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Abstract. In the recent years, Hitchin systems and Higgs bundle moduli
spaces were intensively studied in mathematics and physics. Two major break-
throughs were the formulation of Langlands duality of Hitchin systems and the
understanding of the asymptotics of the hyperkéhler metric on Higgs bundle mod-
uli space. Both results were considered for the regular locus of the Hitchin system
and both results are conjectured to extend to the singular locus. In this work,
we make the first steps towards generalizing these theorems to singular Hitchin
fibers.

To that end, we develop spectral data for a certain class of singular fibers of
the symplectic and odd orthogonal Hitchin system. These spectral data consist of
abelian coordinates taking value in an abelian torsor and non-abelian coordinates
parametrising local deformations of the Higgs bundles at the singularities of the
spectral curve. First of all, these semi-abelian spectral data allow us to obtain a
global description of singular Hitchin fibers. Moreover, we can construct solutions
to the decoupled Hitchin equation on the singular locus of the Hitchin map.
These are limits of solutions to the Hitchin equation along rays to the ends of
the moduli space playing an important role in the analysis of the asymptotics
of the hyperkahler metric. Finally, we can explicitly describe how Langlands
duality extends to this class of singular Hitchin fibers. We discover a duality
on the abelian part of the spectral data, similar to regular case. Instead, the
non-abelian coordinates are symmetric under this Langlands correspondence.



Zusammenfassung. Hitchin-Systeme und Higgs-Biindel-Modulirdume er-
fuhren in den letzten Jahren ein wiedererstarktes Interesse von Seiten der Mathe-
matik und Physik. Dies fithrte zu zwei grofien Durchbriichen: Zum einen zur For-
mulierung der Langlands-Dualitdt von Hitchin-Systemen und zum anderen zur
Analyse der Asymptotik der hyperkahlerschen Metrik. Beide Resultate wur-
den bisher fiir den regularen Lokus der Hitchin-Abbildung bewiesen. Es wird
allerdings vermutet, dass sich beide Resultate auf den singuldren Lokus fortsetz-
en lassen. Diese Arbeit will die ersten Schritte in diese Richtung gehen, indem
gezeigt wird, wie sich Teilresultate auf singuldre Hitchin-Fasern erweitern lassen
und welche neuen Herausforderungen sich ergeben.

Zu diesem Zweck werden Spektraldaten fiir eine bestimmte Klasse singularer
Fasern des symplektischen und ungerade orthogonalen Hitchin-Systems eingefiihrt.
Diese Spektraldaten bestehen aus abelschen Koordinaten mit Werten in einem
abelschen Torsor und nichtabelschen Koordinaten, die lokale Transformationen
des Higgs-Biindels an den Singularitdten der Spektralkurve beschreiben. Zunéchst
vermitteln diese halbabelschen Spektraldaten ein globales Verstandnis der Geo-
metrie der singuldaren Hitchin-Fasern. Weiterhin kénnen mit ihrer Hilfe Losung
zur entkoppelten Hitchin-Gleichung konstruiert werden. Die Losungen dieser
Gleichung haben beim Verstdndnis der Asymptotik der hyperkahlerschen Metrik
auf dem reguldren Lokus eine wichtige Rolle gespielt. Schlussendlich, kann durch
den direkten Vergleich der singuldren Fasern eine Fortsetzung der Langlands-
Korrespondenz auf den singuléren Lokus formuliert werden. In den abelschen Ko-
ordinaten wird wie im reguléren Fall eine Dualitdt beobachtet. Die nichtabelschen
Koordinaten hingegen sind symmetrisch unter der Langlands-Korrespondenz.
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Introduction

Functions, just like living beings,
are characterised by their
singularities

Paul Montel |Mon32|
Viadimir I. Arnold [Arn92]

For more than thirty years, the study of moduli spaces of Higgs bundles is
a very active research area located at the crossroads of algebraic, complex and
differential geometry with the theory of integrable systems and surface group
representations. One major reason for the ongoing interest in these moduli spaces
is their extremely rich geometry. They were introduced by Hitchin [Hit87b| as
examples of non-compact hyperkéhler spaces. They are homeomorphic to moduli
spaces of flat G-bundles on X by the famous Non-Abelian Hodge Theory [Hit87bj
Don87; Sim88 (Cor88]. And most importantly for the present work, they have
a dense subset carrying the structure of an algebraically completely integrable
system - the so-called Hitchin system [Hit87a).

Hitchin systems. In physics, completely integrable systems are dynamical
systems with sufficiently many independent conserved quantities to find explicit
solutions for all times. Classical examples are the motion of a rigid body about
its center of mass and the geodesic flow on an ellipsoid, a once important problem
of geodesy .

In mathematical terms, a completely integrable system is a (complex) sym-
plectic manifold of dimension 2n with a system of n independent Poisson com-
muting functions. If the level sets of these functions are compact and connected,
it is a classical theorem of Liouville and Arnold |[Arn78] that the Hamiltonian
vector fields generate a simple transitive torus action.

By definition, the Higgs bundle moduli space Mg on a Riemann surface X
associated to a complex linear group G is a moduli space of pairs (E, ®). Here E
is a holomorphic G-vector bundle on X and @ is holomorphic one-form valued in
g, called the Higgs field. M has a complex symplectic structure on its smooth
points and a system of Poisson commuting functions is defined by the Hitchin
map

Hitg : Mg — Bg.
This is a proper, surjective, holomorphic map to a complex vector space Bg of
half the dimension of M, referred to as the Hitchin base. And indeed, Hitchin
showed for the classical groups [Hit87a] and Scognamillo for all complex reductive
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2 INTRODUCTION

groups [Sco98|, that on a dense subset B C Bg the fibers of the Hitchin map are
complex Lagrangian tori. Hence, the preimage of the regular locus B'rGeg under the
Hitchin map is a completely integrable system, nowadays called Hitchin system.

In addition, the complex tori have the structure of an algebraic variety and
are therefore abelian varieties. To identify the Hitchin fibers over the regular lo-
cus with abelian varieties one needs to introduce spectral data. The Hitchin map
applied to a Higgs bundle (E, ®) computes the eigenvalues of the Higgs field ®.
These eigenvalues are decoded in a complex curve covering the original Riemann
surface X. Each sheet of this covering over a point x € X corresponds to an
eigenvalue of ® at z. This is the so-called spectral curve respectively spectral
covering. Having fixed the eigenvalues, the eigenspaces determine a line bundle
on the spectral curve. For a point in the regular locus ng the spectral curve is
smooth. In this case, the moduli spaces of eigen line bundles are the classical ex-
amples of abelian varieties, most importantly Jacobians and Prym varieties (see
Section . This gives the torus fibers the smoothly varying structure of abelian
varieties turning the Hitchin system into an algebraically completely integrable
system.

Langlands duality for Hitchin systems. The recent progress in the the-
ory of Higgs bundle moduli spaces is highly stimulated by string theory. In string
theory, spacetime is augmented by extra dimensions in certain compact Ricci-flat
Kahler manifolds, so-called Calabi-Yau manifolds. Hyperkahler manifolds are
Ricci-flat and, even though being non-compact, the physical framework of string
theory was a driving force in the study of Higgs bundle moduli space. In the
present work, we will be concerned with two instances of this recent progress:
Firstly, the formulation of Langlands duality of Higgs bundle moduli spaces and,
secondly, the study of the asymptotics of the hyperkahler metric at the ends of
the moduli space.

Langlands duality of Higgs bundle moduli spaces is a reincarnation of mirror
symmetry. Originally, mirror symmetry is a duality between different mathe-
matical models of a certain string theory suggesting that Calabi-Yau manifolds
come in pairs (M, M ): The symplectic geometry of M determines the complex
geometry of M and vice versa. A geometric interpretation in terms of integrable
systems is the Strominger-Yau-Zaslow (SYZ) conjecture [SYZ01]. It states that
for a Calabi-Yau manifold M fibering over a base B by special Lagrangian tori
one can obtain its mirror partner by dualizing the torus fibers.

For Hitchin systems, mirror symmetry is connected to another important
duality in pure mathematics - the so-called Langlands duality. For a algebraic
group G there exists a Langlands dual group G, such that conjecturally the
representation theory of G is controlled by Galois representations into G.

Starting from the work of Hausel and Thaddeus [HT03| for G = SL(n,C),
G' = PSL(n,C) and Hitchin [Hit07] for G = Sp(2n,C), G* = SO(2n + 1,C) and
G = G! = Gy, Donagi and Pantev [DP12] established the following formulation
of Langlands duality of G-Hitchin systems for a complex semi-simple Lie group

G.



INTRODUCTION 3

i) The Hitchin bases Bg and Bgr are isomorphic and the isomorphism
restricts to the regular loci Bi® and BT .
ii) The regular fibers over corresponding points b € Bi® and b € BSE are

abelian torsors over dual abelian varieties.

Recall that an abelian torsor is an algebraic variety with a simple transitive
algebraic group action by an abelian variety.

In terms of mirror symmetry, this suggests that Mg and Mg, (or at least
their regular loci) are mirror partners. And indeed recently it was proven, that
the pair (Msi(n,c), MpsLn,c)) satisfies the Topological Mirror Symmetry Con-

jecture [GWZ17].

The general problem of the SYZ conjecture is that, for interesting Calabi-Yau
manifolds, there can not be a global torus fibration. We rather find a map M —
B, such that the generic fiber is a complex Lagrangian torus. More explicitly,
there exist points in the base B, over which the fiber is degenerate. This is the
situation we met for the Hitchin system. It is a torus fibration on the regular
locus B, but over points in the complement the torus fibers degenerate.

It is still an active field of research to extend the SYZ conjecture to families
of degenerating special Lagrangian tori . In Figure |1} we see a family of
tori degenerating by pinching a curve. Such an example was consider in [Aur07]
and it turns out that the singular fiber is self-mirror.

FIGURE 1. Degeneration to nodal torusEl

For a global understanding of the Langlands duality of Higgs bundle moduli
spaces again we are missing an extension to B\ B"E, the so-called singular locus.
Donagi and Pantev state in [DP12]:

“Our work deals with smooth cameral covers, establishing the
Hitchin duality over the complement of the discriminant. A ma-
jor step forward would be to formulate and prove the extension
to the entire base.”

Hilustration with permission by Menelaos Zikidis
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Singular fibers of Hitchin systems. In the present work, we will do a
first step in this direction. We will establish spectral data for a certain class of
singular Hitchin fibers for the Langlands dual groups Sp(2n, C) and SO(2n+1, C).
We will observe the relation between corresponding singular fibers over the same
point in the Hitchin base extending Langlands duality to singular Hitchin fibers.

In general, the geometry of singular Hitchin fibers and their spectral curves
is quite involved. The spectral curves can have several irreducible components
and these components can be non-reduced. For example, consider the fiber over
0 € Bg, the so-called nilpotent cone. Here the spectral curve is a copy of the
original Riemann surface of higher multiplicity. The nilpotent cone has itself
many irreducible components and carries all the topological information about
M (see [Hit87b] for G = SL(2,C)). We will give a description of the irreducible
components of the nilpotent cone for SL(3,C) in Chapter |§| of this work. This
result impressively underlines the complexity of this singular Hitchin fiber. The
intersection of the irreducible components is even more mysterious. For SL(2,C),
it is subject of the recent work [ALS20].

In the main part of this work, we will analyse singular Hitchin fibers with
irreducible and reduced spectral curve. Singular fibers of this kind were studied
in [Sch98; [Ng610; GO13] mostly building on a theorem by Beauville-Narasimhan-
Ramanan from the beginning of the history of Higgs bundles [BNR&9]. It states
that the Hitchin fibers with irreducible and reduced spectral curve can be iden-
tified with certain moduli spaces of torsion-free sheaves on the spectral curve. In
[GO13], an analysis of these moduli spaces was used to prove connectedness of the
singular Hitchin fibers for SL(2,C). However, this moduli spaces are themselves
quite complicated objects in algebraic geometry. Moreover, it is hard to extract
information about the Higgs bundle associated to a particular torsion-free sheaf
under the Beauville-Narasimhan-Ramanan correspondence.

Stratification result. We take a more direct approach to the study of singu-
lar Hitchin fibers with irreducible and reduced spectral curve. The normalisation
associates a smooth Riemann surface to the singular spectral curve. Similar to
regular Hitchin fibers, the eigenspaces of the Higgs field define line bundles on
the normalised spectral curve. However, these line bundles will live in different
connected components of their moduli space depending on the local shape of the
Higgs bundles at the singularities of the spectral curve. This yields a stratification
of singular Hitchin fibers.

We will formulate this result for Hitchin fibers of s[(2)-type, a class of Hitchin
fibers distinguished by the singularities of the spectral curve. For G = SL(2,C),
all Hitchin fibers are of s[(2)-type.

THEOREM 1 (Theorem [4.2.13] 4.4.5). Let G = Sp(2n,C) or G = SO(2n +
1,C). Let b € Bg with irreducible and reduced spectral curve of s[(2)-type. Then

there exists a stratification
-1
Hitg' (b) =| | S

i€l
by finitely many locally closed subsets S;, such that every stratum S; is a (C*)™ x
C®-bundle over a fixed abelian torsor.
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The abelian torsor parametrises the eigen line bundles of (E, ®) € Hitg'(b)
and will be referred to as the abelian part of the spectral data. The (C*)" x C%:-
fibers, the non-abelian part of the spectral data, decodes local deformations of
the Higgs bundle at the singularities of the spectral curve by so-called Hecke
transformations.

A Hecke transformation of a holomorphic vector bundle is the generalization
of twisting a line bundle by a divisor. The work of Hwang-Ramanan [HR04]
showed that Hecke transformations can be used to deform Higgs bundles along
singular Hitchin fibers. We develop this approach and show that, depending
on the singularities of the spectral curve, there is a certain family of Hecke
transformations acting on the singular Hitchin fiber. Hecke transformations are
parametrized by the directions, in which the holomorphic vector bundle is twisted
and these parameters are the (C*)" x C®-fibers in Theorem

A global view on singular Hitchin fibers. The stratification of Theorem
contains a unique, open and dense stratum Sy C Hital(b). This dense stratum
is compactified by lower dimensional strata distinguished from Sy by a lower
dimensional moduli space of Hecke parameters. For the unique closed stratum,
this parameter space is a point and hence this stratum identifies with the abelian
torsor. The collection of closed strata over certain subsets of Bg \ B form the
lower-dimensional integrable systems supported on the singular locus, that were
described in Hitchin’s recent work [Hit19].

To analyse how the strata glue together to form the singular Hitchin fiber
we consider two examples in more detail. For G = SL(2,C), the Hitchin base
is the vector space of quadratic differentials H°(X, K%). In this setting, the
examples we want to consider are Hitchin fibers over a quadratic differential
g€ HY(X, K?{) with a single zero of order 2 or 3, such that all other zeroes are
simple. For Sp(2n,C) and SO(2n + 1,C), there are corresponding cases for all
n € N.

Let us start wit the case of a single zero of order 3. Here we have two strata

S():(T’():O,S():l), 812(7“120,81:0).
In Figure 2] we sketched the situation by compressing the abelian part of the

FIGURE 2. Pl-bundle over abelian torsor

spectral data to a circle. On the left hand side, we see the open and dense stratum
So, where think of the C-fiber as P!\ {oc}. When we glue in the lower dimensional
stratum Sp, we obtain the singular Hitchin fiber as a P!-bundle over an abelian
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torsor (see Section for more details). Generalising this situation, we obtain
the following theorem:

THEOREM 2 (Theorem [2.6.14} 4.2.14] |4.4.5)). Let b € B¢ of sl(2)-type, such
that the spectral curve is reduced and locally irreducible, then the Hitchin fiber
Hit;'(b) is a holomorphic fiber bundle

Compact moduli space of Hecke parameters — Hit&l(b) — Abelian Torsor.

Here the compact moduli space of Hecke parameters is obtained by glueing
the non-abelian spectral data of all strata. The fact that the projection map to
the abelian torsor persists under this glueing is non-trivial, as we will see in the
next example.

We consider the case of a quadratic differential ¢ € H°(X, K%) with one
double zero and all other zeroes simple. Again we have two strata

802(1"0:1,5020), 512(T1:0,51:O).

On the left hand side of Figure [3] we see a sketch of the open and dense stratum
Sy, where the C*-fibers are depicted by little tunnels. However, if we want to
compactify the dense stratum Sy by Si, a new phenomena arises. The Higgs
bundles corresponding to the points zero and infinity do not have the same eigen
line bundle and hence do not correspond the same point on the abelian torsor.
We obtain the singular Hitchin fiber by glueing the point at infinity to another
point on the circle corresponding to the new eigen line bundle (see Example
for more details). This is sketched on the right hand side of Figure

FIGURE 3. Twisted P-bundle over an abelian torsor

In particular, we see that there can not be a well-defined map extending to
HitC_;1 (¢) the projection of Sy to the abelian torsor. More generally, whenever the
spectral curve is not locally irreducible, we are left with a surjective map from a
fiber bundle Fg(b)

Compact moduli of Hecke parameters — F(b) — Abelian Torsor
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to Hit;'(b), such that the projection map from Fi(b) to the abelian torsor does
not factor. This was recognized before in |[GO13} Hit19] in the SL(2, C)-case.

Towards Langlands duality for sin- -
gular Hitchin fibers. Concerning Langlands z
duality, we have to take a closer look at the /
abelian part of the spectral data. For G = /o
Sp(2n, C) the spectral curve ¥ has an involu-

b))
tive Deck transformation o : X — ». We can \ J
X

take its quotient and, together with the nor-
malised spectral curve Y, we obtain the com-

mutative diagram of spectral curves in Figure
a FiGURE 4. Commutative dia-

By definition the spectral curve is of s[(2)- 8ram of spectral curves

type if and only if ¥ /o is smooth. In this case,
there is an abelian variety associated to the 2-sheeted branched covering of Rie-
mann surfaces ¥ — ¥ /o, the so-called Prym variety. The abelian part of the
spectral data for G = Sp(2n,C) is a torsor over this Prym variety.

For G = SO(2n+1, C), the abelian part of the spectral data is closely related.
It is a union of torsors over a quotient of the Prym variety by the finite group Zgg ,
where ¢ is the genus of X. This quotient can be identified with the dual abelian
variety. We obtain the following formulation of Langlands duality for singular
Hitchin fibers.

CoroLLARY 3 (Corollary [4.4.7). Let b € Bsyan,c) = Bson+1,c) of s1(2)-
type, such that the spectral curve is irreducible and reduced. Then the Hitchin

fibers Hits_;@n,(:)(b) and Hitgé@n“’(c)(b) are related as follows:

i) The abelian parts of the spectral data are unions of torsors over dual
abelian varieties.
ii) The parameter spaces of Hecke transformations are isomorphic.

Recall that for SL(2,C), all Hitchin fibers are of sl(2)-type.

Going back to figures thinking of the abelian part as a circle of circumfer-
ence C, we obtain the Langlands dual Hitchin fiber by changing the circumference
to % leaving the Hecke parameters unchanged.

Limiting Configurations for singular Hitchin fibers. Another recent
development in the study of Higgs bundle moduli spaces is the analysis of the
asymptotics of the hyperkéhler metric at the ends of the moduli space. Evolving
from an intriguing conjectural picture developed by Gaiotto, Moore and Neitzke
[GMN13], it was shown that on the regular locus of the Hitchin map the asymp-
totics of the hyperkahler metric are described by a so-called semi-flat metric
[Maz+19; Frel8bj |[Fre+20]. This is a hyperkéhler metric defined on any alge-
braically completely integrable system by the theory of special Kédhler manifolds
[Fre99]. It does not extend over the singular locus, but Gaiotto, Moore and
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Neitzke suggest that it can be modified by so-called instanton corrections to de-
fine a hyperkéhler metric on M. Recent progress in this direction can be found
in [Tull9).

The first step in analysing the asymptotics of the hyperkahler metric, was
finding limits of solutions to the Hitchin equation along rays to the ends of the
moduli space [Maz+16; Mocl6; [Frel8a]. As shown in [Maz+14}; Frel8al, these
so-called limiting configurations satisfy a decoupled version of the Hitchin equa-
tion and are completely determined by spectral data. In Theorem we will
use the semi-abelian spectral data explained above to construct solutions to the
decoupled Hitchin equation for sl(2)-type fibers of the symplectic Hitchin system.
We conjecture them to be limiting configurations. For SL(2,C), this is a theorem
by Mochizuki [Moc16].

Reader’s guide

We will start with a short introduction to Higgs bundle moduli spaces, Hitchin
systems and abelian varieties in Chapter |1} concentrating on the crucial aspects
for the present work. In Chapter the main results will be established for
G = SL(2,C). We obtain the stratification result in Section and analyze the
global structure of the singular Hitchin fibers in sections and We will
end this chapter with a description of SL(2, R)-Higgs bundles via semi-abelian
spectral data (Section [2.8).

In Chapter [3] we review Hecke transformations of holomorphic vector bundles
of arbitrary rank and analyse the pushforward of holomorphic vector bundles
along branched coverings of Riemann surfaces.

This will be essential in Chapter [} Here the main result is the identification
of s[(2)-type Hitchin fibers for G = Sp(2n,C) and G = SO(2n + 1, C) with fibers
of an Sp(2,C)- resp. SO(3,C)-Hitchin system. This allows us to reduce the
analysis of s[(2)-type Hitchin fibers to results of Chapter |2, Moreover, we obtain
the description of Langlands duality for s[(2)-type Hitchin fibers by analysing the
duality for rkg = 1 (Section .

In Chapter [5] we will use semi-abelian spectral data to construct solutions to
the decoupled Hitchin equation and give reason, why we conjecture them to be
limiting configurations. Moreover, we use analytic techniques to show that the
fiber bundles in Theorem [I] and [2] are smoothly trivial.

Chapter [0] is independent of the previous chapters. We develop a method to
obtain spectral data for singular Hitchin fibers with non-reduced spectral curve.
The main tool will be hypercohomology and we will shortly introduce it in the
beginning of the chapter. We will apply this approach to certain strata of the
nilpotent cone in SL(n, C) (Section [6.3).

In the last Chapter [7} we explain connections to other recent results in the
field and give an outlook on future research projects evolving from the present
work.



CHAPTER 1

Preliminaries

1.1. Notation

We will often consider a covering of Riemann surfaces 7 : ¥ — X. We will
call m a branched covering, if there exists at least one branch point. We call
it unbranched, if there are no branch points. If we do not specify one of these
options, the covering 7 can be branched or unbranched.

To avoid confusion, we will refer to points in Y, where different sheets meet or
equivalently zeros of dm as ramification points and to the images of these points
under 7 as branch points. We denote by R = div(d7) € Div(Y) the ramification
divisor and refer to its coefficient R, at a ramification point p € Y as the ramifi-
cation index. B := Nm(R) € Div(X) is referred to as branch divisor.

;4(i,j)<.)

B

BG(Xv M)
Div(+)
DivT(-)
Hitg
Jac(")

K =Kx

Ma(X, M)

Dual vector bundle or abelian variety.

Smooth (4, j)-form valued sections of vector bundle.

Branch divisor.

M-twisted G-Hitchin base on X.

Abelian group of divisors on a Riemann surface.

Effective divisors on a Riemann surface.

G-Hitchin map.

Abelian group of holomorphic line bundles of degree 0.
Holomorphic line bundle of (1, 0)-forms on a Riemann surface
X, canonical bundle.

Moduli space of polystable M-twisted (linear) G-Higgs bundles
on X.

Stalk of a sheaf ¢ at .

Sheaf of holomorphic functions an a Riemann surface X, trivial
holomorphic line bundle.

Sheaf of holomorphic sections of a holomorphic vector bundle.
Abelian group of holomorphic line bundles.

Twisted Prym variety, see Section

Spectral cover.

Normalised spectral cover.

Ramification divisor.

Riemann surface of genus g > 2.

Zero set of holomorphic section of line bundle.
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1.2. Higgs bundle moduli spaces

Let G be a complex reductive Lie group and g its Lie algebra. Let M be a
holomorphic line bundle on X.

DEFINITION 1.2.1. A M-twisted principal G-Higgs bundle is a pair (P, ¢) of
a holomorphic principal G-bundle P and a Higgs field ¢ € H(X, (P xaqg) @ M).

Let Mg(X , M) denote the moduli space of polystable M-twisted principal
G-Higgs bundles on X. This is a complex analytic space. It is an algebraic
variety, whenever G is algebraic (see [GGR09| and references therein). Given
a homomorphism of complex Lie groups p : G — GL(n,C), we can associate a
(linear) Higgs bundle to (P, ¢) by

E:=Px,C", ®=dp(¢)c H'(X,End(E)® M),
where
dp : P Xpdg, § = P Xade op Mat(n,C) = End(FE)
is the induced map.
ExAMPLE 1.2.2 (linear GL(n, C)-Higgs bundle). A M-twisted linear GL(n, C)-

Higgs bundle (E, ®) is a holomorphic vector bundle E of rank n and a Higgs field
® ¢ H°(X,End(E) ® M). We can recover P as the frame bundle of E.

DEFINITION 1.2.3. Let G C GL(n,C) a complex reductive linear group. A
(linear) G-Higgs bundle is a GL(n,C)-Higgs bundle (E,®) with a reduction of
structure group to G, i. e. there exist G-transition function for F, such that

® e H(X,g(E)® M) C H'(X,End(E) ® M),
where g(EF) =: E Xad, 9-

Let G C GL(n,C) a complex reductive linear group. Denote by Mg (X, M)
the moduli space of polystable (linear) M-twisted G-Higgs bundles on X.

LEMMA 1.2.4. Let (E,®) € Mg(X, M) be stable and simple. Then there is
an ezxact sequence

ad(®
0= 3(a) — HO(X, g(E)) 2224 HO(X, g(E) @ M) = Tip.a Ma (X, M)

S HNX, 9(B) 2 HY(X, 9(E) @ M).

ProoOF. If a G-Higgs bundle is stable and simple, it is a smooth point of the
moduli space (see [GO17] Proposition 3.12). Furthermore, from stability

aut(E, @) = {¢ € H(X, g(E)) | ad(®)(s) = 0} = 3(g)-
Let Or the Dolbeault operator on the underlying smooth vector bundle. Then it
easy to see that the tangent space T{g o)Mq(X, M) can be identify as

{(B,9) € A% (g(E)) & A%(g(E) ® M) | 05 + [8, 9] = 0}
{(0F 0, [®,a]) | o € A%(g(E))} '

Hence, we can define a map Tg ¢)Ma — H%'(X,g(E)) by projecting to the
Dolbeault cohomology class of 3 € A% (g(E)). Then

ad(®)(8) = 95"
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if and only if 3 lies in the image of this projection. Hence the map is exact at
HOM(X, g(E)).

To the left side, we can clearly map a section ¢ € H°(X,g(E) ® M) onto
(0,9) € T g,0)Mg and this lies in the kernel of the projection to HOY (X, g(E)).

On the other hand, if 3 = 0E"a, then v + o, 9] € H(X,g(E) ® M) and
(ﬁ? sz)) - (ggndav [T/}v Oé]) = (07 1/} + [O[, T/}])

Y € H°(X, g(F) ® M) is map on the tangent space to the gauge orbit if and only
if it is in the image of ad(®). O

ProprosITION 1.2.5 (|Nit91; Mar94; Bot95|). The dimension of Mqa(X, M)
is given by the following table

Condition ‘ Dimension

deg(M) >2g—2 deg(M)dim g + dim 3(g)
deg(M)=2g—2 and M 2 K (29 — 2)dim g + dim 3(g)
M=K (29 — 2)dim g + 2dim 3(g)

Furthermore, Mg(X, K) has the structure of a complex symplectic manifold, i. e.
there exists a holomorphic symplectic form w € A*%(X). More generally, if there
exists a holomorphic section of MK, then Mqg(X, M) is a Poisson manifold.

PRrROOF. Let (E,®) € Mg(X, M) be stable and simple. To use the exact
sequence of the previous lemma, we have to compute

coker (ad(®) : H'(X,g(E)) — H'(X,g(E) ® M)).

Combing Serre duality with a non-degenerate Ad-invariant bilinear form on g, it
is dual to the kernel of

ad(®) : HY(X,g(E) ® M™'K) —» H(X,g(F) ® K).

An element ¢ € HY(X, g(E)® M 1K) in the kernel has generically full rank from
the stability of (E, ®). Hence, the kernel is {0} in the first two cases and 3(g) for
M =K.

Now using the exact sequence of the previous lemma together with Riemann-
Roch, we obtain

dim T )M (X, M) = deg(M) dim g + 3(g)(1 + dim H' (X, M)).

For M = K, combining Serre duality with a non-degenerate Ad-invariant bilinear
form on g, yields a non-degenerate pairing

H(X,9(E)® K) x HY(X,g(E)) — C.

inducing a well-defined holomorphic symplectic form on Mg (X, K). The proof
of the last assertion can be found in [Mar94; Bot95]. O
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1.3. Hitchin systems and spectral data

DEFINITION 1.3.1 (Algebraically completely integrable system). An alge-
braically completely integrable system is a complex symplectic manifold M to-
gether with a holomorphic map p : M — B, such that

i) the fibers are complex Lagrangian tori and,

ii) for all b € B, there exists a cohomology class p, € H!'(p~(b)) N
H?(p~Y(b),Z) smoothly varying in b, such that the induced hermitian
metric on p~!(b) is positive definite (cf. Theorem .

Let C[g]® denote the algebra of Ad(G)-invariant polynomials on g. Let

ai, ..., ay(g) be homogeneous generators for (C[g]G, then the Hitchin map is de-
fined by
rk(g)
MG(X, M) — Bg(X, M) e @ HO(X’ ]\4deg(ai))7
i=1

(B, @)~ (a1(®), ..., aug)(P)) -

The Hitchin map is a proper, flat, surjective, holomorphic map (see [Sim95]). The
collection of integers deg(a;) — 1 are an invariant of the Lie algebra, the so-called
exponents of g. Let us first compute the dimension of the Hitchin base Bg.

PROPOSITION 1.3.2. For deg(M) > 2g — 2 the dimension of the Hitchin base
s given by

dim B (X, M) = § deg(M)(dim g + rk(g)) + rkg(1 — g).
If M = K, we have
dim Bg(X,K) = (9 — 1) dim g + dim 3(g).
PROOF. For a semi-simple Lie algebra h, Varadarajan [Var68| proved

rk(h)
deg(a;) = 3(dimb + rk(b)).
1

1=

The reductive Lie algebra g has a Levi decomposition g = 3(g) & g%, where g** is
semi-simple. We claim that the number of exponents equal to 1 is the dimension
of 3(g). If a € C[g]A9% is of degree 1, then it factors through

g/lg, 0] = 9/[6°%, 0°°] = 3(9).

This proves the claim. Hence, for a complex reductive Lie group G, we have

rk(g) rk(g°®)
> deg(a;) = Y deg(as®) + dimj(g) = §(dim g°* + rk(g*)) + dim 3(g)
=1 i=1

= %(dimg +1k(g)).
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With Riemann-Roch, we compute for deg(M) > 2g — 2

rk(g)
dimBg = ) (deg(M)a; + 1 — g+ dim H' (X, M*))
i=1
= 1 deg(M)(dim g + rk(g)) + rkg(1 — g).
In the same way, we obtain the formula for M = K. O

THEOREM 1.3.3. Let f1,fo € Bg(X,K)V, then the compositions with the
Hitchin map
F; = fioHit: Mg(X,K) —» C
Poisson-commute with respect to the complex symplectic structure of Mg(X, K).

PrOOF. This was proven by Hitchin [Hit87a] for the cotangent bundle
T*Ng C MG(Xv K)>

where N¢ is the moduli space of stable holomorphic G-bundles, using the con-
struction of this moduli space by symplectic reduction. A detailed exposition
of the proof of the statement on Mgy, c)(X, K) can be found in [Stel5]. It
generalizes verbatim to complex reductive linear groups G C GL(n,C). O

THEOREM 1.3.4 ([Hit87a; [Sco98|). There exists a dense subset of the Hitchin
base B C Ba(X, K), such that the Hitchin map restricted to B®

Hitg : Hit,'(B™8) — B¢
defines an algebraically completely integrable system.

REMARK 1.3.5. This is proven by identifying the fibers of the Hitchin map
with so-called spectral data showing that the fibers are abelian varieties with a
smoothly varying polarization. For the Lie groups GL(n,C), SL(n,C), Sp(2n,C),
SO(2n 4 1,C), G,, this was proven case by case in [Hit87a; [Hit07]. Indeed for
Sp(2n,C) and SO(2n + 1,C), we will reprove this result in Theorem and
To prove it for a general complex reductive Lie group one needs to use the
language of cameral data introduced in [Sco98].

Notice that for SL(2,C), Hitchin has directly determined the critical locus
of the Hitchin map in his recent work [Hit19]. Then the complete integrability
follows from the Liouville-Arnold Theorem |[Arn78§].

Spectral data is obtained by a spectral analysis of the Higgs bundle. The
coefficients of the characteristic polynomial of an element in g are polynomials
in C[g]® (but in general no generators). Hence, the Hitchin map determines
the characteristic polynomial of (E,®) € Mg(X, M). For every point in the
Hitchin base the characteristic polynomial defines an analytic curve ¥ C Tot(M)
determing the eigenvalues of the Higgs bundles in the corresponding Hitchin
fiber. If the spectral curve is irreducible and reduced, these Higgs bundles are
almost everywhere on X locally diagonalizable with distinct eigenvalues. At all
these points the natural projection > — X is a unbranched covering of Riemann
surfaces. At the points, where the characteristic equation has zeroes of higher
multiplicity, different sheets of this covering meet. Such points can be smooth
ramification points, but also singularities of the spectral curve.
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Before making this more precise in an example, let us prove the following
lemma that will be useful to compute the canonical bundle of the spectral curve.

LEMMA 1.3.6. Let p:V — X be a holomorphic vector bundle on a Riemann
surface. Let Y = Tot(V), then Ky = p*(Kx ® det(V)~1).

PROOF. Let (U, z) C X open coordinate chart and si,...,s, a frame of V.

As V is a vector bundle the vertical tangent bundle is identified with Vi;. Hence,
dzAsy A As)

defines a local frame of Ky = A" TVY. Now, it is easy to see that, when

changing the coordinate chart and the trivialisation of V', this section transforms

like a section of p*(Kx @ det(V)™1). O
EXAMPLE 1.3.7 (GL(n,C)-spectral data). Let G = GL(n,C). In this case,
the coefficients (a1, ...,ay,) of the characteristic polynomial define generators of

Clg]“ and the Hitchin map is given by
Mg (X, K) = BeLne) (X, K) = @ HO (X, K7,
i=1

(an))H (al(q))ﬂ"'aan(q)))'
Fix a = (a1,...,an) € BgL(n,c)(X, K), then the characteristic equation of (£, ®)

€ Hita}(nm (a) is given by

N+ a A" P+t a A+ a, = 0.

Let px : K — X the bundle map and n : K — pj(K) the tautological section.
Then the spectral curve is the divisor

Si=Z (0" + Pka)n" " + - 4 (Dkan—1)n + Pican) C Tot(K).

The projection map px restricts to an n-sheeted covering 7 : ¥ — X. Define the
regular locus by

reg
BGL(n,

The regular locus is dense in the Hitchin base by the discriminant criterion. The
discriminant of the characteristic polynomial defines a section

disc(a) € HO(X, K™Y,

Generically, the discriminant has simple zeroes. It is easy to see that in this
case, all points of the spectral curve, where different sheets meet, are smooth
ramification points of index one (cf. Proposition. In particular, the spectral
curve is smooth. We can compute its canonical bundle by the adjunction formula
using Lemma We have

Ky = (Kvor(x) @ PicKX)) |2 = 7" KX

and hence its genus is given by g(X) = n?(g — 1) + 1.

The spectral covering is the first part of the spectral data. The second part
decodes the eigen spaces of (E,®). Let A = n|x : ¥ — 7*K, then we can define
an eigen sheaf

0 = {a € Bg(n,0)(X, K) | ¥(a) is smooth }.

ker (7*® — Aido(q+)) C O(T*E).
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This defines a point in the moduli space of holomorphic line bundles of degree
d=deg(E)+ (n—n?)(g—1) on X. Fora € B(r;el_g(njc)’ this identifies
Hitéﬁ(n,@)(@) = Pic’(%).

We have a simple transitive group action of the abelian group Jac(X) of line
bundles of degree 0 on Y

Jac(Y) x Picd(2) = PicY(®), (L,N)— (L ® N).

As we will see below Jac(X) is an abelian variety of dimension g(X) and we just
proved that Pic?(X) is a torsor over it.

Summing up, for a € Bgel_g(ny(c) the Hitchin fiber Hitaﬁ(n’c)(g) is a complex
torus and hence the Hitchin system is completely integrable on the regular locus.
As we will see below, having a smoothly varying structure of an abelian variety
is equivalent to the existence of a smoothly varying polarization p, as demanded
in Definition [1.3.1] (see Theorem [1.4.3). Hence, the GL(n,C)-Hitchin system is

an algebraically completely integrable system.

REMARK 1.3.8. Spectral curves of Higgs bundles a priori defined in the an-
alytic category are algebraic. Let X a Riemann surface, then there exists a
projective algebraic curve X', such that the underlying analytic space X,, = X.
By the GAGA principle [Ser56], the induced maps

H°(X,KY) — H(X,KX)

are isomorphism for all # > 1. Hence, every point in the Hitchin base corresponds
to a collection of regular sections of some power of the canonical of X. With such
choice of sections the spectral equation is defined in the algebraic category and
hence the zero divisor ¥ C Tot(M) defines an algebraic curve.

In the following, we will mainly consider singular Hitchin fibers with irre-
ducible and reduced spectral curve. This has the big advantage that we do not
have to worry about stability conditions.

LEMMA 1.3.9. Let (E,®) € Mgyn,c)(X, M) with irreducible and reduced
spectral curve. Then (E,®) is stable.

PrROOF. If there is a ®-invariant subbundle F' C E, then the characteristic
polynomial of ®| ¢ divides the characteristic polynomial of ®. Hence, the spectral
curve can not be irreducible and reduced. O

The g-discriminant. In Example we saw that the discriminant of the
characteristic equation can be used to detect the regular locus. However, for
other complex Lie groups the discriminant of the characteristic has generically
higher order zeroes (cf. Example for Sp(4, C)-case). The g-discriminant is
a generalization for complex semi-simple Lie groups detecting the regular locus
of Bga.

Let G be a semisimple connected Lie group and g its Lie algebra. Let h C g
a Cartan subalgebra and A C b the associated set of roots. Let W denote the
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Weyl group permuting the roots and C[h]" the W-invariant polynomials on b.
Then
[[eccH™

is of degree |A| and defines an Ad(G)-invariant polynomial discg on g by the
Chevalley restriction isomorphism

Clg]® = C[O1", f = fle-

We refer to discg as g-discriminant. Let (E,®) € Mq(X, M), then discy(®) €
HO(X, M ‘A|). Being an invariant polynomial, it factors through the Hitchin map.
For a € Bg, we will write discg(a) for the holomorphic section computed in this
terms.

THEOREM 1.3.10 ([Sco98]). Let a € Bg, such that discq(a) has simple zeroes,
then the Hitchin fiber Hitg,1 (a) is a union of abelian torsors.

This is proven using so-called cameral data, a way to formulate spectral data
without specifying a linear representation of G. If the discriminant has simple
zeroes, the cameral curve is smooth and the Hitchin fiber can be identified with
an abelian variety. We will see in Lemma and Lemma that for G =
Sp(2n,C) and G = SO(2n + 1,C) the spectral curve ¥ is smooth, when the
discriminant has simple zeroes. In this way, we recover the result for these Lie
groups.

1.4. Abelian varieties

In this section, we want to collect some basic facts about abelian varieties.
The regular fibers of Hitchin systems are torsors over abelian varieties and also
for the singular Hitchin fibers considered below, one part of the spectral data
will be defined in this way. We will mainly focus on Prym varieties, which will
play a major role in the remainder of this work. In the end of the section,
we will compute the dual variety of the Prym variety - the cornerstone for the
Langlands duality of the Sp(2n, C)- and SO(2n+1, C)-Hitchin system. A beautiful
introduction to the topic is Mumford’s book [Mum?74aj. Prym varieties of double
covers are intensively studied in [Mum?74b].

DEFINITION 1.4.1. An abelian variety is a complex torus that is also an alge-
braic variety.

ExAMPLE 1.4.2. Consider a complex torus T' = C/A of dimension 1, where
A C C is a lattice. Choosing generators for A, the Weierstraf} elliptic function g
defines a meromorphic function on C invariant by A and hence a meromorphic
function on 7. We can define an projective embedding 7' — P? by the extension
of

2o (L pl2) 1 0(2)).

Hence, all complex tori of dimension 1 are abelian varieties by Chow’s Theorem
[Cho49].
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THEOREM 1.4.3 ([Mum?74a| Section 1.3). Let V' a complex vector space of
dimension g and A C'V a lattice. Let A=V /A. The following are equivalent:

i) A is an abelian variety.

i) A is a projective complex torus.
iii) There exist g algebraically independent meromorphic functions on A.

) There exists an alternating bilinear form p € HYY(V) N A? Hom(A, Z),
such that the associated hermitian metric on V is positive definite.

1v

A bilinear form p € N> Hom(A,Z) as in iv) is called a polarization on A.

EXAMPLE 1.4.4. The basic example is the Jacobian Jac(X) of a Riemann
surface X, the abelian group of holomorphic line bundles of degree 0. From the
long exact sequence associated to the exponential sequence

0 — 2miZ — Ox =2 0% — 0,
we obtain
Jac(X) = HY(X,0x)/H (X,Z) = C9/79.
An ample line bundle on Jac(X) is given by the theta-divisor

g—1

©:Sym? 1(X) = Jac(X),  (p1,...,pg-1) = O _(pi — po)),
=1

where pg € X is fixed.

REMARK 1.4.5. In contrast to Example almost no complex torus V/A
of dimension > 2 is an abelian variety. One can show that on almost every torus
HY (V)1 N\ Hom(U, Z) = {0}

(see [Mum74a] Section 1.3).

1.4.1. Prym varieties. Consider a n-sheeted branched covering of Riemann
surfaces m : Y — X. Define the norm map

Nm:Div(Y) = Div(X), > aw—= > [ Y af=

yey rzeX yETrfl(a:)
One way to show that it descends to divisor classes is the formula
det(m.O(D)) = Ox(Nm(D)) ® det(m.Oy), D € Div(Y)

proved in Lemma [3.2.3] The left hand side does only depend on the divisor
class and hence does Ox(Nm(D)). We obtain a surjective morphism of abelian
varieties

Nm : Pic(Y) — Pic(X)
with deg(Nm(L)) = deg(L) € Z.

DEFINITION 1.4.6. Let w : Y — X be a covering of Riemann surfaces, then
the associated Prym variety is defined by

Prym(7m:Y — X) = ker(Nm : Jac(Y) — Jac(X)).
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By definition, the Prym variety is an abelian variety of dimension
g9(Y) — g(X).

We have the defining exact sequence
0 — Prym(m: Y — X) — Jac(Y) ™™ Jac(X) — 0.

In general, Prym(m : Y — X) is not connected. In a very general setup, the
connected components were studied in [HP12]. Let us take a closer look at Prym
varieties of two-sheeted coverings of Riemann surfaces, which play an impor-
tant role in the remainder of this work. Similar considerations can be found in

[Mum71; |AC19].

LEMMA 1.4.7. Let m : Y — X a two-sheeted covering of Riemann surfaces.
Let L € Prym(w : Y — X), then there exists a divisor D € Div(Y'), such that
O(D)=L and D+ c*D = 0.

PROOF. Let L € Prym = ker(Nm). Choose D € Div(Y'), such that O(D) = L.
Then C' =: Nm(D) is the divisor of a meromorphic function on X. By Tsen’s
theorem [Lanb2|, there exists a divisor C’ € Div(Y) of a meromorphic function
on Y, such that C' + ¢*C’ = 7#*C. Hence, D' = D — C is a divisor of L with
0= (7*oNm)(D') = D'+ oc*D'. O

PROPOSITION 1.4.8. Let m : Y — X be a two-sheeted branched covering of
Riemann surfaces, then Prym(mw : Y — X)) is connected and is given by

Prym(m:Y - X)={L € Jac(Y) | L®o*L = Ox}.

PROOF. In this case, the pullback 7* : Jac(X) — Jac(Y) is injective. Hence,
L € Prym if and only if Ox = (7* o Nm)(L) = L ® 0*L. To prove connectedness,
consider the map

T Jac(Y) = Jac(Y), L+~ L®o*L "

We want to show that Im(¥) = Prym(7w : Y — X). Clearly, Im(¢)) C Prym. For
the converse, let L € Prym. By the previous lemma, there exists D € Div(Y'), such
that O(D) = L and D +0*D = 0. There exists an effective divisor C € Div (Y),
such that D = C' — ¢*C. Let p € Y a ramification point, then C' + kp, for k € Z,
has the same property. Choosing k, such that deg(C' + kp) = 0, this proves
Im(¥) = Prym. In particular, the Prym variety is connected. O

PROPOSITION 1.4.9. Let m: Y — X be a two-sheeted unbranched covering of
Riemann surfaces, then Prym(mw : Y — X) has two connected components.

PROOF. Let us again define a map
T : Pic(Y) = Pic(Y), L~ L®o* L1
We claim that the following sequence is exact.
0 — Zs — Pic(X) 5 Pic(Y) 5 Pic(Y) M Jac(Y) — 0.

Let us start with the exactness at Pic(X). As 7 is unbranched, we can consider
Y as a Zg-bundle H'(X,Zy) C HY(X,0%). The associated holomorphic line
bundle I pulls back to the trivial bundle on Y. Clearly, Ox = (Nmo 7*)I = I2.
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Hence, ker(p*) = {Ox, I} = Zy. Furthermore, L € ker(¥) if and only if L = ¢* L.
These are exactly the pullbacks 7*M of line bundles M € Pic(X). This shows
exactness at the third term.

Let D € Div(Y), then Nm(D — ¢*D) = 0, hence Im(¥) C ker(Nm). For the
converse, let L € ker(Nm). By Lemma there exists D € Div(Y'), such that
O(D) = L and D+¢*D = 0. There exists a unique effective divisor C' € Div* (Y),
such that C—¢*C = D. Hence, ¥(O(C)) = L and Im(¥) = ker(Nm). This proves
the claim.

Finally, the elements of 7*Pic(X) have even degree. Hence, ¥ maps the
subsets

P"={L € Pic(Y) | deg(L) =4 mod 2},
for i = 0,1, onto two connected components of Prym(7 : Y — X). O
1.4.2. Abelian Torsors over Prym varieties.

DEFINITION 1.4.10. A analytic space X is called a torsor over an abelian
variety A, if there exists a free and transitive analytic group action of A on X.

LEMMA 1.4.11. Let m: Y — X a two-sheeted branched covering of Riemann

surfaces. Let N € Pic(Y), then
Prymy(m:Y - X):={L€Pic| L&c"L® N = Ox}.

is a torsor over Prym(w : Y — X), whenever it is non-empty.

PROOF. It is easy to check that the analytic group action

Prym x Prymy — Prymy, (L,M)— L® M

is free and transitive. O

LEMMA 1.4.12. Letm: Y — X a two-sheeted unbranched covering of Riemann
surfaces. Let N € Pic(X) with deg(N) =0 mod 2, then

Prymy(m:Y — X) := Nm~ (N1,

is a torsor over Prym(m:Y — X).

PROOF. Again it is easy to check, that the tensor product defines a free and

transitive, analytic action. For every square root N %, we have T* N2 € Prym .
Hence, Prymy is non-empty. O

We will refer to these torsors as twisted Prym varieties. To simplify the
notation, we will mostly write Prymy (YY) instead of Prymy (7 : Y — X)), when
the covering map is clear from the context. Furthermore, for a divisor D, we will
write Prymp(Y) to mean Prymepy (Y).

1.4.3. Dual abelian varieties. The dual AV of an abelian variety A is
defined to be the moduli spaces of holomorphic line bundles of degree 0 on A. It
is itself an abelian variety. AV is the dual of A in the sense that the double dual
is A. Furthermore, if A = V;/U; and AY = V,/Us, one can find a non-degenerate
bilinear pairing B : V1 ® Vo — C, such that U; and Us are dual lattices under its
imaginary part Im(B) (see [Mum74a] Section I11.9).
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Let £ — A be an ample line bundle, we obtain an surjective morphism of

abelian varieties
br: A=A, Lol

where t, : A — A denotes the translation by a (see [Mum?74a] I1.6 Application
1). The kernel of such a morphism of abelian varieties is a finite cyclic group. In
particular, every abelian variety is a finite covering of its dual.

Let A = Jac(X) and L the line bundle associated to the theta-divisor, then
¢, is an isomorphism. In particular, Jac(X) is self-dual.

THEOREM 1.4.13 ([HT03] Lemma 2.3). Let 7 : Y — X an n-sheeted branched
covering of Riemann surfaces. Then
Prym(Y)" = Prym(Y) /Jac(X)[n],
where Jac(X)[n] is the group of n-torsion points of Jac(X) acting on Prym(Y") by
Jac(X)[n] x Prym(Y) = Prym(Y), (N,L)— "N ® L.

PRrROOF. The dual of the norm map is given by the pullback (see [Mum74b)).
Dualizing the defining sequence of the Prym variety

0 — Prym(Y) — Jac(Y) N, Jac(X) — 0
results in i
0 — ker(7*) — Jac(X) == Jac(Y) — Prym(Y)" — 0.
We obtain
Prym(Y)" 2 Jac(Y)/7*Jac(X).
Define the morphism of abelian varieties
Prym(Y) x Jac(X) — Jac(Y), (L,M)+— L@ n*M~L.
A pair (L, M) is in the kernel, if and only if L = 7*M. Hence (Nmo n*)M =
M"™ = Ox. In particular, M € Jac(X)[n]. On the other hand, let M € Jac(X)[n]
then (Nmo7*)M = Ox and (7*M, M) is contained in the kernel. Furthermore,
it is a surjective morphism as the kernel is finite. Hence, there is an isomorphism
of abelian varieties
(Prym(Y') x Jac(X)) /Jac(X)[n] — Jac(Y).
Quotienting out Jac(X) we obtain
Prym(Y)Y 2 Jac(Y)/7*Jac(Y) = Prym(Y')/Jac(X)[n].



CHAPTER 2

Semi-abelian spectral data for singular fibers of the
SL(2, C)-Hitchin system

In this chapter, we will study singular fibers of the SL(2, C)-Hitchin systems
with irreducible and reduced spectral curve. This will lay the ground for the
results about symplectic and orthogonal Hitchin systems in Chapters [4] and

As a first result, we will stratify the singular Hitchin fibers by semi-abelian
spectral data in Section The abelian part of the spectral data will be a
torsor over the Prym variety of the normalised spectral curve and parametrises
the eigen line bundles. The non-abelian part of the spectral data is a product
(C*)" x C*® parametrizing manipulations of the Higgs field at the zeroes of the
quadratic differential by Hecke transformations.

In the second part of this chapter (Sections and , we will study how the
strata fit together to form the singular Hitchin fiber. Here again the interpretation
of the non-abelian part of the spectral data in terms of Hecke parameters proves
to be very useful. This allows us to study the irreducible components of singular
Hitchin fibers and to give an explicit description of the first degenerations (Sect
. We will develop these results for the M-twisted SL(2, C)-Hitchin system,
which will be crucial for the analysis of s[(2)-type Hitchin fibers in Chapter

Finally in Section we will study, how the SL(2,R)-points in singular
Hitchin fibers are parametrised in terms of these semi-abelian spectral data.

2.1. The SL(2,C)-Hitchin system

Let X be a Riemann surface of genus g > 2. Let M a holomorphic line bundle
over X.

DEFINITION 2.1.1. A M-twisted SL(2,C)-Higgs bundle is a pair (F,®) of a
holomorphic vector bundle E of rank two with trivial determinant and a Higgs
fields ® € H(X,End(E) ® M), such that tr(®) = 0.

(E, ®) is called stable, if for all ®-invariant subbundles L C E, deg(L) < 0.
(E, ®) is called polystable, if for all ®-invariant L C F, deg(L) < 0 and, in case
of equality, there is a splitting (E, ®) = (L @ L™}, diag(\, —\)).

The Hitchin map is given by
Hitsy (2,c) : MsLa,0)(X, M) — HY(X, M?), (B, ®) — det(®)

For M = K, the Hitchin base is the 3g — 3-dimensional vector space of quadratic
differentials. In this case, the Hitchin map defines an algebraically completely
integrable system on the dense subset of quadratic differentials with simple zeroes
([Hit87b], [Hit87a]).

21
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Let a; € H°(X,M?). The Hitchin map computes the coefficients of the

characteristic polynomial of (E, ®) € Hitsfl_l(2 C)(ag). It is given by

n* + as.

Let pys : M — X the bundle map and 7 : M — pj3,M the tautological section.
The spectral curve is the complex analytic curve

Y = Zy(n? + piraz) C Tot(M).

The projection pjs restricts to a two-sheeted branched covering 7 : ¥ — X
with branch points at the zeroes of as. The spectral curve ¥ is smooth besides
the ramification points. It is smooth at a ramification point if and only if the
corresponding zero of the quadratic differential go is of order one. Due to the
specific type of characteristic equation the spectral curve comes with an involutive
automorphism o : 3 — 3 interchanging the sheets.

For M = K, the subset of quadratic differentials with simple zeroes is an
open and dense subset of HY(X, K?), which we refer to as the regular locus. Its
compliment will be referred to as the singular locus. For as € H(X, M?), we will
refer to Hit™*(ay) as regular Hitchin fiber, if ag has simple zeroes and as singular
Hitchin fiber, if not. The regular SL(2, C)-Hitchin fibers are abelian torsors over
Prym varieties.

THEOREM 2.1.2 (Abelian Spectral Data [Hit87b|). Let ay € H(X, M?), such
that all zeroes are simple. Then Hitgl_l(2 C)(ag) 1 a torsor over the Prym variety

Prym(m : ¥ — X) of dimension deg(M) + g — 1.

This will be a special case of the description of SL(2, C)-Hitchin fibers with ir-
reducible and reduced spectral curve given below. We want to sketch the classical
construction for context.

PROOF. Let A = n|x and A = div()\). Let (E,®) € Hit™!(az), then X is an
eigensection of 7*® and the line bundle of eigen vectors

O(L) = ker(7"® — Aidp(r+))

is an element of the twisted Prym variety Prym, (X). By Lemma/|l.4.11} Prym, (X)
is a torsor over Prym(m : ¥ — X). The eigenline bundle uniquely determines
the Higgs bundle by the algebraic pushforward (E,®) = 7m.(L ® 7*K,\) (cf.

2310) 0

In this chapter, we study Hitchin fibers with irreducible and reduced spectral
curve. The spectral curve is irreducible and reduced if and only if a2 has no global
square root on X, i. e. there exists no A € H°(X, M), such that A\? = as. In
this case, there is a covering of Riemann surfaces associated to the characteristic
equation. It is the unique two-sheeted branched covering of Riemann surfaces
7 :3% — X, such that there exists A € HO(X, #* M) solving

A2+ 7*as = 0.

From a algebro-geometric perspective ¥ is the normalisation of ¥ and we will
refer to ¥ as the normalised spectral curve. The geometry of this covering can
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be easily understood. The restriction
7S\ 7 (Z(ag)) = X\ Z(ay)

is a unbranched covering of Riemann surfaces and there is a unique way to extend
it in a smooth way. Whenever the local polynomial equation for ¥ in a neigh-
bourhood of p € 7=1(Z(az)) is irreducible, or equivalently the corresponding zero
of as is of odd order, we glue in a disc, such that the covering map locally ex-
tends to 7 : z +> z2. If instead the local polynomial is reducible, or equivalently
the zero of as is of even order, we glue in two discs separating the two sheets.
Hence, the branch points of 7 : ¥ — X are the zeroes of as of odd order. By the
Riemann-Hurwitz formula, the genus of Y is given by
g(X) =29 -1+ nozdd,

where 1,94 denotes the number of odd zeroes of ay (without multiplicity).

2.2. o-invariant Higgs bundles on the normalised spectral curve

2.2.1. The Pullback. Let p: Y — X be a two-sheeted covering of Riemann
surfaces and ¢ the involutive biholomorphism changing the sheets.

DEFINITION 2.2.1. A o-invariant holomorphic vector bundle (E,5) on Y is
holomorphic vector bundle F on Y with a lift

E-°4F
[
Y Y

_o

such that

i) 62 =idg, and

ii) 6|, = idg, for all ramification points y € Y.
Let (M, 6r) be o-invariant holomorphic line bundle on Y. A o-invariant (M, &r)-
twisted Higgs bundle (E,®,65) on Y is a M-twisted Higgs bundle (E,®) on Y,
such that (F,6g) is o-invariant holomorphic vector bundle and

LEMMA 2.2.2. Let (E,®,6g) be a o-invariant (M, 6yr)-twisted Higgs bundle
and g € AY(SL(E)) an element of the gauge group. Then (gE,g®g~!,gosog™!)
is a o-invariant (M, 6 yr)-twisted Higgs bundle.

Let (M, &) a o-invariant holomorphic line bundle on Y. Define

(E,®,6) o-invariant }

MO (Y, M, 6xr) = {(E#I)) € MsLeo) (Vs M) |30 (1 5 twisted

PROPOSITION 2.2.3.

i) Let E be a holomorphic vector bundle on X. Then p*E has a induced lift
Gp+E, such that (p*E, 6p+g) is a o-invariant holomorphic vector bundle.
ii) We have a natural map

P MsL,c) (X, M) = MT(Y,p" M, 6pnr).
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PROOF. i) Let U C X open, such that E|y = UxC". The trivialisation
induces a trivialisation p*E|p71(U) >~ p7lU xC". If z € U is not a
branch point, i. e. p~!(z) = {y,o(y)}, such trivialisation induces a
identification of the fibers p*E, = p*E, (. This defines a lift 6pp :
p*E — p*E away from the ramification points. This lift extends over
the ramification points by the identity. Therefore, (p*E,6,+g) is a o-
invariant holomorphic vector bundle.

ii) Clearly, (p*E,p*®) € Msi(20)(Y,p*M) and by i) (p*E,6pg) is a o-
invariant holomorphic vector bundle. Property iii) of Definition m
becomes clear in a trivialisation as in the proof of i).

O

In the sequel, a pullback will always carry the induced lift 6 and we will omit it
in the notation.

2.2.2. The o-invariant Pushforward.

DEFINITION 2.2.4. Let £ be an analytic sheafon Y. A lift 6: £ - £ of 0 is a
family of involutive homomorphisms of abelian groups

oy + H(V.€) = H(a(V),€)
commuting with restriction maps, such that for all f € Oy and s € H(V, )

6(fs) = (a"f)o(s).
The pair (£,6) is called an analytic o-sheaf.

DEFINITION 2.2.5. Let (£, &) be an analytic o-sheaf on Y, then the o-invariant
pushforward p,(§, &) is the analytic sheaf on X defined through

HO(U,p.(£,6)) = H(p~'U,&)°

for open sets U C X. Here H(p~'U, €)% denotes the é-invariant sections of
(& 0).

LEMMA 2.2.6. i) Let (£,0) be alocally free o-sheaf of rankr on'Y, such
that for every ramification point y € Y there exists an open, o-invariant
neighbourhood V.C Y of y and an isomorphism H°(V,¢) = Oy, such
that

ly: 0y = Oy, fw= foo.
Then p,(&,6) is locally free of rank r.
ii) Let (E,6) be a o-invariant holomorphic vector bundle of rank r, then

(O(FE), o) satisfies the assumption in i). In particular, the pushforward
p«(O(E), &) is locally free of rank r.

PRrROOF. i) Let U C X an open subset trivializing the covering. Let
p~H(U) = Uy UUs. A section in H(p~'U, €)% is fixed by its values on
Uy. Hence H(p~'U,€)° = O, = Of. Let x € X a branch point. By
assumption there exists a neighbourhood U C X, such that

H(p U&7 ={fe O | f=0c"f}=p 'O =0}
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ii) Clearly, a lift & on E induces a lift on the sheaf of sections ¢ : O(E) —
O(FE) satistying Definition m To check the extra assumption in i),
let y € Y be a ramification point. Assumption ii) of Definition
guarantees the existence of a local frame of o-invariant sections in a o-
invariant neighbourhood V' of y. Take a local basis for E, and extend
it to a holomorphic frame s1,...,s, of Ey. Then a o-invariant frame is
given by s1 4+ 6s1,...,s, + ds, for a small enough neighbourhood V' of
y. A o-invariant frame induces an isomorphism O(F)y = Of, such that
|v has the desired form.

O

DEFINITION 2.2.7. Let (E
o-invariant pushforward p,(F
locally free sheaf p.(O(FE),&).

,0) be a o-invariant vector bundle. We define the
,0) to be the vector bundle corresponding to the

LEMMA 2.2.8. Let E be a holomorphic vector bundle on X and (p*E,6p+E)
the corresponding o-invariant holomorphic vector bundle on Y, then

p*(p*Ev&p*E) =FE.

ExaMPLE 2.2.9. Let p : Y — X be a unbranched 2-covering of Riemann
surfaces. Let L be a line bundle on X and (p*L, ) the induced o-invariant line
bundle on Y. Then —¢ is another lift of o on L. However, p.(p*L, —6) 2 L. We
have
where I = p,(Oy, —ido, ) is the unique non trivial line bundle on X, which pulls
back to the trivial bundle on Y. p*(I?) = Oy and the induced lift 6,2y is the
identity. Hence, I? = Ox. I is the holomorphic line bundle defined by regarding
the unbranched covering as a Zy-bundle in H(X,Zs) ¢ H (X, 0% ).

2.2.3. Pullback and Pushforward of singular Hitchin fibers. Let as €
H(X, M?) with no global square root on X. Let 7 : ¥ — X be the covering by
the normalized spectral curve and o : & — 3 the involution changing the sheets.
We want to parametrize the singular fibers by parametrizing their pullback to .
However, the pullback

m* : Hitg o (a2) = M7(, 7 K)

in general is not injective, as there can be multiple lifts of o.
EXAMPLE 2.2.10. Let as € H°(X, M?) with only double zeroes, which has
no global square root on X. Then ¥ — X is a 2-sheeted unbranched covering

of Riemann surfaces. We just saw that there exists a non-trivial line bundle [
with #*(I) = O and I? = Ox. For (E,®) € Hits_|_1(27(c)(a2)7 also (E®I,®) €
Hitgl_l(Q’C)(ag). We clearly have
T(E,®) =27 (E®I,).
PROPOSITION 2.2.11. Let ay € H(X, M?) with no global square root. Let

(B, ®) € 7*Hitg, ¢ (a2) € M7(S, 7 K).
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i) If ay has at least one zero of odd order, then there is a unique lift 6 such
that (E,®,6) is a o-invariant Higgs bundle.
i) If ag has only zeroes of even order, then there are two such lifts £6.

PROOF. Let (E,®) € 7*Hit™(az). Assume that there a two lifts 61, 62, such
that (E, ®,d;) is a o-invariant Higgs bundle. Then 61069 € Aut(E, ®). If (E, ®)
is stable, this implies that &1 = +d5. If in addition, a has only even zeroes, the
spectral covering 7 is unbranched and this gives the two possible lifts. If (E, ®)
is stable, and ay has at least on zero of odd order, then 7 : > — X has at least
one ramification point p € Y. In particular, (61), = (62), = idg, and therefore
01 = 09.

(E,®) € #*Hit™!(ag) is strictly polystable if and only if

(E,®) = <L@L—1, <3 _OA>> .

with deg(L) = 0. Hence, ay has only even zeroes. Then 1 = goo with

g € Aut(E, ®) — {<é t01> It eCH,

such that ¢? = idg. Hence g = +idp. O
PROPOSITION 2.2.12. Let ay € HY(X, M?) with no global square root. The
pullback
~ % =1 O\ ok
* H'tSL(z,C)(GQ) — M2, 7 M)
i) is injective, if ag has at least one zero of odd order, and
ii) is generically two-to-one, if as has only even zeroes.
Let I be the unique non-trivial line bundle with 71 = Oy . The non-injectivity

in i) is due to the identification of the pullback of (E,®) and (E ® I,®).

PROOF. We already saw in Lemma [2.2.11] that in the first case there is a
unique lift 6. Hence the injectivity follows from Lemma In the second
case, we saw that there are two possible lifts +6. From Example this
implies

m(E,6) = (m(E, =6)) ® I.
Together with Lemma this gives the result in case ii). O

EXAMPLE 2.2.13. In case ii) branching exists. The section X : ¥ — 7#*M has
the property 0*A = —\. Hence, it descends to a section o € H(X, KI). Then

(E,®) = <I§ @ I3, <g g))

defines a Higgs bundle in Hits_|_1(2 C)(ag), such that F ® I = F.
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2.3. Hecke transformations

In Section we will stratify singular Hitchin fibers by fiber bundles over
twisted Prym varieties. The twisted Prym variety will parametrize the eigenline
bundles of the Higgs bundles in the stratum. The fibers of these bundles pa-
rametrize the manipulation of Higgs bundles by Hecke transformations. In this
section, we recall the definition of Hecke transformation (see [HR04]) and adapt
it to our purpose. In this section, we will only treat the case of holomorphic
vector bundles of rank two. The general definition will be given in Section

Let us first recall the rank 1 analogue. The Hecke transformation of a line
bundle L at p € X is the line bundle L(—p). We have an exact sequence

0 = O(L(=p)) = O(L) = Tx(p) = 0,
where s, is a canonical section of O(p) and Tx (p) is the torsion sheaf of length 1
at p.
DEFINITION 2.3.1 ([HRO04]). Let E be a holomorphic vector bundle of rank
2 on a Riemann surface X. Let p € X and « € E) \ {0}, the dual fiber at p.

The Hecke transformation E®® of E is defined through the exact sequence of
coherent sheaves

0— OEPY) 5 O(E) S Tx(p) — 0.

A coherent subsheaf of a locally free sheaf on a Riemann surface is locally
free |[Gun67] Theorem 3. Hence, E®) is well-defined.

For a more concrete description of Hecke transformations, we want to describe
it on the level of transition functions. Let GL£(n) denote the sheaf of holomorphic
GL(n, C)-valued functions on X. Let U = {U;}*, a covering of X by contractible
open sets, such that p € U; if and only if i = 1. Let {¢;;} € H'(U,GL(2))
transition functions for E. Choose a holomorphic frame si, s of E|y,, such that
a = (s2), . Define a covering V = {V;}72 by Vo = U1, Vi = U1 \ {p} and V; = Uj;
for 4 > 2. Define transition functions {¢;;} € H'(V,GL(2)) b
(1) o1 : VoNn Vi x C2 = Vpnvy x C2,

(Z,Il,SL'Q) — (2315172'172)
respective the frame sq, s9,
(2) doj =1 0001, jo=1tp; for j>1, and ;=4 for i,5> 1.

LEMMA 2.3.2. The holomorphic vector bundle associated to the transition

functions {1;;} € HY(V,GL(2)) is the Hecke transformation EP® of E.

PROOF. By definition of the transition function 1@01, the associated vector
bundle fits into an exact sequence as in Definition [2.3.1 O

We generalize this concept by allowing higher order twists. Let D € Div'(X)
and E a holomorphic vector bundle on X. The Hecke transformations at D will
be parametrised by polynomial germs on D. Define

HD,E):= @ O(E),/ ~,

pEsuppD
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where [s1] ~ [s2] if and only if ord,([s1] — [s2]) > D,, for all p € suppD. Further-
more, denote by H(D, E)* C HY(D, E) the equivalence classes of germs, such
that for all p € suppD the evaluation at p is non-zero.

DEFINITION 2.3.3. Let E be a holomorphic vector bundle of raAnk 2. Let
D € Divt(X) and a € H(D, EV)*. Then the Hecke transformation E(”® of
at D in direction « is defined by the exact sequence of locally free sheaves

0 — O(EP) 5 O(E) % Tx (D) — 0,
where Tx (D) is the torsion sheaf of length D, at p € suppD.

LEMMA 2.3.4. Let D € DivT(X) and a € HO(D,EY)*, then det(E(P®)) =
det(E)(-D).

PROOF. By definition, det(7x (D) = O(D). O
For our purposes, it will be more convenient to use the dual version of this concept.

DEFINITION 2.3.5. Let D € DivT(X) and o € H°(D, E)* then the (dual)
Hecke transformations E(P%) of E at D in direction « is defined by the exact
sequence of locally free sheaves

0= O((EPNYY 5 OEY) S Tx (D) — 0.

LEMMA 2.3.6. Let {1;;} € H'(U,GL(2)) transition functions of E as above.
Forp € X,l € N, let D := Ip € Divt(X). Let further a € H°(D,E)*. The
Hecke transformation ED:a) s the holomorphic vector bundle associated to the
transition functions {(;;} € H'(V,GL(2)) defined as in ,(@, where the frame
81, S9 1S chosen, such that

[(52)p] = o € HY(D, E)
and
12)011‘/()(]‘/1 XC2—>VY0ﬂVv1 x C?
(z,x21,22) > (z,xl,z_le).

More generally, for D € Divt(X) and o € HY(D,E)*, we obtain transition
functions of EP®) by introducing a new transition function like this for all p €

supp(D).

LEMMA 2.3.7. Let D € Divi(X) and o € HY(D, E)*, then det(E(P®) =
det(E)(D).

2.3.1. Parameters of Hecke transformations.
LEMMA 2.3.8. Let D € Divt(X),a € HY(D, E)* and ¢ € H°(D,Ox)*. Then
ED:) o p(Dda)

An equivalence class in the quotient H°(D, E)/H®(D,Ox)* is referred to as
a Hecke parameter.
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PROPOSITION 2.3.9. H°(D, Ox)* is a complex solvable Lie group with respect

to the multiplication of germs of non-vanishing holomorphic functions. Let D =
Ip withl € N and p € X. Then

o X1 ... T]—1

H(D, Ox)* = ot mpeCha eC Y 2 Ct x O

For D € Divt(X), H°(D,Ox)* is isomorphic to a Cartesian product of such
groups.

2.3.2. Leading example. As a leading example, we show how the algebraic
pushforward of a line bundle along a two-sheeted covering of Riemann surfaces
can be recovered using Hecke transformations and the o-invariant pushforward
defined in Section 2.2l

Let p : Y — X be a two-sheeted covering of Riemann surfaces and o :
Y — Y the holomorphic involution changing the sheets. Denote by R C Y
the ramification divisor. Let L € Pic(Y'), then £ = L & ¢*L has a natural lift
¢ : F — F induced by pullback along o. At a ramification point, we can choose
a frame, such that & is locally given by

01

1 0/
Hence, E is no o-invariant holomorphic vector bundle (cf. Definition [2.2.1]). This
can be corrected by applying a Hecke transformation.

Choose a neighbourhood U of Fix(c) separating all ramification points and a
frame s € H°(U, L). Then
S1=8D0%s, SsS3=850—0"s
is a frame of E diagonalizing &. Let
o= [s9)f € H'(R,EY)*.

For y € supp(R) choose a coordinate z, such that the involution is given by
o : 2z~ —z We saw above that E(%) is obtained form E by introducing new
transition functions of the form

Yor: VonVi x C2 = VonVy x C2

(z,z1,22) = (2,21,222)

at every point y € supp(R) = Fix(0). & induces a lift of o on E(F®) that we

keep calling 6. The frame s, zs; extends to a g-invariant frame s7, s3 of EUb),

Rya) 4

Hence, (E(R’a), ¢) is a o-invariant holomorphic vector bundle and p*(E( ,0)

defines a holomorphic vector bundle of rank 2 on X.
LEMMA 2.3.10. p,(E®) &) = p,L.

Proor. Let Uy C X be open, contractible subset trivializing the covering p,
i.e. p7lU =V UV~. O(p.L) is a free of rank 2 over Op,. This is apparent
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from decomposing

H(U1,p.L) = H(p~'U1, L) = H'(V*, L) ® H(V", L).
Hence, we have a natural isomorphism
(3)  H'(UipL)=HU1,p:(EP,6)) = H(p~' U, L& 0" L),
Let Uy C X be open, contractible neighbourhood of a branch point z € X.
Choose a coordinate on p~'(Us), such that o lp-1@z) © 2 = —z. Let s €
H°(p~'Us, L) alocal frame and ¢ € H(p~1Us, L). Then there exist ¢1, 2 € Oy,
such that
(4) $(2) = d1(2°)s + p2(2%)2s.
Hence, p*L|p71(U2) is free over Oy, of rank 2 with generators s, zs. Let s1,s2 be
the o-invariant frame of E(P:® defined above, then we define an isomorphism

(5) Ho(p~ Uy, L) — HO(p™'Us, EP) 6 151 + doso.

We claim that and define an isomorphism of locally free sheaves, i. e.
they commute with the restriction functions.

Let Uy,Us C X as above, such that U; C Us. Choosing a coordinate w
on U; we can identify the two branches V* with the square roots +/w. Let
¢ € HO(Uz,psL) = H'(p~1Us, L). From (4 we obtain

dlv+ = (¢1(2%) + ¢2(2°)2)s v+ = (d1(w) + p2(w)Vw)s|y+,
dlv- = (61(2%) + ¢2(*)2)s |y = (¢1(w) — P2(w)V/w)s |y -

So the restriction map is given by

= (1 V0.

This agrees with the restriction map of p*(E (D) &) by construction. O
COROLLARY 2.3.11. Consider a two-sheeted covering of Riemann surfaces
p:Y = X, then

If p is a branched covering, then J € Pic(X) is the unique line bundle, such that
p*J = O(—R), where R is the ramification divisor of p. If p is unbranched, then
J € Jac(X) is the unique non-trivial line bundle, such that p*J = Ox.

Proor. Let L = Oy in the construction above. So, E = Oy ® Oy and
. (01
7=\1 o

The diagonalizing frame for & defines a global splitting

E=0y G) ® Oy (_11) with & = (é _01> .

If p is a branched covering, we apply a Hecke transformation and obtain

EW) — 0y ¢ Oy(—R) =p*Ox & p*J.
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The uniqueness of J follows from the injectivity of the pullback along branched
coverings. If p is unbranched, F is a o-invariant vector bundle with the lifted
o-action on the second factor being —idp, . Hence, the second factor descends to
the line bundle J. In both cases, Lemma gives the result. O

2.4. Moduli of o-invariant Higgs bundles

After identifying the Hitchin fibers with certain moduli spaces of o-invariant
Higgs bundles on the normalised spectral curve in Section we will now prove
the stratification result for these moduli spaces. Thereafter, we will identify these
strata as fiber bundles over Prym varieties.

2.4.1. The Stratification. Let p : Y — X be a two-sheeted branched
covering of Riemann surfaces. Let o : Y — Y the involution changing the sheets.
Let M be a line bundle on X with a non-zero section A\ : Y — p*M, such that
66X = —)\. Here p*M is regarded as a o-invariant holomorphic line bundle with
the lift 6 induced by pullback (cf. Proposition . In particular, A has a
zero of odd order at all ramification points. Let A = div(\). In this section, we
parametrize

[ = MY, p"M,\) = M7(Y,p" M) N Hitg, o (=A%),

the polystable o-invariant p* M-twisted SL(2, C)-Higgs bundles on Y with char-
acteristic equation

T — \* = 0.
By assumption, —A? is a o-invariant section of p*M? and hence descends to
a € HY(X, M?). M is identified with the image of p* : Hit;/ (a) — M(Y,p*M)
by Proposition [2.2.3] and is therefore an analytic subset.

LEMMA 2.4.1. Let (E,®) € MS andy € Y. There exists a coordinate chart
(U, z) centred aty, a local frame m € H°(U,7*M) and a local frame of E|y, such
that the Higgs field is given by

0 1
_ D
b =27V (zszsz 0) ®m.

PROOF. Choose a coordinate disc (U, z) centred at y, such that the determi-
nant det(®) = —2*vm?2. There exists a non vanishing section ¢ € H°(U, End(FE)),
such that

®(z) = 2Pvp(2) @ m.
There are two possible Jordan forms of ¢ at y. If D, < A, there is one Jordan
block of size 2, if D, = A,, ¢ is diagonalizable with eigenvalues £1. Thus, after
a constant gauge transformation we can assume

0= (03 ) e o= (23)

1 b(z) 0
g= 0 <—a(z) 1> € Aut(E)|u,

Hence,
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is a well-defined gauge, such that

_ 0 1 0 1
909 = (— det(q) 0> - <22Ay2Dy 0) '

For (E,®) € MS, we denote by div(®) the vanishing divisor of ®. In the
notation of the previous lemma div(®), = D,, for all y € Y. The properties of
vanishing divisors of Higgs fields are summarized in the following definition.

O

DEFINITION 2.4.2. An effective divisor D € Div(Y') is called o-Higgs divisor
on (Y,o0,A)if0< D<A, 06*D =D and Dy =0 mod 2, for all y € Fix(o).

THEOREM 2.4.3. There exists a stratification

MY, p* M, \) =| |Sp
D

by locally closed analytic subsets
Sp = {(E,®) € M7(Y,p" M, \) | div(®) = D}
indezed by o-Higgs divisors D € Div(Y).

PROOF. First, it is easy to see that for (E,®) € M?(Y,p*M, \) the vanishing
divisor div(®) is a o-Higgs divisor. These divisors form a lower semi-continuous
invariant on Mg (cf. Lemma [2.4.1)). In particular, for a fixed o-Higgs divisor D

U Sps is closed and U Spr is open.
D'>D D'<D

Hence, Sp is locally closed. To see that the closed subset is an analytic subset, we
need to identify it with the pullback of a Hitchin fiber of SL(2, C)-Higgs bundles
with a different twist. Fix a o-Higgs divisor D and let sp be the canonical section
of O(D), which is o-invariant. Then (p*M)(—D) is the pullback of M(—iNmD)
and % € HO(Y,p*M(—D)) satisfies 0*(\/sp) = —\/sp. So

MY, p*M(=D), A/sp)

defines another moduli space of g-invariant Higgs bundles. This is the pullback
of a Hitchin fiber in the moduli space of M(—iNmD)-twisted SL(2,C)-Higgs
bundles on X and hence an analytic space. There is a holomorphic bijective map

MO (Y,p*M(=D),\/sp) = | ) Spr € M7(Y,p*M, ),
D'>D
(B,®) — (B, sp®).

Therefore, its image is an analytic subspace of M7(Y,p*M,\) (see |Gra+94]
1.10.13). 0
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2.4.2. The abelian part of the spectral data. Recall from Lemmall.4.11
the definition of the twisted Prym variety

Prymp(Y) = {L € Pic(Y) | L& 0*L = Ox(D)"'}.

THEOREM 2.4.4. Consider MS as above. For every stratum Sp, there exists
a holomorphic map

Eigp : Sp — Prym,_p(Y), (E,®) — ker(® — Nidp(p))-

PROOF. Let (E,®) € Sp and let O(L) = ker(®—\idp(g)) the sheaf-theoretical
kernel. Then O(c*L) = ker(® + Aidp(g)). The inclusions O(L) — O(E),
O(c*L) — O(F) define an exact sequence of coherent analytic sheaves

0—-0OL)®O(c*L) - O(E) - T — 0,
where T is a torsion sheaf supported at Z(\). T can be explicitly constructed
using the local description of ® in Lemma In particular,
Oy =det(E)=L®c*"L®det(T) =L®c"L®O(A - D).
O

2.4.3. Hecke parameters - the non-abelian part of the spectral data.
The fibers of each stratum Sp over Prym,_p(Y) can be identified as Hecke
parameters (cf. Section 3). Consider Mg as above, D a o-Higgs divisor and
L € Prymy_p(Y). Let

(Ep,®p) = <L & o*L, <g _OA)> .

Er has a natural lift 6 : Fr, — Ep, of o induced by the pullback. Choose a local
frame s of L at a branch point p € Y, then

. (0 1
7=\ o
respective the frame s,0*s of Ey. Fix the diagonalizing frame

(6) sy =s+o07s, s_=s—0"s.

LEMMA 2.4.5. Let « € H°(A — D,Ep)*. Then EAI(:A_D’Q) is a o-invariant

holomorphic vector bundle, if
i) for all p € Fix(o), [6al, = —[a],, and
ii) for all p € supp(A — D) \ Fix(o), [6a]p = [&op-

PROOF. Let p € supp(A — D) \ Fix(o). If ii) is satisfied, the lift 6 induces a
lift of o on E'éA_D’a) at p . Let p € Fix(c). « can be extended to a local section
Sq around p, such that sy, s, is a frame of Ep. Respective this frame, the Hecke
transformation is equivalent to introducing the new transition function

1 0
Vo1 = <0 ZAP—DP>

(with notation as in [I2). Because (A — D), =1 mod 2, we conclude that the

. ~H(A—D . . . . ~(A—D .
induced frame of Eé @) at p is o-invariant. In conclusion, Eé ) s a o-

invariant holomorphic bundle (cf. Definition [2.2.1)). O
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Let D € DivT(Y) a o-Higgs divisor. Define
H%A - D,(EL,6)) :={a € H'(A — D,EL) | a satisfies i) and ii) }
H%(A - D,(EL,6))" :={a € H'(A — D,EL)* |  satisfies i) and ii) }
Ga-p:={p € H'(A = D,0y)" | "¢ = ¢}.
PROPOSITION 2.4.6. Let Z(\) = Fix(0), D a o-Higgs divisor and N := A —
D € Divt(Y). Let (U,z) be a union of coordinate neighbourhoods (U, z,) around
p € Fix(o) disconnecting Fix(o), such that o : z, — —z,. For all frames s €

HO(U, L), there is a holomorphic surjective map

ug: HO(N, (B, 6))" — € Cz+Cel+-+Cz" 7

peFix(o)

which factors through the action of G, inducing a bijection on the quotient. Let
s' = fs with f = fe+ f, € H'(U,0%) and fe, f, the even and odd part respective

o, then
Yo —
Uy = Jets — fo mod 2.
Je — fous
PROOF. A choice of s induces a frame s; = s+ o*s, s_ = s —o*s of Ef.

Respective such frame, we can explicitly parametrize
H%N,(EL,6))* = {lasy +bs_] | a,b € H'(N,Oy) : 0*a = —a,o*b = b}.
Let N =lIp withl € N, p € Y. We define the isomorphism
us : HY(N,(Er,6))* = {u € H'(N,Oy) | 0*u = —u}
[asi + bs_] — 7 mod P

This map clearly factors through Gy and separates the orbits. The right side is
a C vector space over the basis z, 23,..., 2V 72, Let now s’ = (f. + f,)s, then

S/—‘,—:f68++f0877 S/—:fES*_{_fOS‘F

and

= f2 1 f2 ((afe - bfo)sii— + (_afo + feb)sl_)) .

Applying uy gives the result. O

PROPOSITION 2.4.7. Let Z(\) = Fix(X), D € Divt(Y) a o-Higgs divisor and
N =A—-D. Then

Fp={H"(N,(EL,6))"/Gn | L € Prymy(Y)} — Prympy(Y)
s a holomorphic vector bundle of rank

- Z 3(Ay — Dy — 1) = 5 (deg(A) — deg(D) — #Fix(0)).
yeZ(A)

PRrOOF. There exists a universal line bundle
L —Y X Prymy.

Let U be a disconnecting neighbourhood of Fix(c) as above. A local trivial-
ization of L over U x V. C Y X Prymy is equivalent to choosing a local frame
s € HY(U,L) over V € Prymy in a coherent way. This defines a u-coordinate on
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V, in other words, a local trivialisation Fp|y = V x C". Changing the trivialisa-
tion corresponds to choosing a different holomorphic frame s’ € H°(U, L). The
corresponding transformation of u-coordinates is holomorphic by the previous
proposition. O

THEOREM 2.4.8. Let Z(\) = Fix(o) and D a o-Higgs divisor. Then there is
an isomorphism Fp — Sp making the following diagram commute:

Fp Sp
Eigp
Prym,_p e Prym,_p

In particular,
dim Sp = deg(M) — 3 deg(D) + g(X) — 1

PrROOF. Let N = A — D. Let L € Prymy(Y). Let (U,z) be a union of
coordinate neighbourhood of Fix(o) disconnecting Fix(o), such that o : z — —z.
Let t € HO(U,p*M) and s € H°(U, L) local frames. We will show in i) how
to produce Higgs bundles in Sp by applying Hecke transformation to (Er,®y).
This defines the map Fp — Sp. To see that it is an isomorphism, we will show
in ii) how to recover the u-coordinate from (F,®) € Sp.

i) Let « € H(N, (EL,5))*, we saw in Lemma that £V with the
induced lift & is a o-invariant holomorphic vector bundle. Furthermore,
det(EWN)) = det(EL)(N) = L ® 0*L ® O(A — D) = Oy.

The Higgs field ®;, induces a Higgs field on EW:) From Lemma
it is easy to see that the Hecke transformation of Ej in direction a =
us+ + s— is given by introducing a new transition function

A 1 —uzN
o1 = <0 Y )

respective sy, s_ at every p € Z(A) (with notation as in . In partic-
ular, the induced Higgs field is given by

s (N, _ —uz ZP(1 — 2
(7) (ID(LN7 ) = %f@mﬁm = <22AD (UZA )> t.

This is a well-defined Higgs field on EM:®) with det(@(LN’a)) = —)\? and
vanishing divisor D. In conclusion,
(BN $N) ¢ Eigpl(L) ¢ Sp.
ii) Let (E,®) € Eigy' (L) C Sp. Fix inclusions
ivyv:L—FE, i_:0"L—FE

onto the corresponding subbundles. (There are C*-many such inclusions,
but the coordinate will not depend on this choice.) Let

sy =i1(s) +i_(0%(s)), s_:=iy(s)—i_(0*(s)) € H(U,E).
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As o is fixing the fiber over y € Fix(¢), s is non-vanishing. Instead, s_
has a zero of odd order at y. We augment s; to a o*-invariant frame
51,5, of E. Respective this frame s_ = —us, + u’s, with holomorphic
odd functions u,u’ € H°(U,Oy). After acting on this frame by gauge
transformations of the form

b &)

0 ¢
with ¢; € H°(U, Oy), such that 0*¢; = ¢;, we may assume that v’ = 2"
and w is of polynomial degree < n. The o-invariant section s, is uniquely
defined by these conditions. By definition ®s; = As_ and ®s_ = As,.
Hence, the Higgs field is given by

—uzt (1 —

) o= (AT
respective the invariant frame sy,s,. Computing the vanishing order
of ® we see that n = Ay, — Dy at y € Fix(o). Moreover, u defines a
polynomial germ [u] € H(N, Oy), such that o*[u] = —[u].

If we apply i) to o = [usy +s_] € H*(N, (EL,5))* the Hecke trans-
formation (EgN’a),i>(LN’a)) is isomorphic to (E,®). There is a trivial
isomorphism on Y \ Fix(c), where the two Higgs bundles are isomorphic
to L®o* L. Respective the fixed frame sy, s, on (E, ®) and the induced
frame on (E(LN’Q),@(LN’Q)) this extends to an isomorphism of holomor-
phic vector bundles. Local descriptions of the Higgs field respective
these frames were computed in and agree. Hence, the map extends
to an isomorphism of Higgs bundles. In conclusion, the map Fp — Sp
defined in i) is a fiberwise isomorphism.

g

COROLLARY 2.4.9. Consider M°(Y,p*L,\), such that Z(\) = Fix(c) and X
has only simple zeroes. Then

MO(Y,p"L,\) = Prym,.
PRrROOF. In this case, the only o-Higgs divisor is D = 0. So by Theorem
2.4.11| and Theorem we have M7 (Y,p*L, \) = Sy = Fy = Prym,. O

To describe the extra data for zeroes of even order, it is more convenient to
use extension classes. We will give an interpretation in terms of Hecke parameters
in Proposition [2.7.1

PROPOSITION 2.4.10. Consider M?(Y,p*M, ), such that Z(\) = Fix(o) U
{y,0*y}, the zeroes y and o*y are of order m > 1, and all other zeroes are
simple. Fix a o-Higgs divisor D and L € Prym,_p(Y). Then

Eigp' (L) = {[d € H(Ayy, L?p* M) | ordy[c] = D, } = C* x Clv= Py~ 1,

The last isomorphism is determined by the choice of a local coordinate (U, z)
centred at iy and a local frame s € H°(U, L*p*M).
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PROOF. By assumption, we can trivialize the covering in a neighbourhood U
of p(y) € X. Let p~}(U) = U, UU,,, such that y € U,. Let (E,®) € M. By the
o-invariance (E, ®)|,-1(y) is uniquely determined by (E,®)|y,. So we need to
parametrise the possible (E, ®)|y, with eigenvalues £\ |y, . Regarding (E, @) |y,
as a SL(2, C)-Higgs bundle on Uy, we will use the description of SL(2, C)-Hitchin
fibers with reducible spectral curve developed in |[GO13| Section 7. Write (E, @)
as an extension

0— (L,A\) = (E,®) = (L*,—\) — 0.
These extensions are parametrised by the hypercohomology group H*(L?,2)) of
the complex of locally free sheaves

Oy (L2) 2 Oy (L2p*M).

(see Section for an introduction to hypercohomology). The 5-term exact
sequence of (one of) the associated spectral sequences reveals that

H'(L?,20) = HOA, LPp'M) = @ O(L*p*M),/ ~,
y€ supp(A)
where for v, € @  O(L*p*M),
y€ supp(A)
ver & v=0 + fA with f € @ O,.
yesupp(A)
By Theorem the extension data at the simple zeroes in Fix(o) is uniquely de-
termined by o-invariance. Hence, the fibers of Eigp are para-

metrised by

H°(Ayy, L*p* M),
where we consider A,y as a divisor supported at the point y. Furthermore, one
can explicitly construct a Higgs bundle

- -1 5 éL _b o )\ C
(b seee = (% 50 Yo () )

from the extension data [c] € H°(A, L?p* M) by extending [c] to a smooth section
c € A%Y, L?p*M) and solving the equation

Oc = 2b).

for b € AOV(Y,L?). In this way, we see that div(®), = D, if and only if
D, = ordyc. So (E,®) € Sp are parametrized by the polynomial germs [c] €
HO(Ayy, L*p* M) with ord,([c]) = D, O

THEOREM 2.4.11. Fiz a moduli space M?(Y,p*M,\) and a compatible o-
Higgs divisor D. Then the stratum Sp is a holomorphic fiber bundle
(C)" xC°* - Sp — Prymy_p
with
3 (#Z(\) - #Fix(0))
s = 3 (deg(A) — deg(D) — #Z(N)) .
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In particular, the dimension of the stratum is given by
1
deg(M) — B deg(D) 4+ g — 1.

PROOF. The extra data depends only on the structure of the Higgs bundle
at Z(\). If we have more than one higher order zero in A, the fiber of Eigp is
a Cartesian product of the Hecke parameters described in Theorem and
the extension data of Proposition [2.4.10, The coordinates in Proposition [2.4.10)
depend holomorphically on the choice of a local frame s € H°(U, L?>7*M). Hence,
the argument given in the proof of Proposition establishes the structure of
a holomorphic fiber bundle on Sp. O

2.5. Stratification of singular fibers of the SL(2, C)-Hitchin system

In this section, we specify the stratification result to singular fibers of the
K-twisted SL(2, C)-Hitchin system.

DEFINITION 2.5.1. Let ¢z € H°(X, K?). A Higgs divisor D € Div(X) is a
divisor, such that for all p € Z(q2)

0< D, < | jordy(a2)].
where |-| denotes the floor function.
For g € HY(K?) let
Neven = #{P € Z(q2) | p zero of even order}
Nodd = #{p € Z(q2) | p zero of odd order.}

THEOREM 2.5.2. Let go € HY(K?) be a quadratic differential on X, such that
Nodd = 1. Then there is a stratification

Hit ™ (g2) = | Sp
D

by locally closed subsets Sp indicated by Higgs divisors D. Each stratum has the
structure of a holomorphic fiber bundle

(C*)" x C* = Sp — Prymy_-.p(2),

where

1
T = Neven, ond s=2g—2—deg(D) — Neven — §n0dd.

In general, the dimension of a stratum Sp is given by
39 — 3 —deg(D).
PRrROOF. The stratification by Higgs divisors is obtained in the same way as in
Theorem We analysed the map p* : Hit ™ (g2) — M7 (2, 7*K, \) in Section
It is bijective, as noqq > 0. We showed above how MY is stratified by o-

Higgs divisors (Theorem [2.4.3)). The o-Higgs divisors on (X, 0, A) correspond to
the pullbacks 7* D of Higgs divisors D € Div(X) associated to g2. The fiber bundle
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structure of the strata was described in Theorem [2.4.11} We have #Fix(0) = noqq,
#Z()‘) = Nodd + 2nevena and

g(¥) =29 — 14 =54,
Hence, the dimension of the stratum Sp is given by 3g — 3 — deg(D). O

REMARK 2.5.3. We will show in Theorem using analytic techniques that
the fiber bundle structures of the strata are smoothly trivial.

2.5.1. Algebraic and Geometric Interpretations.

The semi-abelian spectral data developed above shows that the torus structure
is not completely lost, once we degenerate to the singular locus. Starting with a
torus of codimension 1 in the first degeneration, the deeper we go into the singular
locus the lower the dimension of the subtori. All singular SL(2, C)-Hitchin fibers
with irreducible and reduced spectral curve have a subtorus of at least dimension
g — 1. Furthermore, these subtori are abelian torsors over the Prym variety of
the normalised spectral cover.

The highest dimensional stratum Sy corresponds to Higgs bundles (E,®) €
Hit~!(g2) with non-vanishing Higgs field. One can show, that this stratum corre-
sponds to the locally free sheaves on the singular spectral curve by the Beauville-
Narasimhan-Ramanan correspondence [BNR89|. The lowest dimensional stratum
Sp,.. contains the Higgs bundles (E, ®) € Hit™!(¢2) with maximal vanishing or-
der. At a zero of odd order 2m + 1, they can be locally written as

B(z) = 2" <2 é) dz

and at a zero of order 2m, they are diagonalizable with local eigensections
+2™ dz. If B € Div(X) is the branch divisor of the covering by the normalised
spectral curve, we have

Dax = %(dIV(QD) - B)

The stratum Sp,,, has no Hecke parameters or extension data. Let R = %fr*B
the ramification divisor. Then Sp,_ .. is obtained as the algebraic pushforward
along 7 : 3 — X of the line bundles L(R) with L € Prym (%) (cf. Lemma.
Restricted to certain subsets of the singular locus one recovers the subintegrable
systems described by Hitchin [Hit19).

2.6. Singular fibers with locally irreducible spectral curve

In this section, we start analysing how the strata fit together to form the
singular Hitchin fiber. We will consider the case, where the spectral curve is
locally irreducible, i. e. where as € H°(X, M?) has only zeroes of odd order.
To do so, we need to compactify the moduli of Hecke parameters of the highest
stratum. We show that these singular Hitchin fibers are themselves holomorphic
fiber bundles over twisted Prym varieties with fibers given by the compactified
moduli of Hecke parameters. This allows an explicit description of the fibers for
the first degenerations.



40 2. SEMI-ABELIAN SPECTRAL DATA

2.6.1. Hecke transformations - revisited. We will again work in the
setting introduced in Section Let p: Y — X a covering of Riemann surfaces
and o : Y — Y the involution changing the sheets. Let M be a line bundle on X
with a section A : Y — p*M, such that 6\ = —\. Let A = div(}).

In this section, we consider M§ = M?(Y,p*M, ), such that Z(\) = Fix(o).
Under identifying M with the Hitchin fiber via pullback, this extra condition is
equivalent to the spectral curve being locally irreducible.

Let us shortly recall how we used Hecke transformations in Section 2.4 We
saw in Theorem [2.4.§|that for fixed L € Prym, (Y) the Higgs bundles (E, ®) € Sy,
which project to L, are parametrized by

Eigy'(L) = H°(A, (E,5))*/Ga.

After choosing frames of L at Z(\), the Hecke parameters are decoded in the
polynomial germs u. We reconstructed a o-invariant Higgs bundle from the spec-
tral data (L,u) as the Hecke transformation of (Ep,®r) at A in direction of
a = us4 + s— introducing the new transition function

~ 1 —uz=

Yo1 = <O A >
(see Theorem [2.4.8). To compactify the moduli of Hecke parameters, we need to
allow Hecke parameters a € H°(A, (E,&)), which vanish on suppA (cf. Lemma
2.4.5). Fix L € Prym,(Y) and a frame s € H°(U, L) in a neighbourhood U of
Z(N).

DEFINITION 2.6.1. Let o € HY(A,(E,5)) \ {0}. Define (EéA’O‘),@(LA’a)) by
introducing a new transition function

- bl —azM
y
Yo = ( 0 bz ) ’
respective sy, s_ for all y € Z()\), where a,b are defined through o = asy + bs_
(see Section for details on the notation).

Recall that the Hecke transformation is invariant under the group action of
Gy={p € H'(A,0%) | "¢ = ¢}

on the Hecke parameters HY(A, (E,5))*. When we allow the Hecke parameters
to vanish, there is another equivalence relation.

LEMMA 2.6.2. i) Let o € H°(A,(EL,6)) and ¢ € Gy, then EA’éA’a) =
EéA’(m). In particular, Definition |2.6.1 and Definition agree for
a€ HOA, (EL,6))".

ii) Let a,a/ € H°(A,(EL,5)), such that div(a) = div(a’) = D. Then

EEA’Q) o EAQA’a/), whenever the projections of a, o to H*(A— D, (Ep,5))
agree.

PROOF. In i), the new transition function of the Hecke transformation in
direction of ¢« is given by

<(;5_1b_1 —qbaz_AP>_<b_1 —az‘AP> <<;5_1 0)
0 PbzAr 0 bzl 0 ¢
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Hence, the transition functions define isomorphic vector bundles. For ii), let
¢ € H°(A,Oy), such that 0*¢ = ¢, then the Hecke transformations respective
a = as; +bs_ and o/ = (a+ ¢3)s; + bs_ are isomorphic. The isomorphism is
given by the gauge transformation

b=t —az M\ (1 ¢\ (7! (%zAp—a)z*AP
0 bz J\0 1)\ o0 bz '

This provides the equivalence in the a-coordinate. Using the G5 action one
obtains equivalence ii). O

2.6.2. Weighted projective spaces. We will obtain a topological model
for the compact moduli of Hecke parameters by gluing subsets of weighted pro-
jective spaces. Let us recall some basic facts about weighted projective spaces.

A weight vector (ig,...,i,) € N” defines a C*-action on C"*! by
C* x C 5 ™M (N o, ... an) = (AP, ..., Aingy,).

The weighted projective space P(ig, ..., i,) is defined as the quotient of C"*!\
{(0,...,0)} by this action. We will denote the equivalence class of (xg,...,zy)
by (xo :---: x,). Weighted projective spaces are complex orbifolds. We obtain
orbifold charts in the same way one defines affine charts of projective space P".
For example, for points of the form (1, x1,...,2,) € C*"! the C*-action restricts
to an action of Z;, given by

(L,x1,...,2p) — (1,5%:131, . ,§Zg:nn),

where &, is a primitive ¢p-th root of unity.
Weighted projective spaces are normal toric complex spaces. In an orbifold chart,
the torus action is given by

(1:ay: ~-:a:n)b—>(1:)\Zfazl:---:)\;":cn)
for (A1,...,An) € (C*)". This extends to an analytic action on P(i,...,4,). We
call a analytic subspace Y C P(iy,...,4,) toric, if it is preserved by the torus

action.

2.6.3. Compact Moduli of Hecke parameters. In this section, we want
to study the compact moduli of Hecke parameters. To do so we will restrict our
attention to the Hecke parameters at a single higher order zero.

Let (U, z) be holomorphic disc centred at 0 € C and ¢ : z +— —z. Let d € N
a odd number and D the divisor with coefficient d at zero. Define

Hecky = {(Z) € HY(D,0?) | 6*a = —a, oc*b= b}/w ,

ordg(ar) = ordp(a’) =: n
and (a,b) = (a’,b") mod 24",

These are the equivalence classes of relation ii) in Lemma For 0 <n < %
let

where

a=(a,b) ~a = (d,b)

Vi = {a € Hecky | ordg(a) = n}.
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We can understand the quotient of Heck; by Gp by gluing subsets, on which we
find explicit invariant polynomials. By Proposition Gp = C* x Hp, where

Hp = {1+ ¢p2® +--- € H'(D,Op)}

is the maximal unipotent normal subgroup. We will first factor through Hp
as orbits of unipotent group actions on affine spaces are closed. The resulting
intermediate quotient can be factored through C*. The subsets V;, will correspond
to the strata of the stratification 2.4.3

LEMMA 2.6.3. Let 0 < n < %. There is a holomorphic map u, : V, —

P2@=2n=1) jnariant under the Gp-action and separating the orbits. Its image
1

is an affine chart of Pz(@=2n=1)  Forp = %, the Gp action identifies V,, to a

point.

PrROOF. Lets assume n < % is even. Every a € V,, has a unique represen-
tative of the form

ang12" T4 Fag o292

b by_
14742524 4=l 1 mod z
bpz™

d—n

with by, # 0 in its Hp-orbit. In particular, b, and the (n+1)-th, ..., (d—n—2)-th
derivatives of the fraction in the first coordinate define 3(d —2n+ 1) holomorphic
functions invariant under the Hp-action. This defines a map

V, — C* x Cz(d=2n-1),

The C*-action acts with weight 1 on every coordinate. By factoring through C*,

(d—2n—1).

we obtain the desired map to an affine chart of P> For n odd, every

a € V, has a unique representative

anz" p
— b — mod z“7"™.
— —2 _dqd—
e S

By recording a,, and the (n 4 1)-th, ..., (d — n — 2)-th derivative of the second
coordinate and again factoring through the C*-action we obtain invariant map

v, — P%(d—Qn—H)‘

As a,, # 0, the image is an affine chart. If n = % is odd, the only Hp-invariant
function on V,, is a, # 0. Hence, V,, is identified to a point by the C*-action.
Similarly, for n = % even. U

It seems impossible to find enough invariant functions to define the global
quotient Hecky/Gp. However, we obtain a topological model by gluing the quo-
tients of subsets, which are easier to understand.

PROPOSITION 2.6.4. There exist finitely many locally closed connected subsets
N; C Hecky, © € I, such that

i) for every n <1 < % and o € Vi, there exist i € I, such that o € Nj
and N; NV, # 0,
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ii) there exist algebraic maps N; — P(1,1,2,3,...,m;) invariant by the
action of Gp, which separate the Gp-orbits. Their images are toric
subspaces and contain no singular points.

PRrROOF. Forn <[ < % let

N :=Hp-{a=mzz+x32>+...,b=m02z + 222> +... mod 27" |
To =" =Tp_1=Tpq1 =+ =1 = 0,27 # 0}.

Let a = (a,b) € N*. If &, # 0, we have ordg(a) = n, hence o € V,,. If z,, =0,
we have a € Vj. So N;* describes a locally closed subset of V;, containing V; in its
closure. We first want to find invariant polynomials by the Hp-action and then
take the quotient by C*. Let [ be odd and n be even, then

—n—2
a=mz2 4+ g2

b=z,2" + :cl_Hzl‘H 4o Ty 2L

Every orbit in N;* has a representative of the form

l
Tz
(9) T2 tap 1 2 T gy 2% mod Zdin.
1+x;—72z2+---+7xd;’;‘2 zd—n—2-1
The n-th, n+2-th, ..., (d — [ —2)-th derivative give (after multiplying with their

common divisor)
Sd—1-n)
homogeneous polynomials of degree

1,2,...,5(d—1—n).

The representative in|§|is not quite unique because if we act by (1+zd*”71¢) € Hp
the a-coordinate stays unchanged modulo 2%~". However, as we only record up
to the d — [ — 2-th derivative of the b-coordinate these homogeneous polynomials
are invariant under the Hp-action. Furthermore, it is easy to see that they are
independent elements of the algebra of Hp-invariant polynomials on N;* because
the n 4+ 2k-th derivative is the first on to contain xz;y9;. By recording x; in
addition, we have %(d — ! —n+2) independent homogeneous polynomials. This
defines a map

Nln N C%(d—l—n-ﬁ-?)

invariant by the Hp-action. Factoring through the C*-action we obtain the de-
sired algebraic map

d—1l—n

2 )

To show that it separates orbits we first consider N;*NV}, i. e. x,, = 0. Here every
element has a unique representative 2 mod z%~!. Those are determined by the
invariant polynomials induced from the derivatives [ + 1 till d — [ — 2. Instead on
N;* NV, we can uniquely represent each element by a u-coordinate, see Lemma
[2.6.3] This u-coordinate can be recovered from the invariant polynomials. The
(n + 2)-th derivative decodes z;12, the (n+4)-th z;44 etc. and the (d — [ — 2)-th

N - P(1,1,2,3, ...,
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decodes z4_,,_2. So the map separates orbits.
As z; # 0 we see that the image is contained in

)EP(L,1,...,5(d—1—mn)) |y # 0}

This subset contains no singularity of the weighted projective space. Furthermore,
by the explicit description of the homogeneous polynomials it is easy to verify

{(yoi"'iy%(d_l

_n)

1
that the image is closed under the torus action of (C*)i(d_l_”).
Now lets consider the case of even n and even [. Here we have to take a finer
decomposition. Let k£ > [ a odd number then

ENL .— a=2x12+ 2325+ -+ xg_p_oz? "2
n-— 4D b=z9z+ 1‘2Z2 +---+ IL‘d_n_1Zd_n_1
Tog=-=Tp1=Tpy1 = =x1-1 = 0,2 #0,
Tpp1 = X3 = = Tp—2 = 0,7 # 0 '
Clearly
k arl 1
J "N =N
odd k>1
So with these subsets we still satisfy property i). For fixed k we proceed as before
by computing the n-th, ..., (d — k — 2)-th derivative of

T2 + 2 4 4 g 297!

14+ k2,2 4 T2 ,d-2-1"
Tk Tk

They define a map
PNP - P(1,1,2,3...,4(d -k —n)).

invariant by the action of Gp. For x, # 0 we can recover the u-coordinate of
kN 1 NV, as above. If 2, = 0 the u-coordinate of the lower stratum is now given
by 3 mod 2471, We recover aj4o from the 4 2-th derivative, aj44 from the [+ 4-
derivative till ag_;_o from the d — k — 2-th derivative. These uniquely defines the
u-coordinate on V;. With the same argument as above the image contains no
singular points and is closed under the torus action.

When n is odd we can obtain the same results by changing the role of a and
b. O

THEOREM 2.6.5. The quotient of Hecky by the action of Gp is a union of toric
subspaces of weighted projective spaces glued algebraically along torus orbits.

PROOF. Most of the work was already done in the previous lemma by intro-
ducing the sets N; C Hecky and the G p-invariant, orbit-separating maps

N; — P(1,1,2,3,...,mi).

These maps identify the quotients N; /G p with toric subspaces of weighted projec-
tive spaces. We can build a model for the quotient Heck;/Gp by gluing together
this subsets V;/Gp along their intersection. We are left to show that this hap-
pens algebraically along torus orbits. It is enough to show that for all ¢ € I
and 0 <[ < % the intersection N; NV} is mapped onto a toric subspace under
the two maps to weighted projective spaces and that the coordinate change is
polynomial.
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F1GURE 5. The compact moduli of Hecke parameters for d = 5:
So yellow, S; blue, Sy red, NY green.

We will show this for N* NV, withn <[ < %, n even and | odd. For the other
cases, it works in the same way. Denote by

d—1l—n

— )

the G p-invariant maps defined in Lemma and Proposition Let a €
N;*N'V,. We can choose a representative of the form

(aclzl + .’L‘l+22l+2 + -+ xd_n_gzdnz)

1
Up Vi — P20 g NP P(1,1,2,

Zn
The image under u,, is given by
1
(1:0:+--:0:2: @42 Tg—n—2) € pa(d—2n-1)

So un(N/* N'V,) is clearly a union of torus orbits. On the other hand, we can
explicitly compute the values of the invariant polynomials defining f; and obtain

Loa_1—a_
(:L’l N R NS AT xl2+2 Do xd_n_g(a:l)Q(d =2-n) 4 >
d—1—
c P(l,l,Q,...,Tn).
This is again a union of torus orbits. It is easy to check that the gluing maps are
polynomial. O

EXAMPLE 2.6.6. Let us take a closer look at the compact moduli of Hecke
parameters at a zero of ag € H°(X, M?) of order d = 5. This example is sketched
in Figure

In this case, we have three strata of Hecke parameters by Lemma [2.6.3
Hecks = Vo U V3 U Vi, where Vy =2 C2,V; = C, and Vp = {0}. Proposition [2.6.4
defined three subset N}*, where Nl0 = Sy U Sy is of dimension 2, N21 =5 USy is
of dimension 1, and Ng is a one-dimensional subset of Sy with Sy in its closure.
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Because the glueing maps are algebraic, we can give Hecks/Gp the struc-
ture of a scheme using a pushout-construction (cf. [Sch05]). This is the univer-
sal scheme structure (Hecks/Gp,O), such that for any other scheme structure
(Hecks/Gp, Q') the inclusions of the subsets V; and NJ* into (Hecks/Gp,O’)
factor through (Hecks/Gp, Q). However, because we do not glue along closed
subschemes, this scheme structure has some pathologies as explained in [Sch05|
Example 3.2. In particular, it is not the scheme structure we will obtain below
by embedding the space of Hecke parameters in the singular Hitchin fiber.

2.6.4. Global fibering over twisted Prym varieties. We will show that
the singular fibers with locally irreducible spectral curve fiber over twisted Prym
varieties with fibers given by the compact moduli of Hecke parameters. As a first
step we identify the twisted Prym varieties of the all strata.

DEFINITION 2.6.7. Let M, such that Fix(c) = Z()). Define
Eigy, : M5 = (JSp = Pymy (V). (E.®) o Eigp(E, ®)(~3D).
D

REMARK 2.6.8. This is well-defined, because D has only even coefficients. If
we allow ¢o to have even zeroes, there is no canonical way to identify the twisted
Prym varieties of the different strata. See Section for more details.

We defined two kinds of wu-coordinates: First in Proposition [2.4.6, when
parametrising the strata and second in Lemma [2.6.3] when parametrising V,, C
Hecky. They are equivalent in the following way.

PROPOSITION 2.6.9. Letp€Y and A=d-p. Let 0 < n < % and (a,b) €
Vi, C Hecky. Let L € Prym,(Y), choose a frame s of L in neighbourhood of p
and let o = asy +bs_ € HO(A,(E,5)). Then

AN a) & (Ao
(BN 60y e 5y

its image under Eigy, , is L(n p) and the u-coordinate defined in Proposition
is given by

’LLn(O[) c C%(d72n71) C ]P)%(denfl)7
whit uy, defined in Lemma |2.6.5

Proor. The Higgs field of the Hecke transformation at p is given by

a .d 2 2
~ ~ (A ~_ ~ T2 b —a
(10) ¢p = ‘I’S: ) = ¢011(I)L1/101 = <22d a.d ) dz
2 b

respective the induced frame on F®) A section of the eigen bundle L at p is

given by
_[(b+a
=t )

Let s = zf”dp(“*b)é, then § defines a non-vanishing section of the eigen line bundle
L = ker(®r, — AidEL). In particular, L = L(np) and

(BN 0y e 5y
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To compute the u-coordinate at p, let us first assume that n is even, i. e. ordy,(a+
b) = ord,(b). Then
= (L25)
- zd72nb71

with @ an odd polynomial of degree d—n—2 and ba non-vanishing even polynomial
of degree d — n — 1. The sections s4 are given by

.. (b . a
S =s+to0s= E S_.=8—0 §= Zd—"f;—l .

Hence, the u-coordinate as defined in Proposition [2.4.6]is given by

a _
uw=~ mod 242",

Respective the basis z, 23, ..., 297272 this exactly gives the coordinates u,, de-
fined in Lemma[2.6.3] When n is odd, a similar consideration gives the result. [

Let D € DivT(X) be a o-Higgs divisor associated to M. Define
Heckp := X Heckp,.
p€Esupp(D)

PROPOSITION 2.6.10. Consider MS, such that Z(\) = Fix(o). Then the map
Eigi, : MS — Prym(Y) is a topological fiber bundle with fibers given by the
compact moduli of Hecke parameters Heckp /Gp.

PRrROOF. By definition, it is clear that Eig, is continuous on each stratum.
From Proposition [2.6.9] it is continuous under the degeneration from one stratum

to another. Let U a union of neighbourhoods of Z(\) and V' C Prym,(Y) open
such that there exists a local frame of the universal bundle

s:UxV =L

(cf. proof of Proposition [2.4.7)). By applying Hecke transformations we obtain a
commuting diagram

Heck /G x 1 —Heck

%

The identification of u-coordinates in the previous proposition shows that this
map is bijective. O

Eigew (V)

Ppro

V

Following paragraph 2.49 in [KK83], an analytic subset of a complex space is
called reducible, if it is the union of proper analytic subsets. Let X a complex
space and Sing(X) the singular set, then a irreducible component Z C X is
defined as the closure of a connected component X \ Sing(X). An irreducible
component is an irreducible analytic subset.

COROLLARY 2.6.11. The space MS with Z(\) = Fix(o) is an irreducible com-
plex space. In particular, it is connected.
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PROOF. The space of Hecke parameters of the highest stratum is connected.
The twisted Prym variety Prym, (Y") is connected as long as there exists a branch
point of p (see Proposition . Furthermore the closure of the highest stratum
is the whole singular Hitchin fiber by Theorem [2.6.5] and the previous proposi-
tion. In particular, the set of non-singular points is connected and hence MY is
irreducible. O

REMARK 2.6.12. We want to point out that the connectedness was already
shown in [GO13].

THEOREM 2.6.13. The map Eigy, : MS — Prym,(Y) is holomorphic. In
particular, the compact moduli of Hecke parameters Heckp /G is a complex space.

PrROOF. We will use a version of the Riemann extension theorem for com-
plex spaces to prove the theorem. To do so, we have to reduce the problem to
codimension 2. Lets again assume that there is only one higher order zero of
A. We saw in Proposition that an open neighbourhood N /G of the first
stratum Vi in the zeroth stratum Vj can be identified with an open non-singular
toric subspace of a weighted projective space P(1,1,2,...,n) . Gluing this open
subset to Vf, we obtain a complex manifold V' = Vy U V; of Hecke parameters of
the zeroth and first stratum. We can build a holomorphic fibre bundle Fy;

V — F01 — PrymA(Y)

by choosing local frames of L € Prym,(Y) around Z(\). Through Hecke trans-
formations, we obtain an analytic map to SoUS1, such that the following diagram
commutes

Heck S US

Prym,(Y)

For

Hence Eig;,, is holomorphic on Sy U 8.

To extend it, we use the Riemann extension theorem (Thm. I1.12.13 in
[Gra+94]) for reduced locally pure dimensional complex spaces. By Theorem
¢ is an irreducible complex space. Furthermore, the Hitchin map is
flat and therefore its fibres are locally pure dimensional (see Thm. I1.2.13 in
|Gra+94]). Let p € Mg\ (So U S1). For a small neighbourhood U C M¢ of p,
we can choose coordinate functions

f:V CPrymy(Y) — CHmPryma

such that Eig,,(UN(SpUS7)) C V. Then f o Eig,, define holomorphic functions
on U away from a analytic subset of codimension 2. By the extensions theorem
they extend to U meromorphically. We already showed that Eig,,, as defined in
Definition is a continuous extension. Hence Eig,,, is holomorphic. O

In conclusion, we obtain the following description of singular SL(2, C)-Hitchin
fibers with locally irreducible spectral curve.
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THEOREM 2.6.14. Let ay € H(X, M?) with only zeroes of odd order. Then
Hit~!(ag) is holomorphic fiber bundle

Hecky /G — Hit ! (ag) — Prym, ().
In particular, the singular Hitchin fiber is an irreducible complex space.

2.6.5. The first degenerations.
Zeroes of order 3 Let ay € H(X, M?) with one zero of order 3, such that all
other zeroes are simple. In this case, Gjy = C* is reductive and it is easy to see
that the compact moduli of Hecke parameters is given by

Hecks/C* = P!,
So as a direct consequence of Theorem [2.6.13] we obtain:

COROLLARY 2.6.15. Let ag € HO(X, M?) with k zeroes of order 3, such that
all other zeroes are simple. Then the singular Hitchin fiber is a holomorphic fiber
bundle

Ei -
(PHY* — Hit™(a2) — Prym(%).
In particular, Hit™(ag) is a toric complex space.

This example is sketched in Figure

Zeroes of order 5 Let us now consider as € H(X, M?) with zeroes of order 5.

PROPOSITION 2.6.16. The compact moduli of Hecke parameters Hecks/Gp 1is
a toric complex space normalised by P(1,1,2).

PROOF. In Proposition we defined an isomorphism from the
N{) — ]P)(lv 172) \ {(y(] :0: yQ)}
Its inverse is given by
2
Y1z
P(1,1,2 :0: — Hecky /Gy, Ty — .
(1, 1,2)\ {(yo : 0: y2)} — Hecka/Gx, (yo:u1:y2) <y0y1 + y222>

This map naturally extends to (0 : 0 : 1) by mapping it onto V5 consisting of a
single point. If yo # 0, the image lies in Vj and

Y1 Y2 3
(o o) (yo : y1 : y2) = 2 + =25
vo o Yl

Therefore, it extends holomorphically to yg # 0,y1 = 0. The map is biholomor-
phic away from the point in the lowest stratum, which is a fixed point of the
full-dimensional torus action on P(1,1,2). Hence, we can pushforward the torus
action to the moduli of Hecke parameters. O

COROLLARY 2.6.17. Let ag € H(X, M?) with k zeroes of order 3 and | zeroes
of order 5, such that all other zeroes are simple. Then, up the normalization,
Hit™1(a2) is a holomorphic fiber bundle

(Y % (P(1,1,2)) — Hit  (a) 22 Prym ().

In particular, Hit™(a2) is a toric complex space.
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2.7. Singular fibers with irreducible spectral curve

When there exist points of the spectral curve, where it is locally reducible, the
singular Hitchin fibers do not fiber over twisted Prym varieties. However, we can
still describe the degeneration to lower strata using Hecke transformations. In
Section it was more convenient to parametrize the extra data at even zeroes
with extension data. We will reinterpret these extra data as Hecke parameters
now.

Fix M¢, such that {y,o(y)} = Z(\) \Fix(c) and all other zeroes of A are sim-
ple. Let D be an associated o-Higgs divisor. Let L € Prym,_p and (E, ®) € MY
obtained from (Er,®r) by applying the unique Hecke transformation at all sim-
ple zeroes. Choose frames s; € H*(U, L), s2 € H°(U,o*L) for a neighbourhood
U of y and let

Sy :=81®DS2, S_:=81OD—S9.
the induced frame of F'|y = (L ® o*L)|y.

PROPOSITION 2.7.1. Letl = (A — D), and o = asy +bs_ € H(ly, E)*, such
that a(0) # £b(0). Then

(Blrrovatee) lrtmeatete)) ¢ §p ¢ Mg

and the extension datum at y introduced in Proposition|2.4.1( is given by

b
[bﬂl §2 dz} e H(ly, L2K).
—a

ProOF. This is a local computation from the description of the Higgs field
given in . O

From this description, we see that for the Hecke parameters at even zeroes
of the quadratic differential, there are two different ways to degenerate to lower
strata:

i) By degenerating to lower strata in the moduli spaces of Hecke param-
eters, i.e. allowing « to vanish. Here the eigenline bundle of the limit
point is twisted by a o-invariant divisor D + ¢*D.

ii) By imposing

a=b modz' or a=-b mod 7

for some [ < ordy(A), while a(0), b(0) # 0. In this case, the eigen line

bundle of the limit point is twisted by divisors ly or lo(y), respectively.
Consonant with the previous section, we can find a compactification of the
Hecke parameters of the highest stratum by allowing Hecke parameters in o €
H°(Ayy, E). Define

Hecky, := H'(Ay -y, E)/ ~,

where ~ denotes the analogue of relation ii) of Lemma Along the lines of
Section we can study the quotient of Hecky, by the non-reductive group
action of H”(A,y, O3 ) and obtain a topological model by gluing toric subsets of
weighted projective spaces. Following Section [2.6.4] one proves:
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THEOREM 2.7.2. Let ay € H°(X, M?) with one zero x € X of order 2d,
such that all other zeroes are simple. Let #~(z) = {y,oy} and L € Prym,(%).
Denote by (E, ®) € #*Hit 1 (ay) the unique o-invariant Higgs bundle obtained by
applying Hecke transformations to (Er, ®r) at the simple zeroes of ay. There is
a continuous injective map

Ty, : Heckg/HO(dy, O%) — 7#*Hit ' (¢2),

defined by applying Hecke transformations to (E,®) at x € X. Its image is the
closure of Eigg* (L) in Hit™(ag) and is given by

U Eigpy, ) (Llhy + laoy))
l1+12<d

with D(l1,1l2) = (I1 + o)y + (I1 + l2)oy € Div+(Y).

ProoOF. This theorem is proven by adapting Proposition to Hecke trans-
formations at the even zeroes of ay. This allows to compute the eigen line bundles
of the limit points determining the image of Tp. O

Define F,, as the topological fiber bundle over Prym, with fibers given by the
moduli of Hecke parameters (cf. Proposition [2.4.7). We can define a continuous
map T : F,, — Hit™!(ag) by applying T}, fiberwise. However, as we will see
below, this map is not anymore injective. It has the property that it makes the
following diagram commute

Tﬁl(SO) 80
[ /Eigo
Prymy

But there is no way to extend the fibering to the whole singular fiber. This was
already encountered in [GO13] and [Hit19]. To illustrate why these two proper-
ties fail, we describe the case of zeroes of order 2.

EXAMPLE 2.7.3 (Zeros of order 2). Let as € H°(X, M?) having a zero z € X
of order two, such that all other zeroes are simple. Let {y,oy} = #~!(z). The
compact moduli of Hecke parameters at z is given by

(H(y. BL) \ {0}) /H (y, Oy) = (C*\ {0}) /C* =P".

In this case, the stratification of Hecke parameters by vanishing order is trivial.
However, from Theorem the stratification of Hit*(az) has two strata. One,
where the Higgs field is non-vanishing and one, where it is diagonalizable and
vanishes at x of order 1.

Let L € Prymy(Y) and o € Fg, |f. Let U C X a neighbourhood of .
Choosing frames s; € H(U, L) and sy € H°(U, 0*L), the Hecke parameter o can
be written as o = asy + bs_. Then the Higgs field of T'(L, ) is given by formula

in Section m Hence,
T(L,a) €Sy < agF# tbo.
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Furthermore, it is easy to check that for ag = by the eigen line bundle of the
Hecke transformation is given by L(y), whereas for ag = —by it is given by L(oy).
We conclude that for given L € Prym, (2)
T(Lysy +s.) = T(Lly—oy))ss —s).

In particular, T is not injective and the fibering can not be extended. However,
Theorem defines a holomorphic map from a holomorphic P'-bundle over
Prym, to the Hitchin fiber, which has a holomorphic inverse on the dense stratum
So. Hence, the normalisation of the Hitchin fiber Hit™!(gz) is a P'-bundle over a
Prym variety.

This is the second example discussed in the Introduction and sketched in
Figure 3] A degenerating family of abelian varieties with a singular fiber of this
kind was constructed in [Mum?72| Section 7.

REMARK 2.7.4. With our methods, we can not show that the compact moduli
of Hecke parameters at locally reducible singularities of the spectral curve is a
complex analytic space. If this is the case, the map T defined above is defining
a one-sheeted analytic covering in the language of |Gra+94]. The analogue of a
birational morphism in the analytic category.

EXAMPLE 2.7.5 (Zeroes of order 4). Let as € H°(X, M?), such that there is
one zero x € X of order 4 and all other zeroes are simple. Then up to normali-
sation the singular Hitchin fiber is given by a holomorphic P(1, 1, 2)-bundle over
Prym, (X).

The proof is similar to the proof of Proposition Choose a local coordinate
(U, z) centred at y € 7 *(z) and let

. _fag+arz 0o 9 N
Heckg—{a— <b0+blz> € H(2 y,(’)y)}/ )

where a ~ o & ag = bgp = 0. The compact moduli of Hecke parameters at
z € X is the quotient of Hecks by Gy := H°(2y, O%). We defined holomorphic
Go-invariant functions

Heckg \ {[O]} — ]P)(l, 1,2) \ {(0 :0: 1)}7 o= (bo ap b1a0 — boal).
An inverse is given by

U P(1,1,2)\ {(0:0: 1)} — (Hecka \ {[0]})/Ga,

2

5
N N — .
(yo Y1 y2) [yoyl yzz]

U extends to (0 : 0 : 1) by mapping it to [0] € Hecky/G2. The holomorphic
transition functions of Sy define a holomorphic fiber bundle

P(1,1,2) - F — Prym, (%)

with a holomorphic map T'o ¥ : F — Hit !(ap). The P(1,1,2)-bundle over
Prym, (X) is normal and T o ¥ is biholomorphic on the highest stratum. Hence,
this is the normalisation of Hit™!(az).

COROLLARY 2.7.6. Let as € H(X, M?) with at least one zero of odd order,
then the Hit ™1 (ag) is irreducible.
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PROOF. Theorems [2.6.10{ and [2.7.2 show that So = Hit™!(az). Furthermore,
Sp is a C* x C"-bundle over a twisted Prym variety and hence irreducible by
Proposition In particular, the smooth points of Hit™*(ag) are connected
and hence Hit™"(ag) is irreducible. O

2.7.1. Singular fibers with irreducible, locally reducible spectral
curve. We encountered above, that the case of az € H°(X, M?) with only zeroes
of even order is very special. This is due the fact that the normalised spectral
cover is unbranched. There are two major differences to the cases consider before:

i) The pullback
™ Ma(X, M) = Mg(2, 7" M)
is not injective (Proposition [2.2.12)).

ii) The twisted Prym variety
Prymy(X) = Nm Y (N"Y C {L e Pic(Y) | L& "L = N~'}
and has two connected components (see Lemma [1.4.12)).

The local description of Higgs bundles at the singularities is independent of the
global properties of the spectral curve. Hence, the non-abelian spectral data of
these Hitchin fibers is given by the moduli of Hecke parameters at even zeroes
considered in the previous section.

THEOREM 2.7.7. Let ay € H%(X, M?), such that all zeroes of az have even
order. Let I be the unique line bundle on X, such that 7*I = Os,. Then there is
a stratification

Hit ™! (a2) = Sp
D

by locally closed analytic sets Sp indicated by Higgs divisors D. Each stratum is
a two-sheeted covering of a holomorphic fiber bundle

(C)Y"'xC°*—Sp — PrymI(N)(f]),
where
r=#Z(az), s=deg(M)—deg(D)—#Z(az), and N = idiv(az)— D.
The dimension of a stratum Sp is given by
deg(M) + g — 1 — deg(D).

ProoF. Following the receipt of Section the pullback defines an eigen
line bundle
O(L) = ker(ﬁ*@ - )\idﬁ-*E‘).
Choosing frames of L at 7*Z(ay), we obtain u-coordinates in (C*)" x C* deter-
mining the Hecke transformation
0> LPo"L = 7"E — Ts(7"N) — 0.

We are left with showing that L € PrymI(N)(ZNI). Recall that for p € Z(a2)
the Hecke transformation of 7*E is done o-invariantly at the preimage 7~ 1(p) =
{p1,p2} C Y. In particular, it define a Hecke transformation E of E at Z(a3) C X

0—E—E—Tx(N)—0,
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such that (E, <i>) is everywhere locally diagonalizable on X. It is clear, that
(B, ®) = (L & oL, diag(\, —\)).

Hence, either 79L = F or 7L = E ® I by Lemma In both cases,
det(n{ L) = det(£) = O(=N). Furthermore, det(rJOs) = I by Corollary [2.3.11
So by Lemma [3.2.3

O(=N) = O(NmL) @ det(n{ Os,) = O(NmL) ® I

and hence L € Prym[(N)(f)).

Reversing this construction, we can construct a o-invariant Higgs bundle
(E,®,05) for all choices of L € PrymI(N)(f]) and wu-coordinates in (C*)" x C=.
Hence, 7*Hit™(ag) is isomorphic to a holomorphic (C*)" x C*-fiber bundle over
PrymI(N)(i). By Proposition the stratum Sp is a two-sheeted branched
covering over this fiber bundle. O

In contrast, to Corollary there are two irreducible components.

THEOREM 2.7.8. Let ay € HY(X, M?), such that all zeroes of ay have even
order. Then the singular Hitchin fibers Hit™*(ag) is connected and reducible.

PrOOF. We showed in Proposition [2.2.12} that Hit™(ay) is a branched two-
2.2.13

to-one covering of 7*Hit™!(ay). Example shows that on can always find a
branch point in the lowest stratum. In particular, we can conclude connectedness
of the singular fiber from the connectedness of 7#*Hit ™! (as).

Let L € Pryml(div(w))(f)) and p € 71 Z(az). As we saw in Theorem we

can degenerate from Eig,' (L) C Sp and Eigy ' (L(p — o(p))) C So to one and the
same point in the lower stratum. Moreover, we saw in the proof of Proposition
that we change the connected component of the twisted Prym variety by
tensoring with O(p — o(p)) for p € X. Hence, Hit ! (az) is connected.

However, the fiber is reducible, because Sy is disconnected. It decomposes by
restricting the C* x C"-bundle to the two connected components of
Prym I(div(@))(f}). The closures of these two connected components of Sy define

two irreducible components of 7*Hit™!(az). O

2.8. Real points in singular Hitchin fibers

In this section, we are going to study K-twisted SL(2, R)-Higgs bundles with
irreducible and reduced spectral curve. We will show that for each stratum they
are parametrised by the two-torsion points of the Prym variety and a discrete
choice of Hecke parameters at the even zeroes of the quadratic differential. The
result for regular Hitchin fibers was considered in [Sch13} Peol3].

A line bundle L € Prym(X) is a two-torsion point, if L? = Ox. Under
the Prym condition, this is equivalent to o*L = L. We call L € Prymy(X)
o-symmetric, if 6*L = L. Choosing a o-symmetric base point for the simply

transitive action of Prym(3X) on Prymy (%) the two-torsion points are bijectively
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mapped on the o-symmetric points. Recall that the definition of o-invariant holo-
morphic line bundle required the lift & to restrict to the identity at all ramification
points (cf. Definition [2.2.1)).

THEOREM 2.8.1. Let o € H%(X,K?) a quadratic differential, such that all
zeroes have odd order and D € Div(X) an associated Higgs divisor. Then the
SL(2,R)-Higgs bundles in Sp C Hit™*(q2) are parametrised by the o-symmetric
points of Prymy_~.p(2).

PROOF. Let N := A — #*D and L € Prymy(X) such that there exists an
isomorphism ¢ : ¢*L — L. ¢ is unique up to +id and restricts to +1 at each
p € Fix(oc) = 7 'Z(g2). Choose a frame s € H°(U,L) at p € Fix(c), such
that s = £¢(0*s) for ¢, = £1 respectively. Such frame is uniquely defined up
to multiplying by an o-invariant holomorphic function and therefore defines a
unique u-coordinate (cf. Proposition . The induced frame sy, s_ defines a

global splitting
(Er,®r)=(LaL A
L, =L LA 0 .

We decompose N = Ny + N_, such that
suppN+ = {p € Fix(0) | ¢|p, = *id}.

The Hecke transformation of (Er,®y) at N in direction v = 0 is given by

An_
(EL,®L) = (L(N) ® L(Ny), <)\S+ ng ))
777
with ne € H(X, O(Ny)) canonical. The induced lift of o to L(Nz ) is the identity
at all ramification points. Hence, (E,®1) descends to a SL(2,R)-Higgs bundle
on X. If we choose —¢ in the beginning the role of N1 are interchanged and we
obtain a SL(2,R)-Higgs bundle isomorphic over SL(2, C).
For the converse, consider a SL(2,R)-Higgs bundle

(E, ) — <L@L1, (g, 8‘)) € Sp.

There are divisors N+ € Div (%), such that
An— A
T+ -

forne € H 0(5), O(N4)) canonical. The eigenline bundles are defined by

(11) (FL)(=N_) U=, G g 7ot

and correspond to a o-symmetric point of Prymy(X). Furthermore, the induced
isomorphism

¢ o (T L)(=N-)) = (7" L)(=N-)

is —1 at suppN_. So we recover (E, ®) with the construction in the first part of
the proof. O
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-

ExAMPLE 2.8.2. The pullback 7*K~2 € Prym, is o-symmetric. The corre-
sponding SL(2,R)-Higgs bundle is the image of the Hitchin section

<K—§ o K3, <q02 é)) € So.

More generally, if deg(D) =0 mod 2, there exist line bundles M on X such that
M? = Ox (D). Then ﬁ*(KféM) € Prymy_z«p is o-symmetric. The correspond-
ing SL(2, R)-Higgs bundle is of the form

e (3 2)
n

with n € H%(X, O(D)) canonical. These are the only SL(2, R)-Higgs coming from
o-invariant line bundles.

COROLLARY 2.8.3. Let go € H*(X, K?) be a quadratic differential, such that
all zeroes have odd order. Then Hit™(q2) contains

22972 T (ordp(q2) +1)
PEZ(q2)

SL(2,R)-Higgs bundles.

PROOF. By the previous theorem, every stratum contains 229727 SL(2, R)-

points, where n is the number of zeroes. At a zero p € Z(q2), we have M
possible values for D and hence there are
IT 3(ordp(a2) + 1)
PEZ(q2)
different strata. O

EXAMPLE 2.8.4. The regular fibers contain 269~ real points. If we have one
triple zero and all other zeroes are simple, we have 26978 of them. If we have
g — 1 triple and g — 1 simple zeroes, the number is 2°9~°. For one zero of order
4g—3 and one simple zero, we have (2g—1)229 real points. In general, the moduli
space of SL(2,R)-Higgs bundles branches over singular locus.

For quadratic differentials with zeroes of even order, there are two Hecke
parameters in each stratum leading to SL(2, R)-Higgs bundles. Here, we use the
description of the extra data at even zeroes given in Proposition

THEOREM 2.8.5. Let g € H°(X, K?) with at least one zero of odd order and
D € Divt(X) an associated Higgs divisor. The SL(2,R)-Higgs bundles in the stra-
tum Sp C Hit™Y(qo) are parametrised by the o-symmetric points of Prymy . (%)
together with a choice of one of two possible Hecke parameters at every even zero
p of q2, where %ordp(qg) # D,,. In particular, each stratum Sp contains

229—2+n—n0
SL(2,R)-Higgs bundles, where n = #7(q2) and
no = #{p € Z(q2) | gordy(a2) = Dy}.
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PROOF. Let L € Prym,_-.p(X), such that there exists an isomorphism ¢ :
o*L — L. Fix a choice of + at every even zero p, such that 1ord,(g2) # 7*D,.
Let Z¢ C Z(q2) be the set of zeroes of even order and

N = (A= 7 D) 5-12.

Let N = N + N such that N$™*" is supported at the even zeroes
assigned a =+ respectively. As seen above, the isomorphism ¢ defines a unique
Hecke transformation at #~1(p) for all p € Z(ga) of odd order. Performing these
Hecke transformations, we obtain a o-invariant Higgs bundle

s (i} )

on X with L1 ® Ly = O (=N*'"), which is locally diagonalizable over all even
zeroes of qo. If NV = (, this descends to a SL(2,RR)-Higgs bundle on X and
we are done. Let p € 7 1Z(qz), such that Ngvem # 0. Choose a frame s €
H°(U Uo(U), L) for a neighborhood U of p, such that ¢(c*s) = s. Depending
on the fixed choice of £, we define the Hecke parameter o = [si] respective
the induced frame s, ,s_. By Proposition this defines a o-invariant Higgs
bundle
(E(i)—l—aﬁ,a—l—o*a)? (i)(ﬁ—l—aﬁ,a—l—a*a)) )

Performing Hecke transformations like this over all even zeroes p € X, such that
sordy(g2) # 7* Dy, we obtain

0 an—
(o= s mee. (5L )
n—

This o-invariant Higgs bundle descends to a SL(2, R)-Higgs bundle in the desired
stratum.
For the converse, let

(E,®) = <L@L1, <g g)) € Sp.

0 A=
(B, ®) = [T LOT L™ | 5y "
n—

for divisors Nx € Div'(¥) with canonical sections 7+. The eigenline bundles
are defined by and define a o-symmetric element of Prym,_-.p. There is
a induced decomposition N = NV 4 NV" and hence a choice of & for all
p € Z°¢, where N5¥" #£0, 1. e. %ordp(qg) # D). O

Then

REMARK 2.8.6. The choice of & in the previous theorem actually depends on
choosing an isomorphism ¢ : ¢*L — L. However this isomorphism is unique up
to £idg. Choosing —¢ instead of ¢ corresponds to switching all + to — and vice
versa. For the SL(2,R)-Higgs bundle, this corresponds to the gauge interchanging
the splitting line bundles.
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A general formula for the number of real points in a singular Hitchin fiber
would be quite complicated. So let us finish by computing this number in some
examples.

EXAMPLE 2.8.7. Let ¢ € H°(X, K?) be a quadratic differential with d <
2g — 2 double zeroes and 49 — 4 — 2d simple zeroes. Then the Hitchin fiber

contains
4 rd
6g—6—2d Kk
ey (i)

real points. Let g2 be a quadratic differential with one zero of order 2d < 49 — 4
and 4g-4-2d simple zeroes. Then the number is (4d — 3)269-6-24,



CHAPTER 3

Interlude: Hecke transformations and pushforwards

In the last chapter, we saw that we can recover the pushforward of a line
bundle along a two-sheeted covering through the construction of a vector bundle
invariant by the involution changing the sheets (see Lemma. For coverings
with more than two sheets, this does not work in the same way, because there
rarely is a global group action acting transitively on the fibers of the covering. In
other words, most coverings are not Galois. However, locally we can still describe
the pushforward in this way.

At a ramification point of index k — 1 there is a local Zj-action changing the
sheets. Choosing a coordinate, such that the covering is given by z — zF, such
local Zj-action is generated by 7 : z +— £z, where £ is a primitive root of unity of
order k. Using these local Zg-actions, we can describe local frames of the pushfor-
ward at branch points by constructing 7-invariant frames in the neighbourhoods
of the corresponding ramification points via Hecke transformations. This will be
very useful for explicit computations. For example to compute the pushforward of
a non-degenerate bilinear pairing, which will become important in the following
chapter. To this end, we will first introduce Hecke transformations for holomor-
phic vector bundles of rank > 2. We will use the opportunity to compare this
notion to the more general concept of Hecke modifications. Then we will discuss
pushforwards describing them in terms of 7-invariant frames. Finally, we will use
this result to prove some properties of the pushforward, that can be found in the
literature.

>< d=A4 R=3 8:1

FicURrE 6. Branched covering with local Zg-actions

59
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3.1. Hecke transformations and Hecke modifications

We introduced Hecke transformations for holomorphic vector bundles of rank
2 in Section They were an important tool to study the non-abelian part of
the spectral data. Here we shortly introduce this concept for holomorphic vector
bundles of higher rank. Similar notions can be found in [HR04; BG10; Hit19).
Let X be a Riemann surface and =z € X.

DEFINITION 3.1.1. Let E a holomorphic vector bundle on X. A holomorphic
vector bundle F is a Hecke transformation of F at x, if there exists an exact
sequence

0—-E—E—T=0,

where 7 is a torsion sheaf supported at x.

Another way to understand Hecke transformations is by thinking of E to be
obtain from F by introducing a new transition function g from a neighbourhood
U of z to U \ {z} (using the notation of (T)),(2) in Section [2.3). Up to choosing
frames on U and U \ {z}, one can always assume p; to have Smith normal form

Zh

Yo1 = , 0<h <o <y,

er

where z is a holomorphic coordinate centred at x. This induces an isomorphism

T = éa(’))(,x/ <>

i=1
~ T
and hence, det(E) = det(E)(— >_ ;). In the sequel, we will specify a Hecke
i=1
transformations by giving the transition function ¢y from U to U \ {z}.

REMARK 3.1.2. For rk(E) = 2, we specified a weight and a direction given
by a polynomial germ in EV at x in Section This uniquely determined a
Hecke transformations of a holomorphic vector bundle of rank 2. For higher rank
one needs to fix a weighted flag of polynomial germs in O(EY),. We will not go
further in this direction here. However, one way to obtain more general moduli
of Hecke parameters determining the non-abelian part of the spectral data for
singular SL(n,C)-Hitchin fibers, n > 2, is to study the configuration spaces of
such flags.

Pointing in this direction, Furuta and Steer [FS92] used Hecke transforma-
tions (without labelling them like this) to obtain a correspondence between iso-
morphism classes of holomorphic vector V-bundles on a complex 1-dimensional
orbifold and parabolic vector bundles on the desingularising Riemann surface.

REMARK 3.1.3. Any extra structure on a holomorphic vector bundle F in-
duces an extra structure on E. If we fix a Higgs field ® € HO(X,End(E) ® M),
then the Hecke transformations E inherits a meromorphic section ® of End(E)®
M. Respective the induced frame on U, it will be given by

D |y = o ® |rtbor.
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In general, it will not be holomorphic. However, as we seen above, if ® vanishes
at x € X, then there are Hecke transformations of F, such that the resulting
Higgs field o is holomorphic.

Slmllarly, a hermitian metric h or a bilinear form w on E induces a hermitian
metric h respectively a bilinear form @ on E. In general, they are again singular
at z € X. It is straight forward to compute h respectively @ at x € X using the
transition function g .

Another generalisation is the notion of Hecke modification (see [Bap10; Won13;
HW19)).

DEFINITION 3.1.4. Let E be a holomorphic vector bundle on X. A Hecke
modification (E,s) of E at € X is a holomorphic vector bundle E with an
isomorphism

Elx\(zp = Blx\(a)s
that extends meromorphically over x with respect to trivialisations.

Clearly Hecke transformations are Hecke modifications, but the converse is
false. For a Hecke modification, the Smith normal form

Zh

can have exponents l; € Z. So in general, neither s nor s~ extend to a sheaf
map F — FE or E — E. Hence, we can not build an exact sequence as above.

REMARK 3.1.5. Up to choices of frames of EZ and E, the isomorphism s defines
a germ at x € X of the GL(n, C)-valued meromorphic functions with poles in x.
In other words, an element of the loop group (see [Wonl3| Section 1.3). This
opens up an alley to the rich theory of loop groups and affine Grassmanians,
which seems to be very useful for structuring the study of more complicated
degenerations of Hitchin fibers than what we consider in this work.

3.2. The pushforward

In this section, we collect some basic results on the pushforward of a sheaf
along an s-sheeted branched covering of Riemann surface 7 : ¥ — X. Most of
the results can be found in the literature. To prove the results, we use an explicit
construction of local frames for the pushforward using Hecke transformations.
Let S be a sheaf on Y. Then the pushforward is defined as the sheaf

(1 S)(U) = S(x~H(V))
for U C X open. If S is analytic, then S(7=(U)) is a Oy-module by
Oy x S(r Y U)) = S(x~ (1)), (¢,5) — (pom)s.
Hence, 7,S defines an analytic sheaf on X.

ProprosITION 3.2.1 (JHSW99| Proposition 4.2, |[Gun67| Lemma 10).
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i) Let E be a holomorphic vector bundle of rank r on'Y. Then m,O(FE) is
locally free sheaf of rank rs.

ii) Let E be a holomorphic vector bundle and S an analytic sheaf on X.
Then (S ® O(m*E)) = 1.8 ® O(E).

PrOOF. i) Away from the branch points this is clear. Let z € X a
branch point and y € 7~!(x) a ramification point of index k — 1. Choose
coordinate charts (V, z) centred at y and (U, w) centred at z, such that
E|7r71(U) is trivial and @ : V. — U,z — 2F. Let s1,...,s, be a local
frame of E|y. A section s € O(E)y can be written as

r r k—1
j k
5= Gisi =2 3 #oi(")si
i=1 i=1 7=0

Hence, there is an isomorphism of Oy-modules O(E)y = (’)’ff. Repeat-
ing the consideration for all connected components of 7—!(U) we obtain
the result.

ii) Let U C X an open set trivialising F. Then by the definition of push-
forward and pullback of analytic sheaves, we have

7+(S ®oy, O(*E))(U)
=S U) B0y, (On-10) Br-10, (T O(E))(x ™ (U)))
— SN (U) @10, (7 O(B) (1 (U))
= S(r{(U)) @0, O(E)U)
= (mS ®o, O(F)) (U).

These isomorphisms clearly commute with restriction maps.
O

Transition functions for the pushforward of a vector bundle. To
obtain a better understanding of the pushforward as a vector bundle, we describe
it in terms of transition functions.

Let E be a holomorphic vector bundle on Y. Choose an open covering 4l of
X, such that all branch points lie in a unique open set and E |r1(U) is trivial
for all U € 4. Denote by 714l the covering of Y obtained by decomposing each
f~YU) into its connected components. Choose transition functions {gyy} €
H'(f~'4,GL(n)), where GL(n) denotes the sheaf of GL(n, C)-valued holomorphic
functions on X. Let U,V € 4 contain no branch point, such that U NV # &.
Then 71 (U) = Uy U---UU,, 7 1(V) = ViU--- UV, and we can numerate them,
such that U; N V; # &. Then the transition function of 7w, F on U NV is given by

gu v 0

0 JU.V,

Let £ € X a branch point and U € &l the unique open set containing it. For
simplicity assume that 7=!(z) = {y}, i. e. y € Y is a ramification point of index
s — 1. Choose a coordinate (U, w) centred at x. We enhance the covering 4 by
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adding an open set V' C U, such that there exists a coordinate (7~1V, z) centred
at y, such that 7r|7r71(v) : z — z°. Furthermore, we add open sets W, W obtained
from U by removing two distinct branch cuts. Now, we can remove U from
and it remains a covering.

FIGURE 7. Refining the covering

We can identify the sheets #='W = Wj U --- U W, of the covering with the
s-th roots of w. Let s1,...,s, be a frame of E|,r_1(U). Then s;|w, for 1 <i <,
1 < j < s defines a local frame of 7, E . Let s = >/ | Ef A ij(2%)s; €
O(myE)y, then

s s r k-1
slvew =Y slvaw, = > > > (€572 6ii(2%)si v,
=1 =1 i=1 5=0

where £, is a primitive s-th root of unity. Let » = 1 then the transition function
of mF from V to W is given by

1 z 22 ... z571

1 %Z % z ... ;722571
(12) gVW = 1 gsz S’Z M .g ZS

1 ;9 1 gs 2 2 o gszsfl

If r > 1, gyw is made up of r blocks like this. In the same way, we obtain
the transition function gy, ;. Repeating this procedure at every branch point we
obtain transition functions for . E.

PROPOSITION 3.2.2. Let x € X be a branch point. There exists a neighbour-
hood U of x, such that

mElu= @ =B,
yer—1(z)
where
i) 7, is a generator of the local Zy-action at a ramification pointy € 7~ (x)
of index k — 1,
ii) (Ey,7y) is a holomorphic vector bundle of rank k defined in a neigh-
bourhood of y invariant by the local Zy-action (cf. Definition ,

and

iii) 7. is the Ty-tnvariant pushforward defined in .
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PROOF. Assume for simplicity that y € 7—!(z) is ramification point of index
s — 1. Choose local coordinates (V, z) centred at y and (U, w) centred at x, such
that m: V — U, z — 2z°. Let & be a primitive root of unity of order s. We have a
local Zs-action generated by 7 : V' — V| z +— £z interchanging the sheets. Let L
be a line bundle on Y. We obtain a vector bundle of rank k£ on V with a natural
lift of the Zs-action by

(13) L"=Lly®mLly®--- & (T )L|y

Here 1 € Zs acts by
0 T*

™ 0
Let s be local frame of L|y. A diagonalizing frame for the Z,-action is given by
Sii= s+ 7 s+ 2% s 4 gl Dipslng 0<i<s—1.

Then 1 € Z, acts diagonally by s; — & %s;. We obtain a local T-invariant
holomorphic vector bundle £ on V by applying a Hecke transformations at y
introducing the new transition function

1

o1 =

Zs—l
Then 7. (E, 7,) defines a rank s holomorphic vector bundle on U. It is easy to
check that the transition functions to this specific frame are given by . Hence,
we constructed a local frame of the pushforward at the branch point . For a
vector bundle E of rank > 1, we obtain the result by applying the construction
to a frame s',...,s" of E|y. O

LEMMA 3.2.3 (|[Har83| Exercise IV 2.6). Let E a rank r holomorphic vector
bundle on'Y, then

det(m«E) = Nm(det(E)) ® det(m.Oy)".
Furthermore, det(m.Oy)? = O(—B), where B € Div(X) is the branch divisor.

PROOF. Let us first assume r = 1 and E = det(EF) = L. Let D € Div(Y),
such that O(D) = L. We can choose transition functions of L, such that for
all y € supp(D), there exists a coordinate neighbourhood (V, z) and a transition
function from V to W =: V' \ {y} given by gyw = z~Pv». All other transition
functions are trivial. Let € X be no branch point, such that supp(D)N7~!(z) #
@. Choose a coordinate neighbourhood (U, w), such that 7 : V' — U, z + z. Then
a transition function of 7, L from U to U’ = U \ {x} is given by

w_Dyl

guu =

w_D-‘/k,
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where 771 (z) = {y1,...,yx} (With possibly D,, = 0 for some ). We have
det(gyy) = w™ 2 Poi = = NMP)e,

At a branch point x € X, the pushforward introduces a new transition function
as in . This extra transition functions do not depend on L and hence their
contribution to det(m,L) is covered by tensoring with det(m.Oy). To see that
det(m.Oy) is a square root of the line bundle O(—B) consider a ramification point
y € 7 1(x) of index k — 1. Choose coordinate neighbourhoods (V, z) centred at

y and (U,w) centred at x, such that m : z — 2¥ = w. The determinant of the
.. . . k(k—1) . . .
new transition function 1) is z~ 2 . Hence, the induced transition function

of det(m,Ox)? on U \ {z} is given by w*~!. Summing up over all ramification
points over z, we obtain det(m,Oy)? = O(—B).

In higher rank, we introduce a new transitions function as above for each
section of a frame s1,...,s, of E at a ramification point. Hence, the determinant
is tensored by det(m.Oy)".

O

PROPOSITION 3.2.4. Let E, F holomorphic vector bundles on'Y and 8 : E®

F — C a non-degenerate bilinear pairing. Fiz a square root O(R)%. Then there
s a induced non-degenerate pairing

m(E® O(R)2) @ m(F ® O(R)2) — C.

Recall that the Ramification divisor R has even degree by the Riemann-Hurwitz
formula.

PROOF. Let B/ = E® O(R)%,F’ =F® O(R)%. Then $ induces a pairing
B = (0r)'p: OFE)2O(F) — My
non-degenerate away from the ramification points of 7 : ¥ — X. Let U C X
be trivially covered, then it is clear that 8’ descends to a non-degenerate bilinear
pairing
B mE |y @ mF' |y — C.

Let U C X contain a branch point x € X and let y € Y be a corresponding

ramification point of index k — 1. Let (V, 2) be a coordinate chart centred at y,
such that 7|y : z — 2%, There exist frames sq,...,s, of E'|y and t1,...,t of
P‘V, such that 8'(s;,tm) = 6mz' . Define the local Zg-bundles E™, F7 as in
(13

3) and a bilinear map 87 : O(E7) ® O(F7) — Mx by
BT = B/ + T*B/ 4 T(k_l)*ﬂ/,
For 1 <1 <r, the sections s;,t; induce diagonalizing sections of the Zi-action on
E7,F7 by
i =5+ 7% s + E0r% s 4 - (BTN
by =t + &7 + 87t + - 4 R Dip =Dy

We have 1-k
- ' N z fori—l—jzk—la
BT (siis tij) = { 0 otherwise.
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Applying the Hecke transformation to E7, F'" the bilinear form 57 is twisted into
a non-degenerate Zg-invariant pairing 8 : £ ® F — C. Respective the induced
frames §;; = 27s;; of £ and flj = 2/t of I, we have

A A._ 1 forl:mandZ‘i’]:ki]"
B (5135 tmg) = { 0 otherwise.

Hence, B descends to a non-degenerate pairing extending /3’ over the branch
point . Repeating the consideration at every branch point, we obtain a global
non-degenerate pairing as described in the Proposition. O



CHAPTER 4

s[(2)-type fibers of symplectic and orthogonal Hitchin
systems

In this chapter, we define and parametrize so-called sl(2,C)-type Hitchin
fibers. These are singular fibers of symplectic and orthogonal Hitchin systems,
which are isomorphic to fibers of an SL(2, C)- respectively PSL(2, C)-Hitchin map.
For a s[(2, C)-type Hitchin fiber, the spectral curve defines a two-sheeted covering
of another Riemann surface and these higher rank Hitchin fibers can be identified
with fibers of Hitchin maps associated to these two-sheeted coverings. Building
on results of Chapter 2] we give a stratification of these singular spaces by fiber
bundles over abelian varieties resulting in a global description of the first degen-
erations. We will compare these semi-abelian spectral data of sl(2)-type Hitchin
fibers for the two Langlands dual groups Sp(2n, C) and SO(2n+1,C). We recover
a duality on the abelian part of the spectral data. The non-abelian parts of the
spectral data for corresponding singular s[(2)-type Hitchin fibers are isomorphic.
This extends the well-known duality of regular Hitchin fibers to s[(2)-type Hitchin
fibers.

We will start by defining sl(2)-type fibers of the symplectic Hitchin system
in Section Then we will identify these class of singular Hitchin fibers with
fibers of an associated SL(2, C)-Hitchin map (Section [4.2.2). Using the results of
Chapter [2| we parametrize s[(2)-type Sp(2n, C)-Hitchin fibers by abelian spectral
data in Section [£.2.3

In the second part, we will repeat these considerations for SO(2n + 1,C).
The identification of the s[(2)-type Hitchin fibers with fibers of an associated
SO(3, C)-Hitchin system is proven in Section [4.3.2]

Finally, we will prove the Langlands-Correspondence for sl(2)-type Hitchin
fibers of symplectic and odd orthogonal Hitchin systems in Section [£.4]

4.1. The Sp(2n,C)-Hitchin system

In this section, we take a closer look at the Hitchin system for Sp(2n,C).
Let us first reformulate the definition of a Sp(2n, C)-Higgs bundle (see Definition
by using the defining representation on C?". Let M denote a holomorphic
line bundle on X with deg(M) > 0.

LEMMA 4.1.1. An M -twisted Sp(2n, C)-Higgs bundle is a triple (E, ®,w) of a

i) holomorphic vector bundle E of rank 2n with an anti-symmetric bilinear
form w € HY(X,\*EY), such that w"" € HO(X,det(E)) is a non-
vanishing, and

ii) ® € H(X,End(F) ® M), such that w(®-,-) = —w(-,®").

67
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PROOF. A reduction of structure group of a principal GL(2n,C)-bundle P to
a Sp(2n, C)-bundle corresponds to the choice of a section

w € H® (X, P XgL(2n,c) GL(2n,C)/Sp(2n,C)) .

Under the linear representation, this corresponds to the choice of a symplectic
form on the fibers. O

THEOREM 4.1.2 (Simplified stability condition [GGR09]). A Sp(2n,C)-Higgs
bundle (E, ®,w) is stable, if for all isotropic ®-invariant subbundles 0 # F C E

deg(F) < 0.

Let Msp2,,0)(X, M) denote the moduli space of stable M-twisted Sp(2n, C)-
Higgs bundles on X. For M = K, this is a complex symplectic manifold of
dimension
(29 — 2)(2n2 + n).
Let A € sp(2n,C), then the the characteristic polynomial of A is of the form
T2 + ag(A)T* 2 + - + ag,(A) € C[T).

The coefficients (as, ... ,as,) are homogeneous generators of C[g]“ and the asso-
ciated Hitchin map is given by

Hitspan,c) : Mspanc) (X, M) = Bon(X, M) := ) HO(X, M*),
=1
(E,®) —  (a2(®),...,a2,(P)).

For M = K, the Hitchin map restricted to a dense subset B;ig C Bs,, defines an
algebraically completely integrable system.
The characteristic equation of (E, ®) € Hitg;(2n7c) (ag,...,a9y,) is given by

n*" 4+ aon® 2+ -+ ag, = 0.

Let pas : M — X the bundle map, then 1 can be interpreted as the tautological
section n : M — p3,M. The pointwise eigenvalues of the Higgs field form the
spectral curve

Y= Zy(n* 4 phraen®™ 2 + - - 4 phyag,) C TotM.

The projection pys restricts to a 2n-sheeted branched covering 7 : ¥ — X. Recall
that in general the spectral curve is singular at the points, where different sheets
meet. Due to the specific type of characteristic equation the spectral curve comes
with an involutive automorphism o : ¥ — ¥ reflecting in the zero section of M.

For M = K, the regular locus B;Zg is the subset of the Hitchin base, where
the spectral curve X is smooth. The fibers over By® are torsors over the Prym
variety

Prym(X — X/o).

In contrast to Example it is not possible to detect the smoothness of
symplectic spectral curves with the algebraic discriminant of the characteristic
polynomial. If 0 # n, € M, is an eigenvalue of ®, of multiplicity 2, then —n,
has the same multiplicity. Hence the algebraic discriminant always has double
zeroes. The sp(2n, C)-discriminant discsy = discyy(2,,c) introduced in Section
takes care of this extra symmetry.
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LEMMA 4.1.3. If discep(az, ..., as,) € H°(X, M?"*) has simple zeroes, then
the spectral curve is smooth.

To proof this lemma, let us take a closer look at the sp(2n, C)-discriminant.
Consider the representation of sp(2n, C)

{A c I\/Iat(n,(C) | AtrJQn + JQnA = 0}7 Where JQn = (_?d 1%71) .

A Cartan subalgebra is given by
h1

h={H= h | bi € C}.

—hy
Define e; € hY by e;(H) = h;. Then a root system is given by
A={te;te;|1<i<j<ntU{E2e|1<i<n}.

The two types of roots differ by their length. The roots +2e; have /2 times
the length of the roots +e; - e; (as depicted in the Dynkin diagram). The Weyl
group W preserves the inner product on h and hence the set of long/short roots is
invariant by the W-action. So we can define invariant polynomials in C[g]“ by the
product over the long/short roots. The product over the long roots [[iL, —4e?
gives (up to a scalar) the determinant function on h. We refer to the product
over the short roots as the reduced sp(2n, C)-discriminant

disc;;d = H —(ei £ ¢)%.

1<j
We have
discsp = det discie.
ProoF oF LEMMA [£. 1.3l Let z € X be a simple zero of
discep(as, . . ., az) = azndiscie(ay, . .., az,) € HO(X, M?™).
If ay, has a simple zero at x and disc;;d(ag7 .ooya9n)(x) # 0, then 77 1(z) € &
contains a simple ramification point on the zero section. If disc;';d(ag, ceeyQ2p)

has a simple zero at @ and as,(x) # 0, then 7—!(z) € X contains two simple
ramification points 0 #£ A\, —\ € M,. In both cases, the spectral curve is smooth.
O

EXAMPLE 4.1.4 (Sp(4,C)). Let (a2, a4) € Ba(X, M). The s((4, C)-discriminant
is given in terms of the image of the Hitchin map by

diSCE[(4,(C) (CLQ, a4) = a4(a§ — 4a4)2,
whereas the sp(4, C)-discriminant is given by

discep (a2, as) = as(a3 — day).
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4.2. sl(2)-type fibers of symplectic Hitchin systems

4.2.1. sl(2)-type spectral curves. In this section, we will defined the class
of s1(2)-type fibers of the Sp(2n, C)-Hitchin map. These Hitchin fibers are distin-
guished by the singularities of the spectral curve, such that for G = SL(2,C) all
Hitchin fibers are of s[(2)-type.

Let (ag,...,a2,) € Ban(X, M), ¥ C Tot(M) the spectral
curve and o the involutive biholomorphism reflecting in

the zero section of M. This involution defines an alge- z

braic Zso-action on 3. We will construct its quotient in 2

the algebraic category (see Remark [1.3.8)). A geometric

quotient by this action is given by S/ .
g 1 X — X /o := Spec(0%),

where OF, denotes the sheaf of o-invariant regular func- T

tions on X. As 7 is invariant under the Zs-action, we ob- D

tain the commutative diagram on the right of this para-
graph.

DEFINITION 4.2.1. An element (ag, ..., az,) € Ba,(X, M) is called sl(2)-type,
if ¥/o is smooth. In this case, Hits_pl(gn,(c) (ag,...,ay,) is called sl(2)-type Hitchin
fiber. An Sp(2n,C)-Higgs bundle is called sl(2)-type, if it is contained in an
s[(2)-type Hitchin fiber.

EXAMPLE 4.2.2. i) Let n = 1. Then X = ¥ /o is smooth for all ay €
HO(X, M?) and hence all fibers are s[(2)-type.

ii) A regular point (az,...,a2,) € Boe(X, M) is sl(2)-type, since in this
case X is smooth. The fibers are isomorphic to Prym(X — ¥/¢), which
in turn determines a regular Hitchin fiber of the 7 K-twisted SL(2, C)-
Hitchin system on /0.

iii) Consider n = 2 and (ag,as) € B4(X, M), such that ¥ is smooth ex-
cept of one point p € ¥ on the zero section. Assume that the spectral
curve is locally at p isomorphic to Z(y? — 22) ¢ C? with ¢ : C*> —
C?, (y,2) = (—y,2). The local quotient /o is isomorphic to the affine
curve Spec((Cly, z]/(y* — 22))?). There is an isomorphism

(Cly, 2/ (y* = 2%)" = Clzl, ¢+ (2, 2)
and hence ¥/ is smooth at p. In conclusion, (ag,as) € By \ B, is of
s[(2)-type.

PROPOSITION 4.2.3. A point (ag, ..., a2,) € Ban(X, M) is of sl(2)-type if and
only if all singular points of X lie on the zero section of M — X and only two
sheets meet in the singular points. In particular, all singular points of ¥ are of
type A, k> 1, i. e. nodes or cusps.

If disc;f;d(ag, coyagn) € HY(X, MQ”(”*U) has simple zeroes and Z(azn,—2) N
Z(agn) = 9, then (ag,...,a2,) € Bon(X,M) is of sl(2)-type. In this case,
(ag,...,a9,) € Bop(X, M) is called s1(2,C)-discriminant type.

PROOF. If (ag,...,a2,) € Ban(X, M) is of sl(2)-type, there can not be any
singular points away from the zero section of M. Otherwise ¥/o is singular,
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too. Let y € ¥ be a singular point on the zero section. Choose a trivialization
m*M |y = U x C over a coordinate neighbourhood (U, z) centred at m(y) and let
(z,A\) be the induced coordinate on M. Then ¥ is locally given by the equation

q(z,N) = XN AP 200 (2) 4 -+ agn(2) =0

with the involution given by o : (z,A) — (2, —A). Because y = (0, 0) is a singular
point, we have

0 0
92 l(z0)=(0,0) 7 = Y l(z0)=(0,0) ¢ = 0.

Hence, % |:=0 a2, = 0, i. e. ag, has a higher order zero at z = 0. Now, ¥ /0 is
locally given by the equation

@, 2) =n"+n""tag+ -+ +azy =0

and smooth at (0,0) by assumption . Therefore,

8 g
0 # £\ |(z,>\):(0,0) q = a2n72(0)~

In particular, 0 is a zero of ¢(0,\) of multiplicity 2 and hence only two sheets
meet in the singular point.

Conversely, if a singular point p lies on the zero section and two sheets of the
covering 7 meet there, then ¥ is locally given by a polynomial equation of the
form y? — zF = 0. Let R = C[y, z]/(y? — 2¥). The ring of invariant functions R°
is generated by 42 and z. In particular,

R Clz, ¢ ¢(2%,2)

defines an isomorphism of coordinate rings. Hence, Spec(R?) = C and the quo-
tient is smooth.

The discriminant condition implies that, away from the zero section, the only
points, where different sheets meet, are smooth ramification points of ramifica-
tion index 1. Furthermore, Z(ag,—2) N Z(a2,) = @ implies that only two sheets
meet at the zero section, in particular at the singular points. Hence, the spectral
curve is sl(2)-type by the first criterion. a

REMARK 4.2.4. Nevertheless there can be smooth ramification points of 7 :
Y. — X of higher order on the zero section of M for a sl(2)-type spectral curve
3. In local coordinates an example is given by a smooth ramification point of
index 3

Mt+z=0.

REMARK 4.2.5. An irreducible algebraic/analytic subset Z C C" is a C*-
manifold in a neighbourhood of a point p if and if only Z is locally given by
analytic/algebraic equations

Fl(xl,...,xn) :0,...,Fk(x1,...,l’n) :0,

such that D(F},...,Fy) has maximal rank at p. The backwards implication
follows from the implicit function theorem. For the converse see [Mil68] page 13].
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PROPOSITION 4.2.6. Let p : M? — X the bundle map and n : M? — p*M?
the tautological section. Let (asg, ..., a2,) € Ban(X, M) of sl(2)-type. The reduced
spectral curve ¥ /o is the zero divisor of

N+ a4+ agn_on + ag, € HO(M?, p* M*™).

In particular, Ky,; = 7, (MQ”_2®KX) and O(R) = 7iM?*=2, where R €
Div(X /o) is the ramification divisor of m, : ¥/o — X.

PROOF. The first assertion is obvious from the consideration in the proof of
the precious proposition. By Lemma and the adjunction formula we have

Ky = (Kp2 @ p*M?") |5y = 7 (MP"? @ Kx) .
The last assertion follows as O(R) = Ky, ® K O

In the subsequent analysis of Hitchin fibers -
of sl(2)-type another version of the spectral
curve plays an important role. We can nat- 7o
urally associate a smooth curve to the singular
spectral curve ¥ by the normalisation ¥. It can
be defined as the unique extension of the cov- v/
ering 7|yx : ¥ — X to a holomorphic cov-
ering of Riemann surfaces (here -* refers to the
complement of ramification/branch points). If
Y. /o is smooth, it can be defined in the same
way as the extension of the covering of Rie- X
mann surfaces m [y : X — (X/0)*. It also
can be defined intrinsically by taking the inte- FIGURE 8. Spectral curves
gral closure of the structure sheaf and defining
¥ as the associated analytic curve. Hence, all this constructions agree. In total
we obtain the commutative diagram in Figure

For ag, € HO(X, M%) let

™
M

Nodd = Nodd(a2n) 1= #{x € Z(az,) | = zero of odd order}.

LEMMA 4.2.7. Let (ag, ..., a2,) € B, (X, M) be of sI(2)-type. Then the genus
of ¥/o is given by

g(X/o)=n(g—1+ (n—1)deg(M)) + 1
and the genus of the normalised spectral curve is
9(%) = 2n(g — 1+ (n — 1) deg(M)) + 3noaa + 1.
If M = Kx, we have
gX/o)=n2n—-1)(g—1)+1
and
9(2) = 2n(2n —1)(g — 1) + $neda + 1.

PROOF. This is immediate from Proposition [£.2.6] and the Riemann-Hurwitz
formula. O
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4.2.2. sl(2,C)-type Hitchin fibers are fibers of an SL(2,C)-Hitchin
map. In this section, we identify the sl(2)-type fibers of the symplectic Hitchin
system with fibers of a SL(2,C)-Hitchin system on the reduced spectral curve
Y/o.

PrROPOSITION 4.2.8. Let p : Y — X be an s : 1 covering of Riemann
surfaces. Let R = div(dp) € Div(Y) the ramification divisor. Let (E,®) €
Msi,c)(Y,p*M), then the pushforward (p.(E & O(R)%),p*q)) defines a M-
twisted Sp(2s, C)-Higgs bundle on X .

Recall that O(R) is of even degree by the Riemann-Hurwitz formula.

SHORT PROOF USING PROPOSITION B.2.4l Let E' := F ® (’)(R)%. psE s
locally free and
p«® : pu(E') = p(B'@p*M) =p(E) @ M

defines a M-twisted Higgs field on p,E’. By Proposition the area form on
E descends to a symplectic form on p,E’. Because ® is trace-free, or equivalently
anti-symmetric with respect to the area form, p,® is anti-symmetric with respect
to the induced symplectic form on p,FE. O

For the reader’s convenience, we give another proof without using Proposition

B.2.4
DETAILED PROOF. Let E' := E® (’)(R)%. p«E’ is locally free and
p«® : pu(E) = p(B'@p* M) =p.(E) o M

defines a M-twisted Higgs field on p,E’. The symplectic form w € HO(Y, \> EY)
induces a degenerate symplectic form o' = w(ds)~! € HO(Y, A\ EY(—R)) on E'.
Let U C X be trivially covered, such that E'|,-1(y is trivial. Hence p Y U) =
Vil---UVs. Let s;; withé =1,2;5 = 1,..., s be symplectic frames of E’|V]., i. e.

=11 ¢

respective s1j, s25. Then the induced symplectic form on p,(E’)|y is given by

0 1
-1 0

p*wllU =

-1 0

respective the frame s;;. This defines a symplectic form p,w’ on p,E'|yx, where
Y* =Y \ suppR. Obviously, p,w/(ps«®-,) = —psw/(-, s P -).

To extend the symplectic form to the branch points, we use the description
of the algebraic pushforward by local Zg-invariant bundles at the corresponding
ramification point (see Corollary . Let o' := w(dp)~' € HO(A\*(E")Y). Let
y € Y be a ramification point of order k. Choose a coordinate (V,z) centred at
y, such that projection map is given by p : z — zF. Let ¢ a primitive root of
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unity of order k and 7 : V — V, z — &z the local automorphism inducing the
Zr-action. Consider the local holomorphic Zj-vector bundle
Let s1, 52 be a symplectic frame of E'|y, then
Sij = 18+ &8 4+ £ (12) sy 4 -+ 4 ETI (PR
for i € {1,2} and 0 < j < k — 1 define a frame of F', such that the Zy-action is
given by
diag(1, 1,&,€, ..., €71 €M),

The induced degenerate symplectic form Q = w’ +7*w 4 - - + (7F~1)*w/ is given
by

Q5112 S9m) = 27 forl4+m=k—-1

122m) =1 otherwise.

To obtain a local Zg-invariant holomorphic vector bundle F descending to p(V')
we have to apply a Hecke transformation introducing the new transition function

o1 = diag(1,1, 2, z,..., 251 2F1),
The induced symplectic form is given by

A N 1 forl+m=k—-1
szmsz)(su,sam):{ or &+ m

0 otherwise,

where we denote by abuse of notation the induced frame of F again by s;;. Hence,

Q) descends to a non-degenerate symplectic form on p,E’. Again it is clear that
the induced Higgs field p,® is anti-symmetric with respect to the symplectic
form. O

Let (ag,...,a2,) € B, (X, M) of sl(2)-type. The spectral curve ¥ comes
with a section A € H(X, 7* M) solving the spectral equation. Hence, A\o*(\) €
HO(X, 7*M?) defines a o-invariant section and descends to by € HO(X /o, 7} M?).

PROPOSITION 4.2.9. Let (ag,...,a2,) € Ban(X, M) of sl(2)-type and by €
HO(Z /o, 7t M?) the induced section. There is a holomorphic map

Hitg iy, (@2, - - - azn) = Hitg, ¢ (b2) € Msioc)(S/0, 75 M).

PROOF. Let (E,®) € Hitg,,,, ¢ (az, .-

.,a2n). The characteristic polynomial
A Eaa NPT 4 Thag,
factors through A? + by and hence defines a generalised eigen bundle Ey by

w24 byid
I (B @ M?) — By @t M2 = 0.

The dualized exact sequence tensored with 7 M? results in

0— Ey—»mE

*@2 boid \2
0= EY @ni M2 5 g v TR e pv o 12y L BY @t M2 s 0.
The symplectic form w identifies £ with EV and from the anti-symmetry of the
Higgs field the bundle map 7 &2 +baidyx g is self-dual. Hence, there is an induced
isomorphism Ey & EY @7 M?~2". In particular, w restricts to a symplectic form
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wy on By @ mr M "=l and the induced Higgs field ®3 on E, is anti-symmetric
with respect to it. Hence, (E2, ®2) is a m; M-twisted SL(2,C)-Higgs bundle on
Y/o. O

THEOREM 4.2.10. Let (ag,...,a2,) € Ban(X, M) of sl(2)-type and by €
HO(Z /o, 7%t M?) the induced section. The holomorphic map

Hitgpl(Qn,(C) (ag, e ,CLQn) — HitS_I_1(2,(C) (b2>

defined in Proposition s a biholomorphism. Its inverse is given by Propo-
sition [{.2-8

PROOF. We need to show that the holomorphic maps defined in Proposition
4.2.8land [4.2.9|are inverse to each other. Let (Ey, ®3) € Hit™!(by). By Proposition

4.2.8] (Tps (B2 ® 75 M 1) 71,,®) defines a Sp(2n,C)-Higgs bundle on X with
spectral curve Y. We have a natural map

By @m MI™ — By @ nf M™1

by multiplying with the canonical section of O(R) = 7% M?"~2. This induces an
inclusion

LBy @MY = i m (By @ mE M™Y.

It is clear by construction that the im(:) = ker(7} 7, ®2 + baid).
For the converse, let (E, ®) € Hitgpl@n C)(ag, ...,a2,) and denote by (Es, ®2)
the induced SL(2,C)-Higgs bundle on ¥ /0. It is clear that

71—n>i<(E12 ®W;Mn—1) |X>< = (Ev(I))lXXa

where X* = X \ m,(suppR). We are left with showing that this isomorphism
extends over the branch points. Let z € X be a branch point. For simplicity
of notation we assume that it corresponds to a ramification point y € Y of
index n — 1. Let U be a neighbourhood of x, such that the covering is given
by m, : 7, U — U,z + 2z". On V := 7, 'U we have a local automorphism
changing the sheets inducing a local Zj-action on /0. The pullback 7} (E, ®)|v
is a Zg-invariant Higgs bundle with trivial determinant. There is a unique way to
extend 7. (B @i M1, ®3)|,-1xx to aT-invariant SL(2n, C)-Higgs bundle at
y € Y by Hecke transformations. This is the way the pushforward is constructed
in Corollary Hence, the isomorphism extends over the branch points. [

4.2.3. Semi-abelian spectral data for s[(2)-type fibers.
In this section, we apply the results of the Chapter 2| to described the Sp(2n, C)-
Hitchin fibers of s[(2)-type.

DEFINITION 4.2.11. Let ag, € H°(X, K?"). An associated Higgs divisor is a
divisor D € Div(X), such that supp(D) C Z(agy,) and for all z € Z(as,)

0<D, <2

LEMMA 4.2.12. Let (ag,...,a2,) € B (X, K) of sl(2)-type. Let (E,®) €
Hits_pl(% C)(ag, ..ya2y) and x € Z(ag,) C X a zero of order m. There exists a
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coordinate neighbourhood (U, z) centred at x and a frame of E |y, such that the
Higgs field is given by

k ... k

for some 0 <1, <. The Higgs divisor of (E,®) is the divisor

D= Z L.

x€Z(azn)

PRrROOF. By assumption 0 is an eigenvalue of ®, of algebraic multiplicity
two. Therefore, we can find a neighbourhood U of z, such that (E,®) |y =
(Eo @ E1, P9 @ ®1), where Ej is of rank 2 with ®y(z) nilpotent and Ej is of rank
2n — 2 with ®; having non-zero eigenvalues. Now, we can bring ®g in the desired

form by Lemma O
For as, € H°(K?") let
Neven = #{x € Z(aay,) | © zero of even order}
Nodd = #{x € Z(az,) | © zero of odd order.}

THEOREM 4.2.13. Let (ag, ..., a2,) € Bon(X, K) of sl(2)-type, such that ¥ is
irreducible and reduced. There is a stratification

Hitg'}(%c)(a% ... ,agn) = |_| Sp
D

by locally closed analytic sets Sp indicated by the Higgs divisors associated to
aon- If aon has at least on zero of odd order, every stratum Sp is a holomorphic
(C*)" x (C)*-bundle over

Prymy_sz«p(72 Y- /o)

with

Nodd

—5

If all zeroes of as, have even order, each stratum Sp is a 2 : 1-branched covering

of a holomorphic fiber bundle described as above. In particular,

dimSp = (2n® +n)(g — 1) — deg(D).

" = Neven, S = 2”(9 - 1) - deg(D) — Neven —

Proor. This is a direct consequence of Theorem [4.2.10| and the stratification
result for singular fibers of SL(2, C)-Hitchin systems with irreducible and reduced
spectral curve in Theorem [2.4.11] The dimension of the Prym varieties is given
by

dim Prym(7g : ¥ — Y/o)= g(f}) —g(S/0) =n(2n —1)(g—1) + n;dd.
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THEOREM 4.2.14. Let (asg, ..., a2,) € Ban(X, K) of sl(2)-type, such that ag, €
HO(X, K?) has only zeroes of odd order. Then Hitg;(zmc)(@,...,agn) fibers
holomorphically over 3

Prymy(7e : ¥ — /o)
with fibers given by the compact moduli of Hecke parameters described in Section

263
PROOF. This is a direct consequence of Theorem O

Putting together Corollary [2.6.15 and Example we obtain:

EXAMPLE 4.2.15. Let (ag,...,a2,) € Boy(X, K) of sl(2)-type. Let ag, have
k; zeroes of order [ for | € {2,3,4,5} and at least one zero of odd order. Then up
to normalisation Hits_pl(zn o) (ag,...,a9y,) is given by a holomorphic fiber bundle

(P12 +hs x (P(1,1,2)) % — Hitg]

Sp(2n,C)(a2’ ooy a2p) — Prymy (7o : RS Y/o).

REMARK 4.2.16. We will show in Theorem [5.10| using analytic techniques
that all these fiber bundles are smoothly trivial.

COROLLARY 4.2.17 (Corollary Theorem [2.7.8)). Let (ag,...,as,) €
Bon(X, K) of sl(2)-type, such that as, € H°(X, K?") has at least one zero of odd

order, then Hitg;(ch) (ag,...,a9,) is an irreducible complex space. If all zeroes

of as, have even order, then Hitgpl(% C)(ag, ..., a2p) 18 connected and reducible.

REMARK 4.2.18. Notice that the identification of Hitchin fibers in Theorem
is not restricted to s[(2)-type Hitchin fibers with irreducible and reduced
spectral curve. In particular, the parametrization of singular Hitchin fibers with
reducible spectral curve in [GO13| Section 7 describes certain s[(2)-type Hitchin
fibers of the Sp(2n, C)-Hitchin system, for all n € N.

4.3. sl(2)-type fibers of odd orthogonal Hitchin systems
4.3.1. The SO(2n + 1, C)-Hitchin system. Let G = SO(2n + 1,C) and
50(2n -+ I,C) = {A S Mat(n X n,(C) ‘ AtrJQn_H + J2n+1A = 0} ,

where
0 id, O
Jomr1=1(idp, 0 O
0o 0 1
Then a Cartan subalgebra is given by
hy
hy,
h={H= —hy | hi € C}.
—h,
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Define by e; € h¥ by e;(H) = h;. Then a root system is given by
A={xe;fte;|1<i,j<ni#j}U{Fe; |1<i<n}.
As before the so(2n + 1, C)-discriminant decomposes by the lengths of the roots

n
discy, = H —elesc;f,d, where dlsc“Ed H —(e; £ ej)z.
i=1 1#]
The characteristic polynomial of A € so(2n,C) has the form
AN + X2 4 -+ agy,).

The coefficients as, .. ., as, form a basis of the invariant polynomials C[g]®.

DEFINITION 4.3.1. An M-twisted SO(m, C)-Higgs bundle is a triple (E, ®,w)
of a

i) holomorphic vector bundle F of rank m with det(E) = Ox together with
a holomorphic non-degenerate symmetric bilinear form w € H%(X, S?EV),
n
ii) Z) g H°(X,End(F) ® M), such that w(®-,-) = —w(-,® ).
(E, ®,w) is called stable, if for all isotropic ®-invariant subbundles 0 # F' C E
deg(F) < 0.
(see |GGRO9] for the simplified stability condition).

Let Mso(m,c)(X, M) be the moduli space of stable M-twisted SO(m, C)-
Higgs bundles on X. For m = 2n + 1 the Hitchin map is given by

Hitso(n+1,c) : Mso@nt1,0) (X, M) — Bso(ant1,c) (X, M) @HO X, M%),

(E7 (I),(U) = (G‘Q(q))a R a‘2n((I)))
In particular, we observe that Bso2,41,0)(X, M) = Ban (X, M). Let (E,®,w) €
Hitgcl)(% 1 C)(ag, ...,a2y), then the characteristic polynomial of ® is given by

)\()\21@ + a2n_2)\2n—2 4ot a?n)~

Hence, the spectral curve decomposes in two irreducible components 0U Y., where
0 is the image of the zero section in M and ¥ is the Sp(2n, C)-spectral curve
associated to (ag,...,an).

From Lemma |4.1.3| we immediately have

LEMMA 4.3.2. If discso(as, ..., a2,) € H*(X, MZ"Q) has simple zeroes, then X
18 smooth.

DEFINITION 4.3.3. An element of the Hitchin base a € Bso(an11,c)(X, M) is
called sl(2)-type if ¥ /0 is smooth. In this case, the corresponding Hitchin fiber

Hltgcl)@n+1 C)( a) is called sl(2)-type. A M-twisted SO(2n + 1, C)-Higgs bundles is

of sl(2)-type, if it is contained in a sl(2)-type Hitchin fiber.

Hence, the descriptions and properties of s[(2)-type spectral curves in Section
4.2.1| carry over to sl(2)-type Hitchin fibers of the odd orthogonal Hitchin system
by adding the irreducible component 0.
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4.3.2. Odd orthogonal sl(2,C)-type fibers as fibers of an SO(3,C)-
Hitchin map.

LEMMA 4.3.4. Let (E,®,w) € Mso@nt1,0)(X, M) of sl(2)-type. Let p €
Z(det(®)) a zero of order m, then there exists a coordinate neighbourhood (U, z)
centred at p and an orthogonal splitting (E,®)|v = (Vo @ Vi,®0 @ ®1), such
that Vi is of rank 3, ®o(p) is nilpotent and Vi is of rank 2n — 2 containing the
eigenspaces to eigenvalues \ with A(p) # 0. Furthermore, ® can be locally written
with respect to an orthogonal frame as

0 1—zm=2 0
Do(z) =2l [ 2m=2 —1 0 i(zm 2 +1) | da.
0 —i(2m 2 4 1) 0

PROOF. By construction (Vp, ®¢) is a O(3, C)-Higgs bundle on U. Due to the
exceptional isomorphism SO(3,C) = PSL(2, C) the Higgs field ®y can be obtained
as ad(¥) for a SL(2, C)-Higgs field ¥ (cf. Section [4.4). By Lemma we can

find a local frame, such that
0 2t
v = (zmlp 0 > dz.

With respect to the induced local frame of V the Higgs field @ is given by
0 —2 0
d=ad(¥)=[—2mb 0 2o | dz
0 2k 0
and the orthogonal structure induced by the Killing form by
1

1
Choosing an orthogonal frame we obtain the desired form. O
DEFINITION 4.3.5. Let (E, ®,w) € Msont1,0)(X, M). The Higgs divisor of
(B, ®,w) is the divisor
D(E,®w):= > I,

pGZ(agn)
where [, is defined by the previous lemma.

LEMMA 4.3.6. Let (E,®,w) € Msownir.c)(X, M) of si(2)-type and D =
D(E, ®), then
i) ker(®) = M~"(D) and w |ker(ey = %* € HY(X, M*"(=2D)), where sp
D

denotes the canonical section of O(D).
ii) there is an exact sequence of coherent sheaves

0 — O(ker(®) @ ker(®)) — O(E) — T — 0,
where T is a torsion sheaf with det(T) = O(A — 2D).
iii) (E,®,w) is uniquely determined by D and

(ker((I))J-7 ) | ker(®)L> w | ker(q))L) .
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PRrROOF. i) The proof of the first assertion is closely following an ar-

gument in Section 4.1/4.2 of [Hit07] using the local form for the Higgs
field describe in Lemma [4.3.4] Consider an orthogonal splitting £ =
Vo Vo®--- & V,, such that V is as in the lemma and V; for ¢ > 2 is
rank 2 containing the eigen spaces to eigenvalues +A; # 0. Let eg, €1, e2
be an orthogonal frame for Vj, such that ®y has the prescribed form
and e9;_1, e9; an orthogonal frame of V; of eigen sections of ®. Then the
induced alternating bilinear form « := w(®-,-) is given by

a =iz (ea A (e3+ier) +z(-++)) ANida(es Aeq) -+ Nidp(ean—1 A €an).

ii)

iii)

Let us assume that with respect to our frame the volume form is given
by vol = eg A -+ A e, € H(U,det(E)). Then, we can write A" a €
HO(U, \*" E ® M™) as a contraction 4,,vol with

vo = —i" L2ty - Ny(es +ier) + 2 ) € HY(U, E @ M™).

So vg defines a non-vanishing section of H%(X, E® M"(—D)) that spans
the kernel of ®. Hence, ker = ker(®) = M ~"(D).

Furthermore, using the local form in previous lemma on computes
that for p € Z(az,) we have w|yer = 20rdpa2n=2Dp  Hence (up to the right
choice of sp)

a
@ lier = 5+ € HO(X, M*"(=2D)).
D

ker C E is a ®-invariant subbundle of rank 2n, such that
E|y = ker © kert 1%

for all contractable U C X, such that U N Z(a2,) = @. Hence, the
inclusions define an exact sequence of coherent sheaves

0 — O(ker @ kert) = O(E) = T =0

with 7 a torsion sheaf supported on Z(asgy,). Now, det(7) can be com-
puted from the local description in Lemma [4.3.4]

Stated differently ii) tells us that FE is a Hecke modification of ker @ ker
(see Definition . We need to show that there is a unique Hecke
modification doing the job, i. e. a unique Hecke modification, such that

V = ker @ ker®
with its degenerate symmetric bilinear form
B = wlker e9W|kerL

is transformed into a SO(2n 4 1,C)-bundle (V,3). At p € Z(az,) we
have an orthogonal decomposition

<kerJ‘, (I)lkerl) |U = (V2 V1, P20 ‘I’l)

by restricting the orthogonal decomposition in Lemma [£.3.4] One the
one side V4 is of rank 2 and ®y(p) is nilpotent, on the other, ®; has
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non-zero eigenvalues and w|y; is non-degenerate. Thereby, we are left
with showing that we can find a unique Hecke modification twisting

a
(rerlo & 72, 2 &, )
SD
into a SO(3, C)-bundle. The existence is clear by b).

Using the local form described in Lemma one can show that
there are local frames ey of ker;; and eq,es of Va, such that the non-
degenerate bilinear form at p is given by

me2l 0 0
a
Zowly,=| 0 2 o],
°D 0 0 1

where m = ordy(az,) and | = D,. Hence, the Hecke modification can be
assumed to take place in span{eg, €1 }.
If there were two Hecke modification,

S1

ker |y @ Va
N

such that F, Fy are SO(3, C)-bundles with the induced orthogonal struc-
ture, then up to choosing frames s; o s ! reduces to a meromorphic
SO(2,C)-gauge (an element of the SO(2, C)-loop group). It is not hard
to show, that such a gauge is automatically holomorphic. Hence, the
resulting SO(3, C)-bundles F, F are isomorphic.

Fy

Fy

g

PROPOSITION 4.3.7. Let a € Ba, (X, M) with sl(2)-type spectral curve and
by € HO(X /o, 7} M?) the induced section. The pushforward induces a holomorphic
map

Msos,c)(B/o, 7, M) D Hitgé(&c) (b2) = Hitso2n+1,0)(a) € Mso@nt1,0) (X, M).

PROOF. Let (E,®,w) € Hitcd

so0(3.c)(b2). The pushforward

T (Ker(@) @ wEM™ ™, @)1 07, 0 er(ay )
defines a M-twisted GL(2n, C)-Higgs bundle on X with
det (Trn* (ker(<1>)L ® ﬁ;M”—1)> — M~"(NmD).

and a symmetric bilinear form :87T; 1W|ker(q>)J_>, which is non-degenerate

away from Z(ag,) by Proposition Furthermore, 7,,® is anti-symmetric
with respect to this symmetric bilinear form. Moreover, we have a induced Higgs
divisor given by Nm(D) that is supported at Z(ag,). Now there is a unique way
to recover a SO(2n + 1, C)-Higgs bundle out of this data by Lemma m O
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PROPOSITION 4.3.8. Let a € Ba, (X, M) with sl(2)-type spectral curve and
by € HY(X/o, 7 M?) the induced section. The pullback along 7, : ¥/o — X
induces a holomorphic map

Hitgé(2n+1,C) (ag,y...,a9,) — Hitsfé(&(c)(bg) C Mso(&c)(x/a, M)

PROOF. Let (E, ®,w) € Hits_clmn 1.0)(@2,.., azy). The pullback of the char-
acteristic polynomial to ¥ /o

AN+ a2 4 mhasy)
factors through A(A? + bs) and hence defines a generalised eigen bundle E3 on
Y /o by
0= By > B 5 n5(E® M?) — Ey @ n: M2 -0,
where
U:=md (W;‘L@Q + bgidﬁ;«LE) )
The dual exact sequence tensored with 7% M3 results in
\
0= EY @ miM>2 o m*BY 25 7% (BY @ M®) — EY @ M® — 0.
The orthogonal bilinear form w identifies E with EV and from the anti-symmetry
of the Higgs field ¥V = —U under this identification. Hence, w induces an
isomorphism E3 = EY @ 7f M 2=2n - Finally, w restricts to a symmetric, non-
degenerate bilinear form ws on F3 ® 7M™ ! and the induced Higgs field ®3

on Ejs is anti-symmetric with respect to it. Hence, (E3, ®3) is a m); M-twisted
SO(3,C)-Higgs bundle on ¥/o. O

THEOREM 4.3.9. Let a € Boy, (X, M) with sl(2)-type spectral curve and let
by € HO(X /o, 7k M?) the induced section. The holomorphic map between the
Hitchin fibers

1 1
Hitgo(s.c)(b2) = Hitgg o, 11 ¢ (@)
defined in Proposition is a biholomorphism of complex spaces.

PROOF. Let (B, ®,w) € Hitgg g, ¢)(@)- Then
(B3, ®3) = ker (7 ®(m, @ + boid))

decomposes 7 (F, ®) into rank 3 subbundles. Each sheet of the reduces spectral
cover T, : /o — X corresponds to a pair of eigenvalues +\. The pushforward
of ker(®3)~ C Es3 reassembles these pieces. The extension of 7, (ker(®3)* ®
7EM™ 1) is uniquely determined and actually locally at p € Z(asg,) is a precise
copy of E3|y, where U is neighbourhood of the corresponding zero p € Z(bs).
Hence, we recover (E, ®).

The argument for the converse is an adaptation of the argument in the proof
of Theorem We start with (Es3, ®3) € Hitgé(&c)(bg). Consider the holo-
morphic map

ker(®3) @ 7 M~ — ker(®3)t @ 7 ML
by multiplying with sg = dm, € H’(X /o, M?"~2). This induces an inclusion
of vector bundles

0 — ker(®3) @ M = i, (ker(<1>3)L ® W;;M”*I) .
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Hence, we recover ker™ with the map defined in Proposition This uniquely
determines (Es3, ®3) by Lemma iii). O

REMARK 4.3.10 (Alternative approach). Another way to obtain the result for
SO(2n+1,C) is suggested in [Hit07]. Hitchin describes the regular SO(2n+1, C)-
Hitchin fibers by relating them to the corresponding Sp(2n,C)-Hitchin fiber on
X. Let (V,®,9) € Hitgyy, 4 ¢)(a) with a of s(2)-type. Adopting Hitchin’s
notation, let Vo C V be the kernel line bundle and &' : V/Vy — V/Vj the induced
Higgs field. It is easy to see that w := g(®'-,) defines a holomorphic anti-
symmetric bilinear form on V/V{ that is non-degenerate, where ® has distinct
eigenvalues. If deg(D) =0 mod 2n, where D = D(V, ®), we can choose a square
root L?" = K~"(D) and define a symplectic Higgs bundle by

(BE:=V/Vy®L,¢ w).

N'w € H°(X,det(E)) is generically non-zero and det(E) = Ox by Lemmam
i). Hence, w is non-degenerate on E. For regular Hitchin fibers, D is always zero
and therefore this defines a map

-1 .1
Hitsoani1,0) (@) = Hitg o, ¢)(@):

Hitchin uses this map to study the regular SO(2n + 1,C)-fibers as a covering
space of the corresponding symplectic Hitchin fiber and proves the duality in this
way (cf. Section . The singular fibers are stratified by the Higgs divisors
D. One the highest-dimensional stratum D = 0 and we could apply the same
argument. But for the lower strata deg(D) mod 2n is unconstrained. Hence,
this trick does not work.

4.4. Langlands correspondence for sl(2)-type Hitchin fibers

In this section, we compare the s[(2)-type Hitchin fibers for the Langlands
dual groups Sp(2n,C) and SO(2n + 1,C) projection to the same point in the
Hitchin base. Concerning the abelian part of the spectral data we will recover
torsors over dual abelian varieties. This reproves and generalizes the result for
regular fibers in [Hit07]. The non-abelian part of the spectral data will not change
under the duality. This is a new phenomena. So far we are lacking a conceptual
interpretation of this phenomena in terms of mirror symmetry. We will start with
the rank 1 case.

For rk(g) = 1, we can compare the Hitchin fibers by using the exceptional
isomorphisms Sp(2,C) = SL(2,C) and SO(3,C) = PGL(2,C). The moduli space
of PGL(2,C)-Higgs bundles can be constructed as follows (see [Haul3|). First
recall that

MaL,0)(X, M) = Pic(X) x H°(X, M)

is an abelian group with an action on Mgy (2,c)(X, M). Let
(L7 )‘) S MGL(l,(C)(Xa M) and (Eacp) € MGL(Q,(C)(Xv M)v
then the action is given by

(L, ), (B, ®)) = (E® L, ® + Aidp).
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Define
MpeLz,c) (X, M) = Mgroc) (X, M)/ MeLa,c) (X, M).

Acting with H°(X, M), we can find a representative for each PGL(2,C)-Higgs
bundles with tr(®) = 0. Hence,

MpgLia,0) (X, M) = Hitgﬁ(m) (BsL(2,c)(X, M))/Pic(X),

where we think of Bgy(oc)(X, M) C Bgi2,c)(X, M) by the obvious inclusion.
For N € Pic(X) define

MY .0y (X, M) = {(B, ®) € Mgy (5,0)(X, M) | det(E) = N, tx(®) = 0} .

The action of Pic(X) identifies MSL(2 0) (X, M) and ./\/ISL(2 o) (X, M), whenever
deg(N1) = deg(N2) mod 2. Hence, fixing a line bundle N € Pic(X) of degree 1,

we have
(14) Mporioc) (X, M) = (MG, o) (X, M) UME] 5 o) (X, M) ) /Jac(X)[2],

where Jac(X)[2] = Zgg denotes the group of two-torsion points of Jac(X).
The isomorphism to the moduli space of SO(3,C)-Higgs bundles is defined
using the adjoint representation

MpeLeo) (X, M) — Mso,c) (X, M)
(E,®) = (B xad51(2,C)) @ det(E) ™", ad(®),w) .

The orthogonal structure w is induced by the Killing form on sl(2, C). Topolog-
ically SO(3,C)-Higgs bundles on a Riemann surface are classified by the second
Stiefel-Whitney class

swo € H*(X, 7o) = Zo.
This is the obstruction to lift a SO(3, C)-Higgs bundle to a Spin(3,C) = SL(2, C)-
Higgs bundle. Hence, under the isomorphism MSL(2 0 (X, M)/Jac(X)[2] is map-

ped onto the connected component of SO(3, C)-Higgs bundles with swe = 0 and
M]S\If_(2,(C) (X, M)/Jac(X)[2] onto the connected component with swy = 1.
The Hitchin map

HitpoL(2,c) : MpaL(a,c)(X, M) — HO(X, M?)

is defined in terms of the decomposition ([14) by the SL(2,C)-Hitchin map on
each connected component.
For (E,®) € MpgL2,c)(X, M), there is a well-defined SL(2,C)-Higgs field

® by (14). In particular, we can define the Higgs divisor D(E, ®) as we did in
Lemma (4.2.12| (cf. Definition [2.5.1)).

THEOREM 4.4.1. Let ay € H(X, M?), such that the spectral curve is irre-
ducible and reduced, then there is a stratification

HtPGL 2cc |_|SD
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by finitely many locally closed analytic sets Sp indicated by Higgs divisors D
associated to as. If there is at least on zero of as of odd order, each stratum is a
holomorphic (C*)" x C*-bundle over

(PrymAfﬁ*D(i) U Prymﬁ*N—l(Afﬁ*D)(i» /Jac(X)[2],

where
Nodd

2
If all zeroes of as are of even order, each stratum Sp is a holomorphic fiber bundle
like this over

(Pryml(%div(qQ)—D)(i) . Prymell(%div(qQ)—D)(2)> [Jac(X)[2],

where I is the unique non-trivial line bundle on X, such that 71 = Ox. A local
trivialisation of the fiber bundle Sp C Hitlgél_(2 0) (a2) induces a local trivialisation

of the fiber bundle structure of the corresponding stratum Sp C HitS_I_l(2 C)(ag) and

T = Neven, S =2n(g—1)—deg(D) — neyen —

vice versa.

PrOOF. Fix a SL(2, C)-representative (F, ®) of a Higgs bundle in
Sp C Hitpd (50)(a2) C (Mgggm) (X, M) UM 0 (X, M)) /Jac(X)[2]

By Theorem [2.4.4] we can associate an eigen line bundle L on the normalised
spectral cover 7 : ¥ — X to (E,®). If det(E) = Oy, it will lie in Prym,_~. ()
and, if det(F) = N, in Prymﬁ*N_l(A,ﬁ*D)(f]). After choosing frames s of L
at #~'Z(az) the SL(2,C)-Higgs bundle (E,®) is uniquely determined by its u-
coordinate in (C*)" x C*® with 7, s as in the Theorem. The action by Jac(X)[2]
lifts to the normalised spectral curve and induces an action

Jac(X)[2] x Prymp(X) — Prym (%), (J,L)—» 7 J®L

for F € Pic(X). For F = O(A —7*D) and F = #*N~1(A — #*D), this is exactly
the action on the eigen line bundle induced from the action of Jac(X)[2] on (E, ®).

Recall, that in SL(2,C)-case for ay € H°(X, M?) having only zeroes of even
order, each stratum was a two-sheeted covering of a fiber bundle over the twisted
Prym variety. This was due to the identification of (E,®) and (E ® I, ®) via
pullback. However, I € Jac(X)[2] and so that for PSL(2,C)-Higgs bundles the
pullback is injective.

The non-abelian part of the spectral data decodes the local Hecke parame-
ter at 771Z(az) and does not change under the action of Jac(X)[2] on (E,®).
Choosing a collection of frames j of J at Z(a2) we obtain a frame of 7*J ® L at
771Z(a3) by #*j ® s. The u-coordinate does not depend on the choice of j by
Proposition [2.4.6] This proves the last assertion. O

THEOREM 4.4.2. Let ay € HO(X, M?), such that the spectral curve is locally
irreducible, then the PGL(2,C)-Hitchin fiber over ag is itself a holomorphic fiber
bundle over

(Pryma_sp(3) U Prymz x—1(a 71 (5) ) /Hac(X) 2]

with fibers given by the compact moduli of Hecke parameters.
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ProoOF. This is a direct consequence of the previous theorem and Theorem

2.6.14 O

EXAMPLE 4.4.3. Example [4.2.15| carries over to the PGL(2, C)-case. Let asgy,
have k; zeroes of order [ for | € {2,3,4,5} and at least one zero of odd order.
Then up to normalisation Hitlgél_(2 C)(ag) is given by a holomorphic

(Ph)F2 ks x (P(1,1,2))k s —
bundle over

(Pryma_zp(%) UPYmMe. y-1 (a5 (%) ) /Jac(X)[2].

COROLLARY 4.4.4. Let as € HY(X, M?), such that the spectml curve is ir-
reducible and reduced. The Hitchin fibers HItPGL(Z C)(az) and HItSL(2 (C)( 9) are
related as follows:

i) The abelian part of the spectral data are torsors over dual abelian vari-
eties.
ii) The complex spaces of Hecke parameters are isomorphic.

ProoF. This is immediate from the previous theorems and Theorem [1.4.13
In explicit, we showed in Theorem that a trivialisation of the bundle of
Hecke parameters of Hitsfl_l(2 o) (a2) induces a trivialisation of the bundle of Hecke

parameters of HltPGL(2 C)( 2). The identity with respect to corresponding trivi-
alisation induces an isomorphism between the Hecke parameters. O

THEOREM 4.4.5. Let a € Boyn (X, K) of sl(2)-type with irreducible and reduced
Sp(2n, C)-spectral curve. All the results from the previous section carry over to
the SO(2n + 1, C)-case.

Explicitly, there is a stratification

-1
Hitso0n41.0)( |_| Sp

by fiber bundles over a disjoint union of abelzcm torsors
as described in Theorem [f.4.1] indicated by Higgs divisors. If as, has at least
one zero of odd order, the ablian torsor is given by

(Pryma_sep(2) U Pryme. y-sa s (£) ) /Jac(X) 2

When ag, has only zeroes of odd order, or equivalently if 3 is locally irreducible,
we obtain a global fibering of the SO(2n + 1, C)-Hitchin fiber over the union of
abelian torsor as described in Theorem [{.4.3.

Furthermore, Example describes the first degenerations of singular s[(2)-
type Hitchin fibers for SO(2n 4+ 1,C) up to normalisations.

PROOF. This is immediate from the identification of s[(2)-type Hitchin fibers
for SO(2n+ 1, C) with fibers of the 7} K-twisted SO(3, C)-Hitchin system on ¥ /o
in Theorem [£.3.9 O

REMARK 4.4.6. It follows from Theorem [5.10l and the last assertion in The-
orem that all these fiber bundles are smoothly trivial.
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In particular, Corollary [£.4.4] generalizes verbatim to higher rank:

COROLLARY 4.4.7. Let a € Bon(X,K) of sl(2)-type, such that the spec-
tral curve is irreducible and reduced. The Hitchin fibers Hit§é(2n+1 C)(g) and
Hits_pl(zn,c) (a) are related as follows:

i) The abelian part of the spectral data is a disjoint union of torsors over
dual abelian varieties.

ii) The complex spaces of Hecke parameters are isomorphic.






CHAPTER 5

Solution to the decoupled Hitchin equation through
semi-abelian spectral data

In this shorter chapter, we will show how to use semi-abelian spectral data
for symplectic Higgs bundles of s[(2)-type to produce solutions to the decoupled
Hitchin equation. This generalizes the construction in [Maz+14] and [Frel8b|
to singular Hitchin fibers. For singular fibers of the SL(2, C)-Hitchin system it
reproves the result obtained in [Moc16| using different methods. In the SL(2,C)-
case Mochizuki proved that these solutions to the decoupled Hitchin equation
are Limiting Configurations - limits of actual solutions to the Hitchin equation
along rays to the ends of the moduli space. We conjecture this to be true for the
singular herimitian metrics that we will construct for Sp(2n, C)-Higgs bundles of
s[(2)-type.

Let (E,®,w) € Mspan,c)(X, M). A hermitian metric h on E compatible
with the symplectic structure is a solution to the decoupled Hitchin equation, if
the hermitian metric is flat and the Higgs field ® is normal respective h. For
M = K this can be written as

F,=0, [®A®"]=0.

Notice that the first formulation stands to reason for M-twisted Higgs bundles.
In most cases, there are no smooth solutions to this equation. For SL(2,C) it is
easy to check by a local computations similar to [Maz+14] Section 3.2, that h is
singular at all zeroes of det(®) of odd order (cf. Remark [5.3). Global solutions
to the decoupled Hitchin equation can be constructed through the pushforward
of a Hermitian-Einstein metric on the eigen line bundle L € Prym,_-. (%)

THEOREM 5.1 (|[Mocl6| Section 4.3). Let (E,®) € Mg (o,c)(X, M) with ir-
reducible and reduced spectral curve. Let ay = det(®), D its Higgs divisor and
for x € Z(a2) let ny, := ordgas — 2D, € Ny. Then there exists a hermitian metric
hae = hac(E,®) on E|x\z(ay) solving the decoupled Hitchin equation and in-
ducing a non-singular hermitian metric on det(E). For x € Z(aq) there exists a
coordinate (U, w) centred at  and a local frame of E|y, such that the hermitian
metric is given by

lw[Z2"™®
W — |w’2n:c 'U( ) %(nx—l)
R A
=5 (nz—1)
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if ord;(a2) =1 mod 2 and by

jw|z" v(w)i‘w‘;}nz
hae = 1 w2
I TR 1 i tnge |
v(w)=r— w72

if ord;(a2) = 0 mod 2. The holomorphic functions v € Oy are determined
through the u-coordinate of (E, ®) at z.

PROOF. Let (E,®) € Sp C Hitsfl_l(2 C)(ag). By Theorem (E, ®) defines

an eigen line bundle L := (Eigp o 7#*)(E,®) € Prym,_-.p(X). Fix an auxil-
iary parabolic structure on L by introducing weights «,, := %(A — 7*D), for
all p € Z(7*az). Then the parabolic degree pdeg(L,a) = 0. Hence, there ex-
ists a hermitian metric h;, adapted to the parabolic structure that satisfies the
Hermitian-Einstein equation
Fn, =0

unique up to rescaling by a constant (see [Big96; Sim90|). This induces a flat
hermitian metric h 4+ o*h on E;, = L @ o*L, such that the Higgs field ®; =
diag(A, —A) is normal. The pullback 7*(E, ®) is obtained from (Ef, ®1) by Hecke
transformations on Z(7*ag). Hence, it is clear that the induced hermitian metric
h on E|x\z(a,) solves the decoupled Hitchin equation.

To show that it induces a non-degenerate hermitian metric on det(F) = Ox
we compute its local shape at Z(az). Let © € Z(ag) be a zero of odd order
and p € X its preimage. By [Fre18b] Proposition 3.5, we can choose a frame s
of L around p, such that h; = |z|**. Such frame is unique up to multiplying
with ¢ € U(1) and therefore defines a unique u-coordinate for (E,®) at p (cf.
Proposition . Applying the Hecke transformation parametrised by u we

obtain
20,
. 2Per ()
o= ey 2
()
This hermitian metric is locally o-invariant and descends to the singular hermitian
metric hqe on E |y described in the lemma with v(2?)z = u(z).
Using the description of the Hecke parameters at even zeroes in terms of u-

coordinates depicted in Proposition [2.7.1] one can adapt this argument to the
zeroes of as of even order. O

REMARK 5.2. For the regular fibers of Msy (o c)(X, K), this resembles the
construction of Limiting Configurations in [Frel8b|. In difference to Fredrickson
we work with positive weights instead of negatives. This is due to the fact that
Fredrickson’s construction uses the line bundle L’ with the property mL' = E
to reconstruct the Higgs bundle. In terms of L € Prym, (X) it is given by L' =:
L ® K. To every solution hy, of the Hermitian-Einstein equation on (L, @), as
defined in the previous theorem, one obtains a solution of the Hermitian-Einstein
equation on (L', —a) in a canonical way by h’ := hp|\|72.

COROLLARY 5.3. Let (E,®) € Mg (5c)(X, K), such that 0 # det(®) €
H°(X, K?) has no global square root and ® is everywhere locally diagonalizable.
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Then the hermitian metric hy. defined in Theorem is a smooth solution to
the Hitchin equation on (E, ®).

REMARK 5.4. Let (E, ®) as in the previous Corollary. (E, ®) is stable by the
irreducibility of the spectral curve. Hence, the rescaled Hitchin equation

F, +t)[® A®*h] =0, teC*,

decouples and the solutions is independently of ¢ given by the hermitian metric
hge. Hence, this hermitian metric is the limit of a constant sequence of solutions
to the Hitchin equation along a ray to the ends of the moduli space.

THEOREM 5.5 ([Mocl6] Corollary 5.4). Let (E,®) € Mgy (o,c)(X, K) with
irreducible and reduced spectral curve, then the solution to the decoupled Hitchin
equation hg. is a Limiting Configuration. In explicit, let h; be the solution to the
rescaled Hitchin equation

Fp, +2[® AP =0, teRy,

then h; converges to hoo in C* on any compact subset of X \ Z(det(®)) for
t — oo.

Proor. For SL(2,C)-Hitchin fibers with irreducible and reduced spectral
curve the auxiliary parabolic structure is uniquely determined by the condition
that the singular hermitian metric ho, induces a non-singular hermitian metric
on det(E). Hence, ho coincides with the limiting hermitian metric constructed
by Mochizuki and the approximation result follows from his work. O

THEOREM 5.6. Let (E,®,w) € Msgpan,c)(X, K) with irreducible spectral
curve of sl(2)-type. The pushforward of the solution to the decoupled Hitchin
equation on the associated SL(2, C)-Higgs bundle (F2, ®3) € Msi(2.c)(X/0, 7, K)
defines a solution to the decoupled Hitchin equation hge = hgo(E, ®) on (E, @, w).

PROOF. Let hg be the solution to the decoupled Hitchin equation on (Es, ®2)
defined in Theorem Then h' := hy|Om,|~! defines a degenerate hermitian
metric on Ey®my, K" *|5;/5x, where ¥ /0 := (¥/0)\suppR. Recall from Theorem
that Tns(Bo @i K" 1) = E. Hence, m,.h' defines a flat smooth hermitian
metric on E |ﬂn(2 /o) compatible with the symplectic form, such that

[Tns® A 7Tn*<I>7r"*h/] =0.

We are left with checking that m,.h’ induces a non-degenerate hermitian
metric on det(E) at the branch points of 7, : ¥/o — X. Let p € ¥/o be a
ramification point of 7, of index k — 1. If ba(p) # 0 we can choose a holomorphic
frame, such that ® = diag(\, —\) and hy = diag(1,1). We can choose a local
coordinate neighbourhood (U, z) centred at p and (W, w) centred at 7, (p), such
that m, : U — W, z + z¥. Then A’ = |2|7*+1hy. The induced locally 7-invariant
hermitian metric on EJ is given by

WM=hoerhe- ¢ T(kfl)*h/.
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Here 7 is a generator of the local Zg-action changing the sheets (cf. Corollary
3.2.2)). Applying the Hecke transformation we obtain

h =5 o
=diag(1,z,...,2"" 1 1,2,..., 2 Y 2| Fldiag(1, 2, ..., 2F 5 1, 2, .. 2R

= diag(|2| ¥, |2 7F3, 2P o TR 2R 1)

e o2

h descends to the degenerate hermitian metric m,.h’ given at m, (p) by

—k+1
P w

—k+3 —k4+3
k k

[ R 5 Bt
ooy o] E S w| TR |w) sy Jw| E ).

h = diag(|w|
If b2(p) = 0 a similar computation gives the result. O

REMARK 5.7. At a branch point of 7, : ¥/0 — X we recover the local form
described in |Frel8b| Proposition 3.5.

When considering s[(2)-type singular fibers for Sp(2n, C), we see that the pos-
sible local forms of the Higgs field at the branch points of the spectral cover (see
Proposition , where already covered in the works [Mocl6; [Frel8b|. Non-
zero eigenvalues of the Higgs field of higher multiplicity correspond to smooth
ramification points and hence the local situation can appear in the same way for
Higgs bundles in a regular SL(2n, C)-Hitchin fiber. Hence, the local approxima-
tion problem is covered by [Frel8b| Section 4.1. The singular points lie on the
zero section of K and the spectral curve is locally given at a singular point by an
equation of the form

N —zZF=o.
These are exactly the singularities for singular fibers of SL(2,C). Furthermore,
the Higgs bundle is locally described at a singular point by Lemma The

local approximation result for such local forms was proven in [Mocl6]| Section 3.
This leads to the following conjecture.

CONJECTURE 5.8. Let (E,®) € Msgpan,c)(X, K) with irreducible spectral
curve of sl(2)-type. Then the solution hg.(E,®) to the decoupled Hitchin equa-
tion is a Limiting Configuration, i. e. let h; be the solution to the rescaled Hitchin
equation

Ep, +2[® AP =0, teRy,
then h; converges to hoo in C* on any compact subset of X \ supp(B) for ¢t — oo.

We can give a proof strategy for the following special case.

CONJECTURE 5.9. Let (E,®) € Msya,,0)(X, K) of sl(2)-type, such that
(E, ®) is locally diagonalizable at every higher order zero of det(®). Then Con-
jecture [5.8 holds.

PROOF IDEA. Here one can follow the receipt outlined in [Frel8b| Section
1.2.

i) We already have a preferred solution hoo = hgc(E, ®) of the decoupled
Hitchin equation.
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ii) We can build an approximate solution h;"? by gluing the model solutions
of [Frel8b| section 4.1 at the branch points supp(B) \ Z(det(®)) and at
the simple zeroes of det(®). As we mentioned above, the local situations
considered by Fredrickson cover the possible local forms of ® at supp(B)\
Z(det(®)) and simple zeroes of det(®P).

iii) To prove that h:°® solves the Hitchin equation up to a small error one
can apply [Frel8b] Proposition 4.10. AP solves the Hitchin equation
away from little discs around the branch points and recall from Corollary
that under the assumptions of the conjecture this is also true at the
higher order zeroes of det(®). At suppB and the simple zeroes of det(P)
the Higgs field ® looks like a SL(2n, C)-Higgs field with smooth spectral
curve and is hence estimated by [Frel8b| Proposition 4.10.

iv) In the last step, one needs to show that hiP? is close to an actual solution
h; of the Hitchin equation. This is the part of the proof, where it is not
clear to the author, if one can generalize Fredrickson’s argument. As
pointed out in [Frel8b] Remark 5.3 this requires a global argument.

d

In chapter 2| and |4} we stratified the s[(2)-type Hitchin fibers by fiber bundles
over abelian torsors. Using the solutions to the Hermitian-Einstein equation
discussed above, we can prove that all these fiber bundles are smoothly trivial.

THEOREM 5.10. All the fiber bundles appearing in the theorems[4.2.13] [£.2.14]
[4.4.1} 4.4.2] and |4.4.5| are smoothly trivial.

PROOF. In the prove of Theorem 5.1 we saw that a solution to the Hermitian-
Einstein equation Az, on the eigen line bundle L € Prym,_-.(¥) with respect to
some auxiliary parabolic structure induces local frames s at p € 71 Z(az), such
that hy = |z|?®». These frames are unique up to multiplying by a constant and
therefore define unique u-coordinates at all p € Z(7*ag) (cf. Proposition [2.4.6)).
hy, depends smoothly on L € Prym, ~., (%) (see [Maz+19] Proposition 3.3).
Furthermore, the choice of s depends smoothly on h; by the explicit argument
in [Frel8b| Proposition 3.5. Hence, this defines a smooth trivialisation in the

SL(2,C)-case and hence in all other cases. O






CHAPTER 6

Singular fibers with non-reduced spectral curve

In this chapter, we consider spectral data for singular Hitchin fibers with non-
reduced spectral curve. These behave quite different than the singular Hitchin
fibers with irreducible spectral curve considered above. They typically have
plenty of irreducible components. Moreover, the splitting of the spectral data
into abelian and non-abelian part does not generalize to this case.

We will describe the Higgs bundles in Hitchin fibers with non-reduced spec-
tral curve as iterative extensions of an associated graded - a direct sum of Higgs
bundles, such that their spectral curve is the underlying reduced curve (see Sec-
tion . The extensions are parametrized by certain hypercohomology groups
and we will start by giving an introduction of this tool in Section In general,
we encounter three problems with this approach:

i) In general, the summands of the associated graded are not semi-stable
and hence there is no classical coarse moduli space of these objects.

ii) If we consider a spectral curve with a non-reduced factor of multiplicity
> 2 the iterative extensions depend on each other, which makes it hard
to construct a parameter space of spectral data.

iii) The automorphism groups of the associated graded act on the extension
data. One has to understand the quotient by these actions.

However, if the underlying reduced spectral curve is irreducible Problem iii) can
be understood by classical GIT. Furthermore, Problem i) resolves in several spe-
cial cases (see Theorem . Moreover, if the graded objects have trivial Higgs
field Problem ii) resolves. Summing up, this method works very well for nilpo-
tent cones. In Section [6.3] we will apply it to parametrize certain strata of the
nilpotent cone of SL(n,C).

6.1. Hypercohomology

We start with a very general framework. Let F' : A — B be a left-exact
covariant functor of abelian categories A, B, such that A has enough injectives, i.
e. there exist injective resolutions. Then the derived functor RF' of F' is defined
as follows: Let S € Obj(A4) and choose an injective resolution, i. e. an exact
sequence of injective objects

0—-S—0LH—>1—....
Then the n-th derived functor R"F(S) is the n-th homology of the complex
0—=F()—=>F(ly)—....

95
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Instead of an injective resolution one can also use an acyclic resolution of S for
the definition of R*F(S). R*F is called the derived functor, because it associates
to short exact sequences a long exact sequence. More explicitly, consider a short
exact sequence
0—=5 =5 —=S53—0

in A. Then it induces an exact sequence

— R'F(S)) — R'F(Sy) — RYF(S3)

— R*F(S1) — R*F(Ss) — ...

EXAMPLE 6.1.1. Let Sheaf(X) the abelian category of coherent sheaves on
a complex manifold X and F : Sheaf(X) — Abel the section functor to the
category of abelian groups. By [Wei94] section 2.3, the category Sheaf(X) has
enough injectives and the right-derived functor is sheaf cohomology.

To obtain hypercohomology one applies this principal to the category of com-
plexes Comp 4 i some abelian category A. Lets assume we have a complex

dn—l

— S,

in A. If this category has enough injectives, we obtain an injective resolution of
the complex. In explicit, a commuting diagram with of injective objects I;;

d d
Sp = 51— ...

So Too o0 I o

do doo do1
S1 Lo o I ou

di dio di

dp—1 dn—1,0 dp—1,1
S, Ly 20 Om

Let again F': A — B be a left-exact functor. The n-th hypercohomology group
H"(S,)
is the n-th homology of the total complex

F(d)e+F(5)s Fld)e—F(0)s
Fd)etF O, F(Io1) @ F(I1o) Ll F(lo2) ® (1) & F(Io2)

F(d)e+(—1)'F(5)e F(d)e+(—=1)"1F(5)e
P F() o

F(Iy)

p+q=l
There seem to be some subtleties in the construction in this very general context,
because the total complex in B might not exist, see [Wei94] section 5.7. However,
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in the concrete situation below the existence will be clear.

So let’s get concrete: Let X be Riemann surface and consider ComPISheaf(X)

the category of complexes of coherent sheaves on X. To every object of this
category we can assign a hypercohomology group as we did above. This becomes
especially easy for complexes of locally free sheaves. Let

¢ ¢ Pn—
(507 QS.) = (&'O —0> 51 —1> LR —1> £n> € CompISheaf(X)
be a complex of locally free sheaves. For all i let F; be the holomorphic vector
bundle, such that Ox(E) = &;. In this setting, an acyclic resolution that is easy
to compute is the Dolbeault resolution. It is given by the double complex

& = (Ey) 0 (Ey) 0

" o #
& () — O CON (1) 0

o1 o1 o1

bt b b
6, () — 20— cON(E,) 0

Here A(E;) resp. AOD(E;) denote the sheaf of smooth sections resp. smooth
(0,1)-forms of E;. The total complex is given by

A (Ey) 22 A0(Ey) @ AOV(Ey) L0 49(By) @ AOD () £

S A(E) @ ACY(E, 1) & AOV(E,) - 0
Its homology is the hypercohomology

H* (&, @)
of the complex of locally free sheaves (&, ¢e)-

Spectral sequences. There are two spectral sequences
Tppa and ! ppe

converging to H®(&, ¢e). These are again defined in a very general context.
If one has a double complex as above the cohomology of the total complex is
approximated by spectral sequences of these types (see [Blalb] Section 1.2).

For us ' E?? will be very useful. To define it we associate to the complex of locally
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free sheaves (£, ¢e) the cohomology sheaves H(&,, ¢ ), the sheafication of
ker(¢) : H(U, E;) — HO(U, Ei;1)
¢i—1(HO(U, Ei-1)) ’

where U C X open. This is the first page of the spectral sequence. The second
page is given by the sheaf cohomology

TERS = HP (X, HI(, bs))-

If a spectral sequence of a double complex is non-trivial only in the first quadrant,
i. e. EY? 5 0 only for p,q > 0, and converges to HY, one obtains the five-term
exact sequence

(15) 0— E° - H' - EY' - E — H2

(see |Wei94] Exercise 5.2.2).

U

Hypercohomology of Higgs bundles. We are interested in very special of
hypercohomology groups. The hypercohomology groups of a complexes of locally
free analytic sheaves

Ox(E) 2 Ox(E® M),

where (E, ®) is a M-twisted GL(n, C)-Higgs bundle. We will denote it by H!(E, ®).

The total complex of the associated Dolbeault double complex is given by
A(B) 22 4B @ M) @ ACD(B) 212,

Explicitly, its first homology group is given by

(a,b) € A%(BE @ M) & AOV(E) | da+ b =0}
{(®c,0c) | c € A(E)}

ACY(E @ M).

HY(E,®) = {

From the five-term exact sequence applied to the spectral sequence ! EB? we have
the following lemma.

LEMMA 6.1.2. There is a short exact sequence
0 — H' (X, ker(®)) — H'(E, ®) — H°(X, coker(®)) — 0.

PROOF. These are the first 3 terms of the five term exact sequence
specialized to the complex The cohomology sheaves are given by

HO(E,®) = ker(®), H'(E,®) = coker(d).
This gives the E3° and EJ' terms. Moreover, on a Riemann surface
TE2Y = H?(X, ker(®)) = 0.
Hence, we obtain the short exact sequence described in the lemma. O

PROPOSITION 6.1.3 (Extension classes for Higgs bundles).
Let (E,®), (E1,®1), (B2, ®2) be M-twisted Higgs bundles. Then the extensions

0— (El,q)1) — (E,(I)) — (EQ,(I)Q) —0
are parametrized by

Ext[(Ey, ®1), (Ey, )] = HY (B, @ By, ®; ® ®).
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PRrROOF. Consider an extension as in the proposition. Tensoring by (Ey, ®Y)
we obtain
0= (B1®E,0,00)) = (EQE), 2@ d)) = (B ® E), Py @ &y) — 0.

The induced homomorphism of the associated long exact sequence in hypercoho-
mology is

S HY By @ BY, @0 @ ®Y) 25 HY(E), @ EY, &1 @ 3Y)...
It is easy to check that
idp € HY(Ey @ By, ®y ® @) = {a € A°(Ey ® EY) | 0a = 0, ®a = 0}.
It becomes clear from chasing the diagram defining 41, that the extensions of
Higgs bundles as above are parametrised by

61(idp,) € HY(E, ® By, ®; @ ®Y).

6.2. Non-reduced spectral data

Let X be a Riemann surface. In the following we will consider plenty of
sheaf cohomology groups of holomorphic vector bundles F' on X. They will all
be computed on a fixed Riemann surface X and so we will drop the Riemann
surface from the notation, i. e. H(F) = H(X, F) from now on.

Let (a1, ...,ax) € BeLk,c)(X, M), such that the associated spectral equation

p=XNta 4 e\t
is reduced. Then p' defines the spectral equation of certain Hitchin fiber of M-
twisted GL(r, C)-Higgs bundles with r = kl. Denote by b € Bgy(rc)(X, M) the
corresponding point in the GL(r, C)-Hitchin base. Let (E,®) € Hitgﬁ(r o) (b). Due
to the special structure of the spectral curve, there is a filtration of locally free
subsheaves

0§E1CE2C"'CEZ,1CEZZE,
where

E; := Ker (p(CI))i E—-EQ® M““) .

Because these subbundles are defined by reducible factors of the characteristic
polynomial they are invariant under the Higgs field and we actually have a filtra-
tion of Higgs bundles

0C (B1,®1) C (B2, ®2) C--- C(E,P) = (E, ).

We will denote the associated graded by
!

Grad(E, ®) = @ (F, 1)),
i=1
where
FzzEZ/Ez—l and V,:F,—>F, QM
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is the induced Higgs field. The the topological invariant of such filtrations are
the ranks r; = rank(F;) and degrees d; = deg(F;).
DEFINITION 6.2.1. Let (E,®) € Hitg . . (b). The filtration type of (E, ®) is
the pair of [-tuple of integers
ﬂZ(Tl,...,Tl), d:(dl,...,dn).

r will also be referred to as the rank vector.

re)(

REMARK 6.2.2. The filtration type is well-defined for polystable Higgs bun-
dles. Not so for semi-stable Higgs bundles. Here points in the closure of the
gauge orbit might have different Jordan type. For example, take £ = L @ L~!

with deg(L) =0 and & = 8 g with 0 # o € H°(L?K). Then the closure of

the gauge orbit contains (£, 0).
LEMMA 6.2.3. Let (E,®) € Hit&ﬂ(r,@ (b) of filtration type (r,d). Then
D) r=>m,
i) forall1 <i<l, r; >ri1 and, if r; = ri41, then
dit1 < d; + rik deg(M),
iii) for all 1 <i <1 and V;-invariant subbundles V' C F; of rank ro,

deg(F) + Y'~) d;

J:
; < u(E),
-1
Z;:O Ty
i particular, ‘
ZZ':l d;
2219 (),
Zj:l Tj

PROOF. For ii) consider the i-th extension
0= (Ei, i) = (Eit1, Pit1) = (Fip1, Vi) — 0.
As we have fixed the filtration type, it is clear that the composition

E+1MEi®Mk_>Fi®Mk

has generically rank r;;1. This can only happen, if r; > r;41. If r; = r;41, there
is a induced non-vanishing sheaf homomorphism
Ti T Ti
A@@is1)[ma) o N\ Fir = A <Fz ® Mk) :
Hence,
diy1 < di + rikdeg(M).
To iii): If V' C F; is a ¥;-invariant subbundle, then F; 1 @ V is a ®-invariant

subbundle of E. Hence, < follows from the poly-stability of E. Assume equality,
then by poly-stability we have a splitting

(B,2) = (Ei1 0V, 010 ¥|y) @ (V, V).

But then the map above has everywhere rank < r;. 0
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THEOREM 6.2.4 (|Lau88|). Fiz a rank vector r = (r1,...,r). Then the
subset of all (E,®) € Hita}(r o) (p) with filtration type (v,...,r]), such that for
all1 <i <l
/

rit s <A T

1s closed.

PrROOF. Let (Ej, ®;) € Hitgﬁ(r,c) (p'),7 € N be a sequence of Higgs bundles
with fixed rank vector r In the limit the i-th generalised eigenspace E; can only
increase its dimension, as some of the extension data is vanishing in the limit.
This is formalised in the work of [Lau88] for the kernel filtration for Higgs bundles.
The result generalises to our setting by considering the M*-twisted Higgs bundle

p(®): E— E® M".
O

To obtain spectral data we would like to parametrize the Higgs bundles in
H‘téﬁ(r,@ (b) with fixed filtration type by the moduli of the associated graded
Grad(E,®) and the extension data, which will be given in terms of hypercoho-
mology groups. However, as we see in the previous lemma the quotients (F;, ¥;)
are not stable, but satisfy a twisted stability condition. So in general there is non
coarse moduli space of this objects by [Nit91]. To tackle these cases on could try
to apply the modern understanding of the instability locus by non-reductive GIT
in [Ham)].

Let MéL(r,C) (X, M) denote the moduli space of poly-stable M-twisted Higgs
bundles (E, ®) with deg(F) = d.

THEOREM 6.2.5. Let b € Bgy(rc)(X, M), such that the spectral equation is
given by p! with p irreducible of degree k. Given (E,®) € Hit™ () of filtration
type

r=(mk,k,...,k,0,...,0), d=(di,...,d;)
of length | — m + 1 we can retrieve the following data:

i) The associated graded

l—m+1

Grad(E,®) = @D (Fi, Vi) € Hitg 00y (@™) N ME (g 0y (X5 M)
=1
l—m+1 L 0
X >_<2 Hitg (1.c) () Y MGy g, o) (X, M),
and
ii) the extension data
l—m—+1
Ext(E,®) ¢ @ H'(ker(®10V/ :E10F — E 19F @M))
=2

@ H° (coker (¥, @ V) : ;1 @ F; = E;.1 @ F; @ M)).
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The extension data is unique up to an action of
l—m+1
X Aut(F;, ¥;) = (C*)lmHL,
i=1
PROOF. The usual definition for stability holds for the first summand of the

graded. The other summands have irreducible spectral curve. Hence, they are
automatically stable by Lemma By Proposition the 7 — 1-th extension
defines a hypercohomology class in

HY(Eio1 @ Fy, @1 @ 0Y).

The hypercohomology group can be computed in terms of kernels and cokernels
by Lemma [6.1.2 0

REMARK 6.2.6 (A Problem of Organization). If we want to parametrize a
part of the Hitchin fiber with fixed filtration type as in the previous theorem,
we need to organize the data. A general approach is to do successive bundles.
As base we have the moduli space of graded objects. Then the extension data
for the first extension of (Fy, W) by (F», ¥y) defines a bundle over this moduli
space. But the extension data of the second extension depends on (FEa,®2) in
particular on the extension data of the first extension. Therefore, we need to
consider the data of the first extension as a base for the bundle parametrising the
second extension. Inductively, we get a bundle structure like

MGL(r €)% xGL(rs,C)
T
Ext [(El, (I)l), (FQ, ‘1/2)]

"
Ext [(Fa, ®2), (F3, ¥3)]

+
Ext [(Er—1, Px—1), (Fk, V)]

As a last step one needs to take care of the action of szl Aut(E;). In the situation
of the previous theorem it is a reductive group. Hence one can use GIT.

REMARK 6.2.7. In this description of spectral data, the abelian part is hidden
in the moduli of the associated graded. For example, if one restricts p to have a
smooth GL(k, C)-spectral curve 3, then

Hitgﬁ(w (p) N M0y (X, M) = Jac()).

On the other hand, there is not anymore a splitting of the spectral data in an
abelian and non-abelian part as we seen above. Here they depend and determine
each. In the following section, we will see that we can completely determine the
abelian part of the data by fixing the divisors of some holomorphic section in the
extension data. Then there will be non abelian variety visible in the presentation
of the spectral data.
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6.3. The nilpotent cone for SL(n,C)

In this section, we will apply the description of spectral data for Hitchin fibers
with reduced spectral curve developed in the previous section to the nilpotent
cone in SL(n,C). For SL(3,C) we can give a complete stratification by filtration
types. For SL(n,C) we only describe does with rank vector (1,...,1).

6.3.1. SL(3,C).

THEOREM 6.3.1. The elements of the nilpotent cone

Hitg)(5.¢)(0) € Ms(3.0)(X, K)

with rank vector (1,1,1) are stratified by a1,a2 € N, such that
2a1 +a; =0 mod 3, %(2@1 +ag) <29 — 2, %(al + 2a9) < 29 — 2.
The corresponding filtration types are
r=(1,1,1), d=(32a1+a2) —29+2,3(az —a1),2g — 2 — (a1 + 2az)) .

For each stratum S(a1,a2), there exists a holomorphic map to a unbranched
329 -sheeted cover of
Sym?(X) x Sym??(X)

with fiber over divisors A1, As given by
HY K YA))® HY K 2(A; + A2)) @ HY (A, KA + Ay)),
If a1 < 2g — 2, then this defines a vector bundle of rank
89— 8 —a; — as.

If a1 > 2g — 2, then the dimension of the generic fiber is given by this formula.
The dimension of each stratum S(a1,a2) at a smooth point is 8g—8. The closure
of each stratum defines an irreducible component.

Proor. This is a direct application of the methods described above. The
moduli space of graded objects is given by

d d
My * M)y,

with d; < 0, di + d2 < 0. Here ./\/lcllj(j) denotes the moduli space of poly-stable
holomorphic vector bundles of rank j and degree d. The associated filtration type
is

r=(1,1,1), d=(di,do,—d1 —d2).
Let (F1, Fy) € ./\/lcll}(l) X M?ﬁ(l), then the graded Higgs bundle is the direct sum
of line bundles

(F1,0) @ (£2,0) @ (F3,0)
with F3 = F| 1F2_ ! The extension data for the first extension is given by
Ext[(F1,0), (F»,0)] = HY(F1 Fy ') @ HY(F Fy 'K).
Fix a choice of first extension (b1, 1) € Ext((F1,0), (F2,0)) and denote the re-
sulting rank 2 Higgs bundle by (FEs, ®2). For the second extension we compute

Oa1

q>2®\11§:<0 0

);E2®F3V—>E2®F3V®K
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using that U3 = 0. So ker(®2 ® UY) = F} and
coker(®o @ Uy) = LK © S,
where S, is the torsion sheaf defined by
0—O0x 5 FF; 'K — S,y — 0.
Hence,
Ext[(E2, ®2), (F3,0)] = H' (F Fy ') @ HY(FFy ' K) @ HO(divan, F1Fy ' K).

To get the result we organize the data in a different way. First, the divisors of
the two holomorphic sections A; = div(«;)

(041,042) S HO(F1F2_1K) @HO(FQF?)_lK)

determine Fy, Fy, F3 up to the choice of a third root M of Ox(24; + A3). In
explicit, F; = MK~ Fy = M~2(A; + As) and F3 = MK(—A; — A3). For a; :=
deg(A;) this defines the holomorphic map to the 329-sheeted cover of Sym® (X) x
Sym®(X). In this case, Autgy (3.c)(F1 @ F> ® F3) = (C*)%. Up the induced (C*)*-
action the divisor Aj, Ay determine uniquely aq, as. It is easy to check that the
condition for ai, as are equivalent to stability conditions dy < 0, di + ds < 0.

Finally, notice that the extension data of the second extension does not de-
pend on the choice of the extension class b;. Hence, the fibers of this holomorphic
map are given by

Hl(Kil(Al)) b Hl(Kiz(Al + Ag)) & HO(Al, Kﬁl(Al + AQ))

The dimension count for 2g — 2 > a; is an application of Riemann-Roch, where
we use that HO(K~!(A;)) = 0. For a; above this bound the result holds for
generic divisors A;. This can be seen by a general argument that can be found
in [KasO8| page 7. In particular, it holds at a smooth point.

All this strata are disjoint, have the same dimension and their smooth points

are connected. Hence, their closures define irreducible components of Hits_|_1(3 C) (0)

(cf. 2.6.11)). O

REMARK 6.3.2. We can explicitly reconstruct a Higgs bundle from the data
in the following way. Choose divisors

(A1, Ag) € Sym®(X) x Sym??(X).
Define the line bundles I, Fy, F3 as above. Choose extension data
(b, ba,t) € H' (K~ '(A1) @ H' (K (A1 + A2)) @ H (A1, K1 (A1 + 42)).

we can extend ¢ to a smooth section ¢ € A°(X, K~1(A; + A3)) holomorphic in a
small neighbourhood U of Z (7). We can choose a representative for b; vanishing
on U. Now we can define a third extension class by the equation

6¢ + biag — bga; = 0.

This defines b3 as d¢+byas = 0 in U. Then the resulting element of the nilpotent
cone is given by

B 51:‘1 _bl by 0 o ¢
(E,0p,®)= | 1 © o l;, 0 9dp b3 |, 0 0 a
0 0 dp 00 0
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THEOREM 6.3.3. The elements of the nilpotent cone Hitgl_l(g o) (0) with rank

vector (2,1,0), such that Fy is semi-stable, are stratified by an integer 2g — 2 <
d1 < 0 determining the filtration type

£:(27170)7 d:<d17_d170)'
For each stratum S(dy) there exists a holomorphic map to
d
Mul(z).
The fiber over a stable point Fy € M{lj@) is given by

P (H'(Fy ® det(F1)) x (H°(Fy ® det(Fy) ® K) \ {0})) .

of dimension > 4g—5. In particular, at smooth points each stratum has dimension
8g — 8. The closure of each stratum S(dy) is an irreducible component.

ProOOF. The stratification is a straightforward application of the receipt given
in Theorem The lower bound for d; comes from the existence of a non-zero
section 8 € H(F} ®det(Fy)® K). Its image is contained in a line bundle L C Fj.
Hence, from the poly-stability of F}, we have

—deg(F1) < deg(L)+29—2<2g—2.
The extension data of the single extension is parametrized by
Ext[Fy ® Fy,0] = H'(Fy ® det(F})) x (H°(Fy ® det(Fy) ® K) \ {0})
To compute the dimension we use Riemann-Roch. We have
dime H'(Fy @ det(F)) + dime H(Fy @ det(F)) @ K)
= dimc H'(Fi®det(F) @ K)+49—4 > 4g—4.

Here HY(F} ® det(F})) = 0 from the poly-stability of ;. Hence, total dimension
of a stratum is a
dim Ext[F} @ Fy/, 0] + dim M{jl, — dim Aut(F})
> 4g—4 +4g—3 -1 > 8g — 8.

The Hitchin map is flat, as it is open (see [Gra+94] Theorem I1.2.13) and hence
at smooth points the dimension of the fibers is 8¢ — 8. Hence, all the strata S(d;)
have full dimension. Furthermore, their smooth points are connected as the
smooth points of Mﬁb), the moduli space of stable holomorphic vector bundles,
is connected (see |Tha97]). O

THEOREM 6.3.4. Together with Msys), the moduli space of holomorphic vec-
tor bundles of rank 3 with trivial determinant, Theorem|6.3.1| and Theorem|6.35.
determine a stratification of Hits_|_1(3 0 (0), such that the irreducible components of

Hits_Ll(g?(c)(O) are precisely the closures of those strata.

ProoF. Every polystable Higgs bundle has a well-defined filtration type and
hence is contained in a unique stratum S(a1, az),S(d1) or Msy(s). The smooth
part of each stratum is connected and hence their closure defines a unique irre-
ducible component. O
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REMARK 6.3.5. The intersection of the irreducible components is very com-
plicated. For SL(2,C) it will be studied in upcoming work |[ALS20].

6.3.2. SL(n,C) and rank vector (1,...,1).

THEOREM 6.3.6. The elements of the nilpotent cone Hitg,! )(0) with rank

SL(n,C
vector (1,...,1) are stratified by finitely many natural numbers ai,...,an—1 € N,
such that
n—1
Z(n —i)a; =0 mod n
i=1

and for all1 <i<n-—1
i—1 n—1 n—1
Zjaj—i—iZaj —%Zjaj <i(n—1)(g—1).
j=1 j=i j=1

For each stratum S(aq, . ..,an—1) there exists a holomorphic map to a unbranched
n?9-sheeted cover of
Sym(X) x -+ x Sym~1(X).
For divisors A1, Ao, ... An_1 in this product of symmetric products, there exist
(Fy,...,F,) € Pic(X)",

such that Ox(A;) = FzF;llK, unique up to the choice of the n-th root of a line

bundle. The fiber of this holomorphic map is given by

n—1 n—2 n
DH'(nFs) e D D H (A FEK).
i=1 i=1 j=i+2

For generic Ay, ..., A,_1 the dimension of the fiber is given by

n—1
8g—8—) ai.
i=1
Hence, the dimension of the strata at smooth points is 8¢ — 8. The closure
of each stratum S(aq,...,an—1) defines an irreducible component of Hits_l_l(n,c)(o)'
PROOF. Induction on the proof of theorem [6.3.1 O

REMARK 6.3.7. For n > 3 not all possible rank vectors are covered by Theo-
rem And for example for the rank vector (2,2,0,0) for n = 4, the graded
objects are not poly-stable and hence there is no moduli space of graded objects
by classical theory. In particular, one does not obtain a complete description of
the irreducible components of the nilpotent cone Hitng(n,C)(O) for n > 3 in this
way.



CHAPTER 7

Outlook

In this last chapter, we will discuss some open problems and directions for
future research.

s[(2)-type Hitchin fibers for SO(2n,C). The definition of s[(2)-type spec-
tral curve is meaningful, whenever the spectral curve has an involutive Deck
transformation. This is true for spectral curves of SO(2n, C)-Higgs bundles. In
this case, the spectral curve is always singular. This is due to the fact that the
determinant of an element of s0(2n,C) is the square of the Pfaffian. The regular
SO(2n, C)-Hitchin fibers are those, where the Pfaffian has simple zeroes. This
means that the singularities of the spectral curve are simple nodes lying on the
zero section of K. Hence, the regular fibers are of s[(2)-type (cf. Proposition
- The corresponding 2-sheeted covering & — ¥ /o is an unbranched cover-
ing of Riemann surfaces and the regular fibers are torsors over the Prym variety
associated to this covering. In terms of the semi-abelian spectral data of the
associated SL(2,C)-spectral curve, this is the closed stratum.

For sl(2)-type fibers of the SO(2n, C)-Hitchin system the Pfaffian can have
higher order zeroes. A singular Hitchin fiber of this type will be a union of certain
strata of the SL(2,C)-Hitchin fiber associated to the covering ¥ — /0. This
yields moduli spaces of Hecke parameters different from the ones encountered
for Sp(2n,C) and SO(2n 4+ 1,C). The group G = SO(2n,C) is self-dual under
Langlands duality and it would be interesting to test the abstract formulation of
Langlands correspondence for s[(2)-type Hitchin fibers in Corollary for the
SO(2n, C)-Hitchin system.

Integrable systems on the singular locus and hyperkahler geome-
try. In his recent paper [Hit19], Hitchin described lower dimensional integrable
systems supported on the singular locus of the SL(2,C)-Hitchin map. These
subintegrable systems are defined on the subsets Cy C H°(X, K?) of quadratic
differentials with d double zeroes, such that all other zeroes are simple. However,
the fibration by abelian varieties extends.

THEOREM 7.0.1. There exists a stratification
29—2

HO(X,K?) = |_|Qd

by locally closed analytic sets Qg4, such that Cd C Qg and for each d there exists
a fibration by complex tori
Pa — Qd

with a smoothly varying polarization.

107
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Here, Qg is given by the set of quadratic differentials with 4g — 4 — 2d zeroes
of odd order. Hitchin proved that Cy C H°(X, K?) is a submanifold. We don’t
expect this to be true for Q;. However, as the fibration by abelian varieties
extends to Qg, there might also be a way to extend the semi-flat hyperkéhler
metric defined on the Hitchin subintegrable system.

These semi-flat hyperkéahler metrics defined over the singular locus will cer-
tainly play an important role in the analysis of the asymptotics of the Hitchin
hyperkéhler metric along the singular locus. An interesting special case is Cog—2.
Here all zeroes of the quadratic differential are double zeroes and therefore the
Higgs bundles in the subintegrable system are everywhere locally diagonalizable.
We saw in Remark [5.4] that, in this case, the Hitchin equation decouples and
hence is invariant under scaling the Higgs field. This suggests that the Hitchin
hyperkéhler metric restricted to these submanifolds is equal to the semi-flat met-
ric associated to the Hitchin subintegrable system.

Moreover, the direct correspondence of SL(2, C)-Hitchin fibers and s[(2)-type
fibers of symplectic and odd orthogonal Hitchin systems points to the existence
of subintegrable systems supported on the singular locus B(;\ng. It seems com-
plicated to generalize Hitchin’s method of explicitly computing the sub-algebra
generated by the Hamiltonian vector fields of the Hitchin map to higher rank.
On the other hand, the fibration by abelian varieties is already known. Possibly,
one can define a complex symplectic structure on this abstract torus fibration
and show afterwards that the inclusion into Mg is symplectic.

Singular Hitchin fibers beyond sl(2)-type. In the present work, we re-
stricted our attention to the class of s[(2)-type Hitchin fibers. In joint work with
Xuesen Na, we are working on a far-reaching generalization of our results. Let
m: X = ¥(a) —» X a SL(n,C)-spectral cover with a decomposition into irre-
ducible components > = X1 U --- U ¥, such that all irreducible components are
non-reduced. For all 7, let 7; : il — X the normalisation of 3; and \; : ZNDZ — T K
the holomorphic section induced by the inclusion ¥; C Tot(K). We prove, that
for all (E,®) € Hitgl_l(m(r:)(g)’ there exist line bundles L; € Pic(X;), such that
(E, ®) is a Hecke modification of

!
D s (Lis Mi).
i=1

on 7(Sing(X)). Hence, we obtain semi-abelian spectral data for these class of
singular fibers: The abelian part is given by a union of abelian torsors containing
the line bundles (L1, ..., L;) and the non-abelian part by the parameters of Hecke
modifications determining the local shape of the Higgs field at the singularities
of the spectral curve.



[AC19]

[ALS20]

[Arn92]

[Arn78]

[Aur07]

[Bap10]

[BNRSY]

[Biq96]

[BG10]

[Bla15]

[Bot95]
[Cho49]
[Corss]

[DP12]

Bibliography

Daniele Alessandrini and Brian Collier. “The geometry of maximal
components of the PSp(4,R) character variety.” In: Geom. Topol.
23.3 (2019), pp. 1251-1337.

Daniele Alessandrini, Qiongling Li, and Andrew Sanders. “Nilpotent
Higgs bundles and minimal surfaces in hyperbolic 3-space”. In: to
appear (2020).

V. L. Arnol’d. Catastrophe theory. Translated from the Russian by
G. S. Wassermann. Based on the translation by R. K. Thomas. 3.
rev. and exp. ed. 3. rev. and exp. ed. Berlin: Springer-Verlag, 1992,
pp. xiii 4+ 150.

V. 1. Arnold. Mathematical methods of classical mechanics. Trans-
lated by K. Vogtman and A. Weinstein. Vol. 60. Springer, New York,
NY, 1978.

Denis Auroux. “Mirror symmetry and T-duality in the complement
of an anticanonical divisor.” In: J. Gokova Geom. Topol. GGT 1
(2007), pp. 51-91.

J. M. Baptista. “Non-abelian vortices, Hecke modifications and sin-
gular monopoles.” In: Lett. Math. Phys. 92.3 (2010), pp. 243-252.
Arnaud Beauville, M. S. Narasimhan, and S. Ramanan. “Spectral
curves and the generalized theta divisor.” In: J. Reine Angew. Math.
398 (1989), pp. 169-179.

Olivier Biquard. “Sur les fibrés paraboliques sur une surface com-
plexe.” In: J. Lond. Math. Soc., II. Ser. 53.2 (1996), pp. 302-316.
Indranil Biswas and Tomaéas L. Gomez. “Hecke transformation for
orthogonal bundles and stability of Picard bundles.” In: Commun.
Anal. Geom. 18.5 (2010), pp. 857-890.

Jakob Blaavand. The Dirac—Higgs Bundle. 2015. eprint: http://
people . maths . ox . ac . uk /hitchin/files / StudentsTheses /
blaavand.pdf.

Francesco Bottacin. “Symplectic geometry on moduli spaces of stable
pairs.” In: Ann. Sci. Ec. Norm. Supér. (4) 28.4 (1995), pp. 391-433.
Wei-Liang Chow. “On compact complex analytic varieties.” In: Am.
J. Math. 71 (1949), pp. 893-914.

Kevin Corlette. “Flat G-bundles with canonical metrics”. In: J. Dif-
ferential Geom. 28.3 (1988), pp. 361-382.

R. Donagi and T. Pantev. “Langlands duality for Hitchin systems.”
In: Invent. Math. 189.3 (2012), pp. 653-735.

109


http://people.maths.ox.ac.uk/hitchin/files/StudentsTheses/blaavand.pdf
http://people.maths.ox.ac.uk/hitchin/files/StudentsTheses/blaavand.pdf
http://people.maths.ox.ac.uk/hitchin/files/StudentsTheses/blaavand.pdf

110

[Don87]
[Frel8a]
[Frel8b]

[Fre+20]

[Fre99|

[FS92]

[GMN13]

[GGROY]

[GO17]

[GO13]

[Gra+94]

(GWZ17]

[Gro09]

[Gun67]

[Ham)]

[Har83]

BIBLIOGRAPHY

S. K. Donaldson. “Twisted harmonic maps and the self-duality equa-
tions.” In: Proc. Lond. Math. Soc. (3) 55 (1987), pp. 127-131.
Laura Fredrickson. “Exponential Decay for the Asymptotic Geome-
try of the Hitchin Metric”. In: (2018). arXiv: 1810.01554 [math.DG].
Laura Fredrickson. “Generic Ends of the Moduli Space of SL(n,C)-
Higgs Bundles”. In: (2018). arXiv: 1810.01556 [math.DG].

Laura Fredrickson, Rafe Mazzeo, Jan Swoboda, and Hartmut Weiss.
Asymptotic Geometry of the Moduli Space of Parabolic SL(2,C)-
Higgs Bundles. 2020. arXiv: 2001.03682 [math.DG].

Daniel S. Freed. “Special Kahler manifolds.” In: Commun. Math.
Phys. 203.1 (1999), pp. 31-52.

Mikio Furuta and Brian Steer. “Seifert fibred homology 3-spheres and
the Yang-Mills equations on Riemann surfaces with marked points.”
In: Adv. Math. 96.1 (1992), pp. 38-102.

Davide Gaiotto, Gregory W. Moore, and Andrew Neitzke. “Wall-
crossing, Hitchin systems, and the WKB approximation.” In: Adv.
Math. 234 (2013), pp. 239-403.

0. Garcia-Prada, P. B. Gothen, and I. M. i Riera. “The Hitchin-
Kobayashi correspondence, Higgs pairs and surface group represen-
tations”. In: (2009). arXiv: 0909.4487 [math.DG].

Oscar Garcia-Prada and André Oliveira. “Connectedness of Higgs
bundle moduli for complex reductive Lie groups.” In: Asian J. Math.
21.5 (2017), pp. 791-810.

Peter B. Gothen and Andre G. Oliveira. “The Singular Fiber of
the Hitchin Map”. In: International Mathematics Research Notices
2013.5 (2013), pp. 1079-1121.

H. Grauert, Th. Peternell, R. Remmert, and R. V. Gamkrelidze, eds.
Several complex variables VII. Sheaf-theoretical methods in complex
analysis. Vol. 74. Berlin: Springer-Verlag, 1994, p. 369.

Michael Groechenig, Dimitri Wyss, and Paul Ziegler. Mirror symme-
try for moduli spaces of Higgs bundles via p-adic integration. 2017.
arXiv: [1707.06417 [math.AG].

Mark Gross. “The Strominger-Yau-Zaslow conjecture: from torus fi-
brations to degenerations.” In: Algebraic geometry, Seattle 2005. Pro-
ceedings of the 2005 Summer Research Institute, Seattle, USA. Prov-
idence, RI: American Mathematical Society (AMS), 2009, pp. 149-
192.

R. C. Gunning. Lectures on vector bundles over Riemann surfaces.
Preliminary informal notes of university courses and seminars in
mathematics. Mathematical Notes. Princeton: Princeton University
Press and the University of Tokyo Press. V, 243 p. (1967). 1967.
Eloise Hamilton. Stratifications and quasi-projective coarse moduli
spaces for the stack of Higgs bundles. arXiv:1911.13194 [math.AG].
Robin Hartshorne. Algebraic geometry. Corr. 3rd printing. Vol. 52.
Springer, New York, NY, 1983.


https://arxiv.org/abs/1810.01554
https://arxiv.org/abs/1810.01556
https://arxiv.org/abs/2001.03682
https://arxiv.org/abs/0909.4487
https://arxiv.org/abs/1707.06417
https://arxiv.org/abs/1911.13194

[Haul3]

[HP12]

[HTO03]

[HW19]

[HSW99)

[Hit&7a)

[Hit87b)]

[Hit07]
[Hit19]

[HRO4]

[Kas08]
[KK83]

[Lan52]

[Lau88|

[Mar94]

[Maz+14]

[Maz+16]

BIBLIOGRAPHY 111

Tamas Hausel. “Global topology of the Hitchin system.” In: Hand-
book of moduli. Volume II. Somerville, MA: International Press; Bei-
jing: Higher Education Press, 2013, pp. 29-69.

Tamas Hausel and Christian Pauly. “Prym varieties of spectral cov-
ers.” In: Geom. Topol. 16.3 (2012), pp. 1609-1638.

Tamas Hausel and Michael Thaddeus. “Mirror symmetry, Langlands
duality, and the Hitchin system”. In: Inventiones mathematicae 153.1
(2003), pp. 197-229.

Siqi He and Thomas Walpuski. “Hecke modifications of Higgs bun-
dles and the extended Bogomolny equation.” In: J. Geom. Phys. 146
(2019). Id/No 103487, p. 17.

N. Hitchin, G. B. Segal, and R. S. Ward. Integrable systems. Twistors,
loop groups, and Riemann surfaces. Based on lectures given at the in-
structional conference on integrable systems, Ozford, UK, September
1997. Vol. 4. Oxford: Clarendon Press, 1999, pp. ix + 136.

Nigel J. Hitchin. “Stable bundles and integrable systems.” In: Duke
Math. J. 54 (1987), pp. 91-114.

Nigel J. Hitchin. “The Self-Duality Equations on a Riemann Sur-
face”. In: Proceedings of the London Mathematical Society s$3-55.1
(1987), pp. 59-126.

Nigel J. Hitchin. “Langlands duality and G2 spectral curves.” In: Q.
J. Math. 58.3 (2007), pp. 319-344.

Nigel J. Hitchin. “Critical Loci for Higgs Bundles”. In: Communica-
tions in Mathematical Physics (2019).

Jun-Muk Hwang and S. Ramanan. “Hecke curves and Hitchin dis-
criminant.” In: Ann. Sci. Ec. Norm. Supér. (4) 37.5 (2004), pp. 801
817.

Jesse Kass. Lecture Notes on Compactified Jacobians. 2008.

Ludger Kaup and Burchard Kaup. Holomorphic functions of several
variables. An introduction to the fundamental theory. Vol. 3. Walter
de Gruyter, Berlin, 1983.

Serge Lang. “On quasi algebraic closure.” In: Ann. Math. (2) 55
(1952), pp. 373-390.

Gérard Laumon. “Un analogue global du cone nilpotent. (A global
analogue of the nilpotent cone).” In: Duke Math. J. 57.2 (1988),
pp. 647-671.

Eyal Markman. “Spectral curves and integrable systems.” In: Com-
pos. Math. 93.3 (1994), pp. 255-290.

Rafe Mazzeo, Jan Swoboda, Hartmut Weif}, and Frederik Witt. “Lim-
iting configurations for solutions of Hitchin’s equation.” In: Actes
de Séminaire de Théorie Spectrale et Géométrie. Année 2012-2014.
St. Martin d’Heres: Université de Grenoble I, Institut Fourier, 2014,
pp. 91-116.

Rafe Mazzeo, Jan Swoboda, Hartmut Weiss, and Frederik Witt. “Ends
of the moduli space of Higgs bundles”. In: Duke Math. J. 165.12
(2016), pp. 2227-2271.



112

[Maz+19]

[Mil68]

[Moc16]

[Mon32]

[Mum?71]

[Mum?72]

[Mum74al

[Mum?74b]

[Ng610]
Nit91]

[Peol3]

[Sch13]
[Sch9s]

[Sch05]

[Sco98]

[Ser56]

[Sim88]

BIBLIOGRAPHY

Rafe Mazzeo, Jan Swoboda, Hartmut Weiss, and Frederik Witt. “As-
ymptotic Geometry of the Hitchin Metric”. In: Communications in
Mathematical Physics 367.1 (2019), pp. 151-191.

John W. Milnor. Singular points of complex hypersurfaces. Vol. 61.
Princeton University Press, Princeton, NJ, 1968.

Takuro Mochizuki. “Asymptotic behaviour of certain families of har-
monic bundles on Riemann surfaces.” In: Journal of Topology 9.4
(2016), pp. 1021-1073.

Paul Montel. “Sur les méthodes recentes pour I’étude des singularites
des fonctions analytiques.” In: Bull. Sci. Math., II. Sér. 56 (1932),
pp- 219-232.

David Mumford. “Theta characteristics of an algebraic curve”. In:
Ann. Sci. Ecole Norm. Sup. (4) 4 (1971), pp. 181-192.

David Mumford. “An analytic construction of degenerating Abelian
varieties over complete rings.” In: Compos. Math. 24 (1972), pp. 239
272.

David Mumford. Abelian varieties. With appendices by C. P. Ra-
manujam and Yuri Manin. 2nd ed. Tata Institute of Fundamental Re-
search Studies in Mathematics. 5. London: Oxford University Press.
X, 279 p. (1974). 1974.

David Mumford. “Prym varieties. I”. In: Contributions to analysis
(a collection of papers dedicated to Lipman Bers). Academic Press,
New York, 1974, pp. 325-350.

Bao Chau Ngob. “Le lemme fondamental pour les algebres de Lie.”
In: Publ. Math., Inst. Hautes Etud. Sci. 111 (2010), pp. 1-169.
Nitin Nitsure. “Moduli space of semistable pairs on a curve.” In:
Proc. Lond. Math. Soc. (3) 62.2 (1991), pp. 275-300.

Ana Peon-Nieto. Higgs bundles, real forms and the Hitchin fibra-
tion. 2013. eprint: https : //www . mathi . uni - heidelberg . de/
~apeonnieto/Tisis.pdf.

Laura P. Schaposnik. Spectral data for G-Higgs bundles. 2013. arXiv:
1301.1981 [math.DG].

Daniel Schaub. “Courbes spectrales et compactifications de jacobi-
ennes.” In: Math. Z. 227.2 (1998), pp. 295-312.

Karl Schwede. “Gluing schemes and a scheme without closed points.”
In: Recent progress in arithmetic and algebraic geometry. Proceedings
of the 31st annual Barrett lecture series conference, Knozville, TN,
USA, April 25-27, 2002. Providence, RI: American Mathematical
Society (AMS), 2005, pp. 157-172.

Renata Scognamillo. “An elementary approach to the abelianization
of the Hitchin system for arbitrary reductive groups.” In: Compos.
Math. 110.1 (1998), pp. 17-37.

Jean-Pierre Serre. “Géométrie algébrique et géométrie analytique.”
In: Ann. Inst. Fourier 6 (1956), pp. 1-42.

Carlos T. Simpson. “Constructing Variations of Hodge Structure
Using Yang-Mills Theory and Applications to Uniformization”. In:


https://www.mathi.uni-heidelberg.de/~apeonnieto/Tisis.pdf
https://www.mathi.uni-heidelberg.de/~apeonnieto/Tisis.pdf
https://arxiv.org/abs/1301.1981

BIBLIOGRAPHY 113

Journal of the American Mathematical Society 1.4 (1988), pp. 867—

918.

[Sim90] Carlos T. Simpson. “Harmonic bundles on noncompact curves.” In:
J. Am. Math. Soc. 3.3 (1990), pp. 713-770.

[Sim95] Carlos T. Simpson. “Moduli of representations of the fundamen-

tal group of a smooth projective variety. I1.” In: Publ. Math., Inst.
Hautes Etud. Sci. 80 (1995), pp. 5-79.

[Stel5] Florian Stecker. The moduli space of higher rank Higgs bundles. 2015.
eprint: https://www . theorie . physik.uni-muenchen.de/TMP/
theses/thesis-stecker.pdf.

[SYZ01] Andrew Strominger, Shing-Tung Yau, and Eric Zaslow. “Mirror sym-
metry is T-duality.” In: Winter school on mirror symmetry, vec-
tor bundles and Lagrangian submanifolds. Proceedings of the winter
school on mirror symmetry, Cambridge, MA, USA, 1999. Providence,
RI: American Mathematical Society (AMS); Somerville, MA: Inter-
national Press, 2001, pp. 333-347.

[Tha97] Michael Thaddeus. “An introduction to the topology of the moduli
space of stable bundles on a Riemann surface.” In: Geometry and
physics. Proceedings of the conference at Aarhus University, Aarhus,
Denmark, 1995. New York, NY: Marcel Dekker, 1997, pp. 71-99.

[Tul19] Ivan Tulli. The Ooguri-Vafa space as a moduli space of framed wild
harmonic bundles. 2019. arXiv:|1912.00261 [math.DG].
[Var68] V. S. Varadarajan. “On the ring of invariant polynomials on a semisim-

ple Lie algebra.” In: Am. J. Math. 90 (1968), pp. 308-317.
[Wei94] Charles A. Weibel. An introduction to homological algebra. Vol. 38.
Cambridge: Cambridge University Press, 1994, pp. xiv + 450.
[Won13| Michael Lennox Wong. “Hecke modifications, wonderful compactifi-
cations and moduli of principal bundles.” In: Ann. Sc. Norm. Super.
Pisa, Cl. Sci. (5) 12.2 (2013), pp. 309-367.


https://www.theorie.physik.uni-muenchen.de/TMP/theses/thesis-stecker.pdf
https://www.theorie.physik.uni-muenchen.de/TMP/theses/thesis-stecker.pdf
https://arxiv.org/abs/1912.00261

	Introduction
	Reader's guide

	Chapter 1. Preliminaries
	1.1. Notation
	1.2. Higgs bundle moduli spaces
	1.3. Hitchin systems and spectral data
	1.4. Abelian varieties

	Chapter 2. Semi-abelian spectral data for singular fibers of the SL(2,C)-Hitchin system
	2.1. The SL(2,C)-Hitchin system
	2.2. sigma-invariant Higgs bundles on the normalised spectral curve
	2.3. Hecke transformations
	2.4. Moduli of sigma-invariant Higgs bundles
	2.5. Stratification of singular fibers of the SL(2,C)-Hitchin system
	2.6. Singular fibers with locally irreducible spectral curve
	2.7. Singular fibers with irreducible spectral curve
	2.8. Real points in singular Hitchin fibers

	Chapter 3. Interlude: Hecke transformations and pushforwards
	3.1. Hecke transformations and Hecke modifications
	3.2. The pushforward

	Chapter 4. sl(2)-type fibers of symplectic and orthogonal Hitchin systems
	4.1. The Sp(2n,C)-Hitchin system
	4.2. sl(2)-type fibers of symplectic Hitchin systems
	4.3. sl(2)-type fibers of odd orthogonal Hitchin systems
	4.4. Langlands correspondence for sl(2)-type Hitchin fibers

	Chapter 5. Solution to the decoupled Hitchin equation through semi-abelian spectral data
	Chapter 6. Singular fibers with non-reduced spectral curve
	6.1. Hypercohomology
	6.2. Non-reduced spectral data
	6.3. The nilpotent cone for SL(n,C)

	Chapter 7. Outlook
	Bibliography

