of the dense plasma inter-

face balance. The ions in the front side of the target keep getting cyclically accelerated

in bunches, such that they catch up with the fast electrons. For thin targets (∼ nm) the

light-sail (LS-RPA) mechanism becomes dominant. Here, the whole target is modeled as

a rigid mirror, and can in principle, be accelerated as a whole. Infact, the strong pondero-

motive push on the electrons, inturn causes almost all ions to be accelerated and co-move

with the electrons, thus gaining much higher energies than the electrons, and almost the

whole target then propagates ballistically. The energy scaling of RPDA is linear with

intensity and is much more favourable than that of TNSA. Besides the above, there have

been studies on numerous other ion acceleration schemes such as collisionless shock accel-

eration (CSA), relativistically induced transparency (RIT) causing breakout-after-burner

(BOA), acceleration due to Coulomb explosion, and many more [37,39,40].

It is imperative to mention here that theory and experiments go hand-in-hand. Not

only have all the above mentioned processes been theoretically modeled to provide deeper

understanding of the fundamentals of laser-matter interaction, they have also served as

explanations of experimental results, or as proposals for performing new experiments.

Given the collective behaviour depicted by plasma, it is therefore important to also self-

consistently simulate the complex dynamics of the interaction, in order to compare with

theoretical models, improve them, and to perform more realistic computational exper-

iments, before performing them in the laboratory. In this context, the Particle-in-Cell

(PIC) method [41] for performing kinetic simulations has served as an integral numerical

tool, and continues to be so, especially with advancements in computing power.

1.2.1 Light-Sail acceleration : Motivation

Of the above mentioned laser-driven ion acceleration mechanisms, the Light-Sail accel-

eration mechanism in the radiation pressure dominant (RPD) regime is very promising,

owing to its predicted favourable energy scaling with the laser energy, and the possibil-

ity of whole-target acceleration, resulting in the production of dense, collimated, quasi-

monoenergetic ion beams, that are of speci�c interest for medical applications such as

ion beam therapy (IBT) [42, 43]. Ion beam therapy has already proven to be of success

for treating tumors. However, it is done only in a few facilities around the world with

conventional accelerators. Laser-based ion beam generation to satisfy the requirements
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1.2 Light-Matter interaction : Lasers as particle accelerators

for ion beam therapy, therefore receives considerable interest as it would make laser-based

treatment facilities more feasible, cost-e�ective and accessible to people over the world.

The theoretical model for this mechanism was �rst given by Prof. G. Marx, as a

method for using the radiation pressure of an Earth-based laser to propel an interstellar

spacecraft [44]. Even though this has not been possible yet, there are some interesting

missions dedicated to this end : LightSail2, which is a spacecraft that raises its orbit

using the solar radiation pressure [45] and the Breakthrough Starshot initiative, whose

aim is to provide proof of concept by propelling an ultra-light nano-spacecraft to Alpha

Centauri using a ground-based laser system [46].

As a consequence of LS-RPA's salient features, detailed theoretical and computational

studies have been dedicated towards predicting appropriate laser and target parameters

for achieving ion-acceleration via this mechanism. One of the earliest studies proposed

a threshold for the peak laser intensity of I0 ≈ 1023 Wcm−2 for linearly polarised (LP)

pulses [47] in order to access this regime. Thereafter, it was realised that the use of

circularly polarised (CP) pulses helps reduce this intensity threshold as it suppresses

excessive electron heating due to the absence of the oscillating component of the j × B

force, [48]. Simulations also showed that radiation reaction (RR) e�ects are suppressed

with the use of CP pulses, thus making CP pulses more favourable [49, 50]. Further

important results comprised of a limiting condition for maintaining target opacity (a0 . ζ,

where ζ = πne`/ncλl is the areal density of the target, ne is the electron number density,

nc is the critical density for the laser wavelength λ). An optimal target thickness of a0 ∼ ζ

in order to achieve maximal ion energy for a constant intensity [51], and several other

pulse-tailoring and target engineering techniques [52,53].

Despite a signi�cant advancement in the understanding of this mechanism, achieving

ions accelerated via LS-RPA as predicted, has proved to be di�cult in practice. This is

not only due to non-ideal factors like �nite laser spot size, laser spatial intensity pro�le and

low temporal pulse contrast ratio, but also signi�cantly due to the triggering of transverse

surface instabilities during the laser-foil interaction, that are detrimental to the spectral

quality of the target ions. These instabilities manifest as density �uctuations or ripples

in the target, that grow during the interaction, thus rendering the target transparent to

the laser. Several instability mechanisms have been proposed to be responsible for the

formation of these ripples such as Weibel-like instability, two-stream instability, and the

Rayleigh-Taylor like surface instability (RTI). Studies showed that RTI is the dominant

instability in this case. Here the laser pressure (light �uid) tries to support/push against

a heavy �uid (target ions), thereby causing the interface between the two �uids (target

surface) to become unstable. The growth rate of RTI is proportional to
√
ka, where k is

the wavenumber of the instability and a is the acceleration. [54, 55]. This predicts that
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1 Introduction

the instability grows fastest for larger wavenumbers (or shorter wavelengths). However,

theoretical and simulation studies, and experiments also found that the instability wave-

length is limited to be of the order of the laser wavelength (λRT ∼ λ) due to di�raction

e�ects, thus making instability modes of the order of laser wavelength to be the dominant

ones [56�59].

Although several ideas have been proposed to overcome the limitations to the ion spec-

tral quality, such as using �attop transverse laser pulse pro�les [60], shaped targets [61]

to overcome �nite spot-size e�ects, con�nement of the laser pulse by the plasma cocoon

formed during laser-target interaction [62], using multi-species and double-layered (DL)

targets [63�65], high-Z nanofoils as electron charging stations (ECS) for electron replen-

ishment [66], using targets with pre-imposed transverse modulations [67,68], and pulses

with a sharp intensity rise [55], the improvements in the ion spectra are yet not as satis-

factory as envisioned. Infact, it is observed that these surface instabilities are inevitable

even using a laser pulse of in�nite width (plane wave) and a �at foil [52, 67,69].

Our motivation is thus, to propose optimal conditions to achieve LS-RPA, while being

able to mitigate the detrimental e�ects of transverse instabilities. We show that a connec-

tion exists between the attainable average ion energy per nucleon, and the development

of the transverse Rayleigh-Taylor like instability, and support analytical modeling with

high-resolution 1D and 2D PIC simulations using the SMILEI PIC code [70,71]. We in-

vestigate pulse and target tailoring techniques, that would help improve the quality of ion

beams via this mechanism. In particular, we demonstrate that substantial improvements

of the quasi-monoenergetic features of the ion spectrum are possible either by employing

a train of short and intense laser pulses on a thin foil, or by using a single short and

intense laser pulse impinging on a double-layered foil. In addition, we discuss realistically

achievable laser and target parameters, which are within the reach of currently available

laser and target manufacturing technology.

1.3 Light-Light interaction

Till now, we focused on the interaction of light with matter. But what about the interac-

tion of light with light itself? Ponderings about this question can be traced back to the

17th century. The proponents of the wave nature of light like Johannes Kepler [72,73] and

Christiaan Huygens [74] observed the property of light to be such that the superposition

principle holds true; that when light waves come from di�erent directions they do not

cause any hindrance to each other and produce their e�ect independently of the other. In

the opposite case however, for people who supported the corpuscular or particle nature

of light, it seemed that collisions between light corpuscles must be observed, which would
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arise as a violation of the superposition principle.

In the 1800s however, with the mathematical formulation of electromagnetic phenomena

by James Clerk Maxwell, the wave theory and the validity of the superposition principle, as

a consequence of the linearity of Maxwell's equations seemed to be the formal explanation

for Kepler's and Huygen's observations. However, again in the beginning of the 1900s, the

quantum theory came into being after Max Planck's and Albert Einstein's seminal work,

which brought about the concept of photons : corpuscles of light. This, once again brought

back the need to understand how photons would interact with photons. Several attempts

to formalise and understand this process and the idea of violation of the superposition

principle were made thereafter, starting from K. N Shaposhnikov [75], Louis De Broglie,

Leon Rosenfeld and E. Witmer [76].

It was only in 1933, that Otto Halpern [77] suggested the possible physical mechanism

behind the photon-photon scattering process (γγ → γγ) in vacuum based on Dirac's

hole theory [78], i.e. a photon could �uctuate into a virtual electron-positron pair which

would then annihilate. This pointed towards the presence nonlinear electrodynamical phe-

nomena. Thereafter, in 1935 Euler and Kockel, and later Euler and Heisenberg [79, 80]

calculated the leading order nonlinear corrections to Maxwell's equations in vacuum, and

thus introduced the Euler-Heisenberg Lagrangian density which depends on the electro-

magnetic �eld via the two �eld invariants given by F = (E2 − B2)/2 and G = E · B.

This indicated that the presence of background electromagnetic �elds in vacuum, would

make the vacuum behave as a polarizable medium with a refractive index other than 1.

Note that this would not be the case for a single monochromatic plane wave, however

strong, because here, both the �eld invariants vanish, and hence no nonlinear corrections

would apply. This would imply alterations to the propagation of light in the presence

strong background electromagnetic �elds in vacuum. Photon-photon scattering is hence

connected to vacuum polarisation e�ects.

Euler and Kockel also calculated the photon-photon scattering cross-section in the low

energy limit (ωcm � me , where ωcm is the energy of one of the incident photons in

the center-of-momentum (CoM) frame) [79, 80]. They found that the cross-section for

this process is σ ∝ ω6
cm, and gave an upper bound for it to be ∼ 10−30 cm2. Later

Akheizer calculated the photon-photon scattering cross-section in the high energy limit

(ωcm � me) [81], where the cross-section is σ ∝ ω−2cm. The full cross-section was �nally

calculated by Karplus and Neuman in 1951 [82, 83], and later also by B. De Tollis

and Beretetskii, Lifshitz, Pitaevskii [84�86]. The upper bound of the cross-section as

mentioned is extremely low, with a discontinuity at the CoM energy equal to the electron

rest mass energy above which it becomes possible to produce real pairs. This extremely

low value of the probability of this process, is the main reason for it not being detected

9
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till today. Even before QED was formalised, several attempts were made to observe this

e�ect experimentally primarily in three directions : (i) direct detection of the scattering

of photons with photons in vacuum, (ii) attempts consisting of identifying changes in the

propagation of photons under the in�uence of external constant electric or magnetic �elds,

(iii) some based on astronomical observations [87]. One of the �rst attempt was already

made in 1928 by S.I. Vavilov [88], where he used the radiation from electric sparks,

in order to reach high enough radiation densities, to be able to observe the collision

of photons. Thereafter, in 1930s a method to detect this process using higher energy

photon like X-rays or gamma rays was proposed by A.K Das [89], which was a signi�cant

realisation at the time due to the fact that the cross-section for this process is much lower

for the visible spectrum. Around this time, some experiments were performed by C.Farr

and C.J Banwell [90] to study the e�ect of a transverse magnetic �eld in vacuum on the

propagation of light. But the magnetic �eld they could produce in the laboratory was ∼
1 T. Besides, J. Stark made attempts to observe this e�ect in the presence of a strong

electric �eld. However, this too was also several orders of magnitude smaller, than the

now well-known QED critical �eld strength Ecr = m2
ec

3/~|e| ∼ 1.3 × 1016 V/cm [91],

where ~ is the reduced Planck's constant. Several other e�orts in a similar direction in

the years following shortly also resulted in no detection of the occurrence of this process

[87].

Before proceeding further, it is important to mention another invariant parameter :

the quantum non-linearity parameter given as χ =
√
−(Fµνkν)2/mecEcr where Fµν is

the �eld tensor kν is the photon 4-momentum of the incoming photon. Thus, χ & 1

implies non-linear QED e�ects or the non-perturbative regime which for instance would

happen if the photon energies are very high, or if the background �elds are of the order

of the critical QED �eld Ecr. In this case, the Euler-Heisenberg Lagrangian will not be

applicable, and also in the low energy region, the vacuum polarisation e�ects would not

be very prominent. This is also one reason as to why the experiments performed in the

past observed no result, as the �elds used were signi�cantly smaller than the critical �eld.

Recently, with progress in laser development and accelerator technology, it became

possible to produce high energy photon beams in the laboratory, and also laser intensities

I0 ∼ 1023 W/cm2, providing much stronger �elds (however, still lower than the critical

�eld). Thus, several other experiments aimed at detection were proposed, most of which

correspond to the low photon energy regime, however some also in the high energy or non-

perturbative regime. Some proposals using high energy ( GeV) γ beams at the Photon

Linear Collider (PLC) [92] and SLAC [93] were made in the late 1900s. Over the last

two decades, there have been several proposals: using a laser assisted setup consisting

of three lasers, two with the same wavelength and a third assisting laser with a di�erent
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1.3 Light-Light interaction

wavelength [94, 95] in a way that the number of scattering events can be enhanced.

Another innovative idea was to perform a �matterless double-slit� experiment, wherein

two super-intense parallel laser beams (∼ 1024 W/cm2) counter-propagate with respect

to another lower intensity probe beam, which in the course of interacting with one of

the strong beams, should get scattered to form an interference pattern [96]. Another

suggestion was to impinge a probe beam on a series of several intense parallel beams (∼
1023 W/cm2), which would enhance the scattering process, if the incidence angle satis�es

the Bragg condition [97]. Additionally, some experiments were also proposed to measure

changes in the polarisation of an incoming probe beam in the presence of intense laser

�elds [98�100]. Also, there have been even studies on the possibility of enhancing vacuum

polarisation e�ects in a plasma [101]. An experiment in 2013 and later again in 2016 had

been performed to detect this process in the X-ray region using the X-ray Free-Electron

laser at SACLA, however no signal was observed in either case [102, 103]. A recent

proposal and feasibility study to detect this process using a γ − γ collider based on the

design of the Beijing Electron Positron Collider (BEPC) has also been reported in 2018

[104]. These are just few of the wide variety of proposals made and experiments performed.

[105, 106].Furthermore, in the high energy region, other vacuum polarisation e�ects have

been studied and even observed such as Delbrück scattering, where an energetic photon

is scattered in the Coulomb �eld of a nucleus [107�109], and the photon-splitting process

[110,111].

Infact, recently, evidence for the elastic scattering of two virtual photons has been

obtained at an experiment at ATLAS detector at the Large Hadron Collider (LHC). This

consisted of colliding two lead nuclei (Pb + Pb). When such highly charged (Z = 82) ions

collide, then if the impact parameter is greater than the diameter of a nucleus, such an

event is termed as ultra-peripheral collision (UPC). In this case, the strong force does not

dominate, and the electromagnetic �eld of the respective nuclei can be approximated as a

beam of equivalent virtual photons (equivalent photon approximation). Herein, the �ux

of these photons is very high because it scales as Z2. These virtual photons then can lead

to the γγ → γγ process [112�114]. However, these measurements pertain to an indirect

evidence of photon-photon scattering, and the elastic scattering of two real photons has

yet not been detected.

Furthermore, in the case when the energy in CoM of the incident photons exceeds

the pair production threshold, another process involving the collisions of two photons is

possible, i.e. the linear Breit-Wheeler pair creation (γγ → e+e−) [115], where two high

energy photons collide to form an electron-positron pair, with its cross-section several

orders of magnitude higher than the elastic photon-photon scattering cross-section. Infact,

this is another process that has evaded detection till today. However, the non-linear Breit-
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Wheeler pair creation (γ +n~ωl → e+e−), where 1 high energy photon absorbs many low

energy photons from a strong optical laser �eld, has been observed in the E-144 experiment

at SLAC, wherein a 46.6 GeV electron beam and an intense laser beam produced ∼ 30

GeV γ photons which in turn interacted with the laser photons to produce pairs via the

non-linear or multiphoton Breit-Wheeler process [116,117]. Several proposals have been

made thereafter for detection of the linear Breit-Wheeler process too, observation of this

process is not so easy because of the presence of other pair-production processes such as

the Trident and Bethe-Heitler pair-production that have even higher cross-sections. Some

of the recent proposals aimed to this end have been the interaction of a bremsstrahlung

based GeV photon beam with thermal X-rays generated in a vacuum hohlraum [118],

using two identical MeV sources produced in the interaction of an intense laser with

thin metal targets by various mechanisms such as bremsstrahlung, Compton scattering,

synchrotron radiation [119]. However, a clear signature of this process is still missing.

Presently, not only do several sources of high energy photons exist in synchrotron

facilities, Compton based sources or free-electron lasers (FELs) with energies ranging

upto several MeV [120�123], but there have also been many ingenious ideas proposed

for sources with higher photon energies, high photon �ux, and increased e�ciency. These

ideas range from using laser-plasma [124�129], laser-electron beam interaction [130�133],

QED cascades produced in the collision of two counter-propagating intense laser pulses

[131, 134], plasma instabilities in electron beam-plasma interaction such as �lamentation

[135], beamstrahlung in beam-beam collisions [136�138] and colliding an ultra-relativistic

electron beam with multiple thin (sub-µm) conducting foils [139], to name a few. More-

over, several high-harmonic sources have also been demonstrated using laser-based high-

harmonic generation in gases or plasmas, which can produce coherent radiation in the

extreme ultraviolet (XUV) region, with a high repetition rate [26, 140�147].

The multitude of available high photon energy sources, in addition to the fact that the

elastic scattering of two real photons yet remains to be detected, paves the way to the

realisation of photon-photon scattering experiments. We hence, propose an experiment

utilising a γ beam with energies ranging up to a few GeV interacting with either a high-

harmonic source of radiation or a free-electron laser, all of which are not only practically

achievable today, but also have the added advantage of having one source of monoenergetic

photons which is tunable and controllable, and is also scalable to �t the requirements for

being in the optimal region for detection. This would ensure two things : (i) that the

parameters can be carefully chosen such that the energy in the CoM frame of the incoming

photons approaches mec
2, implying an increase in the cross-section of the process, while

remaining below the threshold for pair-production such that no other competing processes

are present, (ii) the probability of large angle scattering is signi�cant.
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1.3 Light-Light interaction

To this end, we perform Monte-Carlo simulations with a γ beam and a high-harmonic

laser, wherein the γ beam is generated in the interaction of an ultra-relativistic electron

beam and an intense laser via nonlinear or linear Compton backscattering. The electron

beam parameters are based on those available in accelerator facilities like FACET II

[148] and DESY [149]. The γ beam generation is implemented computationally by my

supervisor Dr. Matteo Tamburini, which is then input in the Monte-Carlo code, where the

full cross-section for the photon-photon scattering process has been included. The spatio-

temporal structure of the Gaussian beam �elds for the laser have also been implemented

in this code, by following the calculation of Y. Salamin [150,151], which is based on the

method of K.T. McDonald [152].

The structure of this thesis is as follows : Chapter 2 contains sections on essential

background concepts for laser-plasma interaction, such as the PIC simulation method,

a discussion on ion acceleration mechanisms in the radiation pressure dominant regime,

with a focus on the light-sail ion acceleration regime. Optimal conditions for obtaining

ion beams with enhanced spectral qualtiy will be discussed and supported by multi-

dimensional Particle-in-Cell simulations. Chapter 3 contain background sections on the

photon-photon scattering cross-section calculations, the modeling of the electromagnetic

�elds of a Gaussian laser beam beyond the paraxial approximation. These sections will be

followed by a description of the structure and implementation of the Monte-Carlo code,

along with our estimates and some results. Chapter 4 summarises the work done in the

above two �elds and provide an outlook for further work.
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2 Towards High Energy and High Quality

ion beams in the Light-Sail Regime

2.1 Introduction

When a super-intense laser pulse (∼ I0 & 1018 W/cm2) illuminates an ultra-thin (∼ few

nm) solid-density foil, the entire foil can in principle be accelerated as whole due to the

radiation pressure of the laser pulse. This envisages the possibility to produce dense ion

beams with a quasi-monochromatic energy spectrum and a high degree of collimation.

Because of these features, radiation pressure acceleration in the light-sail regime (LS-

RPA) is a very promising acceleration mechanism, most favourable for applications where

dense and monoenergetic beams are needed. However, laser-driven ion beams with such

features are yet to be obtained in practice. One major obstacle in obtaining such beams

is the occurrence of several instabilities, which deforms the target, thus resulting in a

premature termination of the acceleration stage. Here we discuss ways for suppressing

the detrimental e�ects of these instabilities with proper matching of the laser pulse and foil

parameters, such that dense, high quality ion beams having a low energy spread and low

angular divergence can be produced. We support analytical modeling with high-resolution

Particle-in-Cell (PIC) simulations.

This Chapter contains sections which will provide the basic background information

necessary as a starting point for our investigations, which will be followed by sections

containing our obtained results. The structure is as follows. Section 2.2 will brie�y

highlight basic properties of a plasma along with the modeling of plasmas under the

kinetic description. This will lead to the next Section 2.3 where a basic idea about the

Particle-in-Cell method, a powerful numerical tool to simulate the dynamics of plasmas,

will be given. Section 2.4 will brie�y describe the conditions when radiation pressure

is dominant, following which the theoretical models of two ion acceleration mechanisms

in the radiation pressure dominant regime, namely hole-boring in Section 2.5 and light-

sail in Section 2.6 will be discussed. Under this last section 2.6.1 will contain our

inferences and predictions based on the 1D model. Section 2.7 will give an overview

of transverse instabilities, with a main focus on the Rayleigh-Taylor-like intability, after

which in Section 2.7.1 our further predictions to be used as starting points for our results
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will be indicated. Finally, all sections under Section 2.8 will provide our results, and

conclusions thereafter. Some parts in Sections 2.6 & 2.7, and major parts in Section

2.8 appear exactly as in our submitted article which was jointly written by M. Tamburini

and me [153].

2.2 Basic Plasma properties and Plasma modeling

It was mentioned in Chapter 1 that when an intense laser ∼ 1014 W/cm2 impinges on

matter, the matter is ionized thereby forming a plasma. It is hence important to de�ne

when �ionized matter� can be called a plasma. A plasma comprises of charged and neutral

particles which as a whole exhibits the characteristic properties of collective behaviour and

quasineutrality [154,155].

• Collective behaviour : Consider any two charged particles in a plasma. These

would interact with each other via their Coulomb potential, which falls o� as the

inverse squared of the distance between them (∝ 1/r2). However, now consider, two

charged regions in the plasma separated by a distance r. In this case, even though

the Coulomb force between these two regions falls o� as ∝ 1/r2, the volume of one

charged region that can a�ect the other increases as ∝ r3. This leads to the long

range Coulomb interaction in a plasma, i.e. di�erent volume elements of charge can

�collectively� interact with other charged particle collections.

• Quasineutrality : This can be understood via the concept of Debye shielding. Due

to the collective interaction, the Coulomb �eld of any �test� charged particle would

cause all its nearby charged particles to move and try to neutralise or shield out the

�eld of this charge. The distance over which this electric �eld is screened is known

as the Debye length which is de�ned as :

λD =
kBTe

4πnee2
(2.1)

The above Eq. 2.1 is de�ned by considering the more massive and slower responding

ions to be immobile. The thermal electron motion is responsible for the shielding

process. Hence in general, the electron temperature Te is used to de�ne this shielding

length and the ions can be considered as �cold�. On a length scale L much larger

than the Debye length λD (L � λD), the bulk of the plasma can therefore be

considered as �quasineutral�, meaning ne = Zni, where ne is the electron number

density, ni is the ion number density of a species with atomic number Z for a fully

ionized plasma.
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For the above to be valid, the plasma number density must be high such that λD
is small compared to the plasma scale length L. Moreover, the number of particles

in a sphere of radius λD, given by ND = neλ
3
D must also be very large (ND � 1)

[154].

Now, because of the above characteristics of a plasma, charged particle motion results

in generation of electric and magnetic �elds, which in turn a�ects the motion of these

particles. Thus it becomes important to describe the evolution of the system in a self-

consistent manner. Based on the properties of a plasma, such as the electron temperature

Te, plasma density ne, and also on the time scale of the phenomena of interest, a �uid or

kinetic description of a plasma is used. The �uid description of a plasma is su�cient under

the assumption that particles su�er frequent collisions such that they achieve thermal

equilibrium and have a Maxwellian distribution. Under this assumption, the velocity

distribution of a species of charged particles can then just be described in terms of its

temperature. However, in most cases, this is not valid. For instance, high temperature or

low density plasmas are collisionless, and the particles are not in thermal equilibrium. In

this case, a �uid picture does not reveal all the information about the system. A kinetic

description is more appropriate, wherein the velocity distribution of each charged species

is also needed to correctly describe the behaviour [154]. This is especially required in the

context of high intensity and short pulse laser-matter interactions.

The kinetic behaviour of a collisionless plasma is therefore described by the Vlasov-

Maxwell system of equations which is the most widely used approach and is the starting

point for simulations. The distribution function of a given charged particle species s in

the plasma is fs(r,p, t) [71]. This is the number density of particles of charge qs and

mass ms with momenta between p + dp at a given position r and time t. Therefore, the

charge and current densities ρ(r, t) and J(r, t), respectively are given as

ρ(r, t) =
∑
s

qs

∫
fs(r,p, t)d

3p (2.2a)

J(r, t) =
∑
s

qs

∫
vfs(r,p, t)d

3p (2.2b)

The distribution function fs(r,p, t) satis�es the well known Vlasov equation, which is

written in its relativistic form as

∂fs
∂t

+
p

γms

· ∂fs
∂r

+ FL ·
∂fs
∂p

= 0 (2.3)

Here FL is the Lorentz force experienced by the particles due to their collective electric
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E(r, t) and magnetic �elds B(r, t),

FL = qs

(
E +

p

γms

×B

)
(2.4)

where γ =
√

1 + p2/m2
sc

2 is the relativistic factor. The self-generated electric and

magnetic �elds satisfy the Maxwell's equations :

∇ · E =
ρ

ε0
(2.5a)

∇ ·B = 0 (2.5b)

∇× E = −∂B
∂t

(2.5c)

∇×B = µ0ε0
∂E

∂t
+ µ0J (2.5d)

Thus, the electric and magnetic �elds E(r, t) and B(r, t) are determined form Maxwell's

equations Eqs. 2.5 by substituting the charge and current densities ρ(r, t) and J(r, t)

(Eq. 2.2). These �elds then determine the Lorentz force in Eq. 2.4, which intern enters

the Vlasov equation Eq. 2.3, thereby leading to a self-consistent description of the

evolution of the plasma.

2.3 The Particle-in-Cell Method

The Vlasov-Maxwell kinetic description of a collisionless plasma described above is a

very powerful model describing the plasma evolution. However, the distribution function

fs(r,p, t) is dependent on seven independent variables. Therefore, integrating the Vlasov

equation would require keeping track of the full six dimensional (6D) phase-space. Even

in a reduced dimensionality, this proves to be a daunting task, and impractical to solve

computationally [156, 157]. How is this issue then circumvented? This is where the

Particle-in-Cell (PIC) method comes into play, which was proposed in the 1960s [41]. The

idea is to decompose the distribution function into several �nite-sized �pseudo-particles�,

each representing a large number of �real� particles on a discrete spatial grid. This is

possible because of the collective behaviour of a plasma. Thus, such �nite sized particles

can be chosen such that each represents a large number of real particles in approximately

one Debye sphere. Refer to Fig. 2.1 for a representation of this idea.
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Figure 2.1: :Figure showing the relation between Vlasov (top) and PIC (bottom) codes. The �gure is

adapted from [156].

The discrete distribution function is represented as [71] :

fs(r,p, t) =
Ns∑
j=1

wjS(r− rj(t))δ(p− pj(t)) (2.6)

where wj is the weight of each pseudo-particle (i.e. the number of real particles represented

by a pseudo-particle), Ns is the total number of pseudo-particles for a given species s, rj
and pj is the position and momentum of the jth particle respectively, and S(r) is the shape

function describing the e�ective shape or spatial distribution of each pseudo-particle, δ is

the Dirac distribution.

Now, substituting the discrete distribution function Eq. 2.6 in the Vlasov equation

Eq. 2.3, multiplying by p, and thereafter integrating over all momenta p and space r,

one �nds that each pseudo-particle satis�es the the relativistic equation of motion [71]

drj
dt

=
pj
γjms

(2.7a)

dpj
dt

= qs

(
Ej +

pj
γjms

×Bj

)
(2.7b)

Here the �elds Ej and Bj at the position of each particle are then found by interpolating
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the �elds on the discrete spatial grid as

Ej =

∫
S(r− rj)E(r)dr (2.8a)

Bj =

∫
S(r− rj)B(r)dr (2.8b)

Thus, the problem e�ectively boils down to two coupled solving schemes in a standard

PIC code : (i) Solve a discretised system of Maxwell's equations to obtain the �elds. (ii)

Use these �elds to evolve the particles by solving their relativistic equation of motion.

The basic PIC algorithm is the following :

• At t = 0, initialise the pseudo-particles on a discrete spatial grid by specifying their

weights wj, charge qs, mass ms, and initial distributions in phase-space.

• Evaluate the charge and current densities ρ(r, 0) and J(r, 0) and project them onto

the spatial grid.

• Solve Maxwell's equations to compute the �elds E(r) and B(r) on the grid. This

is typically done using the Finite-Di�erence-Time-Domain (FDTD) method where

the electric and magnetic �elds are discretised onto a Yee staggered grid [158].

• Interpolate �elds at the positions of each particle to obtain Ej and Bj.

• Now evolve the particles. This is typically done using the Boris particle pusher

based on the leap-frog scheme [159].

• Compute the new �elds and deposit the new charge and current densities on the

grid.

Over the last few decades, several PIC codes have been developed, some of which are

open-source. Moreover, they have been greatly improved in terms of the performance of

the code, numerical stability and extra physics modules. In our work, we use the open-

source, fully relativistic, high-performance (HPC) PIC code SMILEI [70, 71]. (For more

details on the numerical schemes, physics packages and optimization, see paper).

2.4 Radiation Pressure Dominant Ion Acceleration

Mechanism

Various laser-plasma based ion acceleration mechanisms were mentioned in Chapter 1,

wherein the laser pulse and target parameters govern the dominance of one acceleration
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mechanism over the other. The focus of this section is the Radiation Pressure Domi-

nant Acceleration (RPDA) mechanism. In general, a plane electromagnetic (EM) wave,

incident normally on the surface of a target with re�ectivity R, absorptivity A and trans-

missivity T, can transfer its momentum to the target. The radiation pressure is thus, the

amount of momentum delivered to the target per unit surface and time, and can be found

using energy conservation (R + T + A = 1). For an opaque target (T = 0), the radiation

pressure is given by the well known result [160]:

Prad = (1 +R)
I

c
(2.9)

For a perfectly re�ecting target (R = 1, A = 0), Prad = 2I/c, where I is the intensity of

the EM wave and c is the speed of light in vacuum. In the context of a realistic laser pulse,

the radiation pressure on the target is nothing but the integral of the ponderomotive force

per unit volume fp ≡ This force is responsible for the longitudinal displacement of the

electrons away from the immobile ions in the target, along the laser propagation direction.

This leads to the creation of a strong charge separation electrostatic �eld Ees between the

ions and electrons. Infact, the ions having a slower response time, respond to this �eld and

are accelerated. At the point when both the ponderomotive force and the electrostatic

force per unit volume on electrons balances, i.e. when fp = eneEes, the electrons are

in mechanical equilibrium. Then under the condition of quasineutrality in a plasma

Zni = ne, the electrostatic force per unit volume on the ions would be ZeniEes = eneEes.

Therefore, the total radiation pressure on the target Prad is equal to the total electrostatic

pressure Pes. This circumstance of pressure balance (Prad = Pes) is when radiation pressure

is said to be dominant, and Prad can be considered to be responsible for accelerating the

target ions. Hence, the name �Radiation Pressure Dominant Acceleration� [161].

Two ion acceleration schemes fall under this regime, the key distinguishing feature being

the target thickness. The theoretical models that exist for these two mechanisms will be

discussed brie�y.

2.5 Hole-Boring (for thick targets ∼ few µm)

In the Hole-Boring (HB-RPA), the plasma target is modeled as an overdense semi-in�nite

slab with perfect re�ectivity (R = 1). When a laser pulse is normally incident on the

target, it penetrates upto the skin layer ls = c/ωpe, and the laser ponderomotive force

leads to the formation of a dense electron compression layer. This happens till the charge

separation �eld Ees balances the ponderomotive force in the rest frame of the dense bend-

ing plasma surface. The laser pushes the plasma surface forward into the target, thereby
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boring a hole. The velocity of the dense plasma surface is known as the hole-boring veloc-

ity vHB. In its rest frame, the plasma surface would �see� ions coming towards it with a

velocity −vHB, and under pressure balance conditions, these ions would bounce back from

the target with velocity vHB, therefore resulting in a velocity of 2vHB in the laboratory

frame. For a constant intensity laser pulse, the hole-boring velocity can be estimated

using the pressure balance condition in its rest frame as follows [162] :

Prad = Pes (2.10a)

2I

c

(
1− βHB
1 + βHB

)
= (γni)(γmi2β

2
HBc

2) (2.10b)

where βHB = vHB/c is the hole-boring velocity in units of c, the ion number density ni
in surface rest frame is γHBni, γ = 1/

√
1− β2

HB being the Lorentz factor, and mi is the

ion mass.

Solving Eq. 2.10 for βHB gives :

βHB =

√
B

1 +
√
B

(2.11)

where B = I/ρc3 is the so-called dimensionless pistoning parameter, where ρ = mini.

Thus the maximum energy gained by ions per nucleon in the lab frame is then given as :

εmax = muc
2

(
2B

1 + 2
√
B

)
(2.12)

where mu is the atomic mass unit.

Figure 2.2: :Figure adapted from [163].The regions xd < x < xl and 0 < x < xd correspond to the

density compression and charge depletion layer respectively. The �gure depicts the initial stage of

establishment of equilibrium where the electrostatic �eld Ex balances out the radiation pressure.

A more indepth understanding of the dynamics can be understood by the explanation

provided in [27,163]. According to this, at the initial stage, the laser penetrates upto the

22



2.6 Light-Sail (for thin targets ∼ sub-µm or few nm)

skin layer causing electrons to pile up in a dense compression region which is of the order

of the skin depth ls = c/ωpe until quasi-equilibrium condition is established (Prad = Pes).

Only the ions initially present within this compression region are accelerated with the lab

frame velocity 2vHB and cross into the bulk of the plasma (refer to Fig. 2.2). The ions

present in the region before the compression layer, which is the charge depletion layer,

do not catch up with the ones in the compression layer, and are further accelerated as

a second energetic bunch when quasi-equilibrium is re-established. Therefore, the hole-

boring acceleration mechanism consists of a �cyclic acceleration� of several ion bunches,

and results in a broad energy spectrum. From the above, it follows that the ion energy

scales linearly with intensity ∝ B = I/ρc3. Therefore, this regime is not very favourable

for attaining relativistic ion energies. For very solid density targets with ne > 100nc,

where nc is the critical plasma density, this would require very high intensities. However,

this regime works well for lower density targets, and lighter ions such as protons. However,

the energy spectrum obtained in this regime is quite broad, with a cuto� at εmax.

2.6 Light-Sail (for thin targets ∼ sub-µm or few nm)

The Light-Sail acceleration mechanism (LS-RPA) is dominant for thin targets. In this

case, if the target thickness is of the order of the compression layer (` ∼ ls) that forms

in the case of HB-RPA, then in principle the laser pulse bores through the whole target,

i.e. LS-RPA is a special case of HB-RPA, wherein the hole-boring is complete even before

the pulse ends, thereby accelerating almost all the ions to the same velocity. In this case,

the plasma foil is modeled as a �at rigid `mirror' (T = 0), with mass density ρ = mini

and thickness ` accelerated by the radiation pressure of an intense plane-wave-like laser

pulse with frequency ω (see Fig. 2.3). For a laser pulse, normally incident on the foil,

the equation of motion of the thin target (light sail) in the laboratory frame is given by

( [47,51,164])
d

dt
(γβLS) =

2I(t′)

ρ`c2
R(ω′)

(
1− βLS
1 + βLS

)
, (2.13)

where βLS = vLS/c is the foil velocity in units of the speed of light in vacuum c, γ =

1/
√

(1− β2
LS) is the relativistic factor of the foil, I(t′) is the laser intensity at the foil

position as a function of the retarded time t′ = t−X(t)/c, where X(t) is the instantaneous

foil position, and R(ω′) is re�ectivity of the foil as function of the laser frequency in the

rest frame of the foil ω′ = Dω, with D =
√

(1− βLS)/(1 + βLS) being the Doppler factor.

Considering a constant intensity pulse and assuming perfect re�ectivity R(ω′) ≈ 1, the

above equation can be solved analytically and in the asymptotic limit, the foil relativistic

factor as a function of time is expressed in terms of the laser and target parameters as
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2 Towards High Energy and High Quality ion beams in the Light-Sail Regime

γ(t) ' (6It/ρ`c2)1/3 [27].

Figure 2.3: :Schematic of a rigid, opaque and thin slab being accelerated as a whole by the radiation

pressure of the incident laser pulse. (adapted from [27].)

Moreover, by changing from time t to the retarded time t′, Eq. (2.13) can be solved

exactly for an arbitrary laser pulse temporal pro�le. The light-sail velocity βLS and

predicted energy per nucleon εu is then [51]

βLS =
(1 + E)2 − 1

(1 + E)2 + 1
(2.14)

εu =
E2

2(1 + E)
muc

2, (2.15)

where mu is the atomic mass unit and E = 2F/ρ`c2 is essentially the ratio between the

laser pulse �uence F =
∫
I(t′)dt′, i.e., the laser pulse energy per unit surface, and the foil

surface density ρ`.

Eq. 2.15 implies that arbitrarily high ion energies can be obtained by increasing the

laser pulse �uence. It should be noted that the simple LS model assumes perfect target

re�ectivity, and predicts a monoenergetic acceleration for the �whole� foil.

However, what would be the case when a realistic high-intensity pulse is incident on

a thin target? The key point is that the above can be true only as long as the target

maintains its re�ectivity R(ω′) ≈ 1. This can be clearly understood by using normalized

units, i.e., by rewriting E as a function of the normalized laser �eld amplitude a(φ) =√
I(φ)/I∗ and the normalized surface density ζ = πne`/ncλ, where I∗ = m2

eω
2c3/4πe2,

φ = [t/T − X(t)/λ] is the laser phase at the foil position, and nc = meω
2/4πe2 is the
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2.6 Light-Sail (for thin targets ∼ sub-µm or few nm)

critical plasma density. Here ne is the electron number density, e and me are the electron

charge and rest mass, while T = 2π/ω and λ = cT are the laser period and wavelength,

respectively. For simplicity, consider a foil with a single fully ionized atomic species,

subject to a constant intensity laser pulse then E is written as

E =
2πZme

∫
a2(φ) dφ

Amuζ
=

2πZmea
2
0τ

Amuζ
(2.16)

where Z (A) is the atomic number (mass), and a0 is the peak value of a(φ). and τ the

total pulse duration in units of the laser period. For the foil to be opaque to the laser,

the most intuitive inference from Eq. 2.16 is that the laser peak amplitude must be less

than the normalized foil surface density (a0 < ζ). This is true, however, 1D simulations

pointed towards the presence of an optimal target thickness for which maximal energy

gain is obtained in accordance with the LS equation, for a given ionized species with a

�xed electron number density ne [164]. The optimal thickness condition for this was found

to be such that a0 ≈ ζ is satis�ed. This led to a further improvement of the LS model

by taking into account the e�ects of a foil with partial re�ectivity (R < 1) [51]. Arising

due to the oscillations of electrons in the foil at relativistic laser intensities (a0 > 1), the

expression for this non-linear re�ectivity of the foil in its rest frame, is given within the

thin foil approximation (ne � a0nc and `� λ) as :

R(ω′) =
1

1 + ζ ′(φ)−2Γ2(φ)
, (2.17)

where Γ is the `transverse' relativistic factor associated with the transverse relativistic

oscillations of the electrons in the foil and ζ ′(φ) = ζ/D(φ) is the Doppler increased

normalized foil surface density [51].

Γ2(φ) =
{

1 + a2(φ)− ζ ′2(φ) +
[
(1 + a2(φ)− ζ ′2(φ))2

+4ζ ′2(φ)
]1/2}

/2 (2.18)

Now, the foil re�ectivity R(ω′) is approximately unity when a(φ) < ζ ′(φ) 1 which is

automatically satis�ed when a0 . ζ (see Ref. [51]). The above threshold condition means

that Γ ≈ 1 when a0 � ζ, implying a suppressed foil transmissivity, and Γ ≈ √a0 when

a0 ≈ ζ � 1 implying increased foil transmissivity. Thus the condition a0 ≈ ζ � 1 sets

a threshold for achieving maximal radiation pressure on the target and hence maximal

energy gain for a given laser pulse intensity.

1Note that in the ultra-relativistic case the relation a(φ) < ζ ′(φ) allows to increase the laser intensity

or decrease the foil areal density maintaining R ≈ 1, which, in principle, allows to attain ion energies

well beyond those attainable with the bound a0 . ζ.
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It is also important to restate here, that a circularly polarised pulse (CP) is more

favourable for RPA dominance. This is attributed to the fact that for a CP pulse, the

oscillating component of the j × B force is absent, thus suppressing the generation of hot

electrons [48,51�53,162,163]. Therefore, with the use of CP pulses, RPA can in principle

be dominant at any laser intensity.

2.6.1 Model-based predictions 1D

The above model of LS-RPA thus brings us to a starting point for our 1D simulations,

the results of which will be discussed in Section 2.8. In our investigation we use a laser

pulse with a sin2 temporal envelope (i.e., sin4 temporal pro�le for intensity). Thus E in

Eq. 2.16 is obtained as

E =
3πZmea

2
0τ

4Amuζ
(2.19)

Now, employing the above mentioned threshold condition for optimal LS-RPA (a0 ≈ ζ)

in Eq. 2.16 leads to

E =
2πZmea0τ

Amu

(2.20)

Since the ion energy per nucleon εu in LS-RPA scales as the laser pulse �uence F ∝ a20τ ,

then for a �xed laser �uence, the above implies that reducing the laser intensity a0 and

correspondingly increasing the laser pulse duration τ ensures that target re�ectivity is

maintained. Moreover, this leads to a greater fraction of the target ions attaining the

same energy, thereby improving the monoenergeticity of the spectrum. In addition, a

lower laser intensity with longer laser pulse duration also results into (i) a more adiabatic

foil acceleration, which maintains the plasma foil compact during the acceleration phase.

(ii) a reduced foil heating and, consequently, a suppressed expansion of the foil driven by

energetic electrons.

2.7 Instabilities

The above 1D models for RPA ion acceleration mechanisms have not only served as a

starting point for investigation of each process by numerical simulations, but also pro-

vide a deeper understanding of the underlying dynamics of the acceleration mechanisms.

Moreover, the model predictions have been in good agreement with simulation results.

However, in a more realistic multi-dimensional geometry, the scenario completely changes,

which is why LS-RPA has been di�cult to achieve in practice. One of the major issues is

the onset of transverse instabilities that manifest as density perturbations in the plasma

foil, which grow over time and eventually render the foil transparent to the laser. This
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2.7 Instabilities

is highly undesirable for achieving the promising features of a dense monochromatic ion

energy spectrum predicted by LS-RPA. Infact, this is observed even when plane-wave

laser pulses and �at foils are employed (see in Section 2.8), such that �nite size e�ects

are absent.

The accelerated foil is subject to a number of instabilities such as Weibel-like in-

stability [165], two-stream-like instability [166], and Rayleigh-Taylor-like (RT) instabil-

ity [55, 56]. In the context of RPA with thin foils, the most widely explored instability

is the Rayleigh-Taylor-like instability. This is on account of the fact that the target can

be modeled as a compressible (heavy) �uid, which is pushed by the radiation pressure of

the laser (the photons of the laser being the light �uid). The pressure di�erence on both

sides of the foil thus causes the interface of these two '�uids' to be unstable, just like what

happens in the standard Rayleigh-Taylor instability [54]. In this case the instability grows

as
√

2πa/λm where a is the acceleration and λm is the perturbation mode wavelength.

This predicts that the instability grows inde�nitely for smaller wavelength modes.

Numerous theoretical instability analyses have been performed for obtaining the growth

rate of the instability in laser-thin foil interaction. Some of these involve a linear stability

analysis wherein the length scale of the transverse density modulations in the thin foil

can be considered much larger than the laser wavelength and a constant pressure force

can be assumed [55]. Additionally, further investigation has been done which takes into

account also the �niteness of the laser wavelength and the fact that a realistic short laser

pulse is not monochromatic [57]. This is responsible for scattering of the EM waves o�

the periodic density structures. This leads to a modi�cation of the growth rate of the

standard RT instability for λm < λ, however corresponds to the standard RT predictions

where λm & λ, with a dominant mode at λm ∼ λ. Additionally, even a kinetic description

of the plasma foil has been investigated, which takes into account the �nite thickness

of the foil [167], and suggests that the small scale perturbations λm < λ arise due to

transverse electron oscillations. [166].

However, relatively small perturbations λm � λ tend to be `smoothed' in the laser

pulse-foil interaction, whereas longer wavelength modes λm & λ are ampli�ed [56]. The

linear theory of RT instability predicts that the shorter wavelength mode compatible with

di�raction e�ects should dominate [55], which is indeed con�rmed by experiments where

λm ∼ λ was shown to be the dominant wavelength of density modulations [56]. Thus, the

dominant λm ∼ λ mode of RT instability is a key quantity for assessing the importance

of transverse e�ects. In its linear stage, the RT instability grows exponentially, with

its exponent rising linearly with time in the non-relativistic regime. On the contrary,

the RT exponent grows proportionally to the cubic root of time in the ultra-relativistic

regime [55]. The drastically di�erent scaling in the non-relativistic and ultra-relativistic
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2 Towards High Energy and High Quality ion beams in the Light-Sail Regime

regime suggested that a rapid acceleration of the foil to ultra-relativistic velocity could

e�ectively stop the growth of the instability [55].

2.7.1 Model-based predictions 2D

This brings us in a position to make inferences and predictions for our 2D simulations,

the results of which will follow in Section 2.8.

The starting point is the above mentioned point on the scaling of the RT instabil-

ity growth in the ultra-relativistic regime (∝ t1/3) to be much slower than in the non-

relativistic case (∝ t) [55]. However, in the ultra-relativistic case the duration of the

laser-foil interaction is also considerably longer, because the laser pulse and the foil basi-

cally move with the same velocity, such that the interaction lasts for a time considerably

longer than the laser pulse duration. Thus, the net e�ect of the growth of the RT insta-

bility is more appropriately analyzed as a function of the laser phase at the foil position

φ instead of time t.

For the above-considered fully ionized single species foil accelerated by a sin2 laser �eld

temporal pro�le, the RT instability grows as exp[Φ] with [55]

Φ = 2π

∫
dφ

[
Zmea

2(φ)λ

Amuζλm

]1/2
=
πa0τ√
ζ

√
Zmeλ

Amuλm
, (2.21)

which implies Φ . π
√
ζτ
√
Zme/Amu for a0 . ζ and λm ∼ λ. By comparing Eqs. (2.15)-

(2.19) with Eq. (2.21), it immediately follows that :

(i) an increase of ion energy per nucleon is necessarily accompanied by an increase of

the growth of the RT instability.

(ii) attaining larger ion energy with minimal RT instability development favors a larger

Z/A ratio which is attained, e.g., by employing hydrogen instead of carbon.

(iii) for �xed laser �uence and foil parameters, a simultaneous increase of the laser intensity

and decrease of the laser pulse duration mitigates RT instability.

The above dependence on the laser pulse intensity and duration is opposite to what

has been predicted above for the 1D dynamics in Section 2.6.1, i.e., when no transverse

e�ect exists. On one hand, this prediction in 2D suggests that an optimal region of laser

pulse intensity and duration exists, where the foil acceleration is su�ciently adiabatic

and transverse instabilities are su�ciently mitigated to maintain uniform RPA of the foil.

On the other hand, it suggests that one needs to relax the relation between E and Φ in

order to simultaneously increase the �nal ion energy while preserving the monochromatic

spectral features of ideal LSA. This can be done by going beyond the simple LS model

and by allowing more complex laser pulse and foil parameters.
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2.8 PIC Simulation results

2.8 PIC Simulation results

2.8.1 Laser Pulse Duration-Intensity Relation

In order to test the above predictions on the relation between the laser pulse intensity

and the laser pulse duration, we carried out 1D and 2D PIC simulations with the fully

relativistic and fully parallel PIC code Smilei [71]. In all our simulations, the laser pulse

is circularly polarized with sin2 temporal �eld envelope and λ = 0.8µm wavelength. The

considered duration of laser pulses is ∆τ = 5, 10, 20, 30 fs full width at half maximum

(FWHM) of the pulse intensity with normalized laser amplitude a0 ≈ 71, 50, 35, 29,

respectively. The above-mentioned laser pulse duration and �eld amplitude are chosen

such that the laser pulse �uence is the same in all considered cases. The foil is initially

composed of neutral carbon with thickness ` = 0.056λ. The foil is fully ionized by the

laser pulse �eld at the beginning of the interaction, where its electron density reaches the

maximum value of 400 nc. Note that the foil thickness is chosen to satisfy the optimal

LSA condition a0 ≈ ζ for a0 ≈ 71, such that a0 . ζ and the re�ectivity is approximately

unity in all considered cases.

In our 2D simulations the foil is initially �at, and the laser pulse is modeled as a plane

wave. Thus, no �nite size e�ect is present, and a direct comparison with 1D results

is possible. To accurately resolve the plasma dynamics, in 2D the simulation box is

16λ(x)× 16λ(y) with 16000(x)× 16000(y) grid points, and 66 (400) particles-per-cell are

used for ions (electrons when full ionization is reached). The same spatial resolution and

particles-per-cell are used in the corresponding 1D simulations.

Figure 2.4(a) and Fig. 2.4(b) report the results obtained with 1D and 2D simulations,

respectively. Figure 2.4(a) shows that the ion spectrum qualitatively improves with in-

creasing laser pulse duration, with the ion energy per nucleon being in good agreement

with the LS model prediction εu ≈ 21 MeV. This occurs because the acceleration process

is increasingly more adiabatic for longer duration and lower intensity. In fact, during the

acceleration process the equilibrium between electrostatic force and radiation pressure

leads to the cyclic acceleration of ion populations at the front surface of the foil, which

results into the formation of loops in the ion phase space [163,168]. For long and less in-

tense pulses the momentum di�erence of these populations is small with the foil remaining

compact. By contrast, for short and intense pulses the populations at the foil front are

violently pushed forward and may even overshoot the foil consequently forming distinct

separated energy populations as show in Fig. 2.4(a) for the 5 fs case. In addition, the

larger a0 for shorter pulses increases the laser pulse penetration into the foil resulting into

increased electron heating, and also into a stronger e�ect of Coulomb explosion associated

to the larger electron-ion spatial separation during acceleration.

29



2 Towards High Energy and High Quality ion beams in the Light-Sail Regime

Although the above 1D e�ects are still present in 2D simulations, in this case the foil is

also subject to instabilities that result in transverse density modulations. Notably, these

density modulations depend on the temporal envelope of the laser pulse (see below).

Inspite of the initial planar symmetry of the laser pulse and of the foil, Fig. 2.4(b) shows

that 2D spectra are noticeably broader than the corresponding 1D spectra. In addition,

in consistence with the expectation of stronger RT instability for longer duration pulses, a

moderate improvement of the ion spectrum quality with decreasing laser pulse duration is

visible for all cases. Remarkably, for the 5 fs duration case the ion spectrum is markedly

improved and its features are much closer to those of the corresponding 1D simulation

[see Fig. 2.4(b)]. This can be explained by noting that in almost all cases but the shorter

duration pulse, Φ is well above unity (Φ > 3), which implies that RT is saturated and

fully in the nonlinear regime (see Tab. 2.1). Thus, strong transverse foil modulations with

dense clumps separated by lower density regions have already formed, with the laser pulse

penetrating and heating the electrons of the lower density regions [see Fig. 2.6(a)]. In this

case, no compact foil is still present, such that the exact value of Φ is no longer decisive

for assessing the quality of the ion spectrum.

The above results on the relation between the laser pulse intensity and its duration imply

that attaining relativistic energy per nucleon and high-quality ion beams in LSA requires

smart techniques to suppress transverse instabilities and also non-adiabatic acceleration

e�ects, simultaneously. In the following we consider two possible strategies, one based on

laser pulse modulation, and the other one on optimal laser pulse-foil parameter matching.
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Figure 2.4: Ion energy spectrum per nucleon for an initially neutral carbon foil with thickness ` =

0.056λ accelerated by a superintense laser pulse with duration ∆τ = 5, 10, 20, 30 fs and normalized

amplitude a0 ≈ 71, 50, 35, 29, respectively. (a) 1D PIC results, (b) 2D PIC results.
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2.8 PIC Simulation results

a0 ∆τ (fs) Φ εp (MeV) ∆εp (MeV) ∆εp/εp

71 5 2.3 25.2 4.4 0.17

50 10 3.2 21.0 18.6 0.89

35
20 4.5 20.0 23.2 1.20

2× 10 2.3(1st) 15.3 2.6 0.17

29
30 5.5 19.0 26.0 1.37

3× 10 1.8(1st) 20.4 4.1 0.20

Table 2.1: Average ion energy per nucleon εp within one FWHM energy range around the peak,

FWHM of the ion peak ∆εp and relative energy spread ∆εp/εp from 2D PIC simulations of the

interaction of a plane-wave laser pulse (train of 2 or 3 laser pulses) normalized amplitude a0 and

duration ∆τ with a �at carbon foil with thickness ` = 0.056λ. The LS prediction of the ion energy

per nucleon is 21 MeV, while the exponent of the RT instability growth Φ is given by Eq. 2.21.
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Figure 2.5: Ion energy spectrum per nucleon for an initially neutral carbon foil with thickness ` =

0.056λ accelerated by (a) a single 20 fs (red line) and two 10 fs (blue line) laser pulses all with

a0 ≈ 35, (b) a single 30 fs (red line) and three 10 fs (blue line) laser pulses all with a0 ≈ 29.

2.8.2 Train of short pulses

The �rst strategy consists in accelerating the foil with a train of short and intense laser

pulses where, ideally, each single laser pulse of the train is such that Φ � 1 for the

considered foil parameters and, also, longitudinal non-adiabatic e�ects are subdominant.

The rationale is that, in this case, foil density modulations induced by each laser pulse

during RPA are su�ciently small that the electrons and ions of the foil can reorganize to re-

establish quasi-neutrality and di�use from the higher density regions to the lower density

regions. This may result into foil `smoothing', i.e., the density modulations induced during
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the acceleration phase are suppressed before the following laser pulse interacts with the

foil. In practice, it might be di�cult to obtain all the above conditions simultaneously.

However, here we show that even when each laser pulse of the train is such that Φ ≈ 2 a

substantial improvement of the ion energy spectrum is attainable compared to the single

pulse case. We mention that ion acceleration with a train of two short and intense laser

pulses has been already experimentally realized in the context of target normal sheath

acceleration, where a signi�cant spectral enhancement compared to the case of a single

laser pulse with the same total energy was observed [169].
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Figure 2.6: Snapshots of the ion charge density ρi during the laser pulse-foil interaction, which starts

at t = 0. Snapshots are taken at 15 T , 20 T , 25 T and near the end of the laser pulse-foil interaction

at 30 T . (a)-(d) single 30 fs pulse, (e)-(h) three 10 fs pulses.
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Figure 2.7: Transverse electron |ρe| (blue line) and ion ρi (red line) charge density averaged over the

higher density ion layer (see Fig. 2.6) in units of ρc = |e|nc. (a)-(d) single 30 fs pulse, (e)-(h) three

10 fs pulses.

In the following we report the results of 2D simulations for a `train' of two and three

identical 10 fs laser pulses and compare these results with those of a single 20 fs and

30 fs laser pulse, respectively. For each simulation, the sin2 shape, plane-wave transverse

pro�le, total �uence and total duration as well as the peak intensity, or equivalently a0, is

the same for the train of pulses and for the single pulse. The foil and numerical parameters

are the same as in previous simulations.

Figure 2.5(a) [Figure 2.5(b)] shows the ion spectra obtained with a single 20 fs (30 fs)

pulse and with a train of two (three) 10 fs laser pulses. The average ion energy per nucleon

is in all cases in agreement with the LS model prediction, but the quality of the spectrum

is markedly improved in the case of a train of laser pulses. In particular, a sharp peak is

present in the case of multiple pulses. The relative spectral width ∆εp/εp ≈ 0.17 (0.20) of

the peak in the spectrum for the case of two (three) pulses of 10 fs is signi�cantly smaller
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compared to ∆εp/εp ≈ 1.20 (1.37) for a single 20 fs (30 fs) laser pulse, as summarized

in Table 2.1. The fraction of accelerated ions is also larger for the case of a pulse train,

where less ions are present at lower energies (see Fig. 2.5). Here ∆εp is the FWHM of the

peak in the ion spectrum and εp is the average ion energy per nucleon obtained averaging

over ±∆εp/2 around the peak.

More insights can be gained by considering the ion and electron dynamics during accel-

eration. Figure 2.6 displays snapshots of the carbon ion charge density both for a single

30 fs pulse [Figs. 2.6(a)-2.6(d)] and a train of three 10 fs pulses [Figs. 2.6(e)-2.6(h)] at

intervals of 5 T starting from 15 T after the laser-foil interaction begins. Note that the

peak intensity of the single 30 fs pulse reaches the foil at approximately 15 T , while for

the train of pulses this occurs three times at approximately 5 T , 15 T , and 25 T . Fig-

ure 2.6 shows that, both for the single and for the train of pulses, at 15 T small scale

�lamentary structures followed by a denser modulated layer are present at the front of

the foil. The presence of small scale modulations is further con�rmed by considering the

mean transverse electron |ρe(y)| and ion ρi(y) charge densities, which are obtained by

averaging the charge distribution over a length corresponding to the thickness of the ion

layer displayed in Fig. 2.6. Figure 2.7 displays |ρe(y)| (blue line) and ρi(y) (red line),

while Fig. 2.8 reports the modulus of the Fourier transform of ρi(y).

The formation of structures with scale λm much smaller than the laser wavelength λ

indicates that kinetic instabilities dominate during the initial stage of acceleration [165,

166]. However, small scale modulations are later suppressed and smoothed as the laser

is insensitive to structures much smaller than its wavelength due to di�raction. In fact,

at later stages (t > 25T ), modulations with scale comparable with λ clearly dominate

(see Fig. 2.8) as expected from RT instability [55,56]. Note that the suppression of small

scale structures with the dominance of λm ∼ λ modes occurs earlier in the case of a

train of pulses than in the case of a single pulse and is also much more pronounced (see

Figs. 2.6-2.8 for t ≥ 20T ). In fact, each of the pulses of the train accelerates the foil

therefore creating an electron-ion charge separation and triggering instabilities. However,

the induced foil modulations are relatively small for each pulse of the train compared

to the single pulse case and, as the interaction with each pulse of the train �nishes, the

electrons and ions of the foil di�use longitudinally and transversely to restore local charge

neutrality. This di�usion process tends to suppress most of the previously generated

small scale structures, while long scale modulations are less a�ected. Thus, the following

pulse of the train interacts with a relatively homogeneous and quasi-neutral foil, which is

e�ectively further accelerated by radiation pressure. This sequential acceleration process

is e�ective provided that no long scale pre-plasma has formed before each pulse interacts

with the foil, such that the foil is su�ciently compact and its re�ectivity remains nearly
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unity.
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Figure 2.8: Fourier transform of the normalized transverse ion charge density |FFT(ρi/ρc)| averaged
over the higher density ion layer taken at 15 T , 20 T , 25 T and 30 T (see Fig. 2.7). (a)-(d) single

30 fs pulse, (e)-(f)] a train of three 10 fs pulses. The insets in panels (c)-(d) and (g)-(h) (blue lines)

report a zoom of the longer wavelength mode λm region, where λ is the laser wavelength.

Finally, we consider the e�ect of increasing the number of laser pulses of the train with

�xed total �uence and total duration. In this case each laser pulse of the train has the

same peak amplitude a0 as in previous simulations but smaller duration, such that Φ of

each pulse decreases and transverse instabilities should be relatively suppressed. However,

as discussed above, a sharp rise of the laser pulse intensity renders the acceleration process

increasingly less adiabatic with the possible formation of multiple ion populations with

di�erent energies and increased electron heating. Figure 2.9 shows the ion energy spectrum

per nucleon for a single 30 fs pulse (black line) and a train of three 10 fs pulses (blue line),

four 7.5 fs pulses (green line), and six 5 fs pulses (red line) all with the same total �uence,
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peak intensity and total duration. Fig. 2.9 shows that increasing the number of laser

pulses of the train reduces the number of ions at low energies and increases the total

number of ions in the peak. However, the width of the peak does not reduce, and for the

four 7.5 fs pulses the formation of a double peak is also observed, which is a signature

of non-adiabatic acceleration. These results further con�rm that high-quality spectral

features are obtained when both transverse e�ects and non-adiabatic processes leading to

the formation of multiple ion populations are suppressed.
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Figure 2.9: Ion energy spectrum per nucleon for an initially neutral carbon foil with thickness ` =

0.056λ accelerated by a single 30 fs (black line) laser pulse, a train of three 10 fs (blue line), four

7.5 fs (green line), and six 5 fs (red line) laser pulses. The normalized amplitude of each pulse is

a0 ≈ 29.

2.8.3 Radiation Reaction e�ects

It has already been established with fully 3D simulations that radiation reaction (RR)

e�ects in RPA would be more important in the case of linear polarization. For a circularly

polarised pulse, the electron heating is already signi�cantly quenched because the oscil-

lating component of the j × B force is absent in this case [50]. Moreover, in this case the

electrons are pushed forward along the laser-propagation direction, as opposed to them

colliding with the laser pulse. Thus radiation reaction e�ects are greatly suppressed with

the use of CP pulses. Infact the peak intensity values used in this work are much lower

than the intensities at which these e�ects would become important [170]. This is exactly

what is observed in the Fig. 2.10 which shows the ion energy spectra for a single 30 fs

pulse and a train of three pulses of 10 fs with and without radiation reaction (RR) e�ects

included in our PIC simulations. No signi�cant di�erence is observed in the obtained

energy spectrum.
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Figure 2.10: Ion energy spectrum per nucleon for an initially neutral carbon foil with thickness ` =

0.056λ accelerated by (a) a single 30 fs laser pulse and (b) three 10 fs laser pulses all with a0 ≈ 29

with (blue line) and without (red line) radiation reaction (RR) e�ects included.

2.8.3.1 Finite spot size e�ects

So far we have investigated the in�uence of transverse e�ects, mainly focusing on the

dominant mode of RT instability, and of strong longitudinal gradients associated with

non-adiabatic ion acceleration in the interaction of plane-wave laser pulses with �at foils.

Naturally, in practice the laser pulse focal radius is of the order of a few micrometers,

such that it is important to ascertain that the above �ndings also hold when �nite spot

size e�ects are present.

It is known that the �nite size of the focal spot may result into foil deformation, and that

this can be prevented either using more transversely uniform super-Gaussian pro�les [171]

or transversely modulated foils [61]. Here we show that by employing transversely fourth

order super-Gaussian pro�les, similar results as the plane-wave pulse can be obtained,

such that our previous conclusions can be readily extended also to realistic �nite spot

size laser pulses. In our simulations, the laser has 8λ diameter FWHM of the intensity,

while all the other laser, foil as well as numerical parameters are the same as in previous

simulations but the computational box size, which was increased to 20λ(x)× 16λ(y).
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Figure 2.11: Ion energy spectrum per nucleon for an initially neutral carbon foil with thickness ` =

0.056λ accelerated by a train of plane-wave (PW) laser pulses (red line) and by a train of super-

Gaussian (SG) laser pulses (blue line) with 8λ diameter. For the supergaussian case the reported

spectrum corresponds to ions within 2λ diameter around the laser axis. (a) two 10 fs laser pulses,

(b) three 10 fs laser pulses.

Figure 2.11(a)-2.11(b) display the ion spectrum per nucleon for the train of two 10 fs

pulses [Figure 2.11(a)] and three 10 fs pulses [Figure 2.11(b)] both for a plane-wave pulse

(red line) and for a super-Gaussian pulse (blue line), where only ions within 2λ diameter

around the laser axis are considered. A similar spectrum is observed both for the plane-

wave and for the super-Gaussian laser pulses, therefore con�rming that for su�ciently

uniform transverse laser pro�les, �nite spot size e�ects do not signi�cantly a�ect the

spectral features.

Besides a low energy spread, another important characteristic that de�nes the qual-

ity of the beam is the angular beam divergence. A low angular beam divergence is also

essential for instance, to exploit such monoenergetic ion beams for medical applications

such as ion beam therapy in particular. Figure 2.12(a)- 2.12(d) display contour maps

of the distribution f(θ, εu) of ions as a function of angle of emission θ of the ions with

respect to the target normal versus the ion energy per nucleon εp, for a single 30 fs

pulse [Figure 2.12(a), Figure 2.12(c)] and a train of three 10 fs pulses [Figure 2.12(b),

Figure 2.12(d)] with a super-Gaussian temporal pro�le (Note that Figure 2.12(c) and

Figure 2.12(d) correspond to only the ions within 2λ diameter around laser axis in Fig-

ure 2.12(a) and Figure 2.12(b)). For both the cases of a single pulse and a train of pulses,

the angular divergence of ions within a 2λ diameter around the laser axis is con�ned to a

∼ 10◦ cone. However, in the case of a train of three pulses of 10 fs, all these ions not only

have a small angular beam divergence, but a dense quasi-monoenergetic bunch is clearly

seen, thus providing evidence of the good quality of the beam having a low energy and
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angular spread simultaneously.
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Figure 2.12: Distribution of ions as a function of energy per nucleon versus divergence angle f(θ, εu)

for an initially neutral carbon foil with thickness ` = 0.056λ accelerated by a single 30 fs ((a) & (c))

and a train of three 10 fs ((b) & (d)) super-Gaussian (SG) laser pulses with 8λ diameter. (a)-(b)

correspond to the distribution of ions f(θ, εu) for the full target. (c)-(d) correspond to only the ions

within 2λ diameter around the laser axis.

2.8.4 Optimal laser pulse-foil parameter matching

In the �rst part of our work we have shown that RPA with relatively long duration and low

intensity laser pulses favors the suppression of longitudinal non-adiabatic e�ects. In sharp

contrast, RPA with short duration and high intensity laser pulses favors the suppression

of transverse e�ects. This opposite tendency has been con�rmed by performing high-

resolution 1D and 2D PIC simulations. In fact, for example, for the shorter considered

duration ∆τ ≈ 5 fs and higher intensity a0 ≈ 71 laser pulse, the obtained 1D and 2D

spectra show nearly the same features [see the black line in Fig. 2.4(a) and Fig. 2.4(b)]. On

one hand, the similarity between 1D and 2D spectra indicates that transverse e�ects are

strongly suppressed. On the other hand, the presence of two distinct and well-separated

peaks in the ion spectrum indicates that the sharp growth of the laser intensity resulted

into a stronger acceleration of the front part of the foil than its rear part. In fact, the

front region of the foil undergoes hole-boring acceleration with normalized velocity [172]

βHB(t) =
v(t)HB
c

=

√
B(t)

1 +
√
B(t)

(2.22)

where B(t) = I(t)/ρc3 (here 2.10 has been written as a function of time for a realistic

temporal pro�le). By contrast, at the beginning of the interaction βLS(t) ≈ E(t) =

2
∫ t
0
I(t′)dt′/ρ`c2, where βLS(t) is the normalized light sail velocity. Thus, at the beginning
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of the interaction βHB(t) > βLS(t) and the front part of the foil necessarily moves earlier

and faster than the rear part of the foil until the condition βLS(t) & βHB(t) is reached.

Thus, a sharp rise of the laser pulse intensity creates a �rst ion population originating

from the foil front with signi�cantly larger energy than that of the remaining part of the

foil.
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Figure 2.13: Ion energy spectrum per nucleon for carbon (red line) and hydrogen (inset, green line)

in the interaction of a single 5 fs laser pulse with normalized amplitude a0 ≈ 71 with a double-layer

foil. The foil initially consists of a �rst layer of hydrogen with thickness 0.64λ and 20 nc electron

density and a second layer of carbon with thickness 0.025λ and 400nc electron density.

In order to attain high-energy and high-quality ion beams, it is therefore critical to

retain the suppression of transverse e�ects while simultaneously reducing non-adiabatic

e�ects that lead to the generation of distinct ion populations with noticeably di�erent en-

ergies. Here we propose to employ short and intense laser pulses for RPA of a double-layer

foil made of two distinct ion species with parameters chosen to both suppress transverse

e�ects and achieve a smooth transition from the hole-boring to the light-sail stage. The

laser pulse is the same as above, with a plane-wave transverse spatial pro�le, sin2 tempo-

ral �eld envelope, a0 ≈ 71 and ∆τ ≈ 5 fs. The numerical parameters are also the same

as in the above-considered simulations. The foil has two layers, the �rst layer is made of

initially neutral hydrogen with electron number density neH ≈ 20nc (when ionized) and

`H = 0.64λ thickness, while the second layer is made of initially neutral carbon with elec-

tron number density neC ≈ 400nc (when fully ionized) and `C = 0.025λ thickness. For

choosing the thickness of the �rst layer of the foil, the time tm at which βLS(tm) ≈ βHB(tm)

was �rst determined assuming a hydrogen foil with normalized surface density ζ = a0 and

solving Eq. (2.13) numerically. Then, the thickness of the foil was chosen to match the

distance traveled by the hole-boring front in a time tm, i.e., `H ≈ c
∫ tm
0
βHB(t) dt. Finally,

the thickness of the second layer `C was chosen such that ζ = π(neH`H +neC`C)/ncλ ≈ a0.
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The above-mentioned conditions are such that the �rst layer undergoes non-adiabatic ef-

fects with the formation of multiple ion populations whereas the second layer is nearly

uniformly accelerated via the LS mechanism since βHB . βLS when the hole-boring front

starts to interact with the second layer, also due to the fact that the second layer is denser

than the �rst one.

Figure 2.13 reports the obtained carbon (red line, main panel) and hydrogen (green line,

inset) spectrum from our 2D PIC simulations. Whereas the hydrogen spectrum is very

broad with multiple separated peaks corresponding to multiple ion populations, the carbon

spectrum is much more narrow than in the case of a single species foil [compare with the

black line in Fig. 2.4(b)] therefore indicating a strong suppression both of transverse and

of longitudinal non-adiabatic e�ects. For carbon, the average ion energy per nucleon is

εp ≈ 33.5 MeV and the relative energy spread is ∆εp/εp ≈ 0.06. Notably, in addition

to a substantial improvement of the quality of the carbon ion spectrum with respect to

the single species foil case, here the obtained carbon energy per nucleon is larger than

the prediction of the LS model (εu ≈ 21 MeV). This occurs because, due to relativistic

transparency, the laser pulse partially penetrates into the �rst layer, and consequently

the mass of the foil that undergoes RPA acceleration is e�ectively smaller than that of

the whole foil.

Note that foils made of two distinct but intermingled ion species were proposed to

suppress RT instability, with the heavy ion species lagging behind and absorbing most of

the e�ect of RT instability [173]. This is distinct from the case considered here, where

suppression of transverse e�ects is essentially obtained by choosing short and intense

laser pulses, and the two ions species are spatially separated, the �rst layer quenching

longitudinal non-adiabatic e�ects and reducing the e�ective mass of the foil.

2.8.5 Pre-pulse or pre-plasma e�ects

In Section 2.8.2 we mentioned that the sequential acceleration process observed by em-

ploying a train of short pulses is e�ective �provided that no long scale pre-plasma has

formed� before each pulse. Our analysis takes into account only the interaction of the

foil with the main pulse. It is important to brie�y talk about pre-plasma or pre-pulse

e�ects in general, in order to get an idea regarding the limitations of these e�ects and the

feasibility of experimentally investigating this process.

In an experimental scenario, the main pulse is always preceded by prepulses and a much

longer (∼ 1 ns or ps) ampli�ed spontaneous emission (ASE) induced pedestal, which can

already interact with the target, ionizing it, and thereby forming an underdense plasma

expanding into vacuum much before the main pulse arrives at the target front. Thus due

to the presence of already hot electrons, and expansion of the target front, the interaction
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with the main pulse can be signi�cantly di�erent. For thinner targets, this e�ect can

be much more pronounced, and the target can even be destroyed much before the main

pulse.

However, the temporal contrast of the pulse which is the ratio of the peak intensity of

the main pulse to that of the ASE pedestal is an important measure which can decide the

e�ect of the prepulse or ASE pedestal on the interaction.

For ultra-thin targets (∼ few nm) irradiated by high intensity laser pulses, the temporal

contrast needs to be ultra-high (∼ 1010 or above). Indeed, such high contrast pulses do

exist in several facilities, thanks to several techniques such as using a double-plasma

mirror (DPM) to improve the temporal contrast of high intensity pulses upto 1010 [174].

Infact, in present times it is possible to achieve even higher temporal contrasts ∼ 1014.

[175] Some experiments employing high-temporal contrast pulses (1010) over a wide range

of target thickness reported that for thinner (sub-µm) targets, such high contrasts help

with energy enhancement of ions, without disturbing the rear of the target [176,177] and

that in such conditions either a very small scale-length or no pre-plasma is formed [178].

Moreover, simulations for LS-RPA using CP pulses exploring the e�ect of the pre-plasma

scale length on the energy conversion e�ciency have also revealed that an optimal pre-

plasma scale-length exists for maximum conversion e�ciency [48]. It has also been found

that using shorter pulses (few tens of fs) would also limit the formation of pre-plasma to

shorter scale-lengths [179]. Besides, the use of CP pulses also signi�cantly reduces the

generation of hot electrons, which pose an added advantage to the availability of high pulse

temporal contrasts specially in the context of LS-RPA. This has also been investigated

experimentally to observe RPA of carbon C6+ ions for intensities of ∼ 1019 W/cm2 for

ultra-thin foils (∼ few tens of nm), using temporal contrasts 1011 [180].

From all of the above, we are led to understand that given the current possibility of

super-intense ∼ 1021 W/cm2 short pulses (few fs), with ultra-high temporal contrasts

(1010 - 1014), it is possible to suppress the pre-plasma e�ects in laser-target interaction.

Moreover, as suggested above, optimal control of laser and target parameters may also

limit the formation of long scale pre-plasma, and may not necessarily be detrimental

to the laser-foil interaction. Nevertheless, these are important factors that should be

taken into account while simulating laser-plasma interaction. There are some ways of

doing so, such as using hydrodynamical codes, to simulate the interaction of such a long

duration ASE pedestal, in order to estimate the density evolution of the pre-plasma,

and use this density distribution to initialise the target in the PIC simulation (for the

main interaction). Besides this, using a power-law type density pro�le, or initialising the

simulation with some initial charge state of the ions in order to account for ionization due

to the pedestal or pre-pulse are some methods to take this into account. However, based
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on the above mentioned experimental and simulation studies, speci�cally for LS-RPA, it

would not be too unrealistic to expect that the e�ects of pre-pulse can be suppressed to

a certain extent.
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Figure 2.14: (a) : Ion energy spectrum per nucleon (1D) for a fully ionized carbon foil with a power-

law type density pro�le ne(x) = n0(x − x0)4/L4
pre with thickness Lpre + ` accelerated by a single

30 fs laser pulse with Lpre = 0, 0.1λ, 0.2λ, 0.5λ. (b) : Ion energy spectrum per nucleon (2D) for

the same fully ionized carbon foil but with Lpre = 0.2λ, accelerated by a single 30 fs pulse (red line)

and three pulses of 10 fs (blue line) all with a0 ≈ 29.

In order to investigate the e�ect of pre-plasma formation on our proposed method to

suppress instabilities and improve spectral quality, we performed 1D simulations with a

single 30fs pulse with a0 = 29, and 2D simulations with a single 30 fs pulse and three

pulses of 10 fs with a plane-wave pro�le and with the same numerical parameters as all

our previous simulations. However, now the target parameters are di�erent. In all cases,

a fully ionized carbon target was considered (ofcourse, the initial charge state would

depend on the intensity of the ASE pedestal). However, for simplicity, a fully ionized

target is considered, corresponding to a peak density of n0 = 400 nc. The preplasma had

a power-law type density pro�le ne(x) = n0(x− x0)4/L4
pre . Here x0 is the initial position

of the target. The density rises till the peak n0 (i.e. when x − x0 = Lpre), and then

remains constant for the thickness of the target that we have reported above ` = 0.056λ.

Therefore, now the total target thickness is Lpre + `. Thus, in this case the target opacity

condition is still satis�ed (a0 < ζ). In Fig. 2.14(a), we report 1D simulations by varying

the pre-plasma scale-length. Ofcourse the highest energy gain is that for the case with

no pre-plasma, and very long pre-plasma scale lengths result in very low or almost no

energy gain, which is expected since the mass of the foil is increased. The spectrum

however, still is quasi-monoenergetic for short enough pre-plasma scale lengths. For our

2D simulations, we chose a pre-plasma scale length = 0.2 λ and report the ion energy
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2 Towards High Energy and High Quality ion beams in the Light-Sail Regime

spectrum in Figure 2.14(b) and density snapshots in Figure 2.15 as before for the case of

a single 30 fs pulse and three pulses of 10 fs. In this case too, we clearly see the formation

of a dense, quasi-neutral layer even at later stages of the interaction with the use of a

train of pulses.
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Figure 2.15: Snapshots of the ion charge density ρi during the laser pulse-foil interaction, which starts

at t = 0. Snapshots are taken at 15 T , 20 T , 25 T and near the end of the laser pulse-foil interaction

at 30 T . (a)-(d) single 30 fs pulse, (e)-(h) three 10 fs pulses.

Here, we would like to mention regarding why just 1D and 2D simulations are su�cient

for this study. 1D simulations are important to compare with the theoretical predictions of

the LS-RPA regime. In order to study transverse e�ects, 2D simulations are important.

Comparing 2D results with the theoretical predictions of the RTI for laser interaction

with thin targets, helps us understand the dynamics and propose ways to mitigate the

detrimental e�ects of the transverse instabilities. This is what our work suggests; that

shorter pulses with a sharp intensity rise improve the desired spectral features for a single

laser pulse. It further proposes the use of a train of such short pulses, to improve this e�ect

further, whilst being in a more realistic parameter regime. Hence, a 2D study is signi�cant
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as a primary step to compare with theory, understand the transverse dynamics, and at

the same time suggest improvements for the given dimensionality, before performing 3D

simulations. Ofcourse for a complete picture of the dynamics involved, towards a more

realistic design setup, fully 3D simulations are important. Some of the di�erences that

would arise in 3D would be that the energy gain with time predicted by the LS model

would be di�erent. Infact in 3D, a faster energy gain with time is predicted (∼ t3/5 as

opposed to t1/3 for 1D) [181]. The transverse target deformation leads to the decrease

in the areal density of the foil thereby causing a lesser number of ions to gain higher

energies at an earlier stage. In 3D, there would also be the issue of angular momentum

conservation and its transfer from the laser to the target, indicating non-adiabatic e�ects,

which has been investigated in some previous studies [48, 50, 182]. Additionally, in 3D

hexagonal structures are observed as predicted by the 3D theory of RTI as opposed

to 2D surface ripples of the order of the laser wavelength [58, 183, 184]. However, our

suggested improvements for pulse tailoring can in principle be extended also to the 3D

case. Ofcourse, for a complete study, 3D simulations become inevitable, however this was

not possible with our current resources.

2.9 Conclusion

In conclusion, we have provided a method to suppress detrimental e�ects such as trans-

verse instabilities and multiple ion population formation by employing short and intense

laser pulses together with parameter matched double-layer foils. This allows the genera-

tion of ion beams that simultaneously exhibit high-energy per nucleon and a high-quality

quasi-monochromatic spectrum. Finally, we mention that further increase of the ion en-

ergy per nucleon and simultaneous improvement of the monochromatic features of the

ion spectrum are attainable with hybrid schemes where the �rst RPA stage is followed

by a second stage of energy selection and eventually further acceleration with a compact

linac [185].
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3 Light by Light Scattering

3.1 Introduction

The elastic scattering of two real photons (γγ −→ γγ) in vacuum is a purely quantum

electrodynamic process which arises as a consequence of the non-linearity of Maxwell's

equations. This is one of the predictions of quantum electrodynamics (QED) that is yet to

be tested and validated. The last several decades have involved attempts aimed towards

the detection of this process, some of which were mentioned in Chapter 1. However, the

extreme rarity of this process on account of its very small cross-section (σmax ∼ 10−34m2,

where σmax is the maximum probability of occurrence), has been the reason for this process

having eluded detection.

Given the advances in laser development and the availability of high energy photon

sources, it is timely to revisit and strive towards the possibility of detecting this pro-

cess. To this end, we perform a feasibility study and propose an experiment utilising

an asymmetric photon-photon collider, which involves a γ beam and a high-harmonic

or a free-electron laser. This comes with the added advantage of having one source of

monoenergetic photons which is tunable and controllable, and is also scalable to �t the

requirements for being in the optimal region for detection. This would ensure two things :

(i) that the parameters can be carefully chosen such that the energy in the CoM frame of

the incoming photons is relatively higher, implying an increase in the cross-section of the

process, however simultaneously still remain in the low energy region, below the threshold

for pair-production such that no other competing processes are present. (ii) the probabil-

ity of large angle scattering is signi�cantly large. To this end, we perform Monte-Carlo

simulations with a γ beam and an XUV laser, wherein the γ beam is generated in the in-

teraction of an ultra-relativistic electron beam and an intense laser via nonlinear or linear

Compton backscattering. The electron beam parameters are based on those available in

accelerator facilities like FACET II [148] and DESY [149]. The γ beam generation is im-

plemented computationally by my supervisor Dr. Matteo Tamburini, which is then input

in the Monte-Carlo code, where the full cross-section for the photon-photon scattering

process has been included.

This Chapter is organised as follows. Section 3.2 provides a background on the photon-

photon scattering process and the expressions for its scattering amplitudes which are
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3 Light by Light Scattering

essential also for implementing the full cross-section in our code. Section 3.3 provide

the background information and expression for the electromagnetic �eld components of

a Gaussian laser beam beyond the paraxial approximation, which is also an important

requirement for our code. The following Section 3.4 will comprise of an explanation of

the basic structure of the code, along with a description about each component. Finally,

our proposed setup along with some simulation results will follow in Section 3.5.

3.2 Photon-Photon scattering cross-section

The cross-section for this process is a well established result, with its expressions in the

low energy and high energy region �rst calculated by Euler [79, 80] and Acheizer [81],

respectively. Thereafter, the full cross-section was calculated after the formalisation of

QED by Karplus and Neuman [82,83]. Later, more simpli�ed calculations of the scattering

amplitudes which exploits the use of double-dispersion relations was presented by B. De

Tollis [84, 85]. Furthermore, this approach was also used by Beretetskii, Lifshitz and

Pitaevskii [86]. In the implementation of our Monte-Carlo code, we implement the

full-cross section in the low energy region, i.e. below pair production threshold, where

the energy in the centre-of-momentum frame (CoM) of one of the incident photons is

ωcm < mec
2 (ωcm < 0.511 MeV). In this region the scattering amplitudes are real,

implying no production of real electron-positron (e− − e+) pairs. Thus, in the following,

we provide the key expressions for the scattering amplitudes, as presented in Ref. [86]

Section 127 (with more or less the same notation for clarity), and the de�nition of some

functions will be presented as given in Ref. [83], which are necessary for our numerical

calculation for the full-cross section.

In the leading order, the following six �box� or �loop� Feynman diagrams pertain to the

amplitudes of the photon-photon scattering process :
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3.2 Photon-Photon scattering cross-section

where each pair of diagrams is speci�ed by the di�erent possible positions of the four

external photons. Thus, the above diagrams correspond to the s-channel, t-channel and

u-channel respectively, with the only di�erence between the two diagrams in each channel

being the direction of traversal of the internal electron loop. Due to charge conjugation

invariance, the contribution is exactly the same for two di�erent directions of internal

electron lines in each channel. Thus, the total invariant scattering amplitudeM is given

by summing the contribution of each diagram as (denoting each channel as (a), (b), (c)

in the equation below)

M = 2 (Ma +Mb +Mc) (3.1)

The invariant amplitudes M can be expressed as scalar functions of the 4-momenta

(k1, k2, k3, k4) of the �real� photons (i.e. the on-shell condition k21 = k22 = k23 = k24 = 0 is

satis�ed) if their dependence on polarization of photons is written separately. Thus, M
are expressed in terms of the Mandelstam scalar variables s, t and u, which are invariant

quantities de�ned as

s = (k1 + k2)
2 (3.2a)

t = (k1 − k3)2 (3.2b)

u = (k1 − k4)2 (3.2c)

which satisfy the condition s+t+u = 0. Now, the calculation of the invariant amplitudes

is done in the centre-of-momentum (CoM) frame where the CoM energies of photons
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3 Light by Light Scattering

remains the same before and after scattering, and so the momenta of the incoming and

outgoing photons are de�ned as

k1 = (ωcm,k) (3.3a)

k2 = (ωcm,−k) (3.3b)

k3 = (ωcm,k
′) (3.3c)

k4 = (ωcm,−k′) (3.3d)

In this frame the Mandelstam variables in Eq. 3.2 written in terms of the incoming

and outgoing photon 4-momenta in Eq. 3.3 are

s = (k− k)2 = 4ω2
cm (3.4a)

t = −(k− k′)2 = −4ω2
cm sin2(θ/2) (3.4b)

u = −(k + k′)2 = −4ω2
cm cos2(θ/2) (3.4c)

where θ is the scattering angle in the CoM frame between the initial incoming and �nal

outgoing photon.

Now, the amplitude M written with the polarization vectors eλ1 , e
µ
2 , e

ν
3, e

ρ
4 of the four

photons is

M = eλ1e
µ
2e
ν∗
3 e

ρ∗
4 Mλµνρ (3.5)

whereMλµνρ is the four-dimensional photon-photon scattering tensor. With the choice

of gauge where the time component of the polarization vectors vanishes, i.e., (such that

the condition e · k is satis�ed)

eµ1 = (0, e1) , eµ2 = (0, e2) , eµ3 = (0, e3) , eµ4 = (0, e4) (3.6)

the above amplitude in Eq. 3.5 is then written in terms of a three-dimensional tensor

Miklm

M =Miklme1ie2ke
∗
3le
∗
4m (3.7)

Considering circular polarization for each photon with opposite helicities λ = ±1 (i.e.

right and left circular polarization)Miklm is written in terms of sixteen invariant ampli-

tudesMλ1λ2λ3λ4

Miklm =
∑

λ1λ2λ3λ4

Mλ1λ2λ3λ4e
(λ1)∗
1i e

(λ2)∗
2k e

(λ3)
3l e

(λ4)
4m (3.8)

Now, the sixteenMλ1λ2λ3λ4 are all three-dimensional scalar quantities, which are func-

tions of the invariant scalar variables s, t, and u as mentioned above. However, due to the

symmetry properties of this process, there are only �ve independent invariant amplitudes,

which is made clear by parity and time invariance as follows. The rotation of each photon
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3.2 Photon-Photon scattering cross-section

or the sign of helicity would change in the case of spatial inversion. However, the invariant

variables s, t and u would remain una�ected. In this case, parity invariance would imply

Mλ1λ2λ3λ4(s, t, u) =M−λ1−λ2−λ3−λ4(s, t, u) (3.9)

The initial and �nal photons would be interchanged under time reversal, wherein the

helicities and the Mandelstam variables remain unchanged. Thus due to time invariance

Mλ1λ2λ3λ4(s, t, u) =Mλ3λ4λ1λ2(s, t, u) (3.10)

Now, also because of the symmetry of the diagrams, it is found that

Mλ1λ2λ3λ4(s, t, u) =Mλ2λ1λ4λ3(s, t, u) (3.11)

if the two initial and two �nal photons are interchanged (i.e. k1 ↔ k2 and k3 ↔ k4),

such that the helicities are interchanged (λ1 ↔ λ2 and λ3 ↔ λ4).

Thus due to the above properties in Eqs. 3.9, 3.10, 3.11, the �ve independent invariant

amplitudes for the case of circular polarization can then be chosen asM++++,M++−−,

M+−+−,M+−−+,M+++− where the helicities are now denoted as + when λ = 1 and −
when λ = −1.

Infact, out of these �ve amplitudes, it is su�cient only to calculate the three amplitudes

given byM++++(s, t, u),M++−−(s, t, u) andM+++−(s, t, u). The other two can be easily

obtained due to crossing invariance since the amplitudeM essentially corresponds to the

same process in each channel. Thus, the s-channel diagram is simply converted to the

t-channel by interchanging the variables s ↔ t which corresponds to interchanging the

four momenta k2 ↔ −k3 and the helicities λ2 ↔ −λ3. Similarly u-channel is obtained by

replacing s ↔ u which corresponds to the interchanges k2 ↔ −k4 and λ2 ↔ −λ4 in four

momenta and helicities respectively. Therefore, using this property, the remaining two

amplitudes are calculated as

M+−−+(s, t, u) =M++++(t, s, u) (3.12a)

M+−+−(s, t, u) =M++++(u, t, s) (3.12b)

The �nal result of the calculation of these amplitudes as functions of the variable s, t
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and u is then

M++++ = 8α2

{
−1−

(
2 +

4t

s

)
B(t)−

(
2 +

4u

s

)
B(u)−

[
2(t2 + u2)

s2
− 8m2

s

]
[T (t) + T (u)]

+
4m2

t

(
1− 2m2

s

)
I(s, t) +

4m2

u

(
1− 2m2

s

)
I(s, u)

+

[
2(t2 + u2)

s2
− 16m2

s
− 4m2

t
− 4m2

u
− 8m4

tu

]
I(t, u)

}

M+++− = 8α2

{
1 + 4m2

(
1

s
+

1

t
+

1

u

)
[T (s) + T (t) + T (u)]

− 4

(
m2

u
+

2m4

st

)
I(s, t)− 4

(
m2

t
+

2m4

su

)
I(s, u)− 4

(
m2

s
+

2m4

tu

)
I(t, u)

}

M++−− = 8α2

{
1− 8m4

st
I(s, t)− 8m4

su
I(s, u)− 8m4

tu
I(t, u)

}

M+−−+ = 8α2

{
−1−

(
2 +

4s

t

)
B(s)−

(
2 +

4u

t

)
B(u)−

[
2(s2 + u2)

t2
− 8m2

t

]
[T (s) + T (u)]

+
4m2

s

(
1− 2m2

t

)
I(t, s) +

4m2

u

(
1− 2m2

t

)
I(t, u)

+

[
2(s2 + u2)

t2
− 16m2

t
− 4m2

s
− 4m2

u
− 8m4

su

]
I(s, u)

}

M+−+− = 8α2

{
−1−

(
2 +

4t

u

)
B(t)−

(
2 +

4s

u

)
B(s)−

[
2(t2 + s2)

u2
− 8m2

u

]
[T (t) + T (s)]

+
4m2

t

(
1− 2m2

u

)
I(u, t) +

4m2

s

(
1− 2m2

u

)
I(u, s)

+

[
2(t2 + s2)

u2
− 16m2

u
− 4m2

t
− 4m2

s
− 8m4

ts

]
I(t, s)

}
(3.13)

where α = 1/137 is the �ne structure constant and m is the electron mass. By substi-

tuting the de�nitions of the Mandelstam variables in the above equation, the amplitudes

are expressed as functions of energies and angles M(ωcm, θ) In the above, the transcen-

dental functions B, T and I will be de�ned below. The di�erential scattering cross-section
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3.2 Photon-Photon scattering cross-section

is then obtained as

dσ =
1

256π2ω2
cm

|M|2dΩ (3.14)

where dΩ = sin θdθdφ is the solid angle with θ being the scattering angle and φ being the

azimuthal angle.

In Eq. 3.14, the scattering cross section is obtained by subsituting |M|2 with any of

the amplitudes in Eqs. 3.13 for a given initial and �nal photon polarizations. However,

the di�erential cross-section for unpolarized radiation is obtained by summing over the

�nal polarizations and averaging over the initial polarizations. This is given as (in the

case of circular polarization)

|M|2 =
1

4
{2|M++++|2 + 2|M++−−|2 + 2|M+−+−|2 + 2|M+−−+|2 + 8|M+++−|2} (3.15)

For very low energies where ωcm � m, the expressions for the amplitudes in Eqs. 3.13

reduce to

M++++ ≈
11α2s2

45m4

M+−−+ ≈
11α2t2

45m4

M+−+− ≈
11α2u2

45m4

M++−− ≈
−α2(s2 + t2 + u2)

15m4

M+++− ≈ 0

(3.16)

Substituting the approximate expressions for amplitudes appearing in Eqs. 3.16 for low

energies in Eq. 3.15, and further in Eq. 3.14, the di�erential cross-section for unpolarised

radiation can be obtained. This is given by converting to SI units by multiplying the

expression in Eq. 3.14 by the factor m2c2r2e/α
2, and changing ωcm → ~ωcm where re is the

classical electron radius and ~ is the reduced Planck's constant and c is the speed of light

in vacuum. The asymptotic expression for di�erential cross-section for very low energies

is then

dσ =
139

2(4π2)(90)2
α2r2e

(
~ωcm
mc2

)6

(3 + cos θ)2 sin θdθdφ) (3.17)
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Now the full cross-section is obtained by integrating over all azimuthal angles, i.e.∫
dφ = 2π and over θ from 0 to pi. The �nal result is however divided by a factor of

2 in order to take into account the identity of the �nal two photons. This would then

correspond to the cross-section for the number of scattering events and not number of

scattered particles. The full cross-section for very low energies is then

σ =
973

10125π
α2r2e

(
~ωcm
mc2

)6

(3.18)

Moreover, in the opposite case for very high energies ωcm � m, the full cross-section is

obtained as

σ = 4.7α4

(
c

ωcm

)2

(3.19)

It can thus be noted that in the low energy region, the cross-section increases ∝ ω6
cm

whereas in the ultra-relativistic case it falls as ∝ ω−cm2. The discontinuity ωcm = m corre-

sponds to the threshold condition for pair-production. Beyond this point the scattering

amplitudes in Eqs. 3.13 are complex, with the imaginary parts corresponding to the pos-

sibility of producing real electron-positron (e− − e+) pairs. In our work, the relevant

region of interest is to be below the pair-production threshold in order to avoid any other

background processes. Hence, our numerical calculation of the full cross-section pertains

only to the low energy region. Brief details regarding this will be given later.

Before proceeding further, it is important to also give the de�nitions of the transcen-

dental functions B, T, I appearing in Eqs. 3.13, since these are essential for calculating

the full cross-section when the low energy approximate expression cannot be used. The

de�nitions of these functions are taken from Ref. [83], however they will be written below

in the system of units and the de�nitions of the Mandelstam variables s, t, and u as in

Ref. [86]. The de�nitions are as follows. The function B(k), where k could be any of the

Mandelstam variables s, t and u is

B(k) =
1

2

∫ 1

0

dy log

[
1− iε− k

m2
y(1− y)

]
=

√
1− 4m2

k
sinh−1

(√
− k

4m2

)
− 1 k < 0

=

√
4m2

k
− 1 sin−1

(√
k

4m2

)
− 1 0 < k < 4m2

=

√
1− 4m2

k
cosh−1

(√
k

4m2

)
− 1−

(
πi

2

)√
1− 4m2

k
k > 4m2

(3.20)
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Similarly, the function T (k) is de�ned as

T (k) =

∫ 1

0

dy

4y(1− y)
log

[
1− iε− ky

m2
(1− y)

]
=

(
sinh−1

(√
−k
4m2

))2

k < 0

= −
(

sin−1
(√

k

4m2

))2

0 < k < 4m2

=

(
cosh−1

(√
k

4m2

))2

− π2

4
− iπ cosh−1

(√
k

4m2

)
k > 4m2

(3.21)

The symmetric functions I(k, j) = I(j, k) where k and j are two di�erent Mandelstam

variables are de�ned as

I(k, j) = I(j, k) =

∫ 1

0

dy

4y(1− y)− (4m2(k + j))/kj
×(

log

[
1− iε− k

m2
y(1− y)

]
+ log

[
1− iε− j

m2
y(1− y)

]) (3.22)

The real part of the above functions I is written in terms of the polylogarithmic Spence

functions ϕ(z) =
∫ z
0
dt log(1− t) as

Re[I(k, j)] =
1

2a
Re
[
ϕ

(
a+ 1

a+ b(k)

)
+ ϕ

(
a+ 1

a− b(k)

)
− ϕ

(
a− 1

a+ b(k)

)
− ϕ

(
a− 1

a− b(k)

)]
+

1

2a
Re
[
ϕ

(
a+ 1

a+ b(j)

)
+ ϕ

(
a+ 1

a− b(j)

)
− ϕ

(
a− 1

a+ b(j)

)
− ϕ

(
a− 1

a+ b(j)

)]
(3.23)

where a and b are given by

a =

√
1− 4m2(k + j)

kj

b(k) =

√
1− 4m2

k
k < 0 or k > 4m2

= i

√
4m2

k
− 1 0 < k < 4m2

(3.24)

When k or j is greater than 4m2, this would correspond to also the fact that the

scattering amplitudes are complex. The imaginary part of the functions I is

Im[I(k, j)] = − π

2a
log

[
j

4m2
(a+ b(k))2

]
k ≥ 4m2

Im[I(k, j)] = − π

2a
log

[
k

4m2
(a+ b(j))2

]
j ≥ 4m2

(3.25)

55



3 Light by Light Scattering

3.3 Fields of a Gaussian laser beam

In this section the analytical expressions for the �elds of a Gaussian laser beam will be

presented following the derivation in Ref. [150, 151] which is based on the method in

Ref. [152]. The analytical expressions for the electric and magnetic �elds of a Gaussian

laser beam beyond the paraxial approximation will be presented with terms upto third

order ε3 in the di�raction angle ε. The di�raction angle ε = λ/πw0, where λ is the

laser wavelength and w0 the laser waist radius at the focus of the beam, is the expansion

parameter used in modeling the �elds. Even though in the Refs. [150, 151], higher order

corrections appear (i.e. upto �fth order or even higher upto eleventh order), for our

purpose in this work, only the terms upto third order in the di�raction angle will be

su�cient. This will be clear below.

As has been pointed out in the work in Ref. [150] (see their discussions on Fig. 8 and

Fig. 9) that for a laser with central wavelength λ ≈ 1µm, retaining terms upto ε are

su�cient only when the beam waist radius w0 > 15µm. Thus the paraxial approximation

is suitable only if the waist radius is much larger than the laser wavelength or if the region

of interest is very close to the beam axis. However, for a laser beam focussed to a spot

radius ranging from 7µm < w0 < 15µm, atleast terms upto ε3 are required to correctly

model the �elds. This is because, for instance, for a beam with w0 = 8µm, if only terms

upto ε are retained, then ε is not really small if it is considered as an expansion parameter.

Moreover, even the power and intensity of the beam also need to be correctly calculated

for smaller beam spot sizes by taking into account higher order terms in ε. Ofcourse,

even higher order corrections are needed for very tightly focussed beams. Infact, in the

discussion in [150], for a spot size in the range 7µ m < w0 < 15µm, introducing terms also

upto �fth order do not di�er signi�cantly from the results obtained with only the third

order terms. Hence, for the purpose of this work, retaining only terms upto ε3 would be

necessary and su�cient, since the minimum waist radius we implement corresponding to a

λ ∼ 1µm laser, would be w0 ∼ 8µm. The derivation and expressions for �eld components

of a linearly polarized Gaussian beam [150] with a temporal pulse pro�le, essential for

our work are reported below. The convention and notation is as used in this reference for

the sake of clarity.

The direction of propagation of the beam is considered to be along z-axis. A Cartesian

coordinate system is considered, with its origin (0, 0, 0) being the (stationary) focus of the

beam (refer to Fig. 3.1). The beam �elds have linear polarzation along x, with a harmonic

time dependence of the form eiωt, where ω is the angular frequency. The temporal envelope

function associated with the pulse is g(η) where η = ωt−kz being the phase and k = ω/c

being the wavenumber of the beam �elds.
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3.3 Fields of a Gaussian laser beam

Figure 3.1: : Schematic representation of the Gaussian beam geometry. Figure taken from [150].

The �elds are then derived from a vector potential A and scalar potential Φ. The vector

potential expressed in terms of its spatial and temporal parts as

A = x̂A0g(η)ψ(r)eiη (3.26)

The wave equation satis�ed by the vector potential is then

∇2A =
1

c2
∂2A

∂t2
(3.27)

such that the Lorentz condition is also satis�ed, which connects the vector potential A

to the scalar potential Φ as (Gaussian units)

∇ ·A +
1

c2
∂Φ

∂t
= 0 (3.28)

The wave equation Eq. 3.27 can be solved by substituting the vector potential A given

in Eq. 3.26, which results in

∇2Ψ− 2ik
∂Ψ

∂z

(
1− ig

′

g

)
= 0 (3.29)

In the above, g′ = dg(η)/dη corresponds to the derivative of the temporal envelope

function with respect to its phase. Now, based on the discussion in Ref. [152], the above

Eq. 3.29 in general cannot be satis�ed since the dependence of Ψ is on the spatial coordi-

nates r and that of g is on the phase η. Thus, the temporal pulse pro�le must be subject

to the condition

g′ � g (3.30)

Infact, in the Ref. [152], it is also shown that the hyperbolic secant temporal pro�le

g(η) = sech(η/η0) best satis�es the condition 3.30 as opposed to the Gaussian or sin2

57



3 Light by Light Scattering

temporal pro�les. For a 'sech' pro�le this condition is easily satis�ed everywhere for

η0 � 1 as
g′

g
= −

(
1

η0

)
tanh

(
η

η0

)
(3.31)

For proceeding further with the derivation, it is convenient to employ coordinates scaled

in terms of beam parameters such as the waist radius w0 and the Rayleigh length zr =

kw2
0/2 as follows.

ξ =
x

w0

υ =
y

w0

ζ =
z

zr

(3.32)

Now, the above solution to the wave equation Eq. 3.29, in the new scaled coordinates

becomes

∇2
⊥Ψ− 4i

∂Ψ

∂ζ
+ ε2

∂2Ψ

∂ζ2
= 0 (3.33)

where the transverse Laplacian operator ∇⊥ and the di�raction angle have been intro-

duced ε, and are de�ned as

∇2
⊥ =

∂2

∂ξ2
+

∂2

∂υ2

ε =
w0

zr
=

λ

πw0

(3.34)

In Eq. 3.33, the parameter ε2 is used as an expansion parameter as it is small. Therefore,

ψ(ξ, υ, ζ) can be given as a series expansion of the form

Ψ = Ψ0 + ε2Ψ2 + ε4Ψ4 + ... (3.35)

Thus, using the above in Eq. 3.33, one obtains

∇2
⊥Ψn − 4i

∂Ψn

∂ζ
= 0 n = 0

∇2
⊥Ψ2n − 4i

∂Ψ2n

∂ζ
+
∂2Ψ(2n−2)
∂ζ2

= 0 n ≥ 1

(3.36)

Here, Ψ0 corresponding to n = 0, gives the �elds of a Gaussian beam in the leading

order (the so-called paraxial approximation), and Ψ2n for n ≥ 1 give the higher order

corrections to the �elds. The above equations have exact solutions, derived in detail in

the Refs. [150, 151]. In the following, the solution for the electric and magnetic �elds

including terms upto third order in ε will be reported.

After solving Eqs. 3.36, and substituting in the vector potential A, the �elds can be

obtained then from the vector and scalar potentials. Under the assumption that the scalar
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3.3 Fields of a Gaussian laser beam

potential Φ also has a form similar to the vector potential, it can be written in terms of

the spatial and temporal parts as

Φ ∼ g(η)Φ(r)eiη (3.37)

Then it follows from the Lorentz gauge condition in Eq. 3.28 that

∂Φ

∂t
= iωΦ

(
1− g′

g

)
≈ iωΦ

(3.38)

where the condition 3.30 has been applied. The scalar potential is obtained as

Φ =
i

k
∇ ·A (3.39)

Knowing the vector and scalar potentials the electric and magnetic �elds then follow.

E = −ikA− i

k
∇(∇ ·A)

B = ∇×A
(3.40)

Using all the above, the analytical expressions for the 'real' electric and magnetic �eld

components respectively, are [150] (retaining terms upto ε3)

Ex = E

{
S0 + ε2

[
ξ2S2 −

ρ4S3

4

]}
Ey = Eξυ{ε2S2}

Ez = Eξ

{
ε C1 + ε3

[
−C2

2
+ ρ2C3 −

ρ4C4

4

]} (3.41)

Bx = 0

By = E

{
S0 + ε2

[
ρ2S2

2
− ρ4S3

4

]}

Bz = Eυ

{
ε C1 + ε3

[
C2

2
+
ρ2C3

2
− ρ4C4

4

]} (3.42)

where E, Sn and Cn are de�ned as

E = E0
w0

w
g(η) exp

[−r2
w2

]
Sn =

(w0

w

)n
sin(ψ + nψG)

Cn =
(w0

w

)n
cos(ψ + nψG) with

E0 = kA0 , r2 = x2 + y2 , ρ =
r

w0

(3.43)
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3 Light by Light Scattering

In the above, ψ is de�ned as

ψ = ψ0 + ψP − ψR + ψG where

ψ0 is a constant

ψP = η = ωt− kz
ψG = tan−1 ζ

ψR =
kr2

2R

(3.44)

In the above, ψP is the plane wave phase, ψG is the Guoy phase associated with the

phase change of π when z changes from −∞ to +∞, ψR is the phase related with the

wavefront curvature, where the radius of curvature of a wavefront at an arbitrary z along

the beam axis is given by

R(z) = z +
z2r
z

(3.45)

Moreover, the average power of the laser, which is a more practical parameter, is also

obtained correctly in terms of the laser waist and di�raction angle, neglecting terms of ε4

and above, as [150]

P [TW] =
πw2

0

2
I0

[
1 +

ε2

4

]
(3.46)

where I0 is the laser peak intensity. Thus for a �xed power, the beam has to be focussed

to a smaller spot radius w0 in order to increase the peak intensity. These �elds have been

implemented in the Monte-Carlo code, brief details of which will follow.

3.4 Monte-Carlo code

Introduction

The background information provided in the Sections 3.2, 3.3 serve as the starting point

for implementation of the Monte-Carlo code for performing realistic simulations in order

to estimate and optimize the feasibility of detection of the photon-photon scattering pro-

cess. As already mentioned, the idea is to employ an asymmetric photon-photon collider,

wherein a high energy γ beam collides with a laser beam, and to directly detect scattering

events. Thus, the key points required for building a Monte-Carlo code for this probabilis-

tic process are : (i) a realistic γ beam which can be produced in the laboratory in present

times, (ii) a realistic laser beam, and ofcourse (iii) the cross-section for the occurrence of
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3.4 Monte-Carlo code

this process. The following sub-sections will therefore consist of the basic structure of the

code, some details on the implementation of di�erent modules along with tests to validate

the implementation, following with a proposed experimental setup, and some key results.

It is important to mention here that the γ beam generation has been implemented by

my supervisor Matteo Tamburini, which will act as the input source for my Monte-Carlo

code. A brief description on the generation of the γ beam will also be presented, along

with the rest of my modules.

3.4.1 Structure of the Monte-Carlo code

The code has been written in modern Fortran, and performs all basic operations in nor-

malised units where all lengths are speci�ed in units of 2π/λ and time in units of 2π/T ,

where λ and T are the laser wavelength and time period, respectively. Energy and mo-

mentum of the photons are speci�ed in units of mec
2 and mec respectively, where me is

the electron rest mass and c is the speed of light in vacuum. The electric and magnetic

�elds are in units of meωc/e and meω/e, respectively, where ω = 2π/T . However, some

quantities are returned after conversion to SI units, which will be needed for some cal-

culations. In the following, all quantities pertaining to the γ beam will be denoted with

the subscript 1, and all laser photon quantitites with the subscript 2. Thus, k1 = (ω1,k1)

and k2 = (ω2,k2) will be the four-momenta of the γ and laser photons in the laboratory

frame respectively.

The basic �ow of logic for a γ beam counter-propagating to a laser is as follows :

• Load the initial position r1 and momentum k1 of all the photons in the γ beam at

t = 0.

• Initialize the laser, i.e. at t = 0 specify the initial position of the peak of a laser

beam with a Gaussian spatial pro�le and a sech temporal envelope, with its focus

at the origin.

• Start the time loop.

• At each time-step dt, loop over all the photons in the γ beam.

• At the current time t and position r1i of the γ photon, calculate the local electric

E(r1i, t) and magnetic B(r1i, t) �elds of the laser beam.

• With the local values of the �elds, calculate the local energy density u2 and hence

number density n2 of the laser photons 'seen' by the current γ photon. The energy

density and number density are �nally computed in SI units as
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3 Light by Light Scattering

ulaser =
1

2
ε0(E

2 + c2B2) (3.47)

The number density (in m−3) of the laser photons is then calculated by dividing the

laser energy density by the energy of a single laser photon n2 = u2/ω2 (where ω2 is

converted to SI units).

• With the local values of the laser �elds, also calculate the local Poynting vector

S = E×B. The unit Poynting vector S/|S| then gives the direction of momentum

of the laser photon k2.

• Now, knowing the momenta of the γ and laser photons, calculate the energy in the

centre-of-momentum (CoM) frame ωcm of each photon, which will be needed for the

calculation of the scattering cross-section in this frame.

• If ωcm < 0.1, calculate total cross-section σ using the low energy approximation in

Eq. 3.18. Otherwise, calculate the total cross-section by numerically integrating the

di�erential cross-section dσ/dΩ in Eq. 3.14, after substituting the exact scattering

amplitudes 3.13 in Eq. 3.15.

• Now calculate the number of collisions N 'per γ beam photon' using the above

obtained (invariant cross-section) [186]

N = σ vrel n2 dt (3.48)

where vrel is the invariant velocity (the velocity of one photon in the rest frame of

the other photon).

• Now roll the dice. Generate a pseudo-random number ra uniformly distributed in

the range 0 ≤ ra < 1.

• If N > ra, then scattering event occurs.

• Perform scattering in the CoM frame since the di�erential cross-section is known in

this frame. This is done by �rst calculating the scattering angle in CoM frame θs,

by �nding the root of the sampling equation using the Brent-Dekker method.

∫ θs

0

π sin θdθ
dσ(θ)

dθ
= rb σ (3.49)

where dΩ = 2π sin θdθ (however, as mentioned in Sec. 3.2, the factor of 2 is dropped

in order to account for the identity of both photons). Here, rb is another independent

pseudo-random number uniformly distributed in the range 0 ≤ rb < 1.
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3.4 Monte-Carlo code

• Now obtain scattered momenta in CoM frame of the two photons by rotating them

by the scattering angle θs. The azimuthal angle φs is chosen at random from a

uniform distribution between 0 and 2π. Transform to laboratory frame and obtain

k′1 and k′2.

• If N < ra, nothing happens.

• Propagate the γ photon and update its position.

ri = ri + dri

dr =
k1

ω1

dt
(3.50)

• End particle loop.

• End time loop.

The above is the basic �ow of the code. In the following, brief discussion about the

implementation of the required modules will follow.

3.4.2 Generation of the γ beam

As mentioned above, the γ beam is not generated by me. Brief discussion on the imple-

mentation of stochastic photon emission from an electron in the interaction of a relativistic

electron beam with an intense, tightly focussed laser pulse (non-linear Compton scatter-

ing) will follow.

Now strong �eld QED e�ects are governed by the quantum nonlinearity parameter

χ (introduced in Chapter 1). Thus, single photon emission is important when χ & 1.

Moreover, for an intense laser pulse with a0 � 1, such that the formation length for

photons `f ≈ λ/a0 remains much smaller than the external �eld temporal scale, then

the locally constant �eld approximation (LCFA) holds. The Monte-Carlo implementation

of single photon emission is based on calculating the total probability for an electron

or positron to emit a photon Wrade/p. A photon emission occurs if the condition r1 <

Wrade/pdt is satis�ed, where r1 is a uniformly distributed pseudo-random number between

0 and 1. If the condition is satis�ed, then the energy of the emitted photon εγ is found

as the root of the sampling equation∫ εγ

0

dεγ
dWrade/p(εγ)

dεγ
= r2Wrade/p (3.51)

The direction of the emitted photon is assumed to be parallel to the direction of momen-

tum of the emitting electron or positron. For the sake of brevity, the expressions for the
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3 Light by Light Scattering

total and di�erential probability are not provided here (see Ref. [187]). The interested

reader is urged to see Ref. [134], where further details of implementation are provided.

However, the above implementation has been further improved in order to also account

for the �nite emission angle of the photons which is of the order θ ∼ 1/γe. This was

done by my supervisor based on the Refs. [187, 188]. The method is to sample the triple

di�erential spectrum of photons, where the di�erential probability of emission is now

written per unit energy εγ, polar and azimuthal angles θγ and φγ [188]. The �nite angle

of emission, even in the quantum regime is quite small, but it is important for our purpose.

This would act as a comparison measure for us to simulate more realistically if a photon-

photon scattering event can be detected, i.e. if the scattering angle is larger than this

�nite emission angle of the initial γ beam, then this scattering event can be distinguished

as a signal.

3.4.3 Calculation of cross-section in the code

The relevant region of interest for us is to stay below the pair-production threshold. Thus,

the cross-section has been implemented in the code for only ωcm < 1. The di�erential

cross-section using the scattering amplitudes in Eq. 3.13 was calculated in Mathematica,

with the total cross-section being obtained after numerical integration. Since the relative

error of the low energy approximation (Eqs. 3.60, 3.18) with respect to the exact cross-

section is . 1% for ωcm < 0.1, it is suitable to use the analytical expression in this range.

For ωcm ≥ 1, it is appropriate to calculate the exact cross-section.

For the purpose of the code, this was done by tabulating the values of the cumulative

cross-section
∫ θi
0
dθ(dσ/dθ) for discrete values of energies and upper limits of scattering

angles θi. The total cross-section integrated from 0 to π for the same range of energies

was also tabulated. This is required for solving the above sampling equation 3.49. At

every bisection, the sampling equation requires both these values, which are obtained by

quadratic and linear interpolation respectively. The tabulated values had equally spaced

intervals with a size su�ciently small i.e. 0.001 for energies and angles in order to generate

accurate results. Fig. 3.2 shows a plot of the total cross-section in the low energy region.

The plot is in good agreement with the exact result [86], and implies that the calculation

and tabulation of the cross-section along with the interpolation routines work �ne.
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Figure 3.2: : Plot of the total photon-photon scattering cross-section in the low energy region

(ωcm < 1)
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Figure 3.3: : Plots of the di�erential scattering cross-section (black line), and the angular distribution

of scattered photons in the CoM frame,for 107 photons with energy ωcm = 0.1, obtained after sampling

the analytical expression for the cross-section in the low energy limit (red), and from the numerically

calculated, tabulated values of the exact cross-section (blue). The value of ωcm = 0.1 is chosen here

such that both the cases of the low energy approximate expression and the exact expression can be

tested, since they agree with each other within 1% relative error.
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3 Light by Light Scattering

It can be veri�ed from the Fig. 3.3 that the root �nding method works as expected

both for the case of the low energy approximate expression and the tabulated values of

the exact cross-section.

3.4.4 Gaussian beam �elds in the code

The �elds of a Gaussian laser beam with a 'sech' temporal envelope function were imple-

mented beyond the paraxial approximation based on the method described in Sec. 3.3,

with terms upto ε3 as in Eqs. 3.41 and 3.42. Now, these �elds are required for the calcu-

lation of the local number density n2 of the laser photons and the direction of momentum

of the photons as described in the above section 3.4. This method is valid if the laser

pulse is long enough (τ � T ) and is not very tightly focussed (w0 � λ), such that it has

a well de�ned frequency, which will be the case for us. Moreover, if the laser pulse is suf-

�ciently long, the above method of employing local �eld values instead of cycle-averaged

values is valid, as the �nal values of energy density u2 over the course of interaction will

be smoothed out.
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Figure 3.4: : The electric �eld components for a continuous laser beam with x axis as the beam axis,

and polarization along y axis. The �gures show the contour plots of the �elds of a laser beam at the

focus (0, 0, 0), with wavelength λ = 0.8µm and waist radius w0 = 8µm.
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It is to be noted that the conventions used in the code are di�erent from that reported

in Sec. 3.3. In the code, the propagation axis is along x and polarization is along y, such

that the electric and magnetic �eld components in Eq. 3.3 are also changed accordingly.

Figs. 3.4 and 3.5 show the plots of the electric and magnetic �eld components for a

continuous beam (g(η) = 1). The plots correspond to a beam centered at the focus in a

plane perpendicular to the beam axis. The results are as expected and in good agreement

with the corresponding esults in Ref. [150], on which the implementation is based.
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Figure 3.5: : The magnetic �eld components for a continuous laser beam with x axis as the beam

axis, and polarization along y axis. The �gures show the contour plots of the �elds of a laser beam

at the focus (0, 0, 0), with wavelength λ = 0.8µm and waist radius w0 = 8µm.

The above plots verify the correct implementation of the �elds in our code.

3.4.5 The scattering routine

If a scattering event occurs, then the momenta of the photons is to be changed, based

on the scattering angle found from the solution of the sampling equation 3.49. Some

details of the kinematics and transformations performed for this purpose in the code are

mentioned below.

The initial momenta k1,k2 and energies ω1, ω2 of the incoming photons in the laboratory

frame are known. Since scattering is performed in the CoM frame, the above are Lorentz

transformed from laboratory to CoM frame. By de�nition of the CoM frame, the momenta

of the two photons are k and −k. Both share the energy equally, each having energy ωcm.

However for the sake of clarity and generality, the quantities in CoM will be denoted by

the superscript �� ', and the transformation equations for both particles will be shown.
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3 Light by Light Scattering

This was also done in the code to ensure correct computation, and have a general routine.

k′1 = k1 +
(γcm − 1)

β2
cm

(βββcm · k1)βββcm − γcmβββcmω1

k′2 = k2 +
(γcm − 1)

β2
cm

(βββcm · k1)βββcm − γcmβββcmω2

(3.52)

In the above, γcm = 1/
√

1− β2
cm is the CoM frame Lorentz factor, and the velocity of

the CoM frame in units of speed of light c is

βββcm =
k1 + k2

ω1 + ω2

(3.53)

The above transformation equation corresponds to an arbitrary direction of βcm with

respect to the laboratory frame, as opposed to the �standard con�guration� where βcm is

parallel to the propagation direction of the moving frame (see Ref. [189]). The energies

are transformed as
ω′1 = γcm(ω1 − k1 · βββcm)

ω′2 = γcm(ω2 − k2 · βββcm)
(3.54)

Now, it is convenient to rotate the momentum in CoM such that it is aligned with the

propagation direction (x in our case). This simpli�es the calculation of momenta after

scattering.

The rotation matrix for performing this �active transformation� is

R =

 cos θR sin θR cosφR sin θR sinφR

− sin θR cos θR cosφR cos θR sinφR

0 − sinφR cosφR



R

k1′xk1′y

k1′z

 =

k10
0

 (3.55)

Here θR and φR are the polar and azimuthal angles of the momentum vector in a spher-

ical coordinate system, where the polar angle is measured with respect to the propagation

axis. In principle, only the inverse rotation matrix R−1 is needed in the code for �nding

the �nal scattered momentum in CoM frame. One does not need to perform the above

transformation �rst.

Once the scattering angle θ in the CoM frame is known, only the direction of momentum

in CoM changes. Thus, expressing k′1 in spherical coordinates the �nal momentum is given

by

k′3 = (k′1, 0, 0) −→ (k′1 cos θ, k′1 sin θ cosφ, k′1 sin θ sinφ) (3.56)
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where now the scattered momentum in CoM frame k′3 has been introduced. Finally,

the scattered momentum is obtained in its original orientation by performing the inverse

rotation

k′3 = R−1

 k′1 cos θ

k′1 sin θ cosφ

k′1 sin θ sinφ

 (3.57)

Similarly, by de�nition of CoM frame k′4 = −k′3 is obtained, with the energies in CoM

being invariant (ω′3 = ω′1, ω
′
4 = ω′1).

Following this, the �nal energies ω3, ω4 and momenta k3, k4 are obtained in the labo-

ratory frame by inverse Lorentz transformations as follows.

ω3 = γcm(ω′3 + k′3 · βββcm)

ω4 = γcm(ω′4 + k′4 · βββcm)
(3.58)

k3 = k′3 +
(γcm − 1)

β2
cm

(βββcm · k′3)βββcm + γcmβββcmω
′
3

k4 = k′4 +
(γcm − 1)

β2
cm

(βββcm · k′4)βββcm + γcmβββcmω
′
4

(3.59)

3.4.6 Analytical estimates

The basic structure and working of the code was explained upto now. However, nothing

has been mentioned about any realistic choice of parameters or observables. It is thus

instructive to perform some analytical estimates based on the form of the cross-section,

which will lead to deducing an optimal parameter region.

(i) First, as already mentioned, the relevant region of interest is below the pair-production

threshold to avoid any background process.

(ii) Second, as can be seen from the analytical approximation of the cross-section in the

low energy region in Eq. 3.18, σ ∝ ω6
cm. Thus, it would be preferable to stay in a region

such that ωcm is not extremely low.

(iii) Third, the most relevant observable in the laboratory would be the angle of scatter-

ing. Thus, it will be instructive to see how the cross-section transforms from the CoM to

laboratory frame.

(iv) Since the idea is to use a γ and a laser beam, the maximum possible energies of the

γ beam will be constrained to presently possible values in the laboratory. This will throw

light on the laser beam parameters, since the most relevant quantity contributing to the

probability of this process, apart from maintaining a high ωcm, will be the number density

of the laser photons.
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3 Light by Light Scattering

Let's �rst talk about the energies in the CoM frame. This is obtained form the invariant

Mandelstam variable s, i.e. ωcm =
√
s/2 =

√
ω1ω2 for a head-on collision. Thus, for a �xed

ωcm, and for a �xed laser photon energy ω2, the required γ photon energy is ω1 = ω2
cm/ω2.

Following is a table listing the values of ω1 and γcm (de�ned in the previous section) for

two �xed values of ωcm of 0.4 and 0.9 (in units of mec
2), by varying the corresponding

laser photon energies.

ω2 (eV) Min. ωcm = 0.4 mc2 Max. ωcm = 0.9 mc2

σmin ∼ 5× 10−34 (cm2) σmax ∼ 7× 10−32 (cm2)

ω1 (GeV) γcm ω1 (GeV) γcm

1.55 27.0 7.0 × 104 136.5 1.5 × 105

10 × 1.55 2.7 6.6 × 103 14.0 1.5 × 104

20 × 1.55 1.3 3.3 × 103 7.0 7.4 × 103

30 × 1.55 0.9 2.2 × 103 4.5 5.0 × 103

40 × 1.55 0.7 1.6 × 103 3.4 4.0 × 103

50 × 1.55 0.5 1.3 × 103 2.7 3.0 × 103

From the above we can immediately make some estimates.

• It is evident that a higher harmonic laser is needed, because for an optical laser

(1.55 eV), the required energy for γ photon lies between 27 - 136 GeV, which is

not practical. So, for instance consider the more practically achievable case for 10th

harmonic (∼ 15.5 eV).

• Now, for a γ beam generated by compton-backscattering an electron beam from a

strong laser pulse, consider practically achievable parameters for the electron and

corresponding γ beam. Thus, Nγ ∼ Ne− 109.

• For utilising this γ beam, it needs to be rid of electrons by de�ecting them with

a magnetic �eld. Thus, after considering 10 cm propagation, one can estimate the

spot area to be Sh = πw2
0 × 104 cm2 ∼ 10−6 cm2.

• Employing the formula in Eq. 3.48, the number of laser photons and hence total

required laser pulse energy can be estimated for obtaining 1 event per shot.

• Thus for the above two values of ωcm = 0.4, 0.9, the required number of laser photons

are ∼ 1018 and ∼ 1016 corresponding to a laser pulse energy of Elaser = 7.5J or 75mJ,

respectively. This already supplies us the requirements on the laser number density

needed to signi�cantly raise the probability of occurrence of a scattering event.
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3.4 Monte-Carlo code

Now that we know of the requirements on laser and γ beam energies, it is also instructive

to see, how the angular distribution of scattered photons looks in CoM and laboratory

frame. Now, even if ωcm and laser photon number density is n2 high, such that an

event occurs, the signi�cant obervable quantity would be the scattering angles of the γ

photons. For such a γ beam, the angle of emission is con�ned to a cone of ∼ 1/γe− , γe−

corresponding to the relativistic factor of the electron beam which emits the γ photons.

Thus, it is important that the �nal scattering angles are larger than 1/γe− , such that if

an event occurs, it can be clearly distinguished and detected.

Following this last point, a good idea can be gained by looking at the angular distri-

bution of the scattered photons in the CoM and laboratory frames. For this, we �rst

re-write the analytical expression 3.60 for the di�erential cross-section in the CoM frame

with denoting all quantities with a subscript �cm�.

dσcm =
139

2(4π2)(90)2
α2r2e

(
~ωcm
mc2

)6

(3 + cos θcm)2 sin θcmdθcmdφ

=
139

2(4π2)(90)2
α2r2e

(
~ωcm
mc2

)6(
9 cos θcm + 2 cos3 θcm +

cos5 θcm
5

)
(2π)d cos θcm

(3.60)

Since, the cross-section is an invariant quantity, it can be transformed to the labratory

frame by denoting all relevant quantities by the subscript �L� as follows

dσ

dΩL

dΩL =
dσ

dΩcm

dΩcm

dσ

dΩL

=
dσ

dΩcm

dΩcm

dΩL

dΩcm

dΩL

=
d cos θcm
d cos θL

(3.61)

Now assuming a standard con�guration (for instance in a head-on collision of two pho-

tons), the transformation of angles is given as [186]

cos θcm =
cos θL − βcm

1− βcm cos θL
d cos θcm
d cos θL

=
1− β2

cm

(1− βcm cos θL)2

(3.62)

The di�erential cross-section in the laboratory frame thus follows after using Eq. 3.62 in

Eq. 3.61.

dσ

dΩL

=
139

2(4π2)(90)2
α2r2e

(
~ωcm
mc2

)6

(1− β2
cm)×[

9

(1− βcm cos θL)2
+

(cos θL − βcm)4

(1− βcm cos θL)6
+

6(cos θL − βcm)2

(1− βcm cos θL)4

] (3.63)
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3 Light by Light Scattering

From the above equations, when expressed in terms of γcm instead of βcm, it can be

understood that, for a �xed ωcm, γcm decreases on increasing the laser photon energy ω2.

In this case, the probability of large angle scattering in the laboratory increases. The

asymmetry in energy of the two photons can thus be exploited to increase the above

probability.

3.5 Our proposal

Having gained insight regarding the required region of interest, where an event can be

measurable, we provide the parameters for an experimental setup, employing an asymmet-

ric photon-photon collider in vacuum, using realistically achievable parameters. Following

is a short description of the experimental and subsequent simulation parameters.

• The γ beam is generated via non-linear Compton backscattering in the collision of

a relativistic electron beam with an intense laser pulse. Following are the electron

beam and γ beam parameters used in my supervisor's code to generate the beam.

These parameters are easily achievable in facilities like FACET-II [148]

Electron beam : A 0.96 nC electron beam corresponding to 6 × 109 electrons,

with a Gaussian energy distribution with a mean energy of 13 GeV and a standard

deviation of 13 MeV. The longitudinal and spatial distributions are also Gaussian

with a 20µm and 5µm standard deviation respectively. The angular spread of the

beam is 23.6µrad. Cylindrical symmetry is assumed about the beam propagation

axis.

• Scattering laser : The laser interacting with the electron beam has the following

parameters

Normalised peak amplitude a0 = 10 corresponding to a peak intensity I0 ≈ 2.2×1020

W/cm2

Waist radius w0 = 3µm (tightly focussed)

Laser wavelength λ = 0.8µm

Pulse duration (FWHM of the intensity) τ = 30 fs

• High harmonic laser : The following are the parameters chosen based on the

estimates made in the previous section for the harmonic laser used for collision with

the γ beam.

Photon energy ω2 = 20 eV

Laser wavelength λ = 0.062µm
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3.5 Our proposal

Laser waist radius w0 = 8µm

Repetition rate = 10 Hz

Single pulse energy = 1 mJ.

Pulse duration (FWHM of the intensity) τ = 50 fs

The choice of this harmonic is made in order to increase ωcm as much as possible,

while still remaining below the pair-production threshold. The above mentioned

high-harmonic parameters can in principle be achieved specially with high-harmonic

generation using Xenon gas [145], for which the cut-o� in the harmonic spectrum is

at 20eV. In principle, we do not need to get rid of the other harmonics generated,

but for the purpose of our work, we choose the above parameters. Moreover, the

high-harmonic generation process can be scaled in order to achieve the required

parameters. For more accurate details on this aspect, and the actual experimental

scenario for high-harmonic generation, the references pertaining to high-harmonic

sources mentioned in Chapter 1 are helpful.

For the design and orientation of our proposed experimental setup, refer to Fig. 3.6.

Figure 3.6: : Geometry of the experimental setup.
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3 Light by Light Scattering

3.5.1 Simulation results

Based on the above mentioned physical parameters of the γ and laser beam, we now

specify the the orientation of the initial beam based on the schematic of the setup, and

some simulation parameters used for performing the �nal Monte-Carlo simulations.

In the schematic, the electron beam propagation axis is along +x axis, with the scat-

tering laser, with linearly polarized electric �elds in the x-y plane. At the collision, high

energy γ photons are emitted, which also have the possibility to produce e−-e+ pairs. In

order to have a pure γ beam, the beam is let to propagate some distance through a mag-

netic �eld, such that all electrons and positrons are removed, leaving only a pure γ beam.

This then propagates through a collimator, such that only the photons in a given spot

radius are allowed to pass through. These photons then collide with the high-harmonic

(XUV) pulse propagating in the z-x plane. Finally, at the detector, only the photons that

have angles in the x-y and x-z planes greater than the initial γ beam can be identi�ed as

a clear signature of scattering events. The simulation parameters are as follows.

• The initially generated γ beam was input and propagated ballistically by a distance

of 15 cm.

• Only the photons within a 9µm spot radius were selected (corresponding to the �nal

photons after passing through a collimator).

• This acted as the initial γ beam for the Monte-Carlo simulations.

• At t = 0, the peak of the γ beam and harmonic laser pulse is separated equidistantly

from the laser focus (at origin). This means that the peak of both the beams are

separated by a distance of 70µm from the focus.

• The γ beam propagates along x and the laser is incident at an angle of 10◦.

• The total time of the simulation corresponds to 140µm/c seconds such that the

peaks of both beams reach the laser focus at the same time, and then completely

cross each other in the remaining time.

• Below, we report the cumulative results for 1 day and 1 week of operation, respec-

tively. For a 1 mJ XUV laser, operating at 10Hz repetion rate, this corresponds to

e�ective pulse energies of 864 J and 6048 J respectively. However, the plots below

show a case of a longer pulse duration of ∼ 314 fs (FWHM of intensity), and a

correspondingly larger pulse energy of 6.28 mJ, which corresponds to e�ective pulse

energies of 5426 J and 37981 J,respectively.
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It is important to note based on the above mentioned parameters and orientation of

the setup, that the important angles as observables after scattering are those with respect

to the beam propagation (x) axis in the x-z plane and those in the x-y plane. These are

de�ned as ψγ = tan−1(kz/kx) and ηγ = tan−1(ky/kx). Thus, if an event occurs, only the

photons that have angles larger than the initial angle ψγ can be detected. The initial

distribution of the γ photons is reported in Fig. 3.7.
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Figure 3.7: : The distribution of the initial γ photons with respect to the angles ηγ and ψγ (left);

and with respect to the energies ωγ and angles ψγ (right) for a beam propagating along +x axis.

The distribution of the scattered photons over a period of one day and one week of

operation is reported below
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Figure 3.8: : The distribution of the scattered γ photons with respect to the angles ηγ and ψγ (left);

and with respect to the energies ωγ and angles ψγ (right). The black horizontal lines enclose the

region corresponding to the initial range of the angles ψγ within which scattered photons cannot be

measured or distinguished as signal. The results correspond to one day of operation.
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Figure 3.9: : The distribution of the scattered γ photons with respect to the angles ηγ and ψγ (left);

and with respect to the energies ωγ and angles ψγ (right). The black horizontal lines enclose the

region corresponding to the initial range of the angles ψγ within which scattered photons cannot be

measured or distinguished as signal. The results correspond to 1 week of operation

In conclusion we provided a description of the Monte-Carlo code along with its tests

to verify all di�erent modules separately. We provided some estimates on the laser and γ

beam parameter requirements, following which we proposed an experimental setup. We

�nally reported some Monte-Carlo simulation results based on the chosen parameters and

setup.
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4 Summary and Outlook

The development of intense short-pulse lasers and the availability of high energy sources

of radiation have played and instrumental role in the both the projects in this thesis. Not,

only this they have opened up a deeper avenue for fundamental research, and technological

advancements, resulting in a wide range of research, industrial or medical applications.

In Chapter 1, we emphasized on the signi�cance and development of lasers by providing

a brief history of their development. We introduced two �elds of work falling under the

interaction of light with matter, and light with light, and provided an overview and

motivation of the speci�c area of research, falling under either interaction regime. The

�rst part of this Chapter, introduced some concepts of laser-plasma interaction, and laser-

driven ion acceleration mechanisms. In the second part we introduced the yet undetected,

purely quantum electrodynamic (QED) process of elastic scattering of two real photons

in vacuum, and brie�y reviewed the e�orts towards detecting this process.

In Chapter 2, we speci�cally talked about laser-driven ion acceleration in the light-

sail regime. Since, the Particle-in-Cell method is an extremely signi�cant tool for self-

consistently modeling plasmas, and in speci�cally widely used for simulating laser-plasma

interaction dynamics, we �rst introduced the reader to the basic properties and modeling

of plasmas under the kinetic description, wherein we described the Maxwell-Vlasov system

of equations. The power of solving the Maxwell-Vlasov system of equations by using �nite-

sized particles (the Particle-in-Cell (PIC) method), was then highlighted. We further

gave a basic theoretical background of the di�erent ion acceleration mechanisms in the

radiation pressure dominated regime, which brought us to the mechanism of great interest

to us - the light-sail regime, which is extremely favourable for the production of quasi-

monoenergetic, high energy beams. Such laser-driven ion beams have however, not been

produced in the laboratory because of the laser pulse triggering transverse instabilities

mainly the Rayleigh-Taylor-like instability, which damage the target. We showed that

the obtained ion energy per nucleon and the growth of the instability are intimately

linked, and proposed ways to go beyond the existing light-sail model by employing pulse

tailoring techniques to mitigate the instability. This was supported by 1D and 2D PIC

simulations using the open source PIC code SMILEI [70], where we employed optimal

laser-target parameter matching, by employing a train of short intense pulses to suppress

the instability growth, thereby enhancing the quality of the ion energy spectrum. Further
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more, we employed target-tailoring techniques to achieve a smooth transition from hole-

boring to the light-sail regime, using a double-layered target, which is useful for not only

suppressing the instability but also increasing the energy gain. Moreover, �nite spot-size

e�ects and pre-plasma or pre-pulse e�ects were also taken into account, and was found to

not destroy the desirable features of the ion energy spectrum. We therefore, proposed a

way to obtain high energy and high quality ion beams, using realistically achievable laser

and target parameters. Such laser-driven ion beams, if successfully produced will be of

signi�cant contribution towards ion beam therapy.

In Chapter 3, we introduced the purely QED process of the elastic scattering of real

photons in vacuum. Our motivation for this work is evident as this is one prediction

of QED that has not yet been directly observed. We propose an experiment to directly

detect the photon-photon scattering process by employing an asymmetric photon-photon

collider in vacuum. This comprises of a γ beam which can be generated in in facilities such

as FACET-II [148], and a high harmonic laser source, or a Free Electron Laser (FEL).

The high energy of the γ photons coupled with the large laser photon �ux, signi�cantly

enhances the probability of scattering events. Moreover, one photon source is highly

controllable and tunable, which makes it possible to optimize the conditions for enhancing

the scattering probability.

In order to propose this setup, we performed Monte-Carlo simulations on a self-written

code in Fortran. The code for generating the γ beam was written by my supervisor,

the �nal data of which was utilised in the Monte-Carlo code. We proceeded towards

explaining the structure and working of the code, by �rst giving detailed background

on the expressions for the scattering amplitudes and cross-section of this process. We

further modeled the �elds of the laser beam beyond the paraxial approximation based on

[150]. These two background sections served as essential starting points for building the

code. Finally, we also made some analytical estimates, and proceeded with a summary of

the proposed experimental setup. The Monte-Carlo simulations using this realistic setup

provided results indicating the hope that detecting this extremely rare process, would not

elude us forever.

Another aspect of the work on light-light interaction, which has not been covered in

this thesis is the prospect to detect the linear Breit-Wheeler pair-production process, a

clear signature of which has also not been observed to date. This serves as the future po-

tential of the setup proposed in this work, which in principle can also be employed in this

case if the energies in the γ or laser source are such that the center-of-momentum energy

exceeds the pair-production threshold. In our proposed clean experimental environment,

the possibility of detecting the linear Breit-Wheeler process will also be increased as any

other competing pair-production processes like the Trident or Bethe-Heitler pair produc-
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tion will be greatly suppressed. Moreover, the above Monte-Carlo code for the elastic

scattering of two real photons, can be improved to include also the cross-section for the

linear Breit-Wheeler process, with a further potential to be added as an external QED

module to existing open source PIC codes, which do not have these processes included.
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