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Zusammenfassung

In dieser Arbeit stellen wir neue Methoden zum Design 6konomischer nichtlinearer modell-
pradikativer Regler fiir Average Output Optimal Control Problems (AOCPs) vor. Bei AOCPs
handelt es sich um Optimalsteuerungsprobleme mit unendlichen Zeithorizonten und Ziel-
funktionalen, welche die gemittelte Performance des Systems messen. Solche Probleme tre-
ten bei vielen kontinuierlich ablaufenden Prozessen auf, wie etwa beim Betrieb eines Kraft-
werks. Aufgrund der unendlichen Zeithorizonte und der daraus resultierenden intrinsischen
Nicht-Eindeutigkeit der Losungen ist das Aufstellen geeigneter Nonlinear Model Predictive
Control (NMPC) Schemata fiir AOCPs ein schwieriges Problem.

Oft basieren Untersuchungen zum Closed-Loop-Verhalten 6konomischer NMPC Sche-
mata auf Dissipativititsbedingungen an das dynamische System und das zugrundeliegen-
den Zielfunktionskriterium, welche schwierig zu tiberpriifen sind.

Die entwickelten Methoden basieren auf der Beobachtung, dass periodische Lésungen
hervorragend zur Approximation von Losungen von AOCPs geeignet sind. Diese Eigenschaft
wird ausgenutzt, indem der Pradiktionshorizont in einen transienten und einen periodi-
schen Teil aufgeteilt wird.

Zur Analyse des resultierenden Systemverhaltens werden neue Methoden entwickelt, die
darauf beruhen, die Differenz der Lésungen von aufeinanderfolgenden NMPC Subproble-
men zu analysieren. Es wird gezeigt, dass diese Differenz unter geeigneten Voraussetzungen
mit fortschreitender Zeit gegen Null konvergiert. Dieser Ansatz beruht im Gegensatz zu vie-
len anderen 6konomischen NMPC Schemata nicht auf Dissipativititsannahmen, sondern
vielmehr auf Annahmen an die Steuerbarkeit des dynamischen Systems sowie der eindeuti-
gen Losbarkeit der auftretenden NMPC Subprobleme.

Als Resultat kdnnen wir zeigen, dass das resultierende System eine 6konomische Perfor-
mance erzielt, die mit der optimalen periodischen Performance tibereinstimmt.

Dariiber hinaus erweitern wir den vorgestellten Ansatz in zwei Richtungen: Zuerst be-
trachten wir ein allgemeineres Szenario mit parameterabhéngiger Dynamik und Parame-
tern, die sich wéhrend des Betriebs d@ndern kdnnen. Die Parameterdnderungen konnen zu ei-
ner Anderung des optimalen periodischen Verhaltens fiihren, insbesondere auch zur Ande-
rung der optimalen Periodenlidnge. Dieser Tatsache wird dadurch Rechnung getragen, dass
die Periodenlédnge als freie Optimierungsvariable in das NMPC Subproblem mitaufgenom-
men wird. Als zweites Szenario betrachten wir den Fall von Systemen mit zeitabhéngigem,
periodischem Zielfunktionskriterium und zeigen, dass die vorgestellten Methoden auch auf
solche Systeme angewandt werden kénnen.

Die vorgestellten Methoden sind im Rahmen des NMPC Toolkits MLI implementiert und
werden an einer Reihe von anspruchsvollen Anwendungsproblemen getestet. Die Simula-
tionsergebnisse bestétigen, dass die 6konomische Performance der resultierenden Closed-
Loop Systeme tatsdchlich mit der optimalen periodischen Performance iibereinstimmt.
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Abstract

In this work we propose new methods for the design of economic Nonlinear Model Predictive
Control (NMPC) feedback schemes for Average Output Optimal Control Problems (AOCPs).
AOCPs are Optimal Control Problems (OCPs) defined on infinite time horizons with averag-
ing performance critera as objective functionals. Such problems arise frequently for contin-
uously operating systems such as for example power plants. Due to the infinite time horizon
and the resulting intrinsic non-uniqueness of solutions, the design of appropriate NMPC
schemes for AOCPs is challenging.

Often, the analysis of the closed-loop behavior of economic NMPC schemes depends on
dissipativity conditions on the dynamical system and the associated performance criterion,
which sometimes can be hard to check.

The methods we develop are based on the observation that periodic solutions exhibit ex-
cellent approximation properties for AOCPs, which is exploited by splitting the time horizon
and the objective functional of the NMPC subproblems into a transient and a periodic part.

For the analysis of the closed-loop behavior of the resulting controller we develop new
methods that essentially work by showing that the (appropriately defined) difference of two
subsequent NMPC subproblem solutions vanishes asymptotically. Complementary to many
other economic NMPC schemes, this approach is not based on dissipativity assumptions on
the dynamical system and the associated performance criterion but rather on assumptions
on existence of periodic orbits, controllability of the dynamical system, and uniqueness of
the NMPC subproblem solutions itself.

As aresult, we can show that the economic performance of the closed-loop system is equal
to the economic performance of the optimal periodic solutions.

Furthermore, the approach is extended in two directions. First, we consider the general
setting of a parameter dependent dynamical system where the parameter can be subject to
change during operation. This parameter change can lead to a change in the optimal pe-
riodic behavior, in particular also to a change of the optimal period, which we take into ac-
count by including the period as an optimization variable in the NMPC subproblem. Second,
we show that the approach can also be applied to systems with time-dependent periodic
performance criteria.

All the described methods are implemented within the MATLAB NMPC toolkit MLI and are
applied to a number of demanding applications. The simulation results confirm that the
generated closed-loop trajectories perform economically equally well as the optimal peri-
odic trajectories.
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Introduction

Nonlinear Model Predictive Control (NMPC) is an advanced feedback control method capa-
ble of controlling dynamic processes while at the same time satisfying process constraints.
The method is based on repeatedly solving Optimal Control Problems (OCPs) on finite time
horizons and updating the control inputs.

More recently, the interest in NMPC applications that directly consider an economic ob-
jective criterion has been rising. Contrary to tracking NMPC applications the setup of the
underlying NMPC subproblems becomes more and more crucial for the closed-loop perfor-
mance of the NMPC controller. The reason for this is that the economic objective criterion
usually does not satisfy a dissipativity condition that can be used to prove stability via a LYA-
puNoOvV-argument and therefore a simple finite horizon approximation of the infinite horizon
OCP does not necessarily yield a stable NMPC controller.

In this work we consider systems with the objective to optimize the average economic
output. Such systems are difficult to treat in the NMPC context because they usually do
not have unique solutions on the infinite time horizon since the average performance only
depends on the asymptotic behavior (and not on the current control inputs).

We focus on the question on how an economic NMPC subproblem has to be set up in
order to produce an economically optimal and stable feedback while dealing with the afore-
mentioned difficulties.

Contributions

The aim of this thesis is to develop an economic NMPC scheme for Average Output Optimal
Control Problems (AOCPs) that requires as little a priori knowledge of the offline problem
solution as possible while meeting requirements on recursive feasibility, economic perfor-
mance and stability. The main contributions and results of this thesis can be described as
follows.

Approximation of AOCP Solutions with Periodic Solutions

Periodic continuation allows to interpret periodic solutions of dynamical systems on finite
horizons as solutions on the infinite horizon. We use this observation for the approximation
of AOCP solutions with periodic solutions. According to a result of Grammel [47], a control-
lability assumption on the dynamical system is sufficient to guarantee arbitrarily good ap-
proximation properties of periodic solutions to the optimal average output objective value.
In fact we show that under a certain compactness assumption on the set of feasible states
and controls the solution of an infinite horizon AOCP can be approximated arbitrarily well
with quasi-periodic solutions (independently of any controllability).
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NMPC with Periodicity Constraint for Optimal Economic Performance

We extend and modify an idea of Limon et al. [77] to define an economic NMPC controller
that is based on the good approximation properties of periodic solutions for AOCP. The pre-
diction horizon of the NMPC subproblems is split into a transient and a periodic part, allow-
ing the process to converge towards an optimal periodic orbit. The objective functional of
the underlying NMPC subproblems depends purely (up to a small regularizing term) on the
economic performance during the prediction horizon and the formulation includes a peri-
odicity constraint. The necessary a priori knowledge for the setup of the NMPC subproblems
is reduced drastically: only the period is required.

Stability Analysis of the Proposed NMPC Scheme

We analyze the closed-loop behavior of the proposed NMPC scheme and consider the ques-
tions of recursive feasibility, economic performance and stability.

Complementary to the usual approach in many stability proofs for economic NMPC
schemes that rely on dissipativity properties of the performance criterion and the dynam-
ical system and/or convex performance criteria, our approach is based on assumptions on
controllability of the dynamical system, compactness of the set of feasible states and con-
trols and uniqueness and continuous dependence of the NMPC subproblem solution with
respect to the initial value.

NMPC with Variable Horizon Lengths

As an extension of the NMPC controller based on periodic approximations with fixed period,
we propose a controller that takes the period as a free optimization variable into account.
Such a controller can be advantageous in a scenario where the dynamical system is governed
by a parameter-dependent right-hand side and the optimal period of the optimal periodic
operation changes with the parameter.

Our investigations show that only minor modifications of the assumptions needed for the
stability proof for the fixed-period controller are necessary to prove stability also for such a
controller.

NMPC for Systems with Time-Periodic Performance Criterion

We also apply the feedback scheme based on periodic solutions to systems where periodicity
isinduced by a time-periodic objective criterion (e.g. a periodically varying electricity price).
Stability of the resulting feedback trajectory at the optimal periodic trajectory is shown.

Numerical Case Studies

To showcase the performance of the proposed NMPC controllers we consider several nu-
merical examples of increasing complexity.

In a first part we consider three examples with periodic performance criterion. The first
example is a model of a hydrostorage power plant with one state, two controls, and linear
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dynamics. The second example is a doubletank system, which is also considered as a bench-
mark problem for economically oriented NMPC in Huang and Biegler [63]. It has two states,
one control and nonlinear dynamics. As a third example we consider a four-tank system,
which has four states, two controls, and nonlinear dynamics.

In a second part we consider the powerkite system, which is a flying kite connected via
a long tether to a motor/generator at a ground platform. By controlling the kite in a smart
way it is possible to generate electric energy. This system is described by a strongly nonlin-
ear dynamical system with 9 state and 3 control variables and possesses a highly unstable
behavior. For this system we consider the scenario of varying wind conditions and apply the
controller using a fixed period as well as the controller using variable periods.

Thesis Outline

The thesis consists of three parts. Part I provides the necessary theoretical background on
OCPs and NMPC, in Part II our contributions are presented and in Part III we describe the
implementation as well as numerical case studies.

Part I starts with the introductory Chapter 1, where we present necessary essential ma-
thematical background leading to the definition of OCPs. Furthermore a brief overview on
solution methods for OCPs with a focus on the Direct Multiple Shooting method is given.

In Chapter 2 we introduce the principles behind NMPC as a feedback generating method.
Existing approaches such as Tracking NMPC and Economic Nonlinear Model Predictive
Control (E-NMPC) are reviewed including the analysis of the corresponding closed-loop be-
havior via the well known LYAPUNOV-stability arguments.

Part II begins with Chapter 3 where we introduce Average Output Optimal Control Prob-
lems (AOCPs) and discuss the difficulties that arise from the non-uniqueness of solutions in
the context of feedback generation via NMPC. We observe good approximation properties of
periodic solutions for AOCPs and, based on a compactness assumption on the set of feasible
states and controls, we prove the existence of quasi-periodic solutions that can approximate
the optimal average output arbitrarily well.

In Chapter 4 we briefly review existing economic NMPC schemes for AOCPs and develop a
novel economic NMPC scheme that is based on the observation of the good approximation
properties of periodic solutions for AOCPs. Based on a controllability assumption of the
dynamical system and an assumption on uniqueness and continuous dependence of the
NMPC subproblem solutions with respect to the initial value we develop a novel stability-
theory for the proposed NMPC controller.

In Chapter 5 the NMPC scheme is extended in two directions. First, we consider a sce-
nario where the system dynamics are subject to changing parameters and the optimal peri-
odic operation (also the optimal period) can change with the parameter. This is taken into
account by including the period as an additional optimization variable in the NMPC sub-
problem. Using time transformations this results in a new NMPC scheme for which we can
prove a stability result using similar methods as in the previous chapter. As a second scenario
we consider the case of systems with time-periodic performance criteria and show how the
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NMPC scheme of Chapter 4 can also be applied to such systems by making only slight mod-
ifications.

Part III starts with Chapter 6 where we describe the implementation of the proposed
NMPC schemes based on the software package MLI and give a brief overview over the nu-
merical algorithm used therein.

Chapter 7 contains three numerical case studies where we apply the NMPC scheme for
systems with time-periodic performance criterion presented in Chapter 5 to three examples
from the energy sector.

In Chapter 8 we present a numerical case study in which we apply the controllers for time-
independent performance criteria presented in Chapter 4 for fixed period and in Chapter 5
for variable period to the example of a flying energy producing powerkite. We compare the
results of both controllers for two scenarios, one in which the wind speed stays constant and
one in which the wind speed changes severely.
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Chapter 1
Optimal Control Problems

In this chapter, we give a brief introduction into the theory of Optimal Control Problems
(OCPs) and introduce some fundamental definitions needed throughout this thesis. An OCP
is the problem of finding a control for a dynamical system such that a predefined objective
criterion is optimized while satisfying a set of constraints.

The dynamical system is described by a set of state and control variables (x and u) and
the control variables make it possible to influence the behavior of the system. For a given
control, the future behavior of the system is determined by a set of differential equations
and the initial state of the system. In this thesis, we consider dynamical systems that are
described by Ordinary Differential Equations (ODEs). An OCP usually includes an initial
value constraint and additional constraints that are imposed throughout the time horizon,
which could be for example fuel limitations or safety bounds.

The fields of application for OCPs are widespread and important applications can be
found among others in biology [76], economics [28, 4], engineering (in particular chemical
process engineering) [45, 75, 31] and aerospace [79].

1.1 Elements of Functional Analysis

We begin the chapter with some basic function space definitions that are necessary to define
OCPs as infinite dimensional optimization problems on BANACH! spaces. We largely follow
the presentation of Gerdts [46].

Definition 1.1 (Absolutely Continuous Functions and L_.)
Let 7 := [ty, tf] < R be a compact interval with £ < #.

e Afunction f:7 — Ris called absolutely continuous if for every € > 0 there exists §. >0
such that for any finite sequence of pairwise disjoint subintervals (a;, b;) < 7 with
a;, b; € T it holds that

Y bi—ail=6. = Y |fb)-fla)|<e. (1.1)
i i
The set of all absolutely continuous functions on 7 is denoted by AC (7).
 The space AC"(T) is defined as the product

AC™(T):= AC(T) x---x AC(T). 1.2)

n times

lStefan Banach 1892 - 1945



CHAPTER 1 Optimal Control Problems

* The space L, (7) is defined as the set of all measurable functions f : 7 — R that are
essentially bounded:

t :: 3 f t‘ . 1-3
estses%lplf( )| Anf sup |f(£)]<oo (1.3)

teT\N
N has measure zero T

¢ The space L (7) is defined as the product space

L2 (T):=Loo(T) x -+ x L (T). (1.4)

~
n times

* The space Acﬁ,c([to»oo)) is defined as the space of all functions f : [fy,00) — R" such

that on every compact subinterval = [tg,00) for the restriction it holds that

[l € ACM(T). (1.5)

* The space L” | ([fy,00)) is defined as the space of all functions f : [#y,00) — R" such

(
oc
that on every compact subinterval 7" < Ry for the restriction it holds that

[l e L (T). (1.6)
A

It is well known that AC (7)) and L., (7) endowed with the norm || f||__ := esssup .7 f(t) are
BANACH spaces (see for example [103]). If it is clear from the context, we sometimes omit
the interval 7 for notational convenience and write L for L (7). The set of continuous
functions from 7 or R to R is denoted by C (T) respectively C.

In order to use the concepts of differentiability for mappings defined between BANACH
spaces, we introduce the concept of the FRECHET? differentiability.

Definition 1.2 (FRECHET Differentiability)

Let (V, |- lly), (W, |- llw) be BANACH spaces and U < V an open subset. A function f: U - W
is called FRECHET differentiable at x € U, if there exists a continuous, linear operator A: V —
W such that

i | fx+h) - f(x)— AR||,, o
h—0 Ially

(1.7)

If such a linear operator A exists for x € U, then it is unique, and we write D f(x) and call it
the FRECHET-derivative of f at x. A

2Maurice René Fréchet 1878 - 1973
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1.2 Dynamical Systems

In this section, we define dynamical systems as a mathematical model to describe the evolu-
tion of continuous processes. We introduce important stability concepts, which are helpful
to analyze the asymptotic behavior of such systems.

1.2.1 Initial Value Problems and the PICARD-LINDELOF Theorem

A dynamical system can be seen as description of a process (a function of time) where future
states of the process follow from the current state according to an evolution rule. In this the-
sis, we consider dynamical systems, where the states are represented by vectors in R"* and
the evolution rule is defined by an Ordinary Differential Equation (ODE). With an explicit
ODE, the time derivative of a process is a function of time and state and we write:

x(1) = f(£,x(1)). (1.8)

Due to this notation for ODEs, the function f is sometimes also called the right-hand side.
If the right-hand side f is only a function of the state (there exists an f : R — R" such
that f(¢,x) = f (x) for all possible arguments (¢, x) in the domain of f), we call the ODE “au-
tonomous”. With the function f and some time/state point we can define

Definition 1.3 (Initial Value Problem (IVP))

An Initial Value Problem (IVP) is a function f: X c R x R — R"x (where X is an open subset)
together with a pair (fy, xp) € X called the initial condition. For a given compact interval
T < R with # € T, we call a function x € AC"(T) a solution of the IVP if x(f) = xy and
x(t) = f(t,x(1) holds for almost all t € 7. A

If the function f satisfies some regularity conditions, the PICARD-LINDELOF® theorem pro-
vides local existence and uniqueness statements for the IVP.

Theorem 1.4 (Local PICARD-LINDELOF Theorem)
Let f: X c RxR"™ — R be continuous and locally LIPSCHITZ continuous in the second
variable on X:

| £t,x) = f(t, )| = M||x-y| forall (z,x),(z,y) € .

Then there exists an open interval I c R containing #y and a unique, differentiable function
x: I — R" such that x(#) = yp and x(¢) = f(¢,x(¢)) forall r e I.

Proof See for example [110, Theorem 2.2]. O

This local version ensures existence of a solution for IVPs at least for a short time interval. If
the domain X of f contains a set of the form [a, b] x R", the unique local solutions can be
glued together and the existence of solution on the whole interval [a, b] can be guaranteed:

3Emile Picard 1856 - 1941, Ernst Leonard Lindel6f 1870 - 1946



CHAPTER 1 Optimal Control Problems

Theorem 1.5 (Global PICARD-LINEDLOF THEOREM])
Let 7 be a compact interval and X an open subset of R x R"x such that 7 x R"* c X. Let
f:Z — R"™ be continuous and uniformly LIPSCHITZ continuous in the second variable on X:

|5, 0 - ft, | <M|x-y| forall (z,x),(t,y) € Z.

Then there exists a unique differentiable function x : 7 — R"* such that x(#y) = yo and x(t) =
ft,x(n) forallteT.

Proof See for example [2, Theorem 4.1.4]. O

In the following, we will assume that if the solution of an IVP exists, it will always be unique.
The abbreviation ®(7; xo, fp) stands for the value of the solution of the IVP x(¢) = f(f,x(1))
with initial value x(fy) = xp at time 7 € R. The mapping ® can be interpreted as the time-
dependent flow-mapping of the time-dependent vector-field x(¢) = (¢, x(¢)). GRONWALL s*
Lemma implies the continuity of the flow-mapping for sufficiently smooth right-hand sides
f (see for example Khalil [71, Theorem 3.5]).

1.2.2 Stability of Solutions

The question of how small changes of the initial value affect the (long-term) behavior of the
solution of an IVP is analyzed in stability theory. In particular, stability concepts are of great
importance for analyzing robustness properties of systems that are subject to perturbations.

The concept of class kappa functions as comparison functions, which were first intro-
duced by Hahn [57, 56] and became a standard tool in stability theory for nonlinear systems
with the work Sontag [106], are useful to formalize the definition of stability.

Definition 1.6 (Class K Functions)
We define the following subsets of C (Rx() and C (Rxg x Rx):

K :={a € C(Rxp) : a is strictly increasing and a(0) = 0},

Koo :={a e and }Lr&a(t) = o0},

L:={a eC(Rxp): a is strictly decreasing and tanolo a(t) =0},

KL:={f:Rx¢ xRxp: Bis continuous, B(-, ) € K and (¢, ) € L for all £ € Rxo}. A
Remark 1.1 Class K functions have the following properties concerning inversion and com-
position: Let a1, az € Ko and a € L. Then it holds:

* a; is invertible and for the inverse it holds a;' € Ko,
e a10as € Koo,

s qgoaj;eL,

4Thomas Hakon Gronwall 1877 - 1932
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e qjoael.
Furthermore, for a3 € K and € KL it holds that ago f € L. A

We introduce the following stability concepts for IVPs with autonomous ODEs.

Definition 1.7 (Stability of IVP Solutions )
A solution xef : Rzg — R of the IVP x(f) = f(¢, x(¢)) with initial value x(0) = xo € R"~ is said
to be

e LyarPuNoOV ° stable, if for any € = 0 there exists 6 = 0 such that

[x—xe(Dll<e = @O(1;x,1) exists and || P(T; x, 1) — Xpep(D) | <6 forall T = ¢,

* locally asymptotically stable, if there exists a function § € KL and an open set U c
R x R™ containing {(¢, x) € Rx¢ x R : x = x¢¢(#)} such that for any (¢, x) € U it holds

- ®O(7;x,¢) exists forall T = ¢,

= 1 xef(T) = @(7; %, )| < Bl X — Xpeg (O, T — 1) forall T = ¢.

¢ locally uniformly asymptotically stable, if there exists 6 = 0 and a function € KL
such that

- lx—xes(D) <6 = @(1;x,1) exists and is unique forall 7 = ¢,

- lx=Xet(MD =6 = 1O X, 0) = Xpet (D < BUlx — Xpee (DI, T — 1) forallt = 2. A

To illustrate the concept of stability, we include some simple examples.

Example: Linear Systems

Let us consider the case of an IVP with a linear right-hand side, i.e. %(#) = Ax(#) where A €
R™x*"x i a matrix. Let xy € R"* be the initial value at time f;. It is well known that the
unique solution of this IVP is defined for all times and can be represented using the matrix
exponential:

@ (T; X0, fp) = 1T . (1.9)

It can be shown that for the induced matrix norm (|| All := sup{l| Axll, x € R with | x|| = 1})
and the matrix exponential it holds:

€] < e*m=x®), for all B € R"*"x, (1.10)

where Anax(B) denotes the largest real part of the eigenvalues of the matrix B. It follows for
the solution

1D(7; %0, ) | < || T~ || I x0 || = @MmaxtDT=10) | iy (1.11)

5 Aleksandr Mikhailovich Lyapunov 1857 - 1918
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This shows that if the largest real part of the eigenvalues of A is negative, the constant zero-
solution (xef(-) = 0) of the IVP x(¢) = Ax(t) with initial value x(0) = 0 is locally uniformly
asymptotically stable cf. Figure 1.1a.

Example: Steady-States of Affine Linear Systems

Let x(t) = Ax(t) + b be an affine linear dynamical system with A € R"™*"x and b € R"*. Any
X0 € R™ with Axg + b = 0 is called a steady-state for the system, because the right hand side
vanishes and consequently for any 1 = £ it holds that ®(7; xy, fo) = x. By substituting ¥(#) :=
x(1) — Xo, the original ODE transforms to the equivalent linear system X(t) = A%(#) and the
question is reduced to the question of stability of the zero solution for the linear system.

As we have seen in the previous example, 0 is a locally uniformly stable solution of a linear
dynamical system if the eigenvalues of A have negative real part. Therefore, in this case
the steady-state xj is locally uniformly asymptotically stable for the original system x(f) =
Ax(t)+D.

Example: LYAPUNOV Stable but not Locally Asymptotically Stable

For rp = 0 and ¢ € [0,27] consider the IVP

X1 (t t ey i
(;;Et;) = (_x;l( (1)) with initial value x(ty) = ry (22(((;2))) € R (1.12)

The solution of this system is then given by

(1.13)

D(7;x0, o) = 1o (sm(T + (Po)) .

cos(T + o)

The solutions move along circles of radius ry counterclockwise with constant angular veloc-
ity (Figure 1.1b). It follows that for any two solutions x;,x,, the difference | x; () — x2 ()l
will be independent of 7 and therefore constant. This means that for all 7 = #, and for any
X, Y€ R? it holds that

@ x, 1) — @53, )| = | x—¥], (1.14)

and consequently any solution is LYAPUNOV stable. Equation (1.14) also implies that no so-
lution is locally asymptotically stable.

12
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Figure 1.1: The above pictures show two linear systems that evolve according to x(¢) = Ax(t).
For the system on the left, 0 is a locally uniformly asymptotically stable solution because
the solution @(7; xg, fp) converges to zero for all xj € R2. For the system on the right, any
circle-parametrized solution is LYAPUNOV-stable but not asymptotically stable, because the

solutions move on circular trajectories around the center with constant angular velocity and
distance to the center.

Z3

Distance
NS
o o
T T

o

o

10 20 30
Time

40 50

Figure 1.2: The above picture shows two sample solutions of the LORENZ system on the time
interval [0,50]. The blue trajectory corresponds to the solution x with initial value x(0) =
(1,1,1)T and the red trajectory corresponds to the solution & with a slightly perturbed initial
value %(0) = (1.01,1.01,1.01) L. Below, the distance ||l x(7) — (1)l is plotted. It can be seen that
although the two initial values are quite close, they soon have a large distance.
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Example: The LORENZ System

The LORENZ® system is the prime example of an ODE showing chaotic solution behavior.
The system is three dimensional and its evolution is described by the right-hand side

X1 o(x2—x1)
flxe|=x1(0-x3)—x2 (1.15)
X3 x1(x2 — Bx3)

with the parameters o0 = 10, = g, p = 28. It can be shown that for many initial values, the
solutions of this system behave chaotic, i.e. a small change of the initial value leads to a large
difference in later states known as the Butterfly Effect and do not satisfy any of the above
stability definitions. This effect is illustrated in Figure 1.2, where the evolution of two sample
solutions with close initial values is depicted as well as the evolution of their distance.

Although being a deterministic system, making a prediction of the future behavior is very
difficult because it would require perfect knowledge of the initial state. Such systems are the
subject of chaos theory [109].

1.2.3 LyApuNoOV Functions

LyapunovV functions are of outstanding importance for stability theory. The method of ana-
lyzing stability properties of dynamical systems by means of a LYAPUNOV function was first
introduced by LYAPUNOV in his Ph.D. thesis [81] and is also known as “LYAPUNOV’S second
method”. Roughly speaking, a LyApUNOV function is a function that assigns a non-negative
value to each possible state of the system with the additional properties that it is strictly de-
creasing along solutions of the dynamical system and that its minimum is attained at some
reference (steady-)state of the system. Such functions can be used to show that every solu-
tion of the system is converging to the reference state.

If such a function exists, its values can be interpreted as an analogue to some kind of en-
ergy that is stored in the system. The energy is dissipating with time and the system is con-
verging to the state with minimal energy, which is the reference state.

We introduce a variation of this method that can also be used to prove stability for time
varying solutions of non-autonomous systems.

Let xpef : Rzg — R™ be a solution of the IVP x(t) = f(¢,x(t)) with initial value x(0) = xg.

Definition 1.8 (LyAPUNOV-Like Functions)

Let U o {(t, x) € Rsg x R™ : x = x,¢¢(#)} be an open set and V : U — Rx( U {+0o0} a continuous
function. The function V is called a LyaApuNoOvV-like function for the solution X, if there
exist functions a1, ay € K and a3 € K such that

e for all (¢, x) € U the following inequalities hold:

a1 (lx—xef(DI) = V(T x) < az(llx — et (D11, (1.16)

6Edward Norton Lorenz 1917 - 2008
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* for all (¢, x) € U the solution ®(7; x, ¢) exists for all times 7 = ¢, the solution stays inside
U and satisfies

0
3 V(T,0(7;x, 1) < —az ([ %t (7) — (75 %, D). (1.17)
A

The existence of a LyApuNoOV-like function for a reference solution now implies asymptotic
stability for this solution.

Lemma 1.9 (Existence of LyApuUNOV-Like Function Implies Stability)
Let V : U — Rs¢ be a LyapuNov-like function for the solution Xxf : R>g — R"* of the IVP
x(t) = f(¢, x(#)) with initial value x(0) = x¢. Then x,¢¢ is locally asymptotically stable.

Proof From (1.16) and (1.17), for any (¢, x) € U and 7 = t it follows

(%V(r,@(r;x, 1) < -a3(a;' VT, ®(1;x, ). (1.18)

This implies that 7 — V (7, ®(7; x, 1)) is bounded from above by the solution of the IVP y(7) =
-as (cxz‘1 (y(1)) with y(t) = V (¢, x). Because aso a;l € IC, according to Lemma A.2 there exists
a KL-function g that is an upper bound for those IVP solutions (and consequently also for
T— V(T,®(1;x,1))):

Vi, o(1;x, 1) < f(V(L,x),T—1). (1.19)
In combination with the inequalities (1.16) we get
1O(T; X, 1) — Xeet(T) | < al_l (Bazllx = xet (D)), T = 1) (1.20)

Since the function (a, b) — al‘l (,B(ag(a), b)) is again a KL function (see Remark (1.1)) the
proofis finished. a

In the context of feedback control, the following relaxed version of the previous Lemma is
of interest. It can occur that the continuous condition (1.17) can’t be checked but instead a
discrete version for a sequence of times (#; = fp + iAT) ;en holds:

V(tis1, P(Lir1;%, 1)) < V (T, X) — allx — X (£)). (1.21)

The discrete analog to Definition 1.8

Definition 1.10 (Discrete LyAPUNOV-Like Function)

Let U2 {(t,x) € Ryg x R"™ : x = x,¢(¢)} be an open set and V : U — R U {+o0} a continuous
function. V is called a discrete LyApUNOV-like function for the solution x.t, if for a sequence
of times (t; = tp+iAT);eny With AT > 0 there exist functions a1, a» € Ko and a3 € K such that

e for all (¢, x) € U the following inequalities hold:

a1 (1x = Xeet (D) = V£, x) = a2 (llx — Xret (D), (1.22)

15
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e forall i e Nand all (¢;, x) € U the solution ®(1; x, t;) exists for all times 7 = ¢;, the solu-
tion stays inside U and satisfies

V(tiv1, @(ti+1; %, 1)) = V(5, %) — az (1 X — Xeee ()11, (1.23)

e for (t;,x) € U and 7 € [t;, t;+1) it holds

V(T,®(7;x, ;) < V(t;, ). (1.24)

With this definition, we can formulate a discrete version of Lemma 1.9:

Lemma 1.11 (Existence of Discrete LyAPUNOV-Like Function Implies Stability)

Let V: U — Rx( be a discrete LYAPUNOV-like function for the solution xef : R>g — R™* of the
IVP %(t) = f (¢, x(t)) with initial value x(0) = xp. Then there exists a L function g such that
for all (¢;,x) € U and 7 = ¢; it holds that

| Xre(T) — @ (7; %, £l < BUll Xpe(£) — XN, T — 17). (1.25)

Proof Because of (1.22) and (1.23), there exists a Ko, function & such that for any (¢;,x) € U
it holds

V(tiv1, @(tiv1; %, 1)) = V(14, x) — a(V (¢, x)). (1.26)
Lemma A.3 guarantees the existence of a £ function f with the property that
V(t;, @)%, 1)) < BV (1, x), tj—tx) (1.27)

holds for all i, j € N and x € R™r such that j = i and (¢;,x) € U. Now let 7 = ¢; be arbitrary.
Then, for the unique k € Nwith 7 € [#, fx+1) we can calculate

V(r,®(7;x, t;) V(ty, ®(tg; x, 1)) < BV (85, X), g — ;)

-

1.24)
< B(V(t;,x),T - tiy1) (because of T— t;4) < tp — t; and f € KL)
=B(V(t;,x),T—t; = AT).

For (s, t) € Rxg x [AT,00) we define the function ,3 as follows:

Bls 1= Pls, t—AT) + 0L (1.28)
s, 8):=P(s, t— . .
t+AT
By definition, the function ,3 satisfies the inequality
V(T,0(t;x, 1)) < POV (1, %), T — 1;) (1.29)

16
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forall T = t; + AT. We can extend ﬁ continuously to R>o x R3¢ by setting

2SAT
t+AT

B(s, 1) := B(s,AT) + for (s, ) € R=q x [0,AT). (1.30)
It can be checked that the resulting function f is a £ function. By definition of 8, which in
particular implies s < (s, t) for all £ € [0,AT), and the property (1.24) it follows

V(T,®(1;x, 1) < V(5;, %) < BV (15,%),T— ;) (1.31)

for all T € [¢;, t;+1). This shows that inequality (1.29) also holds for 7 € [£;, t;+1). Together with
the inequalities (1.22), § can now be used to construct a KL function g that satisfies (1.26)
and the proof is finished. O

1.3 Discrete Time Systems

Discrete time systems can be seen as the discrete equivalent of dynamical systems. In such
systems, the evolution is described by a transition map F : R”* — R’ which maps the current
state x € R"* to the state at the next time instant, which is denoted by x* := F(x). Since the
“evolution rule” F is defined on R™~, for any initial value xy € R™* there automatically exists a
unique sequence (y) ke that solves the discrete initial value problem

Yo = Xxp and yi41 = F(yy) forall ke N. (1.32)

For a repeated application of the function F we also write F":= Fo---oF.
—_——

n times
A dynamical system x(f) = f(x(¢)) can be transformed into a discrete time system using a

equidistant time grid (¢; = iAT) jen.

The evolution rule F is then just defined by using the flow mapping ® of the dynamical
system (we suppose that the solution for the dynamical system exists for all initial values
and all times, i.e. the flow map @ is well defined):

F(x) =®(AT; x,0). (1.33)
It is clear that for any given initial value xj this evolution rule will generate a sequence
(x%) ken that corresponds to the sequence (O (KAT; xp, 0)) ken-

Stability of Solutions

Similar to the stability theory of IVPs, the question of the asymptotic behavior of discrete
time systems is of great interest. The stability notion of Definition 1.7 can be transferred to
the discrete case:

Definition 1.12
A solution () ken Of the discrete time system x* = F(x) with initial value yy = xo is called

17
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¢ LyApuNovV-stable, if for any ¢ = 0 there exists § = 0 such that

Jx-yell <e= [P - i <8 forall jen,

¢ locally uniformly asymptotically stable, if there exists a function g € KL and § > 0
such that for any k € N and any x € R™ with ||x - y¢| < & it holds

,j) forall jeN. (1.34)
A

[1tes- P < (l-d

As in the continuous case, LYAPUNOV-like functions constitute an important tool in the anal-
ysis of the asymptotic behavior of discrete time systems.

Definition 1.13 (LyApUNOV-Like Functions for Discrete Time Systems)

Let (yi)ken be a solution of the discrete time system x* = F(x) and let U < N x R"~ be a
neighborhood of {(k, yi), k € N}. A continuous function V : U — Ry is called a LYAPUNOV-
like function for the solution (yg) ey if there exist Koo functions a1, @2 and a K function a3
such that

e Uisinvariantunder F, i.e. (k,x) e U= (k+1,F(x)) e U,
e for all (k, x) € U it holds

ar (|x=yil]) s Ve, 0) = az (||x—yi|), (1.35)

e V(k+1,F(x)) < V(k,x)—a3z(V(k,x)) forall (k,x)€ U. A

The corresponding stability result is the following.

Lemma 1.14 (Stability of Discrete Time Systems)

If V: U — Ry is a LvApuNoOV-like function for a solution solution (yx) xen Of the discrete time
system x* = F(x), then (yi) ke is a uniformly asymptotic stable solution of the discrete time
system.

Proof Application of Lemma A.3 shows the existence of a JCL-function f such that
Vik+ j,F/(x)) < B(V(k,x), ) forall (k,x) € Uand jeN (1.36)

holds. The inequalities (1.35) finish the proof. 0O

1.4 Optimal Control Problems as Infinite Dimensional Optimization
Problems

Often, the evolution of the dynamical process not only depends on the current state but also
on a control input u € R™ which can be used to influence the system. For a given control

18
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function u € Ly (T), the time-derivative of such a controlled system can then be expressed
as x(t) = f(x(1), u(t)). Together with an initial value this gives rise to an IVP. The possibility
to influence the system via an external input function # motivates the question of the “best”
way to influence a system such that a prescribed objective is optimized.

We now introduce the formal definition of an OCP on the compact time interval 7 =
(%0, ] = R in general standard form.

Let
[iRxR™ xR™ — R"™ (1.37a)
7:RxR™ xR™ — R, (1.37b)
R R, (1.37¢)
c:RxR™ xR™ — R, (1.37d)
Yo (R x R™)™Y _, R (1.37e)

be sufficiently smooth functions.

Definition 1.15 (Standard Optimal Control Problem on a Finite Time Horizon)
An Optimal Control Problem (OCP) is an infinite dimensional optimization problem of the
following form

I
min @(x,u) :=f fé(r,.x:(‘r),u(r))dr+ m(x(t)) (1.38a)

xe AC™(T), to

uel2X (T)

s.t. x(to) = xo, (1.38b)
x(7) = f(z,x(1), u(1)), €T, (1.38¢)
0 < c(t,x(1), u(1)), TeT, (1.38d)
0=Y(x(to), ulto), ..., x(tmy), u(tmy)). (1.38e)

The optimal objective value of this OCP is denoted by ¢(x(). The mapping x — ¢(x) is called
the optimal value function. A

We call a pair (x,u) € AC™(T) x L3%(T) admissible for problem (1.38), if it satisfies con-
straints (1.38b)-(1.38e). The performance criterion (1.38a) consists of an integral contribu-
tion (the LAGRANGE’ -type objective) with integrand ¢ (t, x(7), u(r)) and of an end-point con-
tribution m(x()), which is called MAYER®-type objective. An OCP with an objective function
of this type is called a “BoLzA®-type” OCP.

The first constraint (1.38b) is the initial value constraint. Constraint (1.38c) is the ODE-
constraint and has to be satisfied almost everywhere on 7. The expression x(¢) can be
evaluated for almost all ¢ € 7 because the derivative of an absolutely continuous function
exists almost everywhere. The path constraint (1.38d) is formulated as inequality constraint,

7]oseph—Louis Lagrange 1736 - 1813
8Christian Gustav Adolph Mayer 1839 - 1908
90skar Bolza 1887 - 1942
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which in particular also includes equality constraints and has to be satisfied almost every-
where on 7. In most OCPs throughout this thesis, we consider path constraints that are time
independent and decoupled in state and control, i.e. of the form

X
¢ (X)). (1.39)

c(r,x,u) = (c“(u)
This case also includes the so called simple bound constraints, which are box-constraints
on state and control variables imposed on the whole time horizon. Constraint (1.38e) is a
coupled interior point constraint which is evaluated at a finite grid of time points #; <... <
tmy in 7. Note that for notational convenience we often state the initial value constraint
(1.38b) separately from W. Another important type of a coupled interior point constraint
that frequently occurs in this thesis is the periodicity constraint, which is of the form

Wper (x(87), x(2)) = x(8;) — x(¢), (1.40)

forsome t; < ¢;in 7.

We use the quite abstract general form of Definition (1.38) to define OCPs in order to high-
light the underlying structure that all OCPs have in common. However, when we define a
new OCP, most of the time we state the path constraints and the coupled constraints in their
explicit form to facilitate the understanding.

OCPs as Optimization Problems on BANACH Spaces

In the following, we define general optimization problems on BANACH spaces and show how
Problem 1.38 can be embedded in this framework.

Definition 1.16 (General Constrained BANACH Space Optimization Problem)

Let V, W, U be BANACH spaces, J: V — Ra functional, C: V — W, G: V — U operators, Sc V
aclosed convex set and K < U a closed convex cone with 0y as vertex. The following problem
is a general constrained BANACH space optimization problem

min J(w) (1.40)
wesS
S.t. G(w) ek,
C(w) =0y. A
With the definitions

V= AC™(T) x L2(T),
W= L% (T) x Ls* (T) x R™,

U =147,
K= {ke LA (7)1 k(1) = Ogrineq ae. in T,
S:=V,
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1
J(x,u) = ff(r,x(r), u(1))dt + m(x(t)),
Ip

x(fo) — Xo
()= f(,x(),ul(-)
Ceq(+,x(+), u(+)),
WY(x(to), u(to),..., X(tmy), U(tmy))

G(x) u) = Cineq(',x(');u('))y

Cx,u):=

we can interpret the OCP (1.38) as a general constrained BANACH space optimization prob-
lem as in Definition 1.16.

Under certain smoothness assumptions on the functions f,c,#¢, m,c, ¥ it can be shown
that the BANACH space functionals J,C and G are FRECHET differentiable. For a more de-
tailed discussion, we refer the reader to Gerdts [46, Chapter 2].

Existence of Solutions

In general, statements on the existence of solutions of the OCP (1.38) are difficult to make.
However, in some special cases, it can be shown that the subset of functions that satisfy the
constraints is a compact subset of V = AC"™*(T) x ng (7). For example, Lee and Markus
[73] prove existence for OCPs with control constraints and a right-hand side f where the
control enters linearly and in Berkovitz [11] existence of optimal controls based on convexity
assumptions is discussed.

1.4.1 Important Special Cases

In the following, we discuss some important frequently arising special types of OCPs and
show how they can be transformed to an OCP of standard form as in Definition 1.15.

Autonomous OCPs

In the case the functions ¢, f and c are time independent, i.e. of the form

0:R™ xR™ SR, (1.41)
iR xR™ — R, (1.42)
c:R"™ x R — R, (1.43)

we call the OCP an autonomous OCP. By augmenting the time as auxiliary differential state
Xaux With Xaux := 1 and initial condition x4, (#p)(+) = fo every non-autonomous OCP can be
transformed into an autonomous OCP.
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OCPs with Pure MAYER-Type Objective or Pure LAGRANGE-Type

The LAGRANGE objective term ftf)‘ﬁ(r,x(r), u(7))dr can be transformed into a MAYER-type
objective contribution by augmenting the auxiliary state

X¢(1) :=€(1,x(1), u(r)) with x,(%):=0 (1.44)

to the system. Conversely, if the MAYER term function m of the objective is differentiable, the
equation

tdm

m(x(t)) — m(x(to)) = f a(x(r))f(r,x(r), u(r))de (1.45)
fo
can be used to transform a MAYER-type objective into a LAGRANGE-type objective. For some
numerical solution approaches of the OCP (i.e. Direct Multiple Shooting or Direct Collo-
cation methods) the MAYER-type form is preferred, as it allows to reduce the complexity of
evaluating the objective-criterion, since the final value x(#) explicitly occurs as optimization
variable.

OCPs with Variable Time Horizon

The OCP (1.38) has a fixed time horizon. With the help of the time transformation
(T) = to + (t;— )T (1.46)

we can transform the general OCP of Definition 1.15 to an OCP on the normalized time hori-
zon [0,1]. This substitution technique also allows the reduction of an OCP with free initial
and free final time to an OCP on a fixed time horizon by including the initial time and final
time as additional parameters that can also be subject to optimization.

1.4.2 Optimal Control Problems with Time-Delay Objective

In the course of this thesis, a special kind of OCP with time-delayed objective function will
occur. This class of OCP has an objective function with a LAGRANGE term ¢ that depends
not only on state and control variables at time ¢ but also on state and control variables at the
shifted time ¢ + Ty. Let £: T x (R x R")? — R be sufficiently smooth and let T € R be such
that 5 < t; — Ts.

Definition 1.17 (Optimal Control Problem with Time-Delay Objective)
An OCP with time-delay objective function is an infinite dimensional optimization problem
of the following form

tf_Ts
min Q(x,u) = f (1, x(1),u(r), T+ Ts, x(T + Ts), u(t + Tg))dr (1.47a)
xe AC™(T), to
uely (T)
s.t. x(ty) = xo, (1.47b)

x(1) = f(r,x(1), u(r)), TeT, (1.47¢)
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0 < c(7,x(1), u(1)), TeT, (1.47d)
0="Y(x(t), ulto),..., X(tmy), U(tmy)). (1.47e)
A

Reduction to Non-Delayed OCP

We show how the time-delay OCP of Definition (1.47a) can be reduced to an OCP of stan-
dard form. The method we describe is a modification of a method described in Guinn [55].
For simplicity, we only consider a time-delayed OCP without the interior point constraints
(1.47e). The extension to the case with coupled interior point constraint is straightforward.
Let us suppose that the time delay T is an integral fraction of the length T := #;— o of the time
horizon, i.e. T = % T with K < N and K, N € N*. Furthermore, let (x, u) € AC"*(T) x L2 (T).
To reduce the problem, we introduce new state and control variables y; € R and w; € R
forie{l,..., N} that are defined on T := [t0, 0 + % T] and set

i—1 i—1
yi(1) ::x(‘r— TT) and w; (1) := u(‘r— N~ ) (1.48)

For i€ {l,..., N} we define the functions f; cT xR x R — R

i—1
fit,yi,wi)=f|1+ TT,yi,wi), (1.49)

forie{l,...,.N-K} thefunctions[,-:’7~‘><[R”)C x R x R x R — R

i—-1 K+i-1
0i(T,yi, Wi, Yisk, Wivg) =0T+ TTrJ’i, w;, T+ TT,J/HK, Witk (1.50)
and for i € {1,..., N} the functions c; T xR™ x R"™ — R
i-1
ci(T,yi,wi):=c T+TT,yi,wl- . (1.51)
Now we set
N w;
Gow =] || ¢ ||eACN =Ty < LY (T). (1.52)
YN wN

Itis clear that if (x, u) satisfies the ODE-constraint (1.47c), (y, w) satisfies the following ODE-
constraint

Ay @), w1 (1)
Yy = f@,y@, w) = : eRN™ 7T, (1.53)
@y (@), wh(T)
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Similarly, if (x, u) satisfies the path constraint (1.47d), (y, w) satisfies the following path con-
straint

(@, y1 (1), w1 (1)
&,y w):= : < Onp,, TET. (1.54)

en (T, yn (), wn(T))

And finally, if (x, u) satisfies the initial value constraint (1.47b), (y, w) satisfies the following
constraint

y1 (o) = Xop. (1.55)

From Definition 1.48 it follows that the following equations are satisfied for (y, w):

Vi

1
t0+NT):yi+1(t0) forie{l,...,N—-1}. (1.56)

Conversely, if (y, w) € ACN™ (T x Lévo"“ (T) satisfies constraints (1.53) — (1.55) and the
transversality constraints (1.56), we can construct a pair (x, u) € AC"™(T) x ng (7)) that sat-
isfies constraints (1.47c) — (1.47e). Altogether, if we merge the initial value constraint (1.55)
and the constraints (1.56) into one coupled interior point constraint ¥, we reduced the time-
delayed OCP to the following OCP of standard form.

N-K
yeAf:rzlvlﬂ 7 I ; 0i(1,yi(0), wi (1), Yirk (7), Wik (1))d7 (1.57a)
welX"™* ()
s.t. y) = f(T, y@), w(1)), TE ’7:, (1.57b)
0<é(r,y(), w(1), 7eT, (1.57¢)

0= \?(y(IO)) w(t())yy(to +%T)yw

1
o+ NT)) (1.57d)

1.5 Optimal Control Problems with Infinite Time Horizons

Up to this point we only considered OCPs with finite time horizons 7. It is also possible
to define OCPs on infinite time horizons. However it is necessary to choose appropriate
optimality criteria in this case. We begin this section with an instructive example and then
introduce some optimality criteria for OCPs on infinite time horizons.

Example: Indefinite Objective

Consider the 2-dimensional dynamical system described by the linear ODE

1 0 1 0
.i:(t):—(o 1)x(l‘)+(0 2)u(l‘) (1.58)
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with the state and control bounds

0,<x(1)<2-T, fori=1,2,t € R,

. (1.59)

0<u(t)<2-1, fori=1,2,t € Rxg.
Let (t,x,u) :=—| ullg be the performance criterion and x(0) = (0, 0)T the initial state of the
system at time ¢ = 0. We want to find an admissible pair (x,u) € ACIZOC X Lio loc Such that

f(;)o Z(u)dt is minimized. For a given function u € Lio loc the solution at time ¢ > 0 of the IVP
defined by (1.58) with initial value x(0) = (0,0) T canbe expressed explicitly by the formula

(10
x(t)zf0 e (0 2)u(r)dr. (1.60)

Using this formula, we can verify that the following pair (x, u) € AC2 x 12  satisfies the

loc ‘oo,loc
bounds and solves the ODE for all times.

2(1-e™ %) 2
0 for t € [0,In(2)) for t € [0,In(2))
x(1):= ) and u(r) := ) (1.61)
( ) for t >1n(2) ( ) for t > In(2)
0 0
Similarly, we can check that the pair (%, &) € AC}, x L2 | defined by
0 0
for t € [0,In(2)) for t € [0,In(2))
B (2(1—e—f)) . (1)
() 0 and (1) := 0 (1.62)
( ) for t >1n(2) ( ) for t >1n(2)
1 0.5

solves the ODE (1.58) with the same initial value and also satisfies the bounds (1.59). In both
cases, after an initial transient phase, the systems enter a constant steady-state and remain
there for all times. In the first case, the steady-state is (xs, us) = ((1,0)T, (I,O)T) and in the
second case it is (X, ii5) = ((0, nr, (O,O.S)T). The value of the performance criterion ¢ at the
two steady-states can be calculated as

f(xs,us) = -1 and (X, ti5) = —0.25 (1.63)

and therefore, the performance integral is unbounded in both cases:
o0 (o]
f [(u(t))dt:f f(a(n)dt = —o0 (1.64)
0 0

However, one could argue that the first solution (x, u) is preferable over the second one,
because the performance of its steady-state beats the performance of the steady-state of the
second solution. Therefore the first solution will perform better in an average sense.
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Optimality Criteria for Infinite Horizons

The above example illustrates the need of more general optimality concepts for infinite hori-
zon OCPs. Several optimality criteria for infinite horizon OCPs can be found in the literature
[24, 30] that circumvent this problem. We introduce the following functionals.

Definition 1.18 (Infinite Horizon Objective Functionals)
For (x,u) € ACII:)’“C x L™ T eRsoand A > 0 we define the functionals

‘oo,loc
T
orx,u) :=f 0(7,x(7), u(r))dr, (1.65)
0
Poo(X,u):= lim @r(x,u), (1.66)
T—+o00
1
Pavg(x, u) := limsup — @7 (x, u), (1.67)
T—+oo 1
T
Jy(x, u) :=limsup ef’”((r,x(‘r), u(r))dr. (1.68)
T—+o0o JO

In case any of the limits does not exists, the value of the functional is defined to be +co. A

Definition 1.19 (Infinite Horizon OCP)
Let ¢ be one of the functionals ¢, Pavg, /2. Then we call the following problem an infinite
horizon OCP.

inf @(x,u) (1.69a)
e ACT ALY,

S.t. x(t9) = xo (1.69b)

x(1) = f(1,2x(1), u(1)),T € Rxp, (1.69¢)

0 < c(r,x(1), u(1)), T € Rxp. (1.69d)

A

As in problem (1.38), we call a pair (x, ) € ACl’f)"C X L:gloc admissible on the time horizon Rx,

if it satisfies constraints (1.69b)-(1.69d). Note that in problem (1.69) we use “inf” instead of

“min” in the finite horizon OCP (1.38), as the space .ACI" * % 1™ isnot closed.
oc ‘oo0,loc

Definition 1.20 (Optimality on Infinite Horizons )
If in problem (1.69) ¢ = ¢, we call an admissible pair (x*, u*) strongly optimal, if

Poo(x*,u*) < 0o and if for any admissible pair (x, u) € ACI'E;‘C X L:(’)‘loc

Poo (X, U") < Poo(x, 1) (1.70)

holds.
If in problem (1.69) ¢ = @ayg, we call an admissible pair (x*, u*) average optimal, if

Pavg(x™,u*) < co and if for any admissible pair (x, u) € AC{(’)’; x LZ;‘IOC

Pavg(X*, U") < Pavg(x, 1) (1.71)
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holds. A

If we reconsider the example at the start of this Section, we can calculate

(Poo(x; u) = —00, (poo(i, '2) = —0Q, (172)

Pavg(x,u) = -1, Pavg (X, @) = —0.25. (1.73)

This shows that the functional @,y can distinguish the two admissible pairs (x, ) and (%, #@).
Another benefit of the functionals ¢,y and J, is, that contrary to ¢, they are bounded
on the set of admissible pairs for a greater class of problems.

Lemma 1.21 (Boundedness of Objective Functionals )
Let the set A:={(x,u) e R"™* x R™ :3r e R:0 < c(¢, x,u)} be compact and let L: R x R — R
be a smooth function such that for all (f,x,u) ERx A

[€(¢t, x,u)| < L(x, u) (1.74)

holds. Then ¢avg and J, are bounded on the set of admissible pairs for problem (1.69).

Proof Because of (1.74), for any admissible pair (x,u) € ACI’ZJ o X L:O”IOC and any T € Ry it
holds
1 T
lor(x,w)| = T U 0(v,x(1), u(r))dr (1.75)
0
1 T
< —f L(x(1), u(r))dr. (1.76)
T Jo

Because 0 < c¢(1, x(7), u(1)) holds for almost all 7 € R, it follows that (x(7), u(t)) € A for almost
all T € R. The smooth function L is bounded from above by a number C < co which then
implies

(pavg(x; u)<C. (1.77)

Similarly, for any T > 0 it holds

T c c
sf |e‘“C( dr==01 —e My < 2, (1.78)
0

T
‘ f e MO, x(1), u(r))dr
A 2

which proves J; (x, u) < % 0

1.6 Solution Methods

In this section we give a small overview on methods that can be used to solve OCPs numeri-
cally.
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1.6.1 Indirect Approaches

PONTRYAGIN’s'® Maximum Principle is the fundament of indirect methods. It states neces-
sary optimality conditions that can be used to transform the infinite dimensional OCP (1.38)
into a Multi Point Boundary Value Problem (MPBVP). An overview of numerical methods
for solving the arising MPBVP can be found in Ascher et al. [6]. Two of the most important
methods used for discretizing the MPBVPs are the collocation method [105] and the multiple
shooting method [90, 22, 17, 34] which both transform the MPBVP into a finite dimensional
system of nonlinear equations. In the indirect approach, first the optimality conditions for
the infinite dimensional problem are set up first and then a discretization is applied. This is
also the reason why the indirect approach is sometimes referred to as First Optimize then
Discretize approach. The solution process requires an initial guess for all primal and dual
variables of the MPBVP, which can be difficult to obtain, especially for the dual variables of
the constraints. Furthermore, the derivation of the necessary optimality conditions is a dif-
ficult process that requires insight in the problem structure and cannot be automated. For
these reasons, indirect approaches are not very well suited for the fast solution of OCPs.

1.6.2 Direct Approaches

Contrary to the indirect approaches, the first step in the direct approaches is the discretiza-
tion of the infinite dimensional OCP. This directly transforms the infinite dimensional OCP
into a finite dimensional NLP. The resulting NLP then can be solved by an appropriate nu-
merical method, e.g. the Sequential Quadratic Programming (SQP) method [89] or an In-
terior Point method [116]. Because of the order of discretization and optimization, direct
approaches are sometimes referred to as First Discretize then Optimize approaches. In the
following, we give a brief introduction into the Direct Multiple Shooting method due to Bock
and Plitt [20] for discretizing OCPs, since it is the basis for our solution algorithms.

1.6.3 The Direct Multiple Shooting Method

Multiple shooting methods were first used for solving Boundary Value Problems (BVPs)
[22, 16, 90, 17], as they also occur for example in the indirect approaches. The Direct Mul-
tiple Shooting method for OCPs is first described in [20] and [91]. We will describe how the
Direct Multiple Shooting method transforms the infinite dimensional OCP (1.38) into a finite
dimensional NLP.

Time Discretization
As a first step, we partition the time interval 7 = [#y, ;] into N intervals

h<h<..<IN=1I. (1.79)

10 ey Semyonovich Pontryagin 1908 - 1988
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Often, the intervals are chosen to be equidistant, but this is not necessary. We assume that
the times {f, ..., t;,} (from the coupled interior point constraint ¥ (1.38e)) are all elements
of the time grid.

Control Discretization

The control functions on 7 are defined piecewise on the intervals 7: :=[¢, ti+1]. In principle,
any finite dimensional parametrization

q
Bi:T; xR" —R"™ (1.80)
can be used. Common choices of such parametrizations include

* piecewise constant:
nd = ny, and B;(t,q;) :=g; foralli =0,..., N-1,

P =

* piecewise linear:
n? =2ny and B;(7,(qi1,qi2)) = qiy1 + %qm foralli=0,...,N—1.

For simplicity we assume that for all i € {0,..., N — 1} the dimension nf is the same (= n9).
Then the vector

q:=(qo,....qN-1,qn) eRN DM (1.81)

represents the control function i@, on 7

ig: T —R"™, (1.82)
B;(1,q; fi € [t tiv1),
oo i(T,q:) or T € [t;, ti+1) (1.83)
Bn-1(tn,gn-1)  forT=1y.

Note that the last component gy is not necessary to define the function i@, because {ty}
has measure zero. We include it gy for notational convenience and fix it with the auxiliary
constraint 0 = gy — gn-1. If a continuous control function is desired, additional continuity
conditions can be added (e.g. g;2 = g;+1,1 for all i in the case of piecewise linear interpola-
tions). In this thesis, we always use a piecewise constant control parametrization.
State Parametrization
For each grid point ¢;, we introduce a state variable s; € R"~. The vector

§:=(S0,..., Sy 41) € RVFDx (1.84)

together with the vector g then represents the following function:

Xisq: T —R™, (1.85)

29



CHAPTER 1 Optimal Control Problems

30
1 (5 O]
0.8}
0.6
qq &————
8 S
0.4+
0.2l q3 &=

Figure 1.3: On the left, two state trajectories corresponding to the state/control variables
(3i,gi) (blue) and (s;, g;) (red) can be seen. The states (§;) are initialized along the dashed
black line and the resulting trajectory has shooting-discontinuities (blue dashed lines). The
states (s;) correspond to a initialization that results in a continuous state trajectory. On the
right, the piecewise constant control function corresponding to (g;) is depicted.

x(7;8,Bi(+,qi),t;) fort e[t tiv1),
‘l”—*{ (z;8:,Bi(+,gi), t;) or 7 € [t;, tj+1) (1.86)
SN+1 fOIT= tN+1.
Here, the expression x(z; s;, B; (-, q;), t;) denotes the solution of the IVP
x(t) = f(¢,x(0),B;(-,g:),x(t;) = s;, (1.87)

at time 7. The function X5 4) is continuous on all subintervals 7;, but it may contain jump
discontinuities at the grid points. With the definition

8i(si, qi) = x(ti+1; 5, Bi (-, qi), i), (1.88)
the continuity of X(s,¢) at time ;1 is equivalent to the equation (the matching condition)

8i(si,qi) = si+1=0. (1.89)
In other words, the pair (s, g) induces a solution (X(s,4), #f4) of the IVP

x(1) = f(t, x(1), u(r)) with x(f) = so (1.90)

on the interval 7T, if condition (1.89) is satisfied for i € {0,..., N — 1}. An illustration of two
pairs of state/control variables that induce a continuous trajectory respectively a trajectory
with shooting discontinuities can be found in Figure 1.3.
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Constraint Discretization

The path constraints (1.38d) are enforced at the grid-points {¢;,i =0,..., N} of the time dis-
cretization:

0 < c(ty, Fs ) (1), Bg (1)) (1.91)
This directly translates to constraints at the coefficients (s, q):

0 < c(tj, si,q;) for i €40,..., N}. (1.92)
Analogously, the coupled interior point constraint (1.38e) translates to

0=Y(%0, 50,40, >ty > Smy» Gmy)- (1.93)

Note that even if constraint (1.92) is satisfied, constraint (1.38d) can be violated for (%5 ¢), #E4)
between the shooting nodes. There are different ways to handle this problem, if strict satis-
faction of the path constraint between the shooting nodes is important. First, refining the
time grid can be considered. Theoretically, it is also possible to introduce a new auxiliary
differential state Xaux(?) := c(t,x(t), u(t))” with initial condition x,ux(fy) = 0. Here v~ de-
notes the component-wise projection to the negative part for v € R”. Then xx(#) = 0 is
equivalent to satisfaction of the path constraint c(t, x(t), u(t)) almost everywhere, and the
path constraint could be eliminated from the OCP (1.38) by adding the final value constraint
xaux(Z) = 0. However, the projection onto the negative part is not differentiable at 0, which
in practice would make it necessary to replace the projection with some smooth approxima-
tion. Another possibility is, to incorporate the path constraint for all time points ¢ € 7. This
leads to a so-called semi-infinite program [59]. It is also possible to keep track of the local
extrema of the path-constraint function ¢ and incorporate additional constraints at these
points as described in Potschka [93] and Potschka et al. [95].

Objective Function Discretization

Using definitions (1.85) and (1.82), we can calculate the objective value of the pair (Xs,q), #t4)
as follows:

13
P (K (s,q), Tg) = f 01, %5 ) (T), g ()T + m(ty, F s, g (1) (1.94)
To
N-1 rtin
=) 0(t,x(7; 54, Bi(+, qi), 1), Bi (7, 4;))dt + m(ig, sN) (1.95)
i=0 Y1
N-1
=: ) Li(si,qi) + M(sn). (1.96)
i=0
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The Multiple Shooting NLP

Using the described discretization, we can transform the infinite dimensional optimization
problem (1.38) into the following finite dimensional optimization problem:

N-1
min G(s,9) ==Y Li(si,qi) + M(sn) (1.97a)
SERU\HD"’C, iz0
qERU\HI)nu
s.t. 0=gi(si,qi) — Si+1, ief{0,...,N—-1}, (1.97b)
0=<c(t, s, 90, iefo,...,N}, (1.97¢)
0="Y(50,G0,---»Smy> Gmy)- (1.974d)
0=gnN—gN-1. (1.97¢)

A variety of numerical solution algorithms for NLPs exists cf. [12] or [89]. Suitable meth-
ods include Interior Point methods [116] and SQP methods [89]. The structure of problem
(1.97) plays an important role in the efficient numerical treatment. For example in an SQP
method, the fact that the objective function (1.97a) and the shooting constraints (1.97b) are
decoupled, leads to a special block-diagonal structure of the Hessian approximations. By us-
ing condensing techniques as described in [91, 20], the continuity condition (1.97b) allows
to reduce the number of optimization variables in the Quadratic Program (QP) subproblems
considerably.

1.7 Summary

After introducing some fundamental function space definitions we started this chapter by
defining the concepts of dynamical systems, IVPs and stability of solutions for IVPs. Based
on these definitions we introduced OCPs with finite time horizons and BOLzZA objective
functionals as a class of infinite dimensional optimization problem on BANACH spaces. We
showed how an OCP with delay objective functional can be transformed into a standard OCP
with BOLzA objective functional. For the class of OCPs with infinite time horizons we moti-
vated the need of special averaging objective functionals.

Finally we discussed how an infinite dimensional OCP can be transcribed into a finite
dimensional NLP to make its solution numerically tractable. In particular we described the
Direct Multiple Shooting method.
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Chapter 2

Stability Theory of Nonlinear Model Predictive Control

In this chapter, we give a brief introduction of the main principles and the theory behind
NMPC with a focus on stability theory for the resulting systems. Nonlinear Model Predictive
Control (NMPC) is an advanced feedback control method for dynamical systems.

We define the moving horizon and the shrinking horizon NMPC schemes and show how
the closed-loop behavior of a moving horizon NMPC scheme based on a tracking subprob-
lem can be analyzed. Furthermore we define economic NMPC and present stability results
for state-of-the-art economic NMPC schemes for dissipative systems.

2.1 Motivation and Historical Background

2.1.1 Feedback Control Methods

As we have seen in the previous chapter, solutions of dynamical systems can exhibit unsta-
ble behavior which leads to unpredictable development of the process. Open-loop control
therefore is not suitable for controlling such processes and the use of feedback control meth-
ods that monitor the process and intervene correctively if necessary, is indispensable (see
Figure 2.1).

Simple examples for feedback controllers are Proportional-Integral-Derivative (PID) [1] or
Fuzzy controllers [112], that can be used for keeping dynamical systems at desired setpoints
by continuously monitoring the distance of the current process state to the desired setpoint
and taking appropriate measures.

However, such controllers do not explicitly consider the dynamical model of the con-
trolled process and thus have limited ability to anticipate the future behavior of the system
accurately. Furthermore, many processes in practice are subject to constraints such as pres-
sure, temperature or fuel consumption limits which cannot be taken into account by such
controllers.

This motivates the need for a feedback control method that both has the ability to accu-
rately predict the future behavior of the process based on a dynamical model and is capable
to take into account operational constraints as well.

These requirements fit well in the framework of optimal control. In NMPC, the feedback
is based on the repetitive process of solving an (appropriately chosen) OCP with the current
system state as initial value and using the resulting control solution as feedback control.

The great flexibility offered by this approach furthermore allows to create controllers that
go beyond simple setpoint-tracking tasks.
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Disturbances

|

o) U*(t) T
——(O—— Controller —— System ——

a) Open-loop control without feedback. The resulting system behavior will very likely deviate from the
predicted open-loop control solution due to disturbances.

Disturfances
Controller i System il
T,
Measurements

b) Closed-loop control with Feedback Loop. The current system state is measured and the control
input is generated by the controller as a function of the current system state. Disturbances can be
rejected by appropriate control reactions.

Figure 2.1: Open-loop control vs. closed-loop control.

2.1.2 Historical Development

In this section we want to give a short overview of the historical development of NMPC. Due
to the great abundance of NMPC literature, this overview does not claim to be complete and
rather has to be seen as a selection of important developments. The development of NMPC
can be traced back to works of KALMAN! [69, 70] from the early 60’s. He was working on
Linear Quadratic Regulator (LQR) problems where a controlled process is governed by a dis-
crete linear model and the objective is an infinite sum of squared deviations form the origin.
It was shown that the optimal control solution of the LQR problem is a linear mapping from
the initial value which can be represented by the gain matrix. This matrix can be calculated
as the solution of a matrix RICATTI? equation.

This approach can be regarded as a precursor of NMPC and its strength was based on
the fact that a general model was used to predict the systems future behavior. Despite its
powerful stabilizing properties for linear systems, the theory of LQR had only little impact in
the process industries due to its failure to handle constraints and nonlinear process behavior
[102].

One of the first works where the central idea of NMPC can be found for discrete linear sys-
tems with control constraints is Propoi [97]. For nonlinear systems the idea was anticipated
in the book of Lee and Markus [74] from 1967:

1Rudolf Emil Kdlman 1930 - 2016
2Iacopo Francesco Riccati 1676 - 1754
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“One technique for obtaining a feedback controller synthesis from knowledge of
open-loop controllers is to measure the current control process state and then
compute very rapidly for the open-loop control function. The first portion of
this function is then used during a short time interval, after which a new mea-
surement of the process state is made and a new open-loop control function is
computed for this new measurement. The procedure is then repeated.” Lee and
Markus [74, Page 423]

This shows that the central ideas of NMPC were formulated relatively early considering
that the seminal contributions of the theory of optimal control such as the maximum prin-
ciple Pontryagin et al. [92] (1962) and the principle of dynamic programming Bellman [9]
(1957) were formulated not long before.

In the beginning the formulation of the basic NMPC idea was rather a theoretical ob-
servation then a practical approach because neither powerful computers nor suitable soft-
ware was available to “very rapidly” solve the arising OCPs. This changed with algorithmic
progress for constrained linear and quadratic programs in the 1970s. Especially in the field
of process control, where the system dynamics is often comparably slow, applications are
reported in Richalet et al. [102], Cutler and Ramaker [33], Prett and Gillette [96].

While early versions of NMPC often did not automatically ensure stability, the systematic
analysis of the stability properties of NMPC by means of LyApuUNOV-functions and terminal
constraints started with the work of Chen and Shaw [26]. Within the 1990s, the stability anal-
ysis for NMPC schemes with terminal constraints and terminal costs was further developed
in Nicolao et al. [88], Magni and Sepulchre [82], Chen and Allgéwer [27].

From the 2000’s on, the interest in NMPC schemes that go beyond regulatory and tracking
tasks and directly incorporate an economic performance criterion received increasing inter-
est cf. Helbig et al. [58], Engell [38], Rawlings and Amrit [99], Griine et al. [52], Faulwasser and
Bonvin [39] and Griine and Pannek [51, Chapter 8]. For an overview on recent developments
in this direction we refer the reader to the overview articles of Ellis et al. [37] and Miiller and
Allgéwer [85].

2.2 Basic Principles of Nonlinear Model Predictive Control

In this section, we introduce the main ideas behind the Moving Horizon and Shrinking Hori-
zon NMPC as an abstract sequence of solutions of parametrized OCPs.

Consider a dynamical system governed by the ODE %(¢) = f (¢, x(#), u(t)) with f sufficiently
smooth and u(?) the control input. Let furthermore ¢, m, ¢ be sufficiently smooth functions
asin (1.37).

2.2.1 The Moving Horizon Scheme

As the name already indicates, the Moving Horizon NMPC scheme is based on OCPs with
time horizons moving forward in time. More specifically it is based on a family Ppgve(?, X)
of OCPs parametrized in initial time ¢ € R and initial state x € R"* based on the dynamical
system x(7) = f(7,x(1), u(r)) with time horizons 7" := [t,  + T] of constant length T.
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As an example of such a parametrized family of OCPs, we consider the following standard
OCP Py ove(t, x) based on the functions ¢, m, c and W:

min @(x,u) :=[ (1, x(1), u())dr + m(x(t+ T)), (2.1a)
xe AC™(TH), Tt
uelX (T
s.t. x(t) =x, (2.1b)
(1) = fr,x@),u@), T’ 2.1¢)
0<c(r,x(r),u®), 1T’ (2.1d)
0<WY(t+T,x(t+T1T)). (2.1e)

Let ¢* (¢, x) denote the optimal objective value for problem Py (£, x). We could as well con-
sider any other OCP with time horizon length T containing the dynamical system constraint
(2.1c) as well as the initial value constraint (2.1b).

The problem Ppygve (2, x) is called the “NMPC Subproblem” for the Moving Horizon NMPC
scheme:

Algorithm 1 Moving horizon NMPC scheme.

1: Choose a sampling time grid T := {f; € R: #; < £j41 forall j e N},
2: 10,

3: while true do

4: At time t; determine the state of the system x; € R"~

5 Solve Pmove (ti, %:), (x], u}) (the “Open-Loop” prediction)
6: For 7 € [#;, t;+1) apply the control uf (7) to the system

7: i—i+1

8: end while

The resulting “Closed-Loop” state trajectory x (-; Xo, o) : [£y,00) — R"* and control trajec-
tory u, (+; Xo, fo) : [fp,00) — R are defined as

x,(7; %0, o) : = X} (7) for 7 € [1;, tj11), (2.2)

u,, (T; X0, o) : = w; (v) for 7 € [t;, ti41). 2.3)

As “Cost-to-Go” function for the NMPC scheme we denote the optimal objective function
evaluated along the closed-loop trajectory:

t— " (t,x,(t; X0, tp)). (2.4)

This function plays an important role in the analysis of the closed-loop behavior.

Remark 2.1 (Measurement of Initial State) In practice, it is often not possible to determine
the exact state of the system at a given time. The measurement process rather has to be
interpreted as a function of the true state plus a measurement error term:

Nk = 7% (xp) + ey (2.5)
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The problem of recovering the true state x; of the process as accurately as possible from the
measurement 7 at the current time (and possible also at past times) is called the “State Esti-
mation” problem. The probably most commonly used method (cf. [67]) for state estimation
is based on KALMAN filter methods (for linear models) (Kalman [69]) or extended KALMAN fil-
ters (nonlinear case) (Julier and Uhlmann [68]). Another method is based on “Moving Hori-
zon Estimation”, which can be viewed as the dual problem to the moving horizon NMPC
subproblem. In this method, the estimation problem is interpreted and formulated as a pa-
rameter estimation problem with a time horizon that includes measurements of the past and
ends at the current time.

For more detailed overview on state estimation methods we refer the reader to [98, Chap-
ter 4]. In this work, we assume that full state information is always available. A

The characterizing property of any moving horizon NMPC scheme is, that it is based on
NMPC subproblems of constant horizon length and the decisions are based on the predicted
behavior of the system on a time horizon moving forward in time.

Under the assumption that the problems Py (£, x) always have a unique solution, the
initial state xo and initial time £y are determining the closed-loop trajectory x,(:; xo, fo) for
all times. To avoid notational clutter, we sometimes omit the initial time #y and the initial
value xo and write x,,(7) for x,,(7; X0, fp) and u,,(7) for u,(7; xo, fp) if it becomes clear from the
context.

2.2.2 The Shrinking Horizon Scheme

Some processes are only defined on a fixed time horizon, i.e., they end at an a priori known
end time 7. A moving horizon scheme does not make sense in this case because at some
time the end of the moving horizon will pass the time T. For such processes, the “Shrinking
Horizon” scheme can be an alternative.

Contrary to the moving horizon scheme, the shrinking horizon NMPC scheme is based on
a family of OCPs Pgpyink (¢, x) with time horizons Sfmnk = [t, T] ending at the pre-specified
fixed time T € R.

An example for such a parametrized family of OCPs could be the following problem :

T
min @(x,u) ::f (1, x(1), u(r))dt + m(x(T)) (2.5)
xeAC " (t}tlrink)‘ t

ueLed! (T i)
s.t. x(t) =x,
x(1) = f(1,x(0), w(0), T € Ty i
0=<c(r,x(0), u(1), TE T 10
0<Y(T,x(T)).

Analogously to the moving horizon scheme we denote the solution of Pgyink(#;, x;) by
(xl?*, u;). The shrinking horizon NMPC scheme is defined as the moving horizon NMPC
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scheme in Algorithm 1 with the only difference that the sampling time grid T is a partition of
[to, T1 and that the problems Prove(t;, X;) are replaced by the problems Pgpink (¢, X;)-

The closed-loop state and control trajectories for the shrinking horizon scheme are de-
fined in the same way as for the moving horizon scheme:

x,(7; %0, o) 1 = X} (1) for 7 € [1;, ti11), (2.6)

uy, (T; X0, o) : = w; (v) for 7 € [t;, ti41). 2.7)

An essential difference of moving and shrinking horizon scheme arises due to the “Prin-
ciple of Optimality”

“An optimal policy has the property that whatever the initial state and initial
decision are, the remaining decisions must constitute an optimal policy with
regard to the state resulting from the first decision.” Bellman [9, R.E. Bellman
1957]

which for the solutions of the shrinking horizon problems Pgy;ink (¢;, x;) guarantees that

(x5 u7yy) = (67, u)) It 2.8)
holds for all i, provided x;4+; = xl?*(tiﬂ) holds for all i (perturbation free, no plant-model
mismatch). As a consequence, for a shrinking horizon NMPC scheme it holds that

(X, wy) = (x5, u)). (2.9)

This means that the closed-loop behavior of the system will be exactly as predicted by the
first open-loop prediction. In particular, this implies recursive feasibility and stability of the
shrinking horizon NMPC scheme.

This is a fundamental difference to the behavior of a moving horizon NMPC controller,
where the closed-loop trajectory can be very different from the open-loop predictions.

2.3 Closed-Loop Behavior

As we have seen above, for the shrinking horizon NMPC scheme the closed-loop trajectory
is identical to the solution of the first NMPC subproblem. This means that, in theory, already
from the first sampling time on, the behavior of the system until the end time T is known.

This is fundamentally different for moving horizon NMPC schemes, where the principle
of optimality cannot be applied and a number of questions concerning the properties of
the resulting controlled system arise. These questions deal with important topics such as
recursive feasibility, stability and economic performance of the closed-loop system.

Since the closed-loop behavior describes how the system will actually behave (contrary to
“Open-Loop” predictions of the NMPC subproblems), itis of great importance to understand
how the setup of the NMPC subproblem affects the closed-loop behavior of the system.
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2.3.1 Recursive Feasibility

From the definition of the moving horizon NMPC Algorithm 1 it is not clear whether the
closed-loop feedback trajectory (x, u,,) exists at all, i.e. the NMPC method is well defined.
Since NMPC is a feedback method for controlling processes, it is of great importance that the
feedback trajectory exists. Any infeasibility of the NMPC subproblem leads to a failure of the
feedback method and the controlled process will behave in an uncontrolled manner, which
could be catastrophic.

The desired property of the NMPC algorithm that guarantees the existence of the closed-
loop feedback trajectory is called “Recursive Feasibility”. Put in simple words, this property
guarantees that if the NMPC subproblem at some sampling-time ¢; is feasible, then the sub-
sequent NMPC subproblem at the next sampling time #;.; is also feasible.

Definition 2.1 (Recursive Feasibility )
An NMPC scheme with sampling times T = {¢;,i € N} based on the subproblems P(t, x) is
called recursively feasible, if for any i € N and x € R it holds

P(t;, x) is feasible = P(ti+1,x;(ti+1)) is feasible . (2.10)
A

Often, recursive feasibility is guaranteed by including appropriate terminal weights and /
or terminal constraint of the form 0 < W (x(¢; + T)) to the formulation of the NMPC subprob-
lem (cf. the survey [84]).

In general, recursive feasibility will depend on the formulation of the NMPC subproblems.
In particular the functions ¢, m, ¢, the sampling time grid T and the length of the time hori-
zon T are important parameters that have to be chosen appropriately.

The recursive feasibility property can be considered as the minimal requirement for an
NMPC controller, because then an NMPC controller is at least able to deliver a feedback that
keeps the controlled process within the imposed operational bounds (0 < ¢ (T,xy(r), u#(r))
for almost all 7 = #j) provided the first NMPC subproblem P (xy, ty) is feasible.

2.3.2 Stability of NMPC Schemes

Provided the NMPC algorithm has the recursive feasibility property, the next important
question is asking for the long-term behavior of the closed-loop feedback. Suppose the pur-
pose of the NMPC method is stabilization of the process at a predefined reference trajectory
Xref : [f9,00) — R™ . Then, stability of the NMPC scheme at this reference can be defined in
an analogue way as it is done for solutions of IVPs in Section 1.2.2.

Definition 2.2 (Stability of an NMPC Feedback at a Reference Solution)
Let (Xyef, Uref) : R>g — R xR be a solution of the IVP x(¢) = f(t, x(¢), u(t)) with initial value
x(0) = x9 € R". We say an NMPC algorithm is

e LYAPUNOV-stabilizing the system at (xef, Uyef) if for any € = 0 there exists § > 0 such
that for all i € N it holds:

1 = Xeef(8) | <€ = || %u(T; X, 1) — Xeg(7) || < 6 forall 7 = g3,
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* locally asymptotically stabilizing the system at (xycf, Uyef), if for any i € N there exists
6 >0 and a function B € KL such that

I Xref () = X1l <& = || Xret(T) — X (75, 1) | < BUllx — X ()|, T—1;) forall 7 = 7, (2.11)

¢ locally uniformly asymptotically stabilizing the system at (xef, Uyef), if there exists a
0 >0 and a function 8 € L such that

I %e(£:) —x <6 = (2.12)
“xref(T) - %, (15 %, 17) || < Bllx — xees(£) I, T — ;) for all i e N and for all T = ¢;. '

The knowledge that an NMPC scheme is stabilizing a system at a trajectory Xy, is useful
to understand the closed-loop behavior of the resulting system as it allows to transfer prop-
erties of (Xef, Uref) 1O (X, Uy,).

2.3.3 Economic Performance

If some performance criterion £, : RxR" xR™* — R (which can be different from the function
¢ used in the NMPC subproblem) is associated to the dynamical system, it is an important
question how the closed-loop trajectory (x,, u,) performs with respect to .. This means
that the development of

t
tH/ le(T,2,(7), uy(1))d7 (2.13)
To

has to be understood. This question is closely related to the stability properties of the NMPC
scheme. If it is known that the controller stabilizes the system at some reference trajectory
(Xref, Urer), the asymptotic behavior of tf, le(T,%,(1), u,(7))d7 Will be equal to that of the ref-
erence trajectory provided the initial value x,,(f) = xo of the closed-loop system is close
enough to the reference value x..¢(Z).

It could also happen that none of the presented stability definitions (in Section 2.3.2) applies
but the system nevertheless produces closed-loop trajectories that perform economically
well.

2.4 Tracking/Stabilizing Nonlinear Model Predictive Control

Stabilization of a given dynamical system at a desired reference trajectory is one of the first
and most important applications of NMPC [102, 44].

In the following, we introduce tracking NMPC as an example of a moving horizon NMPC
scheme based on an NMPC subproblem, which is an OCP of tracking type, and analyze its
closed-loop behavior with respect to recursive feasibility and stability.
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2.4.1 Problem Formulation

The informal formulation of a tracking problem is quite straight-forward. Given a dynamical
system x(1) = f(t,x(t), u(t)) together with some path constraints 0 < c¢(t, x(¢), u(¢)) and a
reference solution (Xef, Uref) € ACI’Z;‘C X ng,loc of the system that satisfies the path constraint
almost everywhere, a way of generating feedback is searched that reliably keeps the system
close to the reference trajectory and steers the system back to the reference trajectory in case
of perturbations.

2.4.2 The Tracking Subproblem

We set up the NMPC subproblem for the tracking controller by defining a tracking OCP. The
tracking OCP minimizes the L?-distance of the predicted trajectory to the reference trajec-
tory subject to some additional constraints that guarantee recursive feasibility and stability
of the resulting NMPC controller.

Tracking Objective Functional

For (x, u) € AC™*(T") x L (T*) (with 7% :=[¢, t + T]) we define tracking LAGRANGE term
Crrack (T, %, 1) = 11 = Xef (DI + |1 — Uyeg(7) 12 (2.14)

and the associated tracking objective functional
Pt track (X, W) == th Cirack (T, x(7), u(r))dr. (2.15)

The functional ¢; rack is bounded from below by 0 and it vanishes if and only if
(x(1), u(T)) = (Xef(T), Uret(7)) holds for almost all T € T,

Terminal Constraints

The terminal constraints in the tracking NMPC subproblem are often used to guarantee re-
cursive feasibility and stability.
They can be of the following type:

* Terminal Region Constraint:
x(t+T)e X(t+T), (2.16)

where X (¢+ T) would be a vicinity of x,.¢(£+ T), for example X (¢ + T) = Bs(Xef(t+ 1)) =
{x e R™ : ||x — xe(t + T)|| < 6} with § not too big.

* Terminal Equality Constraint:

X(t+T) =x(t+ T). (2.17)
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Such a terminal constraint immediately implies recursive feasibility of the NMPC
scheme, since it ensures that the admissible trajectories can be extended for arbitrarily
long time intervals by (Xyef, Uyref).

In practice, the terminal constraint is usually represented by a function We; : R x R — R
and then is of the form 0 < Wie, (£ + T, x(t + T)).
The Tracking NMPC Subproblem

The complete tracking subproblem P,k (£, x) (here with terminal equality constraint (2.17))
then looks as follows:

min @ track (X, W) (2.18a)
xe AC"X(TH),
uellX (TH
s.t. x(1) = xi, (2.18b)
x(1) = f(z,x(1), u(r)), TeT?, (2.18¢)
0 < ¢(t, x(1), u(1)), TeTt (2.18d)
0=x(t+T) — Xpep(t + T). (2.18e)

2.4.3 Closed-Loop Behavior of the Tracking NMPC Controller

We discuss the properties of the moving horizon NMPC controller that is based on the track-
ing NMPC subproblem Py, (%, x). We assume that close to the reference trajectory, the dy-
namical system x(t) = f(t, x(t), u(t)) has the following controllability property.

Assumption 2.1 (Controllability in Vicinity of Reference Trajectory)
There exists § > 0 and a C-function 7 such that for any (£, x) € R x R with || x — xes(£)[| <6
there exists a pair (x, u) € AC™*(T*) x L3 (T") such that (x, u) is admissible for Pyaqc (£, x) and

fTr (1%(0) = Xeet (D) + 18(0) = vt () ) AT < (112 = Xeeg (D]). 2.19)
A

We include the following stability result for tracking NMPC because it nicely illustrates the
role of the design of the tracking NMPC subproblem in particular the role of the terminal
constraint (2.18e) for the stability properties of the resulting closed-loop system.

Lemma 2.3 (Recursive Feasibility and Stability of the Tracking NMPC Algorithm)
The moving horizon NMPC controller with NMPC subproblem Py, (¢, x;) defines a recur-
sively feasible, at (xyef, Uref) locally uniformly asymptotically stabilizing controller.

Proof Recursive Feasibility: Let i € N and x € R be such that Py,(#;, x) is feasible. Let
(x;, w;) € AC™* (T i) x LI (T%) be admissible for Pyack (%, X). We can now extend this solution
to the interval 7% U7 “i+1 = [¢;, t; 1 + T] by concatenating it with (Xyef, 2ref) the following way:
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L (x;, u;) (1) if TeTH,
i+1, Ui = 2.20
(X1, i41)(T) {(xref, wep) (1) if T€ Ttisi \ Tt ( )

From this definition it clearly follows that that the restriction (x;.1, #i 1) := (%41, #i+1) 711
is admissible for the OCP Pypaci (£i+1, Xi (£i+1)).

Stability: Let (x,u}) € AC™ (T ") x Loy (T") be the solution of problem P,k (i, %; (7)) at
sampling time ¢;. Then, just as in the proof of recursive feasibility, by concatenating this so-
lution with (x;f, #ref), we get an admissible pair (x;+1, #;+1) for problem Ptrack(ti+1,x;( (ti+1)).
By evaluating ¢, | track (Xi+1, #i+1), we get an upper bound for ¢, | rack (xl?* (ti+1)):

tiv1+T

2 2

Pt track (Xi+1, Ui+1) =f %11 (7) = Xret (D17 + 12841 (T) — trer(T) 17 AT
fiv1

ti+T " 5 . 2
= ft %7 (@) = Xeet (@) ||~ + || 1] (7) — thres (D) | “dT
i+1

ti+T

2 2

+f | Xeer () — Xpef (D) 17 + | trer(7) — Urer(7) 1 d7
ti+T

\

~

=0

Tiv1
=y, track (X;) — ft 5 (@) = %ot (|| * + || (0) = e (0 || dz.

i

Now we give an upper bound for the term f t?ﬂ Hxl* (T) — Xpef(T) H2 dr. We calculate
— —

=|A@)]?
0 ) :
5 1A@I°| = [2A@A®@)|
T
= 2A(0) (X (T) — ref (7)) | 2.21)
=20 (f (%] (1), ] (1) = [ (Xref(T), Ure(7)))|
<ALM|A@I

Here L is the global LirSCHITZ-constant of the right-hand side f and M the diameter of the
set of the feasible states/controls. Because of a% A2 = —4LM |A(7)|, the solution of the
IVP y(1) = —4LM/y(¢) with y(#;) = [IA(#;) |1 is a lower bound for || A(7)[|?. The solution y can
be expressed analytically and we get (with ¢ = 4LM):

INGIEENIOE i(c2 (T— 1) +2¢5(1 — t;) + 62). (2.22)
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This shows that the difference ||A(7) |> doesn’t decrease arbitrarily fast and in fact implies the
existence of a I -function a; such that

Liv1
ft. % () = Xeet @) |* d = ([} (1) — Xeet ()] (2.23)

holds. This implies that for the closed-loop trajectory x,, and for all i € N it holds

Prrack,i+1 (X (Li+1)) = Prrack,i (Xp () — a1 (”xu(ti) — Xref (1) ”) . (2.24)

The same calculation also shows

Ptrack,i (x) = a) (” X— xref(ti) ”) (2.25)

for all i € N and x € Bg(xef(£;)). Furthermore, the controllability assumption implies the
existence of a JC-function ay such that

(ptrack,i(x) < az (lx = xeer(£) 1) (2.26)

holds for all i € N and x; € Bg (Xref(£;)).
Now, similar to the proof of the stability Lemma (1.11) for IVPs, the properties (2.23), (2.24)
and (2.26) are used to prove the existence of a CL-function § such that

|2 (75 X4, 1) = Xeet (@)|| < BUIx7 = et (0, T = 17) 2.27)
holds for all i €N, x € Bs(xef(t;)) and T = t;. 0

The Lemma shows that the tracking NMPC controller, under reasonable assumptions (2.1),
is capable of producing a locally asymptotically stabilizing feedback.

2.5 Economic Nonlinear Model Predictive Control

In tracking NMPC the reference trajectory is usually the result of some OCP itself (often
with an economically motivated running-cost £¢). The tracking NMPC controller then has
a purely regulatory function and ensures that the process is stabilized at the desired refer-
ence trajectory. However, from an economical viewpoint, the tracking controller can per-
form suboptimal. In particular, perturbations or parameter changes can result in the fact
that the reference trajectory itself is not economically optimal anymore.

The idea of E-NMPC is, to not only let the controller act as stabilizing instance but rather
let it do the optimization simultaneously. In E-NMPC instead of a tracking functional, the
original economic performance criterion ¢, is used in the NMPC subproblem. This allows
for greater flexibility in the controller design, since the controller is not just steering the sys-
tem to a predefined reference trajectory.

The convenient stability properties of tracking NMPC do not easily transfer to such eco-
nomic NMPC schemes. It is not at all clear how good (in the sense of the economic per-
formance criterion ¢.) the resulting closed-loop system of such a controller performs or if
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any asymptotic stability properties hold. The reason for this insufficiency is that, contrary to
a tracking NMPC controller, the cost-to-go function not necessarily has the properties of a
LyapuNov-function.

For the case of dissipative steady-states or dissipative periodic steady-states, there exist
stability results for economic NMPC, which we will present in the following. A comprehen-
sive overview for the dissipative steady-state case can be found in Ellis et al. [37], for the
dissipative periodic case we also refer the reader to Zanon et al. [120] and Zanon et al. [123].

2.5.1 Economic Nonlinear Model Predictive Control for Systems with Optimal Dissipative
Equilibria

Consider the autonomous system x(#) = f(x(t), u(#)) with LIPSCHITZ continuous economic
performance criterion ¢ : R x R™ — R and a path-constraint 0 < c(x,u). The working
assumption in this section is the following.

Assumption 2.2 (Existence of Strictly Dissipative Steady-State)
The system has a steady-state (x;, u3) € R x R™ that is strictly dissipative, i.e. there exists
a Ko -function ¢ and a continuously differentiable function A : R* — R such that

e Aisbounded on A, := {x € R" :Ju € R™ with 0 < c(x, u)},

* The inequality
o (x—xz])+VADT fx, w) < Lelx, u) — Celxk, ul) (2.28)

holds for all (x, u) € R"* x R with 0 < c(x, u). A

The existence of a strictly dissipative steady-state (x;, u3) has strong consequences. For
example, it implies that the best average output with respect to £ is equal to ¢ (x, uz).
To see this, let £ € R>g and (x, u) € .ACI'(’)"C X LZ(;‘IOC be any state/control trajectory that satis-
fies the ODE and path constraint 0 < c¢(x(7), #(7)) for almost all 7 € Ryy. Then, by using the
strict dissipativity property (2.28), we can calculate
t
0

t
foze(x(r),u(r))drzf (Cexd, ul) +o (@) - x2]) + VAE)T fx(@), u@)dr

(2.29)

t
= tle(x:,u:)+f o(||x@-x;|)dr + Ax() — A(x(0))
0 —f_’

bounded, because A is bounded

(2.30)
It follows
1 t
limsup— | Ce(x(7), u(r))dr = le(xy, uy). (2.31)
t—+o0 I Jo

Furthermore, we assume that the system is controllable in a vicinity of the steady-state
(x5, uy) in a sense similar to Assumption 2.1.
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Assumption 2.3 (Controllability in Vicinity of x;)

There exists a § > 0 and a K-function 7 such that for any x € R"* with || X— X} H < d there exists
a pair (x, u) € AC"™ ([0, T]) x L ([0, T]) that satisfies %(£) = f(x(), u(t)) and 0 < c(x(1), u(t))
almost everywhere and

[ e szl + o) - e < (e ], 252)

For such systems, we now discuss the properties of the NMPC scheme based on the fol-
lowing NMPC subproblem P, (%;, x;) defined on the time horizons 7% = [f;, t; + T):

min @el(x,u) ::f lo(x(7), u(r))dr + M(x(t; + T)) (2.33a)
xe AC™* (T ), Tl
uel 24 (T)
s.t. x(t) = x;, (2.33b)
%) = fx(@),u@),reTH, (2.330)
0<cx(@),ul),teTh, (2.33d)
x(t;+T)eX. (2.33e)

Contrary to the tracking approach, here the objective functional directly measures the
economic performance of the trajectory itself. The function M : R"* — R is a penalty term
with the property that there exists a K -function @ such that

M <a(||xs-x|) (2.34)

holds for all x € R"”x. The terminal region X is a closed set containing x; and the purpose
of the terminal constraint (2.33e) is, similar to constraint (2.18e) in the tracking NMPC sub-
problem, to guarantee recursive feasibility via an auxiliary control law defined on X.

Assumption 2.4 (Auxiliary Control Law)

There exists a smooth map « : X ¢ R"* — R such that the solution @, (-; xy, fy) of the IVP
X(7) = f(x(1),x(x(1))) with x(fy) = x¢ € Ay exists for all initial values xy € A and for all times
T = tp and has the following properties:

e jtstaysin X:

DO (T; X0, to) € X forall T = 1y, (2.35)

* it satisfies the path constraints

0 < c(D (7; X0, tp), K (D (T; X0, tp))) for all T = 1y, (2.36)
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e the terminal penalty M satisfies

0
6—TM(®K (T; X0, t0)) < — (D (T; X0, 1), K (Px (T; X0, 1)) for all T = 1. (2.37)
A

This assumption implies that the cost-to-go function is decreasing along closed-loop tra-
jectories.

Lemma 2.4 (Monotonically Decreasing Cost-to-Go)

Let Assumption 2.4 hold for the system x(f) = f(x(¢), u(t)). Then the economic NMPC
scheme based on the NMPC subproblem P.(t, x) is recursively feasible and the sequence
((pe(xl?‘, u;)) ien is monotonically decreasing.

Proof Recursive feasibility directly follows from Assumption 2.4. In particular (2.35) and
(2.36) can be used to extend any admissible pair for problem P¢(?;, x;) to an arbitrary long
time horizon. Property (2.37) can be used for the following calculation with x := x (t; + T):

M@ (tis1+ T xp, 6+ T)) — M(xp) < —f Ce(Qic(T5x7, 1 + T), K (i (T; X, £ + T)))dT.
T

(2.38)
Therefore, with the optimality of (x,,, ul’ﬁrl) it follows:
ti+T
(pe(xi*ﬂ’u;:l) = f ge(x?(‘[),u;(‘l'))d‘[
liv1
tiy1+T
" f Ce(@y (1357, 1+ T), K (@ (73 X, £ + T))dT (2.39)
ti+T
+ M@ (tis1+ Ty xp, 8+ 1))
ti+T
< f Oo(x] (1), u} (1))dT + M (x/) (2.40)
iyl
iyl
=@e(x], u) - f le(x] (1), u} (1))dr (2.41)
ti

Since we may assume that ¢, = 0 holds for all admissible states/controls, this shows that the
sequence ((pe(x;‘, ul*)) ;eny 18 monotonically decreasing. 0O

Contrary to the case of tracking NMPC, the decreasing cost-to-go function not necessarily
implies stability at the steady-state (x5, ug). The reason for this is that (x;, 1) not necessarily
minimizes .

It turns out that the dissipativity condition (2.28) is the crucial ingredient that ensures
asymptotic stability of the economic NMPC controller [36, 100].

Lemma 2.5 (Asymptotic Stability of Economic NMPC)
Let Assumptions 2.2, 2.3 and 2.4 hold. Then the economic NMPC scheme defined by the
NMPC subproblems Pe(t;, x;) (2.33) is locally asymptotically stable at (x;, ug).
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Proof As the proof works similarly to the stability proof for tracking NMPC we only give an
outline. Without loss of generality we may assume that £¢(x},u:) = 0 and A(x7) = 0. We
consider the functional @ : AC"(T") x L3 (T ") — R defined by

@(x,u) ;= @(x,u) + A(x(1)). (2.42)

Slightly abusing notation, we consider the function x — @(x*, u*), where (x*, u*) is the solu-
tion of problem P¢(t, x) and show that this functions serves as a LyApuNov-like function for
the NMPC scheme.

Let (xl’c‘, u,’c‘) xen be the sequence of trajectories resulting from the economic NMPC scheme
with initial value x( at time f#,. The dissipativity condition (2.28) now allows to show that ¢
is decreasing along the sequence (xi)xen = (x; (t) keN:

P(X+1) = P(Xp11) + AXp41) (2.43)
(2.41) 78] . .
< @(xp) —f Ce(x; (T), ug (T))AT + A(Xps1) (2.44)
Tk
798
= @) = Alxg) - Co(xy (1), g (1))dT + Axp41) (2.45)
173
78]
=@xx) - f (Ce(xf (D), uf (1) - VAL ()T f(xf (1), uf (7))dr (2.46)
173
Tk+1 * "
< @xg) - f o (||xg @ —x5|)dr. (2.47)
173

This implies the existence of a K, -function a3 such that
Pxkr1) < Plxp) — as (|| xx — x2 ) (2.48)

holds for all k € N. The controllability Assumption 2.3 together with the LIPSCHITZ- continu-
ity of /. and the continuity of 1 imply the existence of a Ko.-function a, such that

P < az([|x—xx]) (2.49)

holds for all x € X. Furthermore, the dissipativity Assumption 2.2 implies
t+T
@ (xp) zf o(||xf @ —xz|)dr + A] (5 + T)) (2.50)
173

Since A is non-negative, this implies the existence of a K, function such that
@) = ay (||x—x5]) (2.51)

holds for all x € A,. Altogether, with Lemma 1.11 this implies the existence of a L-function
B such that

%0t x, 1) — x5 | < B(||x = x& ||, o — 1) (2.52)
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holds for all k,i e Nwith k=7 and all x€ X. 0O

As can be seen, strict dissipativity is a property of the model and the performance criterion
that guarantees proper performance of an economic NMPC scheme. However, there may be
cases where the dissipativity of the performance criterion is difficult to verify or not given
at all. In these cases, it is possible to modify the stage-cost in a way that makes it strictly
dissipative for a desired steady-state (x;, #s). This modification can be achieved by adding
a tracking term a : R™ x R"™ — Ry that is positive definite at (xs, us) to the stage-cost €.
The benefit of this method proposed by Rawlings et al. [100] is that it allows to apply the
economic-NMPC scheme to a greater class of stage-costs than only the strictly dissipative
ones.

Strong Duality

Whether a combination of system and performance criteria satisfies the strict dissipativity
condition (2.2) for a steady state can be difficult to verify.
A property that is easier to verify and that implies strict dissipativity is called strong duality.

Definition 2.6 (Strong Duality of the Steady-State Problem )
If for the steady-state (x;, us) there exists a Koo-function o and a multiplier A € R"r such that
for the “rotated” stage cost L(x, 1) := £e(x, u) + AT f(x, 1) — £¢(xs, ) it holds

L(x,u) = a(llx — xs|) for all (x, u) with 0 < c(x, u), (2.53)
the steady-state (x;, us) is called “Strongly dual”. A

Strong duality clearly implies the strict dissipativity assumption (2.2), since the multi-
plier A can be interpreted as linear function A : R”* — R, x — AT x which satisfies the strict-
dissipativity property.

2.5.2 Variants of Economic Nonlinear Model Predictive Control

There exist a number of variants of the proposed economic NMPC controller discussed in
the previous section. We briefly point out some of the important extensions. For a more
detailed discussion, we refer the reader to the “Economic NMPC” chapter in [51].

Fixed Terminal-Constraint

If the terminal-region constraint (2.33e) is replaced by the constraint
x(ti+T)=x;, (2.54)

the resulting controller will automatically have the recursive feasibility property. This is be-
cause any admissible combination (x,u) € AC™ (7;) x L (7;) for problem Pg(¢;,x;) then
can be extended to an admissible pair for problem Pe(#;+1,x(¢;+1)) by applying the (steady-
state)-control u;. The terminal penalty term M can be omitted for such a controller, since
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the terminal constraint (2.54) will guarantee that the state x; is reached at the end of the
prediction horizon ¢; + T and the value of M (x(¢; + T)) would be constant for all admissible
trajectories. Consequently, also the auxiliary control law of Assumption 2.4 can be dropped.
Assumption 2.2 also leads to asymptotic stability for this controller, see e.g. [100, Theorem
2].

Steady-State Terminal Constraint

All the presented economic-NMPC schemes have in common that the steady state (x;, 1)
has to be known a priori, because the terminal penalty M has to be designed such that it
is positive definite at x; and the terminal region X in constraint (2.33e) or respectively the
constraint (2.54) depend explicitly on x;.

An alternative controller design that does not require a terminal penalty and a priori
knowledge of the steady-state x; replaces the terminal region constraint (2.33e) by the fol-
lowing steady-state constraint

0=f(x(t; + T),u(t; +T)). (2.55)

Similar to the case of the fixed terminal constraint, the auxiliary control-law Assumption 2.4
can then be dropped, because constraint (2.55) allows continuation of any admissible pair,
as (x(t; + T),u(t; + T)) e R x R™ is a steady state.

No Terminal Constraints

There also exist economic NMPC schemes that do not require terminal constraints. Under
certain assumptions on the system, it is possible to prove near optimal performance of the
closed-loop at least for a neighborhood of x. The “Turnpike-Property” [25] plays a central
role in this context. Roughly speaking, the steady-state x; satisfies the turnpike property, if
the better (with respect to the economic performance) an admissible state trajectory is, the
longer it stays in a vicinity of the steady state.

For a thorough discussion on the design of economic NMPC schemes based on the turn-
pike properties we refer the reader to [50, 39, 86].

2.5.3 Economic Nonlinear Model Predictive Control for Dissipative Periodic Systems

As we will also discuss in greater detail in the next chapter, steady-state operation not al-
ways constitutes the economically optimal way to operate a system. There may exist ad-
missible periodic trajectories that outperform the best steady state. For such systems, the
theory presented in the previous sections does not apply, because any system that satisfies
Assumption 2.2 is economically optimally operated at the steady-state (x;, us). Therefore,
a generalization of the presented economic-NMPC scheme is necessary for such systems.
In the following, we present the necessary generalizations that allow to set up an economic
NMPC controller that extends the stability theory to the case of periodic systems. These gen-
eralizations are well known and for a discrete setting presented for example in Zanon et al.
[123].
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Similar to the case of dissipative steady-states (see Assumption 2.2), there exists a notion
of dissipativity for periodic solutions. The following assumption is a generalization of As-
sumption 2.2.

Assumption 2.5 (Strict Periodic Dissipativity)

There exists a T}, (> 0)-periodic solution (x, u,) € AC"* ([0, Tp]) x Lo& ([0, Tp])) of

x(1) = f(x(1), u(r)) that satisfies 0 < c(x, (£), u,(2)) for all ¢ € [0, T},] (periodic in the sense that
x,(0) = x,(Tp)), a continuously differentiable function A : R x R — R and a K, function
o such that

* Ais Tp-periodic in the first argument:

A(t,x) = A(t+ Tp, x) for all (£, x) € R x R™™, (2.56)

¢ Aisbounded onthesetR x A, (with Ay := {x € R"* :Ju € R™ with 0 < c(x, u)})
e forall (f,x,u) € Rx A, x R™ with 0 < ¢(x, ©) it holds that
o (distp (x)) + VAL, x) + VAL X) f(x, 1) < le(x, u) — £e(x, (1), up (1)), (2.57)
where the distance of (x, u) € R"* x R to the trajectory x,, is denoted by

disty (x) := Tgf(l]%l]}p] [x—x,D]- (2.58A)

Similar to the calculation for the steady-state case after Assumption 2.2, it can be shown that
Assumption 2.5 implies that the average economic performance of any admissible solution
for the system cannot be better than the economic performance of (xp, up).

To see this, let ke Nand (x, u) € ACI'E;‘C x L:;‘JOC be any state/control trajectory that satisfies
the ODE and path constraint 0 < ¢(x(7), u(7)) for almost all 7 € Rx.

Then, by using the strict dissipativity property (2.57) we can calculate

kT, kT,
fo lo(x(1), u(r))dr = fo (€e(x, (1), uy (1)) + o (disty (x(1))))dT

kT (2.59)
+f0 (VAT x(1) + VAT, (1) f (x(7), u(1)))dT
Ty kTp
=k fo Ce(xp(T), up(1))d7 + fo o (dist, (x(7)))dr 2.60)
+ Ak Ty, x(kTp)) — A(0,x(0))
Ty kTp
= kf le(xy (1), up(T))dr +f o (distp (x(7)))d7
0 0
20 (2.61)

+ A0, x(kTp)) — A(0, x(0))

bounded

51



CHAPTER 2 STABILITY THEORY OF Nonlinear Model Predictive Control

It follows

t T
limsup% A le(x(1), u(r))dr 2 Tifo pﬁe(xp(r),up(r))dr. (2.62)
p

t—+oo

This calculation shows that a system that satisfies Assumption 2.5 can be operated optimally
at the “Periodic Steady-State” (xp,u,) € AC"*([0, Tp]) x Lok ([0, Tpl)). Therefore, it makes
sense to ask for an economic NMPC scheme that is asymptotically stable at (xp, up).

For an economic NMPC controller a certain degree of controllability is necessary and the
following assumption can be seen as an extension of the controllability Assumption 2.3 in
the steady-state case to the periodic case.

Assumption 2.6 (Controllability at Periodic Steady-State)

There exists a § = 0 and a K, -function 7 such that for any xo € R”* with disty (x) < 6 there
exists a pair (x,u) € AC"*([0, T]) x L3%([0, T1)) such that x(0) = xo, 0 < c(x(7), u(r)) for all
T7€[0,T] and

T
([|lx@ = xp, @) || + || (@) — u, (@) |) dT < n(disty (x)). (2.63)
0
A

The generalization of the auxiliary control law Assumption 2.4 to the periodic case reads
as follows:
Assumption 2.7 (Periodic Auxiliary Control Law and Terminal Penalty)
There exists

* a family (X;);er of compact subsets of R"* such that x,(¢) € X; and X T, = X¢ for all
reR,

¢ asmooth map x : R — R,

e aterminal penalty function M : R x R"* — R5( with a K, -function 7 satisfying

M(z, x) = n(distp (x)) for all (7, x) € R x R, (2.64)

such that the solution @, (-; xo, o) of the IVP x(1) = f(x(¢),x (x(#))) with x(#) = xp € X exists
for all initial values xg € X, and for all times ¢ = ) and has the following properties:

e it remains inside the family (X;) jecg

Dy (15 X0, to) € X forall T = 1y, (2.65)
e it satisfies the path constraints

0 < c(Dy (T; X0, tp), K (D (T; X0, tp))) for all T = 1y, (2.66)

e the terminal penalty M satisfies

0
aM(T,d)K(T;xo, 10)) < —€e(®k (T; X0, 1o), K (Pi (T; X0, Ip))) for all T = 1 (2.67)
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along the solution. A

Now consider the economic NMPC scheme based on the NMPC subproblem Pe(t;, x;)
defined on the time horizons 7% = [¢;, ¢; + T):

min @(x,u) ::f lo(x(D),u(r)dr+ M(t; + T, x(t; + T)) (2.68a)
xe AC™* (T), T
uelJ (T)
s.t. x(t;) = x;, (2.68b)
(1) = f(x(@),u), TETH, (2.68¢)
0<cx(),u), 7eTh, (2.68d)
x(ti +T) € Xgi1. (2.68e)

Note that beside the adapted terminal penalty function M, the structure of this OCP is almost
identical to the NMPC subproblem for the dissipative steady-state case defined in (2.33). The
important difference is the time-dependent terminal-constraint (2.68e), which was constant
in the steady-state case. The time-varying terminal constraint accounts for the fact that the
economic optimal way to operate the system is periodic and not just a steady-state.

With the assumptions that are generalizing the case of the strict dissipative steady-state in
the previous section, it is possible to extend the stability result for strictly dissipative steady-
states (Lemma 2.5) to the case of strict periodic dissipative systems.

Lemma 2.7 (Asymptotic Stability of E-NMPC for Periodic Dissipative Systems )

If Assumptions 2.5, 2.6 and 2.7 hold, the set {(x(r), u(t)),7 € [0, Tp]} is asymptotically stabi-
lized by the closed-loop feedback resulting from the economic NMPC scheme defined by the
subproblems Pe(¢;, x;), i.e. there exist a ICL-function S, such that

| (255 %, t) ||, < Bldisty (x), £ — i) forall j = keNand x € Xy,. (2.69)

Proof The proof is almost identical to the proof of Lemma 2.5. Again, a modified objective
functional will serve as LyApUNOV-like function. The “rotated” functional @ : AC™*([t, t +
T]) x L2 ([¢, t + T]) — R this time is defined by

@(x,u) ;= @(x,u) + A(t, x(1)). (2.70)

Againlet (x}, u}) ren be the sequence of trajectories resulting from the E-NMPC scheme with
initial value xj at time fy. A similar calculation as in the proof of Lemma 2.5 shows that
the strict periodic dissipativity Assumption 2.5 and the auxiliary control law Assumption 2.7
imply the following inequality

78]
P(Xpr1) < Plag) — f o (distp (x; (1)) dr 2.71)

173
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for all k € N. Note that the distance function dist, (-) is LIPSCHITZ-continuous (with constant
1) and therefore (2.71) implies the existence of a K,-function a3 such that

P(Xp41) < Plog) — asz (distp (x)) (2.72)

holds for all k € N. The controllability Assumption 2.6 implies the existence of a Koo -function
a- such that

P(x) < az (distp (1)) (2.73)

holds for all x € R"+. On the other hand the periodic dissipativity property (2.57) implies the
existence of a K -function a; such that

@(x) = aq (distp (1)) (2.74)
holds for all x € X. Altogether this implies the existence of a JCL-function § such that
(s x, 1) |, = B (disty (), £ — £3) (2.75)

holds for all k,i € Nwith k= i and all x € X,. 0O

Remark 2.2 The above stability Lemma only shows that the distance of the closed-loop tra-
jectory to the set X, := {x € R"~ : dist,(x) = 0} asymptotically decreases and not that the
closed-loop feedback is stabilized at the trajectory (xp,u,). This means that the distance
||xu(t; X0, fo) — Xp (1) || does not necessarily decrease asymptotically. In a discrete setting, the
situation is different because there the next state is completely determined by the current
state and the current control input which can the be used for the following conclusion:

(2 (t), (1)) = (xp (1), up (7))

(2.76)
= (0 (1), uy (1)) = (Xp (T + i1 — 1), Up (T + L1 — 7)),

Contrary to this, in the continuous setting, the control input at the time-instant ¢; does not
determine x;,(f;+1) uniquely (the control input on the whole interval [#;, £;+1] is necessary),
making the conclusion (2.76) in this case difficult. For a more detailed analysis of the discrete
case we refer the reader to Zanon et al. [123]. A

A-Priori Knowledge of (x, u,)

As we have seen, the periodic E-NMPC controller based on the subproblems P(t;, x;) re-
quires a priori knowledge of the period Ty, (as the terminal constraint sets have to be chosen
periodic with period Ty), the terminal penalty function M and the periodic terminal regions
(X¢) ter- This means that a certain amount of knowledge of the periodic trajectory (xp, up) is
necessary to set up such a controller.

Furthermore, it is clearly the case that any phase-shifted version of (x,, u,) yields the same
economic output as (X, #p), since the system x(z) = f(x(£), u(t)) is autonomous and ¢, does
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not depend on time. Therefore, when defining the terminal region sets (X;);cr, there is a
somehow arbitrary choice involved since these sets have to be neighborhoods of (X;) rer.

2.6 Summary

After a brief overview on the historical development of NMPC, we gave a quick introduction
to the central ideas behind NMPC. The repetitive process of measuring the current system
state, solving an OCP with the obtained state as initial value and giving the obtained control-
input to the plant was explained. Important questions concerning the closed-loop behavior
of the resulting controller such as recursive feasibility and asymptotic stability properties
were discussed. The stability properties of a tracking NMPC controller were analyzed and
E-NMPC was introduced as an NMPC variant that attempts to combine the regulatory tasks
of (tracking) NMPC with a simultaneous optimizing task. Based on dissipativity assump-
tions, stability results for economic NMPC schemes for steady-states and periodic steady-
states were discussed.

What remains open is the question on whether it is possible to design economic NMPC
schemes that do not explicitly rely on dissipativity assumptions and a-priori knowledge of
economic optimal trajectories. In the remaining part of this thesis we develop a design ap-
proach for economic NMPC that, complementary to the schemes presented in this chapter,
is based on good approximation properties of periodic solutions and assumptions on the
NMPC subproblems rather than on dissipativity assumptions.
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Chapter 3
Average Output Optimal Control Problems

In this chapter we define and discuss one of the main subjects of this thesis, Average Output
Optimal Control Problems (AOCPs). We introduce AOCPs as an extension of the class of
finite horizon OCPs to infinite horizons, dealing with possibly indefinite objective integrals
by using an averaging formulation. The averaging formulation usually will come at the cost
of non-uniqueness of the solution of the AOCP.

We discuss the approximation properties of periodic solutions that can, under certain
controllability assumptions, approximate the optimal average output arbitrarily well. Fur-
thermore, we show that in case the set of admissible states is compact, a natural approxi-
mation property of quasi-periodic solutions arises that does not require any assumptions on
controllability.

3.1 OCPs with Average Output Objective on Infinite Time Horizons

3.1.1 Problem Setup

We consider a controlled dynamical system () = f(x(¢), u(t)) that is subject to a path con-
straint of the form 0 < c(x(#), u(¢)) for all times. Associated to this system is a performance
criterion ¢ : R x R — R,

We are interested in the question of how to optimally operate this system on the infinite
time horizon 7 := Rz¢. To put this question in mathematical terms, it can be formulated as
an infinite horizon OCP P:

inf f (x(7),u(r))dr (3.1a)
xe ACX(T), Jo
uELZou,loc(T)

s.t. x(1) = f(x(0),u(r), €T, (3.1b)

0<c(x(t),u(r), 1€T. (3.1¢)

As we have already seen in Section 1.5, even for simple dynamical systems, the objective
functional of Problem P, can be unbounded and thus this formulation in many cases is not
very useful.
For this reason, we replace the objective functional by the average objective output func-
tional of Definition 1.18
1 T
QPavg(x, 1) :=limsup T l(x(7), u(r))dr, (3.2)

T—+o00 0
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and work with the following compactness Assumption.

Assumption 3.1 (Compactness of the Admissible States and Controls )
The set of admissible states and controls A := {(x, u) € R™ x R™ : 0 < ¢(x, u)} is compact. A

Lemma 1.21 then guarantees that for the following modified version P,y of Problem P,

inf ) 3.3
xeACE(T), B () (852
ueL;‘;jmc(T)

s.t. x(1) = f(x(@),u®), €T, (3.3b)

0<cx(m),u), T€T. (3.3¢0)

the objective functional is bounded on the set of admissible state/control trajectories. There-
fore the existence of an admissible trajectory (x, u) for problem Py, is sufficient to guarantee
the existence of the infimum which we denote by ¢7,.

If an initial value value constraint x(fy) = xg is added to the above Problem, we denote it
by Pavg(xo) and the infimum of the objective functional by ¢, (xo).

We call an infinite horizon OCP of the form Payg 01 Payg(x0) an AOCP.

3.1.2 Non-Uniqueness of Average Output Optimal Control Problem Solutions

Although the compactness Assumption 3.1 guarantees the well-definedness of the infimum
(p;Vg(xo), the existence of a unique solution for Payg(xo) cannot be expected. First, there may
be no admissible state/control trajectory pair with @3, (x, #) = 3,4 (x0). Second, even in the
case the infimum (p;\,g(xo) is attained by an admissible pair (x, ), the combination of the
infinite time horizon and the averaging objective functional often imply that uniqueness of
solutions of problem Payg(xo) cannot be expected. This is due to the fact that the averaging
functional @a.yg does not depend on the initial behavior of (x, u), but only on its asymptotic
behavior, as can be seen in the following calculation.

Invariance with Respect to Phase Shifts and Independence of Initial Behavior

Let 1 eR>g and T > 1;. For any (x, u) € AC™ ([0,00)) x L™ ([0,00)) we have

loc ‘oo,loc
1 T 1 n T
—f (x(1),u(r)dr = = ([ 0 (x(1), u(r))dr+f l(x(1), u(r))dr) (3.4)
T Jo T \Jo I
1 rh T-1 T
= ?/0 C(x(1), u(r))dt + T T—5 ) f(x(1),u(r))dr. (3.5)
Because Tlim T_Tt‘ =1, this shows

Pavg(X, U) = Payg (X, U)o [T — T+ 11]). (3.6)

From this equation it follows that the average output does not depend on the behavior of
(x,u) on the interval [0, f;]. Moreover, it shows that the average output is invariant with
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respect to phase shifts: If for (x1, u1), (x2, up) € AC{Z)’;([O,oo)) X L:o“loc([o,oo)) there exist f; <
r € R>g such that

(x1, u1) (T + 11) = (%2, up) (T + 1) (3.7)
holds for all 7 € Rx, then it follows

Pavg (X1, U1) = Qavg (X1, 1) 0 [T — T+ 11])

= Pavg (X2, U2) © [T — T + 12]) = Pavg (X2, Up).

Example: Controllability implies Non-Uniqueness

In the following, we want to illustrate how a certain degree of controllability of a dynamical
system together with the observed invariance of the averaging objective functional with re-
spect to phase shifts implies that the corresponding AOCP solutions are not unique.
Consider a system with the following controllability property.

Definition 3.1 (Tjhax-Controllability (cf. Grammel [47]))

A system x(¢) = f(x(#), u()) with path-constraint 0 < c(x, u) is said to be Tax-controllable,
if for any two yp, y1 € Af := {x € R"* : 3u € R" : (x, u) € A°} there exists a pair (xy, ,, Uy, ,) €
AC™ ([0, Timax]) % Lot (10, Tmax))) and a time 0 < ¢y, < Tmax such that the following holds

o Xyo, 1 (T) = f(xyg,5, (T), Uy, (7)) for almost all 7 € [0, Tiax],
* 0= c(xyy,y, (7), uy,,y, (1)) for almost all 7 € [0, Tnaxl,
* Xyy,y (0) = yo and x(ty, ) = y1. A

For a Thax-controllable system, an admissible trajectory (x, u) € AC{(’)"C([O, 00)) X ngmc([o, 00))

and an arbitrary element y; € A, we can define the pair (%,,,1@,,) € AC ([0,00)) x

LZZIOC([O,OO)) as follows:
(g, 1 B, 1) (7), if 7€ [0, fxy, ),
(Byy, By ) (T) 1=K (Xyy 200 Uy 20) (T = Exg )y AT € [y yys Bxgn + Byyxo)s (3.8)

(%, W) (T — (Exg, 0 + Byy,x0))s AT € [Exg, 31 + Tyy, %9, 00).

The average output of (%y,,#,,), independently of y, is equal to the average output of
(x, u) because (x, u) = (Xy,, @ty,) o [T — T+ Iy, y, + Iy x]. This shows that for Tinax-controllable
systems, AOCPs do not have unique solutions.

Remark 3.1 (Non-Uniqueness and NMPC) The independence of the averaging functional
@avg With respect to the initial behavior of the trajectories and the resulting non-uniqueness
are the reasons why AOCPs in principle are not suited as NMPC subproblems. This becomes
clear when one remembers the NMPC principles according to which only the (in this case
arbitrary) initial part of the open-loop control solution (of the NMPC subproblem) is applied
to the system. A
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3.2 Periodic Approximations

As we have seen in the previous section, in general there exists no unique solutions for
AOCPs. In this section we discuss how at least good approximations for AOCPs can be found,
in particular using periodic solutions.

Motivation for Periodic Operation

A straightforward and simple approach for approximating a solution of the AOCP Pqyg, is to
limit the search to the set of feasible steady-states. This reduces the infinite dimensional
problem to the following finite dimensional steady-state optimization problem

inf l(x,u), (3.92)

(x, u)ER™X xR"u
s.t. 0= f(x,u), (3.9b)
0<c(x,u). (3.9¢)

This simplification certainly is not satisfactory because the set of steady states could be
empty and furthermore, the optimal way to operate a system with respect to average out-
put not always consists in steady-state operation, as we already have seen in Section 2.5.3.
There it was shown that strict periodic dissipativity implies optimality of periodic operation.

Steady state solutions can be interpreted as a special class of periodic solutions (the ones
with period zero) and therefore it is not surprising that periodic solutions have greater ap-
proximation potential then steady-state solutions. The fact that periodic operation (with
period greater then zero) of dynamical systems in some cases can outperform steady-state
operation started to receive attention in the 1970s, in particular in the field of chemical pro-
cess engineering (7, 54]. As early examples, periodic operation of consecutive-competitive
reactions in a Continuous Stirred-Tank Reactor (CSTR) is considered in [101] and [72].

Criteria that help to figure out whether periodic operation can outperform steady-state
operation are analyzed for discrete and continuous systems in [15] and [14].

Focusing on periodic solutions has the benefit that it reduces the time horizon and trans-
forms the infinite horizon AOCP to a finite horizon OCP. In the following, we discuss a num-
ber of approximation properties of periodic solutions that justify this approach.

3.2.1 Low Dimensional Cases

For a two dimensional state-space, there is a remarkable existence result for average-optimal
periodic trajectories that is, however, based on the concept of “relaxed controls”. A relaxed
control function u : Ry — P(R") takes values in the set P (R"*) of probability measures on
R™. For x € R and u € P(R™) the right-hand side and the performance criterion then have
to be interpreted as

fl,p) = L{n fx, u)u(duw) resp. €(x, ) := fw C(x, u)u(du). (3.10)

For the theory of relaxed controls we refer the reader to Young [119] and Warga [113].
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Employing relaxed controls, Artstein and Bright [5] prove the following result.

Lemma 3.2 (Existence of Average Optimal Periodic Trajectories [5])

Let n, = 2 and let compactness Assumption 3.1 hold. If the path constraint c is only state
dependent, then there exists a Tj, < 0o, a Tp-periodic state trajectory x,, and a relaxed control
function u, such that (x, u,) satisfy the relaxed ODE constraint, the path constraint and

1 T;
—f " 00, (1), 1 ()T = @l (3.11)
Tp 0

Proof See [5, Theorem A]. 0

It has to be noted that the fact that the system is described by an ordinary differential equa-
tion is not essential for the existence of optimal periodic trajectories.

The result rather is based on a topological property of R? that is exploited in a similar man-
ner as it is done in the POINCARE!-BENDIXSON? theorem [10]. The POINCARE-BENDIXSON
theorem states that a bounded solution of an ODE without stationary points in the w-limit

set converges to a trajectory that is a JORDAN3-curve *.

3.2.2 Periodic Approximations via Controllability

For higher dimensional state-spaces a controllability assumptions on the system % = f(x, u)
implies good approximation properties of periodic solutions. The following result of Gram-
mel [47] is remarkable, because it not only states that periodic solutions exist that approxi-
mate the best average output arbitrarily well, but it also gives a bound on the required period
to achieve a desired approximation quality.

Lemma 3.3 (Periodic Approximation Lemma)

Let compactness Assumption 3.1 hold and let the system have the Ty, ax-controllability prop-
erty (3.1). Let P € R>o be an upper bound for |¢(-)| on the set of admissible states/controls
A. Then for any € > 0 there exists a time 0 < T, < % and a pair (x,u) € AC™ ([0, T¢]) x
L34 ([0, T¢]) such that

* (x,u) satisfies the ODE constraint x(r) = f(x(r),u(r)) and the path constraint 0 <
c(x(1), u(r)) for almost all 7 € [0, T¢],
e xis periodic: x(0) = x(T),

F Jo 0@, u(@)dT < @l + €.

Proof The proof can be found in Grammel [47, Lemma 3.1]. O

IHenri Poincaré 1854 - 1912

2Ivar Otto Bendixson 1861 - 1935

3Marie Ennemond Camille Jordan 1838 - 1922

4A JORDAN-curve is the image of an injective continuous map of the circle in the two-dimensional plane.
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The version in [47] is even stronger, as it states that for an arbitrary initial value xy € Ay,
there exists a T, periodic pair (x, u) starting at xo with all the properties stated in the lemma
above. This indicates that the estimate for the required period T < % might be conser-
vative, since it really shows that any point xy € Ay is contained in a T,-periodic € suboptimal
trajectory, which is a stronger statement then just the existence of any T,-periodic € subop-
timal trajectory, and there might very well be € suboptimal periodic trajectories with shorter
periods.

3.2.3 Quasi Periodic Approximations

As we will prove in the following, in a general setting the compactness Assumption 3.1 alone
(without any controllability property) is already sufficient for the following approximation
property of quasi-periodic solutions for AOCPs.

Lemma 3.4 (Quasi Periodic Approximations)

Let Assumption 3.1 hold and let the set of admissible trajectories for problem P,yg be non-
empty. Then for any J,¢ > 0, there exist a positive number T5, € Rxo and a pair (x,u) €
AC™ (10, Ts 1) x Lok ([0, T5 ¢]) such that

¢ (x,u) satisfies the ODE constraint x(7) = f(x(z), u(r)) and the path constraint 0 <
c(x(1),u(7)) for almost all 7 € [0, T5 ],

e xis “almost” periodic: ||x(0) — x(Ts,) | <6,

¢ the average output of (x, u) is close to @3

Té,e
f 2(x(1),u(r))dr < (P;vg +e€. (3.12)
Tse Jo

Proof Since the set of admissible trajectories for problem P,y is not empty, we can choose a
pair (x,u) € ACIV(‘)XC([O,OO)) xL;’o”loc([O,oo)) With @ayg (%, 1) < @7, +¢. Let (£;) ;en be amonotonic
sequence with t; — co. We consider the sequence of the average outputs in the intervals

() tre+1],

Tt
dy = ;f ‘ 1é(x(r),u(r))dr. (3.13)
tk+1 - tk ti

With this definition and any n € N it holds that

1 tn 1 n-1
—f (x(0), u(@)dr = — Y (fgs1 — t)di. (3.14)
InJo In k=0

Taking the limit 7 — co on both sides of the equation yields the average output @ayvg(x, u) and
shows that dj < @avg(x, #) musthold for an infinite number of indices k € N. If dy. < @avg(x, 1)
would only hold for a finite number of indices, the limit of the right hand side of the equation
would be greater than @,yg(x, u). Because the system is autonomous, we may assume that
di < avg(x, ) holds for all k € N. Since the set A€ is compact, also the projection onto the
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first factor AS = 7, (A°) c R is compact and there exists x* € AS and a subsequence (7;);en
of (#;)jen such that x(#;) — x* € AS. Then there exists an index ko with

[|x () — x(Tp 1) || < 6. (3.15)
By construction, the pair (%, &) € AC™* ([0, fx,+1 — Tk, 1) x Lo2 ([0, Fxy+1 — %, ]) defined by
(X, ) (1) := (%, W) (T + Tg,) (3.16)

has all the desired properties and the proof is finished. 0O

3.2.4 The Associated Periodic Optimal Control Problem

The approximation properties of periodic solutions discussed in this section allow the ap-
proximate solution of an AOCP by transforming it to an OCP with finite time horizon using a
periodicity constraint.

Approximation with Fixed Period

Suppose a suitable period T}, is known. Then the following OCP Per‘}i with periodicity con-
straint can be defined on the time horizon 7 = [0, Tpl.

ceaAin_ PT per (X, 10) 1= Tip fo Tpf(x(r),u(r))dr (3.17a)
uel¥(T)

s.t. x(1) = f(x(),u(r)), 1T, (3.17b)

0<c(x(n),ur), 1T, (3.17¢)

0=x(Tp) — x(0). (3.17d)

It is clear that any admissible pair (x,u) € AC™(T)x € L3(T) of problem Perf}’; can
be extended to the infinite time horizon Ry by periodic continuation and thus induces
an admissible pair (%, i) € .ACI'; o (R=q) x L:ouloc(Rzo)) for problem P,y with the property

DT per (6 1) = Pavg (R, ).

Approximation with Free Periods

Itis also possible to define a periodicity-constrained OCP without explicitly fixing the period.
In this case the period T can be considered as an additional optimization variable (within
some simple bounds T < T < T). Since the straight-forward formulation of the resulting
problem would result in optimization over the spaces AC™ ([0, T1) and L% ([0, T]), which
then are varying with the optimization variable T, a time-transformation to the standard
time horizon [0, 1] is used to get a proper OCP.
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With the substitution 7(#) = T't, the objective averaging integral transforms as follows:

T 1
%f Z(x(r),u(r))drzf C(x(T1), u(Tr)dt. (3.18)
0 0

Then, by replacing the original state and control variables by X(#) := x(T't) and #(t) := u(T't),
the transformed OCP Perf™® 1ooks as follows.

1
. free (= ~y._ = ~
JEEA(I,’I%’ICI(l[O,l]), gbper (%, it) .—fo C(X(1),6(T))dr (3.19a)
@eLS ([0,1]),
TeR
S.t. x(1) = Tf(x(r),#(r)),T €[0,1], (3.19b)
0<c(x(r),a(r)), tve€[0,1], (3.19¢)
0=x(1)—x(0), (3.19d)
T<T<T. (3.19¢)

It is clear that any admissible triple (%,, T) € AC™*([0,1]) x L2([0,1]) x R for the above
problem corresponds to an admissible pair (x,u) € AC™* ([0, T]) x L3 ([0, T]) for problem
Per‘}x with (p‘}’fper (x,u) = (/)Seef (%, 1), simply by reversing the time-substitution and setting
(x,u)(7):=(x,a)(t/T) fort €[0, T].

In combination with the approximation Lemma 3.3, this shows that under suitable con-
trollability assumptions, problem Per™® offers a way to calculate approximations of any de-
sired quality to the infinite horizon AOCP by adjusting the bounds for T according to Lemma
3.3. The smaller the lower bound T and the greater the upper bound T is set, the better is
the possible approximation.

3.3 Summary

In this chapter we introduced AOCPs as OCPs with averaging performance criterion on in-
finite time horizons. The averaging objective allows to consider problems that otherwise
would have an indefinite objective integral. Together with a compactness assumption, it is
possible to show that the infimum of the average outputs always exists provided that the set
of admissible trajectories is not empty.

Due to the averaging nature of the objective functional, uniqueness cannot be expected
for solutions of AOCPs, since the objective does not depend on the initial behavior but only
on the asymptotic behavior. We illustrated this with a simple example for a system satisfying
a certain controllability property.

This is also the reason why in principle AOCPs with initial value constraint are not a suit-
able base for an NMPC subproblem.

In the second section we focused on periodic approximations for AOCPs. In a simple,
two-dimensional case, the topological properties of R? allow to conclude that the optimal
average-output can be realized with a periodic solution. In a more general setting we have
shown that a compactness assumption on the set of admissible states/controls is sufficient

66



Average Output Optimal Control Problems CHAPTER 3

to prove the existence of quasi-periodic solutions with arbitrary close average output com-
pared to the optimal average output.

Finally we have shown how to set up corresponding periodic OCPs that exploit these ap-
proximation properties and allow to solve AOCPs approximately by reducing them to finite
horizon OCPs with a periodicity constraint.
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Chapter 4

Economic Nonlinear Model Predictive Control for Average
Output Optimal Control Problems

In this chapter, we address the main topic of this thesis: feedback control for AOCPs. As
we have seen in the previous chapter, the problem formulation for AOCPs is fairly straight-
forward. However, the infinitely long time horizon and the thereby induced uniqueness-
issues for solutions pose great problems in the context of feedback generation, in particular
because the average output functional ¢a.yg does not depend on the initial behavior of the
trajectories (cf. Remark 3.1).

We begin this chapter by discussing some existing approaches for economic NMPC for
AOCPs. Then we present our approach which is based on periodic solutions and extends an
existing “Self Tracking” approach by Limon et al. [77] to a more general nonlinear setting.

By means of controllability assumptions on the dynamical system and regularity assump-
tions on the proposed NMPC subproblems we can prove a stability result for the resulting
controller which shows that the closed-loop trajectories have an economic performance that
is equal to the economic performance of the optimal periodic trajectory.

4.1 Problem Formulation and Existing Approaches

Problem Formulation

Let x(#) = f(x(#), u(t)) be a dynamical system with a path constraint 0 < ¢(x, ) and a perfor-
mance criterion ¢(x, u) such that the functions f, ¢, ¢ are sufficiently smooth and the set of
admissible states/controls A° := {(x, u) € R™ x R™ : 0 < ¢(x, u)} is compact (Assumption 3.1).
Our aim is to define an economic NMPC subproblem for this system such that the resulting
moving horizon NMPC scheme is recursively feasible and has an average economic output
as close as possible to the optimal average output (szg of the corresponding AOCP.

Furthermore, we try to keep the amount of a priori information needed to set up the
NMPC subproblem as small as possible. Examples for such a priori information are pre-
calculated trajectories, special terminal constraints and terminal penalty terms.

In the following, we give a brief overview of existing NMPC schemes for AOCPs and point
out the strengths and limitations.

4.1.1 Tracking

Although it is not an economic NMPC scheme, we add tracking NMPC in the list of existing
methods, because tracking NMPC schemes can locally be equivalent (producing the same
feedback) to an economic NMPC cf. [121] and[122].
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Tracking NMPC schemes are based on a pre-calculated reference orbit
(Xref, Uref) € ACI’Z)’; (Rxq) x LZ(I;JOC (Rx0) which for example could be a solution of the AOCP Pyyg.

With this reference solution, a tracking controller can be set up as it is described in Sec-
tion 2.4. The well understood stability properties of tracking NMPC imply that the resulting
feedback trajectory will robustly converge to the reference trajectory.

However, such a controller requires the solution of the corresponding AOCP beforehand.
Furthermore, because the tracking objective criterion of the NMPC subproblems is decou-
pled form the real economic performance criterion, possible changes of the optimal refer-
ence solution (e.g. resulting from parameter-changes of the dynamical system) would have
to be taken into account by updating the tracking reference trajectory. An example of such
a tracking NMPC scheme that is based on multiple pre-calculated solutions can be found in
Ilzhofer et al. [64].

The Phase Problem

Another issue with tracking controllers arises when the reference solution is not constant,
i.e. not a steady-state. In this case, any time shifted version of the reference trajectory has
an equally good average economic output. Consequently the tracking controller could be
defined with any of the shifted reference trajectories, which implies that in the setup of the
NMPC subproblem an additional choice of phase is necessary. A tracking NMPC scheme
without a terminal region constraint as in (2.16) or a terminal equality constraint as in (2.17)
can furthermore lead to suboptimal performance if the wrong phase of the reference solu-
tion is tracked.

4.1.2 Economic Nonlinear Model Predictive Control for Dissipative Systems

In case the system satisfies a strict dissipativity condition for a steady state (Assumption 2.2)
or for a periodic solution (Assumption 2.5), it is possible to set up an NMPC controller with
the original performance criterion ¢ as performance criterion in the NMPC subproblem.

We described these approaches in Sections 2.5.1 (steady state case) and 2.5.3 (periodic
case). The objective functional for the NMPC subproblem at sampling-time ¢; with horizon
T =[t,t; + T] for such schemes is of the form

@(x,u) = /7_[' C(x(T),u(@)dr +M(t; + T,x(t; + T)). (4.1)

The MAYER-term function M in these approaches guarantees asymptotic stability of the re-
sulting closed-loop trajectories. It has to satisfy a descent condition (2.37) (steady-state case)
respectively (2.65) (periodic case) along trajectories resulting from an auxiliary control law.

Such schemes often also require terminal constraints such as (2.33e) or (2.68e) that ensure
recursive feasibility of the NMPC scheme by means of an auxiliary control law.

In Miiller and Griine [86], an economic NMPC scheme without terminal constraint for
a strictly periodic dissipative system with period T}, is presented. It is based on a multi-
step controller, where the applied control solution only is updated after a full period. For
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this controller, using suitable controllability assumptions, the authors prove near average
optimal performance and convergence to the optimal periodic orbit.

The existing economic NMPC schemes offer closed-loop stability and performance guar-
antees for dissipative systems. However, dissipativity conditions can be difficult to check,
especially for the case of periodic dissipativity. Furthermore a certain amount of a priori in-
formation on the optimal orbit is necessary to set up the controllers with time-dependent
terminal regions and terminal penalties.

4.1.3 Self-Tracking Economic Nonlinear Model Predictive Control

An approach that also serves as foundation for our method is the single-layer E-NMPC pro-
posed by Limon et al. [77] for periodic (with period T}, € N) time-varying discrete affine linear
systems, i.e. systems of the form

x(k+1) = f(k,x(k), u(k)) := A(k)x(k) + B(k)u(k), (4.2)

with A(k) € R"+*" and B(k) € R"**" time periodic such that A(k) = A(k+ Tp) and B(k) =
B(k + Tp) for all k € N. The time-dependent performance criterion is given by a function ¢ :
Nx R xR" — R that satisfies £(k, x, u) = £ (k+ Tp, x, u) for all (x, u) € R xR™, Furthermore
¢ is assumed to be non-negative and convex in (x, u) for all k € N. As set of feasible states and
controls Z(k) c R™ x R™ at time k € N they consider closed and convex polyhedrons that
contain the origin and also satisfy the periodicity condition Z (k) = Z(k + Tp,) for all k e N.
As discrete NMPC subproblem with horizon length N(= T},) at sampling time k with initial
value x € R"r the following NLP is chosen (where ||-[|x and |||y are some weighted norms on
R"x and R"* and Z, (i) a closed convex polyhedron contained in the relative interior of Z, (i)):

N-1 Tp-1
. - 2 _ 2 .
L min ZO (1125 = 1%+ 12 — e |2) + ZO 0k +i,x%, u®) (4.3)

x(‘)‘,...,x”T’p eR™,

it ..., iiN-1ER"Y,
a a ny
uO,...,quileR

s.t. X0 =X, (4.3b)
%io1=fl+k &, @), i=0,..,N—1, (4.3¢)

(X;, ;) € Z(i + k), i=0,...,N—-1, (4.3d)

N = x§, (4.3e)
xty=fl+kxiuf), i=0,..,T,-1, (4.30

x4 uf) € Z,(i + k), i=0,...,Ty—1, (4.3g)

Xg = X7, (4.3h)

Here, beside the predicted trajectory represented by (X, ..., Xn) an artificial trajectory rep-
resented by (xg, ..., x?p) is considered and the objective functional is the combination of the
difference of artificial trajectory and predicted trajectory (measured with the norms ||-||x and
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[I-lly) and the economic performance of the artificial trajectory. Both artificial and predicted
trajectory are subject to the discrete evolution of the system ((4.3c) and (4.3f)) and the end-
value of the predicted trajectory is set to be equal to the initial value of the artificial trajec-
tory (4.3e). The path constraint sets Z,(-) in (4.3g) are slightly restricted versions of the sets
Z(-), which ensures that the path constraint (4.3d) is not active in case the first sum of the
objective (4.3a) vanishes. Furthermore, a periodicity constraint is imposed on the artificial
trajectory (4.3h).

Using the convexity of the performance criterion ¢ and a controllability condition of the
linear system, the authors prove stability of the resulting closed-loop feedback trajectory at
the optimal T},-periodic trajectory via a LYAPUNOV-argument.

What makes this approach different from other economic NMPCapproaches is, that the
objective is split up in an economic part and a self-tracking-part which vanishes if the op-
timal periodic orbit is reached. Furthermore no a priori calculation of the optimal periodic
trajectory is necessary (e.g. for setting up a terminal constraint).

4.1.4 Limitations

All of the three above mentioned NMPC schemes have their limitations. First, each tracking
approach requires an a priori calculated steady-state or a reference solution. In case of a
parameter change in the process dynamics or the objective function, this reference needs to
be updated accordingly.

The pure economic schemes rely on dissipativity properties of the system which can be
hard to verify. Adding a regularizing tracking term to the cost-function as described e.g. in
[100] can help to guarantee stability for non-dissipative systems. Such schemes also often
require terminal constraint regions that have to be computed beforehand and have to be
updated accordingly in case of a change in the system parameters.

The self-tracking approach by Limon et al. [77] does not require the offline solution of a
steady-state or periodic OCP, however the self-tracking weights (represented by the weighted
norms ||-|lx and [|-[ly in (4.3a)) have to be chosen and the setting is discrete affine linear with
a performance criterion that is positive and convex in the state and control variables.

4.2 A Controller Based On Periodic Solutions

In this section we propose a new NMPC controller for Average Output Systems working with
periodic solutions. The controller is based on similar ideas as the one presented in [77] (cf.
Section 4.1.3), as we also use a periodicity constraint and a objective functional which is the
combination of a self-tracking term and an economic contribution.

However, in comparison to [77], our setting is quite different as we consider systems with
nonlinear dynamics and the approach we present is not restricted to periodic and convex
performance criteria. Furthermore, the objective functional of the NMPC subproblem we
chose does not contain a state self-tracking term as in (4.3a) but rather a performance self-
tracking term and our stability theory is based on assumptions on the existence of periodic
orbits and uniqueness and continuous dependence of solutions of the NMPC subproblems
rather than on the convexity of the performance criterion.
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We proceed with the definition of the NMPC subproblem and give a detailed explanation
of the objective functional and the imposed constraints. Then we outline the strategy we use
for analyzing the closed-loop behavior of the resulting system.

4.2.1 The Subproblem NPf;’;(t, X)

For a uniformly spaced grid of sampling times T := {#; = iAT, i € N} we define an NMPC sub-
problem in the following way.

Objective Functional

The time horizon T = [t;, t; + Ty + Tp] for the NMPC subproblem at the sampling time #;
is split in a transient phase of length T3, ﬁf;ns = [t;,t; + T] and a periodic phase of length
Ty, 7;fér = [t; + Ty, t; + Ty + Tp]. The objective functional is split into parts corresponding to
transient and periodic phase.

Let (x,u) € AC"*(T") x L& (T"). The contribution (pg’ér (x, u) of the periodic part is defined
to be the average economic performance of the periodic part of the time horizon:

. 1
P, 1) 1= T thi 0(x(1), u(r))dr. (4.4)

per

The main contribution of the transient part is defined as the L?-difference of the economic
performance along the transient phase and the economic performance shifted forward by
T, and weighted with a discount-factor term with p > 1:

(pg’;nsy[(x,u)::f . PTG, um) — £(x(r + Tp), u(r + )| dr. 4.5)

trans

Additionally, a contribution over the transient time horizon consisting of the L.2-deviation
(measured with some weighted norm | - |ly) on R"* of the control function and the control
function shifted forward by Ty, also weighted with the discount-factor term is added:

(pg);ns,u(u) ::f I’ PT_ti “u(T) —u(t+ Tp)“id‘r. (4.6)

trans

Both parts lpg’;nsy ,(x,w) and @l (u) are combined and added up to the complete transient
objective functional:

fi i fi
(Ptl‘);IlS (x’ u) L (ptr);nS'[ (x’ u) + (Ptr)a(ms,u(u)' (47)
For notational convenience, we introduce the shifted-difference operator 1

D, i (6, 0+ T+ Tpl® — [, 0+ TR (4.8)

LFor two sets A, B we denote the set of mappings from A to B by AB.
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which is defined to map a function a € [¢, £+ T; + T, p]R to the difference of @ and a « shifted
forward by Tj:

D, (@) (1) := a(7) —a(r + Tp). (4.9)

By making use of the shift operator Dy, the contribution of the transient objective can be
expressed as

(pg’;ns(x,u):zfti p"""|Dr, ([(x,u))(r)|2dr+f7_ti p" i | Dy, @) |} dr. (4.10)

trans trans

Remark 4.1 (Purpose of the Control Deviation Term (4.5) of the Objective Functional) The
purpose of the control self-tracking term

WBinoa = [ 0™ D1, dr

trans

becomes apparent in the proof of Lemma 4.2. In the case the transient objective vanishes,
it guarantees that u(7) = u(z + Tp) holds for almost all 7 in the interval [z;, t; + T¢]. This fact
together with the slightly relaxed path constraints in the transient part of the horizon (cf.
constraint 4.15d) and the continuity of the path constraint function ¢ then allow the con-
clusion that at least for a small time-interval I around ¢; + T; (in particular in the transient
phase) the relaxed path constraint 0 < c¢(x(7), (7)) + € is not active.

It has to be noted that (ptﬁr’;ns,u can be omitted in case the path constraint function c is
independent of the control input, because in this situation already the continuity of the state
trajectory is sufficient to conclude that the relaxed path constraint is not active for a small
time interval at the end of the transient horizon. A

The objective functional is now the sum of transient and periodic contribution, where the
transient part additionally is weighted with a factor wians € R>o:

@™ (X, ) = WiransPoans (X, 1) + P (x, ). 4.11)

Constraints

As in every NMPC scheme, the initial value constraint and the ODE-constraint are included
in the NMPC subproblem.

The path constraint is treated differently in the transient and the periodic part of the time
horizon. In the transient part it is slightly relaxed (by using a small € > 0) while in the periodic
part it remains unchanged:

0 < c(x(), u(r) + €1y, forte trt;ns, (4.12)

0<c(x(1), ul)) forte E@r. (4.13)
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The relaxation in the transient part is necessary to avoid issues with controllability. This
will become clear in the proof of Lemma 4.2 which plays an important part in our closed-
loop analysis. The practical relevance is rather negligible since the factor € can be chosen
arbitrarily small.

In addition to these constraints, we include the periodicity constraint

x(ti+T)=x(t;+ T + Tp) (4.14)

in the formulation.

This constraint will guarantee recursive feasibility of the NMPC scheme. Combined with
the objective contribution of the periodic part, this constraint also allows the conclusion that
an admissible pair (x, u) € AC"™* (T %) x Li* (T ") can be periodically extended to a pair (%, it)
on the infinite time horizon with average economic performance @qavg (X, &f) = (pg’ér (x,u).

The NMPC Subproblem NP( (1, x)

Summarizing the above explanations, the NMPC subproblem we consider at time ¢ for the
initial value x can be stated as follows (NP‘}’; (t,x)):

xeAICI’I”iXI%T’), O™ (x, u) = wtrans(pg’gm (x,u) + (pg’e‘r(x, u) (4.15a)
uel2¥ (T

s.t. x(H) =x, (4.15b)

x(1) = f(x(1), u(r)), TeTh, (4.15¢)

0 < c(x(1), u(@) +€ly,, 7€ Thns (4.15d)

0 <c(x(1),u(r)), TE pter, (4.15e)

0=x(t+T)—x(t+ Tt + Tp). (4.151)

fix,

We denote the optimal objective value for problem NPf}’;(I, x) by ¢™™*(x) (skipping ¢ since it

is independent of the initial time ¢) and define

Adf}’; = {x eR™ :NPﬁT’;(t, x) is feasible}. (4.16)

4.2.2 Interpretation of the Transient Weight

In the following, we will describe how the transient weight wyang in the objective functional
(4.15a) can be interpreted economically.

The periodicity constraint (4.15f) allows the extension of any admissible trajectory (x, u)
of problem NP‘}? (t,x) to an arbitrary prolonged horizon (for simplicity we assume ¢ = 0). For

example, for any k € N* we have the identity

fix Ti+Tp
(pper(x’ u) = f
I

1 Ti+kTp
l(x,u)dt = —/ ((%, u)dr, (4.17)
kJr,
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where (¥, @) is the periodic extension of (x, u) from [T, T;+ Tp] to the (probably much longer)
interval [T, Tt + kTp]. If the transient weight is chosen as wyans = %, it holds that

Te+kTp

1 1
O™, w) = — X (X, )+ — f 0(%, w)dr. (4.18)
k kJr,

The objective functional (pﬁx(x, u) of problem NPf%E (¢, x) then can be replaced by

— Ti+kTp
X (x, u) := wg’;ns (x,u) + fT ((x,@w)dr (4.19)
t

without changing the solution of NPﬁx(t x) (only multiplication with the constant k hap-

+kT,
pened). Clearly, for large k the ¢ econornlc contribution of the integral th P ¢(x,m)dt be-
comes the dominant term in (pﬁx (x, u) because the interval [T, T; + k T;,] gets longer while the
transient contribution ¢fX_ (x, ) remains the same.

This shows how the transient weight wians can be interpreted as a parameter that can be
used to artificially prolong the periodic horizon of the problem.

4.3 Closed-Loop Behavior of the Controller Based on NP‘}? (t,x)

In this section we analyze the properties of the controller based on the NMPC subproblem
NP‘}’;(I, x). Often when analyzing the closed-loop properties of an NMPC controller, the
goal is to prove asymptotic stability of the closed-loop trajectory at some reference trajec-
tory (Xref, Uref)-

But for several reasons, we pursue a different strategy.

First we have to remember what the purpose of the NMPC controller is. The purpose
of the controller first and foremost is to generate a feedback for the system that results in
an economically optimal performance. We have already seen that the economic average
performance of any pair (x, u) € ACIOC([R) X L"“ C(IR) is invariant with respect to time-shifts,
therefore there exist a lot of trajectories with equally good economic performance. There is
no reason why the controller should stabilize the system at a particular reference solution
when there exist a whole family of equally well performing alternatives.

A second scenario could be a perturbation that happens at time ¢ and suddenly shifts the
system state from Xyef(#) to Xef () with 7 # . In case the controller is stabilizing the system at
X:ef, the system will converge back to x,¢f in the long run. However, by applying the control
T — Uef(T + T — 1) from time ¢ on it would be possible to keep the system on the shifted
reference trajectory (Xyef, Uref) © (r — (T+I- t)) from time ¢ on which has an equally good
economic performance as (Xyef, Uref)-

For this reasons it is not necessarily a shortcoming for a NMPC controller if it does not
stabilize a system at a given reference solution and we focus our considerations on a different
interpretation of stability.
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4.3.1 Strategy Outline

Instead of attempting to prove stability of the resulting controller at some reference solution,
we pursue a different strategy. After observing that the controller has the recursive feasibility
property (in Section 4.3.3), which follows from the periodicity constraint (4.15f), we begin
analyzing the development of the optimal objective value function along the closed-loop
trajectory. Let x; € R™ denote the state of the closed-loop system at sampling time i, i.e.
Xy = % (ty; Xo, to)-

Assumptions on controllability, regularity and uniqueness of the NMPC subproblems and
the periodic OCP Perf}i (3.17) then are used to show that the transient objective part of the
solution (x;,x, #; x) of the subproblem NP‘};‘( t, x) reaches its optimal value (0) if and only if
the periodic part reaches its optimal value (Lemma 4.2). This observation together with the
discount factor p of the transient objective part (4.10) allows us to conclude that the transient
((p?éns(xtk,xk, uy, ) and periodic parts ((pglér (%1, Uz, x,)) Of the objective function asymp-
totically converge to their respective optimal values for k — co (Lemma 4.4). This shows
in particular that the average economic performance of the periodic part of the predicted
open-loop solutions (x;,,x,, U, x,) asymptotically converges to the optimal periodic average
performance.

Then we have to transfer the knowledge we gained for the development of the predicted
open-loop solutions to the development of the actual closed-loop trajectory (x,, u,). To do
so, we analyze the rate of change of solutions of subsequent NMPC subproblems. We com-
pare the solutions of the subproblems at sampling time #; and i, for increasing k € N.
This comparison can be done although the solutions are defined on different time hori-
zons 7 ' and 7 %+ simply by restricting both solutions to their intersection 7 % n 7 %+ =
(g1, b+ Te + Tp]

If the rate of change between subsequent NMPC subproblems can be controlled, it is pos-
sible to transfer information from the solutions of the subproblems to information on the
behavior of the closed-loop trajectory. This transfer can be accomplished by making use of
a telescope argument. In Theorem 4.9 we summarize the results and prove that the average
output of the closed-loop system will be equal to the average output of the best T},-periodic
solution.

To illustrate the explained procedure, we include the dependency graph that connects the
assumptions and statements in Figure 4.1.

4.3.2 Assumptions on Subproblems and on Optimal Periodic Orbits

The strategy outlined above is based on a number of regularity and uniqueness assumptions
on the NMPC subproblems NPf}i (tx, xx) and on the periodic OCP Perf}’; we introduced in
Section 3.2.4 of the previous chapter.

The first assumption ensures the existence of optimal T,-periodic solutions of the periodic
OCP (3.17).

Assumption 4.1 (Existence of Optimal Periodic Solutions )
Problem Perf}ﬁ (3.17) has a solution. By gbﬁT’;';er we denote the objective value of the solution. o
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NMPC scheme based on subproblems

fix Uniqueness and continuous
of the form NI’Tp (t,x)

dependence of subproblem solution

with respect to
initial value

Assumption 4.4

Locally inactive Existence of
path constraints descent directions
Lemma 4.1

N\ Assumption 4.2

Recursive feasibility

Controllability
Assumption 4.3

Transient objective optimal

iff complete objective optimal \

Lemma 4.2

Bounds for functions
that vanish on
identical sets Self-Similarity vanishes
LemmaA.4 for optimal objective

Lemma 4.6
Compactness of A

Self-Similarity
bounded from
above by objective

Existence of
optimal periodic orbits
Assumption 4.1

Guaranteed descent
of transient objective
Lemma 4.3

Lemma 4.7
Discrete LYAPUNOV Lemma
LemmaA.3
. Open-loop converges to
Asymptotic decrease
of objective closed-loop
Lemma 4.4 Lemma 4.8
Economic performance
of closed-loop
Theorem 4.9

Figure 4.1: Dependency graph illustrating the strategy of the closed-loop analysis described
in Section 4.3.1 for the NMPC scheme based on the subproblems NP‘}:.
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Remark 4.2 For the sake of a simplified notation, for the rest of this chapter we may assume
without loss of generality that

fix,* _
P per =0 (4.20)

holds. This can be achieved by adding a suitable constant to the performance criterion ¢. A

Additionally we need the existence of descent directions for suboptimal T-periodic solu-
tions.

Assumption 4.2 (Existence of Descent Directions)
Let (x, u) be an admissible Ty, -periodic pair for problem Perf}’; (3.17) with suboptimal objec-

tive (pf};per(x, u > (pf;:;er_ Then there exists a neighborhood U; R of 0 and a FRECHET-

differentiable homotopy H = (Hy, Hy,) : Uy — AC™ ([0, Tp]) x L2 ([0, Tp]) that satisfies the fol-
lowing conditions:

1. it starts at (x, u):

H(0) = (x,u), 4.21)

2. forall s € U;, H(s) is admissible for Per’}’;,

3. the derivative of the objective functional evaluated along the homotopy is negative at
s=0:

0 fix
35 Pper (H(8Dls=0 <0. (4.22)
A

Furthermore, we need a controllability assumption on the dynamical system and a regularity
assumption on the NMPC subproblems.

Assumption 4.3 (Controllability)

For any interval 7 = [, ;] < R and any pair (x, u) € AC™(T) x L3*(T) that satisfies x(t) =
f(x(t),u(t)) for t € T there exists an open neighborhood U < R+ of x(t;) and a FRECHET-
differentiable mapping C = (Cy, Cy) : U — AC™*(T) x L2*(T) that satisfies

* Clx(ts) = (x,w),

e forany y € U, the pair C(y) € AC"+(T) x L3¥ (T satisfies the ODE,

* forany y € U itholds Cx(y) (%) = x(t5),

e forany y € Uitholds C,(y)(#) = y. A

Assumption 4.4 (Uniqueness and Continuous Dependence of Solutions )
The family of NMPC subproblems NPI}’;(t, x) has the following properties:
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e For x € Adl}i problem NPf}’p‘(t, x) has a unique solution denoted by (x;,y, u;,x) which
depends on the initial time ¢ € R and the initial value x € R",

¢ the solution-mapping
Sol: R x Ad7: — AC™ (T x L3 (T,
(2, %) — (%¢,x, Uz, x)
is continuous. A
Since the problem NPf}’;(t, x) is autonomous, i.e., neither the performance criterion nor the
dynamics or the path constraint explicitly depend on time, it is clear that
(X¢,x, Ut,x) = (Xo,x, Uo,x) © [T — T — 1] (4.23)

holds and can always be used to transform problem NPﬁT’;(t, X) to the problem NPﬁT’; (0,x) on
the standard time horizon 7 :=7° = [0, T + Tpl.

4.3.3 Recursive Feasibility

As we already pointed out in Section 2.3, recursive feasibility is the minimal requirement for
any NMPC controller. The NMPC scheme based on the subproblems NPf};f(tk, Xx;) will have
this property independently of the choice of the transient horizon length T; € R>¢, the tran-
sient weighting factor wirans € R>¢ and the discount factor p > 1. This is due to the periodicity
constraint (4.15f) that is incorporated in the OCP-formulation.

To see this, we define the following extension operator

Exty : AC™* (T ) x L2 (T k) — AC"* (T 1) x L (T tee1)
by setting

(x, u)(1) for t € [tsr, ti + T+ Tp) = TN T k1,

(4.24)
x,u)(t—Tp) forte [ty +Ti+ Tp, w1 + T+ Tpl = T et \ Tlk,

Exty (x, u) (1) ::{

and apply it to an admissible pair (x, u) for problem NP‘}’; (tr, X1).

We can check that (%, &Z) := Ext (x, u) is an admissible pair for problem NPf}’;(tkH,x(tkH)):

¢ (per definition) it satisfies the initial value constraint (4.15b)
X(lres1) = x(tgs1),

* it satisfies the ODE-constraint (4.15c) almost everywhere on 7 ’+1, because (%, i) is
just the periodic extension of (x, «) which satisfies it almost everywhere on 7 ',

* it satisfies the relaxed path constraint in the transient phase (4.15d) ’7;“”1 because

rans’
. : 17 : t]
(x, w) satisfies it on 7 %« and (even the “unrelaxed” path-constraint) on 7,
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* it satisfies the path constraint in the periodic phase (4.15¢e) 7;,2‘;' ! because on 7;,2‘; 'n
7;2; it is identical to (x, ) and on 7;,2‘;' ! \7;6"r per definition it corresponds to (x, u) on
t, 1]
Tper \ Tper >

* it satisfies the periodicity constraint (4.15f) because the extension operator is defined
to periodically extend (x, u).

This shows that the NMPC controller based on the subproblems NPF};‘(tk, Xi) has the recur-
sive feasibility property.

4.3.4 Asymptotic Decrease of the Optimal Objective Value

The key observation we exploit in the process of showing that the objective value function
is asymptotically decreasing along the closed-loop, is that the transient part of the objective
functional vanishes if and only if the complete combined objective (transient and periodic
part) attains its optimal value.
In accordance with our notation of the optimal objective value ¢"™** (x) of problem
X,

NP?’; (¢, x), we define the functions (pge'r*, (pgxa';s and ¢™* on the set Adf}’; as follows:

fix,

fix, * . fi fix, * . fix fix, . fix
(ptrans (x) Dl (ptr);ns (xI,JC) ut,x): (pper (x) .= (pper(xl’,)(r u[,x)r (P * (x) - (P (xI,JC) ut,x)-

(4.25)

From the definition of the objective functionals it follows that for all x € Adf}’; it holds that

P (X) = Wirans @i (X) + i (x). (4.26)

The following Lemma is a technical result that shows that whenever the transient objective
vanishes for an admissible pair of trajectories, there is a small time-interval at the end of the
transient time horizon in which the path constraint (4.15d) is not active. We will need this
Lemma in the proof of Lemma 4.2.

Lemma 4.1 (Locally Inactive Path Constraints)
Let x € AdﬁT’; and let (x,u) € AC™*(T) x L3*(T) be admissible for problem NPf}’;(t, x) with

¢™(x, ) = 0. Then, for any & > 0 there exists a vicinity Uz c R of ¢ + T; such that for all 7 € U
it holds:

On, < C(X(T), w(T)) +Elp,. (4.27)

Proof Because of the path-constraint (4.15e) in the periodic part of the time horizon, 0 <
c(x(t+ Ty, u(t+ Tt)) holds. Since (pﬁx (x, u) = 0 it follows that

trans

& t+T¢ 2
Wi = [ o7 DR @@ ar
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vanishes and thus u(r) = u(r + T},) holds for almost all 7 € [z, ¢ + T;]. Combining this with
the LIPSCHITZ-continuity of ¢ (c is smooth and ¢! ([0,00)) = A€ is compact and therefore in
particular LIPSCHITZ-continuous with some constant L, > 0) implies

e (x(@), u(®) - c(x(T + Tp), u(r + Tp)) || < L ||x(@) —x(z + Tp) | (4.28)

for almostall 7 € [t, £+ Ti]. Since all norms on finite dimensional real vector spaces are equiv-
alent, this inequality (with an appropriately adjusted LiPSCHITZ constant) also holds for the
maximum norm || - | pax-

The periodicity constraint (4.15f) and the continuity of x then imply the existence of a
vicinity Uz of t + T; such that

e @@, u(r) - c(x + Tp), u@ + Tp)) || oy < & (4.29)

holds for all T € Uz. Let now 7 € Uz. The path-constraint (4.15e) in the periodic part of the
horizon ensures 0 < c(x(r + Tp), u(T + Tp)). In combination with the inequality (4.29) this
implies that 0 < c(x(7), u(7)) + &1,,. 0O

With a contradiction argument we can now show that the vanishing of the transient objective
part is equivalent to the periodic part of the objective reaching its optimal value.

Lemma 4.2 (Transient Objective is Optimal iff Complete Objective is Optimal)
Let Assumptions 4.2 (existence of descent directions) and 4.3 (controllability) hold and let

X€ Adf}ﬁ. Then (pﬁx’* (x) = 0 if and only if ¢™* (x) = (/)ﬁx’*

trans Tp,per’

Proof It is clear that if ™ (x) = (/)f;’;’; o holds, (pgxa’;s(x) has to vanish because it is by defini-

tion non-negative and

fix, * fix, * fix, * fix, *
(pﬁx'* (%) = wtrans(l’tr);ns (x) + (szr (%) = WiransPyrans (X) + ¢ : (4.30)

Tp,per
holds with wyyans > 0.
fix, * _ _ o fix,

On the other hand, let us assume that ¢, (x) = 0. We provg ¢ ) =Pp) per by a con-
tradiction argument. To this end we assume that ¢™* (x) > o per- For notational conve-
nience we use the abbreviation (x,u) := (x;x, u; x) for the rest of this proof and further-
more we may assume ¢ = 0 since problem NP%’;(t, x) (4.15) is autonomous. Then, since

fix, *

(x, u)|7;e[ can be interpreted as admissible pair for Perf}’; (3.17), Assumption 4.2 guaran-

tees the existence of a neighborhood U; c R of 0 and a FRECHET-differentiable homotopy

H:U; — AC™ (Ter) % Log (Tpey) that satisfies the following conditions:

1. it starts at (x, u)|7;er:

H(0) = (%, w7, 431)

2. forall s € Uy, H(s) is an admissible pair for Perg’;,
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3. the derivative of the objective functional evaluated along the homotopy is negative at
s=0

0
a—sqbf}z,per(H(S))ls:o <0. (4.32)

Lemma 4.1 guarantees the existence of a 4 > 0 such that (x, ) satisfies the inequality
0= c(x(r), u(®) + gﬂnc forall 7 € [T, — 5, T (4.33)

Furthermore, the controllability assumption 4.3 guarantees the existence of a neighbor-
hood U, c R"™ of x(T;) and a FRECHET-differentiable mapping C : Uy — AC"™™ ([T - 0, T{]) x
L2 ([T, - 8, T)) satisfying

s Cx(TY) = (%, Wl (1,5 1)

o for any y € Uy, the pair C(y) € AC™ ([T; — 8, Ty]) x Lo ([T -4, Ty is a solution of the
dynamical system,

« forany y € U, it holds C(y)(T; - 6) = (x, w) (T - 5).

Note that because of the continuity of C (remember that AC" ([T, -8, T{]) x L2 ([T, -8, Ty]) is
endowed with the norm || - [|o, cf. Definition 1.1), the neighborhood U, can be chosen such
that C(y)(7) satisfies the relaxed path-constraint (4.15d) for all 7 € [T; — 8, T,] and all Y€ Uy.

The mappings H and C can be glued together (see Figure 4.2) to define the homotopy
V= (¥, ¥, : U — AC"™(T) x L2 (T) as follows:

(x, w)(1) for 7 € [0, Ty - 61,
W(s)(1):=4 C(H()(0) (1) forTe [T -5, T, (4.34)
H(s)(7) fort e [Ty, Ty + Tpl.

The neighborhood U; may have to be shrinked such that H(s)(0) € U, for all s € U;. Then,
per construction of ', it can be seen that W (s) € AC™*(T) x L3%(T) satisfies the path con-
straints in the transient phase (4.15d) as well as in the periodic phase (4.15¢) for all s € Uy. It
can also be verified that ¥ (s) satisfies the initial value constraint (4.15b), the ODE-constraint
(4.15¢) and the periodicity constraint (4.15f) for all s € U, and thus W (s) € AC"™(T) x Ly (T)
is admissible for NP‘}’;(t, x) for all se€ Uy.

Now we consider the derivative of the objective functional evaluated along this homotopy

6 X 6 X X
S ™OV(8) = = (Weans s (P (9) + 5 (Y (5)] (4.35)

at s =0. Since X : AC"*(T) x L2 (T) — Ry is differentiable, the composition X oW :
U; — Rx is also a differentiable mapping. But because ¥ (0) = (x, ) we know @fX  (¥(0)) =

trans

83



CHAPTER 4 Economic Nonlinear Model Predictive Control FOR Average Output Optimal Control Problems

0. Therefore ¢fX oW attains its global minimum at s = 0 and the derivative must vanish:

9 o (W(e)]emg = 0 (4.36)
6S(ptrans §s=0 =Y .

From the definition of W (s)(7) for T € [Ti, T; + Tp] in (4.34) and the properties of the homotopy
H, it follows that

G
&wg’ér(‘l’(s)ﬂs:o <0. (4.37)

Now, (4.36) and (4.37) imply

0 fix
¢ (P(s)ls=0 <0. (4.38)
os
Therefore in a vicinity of s = 0 there exist an § such that
fix fix, *
(P <™ (x). (4.39)

But because ¥ (3) is an admissible pair for problem NP%(I, x), this is a contradiction to the
optimality of (x, #) and the proof is finished. 0

We now proceed with the analysis of the development of the objective function
(,oﬁx'* (x, (1)) along closed-loop trajectories.

Lemma 4.3 (Guaranteed Objective Decrease)
Let wﬁx'*(xk) = wtrans(pg’ggs(xk) + (pg’ér(xk) be the objective value of the NMPC subproblem
NP‘}’; (tx, xx) at sampling time f;. Then for the optimal objective value of the NMPC subprob-

lem NPI}’; (Tx+1, Xk+1) with initial value xy11 := %y, x, (fx+1), the following inequality holds:

PP () = 07T Wirans P (48) + @psr (1) (4.40)

Proof Let (x, u) := (x4 x., Uy x,)- As it was shown in Section 4.3.3 (recursive feasibility), the
pair Exty, (x, u) € AC™ (T '+1) x L% (T %+1) is admissible for problem NPI}’;(tkH, Xi+1). There-
fore, it can be used to bound (pﬁx’* (xr4+1) from above. To do so, we evaluate (pﬁX (Exty(x, u)).
Since the extension operator Ext; preserves the economic performance in the periodic part,
it holds that (pg’ér (Extr(x, u)) = (pg’é’r* (xx). Now we evaluate the transient part of the objective
X (Bxty(x, ).

From the definition of the Exti-operator it follows Exty(a)(7) = Extg(a)(r + 1) for any

TEtp+ Ty tpey + T = T\ 7% and a: 7% — R. Therefore

Dr, (£(Exti(x,w))) (1) = 0 for T € Tyl \ Tk

trans trans

(4.41)
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State

Time

Homotopy parameter s

a) On the interval [0, Tt — d] all trajectories W x(s) coincide with x,. On the periodic part [T, Tt + Tpl,
Y« (s) is defined by the homotopy Hy(s) of Assumption 4.2 and on the part [Tt — 0, T¢] it is given by
s — Cx(Hx(5)(0)), where Cy is the mapping of Assumption 4.3. ¥ is defined by gluing together both

homotopies, see Figure (b).
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Time
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Homotopy parameter s

b) Detailed picture of (W (5)) se(—¢,¢) On the interval [Tt — 8, T¢]. For each s € (—¢, €), the state Hy(s)(0) €
R”x is reached from the state xx(T; — 6) in time 6 via the state trajectory Cx(Hx(s)).

Figure 4.2: Illustration of the family of state trajectories (W (5))se(—¢,. The color of the tra-
jectories is associated to the homotopy parameter s according to the color bar on the right.
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and

Dr, (Exty(w)) (1) =0 for 7 € Tkt \ Tk . (4.42)
Similarly, for any @ : 7% — R and 7 € [f41, tx + Tt = Tokil 0 Tk it holds

Extr(a) (1) = a(r) and Exti(a) (T + Tp) = a(t+ Tp), (4.43)
and therefore

Dr, (€(Bxty(x, u))) (1) = Dr,, (£(x,w)) (1) for 7 € Tyl 0 Tk (4.44)
and

Dr, (Exty(w))(7) = Dr, (w)(7) for T € Tkl n Tk . (4.45)

We evaluate the transient objective functional !X at Exty (x, u):

fix _
Pirans (EXti (¥, 1)) = fok+1 ATk

trans trans

+[T”<+1\T% pr (|DTP (€ (Exte(x, ) (1)]* + || D, (Exte () (2) Hi)df

trans trans

p7ln (\DTP (€ (Exte (x, ) (1) | + || D1, (Extye () (7) |ny) dr

(4.46)

The integrals over 7,%:! \ T, vanish because of (4.41) and (4.42). For the integrals over

’735;1; N ﬂﬁ’a“ns, we can use (4.44) and (4.45) and get

szk+1 s (1D, € w) @ + | Dr, @) ) de (4.47)
trans n trans
< f L T (1P, €, w) @ + || D, @@ ) de (4.48)
= pllen lek p* " (|D1, (0w, w) @ + | Dr, @)} de (4.49)
trans
= p_AT(p?r);ns (x, ), (4.50)
which finishes the proof. 0O

Remark 4.3 (Necessity of the Discount Factor) In the proof of the previous Lemma it be-
comes apparent why the discount factor p is used in the definition of the transient objective
part (4.10). The estimate (4.48) is conservative since it neglects the integrals

— 2 — 2
thk — p" | Dy (0(xxy, 1)) ()| dr + f T p" 1 | Dy, w)(@)||| d7. (4.51)

trans trans 7;1’&]’18 trans
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This means that the transient objective value at least gets smaller by the amount correspond-
ing to this term. However, the two integrals could be zero even if fX_ (xy,,uy,) is non-zero
itself. In this case, only the discount factor p > 1 guarantees the decrease of the objective
functional. A

This Lemma shows that as long the transient part of the objective is non-zero, a decrease
of the objective value at the next sampling time can be expected. In Lemma 4.2 we have
seen that a zero transient objective implies also optimal periodic objective part. This com-
bined with the previous Lemma allows us now to prove that the optimal objective value is
asymptotically decreasing along closed-loop trajectories.

Lemma 4.4 (Asymptotic Decrease of the Objective Function Along Closed-Loop)
Let Assumption 4.1 (existence of optimal periodic orbits), 4.2 (existence of descent direc-
tions), 4.3 (controllability) and 4.4 (uniqueness and continuous dependence of subproblem
solutions) hold. Then there exists a XL function  such that for any x € Ad‘}’; and the result-
ing sequence of states x; = x, (fx; fo, Xo) of the closed-loop trajectory it holds that:

O (x) < Bl™* (x0), 1), (4.52)

Proof From Lemma 4.3 it follows

ﬁx, (xiv1)=p~ wtrans(l)g):{;s (%) +‘Pg)é’r* (x;) = (Pﬁx’* (xi)—(1- P_AT) Wtrans(l)g);;s (x7). (4.53)
—_—

€(0,1]

Furthermore, Lemma 4.2 states that (pg’;’;‘s does not vanish as long as ¢f®* is suboptimal.

Assumption 4.1 (existence of optimal periodic orbits) implies the existence of x € AdﬁX with
ﬁX *(x) = 0 and thus, since AdﬁX c A¢ is compact, Lemma A.4 guarantees the ex1stence ofa
ICoo—functlon a such that

& (o™ ) = 9 (4.54)

holds for all x € Adf}ﬁ. Combined with (4.53), this implies

O™ (xi31) = 0™ () = (1= p™T) wigans@ (0™ () (4.55)

Since also a : s — (1 — p‘AT)wtransd(s) is a Ko-function, Lemma A.3 can be applied and
proves the existence of a L-function g with the desired properties. 0

4.3.5 Open-Loop Solutions vs. Closed-Loop Behavior

In the previous section we have seen that under suitable conditions on the dynamical system
and on the NMPC subproblems, the optimal objective value function ¢™* converges to zero
(= (/)f;X ; o) along closed-loop trajectories. This fact alone is not yet sufficient to conclude that

the closed loop trajectory has a good economic average performance, it just proves that the
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NMPC subproblem solutions (the open-loop solutions) have a good economic performance.
For example, it does not exclude the possibility of a scenario in which the closed-loop trajec-
tory moves closely along an optimal periodic orbit but changes its direction from sampling
time to sampling time.

However, in this section we will show that the uniqueness and continuity Assumption 4.4
on the NMPC subproblems implies that such a case cannot occur and that the asymptotic
descent of ¢™* also implies that the average economic performance of the closed-loop tra-
jectory converges to the average economic performance of the best periodic trajectory.

To this end we define a self-similarity function, which measures the difference of subse-
quent NMPC subproblem solutions. We use this function as a tool to show that this differ-
ence tends to zero along the closed-loop trajectory because it can be bounded by means of
the optimal objective value function ¢f%*.

Definition 4.5 (Self-Similarity Function)
We call the function S :Ad‘}:; — Rx¢ defined by

T+ Ty
S(x):= fA . (|2 (@) = 227,y @) || + || 2 (@) = w7,y (0 ||) d7, (4.56)
with y:= x,(AT) the self-similarity function (see Figure 4.3) A
TAT,y
Y
0 ar 7 o7,

Figure 4.3: Illustration of the self- similarity function S. The green area between x, and xa7,

with (y = x4 (AT)) corresponds to the integral f ATIT+ T ||xx (1) = xaT,/(7) || drt in the definition of
S(x). It vanishes if and only if xx(7) = xa 71, (7) holds for almost all 7 € [AT, Tt + Tp].

From the continuity and uniqueness Assumption 4.4 it follows that the function S is contin-
uous because it is the composition of continuous maps (in particular, the solution mapping
X — (xx, uy) and the evaluation mapping x — x(AT) are both continuous).
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The function S has the following interesting property: It can easily be checked that if for
any x € Adf}’; it holds that S(x) = 0, then for y = x;, (fx+1) this implies

Kt Ui Dk ATk = Ey, 0 Wiy, Ptk ATk - (4.57)

The above equation is reminiscent of the Principle of Optimality for shrinking horizon NMPC
(see Section 2.2.2), which states that the difference of subsequent NMPC subproblem solu-
tions on the intersection of their time horizons vanishes.

The idea behind defining the function S is that if we can prove that S converges to 0 eval-
uated along the closed-loop trajectory x,,, we know that the difference of subsequent NMPC
subproblem solutions also converges to zero, which in turn implies that the difference of the
NMPC subproblem solutions to the closed-loop trajectory itself also converges to zero.

The important observation that justifies this approach is the following:

Lemma 4.6 (Self-Similarity Vanishes if Objective is Optimal)
Let Assumption 4.4 (uniqueness and continuous dependence of subproblem solutions)

hold. Then for any x € Adf};‘ with (pﬁ"'* (x) = ([)f}xp:;er it holds that S(x) = 0.

Proof Letxe Adf}’; with (pﬁ"'* (x) =0andlet (x, u) := (x;x, U;,x). Without loss of generality we
may again assume ¢ = 0. As we have seen in the proof of Lemma 4.3, for the pair Ext(x, u) €
AC™ (AT, AT + T+ Tp)) x LYY (AT, AT+ Ti + Tp1) (which is admissible for NPf}’; (AT, x,(AT)))
it holds that:

o (Ext(x, w)) < ™ (x, 1) = 0. (4.58)
But because ¢fl%, is bounded from below by (pf}’;; o = 0, it follows that % (Ext(x, u)) = 0.
Because 0 is the optimal objective value, the uniqueness property in Assumption 4.4 implies
that Ext(x, u) is the solution of problem NPf}X (AT,x(AT)) (which is equivalent to Ext(x, u) o
[T — 7+ AT] being the solution of problem g’; (x(AT))).

Therefore, according to the definition of S,

Ti+Tp
S(x):fM (Ix(7) = Ext(x) ()l + lue(r) — Ext(w) (7)) d7. (4.59)

But from the definition of the extension operator Ext (4.24) in Section 4.3.3, it follows that
Ext(x) and Ext(u) coincide on [AT, T; + Tp] with x and u respectively, which means the inte-
gral in (4.59) vanishes and S(x) = 0. O

Lemma 4.6 can be exploited to prove that the optimal objective function ¢™* can be used
as an upper bound for S in the following sense.

Lemma 4.7 (Upper Bound for Self-Similiarity)

Let Assumptions 4.1 (existence of optimal periodic solutions) and 4.4 (uniqueness and con-
tinuous dependence of subproblem solutions) hold. Then there exists a XC-function a such
that

S(x) < ale™* (x)) (4.60)
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holds for all x € Ad‘};f.

Proof The previous Lemma shows that for the continuous functions S and ¢™*, which are
both defined on the compact set Adf}";, it holds

o™ (x) = 0= S(x) = 0. 4.61)

Furthermore, because of Assumption 4.1, the function ¢™* does vanish for some x € Adl%x.
Therefore, according to Lemma A.4, there exists a K-function a with the desired property.

The asymptotic decrease of the optimal objective value function ¢™* and the fact that the
self-similarity function S can be bounded by ¢f** as stated in the above Lemma implies that
also the function S decreases asymptotically along closed-loop trajectories. In the following
Lemma we show how this in turn implies that the difference between the predicted NMPC
subproblem solutions and the actual closed-loop trajectory also decreases asymptotically.

For the sampling time ¢#; and the state x; € Adf}’; we define

diff(z;, x;) := /Tt' (|, x: (@ = 2u @ || + || 0, 2, (@) — 0 (@) dr. (4.62)

Lemma 4.8 (Telescope Argument for the Closed-Loop)

Let Assumptions 4.1 (existence of optimal periodic solutions), 4.2 (existence of descent di-
rections), 4.3 (controllability) and 4.4 (uniqueness and continuous dependence of subprob-
lem solutions) hold. Then there exists a CL-function 8 such that for all xg € Adf}’; and the
resulting closed-loop sequence (x;);en it holds that

diff(£;,x;) < Bl™* (x0), £7). (4.63)

Proof According to Lemma 4.4, there exists a L-function f; such that for the objective
¢™* and all i e N* it holds that

@™ (x7) < (9™ (x0), 1) (4.64)
Using the estimate (4.60) of Lemma 4.7, for all i € N it holds

Seei) < (Br (9™ (x0), 1)) (4.65)
Since a is a K-function and f; is a K £-function, 8 := a o B is also a KL-function. Now
we calculate the integral of (4.63) using the fact that (x,, u,) is per definition identical to

(%¢;,x;, Wr;,x;) on the interval TUNT = [tj,tj]. Let n € N such that nAT < T+ T <
(n+1)AT, such that for all sampling times ¢; it holds that 7% < [#;, t;+,]. Then we calculate

a5 = [ (51000 = 50 |+ 0 - 1,0 o (.66
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¥
j=i+1Y1j

With the abbreviations

78]
dk. ;:/ (
i,j f

the triangle-inequality and a telescope-sum we get the inequality

|10 (1) = 11, )| + |01, (0 = 12,0 ) . (4.67)

|xti,x,- (7) = %4;,x; (T) H + “ Uy, x; (T) = Uy, (T) H) dr, (4.68)

i+n i+n j-1 |
diff(s;, x)= Y di ;< 3} Y dj,,. (4.69)
j=i+1 Y j=ivll=i

Rearranging the summation order gives

i+n j-1 ; i+n-1 i+n i
diff(#;, x;) < Z Zdz,m: Z .Z dj |- (4.70)
Jj=i+ll=i I=i j=Il+1

Sincedl{lﬂ20f0ralllsjsl+nweget

i+n-1 i+n , i+n-1 l+n

diffe,x)< Y. Y, dl,, = Y Y dl,,. 4.71)

I=i j=l+1 I=i j=I+1

Using the definition of dlj 1+ and the estimate (4.65) we get

i+n-1 l+n Lj+1
diff(,x) < Y Zf (
i

[0 (0 = 0y, )| + |01, 0 — 1,0 | ar @72

I=i j=I+1
i+n-1 i+n-1 _ fix
= Sxps ). Plo™*(xo), 1) (4.73)
I=i I=i
< nBlp™* (xo), t;). (4.74)
Since (s, £) — nf(s, t) is a K L-function, the proof is finished. 0O

We summarize the results of the analysis of the closed-loop behavior in the following the-
orem.

Theorem 4.9 (Economic Closed-Loop Performance)

Let Assumptions 4.1 (existence of optimal periodic orbits), 4.2 (existence of descent direc-
tions), 4.3 (controllability) and 4.4 (uniqueness and continuous dependence of subproblem
solutions) hold. Let xj € Adf}’; be the state of the system at the initial time #y. Then the re-
sulting closed-loop trajctory (x, u,) € AC " x L™ from the NMPC scheme based on the

loc ‘00,loc
subproblems NPﬁT’; (4.15) exists for all times and for the average economic performance it
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holds

to+T

fim = | £0x(0), ()T = P (4.75)

Proof Via the estimate (4.63) of the previous Lemma we get the estimate

o (1% @ = 2@ || + 1,2, (0 = wu (1)) dr < diff(15, 57) < fl@™* (x0), 1), (4.76)
7‘1

per

This shows that for the economic performance of (x,, u,) on the intervals 7;,[& it holds

|1 1 ~
ilg?o ?pr[i O(x, (1), uy(1))dT - prTt" O(xy; 5, (T), Uy, (1))dT| = 0. 4.77)

per per

=pper (x7)
On the other hand, in Lemma 4.4 it was shown that lim @™* (x;) = 0(= (pf}’;’;er) holds. In
1—00 ’
combination with (4.77) this implies the assertion. O

A Note on the Transient Part of the Objective Functional

The ideas presented in this chapter can be extended to a broader class of controllers by using
different transient objective functionals (pg’;ns' ;- The crucial property of the transient objec-
tive functional, which in particular is used in the proof of Lemma 4.3, is that the integrand
of (pg’éns, , attime 7 € 7/, needs to vanish if (x(7), u(7)) = (x(z + Tp), u(z + Tp)) holds. This
means that (pg’;ns, , can be replaced by

P lians g (6, 0) 1= f o7 g, u(D) - g(x(r + Ty), m(z + Ty) [ dr, (4.78)

trans

where g : R™ x R™ — R is an arbitrary function. As long as Assumption 4.4 (uniqueness
and continuous dependence of subproblem solutions) holds, all the results presented in this

chapter will carry over to the NMPC scheme where (ptﬁr’; ns,¢ 18 replaced by wtﬁr’;ns' g

In the work of Limon et al. [77] the integrand of the transient contribution at a time 7
directly measures the geometric distance between the states/controls in the transient part
and the states/controls (evaluated at 7 + kT, with k being an integer such that 7 + kT}, is in

the periodic part of the horizon):

(X, 10)(®) = (x, w) (@ + kT})||* such that 7+ kTp € [t; + Ty, t; + T + Tp). 4.79)
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In contrast to that, we take the “performance”-distance, which at a given time 7 measures
the difference of the performance criterion evaluated at time 7 and at time 7 + Tp, plus an
additional control-distance term:

| D1, €, w) @) + | Dr, @)}, = |0, 0 (@) - 06, w T + Ty) [* + | um) - ux + Ty 7).
(4.80)

There are two reasons behind this choice. First it gives the controller more freedom to pos-
sibly find economically better ways to steer the system to an economically optimal periodical
orbit, since it does not penalize the geometric distance to the periodic part of the trajectory
but rather the difference of the economic performance in the transient and periodic part.

Second, it reduces the need of weighting factors that balance the different scales of the
transient objective contribution and the periodic objective contribution. The different scales
stem from the fact that the periodic objective contribution measures an economic quantity
(the performance of the system in the periodic part of the time horizon) and the transient
part of the objective contribution (4.79) measures a geometric quantity, whereas in (4.80) it
measures the difference of economic contributions. Still, in our approach a weighting factor
for the control difference term || u(t) —u(r+1p) ”EIZJ is needed, which is encoded in the norm

Il llu.

4.4 Summary

After a brief overview on existing NMPC approaches for AOCPs, we developed a novel NMPC
approach, that is based on ideas similar to [77] and exploits the good approximation proper-
ties of periodic solutions to AOCPs.

The presented NMPC scheme is based on an NMPC subproblem with periodicity con-
straint and an objective functional that is split up in a transient and periodic part. We pro-
ceed with a thorough analysis of the closed-loop behavior of the resulting controller, which is
based on controllability assumptions on the dynamic system and regularity assumptions on
the NMPC subproblems. Independent of explicit dissipativity assumptions we prove asymp-
totic decrease of the cost-to-go function along the closed-loop.

Furthermore we define a self-similarity function, which measures the distance of subse-
quent NMPC subproblem solutions. We show that this function asymptotically decreases
along the closed-loop trajectories and we use it to prove that the closed-loop trajectory re-
sulting from the controller has asymptotically the same economic performance as the opti-
mal periodic operation.
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Chapter 5

Extensions to Free Period and Systems with Periodic
Performance Criterion

In this chapter, we generalize the ideas behind the NMPC controller presented in the previ-
ous chapter in two directions.

First, we consider a scenario where the system dynamics are parameter dependent as-
suming that the current parameter is known to the controller at all times and can change
abruptly. Our working assumption in this case will be that for different parameters differ-
ent periodic solutions will be optimal. In particular we assume that also the period of the
optimal periodic solution can change with the parameter. To take this into account in the
NMPC context, we include the period into the NMPC subproblems as optimization variable
and analyze the properties of the resulting controller.

In a second scenario, we consider systems with time-periodic performance criterion and
apply a modified version of the NMPC controller presented in the previous chapter. In this
scenario, we choose the period of the performance criterion also as length of the periodic
part of the NMPC subproblem horizon. The properties of the resulting controller are ana-
lyzed.

Throughout this chapter, we assume that the feasible region defined by the path constraint

A% :={(x,u) eR™ xR™ :0,, < c(x, w)} (5.1)

is compact.

5.1 Extension to Free Periods

5.1.1 Parameter Dependent Right-Hand Sides

In this section we consider a scenario where the right-hand side f additionally depends on a
parameter p € R", i.e., is of the form f : R"* xR™» x P — R"*. The set P of possible parameters
is assumed to be a compact subset of R”». For a given parameter p € P the dynamical system
then is governed by the ODE

x(8) = fp(x(2), u(r)) := f(x(2), u(z), p). (5.2)

The parameter can change with time and is continuously monitored. We assume that the
information of its exact value at the current time is always available to the controller. Our
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goal is to design a NMPC scheme that can use this information and automatically react ap-
propriately in case a parameter change occurs.

The scenario of changing parameters has to be taken into account in the NMPC subprob-
lems, because the controller relies on the accurate prediction quality of the dynamic model
equations. For the NMPC scheme presented in the previous chapter this means that the
ODE-constraint x(¢) = f(x(¢), u(#)) of the subproblem NPf}’p‘(ti, x;) at sampling time ¢; obvi-
ously has to be changed to x(¢) = f, (x(1), u(r)), where p; is the value of the parameter at this
sampling time.

However, it is not sufficient to only replace the ODE constraint. Also the periodicity con-
straint x(#; + Ty) = x(#; + T + Tp) could cause problems. This is because a Tj,-periodic so-
lution (x, u) for x(¢) = f,,,(x(2), u(z)) does not need to be a solution, let alone a periodic
solution with period T, of X(f) = f, (x(f), u(?)) for a different parameter p; # po. It may
even be the case that for the new parameter p; there exist no Tj,-periodic solutions of
X(1) = fp, (x(8),u(1) at all. In this case the NMPC controller that is based on Tj, periodic
solutions will generate a infeasible NMPC subproblem.

Even if there exist T}, -periodic solutions of (1) = f, (x(), u(1)) it could happen that for a
different period T, # Tp, there exists periodic solutions with better average economic per-
formance (see the powerkite application example in Chapter 8).

We formalize the scenario of parameter dependent optimal periodic orbits with the fol-
lowing assumption, which will be the basis for our considerations.

Assumption 5.1 (Existence of Optimal Periodic Solution for Different Parameters)
For any p € P there exists a solution of the problem Per!’®®

p
min o™ (x,u) = f l 0(x(v), u(r))dr (5.3a)
xeAC™ (0,1, " PP 0
uELOYOi‘e:(I][é),l]),

s.t. x(0) =T fp(x(1), u(r),r€[0,1], (5.3b)
0<c(x(t),u(r)), te[0,1], (5.3¢)
0=x(1)—-x(0), (5.3d)
T<T<T. (5.3€)

The optimal objective value is denoted by gbgifé}k. A

Remark 5.1 As in problem Perf'® in Section 3.2.4, a time-transformation resulting from the

substitution #(7) = Tt is used in the formulation of problem Pergee. Any admissible triple
(x,u, T) € AC"+([0,1]) x L3 ([0, 1]) x R for problem Perf;ee corresponds to a T-periodic solu-
tion (X, @) := (x,u) o[t — t/T] € AC™ ([0, T]) x L3¥([0, T]) of the system %&(t) = Jpx(6), u(r))
with average economic performance % fOT 2(x(7),@a(r))dr = (pg?l)eer (x,u). N

In the following, we discuss the necessary modifications of the NMPC subproblems that
allow us to extend the NMPC scheme presented in the previous chapter to the described
scenario.
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5.1.2 NMPC Subproblem with Free Period
Inclusion of the Period T, as Optimization Variable

The main idea for extending the controller based on the subproblems NPE}E (¢;, x;) to the vary-

ing parameter case is to include the period T, as an optimization variable (within reasonable
bounds) in the NMPC subproblem rather than have it fixed to a given number.

To illustrate our approach of including the period as optimization variable we first state a
“naive” version of the modified NMPC subproblem and then apply a time transformation to
normalize the time horizons and get a proper OCP.

The “Naive” NMPC Subproblem

As in the NMPC subproblems for a fixed period NP‘}’;(t,-,xi), we split the time horizon in a
transient and a periodic part. In order to have time horizons of constant length after the
reparametrization, we choose the transient horizon length T to be a constant multiple of
the periodic horizon length:

T; := ¢; T, with fixed c; € Rso. (5.4)

The variable T}, then will be the variable controlling the period.
For a pair (x,u) € AC™ ([t;, Ty + Tp]) x Lo¥ (143, t; + Tt + Tp)), the objective is split up in a
transient part

~free 1 alp T 2 clp T 2
Pprper(® 1, Tp) 1= = fo " |Dr, ((x(7), (1)) dr+f0 " |Dr, @ | dz|, (5.5)
p

and the periodic part

free 1 ct Tp + Tp
@ p,trans (x,u,Tp) = — ¢ (x(1),u(r))dr. (5.6)
pJeTyp

Remark 5.2 The integral [’ T o7 | Dz, () (1) ||i dr is included for the purpose also explained

in Remark 4.1. It guarantees that in case the transient objective (ﬁgetfans vanishes, then for

almostall 7 € [0, ¢; Tp] the term DTp () () = u(r) —ul +Tp) also vanishes. A

Since T, will be subject to optimization, the factor 1/T, has to be included in the tran-
sient and the periodic part of the objective. In the periodic part, this factor makes sure that
the contribution in (5.6) corresponds to the average performance during one period, and in
the transient part it is necessary to avoid that the contribution in (5.5) gets smaller just by
decreasing T, which would skew the transient objective functional towards smaller periods.

The path-constraints are treated in the same way as in the NMPC subproblem NPf}’; (¢, x;)
and are slightly relaxed in the transient part.
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We then arrive at the following problem I@Zee(x,-) (with 7% .= [#;, t; + Tt + T,D:

o min Pre(x, 1, Ty) = Wirans @ pywans (6 1, Tp) + Py (x, 1, Tp) (5.7a)
uelod (T1),

TpeR

s.t. x(t;) = x;, (5.7b)

x(1) = fp(x(1), u(1)), TE [t b+ Te + Tpl, (5.7¢)

0= c(x(r), u(r)) +€ly,, TE [t t; + T, (5.7d)

0 < c(x(1), u(r)), TE[ti+ Ty b+ Te + Tpl, (5.7e)

0=x(t; + T) —x(t; + Tt + Tp), (5.79)

I<T,=T. (5.79)

Problem pr;ee (x;) isnot an OCP because the spaces AC"*([¢;, t; + Ty + Tp]) and Lt t;+
Ti+ Tp)) are varying with the length of the periodic horizon, T, which also is an optimization
variable of the problem.

To overcome this issue, we need to normalize the time horizons.

Normalization of the Time Horizon

— i . . . .. .
To transform N P;ee(x,-) to an OCP with fixed time horizon, we reparametrize it to the time
horizon [0, ¢;+1] = [0, ¢; Tp + Tp]/ T}, via the same time transformation [t — T, 7] which is also

used in the formulation of Pergee in Assumption 5.1.

The objective functionals (ﬁgiﬁans (5.5) and (ﬁg%er (5.6) transform to the functionals (pgf’fr’ans

and (pfrffljeer on AC™ ([0, ¢; + 11) x L& ([0, ¢; + 1]) x Rsq which are defined as follows. For (x, ) €

AC™ ([0, ¢; + 1])x € L2 ([0, ¢; + 1]) the transient partis

cr Cr
P eans (6w, T) 1= fo p" 11Dy (0(x(x), u(x))* dr + fo p T IDy (w) (@) 113 dr, (5.8)

and the periodic part is

ci+1
wfé,eﬁer(xr u) 5=[ £ (x(1), u(r))dr. (5.9)
C,

t

Note that the multiplication with the averaging factor 1/T that is present in the objec-

tive functionals (,bf;_‘ifer (5.5) and ‘Pgﬁfans (5.6) only seemingly disappeared due the time-

transformation. The values of the integrals still correspond to the averaged values of (i)frfﬁfans
~free
and @, er-
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This results in the problem NPgee(x,-):

eAC 'gl(i[gct+1])_(pfree (x,u,T)= wtranswgﬁﬁam (x,u, T)+ (pfrfifer(x, u) (5.10a)
ueL;‘g}[gn,{[H]),

s.t. x(0) = x;, (5.10b)

x(1) = Tfp(x(r), u(t)), T€[0,ce+1], (5.10¢)

0=<c(x(m),u()+ely, TE[0,c, (5.10d)

0<c(x(7),u(r)), T € [cpcp+1], (5.10e)

0=x(cs) —x(c; +1), (5.10f)

T<T<T. (5.10g)

Remark 5.3 The solution at time ¢ = #p of the IVP %(z) = T f),(x(1), u(#)) with initial value
x(ty) = xp is denoted by x(¢; xo, u, p, T, tp). We use the notation

Ad}y*® = {x € R™ : NP* () is feasible} (5.11)

for the set of admissible initial values for this problem. A

5.1.3 Assumptions for the Free-Time Case

In order to generalize the results obtained for the NMPC controller of the previous chapter
to the scenario of parameter dependent dynamics described in the beginning of this section,
we need extended versions of Assumptions 4.2 (existence of descent directions), 4.3 (control-
lability) and 4.4 (uniqueness and continuous dependence of subproblem solutions) which
we state in the following.

The modified version of Assumption 4.2 reads as follows:

Assumption 5.2 (Existence of Descent Directions)

Let p € Pand (x, u, T) € AC"*([0,1]) x L3¥ ([0, 1]) xR be an admissible triple for problem Pergee
with suboptimal objective gbgifer (x,u, T) > gbgiféf. Then there exists a neighborhood U; R
of 0 and a FRECHET-differentiable homotopy H : U; — AC"(T) x L2 (T) x R that satisfies

the following conditions:

1. itstarts at (x,u, T):

HO)=(x,u1), (5.12)

free

2. forall s € U, H(s) is an admissible pair for Perp ,
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3. the derivative of the objective functional evaluated along the homotopy is negative at
s=0:

d
£<p§,§?§er(H(s))ls:o <0. (5.13)
A

As the modified NMPC subproblem will have a transient horizon length proportional to
the period Tj, (see equation (5.4)), the controllability Assumption 4.3 has to be modified ac-
cordingly.

To understand the reason for this, we need to recapitulate the proof of Lemma 4.2, which
plays a central role in the analysis of the closed-loop behavior. In this proof, a homotopy of
admissible trajectories for the NMPC subproblem is constructed by first using the existence
of descent directions assumptions to get a family of periodic trajectories of improving output
and then gluing it together with a transient homotopy consisting of trajectories that start
at the initial value and end at the start values of the trajectories of the periodic homotopy
(see Figure 4.2b). The controllability assumption ensures that such the transient homotopy
exists. When transferring this proof to the new situation with varying periods, it has to be
taken into account that the length of the transient phase is varying with the period since
both are proportional.

This means that a transient homotopy has to be constructed in such a way that not only the
desired state is reached at the end of the transient phase, but also (since the length of the
transient phase also changes) it has to be reached at the right time.

Since we cannot define homotopies in function spaces of varying horizon-length, we have
to use time-reparametrizations to define the homotopy on function spaces with horizon-
length normalized to the interval [0, 1].

The modified controllability assumption then reads as follows:

Assumption 5.3 (Time-Controllability)

For any p € P, any T € Ry and any (x,u) € AC™([0,1]) x L2 ([0,1]) that satisfy %(f) =
T fp(x(1), u(1)) on [0,1] there exist neighborhoods U, R™ of x(1) and U; c R>¢ of T and
a FRECHET-differentiable mapping C : U, x U; — AC"*([0,1]) x L% ([0, 1]) such that

e C(x(1),T)=(x,u),
o forany (y,s) € Uy x Uy, the pair (&, @t) := C(y, 5) € AC"™([0,1]) x L3¥ ([0, 1]) satisfies ¥() =
sfp(i(t), i(1)) on [0,1], X(0) = x(0) and X(1) = y.

Remark 5.4 As we show in Lemma B.2, for affine linear systems the time-controllability as-
sumption follows from the KALMAN rank condition. A

The last modified assumption we need is the extension of Assumption 4.4 to the NMPC
subproblem NPgee(x).

Assumption 5.4 (Existence, Uniqueness and Continuous Dependence of Solutions)
The family of NMPC subproblems NP%ee (x) has the following properties:
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e The set of admissible initial values is independent of p € P:
Adgfe = Adf,;fe forany p;,p2 € P. (5.14)
We denote this set by Ad™®.

e For any x € Ad™® and any p € P, the solution of problem NPgee(x) is unique. We
denote it by (xp,x, Up,x, Tp,x)-

* the solution-mapping

Solgree : P x Ad™® — AC"* ([0, ¢; + 11) x L2 ([0, (c; + 1)]) x R,

(Py X) — (xp,xy up,x; Tp,x)

is continuous. A

5.1.4 NMPC Scheme Based on NP%ee (x)

After we have defined the NMPC subproblem we solve at sampling time ¢; with initial state x;
and parameter p, there are still some extra steps to consider compared to the NMPC schemes
presented until now. The solution of problem NPgee (x;) is defined on a normalized time
horizon and has to be transformed back to the physical time-scale before the resulting con-
trol can be applied until the next sampling time.

Back-Transformation of the Subproblem Solution to the Physical Time-Scale

The solution (xp,x;, Up,x;» Tp,x;) € AC™ ([0, ¢, +11) x LI ([0, c; +1]) xR ofNPf’;ee(xl-) at sampling
time ¢; corresponds to a pair (Xp,x;, @p,x;) € AC" ([t;, t; + Tp,x, (¢ +1)]) x LI ((t;, t; + Tp,x; (cr+
1)]) in the physical time-scale, which is obtained by reversing the time-transformation as
follows:

(Xp,xir lp,x,) (T) 1= (X, Up ) (T = 1)1 T x,) - (5.15)

The pair (Xp,x;, @tp,x;) then satisfies (5.7b)-(5.7f) for T, = T), , and Tt = ¢; Tp,x;.

Sampling Times

Complementary to the NMPC approaches presented in this thesis until this point, we do not
use a uniformly spaced sampling time grid for the NMPC scheme based on the subproblems
NP%ee (x;).: Instead we (recursively) choose the sampling time ¢;;; by adding a constant frac-
tion AT - T, to ;. The next sampling time then is defined as

tiy1:= ti+AT‘Tp,xw (5.16)
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and the state x;; then accordingly is
Xis1:= Xp x; (Lir1) = Xp,x,; (AT). (5.17)

This sampling time choice clearly corresponds to a sampling time of constant length (= AT)
in the normalized time-scale of NPf;ee (x;). Note also that AT- T}, x, cannot become arbitrarily
small or big because T, y; satisfies the constraint (5.10g).

Remark 5.5 The choice of the sampling times is motivated by the numerical implementa-
tion of the NMPC scheme. The problem NPgee(xi), which is defined on the normalized time
horizon [0,1 + ¢;], is solved using a Multiple Shooting Discretization approach. In our im-
plementation the shooting intervals are of constant length and correspond to the sampling
time intervals. If the expected initial state of the NLP arising from the next NMPC subprob-
lem is given by the state at a shooting node of the current NMPC subproblem, then the NLP-
solution corresponding to the current NMPC subproblem can be used to generate a good
initial guess for the NLP-solution corresponding to the next NMPC subproblem. If the sam-
pling times are chosen according to (5.16), this will be the case. A

We summarize the proposed NMPC scheme for the parameter dependent scenario in-
cluding the back-transformation step and the adaptive choice of the sampling times in the
form of the following algorithm.

Algorithm 2 NMPC scheme for parameter dependent scenario with free period.

1: Choose an initial sampling time ) € R, i — 0,

2: while true do

3: At time t; determine the state x; € R”* and parameter p; € P of the system,

4 Solve the problem Nnge(x[), denote its solution by (xp, x;, Up; x;» Tp;x;)»

5: Back-transform the solution (xp; x;, Up; x;» Tp;,x;) 10 the pair (X, x;, #p, x;) on the phys-
ical time-scale [£;, (c; +1) T, x;] as described in (5.15),

6: Set fj41:= t; + AT Ty, x, and for T € [£;, t;11) apply the control u,(7) := @y, x,; (7) to the
system,

7: i—i+1

8: end while

As can be seen, in the proposed algorithm the parameter p; is continuously monitored
and used as an input for the NMPC subproblems. In the following theoretical investigations
of the asymptotic behavior of the controller we assume that the parameter stays constant
(which is also why we drop the index in the following). Nevertheless the results can be ap-
plied to all scenarios where the parameter eventually stays constant or stays constant for
longer periods of time.

5.1.5 Asymptotic Decrease of Optimal Objective Function and Closed-Loop Behavior

Based on the assumptions presented in Section 5.1.3, in this section we analyze the proper-
ties of the closed-loop trajectory resulting from the NMPC scheme of Algorithm 2.
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Strategy

The approach for the analysis of the closed-loop behavior of the NMPC scheme based on the
subproblems NPgee(x,-) is similar to the approach in the previous Chapter 4.

Again, the assumptions on controllability 5.3 and existence of descent-directions 5.2 can
be used to prove that the transient part of the objective ™" vanishes if and only if the

p,trans
complete objective ‘Pgee'* = wtrans(pf;iigﬁls + (pfpff’;é: vanishes. As in Lemma 4.4, this result is

used to prove asymptotic decrease of the objective function (pgee’* along the closed-loop
trajectory. Then again by means of a continuous self-similarity function it can be shown
that the average economic performance of the closed-loop trajectory is converging to the

performance of the best T-periodic admissible solution.

Recursive Feasibility

The NMPC scheme based on the subproblems NPf;ee(xi) presented in Section 5.1.4 has the
recursive feasibility property which again is a direct consequence of the periodicity con-
straint (5.10f). To show this we define the extension operator for the problem on the nor-
malized time horizon:

Extar : AC™ ([0, ¢; +11) x Lt ([0, ¢¢ +11) x R=g — AC™([0, ¢¢ + 11) x LY ([0, ¢ + 11) x R,

(x,uT)— (% aT),

(5.18)
where (X, @) is defined as follows
o x,u)(T+AT) forte[0,¢c; +1—AT],
(x,u)(7) := (5.19)
(x, )t +AT—-T) forte(c;+1—-AT,c;+1].

With this operator, as in Section 4.3.3, it can be checked easily that if (x, #, T) is admissible
for NPgee(x,-), then Exta7(x,u, T) is admissible for NPgee(x,-H) with x;;1 := x(AT), which
means the NMPC scheme is recursive feasible.

Transient Objective and Combined Objective Vanish on the Same Sets

The central ingredient in the closed-loop analysis is again the observation that the assump-
tions on existence of descent directions and on controllability imply that the transient part
of the objective vanishes if and only if the combined objective with transient and periodic
objective vanishes.

Lemma 5.1 (Transient Objective is Optimal iff Complete Objective is Optimal)
Let Assumptions 5.2 (existence of descent directions) and 5.3 (time-controllability) hold, let

p € Pand x € Ad™¢. Then wgi‘;;s(x) =0 if and only if (pgee'* (x) = (pgifé:.

Proof The proof of this Lemma is very much along the lines of the proof of Lemma 4.2,
except for that the optimization variable T of problem NPf;ee(x) also has to be taken into
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account. Without loss of generality we may assume in this proof that ¢f;§fg =0 holds.
free, *

First, it is clear that ¢, (x) = 0 implies (pfri‘i;;ls (x) =0.

Now lets assume ¢ (x) = 0 and @5 (x) > 0, ie. the performance on the periodic
part is suboptimal. Let (x,u, T) := (Xp x, Up x, Tp,x) be the solution of NPgee(x). Then be-
cause of (pf;ifg (x,u, T) > 0, according to Assumption 5.2, there exists a neighborhood W; c R
around 0 and a FRECHET-differentiable homotopy H = (Hy, Hy, Ht) : Wy — AC™* ([¢y, ¢r +

1) x LY ([¢y, ¢; + 1]) x R that satisfies the following conditions:

1. itstarts at (x,u, T):
H0) = ((x, Wlc,,c+11, T), (5.20)

free

2. for all s € Wy, H(s) is admissible pair for Perp ,

3. the derivative of the periodic objective functional evaluated along the homotopy is
negative at s = 0:

B
a(pf,fﬁfer(H (8)l5=0 < 0. (5.21)

Similarly as in Lemma 4.1, it can be shown that there exists a & > 0 such that (x, u) satisfies
the inequality

0= c(x(0), u(®) + gﬂnc forall 7 € [c; — 5, ¢,]. (5.22)

Assumption 5.3 then guarantees the existence of neighborhoods Uy of x(¢;) and U; of T
and a FRECHET-differentiable mapping C : Uy x U; — AC™*([c; -0, ¢;]) x Ll ([¢; — 6, ¢;]) such
that

* Clx(ce), T) = (%, W, 5,0,
e for any (y,s) € Uy x Uy, the pair (%, ) := C(y,s) € AC™ ([c; — 8, ¢;]) x L2 ([¢; — 6, ¢1])
satisfies X = sf,, (%, ) on [c; - 6, ¢;], &(c; —6) = x(c, — ) and X(c,) = .

Because the mapping C is continuous, the neighborhoods U, and U; can be chosen such
that (%, &t) = C(y, s) satisfies the path constraint 0 < ¢(X(7), #(7)) + €1, forall 7 € [¢; - 5, cql.
The homotopy H and the mapping C are now used to construct a family of admissible triples
for NPgee(x). We define ¥ = (¥, ¥, Y1) : Wy — AC™ ([0, ¢; + 1]) x L2 ([0, ¢; + 1]) x Rsq by
setting

(x, u) (r@) for € [0, ¢, — b1,
(Px(8), Yu()(T) =1 C(Hx(s)(cy) (r) fortelc,—5,ci, (5.23)
H,(s)(1) for T € [cs, ¢+ 1].

and ¥ r(s) := Hr(s). For an illustration of the definition of ¥ see Figure 5.1. Now, at least for
s sufficiently close to 0, the triple ¥ (s) satisfies all the constraints (5.10b) -(5.10g) and with
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the same argumentation as in the proof of Lemma 4.2 we get

P PP (8)ls=0 <O, (5.24)

which is a contradiction to the optimality of (x, u, T) for problem NPgee(x). 0O

Guaranteed Descent of the Optimal Objective Value Function

The extension operator Exta7 not only is used to prove recursive feasibility, it also is used to
prove the following Lemma which is the extension of Lemma 4.3 and guarantees the descent
of (pfree’ along closed-loop trajectories.

Lemma 5.2 (Guaranteed Objective Decrease)
Let p € P and let (x;);en be the sequence of initial states resulting from the NMPC scheme,
i.e. Xj41:= Xp,; (AT). Then for any i € N the following estimate holds:

free, *
free, (i) <p > wtrans(pptrans(x)+(p;e;er (x7). (5.25)

Proof The proof is similar to the proof of Lemma 4.3. First it can be observed that the
extension operator Extar leaves the economic performance in the periodic part invariant:
Opser (EXAT (Xp,x; Up,x,)) = P, (Xp x;, p ;). Furthermore by using the definition of the
extension operator it can be shown that

fi —-AT  f
(P;ﬁ(reans (EXtAT(xP,xi’ upyxi)) =p (p;eterzans (Xp,x;» Up,x;)) (5.26)

which finishes the proof. 0O

The two previous Lemmata 5.1 and 5.2 again allow us now to show asymptotic decrease of
the objective functional (pfree * along closed loop trajectories.

Lemma 5.3 (Asymptotic Decrease of the Objective Function Along the Closed-Loop)

Let Assumptions 5.1 (existence of optimal periodic trajectories), 5.2 (existence of descent
directions), 5.3 (time-controllability) and 5.4 (uniqueness and continuous dependence of
subproblem solutions) hold and let furthermore p € P. Then there exists a KL function
such that for x € Adf;ee and the subsequent sequence of states (x;);en Of the closed-loop
trajectory it holds

PR (x1) < Pl (x0), D). (5.27)

Proof Lemma 5.2 implies

free, *

xi)—(1- ) wtrans(pp,trans (x7) (5.28)

free, *

Q" (Xis1) =@,

free, * (
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c) The family (W x(5)) se(—¢,¢) after reversing the time-transformations.

Figure 5.1: Illustration of the families (W 7(5)) se(~¢,¢) and (¥ x(8)) se(—¢,¢) in (5.1a) and (5.1b). All
the state/control trajectories (¥ (s), ¥, (s)) are defined on the normalized horizon [0, ¢; + 1]
and solve the ODE x(¢) = Wr(s) f(x(8), u(?)). In (5.1c), the normalization to the time horizon
[0,c; + 1] is reversed and each triple (¥(s), ¥, (s), ¥1(s)) corresponds to a pair (ys, ws) €
AC™ ([0, (c; + DY 7(9)]) x LY ([0, (¢; + 1) (s)]) defined on the physical time-scale by setting
(Y5, ws) (1) := (P () (WY 7($)7), ¥y () (W 7()7)).
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forall i € N. Since ‘Pgiié;s and (pgee’* vanish on the same set (which is nonempty because of

Assumption 5.1) and Adee,, is compact, Lemma A.4 implies the existence of a Ko, -function
@ such that @ ((pf,fee'* (y)) < ((pfree‘* ( y)) holds for all y € Adjree, p. Therefore (5.28) implies

p,trans

free, * free, *

P (xi41) < O () = (1= 2T wigans & (0" (1)) (5.29)

Since a : s — (1 — p®T) Wyans is also a Ko, function, Lemma A.3 implies the existence of a
K L-function g such that

9o () = B0 (x0), ) (530

holds for all i € N and the proof is finished. 0O

Closed-Loop Behavior

As for the controller with fixed period, we analyze the closed-loop behavior by comparing
solutions of subsequent NMPC subproblems. As pointed out before, in our analysis we as-
sume that the system parameter p remains constant, i.e. p; = p. Since the time horizons
for the NMPC scheme based on NPgee(xi) are of varying length, this comparison is not as
straight-forward as in Definition 4.5.

The solutions of the NMPC subproblems first have to be transformed back to the physical
time-scale. After this back-transformation it can happen that two subsequent solutions are
defined on time horizons of different length. However, exploiting the periodicity constraint
(5.101), both solutions can be extended to an arbitrary horizon length. We extend both so-
lutions to the length (c; + 1) T and then can compare them on the overlapping parts of the
horizon as in Definition 4.5.

The commutative diagram in Figure 5.2 illustrates how the extension step of a triple
(x,u, T) € AC™ ([0, c; +11) x L2 ([0, (c; + 1)]) x R to the horizon [0, (c; + 1)T1] can be formalized
and interpreted as the composition of a periodic extension operator Per, a reparametrization
operator Rep and a restriction operator Res.

The operator Per is defined as (where 7(s) := s— [ s] denotes the fractional part of a number
seER)

x,u,T)— ([t—x(ci+n—c))], [t—u(c:+n—c))], T) (5.31)

For the solution (xp,y, up,y, Tp,y) of problem NPgee(y), the pair Extmax(Xp,y, Up,y, Tp,y) €
AC™ ([0, (c; + 1) T]) x LI ([0, (c; + 1) T] can be seen as the predicted system behavior over the
prolonged time horizon [0, (¢; + 1TI.

With the help of the Extmax-operator, we can compare the behavior of the predicted solu-
tion Extmax (Xp,x;» Up,x;» Tp,x;) shifted to T'i:=[t;, t; + (c; + 1) T] with the behavior of the pre-
dicted solution Extmax(Xp,x;,,» Up,x;.1» Tp,x;,) shifted to Tl = [t; + ATTpx; ti + AT Ty, +
(¢; +1)T] by comparing both trajectories on the intersection 7% n 7%+, This leads to an
extension of the self-similarity function of Definition 4.5:
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AC™ ([0, ¢ +11) x L (10, (¢ + D) x R

ACH x L™ xR

loc ‘00,loc

jRep:(x,u,T)ﬁ(x['T)yu('T))

AC™* x L™

loc ‘00,loc

l Res

AC™ ([0, (¢ + 1) T]) x LY ([0, (¢, + DT

Figure 5.2: Definition of the operator Extpax.

Definition 5.4 (Self-Similarity Function, Free Period Case)
The function Sgee :Ad1;§ee — Ry defined by

(c;+1T
Stree (X) 1= A . (” EXtmax(xp,x; Up,x, Tp,x) (T+ ATTp,x) - EXtmax(xp,y, Up,y, Tp,y) (1) ”) dr,
px

(5.32)
with y := x, x(AT) is called the self-similarity function for problem NPgee(x). A

Note that Assumption 5.4 implies that Sgee is continuous , because it is the composition of
continuous functions.

Similarly as in Lemma 4.6, Assumptions 5.1 (existence of optimal periodic solutions) and
5.4 (uniqueness and continuous dependence of subproblem solutions) can be used to show
that the function Sgee vanishes for any x € Ad™® with (pgee’* (x) = 0 and that there exists a
K-function « such that

Sree(X) < @ (cpf;ee'* (x)) (5.33)

holds for all x € Ad™®.

This fact combined with the asymptotic decrease of the objective function (pgee’* along
the closed-loop can be used to show that the L!-difference of the closed-loop trajectory to
the extended predicted solutions

(c+1T
diff(t;, x;) := fo | Extmax (Xp,x;» Wp,x;» Tp,x,) (T) — (X, ) (T + 1) | 7 (5.34)

decreases asymptotically.
Via a telescope argument, we can calculate the L!-distance of the closed-loop trajectory
to the extended predicted solutions.
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Lemma 5.5 (Asymptotic Improving Prediction Quality)

Let Assumptions 5.1 (existence of optimal periodic solutions), 5.2, 5.3 (existence of descent
directions) and 5.4 (uniqueness and continuous dependence of subproblem solutions) hold.
Then there exists a KL-function § such that for any x € Adfree,, and the resulting closed-
loop sequence (x;) ;e it holds

diff(t;, x;) < B (wgee'* (x0), i) (5.35)

forall i e N.

Proof Similar as in Lemma 4.8, the proof is based on a telescope sum argument and the fact
that per definition (x,, u;,) coincides with T — ExXtmax (Xp,x;, Up,x;» Tp,x;) (T — £;) on the interval
[£i, ti+1 := 1; + AT Tp ;1. With the telescope argument, diff(#;, x;) can be bounded by a sum
Z].z.m Stree (Xj). But Sgee(x;) is asymptotically decreasing for increasing i, which is due to
(5.33) and the fact that (pgee'* (x;) is asymptotically decreasing (Lemma 5.3) for increasing

i O

The results of our analysis of the closed-loop behavior can be summarized in the following
theorem.

Theorem 5.6 (Economic Closed-Loop Performance, Free Period Case)

Let Assumptions 5.1 (existence of optimal periodic orbits), 5.2 (existence of descent direc-
tions), 5.3 (time-controllability) and 5.4 (uniqueness and continuous dependence of sub-
problem solutions) hold. Let xp € Adf}se be the state of the system at the initial time 7.
Then the resulting closed-loop trajectory (x, u,) € AC{:;‘C X LZou,loc from the NMPC scheme
described in Algorithm 2 based on the subproblems NP ;¢ (5.10) exists for all times and for
the average economic performance it holds:

. 1 fo+T _ free,
Th_r};o— . C(xu(7), uy(1)dT = iy - (5.36)
Proof The proofis analogue to the proof of Theorem 4.9. O

5.2 Systems with Time-Periodic Performance Criterion

The systems we considered in the previous chapter and in the previous section had a perfor-
mance criterion ¢ which did not depend on time. In this section we want to consider systems
with time-periodic performance criterion. We investigate the question whether it is possible
to set up an NMPC controller similar to the one presented in Chapter 4 for such systems.
As the length of the periodic part of the horizon we choose the a-priori given period of the
performance criterion ¢. Under assumptions similar as in the case of a time-independent
performance criterion we can show that for such a controller the average economic perfor-
mance of the closed-loop is equal to performance of the best periodic solution.
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Problem Setting: Time-Periodic Performance Criterion

We consider a dynamical system that evolves according to x(t) = f(x(¢), u(#)) with an asso-
ciated path constraint ¢ : R”* x R"* — R and an associated time-dependent periodic per-
formance criterion ¢ with period T}, € R, i.e. a function £ : R x R x R — R such that
0(t,x,u) = €(t + Tp, x, u) holds for all (z, x, u) € R x R x R™. For such systems it is a natural
question to ask for Tj,-periodic solutions.

The arising follow-up question in the NMPC context is, whether the controller presented
in Chapter 4 is also applicable to such systems. This could be done by simply taking the pe-
riod T}, of the performance criterion ¢ as the period for the periodic part of the time horizon
of the NMPC subproblem.

The NMPC Subproblem

In order to apply the NMPC controller presented in Section 4.2, the objective functional has
to be adapted to take into account the explicit time-dependency of the performance crite-
rion ¢. For (x, u) € AC"*(T") x LI (T"), the transient and the periodic parts of the objective
contribution for the NMPC subproblem at sampling time ¢ are then of the form

(pg’;ﬁs(t,x, u) ::[ t p e, x(), u(m) — 07+ Tp, (7 + Tp), u(t + Tp))|2d‘r
trans (5.37)
+ft p""| Dy, @) (@) | dr.

trans

and
Qi (t,x,u) = fTr (7, x(1), u(r))dr. (5.38)
per

We explicitly include the initial time ¢ in the arguments of <pgxa'£s and <pg§'r[ to emphasize
the time-dependency.

The full NMPC subproblem NPﬁT’;'[ (t, x) we consider reads as follows:

xeArcn”ixr}T'), @™ (1, x,u) = wtrans(pg’é’lfs(t, X, u) +<pg’é‘f(t, X, u) (5.39a)
uelZX (T

s.t. x(t) = x, (5.39b)

x(1) = f(x(1), u(1)), TeTh, (5.39¢)

0 < c(x(1), u(1) +€ly,, 7€ Thans (5.39d)

0 < c(x(1), u(1)), 7€ Tpers (5.39)

0=x(t+T)—x(t+ Ty + Tp). (5.39f)
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fix, £, x fix,

By ¢ (¢, x) we denote the value ¢ ¢, X x, Uy ;) at the solution (x;y, u;, ;) of problem
NP%'[(I, x). We define the set of admissible initial times and states for this problem

A7’ = (1, 2) € R x R™ : NPT (1, x) is feasible } « R x Af. (5.40)

5.2.1 Assumptions for the Time-Dependent Performance Criterion Case

The analysis of the closed-loop behavior of the resulting NMPC controller is based on as-
sumptions that are very similar to the ones used in the previous Chapter 4. The only differ-
ence stems from the fact that for the objective functionals now it has to be taken into account
that the performance criterion ¢ is time-dependent.

We state these assumptions again in the following.

Assumption 5.5 (Existence of Optimal Periodic Solutions )
There exists a solution for the OCP PerﬁT’;'[

i Pl per )= Tip fo ® 0,50, (s (5.41a)
uelyl ([0,T])
st &0 =fmu@), Telo,T,), (5.41b)
0=c(x(m),ulr), ve(0,Tpl, (5.41¢)
0= x(Ty) — x(0). (5.41d)
0,%

The optimal objective value is denoted by (/)Tp per’ A

This assumption ensures that the set of admissible initial times/states Adl}x’[ is nonempty.
p

Assumption 5.6 (Existence of Descent Directions)

Let (x,u) be an admissible T,-periodic pair for problem Perf®?

Tp
tive ¢l}p,per(x' u) > (péT:per. Then there exists a neighborhood U; c R of 0 and a FRECHET-
differentiable homotopy H = (Hy, Hy) : U; — AC"* ([0, Tp]) x L2([o, Tp]) that satisfies the fol-

lowing conditions:

with suboptimal objec-

1. it starts at (x, u):
H(0) = (x, u), (5.42)

fix, ¢

2. forall s € Uy, H(s) is admissible for PerTp s

3. the derivative of the objective functional evaluated along the homotopy is negative at
s=0:

d
350, per(H(S)ls=0 < 0. (5.43)
A
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Assumption 5.7 (Uniqueness and Continuous Dependence of Solutions)
The family of NMPC subproblems NP%Z(I, x) has the following properties:

e For (t,x) € AdﬁTX’[ problem NPI}X'[(t, x) has a unique solution which we denote by
p P

(%1,x, Us,x) depending on the initial time ¢ € R and the initial value x € R"x,
e the solution-mapping
Sol: AdT — AC™s (T x L (T,
p
(t) x) = (xt,xr ut,x)

is continuous. A

5.2.2 Closed-Loop Behavior of the NMPC Scheme Based on NPF}’:Z (t;, %)

As the strategy for the analysis of the closed-loop behavior is again similar to the strategy we
used in chapter 4, we will not give detailed proofs for every statement but rather only point
out where the arguments have to be adjusted to take into account the time-periodic nature
of the performance criterion.

As before, we consider the closed-loop trajectory resulting from solving NPf;’;'g(ti, x;) for
a equidistant grid of sampling times t; = iAT with x; € R”* being the state of the system at
time ¢;.

Recursive Feasibility

The first observation is that the NMPC scheme has the recursive-feasibility property. As
we already noticed in Section 4.3.3, recursive feasibility follows from the set of constraints
(5.39b)- (5.39f). This property is independent of the structure of the objective functional be-
cause the periodicity constraint always allows to construct an admissible pair of trajectories
for problem NP (4,41, xi41) simply by periodically extending any admissible pair of trajec-
tories for NPf}’;'[T ti, X;).

Asymptotic Objective Decrease

In order to show that the optimal objective value ¢ * (t;, x;) decreases asymptotically to
gbeT'p*per we begin with the following Lemma which is the analogue to Lemma 4.2.

Lemma 5.7 (Transient Objective is Optimal iff Complete Objective is Optimal)
Let Assumptions 5.6 (existence of descent directions) and 4.3 (controllability) hold and let

(t,x) € Adf;):[. Then ¢%%* (£, x) = 0 if and only if p0* (7, x) = <Pl;':,per-

Proof The proof is again analogue to the proof of Lemma 4.2. Therefore we only sketch the
central contradiction argument. Let (x, ) be admissible for NPI;E’Z(I, x) with (pg’;rfs(t, X, u) =

0 and (pg’é’f (t,x,u) > (p[T:p o~ Then Assumption 5.6 (existence of descent directions) implies
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the existence of a homotopy H : (—¢,&) — AC"* (Tje;) x Lod (Tpey) of periodic trajectories with
improving economic output and H(0) = (x, u)ITz . Assumption 4.3 (controllability) allows

to extend the homotopy H : (—¢,&) — AC™ (7Ifer) x Lo (Tger) to @ homotopy ¥ : (=¢,€) —

AC™ (T x LE(T") consisting of of admissible pairs of trajectories for NPﬁX (1, x). But by
construction, it has the property
0 fix, ¢

6—<Ppe’r (t, H(s))|s=0 <0, (5.44)

which proves that (x, u) is not optimal for NPI;);'[ (t, x). 0O
The following Lemma is the analogue version of Lemma 4.3.

Lemma 5.8 (Objective Decrease)
Let (t;,x;) € Adf;’;/. Then for (£;41,%;+1) := (t; + AT, X, x, (t; + AT)) it holds

@™ (L1, X101) < 02T Warans @iy (L X0) + @per ™ (t1, X;). (5.45)
Proof The proofis analogue to the proof of Lemma 4.3. O

This result will be explmted to show that the sequence ((pﬁx'[ * (¢, xi))jen converges to the
optimal T},-periodic output ¢T per’ To do so, the values of (ptr’;'n; (t;, x;) need to be bounded
in terms of the values of (ptrar{s (83, x1).

For this purpose, we combine the two previous Lemmas 5.7 and 5.8 to prove the following.

Lemma 5.9 (Asymptotic Decrease of the Objective Function Along the Closed-Loop)

Let Assumptions 5.5 (existence of optimal periodic solutions), 5.6 (existence of descent di-
rections), 4.3 (controllability) and 5.7 (uniqueness and continuous dependence of subprob-
lem solutions) hold. Then there exists a KL function g such that for (fy, xp) € Adf;’;’[ the
following estimate holds:

O (11, x7) < B™0* (1, x0), ). (5.46)

Proof The proof of this Lemma is analogue to the proof of Lemma 4.4. Only one argument
has to be extended to cope with the fact that the functions ¢™¢*, pi0* and (pg’é’ri'* this
time additionally depend on the initial time of the OCP. First, Lemma 5.8 implies that the

inequality

ﬁx 0% fix,?,*

(tiv1, Xis1) < @0 (25, %) — (1 — p 2T @20 (17, xy), (5.47)
(0,1]
€(0,

holds for all i € N. The time-periodicity of ¢ and the definition of the OCP NPf}X[(t x)

furthermore imply that the problems NPf;”( t,x) and NPﬁX[(t + Tp, x) are equivalent and
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therefore the functions 0", (pg’éﬁ: and (pg’éf * can be interpreted as functions defined

on [0, Tp] x R" mAdﬁX’[. This intersection is compact because Adf}” is a subset of R x A
where Af is compact and [0, Tp] is also compact. Furthermore,the term (pg’;ﬁs (¢, x) vanishes

if and only if ™ * (¢, x) = (Lemma 5.7) an application of Lemma A.4 guarantees the

- (?pr,per
existence of a K -function @ such that

a(@™0* (t,x)) < l* (1, x) (5.48)

holds for all (¢, x) € R x R™*. In combination with (5.47) this implies the existence of a Kqo-
function a such that

OO (141, x11) < @™ (17, 1) (5.49)

holds for all i € N. Applying Lemma A.3 then finishes the proof. O

By means of the following version of the self-similarity function, we can transfer the result
from the previous Lemma to a result on the economic performance of the closed-loop.

Definition 5.10 (Self-Similarity Function)
We call the function ng :Adgﬁ'[ — R3¢ defined by

t+ T+ Tp
St (t,x):= f i (|6, (@) = Xrsar,y @ || + | x (@) = wrsar,y (@) d7, (5.50)
+

ﬁx,

with y := x; x (£ + AT) the self-similarity function for problem NP~ (¢, x). A

Similar as in Lemma 4.7 it can be shown that in the situation of the previous lemma the
self similarity function can be bounded from above as follows

Lemma 5.11 (Upper Bound for Self-Similarity Function)

Let Assumptions 5.5 (existence of optimal periodic solutions) and 5.7 (uniqueness and con-
tinuous dependence of subproblem solutions) hold. Then there exists a JC-function a such
that for all (¢, %) € Ad7"" it holds that

SE (1, %) < alp™O* (¢, x)). (5.51)

Proof Analogue to the proof of Lemma 4.7. O

With this function it is possible to bound the difference of the predicted open loop solutions
and the closed-loop trajectory

diff(t;, x;) := th, (2, (@) = 20 @ || + ||, (@) = wu (D] ) d. (5.52)

via a telescope argument. The result is the analogue to Lemma 4.8:
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Lemma 5.12 (Telescope Argument for the Closed-Loop)

Let Assumptions 5.5 (existence of optimal periodic solutions), 5.6 (existence of descent di-
rections), 4.3 (controllability) and 5.7 (uniqueness and continuous dependence of subprob-
lem solutions) hold. Then there exists a X L-function 8 such that for all (#g, xo) € Adf;’;'[ and

the resulting closed-loop sequence (x;) ;e it holds that

diff(z;, x;) < B™"* (£, o), i) (5.53)

Proof Analogue to the proof of Lemma 4.8. O

This lemma together with the asymptotic decrease of ¢™¢* along the closed-loop (Lemma

5.9) implies that the average economic performance of the closed-loop is equal to the av-
. . . . . 0% .
erage economic performance of the optimal periodic operation (l)Tp,per (cf. the calculation
4.77)).
Again we can summarize the results of our analysis of the closed-loop behavior in the
following theorem.

Theorem 5.13 (Economic Closed-Loop Performance, Time-Dependent Case)

Let Assumptions 5.5 (existence of optimal periodic orbits), 5.6 (existence of descent direc-
tions), 4.3 (controllability) and 5.7 (uniqueness and continuous dependence of subproblem
solutions) hold. Let (f, xo) € Adf}x'[ be the pair of initial time and initial state of the system.
Then the resulting closed-loop tﬁajectory (%, uy) € ACI'Z) o X LZgloc from the NMPC scheme
based on the subproblems NPf}x’[ (t, x) (5.39) exists for all times and for the average economic

performance it holds ’

. 1 to+T 0.
Th—I»I;o T . O(x, (1), uy(r))dr = ([)Tp'per. (5.54)
Proof The proofis analogue to the proof of Theorem 4.9. 0

5.3 Summary

In this chapter we proposed the extension of the economic NMPC scheme we presented in
the previous chapter in two directions.

First, we considered the scenario of a parameter dependent dynamical system where the
optimal periodic orbit (including its period) is changing with the parameter. To take this
into account we included the period as optimization variable in the NMPC subproblem. Un-
der similar assumptions on controllability, existence of optimal periodic orbits and unique-
ness of NMPC subproblem solutions as in the previous chapter, we proved that the resulting
NMPC controller has an economic performance equal to the optimal periodic trajectory.

Second, we described how the controller can be extended to a scenario where the perfor-
mance criterion ¢ is time dependent and time-periodic with an a priori given period. Similar
results on the closed-loop performance for this controller were obtained.
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Chapter 6

Numerical Implementation

In this chapter we give a detailed description of how the proposed NMPC controllers are im-
plemented within the MATLAB NMPC toolkit MLI (see Wirsching [114]). First we explain the
transcription of the infinite dimensional NMPC subproblems to finite dimensional NLPs.
Then a quick introduction on the interior point method used for solving the NLPs is given
followed an overview of the numerical methods that are used to evaluate the arising nonlin-
ear functions and their derivatives.

6.1 Discretization of the Nonlinear Model Predictive Control Subproblems

For the numerical solution of the infinite dimensional OCPs that occur in the proposed
NMPC schemes as NMPC subproblems, the problems have to be transformed to a form that
can be handled by a computer. This transformation is done by using the Direct Multiple
Shooting method (Bock [17]) which belongs to the class of “First Discretize then Optimize”
approaches (see Section 1.6.2).

We proceed with a detailed description of the multiple shooting NLPs that result from the
NMPC subproblems. Since the objective functionals of the NMPC subproblems contain a
non-standard time-delay contribution, we attribute a special focus on the discretization of
the objective functionals.

6.1.1 The Fixed Period Case

In the following, we describe the multiple shooting discretization for problem NPF%’;(ti,xi),
which is the NMPC subproblem for the NMPC scheme presented in Section 4.2.

Time Discretization

The first step in setting up the discretized version of NP‘}’; (¢, x;) is to choose an appropriate
partition of the time horizon. Since the dynamical system we consider is autonomous, we
may assume (for notational convenience) that the time horizon is 7 = 7T, U 7;er =[0,Tu
[Tt, Tt + Tp] (instead of [t;,t; + Ty + Tp]). We choose an equidistant shooting time grid with
interval lengths AT. The interval length AT is chosen equal to the sampling time of the
NMPC scheme, which allows for efficient initialization of subsequent NMPC subproblems
by shifting the NLP variables. Since the OCP contains the coupled periodicity constraint
(4.150), itis important that the times T; and T + T, are elements of the shooting time grid.
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As a consequence, the length T; of the transient time horizon and the length T, of the
periodic time horizon are chosen to be multiples of the uniform shooting interval length
AT.

In practice, we achieve this by fixing a number N, € N of shooting intervals for the periodic
part of the horizon, which then fixes the shooting interval length to AT = T,/ Ny,. Then the
length T; of the transient time horizon is defined as a multiple NTAT of the interval length
AT. This results in the shooting interval grid

T:={tj=jAT,je{0,1,...,N;+ N, +1}}. (6.1)

Control Parametrization and State Discretization

The control functions are chosen to be constant on the shooting intervals. Therefore, we
identify the (N; + Np)-tuple g := (g, ..., n,+n,-1) € R"*N*Np) with the control function
ug €L (T)

u,(1):= q; for T € [t + (j— DAT, jAT). (6.2)

Corresponding to this control parametrization, the state trajectories are parametrized by the
values at the shooting time-nodes ¢; which are denoted by s; € R"*. Then, as described in
Section 1.6.3 the (N; + N, + 1)-tuple of R"x vectors

§:= (50, 81,+++) SN+ N,) € R/ x (Ne+Np+1) (6.3)
together with the control vector g = (qo,..., gn,+n,-1) € R"*Ni* o) can be interpreted as
the (possibly discontinuous) state trajectory xs,q) : 7 — R+ which is defined as

x(1;55,qj,tj) fort e [t+ (j— DAT, t + jAT),

X(s,q) (1) := { (6.4)

sNy+N, forT =1+ Ty + T,

The pair (s, q) € R NetNp+1) o gru(<NetNp) thys can be identified with the pair (x(5,q), #4)
of state and control functions. The resulting NLP has Ny := ny(N; + N, + 1) optimization
variables corresponding to the state variables s and N, := n,(N;+ N,) optimization variables
corresponding to the control parametrization variables g.

Constraint Discretization
The initial value constraint (4.15b) and the ODE-constraint (4.15c) are transformed into the
equality constraint at sy — xo = 0 and the matching constraints. Because the dynamical sys-

tem is assumed to be autonomous, all shooting continuity conditions are of the form

x(AT;sj,4,0)—sj41=0for j=0,...,N;+ N, — 1. (6.5)
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With the notation M(sj, q;) := x(AT;sj, q,0) the shooting continuity constraints transform
to

M(s},q;) = sj+1=0for j=0,...,N;+ N, —1. (6.6)

The path constraints in the transient part (4.15d) and in the periodic part (4.15e) of the time
horizon are imposed on the state/control values at the shooting nodes. The periodicity con-
straint (4.15f) simply transforms to

SN; = SN +N,, = 0. (6.7)

Objective Function Discretization

The calculation of the objective value corresponding to the state/control variable (s, g) is
split into the calculation of the objective contribution corresponding to the transient part of
the horizon and the contribution corresponding to the periodic part of the horizon.

For the periodic part, the objective contribution translates to the sum
N+Np

yiix (s,q):= fix _ UH)AT[ . cGi st d 6.8
per rq Ll (Pper(x(s,q)yuq) - Z AT (T;x(T,S];(/hyt]); CI]) T. ( ] )
j=N; JJ

With the notation L(sj, q;) := fOATé(T;x(T; 5j,4;,0),q;)dt every integral can be interpreted
as function of (s}, g;) and the objective transforms to the sum
N +N,

Vier(s,q) = 2 Lispap. 6.9)
J=Ny

According to (4.10), the transient contribution is given by

fix . i
Virans($ @) 1 = (ptr);ns (x(S,q)v uq)

= fT p" D1, (€xioqp ug)) [ dr + fT p" | Dr, g @) dr.

trans trans

(6.10)

Both integral terms can be split up into the sum of integrals over the shooting intervals
of the transient horizon. By using the functions LT : R x R™ x R"* x R"™ — R and UT :
R"™ x R™ — R for j =0,..., N; — 1, which are defined as

AT
LT(5,q,5,d):= | - p|0(x(ris5,0,0),0) = £(x(T;5, 3,0), )| d, 6.11)

AT 9
UT(q,§):= fo " lla-all dr, 6.12)
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we can express ViX

s (8, q) as follows:

Ner Nev o
Visns(s @) = Y p!*TLT (s}, g5, 574, Gjen,) + Y. 12T UT(q),q54n,). (6.13)
j=0 j=0

Summing up the transient and periodic contributions of the objective function, we can now
define the NLP-objective function Vi* : RN+ x RN« — R for the NMPC subproblem at sampling
time ¢; as follows:

VIX(s, ) := Wirans Vipans (5, ) + Vise (5, ) (6.14)
N&jar N&jar
= Wans | Y 02 LT (s}, 4}, 5j+n,,qj+n,) + Y 02 UT(4G),qj+n,)

= =

N+N, (6.15)

+ Y L(sj,q)).
j=Ni
The Complete NLP

With the above described multiple shooting discretization the infinite dimensional OCP
NPf};f(ti, x;) is transcribed into the following finite dimensional NLPI}’; (i, x7).

min Vix (s, q) (6.16a)

(s,q) eRNx x RNu
S.t. 0=1s9— x5, (6.16b)
0=M(sj,qj)—Ssj+1, forj=0,...,N;+N,—1, (6.16¢)
0=c(sj,qj) +€ly, for j=0,...,N;, (6.16d)
0=c(sj,q;), for j=N;+1,...,N¢+ Np, (6.16€)
0= SN, = SN,+N,- (6.16f)

6.1.2 The Free Period Case

The discretization of the NMPC subproblems of the NMPC feedback controller with free pe-
riods presented in Section 5.1, is in principle similar to the case of the controller with fixed
period. The main difference is that, since the period T € R is an optimization variable, it also
will be included in the resulting NLP.

As in the fixed period case, we give a detailed description of how the transcription of the
(infinite dimensional) NMPC subproblem NPfFEee(xi) to a finite dimensional NLP is accom-
plished.

Time Discretization

The time horizon of the problem NPgee(p,xi) is the (normalized) interval 7 = [0, c; + 1].
Again we use a equidistant shooting time grid. Since we want the time c; to be part of the
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shooting-grid (which makes it easy to evaluate the periodicity constraint), we need to choose
the relative transient horizon length c; appropriately. To do so, we first fix a number N, € N
of shooting intervals for the periodic part of the horizon and then choose the transient hori-
zon length ¢, to be a multiple of the shooting interval length 1/Np: ¢; = N;/Nj. This results
in the following time grid (with £; := j/Np):

O=fH<n<..<ty, <---<tN,+Np- (6.17)
N~ ——
=Ct =c+1

Control Parametrization and State Discretization

Similar to the case of the fixed period controller, we use a control parametrization that
identifies the (N; + Np)-tuple ¢ := (o, ..., gn,+n,-1) € R"*N*No) with the control function
uqg € Lo (T)

uq (1) := qj for 7 € [t}, £j11). (6.18)

Corresponding to this control parametrization, the state trajectories are parametrized by the
values at the shooting nodes ¢; which are denoted by s;. Then the (N; + N + 1)-tuple of
R™: vectors s = (S0,...,SN,+N,) € R (Ne+Np+1) together with the control function u, and
a period parameter T € R>( can be interpreted as (possibly discontinuous) state trajectory
X(5,q,7) - T — R’ that is defined as

x(1;85,49,p, T, tj) for T € [t}, tj+1),

X(5,q,1) (T) = { (6.19)

SNi+N,, fort=c;+1.

Here, the expression x(7;s;, g}, p, T, t;) stands for the solution of the IVP & = TF(x, g}, p) at
time 7 with initial value s; at time #;, see Remark 5.3.

The triple (s, g, T) € R WVt Np+1) o prux(Ne+Np) « R is then identified with the triple
(X(5,q,1)> Ugq, T) € AC"*(T) x L3 (T) x R and the NLP will have Ny := n (N; + N, +1) opti-
mization variables corresponding to the state variables s;,N;, := n,(N; + Np) optimization
variables corresponding to the control parametrization variables ¢; and one optimization
variable corresponding to the period variable T.

Constraint Discretization

The only difference to the fixed period case in the constraint discretization is that the match-
ing conditions will also depend on the variable T that corresponds to the period variable.

For the state trajectory xs,4, 1) to be continuous at the shooting node ¢}, the shooting con-
tinuity conditions

x(tj+1;8, 45, P, T, tj) = Sj+1 (6.20)
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has to be satisfied for j =0,..., Ny + N, — 1. Since the system is assumed to be autonomous
and ;41 — tj = 1/Nj, condition (6.20) is equivalent to

x(1/Np;sj,qj,p, T,0) = sj41. (6.21)

Beside on s;, ;41 and g, this condition additionally depends on the optimization variable
T. By introducing the function M : R x R™* x R — R"* defined as

M(sj,q;,T) := x(1/Np;sj,q;, p, T,0), the shooting-continuity conditions then translate to
the following NLP-constraints:

M(sj,qj,T)—sj+1=0for j=0,...,N; + N, — L. (6.22)

Objective Function Discretization

For calculating the objective value of the triple (x(s,q,7), #g, T) € AC"*(T') x L2 (T) x R that is
associated with the NLP-variable (s, g, T), the different objective contributions are first split
in transient and periodic parts and then further into parts corresponding to the shooting
intervals.

For the periodic part, according to (5.9), we get

cr+1
Ve (5,0, T) = iye (X(s,q,1), Ug) = f 0(x(5,q,1)(7), Uug(T))dT (6.23)
Cr
Ne+Np=1 g
= ) f 0(x(t;85,95,p, T, 1), q)dr.  (6.24)
J=N: tj

With the notation L(s;, g}, T) := fOI/N’” 0(x(1;5j,9,p, T,0), q;)dr, this simplifies to the sum

] Ni+Np-1
Vliifer(s’ 6]; T) = Z L(SJ" qj' T)' (6'25)
Jj=Nt

The transient part of the contribution is treated similarly as in the fixed period case.
According to (5.8) the contribution is

Ve (8,0 1) i = Qe (X(s,q,1), gy T) (6.26)

Ct Ct
= fo p" "Dy (¢ (x(1), u(m)))*dr + fo p M IDIw@IFdr.  (6.27)

Both integrals can be split into sums over the shooting intervals of the transient horizon. By
using the functions LT : R™* x R x R™* x R"¢ x R — R and UT : R"* x R" x R — R, which are
defined as

1/N,
LT(s,q,§,c7,T):=f0 pp’TV(x(r;s,q,p,T,O),q)—Z(x(T;S',c?,p,T,O),c?)|2dr, (6.28)
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_ 1/Ny T 2
UT(CI,CI,T)I=fO " a-4q| dr, (6.29)

we can express Vg,etfans(s, q, T) as follows:

N1 N1
Votans(5 @, 1) = Y. p!"™ LT (s},q;,5)4n,,dj4n, D+ Y. /M UT(q;,qj4n,, T). (6.30)
j=0 j=0

Summing up the objective contributions of the transient and the periodic parts, the NLP-
objective function Vi : RN* x RN¢ x R — R can be written as

V(S 4, 1) 1= Wirans ViSeans (5,6, 1) + Ve (5,0, T)

p,per
N1 N1
=Waans| Y. PN LT (s, g5 5740, djen,, D+ Y. p"UT(q;,qjun,, T)
j=0 j=0
N+Np-1
+ Y Lsj,q 7).
Jj=Nt

(6.31)

The Complete NLP

With the above described Multiple Shooting discretization the infinite dimensional OCP
NPgee(xi) is transcribed into the finite dimensional NLPgee(xi).

min Viee(s,q, T) (6.32a)
(5,9, T)ERNY xRN xR
s.t. 0=s9—X;, (6.32b)
0=M(sj,q;,T)—sj41, forj=0,...,Nr+N,—-1, (6.32¢)
0=c(sj,qj) +&ly,, for j=0,...,Ny, (6.32d)
0= c(sj,q;), for j=N;+1,...,N;+ Np, (6.32e)
0= SN, = SN, +N,» (6.32f)
T<T<T. (6.32g)

6.1.3 The Time-Periodic Objective Criterion Case

The discretization of the NMPC subproblems arising in the NMPC scheme presented in Sec-
tion 5.2 is done in the same way as we already described in Section 6.1.1. The only difference
is that one has to take into account that the performance criterion ¢ explicitly depends on
time. This results in the fact that the discretized objective functional also depends on the
initial time of the time horizon of the NMPC subproblem. Since the generalization to this
case is straight-forward, we refrain here from its explicit description.
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6.1.4 Evaluating the NLP Functions

We discuss how the functions associated with the NLPF;’; (t;,x;) and NLPfl;ee (x;) are evaluated.
To omit redundant descriptions, we only describe the evaluation process for the problem
NLPgee(xi), as the case of the fixed period problem NLPf}’; (t;,x;) is essentially the same just
without the additional period variable T.

Constraint Evaluation

The evaluation of the initial value constraint, the discretized path constraints and the peri-
odicity constraint is straight-forward.

For evaluating the shooting-constraint functions M(s;,q;, T) = x(1/Ny;sj,q;, p, T,0) of
NLPgee(xi), it is necessary to solve the IVP &(7) = T f}, (x(), q;) with x(0) = sj on [0,1/Np]. As
we describe below, the evaluation of the shooting constraints is done simultaneously with
the evaluation of the terms Ly (s}, g, T) occurring in the objective function.

Objective Evaluation

For the evaluation of the objective function Vgee (s, g, T), the parts corresponding to the tran-
sient and the periodic part of the time horizon have to be considered separately. We be-
gin with the contribution corresponding to the periodic part of the horizon. To evaluate
this part, terms of the form Lpe;(sj, g, T) := fol/N” l(x(t;5s5,4},p, T,0), q;)dt have to be com-
puted. This is done by augmenting the auxiliary differential state x,ux to the original ODE
and defining Xauy := £ (Xaux, 4;). The solution of the (n, + 1)-dimensional-dimensional IVP

x(1) ) _ T-fp(x(r),qj)) ( x(0) )_(sj)
(xaux(T))_( 0(x(1),q)) ) \Xaux(0)) {0 (6.33)

attime 1/ N then is used to compute Lyer (s}, g, T). Note that from the solution of IVP (6.33)
also the term x(1/Ny; s, q;, p, T, 0) can be extracted. Since the computation of this term any-
way is necessary for evaluating the shooting constraints, it is possible to combine the evalu-
ation of the shooting constraints with the evaluation of the objective function by solving the
IVP (6.33).

For the evaluation of the transient part of the objective, it is necessary to compute the
integrals

(+1)/Np

LTj(sj, 4, Sj+N, qj+N,» T) :=f PTT|D1 (0(x(5,4,1), 1q)) (T)|2dT- (6.34)

JINy

The integrand in this expression depends on x4, 1) (T) and on x(s 4, 7) (7 +1) because the term
D) (€(x(s,4,1), uq)) (7) is given by

D (€(x(5,q,1), Uq)) (T) = £ (X(s5,,1) (7), Ug (7)) — €(X(5,4,7) (T + 1), g (T + 1)). (6.35)
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Evaluating this difference for 7 € [j/ Ny, (j + 1)/ Np], for the first summand it holds

C(x(5,4,1) (1), ug(1)) = €(x(7;5,9,p, T, jINp), q;) (6.36)
={0(x(t - j/Np;s;j,qj,p, T,0),q;) (6.37)

and for the second summand it holds

C(xqn(T+1),ug(t+1)=0(x(T+1; $j+N,» dj+N, P> T,(j + Np) I Np), q4j+n,,) (6.38)
:[(x(T;Sj+Np,CIj+Np,p, T’]/Np)y 6]j+Np) (639)
= [(x(T - ]/Np) Sj+Np! C]j+N,,, p, Tr 0)) qj+Np) (640)
Since the integrand of LT;(s;, qj,Sj+ Ny dj+N,» T) contains the square of the absolute value
of Dy (¢(x(s,q,1), Ug)) (1), the term LTj(sj,q},Sj+N, qj+n,, T) depends on both (s;,¢;) and
($j+N,» qj+N,) non-linearly.
For the computation of LT} (s}, q;, Sj+N,» qj+N,» T) we have to solve the auxiliary (n;+n,+1)-
dimensional IVP

(1) T fpa(®),4;5) x1(0) 5]

@ | = T fp(x2(7),qj+N,) | 2@ |=]sjen, |, 641)

Xaux(D)) \pTHINIT (21 (1), ) —Z(xz(r),qj+zvp)| Faux(©) 0

on the interval [0, 1/ Np]. Then, according to (6.37) and (6.40) it holds
LTj(sj,q;j,Sj+N,» 4j+N,» T) = Xaux(1/ Np). (6.42)

For a brief description of the numerical methods used for the integration of the IVPs see
Section 6.3.1.

6.2 Interior Point Methods

For our prototypical implementation of the proposed NMPC controller we solve the resulting
NLPs with the software package IPOPT (Wachter and Biegler [117]) which is based on an
Interior Point method ([89, Chapter 19]).

In the following, we briefly describe the main ideas behind the NLP solver IPOPT, for a
more detailled description we refer the reader to [117]. The method is based on a primal-
dual barrier approach. In a first step, the NLP is transformed into a standard form

min @ (x) (6.43a)
xeR"
s.t. c(x)=0, (6.43b)

x=0. (6.43¢)
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This can be accomplished by introducing slack variables, if necessary. Then, for u € R the
equality constrained barrier problem

n .
min Pu(x) =) +p Y In(x®) (6.44a)
xeR” izl

s.t. c(x)=0 (6.44b)

is solved approximately. By considering the barrier problems for a sequence of barrier pa-
rameters y that converges to zero, the solution of the original problem is approximated with
increasing accuracy. The barrier problems itself are solved by a damped NEwTON method
applied to the primal-dual equations of the barrier problem which can be written in the
form (with diag(x) € R**" being the diagonal matrix with the entries of x on the diagonal)

Vipx)+Vyic(x)A—2z=0 (6.45)
c(x)=0 (6.46)
diag(x)diag(z)1, — ul, =0. (6.47)

For each NEWTON-iterate (x, Ak, z¢), a search direction (d7, d,’cl, dy) has to be calculated as
the solution of the (at (xy, A, zx)) linearized primal-dual equations of the barrier problem.
This corresponds to the solution of the linear system

Vel 0 0 c(xg)
diag(zy) 0 diag(xg) diag(xr)diag(yi) 1, — ul,
(6.48)

Vi) — e Ar) Vecl)  —In ) (”’E) (thp(xk) + Vet Ak — 2k
ar|=-
k

di

When the search direction is computed, a step size 0 < @ < 1 is computed using a back-
tracking line-search procedure described in [118] and the next NEWTON-iterate then is de-
fined as (xg+1, Ak+1, 2k+1) = (Xk, Ak, 25) + ag(dy, d,@,dz). The line-search method employed
in IPOPT ensures global convergence of the procedure. When a certain optimality error of
the NEWTON-iterates is below a threshold, a new barrier problem with a smaller u is consid-

ered (Fiacco-McCormick-approach cf. Fiacco [42]).

6.3 Numerical Integration and Derivative Generation

The process of solving the NLPs arising from the NMPC subproblems requires the evalua-
tion of the objective and constraint functions as well as first- and second-order derivative
information. This information is required for the computation of the search directions for
the NEWTON-step according to (6.48).

As we have seen in section 6.1.4, the NLP objective function as well as the NLP constraints
are computed by solving various IVPs. Therefore numerical methods for solving IVPs as well
as, since our NLP-methods are derivative based, numerical methods for calculating deriva-
tives of IVP solutions (also called sensitivities) are required.
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In particular, for a given IVP,
x(0)=f(r,x(1),q,p), x(t)=x0, TEIL, 1], (6.49)
the following data has to be supplied by numerical methods:
e the final state x(fe; X0, g, p, ts) € R™,
* the derivative of the final state with respect to initial value, controls and parameters

ax(te;x()’ q,p ts) € Rnxx(nx+nq+np)’

(6.50)
a(x0r 67, p)
¢ second-order derivatives (Hessians) of the form
02 (x(te; X0, 9, p, ts) T A
( (e 0,49, p s) )’ 6.51)

a(x(); 67, P)z

where A € R™ corresponds to a multiplier arising in the NLP.

6.3.1 Numerical Integration

The evaluation of the final values x(z; X9, g, p, ts), we use the integrator package SolvIND
with a RUNGE-KUTTA-FEHLBERG method [40, 41].

This method belongs to the class of one-step methods which divides the time horizon
[ts, te] into a discretization grid fy := 5, < 11 < ..., < fy := t, and approximates the solution of
the IVP at these grid points according to the iteration formula

77k+1 ::nk+hkq)(tky hk;nk)y hk:z tk+1 _tk- (652)

The generating function @ : R x R x R"* — R” for a RUNGE-KUTTA-method with s € N stages
is defined as

s s
@(t, h,n) ZIZCiki, ki=f t+aih,n+hZBijkj,q,p (6.53)
i=1 =1

with suitable chosen coefficients «, c € R® and B € R***. The method we employ is of explicit
type, since it uses a matrix B whose entries B; j vanish for j = i. This means that the definition
of k; in (6.53) is well posed since the right-hand side of the equation only depends on k; with
j <i,i.e., k; can be calculated explicitly using this formula.

With appropriately chosen coefficients ¢, ¢, B and number of stages s, the method is con-
sistent and stable, see e.g. [108].

Since the choice of the discretization grid is of great importance for the accuracy of the ob-
tained approximations 7y, the integrator package SolvIND employs an adaptive discretiza-
tion scheme based on estimates of the local truncation error.
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6.3.2 Derivative Generation

There are several ways how derivatives of a function f can be calculated numerically. First,
there is the possibility to calculate the derivative of F symbolically “by hand”. This has the
advantage of high accuracy, but it requires differentiation by the user, which is error-prone
especially if the function F is complicated.

Another possibility is differentiation by the method of finite differences, where the deriva-
tive in the direction v is approximated by the quotient F'(x) - v = w with a suffi-
ciently small number & € R,(. This method is very easy to implement but it suffers from
amplification of rounding errors if & is chosen too small.

For efficient numerical derivative generation, especially in the context of derivatives of
IVP-solutions, the integrator package SolvIND uses a different method based on the prin-
ciple of Internal Numerical Differentiation (IND) (Bock [18]) in combination with tech-
niques of Automatic Differentiation (AD) (Speelpenning [107], Griewank [49]) and TAYLOR!-
coefficient propagation (Bischof et al. [13]). Because of their importance in the efficient com-
putation of derivatives, we briefly review the basic ideas behind these concepts.

AD and Taylor Coefficient Propagation

AD is a technique for evaluating derivatives for a large class of functions F : R"* — R™" that
can be expressed as a sequence of elementary operations such as addition, multiplication,
subtraction, division, sin, exp, etc. The computational evaluation of such functions is done
by constructing an evaluation graph with elementary operations at the nodes and interme-
diate results at the edges.

Theideain AD is that the computational graph can also be used to compute the derivatives
by repeatedly making use of the chain rule. We illustrate this with the example of a function
F that is just the composition of various other functions:

F=F,oF, yo...0F. (6.54)

Forward Mode

The forward mode of AD can be used to compute directional derivatives of the form

g—i (x)- v € R™m for a direction v € R+ without the need to compute the whole JACOBIAN 2. By
introducing the intermediate results wy defined recursively as wy, := Fx(wy) and wy = x
and the intermediate derivatives wy := g—f}’; (wy), the chain rule can be used to calculate

OF — —
— X)) v=w, Wy-1... W1 V. (6.55)
o0x

This expression can be evaluated simultaneously to traversing the evaluation graph of F(x) =

F,,(F-1(...(F1(x)))) in the forward direction (hence the name forward mode), i.e., in the di-

1Brook Taylor 1685 - 1731
2Carl Gustav Jacob Jacobi 1804 - 1851
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rection of increasing indices. The complete JACOBIAN can be calculated by applying the for-
ward mode to a set of basis vectors of R"+.

Reverse Mode

The reverse mode of AD is also based on the chain rule, but it is based on traversing the
evaluation graph in the direction of decreasing indices, i.e., in the opposite direction of the
evaluation order (hence the name reverse mode). It was first proposed in the master-thesis
Linnainmaa [78] and can be used to calculate adjoint derivatives of the form 6(%—;’1:) (x) e R™m
for adjoint directions a € R"*. Applying the chain rule

da’-F)  ;0F, 0F,
Tox 7 5w, Gy

(w1) (6.56)

and traversing from the outside to the inside gives rise to the following rule in which the

. . . . . . T ._ TOF _
adjoint direction a is propagated backwards according to a,_, := a;. ﬁ (wg) for k=n,...,2
T- . . . .
until the final value alT = % (x) is reached. Since the intermediate results wy are neces-

sary for performing the backward propagation step, it is necessary to calculate these results
beforehand and save them on tape or use a checkpointing strategy (see Griewank [48]) to
reduce the necessary amount of memory.

Despite this additional memory requirements, the reverse mode can be more efficient
compared to the forward mode of AD especially if n,, < n,. For example, the calculation
of the full JACOBIAN J = g—’; (x) with the forward mode requires one forward sweep for each
column J - e; of the JACOBIAN, i.e. n, forward sweeps. Compared to this, in the reverse mode
the JACOBIAN is built row by row, requiring one backward sweep per row, i.e. n,, backward
sweeps.

The computational cost of one (forward or reverse) sweep is proportional to the compu-
tational cost of evaluating the function F itself.

TAYLOR-Coefficient Propagation

The fact that most elementary functions are locally analytic implies that they can be rep-
resented by local TAYLOR-series. The TAYLOR-coefficients can be used to calculate deriva-
tives (also of higher order) since the derivatives can be extracted from the coefficients of
the TAYLOR-polynomials. As an example, the directional derivative g—’; (x) - v can simply be
extracted as the degree one coefficient of the TAYLOR-expansion of ¢ — F(x+ t- v). The tech-
niques of forward and reverse mode AD can be transferred and applied to truncated TAYLOR-
expansions instead of directional or adjoint derivatives to calculate derivatives or arbitrary
order efficiently. Instead of directions, TAYLOR-coefficients are propagated along the evalu-
ation graph.

For a detailed overview on evaluating derivatives using AD-techniques in combination
with TAYLOR-coefficients we refer the reader to Griewank [49] and Bischof et al. [13].
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External Numerical Differentiation and Internal Numerical Differentiation

In order to compute sensitivities of IVP solutions, it is again possible to consider the inte-
gration procedure described in Section 6.3.1 as black-box and apply a finite-difference ap-
proximation. This method is referred to as External Numerical Differentiation (END) and
suffers from rounding errors and high computational costs for applying the integration rou-
tine multiple times with perturbed initial values and parameters.

Therefore it is desirable to interpret the integration procedure as a sequence of elementary
operations and apply techniques of AD. However, the adaptive discretization schemes that
ensure a certain accuracy of the integration procedure are based on conditional statements
which are not differentiable at some points and thus make it impossible to apply AD.

The remedy here is to first apply the integration procedure with the adaptive discretization
scheme and then, for applying AD, freeze the adaptive discretization scheme and treatitas a
fixed grid. This results in an integration scheme that can indeed be interpreted as a sequence
of smooth elementary operations and thus AD can be applied. This principle is referred to as
the principle of Internal Numerical Differentiation (IND) and was introduced in Bock [18, 19]
and is used in the integrator package SolvIND.

6.4 Summary

In this chapter we gave an overview of the numerical implementation of the proposed NMPC
schemes. We gave a detailed description of the transcription of the infinite dimensional
OCPs to finite dimensional NLPs via the direct multiple shooting method and a brief descrip-
tion of the NLP solution algorithm which is based on an interior point method. Furthermore
we described the numerical methods behind the evaluation and derivative generation for
the NLP functions.

132



Chapter 7

Examples with Time-Periodic Objective

In this chapter we apply the controller presented in Section 5.2 to several examples with
time-periodic performance criteria.

The first example is a toy-problem modelling the control of a hydrostorage power plant.
The second example is a system of two connected water tanks with water flowing from tank
1 to tank 2 and a controllable inflow to tank 1. The last example is a system of 4 connected
water tanks.

7.1 Hydrostorage Power Plant

The hydrostorage power plant example is a toy example modelling a system that can be used
to convert potential energy of water stored in a elevated reservoir into electricity by using a
generator. The upper water reservoir can be filled using a pump. The objective is to maxi-
mize the economic profit under the assumption that the electricity price is periodically vary-
ing with a period of T}, = 24h.

7.1.1 Model Equations and Performance Criterion

The system is described using an ODE with the water level x; € R of the upper reservoir as
state variable and two control variables uy, oy € R representing the flow rates of the in-
flow/outflow pump at a given time instant. The higher the water level in the upper reservoir,
the more power is needed to pump more water into the reservoir and the more power can be
generated by letting water flow out through the generator.

If A € R denotes the cross-surface of the upper water reservoir, the system is described by the
following ODE

Uin (1) Uin (1) — Uoye (1)
= .1
uout(t))) 7.1

X1 (8) = ),
#0 f(xl( ) ( Pwater A

The (dimensionless) electricity price is assumed to vary periodically according to the for-
mula:

p():=0.1-(3.6-10%7 - sin(tn/ Tp)* +1) U711 (7.2)

This corresponds to a electricity price between 0.1 and 0.2 per [kWh]. The performance cri-
terion is the electric power of the pump minus the electric power at the generator times the
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Pump Generator

Figure 7.1: llustration of the hydrostorage power plant.

(dimensionless) electricity price

€(t,x1,( ui“)) = p(8) (Uin — Uou) §(x1 + H). (7.3)
Uout N ~
(1/]] 0/h

It measures the economic performance of the system at at given time/state (the sign of ¢ is
negative when the system generates electricity).

The objective of the system is to maximize the economic revenue while satisfying the op-
erational constraints of the system. The constraints are given in form of simple bound con-
straints on the water level in the upper reservoir and the in-/outflow rates. The parameters
describing the model with the operational constraints can be found in Table 7.1. For sim-
plicity we assume the water density to be 1kg/1.

State Description Lower bound Upper bound
X1 Water level reservoir 0.1m 3m

Control Description Lower bound Upper bound
Uin Flow rate inflow-pump 0l/h 20-10%1/h
Uout Flow rate generator 0l/h 40-1081/h
Parameter | Description Value

g Gravitational acceleration 9.81m/s?

A Cross section of reservoir 100,000m?

H Height of reservoir above pump/generator | 250m

Pwater Water density 1000kg/m3

Table 7.1: State and control bounds and parameters of the hydrostorage system.
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7.1.2 Controller Setup

We consider three different scenarios for the hydrostorage system. The scenarios are dis-
tinguished by different initial states. In the first scenario we consider the initial state where
the water level in the reservoir is close to the lower bounds, in the second scenario we con-
sider the initial state where the water level in the reservoir is close to the upper bounds and
in the third scenario we consider the initial state that corresponds to the optimal periodic
operation. To each of the scenarios we apply the NMPC controller presented in Section 5.2
based on the NMPC subproblems of the form NLPSZ’!(t,-,xi) with sampling time intervals
corresponding to 1h. We test various controller configurations differing in the length of the
transient horizon T;. As transient weight we use wyans = 1. The weighted norm for the con-

trol self-tracking term is defined as

lully == 1077 (|ttin | + [Uoutl). (7.4)

All controllers use the discount factor p = 1.01 and the transient part of the horizon is re-

laxed to 0 < c(x, u) + € with € = 107 (see constraint (6.16d) in NLPSZ'[(IZ-, Xi).

7.1.3 Results of NMPC Simulations

All NMPC simulations are run for 120h. To evaluate the economic performance for a gener-
ated closed-loop trajectory (x,, 1), we consider the moving average output

1 l,‘+Tp
AO(t, xy, wy) == F/ 0(t,x,(7), uy(7))dr (7.5)
pJt

and compare the behavior of r — AO(t, x,, u,) with the value of the optimal average output
‘»bgl;*per ~ —5.57-102[h~!] (which we calculate in Section 7.1.4).

Initial Value on Optimal Periodic Trajectory

The initial value at time #, = 0 corresponding to the optimal periodic solution depicted in
Figure 7.5 is xp = 1.6m. We apply NMPC controllers with the given data and transient hori-
zon lengths of 12h and 24 h. The results for the controller with T; = 12h are shown in Figure
7.2. The closed-loop state trajectory stays on the optimal periodic solution and the eco-
nomic average output corresponds to the optimal periodic average output. The controller
with T; = 24h performed equally good and also shows no deviation from the optimal peri-
odic deviation.
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Figure 7.2: NMPC simulations with initial value on the optimal periodic trajectory and tran-

sient horizon length T; = 12h. No deviation to the optimal periodic behavior can be observed
) . l,

and the economic average output is equal to ¢, 4’fp or

Initial Value close to Lower Bounds

In this scenario we choose an initial value at time #y = 0 close to the lower bounds of the
system xy = 0.2m. We apply NMPC controllers with transient horizon lengths of 12h and 24
h. The results are shown in Figure 7.3.

Both controllers, the one with transient horizon length 12h and the one with horizon length
24h gradually fill up the water reservoir by pumping in water at times when the electricity
price p is low. Both controllers reach the water level that corresponds to the optimal peri-
odic trajectory after less then 20 h. The controllers sacrifice economic performance in the
beginning to reach the optimal periodic operation.

Initial Value Close to Upper Bounds

In this scenario we choose an initial value at time #, = 0 close to the upper bounds of the
system xp = 2.9m. We apply NMPC controllers with transient horizon lengths of 12h and
24h. The results are shown in Figure 7.4.

Both controllers, the one with transient horizon length 12h and the one with horizon length
24h reach the water level that corresponds to the optimal periodic trajectory in less then 10h.
The controllers exploit the high water level in the beginning (no water needs to be pumped
in the reservoir, which saves electricity).
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Figure 7.3: NMPC simulations with initial value close to lower bound and transient horizon
length T; = 12h (upper plots) respectively T; = 24h (lower plots). Both controllers steer the
system back to the optimal periodic behavior after an initial phase of filling up the water
reservoir. After 20h, no deviation to the optimal periodic trajectory can be observed any-
more.
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Figure 7.4: NMPC simulations with initial value close to upper bound and transient horizon
length T; = 12h (upper plots) respectively T; = 24h (lower plots). Both controllers steer the
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from the water reservoir. This results in an economic performance better then gbé;:per in the
beginning. After around 10h, no deviation to the optimal periodic trajectory can be observed

anymore.
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7.1.4 Optimal Periodic Operation

Although it is not necessary for the NMPC controller, for comparison reasons we determine
the optimal T},-periodic trajectory. We solve the periodic OCP Pergff[ (5.41) using a multiple
shooting discretization with uniform shooting interval length of 1 time-unit, i.e. 24 shooting
intervals.

The solution (xper, Uper) of the discretized OCP Pergfl"[ with state trajectory and the corre-

sponding control profile is depicted in Figure 7.5 and has an average output of

Poiper = —=5:57-10°[h "], (7.6)
i <107 . . . x1078
' 18
4t ——in
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Figure 7.5: Optimal periodic operation of the hydrostorage system. On the left the optimal
periodic water level development, on the right the optimal periodic control input. The water
is pumped up when the electricity price is low and it is flowing out through the generator
when the electricity price is high.

7.2 Double-Tank System

The double-tank example is a system of a two connected water tanks with water flowing from
the first tank into the second. Apart from the connection of the tanks, the water flows out of
the second tank and there is a controllable inflow u;, at the first tank. This example is a
slightly modified version of the double-tank example in [63] where it is used as a benchmark
problem for an economically oriented NMPC scheme with periodic constraints.
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7.2.1 Model Equations and Performance Criterion

The states of the system are the water levels xj, x» in each tank. The outflow-rate of each tank
is proportional to the square-root of the water level and the outflow rate of the second tank
is subject to a lower bound.

The system can be described by the ODE

(xl(t)):f((xl(t)) " )‘: (0.16uin(t)—0.4\/x1(t)
(1) x0) ") 04T - V(D) )

Note that the right-hand side f is not differentiable for water levels 0, however, on the com-
pact set of feasible states and controls defined by the simple bounds (see Table 7.2), the right-
hand side is differentiable and LiPSCHITZ continuous. For this reason the simple bound are
slightly moved away from 0 The performance criterion ¢ of the system is the inflow-rate u;y
multiplied with a time-dependent price p:

(7.7)

£(t, uin) == p(0) Uin. (7.8)
The price p is sinusoidally varying with a period of T, = 10:
p(t) :=sin(tm/ Tp)? +0.1. (7.9)

The task is to operate the system such that the average output with respect to the perfor-
mance criterion ¢ is minimized. As the example is a toy-example, all states, controls and
other parameters are dimensionless. The system is subject to constraints in the form of sim-
ple bounds on the water levels in the tanks and the inflow control that have to be satisfied
during operation, see Table 7.2.

Wi
" State Description Lower Upper
T Bound Bound

T1 X1 Water level tank 1 0.001 3

L X2 Water level tank 2 0.16 3
Control | Description Lower Upper
a_:'; Bound Bound

s Uin Water Inflow Tank 1 | 0 5

Figure 7.6: The setup of the two Table 7.2: State and control bounds of the double-
water tanks of the double-tank tank system.
system.

7.2.2 Controller Setup

We consider three different scenarios for the double-tank system. The scenarios are distin-
guished by different initial states. In the first scenario we consider the initial state where the
water level in both water tanks is close to the lower bounds, in the second scenario we con-
sider the initial state where the water level in both water tanks is close to the upper bounds
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and in the third scenario we consider the initial state that corresponds to the optimal peri-
odic operation. To each of the scenarios we apply the NMPC controller presented in Section
5.2 based on the NMPC subproblems of the form NLP%"[(ti, x;) with sampling time inter-
vals corresponding to 1 time step. We test various controller configurations differing in the
length of the transient horizon T;. As transient weight we use wians = 1. The weighted norm
for the control self-tracking term is defined as

llzelly :=0.1-uinl . (7.10)

All controllers use the discount factor p = 1.01. The path constraint in the transient part of
the horizon is relaxed to 0 < c(x, u) + £1,,, with € = 107° (constraint (6.16d) in NLP%"Z (ti, ).

7.2.3 Results of NMPC Simulations

All NMPC simulations are run for 100 time units. To evaluate the economic performance for
a generated closed-loop trajectory (xy, u,), we consider the moving average output

1 t+Tp
AO(t, xy, wy) == ?f 0(t,x,(7), uy(1))dr (7.11)
pJt

and compare the behavior of t — AO(t, x,, u,) with the value of the optimal average output
(pfb*per ~ 0.3264 (which we calculate in Section 7.2.4).

Initial Value on Optimal Periodic Trajectory

The initial value at time #, = 0 corresponding to the optimal periodic solution depicted in
Figure 7.10 is xo = (0.7954,0.2728)”. We apply NMPC controllers with the given data and
transient horizon lengths of 10 and 20 time units. The results for are shown in Figure 7.7.

In both NMPC simulations, the controller keeps the water levels in the two tanks on the opti-
mal periodic trajectory and the moving average output corresponds to the optimal periodic
performance.

Initial Value Close to Lower Bounds

In this scenario we choose an initial value at time fy = 0 close to the lower bounds of the
system xp = (0.1,0.26)7. We apply NMPC controllers with transient horizon lengths of 10
and 20 time units. The results are shown in Figure 7.8.

In both NMPC simulations, after around 10 time units the water levels of both tanks reach
the water levels corresponding to the optimal periodic trajectories. In the beginning, the
controllers pump a little more water into tank 1 then the reference control uiy per, to reach
the optimal periodic operation. This results in an initially slightly worse average output,
before the optimal periodic average output is reached in around 10 time units.
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Figure 7.7: NMPC simulations for the double-tank example with initial value on optimal pe-
riodic trajectory. Plots (a) and (b) show the results of the controller with T; = 10 and plots
(c) and (d) show the results of the controller with 7; = 20. No deviation from the optimal
periodic behavior (the dotted lines) can be observed, which shows that the controller keeps
the process within the optimal periodic operation regime.
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Figure 7.8: NMPC simulations for the double-tank example with initial value close to lower
bounds. Plots (a) and (b) show the results of the controller with T; = 10 and plots (c) and
(d) show the results of the controller with T; = 20. In both simulations, the optimal periodic
trajectory is reached after around 10 time units. To reach the optimal periodic operation
regime, in the beginning more water is pumped into the upper tank to which can be seen at
the control profiles in (b) and (d).
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Initial Value Close to Upper Bounds

In this scenario we choose an initial value at time #; = 0 close to the lower bounds of the
system xq = (2.9,2.9)7. We again apply NMPC controllers with transient horizon lengths of
10 and 20 time units. The results are shown in Figure 7.9.

In both NMPC simulations, after around 20 time units the water levels of both tanks reach the
water levels corresponding to the optimal periodic trajectories. It can also be observed that,
compared to the closed-loop state trajectories, the moving average performance reaches the
level of the optimal periodic performance significantly faster (in around 10 time units). This
highlights the fact that the transient objective of the NMPC scheme is dominated by the con-
tribution (pg’;fis(t, x, u) (5.37) which measures the deviation from periodicity of the economic
output and is independent of the state-behavior.

7.2.4 Optimal Periodic Operation

For comparison reasons we determine the optimal periodic operation of the double-tank
system. To do so, we solve the periodic OCP Per?g'g (5.41) using a multiple shooting dis-
cretization with uniform shooting interval length of 1 time-unit, i.e. 10 shooting intervals.

The solution (xper, Uper) Of the discretized OCP Perflig’! with state trajectory and the corre-

sponding control profile is depicted in Figure 7.10 and has an average output of

Plorper = 0.3264. (7.12)

7.3 Four-Tank System

The four-tank system is a laboratory plant consisting of four water tanks that are inter-
connected with pumps and valves and an additional water reservoir. It was introduced
as a control-benchmark model in Johansson [65]. It serves as a tracking Model Predictive
Control (MPC) benchmark problem in [3] and, in the version we consider, as an E-NMPC-
benchmark problem in [77].

7.3.1 Model Equations and Performance Criterion
The system consists of four upper water tanks with x = (x1, x2, x3, x4) denoting the water

levels in each tank and one lower water tank. The lower water tank is connected with the two
upper tanks via pumps which act as controls u = (u,, up) in the system (see Figure 7.11).
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Figure 7.9: NMPC simulations for the double-tank example with initial value close to upper
bounds. Plots (a) and (b) show the results of the controller with T; = 10 and plots (c) and
(d) show the results of the controller with T; = 20. In both simulations, the optimal periodic
operation regime is reached after around 20 times units. Compared to the closed-loop state
trajectories, the average output of the closed-loop system in both simulations is already on
the level of the optimal periodic performance after 10 time units.
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Figure 7.10: Optimal periodic operation of the double-tank system. As can be seen at the
optimal periodic control u;, on the right, water is pumped into the upper water tank during
the period when the electricity price is relatively low.
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Parameter | Value Description
Hmax 1.2m Maximum water level in each tank
l Hmin 0.2m Minimum water level in each tank
~ Qmax 2.5m3/h Maximal flow through each pump
N i ! - Qmin om3/h Minimal flow through each pump
“ " ay 1.341-107*m?  Discharge constant of tank 1
ap 1.533-107*m?  Discharge constant of tank 2
as 9.322-10°m?  Discharge constant of tank 3
| @w v Yo @ | as 9.061-10™°m?  Discharge constant of tank 4
A 0.03m? Cross section of all tanks
Figure 7.11: Illustration of Ya 0.3 Parameter of three way valve a
the four-tank system. b 0.4 Parameter of three way valve b

Table 7.3: Parameters of the four-tank system.

The water outflow of each of the upper tanks is proportional to the square-root of its water-
level. Pump A feeds tank 1 and 4 with y, being the relative part of the pumped water flowing
into tank 1 and 1 -y, the relative part flowing into tank 4. Pump B feeds tank 2 and 3 with
Y being the relative part of the pumped water flowing into tank 2 and 1 -y, the relative part
flowing into tank 3.

The dynamic equations describing the system can be derived using BERNOULLI’S! law and
mass balance:

:——\/ng1+—\/2g 3+ 3600A Ug (7.13a)
=——\/2gx2+—\/2g 4+ 3600A up (7.13b)
. as 1-vp
=——4/2 7.13
X3 A gx3+ 3600A Up (7.13¢)
—_ = 7.13d
aar 3600A tha (7.13d)

Note that right-hand side defined by the above equations is not differentiable for water levels
0. However, on the compact set of feasible states and controls defined by the simple bounds
(see Table 7.3), the right-hand side is differentiable and LipSCHITZ continuous. The time-
periodic economic performance criterion ¢ penalizes the use of the pumps and has a term
that is inversely proportional to the combined water level in the lower two tanks. It is defined
as follows

2Hmin

(2 2
0t x,u) = (ua+p(t)ub)+15A(x1+x2) (7.14)

where the function p is periodic with period T}, = 150s:

. (2@t
p(©) :0.1551n(%)+1. (7.15)

I Daniel Bernoulli 1700 - 1782
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The task is to operate the system such that the average output with respect to the perfor-
mance criterion ¢ is minimized.

7.3.2 Controller Setup

We consider three different scenarios for the four-tank system. The scenarios are distin-
guished by different initial states. In the first scenario we consider the initial state where the
water levels in the four-tanks is close to the lower bounds, in the second scenario we consider
the initial state where the water level in the reservoir is close to the upper bounds and in the
third scenario we consider the initial state that was used in [77]. To each of the scenarios we
apply the NMPC controller presented in Section 5.2 based on the NMPC subproblems of the
form NLPfli;b[(ti, x;) with sampling time intervals of 5s. We test various controller configura-
tions differing in the length of the transient horizon T;. As transient weight we use wyans = 1.
The weighted norm for the control self-tracking term is defined as

luly :=0.1-[ual+0.1- |up). (7.16)

The length of the transient horizon is chosen as T; = 150s. All controllers use the discount
factor p = 1.01 and the path constraint in the transient part of the horizon is relaxed to 0 <

c(x,u) +€l,, withe= 1076 (see constraint (6.16d) in NLPfli’S‘bi(tl-, Xi)).

7.3.3 Results of NMPC Simulations

Each simulation is run for 150 sampling times, which equals 750s. To evaluate the economic
performance for a generated closed-loop trajectory (x, u,), we consider the moving average
output

1 t+Tp
AO(t, xy, uy) == Ff 0(t,x, (1), u,(7))dT (7.17)
t

P
and compare the behavior of ¢ — AO(t,xy, u,) with the optimal periodic performance
(bf;) per = 11.21 (for the calculation of (/7{’5’6 per S€€ Section 7.3.4).

Initial Value close to Lower Bounds

In this scenario we choose an initial value at time #; = 0 close to the lower bounds of the
system xg = (0.3,0.3,0.3, 0.3)T. The results are shown in Figure 7.12.

After an initial phase of pumping more water into the tanks compared to the periodic refer-
ence controls ug per and up, per, the optimal periodic trajectories are reached at around 500s.
The average performance converges smoothly to the optimal periodic performance after be-
ing worse initially due to the cost of heavier pump usage.

Initial Value Close to Upper Bounds

In this scenario we choose an initial value at time #, = 0 close to the upper bounds of the
system xo = (1.1,1.1,1.1,1.1) 7. The results are shown in Figure 7.13.
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Figure 7.12: NMPC simulations with T; = 150s for the four-tank system with initial values
close to lower bounds. After an initial correction phase where the controller pumps more
water into the tanks to reach the optimal periodic behavior, the optimal periodic regime is
maintained.
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After an initial phase heavy pump usage (first pump b then pump a are at full power see Fig-
ure 7.13b), the optimal periodic trajectories are reached at around 500s. While at ¢ = 100s the
closed-loop states still are far off the optimal periodic trajectory, at the same time the average
performance already reaches the level of the optimal periodic performance. Again, as in the
double-tank example (see Figure 7.9), this highlights the fact that the transient objective of
the NMPC scheme is dominated by the contribution (pg’gﬁs(t, x, u) (5.37) which measures the
deviation from periodicity of the economic output and is independent of the state-behavior.

Initial Value as in[77]

In this scenario we choose the initial value at time 7y = 0 that was also considered in the
NMPC simulations in [77]: xp = (0.4594,0.9534,0.4587,0.9521)T. The results are shown in
Figure 7.3.3.

It can be observed that after around 300s the optimal the optimal periodic operation is
reached. In the beginning, the controller applies strong control actions that deviate dras-
tically from the periodic reference controls u, per and up per. As can be seen at the average
performance plot, after producing initially an economic output that is better than the opti-
mal periodic output in the first 100s, the average output of the system reaches the level of
the optimal periodic output after around 300s.

7.3.4 Optimal Periodic Operation

For comparison reasons we determine the optimal periodic operation of the four-tank sys-
tem. To do so, we solve the periodic OCP Per?;b[ (5.41) using a multiple shooting discretiza-
tion with uniform shooting interval length of 5s, i.e. 30 shooting intervals.

The solution (Xper, Uper) Of the discretized OCP Per?gb[ with state trajectory and the corre-

sponding control profile is depicted in Figure 7.15 and has an average output of

B0 per = 11.21. (7.18)
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Figure 7.13: NMPC simulations with T; = 150s for the four-tank with initial values close to the
upper bound. In (b) it can be seen that in an initial phase the controller deviates drastically
from the optimal periodic controls (u, per, Up per) to reach the optimal periodic trajectory.
At the time around 100s, while the states are still far off the optimal periodic trajectory, the
average performance gets already quite close to the optimal periodic performance.
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Figure 7.14: NMPC simulations with T; = 150s for the four-tank system with initial value as in
[77]. After an initial correction phase where the controller deviates strongly from the optimal

periodic controls, the optimal periodic trajectories are reached after around 200s.
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Figure 7.15: Optimal periodic operation of the four-tank system. The control profiles on the
right plot show that the pump b, whose use is penalized by the time-periodic price p (see
(7.15)), is mainly used in the second half of the period because in this phase the price is
lower.
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Chapter 8

The Powerkite Example

Converting wind-energy into electricity by using flying kites is an idea motivated first in
LOYD [80]. The example we consider in this chapter is a single kite connected via a tether
to an electricity generator at a ground platform. By pulling on the tether, the kite drives the
generator and kinetic energy is transformed into electricity. The generator can also be used
as a motor to pull the kite back.

Such a system has a number of advantages over traditional wind-turbines. Since the
amount of energy that can be extracted out of the wind varies with the cube of the wind
speed, a high flying kite can exploit the stronger winds speeds in higher altitudes. Because
the relative wind speed on a wind-turbine blade is the highest at its fast moving wing-tips,
the tips are the place where most of the energy is harvested of the wind (see Canale et al. [23,
Figure 5]). A kite-wing can be flown in a way that it simulates the tips of a wind turbine but
with a much higher surface. Additionally, such a system does not require a huge mast that
needs to be strong enough to withstand the wind-forces generated by the blades and to sup-
port a heavy generator, nor does it require the same logistical effort for transportation of the
necessary components which becomes more and more of a limiting factor for conventional
wind-turbines (cf. Cotrell et al. [32], Jose et al. [66]).

However, it turns out (see Diehl [35], Hou and Diehl [60]) that the energy-optimal orbits
of such system are not open-loop stable, which means that small disturbances can lead to
entirely different trajectories. These instability problems need to be addressed by suitable
feedback controllers.

In the following, we describe the dynamical model of the system and apply the NMPC
controller based on the subproblems with fixed period NP‘"}X (¢, x;) and the NMPC controller
based on the subproblems with free period NPf;ee(t,-,xi) to the system for different wind-
speed scenarios and compare the results. We compare the results with the optimal periodic
performance.

8.1 Model Description and Performance Criterion

We consider the system of a power generating flying kite as described in [61] and [64]. It
consists of a flying wing connected to a generator/motor on a ground platform via a tether
(see Figure 8.1). The wind blows in the e, direction, where ey is a unit vector. The unit
vector e points to the sky and together with ey, := e, x e, the three vectors ey, ey, e; form an
orthonormal right-handed basis of the Euclidean space. For the purpose of describing the
position of the kite wing relative to the ground platform, we use the convenient spherical
coordinates q = (r,®,0). The position of the kite then can be written as P = re,. A local
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kite-wing

tether

—— ground platform with generator/motor

Figure 8.1: Illustration of the powerkite system.

orthonormal basis in spherical coordinates can be defined as follows

sin(6) cos(d) sin(@)sin(®)  cos(6) T
ler, en, eg] := —sin(®) cos(®) 0 lex, ey, ez] (8.1)
—cos(@)cos(®) —cos(@)sin(®) sin(H)

The wind at the ground level hj is assumed to blow in e, direction with velocity wy. We
assume that the wind velocity w is height-dependent according the wind shear model [83,
Chapter 2]

_ In(h) —In(h;)

W) = o) = In(hy)

wo, (8.2)

where £, is the roughness length. The effective wind vector (which is the difference of the
wind vector and the kite velocity vector) can be written as

We = Wey— P = wey — e, — rsin(@)deq + rey (8.3)

By a suitable yaw control the transversal axis e; of the kite wing (the unit vector pointing
from the left to the right wingtip) is always perpendicular to the effective wind vector w,.
The roll angle ¥ (whose time-derivative ¥ acts as control variable) is the angle between the
unit vector e; going from the left to the right wingtip and the unit vector e, :

sin(¥) =e;-e;. (8.4)

The Equations of Motion

The Lagrangian formalism can be used (see e.g. [61]) to derive the equations of motion for
spherical coordinates g = (r,0,®)7:

G =S""FIm+ apseudo, 8.5)

156



THE POWERKITE EXAMPLE CHAPTER 8

where S is a diagonal scaling matrix, apseudo @ pseudo-acceleration, m the effective inertial

mass:
1 0 0
S=10 rsin(@ 0 |, (8.6)
0 0 -r
—F+r(6? +sin(0)>d?) - 2 f,
Apseudo = | —2(cot(@)D0 + L) - 2 |, (8.7)
cos(0) sin(0)d* — 226 — 19
d.\?
m=my+pcn > r/3. (8.8)
Cable Mass
The total force F acting on the kite is the sum of aerodynamical lift and drag forces
1 2 1 2
Faer = Flift + Fdrag = EPACL [ We” éen+ EPA(CD'O + KCL) II we“ We (8.9)
with e, := H%ZII x e; being the direction of the aerodynamical lift, the gravitational force
cos(0)
Fe=(Vp-mg| 0 |, (8.10)
sin(6)
and the friction of the cable
d
Fr= 2wl w. 8.11)

To prevent the cable from coiling up, the winding number 7 is augmented to the states and
its time derivative is given by

_ b0-6d

= e (8.12)
Altogether the system has 9 differential state variables

x:=(1,,0,7,0,0,%,C,m" (8.13)
and 3 control variables

u:=(#,%,Cp’. (8.14)

Summarizing the equations of motion and the differential equation for the winding number,
the dynamics of the system can be described by a differential equation

x:wa(xr u)) (815)
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with right-hand side f,, : R® x R — R®. Here the index wy indicates the dependency of the
equations with respect to the wind speed wy. The parameters used in the description of the
model-equations can be found in table 8.1. Furthermore, the system is subject to simple
bounds on state and control variables which are listed in Table 8.2.

Parameter | Value Description

my 850kg mass of the kite

A 500m? effective wing area

1% 720m3 volume

cD,0 0.04 aerodynamic drag coefficient
K 0.04 induced drag constant

g 9.81m/s? gravitational constant

o 1.23kg/m®  density of the air

Pc 1450kg/m®  density of the cable

¢p,C 1 frictional constant

d. 0.05614m diameter of the cable

wo 10m/s wind velocity at ground level
ho 100m ground level

hy 0.1m roughness length

Table 8.1: Parameters of the powerkite model.

State Description Lower bound Upper bound
r Radial coordinate 1250m 1550m

P Azimuthal angle —0.34rad 0.34rad

] Polar angle 0.85rad 1.45rad

T Rope velocity —40m/s 15m/s

® Azimuthal angle change —0.2rad/s 0.2rad/s

e} Polar angle change —0.2rad/s 0.2rad/s

v Roll angle —0.29rad 0.29rad

Cr Lift coefficient 0.3 1.5

n Winding number -1 1

Control | Description Lower bound Upper bound
i Rope acceleration —-50m/s? 50m/s?

W Roll angle change —0.065rad/s  0.065rad/s
Cr Lift coefficient change —-3.5/s 3.5/s

Table 8.2: State and control bounds of the powerkite model.

For amore detailed description and derivation of the right-hand side we refer the reader to
[61]. An implementation of the right-hand side for this dynamical system can also be found
as part of the Automatic Control and Dynamic Optimization environment ACADO [62].
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Performance Criterion

The performance criterion ¢ we consider is the power output generated at the generator of
the ground platform. Note that the generator may also act as a motor to pull the kite back.
The objective is to generate as much average energy-output as possible. Therefore, since we
formulate OCPs as minimization problems we use the convention that ¢ is negative when
power is generated and positive when power is used.

The power output at the generator depends on the effective inertial mass of the kite and
cable system and of the radial acceleration and velocity (power equals force times velocity):

l(x,u) = —mir-Sy. (8.16)

We use the scaling factor Sy := 107% so that ¢ measures the power in [MW].

8.2 Wind Speed Scenarios

In our NMPC simulations we consider two different wind speed development scenarios,
which we describe in the following.

8.2.1 Constant Wind Speed

As a first simulation scenario we consider the case where the wind speed is fluctuating
around 10m/s with a normally distributed noise with standard deviation 0.1m/s changing
every 5s. The wind speed development is depicted in Figure 8.2a.

8.2.2 Changing Wind Speed

As a second case we consider a simulation scenario where in the first 120s the wind speed
is increasing form 10m/s to 16m/s, staying at 16m/s for 240s, decreasing again to 10m/s for
120s and then staying at 10m/s until the end of the simulation. As in the constant wind speed
scenario, a noise which is normally distributed with standard deviation 0.1m/s changing
every 5s is added. The wind speed development is depicted in Figure 8.4a.

8.3 Controller Setup

We carry out NMPC simulations with the controller with fixed period as well as with the con-
troller for free period. For the free period controller we define the lower and upper bounds
on the period as in problem Perfff(’)e, namely I,=6s and Tp = 30s. To showcase the different
behavior of fixed vs. free period NMPC we choose a period T, = 11.28s for the fixed period
NMPC controller, which corresponds to the optimal period for wind speed 10m/s.

All scenarios are tested with two different transient horizon lengths T; = Tj, and T; = %Tp
for the fixed period controller respectively c¢; = 1 and ¢; = % for the free period controller. The
shooting intervals are chosen such that one period is divided in N, = 20 shooting intervals,
which translates to a discretization of the complete prediction horizon into altogether 30
shooting intervals (T; = %T pOrce= %) respectively 40 shooting intervals (T; = T, or ¢; = 1).
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The discount factor is set to p = 1.01. As transient weight we use wyans = 1 and the
weighted norm for the control self-tracking term is defined as

lully:=0.1-17]+10-|¥|+|CyL]. (8.17)

The path constraint in the transient part of the horizon is relaxed to 0 < c(x, u) + €1, with
€ = 107% (see constraint (6.16d) in NLP‘}’;,w(t,-,xi) or (6.32d) in NLP®(x;)). For the fixed
period controller, the sampling intervals coincide with the shooting intervals (they are of the
uniform length T,/ Nj, = 11.28s/20 = 0.564s) and for the free period controller the sampling
times are adaptively chosen as described in Section 5.1.4 and 6.1.2, i.e., between Ip/ Ny =

0.3sand T,/N, = 1.5s.

8.4 Results of NMPC Simulations

We discuss the obtained simulation results for the different controllers and wind speed sce-
narios. Each of the NMPC simulations is run for a duration of 1500 samples. As initial value
Xp for all simulations we choose a value on an optimal periodic orbit for wind speed 10m/s
with period T, = 11.28s. To facilitate the comparison of the fixed and the free period con-
troller, we always present the results of both controllers for the same wind speed scenario
together.

Notes on the Comparison of Results

In the following, we briefly explain how we compare the results for the two different con-
trollers.

As a measure of the current average performance, we consider the moving average per-
formance as we did in the previous chapter. However, since the sampling intervals and the
employed periods are not pre-determined to a fixed value in the case of the free period con-
troller, the definition of the moving average of the produced energy over one period is not as
straightforward as in the case of the fixed period controller cf. (7.5). It does not make sense
to consider a moving average energy output of the form ¢— 1/T [, IHT €(x, (1), uy(7))dt with
fixed T in this case.

Instead, for each sampling time #;, we consider the average performance over the next
N, = 20 consecutive sampling time intervals:

1 Li+Np
AO(t;, xy, wy) := —f O(x, (1), uy(7))dT. (8.18)
livn, — 6 Jy

This definition of the moving average output is in accordance with the definition (7.5) we
used for closed-loop trajectories resulting from the fixed period controller as the two defini-
tions coincide for the case of a fixed period.

The development of AO is included in Figures 8.2a, 8.3a, 8.4a and 8.5a as a measure of the
average energy output at a given sampling time.
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In Tables 8.3, 8.4 and 8.5 we compare the performance results for the different NMPC

schemes. Each table considers a fixed time interval and compares the results of the fixed
period controller with the results of the free period controller with transient horizon length
of half a period respectively transient horizon length of a full period.
The considered time intervals are always rounded to the nearest elements of the sampling
time grid of the underlying NMPC scheme. This is the reason why the considered length of
the intervals differs slightly for the fixed period and the free period controller. We state the
actual considered interval length in column 4 and the total produced energy during this time
in column 3. The resulting average performance is stated in column 5. Column 6 contains
the weighted mean value of the moving average output AO, which for an interval [, t;,] of
sampling times is defined as

ne—1
i=ng

AO(t;, Xy, wy) (L1 — 1)

Mean(AO) = (8.19)

ty, —ty

e N

We use this value because the simple average performance on an interval of fixed length is
not necessarily a fair comparison measure since the fixed interval not always includes an
integer number of periods.

For comparison purposes we use the optimal periodic average performance for different
wind speeds with fixed and free period, which we calculate at the end of this chapter in Sec-
tion 8.5.

8.4.1 Results for the Constant Wind Speed Scenario

In the constant wind speed scenario, the moving average output of both the fixed period
and free period controllers oscillates around the optimal values (pflig;; Js,11.285 per’ S€€ Figure
8.2a (transient horizon length T; = 0.5}, and ¢, = 0.5) and Figure 8.3a (transient horizon
lengthT; = T, and c; = 1). The employed period of the free period controller oscillates slightly
below the optimal period for wind speed 10m/s. Table 8.3 shows that both controllers eco-
nomically perform equally well up to a marginal difference (around 0.2% difference of the
total energy produced). This can be explained due to the fact that free period controller
most of the time uses a period that is slightly below the optimal period which seems to be an
effect of the continuously oscillating wind speeds. The table also shows that the controllers
with longer time horizon only very slightly improve the economic performance.
Summarizing the results for the constant wind speed scenario, we reach the conclusion
that both the fixed period and free period controller perform equally well and very close to
the economically optimal periodic performance if the fixed period is appropriately chosen.

8.4.2 Results for the Changing Wind Speed Scenario

In the changing wind speed scenario, the moving average output of the fixed period con-

troller oscillates around the level of (b?f’zgs 16m/s,per during the strong wind phase and around

the level of (P?)ff;s 5,10m/s,per during the phase with weaker wind, see Figure 8.4a (transient

horizon length T; = 0.57, and c¢; = 0.5) and Figure 8.5a (transient horizon lengthT; = T, and
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a) Employed period of free period controller, wind speed scenario and resulting average performance
for both controllers. The employed period for the free period controller oscillates slightly below the
optimal period length. The moving average output is oscillating around the optimal periodic average
output for wind speed 10m/s. Both the free and fixed period controller perform roughly equally well.
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b) Phase portrait for powerkite NMPC simulation. The closed-loop trajectories from both controllers
converge towards the form of a horizontal figure 8.

Figure 8.2: NMPC simulation results for constant wind speed scenario with transient horizon

length T; = %Tp respectively ¢; = % Both the fixed and free period controller perform very
similar.
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a) Employed period of free period controller, wind speed scenario and resulting average performance
for both controllers. Very similar behavior as in the case of the shorter transient horizon can be ob-
served (cf. Figure 8.2a).

1.35 T T T T T T T

NMPC trajectory fixed period
NMPC trajectory free period

13

1.25F

© [rad]

1.15F J

1.1 1 1 1 1 1 1 1
-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15

® [rad]

b) Phase portrait for powerkite NMPC simulation. The closed-loop trajectories from both controllers
converge towards the form of a horizontal figure 8.

Figure 8.3: NMPC simulation results for constant wind speed scenario with transient horizon
length T; = T, respectively c; = 1. The results are very similar to the results of the controller
with shorter transient horizon (Figure 8.2).
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transient controller total en- | considered | average Mean(AO)
horizon ergy [MJ] time [s] perfor- MW]
length mance

[MW]
T;=0.5Tp fixed 4535.68 800.17 5.67 5.68
c;=0.5 free 4526.29 800.47 5.65 5.66
Ti=Tp fixed 4539.61 800.17 5.67 5.68
=1 free 4528.43 800.35 5.66 5.67

Table 8.3: NMPC simulation results for the constant wind speed scenario for the time interval

[0s,800s]. Both controllers show very similar performance.

transient controller total en- | considered | average Mean(AO)
horizon ergy [MJ] time [s] perfor- MW]
length mance
[MW]

T:=0.5 Tp fixed 4818.22 239.82 20.09 19.99
c;=0.5 free 4916.47 239.99 20.49 20.46
Ii=T, fixed 4832.13 239.82 20.15 20.05
c=1 free 4917.94 240.06 20.49 20.46

Table 8.4: NMPC simulation results for the varying wind speed scenario for the time interval
[120s,360s] with strong wind (wg = 16m/s). The free period controller outperforms the fixed
period controller because it always employs the optimal period length.

¢y = 1). Similarly, the moving average output of the free period controller oscillates around
the level of (Pirgr?{;ks,p o during the strong wind phase and around the level of 9[’?&?{7&;) o during
the phase with weaker wind. The employed period of the free period controller is constantly

adapting to the optimal period corresponding to the current wind speed.

Table 8.4 shows a detailed comparison of the economic performance during the phase
of strong wind. The free period controller performs significantly better during this phase
(around 1.7% for transient horizon length T; = T, and ¢, = 1 and around 2% for transient
horizon length T; = 0.57, and ¢, = 0.5). This effect can also be observed over the whole
considered time interval, see Table 8.5. The tables also show that the controllers with longer
time horizon only very slightly improve the economic performance.

Summarizing the results from the changing wind speed scenario, we reach the conclusion
that the free period controller can outperform the fixed period controller because it always
employs the optimal period which corresponds to the current operating conditions (in this
case the changing wind speed parameter) of the system.
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a) Employed period of free period controller, wind speed scenario and resulting average performance
for both controllers. The period is adapted according to the current wind speed and converges towards
the optimal period for the phase of strong wind. The moving average output for both controllers os-
cillates around the values of the optimal periodic operation. During the strong wind phase, the free
period controller significantly outperforms the fixed period controller because it can adapt the period
accordingly while the fixed period controller is using a suboptimal period.
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b) Phase portrait for powerkite NMPC simulation for both controllers. In both closed-loop trajectories,
two different horizontal figure 8 can be observed. These correspond to the time intervals when the
wind speed remains for a while at 16m/s respectively 10m/s. While the figure 8 are quite similar during
the phase of 10m/s wind speed, they differ noticeably during the strong wind phase.

Figure 8.4: NMPC simulation results for changing wind speed scenario with transient horizon

length T; = %Tp respectively ¢; = %
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a) Employed period of free period controller, wind speed scenario and resulting average performance
for both controllers. Compared to the results for shorter transient horizon in Figure 8.4a no substantial
differences can be observed.
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b) Phase portrait for powerkite NMPC simulation for both controllers. In both closed-loop trajectories,
two different horizontal figure 8 can be observed. These correspond to the time intervals when the
wind speed remains for a while at 16m/s respectively 10m/s.

Figure 8.5: NMPC simulation results for changing wind speed scenario with transient horizon
length T; = T, respectively c; = 1. Compared to the results for transient horizon length T; =
0.5T}, respectively c¢; = 0.5 (cf. Figure 8.4), similar performance can be observed.
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transient controller total en- | considered | average Mean(AO)
horizon ergy [MJ] time [s] perfor- [MW]
length mance
[MW]

Tt 0.5Tp fixed 8621.97 650.07 13.26 13.28

=0.5 free 8788.61 650.26 13.52 13.54
Tt =Ty fixed 8637.58 650.07 13.29 13.30
=1 free 8789.18 650.48 13.51 13.53

Table 8.5: NMPC simulation results for the varying wind speed scenario for the time inter-
val [0s,650s]. The free period controller outperforms the fixed period controller because it
always employs the optimal period length.

8.5 Optimal Periodic Operation

To get reference values for the optimal average performance, we calculate the optimal pe-
riodic orbits for the described system for different wind speeds wy reaching from 10m/s to
16m/s.

Free Period

To determine the optimal periodic operation for a given wind speed wo, we consider the
periodic OCP Perfree (5.3) with the period bounded between T, = 6s and T, = 30s.

Problem Perfree is discretized using a Direct Multiple Shooting discretization with a uni-

form shooting grld consisting of 20 shooting intervals and piecewise constant controls. To
get a unique solution of this problem we have to include an initial value constraint for the
winding number 0 = 7(0) (note that the objective value of the solution is not affected by this
additional constraint). The results are summarized in Table 8.6. We note that in all of the
solutions we obtained the bound T < T < T (5.3e) is inactive. We denote the optimal period
for wind speed w by T,

Fixed Period

As we did in the free period case, we determine the optimal periodic operation for the differ-
ent wind speeds wg between 10m/s and 16m/s with the period fixed to T, = 11.28s, which
corresponds to the optimal period for the wind speed wo = 10m/s.
This is done by solving the periodic OCPs Per which is equivalent to Per}; ¢, where the
inequality constraint on the period (5.3€) is replaced by the appropriate equahty constraint.
The results are summarized together with the results for the free period case in Table 8.6.

free
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Fixed Period Free Period
wo [m/s] Average Period [s] | Average Period [s] | Improvement
Output Output [%]
[MW] [MW]
10 5.68 11.28 5.68 11.28 0.00
11 7.35 11.28 7.37 10.55 0.33
12 9.27 11.28 9.35 10.14 0.83
13 11.47 11.28 11.63 9.77 1.33
14 13.99 11.28 14.24 9.43 1.78
15 16.83 11.28 17.20 8.98 2.18
16 20.04 11.28 20.54 8.71 2.51

Table 8.6: Optimal periodic average energy output for different wind speeds. Column 2 and
3 show the results of Per‘}’;‘w0 where the period is fixed to Tj, = 11.28s (which is the optimal

period for a wind speed of 10m/s). Column 4 and 5 show the results corresponding to the
problems Perf,f,‘f)e, where the period is included as an optimization variable. In general the av-
erage energy output increases strongly with the wind speed. Additionally, by comparing the
optimal average outputs with fixed and with free period (columns 2 and 4) it can be observed
that there is further potential for improvement by optimizing the period. The optimal period
decreases for increasing wind speed. The relative improvement in percent can be seen the

last column.
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Conclusion and Outlook

In this thesis we have developed a novel approach for the design of economic NMPC schemes
for AOCPs. The approach is based on the observation that periodic solutions exhibit excel-
lent approximation properties to infinite horizon AOCPs. Compared to classical tracking
NMPC or E-NMPC with terminal constraints, our approach only requires a minimal amount
of a priori knowledge of the optimal economic behavior of the system, namely a period.

We have developed a stability theory for our method, which, complementary to the usual
approaches in stability analysis for E-NMPC, does not rely on dissipativity conditions of the
system (which are often hard to verify) but rather on assumptions on controllability and
on the continuous dependence of the NMPC subproblem solutions with respect to the ini-
tial value. As a result of our closed-loop analysis we have shown that the proposed NMPC
scheme achieves an economic performance which is on par with the optimal periodic eco-
nomic performance.

Furthermore, we have developed two extensions of the presented NMPC scheme. The first
one treats the period as an additional optimization variable and is suited for systems with
changing parameters. The second is an adaption for systems with periodic performance
criteria.

All the presented NMPC schemes are implemented within the Matlab NMPC framework
MLI and tested in a number of challenging application examples. The theoretical properties
of the closed-loop analysis have been confirmed in our NMPC simulations and the average
economic performance of the controllers reached the same level as the average performance
of the optimal periodic trajectories.

Real-Time Feasible Efficient Numerical Implementation

As part of the case studies in this work, we have solved the NMPC subproblems using an
interior-point method. We have chosen this approach because of its robustness. However,
for an efficient, real-time feasible implementation other solution algorithms have to be con-
sidered. For example, an SQP method can be used for the iterative solution of the occurring
NLPs. For the transformation of the high-dimensional but due to the Direct Multiple Shoot-
ing discretization sparse QPs into smaller but dense QPs, structure-exploiting condensing
techniques can be used. As the objective function and the periodicity constraint are both
coupled, the standard condensing techniques have to be enhanced to take this additional
structure into account. This can be done by first transforming the OCP into a standard (non-
coupled) OCP as described in Section 1.4.2 and then apply standard techniques.

Furthermore, additional speedup of the calculations can be achieved by using Multi-Level
Iteration (MLI) schemes as presented in [114] and [43]. Based on contraction-criteria for
the SQP-iterations this method can yield considerable computational savings by adaptively
updating the arising matrices and vectors.
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Application to Differential Algebraic Equations (DAEs), Partial Differential Equations (PDEs)
and Switched Systems

Aswe have pointed out in Chapter 3 the good approximation properties of periodic solutions
do only partially rely on the fact that the system is described by a system of ODEs. Extensions
of the theory in the direction of systems described by DAEs, PDEs or even switched systems
(systems with discontinuities in the right hand side) with state-discontinuities could be con-
sidered [21].

Examples for systems that can be modeled using switches and that exhibit intrinsic pe-
riodic behavior include Simulated Moving Bed [111, 94] and Multicolumn Countercurrent
Solvent Gradient Purification [8] processes.

NMPC with Adaptive Horizon Lengths

The NMPC controller we have proposed in Section 5.1 works with a time horizon of varying
length since the period is included as a free optimization variable in the OCP. In our numer-
ical case-studies we observed that, especially if the controlled process is close to the optimal
periodic orbit, a controller with relatively short transient horizon can perform equally well
as a controller with a longer transient horizon.

As a shorter time horizon reduces the computational complexity of the NMPC subprob-
lems (and thus the required time for their numerical solution), a controller that reduces the
length of the transient horizon in case the process is close to the optimal periodic promises
further computational speedup.
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Appendix A

Comparison Functions and X £-Bound for LYAPUNOV-Like
Functions

This appendix collects some elementary results concerning comparison functions which are
important in the stability considerations in this thesis. The following elementary result al-
lows that in many cases K functions can additionally be assumed to be smooth.

Lemma A.1 (K and X, Functions Have Smooth Lower Bounds )
Every K-function is bounded from below by a smooth K function and every Ko,-function is
bounded from below by a smooth K, function.

Proof The K, partis part of Clarke et al. [29, Lemma 2.5]. However, since there only a sketch
of the proof is provided, we include a different direct proof using convolutions. Let a € K.
Let y : R — R>o be a smooth function with support in [0, 1], positive on (0,1) and strictly
bounded from above by +1. An appropriately chosen bump-function can be used for this
purpose. The convolution a *y : R — R is defined as

a*y(1) ::[I‘Ra(r)y(t—‘r)dr. (A.1)

Note that here we interpret a as a function on R by setting a(s) = 0 for all negative s. The
function «a * y is smooth, because the convolution of a continuous function with a smooth
function is automatically also smooth. It is a lower bound for a because

t

a*y(t):fa(r)y(t—r)drz/ a@)y(t—-1)dr < a(f). (A.2)
R t—l%‘—,—/q

It is strictly increasing on Ry, as the following calculation for 0 < #; < , shows.

1
a*}’(t1)=}’*a(t1)=/y(r)a(tl—r)d1=/ Y(Da(h —1)dr
R 0 (A.3)

1
<f0 y(r)a(tg—r)dr=f[Ry(T)a(t2—r)dT:y*a(t2)=a*y(t2)

This shows that a * y is a K function. Furthermore, if a is a K function, the property
fol y(r)dt > 0 implies that [lim a *y(t) = oo holds and therefore a * y is also a Ko, function.
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Lemma A.2 (£ Bound for LyApuUNOV-Like Functions with Continuous Descent Property)
Let @ : R>9 — R be a K function. Then there exists a L L-function g such that for any 7, € R
and xp € R, for any solution ®(¢; £, x¢) of the IVP

x(t) = —a(x(1)) with x(fy) = xp. (A.4)
it holds
D(t; 1, x0) < B(xo, = o). (A.5)

Proof With Lemma A.1 let @ € K be a smooth lower bound of . It can be shown that the
solution of the IVP

x(t) = —a(x(¢)) with x(f) = xo (A.6)

is unique, exists for all times (PICARD-LINDELOF) and is an upper bound for any solution of
the IVP (A.4). Then, according to Khalil [71, Lemma 4.4] there exists a L function 8 with the
desired property (A.5) for the solutions of the IVP (A.6). The Lemma follows since solutions
of (A.6) are upper bounds for solutions of (A.4) with the same initial value. O

A similar statement holds in a discrete setting.

Lemma A.3 (£ Bound for Discrete LyAPUNOV-Like Functions)
Let a be a K, function and let ¢4 () := t — a(¢) for t € Ryg. Then there exists a JCL function
B such that

ok <B(t,k) forall £ € Rog and ke N A7)

holds (here (p(’ft(t) is an abbreviation for ¢, 0--- 0@y (1)).
kti
mes

Proof Since a € K, there is a smooth (in particular continuously differentiable) K, func-
tion @ that is a lower bound for a (see Lemma (A.1)). Now consider the function

toam)
vt —»/0 2t dr. (A.8)
From its definition it is clear that 0 < y(#) < 0.5 holds for all ¢ € R>(. This implies that y is
LIPSCHITZ continuous with constant < 0.5. From the definition it also follows that y () < &(¢)
holds for all ¢ € R>( and therefore, since y(0) = @(0) = 0, the function vy is a lower bound for &
(and for a). Furthermore y is strictly increasing because y(¢) > 0 for ¢ > 0. This shows that y
is a K function. Now define the function ¢, as follows

@y (1) := t—y(¢) for £ € Rx. (A.9)

The LIPSCHITZ continuity of y with constant < 0.5 implies that ¢y is strictly increasing.
Furthermore, since y is a lower bound for a, ¢, is an upper bound for ¢,. It follows that
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(p’}f(t) > (p'é(t) holds for all k € N and ¢ € R>g. Now define ﬁ (L k) — (pgf(t). For any k € N it
holds that 4(0, k) = 0 and f(-, k) is a strictly increasing function. Furthermore, for any ¢ € Rx
the sequence (,B(t, k))keN is strictly decreasing and converges to zero for k — oo (since the
sequence is strictly decreasing it converges to some limit * € R, and the continuity of ¢, im-
plies t* = ¢y (¢*), which means ¢* = 0). Now § has all the properties of a XL function, except
that it is only defined on R>( x N instead of R>o x R>g. But for each t € Ry, the sequence
(ﬁ(t, k) xen can be extended to an £ function f(¢,-) by linear interpolation. The resulting
function B is a KL function with all the desired properties. 0

Lemma A.4 (Bounds for Functions that Vanish on the Same Sets )
Let K < R be compact and let f, g : K — Rx( be two continuous functions with the property
f(x)=0=>g(x)=0 (A.10)

and let the set f~!(0) be nonempty. Then there exist Ko,-functions a; and @, such that

g0 = a1 (f(x) (A.11)
and

a2(g(x) = f(x) (A.12)
holds for all x € K.

Proof Consider the function d : R>¢ — Rx( defined by

d(s):= max g(x). (A.13)
xef~1([0,s])

For any s = 0 the set £~1([0, s]) is a nonempty and compact set since g is continuous and
f ~1([0, s]) is a closed subset of the compact set K. Therefore the function d is well defined.
By definition, d is non-decreasing and for any x € K it holds that

g(x) =d(f(x)). (A.14)

We now prove lim;_.gd(s) = 0. Let € > 0 and consider the set A, := g‘l([O,e)). Since g is
continuous, A, is open and its complement A{ c K is closed and thus compact. The function
f therefore has a lower bound §, on A¢ which can be chosen greater than 0 because f does
not vanish on A{. This implies

f)<d,>gx)<e (A.15)

and thus d(6,) <e.
By setting

a(l/zk) = d(l/Zk_l)-(l+1/2k) (A.16)
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for k € Z we can define a piecewise affine linear function « : (0,00) — R>( which per con-
struction is strictly increasing, continuous and an upper bound of d. Furthermore, it can be
checked that lima/(s) = 0 which shows that a is a K function. Since any K function can be
bounded fron above by a K function, this proves the existence of @ .

Because K, is closed under inversion and a3 := a;l satisfies (A.12), the proofis finished.
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Appendix B
Controllability

In this Appendix we discuss controllability properties for affine linear dynamical systems.
The explicit representation of control functions by means of the controllability Gramian al-
lows to prove that the KALMAN rank condition implies both the controllability Assumption
4.3 and the time-controllability Assumption 5.3.

B.1 Controllability for Linear Systems
Consider the affine-linear controlled system
x(1) = Ax(t) + Bu(t)

with A € R™*" and B € R"*"«_ For the initial value x(0) = xy and a control function u €
L™  (Rsg), the solution of the IVP is given by

‘o0,loc
t

x(t)zexp(At)x0+[ exp (A(t—1)) Bu(r)dr. (B.1)
0

If the controllability Gramian
t
G(1) := f exp (A(t—1)) BB  exp (AT (t— 1)) d7 € R (B.2)
0

can be inverted for a given ¢ € Ry, then the state y € R’ can be reached from the origin
0 € R™ in time t by applying the control function

uy, (1) :=BTexp (AT (t-1)) G(O) . (B.3)
Furthermore, it can be shown that KALMAN Rank Condition

rank ([B|AB|-+-|A""'B]) = ny (B.4)

N

C(A,B)eR"x*nunx

implies the invertibility of the matrix G(¢) for any ¢ € R (see e.g. Rugh [104, Theorem 9.5]).
The explicit expression of the required control to reach desired state leads to the following

Lemma.

Lemma B.1 (KALMAN Rank Condition Implies Controllability Assumption 4.3)

If the affine-linear system x(t) = Ax(?) + Bu(t) satisfies the KALMAN rank condition, then the

controllability Assumption 4.3 holds.
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Proof Let (%, @) € AC"*([0, T1) x L2 ([0, T]) be a solution of the dynamical system with ini-
tial value X(0) = xo and final value %(T) = x7. Then for any Ax € R"~, the control function
UpxT € L{}g([o, T1) according to (B.3) is well defined because G(T) is invertible due to the
KALMAN rank condition. With the previous considerations, it is clear that the dynamical sys-
tem with the control function i@ + ua,,r reaches the state xr + Ax from the initial state xp in
time T. This induces the mapping C,, : R — L3%([0, T]) with C,(y) := @i + Uy—xp. With Cy :
R" — AC™ ([0, T]) defined as Cy(y)(t) := x(1; X, C,(3)) it is straightforward to check that
C, induces a FRECHET-differentiable mapping C := (Cy, Cy,) : R™ — L2 ([0, T]) x AC™ ([0, T])
satisfying all the required properties imposed in Assumption 4.3. 0O

B.2 Time-Controllability for Linear Systems

For affine linear systems, the KALMAN rank condition (B.4) not only implies the controllabil-
ity Assumption 4.3, but also the stronger time-controllability Assumption 5.3.

Lemma B.2 (KALMAN Rank Condition Implies Time-Controllability Assumption 5.3)
If the dynamical system x(f) = Ax(f) + Bu(t) satisfies the KALMAN Rank Condition, then the
time-controllability Assumption 5.3 holds.

Proof For xy € R™ and Ty € R let ®(¢; xo, u, Tp) denote the solution at time ¢ of the IVP
x(1) = Ty (Ax(7) + Bu(r)) with initial value x(0) = xy. As we have seen in Lemma B.1, the
KALMAN rank condition implies that the state y € R~ can be reached from the origin in time
Ty € R- by applying the control function (see equation (B.3))

uy,1,(1) = Bl exp (AT (To - 1)) G(To) 'y (B.5)

to the original dynamical system. This implies that with the control input iy, 1, := uy,7,0(7 —
Tot) the dynamical system x(7) = Ty - (Ax(7) + Bu(r)) reaches the state y from the origin in
time 1. The induced mapping S: R"™ x Ryo — L*(10,1]) defined by S(y, t) := i, satisfies

@(1;0,5(, 1), D=y (B.6)

for all (y, T) € R™ x R and is FRECHET-differentiable, which follows from the explicit rep-
resentation of uy,r in (B.5). Let now (x,u) € AC™([0,1]) x ng‘ ([0,1]) be a solution of the IVP

x(t) =T, (Ax(t) + Bu(t)), x(0)= xp. (B.7)
By setting C(y, T) := u+ S(y — ®(1; xo, u, T), T) we can define a mapping C that satisfies
e C(x(1),T1) = u,

* ®(1;x0,C(y, T), T) = yforall (y, T) € R™ x R,

which proves that Assumption 5.3 holds for the affine-linear system x = (Ax + Bu). O
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A End of a definition, remark or assumption

O End of a proof

I Identity matrix in R"*"

\ Set difference

diag(v) Diagonal matrix with the entries of the vector v on the diagonal
Function Spaces

AB Set of functions f: A— B

c(T) Space of continuous functions f: 7 — R

AC™(T) Space of absolutely continuous functions f: 7 — R”"
AC™([ty,00))  Space of locally absolutely continuous functions f : [#y,c0) — R”
LL(T) Space of measurable functions f:7 — R” equipped with || - ||
L"  ([tp,00)) Space oflocally measurable functions f : [fy,00) — R" equipped with || [l

‘00,loc

K, Ko, L,KCL  Comparison functions cf. Definition 1.6

Black Board Symbols

Z,N,N* Set of the integers, natural numbers including (excluding) zero
R, R0, Rxq Set of the real numbers (non-negative, positive) numbers

R Space of n-dimensional real-valued vectors

R m Space of n x m matrices with real entries

T, Vector with entries 1 in R”

0, Zero Element of R”

Optimal Control Problems

NPf}x NMPC subproblem with fixed period T

NPf}X'[ NMPC subproblem with fixed period T for periodic performance criterion ¢
NPf;ee NMPC subproblem with free period for parameter p

Perf}X Periodic OCP with period T

Perf;x’é Periodic OCP with periodic performance criterion ¢ and period T

Pergee Periodic OCP with free period for parameter p
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@ p,trans
Tee
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Periodic objective functional of problem NPf}X
Transient objective functional of problem NPf}x
Objective functional of problem NP
Periodic objective functional of problem NPf}X'[
Transient objective functional of problem NP?X'[
Objective functional of problem NPf}X’Z

Periodic objective functional of problem NP#¢
Transient objective functional of problem NPf;ee

Objective functional of problem NPgee

Objective Functionals for periodic OCPs

fi
¢ ;;,ep‘:er

Roman Symbols

x(-)
u(-)
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Objective Functional of problem Perl}x

fix, ¢
T
free
p

Obijective Functional of problem Per
Objective Functional of problem Per

State trajectory
Control trajectory



List of Acronyms

AD
AOCP
BVP
CSTR
DAE
E-NMPC
END
IND
IVP
LQR
MLI
MPBVP
MPC
NLP
NMPC
ocP
ODE
PDE
PID

QP
SQP

Automatic Differentiation

Average Output Optimal Control Problem
Boundary Value Problem
Continuous Stirred-Tank Reactor
Differential Algebraic Equation
Economic Nonlinear Model Predictive Control
External Numerical Differentiation
Internal Numerical Differentiation
Initial Value Problem

Linear Quadratic Regulator
Multi-Level Iteration

Multi Point Boundary Value Problem
Model Predictive Control

Nonlinear Program

Nonlinear Model Predictive Control
Optimal Control Problem

Ordinary Differential Equation
Partial Differential Equation
Proportional-Integral-Derivative
Quadratic Program

Sequential Quadratic Programming
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