Quasilinear continuity equations of measures
for bounded BV vector fields

Thomas Lorenz !

Abstract. The focus of interest here is a quasilinear form of the conservative continuity equation

S+ Dy (f(p,) p) =0 (in RNx]0,77)
together with its measure—valued distributional solutions pu(-) : [0,7[ — M(RY). On the basis of
Ambrosio’s results about the nonautonomous linear equation %y + D, - (b ) = 0 (see [1, 2]), the

existence and uniqueness are investigated for
1. vector fields in V[/licoo (RY,RN)N L and positive Radon measures on RY with compact support,
2. bounded vector fields having bounded (spatial) variation and £V absolutely continuous divergence
in combination with positive measures absolutely continuous with respect to Lebesgue measure £V.
The step towards the nonlinear problem here relies on a further generalization of Aubin’s mutational
equations that is extending the notions of distribution—like solutions and “weak compactness” to a set
supplied with a countable family of (possibly non—symmetric) distance functions (so—called ostensible
metrics).
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1 Introduction

The homogeneous conservative continuity equation %y + D, - (bp) = 0 (in RN x [0,T[) is the
classical analytical tool for describing the conservation of some real-valued quantity p = u(t,2) while
“flowing” (or, rather, evolving) along a given vector field b: RN x [0,T] — RY. Thus, it is playing
a key role in many applications of modelling like fluid dynamics and, it has been investigated under
completely different types of assumptions about E(, ).

Seizing the results of Ambrosio [1, 2] later, the values of all solutions considered here are positive finite
Radon measures on R and, we are interested in (structurally) weak assumptions on these measures or
the vector fields for proving existence of a distributional solution of the quasilinear continuity equation

@i 1) + Da- (f(ul(),t) p(t)) =0 (in RYx ]0, TY)

with given f(-,-) : M(RY) x [0,7] — L>®(RY,RY). Basically two cases are investigated more closely :

Firstly (i.e. in section 3), all vector fields are supposed to be uniformly bounded and locally Lipschitz
continuous with respect to space, i.e. f(u,t) € Wli’coo(RN,RN) with [|f|lec < C < c0. Due to this
regularity assumption, the measure—valued solution of the continuity equation % w+ Dy-(bp) =0
(with such a vector field b) can be easily represented by the method of characteristics : g := Xy (¢, )4 po
with Xp(-,20) : [0,7] — RY denoting the absolutely continuous solution of the Cauchy problem

A { 4 x(t) = b(z(t)) ae in [0,7],
z(0) = xo

and the index f abbreviating the push—forward of a measure (quoted in Proposition 3.5). In return
for this (quite popular, but restrictive) Lipschitz continuity of vector fields, admissible Radon measures
only have to be positive and to satisfy the condition of compact support. Their set is abbreviated as
MFE(RY). So in particular, Hausdorff measures H° of arbitrary dimension & € [0, N] — restricted to a
compact H-rectifiable subset of RN — can be considered.
For specifying the continuity properties of “velocity” function f: M (RY)x[0,T] — VV&)COO (RN, RN),
generalized distance functions for finite Radon measures on RY are required. We use the pseudo-metrics
pe(p, v) == |(pe- (p—v)) (RN)| (¢ € J). Here (p-)ecy is an arbitrary countable family of smooth
Schwartz functions RY — 0, o[ satisfying |V ¢.| < A. - . with a constant A > 0 and two density
conditions (formulated in Lemma 3.1). Then the first main result is a consequence of Proposition 3.11 :

Proposition 1.1 Suppose for f: MFRY) x [0,T] — Wﬁ)’:o (RN, RY)
L3 Ce 0o (Dl <C  forall (u,t) € MFRN) x [0,T],

2. ("weak*” continuity of f)  ||f(u,t) = f(ptn,tn)|loe — 0 if pin — p (w.r.t. Co(RN)), t, — t.

Then for every initial g € M (RYN), there exists a distributional solution u(-): [0,T]— M (RN)
of the continuity equation % pu(t) + Dy - (f(u(t),t) pt)) = 0 in RN x [0,T[ with p(0) = po.

Secondly (i.e. in section 4), the regularity condition on vector fields is weakened. We dispense with
their local Lipschitz continuity and follow the track of Ambrosio [1, 2]. So now we use vector fields in

BV (RY) i= {b € BVjoo(RY,RY)NL¥RY,RY) | D-b = divd LN < £V, divbe Lo([RN)}

loc

and positive measures on R that are bounded and absolutely continuous w.r.t. Lebesgue measure, i.e.

LN RN) = {p LN | pe L'RN)NL>(RY), p>0}.
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The gap between BV3, AVRNY and WES(RN,RY)N L is bridged by Ambrosio’s proof of his super-

loc N
position principle ([1], Theorem 12). Indeed, for every function b € L*([0,T7, BVfOOCdW(RN )) with
sup, (|[b(t,)]loc + [|divy bt Jles) < 00, each distributional solution u(-) of 4 p + D, - (b w) =0
can be approximated narrowly by the unique solution pus(t) := u(t) * ps of % s + Dy (bs us) =0

with bs(t,-) := W being in L* ([0, T7, WL (RN, RY)) and ps(-) denoting a smooth

Gaussian kernel. So the approximation (with respect to narrow convergence) is the key tool for extending

many estimates concerning vector fields in W, (RN, RN) N L™ to vector fields in BV (RN).
Our main results about this type of continuity equation are consequences of Propositions 4.10, 4.11

using now the countable family of pseudo-metrics g-(p, v) = |pe - (u—v)|RY) (e € J):

Proposition 1.2 Suppose for f:L®"THRN) x [0,T] — BV (RY)

loc
1.3 Celtool (Dl + |[div £ D]| L < C for all (u,t) € L=PIRY) x [0,7],
2. ||f(,u7t) - f(ﬂnatn)HLl(RN) —0 Zf Hn - M (w.r.t. CO(RN)>7 tn "\ T
Then for every pg € LWOI(RN), there exists a distributional solution pu(-):[0,T[— L®"YRY) of

the continuity equation 2 p(t) + Dy - (f(u(t),t) p)) = 0 in RN x [0,T] with p(0) = po.

Proposition 1.3  Suppose for f:L®"YRYN) x [0,T] — BVf:édiv(RN) :

1.3 Celoool s [t + div ()] < C for all (,t) € L= (RY) x 0,T],
2. VeeJ 3FL.e€[0,00, modulus of continuity w.(-)>0:
[ 1£ (s, 8) = FW O | 1 mny < Le - e, v) +we (Is = t]) for all (u, 5), (v,8) €L H(RY) %[0, T1.

Then for every initial measure g € L= H(RN), the distributional solution u(-) : [0, T[— L>®"H(RY)
of & u(t) + Do-(f(u(t),t) p(t)) =0 inRNx]0,T[ that is continuous with respect to each q- (¢ € J)

1S unique.

In particular, the continuity conditions on f(,-) are (slightly) weaker in Proposition 1.2 than in
Proposition 1.1 because the L' norm is used instead of the L norm. Moreover, separating the time
dependence from spatial measures opens the door to taking (spatially) nonlocal effects into consideration
— to some extent.

Restricting our considerations to measures in L= "1 (R") has two analytical advantages in addition :
The first one is the uniqueness of distributional solutions of the nonautonomous continuity equation.
To be more precise, Ambrosio extends the DiPerna—Lions theory [9] to the case of (spatially) BV vector
fields. Any distributional solution w € LS (RN x]0,TT) of jt w + D, (E w) = ¢ is shown to be

“renormalized” (in the sense of DiPerna and Lions) if ¢ € L{, _(R" x ]0,T[) and whenever the vector field
be L ([0,T], BVioe(RY,RY)) has the distributional divergence D, -b(t,-) = div, b(t, <) LN < N
for £1-almost every t € [0, 7] ([1], Theorem 34). Then additional integral conditions on b and div, b
imply the comparison principle for the continuity equation 4 w + D, - (B w) = 0 in the
class {w € L>([0,T]; L*(RYN)) n L= ([0, T}; L>=(RY)) N C°([0,T]; w*~L>(RY))} ([1], Theorem 26).
This result is used here for specifying sufficient conditions on f : L®"H(RN) x [0, 7] — BVySY(RN)
for the uniqueness of distributional solutions in Proposition 1.3.

The second advantage is provided by the area formula since it leads to an exponential growth condition
of the total variation |u(t)|(RY) and of H ||oo for a solution pu(-) : [0,T] — L®"HRY) of
4 )+ Dy (bp) =0 (ie. for the solution induced by the Lagrangian flow specified in Proposition 4.1
and proven in [1, 2]). Such a priori estimates lay the basis for applying the compactness criterion of de

la Vallée Poussin.
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So all in all, the aim of this paper to extend Ambrosio’s results of [1] to the quasilinear continuity
equation 4 u(t) + Dy (f(p@),t) p@) =0 (in RV x 10, T]).
For such a step from a linear to a nonlinear equation, we rely on a tool here that is hardly known in
the PDE community, but we regard it as very useful indeed : generalized mutational equations.
Mutational equations introduced by Aubin [7, 8] are to extend ordinary differential equations to a
metric space (F,d). For dispensing with any vector space structure, the key idea is to introduce “maps
of elementary deformation” ¥ : [0,1]x E — E. Such a so—called transition specifies the point ¥(t,z) € E
to which an initial point = € F has been moved after time ¢ € [0, 1]. It can be interpreted as a generalized
derivative of a curve £ :[0,T[— E at time ¢t € [0,T] if it provides a first—order approximation in the

sense of limsup +-d({(t+h), 9(hE(L)) =0
R0
The theory of mutational equations has already been applied to different types of evolution problems

in metric spaces (see [5, 6, 10, 12, 19], for example). So—called morphological equations are a very
popular geometric example and use compact reachable sets of differential inclusions (supplied with the
Pompeiu-Hausdorff distance) as transitions.

Aubin’s continuity conditions on transitions, however, seem to be quite restrictive. So there have been
several approaches of weakening them [13, 14, 15]. The main aspects of generalizing so far have been

1. introduce a separate real component of time, i.e. consider E =R x E instead of the given set F,

2. dispense with the symmetry of the metric d, i.e. we use a countable family (G:).cs of (timed)
ostensible metrics satisfying only the reflexivity condition and the (timed) triangle inequality,

3. extend the notion of distributional solutions to so—called timed forward solutions in such a way
that a (fixed) structural estimate is preserved while comparing shortly with the evolutions of all
“test elements” = € D,

4. implement the notion of Petrov—Galerkin, i.e. “test elements” need not belong to the same set E
as the values of generalized solutions (see [15], in particular),

5. permit many parameters of transitions to depend on the “test element” and the index € of (timed)
ostensible metric (in a word, for increasing “degrees of freedom” while extending Euler algorithm).

Up to now, first-order geometric evolutions have been our main motivation for generalizing mutational
equations, i.e. compact subsets of RY are to evolve according to nonlocal properties of both the set and
their (limiting) normal cones at the boundary (see [14, 15], in particular). Now the continuity equation
motivates two further aspects of generalization :
Firstly, we modify the continuity conditions on transitions so that some of their continuity parameters
might have linear growth (with respect to the “initial element”). This feature can be particularly useful
whenever the theory is applied to vector spaces — like the semilinear evolution equations in reflexive
Banach spaces (mentioned in [14]) or the positive Radon measures in §§ 3, 4.
Secondly, the form of sequential compactness is weakened for proving existence of “right—hand sleek
solutions”. We assume each ostensible metric ¢ to be the supremum of (at most) countably many
generalized distance functions g., (v € Z). In this analytical environment, “weak sequential compact-
ness” is to realize the notion that every “bounded” sequence has a subsequence converging with respect
to each ¢. .. In fact, this concept generalizes the definition of weak compactness in a (separable) real
Banach space (X, - | x) since |[z]|x = sup {y*(2) |y*: X — R linear, continuous, |[ly*||x~ <1}.
With regard to generalized mutational equations, we introduce the more general term “weakly timed
transitionally compact” in Definition 2.20. A more detailed presentation of this theory is given in § 2.
Then, in § 3, it is applied to positive Radon measures on RY with compact support that are
“evolving” along vector fields of Wl’oo(]RN ,RV)YN L> — according to the continuity equation. Finally

loc

in § 4, we consider vector fields of BV;2 ™ (RN) and positive measures of LM (RN) instead.
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Notations

CO(RY) denotes the space of continuous functions RY — R with compact support and Co(RY) its
closure with respect to the sup norm, respectively. C9(RY ,Ra' ) abbreviates the subset of functions
¢ € CO(RN) with ¢ >0 and correspondingly, Co(RY,R{) its closure.

Furthermore, M(RY) consists of all finite real-valued Radon measures on RY. As a consequence of
Riesz theorem, it is the dual space of Co(RY) (see e.g. [4], Remark 1.57). Similarly M*(R") denotes
the set of all positive Radon measures on RV, i.e. MFT(RYN) = {u e M(RY)|u(-) > 0}.

Finally, M (RY) := {u € M(RY)|3 compact K CRY: |u|(RV\K) =0}, MFI(RY) := M (RV)NMT.

2 Generalizing evolution equations to ostensible metric spaces :

Mutational equations

In this section, the definitions and main results are presented although the measure—valued examples
ensuing here do not require this concept in its most general form. There are basically two reasons for
the complete presentation. Firstly, we want to present two additional steps of generalization motivated
by both the measure-valued flow along vector fields (in §§ 3, 4) and the semilinear evolution equations
in reflexive Banach spaces (mentioned in [14]): allowing a form of “linear growth” for some parameters
of transitions and assuming a “weak(er)” form of sequential compactness for proving existence.
Secondly, all previous versions prove to be special cases of the subsequent modification. So in particular,
the examples of [7], [14, 15] and the ensuing sections can be combined in systems arbitrarily. From our
point of view, this property of generalized mutational equations is an essential advantage in comparison
with viscosity solutions (and other concepts based on the maximum or inclusion principle).

General assumptions for § 2.

1. Let E and D denote nonempty sets (not necessarily D C E),
EXRxE, DYRxD, m:(DUE)—R, (t,z) — t.

2. J C[0,1]% abbreviates a countable index set with K € N, 0 € 7.

3. G :(DUE) x (DUE) — [0, 00| satisfies the timed triangle inequality (for each ¢ € J),
e @((ra), (£2) < @((rna) (s9) + & ((s.9), (£2)
for all (r,z),(s,y),(t,2) e DUE withr <s <t.

4. Fix |-]c : DUE — [0,00] foreache e J.

5. iz:D—FE fulfills G.(Z,i52) =0, m2=mi52 |Z]c>|isZ]e
for every z € D,e € J.

Assumption (4.) lays the foundation for the first new aspect in comparison with earlier definitions.
For allowing a form of “linear growth” for some parameters of transitions, we need a counterpart of
norms. Roughly speaking, it is to measure the absolute magnitude of any element = € D U E whereas
each ¢. rather “compares” two elements with each other. Dispensing with any vector space structure,
however, this counterpart is supposed to be just a nonnegative function that might even depend on
e € J, namely |-].: DUE — [0, 0.

Generalizing mutational equations, the key idea is now to preserve the following structural estimate for
comparing transitions 9,7 : 0,1 x (DUE) — (DUE)

G- (V(t1+h,2), T(t2+h,7))

< G0t ?), 7ty p) - AR 4
he (@e@75)- (Lt i) SO0 L (5) - (12 + 1) + 76(P) ) - eneT 1



2.1 Transitions as “elementary deformations” )

for all 565, Yy E E, ceeJ and 0<t; <ty <1, h>0 with mz<my and t; + h sufficiently
small (depending only on 9, %). In comparison with the last modification (in [15]), the new feature is
the factor (1 + |7 %™ (2Hh) 4 ¢ (F) (ta+h)) < 14 |§]). €% +(.(7) allowing the second summand
on the right-hand side to share the “linear growth” of the compared element y (with respect to [-]¢).
A corresponding dependence on |Z]. can be regarded as part of Qs (19 T Z

For the subsequent definition of solution, this modification will be hardly relevant. Indeed, a tran-
sition U again induces a “first-order approximation” of a curve 7 : [0,T[ — E at time ¢t € [0,T]
according to the following (still vague) idea : Comparing Z(t + -) with 9(-,%) shortly (for any test
element Z € D, m; Z < m; Z(t)), the same structural estimate ought to hold as if the factor Q.(-,-; %)
was 0 (see Definitions 2.10, 2.12 for details).

2.1 Transitions as “elementary deformations”

Now we specify the new definition of “timed sleek transition” for the tuple that has an additional
component in comparison with earlier versions (see [15] in particular) : (E, D, (Ge)ecs, (I_'JE)EGJ> .

Definition 2.1 A map ¥ :[0,1] x (DUE) — (DUE) is called timed sleek transition on
(E, D, (Ge)eeg, ([]e)ees) if it fulfills for each ¢ € T
L 9(0,) = Ids, 5
2. 3 4.(9) >0 : limsup &”-y.(d) = 0 and
nr}?sgp LG (9(h, E@,%)), Gt +h, 7)) < 7(0) Y FeDUE, te(o,1],
nril}élp LG (@¢+h, @), 9h, 9(t,7)) < %(0) Y FeDUE,te(0,1],

3. VZeD 3 a.,?)e0,00, T.=T.(3) €]0,1]:

Tim sup (’75 (Pe4h D, 50,9) = 53,2, ) = 7 D) h>+ <a.(d,3) VO<t<T. jeE
B0 b (@&@(62),9) + 7 (D) h) (+m7<mi,
4. 3 ﬂf(zg) : ]Oll] [0,00[ modulus of continuity : B
Q- (9(s,9), V(t.§)) < B(D)(t—s) - (1+[5]) Vis<t<l, yek,
5. 3G >0: |9t < [Fle-eDt 1 ()¢ VZIeDUE, telo,1],
6. VZeD: It,Z) €D V te 0, T-(d,2)],
7. limsup @ (9(t —h, 2), ) > G (I(t2), 9) VZeD, jeE, t<T.
hi0 (t+mz<my),
8. 9(h, (t,y)) € {t+h}xE C E V (t,y) € E, hel01],
m 9(h, (t,2)) = t+ const(E,D)-h < t+h V (t,z) €D, hel0,1].
9. limsup -G (I(h, I(t,i5?2)), I(h, 9(t,2))) < 7(0) VZeD, t<T.(9,3),
11%}211) LG@+h, izz), 9t+h, 2)) < 1(J) V ZeD, t<T.(9,3).
Remark 2.2 Conditions (4.) and (5.) provide the only new features in comparison with earlier

concepts [13, 14, 15]. Roughly speaking, property (5.) bounds the “absolute magnitude” of 5(,5) to
uniform exponential growth for each initial element £ € DU E. As its main advantage, we can always
restrict our considerations to bounded subsets of E (with respect to |-].), so for example, the Euler

approximations for proving existence.
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Condition (4.) now allows (-, y) that the modulus of time continuity has linear growth with respect to
the initial element 4 € E.

The other conditions have already been explained in earlier concepts. For the purpose of a self-
contained presentation here, we briefly motivate their key points :
Condition (2.) can be regarded as a weakened form of the semigroup property. It consists of two de-
mands as ¢: need not be symmetric. Condition (3.) specifies the continuity property of U with respect
to the initial point. In particular, the first argument of ¢. is restricted to elements z of the “test set”
D and, a.(9) may be chosen larger than necessary. Thus, it is easier to define a.(-) < oo uniformly
in some applications.
Condition (6.) guarantees that every z € D stays in the “test set” D for short times at least. This
assumption is required because estimates using the parameter a.(-) can be ensured only within this
period. Further conditions on T, (5, ) > 0 are avoidable for proving existence of solutions, but they
are used for uniqueness (as in [13] and Propositions 2.14, 2.24).
Condition (7.) forms the basis for applying Gronwall’s Lemma that has been extended to semicontinuous
functions in [13] (see Lemma 2.6). Indeed, every function 7 : [0,1] — E with g-(§(t—h), §(t)) — 0
(for h | 0 and each t) satisfies

(962, 5(0) < tmswp @ (¢~ h2), G- m).

for all elements Z € D with m 9(-,2) < m §(-) and times ¢ € |0, To(d,2)].

Condition (8.) describes the real “time” component of 5(,@) For initial elements y € E, the time
component has to be additive whereas for “test elements” Z € D, the time component of (-, %) might
increase more slowly.

Finally, condition (9.) provides a counterpart of the general assumption g.(%,i52) =0 for each z € D.
As ¢. need not be symmetric, it is required for estimating the distance between a timed forward transi-
tion 5(, Z) and a timed right—hand forward solution (see proofs of Proposition 2.22 and Lemma 2.19).

Definition 2.3
O(E, D, (Ge)ees, (|']e)ecer) denotes a set of timed sleek transitions on (E, D, (¢), (|-]c)) assuming

@ (3ttn2), 70) — @ (319, 5) - exe @O\ T
RN CER TR

Q:-(0,7;2) = sup lim sup
t<Te(9,2), §g€E h|O0
thm 2 < 7 @

to be finite for all 9,7 € O(E, D, (¢)ees (|-|c)ecs), €D, c€ J.

Remark 2.4 Due to the dependence on the initial “test element” of 5, the triangle inequality
for Q.(-,;%) cannot be expected to hold in general. The factor (1 + |j].) in the denominator
is a new feature in comparison with earlier concepts and again takes the (possible) linear growth into
consideration. Its consequences for the structural estimate are specified in Proposition 2.5.

Proposition 2.5  Let 9,7 : [0,1]x(DUE) —> (DUE) be timed sleek transitions on (E, D, (), (|-]<))-
Suppose e € J, Z€D, yeE and 0<t; <ty <1, h>0 with mzZ<my, t1+h<T(92),
to+h <1. Then,

E[E (ﬁ(tl +h7 5)7 7~'(t2—|—h, @)

< 65(5(1&1,2)7 F(t2, 7)) - e @D b 4
b (Ge0.7:2) - (14 g)e €1 G0 L C(F) - (o4 B) +72(7) ) ) - 27 1.
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Proof is based on the subsequent version of Gronwall’s Lemma for semicontinuous functions. The
auxiliary function ¢, : h — G(9(t1 + h, %), 7(ta + h,7)) satisfies o.(h) < lim supy, 1o @e(h —k)
due to property (7.) of Definition 2.1.
Moreover it fulfills for any h € [0, 1] with t; +h < T<(J, %)
hrIIgllSUP Wg(h+k)/c_ e() < (7, %’) '905<h) + @a ({91 T; 5") ) (1+ nga eSe(Mt2+h) +Ce (;) (t2+h)) + (7).

0
Indeed, for all k£ > 0 sufficiently small, the timed triangle inequality leads to

pe(h+k) < G@Ot+h+k 2), 7k, T(ta+h, 7))
+ - (7(k, T(t2+h, §)), T(ta+h+k, 7))

< Q0,77 (1+ [F(ta+h,)]e) T+ pe(h) e TR 4 A (F) k+ o(k)
< Qe(0,72) (L4 [gle e A 4 C(F) (t2+h)) k+ () e*TIF + 7.(7) k + o(k).
a
Lemma 2.6 (Lemma of Gronwall for semicontinuous functions [13])
Let v :[a,b] — R, f,g € C°[a,b[,R) satisfy f(:)>0 and
P(t) < limsup ¢(t — h), YV t €la, bl
h10
P(t) > limsup ¥(t+ h), Y t € la, b,
hloO
lim sup w < f(t) - limsup ¥(t —h) + g(t) YV t €la, bl.
hl0 hl0
Then, for every t € [a,b], the function ¥(-) fulfills the upper estimate
t t
U(t) < ¥a) - eV 4 / eHD=1) g(s) ds with p(t) == / f(s) ds. O

Lemma 2.7 Forall ¥ € é(E, 25, (@)eer, (I']e)ecs), Z € D, ce J, @s satisfies
Q-(0,0:%) < 27.09).

Proof  follows exactly the same track as in Proposition 2.5. Fix € J, z € 15, y € E and
t€[0,T.(¢,2)] with t+m z < m § arbitrarily. Considering now

pei [0, Te(0,2)=t] — [0,00[,  hr—@(I(t+h,Z), (7)),
the semicontinuity ¢c(h) < limsupy |, @-(h—k) again results from property (7.) of Definition 2.1.
Moreover we obtain for all h € [0, T.(¢,2)—t[ and small k >0

pe(h+k) < G(It+h+k 2), Ik (b, D))

+ @(0(k, 9(h, ), Ih+k, 7))
(ac(9,2)+o0(1)) - k - (soe(h)Jr%@) k) + @e(h) +7:(9) k

+ (@) +o(1)) -k
and thus, lim sup M < ac(0,2) - pe(h) + 27.(0).

IN

k10

Gronwall’s Lemma 2.6 guarantees we(h) < ©:(0)- eac(@Dh 4 p . 27.(9) - e (9,2)h
. L(h) — 0 (0) - exe(T)h ~

and finally, hr;lfélp el 90(1((2 EIE) < 29:(9). O

Here we briefly mention two more transparent characterizations of Q. (-, -;-) for the case a.(-,-) = const.
The first one clarifies the link with Aubin’s original definition of the distance between two transitions ¥, 7
on a metric space (M,d), i.e. sup,c,s limsupy, 1-d(W(h,y), 7(h,y)) (see [7], Definition 1.1.2).
In particular, the first upper bound of Q.(¥,7;Z) does not depend on z € D.
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Such a dependence on the “test element” is preserved in the second estimate stated in Lemma 2.9. It
is based on comparing only the evolutions of “test elements” 5(1&, Z) e D for te [0, T (5, Z)[ and will
be useful for the examples of measure—valued flows in §§ 3, 4. This time however, we dispense with all
additional advantages of bounded growth that |-]. might provide.

Lemma 2.8 If a.(-,-) = M. = const, then
. +
~ o~ . G- (B(h,7), 7(hy ~ ~
Q:(9,7;Z) < sup limsup <W> + 279:(9) +7:(7)
jekE hlO

for all 9,7 € O(E, D, (@)ecs, (|']e)ecs), €D, c€ J.

Proof. It is not restrictive to assume additionally that the right —hand side is finite. For an upper
bound of Q.(¥,7;-) on the basis of Def. 2.3, we choose § € E, % € D, t € [0, Te (9, 7)[ with t+m % < m§
arbitrarily and consider now the auxiliary function ¢, : h — ¢ (9 I(t+h,%), 7(h,7)). Property (7.) of
Definition 2.1 again implies ¢.(h) < limsup, , ¢-(h —k) and thus enables us to apply Gronwall’s

Lemma 2.6 later. As an abbreviation, set here 55(57 T) := sup limsup (W) < 00.

YEE h10
Choosing any h € [0, (19 Z) —t[ and any small § > 0, the timed triangle inequality ensures for all
k > 0 sufficiently small (depending on ¢, h, §)
peh+k) = G (t+h+k, 2), F(ht k. 1))
< @(U+h+k D), Ik (E+h,E)
+ @ (Ik, I(t+h,2), Ik, T(h, P))
+ @ (I, 7(h, 7)), Tk, F(h, D)
+ @(Fh R D), Tk D)
< () +5) N -
+ M. +9)- k (pe(h) +7:(0) - k) 4+  @e(h) +7:(9) - k
+ (AW, 7) +6) - k (1+ [7(h, y)]c)
+ (7:(7) +6) - k
and thus, o
limsup =2l < (Mo +6) - pe(h) + (A, 7) +0) (14 [5)e - e+ ¢(7) D)
k10O

+ 29:(0) +7(7) + 26
So Gronwall’s Lemma 2.6 and § | 0 imply
pelh) < @e0) M Rt (A, F) (Lt [Fe PP CE D) + 27:00) +7(7) ).
Finally we conclude from Definition 2.3

~ ~ _ ) _ __Mc-h ~ o~ ~, ~
Q-(9,7;2) < hr}rlllsgp %U}? (ﬁi(roﬁmi) < A9, T)+27:(9) +7:(7) O

Lemma 2.9 If a.(-,) = M. = const, then
S ~ +
~ T~ . q=\9(h, 9(¢,2)), 7(h, 9(t,z ot ~
QE (’197 75 E) S sup - hrills(l)lp (q ( (h, 9(¢ A))h (h, 9(t N))) ) + Ve (19) ) Ve (7_)
0<t<T(9,2)

for all 9,7 € O(E, D, (42)ecy, (|]-)ecs), Z€D, e€ J.

Proof follows essentially the same track as for Lemma 2.8. Againj € E, Z € D, t € [0, T-(J, 2)[ with
t +mz < my are chosen arbitrarily, but now the auxiliary function ¢, : h — g (9 (t—i—h, z), 7(h,7))
is estimated in a slightly different way :



2.2 Defining timed right—hand sleek solutions 9

From now on, let ﬁg(ﬁ, T;Z) denote the supremum on the right-hand side of the claim. Fixing any
h € [0, T.(9,2) —t[ and any small § > 0, we obtain for all k£ > 0 sufficiently small (depending on ¢, h, )

pelh+k) < G (O(t+h+k, 2), I(k, O(t+h,2))

+ ¢ ( 9k, O(t+h,3), Tk, I(t+h,32))
+ @ (O O(t+nD) Rk 7 D)
+ @ (F R D). Rk D)

< (0)  +0) -k

(.
+ (A9, 7:2)+0) - k
+ (Ms +6) -k (Sas(h)JrfYE(?)'k) + @E(h)+7€(?)'k
+ (7e(7) +6) - k
and thus, limsup M < (Mo +9) - pe(h) + 55(5, T; 2)+7€(1»9v)+2%(7~_)+35.

)
Again Gronwall’s Lemma 2.6 and 6 | 0 lead to

pe(h) < @e(0)- Mt 4 heeMeh (A7 2) + 7e(0) +27.())
and, the claim results from Definition 2.3 due to |-]. > 0. O

2.2 Defining timed right—hand sleek solutions

Now timed sleek transitions are used for specifying “first-order approximations” of a curve Z(:) :
[0, T — E. Proposition 2.5 has just provided the structural estimate that we want to preserve. So
replacing 7(ty + -, ) formally by Z(t+-), a sleek transition ¥ € O(E, D, (¢:)ecs, (|-]c)ecs) can
be interpreted as “first-order approximation” of Z(-) at time t € [0,T] if for all test elements z € D
(m 2z < mZ(t)), infinitesimal h > 0 satisfy the corresponding estimate with the “distance term”
@5(5, 7;Z) equal to 0. This notion motivates the following definition :

Definition 2.10 The curve Z(-) : [0, T[— (F,(Ge)ees) s called timed right-hand sleek primitive
of a map 9(-): [0,T[— O(E, D, (¢)ees, (|-]:)ecs), abbreviated to T(-) > 9(-), if for each € € T,

1.V tel0,T] V €D with m% < mIt):

3 a:(tz) >2a:(9(),2) I A(t,2) = 70(1)):
limsup & (7@ (9(0) (s+0,2), 3(t+0)) = @ (9() (5,2), 3(1)) - ™) < 5.(¢,2)
h10 B
for every s € [0, T(9(t),2)[ with s+ m z < m Z(t),
2. Z(-) is uniformly continuous in time direction with respect to g,

i.e. there is we(Z,-) :]0,T[— [0,00[ such that limsup wc(Z,h) = 0,
hlo
a=(Z(s), T(t)) < we(@, t—s) for 0<s<t<T.

3. ma(t) = t+ mz(0) for all t €[0,T.

Remark 2.11  Considering 9(-,7) : [0,1]— E for any 9 € O(E, D, (¢-), (|])) and § € E fixed,
timed sleek transitions induce their own sleek primitives — as a direct consequence of Definition 2.1,
Proposition 2.5 and Lemma 2.7. Correspondingly, each piecewise constant function R [0,T] —
é(E , 25, (¢=)) has a timed right—hand sleek primitive that is defined piecewise as well.

Definition 2.12  For f: E x [0,T[— O(E, D, (§.)ecs, (|-]c)ecs) given, a map T : [0,T[— E

is a timed right—hand sleek solution of the generalized mutational equation T (-) > f(Z(-),-) if z(-) is

timed right-hand forward primitive of f(Z(-), -) in [0,T].
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2.3 Existence of solutions due to timed transitional compactness

In particular, the new aspect of the additional term (1 4 [-].) does not have any consequence for
verifying the solution property if we suppose the parameter (. (f(i", t)) to be uniformly bounded for all
x e E‘, t € [0,T]. Briefly, all Euler approximations satisfy an obvious a priori estimate with respect to
|| (for each given initial element in E) as stated in Lemma 2.16.  So the proofs of [15] lead directly

to the following Proposition 2.14 about existence :

Definition 2.13 Let © denote a nonempty set of maps [0, 1] x E — E.
(E, (@)ecT, (']e)eeT, é) 1s called timed transitionally compact f it fulfills :

Let (Zn)nen, (hj)jen be any sequences in E’, 10, 1[, respectively and ¥ € E with sup,, |m Z,| < oo,
sup,, |Tnle < 00, sup,, ¢-(v,%,) < oo foreache € J, h; — 0. Moreover suppose U, :[0,1] — O to
be piecewise constant (for each index n € N) and satisfy the following property : for every e € J, there
exists Bz : [0,1] — [0,00[ with limsup, ., B:(s) =0 such that each curve Un(t)(-,F) : [0,1] — E
(with n €N, t €[0,1], € E) has the modulus of continuity (1+ |Z).) B=(-).

Each 0, induces a function §n(-): [0,1] — E with §,(0) = &, in the same (piecewise) way as timed
sleek transitions induce their own primitives according to Remark 2.11 (i.e. using O (tm) (-, Jn(tm))
in each interval Jtm,tmy1] in which U,(-) is constant).

Then there exist a sequence ny / o0 and T € E satisfying for each e € J,

lim st fnk = 1 f’
k— oo ¥ . T o a
limsup |Zp, |c > |z, Xl e
k — oo X3 . '
limsup  G:(Zn,, 2) = 0, A .
k — oo )Ncl
lim sup sup (T,  Yn,(h;)) = 0. ——
J—00 k>j 0 hy by hy Iy

A nonempty subset F C E is called timed transitionally compact in (E, (=), (|']e)s é) if the same
property holds for any sequence (T, )nen in F (but T € F' is not required).

Proposition 2.14 (Existence of timed right—hand sleek solutions)
Assume that (E, (§2)ecr, (|']o)ees, OE,D,(q),(|]c)) is timed transitionally compact. Let
f:Ex[0,T] — O(E,D, (), (| ]e)) fulfill for every e € J, Z€ D

1. M.(%) = o {oe(f@1,t1), [ t2)(R,2)) |0 < h < Te(f (B, t2), 2)} < o0,
2 c(h) = swp  BFGOMH) < co(h) ™50

3. 3R stlfip 1 (F(:1)) < R. <o,

bog = up LG <o

5.30.0) ¢ Q(F@n), J@e ) 2) < Be + 0(GG00) + 12— )
forall 0<t; <ty <T and y1,y2 € E (m1 91 < ™1 Y2),
We(+) > 0 nondecreasing, limsup ©(s) = 0.
s|0

Then for every Ty € E, there is a timed right-hand sleek solution T :[0,T[— E of the generalized

mutational equation Z(-) > f(Z(-), ) with T(0) = Zo.
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Remark 2.15 The basic notion of its proof is easy to sketch. Indeed, we again start with Euler
approximations Z,(-) : [0,7[— E (n € N),

ho = t = jhy for j=0...2",
Tn(0) = 5~07 Zo(") = o,
Falt) = F@a(t), ) (t—th, Ta(t))  for te i, 7Y, j<om
Assumption (4.) and subsequent Lemma 2.16 imply the uniform estimate
|Zn(t)]e < (|Tole +29.T)e% T forneN, te[0,T7.

As a key point, it lays the basis for applying earlier conclusions to the “bounded” subset {|:|. <
(|Fole +29-T) 9T} C E (see [15] and references there). Roughly speaking, moduli of continuity
and the distances like Q.(-, -;Z) occurring now just have to be multiplied by (|Zo|c +2g.T) e% T
(depending on the initial element) before applying former results. This is a basic idea for verifying most
of the subsequent propositions in § 2. It has already been mentioned just briefly in the example of
semilinear evolution equations in a reflexive Banach space, see [14].

With respect to the existence in Proposition 2.14, we proceed with the Euler approximations : As J
is assumed to be countable, Cantor diagonal construction in combination with timed transitional com-
pactness leads to a function Z(-) : [0,T] — E satisfying : For each e € J and j € N, there exist
K; € N (depending on ¢, j) and N; € N (depending on ¢, j, K;) such that N; > K; > N;_; and

T (Tn, (s = 2hie)), () < 1
NS @ (@), TN (t+2hk,)) <5
1Z(s)]e < (|Zo)e+29:T) €97

for every s,t € [0,7]. Due to [15], Convergence Theorem 3.10 for Zn,(- +2hn, + 2hk;), the limit
function Z(-) is a timed right—hand sleek solution. (For further details, see the proof of Prop. 36 in [13]
or the detailed proof of subsequent Proposition 2.17 postponed to the end of this subsection 2.3.)

Lemma 2.16  Under the assumptions of Proposition 2.14, the Euler approzimations T,(-), n € N,
defined in Remark 2.15 satisfy at each time t € [0, T+hy]

Lg"(t)JE < Liojs edet + e * (t+hn) et

Proof results from condition (5.) of Definition 2.1. Indeed, for every j € {0...2"} and t € |, ti+1],
[Zn(t)]e < Lfn(t%”e cege(tt) ge - (t — t%)
< |Za(t))]e - €9 P + ge - hy.
By means of induction with respect to j, we obtain (for each t € JtJ, t/7!] again)

J
[Fat)]e < (Fo)e €' 4 Y gehy 90T
k=0

< |Zole €%t + g (t+hy) et O

IN

The example of § 3, however, shows that the continuity assumption of Proposition 2.14 might be
difficult to verify — particularly if Q. (f@l, t1), (o, ta); z) can be estimated just independently of 7, .
So we present an alternative hypothesis motivated by the notion to exploit information about distances
with respect to all € € J simultaneously.
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Proposition 2.17 Assume that (E, (@)ecs, (|-]e)ecs, O(E,D,(q),(|-]c))) is timed transi-
tionally compact. Let f: E x [0,T] — O(E, D, (q:), (| ]c)) fulfill for every e € J, Z€ D

1. M(z) == o {ac(F@,t1), f@,t2)(h,)) |0 < h < To(f(F2,12),2)} < oo,
2 c(h) = s GJGOMH) < oo ce(h) 50

53R sp (@8 < Re<o

b = up CF@y <o

5 dmsw Q(FGun), f@ ) 2) < Re

for any t, € [0,T], 11 € E and sequences (té)jeN in [0, T, (ﬂ%)j cn in E satisfying
t<th, mp<my, VieEN, |-t G (1, B) =0 Ve ed.

=0

Then for every Tg € E, there is a timed right-hand sleek solution T :[0,T[— E of the generalized
mutational equation T(-) 3 f(Z(-), ) with (0) = Zo.

For the purpose of a self-contained presentation here, we postpone a detailed proof of Proposition 2.17
till the end of this subsection 2.3. Using the same Euler approximations as in Remark 2.15, the key tool
now is to guarantee that the “limit function” Z(-) : [0,7] — E is a (timed right-hand sleck) solution

of Z(-) 3 f(Z(-), ). So we need a new convergence theorem with an adapted continuity assumption :

Proposition 2.18 (Convergence Theorem) For each e € J and Z € 5, assume the following
properties of fm, f E x 0,7 — 6(E D (@c)eea ([-]e)) (m € N)
Tm, T: 0,7 — E :
1. M.(2) = sup. {ac(fn(@,1), F@E®),6)(h,2) |0 < h < T(F(E(),1),2)} < oo,
Re 2w (5 FE), FE0.00.), 92l 0), 2200
m,t, g,z _
Je > sup {Ce(fm(ga t))}
m,t,g

o

2. () 3 ful@m(),) in [0,T[, (in the sense of Definition 2.12)

3. We(h) = sup we(Tm,h) < o0 (moduli of continuity w.r.t. Ge), limsup @.(h) = 0,
m h|O0

4. Y O<ti<ta<T 3 (my)jen, (0))jen, (9j)jen with my; /00, 65,05\, 0
O timsw QTG0 t). Fo, G D) < R
for any sequences s; | t1 and (y;)jen in E with m v; \Z(t1), g (x(t1), yj) IZX 0 ve
@) G (T(tr), Tm,(t1+5})) —0 Ve'ed, T Ty (1 +07) N\ w1 Z(t),
@i) e (T, (t2—0;), Z(t2)) — O, T1 Tm, (t2—0;) /1 Z(t2).

Then, %(-) is a timed right-hand sleek solution of Z(-) 3 f(Z(-),-) n [0,T].
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Proof of Proposition 2.18. The uniform continuity of z(-) results from assumption (3.) :
Each Z,,(-) satisfies e (Em(tl), Em(tg)) < Ge(ta —t1) for t1 <ty < T.
Let ¢ € J, 0 <t <tz <T be arbitrary and choose (07);en, (0;)jen, for ti, t2 (according to condi-
tion (5.ii), (5.iii)). For all j € N large enough, we obtain #; + ¢ <tz —d; and so,
& (T(t), T(t2)) < G (F(t), Ty (t1407)) + G (T, (t1407), T,y (t2=05)) + @ (T, (t2—0;), T(t2))
< o(1) + @e(te —t1) + o(1) for j — oc.
Nowletee J, Z€D and t€[0,T], 0<s<s+h< T.(f(Z(t),t), Z) be chosen arbitrarily with
s+mz<m z(t). Condition (7.) of Definition 2.1 guarantees for all k& €0, h[ sufficiently small

@ (f(@(1),t) (s+h,2), T(t+h)) < q@(f@Q),t) (s+h—k,2), Z(t+h)) + h>
According to assumptions (4.ii) — (4.iii), there exist sequences (m;)jen, (d;)jen, (0})jen satisfying
mj /oo, 6; 10, 0510, 0;4+d7 <k and
55 (Em] (t—|—h—5j), 5(t+h)) — 0, T imj (t—|—h—5j) / st i(t—Fh),
a= (Z(1), Im,(t46}) — 0 V€T,  m Iy, (t+0) N a(t).
Now subsequent Lemma 2.19 implies for all large j € N (depending on ¢, 2, ¢, h, k),

@ (f@(t),t) (s+h, 2), Z(t+h))

< G(f@EW,) (sth—k, Z), T, (t+6, +h—k))
+ G (T, (t+0; + h—k), T, (t+h —6;))
+ qﬁ(‘%mj( +h— 6j)a f(t-l—h)) + A2
< (F@),1) (5,2), T, (t+0))) - M@= I
h—k

M@ R (Q(F@ (), ), Fomy @myr )51 2) - (L4 [Ele €% "hge h) + B Re) do
+ Qe(k—06;— o))
+ Qe (Tm, (t+h —6;), T(t+h)) + n?

_|_
—

< (@GED.0(57), T0) + (T ), Tn, (45))) - MG0b

h o~ ~
+ / M) QU (F@W), ), Fony @iy gy s D) do - (14 |Z) €% P4 g h)
0 J

+ (k) + 2h? + const(e,2) - h R
< ?ja(f(g?(t),t) (s,2), T(t)) - M + @.(k) + 3h® + const(e,2)-h R,
+ h M@k s Q=(f@E®): 1), fony @omys M yi5r40 5 2) - (A [Z]e €5 " +g- )

First j — oo and then k& — 0 provide the estimate

@ (f(@(t),t) (s+h, 2), T(t+h))
< G(f@EW@), 1) (s,7), F(t)) - eMe®h L 0 + const(e,Z)- h (R +h)

+ h 6M5(2) ho. limsup sup Qe(f(f(t),t), fmj (imja ')|t+5/‘+0 ; E) : (1+LEJE eg€h+gs h)
j—o0 0<o0<h J
Finally, due to an indirect conclusion, assumptions (4.1),(4.ii) and the equi—continuity of (Z,,) ensure
limsup limsu sup Q ~5§t,t,~.% . ,..32) < R
thp j*’cxl? OSapghQE(f( (©,2), oy (@, )|t+5a‘+” ) = R
and thus,

timsup & (& (70, 0) (5., 70+) = @IE0.0 (5,9, 70) - MO8 < consife,2) - R
O
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This lemma extends the structural estimate of Proposition 2.5 to the comparison between a test element
Z € D (evolving along a fixed transition ¢) and a timed sleek primitive Z(-) :

Lemma 2.19  Suppose 9 € O(E, D, (G-)ccr, (|]c)ees), t1 €[0,1], to€[0,T], € D.
Let z(+) : [0,T[— E be a timed sleek primitive of 9(-) : [0,T[— O(E,D,(q),(|']¢)) such that for
each € € J, t € [0,T[, their parameters fulfill

sup aa(tﬂZ(S,a) S M&‘(t)’
0< s <min{t,T.(4,2)} B
A sup :Y\E(tv ’L/}(S,E)) S RE(t)7

0< s <min{¢,Te(4,2)}
Q:(¥, 9(t); 2) < celt)
ta+h
with upper semicontinuous M, Re, cc : [0,T[ — [0,00[. Set pe(h):= M_(s) ds.
~ t2
Then, for every € € J and h €]0,T[ with t1 +h < Te(¥,2), ta+h <T, t1 +m 2 <71 T(t2)
Zlvs(a(tl+ha Z), %(t2+h))

h ~ ~
< @ (1#(15175), E(tg)) o eme(h) / ehe(h)—pe(s) (cg(tg—i—s) (1 |Z] S @) (tts) L (1) - (t145))
0
+ 3R.(t2+s)) ds.

Proof.  We follow the same track as in the proof of Proposition 2.5 and consider the function ¢, :
h— G (Y(t1+h,2), T(t2+h)). Firstly, ¢.(h) <limsupy | @e(h — k) results from condition (7.) on
timed sleek transitions (Definition 2.1) and the continuity of Z(+).

Moreover we show for any h € [0,T] with t; +h < Te(¢), %),
limsup £AHG=E) < Mo(ta+h) - pelh) + coltath) - (L [9(t1+h, D)]e) + 3 Reltath)
In particular, it implies @.(h) > limsup, o @e(h + k) since its right-hand side is finite. Thus,

the claim results from Gronwall’s Lemma 2.6 — after approximating M. (-), R:(+), cc(-) by continuous
functions from above.

For small k > 0, the timed triangle inequality and Proposition 2.5 guarantee

pe(h+k) < G (Oti+h+k, 2), O(ta+h) (k, iz P(ti+h, 2)))

+ @ (I(ta+h) (K, igo(ti+h,2)),  O(tath)(k,  D(t1+h, 7))

+ g (I(t2+ h) (k,  ®(t1+h,2)), T(t2+h+k))

< {Qe@, Uta+h); 2) (141901 +h, e - TN E 4 (F(t2+1)) F)
+ 3t h, 7) Mt g

+ Ye(W(ta+h)) -k + o(k)
+ oo (h) e tath B(tth. 2Dk o 3 (1) 4 b () +h, 7)) k + o(k)
< Sos(h) eMeltath) -k + |Cs(t) ’ (1+ L@Z(tlJrhv z)Js) +3 Rs(t)|t:t2+h ko+ O(k
since t; +h+k < T.(¢,2) <1 implies ¢(t1+h,2), ¥(t,+h+k, 2) € D. O
Proof of Proposition 2.17 is again based on Euler method for an approximating sequence (Z,(-))
and Cantor diagonal construction for its limit Z(-). For neN (2" >T) set
hnp, = 2%, t, = j hy for j=0...27",
gn(O) = go, 50() = io,

Folt) = f@a(t)), t]) (t—t), Tu(H))  for te e, tht1], j<2m
The modulus of continuity c.(-) can be replaced by a nondecreasing convex function [0, 7+1] — [0, oo|
such that all Z,(-) satisfy G.(Zn(s), Zn(t)) < c(t—s) forany 0<s<t<T+h, and €€ J.
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Since J is countable there is a sequence (ji)ren with {ji,j2 ...} =J C [0,1]¥. Now for every
t €]0,T[, choose a decreasing sequence (dx(t))xen in Q- T satisfying

0 < 5k( ) < B t+0,(t) < T, ce,; (0r(t)) < hg for any j € {j1...7k}
Then, (x Tt + 0k (t ))) < hg forany j € {j1...7x}, k,neN
and so @z (Tn(t), Tn(t+ k() — 0 (k— o0) for every € € J, uniformly in n.

For each t €]0, T[ nd any fixed € € 7, the timed transitional compactness provides sequences my /" 0o,
<n

ng /0o (my

») of indices and an element Z(¢) € E (independent of ) satisfying for every k € N

sup G (Tn, (1), Z(t)) < 1
. sup 3=(T(t),  Tp,(t+6m, (1)) < =

(In particular, each my,ny may be replaced by larger indices preserving the properties.) For arbitrary
k € N, these sequences my, ny / 0o can even be chosen in such a way that the estimates are fulfilled
for the finite set of parameters ¢ € Q. = 10,7 NN-h, and ¢ € J. = {&;,, €, ... €j.} C T
simultaneously.

Now the Cantor diagonal construction (with respect to the index k) provides subsequences (again
denoted by) myg,ni /" oo such that my < ny,

sup G (Tn, (1), (1)) < %
L
sup T(F(s),  Tn(s+0m(s) < =

for every k € N and all € € J., s, t € Qu, k> k.
In particular, g.(Z(s), Z(t)) < c.(t—s) forany s,t € Qn = {J, Qx with s <t and every € € J.
Moreover, the sequence (Z,, (-))ren fulfills for every xk € N and all t € Q,, € € T, k1> K

as(fnk(t)» Enz(t+5mz(t))) < %—’_%

For extending Z(-) to t €]0,T[\ Qn, we apply the timed transitional compactness to ((Z,, (t))ren
and obtain a subsequence n;; /oo of indices (depending on ¢) and some Z(t) € E satisfying Ve e J
zj& (gmj (t)’ i(t)) - 0’

Sl>1p Qe (f(t), %mi (t + O, (t>)) — 0

for j — oo.

This implies the following convergence even uniformly in ¢ (but not necessarily in € € J)

lim sup sup qe (Enk (t—2 hli)7 E(t) ) = 0,
K — 00 k>kK
A o (%)
limsup sup ¢ (x(t), Ty (t+2hy) ) = 0.
K — 00 k>kK

Indeed, for k € N fixed arbitrarily and any t €10, T, there exists s = s(t, k) € Q, with

t—2h, < s < t—h, and Ge (T, (), Ty (54 0m,(s)) < ++ 7 for all k,1> k.
So for any k,l; > k, we conclude from 5mlv(-) <1 hml <53 hl <1 5 he
4= (T, (t = 2hy), (1)) < 4= (T, (t— Tn, (3))
+ E(‘T’ﬂk (8 inzj (S + 6mlj (S)>)
=+ s(xm (5 =+ 5mz (s)), %nzj (t))
+ s(xnl g(t))
< ce(hi) + 1+ 1 + ce(2he) + G (T, (1), 2(1))
and j—— oo leads to the estimate ¢ (%nk (t—2hy), T(t )) < 2¢(2hy ) %

The proof of  limsup sup ¢ (E(t), T, (E+2 h,i)) = 0 is analogous.

K—00 k>k
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We reformulate the convergence property (x) in the following notation: For each € € J and j € N,
there exists some K. ;€ N satisfying K.; > K. j_1 and forall s,te [0,T], k>r > K.,

Gc (Tn, (s —2hy), Z(s))
E]vs (f(t), i'nk (t + 2 h"”v) )

Now Cantor diagonal construction provides a sequence K; /' oo with the corresponding property
independent of £ € J (in addition), i.e. for each ¢ € N, the index K; € N has to satisfy for all

Def.

ste0.T], ee T = {ej ...} C T, k=2r2>K,
@ (Tnp(s —2hy), T(s)) <
G(Z(t), Tn,(t+2hy)) <

IN

A

INA
S S

A

S [E i

Convergence Theorem 2.18 states that Z(-) is a timed right—hand forward solution of the generalized

o
mutational equation () 3 f(Z, -).

Indeed, set N; :=ng, as an abbreviation. Define g; : (y,t) — f(%Nj (t’]lvt2—|—2 hi,), t’}jj‘z—!—Q hk,) for
t}‘\,j §t<t?\;§1 and consider the sequence ¢ — Ty, (t+2 hy; +2 th) of solutions.

Obviously conditions (1.), (2.), (3.) of Proposition 2.18 result from the hypotheses here. For verifying
its assumption (4.), we benefit from the convergence properties of the subsequence (Zy;); <y mentioned
before. It ensures that for any 7 € E,Z€D and s,te [0,T[ (with ty, St < t’ﬁ:l),

Q:(F(@(s), ), G 1) 2) = Qe(F@(s), 5), f(En, (14 +2hx,), th>+2hk,); Z)
and, ¢ (Z(s), 5Nj(t7vt2+2h1(j)) < @ (Z(s), T, (s+2hk,)) + co(t—s+2hy,) — 0 V€T

s — (1557 +2hx,)] < |s—t| + 2hn, + 2hg, — 0

for t] s, j— oo. So the last (missing) assumption (4.i) of Convergence Theorem 2.18 results
directly from hypothesis (5.) and, the proof of Proposition 2.17 is finished. O

2.4 Introducing “weak” transitional compactness

Now the examples of § 3 and § 4 demonstrate the key role of sequential compactness. In fact, it might
be very difficult (or even impossible) to take the convergence with respect to each g. into consideration
simultaneously. Thus, we weaken previous definitions of “timed transitionally compact” — following an
idea that has already been initiated in [15], Definition 3.16.
Usually the concepts of “weak” convergence and “weak” compactness are closely related to linear forms
in a topological vector space. But linear forms do not provide an adequate starting point for extending
these concepts to ostensible metric spaces. Thus, we suggest another well-known relation of linear func-
tional analysis as motivation : In every Banach space (X, || - ||x), the norm of any element z satisfies
[2lx = sup {y*(2) | ¥* : X — R linear, continuous, |[ly*||x~ <1}.
So the key notion we seize here is to represent the each ostensible metric as supremum of (countably
many) generalized distance functions, i.e. G- = sup,cz e x- Considering the convergence with
respect to each ¢., (instead of g.) lays the basis of “weak compactness”.
In return for weaker conditions on convergence, more “structural” assumptions about each ¢g. and a
“retraction” iz : E — D are used for proving existence of solutions.
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Definition 2.20  Let © denote a nonempty set of maps [0, 1] x E—E. Suppose §= = SUP.c7 Ge i
with (at most) countably many gz : (DUE) X (DUE) — [0,00[ (¢ € J,k € I).
(E, (Ge)ec7, (q~87,€)seg, ([']e)ecas é) is called weakly timed transitionally compact if it fulfills :
KE
Let (Tn)nen, (hj)jen and On i [0,1] — O, §n(-) : [0,1] — E (for each n € N) satisfy the
assumptions of Definition 2.13.  Then there exist a sequence ny /' 0o and T € E such that for each

eeJ, keI, lim 1 T, = mu,
k — oo
limsup |Zp, |c > |z,
k — oo
limsup G x(Tn,, 7) = 0,
k — oo
lim sup sup Gew(Z,  Uny(hy)) = 0.
Jj—— 00 k>j

A nonempty subset F C E is called weakly timed transitionally compact in (E, (g.), (@eis), (I7]e), o)
if the same property holds for any sequence (T )nen in F (but Z € F is not required).

Proposition 2.21 (Existence due to weak transitional compactness)
Assume G. = Sup,cz Ge with (at most) countably many G : (DUE)? — [0,00[ (e € J,k € T)
such that each k € T has counterparts k1,ke € L fulfilling for all §1,Y2,ys € DUE (my; < m1Yjt1)

&5,/@(@1»&3) S q~s,m(§1,§2) + E]vs,ng(g27g3)~

Moreover let i : E — D be a “retraction” in the sense that forall 4,y € E, ceJ, ke
Zﬁ ZE:TJ = g> as,n(iﬁ ﬂ, ZE' g/) < ConSt(57H)'ae,n(§7§/)v LZE gjs < I_msa Ts('a ZE@ > T. 6]071[-

Suppose (E, (Ge)ec7, ('q},ﬁ)seg, (|-]e)ees, O(E,D, (675),(“5))> to be weakly timed transitionally
RE
compact. Let f:Ex[0,T] — O(E, D, (), (|]e)) fulfill for every e € J,k €I, Z€D

L ME = Sl~1p~ _ as(f(glvtl)a g) < o0,
t1,t2,y1,y2,2 _ . ~ —~
3 M., sup Ge(F@, 1) (h,Z1), F(@,1) (h,Z2)) < Gew(Z1,22) - €Men? V21,20 € DA < T
t,y
~ hl0
2 c(h) = swp  B(fGOMB) < oo, ce(h) M50
t,y _
3. 3R sup Ye(f(y,1)) < R. <,
t,y _
4. g = sup C(f(y,1)) < 00,
t,y
5. timsuwp Q. (F@0), Fit) ig®) < R forany ;N\t and §, G e B (GEN)
J — o0

with Qe (¥,95) — 0, Qe (Y, v;) — 0 Ve' e T,k €T, T Yj, T 05\, T1Y,

Then for every Ty € E, there is a timed right-hand sleek solution T :[0,T[— E of the generalized

mutational equation T(-) 3 f(Z(-), ) with T(0) = Zo.

The proof is based on the same Euler approximations Z,(-) : [0,7[ — E (n € N) as in Remark 2.15
— again in combination with Cantor diagonal construction (see the proof of Proposition 2.17). Due to
the “weak” form of compactness (i.e. with respect to every g, , instead of ¢.), we only have to modify
the conclusion that the limiting function Z(:) : [0,7[ — E is a timed right-hand sleck solution.

So an adapted convergence theorem is required. Its proof would like to follow the same track as for
Proposition 2.18 — just implementing the index x € Z (and its dependence on other indices) in addition.
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The obstacle, however, is that the structural estimate (as in Proposition 2.5 or Lemma 2.19) is only
available with respect to ¢z, Q. and, roughly speaking, there is no obvious way “back” to some ¢ ,, for
which the convergence of sequences is assumed. Thus, the “retraction” iz : E — D is introduced.

Proposition 2.22 (“Weak” Convergence Theorem)
In addition to the general assumptions at the beginning of § 2, suppose Q. = SUP.c7 qe With (at
most) countably many Ge . : (DUE)? — [0,00[ (¢ € J,k € T) such that each k € T has counterparts
Ki,ko €T fulﬁllmg f07“ all gl,ﬂg,gg eDUFE (7T1 ﬂj <m §j+1)

Z]ve,n(glag?)) < ae,ml(glng) + Z]ve,m (g%g?))-
Moreover let iz : E — D be a “retraction” in the sense that forall y, y € E7 eedJ, kel

Zﬁ Zﬁy =Y, aa,n(iﬁ ga ZE g/) < COnSt(E,KJ) '@S,K(gv@q% LZE gJE < ujJEa TE('? ZE@ > T. E]Oal[

For each € € J,k € Z, assume the following properties of
fWH f i Ex [OaT[ - Q(E7,D7 ((76)66._77 (I_'JE)EEJ) (m € N)

Tm, T: 0, T — E:
1. M. = sup {ag(fm@,t), E)} < 0,
m,t,Y,2 _ - ~
Re > sup {3t fm(@ms)s 2)s ¥e(fn(@:1), %(F(@:1)) },
m,t,y,z,h _
Ge > SU;py {Cs (fm (¥, t))}
m,t,j _ N ~ _
3 M : sup Qe (f(3,0) (h21), f(5,0) (h,22)) < Gow(Z1,22) - eMen h'VZ,%€D,h<T.
t,y

o]

2. Zm () 3 fu(@m(),:) in [0,T[, (in the sense of Definition 2.12)

3. We(h) == sup we(Tpm,h) < 0 (moduli of continuity w.r.t. q), limsup @.(h) = 0,
m hlO
Ne = sup |[Tm(t)]e < oo,
m,t
4. v 0 <t <ty < T 3 (mj)jeN, (5§)jEN7 (5j)j€N with m; / o0, 5j,(5§» \ 0
(Z) limsup Qa(f("%i(tl)atIL fmj(/zjﬁsj); ZE ZUimj<t1+5;')) < R€7
j——00

for any sequences s; | t1, (y;) in E st m Ui N\ T E(t), G (@), T) 20 Vel K
(Z'l) Z];;,.i/ (5(t1), 5mj (tl‘i’(sg)) — 0 vV e S j, K € I, 1 %mj (t1+(5;) \ 1 %(tl),

(ZZZ) a&-ﬁ (%mj (t2_5j), 5(t2)) — O7 ™1 -’fmj (tg—éj) / 1 53(75’2).

Then, =(-) is a timed right-hand sleek solution of z(-) > f(z(-),-) n [0,T].

Remark 2.23 “Continuity” assumption (5.) of existence theorem 2.21 can be slightly weakened
— as a consequence of both condition (4.1) of this adapted convergence theorem and the Euler approxi-
mations (presented in the proof of Proposition 2.17).  Indeed, for any initial element z, € E given, it
suffices to consider only sequences (v;) ey in E satisfying |0;]e < |To)ec €9 2T +g.2T for each j, €
(in addition to  Ge (¥, v;) — 0 forall &' € J, &' €Z, m v; \\m Y).

This modification will be useful in § 4 because in the particular example of Proposition 4.10, continuity
assumptions are formulated for an upper bound of Q. (f@, t), fi (yjtj); ipv;) independent of vj,e.
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Proof of Proposition 2.22  The uniform continuity of Z(-) w.r.t. each g results from assumption (3.):
Each Z,,(-) satisfies e (Em(tl), Em(tg)) < Ge(ta —t1) for0 <t <ta<T.
Let e€ J, k€Z, 0<1t; <ty <T be arbitrary. Choose k1, k2, k3 € Z as counterparts of k € Z due
to applying the timed triangle inequality twice. Furthermore #;, ¢2 induce sequences (d%) en, (d;)jen,
according to condition (4.ii), (4.iii). For all j € N large enough, we obtain t; + 5} <ty —6; and so,

?va,n (Ef(tl)’ %(tQ))
S E]ve,nl (5(151)7 ‘%mj (t1+5_;)) + Eja,/{g (%m] (t1+5_;)7 ?Emj (t2_5j)) + Eja,/{g (%m,J (t2_5j)7 ‘:E(tZ))
< o(1) + We(te —t1) + o(1) for j — oo.

First we focus on the “test element” iz Z(t) € D for any t € [0,7] and choose £ € J, 0 < h < T.
arbitrarily. Condition (7.) of Definition 2.1 ensures for all k£ €10, h[ sufficiently small

C(f@@).1) (hip @), FE+h) < @(f@E)1) (h=k, ig@(t), F(t+h) + 3
Now fix k € Z (depending one,t,h, k) such that

G (F@@). 1) (b, igT(t), Tt +h) < Gul(f@@)8) (h=k, i), F(E+h) + b
and, K1, Ko, k3, kg €T denote its counterparts due to applying the timed triangle inequality three times.
According to assumptions (4.i) — (4.iii), there exist sequences (m;)jen, (0;)jen, (0)jen satisfying
mj /oo, 6; 10, 6,10, 6;+0; <k and

657K4(§mj(t+h—5j), %(t-f—h)) e 0, 1 fm](t—i—h—dj) / 1 E(tﬂ-h),

Qe (Z(2), Im,(t46}) — 0 Ve eT, K e,  m Iy, (t+5)) N T 2(L).
Thus, Proposition 2.5 and Lemma 2.19 imply for all large j € N (depending on ¢, &, t, h, k),
G (F(&(t), 1) (hy i E(2)), 5(t+h)) < @n(F@(0),0) (h=k, igE(1), F(t+h) + b2

< (js,m (fv(~() )( ()) ( (t> )(h k, iE 5nzj(t—’_é;')))
+ Qe (f(@(2),0) (h— k T, (t465)), T, (t465 + h—Fk))
+ Geona (T, (E46) + h— k) m, (t+h —8;))
+ ooy (T, (t+h = 55), (t+h)) + h?
< as,m (ZE i(t% iE gm (t+5/)) ]VIE'Kl.(hik)
+ @ (f@@),t) (h=k, i Tm,(t46})), Tm,(t+5; +h—k))

+ Ok =0;=0) 4 Gews (T (tHh = 85), T(t+R)) 4+ B

< const(e, k1) - Ge,py (Z(E), T, (t+85)) - eMemah
h—k
+ /0 eME‘(h_k_s) {Qa(f(‘%(t)at)v fmj(gmj7.>‘t+§;+s; iE -%mj(t+6;))
(14 Lig T, (t40)))c €90 4 g (h—k))  + 3R5} ds

+ Bk =0, = )+ Go, (B, (t+h = 05), Ft+R) 4 b2
Now j — oo (with g,t, h, k still fixed) leads to an estimate not depending on x any longer
@ (@), 1) (h, igE(t), F(t+h))
< (k) + B®+

+ bt timsup sup Qe (FED0, Fy Gon, oy o 15 T, (046)) (14 me e 4 g 1)

J

j— o0 s<h
and, convergence assumption (4.1) implies (indirectly)

limsup limsup sup Q5<f( (t),1), fmj(fmj,~)‘t+5,+s; iEfmj(t—i—(S})) < R..
h|O j—o0 0<s<h j

So after kK — 0, we obtain limsup - ¢ (f(i(t), t) (h,ip2(t), Z(t+h)) < R.-(1+n.).
h10
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For verifying the solution property of Z(-) at time ¢, let 2 € D and s € [0, T-(f (@ (t),t),2)] be
arbitrary with s+ m z < m; Z(t). Then, Proposition 2.5, Lemma 2.7 and conditions (2.), (9.) of
Definition 2.1 (applied to iz iz Z(t) = Z(t)) imply

limsup 1 - (az(f(%(t),t) (s+h,2),  F(t+h) — &(F@W).0) (s, 2), F(t))-eMe h)

hlO

< timsup b (@F@EO.0 (+h D, TEO.0 (0 FW) & (@00 (s, 2), 70)) - Mo
+ G (f@E®),1) (b, B(1),  F@D),1) (h, ipE() +
+ G (f@@), ) (h, ip Z(t), ZT(t+h))

< Q(f@E®).1), F@®).1); 2)- (14 [F®)]) + 37(f@E®).1) + Re-(1+ne)

< R 6(1+ne+|2(t)]e) O

2.5 Estimates comparing solutions

Finally, we are interested in bounds of the distance between solutions. However, estimating the distance
between points of timed sleek transitions is available only for “test elements” of D in the first argument
of ¢. (as in Proposition 2.5 and Lemma 2.19). So we are using an auxiliary function instead of the
distance. In the examples of the next sections, the following estimate implies uniqueness of solutions.
Here assumptions about the time parameter T.(-,-) > 0 come into play for the first time.

Proposition 2.24 (Estimate between timed right—hand sleek solutions)
Assume for f:(DUE) x[0,T] — O(E, D, (¢:),(|:]¢)), Z,y:[0,T[— E and somee € J, p>0

1 7O 3 FEO, ), )3 FGO), <) in [0,T] (n the sense of Def. 2.12), m F(0) = m1 §(0) = 0,

2. M. > sup {as ), 2), Q:(t,%(-),2), a:(t,5(-),2)},
DEDUE, t<T, Z€D

3. R. > _ sup _ {76 (0,1)), Fe(t,2(-),2), F=(ty(: ~)}
TeDUE, t<T, z€D _

4. ge = _ sup {Cs(f(’ﬁa t))}
TEDUE, t<T

5. 3 @s() :O(l)a LE : és(f(zvs)v }T(:J,t); z) < RE+LE 'z]vs(ga,ﬁ)"_a}E(t_s)
forall 0<s<t<T andﬁEELZEﬁ with m 21 < m™ v,
6. Y tel0,T]: the infimum @ (t) = _inf (3%, T(t) + ¢=(Z, y(t)) < oo

zeD: m 2<t,
[Z]le < p-exp(ge t)+ge t _
can be approzimated by a minimizing sequence (Z;);en in D with
- -~ ~ . supy > ; Ge(%j,2k) Jj—o0
mz; < mzj <t Zile <pedet4got, —Exd =0T L5
1% S mZin St 5l s e b T (f(Z5,t), %)

Then, pe(t) < ((0) + 8R. (14p)-t) - elbe (o) F ML,

Proof is based on a further subdifferential version of Gronwall’s Lemma quoted in Lemma 2.25.
e (+) satisfies @ (t) < liI’?lﬂliélf we(t—h) for every t €]0,T[ due to the timed triangle inequality and
the continuity of Z(-), y(-) (in time direction).

For showing 1i151li61f M < (Le (14p) + M.) - pe(t) + 8R. (14p).

let (%;);en denote a minimizing sequence in D such that
mz; < mz <t [Zle < pedel gt
AR ACTEY < & T(fE), )
=z, () + ¢=(25, y(1)) — (1) (j — 0).

for all j <k,
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For all h < T, (f(zJ7 t), Zj), j <k, Lemma 2.19 and assumption (5.) imply

&(fE (z), #ten) - @(5, ) - M
eMs~<h—s){(R€+L5-ae<zj>%<t+s>>+as<s>) (4o Hges) + 3R} ds
0
/ Mo =) (4R 4 Lo (35 B(t+9) +8u(5) - (14 p %4 geh) ds.

Setting the abbreviations h; := min{3 Tg(f(zj,t), Zi)s %} >0 and §; := 1+ped=hitg. h; b 1+p,
the approximating properties of (Z;); e and the timed triangle inequality guarantee for any index k > j
@ (FE.0 (%), @(t+hy)

~ —~ X eMa h; ~ s~ —~
< G (Z, T(t)) - eMehi 4 S (Le @Gy T(1) + Le - 5 hy + 4Re) 65

h;
+ h; CeMehy o 4 / eMe - (h;j—s) (LE we (T, S) + @E(S)) ds 5]’ .
0

S

The same estimate for ¢ (f(gj,t) (hj, Z5), ﬂ(t—l—hj)) and k — 0o, j — oo lead to

li inf eelith) —eelt) < (L (14p) + M.)-p(t) + 8R. (14p). O

Lemma 2.25 (Lemma of Gronwall for semicontinuous functions II [13])
Let v : [a,b] — R, f,g € C%[a,b,R) satisfy f(-)>0 and

() < liznliélf W(t — h), vV t €la, bl
() > liglnliélf P(t+ h), vV t € la, b,
hgllnf M < f(t) - liglnliglf Yt —h) + g(t) vV t €la, bl.

Then, for every t € [a,b], the function (-) fulfills the upper estimate
t
vl < wla) - e g [ e gl ds with u(t / 15 0

Remark 2.26  All these results are easy to apply to sets without separate “time” component, i.e.
consider just nonempty E, D (instead of E, D). Indeed, every ostensible metric ¢. : E x E — [0, 00|
induces a timed ostensible metric ¢. : E x E — [0,00[ according to

Ge ((s,2), (t,y)) = |s—t| +qe(z,y) for all (s,z), (t,y) € E.
Then every map 9 : [0,1] x (DU E) — (D U E) satisfying the conditions (1.)7(7.)7 (9.) for the tu-
ple (E,D, (¢)eccr, (|- JE)EGJ) induces a timed sleek transition ¥ : [0,1] x (DU E) — (5 UE) on
(E.D,(@)eeq, (I']c)eeq) by 9 (h, (t.x)) = (t+h, d(h,x)) forall (t,z) eDUE, hel0,1].

So skipping the separate “tune component consistently, all conclusions of this section can also be drawn
for sleek transitions on a given tuple (E, D, (¢:), (|]¢)) (as used in the next section). These counter-

parts are usually denoted without tilde.
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3 Bounded vector fields in I/Vligoo(RN ,RY)

Now the results of § 2 are applied to measure-valued solutions g : [0, T[ — M(RY) of the continuity
equation % e + Dy-(buy) = 0 (in the distributional sense)
with a given vector field b. We suggest a family of pseudo—metrics (p.).c7 on M(RM) motivated by
vague convergence and a corresponding family (|-].)ccs. Assuming b € VVﬁ)COO (RV,RN) N L> for
the moment, measure—valued solutions of the continuity equation induce sleek transitions on the tuple
(MRY), M(RY), (po)ees, (|']c)ees) with v.(-) =0 and all their parameters of continuity are spec-
ified in Proposition 3.7.

Restricting ourselves to the set MT(RY) of positive Radon measures with compact support, the existence
result of Proposition 2.17 provides right—hand sleek solutions of the quasilinear continuity equation

% e + Dy (f(pe,t) pe) = 0 (in the mutational sense)
for every initial datum po € M (RN) if the vector field f : MF(RN) x [0, T[— WL (RN RN)n L

holds assumptions specified later in Proposition 3.11. Such a measure—valued function p proves to be
solution in the distributional sense. Finally, Corollary 3.13 gives sufficient (Lipschitz) conditions on f
for the uniqueness of right—hand sleek solutions.

Lemma 3.1 There is a countable family (¢:)ecy of smooth Schwartz functions RN — [0, oo
such that (p:)ecg is dense in (Co(RY, [0,00]), || - [loo)
C (RN, [0,00[) is contained in the closure of (p:)eeg with respect to the C* norm and
it satisfies |V (1) < Ae - 0=() in RN with a constant A\. >0 for each e € J C [0,1].

Proof. Such a ¢. € C°(RY,[0,00[) can be generated by means of convolution.

Indeed, C§°(RN,[0,0[) is known to be separable with respect to || - ||«o. Now consider a countable
dense subset (fx)ren of C§O(RY,[0,00[) together with es: z +—— csn - exp(—§ 1'1—};) (for arbitrarily
large 0 > 0 and the constant cs y > 0 such that [les||L1@y) = 1).

Then, each fj *es is smooth, nonnegative and satisfies |V (fr *xes)] = |fr* (Ves)| < I frxes
since the auxiliary function €5 : [0,00] — ]0, 1], T — csN - exp(—§ {_ir) is smooth with
L 5(r)=—0 T @(r) € [<6,0]-6(r) and thus 2 &5(r) = O(r) for r — 0F.

Furthermore, fi*es is a Schwartz function because so is es and fj is assumed to have compact support.
(fe*es)k,sen is dense in (C’O(RN, [0, 00]), || - ||Oo) since 80 18 (fx)ren and (es)sen is a Dirac sequence.
Finally it satisfies the second required property because for any g € C2°(R¥, [0,00[) and subsequence
(fr;)jen with [|g — fr, [l "~270, we obtain V(fr, *es) = fu, * (Ves) =% g% (Ves) = (Vg) *es
(uniformly) and the last convolution converges uniformly to Vg for § — oo. O

Definition 3.2  Let (¢c)ces be a countable family of Schwartz functions as described in Lemma 3.1.
For each e € J, define the pseudo-metric p. : M(RY) x MRN) — [0, 00|,

peln ) = oo =) @) = | [ o diu—v)

Remark 3.3  Obviously, Gronwall’s Lemma implies ¢. > 0 in RY unless ¢, = 0.
So assuming . #Z 0 for all ¢ € J from now on, each pseudo-metric p. takes all points of RY into
consideration — in a weighted form.
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Considering measure—valued solutions p : [0, 7] — M(RY) of the continuity equation
4 4+ Dy (bu) = 0 (in the distributional sense),
vector fields b € L! ([0, 7], Wl’OO(RN ,RY )) are known to be advantageous because the solutions are

loc
closely related to the corresponding ordinary differential equation.

Definition 3.4  For any b € L'([o, 17, Wli’coo(RN,RN)), the function X; : [0,T] x RY — RV is
induced by the flow along b, i.e. X5(-,z0) : [0,T] — RY s the absolutely continuous solution of the

Cauchy problem
. 4u(t) = bla(t), t) ae in [0,T),
z(0) = xp.

Proposition 3.5 ([1], Proposition 4 & Remark 7)
Assume for b e L'([o, T, Wl’oo(]RNJRN)) that L e L ([0, 7], L (RN)) .

loc 1+]|x|
For any initial datum pg € M(RY), the unique solution u : [0,7] — MRYN), t — u; of the
continuity equation 4y 4+ Dy-(bp) = 0 (in the distributional sense)

is given by the push-forward — p; = Xz(t,-)spo  at each time t €]0,T], i.e.
[ o@ du@) = [ ot duol@)  forall pe CURY). O
R R

This simple representation formula lays the foundations for investigating whether the continuity
equation with autonomous vector fields can induce sleek transitions.

Lemma 3.6  For each vector field b € W'li’coo(RN,RN) N L, the measure—valued solutions of the
continuity equation 4y + Dy-(bp) = 0 (in the distributional sense)

induce a map 9 : [0,1] x M(RN) — M(RYN) satisfying the following conditions
1. 95(0,-) = Idpyqmny,

2. Up(h, O6(t, o)) = 9ot + b, po),
pe (Fu(h, Dp(t, o)), Iu(t+hopo)) = 0 = pe(Ju(t+h,po), Tnlh, Ju(t, po)))
for any initial datum po € M(RY) and t,h € [0,1] witht+h < 1.
5. sw ) limsup e s et <O il
|(<p€ ﬂb(t,uo)) (RN)’ < ‘(905 uo) (RN)| e bl -t for all g € M(RN), t €[0,1],

Pe (19}?(57”0)’ ﬂb(ta /U’O)) < |t - 5‘ ’ )‘6 ||bHOO et Hb”oc|(<106 ,LLQ) (RN)| fOT all s,te [Oa 1]a Mo € M(RN)7

6. 1iI}IlllS(1)1p ”E(ﬁbl(h’“g,); D)) oy | (e [b1 — bl o) (RY)]|

for all bounded vector fields by, by € W,o° (RN RN) and po € M(RV).

loc

Proof.  As a direct consequence of Proposition 3.5, the measure-valued flow ¥, : [0,1] x M(RY) —
M(RY) satisfies the semigroup property and thus statements (1.), (2.).
Furthermore, for any pug,vo € M(RY), we conclude from the definition of push—forward

pe (Vo(h, o), I(h,10)) = | e - (Xp(hy )0 — Xp(h, )z o) (RY)]
= | [, eeXKuth)) dloo —vo)

| [ (2Kl = 02) dlao =)+ [(pe- (0 =) (R,

IN
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So the choice of . (in Lemma 3.1) implies

lim sup Pe (95 (hyp0), ﬂb(}}b{”())) — pe(Ho,v0) < hmsup i ‘/ 0e(Xp(h,-)) — ) d(po — VO)‘
h10
< | [ o) bla) o =)
RN
< Pl | / A g d(po — )
< 6]l * pe(Ho; vo)-

Applying this estimate to vg = 0 and 9 (¢, po) (instead of ﬂo), we conclude property (4.) from Gron-
wall’s Lemma 2.6 because the continuous auxiliary function

8- [0,1] — R, t— [(pe Do(t, 110)) RY)| = [(p=(Xs(t;-)) o) (RY)]
is one-sided differentiable and satisfies (‘i% 0 (1) < Ac ||b]loo - 0 ().
In basically the same way, we obtain statement (5.) considering the auxiliary function

5ot [s. 1) B, 1 for (Bu(t, po) — Do, 10)) (BY)] = [((pe(XKn(t—s.)) — p:) V(5. o)) (RV)|
with s € [0, 1] fixed and 2% 5.(£) < A [|blloo |(9c9(t 10)) (RN < A [[blloo € 1P | (o) (RV)].
Finally choose any by, by € W, (RN RN)NL* and initial datum p € M(RY). Then, for every h € [0, 1],

h " Pe (191)1 (h7 Mo)a ﬁbz(hﬁuo)) = % ’/RN ((pE(th (hv)) - QDE(sz(hv'))) d/.to‘
lim sup ps(ﬁbl(h’uoi’ Do (i) ’/ Ae = by — b duo‘« o
h|O RN

So Lemma 3.6 reveals how o, : [0,1] x M(RY) — M(RY) can be regarded as a sleek transition :
Set E:=D:= M(RN), D = IdM(]RN)7 TE(~, ) = 1.
Statement (2.) implies condition (2.) of Definition 2.1 with v.(J) := 0. Statement (3.) motivates us
to choose a.(p, 1) := Ac ||b]l uniformly for all u€ M(RY). Now statement (5.) suggests a candidate
for | -], namely e = [(pe 1) (RY)] < o0 for all u € M(RY), e € J.
Statement (4.) ensures growth condition (5.) on |9p(-, po)|e of Definition 2.1 with (. (¥p) := Az ||b]|co-
Finally condition (7.) on sleek transitions, i.e.

limsup pa(ﬁb(t_ha M)a V) > pe(ﬁb(t u')7 V) v v EM(RN)v te [07 1]
h|0

is an obvious consequence of the symmetry of p. (-, -) together with statement (5.). Thus, J(-, ) induces
a sleek transition and, Lemma 2.9 provides an upper bound of the “distance” between these transitions
(in the sense of Definition 2.3)

= ] < (¥ ), Ye(h,v — pe |9 L), v _605(190,“,).;,, +
P (0,005 1) = sup  limsup (p (0 (t+hp), 9e(h)) — pe (94 (t,0), v) ) |

0<t<1 hloO h (1+|_VJ5)
v eMRN)
Proposition 3.7 Choose the parameter C € [0,00[ arbitrarily.

For each b € Wli’:o (RN, RYN) with ||bljec < C, the measure-valued solutions of the continuity equation

4y + Dy-(bp) = 0 (in the distributional sense)
induce a sleek transition 9, on (M(RN), M(RN), (pc), (|-]c)) with
e (o, 1) = Ae C, Be(95) () EE A C e C’7
Ve (9n) = o, () =G,
Te(ﬁbv ,u) = 1, |_:uJ = ‘(908 /~L) (RN) ,
Pendeip) < sup - A |(pe b= el Du(s,m)) (RY)]

for all byc € WLU(RN,RN) with [|b]c, |lc]lec < C and p€ MRY), c€J, te0,1]. O
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For applying the existence theorem of generalized mutational equations, we now focus on the aspect
of sequential compactness.
The classical compactness criterion of de la Vallée Poussin (for finite Radon measures) implies that for
any bound C' > 0, the set {u € M(RYN) : |u|(RN) < C} is weakly* sequentially compact (see e.g.
[4], Theorem 1.59). Although this condition on measures seems to be quite weak, it is not clear how to
verify it in connection with the preceding sleek transitions on (M(RN), M(RY), (p.), (|-]-)). Indeed,
an upper bound of |9y (t, u)|(RY) is difficult to be found without further assumptions about p.

So we have decided to consider only positive Radon measures with compact support from now on, i.e.
p € M(RY) satisfying u(-) >0, |[p/(RY\ K) =0 for some compact set K C R". Indeed, we are now
able to draw “global” conclusions from bounds on |-|. (for each ¢ € J), i.e. for every u € MF(RY),
there is some e € J satisfying @clsupp x > 1 and thus, |u|/(RY) = p(RY) < (0 p)(RY) < |u]e.
Moreover, we regard M} (RY) as a rather weak restriction (in comparison with some absolute continuity,
for example). Furthermore, the separate time component is to shorten the description of transitionally
compact subsets in Lemma 3.10.

Definition 3.8  Set M(RN) = Rx M(RY), ﬁe((s,u), (t,u)) =t —s| +p(u,v) foreacheeJ,
MERN) == {p e MRY)|u(-) >0, 3 compact K C RY : [p|(RM\K) =0}, MF(RY) := Rx MF(RY),
Ip 1 [0,1] x M(RY) — M(RN), (h, (t,n)) — (t+h, Oy(h,p)) with Oy(-,-) mentioned in Prop. 3.7.

Corollary 3.9  Fizing the parameter C € [0, 00 arbitrarily, the map 1A5"b(~, -) specified in Definition 3.8
is a timed sleek transition on (M(RYN), M(RN), (p.), (|-]c)) for each vector field b € V[/llofo(RN,RN)
with ||blle < C and, it satisfies for all e € J, h€[0,1], 1,7 € M(RY)

aa('gba 1) = A C, ﬂe('gb)(t) =t (1+AC et 0)7
% (0y) =0, (W) = A C
T-(0p, 1) = 1, Ew))e = (e 1) RY))]. -

From now on, the set of all these maps 95+, -) for any vector field b € WL (RN, RN) with [|b]le < C
is abbreviated as 7 1ip(RY).

Lemma 3.10  For any constant C > 0 and nonempty compact set K C RN, define

ME(RN) = {(W) €R x MF(RYN) ] £>0, |p|(RN\ B (K)) =0 } ,

Then, (a) ME(RYN) is invariant for all sleek transitions Oy € %C,Lip (RM).
®)  (MERYN), (), ([-]e), %C’Lip(RN)) is timed transitionally compact.

Proof. (a) results from Proposition 3.5 because its representation formula (by means of push—
forward) implies supp Uy (¢, p10) C By o (Supp po) C Bee(supp po) for all pg € M (RY).

(b) is a consequence of the compactness criterion of de la Vallée Poussin. Indeed, for every sequence
((tns pn))nen in MK(RN) with sup,, [t,| < 0o, sup,, [(tn, ftn)]e < 00, sup, ¢:((0,0), (tn, ptn)) < o0
for each € € J, we conclude that the support of each u,, is contained in the interior of the compact set
L:=K+C (1+sup, |t.]) B C RY. According to the choice of (¢.)ccs in Lemma 3.1, there is an
index g, € J with . | >1 and thus, sup, |u.|(RY) = sup,, pn(L) < sup, |(tn,fn)]e, < oo
Due to this uniform bound and the compact superset L of all supports, there exist a subsequence (again
denoted by) ((tn, ptn))nen and (t, ) € M(RN) satisfying
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tn—>t20,/ cpd,un—>/ © du (n — o) for all p € Co(RY),
RN RN

supp ¢ C Lim, . suppp, C K+C- lim ¢, = Bo(K).
So (t,1) € Mi(RY) and 5 ((tas ), (1) — 0, Taninf [(bn,pin)]e > [(to0)]e for all € .

In regard to timed transitional compactness, the rest results now from the symmetry of each p., and
the estimates of Lemma 3.6. a

Proposition 3.11  Suppose for f: MF(RY) x [0,T] — VVli)’COO(]RN,]RN) :

13 Ceoo: (il <C  forall (ut) € MEEN) x [0,T),

2. ("weak*” continuity of f)  ||f (i, t) — f(tin,tn)|loe — 0 if phn — p (w.r.t. Co(RN)), t,, — t.
Then for every initial g € MT(RN), there exists a right-hand sleek solution u(-) : [0, T[— MT(RN)

of the generalized mutational equation /Z() 3 Vpue),y with p(0) = po. Moreover, u(-) is distri-
butional solution of the continuity equation % ju(t) + Dy - (f(p(t),t) p(t)) = 0 in RN x [0,T].

Proof. For applying the compactness results of Lemma 3.10, we take a separate real component of
time into consideration. Define f: MF(RY) x [0,7] — VVlifo(RN,RN) NL>®, ((s,p), t) — fu,t)

and let 5}7@ B 0,1] x M(RY) — M(RY) denote the corresponding timed sleck transition on

(MRY), M(RN), (p=), (|-]¢)) according to Corollary 3.9. Due to Lemma 3.10 with K := supp po, all
Euler approximations (used for proving existence in § 2.3) have their values in the timed transitionally
compact subset M} (RM).

Moreover, Proposition 3.7 implies for all i1, s € Mj (RM), v ¢ M(RN), ti1,t2 € [0,T]

||f(ﬁ1,f1)*f(/727t2)”00' sup  Ae ’/ e dﬂf(ul,tl)(sﬂf)‘
0<s<1 RN

||f(ﬁ1,f1) *f(ﬁ%tz)Hoo : Ae ’/RN e du‘ et O

P05, 11y Vi 2)) V)

IN

IN

So Proposition 2.17 ensures the existence of a timed right—hand sleek solution fi(-) : [0,T]— /Wj’ (RN)
of the generalized mutational equation ,t%() > 5);«(}7(.)") with 7(0) = (0, po)-

As the (real) time component has no explicit influence, the second (measure-valued) component of zi(-),
abbreviated as u(-) : [0,T][ — MZF(RY), is right-hand sleek solution of the generalized mutational
equation /OL() S Vpu(y,y with u(0) = po, ie. p(-) is uniformly continuous with respect to each p.
(e € J) and satisfies for all v € M(RY), t€[0,T], e€ J

111}?15511) W ( (O f(ury, o) (hav), p(t +h)) = pe(v, u(t)) - e C'h) < 0

Finally p(-) has to be verified as a distributional solution of the continuity equation.
Using Euler method for constructing ji(-) (according to § 2.3) implies that p(-) shares the common
modulus of continuity of all 9,(-,7) : [0,1] — M(RY) (with 9, € To1ip(RY), 7€ M(RY)),

ie. pe(u(s), p(t)) < pe(a(s), a(t)) < [t—s|-(eX“T-A.C+1) for all s,t€[0,T[, e € J.

So for each € € J, the function [0,7] — [0,00][, ¢t — / e du(t) is Lipschitz continuous and
RN

satisfies at every time t of differentiability

g e ant = tmm 3 (o000 — @) duit) @)

- [, Veda) - £, 0(@) dp(t) (2).

RN
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Now every ¢ € C2°(RY, [0,00[) can be approximated by (¢.)ccs with respect to the C! norm (due to

Lemma 3.1). Thus, [0,7][— [0,00[, t+— @ dp(t) is also absolutely continuous and satisfies
N

R
4 x © du(t) = /RN Vo(x) - f(u®), t)(x) du(t) () for almost every ¢ € [0, T7.
Moreover the condition ¢ > 0 is not required, i.e. the same features are guaranteed for any ¢ € C°(RY).
Indeed, choosing any auxiliary function ¢ € C§°(RY, [0,00[) with & = ||¢|lex + 1 in By(supp ¢), we
apply the previous results (about absolute continuity and its derivative) to () +&(-) >0, &(-) > 0.
In regard to a solution in the distributional sense, let 1 € C§°(RY x [0, T[) be any test function. Then,
the subsequent Lemma 3.12 implies

—/RN W(-,0) dpuo /Oth (/RNw(nt) du(t)) dt

([ ot duey + & [ ot an)| ) d

OT RN RN s=t

L ([ o ano + [ Vasten - 50, 06 dut) @)
0 RN RN

d

Lemma 3.12  Suppose h:R? — R" to be locally absolutely continuous in each component and

timsup [[0h(- k+o) = 0 ) pgomy = O
I Ooh(- k+-) — 0h(-, )|, 0-
im sup |02 (-, k+-) 2h(-s ), ([0.1])

Then [0,T] — R™, t+— h(t,t) is absolutely continuous and

Entt) = (55 bt t2) + 5% hita,t2)) L:tlth.

Proof is given in [16], Lemma 2.5, for example.

Corollary 3.13  Suppose for f: MF(RN) x [0,T] — WL (RN, RV) :
1. 3 Cel0,00 : 1, t)]eo <C for all (p,t) € MF(RY) x [0,T],
2. Veed FLcel0,00 we(r)=0(1) : [f(ts) = f(1t)lloc < Le-pe(pv) +we (Is — 1))
for all (u,s),(v,t) € MF(RN) x [0, T).
Then for every pg € MF(RY), the right-hand sleek solution u(-): [0, T[— MZF(RN) of the general-
ized mutational equation /Ol() 3 Vg, with u(0) = po is unique.

Proof results from Proposition 2.24 : Indeed for right—hand sleek solutions py, us : [0, T[— M (RY)
with the same initial datum p;(0) = p2(0) = pg € MF(RY) and for sufficiently large p > 0, define
the auxiliary function

Oc(t) = inf {m(v, pi(t) + pe(v, p2(t)) | v € MRY), [v]e < (luole +p) e+ A C f}~

The symmetry and triangle inequality of p.(-,-) imply 6.(¢) = p-(p1(t), u2(t)) and, Proposition 2.24
(with R. =0, 6-(0) =0) ensures .(-) =0 for every ¢ € J. Thus, pu1 = uo. O
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4 Bounded vector fields of bounded variation

The main goal now is to weaken the regularity conditions on the vector fields inducing sleek transitions.
Indeed, all globally supposed bounds mentioned in the preceding section are referring to the L> norm of
the vector fields whereas their (local) Lipschitz continuity is just to guarantee uniqueness of the solution
of the corresponding ODE.

Recent results of Ambrosio [1, 2] make a suggestion how to specify a flow X : [0,7] x RY — RY

along certain vector fields of bounded (spatial) variation in a unique way. This uniqueness is based on
an additional condition of regularity, i.e. the absolute continuity with respect to Lebesgue measure £V
is preserved uniformly : For any nonnegative function p € L'(RY)NL>®(RY), the measure ug := p LY
satisfies X(t,)y o < C LN for all t € [0,T] with a constant C independent of ¢.

After summarizing some features of this so—called Lagrangian flow in Proposition 4.1, we exploit the
corresponding vector fields of bounded variation for inducing sleek transitions on measures. In contrast
to § 3, however, the tools of Ambrosio require the restriction to finite positive measures being absolutely
continuous with respect to £V. Although limiting the class of admitted Radon measures, this assump-
tion has the advantage in Proposition 4.10 that applying existence results to the continuity equation
does not require the continuity of the right-hand side with respect to L° as in Proposition 3.11 (but L!).

Proposition 4.1 Assume b : [0,7] x RN — RN to be in Ll([O,T], BVlOC(RN,RN)) satisfying
1. 1‘+b\'z|~e LY([0, 7], LYRY)) + L ([0, 7], L*(RY)),
2. Dg-b(t,-) = divy b(t,-) LN < LN for L' -almost every t € [0,T],

3. [divy b7 € L'([0,T], L=(RY)).

Then there exists a so—called Lagrangian flow X :[0,T] x RN — RY such that
(@ X(-,x):[0,7] — RY is absolutely continuous for LN-almost every x € RN with

t
X(t,x) = er/ b(s, X(s,z)) ds for all t € 0,7,
0
(b)  there is a constant C > 0 with X(t,)s (p LY) < C ||plloc LY V p € LY RYN) N L®(RY), ¢.

Furthermore, X(t,-) : RV — RN s unique up to LN-negligible sets for every time t € [0,T]
and, p(t) :=X(t,-)p o is the unique distributional solution of the continuity equation

4y 4+ Dy-(bp) = 0 in ]0,T[ x RN
for every initial datum po = p LN with p € LYRY)N L®(RY), p>0.

Mollifying each pu(t) with a common Gaussian kernel p € C*(RY]0, 00]), the measures us(t) := pu(t)+*ps

solve the continuity equation % us + Dy - (55 us) = 0 (in the distributional sense)
with bs(t,-) = W being in L'([0,T], WI})’:O(RN7RN)) and,  ps(t) LR w(t) narrowly

(i.e. with respect to the duality of bounded continuous functions) for every t € [0,T].

Proof is presented in [1] (and in [2]). Indeed, extending [1], Theorem 30 to vector fields of bounded
spatial variation (as stated in the end of [1], § 5), there exists a Lagrangian flow X : [0, 7] x RY — RY
with the claimed properties (a),(b) and, it is unique (up to £N-negligible sets).

The proof of [1], Theorem 19 bridges the gap between the Lagrangian flow and the measure—valued
solution of the continuity equation (by means of push—forward). The uniqueness of p(-) results from
the comparison principle of the continuity equation (due to the assumptions about 5) according to
[1], Theorem 26. Finally proving [1], Theorem 12 implies the narrow sequential compactness of
ns = (, X’E(;("x))u 1s(0) (using Prokhorov compactness theorem). So equation (9) there implies the
narrow convergence of us(t) to its unique limit point p(¢). O
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Lemma 4.2 For any be L'([0,T], WL (RN, RN)) with div,be L'([0,T], L®(RN,RN)), the

loc

flow X; 0 [0,T] x RN — RN specified in Definition 3.4 satisfies for all t € [0,T] and LN-a.e. x € RN

exp </Ot | diva 36,91 | ) < det Dy Xo(tia) < exp </Ot | diva 566, ) || dt>.

Moreover, for all = p LN with p € LYRYN) N L, the total variation of Xy(t,-)y pu fulfills

Xt e nlRY) < i) - exp(2 [ i, Bt )

Proof of the first part is mentioned in [2], Remark 6.3, for example. The second part results from the
area formula and the transformation of Lebesgue integrals. Indeed, for u = p£Y with p € L}(RN)NL*>,
p N

X, (£ ul(RY) = S —— ‘ ac
Xy (t,)e | (RY) /RN [det Dy Xy (4, )] t
< / ’po (X(t,-)_l)‘ achN . exp(/ H lew t,)]” H )
RN 0,
< / pldcy - |[det DXt )] - exp (/ | v, Bt ) |, dt). ©
RN o 0

These (mostly quoted) results motivate the following choice of vector fields and finite Radon measures.
Using the notation 4.3, [1] guarantees X(t, )y L= 1(RY) c L*"Y(RY) for each Lagrangian flow X.

Definition 4.3 BV "(RN) denotes the set of all functions b € BVigo(RN,RN) N L®°(RN,RV)
satisfying D -b = divb LN < LN and divb € L®RY).

Furthermore, set L®°"HRN) := {p LN | p e L'RY)NL>*RY), p>0} ¢ MTRY) and,

for each b € BV (RN), define 9y : [0,1] x L®THRY) — LY RN, (h, po) — X(h, )4 pio

with X(-,-) denoting its Lagrangian flow according to Proposition 4.1.

Moreover, the proof of Lemma 4.2 indicates an adequate modification of the “distance” between two
measures of LM (RN). In § 3, p.(u,v) was defined as absolute value of the weighted difference, i.e.

pelp, v) == |pe- (n—v)(RY)| = ’/RN pe d(p—v)

Restricting now to measures u, v < £V, we can use the total variation of the weighted difference instead
— and the key estimates of Lemma 3.6 hold essentially.

Definition 4.4  Let (pe)ecy be a countable family of Schwartz functions as described in Lemma 3.1.
For each e € J, define g. : M(RY) x M(RN) — [0, 0],

g(p, v) = |pe- (n—v)|(RY)

2 Gup { Z }/ @ d(p— V)| ‘ (Ex)ren pairwise disjoint Borel sets, RN = U Ek}
k=0 7 Fk ’

Lemma 4.5  For each b € VVli’COO(RN,RN) NL®, ¥9:[0,1] x L2"YRN) — Le"L(RYN) satisfies
1. 791,(0, ) = Id]Looﬂl(RN),

2. q= (p(hy Oo(t,p10)), Dt +hopo)) = 0 = ge(Fo(t+h,po), Tn(h, Ip(t, po)))
for any initial datum po € L= Y(RY) and t,h € [0,1] witht+h < 1.
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3. 1ir}rlllsgp e (Oolutto). OnlFaol) S aclioto) - <y [b]los for po,vo € L HRN),
|S05 ﬁb(tu ,LLO))| (RN) < ‘SDE MO‘ (RN) : eAE HElloe - ¢ fO’I" Mo € LOO01<RN)7 te [07 1]7

¢e (Vo(s, f10), On(t, o)) < [t — s+ Ac [blloo X< 1Pl [ oo o] (RY)  for s,t € [0,1], po € L= H(RY),

6. Timsup e o) O 0etn)) <5, (i by — ol o (RY) < A ligellow oo+ 102 — Boll oy
for all bounded vector fields by, by € WU (RN RN and po = p LN € L®N1(RY).

loc

Proof.  The measure—valued flow 9, : [0,1] x LM H(RY) — L®"L(RY) still satisfies the semigroup
property and thus statements (1.), (2.).
For any po = pLY, vy = o LN cL>®"(RY), the definitions of total variation and push-forward imply

e (Vs (h, po), Ou(h, o)) = | e - (Xp(hy ) o — Xp(h,-)gvo) | (RY)
/RN pe(Xp(h,-)) |p—o| dLN

Nlcpe(Xb(hw))*sos! lp—o|l dLY + |ec- (po—wo)| (RY).

IN

IN

So the choice of . (in Lemma 3.1) has the consequence

lim sup qe (9p (hp0), 195(7;”0)) — g (1o,v0) < limsup % . / |4P5(Xb(h, ) — 905’ lp — ol d LN
h10 h10 N
< Vee() - b(@)) lp—o] ALY
< bl / Ae e lp—o| dcN
< bl Ae + qe(po, 10).

Applying this estimate to g = 0 and 9 (¢, po) (instead of pg), we conclude property (4.) from Gron-
wall’s Lemma 2.6 because the lower semicontinuous auxiliary function

-1 [0,1] — R, ¢ |- Op(t, po)| (RN = [ (X(t,-)) po| (RY)
is one-sided differentiable and satisfies dt+ 0:(4) < Ae ||b]loo - 0: ().
In basically the same way, we obtain statement (5.) considering the auxiliary function

5l 1] — Ryt [pe (9u(t, o) — n(s, 1)) | (BY) = |(pe(K(t=3,)) = p2) Di(s,u0)]| (RY)
with s € [0,1] fixed and % gs(t) < A Iblloo |0e Da(t, po)| (RY) < A [|b]loo € 151l e o] (RY).
Last, but not least, choose any b1, by € Wli)coo (RN, RN)N L and initial datum pg = p LY € L= HRY).
Then, for every h € [0, 1],

%'qe ("‘9[’1 (h,,uo), ﬂbz(hhu‘o)) < % /RN ’wE(th (hv)) - %(sz | |p| dch
lim sup q= (0, (h,#o})L, Dy (hs10)) < / A o |b1 _ b2| |P| drN
hlO RN
< Ac llpellso [[ollso - Mo = ball L2 ). o

In regard to the choice of |-]., there are even two candidates now. The first is the weighted total
variation (as mentioned in Lemma 4.5 (4.)). Lemma 4.2, however, provides an alternative whose growth
is also bounded in the required way : the total variation — not weighted by (. and thus, independent of
e € J. For applying the compactness criterion of de la Vallée Poussin later, we prefer the total variation
| - [(RY) and then rely on the results using “weakly transitionally compact” (presented in § 2.4).

In particular, subsequent Lemma 4.7 lays the basis for taking also the L°° norm into consideration and
thus, we define (independently of ¢ € J)

) o= 1l (BY) + [l = lollan + ol for every =0 N € L®NI(RY),
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Lemma 4.6  For every u € M(RY) and open set A C RN, the total variation satisfies

lta) = sw{ [ wan | vecka). <1}

and thus, qe(p,v) = sup,er  Pe (it v) for all p,v € M(RYN)
with T CJ denotmg the set of all indices k € J satisfying ||¢xllcoc <1 and

Pe(p, v ’/ Ye Pr d )’ for each e € J, k € T, p,v € M(RY).
Proof of the first equality is given in [4], Proposition 1.47, for example. a

Lemma 4.7  For every vector field b € BVideW(RN) and initial measure p = o LY € L=°ML(RY),

the Radon-Nikodym derivative o, = L’“) of ¥y (t, i) with respect to Lebesgue measure LV satisfies
oo < lofloo el el
[0t W|(RY) = lowlr < ollps e vl
Proof. The second statement results directly from Lemma 4.2 (applied to mollified vector fields bs)

and the narrow convergence for § | 0 because the total variation is lower semicontinuous with respect
to weak™ convergence (see [4], Theorem 1.59, for example).
For proving the first statement, we exploit first the duality relation between L' and L™ and then use

the area formula again

lotlee = swp [ v act y e Ce®Y), [yl <1
= sup {lin{’;llsoup/ ¥ d O, (t, 1) P € CF(RN), ]l < 1}
— d a N o (MN L <
sup {hnéli%up/ W (det Dmxbsm)) Xy (t)1 dL™ | € CRT), 19l —1}
< sup {linéllsoup/ Y ||0]loo elldivoslies t dLN | € C RN, ||| s Sl}
< oo elltivell=t, O

Proposition 4.8 For any C € [0,00] fized, each b € BV (RN) with |b]|oo + [div || < C
induces the sleek transition 9, on (L*®"I(RY), L Y RY), (¢.)ceg, ([))ees) with

as(ﬁbvﬂ) = Ae C, ﬁs(ﬂb)(t) = Ae ||‘P6Hoo C-t,
Ve (V) = 0, Ce (V) Déf_. 20,
Ts(’ﬂb,ﬂ) et ]., ’iD e Id]Looml(]RN) 5
Q95 Veip) < Ac € (L4 [UI®Y)-e2) [ Zr |, (e b= el
ps,n(ﬂb(h N’) ﬁb(h V)) < pE,R(:u7V) ’ e(/\EJr)\H)Ch

for all b,c € BV (RN) with ||b]|oe + [|div b|| . < C, lleloe + [|div || < C and p € LNHRN),

loc

eeJ, tel0,1]. The set of all these sleek transitions ¥, is abbreviated as Topyv(RY).

Proof is based on the tools of approximation provided by Proposition 4.1 :
Indeed, choose a Gaussian kernel p € C*(RY, ]0,00[) and set ps(x) := 6=~ p(%) for § > 0. Fixing
p € LY RYN) arbitrarily, each vector field bs := % belongs to W,o>° (RN, RY) and satisfies
(b5l < [|blloe < C. So Lemma 4.5 motivates the choice of ae(9p,, 1) = A C, Ye(9p,) = 0 and,
as in the general framework of § 2.1, we conclude (from Proposition 2.5 and Lemmas 2.7)
QE(ﬂba(h, 1)s Yoy (h, V)) < q=(p, v) - e Al

for all p,v € L*"YRY), he[0,1], 6§ >0, € € J. Similarly, for any x € Z (additionally),

Do (05 (By 1)y Oy (hy 1)) < pes(ps, v) - €@ OtAIR
is proved as in Lemma 3.6 (for p.) — just using now |V (¢: i) < (Ae + X)) ¥ ©x-
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Considering now ¢ | 0, the narrow convergence (mentioned in Proposition 4.1) and the lower semicon-
tinuity of total variation (with respect to weak* convergence) provide the same estimates with b instead
of bs for all v € L*"}(RY) and, we obtain C' ). as an admissible choice of the parameter . (J, 11).
Thus, the first three conditions on sleek transitions (stated in Definition 2.1) are obviously fulfilled.

Moreover, Lemma 4.2 states |0y, (¢, 1) [(RY) < [p|(RN) - €2€t for all pe L"H(RY), ¢ € 0,1],
0 >0 and so, the lower semicontinuity of total variation again implies

1956, 1) | (RY) < [ (RY) - e2C,

i.e. condition (5) of Definition 2.1 is satisfied with (.(93) = 2 C' (independent of € € 7).
Considering the continuity w.r.t. time, we obtain for every s,t € [0,1], p =0 LY €¢ L*"YRN), e € J

e (On(s, 1), Op(t,p)) < limsup g (o, (s, 1), Dog (L, 1))

510

< limsup / | (X (5,7)) — @ (X (t,2))| |o(2)] dLN x
510 RN

< liI?iS(l)lp IV @elloo N10s]loc [t — 5] lollzr r)

< A ll@ells € [t = |l (RY),

Def.

ie. B(9)(t) = Ac||@elloo C -t is a modulus of continuity as required in condition (4.) (of Def. 2.1).
The rest of these conditions is trivial.

Finally we specify an upper bound of
Qe(Vp, Vo3 1) = sup lim sup
0<t<1 hlO
) v eLeN1E®N)
with b, ¢ € BV (RV) satisfying [[b]lcc+||divd]| . leloot||dive]| < Cand p=0o LN € L2TYRN).
Mollifying b, c in the way described above, we again obtain vector fields bs,cs € WIE’OO(RN ,RY) with

165]/00> |les]|oo < C. and, Lemma 4.5 (6) states for all v € L>°"H(RY)

qe (ﬁb(tJrh,u,), ﬁc(h,u)) — qe (ﬂb(t,p,), 1/) Lere Ch+
( h (1+ [v[(RY)) )

lim sup qe(ﬁbé(hw,)l’ Oe; () < e e 1bs — ¢s| v (RY).
)
So Lemma 2.9, the area formula and Lemma 4.2 imply
Q:c(Vps,Vegip) < sup Ae “Pe |bs — cs| Vs (tvﬂ)| (RN)

0<t<1

= sup A / ee |bs — ol | qeEr % OX”&(t")_l‘ dLt @
0<t<1 RN o

_ _ ollee
< 0221 Ae e [b5 — cs] HLl(]RN) Tdet Do Xu, (£,)]0e
< Ae H‘Pe |b5 - 06| HLI(RN) HUHOO e

Now Proposition 2.5 and the narrow convergence of &y, (¢, 1), Ve, (t, ) for 6 | 0 (as stated in
Proposition 4.1) bridge the gap to Q(Up, Vc; ). Indeed, for all h €]0,1],

QE(ﬁb(ha/u')a ﬂc(ha,u')) < limsup qs('&b(s(hvﬂ); 1965”%/”’))

510
< limsup he Qe(VvssVesip) (L4 [p|(RY) 291 +2Ch) e Cn
< lin;l%up he A |lollos € [|e [bs — csl[[ 1 gy (1+ [LI(RY)) (14 O(R))
< B ol e e o=l e, (14 @) (14 O(h).

due to the construction of bs,cs. Thus, we conclude from Lemmas 2.9 and 4.7
Qe(Vp,Ve;p) < sup m;?lsélp e (Up(h, Op(t, 1)), Ve(h, Uy(t, 1))

0<t<1

< swp A [ o b el gy, (1 900t )| BY))
St< o0

< A olloo €@ e loe b= el |y gy (1+Iul(RY)-€29) O
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Using the total variation |-|(RY) for the measures in > (RY) proves to be particularly helpful in
regard to “weak” compactness. Indeed, the classical criterion of de la Vallée Poussin has the following
immediate consequence (and thus, we need not restrict ourselves to measures of compact support) :

Lemma 4.9 The tuple (L="(RY), ()ecs, (pess)ecs. (|-eca, Tony(RY)) s weakly tran-
KE

sittonally compact. O

Proposition 4.10 Suppose for f:L®NHRN) x [0,T] — BV (RY)

1.3 Cel0,00 : £ t)loe + [|div F(u )], < C for all (u,t) € L*HRN) x [0,7),
2. ”f(,uvt) - f(/-‘natn)HLl(]RN) —0 Zf Hn - H (w.r.t. CO(RN))v 128 \ t.

Then for every initial measure po € LM (RY), there exists a sleek solution u(-) : [0,T[— LM H(RY)

of the generalized mutational equation it() 3 Vf(uy,) with u(0) = po. Moreover, u(-) is distribu-
tional solution of the continuity equation % p(t) + Dy - (f(u(t),t) p(t)) = 0 in RN x [0,T].

Proof. The existence of a right—hand sleek solution p(-) results from Proposition 2.21 and
Remark 2.23 applied to (L Y(RY), LY RY), (¢:)ceg, (Pe) e, (I [(RM)ees, Tepv(RY))
due to the characterization of sleek transitions in Proposition 4.8.

Verifying the claimed distributional property of ¢ — u(t) = o(t,-) LY follows essentially the same track
as in the proof of Proposition 3.11. Indeed, the Lagrangian flow Xy, )+ : [0,1] x RY — RN of each

Fu(t),t) € BVXZIY(RN) satisfies for all h e [O,hl] and LV almost every » € RY

X(h,z) = a:+/ fu(t), t)(X(s,z)) ds.
0
according to Proposition 4.1. As p(-) is constructed by Euler approximations being equi—Lipschitz

continuous w.r.t. each ¢. (¢ € J), it is also Lipschitz continuous w.r.t. to each ¢. and, we obtain at
every time t of differentiability

% /]RN we du(t) = liI}IlllS(l)lp %./RN (cpE(Xf(u(t)J)(h,x)) — apa(aﬁ)) o(t,x) dCNx
- [, Ve - 100w o) ace.

Now the same steps as in the proof of Proposition 3.11 guarantee for every ¢ € C§°(RY x [0, T)
T
et dm = [ ([ e dut) + [ Vvt S 00) duo) i o
RN 0 RN RN

Restricting our considerations to measures in L™ (RY) has now the additional advantage of a closer
relationship between distributional solutions (of the continuity equation) and right—hand sleek solutions
(of the corresponding mutational equation). The key tool here is the maximum principle for distribu-
tional solutions quoted in Lemma 4.12.
Proposition 4.11  Suppose for f:L>®"Y(RN) x [0,7] — BV S (RYN) :
1. 3 Cel0,00] : [|f(1,t)]|loo + ||div f(u,t)”oo <C for all (u,t) € L="L(RN) x (0,77,
2. VeeJ 3FL.e€[0,00, modulus of continuity we(-) >0:

o= 172 8) = @0 | o gy < Lo - (1) 0z (I — ) for all (u,s), (v.1) L2 (BN) x [0, T].
Then for every initial measure g € L° Y (RN), the right-hand sleek solution u(-) : [0, T[ — LM L(RY)
of the generalized mutational equation ,lol() 3 Vf(uy,) with p(0) = po is unique.
So every distributional solution pu(-): [0,T[— L Y RN) of & u(t) + Dy (f(u(t),t) u(t) =0
in RV x ]0,T[ that is continuous with respect to each q. (€ € J) is unique.
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Proof.  The uniqueness of right—hand sleek solutions results from Proposition 2.24 for the same rea-
sons as Corollary 3.13. Now suppose u(-) : [0,7[— L>®"1(RYN) to be distributional solution of
4 i(t) + Dy (f(p(t),t) p(t)) =0 in RNx]0,T[ that is continuous with respect to each g. (¢ € J).
Then for each t €10, T, the restriction 1(-)|p7) is uniformly continuous with respect to each g. and
thus, f(u()),-):[0,] — BVf:édiv(RN) satisfies the assumption of Proposition 4.10. So there exists
the unique right-hand sleek primitive v(-) : [07?] — LY RN) of f(u(-), ) with v(0) = pe and,
v(-) is also distributional solution of % v(t) + D,-(f(u(t),t) v(t)) =0 in RN x]0,7[. The comparison
principle of Lemma 4.12 implies v(:) = u(:). So u(-) is right-hand sleek solution of /(1() 3 Vyeu(), )

O

Lemma 4.12 Let b: [0,T] x RN — RN satisfy the assumptions of Proposition 4.1.

Then the comparison principle for distributional solutions of the continuity equation

'y + D,-(bp) = 0 in 10, T[ x RN
holds in the class {w LN |w € L> ([0, T]; L*(RN)) N L**([0,T]; L>=(RY)) n C°([0, T]; w*—L>*(RN)) }.
In particular, distributional solutions are unique in this class.

Proof results from [1], Theorem 26 and 34. O
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