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Zusammenfassung

Die Möglichkeit der wechselseitigen Kontrolle von Kernen und Photonen durch die sich
entwickelnde Kernquantenoptik wird anhand von drei verschiedenen Anwendungen theo-
retisch untersucht. Die Erweiterung der Quantenoptik hin zu Kernen ist durch moderne
Freie-Elektronen-Laser im Röntgenbereich (XFEL) motiviert, die eine kohärente Kontrolle
der Kernzustände möglich machen. Als erste Anwendung untersuchen wir den kohärenten
Populationstransfer zwischen den nuklearen Zuständen in einem Drei-Niveau-System,
das von einem XFEL getrieben wird. Ein solches Niveau-Schema ist für die Erzeugung
und Entladen von Isomeren wichtig und könnte zukünftigen Energiespeichern dienen.
Umgekehrt bieten Kerne die Möglichkeit einzelne Röntgenphotonen, die auf subatoma-
re Flächen fokussiert werden, gezielt zu manipulieren und in Zukunft in photonischen
Schaltkreisen zu verwenden. Im zweiten Teil dieser Arbeit wird ein Schema der Kern-
vorwärtsstreuung vorgestellt, welches kohärente Kontrolle von einzelnen Röntgenphotonen
durch 57Fe-Kerne ermöglicht. Schließlich zeigen wir, dass sich durch Quantenoptik si-
gnifikant verbesserte Beobachtungsmöglichkeiten in der Kernphysik bieten. Der tieflie-
gende Isomerübergang in 229Th kann mit VUV-Lasern angeregt werden und könnte als
zukünftiger Zeitstandard dienen. Ein Hauptproblem ist jedoch die grosse Unsicherkeit in
der Kenntnis der Übergangsfrequenz. Mit einem elektromagnetisch modifiziertem Sche-
ma der Kernvorwärtsstreuung zeigen wir, dass Kohärenzeffekte diese Unsicherkeit auf ein
bisher unerreichtes Niveau reduzieren können.

Abstract

The possibility of mutual control of nuclei and photons offered by the emerging field of
nuclear quantum optics is theoretically investigated in three different applications. This
extension of quantum optics towards nuclei is motivated by modern X-ray Free Electron
Lasers (XFEL) which open the possibility to coherently control nuclear states. As a first
application we investigate the coherent population transfer between nuclear states in a
three-level system driven by an XFEL. Such a level scheme is relevant for the triggering of
isomers and might play a role for future energy storage solutions. The other way around,
nuclei offer a platform to control single x-ray photons, which can be focused on spots
essentially smaller than a single atom and used in future photonic circuits. The second
part of this thesis puts forward a nuclear forward scattering setup that allows coherent
control of a single x-ray photon using 57Fe nuclei. Finally, we show that nuclear quantum
optics provides a significant improvement for detection in nuclear physics. The low-lying
isomeric transition of 229Th can be addressed by VUV lasers and provides a potential
next generation frequency standard. A main impediment is the large uncertainty of
the nuclear transition frequency. Using an electromagnetically modified nuclear forward
scattering setup, we show that coherence effects can reduce this uncertainty down to an
unprecedented level.
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the press release of the Max Planck Institute for Nuclear Physics,
http://www.mpi-hd.mpg.de/mpi/en/news/meldung/detail/
gespeicherte-roentgenphotonen/)

• Wen-Te Liao, Sumanta Das, Christoph H. Keitel and Adriana Pálffy,
Coherence Enhanced Optical Determination of the 229Th Isomeric Transition,
Phys. Rev. Lett 109, 262502 (2012), arXiv:1210.3611.

Articles submitted for publication in refereed journals:

• Wen-Te Liao, Adriana Pálffy and Christoph H. Keitel,
A three-beam setup for coherently controlling nuclear state population,
submitted (2013), arXiv:1302.3063.

Articles in preparation:

• Wen-Te Liao, Adriana Pálffy and Christoph H. Keitel,
Continuous Phase Modulation of Single Hard X-Ray Photon Wavepackets.

• Wen-Te Liao, Adriana Pálffy and Christoph H. Keitel,
Optical Determination of the 229Th Isomeric Transition Using Magnetically Induced
Quantum beats.





Contents

1 Introduction 1

2 Theoretical Model 9
2.1 Master Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 Maxwell-Bloch Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.1 Coherent Pulse Propagation through a Resonant Medium . . . . . . 16
2.3 Three-Level Λ-Type System . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3 Nuclear Coherent Population Transfer with X-Ray Laser Pulses 23
3.1 Motivation and Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.2 Nuclear Coherent Population Transfer . . . . . . . . . . . . . . . . . . . . 28

3.2.1 Model, Time Scale and Parameters . . . . . . . . . . . . . . . . . . 28
3.2.2 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.3 Experimental Facilities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.3.1 Infrastructure and Table-Top Solutions . . . . . . . . . . . . . . . . 37
3.3.2 The influence of ∆γ and ∆θS for the One-Color Setup . . . . . . . 37
3.3.3 The Spatial Overlap between the XFEL and Nuclear Beams . . . . 41

3.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4 Coherent Storage and Phase Modulation of Single Hard-X-Ray Photons 45
4.1 Introduction and Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.1.1 Motivation of Controlling Hard X-Rays . . . . . . . . . . . . . . . . 45
4.1.2 Introduction to Nuclear Forward Scattering . . . . . . . . . . . . . 47
4.1.3 Model and Time Scales . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.2 Coherent Storage and π Phase Modulation . . . . . . . . . . . . . . . . . . 55
4.2.1 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.3 Hard X-Ray Interferometer and the Phase of a Single Photon Wavepacket . 61
4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5 Coherence Enhanced Optical Determination of the 229Th Isomeric Transition 69
5.1 Introduction of the 229Thorium Nucleus . . . . . . . . . . . . . . . . . . . . 69
5.2 Forward Detection Solves some Critical Problems . . . . . . . . . . . . . . 72
5.3 Optical Determination of the 229Th Isomeric Transition . . . . . . . . . . . 74

5.3.1 Preparing A Simple Initial Nuclear State and the NFS based Mea-
surements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5.3.2 Time scale, Model, Results and Discussion . . . . . . . . . . . . . . 76
5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

6 Conclusions and Outlook 91

I



Contents

Appendix 93

A Supplemental Material for Chapter 2 93

B Effective Laser Pulse 101

Acknowledgements 119

II



Chapter 1

Introduction

“Let there be light” [1] and there was the vivid world. A rainbow in the sky, a glance
of Mona Lisa’s smile and the New Year’s Eve fireworks at the Taipei 101 are just few
gorgeous views mediated by photons. Additionally, the cosmic microwave background
radiation discloses the secrets of the early Universe [2] and x-rays scattered off a crystal
reveal its structure [3] to name a few examples. Mankind may have realized the impor-
tance of electromagnetic waves via appreciating natural phenomena, and thus started to
investigate the interaction between light and matter. This development is paramount in
the history of science and successfully teaches us how to get control over both matter and
photons. For example, Isaac Newton demonstrated that a prism could decompose white
light into a spectrum of colors, and a modern extension of this spectral decomposition
led to nowadays ultrashort and strong-field laser technology [4]. The photons from a star
reveal the Hanbury Brown and Twiss effect and show the nature of correlation between
individual photons [5]. In the neighbouring field of biology, the fatal beauty of the shiny
jellyfish Aequorea victoria may have attracted scientists to discover and to isolate the
green fluorescent protein (GFP) from it [6]. After many investigations, the emission off
GFP became an indispensable tool for studying molecular biology as it displays the op-
erations of living cells [7]. Similar impact on nuclear physics is also given by studying the
photons that interact with nuclei.

In general, nuclear transition energies are above 10 keV, and the momentum of the cor-
responding γ-ray photon that drives the transition is at least 4 orders of magnitude higher
than that of optical photons. Due to the very large photon momentum, the absorption

Figure 1.1: A rainbow in the sky over Daguan mountain (La La mountain), Taiwan. Photo provided
by Yu-Jen Lin.
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Chapter 1 Introduction

plasma


Figure 1.2: Plasma produced by a modern strong-field laser. Laser pulses are focused on the tiny
bright spot in the air, where the laser power is high enough to ionize it. Photo of the setup in
Thomas Pfeifer’s group at the Max-Planck-Institut für Kernphysik in Heidelberg, Germany.

or the emission of a γ-ray photon by a nucleus usually reveals an obvious line shift due to
the conservation of momentum in nuclear spectroscopy. In 1958, R. Mössbauer turned to
this problem and observed the resonant recoil-free absorption of γ-rays by atomic nuclei
bound in a solid sample [8, 9]. For the first time, scientists could get rid of recoil by
having it absorbed by the solid-state lattice as a whole and actively observe the undis-
turbed nuclear transitions. However, the technique of Mössbauer spectroscopy is limited
by the need for a suitable nuclear transition and the corresponding photon source which
typically consists of radioactive parent nuclei decaying to excited states of the studied
isotopes. Because of this limitation, Mössbauer spectroscopy is only applicable to partic-
ular nuclear transitions, e.g., the lowest nuclear transition of 57Fe at 14.4 keV. Until in
the 1970s the second-generation synchrotron light sources started operation and provided
much brighter broadband photon beams of such short wavelengths. Eventually inspired
by this technological advance in 1974, S. Ruby suggested to replace the usual radioactive
γ-ray sources with synchrotron radiation [10–12], such that more species of nuclei could be
studied [13]. This idea led to the development of nuclear forward scattering (NFS) which
has raised to a mature level of applications as it provides scientists with the possibility to
explore nuclear condensed matter physics with synchrotron radiation [13].

Driving nuclear transitions with light can have also other practical motivations than
the original experiments by R. Mössbauer. This is related to the existence of long-lived
excited nuclear states, known as nuclear isomers [14], that can store large amounts of
energy over long periods of time [14, 15]. If efficiently controlled, such states could be
used as transportable nuclear batteries, by storing or releasing on demand the excitation
energy. The direct decay of an isomer to the ground state is however strongly suppressed.
Releasing the stored energy can therefore rather be achieved by driving a nuclear transition
to an excited triggering level above the isomer, a process known as isomer triggering (IT)
or isomer depletion [15]. This excited level can then decay unhindered to the ground
state, thus releasing the stored energy. A schematical picture of this process is presented
in Fig. 1.3. The red line and blue line illustrate the isomer and the ground state of a
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Figure 1.3: Isomer triggering of the 180mTa state. The green vertical wide arrow shows the incident
incoherent triggering radiation and the purple (green) wiggled arrow illustrates the depopulation from
some excited triggering states to the ground (isomer) state. 180mTa and 180gTa denote the isomer
and the ground state, respectively.

nucleus, respectively. An incoherent radiation illuminates a nuclear sample to pump the
isomeric population to some excited triggering states, and then the excited population
will spontaneously decay to the nuclear ground level. This IT process releases the stored
energy as photons emitted in the spontaneous decay. By using this method, as showed
in Fig. 1.3, a demonstration of IT was performed in 1999 by shinning incoherent 6 MeV
bremsstrahlung radiation on a 180Ta sample [16]. However, this kind of IT relies on
incoherent processes, e.g., pumping by incoherent radiation and depopulation through
spontaneous decay, and the efficiency is rather low.

From the study of NFS and incoherent IT, one realizes that using an incoherent electro-
magnetic wave like synchrotron radiation to control or excite nuclei is rather inefficient. In
contrast to that, coherent control as known in quantum optics with visible photons would
provide high efficiency. Just like a group of dancers dance with the music, in physics, a
coherent laser is the “music” which makes a large number of charged particles, e.g., nuclei
simultaneously oscillate together. This kind of conducted behaviour is labeled as coherent
control, and scientists utilize this method to manipulate atomic and molecular systems
with optical lasers. However, due to the lack of coherent γ-ray sources [17], such high
efficient control could not be achieved so far in any nuclear system. Technological limita-
tions were the main reason to consider many research directions with nuclei as “mission
impossible” in the last century. J. M. Blatt and V. F. Weisskopf in 1979 summarized
some of the then predominating obstacles of studying nuclei and the radiation emitted
by nuclei in their book [18] “. . . unlike the atomic case, the wavelengths of interest are
so short that they cannot be measured by the usual optical devices. The rather indirect
methods which must be employed make the energy determination quite inaccurate . . . and
the available resolution low. Furthermore in most cases the radiation process is only one
of many competing processes (such as particle emission or sometimes beta-decay) and its
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Chapter 1 Introduction

probability is correspondingly low. For these reasons the study of gamma-rays from nuclei
has remained on a rather rudimentary level . . . ”.

However, after many efforts, some key obstacles have been overcome, e.g., x-ray coherent
sources have become available. In 2009, the first X-ray Free Electron Laser (XFEL) at
the Linac Coherent Light Source in Stanford (USA) fired up [19], delivering very bright
and partially coherent hard x-ray flashes. Moreover, several upgrades of the XFEL are
already commissioned and produce fully coherent x-ray laser [20]. Apart from the new
light sources like the XFEL [21–26], detectors with a better energy resolution [27] and
the improved optics elements for hard x-rays [28–31] contribute to the breakthrough. The
totality of all these technology realizations may lead us into an entirely new era of studying
the interaction between nuclei and radiation, i.e., nuclear quantum optics.

The coherent manipulation of nuclei by XFEL photons or in turn of x-ray photons using
nuclear transitions open a vast land of unexplored opportunities with possible applications
related to nuclear batteries or even quantum information and computing. Motivated by
the eager anticipation, this dissertation is devoted to a theoretical demonstration of three
new proposals for the emerging field of nuclear quantum optics and the joy of the physics
behind. A first topic addressed is related to coherent nuclear control with x-ray lasers. In
particular, we study the possibility of nuclear coherent population transfer (NCPT) with
x-ray pulses. This is completely revolutionary and provides an early stage for investigating
the coherent isomer triggering or nuclear battery, a clean and safe solution for the energy
storage. Some early key proposals of the XFEL-based nuclear coherent control were, for
example, the nuclear Rabi oscillation [32] or laser-driven direct quantum control of nuclear
excitations [33]. However, a coherent IT or NCPT between nuclear ground state and an
isomer state with XFEL pulses was never addressed before. For the first time, this topic is
discussed in Chapter 3 of this thesis entitled Nuclear Coherent Population Transfer
with X-Ray Laser Pulses.

A clean nuclear energy storage may ease the energy crisis ahead, and laser induced iso-
mer triggering or population, as mentioned above, is one of the most promising solutions.
The advance of modern XFEL provides completely new opportunities to control nuclear
states with very bright coherent hard x-ray beams from XFEL facilities. Anticipating this
coming revolution, in this chapter the well-known stimulated Raman adiabatic passage
and the two π-pulses method are applied for the first time to control a nuclear quantum
state with two Lorentz-boosted XFEL pulses [34]. We find that efficient NCPT is already
achievable with laser intensities of 1018 − 1019 W/cm2 which will be available at facili-
ties in commissioning at present. In addition to the consideration of large facilities, the
possibility of using tabletop setups for NCPT is also discussed, in conjunction with the
application of IT and isomer population for nuclear batteries.

If coherent light can be used to control nuclear transitions, this is also valid the other
way around. Nuclei can be used to control light, especially on the level of single photons.
As a second main topic of this thesis, we address the coherent control of single hard x-ray
photons using nuclei. In the past, the main impediment for this type of study were the
poor x-ray optics elements, making a high energy photon rather a tool instead of an easily
manipulated subject. Due to significant technological advances, modern optics elements
were significantly improved for low energy γ-rays (hard x-rays), e.g., the development of
diamond mirrors with more than 99% reflectivity [28, 35], hard x-ray waveguides [29, 30]
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and the Fabry-Pérot resonator [31, 36, 37]. Hence the road for studying single hard x-
ray photons is paved. Hard x-ray photons may interact with inner shell electrons of
an atom [38, 39], highly charged ions [40, 41] or alternatively with nuclei [42, 43]. Some
advantages of using nuclei are:

1. A nuclear excitation created by the absorption of hard x-rays is reversible, whereas
an atom may be ionized by the x-ray photon absorption [39].

2. Nuclei can be embedded in a solid-state sample [42–45] such that one does not need
a very complicated ion trap [40,41] or a gas cell [38, 39] to contain them.

3. The absorption and the emission of hard x-rays by a nucleus bound in a solid sample
can be recoilless, such that the whole sample experiences the same nuclear transition
frequency.

4. The number of nuclei bound in a crystal [42–45] interacting with photons can be
many orders of magnitude greater than the number of trapped ions in a gas cell
[38, 39,41] or an ion trap.

5. The lifetime of a nuclear solid-state sample is essentially infinite compared to that
of an ion gas sample. Therefore a nuclear solid-state sample can be used as a tiny
optics element.

6. Doped dense nuclei in a crystal are less sensitive to their environments, whereas
trapped dense ionized atoms interact with each other.

The drawback of studying hard x-rays from nuclei are the small cross sections [46] which,
however, can be overcame by the high abundance of nuclei in a crystal. Recent key
studies using nuclei for such experiments were the incoherent storage of hard x-ray single
photons [42], producing keV single photon entanglement [47], controlling the absorption
of hard x-rays via nuclear level anticrossing in a FeCO3 crystal [48], measurement of
collective Lamb shift [49], the implementation of electromagnetically induced transparency
(EIT) with resonant nuclei [50] in x-ray cavities, or coherent optical control of Mössbauer
spectra [51].

Motivated by this, in Chapter 4 entitled Coherent Storage and Phase Modulation
of Single Hard X-Ray Photons we study the possibility to control a single x-ray
photon wavepacket with iron nuclei. In a way, this reminds of the science fiction scenario
in B. Shaw’s story Light of Other Days, which introduces the fascinating concept of “slow
glass”. The refractive index of slow glass is so high that light needs one year to slowly
penetrate it, such that one can only see the past through it. Indeed, one can manipulate
the behavior of photons by controlling the refractive index of matter. For example, if
one can dynamically change the refractive index of a “slow glass”, the image of the past
traveling through the glass can be accelerated towards the viewer by lowering the index,
or the glass suddenly becomes dark for a very high index. For optical photons, control
of the refractive index and slow light with a group velocity of about 17 m/s have been
achieved in experiments [52].

5



Chapter 1 Introduction

This chapter aims at demonstrating the above scenario for low-energy γ-rays and
proposing an iron (57Fe) nuclear cage for single hard x-ray photons. With our proposal,
one essentially could store a single hard x-ray photon in a 57Fe solid-state sample, e.g.,
stainless steel, and retrieve it later without losing its original properties. Also, our pro-
posal is based on the well developed NFS technique, and its implementation is therefore
not far-fetched. Since the spot size of a focused hard x-ray can essentially be smaller
than the size of a single atom, one can think about treating a single atomic nucleus as
a memory. Because of this possibility, the coherent storage of single hard x-ray photons
may have an impact on the architecture of future quantum memories. Furthermore, we
demonstrate the possibility of manipulating the phase of the stored photon, through which
the released “past” x-ray photons from “frozen stainless steel” can be customized. In the
future, the shops may stock the “X-Rays of Other Days” stored in a nuclear memory.

For atomic systems, coherent control has been very successful leading apart from the
development of fields such as quantum information also to a number of every-day life
applications, for instance the Global Positioning System (GPS) [53]. If iron nuclei might
one day serve as a very compact quantum memory, another nuclear transition might
also provide the new generation of high precision clocks. So far, the global frequency
standard is based on Cs atomic fountain clocks which have reached an uncertainty level
of 4.5× 10−16 [54]. To establish a more precise definition for time and length, one has to
refer to a higher energy quantum oscillator and radiation with a shorter wavelength. Thus,
an atomic nucleus and electromagnetic waves in the spectrum from VUV to hard x-rays
are good candidates to construct such high precision systems. In addition to the recently
developed XUV [55, 56] and the proposed x-ray [57] frequency combs, the spotlighted
ideas in this direction are a 229Th “nuclear clock” [58, 59] and a combined optical-x-ray
Fabry-Pérot interferometer [37, 60]. The 229Th nucleus has a very narrow isomeric state
at about 7.8 eV which is already accessible for VUV lasers which recommends it for a new
generation of high-precision clocks based on nuclei. However, at present the accuracy of
the experimentally determined nuclear transition energy excludes the implementation of
metrology schemes that aim at a nuclear frequency standard based on 229Th.

The search for the exact transition frequency in 229Th resembles in a way the Holly-
wood biographical motion picture Catch Me if You Can about an FBI bank fraud agent
who tracked down and finally caught a very smart criminal. A nuclear physics version of
this story is taking place at present involving a number of well-established laboratories
worldwide. Over three decades, physicists have attempted to “catch” the nuclear first
excited state of 229Th. With many indirect and inaccurate measurements, physicists so
far only roughly know that the 229Th first excited state may have an energy of 7.8±0.5
eV above the ground state with a lifetime of around 6 hours. While such a linewidth
renders 229Th a valuable candidate for the next generation of time standards, i.e., nuclear
clocks [58], the 1 eV uncertainty of the current measurements is too large to allow any im-
plementation. To solve this basic problem, we propose in Chapter 5 entitled Coherence
Enhanced Optical Determination of the 229Th Isomeric Transition a method to
precisely measure the transition energy using a nuclear forward scattering setup. Coher-
ently scattered photons in the forward direction can provide a clear signature of nuclear
excitation and lower the uncertainty of the transition energy down to 10 feV. Also, our
proposal provides the bonus of developing nuclear quantum optics in 229Th nuclei.

6



This thesis starts with an introduction to the theoretical treatment of light-nuclear
interactions in Chapter 2, with the main focus on the so-called master equation and
Maxwell-Bloch equation involving nuclear parameters. Based on the theory presented in
this chapter, the three main topics discussed above are presented in the subsequent three
chapters. In Chapter 3, the idea of coherent isomer triggering with fully coherent XFEL
pulses is addressed. In Chapter 4, we propose two schemes to coherently control single
hard x-ray photons. Finally in Chapter 5, a number of schemes to directly measure the
isomeric transition energy in 229Th nuclei are presented. Each of these three chapters
addressing distinctive topics is organized as follows: (1) An introduction to the specific
topic. Every topic has its own enchanting origin behind and we attempt to present the nice
beginning of it in the introductory section, giving the flavor and also a short history for the
discussed system. (2) The theoretical model and analysis of the system dynamics. This
part mainly covers the theoretical model used to describe the specific physical problem.
Since we address the dynamics of the system, time-scale analyses are very useful. Most
of the time, we find the analysis is the “fortune teller” of a physical system as it gives a
clear landscape of the whole dynamics without too involved calculations. (3) Results and
discussion. In the final part of each chapter we present our numerical results and discuss
the physics behind. In addition, the possible experimental implementation and available
parameters are also discussed. (4) Each chapter concludes with a summary. Finally, the
main conclusions and outlook are presented at the end of the thesis.
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Chapter 2

Theoretical Model

In this chapter, the theoretical models used in the thesis are briefly introduced. The
system composed of a two-level quantum resonator, e.g., nucleus or atom interacting with
a single mode of the electromagnetic wave is a basic but nontrivial problem. Many im-
portant properties of matter-field interaction can be extracted from it. For this reason we
start with an example involving the coupling of a closed two-level nucleus interacting with
a single-mode radiation field. We first present the used equations of motion for density
matrices in Sec. 2.1. The main purpose of Sec. 2.1 is to derive the form of the Hamiltonian
matrix elements adopted in nuclear physics. Furthermore, by coupling the equations for
the density matrix to the Maxwell equations (i.e, Maxwell-Bloch equation) as shown in
Sec. 2.2, one can study the fruitful physics of the propagation of a light pulse through
a resonant medium. This issue focuses on solving the dynamics of the incident electro-
magnetic wave which is associated with probing a material sample from the the photons
scattered off a target, e.g., as in the nuclear forward scattering setup [13]. We present
the used theory in Sec. 2.2 with a very useful example about the interaction of a short
light pulse with two-level nuclei. In Subsec. 2.2.1, an analytic solution of the dynamics
of the incident pulse is derived via Maxwell-Bloch equations confirming an expression
frequently appearing in the corresponding literature as a result of a different theoretical
approach. Finally, in Sec. 2.3 we demonstrate an extension of the used theory towards
a three-level Λ-type system [61] which is well known for some topics in atomic quantum
optics, e.g., stimulated Raman adiabatic passage (STIRAP) [62] and electromagnetically
induced transparency (EIT) [52,63,64].

2.1 Master Equation

In this thesis, the master equation1 is used to describe the dynamics of the considered
nuclei-radiation system:

∂tρ̂ =
1

i~

[
Ĥ, ρ̂

]
+ ρ̂s. (2.1)

Eq. (2.1) describes the quantum time evolution of the density operator ρ̂(t) of matter

in a system, e.g., nuclei in this thesis. Ĥ(t) is the interaction Hamiltonian between the
matter and the external fields, e.g., incident electromagnetic fields, and ρ̂s describes the
decoherence processes such as spontaneous decay. Moreover, Eq. (2.1) is very general for

any quantum system, and the way to calculate the matrix elements of Ĥ(t) depends on

1Also called optical Bloch equation or Liouville-von Neumann equation in literature [61].
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Chapter 2 Theoretical Model

the considered physical problems. In the following, we present an example for a two-level
system, and the form of Ĥ(t) matrix elements used in nuclear physics.

A typical two-level system is illustrated in Fig. 2.1. The interaction between a nucleus
and a pump laser is illustrated in Fig. 2.1 (c) Here, pump laser (blue arrow) drives the
transition |2〉 ↔ |1〉, with detuning ∆p. The explicit form of ρ̂ is:

ρ̂ =

(
ρ11 ρ12

ρ21 ρ22

)
, (2.2)

for a two-level nuclear wavefunction |ψ〉 = C1(t)|1〉+ C2(t)|2〉

ρeg = CeC
∗
g . (2.3)

Here indices e, g ∈ {1, 2}. Considering the spontaneous decay for the nuclear system, the
decoherence matrix is

ρ̂s =
Γ

2

(
2ρ22 −ρ12

−ρ21 −2ρ22

)
. (2.4)

In Eq. (2.4), the relation ρ11 +ρ22 = 1 is satisfied due to the conservation of population in
a closed two-level system. The decay rate Γ/2 for each off diagonal coherence is derived
from Eq. (2.3). Without any external laser, ρ22(t) ∼ e−Γt which means C2(t) ∼ e−(Γ/2)t,
whence the other coherence ρ21 and ρ12 are also proportional to e−(Γ/2)t. Furthermore, in
the interaction picture, the interaction Hamiltonian matrix Ĥ(t) is [62]:

Ĥ = −~
2

(
0 Ω∗p

Ωp 2∆p

)
, (2.5)

where ~ is the reduced Planck constant, and ∆p is the laser detuning. The explicit form of
Eq. (2.1) can be obtained by substituting Eq. (2.3), Eq. (2.4) and Eq. (2.5) into Eq. (2.1):

∂tρ11 = Γρ22 +
i

2

(
Ω∗pρ21 − Ωpρ

∗
21

)
(2.6)

∂tρ21 = −
(

Γ

2
+ i∆p

)
ρ21 −

i

2
Ωp (ρ22 − ρ11) (2.7)

∂tρ22 = −Γρ22 +
i

2

(
Ωpρ

∗
21 − Ω∗pρ21

)
. (2.8)

In the equations above, Ωp denotes Rabi frequency defined as:

Ωp(t) =
1

~
〈2|ĤI (t) |1〉, (2.9)

and by using the Coulomb gauge for the vector potential of pump laser A =
∑

kAke
i(kr−ωkt)

+ H.c., the matrix element can be written as

〈e|ĤI (t) |g〉 = −〈e|̂j ·A (t) |g〉 (2.10)

= −
∑
k

〈e|
[̂
je−iωegt + ĵ∗eiωegt

]
·
[
Ake

i(kr−ωkt) + A∗ke
−i(kr−ωkt)

]
|g〉 (2.11)

10



2.1 Master Equation

1

2

Δ p

Ωp

Γ

(c)


(b)


pump


Nucleus


(a)


Detector


pump


y


x

z


Figure 2.1: (a) Illustration of coherent pulse propagation through a resonant medium. (b) Interac-
tion between a nucleus and pump laser (blue wide arrow). (c) Sketch of a two-level nuclear system.
The blue (Ωp) arrow depicts the pump laser, and ∆p denotes the pump laser detuning. The green
wiggled arrow illustrates the spontaneous decay of state |2〉 with a rate of Γ.
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Chapter 2 Theoretical Model

where ĵ is nuclear current operator. By using the rotating wave approximation [61] and
considering the interaction between nuclei and a single k mode plane wave, Eq. (2.11)
becomes

〈e|ĤI (t) |g〉 = −〈e|
{̂
j ·A∗ke−i[k·r+(ωeg−ωk)t] + ĵ∗ ·Ake

i[k·r+(ωeg−ωk)t]
}
|g〉 (2.12)

= −〈e|
{̂
j ·A∗ke−i(k·r−∆kt) + ĵ∗ ·Ake

i(k·r−∆kt)
}
|g〉 (2.13)

= −e−i∆ktA∗k ·
∫
V

j(r)e−ik·rd3r +H.c. (2.14)

=
i

ωk
e−i∆ktE∗k ·

∫
V

j(r)e−ik·rd3r +H.c. (2.15)

=
i

ωk
e−i∆ktE∗k ·

∫
V

j(r)e−ikr cosβd3r +H.c.. (2.16)

Here, the laser electric field Eke
i(k·r−ωkt) = −∂t

[
Ake

i(k·r−ωkt)
] ∼= iωkAke

i(k·r−ωkt) with the
assumption of |∂tAk| � |ω−1

k Ak|, j (r) is the current2, ∆k = ∆p the laser detuning and β
the angle between Ak and the particle position vector r. Typically, the major task is to
derive the Rabi frequency in Eq. (2.9) with some particular ĤI when using Eq. (2.1) to
describe different physical problems.

In nuclear physics, due to the spherical symmetry of nuclei (just like atoms), the nuclear
Hamiltonian of Eq. (2.16) is typically expressed in terms of the so called vector spherical
harmonics YM

L`(θ, φ) [18]. To derive a useful form for Eq. (2.16), we follow the steps in
Ref. [18,65] to expand the plane wave Eke

ik cosβ into multipole fields. The vector spherical
harmonics YM

L`(θ, φ) is introduced as following [18]:

YM
L`(θ, φ) ≡

∑̀
m=−`

1∑
n=−1

C`1(L,M ;m,n)Y`m(θ, φ)χ̂n (2.17)

χ̂1 = − 1√
2

(êx + iêy) (2.18)

χ̂0 = êz (2.19)

χ̂−1 =
1√
2

(êx − iêy), (2.20)

where M = m + n, and Y`m and C`1(L,M ;m,n) are the scalar spherical harmonics
and the Clebsch-Gordan coefficient (as defined in [18] or see Table A.1 in Appendix A),
respectively, and êµ (χ̂µ) is the unit vector in Cartesian (spherical) coordinates. For an

2The current j(r) = −i ℘~2m [ψ∗
e (r)∇ψg (r)− ψg (r)∇ψ∗

e (r)], and the density ρ(r) = ℘ψ∗
eψg, where ℘ is

the charge and m is mass of the charged particle [18].

12



2.1 Master Equation

arbitrary vector function R(r)V(θ, φ), it can be expanded into a series:

V(θ, φ) =
∞∑
L=0

L∑
M=−L

L+1∑
`=L−1

q(L,M, `)YM
L`(θ, φ) (2.21)

=
∞∑
L=0

L∑
M=−L

[
f(L,M)YM

LL + g(L,M)YM
LL+1 + h(L,M)YM

LL−1

]
(2.22)

f(L,M) =

∫ 2π

0

∫ π

0

YM∗
LL (θ, φ) ·V (θ, φ) sin θdθdφ (2.23)

g(L,M) =

∫ 2π

0

∫ π

0

YM∗
LL+1 (θ, φ) ·V (θ, φ) sin θdθdφ (2.24)

h(L,M) =

∫ 2π

0

∫ π

0

YM∗
LL−1 (θ, φ) ·V (θ, φ) sin θdθdφ, (2.25)

First, we present the expansion of a plane wave into spherical waves:

eik·r = eikr cosβ (2.26)

=
∞∑
L=0

YL0(β)

∫ 2π

0

∫ π

0

Y ∗L0 (θ) e−ikr cos θ sin θdθdφ (2.27)

=
∞∑
L=0

(i)LjL (kr)
√

4π (2L+ 1)YL0(β) (2.28)

=
∞∑
L=0

R(L; r)YL0(β) (2.29)

where j1(z) is the spherical Bessel function of first kind. Second, Eq. (2.29) shows that
the field to be transformed is proportional to eikr cosβδ±1nχ̂n, and in the following we use
Eqs. (2.17 - 2.25) to express it in terms of vector spherical harmonics.

eikr cosβχ̂n =
∞∑
L′=0

L′∑
M=−L′

[
fn(L′,M ; r)YM

L′L′ + gn(L′,M ; r)YM
L′L′+1 + hn(L′,M ; r)YM

L′L′−1

]
.

(2.30)
The coefficients fn, gn and hn are derived in Appendix A, so that we merely quote the
results here

fn(L′,M ; r) =
∞∑
L=0

R(L; r)

∫ 2π

0

∫ π

0

YM∗
L′L′ (β, φ) · YL0(β)χ̂n sin βdβdφ (2.31)

=
1√
2
R(L′; r)

(
δ−1M χ̂

∗
−1 · χ̂n − δ1M χ̂

∗
1 · χ̂n

)
, (2.32)

13



Chapter 2 Theoretical Model

gn(L′,M ; r) =
∞∑
L=0

R(L; r)

∫ 2π

0

∫ π

0

YM∗
L′L′+1 (β, φ) · YL0(β)χ̂n sin βdβdφ (2.33)

= R(L′ + 1; r)

[
δ−1M χ̂

∗
−1 · χ̂n

√
L′

2(2L′ + 3)
+ δ1M χ̂

∗
1 · χ̂n

√
L′

2(2L′ + 3)

]
,

(2.34)

hn(L′,M ; r) =
∞∑
L=0

R(L; r)

∫ 2π

0

∫ π

0

YM∗
L′L′−1 (β, φ) · YL0(β)χ̂n sin βdβdφ (2.35)

= R(L′ − 1; r)

[
δ−1M χ̂

∗
−1 · χ̂n

√
L′ + 1

2(2L′ − 1)
+ δ1M χ̂

∗
1 · χ̂n

√
L′ + 1

2(2L′ − 1)

]
.

(2.36)

In the following, we write down the explicit form of a plane wave in terms of vector
spherical harmonics:

Eke
ikr cosβ =

√
2π
∑

n=−1,1 (Ek · χ̂∗n)
∑

L′(i)
L′
√

(2L′ + 1)
(
χ̂∗−1 · χ̂n , χ̂∗1 · χ̂n

)
·

 jL′ (kr) Y−1
L′L′ + i

√
L′

2L′+1
jL′+1 (kr) Y−1

L′L′+1 − i
√

L′+1
2L′+1

jL′−1 (kr) Y−1
L′L′−1

−jL′ (kr) Y1
L′L′ + i

√
L′

2L′+1
jL′+1 (kr) Y1

L′L′+1 − i
√

L′+1
2L′+1

jL′−1 (kr) Y1
L′L′−1

 .

(2.37)
This can be further simplified by replacing the Y±1

L′L′+1 and Y±1
L′L′−1 taking into account

the following relation [66]

i

k
∇×

[
jL′ (kr) YM

L′L′

]
=

√
L′

2L′ + 1
jL′+1 (kr) YM

L′L′+1−
√

L′ + 1

2L′ + 1
jL′−1 (kr) YM

L′L′−1. (2.38)

Then Eq. (2.37) becomes

Eke
ikr cosβ =

√
2π

∑
n=−1,1

(Ek · χ̂∗n)
(
χ̂∗−1 · χ̂n , χ̂∗1 · χ̂n

)
·
( (

1− 1
k
∇×

)∑
L′(i)

L′
√

(2L′ + 1)jL′ (kr) Y−1
L′L′(

−1− 1
k
∇×

)∑
L′(i)

L′
√

(2L′ + 1)jL′ (kr) Y1
L′L′

)
(2.39)

Finally, we substitute Eq. (2.39) into Eq. (2.16) and use the following relation [18]

YM
LL (β, φ) =

−i(r×∇)YLM (β, φ)√
L(L+ 1)

, (2.40)

together with the definition of the nuclear electric multipole moment [18]:

QLM =

∫
V

rLY ∗LM ρ(r)d3r (2.41)
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2.2 Maxwell-Bloch Equation

and the magnetic multipole moment [65,66]

MLM =
1

c(L+ 1)

∫
V

[r× j(r)] · ∇
(
rLY ∗LM

)
d3r (2.42)

and the definition of the reduced transition probability B

B(εL) =
1

2Ig + 1
|〈Ie‖Q̂L‖Ig〉|2 (2.43)

B(µL) =
1

2Ig + 1
|〈Ie‖M̂L‖Ig〉|2. (2.44)

We obtain the general formulas for nuclear Rabi frequency and present the main steps in
Appendix A, merely quoting here the results for electric/magnetic transitions [65]

〈Ie,Me|ĤI |Ig,Mg〉 ∼ Ek
√

2π

√
L+ 1

L

kL−1

(2L+ 1)!!
CIgIe(L,M ;Mg,Mg)

×
√

2Ig + 1
√
B(ε/µL), (2.45)

Here the excited state |e〉 and the ground state |g〉 are characterized by the angular
momenta Ie and Ig, respectively, including their magnetic sublevelsMe andMg. Explicitly,
Eq. (2.9) reads

Ωp(t) =
1

~
〈2|ĤI |1〉

=
4

~

√
πIp(t)

cε0

√
(2Ig + 1)(L+ 1)

L

kL−1
21

(2L+ 1)!!

√
B(ε/µL), (2.46)

where Ip(t) the intensity of the pump pulse, L the multipolarity of the corresponding
nuclear transition and k21 the wave number of the corresponding nuclear transition.

Eq. (2.46) is used to calculate Rabi frequencies throughout this thesis. We emphasize
that the most important parameter B(ε/µL) characterizing the strength of the nucleus-
radiation interaction is obtained from the experimental data, e.g., the Nuclear Structure
and Decay Databases [67], such that no first principle calculation involving specific nuclear
models is needed.

2.2 Maxwell-Bloch Equation

In some experiments, measuring the light signal scattered off a target is the main method
to study the interaction between light and matter. In chapter 4 and chapter 5 of this
thesis, we will encounter such systems, for which the description of only Eq. (2.1) is not
complete. To describe the dynamics for both matter and radiation, the coupled Maxwell-
Bloch equations3 must be used [61]:

∂tρ̂ =
1

i~

[
Ĥ, ρ̂

]
+ ρ̂s, (2.47)

1

c
∂tΩ + ∂yΩ = iηρeg. (2.48)

3Also called Maxwell-Schrödinger equations in literature.
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Chapter 2 Theoretical Model

Eq. (2.48) describes the propagation of electromagnetic waves in the forward direction and
is derived from Maxwell equations (see Appendix A for the derivation). The backward
wave is neglected, because it is not observed in the considered problems. Furthermore,
the right hand side of Eq. (2.48) is the source term associated with a current or a dipole
moment of transition |e〉 ↔ |g〉. The source term iηρeg will affect the transmission be-
havior of the incident radiation, where η gives the number of nuclei that may scatter the
incident photons through the optical path. In chapter 3, we will solve only Eq. (2.47)
since the number of the resonant photons is much greater than the number of nuclei. For
the cases treated in chapter 4 and chapter 5, the situation is the other way around, the
position of Eq. (2.48) becomes important.

2.2.1 Coherent Pulse Propagation through a Resonant Medium

In this section, we will discuss the system depicted in Fig. 2.1 which is the underlying
physical system discussed in for chapter 4 and chapter 5. In Fig. 2.1 (a), a pump pulse
propagates through a medium with a length L and interacts with each individual non-
mutually interacting nucleus inside the medium as showed in Fig. 2.1 (a)(b). The goal of
this example is to calculate the temporal shape of the penetrating pump pulse measured
by the detector placed in the forward direction. We consider a two-level nucleus described
by a ground state |1〉 and an excited state |2〉, and the interaction strength between pump
laser and a nucleus is given by Ωp with a laser detuning ∆p as depicted in Fig. 2.1 (c).

The theoretical model describing the considered system can be directly obtained from
Eq. (2.6), Eq. (2.7), Eq. (2.8) and Eq. (2.48).

∂tρ11 = Γρ22 +
i

2

(
Ω∗pρ21 − Ωpρ

∗
21

)
, (2.49)

∂tρ21 = −
(

Γ

2
+ i∆p

)
ρ21 −

i

2
Ωp (ρ22 − ρ11) , (2.50)

∂tρ22 = −Γρ22 +
i

2

(
Ωpρ

∗
21 − Ω∗pρ21

)
, (2.51)

and

1

c
∂tΩp + ∂yΩp = iηρ21. (2.52)

The initial and the boundary conditions are:

ρeg (0) = δ1eδg1, (2.53)

Ωp (0, y) = 0, (2.54)

Ωp (t, 0) = δ (t− τ) , (2.55)

where indices e, g ∈ {1, 2}. We make here two assumptions: (1) ∆p = 0 for a resonant
pump laser. (2) Ωp � Γ for no Rabi oscillation (i.e., Ωp is a perturbation). First, we
have to linearlize Eq. (2.49), Eq. (2.50) and Eq. (2.51). By considering the assumption
(2), and substituting

ρeg(t) → δ1eδg1 + κρeg(t), (2.56)

Ωp(t) → κΩp(t) (2.57)
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2.2 Maxwell-Bloch Equation

into Eq. (2.49) − Eq. (2.52), we obtain

κ∂tρ11 = Γκρ22 +
i

2
κ2
(
Ω∗pρ21 − Ωpρ

∗
21

)
, (2.58)

κ∂tρ21 = −Γ

2
κρ21 +

i

2
κΩp −

i

2
κ2Ωp (ρ22 − ρ11) , (2.59)

κ∂tρ22 = −Γκρ22 +
i

2
κ2
(
Ωpρ

∗
21 − Ω∗pρ21

)
, (2.60)

and

κ

c
∂tΩp + κ∂yΩp = iηκρ21. (2.61)

Neglecting the second order κ2 terms and subsequently using κ = 1, we obtain

∂tρ11 = Γρ22, (2.62)

∂tρ21 = −Γ

2
ρ21 +

i

2
Ωp, (2.63)

∂tρ22 = −Γρ22, (2.64)

and

1

c
∂tΩp + ∂yΩp = iηρ21. (2.65)

Thus, the dominating equations are

∂tρ21 = −Γ

2
ρ21 +

i

2
Ωp, (2.66)

1

c
∂tΩp + ∂yΩp = iηρ21. (2.67)

By substituting

ρ21 → Φe−
Γ
2
t, (2.68)

∂tρ21 → −Γ

2
Φe−

Γ
2
t + e−

Γ
2
t∂tΦ, (2.69)

Ωp → Ae−
Γ
2
t, (2.70)

∂tΩp → −Γ

2
Ae−

Γ
2
t + e−

Γ
2
t∂tA, (2.71)

into Eq. (2.66) and Eq. (2.67), we obtain

∂tΦ =
i

2
A, (2.72)

1

c

(
−Γ

2
A+ ∂tA

)
+ ∂yA = iηΦ. (2.73)
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By using the Fourier transform

Φ(t, y) =
1√
2π

∫ ∞
−∞

φ(ω, k)ei[ky−ω(t−τ)] (2.74)

A(t, y) =
1√
2π

∫ ∞
−∞

α(ω, k)ei[ky−ω(t−τ)], (2.75)

(2.76)

ans substituting

Φ → φ, (2.77)

∂tΦ → −iωφ, (2.78)

A → α, (2.79)

∂tA → −iωα, (2.80)

∂yA → ikα, (2.81)

into Eq. (2.74) and Eq. (2.84), the dispersion relation of the system is obtained

k(ω) =
ω

c
− η

2ω
− i Γ

2c
. (2.82)

By using the inverse Fourier transform, the solution of α is obtained

A (t, y) =
1√
2π
e−

Γ
2c
y

∫ ∞
−∞

α0e
−i[k(ω)y−ω(t−τ)]dω (2.83)

=
1√
2π
e−

Γ
2c
y

∫ ∞
−∞

α0e
−i[(ωc−

η
2ω )y−ω(t−τ)]dω. (2.84)

Here, α0 = 1√
2π

∫∞
−∞ δ(t − τ)e−iω(t−τ)dt = 1√

2π
is the Fourier transform of the bound-

ary condition (2.55). Finally, the solution of Ωp is (complete derivation is presented in
Appendix A)

Ωp(t, y) =
1

2π
e−

Γ
2 [ yc+(t−τ)]

∫ ∞
−∞

e−i[(
ω
c
− η

2ω )y−ω(t−τ)]dω (2.85)

=
1

2π
e−

Γ
2 [ yc+β]

∞∑
n=0

(iq)n

n!

∫ ∞
−∞

1

ωn
e−iωzdω (2.86)

=
1√
2π
e−

Γ
2 [ yc+β]

∞∑
n=0

(iq)n

n!

[
−i
√
π

2

(−iz)n−1

(n− 1)!
sgn(z)

]
(2.87)

= δ(z)e−
Γ
2 [ yc+β] − q

J1

(
2
√
qz′
)

2
√
qz′

e−
Γ
2 [ yc+β]. (2.88)

Here, J1(z) is the Bessel function of first kind [68,69], β = t− τ , z = y
c
− (t− τ), z′ = −z

and sgn(z) is the sign function [70] which equals -1 in our case since z < 0. Additionally,
in most cases L

c
is much smaller than t− τ , i.e., the prorogation time of the incident light
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2.3 Three-Level Λ-Type System

pulse through a target with length L is much shorter than the detection time window
t−τ . Therefore, the terms y

c
are typically negligible. Moreover, we derive Eq. (2.87) from

Eq. (2.86) by using the Fourier transform of 1/ωn. The explicit form of Eq. (2.88) is then

Ωp(t, y) =

δ
[y
c
− (t− τ)

]
−
(ηy

2

) J1

[
2
√(

ηy
2

) (
t− τ − y

c

) ]
2
√(

ηy
2

) (
t− τ − y

c

)
 e−

Γ
2 ( yc+t−τ)

=

δ
[y
c
− (t− τ)

]
−
(
ξΓy

4L

) J1

[
2
√(

ξΓy
4L

) (
t− τ − y

c

) ]
2
√(

ξΓy
4L

) (
t− τ − y

c

)
 e−

Γ
2 ( yc+t−τ).

(2.89)

In experiments, the measured field [13,68,69,71] is proportional to

Ωp(t, L) =

δ
[
L

c
− (t− τ)

]
−
(
ξΓ

4

) J1

[
2
√(

ξΓ
4

) (
t− τ − L

c

) ]
2
√(

ξΓ
4

) (
t− τ − L

c

)
 e−

Γ
2 (Lc +t−τ), (2.90)

and the measured signal is proportional to

|Ωp(t, L)|2 =

δ
[
L

c
− (t− τ)

]
−
(
ξΓ

4

) J1

[
2
√(

ξΓ
4

) (
t− τ − L

c

) ]
2
√(

ξΓ
4

) (
t− τ − L

c

)


2

e−Γ(Lc +t−τ).

(2.91)
This equation can be derived also using an iterative method with the response function
as it was shown in Ref. [72]. We will use Eq. (2.91) in chapter 4 and chapter 5 to explain
a phenomenon called dynamical beat [73] of nuclear forward scattering [13].

2.3 Three-Level Λ-Type System

In this section, we extend the used theory for a three-level Λ-type system [61] that is well
known for describing several effects in atomic quantum optics, for example, stimulated
Raman adiabatic passage (STIRAP) [62] and electromagnetically induced transparency
(EIT) [52, 63, 64]. A typical three-level Λ-type system is illustrated in Fig. 2.2 (a). For
convenience, we assume the wave function of the considered nucleus is |ψ〉 = C1(t)|1〉 +
C2(t)|2〉+ C3(t)|3〉. The interaction between the nucleus and two lasers is typically illus-
trated by a sketch like Fig. 2.2 (b) in nuclear physics or Fig. 2.2 (c) in atomic physics.
Since the pattern of Fig. 2.2 (c) looks like the Greek letter Λ, it is called as a Λ-type
system. Here, pump laser (blue arrow) drives the transition |3〉 ↔ |1〉, with detuning
∆p and Stokes laser (red arrow) drives the transition |3〉 ↔ |2〉 with detuning ∆S. The
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Figure 2.2: (a) Interaction between a nucleus, pump laser (blue wide arrow) and Stokes laser (red
wide arrow). Typical sketches of a three-level Λ-type system appear in the literature of (b) nuclear
and (c) atomic physics. The blue (Ωp) and red (ΩS) vertical arrows depict pump and Stokes lasers,
respectively. ∆p and ∆S denote the detunings of the corresponding lasers. The green wiggled
arrows illustrate the spontaneous decay of state |3〉, B31 (B32) is the branching ratio of |3〉 ↔ |1〉
(|3〉 ↔ |2〉) transition and Γ is the spontaneous decay rate of state |3〉.
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2.3 Three-Level Λ-Type System

explicit form of ρ̂ in this case is:

ρ̂ =

 ρ11 ρ12 ρ13

ρ21 ρ22 ρ23

ρ31 ρ32 ρ33

 . (2.92)

By considering the spontaneous decay, the decoherence matrix is

ρ̂s =
Γ

2

 2B31ρ33 0 −ρ13

0 2B32ρ33 −ρ23

−ρ31 −ρ32 −2ρ33

 . (2.93)

In Eq. (2.93), B31 +B32 = 1 due to ρ11 +ρ22 +ρ33 = 1, i.e., the conservation of population
in a closed three level system. The decay rate Γ/2 for each off diagonal coherence is
derived from Eq. (2.3). Without any external laser, ρ33(t) ∼ e−Γt which means C3(t) ∼
e−(Γ/2)t, whence the other coherence ρ3µ and ρµ3 are also proportional to e−(Γ/2)t. On the
other hand, ρ̂s,12 = ρ̂s,21 = 0 as the two lower states |1〉 and |2〉 do not experience any
decoherence process in this example. This corresponds to choosing an isomer state |2〉,
whose decay is strongly hindered.

The interaction Hamiltonian matrix Ĥ(t) is [61,62]:

Ĥ = −~
2

 0 0 Ω∗p
0 −2 (4p −4S) Ω∗S

Ωp ΩS 24p

 , (2.94)

where ~ is the reduced Planck constant. The explicit form of Eq. (2.1) can be obtained
by substituting Eq. (2.92), Eq. (2.93) and Eq. (2.94) into Eq. (2.1):

∂tρ11 = B31Γρ33 +
i

2

(
Ω∗pρ31 − Ωpρ

∗
31

)
(2.95)

∂tρ21 = i (∆S −∆p) ρ21 +
i

2
(Ω∗Sρ31 − Ωpρ

∗
32) (2.96)

∂tρ31 = −
(

Γ

2
+ i∆p

)
ρ31 +

i

2
ΩSρ21 −

i

2
Ωp (ρ33 − ρ11) (2.97)

∂tρ22 = B32Γρ33 +
i

2
(Ω∗Sρ32 − ΩSρ

∗
32) (2.98)

∂tρ32 = −
(

Γ

2
+ i∆S

)
ρ32 +

i

2
Ωpρ

∗
21 −

i

2
ΩS (ρ33 − ρ22) (2.99)

∂tρ33 = −Γρ33 +
i

2

(
Ωpρ

∗
31 − Ω∗pρ31

)
+
i

2
(ΩSρ

∗
32 − Ω∗Sρ32) . (2.100)
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In above equations, Ωp and ΩS are Rabi frequencies defined as:

Ωp(t) =
1

~
〈3|ĤI |1〉

=
4

~

√
πIp(t)

cε0

√
(2I1 + 1)(L31 + 1)

L13

kL31−1
31

(2L13 + 1)!!

√
B(ε/µL13), (2.101)

ΩS(t) =
1

~
〈3|ĤI |2〉

=
4

~

√
πIS(t)

cε0

√
(2I2 + 1)(L23 + 1)

L23

kL23−1
32

(2L23 + 1)!!

√
B(ε/µL23), (2.102)

where Ip(S)(t) is the pump (Stokes) pulse, I1(2) is the angular momentum of ground state
|1(2)〉, and , L1(2)3 is the multipolarity of the corresponding nuclear transition |1(2)〉 ↔ |3〉.
Eq. (2.95) to Eq. (2.102) are successfully used to explain plenty of phenomena in atomic
quantum optics. In this thesis, we adopt and use it to investigate the proposal called
nuclear coherent population transfer (NCPT) in Chapter 3. Furthermore, Eq. (2.95) to
Eq. (2.102) together with

1

c
∂tΩp + ∂yΩp = iηρ31, (2.103)

will be used to discuss another proposal labeled as electromagnetically modified nuclear
forward scattering in Chapter. 5.
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Chapter 3

Nuclear Coherent Population Transfer with
X-Ray Laser Pulses

This chapter aims to address the problem of actively manipulating the nuclear state by
using coherent hard x-ray photons. In particular, we are interested in efficient control of
the nuclear population dynamics in a 3 level system associating to level schemes of isomer
triggering, i.e., the Λ-type system1. Typically, the traditional way of shifting nuclei from
one internal quantum state to another is done by incoherent photon absorption, i.e.,
incoherent γ-rays illuminate the nuclear sample and excite the nuclei to some high-energy
states. Subsequently, some of the excited nuclei may decay to the target state by chance,
according to the corresponding branching ratio. This kind of method is rather passive,
and its efficiency is low. Encouraged by the development of X-ray Free Electron Laser
(XFEL) [21–26], an improved version was considered [74] using coherent x-ray absorption.
However, even this scheme stays in the traditional and passive frame and only increases
perhaps the excitation efficiency. As the first nuclear quantum optics application presented
in this thesis, we present another XFEL-based leap forward, coherently transferring nuclei
between two states in a determined and controlled way. For the first time, the nuclear
coherent population transfer (NCPT) between the two lower states in a nuclear three-level
scheme is studied by utilizing two overlapping x-ray laser pulses in the stimulated Raman
adiabatic passage (STIRAP) setup [62]. Since most of the nuclear transition energies
are higher than the energies of the currently producible x-ray photons, we introduce
the concept of an accelerated nuclear target, i.e., a nuclear beam produced by particle
accelerators [32].

This chapter starts with a brief introduction on isomer triggering followed by the two
methods considered to achieve this: the π-pulse method and the stimulated Raman adi-
abatic passage. In Sec. 3.1, we introduce the basic features of the π-pulse and of the
so-called dark state which plays the central role of STIRAP. Also, four intuitive difficul-
ties on driving nuclear transitions by x-ray lasers are discussed here, showing how vital
the optimization of the laser parameters is for controlling the nuclear state. Following
this conclusion, in Sec. 3.2 we present in detail the two schemes to achieve NCPT with
XFEL and find out the required laser intensities. In Sec. 3.3, the possible facilities of
XFEL and ion accelerators used to implement NCPT are discussed. Two more possible
experimental issues regarding the influence of the apparatus errors are also addressed. In
addition to the large scale infrastructures, we propose to utilize tabletop solutions, which
are well developed in the field of laser-plasma interaction. This tabletop approach also

1The origin of the name ”Λ-type” has been discussed in Sec. 2.3 and is due to the pattern of the sketch
of the three level scheme.
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Figure 3.1: The Λ-level scheme. The blue arrow illustrates the pump pulse, and the red arrow
depicts the Stokes pulse. All initial population is in state |1〉.

deserves attention for the problem of a global experimental availability of the nuclear
state manipulation.

3.1 Motivation and Introduction

Nuclear metastable states, also known as isomers, can store large amounts of energy over
longer periods of time. Isomer depletion, i.e., release on demand of the energy stored
in isomers, has received a lot of attention in the last one and a half decades, especially
related to the fascinating prospects of nuclear batteries [75–77]. Two notable examples on
triggered γ-emission from nuclear isomers by x-ray absorption are 180mTa [15, 16, 78] and
178m2Hf [15,79–83]. As shown in Fig. 3.1, by shining only pump radiation pulse, depletion
occurs when the nuclear population in isomer state |1〉 is excited to a higher triggering
level |3〉 whose decay to other lower levels, e.g., state |2〉 is no longer hindered by the
long-lived isomer. However, such control of nuclear state is done by incoherent processes
and its efficiency is therefore low. To improve the efficiency for controlling nuclei, we
apply two schemes of coherent population transfer to nuclear system with coherent x-ray
beams. Coherent population transfer in the atomic nuclei would not only be a powerful
tool for preparation and detection in nuclear physics, but also especially useful for control
of energy stored in nuclear states. Moreover, the coherent photoactivation of nuclear
isomers facilitates the understanding of the synthesis of the naturally occurring isotopes
in stars [16]. We briefly introduce two schemes of coherent population transfer in the
following.

In atomic and molecular physics, a successful and robust way for coherent population
transfer is the STIRAP [62], a technique in which two coherent fields couple to a three-
level system as showed in Fig. 3.1. The interaction of a Λ-level scheme with the pump laser
P driving the |1〉 → |3〉 transition and the Stokes laser S driving the |2〉 → |3〉 transition
is depicted in Fig. 3.1. In STIRAP, at first the Stokes laser creates a superposition of
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3.1 Motivation and Introduction

the two unpopulated states |2〉 and |3〉. Subsequently, the pump laser couples the fully
occupied |1〉 and the pre-built coherence of the two empty states. In the whole process,
the dark (trapped) state

|D〉 =
ΩS(t)√

Ω2
p(t) + Ω2

S(t)
|1〉 − Ωp(t)√

Ω2
p(t) + Ω2

S(t)
|2〉. (3.1)

is formed and evolves with the time dependent pump and Stokes Rabi frequencies2 Ωp(t)
and ΩS(t), respectively [62]. Obviously, one can control the populations in the states |1〉
and |2〉 via temporally adjusting the laser parameters, e.g., the laser electric field strengths
of pump and Stokes.

Another option for achieving the coherent population transfer is utilizing so-called π-
pulses. Using the scheme in Fig. 3.1, let us consider the interaction of a two-level system
with a single-mode laser, driving the |1〉 → |3〉 transition by the pump laser (for now we
temporarily neglect state |2〉 and the Stokes laser). The eigenstate of this system is [61]

|ψ〉 = cos

(
1

2

∫ t

−∞
Ωp (τ) dτ

)
|1〉+ sin

(
1

2

∫ t

−∞
Ωp (τ) dτ

)
|3〉. (3.2)

Obviously, the complete coherent population transfer happens when∫ t

−∞
Ωp (τ) dτ = nπ (3.3)

for n odd. Because of this particular case, Ωp (τ) is called a π-pulse if
∫∞
−∞Ωp (τ) dτ = π.

In the scheme in Fig. 3.1, one can shine a pump π-pulse and subsequently a Stokes π-
pulse on the target to coherently channel all population from state |1〉 to state |2〉 via the
intermediate state |3〉. This technique is termed as two π-pulses method. One question
may arise: why not directly pump the population from |1〉 to state |2〉 by using just
one laser pulse? The advantages of the considered two-field scheme is emphasized by
K. Bergmann et al. [62]: “. . . the use of two lasers coupling three states, rather than a
single laser coupling two states, offers many advantages: the excitation efficiency can be
made relatively insensitive to many of the experimental details of the pulses. In addition,
with the three-state system, one can produce excitation between states of the same parity,
for which single-photon transitions are forbidden for electricdipole radiation, or between
magnetic sublevels. . . ”. Similarly in the case of NCPT illustrated in Fig. 3.1, either such
direct transition between two ground states is forbidden (e.g., the isomer state), or the
required laser intensity of using one field will be higher than that of using two lasers due
to the linewidth of the nuclear ground state |2〉 which may be much narrower than that
of state |3〉. Because of these two reasons, a two-field NCPT is considered in this chapter.

The transfer of such schemes to nuclear systems, although encouraged by the progress
of laser technology, has not been accomplished due to the lack of γ-ray laser sources. The
pursuit of coherent sources for wavelengths around or below 1 nm is supported however by

2The Rabi frequency is defined as Ω = 1
~ 〈ψf |P̂ · E|ψi〉. Here P̂ is the dipole operator, E denotes the

electric field of the laser and ~ is the reduced Planck constant.
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the advent and commissioning of XFEL [21–26], the availability of which stimulates the
transfer of quantum optical schemes to nuclei. Furthermore, a nuclear three-level scheme
that can lead to the depletion of a metastable state. However, four intuitive problems are
on the way to extend quantum optics into the nuclear region:

1. The tiny size of the atomic nucleus. The typical size of the atomic nucleus is on
the order of 10−14 m, or 10 fm, which results in a very small nuclear dipole moment
PN ∼ 10−33 C·m, whereas the atomic dipole moment is on the order of 10−29 C·m.
Considering the general dipole-electric field coupling PN · E, the nucleus-radiation
coupling is 4 orders of magnitude smaller than the atom-light interaction for the
same applied laser intensity.

2. The nuclear transition energy is typically greater than the photon energy from avail-
able coherent light sources. To bridge the gap between x-ray laser frequency and nu-
clear transition energies, a key proposal is to combine moderately accelerated target
nuclei and novel x-ray lasers [32]. A nuclear beam suitably accelerated can interact
with Lorentz boosted x-ray laser pulses, i.e., in the nuclear rest frame the photon
frequency becomes resonant to the corresponding nuclear transition if the relativis-
tic factor γ of the accelerated nuclei is properly chosen. This XFEL-accelerated
nuclei head-on collider system will be considered throughout this chapter.

3. The nuclear linewidth is typically narrower than the laser bandwidth. This property
limits the resonant photon number within a produced XFEL pulse and gives a lower
effective intensity [65]. An intuitive picture of this issue is presented in Fig. 3.2. The
intensity I of an incident XFEL pulse will not be fully observed by the nuclei, and
the effective intensity Ieff depends on the ratio of the laser bandwidth to the nuclear
linewidth. For instance, the effective intensity of a short incident pulse illustrated
in Fig. 3.2 (c)(d) is much weaker than that of a long pulse case (Fig. 3.2 (a)(b)),
because Γ is wider than the linewidth of the latter3. An expression of the effective
pulse shape is given in Appendix B.

4. The coherence of XFEL. Both the success of STIRAP and that of two π-pulse are
based on the full coherence of the laser pulses, therefore the fully coherent XFEL
source is also paramount for NCPT. Thus, in the whole chapter we assume a fully
coherent XFEL source such as the future XFEL Oscillator (XFELO) [84] or the
seeded XFEL (SXFEL) [21–26] for both pump and Stokes lasers.

Consequently, increasing the laser intensity and optimizing the laser parameters in the
nuclear rest frame become the only means of manipulating nuclear states, since the nuclear
size is an intrinsic property. In the following, the fully coherent XFEL pulses are used
together with acceleration of the target nuclei to achieve the resonance condition. The
needed optimal laser intensity will be discussed for achieving not only 100% NCPT but
also coherent isomer triggering.

3A metaphor of the effective intensity can be grasped from the experience of going to a dentist. When
a patient is undertaking dental x-ray diagnosis, he/she will not see the x-ray from the machine. This
is due to the fact that the frequency of the used x-ray burst is too high to be observed by the human
eye. Thus, the effective intensity of the x-ray is zero for it. Just as the human eye is only reacting to
visible light, and not to x-rays, nuclei only react to photons with their resonant frequencies.
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Figure 3.2: The intuitive sketch of the concept of the effective intensity Ieff . For the long laser pulse
case in (a)(b), the bandwidth of the incident laser of intensity I is narrower than the linewidth Γ of
some nuclear excited state. For the short pulse case in (c)(d), the effective intensity is significantly
reduced since the linewidth of the incident laser is wider than Γ.
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Figure 3.3: (a) Two-color scheme (copropagating-beams) in the lab frame. In this setup, the
frequency of pump laser is different from that of the Stokes laser. The nuclear beam is accelerated
such that γ(1 + β)ωp(S) = ck31(2) is fulfilled. (b) One-color scheme (crossed-beams) in the lab
frame. In this setup ωp = ωS , and the nuclear beam is accelerated such that both conditions
γ(1 + β)ωp = ck31 and γ(1 + β cos θS)ωS = ck32 are fulfilled.

3.2 Nuclear Coherent Population Transfer

3.2.1 Model, Time Scale and Parameters

We study a collider system depicted in Fig. 3.3, composed of an accelerated nuclear
beam that interacts with two incoming XFEL pulses. The explanation of the notations
used throughout the following text and the equations can be found in Table 3.1. As
mentioned before, the nuclear excitation energies are typically higher than the designed
photon energy of the XFELO and SXFEL. The accelerated nuclei can interact with two
Doppler-shifted x-ray laser pulses as showed in Fig. 3.3 (a). The two laser frequencies
(two-color) and the relativistic factor γ of the accelerated nuclei have to be chosen such
that in the nuclear rest frame both one-photon resonances are fulfilled. Copropagating
laser pulses should have different frequencies in the laboratory frame in order to match
the nuclear transition energies. To fulfill the resonance conditions with a one-color laser
we envisage the pump and Stokes pulses meeting the nuclear beam at different angles
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Figure 3.4: The nuclear Λ-level scheme in the nuclear rest frame. The blue arrow illustrates the
pump pulse, the red arrow depicts the Stokes pulse and all nuclear population is initially in |1〉 state.

(θS 6= 0), as shown in Fig. 3.3 (b).
In the following we address the laser beam parameter requirements. The most important

prerequisite for nuclear STIRAP is the temporal coherence of the x-ray lasers. The
coherence time of the existent XFEL at the Linac Coherent Light Source (LCLS) in
Stanford, USA and of the European XFEL are on the order of 1 fs, much shorter than
the pulse duration of 100 fs [23, 24, 85]. The SXFEL, considered as an upgrade for both
facilities, will deliver completely transversely and temporally coherent pulses, that can
reach 0.1 ps pulse duration and about 10 meV bandwidth [22,26]. Recently, a self-seeding
scheme successfully produced a near Fourier-transform-limited x-ray pulses with 0.4−0.5
eV bandwidth at 8 − 9 keV photon energy [20]. Another option is the XFELO that
will provide coherence time on the order of the pulse duration ∼ 1 ps, and meV narrow
bandwidth [84]. We consider here the laser photon energy for the pump laser fixed at 25
keV for the XFELO and 12.4 keV for the SXFEL. The relativistic factor γ is given by the
one-photon resonance condition:

E3 − E1 = γ(1 + β)~ωp. (3.4)

The frequency of the Stokes x-ray laser can be then determined depending on the geometry
of the setup. For copropagating pump and Stokes beams (implying a two-color XFEL),
the photon energy of the Stokes laser is smaller than that of the pump laser since E2 > E1.
The alternative that we put forward is to consider two crossed laser beams generated by
a one-color SXFEL meeting the accelerated nuclei as shown schematically in Fig. 3.3 (b).
The angle θS between the two beams is determined such that in the nuclear rest frame the
pump and Stokes photons fulfill the resonances with the two different nuclear transitions.
The values of γ, ~ωS and θS for NCPT for the nuclear systems under consideration are
given in Table 3.2. The separation of the pump and Stokes beams out of the original XFEL
beam requires dedicated x-ray optics such as the diamond mirrors [28, 35, 86] developed
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for the XFELO. X-ray reflections can also help tune the intensity of the two beams. The
coherence between the two ground states is crucial for successful NCPT via STIRAP. Since
in our case the lifetime of |2〉 is much longer than the laser pulse durations, decoherence
is related to the unstable central frequencies and short coherence times of the pump and
Stokes lasers. Our one-color XFEL crossed-beam setup accommodates the present lack of
two-color x-ray coherent sources and reduces the effect of laser central frequency jumps to
equal detunings in the pump and Stokes pulses. However, the crossed-beam setup suffers
from a number of drawbacks related to spatial and temporal overlap of the laser and ion
beams, as it will be addressed shortly in the following.

The XFEL-nuclei interaction in the nuclear rest frame is illustrated in Fig. 3.4. The
nuclear dynamics is governed by the master equation for the nuclear density matrix ρ̂(t)
[62,87]

∂

∂t
ρ̂ =

1

i~

[
Ĥ, ρ̂

]
+ ρ̂s, (3.5)

with the interaction Hamiltonian

Ĥ = −~
2

 0 0 Ω∗p
0 −2 (4p −4S) Ω∗S

Ωp ΩS 24p

 , (3.6)

and the decoherence matrix

ρ̂s =
Γ

2

 2B31ρ33 0 −ρ13

0 2B32ρ33 −ρ23

−ρ31 −ρ32 −2ρ33

 . (3.7)

The initial conditions are
ρij(0) = δi1δ1j. (3.8)

The angle θ is zero for the pump laser and θ = θS for the Stokes laser. So far, Eq. 3.5 -
Eq. 3.8 are the standard approaches for any quantum system like that showed in Fig. 3.4.
The nuclear physics and relativitic treatment will enter the whole calculation when de-
riving the values of Rabi frequencies [18, 65] in the nuclear rest frame. The derivation of
Rabi frequencies in the lab frame has been presented in Sec. 2.1. We merely quote the
results here.

Ωp(t) =
1

~
〈3|ĤI |1〉

=
4

~

√
πIeff

p (t)

cε0

√
(2I1 + 1)(L31 + 1)

L13

kL31−1
31

(2L13 + 1)!!

√
B(ε/µL13), (3.9)

ΩS(t) =
1

~
〈3|ĤI |2〉

=
4

~

√
πIeff

S (t)

cε0

√
(2I2 + 1)(L23 + 1)

L23

kL23−1
32

(2L23 + 1)!!

√
B(ε/µL23), (3.10)

where Ieff
p(S)(t) is the Gaussian pump (Stokes) pulse in the nuclear rest frame:

Ieff
p(S)(t) = γ2 (1 + β cos θ)2 Ieff

p(S)Exp

{
−
[
γ(1 + β cos θ)(t− τp(S))

Tp(S)

]2
}
. (3.11)
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3.2 Nuclear Coherent Population Transfer

Table 3.1: The notations used throughout the text. The indices i, j = 1, 2, 3 denote the three
nuclear states showed in Fig. 3.4. The label ‘Lab’ (‘Rest’) indicates that the corresponding values
are in the lab (nuclear rest) frame.

Notation Frame Explanation
c Any Speed of light in vacuum.
β Lab Velocity of the nuclear particle, in units of c.

γ Lab Relativistic factor γ = 1/
√

1− β2 cos2 θ.
ε0 Any Vacuum permittivity.
h Any Planck constant, h = 2π~.
Γ Rest Spontaneous decay rate of |3〉.
ρij Rest Density matrix element.
δij Any Kronecker delta.
k3i Rest Wave number of |3〉 → |i〉 transition.
B3i Rest Branching ratio of |3〉 → |i〉 spontaneous decay.

ΓLp(S) Lab Laser bandwidth of pump (Stokes).
Ωp(S) Rest Slowly varying effective Rabi frequency of pump (Stokes) laser.
τp(S) Rest Temporal peak position of pump (Stokes) laser.
ωp(S) Lab Angular frequency of pump (Stokes) laser,
∆p(S) Rest Laser detuning, ∆p(S) = γ(1 + β cos θ)ωp(S) − ck31(2).
Ep(S) Lab Slowly varying envelope of electric field of pump (Stokes) laser.
Ip(S) Lab Peak intensity of pump (Stokes) laser pulse, Ip(S) = 1

2
cε0E

2
p(S).

Ieff
p(S) Lab Effective peak intensity of pump (Stokes) laser pulse,

Ieff
p(S) = Ip(S)

Γ
γ(1+β cos θ)Γp(S)

for Γ < γ(1 + β cos θ)Γp(S);

Ieff
p(S) = Ip(S) for Γ ≥ γ(1 + β cos θ)Γp(S).

Tp(S) Lab Pulse duration of pump (Stokes) laser.
I1(2) Any Angular momentum of ground state |1〉 (|2〉).
Li3 Any Multipolarity of the corresponding nuclear |i〉 → |3〉 transition.

B(ε/µLi3) Rest Reduced transition probability for the
nuclear electric (ε) or magnetic (µ) |i〉 → |3〉 transition.

The slowly varying effective Rabi frequencies Ωp(S)(t) in the nuclear rest frame for nuclear
transitions of electric (ε) or magnetic (µ) multipolarity L are given by [62,65]

Ωp(S)(t) =
4
√
π

~

[
γ2(1 + β cos θ)2Ieff

p(S)(L1(2)3 + 1)(2I1(2) + 1)B(ε/µL1(2)3)

cε0L1(2)3

]1/2

×
k
L1(2)3−1

31(2)

(2L1(2)3 + 1)!!
Exp

−
[
γ(1 + β cos θ)(t− τp(S))√

2Tp(S)

]2
 . (3.12)

Here we have expressed the nuclear multipole moment with the help of the reduced tran-
sition probabilities B(ε/µL) introduced in Sec. 2.1 following the approach developed in
Sec. 2.1 and Ref. [65]. This allows for a unified treatment of the laser-nucleus interac-
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tion for both dipole-allowed (E1) and dipole-forbidden nuclear transitions. All the laser
quantities have been transformed in Eq. (3.12) into the nuclear rest frame, leading to

• the angular frequency γ(1 + β cos θ)ωp(S),

• bandwidth γ(1 + β cos θ)Γp(S),

• pulse duration Tp(S)/(γ(1 + β cos θ)),

• laser peak intensity γ2(1 + β cos θ)2Ip(S).

Let us turn to the time scale analysis in the nuclear rest frame, with focus on comparing
the XFEL pulse duration with the lifetimes of the nuclear excited states. Typically, the
Λ-level scheme in Fig. 3.4 is not closed, i.e. the population in |3〉 will not only decay
to |1〉 and |2〉 but also to other low energy levels through spontaneous γ-decay or by
other decay mechanisms such as α decay. This open feature of |3〉 speaks against direct
pumping. On the other hand, the delivered XFEL pulse duration is fixed due to the
designs. Comparing the lifetime of the state |3〉 with the XFEL pulse duration allows us
to identify two situations:

(i) 1/Γ ≥ Tp(S)

γ(1+β cos θ)
, i.e., the lifetime of |3〉 is longer than the pulse duration. Since the

nucleus can stay in |3〉 long enough, apart from STIRAP, also NCPT via sequential
isolated pulses such as π pulses, i.e., pulses that transfer the complete nuclear state
population from one state to another, is possible. A first π pulse can pump the nuclei
from |1〉 to |3〉, followed by a second Stokes π pulse that drives the |3〉 → |2〉 decay.
The latter scenario lacks the robustness of STIRAP, having a sensitive dependence
on the laser intensities.

(ii) 1/Γ <
Tp(S)

γ(1+β cos θ)
, i.e., the lifetime of |3〉 is shorter than the pulse duration. Because

of the high decay rate of |3〉, separated single pulses cannot produce NCPT and
STIRAP provides the only possibility for population transfer.

In general, situation (i) is related to nuclear excitations of tens up to hundreds of keV,
such that γ ∼ 10. These low-lying levels have however energy widths of about 1 µeV
or less, orders of magnitude smaller than the photon energy spread. In this case only
a fraction of the incoming photons will drive the nuclear transition, leading to a small
effective intensity [65]. For case (ii), the required γ for driving MeV transitions is on
the order of 20 − 100. Typically, such transitions have widths (∼ 1 eV) larger than the
bandwidth of the XFELO or SXFEL. The effective and nominal laser intensity have in
this case the same value, an advantage of the high-γ regime. Moreover, for narrow-width
excitations (i) it is necessary to first find the laser bandwidth window of the nuclear
transition, since most of the transition energy values are not known with such precision.
Once found, our procedure of considering an effective intensity which is scaled according to
the number of resonant photons should provide the correct approach for a zero-detuning
situation. For the case (ii) where the MeV nuclear transitions have eV widths, it is
only necessary to tune the laser photons in the corresponding energy window. A list of
parameters for a number of nuclei with suitable transitions for both (i) and (ii) regimes
is presented in Tables 3.2 and 3.3.
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Table 3.2: Laser and nuclear beam parameters. The accelerated nuclei have the relativistic factor
γ, determined by the one-photon resonance condition γ(1 + β)~ωp = ck31. For the copropagating-
beams setup, ~ωS denotes the Stokes photon energy. The pump (copropagating beams) or both
pump and Stokes lasers (crossed beams) photon energies are 12.4 keV for SXFEL and 25 keV for
XFELO, respectively. For the crossed-beam setup, the angle θS between the pump and Stokes beams
shown in Fig. 3.3 (b) is given in rad.

SXFEL XFELO
Nucleus γ θS (rad) ~ωS (keV) γ θS (rad) ~ωS (keV)

185Re 11.5 1.4544 6.93 5.7 1.4596 13.97
97Tc 22.6 1.3836 7.36 11.2 1.3848 14.83

154Gd 50.1 0.6407 11.17 24.8 0.6408 22.52
168Er 72.0 0.4260 11.85 35.7 0.4260 23.88

Table 3.3: Nuclear parameters. Ei is the energy of state |i〉 with i ∈ {1, 2, 3} (in keV) [67]. The
multipolarities and reduced matrix elements (in Weisskopf units) for the transitions |j〉 → |3〉 with
j ∈ {1, 2} are also given.

ε/µL B(ε/µL) (wsu)
Nucleus E3 E2 E1 |1〉 → |3〉 |2〉 → |3〉 |1〉 → |3〉 |2〉 → |3〉
185Re 284 125 0 E2 M1 6.4× 10 3.7× 10−1

97Tc 657 324 96.57 E2 E1 5× 102 6.7× 10−5

154Gd 1241 123 0 E1 E1 4.4× 10−2 4.9× 10−2

168Er 1786 79 0 E1 E1 3.2× 10−3 9.1× 10−3

3.2.2 Results and Discussion

In Fig. 3.5 we compare our calculated population transfer for several cases in both regimes
(i) and (ii) using SXFEL (Fig. 3.5 (a)) and XFELO (Fig. 3.5 (b)) parameters in a crossed-
beam single-color XFEL setup. For the two-color copropagating beams setup, the results
using SXFEL and XFELO parameters are showed in Fig. 3.5 (c) and Fig. 3.5 (d), respec-
tively. We investigate first the efficiency of NCPT for nuclear three-level systems that do
not present a metastable state. The considered nuclear transition energies, multipolarities
and reduced matrix elements are given in Table 3.3. The choice of nuclei is related to
nuclear data availability and the lifetime values of state |3〉 required by the two parameter
regimes (i) and (ii). The optimal set of laser parameters is obtained by a careful analysis
of the dependence between pump peak intensity Ip and pulse delay τp − τS. A negative
time delay corresponds to the π-pulse population transfer regime, while a positive one
stands for STIRAP. For each value of Ip, the τp − τS is chosen such that the NCPT
reaches its maximum value. Two examples of this optimization process are demonstrated
in Fig. 3.6. Each red dashed line on the contour plot illustrates the optimal cases, based
on which we select the necessary laser intensities, showed in Fig. 3.5 (a).

For regime (i) that allows NCPT via both π pulses and STIRAP, we considered the
lowest three nuclear levels of 185Re. The γ, θS (for one-color setup), and Stokes photon
energy ES (for two-color scheme) are listed in Table 3.2. In the one-color setup, NCPT
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Figure 3.5: NCPT for several nuclei as a function of the pump XFEL peak intensity using SXFEL
(a,c) and XFELO (b,d) parameters. For the crossed-beams setup (a) and (b), the Stokes laser
intensities were chosen IS = 0.02Ip for 185Re, IS = 0.34Ip for 168Er, IS = 0.81Ip for 154Gd and
IS = 20.82Ip for 97Tc, respectively, according to the π pulse intensity ratios IπS/I

π
p . In the two-

color setup (c) and (d), IS = 0.03Ip for 185Re, IS = 0.35Ip for 168Er, IS = 0.90Ip for 154Gd and
IS = 35.06Ip for 97Tc. All detunings are 4p = 4S = 0. See discussion in the text and Tables 3.2
and 3.3 for further parameters.
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Figure 3.6: The laser peak-intensity & pulse-delay dependent NCPT. (a) for 154Gd, the Stokes peak
position τS is fixed at 15 fs, and IS/Ip = 0.81. Eq. (3.5) is numerically solved for 9 ≤ τp ≤ 21
fs and 1016 ≤ Ip ≤ 1026 W/cm2. (b) for 97Tc, the Stokes peak position τS is fixed at 40 fs, and
IS/Ip = 20.82. The numerical solution of Eq. (3.5) is displayed in the interval of 20 ≤ τp ≤ 60
fs and 1018 ≤ Ip ≤ 1027 W/cm2. The NCPT curve of 154Gd and 97Tc in Fig. 3.5 (a) are selected
along the optimized red dashed lines in (a) and (b), respectively.
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is achieved at lower intensities via sequential π pulses. At the exact π-pulse value of the
pump intensity, a peak in the nuclear population transfer for 185Re can be observed, at Ip =
6× 1025 W/cm2 in Fig. 3.5 (a) and Ip = 6× 1022 W/cm2 in Fig. 3.5 (b). With increasing
Ip in the crossed-beam setup (Fig. 3.5 (a)(b)), the 185Re nuclei are only partially excited
to state |2〉 and the NCPT yield starts to oscillate. The amplitude and frequency of the
oscillations are varying as a result of our pulse delay optimization procedure. At sufficient
intensities in the pulse overlap regime STIRAP becomes preferable as compared to the π
pulses mechanism due to the lack of oscillations. The plateau at 100% population transfer
indicates that NCPT via STIRAP alone is reached. In the two-color copropagating beams
scheme (Fig. 3.5 (c)(d)), the pulse shape of pump and that of Stokes are the same in the
nuclear rest frame. This makes STIRAP more efficient and thus preferable compared to
the single-color setup, as the STIRAP plateau can be reached with lower laser intensities.

For case (ii), we present our results for 154Gd and 168Er, that require stronger nuclear
acceleration with γ factors between 24 and 72 and fs pulse delays. The 154Gd ground state
population starts to be coherently channeled at about Ip = 1017 W/cm2 using XFELO
and Ip = 1019 W/cm2 using SXFEL parameters, respectively. Up to Ip = 1019 W/cm2

(XFELO) and Ip = 1021 W/cm2 (SXFEL), more than 95% of the nuclei reach state |2〉.
In this case π pulses cannot provide the desired NCPT due to the fast spontaneous decay
of state |3〉 in neither copropagating- nor cross-beam setups. The calculated intensities
necessary for complete NCPT are within the designed intensities of the XFEL sources.
Considering the operating and designed peak power of 20-100 GW [22–24, 26, 85] for
SXFEL (and about three orders of magnitude less for XFELO) and the admirable focus
achieved for x-rays of 7 nm [88], intensities could reach as high as 1017 − 1018 W/cm2 for
XFELO [84] and 1021 − 1022 W/cm2 for SXFEL [22,26]. As a recent result development,
focusing the 10 keV photon beam with the reflective optics at SACLA is expected to be
applicable for the generation of a nm-size hard x-ray laser [89]. This progress may render
possible an XFEL intensity larger than 1022 W/cm2.

One of the most relevant applications of NCPT is isomer pumping or depletion. In
Fig. 3.5 we present our results for NCPT in 97Tc nuclei starting from the E1 = 96.57 keV
isomeric state which has a half life of τ1 = 91 d. Like 185Re, 97Tc belongs to regime (i) such
that NCPT at lower intensities can be achieved via π pulses in the crossed-beam setup.
The intensity for which complete isomer depletion is achieved using SXFEL is Ip = 4×1023

W/cm2. Due to the longer pulse duration of the XFELO and consequently higher losses
via spontaneous decay of state |3〉, the peak population transfer at Ip = 5.2×1020 W/cm2

reaches only 93% in Fig. 3.5 (b) in the crossed-beam setup. For the copropagating beams
setup, 100% NCPT is achieved for the same intensity Ip = 5.2× 1020 W/cm2. Compared
to the case of high-energy nuclear transitions (ii), the intensities required for isomer
depletion are in this case larger, mainly due to the narrow transition width of state |3〉.
Typically, triggering levels high above isomeric states, that would present the advantage
of larger linewidths, are less well known. A detailed analysis of nuclear data in the search
for the best candidate is therefore required for successful isomer depletion.
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3.3 Experimental Facilities

3.3.1 Infrastructure and Table-Top Solutions

X-ray coherent light sources, listed in Table 3.4, are not available today at the few large
ion acceleration facilities. At present a new materials research center MaRIE (Matter-
Radiation Interactions in Extreme) providing both a fully coherent XFEL with photon
energy of 50 keV and accelerated charged-particle beams is envisaged in the USA [90].
In addition, the photonuclear physics pillar of the Extreme Light Infrastructure (ELI)
can provide simultaneously a compact XFEL as well as ion acceleration reaching up to
4-5 GeV [91]. At ELI, the combination of gamma-rays and acceleration of the nuclear
target are already under consideration for nuclear resonance fluorescence experiments [91].
Furthermore, ELI is also envisaged to deliver gamma rays with energies of few MeV [91],
which could be used for direct photoexcitation of giant dipole resonances [92].

Tabletop solutions for both ion acceleration and x-ray coherent light, showed in Ta-
ble 3.5, would facilitate the experimental realization of isomer depletion in NCPT and
nuclear batteries. Tabletop x-ray undulator sources are already operational [93], with a
number of ideas envisaging compact x-ray FELs [94, 95]. Rapid progress spanning five
orders of magnitude increase in the achieved light brightness within only two years has
been reported [96–98]. In conjunction with the crystal cavities designed for the XFELO,
such table-top devices have the potential to become a key tool for the release on demand
of energy stored in nuclei at large ion accelerator facilities. Alternatively, the exciting
forecast of compact shaped-foil-target ion accelerators [99, 100], foil-and-gas target [101]
and radiation pressure acceleration [102–106] together with microlens beam focusing [107]
are likely to provide a viable table-top solution to be used together with the existing large-
scale XFELs.

3.3.2 The influence of ∆γ and ∆θS for the One-Color Setup

NCPT via STIRAP is sensitive to the fulfillment of the two-photon resonance condition
∆p = ∆S. This involves on the one hand precise knowledge of the nuclear transition
energy and on the other hand good control of the laser frequency and therefore of the
nuclear acceleration. The former is usually attained in nuclear forward scattering by
scanning first for the position of the nuclear resonance. As for the latter, in our setup, the
relativistic factor γ influences the detunings and the effective pump and Stokes intensities
and Rabi frequencies.

So far, as showed in Fig. 3.7 (a) we consider an ideal case, using a monoenergetic beam
from ion accelerators to bridge the gap between nuclear transition and x-ray laser energies.
The designed γ and θS are important parameters for achieving NCPT. In the low γ region,
the forthcoming FAIR at GSI will provide high quality ion beams with energies up to 45
GeV/u [116]. The corresponding γ limit is about 48 and the precision ∆E/E ∼ 2× 10−4.
For the high γ region, the Large Hadron Collider (LHC) is currently the only suitable
ion accelerator which can accelerate 208Pb82+ up to γ = 2963.5 with low energy spread
of about 10−4 [117]. LHC can also accelerate lighter ions to energies larger than 100
GeV [118]. For the strong acceleration regime, the resonance condition corresponds to an
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Figure 3.7: (a) The ideal case. All nuclei fly with the same velocity of the designed γ, and all the
XFEL photons propagate along two directions at the angle θS . (b) The real case. The nuclear beam
is not monoenergenic, and the x-ray photons propagate along two directions at the angle θS + ∆θS .
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Table 3.4: Specifications of the existent and forthcoming XFEL facilities.

Facility LCLS SACLA European XFEL MaRIE XFELO
Ref. [23,108,109] [25, 89] [24] [90] [84]
Location SLAC Spring-8 DESY LANL ANL
(Country) (USA) (Japan) (Germany) (USA) (USA)
Status Operation Operation Construction Proposal Proposal
Photon 5− 25 <10 0.25− 12.4 50 5− 20
energy (keV)
Coherence 0.55− 2 Not 0.2− 1.4 Not 1000
time (fs) clear clear
Pulse 10− 300 <100 100 <100 1000
duration (fs)
Peak ∼10 5− 29 20− 150 10 0.001
power (GW)
Photon 1011 − 1012 5× 1011 1012 − 1014 1011 109

per pulse
Beam size 1.3× 1.3− 0.95× 1.2− 55× 55− Not Not
(FWHM) (µm2) 3000× 3000 33× 33 90× 90 clear clear

energy spread of the ion beam of 10−5. This issue becomes more problematic for NCPT of
nuclei in the moderate acceleration regime where the resonance condition requires a more
precise γ value, ∆γ/γ = 10−6. On the other hand, the European XFEL will deliver laser
pulses with the divergence angle of about 10−6 rad [24]. This causes the missmatch of
∆p 6= ∆S together with the energy spread ∆E of an ion beam. To address the realistic case
in Fig. 3.7 (b), we numerically solve Eq. (3.5) with γ → γ + ∆γ and θs → θs + ∆θs. Our
results are presented in Fig. 3.8, where the two errors ∆γ and ∆θs are scanned. We find
NCPT maintains values of around 80% in the region of θS± 10−5 rad and ∆γ/γ = ±10−6

for 154Gd and 168Er.

In the following, we attempt to connect the two-photon resonance condition ∆p = ∆S

to ∆γ and ∆θS in the one-color setup illustrated in Fig. 3.7 (b). Let us begin with the
one photon detunings in the nuclear rest frame

∆p = ωpγ(1 + β)− ck31 ,

∆S = ωSγ(1 + β cos θS)− ck32 . (3.13)

Substituting

β →
√

1− 1

γ2
,

γ → γ + ∆γ ,

θS → θS + ∆θS , (3.14)
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Table 3.5: Specifications of some table-top x-ray sources.

Scheme Plasma Thomson back Magnet HHG Carbon
wiggler scattering undulator (AMO) nanotube

Ref. [96–98,110] [111,112] [93–95,113] [114] [115]
Photon 1− 150 0.4− 1000 0.14 >0.5 50− 500
energy (keV)
Coherent Spatially Not Spatially Spatially Not
Peak 1021 − 1023 3× 1017 1.3× 1017 6× 107 photons/s Not clear
brilliance
Pulse 10− 30 Not clear 10 0.01 Not clear
duration (fs)

into ∆p = ∆S, then we obtain

ωp (γ + ∆γ)

[
1 +

√
1− 1

(γ + ∆γ)2

]
− ck31

= ωS (γ + ∆γ)

[
1 +

√
1− 1

(γ + ∆γ)2 cos (θS + ∆θS)

]
− ck32. (3.15)

Using Taylor’s expansion, and treating ∆γ and ∆θS as small variables, the expansion
becomes

ωpγ

(
1 +

√
1− 1

γ2

)
+
ωp∆γ

(
1 +

√
1− 1

γ2

)
√

1− 1
γ2

+ . . .− ck31

= ωSγ

(
1 + cos θS

√
1− 1

γ2

)
− ωSγ∆θS sin θS

√
1− 1

γ2
+ . . .− ck32. (3.16)

Finally, we get the ideal 0th order two-photon resonance condition

ωpγ (1 + β)− ck31 = ωSγ (1 + β cos θS)− ck32, (3.17)

and the 1st order two-photon resonance condition (using ωS = ωp for one-color setup)

∆θS = − 1 + β

β2 sin θS

(
∆γ

γ

)
. (3.18)

Eq. (3.17) is the condition for implementing STIRAP in an ideal case, i.e., the kinetic
energy distribution of the nuclear beam is perfectly monoenergetic at the designed γ
(∆γ = 0) and the divergence angle of the XFEL beam is zero (∆θS = 0). As mentioned
before, in the real experiments the ideal condition is not fulfilled, e.g. the divergence
angle of XFEL is on the order of 10−6 rad [24], and the velocity distribution of ion beams
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Figure 3.8: ∆θS- and ∆γ-dependent NCPT in the one-color scheme. (a) For 168Er, Ip = 2.85×1022

W/cm2 and IS = 9.57×1021 W/cm2. (b) For 154Gd, Ip = 6.78×1021 W/cm2 and IS = 5.49×1021

W/cm2. The color coding shows the different percentage of population transfer with SXFEL. The
red dashed line depicts Eq. (3.18).

from LHC and future FAIR are not perfect. Then one has to consider the first order two-
photon resonance Eq. (3.18) which gives a less strict STIRAP requirement, leading to an
additional match between the non-monoenergetic nuclei and the photons that propagate
along the direction at angles other than θS. Eq. (3.18) is illustrated by the red dotted line
in Fig. 3.8, and the agreement is verified by comparing it with the high NCPT region of
the numerical solution.

3.3.3 The Spatial Overlap between the XFEL and Nuclear Beams

A further study of the overlap efficiency for the laser beams and ion bunches shows that
the copropagating laser beams setup is more advantageous. In Fig. 3.9, using the LHC
beam size parameters [117] and a 10 µm focusing of the XFEL beam, we estimate that for
(a) copropagating laser beams up to 105 nuclei meet the laser focus per bunch and laser
pulse, while for (b) crossed laser beams this number reduces to 30. The extreme temporal
and spatial fine-tuning required to match the overlaps of a bunched ion beam with the two
laser beams in the crossed-beam setup is however at present out of reach. A continuous ion
beam, on the other hand, has the disadvantage of much lower ion density at the overlap
with the pump and Stokes beam. Furthermore, the necessary time delay between pump
and Stokes and the adiabaticity condition for STIRAP will be in this case only fulfilled
for ions at the diagonal line of the overlap area. In order to maintain the pulse delay and
the adiabaticity condition for the whole overlap region with the nuclear beam, a special
laser pulse front as presented in Fig. 3.9 (c) is required. We conclude therefore that for a
number of technical and conceptual reasons, the two-color copropagating beams scheme
has better chances to be realized experimentally in the near future.
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Figure 3.9: The spatial overlap between the nuclear beam, pump pulse and the Stokes pulse in the
nuclear rest frame for (a) the two-color scheme and (b) the one-color scheme. The parameters of the
LHC ion beam are considered [117]. The blue (red) ‘pipeline’ is the volume that the pump (Stokes)
XFEL pulse flies through, and the light orange cylinder denotes the nuclear bunch. (c) the required
XFEL wave front for implementing STIRAP in a one-color setup. The blue (red) parallelogram
depicts the wave front of pump (Stokes) pulse and the yellow square illustrates the nuclear area.
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3.4 Summary

In summary, we have investigated the NCPT using a collider system composed of a fully
coherent XFEL together with an ion accelerator, and considered the interaction between
an accelerated nuclear bunch and two XFEL pulses. This system is showed to be a
powerful tool for studying the radiation-nuclei interaction such that one can excite a
high energy nuclear transition with relatively low energy hard x-ray photons via Doppler-
blue-shift. Two schemes, the two-color-linear and one-color-cross geometry as showed in
Fig. 3.3, have been proposed. The required parameters of the used two laser pulses and the
nuclear bunch were derived for achieving a complete NCPT between two nuclear ground
levels directly (indirectly) via a third level using two π-pulses (STIRAP) method. We have
selected the necessary laser peak intensities with an optimization process, scanning both
the laser peak intensity and the time delay between two pulses for NCPT. An XFELO
(SXFEL) laser peak intensity of around 1018−1019 W/cm2 (1020−1021 W/cm2) was found
to be sufficient to be used to achieve 100% NCPT for the 154Gd and 168Er nuclei. Also,
the coherent 97Tc isomer triggering was considered, and the required XFELO and SXFEL
peak intensity found are around 1021 W/cm2 and 3×1023 W/cm2, respectively. Moreover,
we have derived the first order two-photon resonance condition to connect the error of the
XFEL divergence angle and that of a nuclear bunch. This additional condition gives a less
strict requirement for the experimental implementation, and can be used to design the
parameters of the laser and the nuclear bunches. For getting the number of the coherently
excited nuclei via NCPT, we have considered the spatial overlap among two XFEL pulses
and the LHC nuclear bunch. By using a two-color (one-color) scheme, up to 105 nuclei
(30 nuclei) will be coherently excited. Consequently, the two-color scheme is found to be
much more efficient for NCPT.
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Chapter 4

Coherent Storage and Phase Modulation of
Single Hard-X-Ray Photons

In this chapter, we change to another research direction of manipulating single hard x-ray
photon via magnetically controlling nuclear dynamics. A pioneer experiment in this di-
rection was performed by Y. Shvyd’ko et al. [42] in 1996. This work presents a scheme
of storing a single nuclear excitation in a nuclear forward scattering setup using rotations
of the hyperfine magnetic field. However, this setup does not achieve coherent storage,
i.e., instead of photonic properties (phase, polarization, etc.), only the photon energy is
transferred to the nuclear excitation. Because of this inconvenient feature, this pioneering
research did not receive much attention from the quantum optics community [119] and
remained at a fundamental level. Starting from the magnetic switching setup in Ref. [42],
we develop here two designs that achieve coherent storage and π-phase modulation of sin-
gle hard x-ray photons using nuclei. We theoretically proof the possibility of transferring
not only the photon energy but also the photonic state to the nuclear excitation. This
useful advantage may push this scheme to future applications, e.g., quantum information
processes.

The chapter starts with the motivation of controlling an x-ray photon in Subsec. 4.1.1
and an introduction to the so-called nuclear forward scattering in Subsec. 4.1.2. In Sub-
sec. 4.1.3 we write down the used Maxwell-Bloch equations, and analyze the characteristic
time scales of our system. Our main ideas are demonstrated in Sec. 4.2, starting with an
intuitive picture used to explain the crucial physical phenomenon of quantum beats. This
intuitive picture in fact triggers our main idea of how coherent storage can be achieved,
and the numerical results are presented in the same section. In Sec. 4.3, we address the
phase of a single hard x-ray photon with a two-target x-ray interferometer setup. We
will learn a clear definition of the phase from the proposed measurements, and a way to
continuously modulate the single-photon-phase.

4.1 Introduction and Motivation

4.1.1 Motivation of Controlling Hard X-Rays

Seeking for versatile solutions for quantum and classical computing on the most com-
pact scale is one of the crucial objectives in both fundamental physics and information
technology. The photon as a flying qubit is anticipated to be the fastest information
carrier and provide the most efficient computing implementation. However, as showed
in Fig. 4.1 extending Moore’s law [120] to the future quantum photonic circuits must
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Figure 4.1: The diffraction limit of optical photons will become the bottleneck of downsizing com-
puting elements in future photonic devices.
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Figure 4.2: A computing memory composed of a matrix of single atoms. (a) access the data by
illuminating a number of atoms with a tightly focused optical laser. (b) the ability of treating a
single atom as a bit unit using tightly focused hard x-ray beam to write/read data.
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meet the bottleneck of the diffraction limit, i.e., few hundred nm for the optical region.
Forwarding optics and quantum information to shorter wavelengths in the x-ray region
has the potential of shrinking computing elements in future photonic devices such as the
quantum photonic circuit [121]. For example, one can design a memory composed of a
matrix of single atoms. As showed in Fig. 4.2 (a), if an optical laser beam is used as
the access tool, the bit unit will include a large number of atoms. However, Fig. 4.2 (b)
demonstrates the potential of using a tightly focused hard x-ray to write/read data in a
single atom, i.e., a single atom memory. Such a task requires mastery of x-ray optics and
powerful control tools of single-photon wave packet amplitude, frequency, polarization
and phase [122]. The development of x-ray optics elements has made already significant
progress with the realization of x-ray diamond mirrors [28,35,60] and cavities [123], hard
x-ray waveguides [29, 30] and the Fabry-Pérot resonator [31, 36, 37]. Efficient coherent
photon storage for photon delay lines and x-ray phase modulation, preferably even for
single-photon wave packets, are next milestones yet to be reached.

Moving towards the interactions in the x-ray regime [38, 39, 124–128], also new phys-
ical systems come into play, e.g., nuclei with low-lying collective states naturally arise
as candidates for x-ray quantum optics studies. Nuclear quantum optics [32, 48, 51, 129]
and nuclear coherent population transfer [34] are rendered experimentally possible by the
advent and commissioning of the x-ray free electron laser (XFEL) [23, 24, 130]. Coher-
ent control tools based on nuclear cooperative effects [13, 49, 50, 71, 131] are known also
from nuclear forward scattering experiments with third-generation light sources. The un-
derlying physics here relies on the delocalized nature of the nuclear excitation produced
by coherent XFEL or synchrotron radiation light, i.e., the formation of so-called nuclear
excitons. Key examples in this direction is how manipulation of the hyperfine magnetic
field in nuclear forward scattering systems provides means to store nuclear excitation
energy [42] and in turn to generate keV single-photon entanglement [47].

4.1.2 Introduction to Nuclear Forward Scattering

The remarkable idea of nuclear forward scattering (NFS) with synchrotron radiation (SR)
was firstly proposed by Stanley Ruby [10,12,13]. A typical NFS setup is showed in Fig. 4.3.
Following S. Ruby’s proposal, the conventional Mössbauer γ-ray sources were replaced by
a SR beam. A nuclear target is placed in the SR beam line, and the forward-scattered pho-
ton signal is observed in the time domain instead of the energy spectra. The motivation
for concentrating on the time spectra is crucial. In the original suggestion in 1974 [10], a
key point was indicated “...consider a scattering foil containing nuclei of mean life τ hit by
the x-ray beam. The x-ray scattering, Compton scattering, photoelectric effects, etc. are
prompt. But if some of the nuclei are excited by γ-ray absorption, the products (the scat-
tered photon, or the conversion electron, or the X-ray following the internal conversion)
of the subsequent nuclear decay will be delayed by about τ ...”. Therefore, provided the
incident γ-ray pulse duration � τ , one can discriminate the pure nuclear response from
the background of electron-scattered photon simply by looking at different time windows
with the setup in Fig. 4.3.

In measurements, the emitted photon number following the nuclear deexcitation is
maximally one (more often none) due to the low photon degeneracy in the SR pulse and
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Figure 4.3: Setup of nuclear forward scattering. A Mössbauer nuclear target is put in the beam
line of synchrotron radiation under an external hyperfine magnetic field B, and a photon detector
is located in the forward direction. A train of x-ray synchrotron radiation (SR) pulse continuously
impinges on the nuclear target, and the detector registers the single photon signal in the time domain
between two SR pulses.

the narrow nuclear linewidth. This condition leads to a qualitative picture of shining a
single resonant photon on an ensemble of resonant nuclei. One nucleus may be excited
by the recoilless photon absorption, but there is no way to know which one from the
measurements if neither nuclear spin flip nor internal conversion occurs. This delocalized
single nuclear excitation is called nuclear exciton [13] or nuclear polariton [132], and was
independently introduced by Hannon & Trammell and Kagan & Afanas’ev [13]. In atomic
physics, the same concept is called single photon superradiance or directed spontaneous
emission [87]. The collective wavefunction of the nuclear exciton state is illustrated in
Fig. 4.4 and can be written as [13,87,133]

|E〉 =
1√
N

N∑
`=1

eik0·rj |g〉|e`〉, (4.1)

where |g〉|e`〉 denotes only the `th nucleus at position r` is excited and all remaining
N − 1 nuclei stay in the ground state. Furthermore, k0 is the wave vector of the incident
resonant x-ray photon.

The spontaneous decay rate of the nuclear exciton state |E〉 can be derived following
the Weisskopf-Wigner theory [61, 87]. We assume that the nuclear ensemble is in the
nuclear exciton state at t = 0. Thus, the complete nuclei-photon state is

|ψ〉 = |G〉 ⊗
∑
k

Ck
G(t)|1〉k + Ck0

E (t)|E〉 ⊗ |0〉, (4.2)

with the initial condition

Ck
G(0) = 0, Ck0

E (0) = 1, (4.3)

where |G〉 denotes all nuclei are in the ground state. At some later time the state |ψ〉
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Figure 4.4: A sketch of the nuclear exciton. The red Gaussian pulse is the incident x-ray, the blue
(red) dots denote the nuclei in the ground (excited) state. The nuclear exciton is the superposition
of all states for which one nucleus is excited and all remaining ones are in the ground state.

obeys the Schrödinger equation

∂t|ψ〉 = − i
~
ĤI |ψ〉 (4.4)

under the interaction Hamiltonian

ĤI = ~
∑
`,k

[
g∗k(r`)e

ik·r`−i∆ktσ̂`+âk + gk(r`)e
−ik·r`+i∆ktσ̂`−â

†
k

]
. (4.5)

Here k and ∆k = ωk−ωN are the wave vector and the angular frequency detuning, respec-
tively, of the interacting photon. (σ̂`+, σ̂

`
−) are the nuclear (raising, lowering) operators for

the nucleus at position r`, and (â†k, âk) are the photon (creation, annihilation) operators
for a specific k. |1〉k and |0〉 denote the one photon Fock state of wave vector k and the
vacuum state, respectively, and gk is the nucleus-field coupling frequency.

From Eq. (4.4), we obtain the equation of motion for Ck
G and Ck0

E :

|G〉 ⊗
∑
k

|1〉k∂tCk
G = −i

∑
`,k

gk(r`)e
−ik·r`+i∆ktσ̂`−â

†
kC

k0
E |E〉 ⊗ |0〉, (4.6)

|E〉 ⊗ |0〉∂tCk0
E = −i

∑
`,k

g∗k(r`)e
ik·r`−i∆ktσ̂`+âk|G〉 ⊗

∑
k′

Ck′

G |1〉k′ . (4.7)

After some simplifications, Eq. (4.6) and Eq. (4.7) become

|G〉 ⊗
∑
k

|1〉k∂tCk
G = − i√

N
|G〉 ⊗

∑
`,k

gk(r`)e
i(k0−k)·r`+i∆kt|1〉kCk0

E

= −i
√
N

V
(2π)3 |G〉 ⊗

∑
k

gke
i∆kt|1〉kδ3 (k0 − k)Ck0

E (4.8)

|E〉 ⊗ |0〉∂tCk0
E = −i

∑
`,k

g∗k(r`)e
ik·r`−i∆kt|g〉|e`〉 ⊗ |0〉Ck

G. (4.9)
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In Eq. (4.8), the atomic summation (for large number density as in a solid-state sample)

∑
`

ei(k0−k)·r` =
N

V
(2π)3 δ3 (k0 − k) (4.10)

is used [87] where V is the volume of the nuclear sample, and gk(r`) = gk is assumed for
a uniform light-nuclei interaction in the whole ensemble. Also, from Eq. (4.8), we obtain

Ck
G(t) = −i

√
N

V
(2π)3 gkδ

3 (k0 − k)

∫ t

0

ei∆kτCk0
E (τ)dτ. (4.11)

On substituting Eq. (4.11) into Eq. (4.9), we obtain

|E〉∂tCk0
E = −

√
N

V
(2π)3

∑
`,k

|g〉|e`〉|gk|2eik·r`−i∆ktδ3 (k0 − k)

∫ t

0

ei∆kτCk0
E (τ)dτ. (4.12)

Assuming (i) the wave number is nearly continuous for different field modes and (ii)
the orientations of the nuclear transition dipole moment at different position r` are the
same, the summation can be replaced by an integral:∑

k

→ 2
v

(2π)3

∫ ∞
−∞

dkx

∫ ∞
−∞

dky

∫ ∞
−∞

dkz (4.13)

where v is the quantization volume, following from

|gk|2 =
ωk

2~ε0v
P 2
eg cos2 θ, (4.14)

where θ is the angle between the photon polarization and the transition dipole moment Peg.
Also, by using δ3 (k0 − k) = δ (k0,x − kx) δ (k0,y − ky) δ (k0,z − kz), Eq. (4.12) becomes

|E〉∂tCk0
E = −

√
N

~ε0V
P 2
eg cos2 θ

∑
`

|g〉|e`〉
∫ ∞
−∞

dkx

∫ ∞
−∞

dky

∫ ∞
−∞

dkze
ik·r`

× ωkδ (k0,x − kx) δ (k0,y − ky) δ (k0,z − kz)

∫ t

0

e−i∆k(t−τ)Ck0
E (τ)dτ

= −
√
Nωk0

~ε0V
P 2
eg cos2 θ

∑
`

|g〉|e`〉eik0·r`
∫ t

0

e−i∆k0
(t−τ)Ck0

E (τ)dτ

= −Nωk0

~ε0V
P 2
eg cos2 θ|E〉

∫ t

0

e−i∆k0
(t−τ)Ck0

E (τ)dτ (4.15)

Finally, the equation of motion for Ck0
E is obtained:

∂2
tC

k0
E = −

(
Nωk0

~ε0V
P 2
eg cos2 θ

)
Ck0
E , (4.16)
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and the solution of Eq. (4.4) is [134,135]

Ck0
E (t) = cos

(
tPeg cos θ

√
Nωk0

~ε0V

)
= cos

(√
NΩk0t

)
(4.17)

Ck0
G (t) = sin

(√
NΩk0t

)
(4.18)

Ck 6=k0

G (t) = 0. (4.19)

From Eq. (4.18), the probability of finding the nuclear exciton is

|Ck0
E (t)|2 = cos2

(√
NΩk0t

)
, (4.20)

and that of finding one photon in the system is

|Ck0
G (t)|2 = sin2

(√
NΩk0t

)
. (4.21)

Here, we summarize the properties of the nuclear exciton state:

• The forward emission: the nuclear exciton is excited by one photon absorption with
the wave vector k0, and emits a photon later only in the same direction of k0 (see
Eq. (4.18) and Eq. (4.19)) if the nuclear number N is large enough so that Eq. (4.10)
is applicable.

• Collective oscillation: in free space the spontaneous decay behavior of a single ex-
cited nucleus can be derived from the Weisskopf-Wigner theory. Remarkably, with
the same theory a large number of nuclei in the nuclear exciton state results in the
collective oscillation described by Eq. (4.17). The oscillation can be understood as
the emitted photon being re-absorbed and re-emitted in the nuclear ensemble [135],
i.e., multiple scattering.

However, Eq. (4.20) does not initially decay with the same rate as that measured
in experiments [13]. Thus, the concept of the nuclear exciton or superradiance only
qualitatively explains the NFS time spectra. To get the full description of NFS one
must refer to the wave property of the radiation and consider the so-called coherent light
pulse propagation through the nuclear resonant medium (see Subsec. 2.2.1) [13, 71]. The
following sections are devoted to an investigation of our system by using this semi-classical
approach.

4.1.3 Model and Time Scales

Our considered NFS system is illustrated in Fig. 4.5. In Fig. 4.5 (a), a 57Fe enriched solid-
state target (the green cuboid) under the action of a static magnetic field (the red arrow)
is bombarded by a train of hard x-ray pulses (the blue arrow). The x-ray propagates in
the y-direction and its polarization is in the x-direction. The magnetic field is pointed
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Figure 4.5: (a) Sketch of the considered NFS system. The red arrow denotes an external magnetic
field B, the blue arrow is the linearly polarized x-ray and the green cuboid matrix depicts the nuclear
target. (b) The Zeeman sub-level scheme of 57Fe nucleus under an external magnetic field B. Ω is
the Rabi frequency of an incident x-ray (blue arrows), Ig(e) is the spin of nuclear ground (excited)

state, and mg(e) denotes the projection of nuclear ground (excited) state spin on the z-axis.

to the z-direction set as the quantization axis. Fig. 4.5 (b) shows the hyperfine levels
under the Zeeman splitting. Two ∆m = me − mg = 0 transitions are driven by the
x-ray pulse. The dynamics of the density matrix ρ̂(t) is described by the Maxwell-Bloch
equations [65,68,72,87,129]:

∂tρ̂ =
1

i~

[
Ĥ, ρ̂

]
+ ρ̂s ,

1

c
∂tΩ + ∂yΩ = iη (a31ρ31 + a42ρ42) , (4.22)

with the interaction Hamiltonian

Ĥ = −~
2


2∆g 0 a31Ω∗ 0

0 −2∆g 0 a42Ω∗

a31Ω 0 −2(∆ + ∆e) 0
0 a42Ω 0 −2(∆−∆e)

 .

The initial and boundary conditions are

ρij(0, y) =
1

2
(δi1δ1j + δi2δ2j) ,

Ω(0, y) = 0 ,

Ω(t, 0) = ϕExp

[
−
(
t

T

)2
]
. (4.23)

In the equations above ∆ is the x-ray detuning to the 14.4 keV transition assumed to be
zero and ∆g(e) denotes the Zeeman energy splitting of the nuclear ground (excited) state
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Figure 4.6: The unperturbed NFS time spectrum. The gray dotted line is the spontaneous decay,
while the red dashed-dotted line depicts the static magnetic field B. The blue solid line depicts
the NFS time spectrum under the action of the static magnetic field B, and the frequent beating
pattern is labeled as the quantum beat. The green dashed line shows the dynamical beat described
by Eq. (4.24), and it is the NFS time spectrum without Zeeman splitting.

proportional to the magnetic field B. In Eq. (4.22), ρij = AiA
∗
j are the density matrix ele-

ments of ρ̂ for the nuclear wave function |ψ〉 = A1|12 ,−
1
2
〉+A2|12 ,

1
2
〉+A3|32 ,−

1
2
〉+A4|32 ,

1
2
〉.

The ket vectors |I,m〉 are the eigenvectors of the two ground and two excited states hyper-
fine levels1 where I is the spin of nuclear state, and m denotes the projection of nuclear
spin on the quantization axis. Furthermore, a31 = a42 =

√
2/3 are the corresponding

Clebsch-Gordan coefficients [65,69] for the ∆m = 0 transitions and ρ̂s describes the spon-
taneous decay [87]. The parameter η is defined as η = 6Γ

L
ξ, where Γ = 1/141.1 GHz is

the spontaneous decay rate of excited states, ξ represents the effective resonant thick-
ness [68,69,72] and L = 10 µm the thickness of the target, respectively. Further notations
are Ω for the Rabi frequency which is proportional to the electric field E of the x-ray
pulse [65,87], the incident probe chosen such that ϕ� Γ to prevent any Rabi oscillation2

with the pulse duration T = 0.5 ns. δij is the Kronecker delta and c the speed of light.

Figure 4.6 illustrates a typical unperturbed time spectrum of NFS. We numerically solve
Eq. (4.22) with the corresponding parameters ξ = 10 and the Zeeman shift ∆B = ∆e +
∆g = 15Γ. Our density matrix calculations have been double-checked via the comparison
with results from the iterative solution of the wave equations originally proposed by
Shvyd’ko [42]. The agreement is complete for both electric field envelope and scattered
light intensity, proving the equivalence of the two calculation methods. Blue solid lines

1We neglect the two excited states | 32 ,−
3
2 〉 and | 32 ,

3
2 〉 which are not involved in the whole scattering

process due to the polarization of the incident x-ray.
2The choice of ϕ and T is not so strict. In the whole chapter we calculate the normalized time spectra
Ω(t, z)/ϕ which are ϕ independent under the condition of ϕ� Γ. The pulse duration T is chosen such
that T � 1/Γ to separate the pure nuclear response from the transient effects (equally, 1/T � Γ to fit
the situation of broadband excitation).
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are the intensities of the NFS signal proportional to |Ω(t, L)|2 and red dashed lines denote
qualitatively the applied hyperfine magnetic field. For comparison, we present also the
spontaneous decay curve (gray dotted line) proportional to e−Γt. Two special features of
NFS time spectra are the dynamical beat and the quantum beat [69,73]. The dynamical
beat results from the dispersion relation together with the broadband excitation [68,71] for
a single nuclear transition, and it also can be explained by the multiple scattering [72,131].
The analytic solution of dynamical beat is(

ξ√
ξΓt

J1

[
2
√
ξΓt
])2

e−Γt , (4.24)

where J1 is the Bessel function of first kind [68,69,71,72,131] (see Sec. 2.2 for the deriva-
tion). When the Zeeman splitting is induced by the hyperfine magnetic field, the quantum
beat is superimposed to the dynamical beat, as showed by the blue solid line. In Fig. 4.6,
we identify three characteristic time scales in a typical NFS system:

1. The time scale of coherent effects is limited by decoherence process, e.g., the sponta-
neous decay in our case. So we can expect that the coherent signal will be observed
within the lifetime of nuclear excited state (1/Γ = 141.1 ns).

2. The period of the dynamical beat corresponds to the superradiant speed-up effect
resulting in a time scale of 1/ξΓ.

3. The quantum beat is caused by the interference between emitted photons from two
deexcitations of |3

2
,−1

2
〉 → |1

2
,−1

2
〉 and |3

2
, 1

2
〉 → |1

2
, 1

2
〉, therefore the Zeeman shift

∆B = ∆e + ∆g gives a time scale of of 1/∆B.

In the whole chapter, we will consider the condition of 1/Γ > 1/ξΓ > 1/∆B to prevent
hybrid beats [69] and show that one can manipulate the long-time-scale phenomena in
1/ξΓ by controlling the short-time-scale effect in 1/∆B.

One may argue that the nuclear exciton state is missing in the semi-classical Maxwell-
Bloch equations, and the collective effect is put in by introducing the factor η in Eq. (4.22).
This semi-classical approach turns out to work very well [42, 68, 69, 71–73, 131]! Three
aspects are important here:

• The exciton state [13] (time-Dicke state [87]) in Eq. (4.2) only explains the forward
emission, whereas it is not able to give the correct time spectra, e.g., the complete
dynamical beat pattern.

• The only ansatz of the Maxwell-Bloch equations we use is the forward emission
which is phenomenological. So far, this ansatz seems to be correct in NFS and gives
the complete features of time-delay single photon statistics.

• Why does the classical field correctly describe the behavior of single photons? This
is an important question. This would be the case if the photon state that we are
discussing within the time-delay window was a coherent state, i.e., |P 〉 = C0|0〉 +
C1|1〉 + C2|2〉 + ..., where |n〉 is the n photon Fock state and |C0|2 � |C1|2 �
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Figure 4.7: The mechanism of NFS quantum beat and the storage scheme for a hard x-ray photon.
The rotating orange arrows are the nuclear currents, the red line depicts the external magnetic field
B and the blue Gaussian pulse illustrates the incident x-ray.

|C2|2 � ... . After the incident pulse passes through a nuclear target, mostly no
nuclear response is detected, and only few single-photon events are registered, such
that the coherent state condition is fulfilled. For that reason we can describe our
experiments with classical formulas [136].

4.2 Coherent Storage and π Phase Modulation

In this section, we present two schemes to manipulate single hard x-ray photons using
resonant scattering of light off nuclei in a nuclear forward scattering setup. Using sy-
chrotron radiation, the formation of a nuclear exciton consisting of a single delocalized
excitation opens the possibility to control the coherent decay and therefore emission of
the scattered photon. Making use of this feature, we first put forward how to coherently
store a single hard x-ray photon for time intervals of 10-100 ns by turning off the hyperfine
magnetic field in a NFS system. The stored single photon can be released by turning on
the magnetic field. We emphasize that our scheme conserves not only the excitation en-
ergy, as already pioneeringly demonstrated in Ref. [42], but also the photonic polarization
and phase beyond the ps time range. Next, we demonstrate how to modulate the single
photon with a phase shift of π by reversing the hyperfine magnetic field orientation at
proper time points.
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4.2.1 Results and Discussion

Since the quantum beat plays a very important role in our scheme of manipulating a
single x-ray photon, we explain its origin in detail with Fig. 4.7. Fig. 4.7 schematically
illustrates the time evolution of our NFS system. The external magnetic field B, depicted
by the red line, is present before the x-ray pulse impinges on the target at To. The
orange rotating arrows depict the time evolution of the nuclear transition current matrix
elements as defined in Ref. [42]. In our treatment, this is equivalent with investigating the
coherence terms iρ42 and iρ31 [68, 72]. Initially, the ensemble of 57Fe nuclei is excited by
the x-ray pulse at To. Subsequently, the purely real3 currents are abruptly built. In the
time interval (1), the two currents start to rotate in opposite directions on the complex
plane with the factor of e±i∆Bt caused by the Zeeman shifts. The corresponding phase
gain is ±∆Bt, where t is the time duration after the nuclei were excited. During the whole
excited nuclear evolution, each maximum of NFS time spectra appears when two nuclear
currents constructively superpose on the real axis. On the other hand, each minimum
happens when two currents destructively cancel each other on the imaginary axis. This
simple picture of the quantum beat gives us the intuitive idea of storing single hard x-ray
photon via turning off the magnetic field at a any minimum of the NFS time spectra,
i.e., to freeze the nuclear currents on the imaginary axis4. We briefly explain our photon
storage scheme in the rest of Fig. 4.7. At Toff the B field is turned off and later turned back
on at Ton. Within the time interval (2), the quantum beat arising from the interference
between the two ∆m = 0 transitions is frozen with the factor of e±i4Bτ since the hyperfine
field has vanished. During the time interval (3), the presence of the magnetic field makes
the quantum beat emerge again.

In Fig. 4.8 we show the numerical solution of Eq. (4.22) with the same parameters of
Fig. 4.6 to demonstrate our photon storage scheme by turning off the magnetic field at
t = 21 ns. Both nuclear currents corresponding to the ∆m = 0 transitions are frozen
on the imaginary axis and present destructive interference. In this case the intensity of
the emitted radiation is significantly suppressed, being three orders of magnitude smaller
compared to the unperturbed spectrum in Fig. 4.6. Later on by turning the hyperfine
magnetic field on again at (a) t = 75 ns; (b) t = 125 ns; (c) t = 175 ns, the photon
signal is observed again within the time interval (3) of Fig. 4.7. Fig. 4.8 also shows that
the stored nuclear excitation energy experiences spontaneous decay during the storage
time [42]. We indicate this effect by monitoring the stored first signal peak, pointed out
by a purple arrow, which follows the gray dotted line of e−Γt in each figure. One should
however keep in mind that with SR we do not store single photons in a deterministic
fashion. In experiments based for example on the situation presented in Fig. 4.8 (b), one
will mostly observe the photon counts during two time windows t < 21 ns and t > 125 ns.
Each SR pulse will mostly trigger no nuclear signal, and the nuclear scattering events will

3The initial phases of the nuclear currents are arbitrary, and we assume a zero phase for convenience.
In the next section we will see that the absolute phase cannot be defined, and only the relative phase
is meaningful.

4This means that no coherent photon is emitted due to the destructive quantum interference. However,
incoherent photons due to the spontaneous decay may still be emitted, limiting the time scale of
coherent effects as mentioned before.
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occur in a statistic way with a relatively low probability. However, this may be improved
by using the fully coherent XFEL to fulfill the condition mentioned in Sec. 3.1:

sin

(
1

2

∫ ∞
−∞

Ωeff(t)dt

)
=

1√
N
. (4.25)

One can adjust either the effective Rabi frequency Ωeff(t) of a fully coherent XFEL pulse
or the number of the nuclei N to excite the nuclear exciton state per XFEL shot in a
nearly deterministic fashion.

The most significant advantage of our storage scheme is the conservation of the photonic
polarization and phase. The electric field envelopes of the scattered photon are presented
in Fig. 4.10. In Fig. 4.10 (a), the magnetic field B before Toff = 80.5 ns and that after
Ton = 175 ns are the same and the phase before storage and after retrieving is continuous.
Storage of nuclear excitation energy by magnetic field rotations in NFS experiments with
SR was presented in Ref. [42]. However, since in this pioneering work the magnetic
Hamiltonian is not zero during the storage, both the polarization [137] and the phase
of the particular polarization components cannot be stored and the properties of the
released photon depend on the switching instants. With the advent of coherent XFEL
sources and x-ray quantum optics and quantum information experiments, phase storage
and modulation become crucial for many applications. So far, coherent trapping of hard
x-rays in crystal cavities provides photon storage for time intervals in the ps range [123].
Our scheme provides robust phase and polarization storage of the x-ray photon on the
10-100 ns scale determined by the nuclear lifetime.

In order to implement our photon storage scheme experimentally, a material with no
intrinsic nuclear Zeeman splitting like stainless steel Fe55Cr25Ni20 [43, 138] is required.
The remaining challenge is to turn off and on the external magnetic fields of few Tesla
on the ns time scale. According to our calculations for the case of Fig. 4.8, the raising
time of the B field should be shorter than 50 ns (the raising time was considered 4 ns for
all presented cases). This could be achieved by using small single- or few-turn coils and
a moderate pulse current of approx. 15 kA from low-inductive high-voltage “snapper”
capacitors [139]. Another mechanical solution, e.g., the lighthouse setup [13,140] could be
used to bring the excited target out and in a region with confined static magnetic field B.
With the setup illustrated in Fig. 4.9, we estimate that a rotor with rotational frequencies
ωR of up to 70 kHz and a diameter of few mm [13] is fast enough to rotate the sample
out a depth of few µm in a few tens of ns.

Let us turn to the phase modulation of an single x-ray photon. A case of π phase
modulation is presented in Fig. 4.10 (b) by using the same parameters those used in
Fig. 4.10 (a). If, however, the retrieving magnetic field is applied in opposite direction as
shown in Fig. 4.10 (b), the phase of the released photonic wave packet will be modulated
with a shift of π. This is caused by the effect of reversed time related with the change
of sign of the hyperfine magnetic field [141, 142], i.e., all the nuclear currents evolve
backwards in time. However, since the phase of a single photon is totally undefined, a
method for measuring the magnetically modulated π phase shift is to be addressed. For
the definition and the measurement of this π-phase shift of single photons, we refer to
the echo technique using two nuclear targets [43, 132, 138] and demonstrate for the first
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Figure 4.8: The storage of hard x-ray single photons. The magnetic field B is turned off at 21 ns
and then turned on at (a) 75 ns, (b) 125 ns and (c) 175 ns. All coloured lines share the same legend
as Fig. 4.6. The purple arrows point out the first stored peaks after the nuclear signal retrieval.
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4.2 Coherent Storage and π Phase Modulation

Figure 4.9: Sketch of the lighthouse setup for the coherent storage of hard x-ray single photons. (a)
Bird view of the lighthouse setup. Gray area depicts the side view of the rotor rotating with angular
frequency ωR, the two red wide arrows illustrate the regions with confined static magnetic field B
and the blue arrows the trajectories of SR and emitted single hard x-ray photons. The light green
rectangles depict snapshots of the rotating 57Fe target attached on the inner surface of the rotor.
(b) The geometric arrangement of the lighthouse scheme.
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Figure 4.10: The π phase modulation of a single hard x-ray photon under the action of the magnetic
field B. The two figures show the electric field of the coherently scattered x-ray. The magnetic field
is turned off at 80.5 ns and then turned on at 175 ns in the (a) same and (b) opposite direction.
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Target 1
 Target 2


B2B1(t)

Detector


(1)


(2)


(3)


(4)
X-Ray


Figure 4.11: A two-target x-ray interferometer setup. Four coherent scattering channels of the x-ray
photons can interfere. Yellow crosses illustrate the formation of the nuclear exciton. The light blue
vertical wide arrows show the applied magnetic fields: a reversible B1 is applied to target 1, whereas
an irreversible B2 is applied to target 2.

time a magnetically induced nuclear exciton echo without any mechanical vibration of
the targets. In the next section, we will see how this feasible echo two-target setup can
also be used for photon storage involving a mere rotation of the hyperfine magnetic field
by 180◦.

4.3 Hard X-Ray Interferometer and the Phase of a
Single Photon Wavepacket

To unambiguously define the phase shift of a single photon, one must refer to an inter-
ferometer. A typical x-ray optics setup would require to let the π-modulated photon
interfere with a part of the original pulse on a triple Laue interferometer [143, 144]. We
adopt here another approach, namely, the simple and elegant photon echo solution used in
NFS experiments with SR [43,132,138,145,146] to allow the scattered photon to interfere
with itself in the two-target setup presented in Fig. 4.11. A reversible magnetic field B1

is applied to target 1, and an irreversible B2 is applied to target 2. The target response
is determined by

R(α,∆B, t) = δ(t)−W (ξ,∆B, t), (4.26)

and [13,132,146]

W (α,∆B, t) =
ξ√
ξΓt

J1

(
2
√
ξΓt
)
e−

Γ
2
t+i∆Bt, (4.27)

and the forward-scattered x-ray field is then given by [132]

E(1)(t) =

∫ t

0

R(ξ,∆B, t− τ)E(0)(τ)dτ. (4.28)
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Using E(0)(t) = δ(t) as the incident x-ray, the resulting electric field is the real part of

E(2)(t) = δ(t)−W (ξ1,∆B1, t)−W (ξ2,∆B2, t)

+

∫ t

0

W (ξ2,∆B2, t− τ)W (ξ1,∆B1, τ)dτ. (4.29)

This depicts the interference of four possible coherent scattering channels [13, 132]:

1. δ(t), the incident pulse produces no nuclear scattering.

2. −W (ξ1,∆B1, t), the photon is scattered by target 1 only.

3. −W (ξ2,∆B2, t), the photon is scattered by target 2 only.

4. the mutual integral, i.e., the photon is first scattered by target 1 and subsequently
by target 2.

Channel (2) and (3) cancel each other out when the effective thicknesses of the two
targets are equal ξ1 = ξ2 and B1(t > Ton) = −B2, i.e, B1(t) is reversed at t = Ton.
Hence a significant suppression of the NFS signal can serve as signature for the effective
π phase shift magnetically modulated in target 1. The statement “phase of single hard
x-ray photon” is not strictly correct. A more appropriate one is “phase of single hard
x-ray photon wavepacket”, and the wavepacket meant here is E(2)(t) in the considered
cases. The phase that can be modulated is the relative value between different scattering
channels. In the setup presented in Fig. 4.11, without any magnetic switching one cannot
distinguish channels (2) and (3) since they are identical. However, once the orientation of
one magnetic field, e.g., B1 is reversed at a node time, destructive interference happens,
and this operation provides the unambiguous definition of our phase. On the other hand,
the amplitude of each channel is described by each component of the wavepacket E(2)(t),
and therefore one can term it as “phase of single hard x-ray photon wavepacket”.

Inspired by Eq. (4.29), we describe the two-target setup by the following Maxwell-Bloch
equations [129]:

∂tα̂ =
1

i~

[
Ĥ1, α̂

]
+ α̂s ,

1

c
∂tΩ1 + ∂yΩ1 = iη (a31α31 + a42α42) , (4.30)

with the interaction Hamiltonian

Ĥ1 = −~
2


2∆g1 0 a31Ω∗1 0

0 −2∆g1 0 a42Ω∗1
a31Ω1 0 −2(∆ + ∆e1) 0

0 a42Ω1 0 −2(∆−∆e1)

 ,

and

∂tβ̂ =
1

i~

[
Ĥ2, β̂

]
+ β̂s ,

1

c
∂tΩ2 + ∂yΩ2 = iη (a31β31 + a42β42) , (4.31)
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Figure 4.12: (a) The electric field of the x-ray scattered from target 1 only. (b) The resulting NFS
signal registered by the detector in Fig. 4.11. The magnetic field B1 and B2 are turned off at 51 ns
and on at 100 ns in the original direction.

with the interaction Hamiltonian

Ĥ2 = −~
2


2∆g2 0 a31Ω∗2 0

0 −2∆g2 0 a42Ω∗2
a31Ω2 0 −2(∆ + ∆e2) 0

0 a42Ω2 0 −2(∆−∆e2)

 .

The initial and boundary conditions are

αij(0, y) =
1

2
(δi1δ1j + δi2δ2j) ,

Ω1(0, y) = 0 ,

Ω1(t, 0) = ϕExp

[
−
(
t

T

)2
]
,

βij(0, y) =
1

2
(δi1δ1j + δi2δ2j) ,

Ω2(0, y) = 0 ,

Ω2(t, 0) = Ω1(t, L) . (4.32)

In the equations above, α̂(t) and β̂(t) are now the nuclear density matrices for target 1
and target 2, respectively. All other notations are equivalent to those in Eq. (4.29). The
Zeeman shift notations ∆B1 = ∆g1 + ∆e1 and ∆B2 = ∆g2 + ∆e2 are used for convenience.

We numerically solve Eq. (4.30) and subsequently Eq. (4.31). The results are illustrated
in Fig. 4.12 and Fig. 4.13. The photon wavepackets ϕ−1Ω1(t, L) of the coherently scattered
x-ray from target 1 only are showed in Fig. 4.12 (a) and Fig. 4.13 (a)(c)(e). The resulting
NFS time spectra |ϕ−1Ω2(t, L)|2 registered by the detector in Fig. 4.11 are showed in
Fig. 4.12 (b) and Fig. 4.13 (b)(d)(f). The presence of two targets of ξ1 = ξ2 = 1 under
∆B1 = ∆B2 = 15Γ results in a faster coherent decay that proceeds with the effective
resonant depth of ξ = 2, i.e., double the thickness of each target [43]. The magnetic fields
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B1 and B2 are switched off at Toff = 51 ns and back on at Ton = 100 ns in the original
direction. For continuous phase in Fig. 4.12 (a), the intensity of the scattered field does not
change after the retrieval as showed in Fig. 4.12 (b). If, however, in the case of Fig. 4.13 the
phase of the retrieved field is π-modulated by turning on the opposite magnetic field -B1

as showed in Fig. 4.13 (a), the detected signal in Fig. 4.13 (b) is significantly suppressed
due to destructive interference between the two scattering channels. In turn, a second
magnetic field rotation back at a node value E(1)(t > 100 ns) = 0 changes the phase of
the single photon again with π. This further π phase modulation is explicitly seen in
Fig. 4.13 (b)(d). An echo is produced because of constructive interference as it can be
seen in Fig. 4.13 for the rotation of B1 back at (d) t = 145.8 ns and (f) t = 204.3 ns.

We emphasize that photon storage is not necessary for phase modulation, since the
echo effect clearly shows that the phase control is only achieved via the manipulation of
nuclear dynamics, i.e., the time reversal effect [141,142]. It becomes apparent that without
turning off the hyperfine magnetic fields the magnetically induced nuclear exciton echo
itself also provides a simple way of photon storage: inverse magnetic fields in target 1
and 2 result in a significant suppression of the scattered x-ray light. To show this effect
in Fig. 4.14, we numerically solve the case of Fig. 4.13 (a)(b) without any photon storage
(no turning off B1 and B2) and plot the parameter:

P1(Trot) =

∫ Trot+1/Γ

Trot
|Ωp

2(t, L)|2dt∫ Trot+1/Γ

Trot
|Ωup

2 (t, L)|2dt
, (4.33)

where |Ωup(p)
2 (t, L)|2 is the NFS signal with (without) reversing B1, and Trot is the time

point of reversing B1. The red solid line in Fig. 4.14 shows the interference fringe, where
each node is corresponding to the minimum of the quantum beat and results from the
total destructive interference between channel (2) and (3) in Fig. 4.11. The raising bot-
tom nodes are caused by the growing contribution of channel (4). On the other hand,
the oscillation pattern of the interference fringe proves one can continuously tune the
relative phase between two scattering channels simply by reversing B1 at different times
Trot. Also, the minima of Fig. 4.14 correspond to the NFS signal suppression due to the
destructive interference between channel (2) and (3) in Fig. 4.11, and thus show that the
magnetically induced nuclear exciton echo itself provides another convenient solution for
photon storage. A sequence of two 180◦ rotations of the magnetic field direction in target
1 at the quantum beat minima can lead to storage and retrieval of the x-ray photon π
phase-modulated. This can be experimentally achieved in antiferromagnets as 57FeBO3

with strong intrinsic hyperfine magnetic fields that can be rotated with the help of a
weak 10 G external field [42]. Fast 180◦ magnetic field rotations in such materials have
been demonstrated [141]. This specific case of magnetic switching in a two-target setup
preserves the photon polarization and can modulate the photonic phase but is less robust
compared to the scheme presented in Subsec. 4.2.1, since both efficiency of the storage
and the phase of the released photon depend on the rotation moment. Nevertheless, the
magnetically induced nuclear exciton echo might provide an additional experimentally
accessible setup to investigate mechanical-free x-ray storage and phase modulation of a
single-photon wave packet.
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Figure 4.13: NFS signal of the two-target x-ray interferometer and the mechanics-free x-ray echo.
(a)(c)(e) illustrate the electric field ϕ−1Ω1(t, L) of the x-ray scattered from target 1 only. (b)(d)(f)
depict the resulting NFS signal |ϕ−1Ω2(t, L)|2 registered by the detector shown in Fig. 4.11. The
magnetic fields (B1,B2) are turned off at 51 ns, and then (-B1,B2) are turned on at 100 ns. A second
reversal of B1 orientation is performed at (c)(d) 145.8 ns and (e)(f) 204.3 ns and is accompanied
by the appearance of the x-ray echo.

65



Chapter 4 Coherent Storage and Phase Modulation of Single Hard-X-Ray Photons

0 20 40 60 80 100

T     (ns)

0

0.2

0.4

0.6

0.8

1

P 1

rot

0
 20
 40
 60
 80
 100


T    (ns)rot


0


0.2


0.4


0.6


0.8


1


P
1


Figure 4.14: The interference fringe from the two-target hard x-ray interferometer.

4.4 Summary

In summary, we have put forward the possibilities of coherent storage, π and continu-
ous phase modulation for single hard x-ray photon wavepacket in a NFS setup with an
57Fe enriched solid-state target. Our coherent storage scheme demonstrated in Sec. 4.2
is mainly based on the quantum destructive interference between two nuclear transition
currents associated to the |1

2
,±1

2
〉 → |3

2
,±1

2
〉 nuclear transitions in a 57Fe nucleus. For

triggering and using this quantum interference, a phase evolution of two nuclear currents
(or coherences) is introduced by applying a hyperfine magnetic field. In experiments, the
so-called quantum beat [73] in the measured NFS time spectra is directly associated to
this magnetically induced phase evolution of the nuclear transition currents. From the
pattern of quantum beat in the NFS time spectrum, one could realize that the destructive
interference occurs regularly, and the beating frequency is proportional to the strength of
the applied magnetic field. Based on this observation, we have suggested using the regu-
larly destructive interference property of the quantum beat and turning off the hyperfine
magnetic field at each time point when a minimum of quantum beat signal occurs. This
operation freeze the nuclei in a special excited state such that the emission of radiation is
suppressed, and the single hard x-ray photon is stored in this special nuclear state dur-
ing the magnetic-field-free period. Due to the fact that the interaction Hamiltonian also
vanishes during the storage time, the properties (polarization, phase, etc) of the stored
photon are maintained as well. Later on, by turning on the magnetic field, the stored
single photon will be retrieved. Because the photonic property is conserved in the whole
access process, we term the operation as coherent storage. We emphasize that instead of
coherent storage, the scheme achieved by Ref. [42] is an “incoherent” storage, reminding
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4.4 Summary

that the interaction Hamiltonian does not vanish and alters the property of the stored
single photon during the storage period. On the other hand, our phase modulation scheme
presented in Sec. 4.2 is based on the time reversal of the above mentioned magnetically
induced phase evolution of the nuclear transition currents. Additionally, the “phase”
of a single hard x-ray photon wavepacket is clearly defined by a measurement using a
two-target interferometer illustrated in Sec. 4.3. By reversing direction of the hyperfine
magnetic field applied to one of the two targets, the time-reversed evolution of the nu-
clear currents in the modulated target will introduce a relative phase shift between two
scattering channels of single photons. This phase modulation will result in a NFS signal
suppression or echo which can be treated as the experimental signature of implementing
the proposal demonstrated in Subsec. 4.3.
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Chapter 5

Coherence Enhanced Optical Determination of
the 229Th Isomeric Transition

In this chapter, we will join our so far gained knowledge on light-nuclei interaction and
collective effects to a developing community, the 229Thorium community. The 229Th
nucleus has a low-level isomeric transition which occupies a very special position in the
whole known isotope chart. Looking down on the landscape of “nuclear transition energy
to linewidth ratio”, the 229Th nucleus is expected to stand on the top of the Mount
Everest with an altitude of E/∆E ≈ 1020. Inspired by this sharp peak, the idea of
a nuclear clock [58] based on this isomeric transition was proposed by E. Peik and C.
Tamm at the Physikalisch-Technische Bundesanstalt (PTB, Germany) in 2003. This
may become the next generation nuclear time standard, and provide many potential
applications for metrology and cosmology, e.g., to study the time variation of physical
constants. In addition to metrology, the nuclear clock transition provides a remarkable
platform for developing nuclear quantum optics [147], studying the interplay between
nuclei and its outer electrons [148], investigating quantum information [149] and building
a γ-ray laser [150]. However, the basic problem in the thorium community is that the
precise value of the isomeric transition energy is still unknown.

The central issue of this chapter is trying to offer a solution to the basic problem of
finding the 229mTh isomeric energy. We start with an introduction to the 229Th nucleus.
Sec. 5.1 is devoted to give a flavor about how difficult it is to measure the 229mTh energy
from a historical perspective. Also, many modern approaches are briefly introduced. Out
of these modern schemes, the advantage of a solid-state thorium doped crystal will be dis-
cussed in Sec. 5.2. Motivated by these advantages, we discuss and provide solutions based
on an electromagnetically modified nuclear forward scattering setup (two-field setup) to
the obstacles of the experiments in Sec. 5.2. In Sec. 5.3, we first analyze the time scale of
the considered system, and subsequently the numerical results are demonstrated. Finally,
we find the best setup of our proposals is a two-field setup reminding of electromagneti-
cally induced transparency (EIT) [52]. This scheme makes it possible to directly measure
the 229mTh isomeric energy with a very low uncertainty of only 10 Hz.

5.1 Introduction of the 229Thorium Nucleus

This is a journey over 35 years about how physicists have tried to pinpoint one optical
nuclear transition of 229Thorium. Although we are still in a tunnel of darkness, the light
at the end seems to approach.
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Thorium (proton number 90) has six naturally occurring members in its isotope family,
however, none of them stable. The most abundant thorium isotope on the Earth is 232Th
due to its very long half-life of 14.05 billion years. Other isotopes are 228Th, 229Th, 230Th,
231Th and 234Th. The main character of this chapter is 229Th. 229Th is mainly produced
by the decay of 233U and subsequently disintegrates into its daughter nucleus 225Ra via
α-decay [151]. 229Th can also be the daughter of 229Ac and 229Pa via β-decay [152]. The
special feature of 229Th nucleus is that there is an isomeric first excited state 229mTh
featuring a rarely low energy of 7.8 ± 0.5 eV [27, 153]. This low nuclear excitation
corresponding to the vacuum ultraviolet (VUV) region with a wavelength of 163 ± 11
nm. The half-life of ground state 229gTh and that of isomer state 229mTh are 7880 ±
120 years [154] and 6 ± 1 hours [149], respectively. The remarkably low energy and very
long lifetime of 229mTh lead to a very sharp energy to linewidth ratio of 229mTh, i.e.,
E/∆E ≈ 1020. This considered high ratio gives the tempting reason to build a so-called
nuclear clock [58] which may provide the next generation time standard. However, the
main impediment is the so far elusive exact transition frequency. Several contradicting
measured values of 229mTh energy exist in the literature [27,151,153,155–157], and so far
no direct conclusive observation of this isomeric transition was reported.

The thorium community has its elaborate Bildungsroman, and here we would like to
give a short overview of the history and the present state of the art on the isomeric
transition. The story of 229Thorium nucleus kicked off in 1976. L. A. Kroger and C. W.
Reich [155] performed the prelude when they studied the 229Th nuclear structure with

γ-ray spectroscopy and suggested the existence of a Kπ = 3
2

+
rotational band to explain

their observation. At that time the data showed no observable energy separation between
different transitions from excited states to the ground states of Kπ = 5

2

+
and 3

2

+
band.

The authors of [155] further checked the γ-ray peaks likely containing decays to both

the 5
2

+
and 3

2

+
levels and then finally concluded that a slightly spaced doublet structure

might exist within an energy separation of less than 0.1 keV. In 1990, D. G. Burke et al.
provided an observation which supported the existence of the proposed Kπ = 3

2

+
band

in 229Th. They compared the spectroscopic strengths for the rotational band members in
231Th and 229Th [158] and found the distributions of strengths for the proposed Kπ = 5

2

+

and Kπ = 3
2

+
rotational bands in 229Th are virtually identical to those of 231Th. This

identity seemed to confirm Kroger and Reich’s idea. On the other hand, they concluded
the isomeric energy might be less than 5 eV.

In 1990, C. W. Reich and R. G. Helmer studied the energies of selected γ-rays subse-
quently emitted after an α-decay of 233U and obtained a 229mTh energy of 1 ± 4 eV [151].
Later on, they tried to improve the energy resolution of the used detector down to 300∼900
eV and obtained an isomeric energy of 3.5 ± 1 eV in 1994 [156]. This result became the
most accepted value for a long time. G. M. Irwin and K. H. Kim claimed in 1997 that
they directly observed the ultraviolet photon from the deexcitation of the 229mTh with
two different solid 233U samples [159]. A similar conclusion was also claimed by D. S.
Richardson et al. with a liquid sample in 1998 [160]. Their observed value for the iso-
meric transition were 3.5 eV [159] and likely 4 eV [160], respectively. However, in 1999,
the studies of three different groups indicated that these conclusions must be based on the
incorrect interpretation of experimental data [161–163]. G. M. Irwin and K. H. Kim later
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agreed that their observation might result from the α-particle induced fluorescence of air,
actually N2, surrounding the sample [161, 162, 164]. K. Gulda et al. studied the nuclear
structure of 229Th measuring the γ-rays following the β-decay of 229Ac in 2002 [152]. They

again identified the Kπ = 5
2

+
and Kπ = 3

2

+
rotational bands, but could not conclude on

the 229mTh energy. V. Barci et al. estimated the 229mTh energy at about 3.4 ± 1.8 eV
from their experiment with 233U samples in 2003 [165]. In 2005, Z. O. Guimarães-Filho
and O. Helene reexamined these results together with [151,156] and estimated the 229mTh
energy at 5.5 ± 1 eV [166].

In 2007, B. R. Beck et al. demonstrated a new result 7.6 ± 0.5 eV with a much better
detector resolution of 30 eV [27]. They used the NASA x-ray spectrometer (XRS) to
measure the γ-ray decay of the 71.82 keV state of 229Th nucleus. Subsequently in 2009
this value was corrected to 7.8 ± 0.5 eV because of two missing 42.43 keV → 229mTh and
29.19 keV → 229gTh branching ratios [153]. For more review and details, one can refer to
S. L. Sakharov’s analysis in 2010 [157]. The value 7.8 eV may explain why the 229mTh
deexcitation could escape from all observations before, as physicists were looking for it
in a possibly wrong detection window! Because of the nice idea of the nuclear clock [58]
together with the very compelling experiment of observing 7.8 eV [27, 153], the thorium
community started to develop. Several groups worldwide pursue today the “Holy Grail”
of the isomeric transition.

In 2008, C. J. Campbell et al. at Georgia Institute of Technology (USA) firstly produced
laser-cooled 232Th3+ crystals in a linear rf Paul trap [167]. They also achieved so-called
Wigner crystals of 229Th3+ in 2011, and recently proposed the idea of single 229Th3+

nuclear clock [59]. In 2009, T. T. Inamura and H. Haba at RIKEN Nishina Center
(Japan) studied the isomeric energy utilizing a 229Th loaded hollow cathode with the use
of nuclear excitation by electron transition (NEET) [168]. They concluded the 229mTh
appears to lie in 3 eV ∼ 7 eV region [169]. Two groups at Lawrence Livermore National
Laboratory (USA) and Los Alamos National Laboratory (USA) tried to measure the
229mTh lifetime by collecting 229Th recoils from the alpha decay of 233U into MgF2 plates
and measuring the subsequent UV photon emission. Very recently, X. Zhao et al. were the
first who directly observed the isomeric decay and concluded the isomeric lifetime is 6 ± 1
h. Interestingly, no internal conversion electrons were observed in their experiment [149].
E. Peik’s group at PTB (Germany) is trying to excite the isomeric transition via the
electron bridge effect in Th+ ions [148]. At the Max Planck Institute of Quantum Optics
(Germany), L. v.d. Wense et al. developed an apparatus composed of a ‘MLL IonCatcher’
and an UV focusing system [170] to directly identify the isomeric transition. Another
option of identifying 229mTh is to measure its hyperfine structure [171]. This project is
pursued at IGISOL in Jyväskylä (Finland) together with University of Mainz (Germany).

Finally, a very promising approach using a 1018 229Th /cm3 doped VUV transparent
solid-state crystal termed as 229Th:Crystal is investigated by two groups, E. Hudson’s
group at University of California Los Angeles (USA) [44, 172] and T. Schumm’s group
at TU Vienna (Austria) [45]. Their ultimate goal is to build solid-state nuclear clocks.
Due to the advantage of the very high 229Th concentration, we consider the 229Th:Crystal
approach for our theoretical investigation in this chapter.
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5.2 Forward Detection Solves some Critical Problems

So far, 7.8±0.5 eV, the adopted value of energy splitting of the 229Th ground-state doublet,
was indirectly measured by B.R. Beck et al. at Lawrence Livermore National Lab [27,153]
in 2007. The one eV uncertainty is too large to let one use 229Th in any future application,
hence enormous efforts were made to narrow the uncertainty of measurements as men-
tioned in the introduction. In contrast to other proposals, the solid state approach uses
samples containing a very high nuclear concentration of 1018/cm3 [44,45,172]. This huge
number of nuclei significantly increases the absorption/emission rate of VUV photons and
allows one to use synchrotron radiation or weak VUV lasers for Mössbauer spectroscopy.
Thus, in this chapter we will focus on investigating the optical nuclear transition in 229Th
doped VUV transparent solid state crystals.

Up to the date of writing, there is no direct observation of 229Th isomeric transition via
Mössbauer spectroscopy with solid state nuclear samples. The only optical experiments
were performed by E. Hudson’s group [44,172] with doped 232Th in high-energy band gap
crystals. Figure 5.1 (a) illustrates the fluorescence setup used to identify suitable host
crystals. A 232Th:Crystal is illuminated by the synchrotron radiation from the Berkeley
Advance Light Source with a fixed photon energy for 5 seconds. Afterwards the fluores-
cence from the crystals is collected at 90 degree over the next 10.7 seconds. The photon
energy is scanned from 7 eV to 11 eV covering the expected 7.8(5) eV isomeric transition
energy. Various crystals produce different fluorescence energy spectra demonstrating var-
ious degree of transparency to VUV photons. In particular, lattice defects such as color
centers affect the transparency. The authors of Ref. [172] concluded the most suitable
crystal is Th:LiCaAlF6 out of the analyzed crystals: Na2ThF6, Th:LiCaAlF6, Th:YLF
and Th:NaYF. Another promising host crystal is CaF2 used by T. Schumm’s group [45].
However, the question arises: does the measured fluorescence really reflect solely the
response of 229Th nuclear excitation in real runs1?

In particular, doped 229Th is radioactive and disintegrate to 225Ac via α-decay. Emit-
ted α particles will hit the crystal and produce background photons labeled as α induced
spurious fluorescence in the Th:Crystal. In Ref. [44, 172] a producing rate of 0.3 back-
ground photon per α-decay is estimated. This gives a total counting rate of few MHz for
background photons when 1018 229Th/cm3 are doped in a crystal. This large background
is considered to be dominant and overwhelms the scattered VUV signal. Optimizing the
signal to background ratio becomes therefore a crucial task.

The central issue of this chapter is to solve the above three problems: (1) the uncertainty
of the measured isomeric energy is too high. (2) an isomeric signature is desired for any
type of measurement. (3) the signal to background ratio is low and needs therefore to
be improved. The setup that lies at the base of our proposed solutions is illustrated in
Fig. 5.1 (b). Inspired by the effect of superradiant forward emission2, i.e., the nuclear
exciton will experience coherent decay and emit a single photon in the forward direction
instead of 4 π solid angle, the detector is simply moved to the forward direction and

1By using thorium ions doped crystals for the current purpose, one has to exclude all kinds of VUV
absorption except nuclear response, e.g., the band gap of the host crystal should be larger than 7.8 eV;
this is the purpose of [44,172].

2The detailed discussion of single photon superradiance is presented in Subsec. 4.1.2.

72



5.2 Forward Detection Solves some Critical Problems

229Th

Γ


Detector


VUV


Fluorescence

(signal) 


α induced spurious 

fluorescence 

(background) 


229Th ξΓ


VUV


α induced spurious 

fluorescence 

(background) 


Nuclear Forward

Scattering

(signal)


Fluorescence


Γ


Detector


(a)


(b)


Figure 5.1: (a) Setup for measuring the decay fluorescence from a 229Th:Crystal [172]. The photon
detector used to collect the signal is placed in the perpendicular direction to the propagation of VUV
pulse. (b) Setup for measuring time spectra of nuclear forward scattering with a 229Th:Crystal [147];
the photon detector is placed in the forward direction. The blue VUV pulse impinges on a Thorium
doped crystal and partially excites the nuclei to the isomer state. Isomeric population will experience
two decay channels: (i) the spontaneous decay emits fluorescence signal spatially distributed in 4π;
(ii) the coherent channel also called nuclear forward scattering or single-photon superradiance emits
the signal photon in the forward direction. The red aureola depicts the background photons induced
by radioactive α-decay of the ground state Thorium nuclei.
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registers the coherently scattered photon. One benefit of this setup can easily be seen
from the following considerations. Let us consider the case of a 229Th:Crystal with a
size of 3 × 3 × 10 mm and with a 229Th concentration of 1018/cm3. The half lifetime
of 229Th is 7880 yr and we consider a 0.3 background photon per α-decay [172]. The
total counting rate of background photons is then 0.75 MHz, which could be significantly
suppressed down to 1.8 Hz by registering coherent signals only within 1◦ × 1◦ in the
forward direction. Thus, 20 Hz would suffice as counting rate of the NFS probe photons,
i.e., a signal-background ratio greater than 10, and problem (3) is solved [147].

To overcome the problem (2), one could refer to the pattern of NFS time spectrum in
an external magnetic field B [68, 72,73] in free space3:

I(t) ∼
(

ξ√
ξΓt

J1

[
2
√
ξΓt
])2

e−Γtcos2

(
∆Bt

2

)
(5.1)

where J1 is the Bessel function of first kind. This kind of time-based Mössbauer spec-
troscopy [10,13] gives very fruitful information about nuclear properties, e.g., the resonant
depth ξ ∼ N×σ×L, i.e., nuclear concentration × VUV absorption cross section × sample
length and 1/Γ the lifetime of isomer state 229mTh. All parameters in Eq. (5.1) can be
precisely double-checked by other ways [44, 149, 172], therefore one can plug these pre-
measured factors in Eq. (5.1) to examine if the observed NFS time spectra solely reflect
the isomeric response. Furthermore, the quantum beat induced by the Zeeman splitting
∆B ∼ (µg+µm)·B offers the possibility of directly measuring the isomeric magnetic dipole
moment µm if the strength of external magnetic field B is well controlled, and the ground
state magnetic dipole moment µg is determined by nuclear magnetic resonance (NMR)
technique [45]. Hence one can gain the certainty that the NFS time spectra are the pure
response of 229mTh and provide an unmistakable signature for the nuclear excitation.

With the above discussion we have shown that the problems (2) and (3) are simultane-
ously solved by detecting the coherent signal in the forward direction. In the next section
we will present a new solution to the large uncertainty of problem (1) by applying an
additional VUV laser or a static magnetic field to modify the dispersion relation of the
isomeric transition of interest.

5.3 Optical Determination of the 229Th Isomeric
Transition

5.3.1 Preparing A Simple Initial Nuclear State and the NFS based
Measurements

The internal structure of the 229Th ground state doublet is quite complicated. The nuclear
spins for the two rotational band heads are 3

2
and 5

2
, so there are 10 Zeeman sub-levels and

12 drivable transitions involved in the problem. To make things easier, strategies need to
be developed. In 2011 E.V. Tkalya proposed a nuclear γ-ray laser scheme using a gain
medium of 229Th:LiCaAlF6 crystal [150]. Here we follow his suggestion of treating nuclear

3“in free space” means we only consider the spontaneous γ-decay as the decoherence process. However,
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Figure 5.2: The nuclear quadrupole splitting level scheme at sub-kelvin temperatures in (a)
229Th:LiCaAlF6, and in (b)229Th:CaF2.

Zeeman sub-levels with quadrupole splitting in our investigation. Figure 5.2 illustrates
the Zeeman sub-levels of 229Th nuclei doped in the two crystals of experimental interest.
Each state is termed as |I,m〉 where I is the spin of nuclear state, and m denotes the
projection of nuclear spin on the quantization axis. The electric field gradient (EFG)
at the nuclear position inside the crystal will introduce the so-called quadrupole energy
splitting of approx. 10−4 eV in 229Th:LiCaAlF6 [150], and 10−7 eV in 229Th:CaF2 [45]. To
prepare a simple initial nuclear state, we further adopt the recently proposed 229Th doped
crystals under the thermal equilibrium condition [150], i.e., at sub-kelvin temperatures all
nuclei equally populate the two ground states. One could take advantage of this simple
initial state: an applied laser will drive only one transition in 229Th:CaF2, and maximum
two transitions in 229Th:LiCaAlF6, depending on its polarization. Consequently, not only
the measured signal but also the mathematical descriptions become easier to handle.

How can the transition frequency of |5
2
,±1

2
〉 ↔ |3

2
,±1

2
〉 in Fig. 5.2 (a) and that of

|5
2
,±5

2
〉 ↔ |3

2
,±3

2
〉 in Fig. 5.2 (b) be precisely determined in a nuclear forward scattering

setup? For convenience, let us take the setup of Fig. 5.3 (a) as an example (this way
works for all of our proposals). A left circularly polarized VUV probe laser Ωp with a
tunable frequency ωp is applied to drive |5

2
, 5

2
〉 ↔ |3

2
, 3

2
〉 nuclear ∆m = −1 transition. The

corresponding transition energy is

E| 5
2
, 5
2
〉↔| 3

2
, 3
2
〉 = ~ (∆p + ωp) , (5.2)

where ~ denotes the reduced Planck constant, and laser detuning ∆p is initially unknown.
One can determine ∆p later by fitting the experimental data of NFS time spectra with
our theory, and then we eventually could deduce the value of E| 5

2
, 5
2
〉↔| 3

2
, 3
2
〉 since ωp is

in crystal environments the spin-spin relaxation will come into play and cause an additional decoherence
process [45] with rates on the kHz scale. We will consider this effect in the next section.
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known in the beginning. Essentially, all transition energies are able to be measured by
this NFS-based method utilizing synchrotron radiation or VUV lasers of available ωp.

5.3.2 Time scale, Model, Results and Discussion

In this section, we will calculate and compare the ∆p dependent pattern of NFS time
spectra using the Maxwell-Bloch equations. Four setups are designed in order to tackle
difficulties in two types of doped crystals and also possible obstacles of VUV laser tech-
nology.

Let us begin with the time scale analysis. In the 229Th:LiCaAlF6 and 229Th:CaF2 crys-
tals, thorium nuclei at each lattice site interact with their neighboring ions. This com-
plicated environment affects the thorium nuclear structure and causes some decoherence
effects. Here we shortly address the decoherence effect named spin-spin relaxation. Re-
cently, G. A. Kazakov et al. discussed the effects of CaF2 crystal lattice environment [45].

They considered the spin-spin interaction Ĥss(t), i.e., a thorium nucleus interacting with
random magnetic fields generated by the spin of its single neighboring fluorine nucleus4.
This Ĥss(t) is assumed to be the fastest, weakest random process among the complete

Hamiltonian [45] and its time average is 〈Ĥss(t)〉 = 0. Then the time evolution of the
nuclear density matrix reads:

∂tρ̂(t) =
1

i~

[
Ĥ(t), ρ̂(t)

]
− 1

~2

∫ t

−∞

{
Ĥss(t), [Ĥss(t′), ρ(t)]

}
dt′ . (5.3)

Here the first term determines the coherent dynamics under the action of the laser, and
the second term describes the incoherent spin-spin relaxation. The spin-spin relaxation
term can be rewritten as −γρ(t) with γ being a decay rate of the order of kHz [44, 45].
Eq. (5.3) then becomes

∂tρ̂(t) =
1

i~

[
Ĥ(t), ρ̂(t)

]
− γρ(t) . (5.4)

From Eq. (5.4) we can see that ρ(t) ∼ e−γt for any coherence, and this limits that the
lifetime of any coherent nuclear current iρ(t) on the order of milliseconds (ms) (γ is much
greater than the isomeric spontaneous decay rate). From inspecting the Maxwell-Bloch
equation, e.g., Eq. (4.22), we know that the nuclear current iρ(t) is the source of the
emitted coherent photons. The coherent light signal from the thorium doped crystal will
therefore also be observed in ms time scale after each incident shot5. As discussed in

4The question might arise: is there any interaction between doping thorium ions? Fortunately, the ions
doped in the crystal mostly are 229Th4+ therefore all electron spins in its outer shells are paired and
produce no net magnetic field [44,45]. Thus, the interaction between the thorium is negligible.

5This phenomenon can be easily understood with a metaphor. Consider a chorus consisting of singers
(A, B, C, ..., Z) and some friends of them (a, b, c, ..., z) at a Christmas party. As long as the chorus
members absolutely follow the gestures of their conductor, we can enjoy very nice songs. However,
imagine that while singing, chorus member B whispers to his/her friend b for a short time, followed
by friend c to member C, F to f, W to w and so on. The performance will be terrible. Comparing
the metaphor with our physical system, the laser is the conductor, thorium nuclei are the singers, the
nearby friends are the fluorine nuclei, the measured signal is the performed songs, and we can term
spin-spin relaxation as whisper-whisper relaxation in the metaphor.
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Subsec. 4.1.3, to estimate the characteristic time scale of the considered dynamics, the
superradiant speed-up effect should also be taken into account. The enhanced coherent
decay rate ξΓ (the resonant thickness × spontaneous decay rate ∼ 106× 0.1 mHz) is
around 100 Hz such that the dynamical beat may be observed on a 10 ms time scale.
However, the spin-spin relaxation (γ > ξΓ) will wash out the nuclear coherences, leading
to the disappearance of the dynamical beat. The single photon superradiance should
therefore be observed within the time scale of ms, allowing 100 - 500 incident shots of the
probe pulse per second in a NFS experiment. Together with the required 20 Hz counting
rate previously estimated in Sec. 5.2, the probe laser intensity should provide at least 0.04
scattered coherent photon per shot6. On the other hand, we can expect the pattern of
NFS time spectra to become very different from that of Fig. 4.6 described by Eq. (5.1).
Thus, we must consider another shorter-time-scale effect as the isomeric signature, i.e.,
the quantum beat. We have seen that the quantum beat is caused by the Zeeman effect,
therefore we need the help of a hyperfine magnetic field. In addition to the Zeeman
splitting, we will propose a two-lasers setup using the Autler-Townes effect [173] in the
following. The above analysis provides us with three useful pieces of information

• The characteristic time scale of our system dynamics is ms.

• The NFS-based method significantly shortens the experimental time.

• The quantum beat can provide the isomeric signature.

5.3.2.1 Electromagnetically Modified NFS with One 229Th:CaF2 Crystal

We now discuss how to determine the |5
2
, 5

2
〉 ↔ |3

2
, 3

2
〉 transition energy of the 229Th:CaF2

system depicted in Fig. 5.3. Two cases will be addressed here, the first one showed in
(a) using only one probe pulse Ωp propagating through the crystal, and the second case
demonstrated in (b) that uses a second field Ωc to affect the behavior of the first Ωp.
Since thorium nuclei initially populate only the |5

2
,±5

2
〉 states in a cooled 229Th:CaF2

crystal, the left circularly polarized probe (blue arrows) will only drive the |5
2
, 5

2
〉 ↔ |3

2
, 3

2
〉

transition. In addition to the VUV probe pulse, another continuous wave VUV laser of
linear polarization denoted as couple beam (red wider arrows) is applied. The couple field
not only connects the |5

2
, 3

2
〉 and |3

2
, 3

2
〉 states but also modifies the dispersion relation of

the probe beam.

We study both systems demonstrated in Fig. 5.3 (a) (assuming Ωc = 0) and Fig. 5.3 (b)
by numerically determining the dynamics of the density matrix ρ̂(t) with the help of the

6The following situation may help one understand the advantage of the NFS-based method (single
photon superradiance). Imagine a PhD student (setting in the 4th year may be more suggestive) who
tries to find out the isomeric energy. With the setup of Fig. 5.1 (a), he must wait 6 hours to register
one fluorescence photon after an incident pulse. However, the setup of Fig. 5.1 (b) leads the student
observe one coherent photon in the forward direction in only few milliseconds. Time is money, and one
saves a lot with the NFS-based method.
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Figure 5.3: Two cases in 229Th:CaF2. (a) A left circularly polarized probe field drives the |52 ,
5
2〉 ↔

|32 ,
3
2〉 isomeric transition. (b) The electromagnetically modified forward scattering setup. The red

wider arrow denotes the strong couple field while the blue arrow shows the weak probe field. The
detunings of the probe and couple fields to the respective resonance frequencies are denoted by ∆p

and ∆c, respectively.
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Maxwell-Bloch equations [61,65,147]:

∂tρ̂ =
1

i~

[
Ĥ, ρ̂

]
+ ρ̂s ,

1

c
∂tΩp + ∂yΩp = iηa31ρ31 . (5.5)

The interaction Hamiltonian is given by

Ĥ = −~
2

 0 0 a31Ω∗p
0 −2(∆p −∆c) a32Ω∗c

a31Ωp a32Ωc −2∆p

 , (5.6)

and the decoherence matrix

ρ̂s = −

 −a2
31Γρ33 γ21ρ12

(
γ31 + Γ

2

)
ρ13

γ21ρ21 −a2
32Γρ33

(
γ32 + Γ

2

)
ρ23(

γ31 + Γ
2

)
ρ31

(
γ32 + Γ

2

)
ρ32 Γρ33

 . (5.7)

The initial and boundary conditions are

ρij(0, y) = δi1δ1j ,

Ωp(0, y) = 0 ,

Ωp(t, 0) = ϕExp

[
−
(
t

T

)2
]
. (5.8)

In the equations above ρjk = AjA
∗
k for {j, k} ∈ {1, 2, 3} are the density matrix elements

of ρ̂ for the nuclear wave function |ψ〉 = A1|52 ,
5
2
〉 + A2|52 ,

3
2
〉 + A3|32 ,

3
2
〉 with the nuclear

hyperfine levels shown in Fig. 5.2 (b). Furthermore, (a31, a32) = (
√

2/3,−2/
√

15) are
the corresponding Clebsch-Gordan coefficients. ρ̂s describes the decoherence due to spin
relaxation (γ31, γ32, γ21) = 2π × (251, 108, 30) Hz [45] and spontaneous decay Γ = 0.1
mHz [150]7. The parameter η is defined as η = Γξ

2L
, where ξ represents the effective resonant

thickness and L = 10 mm the thickness of the target, respectively. Further notations are
Ωp(c) for the Rabi frequency of the probe (couple) VUV radiation [61, 65, 147], ∆p(c) for
the laser detuning of probe (couple) field and c the speed of light.

Since the electric quadrupole splitting of the ground states can be experimentally de-
termined via standard nuclear magnetic resonance (NMR) techniques [45], one can set
the two detunings of the coupling and probe fields to be identical but unknown initially,
i.e., ∆c = ∆p = ∆, also known as two photon resonance condition8. We numerically solve

7A recent experiment [149] showed the half-lifetime of 229mTh is 6±1 h which corresponds to Γ = 0.032
mHz.

8A legitimate question may arise [174] should Ωp and Ωc have any phase correlation? The quick answer
might be ‘no’. Regardless of whether using VUV laser or synchrotron radiation as probe, the time
spectra should be the same. This is because what we need is just to modify the dispersion relation of
Ωp, and this is already changed by Ωc before the arrival of Ωp. However, in practice the two photon
resonance condition indicates there should be a phase correlation between two beams. One may further
argue NFS is a broadband excitation which means without phase lock a fluctuant ∆c still can hit some
∆p within the bandwidth of Ωp. (Just like using a needle to fiddle with a comb back and forth.) The
229Th:Crystal may provide a good platform to test this.
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Figure 5.4: The time spectra of the nuclear forward scattered signal without couple field. The
detunings take values between 0 ≤ ∆p ≤ 1010Γ. The yellow filled area below the red short-dashed
line delimits the region 0 ≤ ∆p ≤ 107Γ. The values for ∆p = 109Γ and ∆p = 1010Γ are smaller
than the displayed scale.
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Figure 5.5: The time spectra of the electromagnetically modified nuclear forward scattered signal
with couple field. The detunings (∆c = ∆p) take values between 0 ≤ ∆p ≤ 1010Γ. The yellow filled
area below the orange solid line delimits the region 0 ≤ ∆p ≤ 105Γ.
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Eq. (5.5) with ξ = 106, Ωc with a laser intensity9 of 2 kW/cm2 [65]. An incident Ωp(t, 0)
pulse duration T = 10 µs and ϕ� Γ < Ωc are used to prevent any Rabi oscillation such
that the dynamics of the probe pulse evolves in the perturbation region10.

We scan the region 0 ≤ ∆p ≤ 1010Γ and present the time spectra for the setup in
Fig. 5.3 (a) in Fig. 5.4. In the absence of the couple field, the probe only interacts
with a two-level nuclear system, and the corresponding time spectra are less sensitive to
the detuning ∆p. For ∆p = 109Γ and ∆p = 1010Γ, the probe field will not create any
nuclear excitation and just passes through the crystal. The 229Th nuclei will start to
coherently scatter probe photons when ∆p ≤ 108Γ, and with smaller detunings the time
spectra become identical for ∆p ≤ 107Γ. Essentially we could approach the wanted energy
of 229mTh with the precision of 107Γ, i.e. about 1 kHz, by measuring the signal photons
scattered in the forward direction. As a disadvantage, since the spectra do not present any
specific feature to confirm the excitation of the isomer, background from other unwanted
electronic processes may present an identical scattering pattern at probe laser frequencies
far away from the nuclear resonance.

We turn now to the two-field setup presented in Fig. 5.3 (b), which is more detuning-
sensitive and provides specific identification features in the NFS time spectra. In Fig. 5.5
we present our results for the electromagnetically modified forward scattering spectra.
With the influence of Ωc the spectra are much more sensitive to the detuning, and probe
photons start to interact with the 229Th nuclei already at ∆ ≤ 1010Γ. The enhanced
sensitivity of the electromagnetically modified setup in Fig. 5.3 (b) is due to the detuning-
sensitive dispersion relation which leads to a unique time spectrum for each combination of
incident probe field and couple field strength and detuning. A comparison between Fig. 5.4
and Fig. 5.5 shows that the couple field has introduced additional beatings in the spectrum
which can serve as a clear signature of the nuclear excitation. This electromagnetically
induced quantum beat can be understood as following. The purpose of applying the
couple field is to create the so-called dressed states [61], i.e., two linear superpositions of
the |5

2
, 3

2
〉 and |3

2
, 3

2
〉 nuclear states. This splits the nuclear resonance driven by the probe

field into a doublet via the Autler-Townes effect [173], giving rise to electromagnetically
modified time spectra, and the quantum beat that can be used as signature of the nuclear
excitation. Furthermore, a significant advantage of our scheme is that the shapes of the
spectra are not identical until ∆ ≤ 105Γ. A fit of the theoretical and experimental curves
can therefore be employed to determine the isomeric transition frequency. By scanning the
detunings ∆, i.e., by varying the known frequencies of probe and couple simultaneously,
several ∆-dependent NFS time spectra can be measured. A fit with the theoretical curves
in Fig. 5.5 allows the determination of the detuning value and thus of the 229gTh↔229mTh
transition frequency down to a precision of 105Γ, i.e., 10 Hz. Here we clearly see the
two-field setup provides the opportunity to significantly narrow the uncertainty of the
measured isomeric energy. We further emphasize the advantage of this method is that
one will roughly know the isomeric energy even if only one time spectrum with some
particular ∆ is measured, i.e., no complete ∆ scan is needed. This is very different from
the common quantum metrology, e.g., Ramsey schemes where one has to compare relative

9A higher laser intensity might be needed in view of the recent experimental results in Ref. [149].
10In the perturbation region, the pattern of NFS time spectra will be ϕ-independent.
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quantum responses of different detunings.

5.3.2.2 State-of-the-Art VUV Laser around 160 nm

Modern laser technology provides photon sources covering wavelengths from sub- 200 nm
to tens of µm. The wanted thorium isomeric transition is unfortunately located at a
very special edge around 160 nm. This wavelength is not well covered due to the lack of
transparent nonlinear optical crystals utilized to produce VUV photons via high harmonic
generation (HHG). Especially, a continuous wave (CW) laser source in the VUV region
is presently available only within limitations. Here we would like to discuss this practical
issue.

Because of applications like photolithography or photoelectron spectroscopy, VUV light
sources are very much in demand. Due to these needs, the KBe2BO3F2 (KBBF) crystals
[175, 176] have been successfully developed for generating narrow-band VUV radiation
via harmonic generation. This crystal provides wide transparency and large birefringence
necessary for phase matched frequency conversion processes in this frequency region [177,
178]. In particular, a quasi-CW laser based on KBBF crystal with a 10 MHz repetition rate
and 20 ps pulse duration has been achieved [178]. A CW coupling VUV laser at around
160 nm wavelength could also be generated by sum frequency mixing in metal vapors or
driving a KBBF crystal with Ti:Sapphire laser [177, 179]. The circularly polarized probe
laser on the other hand may be generated via nonlinear sum-frequency mixing [180], or
a harmonic of a VUV frequency comb [55,181] around the isomeric wavelength. Another
option is offered by free electron lasers (FEL). FELs can essentially generate photons
covering a wide frequency spectrum, and the VUV region is clearly available. Recently,
a notable table-top laser-driven soft-X-ray undulator source was built [93]. This table-
top design with some proper parameters is in principle also able to deliver VUV photon
beams.

In the absence of a CW coupling field for the electromagnetically modified forward
scattering scheme, one can use a moderate external magnetic field (B = 1 G) to split
two degenerate ∆m = 0 transitions, for instance |5

2
, 1

2
〉 ↔ |3

2
, 1

2
〉 and |5

2
,−1

2
〉 ↔ |3

2
,−1

2
〉

in Fig. 5.2 (a), into a doublet due to the different hyperfine energy shifts introduced by
the magnetic dipole interaction. Numerical results for 229Th:CaF2 and 229Th:LiCaAlF6

crystals for which the calculation of the magnetic hyperfine splitting are straightforward
show that the detuning sensitivity goes as far as ∆p = 107Γ, i.e., one could determine the
nuclear transition frequency within 1 kHz with the Zeeman shift method. In the following
we investigate this scheme in more detail.

5.3.2.3 NFS with Two 229Th:CaF2 crystals under the Action of a Magnetic Field

Owing to the present difficult access to CW VUV light sources, we demonstrate other
ways to measure the energy of 229mTh level via nuclear forward scattering. As showed in
Fig. 5.6 we consider a two-crystals system [43, 129, 132] and apply an external magnetic
field to one of the crystals. All nuclei are assumed to equally populate |5

2
,−5

2
〉 and |5

2
, 5

2
〉

ground states due to cooling. A left circularly polarized VUV probe pulse sequentially
impinges on the two crystals and drives the two originally identical ∆m = −1 transitions
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5.3 Optical Determination of the 229Th Isomeric Transition

Figure 5.6: A two 229Th:CaF2 target setup. A left circularly polarized probe field drives the |52 ,
5
2〉 ↔

|32 ,
3
2〉 isomeric transitions in both crystals. The detuning of the probe to the unperturbed resonance

frequency is denoted by ∆p. ∆B denotes the total Zeeman shift due to the external magnetic field
B.
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Figure 5.7: The time spectra of the nuclear forward scattered signal with two cooled 229Th:CaF2

crystals. One of the crystals is under a static magnetic field of 1 Gauss. The detunings take values
between 0 ≤ ∆p ≤ 1010Γ. The yellow filled area below the red short-dashed line delimits the region
0 ≤ ∆p ≤ 107Γ. The values for ∆p = 109Γ and ∆p = 1010Γ are smaller than the displayed scale.
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|5
2
, 5

2
〉 ↔ |3

2
, 3

2
〉. The two transitions will be split due to the Zeeman effect that introduces

the shift ∆B, therefore one could anticipate the existence of quantum beat in the NFS
time spectra.

We study the two-crystals system in Fig. 5.6 by numerically and sequentially solving
Maxwell-Bloch equations [61] for the density matrices α̂(t) and β̂(t):

∂tα̂ =
1

i~

[
ĤA, α̂

]
+ α̂s ,

1

c
∂tΩp1 + ∂yΩp1 = iηa21α21 , (5.9)

for the first crystal with the B-field-free interaction Hamiltonian

ĤA = −~
2

(
0 a21Ω∗p1

a21Ωp1 −2∆p

)
, (5.10)

and the decoherence matrix

α̂s = −
(

−Γα22

(
γ21 + Γ

2

)
α12(

γ21 + Γ
2

)
α21 Γα22

)
, (5.11)

and

∂tβ̂ =
1

i~

[
ĤB, β̂

]
+ β̂s ,

1

c
∂tΩp2 + ∂yΩp2 = iηa21β21 , (5.12)

for the second crystal under a magnetic field B with the interaction Hamiltonian

ĤB = −~
2

(
0 a21Ω∗p2

a21Ωp2 −2∆p − 2∆B

)
, (5.13)

and the decoherence matrix

β̂s = −
(

−Γβ22

(
γ21 + Γ

2

)
β12(

γ21 + Γ
2

)
β21 Γβ22

)
. (5.14)

The initial and boundary conditions are

αij(0, y) = δi1δ1j ,

Ωp1(0, y) = 0 ,

Ωp1(t, 0) = ϕExp

[
−
(
t

T

)2
]
,

βij(0, y) = δi1δ1j ,

Ωp2(0, y) = 0 ,

Ωp2(t, 0) = Ωp1(t, L) . (5.15)
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All parameters are the same as the ones used in Eq. (5.5). In the equations above αjk =
AjA

∗
k for {j, k} ∈ {1, 2} are the density matrix elements of α̂ for the nuclear wave function

|ψ〉 = A1|52 ,
5
2
〉 + A2|32 ,

3
2
〉, and βjk = BjB

∗
k for {j, k} ∈ {1, 2} are the density matrix

elements of β̂ for the nuclear wave function |ψ〉 = B1|52 ,
5
2
〉 + B2|32 ,

3
2
〉 with the nuclear

hyperfine levels shown in Fig. 5.2 (b). The Zeeman shift ∆B =
(

5
2
µg + 3

2
µm
)
B/~ and

(µg, µm,B)=(0.45µN ,-0.08µN ,10−4T) are used, where µN = 5.05 × 10−27 (J/T) is the
nuclear magneton [150]. We make the assumption that the population of |3

2
, 3

2
〉 state only

decays to |5
2
, 5

2
〉 due to the large Clebsch-Gordan coefficient a2

21 = 2
3

and the superradiant
speed-up effect. Thus, only a two-level system is involved for each crystal. In order to
obtain the total scattered field intensity, we sequentially solve Eq. (5.9) and Eq. (5.12) for
both crystals using the scattered field of first crystal as the incoming field for the second
one under a magnetic field of 1 Gauss.

The results are showed in Fig. 5.7. The tendency is similar to Fig. 5.4 in which nuclei
start to scatter photons at ∆p = 108Γ, and the time spectra converge on ∆p = 107Γ. One
can identify the 229mTh energy with a very clear signature given by the quantum beat
induced by a very weak magnetic field of 1 Gauss. A very small 1 kHz uncertainty can
also be reached by this method with a 10 µs incident probe pulse for the first 229Th:CaF2

target.

5.3.2.4 NFS with One 229Th:LiCaAlF6 Crystal under the Action of a Magnetic Field

Here, we present another magnetic scheme to measure the isomeric transition energy.
In Fig. 5.8 a static magnetic field is applied to a 229Th:LiCaAlF6 target. All nuclei are
assumed to be equally populating the two ground states |5

2
,−1

2
〉 and |5

2
, 1

2
〉 due to cooling.

A linearly polarized VUV probe pulse impinges on the target and drives two ∆m = 0
transitions |5

2
, 1

2
〉 ↔ |3

2
, 1

2
〉 and |5

2
,−1

2
〉 ↔ |3

2
,−1

2
〉. The original single absorption line in

the energy domain will also be split by the Zeeman effect giving raise to a quantum beat
in the NFS time spectra.

We also neglect the decays to other ground states and consider only four levels in this
system. The Maxwell-Bloch equations [61] read:

∂tρ̂ =
1

i~

[
Ĥ, ρ̂

]
+ ρ̂s ,

1

c
∂tΩp + ∂yΩp = iη (a31ρ31 + a42ρ42) , (5.16)

with the interaction Hamiltonian

Ĥ = −~
2


0 0 a31Ω∗p 0
0 0 0 a42Ω∗p

a31Ωp 0 −2 (∆p −∆B) 0
0 a42Ωp 0 −2 (∆p + ∆B)

 , (5.17)
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5.3 Optical Determination of the 229Th Isomeric Transition

Figure 5.8: NFS setup in one 229Th:LiCaAlF6 crystal with an external magnetic field B. A linearly
polarized VUV probe pulse impinges on the crystal and drives two ∆m = 0 transitions |52 ,

1
2〉 ↔ |

3
2 ,

1
2〉

and |52 ,−
1
2〉 ↔ |

3
2 ,−

1
2〉. The blue arrow shows the weak probe field, and ∆B is the Zeeman shift

due to the magnetic field B. The detuning of the probe field to the original unshifted resonance
frequency is denoted by ∆p.
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Figure 5.9: The time spectra of the nuclear forward scattered signal by applying an external magnetic
field to a cooled 229Th:LiCaAlF6 target. The detunings take values between 0 ≤ ∆p ≤ 1010Γ. The
yellow filled area below the red short-dashed line delimits the region 0 ≤ ∆p ≤ 107Γ. The values for
∆p = 109Γ and ∆p = 1010Γ are smaller than the displayed scale.

and the decoherence matrix

ρ̂s = −


−Γ (a2

31ρ33 + a2
41ρ44) 0

(
γ31 + Γ

2

)
ρ13

Γ
2
ρ14

0 −Γ (a2
32ρ33 + a2

42ρ44) Γ
2
ρ23

(
γ42 + Γ

2

)
ρ24(

γ31 + Γ
2

)
ρ31

Γ
2
ρ32 Γρ33 Γρ34

Γ
2
ρ41

(
γ42 + Γ

2

)
ρ42 Γρ43 Γρ44

 ,

(5.18)
where the decoherence rates11 are γ31 = γ42 = 2π×150 Hz [45], the Zeeman shift ∆B =(

1
2
µg + 1

2
µm
)
B/~ and (a31, a32, a41, a42) = (−

√
2/5,

√
1/5,

√
1/5,−

√
2/5) are the corre-

sponding Clebsch-Gordan coefficients. In the equations above ρjk = AjA
∗
k for {j, k} ∈

{1, 2, 3, 4} are the density matrix elements of ρ̂ for the nuclear wave function |ψ〉 =
A1|52 ,−

1
2
〉 + A2|52 ,

1
2
〉 + A3|32 ,−

1
2
〉 + A4|32 ,

1
2
〉 with the nuclear hyperfine levels shown in

Fig. 5.2 (a).

The results are presented in Fig. 5.9. The quantum beat in this case is less frequent
due to the smaller spin projection of ground and isomeric states. Even so, one can still
measure the thorium isomeric transition energy with a small uncertainty of 1 kHz in a
229Th:LiCaAlF6 crystal.

11We adopt the spin-spin relaxation rate of 229Th:CaF2 [45] assuming the decoherence rate to be on the
same order of magnitude for the two types of crystals. In fact we merely consider γ31 and γ42 because
only the coherences ρ31 and ρ42 will be built up by the Ωp pulse.
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5.4 Summary

In summary, the NFS-based time spectra in the forward direction can be used as an effi-
cient tool to determine the hidden 229Th isomeric transition frequency with small uncer-
tainties of 1 kHz ∼ 10 Hz by using a 10 µs probe pulse. Our results show an improvement
of many orders of magnitude compared to the traditional indirect schemes [27]. Also, a
two-field setup provides both a signature of the nuclear excitation and enhanced sensi-
tivity to the field detuning from the resonance. This scheme demonstrates a novel way
to solve the problem of identifying the isomeric transition energy. Additionally, due to
the currently difficult access to a CW VUV laser, we suggest the following sequence to
measure the 229mTh energy:

1. The typical indirect method, e.g., γ-ray spectroscopy [27].

2. NFS with the magnetically induced quantum beat demonstrated in Subsec. 5.3.2.3
and Subsec. 5.3.2.4.

3. NFS with the electromagnetically induced quantum beat demonstrated in Sub-
sec. 5.3.2.1.

Here, the first step provides an uncertainty of 1 eV, and the second step further narrows
the uncertainty down to approximately 1 peV. The last step of our two-field scheme can
be used to search the 229mTh energy in a much narrower range such that only a slightly
tunable CW VUV laser is needed. Eventually, the isomeric energy will be pinpointed by
our two-field scheme with a small uncertainty of only 10 feV. Once the isomeric transition
frequency has been identified, the fluorescence clock interrogation scheme using the inco-
herent response emitted at an angle to the excitation pulse direction (so that no transient
superradiant enhancement of the narrow linewidth occurs) can be employed for the nu-
clear frequency standard. Also, our two-field scheme lays the foundation for developing
nuclear quantum optics in 229Th nuclei.
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Chapter 6

Conclusions and Outlook

In this thesis, three ideas have been proposed to extend the grasp of quantum optics
into nuclear systems and towards higher photon energies to elucidate the possibility of
coherently manipulating both nuclei and photons.

In Chapter 3, the feasibility of using STIRAP and two π-pulses to coherently transfer
the population between two nuclear ground states in a Λ-type system has been inves-
tigated. We considered an accelerated nuclear bunch that interacts with two Lorentz-
boosted XFEL pulses, and numerically calculated the NCPT efficiency with an optimiza-
tion process of XFEL parameters. We found that the parameter regime for which fully
coherent x-ray laser pulses can induce population transfer between nuclear levels matches
the predicted values for the envisaged XFELO and SXFEL facilities. The challenge for
the experimental realization of NCPT and the future of nuclear batteries thus rely on
the development of x-ray coherent sources and their conjuncture with ion accelerators,
perhaps making use of high-precision table-top solutions for lasers and ion accelerators to
be flexibly used at any location around the globe.

In Chapter 4, schemes of coherent storage and phase modulation for single hard x-
ray photons have been proposed. By manipulating the hyperfine magnetic field applied
to 57Fe nuclei in a NFS setup, the nuclear photon emission can be coherently controlled.
Additionally, inspired by the NCPT in Chapter 3, a generation of single hard x-ray photons
in a nearly deterministic fashion can be implemented by replacing synchrotron radiation
with fully coherent XFEL in a NFS setup under the condition of Eq. (4.25). These x-
ray coherent control tools are important milestones for optics and quantum information
applications at shorter wavelengths aiming towards more compact future photonic devices.

In Chapter 5, we have theoretically demonstrated that four setups based on the NFS
method can be utilized to overcome the present impediment for constructing 229Th nuclear
clocks, i.e., the 1 eV uncertainty of the considered clock transition 229mTh→229gTh line
in γ-ray spectroscopy. Following our proposed coherence-enhanced optical determination
schemes, one can compare the measured NFS time spectra with theoretical calculations
to precisely determine the clock transition energy. It turns out that a two-field scheme
reminding of electromagnetically induced transparency (EIT) (see Subsec. 5.3.2.1) may
have a significant impact on identifying the 229Th nuclear clock transitions.

Starting from these three applications, as an outlook many other future directions in
nuclear quantum optics emerge, for example:

229Th Nuclear Quantum Optics
Inspired by the extremely narrow linewidth of 229mTh isomer state, a test for the effective
pulse shape of Eq. (B.3) can be envisaged. This equation gives the effective laser pulse
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that may interact with a nucleus as its considered transition linewidth is narrower than
the bandwidth of an incident XFEL pulse. Once Eq. (B.3) is experimentally verified, a
quasi-CW VUV pulsed laser with a high repetition rate [178] can be used as a CW laser in
a 229Th system. Moreover, the implementation of the schemes demonstrated in Chapter 4
with 229Th nuclei may also be promising for future quantum information processes.

Control of Single X-Ray Photons
In addition to quantum information, well controlled single hard x-ray photons may have
impact also on other applications and deserve further developments. In particular, due
to the large momentum carried by a single hard x-ray photon, a possible combination
of nuclear quantum optics and optomechanics may lead to more apparent effects and
controllable optics elements for hard x-rays. For instance it may be more promising to
implement the proposal of quantum superposition of a mirror [182] with a single hard
x-ray photon. Also, quantum interference effects of single hard x-ray photons are also
interesting problems to be studied, e.g., the Hong-Ou-Mandel effect [183].

The interplay between a nucleus and its bound electrons.
In an atom, a nucleus interacts with the bound electrons via the electromagnetic force
and the overlaps of their quantum wave functions. These effects lead to, e.g., the atomic
hyperfine structure [184] and the nuclear decay via so-called internal conversion (IC) [18].
Thus, one could think about controlling the nuclear behavior via manipulating the shell
electronic shell wave functions [51], for instance suppressing the IC by putting electrons in
states with high orbital angular momentum. Also, the possibility of incoherently exciting
nuclei by shining an electron beam on them deserves more attention [77].

Control of Mössbauer spectroscopy with nuclear motions.
In a crystal, the resonant nuclear x-ray absorption line is usually not alone but accom-
panied by two side bands [185]. These two side bands occur due to the creation and
annihilation of one phonon in the crystal. One could therefore think about modifying the
γ-ray absorption by controlling nuclear motion [186, 187]. This kind of research might
lead to new and controllable optics elements for γ-rays.

Synthetic combinations of nuclei, radiation and some mesoscopic systems.
Recent experiments [49,50,188,189] demonstrated that the interaction between nuclei and
radiation can be modified when realized in a cavity. One can think about integrating both
an atomic and a nuclear system in a cavity to control one component by manipulating
another. Also, in a synthetic quantum information system [190], one can access the data
in tiny quantum memories with an single x-ray photon and transfer the data with a single
optical photon for a long distance. In such “multi-color” networks, an interface between
different colors is paramount [190], and an integrated atom-nucleus system may play the
key role.

Nuclear quantum optics - as we have seen there is a vast land of unexplored opportu-
nities which may lead to breakthrough for manipulating atomic nuclei. Also, the applica-
tions inspired by these discoveries in the near future are more than promising. The surf
is up.
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Appendix A

Supplemental Material for Chapter 2

Table A.1: Clebsch-Gordan Coefficients C`1(L,M ;m,n). We adopt the definition in Ref. [18].

n = 1 n = 0 n = −1

L = `+ 1
√

(`+M)(`+M+1)
(2`+1)(2`+2)

√
(`−M+1)(`+M+1)

(2`+1)(`+1)

√
(`−M)(`−M+1)

(2`+1)(2`+2)

L = ` -
√

(`+M)(`−M+1)
2`(`+1)

M√
`(`+1)

√
(`−M)(`+M+1)

2`(`+1)

L = `− 1
√

(`−M)(`−M+1)
2`(2`+1)

-
√

(`−M)(`+M)
`(2`+1)

√
(`+M+1)(`+M)

2`(2`+1)
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Steps between Eq. (2.31) and Eq. (2.32)

fn(L′,M ; r) =
∞∑
L=0

R(L; r)

∫ 2π

0

∫ π

0

YM∗
L′L′ (β, φ) · YL0(β)χ̂n sin βdβdφ

=
∞∑
L=0

R(L; r)
L′∑

m=−L′

1∑
n′=−1

χ̂∗n′ · χ̂nCL′1(L′,M ;m,n′)

×
∫ 2π

0

∫ π

0

Y ∗L′m(β, φ)YL0(β) sin βdβdφ

=
∞∑
L=0

R(L; r)
L′∑

m=−L′

1∑
n′=−1

χ̂∗n′ · χ̂nCL′1(L′,M ;m,n′)δL′Lδm0δn′M

= R(L′; r)
1∑

n′=−1

χ̂∗n′ · χ̂nCL′1(L′,M ; 0, n′)δn′M (A.1)

= R(L′; r)[χ̂∗−1 · χ̂nδ−1M

√
(L′ −M)(L′ +M + 1)

2L′(L′ + 1)

− χ̂∗1 · χ̂nδ1M

√
(L′ +M)(L′ −M + 1)

2L′(L′ + 1)
] (A.2)

=
1√
2
R(L′; r)

(
δ−1M χ̂

∗
−1 · χ̂n − δ1M χ̂

∗
1 · χ̂n

)
(A.3)

Steps between Eq. (2.33) and Eq. (2.34)

gn(L′,M ; r) =
∞∑
L=0

R(L; r)

∫ 2π

0

∫ π

0

YM∗
L′L′+1 (β, φ) · YL0(β)χ̂n sin βdβdφ

=
∞∑
L=0

R(L; r)
L′+1∑

m=−L′−1

1∑
n′=−1

χ̂∗n′ · χ̂nCL′+11(L′,M ;m,n′)

×
∫ 2π

0

∫ π

0

Y ∗L′+1m(β, φ)YL0(β) sin βdβdφ

=
∞∑
L=0

R(L; r)
L′+1∑

m=−L′−1

1∑
n′=−1

χ̂∗n′ · χ̂nCL′+11(L′,M ;m,n′)δL′+1Lδm0δn′M

= R(L′ + 1; r)
1∑

n′=−1

χ̂∗n′ · χ̂nCL′+11(L′,M ; 0, n′)δn′M (A.4)

= R(L′ + 1; r)

[
δ−1M χ̂

∗
−1 · χ̂n

√
L′

2(2L′ + 3)
+ δ1M χ̂

∗
1 · χ̂n

√
L′

2(2L′ + 3)

]
.

(A.5)
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Steps between Eq. (2.35) and Eq. (2.36)

hn(L′,M ; r) =
∞∑
L=0

R(L; r)

∫ 2π

0

∫ π

0

YM∗
L′L′−1 (β, φ) · YL0(β)χ̂n sin βdβdφ

=
∞∑
L=0

R(L; r)
L′−1∑

m=−L′+1

1∑
n′=−1

χ̂∗n′ · χ̂nCL′−11(L′,M ;m,n′)

×
∫ 2π

0

∫ π

0

Y ∗L′−1m(β, φ)YL0(β) sin βdβdφ

=
∞∑
L=0

R(L; r)
L′−1∑

m=−L′+1

1∑
n′=−1

χ̂∗n′ · χ̂nCL′−11(L′,M ;m,n′)δL′−1Lδm0δn′M

= R(L′ − 1; r)
1∑

n′=−1

χ̂∗n′ · χ̂nCL′−11(L′,M ; 0, n′)δn′M (A.6)

= R(L′ − 1; r)

[
δ−1M χ̂

∗
−1 · χ̂n

√
L′ + 1

2(2L′ − 1)
+ δ1M χ̂

∗
1 · χ̂n

√
L′ + 1

2(2L′ − 1)

]
(A.7)

Steps between Eq. (2.39) and Eq. (2.46)
For convenience, we replace L′ with L in the following. By substituting Eq. (2.39) into
Eq. (2.16), we obtain

〈e|ĤI (t) |g〉 = − i

ωk
ei∆ktEk ·

∫
V

j∗(r)eikr cosβd3r +
i

ωk
e−i∆ktE∗k ·

∫
V

j(r)e−ikr cosβd3r

= −i
√

2π

ωk
e−i∆kt

∫
V

d3r j∗(r) ·
∑

n=−1,1

(Ek · χ̂∗n)

×
(
χ̂∗−1 · χ̂n , χ̂∗1 · χ̂n

)( (
1− 1

k
∇×

)∑
L(i)L

√
2L+ 1jL (kr) Y−1

LL(
−1− 1

k
∇×

)∑
L(i)L

√
2L+ 1jL (kr) Y1

LL

)
.

+ H.c. (A.8)

With the following relations [18]

YM
LL (β, φ) =

−i(r×∇)YLM (β, φ)√
L(L+ 1)

, (A.9)

jL(kr) ∼=
(kr)L

(2L+ 1)!!
, for

1

k
� r, (A.10)

where Eq. (A.10) is based on that the size of nucleus is smaller than wave lengths of
interacting radiation fields, and the symbol !! in Eq. (A.10) denotes the double factorial.
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For further simplification, we define

A∗Mag =

∫
V

rL (r×∇YLM) · j∗(r)d3r (A.11)

=

∫
V

j∗(r) ·
[
r×

(
rL∇YLM + YLM∇rL

)]
d3r (A.12)

=

∫
V

j∗(r) ·
[
r×∇

(
rLYLM

)]
d3r (A.13)

= −
∫
V

[r× j∗(r)] · ∇
(
rLYLM

)
d3r. (A.14)

In Eq. (A.12), we use r×∇rL = 0. On the other hand,

A∗Ele =

∫
V

∇×
[
rL (r×∇YLM)

]
· j∗(r)d3r (A.15)

=

∫
V

{
∇×

[
r×∇

(
rLYLM

)]}
· j∗(r)d3r (A.16)

=

∫
V

∇ ·
{[

r×∇
(
rLYLM

)]
× j∗(r)

}
d3r−

∫
V

[
r×∇

(
rLYLM

)]
· [∇× j∗(r)] d3r

(A.17)

=

∮
S

[
r×∇

(
rLYLM

)]
× j∗(r)d2r−

∫
V

[∇× j∗(r)] ·
[
r×∇

(
rLYLM

)]
d3r

(A.18)

=

∫
V

∇
(
rLYLM

)
· [r×∇× j∗(r)] d3r (A.19)

=

∫
V

∇ ·
{(
rLYLM

)
[r×∇× j∗(r)]

}
d3r−

∫
V

rLYLM∇ · [r×∇× j∗(r)] d3r

(A.20)

=

∮
S

rLYLM [r×∇× j∗(r)] d2r−
∫
V

rLYLM∇ · [r×∇× j∗(r)] d3r

(A.21)

= −
∫
V

rLYLM {∇ × j∗(r) · (∇× r)− r · [∇×∇× j∗(r)]} d3r (A.22)

=

∫
V

rLYLMr ·
{
∇ [∇ · j∗(r)]−∇2j∗(r)

}
d3r. (A.23)

By using the continuity equation [18]

iωkρ(r) = ∇ · j(r), (A.24)
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Eq. (A.23) becomes

A∗Ele =

∫
V

rLYLMr ·
{

(−i)ωk∇ρ∗(r)−∇2j∗(r)
}
d3r (A.25)

= −iωk
∫
V

∇ ·
[
rLYLMρ

∗(r)r
]
d3r + iωk

∫
V

ρ∗(r)∇ ·
(
rLYLMr

)
d3r (A.26)

= −iωk
∮
S

rLYLMρ
∗(r)rd2r + iωk

∫
V

ρ∗(r)∇ ·
(
rLYLMr

)
d3r (A.27)

= iωk(L+ 1)

∫
V

rLYLMρ
∗(r)d3r. (A.28)

For obtaining Eq. (A.14) and Eq. (A.28), we have utilized the following methods and
vector calculus identities:

• Integration by part: Eq. (A.17), Eq. (A.20) and the second term of Eq. (A.23).

• Divergence theorem: Eq. (A.18), Eq. (A.21) and Eq. (A.27).

• Identity ∇ · (a× b) = b · (∇× a)− a · (∇× b): Eq. (A.17).

• Identity ∇ · (φa) = φ∇ · a + a · ∇φ: Eq. (A.20).

• ∇2
(
rLYLM

)
= 0 given by Ref. [18]: the second term of Eq. (A.23).

• Nuclear charge or current is localized: Eq. (A.18), Eq. (A.21) and Eq. (A.27).

• Identity a · (b× c) = c · (a× b) = b · (c× a): Eq. (A.14) and Eq. (A.19).

• Curl of the curl ∇× (∇× a) = ∇(∇ · a)−∇2a: Eq. (A.23).

Then we define the electric multipole moment from Eq. (A.28):

QLM =
−AEle

iωk(L+ 1)
(A.29)

=

∫
V

rLY ∗LM ρ(r)d3r (A.30)

= 〈IeMe|Q̂LM |IgMg〉 (A.31)

=
(−1)Ig−Mg

√
2L+ 1

CIgIe(L,M ;Mg,Mg)〈Ie|Q̂L|Ig〉, (A.32)

and the magnetic multipole moment from Eq. (A.14):

MLM = − AMag

c(L+ 1)
(A.33)

=
1

c(L+ 1)

∫
V

[r× j(r)] · ∇
(
rLY ∗LM

)
d3r (A.34)

= 〈IeMe|M̂LM |IgMg〉 (A.35)

=
(−1)Ig−Mg

√
2L+ 1

CIgIe(L,M ;Mg,Mg)〈Ie|M̂L|Ig〉. (A.36)
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For obtaining Eq. (A.32) and Eq. (A.36), the Wigner-Eckart theorem is used [65]. The

reduced matrix element of the magnetic multipole moment 〈Ie|Q̂LM |Ig〉 and 〈Ie|M̂LM |Ig〉
are now independent of the angular momentum substructure and can be related to the
reduced transition probability B by [65,66]

B(εL) =
1

2Ig + 1
|〈Ie‖Q̂L‖Ig〉|2 (A.37)

B(µL) =
1

2Ig + 1
|〈Ie‖M̂L‖Ig〉|2. (A.38)

Finally, the explicit form of Eq. (A.8) is obtained

〈e|Ĥ (t) |g〉 = −i
√

2π

ωk
e−i∆kt

∫
V

d3r j∗(r) ·
∑

n=−1,1

(Ek · χ̂∗n)

×
(
χ̂∗−1 · χ̂n , χ̂∗1 · χ̂n

)( (
1− 1

k
∇×

)∑
L(i)L

√
(2L+ 1)jL (kr) Y−1

LL(
−1− 1

k
∇×

)∑
L(i)L

√
(2L+ 1)jL (kr) Y1

LL

)
.

+ H.c. (A.39)

=
√

2πe−i∆kt
∑

n=−1,1

(Ek · χ̂∗n)

×
(
χ̂∗−1 · χ̂n , χ̂∗1 · χ̂n

)∑
L

 (i)L kL−1

(2L+1)!!

√
(2L+1)(L+1)

L
[M∗LM + iQLM ]

(i)L kL−1

(2L+1)!!

√
(2L+1)(L+1)

L
[−M∗LM + iQLM ]

 .

+ H.c. (A.40)

=
√

2πe−i∆kt
∑

n=−1,1

(Ek · χ̂∗n)
√

2Ig + 1(−1)Ig−Mg

×
(
χ̂∗−1 · χ̂n , χ̂∗1 · χ̂n

)
·
∑
L

 (i)L kL−1

(2L+1)!!

√
L+1
L

[√
B(µL) + i

√
B(εL)

]
(i)L kL−1

(2L+1)!!

√
L+1
L

[
−
√

B(µL) + i
√
B(εL)

]
 .

+ H.c.. (A.41)

Here n = 1 (n = −1) for right (left) circularly polarized radiation field.

Derivation of the Maxwell-Bloch Eq. (2.48)
Let’s begin with the wave equation [68,191]:

1

c
∂tE + ∂yE = i

2π

ε0λ
NPρeg, (A.42)

where E the electric field of radiation, ε0 the vacuum permittivity, λ the wave length of
resonant radiation, P the dipole moment of an interacting particle, N the particle number
density and ρ the quantum coherence between excited state |e〉 and ground state |g〉 of a
two-level particle. By performing the following inner product

P

~
·
(

1

c
∂tE + ∂yE

)
=

P

~
·
(
i

2π

ε0λ
NPρeg

)
, (A.43)
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and using the definition of Rabi frequency for the dipole approximation

Ω =
P · E
~

, (A.44)

Eq. (A.42) becomes
1

c
∂tΩ + ∂yΩ = i

2π

~ε0λ
N |P|2ρeg. (A.45)

By substituting the so called on-resonance cross section [192]

σ =
4π|P|2

~ε0λΓ
, (A.46)

where Γ is the spontaneous decay rate of excited state, into Eq. (A.45), we obtain

1

c
∂tΩ + ∂yΩ = iηρeg. (A.47)

Here η = ξΓ
2L

, ξ = NσL and L is the length of a resonant medium that radiation propagate
through.

Steps between Eq. (2.85) and Eq. (2.88)

Ωp(t, y) =
1

2π
e−

Γ
2 [ yc+(t−τ)]

∫ ∞
−∞

e−i[(
ω
c
− η

2ω )y−ω(t−τ)]dω

=
1

2π
e−

Γ
2 [ yc+β]

∫ ∞
−∞

ei
ηy
2ω e−iω( yc−β)dω

=
1

2π
e−

Γ
2 [ yc+β]

∫ ∞
−∞

ei
q
ω e−iωzdω

=
1

2π
e−

Γ
2 [ yc+β]

∞∑
n=0

(iq)n

n!

∫ ∞
−∞

1

ωn
e−iωzdω (A.48)

=
1√
2π
e−

Γ
2 [ yc+β]

∞∑
n=0

(iq)n

n!

[
−i
√
π

2

(−iz)n−1

(n− 1)!
sgn(z)

]
(A.49)

=
1

2
e−

Γ
2 [ yc+β]sgn(z)

∞∑
n=0

qnzn−1

(n− 1)!n!

=
1

2
e−

Γ
2 [ yc+β]sgn(z)q

∞∑
n=0

(−qz′)n−1

(n− 1)!n!

= e−
Γ
2 [ yc+β]δ(z) +

1

2
e−

Γ
2 [ yc+β]sgn(z)q

∞∑
n=1

(−qz′)n−1

(n− 1)!n!
(A.50)

= δ(z)e−
Γ
2 [ yc+β] − q

J1

(
2
√
qz′
)

2
√
qz′

e−
Γ
2 [ yc+β]. (A.51)
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Appendix B

Effective Laser Pulse

In Subsec. 3.2.1, the concept of the effective intensity [65] has been introduced, whereas
the effective temporal shapes of the incident pulses are not addressed. Here we discuss
this interesting question about the effective pulse shape which may be observed by a
nucleus. Considering a fully coherent XFEL Gaussian pulse Ie−(Γt)2

, where I and Γ are
the peak intensity and the bandwidth, respectively. The Fourier cosine transform of the
XFEL pulse is

I√
2π

∫ ∞
−∞

e−(Γt)2

cos (ωt) dt =
I√
2Γ
e−( ω

2Γ)
2

. (B.1)

For obtaining the effective laser pulse, we calculate the inverse Fourier cosine transform
of Eq. (B.1) for a narrow frequency domain (−fΓ, fΓ) and expand the result for f � 1

I

2Γ
√
π

∫ fΓ

−fΓ

e−( ω
2Γ)

2

cos (ωt) dω

=
I

2
e−(Γt)2

[
erf

(
f

2
− iΓt

)
+ erf

(
f

2
+ iΓt

)]
(B.2)

= I
f√
π

{
1− f 2

12

[
1 + 2 (Γt)2]+

f 4

480

[
3 + 12 (Γt)2 + 4 (Γt)4] . . .} , (B.3)

where f is the ratio of a nuclear linewidth to the laser bandwidth, and erf(z) is the error
function [193]. Eq. (B.3) gives the effective laser pulse that may interact with a nucleus as
its considered transition linewidth is narrower than the bandwidth of an incident XFEL
pulse. For an extremely narrow nuclear linewidth (f � 1), the incident pulsed laser may
effectively become a CW laser as showed by the first term of Eq. (B.3). If the considered
f is not so small, the other terms will modify the effective pulse shape which is still longer
than that of the incident one. Remarkably, this effect is “spooky” because Eq. (B.3)
reveals that a nucleus may already interact with a very short laser pulse before the pulse
arrives at the nucleus. This interesting effect is due to the wave nature of the radiation,
and may be tested in ultrafast optics of nowadays. Also, longer effective XFEL pulses will
reduce the required laser intensity for NCPT and lower the threshold for experiments.
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time in mössbauer time spectra,” Phys. Rev. B 52, R711 (1995).

[143] Y. Hasegawa, Y. Yoda, K. Izumi, T. Ishikawa, S. Kikuta, X. W. Zhang, and
M. Ando, “Phase transfer in time-delayed interferometry with nuclear resonant
scattering,” Phys. Rev. Lett. 75, 2216 (1995).

[144] Y. Hasegawa and S. Kikuta, “Time-delayed interferometry with nuclear resonant
scattering,” Hyperfine Interactions 123-124, 721 (1999).
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