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Kurzfassung

Die Untersuchung der physikalischen und chemischen Prozesse ist eine wertvolle Hilfe
für die Sicherung der Zuverlässigkeit und Effizienz vieler technischer und wissenschaftli-
cher Anwendungen. Beispiele dafür sind die Verbrennungsvorgänge in Einspritzmotoren,
Gasturbinen oder Flüssigkeitsraketentriebwerken. Der erste Schritt zur Beschreibung der
Vorgänge in einem Spray ist das Verständnis der grundlegenden Komponenten, beispiel-
sweise des einzelnen Tröpfchens. Dafür ist es wichtig, ein numerisches Modell zu en-
twickeln, das den Prozess der Verdampfung eines Tröpfchens präzise beschreiben kann.
Zu diesem Zweck wurde die durch einen Infrarot-Laser induzierte Verdampfung eines
Wassertropfens berechnet. Dazu wurde ein kugelförmiges Tröpfchen in Luft unter Nor-
malbedingungen angenommen, das mit Hilfe von vertikalen und horizontalen Glasfiber-
fasern fixiert ist. Als alternative Brennstoffe für Wasserstoff werden, aufgrund ihres ho-
hen Energieinhalts, die Brennstoffe Methan und Kerosin untersucht. Dabei hat Methan
wegen seiner sauberen Verbrennung gewisse Vorteile gegenüber Kerosin. Die vorliegende
Arbeit trägt zu einem besseren Verständnis der Verbrennung von Methan/Luft,
Methan/Sauerstoff und Methan/LOX (flüssiger Sauerstoff) gegenüber dem
Wasserstoff/Sauerstoff System bei. Es wurden numerische Untersuchungen von lam-
inaren CH4/Luft und CH4/Sauerstoff Flammen bei verschiedenen Mischungsverhältnissen
von Stickstoff und Sauerstoff im Sauerstoffseite durchgeführt. Weiterhin wurde in einer
Gegenstromkonfiguration die Flamme eines flüssigen Sauerstoff-Sprays in einem Methan
Trägergas gegen einen Sauerstoff-Strom untersucht. Diese Ergebnisse können in Flamelet
Bibliotheken oder in Flamelet generated manifolds bei turbulenter Verbrennung ver-
wendet werden. Im zugrundeliegenden mathematischen Modell werden die ursprünglich
zweidimensionalen Gleichungen durch eine Ähnlichkeitstransformation auf eine Dimen-
sion reduziert. Das numerische Modell benutzt eine axialsymmetrische Konfiguration
mit einem adaptiven Gitter für die Gasphase. Es werden detaillierte Modelle für alle
relevanten Prozesse verwandt. Im speziellen wird ein detaillierter chemischer Reaktion-
smechanismus mit 35 Spezies und 294 elementaren Reaktionen benutzt. Das chemische
Reaktionsschema, das in dieser Arbeit beschrieben wird, wurde in [1] entwickelt. Die
thermodynamischen Daten für CH4 und O2 ziwschen 100 K und 300 K wurden, für die
Verwendung bei der Berechnung kyrogener CH4/LOx Verbrennung, für normalen und
hohen Druck implementiert. Zur Verifizierung des mathematischen Modells, des Reak-
tionsmechanismus und des numerischen Verfahrens, wurden die wurden die vorliegenden
Ergebnisse der laminaren CH4/Luft -Flamme mit den Literaturwerten verglichen. Die
CH4/O2 Flamme wurde für einen erhöhten Druckbereich bis zu 2 MPa untersucht. Die
Streckungsgeschwindigkeit bei der Auslöschung wurde ebenso berechnet, wie der Wert
der skalaren Dissipationsgeschwindigkeit. Diese Werte können für zukünftige turbulente
Flamelet-Berechnungen verwendet werden. Es wurde gezeigt, dass die Verringerung
von Sauerstoff, Druck und Streckungsgeschwindigkeit einen deutlichen Einfluss auf die
Struktur der Flamme haben. Dies wird durch den Vergleich der Flammenstrukturen
von flüssigem und gasförmigen Sauerstoff verifiziert. Die Verbrennung von CH4/LOx
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mit vorhergehender Verdampfung des flüssigen Sauerstoffs unter kyrogenen Bedingungen
zeigte einen signifikanten Effekt der flüssigen Phase auf die Gastemperatur. Außerdem
wurde bei der Vergrößerung des initialen Tröpfchendurchmessers eine Verbreiterung der
Flamme des Sprays beobachtet.
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Abstract

Study and optimization of the physical and chemical processes that are involved in
many applications in science and engineering are worthwhile, to ensure the stability and
efficiency of their performance. Examples are combustion process in direct injection
engines, gas turbine combustors, and liquid rocket propulsion systems.

First step in understanding a spray must naturally be the understanding of its ba-
sic constituents: i.e. single droplets. Hence, it is important to develop good numerical
models that can predict and simulate the process of evaporation of a single droplet accu-
rately. Thus, computational investigation of the evaporation of water droplets induced
by an infrared laser beam is performed. In particular, a single spherical droplet is consid-
ered, which is suspended on horizontal and vertical glass fibers in air under atmospheric
pressure. The droplet heating and evaporation are induced by a pulsed CO2 laser.

The fuels in liquid rocket propulsion systems, methane and kerosene, are being dis-
cussed as alternative fuels to hydrogen because of their high energy content. Methane
has some advantages compared to kerosene because of its cleaner burning character-
istics. The present study contributes to an improved understanding of methane/air,
methane/oxygen and methane/LOX (liquid oxygen) combustion compared to the hydro-
gen/oxygen system. A numerical investigation of laminar CH4/air and CH4/O2 flames
is performed, where different mixtures of nitrogen and oxygen in the oxidizer stream
are studied. Moreover, liquid oxygen spray flames with carrier gas methane against an
oxygen stream are investigated in the counterflow configuration. The obtained results
may be used in (spray) flamelet library or computations of flamelet generated manifolds
in turbulent combustion. The mathematical model is based on the two-dimensional
conservation equations, which are transformed into one-dimensional equations using a
similarity transformation. The numerical simulation concerns the axi-symmetric con-
figuration with an adaptive grid for the gas phase. Detailed models of all relevant
processes are employed; in particular, a detailed chemical reaction mechanism is used,
which comprises 35 species involving 294 elementary reactions. The chemical reaction
scheme presented in this work was developed in [1]. The thermodynamic data for CH4

and O2 between 100 and 300 K are implemented for normal and elevated pressures
for use in computations of cryogenic CH4/LOX combustion. For the CH4/air laminar
flame, the present results are compared with results from literature to verify the math-
ematical model, chemical mechanism and the numerical scheme. The CH4/O2 flame is
studied for elevated pressures up to 2 MPa. Both extinction strain rates and the scalar
dissipation rates at stoichiometric conditions are evaluated for use in future turbulent
flamelet computations. It is shown that oxygen dilution, pressure, and strain rate have
a pronounced effect on flame structures, which becomes evident by studying the effects
of liquid oxygen compared to gaseous oxygen on flame structure. The combustion of
CH4/LOX with preceding evaporation of liquid oxygen under cryogenic conditions has
displayed a significant effect of the liquid phase on gas temperature. Moreover, the spray
flame is broadened with increase of initial droplet size.





1 Introduction and Motivation

The understanding of physical and chemical processes in many science and engineering
applications is crucial to ensure stability and efficiency of their performance. Droplet
and spray processes play an important role in fields such as medicine, pharmacy, bi-
ological and agricultural systems [2–9]. In particular, these are used extensively in
liquid-fuel combustion processes such as direct-injection engines [10–12], gas turbine
combustors [13–15] and liquid rocket propulsion systems [16–18]. Typically, in such pro-
cesses, either liquid fuels or a mixture of fuel and liquid oxidizer are injected as a spray
into the combustion chamber, where combustion takes place and involves many complex
phenomena, e.g. interaction between phases, transport characteristics of droplets and
chemical reactions. One of the basic components of all these complex phenomena is the
process of evaporation of a single droplet. Therefore, it is important to develop suit-
able numerical models that can predict and simulate the evaporation of a single droplet
accurately.

Presently, combustion is, the major energy source of daily life and it will remain
the major source in the future as well. Therefore, the knowledge about combustion
phenomena is of great scientific interest due to its presence in a wide range of industrial
processes. It is known that the combustion contributes the most in total energy sources
of the world e.g. in 2006, about 90% of the worldwide energy support was provided by
combustion of liquids (such as gasoline and hydrocarbon fuels), solids (such as coal and
wood) and gases (such as natural gas containing mainly methane and small amounts
of other hydrocarbons) [19]. The remaining 10% of the worldwide energy support was
provided by energy sources such as nuclear or renewable energy. In recent years, the
importance of the reduction of pollutant emissions has increased considerably due to both
environmental consciousness and governmental policies. A direct contribution to reduce
pollutant emissions can be made by improving the efficiency of combustion processes,
thereby increasing fuel economy. In the past, much attention has been paid to carry out
the research on combustion processes based on H2/LOX or LH2/LOX. These propellants,
however, are expensive and difficult to store. In order to protect our environment, green
propellants are further needed. Green propellants are those propellants which cause
low pollution, roll out chlorides, nitrogen, nitric oxides, have no corrosive material and
are easy to handle. Some examples of green propellants are CH4, kerosene, propane,
ethylene etc.

Therefore, the present work focuses on combustion processes based on green propel-
lants. The propellant combination chosen is CH4/LOX, because of its high performance,
good characteristics at high temperature, lower cost than other propellants as well as
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1 Introduction and Motivation

importance in technical applications. In particular the modeling and numerical simula-
tion of such processes in order to provide the foundation for future combustion systems
with reduced pollutants and increased efficiency is considered. Currently, many tech-
nical areas such as Plane and Space Industry, Space Shuttle Main Engine or Vulcaine
Engine from Ariane 5 are using H2/LOX propellants. Many experiments for turbulent
combustion of H2/LOX and CH4/LOX have been carried out in ONERA France us-
ing the Mascotte burner [20–22] and DLR, Lampoldshausen, Germany using the M3
burner [23–25]. They are operating at cryogenic initial LOX temperature (85 K) and
pressures up to 5.5 MPa, because of handling and storage difficulties as well as efficiency
considerations.

The aim of this work is the numerical investigations of laminar CH4/air, CH4/O2

and CH4/LOX spray flames in counterflow configuration, which yields the advantages
that include control of the transition from stable flames to local extinction conditions,
compactness of the domain as compared to jet flames, which is worthwile from com-
putational viewpoint and reduction of soot formation [26]. Furthermore, the detailed
chemistry and detailed transport have been considered to seek realistic predictions of
experimental data. In particular, simulations of laminar spray flames for different pa-
rameters such as droplet sizes, droplet velocities, strain rates and equivalence ratios are
performed because they form a base for modeling of turbulent combustion, for instance,
in (spray) flamelet computations of turbulent combustion or flamelet generated mani-
folds, which provide an accurate and efficient way for the modeling of turbulent flames.
This method uses a chemical library based on one-dimensional unstrained flames to
model the chemistry of a multi-dimensional turbulent flame [27].

Studying the behavior of single droplets is the most crucial part in comprehending the
spray characteristics, therefore, it is studied separately in this work. Usually, a cold spray
is injected into a hot environment. In this work, however a special case of experimental
setup for a single spherical droplet suspended on horizontal and vertical glass fibers in
cold air is considered. This experimental setup was designed at PCI (Institute of Phys-
ical Chemistry), Heidelberg for evaluation of its performance and mathematical model
of droplet vaporization. Moreover, the experiments investigate the time-dependent vari-
ation of droplet size and LIF (Laser Induced Fluorescence) signal intensity as a function
of time in laser-heated, fiber-suspended, Rhodamine-6G-doped water droplets (typical
dye used for laser spectra). Therefore, numerical investigations for single droplet va-
porization by laser heating are performed as well in order to validate the mathematical
model for droplet vaporization, which is used in laminar spray computations in present
study.

Furthermore, combustion of CH4/air flames, CH4/O2 flames as well as CH4/LOX lam-
inar spray flames in counterflow configuration are investigated. Detailed models of all
relevant processes are employed; in particular, a detailed chemical reaction mechanism
is used in order to predict the profiles of all the chemical species involved in combustion
processes. The CH4/air system is investigated and the results are compared with liter-
ature results in order to validate the gas phase model. The CH4/O2 system is studied
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for elevated pressures up to 2 MPa and different strain rates up to extinction. Paramet-
ric studies are performed for mono-disperse spray in counterflow configuration. They
represent typical configurations after the vaporization occurs either through pressure
or twin-fluid atomizers. Since the combustion of CH4/LOX takes place in the flamelet
regime of turbulent combustion, the resulting laminar flame structures can be used
in turbulent diffusion flame studies employing the flamelet model for turbulent spray
flames. Hence, the obtained results in this work contribute to a better understanding
of droplet vaporization and spray combustion of laminar flames that lays foundation of
studying turbulent spray flames, which are important in many technical applications.

In Chapter 2, a general overview of the single droplet vaporization and combustion
is presented. The current status and focus of present work on droplet vaporization is
discussed. The wide applications of combustion and, especially, spray combustion pro-
cesses and their importance as well as the desired characteristics for green propellants
are described. Moreover, state of the art in combustion and significance of present study
is presented. In Chapter 3, the basic governing equations and the chemical model are
described, for the gas phase as well as the liquid phase. In Chapter 4 the focus is on the
specific equations for single droplet vaporization by laser heating and laminar CH4/LOX
spray combustion in counterflow configuration. The numerical algorithm for solving the
equations is also described.

Chapter 5 presents the numerical simulation results and discussions. In particular,
simulations for single droplet vaporization by laser heating as well as CH4/LOX and
CH4/air in counterflow configuration are presented. Numerical results are compared with
the experimental data and other results available in the literature. Finally, summary
and conclusions are given in Chapter 6.
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2 Droplet Vaporization and
Combustion

2.1 Single Droplet Vaporization

The first step in understanding a spray must naturally be the understanding of its basic
constituents: i.e. single droplets. Therefore, it is important to develop good numerical
models that can predict and simulate the process of vaporization of a single droplet
accurately. Moreover, experiments have to be carried out in order to validate the mod-
els. In this chapter, a combined experimental [28] and computational investigation [29]
of the vaporization of water droplets induced by an infrared laser beam is carried out.
In particular, a single spherical droplet is considered which is suspended on horizontal
and vertical glass fibers in air under atmospheric pressure. The droplet heating and
vaporization are induced by a pulsed CO2 laser. The droplet size variation is observed
as a function of time via direct visualization. The vaporization of single droplets by
irradiation with a pulsed laser is extensively studied in the literature. For example
CTR- Carinthian Tech Research AG [30] has developed a miniature laser that could
easily replace the spark plug in the future, while improving performance and reducing
fuel consumption and emissions. The main benefit of using laser ignition in internal
combustion engines is that the laser can enhance the combustion process and minimize
the pollutant formation [31–33]. The interaction of absorbing aerosols with pulsed laser
beams has been studied in [34]. Approximate energy and mass conservation equations,
neglecting the molecular absorption and scattering effects are developed and they will be
applied to analyze the vaporization of aerosol droplets. In [35], a spherically-symmetric
liquid droplet subject to a high-intensity pulsed laser flux has been investigated. A
set of coupled equations for the droplet temperature, radius and beam intensity in the
diffusive regime, assuming low-mass-flux conditions, has been set up. Other studies of
vaporization of laser-irradiated droplets have been performed in [36] and [37]. In [36],
the vaporization of small droplets irradiated by a long-pulsed laser beam has been nu-
merically analyzed. A set of convective and diffusive transport equations is included in
the generalized vaporization model. Thus, droplet vaporization has been studied over
a wide range of beam irradiance, from low irradiance beams where isobaric diffusion
and conductive energy transport dominate, to high irradiance beams where convective
transport processes occur. In [37], sublimation and vaporization of a cylindrical ice
particle, and vaporization of a spherical water droplet by laser radiation, has been well
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2 Droplet Vaporization and Combustion

investigated. The effects of a fiber or a suspender on the droplet vaporization are also
discussed in some studies. In [38], vaporization of a suspended droplet in a convective
high-pressure environment has been studied. A numerical model was developed to study
the vaporization of droplets suspended in a hot nitrogen stream under different pressure
conditions. The model used includes high-pressure effects, real gas effects, variable ther-
mophysical properties, liquid phase internal circulation. However, there exist only few
combined numerical and experimental studies of vaporization of laser-heated droplets,
that are large compared to the wavelength of the laser light. In this chapter, the case of
vaporization of a large droplet irradiated with a long-time laser pulse of low energy is
studied. The purpose of using suspended droplets on glass fiber is to avoid the experi-
mental difficulties of free falling droplets, such as keeping the heating rate constant and
obtaining high resolution droplet images in real time. In [39], the effect of support fiber
conduction on droplet vaporization in a weakly convective flow has been investigated.
A numerical one-dimensional model of transient conduction is formulated together with
vaporization of the droplet. It is shown that heat transport through the supporting
fibers is an insignificant effect and the method of suspending the droplet on a glass fiber
can be applied in experiments of droplet vaporization.

In the present work, vaporization of a single spherical droplet irradiation by a pulsed
laser of different pulses widths is studied with the help of the so called uniform tempera-
ture field model [40]. Numerical simulations [29] and [41] are carried out and compared
with experimental results from [28, 42]. As a result, it is shown that the uniform tem-
perature field model is a suitable model for the investigated experimental setup, i.e., a
large spherical H2O droplet heated by a pulsed CO2 laser.

2.2 Combustion in Space

The first propellants used for rocket propulsion, nearly 60 years ago, were combina-
tions such as LOX(liquid oxygen)/ethanol or H2O2/ethanol [43]. These propellants were
largely available, low cost and their characteristics, chemistry, physical and combustion
properties were already well known. This experience contribute to the development of
the first large operational rocket, the A-4 using LOX/ethanol.

After these initial steps, in order to increase the performance, the fuel was replaced by
kerosene, both in USA and Russia. A wide range of rocket engines were designed e.g. RP-
1, Saturn V, Atlas V, Falcon 1 and Falcon 9 [43], tested and used extensively in launchers.
Several LOX/kerosene engines are still used, and an intense research activity in this
area has been carried out in the last years [44–46]. To be cost effective, the need of less
massive launcher vehicles with the highest possible performance brought to the choice of
LOX/LH2 propellant combination in several rocket stages. This cryogenic pair has by far
the best specific impulse (vacuum Isp =4400 m/s). Rocket launcher stages like Centaur
(Titan 4 upper stage), J-2 (Saturn 5 upper stage), STS Space Shuttle main stage, RD-
0120 (Energia upper stage), H10 (Ariane 4 upper stage) and Vulcain (Ariane 5 main
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2.2 Combustion in Space

stage) are all powered by the LOX/LH2 propellant combination. For reusable launcher
vehicles in particular, it represents a good choice in their design. Solid propellants
generally have a very high density and, are storable and relatively easy to handle, but
provide a low specific impulse (vacuum Isp = 2500 - 2900 m/s) and generate very high
atmospheric pollution, where specific impulse is a way to describe the efficiency of rocket
and jet engines. Moreover, solid propellants do not allow any thrust level control, as the
thrust history is dictated by the grain design. Therefore, they are used in heavy launchers
mainly as a support of the primary stage, and their employment on standalone engines is
more difficult. Storable propellants such as nitrogen tetroxyde (N2O4), hydrazine and its
derivatives (monomethylhydrazine MMH, unsymmetrical dimethylhydrazine UDMH)
were first considered for military applications, because a missile using these propellants
can be stored for years without propellant boiloff at ambient conditions. These have a
good specific impulse (vacuum Isp = 2700-3200 m/s), a relatively high density and
provide a safe and reliable ignition since no igniter is required for these hypergolic
propellants (those that spontaneously ignite when they come into contact). The use
of these propellants was extended to a range of launchers and upper stage engines, such
as Vexin-A and Astris (Europa upper stages), Proton first and upper stage, Titan 2
through 4 first and upper stages, Viking (Ariane 1 through 4 main and upper stages)
and Aestus (Ariane 5 upper stage). Their main drawback is that both propellants and
combustion products are highly toxic. Actually, handling of propellants like N2O4, MMH
and UDMH requires a high degree of precautions. The inhalation and contact of these
chemically aggressive propellants is highly dangerous, and several precautions have to
be taken (protective suits, purging of work places, feed lines, etc.). Additionally, their
combustion products have a heavy environmental impact, as detailed in next section.
As a replacement for both solid and liquid hypergolic propellants here described, a
renewed effort in the study of nontoxic propellant combinations LOX/hydrocarbons
(HC), including the wellknown LOX/kerosene, is being carried on recently. Several
activities worldwide are aimed at the replacement of solid boosters and N2O4/Hydrazine
(design studies are carried on for Ariane 5 liquid boosters in Europe, RS-76 for Liquid
Flyback Booster, Fastrac engine for X-34, nontoxic Orbiter Maneuvering System and
Reaction Control System (OMS/RCS) for Space Shuttle in USA [47], and several existing
engines in Russia) with LOX/kerosene or LOX/methane engines. As shown in the next
sections, kerosene and methane are the best candidates as nontoxic propellants.

2.2.1 Enviromental Impact

Before addressing the study of propellants and their properties, a first screening of
possible propellants is made by identifying the criteria which define nontoxic propellants
for rocket propulsion. Actually, several propellants, like LOX/hydrocarbons, produce
carbon dioxide (CO2). Although CO2 is one of the main contributors to the greenhouse
effect, the amount of CO2 globally released by rocket launchers is quite small compared
to industrial sources, and can be neglected [48]. On the other hand, solid boosters
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2 Droplet Vaporization and Combustion

produce chlorides (mainly HCl), hot metallic particulates (Al2O3), and high temperature
N2. Chlorides are responsible for the destruction of stratospheric ozone, as well as for
acid rain. Aluminium oxide is also responsible for depleting the ozone layer, because
it acts as a catalyst for the decomposition of ozone (O3) in oxygen molecules. These
emissions are far more dangerous than CO2 for the environment, and should be avoided.
Hypergolic propellants N2O4/hydrazine produce high temperature N2 and NO, which
react to NOX and nitric acid in the atmosphere, and emissions of this toxic exhaust
gases are to be avoided. They contribute for acid rains and depletion of stratospheric
ozone. LOX/methane and LOX/kerosene engines eliminate the production of harmful
species, such as chlorides, Al2O3, and hot N2 (which reacts to NOX and nitric acid in
the atmosphere).

2.2.2 Green Propellants

Based on the above comparisons among solid, hypergolic and LOX/hydrocarbon pro-
pellants, it is possible to define a list of desired characteristics regarding non toxic
propellants:

• Low pollution, thereby ruling out chlorides, metallic particulates like Al2O3, nitro-
gen (N2) and nitric oxides (NOX) from the combustion products;

• Simple handling, without complicated and costly safety precautions;

• Extensive material compatibility, no corrosive or chemically aggressive behaviour.

These definitions restrict nontoxic propellants to a range of possible choices including:

• Liquid oxygen (LOX) or hydrogen peroxyde (H2O2) as an oxidizer.

• Hydrocarbons as a fuel, because of their composition (they contain only carbon
(C), oxygen (O) and hydrogen (H) atoms, apart from impurities). Their combus-
tion products do not contain any chlorides, metallic particulates or nitrogen.

Other characteristics are desirable; the following parameters contribute to propellant
selection:

• The performance should be equal or better than hypergolic storable propellants
(vacuum Isp > 3400 m/s);

• The density should be as high as hypergolic propellants;

• The propellants should be either storable, or moderately cryogenic (critical tem-
peratures not lower than 150 K);

• The propellant costs should be low, as compared to hypergolic or solid propellants.
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2.2 Combustion in Space

The best performing fuels in relation with criteria mentioned above are identified as
methane, propane and kerosene, in this order. For methane, the theoretical vacuum
Isp reaches 3900 m/s, which is one of the highest possible values, though well below
LOX/LH2 specific impulse (around 4700 m/s) [48]. Thus, this comparative study will
be limited to the following propellant combinations: LOX/methane, LOX/propane and
LOX/kerosene.

2.2.3 Applications

To increase the performance and to reduce the costs in rocket propulsion, LOX/HC
engines have been developed and improved over the last 50 years, especially as far as
LOX/kerosene engines are concerned. They range from first stage engines (F-1, RD-170)
to upper stage engines (RD-0109, RD-58M, LR-91-AJ-3) [48]. The F-1 was actually one
of the largest liquid rocket engine ever built, used in the Saturn V rocket engine for the
Apollo program. The RD-170 is still employed in Russia, and delivers one of the highest
thrust levels ever achieved by a liquid rocket engine. The LOX/kerosene propellant
pair was used both in USA and in Russia, and some work also took place in Europe
(RZ-2, P111). Only in 1985, with the Russian engine RD-170/171, high combustion
chamber pressures were attained (critical pressure pc = 24.5 MPa). These advanced
rocket engines were envisaged for the EnergiaBuran reusable space system, developed
as a system intended to reach the capabilities of the US Shuttle system [49]. Research
about the LOX/methane propellant combination began relatively recently in the last
decade of twentieth century, and has taken place especially in Russia [49].

Some engines are reconverted LOX/kerosene engines, the others are brand new engine
designs. Although none of these engines have yet reached the production stage, a huge
effort is being made by both Russia and USA in the development of LOX/methane
liquid rocket engines. In Russia, methane is widely available in form of liquefied natural
gas which is predominantly methane that has been converted temporarily to liquid form
for ease of storage or transport, at a very low cost (LNG) [50], and this is one of the
reasons for extensive study in this country. In USA, preliminary studies on the use of
LOX/methane have been performed since 1980’s [51]. In Europe, several comparative
studies have been performed on LOX/hydrocarbon engines in recent years [44, 51, 52].

2.2.4 Combustion of Spray Flames

In the recent years, methane (CH4) is considered as an alternative fuel to hydrogen in
liquid rocket propulsion systems [20,21,23–25,53–59]. On CH4/LOX nonpremixed flames
in counterflow configuration using transcritical conditions, in [53], a methodology was
proposed and illustrated for calculations of strained flames. This methodology discusses
the mass transfer and heat release for the flame that is formed in the counterflow of a
stream of cold oxygen injected at a temperature which is below critical and impinges on
a supercritical stream of CH4. Oxygen is injected at transcritical state (T = 80 K) and
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2 Droplet Vaporization and Combustion

CH4 at 300 K at a pressure of 7 MPa. It was seen that the flame thickness was about
0.9 mm while the reaction layer thickness was about 0.6 mm for this relatively low level
of strain rate (about 20 s−1).

There are two major research groups in Europe which experimentally investigate the
CH4/O2 and LOX/CH4 flames: ONERA in France and DLR Lampoldshausen in Ger-
many. Both ONERA’s MASCOTTE test facility [20] and the DLR’s M3 combustion
chamber ( [25]), which initially were developed for experimental investigations of liquid
oxygen/hydrogen combustion (LOX/H2), have been modified to allow for the study of
LOX/CH4. In these investigations, pressure ranges from 0.1 to 5.5 MPa, the injection
temperature for LOX is 85 K, and for liquid CH4 it is 125 K, hence both temperatures
are cryogenic. A recent study [21] concerns fuel rich conditions. [54] studied the flame
structure of both LOX/CH4 and LOX/H2 in the transcritical range for a pressure range
between 0.1 to 7 MPa and a subcritical injection temperature of liquid oxygen. Com-
bustion of cryogenic oxygen and methane injected at pressures between 4.5 and 6 MPa
were investigated experimentally by [55]. The coaxial injector delivers oxygen at a tem-
perature of 85 K and methane at a temperature of 120 K or 288 K. Stabilization of
flames formed by cryogenic liquid oxygen/hydrogen or methane has been investigated
through planar laser induced fluorescence (PLIF) of OH [56]. In the LOX/H2 exper-
iments, injection conditions are transcritical, since the chamber pressure (6.3 MPa) is
above the critical value, whereas the temperature (80 K) is below the critical value. In
the LOX/CH4 experiments, the chamber pressure (2 MPa) and LOX injection temper-
ature (80 K) are below critical values.

In the DLR experiments [25], a comparison between spray combustion for coaxially
injected CH4/LOX and H2/LOX, at similar injection conditions was performed where
the Weber number and the momentum flux ratio were varied. Experimental investiga-
tions [23] on the development of LOX/CH4 flames, especially ignition and flame stabi-
lization, strongly coupled with the distribution of liquid oxygen phase before and after
the occurrence of ignition, were carried out. [57] experimentally investigated cryogenic
reactive coaxial sprays with oxygen and hydrogen or methane in order to determine if
concepts from H2/LOX injector design can be transferred to LOX/CH4. The experi-
mental study of the ignition and flame stabilization of a gaseous methane/oxygen jet for
different configurations and injector conditions is described by [24].

Lux et.al. [58] investigated flame stabilization in CH4/LOX combustion using a single
shear coaxial injector during both ignition and steady-state operation. Three main oper-
ating points of sub-, near-, and supercritical conditions with respect to thermodynamic
critical point of oxygen were considered, whereas LOX was injected at about 120 K and
CH4 was injected at near ambient temperature of about 270 K. Taking into account
the slightly different experimental setup and operating conditions in comparison with
previous H2/LOX investigations [58], these results are in good conformance with those
for H2/LOX flames. [59] experimentally studied the effect of a moderately recessed LOX
tube on the flame stabilization in CH4/LOX combustion at the same operation condi-
tions as used by [58], using an optically accessible combustion chamber equipped with
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a single-shear coaxial injector. It was observed that a recessed LOX post significantly
increases the flame expansion shortly after injection.

Even though applications typically involve turbulent flow fields, laminar flames are
studied extensively to investigate principal flame characteristics in a simple geometry.
The evidence gained from these investigations then is included in both experimental and
numerical configurations.

Combustion of laminar CH4/air, CH4/O2 as well as CH4/LOX spray flame in counter-
flow configuration, is extensively studied in the literature. Several authors studied the
behavior of laminar CH4/air in counterflow configurations at different conditions and
using different chemical mechanisms. For instance, in [60] numerical results for laminar
CH4/air diffusion flame have been presented. A starting kinetic mechanism, a 5-step
mechanism and a 4-step mechanism have been used. The starting mechanism used there
is essentially the C1 mechanism, including 39 reactions which involve 17 species. The
conditions used in their simulations are: pressure is 0.1 MPa, the temperature at both
boundaries is 298 K, the mass fractions of fuel and oxygen is YF,∞ = 1 respectively
YO2,−∞ = 0.233 and different strain rates until extinction are used. Starting with a
3-step reduced chemistry, a simplified formulation aimed at facilitating numerical com-
putations of nonpremixed CH4/air have been developed in [61]. In order to remove the
stiffness associated with the fast fuel consumption, the conservation equations for the
major species and the temperature are written in terms of generalized coupling functions,
which corresponds to generalized Burke-Schumann formulation. The conditions used in
the simulations are: pressure is 0.1 and 4 MPa, the temperature at both boundaries is
300 K and the mass fractions of fuel and oxygen YF,∞ = 1 respectively YO2,−∞ = 0.233 at
strain rates of 10 and 500 s−1. Furthermore, effects of pressure on the structure and con-
sumption rate of nonpremixed strained flames are studied in [62], which concluded based
upon fast chemistry limit, that the flame thickness is inversely proportional to the square
root of pressure and that the flame structure may be described in terms of a similarity
variable that scales to the square root of the product of pressure and strain rate. This
exponent is independent of finite rate chemistry effects, except when conditions are close
to extinction. In [63], the effect of flame structure on the extinction limits of CH4-O2-N2

counterflow diffusion flames are investigated experimentally and numerically by varying
the mixture fraction between 0.055 (methane-air flame) and 0.78 (enriched methane-
oxygen flame). In this study, the C1 mechanism, which gives an extinction strain rate
of 494 s−1 for methane-air flame and 1488 s−1 for diluted methane-oxygen flame, has
been used for the numerical simulations. Flame structure, extinction characteristics,
and nitric oxide (NO) formation in diffusion flames of methane and air have been nu-
merically investigated in [64]. The effect of pressure on NO emission is emphasized in
high-temperature and diluted-air conditions. The simulations are performed with the
GRI-Mech 2.11 which consists of 279 elementary reactions and 49 species, for different
pressures and oxygen temperatures. Numerical and experimental studies on radical con-
centrations were performed in [65] and [66]. In [65], linear laser-induced fluorescence has
been applied to obtain spatially resolved profiles of CH radicals in laminar methane/air
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and methane/nitric oxide/air counterflow diffusion flames at atmospheric pressure and
strain rates from 59 to 269 s−1. The experiments have been compared with predicted
CH levels obtained using the GRI-Mech. 3.0 chemical kinetic mechanism. In [66], is-
sues related to the computation and measurement of CH, CH∗ and OH∗ in a laminar
flame have been discussed. Experimentally, CH radical concentrations were measured
with laser-induced fluorescence, whereas CH∗ and OH∗ concentrations were measured
through flame emission. For the simulations, the GRI-Mechanism 2.11 chemical kinetic
mechanism has been used and the results have been compared with experiments.

Other studies [67–70] specifically investigated the effect of enriched oxygen flames.
For example, [67] and [68] investigated oxygen-enhanced methane counterflow flames
through both optical diagnostics and numerical simulations. The effect of strain rate
and the influence of oxygen concentration in the oxidizer on the flame structure were
studied for nitrogen-diluted methane (20% CH4 and 80% N2). The strain rate varies
from 60 to 168 s−1 while in the oxidizer stream, the nitrogen in air is replaced by oxygen
ranging from 23% O2 to 100% O2. For the simulations, the GRI 3.0 kinetic mechanism
was used. Beltrame et. al. [70] studied soot formation in oxygen-rich counterflowing
methane-oxygen diffusion flames. They found that soot formation in methane flames is
enhanced by oxygen enrichment. With increase of the oxygen in the oxidizer stream, the
soot zone narrows and is shifted towards the stagnation plane. An extension of the GRI
2.11 mechanism including chemical reactions with species up to C6, thus consisting of
365 reactions among 62 chemical species, was used. A soot map that separates the non-
sooting from sooting regions for laminar counterflow methane-oxygen-nitrogen diffusion
flames at atmospheric pressure is given by [69]. Soot formation is studied at a constant
strain rate of 20 s−1 as a function of the methane content ranging from 25% to 100% in
nitrogen in the fuel stream and as a function of oxygen diluted in nitrogen from 35% to
100% in the oxidizer stream.

In the present work, the numerical investigation of laminar oxygenated CH4/air as well
as CH4/O2 flames as well as intermediate degrees of oxygen dilution in the counterflow
configuration is performed. For the CH4/O2 system a flamelet library for turbulent
combustion is generated for use in turbulent spray computations at normal and elevated
pressure. Evaluation of extinction conditions are presented, which are very important for
use in turbulent flamelet computations. Moreover, the nitrogen/oxygen ratio is varied.
Physical properties of methane at cryogenic inlet conditions are considered which are
typical for liquid rocket propulsion systems. These properties are parameterized for use
in LOX/CH4 computations. Moreover, structures of LOX/CH4 spray flames for different
initial droplet sizes are discussed.

20



3 Governing Equations for Reactive
Two-Phase Flows

3.1 Description of the Gas Phase

In this section, general three-dimensional conservation equation for mass, energy and
momentum are derived. These are the Navier-Stokes equations for reactive flows [1, 71,
72].

3.1.1 General Equations of the Gas Phase

In this section, a general formulation for the conservation equations for the extensive
variables mass, energy and momentum is derived based on balance considerations in a
given control volume. Such balance describes the change of the extensive variable Φ(t),
which corresponds to the quantities that should be conserved such as mass, momentum,
energy etc, in the control volume ΩCV at time t. The change in Φ(t) can be caused by

three different processes: change caused by a flux ~FΦ̇~ndS through the surface ∂ΩCV,
by a production qΦ within the volume element, or by long range processes sΦ acting
on the control volume. The transport of the variable Φ through the surface of the
control element volume can be realized by diffusion, convection and heat conduction.
A production of Φ within the volume element takes place by chemical reactions or also
by phase change in two phase flows. The sprays must satisfy the condition that their
volume flux is negligible in comparison with the volume flux of the gas phase, such that
the fluid density corresponds to the gas density [72]. For long range processes, such as
energy transport by heat radiation, gravity and electromagnetic forces are considered.
Considering an extensive variable Φ(t), it can be calculated from the corresponding
density φ(~r, t) = dΦ(t)/dV by integration over the whole control volume element ΩCV
[1,19]

∂Φ

∂t
=

∫

ΩCV

∂φ

∂t
dV, (3.1)

where dV denotes a differential volume element. The overall balance of variable Φ can be
obtained by integration of the flux over the surface ∂ΩCV and integration of production
terms and long range processes over the control volume element ΩCV:
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∫

ΩCV

∂φ

∂t
dV

︸ ︷︷ ︸
Time change

+

∫

∂ΩCV

~FΦ~ndS

︸ ︷︷ ︸
Flux

=

∫

ΩCV

qΦdV

︸ ︷︷ ︸
Production

+

∫

ΩCV

sΦdV

︸ ︷︷ ︸
Long range process

, (3.2)

where dS denotes the surface element of the control surface ∂ΩCV, V is the control
volume, and qΦ and sΦ denote source terms for quantities Φ and long range processes
acting upon control volume V , respectively. Using the Integral Law of Gauss, the surface
integral for the change of Φ by the flux ~FΦ, can be expressed as follows:

∫

∂ΩCV

~FΦ~ndS =

∫

ΩCV

div ~FΦdV . (3.3)

If an infinitesimally small volume element is considered, then the limiting process
Ω→ 0 yields the following equation:

∂φ

∂t
+ div ~FΦ = qΦ + sΦ. (3.4)

This general equation is used in the following to derive the conservation equations for
mass, momentum, energy, and species mass.

3.1.1.1 Mass Conservation

The mass conservation equation is usually called continuity equation. It states that
the mass of a closed system will remain constant, or an equivalent statement is that the
matter cannot be created nor destroyed, although it may be rearranged. In the following
equation (3.4) is considered in order to derive the continuity equation. If the extensive
variable Φ(t) is the total mass of the system (Φ = m) then the density of the extensive
mass m is given by the mass density ρ, (φ = ρ). The mass flux density is given by
~Fm = ρ~v, where ~v is the local flow velocity.

For the case of two phase flow modeling, a production term qm in the continuity
equation is included, which describes the mass exchange between liquid phase and gas
phase during the evaporation or the condensation processes, respectively. The definition
of phase exchange term in all conservation equations will be given in Section 4.2.2.2. In
the mass conservation equation, there is no long-range process term because of the fact
that mass can neither be formed nor destroyed during chemical reactions. Therefore,
only the source term qm for mass m contributes due to the exchange of mass between
gas and liquid phase caused by evaporation or condensation.

Taking these considerations into account, and substituting the corresponding quan-
tities, i.e. Φ = m, φ = ρ, Fm = ρv, one obtains from equation (3.4) the continuity
equation [1, 19]:
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∂ρ

∂t
+ div(ρ~v) = qm. (3.5)

3.1.1.2 Species Mass Conservation

If the masses of different species mi are considered, their density φ is given by the
partial mass density ρi = Yiρ, where Yi = mi/m is the mass fraction of species i. The
local flow velocity ~vi can be written as follows:

~vi = ~v + ~Vi. (3.6)

In equation (3.6), ~v is the mean flow velocity of the center of mass and ~Vi represents the

diffusion velocity. The total flux density is composed of a convective part ~FK
mi

= ρi~v and

a diffusive part ~FD
mi

= ρi
~Vi. The diffusive part of the total flux splits in two components,

the flux density caused by the molecular diffusion ~ji and the flux density caused by
thermal diffusion ~jT

i . The diffusion velocity ~Vi is the sum of both flux densities divided
by the density. In the species mass conservation equation a long-range process term does
not exist. As in the continuity equation, a production term must be involved due to the
phase exchange, which can be written for spray as:

qmi
= δisqm, (3.7)

where δis is the Kronecker symbol, which assumes the numerical value of one if the
balance as a spray is formulated, (index ’s’), and otherwise the numerical value of zero.
Additionally, there is a production term given by

qmi,c = Wiω̇i (3.8)

which describes the formation and consumption by chemical reactions. Here, Wi denotes
the molar mass and ω̇i is the molar rate of reaction of species i. If one substitutes the
corresponding quantities in equation (3.4), then the species mass conservation equation
[1, 19] is obtained:

∂ρi

∂t
+ div(ρi~v) = −div(~ji +~jT

i ) +Wiω̇i + δisqm. (3.9)

With the help of following relations

K∑

i=1

Yi = 1, (3.10)

K∑

i=1

(~ji +~jT
i ) = 0, (3.11)
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K∑

i=1

Wiω̇i = 0, (3.12)

it can be easily shown that adding up the terms in equation (3.9) over the all components
K results in the continuity equation (3.5).

3.1.1.3 Momentum Conservation

In the momentum conservation equation, an extensive vector variable ~Φp = m~v, i.e. the

momentum, is considered. The momentum density is given by ~φp = ρ~v. The momentum

flux density F p consists of two parts, a convective part ρ~v ⊗ ~v and a part p, which
describes the momentum change due to frictional force and pressure. The symbol ⊗
denotes the dyadic product [1] between two vectors. The source term due to the phase
exchange ~qp is given in Section 4.2.2.2. There is also a long-range process term, namely
the gravity ~sp = ρ~g, where ~g is the gravitational acceleration. Inserting all terms into
the general equation (3.4), yields the momentum conservation equation [1, 19]

∂(ρ~v)

∂t
+ div(ρ~v ⊗ ~v) = −divp + ρ~g + ~qp. (3.13)

3.1.1.4 Energy Conservation

In the following, using again the general conservation equation (3.4), a conservation
equation for the total specific energy e is derived. This equation can be reformulated
into an equation for the specific enthalpy.

The terms in equation (3.4) are defined as follows: The energy density is given by

φe = ρe, the energy flux density ~Fe is composed of three terms. A convective term ρe~v,
a term p~v, which describes energy changes due to pressure and viscous dissipation, and
a term which takes into account the heat conduction (~je - heat flux density).
Because of the energy exchange between the gas phase and liquid phase, the production
term ql, is also included in the energy conservation equation. As before, a long range
term is formulated, which is the energy change due to radiation, qr.
Substituting all terms into general equation (3.4), yields the energy conservation equa-
tion

∂(ρe)

∂t
+ div(ρe~v +~je) + div(p~v) = qe + qr. (3.14)

The total energy density, e, is given as a sum of the kinetic energy 1
2
| ~v |2, the potential

energy G and the specific internal energy uin [1]:

e =
1

2
| ~v |2 +G+ uin, (3.15)
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where G is the gravitational potential, ~g = grad G, and uin is the specific internal energy.
The following relation is obtained by inserting the definition of total specific energy (3.15)
in the energy equation (3.14) and using continuity and momentum equations

ρh = ρuin + p, (3.16)

where p denotes the pressure and h the specific enthalpy. Hence, the conservation
equation for the specific enthalpy h is given by [73, 74]

∂(ρh)

∂t
−

∂p

∂t
+ div(ρh~v +~je) + p : grad~v − div(p~v)

=

(
1

2
| ~v |2 −G

)
qm − ~v~qp + qe + qr,

(3.17)

where ” : ” denotes the contraction of two tensors leading to a scalar.

3.1.1.5 Closure of the System of Equations

A system of equations is said to be closed if it can be solved, for all variables that it
involves, without imposing any additional constraint. In other words, a system of equa-
tions is closed if number of linearly independent equations is equal to the number of
variables. The conservation equations of total mass, mass of chemical species, momen-
tum and energy will be closed by ideal gas law. The ideal gas law gives the gas density
ρ as a function of pressure p and temperature T :

ρ =
pW

RT
, (3.18)

where R is the general gas constant and W is the molar mass of the mixture given by:

W =

(
K∑

i=1

Yi

Wi

)−1

. (3.19)

where K is the number of chemical species in the system and Wi is the molecular weight
of the species i.

3.1.2 Transport Processes in the Gas Phase

3.1.2.1 Mass Transport

Diffusion is composed of three parts, a part ~jD
i , describing the molecular diffusion, a

part ~jT
i , caused by thermal diffusion, and a part ~jP

i , caused by pressure diffusion. The
molecular part is given by Fick’s first law [74, 75]:
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~ji = −
ρDi

W
grad(YiW ), (3.20)

where Di is the diffusion coefficient of species i into the mixture.

The transport of the chemical species by thermal diffusion is the effect of a temperature
gradient, called also Soret Effect. The part caused by thermal diffusion is dependent on
the thermal diffusion coefficient DT

i , and it can be expressed as follows [74, 75]:

~jT
i = −

DT
i

T
grad(T ). (3.21)

Usually, the pressure diffusion part can be neglected in combustion processes. In addi-
tion, when the diffusion mass fluxes ~ji and ~jT

i are divided by the density, the resulting
equation expresses diffusion velocity:

~Vi = −
Di

W
grad(YiW )−

DT
i

ρT
grad(T ). (3.22)

The expression given in equation (3.22) is derived in [75].

3.1.2.2 Momentum Transport

An empirical equation for the transport of momentum describes the relation between
the stress state and the deformation state of a control volume element. The stress state
is determined through the involved surface forces which depend on the deformation
state. If relaxation is neglected, the dynamic viscosity µ is the only transport property.
Assuming that the fluid behaves as a Newtonian fluid (all gases as well as some liquids,
e.g. water, fulfill this assumption), then the stress state through the pressure tensor is
described as following:

p = pE + Π. (3.23)

Here, E denotes the unit matrix and p the hydrostatic pressure. The product pE

describes the hydrostatic part and Π the viscous part of the pressure tensor. The viscous
part is given by [1]:

Π = −µ[(grad~v) + (grad~v)T ] +
2

3
µ(div~v)E. (3.24)

In equation (3.24), µ denotes the dynamic viscosity of the mixture, the first term of
the equation represents the deformation tensor, which contains the strain velocities.
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3.1.2.3 Energy Transport

The heat flux ~je is the sum of three different parts, a part ~jc
e which denotes flux caused

by heat conduction, a part ~jD
e which denotes flux caused by the Dufour effect, and

~jd
e denotes flux caused by diffusion. Usually the Dufour effect can be neglected in

combustion processes. The heat flux caused by heat conduction, ~jc
e is given by:

~jc
e = −λgradT, (3.25)

where λ is mixture thermal conductivity. The heat flux during diffusion is given by:

~jd
e = ρ

K∑

i=1

hi
~Vi. (3.26)

Here, hi denotes the specific enthalpy of species i and ~Vi is the diffusion velocity and it
is given in equation (3.22).

3.2 Description of the Liquid Phase

Between the liquid phase and gas phase, mass, momentum, and energy are exchanged
due to vaporization of droplets and possibly due to condensation on the droplet surface.
The coupling between these two phases occurs by source terms in the conservation
equations of the gas phase. The vaporization source terms depend on the vaporization
rate ṁ and energy q̇, which are required for the phase change. These two quantities
have to be determined by the model for the vaporization process.

3.2.1 Droplet Vaporization

Abramzon and Sirignano [76,77] developed a model for the vaporization of fuel droplets
in a convective environment (ambient gas with temperature higher than droplet), for
pressures up to 1 MPa. The film theory is applied in order to take into account the
convection caused by the relative droplet motion in the gas flow. It is assumed, that the
droplet is surrounded by a film also called boundary layer. This film is used in order to
model the resistance when mass and energy is exchanged in the gas phase (see Figure
3.1).

The film thickness δM0 and δT0 for the diffusive and thermal exchange, respectively,
are computed as follows [78]:

δM0 =
2R

Sh0 − 2
, δT0 =

2R

Nu0 − 2
, (3.27)

where R is the droplet radius. The Sherwood number Sh0 describes the ratio of con-
vective mass transport to diffusive mass transport. The Nusselt number Nu0 describes
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Cold Droplet

Fictive Film

Hot Environment

R

δM/δT

r

T

ṁ

q̇

Figure 3.1: Scheme of a single vaporazing droplet in a hot and convective environment
surrounded by a fictive film.

ratio between convective and conductive heat transfer. The index ”0” is used, if the
mass flow of the evaporating component (so called Stefan-flow) is not considered. Clift
et al. [79] suggested the following relations for the computation of Sh0 and Nu0:

Sh0 = 1 + (1 + Re Sc)
1

3 f(Re) (3.28)

Nu0 = 1 + (1 + Re Pr)
1

3 f(Re), (3.29)

where the function of droplet Reynolds number f(Re) is given by:

f(Re) = max(1,Re0.077) and (3.30)

Re =
2Rρ|∆~v|

µg,f
. (3.31)
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Here, R denotes the droplet radius, ρ is the density and µ denotes the dynamic vis-
cosity. Thus, for the computation of droplet Reynolds number, the density of gaseous
environment and the dynamic viscosity in film is used. When the relative velocity be-
tween droplet and gaseous environment is everywhere zero (∆~v = 0), then the Reynolds
number is zero and Sh0 and Nu0 take the value 2 for a spherical droplet. The vapor-
ization causes an expansion of the surrounding laminar boundary layer [78]. Therefore,
the Sherwood number and the Nusselt number are adapted as follows:

S̃h = 1 + (Sh0 − 2)/FM , Ñu = 1 + (Nu0 − 2)/FT , (3.32)

where FM and FT are correction factors. These factors describe the relative change of
the film thickness through the Stefan-flow as follows:

FM =
δM
δM0

, FT =
δT
δT0

. (3.33)

In [77], a universal function

F (B) = (1 +B)0.7 ln(1 +B)

B
(3.34)

has been provided, which delivers the correction factors by FM = F (BM) and FT =
F (BT ).

The transfer numbers are functions of the concentration gradient of the evaporated
components and the temperature gradient between droplet surface and gas. Note that,
in this work, the evaporating component is liquid oxygen and the fuel is methane. In
conventional technical applications as internal combustion engines or gas turbine com-
bustion chambers, however, liquid fuel is injected in oxidant air. Therefore, the transfer
number BM is dependent on the oxygen mass fraction on the droplet surface YO2,s

and
on the surrounding YO2

, and the transfer number BT is dependent on the specific heat
capacity of oxygen in the film cp,O2,f

and on the latent heat of vaporization Lv,O2
(Ts) at

the droplet surface temperature Ts [80]. In particular:

BM =
YO2,s

− YO2

1− YO2,s

, BT =
cp,O2,f

(T − Ts)

Lv,O2
(Ts) + q̇/ṁ

. (3.35)

The latent heat of vaporization of oxygen is not only dependent on temperature but
also strongly depends on the pressure [81]. For pressures higher than the critical pressure,
the latent heat of vaporization is around zero (see Figure 3.9). A mass balance around
the droplets provides an equation for the evaporated mass flow [82]:

ṁ = 2πρfDfR S̃h ln(1 +BM). (3.36)

Using energy conservation, the equation (3.36) becomes:
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3 Governing Equations for Reactive Two-Phase Flows

ṁ = 2π
λf

cp,O2,f

R · Ñu · ln(1 +BT ). (3.37)

Equating (3.36) with (3.37), one gets the following relation for BT :

BT = (1 +BM)Φ − 1 (3.38)

with

Φ =
1

Lef

cp,O2,f

cp,f

S̃h

Ñu
(3.39)

and

Lef =

(
Sc

Pr

)

f

=

[
λ

cp,O2
D

]

f

. (3.40)

The Lewis number Lef depends only on film properties. From the droplet surface an
exchange of mass and transport data is being applied through the film thickness and
the average film temperature Tf as well as the average mass fractions in the film Yi,f are
determined hereby by applying the so called ”1/3 rule” [82, 83].

Tf = Ts +
1

3
(T − Ts), (3.41)

Yi,f = Yi,s +
1

3
(Yi − Yi,s). (3.42)

Investigations in [83] have shown that the factor 1/3 is an appropriate value, even
though it has no physical interpretation. The decrease of the droplet mass is described
as follows:

ṁ = −
d

dt
(
4

3
πR3ρl). (3.43)

Differentiating equation (3.43) with respect to time and re-arranging, the expression
for rate of change of the droplet radius in time ca be written as

dR

dt
= −

ṁ

4πρlR2
. (3.44)

Equating (3.36) and (3.44), relation for the change of droplet radius in time is obtained:

dR

dt
= −

ρfDf

2ρlR
S̃h · ln(1 +BM ). (3.45)

The energy flux q̇, which heats up the droplet, can be computed as follows:
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3.2 Description of the Liquid Phase

q̇ = ṁ

(
cp,f(T − Ts)

BT
− Lv,O2

(Ts)

)
. (3.46)

Thus, the exchange of mass and energy between droplet and surrounding gas is de-
scribed in detail.

3.2.2 Droplet Heating

The process of droplet heating influences the vaporization process via the time varying
surface temperature Ts. There are three commonly used models in the literature to
model the energy transport in droplets: the Thin Skin Model, the Uniform Temperature
Model and the Conduction Limit Model.

The assumption for the Thin Skin Model (TS) is that the life time of the droplet is
much shorter than the time required to transport energy into the droplet interior. As
a consequence of this assumption, the droplet temperature remains at its initial value
during the vaporization process. The droplet surface area decreases linearly in time.
This behavior is known as the d2− law [84,85]. This model is applicable to liquids with
low boiling points and for moderate temperatures.

In contrast to the Thin Skin Model, the Uniform Temperature Model (UT) is based
on the assumption that the life time of the droplet is much longer than the time for the
energy transport in the droplet. This is equivalent with the assumption of an infinite
liquid heat conductivity. The temperature profile in the interior of the droplet is uniform
but changes over time. This model is applicable for very small droplets with high thermal
conductivity in a high-temperature environment [86].

The most realistic behavior is described by the Conduction Limit Model, which lies in
between The Thin Skin Model and The Uniform Temperature Model. The Conduction
Limit Model (CL) [87–89] addresses the radial energy transport in the droplet interior.
The liquid temperature is not only a function of time but also changes as a function
of the droplet radius. The disadvantage of this model is the higher computational cost
since a partial differential equation for the energy in the droplet has to be solved for
each time step. Therefore, the computational complexity leads to a limited applicability
to technical problems.

In the TS Model, no energy transport into the droplet interior is considered. The
computational cost to simulate the evaporation process is minimal. In the case of UT
Model, the total energy balance for the droplet allows the calculation of the temperature
variation dTl:

q̇ = mlcp,l
dTl

dt
, (3.47)

where ml denotes the droplet mass, Tl denotes the temperature of liquid and cp,l is the
liquid heat capacity. The CL Model is more complex. A partial differential equation
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for the radial energy transport has to be solved such that Tl can be computed as a
function of droplet radius and time i.e. Tl = f(r, t). Considering a local time dependent
thermal conductivity of the droplet, the energy conservation equation can be formulated
as follows [84]:

∂Tl

∂t
= αl

(
∂2Tl

∂r2
+

(
2

r
+

1

λl

∂λl

∂r

)
∂Tl

∂r

)
. (3.48)

The equation (3.48) can be simplified when a constant heat conductivity in the droplet
is assumed:

∂Tl

∂t
=
αl

r2

∂

∂r

(
r2∂Tl

∂r

)
. (3.49)

Here αl = λl

(ρlcp,l)
is the thermal diffusivity and λl is the thermal heat conductivity,

which depends on the pressure and initial temperature of the droplet and it is taken as
a constant. In order to solve the energy equation, the temperature profile at initial time
t = 0 as well as two boundary conditions must be specified:

Tl(t = 0) = Tl,0 (3.50)

∂Tl

∂r

∣∣∣∣
r=0

= 0 (3.51)

∂Tl

∂r

∣∣∣∣
r=R

=
q̇

4πR2λl,s

. (3.52)

While the TS Model underestimates the life time of a droplet, the UT Model estimates
the life time of a droplet more accurately. However, as expected among the three models,
the CL Model supplies the best results. The life time determined with this model is
between the life times calculated with the TS Model and the UT Model. This is shown
in [84, 90] for a freely falling hepthane droplet evaporating in nitrogen.

3.2.3 Droplet Motion

The droplet motion is calculated by solving the momentum equation in x- and y-
direction. The momentum equation for a droplet [87] is given by:

dvl

dt
=

3

8

ρ

Rρl

(v− vl) | v − vl | CD + g (3.53)

where ~v and ~vl are the velocity vectors for the gas and liquid phase, CD is the drag
coefficient. The change in the droplet momentum, given by the left hand side of the
equation (3.53), is equal to the sum of all acting forces, namely forces of inertia and the
gravitation. Stokes Law [79] supplies the drag coefficient CD for a sphere:

CD =
24

Re
. (3.54)
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If the sphere is surrounded by gas, the drag coefficient is corrected as follows [91]:

CD =
24

Re

(
1 +

Re2/3

6

)
. (3.55)

The equation (3.55) is valid when the droplet Reynolds number is Re< 1000.

3.3 Chemical Reactions

3.3.1 Chemical Rate Law

One of the first steps in studying the kinetics of a chemical reaction is to determine
the rate law of the reaction. Gas-phase reactions have a large impact on ignition and
flame stabilization, on the heat release rate, and on pollutant emissions. The gas-
phase chemistry is particularly important for the emission of carbon monoxide, unburned
hydrocarbons, aromatic compounds, soot and nitrogen oxides. Reactions that take place
in the gas phase are known as homogeneous reactions.

Chemical processes are composed by a number of reversible (or irreversible) reactions
that include N chemical species. Each one of these reactions can be represented in the
general form [1]

N∑

i=1

ν ′iAi →
N∑

i=1

ν ′′i Ai , (3.56)

where ν ′i and ν ′′i are the stoichiometric coefficients of the chemical species i and Ai are
the species symbols, and N is the number of chemical species.

For a given reaction, the rate law is an equation which describes how fast a reaction
proceeds and how the reaction rate depends on the concentration of the chemical species
involved. The rate law describes the time dependence of a chemical reaction. The
rate of a reaction whose stoichiometry is known can be measured in terms of the rate
of formation of any product or the rate of consumption of any reactant. Formation
is normally indicated as a positive rate, with a positive sign, and consumption as a
negative rate, with a negative sign. Since a rate of a reaction often depends upon the
concentration or pressure of a reactant, but not a product, rates of reactions are usually
written in terms of rates of consumption of reactants. The rate law for Reaction (3.56)
can be written as [1]

dci
dt

= νikf

N∏

i=1

c
ni,1

i , (3.57)

where νi = ν ′′i − ν
′
i, ci is the concentration of species i, kf is the rate coefficient, and ni,1

is the reaction order with respect to species i.
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For an elementary mechanism composed of N reactions and K species, the rate of
formation (or reaction rate) of species j is given by summation over the rate equations
(3.58) of all elementary reactions:

ω̇j =

N∑

j=1

νijkj

K∏

i=1

(
YipW̄

RTWi

)νij

. (3.58)

For the reverse of reaction (3.56),

N∑

i=1

ν ′′i Ai →

N∑

i=1

ν ′iAi , (3.59)

the rate law can be written as

dci
dt

= −νikr

N∏

i=1

c
ni,2

i , (3.60)

where ni,2 is the reaction order of the i-th product species. The equilibrium has been
reached when the forward and backward reactions have the same microscopic rate,

νikf

N∏

i=1

c
ni,1

i = νikr

N∏

i=1

c
ni,2

i , (3.61)

which means that no net reaction can be observed on a macroscopic level. The equilib-
rium constant of the reaction [1] is

Keq =
kf

kr
=

N∏

i=1

cνi

i . (3.62)

The equilibrium constant, Keq, represents the ratio of the rate coefficients of the forward
and reverse reactions. For an ideal gas, the equilibrium constant is calculated according
to [1, 19]

Keq =
kf

kr
=

(
p0

RT

)PN
i=1 νi

exp

[
∆RS̄

0

R
−

∆RH̄
0

RT

]
, (3.63)

where p0 is the standard pressure (p0 = 0.1MPa), ∆RS̄
0 is the molar entropy of the

reaction,

∆RS̄
0 =

N∑

i=1

νiS̄
0
i , (3.64)

and ∆RH̄
0 the standard molar enthalpy of the reaction,

∆RH̄
0 =

N∑

i=1

νiH̄
0
i . (3.65)

S̄0
i and H̄0

i are, respectively, the standard molar entropies and enthalpies of the species
involved in the reaction.
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3.3 Chemical Reactions

3.3.2 Rate Coefficients

3.3.2.1 Temperature Dependence of Rate Coefficients

It is known that the rate of chemical reactions depends on the temperature. At higher
temperatures, the probability that two molecules will collide per unit time is higher.
This higher collision rate results from a higher average kinetic energy. The activation
energy is the amount of energy required to ensure that a reaction happens. In 1889,
Arrhenius analyzed the characteristics of rate coefficients and elaborated the well-known
Arrhenius Law.

The relationship between the rate of the reaction and its temperature is determined
by the Arrhenius equation [1]

k = A exp

(
−
Ea

RT

)
, (3.66)

where k is the rate coefficient for the reaction, A is called the pre-exponential factor or
frequency factor and is a constant specific to each reaction that depends on the chance
the molecules will collide in the correct orientation (depends on the molecularity of
the reaction and accounts for the number of collisions between molecules in a reaction
system), Ea is the activation energy, R is the gas constant (R has the value of 8.314×
10−3 kJ/mole K), and T is the temperature (in K). A and Ea are determined from
experiment or statistical mechanics calculations. It is known that not all molecular
collisions will result in reaction, but only those with kinetic energy higher than the energy
needed to break the reactant’s chemical bonds. This energy barrier is described by the
activation energy (see Figure 3.2). Therefore, the proportion of collisions occurring
between molecules that have kinetic energy higher than activation energy is given by
exp (−Ea/RT ); this results from the kinetic theory of gases. An analysis of the enthalpy
of the system will give a decent account of the energetics of the reaction mixture. By
calculating the amounts of energy required to break all the bonds of the reactant species
and products, it is possible to calculate the energy difference between the reactants and
the products. This is referred to as ∆H , where ∆ means difference (energy used in bond
breaking reactions minus energy released in bond making products), and H stands for
enthalpy, a measure of energy which is equal to the heat transferred at constant pressure.
∆H is negative for exothermic reactions, and refers to the fact that the energy has been
released in the form of heat.

However, limitations of the accuracy of experimental data, and the fact that small
differences among rate coefficients could cause considerable changes of reaction rates,
motivated the common acceptance of a simplified Arrhenius equation. In the case of
using detailed chemistry, the rate coefficient is predicted to have the form [1, 19]

k = ATm exp

(
−
Ea

RT

)
, (3.67)
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Energy
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Reactants
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Figure 3.2: The energy profile (schematic) of a chemical reaction. The reaction coordinate
represents the changes in bond lengths and bond angles that occur as the chemical reaction
proceeds from reactants to products [92].

where A is the preexponential factor, Ea denotes the activation energy. If m is known,
Ea can be determined from the slope of the plot of ln (k/Tm) against 1/T .

Equations. (3.66) and (3.67) are empirical expressions based on fits of experimental
data. Rate coefficients are usually calculated for a finite temperature range.

An important point to notice is that the reaction rate coefficient increases very fast
with temperature. This is the fundamental reason why combustion reactions occur at
high temperatures and not at room temperature.

3.3.2.2 Pressure Dependence of Rate Coefficients

Lindemann-Hinshelwood-Mechanisms
The pressure dependence of the rate coefficient of unimolecular reactions can be under-
stood using the Lindemann model [93]. This model explains how unimolecular reactions
occur and provides a simplified representation of the physical processes that are involved
in unimolecular reactions. According to Lindemann, the energy source for a unimolec-
ular reaction is collision with other molecules, M. The excited molecule can deactivate
through another collision, or decompose into the products. The Lindemann model for
unimolecular reactions of the form

A
k1

⇋
k−1

B (3.68)

can be written as

A + M
k1

⇋
k−1

A∗ + M (3.69)

A∗ k2→ B (3.70)
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where A∗ is the energized reactant molecule and M is the collision molecule. The rate
of product formation is given by

d[B]

dt
= k2[A

∗] . (3.71)

Because of the activation and deactivation of the reactant molecule A∗, the concentration
of A∗ is very small and the steady-state approximation can be assumed:

d[A∗]

dt
= 0 = k1[A][M]− k−1[A

∗][M]− k2[A
∗] . (3.72)

The concentration of species A∗ is

[A∗] =
k1[M][A]

k2 + k−1[M]
, (3.73)

and the rate law for the overall reaction is

d[B]

dt
= −

d[A]

dt
=

k1k2[M][A]

k2 + k−1[M]
. (3.74)

At very high pressures, the concentration of the collision partner M is high. If the rate of
collisional deactivation is much larger than the rate of the unimolecular decomposition,
k−1[A

∗][M]≫ k2[A
∗] or k−1[M]≫ k2, then

d[B]

dt
=
k1k2

k−1

[A] = k∞[A]. (3.75)

In this case, the reaction rate is first order in A, where the k∞ represents the high-
pressure rate coefficient. The reaction rate does not depend on the concentrations of the
collision partners, because at high pressures collisions occur very often and, thus, the
rate-limiting step is the decomposition of the activated molecule A∗.

At low pressures, the concentration of the collision partner M is very low. If the rate
of collisional deactivation is much smaller than the rate of the reaction, k1[M] ≪ k2,
then

d[B]

dt
= k1[A][M] = k0[A][M] , (3.76)

where k0 is the low-pressure rate coefficient. In this case, the rate law is first order in
[A] and [M]. The overall reaction order is 2. The reaction rate is proportional to the
concentration of species A and collision partner M, because the activation is slow at low
pressures.

The physical meaning of this change of reaction order is that at low pressures, the
bimolecular formation of [A∗] is the rate-limiting reaction. For the overall reaction, the
equation of the global rate is

d[B]

dt
= k[A][M] , (3.77)
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Figure 3.3: Fall-off curves for the unimolecular reaction C2H6 → CH3 + CH3 [1]

where

k =
k1k2[A]

k2 + k−1[A]
(3.78)

or
1

k
=

k−1

k1k2
+

1

k1[A]
. (3.79)

The theory can be tested by plotting 1/k against 1/[A]; the result must be a straight
line.

The Lindemann model illustrates the behavior of the reaction rate with concentra-
tion but does not explain in detail how the energy transfer processes take place. More
accurate results for the pressure dependence of unimolecular reactions can be obtained
from the theory of unimolecular reactions . The theory of [94–96] unimolecular reactions
yields fall-off curves which describe the pressure dependence of k for different temper-
atures. The fall-off curves strongly depend on temperature. Thus, the rate coefficients
of unimolecular reactions show different temperature dependencies at different values of
the pressure.

Rice-Ramsperger-Kassel model (RRK model)
An improved model was proposed in 1926 by O.K. Rice and H.C. Ramsperger and almost
simultaneously by L.S. Kassel, and is now known as the Rice-Ramsperger- Kassel model
(RRK model) [94]. The model has been elaborated, largely by R.A. Marcus, into the
RRKM model.

The essential feature of the model is that, although a molecule might have enough
energy to react, that energy is distributed over all the modes of motion of the molecule,
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and reaction will occur only when enough of that energy has migrated into a particular
location (such as a bond) in the molecule. Provided the rate constant is proportional to
this probability:

P =

(
1−

E∗

E

)s−1

(3.80)

where s is the number of modes of motion over which the energy may be dissipated and
E∗ is the energy required for the bond of interest to break. We can write the Kassel
form of the unimolecular rate constant for the decay of A∗ to products as

k2(E) =

(
1−

E∗

E

)s−1

k2 for E ≥ E∗ , (3.81)

where k2 is the rate constant used in the original Lindemann theory.

Treatment of Pressure-Dependent Reactions
As mentioned earlier, for some dissociation/recombination and bimolecular reactions, it
has been observed that under certain conditions reaction rates depend strongly on pres-
sure as well as on temperature. These reactions are called dissociation/recombination
fall-off reactions and chemically activated bimolecular reactions. In the first ones, the
rate of the reaction increases with pressure, while for the second type it decreases when
the pressure increases. For a given combination and the reverse dissociation reaction,

A + B + M ⇋ AB + M, (3.82)

the rate law is described by
d[AB]

dt
= k[A][B] , (3.83)

in which the second-order rate constant depending on [M]. The pressure dependence
of the rates of these reactions is described by two limiting situations, the low-pressure
and high-pressure limits. At low pressures (k0), a third-body concentration is needed
to provide enough energy for the collision so that the reaction may take place. At high
pressure (k∞), this contribution is not necessary. Between these two circumstances,
there is an intermediate case, the fall-off region represented by a fall-off expression of
k/k∞ as a function of

k0[M]

k∞
=

[M]

[M]c
, (3.84)

where [M]c is the center of the fall-off curve and indicates the third body concentration
for which the extrapolated k0 would be equal to k/k∞. The dependence of k on [M]
is complicated and has to be analyzed by unimolecular rate theory. For moderately
complex molecules at not too high temperatures the following expression is given [97]:

k =
k0k∞[M]

k0[M] + k∞
F = k0[M]

(
1

1 + [M]/[M]c

)
F = k∞

(
[M]/[M]c

1 + [M]/[M]c

)
F, (3.85)
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where F is called the broadening factor. At not too high temperatures, which vary from
reaction to reaction, the broadening factor can be written as [98]

logF =
logFc

1 +

[
log ([M]/[M]c)

N

]2 , (3.86)

where N = 0.75− 1.27 logFc. The fall-off curve is characterized by k0, k∞, Fc and [M]c
([M]c = k0/k∞).

Troe [99–101] estimated the temperature dependence of Fc by the following equation:

Fc = (1− a) exp (−T/T ∗∗∗) + a exp (−T/T ∗) + exp (−T ∗∗/T ) . (3.87)

where a, T ∗∗∗, T ∗∗ and T ∗ are used to determine the Fc value which describes the center
of fall-off range.
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A[cm,mol,s] n[-] Ea[kJ/mol] no.

1. H2–CO oxidation

1.1. H2–O2 reactions (no HO2, H2O2)

O2 + H ⇋ OH + O 2.00·1014 0.0 70.30 1

H2 + O ⇋ OH + H 5.06·1004 2.67 26.30 2

H2 + OH ⇋ H2O + H 1.00·108 1.60 13.80 3

OH + OH ⇋ H2O + O 1.50·109 1.14 0.42 4

H + H + M(1) ⇋ H2 + M(1) 1.80·1018 −1.0 0.0 5

O + O + M(1) ⇋ O2 + M(1) 2.90·1017 −1.0 0.0 6

H + OH + M(1) ⇋ H2O + M(1) 2.20·1022 −2.0 0.0 7

1.2. HO2 formation/consumption

H + O2 + M(1) ⇋ HO2 + M(1) 2.30·1018 −0.8 0.0 8

HO2 + H ⇋ OH + OH 1.50·1014 0.0 4.20 9

HO2 + H ⇋ H2 + O2 2.50·1013 0.0 2.90 10

HO2 + H ⇋ H2O + O 3.00·1013 0.0 7.2 11

HO2 + O ⇋ OH + O2 1.80·1013 0.0 −1.70 12

HO2 + OH ⇋ H2O + O2 6.00·1013 0.0 0.0 13

1.3. H2O2 formation/consumption

HO2 + HO2 ⇋ H2O2 + O2 2.50·1011 0.0 −5.20 14

OH + OH + M(1) ⇋ H2O2 + M(1) 3.25·1022 −2.0 0.0 15

H2O2 + H ⇋ H2 + HO2 1.70·1012 0.0 15.71 16

H2O2 + H ⇋ H2O + OH 1.00·1013 0.0 15.00 17

H2O2 + O ⇋ OH + HO2 2.80·1013 0.0 26.80 18

H2O2 + OH ⇋ H2O + HO2 5.40·1012 0.0 4.20 20

1.4. CO reactions

CO + O + M(1) ⇋ CO2 + M(1) 7.10·1013 0.0 −19.00 21

CO + OH ⇋ CO2 + H 6.00·1006 1.5 −3.10 22

CO + HO2 ⇋ CO2 + OH 1.50·1014 0.0 98.7 23

CO + O2 ⇋ CO2 + O 2.50·1012 0.0 200.0 24

2. C1–hydrocarbons oxidation

2.1. CH reactions

CH + O ⇋ CO + H 4.00·1013 0.0 0.0 25

CH + O2 ⇋ CHO + O 6.00·1013 0.0 0.0 26

CH + CO2 ⇋ CHO + CO 3.40·1012 0.0 2.90 27

continues on next page
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A[cm,mol,s] n[-] Ea[kJ/mol] no.

continued from previous page

CH + H2O ⇋ CH2O + H 3.80·1012 0.0 −3.2 28

CH + H2O ⇋
3CH2 + OH 1.90·1012 0.0 −3.2 29

CH + OH ⇋ CHO + H 3.00·1013 0.0 0.0 30

2.2. CHO reactions

CHO + M(1) ⇋ CO + H + M(1) 7.10·1014 0.0 70.30 31

CHO + H ⇋ CO + H2 9.00·1013 0.0 0.0 32

CHO + O ⇋ CO + OH 3.00·1013 0.0 0.0 33

CHO + O ⇋ CO2 + H 3.00·1013 0.0 0.0 34

CHO + OH ⇋ CO + H2O 1.00·1014 0.0 0.0 35

CHO + O2 ⇋ CO + HO2 3.00·1012 0.0 0.0 36

CHO + CHO ⇋ CH2O + CO 3.00·1013 0.0 0.0 37

2.3. CH2 reactions

3CH2 + H ⇋ CH + H2 6.00·1012 0.0 −7.5 38
3CH2 + O → CO + H + H 8.40·1012 0.0 0.0 39
3CH2 + 3CH2 ⇋ C2H2 + H2 1.20·1013 0.0 3.40 40
3CH2 + 3CH2 ⇋ C2H2 + H + H 1.10·1014 0.0 3.40 41
3CH2 + CH3 ⇋ C2H4 + H 4.20·1013 0.0 0.0 42
3CH2 + O2 ⇋ CO + OH + H 1.30·1013 0.0 6.2 43
3CH2 + O2 ⇋ CO2 + H2 1.20·1013 0.0 6.2 44
1CH2 + M(1) ⇋

3CH2 + M(1) 1.20·1013 0.0 0.0 45
1CH2 + O2 ⇋ CO + OH + H 3.10·1013 0.0 0.0 46
1CH2 + H2 ⇋ CH3 + H 7.20·1013 0.0 0.0 47
1CH2 + CH3 ⇋ C2H4 + H 1.60·1013 0.0 −2.38 48

2.4. CH2O reactions

CH2O + M(1) ⇋ CHO + H + M(1) 5.00·1016 0.0 320.00 49

CH2O + H ⇋ CHO + H2 2.30·1010 1.05 13.70 50

CH2O + O ⇋ CHO + OH 4.15·1011 0.57 11.56 51

CH2O + OH ⇋ CHO + H2O 3.40·1009 1.2 −1.90 52

CH2O + HO2 ⇋ CHO + H2O2 3.00·1012 0.0 54.70 53

CH2O + CH3 ⇋ CHO + CH4 1.00·1011 0.0 25.50 54

CH2O + O2 ⇋ CHO + HO2 6.00·1013 0.0 171.00 55

2.5. CH3 reactions

CH3 + M(1) ⇋
3CH2 + H + M(1) 6.90·1014 0.0 345.0 56

CH3 + M(1) ⇋
3CH2 + H + M(1) 1.00·1016 0.0 379.0 57

CH3 + O ⇋ CH2O + H 8.43·1013 0.0 0.0 58

CH3 + H ⇋ CH4 1.93·1036 −7.0 38.0 59

CH3 + OH → CH3O + H 2.26·1014 0.0 64.8 60

continues on next page
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A[cm,mol,s] n[-] Ea[kJ/mol] no.

continued from previous page

CH3O + H → CH3 + OH 4.75·1016 −0.13 88.00 61

CH3 + O2 → OH + CH2O 3.30·1011 0.0 37.4 62

CH3 + HO2 ⇋ CH3O + OH 1.80·1013 0.0 0.0 63

CH3 + HO2 ⇋ CH4 + O2 3.60·1012 0.0 0.0 64

CH3 + CH3 → C2H4 + O2 1.00·1016 0.0 134.0 65

CH3 + CH3 + ⇋ C2H6 + 1.69·1053 −12.0 81.2 66

2.6. CH3O reactions

CH3O + M(1) ⇋ CH2O + H + M(1) 5.00·1013 0.0 105.00 67

CH3O + H ⇋ CH2O + H2 1.80·1013 0.0 0.0 68

CH3O + O2 ⇋ CH2O + HO2 4.00·1010 0.0 8.9 69

CH3O + CH2O → CH3OH + CHO 6.00·1011 0.0 13.8 70

CH3OH + CHO → CH3O + CH2O 6.50·1009 0.0 57.2 71

CH3O + O ⇋ O2 + CH3 1.10·1013 0.0 0.0 72

CH3O + O ⇋ OH + CH2O 1.40·1012 0.0 0.0 73

2.7. CH2OH reactions

CH2OH + M(1) ⇋ CH2O + H + M(1) 5.00·1013 0.0 105.00 74

CH2OH + H ⇋ CH2O + H2 3.00·1013 0.0 0.0 75

CH2OH + O2 ⇋ CH2O + HO2 1.00·1013 0.0 30.0 76

2.8. CH3O2 reactions

CH3O2 + M(1) → CH3 + O2 + M(1) 7.24·1016 0.0 111.00 77

CH3 + O2 + M(1) → CH3O2 + M(1) 1.41·1016 0.0 −4.60 78

CH3O2 + CH2O → CH3O2H + CHO 1.30·1011 0.0 37.7 79

CH3O2H + CHO → CH3O2 + CH2O 2.50·1010 0.0 42.3 80

CH3O2 + CH3 → CH3O + CH3O 3.80·1012 0.0 −5.0 81

CH3O + CH3O → CH3O2 + CH3 2.00·1010 0.0 0.0 82

CH3O2 + HO2 → CH3O2H + O2 4.60·1010 0.0 −10.9 83

CH3O2H + O2 → CH3O2 + HO2 3.00·1012 0.0 163.0 84

CH3O2 + CH3O2 → CH2O + CH3OH + O2 1.80·1012 0.0 0.0 85

CH3O2 + CH3O2 → CH3O + CH3O + O2 3.70·1012 0.0 9.20 86

2.9. CH4 reactions

CH4 + H ⇋ H2 + CH3 1.30·104 3.0 33.6 87

CH4 + O ⇋ OH + CH3 6.92·108 1.56 35.5 88

CH4 + OH ⇋ H2O + CH3 1.60·107 1.83 11.6 89

CH4 + HO2 ⇋ H2O2 + CH3 1.10·1013 0.0 103.00 90

CH4 + CH ⇋ C2H4 + H 3.00·1013 0.0 −1.7 91

CH4 + 3CH2 ⇋ CH3 + CH3 1.30·1013 0.0 39.9 92

continues on next page
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A[cm,mol,s] n[-] Ea[kJ/mol] no.

continued from previous page

2.10. CH3OH reactions

CH3OH ⇋ CH3 + OH 9.51·1029 −4.3 404.0 93

CH3OH + H ⇋ CH2OH + H2 4.00·1013 0.0 25.5 94

CH3OH + O ⇋ CH2OH + OH 1.00·1013 0.0 19.6 95

CH3OH + OH ⇋ CH2OH + H2O 1.00·1013 0.0 7.1 96

CH3OH + HO2 → CH2OH + H2O2 6.20·1012 0.0 81.1 97

CH2OH + H2O2 → CH3OH + HO2 1.00·107 1.7 47.9 98

CH3OH + CH3 ⇋ CH4 + CH2OH 9.00·1012 0.0 41.1 99

CH3OH + CH3O → CH2OH + CH3OH 2.00·1011 0.0 29.3 100

CH2OH + CH3OH → CH3OH + CH3O 2.20·104 1.7 45.4 101

CH3OH + CH2O → CH3O + CH3O 1.53·1012 0.0 333.0 102

CH3O + CH3O → CH3OH + CH2O 3.00·1013 0.0 0.0 103

2.11. CH3O2H reactions

CH3O2H ⇋ CH3O + OH 4.00·1015 0.0 180.0 104

CH3O2H + OH ⇋ H2O + CH3O2 2.60·1012 0.0 0.0 105

3. C2–hydrocarbons oxidation

3.1. C2H reactions

C2H + O ⇋ CO + CH 1.00·1013 0.0 0.0 106

C2H + O2 ⇋ HCCO + O 3.00·1012 0.0 0.0 107

3.2. HCCO reactions

HCCO + H ⇋
3CH2 + CO 1.50·1014 0.0 0.0 108

HCCO + O → CO + CO + H 9.60·1013 0.0 0.0 109

HCCO + 3CH2 ⇋ C2H3 + CO 3.00·1013 0.0 0.0 110

3.3. C2H2 reactions

C2H2 + M(1) ⇋ C2H + H + M(1) 3.60·1016 0.0 446.0 111

C2H2 + O2 ⇋ HCCO + OH 2.00·108 1.5 126.0 112

C2H2 + H ⇋ C2H + H2 6.02·1013 0.0 116.0 113

C2H2 + O ⇋
3CH2 + CO 1.72·104 2.8 2.1 114

C2H2 + O ⇋ HCCO + H 1.72·104 2.8 2.1 115

C2H2 + OH ⇋ H2O + C2H 6.00·1013 0.0 54.2 116

C2H2 + C2H ⇋ C4H2 + H 3.00·1013 0.0 0.0 117

continues on next page
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A[cm,mol,s] n[-] Ea[kJ/mol] no.

continued from previous page

3.4. CH2CO reactions

CH2CO + M(1) ⇋
3CH2 + CO + M(1) 1.00·1016 0.0 248.0 118

CH2CO + H ⇋ CH3 + CO 3.60·1013 0.0 14.1 119

CH2CO + O ⇋ CHO + CHO 2.30·1012 0.0 5.7 120

CH2CO + OH ⇋ CH2O + CHO 1.00·1013 0.0 0.0 121

3.5. C2H3 reactions

C2H3 ⇋ C2H2 + H 4.73·1040 −8.8 194.0 122

C2H3 + OH ⇋ C2H2 + H2O 5.00·1013 0.0 0.0 123

C2H3 + H ⇋ C2H2 + H2 1.20·1013 0.0 0.0 124

C2H3 + O ⇋ C2H2 + OH 1.00·1013 0.0 0.0 125

C2H3 + O ⇋ CH3 + CO 1.00·1013 0.0 0.0 126

C2H3 + O ⇋ CHO + 3CH2 1.00·1013 0.0 0.0 127

C2H3 + O2 ⇋ CH2O + CHO 5.40·1012 0.0 0.0 128

3.6. CH3CO reactions

CH3CO ⇋ CH3 + CO 2.32·1026 −5.0 75.1 129

CH3CO + H ⇋ CH2CO + H2 2.00·1013 0.0 0.0 130

3.7. CH2CHO reactions

CH2CHO + H ⇋ CH2CO + H2 2.00·1013 0.0 0.0 131

3.8. C2H4 reactions

C2H4 + M(1) ⇋ C2H2 + H2 + M(1) 7.50·1017 0.0 320.0 132

C2H4 + M(1) ⇋ C2H3 + H + M(1) 8.50·1017 0.0 404.0 133

C2H4 + H ⇋ C2H3 + H2 5.67·1014 0.0 62.9 134

C2H4 + O ⇋ CH2CHO + H 1.40·106 2.08 0.0 135

C2H4 + O ⇋ CHO + CH3 2.42·106 2.08 0.0 136

C2H4 + OH ⇋ C2H3 + H2O 2.11·1013 0.0 24.9 137

3.9. CH3CHO reactions

CH3CHO + M(1) ⇋ CH3 + CHO + M(1) 7.00·1015 0.0 343.0 138

CH3CHO + H ⇋ CH3CO + H2 2.10·109 1.16 10.1 139

CH3CHO + H ⇋ CH2CHO + H2 2.00·109 1.16 10.1 140

CH3CHO + O ⇋ CH3CO + OH 5.00·1012 0.0 7.6 141

CH3CHO + O ⇋ CH2CHO + OH 8.00·1011 0.0 7.6 142

CH3CHO + O2 ⇋ CH3CO + HO2 4.00·1013 0.0 164.0 143

CH3CHO + OH ⇋ CH3CO + H2O 2.30·1010 0.73 −4.7 144

CH3CHO + HO2 ⇋ CH3CO + H2O2 3.00·1012 0.0 50.0 145
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A[cm,mol,s] n[-] Ea[kJ/mol] no.

CH3CHO + 3CH2 ⇋ CH3CO + CH3 2.50·1012 0.0 15.9 146

CH3CHO + CH3 ⇋ CH3CO + CH4 2.00·10−6 5.64 10.3 147

3.10. C2H5 reactions

C2H5 + M(1) ⇋ C2H4 + H + M(1) 1.02·1043 −9.1 224.0 148

C2H5 + H ⇋ CH3 + CH3 3.00·1013 0.0 0.0 149

C2H5 + O ⇋ CH3CHO + H 5.00·1013 0.0 0.0 150

C2H5 + O ⇋ CH2O + CH3 1.00·1013 0.0 0.0 151

C2H5 + O2 ⇋ C2H4 + HO2 1.10·1010 0.0 −6.3 152

C2H5 + CH3 ⇋ C2H4 + CH4 1.14·1012 0.0 0.0 153

C2H5 + C2H5 ⇋ C2H4 + C2H6 1.40·1012 0.0 0.0 154

3.11. C2H6 reactions

C2H6 + H ⇋ C2H5 + H2 1.40·109 1.5 31.1 155

C2H6 + O ⇋ C2H5 + OH 1.00·109 1.5 24.4 156

C2H6 + OH ⇋ C2H5 + H2O 7.20·106 2.0 3.6 157

C2H6 + HO2 ⇋ C2H5 + H2O2 1.70·1013 0.0 85.9 158

C2H6 + O2 ⇋ C2H5 + HO2 6.00·1013 0.0 217.0 159

C2H6 + 3CH2 ⇋ C2H5 + CH3 2.20·1013 0.0 36.3 160

C2H6 + CH3 ⇋ C2H5 + CH4 1.50·10−7 6.0 25.4 161

Table 3.1.: Small hydrocarbons mechanism [1].

Figure 3.4 is a scheme of the oxidation of methane mechanism and Table 3.1 is the
detailed mechanism of the oxidation of methane in the gas phase [1]. It is composed of
294 elementary reactions and involves 35 species.

3.4 Transport Properties

3.4.1 Gas Phase Properties

The transport properties of the gas phase have been evaluated from the kinetic theory
of gases [75].

Specific Heat and Specific Enthalpy

The specific heat, cp,i, of species i, in gas phase is calculated from a temperature
dependent polynomial fit [102]
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3.4 Transport Properties

Figure 3.4: Mechanism of the oxidation of CH4 [1].

cp,i = R
5∑

n=1

acP ,i,nT
n−1, (3.88)

where the coefficients acP ,i,n for two ranges of temperatures, between 300 to 1000 K,
and between 1000 to 4000 K are given. The specific heat of the gas mixture, c̄p, is then
determined from the specific heats of its constituent species as below

c̄p =
K∑

i=1

cp,iYi. (3.89)

The specific enthalpy, hi of species i, which is temperature dependent, and calculated
by integrating the specific heat of species i, as follows

hi(T ) = h0
i,T 0 +

∫ T

T 0

cP (T )dT, (3.90)
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where h0
i,T 0 is the standard enthalpy of formation of species i, at reference temperature

T 0.
Dynamic Viscosity
The dynamic viscosity µi, of species, i, in the gas phase is calculated [102] as follows

ln(µi) =
4∑

i=1

aµ,i,n(lnT )n−1 (3.91)

and the viscosity of the gas mixture, µ̄, is evaluated from the viscosities of the constituent
species by

µ̄ =
1

2




K∑

i=1

Xiµi +

(
K∑

i=1

Xi

µi

)−1

 . (3.92)

Thermal Conductivity
The thermal conductivity λi, of species i, in the gas phase is calculated [102] as follows

ln(λi) =
4∑

i=1

aλ,i,n(lnT )n−1 (3.93)

and the thermal conductivity of the gas mixture, λ̄, is evaluated from the thermal
conductivities of the constituent species as

λ̄ =
1

2




K∑

i=1

Xiλi +

(
K∑

i=1

Xi

λi

)−1

 . (3.94)

Diffusion Coefficients
Binary diffusion coefficient Dij, of species i into species j, is calculated [102] as follows

ln(pDi,j) =
4∑

i=1

aD,i,n(lnT )n−1. (3.95)

The coefficients aD,i,n, aλ,i,n,aµ,i,n are valid for temperatures between 300 and 5000K.
The diffusion coefficient of species, i, into the gas mixture Di, is calculated from the
binary diffusion coefficients [102] as follows

Di =
1− Yi∑K

j 6=i
Xi

Dij

. (3.96)
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The transport coefficients for the species CH4 and O2, which are the only available
components in temperatures ranging below 300 K, increasingly deviate from the extrap-
olated NASA polynomials when reaching the critical temperatures (Tc,O2

= 154.6 K,
Tc,CH4

= 190.55 K). Moreover, they show a strong pressure dependence. Therefore the
transport characteristics for CH4 and O2 are taken from JSME tables [103], which cover
the temperature range from 80 to 300 K and the pressure range from 0.1 to 20 MPa.
The figures (3.5, 3.6, 3.7, 3.8) show the pressure and temperature dependence of the
specific heat conductivity and the dynamic viscosity of CH4 and O2. Figure 3.9 shows
the dependence of latent heat of vaporization of oxygen below 300 K as a function of
temperature and pressure.
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Figure 3.5: The pressure and temperature dependence of the thermal conductivity of methane
in the temperature range 100 < T < 300 K, [103].

The thermodynamic data for CH4, for temperature range between 300 and 3000 K
is computed with NASA polynomials. Below 300 K, the data is taken from JSME
tables [103] for the pressures between 0.1 and 20 MPa and temperatures between 100
and 300 K. For more detailed information needed for computations, the thermodynamic
data are linearly interpolated in the present work.

3.4.2 Liquid Phase Properties

Previous studies have shown that the liquid phase is dominant in characterizing both
laminar and turbulent flames [105,106]. Since CH4/LOx -spray flames are considered in
this work, the thermodynamic data of liquid oxygen are crucial. These data are taken
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Figure 3.6: The pressure and temperature dependence of the dynamic viscosity of methane
in the temperature range 100 < T < 300 K, [103].
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Figure 3.7: The pressure and temperature dependence of the thermal conductivity of oxygen
in the temperature range 80 < T < 300 K, [103].
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Figure 3.8: The pressure and temperature dependence of the dynamic viscosity of oxygen in
the temperature range 80 < T < 300 K, Data taken from [103].

Figure 3.9: The pressure and temperature dependence of the latent heat of vaporization of
oxygen in the temperatures T < 300 K, [104].

from the JSME tables [103] for pressures between 0.1 to 20 MPa and temperatures be-
tween 80 K and the boiling temperature. The tabulated values are linearly interpolated
in the code.
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A single component spray is considered in this work. Therefore no mixture rules for
the liquid phase have to be considered.
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4 Mathematical Models of Droplet
Vaporization and Spray Combustion

4.1 Single Droplet Vaporization

4.1.1 Description of the Droplet Vaporization

While the vaporization of cold droplets in hot air has been frequently studied, the in-
verse case is not yet well investigated because of the increased experimental complexity.
Radiation of a pulsed CO2 laser is used to provide controlled internal heating of fiber-
suspended individual water droplets in order to observe the droplet vaporization via
direct visualization. The laser heating and the vaporization are simulated with a con-
vective droplet vaporization model, which is modified to account for the laser heating.
For understanding these processes, a short description of the experimental setup of [28]
is presented.

Experimental Setup
Figure 4.1 shows the experimental setup [28] that is considered in the present work [29].
A single water droplet of 1.2 µl in volume is suspended on two thin glass fibers (dh = dv
= 140 µm) in the focal plane of a high-resolution CCD camera (LaVision Flowmaster).
The pulsed beam of a CO2-laser operating at a repetition rate of 2 Hz and with a
wavelength of λ= 9.3 µm is focused on the droplet by a f = 700 mm spherical ZnSe lens
to an overall intensity of 600 W/cm2. Different heating rates are achieved by variation
of the laser pulse duration (2 - 15 ms). A stroboscopic light source is placed behind
the droplet, and shadow images (see Figure 4.2) of the droplet during the vaporization
process are recorded by a high-resolution CCD camera at a repetition rate of 2 Hz. The
nominal spatial resolution of the images is 3.3 µm per pixel.

The absorption-coefficient α of water at the laser wavelength [107] is 572 cm−1, which
results according to Beer’s law, cf. Eq. (4.1), in absorption of more than 80% of the
incident infrared light entering the droplet in a 30 µm layer at the droplet surface:

I(x) = I0e
−αx. (4.1)

Therefore, we can assume that the laser beam entering the droplet is completely ab-
sorbed over the whole observation time range. The droplet shape is determined according
to the Laplace-Young [107] from Eq. (4.2):
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Figure 4.1: Experimental setup [29].

∆P = Pin − P∞ = σ

(
1

r1
+

1

r2

)
. (4.2)

Pin and P∞ are the internal and external pressure, respectively, σ is the surface tension,
and r1 and r2 are the radii of curvature at each point of the droplet surface.

A simple experimental method is used to suspend the droplet on a thin glass fiber for
the time of the measurement. Different fiber arrangements are possible. In our studies,
a two fibers arrangement was used (see Figure 4.2): A vertical fiber to set the initial
position of the droplet and a horizontal fiber to additionally fix it and prevent ”creeping”
of the droplet due to change in the equilibrium between adhesion and gravitational
forces during the vaporization process. This method is only applicable for relatively
large droplets (500 µm - 1 mm) and due to the fibers, the droplet shape is distorted as
can be seen in Figure 4.2. Liquids with a low specific surface tension show a stronger
deviation from the spherical shape. The degree of the deviation of the droplets spherical
shape depends on the distance between the fibers as well as the droplet volume itself.
In order to correct these effects, the system is first calibrated by imaging of droplets
with known volumes. Figure 4.3 schematically shows how the droplet cross-section is
reconstructed from the shadow image in combination with the background image. An
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4.1 Single Droplet Vaporization

Figure 4.2: Left: Arrangement of the suspending fibers. Right: Shadow image of a suspended
water droplet. The combination of fibers is necessary to hold the droplet in place during
vaporization [29,42].

image processing routine calculates the droplet volume and radius from the cross section
and the distance dx1. The accuracy of the measurement is found to be 3% for the large
droplets and up to 8% for small droplets [28, 29].

The presence of the fibers prohibits the observation of the evaporating droplet through-
out its whole lifetime. It was found that in the volume range of interest (0.5-1.3 µl) the
x-diameter dx,1 of the distorted droplet was proportional to the diameter ds of a perfect
sphere of the same volume:

dx,i = cdds ←→ Vdroplet

=
1

6
π(c−1

d dx,i)
3.

(4.3)

For a given liquid, i.e. water, the calibration factor cd depends only on the fiber geometry
and it was close to unity in all experiments. The observed droplet cross section Ai

correlated well with the expected cross section of a spherical droplet, As, according to

Ai = CAAs ←→ Vdroplet

=
1

6
π(
√
CAπ−1Ai)

3,
(4.4)

where CA is the calibration constant that depends on the fiber arrangement only. When
the droplet diameter drops below 0.5 mm, the error in the measurements exceeds 10%.
When the droplet diameter reaches the size of the distance between the supporting
fibers (d ≈ 0.3 mm) the measurement has to be stopped in order to prevent the fibers
to be destroyed by the laser beam. As it can already be seen in the Figure 4.2 that the
disadvantages of this method lie in the distortion of the droplet shape and the consequent
limitation to liquids with a high surface tension. A further inconvenience is the large
initial droplet size (∼ 1 mm in this case), which causes a higher distortion of the droplet.
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Figure 4.3: For calibration, the horizontal dimension of the droplet, dx1, and the cross section
were correlated to the diameter and cross section of a spherical droplet of the same volume [29].

4.1.2 Mathematical Model

The model is based on the Abramzon-Sirignano model [40] for convective droplet vapor-
ization using a uniform temperature model as it was described in the Section 3.2.2. The
model is based on the following assumptions: Considered is a single component droplet,
isolated, isobaric, symmetric spherically, and suspended on two glass fibers. This is
equivalent with the assumption of an infinite liquid heat conductivity. The temperature
profile in the interior of the droplet is uniform but it increases with the time. These
assumptions are satisfied in the experimental setup and they are taken into account
in the numerical implementation. The description of the quasi-steady gas film can be
summarized by the use of the Sherwood number Sh, the non-dimensional vaporization
rate, the heat flux and the droplet motion. These quantities can be prescribed as func-
tions of the transfer number B, the droplet Reynolds number Re. The vaporization
rate and the other parameters will depend also on the ambient conditions outside the
gas film, on the droplet surface conditions and on the laser characteristics. The lifetime
of the droplet is assumed to be much longer than the time for the energy transport in
the droplet. The model has been modified to treat the situation of hot droplets being
exposed to a cold, convective air stream. Droplet interaction does not occur in the
present arrangement. The modified expression for the droplet temperature accounts for
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4.1 Single Droplet Vaporization

the laser-induced droplet heating at atmospheric pressure. Hence, the following liquid-
phase equations are used to determine the droplet heating, vaporization rate, Sherwood
number, and droplet motion.

Droplet Heating:

MlCP l
dTl

dt
= ṁ

[
CP,F (T − Tl)

BH
−Hv

]
+Wabs. (4.5)

Vaporization rate and droplet motion are already presented in equations (3.36) and
(3.53).

The last term in the energy equation (4.5) is needed for the simulation of the absorbed
energy flux Wabs of the pulsed laser beam. With the intensity of the incident light of
the laser beam, I0, and the spherical water droplet radius, R, the absorbed energy flux
is given by [108]:

Wabs = QabsI0πR
2, (4.6)

where Qabs denotes the efficiency factor which can be computed via Mie scattering
theory. The way of describing the light scattered from small spherical particles mainly
depends on the ratio of the particle size and the wavelength of the incident light. The
size parameter, defined by

α =
2πNR

λ
(4.7)

provides the distinctive criteria. Here, R is the radius and N is the refractive index of
the particle. For α >> 1 the scattering process is described by geometrical optics [109].
For α << 1 the scattering process is described by the Rayleigh formalism, the scattered
intensity mainly depends on the wavelength I ≈ λ−4 [110]. However, for our application
the size parameter is in the regime α ≈ 1. For this condition the interaction of light
and particle is described by Mie theory, named after the German physicist Gustav Mie
(1869-1957). A program from [109] is used for computation of Qabs which is based on
the following equations:

Qabs = Qext −Qsca, (4.8)

Qext =
Cext

πR2
and Qsca =

Csca

πR2
, (4.9)
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Csca =
2π

k2

∑
(2n+ 1)(| an |

2 + | bn |
2), (4.10)

Cext =
2π

k2

∑
(2n+ 1)Real{an + bn}. (4.11)

Here, Qext and Qsca denote the efficiency factors for extinction and scattering, respec-
tively, Cext and Csca are extinction cross section and scattering cross section, respectively,
n is the real refractive index, m is the relative refractive index of particle and medium,
and Real denotes the real part of the scattering coefficients. The scattering coefficients,
an and bn, from Mie theory are given by [109]:

an =
mψn(mα)ψ‘

n(α)− ψn(α)ψ‘
n(mα)

mψn(mα)ξ‘
n(α)− ξn(α)ψ‘

n(mα)
(4.12)

bn =
ψn(mα)ψ‘

n(α)−mψn(α)ψ‘
n(mα)

mψn(mα)ξ‘
n(α)−mξn(α)ψ‘

n(mα)
(4.13)

The functions ψn and ξn are the Riccati-Bessel functions [109]. The absorption cross
section of a weakly absorbing sphere, like that of a small particle compared with the
wavelength, λ, is proportional to its volume. This proportionality does not hold for
infinitely large particle radius. The energy is absorbed primarily in the outer layer of a
highly absorbing sphere (i.e. 2aα >> 1). With increasing of the radius, the absorption
cross section becomes proportional to area instead of volume. Qext and Qsca must not be
negative, and Qext must be greater than Qsca except for nonabsorbing sphere, in which
instance they are equal. For the present conditions, Qabs is computed to be close to unity
(Qabs = 0.98). Almost all of the light that enters in a sufficiently large sphere is absorbed,
none of the non-reflected light will be transmitted [109]. The physical properties of the
vaporizing droplet were adopted to water [111, 112].
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4.2 Laminar Spray Flames in the Counterflow

Configuration

4.2.1 Description of the Counterflow Configuration

Figure 4.4: Schematic laminar spray
flame in the counterflow configuration for
CH4/air(O2).

Figure 4.5: Schematic laminar spray
flame in the counterflow configuration for
CH4/LOx

Figures 4.4 and 4.5 illustrate the system configuration. The lines show the gas phase
streamlines. The x-axis represents the stagnation plane while y-axis represents the
symmetry plane. As we know, air, fuel vapor, hot products, droplets can be fed from
each side of the stagnation plane. In the present work, methane is fed against air or
oxygen (gas) (see Figure 4.4) and liquid oxygen in the gaseous carrier methane is injected
from left hand side of the stagnation plane whereas oxygen (gas) from the right hand
side.

4.2.2 Mathematical Model

In this section governing equations for the counterflow configuration are presented and
discussed. The mathematical model is based on Eulerian/Lagrangian formulation of
non-dimensional equations [113,114], where a similarity transformation transferring the
two-dimensional equations into a one-dimensional system is applied. The governing
equations for viscous flow with variable transport properties are given in [114].

4.2.2.1 Gas Phase

The conservation equations of the gas phase from Chapter 3.1.1, for the two dimensional
counterflow configuration are formulated [114]. In the following, the conservation equa-
tions for mass, momentum and energy as well as the boundary conditions are formulated.
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Continuity Equation
The steady state continuity equation, (3.5) becomes:

∂(ρu)

∂x
+

∂(ρv)

∂y
= qm. (4.14)

This equation describes the mass conservation in a planar counterflow configuration. The
parameter α, is equal to zero for planar configuration and equal to unity for axisymetric
configuration. By adding the parameter α, the continuity equation turns into:

∂([α + 1]ρu)

∂x
+

∂(ρv)

∂y
= qm. (4.15)

The boundary conditions of the continuity equation are the initial velocity at the spray
side of the counterflow configuration and is given by:

u(y = −∞) = u−∞,

v(y = −∞) = v−∞.
(4.16)

Species Mass Conservation Equation
The conservation of the mass species for the stationary case is given by [113,115]:

ρu
∂Yi

∂x
+ ρv

∂Yi

∂y
=

∂

∂y
(ρVi,y) +Wiω̇i + (δi − Yi)qm. (4.17)

In eq. (4.17), the term Vi,y denotes the diffusion velocity in y direction and it is given
by following equation:

Vi,y = −
Di

W

∂(YiW )

∂y
−
DT

i

ρT

∂T

∂y
. (4.18)

The mass fractions at the boundary are given by:

Yi(y = −∞) = Yi,−∞,

Yi(y = +∞) = Yi,+∞.
(4.19)

Momentum Conservation Equation
By using the continuity equation (3.5) in momentum conservation equation (3.13) and

reducing the resultant equation to two dimensional cartesian space, the following form
of the equation in x and y direction is obtained.

ρ
∂u

∂t
+ ρu

∂u

∂x
+ ρv

∂u

∂y
= −

∂p

∂x
+

∂

∂x

[
µ

(
2
∂u

∂x
−

2

3

(
∂u

∂x
+

∂v

∂y

))]

+
∂

∂y

[
µ

(
∂u

∂y
+

∂v

∂x

)]
+ ρgx + qp,x − uqm,

(4.20)
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ρ
∂v

∂t
+ ρu

∂v

∂x
+ ρv

∂v

∂y
= −

∂p

∂y
+

∂

∂y

[
µ

(
2
∂v

∂y
−

2

3

(
∂u

∂x
+

∂v

∂y

))]

+
∂

∂x

[
µ

(
∂u

∂y
+

∂v

∂x

)]
+ ρgy + qp,y − vqm.

(4.21)

Assuming a steady state system and eliminating the boundary layer [115], the momentum
equation can be rewritten as:

ρu
∂u

∂x
+ ρv

∂u

∂y
= −

∂p

∂x
+

∂

∂y

(
µ

∂u

∂y

)
+ qp,x − uqm, (4.22)

0 = −
∂p

∂y
. (4.23)

Therefore, the pressure in a boundary layer is steady crosswise to main stream direction
and is virtually impressed to the boundary layer by the outside current. Hence, the
pressure has to be considered as a known function which depends only on x. The
pressure gradient in radial direction is determined by Euler’s equation:

−
∂p

∂x
=

(
ρu
du

dx

)∣∣∣∣
−∞

. (4.24)

Now the equations (4.22) and (4.24) can be combined in the following form :

ρu
∂u

∂x
+ ρv

∂u

∂y
=

(
ρu
du

dx

)∣∣∣∣
−∞

+
∂

∂y

(
µ

∂u

∂y

)
+ qp,x − uqm. (4.25)

Both boundary conditions which are necessary for the solution of this differential equa-
tion are:

u(y = −∞) = u−∞,

u(y = +∞) = u+∞.
(4.26)

Energy Conservation Equation
The energy conservation equation for the specific enthalpy (3.17) is used to obtain the
desired temperature form, which is valid for ideal gases where dh = CpdT (3.17). By
applying the boundary theory and considering small Mach numbers (low velocity), we
get the desired form of energy conservation equation:

ρuCP
∂T

∂x
+ ρvCP

∂T

∂y
=

∂

∂y

(
λ

∂T

∂y

)
− ρ

k∑

i=1

Vi,yCp,i
∂T

∂y
−

k∑

i=1

Wiω̇ihi + qT , (4.27)
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where qT denotes the source terms of the phase exchange.
The boundary conditions for the energy equation are:

T (y = −∞) = T−∞,

T (y = +∞) = T+∞.
(4.28)

4.2.2.2 Source Terms of the Phase Exchange

Source Term in the Mass Conservation Equation
The source term of the phase exchange qm in the mass conservation equation and species
mass conservation equation is given by the following equation:

qm = nṁ. (4.29)

Here, n denotes the number of droplets in the gas volume, so called droplet number
density and ṁ is single droplet vaporization mass flux (see Chapter 3.2).

Source Term in the Momentum Equation
The source term of the phase exchange in the vectorial form of the momentum conser-
vation equation is given by:

~qp = nṁ~vl − nml
d~vl

dt
. (4.30)

The component of the main flux direction of ~qp, used in Eq. (4.25), is given by:

~qp,x = nṁ~ul − nml
d~ul

dt
. (4.31)

This equation represents the vaporization or condensation of mass flow of momentum
between liquid and gas phase. Here, ṁ is the mass flow of the vaporizing component,
~vl is the velocity vector with the components ul and vl, and ml is the mass of a droplet.
The index l denotes sizes of the liquid phase. The index d marks the polydispersity of
the sprays, in our case it is considered to be one for mono-disperse spray.

Source Term in the Energy Conservation Equation

In the energy conservation equation, the source term of the phase exchange is deliv-
ered by:

qT = −n[q̇ + ṁ(c̄p,f(T − Ts) + Lv,O2
(Ts))]. (4.32)

In this equation, q̇ is the heat flux of inside of the droplet, Lv,O2
(Ts) is the vaporization

enthalpy of the liquid oxygen at the surface temperature Ts and C̄p,f is the specific heat
capacity at constant pressure of the gas mixture in a fictive droplet environment film.
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4.2.2.3 Liquid Phase

The source terms of the phase exchange from Chapter 4.2.2.2 are functions of the droplet
number density. They are derived from their dependence on the axial position of a
droplet in the flow field. If the droplets are not generated or destroyed, it can be written
for a droplet velocity field ~vl and droplet number density n, the following equation [82,
113]:

div(n~vl) = 0. (4.33)

This is the conservation equation for the number of droplets, for two-dimnsional case,
which is equivalent with the following equation:

ul
∂n

∂x
+ vl

∂n

∂y
+ n

∂ul

∂x
+ n

∂vl

∂y
= 0, (4.34)

and, by definition,

dvl

dt
=

∂vl

∂t
ul

∂vl

∂x
+ vl

∂vl

∂y
(4.35)

and

dn

dt
=

∂n

∂t
ul

∂n

∂x
+ vl

∂n

∂y
. (4.36)

But it is a steady state case, it means that partial time dependent term is equal to zero.
Also, the term ∂vl/∂x from equation (4.35) is equal to zero for similarity. In order to
calculate the term ∂ul/∂x, it is convenient to introduce the variable s [82, 113]:

s =
xl

ul,0
. (4.37)

Here, the subscript 0 represents the variable at time t=0. Since xl = ul,0s, ul = dxl/dt,
it follows the partial derivative ∂ul/∂x:

∂ul

∂x
=

1

s

ds

dt
+ xl

∂

∂x

(
1

s

ds

dt

)
. (4.38)

If s0 is set to be constant, then s will not depend on x and the equation (4.38) is reduced
to:

∂ul

∂x
=

1

s

ds

dt
. (4.39)

Note that s0 = xl,0/ul,0 = 1 corresponds to matching gas and droplet velocity compo-
nents along x at the starting location for the droplets. The equation (4.34), will be
reformulated with the help of equations (4.35), (4.36), (4.39) as follows:

1

n

dn

dt
+

1

s

ds

dt
+

1

vl

dvl

dt
= 0. (4.40)
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From equation (4.40) follows:

d

dt
(nsvl) = nsvl

1

n

dn

dt
+

1

s

ds

dt
+

1

vl

dvl

dt
= 0. (4.41)

The integration of the equation (4.41) leads to the form of droplet number density given
by [82, 113]:

n = n0
s0vl,0

dt
(svl). (4.42)

This equation is not dependent on x because s 6= f(x) and vl 6= f(x).

4.2.3 Similarity Transformation

The Dimension of the Equations System
In the following chapters, all the equations for the modeling of laminar spray flame
in counterflow configuration will be presented. To get a closer overview of solving the
system of equations, all the equations will be summarized in the following. The Table
4.1 contains the equations describing the gas phase, Table 4.2 includes all the equations
which describe the liquid phase and the Table 4.3 incorporate the source terms due to
phase exchange during the vaporization. Also, the boundary conditions for solving the
differential equations are given.

Dimensional physical quantities are indicated by a ’ˆ ’ sign. In the next subchapter,
the reference quantities with superscript ’∗’ will be introduced. Using these dimensional
and reference quantities, all the dimensional equations of the model will become dimen-
sionless [113]. The dimensionless quantities will be expressed in the following without
any index. For a dimensionless physical quantity φ is applied:

φ =
φ̂

φ∗
. (4.43)

The dimensionless equations will be transformed in the next step. Especially, the two
dimensional conservation equations of the gas phase will become one dimensional using
similarity analysis.

Introducing the Reference Quantities
Our case is a counterflow, for which the outer flow is the potential flow of two impinging
streams described by:

ŷ = −∞ : û(x̂) = â−x̂, v̂(ŷ) = −â−ŷ (4.44)

ŷ = +∞ : û(x̂) = â+x̂, v̂(ŷ) = −â+ŷ (4.45)
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Continuity Equation

∂([α+1]ρ̂û)
∂x̂

+ ∂(ρ̂v̂)
∂ŷ

= q̂m

BC: v̂(ŷ = −∞) = v̂−∞

Species Mass Conservation Equation

ρ̂û∂Yi

∂x̂
+ ρ̂v̂ ∂Yi

∂ŷ
= −

∂(ρ̂V̂i,y)

∂ŷ
+ Ŵi

ˆ̇ωi + (δi,s − Yi)q̂m

BC: Ŷi(ŷ = −∞) = Ŷi,−∞ and Ŷi(ŷ = +∞) = Ŷi,+∞

Momentum Conservation Equation

ρ̂û∂û
∂x̂

+ ρ̂v̂ ∂û
∂ŷ

=
(
ρ̂ûdû

dx̂

)∣∣
−∞

+ ∂
∂ŷ

(
µ̂∂û

∂ŷ

)
+ q̂p,x − ûq̂m

BC: û(ŷ = −∞) = û−∞ and û(ŷ = +∞) = û+∞

Energy Conservation Equation

ρ̂ûĈP
∂T̂
∂x̂

+ ρv̂ĈP
∂T̂
∂ŷ

= ∂
∂ŷ

(
λ∂T̂

∂ŷ

)
− ρ

∑k
i=1 V̂i,yĈp,igradT̂ −

∑k
i=1 Ŵi

ˆ̇ωiĥi + q̂T

BC: T̂ (ŷ = −∞) = T̂−∞ and T̂ (ŷ = +∞) = T̂+∞

Diffusion Velocities in x− and y−Direction

V̂i,x = − D̂i

Ŵ

∂(ŶiŴ )
∂x̂
−

D̂T
i

ρ̂T̂

∂T̂
∂x̂

V̂i,y = − D̂i

Ŵ

∂(ŶiŴ )
∂ŷ
−

D̂T
i

ρ̂T̂
∂T̂
∂ŷ

Ideal Gas Law

ρ̂ = p̂Ŵ

R̂T̂

Table 4.1: Dimensional conservation equations of the gas phase [104,115]
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Droplet Vaporization

dR̂
dt̂

= −
ρ̂g,f D̂g,f

2ρ̂lR̂
· S̃h · ln(1 +BM)

BC: R̂(t̂ = 0) = R̂0

Droplet Heating

∂T̂l

∂t̂
= α̂l

r̂2

∂
∂r̂

(
r̂2 ∂T̂l

∂r̂

)

BC: ∂T̂l

∂r̂

∣∣∣
r̂=0

= 0

∂T̂l

∂r̂

∣∣∣
r̂=R̂

=
ˆ̇q

4πR̂2λ̂l,s

Droplet Motion in x− and y− Direction

4
3
πR̂3ρ̂l

dûl

dt̂
= πR̂2 1

2
ρ(û− ûl) | û− ûl | CD + 4

3
πR̂3ρ̂lĝx

4
3
πR̂3ρ̂l

dv̂l

dt̂
= πR̂2 1

2
ρ(v̂ − v̂l) | v̂ − v̂l | CD + 4

3
πR̂3ρ̂lĝy

BC: x̂l(t̂ = 0) = x̂l,0

ŷl(t̂ = 0) = ŷl,0

ûl(t̂ = 0) = ûl,0

v̂l(t̂ = 0) = v̂l,0

Droplet Number Density

n̂ = n̂0
ŝ0v̂l,0

ŝv̂l

Table 4.2: Dimensional equations of the liquid phase [104,115]
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Total Mass

q̂m = n̂ ˆ̇m

Momentum

q̂p,x = −n̂
[

ˆ̇m(û− ûl) + m̂l
dûl

dt̂

]

Energy

q̂T = −n̂[ˆ̇q + ˆ̇m(ĉp,f(T̂ − T̂s) + L̂v,O2
(T̂s))]

Table 4.3: Dimensional source term equations due to vaporization in the equation from Table
4.1

Where â− and â+ are the strain rates at left (ŷ = −∞) and right (ŷ = +∞) boundaries.
The strain rates are equivalent with the velocity gradient and their unit is [1/s]. In an
x, y plane, the above equations can be seen as stream lines(see Figures 4.4, 4.5).

If the reference frame is fixed to the stagnation plane, overall momentum balance
requires for ∞ boundary conditions, that: ρ̂−â

2
− = ρ̂+â

2
+. When from both sides of

the counterflow configuration, the gases are injected with the same temperature and
composition and no chemical reactions are taking place, the total density is constant.
From the overall momentum equation, follows then the strain rate â = â− = â+.

In Figure 4.6, the axial velocity component v̂ is plotted against the axial space co-
ordinate ŷ for ŷ < 0. The index “−∞” indicates values on the left boundary of the
counterflow configuration. In order to obtain a characteristic time constant for the flow,
the equation dt̂ = dŷ/v̂(ŷ) has to be integrated from t̂0 = 0 to t̂:

t̂ =
1

â
ln

v̂(ŷ0)

v̂(ŷ(t̂))
(4.46)

Hereby v̂(t̂) = −âŷ(t̂) + v̂−∞. The time t̂ obtained in (4.46) is the time needed to slow
down the flow from v̂(ŷ0) to v̂(ŷ(t̂)). The fraction 1/â is the desired characteristic time,
which is needed as a reference time when non-dimensionalizing the gas phase equation.
Since the strain rate for reactive flows depends on the location, the value 1/â−∞ on the
left boundary is taken as reference time.

Continillo and Sirignano [113,115] introduced as reference time t∗ = 1/â−∞ as well as
the following reference quantities for the gas phase equation:

67



4 Mathematical Models of Droplet Vaporization and Spray Combustion

â = −dv̂
dŷ

v̂(ŷ(t̂))

v̂(ŷ0)

v̂−∞

ŷ

v̂

ŷ(t̂)ŷ−∞ ŷ0

Figure 4.6: Schematic of the axial velocity component v̂ plotted against the axial space
coordinate ŷ.

l∗ =
√
v̂−∞/â−∞ ρ∗ = ρ̂−∞ C∗

P = ĈP−∞

T ∗ = T̂−∞ W ∗ = Ŵ−∞.

Through non-dimensionalization of the conservation equation by using the above ref-
erence quantities, following is obtained:

u∗ = l∗/t∗ p∗ = ρ∗u∗2 (Wω̇)∗ = ρ∗u∗/l∗

q∗m = ρ∗u∗/l∗ q∗p,x = ρ∗u∗2/l∗ q∗T = ρ∗u∗C∗
PT

∗/l∗

µ∗ = ρ∗u∗l∗ λ∗ = ρ∗u∗l∗C∗
P h∗ = C∗

PT
∗

V ∗ = u∗ D∗ = l∗2/t∗ DT∗ = ρ∗l∗2/t∗.

Moreover, the following reference quantities for the liquid phase and the source terms
are needed [113–115]:

l∗l = R̂0 t∗l =
l∗2
l

α̂l
T ∗

l = T ∗ α∗
l = l∗2/t∗

λ∗l = α∗
l ρ

∗C∗
P ṁ∗ = ρ∗u∗l∗2 q̇∗ = ṁ∗C∗

PT
∗ M∗ = ρ∗l∗3

M∗
l = 4/3πl∗3l ρ̂l ρ∗g,f = ρ∗ D∗

g,f = l∗2/t∗ n∗ = 1/l∗3

u∗l = l∗l /t
∗ L∗

v = C∗
PT

∗ ṁ∗
l = M∗

l /t
∗
l .
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Finally, the corresponding dimensionless system of equations can be easily obtained
from the above considerations by simple algebraic manipulation.

Transformation of the Equations
A similarity transformation is applied to the gas phase equations in order to reduce the
two-dimensional gas phase equations to one-dimensional equations. Hereby, it is assumed
that the flow field is similar, i.e. the conservation quantities are independent of that
space coordinates which are orthogonal to the axial flow direction. Consequently, the
partial derivatives ∂φ/∂x disappear in the species, momentum, and energy conservation
equations.

The reduction of the gas phase equation from a two to an one dimensional equation
is achieved by introducing the stream function f [113, 114]:

f =

∫ η

0

u

x
dη (4.47)

The similarity variable η in equation (4.47) is defined as a density weighted axial space
coordinate [113, 114] :

η =

∫ y

0

ρdy. (4.48)

The transformation of the dimensionless continuity equation yields a simple expression
for the axial velocity:

v = −
1

ρ
([α + 1]f + fv) (4.49)

with

fv = −

∫ η

0

1

ρ
qmdη. (4.50)

After transforming the species, momentum and energy conservation equation into non-
dimensional equations, by using the boundary conditions from Table 4.1, and by applying
the similarity transformation, one obtains the equations shown in Table 4.4, where the
transformed continuity equation (4.49) has been substituted into all three conservation
equations.

In the next step, the liquid phase equations are transformed. The following constants
are needed [113,114]:

ξs =
R̂

v̂R0
, dτ =

dt̂

ξst∗l
, ξ =

r̂

R̂
as well as dηl = ρdyl. (4.51)

ξs is the dimensionless droplet radius, τ a dimensionless time constant, ξ the dimension-
less radial space coordinate with its origin in the droplet center, and η is the transformed,
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density weighted, axial position of the droplet in the counterflow configuration. The
transformed equations of the liquid phase are shown in Table 4.5. Due to the similarity
assumption, all the coefficients in the droplet momentum equation for the axial flow
direction are independent of x̂, except the droplet radius R̂. If also the time derivative
of the droplet radius is assumed to be independent of x̂ in the flow field, then this implies
that all droplets have the same ŷ trajectory. The condition R̂ 6= f(x̂) is satisfied, if the
boundary conditions of the ŷ momentum equation in Table 4.2 are independent of x̂.
Hence, they have been chosen according to Table 4.5.

After transforming the dimensional source terms in Table 4.3 into dimensionless source
terms by using the introduced reference quantities, a similarity transformation is applied
utilizing the equations (4.47), (4.48) and (4.51).

For the dimensionless vaporization rate ṁ, one obtains after transforming (3.45) [113,
114]:

ṁ = −3
M∗

l

M∗

t∗

t∗l
ξs
dξs
dτ

. (4.52)

Using the relation û1 = dx̂1/dt̂, the following equation for the dimensionless axial
droplet velocity can be obtained:

ul = −3
t∗

t∗l

1

ξs

xl

s

ds

dτ
. (4.53)

The dimensionless accelaration of a single droplet in axial direction is given by:

dul

dt
=
t∗

t∗l

1

ξs

xl

s

[
d2s

dτ 2
−

1

ξs

dξs
dτ

ds

dτ

]
. (4.54)

After substituting equations (4.52, 4.53, 4.54) into the equations in Table 4.3, one obtains
the expressions for the transformed, dimensionalless source terms for the phase exchange
as shown in Table 4.6.
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Continuity Equation

v = −1
ρ
([α + 1]f + fv) with fv = −

∫ η

0
1
ρ
qmdη

BC: f(η = −∞) = f−∞

Species Mass Conservation Equation

− d
dη

(ρViη) + ([α + 1]f + fv)
dYi

dη
= −Wiω̇i

ρ
− (δi,s − Yi)

qm

ρ

BC: Yi(η = −∞) = Yi,−∞ and Yi(η = +∞) = Yi,+∞

Momentum Conservation Equation

d
dη

(
ρµdf

′

dη

)
+ ([α + 1]f + fv)f

′′

= (f
′

)2 − 1
ρ
− qp,x−uqm

ρx

BC: f
′

(η = −∞) = 1 and f
′

(η = +∞) =
√

ρ−∞

ρ+∞

Energy Conservation Equation

d
dη

(
λρdT

dη

)
+ CP ([α + 1]f + fv)

dT
dη

= ρ
∑k

i=1 Vi,ηCp,i
dT
dη

+ 1
ρ

∑k
i=1Wiω̇ihi −

qT

ρ

BC: T (η = −∞) = 1 and T (η = +∞) = T+∞

Diffusion Velocities in x− and y−Direction

Vi,η = −ρDi

W

d(YiW )
dη
−

DT
i

T
dT
dη

Ideal Gas Law

ρ = W
T

Table 4.4: Dimensionless conservation equations of the gas phase [114]
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Droplet Vaporization

dξs

dτ
= −1

9
aρg,fDg,f S̃h ln(1 +BM)

BC: ξs(τ = 0) = 1

Droplet Heating

∂Tl

∂τ
=
(

2
ξsξ

+ ξ
ξs

dξs

dτ

)
∂Tl

∂ξ
+ 1

ξs

∂2Tl

∂ξ2

BC: ∂Tl

∂ξ

∣∣∣
ξ=0

= 0

∂Tl

∂ξ

∣∣∣
ξ=ξs

= 1
4πλl,sbξs

q̇

Droplet Motion in x− and y− Direction

d2xl

dτ2 −
1
ξs

(
dξs

dτ
− aµ

)
dxl

dτ
= abµ df

dη
xl + b2ξ2

sgx

d2ηl

dτ2 + ρdρ−1

dτ
dηl

dτ
− 1

ξs

(
dξs

dτ
− aµ

)
dηl

dτ
= −abµ([α + 1]f + fv) + ρb2ξ2

sgη

BC: xl(τ = 0) = xl,0

ηl(τ = 0) = ηl,0

x
′

l(τ = 0) = ul,0

η
′

l(η = 0) = η
′

l,0

Droplet Number Density

n = n0
s0η

′

l,0
ρ

sη
′

l
ρ0

Constants

a = 6π
t∗1
t∗

M∗

M∗

l

l∗
l

l∗

b =
t∗
l

t∗

Table 4.5: Dimensionless equations of the liquid phase, see Gutheil [114]
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Total Mass

qm

ρ
= −3

M∗

l

M∗

t∗

t∗
l

n
ρ
ξs

dξs

dτ

Momentum

− qp,x−uqm

ρx
=

M∗

l

M∗

(
t∗

t∗
l

)2
n
ρs

[
2dξs

dτ
ds
dτ

+ ξs
d2s
dτ2 − 3

t∗
l

t∗
ξsf

′

sdξs

dτ

]

Energy

− qT

ρ
=

M∗

l

M∗

t∗

t∗
l

n
ρ

ĈP,F

CP
ṁ
(
T − Tl,s

T ∗

l

T ∗

)
1+BT

BT

Table 4.6: Dimensionless source term equations for the phase exchange [114]

4.2.4 Numerical Algorithm

In this section, a numerical scheme is explained [116] to solve the equations discussed
above.

4.2.4.1 Discretization of the Model

In the following, the mathematical model described by a system of partial differential
equations (PDEs) is discretized in order to obtain an algebraic system of equations for
the conserved quantities at given grid points.

This is done, first by defining a grid over the computation domain and second by
approximating the partial derivatives at each grid point in an appropriate way. As a
result, an algebraic equation at each grid point is obtained which contains the conserved
quantities at a given grid point and its neighboring grid points as unknown variables.

All PDEs in the mathematical model are of second order or less. The general form is
given by:

∂φ

∂t
= A

∂2φ

∂η2
+B

∂φ

∂η
+ Cφ+D. (4.55)

Goal of the discretization is the computation of the stationary solution of the PDE
system. The spatial derivatives of first and second order in equation (4.55) are described
by a parabola φ = aη2 + bη + c. The coefficients a, b, c are uniquely determined by the
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4 Mathematical Models of Droplet Vaporization and Spray Combustion

values of the parabola at three neighboring points [117]. In particular, the goal is to
solve

φi+1 = aiη
2
i+1 + biηi+1 + ciφi = aiη

2
i + biηi + ci

φi−1 = aiη
2
i−1 + biηi−1 + ci.

(4.56)

in order to obtain the coefficients ai and bi, which are needed to compute the derivatives
in the spatial domain η:

∂φ

∂η

∣∣∣∣
ηi

= 2aiηi + bi (4.57)

∂2φ

∂η2

∣∣∣∣
ηi

= 2ai (4.58)

The solution of the system (4.56) is given by

ai =

1
∆ηi

φ1−1 −
(

1
∆ηi

+ 1
∆ηi+1

)
φi + 1

∆ηi+1
φi+1

∆ηi + ∆ηi+1
(4.59)

bi =
φi − φi−1

∆ηi

− ai(ηi−1 + ηi). (4.60)

where ∆η+1 = η+1 − η is the grid spacing s. By substituting the coefficients ai and bi
in equation (4.57), one obtains the following approximation for the first derivative

∂φ

∂η

∣∣∣∣
ηi

= G1
φi − φi−1

∆ηi
+G2

φi+1 − φi

∆ηi+1
(4.61)

with the weight factors

G1 =
∆i+1

∆ηi
+ ∆ηi+1 (4.62)

G2 =
∆i

∆ηi

+ ∆ηi+1 (4.63)

By using an equidistant grid, the weight factors are both 0.5. In that case, equation
(4.61) is called a central difference, that means the approximation of the derivative is
given by linear function where the slope of the function is the first derivative at η (see
Figure 4.7).
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4.2 Laminar Spray Flames in the Counterflow Configuration

Figure 4.7: Schematic of the approximation of first derivative.

As will become clear later, an equidistant grid is not appropriate in our case because of
the large gradients in the profile of the conservation quantities. Hence, the approximation
defined by (4.61), which allows to use variable grid size, is used in the counterflow
simulations to ensure numerical stability:

∂φ

∂η

∣∣∣∣
ηi

=
1

2

φi − φi−1

∆ηi

+
1

2

φi+1 − φi

∆ηi+1

(4.64)

= −
1

2

1

∆ηi

φi−1 +

(
1

∆ηi

+
1

∆ηi+1

)
φi +

1

2

1

∆ηi+1

φi+1 (4.65)

= K1,iφi−1 +K2,iφi +K3,iφi+1. (4.66)

The application of the central difference for convective terms might cause numerical
problems. It is often unstable and causes overshoots in the profiles of the considered
variable [118]. Hence, dependent on the sign of the factor Bt

i in equation (4.55), the
forward respectively the backward difference is used for discretization (see figure 4.7).

For Bt
i > 0 ⇒ Forward difference:

∂φ

∂η

∣∣∣∣
ηi

=
φi+1 − φi

∆ηi+1

= −
1

∆ηi+1

φi +
1

∆ηi+1

φi+1 = K2,iφi +K3,iφi+1. (4.67)
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For Bt
i < 0 ⇒ Backward difference:

∂φ

∂η

∣∣∣∣
ηi

=
φi − φi−1

∆ηi

= −
1

∆ηi

φi−1 +
1

∆ηi

φi = K1,iφi−1 +K2,iφi (4.68)

The second derivative is given by substituting the coefficient ai (equation (4.59) ) in
equation(4.58):

∂2φ

∂η2

∣∣∣∣
ηi

=
2

∆ηi(∆ηi + ∆ηi+1)
φi−1 −

2

∆ηi + ∆ηi+1
φi +

2

∆ηi+1(∆ηi + ∆ηi+1)
φi+1

= K4,iφi−1 +K5,iφi +K6,iφi+1.

(4.69)

Finally, in equation (4.55), the time derivative of the conserved quantity φ is approx-
imated by

∂φ

∂t

∣∣∣∣
t+∆t

=
φt+∆t

i − φt
i

∆t
. (4.70)

After introducing all approximations for the derivatives in the PDE, the approxima-
tions can be substituted in equation (4.55). As a result, the following system of equations
is obtained:

αt
iφ

t+∆t
i−1 + βt

iφ
t+∆t
i + γt

iφ
t+∆t
i+1 = δt

i (4.71)

with

αt
i = At

iK4,i +Bt
iK1,i

βt
i = At

iK5,i +Bt
iK2,i + Ct

i −
1

∆t
γt

i = At
iK6,i +Bt

iK3,i

δt
i = −

(
φt

i

∆t
+Dt

i

)
.

(4.72)

In matrix form, equation (4.72) can be written as




βt
2 γt

2 0

αt
3 βt

3 γt
3

. . .

. . .

. . .

αt
m−2 βt

m−2 γt
m−2

0 αt
m−1 βt

m−1







φt+∆t
2

φt+∆t
3

.

.

.

φt+∆t
m−2

φt+∆t
m−1




=




δt
2 − α

t
2φ

t+∆t
1

δt
3

.

.

.

δt
m−2

δt
m−1 − γ

t
m−1φ

t+∆t
m




.

(4.73)
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As can be seen, a tridiagonal linear system of equations must be solved to obtain
the solution vector (φt+∆t

2 , . . . , φt+∆t
m−1 )T . Hereby, the coefficients A,B,C,D and a, b, c, d

are determined at time t and the spatial derivatives of the conserved quantities at time
t+ ∆t.

Solving the system of equations is only possible, if the boundary conditions are given,
i.e. the values for φt+∆t

1 and φt+∆t
m must be known. The boundary values have to be

either defined by absolute values (for example the boundary conditions of the species-,
momentum-, and energy conservation equations) or in terms of gradients (for example
the boundary conditions of the energy equation for droplet heating).

In order solve the system of equations in (4.72), the socalled Thomas algorithm [119]
is used. Hereby, the tridiagonal matrix is decomposed into a lower and upper triangular
matrix and the solution is obtained by forward and backward substitution.

4.2.4.2 Linearization of the Source Terms

4.2.4.3 Numerical Method for the Mathematical Model

A flow chart for the numerical solution of the overall system of equations is shown in
Figure 4.8. At the beginning, inital values and parameters are initialized. The initial
values are obtained either from estimates (approximations) or from previous iterations.
After that, if necessary, a new grid will be generated. The grid is refined at places where
gradients are large. In the following two steps, the equations for the liquid phase are
solved, using the method of Lagrange, and the source terms for the phase exchange
are computed. After the source terms have been computed, the gas phase equations
are iteratively solved. One iterations consists of several steps: the computation of the
gas density, the computation of the chemical data, as well as the sequential solution of
the Eulerian conservation equations with the help of the Thomas algorithm. Experience
shows that about 100 gas phase iterations are reasonable before checking convergence. In
case convergence has not been achieved, a new grid is generated and the solution of the
equations for the liquid phase has to be recomputed. At the end of the iterations, when
the solution vector does not change significantly anymore, no new grid is generated.

The computation is successfully completed if the stream function f satisfies

∑M−1
i=2 (f t+∆t

i − f t
i )

f t+∆t
1

< 10−5 (4.74)

and the residues Ri,j of all gas phase equations satisfy

∑J
j=1

(∑M−1
i=2 [(Ri,j)

2∆ηi]
)

J
∑M−1

i=2 ∆ηi

< 10−8. (4.75)

Hereby, J denotes the number of equations, in this case 37 (when the continuity
equations are used in the momentum, energy, and in the 35 balance equations for the
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4 Mathematical Models of Droplet Vaporization and Spray Combustion

Figure 4.8: Schematic numerical flowchart of solution of the system of equations.

mass fractions of the chemical species) and M denotes the number of grid points. The
residuum of equation j at the grid point i is defined by:

Ri,j = −At
i,j

(
∂2φ

∂η2

)t+∆t

i,j

− Bt
i,j

(
∂φ

∂η

)t+∆t

i,j

− Ct
i,j(φ)t+∆t

i,j −Dt
i,j . (4.76)
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5 Results and Discussion

5.1 Single Droplet Vaporization

The mathematical model was implemented and simulated in Fortran based on the uni-
form temperature field model 4.1.2. Some modifications in the initial vaporization model
were necessary to be done in order to apply it to the setup used here, in particular, to
take heating by a pulsed laser beam into account. It should be noticed since a pulsed
laser beam is used so only a certain fraction of the laser energy is absorbed by the
droplet. This, of course, needs to be addressed in equation (4.5). For this purpose,
major aspects of the initial simulation parameters are summarized in the following.

A uniform temperature field inside the droplet was assumed during the vaporization
process. The physical properties of the vaporizing droplet were adapted to water. The
initial radius of water droplet is about 1.3 mm. The initial droplet temperature is room
temperature, i.e., 293 K and the ambient gas temperature is also 293 K. Four different
pulse lengths were used, namely 2 ms, 5 ms, 8 ms and 15 ms. Pressure is considered to
be 1 bar.

Figure 5.1 shows the droplet diameter versus time obtained from the simulations
(lines) and the experiment (symbols) for four different laser pulse durations of 2 ms,
5 ms, 8 ms, and 15 ms. The discrepancies between measurement and simulation are
attributed to distortions of the droplet by suspending fibers leading to a deviation from
the spherical shape. It can be further seen that the life times of droplets strongly depend
upon the laser pulse duration time.

Figure 5.2 shows the droplet temperature versus time obtained from the simulations
(lines) and the experiment (symbols), for different laser pulse durations of 2 ms, 5 ms,
8 ms, and 15 ms. It can be seen, especially for 2 ms laser pulse duration, the same be-
havior as in diagram 5.3 which shows the decrease of the relative droplet surface d2/d2

0

as a function of time. According to the d2 law a linear decrease is expected. The evapo-
ration takes place in two phases. As long as the temperature of the droplet is below the
equilibrium temperature [28], energy is consumed for increasing the droplet temperature
and the evaporation rate is reduced. When the droplet reaches its equilibrium tempera-
ture (in this example after approx. 37 s) all the heating energy is used to evaporate the
liquid and the evaporation rate increases.

The droplet temperatures versus time obtained from the simulations, for different
laser pulse durations of 2 ms, 5 ms, 8 ms, and 15 ms are presented in Figure 5.4. It can
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Figure 5.1: Simulated (lines) and measured (symbols) time dependence of droplet diameter
for different laser pulse duration times.
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Figure 5.2: Simulated (lines) and measured
(symbols) time dependence of d2/d2

0 for dif-
ferent laser pulse duration times.

Figure 5.3: Temporal evolution of the droplet
surface for d2/d2

0 [28]

be seen that for longer laser pulses, the droplet temperature is higher and closer to the
boiling temperature of the liquid. Also, the total heating time is longer for shorter laser
pulses (i.e. smaller duty cycles). Unfortunately, the liquid temperature inside the
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Figure 5.4: Computed droplet temperature
versus time for different laser pulse duration
times.
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Figure 5.5: Computed and experimental
droplet evaporated volume versus time for
different laser pulse duration times.

droplet could not be measured, so that a validation of the calculated liquid-phase tem-
peratures was not possible. In Figures 5.5, 5.6 and 5.7, the simulated and experimental
results of the droplet evaporated volume versus time for the different pulse duration
times are presented. The percentage of evaporated volume is computed according to
equation (5.1) as follows:

Vevap =

(
1−

(
R

R0

)3
)
· 100, (5.1)

where R denotes the instantaneous radius of the droplet during the evaporation process,
and R0 is the initial droplet radius.

The enlarged view of the evaporated droplet volume versus time at the beginning
of the evaporation process can be seen in Figures 5.6 and 5.7. It can be seen that
the numerical simulations and experimental results of evaporated volume are in good
agreement. The experimental error is about 2− 3%, and some error bars are introduced
into the figures. It is observed that at the beginning of the evaporated process, there is
an expansion of the droplet. In order to distinguish between droplet size increase due
to condensation or due to droplet expansion because of temperature-dependent density
variation, the percentage evaporated droplet mass versus time is displayed in Figure 5.8.
The percentage evaporated droplet mass is computed according to the equation (5.2):

Mevap =

(
1−

M

M0

)
· 100, (5.2)
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Figure 5.6: Computed and experimental
droplet evaporated volume versus time for
different laser pulse duration times, at the
beginning of the evaporation.
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Figure 5.7: Computed and experimental
droplet evaporated volume versus time for
different laser pulse duration times, at the
beginning of evaporation.

whereMl denotes the liquid mass andM0 denotes the initial liquid mass. The evaporated
liquid mass always maintains a positive value, and it is concluded that the initial droplet
volume growth is attributable to droplet expansion due to droplet heating, and there is
no condensation. Due to the increase of equilibrium temperature with increasing heating
pulse duration, thermal expansion is considerably larger for long pulse duration times,
and it is hardly visible for the smallest pulse duration time. The values of up to 2.5% of
droplet expansion obtained in the experiment at 2 ms agrees with the simulation within
the experimental error. A comparison of Figs. 5.4, 5.6 and 5.7 shows that the increase of
droplet volume due to droplet heating does not extend the entire droplet heating time.
For the longest pulse duration time, the droplet expansion is about 33% of the total
droplet heating time, and it decreases for the other cases: 25% for the 8ms situation,
18% for 5ms, and 3% for the shortest laser pulse duration. Figure 5.9 shows that the
droplet expansion is a non-linear function of the pulse duration time and it increases
with the liquid temperature. The negative peak value of the evaporated volume is also
displayed in here, also an almost linear behavior is observed. In summary, the present
model for droplet vaporization with laser heating of the droplet in a cold surrounding is
suitable to predict the experimental results very well. Therefore, the model is suitable to
be used in a broad range of spray combustion systems where dilute sprays predominate
the processes.
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Figure 5.8: Computed droplet evaporated
mass versus time for different laser pulse du-
ration times.

Figure 5.9: Liquid-phase temperature, evap-
orated volume, and droplet expansion rela-
tive to droplet heating time versus pulse du-
ration time.

5.2 Laminar Combustion in the Counterflow

Configuration

An axisymmetric counterflow configuration is considered, where either gaseous or liquid
fuel versus oxidizer, hot products, and inert gas may be fed from each side of the stagna-
tion plane in any combination [80, 113, 114,120,121]. The mathematical model is based
on Eulerian/Lagrangian formulation of non-dimensional equations, which are obtained
using a similarity transformation by transforming the two-dimensional equations into a
one-dimensional system as discussed in detail in subsections 4.2.2 and 4.2.3. The gas-
phase model includes a detailed chemical reaction mechanism [1] for CH4/air, CH4/O2

as well as CH4/LOX, as it is described in subsection 3.3. It consists of 294 elementary
reactions among 35 species. The gas phase transport coefficients are computed from
NASA polynomials which cover the temperature range between 300 K and 5000 K (see
subsection 3.4). Therefore, the set of physical properties must be extended by data from
the JSME tables [80] for the temperature range between 80 and 300 K and for pressures
up to 20 MPa.

The chemical reaction terms cause the system of conservation equations to be strongly
non-linear and stiff. The system of equations is solved using a numerical scheme which
is described in 4.2.4. For the solution of the gas phase equations, an adaptive grid is
used. The verification of the mathematical model and mechanism is achieved through
comparison of the present results for CH4/air and CH4/N2/O2 flames with results from
the literature [60, 61].
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5 Results and Discussion

5.2.1 Gas Diffusion Flames

5.2.1.1 Methane/Air Flames

In this subsection, numerical results for CH4/air flames are presented and discussed.
The pure fuel comes from one side of the counterflow configuration whereas the oxy-
gen/nitrogen mixtures are directed against the fuel stream. In order to validate the
mathematical model, the results of the CH4/air flame are compared with results from
the literature [60, 61, 63, 64]. In [60, 61], numerical results for CH4/air diffusion flame
were computed using a detailed starting kinetic mechanism, a reduced 5-step mechanism
and a 4-step mechanism. The starting mechanism is a skeletal C1 mechanism including
39 reactions among 17 species. The strain rates at the fuel side range from 300 s−1

to extinction. For the three different mechanisms in [60], namely the starting kinetic
mechanism, 5-step and the 4-step mechanisms, the extinction strain rates are 518, 561,
and 547 s−1 respectively, at standard conditions. The extinction temperature is approx-
imately 1800 K. Du et. al. [63] investigated the extinction strain rate for CH4-N2-O2

diffusion flames both numerically and experimentally. Simulations in [63] are based on
a 58-step C1 mechanism and an axisymetric configuration with standard boundary con-
ditions. The numerically obtained extinction strain rate in [63] was 494 s−1 and the
extinction temperature was 1770 K, while the experimental extinction strain rate was
375 s−1. Other study on CH4/air flames was done in [64], using an axisymetric coun-
terflow configuration and the GRI 2.11 reaction mechanism including NOx reactions.
Using the same boundary conditions as mentioned above, this study led to the extinc-
tion strain rate of about 300 s−1 and an extinction temperature of about 1700 K. For
verification of the model and the chemical reaction scheme, a comparison of a CH4/air
flame at standard conditions and a fuel-side strain rate of 300 s−1 is computed. The

Figure 5.10: Profiles of temperature and
major species mass fractions for a CH4/air
flame at standard conditions [60] at a fuel-
side strain rate of 300 s−1.
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Figure 5.11: Profiles of temperature and
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flame at standard conditions for a fuel-side
strain rate of 300 s−1.
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5.2 Laminar Combustion in the Counterflow Configuration

Figure 5.12: Profiles of temperature and
minor species mass fractions for a CH4/air
flame at standard conditions [60] at a fuel-
side strain rate of 300 s−1.
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Figure 5.13: Profiles of temperature and
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flame at standard conditions for a fuel-side
strain rate of 300 s−1.

comparison of the flame structure in the literature [60], and the present simulations
(see Fig. 5.10, 5.11, 5.12, 5.13) shows an excellent agreement. The present simulations
yield an extinction strain rate at the fuel side of 380 s−1 and the extinction temperature
is 1874 K, what leads to a very good agreement especially between present extinction
results and experimental extinction results from [60, 63]. The major difference in the
models is the employed chemical reaction scheme. The present mechanism includes C2

reactions [1], which are neglected in Ref. [60, 63, 70]. In stoichiometric CH4/air flames,
the recombination path consumes about 20-30% of the CH3 radical [1] and therefore the
present mechanism includes these reaction rates. Figures 5.11 to 5.13 demonstrate a
very good agreement between the present results and the data from the literature. The
small discrepancies between the present simulations and the results presented in [60]
may be due to the different mechanisms. The C2 branch typically causes lower extinc-
tion temperatures due to the fact that more chemical species are involved leading to a
reduced maximum gas temperature because of their energy content.

5.2.1.2 Methane/Oxygen Flames

In this subsection, numerical results for CH4/O2 flames are presented and discussed. The
pure fuel comes from one side of the counterflow configuration whereas the pure oxygen
are injected against the fuel stream.This is achieved through successive replacement of
nitrogen by oxygen in the air stream opposing the methane flow. A similar setup has
been discussed in [70] for a molar mixture of 68% O2 and 32% nitrogen. In [70], an
extended GRI-Mech 2.11 chemical kinetic mechanism up to C6 mechanism is used. The
conditions used in [70] are standard conditions, and the strain rate on the fuel side of
the configuration is 20 s−1. Figure 5.14 shows the present results of the outer flame
structure of this configuration using the Warnatz mechanism [1]. They are in very
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Figure 5.14: Profiles of temperature and mass fractions of CH4, O2, H2O, CO2 and CO of a
CH4/O2/N2 flame at a fuel-side strain rate of 20 s−1.

good agreement with the results presented in [70]. For instance, in [70] the peak flame
temperature is about 2800 K, peak values of H2O and H2 mole fractions are about 0.38
and 0.2 while in the present simulation results the peak flame temperature is 2871 K
and the corresponding peak values of H2O and H2 are 0.38 and 0.21. Thus, the present
model and the chemical mechanism are suitable to predict and coincide with results in
the literature. Removal of nitrogen from the air stream was completed so that pure
CH4/O2 flames are obtained. Figure 5.15 shows the maximum temperature and the
mass fractions of thespecies CH3, CO, O, OH, C2H2, C2H6, H and CH2O as a function
of the oxygen mass fraction at a strain rate of 100 s−1. The values of oxygen mass
fraction range from 0.233 diluted in nitrogen (CH4/air) to pure O2. With an increase of
oxygen content in the oxidizing gas stream, the maximum flame temperature increases
substantially from 1874 K to 2965 K. The maximum mass fraction of the major species
plotted in Figure 5.15 increases non-linearly as nitrogen is removed from the system. At
the same time, formaldehyde is decreased with nitrogen removal.

The pollutants and soot formation in laminar flames are of particular interest. The
detailed chemical reaction mechanism used here is also suitable to predict formation of
species such as CO, C2H2 as well as CH2O. Maximum mass fractions of carbon monoxide
and acetylene increase by a factor of about 10 as nitrogen is removed (CO increases
from 0.043 to 0.46 and C2H2 from 0.0078 to 0.075, respectively). The maximum mass
fraction of other species such as CH2O is decreasing as nitrogen is removed, however,
the reduction is much smaller.
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Figure 5.15: Maximum flame temperature and mass fraction of various species with increase
of oxygen content in the oxidizing stream at a strain rate of 100 s−1.

In Figs. 5.16 and 5.17, a comparison of the outer flame structure of the CH4/air
(black) and the CH4/O2 (red) flames at the strain rates near extinction and standard
conditions are shown. The in-figures show an enlarged view of CH4/O2 flame for the
same conditions. With replacement of nitrogen through oxygen, the flame thickness de-
creases dramatically by about a factor of seven. This is due to the fact that the damping
of chemical reactions by nitrogen is removed with replacement of nitrogen through oxy-
gen leading to enhanced chemical reactions. This enhancement is accompanied by a
pronounced increase of flame temperature as shown in the figures. The increase of gas
temperature leads to higher values of mass fractions for the major species in the chem-
ical reaction system. In both systems, it can be observed that the flame resides on the
oxidizer side of the configuration which is typical for gas flames of this type. For the
CH4/O2 flame, however, the flame is shifted towards the stagnation plane.

The extinction strain rate for CH4/air flame is 380 s−1, and the corresponding value
for the CH4/O2 flame is 46,750 s−1 while the extinction temperature of the CH4/air is
1874 K. The extinction strain rate of CH4/O2 at 0.9 MPa is found to be 338,500 s−1 with
an extinction temperature of 2662K versus 2490 K for the CH4/O2 flame at 0.1 MPa.
For 2.0 MPa the corresponding values are 667,500 s−1 and 2801 K. As extinction is
approached, the temperature drop with increased strain is striking, and special attention
needs to be paid to evaluate extinction data carefully. Scalar dissipation at stoichiometry
decreases with increased strain rate over several orders of magnitude.

The profiles of the main reaction products H2O, CO2 and CO as well as the fuel and
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oxygen are also plotted in Figure 5.16. It can be easily seen that in case the of the
CH4/O2 flame, all the major species attain higher maximum values of all mass fractions
compared to the CH4/air flame as a consequence of the elevated flame temperature. In
the CH4/O2 flame, the maximum mass fraction of H2O is 0.27, that of CO2 is 0.125, and
the maximum mass fraction of CO is 0.237. The corresponding values for the CH4/air
flame are 0.1, 0.087, and 0.045, respectively. Figure 5.17 displays the profiles of the
species CH3, CH2O, O as well as OH. Oxygen containing species attain their maximum
on the oxidizer side of the configuration whereas carbon containing species reach their
maximum on the fuel side which is typical for this type of flames. In the case of CH4/O2

flame, the maxima of the mass fraction of all the minor species are higher than that in
the case of CH4/air flame. This is due to the fact that the extinction strain rate for
CH4/air flame is much lower than that in the case of CH4/O2 flame. High strain rate
reduces residence time and thus promotes formation of intermediate species as well as
certain pollutants.

Figures 5.18 and 5.19 show the profiles of temperatures, major and minor species
respectively, at a strain rate of 100 s−1 and pressure of 0.1 and 2 MPa. It can be seen
that the temperature is increasing and the flame thickness is becoming narrower with
increase of pressure. By increasing the pressure, the molecules are compressed, which
reduces the distance between molecules and hence increases the frequency of collisions
between them. Compression of the gaseous mixture of air (O2) and fuel increases the
temperature high enough to produce combustion. Thus, increased pressure, results in
raising the temperature. This leads to very fast combustion.
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It is because once the reaction has started, heat is produced, which makes it go even
faster. The profiles of mass fraction of C2H2 for the CH4/O2 flame at 2 and 0.9 MPa
for different strain rates are shown in Figs. 5.20 and 5.21 respectively. With increased
strain rate, the mass fraction of C2H2 decreases while that of CH2O increases, and
the narrower profiles are the consequence of the decreased flame thickness resulting
from pressure increase. The profile of CH2O shows a non-monotonic behavior near the
maximum flame temperature being a consequence of the stability of this species.

In Fig. 5.22, results of the parametric study that was done to obtain a flamelet
library are presented. In flamelet computations, the scalar dissipation rate plays an
important role since it is relevant in determination of the regime of extinguished and
burning flamelets. The scalar dissipation rate varies with space (and mixture fraction),
and typically the flamelet computations include the value of scalar dissipation rate at
stoichiometric conditions [105, 122]. Therefore, the figure shows both maximum flame
temperature, T, and scalar dissipation rate at stoichiometric conditions. Besides the
flames discussed so far, CH4/O2 flames at elevated pressures are investigated which are
relevant for liquid rocket propulsion applications. In particular, the flames at pressures
0.1, 0.9, and 2 MPa are investigated. For all cases, extinction conditions are determined.
It is well known that increased pressure leads to increased flame stability and thus to
increased extinction strain rates and temperatures.

Figure 5.23 presents the profiles of mass fraction of C2H2 and CH2O for CH4/air at
0.1 MPa and CH4/O2 at 0.1, 0.9, and 2 MPa, at a fixed value of strain rate, 100 s−1. It
can be seen that for CH4/air at 0.1 MPa, the mass fraction profile of C2H2 and CH2O
are broader and the peak is shifted to the oxidizer side in comparison with the CH4/O2
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Figure 5.20: Profiles of C2H2 (solid line)
and CH2O (dashed line) mass fractions in the
CH4/O2 flame at 2 MPa and different strain
rates.
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flame. Pressure increase causes a narrowing of flame thickness and thus a narrower
profile of acetylene. For pressures up to 2 MPa for the CH4/O2 flame, the maximum
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Figure 5.23: Profiles of C2H2 and CH2O mass fraction at different configurations and strain
rates of 100s−1.
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Figure 5.24: Profiles of temperature and re-
action rates of H2O, CH2O, H, CH3 and CO
using CH4/O2 laminar spray flame, at extinc-
tion strain rate and pressure of 0.1 MPa.
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Figure 5.25: Profiles of temperature and re-
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mass fraction of C2H2 and CH2O decreases. Here, both nitrogen removal and pressure
increase cause lower profiles of formaldehyde.

In Figures 5.24 and 5.25, the profiles of temperature and reaction rates of H2O, CH2O,

91



5 Results and Discussion

H, CH3 and CO using CH4/O2 laminar flame, at extinction strain rate and pressures
of 0.1 and 2MPa are shown. As it can be seen in the figures 5.24 and 5.25, increasing
pressure 20 times, from 0.1 MPa to 2 MPa, reaction rates are increased by 3 orders of
magnitude but this does not effect the shape of reaction rates of species. Moreover, it
causes temperature to increase by 16.67 % and flame thickness to decrease by more than
15 times.

5.2.2 Spray Flames

5.2.2.1 Methane/LOX Flames

In the present subsection, numerical results for CH4/LOX spray flames are presented
and discussed. A stream of monodisperse LOX droplets with carrier gas methane is
directed from one side of the counterflow configuration whereas the pure oxygen is in-
jected against the fuel stream. The initial droplet velocity equals the methane velocity,
vg0 = vl0 = 0.49 m/s, and together with the strain rate on this side of the configuration,
the velocity of the oxygen is determined from the computation. All present results are
for atmospheric pressure and initial LOX temperature of 85K and methane temperature
of 300K. The results show variation of initial droplet radius for fixed strain rate.

Figures 5.26, 5.27 and 5.28 show the comparison of the outer flame structure of
CH4/LOX spray flames for three different initial droplet radius of 15, 25, 35 µm, re-
spectively, at a strain rate of 100 s−1 at the fuel side of the configuration.
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Figure 5.26: Profiles of gas temperature and
H2O, CO2 and CO mass fractions in the
LOX/CH4 spray flame, at strain rate 100 s−1,
and pressure of 0.1 MPa, initial droplet ra-
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Figure 5.28: Profiles of gas temperature and
H2O, CO2 and CO mass fractions in the
LOX/CH4 spray flame, at strain rate 100 s−1,
and pressure of 0.1 MPa, initial droplet ra-
dius 35 µm.
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Figure 5.29: Profiles of gas temperature and
H2O, CO2 and CO mass fractions in the
CH4/O2 laminar flame, at strain rate 100 s−1,
and pressure of 0.1 MPa.

The droplets vaporize completely before they reach the stagnation plane at axial
position zero. However, they move closer to the stagnation plane as initial droplet radius
is increased. The present computations do not show droplets crossing the stagnation
plane and no droplet reversal is seen due to the small strain rate, which is typical for
spray flames in the counterflow configuration [114, 120, 121]. The flame resides on the
oxidizer side of the configuration, and the spray flame broadens with increased initial
droplet size. Larger droplet size also increases drag which can be seen from the velocity
profiles of the gas and the droplets. As droplets vaporize, drag is reduced and small
droplets eventually follow the gas velocity. As initial droplet size is increased, the gas
temperature is pronouncedly affected by evaporation causing an increased dip in the left
wing of the temperature profile. The maximum flame temperature increases by 30 K as
initial droplet radius is increased from 15 to 35 µm. Considering the gas-phase species,
it is observed that profiles of both major and minor species are quite close for different
initial droplet sizes.

Principal flame characteristics such as CO formation prior to CO2 formation are main-
tained. Carbon monoxide is produced and then consumed at high temperatures in the
rate-limiting reaction CO + OH ⇋ CO2 + H.

A comparison of the LOX/CH4 spray flame and the CH4/O2 flame, see Fig. 5.29,
shows that in both configurations, the main reaction zone resides on the gas side of the
counterflow configuration and the principal flame structure is almost similar. At the
same time, the presence of the spray strongly influences the gas temperature in regions
where the spray is present. Moreover, the presence of the spray causes considerable
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Figure 5.30: Gas temperature and major species mass fractions of CH4/LOX flame, strain rate
500 s−1, p = 0.1 MPa, rl0 = 25 µm.

Figure 5.31: Profiles of gas temperature and
major species mass fractions of CH4/LOX
spray flame, at pressure 0.9 MPa, initial
droplet radius 25 µm.
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Figure 5.32: Profiles of gas temperature and
minor species mass fractions of CH4/LOX
spray flame, at pressure 0.9 MPa, initial
droplet radius 25 µm.

broadening of the reaction zone.

An increase of strain rate from 100 to 500 s−1 at fixed initial droplet size of 25 µm,
the flame becomes thinner and the effect of droplet vaporization on the temperature
profile is evident. A comparison of Fig. 5.30 and Fig. 5.27 shows that the flame becomes
thinner with increased strain rate, and the cooling effect due to droplet vaporization is
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5.2 Laminar Combustion in the Counterflow Configuration

dominant.
Figures 5.31 and 5.32 show the structure of major and minor species of the CH4/LOX

spray flame at a pressure of 0.9 MPa. The pressure increase at cryogenic conditions is
shown in Figure 5.31, where the flame structure is considerably narrow and the combus-
tion is enhanced when compared with the results at atmospheric pressure.

It is interesting to note that in methane/LOX flames, so far, only single flames are
found whereas in both H2/LOX [80] flames and during combustion of fuel sprays in
air [113,114,120,121], double flames where identified for small strain rates below about
500 s−1. However, in [121], two different flame structures were identified with one and
two reaction zones, for spray flames at low strain.

95





6 Summary and Conclusions

In the present work, laminar models for CH4/air, CH4/O2 and CH4/LOX -spray flames as
well as single droplet vaporization by laser heating are investigated numerically. Initially,
an overview of the basic equations of gas and liquid phase and the models for transport
processes are presented. The detailed kinetics were described separately. Then the
simulation results are discussed. The main findings are summarized in the following.

It is known that droplet vaporization is the basic process in spray combustion. In
the first part of present work, a mathematical model for water droplet vaporization
with laser heating of the droplet in a cold surrounding was developed and validated
through comparison with the experimental results. A uniform temperature field inside
the droplet was assumed during the vaporization process of the droplet by laser heating.
The physical properties of the vaporizing droplet were adapted to water. Four different
laser pulse widths were used, namely 2 ms, 5 ms, 8 ms, and 15 ms, and the simulation
results [29] predict the experimental results very well [28]. Therefore, the model is
suitable to be used in a broad range of spray combustion systems where dilute sprays
predominate the processes.

Initially, the mathematical model for counterflow configuration was used and validated
for other fuels such as methanol/air, ethanol/air and H2/LOX (see [80, 114, 120, 121]).
Therefore, in the second part of present work, the mathematical model has been tested
with different chemical kinetic mechanism and successfully validated through comparison
of calculated temperature and concentration profiles of a CH4/air gas diffusion flame
in counterflow configuration with data of [60]. The C2 kinetic mechanism was used
involving 35 species and 294 reactions whilst in literature [60] the starting C1 mechanism
of 39 reactions involving 17 species, a 5-step mechanism and a 4-step mechanism was
used.

After validation of the models for CH4/air-gas diffusion flames, simulations of CH4/O2

flames at pressures of 0.1 MPa, 0.9 MPa and 2 MPa were performed. The conditions used
in the simulations of CH4/O2 flames are: the temperature at both boundaries is 298 K,
the mass fractions of fuel and oxygen is 1. So, with increasing the oxygen quantity and
removing the nitrogen, the high temperature region is becoming broader compared to
the CH4/air flame and the combustion is enhanced significantly. It can be also observed
that the maximum temperature and stagnation plane of CH4/O2 flame is shifted toward
the fuel side in comparison with CH4/air flame. The extinction strain rate at 0.1 MPa for
CH4/air flame is about 380 s−1 and for CH4/O2 flame is about 46,500 s−1 while the peak
temperatures near extinction for CH4/air and CH4/O2 are about 1800 K and 2507 K
respectively. Thus, with increasing pressure, the flame becomes thinner and the peak

97



6 Summary and Conclusions

temperature becomes higher. The extinction strain rate for CH4/O2 flame at 0.9 MPa is
about 3,385,00 s−1 and at 2 MPa is about 667,500 s−1 while the peak temperatures near
extinction at 0.9 MPa and 2 MPa are about 2663 K and 2802 K respectively. Objectives
were, first, determining the extinction conditions and second, to be used as a gas flame
library in turbulent calculations.

The pollutants and soot formation in laminar flames are of particular interest. The
detailed chemical reaction mechanism used here is favorably enabled to predict forma-
tion of species such as CO, C2H2 as well as CH2O. Maximum mass fraction of carbon
monoxide and acetylene increase by a factor of about 10 as nitrogen is removed. This
increase of acetylene formation with oxygen content confirms the results of [70] who
found soot formation to increase with oxygen content, since acetylene is considered an
important soot precursor.

The next step, the laminar flame structure of CH4/LOX in counterflow configuration
depending on the parameters like equivalence ratio, strain rate and droplet size was
systematically investigated for monodisperse spray at atmospheric pressure. Since the
boiling temperature for oxygen is around 90 K depending on pressure, so in our com-
putations, the initial LOX temperature is set at 85 K in order to catch the liquid phase
of oxygen. The physical properties for methane and oxygen above 300 K are covered
by the NASA data. Therefore, the set of physical properties must be extended by data
from the JSME tables [103] for the temperature range between 80 and 300 K and for
pressures up to 2 MPa. Moreover, increased initial droplet size broadens the spray flame
considerably.

The present simulations at low strain rate do not reveal droplets crossing the stag-
nation plane or droplet oscillations which is typical for spray flames at elevated strain
rates. Double flames which are found in both the H2/LOX system and in fuel sprays
burning in air could not be identified in the present study, which can be studied further
in prospective research.

Overall, it can be concluded that the calculation of spray flames can not be made
with models of pure gas flame, as the spray characteristics such as evaporation, heating
of the liquid and spray dynamics influence the mathematical modeling significantly.
Using detailed chemical reaction mechanisms is essential for the calculation of pollutant
formation and extinction conditions in laminar flames.

Future studies will investigate if the occurrance of a single flame is a principal char-
acteristics of methane/LOX flames or if different structures [121] may be found besides
the low-strain structures with a single reaction zone shown in the present work.

Further computations will include methane/LOX flames at elevated strain where the
spray has an increased effect on both the flame structure and extinction conditions due
to droplets crossing the stagnation plane and droplet reversal and oscillation. Moreover,
extinction conditions need to be identified for the establishment of a spray flamelet
library. Additionally, structures at elevated pressures which characterize liquid rocket
propulsion will be investigated for use in turbulent spray computations either through
spray flamelet models or flamelet generated manifolds.
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List of Symbols

Symbol Meaning Units

a Strain rate 1/s

Aj Pre-exponential factor in chemical reaction j m,mol,s

bj Temperature exponent in chemical reaction j -

BM Spalding transfer number for mass -

BT Spalding transfer number for heat -

Cp Specifc heat at constant pressure J
kgK

cp Specific heat at constant pressure of mixture J
kgK

Cv Specific heat at constant volume J
kgK

CD Drag coefficient -

Di Diffusion coefficient of species i m2

s
Di,j Binary diffusion coefficient of species i and j m2

s
DT

i Thermal diffusion coefficient of species i m2

s
Da Damkohler number -

E Unit matrix -

Ej Actvition energy of the elementary reaction j J
mol

FM Correction factor for the film thickness of diffusive flux -

FT Correction factor for the film thickness of thermal flux -

f Similarity variable -

fi Fugacity of component i Pa

fp Droplet size distribution -

~g Vector of gravitational accelaration m
s2

G Gravity potential m2

s2

h Specific enthalpy J
kg

~ji Mass flux by molecular diffusion of species i
kg

m2 s
~jT
i Mass flux by thermal diffusion of species i

kg
m2 s
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Symbol Meaning Units

~je Energy flux by diffusion and heat conduction J
m2 s

~jc
e Energy flux by heat conduction J

m2 s
~jd
e Energy flux by diffusion J

m2 s
~jD
e Energy flux by concentration gradient J

m2 s
kj Rate constant of reaction j m3

mol s
K Number of chemical components -

lt intergral length scale m

Lv Latent heat of vaporization J
kg

Le Lewis number -

m mass kg

ṁ Vaporization rate
kg
s

mi mass of species i kg

ml mass of a droplet kg

Ma Mach number -

N Number of chemical reaction -

Np Number of droplets -

n Droplet number density m−3

Nu0 Nusselt number without Stefan-Flow -

Ñu Modified Nusselt number -

p Pressure Pa

pc Critical pressure Pa

ps Vapor pressure Pa

p Pressure tensor Pa

Pr Prandtl number -

q Specific heat J
kg

q̇ Heat flux J
s

qm Phase exchange term in continuity equation
kg

m3 s
qmi

Phase exchange term in species conservation equation
kg
m3 s

~qp Phase exchange term in momentum equation
kg

m3 s2

qp,x x- component of Phase exchage term in momentum equation
kg

m2 s2

qp,y y- component of Phase exchage term in momentum equation
kg

m2 s2
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Symbol Meaning Units

qe Source term of phase exchange for the specific total energy J
m3 s

qT Source term of phase exchange for the temperature J
m3 s

qh Source term of phase exchange for the enthalpy J
m3 s

r Radial coordinate m

R Droplet radius m

R0 Droplet radius at t = 0 m

R Gas constant J
mol K

~r Local vector m

Re Reynolds number -

Sh0 Sherwood number without Stefan-Flow -

S̃h Modified Sherwood number -

Sc Schmidt number -

s Transformed radial local coordinate of a droplet -

T Temperature K

Tl Temperature in a droplet K

Ts Surface temperature of a droplet K

t Time s

tc chemical time scale s

u Velocity component m
s

ul Radial component of drop velocity m
s

uin Specific internal energy J
kg

V Volume m3

v Velocity component m
s

~Vi Diffusional velocity of species i m
s

~Vi,y Diffusional velocity of species i in y - direction m
s

W Molecular weight of gas mixture
kg
mol

Wi Molecular weight of the species i
kg
mol

We Weber number -

x Radial local coordinate m

xl Radial local coordinate of a droplet -

Xi Mole fraction of species ı -

Yi Mass fraction of species i -
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Symbol Meaning Units

y Axial space coordinate m

yl Axial space coordinate of a droplet -

Z Compressibilty factor -

Greek symbols

Symbol Meaning Units

α Planar/axisymetric counterflow configuration -

αl Thermal diffusivity -

δi,s Kronecker delta -

δM Film thickness due to diffusion exchange with Stefan flow m

δT Film thickness due to thermal exchange with Stefan flow m

δM0 Film thickness due to diffusion exchange without Stefan flow m

δT0 Film thickness due to thermal exchange without Stefan flow m

η Similarity independent variable -

ηl Dimensionless axial position of a droplet -

λ Heat conductivity J
m s K

λ̄ Heat conductivity of a mixture J
m s K

µ Dynamic viscosity
kg
m s

ν
′

i,j Stoichiometric coefficient, educt -

ν
′′

i,j Stoichiometric coefficient, products -

ν Kinematic viscosity m2

s
ξ Dimensionless radial coordinate -

ξs Dimensionless droplet radius -

τ Dimensionless time -

Φ Extensive variable -

χ Scalar dissipation rate 1
s

ω̇i Source term due to chemical reactions mol
s

ωCV Control volume -
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