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Zusammenfassung

Quantenmechanische Beugungseffekte sind von besonderem Interesse, da sie unserer Alltagserfahrung
widersprechen. Diese theoretische Arbeit befasst sich mit der Beugung von Elektronen an stehen-
den Lichtwellen, dem sogenannten Kapitza-Dirac Effekt. Ein besonderer Fokus wird dabei auf eine
spezielle Variante des Kapitza-Dirac Effektes gelegt, in welcher das Elektron mit drei Photonen wech-
selwirkt. Eine besondere Eigenschaft dieses 3-Photonen Kapitza-Dirac Effektes ist, dass in diesem Fall
der Spin des Elektrons bei der Beugung am optischen Gitter gedreht wird.

Die theoretischen Rechnungen in dieser Arbeit basieren auf verschiedenen relativistischen und
nicht-relativistischen quantenmechanischen Wellengleichungen, die im Impulsraum formuliert wer-
den. Einerseits wird die quantenmechanische Dynamik der gebeugten Elektronen numerisch im Im-
pulsraum gelost, um die Eigenschaften des 3-Photonen Kapitza-Dirac Effektes detailliert herauszuar-
beiten. Andererseits werden die Gleichungen mit zeitabhédngiger Storungstheorie gelost und den nu-
merischen Ergebnissen gegentiber gestellt.

Im Gegensatz zu der von Kapitza und Dirac vorgeschlagenen Elektronenbeugung unter Beteili-
gung zweier Photonen, ist die Anzahl der vom Elektron absorbierten und emittierten Photonen beim
3-Photonen Kapitza-Dirac Effekt nicht gleich grofs. Aus diesem Grund findet der in dieser Arbeit
diskutierte Beugungsvorgang nur fiir Elektronen mit einem relativistischen Impuls in Laserpropaga-
tionsrichtung statt. Zudem sind sehr hohe Laserfeldstirken notig, um den Ubergang mit einer mess-
baren Ubergangswahrscheinlichkeit zu treiben. Der Spin des Elektrons wird beim Beugungsvorgang
um die Magnetfeldachse des Laserstrahls gedreht, mit einem Drehwinkel, der vom Elektronenim-
puls in Laserpolaristationsrichtung abhéngt. Die Wahrscheinlichkeit fiir das Umklappen des Elek-
tronenspins lasst sich durch die Wahl des Elektronenimpulses in Laserpolaristationsrichtung gezielt
einstellen. Eine experimentelle Untersuchung der Vorhersagen kann mit zukiinftigen Rontgenlasern
erreicht werden.

Summary

Quantum mechanical diffraction is of particular interest, because it contradicts our everyday life expe-
rience. This theoretical work considers the diffraction of electrons at standing waves of light, referred
to as the Kapitza-Dirac effect. The work focuses on a special version of a Kapitza-Dirac effect in which
the electron interacts with three photons. The particular property of this 3-photon Kapitza-Dirac effect
is, that the electron spin is rotated.

This work considers different relativistic and non-relativistic quantum mechanical wave equations
which are described in momentum space. On one hand, the quantum dynamics of the diffracted elec-
trons is solved numerically in momentum space and the properties of the 3-photon Kapitza-Dirac ef-
fect are investigated in detail. On the other hand, the quantum dynamics is solved via time-dependent
perturbation theory and is compared with the numerical results.

In contrast to the originally proposed Kapitza-Dirac effect with two interacting photons, the num-
ber of absorbed and emitted photons by the electron is not equal for the 3-photon Kapitza-Dirac effect.
Therefore, the diffraction process only appears for relativistic electron momenta in laser propagation
direction. Furthermore, a very high field strength of the laser beam is required for driving the Kapitza-
Dirac effect with a measurable diffraction probability. The electron spin is rotated along the axis of the
magnetic field of the laser beam, when it undergoes the diffraction process. The rotation angle of the
spin rotation depends on the electron momentum component in laser polarization direction. There-
fore, the probability for flipping the electron spin can be tuned by choosing the electron momentum in
the direction of the laser polarization. An experimental investigation may by established by utilizing
future X-ray laser facilities.
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Chapter 1

Introduction and Motivation

1.1 The Kapitza-Dirac effect

The diffraction of light has been known since the 17t century [1] and gives evidence for the wave
nature of light. Light diffraction was also observed at a double slit by Young [2] in 1803 and at a
grating by Gregory [3] in 1673. The nature of light was under heavy dispute and with the advent of
quantum mechanics at the beginning of the 20t century it was realized that light ought to be described
by a duality of particle and wave. In 1926 Davisson, Germer [4] and Thomson [5] showed that also
electrons are subject to diffraction and therefore, subject to particle wave duality as well. The attribute,
that matter has the same diffraction properties as light leads unavoidably to the question:

May the roles of light and matter be interchanged in a diffraction experiment? Which means: Can
electrons be diffracted by a grating of light as it is shown in figure

Since the superposition of two counter-propagating, monochromatic, coherent light waves of equal
intensity forms a wave which has periodical nodes and anti-nodes in space, light may act as grating.
The question, if electrons may be diffracted by a grating of light was first discussed by Pyotr Kapitza
and Paul Dirac in 1933 [6]. The corresponding expression “Kapitza-Dirac effect” became a synonym
for the diffraction of electrons, atoms and molecules at a standing wave of light [7]. Kapitza and Dirac
considered electron diffraction by using the standing wave of light of an “ordinary mercury arc lamp”
and concluded a tiny diffraction probability of 10~!# in their publication in 1933. It seems, that electron
diffraction has not been tackled because of this small probability, until the availability of lasers in the
1960s. A few years after the invention of the laser, attempts for observing the Kapitza-Dirac effect
have been made [8, 9, [10], but these early experiments were not able to prove the existence of electron
diffraction by light. The enormous progress in laser technology in recent years permitted for light
beams of very high intensities (see next section) and new experiments have been set up. The first
confirmation of the Kapitza-Dirac effect of atoms was published in 1986 [11} [12]. The Kapitza-Dirac
effect in the case of electrons was first observed by Bucksbaum in 1988 in the so-called diffraction
regime [13]. The terms diffraction regime and also the complementary Bragg regime are introduced in
chapter|5| The identification of single diffraction orders could be achieved the first time by Freimund,
Aflatooni and Batelaan in 2001 [14] in a precise experimental setup based on improved technological
devices.

11
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Diffraction pattern

Electrons

Figure 1.1: This is a schematic sketch of the Kapitza-Dirac effect. The two counter-propagating laser beams form a
standing light wave. An electron beam crosses the standing light wave and is diffracted at the light. A diffraction
pattern can be observed by placing a screen behind the interaction point.

1.2 Recent progress in laser technology

Since the invention of the laser in the 1960s [15], huge progress was made by increasing the laser in-
tensity. Techniques like chirped pulse amplification [16] allow for laser facilities with intensities of
2-10?2 W/cm? at wavelengths of 800nm (HERCULES laser [17]). Laser facilities with similar inten-
sities exist, for example the “petawatt high energy laser for heavy ion experiments” (PHELIX) with
a peak intensity of 10> W/cm? [18]. Table top laser systems reach intensities of 10! W/cm?. Even
stronger laser facilities are planned for the future, as it is the case for the “extreme light infrastructure”
(ELI) [19] which will provide an intensity of 10*> W/cm? in the optical regime.

Coherent light beams with short wavelengths are of particular interest in this thesis, because the
Kapitza-Dirac effect is investigated at very short wavelengths. The wavelength of laser light can be
shortened by nonlinear laser-matter interaction, yielding higher harmonics of the laser light. This
technique of high harmonic generation (HHG) may be realized by a plasma mirror. An example of
an experimental realization is given in [20]. The authors report extreme ultra violet radiation with
wavelengths of 50nm up to 100nm at intensities of 1 - 10! W/cm?. Even higher intensities may be
reached, as it is proposed in [21]. This publication claims attosecond pulses with a duration of 84 as
and 10'® photons per pulse. The photon’s energy ranges from 20eV to 70eV. Assuming an average
photon energy of 45 eV yields a pulse energy of 0.072] and therefore, a pulse power of 8.6 - 1014 W. An
intensity of 1.1 - 102 W/cm? would be accessible if one was able to focus this laser down to a beam
spot diameter of 1 um without any losses due to optical components.

Another source of coherent X-ray light of high intensity are free electron lasers. For example, the
linac coherent light source (LCLS) at the Stanford linear accelerator center (SLAC) provides 2 keV X-ray
laser light at intensities of 10'® W/cm? [22]. The European X-ray free-electron laser (European XFEL)
[23] will provide a coherent X-ray beam of even higher intensity in the near future. The projected peak
power of the European XFEL is 80 GW at a maximum photon energy of 17.5keV. The laser will reach
a peak intensity of 5.2 - 10! W/cm? at the intended beam spot diameter of 70 pm.

The properties of the mentioned laser systems are listed in table[l.T|and illustrated in the wavelength-
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intensity diagram of figure

13

Table 1.1: This table shows the properties of existing and prospective lasers. The intensities of the listed lasers

may be even higher if one was able to narrow the beam focus.

laser type intensity wavelength  photon energy
existing lasers
optical laser (HERCULES) 2-102W/cm? 800.0 nm 1.5eV
optical laser (PHELIX) 1-102'W/cm?  1064.0nm 1.2eV
optical tabletop 1-108W/cm? 800.0nm 1.5eV
plasma mirror HHG 1-101" W/em? 72.9nm 17.0eV
free electron laser (LCLS at SLAC) 1-108 W/cm? 0.6nm 2.0keV
proposed lasers
optical laser (ELI) 1-10®W/cm? 800.0 nm 1.5eV
plasma mirror HHG 1-102W/cm? 27.6nm 45.0eV
free electron laser (European XFEL) 5- 1018 W/cm? 70.9 pm 17.5keV
observed 2-photon Kapitza-Dirac effect [13]
optical laser [24] 1-101 W /cm? 532.0nm 2.3eV
proposed 3-photon Kapitza-Dirac effect (section|8)
free electron laser [25]] 2-108 W/cm? 0.4nm 3.1keV
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CHAPTER 1. INTRODUCTION AND MOTIVATION 15
1.3 Synopsis

1.3.1 State of knowledge

Most of the theory of the Kapitza-Dirac effect is based on non-relativistic quantum mechanics with a
ponderomotive potential (introduced in chapter2.T) [26}27]. The resulting differential equation can be
solved in the diffraction regime using Bessel functions. Furthermore, an adiabatic laser-electron inter-
action of the Kapitza-Dirac effect is considered by Fedorov [28]. The Kapitza-Dirac effect in the Bragg
regime is solved in detail by Efremov and Fedorov by using second order time-dependent perturba-
tion theory [29], 30]. Gush and Gush account for even higher orders of time-dependent perturbation
theory [31]]. A non-perturbative treatment of the Kapitza-Dirac effect, which employs Volkov states of
the Schrodinger equation, is presented in [32] 33} [34]. The Kapitza-Dirac effect is also discussed in a
relativistic treatment by employing the Klein-Gordon equation [35] 36]. Particle statistics (Bosons or
Fermions) in the case of the Kapitza-Dirac effect is considered by Sanco [37].

Freimund and Batelaan consider a spin-dependent interaction in the Kapitza-Dirac effect [38] and
treat the electron as a point-like, non-relativistic particle with a magnetic moment and investigate its
trajectory in two counterpropagating plane waves of different wavelengths. A quantum mechanical,
non-relativistic treatment of spin-flips in the Kapitza-Dirac effect is presented by Leonard Rosenberg
in 2004 [39]. The author solves the quantum dynamics of a non-relativistic particle in a quantized ex-
ternal laser field by using time-dependent perturbation theory and an approximation in the diffraction
regime consisting of Bessel functions. Both studies find negligible small spin-effects in the interaction
regime considered.

1.3.2 New aspects treated in my work

In my work, I investigate the Dirac equation, and I in particular exploit the electron spin, which is an
intrinsic property of the Dirac equation.

I discuss a general condition for absorption and emission of a certain number of photons by requir-
ing energy and momentum conservation of classical particles. The condition’s analytical description
is combined with geometric considerations, which — so far — cannot be found in such a detail in lit-
erature. Furthermore, the quantum dynamics of the electron-light interaction is solved numerically
without applying approximations. The numerical results are exact in this sense. The quantum dynam-
ics of the full time-dependent Pauli equation and the full time-dependent Dirac equation is also solved
with the method of time-dependent perturbation theory. The comparison of both — the numerical and
the analytical solution — features two advantages: First, even though reasoned approximations are as-
sumed in time-dependent perturbation theory, the validity of the perturbative results can be checked
by comparison with the numerical results. Second, one can easily provide scaling laws for the numer-
ical results from perturbation theory. In view of the tremendous progress of available laser intensities
and frequencies, the question arises which properties of the Kapitza-Dirac effect appear in these ex-
treme fields. The methods appearing in this thesis (numerical simulations and perturbation theory)
can compare the full and exact relativistic and non-relativistic properties of the Kapitza-Dirac effect. In
particular, the newly introduced 3-photon Kapitza-Dirac effect is a quantum mechanical setup, which
is a relativistic setup by its intrinsic properties (which has no non-relativistic limit) that demands for
very high field strengths of the external X-ray laser field.

Additionally, the spin-flip of the diffraction process is described by the electron wave-function
propagator and facilitates the conclusion, that the spin of the electron is rotated. I point out, that the
resonance condition from energy and momentum conservation allows to tune the quantum dynamics,
such that the spin-dependent coupling terms, which are usually weak, can be amplified by a suitable
choice of parameters.
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1.3.3 Applied methods

I derive a resonance condition from energy and momentum conservation, which can be utilized for
determining laser and electron parameters, such that the electron will undergo a diffraction process,
in which it absorbs and emits a certain number of photons in a classical interaction picture. I trans-
form the Schrodinger-, Pauli-, Klein-Gordon- and Dirac equation into momentum space, such that
each of them reduces into a system of coupled, ordinary differential equations. I implement these
differential equations in a numeric code and investigate in this way the electron quantum dynamics.
I derive the short-time quantum dynamics of the 3-photon Kapitza-Dirac effect by applying time-
dependent perturbation theory to the Pauli- and Dirac equation and identify characteristic properties
of the diffraction process from this analytic solution. In particular, I identify an SU/(2) representation
of the propagator of the quantum dynamics and compare it with the numerical results.

1.3.4 Structure of the thesis

The second chapter introduces the external laser field of the standing wave of light and considers
classical energy and momentum conservation of the electron by graphical means. The third chap-
ter introduces the quantum mechanical wave equations, namely the Schodinger equation, the Pauli
equation, the Klein-Gordon equation and the Dirac equation. All four equations are transformed into
momentum space in chapter 4. The resulting system of coupled differential equations is of relevance
in this work, since the numerical and perturbative results are based on these equations. The fifth chap-
ter discusses the original 2-photon Kapitza-Dirac effect and demonstrates, that the numerical imple-
mentation of the wave equations in chapter 4 reproduce the theoretically known and experimentally
realized quantum dynamics of the 2-photon Kapitza-Dirac effect well. The sixth chapter infers general
properties about the spin dependence of the diffraction pattern and the rotation of the electron spin
from the propagator of the electron wave function. The seventh chapter calculates the perturbative
short-time solutions of the Dirac equation and the Pauli equation with the method of time-dependent
perturbation theory. Characteristic properties of the diffraction process, like the Rabi frequency and
the spin-flip probability are derived. The eighth chapter applies the numerical implementation of
the Dirac equation to the quantum dynamics of the 3-photon Kapitza-Dirac effect. The SU/(2) prop-
erty of the propagator and the properties from time-dependent perturbation theory are verified. The
resonance peak of the transition is also discussed. The appendix contains the derivation of bi-scalar
properties of the Klein-Gordon equation, bi-spinor properties of the mode expanded Dirac equation,
and the constraint equations resulting from energy- and momentum conservation.



Chapter 2

Basic concepts related to the
Kapitza-Dirac effect

The first part of this chapter introduces the vector potential of the external laser field, which is used
throughout this thesis. The corresponding electric and magnetic fields of the laser beam are discussed
as well as the effective ponderomotive potential.

The second part of this chapter considers energy and momentum conservation of classical par-
ticles, in a graphical and intuitive picture. Even though these conservation laws are pure classical
properties, they are a useful criterion for determining laser frequency and initial electron momenta,
such that quantum dynamics undergoes an n-photon Kapitza-Dirac effect (see chapters [5} [7] and [g).
The geometrical origin of the corresponding resonance condition is elaborately discussed.

2.1 Physical setup, geometry and notation

In the Kapitza-Dirac effect, the electron moves in a standing wave of light (see figure 2.T), which can
be described by an infinitely extended vector potential of the form

- -

A(Zt) = —A? sin(ky - X — wt) + % sin(ky - X + wt) (2.1a)
= Agcos(ky - X) sin(wt), (2.1b)

where w is the angular frequency of the wave and ky is its wave vector. Note, that a small arrow is
placed on top of each vector in this thesis. The vacuum Maxwell equations 1mp1y, that w equals cky,
with k;, = \kL| and A = 27t/k;. In some parts of this thesis, the wave vector kL is considered to be
parallel to the x1 axis, which is the case for the numerical chapters l l 8] the sections, which discuss the
resonance condition from energy and momentum conservation [2.2.4} 2.2 and the low laser frequency
approximation of the perturbative calculations at the end of the subsections and A general
EL is used everywhere else. The names ‘left’ and ‘right” are used for the —x; and x; direction for
convenience in section[2.2] The polarization direction and amplitude of the external vector potential of

the laser beam is denoted by the vector Ag. The vacuum Maxwell equations also imply, that Ay and k1

are always orthogonal to each other. Apart from this orthogonality constraint, the vectors k; and A
can be chosen freely. Note, that line explicitly denotes the two counter-propagating laser beams
with their vector potential amplitude, whereas line shows the combined potential, in which time
and space dependence factorizes in a product of two trigonometric functions.

17
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Figure 2.1: This figure shows the coordinate system, which we use for the description of the Kapitza-Dirac effect.
The laser beam has the vector potential amplitude Ay and wavelength A;. The electron beam has the initial
momentum p;,, and may be detected with the final momentum ;.

The vector potential (2.1) results in the electric and magnetic fields

E(%,t) = Eycos(ky - ¥) cos(wt) (2.2a)
B(%,t) = Bysin(ky - ¥) sin(wt), (2.2b)

with electric and magnetic field amplitude vectors

EO = *A‘OkL (2.3&)
BO = _EL X AO . (23b)

In a quantum mechanical description of the Kapitza-Dirac effect the vector potential enters
into the corresponding wave equation of the electron motion. The solution of this equation is, in gen-
eral, demanding because of the separate space and time dependencies of the standing wave potential.
For non-relativistic electron dynamics based on the Schrodinger equation, it has been shown that the
effect of the vector potential can be well approximated by a static scalar potential [40}41]. This so-called
ponderomotive potential originates from a separation of fast and slow motion of a classical electron in
the electro-magnetic fields and a time average over the fast motion. The ponderomotive potential
is given by

V(X,t) = Vycos? (EL : 5(’) (2.4)
with the amplitude
ye
— 2.
0= 2 (2.5)

following the notion of [27]. The potential varies periodically in laser propagation direction with
spacial period Ay /2. This periodic structure allows to interpret the standing light wave naturally as
an optical grating.

2.2 Conservation of energy and momentum

The electron has the initial momentum pj, and the final momentum poyt. The vector k= Pin/ i is used
later in favor of a compact notation.

This section considers the conservation of energy and momentum in the Kapitza-Dirac effect, by
making the assumption that the electron with initial momentum pj, absorbs an integer number of
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Figure 2.2: The left subfigure shows the geometric condition for light of wavelength A being diffracted at the angle
6, at a grating with spacing period g. The right figure shows the the same diffraction process in momentum space.

electrons and emits an integer number of photons, yielding the final electron momentum poyt. It is
worth to start with a general consideration on light diffraction first.

2.2.1 Diffraction of photons

If light of wavelength A impinges at a grating with spacial period g, it is diffracted at angles, which
fulfill the condition (see figure
sinf, =nA/g, (2.6)

for wavelengths A, which are much smaller than the grating spacing g. The Compton effect [42] tells,
that the in-falling photon has a momentum of

P2in =27t/ A. (2.7)

If the light was detected at a small angle 0,, when it passes the grating, it must have gathered the
momentum
Plout = Pajn tanby ~ pyinby ~ 27nl/g (2.8)

in the direction of the grating spacing (see figure 2.2(b)). Therefore, it stands to reason, that a grating
with period g imposes multiples of momenta 2771/ g at in-falling photons.

2.2.2 Diffraction of electrons

Figure[2.2]also holds for electrons and equation (2.7) is just de Broglie’s relation for the wave-particle
duality of a massive particle [43]. Therefore, a standing light wave with period Aj, is supposed to

transfer multiples of momenta

27th

— =Tk 2.9

AL L (2.9)

as well. In fact, Freimund and Batelaan observed a diffraction pattern at multiples of 27ky, in their
experiment [14]. The same property shows up for the discrete momenta 7k}, in the mode expansion in
chapter Kapitza and Dirac also assumed a transfer of two photon momenta 7k in their proposal [6]
of the Kapitza-Dirac effect (see figure[2.3). According to that publication, the electron should incline at
the Bragg angle, which means that the incident electron should have a momentum of one ik in laser
propagation direction. The electron is reflected when it interacts with the laser, yielding an outgoing
momentum of 7k} in the opposite laser propagation direction.
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Figure 2.3: This figure shows the Kapitza-Dirac effect in an electron energy over the electron momentum diagram,
which is already conceived in [27]. In the case of the original publication of the Kapitza-Dirac effect [6], one
photon is absorbed from the laser field and one photon is emitted to the laser field. The bended line shows the
relativistic energy-momentum relation of the electron. The interacting photons transfer an energy of cfiky,
and a momentum of 7k} and therefore appear as diagonal lines in the figure. The total exchange of energy and
momentum of the electron with the laser is represented by the dashed arrow.

The electron interacts with two photons in the case of the originally published Kapitza-Dirac effect.
Therefore, this originally published Kapitza-Dirac effect is referred to as 2-photon Kapitza-Dirac effect
in this work. The question occurs, if other numbers of interacting photons are allowed by energy and
momentum conservation. And, if this generalized version of the Kapitza-Dirac effect was possible: For
what initial electron momenta and what laser frequencies does it occur? What are the final momenta
of the electrons after the Kapitza-Dirac effect?

2.2.3 Energy-momentum conservation by graphical considerations

These questions can be answered by a simple geometric argument. For simplicity, this geometric
argument is discussed with an electron moving in x; direction first. This means p; and p3 are assumed
to be zero. The general case, which includes non-vanishing momenta in x; and x3 direction requires a
minor modification of the geometric argument, which is discussed at the end of this subsection.

Assume, the electron absorbed 7, photons from the left laser beam and emits 7, photons into
the right laser beam, with n,,n, € Z. Negative n, corresponds to photon emission to the left and
negative 1, corresponds to photon absorption from the right. Since a photon has the energy chik;
and the momentum #iky, the total transferred energy is AE = chik (n, — n.) and the total transferred
momentum is Ap = hky(n, + ne). In case of figure n, and n, are 1. Therefore the dashed arrow,
which illustrates the totally transferred energy and momentum in figure [2.3|is horizontal. In fact, the
slope of the dashed vector only depends on 1, and n, by

AE Ny — Ne
s=—=¢ .
Ap ng + ne

(2.10)

The relativistic energy momentum relation is taken as basis in the following considerations. It relates
the kinetic energy E of an electron with restmass m and its momentum p; by the relation

E(p1) = \/m2c* + p3c?. (2.11)

The geometric argument works as follows:

1. Draw the relativistic energy momentum (2.11) relation in the electrons energy over time diagram,
as it is done in figure
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Figure 2.4: This figure shows the same energy over momentum diagram as in figure The difference to figure
.3]is, that 1, is 2 instead of 1. Therefore the dashed line of the total energy and momentum transfer has the slope
s = ¢/3. The tangent line with slope c/3 at the dispersion relation consists of only one touching point with the
initial and final electron momentum py jip,.

2. Draw a line with slope s, which should intersect the relativistic energy momentum relation.

3. The intersection points of this secant are the initial and final momenta of the diffracted elec-
tron. The angular laser frequency can be obtained by dividing the transferred momentum by the
number of photons

Apc
W= 7. 2.12
h(ng + ne) (212)

Figure 2.3| shows the geometric argument, in the case of the 2-photon Kapitza-Dirac effect, in which
ng = 1,n, = 1 and s = 0. Another example of the geometric argument is shown in figure in which
the electron absorbs two photons 1, = 2 and emits one photon #n, = 1. Therefore, the slope is ¢/3 in
this example.

It remains to tell the modification of the geometric argument from above in the case of non-vanishing
electron momenta perpendicular to the laser propagation direction. This corresponds to p, # 0 or
p3 # 0 or both. In this case one may formally replace the electron rest mass m with the increased mass

m =2 \/m264 + c2p3 + c2p3 (2.13)

in equation (2.11). The modified energy momentum relation

E(p1) = \/m"2c* + 2p? (2.14)

is reparameterized but identical to that of figures [2.3| and if one replaces E/(mc?) by E/(m'c?)
and p1/(mc) by p1/(m’c). Therefore, the geometric argument can be traced back to the situation with
vanishing p, and p3. Note, that equation (2.14) is the same relativistic energy momentum relation as
equation (3.22). This work will refer to the ladder equation from now on.

2.2.4 Analytic derivation

The condition, of the initial electron momentum p;, and the laser frequency w, for an n-photon
Kapitza-Dirac effect need not to be determined graphically. One may also derive a formula for these
parameters from energy and momentum conservation, which is done in the appendix|C} Energy con-
servation implies, that the final electron energy has to be the initial electron energy plus the energy of
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the absorbed photons, minus the energy of the emitted photons, yielding the equation
E(Pout) = E(Pin) + nahw — nehow . (2.15)

Similarly, momentum conservation implies, that the final electron momentum is the initial electron
momentum plus the momentum of the absorbed photons from the left laser beam plus the momentum
of photons, which are emitted into the right laser beam.

CPout = CPin + Nahwe) + nehwe; (2.16)

If one inserts equation into equation (2.15), one obtains an equation, which puts exactly one
constraint on the four parameters fik;, p1in, p2,in and p3n of classical particles. The property of this
resonance condition is, that one may freely choose three of these parameters. The fourth parame-
ter however, must fulfill the combined equations (2.15), (2.16), otherwise no n-photon Kaptiza-Dirac
diffraction will occur. One may, for example, solve both equations for the initial electron momentum
in laser propagation direction and obtains

2.2
Plin Mg + 1, hw [ng —ne| W w 1
= — + . 2.17
m'c 2 m'c? 2 m'2ct + Nale (2.17)

One may analogously solve for the laser frequency, resulting in the dimensionless energy

/0212 12 -4
hw P1,in ¢ pl,in +m“c 1
a = | (e ne) S g — el e T (2.18)

The computation for equation and is performed in appendix

It should be mentioned, that the two solutions and are resulting from the relativistic
energy momentum relation (3.22). In the case of the non-relativistic energy momentum relation (3.4),
the corresponding solution of the system of equations and results in

P1,in 1y + ne hw Ng — N
in 2.19
me 2 mc?  ng+n’ (2.19)
and " 5
w P1,in
ﬁ = |:— (Tla + ng) e + (ng — 7’1g)i| m (220)

as it is also computed in appendix

Note, that the equations and as well as the equations and differ from each
other for 1, # n,, because they are based on a different energy-momentum relation E (k). The relativis-
tic resonance condition or is applied for relativistic quantum wave equations, whereas the
non-relativistic resonance condition or is applied for non-relativistic quantum wave equa-
tions. The important consequence, which is drawn out of this property is, that the simulation parame-
ters for the relativistic and the non-relativistic quantum wave equations can never be exactly the same.
Either the laser frequency or the initial electron momentum must be slightly different, if one switches
between relativistic and non-relativistic quantum wave equations, for Kaptiza-Dirac scattering with
Ny 7 Ne.

2.2.5 The number of absorbed and emitted photons

The slope of the relativistic energy momentum dispersion relation is always in the interval | — ¢, c[, or
in other words .
IE(P)

8p1

—c< <c Vp, € R. (2.21)
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Table 2.1: This table shows, for what values of 1, and n, condition (2.22) is fulfilled. ‘and’ is a logical conjunction.
All possible combinations of 7, and 7, are covered in this table.

ng>0 and n,>0
n, <0 and n.<0
ng>0 and n,<0
n,<0 and n,>0
ng,=0 and n,€Z
nge€Z and n,=0

condition is fulfilled
condition (2.22) is fulfilled
condition (2.22) is not fulfilled
condition (2.22) is not fulfilled
condition (2.22) is not fulfilled
condition is not fulfilled

AR R AR

Since the relativistic energy momentum dispersion relation is convex, only secants and tangents with a
slope in this interval can be drawn at this dispersion relation. And since the slope is related to equation
(2.10), n, and n, have to fulfill the condition

Ng — Ne
ng+7’le

-1< <1. (2.22)
Table shows for what values of n, and n, this condition is fulfilled and for what values it is not
fulfilled. Note, that the cases with n, = 0 and #n, # 0 or n, # 0 and n, = 0 contain the well known
property, that an electron never scatters only at one photon, because of conservation of energy and
momentum. One can further conclude that the Kapitza-Dirac effect only takes place, if photons are
absorbed and emitted during the interaction process with the laser, which means, that both #, and #,
must be positive or that both must be negative. Therefore, pure photon emission and pure photon
absorption not allowed for Kapitza-Dirac scattering. Note, that the two allowed cases imply, that
all photon momenta are transferred in one direction only. Either the electron only gathers photon
momenta to the left (photon absorption from the left beam and photon emission into the right beam) or
it only gathers photon momenta to the right (photon absorption from right beam and photon emission
into the left beam). This is the reason, why the laser angular frequency in equation (2.12) can be
obtained by dividing the transferred momentum by n, + .

2.2.6 The limit of small laser frequencies

Figureshows one unique point with momentum p ji,, which is the tangent point at the dispersion
relation with slope s. Parallel translation of the secant changes the size (but not the angles) of the trian-
gle, formed by the dashed and solid arrows in figure[2.3|and This means, that parallel translation
of the secant towards the tangent line of the tangent point at p; j;,, decreases the length of the dashed
arrow. Decreasing the length of the dashed arrow implies in turn, that the momentum transfer Ap
and the angular frequency w of the external laser field decrease too. The touch point of the tangent
with momentum p ji,, at the energy-momentum relation marks therefore an unphysical transition, in
which the laser frequency would be zero and the initial and final momentum would coincide.
One may derive p; i, by solving the condition

s L 9E(p1)
op1

(2.23)

for p1. The reason is, that the derivative of E(p;) with respect to p; is the slope of the bended line at
the momentum p; in figures[2.3]and The condition is therefore the analytical formulation
of the question “At what momentum p; has the bended line in figures [2.3|and [2.4] the slope s?” The
solution of with respect to py is

Ng —Me
im = ——=m'c, 2.24
pl,hm \/M ( )
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where p; is denoted as pj jip,. In the case of the two-photon Kapitza-Dirac effect [6], n, and n, are 1,
yielding p1 jim = 0. The case n, = 2, n, = 1 of figure yields P1lim = m'c/ /8. If the secant in figures
and [2.4]is parallel translated towards the tangent, initial and final electron momentum gets closer
to p11im and the laser frequency gets smaller. In the limiting case of an infinite small laser frequency,
initial and final electron momenta will be infinitely close to pj jim. This means, that the electron is
nearly at rest, in the case of the 2-photon Kapitza-Dirac effect of figure



Chapter 3

Theoretical framework: Quantum
wave equations

Since the Kapitza-Dirac effect is a diffraction process, it requires a quantum mechanical description.
Therefore, four different quantum wave equations are introduced in this chapter, which are the Schrodinger
equation (section[3.T), the Pauli equation (section[3.2), the Klein-Gordon equation (section[3.3) and the
Dirac equation (section [3.4). In the next chapter, all these quantum wave equations are transformed
into momentum space. In the subsequent chapters, these transformed equations are applied for study-
ing the quantum dynamics of the Kapitza-Dirac effect.

All quantum wave equations have in common, that they can be written in the form

ih%lp(i{, t) = Hy(%,t), (3.1)

where (¥, t) is the quantum mechanical wave function, whose time evolution is determined by the
Hamiltonian H. Note, that all symbols, which are set in bold in this thesis have the structure of a n x n
matrix, where n (n € IN) is the dimension of the wave function ¢(¥X, t) in equation (3.I). The hat over
a symbol means, that it contains spacial derivatives. Since the different quantum wave equations are
determined by their Hamiltonians, it is sufficient to discuss these characteristic Hamiltonians in the
following.

3.1 Schrédinger equation

The Hamiltonian of the Schrodinger equation is [44]
A ]. 5 e - 2
H——(p—EA> TV, (3.2)

The wave function of the Schrodinger equation has only one component. Therefore, the Hamiltonian
A it is not set in bold font. One may insert the vector potential (Z.1) as A or the ponderomotive
potential (2.4) as external potential V' of the standing light wave in the Schrodinger equation.

A plane wave with initial momentum pj, = hik has the wave function

Pr (%) = 7. (3.3)

The eigenvalue of the non-relativistic energy-momentum relation
12k
2m

results, if the wave function is applied to the Hamiltonian.

E™ (k) = (3.4)

25
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3.2 Pauli equation

The Hamiltonian of the Pauli equation is [44]
A 1 /5 e \2 eh _, =

where ¢ is the vector of the Pauli matrices

R ()

and 1 is the identity matrix in two dimensions. Therefore, the wave function of the Pauli equation has

two components, which are coupled only by the Pauli term & - B at the right hand side of equation
(3.5). The other part, which is proportional to the identity 1 is the same as the Schrodinger equation

(3.2).

Spinors are used to encode the two components of the Pauli equation. Spinors consist of two

components
p1_ (1 p2 _ (0
u = (0 and we=\{41]- (3.7)

The plane wave function of the Pauli equation is similar to the wave function of the Schrodinger
equation except the additional spin component u"7.

1/);‘7(55) = uPoek s o e {1,2}. (3.8)

These two wave functions are degenerate with respect to the free Pauli equation, which means, that
both have the eigen energy
LR
E"(k) = —. 3.9
=" 39)

In contrast to the eigen energy, the spinors (3.7) have different spin eigenvalues

+h/2 Lifoc=1
S7 = ’ 3.10
{ —h/2 ,ifc=2 (3.10)
with respect to the third component of the Pauli spin operator
3 ; 7. (3.11)

This thesis uses the additional index assignment
¢ 0 = 1 corresponds to spin up 1

¢ ¢ = 2 corresponds to spin down | .

3.3 Klein-Gordon equation

The Schrodinger and Pauli equations are non-relativistic quantum wave equations, which are invariant
under Galilei transformations. Since this thesis focuses on relativistic phenomena in the Kapitza-Dirac
effect, relativistic quantum wave equations which are invariant under Lorentz transformations are
required. The simplest, manifest covariant object for a relativistic quantum wave equation is the Klein-
Gordon equation in covariant form [45].

. O 2 25 €x\? 2.4
[<1hat—efb) —c (p—EA) w2t Y =0 (3.12)
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One may rewrite this equation, in order to fit it into the form of equation (3.1). According to [45], one
introduces two variables ¢ and x with the requirement

Y=¢+x and (ih;t - e<I>> Y = mc*(¢p—x). (3.13)

From these two requirements it follows, that ¢ and x are related to the function Y by

¢ = Znicz (mc2 + ih% — e<I>> Y, (3.14)
X=5.3 (mc2 — ih% + eCI>> Y. (3.15)

Equation (3.12) can be rewritten by making use of the equations (3.13), (3.14) and (3.15). By defining
the two component wave function

_ 4>) 3.16
v=(2), (316)
the Hamiltonian of equation (3.1)) transforms to

o 03 + iU'z 5 e -\ 2 2

f=2200 (p EA) toam + V1, (3.17)

where e® has been replaced by V. This equation is referred to as the Klein-Gordon equation of Hamil-
tonian form. Note, that the Hamiltonian (3.17) is non-Hermitian, because of the icp term. The Hamil-
tonian is split into a free part

Hy = (03 + i) p* + o3mc? (3.18)
and an interaction part
A . eA-p  e2A?
V= — 1v 3.19
(03 +1i07) ( s + 2mc2> + (3.19)

for later convenience.
The eigenfunctions of the free Klein-Gordon equation are

EKG,(T(J—C») _ uKG,a(k’)ei?f, oe {1,2}, (3.20)
with the bi-scalars [45]
2 7 2 7
KG1,7 mc” + E(k) KG2 (7 mc® — E(k)
AR = o, 2(%) = Al 3.21
u (k) <mc2—E(k) WO = e 4 B @ (3.21)

where E(k) is the relativistic energy-momentum relation

E(k) = \/m2c* + 2h2k2 . (3.22)

Since bi-scalars are no longer degenerate with respect to their eigen energy, they are functions of the
wave vector k. Their different energy eigen values are

E7(F) = {“LE(;) o= (3.23)

which is calculated in appendix[Al This thesis uses the additional index assignment

¢ 0 = 1 corresponds to positive eigen energy +



CHAPTER 3. THEORETICAL FRAMEWORK: QUANTUM WAVE EQUATIONS 28

* 0 = 2 corresponds to negative eigen energy — .

The bi-scalars may be written in a compact matrix notation, by employing the coefficients
1

XS (%) = (2\/E(%)mc2) o (mc2+E(E)) and dXS(k) = (2\/E(E)mc2)_ (mcz—E(%)) . (3.24)

With these coefficients, the bi-scalars of the eigenfunctions of the free Klein-Gordon equation are the

columns of the matrix - . = -
uXC (k) = d¥C (k)1 + d%C (k) oy = uXC (k). (3.25)

It should be mentioned, that bi-scalars are not orthogonal to each other. One may need the pseudo
orthogonal properties of bi-scalars [45] for later calculations.

ukS7 (K)o uKG' (k) = sign(0)dy o (3.26)

The sign function returns the sign of its index: sign(1) = +, sign(2) = —. In particular, the scalar
product (4.5), which is introduced in section .1 needs to be exchanged by

7T/kL

Walgn) = [ 9a(®) ospy (2. (327)

77T/kL

in the case of the Klein-Gordon equation.

3.4 Dirac equation

The Dirac equation is defined by using Dirac matrices, which have to fulfill the algebra

K + Kl = 25jk11 (3.28a)
a;p+Ppaj=0, (3.28b)
BB=1. (3.28¢)
One realization of this algebra is the standard representation
0 001 0 0 0 —i
o (0 o1y _|0 0 10 wo— (0 02y _ |0 0 i 0
1=\ey 0)7 1010 0]" 2=\, 0) |0 =i 0 0]
1000 i 0 0 0
0 0 1 0O 10 0 O
(0 o3y |0 O 0 -1 (1 0\ |01 0 0
"‘3_<a3 0)‘ 1 0 0 0| ﬁ‘(o —1)‘ 00 -1 0o ©
0 -1 00 0 -1
which is employed in this thesis. In terms of these matrices, the Dirac Hamiltonian is [46]
ﬁ:c(ﬁ—gfi’) &+ V14 m. (3.30)
The Hamiltonian is split into a free part
Ay = c;‘;’ix' + mc*B (3.31)

and an interaction part
V=—¢A&+V1 (3.32)
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for later convenience.
The eigenfunctions of the free Dirac equation can be denoted by

Pr(%) = W (B)ekT, o e {1,2,3,4}, (3.33)

where the u"(E) are bi-spinors. This thesis follows the convention of [46] for the introduction of bi-
spinors. In a first step, the coefficients

- 1 mc> : - he 1 2
dy(k) = ﬁ (1 + E(ié)) and d_(k) = % (E(E)(E(E) +mc2)> (3.34)

are defined, where E(K) is the relativistic energy-momentum relation (8.22). After that, these coeffi-
cients enter in the definition of the matrix

u(k) :=dy (k)1 +d_(k)B& -k

d 0 (+k3)d_ (+k1 — ikz)d_
B 0 d (+kq +ikp)d— (—kz)d_ (3.35)
(—k3)d7 (—ki1+ ikz)df ds 0 ’
(—kq —ikp)d— (4ks)d— 0 d4
and its adjoint matrix
u()'=d (k)1+d_(K)k-&p=d (k)1 —d_(k)B& -k
dy 0 (—ks)d— (—ky +ikp)d-
0 a4 (—ky —iko)d— (+k3)d— (3.36)
(4k3)d— (4+kq —ikp)d— di 0 ’
(+k1 + ikz)df (—kg)df 0 dy
The bi-spinors u"(%) are defined as the columns of this adjoint matrix.
w(®)" = (u! () 22 (8), w(R), u(R) ) (337)
The energy eigen values of bi-spinors are
+E(k) ,ifo=1
- +E(k) ,ifo=2
E7 (k) = - 3.38
(k) —E(k) ,ifc=3 (3.38)
—E(k) ,ifc=4,
which is calculated in appendix (B.2). The spin eigen values of the bi-spinors are
+h/2 ifo=1
+h/2 ,ifc=3
—h/2 ,ifoc=4,

with respect to the third component of the spin operator, which has been suggested by Foldy and
Wouthuysen [47, 48, 49]

c Alig o
Sew = u(p)’sz u(p), (3.40)
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where, for dimensional reasons the factor 7 must be taken out of the relativistic energy-momentum
relation (3.22) and the definition of the d_ coefficient (3.34) for the operator version u(p). The definition
of this relativistic spin operator (3.40) makes use of the non-relativistic spin operator I

- —ixprng
2 c 0 .
Y= (0 (7') = (—?0(3041) . (3.41)
—1X1&2

This thesis uses the additional index assignment
* o =1 corresponds to positive eigen energy with spin up + 1
® o = 2 corresponds to positive eigen energy with spin down + |
® o = 3 corresponds to negative eigen energy with spin up —
® o =4 corresponds to negative eigen energy with spin down — | .
It should be mentioned that reference [46] uses the coefficient

i (=L (1 - :(%) 2 (3.42)

instead of d _ (k) of equation (3.34). One may rewrite d_ (k) by multiplying nominator and denominator
with (E(k) + mc?)'/2, yielding

sy L[ (ER)2—mPt NP
d(k)_\@<E(E)(E(E)+mc2)> = [k|d_(K). (3.43)

From this transformation one may conclude, that the matrix

| L

(k) =d, (K)1+d_(k)Ba - —, (3.44)

i

defined in [46] is equivalent to the matrix u(k) of equation (.35). The usage of the d_ (k) coefficients
avoids the division by the factor |%| in the calculation of the matrix (3.44). Since the avoidance of
singularities at k=0 appears to be more stable for numerical applications, the coefficients d_ (k) and
u(k) are favored over d_ (k) and (k).



Chapter 4

Quantum wave equations in
momentum space

Even though the Kapitza-Dirac effect may be discussed by solving the quantum dynamics from first
principles, i.e. by numerically implementing the equations of motion presented in section |3} one may
solve these equations of motion with less effort, by rewriting them into a system of coupled ordinary
differential equations in momentum space. The transformation of the quantum wave equations in
chapter [3| from position into momentum space is performed in this chapter. Note, that the notion in
momentum space is commonly used in literature of the Kapitza-Dirac effect.

The transformation into momentum space is performed in the same order, as in chapter 3, which
means, that this chapter starts with the Schrodinger equation then discusses the Pauli equation
then the Klein-Gordon equation and finally treats the Dirac equation The first section
in this chapter also contains an introductory explanation, of how the quantum wave equations are
transformed into momentum space.

The resulting, transformed equations are used for numerically replicating the 2-photon Kapitza-
Dirac effect in chapter 5] for solving the Kapitza-Dirac effect with time-dependent perturbation theory
in chapter [/]and for a numerical treatment of the 3-photon Kapitza-Dirac effect in chapter

4.1 Exemplification by the Schrodinger equation
All quantum wave equations can be transformed into momentum space by inserting the plane wave
expansion (Fourier transform) of the wave-function in the quantum wave equation and projecting it

with solutions of the free Hamiltonian of the quantum wave equation. In order to perform the trans-
formation into momentum space, one might start out with the general ansatz for the wave-function

9@ = [ ke @1)
and use the general scalar product

(ol ) = [ Exyu(D'u(3), 42)

for the computation of the projection. However, since the external vector potential (2.1) as well as

the external ponderomotive potential (2.4) contains multiples of plane waves elkL% i every quantum
wave equation, the generalized scalar product will result in delta spikes & (k,k+nky), n € Z. The
momentum integral of equation (4.1)) will turn these delta spikes into a system of coupled differential

31
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equations of the subset lﬁ(E + nEL), n € Z. Therefore, the basis functions

= k i(k4-nk;)-x
Pu (@) = 5 e T, 4.3)

with the plane wave ansatz

X) = chlpn(f) =\ k7L chei(krnh)-f (4.4)
n 27-[ n
and the scalar product

oty = [ dna(0' (o 45

are sufficient for rewriting the quantum wave equations into momentum space. The integration ele-

ment dxy in equation (4.5) denotes, that the integration is performed in the EL direction.
In the case of the Schrodinger equation (3.2) with the ponderomotive potential (2.4)

A

=2
i = z’imlp +Vocos? (k.- %) 9, (4.6)

the projection with basis element ¢, from the left would read

¢> + (¥

Each of the three terms can be computed separately. The time derivative term at the left-hand side
results in

2
p

2m

1 14) = (o Veos? (f, ) [9) 47

kL 27

i) SnaCa = ihéy, . (4.8)

/k
<7~Pn |1h | l[) lh/ /kL ;(:T —i(k+nky)-% ZC ol i(k+akp)-% xdx —pL
L

The kinetic term at the right-hand side of equation (4.7) is rewritten into

/k L 32
<7~/«’n l,U> :/ L kiLeﬂ(kJrnkL P ZC ol i(k+aky)-X xdx

The ponderomotive coupling term at the right-hand side of equation (4.7) transforms into

(n

=2

—n/k, 27T 2m
n2(k+ akp)? 12 (k 4 nk
m 2m

a

. n/ke k SN AR e o
Vp cos? (kL~5c‘) ‘¢> / L —1(k+nkL)‘xZO (e12kL-x+2+e—12kL~x) Zcuel(k-f-ﬂkL)‘xdxk
a

/ky 270
Vi i
= ZO Y (Ona+2 +20ma + Ona2) Ca = ZO (Choo+2cn +Cusn) . (4.10)
a

Plugging back the projections (4.8), and (4.10) into equation yields

The Schrodinger equation with ponderomotive potential in momentum space

.. K (k+nk)? V 1%
lhcn = %Cn =+ Tocn + ZO(CYI—Z =+ Cn+2) , (411)
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which is very similar to what Batelaan found in 2000 [27].
The numerical implementation of equation (4.11) requires a matrix notation of the Hamiltonian of

equation {.11), which is

12 (k + ak; )2 v Vo
H,), = %(5@ + 20 Oap + 1 S (Sapa2 + Oap2) (4.12)
This can be checked by calculating
Y Hgpcp. (4.13)
b

The result is identical with the right-hand side of equation (4.11).

Tedious arrays of equations are resulting, if one expands the projection in equation [.7) in every
detail. Those arrays of equations have always the same structure and provide almost no insight about
important physics to the reader. Therefore, the always reoccurring calculation steps are discussed here
and are not shown later.

Assume an operator diagonal in position space which, by the above considerations, is of the form

V(X) = ¥, V,el% L%, Since the scalar product is linear, one may write it as the sum of all plane wave

terms
Wl V@) | 9) = ¥ (#n

The calculation of each term can be carried out separately. The expanded scalar product reads

Vgemk}‘ X

¢> , (4.14)

¢> = / (@) 1Y, kT () doxy (4.15a)

7r/k k - 7 k i{(k+bk; )%
L \/T —i(k+nky) Xy iaky - 27L_[ ;Cbel(kankL)'xdxk ) (4.15b)

7T/kL

<7~Pn ‘ VaeiaEL-f

This can be rearranged and constants can be pulled out of the integral, where the integral reduces to a
delta function.

L /ky
(n | Vee ™7 | ) = Vi Yo bz LRy = VY (4.16)
b T i b
The sum over b results in L
<¢n V,elok X ¢> = VaCna. (4.17)

Resubstituting this into the expansion (4.14) yields
(Yn | V(¥ Z VaCn—a- (4.18)

In summary, one may perform the projection (4.14) by expanding the operator diagonal in position

space into plane waves and replace each plane wave e2 ¥ by ¢,, .
On the other hand, operators occur which are diagonal in momentum space. Assume a func-
tion V(p) of the momentum operator § = —i#V. This momentum operator acts on the plane wave

el(+0kL)% which by derivation turns into the number V (%(k + bk )) in equation @15b).

71'/k
<¢n /kL ,/ kL e iFHRL) Ty (K 4 bk ) 1/ Ec R ARR T (4.19)
—Tt/kL

The integral along dx; yields a delta function again, which in turn fixes the summation index b of the

sum.
(pa] ¥

V) v

/\ A
—»

(7)

> ZV (K + DKL) ) ol = V(B(E + kL) )y (4.20)



CHAPTER 4. QUANTUM WAVE EQUATIONS IN MOMENTUM SPACE 34

In summary, one may compute the projection with an operator diagonal in momentum space, by
replacing the vector of derivatives V of the momentum operator with the wave vector 1(E + nEL),
where 1 and k are properties of the projecting basis element 1,. An expansion coefficient ¢, has to be
multiplied at the converted operator.

Operators, which are neither diagonal in position space, nor diagonal in momentum space may also
occur. In all cases of this work those operators will appear as a product of position space operators
and momentum space operators. Furthermore, all operators and basis elements in this work occur
in a configuration, which allows to treat position and momentum space operators independently of
each other according to the rules and (£.20). For example, the scalar product of the operator

Ag (k¥ 4 e=kL'Y) . 5 turns into
(o

4.2 Pauli equation

Aofet™ e %) | ) = Ao(en + cusa) Rk + L) = Ao TR(cy1 +eavr).  42D)

The spinor eigenfunctions (3.8) are employed as basis elements, for rewriting the Pauli equation with
Hamiltonian (3.5) into momentum space. Since the Pauli equation is a partial differential equation
with two components, the basis elements consist of two components

k P
Pl7 - L Poi(k+nkp)-X
(%) =1/ Ll e (4.22)

with the two spinors ™ of equation (3.7). The expansion of the wave function is extended by
including an additional spinor index to the expansion coefficients.

o\ ZC(VTL E,a( / ZCU uP el (k+nkp)-x (4.23)
no

The transformation of the Pauli equation into momentum space makes use of the linear property of the
scalar product (4.5). This means, that each term of the Hamiltonian (3.5) and the wave equation (3.1)
may be contracted separately with the projecting basis elements and the wave function (4.23).
The first term of interest is the time derivative of the wave function

< P 1h‘1,b> 17?zaiLZ:14I)‘7Jr ubl?’ Z 1h 250(7/6 = ihé?, (4.24)

where the spinor 7 originates from the wave function |¢) of equation @#23) and the adjungated
spinor u?* originates from the projecting basis element (15| of equation (@22). The next term is the
gauge invariant derivative (j — eA/c)?1/(2m) of the Pauli Hamiltonian (3.5), which can be expanded

into
Lo e, (P eprA edf S
(ﬁ—iA>1_<p—6p SR 28 )y

2m 2m 2mc 2mc  2mc?
2 5 7 T oa 2
p= e(p-A) eA-p €A
= — - — 1. 4.25
<2m 2mc mc + 2mc? (4.25)

The term proportional to 77 - A vanishes, because the divergence of the vector potential (2.1b) is zero.
The mode expansion of the kinetic term proportional to p? results in

22
<¢5,a 7,

2m 2m 2m Cn-

lIJ> _ h (k+nkL Z Pa'['luP(f (T — h k+nkL Zul’a'l' P,o’ (7 _ hz(k"'_nﬁlﬂ)2 o

‘7/

(4.26)
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The mode expansion of the term proportional to A - p is similar to the example in equation @21},
because the plane wave expansion of the vector potential (2.1b) is

B Aor oo o
Axp =3 (el’fvx —l—elkL‘x) sin(cwt) . 4.27)

Therefore, one may write in analogy to equation (4.21)

< b (_eA - p) ) ‘ ¢> _ _Ao-Mksin@h) (o oy (4.28)

me 2mc
The last term of equation (4.25) contains the squared vector potential, which by expansion into plane
waves reads as

-

A2 ;o o7
Az 12 =2 (1% + 24 & 1) sin? () (4.29)

The mode expansion of this term yields

Po
n

Since the scalar potential ¢ (¥, t) is zero, the external potential V' = e¢ is zero too. It remains the Pauli
term, which is proportional to & - B and is the last term in the Pauli Hamiltonian (8.5). The plane wave
expansion of the magnetic field (2.2b) is

(¢h_p+2¢5 +chn) (4.30)

ezﬁzl| > _ EZA% sin?(wt)

2mc? 8mc?

=

B(x,t) = %EL x Ay (eih'f - e_ih'f> sin(wt) . (4.31)

Therefore, the free state mode expansion of the Pauli term reads
(0| (~e? B) 1) = At 3 (R o) - [ ¥ ] (e~ L) a3

2mc 4mc -
g
Since the spinors "7 are the canonical unit vectors, the contraction uPetGuP" of the Pauli matrices
with the spinors is the ot row and the ¢’ column of the Pauli matrices . Together with the sum
over ¢, one may write this as a matrix product of & with the vector

_(ch
tn = (C #> . (4.33)

¥ [uretaut | o = D017 o = @el’ 439

o’ o’

P,o

This means the equality

holds. Note, that the right-hand side of equation (4.34) makes use of the component vector (4.33),
which is multiplied at &. With this identity, equation (4.32) can be written as

< 5"7 <— h G- §> ’IIJ> = —IM (EL X A'()) -(_7"(C,,,,1 - Cn+1) . (435)

2me 4mc
Adding up all terms of the Pauli equation (4.24), (4.26), (4.28), (4.30) and [.35) yields
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The Pauli equation in momentum space

e W2 (k+nk; )2 e2A2 2A2
ihe, = ( o L) + 4mcg sin®(wt) | ¢ + Sm—cg sin?(wt) (cy_2 + Cni2)
ehsin(wt e -, - o o S
- % [(2A0 14K x Ag - (10’)) Cu1 + (zAO F1—Fp x A - (10’)) an] . (4.36)

which is expressed completely in terms of the two component vector (4.33) of the expansion coeffi-
cients cj;. The corresponding Hamiltonian matrix of this system of differential equations is

n2 (k + nky )2
Hogp = "KL g, (4.37)
for the free Hamiltonian and
2 A2 ZA‘z
Vo = 4mc(2) sin (wt)léﬂ b+ — S 5 sin 2(wt)1 (Oap+2 +0ap—2)
_ ehsin(wt)

-t [(221‘0 K14 FL % A - (irr)) Baps1 + (zA’O F1—Fp x A - (irr)) 511,}7—1} (4.38)

for the interaction Hamiltonian.

4.3 Klein-Gordon equation

Since the Klein-Gordon equation consists of two coupled partial differential equations, its basis ele-
ments include the two component bi-scalars (3.21), analogously to the Pauli equation.

EG’U(J_C') _ \/EMKG,U<E + HEL)ei(E+nEL)'f. (4.39)

However, the difference between bi-scalars and spinors is that bi-scalars are not canonical basis vectors

and that bi-scalars depend on the wave vector k + nky. The expansion of the wave function includes
bi-scalars and a corresponding bi-scalar index of the expansion coefficients.

Zc KGo (5) — Zcff uKG (% 4 nky )ei (kL) # (4.40)

The k + nk; dependence of the basis elements (4.39) must be considered by performing the free state
mode expansion. If one starts out with the mode expanded operator V,el%L ¥ of equation [@.15), which
has a matrix structure in the case of the Klein-Gordon equation and follows the steps of calculation in
section one recognizes that the step (4.16) is not affected by the bi-scalar components. However,

in equation the sum over the index b fixes the index of the wave vector argument k + bk; of the
bi-scalar.

< e Vel T lp> =) [MKG,U(E“’ nk ) VS (k+ bEL)} € Op,n—a
b,o!
-y [uKG/U(% k) VRSO (§ 4 (n — a)EL)} Cnoa (4.41)
Since bi-scalars uXG¢" and uKGt are the ¢/t column and the oth row of the #XG1 and uXC matrices

of equation (3.25)), the contraction of the matrix V,; with the two bi-spinors corresponds to the matrix
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element at the ¢’ column and the oM row of the matrix product K6V, uXGT This means, that the
equality
5 5 o N ool
uKG,tr<k)+VuuKG,tr’(k/> _ [uKG(k)VauKG(k/)‘r] (4.42)
holds, where [M]7*" is the ¢/t column and the ¢! row of a matrix M. The following results of the
transformation into momentum space are expressed in terms of matrix entries of the matrix #XSV,uXG 1,
For a compact, analytic expression one may define the functions

HRG(&,K) = dXC(k)dSC (k') + d¥C(k)d*C(K'), (4.43a)
sKC (K, k') = dXC(K)dXS (k') 4 dXC (k)dkS (k') (4.43b)
FRGER) = d5O(R)d5C () — a<S()asS (%), (4.430)
KC (& K') = dXC(k)d S (k') — d¥C(k)dkS(K') . (4.43d)
Matrix products, involving 1, o1 and o3 can be written as bi-scalar contractions
u5C(1)uKC (KN = KC (& K1+ KC(K, K)oy, (4.44a)
u5C (K)o uXC () = K (K, kN1 + 56 (K, K)oy, (4.44D)
u5S(£)r3uRC () = XSk, k) o3 + XS (K, K )ion (4.44¢)

and are derived in appendix [Al The property, that bi-scalars are pseudo orthonormal (see the end of
section 3.3) must be accounted for. The pseudo scalar product (3.27), of the basis elements (.39) results
in

oo’

03 [ ¢S =[RS (F + akp) ok (k4 b1)"] ™ 6,

7!

< KG,o
a

= [MKG (E + QEL)U'guKG (E + Q%L)q 7 5a,b = [0’3}0"7/ 5a,b . (4.45)

The last equality makes use of equation (A.5). Therefore, each projection of the Klein-Gordon equation
with the basis elements must include a o3 at the left-hand side, which turns the object (¢ | o3|
into the dual basis element of |5). The computation of the mode expansion can be divided in pro-
jections of each term of equation and (3.17), similar to the procedure of the Pauli equation. The
time-derivative term in equation can be transformed into

< KG,o

The next term is the free Hamiltonian (8.18) of the Klein-Gordon Hamiltonian (3.17), which turns into
the relativistic energy momentum relat1on

gglh‘¢> mz[ KG(% + nky ) oS (k + nky ) r’”' & :ihz[@]w/ . (446)

/
/

n N N N N N N o0 N N
o3 A ‘ ¢> = [uKG(k + nkp) o3 Ho (K + nky ) u¥S (% + nkﬂ ¢ = E(k+nky)c (4.47)

l7,

< KG,o
n

The last equality made use of equation (A.9). The relativistic energy momentum relation E(k + nky)
may be abbreviated by

E, = E(k+ nky). (4.48)
The mode expansion of the interaction Hamiltonian (3.19) is similar to the mode expansion of the Pauli
equation and results in

(955 [0 ) = T[S+ k) (14 o) (E + 6827

eZA% sin? (wt)

(O -1+ Opnt1) + Bmc

2mc

eAy - hk sin(cwt '
. (0() (p,n—2 + 20p,n + 5b,n+2)> cp . (449)
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where a vanishing scalar potential ¢ is assumed and the mode expansion of the vector potential (4.27)
and the squared vector potential {#29) are used. The matrix u#XC (k 4 nk;) (14 o) u¥C(k + bk )" may

be simplified to
uSC(& + nky) (14 o) u¥S (& + k1)t = (t(k’, ) +s(k 75’)) 1+01). (4.50)

The sum t(k, k') + s(k, k') simplifies to

tER) +s(k, k) = (d+ (k) + d,(ia) (m%/) +d_ (E’)) L — 4.51)
E(k)E(K)
Therefore, one may write
WSSk + k) (1+ o) uKC (K + bk )t = me’ 1+ 0] (4.52)
" ' VOUVEER DT '

The transformation of the Klein-Gordon equation into momentum space is the sum of the equations
(4.46), (#.47) and (4.49). But the time-derivative of the expansion coefficients with a negative index c;,
will be negative compared to the time-derivative of the expansion coefficients with positive index c;! .
It makes sense to demand, that the time-derivatives all have the same sign. Therefore, the equations
(4.46), (#.47) and (#.49) are multiplied by o3 with respect to the index ¢. The resulting system of
coupled ordinary differential equations is

The Klein-Gordon equation in momentum space

ey = By — eAy - chk sin(wt) ([102 +o3]cyq  ioo + 03]cn+1>

2 Vv EnEnq A% EnEn—l—l
ezA% sin? (wt) ( licg + 03)co  2[ioco + o3]c,  [io2+ 03]cnia

8 V EwEn_2 En vV EnEnJrZ

> , (4.53)

if the two component vector

ot
Cnp — ( l’l) (4.54)
CVl
of the expansion coefficients is used. The matrix structure of the [ic, + 03] matrix is
o —
o 1 1
ioy 4+ 03] = ) (4.55)
[ ] R

The matrix entries of the Hamiltonian of the Klein-Gordon equation (4.53) are

eAy - chksin(wt) ( lio + 03] lio + 03] )
H,, =E036,p — ) + 0
a,b at3%.b 2 \/EQTH a,b+1 \/m ab—1
2 AZsin®(wt) [ [iors + o3 2[icy + 03] [icy + 03]
a,b+2 a,b 04 b—2 ] - (4.56)
8 A% EqE; 2 7 E, ’ EaEquZ ’
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4.4 Dirac equation

The free state mode expansion of the Dirac equation is analogous to that of the Klein-Gordon equation.
The functions (3.33) serve as basis elements

IPZ(Y):\/;LT Tk + nky )ei(Frmke) (4.57)

with the four bi-spinors (3.37). The advantage of bi-spinors in contrast to bi-scalars is, that bi-spinors
are orthonormal and not pseudo orthonormal. The expansion of the wave function with respect to
these basis elements is

.

%) =) Gyl (%) = Zc 7 (K + nkp el F+mke) (4.58)
n,oc

Similar to equations (.41)) and (4.42) the transformation into momentum space of the Dirac equation
can be written in terms of matrix products, for which the following functions are defined.

tkK) =d, (K)dy (K)+k-K'd_(k)d_(K'), (4.59a)
s'(k,K') = kyd— (K)d (k') + Kjd 4 (k)d_(K'), (4.59b)
r(k,K') = kyd_(K)d (k') — kjd 4 (k)d_(K'), (4.59¢)
w(k, k') = kikjd— (k)d— (K') + kykjd — (k)d (K'), (4.59d)
§M(k,K') = kikjd_(k)d— (K') — kgkid — (K)d (k') , (4.59)
HEF) =é - (E x E’) d_(F)d_ (%) (4.59f)

These functions enter in the bi-spinor contractions
u(K)u(k)t =tk k 1+Zr kKK)Bay+ Y. (kK )oay, (4.60a)

1558

oo 2 Tk
u(B)pu®)t = L p— Zoly, 4.60b
(k) Bu(k) E(k)ﬁ B (4.60b)

u(K)au (K = t(k, K ey — qu Ko+ (kKB
+ Y (kK )ﬁ“q“l + 1 (KK ) anas, (4.60c)
g7l

which are derived in the appendix[B.1} The time projection turns into

(s

by using the orthonormality relation (B.16). The free Hamiltonian of the Dirac equation (3.31) results
in the relativistic energy momentum relatlon

1h‘1p> 1712[ (k + nkp u (k+nkL)] Ulc",j':ihc";, (4.61)

N - o e = [ - o r
(9| Ao | ) =Y [u(k + nky ) Ho(F + nkp )u(k + nkﬂ & = E(k+nkp) Y [B77 ¢, (4.62)
o’ o’
according to equation (B.I8). The interaction Hamiltonian (3.32) with the vector potential (2.1b), in the
form (4.27) and vanishing scalar potential @ results in

leead

Z[u(hnh)* (A’O-a)u(hbm}’ (Bppt +0upi1) €S . (463)

b0’

esin(wt)

WV Iy) = -
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Adding up (4.61)), (4.62) and (4.63) yields

The Dirac equation in momentum space

40

e smz(wt) w(f & nky)?

. t = - — g 7
~ ) R g )t (Ao @) ulE 4 (4 D ens,

ihé, = EnBcn —

—
a1
=l

0 &) u(E+ (n = DFL)es

(4.64)

with the four component vector of expansion coefficients
Cn = (CIT,Cﬁ,CiT,ch)T :
The corresponding Hamiltonian matrix of this system of differential equations is
HO;a,b = Eﬂﬁéa,b

for the free Hamiltonian and

esin(wt) - - -, - -
Vll,b = — #u(k + ﬂkL)+ (AO . 0() u(k+ bkL)éu,bJrl
_ esin(wt)

2 u(E + CIEL)-I. (AO . &) u(E + bEL)éa,bfl

for the interaction Hamiltonian.

(4.65)

(4.66)

(4.67)




Chapter 5

Properties of the 2-photon
Kapitza-Dirac effect

In this chapter, the quantum dynamics of the 2-photon Kapitza-Dirac effect is solved by numerical ap-
plication of the quantum wave equations in chapter[d The chapters|f} [/]and [8|introduce and consider
properties of the 3-photon Kapitza-Dirac effect and are based on the contents of this chapter.

There are two simulation scenarios in this chapter: One scenario applies the Pauli equation[4.2]and
reproduces the experiment, which has been carried out by Batelaan [50]. In the second scenario, the
laser frequency and the laser intensity are substantially higher than in [50]. As a result, the quantum
dynamics is faster in the second scenario and can be simulated by numerically solving the Klein-
Gordon equation and the Dirac equation. The last section of this chapter discusses the influence of
long turn on and long turn off times of the external laser field on the diffraction process.

5.1 Setup

The simplest application of the derived wave equations in momentum space of chapter [4is the 2-
photon Kapitza-Dirac effect for the parameters of its first experimental verification in the Bragg regime
[50]. The optical wavelength of 532 nm translates in the wave number k; = 4.6 - 10~ mc/h for the
laser and the kinetic energy of 380 eV translates in the momentum of about 0.039 mc for the electron.
From the intensity of 3 - 10W/cm? one computes a ponderomotive amplitude (see equation (2.5)) of
7.5-10712mc?. Since the electron inclines almost perpendicularly at the laser beam, one can use a
geometry, in which the wave vector of the laser is k. = 4.6-10"%mc/h e and the electron momentum
component perpendicular to the laser beam is hk = 0.039mc@. It remains to determine the small
electron momentum in laser propagation direction from energy and momentum conservation, as it is
discussed in section According to the considerations in this section, the 2-photon Kapitza-Dirac
effect should occur, if one photon is absorbed from the left laser beam and one photon is emitted
into the right laser beam. Equation tells, that the initial electron momentum must be minus
one photon momentum. Therefore, the initial momentum vector of the incoming electron is pi, =
h(k — k1) and the final momentum of the outgoing electron is fout = h(k + kr ). The initial momentum
corresponds to the initial quantum state, in which the expansion coefficient ctl (0) is 1.0 and all other

expansion coefficients are zero at time 0. The choice of setting the cT_l(O) coefficient to one and the

cfl (0) coefficient to zero implies that the electron spin points in the x3-direction, initially.

41
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Figure 5.1: This figure shows the quantum mechanical time-evolution of the Kapitza-Dirac effect by integrating
the Pauli equation (£.36). The result is directly compared with the analytical result from Batelaan [50]. The
simulation parameters are consistent with the first experimental demonstration of the Kapitza-Dirac effect by
Freimund and Batelaan [50]. The parameters in [50] are a laser intensity of 3.0 - 108 W/cm?, a laser wave length of
532 nm, an electron momentum of 19.7keV/c and an interaction time in the range of nanoseconds, whereas the
amplitude of the external laser field is turned on and turned off in ten laser cycles in the simulation.

5.2 Rabi oscillations

The time evolution of the discussed initial quantum state is shown in figure where the absolute

square of the coefficients cil and CI is plotted. Note, that the amplitude of the external vector potential

is turned on and turned off by a sine shaped envelope of ten laser cycles for each data point in figure
according to equation (5.4). The turn on and turn off of the external field is discussed in detail in
section

The absolute squares of all other coefficients than CT_l and CI are negligibly small. This is consistent
with the property, that the sum of |Cil > and ‘CI |? is one, because the time-evolution is unitary. Figure
also shows, that the diffraction probability oscillates in Rabi cycles according to

|cT_1|2 = cos? (Q;{T) (5.1a)
|CI|2 = sin? <Q§T) . (5.1b)

This property has been clearly pointed out in 1971 by Gush and Gush [31]. The Rabi frequency
Or = % (5.2)

is proportional to the ponderomotive amplitude, according to Batelaan [27]. Equation yields
the frequency Qg = 3.75 - 10~ 2 mc? /1 for the ponderomotive amplitude Vo = 7.50 - 10~ 2 mc?. The
corresponding Rabi period of 2.16 ns is consistent with the simulation in figure[5.1] The experiment [50]
also agrees with the numerical solution of the Pauli equation in figure Note, that the negligibly
small spin-flip probability |c%|2 implies, that the quantum dynamics of the 2-photon Kapitza-Dirac
effect does not affect the electron spin.
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Even though, the interaction time of one nanosecond appears short compared to the speed of hu-
man response, it is a long time compared to one laser period and an even longer time compared to the
oscillation period of the electron phase in the relativistic quantum wave equations. In the example of
figure one Rabi cycle consists of 1.2 - 10° laser cycles and 2.7 - 10! periods of the electron phase in
the complex plane. A quantum dynamical simulation should resolve these oscillations appropriately,
which means, that a simulation of the Pauli equation requires at least one million time steps and
a simulation with the Klein-Gordon or Dirac equation (4.53),{.64) requires at least one trillion time
steps. It seems that the Klein-Gordon and Dirac equation in the form (£.53),(.64) are not suited for
simulation parameters with optical light and low intensities. Therefore, the main part of this work will
consider standing light waves of high frequencies in the X-ray regime with much higher intensities
than used in the experiment [50].

The resonance conditions and of energy and momentum conservation imply, that the
electron is always diffracted from momentum —ky (or kr) to k; (or —k respectively) in laser propa-
gation direction in the case of the 2-photon Kapitza-Dirac effect. This means, the 2-photon Kapitza-
Dirac effect would occur for every laser photon momentum fiky, if the initial electron momentum was
Pin = N(ko = kz). This means in turn, that the electron must approach the laser beam at the Bragg
angle. The laser photon momentum k; = 0.05mc/h with a corresponding photon energy of 25.55 keV
seems to fit well for a high but still non-relativistic photon energy.

The ponderomotive amplitude of the external potential needs to be adjusted to the laser frequency.
The amplitude should be as high as possible, such that one Rabi period is short and the number of
time steps for simulations with relativistic quantum wave equations is short. On the other hand, the
uncertainty in transition energy of the 2-photon Kapitza-Dirac effect should be larger than the energy
spacing of different energy eigen values of the free Hamiltonian. This requirement led Batelaan to the
condition

AET > g (5.3)

for the so-called “Bragg regime” [27], where AE is the recoil shift hzk% /(2m) and T is one Rabi period.
The opposite case would be the so-called “Diffraction regime”. If one chooses a ponderomotive am-
plitude of Vo = 2.0 - 10 >mc?, the inequality of condition turns into 157.1 > 1 and the quantum
dynamics corresponds to the Bragg regime. The duration of one Rabi cycle reduces to 0.77 fs due to
the higher amplitude of the ponderomotive potential. Figure [5.2|shows a simulation of the 2-photon
Kapitza-Dirac effect with the new parameters. Like in figure the data points from the simulation
with the Pauli equation fit to the analytical solution (5.1). The same holds for the simulation data of
the Klein-Gordon and Dirac equation. The spin-flip probability is negligibly small again.

5.3 Realistic pulse shape

The turn on and turn off time of the external vector potential is only 10 laser cycles for the quantum
dynamics in the sections[5.1{and This is a very short time compared to the full interaction time T.
The advantage of this short turn on and short turn off time is, that the time evolution is numerically
easier to compute and that the quantum dynamics evolves in a more systematic behavior, which makes
it easier to investigate it. One may ask, whether the Kapitza-Dirac effect takes place for a longer turn
on, a longer turn off and a shorter plateau phase of the external potential, given by the envelope
function

sin? (F4r)  ,if0<t<AT

1 JEAT <t <T—AT

AB(t) = A3 max sin? (g(I“A}t)) HT—AT<t<T
0 else.

The turn on and turn off duration AT = fT/2 is the fraction f of the full interaction time T. The
fraction f may vary between 0 and 1, where f = 0 corresponds to an instantaneous turn on and turn
off and f = 1 corresponds to a vanishing plateau phase.

(5.4)
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Figure 5.2: This figure shows the same time evolution, as in figure but with other laser parameters and for a
different initial electron momentum. The result of simulations with relativistic quantum wave equations (Klein-
Gordon and Dirac equation equation) is shown in addition to the results of the Pauli equation. The laser intensity
of this simulation corresponds to 2.32 - 10°2 W/cm?, with a laser wave length of 48.5nm. The electron momentum
perpendicular to the laser propagation direction is 0.05mc = 25.55keV/c.

If the external potential is turned on and off more slowly, the Rabi cycle will be delayed, which
has to be accounted for in the analytic solution (5.1) of the Kapitza-Dirac effect. The solution (5.1)
originates from the truncated Schrodinger equation with a ponderomotive potential (4.11)

ihe_q = Vof)cl (5.5a)
ihe, = VOT(t)c,l, (5.5b)

which in this case has been shifted in energy by —H? (k 4 nkp)2/2m — Vy/2, resulting in a time-
dependent, dispensable change of the global phase of the solution. A solution of equation (5.5), whose
time-dependent ponderomotive coupling is related via equation to the amplitude is given
by

c_1(t) = cos(t) (5.6a)
c1(t) = —isin(t'), (5.6b)
with the warped time parameter
f Wo(T)
I _ 0
t'(t) = T 4h dr. (5.7)

If one performs the integral and requires, that t'(T) = 71/2 and solves for T, one obtains

T 16mc?h 8 T 8
=" — ° 5.8
2242 8-5f Qr8-5f (5:8)

where the ponderomotive amplitude is reidentified in equation and also the Rabi frequency
(5.2) is resubstituted. Equation tells, that one half Rabi cycle 71/ Qg needs to be extended by the
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Figure 5.3: This figure shows the same Kapitza-Dirac effect as in ﬁgure simulated by using the Dirac equation.
In contrast to figure[5.2} the turn on and turn off time AT is the half of the interaction time T, which corresponds
to f = 1. Note, that in contrast to the figures and the in-field quantum dynamics is shown, in which the
external field is not smoothly turned off. If, according to the full interaction time T is stretched by the factor
8/3, a full quantum transition from mode —1 to mode 1 appears for an interaction time T, which is larger than in

figure

factor 8/(8 — 5f), if the fraction fT of the interaction time elapses for the turn on and turn off of the
external laser field. The extension by this factor compensates the turn on and turn off phase of the
interaction such, that the occupation probability fully evolves from c_; to c; after the interaction.

Figure 5.3|shows the stretched quantum dynamics by an explicit example, in which f equals 1. The
property, that the electron beam is always diffracted by 100%, if one accounts for the envelope form
and stretches the interaction time according to equation (5.8), is demonstrated in figure
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Figure 5.4: This figure shows the final diffraction probability of the Kapitza-Dirac effect, for a variation of the
fraction f in the time-dependent envelope function of the potential amplitude of the external laser field. For
each f, the interaction time T has been chosen according to (5.8). The simulations are identical to the simulations
in figure except the different potential envelope. One can see, that the electron is always diffracted by 100%,
if one accounts for the extension factor 8/(8 — 5f) for the interaction time T. The figures |5.2{ and [5.3| show the
time-evolution of the extreme cases, in which f almost vanishes or equals 1, respectively.



Chapter 6

Electron spin dynamics: Conceptual
considerations

No spin effects appeared in the quantum dynamics of the 2-photon Kapitza-Dirac effect in chapter 5|
This is expected from the Schrodinger equation (4.11). Even in the case of the Pauli equation (4.36), it
seems, that the spin-dependent coupling term & - B plays a minor role in the quantum dynamics of the
2-photon Kapitza-Dirac effect. This is different for the case of the 3-photon Kapitza-Dirac effect, which
is discussed analytically in chapter [7]and numerically in chapter

Whereas the 2-photon Kapitza-Dirac effect is not relying on a distinction of the spin-up and spin-
down components of the wave function, the 3-photon Kapitza-Dirac effect connects both components
with each other. The general diffraction properties and an interpretation of the quantum dynamics of
the 3-photon Kapitza-Dirac effect are discussed in this chapter. In order to do so, the propagator of the
wave function is introduced. The propagator contains not only information about the time-evolution
of one quantum state but it contains information about the time-evolution of any quantum state. There-
fore, the information, which can be extracted from properties of the propagator is comprehensive.

A subsequent consideration discusses, whether the configuration of the initial electron spin affects
the diffraction pattern. By anticipation of the results from perturbation theory in chapter [/]and the
numerical investigation in chapter [§|it is concluded, that the diffraction probability does not depend
on the initial electron spin. This implies, that the spin-dependent part of the propagator can be param-
eterized by a SU(2) representation. A further analysis of the properties of the SU(2) representation
illustrates, that the electron spin is rotated, when it is diffracted.

6.1 The propagator

The quantum state of the wave functions” expansion coefficients cj may be mapped from the initial
time £y to the final time ¢ by the propagator U}’ , (t,to) according to

Zuab t,to)cy (to) . 6.1)

b’

The propagation from time f( to ty is the quantum state itself. Therefore, the propagator has the
property
UZ,';T (to, i’o) = 5,1,;75‘7/0/ . (6.2)

This means, that the propagator is related to a solution of the fundamental system of the differential

equation
/

ihe? = ZI—“I;',‘Z ¢, (6.3)

b0’

47
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which is the general quantum wave equation (3.1) in momentum space. The propagator entries with
an identical mode index Ugy / (t,to) correspond to the probability, that the electron does not change
its momentum after Kapitza-Dirac scattering. All other propagator entries UZZ /(t, to) witha # b
correspond to a transition matrix element, which describes the change of the electron momentum
from fi(k + bky ) to momentum % (k + ak; ) after Kapitza-Dirac scattering. In the case of the 3-photon
Kapitza-Dirac effect, the electron starts in mode 0, with momentum fik and is diffracted to mode 3 with

momentum i(k 4 3k ). Therefore, the propagator subentry Us(t, tp) is of interest in the following.
In the case of the Pauli equation, the propagator U3 (t, tp) is a 2 x 2 matrix. However, in the case
of the Dirac equation, U3(f,ty) is a 4 x 4 matrix. But the propagator entries, which relate the nega-
tive energy eigenstates to the positive energy eigenstates are negligibly small and are not of interest
here. The propagator entries of interest for the Kapitza-Dirac effect, are those, which relate the positive
energy eigenstates 0’ € {+ 1,4+ |} to the positive energy eigenstates o € {+ 1,4+ | }. The correspond-
ing subentry of U3 (t, ty) of the propagator of the Dirac equation is a 2 x 2 matrix, too. The following
considerations only refer to these 2 x 2 subentries of the propagator in the case of the Dirac equation.
The propagator is denoted by

Uso(t to) = \/P(t, tg)e? 1S (1, 1), (6.4)

where \/P(t, t) is some amplitude, e!¥(4%0) is some phase and S(t, ;) is a spin-dependent part. S(t, to)

is denoted by
S(t, ty) = [cos ((x(této)) 1—isin (a(této)) 7(t, to) '5"} , (6.5)

with some angle & and some vector #. If one requires, that P,¢,ax € R, 7i € C3 and |7i |2 = 1, the
representation (6.4) has the 8 degrees of freedom, corresponding to the 8 degrees of freedom of a
complex 2 x 2 matrix.

6.2 Spin dependence of the diffraction pattern

With the two component vector (4.33) of the Pauli equation or the corresponding two component
vector of positive eigen energies of the Dirac equation

of = (C’TT> (6.6)
n +| .
o

the quantum state propagation (6.1) from mode 0 to mode 3 can be noted by

c3(t) = U3 (t,tg)co(to) for the Pauli equation (6.7a)
and ¢5 (t) = U3 (t, to)cy (to) for the Dirac equation. (6.7b)

The vector of positive eigen energy coefficients of the Dirac equation should not be confused
with the positive eigen energy coefficient of the Klein-Gordon equation in section [4.3] The diffraction
probability to mode 3 may therefore be expressed in terms of the initial quantum state of mode 0 by

b ()2 + |5 (D)7 = [les(B)]]2 = e3(t) ea(t) = colto) Uz (t, o) U0 (t to)co(to) - (6.8)

In the case of the Dirac equation an index + needs to be added at each expansion coefficient to denote
the positive eigen energy expansion coefficients only. The product of the adjoint propagator with itself
in equation can be expanded to
+ _ pgtg — 2 (%Y 4 2sin? (& Y gin (& 7). ¢ =
Uz Uso=PS'S=P {(cos (2) + |7|“ sin (2)> 1+2cos (2) sin (2> Im(id) (7} (6.9a)
= P[1+sin(a) Im(#) - 7] , (6.9b)



CHAPTER 6. ELECTRON SPIN DYNAMICS: CONCEPTUAL CONSIDERATIONS 49

where the time-dependence (t, t() is omitted in this notion. The identity term in (6.9b), would yield
Pao(t, to)eo (to) eolto) = Pro(t, o) leo(to) |2 = Pro(t to) (I} (to) P + Ief(t)2)  (6.10)

in equation (6.8). Since probability |cg(t) |2+ |c§(t) | and the probability |cg(t0) |2 + |c$(t0) | are com-
pletely spin independent, the identity term in equation does not induce any spin dependence
in the diffraction pattern. In contrast, the term, which is proportional to the imaginary part of # in

equation results in
Pao(t to) sin (aso(t to)) Im (7o (1, o)) - (co(to) Fco(to) ) - (611)

This diffraction probability is spin dependent. If, for example, the parameters in equation (6.10) and
(6.11) were P = 1/ V2, ¢ =0, = /2 and # = ie3, then the initial quantum state cg =1, cg =0

is diffracted with probability 1, if one sums up the equations (6.10) and (6.11). On the other hand, if

the initial quantum state was a spin down state cg =0, c(% = 1, the sum of the diffraction probabilities

and yields 0.

The results from perturbation theory and contain no imaginary part of the vector 7.
And also the numerical results in chapter [§ fit to a propagator, in which the imaginary part of # is
negligible. Since the imaginary part of 7 is vanishingly small, the diffraction probability in the case of
the 3-photon Kapitza-Dirac effect is independent of the incoming electron spin. A spin independence
of the diffraction pattern still allows for a rotation of the electron spin, which is described in the next
section. Due to the vanishing imaginary part of # the electron cannot be sorted out by its initial spin
configuration, as it has been suggested by Batelaan [38]].

6.3 Spin rotation in Pauli theory

Since the imaginary part of 7i vanishes, the spin-dependent part of the propagator looses 3 of
its 6 degrees of freedom and therewith fulfills the properties of an Si/(2) representation of rotations.
In fact, the expectation value of the spin operator is rotated by the SU(2) representation of the
propagator.

In order to explain this property, the initial quantum state of the electron is written in terms of the

Bloch state 8 0
cg = e cos (2) , ci = ef¢l? sin (2) . (6.12)

The spin expectation value of the operator (3.11) with respect to this quantum state results in the vector
hiig /2
0

p 5 C(:rﬂ 100 si.n(G) c95(¢) h,
<c0 ‘ S ‘ c0> = = | cjoaco | = | sin(0)sin(@) | = =7, (6.13)
2 chosco cos(0) 2

whose direction is parameterized by the angles 6 and ¢ of spherical coordinates. The spin expectation
value of the quantum state c3 in equation (6.7) evaluates to

(ol

where the left lower index of the vector 7i° denotes the mode index and the right lower index de-
notes the three spacial components of the vector. The matrix R;; is the SO(3) rotation matrix R =

h h h h
63> = PS,O 56555100'1'53,060 = P3/0§ Z Ri]‘C(JSO']‘CO = P310§ ZRZ']'I’Z%J = P3,0571§’i ’ (6.14)
] )

exp(—zx3/0ﬁ3,05) with the generating Lie algebra D1 = d35 — 023, D2 = 613 — d31 and D3 = dp1 — d1 0.
The matrix R;; acts as right-handed rotation around the axis 7i3 o with the rotation angle a on vectors

in R3. In particular, the direction ﬁg is right-handed rotated by the angle a3 around axis 7i3 to the

angle 73, if the SU(2) representation Sz acts at the quantum state cy in mode 0. This is illustrated in

figure
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Figure 6.1: The direction of the spin 7 of the quantum state c is rotated by the Si/(2) representation Sz to the
direction 75 of the quantum state c3 around the axis 7i3 9 by the angle a3 . In this illustrative sketch, the rotation
axis coincides with the 3-axis, such that the azimuthal angle 6 of the spherical coordinates is not changed, but the
polar angle ¢ of the polar coordinates is increased by «,, modulo 27r. This implies, that the spin is conserved in
113 o direction but changes in all directions perpendicular to 73 9. The statement of this figure also applies for Dirac
theory, if the electron spin of the incoming and outgoing electron is considered in its rest frame of reference.

6.4 Spin rotation in Dirac theory

The objects of interest in Dirac theory are the spin expectation value of the Foldy-Wouthuysen spin
operator (3.40) with the basis functions (3.33). Since u(k) of equation (3.35) is a unitary matrix and the
bi-spinors 17 (k) are columns of u' (k), the u” (k) are mapped at the unit vectors & of R%, by u(K).

Therefore, the matrix entries of the spin operator (3.40) with respect to the basis elements at
mode n

/

/ _—_ - oohe o o s o ha hia
(W5 |Sew vy ) = u”(k—l—nkL)’Lu(k—l-nkL)JrEZ u(k + nkp)u” (k+nkp) = E‘TJFEZEU = EE

(0,0')

(6.15)

is equivalent to the matrix entries of the non-relativistic spin operator (3.41).
Similar to section[6.3} the positive eigen energy quantum state of mode 0 can be expressed in terms
of the Bloch state

0 . 0 _ _
CJT—e%cos(z), cﬁ—e%el‘”si“(z)' G =0, qf=0. (616

The occupation probability of all other modes is 0. Therefore, the expectation value of the wave func-
tion (4.58) reduces to

ho h, I,
(Y|Srw|w) = carEZco = COHEUCO+ = Ené. (6.17)
The quantum state of the diffracted mode is given by equation (6.7b). If one assumes a 100% diffraction
probability P3 o = 1, the occupation probability of mode 0 is 0. Hence, the spin expectation value after

the diffraction results in

h [ h
Pout) = ¢ ' S UZ 00 Usocy = 5 ) Rijy ;= ;. (6.18)
]

<¢out ’ SP W,i

Therefore, the spin rotation described by Pauli theory also applies to quantum dynamics with the
Dirac equation, if the spin was measured with the Foldy-Wouthuysen spin operator. Since the bi-

spinors u? (k) at rest are just the unit vectors of R*, the Foldy-Wouthuysen spin operator measures
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the spin in the rest-frame of the electron. Therefore, the statement in the case of the Pauli equation,
that electron spin 7 is right-handed rotated around the axis 73 with the angle a3 also applies to
Dirac theory. The difference to Pauli theory is, that this statement applies to the electron spin in the
rest-frame of the electron, in the case of Dirac theory.






Chapter 7

Electron spin dynamics: Analytical
small-time behavior

This chapter solves the quantum dynamics of the 3-photon Kapitza-Dirac effect, by utilizing time-
dependent perturbation theory with the quantum wave equations in momentum space of chapter [l
The result of the calculation is identified with the SU/(2)-representation in chapter 6 Diffraction
properties, like the Rabi frequency and the rotation angle, with which the spin is rotated are concluded
from the perturbative result. These results are checked numerically in chapter 8}

This chapter starts with a general summary of time-dependent perturbation theory in section 7.1}
The lowest order contributions of time-dependent perturbation theory are computed for the 3-photon
Kaptiza-Dirac effect for the case of the Pauli equation (section and for the case of the Dirac equa-
tion (section [7.3). The resonance condition resulting from considerations of energy and momentum
conservation of chapter [2.2|is explicitly used in the calculations and plays an important role in the
derivation of the perturbative result. Only terms, with a divergent time dependence are dominant
over all other terms and are accounted in the calculation.

7.1 General procedure

This summary of time-dependent perturbation theory is based on the lecture notes of Christof Wet-
terich from the year 2009 [51]. Time dependent perturbation theory relies on the identity

1 N
U(t,ty) = Ug(t, tg) + ﬁ/t dtiUy(t, 1) V() U(tq, t0) , (7.1)
0
which satisfies 5 1
aLl(t, to) = ﬁ(1% +V(t)U(t, to) (7.2)

with the free propagator

Uo(t tg) = e n(t—to)Ho, (7.3)

and the interaction Hamiltonian V. Since equation (7.2) is equivalent to equation (3.1), the solution
(7.1) contains the time evolution of the wave function. Inserting eq. (7.1) recursively into itself yields
a series, which is assumed to converge on the interval [t(, t|. The first four terms of this series are

U(t, tg) = Uyg(t, to) + Ust(t, tg) + Ung(t, to) + Urq(t, to) + higher terms, (7.4)

where Uy (t, tg) is the interaction-less time propagation,

1 rt N
Ug(t to) = E/t At Uy (1, 1)V (1) Uo (t, fo) (7.5)
0

53
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is the first order perturbation,

1 ot 'tz A A
Upny(t, to) = W/t dfz/t dtyUg(t, t2)V(t2)Uo(t2, t1) V(t1)Uo(t1, to) (7.6)
0 0

is the second order perturbation and

1 ot 't3 tz A~ A A
Uy(t to) = w/t dfs/t dty t dtiUg(t, t3)V (t3)Ug(t3, t2) V(t2)Uo(t2, t1) V(E1)Uo(t1, t0)  (7.7)
0 0 0

is the third order perturbation in time-dependent perturbation theory.

7.2 Perturbation Theory for the Pauli equation

This section considers time-dependent perturbation theory of the Pauli equation. The time-dependent
perturbation theory of the Dirac equation of section [/.3]is based on the concepts of this section.

7.2.1 Derivation

Since the Pauli equation contains coupling terms to its neighboring and second next neighboring
modes, the lowest order non-vanishing contribution of time-dependent perturbation theory of the
3-photon Kapitza-Dirac effect is of second order. The second order term of time-dependent per-
turbation theory can be written as

Und;3,0(t/ tO) = (7~8)
1 t t2
p /t dt /t dtyUoz (1, 22)Vin, iy (82) Wy s (F2,11) Vi () Uiy 0(F1, o)
nie{1,2,34} 0 0

with the free propagator .
Uop(t to) = ™ (171005, (7.9)
from equation (4.37) and the abbreviation of the energy

nr (E + nEL)Z

EY = P (7.10)
Since the quantum mechanical operators U and V change into the matrices and (4.38), the second
order perturbation contribution is converted in a matrix product of five matrices in equation (7.8).
The matrices and are indexed with the mode index a and b, whereas the spin-dependent
part (1 and ©) is still kept as 2 x 2 matrix and is not indexed. Accordingly the matrix products in
equation are sums over the mode indices nj, 1y, n3 and n4 and matrix products in 2 x 2 spinor
space. The 2 x 2 matrix products in spinor space are denoted by the bold symbols U, , and V, ;. The
result of equation is a matrix with mode indices 2 and b and a matrix structure in 2 x 2 spinor
space, denoted by the bold symbol U},q3 0.

The free propagator does not change the mode index, because it only contains a Kronecker
delta 6, ;. This property results in the conditions 3 = 1y, n, = n3 and n4 = 0 in the sum of equation
(7.8). The interaction Hamiltonian (#.38) contains the Kronecker deltas 6,52, 8, -1, 64, 0 p+1 and
04 p+2- Therefore, there are two combinations of interaction Hamiltonian terms, which contribute in
the propagator for the desired initial mode index 0 and final mode index 3, which are the terms

e2 A2

- Sng sin?(wty)1

esin(wty)
dmc

(2A’0 RR 1+ Hky X A - (1(7)) 7.11)
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Figure 7.1: This picture illustrates the two contributions (dashed arrows) and (dotted arrows) of
second order time dependent perturbation theory of the Pauli equation for the 3-photon Kapitza-Dirac effect. In
the dashed arrows, the electron starts in mode 0, is scattered to mode 1 at time t; and is again scattered to mode
3 at time t5. The roles of 2-photon and 1-photon scattering are interchanged in the case of the dotted line. In the
dotted arrows, the electron starts in mode 0, is scattered to mode 2 at time t; and is again scattered to mode 3 at
time f;. Note, that the 2-photon scattering is caused by the ponderomotive term of the Pauli equation, which does
not influence the electron spin. In contrast, to the 1-photon scattering term of the Pauli equation influences the
electron spin.

for the product V31 (t2)V1,0(t1) and

esin(wty) /)~ .o oL\ A,
i P (ZAO ~hk1+ hkp X Ag - (10)) ez Sin (wty)1 (7.12)

for the product V3, (t2)Va0(t1). Consequently, second order time-dependent perturbation theory (7.8)
consists of the two contributions

1 e2A2 ¢ - - - -
ot ot :
: /t dt, tzdtl exp [; (EX(t — tp) + EX*(tp — t1) + ER (14 to))} sin?(wty) sin(wt;)
J Lo J o
and
1 e . oL ePAZ
Unaso(tst0) = = (773 e (240 - HE 1+ 1k x Ao- (i7)) o3 (7.14)

t t i
: /t dty t ’ dty exp [—;l (E3"(t —tp) + E3"(tp — 1) + Ej*(t1 — to))} sin(wty) sin(wt) .
0 0

These two contributions are sketched in figure (7.I). All four sums in equation are collapsed
according to the considerations above. The 2 x 2 identity of the ponderomotive 2-photon coupling
term of the interaction Hamiltonian (#.38) is multiplied at the other 1-photon interaction term and
vanishes thereby.

It remains to compute the time integrals over #; and t; of equation and (7.14). The integration
can be performed by expanding the sine functions into exponentials. If the phase is constant with
respect to the integration variables ¢; and t,, the integrals will diverge for infinite long times. This
means, that parts of the integral with a constant phase will dominate over all other terms for long
times t — fo. The following considerations focus on the identification of these divergent, constant
phase terms, in order to neglect all other terms with a fast oscillating phase.

The resonance condition from energy and momentum conservation may cause a constant
phase in the time integral of and (7.14). In the case of the 3-photon Kapitza-Dirac effect, with
ng =2 and n, = 1, equation reduces to

M BN 4w (7.15)
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If one solves this equation for 71w, one will know, that the energy difference has the property

AEN, = EN" — EI = hw, (7.16)

if either condition (2.19) or condition (2.20) was fulfilled. The factor fiw times an integration varlable f
or tp in the exponent appears from the expansion of the sine functions in the time integral of (7.13) and
(7.14). Therefore, one has to search for the energy dlfference AES| or AE% times the time 1ntegrat1on
variable t; or t; in the exponential of the time integral of (7.13] and (7-14), because this energy differ-
ence plus fiw yields a constant phase, which in turn y1elds a d1verg1ng and dominating integral. The
exponent resulting from the free electron propagation

- % (EXF(t—to) + EX(to — 1) + EX (1 — to)) = f% (ES"t — E§to+ AEDSH + AERLH)  (7.17)

of equation (7.13) or

—3 (E5"t — E§"to + AESSt, + AEght ) (7.18)
of equation (7.14) neither contains an energy dlfference AEg‘rO tlmes t1 or tp, nor AERY; times t or f;.
However, the upper limit of the integral over t; in (7.13) and (7-14) changes t; into t,, resulting in

— 2 (BE"(t— 1) + EF' (12— 1) + B (11 — to)) =

- % (ES"t — E§'to + AEfSh + AEfiH) = —% (E3"t — E§'t + AERSH) (7.19)
for the term (7.17) and
- % (ES*t — Efto + AESSh + AEfSH) = —% (E3"t — ES'to + AERSH) (7.20)

for the term (7.18). According to the considerations above, the term —1AE“r3t2/ It should be compen—
sated by a term —iwt, from the expansion of the sine functions in equations (7.13) and (7.14), which
has to be seeked for. The sin?(wt;) sin(wt; ) of equation (7-13) results in

. . i . . Lo . . Y . o
s1n2(wt2) sm(wt]) _ g (e2m)t2+1wt1 o eletz iwty 2 (elwtl —e 1wt1) N 2iwty+iwty e 2iwty —iwty

(7.21)
The terms

g~ 2wty tiwt éexp [—;l (2hwty — hwtl)} and ie*i“’tl = iexp [_;z (hwtl)} (7.22)

in equation (7.21I) will change into an exponential of —iwt;, by focusing again only on the upper limit
of the first integral over t;. Similarly, the sin(wt;) sin(wt;) term in equation (7-14) may be expanded
into

sin(wtz) sinz(wtl) — (621wt1+1wt2 _ eletlﬂwtz 2 (ewtz _ eﬂwtz) + elewtlﬂwtz _ 6721wt171wt2

(7.23)

o

One identifies the terms
ie*Zi‘*’tﬁi“’t2 = iexp 1 (2hwty — hewty) and ie*i“”z = iexp 1 (hwty) (7.24)
8 8 h 4 4 h ’
which contain an exponential of —iwt; after the integration over t; by taking only the upper limit.
One concludes, that the integrals of (7.17] - times the terms (7.22) of equation (7.13) and the integrals of
(7.18) times the terms (7.24) of equation (7.14) are the only diverging contrlbutlons and are therefore

computed in the followmg As discussed above, only the upper limit of the integral over t; contributes
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to the diverging terms. Therefore, the lower limit of the integral over ; is neglected in the following
calculations.
The integral over #; of the exponential of (7.17) times the exponential of the left term of (7.22) of

equation (7.13) results in

o .
. / dt / dty exp {—;_l (ES°F — ER"fo + (AEDS + 2haw)ty + (AER, —hw)tl)}
to ! !

1

hot
T T AEY, w8 Jy, t2eXp[

—% (E5"t — Eg'to + (AERS + hw)tz)} . (7.25)
The integral over t; of the exponential of (7.17) times the exponential of the right term of (7.22) of
equation (7.13) results in

- ; .

i t dtz/zdtl exp {;l (Eg‘rtE{)‘rt0+AEfgt2+(AEaﬂ+hw)t1)}
0

1 hort

= dty exp [

i
CAEY w4 i, h

z (E5"t — Eg'to + (AERS + hw)tz)} . (7.26)
The integral over t; of the exponential of (7.18) times the exponential of the left term of (7.24) of equa-
tion (7.14) results in

- y .
L dty 2altlexp [—1

s/ z (E5"t — Eg'to + (AERS — hw)ty + (AEGS + Zha))tl)}
0

1 ot i
=————0—= [ dt —— (E3"t — Eg't AEY; + hw)ty) | . (7.27
AR, + 25w 8 Jiy 2eXp[ p (57— E'to+ (AR5 + “’)2)} 7.27)
The integral over t; of the exponential of (7.18) times the exponential of the right term of (7.24) of
equation (7.14) results in

o, .
i /t dt / " dt exp {—; (Eg‘rt—E{)‘rt0+(AE§g+hw)t2+AE6‘f2t1)}
0

i

1 h gt
:AE8,54/todtzeXp[ 7 (Bt — Bty + (AEGS + hw)t) | . (7.28)

The time integration over ¢, is identical for all four terms (7.25|-[7.28) and may therefore be discussed
once by ignoring the prefactors of the integration of t;. The integral over ¢, evaluates to

Le—i(Eg}rt—Egrto)/hl (7.29)

t H . .
dt — — (Ebry _ porg AEDL heo)t i [ pibwt —1Awt0)
. 2exp[ h( 3 0"to + (AESS + hw) 2)] 1(@ e Ao

with the laser detuning
Aw = w — AE3y /1. (7.30)

This integral is undefined for zero detuning Aw = 0, which is the case, if the resonance condition (2.15)
is fulfilled. If one considers the first order Taylor expansion of

i (e*mwf - e*iAwfo) = Aw(t — ty) + O(Aw?) (7.31)
with respect to Aw, one recognizes, that the nominator vanishes as fast as the denominator in equation

(7.29) such that the integral is well-defined. Furthermore, one may compute the integral (7.29) for the
case of zero detuning Aw = 0, resulting in

t i H nr nr
/ dty exp {—;l (E§t — ngto)] = (t — to)e WESHE"H0) /1 (7.32)
to
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One would obtain the same result, if one substituted the first order Taylor expansion (7.31)) in the result
of the integral (7.29).

Summing up the double integral of all divergent contributions of the second order perturbation

theory yields

Unaso(t to) 1ppe@ﬁ ﬁuhﬁxﬁ(ﬁng%
o = - — . < (1
nd;3,0(% 0 oan’ e 0 L 0 me?
s(pnry_por t—1t on resonance
e (B t=Egtte)/n ) E TR0 ) 7.33
7 (e718wE — o~1Awlo)  off resonance, (733)
with the prefactor
1 2 1 2
PF = + + (7.34)

AEp; — hw AERY +hw  AER, +2hw — AEG),

of the mtegrals 7.25-[7.28). The propagator can either be noted with an off-resonant term, from the
time integral (7.29), or with a resonant term, which originates from the resonant integral (7.32).

Itis difficult to read of a frequency dependent scaling law from equation (7.33), because of the pref-
actor (7.34). A simpler value of this prefactor in the resonant case Aw = 0 and small laser frequencies
hick; < mc? would be useful and is derived in the following. First, iw in the prefactor PF may be
replaced with AEZ}, as it is implied by the resonance condition (7.16), yielding

1 2 1 2
PF = AER — AERT + AERT + AERT + AERL + 2AERL + AERL
01— BE3p 01 T AE3) 02 T28E3, 0,2
2 2 1 1

T AEg, T AEY, T AER, T AEY, T AED, +AED,

(7.35)

If one inserts the definition of the energy difference (7.16) and the energy (7.10) into equation (7.35),
one obtains
1Kk 21°K?
Fompor—— e M (7.36)
n*(kp -k +k3) (kL -k+2k3)  h*(4ky -k +5k%) (4kp - k + 7Kk3)

This term may be simplified by imposing the limit fick;, < mc? of small laser frequencies. In the case of
the 3-photon Kapitza-Dirac effect, the initial electron momentum in laser propagation direction (2.19)

changes into
a—n

. e 1
= =— 7.37
klggohkl(kL) o _Hlemc 5 me (7.37)

for small laser frequencies. Note, that this limit corresponds to the momentum p; ji, of subsection
but for the case of the non-relativistic energy momentum relation (3.4). This implies k; < kj and
therefore E% < kg -k Using this property simplifies the prefactor in equation (7.36) to

hzﬁ%m hzﬁ%m 9m 81

PP L — =— , 7.38
ni(kp -k)2 sni(kp - k)2 8h%k? 8mc? (7.38)

where the momentum k; for small k;, in equation (7.37) is inserted in the last equality. The perturbation
theory propagator (7.33) results in the simpler form

81
5127 m

Una0(t, to) =

ZA'Z
(ZAO HE1 + 1k, X Ag - (13)) 4mcg
t—

to on resonance
i ( 7iAwt 7iAwt0)
—e

—i(Est—Eotg)/h (7.39)

off resonance

in the case of the simplified prefactor (7.38).
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7.2.2 Interpretation
Electron spin rotation

Equation has the same form as the propagator (6.4), with a vanishing imaginary part of the
unit vector 7i. As it is discussed in section (6.2), the vanishing imaginary part of 7 implies, that the
diffraction probability of the 3-photon Kapitza-Dirac effect does not depend on the initial electron
spin and the spin part of the propagator turns into a SU(2)-representation of a rotation of the
electron spin. The parameters for the ansatz in the resonant case of equation assume the
values

81 e RA2T[, . w2 .. _\2]2
P3,0(i’, fo) = ﬁmﬁ |:(2A0 . T’lk) + (T’lkL X Ao) :| (f — to) , (7.40a)

 Est—Egt

Pa0(t o) = —i——7—, (7.40b)
1
N - - N\ 2 - 2\2] 2
cos <"‘3°(2”0)) — 24, 1k {(mo ) (k< Ay ) } , (7.40¢)
1
- - o N2 - S\2] 2
fis,0(t, fo) sin (“3'0(;’ tO)) = —nky x Ay [(2Ao HE)” + (k% Ao) ] . (7.40d)

Note, that the four equations are unique. In particular, the division by the square root in the last two
equations in (7.40) is necessary, because the unity of the determinant of the SU/(2) representation (6.5)

requires, that
tt . t,t R !
cos? ("‘30(20)> sin? (“30(20)) 30t o) = 1. (7.41)

This unitarity constraint is only valid, if one substitutes the left-hand side of the equations and
by their right-hand side in equation (7.41).

Furthermore, the angle a3 (f, o) is constant in time, because the right-hand side of equation (7.400)
is constant in time. For similar reasons 7i3o(t, tp) is constant in time, because a3 and the right-hand
side of equation are constant in time. Since 73 is a unit vector in the SI/(2) representation,
also implies, that

. EL X go Eo
no=——= == "= -
‘k L X Aol ‘Bo‘
This means, that the rotation axis of the SU(2) representation points in the direction of the magnetic
field By of the laser beam and therewith the electron spin is rotated around this axis.

The rotation angle a3 can be resolved by multiplying equation with equation (7.42) and

dividing it by equation (7.40d), resulting in

(7.42)

®30\ ‘EL X Ao|

The tangent needs to be inverted on the interval [—7/2,71/2] in order to solve for the rotation angle
&3,0-
Rabi frequency

Section 8suggests, that the diffraction probability of the 3-photon Kapitza-Dirac effect depends on the
interaction time T with the probability

QxT
P3(T,0) = sin? (1;) , (7.44)
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if the turn on and turn off time of the interaction was infinitely short. If one uses this diffraction
probability in the propagator ansatz (6.4) and accounts for the vanishing imaginary part of 7 one can
compute

.5 [(OrT
Una0(T, 00U} 45,(T,0) = sin® (5) 1. (7.45)

All parameters of the SU(2) representation and the complex phase ¢3(T,0) drop out in equation
(7.45). The only quantity, which remains is the diffraction probability (7.44) times the 2 x 2 identity 1.
A second order Taylor expansion with respect to T of the right-hand side of equation (7.45) results in

QrT\?
Ungan(T, 00U (1,0) = (257 ) 1+ 0(T%). (7.46)

On the other hand, one may compute the same quantity for the derived, resonant propagator (7.39),
resulting in

- 2
81 \2/ e \2 N L n\2] [ e2A2
und;g,,o(T,o)u;dg/O(T,O):( ) (-25) [(2A0~hk> + (kL < o) ] <4mcg> T?1. (7.47)

512k m2c3

This short-time result is of the same structural form as the second order Taylor term in equation (7.46)
and one may extract the Rabi frequency ()r from it by requiring equality between the second order
Taylor term and the right-hand side of equation (7.47), yielding

81286214’%\/_._,2 NG
Ok = (256?1) m2c3 dmc? (ZAO.hk) +(hkLXAO) : (7.48)

Note, that the Rabi frequency also appears in the diffraction probability (7.40a)), such that one may
write

P3o(t, to) = %(t —to) (7.49)

in equation (7.40a).

The property, that second order time-dependent perturbation theory is the first term of a
power series of a sine function suggests, that higher order perturbation theory results in higher order
terms of the sine function. In fact, a publication of Gush and Gush in 1971 [31]] computes all higher
order terms of time-dependent perturbation theory of the Schodinger equation with an external vector
potential for the 2-photon Kapitza-Dirac effect. The authors show, that the sum over all terms, up
to infinite order perturbation theory results in a sine time-dependence of the diffraction probability.
In the case of the discussed 3-photon Kapitza-Dirac effect, which is solved by using time-dependent
perturbation theory of the Dirac equation, the next order term of the sine series is expected to originate
from 9t order time-dependent perturbation theor

Spin-flip probability

The time evolution of the expansion coefficients ¢, is given by equation (6.1). If one assumes an initial
configuration, in which only the 0 mode with spin up is occupied, one may compute

737 272
o 1 4 81 2eAp-hke A}
c3(t) = (Ungz0) """ (t,to)cy(to) = 5120 m2c  dmc2’

7 T2 A2

—i(E§"t—Ef"to) /h(p _ to)cg(to) , (7.50a)

c5(1) = (Unaz0)¥ (£ to)eh (T) (t—to)ch(to).  (7.50b)

IThe 9™ order perturbation theory corresponds to the coupling from mode 0 to mode 3, back to mode 0 and back to mode 3.
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With the more specific initial condition cg T(0) = 1 one obtains

2 7 w7\2 [ 2752)\2
tom2 [ 81 2eAy - hk e~ A 5
les(T)|° = (512h) < 23 2 T and (7.51a)
2 2 o2 \2/.222\2
L2 [ 81 ehky, x Ay e“Aj 5
|c3(T)| = (512/‘1) < 203 2 T-. (7.51b)
after time T. One may define the non-spin-flip probability
|e3(T)?
Pnoﬂip = (7-52)
[cH(T) 2+ |e3(T)[2
and the spin-flip probability
4 2
cx(T
lip e3(T)] (7.53)

T MR+ ImP

of the diffracted beam. If the wave vector component parallel to the laser polarization k| = Ag-k/| A

is introduced and one considers, that EL X Ao = kL|A0| for the vacuum Maxwell equations, one can
compute

(2eAq - 1K)2 (2k))? 1
Pooflip = — = = = = and 7.54a
nofP T e Ay - MR)2 + (elky x Ag)2 (k2 + (k)2 1+ ki /(4K7) (7.542)
_ (ehiky, x Ag)?  (k)? 1 (754b)

Py e 0)” _ .
TP 20y HR) + (etify x A2 (2K 2+ (k)2 T 437K +1

7.3 Perturbation Theory for the Dirac equation

The derivation and the results of time-dependent perturbation theory of the Dirac equation is often
similar to the derivation and the results from time-dependent perturbation theory of the Pauli equa-
tion of section Therefore, the concepts of section [7.2]are adopted and analogous explanations are
referred to section

7.3.1 Derivation

Since the interaction Hamiltonian (4.67) of the Dirac equation contains only next neighbor coupling
terms, the lowest non-vanishing contribution in time-dependent perturbation theory is of third order.
The term (7.7) of third order time-dependent perturbation theory can be written as

1 t t3 15}

Uygz0(t to) = ). T2 | dis [ odiy | dbUog (£ £3) Vi, (£3)

(ih)3 Ji t t
n,i€{1,2,34,5,6} 0 0 0

U0y 5 (83, £2) Ving g (£2) Wz, s (12, £1) Ving ng (1) Uopmg 0 (F1, t0) - (7.55)

with the free propagator

_i _ —iE,(t —t9)/h)1 0
uO;u,b(t/ tO) —e 4 EaB(t t0)§u,b _ (eXP( 1 a(O 0)/ ) exp (iEa(t— to)/h) 1) 5a,b (7.56)

from equation (4.66) and the abbreviation for the energy

By = \/m2ch + C2I2(R + k)2 (7.57)
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The matrix V,, is the interaction Hamiltonian (4.67). Note, that the free propagator hasa4 x 4
bi-spinor matrix form, which is denoted by four 2 x 2 matrices on the right-hand side of equation
(7.56). The free propagator does not change the mode index, because it only contains a Kronecker
delta J, ;. This property results in the conditions 3 = ny, n, = n3, n4 = ns and ng = 0 in the sum in
(7.55). Since the interaction Hamiltonian contains the Kronecker deltas 6,1 and J,1, only
one combination of interaction Hamiltonian terms contribute to the propagator. Therefore equation
(7.55) reduces to

1 t t3 ty
U g30(t to) = 755 [ dts | dity | dtiUoz3(t t3)V3a(t3)
(1h)3 to to to

“Upo(t3,t2) Vo1 (82)Uo11 (2, t1) Va,0(t1)Uo0,0(t1, o)

1 t t3 ty
= TP / dt / dt, / dtUgs5(t, t3)
( to to to

esm wt - - - - -

(2 ) (k + 3kL)+ (AQ : oc) u(k + 2kL)U0;2,2(t3, tz) (7.58)
esm wt - - - - o
é 2) (k+2kL)+ (AQ-DC) M(k+1kL)UO;1,1(t2,i’1)
(

_esin(w - o -\ o
) (k + 1kL)+ (AQ . Dt) u(k + OkL)uO;O,O(tll to) .

In contrast to the computation of time-dependent perturbation theory with the Pauli equation, the free
propagators Uy, , do not commute with the interaction Hamiltonian, because of the g in the exponen-
tial of (7.56). It is necessary to expand the matrix product further, because the time-dependence of all
four propagators enters in the time integration over the variables t;, t, and f3. Therefore the matrix
part of the interaction Hamiltonian is broken up into four 2 x 2 matrices

MU(E—FTI%L)'T. <A0 &) u”,(E—i— (1’1— 1)EL) = tgo &—Agﬁ& A s/}+1/3)2 (7’ X AQ) —Q—A'o -Ealazag
AO'§1+i(7XAO)'3 fgo'ﬁfggwﬁ+igo-ﬁl MU ppud

= AT e A T S A R T _< du dd)/ (7.59)
tAg- 0 — Aywao +iAg-h1l —(AO sl+1<r>< 0) o‘) M M

where ¥ is the non-relativistic spin operator (3.41). Note, that the variables t, s, ¥, w and h are functions
with the two parameters k + nk and k + (n — 1)k;. Equation (7.59) rewrites the bi-spinor contractions
(4.60c) by converting

) Abr1(k, k') Baga; = ) Abr1 (kK )EmgiiBEm =) (7>< AO) iBLy = ipE - (7 X AO) (7.60)
m

q#1 Lm,q m

and employs the notion of the the tensor contraction

— Afwi =Y Alw'a,. (7.61)

MY = M — A, -§(E+nEL,E+mEL)1+i( 7(k + nkp, k +mkp) x A'()) i (7.62)

- - - — - —

MY, = M® =tk +nkp, k +mky) Ay - & — Aw(k + nkp, K+ mkp) & +iAq - h(k 4 nkp, k +mkp) 1
(7.63)

The matrix product in equation (7.58) can be performed with the help of the matrices (7.62) and (7.63).
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Only the diffraction of quantum states with positive eigen energy into states of positive eigen en-
ergy is of relevance in the case of the Kapitza-Dirac effect, which corresponds to the upper left 2 x 2
matrix subentry of equation (7.58), which results in

e 3 t t3 ty . . .
Upquzo(t tz) = — (E) /t dtg,/t dtz/t dty sin(wt3) sin(wty) sin(wty )
0 0 0

‘<phase1M§‘,‘éM5‘fi 14+ phase, M5 M3 M1 769
+ phase3M§‘f§M§,dlM% + phase4M§/dzMgf11M‘1if6> .

The additional “ul” index in U 4 ;1.3 0 denotes, that only the upper left 2 x 2 matrix subentry of equation
(7.58) is considered. The propagator (7.64) contains the four different phases

i
phase; = exp [—h (Es(t —t3) + Ea(t3 — t2) + E1(ta — t1) + Eo(t — to))}

= exp [_;l (E3t — Eptg + AEg,%tg, + AE%‘EtQ + AEgﬁtl):| , (7.65)

i

phase2 = exp [ 7 (E3(t - t3) - Ez(t3 - tz) + Eq (i’z - tl) + EO(tl - to)):|

i

= exp |: 5 (E?,t — Eptg + AEg%i'g + AEf‘étz + AES,L{tl):l , (7.66)

phase; = exp [—;l (Es(t —t3) + Eo(t3 — t2) — E1(tp — t1) + Eo(t1 — to))}

= exp {—;l (E3t — Eoto + AEY4t3 + AESSt, + AEgﬁtl)} ., (7.67)

phase, = exp [_;l (E3(t —t3) — Ex(t3 —tp) — E1(fa — t1) + Eo(f1 — to)):|

= exp {—; (E3t — Eoto+ AES4ts + AEt, + AEgﬁtlﬂ ., (7.68)

with the abbreviations
AEY =E,—En, AEM =E,+Eu, AE™ = -E,—Ejyand AEM = —E,+E,. (7.69)

Note, that the up (1) and down (d) indices of the matrices M coincide with the up and down indices of
the energy differences E; ;; of the corresponding phases. One may assign some physical interpretation
to the product of the 2 X 2 matrices times the phase. The phase starts out with the positive oscillation
energy Eo times t; — fo. At time f; either the matrix MY}, or the matrix M‘f’g is applied. In the case,

in which % is applied, the phase has again a positive oscillation energy E; times t, — ¢;. In the

case of the application of M ‘f’”(‘) however, the phase has a negative oscillation energy E; times t, — t;. In
general, the sign of the energy E,,_ of the phase before time ¢, is related to the upper right index of the
matrix M ;?n—l and the sign of energy E, after the time ¢, is related to the upper left index. Therefore,

the products of the matrix product M?ZM;?lM {,?0 times the preceding phase can be interpreted as a
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Figure 7.2: This figure illustrates the third order time dependent perturbation theory of equation in a sim-
ilar way as it is presented in figure The solid arrows correspond to the contribution, in which the electron
propagates in positive energy eigenstates in the whole diffraction process. The dotted arrows correspond to the
contribution, in which the electron is scattered to a negative energy eigenstate at time #; and is scattered back into
a positive energy eigenstate at time ¢,. The dashed arrows correspond to the contribution, in which the electron is
scattered to a negative energy eigenstate at time ¢, and is scattered back into a positive energy eigenstate at time
t3 and the dash-dotted line corresponds to a contribution, in which the electron is scattered to a negative Energy
eigenstate at time ¢ stays a negative energy eigen at t and is scattered back into a positive energy eigenstate at
time t3.

quantum mechanical pathway of an electron which may be scattered into positive or negative energy
eigenstates, depending on the upper indices of the matrices M :1?,,171. Equation contains all four
possible combinations of matrix products, which are sketched in figure The upper left index of
the left matrix and the upper right index of the right matrix is an #, because positive incoming and
outgoing electron eigen states are required by considering the upper left 2 x 2 subentry of equation
(7.58).

Similar to section[7.2]a time integration over the vanishing term

AEY% + haw (7.70)

is demanded, because this term will diverge in time and dominate over all other contributions. And
similarly to section[7.2} this term occurs in the last integral over t3, where the former integration times
t; and t, are substituted into t3 by the upper integration limits. Therefore, the time-dependent phase
exp(—iwtz) has to be searched in the expansion of sin(wt;) sin(wty) sin(wtz), in which t; and t; have
to be substituted into t3. From the expansion of the sine product

sin(wty ) sin(wty) sin(wt3) :% _elw(—ti—t—t3) | giw(+h—b—t) | giw(—h+t—ts) _ giw(+h+h—t)

4 elw(=thi—htts) _ gw(th—tth) 4 Giw(=ttht+i3) | glw(+h+iatts)

7.71)

only the terms
L iw(+t—tr—t3) , L slw(—h+ta—t3) , L iw(—ti—tr+t3) (7.72)
8 8 8
contribute after the substitution of #; and ¢;. The time integration over ¢; and f; for all three terms
times phase; will be calculated in the following. The same integration of all three terms times phase,,
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phase, and phase, is very similar, except that the u and d indices of the energy differences AE}’,, are
different. But Different u and d indices do not affect the calculation.
The integral of the first term of (7.72) times phase, results in

/ dt3/ dtz/ dty exp [— (E3t—Eot0+(AE + hw)ts + (AEYS + hw)ty + (AEpY hw)tl)}
to

h
-1 dt ® gty ex (E t — Eoto + (AEYS + hew)ts + AESAL) (7.73)
= E[L)n{ fiw 8 3 2 EXp 3 0to 3 .

1 1 ih2 t
- [ dtyexp |~ (Est — Eoto + (AEYS + hw)ts) | -
AEIT — e AELS 8 i 3eXp[ (Eat = Eoto + (AE3 + o) 3)}

The integral of the second term of (7.72) times phase; results in

1 t t t 1
% dt3/3 dt2/2dt1 exp [—1 (Est — Eoto + (AEYS + hw)ts 4 (AEYS — hw)ts + (AEgY +hw)t1)}
to ’

h
N dt3 dtz exp | —= (Egt — Eoto + (AEYS + hw)ts + AEgSt) (7.74)
ESL{ +hw 8 to ’

1 1 iK?

= — dt —— (Eat — Ept AE hw)t .
AET + fiwo AELS 3 3eXP[ (Es oto + ( 53+ hw) 3)}

The integral of the third term of (7.72) times phase, results in

t t t 1
% dt3/3dt2/2dt1 exp [—1 (Est — Eoto + (AEYS — hw)ts 4 (AEYS + hw)ts + (AEgY —l—hw)tl)}
fo
1 h
= mS dt3 dt2 exp {_h (Est — Egto + (AE5S — haw)ts + (AERY +2wt)t2)]
1 1 in? [t

_ _ _ uu
= Euu T AESE‘ T2l 8 s dtz exp { (E3t Eoto + (AE + Fl(u)tg,)] . (7.75)

Summing up the three integrals (7.73), (7.74) and (7.75) yields

1 1 1 1 1 1

PF = 7.7
! AEFY — hw AEgY * AERT + hw AERY AE”” + hw AERY + 2wt (7.76)
times
dt3 exp |:—h (E3f — Eoto + (AE + th)t3) (7.77)
times —if? /8. The integration over the phases (7.66), (7.67) and (7.68) results in the prefactors
1 1 1 1 1 1
PF, = 7.78
2 AEGH — hw AEYS + AERT +hw AEud AERT + hw AEud +2wt’ 7.78)
1 1 1 1 1 1
PR = , 7.79
3 AEud — hw AE”H AE ud 4 4 hw AE T AE d + hw AE 5+ 2wt ( )
1 1 1 1 1 1
PF, = (7.80)

+ +
AEYS —hw AEYS  AEYS +hw AESS — AERS + hw AESS + 2wt

times equation (7.77) times —if?/8. The last integral over t3 of equation (7.77) is identical to , if
one accounts for the different energy-momentum relation E}* — E; in the D1rac case. Taking together
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all calculation results, one obtains
u tt) = ( PE; MY MU% ppis PE Mud Mdu uu + PFE MU Mud Mdu PE Mud Mdd Mdu
rdul3,0(t o) = 1MzoMy 1 Mig+ PoMzHrMy 1My 3Mz oMy 1My + PEaM3, M3 1M1

N o—i(Est—Eoto)/n JE—H0 . on resonance 7.81)
26h L (em18wl — ¢~1Awlo)  off resonance,

Aw
for equation (7.58). A first order Taylor expansion with respect to k; and k3 for vanishing A, and
vanishing k; yields

1 e 5 . A2
U, g ui30(t to) = o5 23 <\ﬁA3hk31 — hkLA3(1‘72)> ﬁe i(Est EotO)/h(t —to), (7.82)

where the vector k 1 is pointing in the x1-direction. The vanishing A», k; and the direction of k; has been
chosen, such that a Taylor expansion is feasible with Mathematica. In order to recover an equation,
which is independent of this specific geometry, one may perform the following replacements in (7.82).

The product Asks is nothing, but the component k| = k- Ay/|Ag| of the vector , parallel to the
vector potential direction of the external laser beam times the amplitude of the vector potential |Ay|,
resulting in Azks = |Ao|k|‘ =k- Ao. Similarly, A% can be written as A% The term, containing the o

can be recovered as scalar product of the vector ¢ times the cross product of ky with Ag. Inserting all
replacements in (7.82) yields

1 e (5 2 .= = o 0\ A L,
Urgz0(t to) = 1755 (ﬁAMthkL x Ag - (w)) e BB — 1), (7.83)

which is of the same form as the propagator of perturbation theory with the Pauli equation (7.39),
except that the prefactors of the 2 x 2 matrices are different.

7.3.2 Interpretation
Comparison with Pauli theory

There is no non-relativistic limit, in which the propagator of the Dirac equation and the propa-
gator of the Pauli equation (7.39) coincide. The reason for this counter-intuitive property is, that there
is no configuration for which the laser frequency and initial electron momentum are non-relativistic
for the 3-photon Kapitza-Dirac effect. This property is already discussed in section Therefore,
the 3-photon Kapitza-Dirac effect always occurs in a parameter regime, in which the validity of Pauli
theory breaks down. Thus, even though the results of Pauli and Dirac theory are similar, it is clear,
that they cannot coincide excactly.

Electron spin rotation

Similar to subsection|7.2.2} equation (7.83) has the same form as the proposed Sl (2)-ansatz (6.4) for the
propagator matrix entry, with vanishing imaginary part of 7i. The parameters for this ansatz assume
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the values
1
e 2R/ . N ]
dso(t o) = —i 2 Fof - Eot. (7.84b)
s -}
0(30(f,t0)) 5 4 - 5 5 - - S\2
cos (' = —Ap-hk —Ag-hk| + (T’lkL X Ao) , (7.84¢)
2 V2 V2
s -}
- _(azobto)\ 2 2 | (5 2 o2 N
fiz0(t, o) sin (2 ) — 1k x Ag ( 5ok )+ (hkL x Ao) (7.84d)

Like in subsection the four equations (7.84) are unique, because of the unitarity of the Si/(2)
representation.

One analogously concludes as in subsection that the rotation angle a3 (¢, fp) and the rotation
axis 7i30(t, to) are constant in time. The unit vector

kp x A B
flag= — 0 = 20 (7.85)
|kL X A0| |Bo|

of the rotation axis of the electron spin points in the direction of the magnetic field By of the laser beam,
too.

The rotation angle a3 g is again computed by multiplying equation (7.84d) with equation (7.85) and
dividing it by equation (7.84c), resulting in

w30\ _ V2 kL x Ag|

tan (=~ ) = ————. 7.

an(z) 5 A,k (7.86)
Rabi frequency
The quantity

oy 2

1N\2/ e \2[(5 2 .2\° (w2 _ =\2| (A3

Und,ui,0(T, 00Uy 1:3,0(T,0) = (12?1) (W> [(\/EAO'hk> +(hkL><A0) <4mcg T*1,
(7.87)

originating from propagator subentry (7.83) is of the same form as the Taylor expansion (7.46). There-
fore one may conclude the Rabi frequency

1 e e2A2 5 . \2 - )
Qp=——-—-0 — Ay - bk hk A . 7.

R 61 m2c3 dmc? \/(\/E 0 ) + ( L X O) ( 88)
of the 3-photon Kapitza-Dirac effect, similarly to subsection [/.2.2}

Spin-flip probability

Similarly to subsection the time evolution of the expansion coefficients cj, can be computed by
equation (6.1). If one assumes an initial configuration, in which only the 0 mode with spin up is
occupied, one may compute

A 7 2 A2
+1 _ (+T,+T) +1 _ L 5€A0 . hk e AO *i(Enrthmto)/h
c3 () = (Ungap) (t,to)ey (to) = h Janicd T2 e

1 ehky x Ao e2 A2
&34 (8) = (Ungiap) ™D (1 t0)eg (T) = 3 =530 3

(t—to)el T (to), (7.89a)

MBS ER )/ (y  pye (). (7.89b)
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With the more specific initial condition cg T(0) = 1 one obtains

5 5 oN2 [/ 5\ 2
1 2 (1 5eAy - hk e“Aj )
les (T)]” = <12h> ( T 2 T and (7.90a)
5 = N2/ 5\ 2
+1 2 1 ehkL X AQ e AO 2
o™ (DF = (1271) ( m2c3 4mc? . (7.90b)

after time T. Analogous to subsection one can compute the non-spin-flip and spin-flip probabili-
ties

P (54 - hE/\@)z _ (5K /V2)? _ 1 and (7.91a)
noflip (5eAq - hk/\/2)2 + (ehky x Ag)? (5k‘|/ﬁ)2 + (k)2 1+ 2k%/(25kﬁ) .
(ehky x Ag)? (kr)? 1 (7.91b)

Pl = — - — = == = .
P (Bedly - 1K/ \/2)% + (ehky x Ag)?  (5ky/V2)2+ (k)2 25K/ (20F) +1



Chapter 8

Electron spin dynamics: Numerical
results

In this chapter, the quantum dynamics of the 3-photon Kapitza-Dirac effect is solved by numerical
application of the quantum wave equations in chapter [ in analogy to the 2-photon Kapitza-Dirac
effect of chapter 5| A focus is on the spin properties, which clearly shows up in the 3-photon Kapitza-
Dirac effect, in contrast to the 2-photon Kapitza-Dirac effect. The considerations on the general electron
spin properties of chapter|p] together with the perturbative short-time solution of chapter[7|are verified
with the numerical simulations in this chapter.

The chapter starts with the detailed presentation of the 3-photon Kapitza-Dirac effect of reference
[25]. After that, the spin-flip probability and the spin rotation properties of the 3-photon Kapitza-
Dirac effect are discussed in section The properties of a slower turn on and turn off of the laser
field amplitude are considered similarly to section At the end, the resonance peak structure of
the diffraction probability is discussed (section and the Rabi frequencies from the perturbative
solution [7]are verified (section 8.6).

8.1 Setup

One may use the resonance condition from energy and momentum conservation for the deter-
mination of the initial momentum i, of the 3-photon Kapitza-Dirac effect, similarly to chapter [5}
The number of absorbed photons is 2 and the number of emitted photons is 1. The photon energy of
3.1keV = 6.1 - 1073 mc? of the laser beam is adopted from [25]], as well as the initial electron momen-
tum in laser polarization direction of 27ik; /5. Equation yields a value of 176 keV/c = 0.347mc
for the initial momentum of the electron in laser propagation direction. The ponderomotive amplitude
is chosen to be 1.16 - 10~2 mc?, as it is used in [25].

The resulting quantum dynamics is shown in figure The initial condition of the simulation is
car T(0) = 1 and all other expansion coefficients are 0. The amplitude of the vector potential is turned
on for 10 laser cycles and off for 10 laser cycles, according to the envelope function (5.4). One can
identify Rabi oscillations in the quantum dynamics and may use the Rabi frequencies and spin-flip
probabilities from perturbation theory of section [7.3| for expressing the curves with sine and cosine
functions as it is done for the 2-photon Kapitza-Dirac effect in section[5} For the chosen parameters,
the spin-flip probability evaluates to 1/3 and the probability of no spin-flip evaluates to

69
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Figure 8.1: This figure shows a similar time evolution of the Dirac equation {.64), as in figure but this time
for the case of the 3-photon Kapitza-Dirac effect. The corresponding parameters of the laser and the electron
are introduced in section The laser intensity of this simulation corresponds to 2.0 - 1023 W/cm?, with a laser
wave length of 0.4nm. The electron momentum is 176 keV/c in laser propagation direction and 1.2keV/c in
laser polarization direction. The solid lines are the analytical estimate (8.1) and the crosses are data points of the
numerical simulation [25]. The Rabi transition evolves between mode 0 and 3, implying 3 transferred photon
momenta, in contrast to the two photon momenta of the 2-photon Kapitza-Dirac effect in section[5} Furthermore,

the diffraction probability of the electron beam consists of a spin-flipped part |c;' i|2 and a not spin-flipped part
o3 T2
2/3. Therefore, one may assume
QO Q
Py(T) = cos? (2RT - TR 13.75 TL) , (8.1a)
2 Q Q
PI(T) = Zsin? [ =217 - ZR1375T; |, (8.1b)
3 2 2
1 Q Q
PY(T) = 3 sin’ <2RT - TR13‘75 TL> , (8.1¢)

where Py(T), P3T (T) and P3¢ (T) should approximate the probabilities \car ()2, |c;r T(T) ? and |c;r i(T) |?
in figure The frequency Q) is the Rabi frequency (7.88), derived from perturbation theory of the
Dirac equation and Ty, is the time of one laser period T;, = 27t/cky. The number of 13.75 laser periods
accounts for the turn on and turn off time of the external laser field and is determined according to the
considerations of section 8.4

Figure[8.]|may mislead the reader to assume, that the quantum dynamics of the 3-photon Kapitza-
Dirac effect only takes place in the 0" and the 3" mode and all other modes are not occupied. How-
ever, figures and [8.4] show, that the opposite is the case. If the external laser field is turned
on, the occupation probability distributes over many neighboring modes and rejoins back in mode 3
after the interaction of 700 laser periods. This is a remarkable property, because there is a priori no
reason that quantum dynamics oscillates according to the sine shaped Rabi oscillations and that
parameters like the Rabi frequency and the spin-flip probability agree with the perturbatively derived
values. In particular, the spread of the occupation probability over many neighboring modes implies,
that higher order terms of time-dependent perturbation theory need to be accounted for, in order to
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Figure 8.2: This figure shows the same time evolution as in ﬁgurefor the duration of the first 35 laser periods.
The difference is that the occupation probability Y, |c|? for each mode 7 is plotted while the external field am-
plitude is not turned off. In contrast to that, a turn off of 10 laser cycles is propagated for each data point in figure
One can see, that the occupation probability of the 0 mode decreases and the probability is distributed over
the neighboring modes during the turn on phase of the interaction.

assure validity of perturbation theory. However, the results in this, the next section and in section
indicate, that the predictions of third order time-dependent perturbation theory are applicable even in
a non-perturbative parameter space.

It should be pointed out that the numerical results in figure and (8.4 demonstrate impres-
sively, that the numerical solution of the quantum wave equation is a powerful tool to prove the an-
alytical estimations of chapter[7] Even though, the perturbative solutions of chapter [7] provide useful
equations for describing the 3-photon Kapitza-Dirac effect, only a numerical solution can answer, how
quantum dynamics evolves without approximations.

8.2 Spin properties of the 3-photon Kapitza-Dirac effect

Figure(8.1| contains the probability that an initial electron with spin up is diffracted to a final electron
with spin down, where the spin quantization axis points in x3-direction. In general, the initial electron
spin could point in any direction #, with polar coordinates 6, ¢ and one may detect, if the final spin
points in the #’ direction, with polar coordinates 6’, ¢'. If the initial quantum state is parameterized by
the Bloch state ¢((6, ¢) of equation and the final quantum state, on which the wave function is
projected to, is parameterized by the similar Bloch state c3(6’, ¢') with different angles 6’ and ¢’, then
the transition probability from ¢ (6, ¢) to c3(6’, ¢') is given by the matrix element

c3(0, @' ) Us0(t, to)co (6, @) . (8.2)

This matrix element can be reasoned with the scalar product of ¢ (¢/, ¢') with cf of equation (6.7b),
which is the spin-dependent transition probability. The scalar product of c3 (¢',¢’) with the right-
hand side of equation yields the matrix element (8.2). Therefore, the knowledge of the matrix
U3 (t, tg) can answer the above question of a spin dependent diffraction probability for a general in-
coming spin direction and a general outgoing spin direction. Chapter [f|assumes, that this propagator
subentry Us(t, tp) should be of the form (6.4), with the SU(2) representation and vanishing
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Figure 8.3: This figure shows the same time evolution as in fiurefor the duration of the last 35 laser periods of
the interaction time of 700 laser periods. Similarly to figure the occupation probability Y, |c$|? for each mode
n is plotted while the external field amplitude is not turned off. When the external laser field is smoothly turned
off all the distributed occupation probability joins back into mode 3 at time ¢t = 70077

0.00

10 —0.25

0 R —0.50

= 5 41—0.75

ié 0 1-1.00

1-1.25

SR I A T 150
"é T |

[ —1.75

=5 —2.00

—2.25

_100 100 200 300 400 500 600 700 —2:30

t/ Teycle (number of laser cycles)

Figure 8.4: This figure shows exactly the same data as in the figures and but for the whole interaction time
of 700 laser periods and in a rainbow colored density plot. The color coding is the logarithm to base 10 of the
occupation density ¥, |c|? of each mode at time t. Occupation probabilities lower than 10725 are represented
in dark blue. One can see, that the probability density distributes in momentum space during the interaction.
The modes —4, —2, 0, 2 and 4 exchange their occupation probability with the modes —1, 1, 3, 5 and 7 in the
interacting process. In the turn off phase of the last 10 laser cycles, the occupation probability accumulates to
mode 3, resulting in the data point at interaction time T = 7007}, in figure
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Figure 8.5: This figure shows the Frobenius norm of the propagator subentry U, ,(t, fy), subtracted by its
approximation for the data of the simulation, which is described in section[8.1} The data with a = 0 originates
from the propagator Uy (t, o), which describes the quantum dynamics of the undiffracted beam, whereas a = 3
corresponds to the propagator U3 o(t, to) of the diffracted beam. The propagator entry of the undiffracted beam is
approximated well. In the case of the diffracted beam, the value between 10~ ill 10~° means, that the parameters
P, ®, « and 7i are approximated well up to 4 till 5 decimal places, in the case of a full diffraction probability P ~ 1.

imaginary part of #3 9. This property would be quite useful, because the diffraction properties, which
are encoded in U3 (¢, tp) are reduced to the degrees of freedom of a diffraction probability, a complex
phase, a rotation angle and a rotation direction, where the rotation refers to the rotation of the spin
expectation value of the Foldy-Wouthuysen spin operator (3.40). In order to check, whether the ap-
proximation can be applied to the simulated propagator subentry, the parameters P, ¢30, &30
and 7i3 g are determined numerically and the Frobenius norm

|M||Fr - <Z|M1]|2> (8~3)
of the matrix
: tt tt
M = U,,(t, ty) — Rwuﬁwé%W%>Fm<gw)l—imn<%wg’w>ﬁwajw-ﬂ (8.4)

is computed in figure[8.5] The Frobenius norm is used, because it is a matrix norm, which is compati-
ble to the euclidean scalar product || - |, and it is easy to compute. Figure[8.5)tells, that the propagator
subentry U3 can be approximated with a precision of 4 to 5 decimal places and Uy can be approx-
imated even better. The successful approximation of the propagator by the parameters P, ¢, « and 7,
with vanishing imaginary part 7i implies already, that the electron spin is rotated by the angle « around
the direction 7i. The question arises, how these parameters evolve in time in the case of Kapitza-Dirac
scattering. The figures[8.6/and [8.7] present the relevant data over the interaction time T. According to
figure[8.6(a)} the spin of the undiffracted beam remains unchanged. The figures and[8.7]tell, that
the electron spin is rotated by an angle of 70.6 degrees around the direction of the magnetic field of the
counterpropagating laser beam.

As stated above, the spin-flip probability of the diffracted beam can be deduced from the matrix
element of the SU(2) representation of rotations (6.5). If the initial electron points in the x3-direction
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Figure 8.6: (a) Left figure. The value |7 sin(app/2)| is plotted for the data of the simulation, which is described
in section Since this value is below 1077, the angle ag is also below 10~?, which means, that the change of
the electron spin of the undiffracted beam is negligible. (b) Right figure. The three components of the unit vector
73,0 are plotted for the data of the simulation, which is described in section[8.1} The vector points precisely in the
xp-direction for all interaction times T, which is the direction of the magnetic field of the external vector potential
(2.1b)).
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Figure 8.7: The rotation angle a3 is plotted for the simulation data, shown in figure The value of this angle is
70.6° independent of the interaction time T.
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(0 =0,¢ = 0), as well as the final projecting state (¢’ = 0,¢’ = 0) and the rotation axis was pointing in
xp-direction (739 = (0,1,0)7T), the matrix element evaluates to

.[.
+ (1 cos(a/2) —sin(a/2)
¢3(0,0)"5c0(0,0) = (0) (sin(uc/Z) cos(a/2) (85)
If the final projecting state was pointing in the —x3-direction (8’ = = 0), the matrix element
evaluates to
t .
+ {0 cos(a/2) —sin(a/2)\ (1) _ . (&
¢5(71,0)tS ¢9(0,0) = (1> (Smwz) costar2) ) (o) =sin (2) . (8.6)
Note, that the two matrix elements and correspond to the observables |ci 1|2 and |CH|2 of

figure (8.1 at the initial condition cO+ T(O) = 1. The absolute square of these matrix elements with the

angle &« = 70.6 results in |cos(a/2)|?> = 0.666 and |sin(a/2)|?> = 0.334, which is consistent with the
spin-flip probabilities (7.91a) and (7.91b). This demonstrates, that the knowledge of the parameters P,
¢, « and 7 of the propagator subentry U3 (¢, ty) is sufficient for computing the spin-flip probability in
figure(8.1land any other directed spin change probability.

The rotation angle and the rotation axis of the propagator of the diffracted and the undiffracted elec-
tron beam do not depend on the interaction time. This means, that the electron spin of the undiffracted
beam never changes its direction. Similarly, the electron spin of the diffracted beam is always rotated
by the angle 70.6 degrees around the y direction for all times T. The only property, which evolves in
time (and oscillates in Rabi cycles) is the diffraction probability of the diffracted and the undiffracted
beam.

8.3 Variation of the spin rotation

The spin-flip probability of the numerical results in figure [8.1|is deduced from perturbation theory
by using the equations (7.91a) and (7.91b). Both probabilities depend on the parameters k;. and k.
If these parameters are changed, the spin-flip probability changes, which implies, that also the angle
of the electron spin rotation changes. This is tested by varying the electron momentum in laser po-
larization direction fik in figure The spin-flip probability changes indeed according to (7.91b).
The parameters of the propagator subentries U (¢, o) and U3 (t, ty) are determined from the simu-
lation data, similarly to section Figure|8.9|shows, that the propagator is approximated well by the
SU(2) ansatz (6.4). Therefore, one may proceed in interpreting the parameters of the propagator ap-
proximation. Figure ' tells, that the spin of the undiffracted electron beam remains unchanged,
analogously to section One concludes from figure that the vector #3( points in the xp-
direction, which means that the spin of the diffracted electron is rotated around the magnetic field axis
of the laser beam. Figure tells, that the rotation angle of the of the electron spin rotation can be
varied by varying k|, according to equation (7.86).

8.4 The beam envelope in the 3-photon Kapitza-Dirac effect

Like in chapter [5, the amplitude of the external vector potential is turned on and turned off in a very
short time, as compared to the full interaction time of the electron with the laser beam. And like
in section it is of interest to consider a more realistic time-dependent envelope of the external
potential. This section considers the same envelope function (5.4), as in section

In order to treat the delay of the Rabi cycle, caused by the lower potential amplitude during the
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Figure 8.8: This figure shows the spin-flip probability of the diffracted beam for the data of the simulation, which
is described in section [8.1| at the interaction time of one half Rabi period 77/Qpg. The only parameter, which is
varied, is the electron momentum in laser polarization direction #ikj. The solid, analytical line originates from
equation (7.91Db), the red crosses represent the spin-flip probability from numerical simulation (see also reference
[25]) and the blue pluses are the absolute value squared matrix elements (8.6). The angle alpha in is the
rotation angle of figure[8.T1} All three methods for determining the electron spin-flip probability agree well with

each other.
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5 decimal places in the case of the diffracted beam and are determined even more accurately for the undiffracted

beam.
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Figure 8.10: (a) Left figure This figure shows the same |7 sin(xg0/2)]| as in figure but for a variation with
respect to k. One similarly concludes, that the spin of the undiffracted beam remains unchanged. (b) Right figure
This figure shows the same 73 as in figure|8.6(b)|but also for a variation with respect to k. Similarly, the electron

spin is rotated around the x,-direction of the magnetic field of the laser beam.
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Figure 8.11: This figure shows the a3 parameter of the SU(2) ansatz (6.4), which has been determined for the
numerical data of figure The solid line corresponds to the analytical property (7.86), which has been derived
by applying third order, time-dependent perturbation theory at the Dirac equation. The numerical data agrees

well with the analytical derivation.
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turn on and turn off, the Rabi transition is modeled by the differential equation

o= iﬂRz(t) c3 (8.7a)
3 = iQRZ(t)co, (8.7b)

similarly to the system of ordinary differential equations (5.5). The Rabi frequency of the 3-
photon Kapitza-Dirac effect scales with the third power of the potential amplitude, such that one may
write

(A3)°
(AB»,max)3 ’
The Rabi frequency Qg max is the frequency with the maximal field amplitude A3 max. Analo-
gously to section the differential equation (8.7) is solved by the solution

QR (A3) - QR,max (8-8)

co(t) = cos(t) (8.9a)
c3(t) = isin(t), (8.9b)
with the warped time parameter
t
F(t) = / QRz(T) dr. (8.10)
0

Like in section one may compute this integral and solve the requirement #'(T) = 7/2 for T,
resulting in
s 16

T=_—" 2
O max 16 — 11f

(8.11)
Figure tests, whether the quantum system undergoes a full Rabi cycle, if the fraction f is varied.
For large f the diffraction probability decreases. This may be attributed to the small resonance peak,
which is described in the next section. If one compares the Rabi frequencies of the 2-photon Kapitza-
Dirac effect with the 3-photon Kapitza-Dirac effect, one obtains

Qg 3photon 1 e 5 - 2\ 2 > 2 \2
’ = — —Ap - ik fikp x Ag) . 12
QR,ZPhoton 6h m2c3 (\@ 0 > " ( L 0) 512

This means, that the Rabi frequency of the 3-photon Kapitza-Dirac effect is a factor 3.8 - 10~* times
smaller than the Rabi frequency of the 2-photon Kapitza-Dirac effect, for the chosen parameters of
figure A high amplitude of the external potential detunes the laser frequency of the resonance
peak slightly. If the external potential is detuned during the turn on and turn off, the transition of
the 3-photon Kapitza-Dirac effect may not take place to 100%, because there will always be a time, in
which the Rabi transition is off-resonant.

8.5 The resonance peak

Within this thesis, the resonance peak is referred to as the property, that the Kapitza-Dirac effect takes
place only, if constraint of energy- and momentum conservation (see section are fulfilled. If the
laser frequency or the electron momentum are not fine tuned to each other no diffraction takes place.
Of course, the parameter range for diffraction is not of measure zero, which means that there is a
smooth transition between resonant parameters and off-resonant parameters and the diffraction prob-
ability smoothly decreases, if the parameters of the laser and the electron smoothly deviate from the
resonance condition. It should be mentioned, that these peak properties have already been illustrated
by Gush and Gush [31] for the case of the 2-photon Kapitza-Dirac effect.
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Figure 8.12: This figure shows the final transition probability of the 3-photon Kapitza-Dirac effect, if the fraction
AT = fT of the turn on and turn off is varied, according to the envelope function (5.4). All simulation parameters
are the same as in figure The interaction time is extended by the factor 16/(16 — 11f) of equation (811), in
order to compensate for the lower Rabi transition time. One can see, that the diffraction probability decreases for
an increasing fraction of turn on and turn off duration.

The resonance peak can be described by off-resonant Rabi cycles. Therefore, it is worth to exploit
the theory of Rabi transitions of a two-level quantum system. The differential equation, which de-
scribes Rabi transitions is a more sophisticated version of the differential equation (8.7) and can be
found for example in subsection 5.2.1 in the book of Scully and Zubairy [52].

éo = i%e*iq’ﬂ%a (8.13a)
Gy = i%ei‘f’*mwc@. (8.13b)

This is a simple differential equation of a two level quantum system with detuning Aw, which evolves
in Rabi cycles. The analytical solution of equation (8.13) can also be found in [52].

co(t) = {CO(O) [cos (?) - mﬁw sin (?)} + 03(0)i%e_i4’ sin (?) } s (8.14a)
c3(t) = {C3(0) [cos (?) + lAﬁw sin (?)} + cO(O)i%ei‘P sin (?) } i (8.14b)
The frequency

Q= /0% + Aw? (8.15)

is the oscillation frequency of the off-resonant transition probability and is always larger or equal to
the Rabi frequency Q. Similar to the initial condition of figure the initial condition ¢o(0) = 1 and
c3(0) = 0 may be inserted in the solution (8.14b), resulting in the time-dependent transition probability

les(8))? = o2 Sin ( 7 ) . (8.16)
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This equation is not only to be seen as function of the time ¢, but also implicitly as function of the
detuning Aw. The structure of equation tells, that the transition probability would be peaked for
zero detuning. Figure shows a similar peak also for the case of the 3-photon Kapitza-Dirac effect,
if the off-resonant frequency peak was adapted by a scaling of the detuning Aw.

Aw?
— 2
Q=1/0x+ E (8.17)
If one accounts for the effective peak-broadening parameter b = 45.7, which is obtained by a fit to the
numerical data, equation (8.16) seems to approximate the resonance peak well. From the variation of
the resonance condition (2.17), one also expects a detuning by changing the initial momentum of the
electron, which should be related to the energy detuning by

_ |ma+nel

A
w 2c

ap1s
Apin| ’Pl,n

3
S hAw = EhAw . (8.18)

Therefore, one would expect the off-resonant frequency

2
a- \/ i+ (25) (819)

in dependence of the momentum 7ik; of the electron in laser propagation direction. Figure[8.14]verifies
this property.

It should be mentioned, that the resonance condition yields the momentum p; = 0.344468mc,
which corresponds to 176.022keV /¢, but the position of zero detuning in figure has the momen-
tum p; = 0.347017mc, corresponding to 177.325 keV /c. One may assume, that this detuning originates
from the coupling of mode 0 and mode 3 to the neighboring modes. Since the classically expected and
the numerically found momenta of the resonance peak differ by 1.303 keV /¢, either the initial electron
momentum or the laser frequency must be tuned. Otherwise, the diffraction probability would be
negligibly small.

8.6 Rabi frequency of the 3-photon Kapitza-Dirac effect

The Rabi frequency (g depends on various parameters of the laser and the electron, according to
subsection (7.3.2). Figure8.15|tests the dependency of Qg on the momentum 7k in laser polarization
direction of the electron. The Rabi frequency can be measured, by fitting the function

QrT
sin? ( % + <p) (8.20)
at the time evolution of the numerical data \C; T 1> + |C;r v 2. One can see, that the numerical data agrees

with the analytical model (7.88), of third order time-dependent perturbation theory. There is a small
deviation, which can also be found in the plot of the time-dependent dynamics 8.1} This deviation can
be attributed to the interactions of the modes 0 and 3 with the neighboring modes.

One may also vary the frequency ck; or the potential amplitude | Ag| of the laser beam, which is
shown in figure and The setups of both figures differ from the setup, which is described
in section The reason is, that if the interaction parameter and in particular the laser frequency
are changed by orders of magnitudes, the quantum dynamics of the 3-photon Kapitza-Dirac effect
may interfere with other quantum dynamical effects, for example the 2-photon Kapitza-Dirac effect.
Therefore, even though there always exists an analytical short-time propagator from perturbation the-
ory and therewith a Rabi-frequency, there is no guarantee, that a well-formed 3-photon Kapitza-Dirac
transition, as it is shown in figure takes place in the quantum system. In order to fit at least the
short-time time evolution of the diffraction probability, it is useful to start with the mode of the higher
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Figure 8.13: This figure shows the diffraction probability P; = |cg|2 + |c§|2, for the setup of sectionﬂ but for
a variation of the laser frequency ck; by cAky. The interaction time T is one half Rabi cycle 77/Qpg. Ps is fitted

at the function (8.16) with off-resonant frequency (8.17) and fit parameter b = 45.7. The maximum diffraction
probability, independent of interaction time T is also plotted, with the corresponding function (8.16), in which the

sine is set to 1.
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Figure 8.14: This figure shows the same variation of the diffraction probability P; = |C§‘2 + |C§|2 as figure
but this time with respect to the variation of the initial electron momentum fik; in laser propagation direction.
Equation (8.16) also applies for the parameter variation with respect to fik; in the case of the detuning (8.19) and

peak-broadening parameter b = 45.7.
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Figure 8.15: This figure shows the Rabi frequency Qg of the 3-photon Kapitza-Dirac effect, for the variation of the
momentum fik) in laser polarization direction of the electron. The numerical points are fits of the function at
the numerical data, presented in figure[8.8} The analytical line originates from equation (7.88) of time-dependent
perturbation theory of the Dirac equation. The numerical data is in good agreement with the analytical prediction.

momentum (3-mode) and to evaluate the mode with lower momentum. The Rabi frequency from
mode 3 to mode 0 should be the same as from mode 0 to mode 3. Since there might not occur a full
Rabi cycle, it might not be possible, to find a resonance peak, as described in section and the off-
resonant quantum dynamics, described by equation (8.16) is fitted. However, in the case of a very
small detuning, the fit parameters Qg and () are almost degenerate and equation is no longer a
good fitting function. Therefore, depending on the dynamics, the short time evolution of mode 0 may
only be fitted at the fourth order Taylor expansion of equation with respect to ¢

Of, 1050%, 5

2 t 371 1 +O(F). (8.21)
The turn-on and turn-off time of the external potential is zero in the case of the figures and
This is reasoned by the amplitude of the external potential, which is much lower that the one in figure
Therefore, the approximation of the quantum dynamics with an infinite short turn-on and turn-off
does not affect the diffraction probability very much. Since there is no turn on and no turn off time,
the ¢-offset in the time argument is omitted in the fitting functions, which are used for the figures
and
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Figure 8.16: This figure shows the Rabi frequency of the 3-photon Kapitza-Dirac effect for an electron, which
moves collinear to the laser propagation direction. The amplitude of the external potential is Ay = 0 and
Az = 0.5mc?/+/he. The final electron momentum in laser propagation direction is given by equation [2.17).
The analytical curve is from the evaluation of Uy 3 in equation (7.8I), whereas the dashed line originates from the
Taylor expansion of the propagator (7.82). The crosses of the fits of the numerical time-evolution data agree well
with the analytical curve.
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Figure 8.17: This figure shows the same, as figure but this time for a variation of the potential amplitude A3
of the external laser field. The laser wave number is 0.1mc/#, which corresponds to a photon energy of 51.1keV
or a laser wave length of 24.3 pm. The solid line is the Rabi frequency Qg of equation and it agrees well
with the crosses of the fits of the numerical time-evolution data.






Chapter 9

Conclusions and Outlook

9.1 Conclusions

The main result of this thesis is the discovery and characterization of a Kapitza-Dirac effect, in which
a diffracted electron interacts with 3 laser photons. A special feature of this 3-photon Kapitza-Dirac
effect is the influence of the diffraction process on the electron spin.

The 3-photon Kapitza-Dirac effect only appears, if the initial electron momentum and the frequency
of the standing light wave are tuned with respect to each other. This resonance condition originates
from conservation of energy and momentum of the combined system of the electron and the laser pho-
tons it interacts with. Section [2.2| provides a graphical interpretation of this energy- and momentum
conservation, which allows a more intuitive understanding of the scaling of the resonance condition.
One can infer from this resonance condition, that there is no non-relativistic limit for the 3-photon
Kapitza-Dirac effect, which demands for a relativistic description of the effect. Even the resonance
condition from the relativistic energy-momentum relation itself differs from the resonance condition
from the non-relativistic energy-momentum relation in the case of the 3-photon Kapitza-Dirac effect.

The quantum dynamics in this thesis is described by the Schrédinger equation, the Pauli equation,
the Klein-Gordon equation, and the Dirac equation which are introduced in chapter 3] All four quan-
tum wave equations are transformed into momentum space in chapter[dl Chapter[]thereby makes use
of the bi-scalar and bi-spinor matrix contractions of the appendices|A]and Bl The quantum dynamics
of the Kapitza-Dirac effect is solved numerically in the chapters |5{and 8} The quantum dynamics of
the 2-photon Kapitza-Dirac effect is verified in chapter [f| with the numerical solution of the quantum
wave equations in momentum space. The quantum dynamics of the 3-photon Kapitza-Dirac effect is
elaborately discussed in section 8] The numeric solution is able to prove that a full Rabi cycle of the
diffraction probability takes place for the 3-photon Kapitza-Dirac effect, and shows that the quantum
dynamics features an in-field interaction of the electron with many neighboring modes in momentum
space. A full Rabi transition is possible, even for a sine-shaped time-dependent envelope of the laser
amplitude, in the case of the 2-photon Kapitza-Dirac effect. In the case of the 3-photon Kapitza-Dirac
effect, the diffraction probability decreases to 50% for a sine-shaped laser envelope.

A short time solution of the 3-photon Kapitza-Dirac effect is also provided in chapter[/]by applying
time-dependent perturbation theory to the full Pauli equation (section[7.2) and the full Dirac equation
(section [7.3). The derivation of the perturbative solution of the Dirac equation thereby takes advan-
tage of the matrix notation of the bi-spinor matrix contractions in appendix B} A low laser frequency
solution is obtained by a Taylor expansion of the perturbative solution. The perturbative solutions
of the Pauli equation and the Dirac equation differ from each other even for the low frequency limit.
This discrepancy is reasoned by the inapplicability of Pauli theory in the case of the always relativistic
parameters of the 3-photon Kapitza-Dirac effect. The solution of time-dependent perturbation the-
ory allows for the analytical derivation of the Rabi frequency, the spin-flip probability, and also the
parameters of the SU(2)-rotation of the electron spin. These analytical parameters of the 3-photon
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Kapitza-Dirac effect are verified by the numerical solution of the Dirac equation in section[8} The Rabi
frequency of the 3-photon Kapitza-Dirac effect is, in contrast to the 2-photon Kapitza-Dirac effect, low
and demands for high laser field strengths, which in turn require a relativistic description of the effect.

Even though high laser intensities and short wavelengths in the X-ray regime are required for an
experimental realization, a detection of the 3-photon Kapitza-Dirac appears feasible in the near future.
Reference [25] discusses the implementation of such an experiment at the European X-ray free electron
laser facility.

A special property of the 3-photon Kapitza-Dirac effect is the rotation of the electron spin, when
the electron is diffracted. The rotation angle of the electron spin depends on the electron momentum
in laser propagation direction. This property opens the possibility to tune the spin-flip probability
of the diffracted electron. The spin properties of the electron and the diffraction pattern are inferred
from the propagator of the electron wave function. It is important to mention, that only the diffraction
probability of the electron varies in time, whereas the spin properties and, in particular, the spin-flip
probability of the diffracted electron are time-independent.

The theoretical framework and the concepts which are introduced in this thesis open a precise
understanding of the 3-photon Kapitza-Dirac effect and its spin properties. The methods presented
can be generalized to n-photon Kapitza-Dirac effects.

9.2 Qutlook

This work considers the standard field configuration of the Kapitza-Dirac effect with two counter-
propagating linearly polarized laser beams of equal laser frequency. This standard scenario may be
modified and extended towards more general geometries such as unequal laser frequencies and dif-
ferent laser polarizations. In this way the understanding of the effect could be deepened further.

The whole setup of the 3-photon Kapitza-Dirac effect may be Lorentz transformed into a frame, in
which the absolute value of the incoming electron momentum equals the outgoing one. In this frame
the two counter-propagating laser fields have unequal frequencies. As a consequence, according to the
graphical considerations in section[2.2} the initial and final electron momentum and the laser frequency
can be reduced at the same time for this configuration. This means that the 3-photon Kapitza-Dirac ef-
fect in a two color laser field has a non-relativistic limit in this inertial frame. This opens the possibility
to compare the quantum dynamics of the Pauli equation and the dynamics of the Dirac equation in the
non-relativistic limit, which would be an important consistency check for the theory of Kapitza-Dirac
scattering.

The investigation of the Kapitza-Dirac effect is based on two counter-propagating laser beams with
equal linear polarization in this thesis. One may study the quantum dynamics of the Kapitza-Dirac
effect also for different light polarizations. It is possible that the quantum dynamics is completely
different from that of linearly polarized light and therefore new effects are expected.

The change of the electron spin is of essential interest because the 3-photon Kapitza-Dirac effect
explicitly demonstrates a change of the electron spin in the laser polarization direction, while the laser
photons only carry an angular momentum in their propagation direction. An intuitive description of
the angular momentum transfer from the laser photons to the electrons would be highly desirable, in
particular for various laser polarizations.



Appendix A

Bi-scalar matrix relations

The contraction of the identity matrix with the bi-scalar matrices yields
KG(£)ukKS () = (dﬁG(E)l + dIEG@al) (dEG(E/)l + dIEG(%')al)
= (S EAECFE) +d S @)d S (1) ) 1+ (S (B)d S (F') + dCR)aC (@) ) o
= %Gk, k)1 + s5C (K, K)oy . (A1)
The contraction of the o1 matrix yields
w5C (K)o uXS () = uXS (R)uXC (k) oy = (tKG (k,¥)1+s5C(%, E')gl) o1 = K6 K1+ £5S (K K)oy

(A.2)
The contraction of the o3 matrix yields

wCR)asu S (@) = o5 (5 (R)1 - dXC(R)ery ) (d5CF )1+ dC(F) o)
= (dﬁc(k)dﬁc (k') — d¥G (k) dkG (E’)) o3+ (dEG(E)dIEG(E’) - dEG(%)dEG(E’)) i
= Rk, K)o3 + Ok, K)io, . (A3)

If k equals K/ , the functions X6, sKG | £KG and +KG of equation [#.43) simplify to
q q phty

(mc2 + E(E))z + <m02 — E(E))z (mc2)2 + E(%)z

KG (7 7\ — 4KG (72 o 4KG (72 _ _
£ (k, k) = d3o (k) +d25 (k) = 4E(E)mc2 = Eme (A.da)
SKG (% ) — ZdKG(k)dKG(k) (mc + E ) (mc B ) — (mc2)2 — E(E)Z - _ Ciﬁz (A.4b)
2E(k)mc? 2E(k)mc?
R SN2
4E (k)mc? 4E (k)mc?
XSk, k) =0. (A.4d)

Therefore, the contraction of o3 in equation (A3) turns into the property of uXC 7 (k) beeing pseudo
orthonormal . .
u(k)osu(k)’ = o3. (A.5)
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Furthermore, the pseudo-orthonormal contracted free Hamiltonian turns into the relativistic energy-
momentum relation. This can be seen by expanding the pseudo-orthonormal contracted free Klein-
Gordon Hamiltonian (3.18) into

—

uXS (K)o Ho (K)uXC (k)" = uXC (K)o ((03 + iaZ)z”—m + 03ch> ukC (k)
=2 2.2 =2
- + 2m*c -
— uKS(R) (1’72m + alz”m) uKG ()t (A.6)
=2
7
)2m> 1

o R o2 LR
+ (SKG(k,k)Pgn;“ + tKG(k,k)2pm> 1.

=2 2.2
- (tKG(k,k)pJ“ZZ”C KGR F

The prefactors of the 1 matrix simplify into the relativistic energy-momentum relation

2)2 72\ (2 2.2 2\2 2\ 2
6 7y P J;i’”icz +sKG(E,E)% - (e + E®2) (7 ;:(Z);;; ((me2)? — E®?) 7
B 2(mc?)?p* + ((77102)2 + E(E)z) 2(mc?)? B 2(mc?)? (26252 +2(mc?)? + 2E(E)2) A7)
4E(K) (mc?)? 4E(K) (mc?)? '
_amePE®?
4E (k) (mc?)?

and the prefactor of the o1 matrix vanishes.

L L 232 (R 2.2 22 2\ 2
Ko EEIE | o B T (P2 (4 ER?) p
’ 2m " 2m 4E (k)ym2c?
_ _]32 (CZF—)Q —|—2(mc2)2) + (2(mc2)2 4 CZﬁZ) ﬁz 0 (A8)
4E(K)m2c?
Taking together both results and yields
kG (k)3 Ho(k)u G (k)" = E(K)1, (A9)

for equation (A.6).



Appendix B

Bi-spinor matrix relations

B.1 Calculation of bi-spinor contractions

The calculations in this subsection make use of the commutation relations (3.28) of the Dirac matrices.
The product of two spinor matrices u(k)u(k’)" in equation (#.60a) may be expanded to:

u®u(E) = Y (d+ (01 + kid—(R)pay) - (d(R)1+ k- (K )agB)

Lg
- (d+(k')d+(%’) +kKd (E)d,(k")) 1
+ Z (k- (R)ds (F) — i+ (F)d— (F')) B

+2k1k’ (k)d_ (K aaq
I#q

- (d+(k')d+(%’) vk d (E)d,(k")) 1
+Z(kz R)di. (F) — kid (B)d(F) ) pay

+ ¥ (klk;—qul) d_(F)d_(F)e,

1<i<q

(B.1)

1<q<3

= t(k,k') 1+Zr (k&) + Y. &1k K )aag .
1<I<q
1<q<3

The contraction of B, namly u(k)Bu(k')t of equation can be split up into three terms. Note,
that the parameters of the left and right spinor matrix have the same parameter k, because different
parameters are not required.

u(®)pu(R)t = X (d+ (®)1 + kid— (F)Bay ) B (A (R)1 + kyd— (F)ag B)

Ly
=d. ()’ (b.22)
+ Y kid (K)d— (k) Bos B + kyd 1 (k)d— (k) Bag B (B.2b)
Ly
+ Y kikgd - (K)d— (k) Bas Beeg B (B.2¢)
Lg

The second term (B.2b) can be simplified by using B«; = —BB«; = —a; and noticing that the sum
over the indices g and [ yields the same term twice. The third term (B.2c) is a doubled sum consisting of
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3 x 3 = 9 terms. The three terms with equal index | = g can be simplified by Ba,Ba;8 = —BBaju,f =

— B and summed up, yielding —k2d_ (k)2B. The six terms with unequal indices | # g are a sum over
anti-symmetric matrices Bux;Ba;B = —BuagPua;f multiplied with symmetric factors kjk;. Therefore,
these six terms vanish and the sum of (B.2a) and (B.2¢) yields

(44 (B2 —Rd_(F)?) p = = ﬁﬁ (B.3)
Therefore, the matrix can be rewritten into
e e 2 Chkl
u(k)pu(k)" = 7!3— — (B.4)
ER" ER"
The contraction of a;, namly u(k)a;u(k')* of equation splits up into three terms too.
u(E)agu(k)" =Y (d+< 1+ kg (F)Beg ) g (. (K14 Kjd— ()a;8)
a.j
=d (K)d (K ) (B.5a)
+ qu (K)d ¢ (K') Baegey + Kid 1 (K)d - (K)o B (B.5b)
+ quk, %) ( )ﬁ“q"‘l“]ﬁ (B.5¢)

9,j

The line (B.5b) consists of a sum of six different terms. In the case of equal indices ¢ = I and j = I of
the a matrices, line (B.5b) simplifies to

kod—(k)d 4 (K') B+ Kid s (K)d— (k') = s (k,K')B. (B.6)

If the indices of the & matricies in the sum are not equal (7 # I and j # [), they need to be commuted,
resulting in another minus sign.

Y kod— (K)d 1 (K') Baegwy + Kidd - (K)d - (K ey = Y kgd - (K)d 1 (K') Bagae — K (K)d— (') By (B.7)
a7l q#l
J#l

Therefore, line (B.5b) can be reformulated into

Zk d_ k') Bagee + ki (K)d— (K )aya;8 = s' (K, &) B+ Y r1(k,K') Brege; (B.8)
q#l

Line (B.5¢c) consists of a doubled sum containing 3 x 3 = 9 terms. In contrast to (B.2)) the calculation
depends additionally one the index I of the «; matrix. Therefore the nine terms in (B.5b) can be divided
in

* one term consisting of three identical « matricies (g =1 = j),

* two terms for which the indices of k and k" are the same but not equal to the contracted «;

(g=j#D),

o four terms for which k or k¥’ have the same index of the contracted «;, but not the same index as
theother K’ ork (g #l=jorq=1%#j),

¢ and two terms in which all three « have different indices (g # I # j,q # j).
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If all three « are the same (7 = [ = j), the matricies in line (B:5J) simplify to Bajaa;8 = Pa;f =
—BBu; = —wy, yielding

— kikjd_(k)d_ (K )a; . (B.9)
In the case (7 = j # [) there is another minus sign from the commutation of alphas Ba,uja;f =
—BBuagujny = agoga; = &y, resulting in the expression

Y kgkid(k)d— (K')ay (B.10)
97!

for line (B.5d). If the indices are (7 # | = jor g = | # j) the matrices turn into Basa;a;8 = —BPa; =
—ug, which yields

~» 4»

Y kgkid - (K") Bageiep + Y kikid— (k)d— (K') payacyac; B
q#l j#
= = % (kikpd-(R)d—(F") + kgkid— (B)d—(F')) g = = L 0K, F)ag. (BA1)
971 97!
The terms which consist of three different « matricies can be reduced by Bajaja;p = —BBagain; =

—agep0. The remaining three « matricies anti-commute with each other and are totally anti-symmetric
with respect to their indices. Since this is a property of the totally anti-symmetric Levi-Civita tensor,
one may write agaja; = €g;aqm03. Furthermore, €45 is zero if two indices are equal. Therefore, the
sum over the terms in line with three different indices can be rewritten into

Z qu;d, (E)df (E’)ﬁaqaltxjﬁ = quk/ _‘ % )8qu0&11¥20¢3

(see text)

= E] : (E X % )d_ (E)d_ (E’)txlazog = hl(E,El)lxlaleg,, (B12)

where only terms with three different indices are counted in the sum of the first line. The identity k x

K = €lgj k k& j€; was used in the last but one step. Note that ocl :xzocg, equals 1'y of the Lorentz-kovariant
Clifford algebra representation *. The results (B.53 B.10) and (B.11) can be combined to

dy (k)dy (K)ay — kikid— (K)d— (K')ay + Y kgkld— (k)d— (K )ay — Y @' (K, &' )
q#l q#l
=d(K)dy (K )ay — 2kkjd_ (k)d_ (K )a; + Zk kpd — (K)d— (K)o — Y~ w1 (K, k')
gl
t(k, K Yoy — Zw (k,K")e;. (B.13)

The sum of the terms (B.8), (B.12) and (B.13) results in a transformed equation (B.5).

u(B)au®)t = t(k, K)oy — Y 'k, K )og +s' (K, K)B+ Y r1(k,K)Bagey + h' (k, K )wrar5  (B.14)
q g#l

B.2 Verification of spinor properties

The spinors (3.37) are orthogonal and are eigen vectors of the free Dirac Hamiltonian Hg (k). This
property is shown in terms of matrix relations in this section. In order to do so, the matrix relations

(4.60) are employed with k = K’ for the left and right spin matrix. Therefore, the functions (4.59) need
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to be evaluated for k = k' , resulting in

t(k,k) =do (k)2 +Kd_(k)> =1, (B.15a)

S () = 2kd s (F)d_(§) = g(”% , (B.15b)
r(kk) =0, (B.15¢)
w'(k, k) = 2kikgd— (k)d_ (k) = w" (K, k), (B.15d)
§M(kk) =0, (B.15¢)
W' (k,k) =0 (B.15f)

Inserting these coefficients into (4.60a) yields the orthonormality property of spinors in matrix nota-
tion.

u(B)u®) =1 (B.16)

The contraction of the free Dirac Hamiltonian requires the evaluation of the term

Zu You( +kl Zklalt % % — ki2kikgd - (k) ag + ki ;T/(lil)ﬁ
- o hk?
=Y kot (K k) — 2KkR2d_ (F) %y + S B.17
2 18] 1k“d— (k)~a; E(k)ﬁ (B.17)
- - >\ chk? me- - chk?
= (dy (k) —K2d_(k)? )k B+ —B = —= k + —8.
( ) E(k) E(k) E(k)

With this and equation (4.60b), the contraction of the free Hamiltonian HO(E) results in the signed
relativistic energy-momentum relation.

u(R)Ho (F)u(®)t = u(k) (chE S+ /;mCZ) (k)

me? ch?k? mc? c .-
= _,hk&‘i— p—ry +mC2 e —7_,71]{3
( B 0P T ED (B.18)




Appendix C

Energy-momentum conservation

This appendix derives analytical formulas for the resonance condition from energy and momentum
conservation, which is discussed geometrically in section The conservation of energy of the in-
coming and outgoing electron, together with the absorbed and emitted photons can be written as

E(Pout) = E(Pin) + nahw — nehw . (C1)
The corresponding conservation of momentum reads

CPout = CPin + nahwey + nehwe . (C.2)

C.1 Non-relativistic energy-momentum conservation

If (C.2) is inserted in (C.1) and the non-relativistic energy-momentum relation (3.4) is used, one obtains

hew 2 1 PlintPom T 13
l(c (ng + ne) + p],jn) + p%/in + p%/in % = 1,ln 221:”11 3’ d ‘I‘ (ng - ne)hw . (C3)
This can be rearranged to
hw? 5 hw(ng + ne)prin
W(na + 1)+ p— =hw (n, —ne) , (C.4)
and devided by fiw
hw ng+n in
W(n” +1.)% + % = (ng —ne) . (C.5)
A further rearrangement yields
hw _ P1,in 2
W = [—(na + ne) me + (Tla — Vle):| (Vlg T Tlg)z (C6)
for the dimensionless energy or
P1,in ng + 1, hw ng — Ne
4 = — _— . .7
mc 2 mc2  ng+ne (©7)

for the dimensionless initial electron momentum in laser propagation direction.
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C.2 Relativistic energy-momentum conservation

One may also use the relativistic energy-momentum relation (3.22) in the combination of equation

(C.1) and (C.2), resulting in

\/m2c4 + ((11a + ne)hew + cprin)* + 2p3 + 2p2 = \/m2c4 +C2p3 1 + €23+ C2p3 + nghw — nehw
(C.8)
The momentum in 2 and 3-direction is absorbed in the increased mass

m'c? = \/m2c4 + c2p3 + c2p3, (C.9)
which is already introduced in section[2.2} The square of equation is

m'?c* + ((ng + ne)hw + cpy, in)z

=m?c* + pi i + (2 — 1e)? WPw? 4 2 (g — ne) hewo [ m2c* + 2pii- (C10)

It is useful to perform the following side calculations for a further transformation of this equation.
(1t + ne)hw + cprin)* = n2h2w? + n2h2w? + c2pim + 2nameH W + 20p1 i (g 4 1) (C.11)

czpim + (ng — ne)2 hw? = czpim + nghzwz + nghz 2 2nanehtw? (C.12)

Inserting these side calculations in equation (C.10) results in

Angnet®w? + 2epyin (Mg 4 1) hew = 2 (ng — 1) hawy /m'2c4 + 2ptin- (C.13)

Dividing this by 2fiw yields

2nanehw + cp1in (Mg + 1e) = (ng — ne) 1/ m2c* + 2 % (C.14)

in *

This equation is squared again.
4n’n2h2w? + dngnehwepy i (ng + ne) + Zpiin (a+ ne)? = (g —ne)? (m/264 +c*pi m) (C.15)

Rearranging and dividing by 4n2n2m'2c* yields

n*w? hw p1in g +ne p%,in 1 (na — ”e)z

m2¢t  m'c? m'c ngn, m'2¢2 ngn, 4n2n2

=0. (C.16)

The dimensionless energy fiw/m’c? in this equation has the two solutions

. \/CPPE L mPt |
fico PLin 1y | n (C.17)

= |—(n;+n
m’c? (1 +1c) m'c m'c2 2ngn,

where the following expression appears in the square-root and is simplified to

2 2
(czp%in (ng+ne)" — 4ngnuc2piin + (ng —ne) m’2c4> /4n2n2m'?ct

= (czpim (g — 1e)? + (g — n,)* m’zc4) /An2n2m'ct (C.18)

= (1, —n,)* (c i m+m'264> /4n2n?m'ct .
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Equation (C.16) has also two solutions for the dimensionless momentum p1 3, /m’c

2,2
Plin Ng +n, hw [ng —ne| |[hw 1
in _ _ + ) C.19
m'c 2 m'c? 2 m'2ct + Nale ( )

where the following expression appears in the square-root and is simplified to

32
<h2w2 (g + 10)* — dnenhw? + (n'lne)m’ZC4) /4m'ct

NgMe

— (#202 2, (Ma—me)® 5y 2.4
= w* (g —ne) —0—7711 c* | /4m'“c (C.20)
alte

2.4
= (1, — ne)? (h2w2 + mc> /4m'ct .
Ngne
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