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Abstract

In this thesis, we construct special deformations for Anosov representations, so-called cata-
clysms, and investigate their properties. In Teichmiiller theory, cataclysms and the closely
related shearing coordinates carry information about the structure of Teichmiiller space.
Therefore, the question arises if cataclysms also exist in higher Teichmiiller spaces or more
generally for Anosov representations. We construct cataclysms for #-Anosov representa-
tions into a semisimple non-compact connected real Lie group G, where 8 C A is a subset

of the simple roots that is invariant under the opposition involution.

Important steps in our construction of cataclysm deformations are the definition of the
appropriate parameter space as well as the definition of slithering maps in the context of
f-Anosov representations. These maps generalize slithering maps for Hitchin representa-
tions which were defined by Bonahon and Dreyer in their parametrization of the Hitchin
component. We then construct stretching maps, shearing maps and finally cataclysms.
Cataclysms have some natural properties: They are additive and behave well with respect
to composing an Anosov representation with a Lie group homomorphism. Moreover, we
show how the cataclysm deformation of an Anosov representation affects the associated

boundary map.

In Teichmiiller space, cataclysm deformations are injective. However, this does not hold
true for #-Anosov representations in general. We give sufficient conditions for injectivity
as well as for non-injectivity of the deformation. For certain classes of reducible rep-
resentations, we explicitly determine the subspace of the parameter space on which the
deformation is trivial. These representations include a family of Borel Anosov representa-
tions into SL(2n+1,R), by which we show that cataclysms of Borel Anosov representations

are not necessarily injective.
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Zusammenfassung

Diese Dissertation behandelt die Konstruktion spezieller Deformationen von Anosov-Dar-
stellungen, sogenannter Kataklysmen, und untersucht ihre Eigenschaften. Kataklysmen und
die eng verwandten Scherkoordinaten spielen eine wichtige Rolle bei der Untersuchung
von Teichmiillerrdiumen. Daher stellt sich die Frage, ob Kataklysmen auch in héheren
Teichmiillerrdumen oder allgemeiner fiir Anosov-Darstellungen existieren. Wir konstruie-
ren Kataklysmen fiir 6-Anosov-Darstellungen in eine halbeinfache nicht-kompakte zusam-
menhingende reelle Liegruppe G. Hierbei ist 6 eine Teilmenge der einfachen Wurzeln A,

die invariant unter der Oppositionsinvolution ist.

Ein wichtiger Schritt in unserer Konstruktion von Kataklysmen ist die Definition des pas-
senden Parameterraumes. Desweiteren definieren wir Gleitabbildungen fiir - Anosov-Dar-
stellungen. Diese verallgemeinern entsprechende Abbildungen fiir Hitchin-Darstellungen in
PSL(n,R), die von Bonahon und Dreyer im Rahmen der Parametrisierung der Hitchin-
Komponente definiert wurden. Wir definieren auflerdem Scherabbildungen und schliefllich
Kataklysmen. Im Anschluss zeigen wir einige Eigenschaften von Kataklysmen: Sie sind
additiv und verhalten sich natiirlich unter der Verkniipfung von Anosov-Darstellungen mit
Liegruppenhomomorphismen. Auflerdem beschreiben wir, wie ein Kataklysmus die zu einer

Anosov-Darstellung gehorige Randabbildung verdndert.

Kataklysmen im Teichmiillerraum sind injektiv. Fiir allgemeine 6-Anosov-Darstellungen
gilt dies nicht. Wir geben eine hinreichende Bedingung dafiir, dass ein Kataklysmus in-
jektiv ist, sowie hinreichende Bedingungen fiir das Gegenteil. Fiir bestimmte Klassen von
reduziblen Darstellungen bestimmen wir explizit den Unterraum des Parameterraums, fiir
den der Kataklysmus trivial ist. Diese Darstellungen beinhalten eine Familie von Borel-
Anosov-Darstellungen in SL(2n + 1,R), womit wir zeigen, dass Kataklysmen fiir Borel-

Anosov-Darstellungen im Allgemeinen nicht injektiv sind.
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1. Introduction

Surfaces are ubiquitous not only in mathematics, but also in other areas, like physics and
engineering. The most common examples from everyday life are the boundaries of three-
dimensional objects, like the bounding surface of a ball. In mathematics, surfaces are
studied from various points of view. Topologically, surfaces are classified by their number
of holes. Mathematicians call this the genus of a surface. The sphere, i.e. the bounding
surface of a ball, has genus 0. The torus, i.e. the bounding surface of a doughnut, has
genus 1. A surface of genus 2 has two holes and can be imagined as a blown up eight.
A surface of genus 3 resembles the bounding surface of a pretzel, and similarly, one can

picture surfaces of higher genus.

Though all surfaces with equal genus are the same from a topological point of view, this
is not true anymore if we take a geometric viewpoint. In geometry, we look at metrics
on surfaces. This allows us to measure distances and lengths of curves. A surface of
fixed genus can admit different metrics. If we restrict to metrics of constant curvature, by
the Gauss-Bonnet theorem, all surfaces with genus at least 2 can only admit a metric of
negative curvature. If we normalize the curvature to —1, such a metric is called hyperbolic.
Let us fix a closed connected oriented surface S of genus g(S) > 2. Teichmiiller space,
denoted by T(S), is the space of hyperbolic metrics on S up to a suitable equivalence
relation. It can be parametrized using Fenchel-Nielsen coordinates, which are obtained
from decomposing S into pairs of pants. The coordinates for a metric m on S are then
given by measuring the lengths of the boundary curves of the pants with respect to the
metric m as well as capturing how the pants are combined to give the surface S. The

Fenchel-Nielsen coordinates give a homeomorphism between T (S) and R69(5)—6,

Teichmiiller space has a rich structure. For example, it admits different metrics, one of
which is the Weil-Petersson metric. With respect to this metric, 7(.5) is a Kéhler manifold,
i.e. a Riemannian manifold that also has a complex structure and a symplectic structure
and these structures are compatible [Ahl61]. Another example for an object of interest on
Teichmiiller space are length functions: Given a simple closed curve ¢ on S and a hyperbolic
structure m € T(S), we can consider the length of ¢ with respect to m. Thurston used

length functions to compactify Teichmiiller space (see [FLP12, Exposé 8]).
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(a) (b)
() (d)

Figure 1.1.: A basic example for an earthquake is a twist along a simple closed geodesic
drawn in pink in (a). If we cut the surface along this curve, we obtain two
surfaces with boundary (b). We deform the surface on the right by rotating its
boundary curve (c) and re-glue the two surfaces back together (d). The blue
curve illustrates the deformation. In this picture, the rotation is by 2.

Apart from Fenchel-Nielsen coordinates, there is another set of coordinates on 7(S) called
shearing coordinates. They have been first defined by Thurston in [Thu98] and are described
in detail by Bonahon in [Bon96]. Shearing coordinates are closely related to deformations
of hyperbolic structures. An example for such a deformation is an earthquake [Thu86]. In
its simplest form, an earthquake is a twist along a simple closed geodesic (see Figure 1.1):
Cut the surface along the geodesic, fix one side and rotate the other one to the left by a
fixed distance. Since we assume the surface to be oriented, we can talk about left in this
context. Gluing the two sides together again, we regain the topological surface S, but the
metric on it is different. This deformation is called a left earthquake. In the same way, we

can define a right earthquake.

For general earthquakes, the twisting happens not along a simple closed geodesic, but along
a geodesic lamination A. A geodesic lamination is a possibly infinite collection of simple
disjoint geodesics such that their union is closed. It is called maximal if the complement
consists of ideal triangles. The amount of twisting for the earthquake is determined by a
transverse measure for \, which assigns a non-negative real number to any arc transverse
to the lamination \. This assignment is countably additive and invariant under homotopy

relative to the lamination.

If we allow twisting both to the left and to the right, the resulting deformation is called a



cataclysm. In this case, the amount of twisting is determined by a transverse cycle, which,
in contrast to a transverse measure, can also attain negative values and is only finitely
additive. Positive values correspond to twisting to the left, whereas negative values give a
twist to the right. We denote the vector space of transverse cycles for a lamination A with
H(A\;R). Fixing a maximal lamination A on S, we can assign to any hyperbolic metric m a
transverse cycle e, and this assignment gives a real analytic homeomorphism from 7(S) to
an open convex cone in H(A;R) [Bon96, Theorem A]. The coordinates on 7 (S) obtained
in this way are the shearing coordinates. Now for any two metrics mi, mo € T(S), there
is a unique cataclysm along A that sends m; to mo and the transverse cycle parametrizing
this cataclysm is €, —€m,. This shows the close relation between cataclysms and shearing

coordinates.

Deformations of hyperbolic structures and shearing coordinates give us insights in the
structure of Teichmiiller space: For instance, length functions on 7(.S) can be computed in
terms of the shearing coordinates [Bon96, Theorem E| and we can study how they behave
under deformations. Douady showed that length functions are convex under twists along
simple closed curves [FLP12, Exposé 7]. Convexity of length functions along earthquake
paths, along Weil-Petersson geodesics and with respect to shearing coordiantes was shown
in [Ker83], [Wol87] and [BBFS13], respectively. There is also a relation between defor-
mations of hyperbolic structures and the symplectic structure of Teichmiiller space. For
example, twist flows along simple closed curves are Hamiltonian flows with respect to its
Kahler form [Wol83]. Further, the Weil-Petersson metric can be expressed in terms of the
shearing coordinates [SBO1] and agrees with Thurston’s intersection form on the space of

transverse cycles.

Higher Teichmiiller spaces and Anosov representations

To a hyperbolic structure on S, one can associate a representation p: m1(S) — PSL(2,R),
where PSL(2,R) = Isom™ (H?) is the group of orientation-preserving isometries of the
upper half-plane. This representation is only unique up to conjugation in PSL(2,R), so an
element in 7 (S) defines a point in the character variety x (S, PSL(2,R)), which is the space
of homomorphisms from the fundamental group 71 (S) to PSL(2,R) up to conjugation. In
fact, 7(S) forms a connected component of x(S, PSL(2,R)) consisting entirely of discrete

and faithful representations.

The viewpoint that Teichmiiller space can be understood in terms of homomorphisms into
PSL(2,R) motivates the definition of higher Teichmiiller spaces, for which we replace the
group PSL(2,R) by a general semisimple Lie group G of higher rank. Higher Teichmiiller

spaces are connected components of the character variety x(S,G) consisting entirely of
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discrete and faithful representations (see [Wiel8] or [Poz20]). One example for this is the
Hitchin component. It is the connected component of x (S, PSL(n,R)) that contains repre-
sentations obtained by composing a discrete and faithful representation into PSL(2, R) with
the unique irreducible representation PSL(2,R) — PSL(n,R). A Hitchin representation
is a representation in the Hitchin component. The Hitchin component was first studied
by Hitchin using Higgs bundle techniques in [Hit92], and since then, has been investigated

extensively. For n = 3, it parametrizes real projective structures on S [CG93].

Hitchin representations and all other known higher Teichmiiller spaces are examples of a
larger class of discrete and faithful representations: Anosov representations. They have first
been introduced by Labourie in [Lab06] and his definition was extended by Guichard and
Wienhard in [GW12]. The original definition is dynamic in nature and involves the geodesic
flow on a bundle associated to a representation p. In recent years, many equivalent char-
acterizations of Anosov representations have been found and the field is an active area of
research (see [GGKW17], [KLP17], [DGK17], [BPS19], [Zhul9], [Ts020], [KP20], [Zhu21],
[BCKM21],[CZZ21]). Important examples of Anosov representations are quasi-Fuchsian
representations, Hitchin representations, maximal representations [BILWO5], #-positive

Anosov representations [GW18] and (1, 1, 2)-hyperconvex representations [PSW21].

For a semisimple Lie group G, there are different types of Anosov representations that are
related to parabolic subgroups P;r of G, where 8 C A is a subset of the simple restricted
roots. An Anosov representation is always Anosov with respect to a parabolic subgroup
P;r of G. We call such a representation #-Anosov. When we just say that a representation
is Anosov, then we mean that it is #-Anosov with respect to some # C A. In this thesis,
we use a definition of Anosov representations through equivariant boundary maps and
f-divergence from [GGKW17].

One approach to understanding higher Teichmiiller spaces is to use techniques that have
proven helpful in the case of Teichmiiller space. An example for this is the symplectic
structure on the character variety x(S,G) for a reductive Lie group G. Goldman showed
that the character variety carries a natural symplectic structure [Gol84] and studied the
behavior of the Hamiltonian flows associated to length functions [Gol86]. Since cataclysm
deformations are closely related to the structure of Teichmiiller space, they might also be
a tool to understand higher Teichmiiller spaces. First steps in this direction were taken by
Dreyer in [Drel3]. He generalizes Thurston’s cataclysm deformations to representations
into PSL(n,R) which are Anosov with respect to the minimal parabolic subgroup. One
example for such representations are Hitchin representations. Based on work of Fock and
Goncharov [FGO06], Bonahon and Dreyer define coordinates on the Hitchin component
that generalize the shearing coordinates [BD17]. These coordinates depend on a maximal

lamination A and consist of two types of parameters: the triangle invariants, which are



associated to the ideal triangles in the complement of the lamination, and the shearing
invariants, which are a generalized version of transverse cycles. Cataclysms provide a
geometric realization of deformations of Hitchin representations which keep the triangle

invariants fixed.

However, the construction of cataclysms by Dreyer is restricted to the group PSL(n,R)
and to representations that are Anosov with respect to the minimal parabolic. Assuming a
representation to be Anosov with respect to the minimal parabolic is a strong assumption,

which is not satisfied by most Anosov representations (see [CT20]).

In this thesis, we generalize Dreyer’s construction and define cataclysm deformations for
f-Anosov representations into a semisimple connected non-compact real Lie group G that
are Anosov with respect to a parabolic P(;r , where # C A is a subset invariant under the

opposition involution.

The parameter space for cataclysms: transverse twisted cycles

Let A C S be a geodesic lamination. It is in general not orientable. This is why we
often look at a the orientation cover A which is a two-fold cover of A and can be oriented
continuously. Further, we also look at the universal cover AC S , which is the lift of A to
the universal cover S of S. The parameter space for the cataclysm deformation along the
lamination A is the space of ag-valued transverse twisted cycles for the orientation cover
P\ (see Section 3.2). Here, ay denotes the Lie algebra of the center of the reductive group
Ly = P9+ N P, , where PQJr is the standard parabolic subgroup associated with 6, and P,
is the standard parabolic subgroup transverse to P(f (see Section 2.1). For the case of
SL(n,R) and 6§ = A, P! and P, consist of all upper and lower triangular matrices in
SL(n,R), respectively. Consequently, La is the set of diagonal matrices of determinant 1,

and aa is the set of diagonal matrices of trace 0.

We only consider transverse cycles that satisfy a certain twist condition (see Definition
3.20):

Definition 1.1 (Definition 3.15 and 3.20). An ag-valued transverse twisted cycle € assigns
to every pair (P, Q) of connected components P, Q C S \ X an element e(P,Q) € ap in a
way that is

e 71(S)-invariant,

e finitely additive, i.e. e(P,Q) = &(P,R) 4+ ¢(R,Q) if R C S\ \ lies between P and Q

and

e twisted, i.e. £(Q, P) = 1(e(P,Q)),
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where ¢t: a — a is the opposition involution. The space of transverse twisted ag-valued
cycles is denoted by HTWist (X, ag).

Note that in the main text, Definition 3.15 of transverse cycles (not necessarily twisted) is
stated slightly differently in terms of arcs transverse to the lamination A, in order to have

a unifying definition of transverse cycles for A and A

We compute the dimension of the space of transverse twisted cycles, depending on the

lamination A. If A is maximal, this formula is particularly simple:

Proposition 1.2 (Corollary 3.22). For a mazimal lamination X\ on S, the vector space
HTWISY(X: ag) of ag-valued transverse twisted cycles has dimension |0|(6g(S)—6)+|6'|, where
0" C 0 is a mazimal subset satisfying ' N (') =0 and g(S) is the genus of the surface S.

Here, +: A — A is the opposition involution on the simple roots. Note that we abuse
notation and denote by ¢ both the map on a and the induced map on the simple roots.
Applying the proposition to G = SL(n,R) and § = A, we obtain that the dimension of
’HTWiSt(X; ag) is (n—1)(6g(S) —6) + [ 251 |, recovering a result from Dreyer [Drel3, Lemma
16]. If the cardinality of 6 is 2, then the dimension is 12¢(S) — 11.

We determine the dimension of HTWiSt(X; ag) more generally for a geodesic lamination A
that is not necessarily maximal (Proposition 3.21). In general, the dimension is smaller
than in the case of a maximal lamination and depends on the number of orientable and

non-orientable components of the lamination and on its Euler characteristic.

Slithering, stretching and shearing

Recall that our goal in this thesis is to construct cataclysm deformations for Anosov rep-
resentations. Fix an Anosov representation p: m(S) — G, a lamination A on S and let S
be the universal cover of S. In the course of the construction, we will define three families

of elements in G:
e slithering maps ¥, associated with two geodesics g and h in S,

e stretching maps T;I associated with one oriented geodesic g in S and an element
H € ayp and

e shearing maps gpng associated with two connected components P,Q C S \ X and an

ap-valued transverse twisted cycle €.



Abusing notation, we call these group elements maps. Note that all of these maps, i.e. ¥,

T;I and ¢%), depend on the representation p which is not reflected in the notation.

Slithering maps were introduced by Bonahon and Dreyer in [BD17] for Hitchin represen-
tations into PSL(n,R). Using similar techniques, we extend their definition to our more
general setting of Anosov representations (see Proposition 4.9). Given a #-Anosov repre-
sentation, one can associate to every oriented geodesic ¢ in S a pair (P;r , Pg*) of transverse
parabolic subgroups that are conjugate to the pair of standard parabolics (PeJr ,Py). The
slithering map g, € G maps the pair of parabolics associated to h to the pair of parabolics
associated to g. If the two geodesics share an endpoint gt = k™, then P, = P and Xy,
is the unique unipotent element in P;L that maps P~ to P;. In the general case, Yy
is obtained from concatenating such unipotent elements and taking a limit. We use the
slithering map in this thesis as a tool to investigate the stretching maps. It might be useful
in other contexts as well. In particular, Bonahon and Dreyer use it in [BD17] to define a

parametrization of the Hitchin component.

The second family of elements, the stretching maps, form the basic building blocks of
the cataclysm deformation. For earthquake maps, basic building blocks are hyperbolic
isometries that translate along an axis in S. In a similar vein, the basic building blocks
for cataclysms are elements T, gH € G, where ¢ is an oriented geodesic in S and H is an
element in ag (see Section 4.2). For the case G = SL(n,R) and § = A, we can associate
to any oriented geodesic g a splitting of R™ into lines by using the representation p. The
stretching map TgH is the linear transformation that acts on the lines of this splitting as a
stretch, where the amount of the stretch is given by the parameter H (see Example 4.15).

This motivates the name stretching map.

The third family of elements are the shearing maps. Those are crucial in the definition of
cataclysms: Starting with the representation p, we will define a new representation that
for every v € m1(S) is given by left-multiplying p(v) with the shearing map 90%(7 P) The
shearing maps are defined as follows: Fix two connected components P and @ in S\ A
and an ag-valued transverse twisted cycle ¢ € HTWist (/):7 ag). If P and @ are separated by
finitely many geodesics g1,...,gn in ), labeled from P to @, and if R; is the connected
component of S\ A between g; and g;;1 (see Figure 1.2), then ©pq 1s the element in G
obtained as the concatenation of stretching maps

oo = Tgel(P,Rl)T52(R1,R2) . T;,ELR'”’I’Q)- (1.1)
In the general case, P and () are separated by infinitely many geodesics, and the shearing
map @%Q is defined using a limit (Proposition 5.3). The shearing maps satisfy some natural

properties, namely they behave well under taking the inverse, i.e. @‘};Qfl = pop, they are
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Figure 1.2.: For two connected components P and Q of S \ ) that are separated by finitely
many geodesics g1, ...,9m, we label the components between P and @ by
Ri,..., R,,. In this case, the shearing map is a finite concatenation of stretch-
ing maps defined in (1.1).

p-equivariant, i.e. ©( py. oy = p(’y)go‘}Qp(’y)*l for every v € m1(S) and they behave well

under composition in the sense that for three connected components P, R, Q in S \ A, it

holds that ¢py = VprYRE-

The cataclysm deformation and its properties

We can now formulate the main result of this thesis:

Theorem 1.3 (Theorem 5.12). Let p be a 6-Anosov representation. Fix a reference com-
ponent Py C S\ \. There exists a neighborhood V, of 0 in ’HTWiSt(X; ag) and a continuous

map

Ao: V, = Hom(m(S5), G)

e Agp

such that Agp = p. Up to possibly shrinking the neighborhood V,, the representation Agp

is again 0-Anosov.

The map Ay is called cataclysm deformation based at p along A. Note that we mention the
lamination A as well as the Anosov representation p we start with, because the construction

depends on both.

For a fixed ag-valued transverse twisted cycle e € HTWist (X, ag), the deformed representation
A§p is defined by

or(Y) = epy(yr)P(7) Yy € mi(S).



From the equivariance and composition properties of the shearing maps, it follows that

op is indeed a homomorphism.

Remark 1.4. For the special case of A-Anosov representations into PSL(n,R), Theorem
1.3 was proven by Dreyer in [Drel3]. We extend their definition of cataclysms to 6-Anosov
representations into any semisimple connected non-compact real Lie group G and 6 C A
with ¢(0) = 6, where ¢ is the opposition involution. The difference to their construction
lies in the definition of the parameter space and in the definition of the stretching maps
TgH . Further, we consider an arbitrary geodesic lamination A, whereas Dreyer’s result is
for maximal laminations only. The way in which the shearing maps are constructed as a

limit of stretching maps in this thesis is analogous to [Drel3].

Note that Afp depends on the choice of the reference triangle Py, but for different choices,
the resulting representations are conjugate. Moreover, if we start with two representations
p, p' that are conjugate in G, the deformed representations AJp and Afp’ are conjugate as

well. We thus have the following result:

Theorem 1.5 (Corollary 5.13). The cataclysm deformation Ag: V, — Hom(m1(S), G) from
Theorem 1.3 descends to a well-defined map A:V, — XG_AHOSO"(S, G) on the character
variety, where XQ*AHOSOV(S, G) denotes the subspace of the character variety consisting

entirely of conjugacy classes of 8-Anosov representations.

The cataclysm deformation Ag on the representation variety has some natural properties:
First, it is additive in the sense that AJ™"p = A5 (Alp) for two transverse twisted cycles
e,n € HTWiSt(X; ag) (Corollary 5.17). Further, it behaves well under composition of an
Anosov representation with a Lie group homomorphism: Let G and G’ be semisimple non-
compact connected real Lie groups, let p: m1(S) — G be a 6-Anosov representation and
let k: G — G’ be a Lie group homomorphism. It is a result from Guichard and Wienhard
that under an additional assumption on #’ C A’ and on the induced map k4: a — a’, then

kop is #'-Anosov (Proposition 5.18). Assuming further that . (ag) C aj,, we prove that
A%<(x0 p) = 1 (Ap),

where £ € HTwist (X ap) and ke is a transverse cycle induced by x and € (see Proposition
5.21).

An Anosov representation has an associated boundary map ¢ from 9.5 to the flag space
Fy for 0 (see Section 2.3). A cataclysm deformation of an Anosov representation p can
also be understood as a deformation of the associated boundary map ¢ (see Theorem 6.1).

If 2 € 0.5 is an ideal vertex of the connected component Q C S \ A, then the boundary
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map (° for the deformed representation Agp is at = given by

Ca(x) = PPQ C(x)a

where Py C S \ ) is the fixed reference component used to define the cataclysm deforma-

tion.

In contrast to cataclysm deformations on Teichmiiller space, cataclysm deformations for
Anosov representations are not injective in general. However, the assignment of the family
of shearing maps {¢ppq}(pq) to a transverse twisted cycle € € HTWiSt(X; ag) is injective
(Proposition 7.1). From this, we can conclude injectivity of the cataclysm deformation

under extra assumptions. In particular, we have the following result:

Proposition 1.6 (Corollary 7.7). If p: m1(S) — SL(n,R) is a Hitchin representation, then

the cataclysm deformation based at p along X\ is injective.

A class of representations for which the cataclysm deformation is not injective are (n, k)-
horocyclic deformations (see Subsection 2.4.3 and Section 7.4). They are obtained from
composing a discrete and faithful representation pg: m(S) — SL(2,R) with a reducible
embedding SL(2,R) — SL(n,R) and are {k,n — k}-Anosov.

Proposition 1.7 (Corollary 7.21). Let p: m1(S) — SL(n,R) be an (n, k)-horocyclic rep-
resentation with 1 < k < n/2 and let 8 = {k,n — k}. There is a linear subspace
Hivivial C HTWiSt(X; ap) such that Ajp = p if and only if € € Hirivial-

For a maximal lamination, the dimension of the subspace Hiyivial is 49(S) — 5, where g(.5)

is the genus of the surface S (Corollary 7.24).

Remark 1.8. The idea of recovering the transverse twisted cycle € from the family of
shearing maps {¢%q}(pg) that we use in Section 7.1 is adapted from [Drel3]. They use
another viewpoint on Anosov representations, using a flow on a bundle over 7S associated
with p. We take a different approach, using the Busemann cocycle instead of their flow
construction and can thus show that their result also holds in our more general setting. As
a corollary, Dreyer states that cataclysm deformations for Borel Anosov representations
into SL(n,R) are injective [Drel3, Corollary]. However, this is not correct. A special
case of Proposition 1.7 are representations that are obtained from composing a discrete
and faithful representation into SL(2,R) with a block embedding of SL(2,R) into SL(3,R).
These representations are Borel Anosov, but not Hitchin. This shows that there exist Borel

Anosov representations into SL(3,R) for which the cataclysm deformation is not injective.

10



A generalization for representations into SL(n, R)

For a certain class of Anosov representations into SL(n,RR), we can enlarge the parameter
space of twisted cycles valued in ay to twisted cycles valued in a. We define a 6-Anosov
representation p: 71 (S) — SL(n,R) to be A-admissible if we can assign a line splitting to
every oriented leaf in )\ that is p-equivariant, subordinate to the splitting obtained from the
boundary map and behaves well under reversing the orientation of the leaf (see Definition
8.3). For A-admissible representations, we can enlarge the parameter space of cataclysm

deformations to cycles valued in a:

Theorem 1.9 (Theorem 8.13). Let p: m1(S) — SL(n,R) be 8-Anosov and \-admissible.
Then there exist cataclysm deformations of p along A with parameters in the space of a-

valued transverse twisted cycles "HTWiSt(X; a).

Examples for representations that are A-admissible can be found in Sections 8.2 and 8.3.

Outline of the thesis

We start in Chapter 2 and 3 with recalling basic definitions - most of this is not original, but

a personal selection of concepts and results that will be needed throughout the thesis.

Chapter 2 is concerned with Lie groups and Anosov representations. In Section 2.1, we
define parabolic subgroups of Lie groups, the Weyl group and flag manifolds. We illustrate
the introduced concepts for the group SL(n,R). In Section 2.2, we define the Cartan
decomposition and the Cartan projection as well as the Iwasawa decomposition and the
Busemann cocycle. With these preparations, we can define Anosov representations in

Section 2.3 and give examples in Section 2.4.

Chapter 3 introduces geodesic laminations and transverse twisted cycles. In Section 3.1,
we define geodesic laminations, the orientation cover of a lamination and look at a classical
property of geodesic laminations. In Section 3.2 we define the vector space of transverse

twisted cycles and compute its dimension.

In Chapter 4 we define slithering maps and stretching maps. In Section 4.1, we generalize
the construction of slithering maps for Hitchin representations to the setting of Anosov
representations. The proofs in this section are similar to the ones in [BD17, Section 5.1].
In Section 4.2, we define stretching maps TQH . Using the slithering map, we give an estimate

on the difference between two stretching maps for geodesics that are close.

Chapter 5 contains the main result of this thesis, Theorem 5.12. In Section 5.1, we define

shearing maps as the limit of a composition of stretching maps. Using shearing maps, we

11
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can define cataclysm deformations in Section 5.2. In Section 5.3, we show that cataclysm
deformations satisfy additivity and behave naturally under composition with Lie group

homomorphisms.

In Chapter 6 we show how a cataclysm deformation of an Anosov representation p changes
the corresponding boundary map {. Our proof for this expression of the deformed repre-

sentation uses different methods from the proof in [Drel3] where they consider for the case
G =PSL(n,R) and § = A.

In Chapter 7 we ask the question under which conditions a cataclysm deformation is in-
jective. In Section 7.1 we show that the assignment of the family of shearing maps to
a transverse twisted cycle is injective. From this, we conclude in Section 7.2 a sufficient
condition for injectivity of the cataclysm deformation. In Section 7.3, we show that cat-
aclysms are not injective in general by giving sufficient conditions for the deformation to
satisfy Agp = p for a non-trivial transverse twisted cycle . We also give examples for rep-
resentations that satisfy these conditions, among which are horocyclic representations. In
Section 7.4 we have a closer look at horocyclic representations and determine the subspace

of twisted cycles for which the cataclysm deformation is trivial.

We finish in Chapter 8 by giving a construction for cataclysm deformations of representa-
tions into SL(n, R) which have a bigger parameter space than the deformations from Chap-
ter 5. We define in Subsection 8.1 what it means for a representation to be A-admissible,
and show that A-admissible representations admit cataclysm deformations bigger param-
eter space HTWiSt(X; a). In Subsections 8.2 and 8.3 we give examples for A-admissible

representations into SL(4,R) and SL(2n,R), respectively.

In the Appendix A, we recall the definition of a left-invariant and almost right-invariant
metric on the group G and collect technical proofs that we need in the thesis, but that

would not add significant value when presented in the main part.

12



2. Lie groups and Anosov representations

In this section, we give a short introduction into parabolic subgroups of Lie groups and
Anosov representations. The results and definitions are not original, but a personal selec-
tion of concepts that will be relevant throughout the thesis. We define parabolic subgroups
of Lie groups in Section 2.1 and explain two different decompositions of Lie groups in Sec-
tion 2.2. With these preparations, we define Anosov representations in Section 2.3 and

give examples for Anosov representations in Section 2.4.

2.1. Parabolic subgroups

We start by recalling some basics about Lie groups. In particular, we define the set of
simple roots, parabolic subgroups and flag manifolds. The main references for this section
are [GW12, Section 3.2] and [GGKW17, Section 2.2].

Let G be a connected non-compact semisimple real Lie group and let g be its Lie algebra.
Choose a maximal compact subgroup K C G. Let £ C g be the Lie algebra of K and
p its orthogonal complement with respect to the Killing form. The killing form is non-
degenerate since g is semisimple. Let a be a maximal abelian subalgebra in p. The group
G acts on its Lie algebra g via the adjoint representation Ad: G — GL(g). Since G is
connected, this action is by inner automorphisms of g (see [SW73, Cor.7.13]). Taking the
derivative of Ad at the identity, we obtain the adjoint representation of the Lie algebra
ad: g — gl(g). It holds that adx(Y) = [X,Y] for any X,Y € g, where [,,] is the Lie
bracket on g. Let a* be the dual space of a. For a € a*, we define

go={X€g|VH€a: ady(X)=a(H)X}.

If go # 0, we say that « is a restricted root with associated root space go. Let ¥ C a*\ {0}

be the set of restricted roots. The root space decomposition of g is

g=200® P ga.

aEX

13



2. Lie groups and Anosov representations

where gg is the centralizer of a in g. Let A C X be a simple system, i.e. a subset of ¥ such
that every element in ¥ can be expressed uniquely as a linear combination of elements in
A where all coefficients are either non-negative or non-positive (see [Kna02, §I1.6]). The
elements of A are called simple roots. Denote by X7 the set of positive roots, namely the
set of all elements in ¥ which have non-negative coefficients with respect to the generating
set A, and by X~ the negative roots. We have ¥~ = —X T and ¥ = YT U X,

Define the subalgebras

=P, =P oa

aeXt aeXt

and consider the corresponding subgroups Nt = exp(n®) and N~ = exp(n~). Further,
let A := exp(a) and let Zg(a) be the centralizer of a in K, i.e. the set of all k € K such
that Adg(H) = H for all H € a. The standard minimal parabolic subgroup is the subgroup
Bt := Zg(a)ANT. This is a semidirect product of the abelian subgroup Zx (a)A of G and
the normal subgroup N*, where Zx(a)A acts on NT by conjugation. In the same way,
one defines B~ := Zx(a)AN~. A subgroup of G that is conjugate to BY is called minimal
parabolic subgroup or Borel subgroup. The group NV is the unipotent radical of BT, that

is, the largest normal subgroup consisting of unipotent elements.

Ezample 2.1. Consider the special linear group G = SL(n,R), i.e. the group of n x n
matrices with determinant 1. As maximal compact subgroup we chose K = SO(n,R), the
orthogonal matrices with determinant 1. The Lie algebra sl(n,R) is given by all n x n
matrices with trace 0, and ¢ = so(n,R) are the antisymmetric matrices. The Killing form
on sl(n,R) is B(X,Y) = 2ntr(XY) for X,Y € sl(n,R). The orthogonal complement p
of £ with respect to B is given by the traceless symmetric matrices. The set of traceless
diagonal matrices is a maximal abelian subalgebra a in p. Let A; € a* be the evaluation
at the i-th entry of an element in a, i.e. A\;(diag(ai,...,a,)) = a;. A short calculation
shows that the root space g, for o € a* is non-zero if and only if a = «a;; := \; — A; for
1 <i# j < n. The corresponding root spaces are go,; = R - Ej;, where Ej; is the matrix
with a 1 in the i-th row and j-th column and O everywhere else. Further, go = a is all
traceless diagonal matrices and we have g = go ® €p; £j 8a;;- We thus find the restricted

roots, a system of simple roots and the set of positive roots as

Y={ai |1 <i#j<n},
A ={ajipnli=1,...,n—1} and
Yt ={ay| 1 <i<j<n}

To shorten notation, set ; := a;(;;1). We sometimes identify the set of simple roots A
with the set {1,...,n —1}.

14



2.1. Parabolic subgroups

We have
0 = * 1 *
+ P e + + 0
n’t = @ go = ) ‘ and NT =exp(n") = .
aeXt : ek : L%
0 0 0 0 1

Similarly, n= and N~ are given by the lower triangular matrices with only Os and only 1s
on the diagonal, respectively. Further, A = exp(a) is given by all diagonal matrices with
positive entries and determinant 1 and the centralizer Zx (a) is given by the set of diagonal
matrices with all entries +1 and determinant 1. The minimal parabolic subgroup is the

set of all upper triangular matrices, i.e.
BT = Zg(a)ANT = ot det=1
Similarly, B~ is the set of all lower triangular matrices.

We now define parabolic subgroups of G A subgroup P C G is called parabolic if it is
conjugate to a subgroup containing B*. Every parabolic subgroup of G is self-normalizing,
i.e. Ng(P) = P (see [Mill7, Corollary 17.49]). Parabolic subgroups can be classified by

subset of the set of simple roots A as we will now explain.

Given a subset 0 C A, let

ag = ﬂ ker(a) C a, (2.1)
acA\O

and let Zx(ag) be its centralizer in K. Define Py := Zx(ag) ANT. Because ag C a, we
have that Zx (a) C Zk(ap) and hence BT C P,", so P, is a parabolic subgroup. Parabolic
subgroups of this form are called standard parabolic subgroups. Moreover, these are the
only parabolic subgroups containing BT, and every parabolic subgroup P is conjugate to
some P, for a unique § C A (see [BT65, Proposition 5.14]). Thus, conjugacy classes of
parabolic subgroups are in one-to-one correspondence with subsets 8 C A. For example, for
0 = A we have apn = a, so A corresponds to the conjugacy class of the minimal parabolic
subgroup BT = Zg (a)ANT.

Let ¥ denote the set of all elements in 7 that do not belong to the span of A\ . Define

15



2. Lie groups and Anosov representations

the Lie subalgebras

=Pt m=EPosa

aEDy eSS

and ]\79i = exp(nei). The group Ngt is the unipotent radical of Py, and the standard
parabolic subgroups P;E are equal to the semidirect product LgN(;t, where Ly := P(j' NP,
is the common Levi subgroup of P;” and P, . Note that exp(ag) C exp(a) C Lg is contained

in the center of Ly.

The quotient Fy = G/ P0+ is called flag manifold. Tt is a compact G-homogeneous space
and its elements are called flags. The group G acts on Fy by left-multiplication, which will
be denoted by (g, F) — g - F. In the special case § = A, we have ag = a, P,/ = BT and
Fa is called complete. The name flag manifold is motivated by the case of SL(n,R) as we

will see in Example 2.3 below.

Remark 2.2. There is a one-to-one correspondence between Fy and the set of parabolic
subgroups conjugate to P(,+ as follows: When F = g - P9+ € Fy is a flag, then its stabilizer
Stabg(gP;) is gPeJrg_l, i.e. a parabolic subgroup conjugate to Pj. Since P; is self-
normalizing, this is in fact a one-to-one correspondence. We will often make no distinction
between elements in Fy and parabolic subgroups conjugate to P; and will switch between

the two points of view.

Ezample 2.3. We consider again the group SL(n, R) from Example 2.1. Let 0 = {i1,... ik}
with 1 <i4p < - <ip <n—1. Also, let ip := 0 and 9311 :=n. For j =1,...,k+ 1, let
mj := i; — ij_1, so the m; describe the sizes of the gaps between the elements in 6. For
i € A, we have that ker(a;) is given by all traceless diagonal matrices where the iths and
(i + 1)st entry are equal. Thus ag = [),¢ NV, ker(a) is given by block diagonal matrices,
where the j-th block is a scalar multiple of the m; x m; identity matrix. The centralizer

of ag in K is

A, 0
Zk(ag) = € SO(n,R) »,
0 A

M1

and the standard parabolic subgroup for 6 is given by upper block triangular matrices.

16



2.1. Parabolic subgroups

More precisely,

Am, * *
+ - o :
PG = ZK(CLQ)AN = ) ' S SL(TL,R)
. : *
0 ... 0 Amm1

Similarly, P,  consists of lower block triangular matrices, where the blocks are of sizes
m; x mj. The unipotent radical Nei is the subgroup of Pei where all blocks on the
diagonal are identity matrices and the Levi subgroup Lg is the group of block diagonal

matrices where the blocks are of size m; x m;.

Elements of the flag manifold Fy are families of nested subspaces of the form
F= (F(“) ... FW) ¢ R”) with dim F(7) = i,

so flags in the sense of linear algebra. This explains the name flag manifold. An element in
Fo can be seen as element of Gr;, (n) x --- x Gr;, (n), where Grj(n) is the Grassmannian,
i.e. the space of all [-dimensional linear subspaces of R™. Two basic examples of flags are

the standard ascending flag F+ and standard descending flag F~ that are defined as

FT = ({e1,...,e;) Cler,...,e5,) C--C (€1,-..,€i))s

F~ = (<€TL> LR en—i1+1> - <6n’ 6n—i2+1> c--C <€n) LR 6n—ik+1>)7

where ey, ..., e, are the standard basis vectors for R”. The flags F'* and F'~ are stabilized

by the standard parabolic subgroup PQJr and P, , respectively.

As above, let Zg (a) be the centralizer of a in K. Further, let Ng(a) be the normalizer of
ain K. The Weyl group of G is defined as

W .= NK(O,)/ZK(C().

Seen as a subgroup of GL(a), it is a finite Coxeter group with system of generators given
by the orthogonal reflections in the hyperplanes ker(«) C a for a« € A. The Weyl chambers
are the connected components of a\ (J,ca ker(a). A closed Weyl chamber is the closure of
a Weyl chamber. The set of positive roots X7 singles out the closed positive Weyl chamber
of a defined by

at:={Heca|alH)>0Vaecxt}

The Weyl group W acts simply transitively on the Weyl chambers and thus there exists

17



2. Lie groups and Anosov representations

a unique element wy € W such that wo(a™) = —at. It is the unique longest element
of W and as such satisfies wg = wy 1. Abusing notation, we will denote by wq also a

representative of the longest element of W in Nk (a) C K.

Definition 2.4. The involution on a defined by ¢ := —wy is called opposition involution.
It induces a dual map on a* which is also denoted by ¢ and defined by ¢(a)) = v o ¢ for all
a € A.

Note that ((A) = A and +«(X7) = XT. For some Lie groups, the opposition involution ¢ is

trivial. One example where it is non-trivial is SL(n, R).

Ezample 2.5. For SL(n,R), a is the set of traceless diagonal matrices, i.e. isomorphic to
R"~!. The Weyl group is isomorphic to the symmetric group S, with generators the or-
thogonal reflections along the hyperplanes ker(a;) fori = 1,...,n—1. Here, the hyperplane
ker(a;) is given by all elements diag(ay,...,a,) € a with a; = a;41. The closed positive

Weyl chamber is

at={He€a|a(H)>0VaeX} = {diag(al,...,an)

n
Z a; =0,a; > az‘+1Vi} .

i=1

The longest element wy of the Weyl group, which sends at to —at acts on a by reversing

the order of the diagonal elements:

ai an

an, ai

On A, the longest element acts as wo(«;) = —a,—, so for the opposition involution ¢: A —

A, we have ((q;) = ap—i.

Remark 2.6. It is useful to have a basis for a that is invariant under the opposition invo-
lution ¢. The elements a € A form a basis for a*. Define by {Hy}aea the corresponding
dual basis for a defined by a(Hg) = d4p for all o, B € A, where 0,5 denotes the Kronecker
delta. The basis constructed in this way satisfies ((Ha) = H,(y) for all @ € A, because by
definition, for all g € A,

B(L(Ha)) = L(ﬁ)(Ha) = 5L(B)o¢ = 5,&(04) = B(HL(OC))

The first step here is simply the definition of + on A. For the third step, we use that
t: A — Ais an involution, so ¢(8) = « if and only if § = ¢(«). Further, for every g # «, H,
lies in the kernel of . It follows that for every 8 C A, we have H, € ﬂﬁeA\e ker(B) = ay,

so by dimension reasons, { H, }4cp is a basis for ayg. We remark that these elements agree
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2.1. Parabolic subgroups

up to a factor with the coroots, which are also denoted by H, in the literature, and are
defined using the fundamental weights and the Killing form (see [Hall5, Def. 7.21]).

Ezample 2.7. If we consider SL(n,R), then a short computation shows that the basis

element for ¢ € A for ag from Remark 2.6 is given by

oL ((n—i)ldi 0 )
n 0 (—i)Id,_;

Remark 2.8. Let wy € Nk(a) be a representative of the longest element of the Weyl
group as in Definition 2.4, and recall that A = exp(a). Then, since wy € Nk(a), we
have wkoal = A. One can further compute that w0N+wal = N~ and wOZK(ag)wal =

Zk((ag)) = Zk(a,9)). Combining this, we obtain

woP;wal = (woZK(ag)wal) (wkoal) (woNeral)
= ZK(CIL(Q))AN_

= PLZG)’

SO PJ@) is conjugate to P9+ by wg. Since every parabolic subgroup is conjugate to a unique

P it follows that P, is conjugate to P, if and only if ¢() = 6.

Consider the space Fy X F,g) of pairs of flags. There exists a unique open orbit for the
diagonal action of G' on Fp x F,g) (see [GW12, Section 2.1]), and one representative of
this orbit is the pair (Pg+ , P,7). Here, we use that P, is conjugate to P;(”g) by wo, so P, is

an element of F, ).

Definition 2.9. Two parabolic subgroups Pt and P~ are transverse if the pair (P*, P™)
lies in the unique open G-orbit of Fp x F,g) for some 6 C A. Given Pt € Fp and
P~ € F,9), we say that P is transverse to P~ (and P~ is transverse to P~) if the pair

(P*, P7) is transverse.

Note that the subset 6 in this definition is already determined by the parabolic PT, since

every parabolic subgroup is conjugate to P9+ for a unique § C A.

Remark 2.10. Fix the standard parabolic P9+ . Then its unipotent radical N; acts simply
transitively on parabolics transverse to P(f . To see this, let P be a parabolic transverse to
P9+ . By definition of transversality, G acts transitively on pairs of transverse parabolics,
there exists some g € G such that (g-P;", g-P) = (P,7, P; ). The element g has to lie in P,
Recall that P0+ = LgNg+ , where Ly = P9+ N P, . Hence g = In for unique elements | € Ly
and n € N(j. It follows that n- P =["!. P, = P, since [ stabilizes P, . So indeed, N;
acts simply transitively on parabolics transverse to P; . Moreover, the element n € N;

depends locally Holder continuously on the flag P transverse to P@+ .
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2. Lie groups and Anosov representations

In the following, we restrict our attention to subsets § C A for which P(j' and P, are

conjugate. As see in Remark 2.8, this holds if and only if +(0) = 6.

Standing Assumption. From now on, we always assume that # C A is invariant under

the opposition involution ¢, i.e. ¢(0) = 6.

For Lie groups with trivial opposition involution, e.g. for Sp(2n,R) or SO(p, ¢) with p # g,

this assumption is trivially satisfied.

Ezample 2.11. For G = SL(n,R) and 6 = {iy, ..., i}, the assumption ¢(f) = 6 means that
i; € 0 if and only if n —7; € 0. As in Example 2.3, set ip := 0 and 44 := n. Two flags
E,F € Fy = F,p) are transverse exactly if

E) @ =) = R™ Vi, € 6.
A pair of transverse flags (F, F') induces a splitting of R™ in subspaces
R":‘/i@@vk-l—l,

where V; = E() 0 F(»=i-1)  Define m; as in Example 2.3 as m; = i; — i;_1. By
transversality, V; is a subspace of dimension m;. In particular, for § = A, every pair of

transverse flags induces a line splitting of R"™.

2.2. Lie group decompositions, the Cartan projection and

the Busemann cocycle

In this section, we define two Lie group decompositions and the Cartan projection that
will be important in the definition of Anosov representations. Further, we introduce the

Busemann cocycle.

As before, let G be a connected non-compact semisimple real Lie group and K C G a
maximal compact subgroup. Let at be the closed positive Weyl chamber. The following

decomposition of G is the Cartan decomposition.

Theorem 2.12 ([Hel0l, Ch. IX Theorem 1.1]). Let G be a connected semisimple Lie
group. Then

G = K exp(ah)K,
i.e. every g € G ca be written as g = kak' with k,k' € K and a € exp(at). Moreover,

a € exp(at) is unique.
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2.2. Lie group decompositions, the Cartan projection and the Busemann cocycle

Definition 2.13. The Cartan decomposition induces a map p: G — at, the Cartan
projection, where for g € G, u(g) is defined by g = kexp(u(g))k'.

Ezample 2.14. For SL(n,R) with maximal compact subgroup SO(n), exp(at) consists
of diagonal matrices with determinant 1 and entries in decreasing order. In this case,
the Cartan decomposition is given by the singular value decomposition. Recall that the
singular value decomposition of a matrix M € SL(n,R) is M = UDVT, where U and V
are orthogonal matrices and D is diagonal with eigenvalues the singular values of M, i.e.
the square roots of the eigenvalues of M M7 in decreasing order. The matrix D is uniquely
determined. With this notation, the Cartan projection u(M) is given by log(D), so its

entries are the logarithms of the singular values of M.

There is another decomposition of G that will be useful for us: the Iwasawa decomposi-

tion.

Theorem 2.15 ([Hel0l, Ch. IX Theorem 1.3]). Let G be a connected semisimple Lie
group. Then

G =KANT,

that is, the map K x Ax Nt — G, (k,a,n) — kan is a diffeomorphism.

Since the map is a diffeomorphism, for every g € G the elements k, a,n such that g = kan

are unique.

Ezample 2.16. For SL(n,R), the Iwasawa decomposition is given by the Q) R-decomposition
of a matrix in an orthogonal matrix and an upper triangular matrix, i.e. an element in
BT, with positive entries on the diagonal. This upper triangular matrix can be written
as a product of a diagonal matrix with positive entries and a unipotent upper triangular

matrix.

Using the Iwasawa decomposition, we can define a map o: G X Fao — a that tells us
something about how an element in G acts on a given flag. It is defined as follows: The
maximal compact subgroup K acts transitively on Fao = G/B™. Thus, every element in
FA can be written as k- BT for some k € K. By the Iwasawa decomposition, for g € G
and F =k - Bt € Fa, there exists a unique element o(g, F') in a such that

gk € Kexp(a(g,F))N™.

Definition 2.17. The map o: G x Fao — a is called the Busemann cocycle or Twasawa

cocycle.
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By definition, the Busemann cocycle satisfies o(Id, F') = 0 for all F' € Fa, and o(k, BT) =0
for all k£ € K.

The name cocycle refers to the following property:

Lemma 2.18 ([BQ16, Lemma 6.29]). The Busemann cocycle is continuous and satisfies

the cocycle property, i.e. for all g1,92 € G and F' € Fa,

0(g192, F) = 0(g1,92 - F) + 0(g2, F). (2.2)

To gain familiarity with the decomposition and the Busemann cocycle, we include the proof

for the cocycle property.

Proof. Let F € Fa and let k € K such that F = k- BT € Fa. Let g1,92 € G, and let
k' € K such that

gok € K exp(o(ga, F))NT.
Then go - F = k' - B, so
g1k’ € Kexp(o(gi,g2- F))NT.
Combining this, we obtain

g192k € g1k exp(exp(o(ga, F)))N*
C Kexp(exp(o(g1, g2 - F)))NT exp(exp(a(ge, F)))N™T
= K exp(exp(o(g1,92 - F)) + exp(o(g2, F))) N

In the last line, we used that exp(a) normalizes N*. It follows that the cocycle property
holds. O

Ezample 2.19. For G = SL(n,R), g € SL(n,R) and F = (FV) C ... ¢ F™) € Fa, one
can compute that the ith coordinate of o(g, F') of the Busemann cocycle is equal to the
logarithm of the norm of the linear transformation induced by g between the 1-dimensional
spaces F(0) /F (i=1) and gF® /gF (i=1)| This can be seen by first looking at the special case
that F' = BT is the standard minimal parabolic, and then using the cocycle property.

The Busemann cocycle also exists in the context of partial flag manifolds. Let Wy be the

subgroup of the Weyl group W that fixes ay point-wise, i.e.

Wg::{w€W|w(H):HVHEa9}.
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Let pp: a — ag be the unique projection invariant under Wy. In terms of the basis { Hy }aea
defined in Remark 2.6, it is given by pg (3 ,cn TaHa) = X acs (TaHa)-

Lemma 2.20 ([BQ16, Lemma 8.21]). For every 8 C A, the map pgoo: G X Fao — ag
factors through a map og: G X Fg — ag.

This map is also called Busemann cocycle and satisfies the cocycle property (2.2).

2.3. Anosov representations

We are now ready to define Anosov representations. Anosov representations were first
defined by Labourie in [Lab06]. His definition then was generalized by Guichard and
Wienhard in [GW12]. Since then, many equivalent characterization of Anosov representa-
tions have been found and the field is an active area of research (see [GGKW17], [KLP17],
[BPS19], [Tso20], [DGK17], [KP20], [Zhul9], [Zhu21], [BCKM21],[CZZ21]). The definition
we are presenting can be found in [GGKW17, Theorem 1.3]. We are only interested in
surface groups, but Anosov representations can be defined more generally for any word-

hyperbolic group I

Standing Assumption. Throughout this paper, let S be a closed connected oriented
surface of genus at least 2. Fix an auxiliary hyperbolic metric m on S. Denote by S the
universal cover of S, which then carries a hyperbolic metric as well, and let ds0S be the
boundary at infinity. Fixing base points on S and S, the fundamental group m1(S) of S

acts on S by isometries.

Before giving the definition of Anosov representations, we need to introduce some more
concepts. Let # C A be a subset of the simple roots and Fy = G/ P;r the flag manifold for
the standard parabolic subgroup P9+ .

Definition 2.21. Let p: 71(S) — G be a representation and ¢: 8,5 — Fp be a map.
e (is called p-equivariant if ((yz) = p(v) - {(z) for all 2 € 05 S and v € 71(S).

e (is called transverse if for every pair of points  # y € 05, the images ¢(z), ((y) €

JFp are transverse.

e ( is called dynamics-preserving for p if for every non-trivial element v € m1(S), its
unique attracting fixed point in 9.5 is mapped to an attracting fixed point of p(7)
on Fy.
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2. Lie groups and Anosov representations

Further, p is called 0-divergent if for all a € 6 we have a(u(p(7y))) — oo as the word length
of v € m(S) goes to infinity.

Definition 2.22 ([GGKW17, Theorem 1.3]). A representation p: 71(S) — G is 6-Anosov
if it is f-divergent and there exists a continuous p-equivariant map (: 905 — Fy that is

transverse and dynamics-preserving. The map ( is called the boundary map for p.

The set of #-Anosov representations forms an open subset of the representation variety
Hom(m(5),G) [GW12, Theorem 5.13]..

Remark 2.23. If there exists a continuous, dynamics-preserving boundary map ¢: 8s5 —
Fy for p, then it is unique and p-equivariant. This follows from the fact that the set of
attracting fixed points of elements y € 7 (S) is dense in 0, S. Further, the boundary map
is Holder continuous [BCLS15, Theorem 6.1].

Remark 2.24. For some settings, the assumption of p being #-divergent is not necessary,
since it is already guaranteed by the existence of a continuous transverse p-equivariant
boundary map. This is the case for example if p is Zariski dense or if p is an irreducible
representation into SL(n,R) and § = {1,n — 1} [GW12, Theorem 4.11 and Theorem 4.10,

respectively].

We now explain how the boundary map ¢ can be constructed from the Anosov represen-
tation p (see [GGKW17, Section 5]): Assume that p: m1(S) — G is §-Anosov. We want to
understand ¢(z) for some 2 € d5S. Define

=g G—)G/P;_
gn—>k:g'P+,

where g = kg exp(u(g))k; is the Cartan decomposition (Theorem 2.12). Note that the
element k,; € K is not unique, but & - P9+ is well-defined. Let z € 95,5 be a point in the
boundary of S and (Yn)nen be a sequence in 71 (S) converging to = in the sense that the
sequence (n)nen and the quasi-geodesic ray defining x have bounded distance. Here, we
identify 0,05 with dsem1(S). If p is f-Anosov, then the sequence (Zg (P(Ym))) men converges
and

¢(z) = lim Eg(p(ym))- (2.3)

m—0o0

Ezample 2.25. Let G = SL(n,R) and 6 = {k,n — k} for some 1 < k < % (see Example
2.3). Then the flag space Fy consists of pairs of nested subspaces (F k) c F ("_k)) with
dim F® = and can be seen as a subset of Gry(n) x Gr,_(n), where Gr;(n) denotes the
Grassmannian of [-dimensional subspaces of R"™. We say that M € SL(n,R) has a gap of
index j if oj(M) > 0j41(M), where 0;(M) and 041 are the jth and (j+1)st eigenvalues of

24



2.3. Anosov representations

M, respectively (see [BPS19, Section 2.2]). If M has a gap of index j, let U;(M) € Gr;(d)
be the subspace of R? that contains the j biggest axes of the ellipsoid {Mv | ||v|| = 1}.
If p: m(S) — SL(n,R) is {k,n — k}-Anosov, then for every v € m1(S), p(v) has gaps of
index k and n — k. The flag Z9(M) is given by

Zo(M) = (Uy(M) € Up—4(m)).
Thus, the k- and (n — k)-dimensional parts of the boundary map are given by

¢W(@)= lim Up(p(ym)) and ¢"F(2) = lim Up_r(p(ym)),

m
respectively.

Notation 2.26. Let g be an oriented geodesic in the universal cover S and let p: 71 (S) —
G be 0-Anosov with boundary map (. Using the boundary map {, we can associate to g
a pair of opposite parabolics as follows: Denote by g+ and ¢~ the positive and negative
endpoints of g, respectively. Let Pgi := ((g%) and Ly = P;r N P, be the common Levi
factor of P, and P, . Further, let N be the unipotent radical of P,". By transversality
of ¢, the pair (P, P,") is transverse.

We want to mention an important class of Anosov representations.

Definition 2.27. A representation p: m1(S) — SL(n,R) that is {a1, apn—1}-Anosov is
called projective Anosov.

Projective Anosov representations play an important role in the study of Anosov represen-
tations, because of the following result:

Theorem 2.28 ([GW12, Prop. 4.3 and Remark 4.12]). There ezists d € N and an ir-
reducible representation 7: G — SL(d,R) such that a representation p: m(S) — G is
0-Anosov if and only if T o p: m(S) — SL(d,R) is projective Anosov. Furthermore, T

mduces maps
™ G/P — RP?1 and 7~ : G/P; — Grg_1(d).

If C: 8s08 — G/PQJr is the boundary map for p, then the 1- and (d — 1)-dimensional parts

of the boundary map for T o p are given by 7 o ¢ and 7~ o (, respectively.

Note that 7 is not unique. If for M € SL(d,R), we denote by U;(M) the eigenspace of

MMT with respect to its biggest eigenvalue as in Example 2.25, then we have

7 (Z0(9)) = Ur(7(9))-
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2. Lie groups and Anosov representations

Ezample 2.29. Let G = SL(n,R), 0 = {k,n — k} for some 1 < k < §. Then the exterior
power representation /\Z SL(n,R) — SL (A" R”) is an irreducible representation as in
Theorem 2.28. It is defined by

k
/\ (A)(vl/\-'-/\vk) = Avi A - A Aug,

for every A € SL(n,R) and every decomposable element v; A---Av, € A¥R™. In this case,
d = dim (/\k R”) = (}). The induced map ¢™: G/Pyt — RP9! is called the Plicker
embedding and is given by

V) =(ur A Awy)

if V= (V® cve=k) e G/Pyt c Gry(n) x Grp_p(n) and V) = (v, ... v;). This is
independent of the choice of vy, ..., v, because if wq, ..., w, is another generating system
for V, then w; = Aw; for all i for some A € GL(V®). Hence (wy A --- Awg) = (det(A)vy A
s Ay f

If a representation p is f-Anosov, then also every representation p’ that is conjugate to p by
an element in G is -Anosov. Thus, it makes sense to talk about 6-Anosov representations

also on the character variety.

Definition 2.30. The space
x(5,G) := Hom(m, (5), G)//G

of representations of the fundamental group of S into G up to G-conjugation is called
G-character variety. For a subset § C A of the simple roots, denote by x*47°V(S, @) the

subset consisting of the equivalence classes of #-Anosov representations.

Note that here, x (S, G) is not the usual quotient, which is in general not Hausdorff. Instead,
it is the largest Hausdorff quotient, which is equivalent to restricting to the subset of

reductive representation (see [CLM18, Theorem 2.2]).

2.4. Examples for Anosov representations

In this section we give examples of Anosov representations for different families of Lie

groups G.
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2.4.1. Teichmiiller space

This section on Teichmiiller space is built on [FM12, Section 10.3], which gives a nice

treatment on the viewpoint on Teichmiiller space as discrete and faithful representations

A marked hyperbolic structure on S is a pair (X, fx), where X is a hyperbolic surface and
fx: S — X is a homeomorphism, called marking. We say that two marked hyperbolic
structures (X, fx) and (Y, fy) are equivalent if there exists an isometry h: X — Y such
that fy and hofx are homotopic. Teichmiiller space T (S) is the space of marked hyperbolic

structures on S up to this equivalence relation.

To a marked hyperbolic structure, we can assign a representation p from 7 (S) to PSL(2, R)
as follows: There exists an isometry from the universal cover X of X to the hyperbolic
plane H2. The fundamental group 7 (X) identifies with the group of deck transformations
for the universal cover X, so it acts on X properly discontinuously and by isometries.
Hence, 71 (X) identifies with a discrete subgroup of Isom™ (H?) = PSL(2,R). Combining
this with the isomorphism (fx)s«: m1(S) — m1(X) induced from the marking fx: S — X
we obtain a discrete and faithful representation p: m(S) — PSL(2,R). This construction
depends on various choices, e.g. on the choice of representative (X, fx) of the equivalence
class [(X, fx)] and on the identification of X with H2, but the representations we obtain
for different choices are the same up to conjugation. We obtain a continuous and injective

map
T(S) — Hom(m (S), PSL(2,R))//PSL(2,R),

whose image is a connected component of the PSL(2,R)-character variety. Goldman
showed in his thesis [Gol80] that there are two components of the PSL(2,R)-character
variety that can be identified with 7(S). They correspond to the two possible orientations
of the surface S. A representation p that represents an element in 7(S) is Anosov and
the boundary map is constructed as follows: Consider the orbit map 7,: m1(S) — H? for
p which is defined by 7,(v) = p(7) - o, where ¢ € H? is a fixed base point. It induces a
p-equivariant homeomorphism on the boundary ¢: dmy(S) — OH? = RP!. This boundary

map is transverse and dynamics-preserving.

2.4.2. Hitchin representations

One way of constructing #-Anosov representations into a Lie group G is to take a discrete
and faithful representation pg: m1(S) — SL(2,R), a so-called Fuchsian representation, and

post-compose it with a suitable representation SL(2,R) — G. Hitchin representations
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arise in this way. They are one of the first examples of Anosov representations and have

been studied extensively. We first introduce Hitchin representations for G = SL(n, R).

Consider the n-dimensional irreducible representation j,: SL(2,R) — SL(n,R). It can

be realized by considering the action of SL(2,R) on the n-dimensional vector space of
homogeneous polynomials of degree n—1 in 2 variables z and y. If A = “ p € SL(2,R),
c

then j,(A) acts on this space by sending z to ax + by and y to cx + dy. A basis for the

n—1 ,.n—2 n—2
) )

e TR )
this basis appropriately, we can arrange that j,(SO(2)) C SO(n), where we consider SO(n)

space of homogeneous polynomials of degree n — 1 is x y" 1. Scaling

with respect to the standard inner product on R”. For example, for n = 3 we choose the
basis =22, zy, 2=2? and j3: SL(2,R) — SL(3,R) is given by

VG VG
. a? V2ac 2
73 ((a d)) = | vV2ab ad+bec 2ed
¢ B2 \3bd 2

A principal Fuchsian representation in SL(n,R) is a representation of the form p = j, o po,
where pg: m1(S) — SL(2,R) is a Fuchsian representation. A Hitchin representation is a
representation that lies in the same connected component as a principal Fuchsian repre-
sentation. The Hitchin component Hit(m(S), SL(n,R)) is the component of the character

variety X' (S, SL(n,R)) consisting of conjugacy classes of Hitchin representations.

The construction of the Hitchin component can be generalized to any split real semi-simple
Lie group G using an embedding j: SL(2,R) < G. For the classical groups Sp(2n,R) and
SO(n,n + 1), the embedding j is given by jo, and jon41, respectively, which has image
contained in these subgroups. Just as in the SL(n,R)-case, the Hitchin component is the

connected component of X' (S, G) containing a principal Fuchsian representation of the form

P =J° po.

The Hitchin component in x(S,PSL(n,R)) was first studied through Higgs bundles by
Hitchin in [Hit92], who called it Teichmiiller component. He showed that it consists entirely
of irreducible representations and is diffeomorphic to R*X(S)("kl), where x (S is the Euler
characteristic of the surface S. Labourie showed that any Hitchin representation p is
discrete and faithful and that for any v € m1(S), p(vy) is diagonalizable with distinct
eigenvalues of the same sign [Lab06]. Bonahon and Dreyer construct coordinates for the
Hitchin component in PSL(n, R) that generalize shearing coordinates on Teichmiiller space
[BD17].

To motivate that Hitchin representations are A-Anosov, we look at the special case of

principal Fuchsian representations. For general Hitchin representations, this was proved
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by Labourie [Lab06]. The following treatment is adapted from lecture notes by Canary
[Can20, Chapter 32]. Let p = j,0p be a principal Fuchsian representation. The irreducible
representation j, induces a continuous map 5,7 : RP! — Flag(R") as follows: Every element
in RP! can be written uniquely as L - (e1), where e; € R? is the first standard basis vector
and L is in SO(2). Define

Jn (L {e1) = jn(L) - F,

where F'T is the standard ascending flag in R™ as in Example 2.3. One can check that
this defines a continuous j,-equivariant injective map which is dynamics-preserving, i.e.
if (x) € RP! is the attracting eigenline for A € SL(2,R), then j({z)) is the attracting
flag for j,(A). It is a generalized version of the Veronese embedding of RP! in RP"~1,
Define

¢: O0s0S — Flag(R"), (¢ := jf{ o (o,

where (o: 955 — RP! is the flag curve for po- Then ( is a continuous, p-equivariant,

dynamics-preserving and transverse boundary map.

The fact that p is 6-divergent can be seen as follows: If the singular value decomposi-
tion for A € SL(2,R) is A = LDK, then the singular value decomposition for j,(A) is
Jn(L)jn(D)jn(K). By examining how j, acts on diagonal matrices, we see that the ith
singular value o; of j,(A) is given by ¢;(j,(A)) = o1(A)"172 Recall from Example 2.14

that for SL(n,R), the Cartan projection p: SL(n,R) — agL(n R) is given by the logarithms
of the singular values. It follows that for all a; € A

))n+1—2i

a1(po(y
oot ntl-2(i+1) log o1 (po (7)),

a1(po(7))

a; (u(p(7))) =logai(p(v)) —log oit1(p(y)) = log

which, since pg is Anosov, goes to infinity as the word length of v goes to infinity. In total,
p is B-divergent and has a continuous, p-equivariant, transverse and dynamics-preserving

boundary map, so is A-Anosov.

2.4.3. Horocyclic representations and other reducible representations

For constructing principal Fuchsian representations in Subsection 2.4.2, we used an irre-
ducible embedding j: SL(2,R) < G. We can also consider embeddings SL(2,R) — G that
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are reducible. Define

t: SL(2,R) — SL(3,R),
a 0 b
a b
=10 1 0]. (2.4)
c d
c 0 d

The image of ¢« in SL(3,R) fixes the line (e2) and the hyperplane (e1,e3). Let po: m1(S) —
SL(2,R) be discrete and faithful. Then a representation of the form

p:=topy: m(S) — SL(3,R)

is called horocyclic representation. In other words, a horocyclic representation is the direct
sum of a Fuchsian representation with a trivial representation. The name horocyclic is
motivated by the fact that the image of p is contained in a parabolic subgroup of SL(3, R),
namely the one that stabilizes the line (ez) and the complementary hyperplane (e, e3).
Horocyclic representations and deformations thereof were defined by Barbot [Bar10] and
are sometimes also called Barbot representations. Barbot also proved that horocyclic rep-

resentations are A-Anosov.

To see this, we construct the boundary map ¢: 9-05 — Flag(R3) for a horocyclic represen-

tation p. Define a continuous, t-equivariant and dynamics-preserving embedding by

.7 RP' — Flag(R?),

a a 0
a
b b 0
Let p = 10 pp be a horocyclic representation and (p: 9505 — RP! the boundary map for
po- Then

(: 0008 — Flag(R?), ((z) := 1" o (o(x)

is a continuous, p-equivariant, transverse and dynamics-preserving boundary map for p.
This can be seen analogous to the case of Hitchin representations in Subsection 2.4.2. To
show that p is A-Anosov, the only thing that is left to show is A-divergence, which follows

from a short computation.

This construction of horocyclic representations not only works in SL(3,R). We can gen-
eralize it to obtain reducible {k,n — k}-Anosov representations in SL(n,R) for any k£ < 5
as follows: Identify R™ with (R2)k x R"2% and embed SL(2,R) as SL(2,R)* x {Id,,_o}.
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Reordering the basis of R”, this gives an embedding

tnk: SL(2,R) = SL(n,R),

aIdk 0 bIdk
a b
( >|—> 0 Id,— 0 |, (2.5)

c d
CId]€ 0 dIdk

where Id,, denotes the m x m-identity matrix, and the Os denote zero matrices of the
appropriate sizes. For n = 3 and k = 1, we recover t3; = ¢ from above. An (n, k)-horocyclic
representation is a representation of the form p = ¢, ;, 0 pg where pg: m1(S) — SL(2,R) is
discrete and injective. Sometimes we will just say a representation is horocyclic, meaning
that it is (n, k)-horocyclic for some n and k. Again, the motivation for the name comes
from the fact that such a representation stabilizes an element in Fyj ). In the special
case n = 3 and k = 1 considered above, we have {k,n —k} = {1,2} = Ag,3r), 50 Fy1,2} is

the complete flag variety. In the general case, however, Fy; . 11 is a partial flag variety.

A (n, k)-horocyclic representation is {k,n — k}-Anosov. This can be seen analogous to the

special case n = 3 and k = 1 above, using the embedding

(tng)” : RPY = SL(n,R)/ Pl 4,

M - <€1> = Ln,k’(M) ’ (<617 R aek’> C <€17 CER) en—k>)
for M € SO(2). The boundary map for p = ¢, 1 © po is then given by (1, x)" o (o.

In a similar way, we can construct reducible representations into SL(2n + 1,R) that are

Agr,(2n+1,r)-Anosov. For that, consider the representation

Loan—on+1 - SL(QTL,R) — SL(Qn + I,R), (2.6)
4 B A 0 B
( >|—> o 1 of
C D
C 0 D

Here, 0 and 07 denote the 0 vector in R” and (R™)”, respectively. Now let pg: m1(S) —
Sp(2n,R) C SL(2n,R) be a Agp, (2, r)-Anosov representation. In particular, po is Agy,2n,r)-
Anosov and for every v € 71(S), the eigenvalues of p(y) are pairwise distinct and different
from 1. Then p := t9,,y2n+1 © po is a reducible representation into SL(2n + 1, R). The map
ton—on+1 induces a continuous, ton_on+1-€quivariant embedding L;n Sonal’ Flag(R?") —
Flag(R?"1). Since Sp(2n,R)/B* can be embedded in Flag(R?"), we obtain a continu-
ous, transverse, p-equivariant map ( := L;n ont1 ©€0: 050 S — Flag(R?"*1). By similar

considerations as above, p is Agy, (o, 41,r)-divergent. Thus, p is a Agy,(2,4-1,r)-Anosov repre-
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sentation into SL(2n+1,R). It is reducible, so does not lie in the Hitchin component. Note
that in this construction we need to start with a Agj(2, r)-Anosov representation pg into
Sp(2n, R) and cannot replace it by a Agy (2, r)-Anosov representation into SL(2n,R). The
reason is that for the latter, the elements po(7) for v € m1(S) can have 1 as an eigenvalue.

In that case, the composed representation ton—2n+1 © po is not Agy,(2,41,r)-divergent.

2.4.4. Maximal representations

In addition to Hitchin representations, maximal representations were among the first
known examples of Anosov representations. Their definition originates in the observa-
tion that the two Teichmiiller components for representations into PSL(2,R) are distin-
guished from the other components by the Euler number E(p) [Gol88]. A representation
p: m(S) = PSL(2,R) lies in one of the Teichmiiller components if and only if the modulus
of its Euler number is maximal. Let now G be a Lie group of Hermitian type, i.e. connected
semisimple with finite center, without compact factors and such that the associated sym-
metric space X' has a G-invariant complex structure. For a representation p: m1(S) — G,
one can define an invariant T'(p), called Toledo invariant, which agrees with the Euler
number for G = PSL(2,R). The map p — T'(p) on Hom(71(S), G) is continuous and takes
values in a discrete bounded set. Consequently, it is constant on connected components
[BIW10]. A representation p € Hom(7w1(S), G) is mazimal if |T(p)| is maximal. Maximal
representations are P-Anosov for a certain maximal parabolic P C G (see [BILW05, Theo-
rem 6.1] for G = Sp(2n,R) and [GW12, Theorem 6.6 and Remark 6.7] for a classical group
G of Hermitian type).

An important example for a Lie group of Hermitian type is Sp(2n,R). In this case, a
maximal representation is Anosov with respect to the maximal parabolic that stabilizes a
Lagrangian, i.e. a maximal isotropic subspace of R?". The group Sp(2n,R) is also split,
hence we can also define Hitchin representations into Sp(2n,R). Hitchin representations

into Sp(2n,R) are maximal, the converse is not true see [GW12, p.581].

2.4.5. Positive representations

Recently, Guichard and Wienhard discovered another class of representations that are
f-Anosov for some 6 C A and that contains both Hitchin representations and maximal
representations [GW18]. The starting point for their definition is the observation that the
boundary maps for both Hitchin representations and maximal representations are positive
in the sense that they map positive triples in 9,5 to positive triples in G / P9+ . In order to
say what it means for a triple in G/ P(,+ to be positive, Guichard and Wienhard define what

32



2.4. Examples for Anosov representations

a -positive structure on a simple Lie group G is. They show that there are four families of
Lie groups admitting a #-positive structure. Two of these families are split real Lie groups
and Lie groups of Hermitian types, for which one can define Hitchin representations and
maximal representations, respectively. The definition of positivity from Guichard and
Wienhard generalizes the notion of positivity in split real Lie groups introduced by Lusztig
[Lus94].

Definition 2.31. A representation p: m1(S) — G is 0-positive if there exists a continuous

p-equivariant map (: 9505 — G / P9+ which sends positive triples to positive triples.

The fact that Hitchin representations and maximal representations are positive for some 6
is proven in [FG06, Theorem 1.15] and [BIW10, Theorem 8], respectively. In unpublished
work, Guichard, Labourie and Wienhard [GLW16] show that 6-positive representations
are f-Anosov and that the subset of #-positive representations is open in Hom(m(5), G).
Further, they conjecture that it is also closed, so #-positive representations form a union

of connected components of Hom(m1(5), G).
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3. Laminations and transverse twisted

cycles

In this chapter we introduce two concepts that are important for the definition of cataclysm
deformations. The first one is a so-called lamination, which is a fixed topological object on
the surface S. Recall that S is a closed connected oriented surface of genus at least 2. The
second one is called twisted cycle and serves as a parameter for the cataclysm deformation.

It determines how much the cataclysm changes a representation p.

3.1. Geodesic laminations

Geodesic laminations have been introduced by Thurston and are powerful tool in low-
dimensional topology and geometry. In this section we define the concepts that are impor-
tant for the construction of cataclysms and give examples and properties. An overview of

geodesic laminations can be found in [Bon01].

Definition 3.1. A geodesic lamination A on S is a collection of simple complete disjoint
geodesics such that their union is a closed subset of S. The geodesics contained in the
lamination A are called leaves. A geodesic lamination A is mazimal if every connected
component of S\ A is isometric to an ideal triangle. We denote by A the lift of X to the

universal cover S.

Although Definition 3.1 makes use of the auxiliary hyperbolic metric m on S, geodesic
laminations can be defined independently on the choice of a metric (see [Bon97, Section
3]).

Example 3.2. A basic example for a geodesic lamination is just one closed simple geodesic
on S. More generally, every collection of simple closed disjoint geodesics is a geodesic

lamination. A pair of pants decomposition, for example, is a geodesic lamination consisting

of 3-¢(S) — 3 closed leaves, where ¢(S) is the genus of the surface S.
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3. Laminations and transverse twisted cycles

A C Sos > ACU

Y

(a) A maximal lamination A on Sp 3 (b) The orientation cover X of A

Figure 3.1.: On a pair of pants Sp 3, a maximal lamination A consists of three bi-infinite

geodesics spiraling pairwise to the boundary curves. The orientation cover h)
consists of six bi-infinite geodesics, two lifts for every geodesic in A. Here, the
ambient surface U is not drawn for the sake of clarity.

Ezample 3.3. On a pair of pants Sp3 we can consider three bi-infinite disjoint geodesics
that pairwise spiral towards the boundary components of the pants (see Figure 3.1a). The
complement of these geodesics consists of two ideal triangles. If we have a pair of pants
decomposition of S, we can construct a maximal lamination by subdividing every pants

using three bi-infinite geodesics (see Figure 3.2a).

Remark 3.4. For a maximal lamination A, the complement S\ \ always consists of 4-¢g(S)—4
ideal triangles, where g(S) denotes the genus of the surface S. This follows from the fact
that every ideal triangle has area 7 and that by the Gauss-Bonnet theorem, a closed surface
S has area 27 (2 - g(S) — 2). Consequently, if A has only finitely many leaves, the number of
bi-infinite leaves, i.e. leaves that are in the boundary of an ideal triangle, is 6-g(S) —6. The
number s of closed leaves lies between 1 and 3 - g(S) — 3. Generically, a lamination is more
complicated and consists of infinitely many leaves. For examples for generic laminations,
see [Bon01, p.4 and p.9].

We can equip the geodesics of a lamination A\ with an orientation — but if the lamination
is maximal, this cannot be done in a continuous way. For this reason, we look at the

orientation cover X of A.

Definition 3.5. The orientation cover A of a lamination ) is a 2-cover of A whose geodesics
are oriented in a continuous fashion. More precisely, \ consists of all pairs (x,0) where

x € X and o is a continuous orientation of the leaves of \ near z.
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3.1. Geodesic laminations

For example, if A is orientable, then \ is consists of two disjoint copies of A with opposite
orientations. In order to consider arcs transverse to the lamination /)\\, we need an ambient
surface U in which \ is embedded. Let U C S be an open neighborhood of A that avoids at
least one point in the interior of each ideal triangle in S\ A. The orientation cover A=A
extends to a cover U — U. On U , we can consider the orientation reversing involution

R: U — U that interchanges the two sheets of the cover.

Example 3.6. If A consists of m disjoint simple closed geodesics ¢y, ..., c¢n, then it is ori-
entable. Its orientation cover consists of 2m disjoint simple closed geodesics cf, e
¢l ,---,Cnp, Where cf are the two lifts of ¢; with opposite orientations.

Ezample 3.7. Let P be a pair of pants. Consider a maximal lamination A on P, consisting
of three bi-infinite geodesics that pairwise spiral towards the boundary curves (see Figure
3.1a). It is not possible to orient the bi-infinite geodesics in a continuous way. The
orientation cover A consists of six bi-infinite geodesics, two lifts for every geodesics g; in A.
They spiral pairwise to lifts of the boundary curves, and can be oriented continuously as

sketched in Figure 3.1a.

Ezxample 3.8. An example for a finite maximal lamination A on a surface S of genus 2 is
sketched in Figure 3.2a. It is obtained from a pair of pants decomposition of S, where every
pants is divided into two ideal triangles by three infinite geodesics that spiral towards the
closed leaves. The complements S \ A consists of four ideal triangles. Figure 3.2b shows a
sketch of the orientation cover A with a choice of orientation of the leaves. The orientation
cover A is drawn without the ambient surface U to keep the picture clean. Figure 3.2c

shows a sketch of the lift X of \ to the universal cover S.

We will be interested in arcs transverse to a lamination A, that are well-behaved in the

following sense.

Definition 3.9. A arc k is tightly transverse to X if it is simple, compact, transverse to
A, has non-empty intersection with A, and every connected component d C k \ X\ either
contains an endpoint of k, or separates one of the ideal vertices of the ideal triangle P C S\ A
containing d from the other two vertices. We use the same notation for arcs k transverse

to the universal cover A or to the orientation cover A of .

Notation 3.10. Throughout the paper, we use the following notation: By A, we denote a
lamination on S, by A its lift to the universal cover S and by \ the orientation cover. We
denote by k an oriented arc tightly transverse to A, by k an oriented an arc tightly transverse
to A and by % an oriented arc tightly transverse to \. Since the universal cover S is oriented,
the leaves of A intersecting k have a well-defined transverse orientation determined by k,
i.e. if ¢ is a leaf of X intersecting k, we orient g such that the intersection k th ¢ is

positive. Denote by P and ) the connected components of k containing the negative and
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3. Laminations and transverse twisted cycles

(a) The lamination A

-
~ ”~
~

(c) The universal cover A in S

Figure 3.2.: A finite maximal lamination on S that is subordinate to a pair of pants de-
composition and sketches of its universal cover X and orientation cover A. The
regions in yellow and purple highlight connected components in the comple-
ment of the lamination. For the orientation cover, details are omitted for the
sake of clarity.
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3.1. Geodesic laminations

Figure 3.3.: For an arc k tightly transverse to X and an ideal triangle R C S \ X such that
kN R # (0, denote by g%, and g}% the oriented geodesics in A passing through
the negative and positive endpoint of £ N R, respectively.

positive endpoint of k, respectively. Let Cpg be the set of connected components of S \ A
separating P and (). Likewise, for two geodesics g and h in A, let Cgn be the set of all
connected components in S \ A lying between g and h. If R C S \ MNisin C pQ, denote by
g% and g}% the oriented geodesics passing through the negative and positive endpoint of
kN R, respectively (Figure 3.3). The fact that k is tightly transverse guarantees that the

geodesics g% and g}% are disjoint.

Standing Assumption. Throughout the thesis, we will assume that all arcs k, k, ¥ are
tightly transverse.

The following is classical property of geodesic laminations. It will be important later when

proving existence of certain maps that are defined by a limit.

Lemma 3.11 ([BD17, Lemma 5.3]). Let g and h be two geodesics in \. There is a function
r: Cgn — N, called divergence radius, and constants C1,Cs, A1, A2 > 0 such that the

following conditions hold:
1. Cie=Mr(B) < E(/; NR) < Coe= 427 () for every R Con;

2. for every N € N, the number of triangles R € Cg, with r(R) = N is uniformly
bounded, independent of N.

Here, ¢ denotes the length function on S induced by the fized metric on S.
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3. Laminations and transverse twisted cycles

Figure 3.4.: This picture shows the situation on the surface S. The compact arc k crosses
the connected component Ry of S\ A several times. The arc dy C k\ A
divides the component Ry into two regions. The divergence radius r(dp) is the
minimal number of components of d C &\ A that have their endpoints on the
same geodesics 920 and géo as dp. In this picture, we have r(dy) = 2.

For R € Cyp, the divergence radius r(R) is defined the projection of the arc k to the surface
S. So first, let k£ be an arc in S transverse to A and dy C k \ A a connected component.
We define the divergence radius r(dp).. Let ggo, gcll0 be the leaves of A passing through the
endpoints of dy (see Figure 3.4). Let Ry C S\ A be the connected component containing dy.
The arc dy divides Ry into two regions. Consider all components d C k\ A that have their
negative endpoint on ggo and their positive endpoints on g}lo. Since k is compact, at least
one of the two regions of Ry defined by dy contains only finitely many such components
d C k\ A. Define r(dp) € N as the minimal number of components of k \ A contained
in one of the regions that have their endpoints on 920 and géo. Now for R € Cgyp,, define
r(R) :=r(d), where d C k\ X is the projection of kN R to S.

Ezxample 3.12. If k meets exactly one lift R of Ry, i.e. if k crosses the projection Ry of R
to S only once, then r(R) = 0. If k meets R and R’ that are lifts of the same component
Ry, and if & does not meet any other lift of Ry between R and R, then |r(R) —r(R')| < 1.

For the rest of this section, assume that the lamination A is maximal and finite. In
particular, all components in S \ A are ideal triangles and for every R C Cgy, there exist
unique components R~ and Rt of S \ A that are adjacent to R and lie before and after R

along k, respectively.

Definition 3.13. A component R € Cgyy, is an inner component if the components R~ and
R* that are adjacent to R and lie along k before and after R, respectively, do not contain
an endpoint of k (see Figure 3.5). In other words, R, R~ are elements of Cg. An inner
component R C Cgyy, is pinched if the geodesics g%,, g%, g},{ and g}%+ all have an endpoint

in common.
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3.1. Geodesic laminations

Figure 3.5.: An element R € Cyj, is an inner component if its neighboring components R~
and Rt of S \ A along k do not contain an endpoint of k. The component R
in this picture is in addition pinched, i.e. the geodesics g%_, g%, g}g and gll?ﬁ
all have a common endpoint.

Note that all but two components in Cg, are inner components. Further, because we

consider a finite lamination, all but finitely many components in Cgy, are pinched.

If R € Cgp, is a pinched inner component, we can relate the divergence radii r(R) and r(R™)

by a constant depending on k.

Lemma 3.14. If R € Cy, is an inner component and R, R~ are its neighboring compo-
nents as in Definition 3.13, then r(R) and r(R™") differ by a constant depending on the arc
k. The same holds for R

Proof. By definition of r, is suffices to look at the situation on the surface S, and to show
that r(d) and r(d*) are bounded by a constant depending on k, where k is the projection
of k to S and d and d* are the projections of kNRand kNR* to 9, respectively. Let Ry
and Rar be the components of S\ A that are the projections of R and R to S, respectively.
Let deyit € kN Ry be the component of &\ A with endpoints on gg and gé and such that
7(derit) = 0, i.e. one of the two regions of Ry \ derit does not contain any other component
of k\ A with endpoints on the same geodesics as deit (see Figure 3.6). Let (degit)™ be
the connected component of £\ \ in Rg right after dqt. It has its negative endpoint on

gcll and its positive endpoint either on g}H or on the other geodesic bounding R(J{ . In the
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3. Laminations and transverse twisted cycles

(a) The case where r(d*) > r(d). (b) The case where r(d*) < r(d).

Figure 3.6.: The critical component d..;; C k\ A has its endpoints on the same geodesics
g% and g} as d. The component (dg;)" either has its positive endpoint on the
same geodesics as d*, in which case 7(d™) > r(d), or on another geodesic, in
which case r(d™) < r(d). In these pictures, |r(d) — r(d*)| = 2 in both cases.

first case, r(d*) > r(d) as in Figure 3.6a, in the second case, r(d*) < r(d) as shown in
Figure 3.6b. If 7(d*) > r(d), then r(d*) = r(d) + 7((derit)™). Similarly, if r(d) < r(d),

then r(d*) = r(d) — r((d};)"), where d_",
(it

along k. Thus, |[r(RT) — r(R)| < max{r((deit)™),r((d,
r((d}

crit

for RE)F is the critical component for Rar and
)~ C k '\ A denotes the component that lies in Ry and lies before djrit when traveling
)7)}. The values 7((derit) ") and
)~) only depend on k, Ry and on the geodesics, g9, g}, but not on d. Since S\ A has
only finitely many components, it follows that max{r((derit)™), 7((dL;)7)} is bounded by
a constant depending on k. In total, this shows that the divergence radii r(d) and r(d*)
differ at most by a constant depending on k, so also r(R) and r(R™) differ at most by a

constant depending on k. The proof for R~ works analogous.

3.2. Transverse twisted cycles

In the following, we use the notation introduced in Section 2.1. We fix a geodesic lamination
A on S, not necessarily maximal. The following definition is taken from [Bon96, Section
1].

Definition 3.15. An ag-valued transverse cycle for X\ is a map associating to each unori-

ented arc k transverse to A an element (k) € ag, which satisfies the following properties:
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3.2. Transverse twisted cycles

1. e is finitely additive, i.e. e(k) = e(k1) + e(k2) if we split k in two subarcs k1, ko with

disjoint interiors.

2. € is Minvariant, i.e. e(k) = (k') whenever the arcs k and k' are homotopic via a

homotopy respecting the lamination A.

We denote the vector space of ag-valued transverse cycles for A by H(\; ag).

In the same way, one can define R-valued transverse cycles and transverse cycles for the

orientation cover \.

Remark 3.16. We will mostly be interested in transverse cycles for the orientation cover
/)\\, i.e. elements in 7-[(/):, ap). This is because cycles for X allow us to assign values to
oriented arcs transverse to the lamination A, rather than unoriented arcs as for cycles
for the lamination A. The correspondence between oriented arcs transverse to A and arcs
transverse to A works as follows: If k is an oriented arc transverse to A, then there exists
a unique lift k of k to U such that the intersection k M X is positive (see Figure 3.7). This
gives a one-to-one correspondence between oriented arcs transverse to A and unoriented
arcs transverse to A. If £ € H(); ag) is a transverse cycle and k an oriented arc, denote by k
the arc with opposite orientation. Then, since € does not take into account the orientation
of k, e(k) :AE(E). If, in contrast, we consider the corresponding arcs in the orientation
cover, then k = 9%(76\), v/x\lhere R: U — U is the orientation reversing involution. So for

g€ H(X; ag), we have (k) = 5(9%(%)) # é\(z) in general.

Remark 3.17. If {Hy}acp is the basis for ag introduced in Remark 2.6, we can express
€€ H(X, ag) as

€= ZEQHOC, (3.1)

ael

where for all o € 0, ¢, € H(X; R) is an R-valued transverse cycle.

Remark 3.18. There are different viewpoints on transverse cycles which are useful to work
with in different contexts. One of them is by using train tracks: Fixing a sufficiently nice
train track 7 that carries the lamination A, there is a one-to-one correspondence between
transverse cycles for A and weights on the train track 7 that satisfy the so-called switch

relations. For details on the different viewpoints on transverse cycles, see [Bon97].

In the following, if not stated otherwise, a transverse cycle will always be an ag-valued
transverse cycle. A lamination A is connected if it cannot be written as a disjoint union of
two sublaminations, i.e. subsets that are themselves laminations. Using train tracks, one

can show:
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3. Laminations and transverse twisted cycles

A\ A

)
=)

k k

(a) Oriented arcs transverse to . (b) Lifts of oriented arcs transverse to A.

Figure 3.7.: For an oriented arc k transverse to the lamination A that intersects a leaf,
drawn in green here, there exists a unique lift \ transverse to A such that the
intersection k h A is positive. If k is the same arc with opposite orientation,

then its lift k intersects the other lift of the leaf.

Proposition 3.19 ([Bon96, Proposition 1] and [Bon97, Theorem 15]). The vector space

X(A)+no(X)

H(X; ag) is isomorphic to a, , where ny(A\) denotes the number of connected com-

ponents of A that are orientable.

Here, x(A) denotes the Euler characteristic of a geodesic lamination, which is the same
as the Euler characteristic of a train track for A (see [Bon97, Section 5]). For a maximal
lamination J, it satisfies x(A\) = 3x(S), and for the orientation cover A of a maximal
lamination, we have X(X) = 6x(5). In particular, if A is maximal, the space H(\;ap) is

69(S)—6 N 129(8)— 1

isomorphic to a, and H(\; ag) is isomorphic to a,

The orientation reversing involution fA: U — U on the orientation cover induces a pullback
endomorphism R*: H(X; ag) — H(X; ag) by R*e(k) := e(R(k)) for e € H(X; ag). We require

the transverse cycles to satisfy the following twist condition.

Definition 3.20. The space of ag-valued transverse twisted cycles for the orientation cover
N is

/HTwist(X; ag) :={¢ee %(X’ ag) | R'e =1(e) }, (3.2)

where ¢: ag — ag is the opposition involution (see Definition 2.4).

Here, we have t(ap) = ap since ¢(6) = 6 by assumption. The motivation for this special
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3.2. Transverse twisted cycles

twist condition will become apparent in Section 5.1, when we use transverse cycles as

parameters for the shearing map (see Remark 5.5).

We now calculate the dimension of the space of twisted cycles. Let # C 6 be a maximal
subset satisfying 6'N¢(0’) = 0. For example, if ¢ is trivial, then 6’ is empty. If G = SL(n, R)
and § = A, then 6 can be chosen to be {aq, ... 7O‘L%J}‘ The subset 0 is not unique, but

its cardinality |¢’| is independent on a choice.

Proposition 3.21. Let G be a connected non-compact semisimple real Lie group, 8 C A
and let 0" C 0 be a mazimal subset satisfying 1(0") N6 = 0. Then

dim H"™* (s ag) = [0] (=x(X) +no(A) + 18] (n(A) = no(N)) ,

where x(\) is the Euler characteristic of X\, n(\) is the number of connected components

of A and ny(\) is the number of components that are orientable.

Proof. Using (3.1), we can write ¢ € ’H(X, ag) as € = > eqH, with g4 € ”H(X, R). Since
the pullback endomorphism JR*: H(X; R) — H(X;R) is an involution, its eigenvalues are
+1 and we can write the vector space H(X, R) as direct sum ’H(X, R)t & ’H(/):, R)~, where
H(A;R)E is the (£1)-eigenspace with respect to R*. We write every e, € H(X;R) as
£a = el + 5, where ef and e, lie in #(X\;R)T and H(\;R)™, respectively. By definition

of eX, we have
R*e = Z(iﬁ*s;‘ + R, ) Hy = Z(e&L — e, )H,.
acl ach

Let 6’ C 0 be as in the Proposition and let Fix(:) C A denote the set of fixed points of «.
Then we have 6 = (Fix(:) N 0)UA'UL(#"). If we apply the opposition involution ¢ to &, we

obtain

We) =D (ed + e )l Ho) = Y (ed +€a)Hya) = Y (€ ) + E1(oy) Ha

acl acl acl
= Y (edHe)Hat Y (eh,) e o) Ha+ D (63 +2)Hua):
a€Fix(t)No act’ act’

By the two equations above, the twist condition Si*e = ¢(g) becomes

prnd —5_

€ a

o Vo € Fix(e) N 0,
el = EIQ) Va € 6 and

- _ - /
€a = ~Ea) Vo€ ¢,
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Thus, it follows that e, = 0 for all & € Fix(¢) N # and hence
dim HT(X; ag) = (|Fix(e) N 0] +0']) - dim HOG;R)T + |0/] - dim H(\;R) ™.

Using the one-to-one correspondence between arcs transverse to X and oriented arcs trans-
verse to A, we can identify the subspace ’H(/)\\, R)* with the space H(\;R) of transverse
cycles for the lamination \. We know from Proposition 3.19 that ”H(X, R) has dimension
XN +10(A) = =2x(A)+1(A)+n0(A) and H(X; R)*T has dimension —x(A)+ne()). Thus,

dim H(A;R)™ = dim H(;R) — dim H(\;R) "
= (=2x(A) +12(A) +15(N)) = (=x(A) +710(N))
= —x(A) +n(A).

Combining this with the fact that [Fix(:) N 6|+ |0'| = |0] — |#'|, we obtain

dim H™™ (s a9) = (/6] = [6']) - (—x(N) + 10(N) + 18] - (=x(N) +n(N))
= 101 (=x(A) + 10(X)) + [0] (n(X) = no(N)),

which finishes the proof. O

Corollary 3.22. If the lamination A is maximal, we have

dim H V(X ag) = 16](6 - g(S) — 6) + |¢].

Proof. This follows from Proposition 3.21 using the fact that a maximal lamination is
connected and not orientable, so n(A) = 1 and n,(A\) = 0, and that x(A\) = 3x(5) =
6—6-9g(S5). O

For the case G = SL(n,R) and # = A, i.e. when Py = Pa is the minimal parabolic,
Corollary 3.22 is exactly Lemma 16 in [Drel3].

We conclude this section with an estimate for transverse cycles. To formulate it, let k
be an oriented arc transverse to 5\, k its projection to S and let k be the unique lift
of k to U as in Remark 3.16. Let [[Ilq, Pe the maximum norm with respect to the basis
{Ha}aeo from Remark 2.6, i.e. if X = Y o wo Hq with 24 € R, then || X||,, = maxaeq [zal-

Further, on H(X, ag) consider the norm ||5||,H( = maxXqyeq HgQHH(X’R) for a transverse

Nidg)

cycle e = ) cpeatly for some fixed norm on H(X;R).
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3.2. Transverse twisted cycles

Lemma 3.23. There exists some constant C > 0, depending on k, such that for every

transverse cycle € € ’H(X, ag), for every R € Cpg,
leEr)| < Clellyysay, (r(R) + 1),
ag

where r(R) is the divergence radius, kg is a subarc of k joining the negative endpoint of k

to an arbitrary point contained in R and 7{:\3 is the corresponding arc in U.

Proof. In [Bon96, Lemma 6], the statement is proven for R-valued transverse cycles. For
the more general case of ag-valued transverse cycles, let ¢ = > cpcats. Then, with
[Bon96, Lemma 6],

B

zalka)

= Imax
ag ael

< max (C ||5aHH(X;R) (r(R) + 1))

= Cllllprag) (r(R) + ).

This finishes the proof. O
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4. Slithering and stretching

In this chapter we define two more important concepts that will become relevant for the
definition of cataclysm deformations. The first is the slithering map, which is an element in
G associated to two geodesics g, h that relates the pairs of flags associated to the geodesics.
The second one are stretching maps. They are associated with one oriented geodesic g, fix
the pair of flags associated with g and have an additional parameter H € ag. Throughout
this chapter, let 6 C A and let p: m1(S) — G be #-Anosov with boundary map (.

4.1. The slithering map

In this section, if not stated otherwise, the lamination A is assumed to be maximal.
Recall from Notation 2.26 that to every oriented geodesic g in S we can associate a pair
(Pf,P;) = (C(g"),¢(g7)) of transverse flags. For two geodesics g and h in A, we want
to construct an element in G that identifies the pairs of transverse flags (P, P;) and
(P),P;). This element will be called slithering map, referring to [BD17, Section 5.1],
where this map is constructed for the special case of Hitchin representations into SL(n, R).
In [BD17, Section 5.1], they already mention that their construction possibly extends
to 6-Anosov representations. Indeed, the proofs presented here are analogous to theirs,
transferred to our more general setting of Lie groups. We give the details for completeness

and for later reference.

In this thesis, we need the slithering maps only for an estimate in Proposition 4.18. How-
ever, we treat them in this chapter in detail, since they might be useful in other con-
texts as well. In particular, slithering maps play a crucial role in the construction of the
Bonahon-Dreyer coordinates for Hitchin representations [BD17] and our generalization of
the slithering maps to semisimple Lie groups might be useful to define such coordinates in

a more general context.

We first construct the slithering map in the special case that g and h have a common

endpoint.
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4. Slithering and stretching

Lemma 4.1. Let g and h be two oriented geodesics in \ that share their positive endpoint,
i.e. g7 = ht. Then there exists a unique element Xy, in the unipotent radical N;‘ C P;‘
that sends Py~ to P, , where g~ and h™ are the other endpoints of g and h, respectively.
Further, g, depends locally Holder continuously on the flags Py and P, .

Proof. The existence and uniqueness are a direct consequence of the transversality of the
boundary map and of the fact that the unipotent radical N, ;‘ C Pg+ acts simply transitively
on flags transverse to P;r by Remark 2.10. Also the local Hélder continuity follows from
the local Holder continuity in Remark 2.10. O

An analogous result holds if the geodesics share their negative endpoint. The map X,
only depends on the geodesics g and h, not on an orientation. The orientation of g and h
is only used to distinguish their endpoints.
If g, h are arbitrary geodesics in A, and R € Pyn, set Xg = Eg%gll?, where gOR,gllL2 are the
oriented geodesics bounding R as in Notation 3.10 (see Figure 3.3). Since A is maximal by
assumption, g% and g}% share an endpoint, so we can define Eg% e Let C ={Ri,...,Rn}
be a finite subset of Cyp,, where the indexing is from g to h, i.e. such that each R; separates
g from R; ;1. Consider the finite composition

Yc =YRr YR, 2R,,-
We show in Lemma 4.5 below that ¥¢ converges when C tends to the whole set Cy;,. To do

so, we first need an estimate for the basic slithering maps from Lemma 4.1.

Let k be an arc transverse to A that intersects both g and h. Let dy be a distance on
0505 Define a distance d on the space all oriented geodesics in the universal cover S as
the sum of the distances in 9 S between the positive and negative endpoints. For two

oriented geodesics g and h, their distance is given by
d(g,h) == doo(g", hF) + deolg™, 1), (4.1)

where do is a distance on 909.

Remark 4.2. Let Q,; be the set of geodesics in ) that intersect k. On g,;, there exists a
distance d; defined by d;(g,h) = E(l;:gh), where E(/;:gh) is the the subarc of k from g to
h. Since Gj is compact, the distance d from above and dj are equivalent, so there exist

constants Bi, By > 0 depending on l;:, such that for all geodesics g, h € G;, we have

Bil(kgn) < d(g, h) < Bal(kgn),
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4.1. The slithering map

Let dg be the left-invariant and almost-right invariant metric on G introduced in Appendix

A.1 and 7: Cgp, — N the divergence radius from Lemma 3.11.

Lemma 4.3. There ezist constants C, A > 0 depending on k and p such that
dg(Sg, Id) < CeAR)

for every component R € Cgyy,.

Proof. Fix R € Cy, and orient g% and g}% such that they share the positive endpoint

(9%)" = (gh)* € 0xoS . The element S depends locally Holder continuously on the Pl

R

and Pg_1 and is the identity if the two flags agree. As R varies in Cyy, these flags stay in
R

a compact subset of the space of pairs of transverse flags, because the arc k is compact.
Note that this compact subset depends on k and p. Thus, there exist constants C1, A1 > 0
depending on k and p such that

Aq
dg(Sg,1d) < Crdx, (Pg’%, Pg%) , (4.2)

where dr, is a metric on the space of flags Fy. By Holder continuity of the flag curve ¢,
there exist constants Cy, As > 0 depending on p such that

— — _ — A
dr, (P Py ) < Cody s ((98)7 (9h) )™ = Ca d (gh k)™ (4.3)

where we use that the distance between g% and gll% is given as the sum of the distances of
the endpoints as in (4.1). Combining (4.2) and (4.3) with Remark 4.2 and Lemma 3.11,

we have
da(ZR,1d) < C3(k N R)A < Ce™AT(R)

for constants C, A > 0 depending on p and k. This finishes the proof. O

Before we can show convergence of the ¥¢ as C tends to Cy, (Lemma 4.5), we need one

more lemma.

Lemma 4.4. As C = {Ry,..., Ry} ranges over all finite subsets of Cgp, the distance
dg (3¢, Id) remains uniformly bounded.
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4. Slithering and stretching

Proof. Using the triangle inequality and left-invariance of the metric dg, we have

dg (Ze,Id) <dg(XR, -- 2R, 2Ry --- 2R, ;) +da(ZR, ... XRr,,_,,1d)
< dG(ZRm,Id) + dg(le .. .ERm71,2R1 .. 'ERm—z) —i—dg(le .. -ERm,yId)
m

> d (g, Id)

1

IN

.
Il

Ce—Ar(Ri)

NE

?

1

-
Il

The constants C' and A are obtained from Lemma 4.3 and depend on & and p. Since the
number of all triangles with a fixed divergence radius is uniformly bounded by some D € N

(Lemma 3.11), we have
m o0
Z Ce= AR < 0D ZB_AT < 00,
1=1 r=0

This bound does not depend on C, which proves the Lemma. O

Now we have the necessary preparation to define the slithering map in general.

Lemma 4.5. As the finite subset C tends to Cyp,, the limit

Yon = lim X
gh = e,

exrists.

Proof. Choose a sequence (Cy,),,c of finite subsets of Cyj, tending to Cyp such that Cy, has
cardinality m and C,, C Cp41 for all m € N. Let C,,, = {R1,..., Ry} and let R € Cyp,
such that Cp41 = Cp U{R}. Let R separate R; from R;;1. Set C := {Ry,...,R;} and
C, = {Rz’—i-l, ceey Rm} Then

Y

= Eczcz and ZC = ZCZREC/.

m—+1 m+1

Let [|[|,p(4) Pe the operator induced by a norm ||-||; as in Lemma A.2. Using left-invariance

op(g
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4.1. The slithering map

and almost right-invariance of the the metric d¢g, we have

da (Beysr» Xe,,) = da (BcXer, BeXrYer) (4.4)
=dg (B¢, XrYcr)
< HAdE_l

C/

dg(XR, Id)
op(g)

where in the last inequality, the constants C' and A come from the constants in Lemma 4.3

and from the fact that HAdE—l @ is uniformly bounded by Lemma 4.4. By Lemma 3.11,
¢’ llop(g
the number of triangles R € Cy, with divergence radius r7(R) < r is uniformly bounded.

Together with (4.4), this shows that dg (Ecm+1, Zcm) goes to zero as m goes to infinity,

hence (X¢,,),,cn is a Cauchy sequence and converges. O

Note that ¥, is well-defined: When g and h have a common endpoint g* = ht € 9,5 and
other endpoints g~ and h™, respectively, we can either define ¥4, as the unique element
in the unipotent radical N;r < PgJr sending P~ to Pg* or as the limit limc_>cgh Y. Since
all geodesics separating g from h have g™ as an endpoint and NgJr is closed, this limit lies

in N, ;r and sends P~ to P~. By uniqueness, it agrees with Y.
The slithering map ¥4, € G satisfies some composition properties.

Lemma 4.6. For any two leaves g and h of X\, we have Yy = Id and Xy, = E;}}. In
addition, if g,h, ' are three leaves such that one of them separates the other two, we have
Yght = YghXinhs -

Proof. The fact that ¥, = Id is trivial. The other two properties follow from the con-
struction of X, by showing them first for finite compositions ¥¢ and then taking the

limit. For completeness, we write them down here. For showing the behavior under taking

inverses, note that, as sets Cgp, = Cpg. If C = {R1,..., Ry} C Cyy is a finite subset, let
C' == {R},...,R;,} C Cphy be defined by R, := Rp,—i+1. As sets, C and C’ agree, but
the labelings are reversed. For the basic slithering maps, we have ERQ = Eg;ﬂ,ﬂ by

construction, so
-1 -1 -1 -1
Sor =Yg S, =S5" - Sp =Sk B,) =500

If C goes to Cyp, we have that C' goes to Cp, and by taking the limit it follows that
Yhy = z;hl.

For the composition property, first assume that h separates g and h’. Then we have
Cgny = Cgn U Chpy. Let C C Cyp be a finite subset and C; := C N Cypr, Co := C N Chyy.
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4. Slithering and stretching

Figure 4.1.: In between the two triangles R; and R;11, insert an auxiliary geodesic h; and
two triangles Q? and Q% to approximate the part of the lamination A between
R; and R;11 by a finite lamination.

Then Y¢ = Y¢, Y, and if C tends to Cyp, we have that C; tends to Cy, and Co tends
to Cpp. By taking the limit, it follows that X, = XgpXpp. If B separates g and h,
we have Xy, = Y Xpp, which by the behavior under taking inverses is equivalent to

Ygh = BgnXnn - The case that g separates h and h' can be concluded in the same way. [

We say that two geodesics g, h C X are oriented in parallel if exactly one of the orientations
of g and h agrees with the boundary orientation of the connected component of S \(gUh)

that separates g from h.

Lemma 4.7. Let g, h be two geodesics in X that are oriented in parallel and denote by g*
and h* their positive and negative endpoints in 0sS. Then the slithering map gy, sends
P}f to Pgi.

Proof. The idea of the proof is to approximate the part of X that separates g from h by a
finite lamination. This finite approximation of ¥, sends Phi to Pgi. Passing to the limit

will prove the lemma.

Let C := {Ri1,...,Rn} C Cyp be a finite subset. For i = 1,...,m, let ¢¥ := g%i and

/1 parallel to g and h. Without loss of generality,

g} = g}%i. Orient the geodesics g?
the positive endpoints are to the left as seen from g. Let h; be the geodesic that has as
endpoints (¢?,;)~ and (g;)* (see Figure 4.1). Note that the geodesics h; are not part of
the lamination \. Let Q? be the unique ideal triangle that is bounded by gi1 and h;, and
Qll the unique ideal triangle bounded by h; and g? ' 1- When going along an arc from g to

h, the triangles R;, Q?, Q}, R;+1 are met in this order and are adjacent to the respective
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4.1. The slithering map

next one. It may happen that one or both of QY and Q} are degenerate, i.e. a geodesic, if

h; agrees with gi1 or ngH.

As in Lemma 4.1, define X0 as the unique element in the unipotent radical of P; that

7

sends ng to P, = Pg} and Y1 as the unique element in the unipotent radical of
i ? 41 i
P, =P, that sends P}jf = P% to P% . Set
© 9it1 v 9; 9it1

Yo = N X Er XXt ER, - BRa Y0, Xql, -

By construction, since the triangles are pairwise adjacent when going from g to h, ic maps

Phi to Pgi. We want to show that f)c and ¢ have the same limit as C goes to Cyp,.

By the triangle inequality, left-invariance and almost-right invariance of dg, we have

m m
dg (ic,zc> —dg <2Q82Qé I1 (ERZ,EQ?EQQ ,HERZ)

=1 =1

m m
<dg <EQ82Q5 [1(ZrsgTar) Sog=ay 11 ZRi>

i=1 i=1

m m
+dg (EQBEQé H SR Hsz)
=1 i=1
m

m
<dg <EQ?EQi [1(=rseer) 1 2Rz~>
=2

=2

g -

i=1 2R,

di (TepZy1d)
op(g)

IN

<> HAd(ERM---ERm)*l
=0

e (EQ?ZQ%,M) .

Since dg (¢, Id) is uniformly bounded for every finite subset C of Cy;, (Lemma 4.4), also
HAd(ER

is uniformly bounded and we have that

-1
i1 B Rm) op(g)

4o (Se.¥e) < Cidg (Zge=qr 1d).
i=0

1=

Again by the triangle inequality and left-invariance of dg,

de (Sqo¥gr 1d) < da (SgrSgn Sgp ) +da (Sgo. 1d)

—dg (ng,m) +do (ng, Id)
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4. Slithering and stretching

As in the proof of Lemma 4.3, d¢g ( 0/1,Id) < CUknN QO/I)A for constants C, A > 0.
The constant A comes from the Holder continuity of the flag curve (. Without loss of

generality we can assume that A < 1. Thus, if Q7 is either Q? or QZ-, we have

where Cgl o is the set of all ideal triangles in S \ A between R; and R;y1. Combining the

above estimates and Lemma 3.11, we obtain

dg (ic, Ec) <C Z e Ar(R),
REC,;\C

The right hand side converges to zero as C converges to Cyj, so in total, ic and X¢ have
the same limit. This implies that Y, maps Phi to Pgi. O

We now turn to the regularity of the slithering map.

Lemma 4.8. The slithering map X4, depends locally separately Holder continuously on
the leaves g, h in X in the following sense: Let k be a compact arc transverse to A, and let
Gy, denote the set of all geodesics in X that intersect k. Then Jor all g € Gg, the assignment
h — X1, is Holder continuous, i.e. there there exist constants C, A > 0 depending on k

and p such that
dg (Egh/ ) < Cd(h, h)

for every h,h' € G;.. In particular, dg (Xgn, Id) < Cd(g, h)A.

Proof. Let k be an arc transverse to A. Fix a geodesic g in G; and let h,h’ € G; be two
other geodesics. Since k is tightly transverse, one of the three geodesics separates the other

two. By Lemma 4.6, Y5y = Xgp2pn, and using left-invariance of dg,

da (Sgn, Bgn) = da Sy, 1d) (4.5)
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4.1. The slithering map

Now, using Lemma 4.3, there exist constants C, A > 0 such that

dg (S, Id) = lim dg (Sc, Id)

—)Chh/

m

< lim > dg (g, Id)

—C=C
hh! Sy

<C Z o~ Ar(R)
REChh/

o
<CD Z e_AT,
r=N

where N := mingec,,, 7(R) and D € N is the bound on the number of components with
fixed divergence radius from Lemma 3.11. The last expression is the remainder term of a

geometric series and bounded by a constant times e~4Y. Thus, we have that

de (S, Id) < Cre=Aminren () — 0 max e~ A7),
Rechh/

Together with Lemma 3.11 and Remark 4.2, there exist constants C;, A; > 0 such that

~Ar(R) < ; Ao Ay < nA
Rrgg;}cl/ e < Cy nggsil kN R)* < Cy Ukyyy) < Csd(h,h)

Therefore, d¢ (Spu, Id) < Cd(h, I')*. Together with (4.5), it follows that there exist
constants C, A > 0 such that

da (Sgns Bgn) < C1Csd(h, 14,

which proves that h — Xy, is locally Holder continuous. The constants only depend on k
and p, but not on g. O

We summarize the results from this section in a Proposition.

Proposition 4.9. There exists a unique family {Egh}(g,h) of elements in G, indexed by all

pairs of leaves g, h in N\, that satisfies the following conditions:

(1) g9 =1d, Xpg = (Zgh)_l, and Xgp = LgpXppy when one of the three geodesics g, h, b’

separates the others;

(2) g1, depends locally separately Holder continuously on g and h in the sense of Lemma
4.8;

(3) if g and h are oriented and have a common positive endpoint gT = ht € 95,5 and if

g~ and h™ are the negative endpoints of g and h, respectively, then Xy, is the unique

57



4. Slithering and stretching

element in the unipotent radical of PgJr that sends Py~ to P, .

From (1)-(3) it follows that if g and h are oriented in parallel, Sy, sends the pair (P, P;)
to the pair (P, P;).

Proof. The only thing left to show is uniqueness of the family {¥g} (4 n). Let {EQh}(g,h)
be a family of elements in G satisfying the conditions (1)-(3) in Proposition 4.9. We claim
that for all geodesics g, b in A, Efqh is equal to Xg. Let C = {Ry,..., Ry} C Cyp, be a finite
subset. By the composition condition (1) we have

o= o, Y ¥ DA
gh 99 79991 T'9199 9993 99,94, kb

By condition (3), we have E’gogl = Y4041 = Xp, for all i, so

171

!/ ! ! /
=Y o XpX Yp, o up 2 .
gh gg) “R1 =gl gy = Ra Rm =gl h

By the Holder continuity (2), there exists constants C, A > 0 such that

dG (Zlg1 0 ,Id) S Cd (gz‘lv.g?—i-l)A

i 9it1

From Remark 4.2, we know that

d (gz*l»ggﬂ) <Cu (l;g}g?H) =0 Z ¢ <l~C N R)

ReC 1 o
959541

Using the same techniques as in the proof of Lemma 4.7, we see that

dg (S, Bc) <C > e,
Recgh\c

where the right hand side goes to zero as C tends to Cy,. This shows that E’gh =
limee,, Y = Xy O

Remark 4.10. The requirement of being locally separately Holder continuous is crucial
for the uniqueness in Proposition 4.9. One can construct families of maps satisfying all
requirements of the proposition except for Holder continuity. For the special case G =
PSL(n,R) and § = A, this is explained in [BD17, Remark 5.10].

The construction of the slithering map depends on the fact that A is maximal. However,
from the proofs above, we can deduce a weaker statement also for non-maximal laminations.

In this case, we cannot construct X, for all pairs of geodesics, but we can still construct
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4.2. The stretching map

it in the case that the part of A between g and h consists only of “wedges”. Let A be a

lamination, not necessarily maximal.

Definition 4.11. Let ¢ and h be two geodesics in A\. Then R € Cyn is a wedge component
if the geodesics g% and g}z share an endpoint. Else, it is a non-wedge component. We say

that g and h are separated by wedges if Cy4p, consists entirely of wedge components.

In particular, if A is maximal, every R € Cy, is a wedge component and every pair of
geodesics in )\ is separated by wedges. In general, the number of non-wedge components

is finite, because the arc k£ has finite length.

Corollary 4.12. Let g and h be two geodesics in \ oriented in parallel and separated by
wedges. Then there exists Xy, € G sending P,fc to P;E and constants C; A > 0 such that

de (Zgn, Id) < Cd(g, ).

Proof. The proofs of Lemma 4.1 to 4.8 do not use that A is maximal, but only the weaker
assumption that g and h are separated by wedges. Thus, they are valid also in this

setting. ]

4.2. The stretching map

Let p: m(S) — G be a 6-Anosov representation and (: 0505 — Fy the boundary map.
The goal of this section is to associate to an oriented geodesic ¢ in the universal cover S
and H € ay an element T, gH in G, the so-called stretching map. These maps are the basic

building blocks for the cataclysm deformation.

Definition 4.13. Let g be an oriented geodesic in S and H € ag. Let (P;,P;) be the
pair of transverse parabolics associated with g and let my € G such that m, - Pei = Pgi.

We define the H-stretching along g as

TgH =my exp(H)mgl.

By construction, T;{ lies in L, = Png N P, . The choice of m, from above is only unique
up to an element in Ly. However, the definition of TgH is independent of the choice of mg,

which follows from the fact that exp(ay) is contained in the centralizer of Lyg.

Ezample 4.14. For G = SL(2,R), we have § = A = {a;1} (see Example 2.3). In this case,

an element H € ay is a diagonal matrix with entries a and —a for some a € R, and exp(H)
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4. Slithering and stretching

is a diagonal matrix with entries e and e™“. For the oriented geodesic g, the element m,

maps the oriented geodesic from 0 to co to g, and thus

is the hyperbolic element that acts as translation along the oriented geodesic g with trans-

lation length 2a.

Ezample 4.15. The case G = SL(n,R) and § = A, i.e. PX = BT is the minimal parabolic,
is treated in [Drel3]. We have that ap = a = {(a1,...,a,) € R"|>" ; a; = 0} and a pair
of transverse flags gives rise to a line splitting of R™ (see Example 2.11). If we look at the
pair of standard minimal parabolics (BT, B™), the ith line of the splitting is given by the
ith standard vector of R™. For an oriented geodesic g, the element m, € SL(n,R) maps
the standard splitting to the splitting given by the pair (P; Py ). With respect to a basis
adapted to this splitting, the stretching map T, ;I for H = (M\,...,A\y) € ap is diagonal
with entries e®, ... e* . Geometrically speaking, T;I is the linear map that acts on the
ith line of the splitting as a stretch by the factor e®. This motivates the term stretching

map.
For an oriented geodesic g in S, denote by g the geodesic in S with the same image, but

opposite orientation, and let +: @ — a be the opposition involution.

Lemma 4.16. The stretching map T;{ for an oriented geodesic g and elements H, Hy, Hy €

ag has the following properties:
HyHy _ Hy+H
1L TAT2 =T,
H\~! _ p—H
2. (T)") " =1,1,

H)

3. TgH = Tg_L( and

4. p-equivariance, i.e. Tg = p(y)Tng(v)_l for all v € m1(S).

Proof. For the first property we have

T;IngHQ = (mg exp(Hl)mgl) (mg exp(Hg)mgl)
= mgexp(Hi) exp(Hg)m;1
=my eXp(Hl + Hg)mgl.

The behavior under inverse holds since

L (mgemp(H)m_l)71 = (TH)_l.

T =m, exp(—H)my ’

g
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For the third property, the behavior under reversing the orientation of g, let wg € G be an

element satisfying wo(a™) = —a't as in Definition 2.4. We have for H € ay
wo exp(H)wy ' = exp(Ady, (H)) = exp(—u(H))

by definition of the opposition involution ¢. Further, the element wy satisfies woPQJr =P,
so if my € G maps PgE to Pf, then mgywy € G maps Pgt to P = Pgi. It follows that

T = (mgwo) exp(H)(mgwo) ™" = my exp(—1(H))my " = T, **).
Note that this is independent og the choice of the representative wg, because two represen-
tatives differ by an element in Zx (a). For the p-equivariance, note that the flag curve ( is
p-equivariant, i.e. (P}, P..) = (p(v)- P,f,p(v)- P, ). Thus, we can choose m.4 = p(7y)my,

9>+ g
which implies the p-equivariance of the stretching map. ]

Remark 4.17. If p and p’ are two representations that are conjugate by an element M € G,
then also the stretching maps TgH and 1" f are conjugate by M. This follows from the
fact that the corresponding boundary maps ¢ and (’ satisfy (' = M - (, using the same
argument as for the p-equivariance in Lemma 4.16. Since on the character variety, conjugate
representations define the same point, we will sometimes switch from p to a representation

conjugate to p if convenient.

The following Proposition gives an estimate on the distance of the stretching maps T, ;I and
T}fl depending on the distance of the oriented geodesics g and h for the case that g and A

are separated by wedges.

Proposition 4.18. There exist constants C, A > 0, depending on k and p, such that for
all geodesics g, h in X that intersect k, separated by wedges and oriented positively with

respect to the orientation of k, for every H € ag,
Ao (T, ) < © (e 4 1)d(g, 1))

where |||, s the norm on a introduced in Lemma A.3.

Proof. Without loss of generality we can assume that the pair of transverse parabolics
(P, Py ) associated with g agrees with the pair (P, P;) of standard transverse parabol-
ics. Since G acts transitively on pairs of transverse parabolics, there always exists a rep-
resentation conjugate to p with this property. Then the slithering map ¥, sends Pei to
P}fc. Thus, in the definition of the stretching maps, we can choose mj := ¥j,. Using
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4. Slithering and stretching

left-invariance and almost right-invariance of dg (Lemma A.2), we have

de(T], Ti") = dg(exp(H), Spg exp(H)Egp)
< [[Adexp(- 1) [l o q) A6 (1, Big) + i (Id, Bgi). (4.6)

By left-invariance of the metric and Holder continuity of the slithering map (Proposition
4.9 (2)), there exist constants C, A > 0 depending on k and p such that

dg(1d, X,) = da(1d, Bpy) < Cd(g, k)™ (4.7)

Combining (4.6) and (4.7) with the estimate for HAdeXp(_H) Hop(g) provided by Lemma A.3,
there exist constants C, A > 0 depending on k and p such that

da (T} 1) < € (Ml 1 1) d(g, m)™.

O]

We want to remark here that the proof of Proposition 4.18 is the only point in the con-
struction of cataclysms where we need the slithering map. The Hoélder continuity of the
slithering map allows us to prove the desired estimate, whereas the definition of the stretch-

ing map itself does not use the slithering map.

The following corollary covers the special case of Proposition 4.18 when the two geodesics

bound the same connected component in S\ \.

Corollary 4.19. Let k be an oriented arc transverse to \, let R C S \ A be a wedge
component such that kN R # 0 and let r(R) be the divergence radius (see Lemma 3.11).
There exist constants C, A > 0 depending on k and p such that

dg (T;(i ", Id) <C (e”H la ¢ 1) e Ar(R),

Proof. This is a direct consequence of Proposition 4.18, using left-invariance of the metric,
Remark 4.2 and Lemma 3.11. O
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In the first part of this chapter we compose the stretching maps constructed in Section
4.2 to obtain shearing maps. Those are central in the second part of the chapter where
we introduce cataclysms. In the third part we prove additivity of cataclysms and natural
behavior under composing an Anosov representation with a Lie group homomorphism.
Cataclysms were first introduced for Teichmiiller space by Thurston [Thu98] and under
the name of shear maps studied by Bonahon [Bon96]|. Dreyer extended the construction
to A-Anosov representations into PSL(n, R) [Drel3].

We generalize his results to -Anosov representations into any semisimple connected non-
compact Lie group G for § C A with ¢(f) = 6. The construction of the shearing maps as a
composition of stretching maps in Section 5.1 and the definition of cataclysms in Section
5.2 are parallel to the construction in [Drel3]. The main difference lies in the definition of
the stretching maps. Further, in contrast to [Drel3] we do not assume the lamination A to

be maximal.

5.1. The shearing map between two connected components

Fix a 6-Anosov representation p: m1(S) — G. Let ¢ € HTWiSt(X; ag) be an ap-valued
transverse twisted cycle (see Definition 3.20) and R € Cpg. Set

e(P,R) := e(kpr) € ay, (5.1)

where kpp is the oriented subarc of k from P to R, kppg its projection to S and EPR is the
distinguished lift transverse to A as in Remark 3.16. Let C = {Ry,..., Rpm} C Cpg be a

finite set of connected components labeled from P to () and set g?/ - g%_ ' Set
WG = (T;?(P,RI)TQ—;(P,RQ> (ngiP,Rm)Tg—}ne(P,Rm)> ’ (5.2)
and let
e =G - T3 (5.3)

9Q
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5. Cataclysms

We will show that ¢z converges when the finite set C goes to the possibly infinite set Cpq.

Remark 5.1. This construction of the shearing maps is very similar to the construction of
the slithering maps 3,5, in Section 4.1: For a finite subset C = {R1,..., R} C Cpq, for
every component R; € C, we have an element <T;§P’R1)TQ:E(P’R1)

1 1

gives us ;. As in the construction of the slithering maps, we then let C go to Cpg and

), and composing those

show that the limit exists (Proposition 5.3). Also the ideas of the proofs are similar to the
ones for the slithering map. However, the two families of maps are different and should
not be confused. In particular, the slithering maps only depend on the representation p,

whereas the shearing maps highly depend on the twisted cycle € € HTWiSt(X; ag).

Before showing convergence, we prove a technical lemma. Similar to Lemma 4.4, we show

that ¢ is uniformly bounded for all finite subsets C C Cpg.

Lemma 5.2. For HeHHTwist(X-ag) small enough, for every finite subset C C Cpq, the distance
da (g, 1d) is uniformly bounded. The bound depends on k and p.

Proof. Recall that the connected components of S \ A that lie in C pq are either wedge com-
ponents or non-wedge components (Definition 4.11) and that the number of non-wedge com-
ponents in Cpg is finite. Let @1, ..., Q; € Cpg be the finitely many non-wedge components.
It might happen that all components are wedge components, for instance if the lamination
A is maximal. Every finite subset C C Cpg can contain wedge components and non-wedge
components. Let C = {R1,..., Ry, Qiy, - - -, Qiy,,, }, where the R; are wedge components
and the Q;; are non-wedge components. In particular, {i1,...,im,} C {1,...,1}. By the

triangle inequality and left-invariance of dg, we have

e(P,R;) —e(P,R; e(P,Qi.) —e(PQi;)
de (s, Id) <ng< )T e )Id>+ZdG< 0 T, J,Id)

= Q . Qi].
< ch;( Ty S 1d> +Zd ( ;;PQJ)ng(P’Qj),Id>.
Jj=1 I

The second sum is finite and depends only on k, but not on C. For the first sum, we can

use Corollary 4.19 and obtain

mi

Zd ( (P.R)) —s(P,Rn’Id) <O Y (FPRe 1) AR,

=1

Since ay is a finite-dimensional vector space, the norms |||, restricted to ap and the
norm ||+, from Lemma 3.23 are equivalent. Hence, Lemma 3.23 gives [le(P, R;)||, <
C el (r(R;j) + 1) for a norm ||-|| on HTWist (X, ag). Using the fact that the number of con-

nected components with fixed divergence radius is uniformly bounded by some D € N
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5.1. The shearing map between two connected components

(Lemma 3.11), it follows that there exists Cy > 0 such that

i (e\ls(P»Rj)lla 4 1) e—AT(R) < i (ecusw(wl)) AT 4 i o~ Ar(R;)
j=1 j=1

j=1

< CyD Z (eCHaH(H—l)) e A" 4 CyD Ze—Ar.
r=0 r=0

The second sum converges as A > 0. For [l¢|| < A/C, also the first sum converges,
independent of my. Thus, dg(¥g, Id) is uniformly bounded, the bound depending on k
and p. O

We remark that in the above proof, the distinction between wedge components and non-

wedge components is only necessary if the lamination A is non-maximal.
We can now prove convergence of the maps ¢ as the finite sets C converge to Cpg.

Proposition 5.3. There exists a constant B > 0 depending on k and p such that for
e € HTVO(X; ag) with ||, e Giag) < B the limit

Po = i e
YrQ C_ig;@ Yc

exists.

Proof. 1f Cpg is finite, we have nothing to prove. So assume that Cpg is infinite. For a
finite subset C C Cpg as above, consider 9% as in (5.2). To show that 17 converges for
C — Cpq, analogous to the proof of Lemma 4.5, choose a sequence (Cy,)men of subsets of
Cpg such that C,, has cardinality m and such that C,, C C;,41 for all m € N. Fix m € N,
let C,, = {R1,...,Rn} and let Cpq1 = Cpy U {R} for a connected component R C S \ .
Let R separate R; from R;;q and let C := {Ry,...R;} and C’' :== {R;4+1,..., Rin}. Then
Ve, = U8 (Ta(P,R)Tg—la(P,R)) Ve
R

9%

As in (4.4), we have that

da(ve, 06, ) < Ce AR,

where we use the fact that 17 is uniformly bounded (Lemma 5.2) and Corollary 4.19. We
can apply Corollary 4.19, because for m big enough, R € Cp,+1\Cy, is a wedge component. It
follows that (wém)meN is a Cauchy sequence and thus converges. Thus, also ¢z = converges

as m goes to infinity. The constant B here is the same as in Lemma 5.2. O
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Definition 5.4. For P,(Q € 5'\5\ and e € HTWiSt(X; ag) small enough, the element ©pg € G

is called shearing map from P to Q.

If no confusion is possible, we omit the superscript and simply write ¢pg for ¢p,.

Remark 5.5. We can now motivate the twist condition in Definition 3.20: It guarantees that
the shearing maps behave well under taking the inverse. We illustrate this for the case that
P and @ are adjacent. The general case is treated below in Proposition 5.6. If P, Q C S \5\
are two connected components, then, by definition of EPQ, we have EQ p= %(@pQ), where

M: U — U is the orientation-reversing involution. It follows that for € € HTWiSt(X; ap),
We(P.Q) = Welkrq) = e(R(kp)) = e(kop) = =(Q. P).

Let P and ) be adjacent components, separated by a geodesic g, oriented to the left as
seen from P. Denote by g the same geodesics, but with opposite orientation. Using the

properties of the stretching map (Lemma 4.16)
-1
(opo) ! = (Tga(P,Q)> = T(PQ) = TP _ @) _ (5.4)

Thus, the twist condition R*e = 1(¢) guarantees that 901322 = pQp-

The shearing maps ¢ pg have some natural properties.

Proposition 5.6. For connected components P,Q, R in 5’\:\, and € € ”HTWiSt(/)\\; ag) small

enough, the shearing maps satisfy

$QP = ¥pg: (5.5)
YPR PRQ = PPQ- (5.6)

Further, the shearing maps are p-equivariant, i.e. for all v € mw1(5)

PP Q) = P(7)erapr() " (5.7)

Proof. We first show p-equivariance (5.7). Observe that C(yp),q) = 7Cpq, and that the
twisted cycle ¢ € HTVIst(X; ag) satisfies (YR, vR') = (R, R') for all R,R' C S\ A. Let
P'={R},..., R} CCyp)( o) be a finite subset and R; € Cpq such that R; = yR;. Then,
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5.1. The shearing map between two connected components

using the p-equivariance of the stretching maps (Lemma 4.16), we have

m
- e(YP,R}) p—e(YPR)) \ re(vPAQ)
per = Z];[1 (TQOR', Tg}% > ngQ

k3

_ H (Ta(P,Ri)T—el(P,Ri)) Ta(RQ)

L V9%, VIR, 799
5 e(P,R;)~—<(P,R; — e(P, -
=11 (ﬂ(v)Tgé T () 1) p(NTo "V p(y) !
=1 Ri Ri @
B T (e (PR) e (PR) e(P.Q) .
= p(7) (}_[1 <T90Ri Tg}%i ) Tg% ) p()
= p(7)ecp(y) .

If we let C’ tend to Cpg, it follows that ¢, py0 = p(7)ergp(y) ™t

For the behavior under taking the inverse, we first assume that Cpg = {Ry,..., Ry} is
finite. Set Ry := P and R,,+1 := Q. Since all the connected components are adjacent,
we have g}zi = g%iﬂ. Using the additivity of the transverse cycle, we have —e(P, R;) +
e(P,Ri+1) = €(Ri, Ri+1). Further, the stretching maps satisfy TngTHQ = TngﬂL‘(2 for
Hy, Hs € ag by Lemma 4.16. This simplifies the expression of the shearing map to

— Ta(P7R1)T€(R1’R2) . TS(RW“Q)- 5.8
o=t T, S o8
Let Cop = {R},...,R},}, where R, = Ry,—it1. As sets, Cpg and Cop agree, but the
elements are labeled in opposite order. Then g%< = §};€m_i+1 = EORm_HZ, where the last

equality holds because the triangles R,,_;+1 and R,,_;+2 are adjacent. Using the equality

from (5.4) for all the stretching maps in the composition, we have

-1
1 e(P,R1) e(Rm,Q)

=T .- T 5.9
QDPQ < g%l g%m+1 ) ( )

— TE(Qva) . TE(RLP)

g%m+1 gR(lj
R R,,.P
- e
7y Bt

In the general case, Cpg is infinite. In this case, to show the behavior under taking
inverses, we use the same idea as in the proof of Lemma 4.7. We express ¢pg as limit of
different maps ¢, that are constructed using collections of triangles that are adjacent to
the respective next one. For C = {Ry,..., Ry} C Cpq, define auxiliary geodesics h; and

triangles Q?, Q} as in the proof of Lemma 4.7 (see Figure 4.1). In this way, we approximate
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5. Cataclysms

the part of the geodesic lamination between two components R; and R;11 by triangles. Set

e = (ngP,%)Tls(P,czg)) (Te(gP,Q@Tle(P,Qs))

gQg gQg gQ(l] g@é

II ((T;éP’R”T;(P’R“) (T;éP»Q%Tg:dRQ%) (TestQbT:dew)) |
o I

i=1 gQ% gQ%

and Q¢ = @CT;)(P’Q). We remark here that the value of (P, Q?/ 1) is not well-defined,
Q

because the auxiliary triangles Q?/ ! are not in the complement of the lamination. To
define (P, Q?/ 1) we have to choose an arc from P to Q?/ ! and e(P, Q?/ 1) is determined by
the endpoint of this arc. However, when we take the limit C — Cpg, this choice becomes

irrelevant.

With the same techniques as in the proof of Lemma 4.7, using that dg (¢, Id) is uniformly

bounded by Lemma 5.2, we can show that

da (@Zcﬂﬁc) <C ) e MB,

ReCpq\C

o) JC and ¢ have the same limit as C tends to Cpg. It follows that also @¢ converges to

PPQ-

For a finite subset C C Cpg, we can show the behavior under taking inverse for @¢ just
as in (5.9), because all the triangles appearing in the composition are adjacent to their

respective neighbors. Since @¢ converges to ¢pq, also ¢pg satisfies (5.5) by continuity.

For the composition property (5.6), assume first that P, R,Q C S \ X are such that R
separates P and () and that Cpg, Cor and Cpg are finite. We have that Cpg = Cpgr U
{R} UCpq and the composition property directly follows from writing the shearing maps
as in (5.8). An according property for the maps @¢ can be shown in the same way, and
the composition property (5.6) for the shearing maps ¢pg follows by taking the limit. If P
separates R from (), then we have by the above argument prg = YrpyYpg, which implies
YPQ = PPRYRQ, Since (pl_%}g = wpgr. A similar argument works if () separates P from R.
In general, none of P, @ and R separates the other two, but there exists a component P’

that separates P, R and () pairwise (see Figure 5.1). Then we have

PYPQ = YPpP'YPQ = PPRPRP'PP'Q = PPRPRQ-

This shows that the composition property (5.6) holds for any three connected components
P,R,QC S\ A\ O
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5.1. The shearing map between two connected components

%

Figure 5.1.: If three components P,Q,R C S \ )\ are such that none of the three separates
the others, then there exists a fourth component P’ C S\ A that separates P,
@ and R pairwise.

Remark 5.7. Let ¢¥pg := ¢pg .Tg_OE(P’Q). By (5.6), for any connected component R € Cpq,
Q

we can write the shearing map ¢pg as pg = ¢ pR@bRQT;éR’Q).

The following estimate will be useful in Chapter 7, when we look at injectivity properties

of cataclysms.

Lemma 5.8. Let 7 € N and let P,Q C S \ X be such that all R € Cpg have divergence
radius bigger than r, i.e. satisfy r(R) > r. Then, fore € HTWiSt(X; ag) small enough, there
exist constants C', A’ > 0 such that dg(¢Ypg, [d) < Ce 4.

Proof. As in the proof of Lemma 5.2, we have

da(Ppo.Id) < C1 Y (6“5(P’R)”ﬂ + 1) e~ ArR)
ReCpq

<G Yy (eC||s||<r<R)+1) +1) o Ar(R)

Using that all components in Cpg have divergence radius at least r+1 and that the number
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5. Cataclysms

of components with fixed divergence radius is bounded by some D € N, this gives us

d¢(¥pg,1d) < C1D Z < Cllell(t+1) +1> —Al

I=r+1
o
<D Z < Cllell(t+1) ) Aoy Z o= Al
I=r+1 I=r+1

Both sums are the remainder term of the geometric series and for ||e|| < A/C, they are
bounded by a constant times e~ 4", where A’ := —(C' ||¢|| — A). This finishes the proof. [

Up to now, the bound on the cycle € € HTWiSt(X; ap) that guarantees the convergence
depends on the arc k transverse to A\. We now show that there exists a constant depending

on the representation p only.
Proposition 5.9. There exists a constant B > 0 depending on the representation p only
such that for all connected components P,Q,R C S \ N, for all e € HTWiSt(X; ag) with

HEHHTWiS“(X;ag)
(5.7).

< B, the limit ppq = limecp, ppq evists and satisfies (5.5), (5.6) and

Proof. The only thing left to show is that the constant B from Proposition 5.3 can be
made independent of the arc k. Choose a collection ki, ...,k of arcs on the surface S
transverse to A such that every connected component in S\ A and every leaf of A is met
by at least one arc k;. For every j, let B; > 0 be the constant as in Proposition 5.3 for
a lift k; of k;. This is independent of the choice of lift. Let B := min{By,..., By}. Let
PQcCS \ X be connected components. Then there exists a finite sequence of components
P =Ry, Ry,...,RN,Ryi1 = Q such that R; separates R; 1 from R;y1 and R;, Rj1 are

met by the same lift Eij of a transverse arc k;;. For [l < B, the maps ¢p;g,

H'HTwist(X;ag)
exist and thus also opg = PR, - - PRNQ- -

From Proposition 5.9, it follows that there exists a neighborhood V, ¢ HTWist (X ag) around

0, depending on p, and a map
v, = Gl(PQ) | PQCS\\}
e > {¥potrQ)

that assigns to e the associated family of shearing maps. By construction, the family of

shearing maps {@%Q}( p,0) depends continuously on the shearing parameter e.

Remark 5.10. The family of shearing maps {¢pq}(p ) depends on the representation p. If
two representations p, p’': m1(S) — G are conjugate, p'(y) = Mp(y)M~! for some M € G,
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5.2. Cataclysm deformations

then for every oriented geodesic ¢ in S and H € ag, the associated stretching maps T;f
and T’f are conjugated by M. Consequently, also the shearing maps ¢pg and cp’PQ are
conjugated by M. Thus, the conjugacy class of the shearing map ¢pg only depends on

the conjugacy class of p.

5.2. Cataclysm deformations

We have now developed the concepts that we need to define cataclysm deformations for

f-Anosov representations.

Let € € HTWiSt(X; ap) be sufficiently small such that the shearing map ppg exists for all
connected components P, @ C S\ A. Fix a reference component Py € S\ X. For v € m;(9)

set

A5p(7) = @py(vro)P(7) -

Lemma 5.11. The map A§p: m1(S) — G is a group homomorphism. Further, if Py C 5\5\

is another reference component, then Ajp is conjugate to Agp by op,p,.

Proof. Using the p-equivariance and the composition property of the shearing map (Propo-

sition 5.6) we have for v1,v2 € m1(S)

0P(1172) = PPy(yi72 ) P(1172)
= PPy(1 Po) P (1 Po) (172P) P(11)P(72)
= 0pym o) (P(1)PPy (12 20)P(11) 1) P(71) p(72)
= (PR proyP(1)) (PP (12 P(12))
= Ajp(11)Agp(v2)-

If P, is another reference triangle, then for v € m1(5),

ATp(v) = ¢piypp(7)
= PP PP Py (7o) Py Po) (vP1) P(Y)
= 0P, P PPy (vPy) PV PR P(Y) T p(7)
= orpA5p(Y) (epp)

so the two cataclysms with respect to the reference triangles Py and P; are conjugate by

90P1P0 . O
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We have now constructed a map A§: V, = Hom(m(S), G), defined on a small neighborhood
of 0 in HTwist (X, ag) that depends on the reference triangle Py.

Theorem 5.12. Let p be a 0-Anosov representation. Fix a reference component Py C 5’\5\

There exists a neighborhood V, of 0 in /HTWiSt(:\\; ag) and a continuous map

A(): Vp — Hom(m(S), G)

e — Agp

such that AJp = p. Further, there exists a neighborhood U, C V, such that for all e € U,,

op is 0-Anosov.

Proof. The only thing left to show for the first statement is continuity, which follows from
the fact that the shearing maps goepQ depend continuously on the shearing parameter e.
The second statement follows from the fact that the set of -Anosov representations is open
in Hom(m(S5), G). O

If we change the representation p by conjugation, or if we change the reference triangle, we

obtain conjugate representations. Thus, the map Ay descends to the character variety.

Corollary 5.13. Let p be a 0-Anosov representation and denote by [p] the corresponding
element in the character variety x9=A"%V(S Q). There exists a neighborhood U, of 0 in

HIVSY(X; ag) and a continuous map

A up N X@-Anosov(S, G)
€ = [AGp]

such that A%[p] = [p].

Proof. Since conjugate representations give conjugate shearing maps, there exists a well-
defined map A on the representation variety. This map does not depend on the choice of
reference triangle Py C S \ A. The neighborhood U, is the same as in Theorem 5.12. [

Abusing notation, we call both maps Ag and A cataclysm deformation based at p along A
with respect to the shearing parameter e € HTVist (X, ap). When talking about cataclysms
on the level of homomorphisms with respect to a fixed reference component Py, we write

Ag. Without the subscript 0, we refer to the deformation on the character variety.
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5.3. Properties of cataclysm deformations

Ezample 5.14. Let G = PSL(2,R). In this case, a = {diag(a, —a)la € R} = R and the
simple root system consist of only one element, A = {«;} with « (diag(a, —a)) = 2a. The
opposition involution ¢ is trivial, so the space HTWiSt(X; ag) of twisted transverse cycles
consist exactly of those transverse cycles for ) that are invariant under the orientation
reversing involution R, which can be identified with #(A; R) as in the proof of Proposition
3.21. For H = diag(a,—a) € a and an oriented geodesic g, the stretching map TgH is
the hyperbolic isometry with oriented axis g and translation length a(H) = 2a. In this
case cataclysms are shearing deformations for hyperbolic metrics, that were first described
by Thurston [Thu98] and investigated in detail by Bonahon [Bon96]. They can be used
to define shearing coordinates for Teichmiiller space. In particular, shearing deformations
are injective, i.e. deforming with respect to different shearing parameters gives different
hyperbolic metrics. Further, if we restrict to cycles with values in a™, then a transverse
cycle is a transverse measure, all the stretching maps TgH move to the left with respect
to the orientation of g and the resulting deformations are Thurston’s earthquake maps
[Thu86].

5.3. Properties of cataclysm deformations

We now show two properties of cataclysms: additivity with respect to the transverse twisted
cycles and natural behavior with respect to composing an Anosov representation with a

Lie group homomorphism.

5.3.1. Additivity

In this subsection we show that the cataclysm deformation with respect to a fixed reference
component P, behaves well under addition of cycles, i.e. A§+77p = A§ (Adp) for n,e €
TSt (X, ag). We have to keep in mind here that a cataclysm deformation is based at p for
some representation p, i.e. the whole construction depends on the representation we start
with. In this case, we look at the (¢ 4 n)-cataclysm deformation based at p and at the

e-cataclysm deformation based at Afp.

To shorten notation, let P = Py be the fixed reference component. Let n € HTWiSt(X; ag)
be small and p’ := Alp. We will denote all elements constructed with respect to p’ with a
prime, in particular the stretching maps T;H and shearing maps ¢'pg. The first step to
show additivity is to relate the stretching maps TgH and Tg’H/ for p and p’. Let g be an
oriented leaf bounding a component (). Let my € G be such that

mg'Pejt:Pgi:C(gi)-
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In Theorem 6.1 below we prove that if x is a vertex of the component (), then that

¢'(z) = @"PQ-C(:U). Define my := @"Png. Then it follows that
+
my - Py = (w%%) Py = ¢hg - P =0hg (7)) =((g7) = Py
Hence, for H € ag, we have
T = ! exp(H)(m)) ™" = ¢ HymY) (oho) = boTi (oho) . (5.10)
g = mgexp(H)(my YpQ (mg exp(H)m, ) YPQ Yrtg \PPQ » A9
) T’f is conjugated to T, by cp?DQ.

Proposition 5.15. Let P be the fixed reference component for the cataclysm deformation
Ag. Then for e,n € ’HTWiSt(/):; ag) small enough, for every component Q@ C S\ X it holds
that

-1
SOI;Q = 90%7 (@TJIDQ) .

Proof. The details of the proof can be found in the Appendix A.2. The ideas are very
similar to the proofs for the shearing maps in Section 5.1 and use (5.10) . In particular, we
approximate Cpg by a sequence (C;),¢n of finite subsets, where C, consists of all components

of S \ X of divergence radius at most . Then we compute <p/a and show that it converges

-1
to gpf;g (gp"PQ) as r goes to infinity. O

Remark 5.16. Proposition 5.15 relies on the fact that P is the fixed reference component
for the cataclysm deformation Ag. If we look at components R,Q C S \ X where R is
not equal to the reference component P, we have, using the composition property of the

shearing maps,
i3 1€ i3
Y rRQ = ¥ RP¥ PQ
1€ 1 e
= (90 PR) ¥ PQ
-1 -1 —1
= (v (vbe) ") v53 (o)

—1
+n e+
= OPRYRP PPO (@7])@)

-1
+ -1
— b (95 (#ho) ) (oBa) ™

-1
So in this case, @R is conjugate to ((p?@" ((p;’%Q> ) by ¢ p-

Corollary 5.17. Let p: m1(S) — G be 6-Anosov and let e,n € HTVS'(X;a9) be small
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enough. Then
AGp = AG (AGp) -

Proof. Set p’ := Alp and use the same notation as before. Then for every v € m(S) we

have using Proposition 5.15,

A5 (Agp) () = &' piyp) (AGP(Y) = (o) (w’}a(vp)p(m = opap (1) = 45"p(7),

which proves the claim. O

5.3.2. Behavior under composition with Lie group homomorphisms

We now examine how cataclysms behave with respect to composing an Anosov representa-
tion p: m(S) — G with a Lie group homomorphism «: G — G’ for some other Lie group
G’. For that, we first need to know how the property of being Anosov behaves under
composition with Lie groups homomorphisms. This question is adressed by Guichard and
Wienhard in [GW12]. In particular, composing an Anosov representation with a Lie group
homomorphism does not always give an Anosov representation. An example where this is
not the case can be found in [GW12, Section 4.3]. We first recall the results from Guichard

and Wienhard before giving the main result of this subsection.

Let k: G — G’ be a homomorphism between semisimple Lie groups and x.: g — g’ the
associated Lie algebra homomorphism. We denote with primes the objects associated with
G’, e.g. A’ is the set of simple roots for G’. We can assume that the maximal compact
subgroup K’ < G’ and the maximal abelian subalgebra a’ are compatible with x in the
sense that k(K) C K’ and r.(a) C o (see [GW12, Section 4.1] and references therein).
As in the previous sections, let ag = {J,en\g ker(). Let W), be the subgroup of the Weyl
group W’ for G’ that fixes aj, pointwise. There there is the following result:

Proposition 5.18 ([GW12, Proposition 4.4]). Let k: G — G’ be a Lie group homomor-
phism and assume that k(K) C K' and k(a) C o/. Let 0 C A and suppose that there exist
w' € W and 0/ C A’ such that

K (a*\ U ker(a)) cw Wy - (a’+\ U ker(o/)) . (5.11)

agch ach’

Then for any 6-Anosov representation p: m(S) — G, the representation k o p is ¢'-

Anosov. Furthermore r(Py) C w' P'aw' ™", and there is an induced map x*: Fy — Fi-

If C: 9008 — Fy is the boundary map associated to p, then the boundary map for ko p is
+

KT oC(.
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The assumption (5.11) guarantees that if H € a+ does not lie in a wall of the Weyl chamber
corresponding to an element v € 0, then also its image under s, stays away from the walls

corresponding to the elements o/ € ¢'.

Remark 5.19. In [GW12], they use a different notational convention than we do — what
they call #-Anosov is (A \ #)-Anosov in our notation. Moreover, in their paper, there is a
typing error in the statement and proof of Proposition 5.18: In the assumption (5.11), 6
and A\ 0 are reversed. The version we state here is adapted to our notational convention

of 6-Anosov and has the corrected assumption (5.11).

For the special case that G has rank 1, e.g. for G = SL(2, R), then |A| = 1 and being Anosov
always means being A-Anosov. In this case, there is a simple description for #/ C A’ that

guarantees that x o p is §’-Anosov:

Proposition 5.20 ([GW12, Proposition 4.7]). Let G be a Lie group of real rank 1. Let
p: m(S) = G be an Anosov representation and k: G — G' a homomorphism of Lie groups.
Assume that the Weyl chambers of G and G' are arranged so that k.(at) C o, Then
ko p is 0'-Anosov, where ' = {a’ € 0’ | K*a/ # 0}, where k*: ' — a* is the map induced

by k.

1% *

Recall that a* is the dual vector space to a and the induced homomorphism «*: a* — «a

is the dual of the homomorphism r,: a — a’. It is defined by
(k") (H) = o/ (k.(H))

for every o/ € a/* and every H € a.

If . satisfies r.(ag) C a,, then it induces a linear map HTVI0(X; ag) < HTVISH(X; af),) that

we also denote by k..

The cataclysm deformation Ay with respect to a fixed reference component in S \ A s

natural in the following sense:

Proposition 5.21. Let k: G — G’ be a Lie group homomorphism and assume that k(K) C
K' and k(a) C o'. Let 0 C A and 8 C A’ such that (5.11) is satisfied. Further, assume
that k«(ag) C ap,. Let p: m(S) — G be 0-Anosov and let € € HTWSY(X: ag) be sufficiently

small such that A§p exists. Then ko p is §'-Anosov and

A5 (k0 p) = K (A5p). (5.12)

We want to remark that the notation Ag for the cataclysm deformation does not encode

the group G containing the image of the representation p. This is given implicitly by the
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5.3. Properties of cataclysm deformations

cycle. In particular, in Proposition 5.21, Aj*® is the deformation of a representation with

values in G’, and A§ is the deformation of a representation with values in G.

Remark 5.22. In Proposition 5.21 we need to make the assumption k. (ag) C aj,. If the Lie
group G is of rank 1 and if ¢ is as in Proposition 5.20, then this assumption automatically
satisfied. Indeed, we have § = A, so ap = a and for all o/ € A"\ #' we have k*a/ = 0 by

definition of §’. Hence,
o (ke(H)) = (k") (H) =0 Vo' € A"\ ¢, H € a,

50 Ky (a) C ay,.

Proof of Proposition 5.21. The fact that x o p is ’-Anosov is guaranteed by Proposition
5.18. Up to changing the Weyl chamber of G’, we can assume that w’ = Id. Hence, by
Proposition 5.18 we know that IQ(P;E) = Pé,i. Let g be an oriented geodesic in S. If
mg € G such that my - P(;t = ((g%), then by equivariance of ™ and the definition of the

boundary map for x o p, we have
+
k(mg) - Py = k(myg) - ¥ (Py7) = k¥ (mg - Fy) = 67 (Fy) = &+ 0 ((g7).

Further, for H € ap it holds that exp(k«H) = k(exp(H)). Thus, the stretching maps
T;{ € G and T;*H € G satisfy

T;*H = k(my) exp(kH)k(mg) ' = K(TQH).

It follows that for £ € HT¥t(X;ay) the shearing maps satisfy Ypo = K(¢hg). Conse-
quently, we have for every v € m1(5),

AGE (ko p(v)) = ¢pp (Ko p(v))
= H(cpmp) K(p(7))
(PP'pr< )
= r (Agp(7)) -

This finishes the proof. O

We finish this subsection with examples for Lie group homomorphisms x for which the

prerequisites in Proposition 5.21 are satisfied, as well as with a counterexample.

Ezample 5.23. An example where we can apply Proposition 5.21 are (n, k)-horocyclic rep-
resentations as introduced in Subsection 2.4.3. They stabilize a k-dimensional subspace of

R™ and are obtained from composing a discrete and faithful representation po: m(S) —
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5. Cataclysms

SL(2,R) with the reducible representation ¢, ;: SL(2,R) — SL(k,RR) defined in Equation
(2.5). In this case, G = SL(2,R), § = Agpor) and G' = SL(n,R). The induced map

(tng), :a—ais
" aldy,
(Ln,k)* —u = Op—2k
—aldy,

Here, 0,2 is the (n — 2k) x (n — 2k) matrix with all entries zero. The abelian subalgebra
a consists of all diagonal matrices diag(a, —a € a) with a € R. The positive Weyl chamber
at is given by all elements diag(a, —a) with a > 0. We have at \ |J g ker(a) = a™. Set
0" = {k,n — k}. Then for H = diag(a, —a) € a™ it holds that

aj((eng), (H)) =0 Vj#kn—Fk,
ap((tnk), (H) =a—-0=a>0 and
An—i((tng), (H)) =0—(—a) =a > 0.

Hence, (i), (ah) C @'\ Uaregr ker(o). Further, (tnk), (ag) C ap, so the assumptions

from Proposition 5.21 are satisfied and we have A(()Ln’k)*6 (tnk © p) = tn i (AGp). In this case,

as SL(2,R) is of rank 1, we could have drawn the same conclusion by applying Proposition
5.20 and Remark 5.22. We consider cataclysm deformations of horocyclic representation

in more detail in Section 7.4.

Ezample 5.24. We now give an example where G is not of rank 1. Let G = SL(4,R),
0 = {az}, G’ = SL(6,R) and let x := AJ: SL(4,R) — SL(6,R) be the exterior power
representation from Example 2.29. The induced map on a is given by

ay + a2
ai a1 + as
</\2) a2 o ai +aq
4/ ag B as + as
a4 az + aq

as +as

Let 0 := {o1,05} C A’ and H = diag(ay,as,a3,a4) € at \ ker(az). We have that
at \ ker(ag) consists of all diagonal matrices diag(ai, as,as,as) with trace zero and a; >

as > asz > ay. Then

a1 + a3 = max{ay + a3, a1 + aq, a2 + as,as + aq}

as + a4 = minmax{a; + as, a1 + aq,as + as, az + a4 }.
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Note that (/\Z) (H) € a'" in general, since we do not know if ag(H) = (a1 +aq)— (az+as)
*
is non-negative. By applying an element in W, if necessary we can arrange that the entries

are in descending order. Further, we have

o1 ((/\24)* (H)) = (a1 + a2) — (a1 + ag) = az — a3z > 0 and

as ((/\24)* (H)) = (az +as4) — (a3 + as4) = ag —az > 0.

Thus, (/\i) (H) ¢ ker(ag) U ker(as). This shows that </\g) (F\ker(cw)) c Wy, -
(aj\ U eo ker(o/ )), so the prerequisite (5.11) from Proposition 5.18 is satisfied. More-

over, we have ayp = {diag(a,a, —a, —a) | a € R} and for every a € R

2a

—2a

SO (/\i) (ag) C ay,. Thus, all prerequisites from Proposition 5.21 are satisfied and it holds
that Ag*s (K, o p) = /{,(A%p) for K = /\121

Ezxample 5.25. We now give an example where Proposition 5.18 holds, but the additional
assumption k. (ag) C ayp, in Proposition 5.21 is not satisfied. Let G = SL(5,R), 6 = {2, a3}
and let k := /\g SL(5,R) — SL(10,R) be the exterior power representation from Example
2.29. Analogous to Example 5.24 we have

ai ai + az

a2

<A25> . a3 = | (ai + aj)icj

a4

as a4 + as

Let 0" := {a1,a0} C A’. As in Example 5.24, we see that a; ((/\i>*(H)) > 0 and
Qg ((/\i)* (H)) > 0 for all H € at \ (ker(az) Uker(as)) and up to applying an element
in Wy, (/\i) (H) lies in at. Thus, (5.11) is satisfied, so for every {as, a3 }-Anosov rep-
resentation p:*m(S) — SL(5,R) the representation /\g op: m(S) — SL(5,R) is {a1, a9}~

Anosov. However, the additional assumption (/\g) (ag) C ap from Proposition 5.21 is
*
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not satisfied, since

2
(/\5> 0 :diag@,17070;170707_17_17_2) ga’@"
-1

Note that there does not exist w’ € W’ such that ( /\g) (ag) C w'-ay,. This shows that the
additional assumption x.(ag) C aj, in Proposition 5.21 is not implied by the assumption
(5.11) from Proposition 5.18.

In this example, we see that for the bigger subset 0" := {ai,as,ar, a9}, there exists
w' € W' such that (/\g) (ag) C w' - ay,. If a representation p: m(S) — SL(4,R) is
such that /\g op is not on*ly #’-Anosov, but satisfies the stronger requirement of being
0”-Anosov, then if we choose the positive Weyl chamber accordingly and if additionally
/\g(P;) C P’} the conclusion (5.12) from Proposition 5.21 holds.
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6. Cataclysms and boundary maps

A cataclysm deformation of a 8-Anosov representation p can also be understood in terms
of a deformation of the associated p-equivariant flag curve (: 9505 — Fy. Let pf := Agp
for ¢ € ’HTWiSt(X; ag) be the 0-Anosov representation obtained from p by a cataclysm
deformation with respect to a fixed reference component Py C S \ X. Denote by ¢¢: 9505 —
Fo the boundary map associated with p*. Our goal is to express (° in terms of the flag
curve ¢ and the family of shearing maps {(p%Q}( p) that were used to define p°. The
expression for ¢ in Theorem 6.1 and most of the results in Section 6.1 are analogous to
results obtained by Dreyer in [Drel3], while for the proof of Theorem 6.1 in Section 6.2 we

use a different approach.

Let Vy be the subset of ds\ consisting of the vertices of connected components in S \ A
In general, V) is not equal to 800;\, since the endpoints of non-isolated leaves are not

necessarily contained in V). The main result of this section is the following:

Theorem 6.1. Let p: m1(S) — G be 0-Anosov, let € € U, and let p° := Ajp be the e-
cataclysm deformation of p along A with respect to a reference component Py C S \ .
Here, U, € ’HTWiSt(/)\\; ag) is as in Theorem 5.12 such that p° is 0-Anosov. Let ¢ and (°
be the boundary maps associated with p and p®, respectively. Then for every x € Vi, the

boundary map C° is given by

¢*(2) = ¢pyq, - C(), (6.1)

where Qg is a component of S \ \ having x as a vertex.

To prove Theorem 6.1, we first show that the right hand side of (6.1) defines a p®-equivariant
boundary map on V). We omit the superscript € in the notation of the shearing maps. Let
¢*: V\ — Fy be defined by the right hand side of (6.1), i.e.

M) = R, - ((2). (6.2)

Note that the map ¢* depends on the parameter ¢ € ’HTWiSt(/):; ag), since the shearing maps
¢p,@ depend on e. Further, the notation ¢ A is motivated by the fact that ¢* is not defined
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6. Cataclysms and boundary maps

on all of 955, but only on V. We will later see that ¢* can be extended to the boundary
O\ Of the lifted lamination \.

With this definition of ¢* in (6.2), the statement of Theorem 6.1 translates to (%y, = (.

Before proving this, we have a closer look at the map ¢*.

6.1. The boundary map C’\

First, we prove that ¢* is well-defined and pf-equivariant. To shorten notation, let P := P,

be the fixed reference component of S \ X used to define the deformed representation p°.

Lemma 6.2. The map ¢*: Doo X — Fy defined in (6.2) is well-defined and p®-equivariant.

Proof. To show well-definedness, we have to show that ¢*(z) does not depend on the choice
of component Q, C S \ X having = as a vertex. If z € V) and Q, R, are two connected
components of S \ A having x as a vertex, then all components between @, and R, also
have z as a vertex. By definition, ¢, g, is a (possibly infinite) concatenation of stretching
maps that all stabilize ((z). Hence, also ¢g, g, stabilizes ((z). Using the composition

property of the shearing maps from Proposition 5.6, we have

so ¢* is well-defined.

To show p-equivariance, let © € V) be a vertex of @, and v € 71(S). Using the p-

equivariance of ¢ and of the shearing maps (Proposition 5.6), we have

Myx) = epq,, - ((v1)
= (¢P(vP) P(P)(1Qx) P(7)) - C()
= (p(p) (0(7) PP, (V) H)p()) - ((x)
= ((epep) P(OY) ©PQ.) - ¢(x)
= () - M),

This finishes the proof. O
Note that we cannot say anything about continuity of ¢* here. We give an alternative defi-
nition of ¢ that uses oriented leaves of the lamination ) instead of connected components

of S \ A. This will allow us to show a continuity result in Lemma 6.5. Further, with this

alternative definition, we can define ¢* on all of Do\

82



6.1. The boundary map C)‘

Figure 6.1: If P C S \ ) is a connected component and g a leaf in ), consider a finite subset
{R1,..., Ry} of connected components separating P and g, labeled from P to
g. In this picture, we have m = 3.

As a preparation, we define maps ¥ p, associated to the reference component P and a leaf
g of \ as follows: Let ¢ be a leaf of X. Define C pg as the set of all connected components
of S\ A between P and g. Choose a finite subset C = {R1,..., R} C Cpy, ordered from
P to g, i.e. such that R;;; separates R; from g for each i (see Figure 6.1). We define
analogously to (5.2)

ve =[] (P =)

95 9

Let ¢¥pg := limc_ﬂjpg 1c. This limit exists by the same arguments as in Proposition 5.3,
since if we chose an arc k that starts in P, intersects g and ends in some ideal triangle @),
then Cpy C Cpg and by Proposition 5.3, the limit ppg exists. The map v p, is obtained
from almost the same sequence with some of the factors replaced by the identity, so it

converges as well.

The map 9py is p-equivariant. To see this, let C = {Ry,..., Ry} C Cpy be a finite
subset and for v € m(5), let /C = {yR1,...,7Rm} C Cyp)(yg)- By p-equivariance of
the stretching maps (Lemma 4.16), we have ¢.c = p(7)cp(y) L. By taking the limit, we
observe that also ¥ p, is p-equivariant, i.e. ¥y py(yq) = p(V)Wpgp(v)~L. Further, if Q C S\ A
is a connected component of S \ ), then Ypg = ppQYqy- This can be seen by the same
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6. Cataclysms and boundary maps

techniques as in the proof of the composition property of the shearing maps in Proposition
5.6.

The maps ¢ p, depend continuously on the leaf g in the following sense:

Lemma 6.3. Let g be an oriented leaf in X and let (gn)nen be a sequence of oriented leaves
of A converging to g, i.e. limy, 00 g = g1 and lim, .o g; = g~, where g and g, denote

the positive and negative endpoints of gn, respectively. Then lim, o V¥ pg, = Vpgy.

Proof. Up to passing to a subsequence, we can assume that the geodesics g, all lie on the
same side of g. Since the sequence (gp)nen converges to g, there exists N € N such that
for all n > N either g, separates P and g, or g separates P and ¢g,. In the first case, P
and g, lie on the same side of g, in the second case, they lie on different sides. Assume
first that g, separates P and g for all n > N. Then Cpy, C Cpy and lim,, o, Cpy, = Cpy in
the sense that for all R € Cpy, there exists some M € N such that R € Cpg, for alln > M.
By definition of ¢ p,, we have
nh_?;o Yrg, = nh_{go c_l)icff_}gn Ve = cl—ifcI}Dg Ve = Ypy.

If P and g, lie on different sides of g, let Q C S \ A be a component that lies on the same
side of g as the geodesics g,, and let g, separate Q) from g for all n € N. Then by the
composition property of 1)p, and by what we have shown above

lm $pg, = m ¢pqiqqe, = PPQYQy = VP

n—oo

which finishes the proof. ]

We can use the maps ¢ p, to give an alternative definition of ¢ A: For z € 3005\, let g be a

geodesic having x as endpoint. Define

M) := Ypy - C(2). (6.3)

On V), this definition agrees with the one from Lemma 6.2:
Lemma 6.4. The map (: Dso\ — Fp is p° -equivariant and agrees with the map ¢ from

Lemma 6.2 when restricted to V).

Proof. The p°-equivariance follows from the p-equivariance of ¢ and of the maps ¥p,. To
show that ¢ restricts to the map from Lemma 6.2, we have to show that for a point = € V)

that is a vertex of a connected component ), and an endpoint of a leaf g bounding Q. it
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6.1. The boundary map C)‘

holds that ¥p, - ((x) = ¢pg, - ((z). With Notation 3.10, we have g = g%z or g = gbz. In
both cases, for every H € ag, T;I fixes ((z). If g = g%, we have

Upy - (@) =g, - () = (Vra. T3P - ((2) = pra. - ()

Similarly, if g = gb, then

vry- ) = (ro. TP ) (o) = (pra, 7559 - 6la) = prg. - C(o)

Thus, on Vy, ¢* agrees with the map from Lemma 6.2. O

Lemma 6.3 and the alternative definition of ¢* in (6.3) allow us to show a continuity

property of ¢*.

Lemma 6.5. Let g be an oriented non-isolated leaf of A with positive endpoint gt and let
(gn)nen be a sequence of oriented leaves of A converging to g. For n € N, let g be the

positive endpoint of g,. Then lim, o (MNgF) = ¢Mg™).

Proof. By continuity of ( and by Lemma 6.3 we have

lim (Mgi) = lim 9py, - C(gh) = vpg - C(g") = Mg ™).

n—oo

O]

Note that we do not show continuity of ¢* for an arbitrary sequence (x,)nen in Do\
converging to x € 8005\, only for the special situation described in the Lemma. Once we
have proven Theorem 6.1, the continuity of ¢¢ implies continuity of ¢* - but this will only

follow a posteriori and we cannot use it at this point.

We finish this section with the dynamical behavior of the map ¢*. Recall that the shearing

maps ¢p( depend on the shearing parameter €, so also ¢* depends on «.

Lemma 6.6. For ¢ € HTWiSt(X; ag) small enough, the map (*: Vy — Fp is dynamics-
preserving with respect to p°, i.e. if x € Vy is an attracting fized point of v € w1 (S), then
Mx) € Fp is an attracting fived point of p*(7y).

Proof. Let x € V) and v € m1(S) such that z is an attracting fixed point of . By p°-
equivariance of ¢*, () is a fixed point of p°(y). For ¢ € ’HTWiSt(/):; ap) small enough,

since epends continuously on ¢, this fixed point is again attracting.
i pe(y) d d ti ly this fixed point is again attracting O
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Remark 6.7. If the lamination A is finite, Theorem 6.1 is a direct consequence of Lemma
6.6. In this case, all bi-infinite leaves of A spiral towards a closed leaf, so all points in V)
are endpoints of lifts of closed geodesics. In particular, they are attracting fixed points for
some element v € 71(S). By Lemma 6.6, since (¢ and ¢* are dynamics-preserving for p°
and since attracting fixed points are unique, we have (*(z) = ¢*(z) for every vertex x of
Vi.

6.2. Proof of Theorem 6.1

We now prove Theorem 6.1, i.e. show that (* and ¢ agree on V). The key observation is

that the two maps agree on vertices of the fixed reference component P.

Proposition 6.8. Let p, p°,( and (¢ be as in Theorem 6.1. If x € Vy is a vertex of the
reference component P C S\ used to define the cataclysm deformation, then (¢(x) = ((z).

In other words, a cataclysm deformation does not change the flags associated to vertices

of the reference component P.

Using Proposition 6.8, we can prove Theorem 6.1.

Proof of Theorem 6.1. Let x € V\. We want to show that (*(z) = ¢(*(x), where ¢* is as in
(6.2). If = is a vertex of the fixed reference component P that is used to define p°, then,

by Proposition 6.8, we have

((2) = ((2) = ppp - ((2) = (M)

If z is not a vertex of P, let Q, C S \ A be a component having x as a vertex. Then
we look at the cataclysm deformation with respect to the reference component @Q,. Let
05 = AZp be the e-cataclysm deformation of p with respect to the triangle @, and let (7
be the corresponding boundary map. By Lemma 5.11, pS and p° are conjugated, p(vy) =
©0rq. (1) (ppg,) ! for all v € m1(S). Consequently, the boundary maps satisfy (= =
vpq, - (5. By Proposition 6.8, we have (3(x) = ((z), since z is a vertex of the reference

component (),. Thus, we have

() = ¢pq. - Gi(2) = vpq, - ((2) = (M(2).

It follows that ¢* and (¢ agree on all of V), which finishes the proof of Theorem 6.1. [
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It remains to prove Proposition 6.8. In the proof, we will work in the setting of projective
Anosov representations into SL(d,R) and use a result from Bochi, Potrie and Sambarino
[BPS19]. By Theorem 2.28 there exists an irreducible representation 7: G — SL(d,R)
for some d € N such that p is #-Anosov if and only if 7 o p is projective Anosov. Let
T G/Py — RP ! and 77: G /Py — Grg_1(d) be the T-equivariant embeddings induced
by 7. Since 77 is injective, to prove Proposition 6.8 it is sufficient to show that 7 o((z) =
77 0 (¢(z). We will now have a closer look at the situation in SL(d,R).

Recall from Example 2.25 that A € SL(d,R) has a gap of index k if o(A) > op41(A),
where 0(A) is the jthe singular value of A, i.e. the square root of the jth eigenvalue
of AAT | where the eigenvalues are in descending order. If A has a gap of index k, let
Ur(A) € Gri(d) be the subspace of RY that contains the k biggest axes of the ellipsoid
(Mo | vl = 1}.

We define the angle between two subspaces E, F' C R? not necessarily of the same dimen-

sion, as

L(E,F):= min 4(v,w).
veE\{0}
weF\{0}

In particular, £(E, F) = 0 if and only if £ N F # {0}.
The following estimate will be the key element in the proof of Proposition 6.8.

Lemma 6.9 ([BPS19, Lemma A.6]). Let A € SL(d,R) have a gap of index k. Then A~!
has a gap of index d — k and for all F € Gry(d) transverse to Ug_j(A™1),

ot1(A) 1
or(A) sin L(F,Uy_(A71))’

dGrk(d)(A - F, Uk(A)) <
where day, (q) s a suitable distance on Gry(d) as in [BPS19, Equation A.2].
With theses preliminary remarks, we can now prove Proposition 6.8.

Proof of Proposition 6.8. First note that (*(x) = ppp-((x) = ((z) for every x € V) that is
a vertex of P. Assume that every boundary leaf of P is isolated. Then all boundary leaves of
P spiral towards a closed leaf, so x is an endpoint of a lift of a closed geodesics. In particular,
x is a fixed point of an element in 7 (S) and we have by Remark 6.7 (¢(x) = (M) = ((x)

for every vertex = of P.

In the general case, x is not a fixed point of an element in 71 (S). Let ¢ be the leaf bounding
P with endpoint . Denote by g* the endpoints of g and let z = g*. Since g is not isolated,

the orbit of g is dense in A and there exists a sequence (7, )nen in 71(S) such that (V,-¢)nen
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o 7~

Figure 6.2.: If the leaf g bounding P is non-isolated and its endpoint gt is not a fixed
point of an element in 71 (5), then there exists a sequence (v,)nen such that
the sequence of geodesics (7, - g)nen converges to g.

converges to g with lim, oo Vn - 97 = g1 and lim, 400 Vs - g~ = g~ (see Figure 6.2). By
Lemma A.5, the sequence (7, )nen in 71(S) converges to gt € 94S.

Let 7: G — SL(d,R) be the irreducible representation from Theorem 2.28 and 7% be the
induced maps on Fy as explained above. We want to apply Lemma 6.9 to the following

situation:
e A=r71o0p(y,) and
o F=1T0((g").

Since T o p° is projective Anosov, T o p°(7,) has a gap of index 1 and the 1-dimensional
part of the boundary map is given by 7 o ¢°. To apply Lemma 6.9, we need to ensure
that 77 o ((g*) and Ug_1(7 0 p°(v,, 1)) are transverse. Assume for now that this holds true
and that sin £ (77 0 ((¢g"), Usg—1(7 0 p°(7,1))) > & for some 6 > 0. Then by Lemma 6.9,
we have

T0p° . 7_+o + Fopt UQ(TOpE(’Yn)) 1
ArorGn) (e o) Chlrer Gn) < . (o 2 ) s (7+ o €l ). Uas (ro ()
< 02(Top5(’7n))1
= o1(rop (1)) 6
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o2(T0p° (Yn))
Tn )

1 (7op= () tends to zero as n goes

Since 70 p® is projective Anosov, the singular value gap

to infinity. Thus, using Lemma 6.5, we have

lim (70 % (3)) - (7* 0 C(g+)) = lim Us(7 0 5% (). (6.4)

n—o0

Further, with the continuity of ¢* from Lemma 6.5 it holds that

Clg™) =¢Mg™) = lim M- g")
= lim 9p(,p) C(m-g")
m_ (¢p(y,p)p(1m)) - C(g™)

li
n—oo

— 1im p%(30) - C(g")- (6.5)
n—oo
Using equation (6.5) and T-equivariance of 71, we obtain

o ((g") = lim 7" (p°(va) - C(g7)) = lim ((T0p%)(m)) - 7" (Clg™)) - (6.6)

n—oo n—o0

Combining (6.6) with (6.4) and the fact that for any h € G, we have 71 (Z¢(h)) = Uy (7(h))

gives us

770 ((g") = lim (70 p%(m)) - (77 (C(gT)))
— Tim Uy( o ()

= lim 7% (Eg(p° (7))

n—oo

=770 (g").

For the last step, we use that the boundary map (¢ satisfies (¢(g") = lim, 00 Z9(p°(10)
(see (2.3) in Section 2.3). Since 7 is injective, this shows that ((¢g") = (°(¢g") as claimed.

It remains to prove that the prerequisites of Lemma 6.9 are satisfied, i.e. that the angle
£ (T+ oC(g"),Ug1(1 0 pg(%;l))) is uniformly bounded away from zero for n big enough.
By Lemma A.5, the sequence (7, !)nen converges to g~ € dx5. The (d — 1)-dimensional

part of the boundary map for 7o p€ is given by 77 o (¥ and we have with Example 2.25
7o (g7) = lim Ug1(Top* (3, ")).
n—oo

By transversality of the boundary maps 77 o( and 7~ o( and since g+ # ¢g~, we know that
the angle between 77 o ((g7) and 7~ o ((¢™) is positive. Since p° is a small deformation
of p, we have that 7~ o (5(g7) is close to 7~ 0 ((g~). It follows that for ¢ € HT"t(X; ay)
small enough also the angle between 7 o ((g%) and 77 0 (%(g™) is positive. Using the fact
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6. Cataclysms and boundary maps

that 77 0 (5(g7) = limp 00 Ug_1(7 0 p°(7;,; 1)), we conclude that for n large enough, the

angle £ (77 0 ((g"), Ug—1(7 0 p°(7, 1)) is bounded away from zero. This completes the

proof. O
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For a fixed lamination A, the cataclysm deformation A cannot be surjective onto a small
neighborhood of p. This can be seen by looking at the dimensions: Consider for instance
Hitchin representations (Subsection 2.4.2) for which we have # = A. The Hitchin compo-
nent in PSL(n, R) is diffeomorphic to R2~D("*~1) whereas the dimension of the parameter
space HTWist (/)\\, aa) grows only linearly in n by Corollary 3.22. Another way to look at it is
in Bonahon-Dreyer coordinates [BD17], where cataclysms only change the shearing cycle,

but not the triangle invariants.

We can also ask if cataclysms are injective. We have to distinguish between looking at cat-
aclysms on the representation variety, i.e. Ay with respect to a fixed reference component,
or on the character variety, i.e. A, where we do not need to specify a reference component.
If A is injective, then so is Ag. In the following, we only consider the cataclysm deformation

Ag on the representation variety.

We will see that Ag is in general not injective, not even for A-Anosov representations.
Some parts of the construction of cataclysms are injective’: The assignment of the family
of shearing maps to a twisted cycle is injective as we will see in Section 7.1. The results in
Section 7.1 are adapted from [Drel3, Section 5.1], see Remark 1.8. In Section 7.2, we give a
sufficient condition on the representation p that guarantees that the cataclysm deformation
is injective. In Section 7.3, we give a sufficient condition for Ay not to be injective. Exam-
ples where Ag is not injective include horocyclic representations and reducible A-Anosov

representations into SL(n,R). These are investigated in Section 7.4.

7.1. Different twisted cycles give different families of

shearing maps

In the construction of cataclysms, the family of shearing maps {goEPQ}( p,Q) defined in Section
5.1 plays an important role. The goal of this section is to recover the parameter ¢ €

HTWiSt(X; ap) from the family of shearing maps. In other words, we show the following:
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7. Injectivity properties of cataclysms

Proposition 7.1. If two transverse twisted cycles e,n € HTWiSt(X; ag) have the same family
of shearing maps, i.e. go‘}‘;Q = cp;’gQ for all P,Q C S \ A, then ¢ = 1. In other words, the

map
V, = GUP.Q)IPQCS\X}
e = {ppot (P

is injective. Here, V, C HTWiSt(X; ag) is the meighborhood of 0 consisting of all twisted
cycles such that the family of shearing maps {gong}(p’Q) is defined (see Proposition 5.9).

Remark 7.2. The idea of the proof is to recover the shearing parameter from a sum depend-
ing on the shearing maps (see Equation (7.1)). This construction is adapted from [Drel3,
Section 5.1], where it is done for the case of A-Anosov representations into PSL(n,R). The
proof in [Drel3] uses the dynamical viewpoint on Anosov representations through bundles.
We take a different approach and use the Busemann cocycle, which allows us to generalize
their construction to any semisimple Lie group G and # C A. Further, in [Drel3] they
conclude from their result that the cataclysm deformation is injective for A-Anosov rep-
resentations into PSL(n,R). However, this statement is wrong as we will see in Examples
7.12 and 7.14.

Throughout the section, we fix e € V,, where V, is the subset of HTWiSt(/):; ag) for which
the family of shearing maps {@%Q}( p,) exists (see Proposition 7.5).

Let 0g: G x Fy — ag be the Busemann cocycle (see Lemma 2.20). We first make the

following observation.

Lemma 7.3. Let g be an oriented geodesic in S and let H € ag. Then oy (T;I, P;) =H.

Proof. First, note that og (exp(H), P,") = H, since exp(H) € exp(a). By definition,

T;I =my exp(H)m;l, where my - PgIE = Pgi. With the cocycle property of oy, we have

smgt - Pf) + 09 (mg ', P)
op (mg exp( ,P(;r) + oy (m;l,mg . P;)
o (mg,exp(H) : P(f) + g (exp(H),P(;r) + oy (m;l,mg - P(f)

H,

op (TgH , PgJr ) op (mg exp(

H)
H)

where for the last equality, we used the cocycle property together with exp(H) - P9+ = P(j'
and oy (mg_lmg, POJF) =0. [

In particular, if P,Q C S \5\ are two adjacent components separated by the oriented geodesic
g, then it holds that ¢%, = T; ", so g (cp;Q,P;> - (Tg(P ’Q),P;) — ¢(P,Q). In
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7.1. Different twisted cycles give different families of shearing maps

this way, we can recover the value of the twisted cycle ¢ from the shearing map ©pg- This

does not only work for adjacent components, as we will now see.

Let P and Q be arbitrary components in S \ A and let & be an oriented arc transverse to A
joining P to (). We now define an element ¢ (/%) in ay associated with k. In Proposition 7.5,
we will see that (k) = e(P,Q), so & recovers the shearing parameter e € HTWist (X, ap). In
the following, we omit the superscript € in the notation of the shearing maps. All shearing
maps are with respect to the fixed twisted cycle ¢ € V, C ’HTWiSt(/):; ag). Further, for a
component R C S\ \, let ¢r := ¢pr. We define

5(%) = Z <09 <@R,P;§2> — 0y <<pR,PgJ}§2> ) — 0y <Id,PgJ]§)) + og <<,0Q,Pg+%) (7.1)

RGCPQ

Note that § depends on the family of s}}eaiing maps {@%Q}( p,0) and only indirectly on ¢
itself. If two different cycles £, € HTWt(X; ay) have the same families of shearing maps,
Le. pg = cp?DQ forall P,Q C S \5\, then they give the same value § (l;:) for every transverse

arc k.

First, we prove that ¢ is well-defined, i.e. that the sum in (7.1) is convergent.

Lemma 7.4. For every transverse twisted cycle e € V, C HTWiSt(X; ag) as in Proposition
5.9 and for every oriented arc k transverse to the orientation cover X, the sum defining

(k) as in (7.1) is absolutely convergent.

Proof. Fix anorm ||-|| on a. The Busemann cocycle is analytic, so in particular, it is locally
Lipschitz. Since the arc k is compact, all the shearing maps ¢p lie within a compact subset

of GG, and the flags P;O ;1 lie within a compact subset of Fy. Thus, using Holder continuity

of the boundary map, dRemark 4.2 and Lemma 3.11, we have constant C;, A; > 0 depending

on the arc k and the representation p such that
o0 (¢er. P ) = 00 (wr, P )| < €1 ds, (P P
A
< 02 d (g%vgll%) '
~ Ay
<Gy (knR)

< C4B_A2T(R).
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7. Injectivity properties of cataclysms

It follows that

Z HUa <90R7Pg"§%) — 09 (@R,P;;)H < Cy Z e~ A2r(R)
ReCpq ReCpq

o

<Y e <o
r=0

where for the last equality, we use the fact that the number of all components with a fixed
divergence radius is uniformly bounded (Lemma 3.11). In total, the sum defining ¢ is

absolutely convergent. d

We are now ready to show that § recovers the shearing parameter €. For the special case
when the components P and @) are adjacent, this was shown above as a consequence of

Lemma 7.3.

Proposition 7.5. For every transverse twisted cycle e € V, C HTWiSt(X; ag) as in Propo-
sition 5.9 and for every oriented arc k transverse to the orientation cover \, we have
5(1%) = ¢(P,Q), where P and Q are the connected components of k containing the end-
points of k.

Proof. Let C = {R1,...,Rp} be a finite subset of Cpg. Set Ry := P and Ry,41 := Q. To

shorten notation, let ¢; := ¢p, and g?/ L= g% L Reordering the sum defining §, we have

5 i 37 (0 (5 25) -0 (5073) ) o0 (k) 0 (o 75,

i=1
m

_ T . + _ . +

o n}gnoo z; <09 (SDZ+1’ Pg?+1> o6 (SDZ? szl) > ’
7=

Remember that by Remark 5.7, ¢;11 = goiwiT;(ERi’Ri*l), where v; := 9YR,g,,,. Using the
i+1
cocycle property (2.2), we have

Ri,R;
og <<Pi+1an+o > =0y (sﬁﬂﬁi,T;o( “)Pt
i+1

i1 9it

=0y <<Pi”¢z'7 PQ"EH) +e(Ri, Riy1),

RS

bl
i1 9it1

where in the last step we use Lemma 7.3 and the fact that T;O(Ri’Ri“) stabilizes Pg'E
i1 i+1
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7.1. Different twisted cycles give different families of shearing maps

Thus, by additivity of € and the cocycle property,

o(k) = W}gnooi (09 <<Pz‘1/1z'7Pg+?H) +e(Ri, Riv1) — 09 <<PngJi§) >
i=0
=¢e(P,Q)+ n}gnooi (0'9 (%Wipggﬂ) — 0oy (%’;ng) + 09 (IbuP;BH) >
i=0

It remains to show that the limit on the right side equals zero. By local Lipschitz continuity

of the Busemann cocycle, there exists a constant C; > 0 depending on k and p such that

loo (wiswiPl ) =o0 (o0 P5)| < Cvas, (wiph PY)

0
9Jit1 i+1 i
pt + + +
=G <df9 (¢1Pg?ﬂ,ngﬂ) +dz, (PQ?H’PQQ)) '
Let N¢ := mingec,,\c () be the minimal divergence radius of all components of Cpq

that are not contained in C. N¢ goes to infinity as C tends to Cpg, since for fixed n, there
are only finitely many components in Cpg with r(R) = n. By Holder continuity of the
boundary map and by Remark 4.2, there are constants A;, C; > 0 depending on k and )
such that
A
dr, (P P%) < Cad (g21,91)™"

Jiv1 Yi
Ay

<Cst|kn |J R

ReC
€ g?-s—lgil
Aq
—a| Y ¢ (k N R)
ReC
9?+19i1
Aq

<o, Z o—A2r(R)

ReC
9?+19i1
S C5€_A3NC )

where for the last step, we used that the series can be estimated by the remainder term of
a geometric series and is bounded by a constant times e=43V¢ as in the proof of Lemma
4.8.

Further, since the action of G on Fy is smooth, it is in particular locally Lipschitz, we have
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7. Injectivity properties of cataclysms

by Lemma 5.8

dr, (%P;?Jr ,P+o 1) < Cedg (¢, 1d) < C7€—A4Nc'

1 it

Combining these estimates gives us

HUg (sOi,%PgJB ) — 09 (%',P;) H < Cge~Asle, (7.2)
i+1 [3

In addition, again by Lemma 5.8, we have
o0 (v P || = |low (v B5 ) =00 (10 PF, )| (7.3)
9it+1 9it1 Jit1
< Cydg (v, 1d)

< Cyge~Aole,

Combining the estimates from (7.2) and (7.3), we have
m m
> H09 (SOWi,PJE ) — 0 <§0i7 PJE) H <Y e 4Ne < O(Ng + 1)e A,
=0 Ji % i=0

where we use the fact that m = |C| is bounded by a constant times N¢ + 1 (Lemma 3.11).
If C goes to Cpg, N¢ goes to infinity, so the right hand side converges to zero. This finishes
the proof. O

As a direct consequence of Proposition 7.5, we obtain that different cycles in HT"ist (X, ag)
give different families of shearing maps, i.e. Proposition 7.1. In other words, the assignment

of the family of shearing maps {SO%Q}( p,Q) to a transverse cycle ¢ is injective.

Proof of Proposition 7.1. This follows from Proposition 7.5, using that é only depends on
the family of shearing maps {@%Q}( p,0) and not on ¢ itself. O

Now one would like to conclude from that that the cataclysm map on the level of homo-
morphisms, Ag: HTWiSt(X; ap) — Hom(m(5),G), is injective for a fixed reference compo-
nent P. Assume that there exist ¢ # n € HTWiSt(X; ag) with A§p = Alp. This implies
cpEPw P) = 4,07173@ P) for all v € m1(.5), but in general not that ©pg = <p7}_,Q for all components
Q C S\ X as we will see in Section 7.3. In particular, we cannot apply Proposition 7.1

since for that, we need ©po = ‘P??Q for all pairs of components P,Q C S \ A
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7.2. A sufficient condition for injectivity of the cataclysm

deformation

We will see in Sections 7.3 and 7.4 below that the cataclysm deformation is not injective
in general. Under an additional assumption injectivity follows from the injectivity of the
assignment of the family of shearing maps to a twisted cycle, i.e. Proposition 7.5. For a
connected component Q C S \ A, let OQ C 0.8 be the set of ideal vertices of @ in the
boundary of S.

Proposition 7.6. Let p: m1(S) — G be 0-Anosov such that for every connected component
Q C S\ A, the stabilizer of the set of all flags ((x) with x € dQ, Stabg{((x)|z € dQ},
is trivial. Then for a fized reference triangle Py, the cataclysm deformation based at p,
Ao: U, — Hom(71(S), G) is injective.

Here, U, is the neighborhood of 0 in HTWist (X, ag) for which the deformed representation
Ag§p is again an Anosov representation. We restrict to these representations, since it ensures
that Afp has a continuous, transverse, dynamics-preserving boundary map that is central

to the proof.

Proof. Let ,m € U, be such that Ap = Allp. We want to show that e = 7. Let (¢ and ("
denote the boundary maps corresponding to A§p and A{p, respectively. By assumption,
¢ =" Let Q C 5\5\ be a connected component and let x € dQ) be a vertex of ). Then,

by Theorem 6.1, we can express (¢ and (" in terms of ¢ and the families of shearing maps

{9po}rq) and {hg}(p.q), respectively. This gives us
Yo C(2) = 5(2) = (nl(z) = ¢} g - C(2),
-1
S0) (gofgoQ) gonPOQ € Stab(¢(x)). This holds for all z € 0Q, hence

(¥e) " Phq € Stab{¢(z) | = € 9Q} = {1d}

by assumption. Thus, ¢% o = @7173069 for all Q € S\ . If P ¢ S\ A is another component
different from Py and @, then

. 1
Ypo = ¥rr %R0 = (PRp)  ¥Po = (907]:)0 p) o = PrrPro = ¥Po:

so the families of shearing maps associated with € and 7 agree. With Proposition 7.1, we

can conclude that € = 7. d
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7. Injectivity properties of cataclysms

For every Q C S \ ), the boundary dQ consists of at least three points. In particular,
Proposition 7.6 holds under the stronger assumption that for any triple of distinct points
T,y, 2 € 055, the stabilizer of the triple (¢(z),(y), ¢(2)) is trivial.

Corollary 7.7. If p is a Hitchin representation into PSL(n,R) or into SL(n,R), then the

cataclysm deformation based at p is injective.

Proof. For Hitchin representations into PSL(n,R), this directly follows from Proposi-
tion 7.6, since the stabilizer of every triple of flags (¢(x),(¢(y),¢(2)) for z,y,2 € 055
is trivial and AQ consists of at least three points for every Q C S \ X. For Hitchin
representations into SL(n,R) with n odd, the same holds. If n is even, then the stabi-
lizer of a triple (¢(z),((y),((2)) is {£Id}. In this case, we can look at the projection
m: Hom(71(S),SL(n,R)) — Hom(m(S),PSL(n,R)) and see that it commutes with the
cataclysm deformation in the sense that 7 (Afjp) = A§(7w(p)). If n,e € ’HTWiSt(/):; ap) are
such that A§p = Allp, then

Ag(m(p)) = 7 (AGp) = 7 (Agp) = Aj(m(p)).

From injectivity of the cataclysm deformation for Hitchin representations into PSL(n, R),

it follows that € = 7, so the cataclysm deformation is injective. O

Corollary 7.7 shows in particular that the injectivity of cataclysm deformations claimed by

Dreyer in [Drel3, Corollary 35] is correct if we restrict to Hitchin representations.

7.3. A sufficient condition for non-injectivity of the

cataclysm deformation

The goal of this section is to show that the cataclysm deformation in general not injective.
We consider the cataclysm Ag: U, = Hom(m(S),G) on the level of homomorphisms. We
construct a maximal lamination A with reference triangle Py and give sufficient conditions
on G, 6 and the representation p that ensure that there exists a transverse twisted cycle
€€ ”HTWiSt(X; ap) that is non-zero, but such that Ajp = p. By definition, we have Afp = p
if and only if ¢%, p = 1d for all v € m1(5).

Let S be a surface of genus 2. Consider the finite maximal lamination A from Example
3.8 (see Figure 3.2). As fixed reference triangle, we choose a lift of the yellow triangle and
denote it by P (see Figure 7.1). Further, denote by g, h and ¢’ the oriented geodesics
bounding a triangle adjacent to P as in Figure 7.1. Fix another component P as in Figure

7.1. The component P is separated from P by exactly one lift of a closed leaf.
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=3

)
9

Figure 7.1.: The lift~of the lamination A from Example 3.8, with distinguished components
P and P as well as oriented geodesics g, h, g'.

Proposition 7.8. Consider the lamination \ described in Example 3.8 and with the no-
tation from Figure 7.1. Let Py € Fy be a flag transverse to both be and P, and assume
that there exists a representative wy € Nk (ag) of the longest element of the Weyl group
such that woPy = Py. Let m € N; be the unique element such that m - Py = Py. Let
H € ag )\ {0} be such that m € Zg (exp(H)) and «(H) = —H. Let p: m1(S) — G be a rep-
resentation such that the triple of flags (Pj, Py, Py) is conjugated in G to (P(;r, Py, Py).
Then there exists 0 # ¢ € HTWiSt(/A\; ap) such that Pp(yp) = 1d for all y € m1(S).

We will see examples for which the assumptions of Proposition 7.8 are satified below
(Examples 7.12 — 7.16).

Proposition 7.8 has the following consequence.

Corollary 7.9. The cataclysm deformations Ao: HT¥'(X;a9) — Hom(m1(S),G) from
Theorem 5.12 and A: HTWiSt(X; ag) — x7Am0s0v(S, @) from Corollary 5.13 are in general

not injective.

Proof. Let the representation p: 71(S) — G, the lamination A and the transverse twisted
cycle ¢ € HTwist (X, ag) be as in Proposition 7.8 and let P be the fixed reference triangle.
Then ¢ # 0, but for every v € m(S), we have Ajp(y) = gpfg(wp)p(’y) = p(7), so Ag is
not injective. On the character variety, we have A®[p] = [Afp] = [p], so also A is not

injective. O
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7. Injectivity properties of cataclysms

As a first step in the proof of Proposition 7.8 we have a closer look at the stretching maps

in our specific situation.

Lemma 7.10. Let the representation p: m(S) — G, the lamination X\ and H € ag be as
in Proposition 7.8. Let g, h and g’ be the oriented geodesics as in Figure 7.1. Then the

stretching maps satisfy TgH = T{I = T;I .

Proof. Without loss of generality we can assume (Pg+ Py Py = (P0+ , Py, Py). In partic-
war, (P, Py) = (P, Py), (P, Py) = (P} By) and (P, Py) = (P, Py) = (Pf, Py ).
In this case we have TgH = exp(H). Let m € N; as in Proposition 7.8 be the unique
element such that m - Py = Fy. By the assumption in Proposition 7.8 on m and H, we
have m € Zg (exp(H)). It follows that

TH = mexp(Hym ™! = exp(H) = TgH.
Since by assumption wg € Stab(F}), we have that wgmwo_l(Pj, P,) = (Fy, P, ). Recall
further that wo exp(H)wy ' = exp(—¢(H)) as seen in the proof of Lemma 4.16. This gives

_ 1y -1
TgH = (womwo 1) exp(H) (womwo 1)
= wom exp(—t(H))m ™ twy?!

= wo exp(H)wy !

= exp(—u(H))
= exp(H)

H
:Tg7

where we used «(H) = —H and m € Zg(exp(H)). This concludes the proof. O

Remark 7.11. We now define a transverse twisted cycle e € HTWist (X, ag). We will use
this cycle in the proof of Proposition 7.8 and show that it satisfies goep(vp) = Id for all
v € m1(S). Let H € ay satisfy the prerequisites from Proposition 7.8, i.e. «(H) = —H and
m € Zg(exp(H)). We define the cycle on the level of arcs on S transverse to A. Abusing
notation, we denote the leaves of A on S with the same letters as their lifts to the universal
cover as in Figure 7.1. Let kg, kp, kg, kj, k1 and ko be the oriented arcs shown in Figure
7.2. For example, k, is an oriented arc crossing a projection of the leaf g, drawn in green,

and has its negative endpoint in the yellow triangle, its positive endpoint in the white
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Figure 7.2.: The lamination A\ contains three closed leaves c1, co and c3, where ¢y is sep-
arating. We fix oriented arcs kg, kp, kg, k7, k1 and k2 that we use to define
a twisted cycle in Remark 7.11. Further, the closed leaf co divides S into two
subsurfaces S; and S,.

triangle. Then set

e(kg) = H,

e(kn) = e(ky) = —H,
e(k1) = 0 and

e(ke) = —H.

The closed leaf co divides S into two connected components S; and S, (see Figure 7.2).
If k is an oriented arc lying entirely in the connected component S, C S\ c2, then define
e(k) = 0. For example, e(k;) = 0. If k is any of the above arcs k with opposite orientation,
then e(k) = «(e(k)). If k is an arbitrary oriented arc transverse to A, then (k) is given
from the above definition using homotopy invariance and additivity of . For example, if
k is an arc crossing co with negative endpoint in the yellow triangle and positive endpoint

in the purple triangle, then
(k) = e(ks) — e(kn) — () = —H — (~H) +0 = 0. (7.4)

Similarly, if k£ is an arc crossing ¢; from bottom to top, with negative and positive endpoint

in the yellow triangle, then

e(k) = elky) — e(ky) — e(Rp) = 0 — (—H) — o(—H) = 0. (7.5)

By the one-to-one correspondence between oriented arcs transverse to A and arcs transverse
to the orientation cover (Remark 3.16), we obtain an ap-valued transverse cycle for the
orientation cover A. By construction, since we defined (k) = ¢(¢(k)), the twist condition

is satisfied, so ¢ is an element in HTWiSt(A; ag).
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Figure 7.3.: If P and P are separated by exactly one lift ¢; of the closed leaf ¢;, define
auxiliary triangles Ry and Ry separating P and v P from ¢y, respectively. In the
case pictured here, if o denotes the element in 7(S) that acts as translation
along ¢ as indicated by the arrow, then the the triangles o *R; and o/Rs
converge to ¢j.

We are now ready to prove Proposition 7.8, i.e. show that there exists ¢ € HTWiSt(X; ag)
such that ¢% . p) = Id for all 7 € m1(5).

Proof of Proposition 7.8. Since there is no ambiguity, we omit the superscript € in the

notation of the shearing maps. First, we observe that by Lemma 7.10

T =1d, 17,7 =1d and TAOTSH =TT < 1d. (7.6)
Let v € m1(S) and assume first that Cp(,py consists of finitely many triangles, so P and
~vP are not separated by a non-isolated leaf. In this case, an arc k from P to vP can be
subdivided into finitely many arcs k1,...,k that have both their negative and positive
endpoint in a component of S\ A that lie in the same 1 (S)-orbit as P. In Figure 7.1,
these are the components shaded in yellow. Further, we can assume that every k; crosses
exactly two leaves of X. These leaves then have to be gand h or g and ¢ or h and ¢'.

Hence, ¢p(p) is a finite concatenation of conjugates of maps as in (7.6), so the identity.

Next, assume that P and yP are separated by exactly one non-isolated leaf ¢; which is
a lift of the closed leaf ¢; (see Figure 7.3). Denote by « the element of m1(S) that acts
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7.3. A sufficient condition for non-injectivity of the cataclysm deformation

as translation along ¢; in the direction indicated in Figure 7.3. Let R; C S\ X be such
that R; separates P from ¢ and that it has an endpoint of ¢ as one of its vertices (see
Figure 7.3). Further, we require that R; is in the same 71(S)-orbit as P, so there exists
some 7y, € m1(S) such that Ry = 71 P. The component R; is not unique. In particular, if
P itself has an endpoint of ¢; as vertex, we can set Ry = P. Any other choice of Ry works
as well and the argument below is independent of the choice. Similarly, let Ry C S \ A
be such that it separates ¢; from P, that it has an endpoint of ¢; as one of its vertices
and such that Ry = voP for some 72 € m1(S). Then ¢p,p) = QPR PR R, PRyyp- There
are only finitely many ideal triangles between P and R; = ¥, P and the same holds for
Ry = 72 P. As above, ppg, and pp,(yp) are finite concatenations of conjugates of the maps
as in (7.6), S0 ©p(yp) = @R R,- Denote by Q1 and Q2 the ideal triangles in S\ A adjacent
to Ry and Ry, respectively, and separating them from ¢;. The ideal triangles o~ R; and
o™ Ry accumulate to ¢;. The set Cg, g, is infinite. We can approximate it by a sequence
Cy, defined as

C’m = {Qla aith aille o 7a7mR17 amR27 am71Q27 o 7CYR2, QQ}

So C,, contains all triangles separating Ry from ¢; up to =" Ry and all triangles separating
Ry from & up to @™ Ry. Denote by go; the oriented geodesic separating a ‘R from o’Q1,
and by g¢o;41 the oriented geodesic separating a~'Q; from o (TVR; (see Figure 7.3).
Analogously, define the geodesics ho; and ho;y1 for Re and Q2. Then we have

oo, = (nge(Rl’Ql)ngE(Rl’Ql)) (Tgsl(RLa_lRﬂTg*;(Rl,a_1R1)>
(Tger(nRhof’"Rl)Tg;i(fl,oﬁmR1)) (T}i(an7amR2)Th—;(_}l?17amR2)) o

(T]jl(Rl »Q2)T};)5(R1 ,Q2) ) T]féRl JR2)

_ m R1,0™R2) r—e(R1,0™ R,
_ (pRl(ale)Tg;JE?l,a R1) (T]i(n 1,0 2)Thn‘:(_11 a 2)) .

(Ta(Rl»QZ)T—E(RLQz)) Tﬁ(Rl,Rz)

h1 ho ho
_ Tg—ni(?l,ale) <T§fan’amR2)T}::(_lfl’amR2)) o (TZI(RLQ2)T*UE(RLQ2)) TZ(ERLRz)’

where we use that ¢gr,omp, is the identity. Note that we have e(R;,a"R;) = 0 and
e(R1,a™Rs) = 0 by definition of € as seen in (7.5). This implies that for all j =1,....m

we have

e(R1, &’ Ry) = (Ry,a™Ry) + e(a@™Ry, 07 Ry) = e(a™ Ry, 0’ Ry)  and
e(Ry, ang) =¢e(R1,a™Ry) + a(ang,ang) = e(a™ Ry, ang).
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7. Injectivity properties of cataclysms

As a consequence, the composition defining ¢¢,, simplifies to

— m Ri1,a0™R —e(R1,0™R
PCm = Tg";:(—}l{ha Rl)Tfi; e Q)Thj(,ll “ 2)@(amR2)R2
= So(ang)RQ
=1Id

This holds for all m € N, so also lim, 0 ¢c,, = Id. In total, ¢ p,py = Id if there is exactly

one non-isolated leaf between P and ~P.

With the same techniques, we can show that ¢,z = Id, where PcS \ ) is the connected
component shaded in purple in Figure 7.1. Here, we use that e(k) = 0 if k£ is an arc
contained in S, and that e(P,P) = 0 by (7.4). Further, Pppy = Id if P and 4P are
separated by exactly one lift of the non-isolated leaf c3. This follows again from the fact
that e is zero on all arcs that lie entirely in S,. If P and P are separated by several
non-isolated leaves, we can write ¢p(,p) as a finite concatenation of shearing maps that

are conjugate to map that is of one of the following forms:

® ©p(yp) Where P and +'P are separated by finitely many leaves or by exactly one lift

of the non-isolated leaf cq,

® Ypp Or

® OpyP) where P and v P are separated by finitely many leaves or by exactly one lift

of the non-isolated leaf c3.

We have considered these cases above and have seen that the shearing maps are the identity.

Hence, also ¢p(,p) is the identity, which finishes the proof. O

We now give explicit examples where Proposition 7.8 applies. These examples show that
there are representations p: m1(S) — G with different properties for which the cataclysm

deformation is not injective.

Ezample 7.12. Let G = SL(3,R). In this case, |A| = 1, so every Anosov representation

is A-Anosov. In particular, being projective Anosov is the same as being A-Anosov.

Denote by e1, €2, e3 the standard basis vectors for R3. Then Pi = ((e1) C (e1,e2)), Py =

((e3) C (e2,e3)) and define PX := ((e1 + e3) C (e1 + e3,e2)). The flag P} is transverse to
1

both PX and P, and satisfies wg - Py = P, where wg = -1 represents the
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7.3. A sufficient condition for non-injectivity of the cataclysm deformation

longest element in the Weyl group. The unique element m € NZ satisfying m - Py = P}

is

1 01
m=10 1 0
0 01
Set
a 0 0
H=10 —-2a 0 for a € R.
0 0 a

Then «(H) = —H and m € Zg(exp(H)). Let p: m(S) — SL(3,R) be a horocyclic rep-
resentation (see Subsection 2.4.3). Choosing a € R small, ¢ as in Remark 7.11 defines a
cycle such that the cataclysm deformation along A based at p exists. For all x € 0505, the

flag curve ( for p is of the form

a a 0
((x) = < 0 >C< 0,11 > (7.7)
b b 0

as seen in Subsection 2.4.3. Since SL(2,R) acts transitively on triples of points in RP!,
SL(3,R) acts transitively on triples of flags of the form (7.7). In particular, the triple
of flags (PgJr , P, P,) is conjugated to the triple (PX, Py, PX). Thus, the prerequisites of
Proposition 7.8 are satisfied and by Corollary 7.9, the cataclysm deformation is not injective
in this case. We will have a closer look at deformations of horocyclic representations in

Section 7.4 and determine explicitly for which they are trivial.

Ezample 7.13. We now give an example for projective Anosov representations in SL(n,R)
for n > 3 for which Proposition 7.8 applies: We can directly generalize the counterexample
7.12 to (1,n — 1)-horocyclic representations into SL(n,R). In this case, the parabolic
subgroups satisfy P, = ((e1) C (e1,...,en—1)) and P; = ({en) C (€2, ...,€n)). We define
Py = ({e1+en) Cle1+en,e2,...,en_1)) and

a 0 0
H=1]0 ;—E%Idn,g 0 for a € R.
0 0 a

The representation p: m1(S) — SL(n,R) can be chosen as (1,n — 1)-horocyclic repre-
sentation as defined in Subsection 2.4.3. Analogous to Example 7.12, the triple of flags
(PgJr , P, P,) is conjugated to the triple (P9+ , P, , P;), and we can apply Proposition 7.8.
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7. Injectivity properties of cataclysms

Example 7.14. We now show that Proposition 7.8 not only applies to projective Anosov
representations, but that there exist also A-Anosov representations into SL(2n + 1, R) for
which the cataclysm deformation is not injective. Let j4: SL(2,R) — SL(4,R) be the
unique irreducible representation introduced in Subsection 2.4.2. For a suitable choice
of symplectic form, its image lies in Sp(4,R). Consider a principal Fuchsian represen-
tation js o po: m1(S) — Sp(4,R). It is Agyar)-Anosov. Post-composing it with the
reducible representation t4—5: Sp(4,R) — SL(5,R) from Subsection 2.4.3, we obtain a
reducible Agp, (s g)-Anosov representation into SL(5,R) that we call p. The embedding
L5 © ja: SL(4,R) — SL(5,R) induces a map ¢} ,5: RP' — Flag(R®) between the cor-
responding flag spaces. Let Pf be the standard parabolic subgroups. We have that
P{ = 1f 504 ((e1)), Px = tf 5045 ((e2)) and define P§ = ¢f - 0jf ({e1 +e2)). By
construction, for the Agr 5 r)-Anosov representation p = 14,5 0 js 0 po: 1 (S) — SL(5,R)
as above the triple of flags (P, P,", P,) is conjugate to the triple (PX,Px,Py). Further,
one can check that wg - Py = PX, where wy is the representative of the longest element of
the Weyl group that has only entries on the anti-diagonal, all equal to 1 except the central

one which is —1. Set

H = —4a for a € R.

a

Then «(H) = —H, and m € Zg(exp(H)), where m € NJ is the unique element such
that m - Py = PX. Hence, all prerequisites of Proposition 7.8 are satisfied, so this pro-
vides an example of a reducible Agy,(5 r)-Anosov representation into SL(5,R) for which the

cataclysm deformation based at p is not injective.

Remark 7.15. Example 7.14 shows that there exist A-Anosov representations into SL(2n+
1,R) for which the cataclysm deformation is not injective. In particular, the injectivity of

the cataclysm deformation stated in [Drel3, Corollary 35] is not correct.

Ezample 7.16. The examples considered so far are all reducible. We now show that there
also exist irreducible representations that satisfy the prerequisites of Proposition 7.8. We
consider hybrid representations. These were constructed for representations into Sp(4, R) in
[GW10, §3.3.1]. We use the same technique for SL(3,R) to obtain an irreducible represen-
tation whose restriction to a subsurface is reducible. Let S be a closed connected oriented
surface of genus at least 2 and let ¢ be a simple closed separating curve (see Figure 7.4). Let
S; and S, be the connected components of S\ ¢. Then the fundamental group of S is the
amalgamated product 71(S) = m1(5) *c m1(Sr). Let po: m1(S) — SL(2,R) be discrete and

faithful. We can assume that pg(c) is diagonal with eigenvalues e® and e~*. For t € [0, 1]
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7.4. Cataclysm deformations for reducible representations

Sl C Sr

Figure 7.4.: The simple closed curve ¢ divides the surface S into two subsurfaces S; and 5.
The fundamental group 71 (S) is the amalgamated product of the fundamental
groups m1(.5;) and 71 (S;).

let py: m1(S) — SL(2,R) be a continuous path of representations starting at pg such that
p1(c) is diagonal with entries e?® and e~2%. Such a path can for example be constructed
using Fenchel-Nielsen coordinates. Set p; := t3 0 p1, where t3: SL(2,R) — SL(3,R) is the
reducible representation introduced in Subsection 2.4.3. Further, let p, := j3 0 pg, where
js: SL(2,R) — SL(3,R) is the irreducible representation introduced in Subsection 2.4.2.
Then

e 0 0
pi(c) = 0 1 0 = pr(c),
0 0 e
so we can define p := Pl‘m(Sl) *c Prlmy(s,)- In Proposition 7.8, only pl. (s, is relevant,

because the cycle ¢ is trivial on S,. On Sj, the representation p|., s,y = pilx, (s, is reducible
and we are in the same situation as in Example 7.12. Thus, we can apply Proposition 7.8.
Since p|r,(s,) is irreducible also p is irreducible. Hence we have constructed an example
of an irreducible representation for which the cataclysm deformation with respect to ¢ is

trivial.

7.4. Cataclysm deformations for reducible representations

In this section, we have a closer look at cataclysm deformations for the two classes of re-
ducible representations introduced in Subsection 2.4.3: for (n, k)-horocyclic representations
and for reducible A-Anosov representations. In particular, we determine the subspace of
H TSt (X, ag) along which the cataclysm deformation is trivial. First, we concentrate on
(n, k)-horocyclic representations in Subsection 7.4.1. Then we turn to reducible A-Anosov
representations in Subsection 7.4.2. We prove a technical needed in both cases in Subsec-
tion 7.4.3.
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7. Injectivity properties of cataclysms

7.4.1. Cataclysms deformations for (n, k)-horocyclic representations

Recall from Subsection 2.4.3 that an (n, k)-horocyclic representation is obtained by compos-
ing a Fuchsian representation pg: m1(S) — SL(2,R) with an embedding ¢, ;: SL(2,R) —
SL(k,R) whose image stabilizes a flag in Fy;, ,,_jy for some k& < 5. In this subsection, we
assume that k < § to exclude the case where k = n — k. Let 6 := {k,n — k}. Then ay is

two-dimensional.

We will see that if p is a horocyclic representation, then for the cataclysm deformation based
at p there are two directions in the parameter space HTWiSt(X; ag) with different behavior of
the deformations: In one direction, the deformed representation remains horocyclic, so has
image contained in ¢y ;(SL(2,R)) in SL(n,R). In the other direction, it does not remain
horocyclic and the deformed representation is obtained from p by right-multiplication with
elements in the centralizer of ¢y, ;(SL(2,R)). For n = 3 and k = 1, these deformations
agree with linear u-deformations defined by Barbot [Barl0, Section 4.1]. Deformations of
this form also appear as bulging deformations of convex projective structures in [Goll3]
and [WZ18].

In Example 7.12, we have already seen that the cataclysm deformation A for horocyclic
representations into SL(3,R) is not injective in general. In that example, we fixed a special
lamination A. Now, we consider an arbitrary lamination \ and explicitly describe the space

of cycles ¢ € HTWist (/)\\, ag) for which the deformation Aj is trivial, i.e. satisfies Ajp = p.

Let P C S\ A be a fixed reference component and let Ag as in Theorem 5.12 be the
cataclysm deformation with respect to P. Let pp: m1(S) — SL(2,R) be discrete and
faithful, and let ¢y, 1 : SL(2,R) — SL(n,R) be the reducible representation introduced in
(2.5). Let ay be the maximal abelian subalgebra for SL(2,R). The inclusion ¢, j induces
an inclusion (¢p k)« : 61(2,R) — sl(n,R). On the abelian subalgebra as, it is given by

aldy,

a O

(Ln,k)* : ( ) = On—2k
0 —a

—aldy,

Thus, (tnk), satisfies (¢,1), (a2) C ap. As seen in Example 5.23 we can apply Proposition
5.21 and obtain

A (0 p0) = i (A500) 78)
for every e € HTWist (X, a2>, where (i, 1), is the embedding o Twist (X, ag) «—» HTWist (X, ag)

induced by (tnk), -
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7.4. Cataclysm deformations for reducible representations

Define the 1-dimensional subspace

aldy
a = —2ald,,_o acR P Ca.
aldy

We can split ay into the two 1-dimensional subspaces

aldy aldy
g = 0 acR P —2ald,,_ok a€R
—aldy, aldy

(Ln,k)* (ag) ) Cl/. (79)

We know by (7.8) how cycles with values in (¢, 1), (a2) deform a representation. We now
examine what happens for cycles with values in a’. Let H € d/, let g be an oriented
geodesic in S and let m, € SL(2,R) be such that m, - Px = (o(g%), where Px are the
Borel subgroups in SL(2,R) and (j is the boundary map for the Fuchsian representation
po- Note that exp(H) € Zgr,nr)(tn,k(SL(2,R))). Hence,

TgH = tnk(mg) exp(H)in 1 (my) ™' = exp(H).

In particular, all stretching maps TgH with H € a' are diagonal and independent of the
oriented geodesic g. It follows that for all components P,Q C S \ A, the shearing maps
satisfy

5o = e(PR) p—e(PR)\ pe(PQ) _ pe(PQ) _
o= I (P01 00) 19 — 109 —exp(e(PQ). (110)

By definition of Ag, for v € m1(5), we have Ajp(v) = ¢%, pp(7), so by (7.10), we have

op = p if and only if e(P,vP) = 0 Vy € m1(5). (7.11)

We now have a closer look at HTWiSt(X; a’) and determine its dimension. Since o is 1-
dimensional, we can write every ¢ € H TWist (X, a') ase =e1H, where g1 € H(X; R) and H =
diag(1, —2,1). Recall from Section 3.1 the orientation reversing involution R: U—U. By
the twist condition, we have R*e; = —e1, so €1 lies in the (—1)-eigenspace of ”H(X, R) with
respect to R*. Thus, we can identify HTVst(X; a’) with #(X;R)™, where H(X;R)™ denotes
the (—1)-eigenspace of ”H(/):, R) with respect to 8. As seen in the proof of Proposition 3.21,
#H(X;R)~ has dimension —x(A) +n(A), where () is the number of connected components
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7. Injectivity properties of cataclysms

of the lamination A and x(\) is its Euler characteristic. In particular, if A is maximal,
dim (’H(X, R)‘) = 6g(S) — 5, where ¢g(S) denotes the genus of the surface S. In the

following, we always identify HTVst(X; a’) with H(\;R)".

By (7.11), to understand for which cycles the deformation is trivial, we have to understand
which cycles satisfy ¢(P,yP) = 0 for all v € m1(S5). As a first step, we construct a vector

space homomorphism from #(X; R)~ into the group homomorphisms from 1 (S) to R.

Lemma 7.17. Let P C S \ A be a fized reference component. The map

f: H(/)\\;R)_ — Hom(m(95),R),
e (ug: vy — e(P,yP))

s a well-defined vector space homomorphism, where we consider R as a group with addition.

Moreover, f does not depend on the component P C S \ .

The proof of Lemma 7.17 is given in the Subsection 7.4.3 below, where we will also show

that f is surjective if the lamination A is maximal.

Remark 7.18. In [Barl0, Section 4.1], Barbot considers for u € Hom(7(5), R) deformations

of a (3,1)-horocyclic representation p, called u-deformations, that are defined as

u(y)

e 3

for every v € m(S). For ¢ € HTWiSt(X; a’), we see using (7.10) that A§p = pse with
f as in Lemma 7.17. So in this case, a cataclysm with cycle € is a linear u—deforination.
Barbot moreover gives a precise condition for which u the deformation p,, is Anosov [Barl0,
Theorem 4.2]. Further, he not only defines linear u-deformations, but also deformations
of (3,1)-horocyclic representations that are different from cataclysm deformations. The
resulting representations that he calls radial representations are Anosov under an extra
assumption. Whereas all cataclysm deformations of horocyclic representations stabilize the
line (e2) as well as the complementary hyperplane (e1, eg), Barbot’s radial representations
only stabilize (e2), but not the hyperplane (eq,es). Thus, for reducible representations,

there exist interesting deformations that are not cataclysms.

Given the homomorphism f, we can now determine for which cycles with values in a’ the

cataclysm deformation is trivial:

Lemma 7.19. Fore € HTWiSt(/):; a') and an (n, k)-horocyclic representation p = tp 1 © po,

the following are equivalent:
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7.4. Cataclysm deformations for reducible representations

(1) € € ker(f),
(2) Agp=p,

(3) AGp is (n, k)-horocyclic.

Proof. The equivalence between (1) and (2) is given in (7.11). The fact that (2) implies
(3) is trivial, since p is horocyclic. To show that (3) implies (1), assume that Agp is
horocyclic and let v € 7(S). Let u. = f(e) as in Lemma 7.17. For v € m1(S), let

_[a(y) b(v) en
”0”)‘<c<v> dm)'Th

0P(7) = ¢pypr(7)
e=<(M1dy a(y)Idy 0 b(y)Idy
= e~ 2usM1d,,_op 0 Id,,_ o 0
e Id, ) \e()Idy 0 d(v)Idy

Since this is (n, k)-horocyclic by assumption, the middle block has to equal Id,,_x, which
implies that u.(vy) = 0. This holds for all v € m1(.5), so € € ker(f). O

We can now conclude for which cycles € € HTWiSt(X; a) the cataclysm deformation is triv-

ial.

Proposition 7.20. Let € € HTWiSt(X; a). Then A§p = p if and only if € takes values in o
and lies in the kernel of f.

Proof. Assume first that ¢ takes values in ' and that ¢ € ker(f). Then Ajp = p by
Lemma 7.19. For the other direction, let € = &’ + (tp), (€0), with g € HTWist (X ay) and
e e "HTWiSt(X; a) = ’H(:\\, R)~. Assume that Ajp = p. By additivity of the cataclysm
deformation (Corollary 5.17),

p _ A%p _ A%l (A((]Ln,k)*(ffo)p> _ AS/ (L’mk (Agopo))’

where we use Proposition 5.21. By Lemma 7.19, since both p and ¢, 1, (A’ po) are horocyclic,

we have ¢’ € ker(f) and p = Agbn’k)*(eo) p = tni (A" po). Since cataclysm deformations in

SL(2,R) are injective by Corollary 7.7, we have g = 0, so ¢ = &’ € ker(f). O

Proposition 7.20 has as a consequence the following corollary.
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Corollary 7.21. There is a subspace Hirivial C ?-L(X7 a) such that Agp = p if and only if
€ € Hivivial- The subspace Hivivial depends only on the maximal lamination A, not on the
reference triangle P or the representation p. Moreover, the dimension of Hirivial can be

estimated by
—x(A) + n(A) > dim Hirivial = —x(A) +n(N) — 2g, (7.12)

where x(A) is the Euler characteristic of A and n(\) the number of connected components.

Proof. Set Hirivial := ker(f). From Proposition 7.20, we know that A§jp = p if and only
of € € Hiriviai- From Lemma 7.17, we know that Hiyivial is independent of the reference
triangle P. The only thing to check is the dimension of Hyyivial = ker(f). We already know
that the dimension of dimH(/):;R)* is —x(A) + n(A). Further, dim Hom(7(S5),R) = 2g,
where g := g(5) is the genus of S, since m1(S5) has 2g generators ay, f1,. .., a4, B4 and the
relation [[,[c, B;] = Id becomes trivial in R. Thus

—x(A) +n(A) > dimker(f) = dimH(\;R)™ — dimIm(f) > —x(A) + n(A) — 2g,

which finishes the proof. O

To summarize, there are different possibilities for deforming an (n, k)-horocyclic repre-
sentation by a cataclysms: If we deform with a cycle valued in (i, 1), (a2), we obtain a
different (n, k)-horocyclic representation. If we deform with a cycle in Hyiyial, we do not
change the representation at all. Lastly, if we deform with a cycle valued in a’ that does
not lie in Hyyivial, we move out of the copy of SL(2, R) and the deformed representation p’ is
obtained from p by right-multiplication with elements in the centralizer of ¢, ;(SL(2,R)).
For (n,k) = (3,1), these deformations are linear u-deformations in the sense of Barbot
[Bar10, Section 4.1]. If we use any combination of cycles valued in (i), (a2) and in o,
then by additivity of the deformation (Corollary 5.17), it is irrelevant in which direction we
deform first — the resulting representation will be the same. Note that the crucial points
in the considerations in this subsection are that twisted cycles with values in a’ can be
identified with H(X;R)_ and that the 2-dimensional space ay can be split up as in (7.9).
In the following subsection, we consider reducible representations where the dimension of

ag is bigger than 2.
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7.4. Cataclysm deformations for reducible representations

7.4.2. Cataclysm deformations for reducible Borel Anosov
representations

Now let us consider reducible A-Anosov representations into SL(2n+1,R) that are obtained
from composing a Agp,(2, r)-Anosov representation po: 71(S) — Sp(2n, R) with a reducible
embedding t2,—y2n+1: Sp(2n,R) — SL(2n + 1,R) (see (2.6) in Subsection 2.4.3). In this
case, A = Agyop41,r) 18 2n-dimensional. The maximal abelian subalgebra a can be

decomposed as

aa = (t2ns2n+41), (Agpnr)) ® @' @ a”, (7.13)

where

ald,
a = —2n-a a€eR
ald,

and a” C aa is an (n — 1)-dimensional subalgebra such that the sum in (7.13) is di-
rect. As in the case of (n,k)-horocyclic representations, exp(a’) lies in the centralizer of
tan—2n+1 (Sp(2n,R)), so for € € ’HTWiSt(X; a’) the shearing maps satisfy ppg = (P, Q) for
all P,@ C S\ A. It follows that for cycles valued in o', Afp = p if and only if e(P,yP) =0
for all v € m1(S), i.e. (7.11) holds also in this case. Further, transverse twisted cycles
with values in @’ are in one-to-one correspondence with elements in 7—[(/):, R)~. With the
same arguments as for the case of (n, k)-horocyclic representations, we have the following

result:

Proposition 7.22. Let p: m1(S) — SL(2n+ 1,R) be A-Anosov of the form tap—2n+1 9 po,
where po: m1(S) — Sp(2n, R) is Agy(an,r)-Anosov. Then there exists a subspace Hirivial C
HTWiSt(X; aa) such that Aip = p for all € € Hyivial. The dimension of Hisivial 45 at least
—X(A) + n(X) — 2g, where x(\) is the Euler characteristic of A\ and n(\) the number of

connected components.

Proof. Set Hiyivial := ker(f) with f: ’H(X, R)™ — Hom(m(5),R) as in Lemma 7.17. Then
A§p = p for all € € Hyyivial, and the lower bound on the dimension follows as in the proof
of Corollary 7.21. O

Note that here, in contrast to Corollary 7.21 we cannot prove the statement as if and only if,
because we cannot describe in detail how cataclysm deformations with values in a” behave.
What we can say, however, is that cataclysm deformations of A-Anosov representations

into SL(2n + 1, R) are not injective in general.
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7.4.3. The homomorphism f: 7—[(/)\\, R)™ — Hom(m (5),R)

In this subsection, we proof Lemma 7.17 and show that for a maximal lamination, the
homomorphism f is surjective. Recall that f: H(X;R)_ — Hom(71(5),R) is defined by
f(€) = ue, where for every v € 71(S), us(vy) = &(P,yP) for a fixed component P of S\ \.

Proof of Lemma 7.17. We have to check that u. indeed is a group homomorphism. Let
1,72 € m1(S), and assume first that v, P separates P from ;2 P. Then by additivity of

e and 71 (S)-invariance, we have

us(1172) = (P, 1172 P)

e(P,mP) +e(nP,myP)
e(P,mP) +e(P,P)

= us(11) + ue(y2)-

If P separates 1 P from -1, P, then we use that ¢ € ’HTWiSt(X; R)7,s0¢e(Q, P) = —e(P,Q)
for all Q S\ A. This gives us

us(m2) = (P, 172P)
= —e(mP, P) +e(mP,m72P)
=e(P,mP) +e(P,72P)
= us(m) + us(72)-

The case where v1v2 P separates P from ~; P works analogous.

If none of P, v P, v172 P separates the other two, there exists some Q C S \5\ that pairwise
separates P, 1 P and 172 P (as in Figure 5.1). Using @ together with additivity of e, 71 (S)-
invariance and the fact that e lies in H(X\;R)™ , we can conclude that ue(v17y2) = ue(y1) +
ue(y2) for all v1,7v2 € m1(5). So indeed, u. is a group homomorphism and f: H(X;R) —
Hom(7(5),R) is a well-defined vector space homomorphism. To show independence of P,

letQC S \ A be another connected component. Then, by the same arguments as above,

e(Q,7Q) =€(Q, P) +e(P,yP) + e(vP,7Q)
= —¢(P,Q) +e(P,vP) + (P, Q)
=e(P,yP).

Thus, f is independent of the choice of the component P C S \ . O
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7.4. Cataclysm deformations for reducible representations

We have estimated the dimension of the kernel of f in (7.12). For a maximal lamination A,

we can compute the dimension of ker f exactly in terms of the genus g(5) of the surface.

Standing Assumption. For the rest of this subsection, we assume that the lamination

A Is maximal.

If X\ is maximal, then (7.12) becomes
6g —5 > dimker(f) >4g—5

We will show that f is onto, i.e. ker(f) is as small as possible. Since A\ is maximal,
S\ X consists of 49 — 4 connected components that are ideal triangles. Let C} := {P =
Qo,Q1,...,Qug—5} be a set of representatives of connected components of S \ X such that
each component of S\ X has a lift contained in C}. Let P be the fixed reference component,
and let Cy :=C} \ {P}. Further, let o, §; for i =1,...,4¢g(S) be generators of m;(S5).

Lemma 7.23. The map

V:HOGR)”T = RY x RS,

e ((e(P.aiP), (P BiP)) Ly, g (P Q))gec,)

s an isomorphism of vector spaces.

Proof. 1t is straightforward to check that V is a vector space homomorphism. We want to
show that V() uniquely determines ¢, i.e. that V is injective. Let k be an arc transverse
to X, let k be the corresponding oriented arc transverse to A (as in Remark 5.5) and let k
be a lift of k£ to the universal cover. Let R; and Ry € S \ \ be the components containing
the negative and positive endpoint of k. Then 5(%) = ¢(R1, R2). In particular, if we know
(Ry, Ry) for all Ry, Ry C S\ A, then we know e(k) for every arc k transverse to A\. We have
seen in the proof of Lemma 7.17 that for any three components Ry, Ry, Ry C S \ A, we have
£(Ry, R3) = e(Ry, Ry) + £(Ra, R3). Note that here it is important that ¢ € H(\;R)~. Let
Ri,Ry C S \ X be arbitrary. Then there exists v1,72 € m1 (S) and i1,i9 € {0,...,49 — 5}
such that Ry = v1Q;, and Ry = 72Q;,, where we set P = Q9. We have

e(R1, R2) = e(mQiy, P) + e(P,72Qi,)
= —e(P,mQiy) +e(P,72Qi,)
= —e(P,mP) —e(mP, Qi) +e(P,72P) + (2P, 72Qi,)
= —e(P,mP)—¢e(P,Qi) +e(P,v2P) +e(P,Qi,).
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7. Injectivity properties of cataclysms

The right hand side, and thus also e(R1, R2), is uniquely determined by V'(g). In particular,
if V() = 0, then e(Ry, Ry) = 0 for all Ry, Ry € S\ A, so ¢ = 0. This shows that V is
injective. As dim?—l(x; R)™ = 6g—5 = dim (R?9 x RC*), it follows that V is also surjective,

S0 an isomorphism. O

Corollary 7.24. If the lamination X\ is maximal, then the homomorphism from f is sur-

jective, and Hiriviar from Corollary 7.21 has dimension 4g — 5.

Proof. With f: H(X; R)~™ — Hom(71(S),R) as above, we have Hypipiqt = ker(f). Since
V as in Lemma 7.23 is an isomorphism, dimker(f) = dimker(f o V~!). Identifying
Hom(m;(S), R) with R?9, we see that
Vo f: R¥ x R — R = Hom(m((5),R),
(xla sy L2g5 Y1 - 7y4g75) = (xlv R 1:29)7
and ker(V 1o f) = {0}29 x R®. Hence, ker(f) has dimension |[Cy| = 4g — 5, so Im(f) has

dimension 2g. This shows that f is surjective, and that Hiyivia = ker(f) has dimension
4g — 5. 0
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8. (eneralized cataclysms for

representations into SL(n,R)

The goal of this chapter is to enlarge the parameter space for the cataclysm deformations
of Anosov representations into SL(n,R). The stretching maps TgH that are the basic
building blocks for cataclysm deformations have the important property that they lie in
the stabilizer of the pair of flags (PgJr , P;7) associated with the oriented geodesic g. This
stabilizer is conjugate to the Levi subgroup Ly = P9+ N P, . The size of Ly depends on
the size of the set of simple roots § C A and becomes bigger if # becomes smaller. For
example, for G = SL(4,R) and 6§ = {1,3} C A, we have

Ly = A z,y € R\ {0}, A € GL(2,R),det(A) =z~ 1y~
y

This space is bigger than La, which consists of all diagonal matrices in SL(4,R).

In contrast, the parameter space for cataclysms, i.e. the space of transverse twisted agy-
valued cycles HTWist (X, ag), becomes smaller if § becomes smaller by Proposition 3.21. The
reason for that is we can only use parameters H that lie in ag, which is the centralizer of
Ly in a. This is necessary for the stretching map T, gH to be well-defined. Ideally, we would

like to define deformations where the parameter space is not restricted to this small set.

In this section we make a first step in this direction and enlarge the parameter space
HTWiSt(X; ap) of cataclysms deformations for #-Anosov representations into SL(n,R) to
H TSt (X, a). To do so, we require the representation p to satisfy an additional requirement,
namely A-admissibility (see Definition 8.3). In the first part of this section, we define what
it means for a representation to be A-admissible and show that A-admissibility allows us

to define cataclysm representations with parameters in HTWiSt(X; a).

Standing Assumption. Throughout this section, A is a maximal lamination with finitely

many leaves.

In this case, the non-isolated leaves of \ are exactly lifts of closed leaves of ), and every

bi-infinite leaf is isolated.
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8. Generalized cataclysms for representations into SL(n,R)

8.1. Admissible representations

Let p: m1(S) — SL(n,R) be #-Anosov with 6 = {i1,...,it} C A (see Example 2.3) and let
¢: 0sS — Fy be its boundary map. For an oriented geodesic ¢ in S, the pair of transverse
flags (P,", P,) = (C(g™),¢(g97)) induces a splitting

R" =Vi(g) &+ ® Viks1(g) (8.1)

as in Example 2.11, where the subspaces V;(g) are not necessarily 1-dimensional. For H €
ag, the stretching map TgH from Definition 4.13 acts on every subspace Vj(g) as a multiple
of the identity. We now define stretching maps that act on V;(g) by stretching in different
directions. To do so, we need to find preferred directions within the subspaces Vj(g), i.e. a
line splitting of R™ that is subordinate to the splitting from (8.1). We distinguish between

isolated and non-isolated leaves of \.

We start with considering the non-isolated leaves. Since the lamination ) is finite, those
are exactly the lifts of closed leaves of A on S. Up to the action of m1(S), there exist
only finitely many non-isolated leaves in A. Using the fixed hyperbolic metric on S, every
closed leaf 7. in A defines an element of 71 (S) and acts on S as translation along a geodesic
ge. This geodesic g, is a non-isolated leaf of . Assume that the representation p has the
property that p(v.) is diagonalizable with distinct eigenvalues for all of the finitely many

closed leaves v, of the lamination A, i.e.

A1
p(ve) ~ , AL > A
An
We naturally obtain a line splitting
R" =l1(9c) & -+ @ ln(ge) (8.2)

associated to g, where ¢;(g.) is the eigenspace of p(7.) with eigenvalue ;. If we consider
the same geodesic ge with reversed orientation, then we obtain the line splitting €, 4;(gc)
with ;(gc) = ln—i+1(g.). If g. is another lift of 7., g. = 1 - g. for some n € m(95), set
li(g.) := p(n)li(gc). The splitting obtained in this way is p-equivariant by construction
and subordinate to the splitting €, Vj(gc) defined by p in the sense that £;(g.) C Vi(gc)
for 4,1 < j < 4;. This follows from the fact that the boundary map ( for p is dynamics-
preserving. Thus, under the assumption that p(7.) is diagonalizable with distinct eigen-
values for all closed leaves 7. in A, we obtain for every non-isolated leaf in X a line splitting
of R™ that is subordinate to the splitting from (8.1).
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8.1. Admissible representations

g"
\ 91
g2

g

Figure 8.1.: To an oriented geodesic g that is an isolated leaf of the lamination A, we
associate a quadruple (g*, g7, g%, g%) of points in xS,

If ¢ is an isolated leaf of \, we use additional information on the lamination to construct
a line splitting. To an oriented isolated geodesic g in S, we associate a quadruple of flags

as follows.

Notation 8.1. Every isolated leaf g of A is part of the boundary of two ideal triangles
in S \ A. One of these triangles has vertices ¢g~, g%, ¢', and the other one has vertices.
g7,9", g% (see Figure 8.1). We fix an orientation on 0505 and choose the notation such
that the points ¢, g', g%, ¢? appear in this order along the boundary. We assign to g
the quadruple (g%, g7, g%, ¢%). Using the flag curve ¢, we obtain a quadruple of pairwise

transverse flags Q,(9) == (P, P, , Py, P7) := (C(97),¢(97),¢(g"):¢(97))-

Definition 8.2. A quadruple (E, F, Gy, G2) of pairwise transverse elements in Fy is split-

ting admissible if there exists a line splitting

Rn - @El(EaFy GlaG2)
i=1

such that

e the line splitting is subordinate to the splitting R” = V; & --- @ V41 induced from
the pair of transverse flags (E, F') as in Example 2.11 and
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8. Generalized cataclysms for representations into SL(n,R)

e the lines satisfy EZ(F, IINE Gl) = En—i-ﬁ-l(Ey F, Gy, Gg)

Further, we require the assignment (E,F,G1,G2) — (;(E, F,G1,G2) from all splitting
admissible quadruples to RP"~! to be smooth and equivariant, i.e. for M € SL(n,R),
(M -E,M-F,M-Gy,M-G3) =M - {;(E, F,G1,Ga).

We can now define what it means for a representation p to be A-admissible.

Definition 8.3. A #-Anosov representation p: m1(S) — SL(n,R) is A-admissible if
1. for every closed leaf 7, of A\, p(7.) is diagonalizable with distinct eigenvalues, and

2. for every isolated leaf g of ), the associated quadruple Q,(g) of pairwise transverse

flags as in Notation 8.1 is splitting admissible.

Note that Condition 1 is an open condition in all §-Anosov representations, since being

diagonalizable with distinct eigenvalues is an open condition in SL(n,R).

Ezample 8.4. Every A-Anosov representation into SL(n,R) is trivially A-admissible: We
know that for A-Anosov representations, p(7) is diagonalizable with distinct eigenvalues
for all v € m1(S). Further, the splitting R" = @;" ; Vi(g) is a line splitting, since in this
case, the spaces V;(g) are 1-dimensional. However, we are not interested in A-Anosov
representations here, where ap = a and the parameter space of the cataclysm deformation
is already equal to HT¥St(): q).

Given a A-admissible representation p, we can assign to every oriented leaf g of X a line

splitting of R™.

Lemma 8.5. Let p: m1(S) — SL(n,R) be 6-Anosov and X-admissible. Then we can assign

to every oriented leaf g of the lamination X a line splitting
n
R" = @&‘(9) (8.3)
i=0

that is p-equivariant and satisfies 0;(g) = €n—i+1(g), where g denotes the geodesic g with

opposite orientation.

Proof. For the case that g is non-isolated, we can construct a line splitting as in (8.2).
For the case that g is isolated, we obtain a line splitting from the splitting admissible
quadruple Q,(g) by setting ¢;(g) := ¢;(Q,(g)). The p-equivariance of the lines ¢;(g) follows
from the p-equivariance of the flag curve ¢ and the equivariance of the lines ¢;. Further,
the quadruple Q,(g) is obtained from Q,(g) by switching the first two and the last two
flags. The behavior of the line splitting under reversing orientation then follows from the

behavior of the lines ¢; under permutations of the flags. O
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8.1. Admissible representations

Remark 8.6. If a representation p is A-Anosov, then it is also 6-Anosov for any § C A by
definition. Thus, we can consider a A-Anosov representation p as 6-Anosov representation.
In terms of boundary maps, this means that we forget about some parts of the flag. Assume
that p , considered as #-Anosov representation, is A-admissible. For every oriented geodesic
g in A\, we now have two line splittings: On one hand, the line splitting R = b, Vilg)
coming from the boundary map in the complete flags, when viewing p as A-Anosov and
on the other hand the line splitting R" = @', 4;(g) from Lemma 8.5, when viewing p as
f-Anosov. Those line splittings do not agree in general. This results form the fact that the
line splitting R™ = ., V;(g) is independent of the vertices g' and g, whereas those are
crucial for the construction in Lemma 8.5. See also Example 8.18 for an explicit example

in SL(4,R).

Remark 8.7. The existence of a line splitting associated to every oriented geodesic g in A
as in (8.3) now raises the question if we can use this splitting to define a boundary map
from the boundary of the lamination dxA into the variety of complete flags Flag(R"™).
This is not possible. The boundary map into the partial flag variety ¢: 9-05 — Fy can be

reconstructed from the splitting in (8.1) as
]
¢“(g") = PWily), (8.4)
=1

where g7 is the positive endpoint of g. However, we cannot construct a boundary map into
the variety of complete flags in the same way. The problem is that for a boundary point
& € Dso\, there are infinitely many oriented geodesics g having = as positive endpoints and
a construction as in (8.4) depends on the choice of g. See also Example 8.20 for an explicit
example in SL(4,R).

One main ingredient in the definition of cataclysms are the stretching maps from Section
4.2 with parameter H € ag C a. Using the line splitting for g constructed in Lemma (8.5),

we can enlarge the parameter space and define stretching maps with parameter H € a.

Definition 8.8. Let H € a and let g be an oriented geodesic in \. Let mg € SL(n,R) be
an element that maps the line splitting given by the standard basis vectors ey, ..., e, to the
line splitting given by g as in Lemma 8.5. Then ng = mgexp(H )m;1 is the full-stretching
map along g by H.

We use the notation 7' to distinguish the full-stretching maps from the stretching maps

from Section 4.2.

Remark 8.9. In a basis adapted to the line splitting for g, the full-stretching map qu is

diagonal with entries given by H € a. By construction, the properties from Lemma 4.16
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8. Generalized cataclysms for representations into SL(n,R)

also hold for full-stretching maps, i.e. fro an oriented geodesic g in S and H, Hy, Hs € a

we have

1. f;ﬁf;ﬁ — f;f1+H2
N1
2. (TH) — 71,

3. EH = fg_L(H) and

4. p-equivariance, i.e. fg = p(v)ngp(fy)_l for all v € m(S5).

For the proof of convergence of the shearing maps (Proposition 5.3) we needed the fact that
if two geodesics are close, also the corresponding stretching maps are close (Proposition
4.18). We want to establish the same result for full-stretching maps. Let g, h be oriented
geodesics in X and let Cyn be the set of all connected components of S \ A between g and
h (see Notation 3.10). Let k be an oriented arc tightly transverse to A that crosses first g,
then h. The proof of Proposition 4.18 uses the slithering map. In the situation at hand, we
cannot use slithering maps as we did for Proposition 4.18, because the element ¥, maps
the spaces Vj(h) to Vj(g), but not necessarily the lines ¢;(h) from Lemma 8.5 to ¢;(g).
Our first step is to show that the lines ¢;(¢g) from Lemma 8.5 are close for two oriented
geodesics g% and 9}3 that bound a pinched inner component. Recall from Definition 3.13
that a component R € C,, is pinched if there are other components R~ and R™ in Cy,
lying along k directly before and after R, respectively, and such that the oriented geodesics
gOR,7 gll%,, 9%, gk, g%+ and g}% all share an endpoint (see Figure 3.5).

Lemma 8.10. There exist constants C, A > 0, depending on k and p, such that for every

pinched inner component R € Cyp, , for all i,
dgpn-1 (Li(g%), tilgr)) < Ce A7), (8.5)

where T(R) is the divergence radius (Lemma 3.11).

Proof. Let R € Cyy be a pinched inner component. Without loss of generality assume that
9?—‘5’ g}% are oriented towards their common endpoint which we denote by (g%)Jr = (g}_—i)Jr.
Likewise, let (g%)f and (911%)* be the negative endpoints of the oriented geodesics g% and
g}%, respectively. Let doo be a distance function on 9.5 and, abusing notation, also on
(8005>4, which is defined as sum of the element-wise distances in 9.,5. For the distance
function on the space of oriented geodesics, we use the sum of the distances of the endpoints,
ie. d(g,h) := deo(gt,ht) + doo(g™, h™), where g are the endpoints of g, and the same

for h. Fix a distance function dgpn—1 on RP"~1,
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8.1. Admissible representations

For every oriented isolated leaf g, the lines ¢;(g) depend smoothly on the quadruple Q,(g)
by the definition of being splitting admissible. Further, since the boundary map ( is
Hoélder continuous, the quadruple Q,(g) depends Hélder continuously on the four points
(gt,97,9", ¢%) from Notation 8.1. Thus, the assignment from the quadruple of points
(97,97, 9", 9%) to the lines ¢;(g) is locally Holder continuous, i.e. there exist constants
C, A > 0 depending on k and p such that

< C(d (g% gk)) +d (6%, gh) +d (6% g5 ).

Here, R~ and RT are the connected component of S \5\ adjacent to R and lying before and
after R, respectively, in the direction of k. In the last step, we used the definition of the
distance of two oriented geodesics as sum of the distances between the endpoints. Thus,
using Remark 4.2 and Lemma 3.11, there exist constants C’,C”, A’ > 0 such that

~ ~ ~ A
dgpn-t (Li(g%), Ligh)) < C’ <length(k A R) + length(k N RY) + length(k N R*))

<" (e—A’r(R) 4 e AT(RY) efA’r(R*)>A.

Since the divergence radii r(R),7(R*) and r(R™) differ by a constant depending on k by

Lemma 3.14, the claim follows. O

Lemma 8.11. Let R € Cyy, be a pinched inner component. Then there exists and element

Mgo gl € SL(n,R) sending the line splitting for g}z to the line splitting for g%, and constants

939 !
C, A > 0 depending on k and p such that

dSL(n,R) (Id, mgORg}z) < CefAT(R) .

Note that the element m O, plays the role of the slithering map in the proof of Proposition
4.18. The estimates follows from Lemma 8.10 by carefully choosing mgo g1 and suitable
norms. The details can be found in Section A.4.

We can now prove that, if two geodesics bound the same component and share an endpoint,
then the corresponding full-stretching maps are close. This is an analogue of Corollary
4.19.
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8. Generalized cataclysms for representations into SL(n,R)

Lemma 8.12. Let k be an oriented arc transverse to A and let R C S \ A be a pinched

inner component. Then there exist constants C, A > 0 depending on k and p such that

dsi (o) (11 7,4.1d) <C (el 4 1) emarim),

Proof. As in the proof of Prop 4.18, up to conjugation p by an element in SL(n,R), we
can assume that the splitting associated to g% is the standard splitting given by the basis

vectors ey, ..., en. Let m =mgo 1 € SL(n,R) be as in Lemma 8.11. Then

9%9
dst(n.g) (fgf?la fg_}:{’ Id) = dsi(ng) <f9_9:{’f9_}:{>
= ds(n,R) (exp(—H),mexp(—H)mfl)
< dsp(nr) (exp(—H), mexp(—H))

+ dsr(n,R) (m exp(—H), mexp(—H)m_l)
< [[Adexp(rn | o gy D) A1) + dsi ) (Id,m ™)
<C (eHHuu + 1) AR

where for the second last inequality, we use left-invariance and almost right-invariance of
the metric dgp,(,r) (Lemma A.2), and for the last inequality we use Lemma A.3 and Lemma
8.11. ]

We can now define shearing maps as in Section 5.1 as a limit of a composition of full-
stretching maps. Their existence is guaranteed by Lemma 8.12. Note that it is sufficient
that Lemma 8.12 holds for pinched inner components only, because all but finitely many
components are pinched. If p is A-admissible, and ¢ € HTWiSt(X; aa) sufficiently small,
we can define Kgp, the generalized e-cataclysm deformation of the Anosov representation p
along the maximal geodesic lamination A with coefficients in € € /HTWiSt(//\\; aa) with respect

to a fixed reference triangle Fp.

In total, we have the following result.

Theorem 8.13. Let p: m1(S) — SL(n,R) be 0-Anosov and \-admissible. Fiz a reference
triangle Py C S\ X. Then eists a neighborhood V, of 0 in HTWiSt(X; a) and a continuous

map

Ag: V, = Hom(m(S), SL(n, R))

E'—)KEp

such that Kgp =p.
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Note that the difference to Theorem 5.12 lies in the parameter space: The parameter space
in Theorem 5.12 is a subset of %TWiSt(X; ap), which has dimension |6](6- genus(S) — 6) + ||
by Corollary 3.22, where 6/ C # is a maximal subset satisfying 6’ N ¢() = (). Now, for
A-admissible representations, we can shear with parameters in ’HTWiSt(X; a), which has
dimension (n —1)(6-genus(S) —6) + |5 |. In particular, the dimension of HIWist(X: ag) can

be independent on n, but HWist (X, a) grows linearly in n.

Remark 8.14.

(1) One can ask if it is possible to construct a parameter space that is bigger than
HTWiSt(/):; a) by using more general deformations of the subspaces Vj(g), not just
diagonal stretches. However, our construction does not give a basis for the spaces
Vj(g), but only a line splitting. Thus, we cannot use it to specify transformations on

Vj(g) that are different from diagonal stretches.

(2) The cataclysms defined in Section 5 can also be seen as a special case of the deforma-
tions defined in this section: Since ay C a, we can identify HTWist (X, ag) with a subset
of HTWiSt(X; a). If we only look at H € ay, then the stretching maps TgH from Section
4.2 agree with the full-stretching maps ng , so for e € HTwist (X, ag), the resulting

cataclysm deformation is the same.

In the following two sections, we give examples for A-admissible representations.

8.2. Admissibility for projective Anosov representations in
SL(4,R)

In this section we give an example for A-admissible projective Anosov representations
into SL(4,R), so 6 = {1,3}. The flag curve is of the form ¢((z) = ((M(2) c (®(z)) for
T € 058, with ¢((V(z) € RP? and ¢®)(2) € Grz(4). Our construction of the line splitting is
based on the observation that generically, a quadruple of flags in F; 3y satisfies additional

transversality properties.

Lemma 8.15. Let (E, F,G1,G2) be a quadruple of pairwise transverse flags in Fi1,3) such
that

E®nFOna®ned? = {0} (8.6)

Then (E, F,G1,G2) is splitting admissible.
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8. Generalized cataclysms for representations into SL(n,R)

Proof. Define ¢1(E,F,G1,Gs) :== EMW and £4(E, F,G1,Gs) := FU). Note that, since the
flags are pairwise transverse, the intersection F(3) N F®) has dimension two and likewise

for the other flags. By looking at the dimension of the subspaces, we have

dim (E<3) NF® A G§3))
— dim (E<3> NF® 6P n a§3>) + dim ((E<3> NF® NGP) + ag3>) — dim(GY)

=0+4-3=1.
Set lo(E, F,G1,G3) = (E(3) NFG N Ggg)). Analogously, we can compute that
dim (EONFONGH) =1 ana  (BEOnFPncl) £ (B9 nF@nal).

Set l3(E, F, Gy, Ga) = (E<3> NF® N Gg3>). The lines £ (E, F, G1, Gs) give a line splitting
of R%. Let the spaces V; be the subspaces of the splitting given by E and F' as in Example
(2.11). We have

Vl - E(l) = gl(EvF) G17G2))
Vo= E®NF®) = 1y(E,F,G,Gy) ® l3(E, F,G1,Gs) and
‘/:3 = F(l) - 64(E7 F7 G17G2)7

so the line splitting is subordinate to the splitting given by the V;. Further, the behavior
under permutations and the equivariance follow directly from the definition. As the inter-
section of subspaces in R* is smooth away from non-generic situations, the lines depend

smoothly on the quadruple. O

From Lemma 8.15, we can conclude the following:

Corollary 8.16. Let p: m1(S) — SL(4,R) be projective Anosov such that p(v.) is diago-
nalizable with distinct eigenvalues for every closed leaf v. of A and that for every isolated
leaf g of S, the quadruple Q,(g) satisfies the intersection condition (8.6). Then p is A-
admissible and Theorem 8.13 applies, i.e. there exists a cataclysm deformation Ko with

parameter space ’HTWiSt(X; a).
Lemma 8.17. The subset of A\-admissible representation in all projective Anosov repre-

sentations into SL(4,R) is open.

Proof. We already know that the first condition is open. Further, the condition (8.6) is an
open condition in the space of quadruples of flags that are pairwise transverse. Since the

boundary map ( is continuous and depends continuously on the representation p it follows
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that, for a fixed oriented geodesic g the set of all projective Anosov representations such
that Q,(g) is splitting admissible is open. Since the lamination A is finite and being splitting
admissible is invariant under SL(4,R), the set of projective Anosov representations such
that Q,(g) is splitting admissible for every isolated leaf g is open as a finite intersection of

open sets. In total, the set of A-admissible projective Anosov representations is open. [

Example 8.18. We can now give an explicit example for Remark 8.6, i.e. show that if we
consider a A-Anosov representation in SL(4,R) as projective Anosov, then the two line
splittings we obtain do not agree. Consider the irreducible representation j4: SL(2,R) —
SL(4,R) introduced in Subsection 2.4.2 and let j; : RP! — Flag(R*) be the induced jy-
equivariant map. Let E := j; ((e1)), F = ji ((e2)), G1 = jf ({e1 + €2)) and Gg :=
ji ({e1 —e2)). Then E is standard ascending flag , F is the standard descending flag F
)

and G(li) is spanned by vy, ..., v;, G(Qi is spanned by w1, ..., w;, where

1 V3 V3

v _\/g Vo = _1 V3 = 1
1 s U2 — , U3 — )
V3 -1 -1
-1 V3 -3
-1 V3 -3
w _\/g w 1 w 1
1= ) 2 ) 3 =
-3 -1 1

Since these flags come from the elements in RP!, the triangle invariants for the triples
(E,F,Gy) and (F, E,G2) are all positive, so using Bonahon-Dreyer coordinates [BD17],
there exists a Hitchin representation p: m;(S) — SL(4,R) such that the quadruple of flags
(E,F,G1,Gs) agrees with the quadruple Qp(g) for some oriented geodesic g in S. On one
hand, considering p as A-Anosov, we obtain a line splitting with lines V;(g) = (e;). On the

other hand, one computes that the line ¢5(g) is given as

—1
lo(g) = B nFO 0GP = < > # (e2).

A similar computation shows ¢3(g) # (e3), so the line splitting from Lemma 8.5 does not

agree with the splitting given by the full flags F and F', which is the standard line splitting.

Remark 8.19. For two adjacent geodesics, the lines ¢;(g) are related: Let g and h be two
oriented geodesics in A that bound the same triangle and assume that g and h converge to

the same endpoint (see Figure 8.2). Further assume that the points g, g~ ,h™ appear in
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8. Generalized cataclysms for representations into SL(n,R)

Figure 8.2.: If two oriented geodesics g and h share their positive endpoint g™ = h™, then
some of the points associated to g and h agree. In the situation pictured here,
we have g~ = h% and ¢' = h™.

this order along the circle. We have h* = g%, h~ = ¢! and h? = g—. Thus

t3(h) = ¢ M) N ¢ (™) N ¢®(r?)
=((gM) NP g n¢®(g7)
= {2(g).

The case where g and h diverge works analogously.

Ezample 8.20. In this example, we illustrate Remark 8.7, i.e. show that the line splitting
R* = @;_, 4i(g) obtained from Lemma 8.5 does not induce a well-defined boundary map
into the complete flag variety Flag(R%). Let € D5\ and let g, h be two geodesics sharing
the positive endpoint g* = h™ as in Figure 8.2. Let p be a projective Anosov representa-
tion with flag curve ¢: 9505 — Fi1,3)- Considering the oriented geodesic h with positive
endpoint AT, the construction from (8.4) yields for the 2-dimensional part of the flag

b(h) @ ba(h) = (D (hF) @ La(h). (8.7)
Using instead the oriented geodesic g with endpoint g™ = h™, we have by Remark 8.19
ti(g) ® La(g) = ¢V (W) @ L3(h). (8.8)

Since l2(h) and ¢3(h) together span Va(h), the planes (8.7) and (8.8) do not coincide. In
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particular, the line splitting from Lemma 8.5 does not induce a well-defined boundary map
into the full flags.

One can now ask if we can find projective Anosov representations into SL(n,R) for n > 4
that are A-admissible. In this case, the subspace Va(g) of the splitting from (8.1) has
dimension n — 2. To obtain a line splitting of V2(g) it is not sufficient to consider the
quadruple of flags Q,(g). Instead, we need an n-tuple of pairwise transverse flags associated
to an oriented isolated geodesic. Further, these flags need to satisfy additional genericity
conditions in order to obtain a line splitting. It might be be possible to extend the definition
of A-admissibility in this way to projective Anosov representations into SL(n,R), but this

requires additional choices and does not seem natural to us.

8.3. Admissibility for {«,}-Anosov representations in
SL(2n,R)

In this section we give an example for A-admissible representations into SL(2n,R) that are

{an }-Anosov representations, so the boundary map ¢ maps into Gr,(2n).

As a preparation, we have a look of the action of SL(2n,R) on quadruples of pairwise

transverse n-planes. Let eq, ..., es, be the standard unit vectors in R?", set f; := en+i and
let P, := (e1,...,en) and Py := (f1,..., fn) be fixed transverse n-planes that we use for
reference.

Lemma 8.21. The group SL(2n,R) acts transitively on pairs of transverse elements in

Gr,(2n) and

A 0
Stabg,(2n,r) (P1, P2) = { (O D)

A, D € GL(n,R),det(A)det(D) = 1} .

Proof. This is a direct consequence of the fact that SL(2n,R) acts transitively on projective
bases of R?". O

Next, we want to see how SL(2n,R) acts on triples of pairwise transverse n-planes.

Remark 8.22. Let Gr,(2n)""2 be the set of all elements in Gr,(2n) that are transverse
to both P, and P, i.e.

Gr,(2n)f"2 .= (P € Gr,(2n) | P& P, =R™=P& P, }.
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We can identify Gr, (2n)""2 with GL(n, R) as follows: If P € Gr,(2n) is transverse to P,

there exists a unique matrix Xp € Mat,,x,(R) such that the columns of the 2n x n-matrix

Id,,
() .

form a basis for P. If P is in addition transverse to Pj, then det(Xp) # 0, so Xp €
GL(n,R). Vice versa, if X € GL(n,R), then the columns of the matrix (8.9) span an
n-dimensional subspace transverse to P; and P». Note that this construction agrees with
classical coordinate charts for the Grassmannians, considered for the special case of n-

planes transverse to P, and Ps.

We sometimes abuse notation and identify an element P € Gr,(2n)""2 with the corre-

sponding matrix Xp € GL(n,R).

We define two more reference planes in Gr,,(2n)F0F2: P = (e1 + f1,...,en + fn) and
Py o= JP3Jr =(e1 — fi,ea+ fo,...,en + frn), where

-1 0
J = (0 Idn1> € GL,(R). (8.10)

Lemma 8.23. The action of Stabgy,onr)(P1, P2) on Gr,(2n)"0"2 has two orbits repre-
sented by P; and Py and

A 0
Stabsy,onr) (P, P2, P57) = {(0 A)

_ A 0
Stabgy,on,r) (P1, P2, Py ) = { ( )

det(4)? =1 } ,

0 JAJ

det(A)? = 1} .

Proof. First, note that no element in Stabgr, 2, r) (P, Py) can map P; to P; , so the two
elements lie in different orbits. For P € Gr,(2n)f"2 we either have det(Xp) > 0 or
det(Xp) < 0. Let P € Gr,(2n)""2 with det(Xp) > 0. The matrix

Id, 0
A= (detXp)2m )
0 X7

lies in Stabgy,(o,, r) (P21, 2) and sends P to Py, This shows that SL(2n, R) acts transitively
on elements in Gr,(2n)""2 with det(Xp) > 0. Similarly, for P € Gr,(2n)"" with
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det(Xp) < 0, define

1 1d,, 0
A= (—det(Xp))2n )
( ( P)) ( 0 JXP1>

Then A has determinant 1, so is in Stabgy (2, r) (P1, 2) and sends P to P; . Thus, there are
two Stabgr,(a, k) (P1, P2)-orbits in Gr,,(2n)"1+2 distinguished by the sign of det(Xp) with
representatives P; and P; . The SL(2n, R)-stabilizers follow from a short computation. [

As a consequence of Lemma 8.21 and Lemma 8.23, we obtain the following:

Corollary 8.24. The SL(2n,R)-action on triples of pairwise transverse planes has two
orbits represented by the triples (Py, P2, Py) and (Py, Py, Py ).

Definition 8.25. A triple of pairwise transverse planes in R?* is of positive type, if it lies
in the SL(2n,R)-orbit represented by (P, Py, P;"). It is of negative type if it lies in the
SL(2n,R)-orbit represented by (P, P2, P5 ).

Note that the type of a triple depends continuously on the triple.

Remark 8.26. Let p: m1(S) — SL(2n,R) be an {«;, }-Anosov representation with boundary
map C: 9s05 — Gr,(2n) and let (z,y,z2) € D50 S be a triple of pairwise distinct points in
positive order. Then ({(z),((y),((z)) is a triple of pairwise transverse n-planes, and its
type only depends on the connected component of the representation variety containing
p. This follows from the fact that the triple depends continuously on p and the type of
a triple depends continuously on the triple, so the type of (¢(x),((y),((z)) is constant on
connected components of the representation variety. Further, it is independent of the triple

(z,y, z), since the space of triples of pairwise distinct points in positive order is connected.

Ezxample 8.27. We want to understand what types of triples can appear for a maximal
representation p: m(S) — Sp(2n, R) C SL(2n, R) with boundary map ¢: 9-05 — Gr,(2n)
(see Subsection 2.4.4). In this case, ¢ maps into the Lagrangians L(R**) C Gr,(2n), i.e. n-
dimensional subspaces on which the symplectic form w vanishes. To a triple of Lagrangians,
one can associate the Maslov index which takes values in {—n,—n+2,...,n — 2,n} (see
[BILWO05, Section 8.1]). The group Sp(2n,R) acts transitively on triples of Lagrangians
with the same Maslov index. If z,y,z € D50 S are distinct points in the boundary, then the
Maslov index of ({(z),((y),((z)) is n if the triple (z,y, z) is positively ordered and —n if
it is negatively ordered by [BILWO05, Lemma 8.3]. Consider the triple ({(e1), (e2), (e1 — €2))
in RP!. Tt is positively ordered.

Since Hitchin representations into Sp(2n,R) are maximal it follows that the triple of La-
grangians (j3, ((e1)) , ja, ({€2)) , o, ({(€1 — €2))) has Maslov index n. Here, jo,: SL(2,R) —
Sp(2n, R) denotes the irreducible representation introduced in Subsection 2.4.2 and j;n the
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induced map on flags.

Note that we only care about the n-dimensional parts of the flags and forget the others, and
that j5- ((e1)) = P and ji ((e2)) = P». Analogously, the triple (Py, Py, j5 ({e1 + €2)))
has Maslov index —n. Now let (z,y,z) be a positively oriented triple in 0ssS. Then,
since ¢ is maximal, the triple ({(z),((y),{(z)) has Maslov index n. As Sp(2n,R) acts
transitively on triples with the same Maslov index, we know that ({(x),((y),((z)) is of the
same type as (Pp, P2, j5 ((e1 — €2))). Analogously, if (z,v, z) is negatively oriented, then
(C(2), Cy), C(2)) s of the same type as (Py, Py, i3, ({e1 + ea)).

For Sp(4,R), one computes that both triples (P, Py, jj ({e1 & e2))) are of positive type.
In particular, if p: 71(S) — Sp(4,R) is maximal, then for any triple (z,y,2) in 0,9, the
triple (¢(x),((y),((z)) is of positive type.

Let Grrn(Qn)Pl’J‘D“DSi be the set of all elements in Gry,(2n) that are transverse to Py, P and
Py, i
5, Le.

Gr,(2n)P0 PP .= (P € Gro(2n) | P& P =R¥ fori = 1,2, P& P =R> }.

Remark 8.28. We have seen in Remark 8.22 that every P € Gr,(2n)""2 can be identified
with a matrix Xp € GL(n,R). Transversality to P;” and P; gives additional conditions

Py,Py, Py can be identified with the set of all matrices

on the determinant, namely Gr,(2n)
X € GL,(R) satisfying det(X — Id,,) # 0 and Gr,(2n)""2% can be identified with the
set of all matrices X € GL,(R) satisfying det(X — J) # 0. This can be seen from the fact
that the (2n x n)-matrix from (8.9) and the columns of (Id,,Id,)” for the case of Py and

(Id,,, J)* for the case of Py have to be linearly independent.

We now examine how Stabgy, 2, r) (P, Py, P;) acts on Grn(2n)P1»P27P;,

Lemma 8.29. Let M = diag(A, A) € Stabgy,(o,r)(P1, P2, Py") with A € GL(n,R), P €
Grn(2n)P1’P2’P3+ and let Xp € GL(4,R) as in Remark 8.22. Then the matriz representing
M - P is AXpA~'. Vice versa, for any A € GL(n,R), AXpA~! represents an element in
Gr]rn(271)}31’]"32’}35L that lies in the same SL(2n,R)-orbit as P.

In other words, the Stabgy o, r)(P1, P2, P5)-orbits of Grn(2n)P1’P2’P; can be identified

with conjugacy classes of matrices in GL(n,R).

Proof. Use the notation as in the lemma. The n-plane M - P is spanned by the columns

(o8 () - (i)

of the (2n x n)-matrix
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By right-multiplying both blocks by A~!, which is a change of basis for P, we see that
Id,,
AX pA_l
Vice versa, if we consider the matrix AXpA~! for some A € GL(n,R), then the matrix

P is spanned by the columns of the matrix , which proves the first claim.

diag(A, A) is, after appropriate scaling, in Stabg, 2, ) (P1, P2, P;") and maps P to the
n-plane defined by AXpA~1. O

An analogous result holds for the action of Stabg, 2, r)(P1, P2, Py ) on Gry(2n)7P20s

Lemma 8.30. Let M = diag(A,JJA) € Stabgyo,r)(P1, P2, P3) with A € GL(n,R),
P e Grn(2n)P1’P2’P3+. Let Xp € GL(n,R) such that JXp represents the n-plane P as
in Remark 8.22. Then the matriz representing M - P is JAXpA~'. Vice versa, for any
A € GL(n,R), JAXpA~! represents an element in Gr,(2n)"0"2Fs that lies in the same
Stabgy, (25, k) (P1, 2, P37 )-orbit as P.

Proof. The proof is analogous to the proof of Lemma 8.29. 0

Remark 8.31. If P,P' € Grn(2n)Pl’P2’P3+ are in the same Stabgr, oy ) (P1, P2, Py )-orbit,
then by Lemma 8.29, Xp = AXpA~! for some A € GL(n,R). If ; is an eigenspace for
Xp, then A/; is an eigenspace for Xpr. Similarly, if P, P’ € Gr,(2n)7"F2%5 lie in the same
Stabgr,(2,r) (P1, P2, Py )-orbit, then Xpr = J (AJXpA~") for some A € GL(n,R).

With this preliminary work on the action of SL(2n, R) on the space of quadruples of pairwise
transverse n-planes, we can now give a sufficient condition for a quadruple (E, F, Gy, G2)

to be splitting admissible.

Lemma 8.32. Let (E, F,G1,G2) be a quadruple of pairwise transverse elements in Gr,(2n)
such that either

e (E,F,Gy) is of positive type and (E, F,G1,G3) is in the SL(2n, R)-orbit of a standard
quadruple of the form (Pi, Py, Py, P) where Xp € GL(n,R) is diagonalizable with

distinct real eigenvalues, or

e (E,F,Gy) is of negative type and (E, F,G1,G2) is in the SL(2n,R)-orbit of a standard
quadruple (P, Py, Py, P), where JXp € GL(n,R) is diagonalizable with distinct real

etgenvalues.

Then (E, F,G1,G2) is splitting admissible.

Before we proof the Lemma, we make a remark.
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Remark 8.33. The condition in Lemma 8.32 is well-defined, i.e. does not depend on the
standard form (Pl,PQ,P?;JE,P): If M and M’ € SL(2n,R) both bring (E, F,G1,Gs2) to
standard form (P, PQ,P?iI:’ P) and (Py, Ps, Pg)i, P"), respectively, then (M’)~!1M lies in the
stabilizer of the triple (P, Py, Py) and Xpr = AXpA~! for some A € GL(n,R) by Lemma
8.29 if we consider quadruples of positive type. In particular, Xps is diagonalizable with
distinct eigenvalues if and only if Xp is diagonalizable with distinct eigenvalues. The
argument for quadruples of negative type is similar. Further, this shows that the condition

in Lemma 8.32 is invariant under the SL(2n,R)-action.

Proof of Lemma 8.32. First, we look at quadruples of the form (P, Ps, P3+, P), i.e. stan-
dard quadruples where the first triple is of positive type. We would like to construct a
line splitting of R™ that is subordinate to the splitting given by the first two flags, which
in this case simply is P; @ P». We first find n distinct lines in P;. By assumption, Xp is
diagonalizable with distinct eigenvalues. For i = 1,...,n, let £;( Py, Ps, P; ,P) € RP" ! be
the eigenline of Xp corresponding to the ith eigenvalue, where the eigenvalues are ordered
by descending absolute value. They give a line splitting R” = ", ¢;(P1, Ps, Py, P). We

can identify R™ with P; using the inclusion
: . N 2n L 2n
inclp, : R" — R*", 2 — <0> € P CR™. (8.11)

In this way, we obtain a line splitting

n
Py = P inclp, (4(Py, Po, Py, P)).
i=1
In the following, we will omit the identification through inclp, in the notation and interpret
¢; directly as a line in P; C R?".

Analogously, if (Pi, P, Py, P) is a standard quadruple where the first triple is of negative
type, then the eigenspaces for JXp define a line splitting of R™ which under the identifi-
cation of R™ with P; as in (8.11) gives a line splitting of P;. Since the eigenspaces of a
matrix depend smoothly on the matrix entries if the matrix remains diagonalizable with

distinct eigenvalues, the lines ¢;( Py, Py, P57, P) depend smoothly on the quadruple.

Now look at a general quadruple (E, F, Gy, G2) satisfying the condition from Lemma 8.32.
Let M € SL(2n,R) be such that M - (E, F,G1,Gs) = (P, Ps, P{, P), i.e. M brings the
quadruple in standard position. Such an M exists because SL(2n,R) acts transitively on
triples of positive and negative type by Corollary 8.24. By what we have shown above, we
have a line splitting Py = @;"_, 4;(P1, P, P?’i, P). Applying M !, we obtain a line splitting
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of E by

n
E=@M (P, P, P§, P).
i=1
We set ¢;(E, F,G1,G2) = M’l&(Pl,Pg,Pf,P) for i = 1,...,n. This splitting does not
depend on the choice of M by Remark 8.31. So indeed, the splitting of F is independent
of the choice of M. To see the regularity, notice that if we vary the quadruple, the matrix
M varies smoothly with it. In total, the lines ¢;(E, F, G1,G2) depend smoothly on the
quadruple. If j =n+1i > n, set

gj(E, F, Gl, GQ) = fn,i+1(F, E, GQ, Gl)

Then F = ®§in+1 U;(E, F,G1,G2), and the lines ¢;(E, F, G1, G2) depend smoothly on the
quadruple as seen above. In total, this gives a line splitting of R?" that is subordinate to
the splitting R?" = V; @ Vi, since Vi = E and V, = F. The behavior under permutation
as well as equivariance are satisfied by construction. In total, the quadruple (E, F, G1, G2)

is splitting admissible. O

From Lemma 8.32, we can deduce a sufficient condition for an {a,, }-Anosov representation
to be A-admissible.

Corollary 8.34. Let p: m(S) — SL(2n,R) be an {ay,}-Anosov representation such that
p(7Ve) is diagonalizable with distinct eigenvalues for every closed leaf . of A\ and that for
every isolated leaf g of S, the quadruple Q,(9) satisfies the condition in Lemma 8.32. Then
p is A-admissible and Theorem 8.183 holds, i.e. there exists a cataclysm deformation /A\O with

parameter space HTWiSt(X; a).

By similar arguments as in Lemma 8.17, the set of representations satisfying the prerequi-

sites of Corollary 8.34 is open in all {«, }-Anosov representations.

Corollary 8.34 increases the parameter space for A-admissible representations to the space
TSt (X, a), which is significantly bigger than ’HTWiSt(X; 0f{a,}). In particular, the dimen-
sion of HTWist (X 0{a,}) is independent on n, whereas the dimension of o Twist (X, a) grows

linearly in n by Corollary 3.22.
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A. Appendix

In the appendix, we collect technical proofs and results that we need in the thesis, but that

would not add significant value when presented in the main part.

A.1. An almost-right invariant distance on G

In this section we introduce a distance on the Lie group G that we use for computations.
This distance is induced by a Riemannian metric, that itself is induced by an inner product

on the Lie group g.

Remember that a distance d: G x G — R on G is left-invariant respectively right-invariant
if for all a1,a9,b € G,

d(bay, bag) = d(a1,a) respectively d(ayb,azb) = d(aq,as).

A distance is bi-invariant if it is both left- and right-invariant. It is conjugation-invariant if
d(ba;b=!,basb!) = d(ay, az) holds for all a1, as,b € G. Bi-invariance implies conjugation-

invariance. In general, a bi-invariant distance on G does not exist.
This is why we introduce a weaker requirement.

Definition A.1. A distance dg: G X G — R on G is almost right-invariant if there exists

a continuous function f: G — R such that for all a1, as,b € G, we have

dg(ab, agb) < f(b)dg(al,GQ).
Similarly, one can define what it means for a distance dg to be almost conjugation-
mvariant.

Remember that an inner product on g induces a complete left-invariant Riemannian metric
on G. Fix such an inner product on g, let |-|| 4 Pe the norm induced by this inner product

and let ||-|[,,4) Pe the operator norm induced by |[|||;. Remember that Ad: G — GL(g) is
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the adjoint representation, i.e. for b € G, Ady, is the derivative of the conjugation a — bab™!
at the identity.

Lemma A.2 ([SS01, Lemma A]). Let G be a connected Lie group. The distance dg induced
by the Riemannian metric on G is left-invariant, almost conjugation-invariant and almost

right-invariant. More precisely, for every ai,as,b € G we have

da(barb™,bagh™!) < [|Adyll,pg da(ar, a2) and
dg(alb, agb) S HAdb_lnop(g) dg(al,ag).

Proof. The left-invariance is a direct consequence of the left-invariance of the Riemannian
metric. The almost right-invariance follows from left-invariance and almost conjugation-

invariance. Hence, we show that the dg is almost conjugation invariant, i.e. that
de(barb™", bash™") < | Ady|| g de(ar, az).

Let a1,as € G and c: [0,1] — G be a differentiable curve from a; to as. Then bchb™ ! is a
differentiable curve from baib~! to basb™!, and for every t € [0,1], (be(t)b—1) = Adyé(t).

Thus
O(beb™! / H (belt H
= [ Iy
0

1
< / 1Ayl op g 16

= HAdb”op(g) £(c).

Since the distance between two points is given as the infimum of the length of piecewise

differentiable curves from a; to ag, it follows that d¢g is almost conjugation-invariant. [

We now want to estimate the factor ||Ady-1|o, ) for a specific choice of b € G. To do so,

we define a norm on a as follows: For H € aq,
H|, = H)|. Al
1H], max la(H)| (A1)

It is easy to check that this is indeed a norm. Note that this norm does in general not

agree with the restriction of the norm |- to a.

Lemma A.3. There exists a constant C > 0 such that for oll H € a, we have

HAdexp(H) Hop(g) < CeHH”a'
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A.2. Proof of additivity of the shearing maps

Proof. For computational purposes, we consider a norm on GL(g) different from |[-[|,, -

Recall the decomposition of g into root spaces

9=00® P ga

aEeX

and choose a basis of g that is adapted to this decomposition. With respect to this basis,
we can identify gl(g) with quadratic matrices. Consider the infinity norm ||-||., on gl(g)
that is given by the maximal absolute row sum of the matrix. It restricts to a norm on
GL(g) C gl(g). Let H € a, and ad: g — gl(g) be the adjoint representation on the level
of Lie algebras. With respect to the chosen basis, ady € gl(g) is a diagonal matrix with
entries 0 and «;(H), where ¥ = {a, ..., o}, with multiplicity if the root spaces are more
than 1-dimensional. Thus, Adepr) = exp(ady) is diagonal with entries 1 and ei(H)
i=1,...,l, possibly with multiplicity. On a finite dimensional vector space, all norms are
equivalent, so there exists a constant C' > 0 such that ||A[|,,,) < C || A[| for all A € gl(g).

In particular,

HAdeXp(H)Hop(g) <C HAdexp(H)Hoo = C |lexp(ady)|, < Cranggela(H)\ — CelHllq.

This proves the Lemma. O

A.2. Proof of additivity of the shearing maps

Here, we give the proof of additivity of the shearing maps (Proposition 5.15). We recall

the statement for the reader’s convenience.

Proposition A.4 (Proposition 5.15). Let P be the fized reference component for the cat-
aclysm deformation Ag. Then for n,e € /HTWiSt(/)\\; ag) small enough, for every component
Q C S\ X it holds that

-1
+
¢'5q =953 (¥ha)

The ideas in the proof are similar to the ones for the slithering and shearing maps.

Proof. Recall that the shearing map ¢p, is defined as limp_,c,, ¢z, where C C Cpq is a
finite subset and g is as in (5.3). We consider a specific sequence (C;), oy going to Cpq.
Namely, for r € N, let C, := {R € Cpq | r(R) < r} be the set of all components between P
and @ that have divergence radius at most r. By Lemma 3.11, C, is finite and there exists

a constant D such that n, := |C,] < D -r. We use the same notation as in Section 5.1. In
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e(P.Q)

particular, % Po =¥ PQT . To compute ¢’ Ew we first look at a one-element subset

{R} C Cpg. Using the relation between the stretching maps T and T;{/ from (5.10),
the fact that for Hy, Ho € ay we have T;LIITgH2 = Tng‘HLI2 and additivity of the cycle, we
compute
P,R)1—e(P,R P,
(P/?R} _ (T/ZgR )T/ 18( )) T/;g Q)

9r Q

e(P,R) -1

_ QOPR (T o Tg (P,R)) (@ZR)_I So}y)QTgséP,Q) (9077PQ)
(wPRTn(PR ) PR)T PR)) SORQT;éRQ) (¢$Q>
— <T6+n( R (etns ") (T;}EP,R)w%QT:éRQ)) T;g(ZRQ) (¢ho)

_ e+1(P,R) —(e+n)(P,R) n(P.R) 0 pen(PR) ) petn(PQ) -1
= Vb (TR Tgl )<Tg}z wRQTgOQ > 99 (SOP Q) '

R

-1

-1

In the last equality, we used that n(R, Q) = n(P,Q) — n(P, R). Using the same techniques
on the finite subset C, = {R1,..., Ry, } C Cpg we find

Sol(sj, _ ﬁ (T/E(PR )T/ e(P,R; )) T/EE]P,Q)

pabet 99 9 9Q
Ny
B +0(P,Ri) pr—(e++n) (P,R;) (P.R:) n(P,R;)
= wipn, T (15T, O (1A g T 0))
i=1
€+7](P7Q) ui -1
Tg% (cPPQ) '

Set

-1

e . IE e+n(P,Q) -1
wgrg T SO/CT (Tg% <(p71]°Q> )

We claim that lim, _, @Eg @DEH? Recall that

700

wern _ hm wc 1 — lim H ( €+77 (P,R;) (5+77)(PR ))

Z

This converges to wff as r goes to infinity. Thus, it suffices to show that dg(¢€+n, wgf)

tends to 0 as r goes to infinity.

Using the triangle inequality, left-invariance and almost-right invariance of the metric dg,

140



A.2. Proof of additivity of the shearing maps

we have

e+n nE

da (e 9er)
+n(P,Ri) n—(e+n)(P,R; P,R; —n(PR;

:dG< 8Jrnﬂ/’JDRl_[(( il Tg}(s " )) (T:}( )¢ziRi+1TQ?ZE )>>>

de (Ve " ¥prve, ")

o (s (70 (27

9;

dG (Id7 szl )

Uz
+dg <H ( gs;n(P,Ri)Tg—l(s+n)(P,Ri)> 7

< Jaag-

i

=2
[T ((etn(PR) (e +m) (PR (PR, —n(P,R:)
L (1571, 0) (17, 7)) )

Iterating these estimates gives

do (14, (TH 00 T ) ) (A2)

( s+n’¢ ) S; Ad(wvrn )71 i+17 g

Cr\{R1,..., R;}

By Lemma 5.2, dg(1d, w5+77) is uniformly bounded by a constant Cy for every finite subset C C

Cpg, with Cy depending on k and p. Hence, also the factors ||Ad (wf o )71 are uniformly
Cr\{R1.....R;}
bounded. Further, we have for every ¢, using that the norm d¢g is almost-conjugation invariant,
n(P R) *n(P R;)
de (Id TAERYY e T ) (A.3)

—n(P,R;) n(P,R;)
Ad(T_OW(P,Ri)> deg (Id,Tg?_H ng w}%Rm)

Jit1

—n(P,R;) (P, R;) n
Ad(T:;I(PYRi)) <dG (Id’ Tg?+1 T-%l ) +de (Id,wRiRHl)) '

Ii41

Combining (A.2) and (A.3), we obtain

(g B87) < Co_||Ad ) iy || (da (1. T3  PFRITHE) 4 dg (10,60, ., ) ) -
i=0 ( 9941 ) ' '
(A4)
We estimate the terms separately. By definition, T ," o (PR meo, | exp(n(P, Ri))mgol , SO
L+1 z i+1

Ad (T—mP,m)) - Ad"lgg+1 Adexp(n(RRi))Adm}}

0 a9,
9541 i+

The oriented geodesics g "1 lie in a compact set depending on k, hence there exists a bound on
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HAdm 0 depending on k and p only. By Lemma A.3 and Lemma 3.23, there

9i+1

and ‘

Adm;}
9it1
exist constants C7, B such that

<[,
9i+1

[Aduspiirm |4,
Ji+1

Ad<

—n(P,R;)
T9$+1 >
< Cle\ln(P»Ri)llae
< 0, ClMIr(Ri)+1) (A.5)
By definition of C,., all components between R; and R;,; have divergence radius at most r + 1, so

we can apply Lemma 5.8 and obtain constants Cs, A’ such that
do(Id, ¥}, 5, ) < Coe ™. (A.6)

Finally, with Proposition 4.18, there exists constants C3, A; such that

—n(P,R:)rm(P,R:)\ _ —n(P,R;) (P,R;)
de: (Id,Tg?H T )_dG (ngﬂ T )

i

< Cy ((eMPRIN 4 1) algl0 90 ) -

Note that we can apply Proposition 4.18, since for r big enough, R; and R;;; are separated by
wedges. Using the same techniques as in the proof of Lemma 4.7, together with Lemma 3.23 | we
find that there exist constants C4,C and A such that

de (Id,Tg—(szp,Ri)Tgl(P,Ri)) <, (eCHnH(r(Ri)H) 4 1) o~ AT (A.7)

Note that here, the constants A and A’ from (A.6) satisfy A’ = —(C'||n|| — A) (see Lemma 5.8)
and C' is as in (A.5), coming from Lemma 3.23. Combining the estimates from (A.4) to (A.7), and
using that r(R;) <r foralli=1,...,n,, it follows that

da(e!, &)

< o0y i:ecnnmwmm) ((€C|\n\|(r(m>+1> 4 1) AT L CQB,AIT)
=1

< CoC) Z Clnllr+D) ((ecnrzu(m) n 1) ATy CQ(;A'T>

=1
< CyCyn, (eCHnH(TH) ((eCHnH(TH) + 1) AT CQe_A/T))

< anTQQC”n”(T-‘rl)—A’T
Thus, for ||n|| small enough,
da(ve! ", 0d) < Cre= A

for constants C' and A", where we additionally use that n, < Dr for some constant D by Lemma

3.11. It follows that wéjn and {Z;gf have the same limit as r tends to infinity, so @gf converges to

+
e
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As a consequence,we have

90/;@ = lim SOIZT

™00
s, +n)(P,Q
Jn T ()

_etnp(e+n) (PQ) -1
= pr”Tg% (<P71’DQ)

-1
+
= o533 (¢ho)

-1

which finishes the proof.

A.3. Convergence of a sequence (v,)nen in 71(.5)

In the proof of Theorem 6.1, we look at a non-isolated oriented leaf g of the lamination A
and a sequence (y,)nen such that the sequence of leaves (v, - ¢)nen converges to g. We

want to show that, as a sequence in 71(S), (7 )nen converges to g+ € 8,05 = dm1(S).

Lemma A.5. Let g be an oriented geodesic in S with endpoints g™ and g~ , and (Yn)nen be
a sequence such that lim, oo(Yn-97) = g7 and lim, oo (Yn-g7) = ¢~ . Then lim, oo ¥ =
g" in the sense that the sequence (Vn)nen and the quasi-geodesic ray defining g* have

bounded distance. Likewise, limy, v, = g—.

Proof. The proof consists of several steps. In the first step, we show that the axes of
the elements v, converge to g. In the second step, we show that for a fixed basepoint
o on g, the sequence (v, - 0)nen is a conical sequence in the sense that it lies within a
K-neighborhood of the geodesic g for some K > 0. It then follows that lim, s v, = g7.

Lastly, we conclude that also lim,, o7, =g¢~.

For n € N, let t, be the translation length of ~,. Then ¢, goes to infinity as n tends
to oo. To see this, let 0o be a base point on ¢, and let y, be the point on the axis of ~,
that is closest to ¢g. If g and the axis of ~, intersect, then ¥, lies on ¢g. Assume for a

contradiction that ¢, < t for some t < co. Then, by definition of the translation length,
tn = d(yna’Yn . yn)7 S0

d(0,vn - 0) < d(0,yn) + A(Yns Vn * Yn) + d(Vn - Yny Yo - 0) = tn + 2d(0, yn).

If d(o,y,) is unbounded, then the axes of the elements 7, collapse to a point in the
boundary. Since we know that v, - g converges to g, it follows that the translation lengths

t, converge to 0. Thus, there is a compact neighborhood of o containing infinitely many
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elements 7, - o, contradicting the fact that m1(S) acts properly discontinuously. Hence,
d(o,yn) < C for some C, so d(o,7, -0) < t+ 2C for infinitely many n, again contradicting
the fact that m1(S) acts properly discontinuously. It follows that the sequence (t,)nen is

unbounded.

Let v, and v, be the attracting and repelling fixed points of 7, in D505, respectively. Up
to a subsequence, (7,,~, ) converges to a pair (z1,27) € (6005)2. Since by assumption,
lim,, o0 ¥n - g = g7, and the translations lengths do not go to 0, it follows that ™ = gT.
Further, = = ¢~, because if we had = # ¢g~, then, since the translations lengths ¢,
go to infinity, lim, oo Vs - g~ = g', which is a contradiction. Hence, it follows that
limy, 00 (%5, 7,) = (91, 97), so the axes of v, converge to g. This finishes the first step of
the proof.

For n € N, let d,, be the distance between g and the axis of ,. By computations in the
upper half plane model, one sees that the fact that v, - g converges to g gives an explicit
asymptotic relation between the d,, and the translation length t,,, namely d,, < e~'* for
large n. If the axis of 7, and g intersect with angle ¢,, then similar arguments show that
¢n < e7'n. Using this asymptotic relation, we can compute 7, - 0 and see that it lies in a

K-neighborhood of the geodesic g for some K. Thus, the sequence (7, - 0)nen is conical.

Let (o )nen be a geodesic in (the Cayley graph of) m1(.S) with limit g*. Then the sequence
(0tn - 0)nen lies on a geodesic ray in S with limit 7. Since the sequence (7, -0)nen is conical,
for all n € N, there exists m,, € N such that d(y, - 0, am,, - 0) < K’ for some K'. Up to
taking a subsequence, we can assume that m,, is strictly increasing in n. As the orbit map
m1(S) — S is a quasi-isometry, it follows that d(v,, am,) < K” for some K”, where now
the distance is in 71 (.S). Since two sequences in 71 (.S) that remain within bounded distance

define the same point in the boundary, it follows that lim,,_sc ¥ = liMyn 00 Cm = g7

To conclude the proof, note that for every n, v, ' and 7, have the same axis and the same
translation length. This implies that the sequence of geodesics (v, - g)nen converges to
g, and with the same arguments as above, we conclude that ((7,)~! - 0),en is conical and

that lim,,— oo 7;1 =g . ]

A.4. Proof of Lemma 8.11

In Section 8.1, we define full-stretching maps T ;I . For a distance estimate between two
full-stretching maps (Lemma 8.12), we need the auxiliary Lemma 8.11. In this section, we
prove Lemma 8.11. We recall the statement for the reader’s convenience. For the notation,

we refer back to Section 8.1.
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Lemma A.6 (Lemma 8.11). Let R € Cyj, be a pinched inner component. Then there exists
an element Mgo g1 € SL(n,R) sending the line splitting for g]l% to the line splitting for gOR,

and constants C, A > 0 depending on k and p such that

dSL(n,R) (1d, mgoRg}l%) < Ce—Ar(R)

Proof. As in the proof of Proposition 4.18, up to conjugating p by an element in SL(n,R),
we can assume that the splitting associated to g% is the standard splitting given by the

1 is an element sending the splitting given by

basis vectors eq,...,e,. In this case, mgo g1

g}% to the standard line splitting.

The proof consists of two steps. In the first step, we relate dSL(n,R)(-, -) to a matrix norm.

In the second step, we construct m L and estimate its distance to Id with respect to this

9%g
matrix norm.

Let ||-]|; be the maximal column sum norm on Mat, «,(R) which is defined as ||A||; :=
maxj—1,.n 2 iy |aij| for A = (a;j)i; € Mat,xn(R). Let V be a normal neighborhood of
the identity Id in SL(n,R). Then there exists a neighborhood U C sl(n,R) = T14SL(n, R) of
0 € g such that exp |y: U — V is an isomorphism and geodesics in G are images of straight
lines in V. For every m € V C SL(n,R), we have dgp,r)(Id,m) = Hexp|51(m)H5[(n7R).
The Lie group exponential is smooth, so in particular locally Lipschitz. By equivalence of

norms, since sl(n, R) = Mat, x,(R), there exists a constant C; > 0 such that
st ) (1, m) = [ (exp ) ™ (1) —exp  (m) || < O 1 =)

This finishes the first step.

For g% and gllﬂ2 sufficiently close, m o L is close to Id, and we can assume that it lies in a

9%9
normal neighborhood V. Hence, it is sufficient to show that HId —Mgoanl], < CeAr(H)
for constants C, A > 0 depending on k and p.
Let m/ be the matrix with columns aq,...,a,, where ai,...,a, is a basis adapted to the

line splitting from (8.3), chosen such that the angle £(e;,a;) is minimal and ||a;||, = 1.
Then m’ ¢ SL(n,R) in general, we only know m’ € GL(n,R). Let m be the matrix with
columns ai,...,an_1, Wan, so m agrees with m’ on the first n — 1 columns and the
last column is scaled by the inverse of the determinant of m’. Then m maps the standard
line splitting to the line splitting for g} as in (8.3) and is an element of SL(n,R). Set

Myo g1 = m~!. By left-invariance of the distance and with the considerations from above
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Figure A.1.: If |jai|]|, = 1 and B := £(e;,q;), then the distance ||a; — €], is given by
2sin g)

we have
) = dsp(nr)(Id,m) < C1[[Id —ml|; < Cy (||Td - m,H1 +|jm — mH1) :

dsr () (Id, g0 o1

We start with estimating ||Id — m/||;. On RP"~!, consider the distance

dppr1((v), (w)) := [sin £ (v, w)].

Then, by definition of a;, we have

drpn-1(£;(9%), Li(gk)) = drpn-1({e:), (ai)) = | sin £(e;, a;)|.

N

On R™, consider the norms ||z, := 37" | |2;| and ||z, = (37, 27)

R™ are equivalent, there exists some C' > 0 such that

. Since all norms on

1a =], = max llei —aill, <€ max Jle — ail,. (A8)

By definition of a;, basic trigonometry (Figure A.1) shows that

-1

A(ei,ai) A(ei,ai)

llei — aill, = 2 |sin = |sin £(e;, a;)| |cos 5

Leia) < %> which ensures that ’cos £(es,a:)

By construction, £(e;, a;) < §, s0 0 < =752 < 5

bounded. In total, this shows that there is some constant C' > 0 such that

lei — aslly < C|sin£(ej, a;)| = Cdgpn-1(Li(g%), li(gh) < Ce A

by Lemma 8.10. Together with (A.8), this shows that |[Id — m/||; < Ce™4"(®) for constants
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C, A > 0. Further, we have by definition of ||-||;, m and n/,

B 1
det(m/)

1

1
= 1 e a—
1 ’ det(m/)

 det(m/)

Qn

[’ = m]], = laal, < \1

Y

because |la,|l, = 1 implies that |ja,||; < 1. It is left to show that

det(m’) — 1
det(m/)

1
1—
’ det(m/)

Since the function f(y) := #5 is in O(y) for y — 0, we need to show that |det(m’) — 1| <

Ce=4r(B) where we put y = det(m’) —1. The determinant function, as a map from Mat,, x,
to R is polynomial, so locally Lipschitz. Hence, if we are close enough to the identity,

|det(m') — 1| < C'||m/ — IdH1 = C'e ATR)

as we have seen above. After possibly adapting the constants, this finishes the proof. [

147






Bibliography

[ALI61]

[Bar10]

[BBFS13)]

[BCKM21]

[BCLS15]

[BD17]

[BILWO5]

[BIW10]

[Bon01]

[Bon96]

[Bon97]

[BPS19]

BQ16]

L. V. Ahlfors. “Some remarks on Teichmiiller’s space of Riemann surfaces”. In: Ann.
of Math. (2) 74 (1961), pp. 171-191.

T. Barbot. “Three-dimensional Anosov flag manifolds”. In: Geom. Topol. 14.1 (2010),
pp. 153-191.

M. Bestvina, K. Bromberg, K. Fujiwara, and J. Souto. “Shearing coordinates and
convexity of length functions on Teichmiiller space”. In: Amer. J. Math. 135.6 (2013),
pp. 1449-1476.

H. Bray, R. Canary, L.-Y. Kao, and G. Martone. Counting, equidistribution and
entropy gaps at infinity with applications to cusped Hitchin representations. Feb.
2021. arXiv: 2102.08552 [math.DS].

M. Bridgeman, R. Canary, F. Labourie, and A. Sambarino. “The pressure metric
for Anosov representations”. In: Geom. Funct. Anal. 25.4 (2015), pp. 1089-1179.

F. Bonahon and G. Dreyer. “Hitchin characters and geodesic laminations”. In: Acta
Math. 218.2 (2017), pp. 201-295.

M. Burger, A. lTozzi, F. Labourie, and A. Wienhard. “Maximal representations of
surface groups: symplectic Anosov structures”. In: Pure Appl. Math. Q. 1.3, Special
Issue: In memory of Armand Borel. Part 2 (2005), pp. 543-590.

M. Burger, A. Tozzi, and A. Wienhard. “Surface group representations with maximal
Toledo invariant”. In: Ann. of Math. (2) 172.1 (2010), pp. 517-566.

F. Bonahon. “Geodesic laminations on surfaces”. In: Laminations and foliations
in dynamics, geometry and topology (Stony Brook, NY, 1998). Vol. 269. Contemp.
Math. Amer. Math. Soc., Providence, RI, 2001, pp. 1-37.

F. Bonahon. “Shearing hyperbolic surfaces, bending pleated surfaces and Thurston’s
symplectic form”. In: Ann. Fac. Sci. Toulouse Math. (6) 5.2 (1996), pp. 233-297.

F. Bonahon. “Transverse Holder distributions for geodesic laminations”. In: Topology
36.1 (1997), pp. 103-122.

J. Bochi, R. Potrie, and A. Sambarino. “Anosov representations and dominated
splittings”. In: J. Eur. Math. Soc. (JEMS) 21.11 (2019), pp. 3343-3414.

Y. Benoist and J.-F. Quint. Random walks on reductive groups. Vol. 62. Ergebnisse
der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in
Mathematics. Springer, Cham, 2016, pp. xi+323.

149


http://arxiv.org/abs/2102.08552

Bibliography

[BT65]

[Can20)]

[CGO3]

[CLM18]

[CT20]

[CZZ21]

[DGK17]

[Drel3]

[FGO6]

[FLP12]

[FM12]

[GGKW17]

[GLW16]

[Gol13]

[Gol80]
[Gol84]

[Gol86]

[Gol88]

150

A. Borel and J. Tits. “Groupes réductifs”. In: Inst. Hautes Etudes Sci. Publ. Math.
27 (1965), pp. 55-150.

R. Canary. “Anosov representations: Informal Lecture Notes”. http://www.math.
lsa.umich.edu/~canary/Anosovlecnotes.pdf. Accessed: 2021-04-06. 2020.

S. Choi and W. M. Goldman. “Convex real projective structures on closed surfaces
are closed”. In: Proc. Amer. Math. Soc. 118.2 (1993), pp. 657-661.

S. Choi, G.-S. Lee, and L. Marquis. “Deformations of convex real projective manifolds
and orbifolds”. In: Handbook of group actions. Vol. III. Vol. 40. Adv. Lect. Math.
(ALM). Int. Press, Somerville, MA, 2018, pp. 263-310.

R. Canary and K. Tsouvalas. “Topological restrictions on Anosov representations”.
In: Journal of Topology 13.4 (2020), pp. 1497-1520.

R. Canary, T. Zhang, and A. Zimmer. Cusped Hitchin representations and Anosov
representations of geometrically finite Fuchsian groups. Mar. 2021. arXiv: 2103 .
06588 [math.DG].

J. Danciger, F. Guéritaud, and F. Kassel. Convex cocompact actions in real projective
geometry. Apr. 2017. arXiv: 1704.08711 [math.GT].

G. Dreyer. Thurston’s cataclysms for Anosov representations. Jan. 2013. arXiv:
1301.6961 [math.GT].

V. Fock and A. Goncharov. “Moduli spaces of local systems and higher Teichmiiller
theory”. In: Publ. Math. Inst. Hautes Etudes Sci. 103 (2006), pp. 1-211.

A. Fathi, F. Laudenbach, and V. Poénaru. Thurston’s work on surfaces. Vol. 48.
Mathematical Notes. Translated from the 1979 French original by Djun M. Kim and
Dan Margalit. Princeton University Press, Princeton, NJ, 2012, pp. xvi+254.

B. Farb and D. Margalit. A primer on mapping class groups. Vol. 49. Princeton
Mathematical Series. Princeton University Press, Princeton, NJ, 2012, pp. xiv+472.

F. Guéritaud, O. Guichard, F. Kassel, and A. Wienhard. “Anosov representations
and proper actions”. In: Geom. Topol. 21.1 (2017), pp. 485-584.

O. Guichard, F. Labourie, and A. Wienhard. “Positive Representations”. In prepa-
ration. 2016.

W. M. Goldman. Bulging deformations of convex RP?-manifolds. Feb. 2013. arXiv:
1302.0777 [math.DG].

W. M. Goldman. “Discontinuous Groups and the Euler Class”. PhD thesis. 1980.

W. M. Goldman. “The symplectic nature of fundamental groups of surfaces”. In:
Adv. in Math. 54.2 (1984), pp. 200-225.

W. M. Goldman. “Invariant functions on Lie groups and Hamiltonian flows of surface
group representations”. In: Invent. Math. 85.2 (1986), pp. 263-302.

W. M. Goldman. “Topological components of spaces of representations”. In: Invent.
Math. 93.3 (1988), pp. 557-607.


http://www.math.lsa.umich.edu/~canary/Anosovlecnotes.pdf
http://www.math.lsa.umich.edu/~canary/Anosovlecnotes.pdf
http://arxiv.org/abs/2103.06588
http://arxiv.org/abs/2103.06588
http://arxiv.org/abs/1704.08711
http://arxiv.org/abs/1301.6961
http://arxiv.org/abs/1302.0777

Bibliography

[GW10]

[GW12]

[GW18]

[Hall5]

[HelO1]

[Hit92]

[Kerg3|

[KLP17]

[Kna02]

[KP20]

[Lab06]

[Lus94]

[Mil17]

[Poz20]

[PSW21]

[SBO1]

SS01]

[SW73]

O. Guichard and A. Wienhard. “Topological invariants of Anosov representations”.
In: J. Topol. 3.3 (2010), pp. 578-642.

O. Guichard and A. Wienhard. “Anosov representations: domains of discontinuity
and applications”. In: Invent. Math. 190.2 (2012), pp. 357-438.

O. Guichard and A. Wienhard. Positivity and higher Teichmdiller theory. Feb. 2018.
arXiv: 1802.02833 [math.DG].

B. Hall. Lie groups, Lie algebras, and representations. Second. Vol. 222. Grad-
uate Texts in Mathematics. An elementary introduction. Springer, Cham, 2015,
pp. xiv+449.

S. Helgason. Differential geometry, Lie groups, and symmetric spaces. Vol. 34. Grad-
uate Studies in Mathematics. Corrected reprint of the 1978 original. American Math-

ematical Society, Providence, RI, 2001, pp. xxvi+641.

N. J. Hitchin. “Lie groups and Teichmdiller space”. In: Topology 31.3 (1992), pp. 449—
473.

S. P. Kerckhoff. “The Nielsen realization problem”. In: Ann. of Math. (2) 117.2
(1983), pp. 235-265.

M. Kapovich, B. Leeb, and J. Porti. “Anosov subgroups: dynamical and geometric
characterizations”. In: Eur. J. Math. 3.4 (2017), pp. 808-898.

A. W. Knapp. Lie groups beyond an introduction. Second. Vol. 140. Progress in
Mathematics. Birkhaduser Boston, Inc., Boston, MA, 2002.

F. Kassel and R. Potrie. Figenvalue gaps for hyperbolic groups and semigroups. Feb.
2020. arXiv: 2002.07015 [math.DS].

F. Labourie. “Anosov flows, surface groups and curves in projective space”. In: In-
vent. Math. 165.1 (2006), pp. 51-114.

G. Lusztig. “Total positivity in reductive groups”. In: Lie theory and geometry.
Vol. 123. Progr. Math. Birkhduser Boston, Boston, MA, 1994, pp. 531-568.

J. S. Milne. Algebraic groups. Vol. 170. Cambridge Studies in Advanced Mathematics.
The theory of group schemes of finite type over a field. Cambridge University Press,
Cambridge, 2017, pp. xvi+644.

M. B. Pozzetti. “Higher rank Teichmiiller theories”. In: Astérisque 422, Séminaire
Bourbaki. Vol. 2018/2019. Exposés 1151-1165 (2020), pp. 327-354.

M. B. Pozzetti, A. Sambarino, and A. Wienhard. “Conformality for a robust class
of non-conformal attractors”. In: J. Reine Angew. Math. 774 (2021), pp. 1-51.

Y. S6zen and F. Bonahon. “The Weil-Petersson and Thurston symplectic forms”.
In: Duke Math. J. 108.3 (2001), pp. 581-597.

J. Schiff and S. Shnider. “Lie groups and error analysis”. In: J. Lie Theory 11.1
(2001), pp. 231-254.

A. A. Sagle and R. E. Walde. Introduction to Lie groups and Lie algebras. Pure and
Applied Mathematics, Vol. 51. Academic Press, New York-London, 1973, pp. ix+361.

151


http://arxiv.org/abs/1802.02833
http://arxiv.org/abs/2002.07015

Bibliography

[Thu86] W. P. Thurston. “Earthquakes in two-dimensional hyperbolic geometry”. In: Low-
dimensional topology and Kleinian groups (Coventry/Durham, 1984). Vol. 112. Lon-
don Math. Soc. Lecture Note Ser. Cambridge Univ. Press, Cambridge, 1986, pp. 91—
112.

[Thu9s] W. P. Thurston. Minimal stretch maps between hyperbolic surfaces. Jan. 1998. arXiv:
math/9801039 [math.GT].

[Ts020] K. Tsouvalas. Anosov representations, strongly convex cocompact groups and weak
eigenvalue gaps. Aug. 2020. arXiv: 2008.04462 [math.GT].

[Wiel8] A. Wienhard. “An invitation to higher Teichmiiller theory”. In: Proceedings of the
International Congress of Mathematicians—Rio de Janeiro 2018. Vol. II. Invited
lectures. World Sci. Publ., Hackensack, NJ, 2018, pp. 1013-1039.

[Wol83] S. Wolpert. “On the symplectic geometry of deformations of a hyperbolic surface”.
In: Ann. of Math. (2) 117.2 (1983), pp. 207-234.

[Wol87] S. A. Wolpert. “Geodesic length functions and the Nielsen problem”. In: J. Differ-
ential Geom. 25.2 (1987), pp. 275-296.

[WZ18] A. Wienhard and T. Zhang. “Deforming convex real projective structures”. In:
Geom. Dedicata 192 (2018), pp. 327-360.

[Zhul9] F. Zhu. Relatively dominated representations. Dec. 2019. arXiv: 1912.13152 [math.GR].

[Zhu21] F. Zhu. Relatively dominated representations from eigenvalue gaps and limit maps.
Feb. 2021. arXiv: 2102.10611 [math.GR].

152


http://arxiv.org/abs/math/9801039
http://arxiv.org/abs/2008.04462
http://arxiv.org/abs/1912.13152
http://arxiv.org/abs/2102.10611

	1 Introduction
	2 Lie groups and Anosov representations
	2.1 Parabolic subgroups
	2.2 Lie group decompositions, the Cartan projection and the Busemann cocycle
	2.3 Anosov representations
	2.4 Examples for Anosov representations

	3 Laminations and transverse twisted cycles
	3.1 Geodesic laminations
	3.2 Transverse twisted cycles

	4 Slithering and stretching
	4.1 The slithering map
	4.2 The stretching map

	5 Cataclysms
	5.1 The shearing map between two connected components
	5.2 Cataclysm deformations
	5.3 Properties of cataclysm deformations

	6 Cataclysms and boundary maps
	6.1 The boundary map 
	6.2 Proof of Theorem 6.1

	7 Injectivity properties of cataclysms
	7.1 Different twisted cycles give different families of shearing maps
	7.2 A sufficient condition for injectivity of the cataclysm deformation
	7.3 A sufficient condition for non-injectivity of the cataclysm deformation
	7.4 Cataclysm deformations for reducible representations

	8 Generalized cataclysms for representations into SL(n,R)
	8.1 Admissible representations
	8.2 Admissibility for projective Anosov representations in SL(4,R)
	8.3 Admissibility for n-Anosov representations in SL(2n,R)

	A Appendix
	A.1 An almost-right invariant distance on G
	A.2 Proof of additivity of the shearing maps
	A.3 Convergence of a sequence  in the fundamental group
	A.4 Proof of Lemma 8.11

	Bibliography

