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Abstract

We fit a class of semiparametric models to a nonstationary process. This class is parametrized
by a mean function pu(-) and a p-dimensional function 6(-) = (0(),...,0P(-)) that
parametrizes the time-varying spectral density fj.)(4). Whereas the mean function is estimated
by a usual kernel estimator, each component of 0(-) is estimated by a nonlinear wavelet method.
According to a truncated wavelet series expansion of § )(-), we define empirical versions of the
corresponding wavelet coefficients by minimizing an empirical version of the Kullback—Leibler
distance. In the main smoothing step, we perform nonlinear thresholding on these coefficients,
which finally provides a locally adaptive estimator of 0’(-). This method is fully automatic
and adapts to different smoothness classes. It is shown that usual rates of convergence in Besov
smoothness classes are attained up to a logarithmic factor. (©) 2001 Elsevier Science B.V. All
rights reserved.
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1. Introduction

Stationarity of the observations is crucial for the validity of proposed methods in
the vast majority of papers in time-series analysis. However, this assumption is often
violated in practical applications. In the present paper we develop methodology to
fit semiparametric models which, in particular, allow for modeling the time-varying
behavior of the process. In order to present a rigorous asymptotic theory, we suppose
that the observations Xj,...,X7 stem from a locally stationary process as defined in
Dahlhaus (1997) — see Definition 2.1 below. The main idea consists of a rescaling
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of the time axis to the interval [0,1]. By imposing smoothness conditions on certain
parameter functions in this rescaled time we can develop an asymptotic theory for
estimates of these parameter functions.

The model to be fitted is characterized by the mean function w(x) and a p-
dimensional parameter function O(u), u € [0, 1], which defines the time-varying spectral
density fyq)(4). An example is the time-varying ARMA process

: t - t
2 () Hosr =200 (7 ) s
=

j=

where ag(-) = bo(-) = 1, &7 ~ N(0,6(¢/T)*), O(u) = (ar(u),...,a(u),bi(u),...,
by(u), 0*(u)), and

0>(u) | 5o bj(u) exp(id))
21|30y ) exp(iz))?

(cf. Dahlhaus 1996a). Consistent estimation of these functions is possible under appro-
priate restrictions on the class of possible models. Accordingly, we impose smoothness
conditions on the functions u and 6.

The estimation of ¢ does not cause any substantial problems and can be carried out
by “direct methods”. It may be done, as proposed in the present article, by a usual
kernel estimator. In contrast, the estimation of 0 is much more involved. The reason is
that we do not observe 0(-) “directly” (as in nonparametric regression where we observe
0(-) plus some noise). Instead all characteristics of the process (such as fpu)(4))
usually depend on the parameter curves in a highly nonlinear way. We therefore suggest
in Section 3 a minimum distance method for the estimation of 0(-) which is based on
a distance between the time-varying spectral density and some nonparametric estimate
of it. This raises the problem of finding a suitable nonparametric estimate. One may
certainly use usual periodograms on small segments, as proposed in Dahlhaus (1997)
and von Sachs and Schneider (1996). However, such local periodograms contain an
additional parameter, the segment length N, which acts like a smoothing parameter in

Joa(A) =

time direction (see Section 2). This means that beside the major smoothing step of
nonlinear wavelet thresholding (which we aim at) we have an additional nonadaptive
smoothing step at this preliminary stage. A possible alternative is given by the so-called
preperiodogram proposed in Neumann and von Sachs (1997) — see also Dahlhaus
(2000). Motivated by the convergence result (2.4), this preperiodogram has the form

, 1 ([uT +0.5—k/2
Jr(u, ) = o Z ()([ur+o.5k/2],T —f (%))

kk€Z1 <[uT+0.5—k/2]<T
and 1<[uT+0.5+k/2]<T

_([uT +0.5+k/2 .
X (X[uT+0.5+k/2],T — i <[—T/])> exp(—ik4), (L.1)

where fi(-) is some estimator of the mean function and [x] is the largest integer smaller
or equal to x. The preperiodogram has a similar structure as the Wigner—Ville spectrum
(cf. Martin and Flandrin, 1985). It may be regarded as a raw estimate of the spectral
density at time u and frequency 4. However, in order to obtain a consistent estimator
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smoothing in time and frequency is necessary. The obvious advantage of this definition
is that it does not contain any implicit smoothing, neither in frequency nor in time.
Consequently, the decision about the degree of smoothing in each of these directions
is left to the major smoothing step itself.

An estimate for the parameter curves 0(-) can now be obtained by a minimum dis-
tance fit of fy)(4) to Jﬁ(-,i) together with some smoothing. Dahlhaus (2000) has
used this strategy in the finite-dimensional case, i.e. in the case where the parameter
curves themselves are parameterized. In this paper we show how this approach to-
gether with a truncated wavelet series approximation can be used in the case of strong
inhomogeneous smoothness of 0(-) — for example, for piecewise smooth functions with
jumps. In order to adapt the degree of smoothing to the local smoothness characteristics
of the curves we apply a nonlinear regularization method based on a truncated wavelet
series approximation of the parameter functions 0", that is

00w)=>osidra@)+ Y D Biuitha(w).
k

I<j<j* k

Here {¢; s }x U{¥;x} ;> forms an orthonormal wavelet basis of L,[0,1]. As a starting
point, we obtain empirical versions, d;,; and [}Lk;i, of the coefficients oy x; and f; .,
respectively, by minimizing some empirical distance measure. In order to get a locally
(in u) (near-)optimal degree of smoothing, we intend to apply nonlinear thresholding of
these empirical coefficients. This method was introduced into statistics by Donoho and
Johnstone in a series of papers (see, for example, Donoho and Johnstone, 1998). Non-
linear thresholding is roughly the same as a pre-test estimator, where the significance
of each individual coefficient is separately tested in a previous step.

To carry out this plan, we need knowledge about the stochastic behavior of f§ ki —
Bk It will turn out that ﬁ jki can be approximated by a certain quadratic form in
X.r—EXi7),....,(Xr,r —EX7z 7). On the basis of cumulant methods and some simple
truncation technique, we derive a general result on the asymptotic normality of such
quadratic forms in terms of probabilities of large deviations. This result is used to derive
estimates for the tail behavior of the empirical coefficients f§ k- This allows us to act
in the same way as in the case of normally distributed wavelet coefficients. Hence,
we can transfer methodology developed in several papers by Donoho and Johnstone
to our particular estimation problem. The empirical wavelet coefficients are treated by
nonlinear rules, which finally provide near-optimal estimators of 0 () after applying the
inverse wavelet transform. If the fitted model is an AR(p)-model with time varying
coefficients the estimate is very similar to the one obtained in Dahlhaus et al. (1999).
This paper also contains two examples with simulations which demonstrate the behavior
of the estimate.

The paper is organized as follows. In Section 2 we recall the definition of locally
stationary processes and discuss two versions of local periodograms. In Section 3 we
describe the construction of empirical versions of the wavelet coefficients that corre-
spond to a wavelet expansion of the parameter curves 0 )(-). Nonlinear thresholding
of these coefficients, which finally leads to a locally adaptive estimate for 0, is de-
scribed in Section 4. In order to preserve a readable structure of this paper, most of
the technicalities are deferred to the appendix. Part I of this appendix contains some
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technical results on asymptotic normality of quadratic forms while Part II contains the
proofs of the assertions.

2. Some tools for a local analysis of nonstationary processes

Assume we observe a stretch Xj,...,Xr of a possibly nonstationary time series and
we intend to fit a certain semiparametric model to this process. As always in nonpara-
metric curve estimation, desirable properties like consistency can only be derived under
certain restrictions on the complexity of the object of interest. An appropriate frame-
work, which allows for a rigorous asymptotic treatment of nonstationary time series,
is the following model for locally stationary processes (cf. Dahlhaus, 1997). We cite
this definition, which generalizes the Cramér representation of a stationary stochastic
process.

Definition 2.1. A sequence of stochastic processes {X.r},—1,..r is called locally
stationary with transfer function 4° and trend p if there exists a representation

X = (%) + /T;AZT(w)exp(iwt)dé(w), 2.1)

where
(i) &) is a stochastic process on [ — m, ] with {(w) = &(—w), E&(w) = 0 and
orthonormal increments, i.e.,

k
cum{d&(w),...,d&wr)} =n Zw_,- hi(wy,...,0p_1)doy,...doy,

J=1

where cum{...} denotes the cumulant of order k, |Ax(wy,...,wr—1)| <const, for
all £ (with by =0,h(w)=1) and y(w) = Z;’i_oo o(w + 2mj) is the period 2w

extension of the Dirac delta function (Dirac comb), and where
(i1) there exists a positive constant K and a smooth function A(u, ) on [0, 1] x[—m, 1]
which is 2n-periodic in w, with A(u, —w) = A(u,w), such that for all 7,

sup |47 7 (w) — A(t/T, )| <KT ™" (2.2)
o

A(u,w) and p(u) are assumed to be continuous in u.

The smoothness of 4 and u in u restricts the departure from stationarity and ensures
the locally stationary behavior of the process. A detailed motivation and discussion of
the model is contained in Dahlhaus (1996a). It allows also for a reasonable definition
of a time-varying spectral density.

Definition 2.2. As the time-varying spectral density of {X;r} given by (2.1) we
define, for u € (0,1),

fu,0):=|A(u, w)|. (2.3)
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By Dahlhaus (1996a, Theorem 2.2) if A(u,®) is uniformly Lipschitz in u# and o
with index o > 1/2, then, for all u € (0, 1),

[,

which establishes the link between the Definitions 2.1 and 2.2.

0o 2

) 1 .
flu )=~ > cov(Xpur+os—k2. 1 Xpur +0s44/21.7) exp(—iik)| d2=o(1)
k=—o00

(2.4)

2.1. Preperiodogram versus periodogram on small segments

In this section we assume for simplicity that u = 0. The properties of the preperi-
odogram J7 in relation to the ordinary periodogram /7 can be best understood by the
following relation (cf. Dahlhaus 2000):

2

T
3 Ko expl(—iz)
t=1

o
Ir(2)= InT

T—1 T— k|

1 1 '
T 2n > T Y XorXop.r | exp(—idk)
k=—(T—1) =1
1 1 )
= ? Z 7 Z Xv[t+0.5—k/2],TAXY[H,O'5+k/2]’T exp(_l/hk)

i
t=1 kikeZ 1 <[t+0.5—k/2]1<T
and 1<[t+0.5+k/2]1<T

. % tijf (5:2). (2.5)

Thus, the periodogram over the whole stretch of data is the average of the preperi-
odogram over time. While the periodogram is the Fourier transform of the covariance
estimator of lag k£ over the whole segment the preperiodogram J7(¢/T, 1) just uses the
single product Xy, 05—/, 7X[+0.5+4/2), 7 as a kind of “local estimator” of the covariance
of lag k at time ¢ (note that [t + 0.5 + k/2] — [t + 0.5 — k/2] = k).

A classical kernel estimator of the spectral density of a stationary process at some
frequency Ay therefore can be regarded as an average of the preperiodogram over
the frequencies in the neighborhood of Ay and all time points which is justified if
the process is stationary. It is therefore plausible that averaging the preperiodogram
around some frequency Ay and some time point uy gives a consistent estimate of the
time-varying spectrum f'(u, 1).

For a locally stationary process the preperiodogram is asymptotically unbiased but
has a diverging variance as 7' — oo. Thus, smoothing in time and frequency is essential
to make a consistent estimate out of it. Beside the two-dimensional kernel estimate
mentioned above, we may apply a local polynomial fit in time and frequency or even
a nonlinear wavelet method in both directions. The latter approach has been studied in
Neumann and von Sachs (1997) where it was shown that the resulting estimate has the
optimal rate of convergence in anisotropic function classes up to a logarithmic factor.
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A possible alternative for locally stationary processes seems to be to start with an
ordinary periodogram over small segments. This has been proposed by Dahlhaus (1997)
for the purpose of fitting parametric models to nonstationary processes and in von Sachs
and Schneider (1996) as a starting point for a wavelet estimator of the time-varying
spectral density. In the nontapered case, such a local periodogram has the form

N 2

) 1 "
In(u, )= 5 ZX[quN/ZJrk],TeXp(_VLk) .
pa

Note, that the parameter N = N(T'), which is usually assumed to obey N — oo and
N/T — 0 as T — oo, acts in two ways: First, as (2.5) shows it delivers a cut-off
point, from which on covariances of higher lags are excluded. Hence a small value of
N introduces some bias. Second, Iy(u, A) already contains some implicit smoothing in
time: it is equivalent to a kernel estimate based on a modified preperiodogram (with N
instead of 7') around u with bandwidth N/T (with a rectangular kernel — with tapering
one gets a smooth kernel!).

The use of Iy(u, ) as a starting point is reasonable as long as the degree of smooth-
ing in time in the following smoothing step exceeds the degree of smoothing implicitly
contained in the definition of Zy(u, 1) (e.g. if a kernel with bandwidth 5> N/T is used)
or if the smoothing in time direction is purely controlled by the parameter N and in ad-
dition only some smoothing in frequency direction is applied (e.g. a kernel estimate as
in Dahlhaus, 1996b). However, since Iy(u, 4) is nearly the same as our preperiodogram
Jr(t/T, 2) smoothed with a rectangular kernel we cannot make full use of smoothness
of higher order of f(u, 1) in time direction. Moreover, problems clearly arise if an
adaptive method is used in the second step (as in the present paper). For that reason
we prefer the preperiodogram where we have full control over the smoothing in the
second step. Below we use the preperiodogram in a minimum distance functional to
obtain estimates of the parameter curves 0(-).

From here on, we consider the general case of an unknown mean function u. A
particular estimate for u is given by the kernel estimator introduced in Gasser and

Miiller (1979),
uroq u—7v
-K dv| X, r. (2.6)
/(t—l)/Tb < b ) ] o

Here b denotes the bandwidth and K is an ordinary kernel with support [ — 1,1],
if 0Su —b<u+ b<l1, and a boundary kernel otherwise. We can of course also
use other nonparametric estimates here, as for example local polynomial estimates.
From now on we use the preperiodogram J}I (u, 2) with mean corrected data as defined
in (1.1).

ﬂ(u)zi:[

t=1

2.2. Some properties of the preperiodogram

To reduce the burden of technicalities in the following sections, we investigate first
some stochastic properties of J5(u, ). In what follows, we have to deal with quantities
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of the form
™

1
F(J}) = /0 q@) | pQu, 2)JF(u, 2)d) du,

—T

where g(u) may depend on 7. F (.]75z ) describes the asymptotic behavior of the wavelet
coefficients, cf. (B.7) below. ¢(u) typically plays the role of a wavelet while p(u, /)
is some function of the spectral density. The result stated in Lemma 2.1 below is of
interest beyond its particular application in this paper. For example, if ¢ is a kernel
function and p(u, 1) = exp(ilk) then F (Jﬁ) is an estimate of the local covariance
function of lag k. We will show below that F (J7’~I ) is asymptotically equivalent to
F(J7) and that these quantities are asymptotically normally distributed in terms of
probabilities of large deviations. Before we investigate F’ (JY’? ) and F(J}), we introduce
a convenient notion, which is slightly stronger than the usual Op.

Definition 2.3. We write
Zr = O0(nr)

if for each A < oo there exists a C = C(4) < oo such that
P(|Zr| > Cnr)<CT ™.

The statement Z; = O(yj7) describes the fact that Z; is O(y7) with a probability
exceeding 1 — O(T~%). Here and in the following we use the convention that A in the
exponent of 7' denotes an arbitrarily large and ¢ an arbitrarily small coefficient.

To derive some useful stochastic properties of F (J}z ) we use the following
assumptions:

(A1) {X.r} is a locally stationary process and A(u, 1) is Lipschitz continuous in u.
(A2) (i) Assume that for all L < oo there exists a K; < oo such that

ELX, r|" <Kp
(i) {X; 7} is a-mixing uniformly in 7 with mixing coefficients
a(s) < Cy exp(—Cals|).

(A3) p is r times differentiable with |u()(x)|<C and the kernel K is of order r.

Remark 1. Assumptions (A2) and (A3) are used as follows. Lemma 2.1 below states
asymptotic normality for a functional of the preperiodogram in terms of probabilities
of large deviations. Such results are usually derived by means of cumulant techniques
under the assumption that there exist constants M < oo and y < oo such that

> leum(X,, 7, Xy | SME(RD'; (2.7)
ooty
see for example Saulis and Statulevicius (1991, Lemmas 2.3 and 2.4). Since such a
quantitative condition to hold simultaneously for all cumulants is unnecessarily restric-
tive we assume instead (A2) which yields an upper bound similar to (2.7) by a result
of Statulevicius and Jakimavicius (1988) and a simple truncation argument (for details,
see Lemma A.l in the appendix).
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Assumption (A3) leads to a certain decay of the bias of a nonparametric kernel
estimator of u which implies that the difference between F(J)) and F(JF) is asymp-

totically negligible.
Lemma 2.1. Suppose that (A1), (A2),
} <.

> " Jk| sup
p [0.1]

/ p(u, ) exp(—iki) di

—T

ue(0,1

llgllillgllee = OC(1)
as well as
Iglloe = O(T"?~?)

for any 6 > 0, are fulfilled. The asymptotic variance of F(J}) is given by

1 m
o2 = 2T~ { / [ / 21q(u) plue, A) f (1, )| d..
0 —7

4 /_ /_ q(u)p(u,ioq(u)p(u,—u)f(u,z)f(u,u)w,—z,mdzdu] du}.

(i) If a7 =CoT~ ' for some Cy > 0, then
P(X[F(J}) — EF(Jf)=07x) = (1 — @(x))(1 + o(1)) + O(T ")

holds uniformly in x € R, where @ denotes the cumulative distribution function
of a standard normal random variable.
(ii) If o = O(T~Y?), then, for 67 = max{aT,Co/\/T} and arbitrary Cy > 0,

P(£[F(J}) — EF(J1)]Z67x) <2(1 — (x)(1 + 0(1)) + O(T~*)

holds uniformly in x € R.
(iii) EF(Jr) = F(f)=0(lgllecT™).
(iv) If additionally (A3) is satisfied, then

F(JP) —F(J4)
=0(||q|.T~"2{(Th) ™" + b1/ log T + b"T°~"2| g1 lq]12/ 119113}
+gh [(TB) " + ™),

where b denotes the bandwidth of the estimator for fi.

Part (i) states asymptotic normality in terms of probabilities of large deviations in
the case that there is a favorable relation between or and our upper estimates for the
cumulants. If such a relation is not guaranteed, we can still show that the quadratic
forms “behave not worse” than a Gaussian random variable (see (ii)). Assertion (iii)
provides an estimate for the bias, EF(J;) — F(f). Typically, we have in this article
that this bias is of order o(7~'/?), and therefore negligible. Finally, according to (iv),
the effect of estimating u is also of negligible order.
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In the Gaussian case a slightly different large deviation result for the statistic J; has
recently also been obtained by Zani (1999).

3. Fitting a semiparametric model

As the mean and the spectral density being important characteristics of a station-
ary time series, so the mean function and the time-varying spectral density are cen-
tral quantities of a locally stationary process. In this article we study the fitting of a
semiparametric model parametrized by the mean function u(-) and a parameter curve
0:[0,1] — @ CR? that defines a time-varying spectral density fpu.)(4). The special
case of fitting an AR(p) process with time-varying coefficients has been considered
by Dahlhaus et al. (1999). In contrast to that paper, we do not assume that the data
generating process obeys the structure of the fitted model. Moreover, we develop the
theory in a more general context.

If the goal of the analysis is the estimation of the time-varying spectrum, then one can
use fully nonparametric estimates of the spectral density f(u,1). Based on the prepe-
riodogram, Neumann and von Sachs (1997) developed a nonlinear wavelet estimator
of the time-varying spectral density. On the other hand, there are some good reasons
why a semiparametric estimate fé(u)(/l) could be preferable over a fully nonparametric
estimate. A successful estimate of a two-dimensional curve usually requires a consid-
erable number of observations while a semiparametric estimate has good properties
with much less observations provided that the model class describes the underlying
process reasonably well. Furthermore, semiparametric models are a good tool for de-
scribing special features of the time-varying spectrum, such as the location of peaks in
the spectrum over time. Another example is the time-varying version of Bloomfield’s
exponential model (cf. Bloomfield, 1973) which can be fitted by the methods of this
paper.

Very often one is interested in time-varying models that are purely defined in the
time domain, such as time-varying ARMA models. In this case the method of this
paper via the spectrum may just be regarded as a technical tool for estimation.

In the present paper we intend to develop a nonparametric estimate of the parameter
curve 0. There are two reasons to employ wavelet thresholding as the main smoothing
step. It is well known that such estimators adapt to spatially inhomogeneous smoothness
properties of a function; see, e.g., Donoho and Johnstone (1998) for minimax results in
Besov classes, and Hall and Patil (1995) as well as Hall et al. (1996) who show that
usual rates of convergence remain valid if the function to be estimated is smooth only
in a piecewise sense. Another advantage is the simplicity of the estimation scheme:
rather than aiming at the optimal compromise between variability of the estimate and
bias due to smoothing; we have here an orthogonal series estimator based on empirical
versions of coeflicients that passed a simple significance test.

3.1. A wavelet expansion for the parameter function

Since the nonparametric estimation of u is straightforward, we concentrate on the
estimation of the parameter function 0(-)=(0((-),...,0P)(-))'. First, we introduce an
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appropriate orthonormal basis of L,[0,1]. Assume we have a scaling function ¢ and a
so-called wavelet i such that {2/2¢(2" - —k)}rez U {272(2/ - —k)};>1kez forms an
orthonormal basis of L,(R). The construction of such functions ¢ and s, which are
compactly supported, is described in Daubechies (1988).

Using Daubechies’ wavelets Meyer (1991) constructed an orthonormal basis of
L,[0,1], essentially by truncation of the above functions to the interval [0,1] and
a subsequent orthonormalization step. We use throughout this paper Meyer’s basis
{b1i}eer U Wi}z ner, where #1; =2/ and #1) =2' + N for some integer N de-
pending on the regularity of the wavelet basis. The functions ¢;x and ;; are equal to
212¢2" - —k) and 2/2y(2/ - —k), respectively, as long as the supports of the latters lie
entirely in [0, 1]. Otherwise they are derived from certain boundary-modified versions
of ¢ and . More exactly, there exist both N left-sided functions ¢l=N, ..., ¢!~ and
YN =1 as well as N right-sided functions ¢!, ..., ¢ and YU, ... ¢V Ap-
propriate translations and dilations of these functions yield the members of the Meyer
basis:

¢r1(u) =2"¢ N2 — 1),..., v (u) =222 — N),
Gini1() =22 — (N + 1)),..., 1 () =2"7$p(2'u — 2",

P11 () =222 — @'+ 1)), oy () =222 — 2+ N)),
and analogously
Y () = 22N — 1), () = 22N (2 - 27,

Accordingly, we can expand the function 6 in an orthogonal series

0" = Z Ui Prk + Z Z Bk Wiks G-

ke[[o j=1 kel;

where o = [0 D) (u)du, iy = [0 D) x(u)du are the usual generalized
Fourier coefficients, also called wavelet coefficients in this context. Note that we could
equally well use the boundary-adjusted basis of Cohen et al. (1993) rather than Meyer’s
basis.

The starting point in our construction is an approximation of 0) by a truncated
wavelet series

00 ~ Z ki Drk + Z Z Bjki Wiks (3.2)

kel I<j<j* kel

where the range of appropriate values of j* is described in Theorem 3.1 below.

The principal problem in deriving reasonable empirical coefficients is that we have
no direct “access” to the 0 ()(-) which prevents us from finding simple empirical co-
efficients. For example in nonparametric regression, where we usually observe the pa-
rameter curve 0(-) plus some noise, we can obtain empirical coefficients by a simple
Fourier transform of the observations with respect to the wavelet basis.

A naive approach to this problem would be to estimate O(u) by a classical (station-
ary) method based on the observations on some small segment around u and to apply
a Fourier transform to the estimate in order to obtain the empirical wavelet coefficients.
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However, as for the periodogram on small segments any such method implicitly con-
tains some smoothing on the selected segment and will therefore be in conflict with
the main smoothing step. In particular, certain features of the curve (such as jumps)
are already lost by this implicit smoothing and can hardly be recovered afterwards.

Our solution out of this dilemma is to define the empirical coefficients implicitly by a
minimum distance method where we use some distance D( f(),JT~ ) between fp(,)(4) and
the preperiodogram JT(u A). The use of the preperiodogram in this distance guarantees
that no implicit presmoothing is hidden in this step.

The distance we use is

A A
o= [ [ foesiair + 255 aian (33)

which is up to a constant the asymptotic Kullback—Leibler information divergence in
the case of a Gaussian process (see Theorem 3.4 in Dahlhaus, 1996a). Thus, we take
as the empirical distance

DU = - / | {10gfe<u)(/1)+ ffo(”)‘()‘;}dzdu. (3.4)

Dahlhaus (2000, Theorem 3.5) has proved that this is approximately the Gaussian
likelihood of a locally stationary process with spectrum fy(,y(4). Thus, by using this
distance the empirical wavelet coefficients obtained by minimizing this distance are
quasi-maximum likelihood estimates. However, other distances are possible as well,
under appropriate modifications of the assumptions.

In the following we include the case of model-misspecification, that is we do not
assume that the true spectral density f(u,2) lies in the class {fy,0 € ©}. An example
is the situation where we fit a time-varying AR(1)—model but our process is no AR(1)
at all. In the case of model misspecification our estimate will not converge to the true
parameter curve (which does not exist) but to

T

Oo(u) = arg 10‘%11@1 /

—T

S(u, 2)
log fo(A) + d4, (3.5)
{ Jo(4)
which gives the best approximation with respect to the distance chosen above.

We will use the following technical assumptions which are mainly conditions on the
parametrization of {fy, 0 € O}:

(A4) (i) fp is four times differentiable in 0,
(i) inf,epo,17infpco||0o(u) — 0| =C > 0,
(Gil) J7, [{log ful2) + £, 2)/fo(2)} — {1og fayu(A) + £ )] fonuo(2)}]di =
10 — 0o(u)||?, where r1(x) < ry(x) means that there are positive constants
Ci1, C; such that Ciri(x)<ry(x)<Cyri(x) for all arguments x,
(iv) V2D( fy, f) is Lipschitz continuous in 0,
(v) infoce Zmin(V2 [* {log fo(2) + £(u,2)/ fo(2)} d2)=M > 0.

Condition (ii) means that the best parameter curve is in the interior of @ for all
u. Condition (iii) basically says that the optimization of an empirical version of the



288 R. Dahlhaus, M.H. Neumann/ Stochastic Processes and their Applications 91 (2001) 277-308

Kullback—Leibler distance leads to a reasonable estimate of the parameter 6. Condition
(v) will be used to derive a certain rate for the empirical estimate of 0y, see e.g. (B.12)
below. Finally, (i) and (iv) are some technical regularity conditions.

The empirical distance (3.4) will be used to get preliminary estimates of the unknown
coefficients in expansion (3.2). Note that the right-hand side of (3.2) can be rewritten as

Z al,k;,-cb;,k(u)Jr Z Z ﬁj,k;i l//j,k(u) = Z Ojx ki ¢_j*,k(u)~ (36)

kel) I<j<j* kel ker,

The latter representation allows a more convenient derivation of the stochastic proper-
ties of the empirical coefficients since the calculations are then on a single scale (see,
e.g., parts (i) and (ii) of the proof of Theorem 3.1). Moreover, on the basis of this
representation, we can now replace a high-dimensional optimization problem by a cer-
tain number of separate lower-dimensional optimization problems; see the discussion
below. Let o = ((ocj*,l)’,...,(ocj*’z,-nr,\,)’)’, where o« = (%« g1, ..., %= k:p) . Define

f“(u’ )”) = fzk ox g (H)()V)'

*k
Now one could obtain an empirical version of o by minimization of D( fo(,J#~ ). How-
ever, this would lead to a optimization problem in (2/° 4+ N) - p variables, which can
turn out to be very time consuming, even for moderate j*. (Notice that we will assume
that 2" grows at some rate 77, for some p > 0, as T — 00.) To end up with a prac-
ticable method, we define empirical wavelet coefficients as the solution to a number of
separate, low-dimensional optimization problems.

Suppose we want to define an appropriate empirical version of o« ;, where ¢« ; is

not one of the boundary- corrected wavelets Then we take, besides qﬁﬁ(l]’ e =G N
left-sided boundary functions, qb k N qb} }(] 1, and N right-sided boundary func-

tions, ¢L d)/ ey Let Ak—Ulsz supp((bj*,kﬂ). According to the construction

1o
of Meyer (1991), {c]ﬁi*’kJrl};:,N,,._,N is an orthonormal system on 4.
Now, we set

B = (@ Ly ) @ )Y =arg inf Do), k=N+1...27. (3.7

i
D)= / / log fm ()4 —21R g4 38
4 E ou(/’ () fz 2l (u)(/t)
1 J* kel

and define
Bje i =0 (3.9)

Empirical coefficients corresponding to the left-sided boundary functions, (l)[*N] .

qﬁ N, are obtained as O([* IY], ..,o?E ~» Whereas their right-sided counterparts are taken
~[1] =[N]
a8 0. ey 1o+ o5 O e, - The original problem of minimizing D( fz te iy JT) w.r.t.
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Oj 1.5 0« 2y 18 Teplaced by a collection of independent lower-dimensional opti-
mization problems (3.7). In total we have to solve 2/~ — N independent optimization
problems in (2N + 1) - p variables.

Notice that ¢ primarily estimates o.inr, Where

int = (2 3 Lvn )+ > (4 e ving) ) = arg inf DO(a0) (3.10)
and
1 T A
D(k)((x) = / / log fZ gl (u)(;“) + L dAdu.
47 A J—n [N Y] fz[ “14’5-1*]_”1(“)(})
(3.11)

To demonstrate the usefulness of our proposed method, we intend to show that our
nonlinear wavelet estimator attains rates of convergence that are usually not obtained
by conventional linear smoothing methods. Accordingly, we consider Besov classes as
function classes which may contain functions with high spatial inhomogeneity in their
smoothness properties. Furthermore, Besov spaces represent the most convenient scale
of function spaces in the context of wavelet methods, since the corresponding norm
is equivalent to a certain norm in the sequence space of coefficients of a sufficiently
regular wavelet basis. For an introduction to the theory of Besov spaces B') , see, e.g.,
Triebel (1990). Here m>1 denotes the degree of smoothness and p,q (1< p,g<o0)
specify the norm in which smoothness is measured. These classes contain traditional
Holder and L,-Sobolev smoothness classes, by setting p =g = oo and 2, respectively.
Moreover, they embed other interesting spaces like Sobolev spaces W), for which the
inclusions B’I',’,p - W;,” - B’;z in the case 1 < p<2, and B’Z,z - Wl’,” - B’;j,p if2<p <o
hold true; see, e.g., Theorem 6.4.4 in Bergh and Lofstrom (1976).

According to given smoothness classes % = % (m;, p;,qi, C1,C2), for Hg), we have
to choose a wavelet basis that is actually able to exploit the underlying smoothness. In
accordance with this, we choose compactly supported wavelet functions of regularity
r>max{mi,...,m,}, that is

(A5) (i) ¢ and  are C"[0,1] and have compact support,
(i) [¢(t)de=1, [Y(t)*dr=0 for 0<k<r.

For convenience, we define our function class by constraints on the sequences of
wavelet coefficients. Fix any positive constants C;, C;. We will assume that 08) lies
in the following set of functions:

Fi=S [ =Y ouxdri+ Y Biatik| 100lloo SCLIB-Nmopa <Ca g »
k J.k

where

a/p\ V4

1B-lmpg = D (277> [Bul” :

j=1 kel

s=m+ 1/2 — 1/p. For the parameters defining the class %, we assume that m; >1,
1< pi,qi<oo, and m; > 1/p,. The latter condition implies that each function in %
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is continuous. It is well known that the class % lies between the classes B (c)
and B}, (C), for appropriate constants ¢ and C; cf. Donoho and Johnstone (1998,
Theorem 2).

The coefficients ocJ[E], feinf defined above may be different from the o, but the fol-
lowing lemma asserts that this difference is asymptotically negligible in smoothness

classes we intend to consider.

Lemma 3.1. Suppose that (A4) and (AS) are fulfilled and that 98) € % for all
i=1,...,p. Then

[—k] 2
Z || klnf — oo i +ZH N+1 ksinf o‘*N+1 il

k=N+1

[k] 2 2;*
+||oc 2 kinf oc/.*’z,.*+k|| =0(27¥™),

where s =min{si,...,s,} and s; =m; + 1/2 — max{1/2,1/p;}.

The difference between acgg] wing and o+ is indeed negligible, because an error of

O(2=%7%) is incurred in any case by the truncation of the wavelet expansion of 0(u)
at the scale j*.

It will be shown in the proof of Theorem 3.1 that, with a probability exceeding
1—-0O(T ’i), 0 and oy.ins are interior points of the set of admissible values. Hence,

VD () = VD (aging) = 0
This yields that

0=VD¥(3;) — VD (opsint ) + VDI (tpsin ) — VDP (atping )
= VDM (0ging ) (G — Opsing ) + VD(Tk)(OCk;inf) — VD" (oing) + Ric 1

where Ry r = VDY (@) — VDY (sguing ) — V2D (0gin ) (G — (oging ). It will be shown
further that R,y can be asymptotically neglected, which leads to the following explicit
approximation of o:

3k & ting — [V2DP (0ot )] ™ (VD (@ting ) — VDO (otgsing ). (3.12)

This means that &;-; can be approximated to first order by a weighted integral of the
preperiodogram.

—1
Note that both  {dr 1, roin-Witse s Wion Y11, l//JZ/_lz, _,} and
{@jetses o +N} are orthonormal bases of the same space V;~. Hence, there exists

an orthonormal (27" +N) x (2/" + N))-matrix I" with

(D115 s ProiensWits s Wiats st g2 ) = TPty P )
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This implies

b1,
Gy p
. _ ’ 1,2I4+N
(0% Lits v e e 2% ysi) : = (0 1iis e e O oy )T
i1
¢j*,2i*+N .
Y- 12
Hence, having any reasonable estimate of (o« 1;5,...,% o 1y;), We can readily

define a reasonable estimate of the corresponding coefficients in the other basis. We
define

Bjki= Tja (e vy G i) (3.13)
where I'j; is the appropriate row of the matrix I". (& 1,...,0 2y, are defined
analogously.)

According to (3.12), the coefficients f3; ., can be again approximated by a weighted
integral over the preperiodogram. By Lemma A.3 one can show asymptotic normality
of VT(p ki — Pjki). Moreover, this asymptotic normality can be expressed in terms
of probabilities of large deviations. However, an explicit expression of the asymptotic
variance of f3;.; is presumably quite involved. Hence, we do not try to specify it
further. It is only important to know that the tails of v/7(f ki — Bjki) can be approx-
imated by tails of a certain normal distribution. This is formalized in the following
theorem.

Theorem 3.1. Suppose that (A1)—(AS) are fulfilled and that Hff) € % for all i =
1,..., p. Further, assume that [(Th)~'+b*1=0(T~"/?). We choose the cut-off point j*
such that 277 =O(T' %) and 277" = O(T ). Then there exists a universal constant
K < oo such that

P(E(B, s — Bika) =x1/VT)<2(1 — &(x)) (1 + o(1)) + O(T~*)
holds uniformly in x and (j, k) € I7.

Even if we do not explicitly know the constant x, this result will prove to be a
reasonable starting point for devising a locally adaptive smoothing strategy by nonlinear
thresholding.

4. Locally adaptive estimation by wavelet thresholding

In this section we turn to the major regularization step of our method. Whereas
most of the commonly used smoothers (kernel, spline) modify noisy data in a linear
manner, we intend to apply nonlinear thresholding to the empirical wavelet coefficients.
It is well known that traditional linear estimators are able to achieve optimal rates
of convergence in settings where these issues are usually studied, i.e., as long as
the underlying smoothness of the curve to be estimated is not too inhomogeneous.
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However, they are not able to achieve optimal rates in cases where the degree of
smoothness varies strongly over the domain; see, for example, Donoho and Johnstone
(1998), Hall and Patil (1995), and Hall et al. (1996). To achieve optimality in the latter
case, one has to apply different degrees of smoothing at different locations. This, of
course, coincides with the natural idea of using kernel estimators with locally varying
bandwidths in cases of functions with inhomogeneous smoothness properties.

To explain the need for nonlinear smoothing schemes on a more technical level,
assume that empirical coefficients ﬁ ; « are given which are exactly normally distributed,
that is

Bix~ N (Brsot), (k) € 1. (4.1)

For a linear estimator, cﬁ ko it 1S easy to see that

~ 1
> Eehy — Bjx)* = min {Z B o%} : (4.2)
k k k

In contrast, for nonlinear estimators 5(')(5 ko A7) With Ar = ar\/2log# ¢r introduced
below, it can be shown that

D EGOB g ir) = Bia) <CY_min{pl, i3} +O(T ). (4.3)
k

k

If now the majority of the coefficients within the scale j are of smaller order of
magnitude than o7 while a few of them are pretty large, then it may well happen that

inf {Z E(cB s — ﬁ_,,k)z} > Y EGVB A1) — Bk ) (4.4)
k k

This is just the case for certain functions from Besov classes B (C) if p <2; see
Donoho and Johnstone (1998). Another, even more obvious case are piecewise smooth
functions with jumps between the smooth parts. This case was studied by Hall and
Patil (1995) and Hall et al. (1996). They showed that the coefficients assigned to basis
functions supported on one of the smooth parts decay at the rate 2/"*+1/2) where m is
the degree of smoothness. In contrast, they decay at the much slower rate 27/ around
the jumps. This is a typical scenario leading to (4.4). The same effect, although in a
less drastic form, occurs with certain functions from the Besov scale.

Two frequently used rules to treat coefficients obeying (4.1) are

(1) hard thresholding

SM(B; s ) = By I(1B;4| = 1)

and
(2) soft thresholding

SO 102) = (UB; 4| — )+ sen(B ).

To simplify notation, we will use the symbol 6 to denote either 6" or §¢).
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An exceptionally simple all-purpose rule for the tuning of this function propagated
in a series of papers by Donoho and Johnstone is given as

A= O'T\/m» (4.5)

where { ﬁ o (U k) € Jr} is the set of empirical coefficients to be thresholded. Although
this rule is slightly suboptimal w.r.t. the rate of convergence for the L,-risk of the
corresponding estimator, it has a number of interesting properties; see Donoho and
Johnstone (1994).

Finally, one composes an estimator of g(u) = Zkgﬁ“hkd’l,k(”) + Zj>12kelj Bk
W «(u) from the nonlinearly modified empirical coefficients as

Gy =" b))+ D 8B, A Wyalu). (4.6)
ker) Ukesr

Besides some other properties that partly compensate for the slight suboptimality of
wavelet estimators based on logarithmic thresholds as in (4.5), one major advantage of
this method is its universality. The above scheme is neither restricted to specific models
nor to specific smoothness classes. Actually, only some appropriate type of asymptotic
normality for the empirical coefficients is necessary for the successful application of
this method. That means in particular, that we neither need any specific structural
assumptions on the data generating process nor on the joint distribution of the empirical
wavelet coefficients.

Now, it is straightforward to transfer this nonlinear thresholding scheme to our
particular context of estimating the parameter functions Hg).

Let #r={(j,k) |k € 1;;j=1, 27 <T'77}, for some 0 < y<1/3, be the set of coeffi-
cients to be thresholded. Because of the exponentially decaying tails of the distribution
of VT (ﬁ ki B;.x.i) stated in Theorem 3.1, it will turn out to be sufficient for purposes
of “denoising” to apply the thresholds

Jr =KT™V2\/logT, (4.7)
where K is some sufficiently large constant. According to the above discussion, we
define

Bisi = 0B, ks A). (4.8)
This leads to the estimator
A~ (i) N o
07 ()= Grapra)+ D> B i), (4.9)
ker® G.k)eSfr

. . A (D)
Now, we can state a theorem that characterizes the convergence properties of 0
in %.

Theorem 4.1. Suppose that (A1)—(A5) are fulfilled and that Hf)i) € % holds for all
i=1,...,p. Then
E[0" — 09> = O((log 7/T /Gt 4 2=27),

According to (A4)(iii), this theorem has an immediate implication for the risk in
estimating the best projection fp,, measured in the Kullback—Leibler distance.
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Corollary 4.1. Suppose that (A1)—(A5) are fulfilled and that Qg) € % holds for all
i=1,...,p. Then

g g 201 Y
[E/O /_7r [{logfg(u)()~)+ f(;(u)()») lnggo(u)(i)—l— foo(”)(i) d i du

= O((log T/T)*"/@m+1),

where m =min{my,...,m,}.

Theorem 4.1 and Corollary 4.1 basically say that the proposed estimators converge
to the corresponding target quantities 0y and fy, with a rate that matches the optimal
rate in smoothness classes .% in cases where such a minimax rate is known (regression,
density estimation, etc.). This does not require that the fitted model is adequate. We
decided to formulate these results under mixing conditions rather than under a more
restrictive condition such as (2.7) on the cumulant sums. We did not include simula-
tions. For the special case of fitting an AR( p)-process with time varying coefficients,
some promising simulation results on a wavelet estimator are contained in Dahlhaus
et al. (1999).

Appendix A Asymptotic normality of quadratic forms

As often in spectral analysis, theoretical results are based in large parts on an analysis
of certain quadratic forms. In order to preserve a clear structure for the rest of the paper,
we collect some technical results on quadratic forms in the subsection. We think that
these results might also be of independent interest, and therefore we conclude this
subsection with simple examples that classify Toeplitz matrices with respect to the
asymptotic distributions of corresponding quadratic forms.

The derivation of the asymptotic normality is essentially based on upper estimates
of the cumulants. Such estimates, which slightly generalize a result by Rudzkis (1978),
are derived in Neumann (1996) under the assumptions EX; = 0 and

T
sup { Z cum(Xt,,...,X},g)|} <CFEN'TT for all k=2,3,... (A1)
15}

and appropriate C < 0o, y=0. Even if (A.1) can be shown to hold under appropriate
mixing conditions for some textbook distributions (see Neumann, 1996, Remark 3.1), it
is somehow annoying to have such a quantitative restriction to hold simultaneously for
all k£ >=2. In particular, for (A.1) to hold we have to assume that there exists constants
C < 00, y < oo such that E|X;|F <C*(k!) is satisfied for all k. Instead of (A.1), here
we impose condition (A2) on the process {X;}. Now, we have a qualitative restriction
on the moments of the X;’s, that is instead of the explicit bounds for them we assume
only their finiteness. The bridge to a cumulant estimate like (A.1), which is needed
to apply Lemma 1 of Rudzkis et al. (1978) for proving the asymptotic normality of
the quadratic form, is obtained via a simple truncation argument, that is the X, will
be replaced by certain truncated and recentered random variables X,. Under (A2), we
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obtain a domain of attraction to the normal law of the form [—+/Clog(T), /C log(T)],
which corresponds to “remaining tail probabilities” of order 7-¢2. In contrast, we
obtained in Neumann (1996) a domain of attraction of the form [ — 7°,T”] for some
p > 0, which led to exponentially decaying tail probabilities.

We remind the reader that we use the convention that 4 < oo denotes an arbitrarily
large and ¢ > 0 an arbitrarily small constant.

Lemma A.l. Suppose that EX;, =0 and that (A2) is fulfilled. Further, let 6,2 >0
be arbitrary. Then there exists random variables X, with EX, =0,

P(X, #X)=0(T""),
[Ef(tl ...f(tk =EX, ...th+0(T—i)

and
T
sup{ Z cum()?tl,...,)?tk)}ng for all k=2,3,... .
)

Moreover, there exists a unique constant C such that

t

T
sup cum(X,,....X,) <C1‘T‘$k(k!)3 orall k=2,3,... .
1 k
)

Proof. (i) Construction of {X,}: We define appropriate X,’s by truncation at 7°/2
and recentering of these random variables.
Let

Y X, if |X| <7102,
710 otherwise.

From Markov’s inequality we have that
P(X, # X) = P(|X,| > T°/2) = O(T“E|X;|"*) = O(T~*)
holds for arbitrary 4 < oco. Furthermore, we have
[EX| = [EXI(1X,| > T°/2)|
< JEXZ\P(X| > 1/2) = O(T ).

We define, for some set Q, with P(Q,) = 2EX;*/T°,

v X - T°02 if X'<Q,
X otherwise.

Then EX, =0, |X,|<T° as., and
PX; #X,)=0(T""). (A2)

Since X, is a function of .X;, the mixing property (A2)(ii) remains true for the sequence
{X,} as well.



296 R. Dahlhaus, M.H. Neumann| Stochastic Processes and their Applications 91 (2001) 277-308
Further, we have that
EX, X, —EX, - X,

k
=Y EX, X (X, - X)X, - X,
i=1

k
- - =2 )
<SP, £ XWEXR X2 (X, - X KX
i=1
=0O(T™H).
(ii) Estimation of the cumulant sums: Using (1)(a) of Theorem 3 in Statulevicius
and Jakimavicius (1988) we have, for | <t, < --- <{, that

lcum(X,,...,X ;)| < min {(k — D125 sup{|.X,|IF Y|t — t,-+1|)}
! t

k—1
< (k= DR TT a0t = 1)),
i=1

Now, we obtain

= Z |Cum()?tla)?t1+529' . ~,)?1‘]+sk)|

8250005 Sk

<k!(k — 1)12k 7%k [Z otl/(kl)(|s2|)] [Z ocl/(kl)(|sk|)]

5

<Ck(k')2Tbk(k o l)k71

<Ch T (k1.
The last inequality follows from the relation k* = k(1 + 1/(k — 1))F~1(k — 1)f71<
ke(k — 1)\ 1< - <kleb. [

In the following, we consider the stochastic behavior of quadratic forms X'MX,
where X = (X1,...,X7) and M is a symmetric matrix. According to Lemma A.1, we
can replace this quadratic form by X /M)_? , where X = ()N( L X r), which will be
considered first.

Lemma A.2. Suppose that EX; = 0 and (A2) are fulfilled. Further, let M be a
symmetric matrix. Then there exist random variables X, with

P(X, #X,)=0(T"")
and

Joumy (X' MX)| < (k — 1125 [tr([M Cov(X)T)I? + Ry,
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where

Ry < CFT™((2)1) max{ | Mo |}V | M 157,

W= max{|Molh 1Mo =Ir{gX{ZIMs,zI}-
N t

Proof. Follows from the previous lemma and Lemma 3.1 in Neumann (1996). [J

Lemma A.3. Suppose that EX; =0 and (A2) are fulfilled. Further, let M be a sym-
metric matrix. Then

o7 = var(X'MX)
=2tr(M Cov(X)M Cov(X)) + > My, My, cum(X,, X,,, X, X,,),

1,0,13,14

where
Cum()(tl 9)(1‘2 ,)(13 5)([4 )
= [E)(tl)(tz)(tz)(m - [E)(t])(tz [E‘Xlz‘thz - [E‘XlevtS [E‘XZTXM o [E)(t')(m [EAXZTXB

is the fourth-order cumulant.
Moreover, we assume that

IM||oe = O(T~"272)
and

max {| My [}M || = O(T >27°):
(i) If or=CoT =2 for some Cy > 0, then

X'MX —EX'MX
P+
ar

>x) = (1= B()(1 +o(1)) + O(T )
holds uniformly in x € R.
(ii) If or = O(T '), then, for G = max{ar,Co/\/T} and arbitrary Cy > 0,
( X'MX —EX'MX
P+ -
ar

>x) <21 — @(x))(1 +o(1)) +O(T ™)

holds uniformly in x € R.
Proof. According to Lemma A.1, we have with a probability exceeding 1 — O(T %)
that

X'MX — EX'MX =X'MX — EX'MX + &1~ '), (A3)

which allows to consider the X,’s instead of the X;’s. By Lemma A.2 we have, for
k=2, that

Jeumy (X' M) <kLCH (M) + (kD CF max{ | My, [}¥(T° [ M]|0) 2,
(A4)
which implies the first assertion by Lemma 1 of Rudzkis et al. (1978).
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The second assertion is based on the fact that the quantity X /M)_? + &7, where
Er ~ N(O, 62T — azT) is independent of X /MX , has variance 62T and the same cumulants
of order k =3,4,... as )_E/M)_?. Hence, (ii) follows from (i) and

X'MX — EX'MX X'MX + & — EX'MX
P(i— == _>x><2P<j:_ ater—t4 —>x>. 0
ar or

Remark 2. It can be seen from the proof of Lemma A.l that a certain finite num-
ber L of moments in (Al)(ii) would be enough to guarantee a domain of attraction
[— \/CL log(T), \/CL log(T)], where C; has to be chosen in accordance with L. This
is in analogy to the situation for sums of independent random variables, where also
a certain finite number of moments is enough to guarantee asymptotic normality on a
domain of attraction [ — /Cy log(T), /Cy log(T)]; cf. Amosova (1972).

Remark 3. As a simple example, we briefly consider quadratic forms with Toeplitz
matrices M, that is My, = M|;_,. We consider the simple case of M,, € {0,1} for
all s, 1.

Case 1: If My ,=I(s=t), then we have asymptotic normality, where limy_ {7 ~'o2}
usually depends on the fourth-order cumulants as well.

Case 2: If M, =1(|s—¢t|<A4r), where Ay =< T" for some 0 < 5 < 1, then we have
asymptotic normality where lim7_..{7 '6%} does not depend on the fourth-order
cumulants.

Case 3: If My, =1 Vs,t, then T~'X’MX is asymptotically y? distributed.

These three cases have their approximate counterparts in spectral density estimation
for stationary processes. Case 1 corresponds to the case of a smoothed periodogram
with fixed window, whereas case 2 corresponds to the case with a converging window.
Finally, case 3 corresponds roughly to a single value of the periodogram.

The following lemma gives an upper estimate in terms of O for linear forms.

Lemma A.4. Suppose that EX, =0 and (A1) are fulfilled.
Then

T
> wie = O(wlln{/log T + wli Iwll7 /Wil 17°}).
t=1

Proof. From

cumy (Z w,X,) = Z cum(wy, Xy, ..., W, Xy, ),

1<ttty <T

we obtain that

o (57

< sup{ i} sup { 5 |cum<xn,...,xtk>|} S
t I3t P

12eens T

< C R wlli[lwlles T (A.5)
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On the other hand, we have that
cum, (Z tht) = var (Z thz) =w' Cov(X)w = O(|[w]}3). (A.6)

Because of |[w||3<|[wl|i|[w|/e wWe get by (A.5) and (A.6) that

KO oy (Iwlilwl 7o\
o () < (3 o ()
2

holds for k=2,3,..., which yields the assertion by Lemma 2.1 in Bentkus and Rudzkis
(1980). O

Appendix B. Proofs of the assertions

Proof of Lemma 2.1. (i) and (ii): Let Y, r =X, 7 — u(¢/T). We have

1
1 , .
FUH=Y" /O G Yurs05— Yur 05ty 7 [E [ ptw2yexs-itz)dz | au
k

= ZM&JYS,TYI,T’

s, t
where
| fUtstn/ien) T
M=y | gy [ plu2)exp(—i(c — 5)2)d2du
2n (t4+s—1)/(2T) —n
and p(u, /) is supposed to be O for u ¢ [0,1]. For the matrix M = ((M;))s.=1...7»

we get the relations

max{[M,[} = O(T~ lgl ),

<3 M| =O(lglh)
s,t

and
[M]loc = O(T " [lgllo0)-
Hence, we have ||M||oo =O(T~?>=%) and max,, {|M, |} M ||M||oc = O(T—>>=?), which
yields (i) and (ii) by Lemma A.3.
(iii) Using
s

CoV(X[1105—5/21, 75 X[1405+5/21,7) = / A?I+O.5—S/2],T(M)A([)[ o5y, (1) exp(ips) dp

—T

and

1 & ("
f(u,)~)=% Z 3 S (u, w)exp(ips) duexp(—iss),

s=—00
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we obtain

EF(J7) —F(f)

L ) 3 > | piy

511 <[uT+0.5—5/2],[uT+0.5+s/2]<T Y ™

X [A([)uT+0.5—s/2],T(lu)A?uTJrO.SJrs/Z],T('u) — f(u, :“)}
) 1 1 T
xexp (i(pu — A)s)dudidu — o /0 q(u)/ p(u, 1)

X Z [ﬂ f(u, p)exp(i(u — A)s)dpdidu

s[uT+05—|s|/21<1 or [uT+05+|s|/2]>T
=R +R,.

Now we have, by (A1), that

RI=0 <|q||oo 3 sup{‘/ p(u%)exp(i&s)di‘}

1 —
X S‘:p {A |A?uT+0.5—s/2],T(:u)A([)uT+0_5+s/2],T(,u) — f(u, )| du})

=0(llgllsT™")

and

7 f(u’#)exp(iMS)du’}

R, o<|q||oo Zsup{‘ [ plu, z)exp(izs)dz‘

1
x/ I([uT + 0.5 — |s|/2] < 1 or [uT + 0.5+ |s|/2] > T)du>
0

=0(llgllcT™").

(iv) We define the vectors pu = (u(1/T),....,.(T/T)), Y =(Y1.r,..., Yrr), and the
smoothing matrix W such that WY = (i(1/T),..., a(T/T))'. Now we split up

F(JP)=(Y + (= W) = WYYM(Y + (u — W) — WY)
=F(J}) = 2Y'MWY + Y'W' MWY
+2(u = W) MY = 2(u — WY MWY + (u — W) M(u — W)
=FJp)+ T+ +Ts. (B.1)
We get easily that

ETy =-2) M, lz wu(t/T)[EYS,TYu,T]
s,t u

:0<<Tb)-l 3 |Ms,t|> = 0((T6) " lg)- (B.2)
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To find an upper estimate for 7 —ET}, we write 7y=>_, Ty, where Ty =—2Y'M©O Wy
and

k
M =1(jt — 5| = k)M,

Since Lemma A.3 requires a symmetric matrix, we simply write 7y = —2Y/N®)y,
where N = (M©OW + (MBOW))/2. Now, we get

(MW,
=M stk Ws+k,t + Ms,sfk I/stk,t

o O((Tb)71(|Ms,s+k| + |Ms‘,s—k|)) if |S +k— t| <CTb or |S —k— t| <CTb,
10 otherwise

which implies that

(VO < DI Ow),, P

st
= 0<Z(|M.¢,.¢+k| + |Ms,s_k|)2(Tb)1> = 0(cillgl3T~ (b)),

where ¢, = sup,{| | p(u, 1) exp(—ikA)dJ|}. Further, we have

max{|Ng3|} = O(exT ™" [lg]loc(TB) ™),

NG = 0(e, T lglloo)
and

IN®loc = O(ck T~ gl )-
By Lemma A.3 we get the estimate

Tix — ETu = OCerlllgllT =" + llglloo T~ 1(TB) 2 /log T + e T~ |g [l T°).
Because of > ¢ =O(1) we get

Ty — ETy = O(||q|[.7~"2(Tb) "2\ /log T + ||gl|c T° ™). (B.3)

T, can be estimated analogously.
To get an estimate for 73, observe that

M= W)l <> MO — w2
k

= 3 Otexllgll. 7287 = O(llg T2,
k

M= Wl <> IMO = wwll;
k

= 0(exllgllib") = OCllgll5")
k



302 R Dahlhaus, M.H. Neumann/ Stochastic Processes and their Applications 91 (2001) 277-308

and

1M (= Wi)lloo <D IME (= W)l
= 3" 0(ctllglloT8) = O(llgll o T~'57).
k

By Lemma A.4 we obtain that

T3 = O(||q|[,T 720 [/log T + T°~"||q|[:11q]1%/Ilq]13])-

The term T4 can be estimated analogously.
Since (u — Wu), = O(b"), we get

= 0(’*"2 IMs,f|> =0(||q|hi5™).
s,t

Collecting the upper estimates from (B.2)—(B.5), we get the assertion. [

(B.4)

(B.5)

Proof of Lemma 3.1. Let oy = ((oc i N)’ ,(ocj[,ff,z’l ). A two-fold application of

(A4)(iii) provides that

2 [—] 2
Z || klnf — ot il "‘ZH N+1 kit — %o N1

k=N+1

[k] 2
+||°‘ * 27" 4hsinf “j*,2r*+k”

< Z l|otksint — 0€k||2
k

P>
/1 Hlogfw O Fosia)

- {log oo (i) — ;; ((”)(A}) H didu

" (7
s ; /A [ Hl"gf Wl = x>}

- {1ogfeo(u>u) _ Swd) H didu

Joo)(4)
- Z / A

Y rint B () = Oo(w)|| du

E”,m U i) = ()| du.

J=—
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According to Theorem 2 in Donoho and Johnstone (1998) we obtain that

2

A @) — 00)|| du=0(27Y"),

which proves the assertion. [

Proof of Theorem 3.1. (i) Since Hf)i) is uniformly continuous on [0,1] we obtain that
max { sup (0@}~ it (000} p = o1
u€ Ay

N]

V] ;o
Moreover, since one can choose (oc < k—No-oa O gyy)’ I such a way that

Zl__N El] k+ll¢>] 4/(u) =1 for all u= 4, we obtain by (A4)(ii) that

1 n ,
D™ (ying ) — E/A [ {log Jooy(4) — ;;((u;(/%} didu
2

:0(2’j* ).

Z (7 ine B o 0) = 05 ()

I=—N

On the other hand, if o lies on the boundary of the corresponding set of admissible
values, then we get by (A4)(ii)

T A i
o - [ f {logf%(u)u)—%} didu=C27",

for some constant C > 0. Hence, for 7 sufficiently large, all oy.ins are interior points
of the corresponding sets of admissible values.
(i1) According to (A4)(iii), we have

D®(G) — DM (oing) = Cll G — otpeing ||
which yields, in conjunction with D(Tk)(ock;imv) — D(T]{)(O?k)ZO, that
(DY (eing) — DX (atking )] — D (8) — DF(81)] = C Gk — otgsine |- (B.6)

By (A4)(i) it is easy to see that

su exp(—isA)dA| b <CY 2 |loginr — G-
uei{‘/n[fmw) fanu ;)} p(—iss) ‘} I =3

s
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Hence, we obtain, by applying Lemma A.3 and (ii) and (iii) of Lemma 2.1 on a
sufficiently fine grid, that

DY) (0geing ) — DX (0tpine )] — [DY (o) — DY (0]

1 T 1 1 R 1
“se, | o ~ g W - s e
<CT™"2\/log(T) o — ot | (B.7)

is simultaneously satisfied for all o in a compact set with a probability of 1 —O(7~%).
(B.6) and (B.7) imply

|6 — okint || = O(T ~*/log(T)). (B.8)

Therefore, we have

sup
u€ Ay

that means, with a probability exceeding 1 — O(T~*), the d are also interior points of
the corresponding sets of admissible values.

(iii) Assume in the following that both oy and & are interior points. Then
VD8 ) = VD® (sying ) = 0, which implies that

} =0 P12 \/log T, (B.9)

N
(1) ()
Z % kot ing Py k4 1(#) — Do)
I=—N

0=VDY(8) — VD (hiing) + VD (tpeing ) — VDO (0tpeing )
= V2D® (atgsing ) (G — opsing ) + VD(Tk)(OCk;inf) — VDM (0 sing ) + Ry, (B.10)

where

Ri = [VD¥(@r) — VD (0heint )] — VDO (geing ) (G — Opeing )- (B.11)
In other words, we have

& = otginr — (VDO (tpinr )~ IV D (otping ) — VDO egeing ) + Ri . (B.12)

It is clear from the mean value theorem that

(IR | =0< sup

o] ot —0tgsing || << || Gk — osine ||
52
max
il

e [DP () — DO (aing )]
aocﬁ’l‘ >aa§§> g

} e — ock;inf||> . (B.13)
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We have that, for ||o — otgin|| < |8k — %int ]|

52

— (T
aocgi‘)&oc%) r

47:/ ¢, k+l1(u)¢5[*2,]k+lz(u)

y / L) AP @) IR ), 4)
—T fo((u,)») faz(ua/l) fyz(u>)‘)

n (i1) (i2)
o D ) [, z)} i

fa?(u: )“)

62
T i)A (0
oo 0ol

RS () " 2A AP A )
T /A P (O ser) | 730 ) 72u.7)

DF)(a)

X[JEu, 2) — f(u, 2)]d A du
62

:WD(k)(a)er(zj*/szl/z /—10gT+2j*T*1)
Otll OCI

?
505(”)6 (lz)D Y(otsing) + O PT12\flog T). (B.14)

This implies that
|Re|| = O 2T og T). (B.15)

(iv) According to (3.13) we obtain

Bk = Bikiint = I' 1 (V>D(2ine )~ [V D7 (2ing) — VD(2ip )] + S (B.16)
where V?D(2,¢) = Diag(V2DM (et ing ), - - VZD(Z/*HV)(%* +Nsinf))> VDT(OCmf)Z
(VD (al mf) D(2 +N)(OC2/ +N; 1nf)) vD(Ocmf) (VD( )(Ocl mf) D(zj +N)

((xl/ +N;1nf)) > Yinf = (alﬁlnf"' 5 0o +N,1nf) and
Sik = F;‘,k(sz(%nf))_l(Rl, s Ry iy ). (B.17)

We will show that S;; is of negligible order for most of the £.
It is easy to see that

Tkl = OQRY" 2Tk ]l) = 0QY"2). (B.18)
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Observe that the matrix
Fu)= () ot O ov
= : (@) - ¢l )
By e (1)

is positive semidefinite, which implies by (A4) (v) that

V2D®(a) = /A [F(LO@VZ /_ i {logfa(u,i)Jr ;((L;i))} di} du

> / F(u)® M du=Dysy © M. (B.19)
Ak

Since V2D(a;,¢) is a block diagonal matrix, we have

(V2 D210 )™ oo < max {[I(V2D (ottine)) " floc}

= o(mgx{1/Amm<v20<">(ak;mf>)}) =0(1). (B.20)
This yields, in conjunction with (B.15), that
Sik < Tl (V2D (@ine )™ oo l(R1 s Ry ) oo
= O T "og I, T~H), (B.21)

that is the remainder terms S; are negligible. Moreover, asymptotic subgaussianity of
the leading term of (B.16), I ,(V2D(%)) ™' [VDr(2ine) — VD(%iyp)], follows from
Lemma 2.1. O

Proof of Theorem 4.1. First, we obtain by Parseval’s identity that

~ (1) . o
Ej0 — 0@ = Z E(G14si — 0 g )’

kel
+ Z E(5(')(ﬁ~j,k;i, /IT) - ﬁj,k;i)2
(.k)efr
+ Z ﬂjz‘,k;i
(k)¢ Ir
=T+T1T,+Ts5. (B.22)
It is obvious that
Ty =0(T™"). (B.23)

Using Theorem 3.1 we may reduce the problem of estimating E(é(')(ﬁj’k;i,ir) —
Bjki)?* to the case of normally distributed empirical coefficients for which there are
appropriate results available. Let

B ki ~ N(Bjksi» 67 )- (B.24)
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Since 6() is monotonic in its first argument we have that

(5(')(ﬁ;,k;i,}~T) - Bj,k;i)2 > X
if and only if

Biki = Biki =/ > fiui(x) ot Bpi— Biwi </ < gjri(x)
for appropriate functions f;,; and g, s, where the equality sign has to be included if
and only if 8()(-, A7) is not left- or right-continuous, respectively, at the corresponding
points. Hence, we obtain from Theorem 3.1 that

PV (B aeps A1) = Bjaa)? > )
S2P((8O (B, g i) — Biai > %) (1 4 0o(1)) + O(T 7). (B.25)
Let
Pj.ki = sup{x: P((é(')(ﬁj,k;p Ar) = Biki) >x)=T "}
Then
P8O (B 21) = Braa)’ > praa) ST,
which yields by the Cauchy—Schwarz inequality that

| PGB i) = Bra = )
P

ki
SEG B peis A1) = Bkt VISP s ) = Bk > Pjoki)
VBB 10 4r) — B\ PO B s i) — B P > pya) = O(T ),
and, analogously,

[ PO im) = Braa > x)dx =0T ),

Pj ki

Therefore, we obtain, in conjunction with (B.25), that
FOO (B pr 2r) = Bk

Pj.kii -
- / PO B g i) — B > x)dx

0

+ / P((é(.)(ﬁj,k;isiT) — Biki)’ > x)dx

Pjksi
<2(1 + o(1)E(S (B, g 1) — Bjki)* + O(T 7). (B.26)
By Lemma 1 of Donoho and Johnstone (1994) we have that
- ) A .
EOOB, o h) — B P<C (62 (2 +1) o [ = ) +min{/2 2.} )  (B27)
ok ; Gr Gr ok
holds uniformly in 2>0 and f;; € R, where ¢ denotes the standard normal density.

Therefore, we obtain analogously to the proof of Theorem 5.2 in Neumann (1996)
that

Ty = O((log T/T y>"™/2m+1)) (B.28)
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and, by Theorem 2 of Donoho and Johnstone (1998),
T3 — 0(2721* {m+l/271/(p/\2)}) — O(szm/(Zh’H»l))’ (B29)

which completes the proof. [
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