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VOLUME PRESERVING CURVATURE FLOWS IN

LORENTZIAN MANIFOLDS

Abstract. LetN be a (n+1)-dimensional globally hyperbolic Lorentzian
manifold with a compact Cauchy hypersurface S0 and F a curvature
function, either the mean curvature H, the root of the second symmetric
polynomial σ2 =

√
H2 or a curvature function of class (K∗). We consider

curvature �ows with curvature function F and a volume preserving term
and prove long time existence of the �ow and exponential convergence of
the corresponding graphs in the C∞-Topology to a hypersurface of con-
stant F -curvature, provided there are barriers. Furthermore we examine
stability properties and foliations of constant F -curvature hypersurfaces.

Sei N eine (n+ 1)-dimensionale global hyperbolische Lorentzmannig-
faltigkeit mit kompakter Cauchy-Hyper�äche S0 und F eine Krümmungs-
funktion, entweder die mittlere Krümmung H, die Wurzel des zweiten
symmetrischen Polynoms σ2 =

√
H2 oder eine Krümmungsfunktion von

der Klasse (K∗). Wir betrachten Krümmungs�üsse mit Krümmungs-
funktion F und einem volumenerhaltenden Term und weisen unter der
Bedingung von Barrieren die Langzeitexistenz des Flusses und die expo-
nentielle Konvergenz der Graphen in der C∞-Topologie gegen eine Hyper-
�äche konstanter F -Krümmung nach. Des Weiteren betrachten wir noch
Stabilitätseigenschaften und Blätterungen von Hyper�ächen konstanter
F -Krümmung.
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1 Introduction

The paper is organized as follows:
In this section we present the main result and discuss the main di�erences

of the �ow in the Lorentzian setting to other ones. The necessary notation and
de�nitions are summarized in section 2. The evolution equations of various geo-
metric quantities are quoted in section 3. In section 4 the volume-preserving
property of the considered �ows is shown and the C0-estimates are derived.
Sections 5, 6 and 7 deal with gradient, curvature and higher order estimates
respectively, whereas the exponential convergence of the �ow is presented in
section 8. Stability is mentioned in section 9 and in section 10 we obtain the
foliation of a region by constant F -curvature hypersurfaces and some further
results concerning this foliation. The short time existence is supplemented in
section 11.

We assume that the ambient space N is a (n+ 1)-dimensional smooth, con-
nected, globally hyperbolic Lorentzian manifold with a compact, smooth, con-
nected Cauchy hypersurface S0, and N is covered by a future directed Gaussian
coordinate system (xα), such that the metric (ḡαβ) can be expressed in the form

(1.1) ds̄2 = e2ψ(x0,x){−(dx0)2 + σij(x
0, x) dxidxj},

where x0 is the time function de�ned on an interval I = (a, b), we suppose
without loss of generality 0 ∈ I and (xi) are local coordinates for the Cauchy
hypersurface S0. The coordinates can be chosen such that

(1.2) S0 = {x0 = 0}.
The existence of a smooth, proper function f : N → R with non-vanishing
timelike gradient in a merely connected, smooth Lorentzian manifold N al-
ready assures the existence of such a special coordinate system, see [14, The-
orem 1.4.2], implying that N is globally hyperbolic with a compact Cauchy
hypersurface. Alternatively one can deduce the existence of the special coordi-
nate system in smooth, globally hyperbolic Lorentzian manifolds with compact
Cauchy hypersurface from [4, Theorem 1.1] and [3, Lemma 2.2].

In this paper we will consider curvature �ows in cosmological spacetimes,
a terminology due to Bartnik, meaning a Lorentzian manifold with the above
properties, which furthermore satis�es the timelike convergence condition, an
assumption which is quite natural in the setting of general relativity as it
corresponds to the strong energy condition (see for example [16]). Hence for
all p ∈ N there holds

(1.3) R̄αβV
αV β ≥ 0 ∀ timelike V ∈ TpN.

We only mention that for the proof of Theorem 1.3 (with F = H) this condition
could be relaxed to the case where the lower bound is −Λ with a constant Λ > 0,
where in this case one needs to assume that there holds H >

√
nΛ on the initial

hypersurface.
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In the case of general curvature functions however we will need to assume
that the timelike sectional curvatures of N are non-positive, i.e. at points
p ∈ N there holds

(1.4) R̄αβγδV
αW βV γW δ ≥ 0 ∀ timelike V ∈ TpN, ∀ spacelike W ∈ TpN.

We then look at the following curvature �ow:

ẋ = (Φ(F )− f) ν,

x(0) = x0,
(1.5)

where x0 is the embedding of an initial, compact, connected, spacelike hyper-
surfaceM0 of class C

m+2,α, 2 ≤ m ∈ N, 0 < α < 1, ν is the corresponding past
directed normal, F is a curvature function of class Cm,α(Γ) evaluated at the
principal curvatures of the �ow hypersurfaces M(t), x(t) denotes the embed-
ding of M(t), Φ is a smooth supplementary function satisfying Φ′ > 0, Φ′′ ≤ 0,
and f is a volume preserving global term, f = fk, see the de�nition below.

Furthermore the initial hypersurface should be admissible, meaning that its
principal curvatures belong to the de�ning cone Γ of the curvature function F ,
which will be speci�ed below.

Depending on which type of volume has to be preserved, we de�ne the global
term as in [22]:

(1.6) fk(t) =

∫
Mt

HkΦ(F ) dµt∫
Mt

Hk dµt
.

Here Hk, k = 0, ..., n, denotes the k-th elementary symmetric polynomial,
where H0 = 1.

We will consider curvature �ows with curvature functions F = H, F = σ2

or F ∈ (K∗), for these we have to distinguish their cones of de�nition and the
supplementary function Φ:

Let F = H and k = 0, then let Φ(x) = x and Γ = Rn. For k = 1 let Γ = Γ1

and Φ ∈ Cm,α(R+) be an arbitrary function satisfying merely Φ′ > 0 and
Φ′′ ≤ 0. For example, one could consider the surface-area preserving inverse
mean curvature �ow, Φ(x) = −x−1. For higher k the �ow is not well de�ned,
since convexity does not need to be preserved during the �ow.

For F = σ2 = H
1
2
2 let Γ = Γ2 and Φ(x) = x or Φ(x) = −x−1. Again, the

�ow is only well de�ned for k ∈ {0, 1, 2} for the same reasons as above.
Lastly, let F ∈ (K∗) be a homogeneous function of degree 1 and of class

Cm,α(Γ+), then for k ∈ {0, . . . , n} we choose Φ(x) = log(x) and Γ = Γ+.
We denote by (F,Γ,Φ) one of the possible choices of curvature functions and

their respective cones of de�nitions as well as supplementary functions stated
above.

In order to be able to derive C0-estimates we have to add an additional
assumption, �rst we provide the necessary de�nition:

De�nition 1.1. Let F be a continuous curvature function de�ned on an open,
convex, symmetric cone Γ ⊂ Rn. Then we de�ne (here we distinguish the cases
considering the future or the past by brackets):
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Let c be a constant, then we say we have a future (past) curvature barrier
for (F,Γ, c) of class Ck,β , where k ∈ R, k ≥ 2, 0 ≤ β ≤ 1, if there exists a
compact, connected, spacelike and admissible hypersurface M of class Ck,β ,
satisfying

(1.7) F|M ≥ (≤) c.

With the de�nition

(1.8) c1 = min
M0

F and c2 = max
M0

F,

we can state the following assumption:

Assumption 1.2. We have a future curvature barrier for (F,Γ, c2) of class C2

and a past curvature barrier for (F,Γ, c1) of class C2. If in the case F = H,
Γ = Rn, for i = 1 or i = 2 there holds ci = 0, then we assume the corresponding
barrier to be strict.

If the curvature function is not the mean curvature, we assume the existence
of a strictly convex function χΩ ∈ C2(Ω̄), where Ω ⊂ N is the region between
the barriers. For geometric conditions implying the existence of such a function
see Lemma 3.2.

Now we state the theorem:

Theorem 1.3. Let N , M0 and (F,Γ,Φ) be as above, m ≥ 2, 0 < α < 1,
and suppose there holds assumption 1.2. Then the �ow (1.5) with f = fk has
a unique solution existing for all times 0 ≤ t < ∞, such that for �xed time
Mt ∈ Cm+2,α and the M ′ts considered as graphs u(t, ·) converge exponentially
in Cm+2 to a compact, connected, spacelike hypersurface of class Cm+2,α, which
is a stable solution of the equation

(1.9) F = c0,

where c0 = lim
t→∞

Φ−1(fk).

If M0 and F are smooth, then the convergence of the graphs is exponential
in the C∞-Topology.

For k = 0 the enclosed volume, for k = 1 the volume of the hypersurfaces
and if the ambient space has constant curvature KN = 0, then for 1 < k ≤ n
the mixed volume Vn+1−k is preserved.

Finally, we want to name some of the works about volume preserving cur-
vature �ows in di�erent ambient manifolds and discuss shortly the results ob-
tained in this work.

Volume preserving curvature �ows have been considered for various curva-
ture functions in di�erent settings. Roughly speaking, if one assumes a certain
convexity assumption or pinching condition on the initial hypersurface and
shows that this condition is preserved during the �ow, then after proving a
priori estimates the existence of the �ow for all times t ∈ [0,∞) and the expo-
nential convergence in the C∞-Topology of the �ow to a sphere or a geodesic
sphere can be deduced.
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In the case the ambient manifold is Rn+1, volume preserving mean curvature
�ows have been previously considered by Gage for n = 1 in [11] and by Huisken
for n ≥ 2 in [17]. McCoy considered mixed volume preserving mean curvature
�ows in Rn+1 in [21] and later on extended the results to very general curvature
functions in [22].

Recently Cabezas-Rivas and Miquel proved similar results for a volume pre-
serving mean curvature �ow in the hyperbolic space under the assumption of
horosphere-convexity of the initial hypersurface, see [5]. Cabezas-Rivas and
Sinestrari then considered the volume-preserving �ow by powers of the ele-
mentary symmetric polynomials in the euclidean setting in [6] by assuming a
pinching condition on the principal curvatures of the initial hypersurface.

However, to our knowledge the only result concerning volume preserving
curvature �ows in Lorentzian manifolds can be found in the paper [9] by Ecker
and Huisken, where the volume preserving mean curvature �ow has been con-
sidered. The method in the Lorentzian case di�ers substantially from the eu-
clidean case. Neither convexity nor the pinching condition on the principal
curvatures is preserved, but assuming (1.3) in the case of F = H and (1.4) in
the case of a general curvature function respectively, investigating the evolution
equation for the curvature function one can see that the upper and lower bound
of the curvature function is preserved during the �ow, which is also valid if an
arbitrary, but bounded global term is considered. This result is the crucial part
that enables one to prove C0-estimates under the assumption of barriers. Now
the C1 and C2-a priori estimates can be deduced by the same methods used in
the case of a time-independent force-term and do not rely on the special choice
of the global term. The higher order estimates can not be deduced directly
from the results of Krylov-Safonov in view of the global term (which is merely
bounded at this moment), instead we use a method already employed in the pa-
pers [22] and [6]. Then again the evolution equation for the curvature function
is the starting point to conclude the exponential convergence to a hypersurface
of constant F -curvature.

From the above remark about the dependence of the proofs on the global
term f one can conclude, that, as far as long time existence is concerned, a far
wider class of global terms can be considered than the ones used throughout
the paper. In particular one can look as well at curvature �ows that preserve
volumes with di�erent densities and obtain the same results stated above, as
they neither disturb the boundedness of the curvature function nor the analysis
carried out to achieve convergence.

It is also possible to prove the foliation of a future end of N by CMC--
hypersurfaces by a similar method as in [14] by using the volume preserving
curvature �ow. However, since the proof is more complicated than the proof
by using the mean curvature �ow without a global term, we omit the proof of
this result. Instead, we show in section 10 that a region enclosed by barriers
for the F -curvature can be foliated by hypersurfaces of constant F -curvature.
Furthermore we show that each CFC-surface in the interior of this region can be
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obtained as the limit hypersurface of a nontrivial curvature �ow which preserves
the volume respectively the area.

2 Notation and De�nitions

The main objective of this section is to formulate the governing equations of
a hypersurface in a Lorentzian (n+ 1)-dimensional manifold N and to provide
the de�nitions of the classes of curvature as well as some well-known properties
of certain curvature functions which will be used throughout this paper. Note
that the main di�erences of hypersurfaces in Lorentzian manifolds compared to
hypersurfaces in Riemannian manifolds arise from the sign change in the Gauÿ
formula and hence the Gauÿ equation. For more detailed de�nitions about cur-
vature functions, we refer the reader to [14, Chapter 2.1, 2.2] and for an account
of the di�erential geometry to [13, Chapter 11, 12] and especially Chapter 12.5
therein with respect to Gaussian coordinate systems and Lorentzian manifolds.

Throughout this section N will be assumed to be a (n + 1)-dimensional
Lorentzian manifold and, unless stated otherwise, the summation convention
is used throughout the paper.

We will denote geometric quantities in the ambient space N by greek indices
with range from 0 to n and usually with a bar on top of them, for example
the metric and the Riemannian curvature tensor in the ambient space will be
denoted by (ḡαβ) and (R̄αβγδ) respectively, etc., and geometric quantities of a
spacelike hypersurface M by latin indices ranging from 1 to n, i.e. the induced
metric and the Riemannian curvature tensor on M are denoted by (gij) and
(Rijkl) respectively. Generic coordinate systems in N and M will be denoted
by (xα) and (ξi) respectively. Ordinary partial di�erentiation will be denoted
by a comma whereas covariant di�erentiation will be indicated by indices or
in case of possible ambiguity they will be preceded by a semicolon, i.e. for a
function u in N , (uα) denotes the gradient and (uαβ) the Hessian, but e.g. the
covariant derivative of the curvature tensor will be denoted by (R̄αβγδ;ε). We
also point out that (with obvious generalizations to other quantities)

(2.1) R̄αβγδ;i = R̄αβγδ;εx
ε
i ,

where x denotes the embedding of M in N in local coordinates (xα) and (ξi).
The induced metric of the hypersurface will be denoted by gij , i.e.

(2.2) gij = 〈xi, xj〉 ≡ ḡαβxαi x
β
j ,

the second fundamental form will be denoted by (hij) and the normal by ν,
which is a timelike vector, i.e. for p ∈M there holds

(2.3) ν(p) ∈ Cp := {ξ ∈ T 1,0
p (N) : 〈ξ, ξ〉 < 0},

where T k,lp (N) denotes the k-times contravariant and l-times covariant tensors

and we note that the light cone Cp consists of two connected components, C+
p

and C−p , which we call future directed and past directed respectively.
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The geometric quantities of the spacelike hypersurface M are connected
through the Gauÿ formula, which can be considered as the de�nition of the
second fundamental form,

(2.4) xij = hijν,

where we are free to choose the future or the past directed normal, but we
stipulate that we always use the past directed normal.

Note that here and in the sequel a covariant derivative is always a full tensor,
i.e.

(2.5) xαij = xα,ij − Γkijx
α
k + Γ̄αβγx

β
i x

γ
j ,

where Γ̄αβγ and Γkij denote the Christo�el-symbols of the ambient space and
hypersurface respectively.

The second equation is the Weingarten equation:

(2.6) νi = hki xk = gkjhijxk.

Finally, we have the Codazzi equation

(2.7) hij;k = hik;j + R̄αβγδν
αxβi x

γ
j x

δ
k,

as well as the Gauÿ equation

(2.8) Rijkl = −{hikhjl − hilhjk}+ R̄αβγδx
α
i x

β
j x

γ
kx

δ
l .

Note that in the last equation the sign change comes into play.
Now we want to de�ne the di�erent classes of curvature functions, �rst we

provide the de�nition of such functions and mention some identi�cations, which
will be used in the sequel without explicitly stating them again.

De�nition 2.1. Let Γ ⊂ Rn be an open, convex, symmetric cone, i.e.

(2.9) (κi) ∈ Γ =⇒ (κπi) ∈ Γ ∀π ∈ Pn,
where Pn is the set of all permutations of order n. Let f ∈ Cm,α(Γ), m ∈ N,
0 ≤ α ≤ 1, be symmetric, i.e.,

(2.10) f(κi) = f(κπi) ∀π ∈ Pn.
Then f is said to be a curvature function of class Cm,α. For simplicity we will
also refer to the pair (f,Γ) as a curvature function.

Now denote by S the symmetric endomorphisms of Rn and by SΓ the sym-
metric endomorphisms with eigenvalues belonging to Γ, an open subset of S.
Then we can de�ne a mapping

F :S→ R,
A 7→ f(κi),

(2.11)

where the κi denote the eigenvalues of A. For the relation between these di�er-
ent notions, especially the di�erentiability properties and the relation between
their derivatives, see [14, Chapter 2.1]. Since the di�erentiability properties are
the same for f as for F in our setting, see [14, Theorem 2.1.20], we do not dis-
tinguish between these notions and write always F for the curvature function.
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Hence at a point x of a hypersurface we can consider a curvature function F
as a function de�ned on a cone Γ ⊂ Rn, F = F (κi) for (κi) ∈ Γ (representing
the principal curvatures at the point x of the hypersurface), as a function de-

pending on (hji ), F = F (hji ) or even as a function depending on (hij) and (gij),
F = F (hij , gij). However, we distinguish between the derivatives with respect
to Γ or S. We summarize brie�y our notation and important properties:

For a (su�ciently smooth) curvature function F we denote by F ij = ∂F
∂hij

,

a contravariant tensor of order 2, and F ji = ∂F
∂hij

, a mixed tensor, contravariant

with respect to the index j and covariant with respect to i. We also distinguish
the partial derivative F,i = ∂F

∂κi
and the covariant derivative F;i = F klhkl;i.

Furthermore F ij is diagonal if hij is diagonal and in such a coordinate system

there holds F ii = ∂F
∂κi

. For a relation between the second derivatives see [14,

Lemma 2.1.14]. Finally, if F ∈ C2(Γ) is concave, then F is also concave as a
curvature function depending on (hij). With these de�nitions we can turn to
special classes of curvature functions.

But �rst we remind the de�nition of an admissible hypersurface:

De�nition 2.2. A spacelike, orientable hypersurface M of class C2 in a Lo-
rentzian manifold N is said to be admissible with respect to a continuous curva-
ture function (F,Γ), if its principal curvatures with respect to the past directed
normal lie in Γ.

De�nition 2.3. We distinguish three classes of curvature functions:

(i) A symmetric curvature function F ∈ C2,α(Γ+)∩C0(Γ̄+), where Γ+ :=
{(κi) ∈ Rn : κi > 0, 1 ≤ i ≤ n}, positively homogeneous of degree
d0 > 0, is said to be of class (K), if it is strictly monotone, i.e.

(2.12) F,i =
∂F

∂κi
> 0 in Γ+ ,

vanishes on the boundary of Γ+ and ful�lls the following inequality:

(2.13) F ij,klηijηkl ≤ F−1(F ijηij)
2 − F ikh̃jlηijηkl ∀ η ∈ S,

where F is evaluated at (hij) ∈ SΓ+ and (h̃ij) is the inverse of (hij).
(ii) A function F ∈ (K) is said to be of class (K∗) if there exists 0 < ε0 =

ε0(F ) such that

(2.14) ε0FH ≤ F ijhikhkj ∀ (hij) ∈ SΓ+
,

where F is evaluated at (hij) and H represents the mean curvature,
i.e. the sum of the eigenvalues of (hij).

(iii) A di�erentiable curvature function F is said to be of class (D), if for
every admissible hypersurface M the tensor F ij , evaluated at M , is
divergence free.
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First, we de�ne the most important curvature functions, the elementary
symmetric polynomials

(2.15) Hk(λ1, · · · , λn) =
∑

i1<···<ik

λi1 · · ·λik , λ = (λi) ∈ Rn, 1 ≤ k ≤ n,

and note that the n-th root of the gaussian curvature σn = K
1
n = H

1
n
n is an

example of a curvature function of class (K∗).
Further examples are given by noticing that if F ∈ (K∗) then F a ∈ (K∗)

for a > 0 and if furthermore G ∈ (K) (where in this case it does not have to
vanish on the boundary) then FG ∈ (K∗). Possible choices of G would be the

inverses of the symmetric polynomials H̃k(κi) = 1
Hk(κ−1

i )
, see [14, Chapter 2.2].

Secondly, we remark, that a curvature function of class (K) and homogeneous
of degree 1 is also concave, see [14, Lemma 2.2.14].

We note some important properties of the elementary symmetric polynomi-
als:

Lemma 2.4. Let 1 ≤ k ≤ n be �xed.

(i) We de�ne the convex cone

(2.16) Γk = {(κi) ∈ Rn : H1(κi) > 0, H2(κi) > 0, . . . ,Hk(κi) > 0}.
Then Hk is strictly monotone on Γk and Γk is exactly the connected
component of

(2.17) {(κi) ∈ Rn : Hk(κi) > 0}
containing the positive cone.

(ii) The k-th roots σk = H
1
k

k are concave on Γk.

(iii) For 1 < s < t < n and σ̃k =
(
Hk
(nk)

) 1
k

there holds

(2.18) σ̃n ≤ σ̃t ≤ σ̃s ≤ σ̃1,

where the principal curvatures have to lie in Γn ≡ Γ+ for the �rst, in
Γt for the second and in Γs for the third inequality.

(iv) For �xed i, no summation over i, there holds

(2.19) Hk =
∂Hk+1

∂κi
+ κi

∂Hk

∂κi
.

Proof. The convexity of the cone Γk and (i) follows from [18, Section 2], (ii)
and (iii) from [20], Lemma 15.12 and Theorem 15.16, and (iv) follows directly
from the de�nition of the Hk. �

A consequence of the preceding Lemma is the following

Lemma 2.5. Let N be a semi-Riemannian space of constant curvature, then
the symmetric polynomials F = Hk, 1 ≤ k ≤ n, are of class (D). In case k = 2
it su�ces to assume that N is an Einstein manifold.

Proof. The proof of the Lemma can be found in [15, Lemma 5.8]. The proof
consists of induction on k and (iv) of Lemma 2.4. �
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Now we state a well-known inequality for general curvature functions:

Lemma 2.6. Let F ∈ C2(Γ) be a concave curvature function, homogeneous of
degree 1 with F (1, . . . , 1) > 0, then

(2.20) F ≤ F (1, . . . , 1)

n
H.

Proof. See [14, Lemma 2.2.20]. �

Remark 2.7. To estimate tensors, we will need a Riemannian metric on N .
We use a Riemannian reference metric, which we de�ne by

(2.21) g̃αβdx
αdxβ = e2ψ

{
(dx0)2 + σijdx

idxj
}
.

The corresponding norm of a vector �eld η on N will be denoted by

(2.22) |||η||| = (g̃αβη
αηβ)

1
2 .

Finally, we want to note that we will use the parabolic Hölder spaces in later
sections, where for the notation we refer to [14, De�nition 2.5.2].

3 Evolution equations

In this chapter we state some facts about the representation of hypersurfaces as
graphs and the evolution equations of the geometric quantities needed through-
out the paper. For a derivation of the latter we refer to [14, Chapter 2]. Note
that there is a slight but signi�cant di�erence in the evolution equations com-
pared to the Riemannian case due to the sign change in the Gauÿ equation.
First of all, we have in view of [19, Lemma 3.1] the following

Lemma 3.1. Let N be a smooth, connected, globally hyperbolic Lorentzian
manifold with a compact, connected Cauchy hypersurface S0 and M ⊂ N a
compact, connected, spacelike hypersurface of class Cm,α, 0 ≤ α ≤ 1, 1 ≤ m ∈
N, then M can be written as a graph over S0

(3.1) M = graph u|S0
,

with u ∈ Cm,α(S0).

We remark that the additional regularity mentioned above follows by the
same proof as in [19, Lemma 3.1], the implicit function theorem being the
main theorem used in the proof.

From now on we assume to work in local coordinates of the special coordinate
system given by (1.1).

The �ow hypersurfaces can be written as graphs over S0

(3.2) M(t) = {x0 = u(xi) : x = (xi) ∈ S0},

where we use the symbol x ambiguously by denoting points p = (xα) ∈ N as
well as points p = (xi) ∈ S0. Now suppose the �ow hypersurfaces are given by
an embedding x = x(t, ξ), where ξ = (ξi) are local coordinates of a compact
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manifold M , i.e. initially we have the embedding x : M → M0 ⊂ N . Then
there holds

x0 = u(t, ξ) = u(t, x(t, ξ)),

xi = xi(t, ξ).
(3.3)

The induced metric has the form

(3.4) gij = e2ψ{−uiuj + σij},

where σij is evaluated at (u(x), x). Its inverse (gij) = (gij)
−1 can be expressed

as

(3.5) gij = e−2ψ
{
σij +

ŭi

v

ŭj

v

}
,

where (σij) = (σij)
−1 and we distinguish ui = gijuj and

(3.6) ŭi = σijuj

and where we de�ne

(3.7) v2 = 1− σijuiuj ≡ 1− |Du|2.

Hence, graph u is spacelike if and only if |Du| < 1, in view of (3.4).
The past-directed normal has the form

(3.8) (να) = −v−1e−ψ(1, ŭi).

Furthermore, looking at the component α = 0 in the gaussian formula, we
obtain

(3.9) e−ψ ṽ hij = −u;ij − Γ̄0
00uiuj − Γ̄0

0iuj − Γ̄0
0jui − Γ̄0

ij ,

where the covariant derivatives are taken with respect to the induced metric
of the considered hypersurface and ṽ = v−1. For later use, we reformulate the
above expression as in [14, (2.5.11)], such that

(3.10) e−ψ ṽ hij = −v−2uij + e−ψh̄ij − e−ψψαν̄αḡij + v−1e−ψψαν
αgij ,

where ν̄, ḡij and h̄ij denote the normal, metric and second fundamental form
of the coordinate slices {x0 = const} and where the covariant derivatives of u
are now taken with respect to the metric σij(u, x).

In the Lorentzian case controlling the C1-norm of graph u is tantamount to
controlling ṽ in view of (3.7) and

(3.11) ||Du||2 = gijuiuj = e−2ψ |Du|2

v2
.

Finally, as for the curvature �ows with general curvature functions we had to
assume the existence of a strictly convex function χ ∈ C2(Ω̄) in a given domain
Ω, we shall state a geometric condition guaranteeing the existence of such a
function. For a proof of the following Lemma see [14, Lemma 1.8.3].
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Lemma 3.2. Let N be a smooth, globally hyperbolic Lorentzian manifold, S0 a
Cauchy surface, (xα) a future directed Gaussian coordinate system associated
with S0 and Ω̄ ⊂ N compact. Then there exists a strictly convex function
χ ∈ C2(Ω̄), i.e. a function satisfying

(3.12) χαβ ≥ c0ḡαβ
with a positive constant c0, provided the level hypersurfaces {x0 = const} that
intersect Ω̄ are strictly convex.

We consider a curvature function F ∈ Cm,α(Γ), 2 ≤ m ∈ N, 0 < α < 1,
a function f = f(t) and a real function Φ ∈ Cm,α(R) and write from now on
Φ = Φ(F ).

The curvature �ow is then given by the evolution problem (1.5) with f = fk,
0 ≤ k ≤ n, as de�ned in (1.6) (where we remark again that not all values of k
are allowed for F = H or F = σ2, see the remarks after equation (1.6)).

We will assume throughout the next sections that short time existence has

already been assured and we consider a solution x ∈ Hm+α,m+α
2 (QT∗) of the

curvature �ow on a maximal interval [0, T ∗), 0 < T ∗ ≤ ∞, where QT =
[0, T )×M . Short-time existence is well known for the curvature �ow without
the global term as we are dealing with a parabolic problem and with a �xed
point argument we can extend this result to the �ow including the global term.
This will be supplemented in section 11.

Hence we consider a su�ciently smooth solution of the initial value problem
(1.5) and show how the geometric quantities of the hypersurfaces M(t) evolve.
All time derivatives are total derivatives, i.e., covariant derivatives of tensor
�elds de�ned over the curve x(t), cf. [13, Chapter 11.5].

First, we consider the evolution equations for the hypersurfaces represented
as graphs.

Looking at the component α = 0 of the �ow (1.5) we obtain the scalar �ow
equation

(3.13) u̇ = −e−ψv−1(Φ− f),

where the time derivative is a total time derivative of u = u(t, x(t, ξ)). If
however we consider u to depend on u = u(t, ξ) we obtain the partial derivative

∂u

∂t
= u̇− ukẋk

= −e−ψv(Φ− f).
(3.14)

Let us now state the evolution equations, where we note that all covariant
derivatives appearing in these equations are taken with respect to the induced
metric of the �ow hypersurfaces:

Lemma 3.3. We have the following evolution equations:

ġij = 2(Φ− f)hij ,(3.15)

d

dt

√
g = (Φ− f)H

√
g, where g = det gij ,(3.16)
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ν̇ = gijΦixj ,(3.17)

ḣji = Φ j
;i − (Φ− f){hki h

j
k + R̄αβγδν

αxβi ν
γxδkg

kj},(3.18)

ḣij = Φ;ij − (Φ− f){−hki hkj + R̄αβγδν
αxβi ν

γxδj},(3.19)

Φ̇− Φ′F ijΦ;ij = −Φ′(Φ− f){F ijhki hkj + F ijR̄αβγδν
αxβi ν

γxδj},(3.20)

where Φ′ =
d

dr
Φ(r),

u̇− Φ′F ijuij = −e−ψ ṽ(Φ− f) + Φ′Fe−ψ ṽ(3.21)

+ Φ′F ij{Γ̄0
00uiuj + 2Γ̄0

0iuj + Γ̄0
ij},

˙̃v − Φ′F ij ṽ;ij = −Φ′F ijhikh
k
j ṽ + [(Φ− f)− Φ′F ]ηαβν

ανβ(3.22)

− 2Φ′F ijhkjx
α
i x

β
kηαβ − Φ′F ijηαβγx

β
i x

γ
j ν

α

− Φ′F ijR̄αβγδν
αxβi x

γ
kx

δ
jηεx

ε
lg
kl,

where η is the covariant vector �eld (ηα) = eψ(−1, 0, ..., 0),

ḣji − Φ′F klhji;kl = −Φ′F klhrkh
r
l h
j
i + Φ′Fhrih

rj(3.23)

− (Φ− f)hki h
j
k + Φ′F kl,rshkl;ih

j
rs; + Φ′′FiF

j

+ 2Φ′F klR̄αβγδx
α
mx

β
i x

γ
kx

δ
rh
m
l g

rj − Φ′F klR̄αβγδx
α
mx

β
kx

γ
rx

δ
l h
m
i g

rj

− Φ′F klR̄αβγδx
α
mx

β
kx

γ
i x

δ
l h
mj − Φ′F klR̄αβγδν

αxβkν
γxδl h

j
i

+ Φ′FR̄αβγδν
αxβi ν

γxδmg
mj − (Φ− f)R̄αβγδν

αxβi ν
γxδmg

mj

+ Φ′F klR̄αβγδ;ε{ναxβkx
γ
l x

δ
ix
ε
mg

mj + ναxβi x
γ
kx

δ
mx

ε
lg
mj}.

Proof. See [14, Lemma 2.3.1 for the �rst two equations, then Lemma 2.3.2,
Lemma 2.3.3 for the next two equations, Lemma 2.3.4, equation (3.14) together
with (3.9), Lemma 2.4.4, Lemma 2.4.1]. �

4 Height estimates and volume preservation of the �ow

First, we remind the de�nition of the mixed volume, for k ∈ {0, . . . , n} and a
hypersurface M represented by a graph u we have:

(4.1) Vn+1−k =

{∫
S0

∫ u
0
eψ
√
ḡ, k = 0

{(n+ 1)
(
n
k

)
}−1

∫
M
Hk−1 dµ, k = 1, . . . , n,

where for (t, x) ∈ N we denote by ḡ(t, x) = det(ḡij)(t, x) the volume element of
the level hypersurface x0 = t at the point x ∈ S0. The choice of the reference
point 0 ∈ (a, b) for the enclosed volume is arbitrary. Now we are going to
prove the claimed volume preservation property of the �ow (1.5) with f = fk,
0 ≤ k ≤ n.

Lemma 4.1. For k = 0 the enclosed volume Vn+1 and for k = 1 the volume
of the hypersurfaces Vn is preserved.
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If the ambient space has vanishing sectional curvatures, then for 1 < k ≤ n the
mixed volume Vn+1−k is preserved.

Proof. First we observe that for x ∈ S0 we have

(4.2)
√
g(u(x), x) = v

√
det(ḡij(u(x), x)),

where ḡij(t, ·) denotes the metric of the level hypersurface x0 = t.
Taking this into account, we have for k = 0 in view of (3.14):

d

dt
Vn+1 =

∫
S0

∂u

∂t
eψ
√
ḡ(u(x), x) dx

= −
∫
S0

(Φ− f0)
√
g(u(x), x) dx = 0,

(4.3)

in view of the de�nition of f0. Hence the enclosed volume is preserved by the
�ow.

For k = 1 we have in view of (3.16)

(n+ 1)n
d

dt
Vn =

d

dt
|Mt|

=

∫
Mt

(Φ− f1)H dµt = 0.
(4.4)

Finally, for 1 < k ≤ n we assume the ambient space has vanishing sectional
curvatures. Then we exploit Lemma 2.5 and Lemma 2.4.
We get

(n+ 1)

(
n

k

)
d

dt

∫
Mt

Hk−1dµt =

∫
Mt

kHk(Φ− fk)dµt

−
∫
Mt

(Φ− fk)(Hk−1)ijR̄αβγδν
αxβi ν

γxδkg
kjdµt

= k

∫
Mt

(Φ− fk)Hk dµt = 0.

(4.5)

�

In order to prove the C0-estimates we will show that the curvature function is
bounded during the evolution. Together with the monotonicity of the constant
F -curvature hypersurfaces, which we will prove afterwards, we then obtain that
the �ow stays within the domain bounded by the barriers for all times.

Lemma 4.2. Let

(4.6) c1 := min
M0

Φ(F ) and c2 := max
M0

Φ(F ),

then there holds for all times 0 < t < T ∗

(4.7) c1 ≤ Φ(F ) ≤ c2.
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Moreover Φsup(t) := max
Mt

Φ is monotonically decreasing and Φinf(t) := min
Mt

Φ

is monotonically increasing.

Proof. We will prove (4.7) holds until T0, where 0 < T0 < T ∗ is arbitrary. This
will prove the �rst statement and the second one follows by observing that the
argument holds as well for the interval [t1, T

∗), where 0 < t1 < T ∗ is arbitrary.
We only prove the upper bound, the proof for the lower bound follows anal-

ogously.
Let

(4.8) Φ̃ := (Φ(F )− c2)− εt− ε,

where ε > 0 is chosen arbitrarily. Therefore there holds

(4.9) Φ̃|t=0 < 0

and from (3.20) we get

(4.10) ˙̃Φ− Φ′F ijΦ̃;ij = −Φ′(Φ− f){F ijhikhkj + F ijR̄αβγδν
αxβi ν

γxδj} − ε.

Suppose there is a point (t0, x0), 0 < t0 ≤ T0, x0 ∈ S0 such that

(4.11) Φ̃(t0, x0) = 0

and where t0 is the �rst time for this to happen.
Hence there holds for all x ∈ S0

(4.12) Φ̃(t0, x) ≤ Φ̃(t0, x0)

and this implies by the de�nition of Φ̃ and fk

(4.13) fk(t0) ≤ Φ(t0, x0).

Evaluating (4.10) at (t0, x0) yields therefore in view of the maximum principle

(4.14) 0 ≤ −ε < 0,

where we used the timelike convergence condition (1.3) in case of the mean
curvature �ow and (1.4) for general curvature functions as well as the non-
negativity of the term F ijhikh

k
j .

This contradiction implies

(4.15) Φ < εt+ ε+ c2 ≤ εT0 + ε+ c2

and the Lemma follows because ε can be chosen arbitrarily small. �

Note that this Lemma ensures in the case of F = H or F = σ2, that the
principal curvatures of the �ow lie in the cone of de�nition, where we use Lemma
2.6 for F = σ2. Furthermore, with regard to the supplementary function, the
proof merely depends on the fact that Φ′ > 0.

We also want to point out the following observation, which can be used to
prove long time existence for bounded, but otherwise more general global force
terms, than the ones we consider in this paper, as long as we have suitable
barriers:
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Remark 4.3. The proof of the preceding Lemma shows that for a global term
f = f(t) which is bounded from below and above by c1 and c2 respectively,
where these are arbitrary constants, the curvature function Φ(F ) is bounded
by the same constants if Φ(F )|t=0 is.

Now we want to show the monotonicity of hypersurfaces with respect to
their F -curvature. For the mean curvature in a cosmological spacetime the
proof can be found in [14, Lemma 4.7.1], for general F the proof needs a minor
modi�cation:

Lemma 4.4. Let N be a smooth cosmological spacetime with compact Cauchy-
hypersurface S0 and non-positive timelike sectional curvatures, F a strictly
monotone curvature function de�ned on an open, convex, symmetric cone Γ,
F ∈ C1(Γ) ∩ C0(Γ̄), such that F vanishes on the boundary of Γ and F > 0 in
Γ.

Let Mi = graphui, i = 1, 2 be two compact, connected, spacelike, admissible
hypersurfaces of class C2, such that the respective F -curvatures Fi satisfy

(4.16) F1 < (≤) min
M2

F2,

and if p ∈ S0 is a point such that F1(u1(p), p) = min
M2

F2, then we assume that

the principal curvatures of M2 at (u2(p), p) are not all equally to zero.
Then there holds

(4.17) u1 < (≤)u2.

Proof. In view of the equation (3.9) and the maximum principle it su�ces to
show

(4.18) u1 ≤ u2.

Now suppose (4.18) is not valid, so that

(4.19) E(u1) = {x ∈ S0 : u2(x) < u1(x)} 6= ∅.

Thus there exist points pi ∈Mi such that

(4.20) 0 < d0 = d(M2,M1) = d(p2, p1) = sup {d(p, q) : (p, q) ∈M2 ×M1},

where d is the Lorentzian distance function, which is �nite and continuous in
our setting, see [13, Theorem 12.5.9].

Now let φ be a maximal geodesic fromM2 toM1 realizing this distance with
endpoints p2 and p1 and parametrized by arc length.

Denote by d̄ the Lorentzian distance function to M2, i.e. for p ∈ I+(M2)

(4.21) d̄(p) = sup
q∈M2

d(q, p).

Since φ is maximal, Λ = {φ(t) : 0 ≤ t < d0} contains no focal points of
M2, cf [23, Theorem 34, p.285], hence there exists an open neighbourhood
Π = Π(Λ) such that d̄ is of class C2 in Π, cf [14, Theorem 1.9.15] and Π is part
of the largest tubular neighbourhood ofM2 and hence covered by an associated
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normal Gaussian coordinate system (xα) satisfying x0 = d̄ in {x0 > 0}, see [14,
Theorem 1.9.22].

In this coordinate system M2 is the level set {d̄ = 0} and the level sets

(4.22) M(t) = {p ∈ Π : d̄(p) = t}

are C2-hypersurfaces.
Next we want to derive a formula for the evolution of the F -curvature of

the level hypersurfaces of this coordinate system. Let us de�ne the �ow of the
level hypersurfaces by

ẋ = −ν,(4.23)

x(0) = x0,(4.24)

where x0 is the embedding of M2. Then we infer from [14, Proposition 1.9.4]

(4.25) x, ẋ ∈ C1((−ε0, d0)×Bρ(ξ0)),

where ε0 > 0, x0(ξ0) = φ(0) and (−ε0, d0) × x0(Bρ(ξ0)) ⊂ Π. Hence gij =
〈xi, xj〉 as well as hij = − 1

2 ġij (see equation (3.15) with f = 1) are continuously
di�erentiable with respect to space and time. From (3.18) we then obtain the
equation

(4.26) ḣij = hikh
k
j + R̄αβγδν

αxβkν
γxδjg

ki,

where we note that in view of (4.25) one can verify that R̄αβγδν
ανγ = R̄0β0δ

is continuous in this coordinate system, since Γ̄0
αβ = 1

2 ḡαβ,0.

For the F -curvature of M(t) we obtain then the equation

(4.27) ˙̄F = F̄ lkh̄
m
l h̄

k
m + F̄ lkR̄αβγδν

αxβl ν
γxδmḡ

mk,

where the geometric quantities like ḡij , h̄ij and so on denote the geometric
quantities of the level hypersurfaces and they are not to be confused with the
quantities of the ambient space. This implies that the F -curvature of M(t) is
monotonically increasing with respect to t in view of the strict monotonicity of
the F -curvature, hence the level hypersurfaces are admissible, since F vanishes
only on ∂Γ.

Next, consider a tubular neighbourhood U ofM1 with corresponding normal
Gaussian coordinate system (xα). The level sets

(4.28) M̃(s) = {x0 = s} ,−δ < s < 0,

lie in the past of M1 = M̃(0) and are all of class C2 for small δ.

Since the geodesic φ is normal to M1, it is also normal to M̃(s) and the

length of the geodesic segment of φ from M̃(s) to M1 is exactly −s, thus equal
to the distance from M̃(s) to M1, hence we deduce

(4.29) d(M2, M̃(s)) = d0 + s.

We infer that {φ(t) : 0 ≤ t ≤ d0 + s} also represents a maximal geodesic from

M2 to M̃(s) and we conclude further that, for �xed s, the hypersurface M̃(s)∩Π
is contained in the past of M(d0 + s) and touches M(d0 + s) in ps = φ(d0 + s).
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Hence by the maximum principle there holds

(4.30) F|M̃(s)(ps) ≥ F|M(d0+s)(ps).

Furthermore, if

(4.31) F1|φ(0) = min
M2

F2,

then by using the additional assumption we conclude that if we choose δ > 0
small enough, then in view of (4.27) there exists ε > 0 not depending on s,
−δ < s < 0, such that there holds

(4.32) F|M(d0+s)(ps) > min
M2

F2 + ε.

On the other hand the F -curvature of M̃(s) converges to the F -curvature of
M1 if s tends to zero, hence we conclude

(4.33) F1(p1) ≥ min
M2

F2 + ε,

where ε > 0 if (4.31) is satis�ed (otherwise it can be equal to zero), yielding in
either case a contradiction to (4.16).

�

The barrier condition and the preceding Lemmata imply the following

Proposition 4.5. If ui = graph Mi, i = 1, 2, where M1 and M2 denote the
lower and upper barrier respectively, then there holds

(4.34) u1 ≤ u(t) ≤ u2.

In the case F = H, Γ = Rn, this Proposition follows by the proof of Lemma
4.4, since now all appearing hypersurfaces are admissible.

Lemma 4.4 also yields the uniqueness of constant F -curvature hypersurfaces:

Corollary 4.6. Let N be as in Lemma 4.4 and F be a curvature function
of class (K) de�ned on Γ+ or F = σk, 1 ≤ k ≤ n, de�ned on Γk. Then a
compact, connected, spacelike hypersurface of class C2 with F ≡ c for some
constant c > 0, is uniquely determined.

5 Gradient estimates

Let Φ be a function in C2,α(R), which satis�es

(5.1) Φ′ > 0 and Φ′′ ≤ 0.

Let f = f(t) be a bounded function and suppose C0-estimates have already
been established, i.e. the �ow stays inside a compact region Ω̄ ⊂ N . Let F be
a curvature function which is monotone, concave and homogeneous of degree
1. Then we show, following the proof in [10, Section 5],

Proposition 5.1. During the evolution of the �ow (1.5) the term ṽ is uni-
formly bounded:

(5.2) ṽ ≤ c = c(Ω, |Φ|0, |Φ′|0).
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We can allow for such a general supplementary function Φ as above, because
we already established bounds for Φ in Lemma 4.2.

First we need some Lemmata:

Lemma 5.2. The composite function

(5.3) φ = eµe
λu

,

where µ, λ are constants, satis�es the equation

φ̇− Φ′F ijφij = e−ψ ṽ{Φ′F − Φ + f}µλeλuφ

+ Φ′F ij{Γ̄0
00uiuj + 2Γ̄0

0iuj + Γ̄0
ij}µλeλuφ

− [1 + µeλu]Φ′F ijuiujµλ
2eλuφ.

(5.4)

The Lemma follows from (3.21).
For a proof of the following two Lemmata we refer to [12]:

Lemma 5.3. There is a constant c = c(Ω) such that for any positive function
0 < ε = ε(x) on S0 and any hypersurface M(t) of the �ow we have

|||ν||| ≤ cṽ,(5.5)

gij ≤ cṽ2σij ,(5.6)

F ij ≤ F klgklgij ,(5.7)

|F ijhkjxαi x
β
kηαβ | ≤

ε

2
F ijhki hkj ṽ +

c

2ε
F ijgij ṽ

3,(5.8)

|F ijηαβγxβi x
γ
j ν

α| ≤ cṽ3F ijgij ,(5.9)

|F ijR̄αβγδναxβi x
γ
kx

δ
jηεx

ε
lg
kl| ≤ cṽ3F ijgij ,(5.10)

|||xαi ξi||| ≤ cṽ ∀(p, ξ) ∈ TM(t).(5.11)

Lemma 5.4. Let M ⊂ Ω̄ be a graph over S0, M = graph u, and ε = ε(x) a
function de�ned in S0, 0 < ε < 1

2 . Let φ be de�ned through

(5.12) φ = eµe
λu

,

where 0 < µ and λ < 0. Then there exists c = c(Ω, |Φ|0, |Φ′|0) such that

2Φ′|F ij ṽiφj | ≤cF ijgij ṽ3|λ|µeλuφ+ (1− 2ε)Φ′F ijhki hkj ṽφ

+
1

1− 2ε
Φ′F ijuiujµ

2λ2e2λuṽφ.
(5.13)

Now we can prove Proposition 5.1:

Proof. We consider the function

(5.14) w = ṽφ,

where φ is chosen as in (5.3) and we will choose

(5.15) µ =
1

4
,
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λ negative with |λ| large enough. Showing that w is bounded is tantamount to
show that ṽ is bounded.

Let us furthermore assume that u ≤ −1, for otherwise we could replace u
in the de�nition of φ by (u − c), where c > 1 + |u|. We derive in view of the
evolution equations and Lemma 4.2, 5.3 and 5.4 the parabolic inequality

ẇ − Φ′F ijwij ≤− εΦ′F ijhki hkj ṽφ+ c[ε−1 + |λ|µeλu]F ijgij ṽ
3φ

+ [
1

1− 2ε
− 1]Φ′F ijuiujµ

2λ2e2λuṽφ

− Φ′F ijuiujµλ
2eλuṽφ

+ c[|ηαβνανβ |+ e−ψµλeλuṽ2]φ,

(5.16)

where the function 0 < ε = ε(x) < 1
2 is the one chosen in Lemma 5.3.

We use the maximum principle to show that w is bounded, let 0 < T < T ∗

and x0 = x(t0, ξ0) be such that

(5.17) sup
[0,T ]

sup
M(t)

w = w(t0, ξ0).

We choose a coordinate system (ξi) such that in the critical point

(5.18) gij = δij and hki = κiδ
k
i ,

and there holds

(5.19) κ1 ≤ κ2 ≤ . . . ≤ κn.
Now assume ṽ(x0) ≥ 2 and let i = i0 be an index such that

(5.20) |ui0 |2 ≥
1

n
||Du||2.

We set (ei) = ∂
∂ξi0

and assume without loss of generality that 0 < uie
i. At x0

there holds Dw(x0) = 0, hence taking the scalar product with (ei) yields

−ṽiei = µλeλuṽuie
i

= eψhki uke
i − ηαβναxβi e

i,
(5.21)

where the second equation follows from ṽ = ηαν
α and the Weingarten equation

(we remind that η = eψ(−1, 0, . . . , 0)).
Rearranging the terms and taking (5.11) as well as (5.20) into account, we

get for large |λ|

(5.22) κi0 ≤ [µλeλu + c]ṽe−ψ ≤ 1

2
µλeλuṽe−ψ.

Hence it follows that κi0 is negative and of the same order as ṽ, which already
�nishes the proof, if we have a lower bound for the principal curvatures.

Next, considering the special coordinate system chosen above and the fact
that κi0 is negative, we conclude

(5.23) −F ijhki hkj ≤ −
i0∑
i=1

Fiκ
2
i ≤ −

i0∑
i=1

Fiκ
2
i0 .
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Since F is concave, we have at x0

(5.24) F1 ≥ F2 ≥ . . . ≥ Fn,

hence there holds

(5.25) −
i0∑
i=1

Fi ≤ −F1 ≤ −
1

n

n∑
i=1

Fi.

We conclude

(5.26) −F ijhki hkj ≤ −cF ijgijµ2λ2e2λuṽ2.

Inserting this estimate in (5.16) yields at x0 with the choice ε = e−λu:

0 ≤ −cF ijgijµ2λ2eλuṽ3φ+ cF ijgijµ|λ|eλuṽ3φ

+
2

1− 2ε
Φ′F ijuiujµ

2λ2eλuṽφ− Φ′F ijuiujµλ
2eλuṽφ

+ cµ|λ|eλuṽ2φ.

(5.27)

The second row is negative due to the choice of µ. The �rst term is the dominant
one, if we choose |λ| large enough, hence the right hand side is negative, which
implies that the maximum of w cannot occur at a point where ṽ ≥ 2. �

6 Curvature estimates

In this section we prove the boundedness of the principal curvatures during the
�ow, which together with the estimates in the next section will imply the long
time existence of the �ow by well-known arguments.

Now in view of Lemma 4.2 we are in an expedient situation, as C2-estimates
can be derived in the same way as for a constant force term f ≡ c. Nevertheless
we will provide them for the sake of completeness.

First, we provide the curvature estimates for F = H, cf. [14, Lemma 4.4.1]:

Proposition 6.1. The principal curvatures of the �ow (1.5) with curvature
function F = H and supplementary function Φ(x) = x for k = 0 or Φ ∈
Cm,α(R+,R) an arbitrary function satisfying Φ′ > 0 and Φ′′ ≤ 0 for k = 1, are
uniformly bounded during the �ow.

Proof. Let ζ be de�ned by

(6.1) ζ = sup {hijηiηj : ||η|| = 1}.

Let 0 < T < T ∗ and x0 = x0(t0) with 0 < t0 ≤ T be a point in M(t0) such
that

(6.2) sup
M0

ζ < sup {sup
Mt

ζ : 0 < t ≤ T} = ζ(x0).

At �rst, we follow the usual argument, which allows one to substitute ζ by hnn
and use the evolution equation for the latter quantity to estimate ζ:
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We choose Riemannian normal coordinates (ξi) at x0 ∈M(t0) such that at
this point we have

(6.3) gij = δij and ζ = hnn = κn,

where we assume the principal curvatures are labelled as in (5.19).
Let η̃ = (η̃i) be the contravariant vector �eld de�ned by

(6.4) η̃ = (0, . . . , 0, 1),

and set

(6.5) ζ̃ =
hij η̃

iη̃j

gij η̃iη̃j
.

We note that ζ̃ is well de�ned in a neigbourhood of (t0, x0) and ζ̃ assumes its
maximum at (t0, x0) as well. Moreover at (t0, x0) we have

(6.6)
˙̃
ζ = ḣnn

and the spatial derivatives do also coincide. Hence at (t0, x0) the function ζ̃
satis�es the same di�erential equation as hnn. For the sake of greater clarity,
we will treat therefore hnn like a scalar and pretend that ζ is de�ned by

(6.7) ζ = log hnn.

In view of the maximum principle and Lemma 4.2 we deduce that there holds
at (t0, x0)

(6.8) 0 ≤ −Φ′||A||2hnn + cH|hnn|2 + c(1 + hnn),

where ||A||2 = hijh
ij =

∑n
i=1 κ

2
i . This proves that ζ is bounded and since we

already have a lower bound on H we are done. �

Before we prove the next estimates, let us state the following

Remark 6.2. Let χ ≡ χΩ be the strictly convex function, where we assume
Ω̄ is the region determined by the C0-estimates. Then there exist constants
c = c(|Φ|, |Φ′|) and c0 > 0 (depending on |Φ′| and the strict convexity of χ),
such that

(6.9) χ̇− Φ′F ijχij ≤ cχανα − c0F ijgij .

Next, we treat the case F = σ2. The proof is as in [10] :

Proposition 6.3. The principal curvatures of the �ow (1.5) with F = σ2,
Φ(x) = x or Φ(x) = −x−1, are uniformly bounded during the �ow, provided
there exists a strictly convex function χ ∈ C2(Ω̄).

Proof. Let ζ and w be respectively de�ned by

ζ = sup{hijηiηj : ||η|| = 1},
w = log ζ + λχ,

(6.10)

where λ > 0 is a large constant. We will show that w is bounded, if we choose
λ su�ciently large.
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Let 0 < T < T ∗ and x0 = x0(t0) with 0 < t0 ≤ T be a point in M(t0) such
that

(6.11) sup
M0

w < sup {sup
Mt

w : 0 < t ≤ T} = w(x0).

By the same procedure as in the last proof we introduce normal coordinates at
x0 = x(t0, ξ0), and we may de�ne w by

(6.12) w = log hnn + λχ.

If we assume hnn and λ to be greater than 1, we deduce the following inequality
at (t0, ξ0)

0 ≤ −cF ijhikhkj + chnn + cF ijgij + λc− λc0F ijgij

+ Φ′F ij(log hnn)i(log hnn)j + Φ′
2

κn − κ1

n∑
i=1

(Fn − Fi)(h n
ni; )2(hnn)−1,

(6.13)

where we have estimated bounded terms by a constant c and the last term is
due to the term with the second derivatives of F in the evolution equation of hnn
(we use formula (2.1.72) in [14] and note that the two parts in this formula are
both negative for a concave curvature function, see [14, Proposition 2.1.23]).

We distinguish two cases:
Case 1. Suppose that

(6.14) |κ1| ≥ ε1κn,
where we choose some �xed ε1 so that 0 < ε1 <

1
2 .

Then we have in view of the concavity of F , see (5.24),

(6.15) F ijhikh
k
j ≥ F1κ

2
1 ≥

1

n
F ijgijε

2
1κ

2
n.

Since Dw = 0,

(6.16) D log hnn = −λDχ.
Hence

(6.17) F ij(log hnn)i(log hnn)j ≤ λ2F ijχiχj ≤ cλ2F ijgij .

For large κn the �rst term in (6.13) is dominating, so we can conclude κn is a
priori bounded in this case.

Case 2. Suppose that

(6.18) κ1 ≥ −ε1κn.
Then, by using the Codazzi equations, we can estimate the last term in (6.13)
from above (where we omit the factor Φ′ for a moment):

2

1 + ε1

n∑
i=1

(Fn − Fi)(h n
ni; )2(hnn)−2 ≤ 2

1 + 2ε1

n∑
i=1

(Fn − Fi)(h i
nn; )2(hnn)−2

+ c(ε1)

n∑
i=1

(Fi − Fn)(hnn)−2.

(6.19)
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The second sum can be estimated by a constant, since F1 ≤ cκn.
The terms in (6.13) containing the derivative of hnn can therefore be estimated

from above by (again omitting the common factor Φ′)

− 1− 2ε1
1 + 2ε1

n∑
i=1

Fi(h
i

nn; )2(hnn)−2 +
2

1 + 2ε1
Fn

n∑
i=1

(h i
nn; )2(hnn)−2

≤ 2Fn

n∑
i=1

(h i
nn; )2(hnn)−2 = 2λ2Fn||Dχ||2.

(6.20)

Hence we get the inequality

0 ≤− cFnκ2
n + λ2cFn + cκn + cF ijgij

+ λc− λc0F ijgij .
(6.21)

Because of (H2)i ≥ c1κn and the fact that σ2 ≤ c0 we deduce

(6.22) F ijgij ≥ cκn.
Hence we can uniformly estimate κn from above, if λ has been chosen large
enough. The proposition now follows from |A|2 < H2 and H > 0, which are
valid in Γ2 by de�nition. �

Finally we provide the C2-estimates in the case of a curvature function of
class (K∗), see also [14, Lemma 4.1.3].

Proposition 6.4. The principal curvatures of the �ow (1.5) with F ∈ (K∗),
Φ(x) = log(x), are uniformly bounded during the �ow, provided there exists a
strictly convex function χ ∈ C2(Ω̄).

Proof. Let ζ be de�ned as in the preceding proof and de�ne

(6.23) w = log ζ + λṽ + µχ,

where λ, µ are large positive parameters which we specify later and we will
prove that w is bounded if we choose λ and µ approprietly.

By the same procedure as in the last proofs we suppose x0 is a point in
M(t0) such that (6.11) holds, where 0 < T < T ∗ and 0 < t0 ≤ T , we introduce
normal coordinates at x0 = x(t0, ξ0), and we may de�ne w by

(6.24) w = log hnn + λṽ + µχ.

At (t0, ξ0) we have in view of the maximum principle

0 ≤ c(hnn + λ) + cλF ijgij + µc− µc0F ijgij
− λΦ′F ijhki hkj + Φ′F ij(log hnn)i(log hnn)j

+ {Φ′′FnFn + Φ′F kl,rshkl;nh
n

rs; }(hnn)−1,

(6.25)

where we have assumed that hnn, λ and µ are larger than 1 and used the
boundedness of Φ.

Since F ∈ (K∗), by choosing λ and µ large enough it su�ces to estimate the
term, which is quadratic in the derivatives. This will be done by exploiting the
last term, which is negative (both its components are).
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Since F ∈ (K) and Φ′′(x) ≤ −Φ′(x)
x , we can estimate the last term from

above by

(6.26) −(hnn)−2Φ′F ijhin;nh
n

jn; .

The Codazzi equation implies

(6.27) hin;n = hnn;i + R̄αβγδν
αxβnx

γ
i x

δ
n,

hence by abbreviating the curvature term by R̄i, we conclude that (6.26) is
equal to

(6.28) −(hnn)−2Φ′F ij((hnn);i + R̄i)((h
n
n);j + R̄j).

Hence the last two terms in (6.25) are estimated from above by

(6.29) −2(hnn)−1Φ′F ij(log hnn);iR̄j .

Now Dw = 0 yields

(6.30) D log hnn = −λDṽ − µDχ,

hence we can �nally estimate the last two terms by

(6.31) λc+ (hnn)−1(λ+ µ)cF ijgij .

This establishes the uniform bound of κn from above and implies that κ1 is
uniformly bounded from below by a positive constant in view of F ≥ c > 0 and
F|∂Γ = 0. �

7 Higher order estimates

In view of the a priori estimates obtained so far, we know that

(7.1) |u|2,0,S0
≤ c0

and

(7.2) Φ(F ) is uniformly elliptic in u

independently of t, 0 < t < T ∗, because the principal curvatures lie in a
compact subset of Γ. Denote the ellipticity constants by λ,Λ.

Next, we look at the nonlinear, but uniformly parabolic equation

(7.3)
∂u

∂t
= −e−ψv (Φ(F )− f),

where the operator Φ(F ) is concave in hij , hence −Φ(F ) is concave in uij .
However, we cannot apply the Krylov-Safonov estimates since f = f(t) is a
merely bounded function. Instead, we can follow an argumentation similar to
the one used in [22] and, with certain modi�cations, in [6] to obtain a uniform,

time-independent bound on u in H2+β, 2+β
2 ([δ, T ] × S0) for some 0 < β < 1,

where we choose δ > 0 to be arbitrary but �xed and δ < T < T ∗ ≤ ∞ arbitrary.

The idea is roughly as follows: First one obtains Hβ, β2 ([δ, T ]×S0)-estimates,
0 < β < α, for u and Φ(F ) using the parabolic Harnack-inequality. Then we
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�x t ≥ δ and consider u to be a solution of the nonlinear, but uniformly elliptic
equation

(7.4) Φ(F (·, u(t, ·), Du(t, ·), D2u(t, ·))) ≡ g ∈ C0,β(S0).

As this equation is not well-de�ned on the whole set S0×R×Rn×S, where S ⊂
Rn×n denotes the space of symmetric matrices, we are going to use the Bellman-
extension in a similar way as in the papers cited above. Now we can apply
C0,β(S0)-estimates for D2u(t, ·) using a result of Ca�arelli ([7, Theorem 8.1]).
We remark that in this section Du and D2u denote the �rst respectively second
derivatives with respect to space. This then enables us to use the estimates
from [2, Sections 3.3, 3.4] to obtain parabolic Hölder estimates for Du and D2u.
Finally, the higher order estimates can then be derived by using essentially the
parabolic Schauder-theory, thereby asserting long-time existence.

From now on let ε, δ, T be �xed constants with 0 < ε < δ < T < T ∗. By
choosing a �nite covering of S0 it su�ces to show inner estimates in a �xed
coordinate chart. Hence from now on all quantities of the hypersurface are
expressed in local coordinates and depend on x ∈ Ω, where Ω ⊂⊂ Rn is an
open, precompact set. First, we derive the Hölder-estimates for u and Φ(F ):

Lemma 7.1. There exist constants β, 0 < β < 1, and c1 depending on the
already obtained estimates, such that

||Φ||β, β2 , [ε,T ]×S0
≤ c1,(7.5)

||u||β, β2 , [ε,T ]×S0
≤ c1.(7.6)

Proof. Looking at the equation (3.20) we have

Φ̇− aijΦ,ij + bkΦk ≡ Φ̇− Φ′F ijΦ,ij + Φ′F ijΓkijΦk

= −Φ′(Φ− f){F ijhki hkj + F ijR̄αβγδν
αxβi ν

γxδj} =: g,
(7.7)

and g as well as bk are bounded in view of (7.1). Since this is a uniformly
parabolic equation, we can apply [20, Corollary 7.41] or [24, Theorem 3.16] to
obtain (7.5). Next we look at (3.21):

u̇− Φ′F iju,ij + Φ′F ijΓkijuk = −e−ψ ṽ(Φ− f) + Φ′Fe−ψ ṽ(7.8)

+ Φ′F ij{Γ̄0
00uiuj + 2Γ̄0

0iuj + Γ̄0
ij}

Since we are in the same situation as before, proceeding as above yields (7.6).
�

Next, we want to use the result of Ca�arelli to obtain spatial C2,β estimates
for u. First we extend F using the Bellman-extension to all of Rn×n, where we
consider F = F (hij):

Lemma 7.2. Let Γ ⊂ Rn be an open, convex, symmetric cone and f ∈ C2(Γ)
be a symmetric, concave function, positively homogeneous of degree 1 and van-
ishing on the boundary of Γ. Denote by F ∈ C2(SΓ) the corresponding curva-

ture function. Let C1, C2 be positive constants. Then there exists a function F̃
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de�ned on all of Rn×n, which agrees with F on the set

(7.9) C =

{
A ∈ SΓ : C1 ≤ F ∧ max

1≤i≤n
κi ≤ C2

}
,

where the κi denote the eigenvalues of A. Furthermore F̃ is uniformly Lipschitz
continuous, positively homogeneous of degree 1, concave and uniformly elliptic,
where the ellipticity constants depend on C1 and C2.

Proof. De�ne F̃ for arbitrary (bij) ∈ Rn×n as follows:

(7.10) F̃ (bij) = min
(hij)∈C

F kl (hij) b
l
k.

First of all, in view of Eulers homogeneity relation F kl (hij)h
l
k = F (hij) and the

concavity we infer for (bij), (h
i
j) ∈ Γ

(7.11) F (bij) ≤ F (hij) + F kl (hij)(b
l
k − hlk) = F kl (hij) b

l
k.

From this inequality and again the homogeneity relation we infer F̃|C = F|C .

By de�nition F̃ is concave, homogeneous of degree 1 and well-de�ned, since
C is compact. Furthermore, using some elementary properties of the trace-
function and the fact that F is uniformly monotone in C, one obtains the
uniform ellipticity of F̃ , hence there exist positive constants λ, Λ, depending
on n, F and C, such that ∀A,B ∈ Rn×n with B nonnegative de�nite there
holds

(7.12) λ ||B|| ≤ F̃ (A+B)− F̃ (A) ≤ Λ ||B||.

In the same way as above one can establish that F̃ is uniformly Lipschitz
continuous. �

Now we can derive the spatial C2,β-estimates, �rst we cite the result of
Ca�arelli, see [7, Theorem 8.1] and the remarks following it:

Theorem 7.3. Let g ∈ C0,α(Ω), 0 < α < 1, G : Ω × S → R be continuous,
concave in the second argument, uniformly elliptic, i.e. there are constants
µ1, µ2 such that for all x ∈ Ω, A,B ∈ S with B nonnegative de�nite there holds

(7.13) µ1||B|| ≤ G(x,A+B)−G(x,A) ≤ µ2||B||

and furthermore there exists c > 0, such that for all x, y ∈ Ω, A ∈ S there holds

(7.14) |G(x,A)−G(y,A)| ≤ c|x− y|α (||A||+ 1).

Then for Ω′ ⊂⊂ Ω there exist constants 0 < β < α and C > 0 such that a
solution u of G(·, D2u(·)) = g(·) satis�es

(7.15) ||u||2,β,Ω′ ≤ C (||u||0,Ω + ||g||α,Ω + 1),

where C depends on n, µ1, µ2, c and Ω′.
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Lemma 7.4. Let Ω′ ⊂⊂ Ω be an open set and t ∈ [ε, T ] arbitrary, then there

exist constants β̃, 0 < β̃ < β, and c2 such that

(7.16) ||D2u(t, ·)||β̃,Ω′ ≤ c2,

where c2 is a constant depending on λ,Λ, d(Ω′, ∂Ω) and the constants c0 from
(7.1) and c1 from (7.5).

Proof. By using (3.10) we can de�ne a smooth function

η : Ω× R×Bn1 (0)× S→ S,

η = η(x, z, p, r) =
(
−χik(x, z, p)rkj +Rij(x, z, p)

)
,

(7.17)

linear in r for �xed x, z, p, such that for arbitrary spacelike hypersurfaces M =
graph u|Ω of class C2 we have for x ∈ Ω

(7.18) hij(u(x), x) = [η(x, u(x), Du(x), D2u(x))]ij ,

where the derivatives are partial derivatives. Furthermore for such u we can
de�ne the function

η̄u :Ω× S→ S,

(x, r) 7→ η(x, u(x), Du(x), r),
(7.19)

which is now of class C1.
Applying Lemma 7.2, with C1 and C2 chosen correspondingly to the already

obtained a priori estimates, we de�ne

G :Ω× S× (0, T ]→ R,

(x, r, t) 7→ Φ
(
F̃ (η̄u(t)(x, r))

)
.

(7.20)

For �xed t ∈ [ε, T ] and g(·) := −G(·, D2u(t, ·), t) ∈ C0,β(Ω), which is valid in
view of Lemma 7.1, we consider u(t, ·) to be a solution to the equation

(7.21) −G(x,D2v(x), t) = g(x) , x ∈ Ω, v ∈ C2(Ω).

Now we can apply Theorem 7.3 to obtain the desired estimates, where we use
the uniform ellipticity of F̃ and we note that −G is concave with respect to r
(see the de�nition of η and the remark at the beginning of this section). Finally,
a short computation using the already obtained C2-estimates yields that (7.14)
is satis�ed (even for α = 1).

�

Finally, we obtain:

Proposition 7.5. Fix δ, T , such that 0 < δ < T < T ∗ ≤ ∞. Then for the
solution of problem (1.5) we have uniform estimates

(7.22) ||u||2+β, 2+β
2 , [δ,T ]×S0

≤ c

for constants β, 0 < β < 1, and c depending on the choice of δ, but not on T .
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Proof. In the same way we obtained a uniformly elliptic equation for u in the
last Lemma, we can obtain a uniformly parabolic equation for u and use the
estimates from [2, Sections 3.3, 3.4] to obtain the parabolic Hölder-estimates for
Du and D2u. Together with (7.6) and the de�nition of f we obtain (omitting
the tilde in the Hölder exponential)

(7.23) ||f || β
2 ,[δ,T ] ≤ const.

The last estimate to complete the Proposition can then be obtained from the
evolution equation of the graph. �

We �nish this section with the higher order estimates and the existence for
all times.

Proposition 7.6. The scalar curvature �ow exists for all times 0 < t <∞ in

the class Hm+2+α,m+2+α
2 ([0, t]×S0) and the curvature �ow exists for all times

in the class Hm+α,m+α
2 (Qt, N). Furthermore we have uniform estimates for

the scalar curvature �ow, i.e. there exists a constant c > 0, such that

(7.24) ||u||m+2+α,m+2+α
2 ,[0,∞)×S0

≤ c.

Proof. Going through the proof of [14, Theorem 2.5.9] reveals that the time
dependence of f does not cause any problems, as it already has the right
regularity to proceed. Following the arguments in [14, 2.5.12] and noting that
now Ψ has again the same regularity as in that proof due to the de�nition of
f , we conclude that [14, Lemma 2.5.17] is also valid for the volume preserving
�ows. Hence in view of the a priori estimates from Proposition 7.5 we infer that
the �ow exists for all times and has the regularity mentioned above, compare
the argumentation in [14, Remark 2.6.2].

It remains to prove the estimate (7.24). With β from Proposition 7.5, we

have u ∈ Hm+2+β,m+2+β
2 ([0,∞)× S0), see [15, Theorem 6.5]. With this new a

priori estimates at hand we can again apply the Theorem to obtain the uniform
estimates (7.24). �

We remark that the estimates we have used so far, apart from Lemma 4.2,
do not rely too much on the particular choice of the global force term. Hence
as long as bounds for the global force term can be established, one can alter
for example the integrands by functions, which depend on u up to its second
derivatives and still obtain long time existence for the �ow.

8 Convergence

Now we want to show the convergence to a hypersurface of constant F -curvature.
The �rst step consists of proving the convergence of the F -curvature. Let us
�rst cite a well-known fact.
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Lemma 8.1. Let S0 be a compact manifold of class C1 and f ∈ C1(J × S0),
where J is an open interval, then

(8.1) φ(t) = sup
S0

f(t, ·)

is Lipschitz continuous and there holds a.e.

(8.2) φ̇(t) =
∂f

∂t
(t, xt),

where xt is a point in which the supremum is attained.
A corresponding result is also valid if φ is de�ned by taking the in�mum

instead of the supremum.

Proof. See Lemma 6.3.2 in [14]. �

Dealing carefully with the equation (3.20) we can prove at once the expo-
nential convergence of the F -curvature. Note that the proof does not rely on
any a priori estimates besides the bounds on the curvature function.

Lemma 8.2. There exist constants 0 < δ = δ(M0) and c = c(M0), such that

(8.3) sup
x∈Mt

|Φ(F )(x)− fk(t)| ≤ c e−δt.

Proof. We remind that Φ(F ) satis�es a parabolic equation of the form

(8.4) Φ̇− aijΦ;ij + C(Φ− fk) = 0

with

(8.5) C := Φ′{F ijhki hkj + F ijR̄αβγδν
αxβi ν

γxδj}

and we note C ≥ c0 > 0 and c0 = c0(M0), in view of Lemma 4.2.
We consider Φ as a function

Φ :[0, T ∗)×M → R

(t, ξ) 7→ Φ(F ((u(t, ξ), xi(t, ξ)))
(8.6)

and denote by ξinf(t) ∈Mt a point where

(8.7) Φinf(t) = Φ(ξinf(t)) := inf
ξ∈M

Φ(t, ξ)

and by ξsup(t) ∈Mt a point where

(8.8) Φsup(t) = Φ(ξsup(t)) := sup
ξ∈M

Φ(t, ξ).

Let

(8.9) η(t) := Φsup(t)− Φinf(t).

We know that Φinf and Φsup are lipschitz continuous considered as functions
depending on t, hence by the previous Lemma there holds for a.e. t:

0 = η̇ − (Φ′F ijΦ;ij)(ξ
sup) + (Φ′F ijΦ;ij)(ξ

inf)

+ (Φsup − fk)C(ξsup)− (Φinf − fk)C(ξinf).
(8.10)
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Considering the points at which the functions are evaluated, one obtains the
following inequality

(8.11) 0 ≥ η̇ + (Φsup − fk)C(ξsup)− (Φinf − fk)C(ξinf).

Now since both Φsup − fk and fk −Φinf are nonnegative, due to the de�nition
of fk, we conclude

(8.12) 0 ≥ η̇ + c0(Φsup − fk + fk − Φinf) = η̇ + c0η.

Hence there holds

(8.13) 0 ≥ d

dt

(
ec0tη

)
for a.e. t ∈ [0, T ∗). Integrating over t shows the exponential decay and proves
the lemma.

�

Now we can infer the convergence of the graphs:

Corollary 8.3. The graphs u = u(t) converge exponentially to a continuous
function u∞ on S0 in the Supremum-Norm, where the factor in the exponential
convergence is the same as in Lemma 8.2, i.e. there exists a constant c̄ =
c̄(M0, |u|) > 0 such that

(8.14) sup
x∈S0

|u(t, x)− u∞(x)| ≤ c̄ e−δt.

Proof. Let t ∈ [0,∞) be given and t′ > t be arbitrary. Then we have in view
of (3.14) for an arbitrary x ∈ S0 and some c′ > 0:

(8.15) |u(t, x)− u(t′, x)| ≤ c′

δ
e−δt.

�

We remind a well-known interpolation Lemma, which will be used to show
the exponential convergence of the graphs in Cm+2.

Lemma 8.4. Let Ω be a bounded open subset of Rn and Ω′ ⊂⊂ Ω be an open
subset. Furthermore let m, l ∈ N, 1 ≤ l < m, α ∈ R, 0 < α ≤ 1. Then the
following two interpolation inequalities are valid:

(i) There exists c > 0, where c = c(n,m,Ω′), such that for all u ∈ Cm(Ω̄)
there holds

(8.16) ||u||l,Ω′ ≤ c ||u||
m−l
m

0,Ω (||u||
l
m

0,Ω + ||Dmu||
l
m

0,Ω).

(ii) There exists c > 0, where c = c(n,m,α,Ω′), such that for all u ∈ Cm,α(Ω̄)
there holds

(8.17) ||u||m,Ω′ ≤ c ||u||
α

m+α

0,Ω (||u||
m

m+α

0,Ω + [Dmu]
m

m+α

α,Ω ).
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Proof. In this Lemma we will use Youngs inequality with an additional factor
ε, which states for nonnegative a, b ∈ R and p, q ≥ 1, q = p

p−1 ,

(8.18) ab ≤ εap +
bq

q(pε)
q
p

.

We prove (8.17) for m = 1, 0 < α ≤ 1. First let Ω = R, x, x0 ∈ R, and
u ∈ C1,α

c (R). Then we have
(8.19)

|u(x)− u(x0)− u′(x0)(x− x0)| = |
∫ x

x0

u′(y)− u′(x0) dy| ≤ |x− x0|1+α

1 + α
[u′]α,R.

We infer

(8.20) −|u′(x0)| |x− x0|+
|x− x0|1+α

1 + α
[u′]α,R ≥ −2||u||0,R.

Since this inequality is valid for all x ∈ R, it is also valid for x = x0+
(
|u′(x0)|
[u′]α,Ω

) 1
α

,

which yields for some constant c > 0

(8.21) |u′(x0)| ≤ c||u||
α

1+α

0,R [Du]
1

1+α

α,R .

Now let Ω ⊂ R be an open, bounded set and let η ∈ C∞c (Ω) with 0 ≤ η ≤ 1
and η|Ω′ ≡ 1 be a cut-o� function, where Ω′ ⊂⊂ Ω is an open set. Denote by
K := supp η the support of η. Now we can apply the last inequality to the
function ηu and use the inequality

(8.22) [v w]α,K ≤ [v]α,K ||w||0,K + [w]α,K ||v||0,K ,
as well as (8.18) to obtain the inequality (8.17) for m = 1. The generalization
to Ω ⊂ Rn is readily established and this also provides a proof for (i) in the
case m = 2, l = 1. The remaining estimates then follow by induction using
again (8.18). �

From the preceding Lemmata one can infer the exponential convergence in
Cm+2(S0):

Corollary 8.5. The functions u(t, ·) converge exponentially for t → ∞ in
Cm+2(S0) to u∞ ∈ Cm+2,α(S0). u∞ represents a spacelike hypersurface of
class Cm+2,α with constant F -curvature.

Proof. Using the uniform estimates (7.24) together with Corollary 8.3 and
the interpolation inequality (8.17) we conclude the exponential convergence
of u(t, ·) in Cm+2(S0). Since we have uniform estimates for ṽ, the limit hyper-
surfaceM∞ = graph u∞ is a spacelike hypersurface. Lemma 8.2 shows that the
limit hypersurface has constant F -curvature, then the elliptic Schauder theory
implies u∞ ∈ Cm+2,α(S0). �

If we assume the initial hypersurface and the considered curvature function
to be smooth, then the above Lemma yields the exponential convergence in the
C∞-Topology:
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Corollary 8.6. If the initial hypersurface and the curvature function F are
smooth, then the graphs converge exponentially in the C∞-Topology to a hyper-
surface of constant F -curvature.

9 Stability

In this section we want to prove the strict stability of the limit hypersurface,
which means, that for curvature functions of class (D) the �rst eigenvalue of
the linearization is strictly positive.

First, we linearize the operator F . For this let M0 be a hypersurface, which
satis�es

(9.1) F|M0
= c,

where c is a constant (positive in case F is of class (K∗) and arbitrary for
F = H). Then there holds, see [15, Lemma 3.9]:

Lemma 9.1. Let M0 be of class Cm+2,α, m ≥ 2, 0 ≤ α ≤ 1, and satisfy (9.1).
Let U be a tubular neighbourhood of M0, then the linearization of the operator
F expressed in the normal Gaussian coordinate system (xα) corresponding to
U and evaluated at M0 has the form

(9.2) Bu := −F ijuij + {F ijhki hkj + F ijR̄αβγδν
αxβi ν

γxδj}u,
where u is a function on M0 and all geometric quantities are those of M0. The
derivatives are covariant derivatives with respect to the induced metric of M0.
The operator is self-adjoint, if F ij is divergence free.

We remind the de�nition of stability:

De�nition 9.2. Let N be Lorentzian, F a curvature operator, and M ⊂ N a
compact, spacelike hypersurface, such that M is admissible. Then M is said
to be a (strictly) stable solution to the equation (9.1), if the quadratic form

(9.3)

∫
M

F ijuiuj +

∫
M

{F ijhikhkj + F ijR̄αβγδν
αxβi ν

γxδj}}u2

is (positive) non-negative for all u ∈ C2(M), u 6≡ 0. If F is of class (D), i.e. F ij

is divergence free, then this is equivalent to the fact, that the �rst eigenvalue
λ1 of the linearization, which is the operator in (9.2), is non-negative.

In view of the assumptions on the ambient manifold N , in our case there
holds

Proposition 9.3. The limit hypersurface of the �ow is strictly stable.

10 Foliation

In this section we want to derive some results for regions covered by constant
F -curvature surfaces, but �rst we are going to show that under suitable assump-
tions we can provide such a foliation. To show the existence of a region covered
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by compact, connected, spacelike constant F -curvature hypersurfaces (such a
hypersurface will be called CFC-surface from now on) we use however the cor-
responding curvature �ow with the volume preserving term substituted by a
constant. The corresponding results can be found in [14, Theorem 4.2.1,The-
orem 5.1.1 and Theorem 4.1.1], respectively for H, σ2 and F ∈ (K∗). For the
convenience of the reader we state the results from this Theorems:

Theorem 10.1. Let N , F , Γ be as in section 1 with m ≥ 2, 0 < α < 1.
If c > 0 is a constant and there exists a future and a past curvature barrier
for (F,Γ, c) of class Cm+2,α, then there exists a compact, connected, spacelike
hypersurface M of class Cm+2,α satisfying the equation

(10.1) F|M = c,

provided there exists a strictly convex function χ ∈ C2(Ω̄), where Ω is the region
between the barriers. In the case F = H we do not need the existence of the
strictly convex function.

Using this theorem we can show the existence of a foliation in a region
enclosed by barriers by following the arguments used to establish a foliation by
constant mean curvature surfaces in [14, Theorem 4.6.3].

Theorem 10.2. Let N , F , Γ be as in Theorem 1.3 with m ≥ 2, 0 < α < 1.
Let c1 < c2 be positive constants and suppose there exists a future curvature
barrier for (F,Γ, c2) and a past curvature barrier for (F,Γ, c1), both of class
Cm+2,α, and denote the region between the barriers by Ω. If F is not the
mean curvature, then we suppose in addition that there exists a strictly convex
function χ ∈ C2(Ω̄). Let Mc1 , Mc2 be the CFC-surfaces with F -curvature
equal to c1 respectively c2. Then the region between Mc1 and Mc2 , which will
be denoted by N0, can be foliated by CFC-surfaces of class Cm+2,α and there
exists a time function x0 of class Cm−1, such that the slices

(10.2) Mτ = {x0 = τ}, c1 < τ < c2,

have F -curvature τ .

First we show the existence of the foliation, this is done in the following

Lemma 10.3. Under the assumptions of Theorem 10.2, there exist CFC-
surfaces Mτ of class Cm+2,α for each c1 ≤ τ ≤ c2 such that

(10.3) N̄0 =
⋃

c1≤τ≤c2

Mτ .

Furthermore the Mτ can be written as graphs over S0

(10.4) Mτ = graph u(τ, ·),

such that u is strictly monotone increasing with respect to τ and continuous in
[c1, c2]× S0.
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Proof. We de�ne u(τ, ·) by
(10.5) Mτ = graph u(τ, ·),
where the existence of the Mτ follows from Theorem 10.1. The monotonicity
of u follows from Lemma 4.4. Next we show the continuity.

Let (τn)n∈N be a sequence with c1 ≤ τn ≤ c2 for all n ∈ N and denote
by (Mτn) the corresponding sequence of CFC-surfaces. Suppose τn → τ for
n → ∞. Let U be a tubular neighbourhood around Mτ . Let ε > 0 be small
and denote by M1,M2 the level hypersurfaces in U with x0 = −ε respectively
x0 = ε. De�ne µ1 := max

M1

F and µ2 := min
M2

F .

Then since the F -curvature is strictly monotonically increasing in U we con-
clude that M2 acts as an upper barrier for (F,Γ, µ2) and M1 as a lower barrier
for (F,Γ, µ1), see the proof of Lemma 4.4 for this fact and the admissibility
of the hypersurfaces. In view of the uniqueness of CFC-surfaces and Theorem
10.1 this implies the existence of n0 ∈ N such that for all n ≥ n0 there holds

(10.6) ||u(τn, ·)− u(τ, ·)||0,S0
< ε,

hence the continuity.
It remains to show that (10.3) is valid. Let p = (t, yi) ∈ N̄0, then we have to

show p ∈Mτ for some τ , c1 ≤ τ ≤ c2. Due to the monotonicity of CFC-surfaces
and the de�nition of N0 there holds

(10.7) u(c1, y) ≤ t ≤ u(c2, y),

hence the continuity of u(·, y) yields the existence of τ1, c1 ≤ τ1 ≤ c2, such that

(10.8) u(τ1, y) = t,

proving the Lemma. �

Now we can prove Theorem 10.2:

Proof. We have to show that the F -curvature parameter can be used as a time
function, i.e., τ should be of class Cm−1 with non-vanishing gradient.

The regularity of τ can be shown in an arbitrary coordinate system and it
su�ces to prove it locally. Let τ ′ ∈ (c1, c2) and consider a tubular neighbour-
hood U = (−δ, δ)×Mτ ′ with δ > 0 around Mτ ′ and the corresponding normal
gaussian coordinate system of class Cm+1,α, see [13, Theorem 12.5.13]. Then
for small ε > 0 we have

(10.9) Mτ ⊂ U ∀ τ ∈ (τ ′ − ε, τ ′ + ε),

see the proof of the Lemma above, they can be written as graphs over Mτ ′ ,
Mτ = graph u(τ, ·) and using the implicit function theorem we will show that
u is of class Cm−1:

Let δ > 0 and s ∈ N, 0 ≤ s ≤ m− 2, then we de�ne the open subset

(10.10) Csδ := {ϕ ∈ Cs+2,α(Mτ ′) : ||ϕ||s+2,α,Mτ′ < δ}

of the Banach space Cs+2,α(Mτ ′), which is equipped with a norm induced by
the induced metric of Mτ ′ . If ϕ ∈ Csδ and δ is su�ciently small, then graph ϕ
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represents a compact, connected, spacelike and admissible hypersurface, hence
we can de�ne the operator

Gs : (τ ′ − ε, τ ′ + ε)× Csδ → Cs,α(Mτ ′),

Gs(τ, ϕ) = F (ϕ)− τ,
(10.11)

where F (ϕ) denotes the F -curvature of graph ϕ|Mτ′
.

We will show now that Gs is of class Cm−s−1, since F is of class Cm. We
want to express the operator F : Csδ → Cs,α(Mτ ′) as a composition of several
mappings, for which we can prove the regularity needed, especially we want to
be in a position to use Lemma 10.5 below, i.e. we want to localize the operator
F . From now on let s be �xed.

First of all, let (Ũi, ϕi)1≤i≤k, k ∈ N, be a covering of Mτ ′ by coordinate

charts ϕi : Ũi → Ω̃i, Ω̃i ⊂ Rn open, such that there exist open, precompact

subsets Ωi ⊂⊂ Ω̃i satisfying
⋃k
i=1 ϕ

−1
i (Ωi) = Mτ ′ . Let Ūi := ϕ−1

i (Ω̄i). Then
de�ne the linear and continuous, and hence smooth, mapping

ψ :Cs+2,α(Mτ ′)→
k∏
i=1

Cs+2,α(Ω̄i),

u 7→ (u ◦ ϕ−1
1|Ω̄1

, . . . , u ◦ ϕ−1
k|Ω̄k

).

(10.12)

Next, for 1 ≤ i ≤ k we de�ne the linear and continuous, hence again smooth,
mappings

γi :Cs+2,α(Ω̄i)→ Cs,α(Ω̄i,R× Rn × S)

u 7→ (u,Du,D2u),
(10.13)

where S denotes the symmetric n× n-matrices and the derivatives are partial
derivatives. Denote by γ the map with components γi.

We denote by ηi, 1 ≤ i ≤ k, the function η from Lemma 7.4 de�ned on the
corresponding set Ω̃i, thus it is the function representing the second fundamen-
tal form for graphs over Mτ ′ in the coordinate chart (Ũi, ϕi). We note that ηi

is of class Cm,α, since it can be shown, by going through the proof of the tubu-
lar neighbourhood theorem, that the Christo�el-symbols appearing in (3.10)
through the equation h̄ij = −Γ̄0

ij are of class C
m,α in a tubular neighborhood

of a hypersurface of class Cm+2,α. We restrict ηi to the open set Ω̃i ×Xi, on
which the F -curvature is well de�ned (preimage of the open cone of de�nition)
and de�ne

F i :Ω̄i ×Xi → R,

(x, z, p, r) 7→ F (ηi(x, z, p, r)).
(10.14)

Let Bs+2
i := Cs+2,α(Ω̄i, Xi) and denote by B

s+2 ⊂
∏k
i=1 C

s+2,α(Ω̄i,R×Rn×S)

the open subset with components belonging to Bs+2
i . Now we can apply Lemma

10.5 to obtain that that the induced maps F̃ i : Bs+2
i → Cs,α(Ω̄i) are of class

Cm−s−1. It remains to put these maps together to obtain the F -curvature of
graph u de�ned on Mτ ′ :
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Let (ζi)1≤i≤k be a partition of unity subordinate to the covering (Ui)1≤i≤k,
and de�ne

Φ :Bs+2 → Cs,α(Mτ ′),

(u1, . . . , uk) 7→
k∑
i=1

F̃ i(ui ◦ ϕi|Ui) · ζi.
(10.15)

As can be seen by an argumentation as in the previous steps, this map is of
class Cm−s−1 and F as a map from Csδ to C

s,α(Mτ ′) equals Φ ◦ γ ◦ψ, hence it
is also of class Cm−s−1, completing this part of the proof.

Now Lemma 9.1 implies

(10.16) D2G
s(τ ′, 0)ϕ = −F ijϕij + {F lkhml hkm + F lkR̄αβγδν

αxβl ν
γxδmg

mk}ϕ,
where the geometric quantities appearing in this equation correspond to Mτ ′ .
Hence the elliptic Schauder theory implies that the operator

(10.17) D2G
s(τ ′, 0) : Cs+2,α(Mτ ′)→ Cs,α(Mτ ′)

is an isomorphism and the implicit function theorem implies the existence of
ûs ∈ Cm−s−1((τ ′ − γs, τ ′ + γs), Cs+2,α(Mτ ′)) for some small γs > 0, such that
Gs(τ, ûs(τ, ·)) = 0. Let γ := min

0≤s≤m−2
γs.

We will show the regularity of u in a coordinate chart (Ω, φ) of Mτ ′ , where
φ is of class Cm+2,α, Ω ⊂⊂ Mτ ′ is a domain and let Ω′ ⊂ φ(Ω) be a domain
with a smooth boundary. Then we can de�ne

ūs :(τ ′ − γ, τ ′ + γ)→ Cs+2,α(Ω̄′),

t 7→ ûs(t) ◦ (φ−1)|Ω̄′ ,
(10.18)

which is then again of class Cm−s−1.
Furthermore for 0 ≤ s ≤ m− 2 we de�ne the supplementary function

χs+2 :Ω̄′ → L(Cs+2,α(Ω̄′),R),

x 7→
(
χs+2(x) : u 7→ u(x)

)
.

(10.19)

Then χs+2 is of class Cs+2,α, where for a n-dimensional multi-index β with
|β| ≤ s+ 2 there holds Dβχ = ηs+2,β , which is de�ned as

ηs+2,β :Ω̄′ → L(Cs+2,α(Ω̄′),R),

x 7→
(
ηs+2,β(x) : u 7→ Dβu(x)

)
.

(10.20)

Finally, we consider the function

u :(τ ′ − γ, τ ′ + γ)× Ω̄′ → R,
(τ, x) 7→ χs+2(x)ūs(τ),

(10.21)

which is well de�ned independently of s in view of the uniqueness of CFC-
surfaces. Now let β be an n+ 1-dimensional multi-index with |β| ≤ m− 1 and

denote by β̂ the last n components of β. To be precise, at this moment we
should also include an order of the elements of β, which would correspond to
the order of the partial derivatives to be taken, however the proof below still
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holds unchanged for ordered multi-indices. If β1 > 0 then de�ne s := m−1−β1

and for β1 = 0 de�ne s := m − 2. Then Dβu(t, x) exists and using the chain

rule we see that Dβu(t, x) = Dβ̂χs+2(x) ◦ Dβ1 ūs(t) and hence is continuous.
We conclude that u ∈ Cm−1((τ ′ − γ, τ ′ + γ)×Mτ ′).

Next we show that τ has a non-vanishing gradient: Again in a tubular
neighbourhood of Mτ ′ we de�ne the coordinate transformation

(10.22) Φ(τ, xi) = (u(τ, xi), xi).

Then there holds

(10.23) detDΦ =
∂u

∂τ
= u̇.

If we can show that u̇ is strictly positive then Φ is a di�eomorphism of class
Cm−1 and hence τ has non-vanishing gradient. Now we observe that the CFC-
surfaces in U satisfy the equation

(10.24) F (u(τ, ·)) = τ,

where the left hand-side can be expressed via (3.9). Di�erentiating both sides
with respect to τ , evaluating for τ = τ ′ and taking into account that u(τ ′, ·) = 0
in this coordinate system, we obtain the equation

(10.25) −F ij u̇ij + {F lkhml hkm + F lkR̄αβγδν
αxβl ν

γxδmg
mk}u̇ = 1.

Hence in a point, where u̇ attains its minimum, we can infer

(10.26) {F lkhml hkm + F lkR̄αβγδν
αxβl ν

γxδmg
mk}u̇ ≥ 1.

Since the expression in the brackets is always positive, for this fact we refer
again to the proof of Lemma 4.4, we conclude that u̇ is strictly positive, com-
pleting the proof of the Theorem. �

Remark 10.4. By looking at tubular neighbourhoods around Mc1 and Mc2

we obtain new barriers as in the proof of Lemma 10.3. Hence the maximal
region which can be foliated by CFC-surfaces of class Cm+2,α with positive
F -curvature is an open subset of N containing N̄0 and the time function in
Theorem 10.2 exists on an open interval I = (a1, a2) with a1 ≥ 0 containing
[c1, c2].

We deliver the Lemma, which has been used in the above Theorem.

Lemma 10.5. Let K = Ω̄ be a compact subset of Rn, where Ω is open, E,F be
Banach spaces, X ⊂ E an open set and m ∈ N, m ≥ 2. Let G ∈ Cm(K×X,F ),
then the map

G̃ :Ck,β(K,X)→ Ck,β(K,F ),

u(·) 7→ G(·, u(·)),
(10.27)

is of class Cm−k−1, where k ∈ N, 0 ≤ k < m, 0 < β ≤ 1.
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Proof. We follow the proof in [1, Theorem VII.6.4], but use the continuity result
from [8, Theorem 2.1]. We only prove the result with K = Ω̄, where Ω is an
open, bounded subset of R. The generalization to Ω ⊂ Rn for some n ∈ N,
n > 1, will be straightforward, the only di�erence being that partial derivatives
have to be used instead of total di�erentiation.

(i) G̃ is continuous: Let u ∈ Ck,β(K,X), then for l ∈ N, l ≤ k, the following
formula for f(x) = G(x, u(x)) holds, where G is de�ned for x ∈ K, z ∈ X,
G = G(x, z):

(10.28) f (l)(x) =
∑
||α||=l

Cαl D
α0
x D|α|−α0

z G(x, u(x)) (Du(x))α1 · · · (Dlu(x))αl .

Here α is a (l + 1)-dimensional multi-index and we use the notation

||α|| := α0 +

l∑
i=1

iαi,(10.29)

Cαl :=
l!∏l

i=0 αi!(i!)
αi
.(10.30)

Using this formula one obtains the continuity of G̃ by the same arguments as in
[8, Theorem 2.1] applied to the i-th derivative of G̃(u+v)− G̃(u) for 0 ≤ i ≤ k.
We note that this requires G ∈ Ck+1(K ×X,F ).

(ii) G̃ is continuously di�erentiable: In this step we will need the fact that
G ∈ Ck+2.

We de�ne the map

H :K × (X × E)→ F,

(k, (x, ξ)) 7→ D2G(k, x)ξ,
(10.31)

which is of class Cm−1(K × (X ×E), F ) in view of our assumptions. Using (i)
we obtain the continuity of the following function

H̃ :Ck,β(K,X × E) ≡ Ck,β(K,X)× Ck,β(K,E)→ Ck,β(K,F ),

(u, h) 7→ D2G(·, u(·))h(·).
(10.32)

We note that A(u)(·) := H̃(u, ·) is linear and continuous for u ∈ Ck,β(K,X).

Next, we denote by Ã the map induced fromD2G ∈ Cm−1(K×X,L(E,F )), i.e.

we conclude again by using (i) that Ã ∈ C0(Ck,β(K,X), Ck,β(K,L(E,F ))).
Now let u ∈ Ck,β(K,X) and choose ε > 0 such that u(K)+εBE1 ⊂ X, where

BE1 denotes the unit ball in E. Hence we obtain that for all h ∈ Ck,β(K,E) with
||h||k,β,K < ε there holds u+h ∈ Ck,β(K,X). We use again the representation



VOLUME PRESERVING CURVATURE FLOWS IN LORENTZIAN MANIFOLDS 40

(10.28) and infer∣∣∣∣∣∣G̃(u+ h)(·)− G̃(u)(·)− (A(u)h)(·)
∣∣∣∣∣∣
k,β,K

=

∣∣∣∣∣∣∣∣∫ 1

0

[D2G(·, (u+ τh)(·))−D2G(·, u(·))]h(·) dτ

∣∣∣∣∣∣∣∣
k,β,K

≤ c ||h||Ck,β(K,E)

∫ 1

0

||Ã(u+ τh)− Ã(u)||Ck,β(K,L(E,F )) dτ

+O(||h||2Ck,β(K,E)),

(10.33)

where for the last inequality we have inserted an identity and used the triangle-
inequality. This yields G̃(u+ h)− G̃(u)−A(u)h = o(||h||Ck,β(K,E)), for h→ 0,

thus DG̃(u) exists and equals A(u).

Finally we obtain DG̃ ∈ C(Ck,β(K,X), L(Ck,β(K,E), Ck,β(K,F )) in view
of
(10.34)

||DG̃(u)−DG̃(v)||L(Ck,β(K,E),Ck,β(K,F )) ≤ ||Ã(u)− Ã(v)||Ck,β(K,L(E,F )).

The remaining regularity can now be proved by induction using (ii) (in the

induction step one assumes that DiG̃ is obtained by a map of class Cm−i in
the way that A has been obtained by H above). �

Next, we derive some results concerning the area and volume of hypersur-
faces between CFC-surfaces.

Remark 10.6. Now suppose C ⊂ N is a cylinder, which can be foliated by
CFC-surfaces Mτ , i.e.

(10.35) C =
⋃
τ∈J

Mτ , J = [c1, c2),

where 0 < c1 < c2 ≤ b, then the functions

τ 7→ |Mτ |,(10.36)

τ 7→ Vn+1(Mτ ),(10.37)

where the functions are de�ned on J , are strictly monotone decreasing and
increasing respectively, where the latter follows from the monotonicity of CFC-
surfaces. For the former let Mτ1 , Mτ2 ⊂ C be two CFC-surfaces, τ2 > τ1.
Then we choose the time-function from Theorem 10.2 and note that in this
coordinate system the area is strictly decreasing in view of

(10.38)
d

dt

√
det(ḡij(t, ·)) = −H̄

√
det(ḡij) < 0,

where we used Lemma 2.6. Hence the statement.

Now we can derive the following consequence of Theorem 1.3
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Proposition 10.7. Let N , F be as in Theorem 1.3 with m ≥ 2, 0 < α < 1.
Let M = graph u be a compact, spacelike, connected, admissible hypersurface
in N of class C4,α satisfying for some 0 < c1 < c2 <∞
(10.39) c1 ≤ F|M ≤ c2,

and we assume there exist two CFC-surfaces Mc1 and Mc2 of class C4,α with
F -curvature c1 respectively c2. Then there holds

(10.40) Vn+1(Mc1) ≤ Vn+1(M) ≤ Vn+1(Mc2),

and

(10.41) |Mc2 | ≤ |M | ≤ |Mc1 |.

Proof. This follows from Theorem 1.3 and the remark above. �

In a certain sense we can prove the converse of the above:

Proposition 10.8. Let N , F be as in Theorem 1.3 with m ≥ 3, 0 < α < 1.
Let Mτ = graph uτ be a CFC-surface of class C

m+2,α with positive F -curvature
τ > 0. Then Mτ is the limit hypersurface of a non-trivial curvature �ow, which
preserves |Mτ | or Vn+1(Mτ ).

Proof. We consider a tubular neighbourhood U = (−δ, δ) × Mτ with δ > 0
around Mτ and work in the corresponding normal gaussian coordinate system
of class Cm+1,α. Furthermore, all hypersurfaces below will be considered as
graphs over Mτ , hence Mτ = graph 0. For δ > 0 let

(10.42) Cδ := {u ∈ Cm+1,α(Mτ ) : ||u||m+1,α,Mτ < δ},
an open subset of Cm+1,α(Mτ ). Again we choose δ > 0 small enough, such
that, for u ∈ Cδ, graph u represents a compact, connected, spacelike and
admissible hypersurface contained in U . Furthermore we can use Mτ without
loss of generality as the reference hypersurface in the de�nition of the volume,
i.e. Vn+1(Mτ ) = 0. Now de�ne the following functionals:

V :Cδ × R→ R,
(u, s) 7→ Vn+1(graph u)− s(10.43)

and

A :Cδ × R→ R,
(u, s) 7→ |graph u| − s− |graph 0|.(10.44)

Both functionals are continuously di�erentiable, V as well as A vanish at (0, 0)
and they satisfy D2V = −1 and D2A = −1. Hence we can apply the implicit
function theorem to obtain an open (and, without loss of generality, connected)
neighbourhood U ⊂ Cδ of 0 and a function ϕ ∈ C1(U,R), such that

(10.45) V (u, ϕ(u)) = 0 ∀u ∈ U,
respectively

(10.46) A(u, ϕ(u)) = 0 ∀u ∈ U.
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Since the volume and the area are strictly monotonically increasing and decreas-
ing respectively in the tubular neighbourhood, see (10.38), in every arbitrarily
small neighbourhood of 0 in Cδ there are compact, spacelike, connected, ad-
missible hypersurfaces with bigger and smaller volume respectively area than
Mτ , hence ϕ

−1(R+) and ϕ−1(R−) are both nonempty.
We conclude that the set B := ϕ−1(0)− {0} is nonempty, for otherwise the

connected set Û := U − {0} is identical to ϕ−1(R+) ∪̇ϕ−1(R−), which is a

contradiction to the connectedness of Û , since the latter two sets are open in
view of the continuity of ϕ.

Hence we obtain a starting hypersurface of class Cm+1,α, which, when δ
was chosen small enough, ful�lls also the barrier requirements, see the proof of
Lemma 10.3. Now, since m ≥ 3, we can apply Theorem 1.3 to complete the
proof. �

11 Short time existence

Short time existence for the �ow without a global, time-dependent force term
is well known, see for example [14, Chapter 2.5]. The method employed there is
to show �rst short time existence via the inverse function theorem for a scalar
evolution equation (evolution of the graphs) and then using existence results
for ordinary di�erential equations one obtains the desired short time existence
for the �ow.

We will modify the proof from [14] and use a �xed point argument as in [21]
to prove the short time existence for the �ow with a global force term.

Theorem 11.1. The equation (1.5) has a solution of class H4+α, 4+α
2 (Q̄ε),

where Qε = [0, ε)×M and ε is a small constant.

Proof. Let M0 := graph u0, then we will show the existence of a solution

u ∈ H4+α, 4+α
2 (Q̄ε) to the equation

∂u

∂t
+G(x, u,Du,D2u) + g(x, u,Du)f(t) ≡ ∂u

∂t
+ e−ψv(Φ− f) = 0,

u(0) = u0,
(11.1)

on a cylinder Qε := [0, ε)× S0 for a small ε > 0.
To be precise, we de�ne G(x, z, r, p) := ζ(x, z, p) Φ(F (η(x, z, p, r))), where η

is the function from Lemma 7.4 now de�ned on S0, −g(x, z, p) = ζ(x, z, p) :=

e−ψ(z,x)
√

1− σij(z, x)pipj and f is de�ned accordingly. We will then look upon
G and g as functions of u and its derivatives, where the covariant derivatives
are taken with respect to the metric σij(u, x).

For our purposes in this section it is su�cient for G to be de�ned on the open
set η−1(Γ), where Γ is the cone of de�nition of the curvature function F . Then g
is smooth andG is as smooth as Φ(F ), in our caseG = G(x, z, p, r) ∈ Cm,α, and
G is de�ned and elliptic for functions u belonging to an open set Λ ⊂ C2(S0),
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which corresponds to the hypersurfaces being admissible:

(11.2) Gij(x, u,Du,D2u) < 0.

Once the existence for the scalar equation is shown, the arguments in [14,
Chapter 2.5] can be applied to yield the short-time existence for the parabolic
system (1.5).

First of all we show that there exist ε, δ > 0, such that the modi�ed problem

∂u

∂t
+G(x, u,Du,D2u) + g(x, u,Du)h(t) = 0,

u(0) = u0,
(11.3)

where we have substituted f by a function h ∈ C1,α2 ([0, ε]) and h satis�es

(11.4) ||h− f(0)||1,α2 ,Q̄ε ≤ δ,

has a unique solution u ∈ H4+α, 4+α
2 (Q̄ε) with a uniform bound

(11.5) ||u||4+α, 4+α
2 ,Q̄ε

≤ c = c(||u0||4+α, ε, δ, f(0)).

In view of the standard parabolic estimates, see [14, Theorem 2.5.9], it is

su�cient to show the existence of a solution u ∈ H2+β, 2+β
2 (Q̄ε) to (11.3) for

some 0 < β < α and the uniform bound in the corresponding norm.
These estimates will then enable us to use a �xed point argument yielding

the existence of a solution to (11.1).
We remark that the uniqueness of the solution to the modi�ed problem

follows as in the time-independent case by the parabolic maximum principle.
To prove the above claim, we adjust the proof of [14, Theorem 2.5.7] to our

needs:
Let ũ be a solution to the linear problem

∂ũ

∂t
−∆ũ = −G(x, u0, Du0, D

2u0)− g(x, u0, Du0)f(0)−∆u0,

ũ(0) = u0,
(11.6)

where the laplacian is de�ned with respect to the metric σij(u0, x). The

Schauder-estimates imply ũ ∈ H2+α, 2+α
2 (Q̄1).

For small t, 0 ≤ t ≤ 2ε, there holds

(11.7) ũ(t, .) ∈ Λ.

Let us now de�ne f̃ ∈ Hα,α2 (Q̄ε) by

(11.8) f̃ := ˙̃u+G(x, ũ,Dũ,D2ũ) + g(x, ũ,Dũ)f(0),

where ũ is di�erentiated with respect to σij(ũ, x) and there holds

(11.9) f̃(0) = 0,

in view of (11.6).
Consider now the operator

(11.10) Ψ(u, h) = (u̇+G(x, u,Du,D2u) + g(x, u,Du)h(t), u(0), h),
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which is well de�ned in a neighbourhood of

(11.11) (ũ, f(0)) ∈ V := H2+β, 2+β
2 (Q̄ε)× C1,α2 ([0, ε])

with image in

(11.12) W = (Hβ, β2 (Q̄ε)×H2+β(S0))× C1,α2 ([0, ε]).

Ψ is continuously di�erentiable, since G is at least of class C2,α (to show this,
one has to argue similarly as in section 10), and its derivative DΨ, evaluated
at (ũ, f(0)), equals the operator

(11.13) L =

(
A B
0 I

)
,

where

A :H2+β, 2+β
2 (Q̄ε)→ Hβ, β2 (Q̄ε)×H2+β(S0),

η 7→ (η̇ +Gijηij + biηi + cη, η(0)).
(11.14)

Here the covariant derivatives of η are taken with respect to σij(ũ, x) and the

coe�cients bi and c are combinations of f(0), Gij , ∂G∂pi , Gz,
∂
∂x0 Γkij , all evaluated

at ũ, Dũ and D2ũ.
B denotes the operator

B :C1,α2 ([0, ε])→ Hβ, β2 (Q̄ε)×H2+β(S0),

ζ 7→ (g(x, ũ,Dũ)ζ, 0).
(11.15)

Then because of the parabolic Schauder-theory we know that A is a topological
isomorphism. We will show that L is a topological isomorphism from V to W :
L is injective, since A is. It is surjective, for let φ = (φ1, φ2) ∈ W , then
η = (η1, η2) ∈ V , de�ned by η1 := A−1(φ1 − Bη2) and η2 := φ2, satis�es
Lη = φ. This also provides a formula for L−1 which shows that the inverse is
continuous.

Now we apply the inverse function theorem to obtain that Ψ, restricted to a
small open set B = Bρ(ũ) × B2δ(f(0)), is a C1-Di�eomorphism onto an open

neighbourhood U(f̃ , u0, f(0)) ⊂W .
Let 0 < 2ε0 < ε be small and choose ηε0 ∈ C∞([0, 1]) such that 0 ≤ ηε0 ≤ 1,

0 ≤ η̇ε0 ≤ 2ε−1
0 ,

(11.16) ηε0(t) =

{
0, 0 ≤ t ≤ ε0
1, 2ε0 ≤ t ≤ 1

and set fε0 = f̃ηε0 . Then there holds (see the proof of [14, Theorem 2.5.7])

(11.17) lim
ε0→0

|fε0 − f̃ |β,Qε = 0 ∀ 0 < β < α,

and we conclude that for small ε0 and h ∈ B̄δ(f(0)), the pair (fε0 , u0, h) belongs

to U(f̃ , u0, f(0)) and there exists a unique solution u ∈ Bρ(ũ) to the equation

(11.18) Ψ(u, h) = (fε0 , u0, h),
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which means u solves the initial value problem (11.3) for 0 ≤ t ≤ ε0 .

To prove short time existence for the problem (11.1), de�ne the following
closed and convex set:

(11.19) Mε,δ := {h ∈ C1,α2 ([0, ε]) : ||h− f(0)||1,α2 ≤ δ}.

For h ∈Mε,δ, 0 < ε < ε0, δ as above, denote by uh a solution to (11.3) and set

T :Mε,δ →Mε,δ,

h 7→
∫
Mt

ΦHk dµt∫
Mt

Hk dµt
,

(11.20)

where the quantities on the right hand side are those belonging to the solution
uh to the problem (11.3). We will show that in fact T maps Mε,δ into itself if
ε is small enough and furthermore T is a compact map, hence maps bounded
to precompact sets. The existence of a solution to (11.1) then follows from the
Schauder �xed-point theorem.

The essential fact to prove this, is that we have uniform bounds on uh in

H4+α, 4+α
2 (Q̄ε). It follows that Th is uniformly bounded in C1, 1+α

2 ([0, ε]), i.e.
there exists a constant c0 independent of h ∈Mε,δ, such that

(11.21) ||Th||1, 1+α
2 ,[0,ε] ≤ c0.

This can be shown by di�erentiating Th once with respect to t, applying par-
tial integration on terms of the form u̇ij and then reminding the de�nition
of the parabolic Hölder spaces. The only critical terms are then of the form
ϕ(x, u,Du,D2u)ijkluijku̇l, hence the claimed Hölder exponential.

The boundedness of Th in C1, 1+α
2 ([0, ε]) implies the compactness of T and

by a simple argument it also shows, that T maps Mε,δ into itself for small ε:

(11.22)
∣∣ d
dt
Th(t)− d

dt
Th(t′)

∣∣ ≤ c0|t− t′| 1+α
2 ≤ c0ε

1
2 |t− t′|α2 ≤ δ|t− t′|α2 .

The C0-norm can be estimated in the same way by noting that Th(0) = f(0)
and for the C1-norm we can use the interpolation inequality (8.17). This com-
pletes the proof of the short time existence. �

We conclude this section by showing that the solution is unique, where we
remark that this can not be shown as usual by using the maximum principle,
in view of the presence of a global term. One rather has to use the idea of
uniqueness for weak solutions.

Proposition 11.2. The solution to the scalar �ow equation is unique in the

class H4+α, 4+α
2 .
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Proof. Let u, ũ be two solutions of class H4+α, 4+α
2 in Qε = [0, ε) × S0 of an

equation of the form

u̇+G(x, u,Du,D2u) + g(x, u,Du)

∫
S0
B(x, u,Du,D2u) dσ∫

S0
b(x, u,Du,D2u) dσ

= 0,

u(0) = u0,

(11.23)

where for simplicity all functions are supposed to be smooth (the regularity we
imposed is also su�cient) and b > 0. This equation corresponds to (3.13) and
it su�ces to show uniqueness to this equation. Let

(11.24) ϕ := u− ũ.
If ε is su�ciently small, then the convex combination

(11.25) uτ = τu+ (1− τ)ũ, τ ∈ [0, 1],

belongs to the open set Λ, see the above proof for the notation, hence G is well
de�ned for the convex combination. By using the main theorem of calculus we
deduce that ϕ satis�es the following equation

(11.26) ϕ̇ = aijϕij + biϕi + cϕ+ d

∫
S0

(
ãijϕij + b̃iϕi + c̃ϕ

)
dσ,

where all the coe�cients have bounded derivatives and aij is uniformly elliptic
with ellipticity constant c0. We multiply this equation by 2ϕ, then we integrate
over S0 and obtain, after using partial integration, the binomial formula and
the Schwartz-inequality,

d

dt
||ϕ||22 ≡

d

dt

∫
S0

ϕ2 dσ ≤ c ||ϕ||22 + ε||Dϕ||22 − c0||Dϕ||22,(11.27)

where ε > 0 is the constant chosen in the binomial formula yielding the in-
equality

(11.28) a b ≤ εa2 +
b2

4ε
,

and c = c(ε, ||u||4+α, 4+α
2
, ||ũ||4+α, 4+α

2
). Choosing ε < c0 we deduce that there

holds for h = h(t) = ||ϕ||22
ḣ ≤ c h,
h(0) = 0.

(11.29)

A comparison principle for ordinary di�erential equations implies h ≡ 0. In
view of the continuity of ϕ, this yields the desired uniqueness. �
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