Control problems for nonlocal set evolutions

Thomas Lorenz !

Abstract

In this paper, we extend fundamental notions of control theory to evolving compact subsets of
the Euclidean space.
Dispensing with any restriction of regularity, shapes can be interpreted as nonempty compact sub-
sets of the Euclidean space R™. Their family IC(RN ), however, does not have any obvious linear
structure, but in combination with the popular Pompeiu-Hausdorff distance d, it is a metric space.
Here Aubin’s framework of morphological equations is used for extending ordinary differential equa-
tions beyond vector spaces, namely to the metric space (IC(RY),d).
Now various control problems are formulated for compact sets depending on time: open-loop,
relaxed and closed-loop control problems — each of them with state constraints. Using the close
relation to morphological inclusions with state constraints, we specify sufficient conditions for the

existence of compact-valued solutions.

Contents
1 Introduction

2 A brief guide to morphological equations and inclusions
2.1 Morphological equations of Aubin. . . . . . . . . ... ... ...
2.2 The step to morphological inclusions with state constraints: A viability theorem
2.3 Set evolutions under strong operability constraints . . . . . ... ... ...

3 Morphological control problems
3.1 Formulation . . . . . . . . .. e
3.2 The link to morphological inclusions . . . . . . ... ... ... oL
3.3 Application to control problems with state constraints . . . . . ... .. ... ... ...
3.4 Relaxed control problems with state constraints . . . . . . . .. ... ... 0L
3.5 Closed control loops for problems with state constraints . . . . .. ... ... ... ...

A Clarke tangent cone in the morphological framework:
The circatangent transition set.

B The hypertangent transition set

Bibliography

Hnterdisciplinary Center for Scientific Computing ~ (IWR)
Ruprecht—Karls—University of Heidelberg
Im Neuenheimer Feld 294, 69120 Heidelberg (Germany)
thomas.lorenz@iwr.uni-heidelberg.de  (January 22, 2008)

10
11

13
13
14
18
19
23

26

32

34






1 Introduction

“Shapes and images are basically sets, not even smooth” as Aubin stated [3]. So whenever we want
to investigate evolving shapes in full generality, we have to focus on subsets of the Euclidean space.
In particular, these subsets should be only supposed to be nonempty and compact — but lacking any
further assumptions about the regularity of their topological boundaries.

The main goal of this paper is to extend fundamental concepts of control theory to time-dependent
compact subsets of the Euclidean space. Here the essential challenge results from the lacking vector
space structure. Indeed, nonempty compact subsets of RY do not have any obvious linear structure,
but in combination with the well-known Pompeiu-Hausdorff distance d, for example, they represent a
metric space.

So the differential tools of classical control theory have to be extended step by step beyond the traditional
border of vector spaces. For this purpose we continue a track initiated by Jean-Pierre Aubin in the 1990s:
morphological equations and inclusions. They provide extensions of ordinary differential equations and
differential inclusions respectively to the metric space (I(RY),d) of nonempty compact subsets of R
supplied with the Pompeiu-Hausdorff distance.

In this paper, open-loop, relaxed and closed-loop control problems with state constraints are formulated
for shapes, i.e. in the metric space ((RY),d). A viability theorem presented by the author in [18] then

lays the foundations for specifying conditions sufficient for the existence of their set-valued solutions.

Introducing nonrestrictive variations of compact sets in RV

Whenever a shape is to be optimized (in some sense), we require an appropriate form of “shape varia-
tions” for verifying if a compact set under consideration is a local minimizer or not. The so—called velocity
method or speed method suggests an approach to hardly restrictive shape variations and, it has led Céa,
Delfour, Zolésio and others to remarkable results about shape optimization (see e.g. [9, 11, 12, 28, 30]

and references there). It is based on prescribing a vector field v : RV x [0,7] — R" such that the

corresponding ordinary differential equation % z(-) = v(z(+),-) induces a unique flow on R¥. Indeed,
supposing v to be sufficiently smooth, the Cauchy problem
% z(-) = v(z(-),-) in [0,T], 2(0) = 9 € RN

is always well-posed and, any compact initial set K C RY is deformed to
Ou(t, K) == {z(t)| Fz() € C*([0,t], RN) : L () =v(z(),")in[0,t], x(0) € K}

after an arbitrary time ¢ > 0. As a key advantage, this concept of set evolution does not require any
regularity conditions on the compact set K or its topological boundary (but only on the vector field v).
In a word, v can be interpreted as a “direction of deformation” in (IC(R™), d). So it is “possible to define
directional derivatives and speak of shape gradient and shape Hessian with respect to the associated
vector space of velocities. This second approach has been known in the literature as the velocity method’
[11, Chapter 1, § 6]. (The 'first’ approach mentioned there in [11] refers to perturbations of the identity
map and applying techniques of differential geometry.)

Aubin seized this notion for extending ordinary differential equations to this metric space (K(RY),d).
The so—called morphological equations are sketched in [5] and then presented in [3; 4] in more detail.
(They seem to be closer to ODEs in RV than Panasyuk’s similar concept of “quasidifferential equations”
[23, 24, 25].)
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The first aspect of generalization focuses on the “elementary set deformation” which are to describe
the directions in (IC(RY),d). Aubin suggested reachable sets of differential inclusions as a more general
alternative to the velocity method. For any set-valued map G : RY ~» RY and initial set K ¢ RY
given, the so—called reachable set at time ¢ > 0 is defined as

Io(t, K) = {:c(t) c RV ‘ 3 2() e WH([0,4], RY) : 2(0) € K,
4L 2(r) € G(z(r)) for Lebesgue-almost every 7 € [O,t]}.
In contrast to the velocity method, this kind of set deformation does not have to be reversible in time.
(Geometrically speaking, “holes” of sets can disappear while expanding.) The well-known Theo-
rem of Filippov ensures suitable properties of [0,1] x K(RY) — K(RY), (t,K) — Jg(t, K) if
G : RN ~ R™ has nonempty compact values and is bounded Lipschitz continuous. In fact, the Relax-
ation Theorem of Filippov—Waziewski (e.g. [2, § 2.4, Theorem 2]) implies no changes of reachable sets
if each value of G is replaced by its convex hull. So we are always free to consider bounded Lipschitz

continuous maps G : RY ~» RN whose nonempty compact values are convex in addition.

Differential inclusions with Lipschitz right—hand side

for specifying time derivatives of curves in (K(RY),d)

The second key contribution of Aubin is a suggestion how to interprete such a set—valued map (or,
strictly speaking, its reachable sets) as time derivative of a curve in the metric space (K(RY),d).
Indeed, let K(-) : [0,7] — K(RY) be a curve. A bounded Lipschitz set—valued T
map G : RY ~ RN with nonempty compact values represents a first-order

approximation of K(-) at time t € [0,T[ if Ko Py N
}111?(1) F-d(K(t+h), da(h, K(t)) = 0. (%) j

Of course, such a map G(-) does not have to be unique and thus, all bounded Lipschitz maps with

this property (%) form the so—called morphological mutation K (t) of K(-) at time ¢ € [0,T[. It is

a subset of LIP(RY R¥) denoting the set of all bounded Lipschitz maps RY ~» RY with nonempty

compact values. Correspondingly, LIPz(RY ,RY) consists of all bounded Lipschitz maps RY ~» RV

o
with nonempty compact and convez values. K(t) C LIP(RY,RY) extends the time derivative to curves
in the metric space (IC(RN), d).

Sets determine their own evolution: Morphological equations and inclusions

Ordinary differential equations are based on the fundamental notion of prescribing the time derivative
of the wanted curve as a function of its current state and time. Now we are free to formulate the same
problem for a set-valued curve in the metric space (IC(RV),d) as mutations are available:

For a function f : K(RY) — LIP(RY,R¥) given, a Lipschitz continuous curve K () : [0,T] — K(RY)
is called solution to the morphological equation K (1) > f(K(-)) in [0,T] if at Lebesgue-almost every
time t € [0,7], the map f(K(t)) € LIP(RY,RY) belongs to the mutation ]%(t) [3], i.e. by definition,
the reachable set ¥ f g (+))(-, K(t)) satisfies

lim i d(K(t+h), Oy (h, K(t) = 0.

At first glance, the term “equation” and the symbol > might make a contradictory impression, but the
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mutation ]2' (t) has just been defined as set of all set-valued maps G' € LIP(RY  R¥) sharing property
(%) above. (Strictly speaking, all these set-valued maps belong to the same equivalence class related with
vanishing distances up to first order. In the following, however, we do not use the underlying equivalence
relation explicitly because it does not provide additional insight, see [3, § 1.1] for more details.)

In this framework, Aubin extended the classical Theorem of Cauchy-Lipschitz (about existence and
uniqueness of solutions) from ordinary differential equations to morphological equations as quoted in
subsequent Theorem 2.7. Meanwhile also the counterpart of Peano’s existence theorem has been proved
and, Nagumo’s classical result about existence of solutions satisfying state constraints has been verified
for morphological equations as summarized in section 2.

So in a word, all relevant terms are now available for introducing control theory in the metric space
(KK(RN), d) of nonempty compact subsets of RY.

Considering ordinary differential equations and classical control theory in finite dimensions, differen-
tial inclusions and selection principles have played a key role. In this paper, we follow essentially the same
track in (X(RY), d). Indeed, the step from morphological equations to morphological inclusions is based
on admitting more than just one set deformation for each state in ((RY),d), i.e. the single-valued
function f : K(RY) — LIP(RY,RY) is replaced by a set-valued map F : K(RY) ~» LIP(RY, RY). Cor-
respondingly, a Lipschitz continuous curve K (-) : [0, 7] — K(RY) is called solution to the morphological
inclusion with F if at Lebesgue-almost every time ¢ € [0, 7], at least one map in F(K(t)) C LIP(RY,RY)
also belongs to the mutation IO{(t)7 i.e. there exists a set-valued map G € F(K(t)) C LIP(RY,RY)
satisfying }1}1?(1) F-d(K(t+h), dc(h, K(t)) = 0.

Reflecting this notion of a joint map in F(K(t)) and K (t) ¢ LIP(RY,RY), a morphological inclusion
has to be written as intersection condition: I%() N FK() # 0  (almost everywhere) in [0, 7.

Solutions to morphological inclusions are reachable sets with feedback

Consider a Lipschitz continuous solution K(-) : [0,7] — (K(RY),d) to a morphological inclusion
[O(() N F(K()) # 0 in[0,T] with a given set-valued map F : K(RY) ~» LIP(RY,RY). The metric
condition on K (t) mentioned before has a geometric interpretation:

Indeed, for almost every ¢ € [0, T, there exists a set-valued map G, Gl%(t) N F(K(t)) c LIP(RY,RY)
by definition. Let us extend t +— G; € LIP(RY,RY) to the whole interval [0,7] arbitrarily. Then,
G : RN x [0,T] ~ RN, (z,t) = Gi(z) is a set-valued map of both space and time and, we use it as
right-hand side of a nonautonomous differential inclusion in R, namely 2/(-) € G(z(-),-) a.e. in [0,T].
Under appropriate assumptions about é, its reachable set J5(t, K(0)) C R¥ is nonempty compact at
every t € [0,T] and, it even coincides with K(t): K(t) = 95(t,K(0)) for each t € [0,T]

So K(+) : [0,T] — K(R¥) is characterized equivalently as reachable set of a nonautonomous differential
inclusion in RN whose set-valued right-hand side G : RY x [0,7] ~ RY is induced by a selection of
F(K(-)):[0,T) ~ LIP(RY RY) (see § 3.2 for more details). To the best of our knownledge, the detailed
proof of this equivalence is given here for the first time.

In a word, each solution K(-) : [0,7] — (K(R¥),d) to a morphological equation or inclusion is
directly related to reachable sets of a nonautonomous differential inclusion in RY whose right-hand side
depends on the wanted curve K (-). So this framework covers some types of nonlocal set evolutions with
feedback.
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Control problems for compact sets via morphological inclusions

Similarly to classical control theory in RY, a metric space (U, dy) of control parameter and a single-
valued function f : KC(RY) x U — LIP(RY,RY) of state and control are given. For each initial set
K(0) € K(RY), we are looking for a Lipschitz continuous curve K(-) : [0,7] — K(RY) solving the

following nonautonomous morphological equation

K (t) 3 f(K(t),u(t) in [0, 7]
with a measurable control function u(-) : [0,7] — U, i.e. by definition
}lzi?(l) + o d (V@) uey(h, K@), Kt+h)) = 0 for almost every t € [0, 7.

This is an open-loop control problem in the metric space (IC(RY), d).
The existence of solutions is closely related to the corresponding morphological inclusion for which we
take all admitted controls into consideration simultaneously. So we introduce the set-valued map

Fu: KRY) ~ LIP(RY,RY), K — {f(K,u)|u € U} C LIP(RY,RY)
and consider the morphological inclusion I%() N Fu(K()) # 0 in[0,T[. In § 3.2, Proposition 3.3,
sufficient conditions on U and f are formulated such that solutions to this morphological inclusion solve
the morphological control problem and vice versa.
The step from inclusion to control problem requires the existence of a measurable control function and,
it is concluded here from a well-known selection principle of Filippov whose Euclidean special case is

usually applied to differential inclusions in RY and classical control theory.

So all available results about morphological inclusions can be used for solving morphological control
problems. In the following, a viability theorem presented by the author in [18] plays a key role. It
concerns a morphological inclusion K () N F(K(-)) # 0 with state constraints K(t) € V C K(RY)
at every time t and it is quoted in subsequent Theorem 2.13.

This viability theorem specifies sufficient conditions on F and the nonempty set V C K(RY) of con-
straints such that at least one solution K (-) : [0,1] — V C K(R") starts at each initial set K(0) € V.
So in § 3.3, the close relationship between morphological inclusions and control problems provides
directly sufficient conditions on a morphological control system with state constraints for the existence
of solutions (Proposition 3.7).

In § 3.4, essentially the same approach is then used for solving relaxed control problems in the morpho-
logical framework. They are based on replacing the metric space U of control parameters by the set of
Borel probability measures on U (supplied with the linear Wasserstein metric). As immediate analytical

benefit, we can weaken some conditions of convexity in Proposition 3.13.

The viability condition for morphological inclusions: “Admit a ‘tangential’ reachable set*

For differential inclusions in RY, the viability condition on a nonempty closed subset V C RY is well-
known [6]: Under appropriate assumptions about the set-valued map F : RN ~» RV a solution z(-) of
2/() € F(z(-)) with all values in V C RY starts at each point of V if and only if at every point z € V,
the set F(z) CRY contains at least one vector v being “contingent” to V (in the sense of Bouligand),

ie. liminf + -dist(z +hov,V)=0.
h10
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As main result of [18], essentially the same viability condition — just formulated with reachable sets
and in the metric space (IC(RY),d) - is also sufficient for a morphological inclusion and any nonempty
closed set of constraints V C K(RY) :

Under appropriate assumptions about the set-valued map F : K(RY) ~» LIP(RY,RY), a solution
K :[0,1] — V C KRY) of I%() NF(K(-)) # 0 starts at each set K(0) € V if for every set Ky € V,
at least one map G € F(Ky) C LIP(RY,RY) is “contingent” to V C K(RY) in the following sense

h%lliglf + - dist (Jg(h, Ko), V) = 0. (xx)

An example: Morphological control problems under “strong operability” constraints

In [17], Anne Gorre investigated morphological equations under the constraint that all evolving sets

K(t) C RY are contained in a fixed closed set M C RY. So the corresponding set of constraints is
Vv = {K S ’C(RN) | K C M}

and Gorre coined the term “strongly operable in M”. This type of constaint occurs, for example, when
a robot is to walk or stand in a stable way (consider the projection of its highly sensitive center of
gravity [17]) and when a bioreactor has to provide a suitable environment for a growing cell population.
Gorre’s exact characterization of “contingent to V)" is used here in combination with morphological in-
clusions and, so we obtain directly sufficient conditions for morphological control problems under strong

operability constraints.

The step to closed-loop control problems for compact sets in R

Consider morphological control problems with state constraints

K() 2 f(K()u), uel ae. in [0, 7]
{ K(t) e V for every t € [0, T
The metric space (U, dyy) of control, function f : K x U — LIP(R™,R") and the closed set V C K(RY)
of constraints are given. =~ The morphological viability condition mentioned before indicates where can-
didates for a closed-loop control w : ¥V — U can be found, namely among those controls u € U whose
reachable sets ¥ ¢k (-, K) are “contingent” to ) in the sense of condition (). This reflects the notion

of regulation maps defined by Aubin for control problems in finite-dimensional vector spaces [6, § 6].

In § 3.5, we specify sufficient conditions on U, f,V such that Michael’s famous selection theorem
implies the existence of a continuous closed-loop control (Proposition 3.17).
Michael’s selection theorem (quoted here in Proposition 3.18), however, focuses on lower semicontinuous
set-valued maps. So we need information about the semicontinuity properties of these regulation maps.

In this regard, the classical results about finite-dimensional vector spaces serve as motivation again.
The Clarke tangent cone Tg (r) C RN, 2 € V, to a nonempty closed set V' C RY (alias circatangent set,
see Definition A.1) is known to have closed graph whereas the Bouligand contingent cone to the same set
does not have such a semicontinuity feature in general [7, 27]. Furthermore, Rockafellar characterized
the interior of the convex Clarke tangent cone T¢(z) C RM by a topological criterion leading to the
so-called hypertangent cone ([26, Theorem 2], [10, § 2,4] and quoted here in App. B). So the set-valued
map of hypertangent cones to a fixed set V' C R¥ is lower semicontinuous whenever all these cones are

nonempty.
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These two concepts, i.e. Clarke tangent cone and hypertangent cone to a given closed set, are extended
to the morphological framework where the metric space ((RY),d) has replaced the Euclidean space.

In Appendix A, we apply Aubin’s definition of “circatangent transition set” [3, Definition 1.5.4] to
(K(RY),d) together with reachable sets of differential inclusions. The result proves to be a nonempty
closed convex cone in LIP(RY ,RV). In Appendix B, the so-called hypertangent transition set is intro-
duced for a nonempty closed subset V C KC(RY). Its graph is identical to the interior of the graph of
circatangent transition sets in V x LIP(RY RY).

In particular, this topological characterization proves to be very helpful for constructing closed-loop

controls on the basis of Michael’s selection principle (Proposition 3.17).

This introduction reflects the structure of the paper: § 2 gives a survey of morphological equations
and inclusions. In particular, it provides all definitions of this framework and summarizes the essential
theorems used subsequently. In § 3, we focus on morphological control problems and explain the link
with morphological inclusions (§ 3.2). These results are then applied to open-loop control problems with
state constraints (§ 3.3), relaxed control problems with state constraints (§ 3.4) and finally closed-loop

control problems with state constraints (§ 3.5).

2 A brief guide to morphological equations and inclusions

2.1 Morphological equations of Aubin

Morphological equations provide typical geometric examples of so—called mutational equations. First
presented in [5] and elaborated in [4, 3], mutational equations are to extend ordinary differential equa-
tions to a metric space (E,d). In a word, the key idea is to describe derivatives by means of contin-
uous maps (called transitions) ¥ : [0,1] x E — E, (h,x) — 9¥(h,z) instead of affine-linear maps
(h,z) — = + h v (that are usually used in vector spaces). Strictly speaking, such a transition spec-
ifies the point ¥(t,z) € E to which any initial point z € E has been moved after time ¢ € [0, 1].

It can be interpreted as a first—order approximation of a curve £ : [0, T[— E at time ¢ € [0, T if

;llif% +od(E(t+n), 9(h,E(1)) = 0.
The so—called morphological equations apply this concept to the set K(RY) of nonempty compact
subsets of RY supplied with the Pompeiu-Hausdorff distance d,

d(K1, K;) = sup {dist(x,K2), dist(y,Kl)}

zeKq,
yEKg

= inf {p>0|Ki CKy+pBy, Ko CKi+pBi}.
Here B; always denotes the closed unit ball in RV, i.e. By := {x € RY | |z| < 1}. This is a very
general starting point for geometric evolution problems as there are no a priori restrictions in regard
to the regularity of sets and their boundaries. Motivated by the velocity method (often used in shape
optimization, e.g. [9, 11, 12, 28, 30]), the flow along ordinary differential equations can lay the basis
for transitions. Here, however, we follow a suggestion of Aubin (in [3, 4]) and consider a more general

approach of evolutions instead: autonomous differential inclusions and their reachable sets.
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Definition 2.1 ([3, Definition 3.7.1])  LIP(RY RY) consists of all set-valued maps F : RN ~ RN
satisfying
1. F has nonempty compact values that are uniformly bounded in RYN

2. F is Lipschitz continuous with respect to the Pompeiu—Hausdorff distance.

Lip(M,RN) consists of all bounded and Lipschitz continuous (single-valued) functions M — R,

Definition 2.2 Choosing any set-valued map F :[0,T] x RN ~» RN the so-called reachable set
Ir(t, K) of the initial set K € K(RY) at time t € [0,T)] is defined as

Op(t, K) = {x(t) e RN ] 3 2(-) € WHL([0,4], RV : z(0) € K,
L x(r) € F(r,2(r)) for almost every T € [O,t]}

(and correspondingly for F : RN ~ RN and its autonomous differential inclusion).

The special case of constant functions F(-) = {v} (with an arbitrary vector v € R¥) leads to the
Minkowski sum 9p(t,K) = K +h-v C RV and, for an initial set KX = {z} with just one element,
in particular, we return to the familiar affine-linear map (h,z) — = + h-v that has already been

mentioned as motivation.

An essential contribution of Aubin was to specify appropriate continuity conditions on the maps
¥ :[0,1] x E — E, (h,x) — 9(h,x) so that the familiar track of ordinary differential equations
can be followed in a metric space (F,d). Here we quote his definition introduced in the monograph [3]
(emphasizing the local features slightly more than his original version in [4]).  Reachable sets of every
set-valued map F € LIP(RY R¥) satisfy these conditions in the metric space (KX(RY), d) :

Definition 2.3 ([3, Definition 1.1.2])  Let (E,d) be a metric space. A map 9 : [0,1] x E — E is

called transition on (E,d) if it satisfies the following conditions:

1. 9(0,z) = =z forallz € E,
2. ’lli% +-d(@(t+h,x), 9(h, 9t x)) =0 foralzeE, tel01]
— 3 d('&(hvm)# ﬁ(h»y)) _ d(w)y)
3. a(¥) = max (0, 21;1}; hr}rlllsgp e diry) ) < 00
4. B(9) := sup limsup %-d(z, d(h,z)) < oo.
©€E  hl0

For any two transitions 91,02 : [0,1] x E — E on the same metric space (E,d), the transitional dis-

tance between Y1 and V2 is defined by

da(91, ¥92) := sup limsup % - d(V1(h,z), V2(h,x)).
z€EE  hlO

Lemma 2.4  For every set-valued map F € LIP(RY RY), the map Jr : [0,1]x C(RY) — K(RYN),
(h, K) — Yp(h, K) of reachable sets (as introduced in Definition 2.2) is a well-defined transition on
the metric space (KK(RN),d) according to Definition 2.83.
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To be more precise, the reachable sets satisfy for all initial sets K, K1, Ky € K(RYN), set-valued maps
F,G € LIP(RY RY) and times t,h >0

Ir(0,K) = K,
Op(t+h K) = Op(h, Ip(t, K)),
d(Wp(h, K1), Op(h,K3)) < d(Ki,Ks)- eMPFh
dWp(h,K), 9c(hK)) < du(F,G) -h ekpF-h
d(Wp(t, K), Ip(t+h, K)) < [|Fle h
with (PaIS = sup sup |yl <

z€RN yeF(x)

doo(F,G) = seuﬂgN d(F(z),G(x)) < o0

and thus, «a(¥p) <LipF, BOr) <||F|loo; da(¥F,9¢) < do(F,G).
d

In particular, (Or(h, K1), Ya(h,K)) < eYPEh (d(Ky,Ky) + h-do(F,Q)).

The proof is presented in [3, Proposition 3.7.3] — as a direct consequence of Filippov’s Theorem (about
solutions to differential inclusions in R™V). In particular, this lemma justifies calling ¥ a morphological
transition on (JC(RY),d) [3, Definition 3.7.2]. For the sake of simplicity, F' € LIP(RY ,R") is sometimes
identified with its morphological transition ¥p.

These reachable sets provide the tools for specifying (generalized) shape derivatives of a compact—valued
tube K () : [0,T[~ R ie. acurve K(-):[0,T[— K(RY). So the next step will be to solve equations

prescribing an element of the morphological mutation.

Definition 2.5 ([3, Definition 3.7.9 (2)])  For any compact-valued tube K(-) : [0,T[~ RN the
morphological mutation Io{(t) at time t € [0,T[ consists of all set-valued maps F € LIP(RY RY)
satisfying

’111?% 3 - d@Wp(h, K)), K(t+h) = 0.

Definition 2.6 ([3, Definition 1.3.1, § 4.1)])  For any given function f : K(RY) — LIP(RY ,RY), a
compact—valued tube K(-) : [0, T[~ RN s called solution to the morphological equation Io{() > f(K())
if 1. K(:):[0,T[~ RN s Lipschitz continuous with respect to d and
2. for almost every t € [0,T[, f(K(t)) € LIP(RY,RYN) belongs to IO((t)
or, equivalently, }1’1% % - d (ﬁf(K(t))(h, K(t)), K(t—|—h)) = 0.

At first glance, the symbol 3 here seems to be contradictory to the term “equation”. The mutation
Ic;' (t), however, is defined as subset of all morphological transitions providing a first-order approximation
of K(t+ -) and so, the “right-hand side” f(K(t)) € LIP(R™,RY) should be one of its elements. (In
the classical framework of differentiable functions and vector spaces, the mutation consists of just one

vector.)

As an essential result of [3, 4], the Cauchy—Lipschitz Theorem (about autonomous ordinary differential

equations) has the following counterpart:
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Theorem 2.7 ([3, Theorem 4.1.2]) Suppose f : (K(RY),d) — (LIP(RY,RY), ds) to be A-

Lipschitz continuous and to satisfy M := sup Lip f(K) < oo.
K e K(RN)

For every initial set Ko € K(RY) and time T €]0, 00|, there exists a unique solution K(-):[0,T[~ RN
to the morphological equation I(;'() > f(K()) with K(0)= K.
Furthermore every Lipschitz compact-valued tube Q : [0, T[~ RN with Q(t) # 0 for every t € [0,T]
satisfies the following estimate at each time t € [0,T]
¢
AKD. Q) < (Ko, Q) eV [N L it (7(Q(), 6) ds.

0 GeQ(s)
In particular, the solution K(-) depends on the initial set Ky and the right-hand side f in a Lipschitz

continuous way.

Existence under (additional) state constraints proves to be a very interesting question for many ap-
plications. In the particular case of ordinary differential equations, Nagumo’s Theorem gives a necessary
and sufficient condition on the set of constraints V for existence of local solutions. It uses the contingent

cone (in the sense of Bouligand) and has served as a key motivation for viability theory (see e.g. [6]).

Definition 2.8 ([6, Definition 1.1.3]) Let X be a normed vector space, V. C X nonempty and x € V.

The contingent cone to V at x (in the sense of Bouligand) is

Ty(z) = {UEX“iI;fll%lf %’diSt(IJrhu’ V) = O}.

This classical definition of contingent cone in a vector space is now extended to the metric space
(K(RY),d) by using the morphological transitions of LIP(RY,RY) :

Definition 2.9 ([3, Definition 1.5.2]) For a nonempty subset V C K(RY) and any element K € V,
To(K) = {F € LIP®RY.RY) | 0=lminf 7 - dist (9p(h, K), v)}

is called contingent transition set of V at K (in the metric space (K(RN),d)).

Remark. Considering here the metric space (I(RY),d) (instead of a normed vector space as in
Definition 2.8) has an immediate consequence: By definition of the distance from a subset V C KC(RY),
dist(Vp(h, K), V) = Jnf d(9r(h, K), C).

In particular, we cannot expect any trivial identities of the contingent cone to a compact subset V' C RV
and the contingent transition set to V := {V} C K(RY). Furthermore, some of the subsequent general
results become definitely incorrect if the Pompeiu—Hausdorfl distance d is replaced by the one—sided

distance part called Pompeiu—Hausdorff excess (as defined in [3, § 3.2.1]).

Remark. The “geometric” background of reachable sets implies an additional property of morpho-
logical transitions in 7Ty, (K) C LIP(RY, RY). Indeed, for any F € Ty,(K), every map G € LIP(RY, RY)
with F(-) = G(-) in an open neighborhood of the compact set K is also contained in Ty (K) be-
cause Up(t, K) = Yg(t, K) for sufficiently small ¢ > 0. So in other words, the criterion of Ty, (K)
depends only on an arbitrarily small neighborhood of the current set K. (The corresponding statement
even holds for an open neighborhood of the boundary 0K as a closer investigation of the boundaries
Ip(t, K) C ¥p(t,0K) reveals. These details, however, will not be used in the following.)
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In fact, Nagumo’s Theorem also holds for morphological equations:

Theorem 2.10 (Nagumo’s theorem for morphological equations [3, Theorem 4.1.7])
Suppose V C K(RYN) to be nonempty and closed with respect to d.

Let f: (KRY),d) — (LIP(RY,RY), du) be a continuous function satisfying

L. supprexmnyy Lip f(M) < oo (uniform bound of Lipschitz constants),

2. supprermyy If(M)le < oo (uniform bound of compact values).

Then from any initial state Ko € V starts at least one Lipschitz solution K(-) : [0,T[ — K(RY) of
Io(() 3 f(K(-)) wviable in V (i.e. K(t) €V for allt) if and only if V is a viability domain of f in the
sense of f(M) € Tyv(M) for each M € V.

2.2 The step to morphological inclusions with state constraints:

A viability theorem

In [18], sufficient conditions for the existence of viable solutions were presented for morphological
inclusions, i.e. the single—valued function f : K(RY) — LIP(RY,RY) of the right-hand side is
replaced by a set-valued map F : K(RY) ~» LIP(RY,RY).  Correspondingly to Definition 2.6, we
specify the solution to a morphological inclusion in the following way:

Definition 2.11 ([18, Definition 3.1])  For any given function F : K(RY) ~» LIP(RY ,RY), a compact-

valued tube K(-) : [0, T[~ RY is called solution to the morphological inclusion
K() n FKQE) # 0
if 1. K():[0,T[~ RY is Lipschitz continuous with respect to d and

2. F(K(@)N IO((L‘) # 0 for almost every t, i.e. a set-valued map G € F(K(t)) C LIP(RY,RY)
belongs to Io((t) or, equivalently, lhlﬁ)l +-d (K(t+h), dc(h, K(t))) =0,

In addition to F : IC(RN) ~» LIP(RY,RY), a constrained set ¥V C K(RY) is now given.

We focus on the so-called wiability condition demanding from each compact set K € V that the value
F(K) and the contingent transition set T\ (K) C LIP(RY,R¥) have at least one morphological transi-
tion in common. Lacking a concrete counterpart of Aumann integral in the metric space (IC(RV),d),
the question of its necessity (for the existence of “in V viable” solutions) is more complicated than for
differential inclusions in RY and thus, we skip it here deliberately.

Convexity again comes into play, but we have to distinguish between (at least) two aspects: First,
assuming F to have convex values in LIP(RY R¥) and second, supposing each set-valued map G €
F(K) C LIP(RN,RY) (with K € K(RY)) to have convex values in RY. The latter, however, does not
really provide a geometric restriction on morphological transitions. Indeed, the well-known Relaxation
Theorem of Filippov—Waziewski (e.g. [2, § 2.4, Theorem 2]) implies ¥ (t, K) = ¥z ¢(t, K) for every
map G € LIP(RY,RY), initial set K € K(RY) and time ¢ > 0. So we suppose the values of F to be
in LIP&(RY,RY):

Definition 2.12 ([18, Definition 3.4])  LIP(RY,RY) denotes the set of all Lipschitz set-valued

maps G € LIP(RY,RY) whose (nonempty compact) values are convex in addition.
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Theorem 2.13 (Viability theorem for morphological inclusions [18, Theorem 3.5])
Let F : K(RY) ~ LIP&(RY, RN) be a set-valued map and V C K(RY) a nonempty closed subset
satisfying:
1.) all values of F are nonempty and convex (i.e. for any G1,G2 € F(K) C LIP&%(RY,RY) and
A €[0,1], the set-valued map RN ~ RNz \-Gy(z) + (1 — \) - Go(z) also belongs to F(K))

2.) sup sup LipG < o (uniform bound on all Lipschitz constants of set-valued maps)
MEK(RN) GeF(M)

sup sup  [|Gle < o0 (uniform bound on all compact set values)
MeK(RN) GeF(M)

3.) the graph of F is closed (w.r.t. locally uniform convergence in LIP(RY  RY)),
4.) Ty(K) N F(K) # 0 for all K €V.

Then for every initial set Ky € V, there exists a compact—valued Lipschitz continuous solution
K()):10,1] ~ RY to the morphological inclusion [o(() N FEK(E) #0 with K(0) = Ky and
K(t) eV forall tel0,1].

Remark. In assumption (3.), the topology on LIP(RYN R¥) is specified. A sequence (G, )nen
in LIP(RV,RY) is said to converge “locally uniformly” to G € LIP(RY,R") if for every nonempty
compact set M C RY | doo(Gn()|ar, GO)|ar) = sup d(Gn(x),G(z)) — 0 for n — oo using
here the Pompeiu-Hausdorff distance d on KC(RY). e

Due to the uniform bounds in assumption (2.), the image F(K(RY)) C LIPz(RY,RY) is sequentially
compact with respect to this topology (as proved in [18, Lemma 3.11]). So F is upper semicontinuous

(in the sense of Bouligand and Kuratowski) according to [7, Proposition 1.4.8].

2.3 Set evolutions under strong operability constraints

Now Viability Theorem 2.13 is applied to a very special form of constraints:
Vu = {KeKRY)| KcM}

with some (arbitrarily fixed) nonempty closed subset M C RY. Anne Gorre coined the term “strongly
operable in M” for this constraint [17]. Consequently, we obtain sufficient conditions on M c R¥Y

and F : K(RY) ~ LIP(RY, RY) for the existence of a Lipschitz continuous solution K(-) : [0,1] —
K(RY) satisfying

K() N FK() # 0 ae in[0,1]
{ K(t) ¢ M foreachte€[0,]1]
Here we benefit from earlier results of Gorre [17] considering the corresponding problems with morpho-
logical equations (instead of inclusions). In a word, she proved V) to be a closed subset of (K(RY), d)
and characterized their contingent transition sets completely by means of the tangential properties of
the closed set M C RY. Then she applied Nagumo’s theorem for morphological equations (quoted
here in Theorem 2.10). Her characterization in Lemma 2.14 has been combined directly with Viability

Theorem 2.13 in [18].
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Lemma 2.14 ([17, Theorem 4.3]) Let M C RN be closed and nonempty. For every nonempty
compact set K € Vyr (i.e. K C M) and each set-valued map G € LIPm(RN, RN), the following two

conditions are equivalent:

1. GeTy,(K), ie G belongs to the contingent transition set of Var at K (Definition 2.9).
2. G(z) CTym(x) for every x € K, i.e. G(x) is contained in Bouligand’s contingent cone of M
at each point © € K C M (Definition 2.8). O

Theorem 2.15 (Set evolutions “strongly operable” in M C RY [18, Theorem 4.5])
Let F: K(RY) ~s LIP(RY, RY) be a set-valued map and M C RN a closed subset satisfying:

1.) all values of F are nonempty, convex (as in Theorem 2.13) and have the global bounds

sup sup (|Gl + Lip G) < oo,
KeK(RN) GeF(K)

2.) the graph of F is closed (w.r.t. locally uniform convergence in LIP(RY, RY)),
3.) for any compact set K C M, there exists G € F(K) with G(x) C T (z) for every z € K.

Then for every nonempty compact set Ky C M, there exists a compact—valued Lipschitz continuous
solution K(-):[0,1] ~ RN to the morphological inclusion I%() N F(K()) # 0 with K(0)= Ky
and K(t) C M for all t € [0,1].
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3 Morphological control problems

3.1 Formulation

Now a control parameter is to come into play. Indeed, the so-called control problems

{ 4oty = f(t),u)

u e U

(1)

have been studied thoroughly both in finite-dimensional and in infinite-dimensional vector spaces. Our
contribution now is to formulate the corresponding problem in the metric space (K(RY),d) using the

morphological framework for derivatives.

Definition 3.1  Let (U,dy) denote a metric space and f : K(RY) x U — LIP(RYN,RY) be given.

K :[0,T[~ RY with values in K(RY) is called solution to the morphological control problem

(2)

u e U

{ K() > f(K()u)  in[0,T]

if there is a measurable function u(-) : [0,T| — U such that K(-) solves the nonautonomous morpho-
logical equation I%(t) > f(K(t),u(t)) in [0,T], i.e. satisfying
1. K(:):[0,T[~ RN s Lipschitz continuous with respect to d and
2. for almost every t € [0,T[, f(K(t),u(t)) € LIP(RN,RY) belongs to [o((t)
or, equivalently, ’11111(1) % - d (ﬁf(K(t)’u(t))(h, K(t)), K(t+h)) = 0.

Proposition 3.2 (Solutions as reachable sets)  Assume the metric space (U,dy) to be complete
and separable and, consider LIPz(RY RN with the topology of locally uniform convergence. Suppose
[ KRY) x U — LIP%(RYN,RY) to be continuous with sup (I f(M,u)||oo+ Lip f(M,u)) < oo.
Merx®N)
Let K :[0,T[~ RN be any compact-valued solution to the m;f’}[)jhological control problem (2).
Then there is a measurable function u(-) : [0, T[— U such that at every time t € [0, T, the compact
set K(t) C RN coincides with the reachable set (i (.y.u( ) (t, K(0)) C RN of the nonautonomous

differential inclusion - x(7) € f(K(7),u(r)) (z(1)) C RN a.e.

Proof.  Due to Definition 3.1, K (+) is Lipschitz continuous with respect to Pompeiu-Hausdorff distance

d and, there is a measurable function u(-) : [0, 7] — U such that for almost every ¢ € [0, 77,

fim e d (I g (b K@), K(t+h) = 0.

Filippov’s Theorem in its generalized form (see e.g. [29, Theorem 2.4.3]) ensures the existence of solutions
z(-) € WH([0,¢],RY) to the nonautonomous differential inclusion - z(7) € f(K(7),u(r)) (z(7)) a.e.
in [0,¢] (whose right-hand side is just measurable in time, but uniformly Lipschitz continuous in space).
Moreover, the typical estimates hold which are well-known for autonomous differential inclusions and
have already laid the foundations for Lemma 2.4.

So the reachable set ¥ (g (.y,u(.))(t, K(0)) C RY is well-defined and compact for every ¢ € [0,7 and, due
to B:= sup (||f(M,u)|e+ Lip f(M,u)) < oo, the map R:[0,T[~ RN, t— Osr()uc)(t K(0))

MekK®RN)
uweU
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is B-Lipschitz continuous w.r.t. d. Furthermore, [18, Corollary 3.14] ensures for almost every ¢ € [0, 7]
that f(K(t),u(t)) € LIPs(RY,RY) belongs to its mutation ]o%(t)
As a consequence, the distance function ¢ : [0,7[ — [0,00[, t —— d (R(t),K(t)) is Lipschitz

continuous with §(0) = 0 and satisfies at almost every time ¢ € [0, T7[

lim sup w = limsup + - ( R(t+h), K(t+ h)) fd(R(t),K(t)))
hloO hlo

< limsup +

< timsup ;- (

D p(x()uie)) (hy R(E))s O (), uiey) (B K (1)) — d(R(t), K(t)) +
Dy xc(t),uey) (hy K (1)), K(t+ h)))

< 0 + limsup + - 6() (e —1) + 0
hlO

(R(
d(R(t+h), 9px)uy(h, R(t))+
d(
d(

= B ().
So Gronwall’s Lemma completes the proof: 4§(-) = 0. O

3.2 The link to morphological inclusions

In vector spaces, the close relationship between control problem (1) and the corresponding differential

inclusion 4 a(t) € U fz(t),u) a.e.
ueU
had been realized soon. A measurable selection provides the same link now for morphological inclusions.

In a word, the classical techniques using appropriate measurable selections (which had been developed
for differential inclusions in the Euclidean space) can also be used in the morphological framework
because the transitions are in a complete separable metric space, i.e. here LIP(RY RY).

So a main result of this section is the following equivalence:

Proposition 3.3  Assume the metric space (U, dy) to be complete and separable and, consider the set
LIP(RN,RN) with the topology of locally uniform convergence. Let f : K(RY) x U — LIP(RY RY)
be a Carathéodory function (i.e. continuous in the first argument and measurable in the second one)
satisfying sup  (||f(M,u)||s + Lip f(M,u)) < oc.
uery)
Set Fu: K(RY) ~ LIP(RN, RN), K o {f(K,u)|u € U} C LIP(RY,RN).
A compact-valued tube K(-):[0,T[~ RN is solution to the morphological control problem
{ K() 3 f(K()w)  inf0.7]
ueU
if and only if K () is solution to the morphological inclusion I%() N Fu(K()) # 0 (in the sense of

Definition 2.11).

Obviously, every morphological control problem leads to a morphological inclusion. So for proving
Proposition 3.3, we require the inverse connection (i.e. from inclusion to control problem). In the liter-
ature about differential inclusions in vector spaces, it is usually based on a selection result that is said

to go back to Filippov.
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Lemma 3.4 (Filippov [7, Theorem 8.2.10])  Consider a complete o-finite measure space (2, A, u),
complete separable metric spaces X,Y and a measurable set-valued map H : Q ~ X with closed
nonempty images. Let g : X x Q — Y be a Carathéodory map (i.e. continuous in the first argu-
ment and measurable in the second one).

Then for every measurable function k : Q — Y satisfying
k(w) € g(H(w),w) for p-almost all w € Q,
there exists a measurable selection h(-) : Q — X of H(-) such that

k(w) = g(h(w),w)  for p-almost all w € Q.

So for applying Lemma 3.4 to morphological inclusions, we have to focus on two aspects: First,
LIP(RM,RY) as a separable metric space. Indeed, we usually supply LIP(RY RY) with the topol-
ogy of locally uniform convergence (as specified in the remark after Theorem 2.13). This topology can

obviously be metrized by

(COlz,0: HOls,0)

oo
o d
dpip : LIP(RY, RV) x LIP(RN,RY) — [0,1], (G, H) — 3 27
; 1 4+ de (GO)lg; 0y H()lB,(0))
j
with the abbreviation do (G(-)|g,0), H(:)|,(0)) = sup d(G(z), H(z)) < oo.
z€RN, |z < j

Moreover, LIP(RY R¥) is separable with respect to drip due to the (global) Lipschitz continuity of
each of its set-valued maps and because both domains and values belong to the separable Euclidean
space RY.

Second, we study measurability of the “derivatives” for any compact-valued solution K (-) : [0, T [~ RN,
Indeed for real-valued functions, it is well-known that Lipschitz continuity implies a Lebesgue-integrable
weak derivative and, the latter coincides with the differential quotient at Lebesgue-almost every time
(as a consequence of Rademacher’s Theorem [27, Theorem 9.60]). In the morphological framework,
however, the derivative is described as a subset of LIP(RY,R"), namely the mutation (in the sense of
Definition 2.5).

Proposition 3.5 (Measurability of compact mutation subsets)
For every threshold B € [0, 00[ and Lipschitz continuous tube K(-) : [0, T[~ RN with values in K(RY),

the following set-valued map of transitions
[0,T[ ~ LIP(RY,RY), ¢ K(t) N{G € LIP(RY,RY) | |G|« + Lip G < B}

is Lebesgue-measurable.

Proof.  For the sake of simplicity, we extend the Lipschitz map K(-) : [0,T[~ RY continuously to R
according to K(s):=K(0) for s <0 and K(s):=Limyp K(t) for s > T.

The set B := {G € LIP(RY,RY) | |G||s + Lip G < B} C LIP(RM,RY) is compact with respect to
drip (ie. locally uniform convergence in RY) as a consequence of Arzela-Ascoli’s Theorem in metric
spaces (see e.g. [16, Theorem 2]).

Furthermore set G : RN ~ RN, z - Bp,(0) as an auxiliary set-valued map not belonging to B.
(é is just to ensure that all set-valued maps [0,7]~ LIP(RY,R") considered from now on have

nonempty values. So the results of [7] about measurability can be applied directly.)
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Now for each m,n € N, define the set-valued map M, ,, : [0,7] ~ LIP(RY,RY) in the following
way: M, (t) consists of G and all maps G € B C LIP(RM,RY) such that

d(Wg(h, K(t)), K(t+h)) < Lh for all € [0,1].

The graph of M,, , is closed. Indeed, let ((¢;, Gj))jeN be any convergent sequence in Graph M., ,, C
[0,T] x LIP(RY,RY) with the limit (£,G). If G = G, then we conclude G; = G for all large j € N.
So we can restrict our considerations to {G;,G |j € N} C B and in particular, for each j € N,

d (ﬂgj(h, K(t;)), K(t; + h)) < % h for all h € [0, %]
Preceding Lemma 2.4 about reachable set of differential inclusions (applied to restrictions on a suffi-

ciently large ball in RY) implies

d (9g(h, K(1)), K(t+h)) = lim d (dg,(h, K(t;), K(t;+h)) < = h  forall hel0,L],

o0 m
ie. G € Mpn(t). Thus, Graph M,,, is closed in [0,7] x LIP(RY,RY).

Furthermore, all values of M,, ,, are nonempty, closed and contained in the compact subset BU {é } C
LIP(RY,RY). So due to [7, Proposition 1.4.8], M, ,, : [0,T] ~ LIP(RY,R") is upper semicontinuous
(in the sense of Bouligand and Kuratowski). Finally, this property implies the measurability of M,, ,

for each m,n € N according to [7, Proposition 8.2.1].

Now we bridge the gap between the countable family (M, n)m.nen of measurable set-valued maps
and [0,T[~ LIP(RY RY), t I%(t) N B considered in the claim:  Due to the definition of M,, ,,

U Mma(®) {GGB lir;Llf(l)lp i d(Wa(h, K (), K(#’l))ﬁ%} U {G}
neN

U Mua(®) > {GeB limsup L - d(0c(h, K (1), K(t+h))<%} u {G}
neN h10

Furthermore, Lemma 2.4 guarantees for every G, H € B with d, (G(-)|BI(K(,5)), H(')‘Bl(K(t))) <e

d (Vg (h,K(t)), 9u(h,K(t)) < eh Bl for all i € [0, 5]
and thus, we obtain for a sufficiently small radius £ > 0 (depending on m,t) the inclusion (w.r.t. dpip)

B:(B 0 | Mua) € {GeB | tmsp 2-dWoh, K1), K(t+h) < 2}
neN h10
So the closure of the union on the left-hand side satisfies for every t € [0, T

B Munt) c {GeB|lmsup L d@a(h K1), K(t+h) < 2}.
neN h10
We conclude (again) for each ¢t € [0, 7]

B N ﬂ U Mpn(t) = {GGB lim sup

meN neN h10

=

=

d(Va(h, K(1), K(t+h) <0} = K(t)NB.

Finally, [7, Theorem 8.2.4] ensures that the closure of a countable union and the countable intersection
preserve measurability of set-valued maps [0,7] ~ LIP(RY ,RY) (see also [27, Proposition 14.11]).
This completes the proof. |

Proof of Proposition 3.3. “="  Let the compact-valued tube K(-):[0,T[~ RY be solution to
the morphological inclusion [o(() N Fu(K()) # 0 (in the sense of Definition 2.11), i.e.
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K(4):]o, T[«» R¥ is Lipschitz continuous with respect to d and
2. Fu(K()n ( ) # 0 for almost every ¢, i.e. there is some u € U such that the set-valued map
FK(t),u) € Fu(K(t) C LIP(RN, R™) belongs to the mutation [O((t) or, equivalently,

h?ol 3o d (K(t+h), sk, (h, K1) =0.
Setting B:= sup (||f(M,u)| e + Lip f(M,u)) < oo, the set-valued map

MekK®RN)
ueU

0,7 ~ LIP(RN,RY), t — K(t) N{G € LIP(RY,R¥) | ||G||os + Lip G < B}
is Lebesgue-measurable according to Proposition 3.5. Due to [7, Theorems 8.1.3, 8.2.4], the intersection
[0,7] ~ LIP(RY,RY), ¢ v K(t) N Fu(K()

is also Lebesgue-measurable and thus has a measurable selection k() : [0,7] — (LIP(RY,RY), dpip) .
Finally, Lemma 3.4 of Filippov provides a measurable selection w(-) : [0,7] — U of the constant map
H()=U:[0,T]~ U such that k(t) = f(K(t),u(t)) for Lebesgue-almost every t € [0, T]. O

Moreover, we obtain a representation as reachable set similarly to Proposition 3.2 about morphological

control problems. It is the second key result in this section.

Proposition 3.6 (Solutions of morphological inclusions as reachable sets)
Let F: K(RY) ~s LIP&(RY, RY) be a set-valued map satisfying

1.) all values of F are nonempty and have the global bounds — sup sup (||GHoo + Lip G) < 00
KeK(RN) GeF(K)

2.) the graph of F is closed (w.r.t. locally uniform convergence in LIP(RY RYN)).

For every compact-valued solution K(-):[0,T[~ RN to the morphological inclusion

K() N F(K() # 0 in [0,T],
there exists a measurable selection k(-) : [0, T[— LIPz(RN ,RN) of the composition F(K(-)): [0, T[~
LIPo (RN, RY) such that for Lebesgue-almost every t € [0, T, the set K(t) coincides with the reachable

set Vi (t, K(0)) CRY of the nonautonomous differential inclusion - x(r) € k(r) (z(r)) C RY a.e.

Proof. As in the preceding proof of Proposition 3.3, there exists a measurable selection k(-) :

[0,7] — (LIP(RY,RY),dpip) of the set-valued intersection

0,7 ~ LIP(RN,RY), t — K(t) NF(K(t))
due to Proposition 3.5 and [7, Theorems 8.1.3, 8.2.4].  The right-hand side of the nonautonomous
differential inclusion - 2(7) € k(7) (z(1)) C RY a.e. is measurable in time and uniformly Lipschitz
continuous in space (due to assumption (1.)). So Filippov’s Theorem about differential inclusions allows

us to follow exactly the same track as for Proposition 3.2 (about morphological control problems). O
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3.3 Application to control problems with state constraints

The relationship between morphological control problems and morphological inclusions opens the door
to applying Viability Theorem 2.13. So we can now specify sufficient conditions on a morphological

control problem with state constraints for having at least one viable solution:

Proposition 3.7 (Viability theorem for morphological control problems)

Assume the metric space (U, dy) to be compact and separable and, consider the set LIPz(RY  RY) with

the topology of locally uniform convergence. Suppose for f : K(RY) x U — LIPz(RN,RY) and the

nonempty closed subset V C K(RY):

1.) for any K € K(RY), the set {f(K,u) |ucU} C LIPs(RN,RY) is convex, i.e. for any uy,us €U
and X € [0,1], there exists some u € U such that f(K,u) € LIPz(RY,RY) is identical to the
set-valued map RN ~ RNz X+ f(K,u1)(x) + (1-X) - f(K,u2)(z) (in the Minkowski sense).

2)  sup  (IF(K, 0l + Lip F(K,u) < oo,

Ker(rRN)
u €U

3.) [ is continuous,
4.) for each K €V, there exists some u € U with f(K,u) € Ty (K).

Then for every initial set Ko € V, there exists a compact—valued Lipschitz continuous solution
K(-):[0,1] ~ RN to the morphological control problem [O(() > f(K(),u), uweU with K(0)= Ky
and K(t) €V forall t€]0,1].

Proof. Define the set-valued map Fpy : K(RY) ~ LIP% (RN, RY), K — {f(K,u) |ucU}.
Obviously, it has nonempty convex values due to assumption (1.). Moreover, the graph of Fy; is a closed
subset of K(RY) x LIP(RY,RY) because f is continuous and U is compact. So Fy satisfies the assump-
tion of Viability Theorem 2.13 and thus, for every initial set Ky € V, there exists a compact—valued
Lipschitz continuous solution K () : [0,1] ~» RY to the morphological inclusion IO(() NFu(K() #0
with K(0) = Ky and K(t) € V for all ¢ € [0,1].

Due to Prop. 3.3, K(:) is solution to the morphological control problem [O(() > f(K(-),u), ueU. O

For a given closed subset M C RY, we conclude from Gorre’s characterization in Lemma 2.14 directly:

Corollary 3.8 (Morphological control problems strongly operable in M C RY)

Assume the metric space (U, dy) to be compact and separable and, consider the set LIPz(RY , RY) with
the topology of locally uniform convergence. Suppose for f : K(RY) x U — LIPz(RN,RY) and the
nonempty closed subset M C RY:

1.) for any K € K(RY), the set {f(K,u) |ucU} C LIP(RN,RY) is convex (as in Proposition 3.7),
2.)  sup  (|lf(K,u)llec +Lip f(K, u)) < oo,

Ker(rRN)
w €U

3.) [ is continuous,

4.) for each nonempty compact set K C M, there is u € U with f(K,u)(x) C Ta(z) for all z € K.

Then for every nonempty compact subset Ky C M, there exists a compact—valued Lipschitz contin-
uous solution K(-):[0,1] ~ RN to the morphological control problem [O(() > f(K(),u), uelU
with K(0) =Ko and K(t) C M forall te]0,1]. O



3.4 RELAXED CONTROL PROBLEMS WITH STATE CONSTRAINTS 19

3.4 Relaxed control problems with state constraints

Considering the morphological control problem

{&maﬂmmw in [0,
u e U

(and the statements in Proposition 3.7 or Corollary 3.8, for example), the convexity of {f(K,u)|u € U}

C LIPz(RY ,RY) is a hypothesis that can be difficult to verify.

For basically the same reason, the concept of “relaxed control” has been established for classical control

problems in vector spaces. In a word, it is based on replacing the metric space U of control parameters

by the set of Borel probability measures on U, from now on denoted by P(U).

The goal of this section is to adapt “relaxed controls” to the morphological framework.

Definition 3.9  Let (U,dy) be a metric space and consider LIP(RY RN with the topology of locally

uniform convergence (metrized by dip as in § 3.2). Suppose g:U — LIP(RY RY) to be continuous.

For any probability measure p € P(U), the integral / g(u) dup(u) is defined as set-valued map by
U
[ ot dut)s BY~RY, 5 [ gu)ia) dutw).
U U

Remark. Using the notation of Definition 3.9, for each point 2 € RY fixed, the set-valued map

U~ RN, uw g(u)(z) is compact-valued and continuous in the sense of Bouligand and Kuratowski.

Thus the integral / g(u)(x) du(u) € RY is well-defined in the sense of Aumann.
U

Definition 3.10  Let (U,dy) denote a metric space and f: K(RY) x U — LIP(RY,RY) be given.

K :[0,T[~ RY with values in K(RY) is called solution to the morphological relaxed control problem

{%OBfMUw) in [0, 7]

u e U

if there is a measurable function p: [0,T[ — P(U),t — p; such that K(-) solves the nonautonomous

morphological equation K /f w) dug(u) in [0,T[, i.e. satisfying

1. K(:):[0,T[~ RY s Lipschitz continuous with respect to d and

2. for almost every t € [0,T[, the closure / F(K(t),u) dus(u) € LIP(RN RY) belongs to [O((t)
U

So the first question is now: Which effects do probability measures (on U) instead of U have on the
corresponding set-valued map Fy; : K(RY) ~» LIP(RY ,RY) ?

Proposition 3.11  Assume the metric space (U, dy) to be compact and separable.
Consider the set LIPz (RN RY) with the topology of locally uniform convergence and the set P(U) of
Borel probability measures on U with the topology of narrow convergence (i.e. the dual setting with con-

tinuous and thus bounded functions U — R).
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Let f : K(RY) x U — LIP&m(RY,RY) be continuous with sup (|| f(K,u)|o+ Lip f(K,u)) < oo

Ker(rRN)
uw€eU

and, set for each K € IC(RY)
Fu(K) = { f(K,u) | uweU},

For) o= { [ f02.0) dutu) | weP@)}.

Then,

1.) Fu(-) is a set-valued map K(RN) ~» LIPm(RN RN) with Fy(K) C Fu(K) for every K € K(RN).
2.) ]T'U() has closed convex values with ¢o Fy(K) = Fu (K) C LIPz%(RYN,RN)  for every K € C(RY).
3.) The graph of Fy(-) is closed.

The proof of this proposition uses some tools about Borel probability measures and Aumann integrals.
It is postponed to the end of this section 3.4.

The main notion is now to consider P(U) as control set instead of U. For applying Proposition 3.3 about
the relationship between control problem and morphological inclusion, however, the parameter space
has to be metric. So we need the following lemma for obtaining the counterparts to Proposition 3.7 and

Corollary 3.8. Proposition 3.13 and Corollary 3.14 are the main results of this section.

Lemma 3.12 ([1, §§ 5.1, 7.1])

Let U # 0 be a Polish space (i.e. complete and separable metric space) with a bounded metric dy .

Then the set P(U) of Borel probability measures on U supplied with the topology of narrow convergence
is metrizable and separable. An example for a suitable metric on P(U) is the linear Wasserstein distance

(in its dual representation)
dp ) (p, 1/) = sup{/ Y dlp—v) | v:U— R 1-Lipschitz continuous}.
U

A subset M C P(U) is relatively compact in P(U) if and only if M is tight, i.e. for every e > 0,
there exists a compact subset C C U with p(U\C) < e for all p € M (known as Prokhorov’s Theorem).

Proposition 3.13 (Viability theorem for morphological relaxed control problems)

Assume the metric space (U,dy) to be compact and separable. Consider the set LIPz(RY ,RY) with the
topology of locally uniform convergence and the set P(U) of Borel probability measures on U with the
topology of narrow convergence.

Suppose for f: K(RN) x U — LIP&(RY ,RY) and the nonempty closed subset V C K(RN):

@  sup  ([[f (K u)]o + Lip f(K,u)) < oo,

Kek(RrN)
u €U

(i1) f is continuous,
@) Tv(K) N e {f(K,u)|ueU} # 0 foreach K e€V.

Then for every initial set Ky € V, there exists a compact—valued Lipschitz continuous solution
K()):10,1] ~ RY to the morphological relaxed control problem Io(() > f(K(),u), weU (in the
sense of Definition 3.10) with K(0) = Ko and K(t) €V for all t € [0,1].
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Proof.  Considering (P(U ), d'p(U)) as metric parameter space instead of (U, dy), the set-valued map

Fu: K(RY) ~ LIPm(RY,RY), K {/U P u) dp(w) | e PW) |

satisfies the assumptions of Viability Theorem 2.13 according to Proposition 3.11. So for each Ky € V,
there exists a compact—valued Lipschitz continuous solution K(-) : [0,1] ~ RY to the morphological
inclusion Io(() N Fu(K() # 0 with K(0)=K, and K(t) €V forall ¢ e [0,1].

Finally Proposition 3.3 guarantees that K(-) is solution to the morphological control problem

O /U fE() ) du(), e PU),

i.e. it solves the relaxed control problem. O

Corollary 3.14 (Morphological relaxed control problems strongly operable in M C RY)
Assume the metric space (U,dy) to be compact and separable. Consider the set LIPz(RY ,RYN) with the
topology of locally uniform convergence and the set P(U) of Borel probability measures on U with the
topology of narrow convergence.

Suppose for f:K(RN) x U — LIP&(RY,RY) and the nonempty closed subset M C R :

@  sup  ([[f (K u)]o + Lip f(K,u)) < oo,

Kek®N)
uweyU
(i1) f is continuous,
(i) for each compact K C M, there is a set-valued map G € o {f(K,u) |u € U} C LIPz(RY,RY)

satisfying G(x) C Tar(x) for every x € K.

Then for every nonempty compact subset Kg C M, there exists a compact—valued Lipschitz continu-
ous solution K(-):[0,1] ~ RY to the morphological relaxed control problem I%() > f(K(-),u), ueU
(in the sense of Definition 3.10) with K(0) = Ko and K(t) C M for all t € [0,1]. O

Now we close this section with the proof of Proposition 3.11.

Proof of Proposition 3.11. (1.) As mentioned in the remark after Definition 3.9, the integral

f(K,u) du(u) is a well-defined set-valued map RY ~» RY for each K € K(RY), v € U and
;LUG P(U). Moreover, its closure is convex since all set-valued maps f(K,u) € LIP(RY RY) have convex
values and due to the general properties of Aumann integral (see e.g. [20, Theorem 2.1.17]).
Due to the assumption B := sup(|| f(K,u)|ls+Lip f(K,u)) < oo, all compact sets f(K,u)(z) (with
K e KRN),ueU, zeR"Y) arléyzontained in the closed convex ball {y € RV | |y| < B} and so are all
values of the closures of / FK u) du(u).

U

Finally we prove that / f(K,u) du(u) : RN ~» RY is B-Lipschitz continuous for each K € K(RY).
U
For any @1, 22 € RY, the inclusion f(K,u)(z1) C f(K,u)(z2) 4+ Bp.|z;—s,)(0) € RY holds for every

u € U and we conclude from [7, Proposition 8.6.2]

/ O w) (@) du(u) / (F(K, ) () + Brjay ) (0)) dpa(u)
U U

c / S u)(@s) du(w) + Bpjey_ay(0).
U
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(2.)  The convexity of F(K) C LIPz(RN,RY) (with respect to pointwise convex combinations
as in Theorem 2.13 (1)) results from the convexity of P(U). Furthermore, coF(K) C F(K) C coF(K)
can be concluded easily from the fact that finite convex combinations of Dirac masses are dense in P(U)

(since U is compact and separable [8, § 30]).

Now we prove that F(K) C LIPg(RY,RY) is closed (with respect to locally uniform convergence)

for every K € IK(R™).  Indeed, let (pin)nen be any sequence in P(U) such that

/ f(K,u) du,(u) "=% G € LIP&(RY,RY) locally uniformly in RY.
U

As U is assumed to be compact, the sequence (pn)nen is tight and thus relatively compact in P(U)
according to Lemma 3.12. So a subsequence (fi,,)jen converges narrowly to a measure fio, € P(U).

We want to verify for every € RV

/ FK,u)(x) dpe(u) = G(z) C RV,

Indeed, the set-valued map f(K,-)(z): U ~ RY is continuous with nonempty compact convex values.
So both the closed integral in the recent claim and G(z) are nonempty, compact and convex. For any

vector p € RY and any measure v € P(U), [7, Proposition 8.6.2] states

sup / JE u)(z) dvfw) = /U sup (p- F(K,u)(x)) dv(u).

Here the single-valued function sup (p- f(K,-)(z)) : U — R is continuous and bounded. So on the

one hand we conclude from the narrow convergence i,,;, — fioo for each p € RN

swp (p [ FE0@) duny @) = s (- [ H0 ) dsw).

On the other hand the initial assumption of locally uniform convergence to G(-) implies for each p € R

sup / P u)(z) dypn, () 7% sup (p- Gla).

So the two following convex sets coincide for every z € RY

/ f(K,u)(2) dus(u) = G(z) c RY.

Finally we have verified that F(K) C LIPz(RY,RY) is closed.

(3.)  For proving that Graph F C K(RY) x LIPz(RY,RY) is closed, let (K, )nen, (tn)nen be
any sequences in K(RY) and P(U) respectively such that

K, "% KecK@RN) with respect to d,
/ f(Kp,u) dpn(u) =3 G e LIP(RY,RV) locally uniformly in R,
U

Our goal is to verify G € ﬁ(K)
Due to the compactness of U, the set {u,|n € N} € P(U) is tight and so there exists a subsequence
(again denoted by) (pin)nen converging narrowly to some poo € P(U). In the proof of statement (2.),

we have already drawn the conclusion for each z € RV

/fKu dpin (u ”H“/fKu ) dpso(u) € RY
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So now it is sufficient to verify for each z € RY

/ f(Kp,u)(z) du(u) "= / F(K,u)(z)  du(u) uniformly in p € P(U)
U U

since it ensures / f(Kp,u)(x) dpn(u) =3 / fK,u)(z) duss(u) € RY  for each z € RV,
U U

Indeed, the continuous function f : K(RY) x U — LIPz(RY,RY) (between metric spaces) is uni-
formly continuous on the compact set { K, K, |n € N} x U. So evaluating the set-valued maps at a fixed

point € RY respectively, we obtain for each ¢ > 0 that some small radius § = §(¢) > 0 satisfies
d(KrhK) + dU(u1=u2) <4dé = d(f(Knvul)(x)7 f(KvlLQ)(x)) < e

In particular, there is some m = m(e) € N with d(f(Kn,u)(z), f(K,u)(z)) <e foralln >m,u e U.
Since f(K,,u)(z) and f(K,u)(z) are always compact convex subsets of RY, it implies for the closure

of the Aumann integral with respect to any probability measure p € P(U) [20, Theorem 2.1.17 (i)]

cl(/U f(Kp,u) du(u), /U f(K,u) d,u(u)) <e for all n > m(e). O

3.5 Closed control loops for problems with state constraints

In this section, we specify sufficient conditions on the control system and state constraints for the
existence of a closed-loop control, i.e. a continuous function u(-) : ¥V — U is to provide a feedback
law such that for any initial set Ko € V C K(RY), every Lipschitz solution K(-): [0,7] ~ RY to the

morphological equation

{ K() 3 fKQ, ulK()  ae in[0,7] )

K(O) e Ky

solves the morphological control problem with state constraints

(4)

K() 3 f(E()u), uel ae. in [0, T
K(t) eV for every t € [0, 7.

Corresponding to Aubin’s notion of regulation maps [6, § 6], Nagumo’s Theorem 2.10 motivates to
construct the wanted closed-loop control u(-): V — U as continuous selection of the set-valued map
VU, K—{uelU]| f(Ku) eTy(K)}

indicating “consistent” control parameters for preserving values in V.

Applying Michael’s famous selection theorem for lower semicontinuous functions [19],[7, Theorem 9.1.2],
this approach has been developed for constrained control problems in the Euclidean space [6, § 6.6.1].
Our contribution now is to extend it to the morphological framework.

The key challenge is to specify appropriate subsets of the contingent transition set 7y, (K ) C LIP(RY, RY)
so that “convenient” assumptions about them ensure the existence of a closed-loop control. For this
purpose, we extend Clarke tangent cone and hypertangent cone to the morphological framework in
(K(RN),d). Their counterparts are called circatangent transition set 7% (K) and hypertangent transi-

tion set Hy (K) respectively and, several of their features are presented in Appendix A and B.
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Definition 3.15  For a nonempty subset V C K(RY) and any element K € V,
TS (K) = {F € LIP(RY,RN) ’ Y hy 10, Ky — K with K, €V C KRN):
A dist(Op(ha, Ka), V) 2 o}

is called circatangent transition set of V at K (in the metric space (KK(RN), d)).

Definition 3.16 Consider the set LIP(RN RN) with the topology of locally uniform convergence.
For a nonempty subset V C KK(RN) and any element K €V,

Hy(K) = {FELIP(RN,RN) 3 >0, neighborhood U of F ¥V GeU:

limsup + - dist(dg(h, M), V) = 0 uniformly in M € VOBE(K)}
h|O

is called hypertangent transition set of V at K (in the metric space (K(RY),d)).

Obviously, Hy(K) C TS (K) C Ty(K) for every set K € V.

Corresponding to the Clarke tangent cone in the Euclidean space, the circatangent transition set TVC (K)
is convex according to Corollary A.7. Furthermore, there is a close relation to the hypertangent transition
set: Graph Hy(-) is the interior of the graph of T (-) : ¥V ~ LIP(RY RY) due to Proposition B.T.

So now we can formulate the main result of this section:

Proposition 3.17 (Closed-loop control for morphological equations) Let U be a separable
Banach space and, consider the set LIP(RN RN with the topology of locally uniform convergence.

For a nonempty closed set V C (K(RY),d) and f: K(RY) x U — LIP(RN,RYN) suppose:

(1.) f is continuous und bounded in the sense that sup  (||f(M,u)||s + Lip f(M,u)) < oc.

MekK®RN)
ueU

@) RE:V~U K {ueU]|f(K,u) € Hy(K)} has nonempty convex values.
Then, the pointwise closure R v U, K — RE(K) has a continuous selection u(-):V — U.
In particular, every Lipschitz continuous solution K(-):[0,T]~ RY to the morphological equation
K() 3 FK(), w(K())) a.e. in [0,
K(0) € Ko
with initial set Ko € V is viable in V, i.e. K(t) € V for allt € [0,T].

In combination with Nagumo’s theorem 2.10, Michael’s celebrated selection theorem lays the analytical
foundations. In particular, it motivates the choice of a Banach space for the controls (instead of a metric

space as in earlier sections of this paper).

Proposition 3.18 (Michael [19],[7, Theorem 9.1.2])  Let R be a lower semicontinuous set-valued
map with nonempty closed conver values from a compact metric space X to a Banach space Y .
Then R has a continuous selection, i.e. there exists a continuous single-valued function r : X — Y

with r(z) € R(x) for every z € X.
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Proof of Proposition 3.17.

Following a track similar to [6, Proposition 6.3.2], we first verify the lower semicontinuity of
RH:V~U Kw{uelU|f(Ku) € HyK)}

(in the sense of Bouligand and Kuratowski). Indeed, choose K € V and u € R¥(K) arbitrarily.

Graph Hy, is open in V x LIP(RY,R¥) as a direct consequence of Definition 3.16. So there is 7 > 0

with B, (K) x B, (f(K,u)) C Graph Hy, ie. B,(f(K,u)) C Hy(M) forall M € B,.(K)C K(RN).

Finally the continuity of f provides a smaller radius p €]0,r[ with f(M,v) € B,(f(K,u)) C Hy(M)

for all v € B,(u) C U and M € B,(K) C K(RY).

In other words, the intersection of sets R” (M) = {v € U | f(M,v) € Hy(M)} for all M € B,(K)

contains the ball B,(u) C U and thus, it is a neighborhood of u € R¥(K). So RH(:):V~ U is

lower semicontinuous.

Now we consider the pointwise closure of R¥ | i.e. R v~ U K—{ueU]|f(K,u)e Hy(K)}.

Obviously, EH() has nonempty closed convex values in the Banach space U. Additionally, it inherits

lower semicontinuity from R (-) as the topological criterion of lower semicontinuity (via neighborhoods)
reveals easily. So for any compact ball B C (IC(RN ), cﬂ), Michael’s Theorem (Proposition 3.18) provides
a continuous selection upg : BNV — U of the restriction EH‘ : BNV~ U. Covering finally the
metric space (IC(RN ), d) with countably many balls, a locally ﬁ]fl?gé} continuous partition of unit leads
to the wanted continuous selection w:V — U of R V ~» U because all values of R are convex.

d
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A Clarke tangent cone in the morphological framework:

The circatangent transition set.

The invariance condition of Nagumo (in Theorem 2.10) has already served Aubin as motivation for
extending the contingent cone Ty (z) in a normed vector space to the morphological framework (see
Definition 2.9 quoting [3, Definition 1.5.2]).

In this section, we seize the classical definition of Clarke tangent cone introduced by Frank H. Clarke
in the seventies (see [10] for details) and extend it to the morphological framework. Following the
alternative nomenclature of Aubin and Frankowska in [7, Definition 4.1.5 (2)], its counterpart will be
called circatangent transition set — just because this term is shorter and fits to the established “con-
tingent transition set”. In [3, Definition 1.5.4], Aubin introduced circatangent transition sets in the
more general framework of metric spaces and, Definition A.2 below is equivalent to the special case of
(K(RM), d) and morphological transitions. In [21], Murillo applied this concept to tuples of vectors and
compact subsets in RM x IC(RY) and proved an asymptotic relationship between their contingent and
circatangent transition set implying that the latter is closed [21, Theorem 4.6].

To the best of our knowledge, further features like convexity are extended from the Euclidean space to

the metric space (KC(RY),d) in this paper for the first time.

Definition A.1 ([10, § 2.4],[7, § 4.1.3], [27, § 6.F])  Let K be a nonempty subset of a normed vector
space X and x € X belong to the closure of K. The Clarke tangent cone or circatangent cone Tg(x) 18

defined (equivalently) by

Tg(z) = Liminf nio 52
K
— {’UEX‘ thloa Yn — T with ynEKI diSt(U7 K}:yn) ni)o O}

n—oo

= {veX‘thLO, Yn — T with y, € K : h%-dist(yn—i—hn-v, K) - O}.

Definition A.2  For a nonempty subset V C K(RY) and any element K € V,
TG (K) = {F € LIP(RN,RYN) ’ VY h, |0, K,— K with K,, ¢V CK(RY):
L dist(Op(ha, ), V) 2 o}

is called circatangent transition set of V at K (in the metric space (K(RY),d)).

In fact, we do not have to restrict our considerations to arbitrary sequences (K,)neny in V C K(RY).

An equivalent characterization of 7.5 (K) uses all sequences in K(RY) converging to K :

Lemma A.3  For every nonempty closed subset V C (K(RY),d) and K €V,
TS(K) = { F e LIP(RY,RY) | ¥ hy 10, K, — K :
limsup L - (dist(9(hn, Kn), V) = dist(K, V) < 0}

n——oo

Proof. “D”  is an obvious consequence of Definition A.2.
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“C”  For any F € TS(K) C LIP(RY,RY) choose the arbitrary sequences (hy,)nen, (Kn)nen in

10,00 and KC(RY) respectively with h,, — 0, d(K,,K) — 0 for n — oco. Since closed balls in

(KK(RM), d) are known to be compact, there exists a set M, € V C IC(]RN) for each n € N satisfying
cl(Kn,M ) = dist(K,,V) —

F € TS (K) implies ~dist (9 (hn, M), V)

and Lemma 2.4 ensures d(ﬁp(hn,Kn), Vp(hn, My)) g d(K,, M,) - P Fhn for each n € N.

Finally, we obtain

—0 for n — o

limsup 7 - (dist (9 (o, Kn), V) — dist(Kn, V)
< limsup ﬁ : (d('&F(hnaKn)a ﬁF(hnaMn)) + diSt(ﬂF(hvnMn)a V) - d(KnaMn)>
< limsup (cl(Kn,Mn) SemEt o L dist(Op (R, M), V) )
< 0. 0

So far, the circatangent transition set has been characterized by two sequences providing the arbitrarily
fixed link between “step size” h,, > 0 and neighboring sets K,, € K(R"). The following condition proves

to be equivalent and avoids countability as essential feature:

Lemma A.4  Let K € K(RY) be any element of the nonempty closed set V C (K(RY),d).
Then, a set-valued map F € LIP(RYN RY) belongs to the circatangent transition set TE(K) if and only
if there is a function w : [0, 00 — [0, 00[ with lims_.o w(0) =0 and

3 (dist(Ip(h, M), V) — dist(M, V)) < w(d(M,K)+ h) for all h €]0,1], M € IC(R™).

Proof. “<=" is an immediate consequence of Lemma A.3.

“=="  The triangle inequality of d and Lemma 2.4 guarantee for all h > 0 and M € K(RY)
dist(9p(h, M), V) — dist(M, V) < d(M, 9p(h,M)) < ||Flle b

So the auxiliary function w : [0, co[ — [0, 00|,

w(@) = sup{} - (dist(9p(h, M), V) = dist(M, V) ‘ M e K(RY), helo,1], d(M,K)+h <5}

is well-defined and bounded for any set-valued map F € LIP(RY,RY).

For F € T\ (K), however, we still have to verify w(§) — 0 for § — 0.

If this asymptotic feature was not correct, there would exist some ¢ > 0 and sequences (hp)nen, (Mp)nen

n ]0,1], K(RY) respectively satisfying for all n € N

d(Mp, K) + hy <5 and gL - (dist(0F (b, My), V) — dist(My, V)) > & > 0.

Due to h, | 0 and M, — K, it would contradict the initial assumption F € TG (K) due to

Lemma A.3.

As the next propositions reveal, this circatangent transition set shares some properties with the Clarke

tangent cone in normed vector spaces. Indeed, it is a nonempty closed convex cone in LIP(RY RY).
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Proposition A.5  Let K € K(RY) be any element of the nonempty closed set V C (IC(]RN)7 dl). Then,

1. the circatangent transition set TS(K) C LIP(RY,RY) is a nonempty cone, i.e. for any G €
TS(K) and A >0, the set-valued map RN ~ RN,z X\ G(x) (in the Minkowski sense) also
belongs to TG (K).

2. for every threshold B € [0, 0o, the intersection TS (K) N {G € LIP(RY,RY) | |G|/ +LipG < B}
is closed in LIP(RN,RN) with the topology of locally uniform convergence.

Proof. (1.)  Obviously, the constant set-valued map Go(-) := {0} : RY ~» R¥ belongs to both
LIP(RN,RY) and TS (K) because dg,(h, K) = K forevery K € K(RY) and h > 0. Thus, TS (K) # 0.
For proving the cone property, choose any K € V C K(RY), G € T (K) c LIP(RY,R") and A > 0.
Moreover, let (h,)neny and (K,)nen be arbitrary sequences in ]0,00[ and V C K(RY) respectively
with hy, — 0 and d(K,,K) — 0 (for n — o0).
Every solution z(-) € WH1([0, h,],RY) of 2/(-) € AG(x(-)) induces a solution y(-) € W([0, hT”],RN)
of ¥'(-) € G(y(+)) (and vice versa) by time scaling, i.e. z(t) = y(A-t). So, Ixg(hn, Kn) = 19(;(%, K,).
The assumption G € TS (K) guarantees now

- dist(Oag(hn, Kn), V) = 5 72 - dist(da(%, Kn), V) — 0 for n — oc.

(2.)  Let (G’)jen be asequence in T\ (K) C LIP(RY,RY) with ||G’||« + Lip G/ < B for each j
and converging to G(-) € LIP(RY RY) locally uniformly. Obviously, ||G|ls + Lip G < B holds.
Our aim is to verify G € T\ (K).

Let (hy)nen and (K, )nen be any sequences in ]0,1] and V C KC(RY) respectively with h,, — 0
and d(K,,K) — 0 (for n — 00). The last convergence implies that all K,,, n € N, and K € K(R")
are contained in a ball Bz(0) C RY of sufficiently large radius R < co. So due to sup h, <1,

U U (et Kn) U Ya(t, Kn)) C Bryp(0) C RV
jmeN 0<t<h,
On the basis of Lemma 2.4, we obtain the estimate for every j,n € N
- dist (Vg (hn, Ky), V) i d (06 (hn, Kn), Vi (hn, Kn)) + 7= - dist(Ogi (hn, Kn), V)

<
< ePh sup d(G(z), GU(z)) + & dist(Vgs(hn, Ky), V).
|z| < R+B "

For any € > 0 given, we can fix j € N sufficiently large with sup  d(G(x), G’(z)) < e and,

|z| < R+B
G’ e TE(K) guarantees lim sup ﬁ - dist (19g(hn, K,), V) < ¢ with arbitrarily small € > 0,
ie. hl ~dist(19@(hn,Kn), V) —0 for n — oo. a

Proposition A.6  Let K € K(RY) be any element of the nonempty closed set V C (K(RY),d).
Then, TS (K)NLIPz(RY,RN) is conver, i.e. for any G1,G2 € TS (K)NLIPz(RY,RY) and X € [0,1],
the set—valued map RN ~ RN 2+ X\-Gy(z) + (1 — \) - Ga(x) (in the Minkowski sense) also belongs
to the intersection T\ (K) N LIP(RY,RY).

The proof of this convexity is based on parameterizing bounded set-valued maps with compact convex
values and thus, it is postponed to the end of Appendix A. As a consequence, we obtain the convexity

of the circatangent transition set rather easily:
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Corollary A.7  Let K € K(RY) be any element of the nonempty closed set V C (IC(RN), d).
Then, TS (K) is convex in LIP(RN,RY), i.e. for any Gi,G2 € TS (K) and X € [0,1], the set-valued
map RN ~ RN,z - Gi(z) + (1 —\) - Ga(z) (in the Minkowski sense) also belongs to TS (K).

Proof.  The well-known Relaxation Theorem of Filippov—Waziewski (e.g. [2, § 2.4, Theorem 2]) implies
Va(t, M) = ¥z c(t, M) for every map G € LIP(RM RY) initial set M € KC(RY) and time t > 0.
As an immediate consequence, we conclude for any G € LIP(RY,RY) that the pointwise convex hull
@ G : RY ~ RY s contained in 7\ (K) if and only if G € T (K).

Choose now Gy, Gy € TG (K) C LIP(RY,RY) and X € [0, 1] arbitrarily. Then, @ G; and @ G2 are
contained in TS (K) N LIPz(RY,RY) and, Proposition A.6 implies

AT G+ (1—))-@ Gy € TS(K)NLIP5(RY,RY),

This last set-valued map is identical to the pointwise convex hull of A - Gy + (1 — A) - Gg : RN ~ RV
because for any My, My € K(RY), the convex hulls satisfy ¢o (M; + My) = o M; + €6 Ms.

Finally, @ (A\-G1+ (1 —))-G2) € TG(K) implies A-Gi+ (1—X) -Gy € TG (K). O

Now we prepare the proof of Proposition A.6, i.e. the convexity of 7% (K) N LIP(RY,RY) is to be

verified. The following tools will be used:

Lemma A.8 (Parameterization of bounded maps, [7, Theorem 9.7.2])

Consider a metric space X and a set-valued map G :[a,b] x X ~ RN satisfying

1. G has nonempty compact convez values,

2. G(,z):[a,b] ~ RY is measurable for every x € X,

3. there exists k(-) € L'([a,b]) such that for every t € [a,b], the set-valued map G(t,-) : X ~ RN
is k(t)-Lipschitz continuous.

Then there exists a function g :[a,b] x X x By — RN (with By = {u e RN : |u| < 1}) fulfilling

1. V¥V (t,z) €la,b] x X : G(t,z) = {g(t,z,u) |ueB},
2. V (xz,u) € X xBy: g(-,x,u) : [a,b] — RN is measurable,
3. VY (t,u) €a,b] x By : gt,-,u) : X — RN is c-k(t)-Lipschitz continuous

4. YV teab, ze X, u,veBr: |g(t,z,u) —g(t,z,v)] < c||G(Et )] |u— 1]
with a constant ¢ > 0 independent of G.

Lemma A.9  For every A €0, 1], there exists p € L*([0,1]) satisfying

t
% ./0 (u(s) —A) ds — 0 (t 1 0), u(-) € {0,1} piecewise constant in |0, 1].

Proof.  p(-) is defined piecewise in each interval | an, ﬁ[ (neN).
0 for 1 <t< A_ 4 L2
Set  pu(t) = vl = vl v for each n € N.
1 for A 4 A <o o L
) n+1 Vn NG
= v
Then, / —A) ds = 0 and thus, / w(s)—A) ds = 0.
1
Moreover, / ) |u(s) = Al ds = 2X(1—=2X) (ﬁ - \/nlﬁ) implies
voES . .
vn n—oo
sup x / (u(s) —A) ds| < vn+1 / |u(s) = Al ds — 0. O
AT SS Un 0 7T




30 APPENDIX A

Proof of Proposition A.6. For any G1,Ga € T (K) N LIP(RY,RY) and A €]0,1], we have to
verify that the set-valued map G : RN ~» RN 2+ X\-G1(x)+ (1—\)-G2(x) (in the Minkowski sense)
also belongs to Tg (K). Indeed, G is obviously Lipschitz continuous with compact convex values and
thus, G € LIPz(RY,RY).  According to Lemma A.9, there exists a function u € L'([0, 1]) satisfying

t
1. /0 (u(s) =A) ds — 0 (t]0), u(-) € {0,1} piecewise constant in 0, 1].

Now we compare the evolution of an arbitrary set M € IC(R™) along the autonomous differential inclu-
sion with the right-hand side
G: RV ~ RN, x— A -Gi(z) + (1-X) -Ga(z)
and along the nonautonomous differential inclusion with the right-hand side
H: RY x[0,1] ~ RN (2,t) — put) Gi(z) + (1 —pu(t)) - Ga().
We verify d(9¢(t, M), O (t, M)) <o(t) fort | 0 uniformly in M.

First, both set-valued functions Gy(-), Ga(-) are parameterized on the basis of Lemma A.8 and, we
obtain Lipschitz continuous functions
g1 : RV x By — RN, (
g2 :RY x By — RN, (z,u2) — g2(z,u2)

with the closed unit ball By C RY and satisfying G;(z) = {g;(z,u;) | u; € B1} (j=1,2).

z,u1) — g1(w,u1)

In particular, the functions
RN xBy x By — RN, (2, up,ug)— XA -gi(mu) + (1=X) - ga(z,ug)
RY x [0,1] x By x By — RN, (z,t,u1,u2) — pu(t) - g1(z,u1) + (1 — p(t)) - g2, uz)
are Lipschitz continuous w.r.t. =, u;,us and parameterize the set-valued maps G(-), H(-) respectively.
Let z(-) € W11(]0,1],RY) denote any solution to the nonautonomous differential inclusion 2’(-) €
H(x(-),-). Applying Lemma 3.4 of Filippov to this parameterization of the composed set-valued map

H provides two measurable functions ki, ks : [0,1] — By C RV satisfying for almost every ¢ € [0, 1]

2'(t) = p(t) - g1 (x(t), k1 (1)) + (1= p(t) - g2(2(t), k2(t)) € H(x(t),1).

Now fix € > 0 arbitrarily. Considering the convolution of k;(-) and a suitable smooth auxiliary function
(with compact support), we obtain Lipschitz continuous approximations Ky ko [0,1] — B; Cc RY

and a parameter ¢(g) < oo fulfilling

/01 (Ik1(t) — B (8)] + |ko(t) — ko (t)]) dt < e, Lip k1 + Lip ks < ¢(e).

Each right-hand side of the differential equations

F(t) = pl)-a(@@), k®) + (1-p() - 62(F0), k(1)) € H(@(),1)

7 = X -a(@®), k) + 1-2) - eU), k() € GEHY)
is measurable with respect to t and Lipschitz with respect to Z(t), y(¢) and thus, unique solutions
(1), y(-) € WH([0,1],RY) start at the joint initial point Z(0) = §(0) = x(0) =: xo. Firstly, z(-) and

Z(-) always satisfy
l2(t) —#(0)] < / (lg1 (@(5), k1 () = 91 (@(5). Ta ()] + |g2(a(s), k1 (5)) = ga(@(s), ()] ) s
0

< (Lip g1 + Lip g2) /01 (‘CC(S)—%(S)’ + ‘kl(s)—%1(5)’ + ’k‘z(s)—gz(s)‘) ds

and Gronwall’s Lemma ensures  |2(t) — Z(t)| < const(Lip g1, Lip g2) -€ ¢t for every t € [0,1].
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Secondly, we estimate the difference z(-) — y(-)
ly(t) —2(1)]

t
B ’/ (A 9oy, maeen ~ 1) 0, men T A=V 2GRy — 1 “(5))92|<f<s>,%2(s>>) ds’

< ]/ (= 1(s) 91 (3(s), T (5)) + () = N) g2 (3(5), Fa(s)) ) s
/ u(s) - Lip g1 - 5(s) — §(s)] ds +/Ot (1= 1u(s)) - Lip g2 - [3(s) — (s)] ds
< | / (= 1(s)) - (51Go, T (0) = ol Fr (0))) |
/ A= p(s)] (Lipga +Lipga) (i) — ol + [Fa(5) — Fa (0)] + [Rals) — Ra(0)]) ds
+ max{Lip g1, Lip g2} - / #(s) — §(s)] ds
< o (| [o-uona] v [ areaeysas v [ ) - i) )

with a positive constant ¢ depending only on G1(-), G2(-) (and its finite Lipschitz constants).
Gronwall’s Lemma ensures |Z(t) — (t)| < o(t) for t | 0 uniformly with respect to the initial point zg
(but in general not uniformly with respect to € > 0).

Last, but not least, the triangle inequality provides a link between the given solution z(-) of z'() €

H(z(-),-) and the constructed solution y(-) of ¥'(-) € G(y(-)) after having fixed £ > 0 arbitrarily:

limsup 1 - |z(t) — §(t)| < const(Gi(-),Ga(+))-e uniformly with respect to the initial point zg € RY.
t10
Thus, for any initial set M € K(RY), the reachable sets satisfy
dist (Vg (t, M), 9g(t,M)) < o(t) fort |0 uniformly in M € KC(RN).

The same uniform estimates holds for dist (Yg(¢t, M), 9 (t, M)) since the preceding solutions Z(-) and
y(-) have required only the common “control parameters” El(-), Eg() and a joint initial point zq € RV,
So we obtain d(Wg(t,M), 9g(t,M)) < o(t) fort |0 uniformly in M € IC(RN).

Finally, we focus on the asymptotic features of ¥y (-, -) in regard to the circatangent transition set
TG (K), ie. for any € > 0, we verify the existence of a radius r > 0 such that all h €]0,7] and sets
M € K(RY) with d(M,K) <r satisfy

dist (9 (h, M), V) — dist(M, V) < e h.

As a consequence, for any sequences h,, | 0 and (K,)nen in V C K(RY) converging to K

h% - dist (Vg (b, Kn), V) — 0 for n — oo
and in combination with the uniform convergence mentioned before, we conclude
ﬁ . dist(ﬁg(hn,Kn), V) —0 for n — oo,

ie. GeTS(K) dueto Definition A.2.
Indeed, applying Lemma A.4 to G1,G2 € TS (K), we obtain a joint function w : [0, 00] — [0, o0
satisfying lims o w(d) =0, supp o[ w(-) <oo and for all j € {1,2}, h €]0,1], M € K(RY)

+ - (dist(dg, (b, M), V) — dist(M, V)) < w(d(M,K)+h).
Fixing ¢ > 0 arbitrarily small, there exist a radius B > 0 with supg g w(:) < e and additionally,
some 1 €]0, &] such that r- (14 [|Gi]l + [|G2llc) < &. Then, each j € {1,2} and every h €]0,7],
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M € KRYN) with d(M, K) < r satisfy
d(ﬂGj(}%M)vK) < d(MaK) + HGJHooh >
dist(dg, (h, M), V) — dist(M, V) < w(d(M,K)+h)-h < eh.

A
wD

For drawing now conclusions about ¥ (h, M), we exploit the piecewise constant structure of auxiliary
function p(-) : [0,1] — {0,1} (introduced in Lemma A.9). Indeed, there is a sequence (tx)ren tending
to 0 monotonically such that p(-) is constant in every interval [tx11,%x[, k € N.
Applying the last estimate in each of these intervals separately, we conclude for every h € ]0,r],
M € K(RN) with d(M,K) <r and sufficiently large k € N with t;.1 <h <ty

dist(9g (h, M), V) — dist(M, V)

S diSt(ﬁH(h—tk+1,19H(tk+1,M)), V) - diSt(ﬂH(thrhM), V)

+ dist(Vpg (tps1, M), V) — dist(Vp (tpga, M), V) £ ... — dist(M, V)
< e (h—trr1) + & (tpor —trpa2) +
< e- h.

B The hypertangent transition set

For any closed subset of the Euclidean space, the interior of the Clarke tangent cone has been charac-
terized by Rockafellar in 1979 [26]. Indeed,

Proposition B.1 (Rockafellar [26, Theorem 2], [27, Theorem 6.36])  Let K C RY be a closed set
and x € K. Then the interior of Clarke tangent cone to K at x satisfies
Tg(2)° = {veRY[3e>0: (KNB:(x)) + ]0,e[ - Be(v) C K}
= {weRN |Fe>0Vye KNB.(2), weB.(v), 7€]0,e[: y+7-we K}
with  B.(v) abbreviating the closed ball B.(v) := {w € RY | |w —v| < &} and

U° denoting always the interior of a set U.

This equivalence serves as motivation for introducing the concept of “hypertangent cones”:

Definition B.2 ([10, § 2,4]) A vector v in a Banach space X is said to be hypertangent to the set
K C X at the point © € K if for some € > 0, all vectors y € B.(z) N K, w € B.(v) C X and real
t €]0,¢[ satisfy y+t-w e K.

We now focus on a similar description in the morphological framework. To be more precise, we are
going to specify subsets Hy(K) C LIP(RY,RY) of the circatangent transition sets TS (K), K € V,
whose graph V ~» LIP(RY,RY), K — Hy(K) is identical to the interior of the graph of TF(:) in
V x LIP(RN, RN).

There is an essential difference between the vector space RY and the metric space (K(RY),d),
however, preventing us from applying Definition B.2 directly. Indeed, considering the neighborhood of a

vector y+t-v (with y,v € RVt > 0), each of its points can be represented as y+t-w with a “perturbed”
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vector w close to v, ie. w € B.(v). The corresponding statement does not hold for reachable sets
of differential inclusions in general, i.e. for given F € LIP(RY,RY), K € K(RY), t > 0, not every
compact set M C RY with arbitrarily small Hausdorff distance from ¥ (¢, K) can be represented as
reachable set ¥ 5(t, K) with some Ge LIP(RY, RY) “close to” F. As a typical example, we can consider
M :=9p(t,K) \ B.(z0)° € K(RY) with an interior point zg of 9(t, K) and sufficiently small & > 0.
For this reason, we prefer a different approach to the interior of Graph T, g (+), but seize the termi-

nology of hypertangents:

Definition B.3 Consider the set LIP(RN,RN) with the topology of locally uniform convergence.
For a nonempty subset V C K(RY) and any element K €V,
Hy(K) = {F € LIP(RN,RY) | 3 £ >0, neighborhood U C LIP(RYN,RN) of F ¥V Ge U :

limsup 3 - dist(dg(h, M), V) = 0 uniformly in M € VOIB%g(K)}
h10

is called hypertangent transition set of V at K (in the metric space (K(RY),d)).

Lemma B.4  Let K € K(RY) be any element of the nonempty closed set V C (K(RY),d).

Then, a set-valued map F € LIP(RYN RY) belongs to the hypertangent transition set Hy(K) if and only
if there exist a radius ¢ > 0 and a neighborhood U C LIP(RY,RYN) of F such that for each map G € U,
a modulus of continuity w : [0,1] — [0,00[ (i.e. lims_ o w(d) =0) satisfies

L dist(9(h, M), V) < w(h)  forallh€l0,1], M € B.(K)NV C KRN).

The proof follows the same track as for Lemma A.4 about the circatangent transition set. Furthermore,

in combination with Lemma A.4, we conclude directly

Lemma B.5  For every nonempty closed subset V C KC(RN) and element K € V, the hypertangent

transition set Hy(K) is contained in the interior of the circatangent transition set TS (K). O

For the same reason, we obtain an even more general result:

Lemma B.6  Consider the set LIP(RY ,RY) with the topology of locally uniform convergence.
For every nonempty closed subset V C IC(RY), the graph of hypertangent transition sets

V ~ LIP(RN,RY), K v Hy(K)
is contained in the interior of the graph of V ~ LIP(RN RY), K — TS (K). O

In fact, also the opposite inclusion holds and thus, we have a complete characterization of the interior
of Graph TG(-) in V x LIP(RY,RM):

Proposition B.7  Let V C K(RY) be nonempty and closed with respect to d.
Then, Graph Hy(-) C VxLIP(RY RY) s equal to the interior of Graph TS (-) in VxLIP(RN,RY).
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Proof. Due to Lemma B.6, we just have to verify F € Hy(K) for every set-valued map F € T (K)
such that (K, F) belongs to the interior of Graph TG (-) in V x LIP(RN,RY).

There exist a radius p > 0 and a neighborhood U C LIP(RYN,RY) of F (with respect to locally uniform
convergence) such that all tuples (M,G) € (VNB,(K)) x U Cc K(RY) x LIP(RY,RY) belong to
Graph TG (-). For arbitrary G € U, we now show indirectly

lir}r;lsglp 3 - dist(9g(h, M), V) =0 uniformly in M € VN B,(K).

Otherwise there exist § > 0 and sequences (hy)nen, (Mp)nen in ]0,1[ and V C K(RY) respectively

satisfying dist (Vg (hn, My), V) = 8- hy, 0<hy<2i d(M,,K)<p for all n € N.

In the metric space (JC(RV),d), all bounded closed balls are compact. So there is a subsequence

(M) jen converging to some M € VNB,(K). Due to the choice of p and U, we obtain G € TS (M)
in particular. This contradicts, however,

lim inf L-dist(ﬁg(hnj,Mnj), V) > 4§ >0
j— o0

hnj

lim  d(M,,, M) = 0

J— 0

completing the indirect proof. O

Circatangent transition set 7\ (K) and hypertangent transition set Hy(K) differ from each other
in an essential feature: The condition on a map F € T\G(K) depends on V C K(RY) close to K,
of course, but only on reachable sets of the set-valued map F. So in particular, it does not have any
influence on this condition if we replace such a map F € LIP(RY,R™) by its pointwise convex hull
RN ~ RN, x — @ F(z) — due to the Relaxation Theorem of Filippov-Waziewski [2, § 2.4, Theorem 2].
The condition on F' € Hy(K), however, takes all set-valued maps G € LIP(RY,R¥") in a neighborhood
of F into account. Considering the topology of locally uniform convergence in LIP(R™,R™), the values

of these neighboring set-valued maps G do not have to be convex even if F belongs to LIPz(RY,RY).

Acknowledgments. This work was partly funded by the Minerva Foundation supporting
scientific cooperation between Germany and Israel. Most of these results were outlined during a research
stay at Weizmann Institute of Science in Rehovot (Israel) in 2007. The author would like to thank
Prof. Zvi Artstein for arousing the interest in control problems of sets and for the inspiring interaction.
He is also grateful to Irina Surovtsova and Daniel Andrej for fruitful complementary discussions.

References

[1] Ambrosio, L., Gigli, N. and Savaré, G. (2005): Gradient flows in metric spaces and in the space
of probability measures, Birkhduser, ETH Lecture Notes in Mathematics

[2] Aubin, J.-P. & Cellina, A. (1984): Differential Inclusions, Springer, Grundlehren der mathe-
matischen Wissenschaften 264

[3] Aubin, J.-P. (1999) : Mutational and Morphological Analysis : Tools for Shape Evolution and
Morphogenesis, Birkh&user

[4] Aubin, J.-P. (1993): Mutational equations in metric spaces, Set-Valued Analysis 1, pp. 3-46

[5] Aubin, J.-P. (1992): A note on differential calculus in metric spaces and its applications to the
evolution of tubes, Bull. Pol. Acad. Sci., Math. 40, No.2, pp. 151-162

[6] Aubin, J.-P. (1991) : Viability Theory, Birkh#user



REFERENCES 35

Aubin, J.-P. & Frankowska, H. (1990): Set-Valued Analysis, Birkh#user
Bauer, H. (1992): Maf— und Integrationstheorie, de Gruyter

Céa, J. (1976): Une méthode numérique pour la recherche d”un domaine optimal, in: Glowin-
ski, R. & Lions, J.L. (Eds.), Computing methods in applied sciences and engineering. Part 1,
Springer, Lecture Notes in Economics and Mathematical Systems 134, pp. 245-257

Clarke, F.H. (1983) : Optimization and Nonsmooth Analysis, Wiley-Interscience, Canadian
Mathematical Society Series of Monographs and Advanced Texts

Delfour, M. & Zolésio, J.-P. (2001): Shapes and Geometries: Analysis, Differential Calculus and
Optimization, STAM, Advances in Design and Control

Delfour, M. & Zolésio, J.-P. (1991): Velocity method and Lagrangian formulation for the com-
putation of the shape Hessian, SIAM J. Control Optim. 29, No. 6, pp. 1414-1442

Doyen, L. (1995): Mutational equations for shapes and vision-based control, J. Math. Imaging
Vis. 5, No.2, pp. 99-109

Doyen, L. (1994): Shape Lyapunov functions and stabilization of reachable tubes of control
problems. J. Math. Anal. Appl. 184, No.2, pp. 222-228.

Doyen, L. (1993): Filippov and invariance theorems for mutational inclusions of tubes, Set-
Valued Anal. 1, No.3, pp. 289-303

Green, J.W. & Valentine, F.A. (1960/61): On the Arzela-Ascoli theorem, Math. Mag. 34,
pp- 199-202

Gorre, A. (1997): Evolutions of tubes under operability constraints. J. Math. Anal. Appl. 216,
No.1, pp. 1-22

Lorenz, Th. (2008) : Shape evolutions under state constraint: A viability theorem, to appear in
J. Math. Anal. Appl.

Michael, E. (1956): Continuous selections I, Annals of Math. 63, pp. 361-381
Molchanov, 1. (2005): Theory of Random Sets, Springer

Murillo Herndndez, J.A. (2006): Tangential regularity in the space of directional-morphological
transitions, J. Convex Anal. 13, No. 2, pp. 423-441

Nagumo, M. (1942): Uber die Lage der Integralkurven gewdhnlicher Differentialgleichungen,
Proc. Phys.-Math. Soc. Japan, I11. Ser. 24, pp. 551-559

Panasyuk, A.L (1995): Quasidifferential equations in a complete metric space under conditions
of the Carathéodory type. I, Differ. Equations 31, No.6, pp. 901-910

Panasyuk, A.I. (1992): Properties of solutions of a quasidifferential approximation equation and
the equation of an integral funnel, Differ. Equations 28, No.9, pp. 1259-1266

Panasyuk, A.I (1985): Quasidifferential equations in metric spaces, Differ. Equations 21, pp. 914~
921

Rockafellar, R.T. (1979): Clarke’s tangent cones and the boundaries of closed sets in R™, Non-
linear Anal. Theor. Meth. Appl. 3, pp.145-154

Rockafellar, R.T. & Wets, R. (1998): Variational Analysis, Springer

Sokolowski, J. & Zolésio, J.-P. (1992): Introduction to Shape Optimization. Shape Sensitivity
Analysis, Springer, Series in Computational Mathematics 16

Vinter, R. (2000): Optimal Control, Birkh&user

Zolésio, J.-P. (1979): Identification de domaine par déformations. Thése de doctorat d’état,
Université de Nice



