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Ableitung semiklassischer Transportgleichungen fiir
elektroschwache Baryogenese

Zusammenfassung

In dieser Arbeit untersuchen wir einen wesentlichen Baustein fiir die Beschreibung der
Baryogenese beim elektroschwachen Phaseniibergang: wir fithren eine strenge Herleitung
semiklassischer Transportgleichungen fiir CP-verletzende Fliisse in einem System aus
skalaren und fermionischen Teilchen in Anwesenheit eines langsam verdnderlichen Hinter-
grundfeldes durch. Diese Situation liegt bei einem elektroschwachen Phaseniibergang er-
ster Ordnung vor, wo der Vakuumerwartungswert des Higgs-Feldes, der sich innerhalb der
Phasengrenze dndert, die Rolle des Hintergrundfeldes iibernimmt. Ausgehend von den exak-
ten Bewegungsgleichungen fiir die Wigner Funktionen im Schwinger-Keldysh-Formalismus
fiihren wir eine Entwicklung in Ableitungen des Hintergrundfeldes durch, wobei der Kolli-
sionsterm mitbehandelt wird. Diese Entwicklung entspricht einer Entwicklung in Potenzen
der Planck-Konstanten #. Wir beriicksichtigen alle Terme erster Ordnung in 7~ und erhal-
ten somit semiklassische Gleichungen, mit denen CP-Verletzung beschrieben werden kann.
Sowohl im skalaren als auch im fermionischen Fall haben die Gleichungen eine spektrale
Losung, die es erlaubt die Plasma-Anregungen als Quasiteilchen zu behandeln. Wahrend
die Transportgleichung fiir die skalaren Teilchen eine gewOhnliche klassische Boltzmann-
Gleichung ist, enthilt die fermionische Gleichung Quantenkorrekturen, die als Quellen fir
Baryogenese dienen.

Controlled derivation of semiclassical transport equations for
electroweak baryogenesis

Abstract

In this work we study a basic ingredient for the description of baryogenesis at the elec-
troweak phase transition: we provide a controlled derivation of semiclassical transport
equations for CP-violating flows for a system of scalar and fermionic fields in the presence
of a slowly varying background field. This is the situation in a first order electroweak phase
transition, where the background is given by the vacuum expectation value of the Higgs
field that varies inside the phase transition front. Starting from the exact equations of
motion for the Wigner functions in the Schwinger-Keldysh formalism we perform a system-
atic expansion in orders of gradients of the background field, including the collision term.
This expansion is equivalent to an expansion in powers of the Planck constant 7, and by
keeping all terms up to first order in & we obtain semiclassical transport equations that are
adequate for the description of CP-violation. We find that for both scalar and fermionic
fields the equations have a spectral solution which allow for an on-shell description of the
plasma excitations. The transport equation for the scalar particles turns out to be a usual
classical Boltzmann equation. In the fermionic equations we find quantum corrections that
give rise to sources for baryogenesis.
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Introduction

Physicists know that for any particle there exists a corresponding antiparticle that
only differs in having opposite charges. If particles and antiparticles come into con-
tact, they annihilate with emission of energetic y-rays. In daily life, however, we
fortunately don’t experience the existence of these antiparticles at all, so that many,
if not most, people believe antimatter to be an invention of science fiction authors.
The only antiparticles observed on earth are either produced with great effort in ac-
celerators like at CERN, or are antiprotons in the cosmic rays. These are mainly
products of the reaction pp — 3p+p, taking place when cosmic protons hit the atmo-
sphere with high energies. But not only the earth is dominated by matter. In fact we
can exclude the existence of considerable amounts of antimatter within the entire vis-
ible universe: detailed studies of the y-ray distribution haven’t given any indication
for the radiation that we would expect to be produced by the annihilation processes
at the boundaries between large matter and anti-matter dominated areas [1]. Another
signature that could in principle be used to detect the presence of large anti-matter
domains would be a distortion of the spectrum of the cosmic microwave background.
At present however, it is not yet possible to derive any strong bounds from this effect.
We conclude that either matter and antimatter are separated on scales at least as big
as the visible universe, or the whole universe is dominated by matter. Since it is very
unlikely that the universe is inhomogeneous at such large scales and no explanation
for this is in sight, it is commonly believed that the first possibility is not realized.

So, despite the symmetry between the properties of particles and their antiparticles,
the universe displays an asymmetry in their numbers. This asymmetry is usually
quantified by the difference of the densities of baryons and antibaryons divided by
the entropy density of the universe,

n:@zQ—wmfﬂ. (1)
Since both baryon and entropy density scale with a3, where a is the cosmological
scale factor, this ratio stays constant during the expansion of the universe. The
quantity 7 is tightly linked to the production of light elements like deuterium and
3He at the nucleosynthesis epoch, and its numerical value can be determined by the
present abundances of these particles [2]. The first estimates of the baryon asymmetry
were obtained by simply counting the number of visible objects in the universe, but
as we now know these objects make up less than 10% of the total baryonic matter.
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The basic question now is: what is the origin of the asymmetry between particles
and antiparticles in the universe? To explain this as being an initial condition for the
evolution of the universe is quite unnatural. Furthermore, in the accepted standard
model of cosmology an inflationary era in the very early universe plays a central role
[3]. This exponential expansion would dilute away any initial asymmetry between
particles and antiparticles.

In 1967 A. Sakharov [4] discovered that in principle it is possible to dynamically pro-
duce a baryon asymmetry in particle reactions, provided three necessary conditions,
called the Sakharov criteria, are satisfied:

e Presence of baryon number violating processes.
This condition is obvious, because when starting from a baryon symmetric
universe, B = 0, the only way to obtain B # 0 is to have baryon number
violating processes.

e Presence of C (charge conjugation) and CP (charge conjugation and parity)
violating processes.
If C was conserved, the probability for a reaction 7+ — f to take place would
be the same as for the process with particles exchanged by antiparticles. Since
the baryon number of f is just the negative baryon number of f, no net baryon
number could be obtained. If CP was conserved, then T (time reversal) would
have to be conserved, too, as stated by the CPT theorem. With T-invariance,
however, the probability for the process ¢ — f to take place is the same as the
one for the reversed process f — 4, which again makes it impossible to create
any net baryon number.

e Departure from thermal equilibrium.
We know that in thermal equilibrium the number densities are given by the
Fermi-Dirac or the Bose-Einstein distributions. They only depend on the mass,
which is the same for particles and antiparticles.

It took some years until Sakharov’s idea was implemented in concrete baryogenesis
scenarios. Most of the models that have been suggested since then can very roughly
be divided into two categories.

On the one hand there are models where the out-of-equilibrium criterion is satisfied
by the expansion of the universe and the presence of heavy decaying particles. The
expansion of the universe can drive these particles out of equilibrium if the character-
istic times for their reactions are larger than the characteristic time of the expansion.
If these particles then decay through a B-violating process, a net baryon number
can be produced [5]. This type of baryogenesis scenario is typically worked out in
the framework of Grand Unified Theories (GUT), where there are several ways of
implementing B-, C- and CP-violating processes. Most of the publications concerned
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with baryogenesis work with this out-of-equilibrium decay scenario. The drawback
of these models is that they involve physics at energy scales of about 10'% GeV, and
therefore direct experimental tests are impossible.

On the other hand an out-of-equilibrium situation can be reached during a strong
first order phase transition in the early universe, when a global or a gauge symme-
try is broken. In this work we will be concerned with a situation of this type, the
electroweak phase transition that might have taken place at a temperature of about
100 GeV. If this phase transition is of first order, then we have the necessary depar-
ture from thermal equilibrium. C- and CP-violation are present in the CKM-matrix
for the quarks, and finally, even in the electroweak standard model there are baryon
number violating processes due to the chiral anomaly, which was pointed out by 't
Hooft in 1976 [6]. Today, when the universe has almost zero temperature, these pro-
cesses are completely negligible. They proceed by tunneling between different vacua
of the gauge part of the theory which are separated by large energy barriers and
therefore are suppressed by a factor of e=*™/®» ~ 107160 At high temperatures, how-
ever, it is possible to have thermal transitions over the top of the barrier, so called
sphaleron transitions, which become most effective at temperatures above 100 GeV,
that is at the electroweak scale. On the other hand these sphaleron transitions must
be ineffective after the completion of the phase transition, because otherwise any
produced baryon asymmetry would be destroyed immediately. This is the case if the
ratio of the Higgs vacuum expectation value in the broken phase to the temperature,
which is a measure for the strength of the phase transition, is larger than one [7,8].
For studies of the possibility of electroweak baryogenesis see for instance [9, 10].

The great benefit of electroweak baryogenesis is that it is based on physics at the
electroweak scale, which is in reach of experiments, in contrast to GUT scenarios,
which are almost completely speculative. Unfortunately, after all investigations that
have been performed it is now clear that it doesn’t work within the standard model
of particle physics: there is no first order phase transition at all if the Higgs mass is
greater than about 74 GeV [11-15], which is clearly below the current experimental
lower bound for the Higgs mass. So in any case an extension of the standard model is
required for the explanation of the baryon asymmetry. The solution which suggests
itself is to consider supersymmetric extensions, like the Minimal Supersymmetric
Standard Model (MSSM) or the MSSM with an additional singlet field, called Next-
To-Minimal Supersymmetric Standard Model (NMSSM), which are quite popular
also in other situations where the standard model is insufficient. Even with this
modifications we stay with physics that is, at least partially, accessible to experiments
in the near future. Indeed it has been found that electroweak baryogenesis is possible
within the MSSM, although only within a rather restricted region of the parameter
space [17-25]. In the NMSSM not only the possibility of electroweak baryogenesis
is given in wide regions of the parameter space, but it can also have stronger CP
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violation, increasing the amount of the actually produced baryon asymmetry [26-28].

This work is not intended to be a further intense study of the produced baryon
asymmetry in various regions of the parameter spaces of extensions of the standard
model. Tt is rather intended to cure a basic shortcoming common to most of the
electroweak baryogenesis calculations performed so far. A calculation of the baryon
asymmetry produced in a first order phase transition requires an understanding of the
behavior of the particles in the plasma at the passage of the phase transition front. In
essence, one has to derive equations which describe the generation and the transport
of CP-violating flows for particles with a varying mass. The works mentioned above
use a heuristic way of finding the required transport equations: it is tried to somehow
isolate the essential quantum features of the transport in the form of “sources”, and
then these sources are inserted into classical Boltzmann equations [29-35]. With such
methods electroweak baryogenesis has been studied already in the MSSM [33, 36-42]
and in the NMSSM [43, 44]. However these works have found contradictory results.

The aim of this work is to provide a rigorous derivation of these transport equations
relevant for baryogenesis, based on first principles. In order to achieve this aim we use
an expansion in derivatives of the Higgs condensate, which is responsible for the mass
generation, or equivalently, an expansion in powers of the Planck constant 4. We will
truncate this expansion at the first nontrivial order of A, which leads to semiclassical
transport, equations capable of describing CP-violating effects [45, 46].

The derivation of transport equations from the underlying theory is not only impor-
tant for a consistent treatment of baryogenesis. Besides for applications in the field
of heavy ion collisions, for instance, such a discussion is also of general theoretical
interest. It is well known, for example, that the usual Boltzmann equation can be ob-
tained as the classical limit of the Schwinger-Dyson equation. The kinetic equations
for fermions in presence of a classical gauge field have been considered in gradient
approximation in [47-49]. Kinetic equations with a pseudo-scalar mass term have
been considered in [50,51],but only in the classical limit. Up to now, however, no
derivation of such equations for scalars or fermions has been performed in the pres-
ence of a varying background field, up to first nontrivial order in % and including a
treatment of the collision term.

The outline of the work is as follows: in chapter one we first give a more detailed
description of how baryogenesis in the electroweak phase transition works. It follows
an introduction into the so called Schwinger-Keldysh formalism, which is suitable for
the treatment of quantum field theoretical problems in out-of equilibrium situations.
Here the basic quantities of our work, the non-equilibrium two-point functions, are
defined. By making use of the 2PI formalism we derive the equations of motion for
these functions in a model of fermionic and scalar fields, coupled to each other by
Yukawa interactions. We write these equations in the Wigner representation, which
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is convenient for our situation with a slowly varying background field. Finally we
use the gradient expansion to reduce the scalar equation of motion to a semiclassical
transport equation. An important result here is that the equation admits a spectral
solution to first order in h.

This is also true for the fermionic equation of motion, which is studied in detail in
the second chapter. The spinor structure of this equation makes the treatment much
more involved than in the scalar case. A crucial point is the observation that the
spin of the fermions in the direction perpendicular to the wall is conserved. The use
of this symmetry leads to the essential simplifications that allow the derivation of
semiclassical transport equations. We study the mixing of several fermionic particles
via a mass matrix and give explicit examples for the MSSM and the NMSSM.

Chapter three contains an extensive treatment of the collision terms of both equations.
Based on the results of the previous chapters we show how particle interactions can
be consistently integrated into our work. The main focus here lies in the identification
of collisional sources for baryogenesis. In the last part of the chapter we study the
influence of mixing on the collision term.

In chapter four we use the fermionic transport equation to derive an equation for the
CP-violating part of the distribution function. We discuss the sources that appear
in the flow term of this equation in some detail and derive a set of fluid equations.
Finally we summarize our results.
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Equations of motion for the Green functions

1.1

Electroweak Baryogenesis

The weak and electromagnetic interactions are described by a gauge theory which
today is spontaneously broken by the vacuum expectation value of the Higgs field.
The symmetry is restored, however, at temperatures of above ~ 100 GeV in the early
universe [52-54]. In the following we assume that the breaking of the symmetry hap-
pens in a first order phase transition. In a naive picture the vacuum expectation
value of the Higgs field is governed by a temperature dependent effective potential
which can be calculated in resummed perturbation theory. The potential contains
a thermal mass and a negative cubic term that is essential for having a first order
phase transition. In those cases where the perturbative calculation yields a strong
transition, this picture seems to be supported by lattice calculations [13,55]. At high
temperatures the potential has a unique global minimum at vanishing Higgs expec-
tation value (H) = 0, which corresponds to the symmetric phase of the universe (see
figure 1.1). With decreasing temperature a new local minimum at a non vanishing
value of (H) develops. When the temperature reaches the critical temperature T,
both minima are degenerate. Here both the symmetric ((H) = 0) and the broken
((H) # 0) phase are energetically equal but separated by a barrier. If the temper-
ature drops further down to the nucleation temperature 7,,, the volume energy of
spontaneously nucleating bubbles of the broken phase, which is gained by the tran-
sition to the energetically favored new global minimum, is bigger than the surface
tension. The bubbles will grow until the whole space is converted into the new phase.

When the wall of such a bubble passes a point in space, the Higgs vacuum expec-
tation value at that point undergoes a rapid change. At that time the universe was
not almost empty, as it is today, but filled with a hot plasma of particles. These
particles are coupled to the Higgs vacuum expectation value - this is the way they
obtain their masses - and so the changing (H) leads to a departure from equilibrium.
Figuratively spoken, the particles in the plasma are thrown out of equilibrium by
the passing wall. In the presence of CP-violating interactions this leads to a local
separation of lefthanded particles from their antiparticles. Our task is the derivation
of appropriate transport equations which are capable of describing these CP-violating
flows. Since the mass of the particles is given by a coupling to the Higgs expectation
value, m = y(H), the interaction with the wall is described by giving the particles
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a space-time-dependent mass. The asymmetry between the lefthanded particles and
their antiparticles is subsequently translated into a net baryon asymmetry in front
of the wall, where the sphaleron transition is fast. Finally this baryon asymmetry is
transported into the bubble, where the sphaleron transition is frozen out and thus
the asymmetry remains until the present day.

The motion of the bubble wall is influenced by two effects. On the one hand there
is pressure inside the bubble which acts as an accelerating force on the wall. The
origin of this pressure is just the volume energy gained by the transition from the
symmetric to the broken phase. On the other hand there is a decelerating force,
because the plasma exerts friction on the moving wall. After a short time there will
be an equilibrium between the two forces and eventually the wall moves with constant
velocity through the plasma. Numerical analyses have shown that in the MSSM the
wall velocity vy, is of the order of 0.1 of the speed of light [56]. The wall velocity is an
important parameter for baryogenesis. We expect that for extremely slow walls the
produced baryon asymmetry is small, since we have only a very slight departure from
equilibrium. On the other hand, for big wall velocities the baryon number will be
small because the time available for the sphaleron process is too short. This behavior
has indeed been observed in calculations of the baryon asymmetry (see for instance
[40, 41]).

Since after a short period of expansion the size of a bubble is large compared to the
thickness of its walls, we can neglect the curvature of the wall in the derivation of
the transport equations. So it is effectively only dependent on one spatial coordinate,

>T.

Figure 1.1: Effective potential for the Higgs vacuum expectation value during the
phase transition.
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1.2

which we choose to be the z-direction. The shape of the wall, which of course influ-
ences the way the plasma reacts on the passage of the wall and therefore influences
the produced baryon asymmetry, can in the MSSM be very well described by a kink
ansatz. If we denote both the absolute value of (H) and (the Higgs condensate may
be complex) its phase generically by ¢, we can write

O(2 — vot) = ¢”’";’“" {1 + tanh <Z —vat>] : (1.1)

w

where @proren denotes the value inside the bubble and L,, is the width of the wall.
The width lies in the range of about 6/7 —14/T in the MSSM [58, 59] and has about
the same size in the NMSSM [60]. In the NMSSM the actual shape deviates slightly
from (1.1), but for baryogenesis calculations this seems not to be important.

Schwinger-Keldysh Formalism

“Ordinary” vacuum quantum field theory is designed to describe particle scattering
experiments, where the system is prepared to be in a definite in-state at ¢ — —oo and
we ask for the probability of finding the system in a definite out-state at ¢ — 400
(in-out-formalism). In statistical physics, however, we are interested in the temporal
evolution of a system. Starting with definite initial conditions, we ask for the ex-
pectation values of physical quantities at finite times. A theoretical framework for
such problems was first suggested by Schwinger in 1961 [61] and then developed fur-
ther by Keldysh [62] and others. An extension of field theory capable of dealing with
non-equilibrium problems is obtained by defining the time arguments of all quantities
on a path C that leads from —oo to 400 and then back to —oo. All integrals and
derivatives have then to be performed along that path, and the usual time ordering
becomes time ordering T along C'. This formalism is often also called Closed Time
Path (CTP) formalism [63]. The definitions of the scalar and the fermionic Green
functions are

Au,v) = —i(Tc ¢(u)¢*(v)> , (1.2)

Gas(u,v) = —i(Tota(u)ts(v)) . (1.3)

The contour C' can now be split into a “4” branch from —oo to 400 and a “—”
branch from 400 to —oo. Denoting the branch on which a time argument lies by an
index a = +, we can rewrite the formalism using ordinary time arguments. We then

have
/d4u — Za/ d*u
C a —00

do(u—v) — adupd(u—v)
Gu,v) = G™(u,v). (1.4)
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The additional factors a in the integral and in the J-function have their origin in the
fact that the “—” branch runs backwards with respect to usual time. The Green
functions have four different parts,

Gog (u,v) = Goglu,v) = Z(T% (w)ts(v))

Gog (u,v) = Gég(u,v)zzwﬁ Va(u))

Gog (uv) = Grglu,v) = —i (Ya(u)ihs(v))

G (uv) = Goglu,v) = —i(Tva(u)is(v)) , (1.5)

where T denotes anti-time ordering and the additional minus sign in the second line is
due to the anticommutation property of fermionic fields. Right from these definitions
one can see that G< and G~ have the hermiticity property

(G, ) =i "Gy, ). (1.6)

For the scalar Green functions analogous expressions hold, where of course all four
right hand sides start with a minus sign. The scalar hermiticity property reads

(iA(z,y))" = iA(y, v). (1.7)

The four parts of (1.5) are not independent of each other, because with the definition
of the time and anti-time ordering we can express G* and G in terms of G< and G~:

Gi(u, v) = O(ug —v9)G” (u,v) + 0(vg — ug) G=(u,v),

G'(u,v) = O(ug —v9)G<(u,v) + 0(vy — ug)G” (u,v). (1.8)

For a system in thermal equilibrium at a temperature T, explicit expressions for the
Green functions can be obtained. In equilibrium they depend only on the relative
coordinate u — v, so a Fourier transformation can be applied:

Goy(k) = / A4 (u = )G (1= ). (1.9)

The expectation values in the definition of the Green functions reduce to thermal
expectation values, and they can be evaluated to [64]

Gl (k) = T3 m}f i Zgn(kg)e + 2mi(f + m)d(k* — m®)sgn(ko)neq(ko) (1.10)
Goy(h) = 5= n;ﬁ_i:g‘n(ko)e — 2mi(f +m)o(k* — m?)sgn (k) (1 — neg(ko)) (1.11)
Gy (k) = 2mi(f +m)d(k> —m?)sgn(ko)neg(ko) (1.12)

G (k) = —2mi(f +m)o(k* —m?)sgn(ko)(1 — neg(ko)) (1.13)
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1.3

where the equilibrium phase space distribution is the well-known Fermi-Dirac function

1

nealko) = Gy

, B=1T. (1.14)

These expressions are given for the case of a real mass. They can be trivially extended
to the case of a complex mass by replacing }é—l— m by }é—l— mpg + iy>my, where mp and
my are the real and imaginary part of the mass, respectively. The scalar equilibrium
Green functions are

ALK = g jisgn fioye — 2K — m)sgn(hy)nd, (o) (1.15)
M) = oo — 2k — msen(hn) (14 (k) (116)
A5 (k) = —2mid(k* — m*)sgn(ko)n?, (ko) (1.17)
AZ (k) = —2mid(k* — m*)sgn(ko)(1 + ng, (ko)) - (1.18)

Here the Bose-Einstein distribution function is used:

1
n?

eq(kU) = eﬂko 1 . (119)

The equilibrium Green functions satisfy the famous Kubo-Martin-Schwinger (KMS)
relations:

G2 (k) = —™0G5 () . A (k) = POAL(R). (1.20)

Lagrange density and equation of motion

We study a system of a fermionic and a scalar particle, both having space-time
dependent masses and being coupled to each other by a Yukawa interaction. The
Lagrangian for the system is

L = ME @ (U ZZLmle - &Rm*@/}L
+(0u0)" (9" ¢) — m3' ) + Lin. (1.21)

The masses of the particles arise from an interaction with a scalar field condensate.
This is the case, for example, in a first order electroweak phase transition, where
the particles are coupled to the Higgs field condensate, which varies at the boundary
between the symmetric and the broken phase. In a way these varying masses can then
be said to describe the interaction with the bubble wall. But we are not restricted to
this specific scenario. Any system which has varying masses and which furthermore
satisfies the restrictions we will make in the course of our treatment can be studied.
We choose the fermion mass to be complex,

m(u) = mp(u) + imp(u) = |m(u)e?™, (1.22)
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1.3.1

which is a potential source of CP-violation. Here mpr and m; denote the real and
imaginary part of m, respectively. With the definition of the left- and right-handed
fields

,QZ"L - PL,Q/} ) 1/1R = Pquba (123)
where the chiral projection operators
1 5 1 5
PL:§(1—7) ; PR:§(1+7) (1.24)

with 75 = 72914293 are used, we can rewrite the fermionic mass term in a form

where the pseudoscalar part is made explicit:

Yrmyr +Yrm*yr, = ¢ (Prm+ Ppm*)
= ¢ (mr+iv’mr) . (1.25)

The interaction part of the Lagrangian contains the Yukawa coupling term, which
can also be rewritten with the help of the projection operators:

Ly = —yorr —y d* Prir
—tp (Prydp+ Pry*¢*) . (1.26)

In the next sections we will derive the equations of motion for the Green functions
in the CTP-formalism, first for the scalar and then for the fermionic field.

Scalar field

We now derive the equation of motion for the scalar Green function in the CTP-
formalism. If one neglects collisions, there is a very easy and straightforward way to
obtain the desired equation. We just use the Lagrangian (1.21) to write down the
field equation, which is of course the Klein-Gordon equation:

(ag + m;(u))qﬁ(u) ~0. (1.27)

After multiplying this from the left with —i¢(v) we take the expectation value and
use the definition of the Green function A<:

(ag + m;(u))A<(u,v) ~0. (1.28)

In a similar way one finds that the same equation holds for A~.

In order to obtain the equations for the Green functions including interactions we
follow the approach of Calzetta and Hu [65], which uses the two-particle irreducible
(2PI) representation of the CTP effective action. In this approach one works with
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an extended effective action I'. This 2PI-effective action depends not only on the ex-
pectation value of the field (¢(u)) but also on the two-point-function (Ted(u)¢f(v)),
which is nothing else than the Green function A(u,v). The equation of motion for
one of these quantities is then obtained by requiring the derivative of the effective
action with respect to this quantity to vanish. Since we are not interested in an
expectation value of the field itself we only deal with the Green functions and set the
field expectation value to zero. Cornwall, Jackiw and Tomboulis [66] showed that the
2PI-effective action for a complex scalar field can be written as

T[A] = iTrA@ A + i Trin A= + Ty[A]. (1.29)

The inverse free propagator AO7" for the scalar theory is defined by rewriting the
classical effective action in the form

1 _
Ig) = / d'uL(u) =3 / d'ud'v () A (u,0)9(0) + Lrlé] . (1.30)
c c
where we only use the scalar part of the Lagrangian. It is easily seen to be
-1
Nm(wm:—@ﬁmﬁwgﬁw—m. (1.31)

The quantity ['s is the sum of all two-particle irreducible vacuum graphs with vertices
defined by I;,; and propagators set equal to A. We take the functional derivative of
the effective action with respect to A and obtain
OT[A] -1
— +iAO ) — AT (u, v) + ——1 . 1.32

A (v, u) ' (,0) =iA™ (u,v) A (v, u) (12)
The equation of motion is obtained by requiring this to be zero, and with the definition
of the self energy

0T5[A]

(u,v) = z% (1.33)

we recognize (1.32) as the Schwinger-Dyson equation. Finally we multiply the equa-
tion from the right with the Green function A and find the equation of motion:

(82 + mi(u))A(u, v) = —04(u —v) — /Cd4w M (u, w)A(w,v) . (1.34)

Up to now we have written everything in contour notation. In index notation the self
energy is
M (u, v) = i—(SFQ[A] :
ab dAb (v, u)
where the additional indices on the right hand side have their origin in the fact that
on the “—” branch we have derivatives “in the negative direction”. With this the

(1.35)

equation of motion is

(83 + mi(u))A“b(u, v) = —adu0t (u — v) — Z / d*w eI (u, w)A®(w,v) . (1.36)
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The current density for the scalar field, which contains all information about the
semiclassical particle densities, can be expressed in terms of the Wigner function A<:

() = ~@w— 20)A(w0)| (1.37)
Gw) = 0w~ A ()| (1.38)
We therefore focus on the equation for A<, obtained by choosing ab = +—:
(32 + m3 ) ) A% (u,0) = - / d'w (1, w) A< (w0, v) — 1<, 0) A (w, ) ) (1.30)
We define the “hermitean” part of the Green function and of the self energy
Ap = A= (A% 4 A% = -ATH (A 4 A9) (1.40)
Mp = M- % (IT” + 1<) = —IT + % (I~ +11%) , (1.41)
and the collision term
Cop(u,v) = %/d‘lw (H>(u,w)A<(w,v) — H<(u,w)A>(w,v)) : (1.42)
With these definitions we can rewrite the equation of motion:
(83 + mi(u)>A<(u, v) + /d4w e (uw, w)A<(w,v)
+/d4w T (u, w) Ag(w,v) = —Cy(u,v) . (1.43)
The term ITzpA< on the left hand side is the self energy contribution to the mass,
and TI<Apg essentially leads to a modification of the particle spectrum. In this work
we neglect these two terms. We comment on this in the beginning of chapter 3. The
collision term Cy(u,v) on the right hand side contains the gain and loss terms that
usually lead to relaxation.
1.3.2 Fermionic fields

The derivation of the equation of motion for the fermionic Green function proceeds
along the same lines as in the scalar case. Again there is a very easy way to obtain
this equation when one neglects interactions, except of the interaction with the wall,
starting from the Dirac equation for the spinor ). Here we directly go to the derivation
in the 2PI approach. The fermionic 2PI generating functional is

1

TGl = TGO G —iTrinG ! 4 T,[G], (1.44)
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1.4

where I's is the same as in the scalar case, since the interaction part of the Lagrangian
is common to both fields. The inverse free propagator is given by

G(O)fl(v, u)=— (i +mg+ i°mr) 0¢(u —v) . (1.45)

In order to obtain the equation of motion we this time have to take the functional
derivative of (1.44) with respect to the fermionic Green function. The result reads

—1ab

—iGOT (u,v) +iG ™ (u,v) + ab S (u,v) =0, (1.46)

where the definition of the fermionic self energy is

oo

39 = .
() Vab OGP (v, u)

(1.47)

We multiply this equation with G, integrate over v, sum over a, multiply with b and
use the explicit expression for the inverse free propagator to find

(i@, —mr —iv’mr) G®(u,v) = adeyd*(u — v) + Z / d*w ¢ X (u, w) G (w,v) .

(1.48)
We are interested only in the equation for the component G< = G, which is

© @u —mp — iy"mr) G<(u,v) = /d4w (Et(u, w)G<(w, v) — 2 (u, w)G(w, v)) :
(1.49)
The definitions of the hermitian part of the propagator and of the self energy as well
as the definition of the collision term are analogous to the corresponding quantities
in the scalar case. With these we then can write the fermionic equation in the form

(i@ —mp —iv’mr) G<(u,v) — /d4w Yr(u,w)G<(w,v)
_ / dhw % (1, )G (w, v) = Cy(u, ) (1.50)

Like in the scalar case we neglect the self energy correction to the mass as well as the
part that influences the spectrum and only keep the collision term.

Wigner transformation and gradient expansion

In equilibrium the Green functions A(u,v) and G(u,v), which contain complete in-
formation about the system, depend only on the relative coordinate r = v — v. This
dependence corresponds to the internal quantum fluctuations that typically take place
on microscopical scales. In a non-equilibrium situation, however, there is also a de-
pendence on the average coordinate X = (u + v)/2. This dependence describes the



18

1.4 Wigner transformation and gradient expansion

systems behavior on large, macroscopical scales. For example, in a study of ther-
malization of a system one follows the evolution of the system with growing time
Xp. Or, if the system experiences an external perturbation that has a macroscopical
spatial variation, then this will show up in a corresponding dependence of the Green
functions on the average coordinate. This is what we are doing, since the bubble
wall is a large scale perturbation of the system. The idea is to separate the small
scale fluctuations from the behavior on macroscopical scales by performing a Fourier
transformation with respect to the relative coordinate r. This is called a Wigner
transformation. The Green function in the Wigner representation, which is called
Wigner function, is

A(X, E) = /d4r oFTA(X 412, X — 1/2). (151)

and analogous for the fermionic G. Throughout this work we use the same symbol
for a function and its Wigner transform. Which one is meant will be clear or indi-
cated by the arguments. The hermiticity properties (1.6) and (1.7) in the Wigner
representation become

(iy°G<’>(X,k)>T — G (XLE), (1.52)
(iA<’>(X,k)>* — IAST(XLE). (1.53)

In order to transform the equation of motion, we write the first term of (1.43) as a
convolution:

(aﬁ + m;(u))M(u, v) = /d4w [(ag + mg(u))a(u - w)] A<(w,v).  (L.54)

The Wigner transform of a general convolution is
/ 04 (1 — v) e~ ) / dwA(u, w)B(w,v) = e {AX, ) HB(X, )}, (155)
where the average variable is X = (u + v)/2 and the diamond operator is defined by
{3y =75 (00—’ ) {3}, (1.56)
The superscripts (1) and (2) refer to the first and second argument, respectively. Here

and in the following 0 alway means the derivative with respect to X. The Fourier
transform of the differential operator inside the square brackets in (1.54) is

/d4r ek (82 + mi(u))é(u —v) = —k* + mj(X), (1.57)
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where again r = u — v and X = (u 4+ v)/2. This relation can be shown by replacing
the d-function by its Fourier representation. The equation of motion for the Wigner
function then becomes

e {—k*+m(X)} {AS(X, k)} = —Cy(X, k) . (1.58)

The collision term in configuration space (1.42) has the form of a convolution, so in
the Wigner representation it is simply given by

Co(X, k) = so ({2 (X, )} A(X, B)} — (X, R} A (X0} ) . (159)

This term will be studied in chapter 3 in detail. In an expansion of the exponentiated
diamond operator on the left hand side of (1.58) there are terms that contain only
W0 or —9) 9@ which can be recombined into exp(—id™M ) and exp(idl”9@),
respectively. In addition there are mixed terms, but they always contain a part
OroY (—k?* + mé), which is obviously zero. So it is quite straightforward to see that
(1.58) can be simplified to

(382 —k? —ik-0+ m;(X)e35'3k> AS(X, k) = —Cy(X, k). (1.60)

Here one can see explicitly how the space-time dependence of the mass affects the
equation. Derivatives of the mass are combined with momentum derivatives of the
Wigner function, which in a classical picture just means that a varying mass like a
varying potential acts as a force on the particles and changes their momenta. The
computation of the Wigner transform of the fermionic equation of motion (1.50) runs
along the same lines. We first arrive at

e J—ma(X) —ir’mi (X)}{G(X,K)} = Cu(X. k). (1.61)

and with the same arguments as above this can be simplified to give

(% + % ? —(mR(X) + m5m1(X))e—%3-8k> G<(X, k) = Cy(X, k). (1.62)

The expression for the collision term is analogous to the scalar one, we only have to
use the fermionic self energy and Wigner function instead of the scalar ones.

The basic assumption in this work is that the variation of the background field, which
is responsible for the space-time-dependence of the mass, has a characteristic length
scale that is big in comparison to the de Broglie wavelength of the particles in the
plasma. Since the varying background field is responsible for the space-time depen-
dence of all quantities in the Wigner representation, we can perform an expansion
in derivatives with respect to the average coordinate X. The assumption of a slowly
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1.5

varying background field seems to be justified in our case: in the MSSM, for instance,
the width of the bubble wall L,,, which is the scale of the variation of the background,
is roughly 10/T', where T is the temperature of the plasma. The typical momentum of
a particle in the plasma is of the order T, so that the de Broglie wavelength lyp ~ 1/T
is indeed small when compared to L,,.

Since the expansion in powers of derivatives is equivalent to an expansion in powers
of the Planck constant A, this procedure will lead to semiclassical equations. We
expect that the leading order terms in the gradient expansion correspond to classical
behavior, while taking into account higher order derivatives gives rise to quantum
corrections.

Scalar fields

We first take a closer look on the scalar equation. The hermiticity property (1.53) of
the Wigner function just states that iA<(X, k) is a real quantity. So we can split the
complex equation (1.60) into two real ones by taking the real part,

(—k L0 —m2(X) sin(% 9 -ak)> INS(X, k) = —RCy(X, k) | (1.63)

and the imaginary part,

(—382 + k% — mZ(X) cos(% 5 Bk)> IAS(X, k) = =S Cy(X, k). (1.64)
Now we apply the gradient expansion. In equation (1.63) only odd powers of deriva-
tives occur, so in order to get an equation that is correct up to second order in
gradients it is sufficient to keep only the first order derivatives. Similarly, the imag-
inary part (1.64) contains only even powers of derivatives, and therefore throwing
them all away still leaves us with an equation which is correct up to first order in

gradients. This way we obtain
1 :
(—k -0 — Q(Gmﬁ,(X)) . 8k> IAS(X, k) = —RCy(X, k) (1.65)

and
(k* —m3 (X)) iAS(X, k) = =S Cy(X, k) . (1.66)

In this form the meaning of the two equations becomes apparent. The first one
is a kinetic equation, while the second one is an algebraic equation (for a moment
we forget about the right hand side) which restricts the space of possible solutions
of the kinetic equation to functions which are on-shell. This equation is called the
constraint equation. When using the constraint equation this way, it becomes clear
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that it was consistent to keep only the first order derivatives there: any second order
contribution to the constraint would lead, when used in the kinetic equation, to a
term that is of third order in gradients, since all the terms in the kinetic equation
already contain a derivative. But now we see immediately that neither the constraint
equation nor the flow term of the kinetic equation for one scalar particle contain any
CP-violating quantum corrections that could act as sources for the production of a
baryon asymmetry. For a scalar particle we just find the usual Boltzmann equation
with a classical force term.

If we include the term on the right hand side of the constraint equation, which is
a functional of the scalar Wigner function, the equation is not algebraic any more.
But we will see later that the collision term is at least of first order in gradients.
So, when we use the constraint equation (1.66) to justify an on-shell ansatz for iA
in (1.65), which contains only first order terms, then we can neglect the collision
term, because it would lead to corrections that are second order in gradients and
additionally suppressed by the coupling constant.

The interpretation of the second equation as a spectral constraint on the solutions of
the kinetic equation works also beyond first order in gradients. But then things are
much more complicated, because the constraint equation is not an algebraic equation
that forces the particles on-shell any more, but a further differential equation that
has to be solved simultaneously with the kinetic equation.

In models like the MSSM we are in a situation where there are several scalar fields
coupled to each other by a mass matrix, which in our situation is space-time depen-
dent. An example is the stop sector § = (fr,1z)” of the MSSM, where the mass

matrix is )
A*H, + pH,)
M2 = mQ y(A*Hy : 1.67

a4 < y(AHy + p*Hy) m? ( )

where m2Q and m, denote the sum of the soft susy-breaking masses. The derivation
of the equation of motion proceeds as shown in section 1.3, with the modification that
the fields now have an index indicating the type of the particle. We find an equation
which is obtained from (1.60) by replacing the real mass m7 by a hermitean mass
matrix M2, and the Wigner function iA becomes a hermitean matrix, too.

The basic idea for the treatment of mixing is to diagonalize the mass. If the mass
was constant, then after the diagonalization we would, on the left hand side, just
obtain N separate equations, corresponding to the independent propagation of the
N mass eigenstates. In the bubble wall, however, the mass matrix and therefore the
definitions of the eigenstates vary, so we expect their propagation to be not any longer
independent of each other, which is described by a non-diagonal Wigner function, and
the propagation will also be directly influenced by the changing mass matrix. Since
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these effects are, due to their origin, at least of first order in gradients, we can treat
them as small corrections.

The hermitean matrix M ; is diagonalized by a unitary, space-time dependent rotation
matrix U:

M; =UM; U . (1.68)

We define the rotated Wigner function iA,; = UiAUT, which in general is not diagonal,
as explained above. By rotating the equation of motion we find

1 =
<ZD2 — k> —ik- D+ Mj,d(X)e_iD'a’f> AS(X, k) = —Cha(X, k), (1.69)

where we used the “covariant” derivative D, = 8, —i[iUd,U", ], arising from deriva-
tives acting on the rotation matrix U, and defined Cy4 = UC4U'. The constraint
and the kinetic equation are this time obtained by taking the antihermitean and the
hermitean part of (1.69), respectively. Like in the one field case we keep terms up to
first order in gradients in order to get the constraint equation

) .
KAAT — S{MZ 4007} + %[k - D,iAS] = - Cy, (1.70)

while in the kinetic equation we go up to second order:

1 1
- {k D+ Loz -ak,iAj} n

i

2 2

|:M<§,d (1 + é(B 8k)2> ,ZA;:| = —%C(t,’d,
(1.71)
where we can rewrite the anticommutators like { A, B} = 2AB—[A, B]. In the end we
are only interested in the quasiclassical particle densities, which are described by the
diagonal elements of iA5. We will now argue that in the equations for these diagonal
elements all commutator terms can be neglected. This is obvious for the terms of the
form [Mq%’d, iA5]: they don’t contribute to the equations for the diagonal elements,
because the commutator of a diagonal matrix with any other matrix has no diagonal

elements at all.

The discussion of the other terms is a bit more delicate. It is convenient to restore
explicit powers of i here, which is done by the following recipe: assign a factor of &
to each space-time-derivative, and then multiply the whole equation with that power
of A that makes the classical terms order 4°. According to this the kinetic equation,
to which we will restrict our discussion here, has to be multiplied with 2~! in order
to make the classical flow term explicitly of order h°. Since we are interested in the
leading order quantum effects, we neglect all terms of order A2 in this equation.

The other commutators in the kinetic equation are of the form A '[iARUOUT, iAY]
or similar, so formally they are of the order A°. The diagonal part of this commu-
tator contains only off-diagonal elements of iA7, however, and these are implicitly
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suppressed by h when compared to the diagonal elements. The reason is that the
off-diagonal components of ¢AJ vanish in equilibrium and are only sourced by the
diagonal elements via a term of order h. To make things even more complicated, we
are looking for CP-violating effects. In the end we will take the equation for particles
and subtract the equation for antiparticles in order to obtain an equation for CP-
violating densities. Therefore a term in our equation which contains no CP-violation
is irrelevant even if it is of order A. So what is the order of the CP-violating part
of the off-diagonal elements of iA7? CP-violation is a quantum effect, and therefore
the CP-violating contribution to the diagonal elements of iAJ has to be of order
h. The commutator term that mixes diagonal and off-diagonal elements itself is not
CP-violating, so the CP-violating part of the diagonal elements of order & will source
a CP-violating part of the off-diagonal elements of order /2. This means that the
CP-violating part of the diagonal elements of the commutator A '[ihUOUT,iAT] is
implicitly of order A2 and therefore can be neglected. For the commutator terms in
the constraint equation the same arguments hold.

We can conclude that in the kinetic and constraint equations for scalar particles,
both in the non-mixing and in the mixing case, no CP violation is present at order 5,
and therefore no source term for baryogenesis of order 7. We obtain purely classical
dispersion relations and transport equations. In order to catch the lowest order source
term we would in principle have to go one order higher. Fortunately we will see later
that there are source terms of order # in the fermionic equations, so potential second
order source terms in the scalar equations are subdominant and can be neglected.

The fact that we find classical equations which are correct to order A means that
a WKB approach to the problem should lead to correct results. There it is simply
assumed that the plasma can be treated as a collection of quasiparticles which can
be described by wavefunctions. The Klein-Gordon equation for the wavefunctions
leads to a dispersion relation which is inserted into a classical Boltzmann equation.
In older WKB treatments a CP-violating force was found, however. The reason for
this is that in those works the canonical momentum was used for the description of
the particles. In [40] the kinetic momentum was used instead, leading to the correct
results. For a brief comparison between the use of canonical and kinetic momentum

in WKB see [46].

There are also other approaches to the problem that use field theoretical methods.
There the coupling to the Higgs condensate is described as a part of the self energy
and an expansion in Higgs mass insertions is performed in order to calculate the scalar
current density or its divergence, respectively [34, 35,37]. In these works CP-violating
contributions to these quantities at order A are found, in contrast to our result.
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Fermionic equation

2.1

We saw in the end of the last chapter that the equation of motion for the scalar
Wigner function has no quantum corrections of order A. In the non-mixing case the
calculation was almost trivial. Due to the additional spin degree of freedom, formally
displayed by the fact that we now have to deal with a matrix equation, the treatment
of the fermionic equation of motion is considerably more complicated, so we devote
an own chapter to this part.

The equation is covariant under Lorentz transformations, which enables us to write
it right from the start in a system which is at rest with respect to the bubble wall. In
this so called “wall frame” the mass doesn’t depend on time, and making use of the
symmetry of the wall discussed in section 1.1, we can adjust the coordinate system in
such a way that the mass only depends on the z-component of the average coordinate
X. The equation of motion in the wall frame is

(% + 29— (mn() + z‘v5mf(z))e53f@kz> G(X, k) = Cy(X,h).  (2.1)

In the following all functions and variables are written in the wall frame, if not
indicated otherwise.

A straightforward way to treat this problem is to make a decomposition of the matrix
G< with real component functions and then to extract scalar equations for these
components from the matrix equation (2.1). This is what we do in the first part of this
chapter. Unfortunately the resulting equations are too complicated to be addressed
directly. By an appropriate boost, however, we can transform into a system where
a symmetry of the problem becomes obvious. We make an ansatz for the Wigner
function which is adjusted to this symmetry, and this way we are able to derive
semiclassical Boltzmann equations. In this part we omit the collision term on the right
hand side for simplicity. In the second part we make use of the discovered symmetry
right from the start and are lead to a quite elegant treatment of the equation. We
relax some of the restrictions we placed in the first part and include the collisions.

Bad basis

First we have to choose a basis for the Clifford algebra. The matrices of the basis
should be hermitean in order to obtain real component functions for the Wigner
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function. We write them as external products of Pauli matrices:

1=1®1 Yy =0t @1

V=1 pt 7175:O_i®p1

_i7075 — ]1 ® p2 _Z,yl — O_’i ® p2
7 =1®p° Y =0"®p’. (2.2)

The o describe the spin degree of freedom while the p are connected to the particle-
antiparticle degree of freedom. Since we know that 7/°G'< is hermitean, we decompose
the Wigner function like

1
VG (X, k) = —Za“ ® P gan(X, k) (2.3)

and obtain 16 real component functions ¢,,. In the above expression a summation
over a and b from 0 to 3 is understood and ¢ = p” = 1. The basis (2.2) has already
been used in former approaches to quantum transport theory [48,49]. It has the
advantage that the components g,, can be directly related to the fermionic currents.
These have the form

(d(@)T () (2.4)

I = (11,75,7“,757“,0“” = 2[7“,7”]> (2.5)

and can be expressed in terms of the Wigner function G<:
(p(@)TY(z)) = —iTrTG*(z,z)

AT

When we insert the decomposition (2.3), we find for example for the vector current
the expressions
Fre@) = [ gtz 27
(27r)4 Y ’

(o) = | %u k). (2.8)

It is not hard to see that gg; is a scalar density, —iggs a pseudo-scalar density, and
(—go3, —¢gio) build a pseudo-vector density. The remaining functions g;; and g;» are
the components of a tensor density (see also appendix A).

We insert the decomposition (2.3) into the equation of motion (2.1) and extract scalar
equations for the g,, by multiplying with the matrices of the basis and performing
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the trace. Taking real and imaginary parts finally leads to 2 sets of 16 real, coupled
differential equations for the 16 real functions g,,. They are shown in appendix B.
There we already truncated the gradient expansion after the second order and omitted
the collision term for simplicity. Since the mass in the wall frame doesn’t depend on
the time nor on z or y, it cannot cause any -, z- or y-dependence of G<. If we assume
that the plasma was in thermal equilibrium before the wall passed by, then G< can
only depend on z. In essence, by this assumption we forbid any non-stationary and
non-symmetrical initial conditions for the Wigner function. In this case we can drop
all space-time derivatives in the equations in appendix B, except of those with respect
to z.

In the classical limit these equations lead to a usual Boltzmann equation for gq, the
zero-component of the vector-density. But we have to go beyond the classical limit,
since only then the CP-violating effects essential for baryogenesis can be described.
Though we put some effort to it, we didn’t manage to reduce the system to only one
kinetic equation in this case.

A way out can be found by going one step back to the matrix equation (2.1) for G<
before inserting any decomposition:

(701{0 - Vlkx - 72,163/ - ’73(kz - %az) o (mR(Z) + i’75ml(z)>e%%z.8’%> G<(Za k) =0.

(2.9)
Having a closer look at this equation and the explicit representation of the Clifford
algebra (2.2), we observe that all matrices appearing in the differential operator,
except of ¥' and 2, are block-diagonal, that is diagonal in the spin part of the direct
product. If the differential operator was completely block-diagonal, the 4 x 4 matrix
equation would break into uncoupled 2 x 2 matrix equations, which would simplify
the problem significantly. Since 7' and ~? in (2.9) are multiplied by k, and &,
respectively, we can get rid of them and achieve block-diagonality by performing a
suitable boost in the x-y-plane.

The boost

We construct a k-dependent boost A(k) in such a way, that when acting on the 4-

vector k it sets the z- and y-components to zero without touching the z-component:
ko ko

Alk

8

, kg =k — k2K (2.10)

x ™ T
<

0
0
k

z
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We use the notation k* = (ko, k), k = (ky, ky,k.). A general boost transformation
with relative velocity ¥ can be written as

~ = 5 o U E
kozv[kzo—ﬁ-k] , k=k+7 (7—1)”—2—%0] (2.11)
v
= ,71 (2.12)
’Y - 1 — 1)2 9 .
so that in our case we have to set
| ko
7= -—k with Fk = ky , (2.13)
ko 0

where l;” is the projection of k parallel to the bubble wall. Since we have to deal with
fermions, we need the representation of this boost in spinor space. It is given by
ko + ko +7°7 - k
Lky =2 "0 2T A (2.14)
2ko(ko + ko)

the inverse L' is obtained by reversing the sign of EII- Equation (2.10) doesn’t
specify the matrix L uniquely, since we could append an arbitrary rotation around
the z-axis. But this would complicate things unnecessarily, and if we additionally
demand to have a pure boost, then (2.14) is the only solution. Like every pure boost
operator it is hermitean.

We already stated that we are dealing with a covariant equation, so we can imme-
diately write it down in the boosted frame. Since there the z- and y-components of
the momentum vanish by construction, the unpleasant matrices y! and 72 are gone:

(,yo]”m — 7% (k, — %32) — (mg(z) + i’y‘r’mf(z))e;%z'a’%) G<(z,k) =0. (2.15)

Boosting this equation is not completely trivial, because in general it is not possible
to perform a k-dependent boost of a differential equation in the variable k. But in
our case there is no problem, since the only momentum derivative is with respect to
k., while the boost matrix depends only on ky and EH-

After the boost our equation has become effectively 1+1 dimensional, because only
0- and z-components have survived. We will therefore in the following refer to the
boosted system as the “1+1 frame” and denote all quantities in this frame by a
tilde. The original system is called the “3+1 frame”. Looking at this equation it
seems like allowing a time dependence would not destroy block-diagonality, since
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time derivatives multiply 7°. Note however that a time dependence in the 341 frame
is transformed into a dependence on ¢, # and § by the boost, leading again to terms
with v! and 72. Only very special dependences on ¢, x and y in the 3 + 1 frame lead
to a pure time dependence in the 141 frame, so we prefer to restrict ourselves here
to having no such dependences at all. We will come back to this point in the second
part of the chapter.

141 dimensional treatment

In the 1+ 1 frame the differential operator in the equation of motion for the Wigner
function is block-diagonal, or, to be more precise, diagonal in the spin-part of the
basis. It commutes with

S, =" =0®1, (2.16)
which is the operator that measures spin in z-direction. Physically this means that
the interaction with the wall conserves spin in z-direction.

Again we assume that the plasma was in thermal equilibrium before the phase tran-
sition took place, so the fermionic particles were described by the equilibrium Green
functions (1.10)-(1.13). These are diagonal in spin in the 141 frame. Since the in-
teraction with the bubble wall induces no spin-mixing, we make an ansatz for the
Wigner function which is also diagonal in spin:

G =) G<, (2.17)

S

- 1
V"G = —Z(IL + 50°%) @ p"g* . (2.18)

Because of the hermiticity property (i7°G<)" = i7°G< of the Wigner function, the
components g=° are real functions. The spin diagonal parts of G< correspond to the
quasiclassical phase space densities of particles with spin up or down, respectively,
while the off-diagonal parts describe quantum effects like mixing of or transitions
between states with different spin. We labeled the functions with the spin quantum
number s according to

G<* = P,G<P,, (2.19)
where the spin projection operator is defined by

~ 1 -~

P, = 5(1 +5S,). (2.20)

Of course interactions with other particles of the plasma, which are described by
the collision term, will in general cause spin-mixing and so lead to a Wigner function
which contains also off-diagonal parts. For the rest of this section we just assume that
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these effects are negligible and the spin diagonal ansatz for G< is sufficiently good.
In the second part of the chapter we include off-diagonal parts in our treatment.

With this ansatz equation (2.15) has become completely block-diagonal, so that our
original 4 x 4 matrix equation can trivially be separated into two uncoupled 2 x 2
matrix equations for the two different spin states. These equations are obtained by
effecting the replacements

VY=ot AP isp® = =p (2.21)

in (2.15) after inserting the ansatz, and we find

ko — isp*(k, + %82) — (mp —ip*my)e2 2= % | plptg<s = 0. (2.22)

We extract scalar equations for the real functions §=* by multiplying with 1 and g,
respectively, and taking the trace.The real and imaginary parts of these equations
provide twice as many equations as independent functions are present. Hence one
half of the equations must correspond to constraints on the solutions of the other half,
which are kinetic equations. The constraint equations will be essential in order to
derive a semiclassical transport equation from the kinetic equations as we will see in
the following. The importance of the constraints was first pointed out in the context
of kinetics of fermions in [51, 67].

Now recall that the mass is a slowly varying function of the average coordinate, and
as a consequence the same is true for the components of the Wigner function. We
truncate the gradient expansion at second order, which is the lowest order at which
CP-violating effects can be discussed consistently. In our equation this leads to

mes s — 4 %m'@kz — ém"@}f : (2.23)
We will from now on denote the derivative with respect to z with a prime. Even
with spin-conservation and this truncation we have a problem consisting of eight
coupled second order partial differential equations, which we want to reduce to a
single equation governing the dynamics of the fermionic two-point function. In order
to simplify the notation, we will from now on drop the arguments of the functions.

Furthermore we will drop the index <, since we have to deal only with G< here.

Constraint equations

We first examine the constraint equations, which are the real parts of the traces of
(2.22). It will become evident that it is sufficient to treat them only up to first order
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in derivatives, so we find:

—kogs + sk*35 + mggi +mrgs = 0 (2.24)

o — 590,53 + mady — TG = 0 (2.25)
o+ 3051 + i G+ midy = 0 (2.26)
o + K55 — S, gmidi gl = 0. (2.27)

We now use the constraint equations (2.25)-(2.27) iteratively in order to express the
functions ¢; in terms of g;:

7. =8 s ~5

kogi = <mR — i(azml — m}@kzk3)> a5 (2.28)
0

7. =8 s ~5

kogs = <mI + i(asz + MmO, k3)> a5 (2.29)
0

s 3 1 291 ~5

kogs = <5k + i|m| 6 8k2> as - (2.30)
0

Note that the derivatives inside the parentheses also act on g;. Then we insert these
expressions for gf into (2.24). Tt is remarkable that all terms containing derivatives
acting on g; cancel and we are left with a purely algebraic equation:

20
(/%3 2 |2 4 SO ) 3 =0. (2.31)
ko
This is a very important result, since it shows that we can, to this order in gradients,
work on-shell and have a picture of quasi-particles with an energy that is shifted
by the interaction with the CP-violating bubble wall. Equation (2.31) gives the
physical dispersion relation for particles and antiparticles of a given spin s. Due to
the derivative corrections the spin degeneracy is lifted at first order in gradients, so
that the varying background field leads to different accelerations for particles with
different spin, as we will see below. Hoiwever note that this on-shell condition is only
present up to first order in gradients. Although even at higher orders we still can
describe the system by a single independent function (to be precise, two independent
functions, because of the two possible spin directions), already at second order the
constraint equation for this function will contain derivatives that don’t allow an on-
shell treatment.

Kinetic equations

The so far unused equations are kinetic equations. We will restrict our discussion
here to the one obtained by taking the imaginary party of the trace of (2.22), the
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meaning of the other equations will be discussed in the second part of the chapter.
This equation,
$0:95 — MOk §i — ;0,35 =0, (2.32)

is correct up to second order in gradients. We again use the constraint equations to
express g; in terms of g, where it is sufficient to have the relations correct up to first
order in gradients since all the terms in (2.32) are already of first order. We obtain
the following kinetic equation for gg:

k0.3 — <1|m|2’ - i(|m|29')'> Or. G =0. (2.33)
2 2]{?0

In addition to this equation, the function g; has to satisfy the constraint equation
(2.31) that forces it to be on-shell. Here we see explicitely that the force acting on
a particle is spin-dependent and hence CP-violating. It is this very force that leads
to the CP-violating density fluctuations which finally are transformed into a baryon
asymmetry by the sphaleron transition.

Now we have managed, in the 141 frame, to simplify the problem significantly. In-
stead of dealing with a complex 4x4 matrix equation we were able to reduce the
system to two real functions gj, for which we have simple on-shell conditions and
kinetic equations. Our next task is to make a connection with the initial, 3+1 di-
mensional problem.

Back to 3+1

The essential feature of the 141 treatment is the fact that the spin in z-direction
is conserved, allowing us to decouple the equations. We can construct a conserved
quantity in the 3+1 frame by just boosting the spin operator S, from the 141 frame
back to the 3+1 frame:

S.(k) = L(k)S.L(k)
ko Ky ko
= —035 — im0y 4 i 2404 (2.34)
ko ko ko
If S, commutes with the differential operator of the equation in the 1+1 frame, then
the boosted version S, obviously commutes with the differential operator in the 3+1
frame and therefore it is a conserved quantity. For simplicity we will continue to refer
to this quantity, which now depends on the momentum, just as spin. The boosted
Wigner function

G*(k) = LY (k)G* (k)L (k) (2.35)
is of course not an explicitely block-diagonal matrix anymore, but is still diagonal in

spin,

Py(K)G* (k) Py (k) = G*(k) (2.36)
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where the projection operator is Ps(k) = 1/2(1 4 sS,(k)). We make a general de-
composition of the spin diagonal parts G* of the Wigner function in the basis (2.2):

. S 1 a S
iV GE = —1° ® p"gl, - (2.37)

All we have to do now is to find the transformation relations between the component
functions g¢;, in the 341 frame and §; in the 141 frame. Then we can just boost the
kinetic and constraint equations (2.33) and (2.31) back to the 341 system. Further-
more we will be able to express all the functions ¢}, in terms of just two independent
functions - one for each spin direction - by boosting the corresponding relations from
the 141 frame.

The straightforward way to find the relations between the component functions in
the two frames is just to use the transformation rule (2.35) and insert the decom-
positions of the Wigner functions in the 1+1 and 3+1 frame as well as the explicit
form of he boost operator (2.14). A more elegant method is to consider the fermionic
currents (2.6) expressed in terms of the component functions. Since the behavior of
the currents under Lorentz transformations is known we can quite easily deduce the
transformation properties of the component functions. To this end we make a general
decomposition like (2.37) in the 1+1 frame,

C0A 1 .
G = —10" ® "Gy (2-38)

and by comparison with (2.18) we immediately see that
900 = 5930 = o » G0 =0 (2.39)
We already have identified the combination (gg,, g55) as the four-vector current density

(2.7),(2.8), and since the integral measure d*k is invariant we can simply read off the
transformation relation

9oo = (950 + Ui§f3) = Y900 = V90 » (2-40)

where 7 is the boost velocity (2.13) and v = ko/ko is the boost factor. This way we
proceed for all the functions and obtain

Y9 gi g5 Y93

gy = | U9 TR - TAWOIE AG (2.41)
YUy g3 YVzS8G5  YVzSGT YUy
505 OEIH V535 503

Now it is a simple task to obtain the kinetic and constraint equation for g¢j, from
those of g5 (2.33, 2.31). We finally find

1 s(|m|*@")
gty — (5l =) 0, gy =0 (2.42)
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and

s|m|%0’
<k2 —|m]* + 7 |2k|0 ) Goo =0. (2.43)

This is almost what one naively would have guessed if asked to extend the 141
results to the 3+1 frame. The one remarkable point is the boost enhancement of the
CP-violating terms by the factor ~.

The algebraic constraint equation that we have found here again implies that the
plasma can be treated as a collection of quasiparticles and therefore a WKB approach
should be possible. Indeed, when the kinetic momentum is used to describe the
particles, the correct results are found [40]. The WKB treatments, however, missed
the boost factor v multiplying the source term. There is a further, basic difference
to our results: the authors of the works using the WKB method assumed that the
helicity of the particles is a conserved quantity, and consequently the energy shift as
well as the force term found by them are helicity dependent. We have shown that
in fact the spin is conserved, leading to spin dependent energy and force. This has
important consequences as we will see in chapter 4.

Good basis

In this section we give a more formal approach to the problem and now include
collisions. The equation to examine is

D(X, k)G(X, k) = Cy(X, k), (2.44)

where we introduced an abbreviation for the differential operator

DOXE) = & (ma(e) + ivPmr(2)) ot 79 (2.45)

Cy denotes the collision term, which will be studied later in detail. In this section we
still omit the index < for the sake of notational simplicity.

The main point of the previous section is that we found a symmetry of the system
under study: the differential operator commutes with the spin operator S,, so the
spin is conserved by the interaction with the bubble wall. In this section we exploit
this symmetry right from the start in order to treat our problem in a more elegant
way, including the collision term and avoiding the assumption that the Green function
is diagonal in spin.

In the last section we assumed that the system is stationary and symmetric in the
x-y-plane, so that the Green function only depends on the z-coordinate. This was
suggested by the fact that the mass only had a z-dependence, too. Here we don’t
want to make any a priori assumptions on the dependences of GG, but instead just
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check under which conditions the symmetry of the problem is maintained. So we take
the full differential operator (2.45), including ¢-, z- and y-derivatives, and compute
the commutator with the spin operator:

i

[a@@]:Qh%ﬁ¢@+f@ﬂMﬂ (2.46)
1
_ ?@%m@—@@qu%@+@@Hw%%@+m@).
0

Since we know from the previous section that the commutator vanishes in the sta-
tionary, x-y-symmetric case we only have to keep that part of D which contains the
time and the x- and y-derivatives. This commutator will be zero if we impose the
condition

B = —-a0;, (2.47)

where this is understood as acting on G. It may be that there is a less restrictive form
of the dependence of GG on t, z and y if one takes into account the matrix structure
of (2.46) and of the Wigner function, but here we will be content with this. It just
means that G can have a dependence on time and the parallel coordinates of the form

G(t, 2,z k) = G(t — T 7)), 2; k) (2.48)

So we can treat time dependent problems, which can be used to study how the system
relaxes from some initial conditions to the stationary state, admittedly only for quite
special forms of the initial condition. Another possibility would be not to demand
stationarity and z-y-symmetry, but instead

(7080 + ', + 7281/) G=0. (2.49)

In this case, however, we have two completely independent equations. The time-
evolution doesn’t affect the z-dependence of our problem and therefore is not inter-
esting for us.

We make use of the symmetry of the problem by choosing a new basis for the Clifford
algebra which has a simple behavior under the multiplication with the spin projection
operator Ps(k). The basis (2.2) we used in the last section certainly doesn’t satisfy
this requirement. It is not difficult to construct 8 matrices which commute with the
projector, they are

P,(k)B where s=41, B € {1,—iv*, —",v*7"}. (2.50)

But which is the best choice for the rest of the basis? Let us go back to the 1+1
frame, where the spin operator is simply

S, =7 =0*®1. (2.51)
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When one now remembers quantum mechanics, there are two operators which are
“orthogonal” to the spin operator o,, namely the spin-flip operators oy = %(ax:tiay).
In our case they correspond to the matrices

1 )
Qs = 51" + i7", (2.52)
which in the 341 frame take the form

Qs(k) = ST (K)Q.S(k)

1 01 5(12 1.2 - 7
2o (ko + o) vy (kg y oko)

+isy Y (k§ — k2 + iskyky + koko)
—i7°y3 (ko + ko) (ky — isks)| . (2.53)

By showing the corresponding relations in the 1+1 frame and then boosting to the
3+1 frame it is not hard to find that P;(k) and Q4(k) satisfy the relations

Py(k)Py(k) = 050 Ps(k),
Qs(k)Py(k) = 05-9Qs(k),
Py(k)Qg (k) = 050Qs(k),
Qs(k)Qs (k) = 0, _yPs(k), (2.54)

which is exactly the behavior we expect from a projector and an operator that flips
spin from —s to s. So Qs has indeed a nice behavior under multiplication with P;,
and that’s why we choose the rest of our basis to be

Qs(k)B where s=41, B € {1,—iy*, —°,7*¢"}. (2.55)

It remains to show that the 16 matrices P;B and (), B really set up a basis by proving
that they are not linearly dependent. Since B is invariant under the boost it suffices
to show the linear independence of

P.B, Q,B. (2.56)

When one writes down these matrices explicitly, the matrices of the old basis (2.2)
appear, from which we know that they are independent.

Let us add a mathematical remark. The way we set up our basis makes the Clifford
algebra a graded algebra. We have two disjunctive subsets of the Clifford algebra,
the “commuting” subset spanned by P;B and the “non-commuting” one spanned
by QsB. Using the multiplication rules (2.54) and the fact that the matrices B
either commute or anticommute with @), it is easy to check that the product of
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two elements of the commuting subset as well as the product of two elements of the
non-commuting subset are elements of the commuting subset, while the product of
an element of the commuting with an element of the non-commuting subset falls into
the non-commuting subset.

Now we use our new basis to construct a decomposition of the Green function that
is custom-made to exploit the symmetry of the system:

G(k) = Z(G“+Gs’*s> (2.57)

G = iPy(k) [s7°7 g5 — 57795 + g} — in°g5] (2.58

G = iQu(k) [s7°9°91 — 5797 + Lgs — iv"g5] - (2.59)

The first, spin diagonal part describes particles propagating with a definite spin.
Restricted to the 1+1 frame it just reduces to the one we used in the first part of
this chapter (2.18), except of a different normalization. The second, non-diagonal

part describes the transition from one spin state to the other. This is the part we
neglected in the first section. The decomposition is constructed in order to satisfy

Py(k)G(k)Py (k) = G*>*' (k). (2.60)

The hermiticity condition (1.52) for the Green function and the relations
Pi(k)Y" = A°Pi(k) (2.61)
QIk)Y = 7°Q-(k) (2.62

allow us to deduce that the functions g} are real for a = 0, 1, 2, 3, while the component
functions of the non-diagonal part obey

9 =9, , a=456,T. (2.63)
In order to obtain real, s-independent functions, we can define
9o = 9o +ishe , a=4,56,7. (2.64)

Altogether we have 16 independent, real component functions, as it has to be.

The next task is to extract scalar equations for the component functions from the
matrix equation of motion (2.44). This is done by multiplying this equation from the
left with the matrices of the basis (2.50), (2.55) and then taking the trace. Here we
get paid for the effort of constructing the new basis, because the equations decouple
on the left hand side. When taking the traces with the matrices P,;B, only the
spin-diagonal parts survive,

TvP,(k)BD(x, k)G (x, k) = TeBD(w, k)G** (x, k) , (2.65)
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while the traces with ;B lead to equations for the spin off-diagonal parts:

TrQs(k)BD(z, k)G(z, k)
= TrQs(k)BD(x,k)G*%(z, k) . (2.66)

This allows us to study the influence of the wall on the different parts of G separately,
which is a significant simplification, as we have seen in the previous section. Instead
of a set of 16 coupled equations (see appendix B) we get two sets of 4 equations for
the spin diagonal parts and one set of 8 equations for the off-diagonal parts. The
latter don’t decouple further because in G*~% both the g, and the h, occur. The
impossibility to decouple the two off-diagonal parts also makes sense physically, since
the process of flipping the spin from + to — should not be independent from the
reversed process.

Of course the different sets of equations are coupled by the collision term, because
particle reactions mix spin, in general. But the propagating states are defined by the
quadratic part of the Lagrangian, and the basis we use reflects the symmetry of this
term.

Spin-diagonal equations

The equations with the spin diagonal part on the left hand side are called spin diagonal
equations. Taking the trace of the equation of motion (2.44) for the Wigner function
after multiplying with P;B leads to

2ikogy — 2itRg; — 2itmigy — 2isksgy = TrPy(k)1C,
2ikog; — 2ithgrgy + 2irg; — 2skygy = TrP,
2ikogs — 21rgy — 2itrgy + 2sksg; = TrP,
2ikog; + 2mpgy — 2iyg; — 2isksgy = TrPy(k) (—7°) Cy,

where we used the shorthand notations

. - | koOy + kp0p + kO - '
k0:k0+3“+ 2On + Ky Oy , kzzkz—faz, (2.71)
2 ko 2
=
and 7 = mez?+%:_ One always has to keep in mind that the dependence of the

Wigner function on time and the parallel coordinates is restricted by (2.47). Since
the functions g; are real, we simply can take the real and imaginary part. The real
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parts are the kinetic equations

1 B 1 1 1
ﬁ(koat k- 0)g5 — 5ROk 97 — 5mi0kg5 + 550:95 = Ky (2.72)
0
1 B 1 1
P (koO¢ + ki - 0) g5 — §m'Rakzg§ + sk.g5 — (mp — gm}'a,f)gg = Ki (2.73)
0
1 B 1 1
ko D)g8 Sl egh+ skt + On— gmbOR)ai = K (274
0

1 Lo 1 1
—(kos + iy - 0)g3 + 550,95 + (i — 51091
0

]‘ n S S
~(np — kAR )gs = K3 (2.75)

and the imaginary parts are the constraint equations:

. 1 1
—kogy + sk.g5 + (mr — =mp0; )gi + (mr — gm}'ai)g; = C§ (2.76)

8
7.8 1 s 1 1" a2 s 1 li s s
—kogi — §Saz92 + (mR - ngakz)go - Emlakzg?) = (G (2-77)
- 1 1 1
—kogs + §Saz9f + (mg — gm’f’&i)gé + §m'Rak;9§ = G (2.78)
- 1 1
—kogs + sk.gp + §m}3kzgf - §m;zakz9§ = (3. (2.79)

We introduced the following abbreviations for the traces of the collision term:

) 1
Ki = —3RTr1PCy (2.80)
s 1 3.5
K = —§§RTr77PSC¢, (2.81)
S —%%T&(—M)PM (2.82)
1
K5 = —5%%(—75)&@. (2.83)

The C; are defined analogously, just with the real part replaced by imaginary part.
All these collisional contributions are at least of first order in gradients, since at
zeroth order the collision term vanishes as a consequence of the KMS relation, as we
will see later.

From here on we proceed like in the 141 case, just that the equations are a bit more
complicated and we have a collision term. Iterative use of the constraint equations
(2.77)-(2.79) allows us to express gi_; 3 in terms of gj. For the consistency of the
system it is important to keep the second order terms and the collisional contributions
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here. We find

1

l%ogf = (mR — %((Lm; + m}@kkz) — gm','za,i (2.84)
0

1
0

- 1
2k 8 ’
1
+ e (mIm|*0'0; — 02my + 0. m/; 0%, kz)) 95— C5
0

1
kog?s) = (Skz + T|m|2918k2 (286)
2k

- 4%3 ((m',% + M)y ks + (mpdmp + m}@zml)&%))gg .
Note that all the derivatives inside the parentheses also act on gj. The left hand side
of the equation of motion for G~ is the same as the one for G<, so, except of different
collisional parts, these equations hold for the component functions of G-, too. We
insert these expressions into the so far unused constraint equation (2.76) and obtain
to first order in gradients

1
(2 =+ s P )

0
_ (igocg + meCs +miCs + skZC§> . (2.87)

Except of the collisional contribution this is of course the same dispersion relation as
found earlier (2.43). If we insert the relations (2.84)-(2.86) for g/ into equation (2.72)
and consistently keep all terms up to second order in gradients, we obtain a kinetic
equation for g alone:

1 1 /1 / 1 '
—(k-0)gs — — | =Im|* Or.g5 — —s (|m|*0/ 8~5>:IC5. 2.88
00— o (GImPos - s (o) o) = K3 (289)
In contrast to the constraint equation (2.87) we don’t get collisional contributions
from the gf here, since the corresponding terms in (2.72) are already of first order in
gradients.

Up to now we have used all constraint equations, but only one of the kinetic equa-
tions. If our treatment is consistent, then the remaining kinetic equations have to
be equivalent to (2.88). This is indeed the case, even if at first sight after inserting
(2.84)-(2.86) into (2.73)-(2.75) the equations look quite different. The explicit proof
of the equivalence is given in appendix C.
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The function g§ plays a special role. We cannot choose another function as basic func-
tion, because this would lead to singularities in the relations between the functions
and in the kinetic equation.

Spin off-diagonal equations

In this subsection we examine the equations for those parts of the Wigner function
which are off-diagonal in spin. We multiply the matrix equation (2.44) by the matrices
QsB, perform the trace and take real and imaginary parts. Since the component
functions ¢}, a = 4,5, 6,7 of the off-diagonal part are not real, the resulting equations
contain combinations of the form ¢, + i¢sh,. We get rid of these combinations by
finally summing or subtracting the equations for s = +1, respectively. This yields
4 kinetic and 4 constraint equations for the functions ¢,, and the same for h,. As
already mentioned above, it is not possible to decouple the equations for the g, from
those for the h,. The full set of equations is listed in appendix D. When we talk
about off-diagonal functions or equations in this section, then off-diagonal refers to
spin and not to the mixing of different species of fermions as in the next section.

The strategy for the treatment of these equations is the same as for the diagonal ones:
we try to reduce the number of independent functions by the use of the constraint
equations and then derive kinetic and constraint equations for the remaining func-
tions. The whole computation has to be performed consistently up to first order in .
As we already have stated, the off-diagonal elements of the Wigner function describe
the transition between different spin states and therfore are quantum effects. Conse-
quently these off-diagonal elements are suppressed by one order of & when compared
to the diagonal ones. Furthermore, by construction spin-mixing occurs only in the
collision term, so the off-diagonal part is expected to be additionally suppressed by
one order of the coupling constant with respect to the diagonal part. We can see this
also explicitely in the equations: in thermal equilibrium the off-diagonal elements are
zero, as can be seen for example by taking the off-diagonal projections of the equilib-
rium Wigner function (1.12): P,G5,P_, = 0. The off-diagonal functions are sourced
exclusively by the diagonal ones via the collision term, which is at least of first order
in gradients, as we will see in the next chapter. In order to obtain a treatment which
is consistent up to order A we can therefore work with equations that contain one
order of gradients less than the corresponding ones for the diagonal functions.

The detailed computation is also given in the appendix D. Here we only want to state
the results. It turns out that also in the off-diagonal part everything can be reduced
to two basic functions. In contrast to the diagonal part, however, where g; plays a
special role, we have the choice to either use gs, hs or gg, hg. We decided to choose
gs, hs. The functions g4, hy and gg, hg are of the same order, while the functions g7, h;
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are suppressed by one order of gradients. We find the following kinetic equation,

1 1 '
o7, (£ 995 = e Iml” Oh.g5
1 m ~
+ = = - <kzm[g5 + komRh5)

mr
= Kgp+ =—Cy7, (2.89)
ko
which is correct up to first order in gradients. The corresponding equation for Ay is
obtained by exchanging ¢ and h and reversing the sign of mg. In addition to the
usual classical flow term we here have a term that couples the equations for g5 and
hs to each other. The constraint equation is, except of the collisional contribution,
just the usual classical on-shell condition:
2 2 7 mj
(k — |m| )95 = —(ko — ]%—)095
0

m m
— mp(—Cos + ]%—fcgﬁ) + ko (—Chg + ]%—Ic,m) . (2.90)
0 0

The constraint equation for hs is obtained by exchanging ¢ and h and replacing k,
by —k,.

Mixing fermions

Before we turn our attention to the collision terms, we extend our analysis to the
case of N fermionic species which are coupled by a mass matrix. This kind of system
is present in the quark mixing in the standard model or in SUSY models, where the
coupling to the Higgs field gives rise to such a mass matrix. We restrict our discussion
to the spin diagonal part of the Wigner function.

The flavor degree of freedom is denoted by an additional index i to the spinor 1, (),
and the Green function becomes a matrix in the product space of spinor and flavor
space:

Gogii(.y) =i (Y55 ()vai(2)) , (2.91)
for which the hermiticity property (1.52)

((V°G<(z,))" = ir"G<(y, z) (2.92)

still holds, where the hermitean conjugate now has to be taken in both spinor and
flavor space. The Lagrangian for such a system is formally the same as in the non-
mixing case

L=itpPop— Y M — VMW + Lins (2.93)
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but here the mass M is a complex N x N matrix, whose nondiagonal elements couple
fields of different flavor, and which in general is non hermitean. Its components are
z-dependent, due to the varying Higgs vacuum expectation value. The interaction
part of the Lagrangian is

['int = _¢Z@Lyle + h.c. ) (294)

where 7' is a matrix in flavor space and the index [ denotes the different scalar
particles. We can rewrite the mass term

VMg + VM, =  (Pr® M + PL®@ M) (2.95)
= ¢ (1@ Mp+1iy’® M)y, (2.96)
where we introduced the hermitean and anti-hermitean part of the mass matrix,
respectively,
1 1
Mp =S (M + MY o, Mp= o (M = M. (2.97)
i

Here ® denotes the external product of a matrix in spinor space with one in flavor
space. Similarly we can rewrite the interaction part

¢"Yry'br +h.c. =1 (PR ® ¢y + P ® ¢l*yﬁ) Y. (2.98)

The derivation of the equation of motion for the Green function works as in the one
field case, except of additional indices denoting the flavor. We find

: -
(k@ 1+ %@@1 —(PrR®@ M+ P, ® Mf)eaaz'akz> G<=Cy. (2.99)

Like in the treatment of the scalar equation we diagonalize the mass. As we already
have mentioned, M in general is not hermitean, so the diagonalization this time has
to be done by a biunitary transformation:

My =UMVT, (2.100)

The unitary matrices U and V diagonalize the hermitean matrices M MT and MTM,
respectively. The diagonalization of the flavor part of the complete mass matrix is
done by

Pr@M+ P, M =M =X"M,;Y, (2.101)

where the unitary rotation matrices in the full space are
X=P,V+PrU , Y=PLQU+PrV. (2.102)
The rotated Green function, which is not diagonal, is defined by

Gy =YGX!'. (2.103)
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Note that the component functions g; ; of the rotated Green function Gj, which are
defined analogously to (2.58), are not just the flavor rotated components of G. This
is a consequence of the fact that because of the axial contribution to the mass the
complete mass term My + iv°M; cannot be written as a direct product of spinor
times flavor. The diagonalization of the mass then introduces a mixing of the two
structures. We expect that the functions multiplying 7*7° and 7* mix with each
other, as well as those multiplying 1 and ~°. Indeed, inserting (2.58) into (2.103)
leads to the following relations:
1

% = 5 (V'(6a+ 9V +UN%4~ 950U (2.104)
6 = 5 (VIGhat GV + U (68~ 6300) (2.105)
g = % (UN(g4—ig52)V +hoc.) (2.106)
6 = 5 (U (GatigiaV +he) (2.107)

Now we apply the diagonalization to the equation of motion (2.99). We replace G by
Y'G ;X and multiply the equation from the left with X and from the right with X:

. -
<}é + %&) ® 1 Gq — XMe? =% Y1G,

+ %(v" ® 1) (Y9,YNG, — Gu(X0,X") = XC, X' (2.108)

We project this equation into flavor space by taking the spinorial traces as we did
in section 2.2.1. The result is very similar to (2.67)-(2.70), but contains some extra
terms, which are due to the fact that the derivatives of the differential operator also
act on the rotation matrices:

2ikogy g — 2iMpg; 4 — 2iM1gs 4 — 2isksgs g (2.109)
+is [, g5 4] +is [S2, 054 = TrPy(k)1XC, X1

2ikog] 4 — 2iMpgs g + 2M1g5 4 — 25kg3 4 (2.110)
+is {As, 07 4} + 5[50, 054 = TePy(k)sy*y°XCy X!

2ikogs 4 — 2Mpgs 4 — 2iM;g5 4 + 25ksg] 4 (2.111)
+1s {Aza g;,d} -5 [Ez, gf,d] = TrP; (k) (_iS'Yg) XcszT

2ikogs g + 2Mpgs 4 — 2M;g] 4 — 2isks g3 4 (2.112)

+is [As, 5.4 + s [S2, 054 = TePy(k) (—7°) XCpX T
Here we used again the shorthand notations (2.71) and defined

A, = s (Vo -va.ut) (2.113)

Y, = %(V&ZVHLU&ZU*). (2.114)
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The choice of the rotation matrices U and V' is not unique. After a z-dependent phase
redefinition U — wU and V' — wV, where w is a diagonal matrix with eigenvalues of
absolute value 1, U and V still diagonalize M. This freedom to redefine the rotation
matrices was the source of some problems in finding the correct physical source in the
WKB approach. We will find, however, that in the end only the diagonal elements
of A, are of relevance, which are invariant under this reparametrization. The mass
terms in the equations are:

~ 1 i e
Mra = 5(UMe?az'a’szT+VMTe5‘9Z"9’“UT>a (2.115)
~ ]_ i(— i(—
Mig = o (UMes?-oeyi - vartes @ ayt) (2.116)
)

Note that these masses are diagonal only in the leading order.

Like in the scalar case the constraint and kinetic equations are obtained by taking
the hermitean and antihermitean parts of the equations (2.109)-(2.112), respectively.
We are again only interested in the diagonal equations, describing the behavior of
the quasiclassical particle densities. Therefore we can neglect all commutator terms
appearing in these equations, the detailed argument for this is given in the treatment
of the mixing scalar particles in section 1.5. The constraint equations correct up to
first order in gradients are given by

2/5098,,1 — 2sk.g54 — 2Mggi 4 — 2M;g95, = @2.117
21;709;@ + 25Azgf,d - 2]\JRgS,d + (Mll' + QMRAz)akzg?s,,d + Sazgg,d = (62118
2kogs.q + 250,95 4 — 2M1g g — (Mpy — 2MiA,)0p. 5.4 — $0.974 = (2.119

)
)
)
2kog3 g — 25k.90,4 + (Mpy — 2MA;)Ok. 954 — (M} + 2MRA;)Ok, 914 = (2.120)
All the mass matrices here and in the following are the diagonalized ones, we omit
the index d for simplicity. We know already from the non-mixing case that the
collisional contributions to the constraint equations are irrelevant for the derivation
of the dispersion relation and kinetic equation for gg 4, so we just set them to zero
here. We use equations (2.118)-(2.120) iteratively in order to express the functions
g; 4 in terms of gg ; consistently up to first order in gradients. The result is

- s s

kogl,d = (MR—i(azM[—l—QAZMR)—T

0 0

Fogsa = (Mr+ (0. Mn = 2A.My) = = (Mp = 20, M1)dh. k. ) gi g (2:122)
’ 2k 2k ’

- 1
Fogia = (she o (MeMy = MMy + 2003 + M)A g (2123)
0

We insert these relations into the first constraint equation and use the definition
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(|M|*0")g = MM} — MpM; + 2(M% + M}?)A, to obtain
(k2 — |03+ £(|M|2@')d>g§’d = 0. (2.124)
0
From the non-mixing case we furthermore know that it is sufficient to work only with
the first kinetic equation, which is the hermitean part of (2.109). Inserting relations
(2.121)-(2.123) leads finally to the kinetic equation
1 1 S I
e oma o (MR- £ (VP ) B
1
=3 (TrPy(k)XCyX" +h.c.). (2.125)
The diagonal elements of |M|? are just the eigenvalues of MTM. Let us finally note
that for the diagonal elements we can rewrite
1
(|M]*O"), = -39 (UMM — M'MYHUT) | (2.126)
which will be convenient in the following.
2.3.1 MSSM

Now that we have a general expression for the semiclassical source in the case of
mixing fermions, we want to study two explicit examples, which are of relevance for
baryogenesis. First we compute the source in the transport equations for the chargino
sector of the MSSM. The chargino mass term reads

YrMipr +hec., (2.127)

where ¢ = (Wi, hip)T and ¢, = (W;5, s, )T are the chiral fields in the basis of
winos. The mass matrix is

M= ( my - gH; ) , (2.128)
gHY 1

where H; and H, are the Higgs field vacuum expectation values and y and my are the
soft supersymmetry breaking parameters, which introduce CP-violation!. Since for a
reasonable choice of parameters there is no transitional CP-violation in the MSSM,
that is CP-violation that only occurs during the phase transition, we can take the
Higgs expectation values H; and H, to be real [41,42]. The matrix that diagonalizes
MMT can be parameterized as [40]

B V2 LA+A) a
U= A(A+A)( —a %(A+A)>’

'We keep the possibility of complex Higgs vev’s, because we will reuse the formulas in the NMSSM
case.

(2.129)
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2.3.2

where
a = g(moHy+ u*Hy)
A = mol® — |ul* + g*(h3 — B7)

A = VATT 4P, (2.130)

and h; = |H;|. The mass eigenvalues of the charginos are given by
2 2 | 232 | 12 A
(Imal” + |l + g°(h7 + h3)) + = (2.131)

Upon inserting (2.128) and (2.129),(2.130) into (2.126) it is straightforward to show
that the source term for the charginos can be recast as

2 _
my =

—~ N =

2
QMP@%¢:¢%%mmgmmy. (2.132)

This result agrees with the one found in [40]. In [37], however, a different dependence
on the Higgs fields was obtained.

NMSSM

In the NMSSM there is an additional singlet field S in the Higgs sector. One con-
sequence of this extension is the possibility to have spontaneous transitional CP-
violation, so we can no longer assume the Higgs vacuum expectation values to be
real. The singlet couples to higgsinos, and therefore we obtain the mass matrix by
generalizing the higgsino-higgsino component of the chargino mass matrix (2.128)

= ji=p—+\S, (2.133)

where A is the coupling for the higgsino-higgsino-singlet interaction. The field content
we will consider is the same as in the MSSM, so the mass matrix is

M = ( gn;;i“ 9212 ) . (2.134)

This matrix is still diagonalized by U. We write the Higgs expectation values as
H; = hie'' | i=1,2, (2.135)
where only one phase is physical. With the gauge constraint [68]
h20, = hab), (2.136)

we can write

(2.137)
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where # = 0, + 6, is the physical CP-violating phase. Now everything is prepared
to write the NMSSM-source term. It can be divided into three contributions, which
have to be added. The first one is a generalization of the chargino source (2.132)

2
(IMPO) 10, = FLSimae”) (i ha) (2.138)

for the case involving a new scalar field S and complex higgs expectation values. In
addition to this there are two new types of sources. One of them is proportional to
a derivative of the CP-violating phase 6 in the Higgs sector:

20/ g%t 2 52 hih3 ~ i
(|M| G)d,o,i - TN (Ai (Imal” + |l )) 12+ h2 F R(fmae”)hihy | . (2.139)

Finally there is a source that can be written as a derivative of the singlet condensate:
20/ )‘92@ !
(IM[PO),s, = iT\s(mQHIHQS) (2.140)
)\92 A ~12 2( 72 2 2\\ (3 S’
F 50 (A (il o P+ 13) — o)) 3" S').

The mass eigenvalues m., that is the diagonal elements of |M|?, can be obtained
from the corresponding expression (2.131) in the MSSM part with the replacement

= [



Collision term

In the previous part of the work we investigated the interaction of the particles in
the plasma with the bubble wall, that is the direct influence of a spatially varying
mass on the Wigner functions. This chapter is devoted to a detailed study of the
interactions of the different particle species with each other, in our model this is the
Yukawa coupling between the fermions and the scalars [69].

In chapter 1 we derived the equations of motion for bosonic and fermionic Green
functions. In the Wigner representation the equation for bosons, for example, is
given by

efz'o {k2 o m2} {A<} _ efio {HR} {A<}
— e P{II}{Ap} = %e”({W}{N} —{mH{a%}), 31

where the last term is the collision term, which we denoted by C, in the previous
chapters. We already stated that we neglect the term e * {IIz} { A<}, the self energy
correction to the mass. We expect that it can be treated in a similar manner as the
collision term here. The other term, e=® {II<} {Az}, is more dangerous, because it
essentially leads to a broadening of the spectrum and therefore to a breakdown of the
quasiparticle picture. There are indications that in the equation for scalars this term
has only contributions to the constraint equation and therefore can be neglected. We
just assume that this is correct and also true for the fermionic equation and neglect
these terms in our treatment. We furthermore assume that the Yukawa coupling is
small, so that the dominant effect is the interaction with the wall. In this case it
is justified to truncate the gradient expansion in the collision term already after the
first order, since we have an additional suppression by the coupling constant.

When we expand the exponentiated diamond operator (1.56) in the collision term, we
obtain two contributions, in the following referred to as zeroth and first order collision
term, respectively (although the “zeroth order” contribution in fact is of first order
in gradients, too, as we will see):

¢, = ¢ +cll
1
_ —<H>A< _ H<A>)
2 .
i

—5 o ({my{asy -y (a7, (32)
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First we point out that any contribution of the collision term is of first order in gra-
dients, a fact that we already used several times. This is obvious for Cél). In the case

of Céo) we note that this term vanishes if we insert the leading order Wigner functions
of our problem. These leading order Wigner functions are simply the equilibrium
expressions (1.15)-(1.18) with a varying mass. We will denote them in the following
with A.,, although they are not really Green functions in thermal equilibrium. It
is not hard to check that they are the solution of our equations of motion to zeroth
order in gradients. The fact that C(;U) vanishes is a well known consequence of the
KMS relation (1.20), which also holds for the leading order Wigner functions, and
can be seen as follows: the self energy II consists of products of scalar and an even
number of fermionic Wigner functions. At leading order we can use the KMS relation
in order to reverse the directions of the greater and less symbols in each of the Wigner
functions, but we get additional exponential factors. Since we have momentum con-
servation in the self energy, all these exponential factors can be combined to a single
one containing the momentum of the self energy:

112 (k) = ™IS (k) . (3.3)

That is, at leading order the self energy itself satisfies the KMS relation. We will see
this in detail below. Note that we still work in the wall frame. Since the plasma is
at rest in the plasma frame, the exponential factor in the KMS relation contains the
momentum ky, see appendix E. But now we can use the KMS relation for I~ and
A< in the first term of Céo):

Coea = %(H;(’“)qu(’“) — 115, () A () (3.4)
- %(eﬁkol'[fq(k)eﬂko AZ (k) — qu(k)qu(k)) =0. (3.5)

Indeed the zeroth order collision term vanishes at leading order in gradients. In
thermal equilibrium the whole collision term has to vanish, this is part of the definition
of thermal equilibrium. Because of the varying mass, however, the first order collision
term is not zero when the leading order Wigner functions are inserted, which makes
clear that they are not really equilibrium functions. Everything we said here holds
as well in the fermionic case, of course.

The full scalar Green function deviates from the leading order expression,
AT (k) = A5 (k) + 905 (k). (36)

which is clearly a consequence of the interaction with the wall, and therefore the
correction dA is at least of first order in gradients. The full fermionic Wigner function
differs in two ways from the leading order expressions (1.12) and (1.13). First, there
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are derivative corrections in the equations (2.84)-(2.86) which relate the components
g; with gj for + = 1,2,3. Second, the function g; itself contains a correction to its
leading order value

9577 (X, k) = 9557 (X, k) + 8g<7°(X, k) (3.7)

like in the scalar case, and the components of the spin off-diagonal part are first order
anyway, as we argued in 2.2.2. Only terms that contain one of these corrections will
survive in the collision term, and therefore it is first order, as claimed above.

The computation of the zeroth order collision term will be done as follows: first we
write down an “extended version” of the KMS relation for the full Green function,
which will be the standard KMS relation plus corrections due to the above mentioned
deviations from the leading order expressions:

A> (k) = " A< (k) 4 corrections (3.8)

and likewise for the fermionic G. Then we use these relations for the Wigner functions
in the first term of C(®). The uncorrected part will cancel against the second term,
and we are left with the first order contributions. In the scalar case the “extended
KMS” is quite simple:

A (k) = qu(k)+6A>(k)
eFOAS (k) + PFOSAS (k) — ePROSAS (k) + 5A> (k)
— PRAS(k) + <5A>(k) . e5E°5A<(k)> . (3.9)
The fermionic case is slightly more complicated, since we have two sources for cor-

rections. We will only look at the spin diagonal part, as stated above. The functions
which appear in the decomposition

G =iPy(k) [s7°7 95" — s7°95° + 1g7° — i7°g5"°] (3.10)
can all be related to g5* by
9" = (e +dj)gs” . 1=1,2,3, (3.11)

where ¢; are numbers and d; are first order derivatives, they can be read off from
equations (2.84)-(2.86). For functions ¢g~* that appear in the collision term we neglect
the collisional contributions C; to these relations, because they would lead to terms
which are second order in the coupling constant and therefore can be neglected in
our approximation.
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For the basic function g§ we use the decomposition (3.7), where the leading order
part satisfies the KMS relation, so when we relate g;* to ¢~° we have

6 = (G +d)(—e g+ 5g50)
= —e (] +d})g” — (die™™)g” + cjogs”?
= —ePRog>s 1 (d3Bke)e g 4 ¢ <6go<s + e_ﬁkoég§s> . (3.12)

where we neglected terms of the form d;0g, because they are second order. The
corrections in the second term arise when the derivatives in the relations between the
g; and the gy act on the exponential factor from the KMS relation. If we insert this
into (3.10) we obtain

G<55  — _e*5E0G>S,S (313)
+iPy(k) ([~57°d5 + 1d; — ir°d3] Bko) 709
+iPys(k) [s7*7° = s7°ch + 1] — in°c3] (5g§< + e’ﬁk0595>) :

The first term here is the usual KMS-part. The second one describes the first order
corrections because of the nontrivial relation between g’ and g¢§, and the last one is
due to first order corrections within gg.

When we use the relations (3.9) and (3.13) in the calculation of the collision term we
find two different effects. The terms that contain 0A or d¢g are the usual gain and
loss terms that lead to relaxation if the system is out of equilibrium. The other terms
are present even if we set the deviations to zero, so they are source terms which may
be CP-violating. They are called spontaneous baryogenesis sources [30].

One could raise the question if it is possible to choose the functions A and dg in such
a way that the usual KMS relation holds also for A<~ in (3.6) and G<~ in (3.7). It is
no problem to find a suitable 0A that would make the correction in (3.9) vanish, for
the function d¢ this is not possible, however. The reason is that the matrix structure of
the fermionic Wigner function dictated by the constraint equations is not compatible
with the KMS relation. This becomes immediately clear from equation (3.13): the
matrices Py, P,y3, Pyy® and P,y37° are linearly independent, so the freedom to choose
the scalar functions d¢g< and §¢~ is not enough to make the correction terms cancel
each other. If this worked, then one could, just by redefinition of the leading order
functions, move the sources from the collision term to the flow term. But with the
above argument it is clear that this is not possible.

Now we want to calculate the collision terms. The self energies appearing in the scalar
and fermionic collision terms are the functional derivatives of the two loop part I'y
of the 2PT effective action , so we first have to compute this quantity. I'y is the sum
of all two-particle irreducible vacuum graphs with vertices defined by the interaction
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Figure 3.1: Two-loop contribution to the 2PI effective action. The solid line represents
the fermionic propagator, the dashed line is the scalar Wigner function.

part of the classical effective action

L = / Lo (2) | (3.14)

Liw = —yovror —y ¢  Uriy
= —(Pryd+ PLy o)y
and propagators set equal to A or GG, respectively. We calculate I's in a loop expan-

sion and truncate it after the first nonvanishing contribution, which is the two loop
diagram shown in figure 3:

D(AG) = — /C dhu d'o T [PaG (u, v) PG (v, u)] Au, v) (3.15)

= —y Z / d'ud'v abTr [PRG® (u, v) PLG" (v, u)] A" (u,v).
ab

Scalar collision term

We begin our investigation with the collision term for the scalar equation of motion.
To this end we need the scalar self energy II, which is obtained by taking the functional
derivative of I'y with respect to the scalar Wigner function A. The result is

TG, A
Zab(SA”‘l(v,u)
= —iy® Tr (PrG" (v, u) PLG™(u,v)) . (3.16)

1% (u, v)

Since we are working in the Wigner representation, we have to transform this expres-
sion, and we furthermore choose ab =+ — / — +:

4 1.0 J4 1.1
M (X k) = —iy? / AR o Vi (4 B — k)
(2m)®
Tr (PRG><(X, K)PLG<> (X, k") . (3.17)

We have a closer look at the trace in the end of this expression, where fermionic
Wigner functions are sandwiched between chiral projectors. We only use the spin
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diagonal part of the Wigner function and insert the decomposition (3.10). Since the
spin projectors in (3.10) commute with the chiral projectors Py, we can move them
to the front. Furthermore we note that the chiral projectors commute with 7°, while
moving P, past v3 turns it into P and vice versa:

Pr [s7°7°95° — s7°95° + 97° —in°95°] Pr
= Pr[s7°°95° — 57°95"]
= Prsy’[~g5" — 957 - (3.18)
So only the terms with +? survive, and in the last line we used Pry®> = Pg. The trace
becomes
ZTr (P G (X, ) PG> (X, k”)) (3.19)

S TP ()P ) I )+ ) g3 )

s s

Now we use equation (3.12) for the functions gy and g3. We only keep terms up to
first order in gradients and leave aside the terms containing dg. We will come back
to them later.

Zﬂ (P G (X, K PG> (X k”)) (3.20)
ZS/ " Ty PRP (k )Pﬂ(k”)) Bkl —kl)

(105 (k') + g3 (6™ (k") — g5 ()]
— (L4 5 (K1) gey (K') (d5 (k") BRg) g2 (")
— (3 (K)BRg) gz, (k) (1 = & (K")gi5 (k"))
Inserted back into (3.17) we can write this as a KMS relation for the self energy. The

first term gives the usual KMS term, and the rest is the first order correction. In this
correction term we perform the trace of the projection operators

k, k! EI . E//
T‘I‘(PRPSI(I{;,)PSN(I{;”)) (1 + 518”%) y (321)
kOkO

insert the explicit expressions for the c3 (2.86), use

|m|29/

2k2

d; (k) Bko = Buw, (3.22)
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and finally perform the spin summations. The result is

1> (k) = eMI1<(k) (3.23)
d4k/d4k// B
+ Zy2 / W(27T)464(k + kl — k”)eﬂkog;(lﬂ,)g;}(lﬂ”)
kLR — EI . E// 1 1
2070 [
pln 0= (4 )
0™0 0 0

Here we have an explicit example that the self energy itself satisfies the KMS relation
in equilibrium, when the correction vanishes. Now we can insert this expression for
the self energy in the first term of the scalar zeroth order collision term

1
€ (k) = 5 (I1” () A< (k) = 1< (K)A™ (k) (3.24)
and use the (KMS like) relation (3.9) for the scalar Green function A<, leaving aside
the dA. As already explained above, the uncorrected part of the first term cancels

against the second term and we finally find for

7; d4kld4k” / n ! n
€)= 507 [ g am) 5+ K2 ()5 ()57, ()

va|m|29'

ELEr — ]z/ . E// 1 1
S ( + ) . (3.25)

7 ) 2
kO kO kO kO

Now we insert the explicit expressions for the functions géf. We extract them from
the leading order Wigner functions (1.12) and (1.13) by taking the spin-projection
and performing the trace with ~°:

9eg (k) = =5~ Tr iy Py(k)G,~ (k) Py(k) - (3.26)
0

Since (3.25) is already proportional to the small wall velocity v,,, we don’t have to care
here about the difference of the expressions for the leading order Wigner functions
between the plasma frame and the wall frame. We find

geg(k) = 2711505(132— [m|*)sgn (ko)no (ko)

- WZ—E [5(ko — wo) fo + 8 (ko +wo) (1 — fo)] (3.27)
9on(k) = —27T~/?ro5(/~C2 — [m|*)sgn (ko) (1 — no (ko))
= 2[5k — wo)(1 — fo) + 6 (ko +wo) fo] | (3.28)

Wo
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where wy = \/k2 + |m|2, o = \/kZ + |m]? and fy = ngy(w,). With the s-functions
we can perform the k| and k{ integrals:

7 , d?;k/d?,k// . "
¢k = 50 BualmPe | W(Qw)453(k+k — KAz (k)

Kokt — i Ki 11\ @net
k(’)kg ];/2 112//2 WOWO
[ 6k0+w0 wy) fo(1 = fo)

( fofy

(1 - fo)( |- (329

The first two terms in this expression can be interpreted as absorption and emission
of a scalar particle, the latter two correspond to annihilation or creation of a fermion-
antifermion pair, respectively. Note that this expression is invariant under kE— —k.
When we now multiply with the scalar Wigner function

NG () = - 18k = w)(L+ ) & 60k + wa) ol (3.30)

where we have used the definitions wy = \//;2 + mé and fy = nfq(w¢), we see that
in the last two terms within the square brackets only the terms with ky = —wy or
ko = wg can contribute, respectively. But it is simple to see that with w, = wy + wi
we can write

fo(L=fo)(1 = fo) = (1 = fo) fofo'» (3.31)

and so these two terms can be combined into

5(w¢, — w(') — w(')') (1 — f¢)f6 6’ (5(k0 — CU¢) —+ 5(k0 + CU¢)) . (332)

For the treatment of the other two terms we first look at that part of the integral
where wj, > w({. Then in the first term only the contribution with ky = —w¢ survives,
and in the second one we only have kg = wy. In both cases there is wj = wy —wy and
we can use the relation

L+ fo) fo(1 = fo) = fo(1 = fo) fo (3.33)

to combine the two terms and find again a factor § (ko — wy) + d(ko +wy). In the case
wy < w( an analogous argument can be used. This means that the whole expression
is proportional to 6(ko —wy) +0(ko +wy), and therefore it doesn’t depend on the sign
of ky. We saw already at the beginning that it is invariant under k- —l;, SO we can
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3.2

conclude that the zeroth order scalar collision term is the same for the scalar particle
and its antiparticle. This simply means that this term cannot serve as a source for
baryogenesis.

The calculation of the first order collision term

¢ (k) =~ o ({1 ()} {A<(0)) — {T1<(R)} {A” (1)) ) (3.34)

is comparatively simple. It is already of first order because of the derivative in the
diamond operator, so we can just insert the leading order Green functions. We know
that then the self energy Il., and the Green function A., satisfy the usual KMS
relation, and use this for the first part of (3.34). Then only those terms survive, in
which a derivative acts on the KMS-exponential factor:

cP(k) = 4(ﬂko(an<(k) (Be PF) A (k)
~ (& eﬂko)n; I CANATS))
= —i(akﬁﬁo) (I, (k). (3.35)

Using the fermionic hermiticity property (1.52) one can show that the scalar self
energy (3.17) is imaginary. Furthermore we know that ¢A is real, and therefore the
first order scalar collision term is imaginary. But this means that it contributes
only to the constraint equation and hence it can be neglected, as we argued in the
treatment of the scalar flow term.

We found already in section 1.5 that there is no CP-violating source term in the flow
term of the scalar equation. Together with the results of this section this means that
there is no CP-violating source term at all in the kinetic equation for scalar particles
at order h. In the course of the calculation we omitted the terms A and dg. As we
will see in the fermionic case, these terms lead to the usual relaxation terms. But
without a source there is no point in writing the kinetic equations for scalars, so we
don’t need these terms.

Fermionic collision term

Now we turn our attention to the collision term for the fermionic equation. First we
have to calculate the self energy by taking the functional derivative of 'y, this time
with respect to G,

I
"ab dGb (v, u)
= iy® (PLG®(u, v) PrRA" (v, u) + PrG*(u, v) PLA® (u,v)) , (3.36)

% (u, v)
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which in Wigner space and for the combinations ab = 4+ — / — + becomes

d4k’ d4k”
N> — v 454 ot "
zy/ ok (2m)* 0% (k — K" + k")

[A>S(K"PLG<> (K')Pr + AS> (=k")PrG<> (K\PL] . (3.37)

Again we distinguish between two parts of the collision term, the zeroth order and
the first order collision term:

¢, = ¢ +c
_ 1 >A< <>
- 2(20 EG)

2o ({THE) - (5167, (3.39)

Already in the beginning of this chapter we argued that all contributions for the
collision term are at least of first order in gradients, where we used the scalar case
as an example. Of course the same holds as well for the fermionic collision term.
The procedure for the calculation is the same as in the scalar case: we use the
extended KMS relations (3.9) and (3.13) for the Green functions in the first part of
the collision term in order to reverse the direction of the < and >. For the fermionic
Wigner function we use only the spin diagonal part: we have seen in the last chapter
that the spin off-diagonal functions are implicitly of first order in gradients and of
first order in the coupling constant. They influence the diagonal equations only via
the collision term, so this influence is suppressed by a further coupling constant and
therefore beyond our approximation.

In the self energy there is a fermionic Wigner function between the two chiral pro-
jectors that can be simplified like in the scalar case:

Pr [s7°v°g5 — s7°95 + 9] — i7°g3] Pr

= P 7’795 — s7°g3] - (3.39)

The same holds for P, exchanged with Pg. Since we know that in the scalar equation
there is no source and therefore dA = 0 we can replace the scalar propagator by its
leading order expression. This one satisfies AZ (k") = AZ, (—k"), which reflects the
same property of the equilibrium distribution function as the KMS relation. Then
we have

A5 (K" P+ A7 (—E")Pr = AS,(K") (3.40)

and the self energy finally becomes
d4k/ d4]€”
S>> (k) = iy Z / (2m)* 0 (k — K + k") Py (K') A S, (K")

@fﬁ%%m g7 () (3.41)
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3.2.1

Now we insert this into the zeroth order collision term and use (3.12) and (3.13) in
order to reverse the direction of the bigger and less symbols in the first term. Again
the standard KMS part cancels against the second term and all that is left are the
correction terms, where we consistently neglect derivatives higher than first order.
The result can be divided into two pieces,

(0) _ »(0) (0)
C¢ - Cd),src + C’([),rate ) (3.42)

according to the origin of the corrections. The term ngrc contains the deviation from
equilibrium arising from the nontrivial structure of the fermionic propagator. Since
it is present even if we have vanishing dg and dA it is a source term. The other term
leads to relaxation.

The calculation of the first order collision term is identical to the one in the scalar
case. We can just take equation (3.35) and replace the scalar quantities by their
fermionic counterparts:

e = —3o({maHes) - {=aHea)
(0. o) - 0. (m562,) (3.43)

Since only leading order Wigner functions appear, this term is a source term, too.

Collisional sources

We saw in the last chapter that for the spin diagonal part there were four different
equations, obtained by taking the trace with P;B, for the four component functions
gs. It turned out that it was possible to use the constraint equations to reduce the
number of independent functions to a single one, so we had four kinetic equations
for one function. We were able to show, however, that the left hand sides of these
equations, that is the flow terms without collisions, are equivalent so that there indeed
is only one kinetic equation. We complete this proof by showing that this equivalence
is also given when the source part of the collision term is included in the second part of
appendix C. After all, the equivalence of these equations including the collision term
is a nontrivial consistency check of our approach and of our approximation scheme.

The source part of the collision term for the one kinetic equation left is given by
0,s7cC

1
bore =~ RTr PCosre (3.44)

The explicit expression for Cy .. can be found in appendix C. When taking the trace,
the contribution from the first order collision term vanishes, and in the zeroth order
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expression most of the terms drop out:

1 d4k, d4k” ! "\ - " !/
Kiwe = 7 [ oo Cm 8 k= K+ KAL) () (349

> RTP ()P0 [ — st () (sdy k) 5o ) + (s'd;’w')m%s)sc;(k)]

1 2 d4k, d4k” 4¢4 l /AW " /
= 0 [ e o) 8 = K AL ()5 )2 )

1 kok!, — ky - K/ k, !
—s|m|20'Zs’ 14 g5 I <~S~ _ 2 f) . (3.46)
2 . Foko ok K2k

We use the expressions (3.30), (3.27) and (3.28) for the leading order functions iAZ,
g(jl and g;. We can neglect any v,, in these expressions since the source is already
proportional to v,. The definitions of the w, @ and f are analogous to the scalar
case. The d-functions in the leading order expression lead to all possible combinations
ko = Fwo, ky = Fwy and ky = dwy that have to be inserted into the energy part of
the momentum conserving J-function. But only one of these combinations leads to a

non-vanishing contribution: it is not hard to convince oneself that

wowh — |m|> >k - K (3.47)

and after multiplying with —2 and adding k2 + £’ this can be rewritten as
< (F-#) < (F-F) +m? 1
(wo — wh) _( - ) <( - ) +m?, (3.48)

where we assumed mg > 0. Of course in the symmetric phase we have my = 0, but
there the whole collision term vanishes because of the prefactor |m|?¢’. With the
spatial part of the momentum conserving d-function we recognize the last term as
the square of wy and finally conclude

+(wo — wp) < wy . (3.49)

This means, however, that after performing the k{, k{ and k" integrals the contribu-
tions with §(wy —wj+w?) vanish as well as the ones which contain §(4(wo +wpy+w})).
After performing the spin summation we find

1
S |

310 2~
A’k 7 @ywy

(27)3 2 WowWy

6(wo + wp — wy)
[0 + wo) fofg(1+ o) = 8(ko — wo)(1 = fo) (1 = fy) fo

klz k. / PN

~ 2~
Woy  Woy
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3.2.2

With wj = wy + wy we can write the relation

(1= fo)(1 = fo) fo = fofo(1 + fs), (3.51)

and after inserting this into (3.50) we immediately see that the collisional source in
the fermionic case is CP-odd, in contrast to the scalar one:

1 /
K:S,src = Zy28|m|29 By [0(ko + wo) — d(ko — wo)]

A3k 72 1
/ (2m)? ?Wowﬁw"ajoé(wo +wpy — wy) fofo(L + fs)
¢

wow! + Ky - K/
(k’z + k“—ﬂ) . (3.52)

Wy

Parts of the E’—integration can be done analytically. The calculation is shown in
appendix F. There we will find that this source contains a mass threshold: it is
nonzero only if

my > 2|mj. (3.53)

The reason for this threshold is that in the one loop self energy only absorption and
emission processes are contained. Since the constraint equation forces us to put the
participating particles on-shell, energy-momentum conservation simply leads to the
above condition.

In the next chapter we derive fluid equations for the CP-violating part of the fermionic
distribution function. For this we need the zeroth and first k,-moment of the colli-
sional source. In appendix F we show that the collisional source is odd under k, <> &/,
so the zeroth moment vanishes. The first moment

7

d*k k
S.= | — 2K =+u, 2002 — —
8 /i vusm[0y 647137 |m|?

(271')4 wo 0,s7c

(3.54)

is nonzero, however. In figure 3.2.1 we plot Z as a function of the fermion mass |m|,
the scalar mass is chosen to be proportional to |m].

Relaxation term

So far we have studied that part of the collision term that acts as a CP-violating
source in the kinetic equation for gj. This term is obtained by inserting the leading
order expressions for ¢g; and ‘A and is due to the nontrivial structure of the fermionic
propagator in presence of the wall. Now we will have a brief look at the remaining
terms, where the collision term is nonzero because of the deviation of g; from a
thermal distribution. We will use a linear response approach: we only keep terms
which are linear in the deviations dA and dg. This procedure is in the spirit of
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our gradient expansion, because the correction terms are implicitly of first order in
gradients, and so we can neglect terms containing two or more of them in the collision
term.

We have seen that there is no source term in the scalar equation itself and argued that
the influence of A on the fermionic equation is of of second order in the coupling
constant, and therefore beyond our approximation. So we simply set dA = 0 in the
following. Then there are two terms left:

1
0 = __%T‘rpsc'x/)rate

0,rate
4 1.1 J4 //
— —y 2Ty Z/ dk d k (2m)*6* (k — k' + K")iAZ, (k") (3.55)
|5k (eﬂkoago (k) + 005 (k) ) + (e oags™ (k') + 805 (K)) 92,(h) |
Py (K)P(k) (55777 = $9°5 () (59°9° = s°ch (k) + i (k) — i3 (k)

Upon taking the trace in the last line all terms except of those proportional to v3
drop out. We call the first part “local”’, because the deviation d¢ is outside of the

T T T T T T T
= mg=2.1|m|

mg=2.5/m| "
mg=3lm|
i
my=10|m|

mg=20|m|

im|/T—

Figure 3.2: First moment of the collisional source (3.52) as a function of the rescaled
mass |m|/T. The scalar mass is set to be a multiple of |m)|.
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integral. Here we can perform the spin summation:

1 d4k,d4k”
Koo = 70" [ S )0 k= K+ K7, ()

4 (2m)8

< (1! Bko § ,<s >s k- kK

a5 (k) (005" (6) + 60 (1)) (<) 7= (3.56)
0o
The second term, called “non-local” rate, is
s 1, [ d'% d'k" 4cd .
Komtoe = Zy /W(%) ) (k—k""k")qu(k”)
> (e ags (k) + g5 (K)) 923 (k)

k. k! — k- kK
(—SSI + SS, — (kok(l) — k” : k|,|) + 7) . (357)

k2K kok{

In the local rate we could now perform the integrals, but in the nonlocal one this is
not possible. In the next chapter we make a fluid ansatz for the fermionic distribution
function. Then the momentum dependence of §g is explicitely given and the integrals
can be performed. The results are shown in appendix F.2.

3.3 Mixing in the collision term

After having studied the collision term for the Yukawa coupling of a single scalar
particle and a single fermion, we now have to include the possibility of several scalar
and fermionic species. The interaction part of the Lagrangian in the mixing case was
already given in section 2.3:

Lo = =00y bn +hc. = =5 (Pr@ o'y + PLo oy ) v, (359)
where y' is a matrix in the fermionic flavor space and [ denotes the different scalar

particles. The calculation of the effective action I's doesn’t change in principle, one
just has to keep track of some more indices. We find

Iy = —i/ d*ud'v Tr (PR ® y'G(u,v) P, @ 4" 1G (v, u))A”/(u, v), (3.59)
c
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3.3.1

where the trace now has to be performed in spinor and fermionic flavor space. In the
Wigner representation the self energies calculated from this expression are given by

. ) d4kld4/€” , "
M k) = i / ) S+ K = )
Tr(PR ® y'G(X, k)P, © ' G(X, k”)) , (3.60)

410 J4 1.1
S (X, k) = / ER AR o yigh (e — K 4 k)
(2m)®

(All’ (X7 k”)PL ® yl,TGba(Xa k,)PR & yl
+ An(X KPR @y G (X K PL@yT) . (3.61)

Mixing was handled on the left hand side of the equations of motion for the Wigner
functions by performing a rotation into the basis where the mass is diagonal. Due
to the varying mass this rotation was space-time dependent. It is clear that we have
to perform the same rotation also in the collision term. We divide our investigation
into two parts: first we examine the influence of the scalar mixing on both scalar and
fermionic collision term, then we do the same for the fermionic mixing, which turns
out to be more complicated.

Scalar Mixing

The scalar zeroth order collision term now has the form of a product of two matrices
in the scalar flavor space:

1

Cy (k) = 5 (T (A= (K) = T (k)A” (k) - (3.62)
After the rotation in the scalar flavor space this form is maintained, but we have
a rotated self energy, which corresponds to a redefinition of the couplings, and the
Wigner function is now iA,, which is not diagonal in general. Since we want to have
an equation for the semiclassical particle distribution function we are only interested
in the diagonal components of the collision term, where we can neglect off-diagonal
components of iAy for the same reasons we gave in the treatment of the flow term.
This means that we can simply treat the matrices appearing in the rotated collision
terms as diagonal, which is the same as having a set of uncoupled equations which
all have the same form as the scalar collision term in the non-mixing case. Then we
can use the same arguments as above and finally state that also in the case of scalar
mixing there is no source in the scalar collision term. This is true even if fermionic
mixing is present, as we will see below.

In the first order collision term one has to be careful because of the derivatives acting
on the rotation matrices. Nevertheless, after using the KMS relation for the first
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3.3.2

part of the collision term and neglecting all commutators, as we did in the flow term,
one can see that the hermitean part of this expression vanishes. This means that
there is only a contribution to the constraint equation, which can be neglected. In
the calculation one has to make use of the antihermiticity of the scalar self energy ,
which is maintained even in the presence of fermionic and scalar mixing.

In the fermionic collision term scalar mixing only appears within the self energy.
There we have an expression like

A”I PL X yllTGPR X yl y (363)

which has the form of a trace and therefore is invariant under unitary transformations.
Since we can again neglect off-diagonal components of the scalar Wigner function,
the effect of scalar mixing on the fermionic collision term is simple: it is a sum of
usual fermionic collision terms, one for each scalar mass-eigenstate. Since the mixing
only appears within the self energy, the derivatives in the first order collision term
don’t change this result.

Fermionic Mixing

Since we now know that scalar mixing has no effect on the form of the collision
terms, we can work here with only one scalar particle. We again begin with the
scalar collision term. Since the self energy (3.60) is a trace in the fermionic flavor
space, its form stays invariant, we just have to replace the fermionic Wigner function
and the coupling matrix by the rotated versions. For notational simplicity we omit
the index d. Like in the treatment of the flow term we can neglect the non-diagonal
elements of GG, so if we use index notation in the flavor space we can write:

d4k/d4k//
(2m)®

The trace has to be taken in spinor space, and we used G; = GG;;. We can go through

the same steps as in the non-mixing case, always keeping track of the indices attached

to the fermionic functions. Remember that in the mixing case the relation (2.123)
between ¢gj and g; obtains an additional term from the rotation. The expression

(X, k) = iy / (2m)*6* (k + k' — k”)Tr(PRGj(X, K PLG;(X, k”)) :

analogous to (3.25) is

i d4/€’d4k” . ;
cOw) = . / e CURNCR (3.65)

D 1w aci (K95, (K" AZ, (k)
ij

Bow

Koy — K-k (im0 +24,)),  (ImP(O +24.)),
kil ki? ki? '
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The argument that finally lead us to the conclusion that the scalar zeroth order
collision term is CP-even and therefore cannot serve as a source for baryogenesis
holds also in the mixing case. In principle we just have to replace wy by wy; and wy
by wy ;, and the same for the f, but that doesn’t change anything.

Like in the non-mixing case the first order collision term is imaginary and therefore
contributes only to the constraint equation. The self energy stays imaginary, and the
derivative from the diamond operator acts on the self energy as a whole and doesn’t
notice the rotation. So we can conclude that there is no source in the scalar self
energy, neither in the non-mixing nor in the mixing case.

After the diagonalization, the fermionic zeroth order collision term reads

d4k/d4k//
(xcPxXN). = iy / W(27r)454(k K+ k") (3.66)

1 . .
3 > ([yjiyjiA(Xa k") PGS (X, k') Pr
J
+ Yy AX K" Pr G2 (XK' PG (X, k)
- (<<—>>) ) )
where y and G denote the rotated quantities. We already made use of the fact that

all off-diagonal elements of G can be neglected and switched to the index notation.
With the same steps as in the non-mixing case we arrive at the expression analogous

0 (3.45):
1 d4k/ d4k”
s 244_/ MiA> (K" )
K3, 4/ g (2m)'0 (k= K+ K)iAZ (k") (3.67)
[yis | + [yl
S g )92, (k)
J

Z%TrPsf(k’)Ps(k) [ — el j(k’)<sd§’i(k)ﬁl_€o) + (s'dg’ﬂ( "G, )scgz( )] .

Like in the non-mixing case the contributions from the leading order functions g,
and 7AZ, vanish, if they lead to §(wo; — wp ; + wy) or §(£(wo; + wp ; +wg)). We find

1

Ko: = —Bvw[0(ko +woi) — (ko — wo,i)] (3.68)

B

d3k/ Y; 2—|— y22
S by -1+
¢

\

k! kz wo,iw{)j + E” . E|,|

( MO+ Az));——==——+ s(Im[*(6' + A.)), -

~, !
W i Wo Wy Jj T Wo,iWo,iwy Wy 5
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From here on we can proceed as we did in the non-mixing case and perform some of
the integrals. This is shown in appendix F.

In the first order collision term for the fermionic equation the diagonalization leads
to extra terms with spatial derivatives acting on the rotation matrices. But when
we take the appropriate trace in order to obtain the relevant kinetic equation for gj,
they all vanish.
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Fluid equations

4.1

In the previous chapters we have shown that in the semiclassical limit the equations
of motion for the scalar and fermionic Wigner functions can be reduced to on-shell
conditions and single kinetic equations for the phase space densities of the corre-
sponding particles. While in the scalar equation no correction of order i can be
found, the fermionic equation contains two types of CP-violating sources. The first
one, appearing in the flow term of the equation, is a force that directly results from
the interaction with the background field. The second type of source was found in
the collision term.

In the first part of this chapter we rewrite the flow term of the kinetic equation for
fermions (2.88) as a Boltzmann equation for the on-shell distribution function. Then
we derive an equation for the CP-violating part of the distribution function and study
the sources that appear there in more detail. In the second part we make a fluid ansatz
for this CP-violating part. With this ansatz the flow term of the equation obtains
a quite simple form. Furthermore this ansatz allows us to write also the relaxation
part of the right hand side of the kinetic equation (2.88) in the form of a collision
term for a Boltzmann equation.

We already pointed out that the form of the kinetic equation found in chapter 2 is
equal to the one obtained by the WKB approach in [40]. When we write the equation
for the CP-violating quantity, however, we find a source term that was not taken into
account in these works and that might become important. We differ from previous
authors also in another important point: we identify spin states as quasiparticle
states while they have used helicity states instead, which is not entirely correct since
helicity is not a good quantum number for our problem. This leads to important
consequences when writing down the fluid equations.

Boltzmann equation

In chapter 2 we found that the semiclassical limit of the equation of motion for the
fermionic Wigner function is the following kinetic equation for g, which is correct up
to order h:

1 1 (|m|2’ s (|m~|29')'

= ka S_T 8~s:ICs. 4]_
00— o (5 - ) - (41

69
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4.1 Boltzmann equation

In addition to this kinetic equation, g5 has to satisfy the constraint equation (2.87).
We take account of this constraint by making the ansatz

gi(k) = 2mkod <k2 — |m* + £|m|29'> sgn(ko)n®(k), (4.2)
0
which is modeled according to the leading order solution (3.27). When we insert this

ansatz into the kinetic equation, the terms with derivatives acting on the d-function
cancel, as it should be. The d-function can be rewritten in the form

6 (ko F ws+)
3 kQ—m2+~im29'>: e 4.3
(1 i+ ) = 32 2T (43
slm|?0' s|m|?0’
S == ) Zs — 1 — ) 4.4
Ws+ wo F 2ot + + 20}3’ ( )

so the energies of particles and antiparticles are shifted by the same, spin-dependent
amount, but in different directions. The kinetic equation for the distribution n?
becomes

T k-0 s siin s
Xi: 570k F wia) {wﬁ + Fia,cz} n*(k) = K3, (4.5)

where we have defined the force term, consisting of the usual force in presence of a
potential and the first order quantum correction, by

ml? |, s (jmPe)

Fi = . 4.6
* 2Ws:l: 2‘*‘JS:I:‘*NJS:I: ( )
We define the on-shell distribution functions for particles and antiparticles by
for = n'(Wsy, k2) (4.7)
foo = 1=n°(—wsy, —k,), (4.8)

respectively. In equilibrium they reduce to the usual thermal distributions. Now
we integrate over positive and negative frequencies separately, and in the latter case
additionally send k to —k, to obtain the Boltzmann equation

1 E ~ s 2 s — —
7 (at A Fi8k2> for=%= /i dko K (k - j:k) . (4.9)

The on-shell distribution is then decomposed like f+ = fos+ + 0 fs+. The first part is
the usual thermal distribution function, but with the shifted energy, and taking into
account the movement of the plasma in the wall frame:

fOs—I— = neq(ws—i— + kaz) (410)
fos— = 1 —neg(—ws— — k) = neg(ws— + vyk,) - (4.11)
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Now we can insert this ansatz and subtract the equation for negative frequencies
from that for positive ones in order to get an equation for the CP-violating quantity
0fs =dfsy —Ofs_. Finally we insert the explicit expression for ws., neglect all terms
higher than second order in gradients and make an expansion in the wall velocity v,
keeping only the linear terms. We obtain

1~ 2!
<8t+—k-8— m|
2(,()0

Wo

8k;> ofs (4.12)
s (m 6"

Wolo

- Bfw(l - fw)vw

2/ 20!
+ 5fw(1 - fw)vwM <i2 + ~i2 + iﬁ(l - 2fw)>

WoWo Wy o Wo

o ([ 0 o
:;</0 dkOICO—i—/OOdkOICO (k—>—k)> ,

where f, = ney(wg). The terms in the second and third line of this equation are
source terms: the first one reflects directly the quantum correction to the force, the
second one is due to the energy shift appearing in the classical part of the force. This
second contribution was not taken into account in the works that used the WKB
method. For a static wall, described by a vanishing wall velocity v,,, these sources
disappear, as well as the collisional source, and the equation is solved by d f,4 = 0. In
this case the particles are described by the distribution function fys4: the interaction
with the wall leads only to a shift of the particle energies, but doesn’t change the
form of the distribution, which is still thermal. Only a moving wall changes the form
of the distribution.

When we integrate equation (4.12) over the spatial momenta, we find

Oups + 8 - (Tp), + v (S + S) =4 /dll—klcs+/ﬁlcs(l?—>—l§) (4.13)
tPs vp s V(O s) — . (27T)4 0 B (27r)4 0 ) .

where we have defined

>k
Ps = /W(sta
Bk k

This equation has the form of a continuity equation for the momentum-integrated CP-
violating density p,. The integrated sources are denoted by S and S, respectively.
We can write them as

a Ill

SS = —S (|m|29')lw (415)
1

S = s\mO|m|F —21—= (4.16)

(2m)2T?%°
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Figure 4.1: The integrals I, and I, as a function of the rescaled mass xy = |m|/T. We
scaled I, with x3 because this is the way it appears in the source term, analogously 7,
is scaled with z3. Note that these contributions enter the total source with different
signs.

where T' is the temperature and I,/, are the dimensionless integrals

00 2 _ 2
I = 2/ dxfz(l—fz)lnxx—ow (4.17)
Zo
o xl_ x
W [
o T
1 2 .2 2 2
<5+1—2f1>1n ’ xx°+x+ VE — % (4.18)
0 )

with f, = 1/(e” + 1) and zy = |m|/T. In figure 4.1 we have plotted these integrals
as a function of the mass. We see that S’ is bigger, but has its maximum at higher
values of |m| than S*. So at small masses S is the dominant source, whereas at
higher masses S® becomes dominant. Note that these two sources have a different
sign, so they cancel each other in part. Because of their different z-dependences it
is difficult to see the result of this cancellation at this stage, however. To study the
behavior of the sources in the bubble wall we simply model both the absolute value
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4.2

and the phase of the mass by

Im| = mgé <1 — tanh I%) , 0= 00% (1 — tanh Z%) : (4.19)
For the width of the wall we choose L, = 10/T, which is a typical value for the
MSSM. In figure 4.1 we plotted the sources S® and S® as well as their sum as a
function of the z-coordinate. For small values of the mass S* dominates the source
and it is justified to neglect S°. For increasing masses S® becomes more and more
important. At mg & 5T both contributions have about the same size, and because
of their opposite signs they cancel each other partially. S° can definitely not be
neglected in this regime.

Fluid equations

The Boltzmann equation (4.9) is hard to solve, because it is an integro-differential
equation in the momentum (see the relaxation part of the collision term in 3.2.2) and
a differential equation in the spatial coordinates. In order to make progress, we can
make a fluid ansatz for the distribution functions [32]:

f 1
st — e/g(wsi‘}’vwkz*ﬂi‘Fuikz) '

(4.20)

This form mimics the equilibrium distribution, but the chemical potential p and the
velocity perturbations u, which are only functions of the spatial coordinates, allow
for local fluctuations in the density and velocity distribution. In the given form
the velocity perturbation accounts only for particle movement in the z-direction,
but because of the symmetry of the wall this is sufficient. With this ansatz all
momentum dependences are explicit, so by integrating the Boltzmann equation over
momentum only spatial degrees of freedom are left over. In particular we can evaluate
the integrals in the expressions for the relaxation part of the collision term. This is
done in appendix F.2.

The chemical potential and the velocity perturbation are caused by the interaction
with the wall and hence are implicitly of first order in gradients. We expand the ansatz
for 0 fs and keep only terms linear in i, v and v,, upon inserting into equation (4.12).
Then we take the zeroth and first moment with respect to k., that is we multiply by
1 and k,/wo, respectively, and then integrate over the spatial momentum. The zeroth
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Figure 4.2: The behavior of the two contributions to the source and their sum as a
function of z/L,,, we plotted the functions S/(s6,T*). For small masses S® is clearly
dominant, while with increasing mass the two contributions tend to cancel each other.
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moment equation is:

fis + Uw6<(1 - wa)kf>ﬂs - Uw6<(1 - wa) k2 >N; - <z_§>ug
m|” m|*

+vw5<(1—2fw) > e+ <wi0>us+vw(sg+5§)

Y% Uwzr (1.21)

Here dots denote the derivative with respect to time, primes are z-derivatives (except
of s'), and we introduced the symbol

<...>:/(d3’; Br(1— L) (4.22)

The source terms S? and S® have already been discussed in the previous section. The
collisional source (3.54) is proportional to k, and therefore drops out of this equation.
I'% and T'%% are the rates calculated from the relaxation part of the collision term,

explicit expressions can be found in appendix F.2. Similarly one finds the first moment
equation:

2 2 4

<Z—Z>us+vw5<(1—2fw)k >us+<k—'§2>us+vwﬂ<( sz)z—zg>u;
—vw5<(1 - 2fw)—zg>|m|2'us
= — Uy ZF Glbs — ZF ETIUR (4.23)

This time the source from the flow term disappears and only the one from the collision
term is present.

For several particles the form of these equations doesn’t change, one simply has to
provide an index denoting the type of the particle in addition to the spin index. The
fluid equations above are well suited for a numerical treatment. They consist of of
a system of first order differential equations, which is a comparable simple problem.
Note that only the time and the z-derivative have survived. This is a consequence of
the fluid ansatz, which in the above form effectively only allows spatial variations in
the z-direction. Since in the wall frame the mass depends only on the z-coordinate,
the problem is stationary in essence and we could drop the time derivative, too.

We argued in the beginning of chapter 2 that keeping the time derivative could allow
a treatment of non-equilibrium initial conditions. But in order not to destroy the
symmetry of the problem, these initial conditions have to have a quite special form,
given by equation (2.48), so the physical relevance of such a possibility is questionable.
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Keeping the time derivative could however be a convenient tool to solve the equations.
At first sight it seems to be simpler to have only ordinary differential equations instead
of partial ones. To solve these ordinary equations is tricky in fact, since boundary
conditions at infinity have to be satisfied: at sufficiently large distances apart from
the wall we expect the system to be in equilibrium. Starting with some initial values
at one side of the wall usually leads not to the correct equilibrium at the other side,
so the initial value has to be fine-tuned. A simpler procedure is to keep the time
derivative and simulate the time-evolution of the system starting from some initial
functions po(z) and wug(2). Because of the interplay between the dissipative effects in
the collision term and the sources this procedure leads to stable solutions quite fast.

The rates we obtain by the one-loop calculation of the self energy turn out not to be
very physical. A numerical evaluation of the rates given in appendix F.2 has shown
that they vanish if the mass goes to zero, which is not what collision rates in general
are expected to do. In particular this would mean that all particle interactions are
switched off in the symmetric phase. The reason for this behavior is simple: in the
one loop self energy only absorption and emission processes are contained. Since
the constraint equation forces us to put the participating particles on-shell, these
processes cannot take place if the masses are zero. In the one-loop calculation we
furthermore miss elastic scatterings which are essential for particle transport. So
in order to obtain realistic rates in the collision term a two-loop calculation of the
self energy is needed. Then elastic processes are taken into account, and there are
diagrams with retarded or advanced Green functions on the internal lines. These
have an off-shell contribution, so that they should show a weaker mass dependence.

We already stated that the source for the Boltzmann equation (4.9) that has been
found in previous works by making use of the WKB method is formally the same
as the one we have derived here. The authors of these works however assumed that
the quasiparticle states of the system are helicity eigenstates. But when s denotes
helicity, the sources in the flow term are odd in &, and contribute to the first moment
equation (4.21) rather than to (4.23). So in these works the correct form of the source
has been obtained, except of the fact that S® has been missed, but finally it appears
in the wrong equation.

The fact that our source and the one calculated with helicity eigenstates appear in
different equations makes a comparison rather complicated, in principle one has to
solve the equations to see the differences. The same problem appears when we try to
compare the collisional source, which appears in the first moment equation, with the
one from the flow term contributing to the zeroth moment equation. But we can try
to obtain at least a qualitative picture by converting the fluid equations for s and
us into a single second order differential equation for yu,, the diffusion equation. This
is a standard approximation for the solution of the fluid equations. In order to keep
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the notation simple we introduce the abbreviations

d*k ki

Lij ZQ/EEFBLU—aMkX, (4.24)
d*k K

Jij = 21— f)(1—2f,)=%. 4.25

o= [ G R0 02 (1.29

When we drop the time derivative terms, the zeroth moment equation reads
2! 2!
—UwJQIM; — Iglug + UwJ(n%/,LS + 101 |m| Ug + Uw<FS>

= — Z 1—‘25,/1/51 — Vy Z Fgg,usr (426)

and the first moment equation is
oo ply + vy Jagttly — Vo Joa [m|2'ug + vy, (F})

= 0u(S) — vy Z Flé‘,usf - Z g (4.27)

Here we introduced F}*', which is the source we would have obtained by the use of
helicity eigenstates, it has the same form as F;. Then we take linear combinations of
these equations so that we obtain an equation that only contains ) and one where
only p) occurs. The latter one is solved for u, and then derived with respect to z,
where we neglect all terms where the derivative acts on rates or masses. When we

insert these expressions for u, and v into the other equation we can write it as

D, , D, 1 { Ioy |m|?
U vy = (P = 8) — L (M — S) | 4 v (F) A+ .
I T I | ' 2 ) (F)
= =) TWpue+... (4.28)

We omitted most of the terms here and kept only those we need for the comparison
of the different sources. D, contains combinations of rates and the quantities /;; and
Jij, but in the way the equation is written we can identify D/I5, as the diffusion
constant for the particles under study, which can be obtained by other means. Now
we can read off from this that a source from the first moment equation compared to
one from the zeroth moment equation is multiplied with the diffusion constant and
obtains an additional derivative. This means that in situations where transport is
very efficient, the use of the helicity eigenstates leads to sources which are too big,
while in the opposite case the true source is underestimated. In the same way the
collisional source becomes important if transport is efficient.

In order to make a quantitative comparison one really has to solve the equations and
compare the results. In any case we now know that in all previous works sources have
been used that are more or less incorrect.
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Conclusion

In this work we performed a controlled, first principle derivation of transport equa-
tions for CP-violating fluxes valid up to order A for a system of scalar and fermionic
particles in presence of a slowly varying background field. We consistently included
the collision term in our treatment and made a model calculation in leading order of
the coupling constant. Such a derivation has been the main theoretical challenge of
recent work on electroweak baryogenesis, since there is a controversial discussion in
literature concerning the way to obtain the correct transport equations.

Starting point of our work have been the equations of motion for the Wigner func-
tions in the Schwinger-Keldysh formalism, which is suited for the treatment of non-
equilibrium situations. In order to reduce these exact equations to semiclassical
transport equations we used an expansion in powers of gradients of the background
field, which is a good approximation if the variation of the background field is slow,
which is the case for the phase transition front in a first order electroweak phase
transition. This expansion is equivalent to an expansion in powers of 4. The equa-
tions split into two types, constraint and kinetic equations. The constraint equations
should provide spectral conditions which restrict the possible solutions of the kinetic
equations.

A major result of our work is that indeed both for scalar and for fermionic particles
the constraint equations are algebraic equations which allow a spectral solution for
the Green functions. This essentially confirms the basic assumptions underlying
WKB approaches to electroweak baryogenesis: the plasma can at this level indeed be
described as a collection of quasi-particles with a classical phase space density. It has
also become clear, however, that this spectral solution only holds up to first order in
h. At higher orders the constraint equation contains derivatives and no longer can
be solved by on-shell Wigner functions.

In the scalar equations there are no quantum corrections at all at our level of approx-
imation. They lead to a usual classical Boltzmann equation. This is in contrast to
the results of earlier work using the WKB approach, where the particle momentum
was identified with the canonical momentum. When using the kinetic momentum
instead, in the WKB approach one finds no A-deviations from classical behavior, ei-
ther. With our work we therefore have shown that the kinetic momentum has to be
used in a WKB approach. Our results differ from earlier works claiming to provide a
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controlled derivation of kinetic equations from the Schwinger-Dyson equation, which
do find quantum corrections in the scalar equation.

In the fermionic case the Wigner function is a matrix in spinor space and consists
of 16 independent functions which are governed by 32 coupled equations. By iden-
tifying a conserved quantity of the system, essentially the spin perpendicular to the
wall, we were able to decouple these equations into three separate blocks. Two of
them describe the propagation of particles with definite spin, while the third one
describes spin-mixing. We saw that this spin mixing part has no effect at our level of
approximation. Using the constraint equations we were able to show that both of the
spin-diagonal parts are described by only one function, which again has to satisfy an
on-shell condition. This function corresponds to the classical phase-space-density of
the particles. Unlike in the scalar case, however, the energy of the fermionic particles
is not given by the classical on-shell condition but has a correction due to the interac-
tion with the wall. Correspondingly there is a semiclassical force term in the kinetic
equation which is a CP-violating source. This source term in the kinetic equation
has the same form as the one found in the WKB approach, provided the correct
momentum is used there. Again our result is in contrast to other approaches to the
problem.

We were also able to provide a consistent treatment of the collision term of the
equations of motion for the Wigner functions within our formalism, now in contrast
to the WKB based works. There the dispersion relation for the particles, which is
modified by the interaction with the background field, is inserted into a classical
Boltzmann equation and so leads to the semiclassical force. The rates appearing
on the right hand side of the equation have to be calculated by other methods and
then are inserted into the equation. For our model with a Yukawa interaction we
calculated the collision term by an expansion in the coupling constant and only kept
the leading order term, which corresponds to a calculation of the self energy to one
loop. In addition to the usual gain and loss terms, which lead to relaxation, we
found in the fermionic collision term a further source that is called spontaneous
baryogenesis source. This source seems to be somewhat smaller than the one from
the semiclassical force. By making use of a fluid ansatz we furthermore were able to
compute the interaction rates in the relaxation part of the collision term within our
formalism. Due to the fact that we restricted ourselves to a one-loop calculation of
the self energy, only absorption and emission processes are taken into account, so we
miss elastic scattering processes which are essential for transport. Furthermore the
rates show a strong mass dependence, which is unphysical. A two loop calculation
of the self energy is required in order to obtain realistic results for the rates. In this
work we provide everything that is needed for such a calculation, where for example
the treatment of the spin off-diagonal parts in the fermionic equation is necessary.
Such a computation exceeds the one-loop calculation presented here by far, both in
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size and in technical complexity, but there are no basic problems.

Although the semiclassical force term we found in the kinetic equation for the fermions
is formally the same as the one derived with the use of the WKB method, they
differ in an important detail. The authors who used this approach assumed that the
propagating states in the plasma are helicity eigenstates, while we have proved that
the conserved quantity is spin rather than helicity. When deriving fluid equations, this
has the consequence that the semiclassical source in these works appears in the first
moment equation and not in the continuity equation, as it should be. Furthermore
we have seen that in these former treatments a part of the semiclassical source has
been missed that might be important. So although the WKB approach in principle
is capable of providing the proper source, up to now no entirely correct calculation of
electroweak baryogenesis is available. We do not expect that the result will change by
orders of magnitude, but if one takes into consideration that electroweak baryogenesis
in the MSSM only works within a rather restricted region of the parameter space
anyway, a precise calculation is highly desirable.

With this work we have solved the basic problem of a rigorous derivation of the trans-
port equations relevant for electroweak baryogenesis. Based on this, new calculations
of the produced baryon asymmetry can be performed. Together with new experimen-
tal results that will be available in the near future this will help to decide whether
electroweak baryogenesis is realized in nature or not.
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Appendix A. Fermionic currents

In this appendix we list the expressions for the fermionic currents in terms of the
component functions of G<. The general expression is

_ d*k
($(@)T()) = —iTe TG< () = — / G TG @ ). (A1)
T
where the matrix ' is one of the following:
14 i v
r'= <Il,75,7",757",0“ = 350" ]) : (A.2)

With the decompositions (2.3) and (2.58) we find:

e scalar

(z)) :/%910(9},13) = 22/ (;iﬂl;gf (A.3)

e pseudoscalar

((2)(z)) = / Lk 4920 z, k) (A.4)

e vector
(@) (@) = / d4l;4900 (2, k) QZ/ Ak ko 9 (A.5)
< > = / d4l)€493] (x, k) 22/ d4k ka a5 (A.6)

d*k d4k
(v(z (z)) = / )4933 z, k) 22/ Ji 503 (A.7)
e pseudo-vector

(D(x)y" 7 e()) = /(gﬁl;g?,o 7, k) QZ/ Ak k“ g (AS8)
(@)Y y(z)) = /(;l ];49()] z, k) ZZ/ 'k k] 7@ (A9)

(D@7 () = / (;l 13:4903 z, k) 22 / d’h _sg5 (A.10)
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e tensor, “electric”, iy%y* = o*

(Y(x)i’y'(x)) = /(;iﬂl;ﬂﬂ z, k) ZZ/ d’h k (A.11)
(D(@)in’y2(z)) = /%gm(x, k) = 22/%%@{ (A.12)
(D(@)in' () = /%gm(x, k) = 22/%%5@ (A.13)

e tensor, “magnetic”, 70y'n® = Lk gik
; d'k d*k k
(B@ () = / Gk =23 / el (A1
d'k d4k ky

(D@ Y e(x)) = /(2 )4912 z, k) 22/ =% 595 (A.15)
(P(@)Y° Yy p(x)) = /%glg(x, k) :22/%%sgf (A.16)

The spin off-diagonal parts don’t contribute to the scalar, pseudo-scalar and the z-
components of vector and pseudovector currents. The remaining components of the
vector current obtain a contribution from g, the ones of the pseudo-vector from gj.
In the z-component of the “electric” part of the tensor as well as in the z- and y-
components of the “magnetic” part of the tensor ¢ contributes, in the other tensor
components we find gg.



Appendix B. Full equations without spin-projection

Insertion of the decomposition (2.3) into the equation of motion leads to the following
32 real equations. They can be grouped nicely if we use the notation f, = go, and
Ga = (G1as 924, 934). Furthermore we omit the right hand sides. The kinetic equations

are
1 1=
-0 +-V x
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]_ e —
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1 g -
§8th —kxg
1 1o
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1. - 1o
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The constraint equations read
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Appendix C. Consistency of the fermionic kinetic
equations

In section 2.2.1 we obtained four kinetic equations, but because of the constraint
equations we only have one independent function, namely g;. Here we prove that
these equations are equivalent, which means that our approach is consistent. We
break the problem into two parts: first we show the equivalence of the flow terms and
then we consider the collision term. We don’t give the proof for all three equations,
but instead restrict ourselves to (2.75), which is the kinetic equation for g5:
1 A\ A8 1 s 1 a2\ s 1 a2y, s s
70(]‘30315 + k- 0)g5 + 553290 + (my — gmlakz)gl — (mg — ngakz)!h =K3. (C.1)

The other two equations can be treated similarly.

C.1 Flow term

We insert the expressions (2.84)-(2.86) for g7, where this time it is not sufficient to
use these equations only to first order in gradients, because the kinetic equation for
g5 contains zeroth order terms:

1 1 1 T
= | sk. + — m29'3~> — (ko0 + k) - 0)g5 C.2
= (ke + 5rmPo3, ) oo a0+ - €2

1 1
+ 538293 + < — |m|* - §|m|2'k28kz — |m|282>g§

s

2k2
1 1

4+ — < — —|m|2l|m|29'82z + (Im[*0") + 2|m|*¢'0,
4k3 2

+«mﬁay+mwaaﬂl+mm»)%

mr mpg
0 0

Now we take the derivative of the constraint equation (2.87) with respect to z. The
collisional contribution to this term can then be neglected. We find

g+ (s + (1 =+ SaPo ) g =0 (C3)
0 0
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and use this relation to replace the term —|m|*¢gg in the second line of (C.2). After
some cancellations this leads to

1 1 1 Lo
= Skz+Tm20law>Tk8+k8 5 04:
= (she+ P00, ) S (ha0s-+ - D ch)
+ -2 <k28 ~ Lo, >gs
2k3 27z 9 Z2Y Kz 0
1 1
+ 5 < — §|m|21|m|29'8,%z + (|m[*0") k.0, + |m|*0'0,(1 + kz8k5)>g§
0
= K+ e - DEes

0 0

This equation can finally be reexpressed in the form

1 1
ko 2k
11 1 s
X — N—ka—7m28~+7 m29"3~ 5
5|0 S P+ s nfeya. o
— K4 Des  MRes
0 0

which we recognize as something times the left hand side of the familiar kinetic
equation for gj. The treatment of the equations (2.73) and (2.74) is somewhat more
complicated, but runs along the same lines. There we have to use the derivative of
the constraint equation with respect to k£, and obtain

1 5 1 s s . M .
and . |
S S S mR S
k_g <m[ + Q—kO(@mR + m}zakzkz> X 5 |: . .:|go = ’CQ — %—001 . (C?)

Note that the terms that multiply the gj-equation are exactly the ones that relate
the functions g7 with gg.

C.2 Collision term

We still have to prove the equivalence for the right hand side of (C.5). Here only the
calculation for the source part of the collision term is shown, the other terms can be
treated in the same way. The source part of the zeroth order collision term before
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taking the trace is
=5 S [ T Cn k) (©8)
Psf(k')Ps(k) ZA? (E") g2 (k") gy (F)
(7977 = 98 ) = 59500 + ) — 230
(P W) (57277 = i) + i) - 50|
and the corresponding contribution from the first order collision term is

_ dAk! dA k"
C,f[,l) (k) = _in (ak; 5[{0) Z/W(2W)464('I€ — k' + k//) Ps’(k,)PS(k)

0. 17, (K" g5, (k)92 (k) (572" = "¢ (k"))
(577" = 5773 () + i (k) — v e3(h)) (C.9)

The traces one has to take in order to obtain the relevant terms are given in (2.80)-
(2.83). If we put everything together we find

s+ Des MR es (C.10)
kO 0

1 2 d4k,d4k” 4 l /AW " /
= o [ ) Sk = K KA ()5 )2 )
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k,3k0 k/ k3

mr 27, 1.0 T on 1200 _ 1 " T
e < o (k ko k.my, — BE |m| GmI) %g%m,{kk>

mpg 2 ]_ —
. k—0< o (k bk mly + T m)| 9'mR) . kZ—mIkk>] .

The last terms in the last two lines are the contributions from the first order collision
term. There are also contributions from this term with the derivative acting on the
Wigner functions, but they cancel each other. In writing this equation we used the
abbreviation kk' = kok{ — k,kl, — k,k}. The terms inside of the square brackets can

be combined to L
kE' k. k., kk'
Im|?0' [— —— + =2+ m |’ ] : (C.11)
ko kb e
and by using the constraint equation to leading order, |m|*> = k2 — k2, we find

k. k! kK
L= < S ) (C.12)
ko 2k k2D
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C.2 Collision term

A comparison with (3.46) finally leads to

m m sk

K5+ =20 — =Ry = 22 x K. (C.13)

ko ko ko
This is the same factor as the one that appeared in the flow term, which means that
the complete kinetic equation for g; is some term times the equation for g;. The
same can be shown for the other two equations. With this we have now proven the
consistency of the equations: there is indeed only one kinetic equation for gj.



Appendix D. Spin off-diagonal equations

Taking the traces and real and imaginary parts of the off-diagonal equation of motion
for the Green function leads to the following set of equations. The kinetic equations

for the g-functions are

k 1 1
2 Dy4 + —MROk, g5 + mlak g6 — khy
2kq 2
ko 1 1
—0 0 —0,h
ke tg5 + 2mR k.94 +M1gr + 3 5 =M
ko 1 1
—0 0 — 0 — —0sh
Sk t96+2m[ k.94 — MROk, g7 503/
o
—0ig7 — m1gs + mprgs — k.ha
2k

the kinetic equations for the A-functions are

ko 1 1
2k03th4 + QmRak h5 —+ 2m13k h6 + kzg7

1 1
2]{0 ath5 + 2mR8k h4 + m1h7 28zgﬁ
1 1
Qkoath6 + 2m18k h4 — mRak h7 + 26395

—ath7 — m1h5 + mRh6 + kzg4
2k

the constraint equations for the ¢

- 1
—kogs — mpgs — mrge + iath

- 1
—kogs — mpgs + §mllakz97 + k. hg

~ 1
—koge — mrgs — 5m'33kz97 — k,hs

- 1
—kogr — _mllakzg'é +

1 1
5 —m'Rangg —+ §azh4

2

K:h4

Khs

Khe

ICh? )

(D.1)
(D.2)
(D.3)

(D.4)

(D.9)
(D.10)
(D.11)

(D.12)
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and the constraint equations for the h

—kohy — mghs — mrhg — % .97 = Cha (D.13)

—kohs — mphy + %m}akz hy —k,gs = Cus (D.14)
—kohg — mrhy — %m;zakz hy +k.g5 = Cps (D.15)
—kohy — %mllak hs + %mlRak; he — %@94 = Cpr. (D.16)

We introduced abbreviations for the collisional traces:

Ky = i;mmsc (D.17)
K, — —igsmr@_ﬂ?’ﬁc (D.18)
K, = —i;S%TrQ_S(—Z’y?’)C (D.19)
K, — i;&m@s(—ﬁc. (D.20)

The expressions for the K, are obtained from these by replacing R by s3&. By
replacing §& by 3 one finds the C,, and finally the Cp, are obtained by replacing # by
—sR.

The constraint equation allow us again to reduce the set of independent functions.
We can choose g5, hs or gg, hg as basic functions, respectively. From (D.12) and (D.16)
it is obvious, that g; and h; are suppressed by one order of gradients in comparison
to the other functions, and therefore cannot serve as basic functions. Since we expect
all these off-diagonal functions to be themselves suppressed by one order compared
to the diagonal ones, we will neglect g7, h; from now on. We cannot choose g4, hy
as basic functions, either, because this would lead to 1/|m|? terms in the relations
between the functions, which is possibly singular. The reason for this is that for mass
equal to zero the functions g4, hy have to vanish, as can be seen from the constraint
equations (D.9) and (D.13) (note that gr, h; is already of first order in gradients).

We choose g5, hs as basic quantities. Then we have

1 ~ -
9 = > (_kOmRQS + k.mphs — koCys + mICg6> (D.21)
ky —m7
1 - -
hy = = 5 (—komRh5 — k.mrgs — koCha + mlch6) (D.22)
kg —m3
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and

1 ~ ~
s = m <mRm1g5 — kokzhg, — kUng + m[Cg4) (D23)
1 ~ ~
h6 = ) <mRm1h5 + kokzg5 — kochﬁ + m[Ch4> . (D24)
ky —m7y

We find a constraint equation for gs, hs which is

—ko (k2 - |m|2) 95 = (ég - m%)cg5
+ mR(—kOCg4 + mICgﬁ) - kz(—kochﬁ + m[Ch4) . (D25)

The constraint equation for hs is obtained by exchanging g and A and replacing k.,
by —k,.

The kinetic equation for g5 is

ko 1 , 1
ke 95 A [m|* Ok g5 + T 295
1 m ~
Q—%H (kszgs + kOmRh5)

m

= Ky + —Cyr. (D.26)
ko

The corresponding equation for hs is obtained by exchanging g and A and replacing

mpg by —mpg.

It is important to observe that these equations have no source which is not collisional,
in the sense that when one starts with thermal equilibrium, where the off-diagonal
functions are zero, they will stay zero forever. They are only sourced by the diagonal
functions via the collision term.
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Appendix E. Fermionic Green function in the wall
frame

Most of the calculations in this work are done in the wall frame. In order to obtain
the leading order Wigner functions in that frame, we just have to perform a boost.
The wall frame and the plasma frame are related by

t = Yt —vy2)

2 = Yw(Z— vel)

r = X

y = v, (E.1)

where we denoted the coordinates in the plasma system with a bar and the ones in
the wall frame without (so if v, is positive, the wall moves in positive z-direction).
The boost of the fermionic Wigner function G*< is

Gg(k) = LGg,(k)L™' (E.2)
= 2miL(f + m) L' 8(k? — |m[?)sgn (ko) neq (o)
= 27mi(f +m)d(k” — |m|*)sgn(yw (ko + vwks))neq(Yw (ko + vuk)) -

Because k is on the mass-shell (|k,| < |ko|) and v,, < 1, we have
sgn(Yw (ko + vuk.)) = sgn(ko) . (E.3)

We know that the wall is comparatively slow, so we can neglect the boost factor 7,
and finally obtain

G5, (k) = 2mi(f + m)d(k* — |m|?)sgn(ko)neq(ko + vik.) (E.4)

The same changes have to be made in G, and in the scalar Wigner functions.
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Appendix F. Fermionic Collision Integrals

F.1

Collisional Source

In this appendix we show the details of the calculation of the fermionic collisional
source term, which we omitted in the main text. We show here the calculation in the
mixing case, the nonmixing case is simply obtained by setting |m[; = |m|? = |m/|*.
We begin with equation (3.68):

1 i,2+ .i2

Kei = ﬁ%w%+MM—a%—mmZﬂ@L%&L (F.1)
J
3k 72 1
[ 3 s s~ oo+ £
k! k, w ,Zw’ ke K
(3(|m|2<0'+Az>)i~7z s(mP( + AL)),——— )
Wo,iWo,iWp ; I Wo,iwo,iWo, ; W,

The &’ integration is performed in cylindrical coordinates, d*k’ = dk;k"|dk|’|d¢, where

¢ is the angle between EH and /;|’|, and k| and k"| are the absolute values of the parallel
momenta, respectively. We substitute

r=Fk-k = k) k| cos ¢ (F.2)

and instead of integrating over the absolute value of the parallel momentum we inte-
grate over k' = |k'|:

/d%':/ dkﬁ/ dk’29(k'2—k§)/ 2dx O(kyk)| — ). (F.3)
—0 2 0 _ /k”k/ — 2

Since wy ((k k2 + mé)fé = (K> + K? — 22 — 2k, k], + m]) ? is a function of z

we can rewrlte the remaining J-function
§(wo + wp — wg) = wgé (x — (£ —k,K))) , (F.4)

where we used the abbreviation

m3 — fml? =

2

€= — Wo,iWp - (F.5)
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F.1 Collisional Source

With the -function the z-integration can now be performed trivially. With a not so
trivial calculation one can show that for arbitrary £ the relation

O (kK| — (€ — k.kD))O(K? — K2) = 0(k2K? — )0 (K., — K)O(k, — K.)  (F.6)

holds, where K , are the roots of (I~q|l~c"|)2 —(E—kk)>=0:

kn
K., = | Vk2k? — ¢z, (F.7)

The function 0(k?k™ — £2) contains a mass-threshold. It can be found by trying to
determine those values of &' for which the #-function is non-vanishing:

& <kk? & —kk <& < kK. (F.8)

The latter two conditions can only be satisfied if the quadratic equations

K2 mal? F K'k(mg — [mal” — [my[*)? (F.9)
1
+ B2 my[* o+ fmalPmy [P = 2 (mg = [mil* = [mj[*)* = 0,
have real solutions, which is only the case if
me > |T7’LZ|2 + |mj|2 . (FlO)
Now we can write the source as
|y2]| + |y]z 1
Ky, = k i) — (ko — wo — F.11
0,i 327r Z [6(ko + wo,i) — 0(ko — wo,i)] osns (F.11)
KL, 1

/ k' dk'O(k* k™ — 5) folfo,]( + f5) /
0,5

l mg — |mil* — [m;?

' mg —
s(Im*(0" + A,)) k. S )

(5P O+ 80), = 50+ A) ).

L kR, — KD (R, — kL)

For the fluid equations the integral over all momenta is needed. With the observation
that the integrand is odd under k, — —k, and k!, — —Fk., we can immediately write

/(d4k K3 =0, (F.12)

2m)*

where the index + denotes the integral over positive and negative frequencies, re-
spectively. The integral with an additional factor k,/wp; can be evaluated further by
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making use of the integrals

b !
dk 1 s _1
. = ——R((|my]* — ab) + i|m,|(a + b)) >
" KLdE, 1 1
= = —73 ((|m;]* — ab) + i|m;|(a + b)) 2
/akgﬂmjw(b_k,)(k,_a) ((Ims? = ab) + ifm;l(a + 1)

/ k. dk! _ Tkig
V(b— k’ (k! —a) k2

2p2 4 2712
ab = Az k2 — k) : a+b—2(a+b) (F.13)
We finally obtain
4
/ dk k. —IKC5; (F.14)
(27r) Woi

~ 1L S lyii|* + ly;il® /kdk/k'dk'e(m'Q — &) foufb (14 f4)
6473 v r 2 2 0,5 ¢

/_k d. ’“72{ (I +8.)), 5

k wO 'LwO ij’L

—-

+s(Iml*(0 + A.)), (k% (K*(Imj|* + k™) — k2K — € + 2i|m;[¢k,) 2

| 2

-

my, — |m;|* — [m;®

+ R (k2 (Imy]” + E?) — k2K —52+2i|mj|§kz)2)}.

2|m;|

F.2 Collisional Rates

In section 3.2.2 we found the following expressions for the relaxation part of the
collision term:

1, [dF d'E
T U e = CORRUEV VS IALD

ey
< (1! Bko 5. <s >s k- K
9o () (70805 (k) + 365" (K) ) (~2) == (F.15)
and
K = 307 [ LS om0 b+ K0z, )
0,nloc  — 4y (27T)8 71' (ZA N

S (e Poag5™ () + 605 (K)) 02,(F)

sl

!

k K. - o k-k
(-SS +88 — (kok, k” - |,|) + == ) . (F16)
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F.2 Collisional Rates

With the fluid ansatz (4.20) the momentum dependence of §g is completely specified.

The evaluation of the integrals runs along the same lines as for the collisional source
in the first part of this appendix. We just give the results. The contribution to the
zeroth moment equation is

®dk 0 d'k
(L m [es)

- - Z Fgg:/is' — Uy Z Fgg’us’ ) (F17)

where the rates are given by

WOWO + S

F(s)g’ - 471.35 / kdk k' dkle(kaQ 5 ) fOfO(l +fl)6ss’

1 2 00
B yz dk dKO(K*K? — K fo f4(1+ f1)
LRI R

wow} wowy} WowHWowy
and

WOWO + §

fofo(U+ £5) (F.19)

2

roe — 4W352y /0 kdk k' dk' 0(k*K? — ) —2——

k
[(1—fo+f$)—(1—f6+f) 5] 3 0

ﬁQy / dk dk'O(k* K™ — E)E fo f5(1 + f3)
0

16 4
% 9k2—k20k’—k’9k'—k'
N VR, = RD(R, = K)
+
wgwo
<wowo i wowp + & — K ka k! )
Wow) WowoWowg

[(1 — fo+ f;{)kzk; — (1= fo+ fg)kz] 55’) i
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In the first moment equation the collision term is

'k k, 0 d*k k,
([t [ )
ko=0 (27T) Wo ko=—00 (27T) Wo

=8 — Z DMy — vy, Z NI (F.20)

where besides the source term there are the rates

u 1ot 27.12 w0w0+§ ’k_g
I = 47T36 / kdk k' dk' 9(k*K"? — €%) Jofo(l+ fg) 5 —0ss

— 16%462/ dk dk'0(K*E™? — K fofs(1 + fg)
0
I Y A | )
~ o~ / ~ o~ /
" (Zow? k, k. N <w0w? N wowp + & —k ka k') k. k. SS,)
oWy Wo WoWy WOWOWOWO Wo
and
v = o [T hakwan o0k - €)M gy
Q 0 Wowp
(- for 1) = (1= 1) 5] o
0 ¢ k2 3&)0 o
16 462y / dk dk'0(K*E™? — E)K fofo(1 + fg) (F.21)
0
e VKL, — K (K, — kL)

y (Mi (1= fo+ fOR2 = (1= f5 + kK]

wow(  Wo
~
Dol Wow, +§ k k!
+ ? + 0 zk kl

E (L= fo+ [k — (1= fo+ fi)k.k.] ss') :
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