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Zusammenfassung

In der vorliegenden Arbeit untersuchen wir Anwendungen und Weiterentwicklun-
gen der Parametrix-Methode. Die Parametrix-Methode stammt urspriinglich aus der
Theorie gewohnlicher Differentialgleichungen und sie ermoglicht eine Reihendarstel-
lung der Ubergangsdichte der Losung einer stochastischen Differentialgleichung, wobei
die Summanden Funktionen der Ubergangsdichte eines einfachen Markov-Prozesses
sind. Diese Methode ist schon seit vielen Jahren bekannt, es gibt aber immer noch
viele offene Probleme.

Die Arbeit ist unterteilt in drei Teile. Zuerst wird die Parametrix-Methode fiir Dif-
fusionsprozesse und Markov-Prozesse in allgemeinen Situationen eingefiihrt. Nachdem
wir die wichtigsten Konzepte und Begriffe eingefiihrt haben, werden wir zeigen, dass
diese Technik auch angewandt werden kann, falls die Koeffizienten nicht glatt sind.

Im zweiten Teil studieren wir, wie anfallig die Ubergangsdlchten nicht-degenerierter
Diffusionsprozesse und zugehoriger Markov-Prozesse fiir kleine Anderungen in den
Koeffizienten sind. Diese Fragestellung taucht natiirlicherweise z.B. bei Modellen mit
falsch spezifizierten Koeffizienten oder bei der Untersuchung des schwachen Fehlers des
Euler-Schemas mit irreguléren Koeffizienten auf. Fiir den Beweis unseres Ergebnisses
iiber die Kontrolle des Fehlers benétigen wir nur Holder-Annahmen an die Stetigkeit
der Koeffizienten. Diese Ergebnisse wurden von V. Konakov and S. Menozzi zur Anal-
yse des schwachen Fehlers des Euler-Schemas angewandt [V. Konakov, S. Menozzi,
2017, Weak Error for the Euler Scheme Approximation of Diffusions with non-smooth
Coefficients|.

Motiviert von diesen Resultaten versuchen wir im dritten und herausforderndsten
Teil der Arbeit, den schwachen und globalen Fehler im Fall von nicht-glatten Koef-
fizienten in Kolmogorovs degenerierter SDE zu kontrollieren. Solche Differentialgle-
ichungen wurden zuerst 1933 von Kolmogorov eingefiihrt. Indem wir Techniken aus
dem Artikel von V. Konakov, S. Menozzi und S. Molchanov (2010) (in dem die Au-
toren Lipschitz Koeffizienten betrachten) anpassen, ist es jetzt moglich degenerierte
Kolmogorov-Diffusionsprozesse auch unter Holder-Annahmen zu untersuchen. Um den
schwachen und globalen Fehler in unserem Fall zu berechnen, fithren wir die konkrete
Version des Euler-Schemas fiir die degenerierte Kolmogorov-Gleichung ein, die auch
als [to-Prozess verstanden werden kann.

Unsere Ergebnisse iiber die Anfilligkeit der Ubergangsdichten fiir Anderungen in
den Koeffizienten lassen sich auf natiirliche Weise vom nicht-degenerierten zum de-
generierten Fall erweitern und sind somit auch fiir die Kontrolle des schwachen und
globalen Fehlers geeignet. Bei dieser Erweiterung treten jedoch einige strukturelle
Probleme auf, da die beiden Raumvariablen der Ubergangsdichte unterschiedliche Zeit-
skalen haben. Diese Aspekte werden aukerdem in dem Artikel [A. Kozhina, 2016,
Stability of Densities for Perturbed Degenerate Diffusions| diskutiert.

Eines der Hauptergebnisse im letzten Teil erlaubt es uns, den schwachen Fehler



fiir degenerierte Diffusionsprozesse mit nicht-glatten Koeffizienten zu kontrollieren.
Fiir den Beweis dieses Ergebnisses haben wir gezeigt, dass die Ableitungen des heat-
kernels bzgl. nicht-degenerierter Variablen in der ersten Komponente der Ubergangs-
dichte geeignet beschréankt werden konnen. Soweit uns bekannt, sind dies die ersten
punktweisen Schranken an die Ableitungen bzgl. der nicht-degenerierten Variablen
unter ausschlieflich Holderstetigkeitsannahmen an die Koeffizienten. Sie erweitern die
bekannten

Schranken von Il'in et al. (1962) im Falle von Kolmogorov-Diffusionsprozessen.
Das quantitative Verhalten der Ableitungen bzgl. der degenerierten Variablen unter
minimalen Glattheitsannahmen zu untersuchen, verbleibt ein interessantes und offenes
Problem. Schlieflich haben wir auch versucht, die Differenz von der Ubergangsdichte
des Diffusionsprozesses und der Markov-Kette zu kontrollieren. Leider ldsst es sich
in diesem Fall nicht vermeiden, Annahmen iiber die Sensibilitit des Kernes bzgl. der
degenerierten Variablen zu stellen, weil Zeitsingularitdten hoherer Ordnung sowie ein
nicht beschrinkter Transportterm entstehen. Die Zeitsingularitdten hoherer Ordnung
fithren zu Restriktionen an den Holder Exponenten, welche in unseren Annahmen
auftauchen.



Abstract

The present thesis investigates applications and developments of the parametrix
technique. The parametrix technique comes from the theory of ODEs. Now it refor-
mulates as a continuity technique that provides a formal representation for the density
of the SDE’s solutions in terms of infinite series involving the density of another, sim-
pler, Markov process. Although the method itself has been known for many years
there are still many open problems.

The project is divided into three parts. Firstly, we are going to introduce the
parametrix method for diffusions and Markov chains in general settings. After pre-
senting main concepts and objects we emphasize that the technique can be fruitfully
used also in case of non-smooth coefficients.

Secondly, we study the sensitivity of densities of non-degenerate diffusion processes
and related Markov Chains with respect to a perturbation of the coefficients. Nat-
ural applications of these results appear, for example, in models with misspecified
coefficients or for the investigation of the weak error of the Euler scheme with irreg-
ular coefficients. The stability controls have been derived under Holder continuity
assumptions on coefficients regularity only. Continuing the research, V. Konakov and
S. Menozzi applied the results mentioned above to study the weak error of the Euler
scheme approximations in their paper|V. Konakov, S. Menozzi, 2017, Weak Error for
the Euler Scheme Approximation of Diffusions with non-smooth coefficients].

Motivated by these extensions, we continue with the most challenging and diffi-
cult part - the weak and global error controls for the case of rough coefficients to
Kolmogorov’s degenerate SDEs in the last part of the thesis. Such equations were
first introduced in 1933 by Kolmogorov. Adapting the techniques, introduced in the
paper written by V. Konakov, S Menozzi and S. Molchanov in 2010 (where authors
considered Lipschitz coefficients), it is now possible to investigate the Holder settings
for degenerate Kolmogorov diffusions. To specify the notation of the weak and global
error in our framework, we also introduce the specific version of the Euler scheme for
the degenerate Kolmogorov equation, which can be also seen as an Ito process.

The sensitivity analysis which we need to prove controls for the weak end global
errors naturally extends from the non-degenerate case to the degenerate framework.
However, some structural difficulties appear due to the different time scales for the
first and the second space variable of the transition density. These aspects can be also
found in the published article |A. Kozhina, 2016, Stability of densities for perturbed
degenerate diffusions].

One of the key results in the last part provides the weak error controls for de-
generate diffusions with non-smooth coefficients. To derive that we have proved the
heat kernel derivatives bounds with respect to a non-degenerate first component of
the transition density. Up to the best of our knowledge, these are the first pointwise
bounds obtained on the derivatives w.r.t. the non-degenerate variables under the sole



Holder continuity assumption on the coefficients. They extend the well-known controls
derived by Il'in et al. in 1962 to Kolmogorov diffusions. Investigating the quantitative
behaviour of the derivatives w.r.t. the degenerate variable under minimal smoothness
assumptions remains a very interesting and open problem.

Finally, we studied the controls for the direct difference of transition densities
of the diffusion and the Markov chain. Unfortunately, when handling directly the
difference of the densities we cannot avoid to control sensitivities of the kernels w.r.t.
to the degenerate variable. Such sensitivities lead to higher time singularities and
make the unbounded transport term appear. The higher time-singularities yield the
stated restriction on the Holder exponent in our assumptions on the coefficients.
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Chapter 1

Introduction

Modelling of many natural phenomena is still a challenging question. Data and obser-
vations which we receive from the real word normally contain a lot of inaccuracy and
noisy factors. Using only deterministic models often makes predictions inefficient and
imprecise. Thus, researchers in many fields are forced to use concepts with additional
randomness inside.

The possible way to model the uncertainty is to describe the dynamics of the
process in terms of Stochastic Differential Equations (SDE further). We are interested
in studying Brownian SDEs of the following form

t ¢
Zy=z+ / b(s, Zs)ds +/ o(s, Zs)dWs, (1.1)
0 0

where (W,)s>0 is an R¥-valued Brownian motion on some filtered probability space
(Q, F, (Fi)i>0,P), Z; is R™ valued, with m € N possibly different of k. The coefficients
b, o are respectively R™ and R™ ® R* valued and s.t. a unique weak solution to (1.1
exists.

Equation appears in many applicative fields from physics to finance. Let us
for instance mention Hamiltonian mechanics [Tal02], financial mathematics [JTYCI0]
and biology “simple epidemic model” ([Bail7|; [BY89]).

Except from some very specific cases, the SDE cannot be solved explicitly and
it therefore seems natural to investigate some related approximation procedures. One
of the simplest effective computational methods is still the Euler - Maruyama method,
introduced in the current SDE framework in [Mar55|, and which is the analogue of the
Euler method for ordinary differential equations. Fix a positive time horizon 7" > 0,
for a given integer N, representing the number of time steps to be considered along
the time interval [0, 7], introducing the time step h = T'/N we define for all ¢t € [0, T:

Zt":z+/0 b(¢(s),zg(s))ds+/o o (p(s), Zye)dWs, (1.2)
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where setting ¢; := ih,i € [0, N| we define ¢(s) = t; whenever s € [t;,t;11[. From the
above dynamics, we have that Z" is easily simulatable and can be viewed as an It6
process.

When studying the accuracy of the approximation of the scheme proposed in (1.2)
for the initial SDE two main types of errors are usually considered. Historically,
the first one to be investigated (see e.g. [Mar55|, Gikhman and Skorokhod [GS67],
[GS82]) is the so-called strong error. Namely, for all p € [1,+00), with the usual
Markovian notations for the processes Z" Z,, started from z at the moment 0:

1/
Es(T,2,h,p) = (Bl sup 210 — 20+7]) " (1.3)
s€[0,T7]

This quantity is called strong in that it measures the distance between the whole paths.
When the coefficients in are Lipschitz continuous in space and at least 1/2-Holder
continuous in time, it is easily seen from usual stochastic analysis techniques, namely
[t6’ s formula Burkholder-Davies-Gundy inequalities and the Gronwall Lemma that:

3C,(T,b,0), Es(T, 2, h,p) < C,h'/2

On the other hand, in many applications, such as e.g. some derivatives products
in finance, one is only be interested in the so called weak error between the objects
introduced in and (L.2). For a suitable test function f (we remain here a bit
vague about the function space to which f belongs to), one introduces:

Ew(T,z,h, f) = B[ f(27"7)] = Ea[f(Z77)): (1.4)

There are two sets of assumptions which guarantee that the convergence rate for
Ew(T, z, h, f) is actually of order h. Namely, if

(i) b,0, f are smooth and without any specific non-degeneracy assumptions
or

(ii) b, o enjoy some structure property (i.e. the generator associated with (|1.1)) is elliptic
or hypoelliptic) and some smoothness, and for f that enjoys suitable growth conditions
(and that can even be a Dirac mass)

then
Ew (T, 2, h, f)| = [E=[f (27" — B.[f(Z97)]| < C(T. f, 0,b)h. (1.5)

In both cases (i) and (i7) the main tool for the analysis is the correspondence between
E.[f(Z})] and the solution of a second order parabolic PDE. This correspondence
is provided by the Feynman-Kac representation formula. Precisely, under the above

12



assumptions we have that, with the usual Markovian notations, v(t, 2) := E[f(Z5%)]
solves

{(at + L)o(t, z) = 0, (t,2) € [0, T[xR™, (1.6)

(T, z) = f(z), z € R™,

where
1 2 *
Lov(t, 2) = (b(t, ), V.oo(t, 2)) + §Tr(a(t, 2)D2u(t, z)),a(t, 2) = 00*(t, 2),

is the generator associated with (1.1)). Provided we have some smoothness on v, one
can then write

N-1
Ew(T,zh f) = Bf(Z5")] = BIf(Z97)] = D Elu(tipr, Zi7) = v(ts, Z2)) (1.7)
1=0

=

-1

I
1

tit1
E[ / {8SU(S,Z§L’O’Z)+VZU(S,ZS}L’O’Z)b(ti,Zz’o’?‘)
t;

Te(Du(s ,Zf’o’z)a(ti,Zt’z’o’z))}ds] - Nz_:lE[ / o {asstv}(Zg:OvZ)ds}
i=0 ti

lit1
* E[/ {Vav(s, 200%) - (b(ts, 21°7) = b(s, 2009))
12}

N —

1
+ ST(D2(s, 210 alts, Z1°7) — als, Z104)) fds|

N-1

I
(]

tit1
E[/ {V ve(s, ZhOZ) - (b(t;, ZZ’O’Z) —b(s, Z‘?’O’Z))
ti

1=0

+ S TR(D2u(s, Z10%) (alts, 21°7) — als, Z10%))) bds| (1.8)

DO | —

exploiting the PDE satisfied by v for the last equality and It6 formula for the third
equality. For a function f in Cb2+’3 (R* R),V3 € (0, 1], for example, the spatial deriva-
tives of v up to order two are globally bounded on [0, 7]. Through Taylor like expan-
sions, when ever (i) or (ii) holds one can control (1.§)), deriving that each contribution
in . ) has order h2. This leads to the error of order h achieved after summing from
0to N —1.

In case (i), which is the one considered in the seminal paper by Talay and Tubaro
[TT90], the smoothness of v is simply derived through stochastic flow techniques. In
case (7i) let us mention that in the hypoelliptic setting, weak or strong (see Section
for additional details on hypoellipticity), Bally and Talay [BT96al, [BT96b] established
for bounded Borel functions f and Dirac masses respectively bases on the controls
of Kusuoka and Stroock [KS84], [KS85] for the derivatives of the density of the diffusion
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process. We carefully mention that, for this method, which anyhow allows to consider
a broad class of potential degeneracies, to apply, the coefficients are assumed to be
smooth. The estimates on the tangent processes and Malliavin matrices in the works
by Kusuoka and Stroock indeed require such a smoothness. In the uniformly elliptic
case another approach has been developed by Konakov and Mammen [KMO00], [KM02]
based on parametrix expansions. The authors also manage to consider Dirac masses
in (LJ).

Parametrix expansions, which roughly consists in approximating the density of a
process with variable coefficients by the density of the corresponding dynamics with
constant coefficients, have been a successful tool in many fields. In particular, when
a good prozy is available (which is, for instance, the case if the coefficients b ad ¢ in
(1.1) are non-degenerate and bounded), they allowed to derive the controls needed to
analyse the weak error under rather mild assumptions. We can, for instance, mention
the work of II'in et al. [IKO62| who derived Gaussian heat kernel for the density of
for bounded Holder coefficients when oo* is non-degenerate. Such bounds have
been successfully exploited by Konakov and Menozzi [KM17| to derive, in that non-
degenerate Holder continuous setting, that for b, € C7/27([0,T],R*), ~ € (0,1] and
f € CA(R* R), B € (0,1]:

[Ew (T, 2. b, )] = [E[f(Z))] = E.[f(Z,)]] < C(T, f,0,b)07", (1.9)

improving the previous result by Mikulevi¢ius and Platen [MP91] who also obtained
the bound for a function f € C*™7(RF R). This additional smoothness was due
to the fact that they based their analysis and the associated Schauder estimates (which
could already be found in [IKOG62|). Going back to the heat-kernel directly allows to
notably alleviate the smoothness assumptions on the final condition, which might be
useful for applications.

Intuitively, the above convergence rate can be explained from the fact that, in
the low regularity setting, the terms of order greater than one in the telescopic sum
cannot be expanded much further. Namely, we can only exploit the y-Hdélder
continuity of the coefficients which leads to an error controlled by the increments

Ello(s, Z:) = b(6(s), Zg)l] + Ella(s, Z0) — a(é(s), Zg)l] < C(b, o).

In other words, the convergence rate is closer to the one associated with the strong
error in (1.3).

Now, for many applications, like e.g. neuro-sciences or diffusions in random media,
it is even important to handle rougher coefficients, for instance piecewise smooth
drifts in (L.I). In that case, the previously mentioned heat-kernel and bounds do not
hold. Motivated by the investigation of the related weak error for Dirac masses test
functions we have developed, with V. Konakov and S. Menozzi, a sensitivity analysis
of the density of (when suitable good Gaussian bounds exist) with respect to a
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perturbation of the coefficients. This is the first main result of the Thesis which led
to the publication [KKMI7] and is thoroughly developed in Chapter [3]
Namely, if we introduce the SDE of the form:

dXt = b(t, Xt)dt + U(t,Xt)th7 t - [O, T], (110)

where b: [0, 7] xR? — RY, o : [0, 7] x R? - R?®@R? are bounded coefficients that are
measurable in time and Hélder continuous in space (this last condition will be possibly
relaxed for the drift term b). Also, a(t,z) := oo*(t,x) is assumed to be uniformly
elliptic. In particular those assumptions guarantee that admits a unique weak
solution, see e.g. Bass and Perkins [BP09|, [Menll] from which the uniqueness to
the martingale problem for the associated generator can be derived under the current
assumptions.

We now introduce, for a given parameter ¢ > 0, a perturbed version of with
dynamics:

dX\ = bo(t, X\ )dt + o.(t, XO)aWs, t € (0,7, (1.11)

where b, : [0,7] x RY — R? o, : [0,7] x R — R? @ R? satisfy at least the same
assumptions as b, o and are in some sense meant to be close to b, c when ¢ is small.

It is known that, under the previous assumptions, the density of the processes
(Xt)e>o0, (Xt(g))tzo exists and satisfies some Gaussian bounds, see e.g Aronson [Aro59|
or [DM10] for extensions to some degenerate cases.

In the Chapter [3] we investigate, applying the parametrix technique, how the close-
ness of (b.,0.) and (b,0) is reflected on the respective densities of the associated
processes. Our stability results will also apply to two Markov chains with respective
dynamics:

Vieo, = Yo +b(ty, Yi)h+ olty, Yo )Whép, Yo = =,
Vil = VD 4 bt ViRt oa (e, VO WG, Y =, (112)

te+1
where h > 0 is a given time step, for which we denote for all £ > 0, ¢, := kh and the
(&k)k>1 are centered ii.d. random variables satisfying some integrability conditions.
Again, the key tool will be the parametrix representation for the densities of the chains
and the Gaussian local limit theorem.
Let us specify the following assumptions (A) which we use in Chapter (3 Below,
the parameter € > 0 is fixed and the constants appearing in the assumptions do not
depend on ¢.

(A1) (Boundedness of the coefficients). The components of the vector-valued
functions b(t, x), b.(t, ) and the matrix-valued functions o(t,x), o.(t,z) are bounded.

15



Specifically, there exist constants Ky, Ky > 0 s.t.

sup |b(t, )| + sup |b:(t, )| < K7,

(t,z)€[0,T] x R4 (t,x)€[0,T] x R4
s |o(ta)|+  sup  |ou(t,a)] < Ko
(t,2)€[0,T]xRd (t,2)€[0,T] xR

(A2) (Uniform Ellipticity). The matrices a := 00, a. := 0.0 are uniformly elliptic,
i.e. there exists A > 1, V(t,z,£) € [0,T] x (RY)?,

AT < (alt, 2)€, §) < AEPATHER < {as(t 2)8,§) < A€
(A3) (Holder continuity in space). For some v € (0,1] , kK < oo, for all ¢ € [0, T,
0(t,2) — o(t, )| + loa(t, 2) — oult )| < wlw— gl

Observe that the last condition also readily gives, thanks to the boundedness of o, 0.
that a, a. are also uniformly y-Hélder continuous.

For a given ¢ > 0, we say that assumption (A) holds when conditions (A1)-(A3)
are in force. Let us now introduce, under (A), the quantities that will bound the
difference of the densities in our main results below. Set for ¢ > 0:

As,b,oo = sup {|b(t7 (L’) - bé(ta l’)|},

(t,x)€[0,T]x R4
Vg € (1,+00), Acpq:= sup [|b(t,.) = b(t,.)|| Larey-
te[0,7

Since o, 0. are both y-Holder continuous, see (A3), we also define

Ae,o‘,'y ‘= Sup |0-(U’7 ) - Ué(ua '>|’y7
u€[0,T]

where for v € (0,1], |.|, stands for the usual Hélder norm in space on C; (R?, R? @ R?)
(space of Holder continuous bounded functions, see e.g. Krylov [Kry96]) i.e. :

= sup @)+ e (= sup  LDZTW

z€Rd ety @ye®y? T — Y[
We eventually set for ¢ € (1, +0o0],
As,'y,q = As,a,’y + As,b,q'
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Theorem Fiz ¢ > 0 and a final deterministic time horizon T > 0. Under
assumptions (A ), specified before, for q > d, there exist C := C(q) > 1,¢ := ¢(q) €
(0,1] s.t. for all0 <s <t <T,(z,y) € (RY)2:

pc(t — S5,y — x)_ll(p - ps)(sa tvxa y)| < CA&:’Y:‘I’

where p(s,t,x,.),p:(s,t,x,.) respectively stand for the transition densities at time t of
equations (1.10), (1.11) starting from x at time s. Also, we denote for a given ¢ > 0
|2

and for all (u,z) € RY x RY, p.(u,z) := ﬁexp(—c%). If ¢ = oo, the constants

C, ¢ do not depend on q.

This and the next theorem will be restated and discussed in Section
Before stating our results for Markov Chains we introduce two kinds of innovations
in ((1.12). Namely:

(IG) The i.i.d. random variables (&x)r>1 are Gaussian, with law N(0, ;). In that case
the dynamics in (1.12)) correspond to the Euler discretization of equations (1.10]) and
([T11).

(IP) For a given integer M > 2d + 5 + ~, the innovations (& )g>1 are centered and
have C° density fe which has, together with its derivatives up to order 5, at most
polynomial decay of order M. Namely, for all 2 € R? and multi-index v, || < 5:

D" fe(2)] < CQum(2),

where we denote for all 7 > d, z € RY, Q,.(z) := crm, Jpa dzQr(2) = 1.

Theorem [3.2.2, Fiz ¢ > 0 and a final deterministic time horizon T > 0. For
h=T/N, N € N*, we set fori € N, t; :=ih. Under (A), assuming that either(IG)
or (IP) holds, and for q > d there exist C := C(q) > 1,c := ¢(q) € (0,1] s.t. for all
0<t;<t; <T, (x,y) € (RY2:

Xe(t; —ti,y — z) (" - p?)(ti, tjz,y)| < CAcpy,

where p"(t;,t;, x,.),pl(ti, t;, x,.) respectively stand for the transition densities at time
t; of the Markov Chains Y and Y'© in ([[.12) starting from x at time t;. Also:

- If (IG) holds:
Xe(ty =ty — @) = pe(t; — ti,y — @),
with p. as in Theorem |3.2.1]
- If (IP) holds:

Cd

_ ly — |
Xe(t; —tiy —x) = WQM*W“’”) (m '
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Again, if ¢ = +oo the constants C,c do not depend on q.

Continuing the research, V. Konakov and S. Menozzi applied results mentioned
above to study the weak error of the Euler scheme approximations in the paper
[KM17]. To investigate the weak error for rough drifts, the idea in [KMI17] is then
to mollify the drifts. The controls between the densities of the initial diffusion and the
one with mollified coefficients is precisely controlled by the previous result. The same
occurs with the Euler scheme. It therefore remains to control the difference between
the densities of the mollified diffusion and schemes which can be addressed from pre-
vious results of [KMO02| provided the high order derivatives (which explode with the
mollifying parameter) are sharply controlled.

Let us mention that the previous strategy was also used in [KM17| to handle the
Holder weak error for Dirac masses. In that case, the result of [KM17| can be im-
proved following the approach proposed by Frikha [Fril8|] who avoided any smoothing
procedure.

Motivated by the extension of the previous study, we continue with the weak error

controls for the case of rough coefficients to Kolmogorov’s degenerate SDEs in Chapter
Ml Namely, we specify the model in (L.1)) writing Z, = (X;,Y;) with:

dXt = b(Xt, Yt)dt + O'(Xt, }/;g)th, (1 13)
dY; = X,dt, t € 0,7, '

where b : R? — R? o : R — R? ® R? are bounded coefficients that are Holder
continuous in space (this condition will be possibly relaxed for the drift term b) and
W is a Brownian motion on some filtered probability space (2, F, (F;)i0, P). In (1.13),
T > 0 is a fixed deterministic final time. Also, a(z,y) := o0*(z,y) is assumed to be
uniformly elliptic.

We point out that those assumptions (specified below) are actually sufficient to
guarantee weak uniqueness for the solution of equation (1.13)), see Remark

Such equations were first introduced in the seminal paper [Kol34| by Kolmogorov.
In that work, he found the explicit expression of the density when the coefficients
are constants. The parametrix approach in that framework has then been applied by
various authors, Weber [Web51|, Sonin [Son67] to the more recent [KMMI0| under
various kinds of assumptions. Adapting the techniques introduced in the last quoted
work, which deals with Lipschitz coefficients, it is now possible to consider the Holder
setting for the degenerate Kolmogorov diffusions of type . The sensitivity anal-
ysis naturally extends to this framework. These aspects are detailed in Chapter |4 (see
as well the published article [Koz16]).

Precisely, let us introduce the Euler scheme for the SDE first. For a fixed
N and T > 0 we define a time grid {0,¢,...,ty} with a given step h := T'/N, i.e.

18



t; =1h, for t =0,..., N and the scheme
h _ t h h

XZ = :c+f? b(h b Yhi)ds + [ o(Xh YE AW, (1.14)
Vi =y+ [; X]ds.

where ¢(t) = t; Vt € [t;,t;11). Observe that the above scheme is in fact well defined
even though the non degenerate component of the scheme itself appears in the integral.
On every time-step the increments of (X[, Y, )iefti,..), @ > 0 are actually Gaussian.
They indeed correspond to a suitable rescaling of the Brownian increment and its
integral on the considered time step, see also Remark

Let us also denote for a given ¢ > 0 and for all (x, ), (z/,%') € R?*? the Kolmogorov-
type density

cd3d/2 |:L’/—JJ|2 |y’—y—(x—|—x’)t/2|2
pc,K(ta (LU; y); (;1:‘/, y/)) = (27Tt2)d exp (_C |: A + 3 t3 :|>(115)

The subscript K in the notation p. x stands for Kolmogorov-like equations.
We would like to emphasize that in Chapter[d] we are considering time-homogeneous
coefficients b, o and specify assumptions precisely.

(AD1) (Boundedness of the coefficients).
The components of the vector-valued function b(z,y) and the matrix-valued func-
tion o(z,y) are bounded measurable. Specifically, there exists a constant K s.t.

sup [b(z,y)| + sup |o(z,y)| < K.
(z,y)€R2d (z,y)€R2d

(AD2) (Uniform Ellipticity).
The matrix a := oc* is uniformly elliptic, i.e. there exists A > 1, V(z,y, ) € (R%)3,

ATHEP < (a(z,y)€,€) < AlEf.

(AD3) (Holder continuity in space).
For some v € (0,1] , &

b, y) = b(2", )| + lo(z,y) —o(@,y)] < & (\% — "+ ly - y’l”/s) :
We say that assumption (AD) holds when conditions (AD1)-(AD3) are in force.

Under mentioned assumptions, we now introduce perturbed versions of (1.13]) and
(1.14). Namely, for b, : R? — R? o, : R? — R? @ R? satisfy at least the same
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assumptions as b, o and are in some sense meant to be close to b, o for small values of
e > 0 one denote:

AX = b.(X0, ¥yt + (X0, ¥,O)aw, (1.16)
d}/t(e) — Xt(a)dtat c [O,T], |
and similarly:
eh €, h ) h &1 &)k
Xt =a+ [ b (Xoisy Yol d3+fo Te(Xyieyr Yo(s) )W, (1.17)
Vel =y + fo Xehds.

fort € [O,tj>,0 < j < N, where ¢(t) =1t; Vt € [ti,ti+1).
Considering as well a specific kind of Holder continuity associated with the intrinsic
scales of the system and the time-homogeneous case we set for ¢ > 0:

VQE(L—FOO] Agbq ‘b( ) bE('a')’Lq(RQd)'

We also define
Aga'\/ - |0( ) - 06('7 ‘)|d,77
where for v € (0,1], |.|45 stands for the Holder norm in space on Cj4(R? ® R?),

which denotes the space of Holder continuous bounded functions with respect to the
distance d defined as follows:

V(z,y), («,y) € R, d((z,y), (@' ¢)) = |z — /| + [y —y|"*.

Namely, a measurable function f is in C}4(R? ® R?) if

Flan = swp [f@ o)+ lay Yoy = sup  L@W) ZS@Y)

< +00
x,y€R2d (z,y)#(x' y')eR2d d(($ y) ($/7y/>)7

We eventually set Vg € (1, +o0],

d _ Ad
As’yq' Aso'y—i_Asbqv

which will be the key quantity governing the error in our results.

Theorem Fiz T > 0. Under AD, for q € (4d,+o<], there exists C := C(q) >
1,ce (0,1] s.t. for all0 <t <T, ((z,y), (2, y)) € (R?*)2:

[(p =) (t. (2,y), (2" 9))| < CAL, gpexc(ts (2,9), (2,1/)),

where p(t, (z,y), (.,.)), p(t, (x,y), (,.)) respectively stand for the transition densities

at time t of equations (1.13), (1.16) starting from (z,y) at time 0.
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Theorem m Fiz T > 0 and let us define a time-grid Ay, =
Under AD, there exists C > 1,c € (0,1] s.t. for all 0 < t; <
(R2d)2.’

{ )z‘e[[l,N}]}7N € N*.

(ti
T, ((z,y), (@, y)) €

|p2 - ph|<tj7 (x7 y)v (xlv y/)) < CAg,a,fypc,K(tﬁ (ZL’, y)7 (xla y,))a

where p; (t, (z,v), (.,.),pu(t, (z,y), (.,.)) respectively stand for the transition densities
at time t of equations (L.14)), (1.17) starting from (x,y) at time 0.

These two theorems will be restated and discussed in Section [4.3.1]

The sensitivity analysis will then be applied, in the flavour of [KM17] to investigate
the weak error associated to a specific Euler scheme which had already been considered
in [LM10] for equations of type . However, to perform the analysis we need to
change assumptions (AD) slightly. Precisely, we have to assume more about Holder
properties of coefficients than in (AD).

Instead of (AD3), we assume for some v € (0, 1] , &,

b(z,y) = b )| +lo(z.y) — (@) <l =2+ 1y =)

and denote that as (AD3). Thus, we say that assumption (AD) holds when conditions
(AD1),(AD2), (AD3) are in force.

Theorem [4.4.1, Fiz T > 0. Under assumptions (AD) for any test function f €
CPBI2(R?*) (B—Hdlder in the first variable and 32— Hélder in the second variable
functions) for p € (0,1], there exists C > 0, such that:

[E o) [f (X7, Y1) = Eag) [f (X, Yo)I < CH2(1 + |2]72).

where y € (0, 1] stands for the Holder index of v,~/2 Holder continuous time-homogeneous
functions b, o.

The theorem will be restated in Section 4.4

We also would like to present our control for the direct difference of transition den-
sities p(t, (z,y), (2, ")) and py(t, (z,v), (z/,y')). The result below is in clear contrast
with the one of Theorem for the weak error, i.e. when additionally consider an
integration of a Holder function w.r.t. the final (or forward variable). We finally can
reach a global error of order h?, 3 < v —1/2 which is close to the expected one in h7/2
when 7 goes to 1.

To improve the above result, we feel that some new advanced approaches to error
analysis should be considered. This means that either the scheme would have to be
modified or the error decomposed very differently than in the current huge literature
(from the seminal papers of [KMO0| and [KM02] the same lines are considered for the
error decomposition, see e.g. [KMI10|, [KM17], [Eril8]). Eventually, a specific difficulty
of the current model consists in dealing the unbounded transport term.
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Theorem Fiz a final time horizon T > 0 and a time step h = T/N, N € N*
for the Buler scheme. Under assumptions (AD), for v € (1/2,1] and 8 € (0,7 — 3),
for all t in the time grid Ay := {(t;)iep.ny} and (z,y), (2',y') € R* there exist C' :=
(T,b,a,B),c >0 such that :

Ip(t, (z,y), (2, y) = pu(t, (2, ), (', 9)]

< CRP(1+ (|| A J2])'*7) sup ]pc,K(s, (z,y), (=", y)), (1.18)
s€(t—h,t

where pe (s, (z,y), (2',y")) stands for the Kolmogorov-type Gaussian density (1.15)) at
time s.

The theorem will be discussed in Section [4.5]
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Chapter 2

Parametrix technique

Since the main topic of the thesis is the parametrix technique, its developments and
applications — we would like to start with the short history review on it.

2.1 Review

The parametrix method itself is a classical method in order to construct fundamental
solutions for parabolic type partial differential equations using an expansion argument.
This method allows for coefficients to be less regular than in the Malliavin Calculus ap-
proach. However, the methodology is restricted to cases where the underlying process
is Markov.

The parametix approach has been established in the beginning of XX century as a
perturbation technique for partial differential equations theory by Levi [Lev07|. The
original method has been used for approximations of the elliptic linear differential
equation solution. In a nutshell the idea consisted of the appropriate separation of
the “main” part and controlling the “remainder”. A common choice for the principal
part consists in considering the solution of the underlying equation with constant
coefficients.

The technique has been further developed by Hadamard [Had23|. The important
modifications of the parametrix method, introduced by Il'in et. all in 1962 [IKO62],
Friedman in 1964 [Fri64] and McKean and I. Singer in 1967 [MS67|, provided the
way to use it for SDEs theory. The main point is that the transition density of the
SDE can be found through the fundamental solution of the Cauchy problem for the
corresponding generator. Parametrix in a nutshell allows to get a representation of the
SDE transition density as a sum, where each term contains the transition density of
the more simple Gaussian process. Moreover the method of McKean and Singer does
not require any regularity on the coefficients of the SDE, besides Holder continuity
(although it was initially presented under C'*° assumptions).
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As far as we know one of the first investigation of the parametrix method for Markov
chains was presented in the paper by Konakov and Mammen in 2000 [KMO00], however
local limit theorems for homogeneous Markov chains with continuous state space have
been already given in Konakov and Molchanov [KM85| but the last article was not
really well-known being published in Russian. In the article [KM00] Konakov and
Mammen applied the parametrix method for parabolic PDEs and a modification of the
method — for discrete time Markov chain. As the result they achieved the convergence
rate of order O(n~'/2) for transition densities of triangular array of Markov Chains to
the transition density of the limiting diffusion.

After that, in 2001, the same authors considered the situation of triangular arrays
of Markov random walks that can be approximated by an accompanying sequence of
diffusion processes. The main result consisted in proving that normalized transition
probabilities differ from transition densities in the diffusion model by rate O(n=/2).
In particular, local limit theorems for the case that the Markov random walks has
been stated and proved. As in [KMO0O| the approach was based on application of the
parametrix method.

In 2002 Konakov and Mammen studied the approximation of the density of the
diffusion by the density of the Euler discretization with discretisation step L in [KM02].
Using the parametrix approach they obtained an asymptotic expansion in powers of
1
! After these improvements some results about Edgeworth type expansions for tran-
sition densities were achieved also by applying the parametrix expansions. In 2005
the article [KMO05] appeared with the discussion on Edgeworth type expansion for
the transition densities of triangular arrays of homogeneous Markov chains X* that
converge weakly to the diffusion process.

As the generalization for the previous article the paper [KM07]| was published in
2007. The improvements have been done mainly in two directions: the time horizon
T was allowed to converge to 0 and also cases are treated with non - homogeneous
diffusion limit.

Now we come to the key paper on the parametrix topic which is also important for
our current research. In 2010, Konakov, Menozzi and Molchanov presented the paper
[KMMTI0|, where parametrix method has been adapted for a larger class of processes
- namely for degenerate diffusions with rank 2. However not only the density repre-
sentation in terms of parametrix series has been given but also the explicit Gaussian
upper and partial lower bounds has been derived. Due to the series representation,
the authors have provided also a local limit theorem with the usual convergence rate
for an associated Markov chains approximations.

As the continuation in this direction the article [DM10] was published by Delarue
and Menozzi with the full summary on the existing parametrix techniques including
the degenerate case. Two sided bounds for the density of the solution of a system of
n differential equations of dimension d have been provided.
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In the frame of degenerate diffusions case discussion we also would like to empha-
size the paper [Menll]| due to the proof of the uniqueness of the martingale problem
associated to some degenerate operator inside. The key point is to exploit the strong
parallel between the new technique introduced by Bass and Perkins [BP09] to prove
uniqueness of the martingale problem in the framework of non degenerated elliptic
operators and the parametrix approach to the density expansion.

Later, Konakov and Menozzi also considered a stable driven SDEs cases for the
parametrix application [KMI0]. Using a parametrix approach they derived an expan-
sion for the difference between the diffusion and the Euler scheme densities.

Even more general framework has been treated in the paper by Menozzi and Huang
|[HM16| in 2016 where they considered a stable driven degenerate stochastic differential
equation, whose coefficients satisfy a kind of weak Hormander condition. Under mild
smoothness assumptions they proved the uniqueness of the martingale problem for the
associated generator using also the parametrix method as a tool.

2.2 Other developments in Parametrix

Bally and Kohatsu-Higa in their paper[BAQ9| introduced the parametrix method using
a semigroup approach and obtain the probabilistic representation for the density of
the solution to a diffusion equation or for Levy driven SDEs. It’s worth to specifically
emphasize that they have described two kinds of parametrix methods: the first one
- “forward” and second one - “backward” parametrix. To use the first version it’s
necessary to assume that the coefficients are CZ. The second version converges if
the drift coefficient is bounded and measurable and diffusion coefficient is bounded,
uniformly elliptic and Hoélder continuous.

In his further articles Kohatsu-Higa with his co-authors consider an unbiased sim-
ulation method for multidimensional diffusions based on the parametrix method for
solving partial differential equations with Ho6lder continuous coefficients [AKHI17].

And also studied the parametrix approach applied to so-called skew diffusions to
obtain the existence and the regularity properties of the density and to provide a
Gaussian upper bound [KHTZ16].

As a continuation of the topic we would like to mention a paper by N. Frikha [Fril18|.
Applying the results obtained in [AKH17| the author studied the weak approximation
error of a skew diffusion with bounded measurable drift and Holder diffusion coefficient
by an Euler-type scheme. A bound for the difference between the densities of the skew
diffusion and its Euler approximation was obtained using the parametrix method for
the skew diffusions.

Moreover we would like to emphasize other two papers as nice examples of the
parametrix application. First, in [FH15| studying the development of the Richardson-
Romberg extrapolation method for Monte Carlo linear estimator to the framework of
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stochastic optimization by means of stochastic approximation algorithm, authors also
extended the parametrix expansion results to the derivatives of the densities.

Second, in [FKHLI16| authors obtained properties of the law associated to the first
hitting time of a threshold by a one-dimensional uniformly elliptic diffusion process
and to the associated process stopped at the threshold. The methodology relied on
the parametrix method that was applied to the associated Markov semigroup.

There is also an interesting direction for the parametrix applications developed
mostly by A. Pascucchi. Although there is a big variety of papers done more or less
in a same flavour it is worth to mention at least the key one. In [FP10| authors in-
troduced their own view on the diffusions transition densities approximations deriving
the technique also from the classical PDE theory. Moreover, authors provided a way
to use the parametrix analogue for pricing and hedging of financial derivatives.

2.3 Diffusions

To introduce the technique we would like to start the non-degenerate SDEs. Namely,
as in the Chapter [I| for a fixed given deterministic final time-horizon 7" > 0, we
consider the following multidimensional SDE:

dXt = b(t, Xt)dt + U(t, Xt)th7 t - [O, T]7 (21)

where b : [0,T] x RY — R o : [0,7] x R? — R? ® R? are bounded coefficients
that are measurable in time and W is a Brownian motion on some filtered probability
space (2, F, (Fi)i>0,P). Also, a(t,x) := oo*(t, x) is assumed to be uniformly elliptic,
precisely, there exists Ao > 1 s.t. for (¢,z,£) € [0,7] x R? x R? we have \;'[£]? <
{a(t, )&, &) < Nol€]* where |.| stands for the Euclidean norm.

To begin with, we assume that there exists the so-called transition density of
which is a fundamental solution associated with the operator 0t + L;, where L, is the
generator of (to get this one can assume Lipschitz continuity for coefficients in
time and space, i.e.). Precisely, as in the Chapter |1} for all ¢ € CZ(R,R),z € R? :

Lb(2) = STe(alt, )D20(2) + (0, 2), V-0(2) (2.2

The existence of the Markov process with such a generator even in the case of 8
Hoélder continuity, 0 < 5 < 1 for a and b has been proven in [SV79]. The existence of
the transition density P(X; € dy|X; = z) = p(s,t, x,y)dy has been proved in the book
[ETri64], for example.

As it was mentioned in the Chapter [I| are interested in the approximation of the
solution X; for the SDE

dXt = b(t, Xt)dt + O'(t, Xt>th,t S [O, T], (23)
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For given (s, z) € Rt x R? we use the standard Markov notation (X;*);>, to denote
the solution of starting from z at time s.

Assume that (X;*);>, has for all ¢ > 0 a smooth density p(¢, x,.) (which is the case
if the coefficients are smooth see e.g. Friedman [Fri64]). We would like to estimate
this density at a given point y € R?. To this end, we introduce the following Gaussian
inhomogeneous process with spatial variable frozen at y. For all (s, x) € [0, T|xR?, ¢ >
0 we set:

t
XV = x—l—/ o(u,y)dW,,

which literally means we freeze the coefficient o() at the terminal point x € R?
However it is worth to remark that the approach used by Levi [Lev(7| and [IKOG2|
applied the freezing procedure to the initial point (which seems to be even more natural
decision). The disadvantage of such a solution is that one needs to assume additional
regularity in time. Also the specific form without a trend coefficient is used due to the
boundedness assumption on b(¢, X;). In the general case one should add fst b(u,y)du
to the definition of the frozen process.

The density of the frozen process p¥, which exists due to the uniform elliptic-
ity assumptions on o, seems to be the most natural "proxy" for the initial density
p(s,t,x,y). It’s possible to quantify the distance between them using the Kolmogorov
equations.

Assume for the beginning smoothness for coefficients in and that (X;)s~o has
a smooth density. The density of the frozen process satisfies the Kolmogorov Backward
equation:

2.

ﬁy<u7t7 *) y) 1;; 6y(->7
where for all p € CZ(R%,R), z € R%:

Lip(z) = %Tr (00" (u,9)DZp(2)) ,

stands for the generator of X¥ at time u.

On the other hand, since we have assumed the density of X to be smooth, it
must satisfy the Kolmogorov forward equation (see e.g. Dynkin [Dyn65]). For a given
starting point z € R? at time s,

{&Lp(s, u,x,2) = Lip(s,u,2,2) =0, s <u<t zeR?, 2.5)
2.5

plsu.z,) = 0(0),

where L stands for the formal adjoint (which is again well defined if the coefficients

in (2.1) are smooth) of the generator of (2.1)) (see (2.2)).

27



Using the Dirac convergences in (2.4) and (2.5)) one can derive that:

t
(p— )(s,t, ) = / dud, / dzpls, u,, )5 (u, , 2, 9).
s Rd

After a formal differentiating:

t
0=ty = [ du [ s @upls.u )0, 200) + pls. . 0 (st 2,0)
s R

Equations (2.4, (2.5) yield the formal expansion below which is initially due to
McKean and Singer [MS67].

¢
=)o tay) = [ du [ ds (Lo, n. 0.t 200) - plosu, DL (0.1, )
s R
¢
= / du/ dzp(s,u, x, z)(L, — L)p"(u, t, z,y)(2.6)
s R4

We eventually take the adjoint for the last equality. Note carefully that the differen-
tiation under the integral is also here formal since we would need to justify that it can
actually be performed using some growth properties of the density and its derivatives
which we a priori do not know. Let us now introduce the notation

t
F & g(s,t,.y) = / du / A= (s, w2, 2)g(u.t, 2, )
s R4

for the time-space convolution and let us define p(s,t,x,y) := p¥(s,t,z,y), that is in
p(s,t,x,y) we consider the density of the frozen process at the final point and observe
it at that specific point. We now introduce the parametriz kernel:

H(s,t,2,y) = (Ls — L)p(s, t,x,y) = (Ls — LY)p" (s, 1,7, ). (2.7)
With those notations equation (2.6)) rewrites:

(p —ﬁ)(s,t,m,y) =D ® H(S,t,ﬂf,y).

From this expression, the idea then consists in iterating this procedure for p(s,u,z, 2)
in introducing the density of a process with frozen characteristics in z which is
here the integration variable. This yields to iterated convolutions of the kernel and
leads to the formal expansion:

pls,ta,y) =Y p@ H (s,t,2,y), (2.8)
r=0
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where p@ HO = 5, H") = H® H" Y, r > 1. Obtaining estimates on p from the
formal expression (2.8)) requires to have good controls on the right-hand side. The
remarkable property of this formal expansion is now that the right-hand-side of
only involves controls on Gaussian densities.

Observe that up to now we have used the smoothness assumption on the coeffi-
cients a lot, however it’s possible to have the same representation under the Holder
assumptions only (see the Chapter |3)).

The convergence of the series in (2.8) is in some sense standard (see e.g. [Menll]
or Friedman [ETi64]). We recall for the sake of completeness the key steps.

From direct computations, there exist ¢; > 1,¢ € (0,1] s.t. for all 7" > 0 and all
multi-index «, |a| < 8,

C1

Wpc(t —u,y — 2), (2.9)

VO<u<t<T, (z,9) € (R, |DD(u,t,2y)| < 0

where
/2

e Ccly =2
(27 (t — u))4/? 2 t—u )’

stands for the usual Gaussian density in R? with 0 mean and covariance (t —u)c™11,.
From (2.9)), the boundedness of the drift and the Lipschitz continuity in space of the
diffusion matrix we readily get that there exists ¢; > 1, ¢ € (0, 1],

Pt —u,y — 2)

ci(1v TV?)
\H(u,t,z,y)| WPC( U,Z—y)

Now we present the property which usually called the smoothing property of the
parametriz kernel. Let us illustrate this by deriving the time-singularuty of the first
order-convolution.

N[

p@ H(s,t,z,y)| < (1VTY?)er)*B(5, Dpe(t — s,y — )t — 5)

_((1\/T1/2 Clz[r( } o(t— s,y —z)(t —s)2,

L'(3)

where for a,b > 0, B(a,b) = fol t=1e(1—t)~1*bdt stands for the 3— function, and using

as well the identity B(a,b) = % for the last inequality. Iterating the convolution
operation, the exponent in time Wiﬁ grow with each iteration:

DN —

l\’)l»—t

K\DICN

[l

]ﬁ@H(T)(s,t,x,y)\ S ((1 \/Tl/Q T+1HB ( S y—%)(t— S)

B ((1 \/Tl/Q)Cl)T+1 [1—\(%)}7’
B L(1+%)

N3

pe(t — s,y —x)(t — s)2.

29



These bound due to the asymptotic of the Gamma function readily yield the con-
vergence of the series as well as a Gaussian upper-bound. Namely

p(s,t,z,y) < crexp((1V TY?) ey [(t — s)Y)pe(t — s,y — ). (2.10)

The upper bound enjoy the semigroup property, i.e. V0 < s <u <t < T,
/ pC(U_taZ—Cﬁ)pc(S_%y_z)dz:pc(t_say_x)a
R4

which allows to propagate the upper bound (2.10) from small times to arbitrary but
finite time.

2.4 Markov Chains

One of the main advantages of the formal expansion in (2.8)) is that it has a direct
discrete counterpart in the Markov chain setting. Indeed, denote by (YZI)]ZZ the
Markov chain starting from z at time ¢; with dynamics:

Yieor = Yoo + b(ty, Y ) + o (ty, Vi )Whép, Yo = (2.11)

where A > 0 is a given time step, for which we denote for all £ > 0,¢; := kh and the
(&k)r>1 are centered ii.d. random variables satisfying some integrability conditions.
Observe first that if the innovations (& )x>1 have a density then so does the chain at
time tk

Let us now introduce its generator at time ¢;, i.e. for all p € CZ(R%,R), x € R%:

Lyp(x) == h'Elp(Y,'7) — o(x)].

In order to give a representation of the density of p"(¢;,t;,z,y) of Y;;x at point
y for 7 > i, we introduce similarly to the continuous case, the Markov chain (or
inhomogeneous random walk) with coefficients frozen in space at y. For given (t;,z) €
0,T] x R, t; > t; we set:

j—1

Yt?’%y =x+ hl/QZU(tlﬁ y)gk-‘rl?

k=i

and denote its density p™¥(t;,t;,x,.). Its generator at time t; writes for all ¢ €
C2(R4,R),z € R

~h7 - ¥ 33y

Ly o(x) = h'Elp(Y1) — o(@)].

Using the notation p"(t;,¢;, z,y) := p™¥(t;,t;,z,y), we introduce now for 0 < i <

J < N the parametriz kernel:

Hh(ti,tj,$,y) = (LZ - EZ’y)ﬁh(tZ + h,tj,l’,y).

30



Analogously to Lemma 3.6 in [KMO00|, which follows from a direct algebraic manip-
ulation, we derive the following representation for the density. Assuming boundness
and Lipschitz continuity for coefficients b and o with the uniform ellipticity for o, one
can get for 0 <t¢;, <t; <T that

j—i
Pty my) = Y Pt @ YOty t, 2, y), (2.12)
r=0

where the discrete time convolution type operator ®j, is defined by

j—i—1

f®h g(t“t],l' y Z h/ f tlvtz-‘rkul‘ Z)g(tz+k7tj7z y)d

Also g ®, H"® = ¢ and for all » > 1, H»(") .= H" @, H"1) denotes the r-fold
discrete convolution of the kernel H".
The key point to prove is the direct definition of the discrete kernel function. Since

Hh<ti7 tja z, y) = / hil[ph(tia ti+1> Z, Z) - ﬁh(tia tiJrla x, Z)]ﬁh<ti+17 tja Z, y)dZ
R4
Using the Markov property we get the following identity:
ph(t’htju'x’y) p tutj?m 3/ Zh/ tlutkax Z)

X/ D" (s tigrs 2, 27) — 5" (ks tets 20 20" (bepn, £, 2 y)d2'dz
Rd

Jj—
Z / tutk?m Z)Hh(tkatjaz7y)dz
k=1

= (ph ®n Hh)(ti7 ti z,y).

The expansion (2.12)) follows by iterative application of this identity.
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Chapter 3

Stability of diffusion transition
densities

3.1 Introduction

In this Chapter we study the sensitivity of densities of non-degenerate diffusion pro-
cesses and related Markov Chains with respect to a perturbation of the coefficients.
Natural applications of these results appear in models with misspecified coefficients or
for the investigation of the weak error of the Euler scheme with irregular coefficients.

3.2  Stability

For a fixed given deterministic final horizon T' > 0, let us consider, as in the Chapter
the following multidimensional SDE:

dXt == b(t, Xt)dt -+ U(t7Xt)th, te [O, T], (31)

where b: [0, T] x R? — R4, o : [0, 7] x R? — R?®R? are bounded coefficients that are
measurable in time and Hoélder continuous in space (this last condition will be possibly
relaxed for the drift term b) and W is a Brownian motion on some filtered probability
space (2, F, (Fi)i>0,P). Also, a(t,x) := oo*(t, x) is assumed to be uniformly elliptic.
In particular those assumptions guarantee that admits a unique weak solution,
see e.g. Bass and Perkins [BP09], [Men11] from which the uniqueness to the martingale
problem for the associated generator can be derived under the current assumptions.

We now introduce, for a given parameter € > 0, a perturbed version of with
dynamics:

dX = b.(t, XO)dt + 0. (t, X)aW,, t € [0, 7], (3.2)
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where b, : [0,7T] x RY — RY o, : [0,7] x R — R @ R? satisfy at least the same
assumptions as b, 0 and are in some sense meant to be close to b, 0 when ¢ is small.

It is known that, under the previous assumptions, the density of the processes
(Xt)e>o0, (Xt(a))tzo exists and satisfies some Gaussian bounds, see e.g Aronson [Aro59)
or [DM10] for extensions to some degenerate cases.

The goal of this Chapter is to investigate how the closeness of (b.,0.) and (b, o) is
reflected on the respective densities of the associated processes. Important applications
can for instance be found in mathematical finance. If the dynamics of models
the evolution of the (log-)price of a financial asset, it is often very useful to know how
a perturbation of the volatility ¢ impacts the density, and therefore the associated
option prices.

In the framework of parameter estimation it can be useful, having at hand es-
timators (b, o) of the true parameters (b,0) and some controls for the differences
|b — bc|, |0 — o] in a suitable sense, to quantify the difference p. — p of the densities
corresponding respectively to the dynamics with the estimated parameters and the
one of the model.

Another important application includes the case of mollification by spatial convo-
lution. This specific kind of perturbation is useful to investigate the error between
the densities of a non-degenerate diffusion of type with Holder coefficients (or
with piecewise smooth bounded drift) and its Euler scheme. In this framework, some
explicit convergence results can be found in [KM17].

More generally, this situation can appear in every applicative field for which the
diffusion coefficient might be misspecified.

Our stability results will also apply to two Markov chains with respective dynamics:

Ytk+1 = E/tk + b(tkh }/tk>h + U(tka Ytk)\/ﬁ&ﬁ-la Yb =7,
Y = YO b (b, YO+ 0 (b, VO)WhE, Y =, (3.3)

tkt1
where h > 0 is a given time step, for which we denote for all £ > 0, ¢, := kh and
the (£k)k>1 are centred i.i.d. random variables satisfying some integrability conditions.
Again, the key tool will be the parametrix representation for the densities of the chains
and the Gaussian local limit theorem.

3.2.1 Assumptions and Main Results.

For better readability let us now repeat assumptions, introduced in Chapter [I], which
we use during this Section. Below, the parameter ¢ > 0 is fixed and the constants
appearing in the assumptions do not depend on ¢.

(A1) (Boundedness of the coefficients). The components of the vector-valued
functions b(t, z), b-(t, z) and the matrix-functions o (¢, x), o.(t, x) are bounded measur-
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able. Specifically, there exist constants K, Ko > 0 s.t.

sup —|b(t,2)|+  sup  |be(t,2)| < K7,

(t,z)€[0,T] xR (t,z)€[0,T]xR?
sup Jo(t,2)|+  sup  ou(t,2)] < K.
(t,z)€[0,T]x R4 (t,z)€[0,T] xR

(A2) (Uniform Ellipticity). The matrices a := 00", a. := o.07 are uniformly elliptic,
i.e. there exists A > 1, V(t,z,£) € [0,T] x (R4)?,

ATHEP < (alt, 2)6,€) < A% ATHEP < (ac(t,2)€, 6) < Mg
(A3) (Holder continuity in space). For some v € (0,1] , k < oo, for all ¢ € [0,T],
ot 7) — ot,9)| + 0wt 7) — 0u(ty)| < mlz—y".

Observe that the last condition also readily gives, thanks to the boundedness of o, o,
that a, a. are also uniformly y-Hélder continuous.

For a given € > 0, we say that assumption (A) holds when conditions (A1)-(A3)
are in force. Let us now introduce, under (A), the quantities that will bound the
difference of the densities in our main results below. Set for ¢ > 0:

AE,b,OO = sup {‘b(t7x) - bﬁ(t?x”}? vq € (17 +OO)7
(t,x)€[0,T]|x R4

Acpq = sup [[b(t,.) = be(t, )| Lagra-
te[0,7

Since o, 0. are both y-Ho6lder continuous, see (A3.3) we also define

Aa,a,'y = Ssup |U(u7 ) - 06(u7 ')l’Y’
w€(0,T]

where for v € (0, 1], |.|, stands for the usual Hélder norm in space on Cy (R?, R @ R9)
(space of Holder continuous bounded functions, see e.g. Krylov [Kry96]) i.e. :

I i= swp [f@] + Sy = sup =IO

z€Rd vty (ry)e®2 T — Y|
The previous control in particular implies for all (u,z,y) € [0,T] x (R%)%:
la(u, x) — a(u,y) — ac(u, x) + a-(u,y)| < 2(Ks + k) Ac g2 — y|7.
We eventually set for g € (1, 400],
Acorg =D+ A, (3.4)
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which will be the key quantity governing the error in our results.

We will denote, from now on, by C' a constant depending on the parameters ap-
pearing in (A) and 7. We reserve the notation ¢ for constants that only depend on
(A) but not on T'. The values of C, ¢ may change from line to line and do not depend
on the considered parameter ¢. Also, for given integers ¢, 7 € N s.t. ¢ < j, we will
denote by [i, j] the set {é,i +1,---,j}.

We are now in position to state main results of this Chapter, which we have already
mentioned in Chapter

Theorem 3.2.1. Fiz e > 0 and a final deterministic time horizon T > 0. Under (A)
and for q > d, there exist C':= C(q) > 1,c¢ :=¢(q) € (0,1] s.t. for all0 <s <t <
T, (z,y) € (RY)*:

pe(t — s,y —x) (p—p)(s, t,x,y)| < CAL, g, (3.5)
where p(s,t,x,.),pe(s,t, x,.) respectively stand for the transition densities at time t of
equations (3.1)), (3.2) starting from = at time s. Also, we denote for a given ¢ > 0 and
for all (u,2) € RT™ x RY, p.(u, 2) := % exp(—cﬁ).

2u
The proof will be given in Section [3.2.4]

Remark 3.2.1 (About the constants). We mention that the constant C' := C(q) in (3.5))
explodes when ¢ | d and is decreasing in ¢. In particular, it can be chosen uniformly
as soon as q > qo > d.

Before stating our results for Markov Chains we introduce two kinds of innovations
in (3.3). Namely:

(IG) The i.i.d. random variables ({)r>1 are Gaussian, with law AN(0, 1), where I,
stands for the identity matrix of size d x d. In that case the dynamics in (3.3]) corre-
spond to the Euler discretization of equations (3.1)) and (3.2).

(IP) For a given integer M > 2d + 5 + ~, the innovations ({)x>1 are centred and
have C® deunsity fe which has, together with its derivatives up to order 5, at most
polynomial decay of order M. Namely, for all z € R? and multi-index v, |v| < 5:

|D" fe(2)] < CQum(2), (3.6)

where we denote for all r > d, z € RY, Q,.(z) := c,,m, Jpa d2Q,(2) = 1.

Theorem 3.2.2 (Stability Control for Markov Chains). Fiz € > 0 and a final deter-
ministic time horizon T > 0. For h = T/N, N € N* we set fori € N, t; := ih.
Under (A), assuming that either(IG) or (IP) holds, and for q > d there exist C =
C(q) > 1,c:=c(q) € (0,1] s.t. for all0<t; <t; <T,(x,y) € (RY)2:

Xe(t; — ti,y — ) 7" = p)(ti ty, 2, 9)| < CAL g, (3.7)

where p"(t;,t;,x,.), pl(t;, t;,x,.) respectively stand for the transition densities at time
t; of the Markov Chains Y and Y in (3.3) starting from x at time t;. Also:
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- If (IG) holds:
Xc(tj - tmy - .I’) = pc(tj - t“y - .Z'),

with p. as in Theorem [3.2.1,
- If (IP) holds:

Cd

' |y — =]
Xc(tj — 14, Y — I‘) = W@M-(d-ﬁ-fri"y) ((t] _ ti)1/2/C .

The proof will be given in Section [3.2.5]

3.2.2 On Some Related Applications.
Model Sensitivity for Option Prices.

Assume for instance that the (log)-price of a financial asset is given by the dynamics
in . Under suitable assumptions the price of an option on that asset writes at
time ¢ and when X, = x as E[f(exp(X;"))] up to an additional discounting factor. In
the previous expression f is the pay-off function. For a rather large class of pay-offs,
say measurable functions with polynomial growth, including irregular ones, Theorem
allows to specifically quantify how a perturbation of the coefficients impacts the
option prices. Precisely for a given € > 0, under (A):

E-(t, T, x, )| == |E[f(exp(X5"))] — E[f (exp(X" )|
< Chuy [ Hexply)n(T ~ b )iy

This previous control can be as well exploited to investigate perturbations of a model
which provides some closed formulas, e.g. a perturbation of the Black and Scholes
model that would include a stochastic volatility taking for instance o.(x) = o + ei(x)
for some bounded Holder continuous function i and e small enough. In that case,
assuming that the drift is known and unperturbed, we have A, ., = |o. — 0|, = ¢|¢],.

In connection with this application, we can quote the work of Corielli et al. [CFP10]
who give estimates on option prices through parametrix expansions truncating the se-
ries. Some of their results, see e.g. their Theorem 3.1, can be related to a perturbation
analysis since they obtain an approximation of an option price for a local volatility
model in terms of the Black—Scholes price and a correction term corresponding to the
first order term in the parametrix series. A more probabilistic approach to similar
problems can be found in Benhamou et al. [BGM10|. However, none of the indicated
works indeed deals with the global perturbation analysis we perform here.
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Weak Error Analysis

It is well known that if the coefficients b, o in are smooth and a satisfies the non-
degeneracy condition (A3.2), then weak error on the densities for the approximation
by the Euler scheme is well controlled. Precisely, for a given time step h > 0, let us
set for i € N,t; := ih. Introduce now the Euler scheme X¢ =z, Vi > 1, X =
X! +0(ti, X)h + o(t;, X[')(Wy,,, — W,,) and denote by p"(t;, x,.) its density at time
t;. The dynamics of the Euler scheme clearly enters the scheme (3.3). It has been
established in Konakov and Mammen |[KMO02] (see also Bally and Talay [BT96b]| for

an extension to the hypoelliptic setting) that:

If the coefficients in are not smooth, it is then possible to use a mollification
procedure, taking for z € R, b.(t,z) 1= b(t,.) x p-(x),0.(t,2) := o(t,.) * p.(z) with
pe :=e p(x/e) and p € C(R*RT), [, p(x)dz = 1, |supp(p)| C K for some compact
set K of R?. For the mollifying kernel p., one then easily checks that for ~v-Holder
continuous in space coefficients b, o there exists C' s.t.

sup |b(t,.) — b:(t,.)|oe < CE7, sup |o(t,.) —o:(t,.)], < Ce™™", ne(0,7). (3.8)
te[0,T t€[0,T ’

The important aspect is that we lose a bit with respect to the sup norm when investi-
gating the Holder norm. We then have by Theorems [3.2.1f and [3.2.2] and their proof,
that, for y-Holder continuous in space coefficients b, 0 and taking p = oo, there exist
,Cst forall 0<s<t<T,0<¢t;<t; <T, (z,y) € (R)Z:

’(p - ps)(sa t,l’, y)‘ S CCng’y*an(t —5Y— $),
(" = p)(ti tj, 2, y)| < CCue”po(ty — ti,y — ),

where the constant C,, explodes when 7 tends to 0.

To investigate the global weak error (p—p")(t:, t;, z,y) = {(p—p-)+ (p-—p")+(p" —
p") (i, t;,z,y), it therefore remains to analyse the contribution (p. — p)(¢;,¢;, 7, y).
The results of [KM02] indeed apply but yield |(p.—p?)(t;, t;, x,y)| < Cohp(t;—t;, y—2x)
where C. is explosive when ¢ goes to zero. The global error thus writes:

’(p - ph)(tza tj> X, y)‘ S C{Cng’Y*ﬁ + Ceh}pc<t] - tia y— ‘T)a

and a balance is needed to derive a global error bound. This is precisely the analysis
which is performed in [KM17|. In this Chapter, we extend to the densities (up to
a slowly growing factor) the results previously obtained by Mikulevi¢ius and Platen
IMP91] on the weak error, i.e. they showed |E[f(Xr) — f(XR)]| < ChY/? provided
f € C?**7(R% R). Precisely, we obtain through a suitable analysis of the constants
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C,, Ce, which respectively depend on behaviour of the parametrix series and of the
derivatives of the heat kernel with mollified coefficients, that |p — p"|(t;,¢;,2,y) <
Ch/2=¥MWp (t; — t;,y — x) for a function ¥(h) going to 0 as h — 0. (which is induced
by the previous loss of n in (3.8))). In the quoted work, we also obtain some error
bounds for piecewise smooth drifts having a countable set of discontinuities. This part
explicitly requires the stability result of Theorems Theorems for ¢ < +o0.
The idea being that the difference between the piece-wise smooth drift and its smooth
approximation (actually the mollification procedure is only required around the points
of discontinuity), is well controlled in L? norm, ¢ < +oc.

Extension to some Kinetic Models

The results of Theorems [3.2.1] and [3.2.2 should extend without additional difficulties
to the case of degenerate diffusions of the form:

dXt = b(t, Xta }/;)dt + U(t, Xt, K)th,

3.9
dY; - Xtdt7 ( )

under the same previous assumptions on b, 0 when we consider perturbations of the
non-degenerate components, i.e. for a given ¢ > 0, (X7, V,®) where:

dX{? = b.(t, X2, Y, )dt + o.(t, X2, Y, )aw,

(3.10)
4y, = x©at.

Indeed, under (A), the required parametrix expansions of the densities associated with
the solutions of equation (3.9), (8.10) are mentioned in Chapter [4] (see also [KMMTI0]).

A posteriori controls in parameter estimation

Let us consider to illustrate this application a parametrized family of diffusions of the
form:

dXt =0b(t, Xt)dt +o(n,t, Xt)dWt, (3.11)

where € 6 C RY, the coefficients b, o are smooth, bounded and the non-degeneracy

condition (A3.2) holds. A natural practical problem consists in estimating the true

parameter 7 from an observed discrete sample (Xin)icjo,n) Where the (Z;)ico,, form a

partition of the observation interval, i.e. it T'=1,0 =t <t} <- <t} = 1.
Introducing the contrast:

1 - - n n n
U (n) = = 3 [log(det(a(n, t1-1))) + (a™ (n, 1y, Xy ) X7, X7

=1
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X = X

Vie[l,n], X" = et
Vi — i

and denoting by 7, the corresponding minimizer, it was shown by Genon-Catalot
and Jacod [GCJ93| that under P7, \/n(n, —n) converges in law towards a mixed normal
variable S which is, conditionally to F; := o[(Xs)secjo,1], centred and Gaussian. For a
precise expression of the covariance which depends on the whole path of (X;)icp,1] we
refer to Theorem 3 and its proof in [GCJ93].

This means that, when n is large, conditionally to F;, we have on a subset Q C Q
which has high probability, that |7, —n| < \% for a certain threshold C'. Setting ¢,, =
n~2 o, (t,x) := o(i,,t,r) and with a slight abuse of notation o(t,z) := o(n,t,z),
one gets that, on Q:

lo(t, ) = 0o, (t, ) = (0(t,y) — 02, (t,9)| < |z —y[ A Cn7'/2
= |o— o9 < (Cn~ Y)Y 9 € (0,1].

We can then invoke our Theorem to compare the densities of the diffusions with
the estimated parameter and the exact one in (3.11)).

3.2.3 Derivation of formal series expansion for densities
Parametrix Representation of the Density for Diffusions

In the following, for given (s,z) € RT x R? we use the standard Markov notation
(X;")i>s to denote the solution of starting from x at time s.

Assume again that (X;);>s has for all ¢ > s a smooth density p(s, ¢, z,.) (which is
the case if additionally to (A) the coefficients are smooth see e.g. Friedman [Fri64]).
We would like to estimate this density at a given point y € R%. To this end, we again
use the parametrix expansion with respect to the density of the frozen process with
spatial variable frozen at y. For all (s,z) € [0,T] x R%, t > s we set for this Chapter:

t
X/ =z +/ o(u,y)dW,.

Its density pY readily satisfies the Kolmogorov Backward equation:

{auﬁy(u,t,z,y) + L¥p¥(ut,2,y) =0, s <u <t z€RY 5.12)
3.12

ﬁy(uv tu *) y) 1?7& 5y(->7
where for all ¢ € C3(R%, R), z € R%:
~ 1 .
Lip(z) = 5T (00" (u, ) D2p(2))
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stands for the generator of X¥ at time w.

On the other hand, since we have assumed the density of X to be smooth, it
must satisfy the Kolmogorov forward equation (see e.g. Dynkin [Dyn65]). For a given
starting point z € R at time s,

Oup(s,u,z,2) = Lip(s,u,r,2) =0, s <u<t,zeRY,
(3.13)

plsu,2,) = 8(),

where L* stands for the formal adjoint (which is again well defined if the coeflicients in
(3.1) are smooth) of the generator of (3.1)) which for all ¢ € CZ(R%, R), z € R? writes:

Lup(z) = %Tr (UU*(u, Z)Dggo(z)) + (b(u, 2), D,p(2)).

Equations (3.12)), (3.13) yield the formal expansion below which is initially due to
McKean and Singer [MS67].

t
s R4
t
— / du/ dz (Oup(s,u, z, 2)p"(u, t, z,y) + p(s,u, z, 2)0,p" (u, t, z,y))
s Rd
t
= [du [ dx (Lo, ) st 29) — plos e, 2) L2 s 220) )
s R4
t
= / du/ dzp(s,u,x,z)(L, — LY)p"(u, t, z,y),  (3.14)
s R4
using the Dirac convergence for the first equality, equations (3.13)) and (3.12) for the
second one. We eventually take the adjoint for the last equality. Note carefully that
the differentiation under the integral is also here formal since we would need to justify
that it can actually be performed using some growth properties of the density and its

derivatives which we a priori do not know.
Let us remind the notation from the Chapter [2}

t
f®g(s,t,x,y)=/dU/ dzf(s,u,x,2)g(u,t, z,y)
s R4

for the time-space convolution and let us define p(s,t,z,y) := p¥(s,t,z,y), that is in
p(s,t,x,y) we consider the density of the frozen process at the final point and observe
it at that specific point. We also remind the notationn of the parametriz kernel:

H(s,t,2z,y) = (Ls — L)p(s, t,z,y) :== (Ls — LY)p"(s,t, 2, y). (3.15)
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This yields to iterated convolutions of the kernel and leads to the formal expansion:

p(s, t,x,y) = Zﬁ @ H(s,t,z,y), (3.16)
r=0
where p@ HO =5 HW = He HY, r > 1.
And now we come to the main difference from the prove which we have in Chapter
2l Since we are working under the Assumption (A3.3) of the just Holder continuity
of coefficients, it is not possible to refer directly to previously obtained results for the
density existence or parametrix expansion. However, both facts are still true.

Proposition 3.2.3. Under the sole assumption (A), for t > s, the density of X;*
solving (3.1) exists and can be written as in (3.16]).

Proof. The proof can already be derived from a sensitivity argument. We first intro-
duce two parametrix series of the form (3.16]). Namely,

p(s,t,x,y) = pls, t,a,y) + > p& H (s, t,2,y) (3.17)

r=1

and -
p5(87 t? w? y) = 1/5/5(87 t? x? y) _'_ Zﬁf ® HE(T)(S7 t? x? y)' (3'18)

r=1

Let us point out that, at this stage, p and p. are defined as sum of series. The purpose
is then to identify those sums with the densities of the processes X, Xt(a)’s’x at point
Y.

The convergence of the series and is in some sense standard (see e.g.
[Menl1l1] or Friedman [Eri64]) under (A). We recall for the sake of completeness the
key steps for (3.17).

From direct computations, there exist ¢; > 1,¢ € (0,1] s.t. for all T > 0 and all
multi-index «, |a| < 8,

WSu<t<T, (29) € Y, D5t 20)| € G mgpelt —wy =), (319)

(t—u

where

Cd/2 c\y—le
pc(t —Uu,y— Z) = (27T(t _ U))d/2 €Xp _5 f—u )

stands for the usual Gaussian density in R? with 0 mean and covariance (t —u)c™'1,.
From (3.19), the boundedness of the drift and the Holder continuity in space of the
diffusion matrix we readily get that there exists ¢; > 1, ¢ € (0, 1],

ci(1v TU=7/2)
(t—u)l72

‘H(u7t7zay)| S pc(t_uwz_y)' (320)
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Now the key point is that the control (3.20)) yields an integrable singularity giving
a smoothing effect in time once integrated in space in the time-space convolutions

appearing in (3.17) and (3.18)). It follows by induction that:

po H" (s, t, 2, y) < (1v T THHB 14 ( z—l)g)pc(t—s,y—x)(t—s)%

B ((1 \/T( )/2)01)r+1 [F(%ﬂ’”
B I(1+r3)

y
2

pe(t — s,y — ) (t — 3)
(3.21)

These bounds readily yield the convergence of the series as well as a Gaussian upper-
bound. Namely

p(57 t,, y) < exp((l \% T(l—V)/Q)Cl[(t - S)A//Q])pt:(t —S5Y— {L‘) (322)

An important application of the stability of the perturbation consists in considering
coefficients b, := bx (., 0 := 0 x (. in (3.18]), where (. is a mollifier in time and space.
For mollified coefficients which satisfy the non-degeneracy assumptions (A3.2), the
existence and smoothness of the density p. for the associated process X© in (3.2)
can be derived from [IKOG62|. Observe carefully that the previous Gaussian bounds
also hold for p. uniformly in € and independently of the mollifying procedure. This
therefore gives that

p€<87t,l’7y) gp(s,t,m,y), (323)

boundedly and uniformly. Thus, for every continuous bounded function f we derive
from the bounded convergence theorem and (3.22)) that for all 0 < s < ¢, x € R%:

E /X0 = | fwpstay)dy — | flplstzydy. (324
In particular, taking f = 1 gives that fRd p(s,t,z,y)dy = 1 and the uniform con-
vergence in gives that p(s,t,x,...) is non negative. We therefore derive that
p(s,t,x,-) is a probability density on R,
On the other hand, under (A), we can derive from Theorem 11.3.4 of [SVT79| that
(X5)sepo,1] E:jolaw (Xs)seo,r)- This gives that for any bounded continuous function f:

E[f(X\7*)] — E[f(X;™)].

e—0

This convergence and then yield that the random variable X;** admits p(s, ¢, z, -)
as a density.

We can thus now conclude that the processes X, X©® in . . 3.2) have transition
densities given by the sum of the series ,- O]
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Parametrix for Markov Chains

One of the main advantages of the formal expansion in is that it has a direct
discrete counterpart in the Markov chain setting. Indeed, denote by (YZI)]ZZ the
Markov chain with dynamics starting from x at time t;. Observe first that if the
innovations (&x)r>1 have a density then so does the chain at time ¢.

Let us now introduce its generator at time ¢;, i.e. for all p € CZ(R% R), x € R%:

Lyp(z) = D 'E[p(Yy)) — ¢(2)].

In order to give a representation of the density of p"(¢;,t;,z,y) of Ytix at point
y for 7 > i, we introduce similarly to the continuous case, the Markov chain (or
inhomogeneous random walk) with coefficients frozen in space at y. For given (¢;,z) €
0,T] x R, t; > t; we set:

j—1

Y/tii,x’y =T+ h1/2za(tk7 y)€k+17

and denote its density ﬁh’y(ti,tj,x,.). Its generator at time t; writes for all ¢ €
C2(RYR), z € R%:
~h7 - ¥ )
Ly o(x) = b E[p(Y1Y) — o(x)).
Using the notation p"(t;,¢;, z,y) := p™¥(t;,t;, z,y), we introduce now for 0 < i <
J < N the parametriz kernel:

H"(t;,t5,2,y) = (L}, = Ly )" (ti + b, t, 2, y).

Analogously to Lemma 3.6 in [KMO00|, which follows from a direct algebraic manipu-
lation, we derive the following representation for the density which can be viewed as
the Markov chain analogue of Proposition [3.2.3

Proposition 3.2.4 (Parametrix Expansion for the Markov Chain). Assume (A) is
in force. Then, for 0 <t <t; <T,

p t’Ht]’x y Zp ®]’L Hh t’utj?xay))

where the discrete time convolution type operator &y, is defined by

j—i—1

f®h g(tiatjaxay) = Z h f(thtiJrka‘I'aZ)g(tiJrk?tjaZay)dz'

Also g @, HMO = ¢ and for all r > 1, H") .= H" @, H"=V denotes the r-fold
discrete convolution of the kernel H".

44



3.2.4 Stability of Parametrix Series.

We will now investigate more specifically the sensitivity of the density w.r.t. the
coefficients through the difference of the series. For a given fixed parameter ¢, under

(A) the densities p(s, ¢, x,.), p-(s,t, x, ) at time ¢ of the processes in (3.1]), (3.2) starting
from x at time s both admit a parametrix expansion of the previous type.
Stability for Diffusions

Let us consider the difference between two parametrix expansions:

|p(8,t,l‘,y) —p5<8,t,l‘,y)| = |Zﬁ® H(r)(svtaxvy) - Zﬁa ® Hs(r)(svt7$7y)|
r=0 r=0

<G (st ) + 1S P HO (s, t,0,y) = S pe @ HO(s,t,2,)|. (3.25)
r=1

r=1

The strategy to study the above difference, using some well known properties of the
Gaussian kernels and their derivatives recalled in , consists in first studying the
difference of the main terms.

We have the following Lemma.

Lemma 3.2.5 (Difference of the first terms and their derivatives). Under (A), there
exist c; > 1, ¢ € (0,1] s.t. for all 0 < s < t, (x,y) € (R)? and all multi-index
a, o] <4,

8]

|Dxp(s,t,x,y) - Dxps(satwruy” < (t _ 8)\04/2

A ope(t — s,y — ).

Proof. Let us first consider |a| = 0 and introduce some notations. Set:

Y(s,t,y) = /ta(u,y)du, Ye(s,t,y) = /t a.(u, y)du. (3.26)

Let us now identify the columns of the matrices X(s, ¢, y), 2. (s, t,y) with d-dimensional
column vectors, i.e. for X(s,t,y):

S(s,ty) = (Z'[Z2 [ [B29) (s, t,y).
We now rewrite:

ﬁ(S,t,l’,y) = fm,y(@(87t7y))7 @(S7tuy) = ((21)*7 e 7(Ed)*>*(87t7y)7
ﬁs(sﬂf?l‘?y) = ffﬁay<@€(87t7y))> @a(svtvy) = ((z;)*7 U ><Eg)*)*(s7tay)a
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with

foy :RT 5 R
— 1 1 1:d\—1 (327)
I'— fﬂﬁ,y(r) - (QW)d/Qdet(FLd)l/Q exp (_§<<F ) (y - I), Yy — ZL’)) )
Fl
FQ
where T" := , and each (I');eq1,4) belongs to R?. Also, we have denoted:
rd

Fl:d::<rl‘r2‘_“ ‘Fd)’

the d x d matrix formed with the entries (I';);cp1,qp, each entry being viewed as a
column.
The multidimensional Taylor expansion now gives:

(B = D) (5,82, 9)| = [fa(O(s,1,y)) = foy(Oc(s,,9))|
Y Dufey(O(s t,y){(0: = ©)(s,t,y)}"

v|=1 (3.28)
0. —0)(s, t,y)} [*
v|=2 ' 0
where for a multi-index v := (14, - - , vg2) € N¥ we denote by lv| = Zfil v; the length

of the multi-index, v! = Hfil v;! and for h € R, ¥ := Hl L hi* (with the convention
that 0° = 1). With these notations, from (3.26)), (3.27), (3.28) and Assumption (A4)

we get:

|fay(O(5:8,9)) = foy(Oc(s,t,y))] < C{ D 1D fay (05,1, 9)) | Aoy (t — 5)

lv|=1

# 02, (0= s 3 1D, (0 +5(6. - O )|
|v|=2

(3.29)

Since f,, in (3.27) is a Gaussian density in the parameters x,y, we recall from
Cramer and Leadbetter [CM04] (see eq. (2.10.3) therein), that for all T € R¥ and
any multi index v, |v| < 2:

d2

1 0?
D" foy (1) = o7 | T1(5— ) Fey(T) |

i=1 Lt T 5L ja




where |-| stands for the integer part. Hence, taking from (3.29)), for all § € [0, 1],
[.s(s,t,y) =[O0+ (0. —O)|(s,t,y) vields, thanks to the non-degeneracy conditions
(see equation ({3.19)):

ﬁf‘r,y(éﬂ,a(s, t,y)) < ﬁpa(t — s,y —x), (3.30)

|Dyf%y(r€,5(57 t? y))’ S

for some ¢ > 1,¢ € (0,1].

Thus, from (3.27)), (3.28)), equations (3.29) and (3.30] give:
|ﬁ(87 ta €, y) - ]56(87 ta €, y)l S EIAS,U,’ypE(Sv t) x, y)

Up to a modification of ¢y, ¢ or ¢y, ¢ in (3.19)) we can assume that the statement of the
lemma and (3.19) hold with the same constants c;,c. The bounds for the derivatives
are established similarly using the controls of (3.19)). This concludes the proof. O]

Remark 3.2.2. Observe from equation (3.28) that the previous Lemma still holds with
A, 5 replaced by A, ;oo 1= supsep ) [0(t; ) — 0-(t, ) |- The Hélder norm is required
to control the differences of the parametrix kernels.

The previous lemma quantifies how close are the main parts of the expansions.
To proceed we need to consider the difference between the one-step convolutions.
Combining the estimates of Lemmas and below will yield by induction the
result stated in Theorem

Lemma 3.2.6 (Control of the one-step convolution). For all0 < s <t <T, (z,y) €
(RY? and for q € (d, +o0]:

P @ HY (s, t,2,y) — p. ® HV (s,t,2,1)|

_ Y ol
< C%pc(su t,z, ?J){Q(l \4 T¢ 7)/2>2[A670,~/ + ]Iq=+ooA€,b,+00]B(lv 5)(t - S) 2 (3.31)

1
Hloc(d,+00) Aepa B3 + @), a(9)) (¢ — $)a<q)}7

where ¢, c are as in Lemma and for q € (d, +oo| we set a(q) = 5(1 — %l)' The
above control then yields for a fized q € (d,+o0]:

P @ HY (s, t,2,y) — 5. ©® HY(s,t,2,y)|

M)V B +alg).a(@). C = er(1vTO2),

< 262A57’Y7qp0(8’ t,x, y) (t - S)%AQ(Q)(B(L 5 2
(3.32)

which will be useful for the iteration (see Lemma .
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Proof. Let us write:

P HY (s,t,2,y) — p. @ HV (s, t,2,y)| <
P — Pl ® |H|(s,t,2,y) + P ® [H — He|(s,t,x,y) = I+ II. (3.33)

From Lemma [3.2.5|and (3.19)) we readily get for all ¢ € (d, +o0]:

v

|ﬁ_ﬁs| ® |H|(S’ t,x, y)| < ((1\/T(l_,)/)ﬂ)cl)?AE»%qu(t_87 y—x)B(l, §>(t_8)%' (334)
Now we will establish that for all 0 <u <t < T, (z,y) € (R%)? and ¢ = +oc:
1v TO=)/2
|(H - HE)(“? t, 2, y)' < A&%OO( V)Clpc(t — WY — Z) (335)

(t—u)—2
Equations (3.35) and (3.18)) give that I can be handled as I which yields the result
for ¢ = +o0. It therefore remains to prove (3.35). Let us write with the notations of
(13.27):
1
(1~ H) 0t 200) = | 5T (0(02) = )DL (O00st.9) ) + (0 2). Doy (O )
1

(et~ atw iDL (Ot ) + (0w, DS (Ol )

Thus,

(H—H.)(u,t,z,y) =

DO | —

T (a0 2) — a0 ) D2 (O 1) = D2 0200 0.0)) )
= To( [0 2) = o) = (ol 2) = alw )DL (Oust) )|
#0002 DSy (00 ) = DoLey(O-t0 )

(bl 2) = b, )], D (Ol 1)) (3.30)

Observe now that, similarly to (3.30) one has for all i € {1,2}:

. . G
DL foy (O(u, t,9)) | 4 | DL fry (Oc(u, t,y)) | < mpa(t —u,y — 2),

, . (GPAV
DL foy (O(ust,y)) — DLfey(Oc(u,t,y))] < (tl_—)z}zpc(t —u,y — 2).

Also,
(ac(u, 2) — ac(u,y) — (a(u, 2) — a(u,y))| < cA.q4l2 =y,
b(u, 2) — bo(u, 2)| < AL poo-
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Thus, provided that c;,c have been chosen large and small enough respectively in
Lemma the definition in ([3.4) gives:

(1V TO-D2)e A
(t—u)i7

(H — H.)(u, t, z,y)| < Pe(t —u,y — 2).

This establishes (3.35)) for ¢ = +o0. For ¢ € (d, +00) we have to use Holder’s inequality

in the time-space convolution involving the difference of the drifts (last term in (3.36])).
Set:

D(s.t,2,7) ::/ du/Rdﬁg(s,u,x,z)([(be(u,z)—b(u,z))],szz,y(GE(u,t,y))Mz.

Denoting by ¢ the conjugate of ¢, i.e. ¢,¢ > 1,7 + 3! = 1, we get from (3.18)
and for ¢ > d that:

|D(S7t7x7y)|
Hb )HLq(Rd)du ) 1
1/q
< 2A tcd{fdecq( ZL’)qu(t U,y—z)dz} du
YA : 1 : 1
= GBeba | (zny(faMaDdMQu__ﬁgafgkt_%oﬁ+gu,a

d1-1) ‘

ct—s)\2 7 __ 4 du
< (75 7 Ay gpelt — 5,y — .
- Cl( o > T Benabll =y ””>/5 (u— )50 Dt — )3 5077

Now, the constraint d < ¢ < 400 precisely gives that 1 < ¢ < d/(d — 1) =
% + g(l — %) < 1 so that the last integral is well defined. We therefore derive:

d 1.1
|D(Sa t,l’, y)| S C%(t - S)ﬁig(lié)AE,b,qu@ —5Y—= .T)B(l o 5(1 n 5_>’ 5

In the case d < ¢ < +00, recalling that a(q) = (1 — §)> we eventually get :

_ 1
Be ® [H — He(s, t,0,y) < cipe(t — 5,5 — 2){Depq(t = )" B(5 + alq), o(q))
F20 o (1 TED2) (¢ — $)72B(1,7/2)}.

The statement now follows in whole generality from (3.33), (3.34)), equations (3.35),

(3.18)) for ¢ = 0o and (3.37) for d < ¢ < +o0. O

The following Lemma associated with Lemmas and allows to complete
the proof of Theorem [3.2.1]

(3.37)
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Lemma 3.2.7 (Difference of the iterated kernels). For all 0 < s <t < T, (x,y) €
(R%)? and for all g € (d,+o0], r € N:

C_VT‘+1 [F(%
£€,7,9 F(l —{-T(%

a(q))]’

s )1
(3.38)

r(3/a(9))

|(pH" —p.@H") (s, t,2,y)| < (r+1)A

where ¢, ¢, are as in Lemma and C as in Lemma m

Proof. Observe that Lemmas and respectively give (3.38) for » = 0 and
r = 1. Let us assume that it holds for a given r € N* and let us prove it for r 4 1.

Let us denote for all 7 > 1, n,(s,t,z,y) = |(p®@ H" — . ®H€(T))(s, t,x,y)|. Write

Mei(s,t,z,y) < | HY —p. @ HD] @ H(s, t,z,y)| + [p. @ H" @ (H — H.)(s,t,2,9)]
<n, @ |H|(s,t,2,y) + |p. @ H"| @ |(H — H.)|(s,t,2,y).

Recall now that under (A), the terms |H|(s, t x y) and |p. ® H"| satisfy respectively
and uniformly in € the controls of equations (3.19), (3.20). The result then follows from

the proof of Lemma [3.2.6 (see equation ([3.35)) for q = oo and (3.37) for ¢ € (d, +0))
and the induction hypothesis. O]

Theorem now simply follows from the controls of Lemma|3.2.7] the parametrix
expansions (3.17) and (3.18]) of the densities p, p. and the asymptotic of the gamma
function.

3.2.5 Stability for Markov Chains.

In this Section we prove Theorem The strategy is rather similar to the one of
Section thanks to the series representation of the densities of the chains given in
Proposition [3.2.4]

Recall first from Section that we have the following representations for the
density p”, p! of the Markov chains Y, Y© in (3.3). Forall 0 < ¢t; < t; <T, (z,y) €
(R)2:

p t’mt]ax y Zp ®hHh tmtj)xvy))

] 7

ity y) = > Pk @ HMO (L, 1,2, y).
r=0
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Comparison of the frozen densities

The first key point for the analysis with Markov chains is the following Lemma.

Lemma 3.2.8 (Controls and Comparison of the densities and their derivatives). There
exist c,cy s.t. for all0 < t; <t; <T, (z,y) € (R))? and for all multi-index a, |a] < 4:

1
|D (tz;t],x y)| + |Dg;p5 (tlatjaz y)| meCl( t’my )

o~ Ao,
|Dxph(t17tj7x7y> Dmps<tl7t]7x y)‘ @——M¢001< tlay )
where
- Under (IG):
¢c,c1 (tj - ti7 y— ) - Clpc( tza Yy — )
- Under (IP):

d

e ly — x|
c,C1 tl? . —d— .
Vourlly — ty = ) = (t; — tz‘)d/QQM - ((tj - ti)1/2/0>
Proof. Note first that under (IG) the statement has already been proved in Lemma

We thus assume that (IP) holds. Introduce first the random vectors with zero
mean:

—_

) 1 .
v y,(e) . _
D T G e l ot y)Vhé, 27

(t; — to)1/2 Z ot y)Vhér.

Tt —tk

I
B

Denoting by ¢;j_, gj—r their respective densities, one has:

Dap (tk’tjvz y) = d+|a‘)/2(_1)‘Q|D?Qj—k(z)|z:

(t; — t

(tj—t)/? ’

(d+la))/2 (= 1)‘Q|D?%’—k76(z) .=

Dxpg(tkatj7x7y) =

1
)
1
(t; — t1) o

(3.39)

From the Edgeworth expansion of Theorem 19.3 in Bhattacharya and Rao [BR76], for
Qj—ks §j—k =, one readily derives under (A), for |o| = 0 that there exists ¢; s.t. for all
0<ty<t; <T, (z,9) € (RY)?

~h ~h ‘@ 1
t 7t'7 ’ + t at‘a ) S mo 3.40
p ( kylj, X y) pa( kylj, X y) (t] _ tk)d/Q <1 + |z—y| > ( )

(tj—tx)'/?
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for all integer m < M — d, where we recall that M stands for the initial decay of the
density fe of the innovations bounded by Qs (see equation (3.6])).

We can as well derive similarly to the proof of Theorem 19.3 in [BR76], see also
Lemma 3.7 in [KMO00], that for all o, |a] < 4:

C1 1

t; — t;,)(d+lad/2 lz—y| \™’ (
( J k) (1 + (tj—tk:)1/2>

|Dgﬁh(tk7tj7xvy)‘ + ‘D?ﬁ?(tk,t],ﬂf,y)‘ S

3.41)

for all m < M —d—4. Note indeed that differentiating in D¢ the density and the terms
of the Edgeworth expansion corresponds to a multiplication of the Fourier transforms
involved by (¢, ( standing for the Fourier variable. Hence, from our smoothness
assumptions in (IP), after obvious modifications, the estimates of Theorem 9.11 and
Lemma 14.3 from [BR76| apply for these derivatives. With these bounds, one then
simply has to copy the proof of Theorem 19.3. Roughly speaking, taking derivatives
deteriorates the concentration of the initial control in (3.40) up to the derivation
order. On the other hand, the bound in (3.40) is itself deteriorated w.r.t. the initial
concentration condition in (3.6). The key point is that the techniques of Theorem 19.3
in [BR76| actually provide concentration bounds for inhomogeneous sums of random
variables with concentration as in in terms of the moments of the innovations.
To explain the bound in let us observe that the m'™ moment of ¢ is finite for
m < M —d.

Equations (3.40) and (3.41)) give the first part of the lemma. Still from the proof
of Theorem 19.3 in [BR76], one gets, under (A), that there exists C' > 0 s.t. for all
multi-indexes &, |a| < 4,0, || <m < M —d—5 for all j > k:

16110454001 + 1Pl g < . (3.42)

where §;_1(C), Gj—k(¢) stand for the respective characteristic functions of the random
variables Z,f > Zi"’;s) at point C.

To investigate the quantity |Dp"(tx,t;, z,y) — D2pt(tk, t;, x,y)| thanks to
define now for all «, || < 4,8, || <m <M —d->5:

Vz € RY, O 4(2) = 2" DS (gj-i(2) — qj—r(2)),
V¢ € RY, 0 4(C) i= (=)D (¢ {G5-1(C) — djone(O)}).- (3.43)

Let us now estimate the difference between the Characteris:cic fuqctions. From the
Leibniz formula, we are led to investigate for all multi-indexes 5, &, |5] < |5], |a] < |«]
quantities of the form:

(i) ¢ (Dd5-#(C) = DL ()
= C°E |(2,)7 explic - Z4,) — (200 exolic - 217

52



Assume first that j > k+ 1. In that case, set now Z}Q’J,l = 7Y (+k)/21,Z,i’,j72 =

k[
Z}j] — Z,fjl Denoting similarly Z,Z (&) Zf: F(J)+k)/21,Z,Z:J(f2) = i’j( 2 Zi”ﬂ for the
perturbed process, we get:

(i®) "¢ (D241 (C) — DLaj-e () =

Ca{E [(Zlg,j,l + Zig,m)ﬂ expli( - Z}f,j,ﬁ expli( - ZIZ,]’,Q]]

v 20 explic - 2y exvlic - Z43)]

——

where in the above expression we considered the binomial expansion for multi-indexes

denoting by C’é = _5% with the corresponding definitions for factorials (see the

proof of Lemma [3.2.5). Introduce now, for a multi-index 1, || € [0, |3]], the functions:

<pliC - Z101] . W5'(Q) 1= CE[(Z2) explic - 223)).

VPO = CE|(Z0)T
and
£14(0) = [E[(Z, ) exolic - 20| — E[(Z0) exvlic - 2231) |
E251(C) i= [E|(Z8,2)7 expliC - 24 1) | — B[(Z2 ) explic - 207 |.
Thus, we can rewrite from the previous computations:
()¢ (D24 (0) = DEas1() = > Ch{EWTTNO) + (252950}

LIt<|B] ( )
3.44

Recall from (3.42)) that we already have integrability for the contributions \Ifaﬁ Z(C )
and WS (C). Let us thus start with the control of & ;(¢), Ey.5.1(¢). We only give details
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for £(¢), the contribution &, 5, can be handled similarly. We also consider || > 2,
since the cases || < 2 can be handled more directly. Write:

BI|(ZE;0)" = (Z0)')+ EN(ZE ) Ml expliC - 2 ,) = explic - 2},
CLBIZ,s — 2020 + 12020+ B 2L 20— 2030}

Apply now Hélder’s inequality with p; = |l|,q1 = |I|/(|I| — 1) for the first term and

pe = (||+1)/]l], g2 = |l|+1 for the second one so that all the contribution appear with

the same power (in order to equilibrate the constraints concerning the intregrability
conditions). One gets:

[E(Q)] <
{ HZ’?: 1 Z,fj(a ’\ll]l/ll\{EHZy ||l|} Uk 1/|”+E[| ‘Ill] = 1/|l|}+
|§|E[|Zy 8)||l\+1]|l|/ |l|+1 HZy _ Zﬁ‘i ||l|+1]1/(\l|+1 } (3.45)
7]7
The point is now to prove, since we have assumed m < M —d -5 < m+1 <
M — d — 4, that there exists ¢ s.t. for all » < m + 1,
BZY ;0 — 2501 < eBege BIZL I +BIZEIINY < e (346)

Let us establish the point for the difference, the other bounds can be derived similarly.

Define for all i € [k,j], M; := Vh> ' k(a — 0.)(tr,y)é 1. The process (M;)icpi
is a square integrable martlngale (in discrete time, w.r.t. F; := 3(&.,r < i), X-field
generated by the innovation up to the current tlme) Its quadratic variation writes

[M]; = h 32020 (0 = 02) (£, y) 2641 |? and the Burkholder-Davies-Gundy inequalities,
see e.g. Shlryaev [Shi96], give for all r < M — d — 4:

7j—1
E[ sup [Mi]'] < ¢, E[[M]]?) = e, B[} (0 — 02)(ti, y) PlEia]?)/?]. (3.47)
ZElIk,]]] =k
If » = 2 one readily gets:
~ = (e Co ~

ElZ{ ;. — Z/Zi,’](,1)|2] < ———E[sup [M;"] < —— sa'yZE &1’ < @A2,
(tj —tk) ielh] ( i~

Let us thus assume r > 2 and derive from (3.47))

Cr ~
[ sSup |Mz|r]

E Zy~ Y @)r Y
1Zics =< (t; —tr)"? e

k,j,1

j—1
< 6 Z Al — ot 6l (o 0700
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applying Holder’s inequality for the counting measure with p = r/2,q = r/(r — 2) for
the last inequality. This finally gives:

r/2
Y, Crh . 7"/2 1AT § :
Hijl_ijl‘ ] (t —tk)rﬂ(]_ Aecr'y E|£Z+1| <Cv 507

Since we have assumed » < m + 1 < M — d — 4, this gives the first control in (3.46]).
The other one readily follows replacing ¢ — 0. by o or o..
From equations (3.45)), (3.46) and similar controls for & 5 ;(¢) we finally derive:

1E11(O)] +1E,5-1(O)] < CrA 5, (1 + [C]).

As a result we have from (3.43)) and (3.44)):
D¢ (@5-1(C) = Dedjk(C))]

SCAg,M{ > > (I + 195 )I)(1+|C|)}-

L BBie Ll<IB

We finally derive from (3.43) and (3.42)) (which thanks to the smoothness assump-
tion on @y in (IP) holds as well for a multi-index @, |a| = 5):

1 ~
042 € 3 /R 165 ke < e (3.48)

From (3.39) this concludes the proof for j > k+ 1. If j = k+ 1 the previous
arguments can be simplified and lead to the same results. O

Comparison of the parametrix kernels

This step is crucial and actually the key to the result for the Markov chains. We focus
for simplicity on the case ¢ = +o0o, for which pointwise controls for the differences
between the drift coefficients are available, and which already emphasizes all the diffi-
culties. The case ¢ € (d, +00) for the drifts could be handled as in Lemma [3.2.6] using
similar Holder inequalities.

We actually have the following Lemma.

Lemma 3.2.9 (Control of the One-Step Convolution for the Chain.). There ezists
c1,¢ s.t. for all ¢ =400 and for 0 <t < t; <T,(z,y) € (RY)?:

AE oo
= ® (t tka y)7

h —_—
|(H H )(tk,t],z y)l (t —tk)l ~/2 e

with
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- Qoo (t; —thy 2 — Y) = Ve, (tj — t, 2 — y) under (IG).

e v
- Do (B —thy 2 —Y) = Ve (B — i, 2 — Y) (1 + %) , under (IP) ,
where Y., is defined according to the assumptions on the innovations in Lemma .

Proof. The case k = j+ 1 involves directly differences of densities and could be treated
more directly than the case £ > j + 1. We thus focus on the latter. Introduce for
k € [0, N], (z,w) € (R?)? the one step transitions:

Th(tk, x,w) = b(tg, x)h + hl/za(tk, T)w, Tah(t;w z,w) = b(tg, x)h + hl/Qag(tk, T)w,

Tty z,w) := b0 (ty, z)w, T2 (t, ,w) = 2o, (ty, 2)w.
(3.49)

From the definition of H", H, recalling that f¢ stands for the density of the innovation,
the difference of the kernels writes:

(Hh - Hg)<tk7t37 <, y)
—n [ dufiw [{ﬁh(tkﬂ,tj, 2o Tt 2, w), ) — B (b, .2+ T8 (b, 0), ) }
R

_{ﬁ?(thrl?tj?Z + Tah(tk7 Z7w)7y) _ﬁ?(thrlatj?Z + T&a(tkayaw)ay)}] .

(3.50)

Let us now perform a Taylor expansion at order 2 with integral rest. To this end, let
us first introduce for A € [0, 1] the mappings:

oh: RIxRY — R
(1, T3) v Tr(D?ﬁh(tkH,tj,z+>\T173/)[T2T2*]>,
oh.: RTxRY — R
mT) — Te (D25 (i1, 5, = + NTh, ) [T2T5] ) (3.51)

where T is viewed as a column vector and T3 denotes its transpose. Recalling as well
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that ¢ is centered we get:

AHh7a(tk>tj7 Zay) = (Hh - Hah)(tlﬁtj’ Z’y)

= [<Dzﬁh(tk+lvtja Zvy)a b(tk7z)> - <D2ﬁ?(tk+l7t]a Zvy)a ba(tk’a 2)>]

+h1 /Rd dw fe(w) /01 dA(1 = \)

X {SOQ(T}L(tk?Z7w>7Th(tkasz)) _SOQ(T (tlmya 7 tk7y7 }

_{gpﬁ,s(Tgb(tkv va)sth(tk7zﬂw)) - @§75<T&5(tk,y, ) 05 tk7y7 ]
)

= (AL H™ 4+ A H™) (g, Ly, 2,y),  (3.52)

where for i € {1,2}, A;H"* is associated with the terms of order i. The idea is now
to make A, . appear explicitly. The term A;H™ is the easiest to handle. We can
indeed readily write:

Ath’E<tk, tj, z, y)

_ [< D" (b, b, 2,9), [blte, 2) — bs(tk,z)]> — <(ng5? _ Dzﬁh)(tkﬂ,tj,z,y),be(tk,z)>] .

From Assumption (A3.3), equation (3.4) and Lemma we derive for ¢ = +oo:

CA:
|A1H (troty, 2, y)| < (t——tv)l/ch’cl (t; —ti,y — 2). (3.53)

The term AyH™ is trickier to handle. Define to this end:

{PAT" (e 20), T b1 2 0)) = PR(T sy ), T by )

~{ (T (1, 2, 0), T 0, 2,0)) = P (Tt 0), Tty ) .

APhE(te, 2,y w)
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Let us then decompose:

{@g(Th(tknZaw>7Th<tk7Z)w>> ¢A(Th<tkaz U} tkayﬂ

Agoi’s(tk,z,y,w) =
—{go’/(’e(Teh(tk,z,w),TEh(tk,z,w)) - @’;,s(Tsh(tkasz) Oe tk‘7y7

+ {QDI;(Th(tkv z7w)7T0h(tkay7w)) - QO];(T (tkaya tkaya

_{Qpli,s (Tsh(tkv Y, w)7 T&s(tkv Y, w)) - 90§,5 (T(;fe(tlﬂ 2y w) 0 € tk? Yy, w

=: (A1 + Do) (tr, 2,9, w
(3.54)

and write from (3.52)):

AQHhVa(tkatjazvy) -
= (AQIHh7E + A22Hh7€>(tk7 tja Z, y)a

1
h_l /d dwfg(w) / d)\(]. — )\)(Algp};a + AQSO};,a)(tk? 25 Y, U))
R 0
(3.55)

)
)
)
!

Y

for the associated contributions in Ay H¢. Again, we have to consider these two terms

separately.
Term A, H". We first write from (3.54)):

Al@g’a (tlm z,Y, ’UJ)

{@’;(Th(t;ﬁ 2y w)7 Th(tkv 2, w)) - (pﬁ(Th(tka 2y w)? T(?(tkv Y, w))} -

{@]i(Th(tkasz)vTah(tk’Zaw)) - ¢§(Th(tk7z7w) Oe tk7y7

_|_

(AT b 2, 0), T (b, 2 0) = (T (b, 2,w0), T (0,0 }

_{@Q(Tsh(tkvzaw)aTah(tkava)) - wﬁ(Tsh(tkvaw) Oe tkvy?

58



- [{w’;,€<T£<tk, 2 w), T (b, 2, w)) = @4 (T2 (b 2 0), Ty b,y w0)) }
_{(pﬁ(Tgh(tkv Z, 'UJ), Tgh(tka Z, UJ)) - @K(Teh(tk‘a Z, W), T(;fe(tk’v Y, w))}]

3
= Aug\ (tr, z,y,w).  (3.56)

i=1
We now state some useful controls for the analysis. Namely, setting:
D<tk7 Z,Y, w) = Th<t/€7 Z, w)Th(tku 2, 'lU)* - Tél(tku Y, w)TéL(tlw Y, w)*7
Da(tk‘v Y, w) = Teh(tka 2, w)Tah(tk‘a 2, w)* - T(;fg(tkv Y, ’lU)Téfa(tk, Y, UJ)*,
we have from (A3.3) and equation (3.4)) for ¢ = +o0 :
(IDI+ D)t 2, y,w) < e(h? + WP w] + h(LA |2 = y])|w]?),
D= Dul(tz, g, w) < ey oolB 4+ 12 w] + (LA L2 — y) ). (3.57)
From the definition of ¢! in (3.51)), equation (3.56)), the control (3.57) and Lemma
328 we get:
‘AHCPK,E‘ (tka Z,Y, w)
¢c,c1 (t] - tk’a y— (Z + )‘Th(tlm Z, w)))

i (B + B/2u] + (1 Az = y])|wl?).
J

(3.58)

We would similarly get from Lemma |3.2.8 and (3.57)):

’A13()0§7E|(tk7zay7w>
77bc,c1 (tj - tk? Yy — (Z + ATah(tkv Z, w)))

< Ay 00 (h* 4+ B3P w| + h(1 A |z — y|)|w]?),
v (t; —tr)
’A1290§7a|(tk72,y>w)
< Ve (B — teyy — (2 + ONT" (tg, z,w) + (1 — O)NT (tg, 2, w)))

(t; — tr)3/?
X |(T" =T (t, 2,w)| | De|
Ve (t; =ty — (2 + ONT" (tg, 2, w) + (1 — O)NT (b, 2, w)))
(t; — tr)*?
x (% + B3 lw| + h(1 A |2 — ) Jw]?) (b + B2 |w]), (3.59)
for some 6 € (0,1), using as well and for the last inequality. The point is

now to get rid of the transitions appearing in the function . .,. We separate here the
two assumptions at hand.

S EAs,%oo
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- Under (IG), it suffices to remark that by the convexity inequality |z —y — ©]* >
sz =y — |82 for all © € R*:

42 clz—yl? c O]
ety —tiy — 2 —©) < _LlE A e ),
Voarlly ~Hioy =2 )_Cl(QW(tj—tk))d/QeXp( 4tj_tk>exp<2tj_tk)

Now, if © is one of the above transitions or linear combination of transitions, we get
from (3.49)):

¢c,c1(tj - tk)y -z 6) S C1

(c/2)%? clz —yl? Cr-21 12
—_— —K. 3.60
up to a modification of ¢; observing that h/(t; —t;) < 1 and with K, as in (A3.1).
Since ¢ can be chosen small enough in the previous controls, up to deteriorating the

concentration properties in Lemma [3.2.8] the last term can be integrated by the stan-

dard Gaussian density fe appearing in (3.55). We thus derive, from (3.60), (3.58),
(3.59) and the definition in (3.56)), up to modifications of ¢, ¢;:

|A1(70§7€|(tk7 Z,Y, w) S

|w] |2 —y\”\wP}
Y

A; o ooh@ee, (ti — ti, 2 — y) exp(clw|? {1+ +
ool (1 Jexpleluf?) {1+ g + o

which plugged into (3.55) yields up to modifications of ¢, c, ¢;:
A5777M(1 \/ T(l_v)/2)¢0701 (t] — tk? Z = y)
(t — ti)' 7 '

- Under(IP), we only detail the computations for the off diagonal regime |z — y| >
c(t; — tx)"? which is the most delicate to handle. In this case, we have to discuss
according to the position of w w.r.t. y — z. With the notations of (AZ2), introduce

D= {w e R?: {Ah}?|w| < |z —y|/2}. If w € D, then, still from (3.58)), (3.59),
(‘AHSO?E’ + ’Alfﬂpliﬁy)(tka <, y,’LU)

2 (12 4 B2 ] 4+ (LA |2 — )7 [w]2),

‘A21Hh7€(tk>tjazay)’ S c (361)

77Z}c,c1 (t] - tk’a y—

<cA
= e T )

’Al?gpi)t,a ’ (tkﬂ Z,Y, ’LU)

t. —t —
< cAmm%’cl( 1=ty = 2) (h? + 1B*2w| + h(1 A |z — y|)|w|*) (h + R |w]).

- (t; — te)??

On the other hand, when w ¢ D we use f¢ to make the off-diagonal bound of ¢, (t; —
tr,y — z) appear. Namely, we can write:

fw) < 1 < 1 1
cw) < ¢ <c —
(L4 [wh™ = (1 + Eghypr—(@ra) (1 + Jw]) ¢+
< ! ! (3.62)
c , .
T (14 )M (L )T
J—lk
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where the last splitting is performed in order to integrate the contribution in |w|?
coming from the upper bound for |A12<,0§’€| in (3.59). Plugging the above controls in
yields:

AS,%OOCI)QQ (tj —tp, 2 — y)

(t; — te)' 72

We emphasize that in the case of innovations with polynomial decays, the control on
the difference of the kernels again induces a loss of concentration of order v in order
to equilibrate the time singularity.

|AHY (b, t, 2, y)] < (3.63)

Term Ay H"¢. This term can be handled with the same arguments as Ay H"*.

For the sake of completeness we anyhow specify how the different contributions appear.
Namely, with the notations of (3.54) and (3.55):

Dol ® (b, 2,9, w) =
[l (DT ) + 0 o 0) = T 00). 7 )
ST (b, 2, w) = T (b Yy w
(DR (Tt ) + (T (b 2, 0) = Tty 0)), T by, )
T (e, 2, w) — 05 (tg,y,w >}
-{/ (D AT b0+ (T2, 10) = T b)), T . 0),
[(T" (b, 2,0) = T (b, g, w)) = (T2, 2, 0) = Tty w))] ) |
([ (D Bt 0) 4 T 02 0) = Tt ), i)
Dy (T (b o w) + (T (b 2, w0) = T (b, ), T b))

Tty z,w) — T&E(tk, v, w)>}
= (A2190})f78 + A2290§75)(tka Z,Y, ’lL))

In Aglgpﬁ’a we have sensitivities of order 3 for the density, giving time singularities in
(t; — tk)_g/ 2 which are again equilibrated by the the multiplicative factor:

| (T (tg, z,w) = Tg (b, y, w)) = (T2 (g, 2, w) = Tg' (s, y, w)))|
< &(h? + PP |w] + hlw]*) Ay oo (B + W21 A |2 = yl)[w]),

where the last inequality is obtained similarly to (3.57) using as well (3.4)). The same
kind of controls can be established for Amgpi’g. Anyhow, the analysis of this term leads
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to investigate the difference of third order derivatives, which finally yields contributions
involving derivatives of order four. This is what induces the final concentration loss
under (IP), i.e. we need to integrate a term in |w|? (see also equation in which
we performed the splitting of f: on the off-diagonal region to integrate a contribution
in |wl?).

We can thus claim that

A6,74)0(1)0,01 (t] - tka z = y)

h,e )
’AH22 (tlm t]? 2 y)’ < (tj _ tk)l—y/Q

Plugging the above control and (3.63]) (or (3.61) under (IG) into (3.55) we derive:

As,'y,oocI)c,cl (t] - tka Z = y)
(t — tr)' /2 ’

|AH5’E(tk7tja Zvy)| S

which together with (3.53)) and the decomposition (3.52)) completes the proof. O

From Lemmas [3.2.8 and [3.2.9] the proof of Theorem is achieved, under (IG),
following the steps of Lemmas [4.3.3| and [3.2.7] using the Holder inequalities for the
differences of the drift terms for ¢ € (d, +00).

The point is that we want to justify the following inequality under (IP) and ¢ =
+00:

|(ﬁh On Hh’(r) - ﬁ? On Hg’(yi))(th tj’ Z, y)| (3'64)
{1V TOD2)e 3+ ()]
1+ r%)

< (r+1)A

/2 y—x ™y
(tj _ ti>d/2QMf(d+5+'y) ((tj — ti)1/2/C) (t] - tz) 2,

The only delicate point, w.r.t. the analysis performed for diffusions, consists in con-
trolling the convolutions of the densities with polynomial decay. To this end, we can
adapt a technique used by Kolokoltsov [Kol00] to investigate convolutions of "stable
like" densities. Set m := M — (d+5+7) and denote for all 0 <i < j < N, x € R¢ by

] = . . .
Qm(t; — ti, ) = m@M—(d%ﬂ) m) the density with polynomial decay

X

appearing in Lemmas|3.2.8/and [3.2.90 Let us consider for fixed i < k < j, (z,y) € (R%)?
the convolution:

Itlk(tivtjaxa y) = /d dZQm(tk - ti> z = x)qm(t] - t/wy - Z) (365)
R

- If |z — y| < e(t; — t)Y? (diagonal regime for the parabolic scaling), it is easily seen
that one of the two densities in the integral (3.65) is homogeneous to g, (t; —t;, y — ).
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. 2, c)4/2¢,, ~
Namely, if (tx = 1)) > (8 = 1:)/2, qm(ts — ti,2 — @) < F5% < CL=0 < gl —
ti,y — x). Thus,

R
If (tx—t;) < (t;—t;)/2, the same operation can be performed taking g, (t; —tx, y—2) out
of the integral, observing again that in that case ¢, (t; —tx, y — 2) < ¢ (t; —ti,y — ).

- If |2 — y| > c(t; — t;)Y/? (off-diagonal regime), we introduce A; := {z € R?: |z — 2| >
sle —yl}, Ao :={z € RY: |z —y| > 3|z — y|}. Every z € R? belongs at least to one
of the {A;}ieq1,2). Let us assume w.lo.g. that z € Ay. Then |z —y| > £(t; — t;)'/? >
£(t; — t)'/? so that the density g,,(t; — tr,y — 2) is itself in the off-diagonal regime.
2\l j

Write:

- t, — tz (mfd)/Z
/ Az (te — ti, 2 — T)qm(t; — ti,y — 2) < / A2ty — ti, 2 — 1) i) m
Ao Ay |Z - ?J|

CQO(tj — tz')(m_d)/Q
|z —y[™

>~ / dZQm(tk_tzaz_:[:) S éqm(t] _tiay_$)7
Az
recalling that, under (IP), m > d for the last but one inequality. The same operation
could be performed on A;.
We have thus established that, there exist ¢ > 1 s.t. for all 0 <i < k < j,(z,y) €
(R%)2
Itlk(tia tj) X, y) S EQW(tJ - tia y— .I)

From the controls of Lemma [3.2.9| and following the strategy of Lemma we will
be led to consider convolutions of the previous type involving I' functions. The above

strategy thus yields (3.64]) by induction.
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Chapter 4

Degenerate diffusions

4.1 Introduction

4.1.1 Hypoellipticity

We would like to study the development and applications of the parametrix technique
for a certain class of degenerate diffusions.

We will specifically focus on the Kolmogorov like diffusions (named after the sem-
inal work of Kolmogorov [Kol34] which later on inspired Hérmander’s general theory
of hypoellipticity [H67]). Discussing the hypoellipticity concepts, we would like first
to introduce the class of hypoelliptic differential operators.

A partial differential operator L with O coefficients in an open set Q C R? is
called hypoelliptic (on ) in case for every distribution u in 2 we have that u is a C*
function in every open set where Lu is a C'*° function.

Although necessary and sufficient conditions for constant coeflicients for L to be
hypoelliptic have been known for quite some time before [H67| , see e.g. |[H63|, the
technique obviously was not adapted for the general case. For instance, Kolmogorov
[Kol34] constructed an example of the fundamental solution of the equation:

0%u ou  Ou

which is a C'*° function outside the diagonal. This means, the corresponding operator
is hypoelliptic which was not in the framework of the existing sufficient conditions,
derived before [H67].

Inspired by [Kol34], Hérmander in his paper [H67| has studied a characterization
of hypoelliptic second order differential operators L with real C'*° coefficients. Namely,
if Ag,..., A, denote a collection of smooth vector fields on R, regarded also as first
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order differential operators, one can define the second-order differential operator:
1
L= AP+ A, k<d. 4.2
2 — () + 05 ( )

Assume that the vector fields Ay, ..., Ay, [A;, A @m)cor2s [A1 [Am, Al @mmn)epo.ns - - -
where [-, -] stands for the Lie bracketing, span R?. In this case, Hormander proved that
the operator L is hypoelliptic.

4.1.2 Kolmogorov’s example

As we have already mentioned, in 1934 A. Kolmogorov published the paper [Kol34] in
which he explicitly found the fundamental solution for the parabolic operator:

L, = k02, + b0, +20,, be R, k€ Ry,

for scalar variables x,y, which precisely writes as:

3t (0y9), (') = 2

omkt? x
|2 —x -0t 3|y —y— I’%ﬂ?
— — ) 4.3
P ( Akt et (43)

With the modern language of stochastic calculus it is readily seen that p(t, (z,y), (¢, y'))
actually corresponds to the transition density of the (Gaussian process with the follow-
ing dynamics:

{ XU — g bt — s) + (2k) YW, — W), (4.4)

}/;s,(z,y) — y_'_ fst Xiv(zvy)du,

In Hormander’s form , with the notations of the previous paragraph N = 2, L =

%A% + A(),Al = ( 0 ),AO = ( .T)ay ) so that [Al,Ao] = ( ay ) and thus,
Ayq, [A1, Ag] have together rank 2.
The corresponding dynamics in (4.4) equivalently rewrites as
X X
d( v ) - AO( v )dt+A1th. (4.5)

It is clear that A; A} = ( 2k 0 ) is a degenerate diffusion matrix on R? ® R2. This

0 0
is the reason why such systems as (4.4)) are usually called degenerate. Analogously, it
can be seen from (4.5) that, in the differential dynamics, the noise only acts on the
first component of the system.
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4.1.3 Degeneracy and Hormander conditions

There are two main families of degenerate diffusions which are considered in modern
analysis, the ones who do fulfill the strong Hérmander condition, namely those for
which the iterated Lie brackets of the diffusive vector fields, i.e. those with indexes in
[1,%] in (4.2)), span the whole space (like e.g. the Brownian motion on the Heisenberg
group see Gaveau |[Gav77|), and the ones who satisfy the so-called weak Hormander
condition, for which the drift vector field, Ag in , needs to be considered in the Lie
bracketing to span the whole underlying space. As emphasized above, the Kolmogorov
diffusions belong to the second category. Roughly speaking "strong Hormander" means
that the noise propagates inside the system through the diffusive part only. In contrast,
under the weak Hérmander conditions the drift has a key role in the noise propagation.

A striking fact, which will appear clearly, leading to specific difficulties, in the
analysis, is that the weak Hérmander framework intrinsically leads to multi-scale be-
haviours of the underlying diffusion. This is already clearly seen in (4.3)), which exhibits
the two characteristic time scales of the Brownian motion and its integral ( namely '/2
and %2 for the standard deviations respectively). We also refer to the works [DMI10]
or [CMP15] which deal with two-sided heat kernel estimates which also reflect multi-
scale behaviors in the weak Hormander setting (noting as well that the coefficients in
IDM10] are already Holder continuous and therefore not in the previously indicated
smooth case) for models generalizing the Kolmogorov example. On the other hand,
we recall that, in the strong Hérmander setting we have a kind a separation between
space and time. It is known from Kusuoka and Stroock [KS85| that for this family
of diffusions, two sided bounds with the usual parabolic scaling in ¢'/2 holds for the
off-diagonal terms in the heat kernel estimates when considering the spatial distance
induced by the Carnot metric associated with the vector fields.

Our research here provides a way how to adapt the parametrix expansion technique
to Kolmogorov-type degenerate diffusions, even for non-smooth Hélder coefficients in
the dynamics of the SDE, and to the corresponding numerical approximations through
suitable Euler scheme discretizations.

We will in this chapter investigate, for various classes of test functions (namely
Hoélder continuous ones and Dirac masses) the so-called weak error. We refer to the
global introduction and to Section and Section [4.4] for details.

Although Bally and Talay [BT96a], [BT96b| already have investigated the weak
error behavior for the Euler scheme approximation in a general hypoelliptic setting
(weak or strong) for time homogeneous coefficients in the SDE, they only considered
the case of smooth coefficients which lead to a usual convergence rate of order h, with
h being the time discretization step of the scheme.

However, we will focus on rough coefficients. In this framework, we rely, even
more than in the case of smooth coefficients, on the controls of the density of the
underlying SDE. Precisely, we need to establish sharp heat-kernel and gradient bounds.
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Such bounds have naturally been obtained for smooth coefficients through Malliavin
calculus techniques, see [KS84], [KS85]. In the current setting of Holder coefficients,
the parametrix approach seems more adapted, since we cannot hope to handle tangent
flows or Malliavin covariance matrices. To perform the analysis we will establish in
the Kolmogorov case the analogue to the heat kernel and gradient estimates achieved
in [IKOG62] for the non-degenerate case in the Holder setting for the coefficients.

To derive convergence rates for the weak error we also establish some stability
results for the diffusion and scheme transition densities with respect to small pertur-
bations of the coefficients. The result is of interest in itself. It is in the current context
crucial in the sense that our main controls on the derivatives of the underlying heat
kernel (see Theorem only provide gradient bounds in the non-degenerate direc-
tions. The smoothing procedure of the coeflicients (mollification) allows to directly
exhibit some underlying PDE which kills the first order terms in the error analysis.

4.1.4 General models

The mentioned article [Kol34|has led to many research on the topic of so-called degen-
erate Kolmogorov SDEs. One of the most general model which allow to apply Gaussian
bounds to the transition density has been studied by F. Delarue and S. Menozzi in
their paper [DM10]. Precisely, it has a form of:

dth = F1<t7tha"'7th>dt+o-(t7Xt17'"’le)th’
dX? = Bt X/,... X}")dt,
dXP = Fy(t,X2,...,X])dt,

AX! = F,(t, X', XMt (4.6)

where W, stands for the d-dimensional Brownian motion and Vi, 1 < i < n, (X});>0 €
R4,

A typical example for (4.6]) is a system of n coupled oscillators, each moving verti-
cally and being connected to the nearest neighbours directly, the first oscillator being
forced by a random noise.

In the general case when n > 2, such systems appear in heat conduction models
(see for example the original papers by Eckmann et al. [EPRB99] and Rey-Bellet and
Thomas [RBL0O0| when the chain is forced by two heat baths; see also the paper by
Bodineau and Lefevere [BLOS] ).

For the case of smooth coefficients in the existence of a density for (X}, ..., X),
seen as an R™ -valued vector, may be seen as a consequence of Hormander’s theorem.
Understanding the structure of the density under general hypoelliptic conditions (i.e.
for more general systems than (4.6])) is something very difficult. The reason may be
explained as follows: there may be many ways for the underlying noise to propagate
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into the whole system, and therefore, many different time scales for the propagation
phenomenon.

In the article [DM10] the authors considered uniformly Lipschitz continuous (F;);cp ]

(or suppose for i = 1 that the drift of the non degenerate component F} is measurable
and bounded) and uniformly Hélder continuous in space uniformly elliptic diffusion
matrix. Under such assumptions they established Gaussian Aronson like estimates for
the density of over compact time interval for Holder index ~ greater than 1/2.
To derive this a "formal" parametrix expansion has been used, considering a sequence
of equations with smooth coefficients for which Hérmander’s theorem guaranteed the
existence of the density, see e.g. Hérmander [H67].The estimates did not depend on
the derivatives of the mollified coefficients but only on the ~- Holder continuity as-
sumed. However to pass to the limit in the described procedure some uniqueness in
law is needed. It was precisely derived in [DM10] through viscosity type techniques
which do not exploit the underlying smoothing effects of the parametrix kernel. This
is what led to the restriction on the Holder exponent.

Exploiting such a smoothing effect, S. Menozzi proved in [Men11] the well posedness
of the martingale problem for the generator associated with the SDE in the Holder
setting without any restriction on the Holder index . Thus, together with results from
IDMI0] it gives that for all v in (0, 1] the unique weak solution for exists and
admits for all ¢ > 0 a density that satisfies Aronson like bounds.

4.1.5 Model [KMM10]

For simplicity we would like to come back to another model, considered by V. Konakov,
S. Molchanov and S. Menozzi in [KMM10] and describe the parametrix derivation in
details. Worth to emphasize that results mentioned in [KMMI0| have been achieved
under Lipschitz continuity assumptions on coefficients which partly can be relaxed
to Holder continuity according to [DMI0], [Menll]. The parametrix representation
achieved in [KMM10] allows to give a local limit theorem with the usual convergence
rate for the associated Markov chain approximation. We anyhow mention that, the
generic Markov chain approximation setting leads to additional technicalities, namely
an aggregation procedure of the randomness is needed in order that the transitions
at the considered aggregated time have a density. We refer to the quoted work for
additional details.

Namely, in [KMM10] the following diffusions has been studied:

Xy =z + [1b(X,, Ys)ds + [} o(X,, Y)dW,,
Y;f =Y+ fg XSdS,
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with the generator such that: V¢ € C2(R?*?) V(z,y) € R*,

Lofa,) = 5T ate. ) D260 ) + 0o 0), Vo) + (o Ty (48)
where (W,;);>0 is a standard d— dimensional Brownian motion defined on some
filtered probability space (§2, F, (F;)t>0, P) satisfying the usual assumptions.

Exactly this model can be used dealing with Asian options, X; can be associated
with the dynamics of the underlying asset and its integral Y; is involved in the option
payoff. Typically, the price of such options writes E,[¢) (X7, T~'Yr)], where for the
put (resp. call) option the function ¥ (x,y) = (x — y)* (resp.(y — x)T), see [BPVOI].
It is, thus, useful in this framework to specifically quantify how a perturbation of the
coefficients impacts the option prices.

The cross dependence of the dynamics of X; in Y; is also important handling
kinematic models or Hamiltonian systems. For a given Hamilton function of the form
H(z,y) =V(y)+ %, where V' is a potential and % the kinetic energy of a particle
with unit mass, the associated stochastic Hamiltonian system would correspond to
b(Xs,Ys) = —(0,V(Ys)+F(Xs, Ys)Xs) in (4.7), where F'is a friction term. When F' > 0
natural questions arise concerning the asymptotic behaviour of (X3,Y;), for instance,
the geometric convergence to equilibrium for the Langevin equation is discussed in
Mattingly and Stuart [MSHO2|, numerical approximations of the invariant measures
in Talay [Tal02], the case of high degree potential V' is investigated in Hérau and Nier
[HNO4].

4.2 Parametrix in the degenerate case

In this section we would like to introduce the parametrix technique which is possible
to perform even under Holder continuity assumptions for coefficients applying some
regularization procedure.

The unboundedness of the first order term imposes a more subtle strategy than in
non-degenerate case for the choice of the frozen Gaussian density. We have to take
into consideration the "geometry" of the deterministic differential equation associated
to the first order terms of the operator. In other words, the corresponding flow must
appear in the frozen density.

We would like to keep considering the model similar to (4.7) but with Holder
continuity assumptions for coefficients instead of Lipschitz, namely, we consider R¢ x
R%—valued processes that follow the dynamics:

dX; = b(X,Y,)dt + o( Xy, Yy)dW,, (4.9)
dY; = Xdt, t € 10,7, '

70



where b : R?? — R? o : R — R?® R? are bounded coefficients that are Holder
continuous in space (this condition will be possibly relaxed for the drift term b) and
W is a Brownian motion on some filtered probability space (Q, F, (Ft)i>0, P). In (4.9),
T > 0 is a fixed deterministic final time. Also, a(z,y) := oco*(z,y) is assumed to be
uniformly elliptic.

We point out that those assumptions (specified below) are actually sufficient to
guarantee weak uniqueness for the solution of equation (4.9), see Remark

4.2.1 Assumptions

For better readability we now repeat assumptions for this Chapter, which we have
introduced in [II

(AD1) (Boundedness of the coefficients).
The components of the vector-valued function b(x,y) and the matrix-valued func-
tion o(x,y) are bounded measurable. Specifically, there exists a constant K s.t.

sup |b(z,y)|+ sup |o(z,y)| < K.
(z,y)€R2d (z,y)€R2d

(AD2) (Uniform Ellipticity).
The matrix a := oo™ is uniformly elliptic, i.e. there exists A > 1, V(z,y, ) € (R9)3,

ATHEP < (a(x,y)€, ) < A€

(AD3) (Holder continuity in space).
For some v € (0,1] , 0 < K < 00,

b(z,y) = b’ 9) + o, y) — o' )| < (o= + 1y =y 7).

Observe that the last condition also readily gives, thanks to the boundedness of
o that the diffusion matrix a is also uniformly v and /3 -Ho6lder continuous with

respect to the variables x and y respectively.
We say that assumption (AD) holds when conditions (AD1)-(AD3) are in force.

Remark 4.2.1. We point out that (AD) actually guarantees the well posedness of
the martingale problem for the generator associated with the SDE which in
turns imply weak well-posedness for (1.9). If b = 0 this readily follows from [MenT1].
The weak well-posedness would in fact hold for any 71,72 € (0, 1], meant to be the
respective Holder continuity indexes for the variables x,y, in (A3) (see e.g. Theorem
2.1 therein). Similarly, the well posedness would still hold for for any bounded
measurable b. The key point in the approach of [Menll] is indeed to have a so-
called smoothing effect in time of an underlying “parametrix" kernel (introduced in
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the current work in definition (4.18]) below), which precisely holds for bounded drifts
in the non-degenerate component (see again Theorem 2.1 in [Menll| and controls in

Lemma (4.2.1]) below).

We will denote, from now on, by C' a constant depending on the parameters ap-
pearing in (AD) and 7. We reserve the notation c¢ for constants that only depend on
(AD) but not on 7. The values of C, ¢ may change from line to line.

4.2.2 Parametrix expansion. Diffusion

Although we have a lot in common with the parametrix technique presented in Chapter
2, there are also some special properties which we need due to the structure of .

Namely, the first step of the parametrix for degenerate diffusions also consists
in approximating the transition density p(7, (-,-), (2’,4')) by a known Gaussian den-
sity 7@ Y)(T,(-,-), (2',9')). The choice obeys the following idea: in short time,
(T, (-,-), (2, ) and 7@ ¥)(T, (-,-), (2',3)) are to be close. We would like to em-
phasize that in our case, due to the measurability and boundedness of the function
b(-,-) it is just enough to use such a specific form of the Gaussian proxy, where the
initial system does not depend on the trend function. Similarly to the non-degenerate
case in Chapter 2 we have not incorporated the dependency on b(-,-) into the frozen
process directly.

For non-smooth coefficients in but satisfying (AD), it is then possible to use a
mollification procedure, taking b,(z,y) := bx p,(z,y), o,(x,y) :=0 * py(x,y), x,y €
R? where p, is a smooth mollifying kernel and x stands for the usual convolution
operation and n € [0, 1],«the case n = 0 by definition will correspond to the initial
process in (4.9).

For mollified coefficients, the existence and smoothness of the density p, for the
associated process (X7, Y") follows from the Hormander theorem (see e.g. [H67]).
Thus, we can apply the parametrix technique directly for p;,.

Fixing the terminal point (2,y’) at time 7', we finally introduce the Gaussian
system of the form:

>T,(x' .y
{dXW( ) = g o, (ol — /(T — t))dW,, (410

df/;ﬁ»(xﬁyl) =y + Xg:%(x,’y/)dt.

Since the model (4.10) defines the Gaussian process, the transition density of (4.10)

~T, z' .y ~ A .
(pﬁ (= )<t7 (ZE, y)a (ZL‘, y)))0<t§T;(a:,y),(50,3])€]R2d exists.
Observe that in our settings the SDE (4.10)) itself integrates as

X—O,(:p,y),T,(:c’,y/) T t :El
(S}EZIEI,y),T,(I/,y/) = Rt (y) ‘f‘/(; RuBgn(RT—u (y/) )qu, (411)

7)7t
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I 0 . . . .
where R, = dxd Tdxd ) _ the resolvent matrix associated with the linear system
tlixa laxd

and B = (édXd> .— the embedding matrix from R? to R,
dxd

In particular, for a fixed ¢ > 0 and a given starting point (z,y) in (4.11]), we can
write now the exact form of the transition density at time ¢ for the frozen process:

B0, (,), (2, y))

= g o (e @ () - (Gpr () - (0))

where C} = fg Ry wBoyoy (2, y' — o' (t —u))B*R;_,du.
We have already introduced in (4.8)) the generator for (4.9) and now it comes to
the definition of the frozen process (I.11) generator (L™, o

i, 1
L?(x Y )7n¢(x’ y) — §Tr <an($/7 y/ — :L‘/(t — s))ngb(:U, y)) + <Zlf, qus(z? y)> (412)

The density p, then readily satisfies the Kolmogorov Backward equation:

Dy (t — u, (2, y), («/,) + LY 5, =, (z,y), (2, y)) = 0,

0<u<t (z,y), (' y) e R (4.13)
ﬁﬂ(t —u ('7 ')7 (xlv y/)) tf—uio 5(27'72/)(')'

On the other hand, since the density of (X7, Y]") is smooth, it must satisfy the
Kolmogorov forward equation (see e.g. Dynkin [Dyn65]). For a given starting point
(z,y) € R*® at time 0,

pﬂ(“? (CC, y)? ) — 5(%21)(')7

{8upn(u, (z,v), (@, y)) — L*py(u, (z,y), (2',y)) =0, 0 <u <t (x,y) € R¥
ul0

(4.14)

where L* stands for the adjoint (which is well defined since the coefficients are smooth)
of the generator L in (4.8]).

Let us remind for a given ¢ > 0 and for all (z, %), (z/,y') € R?? the Kolmogorov-type
density, introduced in Chapter

134/ o' —x* | WY~y — (e a)t/2P
pc,K(tv ([I), y)7 (xlv y/)) = (27Tt2)d exp (_C |: At +3 13 :|) ’
(4.15)

73



which also enjoys the semigroup property, i.e. for any 0 < s <t < T,

/R2d pC,K(Sv ((E, y)v (wv Z))pch(t -5, (wv Z)7 (‘T,a y,))dwdz = qu(t, (ZL“, y), (xla ?/))'(4'16)

The subscript K in the notation p.x stands for Kolmogorov-like equations, and
Pex(t, (x,y), (-, -)) denotes the transition density of

2 t
(Xf’K,YtC’K> = <93+ —\/I/Qt,y+/ XSC’de) )
C 0

Observe carefully that the density in exhibits a multiscale behaviour. The
non degenerate component has at time ¢ the usual diffusive scale in ¢'/2 correspond-
ing to the self-similarity index or typical scale of the Brownian motion, whereas the
degenerate one has, in small time, a "faster" typical behaviour in 2 corresponding
to the standard scale of the integral f(f Weds. By "faster", we mean that the time
normalization in the exponential deviation bounds appearing in are bigger in
small time, i.e. t=%/2 > ¢t=1/2 for the typical scales or standard deviations.

From direct computations on Gaussian density, it follows that for any indexes «, 3,
such that o] < 4,[8] <2:

3C > 0, Va = (a1, aq), |af <4, (4.17)
|DgD5ﬁ7t77x,7yl(tv (CL’, y)? (JZ/, y/))| < WPC,K(L (ZL’, y)? (ZE/7 y/))

We adopt the following convention: p, (7" —s, (z,y), (¢, ")) stands for ﬁg’(x/’y/)(T —
5, (2,9), (@, /).

The key quantity in the parametrix method is the kernel function which writes
similarly as in the non-degenerate case:

Vn € [0,1] Hy(t, (z,y), (@,y) == (L" = L") (¢, (2, y), (/,1)),  (4.18)

where L7 denotes the same operator as in , but with mollified coefficients b, and
oy

Note carefully that in the above kernel H,, because of the linear structure of the
degenerate component in the model, the most singular terms, i.e. those involving
derivatives w.r.t. y, i.e. the fast variable, vanish.

Let us now remind the notation for

t
Fogltle). @) = [ du [ dedufe, (o). (w2l - v, (w0,2), (.0)
0 R
as the time-space convolution.
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Using the standard mollification argument and applying forward and backward
Kolmogorov equations one can derive

Do)(t, (2,9), (2,9) = py @ Hy(t, (z,y), (2, "))
/du/ py(u, (z,y), (w, 2))H,(t — u, (w, 2), (', y))dwdz,

and after the iteration procedure one get the formal expansion:
py(t, (z,y), an ® H(t, (x,y), (+',y), (4.19)

Obtaining estimates on p, from the formal expression (4.19) requires to have good
controls on the right-hand side. Precisely thanks to (4.17)), we first get that there exist
¢ >1, ¢>0s.t. forall u € [0,1),

[Hy(t =, (w, 2), (', 9/)

)|
Tr{ay(w,2) — ay(@',y — 2'(t — w))} Dypy(t — u, (w, 2), (2, y)
)

1
<3 )
+<bn(w’z)=prn(t_ ,(w, 2), ( /> )
Clw— 2" + |z — (v — 2 (t —u))|"/3 C
- 2(t — u) (t —u)l/?
XPe(t —u, (w, 2), (27,y))
)

1= /2y Pesc(t — u, (w, 2), (2',y)
<o (VTR (= . (4.20)
We can establish by induction the following key result.

Lemma 4.2.1. There exist constants C > 1,¢ > 0 s.t. for all n € [0,1] one has for
all v € N*, (¢, (2,9), (¢, ) € (0,T] x (R*)*:

By © H (2, (,y), («,y)))|
— 1)y v
<C’"+1tm/zB<1 1) 3(1 b 1) ...xBIl1 (T— !
= ) tog) X Tty )
ch,K(ta ([B, y)a (xla Z/))a
recalling that HY” := HY ™V @ H,.

Proof. The result (4.17)) in particular yields that 3Cy > 0, Vu € (0, ], p,(t—u, (z,v), (w, 2)) <
Copex(t —u, (z,y), (w, z)) uniformly w.r.t. n € [0, 1].
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Setting C' := ¢; (1 vV TU=7/2) v Cy, we also obtain uniformly in 7

0@ Hy(t, (2, 9), (1)
< [au [ @), @ ) Ht = . 2), ()l dw

t
1
< d 2 - t— ")) dwd
_/0 U/RMC pc,K(uv <x’y)’<w’z))(t_u)l—'y/Qpc’K( U, (U),Z),(l’,y)) waz

< CQt'Y/QB (17 %) pc,K<t7 (l’, y)a (xl7 yl>>’

using the semigroup property (4.16) in the last inequality and where B(p, q) = fol uP1(1—
u)? *du denotes the f—function. By induction on 7:

By, @ HIO(t, (2, 9), (. y)))|

—1)7 v

<ortep (L) x5 (1+2,2) woxp (14 C207
Xpex(t = s, (z,9), (2',y)), reN,

which means that the sum of the series (4.19) is uniformly controlled w.r.t. n €
[0, 1]. O

These bounds imply that the series representing the density of the initial process
py(t, (z,y), (2',y)) could be expressed as (4.19) yield and the following bound uni-

formly in n € [0, 1]: py(t, (z,y), (+",y)) < c1pexc(t, (2,9), (2", y)).
From the bounded convergence theorem one can derive that

Py(t; (2, 9), Z z,y), (@,y)) = p(t, (z,9), («",y)),

(4.21)

uniformly in (¢, (z,), (o)), where j(u, (z,y). (w, 2)) := fo(u, (z.y), (w,2)) and HO(t—
u, (w, 2), (¢,)) == H (t = u, (w, 2), (¢, ).
Due to the uniform convergence in 7 (which implies the uniqueness in law):

f(z,w)py(t, (z,y), (w, 2))dwdz — f(z,w)p(t, (z,y), (w, 2))dwdz,

R2d n—0 R2d

for all continuous and bounded f. The well-posedness of the martingale problem
and the same technique as in Theorem 11.4.2 from [SV79| then give that the process
(X4, Y;) has the transition density which is exactly the sum of the parametrix series

p(t, (z,y), (&",y)).
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Remark 4.2.2. Although our model does not totally fulfill the framework of
Theorem 11.4.2 from [SV79| one can derive the same result following every step of the
proof. Namely, the only Theorem which is used in the proof by Stroock and Varadhan
and not so clear in our framework is Th. 9.2.12 in [SV79]. Namely, we need to derive
that in our case that Vn € [0,1], ¢ € [0,T], (x,y) € R* and h = (hy, hy) € R?*? small:

lim sup/ lpn(t, (z,y), (w, 2)) — py(t, (x,y), (w+ hy, 2+ he))|dwdz = 0. (4.22)
[h|=0 5 JR2d

The equation (4.22) can be proved in the same technique as in [SV79] taking into
account the fact transition densities of the SDEs with mollified coefficients b,, o, are
smooth and the limit of the parametrix sum is a continues function.

Thus, we have proved the below proposition.

Proposition 4.2.2. Under the sole assumption (AD), fort > 0, the transition density
of the process (X, Y:) solving (4.9)) exists and can be written as the series in (4.19)
with n = 0.

Parametrix expansion. Scheme

Let us introduce the approximation scheme for (4.9). For a fixed N and 7" > 0 we define
a time grid {0,¢y,...,ty} with a given step h := T/N, i.e. t; = ih,fori=0,...,N
and the scheme

(4.23)

t t
Xt=z+ [, b(Xg(s)a Y¢>h(s))d5 + /o O(Xg(s)v quh(s))dW&
Y =y+ [ XIds.

where ¢(t) = t; Vt € [t;,t;11). Observe that the above scheme is in fact well defined
even though the non degenerate component of the scheme itself appears in the integral.
On every time-step the increments of (X', Y,")ics 1,,,], ¢ > 0 are actually Gaussian.
They indeed correspond to a suitable rescaling of the Brownian increment and its
integral on the considered time step, see also Remark

Remark 4.2.3. The specific version of the Euler scheme we perform for the model
gives us directly the existence of the one step Gaussian transition density whereas in
the generic Markov settings of [KMMI0| some "aggregations" are needed. Namely,
under assumptions (A) the discretization scheme admits a Gaussian transition
density: for all (z,y) € R*? 0 < j < N, A € B(R*) (where B(R??) stands for the
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Borel o—field of R?*?) we get:
P[(Xthjayt?) € A|(X}, YY) = (z,y)]
- / P, (2,9), (@1, 5P (s (1,90, (2, 2)) % - .
(R2d)i—1x A
xpr(h, (-1, y5-1), (25, y;))de1dyrdeadys . . . dr;dy;
= /Aph(tjv (ZL’, y)v (xjv yj))dxjdyja

where the notation py(h, (;, y;), (Tiv1,¥ir1)),7 € [0, N — 1], stands for the density of

i + ih + (s, y)h2/2 ) 2 mon degen-

a(zi, yi)h  a(wi, y)h?/2 : :

a(ws y)h2/2 alzs y)h?/3 ) Two-sided Gaussian bounds
of Kolmogorov type for the scheme transition density py(t;, (z,v), (z;,y;)) have been
established in |[LM10].

As for the diffusion density, we would like to take the advantage of applying
the parametrix technique to the discretization scheme transition density as
in [LM10]. We first need to introduce the frozen version for the scheme and the
discrete counterpart of the time-space convolution kernel. From this we can derive the
parametrix representation for the density of the discretization scheme.

For fixed points (z,y), (¢/,y') € R*, the fixed final time ¢;,0 < j < j' < N we

define
(), (= (e gy )
te[0,t5] t€[0,t;]

by (X4, 98) = (2,9), and vt € (0,1,) :

a Gaussian random variable with mean

erate covariance matrix (

{X{L =+ fyo(@,y — 2 (t; — 6(s)))dW, (4.24)

Y=yt [y Xido=y+at+ f) [ oy —2/(t; — é(s)))dW,dv,
where ¢(t) =t;, Vt € [ti, tiy1).
Let us emphasise that [, [ o(a/,y' — 2'(t; — ¢(s)))dWdv = [t — v)o(2',y —
2 (t; — ¢(s)))dW, = fot(t — 0)G4(5)dWs (the equality means that processes are equal
in distributions) as two Gaussian processes with zero-means and the same covariance
matrices. Setting Vs € [0,¢;],ag(s) = G4(5)T7y), recall from (AD2) condition that
g(s) 18 symmetric, one can finally obtain that the covariance matrix E?j of the vector
()N(t’;,fft?) is equal to

tj ~ tj ~
S ( ) fo a¢(s)~ds f (t; — 8)26L~¢(5)d8 )
i Jo (t; = s)agyds [, (t; — 5)*ag(s)ds
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The frozen process also depends on ¢; through an additional term in the diffusion
coefficient. From now on, p™%"(#¥) denotes the transition density of the discretization
scheme (4.24) and let us emphasize that for the frozen coefficients, we will denote
for simplicity p™ @Y (t;, (z,y),(-,)) =: p"(ty, (x,y),(-,-)) - the transition density
between times 0 and t;; < t; of the frozen Markov chain.

Let us now introduce the discrete counterpart of the parametrix kernel considered
for the continuous objects in (4.18]). To this end, for a sufficiently smooth func-
tion ¢ : R* — R and fixed (2/,y') € R*,j € (0,N] define operators (L") and

(1) (= (Eretn))
LM f(t5, (z,y), (2, y)) =

Bl [/prh(h, (2, ), (u,v)) f(t; — h, (u,v), (2, y))dudv

_f(tj - h7 (:L‘, y)v (l‘l, y/))] )
L"f(t;, (z,y), («,y) =

h! [/de P (h, (2,9), (u,v)) f(t; — b, (u,0), (', y))dudv

_f(t] - h7 (SL’, y)a (xla y/))] .
Define the discrete kernel Hj, by

ity (), () = (£ = 1) 30, = b wo) (@), 07 <N, (4.29)

From the previous definition, for all 0 < 7 < N

Halty, (u,0), () = b~ /

R

[ ), (o 20 = 2. 0 et

Analogously to Lemma 3.6 in [KMOQ0], which follows from a direct algebraic ma-
nipulation, it has been derived in |[LMI10| that the transition density of the scheme
admits the following representation.

Proposition 4.2.3 (Parametrix Expansion for the Euler scheme). Assume that the
assumptions (AD) are in force. Then

J

Pt (), (& y) = (15 @n Hfﬁ) (). (x.y), (2. 9)), (4.26)

r=0
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for the discrete time convolution type operator ®j defined by

(g @n £ty (), (2, y) = Z h/de g(ti, (x,y), (u,0)) f(t; — ts, (u,v), (2, y))dudv,

where g®hH}(LO) =g, and for allr > 1, H}(LT) = Hh®hH}(f_1) denotes the r—fold discrete
convolution of the kernel H,. W.r.t. the above definition, we use the convention that
P @n 1, (0, (2,9), (@) = 0.7 > 1.

4.3 Stability results

In this section we are going to study the sensitivity of the transition densities of some
Kolmogorov like degenerate diffusion processes with respect to a perturbation of the
coefficients of the non-degenerate component.

4.3.1 Stability for perturbed diffusions

We now introduce a perturbed version of (4.9) with dynamics:
dX;” = (X7, Yt + 0 (X7, Y)W, (4.27)
dy,? = xPdt,t € [0,T], '

where b, : R? — R?, o, : R?? — R? @ R? satisfy at least the same assumptions as b, &
and are in some sense meant to be close to b, o for small values of € > 0. In particular,
from Proposition we have that (X, V,®)) admits a density.

The goal of this Section is to investigate how the closeness of (b.,0.) and (b, o) is
reflected on the respective densities of the associated processes.

In many applications (misspecified volatility models or calibration procedures) it
can be useful to know how the controls on the differences |b — b.|, |0 — o.| (for suitable
norms) impact the difference p. — p of the densities corresponding respectively to the
dynamics with the perturbed parameters and the one of the model.

Let us now introduce, under (AD), the quantities that will bound the difference
of the densities in our main results below. Set for ¢ > 0:

Vg € (1, +o0], Aib’q = 1b(.,.) = bo(., )| Laay.-
Since o, 0. are both y-Holder continuous, see (A3), we also define

A i=lo(.,.) —o(.,.)

87‘3-7"/ :
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where v € (0,1], |.|d,, stands for the Holder norm in space on C}4(R*,R? @ R?),
which denotes the space of Holder continuous bounded functions with respect to the
distance d defined as follows:

V(z,y), () € RY? d((z,9), (2,y)) = |z —2'| + |y —y|">. (4.28)

Namely, a measurable function f is in Cj 4(R*,R* @ R?) if

- o ’f(‘rv y) — f(‘rlv y/)‘
Flas = SR WOI Wlao Wl = 8 e d((w0), ()

< +00.

The previous control in particular implies for all ((z,y), (z,y')) € (R?*?)2:
la(z,y) —a(2',y) — ac(z,y) +a.(2,y)] < 2277(K + /{)Aigﬁdw((x, y), (o, y’)).
We eventually set Vg € (1, +00],

Ad - Ad + Ad

&g £,0,Y &b,
which will be the key quantity governing the error in our results.

Theorem 4.3.1 (Stability Control). Fiz T > 0. Under (AD), for q € (4d,+o0],
there exists C == C(q) > 1,c € (0,1] s.t. for all0 <t < T,((z,y), (2,y)) € (R*)%:

[(p = po)(t, (z,y), (& y))| < CAL, pex(t (2,y), (' y),

where p(t, (z,v), (,.)), p:(t, (x,y), (.,.)) respectively stand for the transition densities
at time t of equations (4.9), (4.27) starting from (xz,y) at time 0.

Proof. We will now investigate more specifically the sensitivity of the density w.r.t. the
coefficients perturbation through the difference of the series. From Proposition ,
for a given fixed parameter ¢, under (A) the densities p(t, (z,v), (+,-)), p(t, (z,9), (+,*))
at time ¢ of the processes in (4.9), (4.27) starting from (z,y) at time 0 both admit a
parametrix expansion of the previous type.

Let us consider the difference between the two parametrix expansions for (4.9) and

(4.27) in the form (4.19):

Ip(t, (2, ), (2',9) — pe(t, (2, ), (2, 9))]

+o0
<S B HOW, (@,y), () — e © HO(t, (2,9), (', y).
r=0

Since we consider perturbations of the densities with respect to the non-degenerate
component, following the same steps as in [KKMI17| one can show that the Lemma
below holds:
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Lemma 4.3.2 (Difference of the first terms and their derivatives). There exist ¢; >
1, c€(0,1] s.t. for all0 < t, (z,y),(2',y") € R*? and all multi-index o, |a| < 4,

ClAgg»ypc K(ta (SL’, y)a (J’Ja y/>)

DR, (.. (2 4) — DEpe(t, (2.9), (&, ))] < a0
Lemma 4.3.3 (Control of the one-step convolution). For all 0 < t, (z,y),(2,y') €
de:
b HY(E, (,y), (iU' y) = B @ H (¢, (2,9), («',9)|
< H{VTORRAL L Lo B D (409)
1
et o0 B2, B + @), 2™ bpesclt, (@,9), (1)),

where c1,c are as in Lemma and for q € (4d, +00) we set aq) = % — %d.

Proof. Let us write:

p® HO (2,9), (0',y)) = e © HO( (2,9), ()] <
|(15—z55)®H(t,(w7y),(fﬂ’,y’))|+|ﬁe®(H—Hs)( (v,9), (@', y))| =+ 11 (4.30)

From Lemma and (4.20)) we readily get for all ¢ € (4d, +o0]:

I<((AVTU ) AL pes (2, (:U,y),(ﬂf’,y’))B(L%)t%- (4.31)

To estimate (I1) let us first consider H — H. more precisely:

(H — Ho)(t —u, (w,2), (2, y)) (4.32)

= %Tr{a(w, 2) —alx,y —2'(t —u)) — a(w, 2) + a.(z',y — 2’ (t — )
xD2p(t —u, (w, 2), (2, y
+%Tr{a5(w, 2) —a. (2 y — 2 (t — u))} [D?U(ﬁ — ﬁa)} (t —u, (w,2), (@ y
+<b(w7 Z) - ba(wv Z)v Dwﬁ(t —u, (w7 Z)’ (wla y/)
+{b-(w, 2), Dy (p — pe)(t — u, (w, 2), (z',9/)
= <A;H + A§H> (t —u, (w,2), (2, y))

+(b(w, 2) = be(w, 2), Dup(t — u, (w, 2), (', y)))
+{b-(w, 2), (Dyp — Dype)(t — u, (w, 2), (2", y"))).

<
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Since functions a(w, z), a.(w, z) are Holder uniformly continuous and (4.17) holds
than:

ALH|(t = u, (w,2), (+',9)|
A (I =+ 2=y (= )" peelt = u, (w,2), (1))
= ()

CAd pc2,K<t — U, (wv Z)? ("Elv y/))
£,7,00 (t — )/ :

From Lemma and Holder uniform continuity of the function a.(x,y) it follows:

AZH|(t = u, (w,2), (1))
AL oo (J0 =" 4 |2 =+ 't = 0)[7°) pee(t =, (w,2), (2',9)
= ()

< CAd p02,K<t — U, (wa Z)v ([L’l, y/))
£,7,00 (t —u)i—/2 :

Thus, the fact that [b(w,2) — b.(w,z)| < cAf,  and ([4.17) give the control for
q = +o0o. Namely,

1 e a2, () < (0 TO D) [Pl (2 )]
(4.33)

For ¢ € (4d, +00) we use Holder inequality in the time-space convolution involving
the difference of the drifts (last term in (4.32])). Set

D(t, (z,y), (=, y))
= /0 du /R?d pe(u, (x,y), (w, 2)){[b-(w, z) — b(w, 2)], Dup(t — u, (w, 2) (2", y")))dwdz.

Denoting by g the conjugate of ¢, i.e. ¢, > 1,¢ ' +q =1, we get from (4.17) and
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for ¢ > d that:
2 ! du
ID( o 9), &y < [ lble) = bl s
o )
/ / q l/q
{ [ Ipeacn ) et = s . 2), () P
R2d
t 3d/qc2d
2 Ad
<8, || G
/ / l/q du
{ [ peasclu (0.9). (02Dt = (w,2), (0w
R2

u2d/a(t — u)§+2d/q
V3ct? ! d t du
2 —= Ad I
<d ( o q1ALy Pk (1, (:c,y),(:my))/o Tt — )

Now, the constraint 4d < g < +o0o precisely gives that % +2d(1 — %) < 1 so that
the last integral is well defined. We therefore derive:

[D(t, (2, y), (', )]
1
< C%t —Qd/(IAdbqu K(tv (LL’, y)v (ZE/7 y/))B(l - Qd/QJ 5 - Qd/Q)

In the case 4d < ¢ < +o0, recalling that a(q) = 3 — 2d , we eventually get :

(s, (@), (w,2)) © (H = H.) (t =, (w,2), (&', 9))
< pesc(t, (,9), (', )AL "B +alg),a(0)) (134)

2
+2AL(1VTU )2 B(1,4/2)}.

The statement now follows in whole generality from (4.30)), (4.31), (4.17)) for ¢ = o0
and (4.34)) for 4d < ¢ < +o0.

]

The following Lemma associated with Lemmas and Lemma [4.3.3 allows to
complete the proof of Theorem [4.3.1]

Lemma 4.3.4 (Difference of the iterated kernels). For all 0 <t <T, (z,y),(2,y) €
(R2)2 and for all r € N:

(p® HO — . HOYG, (), /)| (435)
<o 4 (t, (2.), ()
I'Renag Ty (r+2) Pe,x\L; \ T, Y )\ Y ))-
P+3) (14 e2)
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Proof. Observe that Lemmas and Lemma respectively give (4.35]) for r =0
and r = 1. Let us assume that it holds for a given » € N* and let us prove it for r 4 1.

Let us denote for all » > 1,
et (2,9), (,y) = |(p® HD — p. @ H)(t, (2,1), (2/,y'))|. Write

77r+1(t7 (l’,y), (Ilvy/)) = ‘(ﬁ@) H(T) _]55 ® ng ) ® H(ta (f,y), (xlvy/»‘
+ }@@H(’“) ® (H = H)(t, (z,y), («',y)|
<, @ H|(t, (x,y), (' y) + [p- © HO| @ [(H — H)| (t, (2, 9). (2',3)).

Now, 7, is controlled by the induction hypothesis, |H| - through (4.20)), Lemma [£.2.1]
provides bounds for the convolution p.@H" and the difference |(H — H.)|is controlled
in (4.33)). Thus, the induction hypothesis we get the result. O

Theorem now simply follows from the controls of Lemma[4.3.4] the parametrix
expansions (4.9) and (4.27) of the densities p,p. and the asymptotic of the Gamma

function.

[]

Stability for perturbed Euler schemes

Let us describe precisely the analogue of the scheme (4.23)) with perturbed coefficients
as in (4.27) which approximates the process (4.27) with perturbed coefficients b., o.:

YEh

o()) AW,

¢(s)’

sh_ e,h Eh e,h
{X T [y b (X0 Y s + [ (X5 (4.36)

Yot =y+ [ thds
for t € [O,tj),O < j < N, where ¢(t> =t; Vt € [ti,ti+1>.

Recall first from the Section that we have the following representations for
the densities p" and pf* :

Pty (), (@) = S 5" @n HY (t, (2,y), (2, y),

r=0
pE(t;, (2,y), Zpa on HY) (15, (2,y), (2,3/)),

where H;’(T) is defined analogously to H}(LT) in (£.25) with L L" p" changed respec-
tively by their perturbed counterparts in ¢.

Theorem 4.3.5. Fiz T > 0 and let us define a time-grid Ay, =
Under (A), there exists C > 1,¢ € (0,1] s.t. for all 0 < t; <
(R, g € (4d, +00]

‘pi - ph’(tja (il?, y)7 (xl7 y/>> < CAS,%qu,K@j: (xa y)7 (fﬂ/, y/))v

{ )ze[[l N]]} N e N*.

(t
T, ((z,y), (@) €
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where ps (t, (z,v), (.,.), pa(t, (z,y), (.,.)) respectively stand for the transition densities
at time t of equations (4.23)), (4.36)) starting from (z,y) at time 0.

The closeness of "main" parts p" and p” in the above expansions can be derived
analogously to Lemma 1 [KKM17| as the difference between two Gaussian densities
with the small differences in means and covariances. The only point we would like to
emphasize - the Kolmogorov-like density p. x which stands in the bounds due to the
control for the scheme transition density in the degenerate case. The complete proof
could be found in [LM10|, Theorem 2.1, (b).

Lemma 4.3.6 (Control and Comparison of the densities and their derivatives). There
erist c; > 1, ¢ € (0,1] s.t. for all0 < t; <T, (x,y),(',y') € R* and all multi-index
a, |a] <4,

as oo ClAga pC,K(t'a(I7y)7($/ay/>)
|D2p" (). (2, y), (2,)) = DEpL(t, (z,y), (2" y))| £ — tfal/Q .

J

A

where the last inequality holds for all n € (0,7) due to the mollification procedure.

Proof. According to the definition

/

/ AN b
Pt (z,y), (' y) = WG (V)2 y’\g/;tj : (4.37)
t

J

where

tj ~¢ tj ~5
Ve ( %fo Qg(s)ds lfo (st — s)ds )

ti ~
’ %fo] gs) (tj —s)ds ; fo ¢(s — 5)%ds

and Vz € R?? G(z) = exp(—|z]?/2)(27)~? stands for the density of the standard
Gaussian vector of R??. We emphasize that, in (4.37) we introduced the matrix Ve

which is non-degenerate and has order one, i.e. there exists ¢ := ¢(AD) > 1 s.t.
1y < V; < clyq. The matrix Vf then acts on the components renormalized at their
'~z
t,
intrinsic scales, namely y/_\gf__]xtj
372

i
Taking the result from Lemma the control for the difference [p"—p"|(¢;, (x, ), (2/,y))

comes from the closeness of two Gaussian densities with the same mean and slightly

different covariance matrices V; and V7, recalling that by the definition V}O is equal to

Vj.
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As [detV; — detV7| < O(T,d)A?, , for any j < N, where C(T,d) stands for the
constant which depends only on the fixed time 7" and the dimension d. Also due to

the definition of detV} , it has the first order in time.
Thus,

1 1 1 1 ””\/’t—x w\;
< — exp | —=v | vEL L LV,
~ @n)iE (G det(vw) |2l ( - ( - >)
J J
1 1 NG 7
- s V‘l ’__J. y /__J
+<27r>dt§ddet<vzﬁ>1/2<exp 2 ( ( >)
J J
ti t
—exp (2 | o || o ] )
&2 &

S O(T’ d>A€,U,“/pC,K (t]7 (I7 y)a (l’/, y/))a

where the difference between two exponents of scalar products can be control as usual
- using the first order Taylor expansion. Dealing with « : || > 0 brings us additional
polynomials multiplied with each exponents - the same as for the frozen densities for
the diffusions. m

Lemma 4.3.7 (Control of the One-Step Convolution for the Chain). For all § € (0,7),
0<t;<T, (x,y),(2,y) € R* there exists Cy such that:

CoAl
|Hh(ti7 (u7 U)? (Ilv y,)) - Hh,e(t% (U, U)a (.73/, yl>>| < #_—%pC,K(ti7 (u7 U)? (x/> y/))

7
Proof. 1. One step transition.

Note that if ¢; = h, the transition probability p"(t; — h, (-,-), (z',y')) is the Dirac
measure 0,/ s so that

Hh(hy (l’, 3/)7 (xla y/))
= 107 (Bl (X1 YDIE = Y = 3] = BB (L TR = .78 =]

e (P"(fu (2,0), () = 7, (2,), (@, y'”)‘

87



As p"(h, (z,y), (&', y)), p"(h, (z,y), (2',y")) are Gaussian densities, one can get
Y

(htete A= 0
230 0 (2, ) "/ —y — S
P det(ar. )

( o =D )
2B ol )y~ — =) )
P ) |

al
i ). (/) = 723

where (2, y") == (2,5 — 2'h).
Applying the same technique for the perturbed version of the kernel function we
get

(h!20(x,y))" (2" — x = be(x,y)h) )
2V3(h* %0 (2,y)) " (v —y — “5=h)
h2ddet(a.(x,y))'/?
(h1/206(xh”yh’))—1<x/ o x)
_G ( 2\/§(h3/20'5($hl, yh’))fl(y/ —y— %ﬂh) ) )
P(det (a2 y)) 7 |

o (
Hio(h, (2.9), (2, y')) = B~ (2V/3)" (

As a result, the difference between kernel functions in the case of one-step transition

could be estimated as the difference between Gaussian densit}Le/s with close coefficients

as in the Chapter 4. Also due to the fact that ‘ < v ) - xh/ ) ' <o/ —z|(14+2)+
)

Y
|y —y — Z5Zh| it follows that 3¢ > 0,C > 1 s.t

|Hp (R, (z,y), (2, 9) = Hre(h, (2,y), (&, )| < CRHPAL  pec (b, (3,y), (2, 9)).

Case t; > h. Recall that for all 0 <i < N

it (a0, 0/ ) =70 [ = 32 b 0 2030 = 20, 0 et
(4.38)

Set (xpn,yp) = (z,y + hx), (2} ..y, .) = (2',y — 2't;). Define VY(u,v) € R?*¢,
h,i» Jhi

h o b(u,v)h h B R 20 (u,v) 0
B"(u,v) = ( b(u, v)h%/2 ) , 2 (u,v) = ( W32 (u,v) /2 h3/20(u,v)/(2\/§) ) .
Introducing for all (x, ), (w, 2), (2/,9') € (R*®)3 transitions: P, <(w, 2), (2, y’)) =

9 () 7 (@), (02,00 ) = o)+ 2020, @) ). we can
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rewrite (4.38)

Hh(tiu (J],y), (xluy/)) = h_l/ dudvG (u, v
R2d

(u,0)
{ [ph (u () () () <xcy/>) -7 (ti () ’“/’y/))]
| (u i (5) 4 (s <u,v>)7<wﬁy’>) -7 (“’ () ”)] }
( /O iy
(z)
)Gl
—D,p" (ti—h, (fﬁhvyh)JrTIPh((fCZ,pyZ,z) ) Ph ((@ho Yni) (w,z))) }+

According to the Taylor expansion at order one:

Hy(t;, (z,y), (2, y) = h~ / dwdzG(w, z
R2d

(2’
)
X {Dxﬁh (ti — h, (zn, yn) + 17T ((r, y), (z,y), (w y), (z,y), (w, 2)
(

1
{hl/ dwdzG (w, z)/ dn
R2d 0

X {Dyﬁh (ti — h, (@h, yn) + T}Th((:v, Y), (z,7), (w R x))) W) B

D, (ti — b, (w0 ) + 1P (( y;m.), (w,2)), (&, y’>> x (Ph (< Yha)s (0 ‘””))(y)}

= (Mlh + R]f)(tu ($a y)? (xla y,))a
where D,, D, denotes the differentiation w.r.t. the first and the second components
respectively, (z) and (y) denote (1 :d) and (d+ 1 : 2d)

As we are interested in the difference |Hy, — Hp o|(t;, (u,v), (2',y)) it is enough to
estimate the closeness of R, R}f’a and MP, Mlh’a.

We need to recall two following controls which has been mentioned before in (4.17]).
Let = (p1,...,1q) € NLv = (v1,...,v4) € N? be multi-indices. We have, 3¢ >
0,C > 1,Y(u,v),|p <3,|v] <4,Y0 <i< N, (x,y),(,y) € R*,

|DLDER" (t5, (2,y), (2, )| < C(t) "WV p. (85, (2,), (2 4)).
Observe as well that there exists C > 0 s.t.

(z) ()
|Th(<x7y>,<x,y>,<w,z)) —Ph(uz,i,yz,i),(w,z)) < OO, )~ (@ )R (0, )],
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() (y)
(), (00 0 ) =Pt (0.2)) | OO0~ o O] 0,))
since b(-,-) is bounded and the difference between X(z,y) and ¥(zj,;,y;,,;) can be
controlled due to the Holder continuity.

Asin the article [LM10] expanding terms D,p" (tl-, (h, yn)+0Th ((x, v), (x,y), (w, z)) (2, y’))

and D,p" (ti, (Th, yn) + nTh((x, Y), (z,y), (w, z)), (o', y’)) at order 2 around (xp,y)

in M} one can get:

Hi(ts, (2,9), (&', 4)) = H(ts (2,), (#',5/)) + (R} + Rt (2, ), (&', ') where, we
have denoted, with a slight abuse of notation H (t;, (z,y), (2, y')) = (L—L)p"(t;, (z, ), (', y))
whereas from the continuous case H(t;, (x,y), (z',y)) = (L — L)p(t;, (z,5), (2, y/)).

Pay attention that a priori, p"(t;, (z,v), (z',y)) # p(ts, (x,9), («',y')). The only differ-
ence between those two objects is in the covariance matrices for which the backward

transport of the final point is taken in continuous time in p and in discrete time in

oph.

R%MWAWJWZPWW%%W@—hWWMWJOH

%Tr{ (a(x, y) — a(x),;, y;z,i)) Dip" (tz' — h, (xn, yn), (2 ?/)) }

The difference between |H — H.|(t;, (x,y), (¢, y)) can be controlled as in (4.33]). There
exist ¢ € (0,1],¢c3 € (0, 1] such that for 0 < t; < T and all (z,y), (2/,y') € R*

= et (), @) < (10T et Peslle 0 ()

£,7,00 (tl)1—7/2

Using the definition of R(t;, (z,y), (z',y')) and the telescoping sums combined with
bounds for the derivatives of the frozen transition density one can get:

(R = B ) o )l = [ @ﬂmmA@Kfm

2d

X{Dyﬁh (ti — hy (zn,yn) + 07T ((:B,y), (x,y), (@U,Z)>,(x’,y’)> y (Th((x,y), (2.1 (ww)))(y)

(v)
wﬁ@wmwmmﬂ%mmm@wwﬁ%ﬁwwmmm)}
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_h—l/RM dwd=G(w, 2) /01 dn
£ (ti o) 05 (@) () (022)). 0 y'>> x (TE (0.0t (0. ) }
—D,p! (tl- — h, (e, yn) + 1P, ((xz,i,yé,i), (w,z)),(x”y/)) " (Pg ((fﬁ%,i,yz,i), (w’@))(m}

< (1 v TI;Y)CQAd pc,K(ti7 (‘7;7 y)7 (J‘Jhy/)) )

£,7,00 1—v/2
t

Also the difference | Rl — RY®|(t;, (), («',3')) can be held according to the bound-
edness of b(+, ), b-(+, -), Holder properties of a(-, -), a.(+, -) and bounds for the derivatives

Do (ti b (), (o, y'>> ]

(m- RSE)M(:C D), (o)
:<b€<x',y'>—b(x’,y'wxzah( - >>
)

+<ba($/7y/)> (Dxﬁ? - Dwﬁh> (tl - h xha yh >

1 -
—§Tr{ (a0) = 88— 0c.9) + el ) ) D20 (1= om0 y'))

—%Tr{ (ag(x, y) — ac(x}, ;, yﬁm-)) (Dmpa Diﬁ) (l‘z’ — h, (@, yn), (2 y/)) }

< AgwoopC,K(ti - h7 (:Eha yh)7 ($/, y/))
= TEDEE '

Thus, we finally have proved the Lemma. O

Lemma 4.3.8 (Difference of the iterated kernels). For all t;, i € (0,j] ,t; < T,
(z,y), (2',y) € R** and r € N:

(" x HY = 5 x H)) (b, (), (@ y)] (4.39)
Ty (r+2)y
r Ad tiQ tl : Y
<C Aavoo = + pc,K(tia(x7y)a(x7y))‘

P+73) (142
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Proof. Observe that Lemmas gives (4.39)) for r = 0. Let us assume that it holds
for a given r € N* and let us prove it for r + 1.
Let us denote for all r > 1,

metis (@), (@, y) = 10" @ HO = bt @ H)) (4, (2,y), (o', )| Write
et (), (@) < | (B © B = 52 © H) © Hy(t, (@.3), (2, 3)
@ HY) @ (Hy — Hio)(t, (2,9), ()

® ’(Hh - Hh,s)‘ (th (%, y): (33/,9/))-

+

<1 @ Hal (ts, (2,9), («,3)) + | © H)

Thus,from the induction hypothesis, similarly to Lemma we get the result. [J

Through the Lemma [4.5.8 one can prove the Lemma [4.3.5

4.4 Weak error

In the same manner as in the article [KM17] we would like to consider the analogue
to the difference between the degenerate diffusion and it’s Euler scheme in the case of
non-smooth coefficients.

Remark 4.4.1. We would like to emphasize that for our error controls, we need to
consider /2 for the Holder index of the degenerate second variable. According to the
existing literature, see e.g. Lunardi [Lun97| or Priola [Pri09], concerning Schauder es-
timates for PDEs associated with generators deriving from (4.9)), one could expect this
regularity to be /3 which corresponds to the homogeneity index of the degenerate
variable (see again the above references or Bramanti et al. [MGEE1LQ] or [Men18| for
some related applications to harmonic analysis). The current index appears through
our analysis because of some specific properties of the model, namely the increment
over time step of the degenerate component needs to be handled (unbounded coef-
ficient). This precisely leads to the indicated restriction (see Theorem and its
proof).

There are two kinds of quantities we would be interested in while studying approx-
imations of the SDE’s solution. First, we can focus on the analogue to ([1.4):

Eu(fs (@,y), T, 1) = Bay) Lf (X7, Y7)] = Bag) [f (X, Y2), (4.40)

where f is a test function that lies in a suitable functional space. The second quantity
we will be interested in concerns directly the difference of the densities. We have
indicated above that the Euler scheme has a density enjoying Gaussian bounds.
We can refer to the Chapter 4 to justify that, under the current Assumptions (AD),
the diffusion in itself has a density. The existence of the density also follows
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from the well-posedness of the martingale problem associated with the generator of
(4.9) and the estimates in Theorem We will try to quantify, for a given time
t € {(ti)icio,n1}, in terms of h the difference

Eal(,y), (2", y), 1, h) == (p — o) (L, (2, 9), (1)), (4.41)

where p(t, (z,v), (z',y')) (resp. pn(t, (x,y), (2',y)) denotes the density of the unique
weak solution of the SDE ([4.9), at time ¢ and point (2/,3’) when the starting point at
time 0 is (z,y) (resp. X" given by the Euler scheme at time ¢ and point (2, 7/)
when the starting point at time 0 is (z,y)).

To perform the further analysis we have to assume more about Holder properties
of coeflicients as it has been already mentioned in Remark [£.4.1] Namely, instead of
(AD3), we assume for some v € (0,1] , &,

bz, ) = bl )] +lo(wy) — o' )| < w(je—al +ly—y 7).

and denote that as (AD3). Thus, we say that assumption (AD) holds when conditions
(AD1), (AD2),(AD3) are in force.

Remark 4.4.2. Due to the boundedness of coefficient (AD3) is included in (AD3),
meaning that all previous results, achieved under (AD3) still hold under (AD3).

Our first main result, which we have already mentioned in Chapter [I] is the fol-
lowing theorem.

Theorem 4.4.1. Assume (AD) holds and fic T > 0. For any test function f €
CPBI2(R*) (B—Hdlder in the first variable and 3/2—Hélder in the second variable
functions) for B € (0,1], there exists C > 0, such that for E' as in ([4.40):

Eu(f, (2, y), T, h)| < CR2(1 + |2|"?).

Proof. Denote, using Markovian notations, v(t, z,y) := E[f(X5®% vEEv))) = Jgoa P(T—

t,(x,y), (2, y") f(2',y)dx'dy’. Now, well posedness of the martingale problem yields
that v is actually a weak solution of the PDE:

{(@v + Lo)(t,z,y) =0, (4.42)

’U(T,x,y) = f(x>y)a (l’,y) € R2da

where L stands for the generator of (£.9)) at time ¢, i.e. for all ¢ € CZ(R*!,R), (z,y) €
]de,

Lo(z,y) = b(z,y) - Vaop(z,y) + 2Vyp(z,y) + %Tr(a(x, y)D2o(x,y)).
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Pay attention that, even though we have good controls on the spatial gradients for
the non-degenerate variables, see again Theorem below, in the current degener-
ate setting this does not yield that v is a classical solution to . Indeed, it does
not seem to be an easy task to directly control pointwise, under our mild Holder as-
sumption (AD) the derivatives w.r.t. degenerate variable of the density p expressed
as a convergent parametrix sum (see once more the proof of Theorem for the
parametrix expansion of the density). We also mention that similar features appear
in the papers who handle Schauder estimates for PDEs related with (4.9). In [Lun97]
and |Pri09] the derivatives w.r.t. to the non-degenerate variable are controlled up to
order 2, whereas for the degenerate variable(s) the bounds obtained are for Holder
moduli of continuity of v (w.r.t. to those variables).

To circumvent this difficulty we need to introduce a smoothing procedure of the
coefficients.

Mollification procedure.
Let us specify the mollification procedure. Namely, for a small parameter £, we smooth
suitably the coefficients and the function f introducing:

bt?(x? y) =bx pf-:(x? y) = fRQd b(“v U)p5<513' — U,y — U)dUdU7
oe(2,y) == 0 x p(x,y) = [gea 0 (u, v)pg( —u,y — v)dudv,
fe(z,y) = fHpe(x,y) = [goa fu,0)pe(x — u, y — v)dudv, (4.43)

~—

where * stands for the spatial convolution and p. is a spatial mollifier, i.e.

pe(z,y) = e ¥ p(xfe,y/e*), p€ C°°(R2d),/ p(z,y)dzdy = 1, |supp(p)| C K,

R2d

for some compact set K C R??.
According to the notations and the Hélder and boundness properties of the coeffi-
cients one can prove:

|b—b| <

/ (b(x,y) — bz — ue,y — ve?)p(u, v)dudv| .
R2d
From the Holder continuity of b:

sup (6= 0)(.9)| < Gy Cpim i [ (ul" + o )plu,0)dude
]R2d

(z,y)eR24

1Observe that if the coefficients were smooth, the Konakov and Mammen trick would also give
the pointwise controls on the derivatives w.r.t. y.
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The same analysis can be performed for o. and f. so that . and f. satisfies Holder
conditions. This gives

b —be| + |o — o]
‘f - fs|

Ce7,

<
< Cé°. (4.44)

As the result we get the following controls for closeness of coefficients:

sup ‘b(l‘,y) - b€<x7y)| < 0577

(z,y)€R2d
sup | f(z,y) — fe(x,y)| < CeP,
(z,y)€R2d
VU € <077)7 sup |U(l’,y) _O—E(x7y)‘ _'_‘(0—_0—5)’77
(z,y)€R2d

<G+ < Cnea”’",
where
V(z,y), (') € RY? d((z,y), (@,y)) =z — 2| + |y —y['~ (4.45)

Namely, a measurable function f is in Cj 4(R*,R? @ R?) if

P R O ]f(:c,y)—f(x’,y’)]
|f|d’7 . 5;11151 @+ [f]dﬁ’ [f]dﬁ ‘ (zﬁ)#(sal/lg’)avd a((%?J)a (wl,y/))W -

Following the arguments of Chapter 4 since we can control the closeness between
the transition densities correspond to SDEs with mollified and non-mollified coeffi-
cients, it is then possible to control the difference between transition densities of the
corresponding diffusions. Namely, under (AD), the exist C, > 1,c <1, s.t. forall
0<i<j<N,(z,9) @, y) e R

(0 =), (2, 9), (&, 4)] < Cog"pere(ty, (2, 9), (2, y)), (4.46)

and, similarly, it is established in the Chapter 4 that the same control holds for the
scheme (4.23) and its associated perturbation:

|<ph - p;)(tja (l’, y)7 (xlu y/>| < Cng’ypc,K(t]'? (513', y)7 ('rlu 3/))7 (447)
where p. x has been denoted in (4.15).
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With these notations and controls at hand we rewrite our initial error as:

ENf, (), T.h) = ELF(XFOEY, YOO Bl f(X0, o)
= E[f(Xh’[)’(x’y) ;70,(1?; )] E[fe( 6h0 (z,y) Y&hO(zy)>]
FEIL(XG 0, V) L (G, )
R[] — RO, V)
3
=: Zglk,s(f7 (;C’y),T,h), (448)
k=1

where the notation (X7 y;7""¥))) stands for the solution of the SDE obtained
replacing the coefficients in (4.9) with b., o.. The solution exists due to the additional
smoothness we assumed w.r.t. (4.9). Let us first control EYY(f, (z,y), T, h) which we
again split into two parts:

EVE(f (), T k) = E[f(X7CV yr ) — B (X5, Vo)
FBILOK, ) B (K, Y
—- (glll,s i gllZ,a) (f; (33, y)7 T, h)
Now, from the Gaussian upper-bound for the density, deriving from Theorem

above, and similarly to inequality (4.44) (which does not exploit the boundedness of
the considered function), we get:

8112,5 < C pc,K(T o t, (x,y), (ﬁl, y/))l(f€ _ f')(x/7 y/)‘dx/dy’ < Cgﬂ.

R2d

On the other hand, the stability result (4.46) yields:
e < G [ penlT — (). @I Nda'dy
R2d

< C, /Rw (pc,K(T —t, (z,y), (@ YO Y) = f(a — 2,y —y — (T 1))
+ e (T =1t (z,y), @ y)Ife(@ — 2,y —y —2(T —t))|da"dy’

S Cnf:‘v(l + |RT—t ( 5 ) |ﬂ),
Iq 04 o . .
where R, = , exploiting as well the Young inequality for the last
(T —10)1; 14
control. This finally gives:
g —0. (4.49)

e—0
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The sensitivity result (4.47)) for the scheme would yield similarly:

e — 0. (4.50)

e—0

We now focus on the contribution £'%¢ for which we can rely on a PDE type anal-
ysis technique. Such an approach had first been used in the context of non-degenerate
Hoélder continuous Euler schemes by Mikulevi¢ius and Platen [MP91) through Schauder
estimates. This in particularly required the final test function to be smooth (specifi-
cally f € C?* for y-Hélder continuous coefficients b, o). This approach was extended
in [KM17] using direct control bounds on the heat-kernel allowing that way to consider
only -Holder continuous test functions § € (0, 1].

The point here is that, through the regularization we are able to use pointwise
bounds of the derivatives of the function

v(t, @, y) = Bl (X5 yot ey = / po(T —t, (z,), (', y)) (2, )da' dy’

R2d

and to control as well pointwise and uniformly in ¢ small enough, under (A), the
spatial derivatives of v. w.r.t. the non-degenerate component.

Observe that, since f., b., 0. are smooth, it is readily seen, from the smoothness of
ve and the Markov property (see e.g. [T'T90]), that v. satisfies the PDE

(O + Lev.)(t, z,y) =0,
UE(T7 x? y) = fs(l‘, y)? <x7y) E RQd’

where L. stands for the generator associated with SDE obtained replacing the coeffi-
cients in ([4.9) with b., 0., i.e. for all ¢ € C3(R?*? R), (z,y) € R??,

1
L.o(z,y) =b.(z,y) - Vap(z,y) + 2Vy0o(z,y) + §Tr(ae(x> y)D2o(z,y)).

For the further analysis we have to apply the Ito formula directly to the scheme
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(4.23) viewed as an Ito process exploiting Holder continuity of coefficients.

512,5

_|_

e,h,0,(x, £,h,0,(z, €,0,(x, £,0,(x,
E[f. (X309 yp Oy Cgf (g0 y o)

tit1 > T

N—-1
Z E[Ug(ti+17 Xa,h,&(x,y) Ya,h70,(:c7y)) B 'Ua(tia th,O,(@y)’ Y;?h,o,(x,y))] (451)
=0

N-1 tit1

€7h707x7 €7h707x7 £7h707x7 £7h707x7
EjE[/ {asvg(s,xs v yEsh0aw) 4 7 g (s, XSh0oY yEahOay)
- t;
1=0 J

E7h707w7y a,h,(),x,y €,h70,it7y E7h7071:7y E7h707xvy
bE(Xti 7Y;fi ) +Xs vyvf(S’Xs 7Y9 )

STe(D2u(s, X000, Ym0 )q (X0, Y0y L]

-1

P N S

ti+1
E| / {se + Lov. p(xgh0m0 yehomn) g
t;

I
=)

1
tit1
E |:/ {vas (Xi,h,o,;r,y7 Y;s,h,O,;z,y) . (b6<Xz,h,0,$,y’ th,h,o,x,y)
t;

be(X 0w, Y o)
1
S TH (D20, (X000 Y Eh0mw) (g X0, y )

a(Xs,h,O,a:,y’ Y;a,h,o,a:,y))) }ds}

N-1 i1

67h707x7 67h707$7 E7h707m7y E7h707m7y
E E[/ {vxva(SaXs y)y; y) : (ba(th 7}/;7; )
i=0 t

i

bg (X?h,(),z,y7 i/se,h,(),x,y))

1
§TI‘(D£U5(S, )(Ss,h,o,a:,y7 }/Ss,h,O,nx:,y)(a<)(t€i,h,0,a:,g,/7 }/tj,h,o,m,y)

a(Xeh 0, Y R0 s, (452

exploiting the PDE satisfied by v. for the last equality.

To complete the analysis we first need to control V,v.(s,z,y) and D?v.(s,z,y)
uniformly in € € (0, 1]. Moreover, we will also exploit the Holder properties of b. and
a. in order to control differences b.(X; """V, Yo 0mYy — b (Xeh0wy yEhOey) and
a (X0 YOm0y — a (XghOw, YehO).

To achieve bounds for the heat kernel derivatives we refer the reader to Theorem

below.

Theorem 4.4.2. Under (AD), for any t € [0,T] and |a| < 2 there exist C > 1,c €
(0,1] such that, for e € [0,&0], for eg > 0 small enough,

o C 1o
|Dgpa(t7 ('Iay)a (I 7y))| S WPC,K(t7 (I’y)7 (I 7?/))
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Let us postpone the proof to Appendix, Section [4.6]

Remark 4.4.3. The result of the Theorem is of interest by itself. Up to the best
of our knowledge, these are the first pointwise bounds obtained on the derivatives
w.r.t. the non-degenerate variables under the sole Hélder continuity assumption for
the coefficients in . They extend to Kolmogorov diffusions the well-known controls
derived by I'in et al. [IKOG2|. Investigating the quantitative behaviour of the deriva-
tives w.r.t. the degenerate under minimal smoothness assumptions remains a very
interesting and open problem. Provided the coefficients are Lipschitz, the Konakov
and Mammen trick should apply to get the expected control, namely the normalized
Kolmogorov density multiplied by an additional singularity of the characteristic order
in time, here (7' — ¢)~%/2. Finding out the minimal assumption yielding such a bound
is rather challenging.

Coming back to the proof of Theorem [4.4.1] we derive from the control in Theorem
that for

« o T
Dggvs(ta Z, y) = 4 Dxp5<T - ta ({E, y)7 (IE,, y/))[fs<xla Z//) - fE(RTft (y) )]d%Idy/,
R
the following inequality holds:
[fe]cﬁ,ﬁ/Qpc K(T - t? (ZB, y>7 (‘rlv y,))

Div.(t,x,y)| < C :

protenyl<c [ T
x {|2' — 2| + |y — (y+ (T — t)z|P/?} da'dy/,

(4.53)

where [f]c@,/ﬁﬂ = Sup(ny)#x/’y/) %7 d6<($7 y)7 (zlv y/)) = |x_x/|6+|y_y/|6/2

To have the same scale as in the exponent in (4.15) let us rewrite (4.53) taking
into account that:

o B
o —al? 1 =y = (T 0 = (7 - ()

(T —t)1/2
P (et (T—t) (z—x’)(T—t)’ B/2
HT -1 ( —
: 8 / (@+2)(T=1) |\ P/2
e | 2 =] Y —y— =5
<C(T—-1) ((T i + T 1) (4.54)
From (4.15) and (4.54) one can get, up to a modification of the constant ¢ to ¢
«a C[fe]cﬁyﬁﬂpa,K(T B t7 (I, y)? (LL’/7 y/)) ’ g0
D5t < [ e aa'dy
Clflessr

S T e (4.55)
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Plugging (4.55)) into (4.52)) we get:

T
£ £ x £ x g, , T g, T, 1
|512, | S C[fe]c,gﬂ/z/ dS{]E |:|b€(Xs’h70’ 7y7Y's,h701 72-!) b (X (h)O Y Y¢(§)O y)|] (T_ 8)1/2_5/2
0
1
&,h,0,z, &,h,0,z,y\ _ eh0zy yehO0zyy | &
B [Ja (XPPOr YR - a (XG0 Yk T — 5)1—6/2}’ )

where ¢(s) =t; for s € [t;,ti41),i=0,...,N — 1.

Let us denote W (x,y) for any of two functions b.(x,y) or a.(z,y) cause they are
both satisfies the same Hélder continuity assumptions. Following introduced notations,
we are tempted to bound

#(s) 77 é(s)
< [Welne {E [| (X070 — XZL00P] + B yhoey — ygioespr] |

B [| W (Xm0, yEh0mug) — (X0, V0|

From the definition (4.23)) of the approximation scheme:

x h,0,x,
E [[(X7"00 = X3l

€,h,0,x, €,h,0,x, ,h,0,x e,h,0,z, v
(XG0 Y ) (s = 0ls)) + o (XGM ™ YY) (W — Wiy )H

< C(|be]os V |0c|oe) Y. (4.57)

:E[

To control the error in the second component we cannot compensate the transport
so we have to keep the dependency on the starting point in the final bound:

s v/2
E[|(vehom - yghovpr] =g / X0 dy
o(s)
< sup E [‘Xﬁ’h’o’w’y‘wm} RY2 < CRY2|2/2. (4.58)
s€[0,T

Applying controls in (4.57) and (4.58)) for (4.56) we have a final control for the
512,5:

E125| < C(a,b, f., T)R*(1 + |z["/?). (4.59)

which proves the statement of the Theorem [4.4.2]
[l

Remark 4.4.4 (About the convergence order). We want to stress that in the mild
smoothness setting we consider, the convergence rate appearing in (4.59)) is similar to
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the one appearing when considering the strong error. Indeed, since we cannot hope to
go beyond the expansion of order 2 for the PDE satisfied by v. (at least with controls
uniform in €) we are led to compare the increments of the Euler scheme at the
power corresponding to the Holder exponent.

Remark 4.4.5. The rate h?/2(1 +|z[7/?) holds even for tests functions f € CA1-72(R?),
(B1, B2) € (0,1]% The idea is to suitably handle the last steps according to the Sy, (5.
We refer to [KM17] for the non-degenerate case.

Our second result, already mentioned in the Introduction (Chapter , provides
bounds on the difference between the densities &;.

4.5 Global error

Theorem 4.5.1. Fiz a final time horizon T > 0 and a time step h = T/N, N € N*
for the Euler scheme. Under assumptions (AD), for v € (1/2,1] and 8 € (0,7 — 3),
for all t in the time grid Ay := {(t;)icpny} and (z,y), (2',y') € R* there exist C' :=

(T,b,a,p),c> 0 such that :

(L, (z,y), («",9) = pu(t, (z,9), (2", y)]

< CRP(1 + (|| A [2']) ) W ]pc,K(Su (z,y), (@, y)), (4.60)
sct—h,t

where as in (4.15) pex (s, (z,y), (2',y")) stands for the Kolmogorov-type gaussian den-
sity at time s.

The proof is given below in Section The above result is in clear contrast
with the one of Theorem for the weak error, i.e. when additionally consider an
integration of a Holder function w.r.t. the final (or forward variable). The point is that
such an integration allows to exploit directly the spatial bounds of Theorem[4.4.2]on the
underlying heat-kernel (with possibly mollified coefficients). When handling directly
the difference of the densities we cannot avoid to control sensitivities of the kernels
w.r.t. to the degenerate variable. Such sensitivities lead to higher time singularities
and make the unbounded transport term appear. The higher time-singularities yield
the stated restriction on the Hélder index . The unbounded transport gives the term
|z| A|2| in the above bound. We finally can reach a global error of order h?, 3 < v—1/2
which is close to the expected one in /2 when 7 goes to 1.

To improve the above result, we fill that some new advanced approaches to error
analysis should be considered. This means that either the scheme would have to be
modified or the error decomposed very differently than in the current huge literature
(from the seminal papers of [KMO0O| and [KM02| the same lines are considered for the
error decomposition, see e.g. [KMI10|, [KM17], [Fril8]|). Eventually, a specific difficulty
of the current model consists in dealing the unbounded transport term.
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4.5.1 Proof of Theorem [4.5.1]

The basic idea to prove Theorem [4.5.1] consists in applying parametrix expansion to
both densities p(t, (z,v), (z/,¢)), pr(t, (x,y), (',y’). The convergence of the parametrix
series expansion for the solution of (4.9) and the scheme (4.23) follows from Section

above.
In order to derive bounds for the difference of densities in (4.60)), let us introduce
for 0 <j < j < NV(x,y),(2,y) € R* x R,

P, (z,9), =Y pen HO(t, (2,y), (2,y)). (4.61)

reN

From (4.20)) and the semigroup property (4.16) it follows that p&, H (¢;, (x,y), (', y)) <
C(b,T, v)t}/QB(l 2)pe,r(Ly, (z,y), (2',y')) which is by induction yields that for all
r>1,¥(z,y), (@ y) € R* x R**,

|ﬁ®hH<r><tj,<x,y>,<x',y'>>|sc’“t;f”’”_HB(l -ty g)pcK< (@), ()

with C := C(\,7)(|bloT =" +1).
From the last inequality we readily get that the series in (4.61]) converges absolutely
and uniformly on R? x R?¥* and that V(z,y), (2/,y/) € R?? x R?®*,

p(t, (2,9), (¢,4)) < Eypaa (C(blocT? + T7)pe i (85, (,9), (¢, 4))).  (4.62)
As the result we decompose the total global error into two terms:

[(p = pn)(ts, (2, 9), (', )| < |0 =)t (2,9), (2, 9]+ (0" = o) (i, (2, 9), (@)

Error bound on p? — p;, (same discrete convolution)

Remark that for » > 1 as it can be decomposed with the classical approach from
IKMO02| (see also [ETil8] and [KM17] for connections with the current Holder settings).

Py HY — p oy, HY
— ((poy HY) @, (H — Hy)) + ((15 o H™D — pe, H'™ ”) 2 Hh) ,

For the sum from r = 1 to r = oo it yields:
p* —pn =p" @1, (H— Hy) + (" — pr) @1, Hp.

By induction, for 0 < j < j* < N one gets for all (z,y), (z/,y') € R* x R+
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(0" = pa) (5, (2.9), (2 y) = Y _{p" @ (H = Hy)} @ H (1., (2,9), (2, 3/)). (4.63)

r>0

As the result, it is sufficient for us to establish the right control for each term in
the sum (4.63)).

Lemma 4.5.2. Under assumptions (AD), for all0 < j < j' < N, for all (x,y), (z',y') €
R?? x R?%* one has

{p" ® (H — Hp)} @, H7 (4, (2,9), (@, )| < CHPpeg(ti, (x,y) (4.64)

for some constant ¢ := c(\,v) > 1 and a non decreasing positive fuction T — C :=
C(T,b,0).

Proof. First, let us consider the first step separately. For j = 1 directly from the kernel
function definition it follows that:

From (4.20) it follows that:

R A 1 © s _ .
(b, 2) Dap(ty; (w, 2), (0, 2))) + 5Tr {(a(w, 2) = ald, 2 = 0t;)) Dyp(t;, (w, 2)(, 2)) } |
2—y/2 1 A
S C(|b|oot] i + 1)151,_—7/2pC7K(tj7 (U), Z)a (wa Z))
J
In |[LM10] authors achieved the following control to prove Lemma 4.1( see [LM10],
Appendix, Al, proof of Lemma 4.1, the case (b) which absolutely covers our model
and assumptions):

B ~ . c(T,b,o .
B = Pt 0,2 (,2) < Sty 10,2, (,2) for 1 = .

J

Combining the last two estimates together one cat get for ¢; = h, ¥(w, 2), (0, 2) €
]R2d % RQd,* .

|(H - Hh)(tj’ (waz)v (wv'%)” < (|H| + |Hh|>(tj’ (waz)v (@,2))

C N
S tl——y/Qpch@j’ (wa Z)7 (’LU, Z))a (465)
J

103



where T'— C':= C(T, b, 0) is a non-decreasing positive function.
Now we do a decomposition: Vi € [2, N]

pd ® (H - Hh)(th (l‘,y), (w>z)>

—Zh [ dudvp e, (o.9), (o)) = H) (8 = b, (0,0), . 2)

R2d

+h /de pl(tiy, (2,9), (u,v))(H — Hy)(h, (u,v), (z,w))dudv.

(4.66)
From (4.62)), (4.65)) and the semigroup property (4.16]), we derive:
| [ 5t ). (o) = H) b (,0), 0, ))dudo
R2d
Ch
S Wpo,l((tia (l‘,y), (w,z)), (467)

where T'— C' := C(T, b, 0) is a positive non-decreasing function.

Let us again mention the paper [LMI10]. We would like to emphasize that under
previous assumptions for coefficients in our model, according to the paper, there exist
a constant ¢ := c¢(A, ) > 1 such that for all 1 < j < 5/ < N:

C
[H(t, (z,y), (2'y)) = Hy(t;, (z,y), (2'y))] < WPc,K(tja (z,y), (@', y))  (4.68)
J
where ' — C' = C(T,b,0) is a positive non-decreasing function. The case j = 1 has
been already proved in (4.65)).

From - and the semigroup property (4.16]) one gets:

/de dudvp®(te, (z,y), (u,v))(H — Hp)(t; — ti, (u,v), (w, 2))

S Ch7/2pc,K(tia (:Ea y)v (U}, Z))
Due to all the previous estimates, we derive
\V/Z € [27 N]? |pd ®h (H - Hh)(tw (.T, ?J)7 (’LU7 Z>>| S Oh’Y/Qpc,K(tia (l’, y)a (w7 Z))7

where ' — C := C(T, b, 0) is a non-decreasing positive function and (4.64)) follows by
induction. [

From Lemma [4.5.2) we obtain V(z,y), (z,y/) € R?*® x R4+
(0" = pa) (tis (2, 9), (2", y))| < C(T,0,0) 0 Ppe et (2, y), (2, 1))).
(4.69)
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Remark 4.5.1. We would like to emphasize that up to now the bound we have in
is much better which has been stated in the Theorem This term can be
controlled better since we do not feel the explosion which comes for p — p? when we
basically have to investigate the difference between the time integral and the Riemann
sums.

Error bound on p — p?

It still remains to control the difference p — p?. For r > 1, we write the decomposition
according to the same iteration procedure as in [KM02],

PO HY —px, HY = [(p ® H<r—1>) ® H— (ﬁ ® H“‘-”) R H}

+ Kﬁ@H(”)) — <15®H(’”1))} Qn H.

Summing up from r = 1 to oo we get
p—p'=p@H—pe, H+(p—p') e, H
As in the paper [KM17]:

(v =) (t5, (2,9), (2", y) = (0@ H —p @y H)(t5, (2,9), (', ¢/))
+(p — %) @n H(ty, (2,9), (', y))
= e H—pey H) @y H(t;, (2,y), (1)), (4.70)

r>0

The key point is thus to control [p® H — p ®, H]|.
For that purpose let us write:

(p® H —pay H)({), (z,y), (' y))

= S [t )G 2, )

k=
- P(% ,y), (w, 2)) H(t; = tr, (w, 2), (', ¢/)) pdwdz

_ {/k“mLW; plu, (2, y), (w, 2)) — p(ty, (), (w, 2))]

X H(t] u,(w,z),(x,y))}dwdz}

-1

. {/%“mtwjmmxawxww»

=0 tk

M

x>
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X [H(t; =, (w,2), (2',9)) = Ht = te, (w,2), (2, y'))] bdwdz }
= (D™ 4 D)4, (2, ), (@, y)). (4.71)

e Bounds for the term D%,

- For k = 0, one readily gets:

du {[p(u, (‘% y)a (’LU, Z)) - p(07 (ma y)> (wa Z))]H(tj —u (U}, 2)7 (xl7 y’))}dwdz

R2d
N du Ch ,
S Cpc,K(tj7(xay)7(x7y))A (t] —U)177/2 S (tj)li,y/zpc,K(tjv('ray)v(xay))
< OhV/zpc,K(t]’a (QZ', y)a (ZIZ'/, y/)) (472)

- For k € [1,7 — 1] we are interested to control the sum:

Z/ - du /RQd{p(uv (xv y)? (w7 Z)) - p(tkv (SL‘, y)? (w7 Z))}H(tj - U, (U), 2)7 (xlu yl))dwdz'
(4.73)

To proceed with the case for £ > 1 one needs the following result:

Lemma 4.5.3. Under (AD) there exist constants C'(\,7), ¢ := c(\,y) > 1 such that
for all t € [0,T) for all v > 0, for all (z,y),(z',y/) € R*¥ x R*™ and 0 < s <t < T

one has

6@ H (e + (u—te), (2,9), (2 y) =5 @ HO (b, (x,y), (', )]

., u—tp)"? (u—t
< E»y/2,1(1 + |x|1+’Y/2>0T+1tk’Y/2{( tkk) + ( t3/2k)}
k

x H B+ CG D [ (i + Mu =t (o), (o) (47

from which it follows that
Ip(ty + (v —ty), (z,9), (@, y") = p(tr, (z,9), (2, )]

(U — tk)’Y/Q (u — tk)
< CBT)E, 21(1+ ’m‘HVﬂ){ ty, * 3/2

iy

« /0 INpesc (b + Mu— 1), (2,9), (1)), (4.75)
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Proof. Let us start with the base for the induction. To control the difference between
frozen densities at the step r = 0 one can write, applying the mean-value theorem and
the Kolmogorov equation, takeing s = u — ¢, for a moment:

Pty + 5, (2, 9), (2, y) — ptr, (z,9), (2, 9))

1
3/ 8Tﬁ(tk‘ + )‘57 ([E, y)’ (ZE,7 y,))|7':tk+>\5d)\
0

s | FTHal =0+ A D20+ . 29), ()
(@, Vyp(ts + As, (2, 9), («,4))

! 1 || N ro
CS/O |:(tk + As) i (tr + /\3)3/2} Pl 45 (00), (1)

1 1
Os [ 2+ LY [ e, + as, (a.9). (). (4.76)
tk /2 0

IN -+

IN

So (4.74)) is valid for r = 0. Now proceeding by induction we assume that (4.74)) is
valid for » > 0. By a change of variables one has:

ﬁ & H(T+1) (tk + S, (ZL‘, y)a (:L‘/7 y/)) - ﬁ ® H(T—H) (tkh (IL‘, y)a (‘T/7 y/))

tr+s
— [ [ e HO G ) D s = (w2, (@) duds
0 R2d
tk
- / ar / & HO(7, (2,y), (w, 2)) H(ty — 7, (w, 2), (2/, ') duwd
0 RQd
tr+s
- / dT/ P HO (s =7, (), (w, ) B, (w,2), () o
t R2

ty
T / dr [ (G HO (th+ 5 — 7. (2,y), (1, 2))
0 R2d

—p® HO(ty — 7, (2,), (w, 2)) H (7, (1, 2), (&, ') ) dwd
=1+J

From (4.20) and Lemma one can get

C«r+2 tp+s . r Z_lfy y
|]|§tl_—7/2(/t (tk+S—T)7/2dT)HB(1+( 2) ,§>pc,K(tk7(x7y)7(xlvy/))
k k

=1

(r+ )’Y/

< 15 (1+ 52 et o,

k:

where we used that s = u — t; € [0, h] for the last inequality.
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For the second term to full fill the induction assumption in time let us decompose
J = Ji + Jo, where:

ti/2
5 = / dr [ (5@ HO (b + 5 — 7 (2,y), (w, 2))
0

R2d

—p@ HO (b — 7, (2,9), (w0, 2) YH (7, (w, 2), (2!, o) )dwd
5, = / (5 & HO (b + s — 7. (2,9), (w, 2))
ty/2 R2d

—p® HO(ty — 7, (2,), (w, 2))}H (7, (w, 2), (&', ) dwdz.

First, assume that s = u — ¢, € [0,tx/2]. That means s € [0,¢;, — u] for all
u € [0,1x/2] so that we can apply the induction hypothesis and get:

tr/2
</ (ty — T)m/27—(1—v/2)d7->
0

(HB( e=th ;)) [ @t + 35,00, 0')

) 1 i 1)y/2 1)y v
C™25(1 + |z|*F7?) [‘*%] i/ HB )

1 1
+_

I e

IN

tr )
1
X / d)‘pc,K(tk + )\87 (ZE, y)a (x/a y/))
0
Now, if s € (t/2,t;] one writes J; = J] + J? with:
th/2 th ti
io= [T [ et -t T =B ). w.2)
0 RQd 2 2
t
— PRHD(t—7+ Ek (z,9), (w, 2))}H(T, (w, 2), (2',y"))dwdz,
tx/2 tk
B [T [ SheHOG -+ ) w.2)
0 R2d 2
— pR HO (b — 7, (5,y), (w, z>>}H<r, (w,2), (.o ))dwdz.

From the induction hypothesis and (4.20]) using that t;/2 < t;, — 7 for 7 € [0, /2]
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one has:

tr/2
< O el / 5= )
0

1 1 . . 1
koo Ty i=1

1
x / NPt + s, (2,9), (' 4)).
0

Using the similar argument with s > ¢, /2:

R < (o 72)s | =

Cr+2t (r+1)y/2 HB < ( - 1)7 z)

2 2
=1

tk 3/2
1
< / NP (te + s, (2, 9), (&, 3)),
0

which yields

1+1
i t3/2

[Al < @+ el T)s

C«r+2t (r+1)v/2 B )7 b
H ’ 2

1
x / NPt + s, (@, ), (2, 3)
0

The last term J5 is given by the sum of three terms:
Jo = — / dT/ p@ H (1, (2,y), (w, 2))H(ty — 7+ s, (w, 2), (z',y/))dwdz,
0 R2d

te/2+s
B o= [T [ pe HOG, ), ) HG 7 s, (0,2), (0w,
t R2d

k/2

t/2
3= [ [ e HO @) w.2)
X {H(ty —7+s,(w,2), (@ y)— H(ty, — 7, (w, 2), (2',9)) }dwdz.
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Using (4.20) and (4.2.1) one can get as usual:

‘J21‘ < Cr+2</0 ry/2 (tk - 81_7_)1 ﬂ,dT) HB< (Z —21)7 ;/)pcK(tk, (SL‘ y) ( /’y/))

l)w

;CH% IIB(L+“}DVg>mKWAxw($y»

k =1

IN

and similarly

73]

AN
Q
<
_l’_
[\
ﬁ»—t
4' —
~
[\
/N

tr/2+s r
/ + 7_7"7/2d7_> B(].—I—( 21)7 ;)pcK(tka(l‘ y) ( /7y/>)

(i—1)y v

) §>pC,K(tk> (:L', y)v (xla y/))

VAN
= |
Q
+
;E”
&
VR
—
_|_
)

To control |J3| we need to derive bounds for the kernel time sensitivity
H(t —T+s, (U), Z), (xlv y/)) - H(t - T, (U], 2)7 (wla y,))

Lemma 4.5.4.
’H<tk - T+ S, (’LU, Z)’ (l’/, y/)) - H(tk - T, (’LU, Z)a (.Z'/, y/))‘
col s (PP s sl )
- (t —71)2/2 (t, —7)  (tp,—7)>/%2  (tp — 7)5/270/2

1
« / INpesc (b — 7 + 5X, (w, 2), (', ). (4.77)
0

Proof. According to the definition (4.18]):
H(ty — 7+ s, (w,2),(2',y) — Hlty — 7, (w, 2), (2", y))

= b(w,2)Dyp(ty — 7+ 5, (w, 2), (', y)) — b(w, 2) Dup(ty — 7, (w, 2), (2", "))

+ %Tr((a(w, Z) - CL(ZL’,, y/ - (tk - T+ S)x,))Diﬁ@k —T+s, (w7 Z)’ (I/’ y/))>

_ %ﬂ((a(w, 2 — ale sy — (ts — T)ﬂ?'))Diﬁ(tk o w,2), (@ y’))) |
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Let us estimate the most singular term. Others can be handled similarly.

(a(w, z2) — a2y —(ty — 7+ S)x’)) D2p(ty — 7+ s, (w, 2), (2, y))
— (a(w, 2) — a2,y — (ty — ’/')IL’/)) D2p(ty — 1, (w, 2), (2, 9/))
~ (o' = (=)l = (= 74 90 ) Dt — 7+, (02 2), (50)
+ (a(w, 2) — a2,y — (tp — 7')36/)> <D121,]5(tk — 7+ s, (w,2), (2, y))

~D2p(ty, — T+s, (w,z),(m’,y’))) = AH, + AH,.

The term A H, is easier to control using just Holder property of a and the standard
estimation for the derivative of the frozen density D2 p, see (4.17).

[AH | = [a(z',y = (s — 7)2") — a2,y — (s — 7 + )2

11092 CPer (te — T+ s, (W, 2), (2, y
) < |sfapre el Z T 0 (2L (1),
r—T+Ss

The control for |AHs| is more involved. We have to derive the sensitivity of frozen
density derivatives with respect to the time-variable, actually, to bound |D2p(t, — 7 +

s, (w,2), (2, y)) — D2p(ty — 7 + s, (w, 2), (z/,y'))|, namely:
| Dep(ty — 7+ s, (w, 2), (', y) = Dyp(te — 7+ s, (w, 2), (¢, y))| =

< cls / A0, D25(7, (10, 2), (s Yoty —rre

X|Dhp(ty — 7+ 5, (w, 2), (7, 4.78)

1
< C|s] / {dMa(x', y —a'(ty — 7+ )\s))|Di]5(tk — 7+ As, (w, 2), (2", y))]
0
+2|Dy D, p(ty, — 7 + s, (w, 2), (2, y))]

+|w||D12uﬁ(tk — T+ As, (w’ Z)v ([El, y/))|} (479>

using the Kolmogorov equation, applied to the frozen density for the last step.
Thus, due to the control in (4.17)), we get the following bounds for |AHs| :

1 |U)| v/2
At < O { s + o (L T)
1
« / IApesc(be — 7+ As, (w, 2), (2, 1/)). (4.80)
0
Together (4.78) and (4.80)) provide the statement of the Lemma [4.5.4] O
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Thus, from Lemma 4.5.4]it yields the final control:

tk/2 i —
’J3 / dT/RQd Otz r'y/QHB<1+( 21)7 ';)pCK( (:L’ y) (w Z))

x (1 |7) R .
T
(=722 " (ta—7) " (=727

1
X / dApex (t — T+ sA, (w, 2), (2',y))dwdz. (4.81)
0

The term m in the convolution directly leads to prove the induction hypothesis

te/2 )7 ol
/ dT/ C«r+1 rv/ZHB 1 _|_ 2 pch(T, (x,y), (w,z))
R2d

=1

1
X {m}/ dApCK(tk —T+8A ( ) (x',y'))dwdz
s b - (i—1)y v
< O B|1 =
- tkO k H < T

thus, we have to concentrate on the other two terms (

1
/ dApe i (te + s\, (x,y), (2, y')[4.82)

0

gv/2
te—T
and find out which term dominates on the current interval.
2
Since on the interval we are considering t, — 7 > t;/2 > s it is true that: %
The ﬁrst term again lead us to the standard computations as in (4.82)) and the
second term can be bounded with 22

(te—7)"
Finally,

" )7 v
/ dr /2d C™ (14 |2 |1+v/2 /2 H B 5 Pe.x (T, (2,y), (W, 2))
R

S’Y/z S S ! I
(= 7) + (= 7_)2_7/2 + =) |, dA\perc(te — T + s\, (w, 2), (', y"))dwdz

s+ =7 in (@3]

(tk—’r

>

X
tr/2 -1 v/2 1 /|14+/2
< [Tar [ et B (1 ST ) ) T L
R2d zl 2 (tk—T)
X /dkpc,K(k_T"i_S)\a( w, ),(x,y)) (483)
0
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which together with (4.82)) gives us the final control

v/2(1 11+7/2 417 o7 1
|J§|§S ( —|—|£E‘ )C«r+2tk27HB<1_'_(Z )’771>

1
/ d\pek (te + sX, (z,y), (2, ),

Taking together:

n < |24 Sl gregenne T 5 DY ) [ sty + 2 "y
| 1|_ E+t3/2 t H 2) . pc,K<k+ Su(xvy)a(xay))a
SO g, )7 7\ [ ;o
|J2| S tk HB 1+ 2 dApc,K(tk“‘S)\? (xvy)a(x7y))7
0
and equilibrating with |z| and |2/|:
slel  _ slle—a' 4] [\x T s sl
3/2 — 3/2 - 1/2 b 3/2 T ,2—/2 3/2 "
(te)*/ £ t U
yields to the proof of the induction hypothesis (4.74]) . O

Directly from Lemma [4.75, (4.20)), (4.2.1) and the inequality (¢x)~* < 2(¢;)! for
1 <k <j/2, one can get:

et (uw—t)"?  (u—ty)
([@73)| < b, T) 7/212/ du/RQd1+|x|1+7/2){ . + e

k

1 roa
pC,K(t' —u, (UJ, Z)7 (‘T Y ))
X /0 dApc,K(tk + )‘(u - tk)a (l’, y)a (wa Z)) : (tj _ u)l—'y/2 dwdz

STAS (w = 6)72(1 + |2 %)
=C(b,T)E / du / i
6T By ; t R2d { tx

! c t; — u,\w, z), 'Tla !
X / dApc,K(tk_'_)‘(u_tk)u(xvy)J(wJZ))p VK( ](t (u)l—z//Q( y))dwdz
0 R

)L+ Ja )
Cb,TE /212/ du/de{ 3/2

1 oo
pcyK(tj —u (w’ 2)7 (‘7: Y ))
X \/0 d)‘paK(tk + )\(U - tk)v (l’, y)v (U}, Z)) (tj I u)lffy/g dwdz

=: AlDd’l + AQDd’l
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For all n € (0,7) it holds:

te u—t) = (1+ |22
AlDd1<CbT /212/ dU/ { 177/2
k

X /0 dAperc(te + Mu — 1), (z,9), (w, Z))PC,K(tj (;% (;1)}13;2(55” y))

< COT)Eypa(L+ |2 T07Z sup pex(a, (z,y), (¢ y)),  (4.84)

UE[t;—h,t;]

et _ 7 n 1+7/2
42 Z u— )1+ [x|77)
A D% < C b T v/2,1 / dU/ { 1/2—|—’}’/2

1 o
P (t; —u, (w, 2), (2, y
X /0 dApC,K(tk’ + )\(U - tk’)v (l’, y)7 (’LU, Z)) K( ’ (t] o (u)lfz/Q( ))dwdz

S O(b7 T)E’Y/Q,l(l + |$|1+7/2)h% sup pc,K(a7 ('Ta y)7 (xla y,)) (485)

ﬂE[tj—h,tj}

dwdz

Thus,

D] |E-72)] + (-84 + |(2.89)]

C0,T)Eypal= (L4 [2"72)  sup pex(a, (2,y), (2',y)), (4.86)
G[tjfh,tj]

for n € (0,7).

e Bounds for the term D%2.

3 / du [ tu () DI = w20, ) = H (=, (0,2), (/) 4.57)
kZOAs usual, consider the case k = 0 separately:
[ [ 00, DA 0,2, )~ s (0, 2), (2w

= [ [ A ) ) = B G,

< / du [ 1H( = (), @)+ o) o)

< el (5,9), () < CH (s (,0), ) (4.89)

J
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The result in Lemma yields for £ > 1:

[ [t ), G D = (0,20, ) = s = b (0,2),

))]dwdz

trt1 (u— tg) (u — t)?/?
1 114v/2 k
[ [ e e ), z>>{ oaan +

(t —u)
X /0 d\perc(t —u+ (u—tp)A, (w, 2), (2, y))dwdz

(u—ty)[a’|(1+]a’ /)

(1—)5 /772 we have to balance

To equilibrate with the most singular term
with the parameter 5:

(u—t)"  (u—t) P (1 — 1)
(t — )52 208 (t — )8 = = (f — u)s/27/2-(0-H)

To have the integrable singularity one has to impose the following conditions on
and 8: 5/2 —~/2— (1 — ) < 1, which is only possible if v/2 > 1/2+ . This is a key
point - from now we have to assume that the Holder index + is at least bigger than 1/2.
And the parameter beta have to be chosen as following: 0 < 8 < v — 1/2. Basically,
we can just rewrite v := 1/2 4 § for some 3 € (0,1/2]. Under mentioned assumptions
we can achieve the total rate of convergence h?, 3 € (0,1/2] which, according to the
restrictions we imposed before, means in case - is close to 1 (getting closer to Lipschitz
assumptions on coefficients) one can get the "standard" convergence rate of hY~'/2.

As the result, for any 8 € (0,1/2], summing (4.89), one has:

J—L
E / du/ p(te, (x,y), (w, 2))
]de

X [H = 0, (0,2), () = H(t; — te, (0, 2), (&' ) Jdwd

:L'
-1 - (u—t ) (1+| 11+vy/2
OZ / du /R  Pex(t, (2,y), (0, 2)) (t — w)s/2—1/2—(1=5)
=1

IN

« /0dApC,K(t—H(u—tk)A,(w,z),( o)) dwdz

C(b,T)(1+ ['|"7/2)n? sup ]pc,K(a, (z,), (@, y)) (4.90)
u€Eltj—h,t;

IN

D% < [@88) + @90) < C(b, YA+ [/|")h7  sup  perc(a, (z,y), (', y')[4.91)
acft;—h.t;)
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From (4.86) and (4.91) we finally get:

(p® H _p®h H)(tja (I7y), (x/7y/>> - (Dd’l + Dd72)(tj7 (I,y)7 (‘Tlvy,))
< CM,T)Eyonh ™= [ (L+ [[?)  sup  pe(a, (2,y), (+,4))

WE[t;—h,t;]
+CO,T)(1+ [ sup  pex(, (z,y), (2 y)  (4.92)
ﬂe[tjfh,tj}
Consequently, we also obtain
|(p®H_p®h H) ®h H(tj,(x,y),(x’,y')ﬂ (493)
< CH(U+ [ v (U [ R)EPBOL D) s pek( (@), (@)
ﬂe[tj—h,tj]

where T — C(T,b,0) is non decreasing function.
and by induction, for r > 0 :

(p & H —p @y H) @ H (5, (2,y), (2, y))| (4.94)
< r41 1+7/2 114v/2 B T% y z ;y
< CTH((L |22V (L )R EB<1+(1 D3.3)
X sup  pex (U, (z,y), (2, y)). (4.95)

UE[tj—ht;]
Plugging this in (4.70)), due to the asymptotic of the Gamma function, one gets:

(0 — p))(ts, (z, 1), (', 9)))]

gcawuwmmurwﬂ“w%vu+¢ﬂHW%Wﬁ[“%]mxwxawxfwm.
u€lt;—h,t;

Combining with (4.69) we complete the proof of the theorem [4.5.1}
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4.6 Appendix

Proof of Theorem (4.4.2)).

Proof. For the sake of simplicity, we consider the most singular case of ¢ = 1.

We start from the parametrix representation as usual. The basic strategy is to
consider derivatives for the main part at first and then - for the reminder term. Having
bounds for the main term from (4.17)) we turn to the rest of the parametrix sum.

Dep(t, (z,y), (2,y)) = Dep(t, (x,y), () + Y D2 [p@ HU(t, (x,y), (', ¢))] ,

r=1

for |o| =1, 2.
Since the first order direvation gives an integrable singularity in the time, we don’t

have any problems for |a| = 1.
The case |a| = 2 we have to discuss precisely. Let us denote

o0

R(tv (.Z', y)v (1,/, y/)) = Zﬁ ® H" (tv (:L‘, y)v ('rla y/)) =p® q)(tv (l‘, y)? (xlv y/))a
O(t, (z,9), (',y)) = Y HO, (x,9),(=,y)).

Inequality (.20)) for H then yields for all r € N*, 0 < t < T, (z,y), (2/,9) € (R*)%

r—1

HOG, (), )] < (VT2 T]BQ 10 Dpastt, (), ()7,
i=1
(4.96)
with the convention [[,_, = 1. We thus derive that for all 0 < t < T, (z,y) € (R
/ / C / /
(2, (2, 9), (")) < 7= ppex(t (2,y), (2, 4)). (4.97)
Then,
t/2
DIR(t, (z,y), («",y) = hn}] du | Dyp(u, (z,y), (w, 2))2(t —u, (w, 2), (2, y)dwdz
T— R2d
v [ / ), (0, 2)B(t —, (w,2), (o
/2 R2d
= lim DYR(t, (x,y), (2, y)) + DERI(, (x,y), (2, 9)). (4.98)
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The contribution DR/ (t, (x,y), (z',y')) does not exhibit time singularities in the
integral, since on the considered integration set u > %t.

Thus, from inequalities (4.17) and (4.97):

C

= sylarPer(t (@9). (@ ). (4.99)

DRI (t, (z,y), (2, y))| < t—s

We should put more effort in the estimation of the rest part: D*R" (¢, (x,y), (', y/)).
For |a| = 2 we apply some kind of the cancellation properties of the Gaussian kernels
as in [KM17].

Introduce for an arbitrary ', k2 € R2%: () = fot Ry . Ba(k', k*)B*R;_,du,

(14 O ([ Igxa
R, = (SId ]d)  B= (ded> and

exp ( — %(C’Z’_lZ, Z))
(2m)ddet(Ce (KL, £2))1/2
Z::( v ) (4.100)

Z—y—2xu

P (s (), (w,2)) =

Hence, for all multi-index o, |o = 2:
/ D2 (u, (z, ), (w, 2))dwdz = 0. (4.101)
R2d

Introducing the centering function ¢*(u, (z,v), (w, 2)) = (D2p* " (u, (z, ), (w, )51 52)=(@,1)
we derive that:

2d

t/2
DER (1, (2. y), (w, 2)) = / du / (D25 — ), (2, 9), (w, 2)B(t — u, (w, 2), (&) dwd=

t/2
+/ du /Rgd *(u, (z,y), (w, 2))(P(t —u, (w, 2), (', y)) — Pt —u, (z,y + zu), (2, y"))dwdz

= (R™ + R™)(t, (z,), (z',¥/)),
(4.102)

exploiting the centering condition to introduce the last term of the first
equality.

Since ¢*(u, (z,y), (w, z)) contains p* " (u, (z,y), (w, 2)))| (k1 2)=(a,y) @S @ ‘true‘ den-
sity w.r.t. (w, z) we can cancel with ®(t — u, (z,y + zu), (2, ¢)).
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We recall that

| (u, (2, y), (w, 2))] < %pc,x(% (z,9), (w, 2)).

On the one hand, the terms D%p(u, (z,y), (w, 2)), c*(u, (z,y), (w, 2)) differ in their
frozen coefficients (respectively at point w,z and z,y). Moreover there is no back-
flows w.r.t. the second variable in ¢*(u, (z,y), (w, z)). Exploiting the Holder property
in space of the mollified coefficients, it is then seen that:

_ Yy _ _ Yy
(D% — ), (@, y), (w,2))| < | =2 J2my —au

w u pc,K(u> (*T?y)’(w?Z))

C
S WPC,K(% (IL‘, y)a (w7 Z))’

where the last inequality comes from the standard absorbation of the additional time
singularity with the Gaussian density p. x(u, (z,y), (w, z)). Thus, from (4.97):

RPN, (2,9), (27,))] < ta%pc,K(t, (z,9). («',3/))- (4.103)

The key idea to control the contribution of the rest part is to use the smoothing
effect comes from the kernel ®.

Lemma 4.6.1. For A, = {(w,2) € R**: |w — x| + ‘ZLU_”“' < ct'?} (recall as well
that u € [0,£]) one has:

|(I)(t — U, (37, Y+ QZU), (lE/, y/)) - (I)(t — U, (w’ Z)v (x/a y/))‘

C
< (=T (lx —w|"? 4|z —y— ux|”’/2)pc,K(t —u, (w,2),(2',y)). (4.104)

Proof. From the definition of ® and the smoothing effect of the kernel H in (4.96)), it
suffices to prove that on the set A, := {z,w € R**: |x —w| + % < c(u' —u)'/?}:

[H(u' —u, (z,y + zu), (z",9") = Hu' = u, (w, 2), (2", y"))|

o — "+ |z =y — aw]?

¢ (@ — )7 Perc (U —u, (w,2), (@, ")), (4.105)

for ' € (u,t], u € [0,t/2]. Observe that A, C A,.
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Let us first prove (4.105). We concentrate on the second derivatives in H which
yield the most singular contributions:

Tr((a(z,y + zu) — a(z”,y" — 2" (' —u)))D*p(v’ — u, (z,y + zu), (2", 9"
~Tr((a(w,2) —a(z”,y" — 2" (v —u))D2p(u' — u, (w, 2), (2", 9"
= Tr((a(x,y + zu) — a(w, 2))D*p(u’ — u, (z,y + zu), (2", y")
—Tr((a(w, z) — a(z”,y" — 2" (u' — u)

X (D2p(u' — u, (w, 2), (2", y")) — D2p(u — u, (z,y + zu), (z",y"))) = I + I1I.
(4.106)

Then, from (4.17)),

|z —w|" + |z — y — zul”

’I‘ S C (u — u/) pc,K(u/ —u, (w’ Z), (l'//,y//))
Cla —w|"? + |z — y — zul"?
- (U _ u/)lf'y/ll pCvK(ul - u, (’UJ, Z)ﬂ (xlla ?J”))) (4107)

using that (w, z) € A, for the second inequality. Now, from the explicit expression of
the second order derivatives in (4.100)), (AD2) and usual computations we also derive:

Looax w— 2"+ Mz —w)|?
Hﬂs(@—fw+k—@“%w—wﬂw>4Z;—@gﬂp——’ o)

- c(u —u)

+]y”—z—(u—u’)w—ir)\(y—l—:cu—z)|2 y |w — x| ly + zu — 2]
c(w — u)? (W — w32 (W —up2 )
(4.108)
Due to A, definition the term (u[“i;;@,' = + EZT_IZ)E/Z; brings the singularity of order
u,iu. Moreover
w—a" + XNz —w)* |y —z—(u—u)w+ Ny +zu—2)?
c(u —u) c(u' —u)?

B ey U Y O A R TR
(v —u) c(u —u)? c(u —u) c(u —u)d )’

|l —w* |y +au—z?
c(u' — u) c(u' —u)3

) < C for (w, z) € A,,.
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Finally,

4108 S O(|U} - IHP + |Z - (y” - (Ul - U)«T”)P) exp { _ |w — ZE”|2 |y” — (u o ul)w|2}

(v — u)(u — u)2 el —u) c(u' — u)3

Clz —w|"? + |z — y — 2ul"/?
< ‘ ’ ‘/ — ’ pc,K(u, —u, (U),Z), (ZL‘H,y”))).
(u—u) v/

using the usual convexity argument for the last inequality. Thus, we have proved

(4.105) on A, C A,.
Recalling that we want to establish (4.104) on A,, we consider the rest case: if
(w,z) & Ay, we get from (4.96]):

[ [ V@ = Gy = ) @) = B (2, 60

X |(Z H(Z))(t o ul, (x/l7yl/>’ (.T/,y/)|d$”dy”

1>2
t
C
< [ [ e el oy =), () el = (1,2, )
u A, -
|x—z|’7/2+|y—w—xu|7/2 C
(u —u)r/4

) pc K(t /7 (x//’ y/l)7 (x/, y/>>dxlldy,/

— w72 /2
<c |z —w|"* + |y + zu — 2|
ie (U —u) —7/4 (t—u )=

X {pc,K(t —Uu, ('U), Z)? (13/7 y/>) +pc,K(t —Uu, (xu Yy + um), (xla y/))}dx//dy//

exploiting that (w, z) € AS.
Let us consider precisely the compatibility of p. x(t — u, (x,y + zu), (2',y')) and
Pex(t — s, (z,y), (2',y'). Observe that,

;o C lz—a|* |y +ur+at —u) -y
— < _
pc,K(t u,(x,y—i—xu),(x,y))_ (t_u)QdeXp{ [ t—u + (t_u)3
< Cperx(t, (z,y), (2',y)),
(4.109)

recalling that ¢ — u is of order ¢ for the last inequality.
As the result, we have proved (4.105) and completed the proof of the Lemma. [
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Then, we can derive from (4.17), (4.102) and (4.104)):

t/2 z—w|"?+ |y — z — zul"?
mﬂmuwmmymzc{/(MA' i (s (2, 9), (w0, 2))

u

1
which now compatible to absorb the singularity x mpcx(t —u, (w, 2), (2, y))dwdz

lz —w|? + |y — 2 — zul|?/?
t'y/4/ [40 pC,K(ua (l’,y), (waz))

u

{2t — u, (w, 2), (&', y")| + |2t = u, (x,y — zu), (2", y)) [ }dwdz.
(4.110)

On the complementary set A¢ it holds:
t/2
[ [ ), 0 2) (@0~ (w20, ) = 0 =, (o + ), (0w

Pl w— a4 |z = (y + ua)|?
/ / pC,K(ua (xay)a (w,z))

< =
— /4 U

X [|CI>(t —u, (w, 2), (', 9)] + | Pt — u, (z,y + zu), (2, )| ] dwdz

t/2 1 1
/ du/ ul—’Y/4 (t _ u)l—’y/Qpch(u7 (I7 y)a (U}, Z))

X [pQK(t —u, (w, 2), (2", 9)) + pexc (t —u, (z,y + zu), (2, y’))] dwdz

(4.111)

— /4

Plugging (4.109)) that into (4.111]) one can get the bound on A¢:

t/2
|[ M/;%M%%@MMMF%@MM%MP@@ﬂMwaWWWWWW

1 Y2 du 1 C
S Wpc,l((ta (.Z'7 y)u (l’/, y/>> '/T ul—fy/4 (t _ u)l—'y/z S tl—y/ng,K(tv (CC7 y): (J’Jv y/))

(4.112)

thus, taking Lemma [4.6.1] into account, we have:
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t/2 z—w|"? + |y — z — zu|"?
R ) < [ [ EEEERE I, ), (w,2)

1 C
X mpc,f((t —u, (U}, Z), (13/7 y’))dwdz + tl——'y/ZpC’K(t’ (ZL’, y)7 (‘T/7 y/))

C
S tl_—,y/Qpc,K(tu (Iv y)a (Ila y/))7

which together with (4.103)), (4.102), (4.99) and (4.98) gives the statement of the
Section. O
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