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Zusammenfassung

In dieser Dissertation werden statistische Eigenschaften des Fréchet-Mittelwertes und
seiner Verallgemeinerungen in abstrakten Rahmen untersucht. Dadurch werden vieler-
lei verschiedene Anwendungen abgedeckt, welche insbesondere in der Untersuchung von
Nicht-Standard-Daten von Interesse sind. Der Fokus der Arbeit liegt auf der Konvergenz
und Konvergenzgeschwindigkeit des empirischen Fréchet-Mittelwertes unabhéngiger Be-
obachtungen. Die abstrakten Ergebnisse werden beispielhaft in spezifischen Rdumen an-
gewendet.

Der Erwartungswert einer reellwertigen, quadratintegrierbaren Zufallsvariable kann
dadurch charakterisiert werden, dass er den erwarteten quadratischen Abstand zu die-
ser Zufallsvariable eindeutig minimiert. Diese Eigenschaft kann benutzt werden, um den
Begriff Mittelwert zu verallgemeinern. Ein Fréchet-Mittelwert einer Zufallsvariable mit
Werten in einem metrischen Raum ist jeder Minimierer des erwarteten quadratischen
Abstandes zu dieser Zufallsvariable. Durch diese Definition werden zwei Dinge erreicht:
Erstens werden viele gebrduchliche Arten von Mittelwerten — etwa der Erwartungswert,
der Median oder das geometrische Mittel — in einem Begriff umfasst. Zweitens wird ein
Mittelwertsbegriff fiir nicht-euklidische Rdume — wie etwa die Kugel, der Raum phyloge-
netischer Badume oder die Wasserstein-Rédume — definiert, wodurch diese der Anwendung
von Wahrscheinlichkeitstheorie und Statistik zugénglich gemacht werden.

Wir zeigen starke Gesetze der groflen Zahlen fiir Mengen von Fréchet-Mittelwerten
mit zwei verschiedenen Begriffen der Konvergenz von Mengen. Dabei setzen wir nur ein
endliches erstes Moment voraus. Als nichstes wenden wir uns der Geschwindigkeit dieser
Konvergenz zu. Zuerst zeigen wir anhand des projizierten Mittelwertes — einer Instanz
des Fréchet-Mittelwertes — dass hierbei sehr unterschiedliche Konvergenzraten zustande
kommen koénnen, abhéngig von der Geometrie des zugrundeliegenden Raumes und einiger
Eigenschaften der Verteilung der Daten. Danach beweisen wir Konvergenzraten in einem
allgemeinen Rahmen. Eine der Bedingungen, die wir dafiir aufstellen, ist die Quadrupel-
ungleichung — eine Verallgemeinerung der Cauchy-Schwarz-Ungleichung. Diese und eini-
ge weitere der von uns aufgestellten abstrakten Bedingungen sind in Hadamard-R&umen
— geodétische metrische Rdume mit nicht-positiver Kriimmung — erfiillt, sodass sie sich
besonders zur Untersuchung im Kontext des Fréchet-Mittelwertes eignen. Wir zeigen ei-
ne Quadrupelungleichung fiir Potenzen von Hadamard-Metriken — ein rein geometrisches
Resultat mit verbliiffend komplexem Beweis. Zuletzt untersuchen wir Regressionsmodel-
le mit Zielwerten aus metrischen Rdumen und einem bedingten Fréchet-Mittelwert als
Regressionsfunktion. Wir vergleichen zwei Ansétze, wie bekannte Schétzer auf nicht-
euklidische Szenarien angepasst werden kénnen. Dabei zeigen wir Konvergenzraten fiir
vier verschiedene Schétzer; zwei davon sind neue Methoden. Die Verfahren werden auf
der Kugel angewendet und verglichen. Zu diesem Zweck wurde eigens ein R-Paket ent-
wickelt.

iv



Abstract

In this thesis, we study statistical properties of the Fréchet mean and its generaliza-
tions in abstract settings. These settings include large classes of scenarios, which may be
of great interest in practice when dealing with nonstandard data. Our main focus is on
the convergence of sample Fréchet means of independent observations to their population
counterpart. The results are exemplarily applied to some specific spaces.

The expectation of a real-valued, square-integrable random variable is characterized
by being the unique constant value that minimizes the expected squared difference to the
random variable. One can use this property to generalize the notion of mean. A Fréchet
mean of a metric space-valued random variable is any minimizer of the expected squared
distance to that random variable. This definition achieves two important things: Firstly,
it encompasses many commonly used types of mean — like the expectation, the median,
or the geometric mean — allowing to state powerful, general, and far-reaching theorems
about properties of means. Secondly, it defines a mean for non-Euclidean spaces — like
the sphere, the space of phylogenetic trees, or Wasserstein spaces — opening up these
spaces for profound applications of probability theory and statistics.

We show strong laws of large numbers of Fréchet mean sets with two different notions
of convergence of sets assuming only a first moment condition. After having established
consistency of the sample Fréchet mean, we investigate the rate of this convergence.
We demonstrate, using projected means, an instance of the Fréchet mean, that Fréchet
means may exhibit very different rates depending on the geometry of the metric space
and properties of the distribution of the data. Then we prove rates of convergence in
a general setting under some conditions. One of these is the quadruple inequality — a
generalization of the Cauchy-Schwarz inequality. This and some other conditions are
fulfilled in Hadamard spaces — geodesic metric spaces of nonpositive curvature — which
makes them particularly interesting to study in the context of Fréchet means. We show
a quadruple inequality for certain powers of Hadamard metrics — a purely geometric
result with an intriguingly complex proof. Lastly, we examine regression models where
responses live in a metric space and the regression function is a conditional Fréchet
mean. We compare two approaches to transform known estimators to this non-Euclidean
setting. In doing so, we establish rates of convergence for four different estimation
procedures, two of which are new methods. To illustrate these regression estimators, an
R-package was developed that allows their application and comparison on the sphere.
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1.1 The Fréchet Mean

To understand a collection of observations, the first statistic one may want to calculate is
the mean, as it summarizes the data in one value. But what does mean mean? Depending
on the kind of data and the goal of the statistician the most suitable notion of the concept
mean may vary. For real-valued data, obvious candidates are the arithmetic mean and
the median, but in some cases the geometric or harmonic mean might be preferable. If
the data lives in a set without vector spaces structure, like a manifold or an abstract
metric space, a different concept of mean is required.



In this thesis, we explore one type of general mean that can be defined with only little
structure but encompasses the common notions of mean — the Fréchet mean. Based on
Gauf}’ idea of least squares (Methode der kleinsten Quadrate [Gau09]), Fréchet defined
the mean value of a collection of objects in a metric space as the minimizer of the summed
squared distances to the objects [Fré48|.

The Fréchet mean achieves two major things: It provides a common construction for
many well-known notions of mean, so that theorems proven for the Fréchet mean imply
properties of many interesting objects and statistics. Secondly, it provides a notion of
mean in spaces with less or different structure than the Euclidean spaces, e.g., abstract
metric spaces or Riemannian manifolds, and thus widens the possibilities of applying
probability theory and statistics in these spaces.

1.1.1 Definitions

Before we formally define the Fréchet mean, we first inspect a characterizing property
of the Euclidean mean or expectation.

Notation 1.1. Let s € N. Denote the Euclidean norm in R® as || - ||. Denote the
Euclidean metric in R® as dgs, i.e., drs(g,p) := ||¢ — p|| for ¢,p € R®.

Notation 1.2. For a set @ and a function f: @ — R U {co, —o0}, denote

argmin £(0) = {4 € Q: fa) < inf 1)}
q€Q PEQ
If this set contains only on element m, we may write m = argmin , f(q) instead

of {m} = argmin, g f(q).

For a random variable Y with values in R® and E[||Y]|?] < oo, it holds

E[Y] = arg min E[drs (Y, ¢)?] .
qeRSs

Moreover, by adding a constant term, we can also write

E[Y] = arg min E[dgs (Y, ¢)* — drs (Y, 0)?].
qeRSs

In the latter equation, we only require Y to be once integrable, E[|Y|] < oo, as |||y —
all> = lwli?l < 2llyllllgll + llq||? for y,q € RS. A direct generalization of this characterizing
property of the Euclidean mean to arbitrary metric spaces is the Fréchet mean.

Notation 1.3. For a metric space (Q,d), we may write 7,q := d(y, q) for y,q € Q.



Remark 1.4. Measurability concerns are not the focus of this thesis. It is always
silently assumed that functions are measurable if necessary, so that all objects are
well-defined. For random variables, say X, with values in a set, say S, we assume
that there is a silently underlying probability space (€2, ¥q,P) and a measurable
space (S,Ys) such that X : Q — § is measurable. If S is a metric space, a natural
choice of g-algebra is the Borel o-algebra.

Definition 1.5. Let (Q,d) be a metric space. Let o € Q. Let u be a probability
measure on Q with [7,0du(y) < co. The Fréchet mean set of  is defined as the
set M(p) := M(Q,d; p) := argmin g [5,¢° — 7,0°du(y). An element of M(pu) is
referred to as Fréchet mean.

Remark 1.6. [Definition 1.5 does not depend on o. The reason for subtracting 7,0

is the same as in the Euclidean case, i.e., we need to make less moment assumptions
to obtain a meaningful value: The triangle inequality implies

= [7,q — 7,0| (7,0 + 5,0) < 0,4 (0, + 27,0)

for all y,q,0 € Q. Thus, if [F,0du(y) < oo, then [ [7,¢2 — 7,0°| du(y) < oo for all
g € Q. Furthermore, note that [7,0du(y) < oo if and only if [7,gdu(y) < oo for
all ¢ € Q.

Notation 1.7. We abbreviate Fréchet mean as FM and Fréchet mean set as FMS.

From the definition of FM for probability measures, we can derive further objects and
terminology: Let (Q,d) be a metric space and o € Q.

o Let yi,...,yp € Qand wy,...,w, € [0,1] with Y77 w; = 1. Set py, = Y jq widy,,
where ¢, denotes the Dirac-delta at point y. Then

n
M(pn) = argmin > w; (754" — 75,0°) (1.1)
€ =1

is the weighted FMS of (y;)i=1,...» with weights (w;)i=1,...n.

Notation 1.8. Let S, S be sets. Let u be a probability measure on S. Let f: S — S.
Denote the pushforward as f.u, i.e., fou is a measure on S with fou(B) = u(f~Y(B))
for subsets B C S. Recall that measurability of S, S, f, B is silently assumed, see
Remark 1.4



e For a random variable Y with values in O and distribution Y, [P, its FMS is

M[Y] := M(Y,P) = argerginE[ﬁ2 ~ Y.
q

o Let Yy,...,Y, berandom observations in Q. Let u,, = %2?21 dy, be the empirical
distribution. The sample FMS is
1K o2 2
M(p,) = arg min — Z(YM] —Y;07).
€ M5
Accordingly, we may call M[Y;] the population FMS (given that the observations
have identical distribution).

o Let (X,Y) be a pair of random variables, where Y has values in Q. For a function
h: @ — R, denote the conditional expectation of h(Y) given X as E[h(Y) | X].
Then the conditional FMS of Y given X is

M[Y | X] := argminE[Y,q" — Yo" | X].
qeQ

Remark 1.9. Random arg min-sets, like the conditional FMS or the sample FMS,
or random elements of these sets may not always be measurable. One might want
to use measurable majorants and outer integrals to be able to derive upper bounds
of certain nonmeasurable objects. For a detailed discussion of a technique to deal
with such settings, see [VW96].

1.1.2 Sets of Means

Whenever the FMS is a singleton, i.e., it has exactly one element, we may refer to that
element as the FM. In Euclidean spaces, the FM of a random variable is its expectation,
as seen in section [LT.T1

The FMS may be empty: Let Y be a R*-valued random variable with E[||Y]|] < oo
and P(Y = E[Y]) = 0. Set Q := R*\ {E[Y]}. We can view Y as a Q-valued random
variable. Then its FMS in Q with the Euclidean metric is empty, M[Q, drs; Y] = 0, as
E[drs(Y,q)? — drs(Y,0)?] = ||q||*> — 2(q, E[Y]) is always greater than E[dgs(Y,E[Y])? —
dg+(Y,0)%] = —||E[Y]|]” for ¢ # E[Y].

Any set can be the FMS in some space: Let S be a nonempty set. Let Q := SU{e, x},
where @ # x and e, % ¢ S. Define the metric d: @ x Q — [0,00) as

0,ify=gq,
d(y,q) =41, ify#qand [{y,q} N{e,x} <2,
2, if {y,q} n{e,x}| =2.
Let p = %5, + %5*. Then M(Q,d;u) = S, as [7,g°du(y) = 1 for ¢ € S and

[7,g° du(y) = 2 for g € {e,x}. We will later see examples of nonsingleton FMSs that
are less technical.



1.1.3 Moments

Let (Q,d) be a metric space, p be a probability measure on Q, and « € (0, 00). We say
that p has a finite a-moment if [7,¢* du(y) < oo for one (and thus, by the triangle
inequality, for all) ¢ € Q.

Notation 1.10. For a set S, we denote by P(S) the set of all probability measures
on S (measurable structure silently implied). For a metric space (Q,d) and a > 0,
denote P, (Q, d) the set of all probability measures p with [ d(y, ¢)* du(y) < oo for
all ¢ € Q. We may shorten P, (R?) := Py (R?, dgs).

We call infeeo [7,6° du(y) the Fréchet variance. If m € M(u), then the Fréchet
variance equals [7;m2du(y). On the euclidean real line (R,| - |), it is identical to the
common notion of variance. [DM19a] present a central limit theorem for the Fréchet
variance and use it to obtain an analysis of variance procedure for metric spaces. Building
upon these results, a method for change point detection is proposed in [DM19b].

1.1.4 Terminology

The Fréchet mean is also called barycenter, Karcher mean (although Karcher objects to
this name, see [Karl4]), or center of mass. One may argue that Fréchet might have had
similar concerns as Karcher and conclude that barycenter is a better name. In this thesis,
the term Fréchet mean is used, as this seems to be the term that is best recognized in
the literature and statistics community.

1.1.5 Constructions

Given one or more metric spaces, we can construct new metric spaces. We briefly
explore some of these constructions and try to describe the behavior of the FM in the
new spaces.

Lemma 1.11 (Isometries). Let (Q,d), (
a bijec:cive isometry f: Q — Q. Let pu
M(Q, d; fupr) = f(M(Q, d; ).

be metric spaces such that there is

Q,d) be ; th
€ P1(Q,d). Then f.u € P1(Q,d) and

Proof. We leave out the d(y,0)?-term. The proof is the same when keeping that term.
Let ¢ € Q. Then, as f is an isometry,

[ s @) dtntz) = [ dtw). 5@ duty) = [ dy. o duty).



Thus, as f is bijective,
argmin/d 2,q) df* —argmm/d (y,q) du O
geo
With the same reasoning, we can describe FMs in sets, where a metric is induced by
mapping elements to a given metric space.

Lemma 1.12 (Images). Let (Q, d) be a metric space and S be a set. Let f: S — Q.
Let df: S xS — [0,00),( ¢,p) — d(f(q), f(p)). Then (S,dy) is a metric space. Let
(Q,d

)
p € P1(S,dys). Then f~1(M(Q,d; fip)) € M(S, dy; ) with equality if f is bijective.

We can create new metric spaces, by transforming the distances by a subadditive func-
tion. This is an important construction, e.g., for defining medians, but it is not easy to
describe the resulting FMs.

Lemma 1.13 (Transformations). Let (Q,d) be a metric space. Let g: [0,00) —
[0,00) be nondecreasing with ¢(0) = 0 and subadditive, i.e., g(a +b) < g(a) + g(b)
for all a,b € [0,00). Let d9: Q@ x Q — [0,00), (¢,p) — g(d(q,p)). Then (Q,d,) is a
pseudometric space. If g(z) = 0 implies = 0, then (Q, dy) is a metric space.

To prove the lemma, one can easily check all requirements of a (pseudo-)metric space.
For this construction it may come in handy to know that a function g: [0, 00) — [0, 00)
that is concave is also subadditive.

The expectation of a random vector is the vector of the expectations of its components.
A generalization of this statement is true for FMs, as the following lemma shows.

Lemma 1.14 (Products). Let J € N. Let (Q1,d1),...,(Q,ds) be metric spaces.
Let wy,...,wy € (0,00). Let Q := ijl Q; and d: Q x Q — [0,00), d(gq,p) :=
(ijl wjdj(qj,pj)Q)%. Then (Q, d) is a metric space. Furthermore, let p € P1(Q, d)
with marginal distributions pq,...,puy. Then p; € P1(Qj,d;), j = 1,...,J and
M(Q, d; ) = X_y M(Qy, djs ).

Proof. For 0,q € Q,

/d(wq)2 —d(y, /ij 52 07)% = d;(93,0,)?) du(y)

= ij/ s 47)” = dj (3, 05)%) dig(y;)



Thus,
J
inf [ d 2_d 24 = "f/d- 2 _d; )2 du;
inf [ d(y,)* = d(y, 0)* dpa(y) ]Z:leqlengj (y,0)* — dj(y,05)% du;(y)

J
argmin/d(y,q)2 —d(y,0)*du(y) = X argmin/dj(y,q)2 —dj(y,0;)*dp;(y). O

qeQ j=1 49€9Qj
Note that in the setting of one can combine the individual metrics d;
differently to a metric on Q. If || - |[¢ is a norm on R, then ||(d;)j=1,.. s/« is a metric

on Q. But then the FM in O may not be described as easily. We later introduce
power Fréchet means, where we minimize d®, instead of d?>. Then a similar results as

Lemma 1.14] can be shown when replacing the Euclidean (¢2-) norm by the £“-norm.

1.2 Examples

We present some examples of FMs including common notions of mean as well as nonstan-
dard spaces where the FM can be applied. An overview over the FM and its applications

(and its extensions, see section [1.3)) is given by the Map of Means, |[Figure 1.1

1.2.1 Standard Spaces

We call convex subsets of separable Hilbert spaces equipped with the metric induced by
the inner product standard spaces (also it could be argued that not all of the exam-
ples below are commonly considered to be standard in an intuitive sense). We can take
expectations in these spaces (Lebesgue or Bochner integral) and these expectations co-
incide with the (unique) FM. The standard spaces include, among others, the Euclidean
spaces R, the sequence space £?(R), and the 2-Wasserstein space of R: For u, v € Pa(R),
define Wy (p,v) := (inf [(z — y)? dy(z, y))%, where the infimum is taken over all proba-
bility measures v on R? with marginals ;1 and v. The metric Wy can be expressed as a
Hilbert metric on quantile functions, Wa(u,v)? = fol (F, (x) — F, (x))* da [Vil03], where
F, F, are the quantile functions of y and v. Moreover, (P2(R), W2) is a metric space
that is isometrically isomorphic to a closed and convex subset of the separable Hilbert
space La(R) of square integrable functions, see [Big+17].

1.2.2 Kolmogorov Means

Let I C R be convex. Let f: I — f(I) be a strictly monotone and continuous function
with inverse f~!: f(I) — I. Define the metric ds on I as

di(y,q) = |f(y) = f(@)] .

Let 1 € P1(1,ds). The Kolmogorov mean (also quasi-arithmetic mean or generalized
f-mean) is defined as

my(p) = f’l(/f(y) du(y)> :
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It is the unique Fréchet mean M (I, ds;pn) = {ms(u)}, see [Lemma 1.12| Instances of

the Kolmogorov mean are the Hélder means m(u) (also generalized means or power
means), where f(z) = x® with @« # 0 and I = R for @ € Z and I = (0, 00) otherwise.
Notable instances of the Holder means are the harmonic mean (« = —1), the arith-
metic mean (or Fuclidean mean, o = 1), the root mean square (also quadratic mean,
a = 2), and the cubic mean (a = 3).

Notation 1.15. For a measure y, denote the support of u as Supp(u).

The definition of Hélder mean can be extended to o € {—00,0, 00} by taking the respec-
tive limit:

M_oo(p) :== lim meq(pn) = minsupp(p),

a——00

mo(y0) i= liy ma ) = exp [ og(w) du(v))

a—0

Moo (pt) == lim mq(p) = maxsupp(u),

a—00

where the necessary integrability conditions are assumed. The Hélder mean with o = 0
is also called geometric mean.
The arithmetic, geometric, and harmonic mean collectively are known as the Pytha-

gorean means. For yi,...,y, € (0,00) and the empirical measure p, = %

?:1 5%‘7
the geometric mean is mo(un) = (112, yz)% It is the side length of a n-dimensional
hypercube with the same volume as the n-dimensional box with side lengths y1, ..., yn.
The harmonic mean can be illustrated as follows: If an athlete runs n rounds on a running
track, each with velocity y1, ..., yn, respectively, then another athlete, who always runs
at constant speed, runs the same distance in the same time if their velocity is equal to
the harmonic mean m_j(u,) = n(} i, i)

The Holder means are ordered in the sense that mq(u) < mga(p) for a < @, as the

. . a
following lemma shows with z — x« convex.

Lemma 1.16. Let I C R be convex. Let f,f: I — R be strictly monotone and
continuous functions. Let y be a probability measure on I with [ |f(y)|du(y) < oo.
Assume that f o f~! is convex. Then my < my.

Proof. Use Jensen’s inequality to obtain
[ 1) = e For ([ fwanw) <7 ( [ Fw duw) . O

All Kolmogorov means have properties that one naturally associates with the term mean.
Kolmogorov even defined the mean by four axioms of desirable properties:



Definition 1.17 (Kolmogorov’s axioms of means, [Kol30]). A collection of functions

(Mp)nen, My : R" — R is called regular mean if following four conditions are
fulfilled:

1. All M, are continuous and nondecreasing in each variable.
2. All M,, are invariant under permutation of their arguments.
3. My(y,...,y) =y fory € Rand n € N.

4. Let k,n € N with & < n, y € R" and m = Mg(y1,...,yx). Then M,(y) =
Mn(mv"'amvyk+17"'7yn)'

Kolmogorov showed that any regular mean is of the form M, (y) = f~! (% i f (yl)>,
where f is continuous and strictly monotone. For further elementary properties of these
means, see [HLP52, chapter 3] and [AD89, chapter 17]. [Carl6] shows a central limit
theorem for Kolmogorov means.

1.2.3 Median and Huber Loss

A median of a probability distribution x on R is any point m with [™_ydu(y) =
1
>y du(y). It is well-known that the set of all medians is the FMS of (R, d2), where

dz(y,q) == /Iy — dl.

Notation 1.18. Let S, @ be sets with S C @. Then 1s: @ — {0,1} denotes the
indicator function of S., i.e., 1s(z) =1 if and only of z € S.

A mixture of median and expectation can be attained by the Huber loss: Let § > 0.
Let hs: [0,00) — [0,00),2 — %l‘ﬂ[oﬁ](l‘) +4/0(|z| — %5)]1(5700)(@. Then h? is called
Huber loss, [Hub64]. Furthermore, (R, dh) is a metric space, see [Lemma 1.13| as h is

concave. The FMs in this space are commonly used in robust statistics.
Now, let (Q,]|-]]) be a Banach space with induced metric dj.(q,p) = [lg — pll. A
generalization of the median to Banach spaces is the geometric median (or spatial
1

median), see [Kem87]. It is the FM in (Q,dﬁ”), ie.,

1
M(Q,d} , 1) = argmin | |ly —q| — |lyll du(y) .
o o

The geometric median is unique if there is no one-dimensional subspace where u has
mass one [MDS&7].

1.2.4 Extrinsic and Projected Mean

If a Riemannian manifold @ is embedded in an ambient Euclidean space, Q@ C R?, we
can take the FM with respect to the extrinsic distance, i.e., the Euclidean distance dps.
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More generally, let Q@ C R®. Then (Q,dgs) is a metric space. The FM in this space is
called extrinsic mean. We may allow the distribution p to have mass in the ambient
space R?, not only on Q. Then the respective FMs are called projected means: Let
w € Pi(R®, dgs). Let m = [ydu(y). Then

arg min/m2 —5,0° duly) = argmin [lm — q||,
q€Q q€Q

i.e., the projected means really are the projections of the Euclidean mean m to Q. If Q

is convex and supp(p) C Q, then m € Q and M(Q, dgrs, ;1) = {m}. The projected mean

can only be unique if m does not lie on the so-called medial axis of Q. The medial axis

M is the set of all points in R* that do not have a unique projection:

Mo = {ZGRS

1,02 € Qup 72 lor = 2l = llp2 = 2l = inf [p— 21 }

For geometric properties of the medial axis, see [BD17]. In chapter 3| we discuss the
projected mean in more detail. In particular, we investigate the influence of the distance
of m to Mg on the rate of convergence of sample projected means to their population
counterpart.

1.2.5 Geodesic Spaces

[Kar77] developed theory on the FM for Riemannian manifolds (Q,g), where Q is a
smooth manifold and ¢ is a Riemannian metric. The tuple (Q, d,) with intrinsic distance
dg (length of shortest path between two points) is a metric space. In this context the
FM is often called (Riemannian) center of mass or intrinsic mean. In contrast to the
extrinsic mean, it is not necessary to refer to an ambient Euclidean space.

There have been many contributions to the theory and applications of FMs on Rie-
mannian manifolds since Karcher’s original article. We only mention few and refer the
reader to [HE20| for an overview. [BP03; BP05| show consistency results and a central
limit theorem for FMs of random observations on Riemannian manifolds. [EH19| extend
this central limit theorem to a more general seltting, in which — due to the geometry of
the space — rates of convergence slower than n2 can be observed.

A generalization of Riemannian manifolds with a bound on the sectional curvature
are geodesic spaces with curvature bounds. These include many interesting nonsmooth
spaces and seem to be a more natural realm for the study of Fréchet means in general as
their structure is based on a metric like the definition of the FM. We quickly introduce
some necessary terms of metric geometry. See [BBIO1] for a more detailed introduction.

Let (Q,d) be a metric space. For a continuous map ~v: [a,b] — Q define its length as

L(y) := sup{znj d(y(zi—1),y(zi)) la=a0 <21 <---<xTp=bn € N} :
i=1

Define the inner metric (also intrinsic metric) of (Q,d) as di(q,p) := inf L(vy), where
the infimum is taken over all continuous maps v: [a,b] — Q with v(a) = ¢ and ~(b) = p.

11



A length space is a metric space (Q,d) with d = d;. Now, let (Q,d) be a length
space. A continuous map 7: [a,b] — Q is called shortest path if L(y) < L(¥) for all
continuous maps 7: [a,b] — Q with v(a) = (@) and v(b) = 7(b). A continuous map
v: [a,b] = Q is locally minimizing if for every ¢ € (a,b) there is € > 0 such that the
restriction 7|(;_¢ 4 is a shortest path. A continuous map ~: [a,b] — Q has constant
speed if there is v > 0 such that L(y|je 1) = v(0' —a) for all a’,b" € [a,b] with o’ < ¥'.
A geodesic is a locally minimizing continuous map with constant speed. The tuple
(Q,d) is a geodesic space if there is a geodesic for every pair of points.

Curvature bounds in geodesic spaces can be defined via comparison of triangles with
model spaces of constant curvature. The model spaces M, are the unique complete
simply connected real 2-dimensional Riemannian manifolds of constant sectional curva-
ture &, i.e.

« the Euclidean plane R? with Euclidean metric dg2, for x = 0,

o the sphere SQ(/(%) with radius £~ 2 with intrinsic metric, for £ > 0,

« the hyperbolic plane H? with the standard metric multiplied by (—n)_%, for k < 0.
See |BBIO1} chapter 4 and 5] for a precise definition of the model spaces.

Notation 1.19. For a metric space (Q,d) and B C Q denote the diameter of b as
diam(B) := sup, ,cp d(q,p).

Let D, := diam(M,,), i.e., D, = 7/+/k for k > 0, otherwise D,, = co. A geodesic space
(Q, d) has curvature bounded below (respectively above) by « if for any three points
Y, ¢,p € Q with d(q,p) + d(y, q) + d(y,p) < 2Dy, it holds

d(y7’7t) > dﬁ(gvﬁt) ( respectively d(yalyt) < dﬁ(gaﬁt) )

for t € [0, 1], where v: [0,1] — Q is a geodesic with v = ¢, 71 = p, (¥, q, D) is a triple of
points in M, that is isometric to (y,q,p), and 7: [0,1] — M, is the geodesic connecting
Y = q with 41 = p. Informally, triangles in negatively curved spaces are thinner than
the Euclidean triangle and thicker in positively curved spaces.

Geodesic spaces with upper curvature bound x are called CAT(k)-spaces. Com-
plete geodesic spaces with curvature bound are collectively called Alexandrov spaces.
Complete CAT(0)-spaces are also called Hadamard spaces or global NPC-spaces
(nonpositive curvature). Instances of these spaces are Riemannian manifolds with the
respective upper or lower bound k on the sectional curvature. Standard spaces are flat
Hadamard spaces, i.e., spaces with constant curvature 0. The hyperbolic spaces H*
are CAT(—1), the Euclidean spaces R® are CAT(0), and the unit hyperspheres S* are
CAT(1). All three are Alexandrov spaces.

Hadamard spaces have some desirable properties, e.g., unique FMs, that make them
particularly interesting. We show rates of convergence of sample FMs in Hadamard
spaces in and and throughout chapter [5] we present different results for regres-
sion estimators with responses in Hadamard spaces. Following property characterizes
Hadamard spaces.
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Lemma 1.20 ([Stu03]). A nonempty complete metric space (Q,d) is Hadamard
if and only if for all ¢,p € Q, there is m € Q such that d(y,m)? < %d(y,q)2 +
Ld(y,p)? — d(g,p)? for all y € Q.

In Hadamard spaces, all geodesics are minimizing. [Stu03] shows how in these spaces
some classical results of probability theory in Euclidean spaces (e.g., strong law of large
numbers, Jensen’s inequality) can be transferred to the Fréchet mean setting. An algo-
rithm for calculating Fréchet means in Hadamard spaces is described in |[Bacl4a).

One important application of statistics in Hadamard spaces is the space phylogenetic
trees. A phylogenetic tree represents the genetic relatedness of biological species, includ-
ing bacteria and viruses. The geometry of the space of phylogenetic trees T,, with m
leaves is studied in [BHVO1|. In particular, it is shown that 7}, is a Hadamard space.
There has been a lot of recent interest in statistics on T,. E.g., [BLO1§| show a cen-
tral limit theorem for the Fréchet mean in T, and |[Nyell| apply principal component
analysis in that space.

Hadamard spaces are complete CAT(0)-spaces. In CAT(k)-spaces with xk € R, there
are simple conditions for the FM to be unique.

Theorem 1.21 ([Stu03; Yok17]). Let (Q,d) be a complete CAT(x)-space. Let
ne ’P1(Q, d).

1. Assume k < 0. Then the FM of p is unique.
2. Assume £ > 0. Assume +/k diam(Supp(u)) < m. Then the FM of p is unique.

In both cases the FM lies in the convex hull of Supp(u).

Similar results hold for power FMs, which are introduced in section [1.3.2

1.2.6 Wasserstein Spaces

Let (Q, d) be a metric space and o > 1. Let p, v € P (Q,d). The a-Wasserstein distance
[Vil09, Definition 6.1] is

[e3

W (s, v) = ( mf [ty dv(x,w)

yel(p,v

where I'(u,v) is the set of all probability measures on Q x Q with marginals p and
v. (Pa(Q,d),W,) is a metric space. If (Q,d) is complete and separable, then so is
(Pa(Q,d),Wy) [Vil09, Theorem 6.18]. If Q is compact, then so is P,(Q,d), [Vil09,
Remark 6.18]. If Q is a locally compact geodesic space, then P,(Q,d) is a geodesic
space, [LV09, Lemma 2.4 and Proposition 2.6]. The Wasserstein distance metrizises weak
convergence: convergence in the Wasserstein space is weak convergence of probability
measures plus convergence of the a-moment [Vil09, Theorem 6.9].
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In Wasserstein spaces, FMs are usually called (Wasserstein) barycenters. [AC11| dis-
cuss existence, uniqueness, and characterizations of the 2-Wasserstein barycenters in R?.
[LL15] show existence and consistency of a-Wasserstein barycenters in geodesic spaces.
[KP17] discuss 2-Wasserstein barycenters on Riemannian manifolds. [ZP19] explore the
link between Fréchet means in the Wasserstein space and Procrustes analysis. The
Wasserstein covariance is introduced in [PM19b| to analyze the dependence between
multiple random densities. A regression framework, where predictors and responses are
distributions in developed in [CLM20).

1.2.7 Further applications

The FM has been applied to find a mean of graphs, e.g., [GSK12; GGR18]. In [WMO07],
it is used in tree spaces to analyze blood vessel data. The FM is used in Kendall’s shape
spaces and Procrustes analysis |[Gow75; |[Ken84; [DM16|. Covariance matrices can be
averaged using FMs of different metric spaces that induce certain desirable properties,
e.g., [IDKZ09; PDM19|. For more applications and an overview over further methods for
nonstandard spaces, see [MA14] and [HE20).

1.3 Extensions

Aside from application of Fréchet means on different spaces, there are also many modifi-
cations and generalizations of the concept that encompass even more interesting objects
in one description.

1.3.1 Restriction of the Descriptor Set

Let (Q,d) be a metric space. Let o € Q. Let u be a probability distribution on Q.
Instead of minimizing over the whole set Q one might search for a minimizer only in
a subset of Q, see also section The subset might represent known theoretical or
computational constraints. One specific instance of interest is the support-restricted
FMS,

arg min /WQ —7,0° du(y) -
qesupp(u)

It can be useful for computation of an approximate FM. [Sve81; EJ20] show that elements
of M(supp(pn), d, ptr) converge to elements of M(supp(u),d, u) for u € P2(Q,d) and the
empirical measure p, = % 1 dy; of independent and identically distributed random
variables Y; with distribution pu.

1.3.2 Power Fréchet Means

Let (Q,d) be a metric space. Let o € Q. Let u be a probability distribution on Q. Let
a> 0. Let p € P(Q). For a > 1, assume p € Po—1(Q,d). The power Fréchet mean
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set or a-Fréchet mean set of p is

M®(p) :==M*(Q,d; p) = argenglin/m“ — 70" du(y) -
q

In chapter [2| we show strong laws of large numbers for a-FMSs. Note that the power
Fréchet means are not directly connected to the power means of section [I.2.2]

For a = 2 the a-FMS is the usual FMS, M?() = M(y). For a € (0,2], d2 is a metric.
Thus, M(Q, d%;,u) = M*(Q,d; ). For a > 2, d* may not be a metric. Hence, the power
FMs are more general than the FM.

For a = 1 in a Banach space Q, we again obtain the (geometric) median, see section
In general metric spaces, the elements of M!(u) are called Fréchet median, e.g.,
[ABY13]. As mentioned before, the Fréchet median for a metric space is the Fréchet
mean of another metric space. In [FVJ09| the Fréchet median on Riemannian manifolds
is discussed. [Yok17, Corollary 41] presents conditions for uniqueness of Fréchet medians
in CAT(k)-spaces. A Nadaraya-Watson-type nonparametric regression procedure on tree
spaces is presented in [Wan-+12], where the target function is described by a conditional
Fréchet median.

In (R, dr), the limit cases & — 0 and o — oo are the familiar mode and mid-rage
of a distribution. They generalize to metric spaces, by defining

—dm : limsu M
mode(u) := { €Q:l a0 (B (m))

circumcenter(u) := argmin  sup d(y,q) .
q€Q  ycsupp(p)

glforallqu},

The limit cases of the power-FM can be interpreted as mode (o — 0) and circumcenter
(@ = 00), see [Mac67]. The precise relationship between the family (M®(u))ae(0,00)5
mode(u), and circumcenter(x) may be complex, in particular if the sets are not singletons.

Slightly more general than power FMs are H-FMs: Let H: [0,00) — [0,00) be a
convex and nondecreasing function. The set of minimizers

M () i= M (Q, ds 1) = angmmin [ H(5:) ~ H(5:0) dyy)
qeEQ

is called H-Fréchet mean set or convex Fréchet mean set. For H(x) = 2% with
a > 1, we obtain the power FMs. [Yok17, Theorem 40] shows conditions for uniqueness
of H-FMs in CAT(k)-spaces.

The assumption that H is convex is not restrictive: For a concave, nondecreasing
function G' with G=1({0}) = {0}, we may interpret G o d as a metric. Thus, this case is
covered by the original definition of FMS.

1.3.3 Generally Weighted Fréchet Mean

In section [I.1.1], we introduced the weighted FM of points in a metric space, which is
nothing but the usual FM of a certain probability measure. Only positive weights can
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be treated like that. In some settings, it might be of use to allow negative weights, e.g.,
linear regression can be viewed as a weighted mean with not necessarily positive weights
as we will see shortly. A negatively weighted FM can be justified as a generalization of
a Euclidean setting:

Lemma 1.22. Let (IW,Y) be an pair of random variables with values in R x R®
such that E[|[WY||]] < co. Define a := E[W]. Assume a > 0. Then it holds

arg glsinE[W (das (Y, @) — ds (¥,0)%)] = éE[WY] .

Proof. Set m := E[WY]. For every ¢ € R, it holds

E[W (dr:(Y.0)” — dzs(¥,0)?) | = —2"m + allal*.

Hence,
2 1 \? 1 2 T, 2 1 2
E|{Wdgs(Y,q)* — Wdgrs|Y,—m = —||m||* = 2¢'m + a||q||* = ||—=m — Vaq|| >0,
a a Vva
which shows that 1m minimizes g — E[W (dgs (Y, ¢)* — dgs(Y,0)?)]. O
The lemma shows that E[WW] = 1 is required to make the weighing meaningful for

minimizers and leads to following definition: Let (Q,d) be a metric space. Let o € Q.
Let W be a real valued random variable with E[WW] = 1. Let Y be a Q-valued random

variable such that E[|[W|Y,0] < co. Then the generally weighed FMS of (W)Y) is

argenglinE[W (Yi,q2 — Y7,02)} .

An analogous definition for probability measures is possible.

Remark 1.23. We can view a weighted mean E[WY| = [ W (w)Y (w) dP(w) as the
usual mean with respect to the transformed measure v = W - P. If E[IW] = 1 and
W(w) > 0 P-almost everywhere, W is just the density of the probability measure v
with respect to P. In the upcoming section we usually have to deal with the case
E[W] =1, but P(W < 0) > 0. Then v is a signed measure.

We can apply the generally weighted FM to least squares regression estimators, where
target values live in a metric space. But, first consider a general regression setting
with real-valued targets, which encompasses different common regression scenarios. Let
(X,Y) be a pair of random variables with values in (¥ x R). Let ¥: X — R” be a
feature function, K : X — R a localizing function. We are interested in the value

m(t) :== (t)"0p
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with the least squares parameters

2

6y € arg minE[(Y — HT\II(X)) K(X)] = arg min(—QﬁTa + GTBG)
GGRT QGRT

where a = E[¥(X)K(X)Y] and B = E[¥(X)¥(X)'K(X)]. The matrix B is symmetric.

Assume that B is also positive definite. Then 6y = B~ 'a and

m(t) = () B~'a = E[U(t)' B W(X)K (X)Y| = E[w(t, X)Y]

for w(t,x) = W(t)' B~'W(x)K (z). This general setting includes many well-known regres-
sion estimators.

Example 1.24.

(i) Expectation:
Let r =1, K =¥ =1, X = {x}. Then m(t) = m =E[Y].

(ii) linear regression:
Let 7 € N, K =1, ¥ =id, X = R". Then m(t) = t'6y, where

2
0y € argminE{(Y — HTX> } .
feR"

(iii) Projection estimator:
Let ¢p: X - Rfor k e N, K =1, ¥(z) = ¥, (2) = (Yx(2))k=1,...,. Then
m(t) = m,(t) is the expectation of the projection estimator with projection
to the space spanned by v¥1,...,%,. An example is trigonometric projection,
where X = [0, 1] and (k) ken is the trigonometric basis of Ly([0, 1]). See, e.g.,
[Tsy08, section 1.7].

(iv) Local polynomial estimator:
Let X =R, k: R — R be a kernel, A > 0, and

K(z) = Kin(x) = #("” - t) .

Let N € Ny specify the polynomial degree, set ¥ = N + 1. Denote

k

Then m(t) = my(t) is the expectation of the local polynomial estimator of :
degree N with bandwidth h. See, e.g., [Tsy08| section 1.6].

The regression function m(t) = E[w(t, X)Y] has the form of a weighted mean, where the
weight may take negative values. We can easily generalize this setting to cases where Y
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lives in a metric space (Q, d) by using the generally weighted FM:

M(t) := argelginJE [w(t, X) (d(Y, q)? = d(Y,0)?)],

where 0o € Q is an arbitrary element. To justify this transfer, we need E[w(t, X)] = 1,

see which is easy to obtain as the next lemma shows.

Lemma 1.25. With the above definitions, if there is a vector R € R” with ¥(z)'R =
1 for all x € X, then E[w(t, X)] = 1.

Proof. As ¥(z)'R = 1, we can write the weight function as
w(t,z) = V() B (2)K(z) = U(t) B7'U(2)¥(x) RK (z).
Taking the expectation then yields the desired result,
E[w(t, X)] = ¥(t)'B'BR=U(t)'R=1. O

The condition of the lemma is fulfilled if the first entry of W is constant 1, which is
common. E.g., for linear regression, this only requires the inclusion of an intercept in
the model.

The regression function may be estimated via a plug-in estimator, replacing the ex-
pectation by a sum over observations. This scenario is called Fréchet regression and
is investigated in [PM19a] and chapter |5 of this thesis.

1.3.4 Generalized Fréchet Mean

Let ¢: Y x Q@ — R be a function. Let Y be a random variable with values in ). Let
M := argmin o E[c(Y, ¢)] assuming the expectations exist. In this context, ¢ is called
cost function, Y is called data space, Q is called descriptor space, ¢ — E[c(Y, q)] is called
objective function (or Fréchet function), and M is called generalized Fréchet mean set
or c-Fréchet mean set.

This is setting encompasses the previous generalizations of FM. Set ¢(y, ¢) = 7,¢%—7,0%
to obtain power Fréchet means. Set ¢((y,w),q) = w(7,¢> — §,0°) to obtain weighted
Fréchet means. Set ¢((z,y), 3) = (y — f'z)? for linear regression.

This general scenario contains the setting of general M-estimation. It includes many
important statistical frameworks like maximum likelihood estimation, where Q = ©
parameterizes a family of densities (fy)yco on Y = R® and ¢(z,9) = —log fy(z), or
linear regression, where @ = RSt ) = ({1} x R®) x R, ¢((x,y),8) = (y — 8'z)2. It also
includes nonstandard settings, e.g., [Hucll|, where geodesics in Q are fitted to points in
V.

We use this general setting throughout this thesis to present theorems on consistency
(chapter [2)) and rate of convergence of ¢-FMs (chapter |4)) as well as regression for metric
spaces-valued functions (chapter [5)). These results encompass large classes of instances
as is visualized in the Map of Means,
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1.3.5 Further Examples

There is a vast number of objects that can be defined as ¢-FMs. We only show a few
more and again refer the reader to [HE20] for more applications.

1.3.5.1 Bregman Divergence

The Bregman divergence is an example of a large class of cost functions with identical
FMs. Let Q C R® be a closed convex set. Let v: @ — R be a continuously differentiable
and strictly convex function. The Bregman divergence Dy,: Q@ x Q@ — [0, 00) associated
with ¢ for points y,q € Q is defined as Dy(y, q) :== ¥(y) — ¥(q) — (V¥(q), y —q). Tt is
the difference between the value of ¢ at point y and the value of the first-order Taylor
expansion of ¥ around point ¢ evaluated at point y. It is well-known, that the ¢-FM
with ¢ = Dy, is the expectation, see [BGWO5, Theorem 1]. If we set ¢(q) = ||q||?, the
cost function becomes the squared Euclidean metric. The Bregman Divergence yields an
example of the quadruple inequality, see section which is a condition introduced
in this thesis to obtain rates of convergence for FMs.

1.3.5.2 k-Means

The k-means algorithm is a clustering method [Ste56|, usually applied in Euclidean
spaces. It can be formulated for general metric spaces as a ¢-FM: Let (Q, d) be a metric
space. Let u € P2(Q,d). Let k € N be the number of means. Define

¢ Qx Q" =R, (y,¢) » min d(y,q;).
]: ARG
A ¢-FM of p is a tuple of k points that are centers of clusters with minimal within-cluster
Fréchet variance with respect to u. The common k-means algorithm is an instance of the
general setting with (Q,d) = (R®,dgs) and p = 2 37, §,, for observations yi,...,yn €
R®, i.e., one tries to find an element of argmin ¢ gs Soyming—y k|l — gj||*. The
classical algorithm [Llo82] is an iterative approach, which always converges after a finite
number of steps but the limit may be a local minimizer of the objective function.

1.3.5.3 Quantiles

Let 7 € (0,1). For y,q € R, define p;(y) = y(7 — L(_oo,0)(¥)) and set ¢(y, q) = p-(y — q).
Then the ¢-FM of p € P1(R) is the 7th quantile,

inf{m e R: F,(m) > 7} € argmin/pT(y —q)du(y),
geR

where F), is the distribution function of p. This property of quantiles is used in quantile
regression, see, e.g., [Koe05|. As the median, quantiles may not be unique.
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1.3.6 Elicitability — Is Everything a Fréchet Mean?

After the overwhelming amount of objects that can be written as a (generalized) FM,
one may ask whether the notion is trivial and everything is in fact a form of FM. The
property of being a generalized FM for some cost function may be called elicitability — a
term that is usually studied in the financial mathematics literature, e.g., [LPS08; |Gnell;
FZ716; FHR21].

Definition 1.26. A functional S: P(Y) — 29 is called elicitable if there is a cost
function ¢ such that S(u) = argmingcq [ ¢(y, ¢) du(y).

We have seen that expectation, median, maximum likelihood statistics, and more are all
elicitable. It may seem, that the definition of ¢-FM is so general that every property of
a distribution is elicitable. Unfortunately, there are counterexamples. It can be shown
that the variance of a real-valued random variable is not elicitable, |[Gnell|]. The mode,
too, is not elicitable, [Heil4].

Interestingly, the vector of expectation and variance is elicitable: Let Y be a real-
valued random variable with E[Y4] < co. Then

(EY] VYD = argmin )E[(Y P (-0 -s)

By subtracting (Y — ¢)* on the right hand side, we can reduce the moment requirement
o E[Y?].

In a way, every property of a distribution can be part of a tuple that is a ¢-FM of
that distribution. To show that, we elicit the distribution itself. Let F([a,b]) be the set
of distribution functions of distributions with support in [a,b]. Let © be a set and let
0: F([a,b]) — © be any property of a distribution in F([a, b]). Assume for a distribution
F. € F([a,b]), we want to find 9, := 0(F}). Let F([a,b],0) := {(F,0(F)) € F([a,b])xO}.
Then

(Fy,¥,) = argmin // F(ac))2 dz dF.(y),

(F,9)eF ([a,b],0)

i.e., (Fy, ¥,) is the ¢-FM of the distribution induced by F, where ¢: ) x Q — R with
Y :=la,b] and Q := F([a,b],0) is defined by

ctr (70)) = [ (Uoef) — F@))”

Although this construction makes every property part of an elicitable vector, it seems
very unlikely that one can show nontrivial statements because of it.

1.4 Contributions of this Thesis

The major concern of this thesis is the theory of convergence of the sample Fréchet mean
to its population counterpart in general settings. Here, we summarize our main results.
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A more detailed description of the results and their relation to existing literature can be
found at the beginnings of each upcoming chapter.

e Strong Laws of Large Numbers — Chapter
— Available as preprint [Sch20b].

After a general result on the convergence of sets of minimizers, we
show strong laws of large numbers for ¢-FMS (Theorem 2.9) and [Theorem 2.10)),
H-FMS ((Corollary 2.12|and [Corollary 2.13)), and a-FMS (Corollary 2.14/and [Corol-

lary 2.15[). All results are given in outer limit and in one-sided Hausdorff distance,
which are the types of convergence usually considered in this context.

Over the years there have been several statements of strong laws of large numbers
for FMS, see |Zie77; Sve81; KWO01; BP03; Hucll]. The novelty of our results is the
weakness of their assumptions. In particular, we only require an (o — 1)-moment
for the a-FMS with a > 1 to converge. Moreover, the a-FMS with a € (0,1]
converges without a requirement on the moment.

« Rates of Convergence and the Projected Mean — Chapter
— Available as preprint [Sch19a].

We consider the projected mean for nonconvex subsets Q of the Euclidean plane
R?. For a wide range of rate sequences (a,)nen C (0,00), a, — 0, we construct Q
such that a sample projected mean m,, converges to a population projected mean
m with rate ay; to be more precise, a;!(m, —m) ~— v in distribution for
some nondegenerate distribution v. presents sets Q for polynomial,
logarithmic, and exponential rates of convergence. This result is a consequence of
which generally describes a central limit theorem with distortion due
to projection.

Conditions for parametric rates of convergence of the projected mean have been
known for some time, e.g., [HLI8|. How breaking these assumptions yields different
rates is the major contribution in this chapter.

« Rates of Convergence via the Quadruple Inequality — Chapter
— Published in [Sch19b).

In this chapter, we find conditions to obtain a rate of convergence for the general-
ized FM. To that end, we use empirical process theory and the generic chaining. We
require an entropy condition on Q, which is typical when using these tools. More-
over, to be applicable in descriptor spaces Q with infinite diameter, a moment
condition and a quadruple inequality, which is a generalization of the Cauchy—
Schwarz inequality, are assumed. We prove nonasymptotic bounds in probability,
and two ways of obtaining rates in expectation: In we
assume a stronger version quadruple inequality (and a weak entropy condition) to
obtain finite sample bounds. yields asymptotic rates of convergence,
requiring only a weak quadruple inequality but a stronger entropy condition. It
is known that in Hadamard spaces an instance of the quadruple inequality holds.
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This enables us to show rates of convergence in expectation for the FM in these
spaces, see Furthermore, we show that we also obtain a quadruple
inequality — called power inequality — for certain powers of Hadamard metrics:

d(y,q)* — d(y,p)* — d(z,q)* + d(z,p)* < 4a2™%d(y, z)* 'd(q,p),

for a € [1,2] and y, 2, q, p in a Hadamard space, see |Theorem 4.10, which leads to

finite sample bounds and rates of convergence for the respective power FMs, see
orollary 4.11

[PM19a] and [ALP20] show rates of convergence for FMs in metric spaces with fi-
nite diameter. In Alexandrov spaces, [Gou+19] present conditions for a parametric
rates of convergence. The contents of this chapter are set apart from these results
by being far more general — we use ¢-FMs instead of 2-FMs — and being applica-
ble to descriptor spaces with infinite diameter via introduction of the quadruple
inequality. Moreover, we contribute to the study of Hadamard spaces via rates
of convergence of the FM and the power inequality with the resulting rates of
convergence of power FMs.

Regression in Non-Euclidean Spaces — Chapter
— Available as preprint [Sch20a].

We compare two approaches — geodesic and Fréchet — to regression with responses
in metric spaces, where the regression function is modeled as a conditional FM
and covariates are assumed to be deterministic, equidistant points in the unit in-
terval. Both approaches are applied to three estimators — linear, local linear, and
trigonometric projection. We show finite sample bounds for linear geodesic regres-
sion (Theorem 5.2), both localized estimators (Theorem 5.12| and [Theorem 5.17)),
and the trigonometric projection Fréchet estimator (Theorem 5.23)). The obtained
rates reflect the typical parametric and nonparametric rates of convergence. Lin-
ear Fréchet regression is shown to be inconsistent in non-Euclidean
spaces. For specific spaces, namely the hyperspheres and hyperbolic spaces, we
introduce a parametric alternative, which we call cosine regression. Furthermore,
it is argued that a geodesic trigonometric projection estimator is suboptimal in
non-Euclidean spaces.

These general results are applied to the sphere to underline their relevance. More-
over, we compare all estimators in a simulation study. To that end, they have been
implemented using the statistical programming language R [R DO08]. The code is
freely available at https://github.com/ChristofSch/spheregr.

The geodesic approach builds on [Flel3], which introduces linear geodesic regres-
sion; the Fréchet approach is based on [PM19a], which introduces linear and local
linear Fréchet regression. Local geodesic regression and trigonometric Fréchet re-
gression are new methods, making the results on the rate of convergence for these
two also a new contribution. For linear geodesic regression and local linear Fréchet
regression, rates have been establish in the literature. But our statements here
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require weaker assumptions and hold in greater generality. Furthermore, we intro-
duce cosine regression, a new method for regression on the sphere.
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2 Strong Laws of Large Numbers

Contents
2.1 Introductionl . . . . . . . .. . ..o 24
2.2  Convergence of Minimizer Sets of Deterministic Functions| . 26
2.3 Strong Laws for c¢-Fréchet Mean Sets|. . . . . . . . .. .. .. 29
2.4 Strong Laws for fi-Fréchet Mean Sets| . . . . . . .. ... .. 32
2.5 Strong Laws for a-Fréchet Mean Sets| . . . . . . .. ... .. 33
2.A  Auxiliary Results| . . . . .. ... ... ... 35

2.1 Introduction

We begin the study of Fréchet means by establishing strong laws of large numbers. In
contrast to upcoming chapters, we do not assume that the FMS is a singleton. As dis-
cussed in section the FMS a can be an arbitrary set. For conditions of uniqueness,
see, e.g., section Prominent examples of nonunique FMs are the median
(section and FMs on hyperspheres like the circle, see [HH15| and section m

We will show strong laws of large numbers for ¢-FMSs. Recall the setting of section
Let (Q,d) be a metric space, the descriptor space. Let ) the data space. Let
¢: Y x Q@ — R be the cost function. Let Y be a random variable with values in ). Let
M := argmin ¢ g E[¢(Y, ¢)] be the ¢-FMS assuming the expectations exist. This general
scenario contains many interesting notions of means and other statistics, including M-
estimators and regression settings, see section [1.3.4]

We will apply our results on ¢-FMSs to H- and a-FMSs, see section [1.3.2} Fix an
arbitrary element o € Q. We will set ¢(y,q) = H(y,q) — H(y,0), where H(x) = [ h(t)dt
for a nondecreasing function h, or ¢(y,q) = 7,g“ — 7,0“ with a > 0. In both cases the
set of minimizers does not depend on o. The H-Fréchet means serve as a generalization
of a-Fréchet means for a > 1 as well as an intermediate result for proving strong laws
of large numbers for a-Fréchet mean sets with a € (0, 1].

We have described the population FMS M; next we define its empirical version
My,. For a function f: @ — R and ¢ > 0, define e-argming,q f(q) = {¢ € Q|
flg) < e+ infyco f(p)}. Let Yi,...,Y;, be independent random variables with the

same distribution as Y. Choose (e;)neny C [0,00) with ¢, “—>% 0. Let M, :=

€p-argmingco % Yo e(Yi,q). Our goal is to show almost sure convergence of elements
in M,, to elements in M. To this end, there are different possibilities of how this con-

vergence of sets can be described.
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Definition 2.1. Let (Q, d) be a metric space.

(i) Let (Bp)nen with B, C Q for all n € N. Then the outer limit of (By)nen is

lim sup,, o B = ﬂ U By,
neNk>n

where B denotes the closure of the set B.

(ii) The one-side Hausdorff distance between B, B’ C Q is

dc(B,B') :=sup inf d(z,2').
- reB T €D’

(iii) The Hausdorff distance between B, B’ C Q is

dy(B, B') := max(dc (B, B'),dc(B', B)) .

Remark 2.2.

(a) The outer limit is the set of all points of accumulation of all sequences (z;, )nen
with z,, € B,,.

(b) It holds dc (B, B') = 0 if and only if B C B/, but dy(B, B’) = 0 if and only if
B = B'. The function dy is a metric on the set of closed and bounded subsets

of Q.

(c) Elements from a sequence of sets might have sub-sequences that have no point
of accumulation and are bounded away from the outer limit of the sequence
of sets. That cannot happen with the one-sided Hausdorff limit. Here, every
sub-sequence is eventually arbitrarily close to the limiting set. As an example,
the outer limit of the sequence of sets {0,n}, n € N on the Euclidean real line
is {0}, but dc({0,n},{0}) === cc.

n—oo

We will give conditions so that lim sup,,_,.o M, C M almost surely or dc (M, M,)) —a.s.
0, where the index a.s. indicates almost sure convergence. It is not easily possible to
show dy (M, M,,) H—Oon,& 0 if M is not a singleton. These results may be called strong
laws of large numbers of the Fréchet mean set or (strong) consistency of the empirical
Fréchet mean set.

[Zie77] shows a strong law for the outer limit of Fréchet mean sets with a second
moment condition. [Sve81] shows a strong law in outer limit for power Fréchet mean
sets in compact spaces. [BP03| shows convergence of Fréchet mean sets in one-sided
Hausdorff distance with a second moment condition. In contrast, we show strong laws
of large numbers for power Fréchet mean sets in outer limit and in one-sided Hausdorff
distance with less moment assumptions: For o > 1, we require ]E[Yi,oafl] < 00, and
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for @ € (0,1] no moment assumption is made, see |Corollary 2.14] and |Corollary 2.15|
Thus, a-Fréchet means may be of interest in robust statistics. |[Hucll| shows almost
sure convergence in one-side Hausdorff distance as well as in outer limit for generalized
Fréchet means. Our results for c¢-Fréchet means in one-side Hausdorff distance require
different assumptions, which make them applicable in a larger class of settings, see
[Theorem 2.9{and [Remark 2.8, Results by [AW95; [ KWO01; |CHS03] imply strong laws and
ergodic theorems in outer limit for generalized Fréchet means. We recite parts of these
results to state Furthermore, we show strong laws of large numbers for
H-Fréchet means sets in outer limit, and one-sided Hausdorff distance,

Before we consider the probabilistic setting, we present theory on convergence of
minimizing sets for deterministic functions in section where we partially follow
[RW98|. Thereafter, we derive strong laws of large numbers for c¢-Fréchet mean sets
in section for H-Fréchet mean sets in section and for a-Fréchet mean sets in
section

2.2 Convergence of Minimizer Sets of Deterministic Functions

Let (Q, d) be a metric space. We use two notions of convergence of functions, which will
lead to different convergence results of their minimizers.

Definition 2.3. Let f, f,: @ - R, ne N.
(i) The sequence (fn)nen epi-converges to f at x € Q if and only if

V(Zn)nen C Q, Ty — x: I%Higéf fn(xn) > f(x) and

I(Yn)nen € Q,Yn — T: hfffo%p fu(yn) < f(2).

The sequence (fy,)nen epi-converges to f if and only if it epi-converges at all
x € Q. We then write f, ’H—°°>epi f.

(ii) The sequence (fy)nen converges to f uniformly on bounded sets if and only if
for every B C Q with diam(B) < oo,

lim sug |fu(z) — f(x)] =0.

n— o0 ze

We then write f, BT, s f.

We introduce some short notation. Let f: Q@ — R and € > 0. Denote inf f :=
infyeo f(z), argmin f = {x € Q| f(z) = inf f}, ecargminf := {x € Q| f(z) <
e+inf f}. Let 6 > 0, 29 € Q, and A C Q. Denote Bs(zg) := {z € Q|d(z,z0) < §}
and Bs(A) := U,ec4 Bs(x). Furthermore, f is called lower semi-continuous if and only if
liminf, ., f(z) > f(zo) for all 29 € Q.
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Definition 2.4. A function f has approachable minimizers if and only if for all
€ > 0 there is a § > 0 such that - argmin f C B¢(argmin f).

The definition directly implies that dc(0-arg min f, arg min f) 920, s equivalent to f
having approachable minimizers. Furthermore, if f has approachable minimizers, then
argmin f # (), as for every 6 > 0 the set d-argmin f is nonempty, but B()) = .

To state convergence results for minimizing sets of deterministic functions, we need
one final definition.

Definition 2.5. A sequence (B,)nen of sets B, C Q is called eventually bounded if
and only if

[e.e]
limsupdiam(U Bk> < 00.

n—00
k=n

The main theorem of this section states conditions for convergence of sets of minimizers
in outer limit and in one-sided Hausdorff distance.

Theorem 2.6. Let f, f,,: Q — R. Let (€,)nen C [0, 00) with €, = 0.

(i) Assume f, H—oo>epi f. Then
lim 5Up,,_, o €n-argmin f,, C argmin f

and
limsupinf f,, <inf f.

n—oo

(ii) Assume f has approachable minimizers, f, ————yps f, and (€,- arg min f,, )nen
is eventually bounded. Then

dc (en-arg min f,,, arg min f) 2= 0

and

inf f,, 2=22% inf f.

Large parts of this theorem can be found e.g., in [RW9S8| chapter 7]. To make this thesis
more self-contained, we give a proof here.

Proof.

(i) Let z € limsup,,_,o €n-argmin f,. Then there is a sequence z,, € €,-argmin f,

. . . 1— 00 71— 00
with a subsequence converging to z, i.e., x,, —— , where n; —— oco. Let y € Q
n—oo

be arbitrary. As f, “——epi f, there is a sequence (yn)nen € Q with y, ——— y
and limsup,,_,o fn(yn) < f(y). It holds fi, (2n,) < €n, +inf fo, < €n, + fo,(yn,)-
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Thus, by the definition of epi-convergence and ¢, 2720 0, we obtain

f(z) < liminf fo, (2,) < liirg(i)gf (€n; + fri(Yn,)) < lim sup fri(yns) < fy) -

=00 i—00

Thus, € argmin f. Next, we turn to the inequality of the infima. For ¢ > 0 choose
an arbitrary x € e-argmin f. There is a sequence (y,)nen € Q with y, 70 g
n—oo

and fy,(yn) —— f(x). Thus,

limsup inf f, < limsup f,(y,) < inf f + €.
n—oo

n—oo
(ii) Let € > 0. As f has approachable minimizers, there is § > 0 such that

(36)-argmin f C Be(argmin f).
Furthermore, argmin f # (. Let y € argmin f. As fu(y) —= f(y), there is
n1 € N such that inf f,, < inf f + 6 for all n > ni. As €, —— 0, there is ng € N
such that €, < J for all n > ny. As (e,-argmin f,),en is eventually bounded, there
is ng € N such that diam(B) < oo for B = U,>p, €x-argmin f,. As f, 200 s f
there is n4 such that sup,cp |fn(x) — f(z)| < 0. Let n > max(ng,ng,ng,nq4) and

Z € ep-argmin f,. Then
flx) < fu(x) 4+ 6 <inf f, + 26 <inf f + 36.

Thus, x € (36)-argmin f. By the choice of € and d, we obtain €,-argmin f,, C
Bc(argmin f) or equivalently dc (€,-argmin f,,, argmin f) < e.

Finally, we show the convergence of the infima. We already know inf f,, <inf f +e€
for all € > 0 and n large enough. If inf f, “=% inf f does not hold, there is a
sequence x, € €,-argmin f,, and € > 0 such that f,,(x,) < inf f — € for all n large
enough. As before, because of eventual boundedness and uniform convergence on
bounded sets, we have supgey | fn(z1) — f(z1)| == 0. Therefore, for all € > 0 we

have f(z,) < fu(x,) + € for n large enough, which contradicts f,(x,) < inf f — €.

O]

The conditions for subset convergence in outer limit are minimal. In the following,
we construct examples to show that none of the conditions for one-sided Hausdorff
convergence can be dropped.

Example 2.7.

(i) Let f, fn: No = R, fo :=1—Tyopy, f =11y, d(i,j) := 1 fori # j. It
holds that f is continuous and has approachable minimizers, and the sequence
of nonempty sets arg min f,, = {0,n} is eventually bounded, as diam(A) < 1
for every A C Ny. Furthermore, f,, converges to f uniformly on compact sets,
which are exactly the finite subsets of Ny, but not uniformly on bounded sets
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like Ny itself. There is a subsequence of minimizers x,, = n € arg min f, that
is always bounded away from 0, the minimizer of f. This shows that uniform
convergence on compact sets (instead of bounded sets) is not enough.

(ii) As above, let f,fn: No — R, fi, := 1 =1y, f := 1 — Iygy, but define
d(i,j) :=|i—j|. It holds that f is continuous and has approachable minimizers,
and f, == s f, but the sequence of nonempty sets arg min f,, = {0,n} is
not eventually bounded. Again, there is a subsequence of minimizers x, =
n € argmin f, that is always bounded away from 0, the minimizer of f. This

shows that eventual boundedness of minimizer sets cannot be dropped.

(ili) Let f, fn: No = R, £(0) :=0, f(i) := }, fu(i) := f(i)L<py, and set d(i, j) :=

1 for ¢ # j. It holds that f is continuous, but f does not have approachable
minimizers. The sequence of nonempty sets argmin f,, = {0,n,n+1,...} is
eventually bounded and f, D0 b f. There is a subsequence of minimizers
Ty =n € argmin f, that is always bounded away from 0, the minimizer of f.
This shows that approachability of minimizers of f cannot be dropped.

In the setting of the second part of the theorem, for an arbitrary sequence ¢, nzroo, 0,

dy(€ep-argmin f,,, arg min f) does not necessarily vanish unless argmin f is a singleton.

For a result of full set convergence, see [RW98, Theorem 7.31 (c)].

2.3 Strong Laws for c-Fréchet Mean Sets

Let (Q,d) be a metric space, the descriptor space. Let ) be a set, the data space.
Let ¢: Y x @ — R be a function, the cost function. Let Y be a random variable with
values in ). Denote the c-Fréchet mean set of Y as M := argmin o E[c(Y,q)]. Let

Y1,...,Y, be independent random variables with the same distribution as Y. Choose
n—oo

(ﬁn)neN C [0,00) with €, —— 0. Set My, := €,-argmin g LS~ oY, q).

Assumptions.
e HEINE-BOREL: Every closed bounded set in Q is compact.
o CONTINUITY: The function ¢ — ¢(Y,q) is almost surely continuous.
o UPPERBOUND: E[sup,¢p [¢(Y, q)|] < oo for all bounded sets B C Q.

o LOWERBOUND: There are 0 € Q, ", 1~: [0,00) — [0,00), a™,a~ € (0, 00),
and a7, a; € [0,00) depending on (Y;);=1,.., such that

a' T (q0) —a ¢ (70) <E[e(Y.q)],
&V (@0) ~ 0y (@0) < Y c(¥ia)
=1
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— Nn—oo

n —as. a . Lastly,

for all ¢ € Q. Furthermore, a; noee o at and a

) [ (8) 2= o0

Remark 2.8.

e On HEINE-BOREL: A space enjoying this property is also called boundedly
compact or proper metric space. The Euclidean spaces R®, finite dimen-
sional Riemannian manifolds, as well as C>°(f2) for open subsets  C R*®
fulfill HEINE-BOREL [Edw95|, section 8.4.7]. See [WJ87| for a construction of
further spaces where HEINE-BOREL is true.

e On LOoweERBOUND: We illustrate this condition in the linear regression set-
ting with @ := R**1 Y := ({1} x R®) x R, ¢((z,9),8) = (y — B'x)? —
y? = —20Twy + Blza’B. Let (X,Y) be random variables with values in
Y. Let (X1,Y1),...,(Xy,Y,) be independent with the same distribution as
(X,Y). We can set 0 := 0 € Rt at := \nn(E[XX]), where Amin de-
notes the smallest eigenvalue, a= := 2|[E[XY]|, a}f = Amin(2 X0, X;X57),
ay =215, XYl ¥t (6) := 62 and ¢~ (6) := 4. If Amin(E[XXT]) > 0, the
largest eigenvalue Amax(E[X X']) < oo, and E[||XY||] < oo, all conditions are
fulfilled.

For a further application of LOWERBOUND, see the proof of in
the next section.

Theorem 2.9. Assume HEINE-BOREL, CONTINUITY, UPPERBOUND, and LOWER-
BounD. Then
dc (Mn, M) = as. 0.

Proof. Define F(q) := E[c(Y, q)], Fu(q) := 2 X7 ¢(Yi, q). The proof consists of following
steps:

1. Show that F,, 2=°% b F almost surely.

2. Reduction to a bounded set.

3. Show that F' has approachable minimizers.

4. Show that M, is eventually bounded.

5. Apply

Step 1. To show uniform convergence on bounded sets, we will use the uniform law of
large numbers, [Theorem 2.16| (appendix). Let B C Q be a bounded set. By HEINE—
BOREL, B is compact. By CONTINUITY, ¢ — ¢(Y,q) is almost surely continuous. By
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UPPERBOUND, E[sup,cp [¢(Y,q)|] < oo. Thus, [Theorem 2.16| (appendix) implies that

q +— F(q) is continuous and

n—o0

sup |Fn(Q) - F(Q)| —7as. 0.
qeB

Fix an arbitrary element o € Q. For all bounded sets B, there is § € N such that
B C Bgs(0). By the previous considerations, uniform convergence holds almost surely for
all (Bs(0))sen. Thus, F, 1720 bs Falmost surely.

Step 2. Next, we want to show that there is a bounded set B C Q such that F(q) >
F(m)+1 and F,(q) > F,(m)+ 1 for all g € Q\ B and m € M. If Q is bounded, we
can take B = Q. Assume Q is not bounded.

Let m € M. By UPPERBOUND, F(m) < co. Let 0 € Q from LOWERBOUND. Due to

LOWERBOUND, F(q) > at¢*(§) —a~¢~(8) > F(m)+2 for all ¢ € Q\Bs(0) and ¢ large
enough. This holds for all m € M as F(m) does not change with m. We set B = B;(0).
For F,, it holds F,,(m) “=%, F(m) and inf,co\p Fu(q) > a9+ (8) — a9~ (8) with
at 222 o ot and a; =%, a~. Thus, there is a random variable Ny such that
almost surely F,(q) > F,(m)+ 1 for all n > Ny, g € Q\ B, and m € M.
Step 3. Clearly, M C B is bounded. Furthermore, for all ¢ > 0 small enough the set
D, := B\ B(M) is not empty (if it is, increase ¢), does not contain any element of M
and, by HEINE-BOREL, is compact. Thus, the continuous function ¢ — F(q) attains
its infimum on D, where infyep, F(q) > infyeg F(q). Take ¢ := min(1, 3 (infeep, Fq) —
infyeg F(g))). Then (-argmin g F(q) € Be(M), i.e., I has approachable minimizers.
Step 4. For €, < 1 and n > Ny, it holds M,, C B. Thus, (My)nen is eventually bounded
almost surely.

Step 5. Finally, [Theorem 2.6|implies dc (M,,, M) 0, s 0. O

Assumptions.
o PouisH: (Q,d) is separable and complete.
o LOWERSEMICONTINUITY: ¢ +— ¢(y,q) is lower semi-continuous.
o INTEGRABLE: E[|¢(Y,¢q)|] < oo for all ¢ € Q.

o INTEGRABLEINF: E[inf co ¢(Y, q)] > —o0.

Theorem 2.10. Assume PoOLISH, LOWERSEMICONTINUITY, INTEGRABLE, and IN-
TEGRABLEINF. Then, almost surely,

Hm §up,, o, My C M .
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Proof. Define F(q) := E[c(Y, q)], F.(q) := % ©»,¢(Y;,q). By INTEGRABLE, F(q) < 0.
IKWO01, Theorem 1.1] states that F), TH—OO>epi F almost surely if POLISH, LOWERSEMI-
CONTINUITY, and INTEGRABLEINF are true. [Theorem 2.6|then implies lim Sup,,_,o, M, C

M almost surely. O

2.4 Strong Laws for H-Fréchet Mean Sets

Let (Q,d) be a metric space. Let Y be a random variable with values in Q. Let
h: [0,00) — [0,00) be a nondecreasing function. Define H: [0,00) — [0,00),z +>
Jo h(t)dt. Fix an arbitrary element o € Q. Denote the H-Fréchet mean set of Y
as M := argmin o E[H(Y,q) — H(Y,0)]. Let Yi,...,Y, be independent random vari-

n—o0

ables with the same distribution as Y. Choose (én)nen C [0,00) with e, —— 0. Set
M, = €p-argmin e g % * (H(Y;,q) — H(Y;,0)).

Assumptions.

o INFINITEINCREASE: h(z) <=2 co.

o ApDITIVITY: There is b € [1,00) such that h(2z) < bh(x) for all = > 0.

Remark 2.11.

e On AppiTiviTy: This implies h(x + y) < b(h(z) + h(y)) for all x,y > 0, see
Lemma 2.17| (appendix). If h is concave, ADDITIVITY holds with b = 2 and
we even have h(z + y) < h(x) + h(y). This condition is not very restrictive,
but it excludes functions that grow exponentially.

Corollary 2.12. Assume HEINE-BOREL, ADDITIVITY, INFINITEINCREASE, and h-
MOMENT. Then

de (Mo, M) "%, . 0.

Proof. We have to check the conditions of HEINE-BOREL is an assumption
of the corollary. CONTINUITY is fulfilled as (¢, p) — d(q,p) and x — H(x) are continuous.

For UPPERBOUND, let y,q,0 € Q and apply [Lemma 2.17| (i) (appendix),

|H (y,9) — H(y,0)]

where the last inequality follows from |[Lemma 2.17| (ii) (appendix). Thus, h-MOMENT



implies UPPERBOUND.
To show LOWERBOUND, we note that H is nondecreasing and apply [Lemma 2.17| (iii)
(appendix),

o) — H(y,0)
2q,0h(7,0) .

H(y,q) — H(7,0)

AVARLY,

H(ly;
b~ 1

H(g0) —

Thus, we can set 1+ (8) := b= H(J), ¥~ (8) := 25, a™ := af := 1, a= := E[h(Y,0)],
and a;, = 13" h(Y;0) with a; 2=, a~ because of h-MOMENT. As H(J) =

n

12 h(z)da > %(5h(§ ), ¥ (8) /¢~ () > 1b71h(56) 27% 56 by INFINITEINCREASE. [

Corollary 2.13. Assume PoLISH, ADDITIVITY, and h-MOMENT. Then, almost

surely,
limsup,,_,oo My, € M .

Proof. As in|Corollary 2.12] H od is continuous. In particular, LOWERSEMICONTINUITY
holds. Following the proof of shows

|H (7,9) — H(7:0)| < b0 (h(g0) + h(7:0))
H(y.q) — H(g:0) > b~ H(q0) — 27,0 1(7:0)
due to ADDITIVITY with H(§)/6 LRSS W1th that, h-~-MOMENT implies INTEGRABLE-
INF and INTEGRABLE. Thus, Of can be applied using POLISH. O

2.5 Strong Laws for a-Fréchet Mean Sets

Let (Q,d) be a metric space. Let Y be a random variable with values in ). Let
a > 0. Fix an arbitrary element o € Q. Denote the a-Fréchet mean set of Y as
M := argmin o E[Y,q" — Y,0"]. Let Y1,...,Y, be independent random variables with

n—oo

the same distribution as Y. Choose (én)nen C [0,00) with ¢, —— 0. Set M,
en-argmingeg 5 ity (Yig” — Yi,0%).

Corollary 2.14. Let o > 1. Assume E[Y;0" '] < cc.
(i) Assume HEINE-BOREL. Then dc(M,,, M) —— nzee, 0.

(ii) Assume PorisH. Then limsup,,_,., M, C M almost surely.

Proof. Set h(x) := a~'z®~!. This function is nondecreasing, fulfills ADDITIVITY with
b = 20=1 and INFINITEINCREASE. Due to E[Y;0" '] < oo, h-MOMENT is fulfilled.
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Furthermore, H(x) = z®. Thus, [Corollary 2.12|and [Corollary 2.13|imply the claims. [

Corollary 2.15. Let a € (0, 1].

n—o0

(i) Assume HEINE-BOREL. Then dc (M, M) ——,5. 0.

(ii) Assume PorisH. Then limsup,,_,., M, C M almost surely.

Proof. First, consider the case a = 1. Apply m (appendix) on Yo to obtain
a function h: [0,00) — [0,00) which is strictly increasing, continuous, concave, fulfills
INFINITEINCREASE, and E[h(Y,0)] < co. Concavity implies ADDITIVITY with b = 1. As
its derivative is strictly increasing, H(x) = [y h(t)dt is convex and strictly increasing.
Thus, H has an inverse H ! and H ! is concave. This implies that dy(q,p) = H~*(7,p)
is a metric.

As H~! is concave, there are ug,u; € [0,00) such that H=(z) < ug + ujz for all
x > 0. As h is concave, there are vg,v; € [0,00) such that h(ug + uiz) < v + vih(x)
for all z > 0. Thus, E[h(dy(Y;0))] = E[h(H *(Y,0))] < vo + v1E[h(Y,0)] < co. Hence,
h-MOMENT is true for the metric dg.

Moreover, HEINE-BOREL and PoLISH of (Q,d) are preserved in (Q,dpy), as H~!
d—00
RS

is strictly increasing, concave, and continuous, with H~1(0) = 0 and H'(d)
oo, and thus, the properties boundedness, compactness, separability, and completeness
coincide for d and dg. Applying [Corollary 2.12|and [Corollary 2.13|on the minimizers of
E[H(du(Y,q)) — H(du(Y,0))] = E[Y,q — Y,0] now yields the claims for a = 1.

For a € (0,1) just note, that d(q,p) = d(g,p)* is a metric, which preserves HEINE-
BOREL and PoLISH, and apply the result for o = 1 on d. ]
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Appendix of Chapter 2

2.A Auxiliary Results

There are many versions of uniform laws of large numbers in the literature. We state
and prove one version that is tailored to our needs.

Theorem 2.16. Let (Y, Xy) be a measurable space and Y be a random variable
with values in ). Let Y7,...,Y, be independent and have the same distribution as
Y. Let (Q,d) be a metric space and B C Q compact. Let f: Y x B — R be such
that ¢ — f(Y,q) is almost surely continuous. Assume there is a random variable
Z such that [f(Y,q)| < Z for all ¢ € B with E[Z] < co. Then ¢ — E[f(Y,q)] is

continuous and
n

=" (%) ~ Ef(Y;0)

=1

n— 00
sup —7as. 0.

qeB

Proof. Let € > 0. As B is compact, there is a finite set {q1,...,qx} C Q such that
BC Uéf:l Be(gqr). We split the supremum,

LS~ (i q) — ELF(Y.q)]

n i=1

sup
qeB

n

LS~ (F(Yi ) — (¥ q0) — ELF(V.q) — F(Y.q0)]

n =1

< sup sup
0€{1,....k} ¢€Bc(qr)

% zn: F(Yi, q0) — E[f(Y, )]
=1

+ sup
Le{1,....k}

For the second summand, by the strong law of large numbers with E[Z] < oo,

n

sp |23 f(Viae) — EL(Y. q0)]

n—oo

— a5 0.
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For the first summand,

1
sup sup | —
te{1,....k} g€Be(q0) | i1

n

IN
S|

sup  |f(Yi,q) — f(Yi,p)| +E
i—1 $-PEB, qp<e

By the strong law of large numbers with E[Z] < oo,

EZ sup \f(i’i,q)—f(li,p)!ma.sﬂ[ sup !f(Y,Q)—f(Y,p)!]-

N .= 4,pEB, gp<e q,pEB, gp<e

Thus,

n

LS 1 Vig) — B (Y 0))

P (hm sup sup
i=1

< a6> =1, (2.1)

where a, = 2E {sup%peﬂﬁgg lf(Y,q) — f(Y, p)” As g — f(Y, q) is almost surely contin-

uous and B is compact, ¢ — f(Y,q) is almost surely uniformly continuous, i.e., for all
d > 0 there is € > 0 such that |f(Y,q) — f(Y,p)| < ¢ for all gp < e. As E[Z] < o0, we
can use dominated convergence to obtain

ImE|  sup [f(Y,p)— f(Y,p)l| =E|lim sup [f(Y,p)— f(Y,p)[| =0.
NO | g,peB, gp<e N0 ¢, peB, gp<e

Thus, a €\”‘—0> 0. Together with (2.1)), this implies

n

LS~ £V, q) — Elf (V. g)

Nz

n—o0

sup — 35 0.

qeB

We have also shown that ¢ — E[f(Y,q)] is continuous, as |E[f(Y,q)] — E[f(Y,p)]| <
Qgp- (]

Lemma 2.17. Let h: [0,00) — [0,00) be a nondecreasing function. Define its
integral function as H: [0,00) — [0,00),z — [y h(t)dt. Let z,y > 0. Then

(i) [H(z) — H(y)| < |z — y| h(max(z,y)).
Assume, there is b € [1,00) such that h(2u) < bh(u) for all uw > 0. Then
(i) $h(z) + $h(y) < h(z +y) <b(h(z) + h(y)),
(iif) H(|lz —yl) — H(z) > b~ H(y) - 2yh(x).
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Proof. (i) This is a direct consequence of the mean value theorem.

(ii) As h is nondecreasing, max(h(z), h(y)) < h(z + y) < max(h(2z),h(2y)). By the
definition of b and with 3(u+v) < max(u,v) < u+v for u,v > 0 the claim follows.

(iii) First, consider the case x > y. Define f(z,y) = H(z—y)—H(x)—b"'H(y)+2yh(x).
We want to show f(z,y) > 0. The derivative of f with respect to y is

Oyf(z,y) = —h(z —y) — b 'h(y) + 2h(z).

(x—y)+y), we obtain 9y f (z,y) >
y) = 0.

By applying the first inequality of (ii) to h(z) = h
0 as b~! < 1. Hence, f(z,y) > f(z,0) =0, as H
Now, consider the case x < y. Set g(z,y) = H(y —x) — H(x) — b~ H(y) + 2yh(z),
which yields

—~~

dyg(x,y) = h(y — x) — b~ "h(y) + 2h(x) .

By applying the second inequality of (ii) to h(y) = h((y — x) + =), we obtain
dyg(x,y) > 0as b~! < 1. Thus, g(z,y) > g(z,2) = —(1 + b 1)H(z) + 2zh(x) as
H(0) = 0. By the definition of H, as h is nondecreasing, H(z) < xh(z). Hence,
g(z,y) >0as1+b"1 <2

Together, we have shown H(|x — y|)— H(x)—b"1H(y)+2yh(z) > 0 for all z,y > 0.
g

Lemma 2.18. Let X be a random variable with values in [0,00). Then there is
a strictly increasing, continuous, and concave function h: [0,00) — [0,00) with

h(8) 222 oo such that E[h(X)] < 0.

Proof. If there is K > 0 such that P(X < K) = 1 take h(x) = z. Now, assume
that X is not almost surely bounded. We first construct a nondecreasing function
h:[0,00) = [0,00) such that h(z) Z=% oo with E[h(X)] < co. Then we construct a
function h from i with all desired properties.

Let F be the distribution function of X, F(x) = P(X < ). Let 21 := 0 and 2,41 :=
inf{z > 2z, + 1|1 - F(z) < 1}, As F(2) 2221, zp < 0o. Furthermore, 2,41 — 2, > 1.
Moreover, as X is not almost surely bounded, 1 — F(z) > 0 for all z > 0. Set
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Then
e — [ 9 SR
i ) = T rpZ 2 =

Moreover, h(z) is strictly increasing, as g(t) > 0 and 1 — F(t) > 0. The function A is
continuously differentiable everywhere except at point z,, n € N. Thus,

E[R(X)] = /OOOIP(E(X) > 1)dr
- /OOIP(X > Bl (1)) dt
0

= /OO R(HP(X > t)dt

Let ag :=1, 29 := 0, 1 := inf{z > 2, +a, | fz(m) >n+1}and any1 = (Tpe1—2,) "
Let h: [0,00) — [0,00) be the linear interpolation of (z,,n)nen,. As h(z) T2 oo,
all x,, are finite. Hence, h(z) 7% 0. Because of a, > 0, h is strictly increasing.
Furthermore, an41 < ay, as zp41 > xp +a,, 1. As h is continuous and a,, is the derivative
of h in the interval (z,,Zn41), h is concave. Lastly, h(z) < h(x) 4+ 1. Thus, E[h(X)] <

00. OJ
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3 Rates of Convergence and the Projected
Mean
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3.1 Introduction

We continue our journey through the realm of Fréchet means with one of its simplest
nonstandard instances: the projected mean. After showing in chapter [2 that the sample
FM does converge, we now want to know how fast it converges. To be more precise, we
ask: What is the rate of convergence of a sample projected mean of independent and
identically distributed data to the respective population projected mean? We will learn
that although the projected mean often has a similar behavior as the Euclidean mean,
in some instances it might act very differently. In fact, for any given target rate, we
can construct cases where the sample projected mean converges with that rate to its
population counterpart. This demonstrates the subtleties involved in finding rates of

39



convergence for FMs and empathizes the importance of the upcoming chapters, where
rats for FMs are established in a general setting.

We recapitulate the definitions of projected and extrinsic mean from here
only for the Euclidean plane: Let Z be a random variable with values in R? and
finite second moment. Let Q@ C R? be a subset of the Euclidean plane. Assume
m = argmin,cq [[E[Z] — p|| exists and is unique. We call m the (population) pro-
jected mean of Z in Q. It is the FM of (R? dg2). Let Zi,...,Z, be independent
and identically distributed copies of Z. We estimate m by a sample projected mean
my € argmin,c o | Zn = pll, Zy = L3211 Z;. If Z takes values only in Q, then m and
my, are called (population) extrinsic mean and sample extrinsic mean, respectively, see,
e.g., [BP03|. In [HLI8|, the extrinsic mean is called mean location.

For a given rate sequence (an)neny C (0,00), a, — 0 our goal is to find a set Q
such that for a large class of distributions of Z a central limit theorem of the form
a;t(my —m) %% 1 holds for some nondegenerate distribution v. Then m,, converges
to m in probability at rate a,.

Asymptotigs of extrinsic sample means in cases with parametric rate of convergence,
i.e., a, = n" 2, are well-studied in [HL98; Pat98; BP03; BP05| among others. This line
of work is mostly concerned with finite dimensional manifolds, but results for infinite
dimensional Hilbert manifolds are available [EPR13|. Slower rates for intrinsic sample
means, i.e., minimizers of p + 31| do(Z;, p)? with the intrinsic metric dg, have been
observed on the circle [HH15] and more general manifolds [EH19|. In some cases intrinsic
and extrinsic means coincide [BP03, Theorem 3.3]. But this is not true in general.

The occurrence of a rate of convergence slower than the parametric one is called
smeariness. If, in contrast, the sample mean is equal to its population counterpart with
high probability, the behavior is called stickiness, which is observed for intrinsic means
in certain negatively curved spaces [Hot+13; Huc+15].

3.1.1 Medial Axis and Reach

To be unique, m must not be located on the medial axis Mg of the set Q, which is the
set of all points that have more than one closest point in Q. Recall from section [I.2.4]

Mo ={= € B | Ipr.pa € Qb1 # pas I — 2l = 2 = 2l = int p— 21 | .

The medial axis has been analyzed from a purely geometric perspective [BD17]. By the
definition of medial axis Mg as it it is used here, it need not be a closed set, as the
example @ = {y =2?} C R?, Mg = (1/2,00) x {0} shows. Note that this contrasts
some mentions of the term in the literature, e.g., in the context of [BP03, Theorem 3.2].
See [HHM10, Theorem A.5] for a sufficient condition for a closed medial axis.

The reach [Fed59] 7g := infpme g peo [[m—pl| of a set Q C R? is the largest nonnega-
tive real value such that any point in R? with distance to Q less than 7g has a unique clos-
est point in Q. If Q is a C*-manifold, the projection map z — Ilg(z) = argmin,c o [|z—p|
is continuously differentiable on R\ Mg with || VIIg(2)|| > 0 [Aba78|. If additionally the
reach Tg is greater than the distance of E[Z] to Q, the projected sample mean attains a
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parametric rate of convergence [HLI8; [BP05|: The delta-method yields v/n (m,, —m) =
Vi (Tg(Z,) — Tg(E[Z])) % N(0,) where $ = VIIg(E[Z])' - COV(Z) - VIlg(E[Z]).
As convergence is a local phenomenon, we can replace the condition on the reach by the
requirement that E[Z] is bounded away from the medial axis M.

We construct sets Q with faster and slower rates of convergence than 1/y/n. In our
examples, the sets Q for slow rates are C2-smooth, but E[Z] is too close to the medial
axis, i.e., E[Z] € Mg \ Mg. Sets Q with fast rates have reach 7g > inf,ecq |[E[Z] — p||
but are only C'- but not C2-manifolds.

3.1.2 Our Construction

For a continuous function f with f(0) = 0, we construct Q = Qy such that the projection
of a point (z,y)’ € R? to Q is roughly (1, f(y))’ for |z, |y| small enough. Assuming
E[Z] = 0 € R?, the arithmetic mean Z,, = (X,,Y,) concentrates at 0 with rate 1//n.
Thus, m, = Ho(Z,) ~ (1, f(Y,))" concentrates at (1,0)" with a rate depending on
f. For a wide range of rates (an)neny C (0,00), ap, — 0, we can find a function f
with corresponding set Q such that a'(m, — m) = v in distribution for some
nondegenerate distribution v. As an example, f(y) = |y|”, v > 0 yields a,, = n”z, see

Examples of constructed sets for qualitatively different rates can be found
in Fimre 2.1

3.1.3 Outline

In we present our main theoretical results. We state the requirements on the
function f and describe how the set Q is constructed from f. |Proposition 3.3| states a
result on deterministic projection to Q, while describes how the projected
sample mean converges to the projected population mean. The goal of is
to illustrate the general statement of We derive which
presents explicit functions f and sets Q for certain target rates a,. In particular, we give
examples where projected means attain polynomial, logarithmic, or exponential rates of
convergence. Moreover, the results are visualized. All proofs are given in
Lastly, to place these results in a larger context, we discuss some further circumstances
where parametric means diverge from the parametric rate of convergence, in

3.2 Results

The possible choices of the function f, which determines the set Q = Q; and, thus, the
rate of convergence, are not restricted very much.

(A0): Let b> 0. Let f € C%([0,b]) be strictly increasing with f(0) = 0.

Under the assumption (A0), we construct the set Q as follows. Set B := f(b). We
denote the inverse function of f: [0,b] — [0, B] by g: [0, B] — [0,b], i.e., g(x) := f~ ().
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Figure 3.1: The images show the transition of the set Q (black) from nonunique projec-
tions, to slow, parametric, and fast rates, and sticky behavior of m,. For
reference, a circle (gray) with radius 1 around the origin is drawn. The expec-
tation of Z and its projection to Q are marked in red and green, respectively.



For t € [0, B], define 7(t) := r¢(t) := 1 + [ g(x)dz. Finally, define

cos(t)

t) = ap(t) = (1) (Sm@) for t € [ B, B,
Q:=0Q¢:={q(t):te[-B,B]}.

(3.1)

Our main results are based on the observation that the projection of a point (z,y)" to
Q for z,y small enough is essentially (1, f(y))’.

We denote the projection of z € R? to Q as Ilg(2), i.e., Ig(z) := argmin g ||z — p||.
If the argmin is not unique, we assume that one element of the argmin—set is chosen by
a fixed arbitrary mechanism, e.g., smallest lexicographic order. The argmin—set cannot
be empty as Q is compact by construction.

Lemma 3.1. Assume (AO0) with Q from (3.1). For y € R, we consider y — 0. Let
z = O(y), and t, € [—B, B] such that Hg((z,y)") = ¢(t,). Then

g(ty) =y +o(y).

Remark 3.2 (Simpler construction). As can be seen from the proof of
a simpler construction in the case of f(t) = o(t), where t — 0, is replacing ¢(t) by

at) = (H?(t)) -

This yields the same results, but does not include g(¢) = o(t).

The projection of a point close to the origin is represented by t,. describes
ty in an indirect way, i.e., after applying the function g. To have a direct statement, we
need to make additional assumptions.

(A1): Assume

i JW ey + F) _
y\0 fy)
for all ¢ € R.
(A1)’ Assume
i JW e+ F() _
y\O f(y)

for all ¢ € R.
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Proposition 3.3. Assume (A0) and (A1) with Q from (3.1). For y € R, consider
y — 0. Let z = O(y) and t, € [-B, B] such that go((x,y)") = ¢(t,). Then

ty=f(y) +o(f(y)) and HQ(@)) = <f(1y)> +o(f(y))-

Furthermore, if £ = 0, we can replace the assumption (A1) by (A1)’

This shows that a point close to the origin essentially is projected to (1, f(y))’. Let us
shortly discuss the conditions for this result.

Remark 3.4 (On the assumptions (A1) and (A1)’).

(a) We have
i S W +0(y)
N0 f(y)

for any function of the form f(y) = ay?, with a,v > 0. Furthermore, (3.2))
implies (A1), and (A1) implies (A1)’

=1 (3.2)

(b) It is unclear to the author, whether there is a function that fulfills (A0Q) but
not (A1’).

(¢) The function f(y) = exp(—1/y) fulfills (A0) and (A1)’, but does not fulfill
(A1). If we set z = y, we obtain

=f(-2L ) +o Y )) =ex o o .
= (72) +o(£(72) ) = exp(DF )+ o((0) # Fl5) + 0(f(w)
If we set f(y) = exp(— exp(1/y)), we even have f(y) = o(f,).

Note that z +— exp(—1/2)1 (g )(z) is a classical example of a function that
is infinitly often differentiable but not analytic: for every k € Ny the k-th
derivative at 0 is 0, f¥)(0) = 0.

(d) If f € CF, ie., f is k-times continuously differentiable, & € N, and there is an
¢ e {1,...,k} such that f)(0) # 0, we set £o = min{¢ € {1,...,k}: fO(0) #

0}. Then, by Taylor’s theorem, f(z) = %zeo +o0(z%). Thus, (3-2), (A1),
and (A1)’ hold.

As taking the projected mean is projecting the Euclidean mean in R? to Q,
induces a central limit theorem for projected means. This is the main result of this
chapter. It is illustrated in the next section.
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Theorem 3.5. Assume (A0) with Q from (3.I). Let Z = (X,Y)’ be a random
variable in R? with finite second moment, E[Z] = 0 € R?, and V[Y] = 02 > 0. Let
Z1, ..., 2y be independent copies of Z. Then the projected population mean m € Q
exists, is unique, and

m = To(E[Z)) = argminE[| 7 — p|*) = 4(0) = (3) .

Let (mp,1,mp2) = mp = HQ(ZR), Zy = % 1 Z;. Then m, is a projected

sample mean. Let t,, € [-B, B] such that m,, = q(t,). Then, for s > 0,

Jm Bt < £(S2)) = tm P(—ta < £( =) =

(s (30) = (<)) = o(2).

where ® denotes the distribution function of a standard normal random variable.

Moreover,
P(jmna — 1/ 2 f(%)) LELNY

Before applying the theorem to better understand its implications, we quickly remark
on some theoretical properties.

Remark 3.6 (Arc length). The curve ¢(t) in (3.1) is not necessarily parameterized
by arc length. But ¢ € C'((—B, B)) and ||¢(¢)|| = 1 + o(1) for [t| — 0 as

ld()11* = (g(t) cos() — () sin())® + (9(¢) sin(¢) +r(¢) cos(t))?

= (
=14 (g(t) —t)? + O(tg(t) + ).

Thus, the results on ¢, in also hold if ¢, is replaced by an arc length
parametrization.

Remark 3.7 (Why [Theorem 3.5 does not require (A1)). In contrast to
we do not require (A1) or (A1’) in [Theorem 3.5l In particular, in the
setting of [Remark 3.4{ (c), f(y) = exp(—1/y), we have

S n—00 S
Plt, < fl—=]] — ®(—
(21(7)) ==2(3).
for s > 0 even though ¢, # f (Y,) + o(f(Yn)). The reason is that the difference
between t, and f(Y},,) is negligible in the scale that is used in [Theorem 3.5, The
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right scale for a central limit theorem of ¢, is the one of Y,, (multiplied by \/n), i.e.,

g(tn). The factor e in ¢, %_ef(}_/n), see [Remark 3.4] (c), is nonnegligible on the scale

of t,, but on the scale of Y,, it becomes

ol ) _ log(e~! 'Q;P(Yn‘l))_l 11— F) T 1

almost surely, i.e., negligible.

Remark 3.8 (Nonuniqueness). Nonunique closest points of Z, are not a problem

in [Theorem 3.5(as P(Z,, € Mg) — 0 by V[Y] = 02 > 0. See also |[Remark 3.15

3.3 lllustration

To illustrate we apply it to explicit functions f, which yield polynomial,
logarithmic, and exponential rates of convergence for m,, — m, respectively.

Corollary 3.9. Use the setting of [Theorem 3.5

(i) Let f(y) =y” with v > 0. Then r(t) =1+ ﬁtu% and
n%tn — T
1
in distribution, where P(T' < s) = ® (W) for all s € R.
(ii) Let f(y) = (—log(y))~” with v > 0. Then r(t) = 1+ f; exp(—af%) dz and
1 g
(2 10g(n)> tn, = T

in distribution, where P(T'=1) = P(T = —1) = 1.

(iii) Let f(y) = exp(—y~7) with v > 0. Then r(t) = 1 + f; log($_1)_% dz. For

¢ > 0, define U, . := exp((y/n/c)?) t, and p. := ®(%). Then, for all u € (0, c0),
P(Un,c > u) 170 — Py P(Un,c < —u) 170 — pe, and P(|Uy, | < u) oo,

2p. — 1.

The results also hold when ¢, is replaced by m,, 2.

The results of are also true in arc length, see
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Remark 3.10 (On |Corollary 3.9).

()

(i)

(iii)

For any polynomial scale n7, part (i) of |Corollary 3.9| gives an example of a

central limit theorem with that scale.

In part (ii) we obtain a central limit theorem with logarithmic scale and a
Bernoulli-type limiting distribution that does not depend on o. This seems
quite remarkable and can be explained as follows:

Scaling our observations Z; by o~ !, is roughly like scaling n by o2 as the

variance is V[o™1Y,] = n~! ~ V[l_’[mz]], where [no?] denotes the closest integer
to no?. The scaling factor log(n)Y is asymptotically equivalent to log(no?)?.
Thus, constant factors like o cannot influence the asymptotic distribution on
the scale log(n)?.

Densities of t,, in the case of normally distributed observations are plotted in

The statement of part (iii) of |Corollary 3.9 can be summarized informally by
exp((v/n/c)") tn — T,

where P(T, = o0) = P(T. = —0) = 1 — p. and P(T, = 0) = 2p. — 1. The
limiting distribution has mass only at 0 and £oo. If the scale is changed such
that the limit does not have a point mass at 0, all mass escapes to £o0. If the
scale is such that no mass escapes to oo, then in the limit all mass is at 0.

Densities of ¢,, in the case of normally distributed observations are plotted in
on a log-log-scale. Only the positive axis of the symmetric densities
is displayed. The plot shows that the densities have nonnegligible mass at all
small orders of magnitude. Thus, choosing one specific order of magnitude by
a specific scale makes all mass on larger orders of magnitude escape to infinity
and all mass at smaller orders of magnitude go to 0.

Remark 3.11 (Extrinsic mean). For the sets Q constructed in |Corollary 3.9, there
might not be a distribution with support in O that has expectation 0. In partic-

ular,

they might not directly yield examples of extrinsic means with the described

asymptotic behavior. This is but a technical inconvenience. We can extend Q with
an arbitrary set of points which have a distance to the origin that is bounded away
from 1, and the result does not change. By doing so, we can also construct 2-
dimensional manifolds with boundary which induce the same convergence results as

the 1-dimensional structures in
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3 Rates of Convergence and the Projected Mean
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Figure 3.2: Plot of densities of 4 log(n)t, for f(y) = —log(y)~!, Z = (0,Y) and YV ~
N(0,1), with standard normal and uniform densities for reference.
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Figure 3.3: Log-log-plot of densities of exp(y/n)t, for f(y) = exp(—y~ 1), Z = (0,Y)
and Y ~ N(0,1), with standard normal and uniform densities for reference.
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as described in Corollary 3.9, For reference, a circle (gray) with radius 1

around the origin is drawn. The expectation of Z and its projection to Q
are marked in red and green, respectively.



Remark 3.12 (Application of [Proposition 3.3). For the functions f in (i) and (ii),
(A1) holds, see section [3.A.5] Thus, [Proposition 3.3|implies

i 1
my =1Ilg(Zn) ~ <Sgn(Yn)f(!YnD> 7

meaning [my, 2 — sgn(Va) f(|¥al)| /f([¥al) = 0 and [mn1 = 1| /£(|¥a]) = 0 in proba-
bility. In (iii) only (A1’) is true. Thus, the equation above is true for (iii) if X =0
almost surely.

Remark 3.13 (Delta method). In light of the delta method, note that, in the cases
above, f/(0) is 0 or oo, except when f is equal to the identity in (i). This is the only
case of that yields the usual parametric rate and the conditions of the
0-method are fulfilled.

Figure illustrates the sets Q constructed according to the functions f from
The results on the convergence rate described in [Theorem 3.5 and [Corollary 3.9
depend only on the form of the curve close to the point (1,0). Even so the curve [(ii)
log, v = 4] looks like it is growing faster away from the circle than [(7) poly, v = 0.25],
the opposite is true when observing a neighborhood of (1,0)’ that is small enough.

There is a smooth transition of the set Q between slow and fast rates, see
A circle with radius 1 centered at the origin can be seen as one extreme case, in the sense
that an arbitrarily small change of a point at the origin can change its projection by a
large amount. If Q almost looks like this circle, but increases its radius 7 (¢) slow enough,
i.e, r(t) <14 t2, we still have large changes in the projection, but not arbitrarily large.
For a larger circle with center (—9,0)" and radius 1+ 0 or a straight vertical line through
(1,0)’ the changes of point and projection are proportional, i.e, r(t) ~ 1+t2. Changes in
the point effect the projection only little if ¢(t) grows to the right quickly when moving
away from (1,0)’, i.e, r(t) > 1+t For Q = {(1+]y|,y)": y € R} certain changes do not
change the projection at all. In particular, P(m, = m) — 1 (stickiness).

Remark 3.14 (Larger circles). A circle with center at (—4,0)’, 6 > 0, and radius
1+ 9, see can be described by our construction with

r(t) = \/cos(t)252 +25+1—cos(t)d,
t € [—m,m]. Thus,

cos(t)sin(t)6®> 4
Veos(D)202 +26+1  6+1

g(t) = 7(t) = dsin(t) — t+O(t?).

Hence, the projection IIg(Z,) scales the y-direction only by a constant factor with-
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Figure 3.5: The black curve shows the set Q as described in with § =
0.3. For reference, a circle (gray) with radius 1 around the origin is drawn.
The expectation of Z and its projection to Q are marked in red and green,
respectively.

out affecting the rate of convergence. In particular we have a parametric rate of
convergence. This can also be inferred by noting that Q is C?-smooth and has a
reach larger than 1 as described in the introduction.

Remark 3.15 (Reach and Medial Axis). A set Q of our construction has reach at
most 1 if g(t) = o(¢) for ¢ N\, 0. This can be seen from If every circle
with center at (—4,0)" and radius 1+ § for 6 € (0,dp), dp > 0 intersects Q at more
than one point the reach can be at most 1. Moreover, such a circle is constructed
with gcircle,J(t) of order ¢, ie., g(t) = 0(9circ|e,5(t)) and r(t) = O(TCircIe,J(t))' Thus,
{(=6,0)": 6 € (0,80)} € Mg and 0 € OM .

3.4 Digression: Nonstandard Rates of Convergence

In parametrlc statistics, one often observes the parametric rate of convergence, i.e.,
d(0,,0) is of order n =3 for an estimator 6, of 6 in a metric space (Q,d), where usually
Q C R? is convex and d is the Euclidean distance. In one way or another, the appearance
of that rate is often connected to the central limit theorem (CLT): Let Z be a real-valued
random variable with variance 0% € (0,00) and (Z;);en be independent and identically
distributed copies of Z. Then n%(Zn - E[Z]) — nzee, N(0,0?), where Z, := %Zi:l Z;.
Similarly the rate appears in the L2 distance, E[(Z, — E[Z])Q]% = on"z.

Knowing this, natural questions to ask could be: What other rates of convergence
can occur, in which setting, and why? To get some satisfying answers, we need to make
further restrictions: We assume that, as above (Z;);cn be independent and identically
distributed copies of a random variable Z with distribution Z,P and live in R or R?,
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Figure 3.6: Heavy-tailed densities.

and 0,(Z1, ..., Zy,) is an estimator of #(Z,P). Furthermore, 6 should be a Fréchet mean
with respect to some metric (or a generalization of it).

We exclude nonparametric settings, where it is well-known that the nonparametric rate

of convergence n~ s for a smoothness parameter 8 > 0 and a dimension parameter
s € N occurs when estimating 8-smooth functions R® — R. Roughly, these slower rates
are a consequence of estimating an object inside an infinite dimensional space from finite
dimensional observations.

3.4.1 Levy a-stable distributions

The CLT for Levy a-stable distributions P gives us a first answer, how we can create
slower rates of convergence: by violating the second moment condition of the classical
CLT.

Proposition 3.16 (|[Klel4, chapter 16.2]). Let Z have a density f: R — [0, 00) that
is symmetric, f(2) = f(—z), with tail behavior f(z) ~ |z|7*7! for a € (0,2]. Then

a—1 =

a=l - d
n o« Z, — Pg.

For a = 2 this is the classical CLT. We obtain slow rates n“a < n2 for a € (0,2).
The rates for a < 1 are even too slow for convergence in the sense of a law of large
numbers. The second moment condition is violated as E[|Z|?] = co for 8 > a, due to
the heavy tails of f, see and the strong dependence of the Euclidean mean
on extreme observations. Note that nontrivial results for faster rates are not possible
with this construction.
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3.4.2 Max-stable distributions

Related to Levy a-stable distributions are max-stable distributions, which occur in ex-
treme value theory. Extreme value theory studies the statistic 0,, ;= max(Z1,...,Z,).
For the maximum, different rates of convergence can be observed:

Proposition 3.17 ([HF06, chapter 1]). Let o > 0.

(i) Let Z ~ Pareto(a), i.e., P(Z <t)=1—1¢"“ for t > 1. Then n"ab, % Zoo ~
Frechet(a), i.e., P(Zo < t) = exp(—t~ %) for t > 0.

(ii) Let Z + 1 ~ Beta(l,a), ie,, P(Z < t) =1 — (=t)® for t € [-1,0]. Then
naby S Zog ~ Weibull(a), i.e., P(Zo < t) = exp(—(—t)®) for t <0.

Obviously, the empirical maximum is determined by values close to the right endpoint
Zmax = supsupp(ZiP) € R U {oo} of the support of the distribution of Z. Thus, we
observe slow rates for densities f of Z with f(z) — 0 as z — zmax (i) and fast rates for
f(z) = 00 as z — zmax (ii).

The maximum is the limit case of Holder means with power o — oo, but it may not
be a Fréchet mean, which are the objects we want to study. Fortunately, we can use the
same idea and reasoning as above to obtain different rates for the median, as is shown
in the next section.

3.4.3 Median

Let 0, := median(Z1,...,Z,), 0 := median(Z,P). The empirical median 6,, is not influ-
enced by extreme values, but depends strongly on the mass of Z,IP close to #. This is
opposite to the arithmetic mean. Assume the density f of Z is symmetric f(z) = f(—z2).
Thus 0 is a median of Z. On one hand, if f(z) = 0 for all z € [—a,a], a > 0, then
clearly the interval [—a, a| is in the set of medians. On the other hand, if Z is equal to 0
with positive probability, e.g., Z,P = pdy + (1 — p)g-dz with p € (0, 1] and a probability
density g, the median is sticky, i.e., after finitely many samples it holds 6,, = 6 with
high probability. Furthermore, if the density f of Z is continuous and 0 < f(0) < oo,
it is well-known that nz6, % N(0,(2£(0))~2), see, e.g., [DNO3, Theorem 10.3]. Now
we interpolate between those cases such that we violate this bounded density condi-
tion but still have a unique but not sticky median. Set Z ~ Beta(l,)¥™, a > 0,
where Beta(1, @)™ is the distribution with the density of a Beta(1, a)-distribution mir-

rored at 0 (and scaled by 1), see [Figure 3.8 Then ni|9n| does not go to zero, but

ni|9n\ = Op(1), i.e., the median converges at rate n~ 2. We do not prove this claim.
Instead, we show a simulation that strongly affirms the claim, see |Figure 3.9

93



3 Rates of Convergence and the Projected Mean
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Figure 3.7: The densities of Pareto-, Fréchet-, Beta-, and Weibull-distribution for differ-
ent parameters.
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Figure 3.8: The densities of Beta(1l,«)®™ are mirrored densities of Beta(1,«). Their
support is [—1,1].
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Figure 3.9: The results of a simulation study on a log-log-scale. The rate of convergence
of the median behaves as expected. The constant difference of the red lines
indicates a constant ratio between the mean error (solid) and the value n~!
(dashed).

3.4.4 Intrinsic Mean

So far, we have changed the behavior of probability densities on R to change the rate
of convergence of certain statistics. Now, we will change the geometry of the underlying
space to obtain a similar effect. We start out with the Fréchet mean with respect to the
inner metric on the circle, also called intrinsic mean.

We shortly present here some results of [HH15|. Let Z have values on the unit circle,
parameterized as (—m,7]. Let d: (—m,n]> — [0,00) be the arc-length metric on the
circle. The population intrinsic mean is  := argminge_r E[d(Z, q)?] with its sample
counterpart 6, := arg minge(_r LS d(Zi,q)%

To get a feeling of how the intrinsic mean behaves, we first take a look at some illus-
trative examples. In the left image of the location of the mean is intuitively
meaningful. It also may be no surprise that the FMS of the uniform distribution on the
circle (right image) is the whole circle. Slightly less simple, but still quite understand-
able is the setting with mass only at two andipodal points, where the FMS consists of
two points, see Maybe surprisingly, we can actually construct distributions
where whole segments of the circle make up the FMS, see Now, similar
to the construction for the median, we interpolate between the settings with clearly
unique means and with nonunique means, see and obtain scenarios with
nmwn — 0] = Op(1) for @ > 0 (o € N is shown in the next proposition, o ¢ N is a
conjecture).
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3 Rates of Convergence and the Projected Mean

Figure 3.10: The intrinsic mean (red) can easily be located if the density (green) has
a clear spike. For a uniform distribution of Z, every value ¢ € (—m,7]

minimizes E[d(Z, q)?].
Figure 3.11: The distribution Pz = (1 — p)dr + pdo, p € (0,1) has two intrinsic means.
Figure 3.12: For the distribution Py = (1—p)d,+pUnif([—1p, 3p]), all 0 with d(6, 7) < 1p
are intrinsic means.
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Figure 3.13: The distributions Pz = (1—p)dx+ f(2)dz, f(z) = (2m) (1 —|2[*) 111 19(2),
1

a >0, p= - 25 have one single intrinsic mean ¢ = 7.

Proposition 3.18 ([HH15|). Assume 6§ = 7 is the unique intrinsic mean of Z and
that the density f of Z is continuous on S'.

e If £(0) < (27)"", then n26, % A(0,52).

o If £(0) = (27)~', and f is k-times continuously differentiable with £ (0) = 0
1
for £ < k and 0 # | f¥)(0)| < oo, then n?® D |6,, — 4] = Op(1).

The proposition shows that the behavior of the density f of Z in neighborhood of 0, the
antipodal point of the unique intrinsic mean m, is critical. These slower rates are also
observed on more general manifolds, see [EH19].

3.4.5 Projected Mean and Conclusion

Finally, let us quickly summarize the results of section [3.2 and [3:3] and put them into
the context of the previous rates of convergence.

With the projected mean, we interpolate between standard settings and
extreme cases of nonunique and sticky means to obtain slow rates and

fast rates of convergence, see This is exactly the same idea that drives all
examples above to some extend.

o7



3 Rates of Convergence and the Projected Mean

Figure 3.14: If @ C R? (red) is C? and points in neighborhood of origin have unique
projection, then n%(en —0) — N(0,%). The green dot is the Euclidean
population mean. The distribution of the Euclidean sample mean is indi-
cated by blue ellipses. The green cross is the projected population mean
and the distribution of its sample version is indicated by the density on the
right.

Figure 3.15: The extreme cases. On a circle (left), the projection of its center is not
unique. For a >0, Q = {(1 + aly|,y): y € R} (right) the projected mean is
sticky.
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3.4 Digression: Nonstandard Rates of Convergence

a=0.5 a=2

—

Figure 3.16: For a > 0, 7(t) = 1+ ]t!lTTa, Q = {r(t)exp(it): t € [-m, 7|} we get n2 (6, —
0) 4 (0,YS) where Y2 is nondegenerated.
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Appendix of Chapter 3

3.A Proofs
3.A.1 Lemma 3.1

Due to symmetry, we can restrict our analysis to y > 0 and ¢t > 0 without loss of
generality. To find the projection point, we have to minimize the squared distance

¢ e CY([-B, B)), ,

For its derivative, we have

%E(t) = r(t)r(t) — x (cos(t)r(t) — sin(t)r(t)) — y (sin(t)r(t) + cos(t)r(t)) .

For t — 0,
r(t) =1+ O0(tg(t)),
r(t) = g(t),
sin(t) = t + O(?),
cos(t) = 1+ O(t?)
Thus,

cos(t)r(t) — sin(t)r(t) = O(g(t) + ),
sin(t)7(t) + cos(t)r(t) = 1+ O(tg(t) + 1) ,
r(t)i(t) = g(t) + O(tg(t)?) -
Denote by t, a global minimizer of £(t). As r(t) is strictly increasing for ¢ > 0, we have
ty - 0asxz,y—0. _
Let y \, 0. From ¢(t,) = 0 with = O(y), we obtain
0= g(ty) + O(tyg(t,)*) — y(1+ O(g(ty) + 1)),

and in the setting of z = 0, we have

0= g(ty) + O(tyg(ty)*) — y(1+ Oltyg(ty) +1,)).
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For a,b,u € R with [b] < 1, it holds

U+ a

140

< 2|a| +2|ub .

—Uu

Applied to the equations above with u = g(t,), a = O(tyg(t,)?), and b = O(g(t,) +t,) =
o(1), this yields
y=g(ty) + O(g(ty)2 +tyg(ty))
for x = O(y), and for x = 0 with b = O(tyg(t,) + tZ),
y = g(ty) +O(tyg(ty)” +t5g(ty)).

In particular, we always have
y = g(ty) +olg(ty)),

which implies
9(ty) =y +o(y).

3.A.2 [Proposition 3.3

Because of symmetry we can restrict our analysis to y > 0 and ¢ > 0 without loss of

generality. In the proof of we have shown
y=g(ty) + O(g(ty)2 + 1yg(ty))
for x = O(y), and for z = 0,
y = g(ty) +O(tyg(ty)” +t5g(ty)).
Then, with s := g(t,) and t, = f(s), we have

ty — fy) _ f(s)
f) f(s+0(s* + 5f(s)))
by (A1) in the case of x = O(y), and by (A1)’ in the case of x =0,
t- ) £(s)
f(y) f(s+0O(s2f(s) + 5f(5)?))

Hence, in both cases we get

—1=0(1)

—1=o0(1).

Furthermore, for ¢ 0,

and, thus,
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3.A.3 [Theorem 3.5
Note that arg min,cg E[[|Z — p||?] = argmin o [[E[Z] — pl|, as E[[|Z — p||*] = |E[Z] —

pl? — IE[Z]||> + E[||Z||?]. As E[Z] =0, 7(0) =1, and 7(t) > 1 for t > 0, the projected
mean m of Z is unique and equal to ¢(0).
Let (X,,,Y,) = Z, = ﬁ "1 Z;. Fix s > 0. Our goal is to show

s s
P(t, < fl — o). .
( —f<\/ﬁ>>% (a) (33)
For L,é > 0 define the following events,
An,L = {’Xn’ < L’?n‘} 5

Bys = {tn < f(%)} ;

Ch.s = {\/ﬁYn + A, < S} ,
Dy i= {\/ﬁifn < s(1+ 5)} :

where A,, := /n (g(tn) - Yn) Fix € > 0. We show (3.3) by proving |P(B, ) — ®(2)| <
5¢ for n large enough. We achieve this by splitting the left hand side into five parts by
means of the triangle inequality and bound each summand by e:

(i) By the central limit theorem for (X,,,Y,)’, with V[Y] = o2 > 0, there is L > 0 and
ny € N such that P(Af, ) < e for all n > ny. Thus, [P(Bys) — P(Bps N AnL)| <€

) (7em) —2(3)

(iii) By on the event A, ;, for Y, small enough, g(t,) = Y, 4+ o(Y,). Thus,
there is ng € N such that P({|A,| > v/nd|Y,|}NA, 1) < e for all n > ng. Therefore,
P(Dn 5,—8 NA, L) —e< IP)(CmS N An,L) < P(Dn,s,é n An,L) + €.

(ii) Choose 6 > 0 such that ‘<I>( D(2) <e.

(iv) Asin (i), |P(Dp,s,46) — P(Dps.+5 N An )| < € for all n > ny.

(v) By the central limit theorem, there is n3 € N such that ‘P(Dn,s,ﬂ:(S) — @(ﬁ)‘ <
€ for all n > ng.

As B, s = Cy, trivially P(B, s N A,.1) = P(Cps N A, ). All points above together
yield [P(Bp,s) — ®(£)| < 5¢ for all n > max(ny, nz,n3). Hence, we have shown (3.3). As

(m"’1> =my = q(t,) = <t1> +olta),
M2 "

o< (35)) ()
(man21(35)

The results for —t, and —m,, 2 are due to symmetry.

equation (3.3)) implies
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3.A4

We only show the statements for ¢, as the results for y,, —t,, —y, follow similarly.
Denote F(s) := ®(£) and let s > 0.

(i)

(i)

It is easy to see that (A0) holds for f(y) = y”. Thus, by [Theorem 3.5

P(n%tn < s) —P(tn < f(\s/;)) H—OO>F(37) .

+

Furthermore, r(t) = 1 + [3 zrder =1+ =t

It is easy to check (A0) for f(y) = (—log(y)) .

1
The inverse function of f is g(z) = exp(—x_5), which yields the expression for
r(t).

Forx € R, s >0, n €N, set

Gn(z) = P((;log(n)>7tn < q;) and ben = (llzggé n))

n—oo

Let € > 0. Let s > 1 large enough such that F((s) >1—e€. Asb,s —— 1 from

above and G, is right-continuous, there is ng such that |G(by s) — G(1)| < € for all
n > ng. Furthermore, by there is ny € N such that

s
Gr(ben) = P(tn < f(\/ﬁ)) > F(s)— ¢
for all n > ny. Thus,
Gn(1) > Gp(bsp) —€> F(s) —2¢ > 1 — 3¢

for all n > max(ng,n1). We can argue similarly for lim; »; G\,(t) and obtain the
final result

F0)=1 for0<t<1,
limgyoo F(s) =1 fort>1.

Gn(t) 2222 {

Together with the symmetry of the distribution, this shows the convergence of
(3 logn)7t,, in distribution to a uniform distribution on {—1,1}.

It is easy to check (AO) for f(y) = exp(—y~7). The inverse function of f is
g(x) = (— log(:):))_%, which yields the expression for r(t).

Let ¢,u > 0. For s € (1, oo) and n large enough, it holds uwexp(—(y/n/c)?) <
exp(—(v/n/(cs))?) = f(esn™ 2) Thus, with U, . := exp((yv/n/c)?) tn

P(Upe < u) < P(tn < f(\j‘%)) 20 B(cs)
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by [Theorem 3.5| Similarly, for s € (0,1),
(U < u) > P(tn < f(“)) n ).

N4
Thus,
P(Un,c < u) neo, F(e) =:pc,
which implies P(Uy, . > u) 27 1 — pe. As t,, is symmetric, P(U,,c < —u) n—ee

n—oo

1 — p¢, which leaves P(|Up, | < u) — 2p. — 1.

3.A.5 [Remark 3.12]
(i) It is easy to see that (A1) hold for f(y) =y".

(ii) To verify (A1) for f(y) = (—log(y))” 7, note

log(y) .. y+yh(y)
11m = 11m
y—=0log(y + h(y)) v=0 y+ h(y)

by L’Hépital’s rule for a continuously differentiable function h with h(y) = o(y)
and h/(y) = o(y). Here we use h(y) = cy (y + log(%)*“Y).

(iii) To verify (A1)’ for f(y) = exp(—y~7), note

exp(—(y + h(y))™*)
exp(—y %)

= exp(y™ — (y+ h(y)) ) L5 1

for @ > 0 and h(y) = o(y?), as
y = (y+h(y) " —=0.

Here, we use h(y) = ¢ (y? exp(—y ™) + yexp(—2y~7)).
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4.1 Introduction

After having established consistency in a general setting in chapter [2] and rates of con-
vergence in a specific setting in chapter [3] we now want to investigate how rates of
convergence for FMs can be established in a general setting.

Recall the setting of the generalized FM from section [[.3.4 Let Q,) be sets, Y a
Y-valued random variable, and ¢: ) x @ — R a cost function. Every element m of
the set argmin cg E[c(Y,q)] is a generalized FM or ¢-FM. Given independent copies
Y1,...,Y, of Y, natural estimators of the generalized FM are elements m,, of the set
argmin e o = i1 ¢(Yi, q). Our goal is to find suitable conditions for establishing finite
sample bounds and convergence rates for such plug-in estimators.

We are particularly interested in finite sample bounds in expectation, i.e., bounds on
E[l((m,m,)], where [ is a loss function, e.g., [ = d? if (Q,d) is a metric space, as these
are stronger statements than bounds in probability and seem very natural for Euclidean
means:

n 2
E (iZn—W) = “E[(v - E[v))]
=1

for Y, Y7,...,Y, independent and identically distributed real-valued random variables
with E[Y2] < oo. Results on convergence rates in expectation seem to be rare in the
literature on the FM. Common are convergence rates in probability or exponential con-
centration. The latter also implies rates in expectation, but under rather strong assump-
tions. One publication that establishes rates in expectation more directly, for general
cost functions in Fuclidean spaces is .

The FM estimator is a M-estimator. Thus, we can build upon many classical and deep
results from the M-estimation literature, see, e.g., [VW96; |Gee00; Tall4].

4.1.1 Our Contribution

Our contribution consists of three parts:

(a) We introduce a condition, which we call quadruple inequality, that is used to es-
tablish finite sample bounds and convergence rates in probability and expectation
for spaces with infinite diameter, see[I'heorem 4.1} [Theorem 4.5 and [Theorem 4.7]
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(b) We formulate our results in the setting of the generalized FM with a cost-function
¢ that is not restricted to being the square of a metric.

(c) We prove a quadruple inequality for powers of metrics of Hadamard spaces,
We apply it to obtain finite sample bounds and rates of convergence for
estimators of power FMs.

[PM19a] and |[ALP20] show rates of convergence and finite sample bounds for met-
ric spaces which have a finite diameter (or at least the support of the distribution of
observations must be bounded). The proofs in both papers rely on empirical process the-
ory. In particular, they make use of symmetrization and the generic chaining to bound
the supremum of an empirical process. But where |[ALP20| use that bound to be able
to apply Talagrand’s inequality [Bou02], [PM19a] employ a peeling device (also called
slicing; see, e.g., [Gee00|) to obtain rates. As a consequence, [ALP20| achieve stronger
results (nonasymptotic exponential concentration instead of Op-statements), but they
rely more heavily on the boundedness of the metric. As our goal is to obtain results
for spaces with infinite diameter, our proof technique is closer to [PM19a], i.e., we also
apply a peeling device.

A law of large numbers (see chapter [2)), such that the estimator of the Fréchet mean
converges in probability to the true value, implies that the estimator eventually is in a
subset with finite diameter. Thus, for asymptotic rates in probability as in [PM19a],
it is not very restrictive to assume a finite diameter. Our motivation to directly deal
with infinite diameter comes from our interest in nonasymptotic results and in bounds
in expectation.

Similar to [PM19a| and |[ALP20], we use the generic chaining. Therefore we have
entropy bounds as conditions of our theorems. These entropy bounds can be stated by
requiring a bound on the covering numbers

k
N(Q,d,r) :==mins k € N|dq1,...,qr € Q: Q C UBT(qj) ,
j=1

where (Q, d) is a metric space, @ C Q, and r > 0. To be more precise, in a metric space

(Q,d), we require log N(Bs(m),d,r) < (%)D for some constants C,D > 0 and all
0 < r < ¢, which is the same assumption as in [ALP20]. We note, that this requirement
could be weakened by using the optimal bound on Rademacher (or Bernoulli) processes
[BL14] at the cost of a more complicated and less comprehensible condition.

In the classical Fréchet mean case, where (Q, d) is a metric space and the cost function
is ¢ = d?, the empirical process that has to be bounded consists of functions of the form
y + d(y,q)? for ¢ € Q. To apply some classical empirical process results, one requires a
Lipschitz condition on these functions. In [PM19a] and |[ALP20] this Lipschitz condition
is fulfilled by

d(y, q)* — d(y,p)* < 2diam(Q)d(q, p) (4.1)
for all y,q,p € Q. Thus, a finite diameter is required. We show, that one can instead
require that

d(y,q)* — d(y,p)* — d(z,9)* + d(z,p)* < 2d(y, 2)d(q, p) (4.2)
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holds for all y, z, ¢, p € Q and then bound the supremum of the empirical process even if
diam(Q) = oo. Equation is a special instance of what we call quadruple inequality.

Roughly speaking, the transition from Lipschitz to quadruple condition removes cer-
tain squared terms and the right hand side by adding and subtracting further squared
terms on the left hand side. This is related to the idea of defining the Fréchet mean
as minimizer of ¢ — E[d(Y, ¢)? — d(Y, 0)?] for an arbitrary fixed point o € Q instead of
q — E[d(Y, ¢)?]. Then, for existence of the Fréchet mean, only a first moment condition
on Y is required instead of a second moment condition, see [Stu03, Acknowledgement to
Lutz Mattner].

The inequality does not hold in every metric space. But it characterizes Hada-
mard spaces among geodesic metric spaces, see [BNO8]. In Hadamard spaces, is
known as Reshetnyak’s quadruple inequality [Stu03| or quadrilateral inequality |BNOS|
and can be interpreted as generalization of the Cauchy—Schwarz inequality to metric
spaces [BNO8|. Note that our results are not restricted to geodesic metric spaces.

In (subsets of) Hadamard spaces (Q, d), we can not only utilize the quadruple inequal-
ity with the squared metric d? ([4.2). But we show that for d* with o € [1,2], we also
obtain a version of the quadruple inequality, namely

d(y,q)* — d(y,p)* — d(z,¢)* + d(z,p)* < 402" %d(y, z)* "d(q,p), (4.3)

for all y,z,q,p € Q, see [Theorem 4.10, We show that the constant 4a27¢ is optimal.

Similar to equation (4.1)), one can easily show — using the mean value theorem — that

d(y,q)* — d(y,p)* < adiam(Q)*~'d(q,p)

for a > 0, ¢,p,y € Q, where (Q,d) is an arbitrary metric space. The proof of equation
is much more complicated, see appendix

We state our convergence rate results in a general way, where observations live in a
space Y and a cost function ¢: Y x Q — R is minimized over Q. The quadruple inequality
then reads

c(y,q) — c(y,p) — ¢(z,q) + ¢(2,p) < a(y, 2)b(q,p)

for all y,z € Y and ¢,p € Q and an arbitrary function a: ) x ) — [0, 00) and a pseudo-
metric b: Q@ x Q@ — [0,00). This general formulation includes, among others, arbi-
trary bounded metric spaces, Hadamard spaces (including Euclidean and non-Euclidean
spaces) with a power metric d*, a € [1,2], and regression settings with Q # ), where
observations (z,y) € ) are described by regression functions (z — ¢(z)) € Q.

Furthermore, some trivial statements in appendix [£.B] show that the quadruple in-
equality is stable under many operations such as taking subsets, limits, or product
spaces.

We prove — via a peeling device — nonasymptotic finite sample bounds in probability,
We do not achieve exponential concentration as [ALP20], but our results
can be applied in cases where the cost function is not bounded by a finite constant, i.e.,
in metric spaces with infinite diameter. Furthermore, we show two ways of obtaining
bounds in expectation: One — nonasymptotic — under the assumption of a stronger
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version quadruple inequality, the other — asymptotic — with a stricter
entropy condition but a weak quadruple inequality,

Aside from the application in Hadamard spaces (including the use of the power in-
equality, , we illustrate our results in different toy examples: Euclidean
spaces and infinite dimensional Hilbert spaces. In (convex subsets of) Hilbert spaces
the Fréchet mean is equal to the expectation. Thus, these examples are interesting as
a benchmark, because we can compare results from our general Fréchet mean approach
to exact results. In two additional examples, we apply our results to nonconvex subsets
of Hilbert spaces and to Hadamard spaces.

4.1.2 OQOutline

We start by presenting the finite sample bounds of (bounds in probability)
and (bounds in expectation) in the abstract setting in section The
different versions of the quadruple inequality are discussed in section [£.3] This part
concludes with the statement of (alternative route to rates in expectation).
In section [4.4] we apply the abstract results in different settings: Euclidean spaces,
infinite dimensional Hilbert spaces, nonconvex sets, and Hadamard spaces. Finite sample
bounds and rates of convergence for power Hadamard metrics and the power inequality,

eorem 4.10] are presented in section [4.5

4.2 Abstract Results

In this section, we prove finite sample bounds for the Fréchet mean in a very general

setting, see section For bounds in probability is stated in section
[4:272 and for bounds in expectation is stated in section [£.2.3] The proofs

can be found in appendix [{.A] Some remarks on further extensions are given in section

424

4.2.1 Setting

Here we define an Abstract Setting in which we will state our most general results. This
setting of the generalized Fréchet mean is similar to what is used in [Hucll; EH19] and
section [[.3.4]

Let Q be a set, which is called descriptor space. Let (), ¥y) be a measurable space,
which is called data space. Let Y be a Y-valued random variable. Let ¢: ) x @ — R be
a function such that y — ¢(y, ¢) is measurable for every ¢ € Q. We call ¢ cost function.
Define F: Q — R, q — E[c(Y, q)], assuming that E[|¢(Y,q)|] < oo for all ¢ € Q. The
function F' is called objective function. Let n € N. Let Y1,...,Y, be independent copies
of Y. Define F,: @ - R, q — %Z?Zl ¢(Y;,q). We call F,, empirical objective function.
Let [: @ x Q — [0,00) be a function such that [(m,q) measures the loss of choosing ¢
given that the true value is m.

We want to bound [(m,m,,) for m € argmin o F(q) and m,, € argmin g Fr(q).
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4.2.2 Finite Sample Bounds in Probability

For our result on finite sample bounds in probability, we make some assumptions, which
are listed in the following. We denote the ”closed” ball with center o € O of radius
r > 0 in the set Q with respect to an arbitrary distance function d: Q x Q — [0,00) as
B,(o,d) :=={q € Q: d(o,q) <r}.

Assumptions.

EXISTENCE:
It holds E[[¢(Y,q)|] < oo for all ¢ € Q. There are m,, € argmin, g Fy,(q)
measurable and m € arg min ¢ g F(q).

GROWTH:
There are constants v > 0 and ¢g > 0 such that F(¢) — F(m) > cgl(m, ¢)" for
all g € Q.

WEAK QUADRUPLE:
There are a function a: ) x ) — [0,00) measurable and a pseudo-metric
b: Q@ x Q — [0,00), such that, for all p,q € Q, y,z € ), it holds

Yq—Zq—"yp+Zp < a(y,z)b(q,p),

where we use the notation “gq := ¢(y,q). We call a the data distance and b
the descriptor metric.

MOMENT:
Let ( > 1. Set

Ela(Y', V)|, if¢>2,
M(C) = [ L
Ela(Y,Y)?]2, if(<2,
where Y is an independent copy of Y. It holds M(¢) < oo.

ENTROPY:
There are o, 5 > 0 with % < 7 such that

«

Viog N(By(m,0,6,7) < e

for a constant ce > 0 and all §,7 > 0.

N(A,b,r) = min{k eN

k
ElCIlw--;QkE Q: Ag UBT<Q,]7B)}7

J=1

is the covering number of A C Q with respect to b-balls B,(-, b) of radius r.
is essentially the same condition as in [ALP20], but written down for the setting of the
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generalized Fréchet mean instead of the classical Fréchet mean in metric spaces.

We shortly discuss other assumptions before stating the theorem for finite sample
bounds in probability. The measurability assumptions can be weakened by using the
outer expectation, see [VW96]. In [BDGO7|, the condition is called margin
condition; in chapter [5]it is referred to as VARIANCE or variance inequality. 1t is called
low noise assumption in [ALP20]. If holds for every distribution of Y and we
are in the traditional setting of the (not generalized) Fréchet mean, it implies that the
metric space Q has nonpositive curvature: Assume that (Q,d) is a complete geodesic
space [Stu03| Definition 1.1}, i.e., every pair of points y1,y2 has a mid-point m, i.e.,
YL, = Y, = %yl,yg, where we use the notation g,p := d(g,p). Set Y = Q, ¢ = d?,
and [ =d. HPY =) =P(Y = 1y9) = % with y1,y2 € Q, the Fréchet mean m € Q
of Y is the mid-point between y; and y». If we assume that the growth condition holds
for every distribution of Y, in particular, for every uniform 2-point distribution, with
cg = 1 and v = 2, then

1 2 1 2 1 2 1 2 2
- - _ = i > .
SILT + U — SULM — Sy 2 Mg

As m is the mid-point between y; and ys, we obtain

mfﬁ%wf+%wﬁ—iwm{
which implies nonpositive curvature of the space (Q, d), see [Stu03|, Definition 2.1]. Such
spaces are called Hadamard spaces. Aside from the condition they also fulfill
the quadruple inequality, which we discuss in section [4.3.2.3] The |WEAK QUADRUPLE}
condition will be discussed in detail in section Among other things, we will show
that it holds in a nice way in all Hadamard spaces, which include the Euclidean spaces.

The following theorem states finite sample bounds for the estimator m,, to the true
value m measured with respect to the loss function I.

Theorem 4.1 (Finite samples bounds in probability). In the Abstract Setting of
section [4.2.1], assume that following conditions hold: [EXISTENCE], [GROWTH]|, [WEAK|
[(QUADRUPLE, IMOMENT], [ENTROPY| Define

n=: for <1,
N = n=: log(n+1) forp=1,
n_% for 6 >1.

Then, for all ¢t > 0, it holds

__1_
P@JJB (m, mn) > t) <em(Q)t R

where ¢ > 0 depends on «, 3,7, ce, ¢g, C.
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The proof can be found in appendix [£.4]

Without loss of generality, one can choose v = 1 by using the loss [ = [7. This is
consistent with the result: If GROWTH| and [ENTROPY]| are fulfilled with [, o, 5,7y, then
they are also fulfilled with ' = [7,d/ = 2, B = B,7 = 1, which gives the same result.
We keep this redundancy in the parameters of the theorem for convenience.

A common way of stating rates of convergence in probability is the Op-notation, as
in the following corollary. Note that the Op-result is asymptotic and, thus, weaker than

the nonasymptotic

Corollary 4.2. In the Abstract Setting of section [4.2.1] assume that following con-
ditions hold: |[EXISTENCE|, IWEAK (QUADRUPLE| [GROWTH], IMOMENT| with { = 1,

[ENTROPYl Then

1
[(m7 mn) =Op (U;,nﬁ >
with 1, as in [[orer 4]

It is possible to weaken the assumptions in In particular, we can restrict
the|GROWTH|and [ENTROPY|conditions to hold only in a neighborhood of m if we already
know that [(m,, m) € op(1).

In the probability of large losses decays polynomially. If the exponent

C(y — %) is strictly greater than 1, we can integrate the tail probabilities to obtain a

B
bound on the expectation of the loss.

Corollary 4.3. Let k > 1. In the Abstract Setting of section [£.2.1] assume that
following conditions hold: [EXISTENCE|l [WEAK QUADRUPLE], [GROWTH| [MOMENT|

with ¢ > k(y — %)_1, ENTROPY} Set & := ((y — %)/1_1. Then

Mo PEll(m, ma)] <

S e

The proof can be found in appendix [£.A]

may require unnecessarily high moments as £ needs to be strictly larger
than 1. In the next section, we present a more direct approach to finite sample bounds
in expectation, that requires weaker moment conditions, at least in some settings.

4.2.3 Finite Sample Bounds in Expectation

For obtaining finite sample bounds in expectation directly, we need slightly modified,
stronger assumptions.

Assumptions.

STRONG Q'UADRUPLE: '
Define Q := Q\By(m,[) = {¢g € Q: [(m,q) > 0}. There are functions b,,: Q X
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Q — [0,00) (possibly depending on m) and a: Y x Y — [0,00) with a mea-
surable and £ € (0,7), such that, for all p,q € Q, y,z € Y, it holds

CW_CW_C@_FCW C@_CW_C@+CW

[((m, q)¢ (m, p)é < a(y, z) bm(q,p) ,

Assume that by, is a pseudo-metric on Q. We call a the data distance and b,,
the strong quadruple metric at m.

STRONG MOMENT:
For ¢ > 0, set
Ela(y’,Y)S], if¢>2,

O = {]E[a(Y’,Y)Q] ifc<2,

Ny

where Y’ is an independent copy of Y. Let k > v—¢ and assume 9 ( =2+ ) < co.
7—¢

STRONG ENTROPY:
It holds D := diam(Q, b,;,) < oo and there is 5 > 0 such that

B
\/logN(Q, by, 1) < Ce <D)

r

for all r € (0, D).

For later use in the application to Hilbert spaces, section and for we
state the entropy part of in a more general way than in To

this end, we need to introduce different measures of entropy.

Definition 4.4 (Measures of Entropy).
i) Given a set Q an admissible sequence is an increasing sequence (Apg)gen, Of
P 0
partitions of Q such that Ay = Q and card(Ay) < 22" for k > 1.

By an increasing sequence of partitions we mean that every set of Agiq is
contained in a set of A;. We denote by Ax(g) the unique element of Ay which
contains q € Q.

(ii) Let (Q,b) be a pseudo-metric space. Define

v2(Q, b) := inf sup Z 95 diam(Ak(q),b),
9€Q =0

where the infimum is taken over all admissible sequences in Q and

diam(A,b) := sup b(q,p)
q,p€A
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for A C Q.

(iii) Let (@, b) be a pseudo-metric space and n € N. Define

entr,(Q,b) := 21>1£ (e\/ﬁ—i— /m\/log N(Q, b,r)dr) )

Items (i) and (ii) are basic definitions from [Tall4]. Item (iii) is just a convenient
notation.

Theorem 4.5 (Finite sample bounds in expectation). In the Abstract Setting of sec-
tion [4.2.1] assume that following conditions hold: [EXISTENCE| [GROWTH] [STRONG]
[QUADRUPLE] [STRONG MOMENT] Then, it holds

K

E[t(m, m,)"] < cn_Q(WH—OZITIQy_g) min(entr,(Q, by,), 72(Q, bm))fi& ;

where ¢ > 0 depends only on &,7,&, cg.
If additionally [STRONG ENTROPY|holds, then

K e R
E[((m, mn)"] < Cfm(f) DTt

v —
where .

n-2 for g <1,

Mo = n~s log(n+1) forp=1,

Tfﬁ for 6>1,

and C' > 0 depends only on &, 3,7, &, cg.

The proof can be found in appendix [£.A]

As in the statement contains some redundancy. E.g., by using the loss
[ = € we set £ = 1 without loss of generality. Then the growth exponent and the
resulting rate of convergence will scale accordingly.

4.2.4 Further Extensions

In general M := argmin o E[c(Y,q)] is some subset of Q. One can also extend the
main theorems of this paper to deal with a the whole set of Fréchet means and Fréchet
mean estimators. To do that, the condition has to be stated as growth of the
minimal distance to M. Furthermore, some of the statements and assumptions made in
the theorems and proofs have to be modified so that the hold uniformly over all m € M.
Additionally, one has to think about the right notion of convergence for sets. We found
that those results hard to read without significantly increasing insight into the problem,
which is why we chose to stick with unique Fréchet means and only remark that an
extension to Fréchet mean sets is possible.
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One can also consider e- arg min-sets, i.e., the sets of elements which minimize a func-
tion up to an ¢ > 0. If one chooses m,, € ,,-argmin ¢ g Fy,(q) with e, — 0 fast enough,
the convergence rate is of the same as for the absolute minimizer.

4.3 Quadruple Inequalities

Recall the definition of the weak and strong quadruple inequalities. Let (Q,b) be a
pseudo-metric space (descriptor space with descriptor metric), (), %y) a measurable
space (data space), ¢: Y x Q@ — R such that y — ¢(y,q) is measurable for every ¢ €
Q (cost function), a: Y x Y — [0,00) measurable (data distance), m € Q (reference
point, usually the Fréchet mean), [: @ x Q — [0,00) (loss), & > 0 (rate parameter),
Q={q€ Q:1l(m,q) >0} by: Qx Q— [0,00) a pseudo-metric on Q (strong quadruple
metric at m). We write ‘g := ¢(y, q).

(a) The tuple (Q, Y, ¢, a,b) fulfills the (weak) quadruple inequality if and only if for all
p,q € Q, y,z €Y it holds

Yq — Zq — “yp+ Zp < a(y, 2)b(q,p) -

(b) The tuple (Q, )¢, [5,'a, b,,) fulfills the strong quadruple inequality at m € Q if and
only if for all p,q € Q, y,z € Y it holds

Cw_cyim_CE_i_Cm Cw_cyim_C@_i_Cm
((m, q)¢ [(m, p)*

< a(y, 2)bm(g,p) -

There are a couple of trivial stability results for quadruple inequalities, see appendix
4Bl

In section |4.3.1| we compare the quadruple inequality with a more common Lipschitz
property. The simplest advantageous applications of the quadruple inequality are in
inner product spaces and quasi-inner product spaces, as is discussed in section

We conclude with [Theorem 4.7] in section [4.3.3] which yields rates of convergence in

expectation under the assumption of only a weak quadruple inequality instead of a

strong one as in [I'heorem 4.5

4.3.1 Bounded Spaces and Smooth Cost Function

Let (Q, d) be a metric space and use the notation g,p = d(q, p). For obtaining convergence
rates in probability for the Fréchet mean estimator, [PM19a] use

7" — 7P = (7,0 — ¥:p) (7:a + 7:p) < 2g,pdiam(Q)

for all ¢,p,y € Q. In the proof of we have replaced this bound by the weak
quadruple inequality, i.e.,

Gq — yp — Zq+ Zp < a(y, 2)b(q, p) .
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This generalizes the results by [PM19a] as for bounded metric spaces (Q,d) and cost
function ¢ = d?, the weak quadruple inequality holds with a(y, z) = 4diam(Q) and b = d:

74— TP~ 5g +Ep < 70° — 70| < 4gpdiam(Q).

More generally, if we can show Lipschitz continuity in the second argument of the cost
function, i.e., ‘gg — ‘gp < a(y)b(q,p), then the quadruple inequality holds with data
distance a(y) + a(z) and descriptor metric b. But this might lead to an unnecessarily
large bound. We will see in section that at least for certain metric spaces, we
can find a bound via the quadruple inequality that does not involve the diameter of the
space and, thus, allows for meaningful results in unbounded spaces.

4.3.2 Relation to Inner Product and Cauchy—Schwarz Inequality
4.3.2.1 Inner Product Space

Let (Q,d) be a metric space such that d comes from an inner product (-, -) on Q, i.e.,
Q is a subset of am inner product space and d(y,¢)> = (y —q, y — q¢). Use Y = Q and
the squared metric as cost function, ¢ = d?. Then

Va—Zq—Yyp+ 2 =-2@y—2,9-p)

< 2llg - pllly - 2.
Here the Cauchy—Schwarz inequality gives rise to an instance of the weak quadruple
inequality. The very general framework that we impose also allows for a more flexible

bound: If @ C H is the subset of an infinite dimensional, separable Hilbert space H, we
can use a weighted Cauchy—Schwarz inequality: Let s = (sg)reny C (0,00). Then

Yq — Zq — yp+ Zp < 2|y — 2[ls-1llg — plls,

where ||z||2 = 3272, s7a? with generalized Fourier coefficients (zj)ren with respect to a
fixed orthonormal basis of H.
For the strong quadruple inequality, we set £ = 1, [(q,p) = ||¢ — p|| and obtain

Cm_im_f@_’_im Cw_im_f@_«_im

[(m, q) B ((m, p)
2< q—m p—m >
= - Yy—z -
llg —m|| Hp m||
qg—m
<9y —
< 2lly ZMMq—mM lo— mﬂ

Thus, the strong quadruple inequality hold with a(y,z) = 2|y — 2| and b,,(¢,p) =
H Tla—mll mH IIp m|| H The pseudo-metric b, first projects the points ¢ and p onto the
surface of unit ball around m and then measures their Euclidean distance.
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The analogous result for the weighted Cauchy—Schwarz inequality is
‘yq — ‘gm — ‘zZq + zm  ‘yp — ‘ym — “zp + zm
[(m, q) - ((m, p)
qg—m p—m
lg—ml |

< 2[ly — 2[5

4.3.2.2 Bregman Divergence

Let @ C R" be a closed convex set. Let ¢: @ — R be a continuously differentiable
and strictly convex function. The Bregman divergence Dy : Q x Q — [0, 00) associated
with ¢ for points y,q € Q is defined as Dy (y,q) = ¥(y) —¢¥(q) — (V¢ (q), y —q). Tt is
the difference between the value of ¢ at point y and the value of the first-order Taylor
expansion of 1 around point ¢ evaluated at point y. It is well-known, that the minimizer
m of ¢ — E[Dy(Y,q)] for a random variable Y with E[D (Y, ¢)] < oo for all ¢ € Q is
the expectation m = E[Y], see [BGWO05, Theorem 1]. The Bregman divergence ¢ = D,
fulfills the weak quadruple inequality:

Dy(y,0) — Dy(2,9) = Dy (y,p) + Dy(2,p) = (V(q) = Vi (p), y = 2)
< |IV¥(q) = Vo)llly — = -
Similarly, we obtain a version of the strong quadruple inequality with £ = 1, [(¢,p) =
lg —pll,
Yq—‘ym—zq+Zzm ‘yp—‘ym—zp+zm

((m. q) ((m, p)
:<y_zVw<q>—vw(m>_vw<p>—vw<m>>
- gl I mu
1Y@ = Vem) Ve
<= | e

4.3.2.3 Hadamard Spaces and Quasi-Inner Product

Let (Q, d) be a metric space. Use the notation g,p := d(q,p). We use the squared metric
as the cost function ¢(y,q) = d(y,q)? = 7,¢°>. One particularly nice version of the weak
quadruple inequality with this cost function is

U0 — TP — 50 + 5P < 272G

Let us call this inequality the nice quadruple inequality. As seen before, this holds for
subsets of inner product spaces. It also plays an important role for geodesic metric
spaces. In this section, we paraphrase some results of [BNO§|. In particular, we state
that the nice quadruple inequality characterizes CAT(0)-spaces.

Let (Q,d) be a metric space. A curve is a continuous mapping ~v: [a,b] — Q, where
[a,b] is a closed interval. The length of the curve v: [a,b] — Q is

—sup{Zd (ti-1), ))a=t0<t1<---<t[:b,IEN}.
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A curve v: [a,b] — Q is called a geodesic if L(y) = d(v(a),v(b)). A metric space is
called geodesic, if any two points ¢,p € Q can be joined by a geodesic v: [a,b] — Q
with v(a) = ¢,v(b) = p. A midpoint of two points ¢,p € Q is a point m € Q such that
q,m = D,im = %W A complete metric space is a geodesic space if and only if all pairs of
points have a midpoint, see [Stu03, Proposition 1.2]. Now, let (Q, d) be a geodesic metric
space. For any triple of points a, b, c € Q one can construct a comparison triangle in the
Euclidean plane with corners o', ;¢ € R?, such that a,b = ||V — d/||, a,c = || — d|,
and b,c = || — V||. A geodesic metric space (Q,d) is called CAT(0) if and only if for
every triple of points a,b,c € Q with comparison triangle (a’,¥’, ') following condition
holds: For every point d on a geodesic connecting a and b, it holds d,c < ||/ — d'||, where
d' € R? is the point on the edge of the comparison triangle between a’ and b’ such that
|d'—a'|| = a,d. A complete CAT(0)-space is called Hadamard space or global NPC space
(nonpositive curvature).

A metric space (Q, d) is said to fulfill the NPC-inequality if and only if for all y1,y2 € Q
there exists a point m € Q such that for all ¢ € Q it holds T,g> < %yl,q2 + %yz,q2 —
%mz' Then m is the midpoint of y; and ys.

A characterization of CAT(0)-spaces can be found in [Stu03, Section 2]: A metric
space is CAT(0) if and only if it fulfills the NPC-inequality.

Another characterization of CAT(0)-spaces by the nice quadruple inequality is given
in [BNO8, Corollary 3]: A geodesic space is CAT(0) if and only if it fulfills the nice
quadruple inequality.

In [BNOS|, the authors define the quadrilateral cosine for q,p,y,z € Q as

7, — Up? — Zq° + Zp
—2YZqp

cosq(y%, qp) =

Obviously, the statement cosq(yz,qp) < 1 for all ¢,p,y,z € Q is equivalent to the
nice quadruple inequality. To further motivate this notation and compare it with inner
product spaces, they introduce a quasilinearization of the metric space and a quasi-inner
product: Define (y%, gp), = cosq(y%, gp) ||y=|lallgplla, where ||y%||q := ¥.z. Thus, the nice
quadruple inequality can be viewed as the Cauchy—Schwarz inequality of the quasi-inner
product.

4.3.3 Weak Implies Strong

The weak quadruple inequality is well justified as a condition: Aside from allowing

to establish rates in probability (Theorem 4.1J), it can be interpreted as a form of
Cauchy—Schwarz inequality (section [4.3.2.3)), it is fulfilled in a large class of metric

spaces (bounded metric spaces, Hadamard spaces, appendix 4.B]), and the power in-
equality (Theorem 4.10) implies even more applications with a nice interpretation in

statistics (section [4.5.2)).
The case for the strong quadruple inequality, which we use in to establish

rates in expectation, seems much weaker. Although it can be established in Hilbert
spaces, see section [£.3.2.1] it is not directly clear whether we can have a suitable version
for Hadamard spaces or a power inequality.
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The next section examines the strong quadruple inequality in Hadamard spaces and
concludes with a negative result. Thereafter, we discuss an approach to infer convergence
rates in expectation when only assuming the weak quadruple inequality by showing that
a weak quadruple inequality imply certain strong quadruple inequalities. This approach
is executed to obtain for convergence rates in expectation, where the result

holds only asymptotically, in contrast to

4.3.3.1 Projection Metric

In Euclidean spaces, we can take b,,(q,p) = Hﬁ — ﬁ“ as the strong quadruple

metric. This pseudo-metric can be written down only depending on the metric (not the
norm or vector space operations) as

—9 S —\2
| zp* — (@;m — pym) '
B a.p) = \/ TR DI i) = bulaop).
The metric dP(q,p) can be defined in any metric space. Unfortunately, it does not
yield a strong quadruple inequality in non-Euclidean Hadamard spaces in the same way
as in Euclidean spaces. See appendix [£.D] for details.

4.3.3.2 Power Metric

To establish rates of convergence in expectation for the c-Fréchet mean, given that a
weak quadruple inequality holds, we first show that some version of the strong quadruple
inequality is implied by the weak one, Unfortunately, we obtain a strong
quadruple distance by, such that the measure of entropy entr(Q, b,,) might be infinite.
To solve this problem, we define an increasing sequence of sets 9, such that 9, C O, 1
and U,eny @n = Q with distances by, , such that the strong quadruple inequality is
fulfilled on Q,, with strong quadruple distance by, ,,, and entr(Q,,, b, »,) is finite and can
be suitably controlled in n. This allows us to prove an asymptotic result for the rate of

convergence in expectation, [[’heorem 4.

Lemma 4.6. Assume (Q, ), a, b, ¢) fulfills the weak quadruple inequality. Let & €
[0,1]. Then

CW_CW_CTq+Cm Cw_iw_(@_{_im
b(g, m)¢ b(p, m)¢

<2%a(y,z)b(g,p)'"¢  (4.4)

for all y, z, q,p, m € Q with b(q, m), b(p, m) > 0.

See appendix [4.C| for a proof. We would like to have ¢ large, i.e., close to 1, to obtain the
same rate of convergence in expectation as in probability. We achieve that by defining
sequences &, ' 1 and @, ~ Q, and control the entropy of Q,, with respect to b!=¢».

To state the result, we have to modify the and the condition.
Recall the definition of the objective function F(q) = E['Y¢] and the empirical objective
function F,(q) = 1 7, Viq.

n
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Assumptions.

EXISTENCE:
It holds E[|¢(Y,q)|]] < oo for all ¢ € Q. Let o € Q. Define R, := n and
Q, := Bg,(0,b). There are m@" € arg min e o, Fn(g) measurable and m €
argmin e o F(q).

SMALL ENTROPY:
There are 3, ce > 0 such that for § > 0 large enough

B
Vo N (B4(0,0).b.1) < celog )

for all » > 0.

Note that the SMALL ENTROPY] condition is much stronger than which we
assumed in |[Theorem 4.1[ In Euclidean subspaces Q C Rb, it holds

N(r,Bs(0,d), d) < (?f)b

for all R > r > 0 [Pol90| section 4]. Thus, [SMALL ENTROPY| is fulfilled in Euclidean
spaces.

Theorem 4.7 (Convergence rate in expectation). In the Abstract Setting of sec-
tion with loss [ = b, where b is a pseudo-metric, and rate parameter £ = 1,
assume that following conditions hold: [EXISTENCE’, [GROWTH| with v > 1,
[QUADRUPLE] [STRONG MOMENT| with £ > v — 1, [SMALL ENTROPY|} Then

E[b(m, m;?")“} = O((n_é log(n)ﬂ)”’il) .

See appendix for the proof.

4.4 Application of the Abstract Results

We apply the abstract results of the previous theorems in this section. We first consider
two toy examples — Euclidean spaces, section and infinite dimensional Hilbert
spaces, section [£.4.2] — to better understand the result and compare them to optimal
bounds. Then we discuss two more involved settings: The Fréchet mean for nonconvex
subsets of Euclidean spaces, section [£.4.3] and for Hadamard spaces, section [4.4.4]

4.4.1 Euclidean Spaces

Let @ C R® be convex with the Euclidean metric d(p,q) = ||p — ¢|. Choose Y = Q,
c=d* I=d, £ =1. Let Y be a Q-valued random variable with E[||Y]|?] < co. Then
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the Fréchet mean equals the expectation m = E[Y] € Q. We can easily calculate
E[|Y —g|? = Y - m|?] = [lg - mf?

Thus, the condition is fulfilled with v = 2. The space has the strong quadruple
inequality at every point with data distance a(y, z) = 2|y — z|| and strong quadruple

distance by, (p,q) = Hﬁ - ﬁ“, see section |4.3.2.1, Thus, [Theorem 4.5 implies

2

1 n

E[Y]-—> Y

=1

=E {[(m, mn)ﬂ

< Cn lentr,(Q,b,,)°E [a(Y', Yﬂ
/! ]‘ 2
< C'b-E[|ly —ElY])?],

b
where we used N(r,Br(0,d),d) < (%) for all R > r > 0 [Pol90, section 4] to fulfill

[STRONG ENTROPY| The constants C, C’ > 0 are universal. Compare this with the result
that one obtains by direct calculations, i.e.,

2

E = "E[ly - EV]I7].

#m—;im

We pay an extra dimension factor b when using the Fréchet mean approach instead of
direct calculations. This comes from the use of the Cauchy—-Schwarz inequality, which
powers the strong quadruple inequality in Euclidean spaces.

4.4.2 Hilbert Spaces

Let H be an infinite dimensional Hilbert space and Q@ C H convex. Let d(p,q)? =
lp—q||> = (p—q,p—¢q). Choose Y = Q, ¢ =d?> [ =d, £ =1. Let Y be a O-
valued random variable with E[||Y]|?] < oco. As in the Euclidean case, the Fréchet

mean m equals the expectation E[Y], the condition holds with v = 2, and
the strong quadruple inequality is fulfilled with a(y,z) = 2||y — z|| and pseudometric

_|l.g=m _ p-m
bm(p,0) = || =y — o |
Unfortunately, STRONG ENTROPY]|is not fulfilled on H if dim(H) = oo. By introducing
a weight sequence, we can make b, smaller by making a larger: Assume that the Hilbert

space H is separable and thus admits a countable basis. Let s = (sg)reny C (0,00). In
section(4.3.2.1] we derived that the strong quadruple condition holds with a(y, z) = 2||y—

2o and b3, (p,q) = | iy — i |- Then entra(HL b5,) < 72(H, b3,) < 72(Es, d),
where
E —{heIHL ih% <1}
s — . o= .
k=1 5k
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There is a universal constant ¢ > 0 such that v2(&s,d)? < ¢332 57, see [Tall4, Propo-
sition 2.5.1]. As a condition on the variance term, we need

E[|Y - E[Y][2] = o] = D ofsy? < oo,
k=1

where o7 := V[Y;] and o = (0} )ken. Similar to the Euclidean case, [Theorem 4.5 implies

2

1
E = E|l(m,m,)*] < C—lsll3, o3 .

1n
EY]—- =YY
ey

where ||s||7, = 372, 57
Direct calculations yield a better result:

2

1
E |

_ 2
= o,

%m—iin
=1

As in the Euclidean case, we pay a factor related to the dimension for using the more
generally applicable Fréchet mean approach instead of using the inner product for direct
calculations.

4.4.3 Nonconvex Subsets

Assume we are in the setting of section [£.4.2] and the mentioned conditions for con-
vergence are fulfilled. But now we want to take @ C H not necessarily convex and
Y = H. Assume that of the Fréchet mean m € Q is fulfilled. The expec-
tation p := E[Y] € H might not be an element of ). Then the Fréchet mean m is the
closest projection of u to Q, in the sense that

arg min E[||Y — ¢[|*] = arg min || — g .
qeQ qeQ

To get the same rate as in section we mainly need to be concerned with the

condition, as the quadruple condition holds in all subsets. For ¢ € H, simple
calculations show

E[IlY —ql? = Y —ml?] = llp — qll* = I = m|*.

We want to find a lower bound of this term in the form of cgl/g — m||” for constants
v,cg > 0. For a > 1, it holds

2 2 2
allp—ql” = allp—m|” = llg —ml

)

2
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Figure 4.1: If 9N By, (po) # 0, the point m cannot be the Fréchet mean of a distribution
with expectation p. To fulfill the Growth condition, we need QN By, (p1) = 0
for a ball with larger radius r; > rp and adjusted center p;. Increasing
the radius further, ro > 71, only improves the constant cg of the Growth
condition, but not the exponent ~.

Thus, [~ gl — s —m|> > L g —m|? it and only if

w—m a
1@—(u+ )Hz i — ]
a—1

a—1

Equivalently, the condition holds with v = 2 and ¢z € (0,1) if and only if

)

for all ¢ € Q, i.e., if and only if Q N B,.(p) = 0, where r =

1—cg
ft+ =% (1 —m). Note that ||[p —ml|| = . This is illustrated in [Figure 4.1 We have
answered the question of how Q may look like, given the location of i and m. Possibly
more interesting is the question of, given Q, where may p be located so that m can
be estimated with the same rate as for convex sets. We will answer this question only
informally via a description similar to a medial axis transform |[CCM97]:
For simplicity assume Q = R?\ A, where A is a nonempty, open, and simply connected
set with border 0A that is parameterized by the continuous function ~v: [0,1] — JA.
Roll a ball along the border on the inside of A. Make the ball as large as possible

at any point so that it is fully contained in A and touches the border at point ().

1

1_%Hu—mH

>

1

|l = ml| and p =
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0.5

-1.0

-1.0 -0.5 0.0 0.5 1.0

Figure 4.2: Let A C R? be the set enclosed by the heart (solid black lines). Let ) = R?
and Q = R%2\ A. We consider a distribution on R? with mean y € ) and
Fréchet mean m € Q with respect to the Euclidean metric and the descriptor
space Q. The green, blue, and red lines show p.(t) for e = 0.6,0.3,0.

Denote the center of the ball as c: [0,1] — A and the radius as r: [0,1] — [0, 00).
Take € € (0,1) and trace the point p.: [0,1] — A on the radius connecting the center
of the ball ¢(t) and the border «(¢) such that it divides the radius into two pieces of
length pe(t),c(t) = er(t) and pe(t),y(t) = (1 — e)r(t). If u lies on the outside of the set
prescribed by p: [0,1] — A, it can be estimated with the same rate as for convex sets.
This is illustrated in The set of all centers C := {c(t) |t € [0, 1]}, also called
the medial axis ot cut locus, is critical: The closer u is to C, the larger the guaranteed
error bound for the estimator. In particular, we cannot guarantee consistency of the
estimator if 4 € C. A very similar phenomenon is described in [BP03, section 3]. The
authors consider a Riemannian manifold Q that is embedded in an Euclidean space ).
The extrinsic mean of a distribution on @ is the projection of the mean p in Y to Q.
The points C are called focal points. It is shown [BP03|, Theorem 3.3] that in many cases
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the intrinsic mean, i.e, the Fréchet mean in @ with respect to the Riemannian metric
on Q, is equal to the extrinsic mean, i.e, the Fréchet mean in O with respect to the
Euclidean metric on ).

The conditions described above are connected to the term reach of a set [Fed59]. The
reach of Q@ C R’ is the largest € > 0 (possibly oo) such that inf,cg d(z,q) < € implies
that z € R’ has a unique projection to Q, i.e., a unique point xg with d(z,zg) =
infyco d(x,q). If the distance of the mean p to Q is less than the reach of Q, then the
condition holds with v = 2. Thus, the rate of convergence is upper bounded
by e¢n™ 2 for some ¢ > 0. Note that convex sets have infinite reach and exhibit this upper
bound for any distribution with finite second moment.

By considering the growth condition [ — q||* — [lu —m|* > cgllg —m|”, one can
also find examples of subspaces where the growth exponent for specific distributions is
different from 2.

4.4.4 Hadamard Spaces

Let (Q,d) be a Hadamard space. A definition of Hadamard spaces is given in section
4.3.2.3] Use the notation 7,¢ = d(y,q). For our purposes the most notable property
of Hadamard spaces is that they fulfill the nice quadruple property, i.e., 7,q° — ¥.p> —
702 +7Z,p° < 27,2q,p. In the following subsections, we will see how this translates to
convergence rates for the Fréchet mean estimator and use the power inequality to obtain
results for a generalized Fréchet mean with cost function d?* for a € [%, 1].

For an introduction to Hadamard spaces see [Bac¢l4a]. A survey of recent developments
can be found in [Bacl8]. In [BNOS8|] the authors characterize Hadamard spaces by the
nice quadruple inequality and discuss a quasilinearzation of these spaces by observing
that the left hand side of the nice quadruple inequality behaves like an inner product
to some extend. [Stu03] shows how some important theorems of probability theory in
Fuclidean spaces, like the law of large numbers and Jensen’s inequality, translate to
non-Euclidean Hadamard spaces. In [Stu02] martingale theory on Hadamard spaces is
discussed.

Turning to more applied topics, [Bac14b| shows algorithms for calculating the Fréchet
mean in Hadamard spaces with cost function d?® for a = % and ¢ = 1. An important
application of Hadamard spaces in Bioinformatics are phylogenetic trees [BHV01]. See
also [Bac18, section 6.3] for a quick overview. Another application of Hadamard spaces
is taking means in the manifold of positive definite matrices, e.g., in diffusion tensor
imaging. But note that, as the underlying space is a differentiable manifold, one an use
gradient-based approaches, see [PFA06|.

Further examples of Hadamard spaces include Hilbert spaces, the Poincaré disc, com-
plete metric trees, complete simply-connected Riemannian manifolds of nonpositive sec-
tional curvature. See also [Stu03| section 3|. Let (Q,d) be a Hadamard space. We use
Q as data space as well as descriptor space, i.e., @ = ). The cost function is ¢ = d2,
the loss [ = d. As described in section the weak quadruple inequality holds with
a=2d and b = d, i.e., (Q,d) fulfills the nice quadruple inequality. Let Y be a random
variable with values in Q. Let Y7,...,Y,, be iid copies of Y.
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If E[d(Y, q)?] < oo for one g € Q, then it is also finite for every ¢ € Q and the Fréchet
mean m € argmin, o E[d(Y, q)?] exists and is unique, see [Stu03, Proposition 4.3]. The
same holds true for the estimator m,, € argmin, .o >i-; d(¥;, ¢)*. Thus, is
fulfilled.

Here, we chose a second moment condition, because we will need it for estimation
anyway. But note that choosing the cost function as ¢(y,q) = d(y, q)*> — d(y,0)? for a
fixed, arbitrary point o € Q allows us to require only a finite first moment for[EXISTENCE]|
and the resulting Fréchet mean coincides with the d?-Fréchet mean if the second moment
is finite. This is described in more detail and utilized in [Stu03].

Furthermore, the [GROWTH}-condition holds in Hadamard spaces with v = 2 and ¢g =
1, see |Stu03, Proposition 4.4]. Thus, we obtain following corollary of

Corollary 4.8 (Convergence rate in probability). Assume With ¢(=2and
a = 2d and [ENTROPY| with b = d and o = 3. Define

for g <1,
log(n+1) forp=1,

L

28 for 6 >1.

Nl= N

Ngn =

S 3 3

Then, for all s > 0, it holds
P(nznd(m, ma) > s) < cE[A(Y,Y")?]s72,
with a constant ¢ > 0 depending only on S and ce. In particular,

d(mamn) = OP(”?,BJL) 0

As described in section it may be difficult to find a version of the strong quadruple
inequality such that the same rate can be derived for convergence in expectation. Thus,

instead of trying to apply [Theorem 4.5, we utilize (i) |Corollary 4.3|and (ii) [Theorem 4.7

respectively.

Corollary 4.9.

(i) Let € > 0. Assume E[d(Y,Y")*"¢] < co. Assume with b = d and
a = < 1. Then it holds

E{d(m,mn)Q] < cE[d(Y, Y/)2+E] 2%% i

€en

for a constant ¢ > 0 depending only on .

(ii) Assume E[d(Y,Y”")?] < co. Let 0 € Q. Assume [SMALL ENTROPY|with b = d.

86



Let 1, € argmingep, (,) >ie1 d(Yi, ¢)*. Then it holds

E{d(m, ﬁzn)ﬂ = O(:Zlog(n)w) .

4.5 Power Fréchet Means in Hadamard Spaces

In this section, we demonstrate the great utility of the theory developed in the previous
sections by providing finite sample bounds and rates of convergence for power Fréchet
means with power a € [1,2] in Hadamard spaces. To the best knowledge of the author,
this result, which first appeared in [Sch19b|, was not know before, not even in the
Euclidean spaces. It relies on an asymmetric weak quadruple inequality for power metrics
that is shown to hold in Hadamard spaces. This power inequality seems to be a deep
result; its the theorem with the longest proof in this thesis.

Recall from section that for a strong law of large numbers to hold for a-Fréchet

means with o > 1, we require E[Tpa_l] < 0o. We will show that for a parametric rate

of the convergence we require E[Tp2(a_1)] < oo for a € [1,2] in Hadamard spaces.
First, we provide a suitable quadruple inequality in section Then in section
we use it with the theory of rates for generalized Fréchet means to derive the

result.

4.5.1 Power Inequality

If the metric space (Q,d) fulfills the nice quadruple inequality, i.e, 7,G> — 7,p°> — Z,G° +
zZ,p° < 27,2 ,p, where 77, = d(y, q), then (Q,d?), a € [%, 1], also fulfills a weak quadruple
inequality with a suitably adapted bound. According to [DD16|, the metric d* is called
power transform metric or snowflake transform metric.

Theorem 4.10 (Power Inequality). Let (Q,d) be a metric space. Use the short
notation g,p := d(q,p). Let ¢,p,y,2 € Q, a € [%, 1]. Assume

TG — TP —Zq° + 7D < 2,20, - (4.5)

Then

T3 — T — 5,020 + 7p < 8a2 2 22 gp. (4.6)

In particular, if the metric space (Q,d) fulfills the nice quadruple inequality and
a€ [%, 1], then the weak quadruple inequality for ¢ = d?® is fulfilled with a = 8a22?d?*~!
and b =d.

Following the intermediate step [Lemma 4.27| (appendix in the proof of
one can easily show a similar result if the constant on the right hand side
of equation is larger than 2. Only the constant 8a272% on the right hand side of

equation (4.6) changes.
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The theorem applies to subsets of Hadamard spaces. But note that it is not required
that Q is geodesic, but can consist of only the points ¢, p,y, z. As a statement purely
about metric spaces, it might be of interest outside the realm of statistics.

In (section it is used to show rates of convergence for the
Fréchet mean estimator of the power transform metric d*. There the asymmetry of the
exponents of the factors on the right hand side of is essential for proving the result
under weak assumption.

Unfortunately, the only proof of this statement that the author was able to derive
(see appendix is very long and does not give much insight into the problem as it
mostly consists of distinguishing many cases and then using simple calculus. The author
is convinced that a more appealing proof is possible.

The concave function [1,1] — (0,00),a ~ 8a272% is maximal at ag = (2In(2))~! ~

27

0.721 with 8ag272% = elril(2) < 2.123. Thus, the constant factor in the bound is very

close to 2, but 2 is not sufficient.

In appendix we show that 8a272¢ is the optimal constant, and that we cannot
extend toa >1ora< 3. Of course, for a € (0, 3], we have 7,¢>* — 7,p** —
7,0%% + Z,p°% < 2q,p°% as d*® is a metric, which obeys the triangle inequality.

It is not known to the author whether the nice quadruple inequality in (Q, d) does or
does not imply the nice quadruple inequality in (Q,d*) for a € (%, 1), ie.,

70— g — 5g + 7p < 2720 gop”

4.5.2 Rates of Convergence

Let (Q, d) is a Hadamard space and a € [%,1). Then (Q,d?) is not Hadamard, but fulfills
a weak quadruple inequality: Fix an arbitrary point o € Q. We use the cost function
(y,q) = d**(y,q) — d**(y,0) and the loss [ = d. Then the weak quadruple inequality
holds with a(y, z) = 8a272%d(y, 2)?*~! and b = d.

We need to choose the cost function d?*(y,q) — d**(y,0) instead of d?*(y,q) to ob-
tain a result with minimal moment requirement. To fulfill we need that
E[d(Y,Y")?2¢=1D] is finite and for we need E[|c(Y,q)|]] < co. We fulfill
both by assuming that E[d(Y,0)%?¢~1)] < co. Then the both conditions are satisfied:
On one hand, it holds E[d(Y, Y")?2¢=1D] < 2E[d(Y, )2(2“_1)] On the other hand, using

)]
the tight power bound of [Lemma 4.31] (appendix [section 4.G]),

TR TG 2a—1
y’q2a_y’02a§2aq’(y?q Y, >

2

and thus

—_— 2a—1
(Y, q)| <2070 (L2 + V0 ,
2

which implies E[|¢(Y, q)|] < co. But E[d(Y, ¢)??] might be infinite as 2a > 2(2a — 1).
with ¢ = 2 implies following corollary.
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Corollary 4.11 (Bounds in probability for power mean). Assume:

(i) Let a € [1,1]. Let o € Q be an arbitrary fixed point. As-

. -2 ——2a
sume there are m, € arg mquQ%ZLl (Yl-,q —Y;,0 ) measurable and

m € argmin e g E[ﬁza - Yi,o%].

(ii) There are constants ¢g > 0,7 € (1,00) such that E[Y,¢"] —
E[Y,m™"] > cgd(m,q)Y for all ¢ € Q.

(iii) E[Yi,q%%*l)] < oo for one (and thus for all) ¢ € Q.
(iv) There is 8 > 0 such that

\/log N(Bs(m,d),d,r) < ce (6>ﬂ

,
for all 6,7 > 0.

Then, for all s > 0, it holds

1

where ¢ > 0 depends only on 3,7, ce. In particular,

1
d(m, mn) = OIF’ (77/3,;1> .

For f < 1 (true in many spaces, e.g., in Euclidean spaces) and v = 2, we obtain the
parametric rate of convergence, d(m,my) = Op (n_%)

Note that the moment condition becomes weaker as a gets smaller and vanishes for
a = %, where, in the Euclidean case, the Fréchet mean is the median.

of my, and m is a purely technical condition, as one will usually only be
able to minimize the objective functions up to an € > 0 and the set of e-minimizers is
always nonempty.

The condition is more interesting. It seems possible to choose v = 2 for all
a € [%, 1] in many circumstances — at least under some conditions on the distribution of
Y. But precise statements of this sort are unknown to the author. If v really can be
chosen independently of a, then the rate is the same for all a € [%, 1]. In the Euclidean
case, this is manifested in the fact that we can estimate median (a = %) and mean
(@ = 1) and all statistics “in between” (a € (3,1)) with the same rate (under some
conditions), but with less restrictive moment assumptions for smaller powers a.

Similarly to the corollary above, we can apply [Corollary 4.3|or [Iheorem 4.7|to obtain
rates in expectation.
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Appendix of Chapter 4

4.A Proofs of Theorem 1, 2, and 4
4.A.1 Proof of [Theorem 4.1] and [Corollary 4.3

Define

An(0):=  sup  F(q) — F(m)— Fu(q) + Fn(m).
9€Q: (m,q) <8

Results similar to following Lemma are well known in the M-estimation literature. The
proof relies on the peeling device, see |Gee00).

Lemma 4.12 (Weak argmin transform). Assume Let ¢ > 1. Assume

¢
that there are constants & € (0,7), hn, > 0 such that E[A,(6)¢] < (hn55> for all

6 > 0. Then C
P([(m,my) > s) < c (hns,h,g)) 7

where ¢ > 0 depends only on ¢g,7,&, (.

Proof. Let 0 < a < b. If [(m,m,,) € [a,b], we have
cgt) < cgl(m,my)? < F(my) — F(m) < F(my) — F(m) — Fp(my) + Fu(m) < A,(b).
Let s > 0. For k € Ny, set ai, := s2¥. It holds
P(l(m, my) > s)

< iP(I(m,mn) € lak, ag+1])
k=0

< Z ]P’(cgaz < An(ak+1)) .
k=0
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We use Markov’s inequality and the bound on E[A,,(§)¢] to obtain

E [An(akﬂ)c]

(CgaZ)C

¢
hnaiﬂ
cga)

2¢=1h, s~ (=8 9—k(r=5) C'
(265" hn )

P(cga < An(arsn)) <

IN

As v —& >0, we get

P(l(m, my) > s) < (2cg_lhns_(7_5)>< Z 9—kC(v=E)
k=0

o A L
(205 hus ) 239" -

Lemma 4.13. Let { > 1. Assume [MOMENT], [WEAK QUADRUPLE| and [ENTROPY|
Then

E[An(0)] < em(¢) (57 npn)°

where Y is an independent copy of Y, ¢ > 0 is a constant depending only on 3, ce, ¢,
and
for g <1,

log(n+1) forp=1,
28 for B> 1.

Proof. Recall the notation ‘7g = ¢(y,q), F(q) = E['Yq|, F,(q) = 2 X7, V;q. Define
1 x— X - — x
Zi(g) = (E[ Yq— Ym} S Ym) .

Thus, An(0) = SUPgep,(m,1) 2ie1 Zi(q). The condition together with the
[WEAK QUADRUPLE| condition imply that Z; are integrable. Let (Z1, ..., Z],) be an inde-
pendent copy of (Z1,...,Z,), where (Y{,...,Y]) is an independent copy of (Y7,...,Y,).
By [WEAK QUADRUPLE] it holds

n? (Zi(q) — Zi(p) — Ziq) + Zi(p))*
— — S —\2

= (Vig - Vip - Vg + V)

< b(q,p)%a(Y;, Y{)?.
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Furthermore,

N

Thus, [Theorem 4.24] (appendix ) implies

]SW(C)-

¢
E[An(6)] < c1(C) (;ﬁ entr (Bs(m, 1), b)) ,

where entr,, is defined in
To bound entr,, (Bs(m,I), b) by applying [Lemma 4.25 (appendlx , we need to find
an upper bound on diam(Bgs(m,[),b). Set r¢ := (20e5°‘) . Tt fulfills ce‘sﬁ < +/log(2).
O
Thus, implies N(Bs(m,1),b,79) < 2. As the covering number is an integer,
N(Bs(m,1),b,79) = 1, which implies, diam(Bs(m,[),b) < 2rg =: Ds. Rewriting the
Entropy-condition in terms of Ds yields

Vlog N(Bs(m, 1), b,7) < cs (D5>

for a constant cg > 0 depending only on 3 and ce.

Together with [Lemma 4.25[ (appendix [4.F]) we get

E[A,(5)] < () (5 n5)°

for a constant ¢ > 0 depending only on S, ce, . ]
Proof of [Theorem 4.1 Combine [Lemma 4.12] and [Lemma 4.13] O

Proof of |Corollary 4.5. [Theorem 4.1 yields

1

Ny BliGm,m. )] = P(na,;ﬂ

< /OOO min(l,cﬁﬁ(() t_g) dt.

[(m,my,) > t:z> dt

In general for a > 1, b > 0, we have

a 1
in(1,bt™*)dt = ba .
/ min(L, ) a—1
The proof is concluded by applying this statement and noting that & > 1. O

4.A.2 Proof of [Theorem 4.5

To state the next Lemma, which will be used to prove we introduce an
intermediate condition, which we call
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Assumptions.

CLOSENESS:
There is £ € (0,7) and a random variable H,, > 0, such that

F(q) — F(m) — Fu(q) + Fp(m) < Hyl(m, )¢ (4.7)

for all ¢ € Q almost surely.

Lemma 4.14. Assume |[CLOSENESS| and [GROWTH], and let x > 0. Then,

E[l(m, m,)"] < cE [an&] ,

where ¢ > 0 depends only on ¢g,7,&, k.

Proof. We use and the fact that m,, minimizes F,, to obtain

(mn) — F(m)
(my) — F(m) — Fy(my,) + Fn(m)
< Hpl(m,my)*,

Cg[(m7mn)7 <F ) -
< F(my,) —

where we applied the condition in the last step. Thus,
cgl(m,mn)"" < Hy,
which implies the claimed inequality. O

Define

Lemma 4.15. Let ( > 1. Assume [STRONG MOMENT| and [STRONG (QUADRUPLE]
Then

IElsup\X(q)\C < cnfgfm(() min(entr,, (Q, by),72(Q, b)) |

qeQ

where ¢ > 0 is a constant depending only on (. Additionally, assume
[ENTROPYl Then

E [sup IX(Q)Icl < CM(O) D1y 5,
qeQ
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where C > 0 is a constant depending only on (, 53, ce, and

n=s for B <1,
Ngpn =3 N %log(n +1) forp=1,
n_% for g > 1.

Proof. Define

1 Vig - Vom —E[Vq - V|
n ((m, q)¢ '

Thus, X(q) = >.1~1 Zi(q). The|STRONG MOMENT| condition together with the

condition imply that Z; integrable. Let (Z1,...,Z}) be an independent
copy of (Z1,...,%Zy,), where (Y{,...,Y))) is an independent copy of (Yi,...,Y,). By
[STRONG (QUADRUPLE]|it holds

n? (Zi(q) — Zi(p) — Ziq) + Zi(p))*
_(Vig—Yim Vg + Vm  Vip— Vim — Vip+ Vm\
N [(m, q)¢ ((m, p)&

S bm(qap)2a(}{ia Yil)2 *

Furthermore,
< M(Q)

(G

with 9(¢) < oo due to the assumption [STRONG MOMENT]| Thus, [Theorem 4.24] (ap-
pendix [4.F]) implies

E [Sup X ()] < en™3M(C) min(entrn(Q, byn), 72(Q, b))

qeQ

[STRONG ENTROPY| together with [Lemma 4.25| (appendix [4.F)) yield

E lsgg |X (q)IC] < CM(C) (D )

for a constant C' > 0 depending only on 3, (, ce. ]

Proof ofW (Theorem 4.8, Using H,, := sup,co | X (¢)| in|Lemma 4.14 fulﬁlls the

condition by definition of X. Next, apply [Lemma 4.15( with ¢ := E to conclude the
proof. O
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4.A.3 Proof of [Theorem 4.7|

Lemma 4.16. The condition [SMALL ENTROPY|implies

entr,,(Br(o,b),017%) < cR'75(1 —¢)7°

for £ € (0,1), where ¢ > 0 depends only on 3, ce.

Proof. Obviously, it holds

entr,(Q, b'7%) §/ \/IogN(Q, b1=¢ r)dr
0
for any set Q C Q. Furthermore,

N(Q, b5, r) = N(@

o
<
—
|
o
~—

which yields

/OOO \/logN(Q, bl=¢ r)dr = (1 —¢) /OOO 575 /log N(Q, b, s)ds

Thus, for Q := Bg(o, b), we obtain, using the [SMALL ENTROPY| condition,

B
entr, (Q,677%) < co(1—¢) /R r¢ log<R) dr.
0

-
To calculate the integral, we substitute s := 5 and get

R B 1 1\ 58
/ r¢ log(R> dr = leg/ s¢ log() ds.
0 r 0 S

For general a € (0,1),b > 0 it holds

1 1 b
/ x_alog<$> dr=(1—a) 700 +1),
0

where I'(+) is the Gamma function. Thus,

el 1) -1
/ s Slog( -] ds <cg(l—¢)
0 s

for a constant cg > 0 depending only on 3. Putting everything together, we obtain

entr, (Q, 6178 < cR'¢(1 - &)78.
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Lemma 4.17. Set &, := 1 —log(n)~!. Then

1 1 B
(n_% (1- fn)iﬁ) T < eon” 70D log(n) T

where ¢, > 0 is a constant depending only on .

Proof. We have

L 8

(rH =60 ) T = (0 ) o) T
_ 1 § B
_ (ﬂ, 2(z+10g1(n)) ) log(n) z+10g1(’ﬂ) s

where z = v — 1. We use

wlw

B
log(n) "7 < log(n)*

1
R log(n) (_ log(n)? N log(n)> .

— n 2zlog(n)+2 —
" " ’ P 7o, log(n) + 2 2z .
and
log(n)? _logn)  log(n)
2zlog(n) +2 2z 2z(zlog(n) +1)
1
< —
- 2227
to obtain ) .
(n*% (1-— §n)7ﬁ) T < exp<222) n" log(n)g : O

Proof of |Theorem 4.7. For n € N,n > 3, set &, := 1 —log(n)™!, Q, := Bg,(0,b),
and R, := n. For n large enough, the condition implies the existence of
m@n € arg min o, Fn(g) and m@ € arg min o, F(q).

eorem 4.5| implies

B[b(m % m)"] < Cn T entr, (@, b6 7 m( ).

for n large enough. Note, that C' > 0 can be chosen independently of n (even for &,
depending on n).

In |STRONG MOMENT| we require K > v — 1, because then x — 27T s convex, which is
needed for the symmetrization argument in the proof of But, if k = —1,

then 5 fén < 1, and [Theorem 4.5 cannot be applied directly. For this technical reason,

we assumed « > v — 1, so that kK > v — &, for n large enough.
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By [SMALL ENTROPY| and |Lemma 4.16| there is c¢g > 0 such that for n € N large
enough, it holds

entr,(Bg, (0,b),b7%) < cgRLE (1 — &) 77
1
Using RL=%" = ne( = exp(1) together with [Lemma 4.17, we obtain

E[b(mQ",mg")“} <’ (n_% log(n)ﬂ)iw%1 93?(7 _/15 ) .

As lim,, oo 9)1(7_’2”) = DJI(%), we have

K —— —&n — ﬁ K
E[b(m@, m@)¥| < 0"n” 5w (RL6 (1 - ,) ) 7 zm(v_ 1) .
Finally, there is a ng € N such that for all n > ng it holds m € @,, which implies
m = m%. Thus,

B[o(m,m)"] = O (nlogn)?) 7). s

4.B Stability of Quadruple Inequalities

We present some trivial stability results for quadruple inequalities. The notation we use

here is introduced in the beginning of

Subsets:
If (Q,),¢c,a,b) fulfills the weak quadruple inequality, then so does
(Q,Y ¢,a,b) with @ CQ, YV C Y.

Images:
Assume (Q, Y, ¢, a, b) fulfills the weak quadruple inequality and f: ) — ), g: Q' —
Q. Then (Q,),¢,da,b') fulfills the weak quadruple inequality with ¢(y,q) =
«(f(¥):9(a), a'(y,2) = a(f(y), f(2)), ¥'(q,p) = b(g(a), 9(p))-

Limits:
Let (Q, ), ¢, a;,b;) fulfill the weak quadruple inequality for i € N and assume for
all ¢,p € Q and y, z € )Y the point-wise limits

a(y, z) == Jlim a;(y, z)

b(q,p) := lim b;(q, p)

71— 00
¢(y,q) := lim ¢;(y,q)

1—00

exist. Then (Q, ), ¢, a,b) also fulfills the weak quadruple inequality.

Similar results hold for the strong quadruple inequality. For the following results it may
not be so easy to obtain an analog for the strong quadruple inequality.
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Product Spaces:
If (Qi, Vi, ¢, a5, b;) fulfill the weak quadruple inequality for all i € N, then so does
(vavc7a7 b) where Q = XieN Q;, YV = XieNyi7 ¢ = Z?il G, a4 = H(ai)iENH€27
b = [|(bi)ienle2-

Proof. 1t holds

[o¢]
V- Zq—Yp+ 2= (Ul — “Zti — “Virbi + “Zpi)
i=1

< Zaz yuzl QZapz)

SM%)M%M,

using the Cauchy—Schwarz inequality. O

Measure Spaces:
Let (92, A, 1) be a measure space. Assume (Q, Y, ¢(w), a(w), b(w)) fulfills the weak
quadruple inequality for every w € Q. Let s,t > 0 with % + % = 1. Let L(,Q)
be the set of measurable functions from Q to Q, define L(2,)) analogously. For
q,p € L(Q,Q),y,z € L(,)), let

€)= [elwn y(). ) dw)

=

mww%=</awyWdeWde0 ,

)= ( fotwsat)pw@) duw))

where we implicitly assume that the necessary measurablity and integrability con-
ditions are fulfilled. Then

W |-

(L(©2,Q), L(2, D), ¢, A, B)
also fulfills the quadruple inequality.
Proof. 1t holds

¢y, q) — €z, 9) = €y, p) + &(z,p)
[ etwip@). ) - clwiy(@). p)
— e(us (), () + ofes (), () ()
< [ el y(@), 2@))b(wiw), ple))du(w)
< A(y,2)B(q,p) ,
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by Hoélder’s inequality. O

Minima:
Let (Q, ), ¢, a, b) fulfill the weak quadruple inequality. Let Y C 2. Define the cost
function €: Y x Q — R by €(y, q) = infyey c(y, q) and A(y,z) = sup,ecy ez 0(Y, 2)
assuming the infinma and suprema are finite. Then (Q, Y, €, 2, b) fulfills the weak
quadruple inequality.

Proof. Let y,z € Y and ¢,p € Q. Assume there are Yq: Yp €Y, 2q, 2p € Z such that
€y, a) = Y, €y, p) = Ypb; €(2,q) = Zq, and €(z,p) = Zp. Then

C(y,q) — Cy,p) — €z,q) + &(2,p) = VoG — YpP — Zqq + ZD
< Upd — “YpP — Zqq + ZqD
< a(yp, 24)b(q,p)
<Ay, z)b(g,p) -

If the infima are not attained, one can follow the same proof with minimizing
sequences. U

In many interesting problems the setting is opposite to what was described before,
ie, C:YxQ =R, (y,q) — inf,eq ¢(y, q), where O C 29: the elements of the
descriptor space are subsets and the elements of data space are points. Examples
are k-means, where Q consists of k-tuples of points in Q, or fitting hyperplanes.
A quadruple inequality with sup,cq ,ep 0(q,p) as the descriptor distance can be
established. Unfortunately, this is usually not useful, as the entropy condition
cannot be fulfilled with distances of this type. The framework described in this
chapter can still be applied using inequalities as for bounded spaces, see section
But we cannot directly use the advantage of quadruple inequalities over
Lipschitz-continuity.

4.C Proof of Lemma 4.6

We first state and prove two simple lemmas for some simple arithmetic expressions and

then use those for the proof of

Lemma 4.18. Let A,B € R, a,b,¢c,r > 0, s,t > 0. Assume t > s < b > a.
Assume |A| < ra, |B| <rb, |A— B| <rc. Then

A B < Tmm(s,t)c—i— |s — t| min(a, b) .

S t| st

Proof. For t > s, using the bound on A and on A — B implies é — % < r%.

Similarly, for s > t, we get % - % < rw by using the bound on B and A — B.
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Together, we obtain

<r .
st

B min(s,t)c + |s — t| min(a, b)
s t

We finish the proof by pointing out the symmetry between (A, a,s) and (B, b, t). O

Lemma 4.19. Let a,b,c >0, 5 € [0,1]. Assume a < b, b<a+c¢, c<a+b. Then

ca® + (bﬁ — aﬁ) a

B.1-8
TN < 2% .

Proof. The statement is trivial for 8 € {0,1}. So let 8 € (0, 1).
Case I, ¢ < a: Define f(z) = 1 —2 — (1 + 2)%(1 — 2'=P). Then f(0) = f(1) = 0 and
() = —(1 = B)Bz Y x + 1)2(1 — 27+1) <0 for x € (0,1). Thus, f(z) > 0 for
z € [0,1]. In particular f(£) > 0, which implies a — ¢ > (a + ¢)(a’™? = ' 7F) >
b3(a'=P — ¢! =8). Thus,

ca® + (bﬁ — aﬁ) a

aBbvb

Casell,c>a: As 1 — 8 < 1 and ¢ —a > 0, we have (¢ — a)l =B +al= P < 2816,
Multiplying by (¢ — a)? and using ¢ — a < b, we get ¢ — a < b° (2/301*ﬂ — alfﬁ). Thus,

< AP

ca® + (bﬁ — aﬁ) a

B.1-p8
ETRe < 2%¢c . O

Proof of[Lemma 4.6 Applying|[Lemma 4.18to the left hand side of equation (4.4)), yields

o= _ G _ (5 | Corr Cas € c —
Yq—ym—"zqg+"zm  yp— Yym — "Zp + "Zm .
— < a 72 b ,
b(q,m)¢ b(p, m)E < a(y, 2) bie(q, p)

where

min(*gm, *pm)¢ *gp + |*qme — *pmt | min(*gm, *pm)
bine(q,p) =

bgms *pms

with the short notation °Zp := b(q,p), for all y,z,q,p,m € Q. Applying [Lemma 4.19
yields by ¢(g,p) < 2°b(g,p)' ¢ O

4.D Projection Metric Counter Example

We take a tripod (Q,d) as a simple example of a non-Euclidean Hadamard space, see
[Stu03, Example 3.2], and show that it does not fulfill the strong quadruple inequality
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y oz
pod number 1 1
distance from center | ¢ 0

Figure 4.3: Tripod counter-example for the strong quadruple inequality

with the projection metric

j WQ B (Q7m B pvm)2
(g, p) = -

Let 7 > ¢ > 0 and define y, 2z, ¢, p, 0 on a tripod as in We take ¢ = d?, € =1,
[=d, a = Kd, and b,, = d”. Then

Cw_CW_CTq+Cm CW_CW_C@+CW
((g,m) [(p,m)

g
b (g, p) = Ke,/2 .
a(y, 2)bim(q,p) 2

If the strong quadruple inequality holds, then

KZ\/2T+€ %oo
€

Thus, dP' is not a suitable candidate for the strong quadruple distance in general
Hadamard spaces.

= 2¢,

4.E Optimality of Power Inequality

We show that 8a272% is the optimal constant, and that we cannot extend
toa>1lora< % Let € € (0,1) and (Q,d) be a metric space with ¢,p,y,z € Q such
that for each case below the distances have the values written down in [Table 4.11 One
can easily show that in all three cases the necessary triangle inequalities and the nice
quadruple inequality hold.
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Case | g | ¥p | Za |=p| = |ap
(@) [[1—e|1—-3e|1—2| 1 |2—3¢e]| 2¢
(b) 1 € 1—€ | 2¢ 2¢e 1
(c) 2¢ € 1 1 1 €

Table 4.1: Distances of four points y, z, ¢, p € Q for showing lower bounds of the constant

in eorem 4.10

(a) For o € [$,1] it holds

i m2a o WQQ _ m2a 4 ﬁ&y
1m

N0 WQaflﬁ
i (1—e€)2 —(1—-3e)%* — (1 —2¢)** +1
N0 (2€)(2 — 3e)?2a1
i 2@-(1 — )27l 1 3(1 — 2¢)2@7 L £ 2(1 — 3¢)?1
N0 2(2 — 3e)2271 + 2¢(2c0 — 1)(2 — 3¢)202
=8a272%,

Thus, the constant 8a272* in [Theorem 4.10|is optimal.
(b) For o > 1 it holds

i m?a o WQ& o ﬁ&x + WQQ
11m

6\(0 WQa—l W
) _26211—1 + 2(1 _ 6)201—1 + 2(26)2(1—1
= lim
e\0 2204—16204—2
= 0.

Thus, there is no power inequality in the form of for a > 1.
(c) For a € (0, 1) it holds

lim = lim

ANI) 7,22l gp N0 2¢
1
= lim = 22a -1 2a—1
lim 5 )e
= 0.

Thus, there is no power inequality in the form of |Theorem 4.10| for o < %

4.F Chaining

Recall the measures of entropy 72 and entr,, defined in We add another
useful entry to this list.
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Definition 4.20 (Bernoulli Bound). For 7" C R™ define

b(T) = inf{sup HtHl +")/2(T2) 5 Tl,TQ g Rn,T g T1 + TQ} 5
teT)

where v2(T2) = v2(T%, d2) for the Euclidean metric do on R™, ||t||1 = D1t |, and
T+ Ty ={t1 +ta: t; € T1,t2 € Tn}.

We write down the Bernoulli bound for powers of the Bernoulli process. [BL14] show
that the bound can be reversed (up to an universal constant). Thus, this step can be
regarded as optimal.

Theorem 4.21 (Bernoulli bound). Let o1,...,0, be independent random signs,
ie, Plo; ==+1) = % Fort € R™ set Xy :=> i o4t;. Let T'C R™. Let k > 1. Then

E[sup Xtﬂ < cxb(T)7,
teT

where ¢, depends only on x.

Proof. Let Ty, T» C R™ such that T C Tt + To. As (a + b)* < 2571 (a" + %) for all
a,b > 0, we can split the supremum into two parts,

~ |R

x| )

~ |R

Xt‘ } < supger ||| For the
second we use Talagrand’s generic chaining bound for the supremum of the subgaussian
~ |R

Xt‘ } < v (To)", see |Talld]. We obtain

Xi| | +E|sup

Elsup X’t‘n] < orl <IE [sup sup
€12

teT teTy

‘ K

The first term is bounded using the 1-norm, E{Supteﬂ

process E [supteT2
‘H,

teTy

E [sup X,
teT

K
< ¢y <SUTP 12T + 72(T2)5> < ¢y <Sup [£]l1 +72(T2)> : [
teTy

Lemma 4.22 (Lipschitz connection). Let (Q,b) be a pseudo-metric space. As-
sume there are function f;: @ — R such that |fi(q) — fi(p)] < aib(q,p). Let
T :={(fi(q))i=1,..n: ¢ € Q}. Set a = (a1, ...,a,). Then

b(T) < Cllall2 min(entr,,(Q,b),72(Q,0)) ,

where C' > 0 is an universal constant.
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Proof. For € > 0, choose Q2 to be an e-covering of Q with respect to b, i.e., for all g € Q
there is a p; € Qo such that b(q,py) < €. For ¢ € Q denote t; := (fi(q))i=1,...n € R™.
Define Ty := {t,: pe Qo} and Ty := {tq—tp,: q€ Q}. Then T C Ty + Tp. The
Lipschitz-condition implies ||t, —t,||2 < ||a|l2b(g, p) for all ¢,p € Q. Thus,

sup [[t]ly < sup v/nlltg —tp, ll2 < ev/nllall2.
teT) qeQ

By the properties of -2, see [Tall4], we obtain

(L) < elal2(Q2,0) < llalls [ \/log N(Q.bir)dr

for universal constants ¢, > 0. Applying the two inequalities to the definition of b(T')
concludes the proof. O

Lemma 4.23 (Symmetrization). Let Q be set. Let Z1, ..., Z,, be centered, indepen-
dent, and integrable stochastic processes indexed by Q. Let ®: R — R be a convex,
nondecreasing function. Let (Z],...,Z]) be an independent copy of (Z1,...,7Z,).
Let €1,...,&n be iid with P(e; = £1) = 5. Then

E[surﬂb (Zn: Zi(‘]))] < ElSHM’(Xn: ei (Zi(q) — Zé(q))ﬂ ’

€Q  \;=1 € \;=1

assuming measurability of the involved terms.

The symmetrization lemma is well-known. The statement here is an intermediate step
of from the proof of [VW96, 2.3.6 Lemma].

Theorem 4.24 (Empirical process bound). Let (Q, b) be a separable pseudo-metric
space. Let Z1,..., Z, be centered, independent, and integrable stochastic processes
indexed by Q with a gop € Q such that Z;(¢o) =0 for i =1,...,n. Let (Z1,...,2))
be an independent copy of (Z1,...,Z,). Assume the following Lipschitz-property:
There is a random vector A with values in R™ such that

Zi(q) — Zi(p) — Zi(q) + Zi(p)| < Aib(q,p)

fori=1,...,nand all ¢g,p € Q. Let kK > 1. Then

S Z(a)

i=1

K

< CE[[|A[|3] min(entr,(Q,b),72(Q,0))" ,

E [sup
qeQ

where C' > 0 is an universal constant.
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Proof. Use Then apply [Theorem 4.21] and [Lemma 4.22| conditionally on
AT/ O

Lemma 4.25. Let (Q, b) be a pseudo-metric space. Let D > 0 such that diam(Q, b) <
D < oo. Let § > 0. Assume

log(N(Q,b,7)) < ce (f)ﬁ

forall 0 <r < D.

(i) If B < 1 then entr,(Q,b) < 1Ce_D

s

(ii) If 8 =1 then entr,(Q,b) < c,Dlog(n + 1), where ¢ > 0 depends only on ce.

< BT
(iii) If 8 > 1 then entr,(Q,b) < ¢ B%n R

In particular
1

n=2 entr,(Q,b) < c¢Dng,,
where ¢ depends only on ce and 8 and

for g <1,
“z2log(n+1) for =1,

L

28 for g > 1.

l\’}\»—‘ [SIE

Ngn =

333

The proof consists of calculating the entropy integral with the given bound on the
covering numbers and, for § > 1, choosing the minimizing starting point of the integral
e> 0.

4.G Proof of the Power Inequality, [Theorem 4.10

Let (Q,d) be a metric space. Use the short notation q,p := d(q,p). Let ¢,p,y,z € Q,
[%, 1]. Assume

YT —Yp° —Zq° + 70’ < 2GZ D
The goal of this section is to prove

W?a _ WE& _ T,QQQ + ﬁQa < 8a2—2a WQO[—I Tp.

4.G.1 Arithmetic Form
will be proven in the form of
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Lemma 4.26. Let a,b,c >0, r,s € [-1,1], and o € [%, 1]. Then

a?® — 2o — (a2 — 2rab + bg)a + (02 — 2sc¢h + b2)a

< 8a272*pmax(ra — sc, |a — ¢|)** L.

The advantage of using to prove is, that we do not need

to consider a system of additional conditions for describing that the real values in the
inequality are distances, which have to fulfill the triangle inequality. The disadvantage
is, that we loose the possibility for a geometric interpretation of the proof.

Lemma 4.27. [Lemma 4.26| implies ['heorem 4.10

Proof. Three points from an arbitrary metric space can be embedded in the Euclidean
plane so that the distances are preserved. Thus, the cosine formula of Euclidean geometry
can be applied to the three points y,p,q € Q: It holds

UG =0 +Tp° — 25Y.pq.p,

where s := cos(£Lypq) with the angle Lypq in the Euclidean plane. Similarly
2@ =7 A @P — 2 5pap,

where 7 := cos(£zpq). Thus,

T — 77 — 73%° + 7%

= (7 + @0* — 257p0D) — (20° +TP° — 2 7pGp) — G + 7P

= (02 + b — 230b)a — (a2 + b — 2rab)a — 2 4 g%
where a := Z,p, ¢ :== 7,p, b := q,p. Hence, yields

TG — TP — 7,07 + Z;p°° < 8a2 % *bmax(ra — sc, |a — ¢|)?* L. (4.8)

The assumption of states 7q° — yp° — Zq° + zp° < 27,2 q,p. This implies

2b(ra — sc) = (62 +b? — 2scb) — (a2 +b* - 2mb) —?+a® <27z,

Therefore, ra — sc < g,z (or b = 0, but then ¢ = p and [Theorem 4.10| becomes trivial).

Furthermore, the triangle inequality implies |a — ¢| = |Z;p — ¥,p| < 7,z. Thus, we obtain

max(ra — s¢,|la —c|) <7,z. (4.9)
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Finally, (4.8)) and (4.9) together yield

mQa o WZQ o z—,q2a + m204 S 8a272awy72a71 ) 0

The remaining part of this section is dedicated to proving

The proof of can be described as brute force. We will distinguish many
different cases, i.e., certain bounds on a,b,c,r,s, e.g., a < c and a > c¢. In each case,
we try to simplify the inequality step by step until we can solve it easily. Mostly, the
simplification consists of taking some derivative and showing that the derivative is always
negative (or always positive). Then we only need to show the inequality at one extremal
point. This process may have to be iterated. It is often not clear immediately which
derivative to take in order to simplify the inequality. Even after finishing the proof there
seems to be no deeper reason for distinguishing the cases that are considered. Thus,
unfortunately, the proof does not create a deeper understanding of the result.

4.G.2 First Proof Steps and Outline of the Remaining Proof

We want to show to prove We refer to the left hand side of
the inequality, a®* — c2* — (a? — 2rab + b?)® + (c? — 2scb + b2)“, as LHS. By RHS we,
of course, mean the right hand side, 8a2~2*bmax(ra — sc, |a — c|)?*~ 1.

For max(ra — sc,|a — ¢|) = 0 we have a = ¢ and r < s. Thus, LHS < 0. If max(ra —
s¢, la — ¢|) > 0, LHS and RHS are continuous in all parameters. Thus, it is enough to
show the inequality on a dense set. In particular, we can and will ignore certain special
cases in the following which might introduce technical problems, e.g., "0°”.

We have to distinguish the cases |a — ¢| = max(ra—sc, |a —¢|) and ra— sc¢ = max(ra—
sc, la — c|). We further distinguish a > ¢ and ¢ > a. Some trivial implications for each
case are recorded in following lemma.

Lemma 4.28 (ra —sc vs |a —cl). Let a,b,c > 0, r,s € [-1,1], and @ € [,1]. Then

ra—scza—c & sg(r—1)9+1 & rZ(s—l)E—l—l,
C a

ra—sczc—a << 8§(T+1)9—1 & r>(s—|—1)E—1.
C a

In the upcoming two subsections we consider less trivial consequences for the two cases
la —¢| <ra—scand |a—c| >ra-—sc.
4.G.2.1 The Case |a —c¢| < ra — sc

Consider the case ra — sc > |a—c|. The next lemma shows convexity in 7 of the function
"LHS minus RHS”. This means, we only have to check values of r on the border of its
domain.
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Lemma 4.29 (Convexity in r). Let a,b,c > 0, s,r € [-1,1], o € [%,1]. Assume
ra — sc > 0. Define

F(r,s) :=a%® — ¢ — (a2 — 2rab+ b2)a + (CQ — 2scb + bz)a

— 8227 2%(ra — sc)?* L.

Then

d2F(r,s) > 0.

We will want to show F'(r, s) < 0 for certain restrictions on r and s. [Lemma 4.29|implies
that F' is convex in r. Thus, only extreme values of r need to be checked. We will make

use of this fact in [Remark 4.30| below. Note, neither 92F(r, s) > 0 nor 9?F(r, s) < 0 for

all a,b,c,s,r.

Proof. Define
U(r,s) == a®™ — 2 — (a2 — 2rab+ bz)a + (02 — 2schb + b2)a .
It holds
Opl(r, s) = 2aba <a2 — 2rab + 62)(1_1
Define h(r, s) := 8a272%b (ra — s¢)**~*. It holds
Ayh(r,s) = 8a(2a — 1)27%%ba (ra — sc)** 2 .
It holds F'(r,s) = 4(r,s) — h(r,s). It holds

_ O0pl(r,s) — Oph(r,s)

F(r): 2abo

= (a2 — 2rab + b2> - (2a—1) (ra SC)

2

and

010) = 2 1) (o 2rab )" Rz (25) "

2

It holds 2ab (a? — 2rab + bz)a—2 >0 and (o — 1) <0. Thus,
a—2
—2ab(a — 1) <a2 —2rab+ 62> >0.

It holds 3a(2a — 1) (%)20‘_3 > 0 and (20 —2) < 0. Thus, —3a(2a — 1)(2a —
2) (%)2&_3 > 0. Hence, 9, f(r) > 0. Hence, 9>F(r,s) > 0. O
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4.G.2.2 The Case |a —¢| > ra — sc

In the case |a —¢| > ra — sc, the RHS does not depend on s or 7. Thus, we maximize the
LHS with respect to r and s and only need to show the inequality for this maximized
term. Define

U(r,s) == a®™ — 2 — <a2 —2rab+ b2)a + (02 — 2scb + 62)a )

It holds

max £(r, s) = £(ro, so) -

Distinguish the two cases a > c and a < c.

Case 1: a > c. For fixed r € [-1,1], set 5 = smin(r) = (r — 1) + 1, cf [Lemma 4.28
Define
f(r) = L(r, smin(r))
=a® — P~ (a2 — 2rab + b2)a + (02 — 2rab + 2ab — 2cb + b2)a .
Then

f(r) a1
2abo

Case 1.1: a? < ¢ + 2ab — 2¢b. Then

— (a?~ 2rab+ b2)0‘_1 — (¢ — 2rab+ 2ab — 2¢cb + 1°)

a? — 2rab+ b* < ¢® — 2rab + 2ab — 2¢b + b?,
(a2 — 2rab + b2>a_1 > <02 — 2rab + 2ab — 2¢b + 62)a_1
Thus, f'(r) > 0. In this case, we need to show
a®® = —|a —b** + |c — b]** = f(1) < 8a27%%%(a — ¢)** L.

Case 1.2: a®> > ¢® + 2ab — 2¢b. Then

a? — 2rab+ b* > ¢ — 2rab + 2ab — 2¢b + b2,
a—1

(a2 — 2rab + bQ)LFl < (02 — 2rab + 2ab — 2¢b + b2)

Thus, f'(r) < 0. The relevant values are 7 = rmin = 1 — 2, with s = spin(r) = —1. In
this case, we need to show

a?® — 2o — ((a —b)? + 4cb)a + (c+b)** = f(rmin) < 8a272%(a — ¢)?* L.
Case 2: a < c. For fixed r € [~1,1], set s = smin(1) = (r +1)2 — 1. Define

f(r) = €(r, Smin(r))
= q®® — P — (a2 — 2rab + b2)a + (02 — 2rab — 2ab + 2cb + b2>a .
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Then ,
a—1 a—1
m = (a® —2rab+8?)" " — (c? = 2rab— 2ab + 2cb + b?)

Case 2.1: a? < ¢? — 2ab + 2¢b. Then

a? — 2rab+ b* < ¢ — 2rab — 2ab + 2¢b + b2,
a—1

(a2 — 2rab + 62>a_1 > (02 — 2rab — 2ab + 2¢b + b2>

Thus, f'(r) > 0. The critical value is r = rmax = 1, with s = smin(r) = 22 — 1. In this
case, we need to show

a?® — 2 —|a — b)?™ + ((C + )% — 4ab>a = f(1) < 8a27%%(c — a)?* L.

Case 2.2: a® > ¢ — 2ab + 2cb. This cannot happen for a < c.

4.G.2.3 Outline
The previous considerations reduce to certain special cases. Here we sum-
marize what is left to show and outline how this is achieved in the upcoming sections.

Remark 4.30 (What we need to show). Define

F(r,s) :=a%® - c? — <a2 — 2rab+ bQ)a e <02 — 2scb + b2)(l
— 8227 2%(ra — sc)?* L.

First consider a > ¢. By|Lemma 4.29) if |a—c| < ra—sc, we need to show F(r,s) <0
for extreme values of € [—1,1]. For maximal r, we want to show

(i) F(1,s) <O0forall s € [—1,1] and a > c.

This also covers case 1.1 of section L.G.2.2l when s = 1. The value r is minimal if
r=(s—1)¢ + 1. Then ra — sc = a — c. As reasoned in case 1.2 of section |4.G.2.2
which is also covered by this, we then need to show

(i) F(1-2¢,-1)<0fora>c.

In the case a < ¢, |a — ¢| < ra — sc, the maximal value of r is 1. Then, s < 2% —1

by Thus, we need
(iii) F(1,s) <0 forall s €[-1,2¢2 —1] and a <ec.

This includes case 2.1 of section . The minimal value of r in this case is
(s+1)¢ —1 (Lemma 4.29). Then ra — sc = ¢ — a and we can argue as in case 2
of section [£.G.2.2], which leaves us with case 2.1, which is already covered. As cases
1.1, 1.2, and 2.1 of sectionare covered, we also have |a—c| > ra— sc covered.
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Thus, the only relevant instances of F' are

F<1 — 22, —1) = a®® — 2@ — ((a - )% + 4bc>a + (b + ¢)** — 8227 2%(a — ¢)?* 7L,
F(l,5) =a® = = (a—b)** + <02 — 2scb + bQ)a — 8a27%%p(a — sc)?* L.

Item (ii) is discussed in section [1.G.7 Items (i) and (iii) are shown in the following
way:

(a) b > 2sc: [Lemma 4.34] (Merging Lemma) + [Lemma 4.31| (Tight Power Bound)
(b) b < 2scand sc < a—b: [Lemma 4.35 (Merging Lemma) + [Lemma 4.31| (Tight

Power Bound)

(¢) b<2scand sc>a—band a> c: [Lemma 4.39
(d) b<2scand sc > a—band a<c, sc<2a—candb< 2a—2sc: [Lemma 4.4()

() b<2scand sc>a—band a<c¢ sc<2a—candb>2a—2scand a <b:
Lemma 4.43

(f) b<2scand sc >a—band a<c, sc <2a—cand b>2a—2scand a > b:
Lemma 4.45

All six cases together cover s € [~1,1] with a > c and s € [~1,2% — 1] with a < c.

The proofs consist of distinguishing many different cases and applying simple analysis
methods in each case. Nonetheless, finding the poofs is often quite hard, as the in-
equalities are usually very tight and the right steps necessary for the proof are hard to
guess.

As intermediate steps we can, in some cases, use two lemmas: the Tight Power Bound,
see section and the Merging Lemma, see The remaining cases that cannot
be solved via Tight Power Bound and Merging Lemma will be discussed in sections[4.G.0|
and [4.G. 17

4.G.3 Tight Power Bound

Following lemma presents a very useful inequality in three different forms. It gives a

hint to why the power ...2*~! comes up in the RHS of [Lemma 4.26

Lemma 4.31 (Tight Power Bound). Let z,y > 0.
(i) Ifa € [1,2], x > y, then

20° 7y < (@+y)'—(@-y)* < 20Ty,
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(i) If a € [1,2], then

(z+y)°*—|z—yl* < 2amin(zy® ", 2% 'y).

(iii) If @ € [1,2], z > y, then

2

(r+y)* o-y) < 29—y" < a(x—w(“y)“.

This result is slightly stronger than the application of the mean value theorem to the
function x +— 2%, which yields 2% —y* < a(z —y)z% ! forall z > y > 0 and a > 0, where
z € [y,xl.

Proof. Assume x > y. Set z = £ € [0,1]. Define

(1+2)°=(1-2)

f(z) =
If we can show f(z) < 2a, then

(1+2)*—(1—-2)*<2az

= (x4 z2)* — (x — 22)* < 2az%z
= (@ +y)* = (& —y)* < 202"y,
It holds
Flo) =242,
where
9(z) = az ((1 +2) (1 - z)“il) —((I+2)"—(1-2)%.
It holds

g'(2) = az(a—1) ((1+2)°2 = (1-2)"2) <0.
Thus, g(z) < g(0) = 0. Thus, f/(z) < 0. Thus, for all zy € [0, 1],

) vH .. a(l+2)% a1 —z)e !
<1 = 1] =9
7o) <l 1) ' iy i “

where L'H indicates the use of L’Hospital’s rule. Furthermore, f(z9) > f(1) = 29,
which implies the lower bound. This finishes the proof for (i). The other parts follow
immediately. O

4.G.4 Merging Lemma

In many cases (i.e., with additional assumption on a,b, ¢, r or s), we prove the inequal-
ity of by applying first a merging lemma to the LHS to reduce the four
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summands to two summands of a specific form. Then we apply the Tight Power Bound.
The Merging Lemma is discussed in this section.

4.G.4.1 Simple Merging Lemma

Lemma 4.32 (Simple Merging Lemma). Let o € [3,1], b > 0, a,c € R. Then

P = o2 — @ — b2 + |c — b2 < 212 ((a e+ b ja—c— by2a> Toen.

Proof. For & > 1, the function R — R, z + |2|® — |z — 1| is increasing. It holds 2« > 1.
Thus, if a < ¢, then
‘a|2a _ |a—b\2a < |C|2cx _ |C—b|2a.

This shows the inequality for the case a < c.
Set ¢ := a — b and define

2a 2a
o 6] 6] o q_C q—C
g(b) := lg +b** — |e** —[q** + |e — bf? —2<< +b> _< ) )

2 2

It holds ¢g(0) = 0 and

g'(b)
2«

qg—c 2a—1
—sgn(q + Bla-+ 5P sgne—vle ot 2 (LS wp)

Case 1: sgn(q+b) = +1, sgn(c — b) = +1:

g'(b) _ 20—1 _ (. p\20—1 _ <q—c >2a1
%0 =(q+0b) (c—10) 2 5 +b ,

_ 2a—1
(bt - b < b e-p <2 (T )

Case 2: sgn(q+b) = —1, sgn(c —b) = —1:

q'(b) 20—1 201 (q —c >2a_1
pr— —_— —_— —_— — — 2 —_—

o o . qg—c 2a—1
e B R L 1 G- R ) I

Case 3: sgn(q +b) = +1, sgn(c —b) = —1:

g'(b)
2c

2a—1 2a—1 q—c 2ol
=(q+V0) +(b—2¢) -2 5 +b ,
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g—c 200—1
(q+b)2 4 (b—c)? 1l <2 ( o+ b) :

Case 4: sgn(q+b) = —1, sgn(c — b) = +1:

70 =—(—g-b* "1 —(c—bP*1-2 (q ; ¢ b) 20-1 |

_(_q _ b)2a—1 _ (C— b)?a—l <0.
Together: In every case, we have ¢'(b) < 0 and ¢(0) = 0. Thus,

g(b) <0. O

4.G.4.2 ra — sc—Merging Lemma

Lemma 4.33. Let a € [0, 1].
(i) Let b,c¢ >0, s € [—1,1]. Assume 2sc < b. Then

—c® 4 (? — 2s¢b + b2)* < —|sc|** + |sc — b**.

(ii) Let a,b >0, r € [-1,1]. Assume 2ra > b. Then

a®® — (a® — 2rab + b*)* < |ra|*® — |ra — b)*“.

Proof. The function ¢t — (t + 1)* — t*, ¢ > 0 is nonincreasing for all a € [0, 1]. It holds
0 < s2¢? < ¢? and
x = —2scb+b>>0.

(@ +2) = ()" < (507 +2)" = ((50?)"

(¢? = 2s¢h + b%)% — ** < | — sc+ b|** — |sc|**.

Thus,

Thus,

For the second part, set = := 2rab —b%, y := a> —2 > 0, § := |ra|> —x > 0. The
condition 2ra > b implies x > 0. Thus, as before,

a?® — (a® — 2rab + b)) = (y + x)* — y©
<@ +z)" —g*

= |ra|®® — |ra — b]**. O
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Lemma 4.34 (ra—sc-Merging Lemma). Let a € [1,1]. Let a,b,c > 0,7, s € [-1,1].

(i) Assume 2ra >0b, s € {—1,1}. Then
a?® — 2 — (a® — 2rab + b*)* + (c* — 2scb + b*)*

< 21*201 ((ra — sc+ b)2a — |’I“CL — SCc — b|2a ) ]lra—sc>0 .

(ii) Assume b > 2sc, r € {—1,1}. Then
a®® — ** — (a® — 2rab + b*)* + (c® — 2scb + b*)*

S 21—2a <(T‘CL — sc + b)2a = |1"a — SC — b|2a>]lra86>0 0

(iii) Assume 2ra > b > 2sc. Then

a?® — ** — (a® — 2rab + b)) + (% — 2scb + b*)~

< gyt ((ra — sc+ b)%‘ —|ra—sc— b|20> Lro—se>0-

Proof. The lemma above and the simple merging lemma imply
a®® — ** — (a® — 2rab + bH)® + (% — 2scb + b*)™
< (ra)®* — (s¢)** — (ra — b)** + (sc — b)*®

< gl—2a ((ra — s¢+ )%™ —|ra — sc — b|2a) Lra—se>0- O

4.G.4.3 a — sc—Merging Lemma

Lemma 4.34| covers the case %b > sc. The following lemma covers %b < sc under the
additional restriction sc < a — b.

Lemma 4.35 (a — sc-Merging Lemma). Let a € [3,1]. Let a,b,c > 0, s € [-1,1].
Assume %b <sc<a-—b>b. Then

a?® — 2 — (a — b)** + (¢* — 2sch + b?)* < 2172 ((a —sc+b)2* — (a—sc— b)2a> .
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Proof. Set § := a — b. Define

F(8) = (6 4+ b)** — ™ — 52 + (¢* — 2s¢h + b?)*—

) ((528c +b>2a B (5250>2a> '

Then /() 2a—1 2a—1
f'0) _ 201 _ $2a-1 (5_30 ) N (5_SC> -
50 =(0+0) 1) 5 +b + 5 .
It holds
6+b>9,
6—sc<5—sc+b
2 - 2 ’
(5+b)+5_sc:5+<5_sc+b>.
2 2
Thus,

_ 200—1 . 2a—1
(6+ )" + (5 286) < 2l 4 (5 2sc+b> .

Thus, f'(§) < 0.
The next lemma shows f(sc) < 0. Thus, f(0) <0 for all 6 > sc. O

Lemma 4.36. Let x,a,b,¢ > 0. Assume b <2z, z+b > ¢, x < ¢. Then

(z +b)%* + (¢® — 2xb + b*)* < @ + 2% + 2%~

Proof. Define

g(x) == (x +b)* + (& — 220 + b*)* — 2 — 22 — 20>
_9g

(2) = (z4b)2et — 227l _p(? — 20b 4+ 1?) L.

h(z) : 5

It holds
W (z) = (2a — 1)(x + )22 — (20 — 1)x?* 72 + 2(a — 1)b*(c* — 22b + b*)* 2.

As2a—2<0and 2a —1>0,2a—1)(z+b)2*2 - (2a — 1)2?*2<0. Asa—1<0,
2(a — 1)b%(c? — 2xb + b%)*=2 < 0. Thus, h/(x) < 0.

It holds z > zmin = max(g,c —b). For checking h(zmin) < 0 and g(zmin) < 0, we
distinguish zmin = ¢ — b and xmin = %.

Case l,c—b< g:
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Ifc—bg , then ¢ < % (l—l—f) c? —2cb — 2b* <0, and

h(c— b) —(c=b)**1 —b(c® —2(c = b)b+b*)>!
— (e = bt —b(? — 2¢b — b?) !
< b2a 1 b(C2 — 9ch — b2)a—1

<b ((zﬂ)al — (e —2cb - bZ)M)

And, thus, h(c —b) <0 as ¢ — 2¢b — 2b? < 0. Furthermore,

g(c—b) = —(c = b)** + (% — 2cb — b*)™ — 2°
= —(c—0)%* + (® — 2¢cb — 2b* + b*)* — 2>
< —(c—b2 4 bza _op2e
= —(c—b)* —
<0.

Thus, g(z) < 0 for all valid =.
Case 2, c—b> g:

Ifc—bzg,thenczband

b 3 2 5 1 2 5 5
— — _ _ (e - o 2 «
9(2) (26) ‘ (2b) " ’
9\« 1\«
<((Z) = (= 2 ) b2
<((21) -G) -2
<0.

Thus, g(z) <0 for all valid x.
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4.G.5 Application of Tight Power Bound and Merging Lemma

Whenever a Merging Lemma holds, we apply it as a first step and then use the Tight
Power Bound, to obtain

a?® — 2 — (a® — 2rab+ b)) + (¢ — 2scb + b?)®
< ol-2a ((ra — s¢+b)%* —|ra — sc — b|2°‘>
< 40272 (ra — sc)?* b,
In particular, we have finished the proof of in following cases:
e ra>scand s,r € {—1,1}

e 2ra > b and s € {—1,1}; or b > 2sc and r € {—1,1}; or 2ra > b > 2sc:

. %bg sc <a—bandr=1:|Lemma 4.35

4.G.6 The Case ra — sc > |a — ¢|

4.G.6.1 The Case a > ¢

First we prove two simple lemmas, before we solve this case.

Lemma 4.37. Let a >0 >0,d > ¢ >0, and « € [0,1]. Then

a® —b* — @ 4+d* <2 %a—b—c+d)*.

Proof. Asa>b,d>c, a <1,
a®—=b"+d*—c*<(a—b)*+(d—c)”.
Furthermore, by concavity of z — x®,

(a—b)*+(d—c)* <2V a—b+d—c)*. O

Lemma 4.38. Let a >b>¢c>d>0,a+d>b+ ¢, and o € [0,1]. Then

a®—=b"—c*+d*<(a—b—c+d)“.

Proof. Define f(z,y) = 2%+ y® — (z +y)® for z,y > 0. Then 0, f(z,y) = a(z* ' — (z +
y)*~1) > 0 and similarly 9, f(z,y) > 0. Set § := a — b and € := ¢ — d. The assumptions
ensure 6 > € > 0. Then,

f(0,8) = f(be) = f(d,e).
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Thus,

=d4+ e —(d+e)*=b" =0+ (b+0)*
=d*+€* —c* = b* =5 +a”.

With this we get

d% — ¢ — b 4 a® < 5% — @
<(6-¢°
=(a—b—c+d)®. 0

For a > ¢, the remaining case is solved by following lemma.

Lemma 4.39. Let a € [0,1]. Let a,b,¢ > 0, s € [—1, 1]. Assume %b < se, s¢c > a—b,
and a > ¢. Then

a®® — A — (a — b)** 4 (c* — 2scb + b*)* < 2b%(a — sc)® < 2b(a — sc)>* 7L,

Proof. Because a > ¢ and %b < sc, we have a — b > a — 2s¢c > a — 2¢ > —c. Hence,
a? > max(c?, (a — b)?). Thus, applying either [Lemma 4.37| (if ¢> — 2scb + b? is larger
then either ¢ or (a — b)?) or [Lemma 4.38| yields

a®® — ** — (a — b)*® + (¢ — 2scb + b*)~
<27 (a2 = — (a—b)? + (¢ = 2sch+ 7))
= 20%(a — sc)”.

The condition 0 < a — sc < b implies
20%(a — s¢)® < 2b(a — sc)** L. O

4.G.6.2 The Case a < ¢

For the case ¢ > a, we only need ra — sc > ¢ —a (for r = 1), i.e., sc < 2a — ¢. Assume
c>a,sc>a—b, %bgsc, and sc < 2a — ¢. Then

? > c? —2sch + b > (a — b)?
022a22(a—b)2

We distinguish %b < a-—scand %b > a — sc.
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Lemma 4.40 (b < a — sc). Let a € [0,1]. Let a,b,c > 0, s € [~1,1]. Assume
%bgsc, sc>a—b,c>a, sc<2a—c, and %bga—sc. Then

a®® — 2 — (a — b)®* 4 (% — 2s¢b + b1 < 20%(a — sc)*.

Proof. The conditions imply
1 ) 1
max<2b, a— b) <sc< mm(a — ib’ 2a — c) .

In particular, %bga—%b, and a —b<2a—c. Thus,a+b>c>a>b.
Fix a,b,c > 0. Assume ¢ > a. Let € [0,a). Then a —x > 0 and ¢ — 2xb + b* > 0.
Define
f(@) == a® — * — (a — b)** + (¢* — 2xb + b*)™ — 2b%(a — z)“.

It holds .
‘};L? = (2 —22b+ )+ b o —2) T,
Furthermore,
a—c<0< (c—b)?

= 2ab—20b§0§02+62—206

= xb<2ab—chb<+b>—chb<c®+b>—ab

= ab — zb < & — 2zb + b?

= b o —2)* > (2 - 2zb + b?) !

= f'(z)>0.
We define

1
g(c):= f(a— 56) =a® — ** — (a—b)** + (c* — 2ab + 2b%)* — 217*p**
Thus,
/ a—1
g (©) =2y <02 — 2ab + 2b2) >0.
2ac
Define
h(a,b) := g(a+)
—_ a2a _ (CL + b)2a _ (CL _ b)2a + (a2 + 3b2)a _ 21—ab2a
p*\“

=a% — (a+b)%* — (a — b)** + (a® + 3b>)* -2 <2> .

The next lemma shows h(a,b) < 0 for a > b. Thus, g(c¢) < 0. Thus, f(z) <0. O
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Lemma 4.41. Let « € [0,1], a,b > 0. Assume a > b. Then

b2\
a?* 4 (a® + 3% < (a +b)* + (a — b)* +2 <2> .

Proof. Set z = 2 € [0,1]. Define
o 2\ ¢
f(a,x):1+<1—|—33:2> —(1+x)20‘—(1_x)2a_2<a;> )

It holds
&lfgla,m) = (1 + 3x2)a log(l + 3$2) —(1+az)*™ log((l + $)2)
22\ " 2
—(1—xz)™ log((l - x)z) -2 2) log<2>
= g(.f, Oé) )

M - (1 + 3x2)a log(l + 3;1:2)2 - (14 x)QO‘ log((l + J;)2)2

o) -2 () ()
< (1+30%) log (14 302)" — (14 27 o (1 + 2)?)’
=: h(z,a).

For z € [0, 1], it holds 1 + 322 < (1 + z)2. Thus,
1+322\" 1< log((1+ z)?) ?
(14+2)2) = = \ log(1+ 3z2)

(1 + 3:32)& log<1 + 3£U2)2 < (14 z)* log((l + l‘)2)

Thus, h(z,a) <0 and d49(cr,x) < 0. Thus, g(a,z) > ¢g(1,2) and

Thus,
2

g(1,2) = (1 + 31‘2) log(l + 3x2> —(1+x)? log<(1 + :c)2>

—(1—x)? log((l — x)z) -2 <x22> log<x;
= {(z).
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The next lemma shows ¢(z) > 0. Thus, g(a,z) > g(1,2) > 0. Thus 0, f(a,z) > 0.
Thus, f(a,z) < f(1,z) and

T

f(l,x):1+(1+3:1:2)—(1—1—:1:)2—(1—3:)2—2(22) =0.

Thus, f(a,z) <0 O

Lemma 4.42. Let = € [0, 1]. Define
flx) = (1 + 3x2> log(l + 3m2> -1+ m)2 log((l + x)2>
- (1- ac)QIOg((l - ZL‘)Q) — 22 log(f) .

Then

f(z) =0,

Proof. Let us first calculate some derivatives:

3

x2 € z?
)
)

2 (1 + 322)° 14
"(z) = 2zlog| o222 ) — 4] ( )
f() x0g<$2(1_x22> og( 17— )
2 (1 + 322)° 12
" :21 _
f@) 0g<$2 (1 — 22)? 1+ 322’

4 (92" + 2422 — 1)
w(l—2)(1+2) (322 +1)°"
£ = 4 (8128 + 32425 — 1862* + 3622 + 1) |
22 (1 —22)? (322 +1)°

7(z) =

1

We consider the cases z € [0, 15] and z € [15,

) 10 1] separately, and start with the latter.
For zy € (0,1), define

G0 (&) = f(w0) + f'(20) (& = 0) + 31" (50) (2 = 20)* + 51" (z0) & = w0)"

Then the Taylor-Expansion for z € (0,1) is

£(2) = guol) + 53 O (€, 70)) (2~ 0)*

with suitable &(x,29). One can show that 81x* 4 32423 — 18622 + 362! + 1 > 0 for all
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x > 0. In particular, f®(z) > 0 for z € [0,1]. Thus,

f(@) = ga (@)

We use zg = %:

£(3) =5 los(3) - 5 los(2).
f’@) = 2log(3) — 1370 log(2)
f”(é) — 9+ 2l0g(2) + 61log(3) |
-1

One can show that gi(x) > 0 for x > %. Thus, f(x) >0 for x € [11—0, 1].
3

The case z € [0, £] is left. One can show
1 2 (1 + 322)°
410g(+$) <10z < 2zlog (—1—733:)2
11—z 22 (1 — 22)

for z € [0, 15]. This implies f'(z) > 0. Together with f(0) = 0, this yields f(z) > 0 for

z €0, ). O

Lemma 4.43 (3b > a — sc and a < b). Let a € [3,1]. Let a,b,c >0, s € [—1,1].
Assume

0<c—a<a—-sc<=-<sc<2a—c<a<c

N o

and a <b. Then

a®® — 2 —|a — b** 4 (c* — 2sch + b*)* < 2b(a — sc)**7L.

Proof. Define
fla,b,y,w) = a® = (y + a)** — (b= a)** + ((y + a)* = 2wb + b*)* — 2b(a — w)** .
It holds

a—1

Oy f(a,b,y,w) =—2a(y + a)QO‘_l +a2(y+a)) ((y + a)2 — 2wb + bz>
Because of g < w, we have

(y+a)? > (y+a)® — 2wb + b2.
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Thus 0y f(a,b,y, w) > 0. Thus, for y € [0,a—w], it holds f(a,b,y,w) < f(a,b,a—w,w).
It holds

fla,b,a —w,w)
=a% — (2a —w)* — (b—a)** + ((2a — w)* — 2wb + b*)* — 2b(a — w)?*~!
=:g(a,b,w),
Ohg(a, b, w)
= —2a(b—a)** ! +2a(b — w)((2a — w)? — 2wb + b*)* — 2(a — w)?* !
< 2ah(a,b,w),

h(a,b,w) = —(b—a)?** 1 + (b — w)((2a — w)? — 2wb + b*)*"! — (a — w)?* L.
The conditions 0 < a —w < % <wand a < bimply w < a <b. It holds,
92h(a,b,w) = —(2a — 1)(200 — 2) (b — a)?*3
+4(a — 1) (o — 2)(2a — w)* (b — w)((2a — w)? — 2wb + b*)*3
— (20— 1)(2a — 2)(a — w)?* 3
>0,

h(w,b,w) = —(b —w)** ™1 + (b— w)((2w — w)? — 2wb + b*)*~! — (w — w)?*~!
= —(b—w** '+ (b-w* =0,
h(b,b,w) = —(b—b)** 1 + (b — b)((2b — w)? — 2wb + b*)* ' — (b —b)** 1 <0.

Thus, h(a,b,w) < 0 for all a € [w,b]. Thus, dyg(a,b,w) < 0. The conditions for g are
0<a—w< % <w<a<hb. Asagbandggw,wehaveag2wandthusa22a—2w.

g(a,a,w) = a** — (2a — w)** — (a — a)** + ((2a — w)? — 2wa + a*)*—
2a(a — w)?*~1
=a%® — (20 — w)*® + (5a% — 6aw + w?)* — 2a(a — w)?* L.
Set w =a —y, y € [0,al]. It holds

U(a,y) = a** + (5a® — 6a(a —y) + (a — y)*)* — (a + y)** — 2ay**!
— a2a + (4ay+y2)a . (a+y)2o¢ _ 2ay2a—1 )

It holds g(a,a,w) = £(a,y). Under the condition 0 < y < a, it holds ¢(a,y) < 0, cf next
lemma. O
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Lemma 4.44. Let a € [%, 1], a,y > 0. Assume y < a. Then

a2a+(4ay+y2)a < (a+y)2°‘—|—2ay2a_1.

Proof. For y < a define
g(a,y) = 207" +4%%a 7! = 2(a +y)* 7 — 227
It holds
dagla,y) = 2(2a — 1)a®* 2 + 4% — 1)y®a®"2 — 2(2a — 1)(a + y)?* 2,

9yOag(a,y) = 4%(a — Day® ta®? — 2(2a — 1)(2a — 2)(a + y)** 3.
Set z:= ¥ € [0,1]. Then

6(9a a, @ a— a=
D) — (o) (1002~ 40— 11+ 27)

One can show

et 2a—3
B € ) s
42a0—1) = —  zol

40207 > 4200 — 1) (1 + 2)2 72 .
Thus, 0,0.9(a,y) < 0. Thus, du9(a,y) < 0a9(a,0)

)

aag(a,O) = 2(2a — 1)a2a_2 _ 2(2@ _ 1)(a>2a—2 —0
Thus, d,9(a,y) < 0. Thus, g(a,y) < g(y,y), and
g(yy) = (2+4% — 220 —2) 2L .

Thus, g(a,y) < 0. It holds

a2a + (4ay + yQ)a _ (a + y)2a _ 2ay2a—l

< a2a + (4a)ayo¢ + yQa _ (a + y)2a _ 2ay2a—
=: fla,y),
Duf(ay) = 200 + 4%y a®" — 2a(a + y)** " — 2% < ag(a,y) < 0.
Thus,

1

fla,y) < fly,y) = (1+5%—4* - 2)y** <0.
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Lemma 4.45 (3b > a — sc and a > b). Let a € [,1]. Let a,b,c >0, s € [-1,1].
Assume
<sc<L2a—c<a<c

N o

0<c—a<a—sc<

and a > b. Then

a®® — 2 — (a — )%™ + (¢* — 2s¢b + b*)* < 2b(a — s¢)?* L.

Proof. Define
fla,b,c,w) i=a** — * — (a — b)** + (¢ — 2wb + b*)* — 2b(a — w)** .

It holds
acf(a7 b7 C, w) - 2@ (_020171 =+ 0(02 _ wa + b2)a71) )

Because of 2w > b, it holds 0.f(a, b, c,w) < 0.
f(a,b,a,w) = —(a — b)** + (a® — 2wb + b*)* — 2b(a — w)** 1.
Set x := a — w. The conditions for x are 0 < x < % <w and b < z + w. Define
gz, b,w) = —(x +w — b)** + ((x + w)* — 2wb + b*)* — 2bz** L.
It holds
Owg(x,b,w) = —2a(z +w — b)** ' 4 2a(x + w — b)((x + w)* — 2wb + b*)* .

It holds
(z +w—b)? — ((x+w)2 72wb+b2) = —2bx <0.

Thus,
a—1

—20(x +w — b)?*7? 1 20 ((x +w)? — 2wb + b2) <0.
As a > band thus  +w —b > 0, 9yg(x,b,w) < 0. It holds w > b—z > g and
g(x,b,b—x) = (22b)* — 2b2**"1 <0

because z < b. O

4.G.7 The Case |a —¢| > ra — sc
Here, we show item (ii) of [Remark 4.30, which is case 1.2 of section |4.G.2.2, In case 1.2

we assume a > ¢ and a2 > ¢ + 2ab — 2¢b. The latter is equivalent to a 4+ ¢ > 2b.
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Lemma 4.46 (Case 1.2). Let o € [1,1]. Let a,b,c > 0. Assume a > ¢ and
a+c > 2b. Then

a?® — 2o — ((a —b)% + 4cb)a + (c+ b)%* < 80272 (a — ¢)?* L.

This lemma follows from the upcoming [Lemma 4.47| (a > ¢, a + ¢ > 2b, and a > b+ ¢)

and [Lemma 4.48| (a > ¢, a+ ¢ > 2b, and a < b+ ¢).

Lemma 4.47 (Case 1.2, Merging). Let a € [3,1]. Let a,b,c > 0. Assume a > b+c.
Then

a?® — 2> — ((a — )% + 4cb>a + (c+b)%® < 22 ((a —c+b* —(a—c— b)m)

Proof. Set 6 :=a—b > c >0 and define

FB) = (64 B)2 = — (87 +4cb) " + (c+b)** = 2172 (5 — ¢+ 20)* — (5 — )*) .

! a—1
fZ(b) — (5+b)2a—1 — 9 (52 +4Cb) + (C+b)2a_1 o 22—2a(67 C+2b)2a_1,
[0

! a-
fQ(Oi)) <2+ = (6420 — 0% — 20 (4 4ed) T = g(o),

d)=2a -1 +2b+¢)* 24+ (2a —1)(6 +2b— ¢)?* 2 -
2 ((52 + 4lcb>a_1 — 8cb(av — 1) (52 + ZJL(:Z))Q_2 ,

g"(c) = 2a—1)(2a = 2)(§ + 2b 4+ ¢)** 3 — (2a — 1)(200 — 2)(6 + 20— ¢)>* 3 — A,
where
a—2 a—2
A:=2(4b)(a — 1) (62 +4cb)" " 8b(ar— 1) (62 +4cb) "+
a—3
8cb(4b)(a — 1)(a — 2) (6% + 4cb)
a—3
=16b(ac — 1) <52 + 4cb> (52 +4cb + 2¢b(a — 2)) .
Thus, ¢”(c) > 0. It holds 0 < ¢ < 6 and

g(0) = (6 + 202t — (5 +20)* L —0=0,
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9(8) = (26 + 20" — (26>~ — 25 (5 1+ 486)" ' = (),

W(5) = 220 — 1)(26 + 20 — 2 (8 +400)" " — 25(cr — 1)(26 + 4b) (6> + 460) "

For a € [%, 1], we have

(62 + 486)" + 6(c — 1)(20 + 4b) (8% + 400) "
= (62 +400)" " (6> + 40D + 6o — 1)(20 + 4b))
> (52 4+460)" (8 + 40b + —5(16+20)) > 0.

Thus,
h'(6) <0.

It holds
R(0) = (2b)2*~ 1 — (2p)** 1 —0 = 0.

Thus, h(0) <0, thus, g(b=9) <0, thus g(b) <0, thus f'(b) <0
f(O) — (6)201 o CQa . (5)204 + (c)2a o 217204 ((5 . c)2a o ((5 - C)2a) —0.

Thus, f(b) < 0. 0

We can write the three conditions a > ¢, a +¢ > 2b, and a < b+casb >a—c >
2max(0,b — ¢).

Lemma 4.48 (Case 1.2, a < b+¢). Let a € [1,1]. Let a,b,c > 0. Assume
b>a—c>2max(0,b —c). Then

a?® — 2 — ((a —b)? + 4cb)a + (c+ b)?* <20 g —¢) < 2b(a — ¢)?* L.

Proof. As b>a —cand 2a — 1 € [0,1], it holds b?>*~(a — ¢) < b(a — ¢)?*~1. Define
fla) = a® —c® — ((a = b)* +4cb) " + (c+b)** = 26> (a—c).,
It holds

a—1
f'(a) = 20a®*™ — 2a(a — b) ((a - b+ 40()) — 2p%e-1
a>b,c and 2a—2<0 < 2aa2°‘_1 — 20((& — b) (CL + b)2a72 — 2b2a_1

—b
—9 20-1 _ @ py2e—1 _ b2a1> '
<aa S (a+ D)

128



((I + b)Qa—l - b2a—1 < ya)Qa—l _ (a:ya + myb)2a_1 - b2a—1

(
< (yCL — xya — l‘yb)Qa_l _ b2a—1
(

Thus, f'(a) < 0. Thus, only need to show f(b) < 0. Assume b > c. Then

f(b) = b** — 2 — (4cb)* + (c + b)** — 20** 71 (b — ¢)
= —c** — (4cb)® + (c+ b)?™ — b 1 2% 1¢
< (C+ b)2a _ b2a o cQa _ (404 o 2) (Cb)a
= (c4b)2* — (0™ — ¢*)? — 4% (cb)* .

Thus, the next lemma implies f(b) < 0.

Lemma 4.49. Let o € [%, 1], z,y > 0. Then

(z+y)>* — (2% — y*)* < (day)”.

We need two further lemmas before we prove this inequality.

Lemma 4.50. For s € [0, 3] it holds

1-s < log(s)

s ~log(l—s)"

Proof. Define
f(s) :=slog(s) — (1 —s)log(l —s).

It hold . .
f'(s) =~

s 1—s°

Thus, f”(s) >0 for s < 3. It holds f(0) = f(3) = 0. Thus, f(s) < 0. Thus,

slog(s) < (1 —s)log(l—s).
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Because of log(1 — s) < 0, thus implies

1—s < log(s) .
s~ log(l1—ys)

Lemma 4.51. Let a,b > 0, = € [1,2]. Define

a® —b"

(a+b)®"

Assume a > b. Then f”(z) < 0. In particular,

a? — b2 a—2>5

zér[llf2]f(x)=f(1)=f(2)= (@+b2 a+b’

Proof. 1t holds

() = (a+b)"" <a$ 10g(a i b>2 —b" log(a i’L b)2> .

Set s = aLij. Then 1 —s= #b‘ Then |Lemma 4.50| implies

a _ log(aiﬂj) |
b~ log(ﬁ)
Thus,
o) < o) < (Y
b) —\b) — log(#)
Thus,

Thus, f”(x) <0.
Proof of[Lemma .49 For z > 1 define

f(z) = (z +2+ z*1>a — 2% -z
We will show that f(z) < 4% — 2. This implies

(z+1)% — 220 1
ZOC

<4*-2.
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Thus,
24+ 12 < (4 —2) 2%+ 222+ 1.
(

By setting z = % for x > y, we obtain

(z+y)* — (2% — y*)* < (day)”.

The condition z > y can be dropped because of symmetry. It remains to show that
f(z) < 4% — 2 is indeed true. It holds f(1) = 4% — 2. To finish the proof, we will show
1'(z) <0. Define

g(z) == (2 = 1) (2 +2)% — (2 +1)%(z** - 1).

Then wio ) .
[ i Gt o B

(07

We show ¢(z) < 0, and therefore f’(z) < 0, by applying |[Lemma 4.51| with a = 2z, b = 1,
and z = 2a:

ST 1% 22_12
(z4+1)r = (241)2’

which implies
(zza — 1) (z+1)% > (22 - 1) (z +1)%.

O]

According to we have now finally finished to proof of and
therefore of [Theorem 4.10]
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5.1 Introduction

We have established rates convergence for FMs in general settings in chapter Now
assume the FM depends on a covariate z and we want to know how the FM changes
with z. Essentially, the object of interest is a conditional FM, which is a function from
the space of covariates to the metric space in which the FM lives. Here, we consider the
simple case of x being an element of the unit interval and observing data at fixed points.
In this setting we develop different regression techniques and — similarly to chapter ] -
try to find rates of convergence in general settings.

To be more precise, our goal is to estimate an unknown function [0,1] — Q,t — my,
where (Q,d) is a metric space. To this end, we have access to independent data
(i, Yi)i=1,..n- We assume that the covariates are fixed, e.g., x; = %, and y; is a
random variable with values in Q such that its Fréchet mean is equal to m,,, i.e.,
My; = arg mianQ Eld(y;, Q)Q]'

Nonparametric regression with metric target values is developed, e.g., in [Hei09;
Dav+10; PM19a|. [LM19] present a regression technique with regularization by to-
tal variation. [SHS10] discuss nonparametric regression techniques between Riemannian
manifolds. [LMP20] develop an additive regression model with responses in spaces of
of symmetric positive-definite matrices with a generalization to Riemannian manifolds.
Based on the notion of geodesics, [Fle13| introduces an analog of linear regression in sym-
metric Riemannian manifolds. These results are generalized and extended in |[Cor+17].

5.1.1 Settings

We will present our results in three levels of abstraction: the hypersphere S*, certain
classes of metric spaces Q like Hadamard spaces and metric spaces of finite diameter, and
an even more general setting which is governed by what kinds of meaningful statements
can be proven for abstract mathematical objects.

Hypersphere. Let k € N. Let S* := {2 € R*"!: |z| = 1} be the hypersphere with
radius 1 as a subset of R¥1. We equip S* with its intrinsic metric d(q, p) := arccos(q'p).
Let TS* := U,est ({g} X T4S*) be the tangent bundle, where T,SF := {v € RF*! | q'v =0}
is the tangent space at ¢ € S¥. The exponential map is Exp: TS* — SF, (¢,v)
cos(|v|)q+sin(\v])ﬁ, where |-| denotes the Euclidean norm. Geodesics can be represented
by a tuple (p,v) € TS* as x — Exp(p, zv).

For t € [0,1], let Y; be a SF-valued random variable. Let the regression function

m: [0,1] — S* be a minimizer m; € arg min egk E[d(Y;,q)%]. Let z; = £ and let
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(Yi)i=1,...n be independent random variables with values in S* such that y; has the
same distribution as Yy,.

Metric. Let (Q,d) be a metric space. For t € [0,1], let ¥; be a Q-valued random
variable with finite second moment, i.e., E[d(Y;, q)?] < oo for all ¢ € [0,1] and ¢ € Q.
Let the regression function m: [0,1] = Q be a minimizer m; € argmin ¢ g E[d(Y},q)?].
Let x; = % and let (y;)i=1,..n be independent random variables with values in Q such
that y; has the same distribution as Y, .

General. Let X be the space of covariates, ) a set called data space, Q a set called
descriptor space. Let ¢: ) x @ — R be a cost function, [: @ x @ — R be a loss
function. For t € X, let Y; be a Y-valued random variable with finite expected cost, i.e.,
E[le(Y, q)|] < oo for all t € X and ¢ € Q. Let the regression function m: X — Q be a
minimizer m; € argmin g E[c(Y:, ¢)]. Let z; € X be deterministic and let (y;)i=1,....n be
independent random variables with values in ) such that y; has the same distribution
as Yy,.

5.1.2 Two Approaches

To construct an estimator for m in these settings, one may try to adapt a known Eu-
clidean estimator to the new scenario. Two prominent approaches to this task are Fréchet
regression [PM19a] and geodesic regression [Flel3|.

The Fréchet approach. The regression function m; is the Fréchet mean of Y;, i.e.,
the minimizer of E[d(Y;, ¢)?] over ¢ € Q. In Fréchet regression, we estimate the function
t — E[d(Y;,q)?] for every fixed ¢ € Q by an Euclidean estimator ¢ — Fj(q) using the
data (x;, 2¢i)i=1,..n C [0,1] x R with z,; = d(yi,q)?. In this step we may use one of
the standard parametric or nonparametric regression estimators for certain classes of
functions [0,1] — R. Then Fi(q) is minimized over ¢ € Q for a fixed t to obtain the
estimator M.

The Geodesic approach. Assume our metric space Q is equipped with an expo-
nential map Exp: © — Q, where © C TQ C Q x R* is a subset of the tangent bundle
of Q. A geodesic starting in point p € Q and continuing in the direction v € T,Q of
the tangent space of Q at p can be described as a function R — Q, x — Exp(p, zv) with
(p,v) € O. In geodesic regression with covariates x; € R, we minimize the empirical
squared error

n

Z d(yla EXp(p, xiv))z

=1

over (p,v) € O to find the best fitting geodesic. All forms of geodesic regression built
on this criterion or a modification of it. For example, we can extend it to multivariate
regression

n k 2

> d|yi Exp|p, > wijv; :
i=1 j=1
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where z; € R¥ and vy, ...,v, € T,Q or more general feature regression

2

k
d yi, Exp | p, > wj(wi)v; ;
1 =

n
1=
where z; € X for an arbitrary space of covariates X and features ¢;: X — R. Further-
more, we may introduce weights w;;, e.g., w;; = K((x; —t)/h) for a kernel K and a

bandwidth h > 0 to localize the procedure, and obtain (for one-dimensional covariates)

n
my € arg min Z w;d(y;, Exp(p, zv))?.
(p,’l))E@ i=1
In this paper, we do not require the existence of an exponential map in the sense of
Riemannian geometry. Instead, we introduce a link function g: © x X — Q for a set of
covariates X and a set ©, which we can think of as parameterizing geodesics. We then
minimize Y"1, d(yi, g(0,x;))?. For X C R, this generalizes the setting used above via
6 C TQ and g((p,v), z) = Exp(p, z0).

5.1.3 Contributions

We compare the two approaches of geodesic (Geo) and Frechet (Fre) regression on three
regression estimators, namely linear regression (Lin), local linear regression (Loc), and
the trigonometric orthogonal series projection estimator (Tri). This makes six estima-
tion procedures, which we refer to as LinGeo, LinFre, LocGeo, LocFre, TriGeo, and
TriFre. For the resulting estimators, which we denote as m;, our goal is to show ex-
plicit finite sample bounds of the form E[d(my,;)?] < Cn™® (in the metric setting),
where C' > 0 is a constant. We are not interested in optimal universal constants, e.g.,
whether C' = 2 or C' = 2000, but the dependence on further parameters, like a moment
bound, is to be explicit.

» LinGeo (section [5.2): For standard geodesic regression in symmetric Riemannian
manifolds, [Fle13] shows existence and uniqueness of the estimator as well as equiv-
alence of the least squares estimator and the maximum likelihood estimator with
Gaussian errors. |[Cor+17| prove asymptotic normality results in this setting. We
show E[L 3% | d(mg,, M4,)?]) < Cn~! for n € N and a constant C > 0 in Hadamard

spaces and general metric spaces of finite diameter
These results are derived from an even more general statement, [[heorem 5.2

e LinFre (section[5.3): Among other Fréchet regression methods, linear (or global)
Fréchet regression is developed in [PM19aj. We want to apply this estimator in
a model where the regression function is a geodesic in a non-Euclidean space.
For this setup, we show a negative result. The estimator of the objective func-
tion ¢ — E[d(Y},q)?] is only consistent in standard spaces, Our
simulations show inconsistency of LinFre on the sphere in our model. As an al-
ternative, we suggest a modified estimator, LinCos, which maximizes the cosine of
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the distance instead of minimizing the squared distance. The simulations suggest
consistency of LinCos. We also give some theoretical justification. But we do not
investigate rates of convergence, as LinCos is a method specific to the sphere S?
(with possible extensions to the hypersphere S*¥ and hyperbolic spaces) and not
a regression technique for more general nonstandard spaces, which is the topic of
this chapter.

o LocGeo (section : We apply the approach of geodesic regression to the well-
known local linear estimator and arrive at a new estimator, LocGeo. We show
E[d(my, my)?] < C'n_%i1 for all ¢ € [0,1], n € N, a smoothness parameter § €
(1,2], and a constant C' > 0, [Theorem 5.12} |Corollary 5.14} [Corollary 5.15| For this
result, we assume a smoothness condition, which generalizes the Holder condition
that is common for local linear estimators. It demands that the true function
t — my can be locally approximated at ¢t by a geodesic up to an error of order
|z — t|P for x close to t.

o LocFre (section [5.5): [PM19a] introduce local constant (Nadaray-Watson) and
local linear Fréchet regression for general metric spaces. For the local linear esti-
mator, they show d(ri, m;) € Op(n_%) and a more general version of this result,
see Corollary 1 in their article. This result is refined in [CM20] to a bound that
is uniform in ¢t. We show, for a general local polynomial Fréchet estimator of

order ¢ € Ny, that E[d(my, hy)?] < Cniﬂg% for a constant C' > 0 and a smooth-
ness parameter 3 > ¢, [Theorem 5.17] [Corollary 5.19] |Corollary 5.20l Our results
are slightly more general with conditions slightly less demanding. Furthermore,
bounds in expectation for finite n are stronger than in Op. Similar to [PM19a],
we demand a smoothness condition not directly on ¢ — my, but on the change of
the probability density of Y; in t.

e TriGeo (section: The application of the geodesic approach to the trigonometric
projection estimator yields a new estimator, TriGeo. We are not able to derive
results on rates of convergence. We argue, that this estimator may be sub-optimal
as the properties that make it appealing in Euclidean spaces are lost in nonstandard
spaces. Nonetheless, we include the estimator in our simulation study.

o TriFre (section [5.7): We apply the approach of Fréchet regression to the trigono-
metric projection estimator and arrive at a new estimator, TriFre. We show
__28
E[fol d(my,my)2dt] < Cn” 2P+ for a smoothness parameter 3 > 1 and a constant
C > 0, [Theorem 5.23] [Corollary 5.24], [Corollary 5.25] As for LocFre the smooth-
ness condition is a requirement on the change of the density of Y; in t.

We briefly summarize these results for the two approaches.

e Results on the Fréchet approach. For the nonparametric estimators, we can
make assumptions that ensure smoothness of the objective function. Thus, it can
be approximated well by a finite cut-off of the expansion in the trigonometric se-
ries (TriFre) or locally by a linear function (LocFre). Together with a so-called
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variance inequality, this yields the nonparametric rate of convergence of the min-
imizers, i.e., the nonparametric Fréchet regression estimators. As the objective
function may not be linear in a geodesic model on non-Euclidean spaces, apply-
ing the Fréchet approach to linear regression (LinFre) may yield an inconsistent
estimator in these cases.

¢ Results on the geodesic approach. The geodesic approach applied to linear
regression (LinGeo) is a least squares estimator for geodesics. In a model where
the regression function is a geodesic with a corresponding least squares property
with respect to the noise, the resulting estimator is well-suited. Localizing the
procedure (LocGeo) allows to estimate functions that can locally be approximated
well by geodesics. On one hand, the rationale for these two procedures is almost
straight forward. On the other hand, one can hardly justify the trigonometric
basis of 5[0, 1] as meaningful features (TriGeo), because the basis functions loose
the orthogonality property after their output is mapped to a non-Euclidean target
space.

The comparison of theses estimation procedures underlines the importance to have a
versatile tool belt when tackling new challenges: There is not one approach alone that
solves the problem of nonstandard regression in every scenario. For a simple geodesic
model, only the geodesic approach leads to a consistent estimator. For trigonometric
regression the results are basically reversed: We can prove rates of convergence only for
the Fréchet approach. For local linear estimation both approaches seem equally well
suited. This comparison of geodesic and Fréchet approach on three different Euclidean
estimators leads to three different outcomes. Thus, focusing on one setting alone would
not reveal the complexities in the general comparison of the two approaches.

Our goal is to make all theorems as general as reasonably possible. This manifests
in quite abstract statements. To get a gist of the meaning of the abstract objects,
we start most sections by a corollary of a general theorem on the sphere:
[Corollary 5.11| [Corollary 5.16] and [Corollary 5.22, These corollaries illustrate our results
and show that they are indeed applicable to explicit interesting nonstandard spaces.
Furthermore, abstract assumptions of the general theorems are justified by showing that
they are fulfilled on the sphere.

The sphere is also the metric space used in our simulation study, section To
fulfill a variance inequality, which is an assumption for all our results, we introduce a
new family of distributions on the sphere, the contracted uniform distributions. All
estimators are implemented using the statistical programming language R |[R D0§|. The
resulting package is freely available at https://github.com/ChristofSch/spheregr.
Our experiments confirm and illustrate the theoretical findings.

The proofs (appendix partially built upon techniques developed in [Sch19b].
Therein a so-called weak quadruple inequality is assumed to prove rates of convergence
for the (generalized) Fréchet mean without requiring that the descriptor space Q is
bounded. We fulfill this condition by definition of our moment conditions. Generally,
the major tools to prove results in this setting are empirical process theory with chaining,
e.g. [VW96| or [Tall4] and appendix and a technique called slicing or peeling, e.g.,
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[Gee00]. The proofs for local regression techniques follow the Euclidean version in [Tsy08,
section 1.6] as far as possible, for trigonometric regression we make use of [Tsy08| section
1.7].

5.1.4 Notation and Conventions

We use a lower case ¢ for universal constants ¢ > 0. If the value depends on a variable,
we indicate this by an index, e.g., ¢ is a constant that depends only on x. We do
not introduce or define every such constant. They are silently understood to take an
appropriate value. Furthermore, the value may vary between two occurrences of such a
constant. Alternatively we may use ¢/, ¢’, ... for the same purpose.

A capital C indicates a constant that has further meaning, which is usually described
by a three letter index, e.g., we may require a moment condition E[d(Y, mt)2] < CMom
for all ¢ to be fulfilled. For simplicity, we assume these constants to be > 1, so that
C/?\bc + CAbcCXyz < CCXbCCXyz

Assumptions are named in small caps, e.g., MOMENT. Different assumptions in dif-
ferent sections may have the same name. Hence, assumptions always refer to the as-
sumptions defined in the same section. Nonetheless, the names are consistent across the
sections insofar as assumptions with the same name are — if not identical — expressions
of the same underlying requirement.

There is a silently underlying probability space (2, Xq,P). If a random variable, say
Y, has values in a set, say ), that set is silently understood to be a measurable space
()V,Xy) and the random variable is a measurable map Y: (©2,3q) — (Y, Xy).

In each section the estimator of the regression function at ¢ is denoted as ;. It
depends on n and potentially on further parameters like a bandwidth h, which will not
be indicated in the notation but should be clear in the context.

Let (Q,d) be a metric space. To shorten the notation, we sometimes write g,p instead
of d(q,p) for q,p € Q. Define the ball B(o,d, ) := {q € Q: d(q,0) < §} and the diameter
diam(Q, d) := sup, peo d(q, p)-

For a vector v € R¥, we denote its Euclidean norm by |v|. For a matrix A € R**¢  we
denote its operator norm by [[Allop := Sup,epe jvj=1 |Av|-

5.2 Linear Geodesic Regression

We apply the geodesic approach to linear regression, which yields the standard geodesic
regression, LinGeo, introduced in [Flel3].

5.2.1 Hypersphere

Before we present the general and abstract results, we illustrate them in the hypersphere
setting, see section Let A € [1,00). Let © := {(p,v) € TS*|jv| < A}. The
regression function m: [~1,1] — SF is assumed to be a geodesic m; = Exp(p*,tv*),
(p*,v*) € ©. We observe (x;,y;)i=1,..n on a regular grid (z;)i=1,.., of [—1,1] (instead
of [0,1]).
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We estimate the starting point p* and velocity vector v* by the least squares method
in S¥, i.e.,

(p7v)€® nz 1

The estimated curve then is t — My = Exp(p, t0).
Using our general theory in the next section, we obtain following corollary.

Corollary 5.1 (LinGeo Hypersphere). Assume there is Cyjo > 1 with CyLd(my, ¢)? <
E[d(Y}, q)%2 — d(Y;,ms)?] for all t € [1,1] and ¢ € S*. Then

171
E|= S d(my,,i,,)?
> )

SC*,
n

where C := ckCyioA~2.

5.2.2 General

We now present a result in the general setting of section Let © be a space
of parameters. Let g: X x ©® — O be the link function. Our model assumption is
g(t,0") = my for the true parameter #* € ©. The canonical M-estimator of 6* is

n

A 1
0 € argmin — » ¢(y;, g(x;,0)) .
gm n; (i, 9(x:,6))

The resulting plug-in estimator for the regression function m; is 7 = g(t, é)
We introduce some further notation. For 6,0,0¢p € O, z1,...,x,,t € X, y, 7 € Y,
define

¢ (y,0) = ey, 9(t,0))
<>t(3/7?]79a é) = ( ’0) - ct(ga 0) - Ct(y,§> + ct(g’ é)
Llyewny )

t
( Tn
Bx (6o, 1,0) := {ee@ ZI 9(zi,0), 9 $z,90))§5}

~ <>t(y7 y791792)
a(y,g) := su e 2
(. 9) 01,0269%17602 b(01,02)

X =

Assumptions.

e« VARIANCE: There is Cyjo € [1,00) such that Cy,ll(my,q) < E[e(Yy,q) —
¢(Y;,my)] for all t € X and ¢ € Q.
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o ENTROPY: There are T,, > 0, Cgyt € [1,00), and £ € (0,1) such that
Y2(Bx (o, 1,6),b) < B¢ for all § > T, and 6y € O, where 75 is a measure
of entropy defined in [Definition 5.55| (appendix [5.B]).

o MOMENT: There are kK > 2 and Cyom € [1,00) such that E[at(}ﬁg,mt)”]% <
CMom for all t € X.

Theorem 5.2 (LinGeo General). Assume VARIANCE, ENTROPY, MOMENT. As-
sume k(1 — &) > 1. Then

__1
< Cn 20-8 + CV|0T7L7

1 n
E|l- [ x-yAx-
23t

where C' := ¢, ¢Cvio (CEntCmom)ﬁ.

In many settings like in Euclidean linear regression with ¢(y,q) = |y — ¢/|?, (m,q) =
|m — q|?, we have ¢ = % and retrieve the parametric rate of convergence.

Remark 5.3.

e VARIANCE:

This condition is also called variance inequality (or GROWTH in chapter [4]) and
is well-known in the context of Fréchet means in Alexandrov spaces, [Stu03}
Oht12; |Gou+19]. VARIANCE is a condition on the noise distribution and the
geometry of involved spaces. It can be viewed as a quantitative version of the
condition of unique Fréchet means m, of Y. The variance inequality not only
ensures uniqueness of my, it also requires the objective function E[d(Y,q)?]
(in the metric space setting) or E[e(Y,q)] (in the general setting) to grow
quadratically in the distance of a test point ¢ to the minimizer m, (metric) or
linearly in [ (general). Intuitively, this is fulfilled when the noise distribution
is not too similar to a distribution that has nonunique Fréchet means.

In the metric setting, VARIANCE is true in Hadamard spaces [Stu03, Propo-
sition 4.4], which are geodesic metric spaces with nonpositive curvature and
include the Euclidean spaces. For a variance inequality in spaces of nonnega-
tive curvature, see [ALP20, Theorem 3.3].

e ENTROPY:
ENTROPY restricts the size of the sets Bx(6*,[,d). It can be viewed as a
quantitative version of the requirement that these sets are totally bounded.

We use Talagrand’s 2 [Tall4] (Definition 5.55in section [5.B]) to formulate the
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entropy condition. Let (Q,d) be a metric space and B C Q. It holds

+o(B, b) < /0 ~ Jlog(N (B, b, r))dr,

where the integral is called entropy integral and

k
N(B,b,r) :min{kEN‘Elql,...,qk € 9:BC U B(qj,b,r)}
j=1

is the covering number. Thus, we can use bounds on the entropy integral to
fulfill ENTROPY, which is more common in the statistics literature. In some
circumstances s is strictly lower than the entropy integral [Tall4, Exercise
4.3.11]. One can further weaken the entropy condition as done in [ALP20| and
chapter [4) at the cost of worse rates of convergence, but it is not clear whether
these results are optimal.

e MOMENT:
We partially follow the approach of chapter [4 to prove the theorem. Therein
a so-called weak quadruple inequality is assumed to prove rates of convergence
for the (generalized) Fréchet mean. We fulfill this condition by the definition
of ag, ie., it holds O(y,2,0,0) < b(6,0)a,(y,z). This inequality can be
understood as a generalization of Cauchy-Schwarz inequality: If © = ) = RF
and ¢, (y,0) = |y — 6]*, then

Oz(y,z,ﬁ, é) = 2<y - Zaé_ 0) < a&?(yv 2)5(9,0)

if b(A,0) = |0 — 6] and a.(y,2) = 2|y — z|. MOMENT then is nothing but the
condition that the x-th moment of the noise distribution is finite.

5.2.3 Corollaries
Next, we apply to the metric setting of section We will replace

ENTROPY by two conditions that compare the distances of the metric space to the
Euclidean distance.

Assumptions.

¢ METRICUP: There is Cwyp € [1,00) such that d(g(z, 0),g(x,0)) < Cmupl® —0)|
forallz € X, 0,0 € O.

« METRICLO: There are Cres, CMio € [1,00) such that, for all 6,0 € ©,
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If we assume that Q is a Hadamard space, VARIANCE holds and we can set a, = d in
MOMENT.

Corollary 5.4 (LinGeo Hadamard). Let (Q,d) be a Hadamard space. Assume
MEeTrICUP, METRICLO, and MOMENT with a, = d. Then

<Cnt,

17’L
E|= S d(my,, i )?
3 )

where C' := c,{deCMbC’,%,lupC,%,lomCRes.

In bounded metric spaces, i.e., metric spaces (Q,d) with diam(Q) < oo, MOMENT is
trivial, but VARIANCE needs to be assumed.

Corollary 5.5 (LinGeo Bounded). Let (Q,d) be a bounded metric space. Assume
MEeTrICUP, METRICLO, and VARIANCE. Then

<Cn!

1 & 9
E|= S d(m,,, i,
lni:l (mg;, My,)

where C := cd@CV|0CM|oC,%,|upCReS diam(Q)?

5.3 Linear Fréchet Regression

First, we directly apply the Fréchet approach to linear regression, which leads to an
estimator, LinFre, introduced in [PM19a], that may be inconsistent in some intuitively
sensible models on nonstandard spaces. Then, with a more relaxed interpretation of the
Fréchet approach applied on the sphere, we introduce cosine regression, LinCos.

5.3.1 Model and Consistency

We use the metric model of section with covariates in [—1, 1] (instead of [0, 1]).
The approach of Fréchet regression, as proposed in [PM19a], is to estimate Fi(q) :=
E[d(Yt, ¢)%] and then minimize that estimator over g to obtain an estimation ;. When
applying this idea to the concept of linear regression, we estimate the function t — Fi(q)
for each ¢ € Q using a linear regression estimator on the real-valued quantities d(y;, q)2.

As a first step to validate this approach, we apply it to the case @ = RYY with the
Euclidean metric. To make this work, we estimate not F;(q) but Fi(q,0) := Fi(q) — Fi(o)
for all ¢ € Q and a fixed element o € Q. This is necessary to have a linear objective in
the case of a linear model as following calculations show: Assume Y; = Bg+t31+¢€, where
Bo,B1 € R, and € is a centered random variable in RYY with finite second moment.

142



Denote 3 = (By, 1) € R¥*2 and t' = (1,t) € R%. Then, for o,q € R,

Fi(q) = E[Y; — ¢|*] = Bt > + E[le]*] + |q|* — 2(8t)q,
Fi(g,0) = |q|* — [o]* = 2(8t) (g — 0) .

For fixed ¢,0 € Q the function t — F}(q, 0) is linear in ¢, whereas ¢t — F;(q) is quadratic.
Note that argmin, Fi(q) = argmin, F;(q, o).

With these considerations in mind, we define the linear Fréchet regression estimator
My in the metric setting as follows:

X, = (1 S ) cR¥" Fi(q,0) = En:w(ta ;) (d(yi=(1)2 - d(yivO)Q) ,
=1

T e T
Bn = XanT, mt € arg min Ft(q’ O) )
qeQ
w(t,z) :=t"B e,

where o € Q is an arbitrary fixed element. The empirical objective ﬁ’t(q, 0) is the linear
regression estimator of F}(q, 0): Define 0(q, o) := arg Min )y, 2 Ly (2 — 0y — 012:)°
with z == d(yi, ¢)* — d(yi, 0)%. Then Fy(q,0) = 0(q,0)"t". [PM19a] showed (in a slightly
different model) that, under some conditions, 1, converges to m; for n — oo, where

1 LT 20 n ! 2 2
B={ wildr=(; 9], Flo) :=/ E|w(t, z) (d(Ys,q)* = d(Yz,0)?)|dz,
3 -1
w(t,r):=t"B =< + §:Et, my = arg min Fy(g, 0) .

2 qeQ

The objective t —+ Fy(q, 0) is the linear approximation of ¢ — Fi(q, 0) in the least squares
sense. In particular, if ¢ — Fi(q,0) is linear for every ¢ € Q, then F' = F and m; = my.
These considerations yield two ways of extending the idea of a linear model to arbitrary

metric spaces.

Definition 5.6.

(i) The distributions of Y, for x € [—1, 1] follow the strict linear Fréchet regression
model, if FF = F.

(ii) The distributions of Y, for x € [—1, 1] follow the relazed linear Fréchet regres-
ston model, if m = m.

As the idea of Fréchet regression is to estimate F, this function being the true objective
would give rise to a meaningful model, in which the linear Fréchet regression estimator
is consistent due to the aforementioned results in [PM19a]. But in the end, we are only
interested in the minimizers. Thus, it is sufficient (and necessary) to have m = m for a
model, so that the linear Fréchet regression estimator is consistent.
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To further affirm that these model assumptions are reasonable, the following proposi-
tion shows that they generalize the Euclidean linear model assumptions. As calculated
above Fi(q,0) is linear in ¢ for Euclidean spaces. As F is the linear approximation of F,
we have F = F.

Proposition 5.7. Any Euclidean linear model, Y, = fg + fix + €, x € R, By, 51 €
R Ele] = 0 € R, follows the strict linear Fréchet regression model for the space

<Q7 d) = (Rdy7‘ ) ’)

It is not clear how to write a generalization of a model equation like Y, = By + S1x + €
in arbitrary metric spaces (except on Riemannian manifolds with an exponential map
at hand, where Y, = Exp(mg,€),m, = Exp(5p,z31) seems to be meaningful). But
there are some elements of the model that should reasonably be included: If the metric
space is a geodesic space, we should demand that a meaningful regression estimator is
consistent at least in the no-noise settings Y; = ~; for global geodesics ~v: [-1,1] —
9,1t — 4, as this is the simplest distribution with a nonconstant regression function.
Furthermore, geodesics in Fuclidean spaces are linear functions, which can be estimated
by linear Fréchet regression, as linear Fréchet regression is equivalent to linear regression
in Euclidean spaces.

Unfortunately, Hilbert spaces are essentially the only spaces where this no-noise setting
fulfills the strict linear Fréchet regression model, as the following theorem shows.

To state the theorem, we first need to further extend our knowledge of metric geometry
from section A minimizing geodesic between two points ¢,p € Q is a geodesic
v: [a,b] — Q with L() = d(v(a), (b)) and y(a) = g, v(b) = p. A geodesic 7: [a,b] — Q
is extendible (through both ends) if there is € > 0 and a geodesic ¥: [a —€,b+ €] — Q
such that J|jq4 = 7. A geodesic space (Q,d) is geodesically complete, if it is complete
and all geodesics are extendible.

Theorem 5.8 (LinFre inconsistency). Let (Q,d) be a nonempty geodesic space.
It is also a Hilbert space if and only if it is geodesically complete, and for each
minimizing geodesic (’Yt)te[,l,l], the strict linear Fréchet regression model holds for
the no-noise setting Y; = ;.

shows that it does not make sense to assume the strict linear Fréchet regres-
sion model in non-Euclidean spaces. It is not clear to the author, whether a statement

similar to holds for the relaxed model. But simulations in appendix
indicate inconsistency of linear Fréchet regression on the sphere.
5.3.2 Parametric Cosine Regression

One important aspect of linear regression is that the regression function has a simple
parametric form. The idea behind Fréchet regression is to apply regression not directly
to the regression function ¢ — my, but to the objective function ¢t — Fi(q). Thus, for a
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generalization of parametric regression in the sense of Fréchet regression, we would want
to target function ¢ — Fi(q) to have a simple parametric form.

On the sphere S?, instead of minimizing the squared distance, we will maximize the
cosine of the distance (or minimize the hyperbolic cosine in the hyperbolic plane H?),
which will yield a simple parametric form of the objective function. It holds

cos(z) =1— %xQ +0(z?), cosh(z) =1+ %xz +0(zh).
Thus, minimizing E[ng] is closely related to maximizing E[cos(Y,q)] or minimizing
E[cosh(Y,q)]. Furthermore, using the cosine on S? (or hyperbolic cosine in H?) seems
appealing as laws of cosines hold in S? and H? analogously to the Euclidean space: In a
triangle with side lengths a, b, ¢ and angle a opposing side ¢, it holds, in the respective
space with intrinsic metric,

? = a® 4+ b? — 2abcos(a) Euclidean ,
cos(c) = cos(a) cos(b) + sin(a) sin(b) cos(«) sphereical ,
cosh(c) = cosh(a) cosh(b) — sinh(a) sinh(b) cos(c) hyperbolic .

We will only discuss Q = S? with intrinsic metric d. Similar considerations are valid for
the hyperbolic space. In our new model, we replace the Fréchet mean, arg min, E[ﬁz],
of a random variable Y in S? by the cosine mean, arg max, E[cos(Y,q)]. For distributions
with enough symmetry, the cosine mean can be characterized easily.

Proposition 5.9. Let Y be a random variable with values in S = {(v,p) €
[—5, 5] x [0,2m)} such that its distribution is symmetric with respect to rotation
around one axis, without loss of generality the axis connecting (—3,0) and (3,0).
The distribution of Y is given by P(Y € B) = 5= [ f 15(9, p)dedr () for all mea-
surable B C S?, where v is a probability measure on[—75,5]. Let A:= [sin(d)dv(?).

Let M := arg max,cg2 E[cos(Y,q)] the set of cosine means. Then it holds,
o A<O0ifand only if M = {(-%,0)},
e A =0 if and only if M = S?,

o A>0if and only if M = {(%,0)}.

As expected from a mean-value, the cosine mean of a symmetric distribution is its
center. If the regression function is equal to a geodesic, the objective function has a
simple parametric form.

Proposition 5.10. Let v: R — S?, s — v, be a unit-speed geodesic. Assume that
my := arg max,cg2 E[cos(Y;,q)] is unique for all ¢ € [0,1]. Assume m; = Y445 with
to € [0,27) and A € [0,00). For g € $?, let s, € [0, 27) be such that mins ;75 = T Vs,
Then

E[cos(Y:,q)] = Agcos(Bg + At) = ag cos(At) + by sin(At)
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where

Ay = Efcos(Vomm)] cos(Tom) aq i= Aqcos(By)
Bq = tO — Sq 3 bq = —Aq Sln(Bq) 0

[Proposition 5.10| shows that following model is appropriate for estimating geodesics on
the sphere. For t € [0, 1], let Y; be a S%.-valued random variable. Let the regression func-
tion m: [0,1] — S? be a maximizer m; € arg max, g2 E[cos(Y,q)]. Let A € (0,00) and

assume that ¢t — my is a geodesic with speed bounded by A. Assume that E[cos(Y;,m;)]
does not depend on t. Let x; := % and let (y;)i=1,...n be independent random variables
with values in S? such that y; has the same distribution as Y.

Set zq4; := cos(¥;,q) and define the least squares estimators

n

A 1
(Gg,bg\) € argmin — Z (240 — acos(Az;) — bsin(Az;))? |
abe[-1,1] 1

2
)\Eargmm/ Zgi — Gg ) cOS(Ax; b asin(Az;) ) dulq),
e i sz i = g c0s(\zi) = by sin(Aas))” dia(g)

where p is the Hausdorff measure on S? (for an implementation it is enough to use a three
points measure u = z (5q1 + 845 + 0g5) With q1,q2,93 € S? not on the same geodesic).

Now set aq = a5, b =b o5 and Fy(q) = a, cos(\t) + b ¢sin(At). The LinCos-estimator

for my is 7y € arg max g Ey(q).

We do not investigate LinCos deeply, as it mainly serves to illustrate the comparison
of LinFre to LinGeo. Moreover, it does not fit into the scheme of this chapter, as we
want to compare general regression methods which are not limited to one specific metric
space and LinCos is only applicable in S? (with possible extensions to hyper-spheres
and hyperbolic spaces). But note that, for fixed ¢, the estimation of a,, by, and X is
well-studied in the literature on sinusoidal regression, see e.g., [NK13].

5.4 Local Geodesic Regression

We apply the geodesic approach to the classical local linear estimator and arrive at a
new procedure, local geodesic regression or LocGeo.

5.4.1 Hypersphere

In the hypersphere setting of section let © C TS* be the subset of the tangent
bundle with |v| < 7 for all (¢,v) € ©. This set parameterizes a set of geodesics x —
Exp(g, zv).

We investigate an estimator that locally fits geodesics. Let h > 2 . Let K: R — R be

a function, the kernel, such that CKerll[ 1 1(7) < K(2) < Ckerl—1 1]( x) for a constant
272

Cker > 1 (KERNEL condltlon) For ¢ € [0,1], define wy(t,z) := + K (%) and w; =

wh(t’ 131)(2?:1 Wh(t,l'j)) . Let (mta Ut) € arg mln(pv €O Zz 1wld(y’n EXp(pa h U))2
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To be able to estimate m, it must fulfill a Hélder-type SMOOTHNESS condition: Assume
there are 3 > 0 and Csmo € [1,00) such that d(mg, Exp(my, (z — t)1ny)) < Csmo @ — t|°
for all x € [t — h,t + h]N[0,1], t € [0,1], where 71; € T,,,S¥ is the derivative of m.

Furthermore, we again assume a VARIANCE condition: There is Cyj, > 1 such that
Cyitd(my, q)? < E[d(Y:,q)% — d(Yz,my)? for all t € [~1,1] and g € S*.

Corollary 5.11 (LocGeo Hypersphere). Assume VARIANCE, KERNEL and SMOOTH-
1
NESS. Choose h :=n" 28+, Then

~ 2 7i
E[d(m¢, 1ht)%] < On~ 2641

for all ¢ € [0,1], n > 2, where C := ckCi ., C%,,C2, .-

5.4.2 General

We prove the main theorem of this section in the metric setting of section instead
of the general setting.

We investigate an estimator that locally fits (generalized) geodesics of the form =
g(z,0), where § € © parameterizes geodesics: Let h > % Let K: R — R be a function,
the kernel. For ¢ € [0, 1], define wy(t,z) :== $ K (%), w; := wp(t, ) (37 wp(t, ;)7L
Note that w; depends on n,t, h, K, which is not indicated in the notation. Let © be a
set. Let g: R x © — Q be a function, the link function. Define g;(6) := g(%,6). Let
ét,h € argmingcg Y g W; d(yi,gi(G))2 and 7y := g(0, ét,h)-

We show that this estimator attains the classical nonparametric rate of convergence.
To formulate the assumptions for this theorem, we first need to define two (semi-)metrics
on Q: For 0,0 € ©, define b(6,0) := SUDge[—1,1] d(g(x,0),g(x,0)). For y,z € Q, define
a(y, z) = supq’pequ;ép(WQ —7, 0% — %, ¢° + Z,9%)/q, b, where we use the short notation
7.p := d(q,p).

Assumptions.

o LipscHITz: There is Cjp € [1,00) such that the function [-1,1] — R, z
d(g(z,0), g(z,0))? is Lipschitz continuous with constant C;, for all 6,6 € ©.

o KERNEL: There are Ckpmi, Ckma € [1,00) such that
CErii]l[f%,%](x) < K(z) < Ckmal—1,1)(2)
for all z € R.

o SMOOTHNESS: Let 8 > 0. There is Csyo € [1,00) such that ¢ — my belongs to
the generalized Holder class with parameters 3 and Cspmo, i.e., thereis 0; ), € ©
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such that d(myg, (2, 0;1)) < Csmo |z —t|” for all z € [t — h,t + h] N [0,1],
t €[0,1].

o VARIANCE: There is Cyi, € [1,00) such that Cyld(q,m;)? < E[d(Y;,q)? —
d(Yy, my)?] for all ¢ € Q and t € [0, 1].

o R-VARIANCE: There is Cyyp € [1,00) such that E[d(Yz, q)?* — d(Yz,my)?] <
Cvupd (g, m¢)? for all ¢ € Q and ¢ € [0, 1].

o MOMENT: Let k > 2. There is Cyom € [1,00) such that E[a(Yt,mt)’””ﬁ
CMom for all t € [0,1].

IN

e ENTROPY: For 6y € © and 6 > 0, let

Bs(6o) = {9 co: [ dg(z,0), g(z,00) da < 5} .

1
2

There is Cgne € [1,00) such that 42(Bs(6o), b) < Cgnd? for all § > 0 and all
Oy € O.

Theorem 5.12 (LocGeo General). Assume VARIANCE, SMOOTHNESS, R—VARIANCE,
MoOMENT, KERNEL, ENTROPY, and LiPscHITZ. Then, for allm € N, h > %, and
t € [0, 1], it holds

1
& R 2
E[/Z d(g(x,@t,h),g(x, thh)) dz| < Cl(nh)_l + Coh?P

1
2

where

o 2 3 3 2 2
Cr = CKCEntCKmiCKmaCLIPCMomCVIo7

2 2 2 2
Cy := CHCKmaCKmiCLipCSmoCVlocVup :

We essentially obtain the classical bound of a squared bias term k% and a variance term
(nh)~!, which yield the usual nonparametric rate of convergence for an appropriate
choice of h.

Remark 5.13.

o LipscHITZ:
In Euclidean spaces LiPSCHITZ bounds the slope of linear functions for the
local fit. This is not a restrictive requirement as for increasing number of data
points, the fit is done on an increasingly stretched version of the function,
which has a lower and lower absolute slope. Thus, for every finite slope, we
eventually meet this requirement.
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o KERNEL:
This is a typical condition on kernels for local kernel regression, see also [Tsy08,
Lemma 1.5]. It is fulfilled e.g., by the rectangular kernel L. ;](:U) or the
272

Epanechnikov kernel 2 (1 — 2?)1_q 1)(z). KERNEL likely could be weakened to
allow for a greater variety of kernels.

e SMOOTHNESS:
SMOOTHNESS can be understood as a Holder-smoothness condition. It bound
the residual of the first order approximation of m at ¢, i.e., the approximation
of © — my by a generalized geodesic x — g((xz — t)/h,0) for = close to t.

e R-VARIANCE:
Together with VARIANCE, reverse variance inequality R-VARIANCE requires
E[d(Y;, )% — d(Y:, m¢)?] to behave like d(q,m;)? up to constants. [Gou+19,
Theorem 8| introduce a variance equality, from which both inequalities may
be deduced. R-VARIANCE always holds in proper Alexandrov spaces of non-
negative curvature with Cy,p, = 1 [Oht12, Theorem 5.2}, where a metric space
is called proper if every closed ball is compact.

For a discussion of VARIANCE, MOMENT, ENTROPY see in section [5.2

5.4.3 Corollaries
Next, we apply to the metric setting of section We, first need to

make further assumptions to be able to relate the bound on the integral of the parameters
0¢,n, and 0 j, to the distance of the true and estimated regression function m; and 7.

Assumptions.

o CONNECTION: There is Ccon € [1,00) such that

1

d(g(O,H),g(O,§)>2 < CCon/2

d(g(:c, 0),9(x, 9)) 2 dx

[N

for all 6,6 € O©.

2 .
o CONVEXITY: The function x d(g(:c, 0),9(x, 9)) is convex for all 6,0 € ©.

1 .
The theorem bounds E[[2, d(g(z,0: 1), g(x,0:4))%]. Note that g(0,6;,) = m: due to
2

SMOOTHNESS. To obtain a bound on E[d(7%;, m)?], we may require CONNECTION.
CONNECTION with Ccon = 1 is implied by CONVEXITY due to Jensen’s inequality. CON-
VEXITY is true in Hadamard spaces (including the Euclidean spaces).

[Oht12, Theorem 5.2] implies that in proper Alexandrov spaces of nonnegative cur-
vature, R—VARIANCE holds with Cyy,p = 1. Of course, MOMENT is trivial in bounded
spaces.
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Corollary 5.14 (LocGeo Bounded). Let (Q,d) be a bounded proper Alexandrov
space of nonnegative curvature. Assume VARIANCE, SMOOTHNESS, KERNEL, EN-

_ 1

TROPY, LIPSCHITZ, CONNECTION. Choose h :=n" 28+1. Then
19 _ 28
Eld(my,m:)°] < Cn 28+1

B
forallt € [0,1],n > 27551, with C = ¢xConCEnClmClmaClpClieCmo diam(Q, d)?.

Kma

In Hadamard spaces VARIANCE and CONVEXITY always hold, see [Stu03, Proposition
4.4, Corollary 2.5].

Corollary 5.15 (LocGeo Hadamard). Let (Q,d) be a Hadamard space and g such
that = — g(z,0) is a geodesic. Assume SMOOTHNESS, R—VARIANCE, MOMENT,

1
KERNEL, ENTROPY, LIPSCHITZ. Choose h :=n" 26+1. Then

L N2 — 528
E[d(mt,mt) ] S Cn 26+1

Kma

st . 2 M3 3 2 2 2
for all ¢ € [0,1], n > 226+1, where C := ¢, C£ CkmiCi CtiCiom ComoCVup-

5.5 Local Fréchet Regression

We use the principles of Fréchet regression on local polynomial regression. In particular,
this yields local linear Fréchet regression, LocFre, introduced in [PM19a].

5.56.1 Hypersphere

We use the hypersphere setting of section Let K: R — R be a function, the kernel,
such that C’Eelr]l[_l 1(@) < K(z) < Ckerl|-11)() for a constant Cker = 1 (KERNEL
272 ’

condition). For h > 0 define Kj(z) := K (z/h), ap(t) := i1y — )k K}, (z; —t) and

ana(t) — (z; — t)an(t)
ano(t)ana(t) — ap1(t)?

whenever the denominator is not 0; in the other case, set w; := 0. The local linear
Fréchet regression estimator is 1, € argmingege Y ieq wp,i(t) U5,q°, where q,p := d(q, p).

We need a smoothness assumption to be able to estimate m: For a > 0, define |a]
as the largest integer strictly smaller than a. The Holder class (8, L) for 8, L > 0 is
defined as the set of |/3]-times continuously differentiable functions f: [0,1] — R with
’f(W)(t) - f(mj)(:n)’ < Lz —t|® for all z,¢t € [0,1]. Let p be a the measure of the

uniform distribution on S¥. Assume that for all ¢ € [0, 1], the random variable Y; has
a density y — p(y|t) with respect to p. Let 5 € (1,2]. Assume, there is Csnp >

wp(t) := Kp(x; —t),
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1, such that for p-almost all y € S¥, t — p(y|t) € (B, Csmp)) (SMOOTHDENSITY).
Furthermore, we assume VARIANCE: There is Cyj, € [1,00) such that C\?Ii omg? <

E[Yi,q" — Yi,m; ] for all ¢ € S¥ and t € [0, 1].

Corollary 5.16 (LocFre Hypersphere). Assume VARIANCE, SMOOTHDENSITY, and

1
KERNEL. Let n > ng for a universal constant ng and set h :=n 26+1. Then
—2 _ 28
E[my,my | < Cn™ 28+

for all t € [0, 1], where C' := ck (CVIoCKerCSmD)Q-

We obtain the usual nonparametric rate of convergence.

5.5.2 General

The general theorem of this section uses the general setting of but with a specific

loss function: Let d be a metric on Q. Let a > 1. We use d® as loss function. Define

<>(y7 2, Q7p) = t(y, q)—c(y,p)—c(z, q)+C(Z,p) and a(y7 Z) ‘= SUDg e, q#£p <>(y7 = QAO)W_l-

Let K: R — R be a function. For £ € Ny, h = hy, > 0, and z,t € [0, 1] define

xk
o= (3)..,,

5o

1 & x; —t x; —t x; —t
Bpii=—> U= V7 K=
’tnh;<h><h>(h>’
i — 1 x; —t
=0 oTJB—qu(xz )K( : )
w () n,t h h ’

whenever B, ; is invertible. Note that w; depends on n,t,h, K. A local polynomial
Fréchet estimator of order ¢ is any element

n
My € arg minz wic(Yi, q) .
€ i1

Assumptions.

o MOMENT: There are £ > 2 and Cyom € [1,00) such that E[a(Yt,mt)”]% <
ChMom for all z € [0, 1].

o SMOOTHNESS: Let 8 > 0. For all ¢,p € Q there is L(g,p) > 0 such that
t— Elc(Ys, q) — c(Yi,p)] € 2(B,G,pL(q,p)). There is Csmeo € [1,00) such that
E[L(my, 1)%]* < Csmo for all ¢ € [0, 1.

o KERNEL: There is Ckma € [1,00) such that K(z) < Ckmal[—1j(x) for all
x € R. There are ng € N, g € (0,00) such that Amin(Bpt) > Ao for all
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x € [-1,1], n > ng and the given choice of h = h,,, where Amin(By+) is the
smallest eigenvalue of B, ;. The constants ng and A\g give rise to a constant

Cker € [1,00), see|Lemma 5.40

e VARIANCE: There is Oy, € [1,00) such that Oy, @™ < E[e(Yy, q) —c(Vz, my)]
for all g € Q and t € [0, 1].

o ENTROPY: There is Cgnt € [1,00) such that v2(B,d) < Cgpediam(B) for all
BC Q.

Theorem 5.17 (LocFre General). Assume SMOOTHNESS, KERNEL, VARIANCE,
ENTROPY, MOMENT and x > -25. Let £ := |$]. Then, for ¢ € [0,1] and n > ny,
the local polynomial Fréchet estimator 1 of order £ fulfills,

E|mem”| < (leﬁ+c2<nh>—%)ﬁ ,

where C := cn,aCVIOCKerCSmo and Cy := C&,aCVIOCMomCEntCKer-

For o = 2, we obtain the classical error bound for local polynomial estimators with a
bias term h? and a variance term (nh)_%. The theorem does not necessarily give bounds
for different powers « of the distance between estimator and true value, but possibly
only for one specific «, which is determined by VARIANCE.

SMOOTHNESS and KERNEL are classical conditions for local polynomial estimators
[Tsy08, Proposition 1.13]. VARIANCE, ENTROPY, MOMENT are conditions needed to
ensure the rate of convergence for a generalized Fréchet mean, see [Sch19b, Theorem 1].

For a discussion see [Remark 5.3] in section (.2

Remark 5.18.

e SMOOTHNESS:
In this theorem, we have to insert a loose bound E[L(m,, mt)"‘]% < Csmo < 00
independent of n and h to obtain a bound on E[ma} that vanishes for
n — oo and h = h, chosen appropriately. In the corollaries below, we see that
this is not too difficult to fulfill.

In Euclidean spaces with ¢ = d?, where d is the Euclidean metric, we have
E[c(Y:, q) — o(Yz,p)] = —2(m(t),q — p) + llgll> — |Ip||* and SmOOTHNESS is
equivalent to m € X(L, 8) with L(q,p) = 2L.

o KERNEL:
KERNEL is fulfilled for Cgéi]lF; 1(@) < K(z) < Ckmal[-1,1)(2), appropri-
2'2 ’
ately chosen h,,, and n large enough, see [Tsy08, Lemma 1.5].
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5.5.3 Corollaries

Next, we apply [Theorem 5.17] to the metric setting of section SMOOTHNESS can
be replaced by SMOOTHDENSITY, see |[Lemma 5.41|in the appendix, and BIASMOMENT.

To fulfill BIASMOMENT we can assume BOMBOUND.

Assumptions.

e SMOOTHDENSITY: Let y be a probability measure on Q with [ 7,0°u(dy) < oo
for an arbitrary o € Q. Let 8 > 0 with £ = |3]|. For p-almost all y € Q,
there is L(y) > 0 such that t — p(y|t) € (8, L(y)). Furthermore there is a
constant Csmp > 0, [ L(y)?du(y) < CZ, .

N

« BIASMOMENT: Define H(q,p) = (f (7:q + 7p)° u(dy)> . There is Cgom €

[1,00) such that E[H (17, mt)””]% < Cgom for all ¢ € [0, 1].

« BoMBOUND: There are Cint, Clen € [1,00) such that [y;m;2u(dy) < CE, and
a(myg, mg) < Clep for all s, t € [0, 1].

MOMENT is trivial in bounded spaces.

Corollary 5.19 (LocFre Bounded). Let (Q,d) be a bounded metric space. Let
f > 0 with ¢ := |3]. Let 7, be the local polynomial estimator of order ¢. Assume

_ 1
VARIANCE, ENTROPY, SMOOTHDENSITY, KERNEL. Set h :=n  28+1. Then

— 2 — 28
E[m¢,m: ] < Cn™ 25+1

for all t € [0, 1], where C' := c(diam(Q,d)CV|oCKe,C’5mDCEnt)2.

VARIANCE is always true in Hadamard spaces.

Corollary 5.20 (LocFre Hadamard). Let (Q,d) be a Hadamard space. Let 8 > 0
with ¢ := [3]|. Let m; be the local polynomial estimator of order ¢. Let x > 2.
Assume MOMENT, ENTROPY, SMOOTHDENSITY, BOMBOUND, KERNEL. Set h :=
1
n 28+1, Then
—2 _ 28
E[mt,mt ] < Cn 2541

for all ¢t € [0, 1], where C' := ¢4 (CﬁerC’LenCMomCthSmDCEnt)2-

Remark 5.21.

o BoMBOUND:
We require the length of [0, 1] — Q, t — m; to be finite, measured with respect
the measure p and with respect to the pseudo metric a. This is a mild condition
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and should be fulfilled for smooth functions m. See[Proposition 5.43| (appendix
5.A.4.3) for a result on Lipschitz continuity of the regression function.

o BIASMOMENT:
This is a technical condition that we also use as an intermediate step to prove
corollaries in metric spaces for LocFre. It is fulfilled in bounded metric spaces
and can also be replaced by BoMBOUND.

e SMOOTHDENSITY:

If the noise distribution has a u-density and this density is smooth enough,
SMOOTHDENSITY can be interpreted as a smoothness condition on ¢ — my:
In a Euclidean space @ = R¥ with a location model p(y|t) = p((y — m(t))?),
we have dyp(y|t) = —2(y — t)m(t)p (y|t). Informally, the density should be as
least as smooth as the regression function, to view this condition as a typical
smoothness assumption on the regression function. It is likely an artifact of
the proof that we require the error density to be smooth.

5.6 Trigonometric Geodesic Regression

We apply the principles of geodesic regression to transfer the Euclidean trigonometric
series estimator to a new method, TriGeo, for nonstandard spaces.
Let (¢¢)en be the trigonometric basis of Lz[0, 1], i.e., for x € [0,1], k € N,

Pi1(x) =1, Yor () := V2 cos(2mkz) VYors1(x) := V2sin(27kz) .

The trigonometric basis is orthonormal, i.e.,

/01 Y (2)he(w)dr = oy

for all £,k € N, where dy, is the Kronecker delta.
In the metric space setting of section with the assumption of the existence of an
exponential map Exp(p, -), the resulting method is TriGeo:

N 2
(ﬁv @17 o 71A)N) € arg min d<EXp <p7 Z TM(%‘)W) 7y2> )

PpEQuET,HQ =1

N
m(t) :== Exp (@ZW@)@) :

(=1

For trigonometric series estimators, one usually bounds the mean integrated squared
error (MISE), as this makes it possible to utilize the orthogonality property of (1y)sen
in Lo[0,1]. To be able to use the same properties in the metric space setting, one could
take the integrated mean squared Euclidean error in the tangent space T,Q, where, e.g.,
o =m(0). Then the problem reduces to the standard Euclidean trigonometric estimator
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which is discussed, e.g., in [Tsy08| chapter 1.7]. If we assume that an inverse Log(o, -) of
Exp(o, -) exists, a smoothness condition should be applied to t — Log(o, m(t)).

The condition of centered / zero-mean noise of the Euclidean model for trigonomet-
ric estimation translates to E[Log,(Y:)] = Log,(m:). Unfortunately, this seems to be
far from the condition of centered noise in our metric setting, as it introduces dis-
tortions which highly depend on o = m(0). Compare this to our usual assumption,
my = argmin e g E[d(Y;, ¢)?], which implies (under mild assumptions) E[Log,,, (Y;)] =
Log,,, (m¢) = 0, cf [Kar77, Theorem 1.2].

We were not able to show a theorem similar to[I’heorem 5.23|or[Iheorem 5.12|using our
usual settings. Of course, this does not mean that the estimator above will necessarily
perform badly.

The estimator was implemented for simulations (section . This revealed another
drawback: High-dimensional nonconvex optimization is required so that TriGeo is —
by far — the slowest of all tested methods. The MISE values seem to be worse than
for the other estimators on average. It is not clear, whether this is due to theoretical
disadvantages or a worse outcome of the general purpose optimizer used for finding

(ﬁ7@17"')@]\7)'

5.7 Trigonometric Fréchet Regression

Using the Fréchet approach, we create a new trigonometric estimator, TriFre.

Confer section for the definition of the trigonometric basis of Ly[0,1]. In every
setting, we will require a smoothness condition. The appropriate smoothness class con-
nected to the trigonometric basis (¢ )ken is the periodic Sobolev class WP (3, L), see
[Tsy08, Definition 1.11]. A function f(x) = >"p2 Ox¥k(x) belongs to WP (3, L) if and
only if the sequence 0 = (0k)ken, Ok = fol f(x)Yr(z)dx, of the Fourier coefficients of f
belongs to the ellipsoid ©(/3, L), which is defined as

O(B,L) := {9 €0 > Gw, < L2} ,

k=1

where woy 1 1= woy, := (2k) ™7, see [Tsy08, Proposition 1.14].

5.7.1 Hypersphere

We use the hypersphere setting of section [5.1.1] For N € N, define the vector Wy :=
(Y )k=1,...n: [0,1] — RN, For t € [0,1], ¢ € S* set Fy(q) := Un(t) 2 S0 W (2)75,%
The trigonometric Fréchet estimator on the hypersphere is iy € arg min cgr ﬁt(q).

To be able to estimate m, we require a smoothness condition: Let u be a the measure of
the uniform distribution on S¥. Assume that for all ¢ € [0, 1], the random variable Y; has a
density y — p(y|t) with respect to p. Let 5 > 1. Assume, there is Csy,p > 1, such that for
p-almost all y € S, ¢ — p(y[t) € WP (B, Csmp) (SMOOTHDENSITY). Furthermore, we
again assume VARIANCE: There is Cyjo € [1,00) such that CyLd(q, m:)? < E[d(Yz, q) —
d(Y;,my)?] for all ¢ € S¥ and t € [0,1].
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Corollary 5.22 (TriFre Hypersphere). Assume VARIANCE and SMOOTHDENSITY.
1
Set N :=n28+1. Then

15 __28
]E{/ My, My dt} < Cn 241
0

for all n € N, where C := CBC\Q/Iocng'

5.7.2 General

We will only show a theorem in the metric setting of For N € N with Uy =
(Y1)k=1,...N, define Fi(q) := \I/N(t)Tl P UN(z)Y5g2. Let iy € argmin e o Fi(q).

n

Essentially, we estimate t — F(q) for every fixed ¢ € Q by a trigonometric series
estimator described in [Tsy08, section 1.7]. Instead of the unknown function Fi(q), we
then minimize F;(q) with respect to ¢. Out goal is to bound the mean integrated squared

error E[fol mt,thdt].
For y, z € Q define

Assumptions.

SMOOTHDENSITY: Let y be a probability measure on Q with [7,0%u(dy) < oo
for an arbitrary o € Q. For all ¢t € [0,1], the random variable Y; has a density
y +— p(y|t) with respect to pu. Let f > 1. For p-almost all y € ), there
is L(y) > 0 such that ¢ — p(y|t) € WP (53, L(y)). Furthermore, there is
Csmp € [1,00) such that [ L(y)?du(y) < C2,p-

VARIANCE: There is Cyjo € [1,00) such that C\7|(1) g < IE[T,(]2 — Yt,th]
for all g € Q and t € [0, 1].

MOMENT: Let k > 2. There is Cyom € [1,00) such that E[a(Yt,mt)”ﬁ <
CMom for all t € [0,1].

N

BiasMOMENT: Define H(q,p) = (f (70 +7p)° u(dy)) .
[1,00) such that E[H (i, mt)”]% < Cgom for all t € [0, 1].

There is Cgom €

ENTROPY: There is Cgn € [1,00) such that v2(B,d) < Cgndiam(B) for all
BC Q.
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Theorem 5.23 (TriFre General). Assume VARIANCE, MOMENT, BIASMOMENT,
ENTROPY, SMOOTHDENSITY. Then

1 N
E / mt,mfdt} <0 (N*w 4 NnHﬁ) L0,
0 n

where Cl = cﬂvﬁcalocngCL%om and 02 = 65760\2”00'%/'0”10%[‘“‘

We obtain a bound with the same rates as in the Euclidean setting, which lead to the
classical nonparametric rate of convergence, see corollaries below.

All condition have previously been discussed, see [Remark 5.3 and [Remark 5.21]

5.7.3 Corollaries

In bounded spaces MOMENT and BIASMOMENT are trivial.

Corollary 5.24 (TriFre Bounded). Let (Q, d) be a metric space with diam Q < occ.
1
Assume VARIANCE, ENTROPY, SMOOTHDENSITY. Set N := n28+1. Then

P 2B
E|:/ mt,mt dt:| < Cn 25+1 5
0

where C := ¢5C2, C2. 5 CZ, . diam(Q)>.

In Hadamard spaces, a(y,z) < 2d(y,z) because of the quadruple inequality [Stu03}
Theorem 4.9]. Furthermore, VARIANCE is fulfilled as noted before. Lastly, we replace
BiasMOMENT by BoMBOUND, which introduces an additional log(n)-factor.

Corollary 5.25 (TriFre Hadamard). Let (Q, d) be a Hadamard metric space. As-
1
sume MOMENT, BOMBOUND, ENTROPY, SMOOTHDENSITY. Set N = n28+1. Then

17A2 — 28 2
E / mg, My dt] < Cn™ 25+ log(n)~,
0

- 2 2 2 2 2
where C':= C&BCSmDCMomCEntCLenCInt‘
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5.8 Simulation

There is a total of 7 methods discussed in this chapter: LinGeo, LinFre, LinCos, LocGeo,
LocFre, TriGeo, TriFre. To illustrate and compare these methods on the sphere, the
R-package spheregr was developed. All code used for this paper, including all scripts
which create the plots and run and evaluate the experiments shown in this section, are
freely available at https://github.com/ChristofSch/spheregr.

Each method requires numerical optimization. We use R’s general purpose optimizers
stats::optim(method = "L-BFGS-B") and stats::optimize (), both without explicit
implementation of derivatives, but with several starting points. The implementations
could potentially be improved by using the algorithm presented in [EHW19|. For alter-
native implementation of geodesic regression, see [SO20].

The parametric methods are much faster than the nonparametric ones and Fréchet
methods are faster than geodesic methods, as the optimization problem for geodesics is
of higher dimension. We use leave-one-out cross-validation to estimate the hyperparam-
eters (h for LocGeo and LocFre, N for TriFre). For TriGeo it did not seem feasible to
do many repetitions of the experiments with cross-validation in each run. Instead we
set N = 3 for this method, which seems to be a good choice in many runs. For LocGeo
and LocFre, we use the Epanechnikov-kernel.

5.8.1 Model and Contracted Uniform Distribution

Let S? = {x € R3: |z| = 1} be the sphere with radius 1 and intrinsic metric d(q, p) =
arccos(q'p). For t € [0,1], let ¥; be a S%.-valued random variable. Let the regression
function m: [0,1] — S* be a minimizer m; € argmin,g» E[T,qz} Let z; := =1 and let
(Yi)i=1,...n be independent random variables with values in S? such that y; has the same
distribution as Y, .

As distribution of Y;, we choose the contracted uniform distribution CntrUnif(my,a)
with a € (0,1), which we define next. The contracted uniform distribution is obtained
from the uniform distribution on the sphere by moving all points towards a center point

along the connecting geodesic by a given fraction of the total distance.

Definition 5.26. Let a € [0, 1]. Let (O, ®) be random angles with values in [0, 7] x
[0,27) that form a uniform distribution on the sphere, i.e., they are independent,
© has Lebesgue density %sin(x)]l[o’ﬂ (x), and ® is uniformly distributed on [0, 27).
Let
sin(a®) cos(P)
Zg = | sin(a®) sin(P)
cos(a®)

Let m € S%. Let R, € O(3) C R3** be any orthogonal matrix that fulfills
m = Rye3, where e3' := (0 0 1). Then the contracted uniform distribution

CntrUnif(m, a) at m with contraction parameter a is defined as the distribution of
i
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The matrix R, in the definition above is not unique, but the symmetry of the distribution
of Z, ensures that the contracted uniform distribution is well-defined.

Two important properties are implied by the following proposition: For a € [0,1),
m € S? is the unique Fréchet mean of CntrUnif(m, a). Furthermore, VARIANCE is fulfilled
with Cyjp = (1 — a)_l.

Proposition 5.27 ([Oht12, section 5]). Let (Q,d) be a proper Alexandrov space
of nonnegative curvature. Let Y; be a random variable with values Q such that
E[d(Y,q)?] < oo for all ¢ € Q. Let m € argmin, g E[mz] be any Fréchet mean of
Y1. For a € [0,1), let Y, := ym—y(a), where, for y € Q, vp,—sy is a geodesic with
7m—>y(0) =m, 'Ym—)y(l) =y. Then

(1 - a)gm® < E[Vaq - Yom']

for all a € [0, 1].

Lastly, we calculate the variance of the contracted uniform distribution. Let m € S?, a €
[0,1], and Y ~ CntrUnif(m,a). Let Z, and © as in [Definition 5.26, Then E[d(Y,m)?] =
E[d(Z4, e3)?] because of symmetry. The distance does only depend on © and is equal to
a®. Thus, E[d(Y,m)?] = E[(a®)?] = 1a? [ 22 sin(z)dz = £ (7% — 4)a®.

5.8.2 Parametric Regression

We draw a random geodesic m with fixed speed. Then we create independent samples
yi ~ CntrUnif(mg,,a) to obtain our data (x;,y;)i=1,..n. Then we calculate the three
different parametric regression estimators LinGeo, LinFre, and LinCos.

We will describe points ¢ € S = {z € R®||z| = 1} via two angles (9,4, ¢,) €
[0,7] x [0,27) such that ¢ = (sin(dq) cos(gy),sin(dy) sin(pg), cos(dy)). We first show
some illustrating plots|Figure 5.1}and [Figure 5.2l We want to depict functions of the form
[0,1] = [0,7] x [0,27), t — (Urm,, Pm,)- The graph of such a function is 3-dimensional
and hard to understand on 2D-paper. Creating two plots, one for [0, 1] — [0, 7], t — U,
and another for [0,1] — [0,27), t — @, is also difficult to interpret, as one has to al-
ways take both graphs into account at the same time. Instead we show the image of the
functions {(Vm,, om,): t € [0,1]} C [0,7] x [0,27) and encode the dependence on t via
color.

The rectangle of the two angles (9, ¢) € [0, 7] X [0, 27) parameterizing the sphere is the
Mercator projection. This projection (as any projection of the sphere to the Euclidean
plane) distorts the surface of the sphere. This is made visible by the thin gray lines in the
plots, which are geodesics and replace the usual grid lines. The plots show the image of
t — my (line with black border) and the different estimators ¢ — 1, (lines with colored
border). The covariate t is represented by the rainbow color inside each line. To visually
compare the deviations of m; from m;, one has to compare the positions on the lines
with the same inner color. But note that distances are distorted: Distances close to the

equator (¥ = %7[‘) are larger than they appear and smaller at the poles (¢ € {0,7}). The
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Figure 5.1: For a true geodesic of length 3, we sample n € {10,90} observations with
contracted uniform noise of standard deviation sd € {%, 1}. Then we apply
LinGeo, LinFre, and LinCos. (Part 1.)
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Figure 5.1: (Part 2.)
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Figure 5.2: For a true geodesic of length 6, we sample n € {10,90} observations with
contracted uniform noise of standard deviation sd € {%, 1}. Then we apply
LinGeo, LinFre, and LinCos. (Part 1.)
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Setting MISE

n | sd | speed | linfre | lingeo | lincos
10 | 0.1 | 1.00000 | 0.00185 | 0.00232 | 0.00186
100 | 0.1 | 1.00000 | 0.00020 | 0.00020 | 0.00020
10 | 1.0 | 1.00000 | 0.26237 | 0.46893 | 0.48505
100 | 1.0 | 1.00000 | 0.03029 | 0.03111 | 0.03765
10 | 0.1 | 3.14159 | 0.00267 | 0.00223 | 0.00211
100 | 0.1 | 3.14159 | 0.00047 | 0.00019 | 0.00021
10 | 1.0 | 3.14159 | 0.42652 | 0.51267 | 0.48289
100 | 1.0 | 3.14159 | 0.06469 | 0.03267 | 0.04360
10 | 0.1 | 8.00000 | 2.21166 | 0.00231 | 0.00220
100 | 0.1 | 8.00000 2.05709 | 0.00021 | 0.00023
10 | 1.0 | 8.00000 | 2.91093 | 0.48702 | 0.47977
100 | 1.0 | 8.00000 [ 2.35239 | 0.03090 | 0.04342

[ T T I 1
1 2 5 10 20

error relative to minimal error

Table 5.1: Approximated MISE values for parametric regression methods. The colors
give a visual indication of the MISE value of the given methods divided by
the best MISE value in the row.

observations y; are also color-coded to identify which z; they belong to. Furthermore,
thin colored lines are drawn between y; and m(z;).

A geodesic of length 3 is estimated similarly well by all estimators. This
is true in different settings. Compare this with the estimation of a length 6 geodesic
in Only LinCos and LinGeo perform well but not LinFre. This strongly
suggests that LinFre is not consistent if non-Fuclidean properties of the descriptor
space play a significant role. Note that the errors in the settings (n = 10,sd = %) and
(n = 90,sd = 1) are similar and sd?/n is the same in both settings.

Next we repeat this experiment 1000 times for 12 different settings. The setting spec-

ifies the number of samples drawn n, the noise standard deviation sd = \/%(7?2 —4)a,
and the speed of the true geodesic. For each run we calculate the integrated squared
error, ISE, fol d (1, my)%dt. Then we take the mean of those 1000 ISE values to approx-
imate the mean integrated squared error, MISE. shows the results. We can
see that for geodesics with small speed, all three methods perform well. For high speed
geodesics LinFre does not give meaningful results. LinGeo is by far the slowest method

in our implementation, as it has the most complex optimization problem to solve.
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5.8.3 Nonparametric Regression

Next, we investigate the nonparametric methods LocGeo, LocFre, TriGeo, TriFre. We
test two different regression functions t — m;. The first one, named simple has angles
t — (3r,1+2mt), see This seems to be a straight line in the Mercator
projection but is a curved function on the sphere and cannot be estimated well by
the parametric methods of the previous subsection. This simple curve is periodic. The
second curve is described by ¢ (%7‘(’ + %Wt, %—i— 3mt). Again this curve is not geodesic. It
spirals around the sphere, see and is not periodic. To estimate nonperiodic
functions with TriGeo and TriFre, which require periodicity, we copy the data and
append it in reverse order to estimate the periodic function

m ift <1
N 2t ‘ %a
mo_gr ift > 5.

This may lead to boundary effects.

On a broad scale, all estimators seem to perform similarly, except for a worse outcome
for TriGeo on the spiral. In the setting (n = 10,sd = 1) the estimators are not able to
come close to the true curve. Compare this to the same setting in the parametric cases,
where performance of estimators is still good enough to potentially be useful.

As with the parametric methods, we approximate the MISE values in different settings.
The simulations are repeated 500 times. Only the two curves simple and spiral described
above are used. The results are presented in The more reliable analysis of the
approximated MISE-values confirms that all estimators behave similar, except TriGeo,
which has some bad outcomes. This may have several reasons. We were not able to
show an error bound for this method and argued that it may be sub-optimal, i.e., it
may be inherently worse than the other methods. We do not use cross-validation for
TriGeo, as we do for the other methods, but fix NV = 3. Thus, the comparison might be
unfair, because the hyper-parameters are not tuned equally. Lastly, in TriGeo, we have
to numerically solve an 8-dimensional nonconvex optimization problem (2 dimensions for
each of p, 01, 02, U3). There are 4 dimensions for LocGeo and 2 for the Fréchet methods.
Our program might return values farther away from the optimum in those methods with
higher dimensional optimization problems.
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Figure 5.3: For the simple curve, we sample n € {10,90} observations with contracted
uniform noise of standard deviation sd € {%, 1}. Then we apply LocGeo,
LocFre, TriGeo, TriFre. (Part 1.)



5.8 Simulation
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Figure 5.3: (Part 2.)
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n=10, sd=0.33
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Figure 5.4: For the spiral, we sample n € {10,90} observations with contracted uniform
noise of standard deviation sd € {%, 1}. Then we apply LocGeo, LocFre,
TriGeo, TriFre. (Part 1.)



5.8 Simulation
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Figure 5.4: (Part 2.)
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5 Regression in Non-Euclidean Spaces

Setting MISE
n o | curve | LocFre | TriFre | LocGeo | TriGeo
20 | 0.25 | simple | 0.02070 | 0.02410 | 0.02595 | 0.01397
20 | 0.25 | spiral | 0.02899 | 0.05902 | 0.03268 | 0.38623
80 | 0.25 | simple | 0.00731 | 0.00662 | 0.00851 | 0.00361
80 | 0.25 | spiral | 0.00900 | 0.01534 | 0.01008 | 0.37191
20 | 1.00 | simple | 0.34890 | 0.39052 | 0.36356 | 0.86604
20 | 1.00 | spiral | 0.56768 | 0.52354 | 0.54786 | 0.91824
80 | 1.00 | simple | 0.12056 | 0.09350 | 0.11026 | 0.09228
80 | 1.00 | spiral | 0.15185 | 0.14662 | 0.14677 | 0.47189

[ T T I 1
1 2 5 10 20

error relative to minimal error

Table 5.2: Approximated MISE values for nonparametric regression methods. The colors
give a visual indication of the MISE value of the given methods divided by
the best MISE value in the row.
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Appendix of Chapter 5|

5.A Proofs

5.A.1 Section 5.2} LinGeo
5.A.1.1 Theorem

We prove We first apply VARIANCE to relate the difference between the
objective functions to the loss between their minimizers. Then chaining is used to bound
the objective functions and a peeling device leads to tail bounds on the loss. Lastly, we
integrate the tails.

Define the objective functions

Fx(g) = ;iE[C(YIZ,g(ZL’“ 0))] ) FX(917 92) = Fx(el) - FX(QQ) 5
=1

B6) = -3 clyiglri ). Eul61.02) = Eul61) ~ Fi(6).
=1

VARIANCE and the minimizing property of 0 yield

>
>

1 & A A
c\;}% > Uma,, ;) < Fi(6,0%) < F(6,0%) — Fi(6,6%).

i=1
Define
Ax(8) = sup (Fu(0,6%) = Fx(0,6%))
0By (6% ,1,0)
and )
Z’L(e) = E (E[Czi(yxi, 0) - crz(Ymme*)] - cxi(yia 9) + Cx; (yi, 9*)) .

Then 71, ..., Z, are independent and centered processes with Z;(0*) = 0. They are also
integrable due to MOMENT. By the definition of a,, it holds

n (Zi(01) = Zi(02) — Zi(61) + Z;(02)) < b(01,02)z, (i, ¥i) -

Thus, the chaining result of [Theorem 5.56| (appendix [5.B|) yields

K

2

E[Ax(0)"] <cx | E

1 n
(E axi(yi,y§)2>
n -
=1

] Yo (Bx(6*,1,5), b)n"2
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By ENTROPY 72 (Bx(6%,1,6),b) < Cgntd¢ for 6 > Ty,. As k > 2, by MOMENT,

1 = "2 2
=, (yi,vi)
n -

=1

Thus, for § > T,

1 1
K 1 n E
E < <TL ZE[amz(ywy;)H]> < CMom .

=1

K -1 3 K
E[Ax(8)"] < e (™2 CentCiviomd*)
For T,, < a < b < oo, using Markov’s inequality, we obtain

P(Cv—.i; S (g, ia,) € [a b]) < B(a < Ax(D))

1=1
< a”"E[Ax(b)"]

< ¢x (néCEntCMombE> ‘

a

We use this bound in the peeling device, to obtain a tail bound for ¢ > T},:
1 n 0 1 n
i=1

=1 k=0
> (néC’EntC'Momt£2kg ) "

< 2%, Yy

= 2k
= 2%, (niéCEntCMom)Ktﬁ(gil) i (2'«71))}C
k=0

1 Kool
= Cke (n_QCEntCMom) t €1

with ¢, ¢ 1= 1_3:% To obtain the desired bound on the expectation, we integrate the
tail probability

9] _11 n R
§Tn+/Tn P(C’VlonZ[(mxi,mmi) >t |dt

11 .
E CVli;Z[(mxi,mxi)
i=1 i=1

o 1 K
<T, —i—/o min(l, Cryé (n*ECEntC’Mom) t”(5*1)> dt.
It holds
a 1
ba
a—1
for alla > 1,b > 0. Now set a = k(1 —§) and b = ¢, ¢ (n_%CEntCMom)K. We obtain

/ min(1,bt%)dt =
0

n

v 1 4 ’L{(l - 5) _1 K N%
CuE [n Zz::l [(mx“mxi)} ST+ K(1—6) -1 (Cn,ﬁ (n éCEntCMom) ) we
1

_1 ie
=T, + c:i,f (TL 2 CEntCMom) e

1
: /o _ k(=8 kI-9
with Cof = RA=8)TCre
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5.A.1.2 Corollaries

Proof of . In Hadamard spaces, the variance inequality, i.e., d(q,m)? <
E[d(Y,q)* — d(Y,m)?] for all ¢ € Q and m = argmin g E[d(Y,¢)?], holds for all dis-
tributions of Y with E[d(Y,¢)?] < oo, [Stu03, Theorem 4.9]. This shows VARIANCE.
Furthermore, the quadruple inequality

d(y,q)* — d(§.9)* — d(y,q)* + d(7.9)* < 2d(y.§)d(q, )
holds for all ¢, q,y,7 € Q, [Stu03, Theorem 4.9]. Thus, with METRICUP we get
02(4,5,6,0) < 2d(y, §)d(g(w,0), 9, 0)) < 2Cmup(y,5) [0 — 8] .
Hence, we set a;(y,9) := 2d(y,7)Cmup and b := | - — - | when applying [Theorem 5.2
Next, to check ENTROPY, use METRICLO

LS (g1, 0). g, 67)) =

n

n

1 % —
— Zd(9($l50)79($130 ))2 > C’Mllo
i=1 i

~12
9—9( T,

where T}, := Cresn~!. Thus, for § > T},
* —1 * (2 * 1
By(0%,1,8) € {0 € ©: Cyyiy 10— 071> < 25} = {0 € ©: |0 - 0°| < (2Cwi00)7 } -

From this, together with the bound on 7, for Euclidean spaces [Lemma 5.57| (appendix
5.8J), we obtain

1
VQ(BX(G*a [a 6)3 b) S ’72({0 S @! ’9 — 9*| S (2CM|06)§} , b)
< ¢ (doChmiod)?
= Cined?

NI

with CEnt = C(d@CN”o) . ]

Proof of [Corollary 5.5 We want to apply Hence, we have to check its

assumptions. VARIANCE is a condition of the corollary. In order show MOMENT, we
note

d(y7g($79))2 - d(y>g($>9~))2 < 2diam(Q)d(g(:U, 9),g(.%',é)) < 2diam(Q)CMuP

04|
using the triangle inequality and METRICUP. Thus,
Ox(y, ga 07 é) <4 diam(Q)CMUP

We can set a,(y,y) := 4diam(Q)Cmup and b := |- — - | when applying [Theorem 5.2, The

0—9”].
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moment condition is trivial, as a, is a finite constant. As before

Y2(By(6%,1,6),b) < Cined2

N

with Cgpt := C(d@CN”O) . ]
Next, we want to apply to show To do this, we need to show

MEeTRICUP and METRICLO translated to the spherical setting:

o METRICUP:
There is Cmyp € [1, 00) such that d(Exp(q, zv), Exp(p, zu)) < Cmup ([P — ¢ + |u — v|)
for all z € [~1,1], (q,u), (p,v) € TSF.

e METRICLO:
There are T;, > 0 and Cvjo € [1, 00) such that % S, d(Exp(q, z;v), Exp(p, z5u))? >
C'l\_/lllo <|p - Q|2 =+ ’u - U‘2) - CResn_l-
The following lemma shows METRICUP with Cpmyp := 4m. This constant may not be
sharp.

Lemma 5.28. Let (p,u), (¢,v) € TS*. Then

T
d(Exp(gq,v), Exp(p, u)) < 3 lg —pl+27|v—ul.

Proof. We can bound the intrinsic metric on the sphere by the extrinsic one,

d(Exp(g.v), Exp(p, u)) < 7 [Exp(q, v) — Exp(p, )

IN

g <]cos(|v|)q — cos([ul)p| + Sm|§)||v|)v - SID\LFLDUD .

For the cos-terms, it holds

|cos([v])g — cos(|ul)p| < [cos([v])| g — p| + |p| |cos(|v]) — cos(|u])]
<lqg—pl+||v] = |u]| .

sinl(\"xl) _

For the sin-terms, let J(x) be the Jacobi matrix of the function R* — R¥, z

Then

sin(|v sin(|u
o)y D | < up 1760 o o1
zERF

u

[l |ul

1 et ) 2 D,
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it holds

sin(|x]) _ sin(|z|)
19 len < (feostal)] + |50 ) kel 2 alop + |50 14 < 3.
Thus, d(Exp(a, o), Exp(p, ) < § (lg = pl + Ilo] =l + 3 — ) 0

For METRICLO we prove following lemma.

Lemma 5.29. Let (p,u), (¢,v) € TS* with |u|,|v] < Z. Then

1 2 8
| dox (Explp, 00, Expla,av))Pde = = lp =l + 5 lo —uf* .

Proof. First we lower bound the intrinsic distance dgx by the Euclidean one and use the
explicit representation of the Exp-function,

2

. U . v
dgr (Exp(p, zu), Exp(q, 2v))? > |cos(x [u|)p + sin(z IUDW — cos(z |v])g — sin(z Ivl)m

When integrating after calculating the squared norm, all summands with a cos() sin()-
factor disappear, because of symmetry. Thus, we obtain

1
| dox (Explp. v, Explg,a0)) o
-1

1
> / cos(z |u|)?p'p — 2 cos(z |ul) cos(z |v|)p'q + cos(z |v])?¢"q dz

1
1 T T T,

+/ sin(z [u])?——y — 2sin(z [u]) sin(z |v]) ——— + sin(z |0])2 g da .
-1 |ul |ul [ul |v]

As |p| = |q| = 1, cos(x)? + sin(x)? = 1, 2cos(a) cos(B) = cos(a — B) + cos(a + 3), and
2sin(a) sin(f) = cos(a — ) — cos(a + ), the right hand side reduces to

/11 2 — (cos(za) + cos(zb)) p'q — (cos(za) — cos(zb)) zdz

where we set a := |u| — |v], b:= |u| + |v|, and z := ﬁfﬁf}l. Integrating yields
49 <sin(a) n sin(b)) iy 2 <sin(a) n sin(b)) .
a b a b
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sin(b)
a b

>
»
—
2.
E
=
&
+

) > % for [v],|u| < T and as % lq _p‘2 = (1 — ¢"p), we have shown

1
| dor (Explp. ), Expla, )
-1

> % p—q® + <4 _g <sina(a) n sinb(b)> _q (sina(a) n sinb(b)> z> '

To complete the proof, we will show f(a,b,z) > 0 for all @ € [-F, 7], b € [0,7], and
z € [—1,1], where

f(a,b,2) ::4_2<sina@+sinb(b)> —2<Sinam)+Sinb(b)>z—c(a2+b2+(a2—b2)z)

with ¢ = 2. This suffices as a + b* + (a® — b?)z = 2|v — ul>. As f is linear in z, it is

w2 "
minimized either at z =1 or at 2 = —1. It holds
. (b
Flab 1) =4— 450 2 f(a,b,—l):4—4smb()—cb2.
a
Consider the function
1— sin(x) _9
g(x) = Tx with derivative ¢'(z) = COS(;U:))) :

It is symmetric at 0 and decreasing for positive x. Thus, it attains its minimum on
[—5,7 at = 7. For c := % = 4¢g(m), we hereby have shown f(z,y,z) > 0 and thus

have proven the lemma. O

Proof of [Corollary 5.1, We want to apply and have to check its condi-

tions. VARIANCE is the assumption stated in |Corollary 5.1 METRICUP is implied by
Lemma 5.28, To show METRICLO, let

1t 1 &
7, = |5 [ d(Exp(a.20), Explp,u)*de = 3 d(Expla aiv), Explp, oiu))?|
2 —1 n

i=1

With the use of the [Lemma 5.29|above on (gq,v), (p,u) € TS¥, |v|,|u| < A, we obtain

n

1
LS~ d(Exp(q, 210), Explp, ziu))? > % / d(Exp(q, 20/ ), Exp(p, zu/A))2dz — T,
Nz -1

> CMio (|q - p|2 + |U - u|2> -1,
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where Cpjo := A . Finally, for an L-Lipschitz continuous function f: [-1,1] = R,

‘/ dx—if(a:i)gzs.

In the worst case x — Exp(p,zv/A) and z — Exp(gq,zu/A) move in opposite directions
and the distance changes with a rate of (Ju| + |v|) /A. Thus, we obtain

2
2 (|lul + o) _ 8x° 1

T, < < —— =CRes?”
n

- nA2
where Cres := 872. U

5.A.2 Section 5.3t LinFre

Proof of[Theorem 5.8 We show that for each pair y, z € Q there is a point m € Q such
that for all ¢ € Q it holds

1
7d(y7 2)2 .

1 1
d(m7 q)2 = §d(y7 q)2 + id(zv Q)Q - 4

Then [Stu03, Definition 2.1 and Proposition 3.5 (iii)] implies that Q is a Hilbert space.
Let ~; be a minimizing geodesic between y = v_; and z = ~;. Let m :=~y. Let g € Q
be arbitrary. The strict linear Fréchet regression model implies that there are 8y, 0, € R

such that
o + 01t = E[d(Y:, )% — d(Ye, m)?] = d(, )% — (3, m)? (5.1)

Adding this equality with ¢t = +1 and t = —1, we obtain

1
200 = d(71,q)* — d(vi,m)? + d(v-1,9)* — d(y-1,m)* = d(y,q)* + d(2,q)* — 5 z)?

as d(y,m) = d(z,m) = 3d(y, z). Evaluating (5.1)) at t = 0 yields 6y = d(m, ¢)*. Together,
we arrive at the result

1
2d(m, q)* = d(y,q)* + d(z,9)* — 3, 2)%. O

Proof of |Proposition 5.9. Let (a, 8) € S?. For ¢ € [0,27), let Z(p, 3) € [0,7] be the
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distance of the two angles on the circle. We calculate the objective function,

Efcos(d(Y, (o, 8)))] = % / /0 7 sin(9) sin(a) + sin(9) sin() cos(£(e, 8))dpdu(¥)
= / (sin(vﬁ‘) sin(a) + %sin(ﬂ) sin(a) /07r cos(gp)dcp) dv(9)

:/sin(ﬁ) sin(a)dr (1)
= Asin(a).

Thus, if A > 0, E[cos(d(Y, («, 8)))] is uniquely maximized at a = 7/2, analogously for
A <0.If A=0, Elcos(d(Y, (o, 3)))] = 0 for all («, B) € S2. O

Proof of |Proposition 5.1(). By the law of cosines

E[cos(Y:,q)] = cos(mig,q)E[cos(Yz,my)] + sin(mg,q)E[sin(Yz,me) cos(Z(Yz, me, q))] -

By [Lemma 5.30| below, E[sin(Y;,m;) cos(£(Y:, my, ¢))] = 0. By the Pythagorean theorem

s

with Z(m¢,7s,,q) = 5,

cos(mg,q) = cos(TMg, Vs, ) os(Vs,-q) -
By definition, cos(m,7s,) = cos(Tzo1at,Vs,) = €0s(By + At). It holds
cos(Bg + At) = cos(By) cos(At) — sin(By) sin(At)

and, thus,
E[cos(Yz,q)] = Agcos(By + At) = a4 cos(At) + by sin(At) . O

Lemma 5.30. Let (Q, d) be a Alexandrov space of nonpositive or nonnegative cur-
vature |[BBIO1, section 4]. Let be a geodesic metric space. Let f: [0,00) — R be
a continuously differentiable function with derivative f’. Let Y be a random vari-
able with values in @ such that E[|f(d(Y,q))|] < oo and E[|f(d(Y,q))|]] < oo for
all ¢ € Q. Let m € argmax,cg E[f(d(Y,q))]. Then E[f'(Y,m) cos(£(Y,m,q))] = 0,
where Z(Y,m, q) is the angle between Y, m, and ¢ at m.

Proof. Let (7t)ie[o,r] be the minimizing unit-speed geodesic between v = m and v = ¢.
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[BBIO1, Theorem 4.5.6] yields 9;d(Y, vt)—o = — cos(a) where o := Z(Y,m,q). Thus,

0 = QE[f(d(Y,7))]j1=
=E[0, f(d(Y, %))ht 0
= E[f (d(Y, 7)) od(Y, ’Yt))]\t:o
= —E[f'(d(Y,m)) cos(a)]. O

5.A.3 Section b.4t LocGeo
5.A.3.1 Theorem

We prove To this end, we first replace the integral over x by a sum
over x; in Then the comparison of the estimated parameter ét,h with the
best local parameter 0, ;, is replaced by the comparison of ét’h to the true function m in
This is necessary to apply the variance inequality, which makes it possible
to translate a bound on the objective functions to a bound on their minimizers, which
are elements of the metric space. For the remaining part, we bound a variance term via
chaining and a bias term using the smoothness assumption .
These are used in where a peeling device is applied to bound the tails of
the error distribution (and via integration also its expectation). This is supplemented
by the auxiliary lemmata [Lemma 5.38| and [Lemma 5.39|. But first we start out with
another auxiliary result, which shows that a and b are semi-metrics.

A map d: @xQ — [0, 00] is called semi-metric on Q, if d is symmetric with d(q,q) = 0
for all ¢ € Q and obeys the triangle inequality.

Lemma 5.31. The functions a and b are semi-metrics on Q and O, respectively.

Proof. Recall g,;p = d(q,p). All properties for a are straight forward. For the triangle
inequality, as

e s M 2 N 2 b1 i UL el 2 W

)

q,p q,p q,p
we obtain
Y,q q - y,p —Z,q q +Z,p 7p
sup
q;ép q,p
_ B —2 2 92  __9
< yq yp 0,9 q +Uap U,q v,p z,q°+ZzZ,p
< sup + sup — .
Q75P q,p q#p q,p
For b the argument is almost identical. O

Using the properties of the kernel, we bound the integrated squared error by a sum.
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Lemma 5.32. Assume KERNEL and LiPSCHITZ. Then

/;1 d(g(x’ 9).9(z, é)>2 dz < 6CkmiCkma (i w¢d<gi(9)agi(§))2 + 20'-'P>
) =1

1 nh
2

for all 9,0 € ©,h > %

Proof. KERNEL implies

Clzl- l‘i—t
m ]l < ()
Crma#Iin [;,;1( h )—“’

where I, :={i € {1,...,n} : t — h < x; <t+ h}. We bound the difference between the
Riemann sum and its corresponding integral using L1PSCHITZ

( ( >’g(xih_t’é>)2 —/% d(g(m,é),g(m,é)) dz| <

1
2

C’Llp
= #ln

*6[

Thus,

n ~\ 2 C_,ii#l h
;wid(giw)agi(e)) > Cima#lth#j7 > d< <

o B 2
~0)o(551)
1€l p, h

C(szia'%'/:[tﬂ % ~\ 2 CLi
> _M e / d(g(z,0), g(z,0)) do — —=P | .
> G #Im(é (9(x.0), 9(z,0)) iy

As h > %, we obtain
1

zn:wid(gi(e),gi(é))Q > (%inl“ (/2 d(g(m,@),g(x,é))Qdm - 22;*’) . O
1=1 ma -

1
2

The weights w; have following properties, see [Tsy08, Proposition 1.13].

Lemma 5.33. Assume KERNEL and A > % Then

- 6CkmiC)

w1207 Zwlzlv sz%a
- 6CKkmiC

w¢:Oif|5L‘i—t|>h, Z w

for all t € [0,1] and h > 2.
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Define U(0) := > iy wid(g;(0), my,;)%. We make use of SMOOTHNESS to obtain a bound
on 321ty wid(gi(0e,n), 9i(0e,0))*.

Lemma 5.34. Assume KERNEL, LIPSCHITZ, SMOOTHNESS. Then,

/_é

A 2C\;
< 6CkomiCkoms (U(et,h) + 6Ckemi CkmaC2,igh? + “’) .

A 2
d(g(.%', 9t,h)7 g(xa 9t,h)> dx

ol

nh

Proof. [Lemma 5.32| with LIPSCHITZ states

: ) 2 S 2 2 2C) i
/21 d(g(m,ﬁah),g(x,et,h)) dz < 6CkmiCkma (Zwid(gi(eth)agi(gt,h)) JFWLp _
2 =1

2

The remaining sum can be bounded using SMOOTHNESS and KERNEL by

sz (gz ch gz gth > < Zwl ( gz ch mmi)Z + d(mx“gi(et,h))2>
< Z wid(gi(Oep), M, )? + CerCemoh® .
=1

Put together, we obtain

1
35 N 2
LQ d(Q(maet,h)ag(zaat,h)) dz

NI

- ) 2C;
< 6CkmiCima (Z wid(gi(Be.n): Ma,)? + 6Ckmi CkmaCémoh? + an> . O
=1

Next, we bound a variance term using chaining.

Lemma 5.35. Let g € B C ©. Assume MOMENT and KERNEL. Then,

— A K 1 K
E[Z“E Fi(0,00) — Fu(9,00)| ] < ¢ (2 (6CkmiCkma)? ChomCent12(B, b)(nh) 2 )
S

Proof. Define

Z:(0) = w; (d(yi, :(0))” — d(wir 9:(0))” — E|d(yi, :(0))” — (i, 9:(00))°] ) -
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We set y; to be independent of Y,, and obtain

E[|Zi(0)]) < E[wiE||d(yi, 9:(6))” — d(yi, 9:(60))” = d(V, 9:(0))” — d(Ye,, 6:(00))° | | ]
As sup,cy E[a(Y,,Y))] < on < oo, the processes Z; are integrable. The stochastic
processes Z1,...,Z, with index set © are independent and integrable. Furthermore,
E[Z;(0)] = 0 for all 8 € ©, and Z;(0y) = 0. They fulfill the following quadruple property:

Let Z! be independent copies of Z; with y; replaced by the independent copy y,. Then,
for 6,0 € ©,

| Zi(0) — Zi(0') — Z{(0) + Z{(0")| < wialyi, y;)d(g:(0), 9:(0")) .

As w; = 0 for |%t| > 1, we have w;d(gin(2,0), gin(2,6')) < wib(6,6'). Thus,
rem 5.56| implies

Define W := Y7 ; w? and v; := w?/W. We obtain, using Jensen’s inequality,

|

n K

E lsup Z Z;(0)

0B i1

(MBS

< 0572(87 b)HE |:<Zn: wiza(yiv y;)2>

i=1

[SIE
[NIE

E

(i wia(yi, y§)2>
=1

=E (W Xn: via(y;, y§)2>

=1
. n
w2 Z a(yi, yi)"

shows that a and b are semi-metrics. Thus, we have
E[a(yi, v)"] < 2°Ela(yi, ma,)"] < 2"Ciom

and, by [Lemma 5.33) W < %, we obtain

EFpM&M—E&%$
oeB

< i (2 (6CkmiCkma)* Citom12(B,0)(nh)"2)" . O

The bias term can be bounded because of the smoothness assumption again.

Lemma 5.36. Assume SMOOTHNESS, R—VARIANCE, and KERNEL. Then

n

Z wiE[d(Yﬂﬁwgi(Qt,h))2 - d(wa m$1)2]
=1

S CVUchmthB .
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Proof. By R—VARIANCE and SMOOTHNESS

E[d(Yz,g(xzh_ 9th))2—d(Yx,mz)2

T; — t 2
< CVupd<g(h7 9t,h> ; m:c)

< C'Vupogmo |x - 75|26 .

for all x,t € R. Hence, KERNEL implies

n
< Cvupcgmo Z wy |xl - t’zB
=1

< CyvupC2moh?” . O

mzagl Ht h))2 - d(Yxm mwz)2]

A major step for obtaining a bound on the objects of interest instead of their objective
function consists in using a peeling device (also called slicing). This technique is applied
in the next 3 lemmata. Recall U(6) = Y"1 ; w;d(g; (), myz,)?.

Lemma 5.37. Assume VARIANCE, SMOOTHNESS, R—VARIANCE, MOMENT, KER-
NEL, ENTROPY, and LiPSCHITZ. Then

A Cl 2
E[U(, ;)] < — h28
[U(Opn)] < . + Cah*” |

where

o 2 2 2 2 2

Cr:= CHCLipCVIOCMomCEntCKmiCKma
N 2 2

Cy = C,{C’VIOC’VupCLipC’Smo a

Proof. Recall
sz { l‘zagl 6))2} .

Assume U(0;1,) € [a,b]. Then by VARIANCE
Cyla < CgﬁU(ét )

<sz (Yarr 6 (010))? = d(Yy,me,)?]

< Ft(ét,ha et,h) + Z le[d(Yl‘mgl(et,h))2 - d(Yﬁly mxl)Z] .
i=1
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By
Z w; K Zz s gl 9,5 h)) d(me m&?z)z] < CVUPC’gmoh‘Q/8

For b > 0, let
By := {0 € 0: Zwid(gi(e),mxi)2 < b} .
i=1

By the minimizing property of ét’h,

Ft(ét,ha Orp) < Ft(ét by Orn) — Ft(ét,m Ocn)

< sup ‘Ft 9 9th) Ft(ﬁ,ﬂt,h)’ .
GEBb

Thus,

C’V| a < CVupCSmoh + sup ‘Ft 9 Qt h) Ft(ea Ht,h)’ .
9€Bb

Using Markov’s inequality,

P(U(014) € [a,8]) < IP(CVUPCSmOCwoh P 4 Cuio sup |Fi(0,0,) — Fu(0,0,)| > a)
9685

1 C\’;upcgﬁmhz@n + E[Supeeéb )Ft(ea O1.n) — Fy(6, 9t7h)‘ }
<27 CNie

al‘i

By with 0 = 6,5, with below and ENTROPY

sup | Fy(0,0,) = F(0, 01.) 1
0€B,

S

S Cr (2 (6CKmiCKma)% CMomCEnt (12CKmiCKmab) (nh)_%)n ;

QCL,p

for b > 5CZ h?* + Thus,

¢ih2r 4 (eab7 (nh)~2)"

aH

P(U(et,h) € [a, b]) < o1

)
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where

P 2
C1 ‘= CV|OCVupCSmo s

1
2 := 18¢/ CvioCMom CEnt CkmiCkma -

Thus, by below
A~ QCL 62
E[U(O;)] < 5CE MY + —L 4 ¢ [ e1h?P + 2 .
[U( t,h)] = BCLIp + nh +c (Cl + nh

As all constants are chosen to be in [1,00), we obtain the desired result.

Lemma 5.38. Let V be a nonnegative random variable. Assume that for 0 < qg <
a < b < oo, it holds

uf 4+ (vb%)ﬁ

aH

P(V € [a,b]) <c

where ¢ > 1,u,v > 0, kK > 2. Then

E[V] <ap+ CuCh (u + 112) .

Proof. For s > ay,

P(V >s) < iP(V € [s2k,52k+1]>
k=0

1 1 1
R R T VS L P L

<De

ghkk

k=0

) [eS)
1 1 1
S c (uns—n 2 :2—kn + 25RURS_§H 2 :2—2k/@>
k=0 k=0

1
/ — =
<c.c (u”“s Fofs 2“) .

We integrate the tail to bound the expectation,
o0
E[V] < ao +/ P(V > s)ds.
ao
For A, B > 0, it holds

K 1

o0 1
Ax / min(1, Bs™2") <
0 2

in(1,As ") <
/0 min(1, As )_1_/{
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Applying these inequalities to the tail bound above, we obtain

E[V] < ap+ Ccn (u + v2> . O

Lemma 5.39. For b > 0, let
%
By = {0 €0: d(g(x,@),g(a:79t7h))2 dx < b}

By = {9 €06: iwid(gi(e),gi(euh))Q < b}

=1

By := {0 € 0O: Xn:wid(gi(e),mxi)2 < b}

=1

Assume SMOOTHNESS, KERNEL, and LipsCcHITZ. Then, for all b, s > 0,

B~b C BbJrr and Bs - Bs’

where

nh

2C1L
P = QCLiph'Bb% + CEiph2B s = 6CKkmiCkma (S -+ L p) .

Proof. For 0 € ©, we obtain using the triangle inequality

d(gi(0),ma,)* — d(gi(0), 9:(00.0))*
< d(mxwgi(@t,h)) (Qd(gi(g), ma:l) + d(mxiagi(et,h)))
< 2C5mo |21 — t|” d(1ma,, 6i(0)) + Crpg |z — >’

because of SMOOTHNESS. Thus, KERNEL implies

n

>~ wi (dlgi(0), my,) — d(gi(6), 9i(6:,0))°)

=1

n n
< 2Csmo Z Wy |xz - t’ﬂ d(mxmgl(e)) + C%mo Z Wi |I’z - t’zﬁ
i=1 i=1

n
< QCsmohB Z wld(mzz,gl(Q)) + Cgmoh26 .

i=1

Now assume 0 € By. Then 3% w;d(gi(0), mz,)?> < b. We obtain, via Jensen’s inequality,

1
n n 5
> wid(ma,, gi(01p)) < (Z wid(mngi(et,h))2> <b2.

i=1 =1
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Together, we get

< 2Csmoh®b2 + C2. K2 =i

i (d9:(0).me.)? = d(0i0),:(6,))°)

Thus,

n

> wid(gi(0), 9i(0r.n)) Z g )2+ <b+r
=1

which shows By, C Byir. The relation By C By follows from [Lemma 5.32| by

/é d(g(x, 0),g(x, é))2 dz < 6CKmiCkma (En: wid<9i(9),gi(§)>2 N QSZP> . .
=1

1
2

Finally, we can put together the results obtained so far to finish the proof of the main
theorem.

Proof of |[Theorem 5.14 By |Lemma 5.34],

3 ~ 2 ~ 2C1;
[, d(9(a8u0).9(2.00))” 4 < 6CkmiCicma (U(61) + 6CikmChimaClnoh® + =22 )

»

By [Lemmma 537,
C1

Cl hZﬁ
h +

E[U(0;5)] <

where

r 2 2 2 2 2

Cl = CHCLiPCVIOCMomCEntCKmiCKma )
;o 2 2

C12 — CRCV|OCVupCLipCSmo .

Thus, we obtain

dr < G + Coh?8
nh

E V% d(g(x, Ou1), 9(x, 9t,h)>2

where

Cl = GCKmiCKma (CNCLipC\%IoCI%/IomCéntCE(miCI%ma + 2CUP> ’
Cs = 6CkmiCkima (€eCvieCvipCEpCmo + 6 CkimiCikmaCimo ) - O

5.A.3.2 Corollaries

[Corollary 5.14] and [Corollary 5.15] are direct implications of [Theorem 5.121 We want to

prove|Corollary 5.11l It is a consequence of |Corollary 5.14|with @ = S¥ and g(z, (¢,v)) =

Exp(q, zv) for (q,v) € © C TSE. To apply this corollary, we need to show ENTROPY,
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LipscHITZ, and CONNECTION for the sphere, as VARIANCE, SMOOTHNESS and KERNEL
are assumed.

o CONNECTION: As (g,v), (p,u) € O, it holds |ul, |v| < 7. [Lemma 5.29|implies

[

3 11 1 1 2
21 d(Exp(q, zu), Exp(p, xv))2 dzr = 5/ d<Exp <q, 2xu> , Exp (p, 21:11)) dz
_1 ~1
2
1
> —[lp - ql|*

1
> —der(p,q)?.
> —5dgr(p,a)

Thus, we can choose Ccon 1= 2.

o LipscHITZ: Let ~v1(xz) = Exp(q,zv) and y2(z) = Exp(p,zu) be two geodesics.
The squared distance d(y1(z),72(z))? can be bounded by 7-times the Euclidean
distance. Furthermore, it changes not more than the distance of straight lines in
R**+1 moving in opposite directions. Without loss of generality d(vy1(x),y2(x)) <
d(1(y),72(y)). Then
(71 (2),72(2))? = d(31 (1), 72(9))?]
< (d(n (), 72(2)) + 7 |z =yl (Jul + [v]))* = d(3 (2), 72(2))?
< o =yl (7l =yl (Jul + [v])* + wd(7 (), 32(2)) (Jul + [v]))
S C’Lip ’JZ - y’

with Clip := 871 + 47, where we used |ul, [v| < 7 for (¢,v), (p,u) € ©.

e ENTROPY: implies

1=

2 1
A(Exp(g. zu), Bxp(p,2v))da > — (Ip—af’ +Ju—vf*) .

N

Thus, By(6p) C {:1: € R%*+2: |z| < \/Fb}. By|Lemma 5.28] it holds b((q, v), (p,u)) <
2m (lg = pl + [v = u]), yielding

72(By, b) < cy2(B =5 |-|) < ¢ Vkb.

Thus, we can choose Cgpt := ¢/ Vkb.

5.A.4 Section BBk LocFre

First we state some properties of the weights w; to be used later.
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Lemma 5.40 (|Tsy08, Lemma 1.3]). Assume KERNEL. Then there is Cker € [1,00)
such that

Z wi:()if|aci—t]>h, w; < er’
= nh
n n
Ck
Z ‘wl| < CKer 2:’[1)22 < e .
=1 =1 nh

for all ¢t € [0, 1], n > ny.

5.A.4.1 Theorem

We prove [Theorem 5.17, We first apply the variance inequality to relate a bound on
the objective functions to a bound on the minimizers. The required uniform bound on

the objective functions can be split into a bias and a variance part, which are bounded
separately thereafter. Then, these results are put together in the application of a peeling
device, which is used to bound the tail probabilities of the error. Integrating the tails
leads to the required bounds in expectation.

Variance Inequality and Split. We define following notation for the objective func-
tions

- Z wielyi.a) Ba.p) = Fila) - Filp).
Z wiE[c(yi, q Fi(q,p) == Fi(q) — Fi(p).
Fi(q) == E[ (Y1, q)] Fy(q,p) == Fi(q) — Fi(p).

Using VARIANCE and the minimizing property of /m; we obtain
C\ﬂid(mumt)a < Fy(1ig, my)
< Fy(mye,my) — Ft(mtymt)
= (Ft(mt,mt) — Ft(mt,mt)) + (Ft(mhmt) - Ft(mtamt))

The first parenthesis represents the bias part, the second one the variance part. We will
bound the former using SMOOTHNESS, the later by an empirical process argument.

Variance. Define

Zi(q) = wi (c(yir q) — <(yi, me)) — E[w; (e(yi, @) — e(yi, me))] -

Then Zi,...,7Z, are independent and centered processes with Z;(m;) = 0. They are
integrable due to MOMENT. By the definition of a,

|Zi(a) = Zi(p) — Zi(a) + Zi(p)| < |wil a(ys, v)d(g, p)
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where Z;(¢q)" and y, are independent copies of Z;(¢q) and y;, respectively. [Theorem 5.56
yields

E

sup ’Ft(% my) — Fy(q,m) Zi(q)

qu(mt 7d76)

E[(Zn:wiza(yi,yé)z)Q] Y2(B(mu, d, 5),d)
i=1

K
=K sup E
] |J1€B(mt,d,5) i=1

K

for a constant ¢, depending only on k. Define W := >, w? and v; := w?/W. We

apply MOMENT,
n 3
=K (W S via(ys, y£)2>
i=1

n
<E lWS > vialys, yé)“]

_WQZ'Uz yzvyz

K

E [(Zn: w?a(yz-,yé)2> 2
=1

< W2CMom .

By [Lemma 5.40, W < Cker(nh)~!. By ENTROPY, Yo(B(my,d,d),d) < Cgnid. Thus,

E [ sup ‘Ft(% mt) - Ft(q’ mt)‘ < ¢k (CMomCEntCKeré(nh)_%)
qeB

(mt 7d76)

Bias. As > ' ; w; =1 (Lemma 5.40), we have
Ft(q7 mt) Ft q; mt Zwl }/tayivq7mt)] .

Set f(t) := E[c(Ys, q) — ¢(Yy, p)]. Applying SMOOTHNESS, a Taylor expansion, and the
property that the weights annihilate polynomials [Tsy08|, equation (1.68)], we obtain

> wiE[O(Yz, v q: p)] sz (R +Zf — >
=1
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for values R; € R with |R;| < d(q,p)L(q,p) |t — zi|®. Thus,

Z le[O(nv Yi 4, mt)] S CKerd(Q7 p)L(Q7 p)hﬁ ) (52)

see [Lemma 5.40] Finally we obtain

|-

K

1jg,47(d(rie, m0)|

< EHCKerd(mta me) (1, mt)hﬂ‘ﬁ Ljo,6)(d(rhe, mt))}
< C'KerC’Smo(shﬁ .

EHFt(mt, me) — Fy (g, my)

=

Peeling. For § > 0 define

As(a,p) = (|Fula,p) = Fula, p)| + | Fila, p) — Fila,p)]) Tjog(d(g. ).
Recall that the variance inequality implies
Cudring, me)* < (Fi(ring, me) = Fy(ing, ma) ) + (i (i, ma) = By (ring, me) ) -
Let 0 < a < b < 0o0. The inequality above and Markov’s inequality yield
ClELAs(rie, mi)"]

aan

P(d(re, my) € [a,b]) <P(a® < Cyiolyp(ring, my)) <
Our previous consideration allow us the bound the expectation by a variance and a bias
term:

R

E[Ag(rie, my)"] < 2571 (EHFt(mt,mt) — Fy(ihg, my)

10,47 (d(rig, me)|
+E sup ’Ft(q, my) — Ft(q; my)

geB(my,d,0) 1 )

< ¢k (CKerCSmoh'B + CMomCEntCKer (nh)_%)ﬁ 0" .

We are now prepared to apply peeling (also called slicing): Let s > 0. Set A :=
C'VIOC’KerC'SmohB + C(VIOC(MomC(EntC'Ker(nh)_%' It holds

P(d(1ive, my) > ZIP’( Mg, M) [2ks,2k+15])
< Z

2KCHAI€SN(17Q) Z 2kn(1fa)
k=0

Cre An 2k+1 )

" K k(l—a)
< [ on(=a) cA"s .
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We integrate this tail bound to bound the expectation. For this we require x > a/(a—1).
Set B := 1_22%0,{/1“, then

E[d(r, me)®] = a / S UB(d (g, me) > 5)ds
0

o 1 a—k(a—1)
e bn(a—l) + 717 k(a—1)
kla—1) -«

o
1 1 _a
— | — I——— VIR
(oz+ /i(a—l)—a>
c

o0
< a/ s I min(1, Bs"(1=))ds
0
1

Thus,

o

)=

D=

E[d(mt, mt)a] < Ck,a (CVIOCKerCSmohB + CVIOCMomCEntCKer(nh)_

5.A.4.2 Corollaries

Lemma 5.41. In|[Theorem 5.17] SMOOTHNESS can be replaced by SMOOTHDEN-
SITY and BIASMOMENT when we replace Csmo by CgomCsmD-

Proof. Using the p-density y — p(y|t) of Y, we can write E[T,cﬁ — T,p2] =
[ 7:@® — 7.p%) p(y|t)du(y). By SMOOTHDENSITY, t ~ p(y|t) € X(B,L(y)). Thus,
there are ay(y) such that p(y|z) = Ry(x,z0) + Sh_o ax(y)(z — x0)* with |R,(z,20)| <
L(y) |# — x0|°. Using that the weights annihilate polynomials of order £, we obtain

> w00 o)) = [ 3w (58— 77 (o) — pyle) duy)
i=1 i=1
= / anwi (7@ —7°) Ryt 2:)du(y)
=1
</ >l

7@ — 7| 1Ry (t @) daly)

It holds

|z — zo|® (7,0 + 7:p) L(y) -

70" — 70| IRy (w,0)| < T

Together with >°1 ; |w;| < Cker from [Lemma 5.40, we obtain

< e’ [ (70-+79) L&) duly).

> wiB[O(Yz, i, ¢, p)]
=1
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This replaces equation ([5.2)) in the proof of [Theorem 5.17| with

Lig.p) = [ 2+ 79) L&)duy).

To make the replacement valid we have to ensure E[L(my, mt)”]% < Csmo. By Cauchy—
Schwarz inequality,

[ @+ 7) Lw)duty) < Hap) ([ LwPdnw)) < Hiap)Com.

BIASMOMENT states E[H(mt,mt)"]% < Cgom- Thus, set Csmo := ComCsmD- O

1

70+ 7P u(dy)) .

Recall H(q,p) = (f(

Proposition 51.42. Assume BOMBOUND, VARIANCE, KERNEL, MOMENT. To fulfill
E[H (1w, m¢)*]* < Cgom in BIASMOMENT, we can choose

CBom = €xCVioClenCMom Cint Cker -

Proof of |Proposition 5.42. Using the triangle inequality

(.0 = [ Ga+70)” u(dy)
< /(ﬁJr 27.p)” 11(dy)
< 2/W2 + 47.p* p(dy)
<2qp* + 8/W2M(dy)

as p is a probability measure.

[SIE

E[H (1, my)"]* < E

< ¢y <E[ﬁlt,’m/tﬁ]i + (/W%(dy)f) :

Next, we will bound E[mg,m; |. Let W := S>%, |ws|. First, by VARIANCE and the

(2mtamt2 + 8/y,mt2,u(dy))
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minimizing property of My,

—— .
Cyiome,my < Fy(1y, my)

< Fy(u, me) — Fi(i, me)

= wik[O(Ys, yi, me, i) | Y1)

< Z |wi| e, me E[a(Ye, i) | vil -
Thus,

n
Coomemy <> Jwil Ela(Ye, yi) | il -
i—1

With Jensen’s inequality
C\?IQE[mt’mt [ Z |wz|IE }/tayl) |yz]> ]
i=1
n w; K
EKZ‘ ’E[ (Y2, vs) Iyz}> ]

Wy i Ela (v, ) | 3]

I8

n w; .
<oy Wilglay
=1

<W" sup Ela(V:,Y.)"].
s,t€[0,1]

As a is a semi-metric,
E[G(Y%, }/sl)ﬁ] < E[(G(YZ, mt) + a(mta ms) + a(ms> YZ))R]
< 3% (2 sup E[a(Y:, me)"] + a(my, ms)®
te(0,1]
< ¢k (Cll\€/|0m + Cfen) :
shows W < Cker. This completes the proof. O

Proof of [Corollary 5.19. 1f diam(Q, d) < oo, then
1

Hla.p) < ( [ @ diam(Q.d)* u(dy)) " =2 diam(Q.a)

Thus, we can choose Cgom := 2 diam(Q, d). Using the triangle inequality we get 7,¢> —
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U — %,q° + Zp° < 4g;pdiam(Q,d). Thus, a(y, z) < 4diam(Q,d) and we can choose
CMom = 4diam(Q, d). To summarize,

C = Cm,ozCVIoCKerC’Smo
Cy = cn,aCVIoCMomCEntCKer
CMom = 4diam(Q, d)

C'Smo = C’Bomcfst
Cgom = 2 diam(Q,d). O

Proof of[Corollary 5.20. VARIANCE holds in Hadamard spaces with Cy, := 1. We bound
E[H (1, m¢)"]* < Cpom using

CBom := €xCVioClenCMom Cint Cker

see [Proposition 5.42] To summarize,

C1 = ¢4,aCVioCkerCsmo
Ca = ¢x,aCViIeCMom CEnt CkKer
Cvio =1
Csmo = ComCsmD
CBom = ¢kCVioCLlenCMom CintCker

2
(C1+ C2)” < ¢, (CerCienChom CintCicer Csmd + Citom Cent Cicer)

IN

IN

2
cal (C,%erCLenCMomClntCstCEnt> . 0

Proof of |Corollary 5.16 By [Lemma 5.57, we can choose Cgne := 2v/k. The diameter is
diam(S¥, d) = 2x. O

5.A.4.3 Smoothness of regression function

Proposition 5.43 (Smoothness of regression function). Let (Q, d) be a Hadamard
space. Assume t — p(y|t) € X(1,L(y)). Assume there are Cint,Csmp € (0,00)
with [ym2du(y) < C2, and [ L(y)?du(y) < Csmp. Then t — my is Lipschitz
continuous with constant Cj,1Csmp. In particular, we can choose Clen = CintCsmD-
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Proof of [Proposition 5.43. Using the variance inequality twice, we have

QWQ S (Fs(mta ms) + Ft(m87 mt))
= [ (g = 72 (vl = p(v1s)) du(y)

< T / (@ + 575) [p(ylt) — p(yls)| duu(y) .

Thus, with the Lipschitz assumption on the density,

Mo < 5 [ @+ 7 p(slt) = plols)] daty)

1
< Sls =l [ (e + 5m) Lw)duty)
1
2
<ls— sw ( [gmidnty) [ Lo )
te(0,1]
< ’3 - t’ CSmDOInt . O

5.A.5 Section B.7k TriFre
5.A.5.1 Theorem

We prove The difference of the objective functions is split into three parts
in [Lemma 5.44] In[Lemma 5.45] we use a peeling device and the variance inequality to
relate this difference to the distance between the minimizers m; and m;, which is the
quantity to be bounded in the theorem. Of the three parts, two bias related quantities
are bounded in [Lemma 5.46] and [Lemma 5.47] with an auxiliary result in
The third part, a variance term, is bounded in via chaining. The bounds on
the three parts are summarized in In the end, the integral over ¢ is applied
to calculate the mean integrated squared error. Here, the auxiliary result
is applied.

For shorter notation define Fy(q,p) := Fy(q) — Fy(p) and E(q, p) := Fi(¢) — Fi(p). We
introduce the Fourier coefficients ¥y (g, p) of t — F;(g, p) with respect to the trigonometric
basis

1
Vi (g, p) ::/0 VY (z) Fr(q, p)de

such that Fi(q,p) = > p=1 Vk(q, p)Yx(t) due to SMOOTHDENSITY. Define

ri(q,p) = i Uk (q, p)¥r(t), F{(q,p) = ‘IJN(t)Tif:\IfN(xi)rm(q,p),
k=N-+1 i=1

1 n
e(y.4.p) == Fila,p) — (70~ 70°) »  Fi(a.p) = Un (1)~ > Wn(i)en (v 0 )
=1
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Lemma 5.44. If N < n, then

Fi(q,p) — Fi(q,p) = r(q,p) + Ff(a,p) — F{ (¢,p) -

Proof of [Lemma 5.44 Tt holds L 3% by (2;)¢e(x;) = Ok for k, £ € {1,...,n
[Tsy08, Lemma 1.7]. Set

2

Z (g, P (t)

Then %Z?:l T?k(fUz)Fa]:Y(q’P) = ﬁk(Qap) for k < N <n. Thus,

1 n
F'(g:p) = Un()' > Un () Fy (gp)-
=1
AS Ft(va) - Tt(qap> = FtN(qap)v we Obtain
Fy(q,p) — Ft(q p) — (g, p)

=WUn(t Z\PN z;)Fy (g,p) — Un(t Z‘I/N (zi (yuq Wz)
=1

1
= In(', Z‘I’N 2) (FY(a.p) = Fu,(a,p) + Fr,(a.p) — (750" — 7°))
=1
1
_\IIN T Z\PN Ty ( sz(qap)—l_gwl(yla(bp))
=1

= Fy(q,p) — F{(¢,p) -

Next, we apply the peeling device.

— 1}, see

Lemma 5.45. For b > 0, define

Upp = sup  Fy(q,me) + (re(riae, me) — Ff (g, me)) Lyg ) (e,me)) -
qu(mtybvd)

Let x > 2. Define

E[UE ]\ =
ot oz o P
b>0 b
Assume VARIANCE. Then
2 4k
E{mt,mt :| < — 20\2/|0h(t)2
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Proof of|[Lemma 5.4, For a function h(t) > 0, we have

I um—
M,y o & ~——
El h(D)? ] —/0 QSIP)(mt,mt > sh(t))ds.

By VARIANCE, the minimizing property of m;, and |Lemma 5.44] we obtain

R — R
C\/kl,mt,mt < Fy(rig, my)
< Fy(ng, my) — Ft(mmmt)
= ’r‘t(mt, mt) + Ff(rht, mt) — FtT(mt, mt) .
If my,my € [a,b] for 0 < a < b, then

-1 2 1z 2
Oyt < Oy 1,my

< Ff(mt,mt) + rt(mt,mt) — F[(mt,mt)

< osup Ff(g,me) + (re(g, my) — FY (g, my)) Ty g (10e,m0)
qu(mtybyd)

=Up.
Thus, by Markov’s inequality

C\?IOE[UtI?b]
aZH

P(m € [a,bD < P(az < CVIoUt,b) <

Let ag(s) = 2¥sh(t). As E[Uf] < bh(t)", we have

P(m > sh(t)) < min(l, i P(m € |ag, ak+1)>>

k=0
x K h t
< mln(l,C@lo Z akﬂ%( ) >
k=0 A
We obtain
K K k+1 r K K
af bt (25+1sh(1))" h(t) _(2-25shhn)\ " _ (224 )"
a%/{ (kah(t))Qli 22k82h(t)2
and thus
ad all:Jrlh(t)H K_.—K - —kk 2 —K
Z — " = 2% Z 2 = s M.
2K —K
=0 %k k=0 1-2

198



oK

Putting everything together with ¢, 1= 5=

Yo, yields
n(e) B[] =2 [ 5P (e > shit))ds
0

o
< 2/ smin(1,c,s7") ds
0

1

e o)
:/ 2sds + 2¢, /1 s1rds
0 cl

K

2 1 1\ 2k
=cf +2c,—— (c;é)

K— 2
2 2
=cr (1
cn< +,<;_2>
4k o
< .
= gk —2 Vio

Using the smoothness assumption, we are able to bound the r-term.

Lemma 5.46 (Bound on r). Assume SMOOTHDENSITY. Then
Eflrs (v, ma)[* Loy (re,ma)] < 0°hiy (£)*Chom

where

N |=

{=N+1

2
hy(t) = /( > §e(y)¢e(t)) pu(dy)

NI

#a.p) = ( [ @a+70) uiay))

Proof. It holds

() = [ ne)Falg p)de

1
:/0 /wk(ﬂf) (78 = 77°) plylz)du(y)de
= [ (77 - 77) [ vu@plpliizdut)
= / (72 - 77°) €(v)dnly)
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Thus,

nap) = [ (77 -77) Y eudua

{=N+1

< (/ (y,q?—y,pz)2u(dy)>é /( i €z(y)¢z(t))2u(dy)

(=Nt1
< q.pH(q,p)hn(t).

Finally, we obtain
E{lre (v, ma) " Lo,y ()] < b7hoy (8)"E[H (10, ma)"] -

Using the previous result, we can also establish a bound on F™.

2

Lemma 5.47 (Bound on F7).

ELF (g, mie)" i p) (1he,me )] < s (an_wCSmD) V" CBom

where ¢, € [1,00) depends only on .

Proof. We will show that asymptotically Fy (¢q,p) < r:(q,p). Recall

n

F(a.p) = Un (0] > Ux(wi)ra(a,p)
=1

nap) = S Oulap)n®)

k=N+1
and define .
ri(q,p) = > De(q, p)he(t)

l=n

It holds

F(g,p) < [N ()] H% > Un(@i)ra, (4,p)]
i=1

By below, to be shown below,

l Z \I]N(xi)rxi (Qv p)

n

2 1 n
< - § T:m(va)Q
- n -
=1 =1
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As in the proof of we have

[Tnt(q,p)| < Tohn(t)"H (g, p),

where
o 2
:/<Z§e(y)w(t)> p(dy) .
l=n
Thus,
F/(¢,p)” <GP H(q,p)*|¥n (1) H2 Zh x;)?

with Uy ()2 < 2N. As &(y) € (B, L(y)), we have S22, &.(y)?w, % < L(y)? with

Wopy1 = wor = (2k)~
o
Z wg < ent%
k=n

Thus,
z(sz ) «zz () zwkwm
n =1 n i=1 k=n =
=n
< COL(y)2n1 25-
We obtain

" 2
Zhn(xi)2 < lz (Z Ee(y)ve(wi ) p(dy)
< con'” 2’B/L w(dy)

and can bound
F/(q,p)* < 2cog:p°H(q,p)*Nn'~ 2B/L

Finally, the inequalities above yield

E[F7 (i, my) g (Freams)] < <2c0Nn1 26 / L(y dy))2b“E[H(mt,mt)“]. O

We still have to prove following lemma, which was used in the previous proof.
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Lemma 5.48. Let f: [0,1] — R be any function and N < n. Then

2 n

<3 ).

=1

Oy W) f )
=1

Proof of . Let ay := 157 ho(w;) f (i) and s(t) == f(t) — SV ag(t).
Then

%Zs(ﬂh‘)wk(%i) = %Z ( Zaﬂ/}e (i) ) Vi(zi)

i=1 =1

n N n
= i; )Yk (i) Z: :L;W(%W)k(ﬁﬂi)
= ap — aj
=0

and thus

n N 2
() + WW(%‘))
=1

=2

(s(ﬂfz‘)Q + 5(xi) > aghe(a;) + Z agagiy 960%(%))

=1 k=1

SRS

S|+

g

&h

=

8

e

|

SRS

M- M-
[V2)

@
I
—

1 N 1>
= = s(@)? 4+ Y ar— Y s(w)e(w) + Z aéak*ZW ;) k()
n n n
i=1 =1 i=1 k=1 i=1
1M N
== 28(931')2 + Za?
n
i=1 l
Furthermore,
1> 2 N
-y Un( =Y (Yol fx)?
gt =1
N
~3 a2,
/=1
As 157 | s(z;)? > 0 we have proved the claim. O

Next, we tackle the variance term.
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Lemma 5.49 (Bound on F*¢). Assume MOMENT, ENTROPY. Then there is an
constant ¢ > 0 depending only on x such that

N|x

E [sup Fy (¢,p)"
qeB

< €xCliomn ™ 8 Gt (U () (1))

Proof of |[Lemma 5.49. Recall Ff(q,p) = \I/N(t)T% YN (x)es, (Yiyq,p). Define o :=
%\IIN(t)T\IIN(:El) and E’L(Q)p) = Exy (y’ba Q7p) Then

Fts(qap) - Zaigi(qvp) )
i=1

where €1,...,¢&, are independent and E[e;(q,p)] = 0. We want to apply [Theorem 5.56
with Z; such that Z;(q) — Zi(p) = auei(q,p) and A; := a;a(y;, y;). We need to show

|Zi(q) — Zi(p) — Zi(q) + Zi(p)| < AiTp

to obtain

n K

Z Zi(q)

=1

Elsup < CE[[[All2] v2(B,d)" .

qEB

Using the quadruple property, we obtain
eila.p) — i@, p) = (Fla.p,w) — (70 —50°) ) — (Fla.p, ) — (70 —70°) )
< a(yi,y;) TP -

Thus, yields

Elsup Ff(qm)“} < Cy(B,d)"E
qeB

(i oZa(y;, y§)2> 2] .

=1
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E <zn: aia(y:, y§)2> 2]
1=1

Li=1

Z aiE[a(yi, y;)"]

=)
< (Z a?) "E En:az‘a(yi?yé)”]
()
)

As a is a semi metric, we have, using MOMENT,
E[a(Y;, Y{)] < 2°Cliom -

Furthermore, it holds

n

zn: 0 = % S U (8T () Uy () Uy (1) = %\IJN(t)T\IfN(t) .
=1 =1

Together we get

K

E[sup F{ (0:0)"| < exCliomn™ #72(B,d)" (Un (1) Wn (1)) " - =

qEB

Finally, we put the previous results together to proof our main theorem of this section.

Lemma 5.50. There is a constant ¢ > 0 depending only on x such that

h(t)ﬁ < ¢k (hN(t)HCgom + (Nn172ﬂcSmD) C’gom + le\i/lomnigcgnt”q/]\f(t)uﬁ) :

Proof of|Lemma 5.50. [Lemma 5.46 [Lemma 5.47] and [Lemma 5.49] O

Lemma 5.51. For the function hy defined in it holds

1
/ hy(t)2dt < cBN~2PCE 1.
0
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Proof of|Lemma 5.51. We use Fubini’s theorem and the weights w41 = way, = (2k) ™"
from the definition of the ellipsoid ©(3, L) and obtain

2
/01 hN(t)2dt://01( > fe(y)we(t)) dtdpu(y)

{=N+1

—/ / Z Eo(y)e(t) | du(y)dt
¢=N+1

—/ Z Eo(y)*duly)

{=N+1
/wN+1 Z Soly we Zdﬂ( )

{=N+1

< BN [ L(yPduty). =

Proof of [Theorem 5.23 We apply [Lemma 5.45] [Lemma 5.50] and [Lemma 5.51] together

with

st = 1S vt — N
J @I ar= 75 wrfetac =

to finally obtain

1
/ E [fem;” }dt< ~Cli, / h(t
0

< CKC\2/|0 (Céom /0 hn (t)2dt + an_QﬂcngCéom+

1
Cl%ﬂomn_lcént /0 H\IIN(t) H2dt>
< ¢,8C%0 (CéomcémDN—%’ + C&rpCRom N1 4

N
CMom Cént ) O

5.A.5.2 Corollaries

We first need to prove an auxiliary results before we can tackle the corollaries themselves.

Recall H(q.p) = (f (770 +7)° wldy)
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Proposition 5.52. Assume BoMBouND. To fulfill E[H (7, m4)"]x < Cgom, We
can choose

N2
CBom := xClenCMomClint (1 + log(N) + n)

where ¢, > 0 depends only on k.

This proposition is proven in two steps: |[Lemma 5.53| and [Lemma 5.54] Let w; :=
LN () W (w)| and W= S fw.

Lemma 5.53. Assume VARIANCE. There is a constant ¢, € [1,00) depending only
on « such that

E[H(mt7 Tnt)m]é < Ck (CVIOW (CLen + CMom) ot C’Int) .

Proof of[Lemma 5.53. Using the triangle inequality
H(q,p)* = / (¥:a +7:p)” n(dy)
< / (@:p + 27:p)” pldy)
< 2/W2 + 47,97 u(dy)
< 2qp° +38 / 7p°u(dy)

as (4 is a probability measure.

1
K

E[H (1, my)"]* < E

S . 3
(2mt,mt +8/Z/,mt ,u(dy)) ]

<on <IE[mtmt} + ( / qu(dy)f) :

Next, we will bound E[my,m;"]. First, by VARIANCE and the minimizing property of
mtv

12 N
Cyiome,my < Fy(1yg, my)

< Fy(1ig, my) — Fi(1hy, my)

n
< Z lw;| mg,me Bla(Ye, vi) | yil -
i=1
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Thus,
n
Cuemeiy < Y [wil Ela(Ys, ui) | il
=1
With Jensen’s inequality

CyinE[my,m;"] < E[ lwi| Ela(Yz, vi) | Z/i]) ]

- W”E[(i |wi’E[a(lft,yi) Iyz‘}) 1

< w S i EEiay v |l
U EENANIG
i=1
K - ’wl,
=1
<W" sup Ela(Y:, Y{)"]
s,t€[0,1]

As a is a semi-metric,

s

E[a(Y;, Y])"] < E[(a(Yi,my) + alme,ms) + a(ms, ¥7)"]

<3 (2 sup E[a(Yz, m¢)"] + a(mt,ms)“>
t€(0,1]

é Cr (C?Aom + C’II_‘ien) . D

Lemma 5.54. There is an universal constant ¢ € (0, 00) such that

N2
W§c<1+log(N)+n> :

Proof of|[Lemma 5.54) Let g.(s ‘ZZ 1 Ve()he(s )‘ Then

W = Z’wz’ = Z‘\PN \I/N CUZ - th xz .

By the standard comparison between an integral of a Lipschitz—continuous function an

207



the corresponding Riemann sum, we obtain

/
S
'/ (s dS—*thl’z < sup |9+(s)|
sefo,1] M
NQ
<A4r—.
n

This bound is quite rough and could be improved. But we will choose N,, < n% and

thus NT’% — 0. For z € R denote [z] the fractional part of z, i.e., the number [z] € [0,1)
that fulfills [x] = 2 — k for a k € Z. For ¢ > 2,

1

Ye(t)he(s) = 5

5 ((—1)£ cos(2ml[t + s]) + cos(2ml[t — s])) :

The function (s,t) — Y0, ¥¢(t)¢(s) only depends on [s 4 t] and [s — ¢]. When inte-
grating s from 0 to 1, [s + ¢] and [s — ¢] run through every value in [0, 1). Thus

1
sup /
te[0,1] V0
= sup /

tel0,1] Y0

N
1+ Z Ye(t)he(s)| ds

ds

14 = Z ( £ cos (2mL[t + s]) + cos(2ml[t — 3]))

1 &
<1+ - sup / Z ((—1)Zcos(27r€[t + 8])) ds
2t€[0,1] 0 (=2
1 gl
+ = sup / Zcos(?wf[t —s])|ds
2 t€(0,1] /0 |55
1 & 1 1
=1+ 5/, ZZ;(—l)gcos(%rﬁs) ds + 5/0 )| ds.
Lagrange’s trigonometric identities state
L sin( (L + 5)x
QZCOS(Z:E) =-1+ (),
et sm(§)
L (—DEsin( (L + 3)z
22(—1)£ cos(lx) = — —sin((m) ) .
=1 2

Thus, we have to bound the integral

A

sin((2L 4 1)7s)
sin(7s)

ds.
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It holds [sin(7rz)| > 17 min(z,1 — ) for « € [0,1]. Let a = kr for k € N. Then

/

sin(as) 2 (1 |sin(as)|

~— 7w Jo min(s,1—s)

_4 /; [sin(as)|
0

ds

sin(7s)

T s
4 (39 |sin(t

_ 7/2 |sin( )‘dt.
T Jo t

We bound this integral as follows,

/%fm |sin(t)\dt:/” |sin(t) / 3k |sm
0 t 0 t m

1

5

</ ()dt+ "l
0 t

<2+ log(§k:7r) - log(w)

1
Thus, we obtain
Ll sin(2kms) 8 4 1
—— 2 |ds < — + —log(=k
/0 sin(7s) e 0g(2 )
which yields
1 N
sup / 1+ ng(t)z/m(s) ds < ¢p + ¢1 log(N). O
tel0,1] /0 1—2

Proof of [Corollary 5.24. 1f diam(Q,d) < oo, then

H(q,p) < (/ (2 diam(Q,d))Qu(dy)> = diam(Q,d) .

Thus, we can choose Cgom := 2 diam(Q, d). Using the triangle inequality we get 7,G> —
7D — 5,0 + Zp° < 4g,pdiam(Q,d). Thus, a(y, z) < 4diam(Q,d) and we can choose
CMom = 4diam(Q, d). O

Proof of|Corollary 5.25. VARIANCE holds in Hadamard spaces with Cy, := 1. We bound
E[H (¢, me)"]% < Cgom using

N2
Cgom = ¢xClenCMomCint <1 + log(N) + n) )
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see [Proposition 5.52]

5.B Chaining

Definition 5.55 (Measures of Entropy |Tall4]).

(i) Given a set Q an admissible sequence is an increasing sequence (Ay)gen, of
partitions of Q such that Ay = Q and card(Ay) < 22" for k > 1.

By an increasing sequence of partitions we mean that every set of Agiq is
contained in a set of Ay. We denote by Ax(q) the unique element of Ay, which
contains q € Q.

i) Let (9, d) be a pseudo-metric space. Define
(ii) (Q, p p
v2(Q,d) == infsup » 2% diam(Ax(q),d),
9€Q k=0

where the infimum is taken over all admissible sequences in Q and

diam(A, d) := sup d(q,p)
q,pEA

for A C Q.

Theorem 5.56 (Empirical process bound). Let (Q, d) be a separable pseudo-metric
space and B C Q. Let 71, ..., Z, be centered, independent, and integrable stochastic
processes indexed by Q with a g9 € B such that Z;(¢p) = 0 for i = 1,...,n.
Let (Z{,...,Z}) be an independent copy of (Z1,...,Zy,). Assume the following
Lipschitz-property: There is a random vector A with values in R™ such that

Zi(q) — Zi(p) — Zi(q) + Zi(p)| < Aid(q,p)

fori=1,...,nand all g,p € B. Let k > 1. Then

n K

Z: Zi(q)

E[sup < ¢ B Al 2(B, d)",

qEB

where ¢, € (0,00) depends only on &.

Proof. See |Sch19bl, Theorem 6].
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Lemma 5.57. In the Euclidean space R* with the metric induced by the Euclidean
norm |-, it holds v2(B(x,r,|-]),|]) < 2rvk for any point € R¥ and radius 7 > 0.

Proof. See |[Pol90, section 4] and comparison to the entropy integral as in[Remark 5.3 [
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