
■♥❛✉❣✉❛❧ ✲ ❉✐ss❡rt❛t✐♦♥

③✉r

❊r❧❛♥❣✉♥❣ ❞❡s ❛❦❛❞❡♠✐s❝❤❡♥ ●r❛❞❡s

❉♦❝t♦r r❡r✉♠ ♥❛t✉r❛❧✐✉♠

✭❉r✳ r❡r✳ ♥❛t✳✮

❞❡r

◆❛t✉r✇✐ss❡♥s❝❤❛❢t❧✐❝❤ ✲ ▼❛t❤❡♠❛t✐s❝❤❡♥

●❡s❛♠t❢❛❦✉❧tät

❞❡r ❘✉♣r❡❝❤t✲❑❛r❧s✲❯♥✐✈❡rs✐tät

❍❡✐❞❡❧❜❡r❣

✈♦r❣❡❧❡❣t ✈♦♥

▼✳❙❝✳ ▲❡♥❛ ❙♣✐❧❧❡❝❦❡

❣❡❜♦r❡♥ ❛♠ ✶✹✳ ❆♣r✐❧ ✶✾✾✺ ✐♥ ❈❤❡♠♥✐t③

❡✐♥❣❡r❡✐❝❤t ❛♠ ✷✾✳ ❖❦t♦❜❡r ✷✵✷✶





❍✐❣❤✲❢r❡q✉❡♥❝② ✴ ❍✐❣❤✲✜❡❧❞ ❊❧❡❝tr♦♥
P❛r❛♠❛❣♥❡t✐❝ ❘❡s♦♥❛♥❝❡

■♥✈❡st✐❣❛t✐♦♥s ♦♥ ▼❡t❛❧✲❖r❣❛♥✐❝
▼♦❧❡❝✉❧❛r ❈♦♠♣♦✉♥❞s

❊rst❣✉t❛❝❤t❡r✿ Pr♦❢✳ ❉r✳ ❘ü❞✐❣❡r ❑❧✐♥❣❡❧❡r
❩✇❡✐t❣✉t❛❝❤t❡r✿ Pr♦❢✳ ❉r✳ ▼❛✉r✐ts ❍❛✈❡r❦♦rt

✐✐✐





❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s ❞❡t❛✐❧❡❞ st✉❞✐❡s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❞✐✛❡r❡♥t ♠❡t❛❧✲♦r❣❛♥✐❝
♠♦❧❡❝✉❧❛r ❝♦♠♣♦✉♥❞s ❛r❡ ♣r❡s❡♥t❡❞✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ❛r❡ ♠❛✐♥❧②
♣❡r❢♦r♠❡❞ ❜② ❤✐❣❤✲❢r❡q✉❡♥❝② ✴ ❤✐❣❤✲✜❡❧❞ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❍❋
❊P❘✮ s♣❡❝tr♦s❝♦♣② ✐♥ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✉♣ t♦ ✶✻ ❚✱ ❛❝❝♦♠♣❛♥✐❡❞ ❜②
❞✐r❡❝t ✭❞❝✮ ♦r ❛❧t❡r♥❛t✐♥❣ ❝✉rr❡♥t ✭❛❝✮ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ r❡s✉❧ts
❛❧❧♦✇❡❞ t♦ ♣r❡❝✐s❡❧② ❞❡t❡r♠✐♥❡ t❤❡ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡rs ❢♦r ❛ s❡t ♦❢ t❡tr❛❤❡✲
❞r❛❧❧② ❝♦♦r❞✐♥❛t❡❞ ❈♦✭■■✮ ❝♦♠♣♦✉♥❞s ✇✐t❤ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ❬❈♦✭▲1✮4❪❳2✱ ❛♥❞
t❤❡r❡❜② ❞❡❧✐✈❡r ❛ ❞✐r❡❝t ❡①♣❡r✐♠❡♥t❛❧ ♣r♦♦❢ ❢♦r t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s❡❝♦♥❞ ❝♦♦r✲
❞✐♥❛t✐♦♥ s♣❤❡r❡ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦♠♣❧❡①❡s✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ str♦♥❣ ③❡r♦✲✜❡❧❞ s♣❧✐tt✐♥❣ ✐♥❞✉❝❡❞ ❜② ❛ ❤✐❣❤❧② ❛①✐❛❧ ❛♥✐s♦tr♦♣② ❢♦r ❛♥
♦❝t❛❤❡❞r❛❧❧② ❝♦♦r❞✐♥❛t❡❞ ♠♦♥♦♥✉❝❧❡❛r ❈♦✭■■✮ ❝♦♠♣❧❡① ✇❛s ❞❡t❡r♠✐♥❡❞ ❜② ♣✉❧s❡❞
✜❡❧❞ ♠❛❣♥❡t✐s❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✉♣ t♦ ✺✺✳✺ ❚✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s♣❛t✐❛❧ ❝♦✲
♦r❞✐♥❛t✐♦♥ ❣❡♦♠❡tr② ♦♥ t❤❡ g✲❛♥✐s♦tr♦♣② ❛♥❞ s❧♦✇ r❡❧❛①❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐s❛t✐♦♥
❜❡❤❛✈✐♦✉r ✇❛s st✉❞✐❡❞ ❜② t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t✇♦ ✐s♦♠❡r✐❝ ❈♦✭■■✮ ❧♦✇ s♣✐♥ ✭❙ ❂
✶✴✷✮ ❝♦♠♣❧❡①❡s ✐♥ ❛ sq✉❛r❡✲♣②r❛♠✐❞❛❧ ❛♥❞ tr✐❣♦♥❛❧✲❜✐♣②r❛♠✐❞❛❧ ❝♦♦r❞✐♥❛t✐♦♥ ❣❡✲
♦♠❡tr②✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❛ ♣❡♥t❛❣♦♥❛❧✲❜✐♣②r❛♠✐❞❛❧ ❝♦♦r❞✐♥❛t❡❞ ❱✭■■■✮ ❝♦♠♣❧❡①
❬❱✭■■■✮✭❉❆P❇❍✮✭❈❍3❖❍✮2❪ ❈❧·❈❍3❖❍ ❛ ♣❧❛♥❛r ❝r②st❛❧ ✜❡❧❞ ❛♥✐s♦tr♦♣② ❛s ✇❡❧❧ ❛s
❛ ✜♥✐t❡ ❞✐♠❡r✲❧✐❦❡ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥ ✇❛s q✉❛♥t✐✜❡❞ ❜② ❜♦t❤✱ ❍❋ ❊P❘ ✐♥✲
✈❡st✐❣❛t✐♦♥s ❛♥❞ ❧♦✇ t❡♠♣❡r❛t✉r❡ ♠❛❣♥❡t✐s❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ ❡①♣❧♦r❛t✐♦♥
♦❢ s♠❛❧❧ ✐♥t❡r♠♦❧❡❝✉❧❛r ❝♦✉♣❧✐♥❣ ♣❛t❤✇❛②s ✐s ❢✉rt❤❡r ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ t❤r❡❛❞ r✉♥✲
♥✐♥❣ t❤r♦✉❣❤ t❤❡ st✉❞② ♦❢ ❛❧❧ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❝♦♠♣❧❡①❡s✳ ■♥ ❛ s❡❝♦♥❞ ♣❛rt
✹f r❛r❡ ❡❛rt❤ ♠❡t❛❧ ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣♦✉♥❞s ❛r❡ ❛❞❞r❡ss❡❞✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛❝
s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛ ♦♥ t❤❡ ♠♦♥♦♠❡r✐❝ ❉②✭■■■✮ ❝♦♠♣♦✉♥❞ ❬❉②III▲1❪❖❚❢ r❡✈❡❛❧ ❛♥
✐♥t❡r❡st✐♥❣ t✇♦ st❡♣ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥✳ ❚❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ❛❧s♦
♠♦t✐✈❛t❡❞ ❛ ❝♦♠♣❛r❛t✐✈❡ ❍❋ ❊P❘ st✉❞② ♦♥ t✇♦ ♥♦✈❡❧ ❊r✭■■■✮ ❝♦♠♣❧❡①❡s ✜❣✉r✐♥❣
❛ ♣❡♥t❛❣♦♥❛❧✲❜✐♣②r❛♠✐❞❛❧ ❝♦♦r❞✐♥❛t✐♦♥ s✉rr♦✉♥❞✐♥❣✳ ■♥ t❤✐s ❝♦♥t❡①t ✐t ✇❛s ❢♦✉♥❞
t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ❝❛♥ ❞✐r❡❝t❧② ❜❡ tr❛❝❡❞ ❜❛❝❦
t♦ t❤❡ ❝❤❛♥❣❡s ✐♥ ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ✐♥❞✉❝❡❞ ❜② t❤❡ ❝r②st❛❧ ✜❡❧❞✳ ❇❡②♦♥❞ t❤❡
✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ♠♦♥♦♠❡r✐❝ ✸d ♦r ✹f ❝♦♠♣❧❡①❡s✱ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤♦s❡ t✇♦
s♣❡❝✐❡s ♦❢ ♠❛❣♥❡t✐❝ ✐♦♥s ✐s st✉❞✐❡❞ ❛♥❞ q✉❛♥t✐✜❡❞ ❜② ❍❋ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s ♦♥
❛ ❈✉✭■■✮✲▲♥✲❈✉✭■■✮ s❛♠♣❧❡ s❡t ✇✐t❤ ▲♥ ❂ ●❞✱ ❚❜✱ ❉② ❛♥❞ ▲❛✳





❩✉s❛♠♠❡♥❢❛ss✉♥❣

❉✐❡s❡ ❆r❜❡✐t ❜❡❤❛♥❞❡❧t ❞❡t❛✐❧❧✐❡rt❡ ❯♥t❡rs✉❝❤✉♥❣❡♥ ❞❡r ♠❛❣♥❡t✐s❝❤❡♥ ❊✐♥✲
❣❡♥s❝❤❛❢t❡♥ ✈❡rs❝❤✐❡❞❡♥❡r ♠❡t❛❧❧✲♦r❣❛♥✐s❝❤❡r ❱❡r❜✐♥❞✉♥❣❡♥✳ ❆❧s ❡①♣❡r✐✲
♠❡♥t❡❧❧❡ ▼❡t❤♦❞❡ ✇✉r❞❡ ❞❛❜❡✐ ü❜❡r✇✐❡❣❡♥❞ ❞✐❡ ❍♦❝❤❢r❡q✉❡♥③✲✴❍♦❝❤❢❡❧❞✲
❊❧❡❦tr♦♥❡♥s♣✐♥r❡s♦♥❛♥③✲❙♣❡❦tr♦s❦♦♣✐❡ ✭❍❋✲❊P❘✮ ✐♥ ❡①t❡r♥❡♥ ▼❛❣♥❡t❢❡❧❞❡r♥
❜✐s ③✉ ✶✻ ❚ ❣❡♥✉t③t✳ ❉✐❡ ❞❛r❛✉s r❡s✉❧t✐❡r❡♥❞❡♥ ❊r❣❡❜♥✐ss❡ ✇✉r❞❡♥ ❞✉r❝❤
❯♥t❡rs✉❝❤✉♥❣❡♥ ❞❡r st❛t✐s❝❤❡♥ ✭❉❈✮ ✉♥❞ ❞②♥❛♠✐s❝❤❡♥ ✭❆❈✮ ❙✉s③❡♣t✐❜✐❧✐tät
❡r❣ä♥③t✳ ❉❛♠✐t ❦♦♥♥t❡♥ ❢ür ❡✐♥❡ Pr♦❜❡♥r❡✐❤❡ t❡tr❛❡❞r✐s❝❤ ❦♦♦r❞✐♥✐❡rt❡r ❈♦✭■■✮✲
❱❡r❜✐♥❞✉♥❣❡♥ ♠✐t ❞❡r ❙✉♠♠❡♥❢♦r♠❡❧ ❬❈♦✭▲1✮4❪❳2 ❞✐❡ ❆♥✐s♦tr♦♣✐❡♣❛r❛♠❡t❡r
❜❡st✐♠♠t ✇❡r❞❡♥✱ ❛✉s ✇❡❧❝❤❡♥ ❡✐♥ ❞✐r❡❦t❡r ❡①♣❡r✐♠❡♥t❡❧❧❡r ❇❡✇❡✐s ❢ür ❞❡♥
❊✐♥✢✉ss ❞❡r ③✇❡✐t❡♥ ❑♦♦r❞✐♥❛t✐♦♥ss♣❤är❡ ❛✉❢ ❞✐❡ ♠❛❣♥❡t✐s❝❤❡♥ ❊✐♥❣❡♥s❝❤❛❢t❡♥
❞❡r ❥❡✇❡✐❧✐❣❡♥ ❑♦♠♣❧❡①✈❡r❜✐♥❞✉♥❣ ❛❜❣❡❧❡✐t❡t ✇❡r❞❡♥ ❦❛♥♥✳ ❉❛rü❜❡r ❤✐♥❛✉s
❦♦♥♥t❡ ❡✐♥❡ st❛r❦❡ ◆✉❧❧❢❡❧❞❛✉❢s♣❛❧t✉♥❣✱ ✇❡❧❝❤❡ ❞✉r❝❤ ❞✐❡ ❤♦❤❡ ❛①✐❛❧❡ ❆♥✐s♦✲
tr♦♣✐❡ ❡✐♥❡s ♦❦t❛❡❞r✐s❝❤ ❦♦♦r❞✐♥✐❡rt❡♥ ❈♦✭■■✮✲▼♦♥♦♠❡rs ✐♥❞✉③✐❡rt ✐st✱ ❞✉r❝❤
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❆✳✹✳ ❙✉♣♣❧❡♠❡♥t❛r② ▼❛t❡r✐❛❧s✿ ❊r✭■■■✮ ▼♦♥♦♠❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼
❆✳✺✳ ❙✉♣♣❧❡♠❡♥t❛r② ▼❛t❡r✐❛❧s✿ ❈✉✭■■✮2▲♥✭■■■✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

❇✐❜❧✐♦❣r❛♣❤② ✶✺✻

▲✐st ♦❢ P❛rt✐❛❧ P✉❜❧✐❝❛t✐♦♥s ✶✼✾

❉❛♥❦s❛❣✉♥❣ ✶✽✶

①✐





✶✳ ■♥tr♦❞✉❝t✐♦♥

■♥ ✶✾✹✶✱ ❑♦♥r❛❞ ❩✉s❡ ♣r❡s❡♥t❡❞ t❤❡ ✜rst ❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧❧② ♣r♦❣r❛♠♠❛❜❧❡✱ ❢✉❧❧②
❞✐❣✐t❛❧ ❝♦♠♣✉t❡r✳❬✶❪ ❚❤✐s ❞❡✈✐❝❡ ❤❛❞ ❛♥ ♦✈❡r❛❧❧ ♠❡♠♦r② ✇❤✐❝❤ ✇❛s ❛❜❧❡ t♦ r❡❝♦r❞ ✻✹
✇♦r❞s ✇✐t❤ t❤❡ ❧❡♥❣t❤ ♦❢ ✷✷ ❜✐t ❛♥❞✱ ②❡t✱ ✐t ❤❛❞ ❛ ✇❡✐❣❤t ♦❢ ✶ t♦♥ ❛♥❞ ♦❝❝✉♣✐❡❞ ❛♥
❡♥t✐r❡ r♦♦♠✳ ▲♦♦❦✐♥❣ ❜❛❝❦ ❢r♦♠ t❤❡ ♣r❡s❡♥t ♣❡rs♣❡❝t✐✈❡✱ ✐t ✐s ❤❛r❞ t♦ ✐♠❛❣✐♥❡✱ t❤❛t
t❤✐s ❣✐❛♥t ♠❛❝❤✐♥❡ ✐s t❤❡ ♦r✐❣✐♥ ♦❢ ♠♦❞❡r♥ ❝♦♠♣✉t✐♥❣ t❡❝❤♥♦❧♦❣② ✐♥ ✇❤✐❝❤ ❛ s✐♥❣❧❡
❝❤✐♣ ❝❛♥ ❤❛✈❡ ❛ ♠✐♥✐♠❛❧ s✐③❡ ♦❢ ✵✳✶ ♠♠3✳❬✷❪ ❚❤✐s ❡✐❣❤t② ②❡❛r ❥♦✉r♥❡② ✇❛s ❛❝❝♦♠♣❛♥✐❡❞
❜② s❡✈❡r❛❧ ❣r♦✉♥❞ ❜r❡❛❦✐♥❣ ✐♥✈❡♥t✐♦♥s s✉❝❤ ❛s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ✜rst tr❛♥s✐st♦r
❜② ❇❛r❞❡❡♥✱ ❇r❛tt❛✐♥ ❛♥❞ ❙❤♦❝❦❧❡②✱ ✇❤✐❝❤ s✉♣❡rs❡❞❡❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♠❡✲
❝❤❛♥✐❝❛❧ r❡❧❛②s ❛♥❞ ❜❡❝❛♠❡ ❛ ❦❡② ❝♦♠♣♦♥❡♥t ♦❢ ♠♦❞❡r♥ ❡❧❡❝tr♦♥✐❝ ❞❡✈✐❝❡s✳❬✸❪ ❚❤❡
✉♥❞✐s♣✉t❛❜❧❡ ❡①t❡♥s✐✈❡ ✐♠♣❛❝t ♦❢ t❤❡✐r ✇♦r❦ ✇❛s ❤♦♥♦✉r❡❞ ✐♥ ✶✾✺✻ ❜② t❤❡ ◆♦❜❡❧ Pr✐③❡
✐♥ ♣❤②s✐❝s✳❬✹❪ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s t❤❡ ❡♥♦r♠♦✉s ❛❞✈❛♥❝❡♠❡♥t ♦❢ ❞❛t❛ st♦r❛❣❡s ❢r♦♠
t❤❡ ✐♥✐t✐❛❧❧② ✉s❡❞ ♣✉♥❝❤❝❛r❞s t♦✇❛r❞s t❡❝❤♥✐q✉❡s ❧✐❦❡ ♠❛❣♥❡t✐❝ ❞❛t❛ st♦r❛❣❡s ✐♥ ❤❛r❞
❞r✐✈❡s ♦r ✜❡❧❞ ❡✛❡❝t tr❛♥s✐st♦rs✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❯❙❇ st✐❝❦s ❛♥❞ ♦t❤❡r ✢❛s❤
❞r✐✈❡ ♠❡♠♦r✐❡s✳ ❚❤❡ ❞✐s❝♦✈❡r② ♦❢ ❛ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ❛r✐s✐♥❣ ❡①❝❧✉s✐✈❡❧② ❢r♦♠ ❛♥
✐s♦❧❛t❡❞ ♠♦❧❡❝✉❧❡ ✇❛s q✉✐❝❦❧② ❤❛♥❞❧❡❞ ❛s ❛♥♦t❤❡r ♣♦t❡♥t✐❛❧ ❜r❡❛❦t❤r♦✉❣❤ ✐♥ t❤❡ ❞❡✲
✈❡❧♦♣♠❡♥t ♦❢ s♠❛❧❧ s✐③❡❞ ❡❧❡❝tr♦♥✐❝s ❛♥❞ ❡st❛❜❧✐s❤❡❞ t❤❡ r❡s❡❛r❝❤ ✜❡❧❞ ♦❢ ♠♦❧❡❝✉❧❛r
♠❛❣♥❡t✐s♠✳❬✺✱ ✻❪ ❚❤❡s❡ ✜♥❞✐♥❣s ♥♦t ♦♥❧② ♣r❡s❡♥t❡❞ ❛ ♥❡✇ ❜❡♥❝❤♠❛r❦ ❢♦r t❤❡ s♠❛❧❧❡st
s②♥t❤❡s✐③❡❛❜❧❡ ♠❛❣♥❡t✐❝ ✉♥✐t✱ ❜✉t ❛❧s♦ t❤❡ ❜r♦❛❞ ♣♦ss✐❜✐❧✐t✐❡s t♦ ❝❤❡♠✐❝❛❧ ❡♥❣✐♥❡❡r
t❤❡s❡ ❝♦♠♣♦✉♥❞s s♣❛r❦❡❞ ✐♥t❡r❡st ✐♥ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤✐s ♥♦✈❡❧ ♠❛t❡r✐❛❧s✳❬✼✕✶✵❪

❚❤❡ ❝❧❛ss ♦❢ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡ts ✐s ❛ ❤②♣❡r♥②♠ ❢♦r ♠❛t❡r✐❛❧s ✜❣✉r✐♥❣ ❛ ❝♦♠❜✐♥❛✲
t✐♦♥ ♦❢ ♠❡t❛❧ ❝❡♥tr❡s ✇❤✐❝❤ ❛r❡ ❝♦♦r❞✐♥❛t❡❞ ❜② ❛♥ ♦r❣❛♥✐❝ ❧✐❣❛♥❞ ❡♥✈✐r♦♥♠❡♥t✳❬✶✶❪
❚❤❡s❡ ♠❡t❛❧ ❝❡♥tr❡s ❝❛♥ ❛♣♣❡❛r ✐♥ t❤❡ ❢♦r♠ ♦❢ s✐♥❣❧❡ ✐♦♥s ♦r ❝♦✉♣❧❡❞ ♠❡t❛❧ ❝❧✉st❡rs
✇❤✐❝❤ ❛r❡ ✐s♦❧❛t❡❞ ❢r♦♠ ❡❛❝❤ ♦t❤❡r ❜② t❤❡ s♣❛t✐❛❧ ❡①t❡♥s✐♦♥ ❛♥❞ t❤❡ ❛rr❛♥❣❡♠❡♥t
♦❢ t❤❡ s✉rr♦✉♥❞✐♥❣ ❧✐❣❛♥❞s✱ ❜✉t t❤❡② ❝❛♥ ❛❧s♦ ❢♦r♠ ❝♦rr❡❧❛t❡❞ s②st❡♠s ❛s ❝❤❛✐♥s ♦r
t✇♦✲ ❛♥❞ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❢r❛♠❡✇♦r❦s✳❬✶✷✕✶✺❪ ❇❡s✐❞❡s t❤❡✐r ♣♦t❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ✐♥
♥♦✈❡❧ ❝♦♠♣✉t✐♥❣ ❛♥❞ ♣r♦❝❡ss♦r t❡❝❤♥♦❧♦❣✐❡s✱ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s ❛r❡ ❛❧s♦
✐♥ t❤❡ ❢♦❝✉s ♦❢ ❢✉♥❞❛♠❡♥t❛❧ r❡s❡❛r❝❤ ❛s s②♥t❤❡t✐❝ t♦② ♠♦❞❡❧s t♦ ✐♥✈❡st✐❣❛t❡ ♠❛❣♥❡t✐❝
♣r♦♣❡rt✐❡s ♦♥ t❤❡ ♥❛♥♦s❝❛❧❡✱ ✇❤❡r❡ q✉❛♥t✉♠ ❡✛❡❝ts ❜❡❝♦♠❡ r❡❧❡✈❛♥t✳❬✶✻✱ ✶✼❪ ❚❤❡r❡❜②✱
t❤❡ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ♠❡t❛❧ ✐♦♥s t❤❛t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ♠❛❣♥❡t✐❝ ❝❡♥tr❡ ❛❧❧♦✇ ❢♦r
❛ ❝♦♠♣❛r❛❜❧② ❡❛s② ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜t❛✐♥❡❞ ❞❛t❛✳
❍♦✇❡✈❡r✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ♦❜s❡r✈❡❞ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ❢r❛♠❡❞ ❜② t❤❡ ❛♣♣❧✐✲
❝❛t✐♦♥ ♦❢ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ♠♦❞❡❧s✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♦r✐❣✐♥ ♦❢ t❤❡ ✈❡r② s❛♠❡✱ ♥❛♠❡❧②
t❤❡ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ t❤❡ ♠❛❣♥❡t✐❝ ❝❡♥tr❡s ✇✐t❤ t❤❡ ❝r②st❛❧ ✜❡❧❞ ✐♥❞✉❝❡❞ ❜② t❤❡ s✉r✲
r♦✉♥❞✐♥❣ ♦r❣❛♥✐❝ ❧✐❣❛♥❞s✱ ✐s st✐❧❧ ♥♦t ❢✉❧❧② ✉♥❞❡rst♦♦❞✳ ❚♦ ❞❡❝✐♣❤❡r t❤✐s ♠❡❝❤❛♥✐s♠ ✐t
✐s ❝r✉❝✐❛❧ t♦ ♦❜t❛✐♥ r❡❧✐❛❜❧❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ♣r❡❝✐s❡❧② q✉❛♥t✐❢② t❤❡
❝r②st❛❧ ✜❡❧❞ ❡✛❡❝t ♦♥t♦ t❤❡ ♠❛❣♥❡t✐❝ ♠❡t❛❧ ❝❡♥tr❡s✳

✶



❚✉♥❛❜❧❡ ❤✐❣❤ ❢r❡q✉❡♥❝②✴❤✐❣❤ ✜❡❧❞ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❍❋ ❊P❘✮ s♣❡❝✲
tr♦s❝♦♣② ❛❧❧♦✇s ❢♦r ❞✐r❡❝t❧② ♦❜t❛✐♥✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❢♦r ❛
❣✐✈❡♥ ♠♦❧❡❝✉❧❛r s②st❡♠ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ♦♥ t❤❡ ❧♦❝❛❧ ❝❤❡♠✐❝❛❧ ❡♥✈✐r♦♥♠❡♥t ♦❢ t❤❡
♠❡t❛❧ ❝❡♥tr❡s ✇❤✐❝❤ ✐s ❢♦r♠❡❞ ❜② t❤❡ ❝♦♦r❞✐♥❛t✐♥❣ ❧✐❣❛♥❞s✳❬✶✶✱ ✶✽❪ ❚❤✉s✱ t❤✐s t❡❝❤✲
♥✐q✉❡ r❡♣r❡s❡♥ts ❛♥ ✐♠♣♦rt❛♥t ❡①♣❡r✐♠❡♥t❛❧ ❛♣♣r♦❛❝❤ t♦ ❝♦♥♥❡❝t t❤❡ ❧✐❣❛t✐♦♥ ❣❡♦♠✲
❡tr②✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♠❛♥✐♣✉❧❛t❡❞ ❜② ❝❤❡♠✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣✱ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ♠❛❣♥❡t✐❝
♣r♦♣❡rt✐❡s✳❬✶✾✕✷✸❪ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ♣r✐♥❝✐♣❧❡ ✇❛s ❞✐s❝♦✈❡r❡❞ ✐♥ ✶✾✹✹ ✐♥ t❤❡ ❢♦r♠❡r
❯✳❙✳❙✳❘✳ ❜② ❩❛✈♦✐s❦② ❛♥❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐♥❞✉❝t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ mS

st❛t❡s ❜❡❧♦♥❣✐♥❣ t♦ ❛ ❣✐✈❡♥ s♣✐♥ S ❜② t❤❡ ✐rr❛❞✐❛t✐♦♥ ♦❢ ❡❧❡❝tr♦✲♠❛❣♥❡t✐❝ ✇❛✈❡s ✐♥ t❤❡
♠✐❝r♦✇❛✈❡ r❛♥❣❡✳❬✶✽❪

❚❤✐s t❤❡s✐s ♣r❡s❡♥ts ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ❞❡♠♦♥str❛t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❍❋ ❊P❘
s♣❡❝tr♦s❝♦♣② ❛s ♣♦✇❡r❢✉❧ t♦♦❧ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✈❛r✐♦✉s ❡①❛♠♣❧❡s
❢r♦♠ t❤❡ ❝❧❛ss ♦❢ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t ♠❛t❡r✐❛❧s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❛❧❧ ♦❢ t❤❡s❡ ♠❛t❡r✐❛❧s
✇❡r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ✉s✐♥❣ t❤❡ ❍❋ ❊P❘ t❡❝❤♥✐q✉❡✳ ❚✇♦ ♣r✐♠❛r② ♠❛✲
t❡r✐❛❧ ❣r♦✉♣s ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ ✇✐t❤✐♥ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ❤❡r❡✲♣r❡s❡♥t❡❞ ✇♦r❦✳ ❋✐rst❧②✱
♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❞✐✛❡r❡♥t ✸d tr❛♥s✐t✐♦♥ ♠❡t❛❧ ❝♦♠♣♦✉♥❞s ✇❡r❡ st✉❞✐❡❞✱ s❡❝✲
♦♥❞❧②✱ s♣❡❝tr♦s❝♦♣✐❝ ✐♥✈❡st✐❣❛t✐♦♥s ♦♥ ✹f ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣❧❡①❡s ✇❡r❡ ♣❡r❢♦r♠❡❞✳ ■♥
t❤✐s r❡❣❛r❞ ✐t ✐s ♥♦t❡✇♦rt❤②✱ t❤❛t ❡s♣❡❝✐❛❧❧② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❍❋ ❊P❘ ♦♥t♦ t❤❡ ❧❛tt❡r
r❡♣r❡s❡♥ts ❛ ❝❤❛❧❧❡♥❣✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ t❛s❦ ❞✉❡ t♦ t❤❡ ❤✐❣❤ s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣✐❡s ♦❢
✹f ❝♦♠♣♦✉♥❞s✱ ✈❛r✐♦✉s ♠✐①✐♥❣ ♦❢ st❛t❡ ❡✛❡❝ts ❛♥❞ ❤✐❣❤❧② ❢♦r❜✐❞❞❡♥ ❣r♦✉♥❞ st❛t❡ tr❛♥✲
s✐t✐♦♥s✳❬✷✹✱ ✷✺❪ ❇❡②♦♥❞ t❤✐s✱ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ❍❋ ❊P❘ t❡❝❤♥✐q✉❡ ✐s ♣❛rt✐❝✉❧❛r❧②
❞❡♠♦♥str❛t❡❞ ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ❛♥❞ ♣r❡❝✐s❡ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ s♠❛❧❧ ❞✐♠❡r✲❧✐❦❡ ✐♥t❡r✲
♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ✐♥ ❛ ❈♦✭■■✮ ❛♥❞ ❱✭■■■✮ ♠♦♥♦♥✉❝❧❡❛r ❝♦♠♣❧❡①✱ ✇❤✐❝❤ ❛r❡ ♦♥ ❛♥
❡♥❡r❣② s❝❛❧❡ t❤❛t ✐s ❜❡②♦♥❞ t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ st❛♥❞❛r❞ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s ❧✐❦❡
❞✐r❡❝t ❝✉rr❡♥t ✭❞❝✮ ❙◗❯■❉✶ ♠❛❣♥❡t♦♠❡tr②✳ ❚♦ ❛❝q✉✐r❡ ❛ ❝♦♠♣❧❡t❡ ♣✐❝t✉r❡ ♥♦t ♦♥❧② ♦♥
t❤❡ st❛t✐❝ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ❜✉t ❛❧s♦ ♦♥ t❤❡ ❞②♥❛♠✐❝ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥✱ ✇❤✐❝❤ ✐s
❛ ❝r✉❝✐❛❧ ♣❛r❛♠❡t❡r ❢♦r ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ❍❋ ❊P❘ ❛♥❞ ❞❝ ❙◗❯■❉ ♠❛❣♥❡t♦♠❡tr②
✐♥✈❡st✐❣❛t✐♦♥s ❛r❡ ❝♦♠♣❧❡♠❡♥t❡❞ ❜② ❛❧t❡r♥❛t✐♥❣ ❝✉rr❡♥t ✭❛❝✮ ♠❡❛s✉r❡♠❡♥ts✳

❆❢t❡r t❤✐s ✐♥tr♦❞✉❝t♦r② ✜rst ❝❤❛♣t❡r✱ t❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r ✇✐❧❧ ❣✐✈❡ ❛ ❜r✐❡❢ ♦✈❡r✈✐❡✇ ♦❢
t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♦❢ ♠❛❣♥❡t✐s♠ ✐♥ ❣❡♥❡r❛❧ ✇❤✐❝❤ ✐s s✉❜s❡q✉❡♥t❧② ❡①t❡♥❞❡❞
❜② t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❡t❛✐❧s ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ♠❡t❤♦❞s ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣t❡r t❤r❡❡✳
❚❤❡ ❢♦✉rt❤ ❛♥❞ ✜❢t❤ ❝❤❛♣t❡r ✐s ❢♦❝✉s❡❞ ♦♥ t❤❡ ❞❡t❛✐❧❡❞ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ✸d ♠♦♥♦♠❡rs
❝♦♥t❛✐♥✐♥❣ ❈♦✭■■✮ ❛♥❞ ❱✭■■■✮ ❝❡♥tr❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❝❤❛♣t❡r s✐① t❤✐s ✐♥✈❡st✐❣❛t✐♦♥ ✐s
❡①t❡♥❞❡❞ t♦ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡ts ✇❤✐❝❤ ❛r❡ ❜✉✐❧❞ ❢r♦♠ ✹f r❛r❡ ❡❛rt❤ ♠❡t❛❧s ❛s ✇❡❧❧ ❛s ✸d✲
✹f ❝♦✉♣❧❡❞ s②st❡♠s✳ ❚♦ ❞❡♠♦♥str❛t❡ t❤❡ ❜r♦❛❞ ✈❛r✐❡t② ♦❢ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐❝ s②st❡♠s✱
❝❤❛♣t❡r s❡✈❡♥ ❞✐s❝✉ss❡s ♠♦❧❡❝✉❧❛r ❝♦♠♣♦✉♥❞s✱ ✇❤✐❝❤ ❝❛♥ ♥♦t ❞✐r❡❝t❧② ❜❡ ❝❛t❡❣♦r✐③❡❞
✐♥ t❤❡ ♣r✐♦r ❝❤❛♣t❡rs✳ ❚❤❡ ✜♥❛❧ ❝❤❛♣t❡r ❡✐❣❤t❤ ❣✐✈❡s ❛ s✉♠♠❛r✐③✐♥❣ ❝♦♥❝❧✉s✐♦♥ ❛❝r♦ss
t❤❡ ❞✐s❝✉ss❡❞ t♦♣✐❝s ♦❢ t❤✐s t❤❡s✐s✳

✶❙◗❯■❉ ❂ s✉♣❡r❝♦♥❞✉❝t✐♥❣ q✉❛♥t✉♠ ✐♥t❡r❢❡r❡♥❝❡ ❞❡✈✐❝❡✳

✷



✷✳ ❚❤❡♦r❡t✐❝❛❧ ❇❛❝❦❣r♦✉♥❞

❚❤✐s ❝❤❛♣t❡r ♣r♦✈✐❞❡s ❛♥ ✐♥tr♦❞✉❝t✐♦♥ ✐♥t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❢r❡❡ ❛t♦♠s ✐♥ ❛ ♠❛❣♥❡t✐❝
✜❡❧❞ ✭❝❤❛♣✳ ✷✳✶ ❛♥❞ ✷✳✸ ✮ ❛s ✇❡❧❧ ❛s t❤❡ ♦r✐❣✐♥ ♦❢ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ✐♥❞✉❝❡❞ ❜② ❛
❝r②st❛❧ ✜❡❧❞ ✭❈❋✮ ♦r ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥s ✭❝❤❛♣✳ ✷✳✹✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡✛❡❝t✐✈❡ s♣✐♥
❍❛♠✐❧t♦♥✐❛♥ ❛♣♣r♦❛❝❤ ✐s ✐♥tr♦❞✉❝❡❞ ✭❝❤❛♣✳ ✷✳✺✮✳ ❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧
❜❛❝❦❣r♦✉♥❞ ✐s ♠❛✐♥❧② ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦❦s ♦❢ ❙✳ ❇❧✉♥❞❡❧❧ ❬✷✻❪✱ P✳ ❋❛③❡❦❛s
❬✷✼❪✱ ❲✳ ◆♦❧t✐♥❣ ❬✷✽❪✱ ❚✳ ❋❧✐❡ÿ❜❛❝❤ ❛♥❞ ❍✳ ❲❛❧❧✐s❡r ❬✷✾❪ ✭❝❤❛♣✳ ✷✳✶✱ ✷✳✷ ❛♥❞ ✷✳✸✮✱
❆✳ ❆❜r❛❣❛♠ ❛♥❞ ❇✳ ❇❧❡❛♥❡② ❬✶✽❪✱ ❉✳ ●❛tt❡s❝❤✐✱ ❘✳ ❙❡ss♦❧✐ ❛♥❞ ❏✳ ❱✐❧❧❛✐♥ ❬✶✶❪✱ ❈✳ ❇❡♥❡❧❧✐
❛♥❞ ❉✳ ●❛tt❡s❝❤✐ ❬✶✷❪ ✭❝❤❛♣✳ ✷✳✹ ❛♥❞ ✷✳✺✮✳

✷✳✶✳ ❚❤❡ ❢r❡❡ ❆t♦♠ ❍❛♠✐❧t♦♥✐❛♥

❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ H ❢♦r ❛ ❢r❡❡ ❛t♦♠ ❝♦♥s✐st✐♥❣ ♦❢ ◆ ❡❧❡❝tr♦♥s ✇❤✐❝❤ ❛r❡ ❜♦✉♥❞ t♦ ❛
♥✉❝❧❡✉s ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❛ ❝❡♥tr❡✲♦❢✲♠❛ss s②st❡♠ ❛s✿

H =
N
∑

i=1

(

p2i
2me

−
Ze2

ri
+

N
∑

j=1,j ̸=i

e2

2|ri − rj|

)

✭✷✳✶✮

✇❤❡r❡ pi ❛♥❞ ri/j ❞❡♥♦t❡ t❤❡ ♠♦♠❡♥t✉♠ ♦♣❡r❛t♦r ❛♥❞ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♥✉❝❧❡✉s
❢♦r t❤❡ it❤ ♦r jt❤ ❡❧❡❝tr♦♥ ❛♥❞ me ❛♥❞ Z r❡✢❡❝t t❤❡ ❡❧❡❝tr♦♥ ♠❛ss ❛♥❞ t❤❡ ♣r♦t♦♥
♥✉♠❜❡r✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❞❡s❝r✐♣t✐♦♥ t❛❦❡s ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❇♦r♥✲❖♣♣❡♥❤❡✐♠❡r✲
❛♣♣r♦①✐♠❛t✐♦♥ ✇❤✐❝❤ ❛ss✉♠❡s✱ t❤❛t t❤❡ ❡❧❡❝tr♦♥ ♠❛ss ✐s ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ♥✉❝❧❡❛r
♠❛ss ❛♥❞✱ ❤❡♥❝❡✱ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❡❧❡❝tr♦♥s ❛♥❞ t❤❡ ♥✉❝❧❡✉s ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s
❞❡❝♦✉♣❧❡❞✳❬✸✵❪

❚❤❡ ✜rst t✇♦ t❡r♠s ✐♥ ❡q♥✳ ✷✳✶ ❞❡s❝r✐❜❡ t❤❡ ❦✐♥❡t✐❝ ❛♥❞ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♦❢ ❛ s✐♥❣❧❡
❡❧❡❝tr♦♥❀ t❤❡ t❤✐r❞ t❡r♠ ❝♦♥s✐❞❡rs t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t✇♦ ❡❧❡❝tr♦♥s✳ ❚♦ s♦❧✈❡
t❤❡ ❢r❡❡ ❛t♦♠ ❍❛♠✐❧t♦♥✐❛♥ ❛ ♠❡❛♥✲✜❡❧❞ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ ❛ss✉♠✐♥❣ ❡✈❡r②
❡❧❡❝tr♦♥ ✐s s✉❜❥❡❝t❡❞ t♦ ❛♥ ❡✛❡❝t✐✈❡ ♣♦t❡♥t✐❛❧ ✐♥❞✉❝❡❞ ❜② t❤❡ ♦t❤❡r ❡❧❡❝tr♦♥s ❛♥❞ t❤❡
❍❛♠✐❧t♦♥✐❛♥ ✐♥ ❡q♥✳ ✷✳✶ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ t♦✿

H0 =
N
∑

i=1

(

p2i
2me

−
Ze2

ri
+ Vi(ri)

)

✭✷✳✷✮

✇✐t❤ t❤❡ ❝❡♥tr❛❧ ♣♦t❡♥t✐❛❧ Vi✳ ❚❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ψ ♦❢ t❤✐s ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥s✐st ♦❢ ❛
r❛❞✐❛❧ ♣❛rt Rn,l ❛s ✇❡❧❧ ❛s ❛♥ ❛♥❣✉❧❛r ❞❡♣❡♥❞❡♥t ♣❛rt ✇❤✐❝❤ ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡
s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s Y ml

l ✿

✸



ψi(ri, θi, ϕi)n,l,ml,s,ms
= Rnl(ri)Y

ml

l (θi, ϕi)χ(ms) ✭✷✳✸✮

✇✐t❤ t❤❡ ♠❛✐♥ q✉❛♥t✉♠ ♥✉♠❜❡rs n ❂ ✶✱ ✷✱ ✳✳✳ ❛♥❞ l ❂ ✵✱ ✶✱ ✳✳✳✱ n✲✶ ❢♦r ❛ ❣✐✈❡♥ n ❛♥❞
t❤❡ ♦r❜✐t❛❧ ♦r s♣✐♥ q✉❛♥t✉♠ ♥✉♠❜❡r ml/s ❂ ✲l/s✱ ✲l/s✰✶✱ ✳✳✳✱l/s✲✶✱ l/s ❢♦r ❛ ❣✐✈❡♥ l ♦r
s q✉❛♥t✉♠ ♥✉♠❜❡r✳ ❚❤❡ ❢✉♥❝t✐♦♥ χ ✐♥❝♦r♣♦r❛t❡s t❤❡ s♣✐♥ st❛t❡✳

✷✳✷✳ ❙♣✐♥✲❖r❜✐t✲❈♦✉♣❧✐♥❣

❚❤❡ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ✭❙❖❈✮ r❡s✉❧ts ❢r♦♠ ❛♥ ❡✛❡❝t✐✈❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ Bn ✇❤✐❝❤
❛✛❡❝ts t❤❡ s♣✐♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ✐♥ ✐ts r❡st ❢r❛♠❡ ✇❤✐❧❡ ❝✐r❝✉❧❛t✐♥❣ t❤❡ ♥✉❝❧❡✉s ✇✐t❤ t❤❡
✈❡❧♦❝✐t② v✱ ✐✳❡✳ ✐t ✐s ❛ r❡❧❛t✐✈✐st✐❝ ❡✛❡❝t✳ ❚❤❡ ❙❖❈ ❍❛♠✐❧t♦♥ ♦♣❡r❛t♦r ❢♦r ❛♥ ❡❧❡❝tr♦♥
✐♥ ❛ ❈♦✉❧♦♠❜ ♣♦t❡♥t✐❛❧ ❛s ❛♣♣❡❛r✐♥❣ ❛s t❤✐r❞ t❡r♠ ✐♥ ❡q✉✳ ✷✳✶ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

HSOC =
h̄2

2m2c2
Ze2

r3
S · L = λS · L ✭✷✳✹✮

✇✐t❤ L =
l
∑

i=1

ml(i) ❛♥❞ S =
s
∑

i=1

ms(i) ❜❡✐♥❣ t❤❡ ❝♦✉♣❧❡❞ ♦r❜✐t❛❧ ❛♥❞ s♣✐♥ ♠♦♠❡♥t❛✱

r❡s♣❡❝t✐✈❡❧② ❛♥❞ λ ❃ ✵ ❞❡♥♦t❡s t❤❡ ❙❖❈ ❝♦♥st❛♥t✳ ❉✉❡ t♦ t❤❡ ❙❖❈✱ L ❛♥❞ S ❛r❡ ♥♦
❧♦♥❣❡r s❡♣❛r❛t❡❞ ❜✉t ♦♥❧② t❤❡ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ J ❂ L ✰ S ✐s ❛ ❝♦♥s❡r✈❡❞
q✉❛♥t✐t② ✇❤✐❝❤ ❝❛♥ ❤❛✈❡ ✈❛❧✉❡s ❜❡t✇❡❡♥ |L − S| ❛♥❞ |L + S|✳ ❚❤✉s✱ t❤❡ r❡s✉❧t✐♥❣
♠❛❣♥❡t✐❝ ♠♦♠❡♥t µ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

µ = gJµBJ ✭✷✳✺✮

✇✐t❤ gJ ❜❡✐♥❣ t❤❡ ▲❛♥❞é g✲❢❛❝t♦r ❛s ❞❡r✐✈❡❞ ❡✳❣✳ ✐♥ r❡❢✳ ❬✷✻❪✳ ❚♦ ✜♥❞ t❤❡ L ❛♥❞ S
✈❛❧✉❡s ✇❤✐❝❤ ♠✐♥✐♠✐③❡ t❤❡ ❡♥❡r❣② ♦❢ ❛ ❣✐✈❡♥ s②st❡♠ ❍✉♥❞✬s r✉❧❡s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✭s❡❡
r❡❢✳ ❬✷✻❪✮ ✇❤✐❝❤ ❣✐✈❡ ❛♥ ❡♠♣✐r✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ ❡st✐♠❛t❡ t❤❡ ❣r♦✉♥❞ st❛t❡✳

❙♦ ❢❛r t❤❡ ❙❖❈ ✇❛s ❝♦♥s✐❞❡r❡❞ ❛s ❛ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ ✇❤✐❧❡ t❤❡ ♠❛✐♥ ❡♥❡r❣② t❡r♠
✐s ❞❡✜♥❡❞ ❜② t❤❡ ❡❧❡❝tr♦st❛t✐❝ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr♦♥s✱ ✐✳❡✳ t❤❡ ♦r❜✐t❛❧ ❛♥❞
s♣✐♥ ♠♦♠❡♥t❛ ❛r❡ s✉♠♠❛r✐③❡❞ s❡♣❛r❛t❡❧② ❢♦r ❡❛❝❤ ❡❧❡❝tr♦♥ ✇❤✐❝❤ ✐s ❛❧s♦ ❝❛❧❧❡❞ ▲✲❙✲
♦r ❘✉ss❡❧✲❙❛✉♥❞❡rs✲❝♦✉♣❧✐♥❣✳ ❚❤✐s ✐s ❛ ❣♦♦❞ ❛♣♣r♦❛❝❤ ❢♦r ❧✐❣❤t ♦r ♠❡❞✐✉♠ ❤❡❛✈②
❡❧❡♠❡♥ts ❛s ❡✳❣✳ ✸d tr❛♥s✐t✐♦♥ ♠❡t❛❧s✳ ❍♦✇❡✈❡r✱ ❢♦r ❤❡❛✈② ❡❧❡♠❡♥ts ✇✐t❤ ❤✐❣❤ ❛t♦♠✐❝
♥✉♠❜❡rs Z t❤❡ s♣✐♥✲♦r❜✐t ✐♥t❡r❛❝t✐♦♥ ❜❡❝♦♠❡s t❤❡ ❞♦♠✐♥❛♥t ❡♥❡r❣②✳ ❚❤❡r❡❢♦r❡ t❤❡
s♦✲❝❛❧❧❡❞ ❥✲❥✲❝♦✉♣❧✐♥❣ ♠♦❞❡❧ ❤❛s t♦ ❜❡ ❛♣♣❧✐❡❞ ✇❤❡r❡ t❤❡ ♦r❜✐t❛❧ ❛♥❞ s♣✐♥ ♠♦♠❡♥t✉♠
♦❢ ❡❛❝❤ ❡❧❡❝tr♦♥ ✐s ❝♦✉♣❧❡❞ ✜rst ❛♥❞ ❛❢t❡r✇❛r❞s t❤❡ r❡s✉❧t✐♥❣ ♠♦♠❡♥t❛ ❛r❡ ❝♦✉♣❧❡❞ t♦
t❤❡ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ J ✳

✷✳✸✳ ❆t♦♠ ✐♥ ❛ ▼❛❣♥❡t✐❝ ❋✐❡❧❞

❚♦ ✐♥tr♦❞✉❝❡ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ B ❛❝t✐♥❣ ♦♥ t❤❡ ♠❛♥② ❡❧❡❝tr♦♥ s②st❡♠ ❛s ❞❡✜♥❡❞ ❜②
t❤❡ ❙❍ ✐♥ ❡q♥✳ ✷✳✷ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦♠❡♥t✉♠ pi ✐s

✹



♣❡r❢♦r♠❡❞✿

p′
i → pi +

eA(ri)

c
✭✷✳✻✮

✇✐t❤ t❤❡ ♠❛❣♥❡t✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ A = 1
2
B × r✳ ❚❤✉s✱ t❤❡ ❦✐♥❡t✐❝ ♣❛rt ♦❢ t❤❡

♣❡rt✉r❜❡❞ ❍❛♠✐❧t♦♥✐❛♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

Hkin =
1

2me

N
∑

i=1

(

pi +
e

2c
B× ri

)2

=
N
∑

i=1

p2i
2me

+µBL ·B+
e2B2

8mec2

N
∑

i=1

(

x2i + y2i
)

✭✷✳✼✮

✇✐t❤ t❤❡ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ h̄L =
∑

i

ri × pi✳

❚❤❡ ❡❧❡❝tr♦♥✐❝ s♣✐♥ S ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❡q♥✳ ✷✳✼ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡♥❡r❣② E ♦❢
❛ ♠❛❣♥❡t✐❝ s♣✐♥✲♠♦♠❡♥t µe ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✿

E = −µe ·B = geµBS ·B ✭✷✳✽✮

❆ s✐♠♣❧✐✜❡❞ ❍❛♠✐❧t♦♥✐❛♥ ✐s t❤✉s ❣✐✈❡♥ ❜②✿

H = H0 + µB (L+ S) ·B+
e2

8mec2

∑

i=1

(

x2i + y2i
)

. ✭✷✳✾✮

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ s♣❧✐tt✐♥❣ ♦❢ t❤❡ ❡♥❡r❣② st❛t❡s ✐s ✉s✉❛❧❧② ❣✐✈❡♥ ❜② t❤❡
s❡❝♦♥❞ t❡r♠ ✐♥ ❡q♥✳ ✷✳✾✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ♣❛r❛♠❛❣♥❡t✐❝✲ ♦r ❩❡❡♠❛♥✲t❡r♠✳
❚❤❡ t❤✐r❞ t❡r♠ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ ❝♦♥tr✐❜✉t✐♦♥ ✇❤✐❝❤ ✐s✱ ❤♦✇❡✈❡r✱ ♦❢t❡♥
s❡✈❡r❛❧ ♦r❞❡rs s♠❛❧❧❡r t❤❛♥ t❤❡ ❩❡❡♠❛♥✲❝♦♥tr✐❜✉t✐♦♥✳

✷✳✹✳ ❚❤❡ ❖r✐❣✐♥ ♦❢ ▼❛❣♥❡t✐❝ ❆♥✐s♦tr♦♣②

❚❤❡ ❡❧❡❝tr♦♥✐❝ s♣✐♥ ✐ts❡❧❢ ❤❛s ❛ ♣❡r❢❡❝t s♣❤❡r✐❝❛❧ s②♠♠❡tr② ❛♥❞ ❜② t❤✐s ❛❧s♦ ✐s♦tr♦♣✐❝
♣r♦♣❡rt✐❡s✳ ❍♦✇❡✈❡r ❛s ❛❧r❡❛❞② ❞✐s❝✉ss❡❞ ✐♥ ❝❤❛♣✳ ✷✳✷✱ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❡❧❡❝tr♦♥✐❝
s♣✐♥ t♦ ❛♥ ♦r❜✐t❛❧ ♠♦♠❡♥t✉♠ ❝❛♥ ✐♥❞✉❝❡ ❛ s♣❧✐tt✐♥❣ ♦❢ t❤❡ ❡♥❡r❣② st❛t❡s ✐♥❞❡♣❡♥❞❡♥t❧②
❢r♦♠ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥② ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ s♦✲❝❛❧❧❡❞ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣
✭❩❋❙✮✳❬✶✷❪

✷✳✹✳✶✳ ❚❤❡ ❈r②st❛❧ ❋✐❡❧❞

❚❤❡ ❝r②st❛❧ ✜❡❧❞ ✭❈❋✮ ❞❡s❝r✐❜❡s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♥❡✐❣❤❜♦✉r✐♥❣ ❛t♦♠s ✇✐t❤✐♥ ❛
❝r②st❛❧❧✐♥❡ str✉❝t✉r❡ ♦♥ ❛ ❣✐✈❡♥ s✐t❡ ✐♥ t❡r♠s ♦❢ ❛♥ ❡❧❡❝tr♦st❛t✐❝ ✜❡❧❞✳ ❖♥❡ ❛♣♣r♦❛❝❤
t♦ ❞❡s❝r✐❜❡ t❤✐s ❛❞❞✐t✐♦♥❛❧ ♣♦t❡♥t✐❛❧ ✐s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❝r②st❛❧ ✜❡❧❞ t❤❡♦r② ✇❤❡r❡
t❤❡ ♥❡✐❣❤❜♦✉r✐♥❣ ♦r❜✐t❛❧s ❛r❡ s✐♠♣❧✐✜❡❞ ❛s ♣♦✐♥t✲❝❤❛r❣❡s ❛❝t✐♥❣ ♦♥ t❤❡ ♦r❜✐t❛❧s ♦❢

✺



t❤❡ ❝❡♥tr❛❧ ✐♦♥✳ ❍♦✇❡✈❡r✱ ✐t ✇❛s s❤♦✇♥✱ t❤❛t ✐♥ ♠❛♥② ❝❛s❡s t❤❡ q✉❛♥t✐t❛t✐✈❡ r❡s✉❧ts
❞❡r✐✈❡❞ ❢r♦♠ t❤✐s ❛♣♣r♦❛❝❤ ❞♦ ♥♦t ❞❡s❝r✐❜❡ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✇❡❧❧✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞ ✐t t✉r♥❡❞ ♦✉t✱ t❤❛t t❤❡ q✉❛❧✐t❛t✐✈❡ ❛❝❝♦r❞❛♥❝❡ ❜❡t✇❡❡♥ t❤❡♦r② ❛♥❞ ❡①♣❡r✐♠❡♥t
✐s q✉✐t❡ ♣r♦♠✐s✐♥❣✳ ❍❡♥❝❡✱ t❤❡ ♣♦t❡♥t✐❛❧ ♣r♦❞✉❝❡❞ ❜② ❧✐❣❛♥❞s ❛r♦✉♥❞ t❤❡ ❝❡♥tr❛❧
♠❡t❛❧ ✐♦♥ ✐s ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❧✐❣❛t✐♦♥ s②♠♠❡tr② ✇❤✐❧❡ t❤❡ ♣r♦❜❧❡♠❛t✐❝ r❛❞✐❛❧
✐♥t❡❣r❛❧s ❛r❡ tr❡❛t❡❞ ❛s ❢r❡❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♠♦r❡ ❛❞✈❛♥❝❡❞ ♠♦❞❡❧ ♦❢ ❧✐❣❛♥❞ ✜❡❧❞
✭▲❋✮ t❤❡♦r②✳❬✶✷❪

❆ ❧♦t ♦❢ ❞✐✛❡r❡♥t ♥♦t❛t✐♦♥ ❢♦r♠❛❧✐s♠s ❛♥❞ ❞❡s❝r✐♣t✐♦♥s ♦❢ t❤❡ ❈❋ ❍❛♠✐❧t♦♥✐❛♥ ❝❛♥
❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❲✐t❤✐♥ t❤✐s ✇♦r❦✱ t❤❡ ❙t❡✈❡♥s✲♥♦t❛t✐♦♥ ✐s ✉s❡❞ ✐♥ ✇❤✐❝❤
t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

HCF =
kmax
∑

k=0

k
∑

q=−k

Bk
q Ĉ

k
q ✭✷✳✶✵✮

✇❤❡r❡ Bk
q ❛r❡ r❡❛❧ ❝♦❡✣❝✐❡♥ts ❛♥❞ Ĉk

q ❞❡✜♥❡ t❤❡ ❡①t❡♥❞❡❞ ❙t❡✈❡♥s✲♦♣❡r❛t♦r ❡q✉✐✈❛✲
❧❡♥ts ♦❢ r❛♥❦ k✳ ❚❤❡ ✉♣♣❡r ❧✐♠✐t ♦❢ k ✐s ❞❡✜♥❡❞ ❜② kmax = 2l ✇✐t❤ l ❜❡✐♥❣ t❤❡ ❛♥❣✉❧❛r
♠♦♠❡♥t✉♠✳ ❊✈❡♥ t❤♦✉❣❤✱ k ❝❛♥ ✈❛r② ❜❡t✇❡❡♥ ✵ t♦ 2l✱ s♦♠❡ t❡r♠s ❛r❡ ❝❛♥❝❡❧❧❡❞ ♦✉t
❢♦r s♣❡❝✐✜❝ ❧✐❣❛♥❞ s②♠♠❡tr✐❡s✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❙t❡✈❡♥s✲❢♦r♠❛❧✐s♠ ✐s✱ t❤❛t t❤❡
❝♦❡✣❝✐❡♥ts ❛r❡ r❡❛❧ ✈❛❧✉❡s ✇❤✐❝❤ ♠❛❦❡s t❤❡♠ ❞✐r❡❝t❧② ❝♦♠♣❛r❛❜❧❡ t♦ ❡①♣❡r✐♠❡♥t❛❧❧②
❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs✳❬✸✶❪ ❍♦✇❡✈❡r✱ ✇✐t❤✐♥ t❤✐s s❝❤❡♠❡✱ ♦♥❧② t❤❡ ❡♥❡r❣❡t✐❝❛❧❧② ❧♦✇❡st
♠✉❧t✐♣❧❡ts ❛r❡ ❝♦♥s✐❞❡r❡❞ ✇❤✐❧❡ ❤✐❣❤❡r ♦r❞❡r st❛t❡s ❛♥❞✱ t❤✉s✱ ❛❧s♦ t❤❡✐r ♠✐①✐♥❣ ✐♥t♦
t❤❡ ❣r♦✉♥❞ st❛t❡ ❛r❡ ♥❡❣❧❡❝t❡❞✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts Bk

q ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ❝♦♠♠♦♥❧②
✉s❡❞ ❛①✐❛❧ ✭D✮ ❛♥❞ tr❛♥s✈❡rs❛❧ ✭E✮ s❡❝♦♥❞✲♦r❞❡r ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ ♣❛r❛♠❡t❡rs ✭s❡❡
❝❤❛♣✳ ✷✳✺✮ ❜②✿

D = 3B2
0 ;E = B2

2 ✭✷✳✶✶✮

❖r❜✐t❛❧ q✉❡♥❝❤✐♥❣

❉✉❡ t♦ t❤❡ ❜r♦❛❞ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ ✸d✲♦r❜✐t❛❧s✱ t❤❡ ❈❋ ✐♥t❡r❛❝t✐♦♥ ✉s✉❛❧❧②
❞♦♠✐♥❛t❡s ♦✈❡r t❤❡ ❙❖❈ ✐♥ ✸d ♠❡t❛❧ ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣♦✉♥❞s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❡✛❡❝✲
t✐✈❡ ♣♦t❡♥t✐❛❧ ✇❤✐❝❤ ✐s s❡❡♥ ❜② t❤❡ ✸d ♠❡t❛❧ ✐♦♥ ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦t s♣❤❡r✐❝❛❧ ❛♥❞✱ t❤✉s✱
t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♦r❜✐t❛❧ ♠♦♠❡♥t✉♠ ❛r❡ ♥♦ ❝♦♥s❡r✈❡❞ q✉❛♥t✐t✐❡s ❛♥② ♠♦r❡✳ ❉✉❡
t♦ t❤✐s ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❈❋✱ t❤❡ ♦r❜✐t❛❧ ♠♦♠❡♥t✉♠ ♣r❡❝❡ss❡s s♦ t❤❛t t❤❡ ♠❛❣♥✐t✉❞❡ ✐s
✉♥❝❤❛♥❣❡❞✱ ❜✉t t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ❛✈❡r❛❣❡s ♦✉t ❛♥❞ t❤❡ ♦❜s❡r✈❡❞
♦r❜✐t❛❧ ❝♦♥tr✐❜✉t✐♦♥ ❜❡❝♦♠❡s ③❡r♦✳ ❚❤✐s ❜❡❤❛✈✐♦✉r ✐s ❝❛❧❧❡❞ ♦r❜✐t❛❧ q✉❡♥❝❤✐♥❣✳❬✷✻❪
❍♦✇❡✈❡r✱ ✐♥ ♠❛♥② ❝❛s❡s t❤❡ ♦r❜✐t❛❧ ❝♦♥tr✐❜✉t✐♦♥ ✐s ♥♦t ❝♦♠♣❧❡t❡❧② ❜✉t ♦♥❧② ♣❛rt✐❛❧❧②
q✉❡♥❝❤❡❞ ❞✉❡ t♦ t❤❡ ❙❖❈ ✇❤✐❝❤ ❧❡❛❞s t♦ s♣❛t✐❛❧ ♣r❡❢❡r❡♥❝❡s ♦❢ t❤❡ ♦r❜✐t❛❧ ♠♦♠❡♥t✉♠
❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ t♦ ❛ g✲✈❛❧✉❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♥✐s♦tr♦♣✐❝ ❛♥❞ q✉✐t❡ ❞✐✛❡r❡♥t ❢r♦♠
t❤❡ s♣✐♥ ♦♥❧② ✈❛❧✉❡ ♦❢ ✷✳ ❊s♣❡❝✐❛❧❧② ❢♦r ❝♦❜❛❧t ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣♦✉♥❞s ✇❤✐❝❤ ❞✐s♣❧❛②
str♦♥❣ ❙❖❈ ❬✸✷❪ t❤❡s❡ ❛♥✐s♦tr♦♣✐❡s ❝❛♥ ❜❡ r❡❧❛t✐✈❡❧② str♦♥❣ ❛♥❞ ♠❛② ❡✈❡♥ ❧❡❛❞ t♦
❛♥ ❛❧✐❣♥♠❡♥t ♦❢ ♠♦❧❡❝✉❧❡s ✇✐t❤✐♥ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❡①❝❧✉s✐✈❡❧② ✐♥❞✉❝❡❞ ❜②
g✲❛♥✐s♦tr♦♣② ❛s s❤♦✇♥ ❡✳❣✳ ✐♥ ❝❤❛♣✳ ✹✳✹✳

✻



✷✳✹✳✷✳ ▼❛❣♥❡t✐❝ ■♥t❡r❛❝t✐♦♥s

▼❛❣♥❡t✐❝ ❞✐♣♦❧❛r ❝♦✉♣❧✐♥❣

❚❤❡ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❛r ❝♦✉♣❧✐♥❣✱ ✇❤✐❝❤ ✐s s♦♠❡t✐♠❡s ❛❧s♦ r❡✲❝❛❧❧❡❞ ❛s ✧t❤r♦✉❣❤✲
s♣❛❝❡✧ ✐♥t❡r❛❝t✐♦♥ ❬✶✶❪✱ ✐s t❤❡ ❞✐r❡❝t ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡s µ1

❛♥❞ µ2 ✇❤✐❝❤ ❛r❡ s❡♣❛r❛t❡❞ ❢r♦♠ ❡❛❝❤ ♦t❤❡r ❜② t❤❡ ❞✐st❛♥❝❡ r✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝♦✉♣❧✐♥❣ ❡♥❡r❣② ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿ ❬✷✻❪

E =
µ0

4πr3

[

µ1 · µ2 −
3

r2
(µ1 · r) (µ2 · r)

]

✭✷✳✶✷✮

❚❤❡ ❡✛❡❝t✐✈❡ ❞✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥s ✐♥ ♠♦❧❡❝✉❧❛r s②st❡♠s ❛r❡ ♦❢t❡♥ ❡✐t❤❡r ❝♦✈❡r❡❞ ❜②
✐♥t❡r❛❝t✐♦♥s ♦♥ ❛ ❤✐❣❤❡r ❡♥❡r❣② s❝❛❧❡ ❧✐❦❡ ❞✐r❡❝t ❡①❝❤❛♥❣❡ ♦r s✉♣❡r❡①❝❤❛♥❣❡ ✐♥t❡r❛❝✲
t✐♦♥s ✐♥ ♠✉❧t✐✲❝♦r❡ ♠♦❧❡❝✉❧❡s ♦r ✈❡r② ✇❡❛❦ ❞✉❡ t♦ ❛ ❧❛r❣❡ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ♠❡t❛❧
❝❡♥tr❡s ✇✐t❤✐♥ t❤❡ s✉♣r❛♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ ❛ ❝♦♠♣♦✉♥❞✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ ✐❢ ♦♥
❛ s♠❛❧❧ s❝❛❧❡✱ t❤❡s❡ ✐♥t❡r❛❝t✐♦♥s ❝❛♥ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ❡✳❣✳ ♦♥ t❤❡ ❞②♥❛♠✐❝
♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐❝ ❝♦♠♣♦✉♥❞ ❬✸✸✕✸✺❪ ♦r ❝❛♥ ❡✈❡♥
✐♥❞✉❝❡ ❧♦♥❣ r❛♥❣❡ ♦r❞❡r✐♥❣✳❬✸✻❪

❉✐r❡❝t ❊①❝❤❛♥❣❡ ❛♥❞ ❙✉♣❡r❡①❝❤❛♥❣❡ ■♥t❡r❛❝t✐♦♥s

❊①t❡♥❞✐♥❣ ❛♥ ♦♥❡✲❡❧❡❝tr♦♥ s②st❡♠ t♦ ❛ s②st❡♠ ✇✐t❤ s❡✈❡r❛❧ ❡❧❡❝tr♦♥s✱ t❤❡ ❡❧❡❝tr♦♥✲
❡❧❡❝tr♦♥ ✐♥t❡r❛❝t✐♦♥ ♦r ❈♦✉❧♦♠❜✲r❡♣✉❧s✐♦♥ ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ■♥ t❤❡ ❡❛s✐❡st ♠♦❞❡❧
♦❢ t✇♦ ❡❧❡❝tr♦♥s ♦❝❝✉♣②✐♥❣ t❤❡ s❛♠❡ s❤❡❧❧ ♦❢ ❛♥ ❛t♦♠✱ t❤❡ ❈♦✉❧♦♠❜✲r❡♣✉❧s✐♦♥ ❡✛❡❝ts
t❤❛t t❤❡ t✇♦ ❡❧❡❝tr♦♥s t❡♥❞ t♦ ♦❝❝✉♣② ❞✐✛❡r❡♥t ♦r❜✐t❛❧s ✇✐t❤✐♥ t❤✐s s❤❡❧❧ ❛♥❞ t❤✉s✱
❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❡❝♦♥❞ ❍✉♥❞✬s r✉❧❡✱ ❢❛✈♦✉r ❛ ♣❛r❛❧❧❡❧ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡✐r s♣✐♥s✱
✐✳❡✳✱ ❛ ❢❡rr♦♠❛❣♥❡t✐❝ ❝♦✉♣❧✐♥❣✳

■❢ t❤❡ t✇♦ ❡❧❡❝tr♦♥s ❛r❡ ♥♦t ♦♥ ♦♥❡✱ ❜✉t ♦♥ ♥❡✐❣❤❜♦✉r✐♥❣ ❛t♦♠s t❤❡② ❝❛♥ s❛✈❡
❦✐♥❡t✐❝ ❡♥❡r❣② ❜② ❡①t❡♥❞✐♥❣ t❤❡ ❛t♦♠✐❝ ♦r❜✐t❛❧s t♦ ❛ ❥♦✐♥❡❞ ♠♦❧❡❝✉❧❛r ♦r❜✐t❛❧✳ ❚❤✐s
♠♦❧❡❝✉❧❛r ♦r❜✐t❛❧ ❝❛♥ ❜❡ ❜♦♥❞✐♥❣✱ ✐✳❡✳ s♣❛t✐❛❧❧② s②♠♠❡tr✐❝ ✇✐t❤ ❛ ✜♥✐t❡ ♣r♦❜❛❜✐❧✐t②
♦❢ ♣r❡s❡♥❝❡ ✐♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛t♦♠s✱ ♦r ❛♥t✐❜♦♥❞✐♥❣ ✭s♣❛t✐❛❧❧② ❛♥t✐s②♠♠❡tr✐❝✮✳ ❚❤❡
❛♥t✐❜♦♥❞✐♥❣ ♦r❜✐t❛❧ ✐s t❤❡r❡❜② ❡♥❡r❣❡t✐❝❛❧❧② ❝♦st❧✐❡r ❞✉❡ t♦ t❤❡ s♠❛❧❧❡r ♦r❜✐t❛❧s ❛♥❞
❤✐❣❤❡r ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ❚❤✉s✱ t❤❡ r❡❞✉❝t✐♦♥ ✐♥ ❦✐♥❡t✐❝ ❡♥❡r❣② ✐s t❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣② ❛♥❞
❝❛♥ ❜❡ r❛t✐♦♥❛❧✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❝❤❛♥❣❡ ❤❛♠✐❧t♦♥✐❛♥✿

Hexchange = −JijSi · Sj ✭✷✳✶✸✮

✇❤❡r❡ Jij ❞❡♥♦t❡s t❤❡ ❡①❝❤❛♥❣❡ ✐♥t❡❣r❛❧ ❛♥❞ ❙ t❤❡ s♣✐♥ st❛t❡✳

❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ♦❢ t✇♦ ♣r♦①✐♠❛t❡❧② ♥❡✐❣❤❜♦✉r✐♥❣ ❛t♦♠s ✇✐t❤ ❛♥ ♦r❜✐t❛❧
♦✈❡r❧❛♣ ✐s ❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s ❞✐r❡❝t ❡①❝❤❛♥❣❡✳ ❍♦✇❡✈❡r✱ t❤❡ ♦r❜✐t❛❧ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥
♥❡✐❣❤❜♦✉r✐♥❣ ❛t♦♠s ✐s ♦❢t❡♥ r❛t❤❡r ✐♥s✉✣❝✐❡♥t ✐♥ r❡❛❧ s②st❡♠s✳ ❆♥ ❡①❛♠♣❧❡ ❞❡❧✐✈❡r
✹f r❛r❡ ❡❛rt❤ ♠❛t❡r✐❛❧s ✐♥ ✇❤✐❝❤ t❤❡ ❡❧❡❝tr♦♥✐❝ ♦r❜✐t❛❧s ❛r❡ str♦♥❣❧② ❧♦❝❛❧✐③❡❞ ❛r♦✉♥❞
t❤❡ ♥✉❝❧❡✐ ❛♥❞ ❤❡♥❝❡ t❤❡ ♦r❜✐t❛❧ ♦✈❡r❧❛♣ ✐s ❤❡❛✈✐❧② ❞✐♠✐♥✐s❤❡❞✳ ❚❤✉s✱ t♦ ❡①♣❧❛✐♥ t❤❡
♦❜s❡r✈❡❞ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ❢♦r ♠❛♥② ♠❛t❡r✐❛❧s✱ ✐♥❞✐r❡❝t ♦r s✉♣❡r❡①❝❤❛♥❣❡ ✐♥t❡r❛❝✲

✼



t✐♦♥s ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡r❡❜②✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✐s ♠❡❞✐❛t❡❞ ✈✐❛ ❛ ♥♦♥✲♠❛❣♥❡t✐❝
✐♦♥ ✇❤✐❝❤ ✐s ♣❧❛❝❡❞ ✐♥ ❜❡t✇❡❡♥ t❤❡ ♠❛❣♥❡t✐❝ ♦♥❡s✳ ❊s♣❡❝✐❛❧❧② ❢♦r tr❛♥s✐t✐♦♥ ♠❡t❛❧
❝♦♠♣♦✉♥❞s t❤❡s❡ ♥♦♥✲♠❛❣♥❡t✐❝ s♣❡❝✐❡s ❛r❡ ✉s✉❛❧❧② ♦①②❣❡♥ ✐♦♥s✳ ❚❤❡ ❡①❝❤❛♥❣❡ ✐♥t❡r✲
❛❝t✐♦♥ ✐ts❡❧❢ ❝❛♥ ❜❡ t❤❡r❡❜② ✉♥❞❡rst♦♦❞ ❛s ❤♦♣♣✐♥❣ ♣r♦❝❡ss ❜❡t✇❡❡♥ t❤❡ ♠❛❣♥❡t✐❝ ✐♦♥s
♦✈❡r t❤❡ ♦r❜✐t❛❧s ♦❢ t❤❡ ♥♦♥✲♠❛❣♥❡t✐❝ ♦♥❡ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❤♦♣♣✐♥❣✲✐♥t❡❣r❛❧
t✳ ❚❤❡ ❡♥❡r❣② ❝♦st ❢♦r t✇♦ ❡❧❡❝tr♦♥s s✐t✉❛t❡❞ ♦♥ t❤❡ s❛♠❡ s✐t❡✱ ✐✳❡✳ t❤❡ ❝♦st ♦❢ ♣❧❛❝✐♥❣
❛♥ ❡❧❡❝tr♦♥ ✐♥ ❛♥ ❡①❝✐t❡❞ st❛t❡✱ ✐s ❣✐✈❡♥ ❜② t❤❡ ❈♦✉❧♦♠❜✲❡♥❡r❣② U ✳ ❚❤✉s✱ t❤❡ ♦✈❡r
❛❧❧ ❡①❝❤❛♥❣❡ ✐♥t❡❣r❛❧ J ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ −t2/U ✳ ❙✐♥❝❡ t❤❡ ❤♦♣♣✐♥❣✲✐♥t❡❣r❛❧ ❞✐r❡❝t❧②
❞❡♣❡♥❞s ♦♥ t❤❡ ♦r❜✐t❛❧ ♦✈❡r❧❛♣✱ ✐t ✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ s♣❛t✐❛❧ ❛rr❛♥❣❡♠❡♥t ♦❢
t❤❡ ♦r❜✐t❛❧s ✐♥ r❡s♣❡❝t t♦ ❡❛❝❤ ♦t❤❡r✱ ✐✳❡✳ ♦♥ ❜✐♥❞✐♥❣✲❛♥❣❧❡s✱ ❜✉t ❛❧s♦ ♦♥ ❤②❜r✐❞✐s❛t✐♦♥
❛♥❞ ❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ ♣❛rt✐❝✐♣❛t✐♥❣ ❡❧❡❝tr♦♥✐❝ ♦r❜✐t❛❧s✳❬✷✻❪

✷✳✺✳ ❚❤❡ ❡✛❡❝t✐✈❡ ❙♣✐♥ ❍❛♠✐❧t♦♥✐❛♥

❚♦ s♦❧✈❡ ❛ ❍❛♠✐❧t♦♥✐❛♥ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✐t ✐s ♠❛♥❞❛t♦r② t♦ ❤❛✈❡
❦♥♦✇❧❡❞❣❡ ♦❢ ❛❧❧ ♣♦s✐t✐♦♥ ❛♥❞ s♣✐♥ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❢♦r ❡❛❝❤ ♣❛rt✐❝❧❡ ✐♥✈♦❧✈❡❞✳
❍♦✇❡✈❡r✱ ❢♦r t❤❡ ❝♦♠♣❛r✐s♦♥ t♦ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛❝q✉✐r❡❞✱ ❡✳❣✳ ❜② s♣❡❝tr♦s❝♦♣✐❝
✐♥✈❡st✐❣❛t✐♦♥s✱ ✐t ✐s ♦❢t❡♥ t❤❡ ❝❛s❡ t❤❛t ♦♥❧② tr❛♥s✐t✐♦♥s ❛r✐s✐♥❣ ❛r♦✉♥❞ t❤❡ ❣r♦✉♥❞
st❛t❡ ❛r❡ ♦❢ r❡❧❡✈❛♥❝❡✱ ✇❤✐❧❡ ❡♥❡r❣❡t✐❝❛❧❧② ❤✐❣❤❡r ❧②✐♥❣ st❛t❡s ❝❛♥ ❜❡ ♦♠✐tt❡❞✳❬✶✶❪
▼♦t✐✈❛t❡❞ ❜② ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ✐t ✐s t❤❡r❡❢♦r❡ ❡st❛❜❧✐s❤❡❞✱ t♦ r❡♣❧❛❝❡ t❤❡ ♦r❜✐t❛❧
❜② s♣✐♥ ❝♦♦r❞✐♥❛t❡s ❛♥❞ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s②♠♠❡tr② ♣r♦♣❡rt✐❡s t♦ ❞❡s❝r✐❜❡ t❤❡
s②st❡♠✳ ❲✐t❤ t❤✐s ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛ ❍❛♠✐❧t♦♥✐❛♥ ✇✐t❤ ❛♥ ❡✛❡❝t✐✈❡ ❙♣✐♥ ❙✿

H = µBSgeffB+ SDS+ S1J12S2 ✭✷✳✶✹✮

✐♥❝❧✉❞✐♥❣ ❛ ❩❡❡♠❛♥✲✱ ❛ ❈❋✲ ❛♥❞ ❛♥ ❡①❝❤❛♥❣❡ ❝♦✉♣❧✐♥❣ t❡r♠✳ ❚♦ ❡♥s✉r❡ ❛♥ ✐s♦tr♦♣✐❝
❡✛❡❝t✐✈❡ s♣✐♥✱ t❤❡ ❛♥✐s♦tr♦♣✐❡s ❛r❡ ❛❜s♦r❜❡❞ ✐♥ t❤❡ ❡✛❡❝t✐✈❡ g✲t❡♥s♦r geff

✷ ❛♥❞ t❤❡
❛♥✐s♦tr♦♣② t❡♥s♦r D✳ ❇♦t❤ t❡♥s♦rs ❛r❡ ✉s✉❛❧❧② s②♠♠❡tr✐❝ ✇❤✐❝❤ ✐s ✇❤② t❤❡② ❝❛♥ ❜❡
tr❛♥s❢♦r♠❡❞ ✐♥t♦ t❤❡✐r ❞✐❛❣♦♥❛❧ ❢♦r♠ ✐❢ t❤❡ t❤r❡❡ ♦rt❤♦❣♦♥❛❧ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ❝❤♦s❡♥
❛❧♦♥❣ t❤❡ ❝♦♦r❞✐♥❛t✐♦♥ ❛①❡s x✱ y ❛♥❞ z✳ ❚❤❡ ❈❋✲❍❛♠✐t♦♥✐❛♥ ❝♦♥s❡q✉❡♥t❧② ❤❛s t❤❡
❢♦r♠✿ ❬✶✶❪

HCF = DxxŜ
2
xx +DyyŜ

2
yy +DzzŜ

2
zz ✭✷✳✶✺✮

✇✐t❤ Ŝ2 ❜❡✐♥❣ t❤❡ s♣✐♥ ♦♣❡r❛t♦rs✳ ❙✐♥❝❡ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❛ ❝♦♥st❛♥t t♦ ❛ ❍❛♠✐❧t♦✲
♥✐❛♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ✇❤✐❝❤ ❛r❡ r❡✢❡❝t❡❞✱ t❤❡ ♣❛r❛♠❡t❡rs ✐♥
❡q♥✳ ✷✳✶✺ ❝❛♥ ❜❡ r❡❞✉❝❡❞ ❜② s✉❜tr❛❝t✐♥❣✿

1

2
(Dxx +Dyy)

(

S2
x + S2

y + S2
z

)

=
1

2
(Dxx +Dyy)S(S + 1). ✭✷✳✶✻✮

✷■♥ ❛ str✐❝t s❡♥s❡✱ g ✐s ♥♦t ❛ r❡❛❧ t❡♥s♦r s✐♥❝❡ ❛ t❡♥s♦r ❛❧✇❛②s r❡❢❡rs t♦ ♦♥❡ ❛♥❞ t❤❡ s❛♠❡ ❝♦♦r❞✐♥❛t❡
s②st❡♠ ✇❤✐❧❡ ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❙❍ ✐♥ ❡q♥✳ ✷✳✶✹ ✐t ❝❛♥ ❜❡ ✉s❡❢✉❧ t♦ ❛ss✉♠❡ s❡♣❛r❛t❡ ❝♦♦r❞✐♥❛t❡
s②st❡♠s ❢♦r t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❡❧❡❝tr♦♥✐❝ s♣✐♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ g✲t❡♥s♦r ✐s ♦❢t❡♥ ❛❧s♦
r❡❢❡rr❡❞ ❛s g✲tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐①✳❬✶✶✱ ✶✽✱ ✸✼❪

✽



❲✐t❤ t❤❡ r❡❧❛t✐♦♥s✿

D = Dzz −
1

2
Dxx −

1

2
Dyy;E =

1

2
(Dxx −Dyy) ✭✷✳✶✼✮

♦♥❡ ✜♥❞s✿

HCF = DS2
z + E

(

S2
x − S

2
y

)

✭✷✳✶✽✮

✇✐t❤ t❤❡ ❛①✐❛❧ ❛♥❞ tr❛♥s✈❡rs❛❧ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡rs E ❛♥❞ D✱ r❡s♣❡❝t✐✈❡❧②✳ ❇②
❢✉rt❤❡r s✉❜tr❛❝t✐♥❣ t❤❡ ❝♦♥st❛♥t DS(S + 1)/3 t❤❡ ❈❋✲❍❛♠✐❧t♦♥✐❛♥ ✇❤✐❝❤ ✐s ✉s❡❞
✇✐t❤✐♥ t❤✐s ✇♦r❦ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

HCF = D

[

S2
z −

1

3
S(S + 1)

]

+ E
(

S2
x − S

2
y

)

. ✭✷✳✶✾✮

❚❤❡ ❧❛st t❡r♠ ✐♥ ❡q♥✳ ✷✳✶✹ ❞❡s❝r✐❜❡s t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ♠❛❣♥❡t✐❝ ♠♦♠❡♥ts✳
❚❤✐s ♣❛rt ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ ♣❛rts

S1J12S2 = −J12S1 · S2 + S1 ·D12 · S2 + d12 · (S1 × S2) ✭✷✳✷✵✮

✇❤❡r❡ t❤❡ ✜rst t❡r♠ ❞❡s❝r✐❜❡s t❤❡ ✐s♦tr♦♣✐❝ ♣❛rt ♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ❛♥❞ t❤❡ s❡❝♦♥❞ ❛♥❞
t❤✐r❞ t❡r♠ t❤❡ ❛♥✐s♦tr♦♣✐❝ ❛♥❞ ❛♥t✐s②♠♠❡tr✐❝ ♣❛rt✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡
✐s♦tr♦♣✐❝ ♣❛rt ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❞♦♠✐♥❛♥t ❝♦✉♣❧✐♥❣ ✇❤✐❧❡ t❤❡ ♦t❤❡r t❡r♠s
❛r❡ ✉s✉❛❧❧② ✐♥tr♦❞✉❝❡❞ ❛s ♣❡rt✉r❜❛t✐♦♥✳❬✶✶❪

✷✳✻✳ ❊❧❡❝tr♦♥ P❛r❛♠❛❣♥❡t✐❝ ❘❡s♦♥❛♥❝❡

❊❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❊P❘✮ s♣❡❝tr♦s❝♦♣② ✐s ❛ ♣♦✇❡r❢✉❧ t♦♦❧ t♦ ❞✐r❡❝t❧②
✐♥✈❡st✐❣❛t❡ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ m st❛t❡s ❢♦r ❛ ❣✐✈❡♥ s♣✐♥ ♠✉❧t✐♣❧❡t✳❬✶✶❪ ❋✉♥❞❛✲
♠❡♥t❛❧❧②✱ ✐t ✇♦r❦s ❜② ❡①❝✐t✐♥❣ t❤❡ ❡❧❡❝tr♦♥✐❝ s♣✐♥ t❤r♦✉❣❤ ♠✐❝r♦✇❛✈❡ ✐rr❛❞✐❛t✐♦♥✳

■❢ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ B ✐s ❛♣♣❧✐❡❞ ♦♥t♦ ❛ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥t µ✱ t❤✐s
♠♦♠❡♥t ♣r❡❝❡ss❡s ❛r♦✉♥❞ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞ ✇✐t❤ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t②
νL = −γB✳ ❚❤✐s ♣r❡❝❡ss✐♥❣ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ❝❛♥ ❜❡ ❞✐st✉r❜❡❞ ❜② ❛♥ ♦s❝✐❧❧❛t✐♥❣
♠❛❣♥❡t✐❝ ✜❡❧❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❡①t❡r♥❛❧ ♦♥❡ ✇✐t❤ ❛ ❢r❡q✉❡♥❝② ν ❝❧♦s❡ t♦ t❤❡
♣r❡❝❡ss✐♦♥ ❢r❡q✉❡♥❝② νL✱ ✐✳❡✳✱ ❛ r❡s♦♥❛♥❝❡ ♣❤❡♥♦♠❡♥♦♠ ♦❝❝✉r❡s ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥ ν ❂
νL ✐s ❢✉❧✜❧❧❡❞✳ ❚❤❡r❡❜②✱ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥t ❝❤❛♥❣❡s ❜② ∆E✳ ❉✉❡ t♦ t❤❡
s❡❧❡❝t✐♦♥ r✉❧❡s ❢♦r t❤❡ ❛❧❧♦✇❡❞ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❛r tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❡♥❡r❣②
st❛t❡s ∆ms ✐s r❡str✐❝t❡❞ t♦ ±1✳❬✸✽❪ ❚❤✉s✱ t❤❡ ❛❧❧♦✇❡❞ ❡♥❡r❣❡t✐❝ tr❛♥s✐t✐♦♥s ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s

∆E = hν = gJµBB∆ms ✭✷✳✷✶✮

✇✐t❤ γ = −gJµB ❢♦r ❡❧❡❝tr♦♥✐❝ ❞✐♣♦❧❡s✳❬✶✽❪

✾



■♥ ❛♥ ❊P❘ ❡①♣❡r✐♠❡♥t✱ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ♠✐❝r♦✇❛✈❡s ✇❤✐❝❤ ✐rr❛❞✐❛t❡ t❤❡ s❛♠✲
♣❧❡ ✐s ❤❡❧❞ ❝♦♥st❛♥t ✇❤✐❧❡ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s s✇❡♣t ♦✈❡r ❛ ♣r❡✲❞❡✜♥❡❞✱
❡①♣❡r✐♠❡♥t✲s♣❡❝✐✜❝ r❛♥❣❡✳ ❚❤❡ ♦❝❝✉rr✐♥❣ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❡♥❡r❣②✲
st❛t❡s ❝❛♥ ❜❡ ♠♦♥✐t♦r❡❞ ❜② ❛❜s♦r♣t✐♦♥ ♣❡❛❦s ✐♥ t❤❡ tr❛♥s♠✐tt❡❞ ❊P❘ s♣❡❝tr❛✳ ❚♦
r❛t✐♦♥❛❧✐③❡ t❤❡ r❡s♦♥❛♥❝❡ ✜❡❧❞ ♣♦s✐t✐♦♥s ❛♥❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❛❝q✉✐r❡❞ ❞❛t❛ ✐♥ t❡r♠s ♦❢
❛ ❝❡rt❛✐♥ s♣✐♥ ♠♦❞❡❧✱ ❛♥ ❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✈✐s✉❛❧✐③❡ t❤❡ t❤❡♦r❡t✐✲
❝❛❧❧② ♣r❡❞✐❝t❡❞ tr❛♥s✐t✐♦♥s✳ ❚❤❡ ✉♣♣❡r ♣❛♥❡❧ ♦❢ ✜❣✳ ✷✳✶ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ s✐♠♣❧❡
❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠ ❢♦r ❛♥ ❙ ❂ ✸✴✷ s♣✐♥✳ ❚❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞
✐s ♦r✐❡♥t❡❞ ❛❧♦♥❣ t❤❡ ❛♥✐s♦tr♦♣② ❛①✐s ♦❢ t❤❡ ♠♦❧❡❝✉❧❡ ✇❤✐❝❤ ✜❣✉r❡s ❛ ♥❡❣❛t✐✈❡ s✐❣♥ ❢♦r
D✱ ✐✳❡✳✱ ❛t ✵ ❚ t❤❡ mS = ±3/2 ❞♦✉❜❧❡t ✐s ❧♦✇❡st ✐♥ ❡♥❡r❣② ✇❤✐❧❡ t❤❡ mS = ±1/2 ❞♦✉✲
❜❧❡t ✐s s❤✐❢t❡❞ t♦ ❤✐❣❤❡r ❡♥❡r❣✐❡s✳ ❘❡❞ ❛rr♦✇s ✐♥ ✜❣✳ ✷✳✶ ✐♥❞✐❝❛t❡ ❡①❡♠♣❧❛r② ❛❧❧♦✇❡❞
tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❡♥❡r❣② st❛t❡s ✇✐t❤ ∆mS = ±1 ✇❤✐❝❤ ❝❛♥ ❜❡ ♠♦♥✐t♦r❡❞ ❛s
r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s ✐♥ t❤❡ tr❛♥s♠✐tt❡❞ ❊P❘ s♣❡❝tr❛ ❛s ✐♥❞✐❝❛t❡❞ ❜② r❡❞ s♦❧✐❞ ❧✐♥❡s ✐♥
t❤❡ ❧♦✇❡r ♣❛♥❡❧ ♦❢ ✜❣✳ ✷✳✶✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ tr❛♥s✐t✐♦♥s ✐♥ t❤❡ ❡♥❡r❣②✲❧❡✈❡❧
❞✐❛❣r❛♠✱ t❤❡ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡ ✐♥ t❤❡ ❊P❘ s♣❡❝tr❛ ❛♥❞ t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ ♣♦✐♥t ✐♥
t❤❡ ❡♥❡r❣② ✭✐✳❡✳ ♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝②✮ ✈s✳ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐❛❣r❛♠ ✐s ✈✐s✉❛❧✲
✐③❡❞ ✐♥ ✜❣✳ ✷✳✶ ❛s s♠❛❧❧ ❞♦tt❡❞ ❧✐♥❡s ❜❡t✇❡❡♥ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ♣❛♥❡❧ ❛s ✇❡❧❧ ❛s r❡❞
❞♦ts ✐♥ t❤❡ ❧♦✇❡r ♣❛♥❡❧✳
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Magnetic Field

❋✐❣✉r❡ ✷✳✶✳✿ ❯♣♣❡r ♣❛♥❡❧✿ ❊♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠ ❢♦r ❛ s♣✐♥ ❙ ❂ ✸✴✷ ✇✐t❤ t❤❡ ❡①t❡r♥❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞ ♦r✐❡♥t❡❞ ❛❧♦♥❣ t❤❡ ❛♥✐s♦tr♦♣② ❛①✐s✳ ❘❡❞ ❛rr♦✇s ♠❛r❦ ❛❧✲
❧♦✇❡❞ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❞❡♣✐❝t❡❞ ❡♥❡r❣②✲❧❡✈❡❧s✳ ▲♦✇❡r ♣❛♥❡❧✿ ❇❧❛❝❦
❞♦tt❡❞ ❧✐♥❡s s❤♦✇ t❤❡ ❡♥❡r❣② ✈s✳ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐❛❣r❛♠ ❢♦r t❤❡
❛❧❧♦✇❡❞ tr❛♥s✐t✐♦♥s s❤♦✇♥ ✐♥ t❤❡ ✉♣♣❡r ♣❛♥❡❧✳ ❘❡❞ s♦❧✐❞ ❧✐♥❡s ❞✐s♣❧❛②
❡①❡♠♣❧❛r✐❧② ❊P❘ r❡s♦♥❛♥❝❡ s♣❡❝tr❛ ❢♦r ❞✐✛❡r❡♥t ❊P❘ ❢r❡q✉❡♥❝✐❡s ✭✈❡r✲
t✐❝❛❧❧② s❤✐❢t❡❞✮✳ ❙♠❛❧❧ ❞♦tt❡❞ ❜❧❛❝❦ ❧✐♥❡s ❜❡t✇❡❡♥ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r
♣❛♥❡❧ ❛s ✇❡❧❧ ❛s r❡❞ ❞♦ts ✐♥❞✐❝❛t❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ tr❛♥s✐t✐♦♥
✐♥ t❤❡ ❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠✱ t❤❡ r❡s♦♥❛♥❝❡ ✜❡❧❞ ♣♦s✐t✐♦♥ ✐♥ t❤❡ ❊P❘ s♣❡❝✲
tr❛ ❛♥❞ t❤❡ r❡s♣❡❝t✐✈❡ ♣♦✐♥t ♦♥ t❤❡ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤ ✐♥ t❤❡ ❡♥❡r❣② ✈s✳
r❡s♦♥❛♥❝❡ ✜❡❧❞ ❞✐❛❣r❛♠✳

✶✶



✷✳✼✳ ▼❛❣♥❡t✐❝ ❘❡❧❛①❛t✐♦♥ ▼❡❛s✉r❡♠❡♥ts

✷✳✼✳✶✳ ❚❤❡♦r② ♦❢ ❆❈ ❙✉s❝❡♣t✐❜✐❧✐t② ▼❡❛s✉r❡♠❡♥ts

■♥ t❤✐s s❡❝t✐♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❝♦♥❝❡♣t ♦❢ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥
♣r♦❝❡ss❡s ✐♥ ♠♦❧❡❝✉❧❛r s②st❡♠s ❜❛s❡❞ ♦♥ ❛❧t❡r♥❛t✐♥❣ ❝✉rr❡♥t ✭❛❝✮ s✉s❝❡♣t♦♠❡tr② ✐s
❞✐s❝✉ss❡❞✳ ❚❤❡r❡❜②✱ ❛ s♠❛❧❧ ♦s❝✐❧❧❛t✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡ r❛♥❣❡ ♦❢ s❡✈❡r❛❧ ❖❡ ✐s
❛♣♣❧✐❡❞ t♦ ❛ s❛♠♣❧❡ ❛♥❞ t❤❡ t✐♠❡✲r❡s♦❧✈❡❞ r❡s♣♦♥s❡ ♦❢ t❤❡ ✈❡r② s❛♠❡ ✐s ♠♦♥✐t♦r❡❞✳
❚❤✐s s♠❛❧❧ ♦s❝✐❧❧❛t✐♥❣ ✜❡❧❞ ❝❛♥ ❜❡ ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛ ♠✉❝❤ str♦♥❣❡r ❡①t❡r♥❛❧ ❞✐r❡❝t
❝✉rr❡♥t ✭❞❝✮ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❜✉t ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❤❛✈❡ t♦✳

■♥ t❤❡ ♠♦st ❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ ✐♥✈❡st✐❣❛t❡❞ s❛♠♣❧❡ ✐♥ ❛♥ ❛❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡✲
♠❡♥t ✐s ❛✛❡❝t❡❞ ❜② ❛ st❛t✐❝ ❡①t❡r♥❛❧ ❞❝ ♠❛❣♥❡t✐❝ ✜❡❧❞ H0 ✇❤✐❝❤ ✐s s✉♣❡r✐♠♣♦s❡❞ ❜②
❛ s♠❛❧❧ ♦s❝✐❧❧❛t✐♥❣ ✜❡❧❞ h s♦ t❤❛t t❤❡ t♦t❛❧ ❛♣♣❧✐❡❞ ✜❡❧❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

H = H0 + hcos(ωt) ✭✷✳✷✷✮

✇❤❡r❡ ω ❞❡♥♦t❡s t❤❡ ♦s❝✐❧❧❛t✐♦♥ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❛❝ ✜❡❧❞ ❛♥❞ t t❤❡ t✐♠❡✳

❚❤❡ ❛❝ s✉s❝❡♣t✐❜✐❧✐t② ✐s ❞❡✜♥❡❞ ❛s χac = ∂M/∂H ❜✉t ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❢♦r
s♠❛❧❧ ♦s❝✐❧❧❛t✐♥❣ ✜❡❧❞s ❛s χac = ∆M/∆H✳ ❚❤✉s✱ ✇❤✐❧❡ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❛❝
s✐❣♥❛❧ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ ♠❛❣♥❡t✐s❛t✐♦♥ ✐✳❡✳ ♦♥ hcos(ωt)✱ ✐t ✐s ♦♥❧② ✐♥❞✐r❡❝t❧②
❝♦♥♥❡❝t❡❞ t♦ H0✳ ❉✉❡ t♦ t❤❡ s❛t✉r❛t✐♦♥ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♠❛❣♥❡t✐s❛t✐♦♥ ❛t ❤✐❣❤❡r
❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❢♦r ♥✉♠❡r♦✉s ❝♦♠♣♦✉♥❞s✱ t❤❡ ❛❝ s✐❣♥❛❧✱ ❤♦✇❡✈❡r✱ t❡♥❞s t♦
❞❡❝r❡❛s❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❞❝ ✜❡❧❞✳

❚❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ s❛♠♣❧❡ t♦ t❤❡ ❛❝ ✜❡❧❞ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ tr❛♥s✐t✐♦♥ ♦❢
t❤❡ s♣✐♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t st❛t❡s✳ ❚❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❡❛❝❤ st❛t❡ m ✐s t❤❡r❡❜② ❣✐✈❡♥
❜② ❛ ❇♦❧t③♠❛♥♥ ❞✐str✐❜✉t✐♦♥✿❬✶✶✱ ✷✻❪

pm =
1

Z
exp

(

−Em

kBT

)

✭✷✳✷✸✮

✇❤❡r❡ Z =
∑

i

exp (−Ei/kBT ) ❞❡s❝r✐❜❡s t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✱ Em t❤❡ ❡♥❡r❣② ♦❢ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ st❛t❡ ❛♥❞ kB t❤❡ ❇♦❧t③♠❛♥♥ ❝♦♥st❛♥t✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ♦❢ t❤❡
♠❛❣♥❡t✐s❛t✐♦♥ ❝❛♥ t❤✉s ❜❡ ✇r✐tt❡♥ ❛s✿❬✶✶❪

⟨M⟩ =
∑

m

pmMm. ✭✷✳✷✹✮

■❢ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛s ❞❡✜♥❡❞ ✐♥ ❡q♥✳ ✷✳✷✷ ✐s ❛♣♣❧✐❡❞ ♦♥ ❛ s②st❡♠ ❝♦♥s✐st✐♥❣
♦❢ N s♣✐♥s ❙ ❂ ✶✴✷ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ st❛t❡s mS = ±1/2✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦♣✉❧❛t✐♦♥
♦❢ t❤❡s❡ t✇♦ st❛t❡s p1 ❛♥❞ p2 ❛❧s♦ ♦s❝✐❧❧❛t❡s✿❬✶✶❪

p1
p2

= exp

[

−gµB (H0 + hcosωt)

kBT

]

✭✷✳✷✺✮

✶✷



❚❤❡ t✐♠❡ ✉♥t✐❧ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ❡st❛❜❧✐s❤❡❞ ❛❢t❡r ❛ ❝❤❛♥❣❡ ✐♥ ✜❡❧❞ ❞✐r❡❝t✐♦♥ ✐s
♠❡❛s✉r❡❞ ❜② τ ✳ ■❢ t❤❡ ❢r❡q✉❡♥❝② ✐s ✈❡r② ❧♦✇✱ ✐✳❡✳✱ t❤❡ s♣✐♥ ❝❛♥ ❢♦❧❧♦✇ t❤❡ ❝❤❛♥❣❡ ✐♥
❡①t❡r♥❛❧ ✜❡❧❞ ✇✐t❤♦✉t ❛♥② t✐♠❡ ❞✐❧❛t❛t✐♦♥✱ t❤❡ ♠❡❛s✉r❡❞ s✉s❝❡♣t✐❜✐❧✐t② χT ✐s ❝❛❧❧❡❞ t❤❡
✐s♦t❤❡r♠❛❧ s✉s❝❡♣t✐❜✐❧✐t②✳ ■♥ t❤❡ ♦t❤❡r ❧✐♠✐t✱ ✇❡r❡ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ✜❡❧❞ ❝❤❛♥❣❡s ♠✉❝❤
❢❛st❡r t❤❛♥ t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡ τ ✱ t❤❡ s♣✐♥s ❝❛♥ ♥♦t ❢♦❧❧♦✇ t❤✐s ❝❤❛♥❣❡ ❛♥❞ t❤❡ ♠❡❛✲
s✉r❡❞ s✉s❝❡♣t✐❜✐❧✐t② χS ✐s ❝❛❧❧❡❞ ❛❞✐❛❜❛t✐❝ s✉s❝❡♣t✐❜✐❧✐t②✳ ❚❤❡ ✐♥t❡r❡st✐♥❣ ✐♥t❡r♠❡❞✐❛t❡
❢r❡q✉❡♥❝② r❡❣✐♠❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❢♦r♠✉❧❛ ❛s ❞❡✜♥❡❞ ❜② ❈❛s✐♠✐r
❛♥❞ ❉✉ Pré✿❬✸✾❪

χ(ω) = χS +
χT − χS

1 + iωτ
. ✭✷✳✷✻✮

❙✐♥❝❡ χT ❛♥❞ χS ❛r❡ r❡❛❧ ♥✉♠❜❡rs✱ t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ❝❛♥ ❜❡ ❞❡✈✐❞❡❞ ✐♥t♦ ❛ r❡❛❧ ✭✐♥✲
♣❤❛s❡✮ ♣❛rt χ′ ❛s ✇❡❧❧ ❛s ❛♥ ✐♠❛❣✐♥❛r② ✭♦✉t✲♦❢✲♣❤❛s❡✮ ♣❛rt χ′′✿

χ′ =
χT − χS

1 + ω2τ 2
+ χS; χ′′ =

χT − χSωτ

1 + ω2τ 2
. ✭✷✳✷✼✮

❋✐❣✉r❡ ✷✳✷✳✿ ❊①❡♠♣❧❛r✐❝ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✐♥✲♣❤❛s❡ ✭χ✬✮ ❛♥❞ ♦✉t✲♦❢✲♣❤❛s❡
✭χ✑✮ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❞②♥❛♠✐❝ s✉s❝❡♣t✐❜✐❧✐t② ❢♦r ❛♥ ❛r❜✐tr❛r② ❝❤♦s❡♥
r❡❧❛①❛t✐♦♥ t✐♠❡ τ ❂ ✶✳

❋✐❣✳ ✷✳✷ ❞❡♣✐❝ts ❛ ❣❡♥❡r✐❝ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✐♥✲♣❤❛s❡ ❛♥❞ ♦✉t✲♦❢✲♣❤❛s❡
s✉s❝❡♣t✐❜✐❧✐t② ❝♦♠♣♦♥❡♥t ❢♦r ❛♥ ❛r❜✐tr❛r② ❝❤♦s❡♥ r❡❧❛①❛t✐♦♥ t✐♠❡ τ ❂ ✶✳ ❆s ✐t ❝❛♥
❜❡ s❡❡♥✱ ✐♥ ❛ s❡♠✐✲❧♦❣❛r✐t❤♠✐❝ s❝❛❧✐♥❣ t❤❡ ✐♥✲♣❤❛s❡ ❝♦♠♣♦♥❡♥t ✜❣✉r❡s ❛ st❡♣ ✇❡r❡
t❤❡ ❝♦♥❞✐t✐♦♥ ωτ ❂ ✶ ✐s ❢✉❧✜❧❧❡❞ ✇❤✐❧❡ t❤❡ ♦✉t✲♦❢✲♣❤❛s❡ ❝♦♠♣♦♥❡♥t ❣♦❡s t❤r♦✉❣❤ ❛
♠❛①✐♠✉♠ ❛t t❤✐s ❢r❡q✉❡♥❝②✳ ❚❤✉s✱ ❢r♦♠ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤✐s ♠❛①✐♠✉♠ ❛♥❞ t❤❡ r❡❧❛t✐♦♥
ω−1 ❂ τ t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ❝❛♥ ❜❡ ❞❡r✐✈❡❞✳

■♥ ❛ r❡❛❧✐st✐❝ s②st❡♠✱ t❤❡ ♦✈❡r❛❧❧ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦t ❞❡✜♥❡❞ ❜②
❥✉st ♦♥❡✱ ❜✉t s❡✈❡r❛❧ ♦✈❡r❧❛♣♣✐♥❣ ♣r♦❝❡ss❡s✱ ✐✳❡✳ ♥♦t ❛ s✐♥❣❧❡ ❜✉t ❛ ❞✐str✐❜✉t✐♦♥ ♦❢

✶✸



r❡❧❛①❛t✐♦♥ t✐♠❡s ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛♥
❡♠♣✐r✐❝❛❧ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ✐♥tr♦❞✉❝❡s t❤❡ ♣❛r❛♠❡t❡r α✿❬✹✵❪

χ(ω) =χS +
χT − χS

1 + (iωτ)1−α

χ′(ω) =χS + (χT − χS)
1 + (ωτ)1−αsin(πα/2)

1 + 2(ωτ)1−αsin(πα/2) + (ωτ)2−2α

χ′′(ω) =(χT − χS)
(ωτ)1−αcos(πα/2)

1 + 2(ωτ)1−αsin(πα/2) + (ωτ)2−2α
.

✭✷✳✷✽✮

✷✳✼✳✷✳ ▼❛❣♥❡t✐❝ ❘❡❧❛①❛t✐♦♥ ✐♥ ▼♦❧❡❝✉❧❛r ❙②st❡♠s

❲❤✐❧❡ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡ ♦❢ ❛ ❣✐✈❡♥
s♣✐♥ s②st❡♠ ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞✱ t❤✐s ❝❤❛♣t❡r ❞✐s❝✉ss❡s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ✈❡r② s❛♠❡
❢♦r ♠♦❧❡❝✉❧❛r s♣✐♥ s②st❡♠s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡❧❛①❛t✐♦♥
τ✭❚✮ ✐s ❝♦♥s✐❞❡r❡❞✳

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s♣✐♥ s②st❡♠✱ τ✭❚✮ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❞✐✛❡r❡♥t ❝♦♥tr✐❜✉t✐♦♥s
✇❤✐❝❤ ❡✛❡❝t t❤❡ ♦✈❡r❛❧❧ ♦❜s❡r✈❡❞ r❡❧❛①❛t✐♦♥ t✐♠❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ s✉♠♠❛r✐s❡s
t❤❡✱ ❢♦r ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐s♠✱ ♠♦st r❡❧❡✈❛♥t ❝♦♥tr✐❜✉t✐♥❣ t❡r♠s✿

τ−1 = τ0exp

(

−Ueff

kBT

)

+ AT +BT n + τQTM. ✭✷✳✷✾✮

❚❤❡ ✜rst t❡r♠ ✐♥ ❡q♥✳ ✷✳✷✾ ✐s ❛❧s♦ ❝❛❧❧❡❞ ❖r❜❛❝❤✲t❡r♠ ❛♥❞ ❞❡s❝r✐❜❡s t❤❡ t❡♠♣❡r❛t✉r❡
❞❡♣❡♥❞❡♥❝❡ ❢♦r ❛ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ✇❤❡r❡ ❛♥ ❡♥❡r❣② ❜❛rr✐❡r ♦❢ t❤❡ ❤✐❣❤t Ueff ✐s ✐♥✲
✈♦❧✈❡❞✳ ■♥ t❤❡ s❡❝♦♥❞ t❡r♠✱ ❞✐r❡❝t r❡❧❛①❛t✐♦♥ ♦r ♦♥❡✲♣❤♦♥♦♥ ♣r♦❝❡ss❡s ❛r❡ ❝♦♥s✐❞❡r❡❞
✇❤✐❝❤ ✐♥✈♦❧✈❡ ♣❤♦♥♦♥s ♦❢ t❤❡ s❛♠❡ ❡♥❡r❣② ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛❣♥❡t✐❝ tr❛♥s✐t✐♦♥✳
❚❤❡ t❤✐r❞ t❡r♠ ✐s t❤❡ ❘❛♠❛♥✲r❡❧❛①❛t✐♦♥ t❡r♠ ✇✐t❤ t❤❡ ♣r❡❢❛❝t♦r B ❛♥❞ t❤❡ ❡①♣♦✲
♥❡♥t n✳ ■t ❞❡s❝r✐❜❡s str♦♥❣❧② t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t t✇♦✲♣❤♦♥♦♥ ♣r♦❝❡ss❡s✳ ■♥ t❤❡
❡✈❛❧✉❛t✐♦♥ ♦❢ ❛❝ s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛✱ n ✐s ✉s✉❛❧❧② tr❡❛t❡❞ ❛s ❢r❡❡ ✜t✲✈❛❧✉❡✳ ❚❤❡ ✈❛❧✉❡
♦❢ n ❝❛♥ ❣✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ s♣✐♥ s②st❡♠ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss✳ ❋♦r
❛ ♥♦♥✲❑r❛♠❡rs s②st❡♠✱ n ✐s ❡✳❣✳ ❝❧♦s❡ t♦ ✼ ✇❤✐❧❡ ❢♦r ❛ ❑r❛♠❡rs ❞♦✉❜❧❡❞ n ≈ ✾✳
❆ ♠✉❧t✐♣❧❡t ✇✐t❤ s♠❛❧❧ ❜✉t ✜♥✐t❡ s♣❧✐tt✐♥❣s ❛s ❡✳❣✳ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❈♦✭■■✮ ✐♦♥s ✐♥ t❤❡
❙ ❂ ✶✴✷ ❧♦✇ s♣✐♥ st❛t❡ ✇❤✐❝❤ ❛r❡ s♣❧✐tt❡❞ ❜② ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ t❤❡ ■ ❂ ✺✴✷
♥✉❝❧❡✉s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② n ≈ ✺ ✭s❡❡ ❝❤❛♣✳ ✹✳✹✮✳❬✶✽❪ ❚❤❡ ❧❛st t❡r♠ ✐♥ ❡q♥✳ ✷✳✷✾
r❡❢❡rs t♦ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ t❤❡ q✉❛♥t✉♠ t✉♥♥❡❧❧✐♥❣ t❤r♦✉❣❤ ❛ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②
❜❛rr✐❡r✳ ❚❤✐s t✉♥♥❡❧❧✐♥❣ ♠❡❝❤❛♥✐s♠s ❛r❡ ✉s✉❛❧❧② ✐♥❞✉❝❡❞ ❜② ❛ ♠✐①✐♥❣ ♦❢ st❛t❡s ❞✉❡ t♦
tr❛♥s✈❡rs❛❧ ❛♥✐s♦tr♦♣✐❡s ♦r s♠❛❧❧ ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ s✉rr♦✉♥❞✐♥❣ ✐♦♥s ♦r ♥✉❝❧❡❛r s♣✐♥s✳

✶✹



✸✳ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

✸✳✶✳ ❍✐❣❤✲❢r❡q✉❡♥❝② ✴ ❍✐❣❤✲✜❡❧❞ ❊❧❡❝tr♦♥

P❛r❛♠❛❣♥❡t✐❝ ❘❡s♦♥❛♥❝❡

❚❤❡ t✉♥❛❜❧❡ ❤✐❣❤✲❢r❡q✉❡♥❝②✴❤✐❣❤✲✜❡❧❞ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❍❋ ❊P❘✮
♠❡❛s✉r❡♠❡♥t s❡t✉♣ ✇❤✐❝❤ ✇❛s ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ❝❛♥ ❝♦✈❡r ❛ ❢r❡q✉❡♥❝② r❛♥❣❡ ❜❡t✇❡❡♥
✸✵ ●❍③ ❛♥❞ ✶ ❚❍③ ❛s ✇❡❧❧ ❛s ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❛♥❣❡ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✽ ❚✳ ❚❤❡ s❛♠♣❧❡
t❡♠♣❡r❛t✉r❡ ❝❛♥ ❜❡ ✈❛r✐❡❞ ✐♥ ❛ r❛♥❣❡ ❜❡t✇❡❡♥ ✶✳✽ ❛♥❞ ≈ ✷✼✵ ❑✳ ❋✐❣✳ ✸✳✶ s❤♦✇s ❛
s❝❤❡♠❛t✐❝ s❦❡t❝❤ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳

❚❤❡ ♠✐❝r♦✇❛✈❡ r❛❞✐❛t✐♦♥ ✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ♠✐❝r♦✇❛✈❡ ✈❡❝t♦r ♥❡t✇♦r❦ ❛♥❛❧②s❡r
✭▼❱◆❆✮ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❝♦♠♣❛♥② ❆❇ ♠✐❧❧✐♠❡tr❡✱ P❛r✐s ❛♥❞ tr❛♥s❢❡rr❡❞ ♦✈❡r t❤❡
❤❛r♠♦♥✐❝ ❣❡♥❡r❛t♦r ✭❍●✮ ♣❛rt ✈✐❛ ❝✐r❝✉❧❛r ✇❛✈❡❣✉✐❞❡s ✭❜❧✉❡ ♣❛rts ✐♥ ✜❣✳ ✸✳✶✮ t♦
t❤❡ s❛♠♣❧❡ ✭❣r❡❡♥ ❝✉❜♦✐❞ ✐♥ ✜❣✳ ✸✳✶✮✳ ❆❢t❡r ♣❛ss✐♥❣ t❤❡ s❛♠♣❧❡✱ t❤❡ tr❛♥s♠✐tt❡❞
r❛❞✐❛t✐♦♥ ✐s r❡✢❡❝t❡❞ ❜② t✇♦ ❣♦❧❞ ♣❧❛t❡❞ ♠✐rr♦rs ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ s❛♠♣❧❡ r♦❞
✭r❡❢❡r t♦ t❤❡ ♣❛t❤✇❛② ♦❢ t❤❡ r❡❞ ❞♦tt❡❞ ❧✐♥❡ ✐♥ ✜❣✳ ✸✳✶✮ ❛♥❞ ❣♦❡s ❜❛❝❦ t♦ t❤❡ ▼❱◆❆
✈✐❛ t❤❡ ❤❛r♠♦♥✐❝ ♠✐①❡r ✭❍▼✮ ♣❛rt ✇❤❡r❡ t❤❡ ♠✐❝r♦✇❛✈❡s ❛r❡ ❣❡tt✐♥❣ ❞❡t❡❝t❡❞✳ ❚❤❡
▼❱◆❆ ❝❛♥ ❣❡♥❡r❛t❡ ❢r❡q✉❡♥❝✐❡s ❜❡t✇❡❡♥ ✽ t♦ ✶✽ ●❍③ ❜② ♠❡❛♥s ♦❢ t✇♦ ❣✉♥✲❞✐♦❞❡s✳
❚❤✐s ❣r♦✉♥❞ ❢r❡q✉❡♥❝② ✐s ♠✉❧t✐♣❧✐❡❞ ❜② ❛ss❡♠❜❧✐♥❣ ❞✐✛❡r❡♥t ❙❝❤♦tt❦② ❞✐♦❞❡s t♦ ❝♦✈❡r
t❤❡ ✇❤♦❧❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ❛s ✐♠♣❧✐❡❞ ❛❜♦✈❡✳ ❚❤❡ s✐❣♥❛❧ ❞❡t❡❝t✐♦♥ ♦❢ t❤❡ ▼❱◆❆ ✐s
❜❛s❡❞ ♦♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❜❡❛t s✐❣♥❛❧ ✐♥ t❤❡ ▼❍③ r❛♥❣❡ ❜❡t✇❡❡♥ ♦✉t♣✉t ❛♥❞
✐♥♣✉t s✐❣♥❛❧✳ ❚♦ st❛❜✐❧✐③❡ t❤❡ ♠❡❛s✉r❡♠❡♥t ❢r❡q✉❡♥❝② ❛♥ ❊■P ✺✼✺❇ s♦✉r❝❡ ❧♦❝❦✐♥❣
❢r❡q✉❡♥❝② ❝♦✉♥t❡r ✐s ✉s❡❞ ♣r♦✈✐❞❡❞ ❜② P❤❛s❡ ▼❛tr✐① ■♥❝✳✱ ◆❛t✐♦♥❛❧ ■♥str✉♠❡♥ts✳ ■♥
♦r❞❡r t♦ ❣❛✐♥ ❛ ❤✐❣❤❡r s❡♥s✐t✐✈✐t② t❤❡ s✐❣♥❛❧ ✐ts❡❧❢ ✐s ♠♦❞✉❧❛t❡❞ ✇✐t❤ ❛ ❢r❡q✉❡♥❝② ♦❢
f ❂ ✶✵✳✹✹✽ ❦❍③ ❛♥❞ ❞❡t❡❝t❡❞ ❜② ❛ ❧♦❝❦✲✐♥ ❛♠♣❧✐✜❡r ♣r♦✈✐❞❡❞ ❜② ❙t❛♥❢♦r❞ ❘❡s❡❛r❝❤
❙②st❡♠s✳ ❚❤✐s ❞❡t❡❝t❡❞ s✐❣♥❛❧ ✐s s✉❜s❡q✉❡♥t❧② r❡❛❞ ♦✉t ✈✐❛ ❛ ❞❡s❦t♦♣ P❈ ❜② ❛ ❤♦♠❡✲
❜✉✐❧❞ ◆■ ▲❛❜❱✐❡✇ ♠❡❛s✉r❡♠❡♥t ♣r♦❣r❛♠✳

❚❤❡ ❤✐❣❤ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❛ ❝♦♠♠❡r❝✐❛❧ s✉♣❡r❝♦♥❞✉❝t✐♥❣
♠❛❣♥❡t ✭♦r❛♥❣❡ r✐♥❣ ✐♥ ✜❣✳ ✸✳✶✮ ♣r♦✈✐❞❡❞ ❜② ❖①❢♦r❞ ■♥str✉♠❡♥ts✱ ♣❧❝ ❯❑✱ ✇❤✐❝❤ ✐s
❝♦♦❧❡❞ ✇✐t❤ ❧✐q✉✐❞ ❤❡❧✐✉♠✳ ❚❤❡ ❤❡❧✐✉♠ ✢♦✇ ✐♥t♦ t❤❡ s❛♠♣❧❡ s♣❛❝❡ ✐s ♦♣❡r❛t❡❞ ♦✈❡r ❛
♥❡❡❞❧❡ ✈❛❧✈❡ ✭◆❱✮✳ ❚♦ ❝♦♥tr♦❧ t❤❡ s❛♠♣❧❡ t❡♠♣❡r❛t✉r❡✱ t✇♦ t❤❡r♠♦♠❡t❡r ❛♥❞ ❤❡❛t❡r
♣❛✐rs ❛r❡ ✉s❡❞✿ ♦♥❡ ❞✐r❡❝t❧② s✐t✉❛t❡❞ ❛t t❤❡ ❤❡❧✐✉♠ ♦✉t♣✉t ✐♥t♦ t❤❡ s❛♠♣❧❡ s♣❛❝❡
❛s ♣❛rt ♦❢ ❛ ✈❛r✐❛❜❧❡ t❡♠♣❡r❛t✉r❡ ✐♥s❡rt ✭❱❚■✮ ❛♥❞ ♦♥❡ ✐♥ ❝❧♦s❡ ♣r♦①✐♠✐t② t♦ t❤❡
s❛♠♣❧❡✳ ❚❤❡ r❡s♣❡❝t✐✈❡ ❝♦♥tr♦❧ ❞❡✈✐❝❡s ❛r❡ ♣r♦✈✐❞❡❞ ❜② ❖①❢♦r❞ ■♥str✉♠❡♥ts✱ ♣❧❝ ❯❑
❛♥❞ ▲❛❦❡❙❤♦r❡ ❈r②♦❣❡♥✐❝s✳

❚❤❡ ✐♥✈❡st✐❣❛t❡❞ s❛♠♣❧❡s ✇❡r❡ ❛❧❧ ♣r♦✈✐❞❡❞ ✐♥ ❛ s♦❧✐❞ ♣♦✇❞❡r ❢♦r♠✳ ❚❤❡r❡❜②✱ t✇♦
❞✐✛❡r❡♥t ♣r❡♣❛r❛t✐♦♥ t❡❝❤♥✐q✉❡s ✇❡r❡ ✉s❡❞✳ ■♥ ❜♦t❤ ❝❛s❡s t❤❡ s❛♠♣❧❡s ✇❡r❡ ♣❧❛❝❡❞

✶✺



❋✐❣✉r❡ ✸✳✶✳✿ ❙❝❤❡♠❛t✐❝ s❦❡t❝❤ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❍❋ ❊P❘ s♣❡❝tr♦♠❡t❡r s❡t✉♣ ✇❤✐❝❤
✇❛s ✉s❡❞ ✇✐t❤✐♥ t❤✐s ✇♦r❦✳ ❚❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛❣♥❡t ✭♦r❛♥❣❡ ❤❛❧❢
r✐♥❣✮ ✐s ❧♦❝❛t❡❞ ✐♥s✐❞❡ ❛ ❤❡❧✐✉♠ ❝r②♦st❛t ✭❣r❡② r❡❝t❛♥❣❧❡✮✳ ❚❤❡ s❛♠♣❧❡
✭❣r❡❡♥ ❝✉❜♦✐❞✮ s✐ts ✐♥s✐❞❡ t❤❡ ✇❛✈❡❣✉✐❞❡s ✭❜❧✉❡ ❧✐♥❡s✮ ✇❤✐❝❤ ❛r❡ s✉r✲
r♦✉♥❞❡❞ ❜② ❛ ✈❛❝✉✉♠✲❥❛❝❦❡t ✭❜❧❛❝❦ r❡❝t❛♥❣❧❡ ❛r♦✉♥❞ ✇❛✈❡❣✉✐❞❡s✮✳ ❚❤❡
r❡❞ ❞❛s❤❡❞ ❧✐♥❡ ❞❡♣✐❝ts t❤❡ ♣❛t❤ ♦❢ t❤❡ ♠✐❝r♦✇❛✈❡s ✇❤✐❝❤ ❛r❡ ❣❡♥❡r❛t❡❞
❜② t❤❡ ▼❱◆❆ ❛♥❞ tr❛♥s❢❡rr❡❞ ♦✈❡r t❤❡ ❤❛r♠♦♥✐❝ ❣❡♥❡r❛t♦r ✭❍●✮ t♦ t❤❡
s❛♠♣❧❡ ❛♥❞ ♦✈❡r t❤❡ ❤❛r♠♦♥✐❝ ♠✐①❡r ✭❍▼✮ ❜❛❝❦ t♦ t❤❡ ▼❱◆❆ ✭s❡❡ ♠❛✐♥
t❡①t✮✳ ❆ ❢r❡q✉❡♥❝② ❝♦✉♥t❡r st❛❜✐❧✐③❡s t❤❡ ♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝②✳ ❋♦r s✐❣✲
♥❛❧ ❞❡t❡❝t✐♦♥ ❛ ❧♦❝❦✲✐♥ ❛♠♣❧✐✜❡r ✐s ✉s❡❞ ✇❤✐❝❤ ✐s ✐♥ t✉r♥ ❝♦♥♥❡❝t❡❞ t♦ ❛
P❈✳ ❚❤❡ s❛♠♣❧❡ t❡♠♣❡r❛t✉r❡ ✐s ❝♦♥tr♦❧❧❡❞ ❛♥❞ ♠♦♥✐t♦r❡❞ ❜② t✇♦ t❡♠✲
♣❡r❛t✉r❡ ❝♦♥tr♦❧❧❡rs ❝♦♥♥❡❝t❡❞ t♦ ❛ ❤❡❛t❡r ❛♥❞ t❤❡r♠♦♠❡t❡r ♣❛✐r ❛t t❤❡
♥❡❡❞❧❡ ✈❛❧✈❡ ✭◆❱✮ ❛♥❞ ✐♥ t❤❡ s❛♠♣❧❡ s♣❛❝❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠❛❣♥❡t ✐s
❝♦♥tr♦❧❧❡❞ ❜② ❛ ♠❛❣♥❡t ♣♦✇❡r s✉♣♣❧②✳ ❆❧❧ ❝♦♥tr♦❧ ✉♥✐ts ❛r❡ ❝♦♥♥❡❝t❡❞ t♦
t❤❡ P❈ ❛♥❞ ❝❛♥ ❜❡ r❡❛❞ ♦✉t ❛♥❞ ❤❛♥❞❧❡❞ ♦✈❡r ❛ ▲❛❜❱✐❡✇ ♣r♦❣r❛♠✳

✐♥s✐❞❡ ❛ ❜r❛ss r✐♥❣ ✇❤✐❝❤ ✇❛s ❝♦✈❡r❡❞ ❢r♦♠ ❜♦t❤ s✐t❡s ✇✐t❤ ♠✐❝r♦✇❛✈❡ tr❛♥s♣❛r❡♥t
❝❛♣t♦♥ t❛♣❡✳ ❋♦r t❤❡ ♣r❡♣❛r❛t✐♦♥ ♦❢ ❛ s♦✲❝❛❧❧❡❞ ❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡✱ t❤❡ ✐♥♥❡r s✐t❡s
♦❢ t❤♦s❡ ❝❛♣t♦♥ ✇✐♥❞♦✇s ✇❛s ❛❞❞✐t✐♦♥❛❧❧② ✐s♦❧❛t❡❞ ❜② ❛♥♦t❤❡r ❧❛②❡r ♦❢ ❝❛♣t♦♥ ✐♥ ♦r❞❡r
t♦ ❛✈♦✐❞ ❛ st✐❝❦✐♥❣ ♦❢ t❤❡ ♣♦✇❞❡r ♦♥t♦ t❤❡ t❛♣❡ ❛♥❞✱ ❤❡♥❝❡✱ ❛❧❧♦✇ ❛ ♣r♦♣❡r ❛❧✐❣♥♠❡♥t ♦❢
t❤❡ s❛♠♣❧❡ ❝r②st❛❧❧✐t❡s ✇✐t❤✐♥ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡s
✇❡r❡ ♣r❡♣❛r❡❞ ❜② ♠✐①✐♥❣ ❡✐❝♦s❛♥ ✇❛① ✐♥t♦ t❤❡ ♣♦✇❞❡r ❛♥❞ ❤❡❛t ✐t ✉♣ t♦ ❛♣♣r♦①✳
✹✵◦❈ ✐♥ ♦r❞❡r t♦ ♠❡❧t t❤❡ ✇❛① ❛♥❞ ❣❧✉❡ t❤❡ s❛♠♣❧❡ ❝r②st❛❧❧✐t❡s t♦❣❡t❤❡r✳ ❋♦r ❜♦t❤
t❡❝❤♥✐q✉❡s✱ t❤❡ s❛♠♣❧❡ ✇❛s ❣r♦✉♥❞ ❜❡❢♦r❡ t❤❡ ♣r❡♣❛r❛t✐♦♥ ✐❢ t❤❡ ❝r②st❛❧❧✐t❡ s✐③❡s ♦❢
t❤❡ ♣♦✇❞❡r s❛♠♣❧❡ ❛♣♣❡❛r❡❞ t♦ ❜❡ t♦♦ ❜✐❣ ♦r t♦♦ ✐rr❡❣✉❧❛r✳ ❚❤❡ ❣r✐♥❞✐♥❣ ❤❛❞ t❤❡
❡✛❡❝t✱ t❤❛t ✐♥ ❛ ❧♦♦s❡ ♣♦✇❞❡r ❡①♣❡r✐♠❡♥t✱ t❤❡ ❝r②st❛❧❧✐t❡s ❝♦✉❧❞ ❜❡ ♠✉❝❤ ❡❛s✐❡r ❛♥❞
♠♦r❡ ❝♦❤❡r❡♥t❧② ❛❧✐❣♥❡❞ ❛s ✇❛s ♠♦♥✐t♦r❡❞ ❜② ❛ s✐♥❣❧❡ ♥✐❝❡❧② s❤❛r♣ ♦r✐❡♥t❛t✐♦♥ ❥✉♠♣
❛t r❡❧❛t✐✈❡❧② ❧♦✇ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✭❁ ✷ ❚✮ ✐♥ t❤❡ ❊P❘ tr❛♥s♠✐ss✐♦♥ s♣❡❝tr❛✳
❋♦r t❤❡ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ t❤❡ ❣r✐♥❞✐♥❣ ❛ss✉r❡❞ ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦❢ ❞✐✛❡r❡♥t
❝r②st❛❧ ♦r✐❡♥t❛t✐♦♥s ❛♥❞ t❤❡r❡❢♦r❡ ❛ ❣♦♦❞ ♣♦✇❞❡r✲❧✐❦❡ ❊P❘ s♣❡❝tr❛ ✇✐t❤♦✉t s♣✐❦❡s ❛♥❞

✶✻



❥✉♠♣s ❛r✐s✐♥❣ ❢r♦♠ ❜✐❣❣❡r ❝r②st❛❧❧✐t❡s ✇❤✐❝❤ ❛r❡ ♦r✐❡♥t❡❞ ✐♥ ❛ ♣❛rt✐❝✉❧❛r ❞✐r❡❝t✐♦♥✳

✸✳✷✳ ❳✲❇❛♥❞ ❊❧❡❝tr♦♥ P❛r❛♠❛❣♥❡t✐❝ ❘❡s♦♥❛♥❝❡

❚❤❡ ❳✲❜❛♥❞ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❳✲❜❛♥❞ ❊P❘✮ s❡t✉♣ ✉s❡❞ ✇✐t❤✐♥ t❤✐s
✇♦r❦ ❝❛♥ ♣r♦✈✐❞❡ ❛ ❢r❡q✉❡♥❝② ♦❢ ❢ ❂ ✾✳✻ ●❍③ ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❛♥❣❡ ❜❡t✇❡❡♥ ✵
❛♥❞ ≈ ✶✳✷ ❚✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ t♦ t❤❡ ❍❋ ❊P❘ s②st❡♠ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐s t❤❡
✉s❛❣❡ ♦❢ ❛ r❡s♦♥❛t♦r ❝❛✈✐t② t♦ ✐♥❝r❡❛s❡ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ♠✐❝r♦✇❛✈❡s ❛♥❞ s❛♠♣❧❡✳
❋✉rt❤❡r♠♦r❡✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❡①t❡r♥❛❧ ❛♣♣❧✐❡❞ st❛t✐❝ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛ s♠❛❧❧ ♦s❝✐❧✲
❧❛t✐♥❣ ✜❡❧❞ ✐s s✉♣❡r✐♠♣♦s❡❞✱ ✐✳❡✳✱ t❤❡ tr❛♥s♠✐tt❡❞ ♠✐❝r♦✇❛✈❡ s✐❣♥❛❧ ✐s ♥♦t ♠❡❛s✉r❡❞
❞✐r❡❝t❧②✱ ❜✉t ✐ts ❞❡r✐✈❛t✐✈❡✳ ❲✐t❤ t❤✐s✱ ❛ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r r❡s♦❧✉t✐♦♥ ❝♦♠♣❛r❡❞ t♦
t❤❡ ❍❋ ❊P❘ s❡t✉♣ ❝❛♥ ❜❡ ❣❛✐♥❡❞ ✇❤✐❝❤ ❛❧❧♦✇s ♣r❡❝✐s❡ ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ t❤❡ ♦❜t❛✐♥❡❞
s♣❡❝tr❛✳ ❍♦✇❡✈❡r✱ t❤❡ ❢r❡q✉❡♥❝② ✐♥ t❤✐s ❡①♣❡r✐♠❡♥t ✐s ✜①❡❞ t♦ ❛ ❝❡rt❛✐♥ ✈❛❧✉❡ ✇❤✐❝❤
❞❡♣❡♥❞s ♦♥ t❤❡ ❝❛✈✐t② ❝♦♥str✉❝t✐♦♥✳ ❲✐t❤✐♥ t❤✐s ✇♦r❦ ❛ ❝♦♠♠❡r❝✐❛❧ ❇r✉❦❡r ❊❧❡①s②s
❊✺✵✵ s♣❡❝tr♦♠❡t❡r ✇❛s ✉s❡❞ ✇✐t❤ ❛♥ ❊❘ ✹✶✷✷❙❍◗❊ ❈❲ ❝❛✈✐t②✳ ❚❤❡ q✉❛❧✐t② ❢❛❝t♦r
Q ♦❢ t❤✐s ❝❛✈✐t②✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜② t❤❡ r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧✐♥❡ ✇✐❞t❤ ♦❢ t❤❡ ❝❛✈✐t②
r❡s♦♥❛♥❝❡ s✐❣♥❛❧ ❛♥❞ t❤❡ ✐rr❛❞✐❛t❡❞ ❢r❡q✉❡♥❝②✱ ✐s ≈ ✹✵✵✵✳ ❚❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞
✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ✇❛t❡r ❝♦♦❧❡❞ ❡❧❡❝tr♦ ♠❛❣♥❡t✳ ❚♦ ♣r♦✈✐❞❡ ❧♦✇ t❡♠♣❡r❛t✉r❡s ❞♦✇♥
t♦ ✹ ❑ ❛ ❈r②♦ ❊❞❣❡ ❝r②♦st❛t ✇❛s ✉s❡❞ ✇✐t❤ ❛ ❝♦♠♣r❡ss♦r s②st❡♠✳ ❚❤❡ t❡♠♣❡r❛t✉r❡
❝♦♥tr♦❧ ✇❛s ❤❛♥❞❧❡❞ ♠❛♥✉❛❧❧② ❜② ♠❡❛♥s ♦❢ ❛♥ ▼❡r❝✉r② ✐❚❈ ❜② ❖①❢♦r❞ ■♥str✉♠❡♥ts✳

❋♦r t❤❡ s❛♠♣❧❡ ♣r❡♣❛r❛t✐♦♥ ❛♥ ❊P❘ q✉❛rt③ ❣❧❛ss t✉❜❡ ♣r♦✈✐❞❡❞ ❜② ❙✐❣♠❛✲❆❧❞r✐❝❤
✇❛s ✉s❡❞✳ ❚❤❡ ♣♦✇❞❡r s❛♠♣❧❡ ✇❛s ✜①❡❞ ❜② ❡✐❝♦s❛♥ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❛ r❡❛rr❛♥❣❡♠❡♥t
♦❢ t❤❡ ❝r②st❛❧❧✐t❡s ❞✉r✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥ts✳

✸✳✸✳ ▼❛❣♥❡t♦♠❡tr②

✸✳✸✳✶✳ ▼❡❛s✉r❡♠❡♥t ❉❡✈✐❝❡s

❚❤❡ ❞❝ s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛ s❤♦✇♥ ✐♥ t❤✐s ✇♦r❦ ✇❛s ♠❛✐♥❧② ❛❝q✉✐r❡❞ ❜② t❤❡ ✉s❛❣❡ ♦❢
t✇♦ ❞✐✛❡r❡♥t ♠❛❣♥❡t✐❝ ♣r♦♣❡rt② ♠❡❛s✉r❡♠❡♥t s②st❡♠s ✭▼P▼❙✮ ❛s ✇❡❧❧ ❛s ❛ ♣❤②s✐❝❛❧
♣r♦♣❡rt② ♠❡❛s✉r❡♠❡♥t s②st❡♠ ✭PP▼❙✮✱ ❛❧❧ ♣r♦✈✐❞❡❞ ❜② ◗✉❛♥t✉♠ ❉❡s✐❣♥✳

❇♦t❤ ♦❢ t❤❡ ▼P▼❙ ❞❡✈✐❝❡s ✉s❡ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ q✉❛♥t✉♠ ✐♥t❡r❢❡r❡♥❝❡ ❞❡✈✐❝❡
✭❙◗❯■❉✮ t♦ ♠❡❛s✉r❡ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡ ♦❢ s✉❝❤ ❛ ❞❡✈✐❝❡
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ s❡✈❡r❛❧ ❧✐t❡r❛t✉r❡ r❡♣♦rts✳❬✹✶✱ ✹✷❪ ❚❤❡ ▼P▼❙✲❳▲ s②st❡♠ ✐s ❡q✉✐♣♣❡❞
✇✐t❤ ❛ ✺ ❚ ♠❛❣♥❡t ❛♥❞ ❝❛♥ ♠❡❛s✉r❡ t❤❡ ❞❝ s✉s❝❡♣t✐❜✐❧✐t② ✐♥ ❛ t❡♠♣❡r❛t✉r❡ r❛♥❣❡
❜❡t✇❡❡♥ ✷ ❛♥❞ ✸✵✵ ❑✳ ❚❤❡ ♠♦r❡ ❛❞✈❛♥❝❡❞ ▼P▼❙✸ s②st❡♠ ❝❛♥ ♣r♦✈✐❞❡ ♠❛❣♥❡t✐❝
✜❡❧❞s ✉♣ t♦ ✼ ❚ ✐♥ ❛ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ❜❡t✇❡❡♥ ✶✳✽ ❛♥❞ ✹✵✵ ❑✳ ❲✐t❤ ❛ s♣❡❝✐✜❝ 3❍❡
✐♥s❡rt✱ ❛❧s♦ ♣r♦✈✐❞❡❞ ❜② ◗✉❛♥t✉♠ ❉❡s✐❣♥✱ t❤✐s t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞
❞♦✇♥ t♦ ✹✵✵ ♠❑✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ ▼P▼❙✲❳▲ ♠♦❞❡❧✱ t❤❡ ▼P▼❙✸ ❛❧❧♦✇s t♦ ❛❝q✉✐r❡
t❤❡ ❞❝ s✉s❝❡♣t✐❜✐❧✐t② s✐❣♥❛❧ ♥♦t ♦♥❧② ❜② t❤❡ ✉s✉❛❧ ❞❝ ♠♦❞❡✱ ✐♥ ✇❤✐❝❤ t❤❡ s❛♠♣❧❡ ✐s
❣r❛❞✉❛❧❧② ♠♦✈❡❞ t❤r♦✉❣❤ t❤❡ ♣✐❝❦ ✉♣ ❝♦✐❧s✱ ❜✉t ❛❧s♦ ✐♥ ❛ s♦✲❝❛❧❧❡❞ ✈✐❜r❛t✐♥❣ s❛♠♣❧❡

✶✼



♠❛❣♥❡t♦♠❡t❡r ✭❱❙▼✮ ♠♦❞❡✳ ❚❤❡r❡❜②✱ t❤❡ s❛♠♣❧❡ ✐s ✈✐❜r❛t✐♥❣ ✐♥ t❤❡ ♣✐❝❦✲✉♣ ❝♦✐❧s
❛♥❞ ♥♦t t❤❡ ❞✐r❡❝t s✐❣♥❛❧✱ ❜✉t t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✐♥❞✉❝❡❞ s✐❣♥❛❧ ✐s ❡✈❛❧✉❛t❡❞✳ ❚❤✐s
t❡❝❤♥✐q✉❡ ✐s ❢❛st❡r t❤❛♥ t❤❡ ❝♦♠♠♦♥ ❞❝ ❛❝q✉✐s✐t✐♦♥ ♠♦❞❡ ❛♥❞ ❞❡❧✐✈❡rs ❞❛t❛ ✇✐t❤ ❤✐❣❤❡r
r❡s♦❧✉t✐♦♥ ❞✉❡ t♦ t❤❡ ✐♥❝r❡❛s❡❞ s❡♥s✐t✐✈✐t②✳ ❇❡s✐❞❡s t❤❡ ❛❝q✉✐s✐t✐♦♥ ♦❢ ❞❝ s✉s❝❡♣t✐❜✐❧✐t②
❞❛t❛✱ t❤❡ ▼P▼❙✸ ♠❡❛s✉r❡♠❡♥t ❞❡✈✐❝❡ ❛❧s♦ ❛❧❧♦✇s t♦ ♠❡❛s✉r❡ t❤❡ ❛❝ s✉s❝❡♣t✐❜✐❧✐t②
✐♥ ❛ ❢r❡q✉❡♥❝② r❛♥❣❡ ❜❡t✇❡❡♥ ✶ ❛♥❞ ✶✵✵✵ ❍③ ✇✐t❤ ❛ ♠♦❞✉❧❛t✐♦♥ ❛♠♣❧✐t✉❞❡ ✉♣ t♦
✶✵ ❖❡✳ ❚♦ r❡❞✉❝❡ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♦❢ t❤❡ ♠❡❛s✉r❡❞ s✐❣♥❛❧✱ t❤❡ ❛❝ ♦♣t✐♦♥ ❝❛♥ ❜❡ ❞r✐✈❡♥
♥♦t ♦♥❧② ✐♥ ❛ s♦✲❝❛❧❧❡❞ ♦♥❡✲♣♦✐♥t✲♠❡❛s✉r❡♠❡♥t ♠♦❞❡✱ ❜✉t ❛❧s♦ ♦✛❡rs t❤❡ ♦♣t✐♦♥ ♦❢ ❛
t❤r❡❡✲♣♦✐♥t✲ ♦r ✜✈❡✲♣♦✐♥t✲♠❡❛s✉r❡♠❡♥t✳ ❆♣♣❧②✐♥❣ t❤✐s✱ t❤❡ s❛♠♣❧❡✬s ❛❝ r❡s♣♦♥s❡ ❝❛♥
❜❡ ♠❡❛s✉r❡❞ ✐♥ ❞✐✛❡r❡♥t ♣♦s✐t✐♦♥s ♦r ✧♣♦✐♥ts✧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣r❛❞✐♦♠❡t❡r✳ ❆s ❛♥
♦♣t✐♠✉♠ ❜❡t✇❡❡♥ t✐♠❡ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❞❛t❛ q✉❛❧✐t②✱ t❤❡ t❤r❡❡✲♣♦✐♥t✲♠❡❛s✉r❡♠❡♥t
♠♦❞❡ ✇❛s ✉s❡❞ ❢♦r ❛❧❧ t❤❡ ❛❝ ♠❡❛s✉r❡♠❡♥ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❋♦r ❛ ❝❧♦s❡r
❞❡s❝r✐♣t✐♦♥ s❡❡ t❤❡ r❡s♣❡❝t✐✈❡ ♠❛♥✉❛❧ ♦❢ t❤❡ ❞❡✈✐❝❡✳ ❬✹✸✱ ✹✹❪

❚❤❡ PP▼❙ ❞❡✈✐❝❡ ❝❛♥ ♣r♦✈✐❞❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✉♣ t♦ ✶✹ ❚ ✐♥ ❛ t❡♠♣❡r❛t✉r❡
r❛♥❣❡ ❜❡t✇❡❡♥ ✶✳✽ ❛♥❞ ✸✵✵ ❑✳ ❚❤❡ s✐❣♥❛❧ ❛❝q✉✐s✐t✐♦♥ ✐♥ t❤✐s ❞❡✈✐❝❡ ✐s ❝♦♠♣❛r❛❜❧❡ t♦
t❤❡ ❱❙▼ ♠♦❞❡ ♦❢ t❤❡ ▼P▼❙✸✱ ❜✉t t❤❡ ✐♥❞✉❝❡❞ s✐❣♥❛❧ ✐s ♥♦t ❝♦✉♣❧❡❞ ✐♥t♦ ❛ ❙◗❯■❉
❜✉t ❞✐r❡❝t❧② ❡✈❛❧✉❛t❡❞✳

❚♦ ❛❝q✉✐r❡ ❞❝ s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛ ❛t ❡✈❡♥ ❤✐❣❤❡r ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❜❡②♦♥❞
t❤❡ ✶✹ ❚ ♣r♦✈✐❞❡❞ ❜② t❤❡ PP▼❙✱ ♣✉❧s❡❞ ✜❡❧❞ ❡①♣❡r✐♠❡♥ts ✉♣ t♦ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞
♦❢ ❛♣♣r♦①✳ ✻✵ ❚ ✇❡r❡ ❝♦♥❞✉❝t❡❞✳ ❚❤❡r❡❜②✱ t❤❡ ♣✉❧s❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❣❡♥❡r❛t❡❞
❜② t❤❡ ❞✐s❝❤❛r❣❡ ♦❢ s❡✈❡r❛❧ ❝❛♣❛❝✐t♦rs✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts s❤♦✇♥ ✐♥ t❤✐s ✇♦r❦ ✭s❡❡
❝❤❛♣✳ ✹✳✸✮ ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ❛t t❤❡ ❍✐❣❤ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ▲❛❜♦r❛t♦r② ✐♥ ❉r❡s❞❡♥ ✭❍▲❉✮
❜② ❙✳ ❙♣❛❝❤♠❛♥♥ ✭❑■P✮✳❬✹✺✱ ✹✻❪

✸✳✸✳✷✳ ❙❛♠♣❧❡ Pr❡♣❛r❛t✐♦♥ ❛♥❞ ❇❛❝❦❣r♦✉♥❞ ❈♦rr❡❝t✐♦♥

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❡❛s✉r❡♠❡♥t ❞❡✈✐❝❡ ❛♥❞ ♠♦❞❡✱ ❞✐✛❡r❡♥t s❛♠♣❧❡ ♣r❡♣❛r❛t✐♦♥ t❡❝❤✲
♥✐q✉❡s ✇❡r❡ ✉s❡❞✳ ❋♦r t❤❡ ❞❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ❝❛rr✐❡❞ ♦✉t ♦♥ t❤❡ ▼P▼❙
❳▲ ❞❡✈✐❝❡✱ t❤❡ ♣♦✇❞❡r s❛♠♣❧❡ ✇❛s ✜❧❧❡❞ ✐♥s✐❞❡ ❛ ❣❡❧❛t✐♥❡ ❝❛♣s✉❧❡ ❛♥❞ ✜①❡❞ ✇✐t❤
❡✐❝♦s❛♥❡✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤❡ ❝❛♣s✉❧❡ ✇❛s ♠♦✉♥t❡❞ ✐♥t♦ ❛ str❛✇ s❛♠♣❧❡ ❤♦❧❞❡r ❛♥❞
✜①❡❞ ♦♥ t❤❡ ❡♥❞ ♦❢ ❛ s❛♠♣❧❡ r♦❞✳ ❋♦r ❞❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ♦❜t❛✐♥❡❞ ♦♥ t❤❡
▼P▼❙✸ ❞❡✈✐❝❡ ✐♥ t❤❡ ❱❙▼ ♠♦❞❡✱ t❤❡ ♣♦✇❞❡r s❛♠♣❧❡ ✇❛s ♣r❡ss❡❞ ✐♥s✐❞❡ ❛ ♣♦❧②♣r♦♣②✲
❧❡♥❡ ❝❛♣s✉❧❡ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ t✇♦ ♣❛rts✿ ❛ ❝②❧✐♥❞❡r ✐♥ ✇❤✐❝❤ t❤❡ s❛♠♣❧❡ ✐s ✜❧❧❡❞ ❛♥❞
❛ st❛♠♣ t♦ ♣r♦♣❡r❧② ♣r❡ss t❤❡ s❛♠♣❧❡ ✐♥t♦ t❤❡ ❝❛♣s✉❧❡✳ ❉✉❡ t♦ t❤✐s st❛♠♣✱ ❛ ❢✉rt❤❡r
✜①✐♥❣ ❜② ❡✐❝♦s❛♥ ✇❛① ✇❛s ♥♦t ♥❡❝❡ss❛r② ❢♦r s❛♠♣❧❡s ✇❤✐❝❤ ✜❣✉r❡ ❛ ❧♦✇ ❛♥✐s♦tr♦♣② ❛♥❞
t❤✉s✱ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ ❜❛❝❦❣r♦✉♥❞ ✐♥❞✉❝❡❞ ❜② t❤❡ ❡✐❝♦s❛♥ ✇❛s ♣r❡✈❡♥t❡❞✳ ❍♦✇❡✈❡r✱
❤✐❣❤❧② ❛♥✐s♦tr♦♣✐❝ s❛♠♣❧❡s ❧✐❦❡ ✹f ♠❡t❛❧ ♦r ❈♦✭■■✮ ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣♦✉♥❞s str♦♥❣❧②
t❡♥❞ t♦ ❛❧✐❣♥ ✇✐t❤✐♥ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞✱ ❤❡♥❝❡✱ ♥❡❡❞❡❞ ❛❞❞✐t✐♦♥❛❧❧② ✜①✲
✐♥❣ ❜② ❡✐❝♦s❛♥✳ ❚❤❡ ♣♦❧②♣r♦♣②❧❡♥❡ ❝❛♣s✉❧❡s ✇❡r❡ ♠♦✉♥t❡❞ ♦♥t♦ ❛ ❜r❛ss ❤♦❧❞❡r ✇❤✐❝❤
✇❛s ✜①❡❞ ♦♥ t❤❡ ❡♥❞ ♦❢ ❛ s❛♠♣❧❡ r♦❞✳

❙✐♥❝❡ t❤❡ ❜r❛ss ❤♦❧❞❡r ❧❡❛❞s t♦ ❛ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥t ❜❛❝❦❣r♦✉♥❞ ❞✉r✐♥❣ ❛❝ s✉s❝❡♣✲
t✐❜✐❧✐t② ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ ❛ str❛✇ t②♣❡ ♣r❡♣❛r❛t✐♦♥ ♠❡t❤♦❞ ❛s ❞❡s❝r✐❜❡❞ ❢♦r t❤❡ ▼P▼❙
❳▲ ♠♦❞❡❧ ✇❛s ✉s❡❞ ❢♦r t❤✐s ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ s❛♠❡ ♣r❡♣❛r❛t✐♦♥ ♠❡t❤♦❞ ✇❛s ❛❧s♦

✶✽



❛♣♣❧✐❡❞ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥ts ✇✐t❤✐♥ t❤❡ 3❍❡ ✐♥s❡rt s✐♥❝❡ t❤❡ ❜r❛ss ❤♦❧❞❡r ✇♦✉❧❞ ❧❡❛❞
t♦ ❛ ❤❡❛t✲❜r✐❞❣❡ ❜❡t✇❡❡♥ t❤❡ 3❍❡ ❜❛t❤ ❛♥❞ t❤❡ s❛♠♣❧❡ s♣❛❝❡✳

❚♦ ❝♦rr❡❝t t❤❡ ❜❛❝❦❣r♦✉♥❞ s✐❣♥❛❧ ❛r✐s✐♥❣ ❢r♦♠ t❤❡ s❛♠♣❧❡ ❤♦❧❞❡r ❛♥ ❡♠♣t② s❛♠♣❧❡
❤♦❧❞❡r ✇✐t❤ ❛♥ ❡♠♣t② ❝❛♣s✉❧❡ ✇❛s ♠❡❛s✉r❡❞ ❢♦r ❡❛❝❤ ❛❝q✉✐s✐t✐♦♥ t❡❝❤♥✐q✉❡ s❡♣❛r❛t❡❧②
❛♥❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ✇❛s s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ ♦❜t❛✐♥❡❞ ❞❛t❛✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡
♣r♦①✐♠✐t② ♦❢ t❤❡ t❤❡r♠♦♠❡t❡r t♦ t❤❡ s❛♠♣❧❡ ❞✉r✐♥❣ t❤❡ 3❍❡ ♠❡❛s✉r❡♠❡♥ts✱ s✉❝❤ ❛
❝♦rr❡❝t✐♦♥ ✇❛s ♥♦t ♣♦ss✐❜❧❡ ✐♥ t❤❛t ❝❛s❡ ✇❤✐❝❤ ✐s ✇❤② t❤❡ 3❍❡ ❞❛t❛ ✇❛s s❝❛❧❡❞ ✐♥ ❛♥
♦✈❡r❧❛♣♣✐♥❣ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ t♦ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❛t ❤✐❣❤❡r t❡♠♣❡r❛t✉r❡s ✐♥ t❤❡
❱❙▼ ♠♦❞❡ ♦❢ t❤❡ ▼P▼❙✸✳ ❚❤❡ s❛♠❡ ❜❛❝❦❣r♦✉♥❞ ❝♦rr❡❝t✐♦♥ ♠❡t❤♦❞ ✇❛s ✉s❡❞ ❢♦r
t❤❡ ❞❛t❛ ❞❡r✐✈❡❞ ❜② ♣✉❧s❡❞ ✜❡❧❞ ❡①♣❡r✐♠❡♥ts✱ ❜✉t ♥♦t ✇✐t❤ ♦✈❡r❧❛♣♣✐♥❣ t❡♠♣❡r❛t✉r❡✱
❜✉t ♦✈❡r❧❛♣♣✐♥❣ ✜❡❧❞ r❛♥❣❡s ❜❡t✇❡❡♥ t❤❡ ♣✉❧s❡❞ ✜❡❧❞ ❞❛t❛ ❛♥❞ t❤❡ ❞❝ s✉s❝❡♣t✐❜✐❧✐t②
❞❛t❛ ❛❝q✉✐r❡❞ ✇✐t❤ t❤❡ PP▼❙ ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❛♥❣❡ ✉♣ t♦ ✶✹ ❚✳ ❚❤❡ ❞✐❛♠❛❣♥❡t✐❝
❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ ✐ts❡❧❢ ✇❛s q✉❛♥t✐✜❡❞ ✉s✐♥❣ P❛s❝❛❧✬s ❝♦♥st❛♥ts ❛s ❞❡s❝r✐❜❡❞
✐♥ r❡❢✳ ❬✹✼❪✳

✶✾





✹✳ ❈♦✭■■✮ ▼♦♥♦♠❡rs

❙t✉❞✐❡s ♦❢ ❝♦❜❛❧t ❝♦♥t❛✐♥✐♥❣ ♠♦❧❡❝✉❧❡s ❛r❡ ❡①♣❛♥❞❡❞ ♦✈❡r ❛ ❜r♦❛❞ r❛♥❣❡ ♦❢ ❞✐✛❡r❡♥t
s❝✐❡♥t✐✜❝ ❞✐s❝✐♣❧✐♥❡s✳ ■♥ ♠❡❞✐❝✐♥❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❝♦❜❛❧t ❝♦♥t❛✐♥✐♥❣ ♠❡t❛❧✲♦r❣❛♥✐❝ ♠❛✲
t❡r✐❛❧s ❛r❡ ❡①♣❧♦r❡❞ ❢♦r ❞❡❝❛❞❡s ❛s ✧♠❛❣♥❡t✐❝ ♣❛rt✐❝❧❡✲❝❛rr✐❡rs✧ t♦ ❡♥s✉r❡ ❛ ♣r❡❝✐s❡
❛♥❞ t❛r❣❡t❡❞ ❞❡❧✐✈❡r② ♦❢ ❛ ❞r✉❣ t♦ t✉♠♦r ❝❡❧❧s✳❬✹✽❪ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦❜❛❧t ✐♦♥ ❜②
✐ts❡❧❢ ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ ♠❛♥② ❜✐♦❧♦❣✐❝❛❧ ❢✉♥❝t✐♦♥s ❡✳❣✳ ✐t ✐s t❤❡ ❝♦r❡ ♠❡t❛❧ ✐♦♥
♦❢ t❤❡ ✈✐t❛♠✐♥ ❇✶✷ ❝♦♠♣❧❡① ❛♥❞ ♦t❤❡r ❡♥③②♠❡s ✇❤✐❝❤ ❛r❡ ✐♥✈♦❧✈❡❞ ✐♥ ❡ss❡♥t✐❛❧ ❜✐♦✲
❧♦❣✐❝❛❧ ♣r♦❝❡ss❡s✳❬✹✾✕✺✶❪ ■♥ ♣❤②s✐❝s ❛♥❞ ❝❤❡♠✐str②✱ t❤❡ ✐♥t❡r❡st ✐s ♠❛✐♥❧② ❢♦❝✉s❡❞ ♦♥
t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❝♦❜❛❧t ❝♦♠♣❧❡①❡s ❛♥❞ ❤♦✇ t❤❡② ❝❛♥ ❜❡ ❡♥❣✐♥❡❡r❡❞ ❛♥❞
t✉♥❡❞✳ ❊s♣❡❝✐❛❧❧② t❤❡ ❞✐s❝♦✈❡r② ♦❢ t❤❡ ✜rst ❈♦✭■■✮ ❝♦♠♣❧❡① s❤♦✇✐♥❣ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡
♠❛❣♥❡t ❜❡❤❛✈✐♦✉r ✐♥ ✷✵✵✷ ❜② ❨❛♥❣ ❡t ❛❧✳ ❧❛✐❞ t❤❡ ❢♦✉♥❞❛t✐♦♥ ♦❢ ❛ ✇❤♦❧❡ ♥❡✇ ✜❡❧❞ ♦❢
r❡s❡❛r❝❤✳❬✺✷✱ ✺✸❪

❈♦✭■■✮ ✐♦♥s ♥❛t✉r❛❧❧② ♣r♦✈✐❞❡ s❡✈❡r❛❧ ❛❞✈❛♥t❛❣❡s ✇❤✐❝❤ ♠❛❦❡s t❤❡♠ ❛ttr❛❝t✐✈❡ ❢♦r
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♠♦❧❡❝✉❧❛r s②st❡♠s ✇✐t❤ ❤✐❣❤ ❡♥❡r❣② ❜❛rr✐❡rs ❧✐❦❡ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡
♦r s✐♥❣❧❡✲✐♦♥ ♠❛❣♥❡ts✳ ❆♠♦♥❣ ✸d ❡❧❡♠❡♥ts✱ t❤❡ r❡❧❛t✐✈❡❧② str♦♥❣ ❙❖❈ ♦❢ ❈♦✭■■✮ ✐♦♥s
♦✛❡rs t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❡✣❝✐❡♥t❧② t✉♥❡ t❤❡ ❡❧❡❝tr♦♥✐❝ ♣r♦♣❡rt✐❡s ❜② t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡
❝r②st❛❧ ✜❡❧❞✳ ❆♥♦t❤❡r ❛❞✈❛♥t❛❣❡ ✐s t❤❡ ♥♦♥✲✐♥t❡❣❡r s♣✐♥ ❣r♦✉♥❞ st❛t❡ ♦❢ ❈♦✭■■✮ ✐♦♥s
✇❤✐❝❤ s✉♣♣r❡ss❡s q✉❛♥t✉♠ t✉♥♥❡❧❧✐♥❣ ♠❡❝❤❛♥✐s♠s ❬✺✹❪ ❛♥❞ ❛❧❧♦✇s t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢
s❧♦✇ r❡❧❛①❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐s❛t✐♦♥ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛♣♣❧✐❡❞ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛s
✐t ✇❛s s❤♦✇♥ ❢♦r ♠❛♥② ❈♦✭■■✮ ❝♦♥t❛✐♥✐♥❣ ♠♦❧❡❝✉❧❡s✳❬✺✺✕✻✵❪ ❋✐♥❛❧❧② t❤❡ ❜r♦❛❞ s♣❛t✐❛❧
❞✐str✐❜✉t✐♦♥ ♦❢ d✲♦r❜✐t❛❧s ❝❛♥ ✐♥❞✉❝❡ str♦♥❣ ❡①❝❤❛♥❣❡✲✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ♥❡✐❣❤❜♦✉r✲
✐♥❣ ✐♦♥s ✇❤✐❝❤ ❧❡❛❞s t♦ ❤✐❣❤ s♣✐♥ ❣r♦✉♥❞ st❛t❡s ❢♦r ♠❡t❛❧ ❝❧✉st❡rs ❛♥❞ ❜② t❤✐s t♦ ❤✐❣❤
❛♥✐s♦tr♦♣② ❜❛rr✐❡rs✳

❲✐t❤✐♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ s❡✈❡r❛❧ ♠♦♥♦♥✉❝❧❡❛r ❈♦✭■■✮ ❝♦♠♣❧❡①❡s ✐♥
❞✐✛❡r❡♥t ❝♦♦r❞✐♥❛t✐♦♥ s✉rr♦✉♥❞✐♥❣s ❛♥❞ s♣✐♥ ❣r♦✉♥❞ st❛t❡s ❛r❡ ❞✐s❝✉ss❡❞✳ ❚❤❡ ♣r❡✲
s❡♥t❡❞ ❝♦♠♣❧❡①❡s ✇❡r❡ ❞❡❡♣❧② ❝❤❛r❛❝t❡r✐③❡❞ ❢♦r t❤❡✐r ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ❜② ♠❡❛♥s
♦❢ ❳✲❇❛♥❞ ❛♥❞ ❍❋ ❊P❘ ❛s ✇❡❧❧ ❛s st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ ♠❛❣♥❡t✐s❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts✳
❋✉rt❤❡r♠♦r❡✱ ❞✐✛❡r❡♥t t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❛♣♣❧✐❡❞ t♦ r❛t✐♦♥❛❧✐③❡
t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✜♥❞✐♥❣s✳

P❛rts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ t❤❡ s❛♠❡ ❢♦r♠ ✐♥
r❡❢✳ ❬✶✾✱ ✷✵✱ ✻✶❪ ✇❤✐❝❤ ✐s ❡①♣❧✐❝✐t❧② ✐♥❞✐❝❛t❡❞ ❛♥❞ r❡❢❡r❡♥❝❡❞ t♦ ♣r✐♦r t♦ t❤❡ r❡s♣❡❝t✐✈❡
s❡❝t✐♦♥s✳ ❋✐❣✉r❡ ❛♥❞ t❛❜❧❡ ♥✉♠❜❡r✐♥❣s ❛r❡ ❝❤❛♥❣❡❞ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ ❛ ❝♦♥t✐♥✉♦✉s
❧❛❜❡❧❧✐♥❣ t❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✳ ❆♥② ❝♦♥tr✐❜✉t✐♦♥s ♦r✐❣✐♥❛t✐♥❣ ♥♦t ❢r♦♠ t❤❡ ❛✉t❤♦r ▲✳
❙♣✐❧❧❡❝❦❡ ❛r❡ ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ t❡①t ♦r ❛s ❢♦♦t♥♦t❡s✳

✷✶



✹✳✶✳ ■♥✢✉❡♥❝❡ ♦❢ ❛ ❈♦✉♥t❡r❛♥✐♦♥ ♦♥ t❤❡ ❩❡r♦✲❋✐❡❧❞

❙♣❧✐tt✐♥❣ ♦❢ ❚❡tr❛❤❡❞r❛❧ ❈♦❜❛❧t✭■■✮ ❚❤✐♦✉r❡❛

❈♦♠♣❧❡①❡s

▼♦st ♦❢ t❤❡ ❛tt❡♠♣ts t♦ t✉♥❡ t❤❡ ♠❛❣♥❡t✐❝ s✐♥❣❧❡✲✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ ❛ ♠♦❧❡❝✉❧❛r s②st❡♠
❢♦❝✉s ♦♥ t❤❡ ✈❛r✐❛t✐♦♥ ❛♥❞ ❝❤❡♠✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣ ♦❢ t❤❡ ✜rst ❝♦♦r❞✐♥❛t✐♦♥ s♣❤❡r❡✱ ✐✳❡✳
t❤❡ ❧✐❣❛t✐♥❣ ✐♦♥s ✇❤✐❝❤ ❛r❡ ❞✐r❡❝t❧② ❝♦♦r❞✐♥❛t❡❞ t♦ t❤❡ ❝❡♥tr❛❧ ♠❡t❛❧ ✐♦♥✳ ■t ✐s ❛ tr✐✈✐❛❧
❛ss✉♠♣t✐♦♥ t❤❛t ✐♥❞❡❡❞ t❤❡s❡ ✐♦♥s s❤♦✉❧❞ ❤❛✈❡ t❤❡ ♠❛✐♥ ✐♠♣❛❝t ♦♥ t❤❡ ❝r②st❛❧ ✜❡❧❞
✇❤✐❝❤ ✐s ✐♥✢✉❡♥❝✐♥❣ t❤❡ ♠❡t❛❧ ✐♦♥ ❞✉❡ t♦ t❤❡✐r ✈✐❝✐♥✐t②✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ ❡①❛♠♣❧❡s
r❡♣♦rt❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✇❤✐❝❤ s❤♦✇✱ t❤❛t ♥♦t ♦♥❧② t❤❡ ✜rst✱ ❜✉t ❛❧s♦ t❤❡ s❡❝♦♥❞❛r②
❝♦♦r❞✐♥❛t✐♦♥ s♣❤❡r❡ ♦r t❤❡ ❝❛t✲ ❛♥❞ ❛♥✐♦♥s ✐♥ t❤❡ ❝r②st❛❧ ❧❛tt✐❝❡ ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❤❛✈❡
❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡ ❝r②st❛❧ ✜❡❧❞ ✇❤✐❝❤ ✐s ❢❛❝❡❞ ❜② t❤❡ ♠❡t❛❧ ✐♦♥s✳❬✻✷✕✻✹❪

❚♦ ❝❧♦s❡r ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❝❤❡♠✐❝❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞
❝♦♦r❞✐♥❛t✐♦♥ s♣❤❡r❡ ❛♥❞ t❤❡ s✐♥❣❧❡✲✐♦♥ ♣r♦♣❡rt✐❡s✱ ❚r✐♣❛t❤✐ ❡t ❛❧✳ s②♥t❤❡s✐③❡s ❛ s❛♠♣❧❡
s❡t ♦❢ ❢♦✉r ❞✐✛❡r❡♥t ❈♦✭■■✮ ♠♦♥♦♠❡rs ✇❤✐❝❤ ❛❧❧ ✜❣✉r❡ ❛ ♣s❡✉❞♦✲t❡tr❛❤❡❞r❛❧ ❣❡♦♠❡✲
tr② ♦❢ t❤❡ ✜rst ❝♦♦r❞✐♥❛t✐♦♥ s♣❤❡r❡✱ ❜✉t ❤❛✈❡ ❞✐✛❡r❡♥t ❝♦✉♥t❡r✲❛♥✐♦♥s ✐♥ t❤❡ s❡❝♦♥❞
❝♦♦r❞✐♥❛t✐♦♥ s♣❤❡r❡✳❬✶✾❪ ❚❤❡s❡ ✐s♦❧❛t❡❞ ❝♦♠♣❧❡①❡s ❤❛✈❡ t❤❡ ❣❡♥❡r❛❧ ♠♦❧❡❝✉❧❛r ❢♦r✲
♠✉❧❛ ❬❈♦✭▲1✮4❪❳2✱ ✇❤❡r❡ ▲1 ❛r❡ t❤✐♦✉r❡❛ ❧✐❣❛♥❞s ❛♥❞ ❳ ❂ ◆❖3 ✭✶✮✱ ❇r ✭✷✮✱ ■ ✭✸✮
❛♥❞ ❬❈♦✭▲1✮4❪✭❙✐❋6✮ ✭✹✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❆s r❡♣♦rt❡❞ ✐♥ r❡❢✳ ❬✶✾❪ t❤❡ ❞❝ s✉s❝❡♣t✐❜✐❧✐t②
♠❡❛s✉r❡♠❡♥ts r❡✈❡❛❧✱ t❤❛t t❤❡ ❝♦♠♣♦✉♥❞s ✷ t♦ ✹ ✜❣✉r❡ ✐♥❞❡❡❞ ❛ ❝❤❛♥❣❡ ✐♥ ♠❛❣♥❡t✐❝
❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡rs✳ ❍♦✇❡✈❡r✱ ✜ts t♦ t❤❡ ❞❝ s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛ ❝❛♥ ♦❢t❡♥ ♦♥❧② ❣✐✈❡
r♦✉❣❤ ♦r q✉❛❧✐t❛t✐✈❡ r❡s✉❧ts r❡❣❛r❞✐♥❣ t❤❡ r❡❛❧ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❞✉❡ t♦ ✈❛r✐♦✉s
♣❛r❛♠❡t❡r ❞❡♣❡♥❞❡♥❝✐❡s✳ ❚❤❡r❡❢♦r❡✱ s❛♠♣❧❡ ✸ ✇❛s ♣✐❝❦❡❞ t♦ ♣❡r❢♦r♠ ❍❋ ❊P❘ ♠❡❛✲
s✉r❡♠❡♥ts ✇❤✐❝❤ r❡s✉❧t ✐♥ t❤❡ q✉❛♥t✐t❛t✐✈❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ ✭❩❋❙✮
❛s ✇❡❧❧ ❛s t❤❡ ❝r②st❛❧ ✜❡❧❞ ♣❛r❛♠❡t❡rs ❛♥❞ g✲✈❛❧✉❡ ♦❢ t❤✐s ❡①❡♠♣❧❛r② s②st❡♠✳

✹✳✶✳✶✳ ▼♦❧❡❝✉❧❛r ❛♥❞ ❈r②st❛❧ ❙tr✉❝t✉r❡

❋✐❣✳ ✹✳✶ ✭❛✮ ❞❡♣✐❝ts t❤❡ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ s❛♠♣❧❡✳✸ ❚❤❡ ❝❡♥tr❛❧
❈♦✭■■✮ ✐♦♥ ✐s s✉rr♦✉♥❞❡❞ ❜② ❛ ♣s❡✉❞♦✲t❡tr❛❤❡❞r❛❧ ❝♦♦r❞✐♥❛t✐♦♥ ❡♥✈✐r♦♥♠❡♥t ❢♦r♠❡❞
❜② t❤✐♦✉r❡❛ ❧✐❣❛♥s✳ ■♥ ✜❣✳ ✹✳✶ ✭❜✮ t❤❡ ♠♦❧❡❝✉❧❛r ♣❛❝❦✐♥❣ ❞✐❛❣r❛♠ ✐s s❤♦✇♥ ✇❤✐❝❤
✈✐③✉❛❧✐s❡s ♥♦t ♦♥❧② t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♦❞ ❝♦✉♥t❡r✲❛♥✐♦♥s ✭♣✉r♣❧❡ ✐♥ ✜❣✳ ✹✳✶✭❜✮✮✱ ❜✉t
❛❧s♦ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ✐♥❡q✉✐✈❛❧❡♥t ♠♦❧❡❝✉❧❛r s✐t❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ❜②
❡②❡ ✇✐t❤✐♥ ♦♥❡ ✉♥✐t ❝❡❧❧✳ ❚❤❡s❡ t✇♦ ♠♦❧❡❝✉❧❛r ♣♦s✐t✐♦♥s ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② ❛ ♠✐rr♦r
s②♠♠❡tr②✳ ❍♦✇❡✈❡r✱ t❤❡♦r❡t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ♣r❡❞✐❝t✱ t❤❛t t❤❡ ❛♥✐s♦tr♦♣② ❛①✐s ♦❢ ❛❧❧
♠♦❧❡❝✉❧❡s ✐♥ t❤❡ ✉♥✐t ❝❡❧❧ ❛r❡ t✐❧t❡❞ ❛❣❛✐♥st ❡❛❝❤ ♦t❤❡r ❜② ♠❛①✐♠❛❧ ✶✹✳✽➦ ✇❤✐❝❤ ✐s t♦
s♠❛❧❧ t♦ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡ ♠❡❛s✉r❡❞ ❍❋ ❊P❘ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s✱ ❛s
✐t ✐s ❞✐s❝✉ss❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ t❤❡ s✉❜s❡q✉❡♥t ❝❤❛♣✳ ✹✳✷✳❬✷✵❪ ❚❤❡ ♠✐♥✐♠❛❧ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t✇♦ ❈♦✭■■✮ ❝❡♥tr❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ✻✳✾✽ ➴✳ ❚❤❡ r❡s✉❧t✐♥❣ ❞✐♣♦❧❛r ♠❛❣♥❡t✐❝
✐♥t❡r❛❝t✐♦♥s ✭JDD ≈ ✵✳✶ ●❍③✮ ❛r❡ ❜② t❤✐s ❢❛r ❜❡②♦♥❞ t❤❡ ❡①♣❡❝t❡❞ ❡♥❡r❣② s❝❛❧❡ ♦❢

✸❙✐♥❣❧❡ ❝r②st❛❧ ❳❘❉ ❛♥❞ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ✇❛s ♣❡r❢♦r♠❡❞ ❜② ❙✳ ❚r✐♣❛t❤✐ ✉♥❞❡r t❤❡
s✉♣❡r✈✐s✐♦♥ ♦❢ ▼✳ ❙❤❛♥✉♠❣❛♠✱ ■■❚ ❇♦♠❜❛②✳❬✶✾❪
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t❤❡ ❈❋ ❛♥✐s♦tr♦♣② ✇❤✐❝❤ ✐s ✇❤② t❤❡② ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ✐♥ ❛ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥ t♦
♦❜t❛✐♥ t❤❡ s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡rs✳ ❍♦✇❡✈❡r✱ ❛s ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ ❝❤❛♣✳ ✹✳✷✱
t♦ ❡①♣❧❛✐♥ t❤❡ ♠❡❛s✉r❡❞ ❍❋ ❊P❘ s♣❡❝tr❛ ✐♥ ❞❡t❛✐❧✱ ✐t ✐s ✐♥❞✐s♣❡♥s❛❜❧❡ t♦ ✐♥tr♦❞✉❝❡ ❛
✜♥✐t❡ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦✉r✐♥❣ ❈♦✭■■✮ ✐♦♥s✳

c

a

(a) (b)

❋✐❣✉r❡ ✹✳✶✳✿ ▼♦❧❡❝✉❧❛r str✉❝t✉r❡ ✭❛✮ ❛♥❞ ❝r②st❛❧ ♣❛❝❦✐♥❣ ✭❜✮ ❢♦r t❤❡ ✐♥✈❡st✐❣❛t❡❞ ♣♦✇✲
❞❡r s❛♠♣❧❡ ✸✳ ❇❧✉❡ ✱ ❈♦✭■■✮❀②❡❧❧♦✇✱ ❙❀ ❜r♦✇♥✱ ❈❀ ❧✐❣❤t ❜❧✉❡✱ ◆❀ ♣✉r♣❧❡✱
■❀ ✇❤✐t❡✱ ❍✳ ✭❚❤❡ s❛♠♣❧❡s ✇❡r❡ str✉❝t✉r❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❙✳ ❚r✐♣❛t❤✐✱
■■❚ ❇♦♠❜❛②✳✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ✭❝❤❛♣✳ ✹✳✶✳✷ ❛♥❞ ✹✳✶✳✸✮ s❤♦✇ ❞❛t❛ ✇❤✐❝❤ ✇❛s ❛❝q✉✐r❡❞ ❛♥❞
❡✈❛❧✉❛t❡❞ ❜② ▲✳ ❙♣✐❧❧❡❝❦❡ ❛♥❞ t❡①t ✇❤✐❝❤ ❤❛s ❜❡❡♥ ♠❛✐♥❧② ✇r✐tt❡♥ ❜② ▲✳ ❙♣✐❧❧❡❝❦❡ ✉♥❞❡r
t❤❡ s✉♣❡r✈✐s✐♦♥ ♦❢ ❈✳ ❑♦♦ ✭❑■P ❍❡✐❞❡❧❜❡r❣✮✳ ❚❤❡s❡ ❝❤❛♣t❡rs ❛r❡ ♣✉❜❧✐s❤❡❞ ✐♥ t❤✐s ❢♦r♠
✭s❡❡ ❚r✐♣❛t❤✐ ❡t ❛❧✳✱ r❡❢✳ ❬✶✾❪✮ ❛s ♣❛rt ♦❢ ❛ r❡s❡❛r❝❤ ❛rt✐❝❧❡ ✐♥ t❤❡ ❥♦✉r♥❛❧ ■♥♦r❣❛♥✐❝
❈❤❡♠✐str②✳

✹✳✶✳✷✳ ❍❋✲❊P❘ ❙t✉❞✐❡s

❍❋✲❊P❘ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ♦♥ ❛ ♣✉r❡ ♣♦❧②❝r②st❛❧❧✐♥❡ ✭✶✵✵ ✪✮ s❛♠♣❧❡
♣♦✇❞❡r ♦❢ ✸ ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭s❡❡ t❤❡ ❊①♣❡r✐♠❡♥t❛❧ ❙❡❝t✐♦♥
❝❤❛♣✳ ✹✳✶✳✸✮✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢r❡q✉❡♥❝②✱ ❢♦✉r ❞✐✛❡r❡♥t r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s ❛r❡ ♦❜✲
s❡r✈❡❞ ❛t ❚ ❂ ✷ ❑ ✭s❡❡ ❋✐❣✉r❡ ❆✳✶ ❢♦r ❞❡t❛✐❧s✹✮✳ ❚❤❡ s♣❡❝tr❛ ❡①❤✐❜✐t str♦♥❣ ✜❡❧❞✲
❞❡♣❡♥❞❡♥t ♠✐①✐♥❣ ♦❢ t❤❡ ♣❤❛s❡ ❛♥❞ ❛♠♣❧✐t✉❞❡ s✐❣♥❛❧✱ ✇❤✐❝❤ ♣r❡✈❡♥ts t❤❡ ❛♣♣r♦♣r✐❛t❡
♣❤❛s❡ ❝♦rr❡❝t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❡♥❛❜❧❡s ❞❡✲
t❡❝t✐♦♥ ♦❢ ❜♦t❤ t❤❡ ♣❤❛s❡ ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ s✐❣♥❛❧s✱ t❤❡ ❛❝t✉❛❧ r❡s♦♥❛♥❝❡ ✜❡❧❞s ❝❛♥
❜❡ ✇❡❧❧ r❡❛❞✲♦✛✱ t❤❡r❡❜② ❡♥❛❜❧✐♥❣ ♣r❡❝✐s❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✲
✜❡❧❞ ❞✐❛❣r❛♠ ✭❋✐❣✉r❡ ✹✳✷✮✳

✹❚❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r t❤❡ ❈♦✭■■✮ ♠♦♥♦♠❡r ❝❤❛♣✳ ✹ ✐s s❤♦✇♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❝❤❛♣✳ ❆✳✶✳

✷✸



❋✐❣✉r❡ ✹✳✷ ❞✐s♣❧❛②s t❤❡ t❡♠♣❡r❛t✉r❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❋✲❊P❘ s♣❡❝tr❛ ♠❡❛s✉r❡❞ ❛t
✷✼✽✳✻ ❛♥❞ ✸✾✻✳✻ ●❍③✱ r❡s♣❡❝t✐✈❡❧②✳ ❆s ✇✐❧❧ ❜❡ s❤♦✇♥ ❜❡❧♦✇✱ t❤❡ ❝❤♦s❡♥ ❢r❡q✉❡♥❝✐❡s
s✉rr♦✉♥❞ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❊P❘ ❣❛♣ ❛t ③❡r♦ ✜❡❧❞❀ ✐✳❡✳✱ ∆ ❂ ✸✵✻ ●❍③✳ ❚❤❡ ❣❛♣
❛t ③❡r♦ ✜❡❧❞✱ ❞❡♥♦t❡❞ ∆✱ ✐s t❤❡ s✐❣♥❛t✉r❡ ♦❢ ❛♥ ❡♥❡r❣② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ mS

s✉❜❧❡✈❡❧s ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ ✷D ❢♦r ❛♥ S = 3/2 s♣✐♥ st❛t❡✳ ❆t ✸✾✻✳✻ ●❍③✱ t❤r❡❡
r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s ❛r❡ ♣r❡s❡♥t✳ ❘❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s ❘✶ ❛♥❞ ❘✸ ❛r❡ ♠♦st ♣r♦♥♦✉♥❝❡❞
❛t ✷ ❑ ❜✉t s✐❣♥✐✜❝❛♥t❧② ❞❡❝r❡❛s❡ ✐♥ ✐♥t❡♥s✐t② ✉♣♦♥ ❤❡❛t✐♥❣ ❛♥❞ ✈❛♥✐s❤ ❛t ✸✵ ❛♥❞
✺✵ ❑✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠✉❝❤ ✇❡❛❦❡r r❡s♦♥❛♥❝❡ ❘✷ ♦❜s❡r✈❡❞ ❛t t❤❡ s❤♦✉❧❞❡r ♦❢ ❘✶
❜❡❝♦♠❡s ✐♥✈✐s✐❜❧❡ ❛t ✽ ❑✳ ▼❡❛♥✇❤✐❧❡✱ ❜❡❧♦✇ ∆✱ ❛t ✷✼✽✳✻ ●❍③✱ t❤❡ r❡s♦♥❛♥❝❡s ❘✶✱
❘✸✱ ❛♥❞ ❘✹ ❛r❡ ❝❧❡❛r❧② ✈✐s✐❜❧❡ ✐♥ t❤❡ s♣❡❝tr❛ ✭❋✐❣✉r❡ ✹✳✷✭❛✮✮✳ ❆s t❤❡ t❡♠♣❡r❛t✉r❡
✐♥❝r❡❛s❡s✱ r❡s♦♥❛♥❝❡ ❘✸ ❣r❛❞✉❛❧❧② ✈❛♥✐s❤❡s ❛♥❞ ❝♦♠♣❧❡t❡❧② ❞✐s❛♣♣❡❛rs ❛t ✶✵ ❑✱ ✇❤✐❧❡
t❤❡ ✐♥t❡♥s✐t② ♦❢ r❡s♦♥❛♥❝❡ ❘✹ s❧✐❣❤t❧② ✐♥❝r❡❛s❡s ❜❡t✇❡❡♥ ✷ ❛♥❞ ✻ ❑ ❛♥❞ r❡♠❛✐♥s ✉♣ t♦
✶✺ ❑✳

❋✐❣✉r❡ ✹✳✷✳✿ ❍❋✲❊P❘ s♣❡❝tr❛ ♦❢ ✸ ✭✶✵✵ ✪ ♣♦❧②❝r②st❛❧❧✐♥❡ s❛♠♣❧❡✮ ♠❡❛s✉r❡❞ ❛t ✭❛✮ ❢
❂ ✷✼✽✳✻ ●❍③ ❛♥❞ ✭❜✮ ❢ ❂ ✸✾✻✳✻ ●❍③ ❛t ✈❛r✐♦✉s t❡♠♣❡r❛t✉r❡s✳ ❙②♠❜♦❧s
❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s ❘✶ t♦ ❘✹ ✭❝❢✳ ❋✐❣✉r❡ ✹✳✸✮✳
✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❚r✐♣❛t❤✐ ❡t ❛❧✳✳❬✶✾❪✮

❆ s✉♠♠❛r② ♦❢ ❛❧❧ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s ♦❜s❡r✈❡❞ ❛t ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s ✐♥ t❤❡ ✜❡❧❞
r❛♥❣❡ ✶ ❚ ≤ B ≤ ✶✻ ❚ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✸ ❝❧❡❛r❧② ❝♦♥✜r♠s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❢♦✉r
❞✐st✐♥❝t r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s ❘✶✲❘✹✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❜r❛♥❝❤❡s ❘✷✲❘✹✱ ❛ ❧✐♥❡❛r ❜❡✲
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❤❛✈✐♦r ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡✳ ❲❤✐❧❡ ❘✶ ❛♥❞ ❘✷ ❡①❤✐❜✐t ❣❛♣s ❛t ③❡r♦ ✜❡❧❞ ✭∆✮ ♦❢ ♠♦r❡ t❤❛♥
✸✵✵ ●❍③✱ ❘✸ ❛♥❞ ❘✹ s❤♦✇ ∆ ≈ 0✱ ✐♠♣❧②✐♥❣ t❤❛t t❤❡② ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ tr❛♥s✐t✐♦♥s
✇✐t❤✐♥ ❛ ❑r❛♠❡rs✬ ❞♦✉❜❧❡t✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ s❧♦♣❡s ♦❢ t❤❡ ❜r❛♥❝❤❡s ❛❧❧♦✇ ♦♥❡ t♦ ❛t✲
tr✐❜✉t❡ ❘✷ ❛♥❞ ❘✹ t♦ ❛❧❧♦✇❡❞ tr❛♥s✐t✐♦♥s✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ s❧♦♣❡s ✐♠♣❧② ❛ g ✈❛❧✉❡ ♦❢
geff ❂ ✷✳✵✵✭✺✮✱ s✉❣❣❡st✐♥❣ t❤❛t ∆mS ❂ ±✶✳ ■♥ ❝♦♥tr❛st✱ ❜r❛♥❝❤❡s ❘✶ ❛♥❞ ❘✸ s❤♦✇
♠✉❝❤ st❡❡♣❡r s❧♦♣❡s ✇✐t❤ geff ̸= 2✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡② ❛r❡ ❢♦r❜✐❞❞❡♥ r❡s♦♥❛♥❝❡s✳ ❚♦
❜❡ s♣❡❝✐✜❝✱ geff ❂ ✹ ♦❢ r❡s♦♥❛♥❝❡ ❘✶ ♠❛② ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ∆mS ❂ ±✷ ❛♥❞ geff ❂ ✻
♦❢ r❡s♦♥❛♥❝❡ ❘✸ ✇✐t❤ ∆mS ❂ ±✸✳

❆ q✉❛♥t✐t❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❢r❡q✉❡♥❝②✲✜❡❧❞ ❞✐❛❣r❛♠ ❝❛♥ ❜❡ ❞♦♥❡ ❜② s✐♠✉❧❛t✐♥❣
t❤❡ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s ❜② ♠❡❛♥s ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ s❤♦✇♥ ✐♥ ❡q ✹✳✶✳

H = gBB⃗ · S⃗ +D

[

S2
z −

S(S + 1)

3

]

+ E(S2
x − S

2
y) ✭✹✳✶✮

❙✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs g ❂ ✷✳✵✵✭✺✮ ❛♥❞ |D| ❂ ✺✳✶✵✼ ❝♠−1 ✭❛♥❞ E ❂
✵✮ ②✐❡❧❞s t❤❡ ❢♦✉r ❜r❛♥❝❤❡s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✸ ✭s❡❡ ❋✐❣✉r❡ ❆✳✷ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳
❚❤❡ s✐♠✉❧❛t❡❞ ❜r❛♥❝❤❡s ❛r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳ ❚❤❡
♦❜s❡r✈❡❞ ❣❛♣ ❛t ③❡r♦ ✜❡❧❞ ♦❢ t❤❡ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❞♦✉❜❧❡t st❛t❡s✱
✐✳❡✳✱ ❜❡t✇❡❡♥ mS = ±✸✴✷ ❛♥❞ ±✶✴✷✱ ❛♠♦✉♥ts t♦ ∆ ❂ ✸✵✻✭✹✮ ●❍③ ✭✶✵✳✷✵✭✶✹✮ ❝♠−1✮✳
❚❤❡ ❢❛❝t t❤❛t ❘✸ ✐s ♠♦r❡ ♣r♦♥♦✉♥❝❡❞ t❤❛♥ ❘✹ ✐♥❞✐❝❛t❡s t❤❡ ♥❡❣❛t✐✈❡ s✐❣♥ ♦❢ t❤❡
s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡r D✳ ❚❤❡ ♥❡❣❛t✐✈❡ s✐❣♥ ✐s ❢✉rt❤❡r ❝♦rr♦❜♦r❛t❡❞ ❜② t❤❡
♦❜s❡r✈❡❞ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ✐♥t❡♥s✐t✐❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ s♣✐♥✲
st❛t❡ tr❛♥s✐t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ r❡s♦♥❛♥❝❡s ❘✶✲❘✹ ❛r❡ |−3/2⟩ → |+1/2⟩ ✭|+3/2⟩ →
|−1/2⟩✮ ❢♦r ❘✶✱ |−3/2⟩ → |−1/2⟩ ✭|+3/2⟩ → |+1/2⟩✮ ❢♦r ❘✷✱ |−3/2⟩ → |+3/2⟩ ❢♦r
❘✸✱ ❛♥❞ |−1/2⟩ → |+1/2⟩ ❢♦r ❘✹✳ ❚r❛♥s✐t✐♦♥s ✐♥ t❤❡ ♣❛r❡♥t❤❡s❡s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤
❛ ♠❡❛s✉r❡♠❡♥t ❢r❡q✉❡♥❝② ❜❡❧♦✇ t❤❡ ❣❛♣ ❛t ③❡r♦ ✜❡❧❞✳ ❋♦r ♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝✐❡s
s♠❛❧❧❡r t❤❛♥ ∆✱ ♦✉r ♠♦❞❡❧ ❤❡♥❝❡ s✉❣❣❡sts t❤❛t ❘✸ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❣r♦✉♥❞✲st❛t❡
tr❛♥s✐t✐♦♥✱ ✇❤✐❧❡ ❘✶ ❛♥❞ ❘✹ ❛r✐s❡ ❢r♦♠ ❡①❝✐t❡❞ st❛t❡s✱ ❛s ✐♥❞❡❡❞ ✐s s✉❣❣❡st❡❞ ❜② t❤❡
❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✐♥ ❋✐❣✉r❡ ✹✳✷✭❛✮✳ ■♥ ❝♦♥tr❛st✱ ❢♦r ❢r❡q✉❡♥❝✐❡s ❡①❝❡❡❞✐♥❣ ∆✱ ❘✶
❛♥❞ ❘✷ ❜❡❝♦♠❡ ✈✐s✐❜❧❡ ❣r♦✉♥❞✲st❛t❡ tr❛♥s✐t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❝♦♥✜r♠❡❞ ❜② t❤❡ ❢❛❝t
t❤❛t ♠❛①✐♠✉♠ ✐♥t❡♥s✐t✐❡s ❛r❡ ♦❜s❡r✈❡❞ ❛t t❤❡ ❧♦✇❡st t❡♠♣❡r❛t✉r❡ ✭❋✐❣✉r❡ ✹✳✷✭❜✮✮✳
❚❤✐s ❛ss✐❣♥♠❡♥t ❛❣r❡❡s ✇✐t❤ t❤❡ ♦❜s❡r✈❡❞ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡✱ ✇❤✐❝❤ t❡♥t❛t✐✈❡❧②
s✉❣❣❡sts t❤❛t ❘✶ ❛♥❞ ❘✸ ❛r❡ ❣r♦✉♥❞✲st❛t❡ tr❛♥s✐t✐♦♥s✳

❚❤❡ ❍❋✲❊P❘ ❞❛t❛ ❞♦ ♥♦t ❡♥❛❜❧❡ ♦♥❡ t♦ ♣r❡❝✐s❡❧② q✉❛♥t✐❢② t❤❡ tr❛♥s✈❡rs❡ ❛♥✐s♦tr♦♣②
♣❛r❛♠❡t❡r E ♦❢ ❝♦♠♣❧❡① ✸✳ ❍♦✇❡✈❡r✱t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣r♦♥♦✉♥❝❡❞ ❢♦r❜✐❞❞❡♥ r❡s♦♥❛♥❝❡s
✐♠♣❧✐❡s ✈✐❣♦r♦✉s s♣✐♥✲st❛t❡ ♠✐①✐♥❣ ❞✉❡ t♦ ✜♥✐t❡ tr❛♥s✈❡rs❡ ❛♥✐s♦tr♦♣② ✐♥ t❤❡ ❝♦♠✲
♣❧❡①✳❬✻✺❪ ❚❤❡ ❡✛❡❝t ♦❢ ✜♥✐t❡ E ❂ ✶✵ ●❍③ ✭✵✳✸✸ ❝♠−1✮ ♦♥ t❤❡ s✐♠✉❧❛t❡❞ r❡s♦♥❛♥❝❡
❜r❛♥❝❤❡s ✐s s❤♦✇♥ ❜② ❞❛s❤❡❞ ❧✐♥❡s ✐♥ ❋✐❣✉r❡ ✹✳✸✳ ❚❤❡ ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ t❤❡ r❤♦♠❜✐❝
t❡r♠ E(S2

x−S
2
y) ✭❡q ✹✳✶✮ ②✐❡❧❞s ♥♦♥✲❧✐♥❡❛r ❜❡❤❛✈✐♦✉r ♦❢ ❜r❛♥❝❤ ❘✶ ❛t ❧♦✇ ❡♥❡r❣✐❡s ❛s

✇❡❧❧ ❛s ❛♥t✐✲❝r♦ss✐♥❣ ❡✛❡❝ts ♦❢ ❜r❛♥❝❤❡s ❘✷✴❘✸ ❛♥❞ ❘✷✴❘✹✳ ▲❛r❣❡r ✈❛❧✉❡s ♦❢ E ❛r❡
♥♦t ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✱ s♦ t❤❛t E ❂ ✶✵ ●❍③ s❡ts ❛♥ ✉♣♣❡r ❧✐♠✐t
♦❢ tr❛♥s✈❡rs❡ ❛♥✐s♦tr♦♣②✳ ❋✐♥✐t❡ E✱ ❤♦✇❡✈❡r✱ ❞♦❡s ♥♦t ❝♦✈❡r ❛ s♠❛❧❧ ❜✉t ✜♥✐t❡ ♥❡❣❛t✐✈❡
♦✛s❡t ∆ ♦❢ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤ ❘✸✱ ✇❤✐❝❤ ♠✐❣❤t ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✜♥✐t❡ ✐♥t❡r♠♦❧❡❝✉❧❛r
♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥✳ ❖✈❡r❛❧❧✱ t❤❡ ❍❋✲❊P❘ ❡①♣❡r✐♠❡♥ts ♣❡r❢♦r♠❡❞ ♦♥ ✸ ❝❧❡❛r❧② r❡✈❡❛❧

✷✺



t❤❡ ♥❡❣❛t✐✈❡ ❛♥✐s♦tr♦♣② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❣r♦✉♥❞ st❛t❡ ❛♥❞ ❛❧s♦ ❡♥❛❜❧❡ q✉❛♥t✐t❛t✐✈❡
❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ③❡r♦✲✜❡❧❞ ❡♥❡r❣② ❣❛♣ ❬✷D ❂ ✲✶✵✳✷✵✭✶✹✮ ❝♠−1❪✳

❋✐❣✉r❡ ✹✳✸✳✿ ❍❋✲❊P❘ ❛❜s♦r♣t✐♦♥ ❢r❡q✉❡♥❝✐❡s ✈❡rs✉s ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t T ❂ ✷ ❑✳ ❙♦❧✐❞
❧✐♥❡s s❤♦✇ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ ❡q ✶ ✇✐t❤ t❤❡ ❊❛s②❙♣✐♥
❬✻✻❪ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡ ✉s✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs S ❂ ✸✴✷✱ g ❂ ✷✳✵✵✱ D ❂
✶✺✸ ●❍③ ✭✺✳✶ ❝♠−1✮✱ ❛♥❞ ❊ ❂ ✵✳ ❉❛s❤❡❞ ❧✐♥❡s ✐♥❞✐❝❛t❡ t❤❡ ❡✛❡❝t ♦❢ ✜♥✐t❡
tr❛♥s✈❡rs❛❧ ❛♥✐s♦tr♦♣② E ❂ ✶✵ ●❍③ ✭✵✳✸✸ ❝♠−1✮✳ ✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠
❚r✐♣❛t❤✐ ❡t ❛❧✳✳❬✶✾❪✮

✹✳✶✳✸✳ ❊①♣❡r✐♠❡♥t❛❧ ❉❡t❛✐❧s

❍✐❣❤✲❢r❡q✉❡♥❝② ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❍❋✲❊P❘✮ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ❝❛r✲
r✐❡❞ ♦✉t ❜② ♠❡❛♥s ♦❢ ❛ ♠✐❧❧✐♠❡t❡r ✈❡❝t♦r ♥❡t✇♦r❦ ❛♥❛❧②③❡r ❜② ❆❇♠♠✱ ✇❤✐❝❤ ✐s ✉s❡❞
❛s ❛ ♠✐❝r♦✇❛✈❡ s♦✉r❝❡ ❛♥❞ ❞❡t❡❝t♦r✳❬✻✼❪ ❚❤❡ s♣❡❝tr❛ ❤❛✈❡ ❜❡❡♥ t❛❦❡♥ ❛t ✈❛r✐♦✉s ♠✐✲
❝r♦✇❛✈❡ ❢r❡q✉❡♥❝✐❡s ❜❡t✇❡❡♥ ✼✵ ❛♥❞ ✻✵✵ ●❍③✱ ✇❤✐❝❤ ✇❡r❡ ❛❝❤✐❡✈❡❞ ❜② ♠❡❛♥s ♦❢
❛ss❡♠❜❧✐♥❣ s❡✈❡r❛❧ ❜❛♥❞ ❞✐♦❞❡s✱ s✉❝❤ ❛s ❱✱ ❲✱ ❛♥❞ ❉ ❜❛♥❞s✱ ❡t❝✳ ❆ s✉♣❡r❝♦♥❞✉❝t✐♥❣
♠❛❣♥❡t ❜② ❖①❢♦r❞ ■♥str✉♠❡♥ts ♣r♦✈✐❞❡s ❤✐❣❤ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✉♣ t♦ ✶✻✴✶✽ ❚✳ ❚❤❡
t❡♠♣❡r❛t✉r❡ ✐s ❝♦♥tr♦❧❧❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ✈❛r✐❛❜❧❡✲t❡♠♣❡r❛t✉r❡ ✐♥s❡rt ✇✐t❤ ❛ ❤❡❧✐✉♠
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✹ ❣❛s ✢♦✇✳ P♦✇❞❡r s❛♠♣❧❡s ❛r❡ ♣❧❛❝❡❞ ✐♥s✐❞❡ ❛ ❜r❛ss s❛♠♣❧❡ ❤♦❧❞❡r ❛t t❤❡ ❡♥❞ ♦❢
❛ tr❛♥s♠✐ss✐♦♥✲t②♣❡ t✉❜❡✲❜❛s❡❞ ♣r♦❜❡✳ ◆♦ ❣❧✉❡ ♦r ❣r❡❛s❡ ❤❛s ❜❡❡♥ ✉s❡❞ s♦ t❤❛t t❤❡
❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ❛❧✐❣♥❡❞ ✐♥ t❤❡ ❤✐❣❤ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ t❤❡ ❡①✲
♣❡r✐♠❡♥t✳❬✻✽❪ ❊✈✐❞❡♥❝❡ ♦❢ ♣♦✇❞❡r ❛❧✐❣♥♠❡♥t ✐s ✐♥❞❡❡❞ ♦❜s❡r✈❡❞ ❜❡❝❛✉s❡ ❛❜r✉♣t st❡♣s
♦❢ t❤❡ ✐♥✐t✐❛❧ ❍❋✲❊P❘ s♣❡❝tr❛ t❛❦❡♥ ♣r❡❧✐♠✐♥❛r✐❧② t♦ t❤❡ ❞❛t❛ ♣r❡s❡♥t❡❞ ❛t ❤❛♥❞ ❛s
✇❡❧❧ ❛s ❛t ❧♦✇ ✜❡❧❞s✳ ❚❤❡ ❍❋✲❊P❘ ❞❛t❛ ❛r❡✱ ❤❡♥❝❡✱ r❡str✐❝t❡❞ t♦ B ≥ ✶ ❚✳

✹✳✶✳✹✳ ❈♦♥❝❧✉s✐♦♥

❇② ✉s✐♥❣ ❍❋ ❊P❘ s♣❡❝tr♦s❝♦♣② ♦♥ ❛ ❈♦✭■■✮ ♠♦♥♦♠❡r✐❝ ❝♦♠♣❧❡① ✐♥ ❛ ♣s❡✉❞♦✲t❡tr❛❤❡❞r❛❧
❝♦♦r❞✐♥❛t✐♦♥ ❡♥✈✐r♦♥♠❡♥t✱ t❤❡ ❛①✐❛❧ ❈❋ ♣❛r❛♠❡t❡r D ❂ ✲✶✺✸ ●❍③ ❛♥❞ t❤❡ g✲✈❛❧✉❡
g ❂ ✷✳✵✵ ❛❧♦♥❣ t❤❡ ♦r✐❡♥t❛t✐♦♥ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❝r②st❛❧❧✐t❡s ✇✐t❤✐♥ t❤❡ ❡①t❡r♥❛❧ ♠❛❣✲
♥❡t✐❝ ✜❡❧❞ ✇❡r❡ ♣r❡❝✐s❡❧② ❞❡✜♥❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ❛ ✜♥✐t❡ E✲✈❛❧✉❡ ✇❛s ♦❜s❡r✈❡❞✳ ❚❤❡
q✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡s❡ ❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs ✇✐t❤ t❤❡ r❡s✉❧ts ❢r♦♠ ❞❝ s✉s❝❡♣✲
t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❉❋❚ ❝❛❧❝✉❧❛t✐♦♥s ✭s❡❡ r❡❢✳ ❬✶✾❪✮ ❡♥❛❜❧❡s t♦ ❢♦r♠ ❝♦♥❝❧✉s✐♦♥s
❛❜♦✉t t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ t❤❡s❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤❡s ❛s ❞✐s❝✉ss❡❞ ✐♥
r❡❢✳ ❬✶✾❪✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ✇❛s ❢♦❧❧♦✇❡❞✱ ✇✐❧❧ ❜❡ ❡①✲
t❡♥❞❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✭❝❤❛♣✳ ✹✳✷✮ t♦ ♦t❤❡r ❝♦♠♣♦✉♥❞s ❢r♦♠ t❤❡ s❛♠♣❧❡ s❡r✐❡s
❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳

✷✼



✹✳✷✳ ❆ ❍✐❣❤✲❢r❡q✉❡♥❝② ❊P❘ ❙t✉❞② ♦❢ ▼❛❣♥❡t✐❝

❆♥✐s♦tr♦♣② ❛♥❞ ■♥t❡r♠♦❧❡❝✉❧❛r ■♥t❡r❛❝t✐♦♥s ♦❢

❈♦✭■■✮ ■♦♥s

▲❡♥❛ ❙♣✐❧❧❡❝❦❡a∗✱ ❙❤❛❧✐♥✐ ❚r✐♣❛t❤✐c✱ ❈❤❛♥❣❤②✉♥ ❑♦♦a✱ ▼✉rs❛❧❡❡♠ ❆♥s❛r✐c✱ ❙❤❡❢❛❧✐
❱❛✐❞②❛c✱ ❆♠❛❧❡s✇❛r✐ ❘❛s❛♠s❡tt②c✱ ❚❛❧❛❧ ▼❛❧❧❛❤d✱ ●♦♣❛❧❛♥ ❘❛❥❛r❛♠❛♥c✱ ▼❛❤❡s✇❛r❛♥
❙❤❛♥♠✉❣❛♠c∗✱ ❘ü❞✐❣❡r ❑❧✐♥❣❡❧❡r a,b∗

a❑✐r❝❤❤♦✛ ■♥st✐t✉t❡ ❢♦r P❤②s✐❝s✱ ❍❡✐❞❡❧❜❡r❣ ❯♥✐✈❡rs✐t②✱ ✻✾✶✷✵ ❍❡✐❞❡❧❜❡r❣✱ ●❡r♠❛♥②
b❈❡♥tr❡ ❢♦r ❆❞✈❛♥❝❡❞ ▼❛t❡r✐❛❧s✱ ❍❡✐❞❡❧❜❡r❣ ❯♥✐✈❡rs✐t②✱ ✻✾✶✷✵ ❍❡✐❞❡❧❜❡r❣✱ ●❡r♠❛♥②
c❉❡♣❛rt♠❡♥t ♦❢ ❈❤❡♠✐str②✱ ■♥❞✐❛♥ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣② ❇♦♠❜❛②✱ P♦✇❛✐✱ ▼✉♠❜❛✐
✹✵✵✵✼✻✱ ▼❛❤❛r❛s❤tr❛✱ ■♥❞✐❛
d■♥st✐t✉t ❞❡ ❈❤✐♠✐❡ ▼♦❧é❝✉❧❛✐r❡ ❡t ❞❡s ▼❛tér✐❛✉① ❞✬❖rs❛②✱ ❈◆❘❙✱ ❯♥✐✈❡rs✐té P❛r✐s
❙✉❞✱ ❯♥✐✈❡rs✐té P❛r✐s ❙❛❝❧❛②✱ ✶✺✱ r✉❡ ●❡♦r❣❡s ❈❧❡♠❡♥❝❡❛✉✱ ✾✶✹✵✺ ❖rs❛② ❈❡❞❡①✱ ❋r❛♥❝❡
∗ ❈♦♠♠✉♥✐❝❛t✐♥❣ ❛✉t❤♦rs

❚❤✐s ♠❛♥✉s❝r✐♣t ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ✷✵✷✶ ❛s ❛ r❡s❡❛r❝❤ ❛rt✐❝❧❡ ✐♥ t❤❡ ❏♦✉r♥❛❧
P♦❧②❤❡❞r♦♥✳❬✷✵❪ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐st ❡①♣♦✉♥❞s ✐♥ ❞❡t❛✐❧ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢
❡❛❝❤ ❝♦✲❛✉t❤♦r✱ ♣❛rt✐❝✉❧❛r❧② ❤✐❣❤❧✐❣❤t✐♥❣ t❤❡ s♣❡❝✐✜❝ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ▲✳ ❙♣✐❧❧❡❝❦❡ ✇❤♦
✐s t❤❡ ✜rst ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❛✉t❤♦r ♦❢ t❤✐s ♣✉❜❧✐❝❛t✐♦♥✳

❼ ❍✐❣❤✲❢r❡q✉❡♥❝② ✴ ❤✐❣❤✲✜❡❧❞ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❍❋ ❊P❘✮ ♠❡❛✲
s✉r❡♠❡♥ts ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❛❝q✉✐r❡❞ ❞❛t❛ ❛s ✇❡❧❧ ❛s ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
♣❧♦tt❡❞ ❋✐❣✉r❡s ✇❛s ❞♦♥❡ ❜② ▲✳ ❙♣✐❧❧❡❝❦❡ ✭❋✐❣✳ ✸✱ ✹✱ ✺✱ ✻✱ ✼✱ ✽ ❛♥❞ ✾ ❛♥❞ s✉♣♣❧✳
❋✐❣✳ ❙✶✱ ❙✷✱ ❙✸ ❛♥❞ ❙✹✮✳ ❊①❝❡♣t t❤❡ ♣❛rt ❛❜♦✉t t❤❡ str✉❝t✉r❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
❝♦♠♣♦✉♥❞ ✉♥❞❡r st✉❞② ✭❋✐❣✳ ✶ ❛♥❞ ✷✮ ❛♥❞ t❤❡ ❝❤❛♣t❡rs ❍✐rs❤❢❡❧❞ s✉r❢❛❝❡ ❛♥❛❧✲
②s✐s ♦❢ ❝♦♠♣❧❡①❡s ✶✕✸ ❛♥❞ ◆✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ❡①❝❤❛♥❣❡
✐♥t❡r❛❝t✐♦♥s✱ t❤❡ ♠❛♥✉s❝r✐♣t ❞r❛❢t ✇❛s ✇r✐tt❡♥ ❜② ▲✳ ❙♣✐❧❧❡❝❦❡✳

❼ ❙✳ ❚r✐♣❛t❤✐✱ ❙✳ ❱❛✐❞②❛✱ ❚✳ ▼❛❧❧❛❤ ❛♥❞ ▼✳ ❙❤❛♥♠✉❣❛♠ s②♥t❤❡s✐③❡❞ t❤❡ s❛♠♣❧❡✱
s♦❧✈❡❞ t❤❡ str✉❝t✉r❡ ❛♥❞ ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ♠❛♥✉s❝r✐♣t ✇r✐t✐♥❣✳

❼ ▼✳ ❆♥s❛r✐✱ ❆✳ ❘❛s❛♠s❡tt② ❛♥❞ ●✳ ❘❛❥❛♠❛r❛♥ ♣❡r❢♦r♠❡❞ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s✱
t❤❡ ❍✐rs❤❢❡❧❞ ❛♥❛❧②s✐s ❛♥❞ ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ♠❛♥✉s❝r✐♣t ✇r✐t✐♥❣✳

❼ ❈✳ ❑♦♦ s✉♣❡r✈✐s❡❞ t❤❡ ❍❋ ❊P❘ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ s✉♣♣♦rt❡❞ t❤❡ ❞❛t❛ ❛♥❛❧②s✐s
❛♥❞ ♠❛♥✉s❝r✐♣t ✇r✐t✐♥❣✳

❼ ❘✳ ❑❧✐♥❣❡❧❡r s✉♣❡r✈✐s❡❞ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ s✉♣♣♦rt❡❞ t❤❡ ❞❛t❛ ❛♥❛❧②s✐s ❛♥❞
♠❛♥✉s❝r✐♣t ✇r✐t✐♥❣✳

❼ ❆❧❧ t❤❡ ❛✉t❤♦rs ❤❛✈❡ ♣r♦♦❢r❡❛❞ t❤❡ ♠❛♥✉s❝r✐♣t✳

✷✽



Polyhedron 208 (2021) 115389

Available online 26 July 2021
0277-5387/© 2021 Elsevier Ltd. All rights reserved.

A high-frequency EPR study of magnetic anisotropy and intermolecular 
interactions of Co(II) ions 
Lena Spillecke a,*, Shalini Tripathi c, Changhyun Koo a, Mursaleem Ansari c, Shefali Vaidya c, 
Amaleswari Rasamsetty c, Talal Mallah d, Gopalan Rajaraman c, Maheswaran Shanmugam c,*, 
Rüdiger Klingeler a,b,* 

a Kirchhoff Institute for Physics, Heidelberg University, 69120 Heidelberg, Germany 
b Centre for Advanced Materials, Heidelberg University, 69120 Heidelberg, Germany 
c Department of Chemistry, Indian Institute of Technology Bombay, Powai, Mumbai 400076, Maharashtra, India 
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A B S T R A C T   

Changing the anion in a crystal lattice induces distinct structural distortions in the [CoS4]2+ core for a family of 
complexes with the general molecular formula [Co(L1)4]X2, where L1 = thiourea (NH2CSNH2) and X  = I (1), Br 
(2), and [Co(L1)4](SiF6) (3). The magnetic anisotropy (D) for 1–3 was quantitatively determined with a 
magnitude of −153(2), −168(5) and < -400 GHz, respectively, by HF-EPR investigation. Also, intermolecular 
exchange interactions were determined experimentally, whereby an antiferromagnetic exchange for 1 (-5.5 GHz) 
and 2 (-4.1 GHz), and a ferromagnetic interaction for 3 (+3.5 GHz) are witnessed (based on H = -JS1S2). The 
exchange interactions, computed using DFT methods on a model complex of 1, disclose the presence of an an-
tiferromagnetic exchange interaction, consistent with the experimental observation. Overall, the present study 
provides convincing experimental evidence for the sizable influence not only of the first but also of the second 
coordination sphere on the magnetic anisotropy and exchange interactions of Co(II) ions.   

1. Introduction 

Tuning magnetic anisotropy and ligand fields of metal–organic 
complexes, and thereby controlling the slow-relaxation behaviour in 
single-molecule magnets (SMMs), is a key prerequisite to exploit these 
materials as a future alternative to conventional data storages [1–3]. As 
an alternative to multi-centre SMMs, which offer the potential of very 
large spin quantum numbers with however often reduced magnetic 
anisotropy, restricting to systems with only a single paramagnetic 
centre, i.e. so-called single-ion magnets (SIM), offers a route to more 
simple model systems with significant anisotropy [4–11]. Due to large 
unquenched magnetic moments and large intrinsic magnetic anisotropy, 
many lanthanide-based SIMs have been investigated which offer record 
values for magnetic anisotropy barriers [12–15]. Transition metal ions 
with (partly) unquenched orbital moments provide another promising 
route towards novel SIMs [16–18]. 

Distorted tetrahedrally-coordinated high-spin Co(II) monomers 
exhibit relatively strong spin–orbit coupling and their electronic prop-
erties can be tuned by variation of the crystal field [19–24]. The half- 
integer magnetic ground state of high-spin Co(II) ions prevents quan-
tum tunnelling mechanisms [25], thus allowing the observation of slow 
relaxation of the magnetisation in the absence of external magnetic 
fields [6,9,26–29]. Tuning of the spin Hamiltonian parameters is typi-
cally achieved by variation of the first coordination sphere around the 
central ion [29–33]. However, as reported recently, the second or pe-
ripheral coordination spheres can also have a significant impact, not 
only on the magnitude but also on the nature (e.g. the sign of the axial 
anisotropy parameter D) of the magnetic anisotropy [28,34–40]. In 
order to quantitatively investigate these effects and to understand the 
electronic structure of Co(II)-complexes and the magnetic relaxation 
mechanisms, precise determination of the spin Hamiltonian (SH) pa-
rameters (g-value, axial and transversal anisotropy parameters D and E) 
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are mandatory. The zero-field splitting (ZFS) induced by the axial single- 
ion magnetic anisotropy (associated with the parameter D) for Co(II)- 
containing systems is, however, often too large to be measured by 
conventional electron paramagnetic resonance (EPR) techniques since 
both the X- and Q-bands cannot be employed as D ≫ hν implies the 
absence of allowed EPR signals at the frequencies ν. To investigate such 
systems, high-frequency/high field electron paramagnetic resonance 
(HF-EPR) measurements are usually used [41,42]. In this article we 
present detailed tuneable HF-EPR studies on three high-spin Co(II)- 
monomers, namely [Co(L1)4]I2 (1), [Co(L1)4]Br2 (2) and [Co(L1)4]SiF6 
(3), where L1 = thiourea (NH2CSNH2). 

The influence of the secondary coordination on the modulation of the 
magnetic anisotropy of Co(II) ions is known theoretically 
[27,28,35,37,38], but experimental evidence, measured on the signifi-
cant influence which was found for other complexes, is currently rela-
tively scarce in the literature [29,37,38,43,44]. The present work 
furnishes a further experimental proof for the impact of the variation of 
the secondary coordination sphere on the magnetic anisotropy of Co(II) 
ions. The theoretical calculations are in excellent agreement with the 
experimental observations (vide infra) [37]. 

Besides a detailed investigation on the single ion behaviour of the Co 
(II) centres, we also observed small intermolecular super-exchange in-
teractions in the range of a few GHz (~3–6 GHz) for all three complexes, 
which are beyond the resolvable energy scale of a standard SQUID 
magnetometer. Quantification of these interactions reveals that not only 
the strength but also the sign changes based on the anions in the crystal 
lattice, which have an influence on the secondary coordination sphere. 
Finite intermolecular interactions can play a crucial role in the sup-
pression of slow magnetic relaxation behaviour in such complexes 
[45–48], therefore, this investigation can help to tune single ion prop-
erties via controlling supramolecular interactions by changing the cat-
ions/anions in the crystal lattice. This mechanism is discussed in detail 
in the present study. 

2. Experimental section 

The complexes investigated in this article were synthesised as re-
ported by us earlier [37]. High-frequency/high-field electron para-
magnetic resonance (HF-EPR) measurements were performed using a 
millimeter vector network analyser (MVNA) from ABmm as a phase 
sensitive microwave source and detector [49]. The spectra were ob-
tained in the frequency range 70–600 GHz and in external magnetic 
fields of up to 16 T. Temperature control between 2 and 80 K was 
ensured by a variable temperature insert (VTI) with a He gas flow. The 
powder samples were placed inside a brass ring in the form of a loose 
powder, i.e. no extra glue or grease was used. This setup enables 
alignment of the crystallites in the external magnetic fields, which was 
performed by means of applying the maximum field of 16 T prior to the 
measurements. During this initial field sweep, alignment was ensured by 
monitoring the corresponding alignment jumps in the transmitted mi-
crowave signal. In addition, rearrangement of the crystallites was 
avoided by restricting the magnetic field to the range 0.2 to 16 T. 
Analysis of the data was done using the EasySpin software package [50]. 

Broken Symmetry Density Functional Theory (BS-DFT) calculations 
were performed on the full coordinates of the crystallographic structure 
of 1 using unrestricted hybrid B3LYP functionals [51], with the all 
electron Alhrich’s triple-ζ valence (TZV) [52,53] basis set for all the 
elements, as implemented in the Gaussian 09 suite of programs [54]. 
The magnetic exchange coupling interaction was calculated on binu-
clear models that were generated from the crystal structure of 1 and the 
exchange coupling between the two high spin monomeric Co(II) ions 
was described by the Heisenberg-Dirac-van Vleck (HDVV) Hamiltonian 
as follows: 
HHDVV = − JS1S2 (1) 

This Hamiltonian was used to describe the intermolecular 

interactions throughout the manuscript in all sections. 
For the estimation of the magnetic coupling, Hartree–Fock or DFT 

methods, together with the broken symmetry (BS) model developed by 
Noodleman and co-workers, have been employed, coupled with the 
equation proposed by Ruiz and co-workers.[55–57] 

J =
(EBS−EHS)

2S1S2 + S2

(2)  

3. Results and discussion 

By employing the thiourea ligand with the corresponding cobalt 
precursors, we have isolated three different cobalt monomeric com-
plexes (1–3). The detailed synthesis, as well as the structural descrip-
tion, along with the crystallographic parameters of all the complexes, 
were recently reported by us [37]. 

Complexes 1–3 are structurally analogous to each other. The four 
coordination sites of the Co(II) ions in the complexes are occupied by 
sulfur ligands. Thus, the Co(II) ions exhibit a distorted tetrahedral ge-
ometry. The overall cationic charge in the coordination sphere of 1–3 is 
satisfied by two iodides, two bromides and one SiF6 anion in the crystal 
lattice, respectively. A representative molecular structure of 1 is shown 
in Fig. 1. Selected bond lengths and bond angles for the structurally 
analogous complexes of 1–3 are provided in Fig. 1(A) and (B), 
respectively. 

To understand the geometry around the Co(II) ion, we have per-
formed continuous shape measurement (CShM) analysis, which 

Fig. 1. Representative molecular structure of complex 1. Hydrogen atoms are 
removed for clarity. Colour code: grey = C and blue = N. The parameters in the 
square, curly and round brackets correspond to the bond lengths (Å, panel A) 
and bond angles (◦, panel B) for 1, 2 and 3, respectively. ((Colour online.)) 
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indicates that all three complexes display a distorted tetrahedral ge-
ometry (Table S1). For the molecules 1–3 the CShM values are estimated 
to be 0.28, 0.22 and 0.09, respectively, with respect to the ideal Td ge-
ometry. The obtained values suggest, that complex 1 has a higher 
distortion with respect to the ideal tetrahedral geometry around the Co 
(II) ion compared to the complexes 2 and 3. This can be attributed to the 
change of the anion in the crystal lattice for complexes 1–3. Further, we 
would like to emphasize that depending on the identity and orientation 
of the anions in the crystal lattice of these complexes, a distinct supra-
molecular interaction, namely H-bonding, is observed. Furthermore, the 
strength of H-bonding differs for all the observed complexes, e.g. the H- 
bonding strength in 1 is stronger than that in 2. Consequently, the 
variation of the secondary coordination sphere, which leads to distinct 
distortion around the Co(II) ion, does not only modulate the single ion 
anisotropy of the complexes 1–3 but also the strength of intermolecular 
exchange interactions. This result is in line with the intermolecular ex-
change interactions determined by HF-EPR i.e. the observed interaction 
for 1 is stronger compared to that of 2, as further described below. 

Figure 2 shows the packing diagram of the representative complex 1. 
It is found that there are four crystallographically equivalent molecules 
(symmetry code: -X, 0.5 + Y, 0.5-Z; labelled as Co(II)1-Co(II)4 in Fig. 2) 
within one unit cell. A pair of molecules labelled Co(II)1 and Co(II)2 in 
Fig. 2 generates another pair labelled Co(II)3 and Co(II)4, respectively 
by inversion symmetry. Although, the molecules Co(II)1 and Co(II)2 
(and their symmetrically equivalent molecules) are crystallographically 
equivalent (Fig. 2), they do not overlay on top of each other, i.e. the 
molecule Co(II)2 is slightly tilted away from the molecule Co(II)1. This 
leads to a small angle of 14.8◦ between the anisotropy axes of the 
respective molecules. Fig. 2 also shows the Co(II)…Co(II) distances be-
tween the molecules within the unit cell (6.98, 10.40 and 11.63 Å). A 
more detailed description of the crystal structure of 1, as well as those of 
2 and 3, is given in Ref. [37]. The strongly different distances between 
the Co(II) ions already implies a hierarchy of the possible intermolecular 
exchange interactions. In particular, magnetic coupling between the 
further separated molecules, with intermolecular distances of 10.40 and 
11.63 Å, is expected to be extremely weak or negligible. A more detailed 
discussion regarding the possible coupling pathways between the Co(II) 
ions is given below. 

3.1. Magnetic anisotropy and crystal field 

To determine the SH parameters of 1–3 quantitatively, tuneable HF- 
EPR studies were performed. The measured spectra of the investigated 
materials display clear resonance features in the frequency and magnetic 

field range under study. Depending on the measurement frequency, up 
to four different resonances are observed at T = 2 K, as shown in Fig. 3. 
The spectra obtained for 1 and 2 exhibit strong field-dependent mixing 
of the phase and amplitude signals, which prevents appropriate phase 
correction of the spectra. However, as the experimental setup enables 
the detection of both the phase and amplitude of the transmitted mi-
crowave radiation, the actual resonance fields can be well read from the 
data, which enables the precise determination of the resonance field at a 
given frequency. 

Figure 3(c) shows one sharp resonance for 3 at the frequency ν =

593.3 GHz in the field range under study (0 – 16 T). Upon heating, this 
feature is visible up to 30 K, but becomes weaker, indicating Curie-like 
behaviour, i.e., the feature is associated with a ground state resonance. 
Notably, a small side feature appears (see, e.g., the spectrum at T = 25 
K), which is discussed below. Complex 2 features four resonances at ν =

396.0 GHz, labelled R1 to R4. Again, R2 to R4 are ground state reso-
nances while R1 shows an activated behaviour, as indicated by the 
observed temperature dependence. The positions of the obtained reso-
nance features for all three investigated complexes are shown in the 
frequency vs magnetic field diagrams (see Fig. 4). Data for 1 have been 
reported previously [37] and are presented for comparison purposes 
with the other structurally analogous complexes. Note, that the reso-
nance branch R1 of 1 displays an activated behaviour similar to R1 of 2 
as demonstrated by the temperature dependence of the associated 

Fig. 2. The packing diagram of 1 (view along the b-axis) shows the interatomic 
distance between the molecules in the crystal lattice. The dotted bonds repre-
sent the intermolecular H-bonding between the molecules in the crystal lattice. 

Fig. 3. HF-EPR spectra at different temperatures for (a) complex 1 at ν = 278.6 
GHz (9.3 cm−1) (data from Ref. [37]), (b) 2 at ν = 396.0 GHz (13.2 cm−1) and 
(c) 3 at ν = 596.3 GHz (19.9 cm−1). The symbols denote different resonance 
features associated with the respective branches R1 to R4 in Fig. 5. 
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resonance features [37]. 
The measured resonance positions can be summarised in distinct 

branches. For 1 and 2, four branches R1 to R4 are found, while only one 
branch is observed for 3 (see Fig. 4). Branches R1 and R4 in 1 and 2 as 
well as the single resonance branch in 3 display linear behaviour and 
exhibit no excitation gap (Δ) at B = 0 T. We conclude that the associated 
transitions appear within the Kramers doublets mS =±1/2 and ± 3/2. In 
contrast, R2 and R3 in both 1 and 2 show gaps at zero field of>300 GHz 
(10 cm−1) indicating splitting of the associated spin states, i.e. the so- 
called zero-field splitting (ZFS) [58]. Finite ZFS can be attributed to 
magnetic anisotropy due to the crystal field induced by the surrounding 
ligands. 

Effective g-values can be extracted from the slope of the branches. 
Since the powder crystallites are aligned with respect to the external 
field, only one component of the in general anisotropic g-factor is 
measured, which is denoted here as gz. Note, that gz is explicitly not 
meant as the gzz component of the g-tensor, since gzz and Dzz are not in 
parallel but tilted based on NEVPT2 calculations on the representative 
complex 1 (see Figure S6 and Ref. [37]). The slopes of the branches R1 
and R2 in 1 and 2 imply gz = 2.00(5) and gz = 2.0(1), respectively. The 
features are hence associated with transitions ΔmS = ±1. In contrast, R3 
and R4 show much steeper slopes with gz = 4.0(1) and gz = 6.0(1), 
respectively, indicating forbidden transitions, i.e., ΔmS = ±2 and ± 3. 
The slope of the single branch observed in 3 indicates gz = 7.5(1). A 
quantitative analysis of the data applies the effective SH in Eqn. (3), 
which describes the Co(II) centres as well isolated spins S = 3/2 
featuring axial and transversal anisotropy, D and E. In addition to axial 
and transversal anisotropy terms, the SH includes the Zeeman term with 
the Bohr magneton µB and the external magnetic field B [42]. 

H = gμB B
→
∙ S→+D

[

S2
z −

S(S + 1)
3

]

+E
(

S2
x − S2

y

)

(3) 

A simulation of the resonance branches using Eqn. (3) with the 

parameters given in Table 1 and E = 0 yields good agreement to the 
experimental data, as shown in Fig. 4 as solid black lines. As mentioned 
above, there are two different orientations of the anisotropy axis within 
the crystal structure. Consequently, the anisotropy axis of the oriented 
powder is 7.4◦ tilted away from the magnetic field direction. However, 
as can be seen in Figure S1, this leads only to marginal effects on the 
branches in the low field region (below 8 T), where most of the HF-EPR 
data have been acquired. 

Note, there is a slight discrepancy of the modes R4 (black squares), 
which is discussed below. For complex 3, only one (forbidden) Kramers 
resonance is observable, which excludes quantitative determination of 
the axial anisotropy but implies |D| > 400 GHz (13.3 cm−1). However, 
considering the high measured gz value of this complex, the real D- 
anisotropy can be much higher than this lower boundary which is given 
by the accessible frequency range of the spectrometer. The obtained D- 

Fig. 4. Frequency vs. magnetic resonance field diagram of complex 1 (a, experimental data from Ref.[37]), 2 (b) and 3 (c) measured at T = 2 K. The solid black lines 
correspond to a simulation using the SH shown in Eqn. (3) with the parameters listed in Table 1 and without transversal anisotropy (i.e., E = 0). Dashed lines visualize 
the influence of a finite value for E (E = 10 GHz (0.33 cm−1) for 1 and E = 15 GHz (0.50 cm−1) for 2). 

Table 1 
Simulation parameters using the SH shown in Eqn. (3) extended by an exchange 
coupling term as shown in Eqn. (1). The third column provides an upper limit of 
finite E for 1 and 2.  

Complex D (GHz) |E| (GHz) gz J (GHz) 
1 −153(2) ≤10 2.00(5) −5.5(5) 
2 −168(5) ≤15 2.00(10) −4.1(5) 
3 < −400 ∕= 0 2.65(1) +3.5(2)  

Fig. 5. Energy-level diagram using Eqn. (3) with S = 3/2, D < 0, and E = 0. The 
external field is oriented along the direction of the anisotropy axis. Coloured 
arrows mark transitions between the spin states of the correspondingly marked 
resonance branches (cf. Figs. 3 and 4). Solid arrows show transitions at mea-
surement frequencies ν > Δ/h, i.e. larger than the zero-field gap, dashed arrows 
are associated with ν < Δ/h. 
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values for all three investigated samples are in good agreement with the 
ones obtained from the fit of the dc magnetisation data and they show 
the same tendency as the respective heights predicted by DFT calcula-
tions reported earlier [37]. 

While |D| is deduced from the simulation of the resonance branches, 
for experimental determination of the sign of D the temperature 
dependence of the resonance intensities and/or the relative intensities of 
the different features at low temperatures must be considered. Except for 
R1 and R3 in 1 as well as R1 in 2, all the observed features in Fig. 3 show 
a Curie-like behaviour, indicating ground state transitions [59]. The 
other branches show activated behaviour, implying that the initial state 
of the transition is not a ground state but energetically gapped at B = 0 T. 
These observations evidence a negative sign of D, as seen in the corre-
sponding energy-level diagram visualising the results of our simulations 
in the case D < 0 (Fig. 5). The experimentally observed transitions ob-
tained at frequencies above (below) the ZFS gap Δ/h are visualised by 
solid (dashed) coloured arrows. The red and black branches in Fig. 5 can 
be assigned to transitions within the mS = ±1/2 and ± 3/2 Kramers 
doublets, respectively, whereas the green and blue branches correspond 
to gapped transitions between the mentioned doublets. Due to the 
negative sign of D, the S = 3/2 Kramers doublet is shifted to lower en-
ergies relative to the S = 1/2 doublet. The fact that R4 in 1 is more 
pronounced than R1 further corroborates the negative sign of the single- 

ion anisotropy parameter. We also recall the observed almost linear 
behaviour of the resonance branches shown in Fig. 4, which indicates a 
preferential orientation of the anisotropy axis along the direction of the 
external magnetic field and by this, a negative sign of the anisotropy 
[60,61]. 

Our data clearly show forbidden transitions, i.e. transitions with 
ΔmS > 1, which are not supposed to be detected in the strict case of E =
0 and aligned crystallites. Since our data evidence aligned crystallites, 
we conclude a mixing of states induced by finite transversal anisotropy. 
In order to assess the effect of a finite E value, simulation results 
employing E > 0 are shown in Fig. 4 by dashed lines. Expectedly, the 
associated resonance branches feature anti-crossing and gap formation. 
Comparing the simulations in the regions of anti-level crossing with the 
experimental data enables the establishment of upper limits for E in the 
case of complexes 1 and 2, which are given in Table 1. For 3, only the 
forbidden resonance branch within the lower S = 3/2 Kramers doublet is 
observed in our measurement range below 750 GHz (25 cm−1), which 
obviates estimating E. However, the fact that the forbidden transition is 
clearly observed implies finite transversal anisotropy. 

3.2. Exchange coupling 

In addition to the features discussed above, the rather sharp reso-
nance observed in 3 (as compared to 1 and 2) enables the detection of an 
extra resonance at elevated temperatures which is not captured by the 
SH in Eqn. (3). Upon heating, the spectra measured at ν = 320.4 and 
593.3 GHz show the evolution of a distinct second feature in the vicinity 
of resonance R4 (Fig. 6). The resonance positions of the extra features at 
T = 10 K are shown by open symbols in Fig. 7, while the low- 
temperature resonances are displayed by filled markers. Identical 
slopes of the two branches imply equal effective g-values. As demon-
strated in Fig. 7 by solid black lines, the elevated temperature features 
are not captured by the monomer model discussed above. We hence 
attribute it to the presence of weak intermolecular coupling between 
neighbouring spins. We note that dipolar interactions should lead to a 
broadening of the resonance line since they are assumed to prevail be-
tween all the Co(II) ions, but not to the appearance of two well separated 
resonance features, as observed in Fig. 6. Additionally, the calculated 
dipolar coupling strength between the nearest neighbouring Co(II) 
centres is in the range of 0.1 GHz, which is almost two orders too small 
to account for the observed zero field splitting. 

Expanding the single molecule simulation by intermolecular 

Fig. 6. HF-EPR spectra of complex 3 at different temperatures measured at (a) 
ν = 320.4 GHz and (c) 593.3 GHz. Arrows indicate the appearance of an extra 
feature with rising temperatures. (b) and (d) show simulations at each fre-
quency and temperature, respectively, employing gz = 2.65, J = 3.5 GHz (0.11 
cm−1) and ∣E∣ > 0 GHz (see the text). 

Fig. 7. Frequency vs. magnetic field diagram of complex 3. Closed symbols 
mark the main branch which is observable at T = 2 K, open symbols show the 
additional high temperature feature at T = 10 K. Solid lines correspond to a 
simulation using a monomeric approach for the Co(II) ions, dotted lines 
simulate the dimeric model explained in the main text. The light grey branch 
shows the DPPH standard to ensure the magnetic field and frequency calibra-
tion, and by this the resonance positions. 

L. Spillecke et al.                                                                                                                                                                                                                                

✸✸



Polyhedron 208 (2021) 115389

6

exchange interactions mediated via the ligands straightforwardly cap-
tures the existence of the additional resonance feature, as visualised in 
the energy-level diagram shown in Figure S2. Specifically, the presence 
of one extra feature can be phenomenologically explained by an 
isotropic dimer-like exchange coupling J between two neighbouring 
sites [62]. The dimer model serves as a minimal model to describe the 
experimental observations. Indeed, the structure of 3 shows rather short 
Co(II)–Co(II) distances in the range 6 to 6.5 Å in the ab-plane (see Fig. 8 
(a)), while the inter-plane distances are considerably larger. Further-
more, as can be seen in Fig. 8(a), the in-plane distances between the Co 
(II) ions are not equivalent. The shortest distance between the Co(II) ions 
in the ab-plane amounts to 6.14 Å, while the other nearest neighbors 
distances are at least 6.55 Å which, from a phenomenological point of 
view, tentatively motivates a dimer-like scenario, which is found to 
describe our HF-EPR results. Our numerical studies presented below 
confirm this scenario. 

The exchange Hamiltonian corresponding to a dimer interaction is 
shown in Eqn. (1). Simulating the spectra at ν = 320.4 and 593.3 GHz at 
various temperatures using the extended (i.e., Eqn. (3) + Eqn. (1)) 
model yields a good description of both the resonance positions and the 
spectral intensities, as shown in Fig. 6 (b) and (d). Employing gz = 2.65 
and E > 0 GHz, our analysis yields ferromagnetic intermolecular 
coupling J = 3.5(2) GHz (0.110(6) cm−1). This value is in line with the 
intermolecular couplings found in other high-spin Co(II) compounds 
[63]. Note, due to the fact that only one resonance branch is detected, no 
relative intensities between the resonance features, and by this no 
proper E-value, can be quantised. For the simulation, an arbitrary E- 
value with |E| > 0 was used. 

The broad resonance lines prevent the identification of the corre-
sponding extra features in 1 and 2, however the similar Co(II)⋅⋅⋅Co(II) 
distances in all the samples under investigation suggest that intermo-
lecular coupling is to be expected, too. Indirect evidence is obtained 
from the temperature dependence of R4 (depicted by the black square in 
Fig. 3) in complexes 1 and 2, which clearly shifts to lower fields upon 
heating (see Figure S3). We attribute this shift to a merging of the main 
feature with an additional one showing up at the low field side. Notably, 
this shift is opposite to the additional high-temperature peak observed in 
3, which suggests a different sign of J, i.e., an antiferromagnetic inter-
molecular interaction. 

In contrast to 3, the structures of 1 and 2 imply the shortest Co(II)⋅⋅⋅ 
Co(II) distance of 6.98 Å in the bc-plane(see Fig. 2), while the other 

distances are much larger. As shown in Fig. 8(b), this yields a zig-zag 
chain structure with a tilted nature, which may again contribute to 
the dimer-like magnetic scenario. While our numerical calculations, due 
to very small interactions, do not discriminate between a uniform or 
alternating chain scenario, our experimental data are well described by 
the latter one, e.g. a dimer-like or weakly interacting dimer model as the 
distinct thermally activated resonance line is not expected in a 1D model 
[64,65]. 

The presence of a finite antiferromagnetic interaction indeed ex-
plains the discrepancy of the experimental data and the model in Fig. 4, 
where the resonance branches R4 are not perfectly described by the 
simulation. As seen in Fig. 4, the experimental data are overall shifted 
with respect to the simulated branch yielding a seemingly negative Δ in 
1 and 2. This shift is accounted for by the intermolecular exchange 
interaction. Quantitatively, the experimental data are described by the 
extended model with J = -5.5(5) GHz (-0.18 cm−1) for 1 and −4.1(5) 
GHz (-0.13 cm−1) for 2, as seen in Fig. 9. The difference, i.e. positive sign 
of J in 3 implying a ferromagnetic intermolecular interaction, is clearly 
evidenced by the fact that the corresponding low-temperature branch in 
3 exhibits a positive Δ value. Note, that the resonance positions have 
been confirmed by a DPPH marker. 

In order to prove the relevance of the intermolecular effects, addi-
tional studies on a diluted sample of 2 have been performed, using a non- 
magnetic matrix solvent [37]. The resonance features obtained on the 
diluted sample, shown as open symbols in Fig. 9(b), confirm a much 
smaller intermolecular coupling by an almost vanishing shift of R4. A 
direct comparison of an exemplary spectrum obtained at same fre-
quencies for 100 % and diluted 25 % samples of 2, shown in Figure S4, 
clearly demonstrates a dilution dependent shift of around 0.5 T. Mea-
surements on diluted samples of 1 and 3 were not successful. However, 
as stated earlier, 1 is structurally analogous to 2 and hence the same 
phenomenon observed for 2 can be extended to 1. 

3.3. Hirshfeld surface analysis of complexes 1–3 

One of the important aspects of this report is the quantitative 
determination of the strength of the intermolecular interactions in 1–3 
using HF-EPR (vide infra). To understand the inter- and intramolecular 
interactions observed in the solid-state of these complexes, a Hirshfeld 

Fig. 8. Structural arrangement of the molecules in the ab-plane of complex 3 
(a) as well as the chain-like arrangement along the c-direction for complexes 1 
and 2 (b). Blue = Co(II), yellow = S, light blue = N, brown = C and white = H. 
Different intermolecular Co(II)⋅⋅⋅Co(II) distances are marked by differently 
coloured dashed lines. Only the molecules with the shortest Co(II)⋅⋅⋅Co(II) 
distances are shown. We refer to Ref. [37] for a complete structural description. 

Fig. 9. Frequency vs. magnetic field diagram of complexes 1 (a) and 2 (b). The 
dotted lines show simulations using the SH in Eqn. (1) extended by finite ex-
change coupling (see the text) between two neighbouring spins. D and E 
anisotropy parameters as well as gz-values equal those of the single-ion model 
represented by the solid lines (cf. Table 1). The open symbols in panel (b) 
represent the resonance branches observed in a magnetically diluted sample 
of 2. 
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analysis was carried out (see Fig. 10). The Hirshfeld surface of all the 
three complexes shows that the intermolecular interactions between the 
molecules are mediated predominantly through the halide (anions in the 
crystal lattice) and hydrogen atoms of the thiourea ligand bound to the 
Co(II) ion. The various regions of color on these surfaces describe the 
inter- and intramolecular contacts present in their crystal structures. 
Two-dimensional (2D) fingerprint plots (Fig. 10, panels A1-C4) were 
also generated for all the complexes and used to visualize supramolec-
ular features, such as weak inter- and intramolecular interactions and 
close contacts, as seen in their crystal structures. Both the Hirshfeld 
surface and fingerprint plots were extracted from the di and de values 
using CrystalExplorer [66,67], where di represents the distance from the 
Hirshfeld surface to the nearest atom inside the surface and with de 
being the distance from the nearest atom outside the surface [68]. The 
results of these plots indicate that the percentage of intermolecular X⋅⋅⋅H 
(where X  = I (1), Br (2) and F (3)) contacts are 40.3 % in 1, 32.6 % in 2, 
and 46.9 % in 3 of the total share. The other significant contributions, 
including reciprocal contacts, are H⋅⋅⋅H and S⋅⋅⋅H, having relative con-
tributions of 26 %, and 18.2 % in 1; 30.5 % and 19.6 % in 2, and 18.8 % 
and 15.6 % in 3, respectively. As 1 and 2 are structurally analogous to 
each other, the relative percentage interaction of I⋅⋅⋅H is larger in 1 
compared to the Br⋅⋅⋅H interaction in 2. Hence, the overall exchange 
strength is expected to be stronger in 1 compared to 2, which is in 
excellent agreement with the experimental observation (vide infra). 

3.4. Numerical calculation for estimating the exchange interactions 

Experimentally, there is an antiferromagnetic intermolecular ex-
change interaction between the molecules in the crystal lattice of 1 or 2, 
while a ferromagnetic intermolecular exchange interaction was shown 
within 3. To shed light on the mechanism of the intermolecular 

exchange interactions, beyond the phenomenological comparison of 
intermolecular distances, DFT calculations were performed on the 
representative complex 1. As stated earlier, 1 possesses both intra- and 
intermolecular hydrogen-bonding (H-bonding) [37]. Existence of super- 
exchange interactions between monomeric Cu(II), Fe(II), Fe(III) and Co 
(III)-Cr(III), V(IV)-Cu(II) ions etc. mediated via H-bonding is well 
established in literature by Alvarez and co-workers, and experimentally 
proven for certain Co(II) systems [55,56,69,70]. Besides the themati-
zation of H-bondings, they have also proposed a methodology to miti-
gate the intermolecular exchange interaction (ferro- or 
antiferromagnetic) by crystal engineering [5,7,8]. 

As shown in Fig. 2, the intermolecular distance between the mole-
cules is different in different directions for 1. Three different Js values 
based on the internuclear distances (J1: Co(II)⋅⋅⋅Co(II) = 6.98 Å, J2: 
10.40 Å and J3: 11.63 Å, see Fig. 2) are defined within the crystal lattice 
of 1 as coupling directions in a dimeric model for computing the ex-
change interaction. Our calculations predict that the exchange interac-
tion between all the pairs of the binuclear system is antiferromagnetic in 
complex 1. DFT calculations yield J1 = -0.08 cm−1, J2 = -0.001 cm−1 and 
J3 = 0 cm−1. 

It is found, that the J1 interaction is strongest, while the other two are 
negligible. Thus, not only the distance dependent dipolar interactions, 
but also the intermolecular exchange interactions show a clear hierarchy 
in favour of J1. The latter can be explained by a strong intermolecular I 
or S⋅⋅⋅H–N interaction (2.65 Å). Furthermore, a relatively strong anti-
ferromagnetic coupling is evidenced from the SOMOs (see Figure S5 in 
ESI) [55,56,69,70]. 

Although the nature of the exchange interaction is predicted 
correctly, the magnitude of the computed J values are different from the 
experimentally extracted ones, and this may be attributed to relatively 
smaller intermolecular interactions, which are extremely challenging to 

Fig. 10. Hirshfeld surface analysis mapped with dnorm 
for complexes 1 (panel A), 2 (Panel B) and 3 (panel 
C). The red colours indicate contacts with distances 
shorter than the van der Waals radii, i.e. very weak 
inter- or intramolecular interactions. Two- 
dimensional (2D) fingerprint plots are shown for the 
cation of complex 1, where di is the distance from the 
Hirshfeld surface to the nearest atom inside the sur-
face and de is the distance from the nearest atom 
outside the surface. Total intermolecular contacts 
including reciprocal contacts in 1: (A1) 100% con-
tacts, (A2) the relative percentage of I⋅⋅⋅H contacts 
(40.3%), (A3) H⋅⋅⋅H contacts (26 %), (A4) S⋅⋅⋅H con-
tacts (18.2 %), 2: (B1) 100% contacts, (B2) the rela-
tive percentage of Br⋅⋅⋅H contacts (32.6%), (B3) H⋅⋅⋅H 
contacts (22.4%,), (B4) S⋅⋅⋅H contacts (19.6 %), 3: 
(C1) 100% contacts, (C2) the relative percentage of 
F⋅⋅⋅H contacts (46.9 %), (B3) H⋅⋅⋅H contacts (18.8 %,), 
(B4) S⋅⋅⋅H contacts (15.6 %). The intermolecular 
contacts including reciprocal contacts with < 5 % in 
all the complexes are not shown.   
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capture accurately by DFT methods. The spin density plot for the high- 
spin (HS) and broken symmetry (BS) models corresponding to J1 reveal 
strong delocalisation of spin density on the ligands, propagating rela-
tively stronger intermolecular exchange interactions as shown in Fig. 11. 
A closer inspection reveals a small but non-negligible spin density on the 
H-atom involved in the H-bonding interactions, supporting our afore-
mentioned claim [70]. 

4. Conclusions 

A sophisticated HF-EPR methodology was employed to quantita-
tively determine the Spin Hamiltonian parameters on a family of high 
spin Co(II) complexes [Co(L1)4]X2 where X  = I (1), Br (2) and [Co(L1)4] 
SiF6 (3), which also establishes the presence of non-zero E values in all 
the complexes. The study presented here furnishes the experimental 
proof for a sizable influence of the secondary coordination sphere on the 
magnitude of the axial anisotropy parameter D, which was measured 
directly by HF-EPR for complexes 1–3. Further, intermolecular antifer-
romagnetic exchange interactions for 1 (J = −5.5(5) GHz (-0.18 cm−1) 
and 2 (J = −4.1(5) GHz (-0.13 cm−1)) were found, while a ferromag-
netic exchange interaction was noticed for 3 (J = 3.5(2) GHz (0.11 
cm−1)).. The presence of a very weak exchange interaction between the 
molecules of 1 was also confirmed by theoretical calculations. Overall, 
this study discloses SH parameters accurately using HF-EPR and that 
through crystal engineering (by changing the anions the supramolecular 
interactions can be controlled) one can modulate not only the axial 
anisotropy but also intermolecular interaction pathways. This is an 
unconventional, yet a versatile approach that will pave the way to reveal 
a new generation of Co(II) complexes with fascinating magnetic 
properties. 
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❳✲❜❛♥❞ ❊P❘ ♦r ❙◗❯■❉ ♠❛❣♥❡t♦♠❡tr②✱ ❝❤❛❧❧❡♥❣❡ ❡①♣❡r✐♠❡♥t❛❧✐sts t♦ ❝♦♥✜r♠ t❤❡ ♣r❡✲
❞✐❝t❡❞ ❈❋ s♣❧✐tt✐♥❣s ♦❢ t❤❡ s②♥t❤❡s✐③❡❞ s❛♠♣❧❡s✳ ❯s✉❛❧ ❛tt❡♠♣ts t♦ ❡①♣❡r✐♠❡♥t❛❧❧②
❞❡t❡r♠✐♥❡ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❤✐❣❤❧② ❛♥✐s♦tr♦♣✐❝ ♠♦❧❡❝✉❧❛r ❝♦♠♣♦✉♥❞s ❛r❡ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❍③ s♣❡❝tr♦s❝♦♣② ♦r ♥❡✉tr♦♥ ❞✐✛r❛❝t✐♦♥ ❡①♣❡r✐♠❡♥ts✳❬✼✸✱ ✼✹❪

❲✐t❤✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✐t ✐s ❞❡s❝r✐❜❡❞✱ ❤♦✇ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡
❞❡❝✐♣❤❡r❡❞ ❜② ❞❡t❛✐❧❡❞ ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥t s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛✲
s✉r❡♠❡♥t ✐♥ ❛♥ st❛t✐❝ ❞❝ ♠❛❣♥❡t✐s❛t✐♦♥ ❡①♣❡r✐♠❡♥t ✉♣ t♦ ✶✹ ❚✱ ❛s ✇❡❧❧ ❛s ✐♥ ♣✉❧s❡❞
✜❡❧❞s ✉♣ t♦ ✺✺✳✺ ❚✳✺ ❇② t❤❡ ❝♦♠♣❛r✐s♦♥ t♦ s✐♠✉❧❛t✐♦♥s ✭❡✳❣✳ ❜② ◗✉❛♥t✉♠ ▼♦♥t❡
❈❛r❧♦ ✭◗▼❈✮ ♠❡t❤♦❞s✮✱ ♥♦t ♦♥❧② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣② ♦❢ t❤❡
✐♥✈❡st✐❣❛t❡❞ ❝♦♠♣❧❡① ✐s ❣❛✐♥❡❞✱ ❜✉t ❛❧s♦ t❤❡ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ❛r❡ q✉❛♥t✐✲
✜❡❞✳ ❚❤❡ ❧❛tt❡r ❝❛♥ ❤❛✈❡✱ ❡✈❡♥ ♦♥ s♠❛❧❧ ❡♥❡r❣② s❝❛❧❡s✱ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡
s❧♦✇ r❡❧❛①❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐s❛t✐♦♥ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ♠♦❧❡❝✉❧❛r ❝♦♠♣❧❡①✳❬✷✵✱ ✼✺✕✼✾❪

✹✳✸✳✶✳ ▼♦❧❡❝✉❧❛r ❛♥❞ ❈r②st❛❧ ❙tr✉❝t✉r❡

❋✐❣✳ ✹✳✹ ✭❛✮ ❞❡♣✐❝ts t❤❡ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ❈♦✭■■✮ ❝♦♠♣♦✉♥❞
❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦r♠✉❧❛ ❬❈♦✭▲1✮4✭❈❧✮2❪ ✭✶✮✱ ✇✐t❤ ▲1 ❂ t❤✐♦✉r❡❛ ✭❍2◆✲❈❙✲◆❍2✮✳✻

❚❤❡ ❝r②st❛❧ str✉❝t✉r❡ ♦❢ ✶ ✇❛s ✐♥✐t✐❛❧❧② ❞❡s❝r✐❜❡❞ ❜② ❖✬❈♦♥♥♦r ❡t ❛❧✳ ✭❈❛♠❜r✐❞❣❡
str✉❝t✉r❛❧ ❞❛t❛❜❛s❡ ✭❈❙❉✮ ❝♦❞❡ ❈❚❍❯❈❖✶✵✮✱ ❤♦✇❡✈❡r✱ ♥♦ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ❛r❡
r❡♣♦rt❡❞ ✇✐t❤✐♥ t❤❛t ✇♦r❦✳❬✽✵❪ ❚❤❡ ❈♦✭■■✮ ✐♦♥ ✜❣✉r❡s ❛ ❤✐❣❤ s♣✐♥ ❙ ❂ ✸✴✷ st❛t❡ ❛♥❞
✐s s✉rr♦✉♥❞❡❞ ❜② ❛ s✐①✲❝♦♦r❞✐♥❛t❡❞ ♣s❡✉❞♦✲♦❝t❛❤❡❞r❛❧ ❧✐❣❛t✐♦♥ ❡♥✈✐r♦♥♠❡♥t ❜✉✐❧❞ ✉♣
❜② ❢♦✉r s✉❧♣❤✉r ✐♦♥s ✐♥ t❤❡ ♣❧❛♥❡ ❛♥❞ t✇♦ ❝❤❧♦r✐❞❡ ✐♦♥s ✐♥ t❤❡ ❛①✐❛❧ ♣♦s✐t✐♦♥s✳ ❚❤❡
♠❛❣❡♥t❛ ❛rr♦✇ ✐♥ ✜❣✳ ✹✳✹ ✭❛✮ ❞❡♥♦t❡s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❡❛s② ❛①✐s ✇❤✐❝❤
✐s t✐❧t❡❞ ❛✇❛② ❢r♦♠ t❤❡ ❈♦✭■■✮✲❈❧− ❜♦♥❞ ❜② ✸✶✭✻✮➦✳ ❚❤✐s t✐❧t✐♥❣ ✐s ❝♦♥✜r♠❡❞ ❜② ❜♦t❤✱
♣♦❧❛r✐③❡❞ ♥❡✉tr♦♥ ❞✐✛r❛❝t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ❛s ✇❡❧❧ ❛s ❝❛❧❝✉❧❛t❡❞ ❛❜ ✐♥✐t✐♦ r❡s✉❧ts✳❬✻✶❪

❚❤❡ ❝♦♠♣❧❡① ❝r②st❛❧❧✐③❡s ✐♥ ❛ t❡tr❛❣♦♥❛❧ s♣❛❝❡ ❣r♦✉♣ ✭P✹2✴♥✮ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧
✐♥ r❡❢✳ ❬✻✶❪✳ ❋✐❣✳ ✹✳✹ ✭❜✮ s❤♦✇s t❤❡ ❝r②st❛❧ ♣❛❝❦✐♥❣ ❢♦r ✶ t♦ ✈✐s✉❛❧✐③❡ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞
♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥❡❛r❡st ❈♦✭■■✮ ✐♦♥s✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ ❛❧❧ ♠♦❧❡❝✉❧❡s ✇✐t❤✐♥ t❤❡ ✉♥✐t
❝❡❧❧ ❛r❡ r♦✉❣❤❧② ♦r✐❡♥t❡❞ ❛❧♦♥❣ t❤❡ ❝✲❞✐r❡❝t✐♦♥ ✇✐t❤ t❤❡ ❈❧✲❈♦✭■■✮✲❈❧ ❛①✐s✳ ❚❤❡ ♠✐♥✐✲
♠❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❈♦✭■■✮ ✐♦♥s ✐s ❣✐✈❡♥ ❜② ✽✳✵✾✶ ➴✳❬✻✶❪ ❚❤❡ ♣r❡❞✐❝t❡❞ ❤②❞r♦❣❡♥
❝♦✉♣❧✐♥❣ ♣❛t❤✇❛②s ❜❡t✇❡❡♥ t❤♦s❡ ♥❡✐❣❤❜♦✉r✐♥❣ ✐♦♥s ❛r❡ ✈✐s✉❛❧✐③❡❞ ✐♥ ✜❣✳ ❆✳✹✳

✺P✉❧s❡❞ ✜❡❧❞ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❜② ❙✳ ❙♣❛❝❤♠❛♥♥ ✭❑■P ❍❡✐❞❡❧❜❡r❣✮✳
✻❚❤❡ s②♥t❤❡s✐s ❛♥❞ ❝r②st❛❧ str✉❝t✉r❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ ✇❛s ♣❡r❢♦r♠❡❞ ❜② ❙✳ ❚r✐♣❛t❤✐ ✭■■❚
❇♦♠❜❛②✮✳❬✻✶❪

✸✾



c

a(a) (b)

❋✐❣✉r❡ ✹✳✹✳✿ ✭❛✮ ▼♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ ❝♦♠♣❧❡① ✶✳ ❇❧✉❡✱ ❈♦❀ ②❡❧❧♦✇✱ ❙❀ ❣r❡❡♥✱ ❈❧❀
s❦② ❜❧✉❡✱ ◆❀ ❣r❛②✱ ❈❀ ❜❧❛❝❦✱ ❍✳ ❚❤❡ ♠❛❣♥❡t❛ ❛rr♦✇ s❤♦✇s t❤❡ ❝♦♠♣✉t❡❞
❉zz ❞✐r❡❝t✐♦♥ ❢r♦♠ ❛❜ ✐♥✐t✐♦ ❝❛❧❝✉❧❛t✐♦♥s ✭s❡❡ r❡❢✳ ❬✻✶❪✮✳ ✭❋✐❣✉r❡ r❡♣r✐♥t❡❞
❢r♦♠ ❚r✐♣❛t❤✐ ❡t ❛❧✳ ❬✻✶❪✳✮ ✭❜✮ ❈r②st❛❧ ♣❛❝❦✐♥❣ ❞✐❛❣r❛♠ ❢♦r ❝♦♠♣❧❡① ✶✳
❚❤❡ ♠✐♥✐♠❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ♥❡✐❣❤❜♦✉r✐♥❣ ❈♦✭■■✮ ✐♦♥s ✐s ❢♦✉♥❞ t♦ ❜❡
✽✳✵✾✶ ➴✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ✭❝❤❛♣✳ ✹✳✸✳✷ ❛♥❞ ✹✳✸✳✸✮ ✇❡r❡ ✇r✐tt❡♥ ❜② ▲✳ ❙♣✐❧❧❡❝❦❡ ❛♥❞
❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ t❤✐s ❢♦r♠ ✭s❡❡ ❚r✐♣❛t❤✐ ❡t ❛❧✳ ❬✻✶❪✮ ❛s ♣❛rt ♦❢ ❛ r❡s❡❛r❝❤ ❛rt✐❝❧❡
✐♥ t❤❡ ❥♦✉r♥❛❧ ❈❡❧❧ ❘❡♣♦rts P❤②s✐❝❛❧ ❙❝✐❡♥❝❡✳

✹✳✸✳✷✳ ❉✐r❡❝t ❈✉rr❡♥t ▼❛❣♥❡t✐③❛t✐♦♥

❱❛r✐❛❜❧❡ t❡♠♣❡r❛t✉r❡ ❞✐r❡❝t ❝✉rr❡♥t ✭❉❈✮ ♠❛❣♥❡t✐❝ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞
♦♥ ❛ ♣♦❧②❝r②st❛❧❧✐♥❡ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢ ✶ ✐♥ t❤❡ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ♦❢ ✶✳✽✲✸✵✵ ❑
✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✶✵ ❦❖❡✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✺ ❆✱
t❤❡ ♦❜s❡r✈❡❞ r♦♦♠ t❡♠♣❡r❛t✉r❡ χM❚✭❚✮ ✈❛❧✉❡ ❢♦r ✶ ✭✷✳✾✽ ❝♠3 ❑ ♠♦❧−1✮ ✐s s✐❣♥✐✜✲
❝❛♥t❧② ❧❛r❣❡r t❤❛♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ✈❛❧✉❡ ❢♦r ❛♥ ❙ ❂ ✸✴✷ ❝❛s❡ ✭✐✳❡✳✱ ✶✳✽✼✺ ❝♠3 ❑ ♠♦❧−1❀
✇✐t❤ ❣ ❂ ✷✮✱ ❛s ❡①♣❡❝t❡❞ ❢♦r ❈♦✭■■✮ ❝♦♠♣❧❡①❡s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡ ✐s ✐♥
❛❣r❡❡♠❡♥t ✇✐t❤ ♦t❤❡r r❡s✉❧ts r❡♣♦rt❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳❬✽✶✕✽✸❪ ❯♣♦♥ ❝♦♦❧✐♥❣✱ χM❚✭❚✮
❞❡❝r❡❛s❡❞ ❛❧♠♦st ❧✐♥❡❛r❧② t♦ ❛❜♦✉t ✼✺ ❑✳ ❇❡❧♦✇ t❤✐s t❡♠♣❡r❛t✉r❡✱ χM❚✭❚✮ ❞❡❝r❡❛s❡s
♠♦r❡ r❛♣✐❞❧② ❛♥❞ r❡❛❝❤❡s ❛ ❧♦✇✲t❡♠♣❡r❛t✉r❡ ✈❛❧✉❡ ♦❢ ✵✳✽✸ ❝♠3 ❑ ♠♦❧−1 ❛t ✶✳✽ ❑ ✭❋✐❣✲
✉r❡ ✹✳✺ ❆✮✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ st✉❞✐❡❞ ✐♥ ❡①t❡r♥❛❧
st❛t✐❝ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✉♣ t♦ ✶✹✵ ❦❖❡ ❛t ❛ t❡♠♣❡r❛t✉r❡ ♦❢ ❚ ❂ ✷ ❑ ✭♦♣❡♥ ❜❧❛❝❦ ❝✐r❝❧❡s
✐♥ ❋✐❣✉r❡ ✹✳✺ ❇✮ ❛s ✇❡❧❧ ❛s ✐♥ ❛ ♣✉❧s❡❞ ✜❡❧❞ ✉♣ t♦ ✺✺✺ ❦❖❡ ✭❜❧✉❡ s♦❧✐❞ ❧✐♥❡✮ ✐s ♣r❡s❡♥t❡❞
✐♥ t❤❡ ✐♥s❡t ✐♥ ❋✐❣✉r❡ ✹✳✺ ❆✳ ❆❞❞✐t✐♦♥❛❧ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ ♠❛❣♥❡t✐❝
✜❡❧❞s ✉♣ t♦ ✼✵ ❦❖❡ ❛t s❡✈❡r❛❧ t❡♠♣❡r❛t✉r❡s ✭❋✐❣✉r❡ ❆✳✸✮✼✳ ❯♣♦♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡
❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r✐s❡s st❡❡♣❧② t♦ ❇ ❂ ✺✵ ❦❖❡✱ ❢♦❧❧♦✇❡❞ ❜②

✼❚❤❡ ♠❛❣♥❡t✐s❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ❛t s❡✈❡r❛❧ t❡♠♣❡r❛t✉r❡s s❤♦✇♥ ✐♥ ✜❣✳ ❆✳✸ ✇❡r❡ ♣❡r❢♦r♠❡❞ ❜② ❙✳
❚r✐♣❛t❤✐✱ ■■❚ ❇♦♠❜❛②✳❬✻✶❪

✹✵



❋✐❣✉r❡ ✹✳✺✳✿ ▼❛❣♥❡t✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❝♦♠♣❧❡① ✶✳ ✭❆✮ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡
♦❢ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡❞ ♦♥ ❛ ♣♦❧②❝r②st❛❧❧✐♥❡ s❛♠♣❧❡
♦❢ ✶ ✐♥ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✶✵ ❦❖❡ ✭♦♣❡♥ ❜❧❛❝❦ s②♠❜♦❧s✮✳ ■♥s❡t✿
♣✉❧s❡❞✲✜❡❧❞ ♠❛❣♥❡t✐③❛t✐♦♥ ♦♥ ✶ ❛t ❚ ❂ ✶✳✹ ❑✳ ❚❤❡ ♣✉❧s❡❞✲✜❡❧❞ ❞❛t❛ ❛r❡
s❝❛❧❡❞ t♦ st❛t✐❝✲✜❡❧❞ ❞❛t❛ ♦❜t❛✐♥❡❞ ❛t ❚ ❂ ✷ ❑ ✭♦♣❡♥ ❜❧❛❝❦ s②♠❜♦❧s✮✳
✭❇✮ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❉❈ ♠❛❣♥❡t✐③❛t✐♦♥ ❛t ❚ ❂ ✷ ❑ ✭♦♣❡♥
❜❧❛❝❦ s②♠❜♦❧s✮✳ ❋✐❧❧❡❞ ❜❧✉❡ sq✉❛r❡s s❤♦✇ ◗▼❈ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❛s
❞❡s❝r✐❜❡❞ ✐♥ t❤❡ t❡①t✳ ❙♦❧✐❞ r❡❞ ❧✐♥❡s ✐♥ ❛❧❧ ♣❧♦ts r❡♣r❡s❡♥t s✐♠✉❧❛t✐♦♥s
✉s✐♥❣ ❛ ♠♦♥♦♠❡r✐❝ ♠♦❞❡❧ ❢♦r χM❚✭❚✮ ❛♥❞ ▼✭❇✮✱ r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ t❤❡
♣❛r❛♠❡t❡rs ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♠❛✐♥ t❡①t✳ ✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❚r✐♣❛t❤✐
❡t ❛❧✳ ✳❬✻✶❪✮

❛ ♠✉❝❤ ✢❛tt❡r ❧✐♥❡❛r ✐♥❝r❡❛s❡ ✇✐t❤♦✉t ✐♥❞✐❝❛t✐♦♥ ♦❢ s❛t✉r❛t✐♦♥ ❡✈❡♥ ✉♣ t♦ ✺✺✺ ❦❖❡✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠❛①✐♠❛❧ ♠❡❛s✉r❡❞ ♠♦♠❡♥t ♦❢ ✸✳✷ µB ✐s s✐❣♥✐✜❝❛♥t❧② ❧♦✇❡r t❤❛♥ t❤❡
s❛t✉r❛t✐♦♥ ♠❛❣♥❡t✐③❛t✐♦♥ ▼sat ❂ ❣iso❙ ❂ ✸✳✻✻ µB✱ ✇❤✐❝❤ ✐s ❡①♣❡❝t❡❞ ❢r♦♠ ❣iso ♦❜t❛✐♥❡❞
❢r♦♠ t❤❡ ❝❛❧❝✉❧❛t❡❞ ❣ t❡♥s♦r ❜❡❧♦✇✳

❚❤❡ r❛♣✐❞ ❞❡❝r❡❛s❡ ♦❢ t❤❡ χM❚✭❚✮ ✈❛❧✉❡ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s ❛s ✇❡❧❧ ❛s t❤❡ ❧✐♥✲
❡❛r ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ✇✐t❤ r✐s✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✇✐t❤♦✉t r❡❛❝❤✐♥❣ ▼sat

str♦♥❣❧② ✐♠♣❧✐❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❤✐❣❤ ❛①✐❛❧ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ❝r②st❛❧ ✜❡❧❞ t❤❛t ❛❝ts
♦♥ t❤❡ ❈♦✭■■✮ ♠♦♠❡♥ts✳ ❚❤✐s ✐s ❝♦rr♦❜♦r❛t❡❞ ❜② t❤❡ ♥♦♥✲s✉♣❡r✐♠♣♦s❛❜❧❡ ♥❛t✉r❡ ♦❢
t❤❡ r❡❞✉❝❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ ❞❛t❛ ♦❢ ✶ ✭❋✐❣✉r❡ ❆✳✸✮✳ ❚♦ q✉❛♥t✐❢② t❤❡ ❝r②st❛❧ ✜❡❧❞
♣❛r❛♠❡t❡rs✱ ✇❡ ♣❡r❢♦r♠❡❞ s✐♠✉❧❛t✐♦♥s ♦♥ t❤❡ ✜❡❧❞ ✭▼✭❇✮✮ ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡✲
♣❡♥❞❡♥❝❡ ✭χM❚✭❚✮✮ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥
✭❙❍❀ ❊q✉❛t✐♦♥ ✹✳✷✮✱ ✇❤❡r❡ ❣ ❞❡♥♦t❡s t❤❡ ✐s♦tr♦♣✐❝ ❣ ✈❛❧✉❡✱ µB t❤❡ ❇♦❤r ♠❛❣♥❡t♦♥✱
❇ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛♥❞ ❉ ❛♥❞ ❊ t❤❡ ❛①✐❛❧ ❛♥❞ tr❛♥s✈❡rs❛❧ ❛♥✐s♦tr♦♣②
♣❛r❛♠❡t❡r✱ r❡s♣❡❝t✐✈❡❧②✳❬✽✹✱ ✽✺❪ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❙❍ ✐s ❛ ❣♦♦❞ ♠♦❞❡❧ t♦ s✐♠✉❧❛t❡ t❤❡
❡①♣❡r✐♠❡♥t❛❧ ♠❛❣♥❡t✐❝ ❞❛t❛ ❜❡❝❛✉s❡ t❤❡ s②♠♠❡tr② ❛r♦✉♥❞ ❈♦✭■■✮ ✐s ♥♦t str✐❝t❧② ♦❝✲
t❛❤❡❞r❛❧ ✐♥ ✶✳❬✽✻✕✾✵❪ ❋♦r t❤❡ ✐❞❡❛❧ ♦❝t❛❤❡❞r❛❧ ✭❤♦♠♦❧❡♣t✐❝ ❧✐❣❛♥❞✮ ❝♦♠♣❧❡①❡s✱ t❤❡
s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ str♦♥❣❀ t❤❡r❡❢♦r❡✱ ▲ ❛♥❞ ❙ ❢♦r♠❛❧✐s♠ s❤♦✉❧❞ ❜❡

✹✶



✐♥❝❧✉❞❡❞ ✇❤❡♥ ♠♦❞❡❧✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ❞❛t❛ ♦❢ t❤❡ ❝♦♠♣❧❡①❡s✳

H = gµBB⃗S⃗ +D

[

S2
z −

S(S + 1)

3

]

+ E
(

S2
x − S

2
y

)

✭✹✳✷✮

❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❛r❡ s❤♦✇♥ ❛s r❡❞ s♦❧✐❞ ❧✐♥❡s ✐♥ ❋✐❣✉r❡ ✹✳✺✳ ❚♦ ❛✈♦✐❞ ♦✈❡r♣❛✲
r❛♠❡t❡r✐③❛t✐♦♥✱ t❤❡ ⑤❊✴❉⑤ ❂ ✵✳✷✷ r❛t✐♦ ✇❛s ✜①❡❞ t♦ t❤❡ ❝❛❧❝✉❧❛t❡❞ r❡s✉❧t ✭s❡❡ r❡❢✳ ❬✻✶❪✮✱
❛♥❞ ♦♥❧② ❉ ❛♥❞ ❣ ✇❡r❡ ✈❛r✐❡❞✳ ❚❤❡ ❜❡st s✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ❉ ❂ ✲✻✸✭✶✵✮ ❝♠−1✱
❣χT ❂ ✷✳✺✸✭✺✮✱ ❛♥❞ ❣MB ❂ ✷✳✼✭✶✮✳ ❚❤❡ ❞✐✛❡r❡♥t ❣ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ χM❚✭❚✮ ❛♥❞
▼✭❇✮ ❞❛t❛ r❡✢❡❝t t❤❡ ❢❛❝t t❤❛t ❣χT ✐s ♠❛✐♥❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r♦♦♠✲t❡♠♣❡r❛t✉r❡
✈❛❧✉❡ ♦❢ χM❚ ✭✐✳❡✳✱ ✐t r❡❢❡rs t♦ t❤❡ ✐s♦tr♦♣✐❝ ❣ ✈❛❧✉❡ ♦❢ t❤❡ s②st❡♠✮✱ ✇❤❡r❡❛s ❣MB ✐s
❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ ❣✱ ✇❤✐❝❤ ♣♦✐♥ts ❛❧♦♥❣ t❤❡ ❛♥✐s♦tr♦♣② ❛①✐s ♦❢ t❤❡✱ ✐♥
❣❡♥❡r❛❧✱ ❛♥✐s♦tr♦♣✐❝ ❣ t❡♥s♦r ❛♥❞ ✐s ❧❡ss ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts✳ ❍♦✇✲
❡✈❡r✱ ❛ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ❛♥ ❛♥✐s♦tr♦♣✐❝ ❣ ✈❛❧✉❡ ❧❡❛❞s t♦ ♦✈❡r♣❛r❛♠❡t❡r✐③❛t✐♦♥ ❜❡❝❛✉s❡
t❤❡ ▼sat ❤❛s ♥♦t ❜❡❡♥ r❡❛❝❤❡❞ ✐♥ t❤❡ ❛❝❝❡ss✐❜❧❡ ✜❡❧❞ ♦❢ ✺✺✺ ❦❖❡✳

❆❧t❤♦✉❣❤ t❤❡ ❤✐❣❤ t❡♠♣❡r❛t✉r❡ ❛♥❞ ❤✐❣❤ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❛♥❣❡s ❛r❡ ✇❡❧❧ ❞❡s❝r✐❜❡❞
❜② t❤❡ r❡s♣❡❝t✐✈❡ ♦♣t✐♠✐③❡❞ ♣❛r❛♠❡t❡r s❡ts✱ t❤❡ ❞❛t❛ ❝❧❡❛r❧② ❞✐✈❡r❣❡ ♦♥ ❧♦✇❡r✲❡♥❡r❣②
s❝❛❧❡s✳ ❊s♣❡❝✐❛❧❧② t❤❡ ❞✐♠✐♥✐s❤❡❞ s❧♦♣❡ ♦❢ ❧♦✇✲✜❡❧❞ ♠❛❣♥❡t✐③❛t✐♦♥ ✭❋✐❣✉r❡ ✹✳✺ ❇✮
❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ s✐♠✉❧❛t✐♦♥ ✐♠♣❧✐❡s ❛♥ ✐♥✢✉❡♥❝❡ ♦❢ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ ✐♥t❡r♠♦❧❡❝✲
✉❧❛r ✐♥t❡r❛❝t✐♦♥s✳ ❈❧♦s❡r ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❛r ♣❛❝❦✐♥❣ s❝❤❡♠❡ s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✹✳✺ ❛s ✇❡❧❧ ❛s ❋✐❣✉r❡ ❆✳✹ s✉♣♣♦rts ❛ s❝❡♥❛r✐♦ ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♠❛❣♥❡t✐❝
❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦r✐♥❣ ❈♦✭■■✮ ♠♦♠❡♥ts ♠❡❞✐❛t❡❞ ✈✐❛ ❤②❞r♦❣❡♥
❜♦♥❞s✳ ❚♦ ❡st✐♠❛t❡ t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ✐♥t❡r♠♦❧❡❝✉❧❛r ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥s✱
✇❡ ♣❡r❢♦r♠❡❞ ◗✉❛♥t✉♠ ▼♦♥t❡ ❈❛r❧♦ ✭◗▼❈✮ s✐♠✉❧❛t✐♦♥s ♦♥ ❛ ❝✉❜✐❝ ❧❛tt✐❝❡ ✇✐t❤ ❛♥
❡❞❣❡ ❧❡♥❣t❤ ♦❢ ▲ ❂ ✶✵ ➴✳ ❚♦ r❡❞✉❝❡ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ s②st❡♠✱ ✇❡ ❛♣♣r♦①✐♠❛t❡❞
t❤❡ ❧♦❝❛❧✐③❡❞ ❈♦✭■■✮ ♠♦♠❡♥ts ❛s ■s✐♥❣ s♣✐♥s ♦❢ t❤❡ ❧❡♥❣t❤ ❙z ❂ ✸✴✷✱ ✇❤✐❝❤ ✐s ✇❡❧❧ ❥✉s✲
t✐✜❡❞ ❛t ❧♦✇ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛♥❞ t❡♠♣❡r❛t✉r❡s ✇❤❡r❡ ♦♥❧② t❤❡ ♠S = ±✸✴✷ ❑r❛♠❡rs
❞♦✉❜❧❡t ✐s ♣♦♣✉❧❛t❡❞ s✐❣♥✐✜❝❛♥t❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❤✐❣❤ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ ✐♥❞✉❝❡❞ ❜②
❛①✐❛❧ ❛♥✐s♦tr♦♣②✳❬✾✶❪ ❚❤✉s✱ t❤❡ ❡①❝❤❛♥❣❡ ❝♦✉♣❧✐♥❣ ❍❛♠✐❧t♦♥✐❛♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❬✾✷❪

H = −J
∑

<i,j>

S⃗z
i S⃗

z
j . ✭✹✳✸✮

❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❛r❡ s❤♦✇♥ ❛s ❜❧✉❡ ✜❧❧❡❞ sq✉❛r❡s ✐♥ ❋✐❣✉r❡ ✹✳✺ ❇✳ ❚❤❡ ❡①♣❡r✐✲
♠❡♥t❛❧ ❞❛t❛ ✭♦♣❡♥ ❜❧❛❝❦ ❝✐r❝❧❡s ✐♥ ❋✐❣✉r❡ ✹✳✺ ❇✮ ❛r❡ ✇❡❧❧ ❞❡s❝r✐❜❡❞ ❜② t❤❡ s✐♠✉❧❛t✐♦♥✱
✇✐t❤ ❛ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t ❏ ❂ ✲✵✳✹✺✭✺✮ ❑ ✐♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❛♥❣❡ ❜❡❧♦✇ ✺✵ ❦❖❡✳
❚❤❡ ❡✛❡❝t✐✈❡ ❣ ✈❛❧✉❡ ✐s ✜①❡❞ t♦ ❣z ❂ ✸✳✵✻✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛①✐♠✉♠ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡
❝❛❧❝✉❧❛t❡❞ ❣ t❡♥s♦r ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳ ❆s ❡①♣❡❝t❡❞✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ■s✐♥❣ s♣✐♥ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ✉s❡❞✱ t❤❡ ◗▼❈ s✐♠✉❧❛t✐♦♥ r❡s✉❧t ❞✐✈❡r❣❡s ❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✇✐t❤
✐♥❝r❡❛s✐♥❣ ✜❡❧❞s✱ ✇❤❡r❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✜♥✐t❡ ❛♥✐s♦tr♦♣② ❜❡❝♦♠❡s ♥♦♥✲♥❡❣❧✐❣✐❜❧❡✳
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✹✳✸✳✸✳ ❊①♣❡r✐♠❡♥t❛❧ ❉❡t❛✐❧s

❉❈ ♠❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❛ ♣❤②s✐❝❛❧ ♣r♦♣❡rt② ♠❡❛s✉r❡✲
♠❡♥t s②st❡♠ ✭PP▼❙✮ ❱❙▼ ♠❛❣♥❡t♦♠❡t❡r ❛s ✇❡❧❧ ❛s ❛♥ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt② ♠❡❛s✉r❡✲
♠❡♥t s②st❡♠ ✭▼P▼❙✮ ♠❛❣♥❡t♦♠❡t❡r ❢r♦♠ ◗✉❛♥t✉♠ ❉❡s✐❣♥ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ✶✹ ❚
❛♥❞ ✼ ❚ ♠❛❣♥❡t✱ r❡s♣❡❝t✐✈❡❧②✳ P✉❧s❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♠❛❣♥❡t✐③❛t✐♦♥ ✇❛s ♠❡❛s✉r❡❞ ✉♣
t♦ ✺✺✺ ❦❖❡ ❛t t❤❡ ❍✐❣❤ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ▲❛❜♦r❛t♦r② ❉r❡s❞❡♥ ❜② ❛♥ ✐♥❞✉❝t✐♦♥ ♠❡t❤♦❞
✉s✐♥❣ ❛ ❝♦❛①✐❛❧ ♣✐❝❦✲✉♣ ❝♦✐❧ s②st❡♠✳❬✾✸❪ ❚❤❡ t♦t❛❧ ♣✉❧s❡ ❞✉r❛t✐♦♥ t✐♠❡ ✇❛s ✷✺ ♠s✳
❇❡❝❛✉s❡ ♦❢ t❤❡ s❤♦rt r✐s❡ t✐♠❡ ♦❢ ♦♥❧② ✼ ♠s✱ t❤❡ ✉♣✲s✇❡❡♣ ❞❛t❛ s❤♦✇❡❞ ❛ s✐❣♥✐✜❝❛♥t
✐♥✢✉❡♥❝❡ ♦❢ ❤②st❡r❡t✐❝ ❡✛❡❝ts✱ ✇❤✐❝❤ ✐s ✇❤② ♦♥❧② t❤❡ ❞❛t❛ ♦❜t❛✐♥❡❞ ❞✉r✐♥❣ t❤❡ ♠✉❝❤
s❧♦✇❡r ❞♦✇♥ s✇❡❡♣ ✇❡r❡ ✉s❡❞ ❢♦r ❡✈❛❧✉❛t✐♦♥✳ ❚❤❡ ♣✉❧s❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♠❛❣♥❡t✐③❛✲
t✐♦♥ ❞❛t❛ ✇❡r❡ ❝❛❧✐❜r❛t❡❞ t♦ t❤❡ st❛t✐❝ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♠❡❛s✉r❡♠❡♥t ✭❋✐❣✉r❡ ✹✳✺✱ ✐♥s❡t✮✳
❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ✇❛s ❞♦♥❡ ✉s✐♥❣ t❤❡ ❊❛s②❙♣✐♥ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡ ❬✻✻❪ ❛s ✇❡❧❧ ❛
◗▼❈ ♠❡t❤♦❞ ✇✐t❤ t❤❡ st♦❝❤❛st✐❝ s❡r✐❡s ❡①♣❛♥s✐♦♥ ❛❧❣♦r✐t❤♠ ❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡
❆❧❣♦r✐t❤♠s ❛♥❞ ▲✐❜r❛r✐❡s ❢♦r P❤②s✐❝s ❙✐♠✉❧❛t✐♦♥s ✭❆▲P❙✮ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡✳❬✾✹✱ ✾✺❪

✹✳✸✳✹✳ ❈♦♥❝❧✉s✐♦♥

❲✐t❤✐♥ t❤✐s s❡❝t✐♦♥✱ ❛ ❈♦✭■■✮ ♠♦♥♦♥✉❝❧❡❛r ❝♦♠♣❧❡① ✇✐t❤ ❛ ❧❛r❣❡ ❛①✐❛❧ ❛♥✐s♦tr♦♣② ✇❛s
st✉❞✐❡❞✳ ❇② ❡①tr❛♣♦❧❛t✐♥❣ ♣✉❧s❡❞ ✜❡❧❞ ♠❛❣♥❡t✐s❛t✐♦♥ ❞❛t❛✱ t❤❡ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡r
D ❂ ✲✻✸✭✶✵✮ ❝♠−1 ✇❛s ❞❡✜♥❡❞ ❛s ✇❡❧❧ ❛s ❛♥ ❛✈❡r❛❣❡❞ g✲✈❛❧✉❡ ♦❢ ✷✳✺✸✭✺✮✳ ❆ ❝♦♠♣❛r✐s♦♥
♦❢ ♠❛❣❡♥t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥t ♠❛❣♥❡t✐s❛t✐♦♥ ❞❛t❛ t♦ t❤❡ r❡s✉❧ts ♦❢ ❛ ◗▼❈ s✐♠✉❧❛t✐♦♥
❢✉rt❤❡r r❡✈❡❛❧❡❞ ❛♥ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ✵✳✺ ❑✳

■♥ ❝♦♥❝❧✉s✐♦♥ ✐t ✇❛s s❤♦✇♥✱ t❤❛t ❜② ❛ ❝♦♥s✐❞❡r❛t❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t s♣✐♥
♠♦❞❡❧s ✇❤✐❝❤ ❛r❡ ❛❞❥✉st❡❞ t♦ t❤❡✐r r❡s♣❡❝t✐✈❡ ❡♥❡r❣② s❝❛❧❡✱ ✐✳❡✳ ❛ s✐♥❣❧❡✲✐♦♥ ♠♦❞❡❧ ❢♦r
t❤❡ ❤✐❣❤ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ✇❤❡r❡ t❤❡ ❛①✐❛❧ ❛♥✐s♦tr♦♣② ✐s t❤❡ ♣r❡❞♦♠✐♥❛♥t ♣❛r❛♠❡t❡r
❛♥❞ ❛ ❝♦rr❡❧❛t❡❞ ♠♦❞❡❧ ✐♥ t❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ t♦ ❛❝❝♦✉♥t ❢♦r ✐♥t❡r♠♦❧❡❝✉❧❛r
✐♥t❡r❛❝t✐♦♥s✱ ❛ ❝♦♥❝❧✉s✐✈❡ ♣✐❝t✉r❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛ ♠♦❧❡❝✉❧❛r ❈♦✭■■✮
s②st❡♠ ❝❛♥ ❜❡ ❜✉✐❧❞✳
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✹✳✹✳ ❚❤❡ ❘♦❧❡ ♦❢ ❈♦♦r❞✐♥❛t✐♦♥ ●❡♦♠❡tr② ♦♥ t❤❡

▼❛❣♥❡t✐❝ ❘❡❧❛①❛t✐♦♥ ❉②♥❛♠✐❝s ♦❢ ■s♦♠❡r✐❝

❋✐✈❡ ❈♦♦r❞✐♥❛t❡❞ ❈♦✭■■✮ ▲♦✇ ❙♣✐♥ ❈♦♠♣❧❡①❡s

❆❧♠♦st ✸✵ ②❡❛rs ❛❢t❡r t❤❡ ✜rst ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ❛r✐s✐♥❣ ♣✉r❡❧② ❢r♦♠
❛♥ ✐s♦❧❛t❡❞ ♠❡t❛❧✲♦r❣❛♥✐❝ ♠♦❧❡❝✉❧❡✱❬✺❪ t❤❡ r❡s❡❛r❝❤ ❝♦♠♠✉♥✐t② ✐s st✐❧❧ ❢♦❝✉s✐♥❣ ♠❛✐♥❧②
♦♥ t❤❡ t✉♥✐♥❣ ❛♥❞ ❡♥❤❛♥❝❡♠❡♥t ♦❢ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ✐♥ s✉❝❤ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐❝
♠❛t❡r✐❛❧s t♦ ✜♥❞ ❛♣♣❧✐❝❛❜❧❡ s♦❧✉t✐♦♥s ❢♦r ❤✐❣❤✲❞❡♥s✐t② ❞❛t❛ st♦r❛❣❡s ♦♥ t❤❡ ♠♦❧❡❝✉❧❛r
s❝❛❧❡✳❬✾✻✕✶✵✸❪ ❊✈❡♥ t❤♦✉❣❤ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ r❡❧❛①❛t✐♦♥ t✐♠❡ ❚1✱ ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡
❧✐❢❡t✐♠❡ ♦❢ ❛ ❝❧❛ss✐❝❛❧ ❜✐t✱ ❝❛♥ ✐♥❞❡❡❞ ❜❡ tr❡♠❡♥❞♦✉s❧② ❡♥❤❛♥❝❡❞ ❜② ❤✐❣❤ ❛♥✐s♦tr♦♣②
❜❛rr✐❡rs✱ ❢♦r q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❛♥❞ ♣r♦❝❡ss✐♥❣ ✐t ✐s ❛❝t✉❛❧❧② t❤❡ tr❛♥s✈❡rs❛❧ r❡❧❛①✲
❛t✐♦♥ t✐♠❡ ❚2 ✇❤✐❝❤ ✐s t❤❡ ❧✐♠✐t✐♥❣ ♣❛r❛♠❡t❡r s✐♥❝❡ ✐t ♠❡❛s✉r❡s t❤❡ ♠❡♠♦r② t✐♠❡ ♦❢
❛ s✉♣❡r♣♦s✐t✐♦♥❡❞ st❛t❡✳❬✶✵✹✱ ✶✵✺❪

❲✐t❤✐♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ ❧♦✇ s♣✐♥ ❈♦✭■■✮ ✐♦♥s ❛r❡
✐♥✈❡st✐❣❛t❡❞ ✇❤✐❝❤ ✜❣✉r❡ ❛♥ ❙ ❂ ✶✴✷ st❛t❡✳ ❙ ❂ ✶✴✷ s②st❡♠s ❤❛✈❡ ♥♦ ❛♥✐s♦tr♦♣②
❜❛rr✐❡r ❛♥❞ s❤♦✇ ❝♦♥s❡q✉❡♥t❧② ♥♦ r❡♠❛♥❡♥t ♠❛❣♥❡t✐s❛t✐♦♥ ❛t ③❡r♦ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝
✜❡❧❞s✳ ❍♦✇❡✈❡r✱ t❤❡② ❝❛♥ ♣r♦✈✐❞❡ ❧♦♥❣ tr❛♥s✈❡rs❛❧ r❡❧❛①❛t✐♦♥ t✐♠❡s ✉♣ t♦ ❤✐❣❤ t❡♠✲
♣❡r❛t✉r❡s✱ ✐❢ ❛ s♠❛❧❧ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞ ❞✉❡ t♦ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❡①❝✐t❡❞
❡♥❡r❣② ❧❡✈❡❧s ✇❤✐❝❤ ❝♦✉❧❞ ♣r♦♠♦t❡ t❤❡ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss✳❬✶✵✹✱ ✶✵✻❪ ❚❤❡ ♦❜s❡r✈❛t✐♦♥
❛♥❞ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡s❡ ❧♦♥❣ r❡❧❛①❛t✐♦♥ t✐♠❡s ✐s✱ ❛❧t❤♦✉❣❤✱ ❝♦♠♣❛r❡❞ t♦ ❙ ❃ ✶✴✷
s②st❡♠s ♦♥❧② r❛r❡❧② r❡♣♦rt❡❞ ✐♥ ❧✐t❡r❛t✉r❡ ❞✉❡ t♦ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ s♣✐♥✲s♣✐♥ ❛♥❞ ❤②♣❡r✲
✜♥❡ ✐♥t❡r❛❝t✐♦♥s✳❬✼✺✱ ✶✵✹✱ ✶✵✼✕✶✶✶❪ ❊s♣❡❝✐❛❧❧② ✐♥ ♠❛❣♥❡t✐❝❛❧❧② ♥♦♥✲❞✐❧✉t❡❞ s②st❡♠s✱
❡✈❡♥ ✇❡❛❦ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ❝❛♥ s✉♣♣r❡ss t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ ❛ s❧♦✇ r❡❧❛①✲
❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐s❛t✐♦♥ ❜❡❤❛✈✐♦✉r✳ ❉♦✇♥ t♦ t❤❡ ♣r❡s❡♥t ❞❛② ❛♥❞ t♦ ♠② ❦♥♦✇❧❡❞❣❡✱ ✐♥
t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛ ♥♦♥✲❞✐❧✉t❡❞ ❈♦✭■■✮ ❧♦✇ s♣✐♥ ♠♦♥♦♠❡r✐❝ ❝♦♠♣❧❡①✱ ♦♥❧② t❤r❡❡ ❡①✲
❛♠♣❧❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❧✐t❡r❛t✉r❡ ✇❤✐❝❤ ✜❣✉r❡ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥❞✉❝❡❞ s❧♦✇ r❡❧❛①❛t✐♦♥
♦❢ ♠❛❣♥❡t✐s❛t✐♦♥ ❜❡❤❛✈✐♦✉r✳❬✼✺✱ ✶✶✷✱ ✶✶✸❪

✹✳✹✳✶✳ ▼♦❧❡❝✉❧❛r ❙tr✉❝t✉r❡

❙❧✐❣❤t❧② ❞✐✛❡r❡♥t s②♥t❤❡t✐❝ ♣r♦❝❡❞✉r❡s✱ ✐✳❡✳ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❛❞❞❡❞ ♣r❡❝✉r✲
s♦rs ❛❧❧♦✇s t♦ ✐s♦❧❛t❡ t✇♦ ❞✐✛❡r❡♥t ❣❡♦♠❡tr✐❝ ✐s♦♠❡rs ✇✐t❤ t❤❡ s❛♠❡ ❣❡♥❡r❛❧ ♠♦❧❡❝✉❧❛r
❢♦r♠✉❧❛✿ ❬❈♦✭❉PP❊✮2❈❧❪✭❙♥❈❧3✮✳✽ ❚❤❡ ♦❜t❛✐♥❡❞ s❛♠♣❧❡s ❝❛♥ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ♥♦t
♦♥❧② ❜② t❤❡✐r ❝❤❛r❛❝t❡r✐st✐❝ ❝♦❧♦✉r ✭♦r❛♥❣❡✲r❡❞ ❛♥❞ ❞❛r❦✲❣r❡❡♥✮✱ ❜✉t ♠♦r❡ ✐♠♣♦r✲
t❛♥t❧② ✜❣✉r❡ ❛ ❞✐✛❡r❡♥t ❝♦♦r❞✐♥❛t✐♦♥ ❣❡♦♠❡tr② ❛r♦✉♥❞ t❤❡ ❝❡♥tr❛❧ ❈♦✭■■✮ ✐♦♥✱ ♥❛♠❡❧②
❛ sq✉❛r❡✲♣②r❛♠✐❞❛❧ ✭❤❡r❡❛❢t❡r ♥❛♠❡❞ ❈♦✲❙P✱ ✶✮ ❛♥❞ ❛ tr✐❣♦♥❛❧✲❜✐♣②r❛♠✐❞❛❧ ✭❤❡r❡❛❢t❡r
♥❛♠❡❞ ❈♦✲❚❇P✱ ✷✮ ❝♦♦r❞✐♥❛t✐♦♥ ❡♥✈✐r♦♥♠❡♥t✱ r❡s♣❡❝t✐✈❡❧②✳ ❍❡♥❝❡✱ t❤❡ ❢❛❝t t❤❛t t❤❡
t✇♦ ✐s♦❧❛t❡❞ s❛♠♣❧❡s ❛r❡ r❡❛❧ ❣❡♦♠❡tr✐❝❛❧ ✐s♦♠❡rs ❛s ✇❡❧❧ ❛s str✉❝t✉r❛❧ ♣♦❧②♠♦r♣❤s
♣r♦✈✐❞❡s t❤❡ r❛r❡ ♦♣♣♦rt✉♥✐t② t♦ ❞✐r❡❝t❧② ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝❛❧
❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ❝♦♦r❞✐♥❛t✐♦♥ ❡♥✈✐r♦♥♠❡♥t ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ❢♦r ❛ ❈♦✭■■✮

✽❚❤❡ s❛♠♣❧❡s ✇❡r❡ s②♥t❤❡s✐s❡❞ ❛♥❞ str✉❝t✉r❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❙✳ ❚r✐♣❛t❤✐ ✭■■❚ ❇♦♠❜❛②✮✳ ❇♦t❤
♦❢ t❤❡ s②♥t❤❡s✐③❡❞ ❝♦♠♣❧❡①❡s ✇❡r❡ ✐♥✐t✐❛❧❧② r❡♣♦rt❡❞ ❜② ❙t❛❧✐❝❦ ❡t ❛❧✳✱ s❡❡ r❡❢✳ ❬✶✶✹✕✶✶✻❪✳

✹✹



❧♦✇ s♣✐♥ s②st❡♠✳

❋✐❣✳ ✹✳✻ s❤♦✇s t❤❡ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ ✶ ✭✜❣✳ ✹✳✻ ✭❛✮✮ ❛♥❞ ✷ ✭✜❣✳ ✹✳✻ ✭❜✮✮✳ ❚❤❡
❝❡♥tr❛❧ ❈♦✭■■✮ ✐♦♥ ✐s s✉rr♦✉♥❞❡❞ ❜② ❢♦✉r ♣❤♦s♣❤♦r ❧✐❣❛♥❞s ❛s ✇❡❧❧ ❛s ♦♥❡ ❝❤❧♦r✐❞❡ ✐♦♥
✐♥ t❤❡ ❛♣✐❝❛❧ ♣♦s✐t✐♦♥✳ ❈♦♥t✐♥✉♦✉s s❤❛♣❡ ♠❡❛s✉r❡♠❡♥ts✱ ✇❤✐❝❤ ✇❡r❡ ♣❡r❢♦r♠❡❞ ❜②
❙✳ ❚r✐♣❛t❤✐✱ r❡✈❡❛❧❡❞✱ t❤❛t ❜♦t❤ ❝♦♠♣❧❡①❡s ✜❣✉r❡ ❛ s❧✐❣❤t ❞✐st♦rt✐♦♥ ❢r♦♠ t❤❡✐r ✐❞❡❛❧
sq✉❛r❡✲♣②r❛♠✐❞❛❧ ♦r t❡tr❛❣♦♥❛❧✲❜✐♣②r❛♠✐❞❛❧ ❣❡♦♠❡tr②✳ ❇♦t❤ ❝♦♠♣❧❡①❡s ❛r❡ ✐♥ ❛ ❧♦✇
s♣✐♥ ❙ ❂ ✶✴✷ ❣r♦✉♥❞ st❛t❡✱ ❛s ✐t ✇❛s ♣r❡✈✐♦✉s❧② ❢♦✉♥❞ ❜② ❙t❛❧✐❝❦ ❡t ❛❧✳ ❡♠♣❧♦②✐♥❣
119❙♥▼öss❜❛✉❡r ♠❡❛s✉r❡♠❡♥ts ❬✶✶✺❪ ❛♥❞ ❢✉rt❤❡r ❝♦♥✜r♠❡❞ ❜② t❤❡ ❞❝ s✉s❝❡♣t✐❜✐❧✐t②
❛♥❞ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✳

(a) (b)

❋✐❣✉r❡ ✹✳✻✳✿ ▼♦❧❡❝✉❧❛r str✉❝t✉r❡ ❢♦r ❝♦♠♣❧❡①❡s ✶ ✭❛✮ ❛♥❞ ✷ ✭❜✮✳ ❇❧✉❡✱ ❈♦❀ ❧✐❣❤t ❣r❡②✱
P❀ ❣r❡❡♥✱ ❈❧❀ ❜r♦✇♥✱ ❈❀ ✇❤✐t❡✱ ❍✳ ❬✶✶✹✕✶✶✻❪

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ✭❝❤❛♣✳ ✹✳✹✳✷✱ ✹✳✹✳✸✱ ✹✳✹✳✹ ❛♥❞ ✹✳✹✳✺✮ ✇❡r❡ ✇r✐tt❡♥ ❜② ▲✳
❙♣✐❧❧❡❝❦❡ ❛♥❞ ❛r❡ ♣❛rt ♦❢ ❛ r❡s❡❛r❝❤ ❛rt✐❝❧❡ ✭▲✳ ❙♣✐❧❧❡❝❦❡ ❡t ❛❧✳✮ ✇❤✐❝❤ ❤❛s ❜❡❡♥ s✉❜✲
♠✐tt❡❞ t♦ t❤❡ ❥♦✉r♥❛❧ ■♥♦r❣❛♥✐❝ ❈❤❡♠✐str②✳

✹✳✹✳✷✳ ❙t❛t✐❝ ▼❛❣♥❡t✐❝ Pr♦♣❡rt✐❡s

❚❡♠♣❡r❛t✉r❡✲❞❡♣❡♥❞❡♥t ❞✐r❡❝t ❝✉rr❡♥t ✭❞❝✮ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts
♣❡r❢♦r♠❡❞ ✐♥ ❛ r❛♥❣❡ ❜❡t✇❡❡♥ ✶✳✽ ❑ ❛♥❞ ✸✵✵ ❑ ♦♥ ♣♦❧②❝r②st❛❧❧✐♥❡ ✜①❡❞ ♣♦✇❞❡r s❛♠✲
♣❧❡s ♦❢ ✶ ❛♥❞ ✷ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ B ❂ ✶ ❚ ❛r❡ s❤♦✇♥ ✐♥
❋✐❣✉r❡s ✹✳✼ ✭❛✮ ❛♥❞ ✭❜✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❜♦t❤ s❛♠♣❧❡s✱ t❤❡ χM❚ ✈❛❧✉❡ ✜❣✉r❡s ❛ ❝♦♥✲
st❛♥t ❜❡❤❛✈✐♦r ✐♥ ❛ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ❜❡t✇❡❡♥ ✷✺ ❑ ❛♥❞ ✸✵✵ ❑✳ ❚❤✐s ❝♦♥st❛♥t χM❚
✈❛❧✉❡ ♦❢ ✵✳✹✹ ❝♠3 ❑ ♠♦❧−1 ❛♥❞ ✵✳✺ ❝♠3 ❑ ♠♦❧−1 ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✐s♦❧❛t❡❞ ❈♦✭■■✮
❧♦✇✲s♣✐♥ ❞♦✉❜❧❡t ❣r♦✉♥❞ st❛t❡ ✭❙ ❂ ✶✴✷✮ ✇✐t❤ t❤❡ ❛✈❡r❛❣❡ g✲✈❛❧✉❡ ♦❢ gav ❂ ✷✳✶✾✭✺✮ ❛♥❞
✷✳✸✸✭✺✮✱ ❢♦r ✶ ❛♥❞ ✷✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ✜❡❧❞✲❞❡♣❡♥❞❡♥t ♠❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts
♦♥ ✶ ❛♥❞ ✷ ❛r❡ s❤♦✇♥ ❛s ❛♥ ✐♥s❡t ✐♥ ❋✐❣✉r❡ ✹✳✼ ✭❛✮ ❛♥❞ ✭❜✮✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r ❛♥ ❡①t❡r✲
♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❛♥❣❡ ❜❡t✇❡❡♥ ✵ ❚ ❛♥❞ ✼ ❚ ❛t ✈❛r✐♦✉s ✐s♦t❤❡r♠❛❧ ❝♦♥❞✐t✐♦♥s ✭T ❂
✷✱ ✸✱ ❛♥❞ ✺ ❑✮✳ ❈♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❧♦✇✲s♣✐♥ ❣r♦✉♥❞ st❛t❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❈♦✭■■✮

✹✺



✐♦♥s ✐♥ ❜♦t❤ ❝♦♠♣❧❡①❡s ✭✶ ❛♥❞ ✷✮✱ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t t❡♥❞s t♦ s❛t✉r❛t❡ ❛r♦✉♥❞
✶✳✵ µB✴❢✳✉✳ ❛♥❞ ✶✳✶ µB✴❢✳✉✳ ❛t ✷✳✵ ❑✱ r❡s♣❡❝t✐✈❡❧②✳ ❙♦❧✐❞ r❡❞ ❧✐♥❡s ✐♥ ❋✐❣✉r❡ ✷ s❤♦✇ ❛
s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ✭❙❍✮

H = gµBB⃗ · S⃗ ✭✹✳✹✮

✇✐t❤ t❤❡ ❇♦❤r ♠❛❣♥❡t♦♥ µB✱ s♣✐♥ S⃗✱ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ B⃗ ❛♥❞ t❤❡ g✲✈❛❧✉❡s ♦❜✲
t❛✐♥❡❞ ❢r♦♠ t❤❡ ❳✲❊P❘ ♠❡❛s✉r❡♠❡♥ts ✇❤✐❝❤ ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳ ❚♦
❛❝❝♦✉♥t ❢♦r s♠❛❧❧ ❞❡✈✐❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❞❛t❛ ✐♥✲
❞✉❝❡❞ ❜② t❤❡ ❡rr♦r✲❜❛rs ♦❢ ♠❛ss ❞❡t❡r♠✐♥❛t✐♦♥✱ ❛ s❝❛❧✐♥❣ ❢❛❝t♦r ♦❢ ✵✳✾✻ ❛♥❞ ✶✳✵✻ ❤❛❞
t♦ ❜❡ ✐♥tr♦❞✉❝❡❞ ❢♦r ✶ ❛♥❞ ✷✱ r❡s♣❡❝t✐✈❡❧②✱ t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ ❝♦♥s✐st❡♥❝② ❜❡t✇❡❡♥
t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥✳ ❇♦t❤✱ t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞
❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ✐s ✇❡❧❧ ❡①♣❧❛✐♥❡❞ ❜② t❤✐s ♠♦❞❡❧ ♦✈❡r t❤❡
✇❤♦❧❡ ♠❡❛s✉r❡♠❡♥t r❛♥❣❡✳ ❚❤❡ ✐♥✈❡rs❡ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ✭χ−1

M ✮ s❤♦✇♥ ✐♥ ❋✐❣✲
✉r❡ ❆✳✺ ✭❛✮ ❛♥❞ ✭❜✮ ❢♦r ✶ ❛♥❞ ✷✱ r❡s♣❡❝t✐✈❡❧②✱ ❝❛♥ ❜❡ ✜tt❡❞ ❜② ❛ ❈✉r✐❡ ❧❛✇ ✭s❡❡ r❡❞
❞❛s❤❡❞ ❧✐♥❡s ✐♥ ❋✐❣✉r❡ ❆✳✺ ✭❛✮ ❛♥❞ ✭❜✮✮✱ ✐✳❡✳✱ t❤❡ ❲❡✐ss t❡♠♣❡r❛t✉r❡ ✐♥ ❛ ❈✉r✐❡✲❲❡✐ss
❛♣♣r♦①✐♠❛t✐♦♥ ✐s ③❡r♦ ✇✐t❤✐♥ ❡rr♦r ❜❛rs ❛♥❞ t❤✉s✱ ♥♦ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ❛r❡
❞❡t❡❝t❡❞ ♦♥ t❤❡ ♦❜s❡r✈❡❞ ❡♥❡r❣② s❝❛❧❡✳

❋✐❣✉r❡ ✹✳✼✳✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❞❝ s✉s❝❡♣t✐❜✐❧✐t② ❢♦r ✶ ✭❛✮ ❛♥❞ ✷ ✭❜✮ ♠❡❛✲
s✉r❡❞ ✐♥ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ B ❂ ✶ ❚✳ ■♥s❡t✿ ❉❝✲♠❛❣♥❡t✐③❛t✐♦♥
❢♦r ✶ ❛♥❞ ✷ ✈s✳ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t ✈❛r✐♦✉s t❡♠♣❡r❛t✉r❡s✳ ❘❡❞
s♦❧✐❞ ❧✐♥❡s ✐♥ ❛❧❧ ♣❧♦ts s❤♦✇ ❛ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ t❤❡ g✲✈❛❧✉❡ ♦❜t❛✐♥❡❞ ❢r♦♠
t❤❡ ❳✲❊P❘ ♠❡❛s✉r❡♠❡♥ts ❝♦♥s✐❞❡r✐♥❣ ❛ s❝❛❧✐♥❣ ❢❛❝t♦r ♦❢ ✵✳✾✻ ❛♥❞ ✶✳✵✻
❢♦r ✶ ❛♥❞ ✷✱ r❡s♣❡❝t✐✈❡❧②✱ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❡rr♦r ✐♥ t❤❡ s❛♠♣❧❡ ✇❡✐❣❤t✳

❚❤❡ ♦❜t❛✐♥❡❞ g✲✈❛❧✉❡s ❢♦r ✶ ❛♥❞ ✷ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♦♥❡s r❡♣♦rt❡❞ ❢♦r ♦t❤❡r
❧♦✇✲s♣✐♥ ❈♦✭■■✮ ❝♦♠♣❧❡①❡s ✇✐t❤ ♣❧❛♥❛r ♦r sq✉❛r❡✲♣②r❛♠✐❞❛❧ ❝♦♦r❞✐♥❛t✐♦♥ ❣❡♦♠❡tr②✳
❬✶✶✼✕✶✶✾❪ ❋✉rt❤❡r♠♦r❡ ✇❡ ✜♥❞ t❤❛t t❤❡ ❛✈❡r❛❣❡❞ g✲✈❛❧✉❡ ❢♦r ❡❛❝❤ ❝♦♠♣❧❡① ✐s ❧❛r❣❡r
t❤❛♥ t❤❡ s♣✐♥✲♦♥❧② ✈❛❧✉❡ ♦❢ ✷✳✵✵✷✸ ✇❤✐❝❤ ✐♠♣❧✐❡s ❛ ♥♦♥✲③❡r♦ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ s♣✐♥✲♦r❜✐t
❝♦✉♣❧✐♥❣ ❛♥❞ ✐s ❜② t❤✐s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❛♥✐s♦tr♦♣✐❝ g✲✈❛❧✉❡ ♦❢ t❤❡ ❣r♦✉♥❞ s♣✐♥ ❞♦✉❜❧❡t
st❛t❡ ❛s ✐t ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳
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✹✳✹✳✸✳ ❳✲❜❛♥❞ ❛♥❞ ❍❋✲❊P❘ ▼❡❛s✉r❡♠❡♥ts

❳✲❜❛♥❞ ❊P❘ s♣❡❝tr❛✾ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✽ ♦♥ s♦❧✐❞ s❛♠♣❧❡s ❝♦♥✜r♠ t❤❡ S ❂ ✶✴✷
❣r♦✉♥❞ st❛t❡ ❛♥❞ ❞✐s♣❧❛② ✇❡❧❧✲r❡s♦❧✈❡❞ r❡s♦♥❛♥❝❡ ❧✐♥❡s ♣r♦✈✐❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♥♦t ♦♥❧②
♦♥ t❤❡ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ g✲❢❛❝t♦rs ❜✉t ❛❧s♦ ❣✐✈❡ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✜♥✐t❡
❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr♦♥✐❝ ❛♥❞ t❤❡ ♥✉❝❧❡❛r s♣✐♥ ■ ❂ ✼✴✷ ♦❢ t❤❡
❈♦✭■■✮ ✐♦♥s✳ ■♥ ❋✐❣✉r❡ ✹✳✽ ✭❛✮ ✐t ✐s s❤♦✇♥✱ t❤❛t ❢♦r ✶ t❤r❡❡ ✇❡❧❧✲r❡s♦❧✈❡❞ r❡s♦♥❛♥❝❡
❢❡❛t✉r❡s ❛r❡ ❞✐st✐♥❣✉✐s❤❡❞ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ t❤r❡❡ ♠❛✐♥ ❛①❡s ♦❢ t❤❡ g✲❢❛❝t♦r✳
❉✉❡ t♦ t❤❡ ❜r♦❛❞❡r ❧✐♥❡ ✇✐❞t❤ ✐♥ ✷✱ t❤❡ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s ❛r❡ ♥♦t ❛s ✇❡❧❧ r❡s♦❧✈❡❞
❛s ❢♦r ✶✳ ❍♦✇❡✈❡r✱ ❛t ❧❡❛st t✇♦ ❞✐✛❡r❡♥t s✐❣♥❛❧ ♣♦s✐t✐♦♥s ❝❛♥ ❜❡ r❡❛❞ ♦✛ ❜② ❡②❡ ❢r♦♠
t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✽ ✭❜✮✳ ❚❤❡ s♣❡❝tr❛ ❢♦r ❜♦t❤ s❛♠♣❧❡s ✜❣✉r❡ ❛♥
❛♥✐s♦tr♦♣✐❝ ❧✐♥❡ ❜r♦❛❞❡♥✐♥❣✱ ✇❤✐❝❤ ✇❡ ❛ttr✐❜✉t❡ t♦ ✉♥r❡s♦❧✈❡❞ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥s
✇✐t❤ t❤❡ ♥✉❝❧❡❛r ♠♦♠❡♥t ■ ❂ ✼✴✷ ♦❢ t❤❡ ❈♦✭■■✮✲✐♦♥s✳❬✶✷✵❪ ❚♦ ❛❝❝♦✉♥t ❢♦r t❤✐s✱ ✇❡
✐♥tr♦❞✉❝❡❞ t❤❡ s♦✲❝❛❧❧❡❞ ❍✲str❛✐♥ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ❞❡s❝r✐❜❡s ❛♥ ❛♥✐s♦tr♦♣✐❝ r❡s✐❞✉❛❧
❧✐♥❡ ✇✐❞t❤✳❬✻✻❪ ❍♦✇❡✈❡r ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♠❡♥t✐♦♥✱ t❤❛t ❛♥✐s♦tr♦♣✐❝ ❧✐♥❡ ❜r♦❛❞❡♥✐♥❣
❝❛♥ ❛❧s♦ ❛r✐s❡ ❢r♦♠ t❤❡ g✲str❛✐♥✱ ✐✳❡✳✱ ❢r♦♠ ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ g✲♣r✐♥❝✐♣❛❧ ✈❛❧✉❡s
✐♥❞✉❝❡❞ ❜② ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s✳ ❚♦ ✐♥✈❡st✐❣❛t❡ t❤✐s ♣♦✐♥t ✐♥ ♠♦r❡ ❞❡t❛✐❧✱ ✇❡
r❡❝♦r❞❡❞ ❳✲❜❛♥❞ ❊P❘ s♣❡❝tr❛ ❢♦r ❜♦t❤ ✶ ❛♥❞ ✷ ✐♥ ❞✐❝❤❧♦r♦♠❡t❤❛♥❡ ✭❉❈▼✮ s♦❧✉t✐♦♥
❛t ✺✳✵ ❑ ✭s❡❡ ❋✐❣✉r❡ ❆✳✻✮✶✵✳ ❯♣♦♥ ❞✐ss♦❧✉t✐♦♥ ♦❢ t❤❡ ♦r❛♥❣❡✲r❡❞ ❝r②st❛❧s ♦❢ ✶ ✐♥ ❉❈▼✱
t❤❡ s♦❧✉t✐♦♥ t✉r♥s ❣r❡❡♥ ❛♥❞ t❤❡ ❢r♦③❡♥ s♦❧✉t✐♦♥ ❊P❘ s♣❡❝tr❛ ❛r❡ ❞✐st✐♥❝t❧② ❞✐✛❡r❡♥t
❢r♦♠ t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ s♦❧✐❞ ♣♦✇❞❡r✱ ❜✉t ❛❧♠♦st ♣❡r❢❡❝t❧② r❡s❡♠❜❧❡s t❤❡ ❊P❘
s♣❡❝tr❛ ✇❤✐❝❤ ✇❡r❡ r❡❝♦r❞❡❞ ❢♦r ❝♦♠♣❧❡① ✷ ✭❝♦♠♣❛r❡ ❋✐❣✉r❡ ❆✳✻ ❛♥❞ ❆✳✽✮✳ ❍❡♥❝❡✱
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❝♦♠♣❧❡① ✶ ❝♦♥✈❡rts ✐♥t♦ ✷ ✉♣♦♥ ❞✐ss♦❧✉t✐♦♥ ✐♥ ❉❈▼ ❛♥❞ ❝❛♥ t❤❡r❡❜②
♥♦t ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ✐ts ❞✐ss♦❧✈❡❞ ❢♦r♠✳ ❚❤✐s ❝♦♥❝❧✉s✐♦♥ ✐s ❢✉rt❤❡r ❝♦rr♦❜♦r❛t❡❞ ❜②
t❤❡ ❯❱✲❱✐s s♣❡❝tr✉♠ r❡❝♦r❞❡❞ ❢♦r ✶ ✐♥ ❉❈▼ ✇❤✐❝❤ s❤♦✇s ❛♥ ❛❜s♦r♣t✐♦♥ ♣r♦✜❧❡ s✐♠✐❧❛r
t♦ t❤❛t ♦❜s❡r✈❡❞ ❢♦r ✷ ✐♥ ❉❈▼ ✭s❡❡ ❋✐❣✉r❡ ❆✳✼✮✳ ■♥ ❝♦♥tr❛st t♦ ✶✱ t❤❡ ❊P❘ s♣❡❝tr❛
♦❜t❛✐♥❡❞ ❢♦r ❛ ❢r♦③❡♥ s♦❧✉t✐♦♥ ♦❢ ✷ r❡s❡♠❜❧❡s t❤❡ ♦♥❡s ♠❡❛s✉r❡❞ ♦♥ t❤❡ ♣♦❧②❝r②st❛❧❧✐♥❡
❝♦♠♣♦✉♥❞ ❛t ✺✳✵ ❑ ✭❋✐❣✉r❡ ❆✳✽✮✳ P❛rt✐❝✉❧❛r❧②✱ ✇❡ ❞♦ ♥♦t ♦❜s❡r✈❡ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡
❧✐♥❡✲✇✐❞t❤ ✐♥ t❤❡ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ♦♥ t❤❡ ❞✐ss♦❧✈❡❞ s❛♠♣❧❡ ✷✳ ❋r♦♠ t❤✐s ♦❜s❡r✈❛t✐♦♥✱
✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✱ t❤❛t ♥♦t g✲str❛✐♥✱ ❜✉t ✉♥r❡s♦❧✈❡❞ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥s ❣✐✈❡ ✐♥❞❡❡❞
t❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ♦❜s❡r✈❡❞ ❛♥✐s♦tr♦♣✐❝ ❧✐♥❡✲❜r♦❛❞❡♥✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡
♥❡❣❧❡❝t❛❜❧❡ ✐♥✢✉❡♥❝❡ ♦❢ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ✐s ✐♥ ❧✐♥❡ ✇✐t❤ ♦✉r r❡s✉❧ts ❢r♦♠ t❤❡
❍✐rs❤❢❡❧❞✲❛♥❛❧②s✐s ✭s❡❡ ❋✐❣✉r❡ ❆✳✶✶ ❛♥❞ ❆✳✶✷✮ ❛♥❞ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ χ−1 ✈s✳ ❚
♣❧♦t ✭s❡❡ ❋✐❣✉r❡ ❆✳✺✮✳

❚❤❡ s♦❧✐❞✲st❛t❡ ❊P❘ s♣❡❝tr❛ ♦❢ ❜♦t❤ t❤❡ ❝♦♠♣❧❡①❡s ✶ ❛♥❞ ✷ ✇❡r❡ s✐♠✉❧❛t❡❞ ✉s✐♥❣ t❤❡
❊❛s②❙♣✐♥✲s♦❢t✇❛r❡ ❬✻✻❪ ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✹✳✶✳ ■♥
♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛ ✜♥✐t❡ ❍✲str❛✐♥ ♣❛r❛♠❡t❡r✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ s✐♠✉❧❛t✐♦♥
✇✐t❤ ❥✉st ✐s♦tr♦♣✐❝ ❜r♦❛❞❡♥✐♥❣ ✐s ❣✐✈❡♥ ❛s ❣r❡② ❧✐♥❡s ✐♥ ❋✐❣✉r❡ ✹✳✽ ✇❤✐❝❤ ❝❧❡❛r❧② ❢❛✐❧s
t♦ r❡♣r♦❞✉❝❡ t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ s❤♦✇♥ ❛s ❜❧❛❝❦ ❧✐♥❡s✳

❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❤✐❣❤ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❡♥❛❜❧❡s ❢✉rt❤❡r r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜r♦❛❞
r❡s♦♥❛♥❝❡ ❧✐♥❡s✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ✜①❡❞ ♣♦✇❞❡r s♣❡❝tr❛ ❛t T ❂ ✷ ❑

✾❳✲❇❛♥❞ ❊P❘ s♣❡❝tr❛ ✇❡r❡ r❡❝♦r❞❡❞ ❜② ❙✳ ❚r✐♣❛t❤✐ ✭■■❚ ❇♦♠❜❛②✮ ❛♥❞ ❛♥❛❧②s❡❞ ❛♥❞ ♣❧♦tt❡❞ ❜② ▲✳
❙♣✐❧❧❡❝❦❡✳

✶✵❯❱✲❱✐s ❛♥❞ ❢r♦③❡♥ s♦❧✉t✐♦♥ s♣❡❝tr❛ ✇❡r❡ r❡❝♦r❞❡❞ ❜② ❙✳ ❚r✐♣❛t❤✐ ✭■■❚ ❇♦♠❜❛②✮✳
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❋✐❣✉r❡ ✹✳✽✳✿ ❳✲❜❛♥❞ ❊P❘ s♣❡❝tr❛ ♠❡❛s✉r❡❞ ❛t ❚ ❂ ✺ ❑ ❢♦r ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢
✶ ✭❛✮ ❛t ❢ ❂ ✾✳✸✽✺ ●❍③ ❛♥❞ ✷ ✭❜✮ ❛t ❢ ❂ ✾✳✸✽✷ ●❍③ s❤♦✇♥ ❛s ❜❧❛❝❦ s♦❧✐❞
❧✐♥❡s✳ ❘❡❞ s♦❧✐❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ ❛ s✐♠✉❧❛t✐♦♥ ✐♥❝❧✉❞✐♥❣ ❛♥ ❛♥✐s♦tr♦♣✐❝
❣✲❢❛❝t♦r ❛s ✇❡❧❧ ❛s t❤❡ ❧✐♥❡ ✇✐❞t❤ ω✱ ❤②♣❡r✜♥❡ s♣❧✐tt✐♥❣ ✭❍❋❙✮ ❛♥❞ ❍✲str❛✐♥
s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✶ ❢♦r ✶ ❛♥❞ ✷✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ ❛ ✜♥✐t❡ ❍✲str❛✐♥ ♣❛r❛♠❡t❡r✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ s✐♠✉❧❛t✐♦♥ ✇✐t❤♦✉t
❛♥✐s♦tr♦♣✐❝ ❧✐♥❡ ❜r♦❛❞❡♥✐♥❣ ✐s ❣✐✈❡♥ ❛s ❣r❡② ❧✐♥❡s✳

✐s st✉❞✐❡❞ ✐♥ t❤❡ ❢r❡q✉❡♥❝② r❡❣✐♠❡ ❜❡t✇❡❡♥ ✺✵ ❛♥❞ ✸✵✵ ●❍③ ✭❜❧❛❝❦ s♦❧✐❞ ❧✐♥❡s ✐♥
❋✐❣✉r❡ ✹✳✾✮✳ ❋♦r ❜♦t❤ ✶ ❛♥❞ ✷✱ t❤❡ s♣❡❝tr❛ ❡①❤✐❜✐t t✇♦ ❞✐st✐♥❣✉✐s❤❛❜❧❡ r❡s♦♥❛♥❝❡
❢❡❛t✉r❡s ✇❤✐❝❤ ❡♥❛❜❧❡ r❡❛❞✐♥❣ ♦✛ t❤❡ r❡s♣❡❝t✐✈❡ r❡s♦♥❛♥❝❡ ✜❡❧❞s ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞
t♦ ❝♦♥str✉❝t t❤❡ ❢r❡q✉❡♥❝② ✈s✳ ♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✜❡❧❞ ❞✐❛❣r❛♠ ✭❜❧✉❡ s②♠❜♦❧s ✐♥
❋✐❣✉r❡ ✹✳✾✮✳ ❊①♣❡❝t❡❞❧②✱ ❢♦r ❧♦✇✲s♣✐♥ ❈♦✭■■✮ ❝♦♠♣❧❡①❡s✱ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②
♦❜❡②s ❧✐♥❡❛r ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ✇✐t❤♦✉t ❛ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ ✭❩❋❙✮ ❣❛♣ ✭❜❧✉❡ s♦❧✐❞ ❧✐♥❡s
✐♥ ❋✐❣✉r❡ ✹✳✾✮✳ ❚❤❡ ❞❛t❛ ♦❜t❛✐♥❡❞ ❛t t❤❡ r❡s♣❡❝t✐✈❡ ❤✐❣❤❡st ❢r❡q✉❡♥❝✐❡s✱ ✇❤❡r❡ t❤❡
r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛♥✐s♦tr♦♣✐❝ s♣❡❝tr❛ ✐s ❜❡st✱ ✇❡r❡ ✜tt❡❞ ❜② ✉s✐♥❣ t❤❡ ❙❍ ❊q♥✳ ✹✳✹ ✇✐t❤
❛♥ ❛♥✐s♦tr♦♣✐❝ g✲❢❛❝t♦r✳ ❚❤❡ r❡s✉❧t✐♥❣ ♣❛r❛♠❡t❡rs ✇❡r❡ ✉s❡❞ t♦ s✐♠✉❧❛t❡ t❤❡ s♣❡❝tr❛
♠❡❛s✉r❡❞ ❛t ❧♦✇❡r ❢r❡q✉❡♥❝✐❡s ✐♥ ♦r❞❡r t♦ ❞❡♠♦♥str❛t❡ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ✉s❡❞
♠♦❞❡❧✳ ❚❤❡ ✜t✲r❡s✉❧ts ②✐❡❧❞ g✭✶✮ ❂ ❬✶✳✾✾✭✶✮✱ ✷✳✷✻✭✶✮✱ ✷✳✸✹✭✶✮❪ ❛♥❞ g✭✷✮ ❂ ❬✷✳✵✹✭✶✮✱
✷✳✵✻✭✶✮✱ ✷✳✷✼✭✶✮❪ ✇❤✐❝❤ ❢✉❧❧② ❛❣r❡❡s t♦ t❤❡ ❛♥❛❧②s❡s ♦❢ t❤❡ ❳✲❜❛♥❞ ❊P❘ ❞❛t❛ ❛s s❤♦✇♥
✐♥ ❚❛❜❧❡ ✹✳✶✳✶✶

✶✶❉❋❚✲❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ♣r❡❢♦r♠❡❞ ❜② ❙✳ ❚r✐♣❛t❤✐ ❡t ❛❧✳
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❋✐❣✉r❡ ✹✳✾✳✿ ❍❋✲❊P❘ s♣❡❝tr❛ ♠❡❛s✉r❡❞ ❛t ❚ ❂ ✷ ❑ ♦♥ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡s ♦❢ ✶ ✭❛✮
❛♥❞ ✷ ✭❜✮ ✭❜❧❛❝❦ ❧✐♥❡s✮✳ ❚❤❡ s♣❡❝tr❛ ❛r❡ ♥♦r♠❛❧✐③❡❞ ❛♥❞ s❤✐❢t❡❞ ❜② ❛♥
♦✛s❡t ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ♠❡❛s✉r❡♠❡♥t ❢r❡q✉❡♥❝② ✇❤✐❝❤ ✐s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡
♣❧♦t✳ ❇❧✉❡ s②♠❜♦❧s s❤♦✇ t❤❡ r❡s♦♥❛♥❝❡ ✜❡❧❞ ♣♦s✐t✐♦♥s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡
r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ✜tt❡❞ ❜② ❛ ❧✐♥❡❛r ✜t ✇✐t❤♦✉t ❩❋❙ ❣❛♣
✭❜❧✉❡ s♦❧✐❞ ❧✐♥❡s✮✳ ❘❡❞ s♦❧✐❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ ❛ ✜t ♦r s✐♠✉❧❛t✐♦♥ ✐♥❝❧✉❞✲
✐♥❣ ❛♥ ❛♥✐s♦tr♦♣✐❝ g✲❢❛❝t♦r ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♠❛✐♥ t❡①t✳

✹✳✹✳✹✳ ▼❛❣♥❡t✐③❛t✐♦♥ ❘❡❧❛①❛t✐♦♥ ❉②♥❛♠✐❝ ❙t✉❞✐❡s

▼❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ❛❝✲s✉s❝❡♣t✐❜✐❧✐t② ♦♥ ✶ ❛♥❞ ✷ s❤♦✇ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛♥ ♦✉t✲♦❢✲♣❤❛s❡
❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❞②♥❛♠✐❝ s✉s❝❡♣t✐❜✐❧✐t② ❛t ③❡r♦ ♠❛❣♥❡t✐❝ ❞❝✲✜❡❧❞ ❛s ❡①♣❡❝t❡❞ ❢♦r ❛
s♣✐♥ S ❂ ✶✴✷ s②st❡♠✳ ❋✐❡❧❞✲✐♥❞✉❝❡❞ s❧♦✇ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦r ❝❛♥ ❤♦✇❡✈❡r
❜❡ ♦❜s❡r✈❡❞ ❢♦r ✶ ✇❤❡♥ s♠❛❧❧ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ ❛♣♣❧✐❡❞ ❛s ❞❡♠♦♥str❛t❡❞ ❜②
❛ ♣❡❛❦ ✐♥ χ✑ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❆✳✾ ✭❝✮✳ ❋✐tt✐♥❣ t❤❡ ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t χ✑ ❞❛t❛ ❜② ❛
❣❡♥❡r❛❧✐③❡❞ ❉❡❜②❡✲♠♦❞❡❧ ✭s❡❡ ❊q♥✳ ❆✳✶✮ ②✐❡❧❞s r❡❧❛①❛t✐♦♥ t✐♠❡s τ ✉♣ t♦ ✸✺ ♠s ✇❤✐❧❡
s♠❛❧❧ ❡❝❝❡♥tr✐❝✐t✐❡s ✭α ❁ ✵✳✶✷✵✭✷✮ ❛t ✵✳✷ ❚ ❛♥❞ ❁ ✵✳✶✽✺✭✸✮ ❛t ✶ ❚✮ ✐♥❞✐❝❛t❡ ❛ s✐♥❣❧❡
r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ✇✐t❤ ♥❛rr♦✇ ❞✐str✐❜✉t✐♦♥✳ ❚♦ ✜♥❞ ❛ ♣r♦♣❡r ♠♦❞❡❧ t♦ ❡✈❛❧✉❛t❡ t❤❡
t❡♠♣❡r❛t✉r❡✲❞❡♣❡♥❞❡♥t r❡❧❛①❛t✐♦♥ t✐♠❡s✱ t❤❡ ❤✐❣❤ ❛♥❞ ❧♦✇✲t❡♠♣❡r❛t✉r❡ r❡❣✐♦♥s ❝❛♥
❜❡ ❛♣♣r♦①✐♠❛t❡❞ s❡♣❛r❛t❡❧② ❜② ❛ ❧✐♥❡❛r ✜t s❤♦✇♥ ❛s ❜❧✉❡ ❞❛s❤❡❞ ❧✐♥❡s ✐♥ ❋✐❣✉r❡ ✹✳✶✵✳
❋r♦♠ t❤❡ s❧♦♣❡ ♦❢ t❤❡s❡ ✜ts✱ t❤❡ ❡①♣♦♥❡♥ts ♦❢ t❤❡ ♣❛rt✐❝✐♣❛t✐♥❣ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss❡s
✐♥ t❤❡ r❡s♣❡❝t✐✈❡ t❡♠♣❡r❛t✉r❡ r❡❣✐♦♥ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞✳❬✶✷✶❪ ❋♦r ♦✉r ❞❛t❛ ✇❡ ✜♥❞ t❤❡
t❡♠♣❡r❛t✉r❡ ❡①♣♦♥❡♥ts ♦❢ ✶✳✾ ❛♥❞ ✶✳✻ ✐♥ t❤❡ ❧♦✇ ❛s ✇❡❧❧ ❛s ✸✳✻ ❛♥❞ ✹✳✹ ✐♥ t❤❡ ❤✐❣❤
t❡♠♣❡r❛t✉r❡ r❡❣✐♦♥ ❢♦r t❤❡ ❞❛t❛ ♠❡❛s✉r❡❞ ❛t ✵✳✷ ❚ ❛♥❞ ✶ ❚✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ✈❛❧✉❡s
❛r❡ ❝❧♦s❡ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ✈❛❧✉❡s ♦❢ ✶ ❛♥❞ ✺ ❢♦r t❤❡ ❞✐r❡❝t ♣r♦❝❡ss ❛♥❞ ❛ ❘❛♠❛♥ ♣r♦❝❡ss

✹✾



❚❛❜❧❡ ✹✳✶✳✿ ❙✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ✉s✐♥❣ t❤❡ ❙❍ ❊q♥✳ ✹✳✹ ❛♣♣❧✐❡❞ t♦ t❤❡ ❞❝✲
♠❛❣♥❡t✐③❛t✐♦♥✱ ❍❋✲❊P❘ ❛♥❞ ❳✲❇❛♥❞ ❞❛t❛✱ r❡s♣❡❝t✐✈❡❧② ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥
r❡s✉❧ts✳

✶ ✷

❣HF−EPR ✶✳✾✾✭✷✮✱ ✷✳✷✻✭✷✮✱ ✷✳✸✹✭✷✮ ✷✳✵✹✭✷✮✱ ✷✳✵✻✭✷✮✱ ✷✳✷✼✭✷✮
❣x−Band ✷✳✵✶✭✸✮✱ ✷✳✷✻✭✷✮✱ ✷✳✸✹✭✷✮ ✷✳✵✼✭✷✮✱ ✷✳✵✺✭✷✮✱ ✷✳✷✾✭✸✮

ωx−Band ✭♠❚✮ ✶✳✸✭✷✮ ✷✳✺✭✸✮
❍✲str❛✐♥ ✭▼❍③✮∗ ✷✺✵✭✸✵✮✱ ✵✱ ✵ ✵✱ ✵✱ ✼✺✵✭✺✵✮

❙❖❈ ❝♦♥st❛♥t ✭◆❊❱P❚✷✮ ✹✾✵✳✼ ❝♠−1 ✹✾✹✳✹ ❝♠−1

❉❋❚ ✭❣✲✈❛❧✉❡s✮ ✷✳✵✶✱ ✷✳✶✻✱ ✷✳✷✵ ✷✳✵✻✱ ✷✳✵✼✱ ✷✳✶✾
◆❊❱P❚✷ ✭❣✲✈❛❧✉❡s✮ ✷✳✵✱ ✷✳✷✽✱ ✷✳✸✼ ✷✱✵✺✱ ✷✳✵✻✱ ✷✳✹✶

∗ ❚❤❡ ❍✲str❛✐♥ ♣❛r❛♠❡t❡r ❞❡s❝r✐❜❡s t❤❡ ❛♥✐s♦tr♦♣✐❝ ❧✐♥❡ ❜r♦❛❞❡♥✐♥❣ ❞✉❡ t♦ ✉♥r❡s♦❧✈❡❞ ❤②♣❡r✲
✜♥❡ ✐♥t❡r❛❝t✐♦♥s✳❬✻✻❪

❚❛❜❧❡ ✹✳✷✳✿ P❛r❛♠❡t❡rs ♦❜t❛✐♥❡❞ ❜② t❤❡ ✜t ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡✲
❧❛①❛t✐♦♥ t✐♠❡s ♦✈❡r t❤❡ ✇❤♦❧❡ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✵
✉s✐♥❣ ❊q♥✳ ✹✳✺ ❢♦r ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✵✳✷ ❚ ✴ ✶ ❚✳

❆ ✭s−1❑−1✮ ❇ ✭s−1❑−n✮ ♥

✶ ✶✶✳✻✭✽✮ ✴ ✶✵✳✶✭✻✮ ✵✳✺✭✸✮ ✴ ✵✳✻✭✶✮ ✹✳✼✭✶✵✮ ✴ ✹✳✷✭✶✵✮
✷ ✾✻✭✸✵✮ ✴ ✼✷✭✸✵✮ ✻✭✹✮ ✴ ✸✭✸✮ ✺∗ ✴ ✺∗
∗ ❚❤❡s❡ ✈❛❧✉❡s ❛r❡ ✜①❡❞ t♦ ❛✈♦✐❞ ♦✈❡r✲♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡ ✜t✳

❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥✈♦❧✈❡♠❡♥t ♦❢ ♠✉❧t✐♣❧❡ts ✇✐t❤ s♠❛❧❧ ❜✉t ✜♥✐t❡ s♣❧✐tt✐♥❣ ✐♥❞✉❝❡❞✱ ❡✳❣✳✱
❜② ❤②♣❡r✜♥❡✲✐♥t❡r❛❝t✐♦♥s✳❬✶✽❪ ❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ✐s ♥♦ ③❡r♦✲✜❡❧❞ ❡♥❡r❣② ❜❛rr✐❡r ❢♦r
❛♥ S ❂ ✶✴✷ s②st❡♠✱ ✇❤✐❝❤ ✐s ✇❤② ✇❡ ✜t ♦✉r ❞❛t❛ ♦✈❡r t❤❡ ✇❤♦❧❡ t❡♠♣❡r❛t✉r❡ r❛♥❣❡
❝♦♥s✐❞❡r✐♥❣ ❛ ❞✐r❡❝t ❛♥❞ ❛ ❘❛♠❛♥ ♣r♦❝❡ss❡s✱ ♦♥❧② ✭❊q♥✳ ✹✳✺✮✳❬✶✽❪

τ−1 = AT + BT n ✭✹✳✺✮

❲❤✐❧❡ ❢♦r ❛ ❘❛♠❛♥ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ♦❢ ❛ ♣❡r❢❡❝t ❑r❛♠❡rs ❞♦✉❜❧❡t ❛♥ ❡①♣♦♥❡♥t ♦❢
♥ ❂ ✾ ✐s ❡①♣❡❝t❡❞✱ ❛ ♠✉❝❤ s♠❛❧❧❡r ✈❛❧✉❡ t❤❛♥ ✾ s✐❣♥✐✜❡s t❤❡ ✐♥✈♦❧✈❡♠❡♥t ♦❢ ❜♦t❤✱
❛❝♦✉st✐❝ ❛♥❞ ♦♣t✐❝❛❧ ♣❤♦♥♦♥s ✐♥ t❤❡ ❘❛♠❛♥ r❡❧❛①❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳❬✶✷✷❪

❋♦r ✷ ✇❡ ❛❧s♦ ✜♥❞ ❛ ♣❡❛❦ ✐♥ χ✑ s✐❣♥✐❢②✐♥❣ ❛ s❧♦✇ r❡❧❛①❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❜❡❤❛✈✲
✐♦r✳ ❍♦✇❡✈❡r✱ t❤❡ ♦❜s❡r✈❡❞ r❡❧❛①❛t✐♦♥ t✐♠❡s ❛r❡ ♠✉❝❤ s❤♦rt❡r ✭τmax ❂ ✺ ♠s ❛t ✶ ❚✮
❛♥❞ t❤❡ ♦✉t✲♦❢✲♣❤❛s❡ s✐❣♥❛❧ ✐s t✇♦ ♦r❞❡rs s♠❛❧❧❡r ❝♦♠♣❛r❡❞ t♦ ✶ ❛♥❞ ♦♥❧② ♦❜s❡r✈❛❜❧❡
✐♥ t❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ✭s❡❡ ❋✐❣✉r❡ ❆✳✶✵✮✳ ❚❤❡r❡❢♦r❡✱ ❛ ❞❡t❛✐❧❡❞ ✐♥✈❡st✐❣❛t✐♦♥
♦❢ t❤❡ ✐♥✈♦❧✈❡❞ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss❡s ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❍♦✇❡✈❡r✱ ❢r♦♠ ❛ q✉❛❧✐t❛t✐✈❡
❝♦♠♣❛r✐s♦♥✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✱ t❤❛t t❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ t✐♠❡ ✐♥ ❝♦♠♣❧❡① ✷ ✐s s✐❣✲
♥✐✜❝❛♥t❧② r❡❞✉❝❡❞ ❝♦♠♣❛r❡❞ t♦ ✶✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✜tt❡❞ t❤❡ ❞❛t❛ ✉s✐♥❣ ❊q♥✳ ✹✳✺
❜✉t ✇✐t❤ ❛ ✜①❡❞ t❡♠♣❡r❛t✉r❡ ❡①♣♦♥❡♥t ♦❢ ✺ ❢♦r t❤❡ ❘❛♠❛♥ r❡❧❛①❛t✐♦♥ t❡r♠ t♦ ❛✈♦✐❞
♦✈❡r✲♣❛r❛♠❡tr✐③❛t✐♦♥✳ ❋r♦♠ t❤✐s✱ ✇❡ ❣❡t ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ♣r❡✲❢❛❝t♦rs ♦❢ t❤❡ ❞✐r❡❝t
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❋✐❣✉r❡ ✹✳✶✵✳✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡ ❢♦r ✶ ✭♦♣❡♥ s②♠❜♦❧s✮
❛♥❞ ✷ ✭✜❧❧❡❞ s②♠❜♦❧s✮ ✐♥ t✇♦ ❞✐✛❡r❡♥t ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❚❤❡
❞❛t❛ ✇❡r❡ ❝♦❧❧❡❝t❡❞ ❜② ✜tt✐♥❣ t❤❡ r❡s♣❡❝t✐✈❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ♦❢
χ✑ ❜② ❛ ❣❡♥❡r❛❧✐③❡❞ ❉❡❜②❡ ♠♦❞❡❧ ✭s❡❡ ❊q♥✳ ❆✳✶ ❛♥❞ ❋✐❣✉r❡ ❆✳✾ ❛♥❞
❆✳✶✵✮✳ ❉❛s❤❡❞ ❜❧✉❡ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ ❧✐♥❡❛r ✜ts ♦❢ t❤❡ ❤✐❣❤ ❛♥❞ ❧♦✇
t❡♠♣❡r❛t✉r❡ r❡❣✐♦♥s ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ t❡①t ✇❤✐❧❡ s♦❧✐❞ r❡❞ ❧✐♥❡s s❤♦✇
❛ ✜t ♦✈❡r t❤❡ ✇❤♦❧❡ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ✉s✐♥❣ ❊q♥✳ ✹✳✺✳ ❇❧✉❡ ❞♦ts ♠❛r❦
t❤❡ ✜t✲r❛♥❣❡ ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ t♦ t❤❡ ❧✐♥❡❛r ✜ts✳

❛♥❞ t❤❡ ❘❛♠❛♥✲r❡❧❛①❛t✐♦♥ t❡r♠✳ ❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜t✲♣❛r❛♠❡t❡rs
s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✷ r❡✈❡❛❧s✱ t❤❛t t❤✐s r❡❞✉❝t✐♦♥ ✐♥ r❡❧❛①❛t✐♦♥ t✐♠❡ ✐s ✐♥❞✉❝❡❞ ❜② ❛♥
✐♥❝r❡❛s❡ ♦❢ ❜♦t❤✱ t❤❡ ❞✐r❡❝t ❛♥❞ t❤❡ ❘❛♠❛♥ r❡❧❛①❛t✐♦♥ t❡r♠✳ ❆ ✜t ✉s✐♥❣ ❛ ❞✐r❡❝t t❡r♠
♦♥❧② ❢❛✐❧❡❞ t♦ r❡♣r♦❞✉❝❡ t❤❡ ❞❛t❛✳

❖❜s❡r✈❛t✐♦♥ ♦❢ s❧♦✇ r❡❧❛①❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ✐♥ ♠❡t❛❧ ❝♦♠♣❧❡①❡s ♣♦ss❡ss✐♥❣
S ❃ ✶✴✷ ✐s ✈❡r② ❝♦♠♠♦♥ ✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐s♠ r❡s❡❛r❝❤ ✜❡❧❞✳ ❍♦✇❡✈❡r✱ ❛s
❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ❡❛r❧✐❡r s❡❝t✐♦♥✱ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ s❧♦✇ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡
♠❛❣♥❡t✐③❛t✐♦♥ ✐♥ ❛♥ S ❂ ✶✴✷ s②st❡♠ ✐s r❡❧❛t✐✈❡❧② s❝❛r❝❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❝♦♠♣❛r❡❞ t♦
t❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥♦♥ ♦❜s❡r✈❡❞ ❢♦r S ❃ ✶✴✷ s②st❡♠s✳❬✶✷✸✕✶✷✼❪ ❘❡♣♦rt❡❞ ❡①❛♠♣❧❡s ❢♦r
s✉❝❤ ❝♦♠♣❧❡①❡s ✇❤✐❝❤ s❤♦✇ ❛ ✜♥✐t❡ ♦✉t✲♦❢✲♣❤❛s❡ s✉s❝❡♣t✐❜✐❧✐t② s✐❣♥❛❧ ✐♥ t❤❡ ♣r❡s❡♥❝❡
♦❢ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛r❡✱ ❡✳❣✳✱ ❱✭■❱✮✱ ◆✐✭■✮✱ ◆✐✭■■■✮✱ ▼♥✭■❱✮✱ ❈✉✭■■✮✱ ❋❡✭■■■✮
❛♥❞ ❈♦✭■■✮ ❝♦♠♣❧❡①❡s✳❬✼✺✱ ✶✵✼✱ ✶✵✽✱ ✶✶✶✱ ✶✷✽✱ ✶✷✾❪ ■♥ ❘❡❢✳ ❬✶✷✾❪ ✐t ✐s s❤♦✇♥✱ t❤❛t t❤❡
✉♥q✉❡♥❝❤❡❞ ♦r❜✐t❛❧ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♦❢ t❤❡ t✇♦✲❝♦♦r❞✐♥❛t❡ ◆✐✭■✮
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✐s t❤❡ ♦r✐❣✐♥ ♦❢ ✜❡❧❞✲✐♥❞✉❝❡❞ s❧♦✇ r❡❧❛①❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ✐♥ t❤❡s❡ ❝♦♠♣❧❡①❡s✳ ■♥
t❤❡ ❈♦✭■■✮ ❝♦♠♣❧❡①❡s st✉❞✐❡❞ ❛t ❤❛♥❞✱ str♦♥❣ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ✐s ❝❧❡❛r❧② ❡✈✐❞❡♥t
❢r♦♠ ♦✉r ❳✲❜❛♥❞ ❛♥❞ ❍❋✲❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s ♣❡r❢♦r♠❡❞ ♦♥ ✶ ❛♥❞ ✷ ✇❤✐❝❤ s❤♦✇ ❧❛r❣❡
g✲❢❛❝t♦rs ✭❝♦♠♣❛r❡❞ t♦ g ❂ ✷✳✵✵✷✸✮ ❛♥❞ ❛♥ ❛♥✐s♦tr♦♣✐❝ g✲✈❛❧✉❡✳ ■t ✐s ❛❧s♦ ❝♦♥✜r♠❡❞
❜② ♦✉r ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ✭s❡❡ ❚❛❜❧❡ ✹✳✶✮✳ ❚❤❡ ❝❛❧❝✉❧❛t❡❞ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ✭❙❖❈✮
❝♦♥st❛♥t ✐s ❧❛r❣❡ ❜✉t ♦♥❧② ♠❛r❣✐♥❛❧❧② ❞✐✛❡rs ❜❡t✇❡❡♥ ✶ ❛♥❞ ✷ ✭s❡❡ ❚❛❜❧❡ ✹✳✶✮✳ ❍❡♥❝❡✱
✇❤✐❧❡ ✐♥ ❣❡♥❡r❛❧ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ s❧♦✇ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❜❡❤❛✈✐♦r ❝❛♥
❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ str♦♥❣ ❙❖❈ ✐♥ ❜♦t❤ ❝♦♠♣❧❡①❡s✱ t❤❡ ♦❜s❡r✈❡❞ ❝❧❡❛r ❞✐✛❡r❡♥❝❡s ✐♥
t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡s ♠✉st ❤❛✈❡ ❛♥♦t❤❡r ♦r✐❣✐♥✱ ✐✳❡✳✱ t❤❡ ❞r✐✈✐♥❣ ♠❡❝❤❛♥✐s♠ s✉♣♣r❡ss✐♥❣
t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡ ✐♥ ✷ ❝♦♠♣❛r❡❞ t♦ ✶ ✐s t♦ ❜❡ ✐❞❡♥t✐✜❡❞✳❬✶✷✽❪

❖♥❡ ❝❛♥❞✐❞❛t❡ t♦ ❝❛✉s❡ t❤❡ ❞✐✛❡r❡♥t r❡❧❛①❛t✐♦♥ t✐♠❡s ✐♥ ❜♦t❤ ❝♦♠♣❧❡①❡s ✐s ❤②♣❡r✜♥❡
✐♥t❡r❛❝t✐♦♥s✳ ❖✉r s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❳✲❜❛♥❞ ❊P❘ ❞❛t❛ str♦♥❣❧② ✐♠♣❧② ✜♥✐t❡ ❤②♣❡r✜♥❡
✐♥t❡r❛❝t✐♦♥s ✐♥ ❜♦t❤ ❝♦♠♣❧❡①❡s ❛s ❡✈✐❞❡♥❝❡❞ ❜② t❤❡ ❛♥✐s♦tr♦♣✐❝ ❧✐♥❡ ❜r♦❛❞❡♥✐♥❣ ✇❤✐❝❤
✐s r❡✢❡❝t❡❞ ❜② t❤❡ ❍✲str❛✐♥ ♣❛r❛♠❡t❡r✳ ❊✈❡♥ t❤♦✉❣❤ ❞✉❡ t♦ ❧❛❝❦ ♦❢ r❡s♦❧✉t✐♦♥✱ ♥♦
q✉❛♥t✐t❛t✐✈❡ ♥✉♠❜❡r ❢♦r t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥ ❝❛♥ ❜❡ ❣✐✈❡♥✱ t❤❡ ❍✲
str❛✐♥ ♣❛r❛♠❡t❡r ❢♦r ✷ ❛♣♣❡❛rs t♦ ❜❡ s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r t❤❛♥ ❢♦r ✶✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t
❛❧s♦ t❤❡ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥ ✐s ❧❛r❣❡r ✐♥ ✷ t❤❛♥ ✐♥ ✶✱ ❛♥❞ t❤❡r❡❜② ❝♦✉❧❞ ❞r✐✈❡ ❢❛st❡r
r❡❧❛①❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ♦♥ ❛♥ ❛❜s♦❧✉t❡ s❝❛❧❡✱ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ♦❜s❡r✈❡❞ ❍✲str❛✐♥ ♣❛✲
r❛♠❡t❡r ✐s ♦♥❧② ✺✵✵ ▼❍③ ✭✵✳✵✶✼ ❝♠−1✮ ❛♥❞ t❤❡ ♦✈❡r❛❧❧ ❍❋ ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤ s❡❡♠s
t♦ ❜❡ t♦♦ ✇❡❛❦ t♦ r❡s♦❧✈❡ ❛♥② ❍❋ ❢❡❛t✉r❡s ✐♥ t❤❡ ❳✲❇❛♥❞ ❊P❘ s♣❡❝tr❛✳ ❍❡♥❝❡ ✇❡
❝♦♥❝❧✉❞❡✱ t❤❛t t❤❡ ❍❋ ✐♥t❡r❛❝t✐♦♥ ♠❛② ♥♦t ❜❡ t❤❡ ❞r✐✈✐♥❣ ♠❡❝❤❛♥✐s♠ t♦ ❡①♣❧❛✐♥ t❤❡
s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s ✐♥ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ❝♦♠♣♦✉♥❞s✳ ■♥st❡❛❞✱
✇❡ ❛ss✉♠❡✱ t❤❛t t❤❡ ❞✐ss✐♠✐❧❛r g✲❛♥✐s♦tr♦♣✐❡s ✐♥❞✉❝❡❞ ❜② t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❛rr❛♥❣❡♠❡♥t
♦❢ t❤❡ s✉rr♦✉♥❞✐♥❣ ❧✐❣❛♥❞ ♠✐❣❤t ❜❡ t❤❡ ♠♦st r❡❛s♦♥❛❜❧❡ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ♦❜s❡r✈❡❞
♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦r✳ ❲❡ ❛❧s♦ ✇♦✉❧❞ ❧✐❦❡ t♦ ♠❡♥t✐♦♥ ❤❡r❡ t❤❡ s❝❡♥❛r✐♦ ❝♦♥s✐❞✲
❡r✐♥❣ ✐♥t❡r♠♦❧❡❝✉❧❛r ❞✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥s✳❬✶✷✽❪ ■♥❞❡❡❞✱ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ♥❡❛r❡st
♥❡✐❣❤❜♦✉r✐♥❣ ❈♦✭■■✮ ✐♦♥s ✐♥ ✷ ❛♠♦✉♥ts t♦ ✾✳✽✶ ➴ ✇❤✐❝❤ ✐s s❧✐❣❤t❧② s♠❛❧❧❡r t❤❛♥ t❤❡
♠✐♥✐♠❛❧ ❞✐st❛♥❝❡ ✐♥ ✶ ✭✶✵✳✻✽ ➴✮✳ ❚❤✐s r❡s✉❧ts ✐♥ ❞✐✛❡r❡♥t ❞✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤s
♦❢ ✷✳✼ ▼❍③ ❛♥❞ ✷✳✶ ▼❍③ ✐♥ ✷ ❛♥❞ ✶✱ r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ❝♦♠♣❛r✐s♦♥s t♦ ❧✐t❡r❛t✉r❡
r❡s✉❧ts ✐♠♣❧②✱ t❤❛t t❤❡s❡ s♠❛❧❧ ❞❡✈✐❛t✐♦♥s ✐♥ ♠✐♥✐♠❛❧ ❈♦✭■■✮· · ·❈♦✭■■✮ ❞✐st❛♥❝❡s ❝❛♥✲
♥♦t ❛❝❝♦✉♥t ❢♦r t❤❡ str♦♥❣ ❞✐✛❡r❡♥❝❡ ✐♥ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦r✳❬✼✺❪ ❚❤✐s ✐s ✐♥ ❧✐♥❡ ✇✐t❤
♦✉r ❡①♣❡r✐♠❡♥t❛❧ ✜♥❞✐♥❣s ♦♥ ❛ ❢r♦③❡♥ s♦❧✉t✐♦♥ s❛♠♣❧❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝✲
t✐♦♥✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ✐♥t❡r♠♦❧❡❝✉❧❛r ❝♦✉♣❧✐♥❣ ♣❛t❤✇❛②s ❛r❡ ❛ s❡♥s✐t✐✈❡ ✐ss✉❡ ✐♥ ♦r❞❡r
t♦ ❡✈❛❧✉❛t❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss❡s✱ ❛ ❍✐rs❤❢❡❧❞ s✉r❢❛❝❡ ❛♥❛❧②s✐s ✇❛s ❛♣♣❧✐❡❞ t♦
✐♥✈❡st✐❣❛t❡ t❤❡ ♥❛t✉r❡ ❛♥❞ str❡♥❣t❤ ♦❢ ♣♦ss✐❜❧❡ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s✳✶✷

✹✳✹✳✺✳ ❊①♣❡r✐♠❡♥t❛❧ ❉❡t❛✐❧s

❳✲❜❛♥❞ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❊P❘✮ s♣❡❝tr❛ ✇❡r❡ r❡❝♦r❞❡❞ ✉s✐♥❣ ❛ ❇r✉❦❡r
❊▼❳P▲❯❙ s♣❡❝tr♦♠❡t❡r✳ ❉✐r❡❝t ❝✉rr❡♥t ✭❞❝✮ ❛s ✇❡❧❧ ❛s ❞②♥❛♠✐❝ ✭❛❝✮ ♠❛❣♥❡t✐③❛t✐♦♥
♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❛♥ ▼P▼❙✸ ❙◗❯■❉ ♠❛❣♥❡t♦♠❡t❡r ✭◗✉❛♥t✉♠
❉❡s✐❣♥✮ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ✼ ❚ ♠❛❣♥❡t✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❡✈✐❝❡ ❛♥❞ ♠❡❛s✉r❡♠❡♥t

✶✷❚❤❡ ❍✐rs❤❢❡❧❞ s✉r❢❛❝❡ ❛♥❛❧②s✐s ✇❛s ♣❡r❢♦r♠❡❞ ❜② ❙✳ ❚r✐♣❛t❤✐ ❛♥❞ ▼✳ ❆♥s❛r✐ ✉♥❞❡r t❤❡ s✉♣❡r✈✐s✐♦♥
♦❢ ●✳ ❘❛❥❛r❛♠❛♥ ❛♥❞ ▼✳ ❙❤❛♥♠✉❣❛♠ ❛♥❞ ✐s s❤✐❢t❡❞ t♦ t❤❡ ❛♣♣❡♥❞✐① ✭s❡❡ ❝❤❛♣✳ ❆✳✶✳✶✮✳

✺✷



t❡❝❤♥✐q✉❡✱ t❤❡ s❛♠♣❧❡s ✇❡r❡ ✜①❡❞ ✐♥ ❣❡❧❛t✐♥ ❝❛♣s✉❧❡s ❛♥❞ ♣❧❛❝❡❞ ✐♥s✐❞❡ ❛ ♥♦♥✲♠❛❣♥❡t✐❝
str❛✇ s❛♠♣❧❡ ❤♦❧❞❡r ♦r ♣r❡ss❡❞ ✐♥ ❛ ♣❧❛st✐❝ ❝❛♣s✉❧❡ ❛♥❞ ♠♦✉♥t❡❞ ♦♥ ❛ ❜r❛ss s❛♠♣❧❡
❤♦❧❞❡r✳ ❚❡♠♣❡r❛t✉r❡✲❞❡♣❡♥❞❡♥t ❞❝ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ ❜❡t✇❡❡♥ ✶✳✽ ❑
❛♥❞ ✸✵✵ ❑ ✇✐t❤ ❛♥ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✶ ❚✳ ❋♦r t❤❡ ✜❡❧❞✲❞❡♣❡♥❞❡♥t ♠❡❛s✉r❡✲
♠❡♥ts✱ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❛s s✇❡♣t ✉♣ t♦ ✼ ❚ ❛t s❡✈❡r❛❧ ✜①❡❞ t❡♠♣❡r❛t✉r❡s✳
❚❤❡ ❛❝ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ❝♦♥❞✉❝t❡❞ ✉♥❞❡r ❛♥ ❛♣♣❧✐❡❞ ❞❝✲✜❡❧❞ ♦❢ ✵ ❚✱ ✵✳✷ ❚ ❛♥❞
✶ ❚✱ r❡s♣❡❝t✐✈❡❧②✱ ❛t t❡♠♣❡r❛t✉r❡s r❛♥❣✐♥❣ ❢r♦♠ ✶✳✽ ✲ ✼ ❑ ✇✐t❤ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ♠❛❣♥❡t✐❝
✜❡❧❞ ♦❢ ✸ ❖❡ ❛t ❢r❡q✉❡♥❝✐❡s r❛♥❣✐♥❣ ❢r♦♠ ✶ t♦ ✶✵✵✵ ❍③✳ ❍✐❣❤✲✜❡❧❞ ❡❧❡❝tr♦♥ ♣❛r❛♠✲
❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❍❋ ❊P❘✮ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ ❛ ♣❤❛s❡✲s❡♥s✐t✐✈❡
♠✐❧❧✐♠❡t❡r✲✇❛✈❡ ✈❡❝t♦r ♥❡t✇♦r❦ ❛♥❛❧②③❡r ✭▼❱◆❆✮ ❢r♦♠ ❆❇▼✐❧❧✐♠❡tr❡ ❛s ❛ ♠✐❝r♦✇❛✈❡
s♦✉r❝❡ ❛♥❞ ❞❡t❡❝t♦r✳❬✻✼❪ ▼❡❛s✉r❡♠❡♥ts ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❛t ❢r❡q✉❡♥❝✐❡s ❜❡t✇❡❡♥
✺✵ ❛♥❞ ✸✵✵ ●❍③ ❛♥❞ ✐♥ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✉♣ t♦ ✶✻ ❚✳ ❱❛r✐♦✉s ♠❡❛s✉r❡♠❡♥t ❢r❡q✉❡♥❝✐❡s
✇❡r❡ r❡❛❧✐③❡❞ ❜② ❛ss❡♠❜❧✐♥❣ ♦❢ ❙❤♦tt❦② ❞✐♦❞❡s ❢♦r ❞✐✛❡r❡♥t ❜❛♥❞s✱ ❡✳❣✳ ❱✱ ❲✱ ❛♥❞ ❉
❜❛♥❞✳ ❚❤❡ t❡♠♣❡r❛t✉r❡ ✇❛s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ r❡❣✉❧❛t✐♦♥ ♦❢ 4❍❡ ❣❛s ✢♦✇ ✐♥ ❛ ✈❛r✐❛❜❧❡
t❡♠♣❡r❛t✉r❡ ✐♥s❡rt ✭❱❚■✮✳ ❚❤❡ ♣♦✇❞❡r s❛♠♣❧❡s ✇❡r❡ ✜①❡❞ ❜② ♠✐①✐♥❣ ✇✐t❤ ❡✐❝♦s❛♥❡
✐♥s✐❞❡ ❛ ❜r❛ss r✐♥❣ ✇❤✐❝❤ ✇❛s ♣❧❛❝❡❞ ♦♥ t❤❡ ❡♥❞ ♦❢ ❛ tr❛♥s♠✐ss✐♦♥✲t②♣❡ t✉❜❡✲s❤❛♣❡❞
♣r♦❜❡✳ ❆♥❛❧②s✐s ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❛♥❞ ❊P❘ ❞❛t❛ ✇❛s ❞♦♥❡ ❜② ♠❡❛♥s ♦❢ t❤❡ ❊❛s②❙♣✐♥
s♦❢t✇❛r❡ ♣❛❝❦❛❣❡✳❬✻✻❪

✹✳✹✳✻✳ ❈♦♥❝❧✉s✐♦♥

❇② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ❊P❘ t❡❝❤♥✐q✉❡s✱ ✐✳❡✳ ❳✲❜❛♥❞ ❊P❘ ❢♦r ❛ ❞❡t❛✐❧❡❞
s♣❡❝tr❛❧ r❡s♦❧✉t✐♦♥ ❛s ✇❡❧❧ ❛s ❍❋ ❊P❘ ❢♦r ❤✐❣❤❡r ❡♥❡r❣② s❝❛❧❡s✱ ✐t ✇❛s s❤♦✇♥✱ t❤❛t t❤❡
s♣❛t✐❛❧ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ❧✐❣❛♥❞ ❡♥✈✐r♦♥♠❡♥t ❛r♦✉♥❞ ❛ ❈♦✭■■✮ ❧♦✇ s♣✐♥ ♠❡t❛❧ ❝❡♥tr❡
❤❛s ✐♥❞❡❡❞ ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ g✲✈❛❧✉❡✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ ♥♦♥✲✈❛♥✐s❤✐♥❣ ✐♠♣❛❝t ♦❢ t❤✐s ❝❤❛♥❣❡ ✐♥ ❛♥✐s♦tr♦♣② ♦♥ t❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥
❜❡❤❛✈✐♦✉r ✇❛s ❡①♣❡r✐♠❡♥t❛❧❧② ♣r♦✈❡♥ ❜② ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ❞②♥❛♠✐❝ s✉s❝❡♣t✐❜✐❧✐t②✳
❲❤✐❧❡ ❝♦♠♣❧❡① ✶✱ ✇❤✐❝❤ ✜❣✉r❡s ❛ sq✉❛r❡✲♣②r❛♠✐❞❛❧ ❝♦♦r❞✐♥❛t✐♦♥ ❡♥✈✐r♦♥♠❡♥t✱ s❤♦✇s
r❡❧❛①❛t✐♦♥ t✐♠❡s ✉♣ t♦ ✸✺ ♠s ❛t ❚ ❂ ✶✳✽ ❑ ✐♥ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✶ ❚✱ ❢♦r
❝♦♠♣❧❡① ✷ ❛ ♠❛①✐♠❛❧ r❡❧❛①❛t✐♦♥ t✐♠❡ ♦❢ ♦♥❧② ✺ ♠s ✇❛s ♠❡❛s✉r❡❞ ✉♥❞❡r t❤❡ s❛♠❡
❝♦♥❞✐t✐♦♥s✳ ❆ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ ♣♦ss✐❜❧❡ ✐♥t❡r♠♦❧❡❝✉❧❛r ❝♦✉♣❧✐♥❣ ♣❛t❤✇❛②s s❤♦✇❡❞✱
t❤❛t t❤❡s❡ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ♦✈❡r ❛❧❧ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳ ❚❤✐s
✜♥❞✐♥❣✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❢❛❝t✱ t❤❛t t❤❡ ✐♥✈❡st✐❣❛t❡❞ s❛♠♣❧❡ ❛r❡ r❡❛❧ ✐s♦♠❡rs ❧❡❛❞s
t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥✱ t❤❛t t❤❡ tr❡♠❡♥❞♦✉s ❝❤❛♥❣❡ ✐♥ r❡❧❛①❛t✐♦♥ t✐♠❡s ✐s ❝♦♥tr♦❧❧❡❞ ❜②
t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ s✉rr♦✉♥❞✐♥❣ ❧✐❣❛♥❞s✳

✺✸





✺✳ ❱❛♥❛❞✐✉♠✭■■■✮ ▼♦♥♦♠❡r

✺✳✶✳ ▼❛❣♥❡t✐❝ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❋✐rst

P❡♥t❛❣♦♥❛❧✲❜✐♣②r❛♠✐❞❛❧ ❱❛♥❛❞✐✉♠✭■■■✮

❈♦♠♣❧❡①❡s ✇✐t❤ ❛ ❙❝❤✐✛✲❜❛s❡ ◆3❖2

P❡♥t❛❞❡♥t❛t❡ ▲✐❣❛♥❞

P❡♥t❛❣♦♥❛❧✲❜✐♣②r❛♠✐❞❛❧ ✭P❇P✮ ❝♦♦r❞✐♥❛t❡❞ ❝♦♠♣❧❡①❡s ♦❢t❡♥ ✜❣✉r❡ ❛♥ ❛❧♠♦st ♣❡r✲
❢❡❝t❧② ♣❧❛♥❛r ♣❡♥t❛❞❡♥t❛t❡ ❧✐❣❛t✐♦♥ ✐♥ t❤❡ ♣❧❛♥❡ ✇❤✐❧❡ t❤❡ ❛♣✐❝❛❧ ♣♦s✐t✐♦♥s ❛r❡ ✉s✉❛❧❧②
♦❝❝✉♣✐❡❞ ❜② s♦❧✈❡♥t ✐♦♥s ♦r ♠♦❧❡❝✉❧❡s ❧✐❦❡ ❈❧−✱ ◆❖−

3 ✱ ◆
−
3 ♦r ❙❈◆− ❛♥✐♦♥s✳❬✶✸✵✕✶✸✹❪

❊s♣❡❝✐❛❧❧② t❤♦s❡ ❛♣✐❝❛❧ ❧✐❣❛♥❞s ❝❛♥ ❡❛s✐❧② ❜❡ s✉❜st✐t✉t❡❞ ✇❤✐❝❤ ♠❛❦❡s P❇P ❝♦♦r❞✐✲
♥❛t❡❞ ❝♦♠♣♦✉♥❞s t♦ ❛ttr❛❝t✐✈❡ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ❢♦r ❢✉♥❞❛♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ♦♥ t❤❡
❝r②st❛❧ ✜❡❧❞ ❝❤❛♥❣❡s ❜✉t ❛❧s♦ ❢♦r t❤❡ s②♥t❤❡s✐s ♦❢ ♣♦❧②♥✉❝❧❡❛r ♠❛❣♥❡t✐❝ str✉❝t✉r❡s ✐♥
✇❤✐❝❤ t❤❡ ❛♣✐❝❛❧ ✐♦♥s ❛r❡ s✉❜st✐t✉t❡❞ ❜② ❜r✐❞❣✐♥❣ ✉♥✐ts✳❬✽✺❪ ❚❤❡r❡❜②✱ t❤✐s P❇P ❝♦♦r✲
❞✐♥❛t✐♦♥ ❣❡♦♠❡tr② ✐s ♥♦t ❧✐♠✐t❡❞ t♦ ✈❛♥❛❞✐✉♠ ♦r ✸d ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣♦✉♥❞s✱ ❜✉t ❝❛♥
❛❧s♦ ❜❡ ❢♦✉♥❞ ❛s ❧✐❣❛t✐♦♥ s✉rr♦✉♥❞✐♥❣ ✐♥ ❧❛♥t❤❛♥✐❞❡ ♠♦♥♦♥✉❝❧❡❛r ❝♦♠♣❧❡①❡s✱ ✇❤❡r❡
t❤❡ P❇P ❝♦♦r❞✐♥❛t✐♦♥ ♣♦t❡♥t✐❛❧❧② ❝❛♥ ♣r♦✈✐❞❡ str♦♥❣ ✉♥✐❛①✐❛❧ ❛♥✐s♦tr♦♣✐❡s✳❬✶✸✺✕✶✸✼❪
❆♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❊r✭■■■✮ ♠♦♥♦♥✉❝❧❡❛r ❝♦♠♣❧❡① ✜❣✉r✐♥❣ P❇P ❝♦♦r❞✐♥❛t✐♦♥ ❣❡♦♠❡tr②
✐s ❣✐✈❡♥ ✐♥ ❝❤❛♣✳ ✻✳✷✳

❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❝r②st❛❧ ✜❡❧❞ ✐♥❞✉❝❡❞ ❜② t❤❡ P❇P s✉rr♦✉♥❞✐♥❣ ♦♥t♦ t❤❡ ♠❛❣✲
♥❡t✐❝ ❱✭■■■✮ ❝❡♥tr❡s ❝❛♥ ♠♦st ❞✐r❡❝t❧② ❜❡ q✉❛♥t✐s❡❞ ❜② t❤❡ ♠❡❛♥s ♦❢ ❊P❘ s♣❡❝tr♦s❝♦♣②✳
❍♦✇❡✈❡r✱ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s ♦♥ ❱✭■■■✮ ❝♦♠♣❧❡①❡s ❛r❡ ♥♦t s♦ ❝♦♠♠♦♥ ✐♥ ❧✐t❡r❛t✉r❡
❝♦♠♣❛r❡❞ t♦ ♦t❤❡r ❝♦♠♣♦✉♥❞s✱ ♦✇❡❞ t♦ t❤❡ ❢❛❝t t❤❛t s②st❡♠s ✇✐t❤ ❙ ❂ ✶ ❛♥❞ s✐❣♥✐❢✲
✐❝❛♥t ❛♥✐s♦tr♦♣② ❛r❡ ♦❢t❡♥ ✧s✐❧❡♥t✧ ❢♦r ❝♦♥✈❡♥t✐♦♥❛❧ ❳✲❇❛♥❞ ❊P❘ ❛♣♣❧✐❝❛t✐♦♥s✳❬✶✸✽❪
❚❤❡r❡❢♦r❡✱ ❍❋ ❊P❘ ❤❛s t♦ ❜❡ ❛♣♣❧✐❡❞ t♦ ♦✈❡r❝♦♠❡ t❤❡ ❩❋❙ ❣❛♣ ✐♥❞✉❝❡❞ ❜② t❤❡ ❝r②s✲
t❛❧ ✜❡❧❞ ❛♥✐s♦tr♦♣② ❛♥❞ ❛❝q✉✐r❡ ❞❛t❛ ✐♥ ❛ ❤✐❣❤❡r ❢r❡q✉❡♥❝② ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❛♥❣❡✱
✇❤✐❝❤ ✐s✱ ❤♦✇❡✈❡r✱ ♥♦t ❛ st❛♥❞❛r❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ t❡❝❤♥✐q✉❡✳

❲✐t❤✐♥ t❤❡ ♦r✐❣✐♥❛❧ ✇♦r❦ ♣✉❜❧✐s❤❡❞ ✐♥ ✷✵✷✵ ❜② ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳ ❬✽✺❪✱ t❤r❡❡ ❞✐✛❡r❡♥t
♥♦✈❡❧ ❱✭■■■✮ ❝♦♠♣❧❡①❡s ✇✐t❤ ❧✐❣❛♥❞s ✐♥ ❞✐✛❡r❡♥t ❝❤❛r❣❡ st❛❣❡s✱ ✐✳❡✳ ✵✱ ✲✶ ❛♥❞ ✲✷✱ ✇❡r❡
✐♥✈❡st✐❣❛t❡❞✳ ❆♠♦♥❣ t❤❡♠✱ t❤❡ ❧❛tt❡r ❝♦♠♣❧❡① ✭s❡❡ t❤❡ ♥❡①t ❝❤❛♣t❡r ❢♦r ❛ str✉❝t✉r❛❧
❞❡s❝r✐♣t✐♦♥✮ ✇❛s ❝❤♦s❡♥ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝
♣r♦♣❡rt✐❡s ❜② ❍❋ ❊P❘ ❛♥❞ ❧♦✇ t❡♠♣❡r❛t✉r❡ ❙◗❯■❉ ♠❛❣♥❡t♦♠❡tr② ❛s ❞❡s❝r✐❜❡❞ ✐♥
t❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✳

✺✺



✺✳✶✳✶✳ ▼♦❧❡❝✉❧❛r ❙tr✉❝t✉r❡

■♥ ✜❣✳ ✺✳✶ ✭❛✮ t❤❡ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ t❤❡ ✐♥✈❡st✐❛❣t❡❞ s❛♠♣❧❡ ✐s ❞❡♣✐❝t❡❞ ✇❤✐❝❤
❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛✿ ❬❱✭❉❆P❇❍✮✭❈❍3❖❍✮2❪ ❈❧·❈❍3❖❍ ✭✸✮✳ ❚❤❡
s❛♠♣❧❡ ✇❛s s②♥t❤❡s✐③❡❞ ❜② ❚✳ ❆✳ ❇❛③❤❡♥♦✈❛ ❛t t❤❡ ■♥st✐t✉t❡ ♦❢ Pr♦❜❧❡♠s ♦❢ ❈❤❡♠✐❝❛❧
P❤②s✐❝s ✭■P❈P✮✱ ❈❤❡r♥♦❣♦❧♦✈❦❛✳❬✽✺❪ ❚❤❡ ❝❡♥tr❛❧ ❱✭■■■✮ ✐♦♥ ❤❛s ❛ ❙ ❂ ✶ s♣✐♥ ❣r♦✉♥❞
st❛t❡ ❛♥❞ ✐s s✉rr♦✉♥❞❡❞ ❜② t❤r❡❡ ♥✐tr♦❣❡♥ ❛♥❞ t✇♦ ♦①②❣❡♥ ❛t♦♠s ✐♥ t❤❡ ❡q✉❛t♦r✐❛❧
♣❧❛♥❡✳ ❚❤❡ ❛①✐❛❧ ♣♦s✐t✐♦♥s ❛r❡ ♦❝❝✉♣✐❡❞ ❜② t✇♦ ❛❞❞✐t✐♦♥❛❧ ♦①②❣❡♥ ❛t♦♠s ✇❤✐❝❤ ❛r❡
❛❧♠♦st ♣❡r❢❡❝t❧② ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ❝❡♥tr❛❧ ❱✭■■■✮ ✐♦♥ ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ❢r♦♥t❛❧ ✈✐❡✇
✐♥ ✜❣✳ ✺✳✶ ✭❛✮ ✭̸ ❖✲❱✭■■■✮✲❖ ≈ ✶✼✽➦✮✳ ■♥ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ✈✐❡✇ ♦♥t♦ t❤❡ ♠♦❧❡❝✉❧❡ ✐♥
✜❣✳ ✺✳✶ ✭❛✮ ✐t ✐s ✈✐s✐❜❧❡✱ t❤❛t t❤❡ ❛t♦♠s ✐♥ t❤❡ ♣❧❛♥❡ ❢♦r♠ ❛ ♣❧❛♥❛r ♣❡♥t❛❣♦♥❛❧ str✉❝t✉r❡
✇❤✐❝❤ ✐s s❧✐❣❤t❧② ❞✐st♦rt❡❞ ❞✉❡ t♦ t❤❡ ✐♥❡q✉✐✈❛❧❡♥t ❝♦♦r❞✐♥❛t✐♦♥ s✐t❡s✳ ❚❤✉s✱ t❤❡ ❱✭■■■✮
✐♦♥ ❢❛❝❡s ❛ ♣❡♥t❛❣♦♥❛❧✲❜✐♣②r❛♠✐❞❛❧ ✭P❇P✮ ❝♦♦r❞✐♥❛t✐♦♥ ❣❡♦♠❡tr②✳

❋✐❣✳ ✺✳✶ ✭❜✮ s❤♦✇s t❤❡ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ♠♦❧❡❝✉❧❡s ✇✐t❤✐♥ t❤❡ ❝r②st❛❧❧✐♥❡ str✉❝t✉r❡✳
❚❤❡ ❝♦♠♣❧❡① ❝r②st❛❧❧✐③❡s ✐♥ t❤❡ ♠♦♥♦❝❧✐♥✐❝ s♣❛❝❡ ❣r♦✉♣ P21/c✳✶✸ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡
♠♦❧❡❝✉❧❡s ❛r❡ ❢♦✉♥❞ t♦ ❜❡ ✐♥ t✇♦ ❞✐✛❡r❡♥t ❝r②st❛❧❧♦❣r❛♣❤✐❝ ♣♦s✐t✐♦♥s✱ ✇❤✐❝❤ ❝❛♥ ❜❡
tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❡❛❝❤ ♦t❤❡r ❜② ❛ r♦t❛t✐♦♥ ♦❢ ❛♣♣r♦①✐♠❛t❡❧② ✷✽➦✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤✐s
❛♥❣❧❡ ♦♥ t❤❡ ♦✉t❝♦♠❡ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ❞❡r✐✈❡❞ ❞❛t❛ ✐s ❞✐s❝✉ss❡❞
✐♥ ❞❡t❛✐❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✳ ❚❤❡ ♠✐♥✐♠❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ♥❡✐❣❤❜♦✉r✐♥❣
❱✭■■■✮ ✐♦♥s ❛♠♦✉♥ts t♦ ✼✳✺ ➴✳

(a) (b)

c

a

❋✐❣✉r❡ ✺✳✶✳✿ ✭❛✮ ▼♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ ✸ s❤♦✇♥ ❢r♦♠ ❛ ❢r♦♥t❛❧ ✭❧♦✇❡r ♣✐❝t✉r❡✮ ❛♥❞
❛ ♣❡r♣❡♥❞✐❝✉❧❛r ✭✉♣♣❡r ♣✐❝t✉r❡✮ ✈✐❡✇ ❛♥❣❧❡✳ ✭❜✮ P❛❝❦✐♥❣ ♦❢ t❤❡ t✇♦ ✐♥✲
❡q✉✐✈❛❧❡♥t ♠♦❧❡❝✉❧❛r ♣♦s✐t✐♦♥s ✐♥ t❤❡ ❝r②st❛❧ str✉❝t✉r❡✳ ●r❡❡♥✱ ❱❀ r❡❞✱ ❖❀
♣✉r♣❧❡✱ ❈❧❀ s❦② ❜❧✉❡✱ ◆❀ ❜r♦✇♥✱ ❈❀ ✇❤✐t❡✱ ❍✳ ✭❙❛♠♣❧❡s ✇❡r❡ str✉❝t✉r❛❧❧②
❝❤❛r❛❝t❡r✐③❡❞ ❜② ❚✳❆✳ ❇❛③❤❡♥♦✈❛✱ ■P❈P✱ ❈❤❡r♥♦❣♦❧♦✈❦❛✳✮

✶✸❚❤❡ s❛♠♣❧❡ ✇❛s s②♥t❤❡s✐③❡❞ ❛♥❞ str✉❝t✉r❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❚✳ ❆✳ ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳✱ ■P❈P✱
❈❤❡r♥♦❣♦❧♦✈❦❛✳❬✽✺❪
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✺✳✶✳✷✳ ❉❈ ❙✉s❝❡♣t✐❜✐❧✐t② ▼❡❛s✉r❡♠❡♥ts

❚♦ ♣r❡❧✐♠✐♥❛r✐❧② ❛♥❛❧②s❡ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ s❛♠♣❧❡✱ t❤❡ ♠❛❣✲
♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② χ❚✭❚✮ ✇❛s ♠❡❛s✉r❡❞ ✐♥ ❛ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ❜❡t✇❡❡♥ ✷ ❑ ✲ ✸✵✵ ❑
✐♥ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✵✳✶ ❚ ❢♦r ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ❛s s❤♦✇♥ ✐♥ ✜❣✳ ✺✳✷✳
❚❤❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ t❤❡ ❡✈❛❧✉❛t✐♦♥ ✇❛s ♣❡r❢♦r♠❡❞ ❜② ❖✳ ❱✳ ▼❛①✐♠♦✈❛ ❛t t❤❡
▲♦♠♦♥♦s♦✈ ▼♦s❝♦✇ ❙t❛t❡ ❯♥✐✈❡rs✐t②✱ ❘✉ss✐❛✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ✺✳✷✱ t❤❡ χ❚✲✈❛❧✉❡
r❡❛❝❤❡s ❛❧♠♦st ✶ ❝♠3 ❑ ♠♦❧−1 ❛t r♦♦♠✲t❡♠♣❡r❛t✉r❡✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
❡①♣❡❝t❡❞ ❙ ❂ ✶ s♣✐♥ st❛t❡ ♦❢ t❤❡ ❱✭■■■✮ ✐♦♥s ❛♥❞ ❛ ❣✲✈❛❧✉❡ ♦❢ ≈ ✷✳ ❯♣♦♥ ❝♦♦❧✐♥❣ t❤❡
χ❚✲✈❛❧✉❡ ❧✐♥❡❛r❧② ❞❡❝r❡❛s❡s ✉♥t✐❧ ❛ r❛♣✐❞ ❞r♦♣ ❜❡❧♦✇ ≈ ✸✵ ❑ ✐♥❞✐❝❛t✐♥❣ t❤❡ ♣r❡s❡♥❝❡
♦❢ ❛♥ ❛♥✐s♦tr♦♣②✳ ❚♦ ❣❛✐♥ q✉❛♥t✐t❛t✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛✱ ❛ ✜t
❛ss✉♠✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♥❣❧❡✲✐♦♥ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ✇❛s ♣❡r❢♦r♠❡❞✿

H = gµBBS+D
(

S2
z − S(S + 1)/3

)

+ E(S2
x − S

2
y) +HTIP ✭✺✳✶✮

✇❤❡r❡ D ❛♥❞ E ❞❡♥♦t❡ t❤❡ ❛①✐❛❧ ❛♥❞ r❤♦♠❜✐❝ ❩❋❙ ♣❛r❛♠❡t❡rs✱ r❡s♣❡❝t✐✈❡❧②✱ µB ✐s
t❤❡ ❇♦❤r ♠❛❣♥❡t♦♥✱ B ✐s t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ HTIP ✐s t❤❡ ♣❛r❛♠❛❣♥❡t✐❝
t❡♠♣❡r❛t✉r❡✲✐♥❞❡♣❡♥❞❡♥t t❡r♠✳ ❚❤❡ r❡s✉❧t✐♥❣ ✜t✲♣❛r❛♠❡t❡rs ❛r❡ D ❂ ✰✶✵✳✶ ❝♠−1✱
E ❂ ✵✳✹ ❝♠−1✱ ❣ ❂ ✶✳✾✹✵ ❛♥❞ χTIP ❂ ✶✳✶✷ Ö ✶✵−4 ❝♠3 ♠♦❧−1✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥
✜❣✳ ✺✳✷ ❛s r❡❞ s♦❧✐❞ ❧✐♥❡✱ t❤❡ ✉s❡❞ s✐♥❣❧❡✲✐♦♥ ♠♦❞❡❧ r❡♣r♦❞✉❝❡s t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ ✇❡❧❧✱
❤♦✇❡✈❡r✱ ❛ s♠❛❧❧ ❞✐s❝r❡♣❛♥❝② ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❛r♦✉♥❞ ✸✵ ❑✳ ❆♥ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤✐s
❞❡✈✐❛t✐♦♥ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳
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B = 0.1 T

❋✐❣✉r❡ ✺✳✷✳✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❞❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡❞ ✐♥ ❛♥ ❡①t❡r♥❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✵✳✶ ❚ ❢♦r ✸ ✐s s❤♦✇♥ ❛s ♦♣❡♥ ❜❧❛❝❦ ❝✐r❝❧❡s✳ ❚❤❡ r❡❞
❛♥❞ ❜❧✉❡ s♦❧✐❞ ❧✐♥❡s ❞❡♣✐❝t t❤❡ r❡s✉❧ts ♦❢ ❛ ✜t ✉s✐♥❣ ❛ s✐♥❣❧❡✲✐♦♥ ♠♦❞❡❧
✭❡q♥✳ ✺✳✶✮ ❛♥❞ ❛ ❞✐♠❡r ♠♦❞❡❧ ✭❡q♥✳ ✺✳✷✮✱ r❡s♣❡❝t✐✈❡❧②✳ ✭❋✐❣✉r❡ ❛❞❛♣t❡❞
❢r♦♠ ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳ ✷✵✷✵✳❬✽✺❪ ▼❡❛s✉r❡♠❡♥ts✱ ✜tt✐♥❣ ❛♥❞ ♣❧♦t ❝♦♥str✉❝✲
t✐♦♥ ✇❛s ♣❡r❢♦r♠❡❞ ❜② ❖✳ ❱✳ ▼❛①✐♠♦✈❛✱ ▲▼❙❯✱ ❘✉ss✐❛✳✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✭❝❤❛♣✳ ✺✳✶✳✸✮ ✇❛s ✇r✐tt❡♥ ❜② ▲✳ ❙♣✐❧❧❡❝❦❡ ❛♥❞ ❤❛s ❜❡❡♥ ♣✉❜✲
❧✐s❤❡❞ ✐♥ t❤✐s ❢♦r♠ ✭s❡❡ ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳✱ r❡❢✳ ❬✽✺❪✮ ❛s ♣❛rt ♦❢ ❛ r❡s❡❛r❝❤ ❛rt✐❝❧❡ ✐♥ t❤❡
❥♦✉r♥❛❧ ❉❛❧t♦♥ ❚r❛♥s❛❝t✐♦♥s✳

✺✳✶✳✸✳ ❍❋✲❊P❘ ❙♣❡❝tr♦s❝♦♣②

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ str❛✐❣❤t❢♦r✇❛r❞ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❩❋❙ ♣❛r❛♠❡t❡rs ❛♥❞ t♦ ❡❧✉❝✐✲
❞❛t❡ t❤❡ ❜❛s✐❝ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥s ✉♥❞❡r❧②✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❱✭■■■✮
P❇P ❝♦♠♣❧❡① ✸✱ ✇❡ ❤❛✈❡ ✉♥❞❡rt❛❦❡♥ ❛ ❤✐❣❤✲❢r❡q✉❡♥❝②✴❤✐❣❤✲✜❡❧❞ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣✲
♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❍❋✲❊P❘✮ st✉❞② ❢♦r ❝♦♠♣♦✉♥❞ ✸✳ ❚❤❡ ❍❋✲❊P❘ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡
♣❡r❢♦r♠❡❞ ♦♥ ❧♦♦s❡ ❛♥❞ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡s ♦❢ ❝♦♠♣❧❡① ✸✳ ❋♦r ❜♦t❤ ♣r❡♣❛r❛t✐♦♥
t❡❝❤♥✐q✉❡s✱ t❤❡ ♠❡❛s✉r❡❞ r❡s♦♥❛♥❝❡ s♣❡❝tr❛ ❡①❤✐❜✐t ❝❧❡❛r❧② r❡s♦❧✈❛❜❧❡ ❢❡❛t✉r❡s ❛s ❝❛♥
❜❡ s❡❡♥ ✐♥ ❋✐❣✳ ✺✳✸✳ ❚❤❡ ♦❜✈✐♦✉s ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ s❤♦✇♥ s♣❡❝tr❛ ♠❡❛s✉r❡❞
❛t ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡ ❢r❡q✉❡♥❝✐❡s ♦♥ t❤❡ ❧♦♦s❡ ❛♥❞ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ♣r♦✈❡
♣r♦♣❡r ❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r ✐♥ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❇♦t❤ s♣❡❝tr❛
❡①❤✐❜✐t s♦♠❡ ♠✐①✐♥❣ ♦❢ ♣❤❛s❡ ❛♥❞ ❛♠♣❧✐t✉❞❡ ✐♥❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❞✉❡ t♦ t❤❡ ❛♣✲
♣❧✐❡❞ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡ ❛♥❞ ✇❛s ✐♥❝❧✉❞❡❞ ❛s ❛ ♣❛r❛♠❡t❡r ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s✐♠✉❧❛t✐♦♥s ❞✐s♣❧❛②❡❞ ❛s r❡❞ ❧✐♥❡s✱ r❡s♣❡❝t✐✈❡❧②✳
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❚❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r s♣❡❝tr❛ ♦❢ ✸ ❛t ❛ ❝♦♥st❛♥t ❢r❡✲
q✉❡♥❝② ♦❢ ✸✾✻✳✷ ●❍③ ✭❋✐❣✳ ✺✳✹✱ ❧❡❢t✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ♣r♦♥♦✉♥❝❡❞ ❧♦✇✲t❡♠♣❡r❛t✉r❡
❢❡❛t✉r❡ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❣r♦✉♥❞ st❛t❡ tr❛♥s✐t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❤✐❧❡ ❛t T ❂ ✷ ❑
♦♥❧② ♦♥❡ ♠❛✐♥ ❢❡❛t✉r❡ ✐s ✈✐s✐❜❧❡✱ ❛♥ ❡①❝✐t❡❞ ❢❡❛t✉r❡ ❛♣♣❡❛rs ♦♥ t❤❡ ❤✐❣❤ ✜❡❧❞ s✐t❡ ♦❢
t❤❡ ♠❛✐♥ ♦♥❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡s✳

❚✉♥✐♥❣ t❤❡ ♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝② ❛❧❧♦✇s ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡
♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✈s✳ t❤❡ ♠❛❣♥❡t✐❝
✜❡❧❞ ❞✐❛❣r❛♠ ❢♦r t❤❡ ❧♦♦s❡ ♣♦✇❞❡r ♦❢ ❝♦♠♣❧❡① ✸ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✺✳

❋✐❣✉r❡ ✺✳✸✳✿ ❍❋✲❊P❘ s♣❡❝tr❛ ✭❜❧❛❝❦ ❧✐♥❡s✮ ♦❢ ❛❧✐❣♥❡❞ ❧♦♦s❡ ♣♦✇❞❡r ✭❛✮ ❛♥❞ ✜①❡❞ ♣♦✇✲
❞❡r ✭❜✮ ♦❢ ❝♦♠♣❧❡① ✸ ♠❡❛s✉r❡❞ ❛t T ❂ ✷ ❑ ❛♥❞ ❛ ✜①❡❞ ❢r❡q✉❡♥❝② ♦❢
✸✵✶✳✷ ●❍③ ❛♥❞ ✷✾✽✳✹ ●❍③✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❜❧❛❝❦ tr✐❛♥❣❧❡ ✐♥❞✐❝❛t❡s ❛♥
❡①tr❛ ❢❡❛t✉r❡ ❛s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ t❡①t✳ ❚❤❡ r❡❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ ❛ s✐♠✲
✉❧❛t✐♦♥ ✉s✐♥❣ t❤❡ ❙❍ ✭❡q♥ ✺✳✶✮ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✺✳✶✳
✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳ ✷✵✷✵✳❬✽✺❪✮

❆t T ❂ ✷ ❑✱ t❤❡r❡ ✐s ♦♥❡ ♠❛✐♥ ❜r❛♥❝❤ s❤♦✇♥ ❜② ❜❧❛❝❦ sq✉❛r❡s ✐♥ ❋✐❣✳ ✺✳✺ ❛♥❞ ✐♥
❋✐❣✳ ❆✳✶✸✳✶✹ ❚❤❡ ❜r❛♥❝❤ ❢❡❛t✉r❡s ❛ ❩❋❙ ♦❢ ❛r♦✉♥❞ ✶✽✵ ●❍③ ❛♥❞ ♣r♦♥♦✉♥❝❡❞ ❜❡♥❞✐♥❣
✐♥ t❤❡ ❧♦✇✲✜❡❧❞ r❡❣✐♠❡✱ ✇❤✐❧❡ ❧✐♥❡❛r ❜❡❤❛✈✐♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❣✲❢❛❝t♦r ♦❢ ≈ ✷ ✐s
❢♦✉♥❞ ❛t ❤✐❣❤ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ▼❡❛s✉r❡♠❡♥ts ❛t ❤✐❣❤❡r t❡♠♣❡r❛t✉r❡s ✭✶✵ ❑ ✕ ✶✺ ❑✮
s❤♦✇ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❛❞❞✐t✐♦♥❛❧ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s✱ ✇❤✐❝❤ ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s❡✈✲
❡r❛❧ ❡①❝✐t❡❞ ❢❡❛t✉r❡s✳ ❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ♦❢ t❤❡ s♣❡❝tr❛ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✳ ✺✳✸ ✭❛✮ ❛♥❞ t❤❡
♣r❡s❡♥❝❡ ♦❢ ❛ s✐♥❣❧❡ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤ ❛t T ❂ ✷ ❑ ❛r❡ ❡①♣❧❛✐♥❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ s✐♥❣❧❡✲
✐♦♥ ❩❋❙ ♠♦❞❡❧ ❢♦r ❛♥ ❛♥✐s♦tr♦♣✐❝ ❙ ❂ ✶ s②st❡♠✳ ❚❤❡ ♦❜s❡r✈❡❞ ♣r♦♥♦✉♥❝❡❞ ❜❡♥❞✐♥❣
♦❢ t❤❡ ❧♦✇✲t❡♠♣❡r❛t✉r❡ ❜r❛♥❝❤ ✐♥ t❤❡ ❧♦✇✲✜❡❧❞ r❡❣✐♠❡ ❝♦♥✜r♠s t❤❡ ♣r♦♣❡r ❛❧✐❣♥♠❡♥t
♦❢ t❤❡ ❝r②st❛❧❧✐t❡s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞ ❞✐r❡❝t✐♦♥ ❛♥❞ ❛ ♣♦s✐t✐✈❡ s✐❣♥
❢♦r t❤❡ ❛①✐❛❧ ❝r②st❛❧ ✜❡❧❞ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡r D ❝❛♥ ❜❡ r❡❛❞✲♦✛✳❬✶✸✾✱ ✶✹✵❪ ❍♦✇✲

✶✹❚❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r t❤❡ ❱✭■■■✮ ♠♦♥♦♠❡r ❝❤❛♣✳ ✺✳✶ ✐s s❤♦✇♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❝❤❛♣✳ ❆✳✷✳

✺✾



❋✐❣✉r❡ ✺✳✹✳✿ ✭▲❡❢t✮ ❍❋✲❊P❘ s♣❡❝tr❛ ❢♦r ❛♥ ❛❧✐❣♥❡❞ ❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢ ✸ ❛t f ❂
✸✾✻✳✷ ●❍③ ❛t ✈❛r✐♦✉s t❡♠♣❡r❛t✉r❡s ❜❡t✇❡❡♥ ✷ ❑ ❛♥❞ ✶✻✵ ❑✳ ❚❤❡ ❞❛t❛
❛r❡ ✈❡rt✐❝❛❧❧② s❤✐❢t❡❞ ❢♦r ❝❧❛r✐t②✳ ❆ ✇❡❛❦ ❢❡❛t✉r❡ ❛r✐s✐♥❣ ❢r♦♠ ❛ ❢♦r❜✐❞❞❡♥
tr❛♥s✐t✐♦♥ ✭s❡❡ t❤❡ t❡①t✮ ❛t T ❂ ✷ ❑ ❛♥❞ ❛♥ ❡①❝✐t❡❞ ♦♥❡ ❛r❡ ✐♥❞✐❝❛t❡❞ ❜②
✜❧❧❡❞ ❛♥❞ ♦♣❡♥ tr✐❛♥❣❧❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ✭❘✐❣❤t✮ ❈♦rr❡s♣♦♥❞✐♥❣ s✐♠✉❧❛t✐♦♥
✉s✐♥❣ t❤❡ ❙❍ ✐♥ ❡q♥ ✺✳✶ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✺✳✶✳ ✭❋✐❣✉r❡
r❡♣r✐♥t❡❞ ❢r♦♠ ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳ ✷✵✷✵✳❬✽✺❪✮

❡✈❡r✱ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡r♠❛❧❧② ❡①❝✐t❡❞ ❜r❛♥❝❤❡s ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✹ ❛♥❞ ✺✳✺ ✭t❤❡
❜❧❛❝❦ ♦♣❡♥ tr✐❛♥❣❧❡ ✐♥ ❋✐❣✳ ✺✳✹✮ ✐s ♥♦t ♣r❡❞✐❝t❡❞ ❜② s✐♠♣❧❡ ♠♦❞❡❧s ♦❢ ♥♦♥✲✐♥t❡r❛❝t✐♥❣
❱✭■■■✮✲❝❡♥t❡rs✳ ■♥st❡❛❞✱ t❤❡ ❞❛t❛ s✉❣❣❡st t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✜♥✐t❡ ✐♥t❡r♠♦❧❡❝✉❧❛r s♣✐♥
❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ♥❡✐❣❤❜♦r✐♥❣ ♠❡t❛❧ ❝❡♥t❡rs✳❬✶✾❪ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥
tr❛♥s❢♦r♠s t♦

H = µBBgS+D
(

S2
z − S(S + 1)/3

)

+ E(S2
x − S

2
y)− JS1S2 ✭✺✳✷✮

✇❤❡r❡ t❤❡ ✜rst t❡r♠ ❞❡s❝r✐❜❡s ❛♥✐s♦tr♦♣✐❝ ❩❡❡♠❛♥ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ s♣✐♥ S ✇✐t❤ t❤❡
❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ B✱ D ❛♥❞ E ❛r❡ ❩❋❙ ♣❛r❛♠❡t❡rs✱ ❛♥❞ t❤❡ ❧❛st t❡r♠ ❝♦✈❡rs
t❤❡ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ♥❡✐❣❤❜♦r✐♥❣ s♣✐♥s S1 ❛♥❞ S2 ✇✐t❤ t❤❡ ❡①❝❤❛♥❣❡
♣❛r❛♠❡t❡r J ✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ g✲t❡♥s♦r ❡①❤✐❜✐ts t❤r❡❡ ❝♦♠♣♦♥❡♥ts gx✱ gy ❛♥❞ gz✳ ❋r♦♠
t❤❡ ❛①✐❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✱ ✇❡ ❛ss✉♠❡ ❛①✐❛❧ s②♠♠❡tr② ❢♦r t❤❡ g✲t❡♥s♦r s♦ t❤❛t
✐t ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ t♦ ❛①✐❛❧ ✭g∥✮ ❛♥❞ tr❛♥s✈❡rs❛❧ ✭g⊥✮ ❝♦♠♣♦♥❡♥ts✳ ❚❤✐s ✐s s✉♣♣♦rt❡❞
❜② ♦✉r ❧✐❣❛♥❞✲✜❡❧❞ ✭▲❋✮ ❝❛❧❝✉❧❛t✐♦♥s ❢♦r ✸ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❛♥❣✉❧❛r ♦✈❡r❧❛♣ ♠♦❞❡❧
❬✶✹✶✱ ✶✹✷❪✱ ❡✈✐❞❡♥❝✐♥❣ t❤❡ ✉♥✐❛①✐❛❧ ❝❤❛r❛❝t❡r ♦❢ t❤❡ ❩❋❙ t❡♥s♦r✱ ❢♦r ❡①❛♠♣❧❡✱ D ≈ ✰✹✱

✻✵



❋✐❣✉r❡ ✺✳✺✳✿ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ❢♦r ❛ ❧♦♦s❡ ♣♦✇❞❡r
s❛♠♣❧❡ ♦❢ ✸✳ ❇❧❛❝❦ sq✉❛r❡s ❝♦rr❡s♣♦♥❞ t♦ ♠❡❛s✉r❡♠❡♥ts ❛t T ❂ ✷ ❑ ❛♥❞
❜❧✉❡ ❞♦ts ❝♦rr❡s♣♦♥❞ t♦ t❤❡r♠❛❧❧② ❛❝t✐✈❛t❡❞ ❢❡❛t✉r❡s ❛t T ❂ ✶✵ ❑✳ ❚❤❡ r❡❞
❧✐♥❡s s❤♦✇ ❛ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s ✉s✐♥❣ t❤❡ ❙❍ ✐♥ ❡q♥ ✺✳✷
✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✺✳✶✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ♦♥❧②
t❤❡ s✐♠✉❧❛t❡❞ ❜r❛♥❝❤❡s t❤❛t ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♦❜s❡r✈❡❞ tr❛♥s✐t✐♦♥s ❛r❡
s❤♦✇♥✳ ❖♣❡♥ s♠❛❧❧ s②♠❜♦❧s ❞✐s♣❧❛② ✇❡❛❦ ❢❡❛t✉r❡s s❤♦✇✐♥❣ ✉♣ ✐♥ t❤❡
s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❛t T ❂ ✷ ❑ t❤❛t ❛r❡ ❛r✐s✐♥❣ ❢r♦♠ ❢♦r❜✐❞❞❡♥ ♦r ❡①❝✐t❡❞
tr❛♥s✐t✐♦♥s✳ ✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳ ✷✵✷✵✳❬✽✺❪✮

E ❂ ✵✳✵✸✺✕✵✳✵✾ ❝♠−1✳✶✺ ❊♠♣❧♦②✐♥❣ t❤✐s ♠♦❞❡❧ ❛❧❧♦✇s ♦♥❡ t♦ s✐♠✉❧❛t❡ t❤❡ r❡s♦♥❛♥❝❡
❜r❛♥❝❤❡s s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✺ ❛♥❞ ❋✐❣✳ ❆✳✶✹ ❛s ✇❡❧❧ ❛s t❤❡ s♣❡❝tr❛ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✸ ❛♥❞
✺✳✹✳ ❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ♦♥ ❜♦t❤ ❧♦♦s❡ ❛♥❞ ✜①❡❞ ♣♦✇❞❡r
s❛♠♣❧❡s ❛r❡ ✇❡❧❧ ❞❡s❝r✐❜❡❞ ❜② t❤❡ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ t❤❡ ❙❍ ✐♥ ❡q♥ ✺✳✷✳ ❚❤❡ r❡s✉❧t✐♥❣
❙❍ ♣❛r❛♠❡t❡rs ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✺✳✶✳

❖✉r ❛♥❛❧②s✐s s❤♦✇s t❤❛t ♣♦✇❞❡r s♣❡❝tr❛ ❛r❡ ✇❡❧❧ ❞❡s❝r✐❜❡❞ ❜② ❛ss✉♠✐♥❣ ✇❡❧❧ ❛❧✐❣♥❡❞
♠♦❧❡❝✉❧❡s ✇✐t❤ g∥ ⊥ B✳ ❆ss♦❝✐❛t✐♥❣ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r s♣❡❝tr❛ ✇✐t❤ t❤❡ r❡s♣♦♥s❡
♦❢ ❛❧✐❣♥❡❞ ♠♦❧❡❝✉❧❡s ✐s ❢✉rt❤❡r ❝♦♥✜r♠❡❞ ✇❤❡♥ ❛❧❧ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s ♦❜s❡r✈❡❞ ✐♥
t❤❡ ✜①❡❞✱ ✐✳❡✳✱ r❛♥❞♦♠❧② ❛❧✐❣♥❡❞ ♣♦✇❞❡r ❛r❡ ❝♦♥s✐❞❡r❡❞ ✭s❡❡ ❋✐❣✳ ❆✳✶✹✮✳ ❲❤✐❧❡ ❛❧❧
r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s ✐♥ ❋✐❣✳ ❆✳✶✹ ❛r❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ♠♦❞❡❧✱ ❛ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡
s✐♠✉❧❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❜r❛♥❝❤❡s t❤❛t ❛r❡ ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r ✐♥❞❡❡❞
❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♦♥❡s ✇✐t❤ g∥ ⊥ B✳

❖✉r ✜♥❞✐♥❣ ♦❢ D ❜❡✐♥❣ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ J ❛❧❧♦✇s s❦❡t❝❤✐♥❣ t❤❡ ❛♥✐s♦tr♦♣② ❡✛❡❝ts

✶✺❚❤❡ ▲❋ ❝❛❧❝✉❧❛t✐♦♥s ✇❤❡r❡ ♣❡r❢♦r♠❡❞ ❜② ❱✳ ❙✳ ▼✐r♦♥♦✈✱ ■P❈P✱ ❘✉ss✐❛ ❛♥❞ ❛r❡ ♦♠✐tt❡❞ ✇✐t❤✐♥ t❤✐s
✇♦r❦✳ ❚❤❡ r❡s✉❧ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣✉❜❧✐❝❛t✐♦♥ ✭s❡❡ r❡❢✳ ❬✽✺❪✮✳

✻✶



❚❛❜❧❡ ✺✳✶✳✿ ❙❍ ♣❛r❛♠❡t❡rs ♦❜t❛✐♥❡❞ ❢r♦♠ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✈s✳
✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❧♦♦s❡ ❛♥❞ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✺
❛♥❞ ❆✳✶✹✳ ❚❤❡s❡ ♣❛r❛♠❡t❡rs ✇❡r❡ ✉s❡❞ t♦ s✐♠✉❧❛t❡ t❤❡ s♣❡❝tr❛ s❤♦✇♥ ✐♥
❋✐❣✳ ✺✳✸ ❛♥❞ ✺✳✹✳ ❚❤❡ t❤✐r❞ ❝♦❧✉♠♥ s❤♦✇s ❝❛❧❝✉❧❛t❡❞ g✲✈❛❧✉❡s

❙❍ ♣❛r❛♠❡t❡r ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❈❛❧❝✉❧❛t❡❞ ♣❛r❛♠❡t❡rs(a)

g∥ ✶✳✾✼✭✷✮ ✶✳✾✼✶✺✽✸✹✱ ✶✳✾✼✷✷✵✵✼
g⊥ ✶✳✾✾✭✷✮ ✶✳✾✾✽✹✻✶✵
D ✰✶✸✻✭✸✮ ●❍③ ✭✹✳✺✭✶✮ ❝♠−1✮ ✲
E ✵✭✶✮ ●❍③ ✲
J ✲✸✹✭✸✮ ●❍③ ✭✲✶✳✶✭✶✮ ❝♠−1✮ ✲

(a)

❉❋❚ ❝❛❧❝✉❧❛t✐♦♥s✳

❜② ♠❡❛♥s ♦❢ ❛ ♠♦♥♦♠❡r ♣✐❝t✉r❡✿ t❤❡ ♣♦s✐t✐✈❡ s✐❣♥ ♦❢ D ✐♠♣❧✐❡s ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣
♦❢ t❤❡ tr✐♣❧❡t st❛t❡s ✇✐t❤ mS ❂ ✵ ❜❡✐♥❣ t❤❡ ❣r♦✉♥❞ st❛t❡✱ ✐✳❡✳✱ ♣❧❛♥❛r ❛♥✐s♦tr♦♣②
✇✐t❤♦✉t s✐❣♥✐✜❝❛♥t ✐♥✲♣❧❛♥❡ ❛♥✐s♦tr♦♣②✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ✇❡❧❧ ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r
▲❋ ❝❛❧❝✉❧❛t✐♦♥s✶✺ ✭D ≈✰✹ ❝♠−1✱ E ≪ D✮✳ ❲❤✐❧❡ ❧♦♦s❡ ♣♦✇❞❡rs ❛r❡ ❤❡♥❝❡ ❛❧✐❣♥❡❞
s♦ t❤❛t g∥ ⊥ B✱ r♦t❛t✐♦♥❛❧ s②♠♠❡tr② ✭gx ❂ gy ❛♥❞ E ≈ ✵✮ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s
♥♦ ♣r❡❢❡r❡♥t✐❛❧ ❞✐r❡❝t✐♦♥ ✇✐t❤✐♥ t❤❡ ①②✲♣❧❛♥❡ s♦ t❤❛t t❤❡ ♦❜s❡r✈❡❞ s✐♥❣❧❡ ❢❡❛t✉r❡ ❝❛♥
❜❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❛ttr✐❜✉t❡❞ t♦ t❤❡ tr❛♥s✈❡rs❛❧ ❞✐r❡❝t✐♦♥✳ ❚❤❡s❡ ❝♦♥❝❧✉s✐♦♥s ❛r❡
✇❡❧❧ ❝♦rr♦❜♦r❛t❡❞ ❜② ♦✉r ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t❤❡ ❛♥❣✉❧❛r ❞❡♣❡♥❞❡♥❝❡ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥
❢♦r t❤❡ ✐s♦❧❛t❡❞ ❬❱✭❉❆P❇❍✮✭❈❍✸❖❍✮2❪+ ♠♦❧❡❝✉❧❡✱ ✇❤✐❝❤ s❤♦✇ ❛ ❞✐st✐♥❝t ❡❛s②✲♣❧❛♥❡
♥❛t✉r❡ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ✭❋✐❣✳ ❆✳✶✼✮ ❛♥❞ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ✐♥ t❤❡
❡q✉❛t♦r✐❛❧ ①② ♣❧❛♥❡ ✭❛t B ∥ xy✱ ❋✐❣✳ ❆✳✶✽✮✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t✇♦ ♠♦❧❡❝✉❧❡s ✇✐t❤✐♥
♦♥❡ ✉♥✐t ❝❡❧❧ ✐♥ ❣❡♥❡r❛❧ ❛❧❧♦✇s ❢♦r ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❡❛s② ❛♥✐s♦tr♦♣②
♣❧❛♥❡✱ ✇❤✐❝❤ ♠❛② ❜❡ ♠✐s❛❧✐❣♥❡❞ ❜② t❤❡ ❛♥❣❧❡ ✷ϕ ❜❡t✇❡❡♥ ❜♦t❤ ♠♦❧❡❝✉❧❡s✳ ■♥ ❛ ❧♦♦s❡
♣♦✇❞❡r ♠❡❛s✉r❡♠❡♥t✱ t❤✐s ✐♠♣❧✐❡s t❤❡ ❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❝r②st❛❧❧✐t❡s ♣❡r♣❡♥❞✐❝✉❧❛r t♦
t❤❡ ❡✛❡❝t✐✈❡ ❛♥✐s♦tr♦♣② ❛①✐s s♦ t❤❛t t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ♠✐s❛❧✐❣♥❡❞ ❜② ϕ
t♦ t❤❡ ①②✲♣❧❛♥❡ ♦❢ t❤❡ ♠♦❧❡❝✉❧❛r ❛♥✐s♦tr♦♣②✳ ❍♦✇❡✈❡r✱ ❛s ❞❡♠♦♥str❛t❡❞ ✐♥ ❋✐❣✳ ❆✳✶✺
✇❤❡r❡ t❤❡ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❣r♦✉♥❞ st❛t❡ tr❛♥s✐t✐♦♥ ✐s s✐♠✉❧❛t❡❞ ❢♦r ❞✐✛❡r❡♥t
❛♥❣❧❡s ϕ✱ s✉❝❤ ♠✐s❛❧✐❣♥♠❡♥t ✇♦✉❧❞ ❧❡❛❞ t♦ ❛ s♣❧✐tt✐♥❣ ♦❢ t❤❡ ❜r❛♥❝❤ ♦❜s❡r✈❡❞ ❛t ❧♦✇
t❡♠♣❡r❛t✉r❡s✳ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✐♠♣❧✐❡s
t❤❛t t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ❝r②st❛❧ ✜❡❧❞ ❛①❡s ♦❢ t❤❡ t✇♦ ♠♦❧❡❝✉❧❡s ✐♥ t❤❡ ✉♥✐t ❝❡❧❧
✐s s♠❛❧❧❡r t❤❛♥ ✶✵➦✱ ✇❤✐❧❡ t❤❡ ❜❡st s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❜r❛♥❝❤ ✐s ♦❜t❛✐♥❡❞ ❢♦r ϕ ❂ ✵➦✳
❍❡♥❝❡✱ t❤❡ ❝r②st❛❧ ✜❡❧❞ ❛①❡s ❢♦r ❛❧❧ ♠♦❧❡❝✉❧❡s ❛r❡ ❛❧♠♦st ♣❡r❢❡❝t❧② ❛❧✐❣♥❡❞✳ ❚❤✐s r❡s✉❧t
✐s ❝♦rr♦❜♦r❛t❡❞ ❜② t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✜①❡❞ ♣♦✇❞❡r st✉❞✐❡s✳

❖✉r ❛♥❛❧②s✐s ✐♠♣❧✐❡s t❤❛t t❤❡ t❤❡r♠❛❧❧② ❡①❝✐t❡❞ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡ ✐s ❛ttr✐❜✉t❡❞ t♦
t❤❡ ❡✛❡❝t ♦❢ ❞✐♠❡r✲❧✐❦❡ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t✇♦ ♥❡✐❣❤❜♦r✐♥❣ ✈❛♥❛❞✐✉♠
❝❡♥t❡rs✱ t❤✉s✱ ✐ts ♦r✐❣✐♥ ✐s ❛♥❛❧②③❡❞ ❜❡❧♦✇ ✐♥ t❡r♠s ♦❢ s✉♣❡r❡①❝❤❛♥❣❡ ❝❛❧❝✉❧❛t✐♦♥s
❜❡t✇❡❡♥ t❤❡ ❬❱✭❉❆P❇❍✮✭❈❍3❖❍✮2❪+ ✉♥✐ts ✭s❡❡ ❝❤❛♣✳ ✺✳✶✳✺✮✳ ❊st✐♠❛t✐♥❣ ❞✐♣♦❧❛r
✐♥t❡r❛❝t✐♦♥s❬✷✻❪ ❜❡t✇❡❡♥ ❙ ❂ ✶ ❝❡♥t❡rs s❡♣❛r❛t❡❞ ❜② ❛❜♦✉t ✼✳✺ ➴ ②✐❡❧❞s ♠❛❣♥❡t✐❝
❝♦✉♣❧✐♥❣ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ❏dipolar ≈ ✵✳✷ ●❍③✱ ✇❤✐❝❤ ✐s ♠✉❝❤ t♦♦ s♠❛❧❧ t♦ ❛❝❝♦✉♥t ❢♦r
t❤❡ ♦❜s❡r✈❡❞ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❡①tr❛ ❢❡❛t✉r❡ ❢r♦♠ t❤❡ ♠❛✐♥ ♦♥❡ ❛♥❞ ✐ts t❡♠♣❡r❛t✉r❡
❞❡♣❡♥❞❡♥❝❡✳❬✶✹✸❪ ❚❤❡ s♠❛❧❧ ❢❡❛t✉r❡ s❤♦✇✐♥❣ ✉♣ ✐♥ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r s♣❡❝tr❛ ♠❛r❦❡❞ ❜②

✻✷



❛ ❜❧❛❝❦ ✜❧❧❡❞ tr✐❛♥❣❧❡ ✐♥ ❋✐❣✳ ✺✳✸ ✭❛✮ ✐s ❛ ❢♦r❜✐❞❞❡♥ tr❛♥s✐t✐♦♥✱ ✐✳❡✳✱ ✐t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤
❛ ❝❤❛♥❣❡ ♦❢ s♣✐♥ st❛t❡ ∆mS = ±2✳ ■♥ ❣❡♥❡r❛❧✱ ❢♦r❜✐❞❞❡♥ tr❛♥s✐t✐♦♥s ❛r❡ ♥♦t s✉♣♣♦s❡❞
t♦ ❜❡ ❞❡t❡❝t❡❞ ❢♦r E ❂ ✵ ❛♥❞ ❛❧✐❣♥❡❞ ❝r②st❛❧❧✐t❡s ❜✉t ❢♦r ❤✐❣❤❡r ♦r❞❡r tr❛♥s✈❡rs❡
t❡r♠s✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠✐①❡❞ ♠♦❞❡s ♦❢ ♠✐❝r♦✇❛✈❡ r❛❞✐❛t✐♦♥ ♦r ✈❛r✐♦✉s ♠♦❧❡❝✉❧❛r
♦r✐❡♥t❛t✐♦♥s ✐♥ t❤❡ ✉♥✐t ❝❡❧❧ ♠❛② ❛❝❝♦✉♥t ❢♦r ❢♦r❜✐❞❞❡♥ ❢❡❛t✉r❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ♠♦❞❡
♠✐①✐♥❣ ✐♥ t❤❡ tr❛♥s♠✐ss✐♦♥✲t②♣❡ ♣r♦❜❡ s❡t✉♣ ✐♠♣❧✐❡s t❤❛t ♥♦t ♦♥❧② t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧
♣❡r♣❡♥❞✐❝✉❧❛r ♠♦❞❡ ✐s ❞❡t❡❝t❡❞ ❜✉t ❛❧s♦ t❤❡ ♣❛r❛❧❧❡❧ ♦♥❡✱ ✇❤✐❝❤ ♠❛② ❝❛✉s❡ ❢♦r❜✐❞❞❡♥
tr❛♥s✐t✐♦♥s ❡✈❡♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ tr❛♥s✈❡rs❛❧ ❛♥✐s♦tr♦♣② t❡r♠✳❬✶✹✸✱ ✶✹✹❪ ❆ ♠✐①t✉r❡
♦❢ t❤❡ ♠✐❝r♦✇❛✈❡ ♠♦❞❡s ✇❛s ❤❡♥❝❡ ✐♥❝❧✉❞❡❞ ❛s ❛ ♣❛r❛♠❡t❡r ✐♥ ❛❧❧ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡
s♣❡❝tr❛✳ ■♥ ❛❞❞✐t✐♦♥✱ s❧✐❣❤t ♠✐s❛❧✐❣♥♠❡♥t ♦❢ ♠♦❧❡❝✉❧❡s ❛t ❞✐✛❡r❡♥t ✉♥✐t ❝❡❧❧ ♣♦s✐t✐♦♥s
✐♠♣❧✐❡s t❤❛t ❡✈❡♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♣❡r❢❡❝t ❛❧✐❣♥♠❡♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝r②st❛❧s✬ ❡✛❡❝t✐✈❡
❛♥✐s♦tr♦♣✐❡s✱ ♠✐s❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡s ✐s ♣r❡s❡♥t✳

❋✐❣✉r❡ ✺✳✻✳✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ st❛t✐❝ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ♦❢ ✸ ❜❡✲
t✇❡❡♥ ✵✳✹ ❑ ❛♥❞ ✶✵ ❑✳ ❚❤❡ ❞❛t❛ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ 3❍❡✲s❡t✉♣ ♦♥ ❛ ✜①❡❞
♣♦✇❞❡r ♦❢ ❝♦♠♣❧❡① ✸ ✇❡r❡ ♥♦r♠❛❧✐③❡❞ ❛t ✹✳✷ ❑ t♦ t❤❡ ❤✐❣❤❡r t❡♠♣❡r❛t✉r❡
❞❛t❛ ❛❧s♦ s❤♦✇♥ ✐♥ t❤✐s ✜❣✉r❡✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡ s❤♦✇s ❛ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣
❙❍ ❡q♥ ✺✳✷ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ t❡①t✳ ❋♦r ❝♦♠♣❛r✐s♦♥✱ ❛
s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ t❤❡ s❛♠❡ ❙❍ ♣❛r❛♠❡t❡rs ❜✉t ✇✐t❤ J ❂ ✵ ✐s ❣✐✈❡♥ ❛s t❤❡
❞❛s❤❡❞ ❧✐♥❡✳ ✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳ ✷✵✷✵✳❬✽✺❪✮

❚❤❡ ♣r❡s❡♥❝❡ ♦❢ s♠❛❧❧ ❞✐♠❡r✲❧✐❦❡ s♣✐♥ ❝♦✉♣❧✐♥❣ ✐s s✉♣♣♦s❡❞ t♦ ②✐❡❧❞ ❛ ♠❛①✐♠✉♠
✐♥ t❤❡ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ❛t T ≈ ✷ ❑ ❛♥❞ ❞♦✇♥t✉r♥ ❜❡❧♦✇✳❬✶✹✺❪ ❚❤✐s ❜❡❤❛✈✲
✐♦r ✐s ❝❧❡❛r❧② ❝♦♥✜r♠❡❞ ❜② ❋✐❣✳ ✺✳✻ ✇❤❡r❡ ❧♦✇✲t❡♠♣❡r❛t✉r❡ ❞❝✲s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛ ❛r❡
♣r❡s❡♥t❡❞✳ ❚❤❡ ❞❛t❛ ❛r❡ ✇❡❧❧ ❞❡s❝r✐❜❡❞ ❜② ❛ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ t❤❡ ❙❍ ❡q♥ ✺✳✷ ❛♥❞
❡♠♣❧♦②✐♥❣ g✲✈❛❧✉❡s ❛♥❞ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡rs ❛s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✺✳✶ ❜✉t ❛♥ ❛♥t✐❢❡r✲
r♦♠❛❣♥❡t✐❝ ❞✐♠❡r ❝♦✉♣❧✐♥❣ ♦❢ ✲✸✼✳✺ ●❍③✳ ❚❤✐s ❝♦✉♣❧✐♥❣ ✈❛❧✉❡ ✐s ✇✐t❤✐♥ t❤❡ ❡rr♦r r❛♥❣❡

✻✸



♦❢ t❤❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ❜② ❍❋✲❊P❘✳ ■♥ ❝♦♥tr❛st✱ ✐❣♥♦r✐♥❣ ✐♥t❡r♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐❝ ✐♥✲
t❡r❛❝t✐♦♥ ❜✉t ❡♠♣❧♦②✐♥❣ t❤❡ s❛♠❡ ❛♥✐s♦tr♦♣② ❛♥❞ g✲✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢r♦♠ ❊P❘ ❢❛✐❧s t♦
❞❡s❝r✐❜❡ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳ ❙✐♠✉❧❛t✐♦♥ ✇✐t❤ ❏ ❂ ✲✸✹ ●❍③ ❛s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡
❜❡st ✜t t♦ t❤❡ ❊P❘ ❞❛t❛ st✐❧❧ s❤♦✇s ❛ ❣♦♦❞ q✉❛❧✐t❛t✐✈❡ ❛❣r❡❡♠❡♥t✱ ✇❤✐❧❡ t❤❡ ♣♦s✐t✐♦♥
♦❢ t❤❡ ♠❛①✐♠✉♠ ✐♥ χ ✐s r❡♣r♦❞✉❝❡❞ ❜❡st ❜② ✉s✐♥❣ J ❂ ✲✹✸ ●❍③ ✭s❡❡ ❋✐❣✳ ✺✳✻✮✳ ❚❤❡
❧❛tt❡r ✈❛❧✉❡ ✐s ❤♦✇❡✈❡r t♦♦ ❧❛r❣❡ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡①❝✐t❡❞ ❢❡❛t✉r❡s ✐♥
❋✐❣✳ ✺✳✹ ❛♥❞ ✺✳✺✳

■t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡ ❩❋❙ ♠♦❞❡❧ ✇✐t❤ t❤❡ ✐s♦tr♦♣✐❝ g✲t❡♥s♦r ❛♥❞ ✇✐t❤
❞✐♠❡r✲❧✐❦❡ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ s♣✐♥ ❝♦✉♣❧✐♥❣ r❡♣r♦❞✉❝❡s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ χ❚ ❝✉r✈❡ ❢♦r
✸ ♦✈❡r t❤❡ ❡♥t✐r❡ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ♦❢ ✷ ✕ ✸✵✵ ❑ ❛t g ❂ ✶✳✾✺✵✱ D ❂ ✰✹✳✻ ❝♠−1✱ E ❂
✵✱ ❏ ❂ ✲✶✳✶ ❝♠−1 ❛♥❞ χTIP ❂ ✶✳✶✷ × ✶✵−4 ❝♠3 ♠♦❧−1✱ ❋✐❣✳ ✺✳✷✳

✺✳✶✳✹✳ ❊①♣❡r✐♠❡♥t❛❧ ❉❡t❛✐❧s

❍✐❣❤✲❢r❡q✉❡♥❝②✴❤✐❣❤✲✜❡❧❞ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❍❋✲❊P❘✮ ♠❡❛s✉r❡♠❡♥ts
✇❡r❡ ♣❡r❢♦r♠❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❝♦♠♠❡r❝✐❛❧ ♠✐❧❧✐♠❡t❡r✇❛✈❡ ✈❡❝t♦r ♥❡t✇♦r❦ ❛♥❛❧②③❡r
✭▼❱◆❆✮ ❢r♦♠ ❆❇♠♠ ❛s ❛ ♣❤❛s❡ s❡♥s✐t✐✈❡ ♠✐❝r♦✇❛✈❡ s♦✉r❝❡ ❛♥❞ ❞❡t❡❝t♦r✳❬✻✼❪ ❚❤❡
s♣❡❝tr❛ ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ❜❡t✇❡❡♥ ✺✵ ●❍③ ❛♥❞ ✺✵✵ ●❍③ ✐♥ ❡①t❡r♥❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞s ✉♣ t♦ ✶✻ ❚✳ ❚❤❡ t❡♠♣❡r❛t✉r❡ ❝♦♥tr♦❧ ❜❡t✇❡❡♥ ✷ ❑ ❛♥❞ ✶✻✵ ❑ ✇❛s
❡♥s✉r❡❞ ❜② ✉s✐♥❣ ❛ ✈❛r✐❛❜❧❡ t❡♠♣❡r❛t✉r❡ ✐♥s❡rt ✭❱❚■✮ ✇✐t❤ ❛ 4❍❡ ❣❛s ✢♦✇ ❝r②♦st❛t
❢r♦♠ ❖①❢♦r❞ ■♥str✉♠❡♥ts✳ ❚❤❡ ❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡s ✇❡r❡ ♣❧❛❝❡❞ ✐♥s✐❞❡ ❛ ❜r❛ss
r✐♥❣ ✐♥ ❛ ❤♦♠❡✲♠❛❞❡ tr❛♥s♠✐ss✐♦♥ t②♣❡ ❊P❘ ♣r♦❜❡ ✇✐t❤ ♥♦ ❡①tr❛ ❣❧✉❡ ♦r ❣r❡❛s❡
t♦ ❛❧✐❣♥ t❤❡ ❝r②st❛❧❧✐t❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐r❡❝t✐♦♥✳ ■♥
♦r❞❡r t♦ ❡♥s✉r❡ ❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r✱ t❤❡ ♠❛①✐♠✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✶✻ ❚
✇❛s ❛♣♣❧✐❡❞ ♣r✐♦r t♦ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ t❤❡ ❛❧✐❣♥♠❡♥t ✇❛s ♠♦♥✐t♦r❡❞ ❜② ✉s✐♥❣
❝♦rr❡s♣♦♥❞✐♥❣ ♦r✐❡♥t❛t✐♦♥ ❥✉♠♣s ✐♥ t❤❡ tr❛♥s♠✐tt❡❞ ♠✐❝r♦✇❛✈❡ s✐❣♥❛❧✳ ❘❡❛rr❛♥❣❡♠❡♥t
♦❢ t❤❡ ❝r②st❛❧❧✐t❡s t♦ ❛ ♥♦♥✲❛❧✐❣♥❡❞ s✐t✉❛t✐♦♥ ✇❛s ❛✈♦✐❞❡❞ ❜② r❡str✐❝t✐♥❣ t❤❡ ♠❛❣♥❡t✐❝
✜❡❧❞ t♦ ❛ r❛♥❣❡ ❜❡t✇❡❡♥ ✵✳✷ ❚ ❛♥❞ ✶✻ ❚✳ ❋♦r ✜①❡❞ ♣♦✇❞❡r ♠❡❛s✉r❡♠❡♥ts✱ t❤❡ ♠❛t❡r✐❛❧
✇❛s t❤♦r♦✉❣❤❧② ❣r♦✉♥❞ ❛♥❞ t❤❡♥ ✜①❡❞ ✇✐t❤ ❡✐❝♦s❛♥❡✳ ❆♥❛❧②s✐s ❛♥❞ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡
❍❋✲❊P❘ ❞❛t❛ ❛s ✇❡❧❧ ❛s t❤❛t ♦❢ t❤❡ ❧♦✇✲t❡♠♣❡r❛t✉r❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❞❛t❛ ✇❛s ❞♦♥❡
❜② ♠❡❛♥s ♦❢ t❤❡ ❊❛s②❙♣✐♥ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡✳❬✻✻❪

❆❜ ✐♥✐t✐♦ ❞❡♥s✐t② ❢✉♥❝t✐♦♥❛❧ t❤❡♦r② ✭❉❋❚✮ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t❤❡ g✲t❡♥s♦r ❛♥✐s♦tr♦♣②
✇❡r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❛ s♣✐♥ ✉♥r❡str✐❝t❡❞ s❡❧❢✲❝♦♥s✐st❡♥t ✜❡❧❞ ♠❡t❤♦❞ ✭❙❈❋✮❬✶✹✻❪ ✇✐t❤
❇✸▲❨P ❤②❜r✐❞ ❢✉♥❝t✐♦♥❛❧s ❛♥❞ ❛ ❙❱P❬✶✹✼❪ ❜❛s✐s s❡t ❢♦r ❛❧❧ ❡❧❡❝tr♦♥s ❛s ✐♠♣❧❡♠❡♥t❡❞
✐♥ t❤❡ ❖❘❈❆ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡✳❬✶✹✽✱ ✶✹✾❪

✺✳✶✳✺✳ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❈♦♥❝❧✉s✐♦♥

❇② ❍❋ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s ✐s ✇❛s ❢♦✉♥❞✱ t❤❛t ❜♦t❤✱ t❤❡ ❝r②st❛❧ ✜❡❧❞ ❛♥✐s♦tr♦♣② ❛s ✇❡❧❧
❛s t❤❡ g✲❛♥✐s♦tr♦♣② ♦❢ ❛ ♥♦✈❡❧ ❱✭■■■✮ ♠♦♥♦♥✉❝❧❡❛r ❝♦♠♣❧❡① ✭✸✮ ✜❣✉r❡ ❛✱ ✇✐t❤✐♥ t❤❡
r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t✱ ♣❡r❢❡❝t❧② ♣❧❛♥❛r s❤❛♣❡✳ ❇❡②♦♥❞ t❤❡ s✐♥❣❧❡ ✐♦♥ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❱✭■■■✮ ✐♦♥s✱ ❛ s♠❛❧❧ ❜✉t ✇❡❧❧ r❡s♦❧✈❡❞ ❛♥t✐✲❢❡rr♦♠❛❣♥❡t✐❝ ✐♥t❡r♠♦❧❡❝✉❧❛r ❝♦✉♣❧✐♥❣
♦❢ J ❂ ✲✶✳✶ ❝♠−1 ❜❡t✇❡❡♥ t✇♦ ♥❡✐❣❤❜♦✉r✐♥❣ ✐♦♥s ❤❛s ❜❡❡♥ ❢♦✉♥❞✳ ❚❤✐s ❞✐♠❡r ❧✐❦❡

✻✹



✐♥t❡r❛❝t✐♦♥ ✐s ❛ s✉r♣r✐s✐♥❣ r❡s✉❧t ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❧❛r❣❡ s♣❛t✐❛❧ s❡♣❛r❛t✐♦♥ ♦❢ ❛❜♦✉t
✼✳✺ ➴ ❜❡t✇❡❡♥ t❤❡ ♣❛r❛♠❛❣♥❡t✐❝ ❝❡♥tr❡s ✇✐t❤✐♥ t❤❡ ❝r②st❛❧ str✉❝t✉r❡✳ ❍♦✇❡✈❡r✱ t❤❡
❜② ❍❋ ❊P❘ ♠❡❛s✉r❡❞ ❝♦✉♣❧✐♥❣s ✇❡r❡ ❝♦♥❝❧✉s✐✈❡❧② ❝♦♥✜r♠❡❞ ❜② ❧♦✇ t❡♠♣❡r❛t✉r❡
❙◗❯■❉ ♠❡❛s✉r❡♠❡♥ts ❞♦✇♥ t♦ ✵✳✹ ❑✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❛ s✐♥❣❧❡✲✐♦♥
♠♦❞❡❧ ❜② ❛ ✜♥✐t❡ ❞✐♠❡r✐❝ ❝♦✉♣❧✐♥❣ t❡r♠ ❧❡❛❞s t♦ ❛ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡❞ ♦✈❡r❧❛♣
❜❡t✇❡❡♥ t❤❡ ♠❡❛s✉r❡❞ ❛♥❞ ✜tt❡❞ χ❚✭❚✮ ❞❛t❛ ❛s ✐t ✐s ❞❡♠♦♥str❛t❡❞ ✐♥ ✜❣✳ ✺✳✷✳ ❨❡t✱ ✐t
❤❛s t♦ ❜❡ ♠❡♥t✐♦♥❡❞✱ t❤❛t ❢r♦♠ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ χ❚✭❚✮ ❞❛t❛ ❛❧♦♥❡✱ t❤❡ ❞✐✛❡r❡♥t
❝♦♥tr✐❜✉t✐♦♥s ❛r✐s✐♥❣ ❢r♦♠ ❝♦✉♣❧✐♥❣s ♦r ❛♥✐s♦tr♦♣② t❡r♠s ❝❛♥ ♥♦t ❜❡ ❞✐st✐♥❣✉✐s❤❡❞✳

❚♦ ✉♥❞❡rst❛♥❞ t❤❡ ♦r✐❣✐♥ ♦❢ t❤✐s ❧♦♥❣✲r❛♥❣❡ ❞✐♠❡r✲❧✐❦❡ s♣✐♥ ❝♦✉♣❧✐♥❣✱ t❤❡ ♣r♦❜❛✲
❜❧❡ s✉♣❡r✲❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♠♦❧❡❝✉❧❛r ✉♥✐ts ✇❡r❡ t❤❡♦r❡t✐❝❛❧❧② ❡①✲
♣❧♦r❡❞✳✶✻ ❋r♦♠ t❤✐s ✐t ✐s ❢♦✉♥❞✱ t❤❛t ❛❝t✉❛❧❧② ❛ π✲st❛❝❦✐♥❣ ♠❡❝❤❛♥✐s♠ ❜❡t✇❡❡♥ t❤❡
♣❧❛♥❛r ❉❆P❇❍ ❧✐❣❛♥❞s ♣r♦✈✐❞❡s t❤❡ ♠♦st ❡✣❝✐❡♥t s✉♣❡r✲❡①❝❤❛♥❣❡ ❝♦✉♣❧✐♥❣ ♣❛t❤✇❛②
✭s❡❡ ✜❣✳ ✺✳✼✮✳ ❆ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s ❝♦✉♣❧✐♥❣ ♠❡❝❤❛♥✐s♠ ❛♥❞ t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s ✐s ❣✐✈❡♥ ✐♥ r❡❢✳ ❬✽✺❪✳

π-stacking

❋✐❣✉r❡ ✺✳✼✳✿ Pr❡❞✐❝t❡❞ π✲st❛❝❦✐♥❣ ♠❡❝❤❛♥✐s♠ ❜❡t✇❡❡♥ t❤❡ ❉❆P❇❍ ❧✐❣❛♥❞s ♦❢ t✇♦
♥❡✐❣❤❜♦✉r✐♥❣ ♠♦❧❡❝✉❧❡s ✇✐t❤✐♥ ✸✳ ❚❤❡ ❝♦❧♦✉r ❝♦❞❡ ♦❢ t❤❡ ❛t♦♠s ✐s ❣✐✈❡♥
✐♥ t❤❡ ❝❛♣t✐♦♥ ♦❢ ✜❣✳ ✺✳✶✳✭❋✐❣✉r❡ ❛❞❛♣t❡❞ ❢r♦♠ r❡❢✳ ❬✽✺❪✳✮

❚❤✉s✱ t❤✐s ✇♦r❦ ❞❡❧✐✈❡rs✱ ♥❡①t t♦ t❤❡ ❞✐♠❡r✐❝ ❝♦✉♣❧✐♥❣ ♦❢ ❈♦✭■■✮ ✐♦♥s ❞❡s❝r✐❜❡❞ ✐♥
❝❤❛♣✳ ✹✳✷✱ ❛ ❢✉rt❤❡r ❡①❛♠♣❧❡ ❤♦✇ ❞❡t❛✐❧❡❞ ❍❋ ❊P❘ ❛♥❛❧②s✐s ❝❛♥ ♥♦t ♦♥❧② ♣r❡❝✐s❡❧②
❞❡t❡r♠✐♥❡ t❤❡ ❝r②st❛❧ ✜❡❧❞ ✐♥❞✉❝❡❞ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❣✐✈❡♥ ♣❛r❛♠❛❣♥❡t✐❝ s②st❡♠✱ ❜✉t
❛❧s♦ r❡s♦❧✈❡s s♠❛❧❧ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ❜❡②♦♥❞ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛
st❛♥❞❛r❞ ❙◗❯■❉ ♠❛❣♥❡t♦♠❡t❡r✳

✶✻❚❤❡♦r❡t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ❜② ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳✱ s❡❡ r❡❢✳ ❬✽✺❪

✻✺





✻✳ ❋r♦♠ ✸d t♦ ✹f ▼❛❣♥❡t✐s♠✿
❘❛r❡✲❡❛rt❤ ▼❡t❛❧ ❈♦♥t❛✐♥✐♥❣
❈♦♠♣♦✉♥❞s

❚❤❡ ♠♦❧❡❝✉❧❛r ❝♦♠♣♦✉♥❞s ❞✐s❝✉ss❡❞ ✇✐t❤✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ ❝❤❛♣t❡rs ❤❛✈❡ ❛♥ ♦❜✈✐♦✉s
s✐♠✐❧❛r✐t② ❛s t❤❡✐r ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ❛r❡ ❛r✐s✐♥❣ ❢r♦♠ ❛ ❝❡♥tr❛❧ ✸d ♠❡t❛❧ ✐♦♥ ✇❤✐❝❤
✐s s✉rr♦✉♥❞❡❞ ❜② ♦r❣❛♥✐❝ ❧✐❣❛♥❞s✳ ❚❤❡ ✐♥t❡r❡st ✐♥ ✸d tr❛♥s✐t✐♦♥ ♠❡t❛❧ ✐♦♥s ♠❛✐♥❧②
❛r♦s❡✱ ❛♠♦♥❣ ♦t❤❡rs✱ ❞✉❡ t♦ t❤❡✐r r❡♣r❡s❡♥t❛t✐♦♥ ❛s ❝r✉❝✐❛❧ ✐♦♥ ✐♥ ♠❛♥② ❜✐♦❧♦❣✐❝❛❧
♠♦❧❡❝✉❧❛r ❝♦♠♣♦✉♥❞s ✐♥ t❤❡ ❢♦r♠ ♦❢✱ ❡✳❣✳✱ t❤❡ ❝❡♥tr❛❧ ✐r♦♥ ✐♦♥ ✐♥ t❤❡ ❤❛❡♠♦❣❧♦❜✐♥ ♦r
♠②♦❣❧♦❜✐♥ ♠♦❧❡❝✉❧❡✳❬✶✺✵✕✶✺✸❪ ❋✉rt❤❡r♠♦r❡✱ t❤❡② ✇❡r❡ str♦♥❣❧② ✐♥✈❡st✐❣❛t❡❞ ❢♦r t❤❡✐r
❝❛t❛❧②t✐❝ ❛❝t✐✈✐t② ❛♥❞ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s✳❬✶✺✹✱ ✶✺✺❪ ❚❤❡ ❣r❡❛t ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ❧❛tt❡r
✇❛s ♣r♦✈❡♥✱ ✇❤❡♥ t❤❡ ✜rst ❙▼▼✱ t❤❡ ❢❛♠♦✉s ▼♥12✱❬✺❪ ✇❛s r❡♣♦rt❡❞✱ ✇❤✐❝❤ ❝♦♥s✐sts
♦❢ t✇❡❧✈❡ str♦♥❣❧② ❝♦✉♣❧❡❞ ✸d ♠❡t❛❧ ✐♦♥s✱ ✇❤✐❝❤ ❢♦r♠ ❛ t♦t❛❧ s♣✐♥ ♦❢ ❙ ❂ ✶✵✳ ❚❤✐s
❞✐s❝♦✈❡r② tr✐❣❣❡r❡❞ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ♥✉♠❡r♦✉s tr❛♥s✐t✐♦♥ ♠❡t❛❧ ❝❧✉st❡rs t♦ ❣❛✐♥
❤✐❣❤ s♣✐♥ ♠✉❧t✐♣❧✐❝✐t② ❛♥❞ t❤❡r❡❜② ❡✣❝✐❡♥t ❙▼▼s✳❬✶✺✻✕✶✺✾❪

❇❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✷✶t❤ ❝❡♥t✉r②✱ ■s❤✐❦❛✇❛ ❡t ❛❧✳ ✜rst❧② r❡♣♦rt❡❞ ❛ ❙▼▼ ✇❤✐❝❤ ✇❛s
❞✐st✐♥❝t❧② ❞✐✛❡r❡♥t ✐♥ ✐ts str✉❝t✉r❡ ❢r♦♠ t❤❡ ✸d ❝♦♠♣♦✉♥❞s r❡♣♦rt❡❞ ❜❡❢♦r❡✳ ❚❤❡
♠❛❣♥❡t✐❝ ❝❡♥tr❡ ♦❢ t❤✐s ❝♦♠♣❧❡① ✇❛s ♥♦t ❢♦r♠❡❞ ❜② ❛ str♦♥❣❧② ❝♦✉♣❧❡❞ ❝❧✉st❡r ♦❢
✸d ♠❡t❛❧ ✐♦♥s✱ ❜✉t ❜② ❛ s✐♥❣❧❡ ✹f t❡r❜✐✉♠ ✐♦♥✳❬✶✻✵✱ ✶✻✶❪ ❚❤✐s ❢♦✉♥❞❡❞ ♥♦t ♦♥❧② t❤❡
♥❡✇ ❛♣♣r♦❛❝❤ ♦❢ ❡♠♣❧♦②✐♥❣ ✹f ❡❧❡♠❡♥ts ✐♥t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❙▼▼s✱ ❜✉t ✇❛s ❛❧s♦
t❤❡ ✜rst ❡①❛♠♣❧❡ ♦❢ ❛ s♦✲❝❛❧❧❡❞ s✐♥❣❧❡✲✐♦♥ ♠❛❣♥❡t ✭❙■▼✮ ✇✐t❤ ❛ s✐♥❣❧❡ ♠❡t❛❧ ✐♦♥ ❛s
♣❛r❛♠❛❣♥❡t✐❝ ❝❡♥tr❡✳❬✶✻✷✕✶✻✹❪ ❚❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❢✉rt❤❡r ❡①❛♠♣❧❡s ✇✐t❤✐♥ t❤✐s ♥❡✇
❝❧❛ss ♦❢ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡ts s❤♦✇❡❞ t❤❛t t❤❡ ✐♥✈♦❧✈❡♠❡♥t ♦❢ ✹f ❡❧❡♠❡♥ts ❝❛♥ ♣♦t❡♥t✐❛❧❧②
❧❡❛❞ t♦ ❤✐❣❤ ❡♥❡r❣②✲❜❛rr✐❡rs✳❬✷✺✱ ✶✻✺✕✶✻✽❪ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ♦❜s❡r✈❛t✐♦♥ ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ t❤❡ str♦♥❣ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ♦❢ ✹f ❡❧❡❝tr♦♥s ✇❤✐❝❤ ❧❡❛❞s t♦ ❤✐❣❤ ♠❛❣♥❡t✐❝
s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣✐❡s✳❬✷✺❪ ❚❤❡ ❡♥❡r❣② s❝❛❧❡ ♦❢ t❤❡ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ✐s t❤❡r❡❜② t❤❡
❝r✉❝✐❛❧ ❞✐✛❡r❡♥❝❡ t♦ ✸d ✐♦♥s✱ ✇❤❡r❡ t❤❡ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ✐s ✉s✉❛❧❧② ♦✈❡r❝♦♠❡ ❜②
t❤❡ ❝r②st❛❧ ✜❡❧❞ str❡♥❣t❤ ❛♥❞ t❤❡r❡❜② t❤❡ ♦r❜✐t❛❧ ♠♦♠❡♥t ✐s ♣❛rt❧② ♦r ❝♦♠♣❧❡t❡❧②
q✉❡♥❝❤❡❞ ❛♥❞ ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ t♦t❛❧ ♠♦♠❡♥t✉♠✳ ❆♥♦t❤❡r ❢✉♥❞❛♠❡♥t❛❧
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✸d ❛♥❞ ✹f ✐♦♥s ✐s t❤❡ s♣❛t✐❛❧ ❡❧❡❝tr♦♥✐❝ ❞✐str✐❜✉t✐♦♥✳ ❲❤✐❧❡ ✸d
tr❛♥s✐t✐♦♥ ♠❡t❛❧s ✜❣✉r❡ r❛t❤❡r ❡①t❡♥❞❡❞ ❡❧❡❝tr♦♥✐❝ ♦r❜✐t❛❧s ✇❤✐❝❤ ❛❧❧♦✇ t❤❡ ❡♠❡r❣❡♥❝❡
♦❢ str♦♥❣ ❡①❝❤❛♥❣❡✲✐♥t❡r❛❝t✐♦♥s ✇✐t❤ ♥❡✐❣❤❜♦✉r✐♥❣ ✐♦♥s✱ t❤❡ ❡❧❡❝tr♦♥✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢
✹f ❡❧❡♠❡♥ts ✐s ❝♦♥❝❡♥tr❛t❡❞ ❛r♦✉♥❞ t❤❡ ♥✉❝❧❡✉s ❛♥❞ ❢✉rt❤❡r s❤✐❡❧❞❡❞ ❜② s✉rr♦✉♥❞✐♥❣
✺s ❛♥❞ ✺p st❛t❡s✳❬✶✷✱ ✷✺✱ ✶✻✺❪ ❚❤❡r❡❢♦r❡✱ ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s ✐♥ ✹f ❝♦♠♣♦✉♥❞s ❛r❡
✉s✉❛❧❧② ✇❡❛❦ ♦r ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡♥❡r❣② s❝❛❧❡ ♦❢ t❤❡ s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣②✳
❚❤❡ ♠❡♥t✐♦♥❡❞ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ❤❛s ❛❧s♦ ❛ s❡✈❡r❡ ✐♠♣❛❝t ♦♥ t❤❡
♦✈❡r❛❧❧ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ♦❢ t❤♦s❡ ❝♦♠♣♦✉♥❞s✳ ■♥ ✸d ♠❡t❛❧ ❝♦♥t❛✐♥✐♥❣

✻✼



❙▼▼s✱ t❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ✐s ♠♦st❧② ❞❡✜♥❡❞ ❜② ♠❛♥② tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡mS

st❛t❡s ✐✳❡✳ ✐t ✐s ❞♦♠✐♥❛t❡❞ ❜② ❞✐r❡❝t ♣r♦❝❡ss❡s✳ ❚❤❡r❡❢♦r❡ t❤❡ ♦❢t❡♥ q✉♦t❡❞ r❡❧❛t✐♦♥s
Ueff ❂ S2|D| ♦r Ueff ❂ (S2−1/2)|D| ❢♦r ✐♥t❡❣❡r ♦r ♥♦♥✲✐♥t❡❣❡r s♣✐♥s ❤♦❧❞ ❢♦r ♠♦st ♦❢ t❤❡
✸d✲❜❛s❡❞ ❙▼▼s✳❬✶✶❪ ❋♦r ✹f ❝♦♠♣♦✉♥❞s ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥
♣r♦❝❡ss ✐s ✉s✉❛❧❧② ♣r♦♠♦t❡❞ ♦✈❡r q✉❛♥t✉♠ t✉♥♥❡❧❧✐♥❣ ♠❡❝❤❛♥✐s♠s ✭◗❚▼s✮ ✇✐t❤✐♥
t❤❡ ✜rst ❡①❝✐t❡❞ ♦r✱ ✐♥ r❛r❡ ❝❛s❡s✱ t❤❡ s❡❝♦♥❞ ❡①❝✐t❡❞ st❛t❡s✳❬✶✷✻✱ ✶✻✺✱ ✶✻✾❪ ❙✐♥❝❡
❤✐❣❤❡r ❧②✐♥❣ st❛t❡s ❛r❡ ❝♦♥s❡q✉❡♥t❧② ♥♦t ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♦✈❡r❛❧❧ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss✱
t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡✛❡❝t✐✈❡ ❡♥❡r❣②✲❜❛rr✐❡r ❛♥❞ t❤❡ ❛♥✐s♦tr♦♣② ❛s ✉s❡❞ ❢♦r t❤❡
✸d ❡❧❡♠❡♥ts ❝❛♥ ❤❛r❞❧② ❜❡ ❛♣♣❧✐❡❞✳

❊✈❡♥ t❤♦✉❣❤ ✹f ❡❧❡♠❡♥ts ✜❣✉r❡ ❤✐❣❤ ♠❛❣♥❡t✐❝ s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣✐❡s✱ ♠❛♥② ❝♦♠✲
♣♦✉♥❞s s❤♦✇ ♥♦ r❡♠❛♥❡♥t ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛♥ ❡①t❡r♥❛❧❧② ❛♣♣❧✐❡❞
♠❛❣♥❡t✐❝ ✜❡❧❞ ✭s❡❡ ❡✳❣✳ ❝❤❛♣✳ ✻✳✷✮✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ✉s✉❛❧❧② ❤✐❣❤
❧✐❣❛t✐♦♥ ♥✉♠❜❡r ♦❢ ▲♥ ❝❡♥tr❡s ❛♥❞ t❤❡ ❞✐st♦rt✐♦♥ ♦❢ ❝r②st❛❧ ✜❡❧❞ ❧❡❛❞✐♥❣ t♦ tr❛♥s✈❡rs❛❧
❛♥✐s♦tr♦♣② ❝♦♠♣♦♥❡♥ts ✇❤✐❝❤ ♣r♦♠♦t❡ ◗❚▼s t❤r♦✉❣❤ t❤❡ ❡♥❡r❣②✲❜❛rr✐❡r✳❬✶✼✵✱ ✶✼✶❪
❇② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ s♠❛❧❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤♦s❡ ◗❚▼s ❝❛♥ ❜❡ q✉❡♥❝❤❡❞ ❛s ✐t ✐s
s❤♦✇♥ ✐♥ ❝❤❛♣✳ ✻✳✶ ♦♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❉②✭■■■✮ ♠♦♥♦♠❡r✐❝ ❝♦♠♣❧❡①✳ ❆ s②♥t❤❡t✐❝ ❛♣✲
♣r♦❛❝❤ t♦ q✉❡♥❝❤ t❤♦s❡ r❡❧❛①❛t✐♦♥ ♣❛t❤✇❛②s ✐s t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❤✐❣❤❧② ❛♥✐s♦tr♦♣✐❝
✹f ❡❧❡♠❡♥t t♦ ❛ ✸d ✐♦♥✳❬✶✼✷✱ ✶✼✸❪ ❇② t❤✐s ❝♦✉♣❧✐♥❣✱ t❤❡ ❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ ✹f ✲❑r❛♠❡rs
❞♦✉❜❧❡ts ❝❛♥ ❜❡✱ ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥ ❡①t❡r♥❛❧ ✜❡❧❞✱ ✐♥tr✐♥s✐❝❛❧❧② ❧✐❢t❡❞
❛♥❞ t❤❡r❡❜② t❤❡ ◗❚▼s ❣❡t q✉❡♥❝❤❡❞✳ ❍♦✇ t❤✐s ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❝❛♥ ❜❡ q✉❛♥t✐t❛✲
t✐✈❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ❍❋ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s ✐s s❤♦✇♥ ✐♥ ❝❤❛♣✳ ✻✳✸ ♦♥ ❛ s❛♠♣❧❡ s❡t ♦❢
❈✉2▲♥ ❝♦♠♣♦✉♥❞s✳

✻✳✶✳ ▼♦❧❡❝✉❧❛r ▼❛❣♥❡t✐❝ Pr♦♣❡rt✐❡s ♦❢ ❛

❉②s♣r♦s✐✉♠✭■■■✮ ❈♦♠♣❧❡① ❈♦♦r❞✐♥❛t❡❞ t♦ ❛

◆♦♥❛❞❡♥t❛t❡ ❇✐s♣✐❞✐♥❡ ▲✐❣❛♥❞

❉✉❡ t♦ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ str♦♥❣ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ ❍✉♥❞✬s r✉❧❡✱
t❤❡ ❢r❡❡ ❉②✭■■■✮ ✐♦♥ ✜❣✉r❡s ❛ ❣r♦✉♥❞ st❛t❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ t❡r♠ s②♠❜♦❧
6❍15/2✳❬✶✼✹❪ ❚❤❡ t♦t❛❧ ♠♦♠❡♥t✉♠ J ❂ ✶✺✴✷ ✇❤✐❝❤ ❛r✐s❡s ❢r♦♠ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ s♣✐♥s
S ❂ ✺✴✷ t♦ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ♦❢ L ❂ ✺✱ ✐s t❤❡r❡❜② ♦♥❡ ♦❢ t❤❡ ❤✐❣❤❡st ✇❤✐❝❤ ❝❛♥ ❜❡
❢♦✉♥❞ ❛♠♦♥❣st ❢r❡❡ ▲❛♥t❤❛♥✐❞❡ ✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ ❉②✭■■■✮ ✐♦♥s ❤❛✈❡ ❛♥ ♦❞❞ ♥✉♠❜❡r
♦❢ ❡❧❡❝tr♦♥s✱ ✐✳❡✳✱ ✐t ✐s ❛ ❑r❛♠❡rs ✐♦♥ ✇✐t❤ ❛ ❞♦✉❜❧② ❞❡❣❡♥❡r❛t❡❞ ❣r♦✉♥❞ st❛t❡✳ ❚❤✐s
❡❧❡❝tr♦♥✐❝ ♣r♦♣❡rt✐❡s r❛✐s❡❞ ❣r❡❛t ❛tt❡♥t✐♦♥ t♦✇❛r❞s ❉②✭■■■✮ ✐♦♥s ❛s ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s
❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❙▼▼s✳❬✶✼✺✕✶✼✼❪

❊✈❡♥ t❤♦✉❣❤ ❉②✭■■■✮ s❡❡♠s t♦ ❜❡ ❛ ♣❡r❢❡❝t ❝❛♥❞✐❞❛t❡ t♦ ✜❣✉r❡ ❙▼▼ ❜❡❤❛✈✐♦✉r
✉♣ t♦ ❤✐❣❤ t❡♠♣❡r❛t✉r❡s ✐t ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ t❤❛t ♠♦st ♦❢ t❤❡ r❡♣♦rt❡❞ ❝♦♠♣❧❡①❡s
s❤♦✇ ♥♦ r❡♠❛♥❡♥t ♠❛❣♥❡t✐s❛t✐♦♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳❬✶✼✺✱
✶✼✽✕✶✽✷❪ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ❛r❡ ✈❛r✐♦✉s q✉❛♥t✉♠ t✉♥♥❡❧❧✐♥❣ ♣r♦❝❡ss❡s ✇❤✐❝❤ ❛r❡
s❤♦rt✲❝✉tt✐♥❣ t❤❡ ❡♥❡r❣② ❜❛rr✐❡r✳ ❇② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ s♠❛❧❧ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝
✜❡❧❞✱ t❤❡s❡ ♣r♦❝❡ss❡s ❝❛♥ ❜❡ s✉♣♣r❡ss❡❞ ✇❤✐❝❤ ❡♥❛❜❧❡s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♠❛❣♥❡t✐❝
r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ❢♦r t❤♦s❡ ❝♦♠♣♦✉♥❞s✳
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❲✐t❤✐♥ t❤✐s ❝❤❛♣t❡r✱ ❛ ♥♦✈❡❧ ❉②✭■■■✮ ♠♦♥♦♠❡r✐❝ ❝♦♠♣❧❡① ✐s ❞✐s❝✉ss❡❞ ✇❤✐❝❤ s❤♦✇s
❛ ✜❡❧❞ ✐♥❞✉❝❡❞ s❧♦✇ r❡❧❛①❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐s❛t✐♦♥ ❜❡❤❛✈✐♦✉r ❛s ✇✐t♥❡ss❡❞ ❜② ❆❈ ♠❛❣✲
♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ r❡s✉❧ts ❛r❡ r❛t✐♦♥❛❧✐s❡❞ ❜② t❤❡ ❝♦♠♣❛r✐s♦♥ t♦
q✉❛♥t✉♠ ❝❤❡♠✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s✳✶✾

✻✳✶✳✶✳ ❙tr✉❝t✉r❛❧ ❉❡s❝r✐♣t✐♦♥

❚❤❡ ❝❡♥tr❛❧ ❉②✭■■■✮ ✐♦♥ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ❝♦♠♣❧❡① ✇✐t❤ t❤❡ ❢♦r♠✉❧❛ ❬❉②III▲1❪❖❚❢✱
✇❤❡r❡ ▲ ❞❡♥♦t❡s ❛ ♥♦✈❡❧ ♥♦♥❛❞❡♥t❛t❡ ❜✐s♣✐❞✐♥❡ ❧✐❣❛♥❞✱ ✜❣✉r❡s ❛ ♥✐♥❡✲❝♦♦r❞✐♥❛t❡❞
❧✐❣❛♥❞ s✉rr♦✉♥❞✐♥❣✳ ❉✉❡ t♦ t❤❡ ♥♦✈❡❧t② ♦❢ t❤❡ ❝♦♠♣❧❡①✱ ♥♦ ♣r❡❝✐s❡ str✉❝t✉r❛❧ ❞❛t❛
❢♦r t❤✐s ❉②✭■■■✮ ♠♦♥♦♠❡r✐❝ ❝♦♠♣♦✉♥❞ ✐s ❛✈❛✐❧❛❜❧❡✱ ②❡t✳ ❍♦✇❡✈❡r✱ ❢r♦♠ t❤❡ ❛♥❛❧✲
②s✐s ♦❢ t❤❡ str✉❝t✉r❛❧❧② s✐♠✐❧❛r ❝♦♠♣❧❡①❡s ❬▲♥III▲1❪◆❖3 ✭▲♥❂❚❜✱ ●❞ ❛♥❞ ❨❜✮ ❛♥❞
❬❊✉III▲1❪❈❋3❈❖2 ✐t ✐s ❡①♣❡❝t❡❞✱ t❤❛t t❤❡ ❝♦♦r❞✐♥❛t✐♦♥ ❣❡♦♠❡tr② ❛r♦✉♥❞ t❤❡ ❉②✭■■■✮
✐♦♥s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❝❛♣♣❡❞ sq✉❛r❡ ❛♥t✐✲♣r✐s♠❛t✐❝ ✭❈❙❆P❘✮✳❬✶✷✻❪ ❋✐❣✳ ✻✳✶ ✭❛✮
s❤♦✇s t❤❡ ♣r❡❞✐❝t❡❞ ❝♦♦r❞✐♥❛t✐♦♥ ❝❛❣❡ ♦❢ t❤❡ ❉②✭■■■✮ ❝♦♠♣❧❡① ❜❛s❡❞ ♦♥ ❝❛❧❝✉❧❛t✐♦♥s
♦♥ t❤❡ ❨❜✭■■■✮ ❝♦♥t❛✐♥✐♥❣ ❛♥❛❧♦❣✉❡✳ ■♥ t❤❡ ✜rst ❝♦♦r❞✐♥❛t✐♦♥ s♣❤❡r❡ t❤✐s ❝❛❣❡ ❝♦♥s✐sts
♦❢ s❡✈❡♥ ♥✐tr♦❣❡♥ ✐♦♥s ✭❧✐❣❤t ❜❧✉❡✮ ❛♥❞ t✇♦ ♦①②❣❡♥ ✐♦♥s ✭r❡❞✮✳ ❋♦r ❛ ❜❡tt❡r ✈✐s✉❛❧✐③❛✲
t✐♦♥ ✜❣✳ ✻✳✶ ✭❜✮ s❤♦✇s ❛ s❦❡t❝❤ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♦r❞✐♥❛t✐♦♥ ♣♦❧②❤❡❞r♦♥✳

❋✐❣✉r❡ ✻✳✶✳✿ ✭❛✮ P❧♦t ♦❢ t❤❡ ♣r❡❞✐❝t❡❞ ❝♦♦r❞✐♥❛t✐♦♥ ♣♦❧②❤❡❞r♦♥ ❛r♦✉♥❞ t❤❡ ❉②✭■■■✮
✐♦♥s✳ ◆✱ ❧✐❣❤t ❜❧✉❡❀ ❖✱ r❡❞❀ ❉②✱ ♥♦t s❤♦✇♥✳ ✭❜✮ ❙❦❡t❝❤ ♦❢ t❤❡ ❈❙❆P❘
❣❡♦♠❡tr② ✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❈✐❡s❧✐❦ ❡t ❛❧✳ ✷✵✷✶✳❬✶✷✻❪ P❧♦t ✇❛s ❝♦♥✲
str✉❝t❡❞ ❜② ❈✐❡s❧✐❦ ❡t✳ ❛❧✳ ✳✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ✭❝❤❛♣✳ ✻✳✶✳✷✱ ✻✳✶✳✸ ❛♥❞ ✻✳✶✳✹✮ ✇❡r❡ ✇r✐tt❡♥ ❜② ▲✳ ❙♣✐❧❧❡❝❦❡
❛♥❞ ❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ t❤✐s ❢♦r♠ ✭s❡❡ ❈✐❡s❧✐❦ ❡t ❛❧✳✱ ❬✶✷✻❪✮ ❛s ♣❛rt ♦❢ ❛ r❡s❡❛r❝❤
❛rt✐❝❧❡ ✐♥ t❤❡ ❥♦✉r♥❛❧ ❩❡✐ts❝❤r✐❢t ❢ür ❛♥♦r❣❛♥✐s❝❤❡ ✉♥❞ ❛❧❧❣❡♠❡✐♥❡ ❈❤❡♠✐❡✳
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✻✳✶✳✷✳ ❉❈ ▼❛❣♥❡t✐❝ ❙✉s❝❡♣t✐❜✐❧✐t② ❛♥❞ ▼❛❣♥❡t✐③❛t✐♦♥

❚❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❞✐r❡❝t ❝✉rr❡♥t ✭❉❈✮ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② χ
✭s❤♦✇♥ ❛s χ❚ ✈s✳ ❚ ✐♥ ❋✐❣✉r❡ ✻✳✷✮ ✇❛s ♠❡❛s✉r❡❞ ♦♥ ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢
❬❉②III▲1❪❖❚❢ ✐♥ t❤❡ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ❜❡t✇❡❡♥ ✶✳✽ ❑ ❛♥❞ ✸✵✵ ❑ ✐♥ ❛♥ ❡①t❡r♥❛❧ st❛t✐❝
♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✵✳✶ ❚✳✶✼ ❯♣♦♥ ❢✉rt❤❡r ✐♥❝r❡❛s❡ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡s ✉♣ t♦ ✹✵✵ ❑✱
t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛ s❤♦✇ ❛ s♠❛❧❧ ❤✉♠♣ ❛r♦✉♥❞ ✸✷✵ ❑ ✭s❡❡ ❋✐❣✉r❡ ❆✳✶✾✶✽✮✳ ❚●❆
✐♥✈❡st✐❣❛t✐♦♥s✶✾ ✐♠♣❧②✱ t❤❛t t❤✐s ❤✉♠♣ ✐s ❞✉❡ t♦ t❤❡ ❧♦ss ♦❢ ♦♥❡ ♠♦❧❡❝✉❧❡ ✇❛t❡r ♣❡r
❢♦r♠✉❧❛ ✉♥✐t ✭❢✳✉✳✮ s♦ t❤❛t t❤❡ ❢✉rt❤❡r ❛♥❛❧②s✐s ✐s r❡str✐❝t❡❞ t♦ ❚ ❁ ✸✵✵ ❑✳

❚❤❡ r♦♦♠ t❡♠♣❡r❛t✉r❡ χ❚ ✈❛❧✉❡ ♦❢ ✶✸✳✷✽ ❡r❣ ❑✴✭♠♦❧ ●2✮ ✐s ❝❧♦s❡ t♦ t❤❡ t❤❡♦✲
r❡t✐❝❛❧❧② ♣r❡❞✐❝t❡❞ ❢r❡❡✲✐♦♥ ✈❛❧✉❡ ❢♦r t❤❡ 6❍15/2 ❝♦♥✜❣✉r❛t✐♦♥✱ ✇✐t❤ ❣J ❂ ✹✴✸✱ ✐✳ ❡✳✱
✶✹✳✶✼ ❡r❣ ❑✴✭♠♦❧ ●2✮✱❬✶✻✺❪ ❛♥❞ ✐t ❛❣r❡❡s ✇❡❧❧ ✇✐t❤ ♦t❤❡r r❡s✉❧ts ❢♦r ♠♦♥♦♥✉❝❧❡❛r ❉②III

❝♦♠♣❧❡①❡s r❡♣♦rt❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳❬✻✼✱ ✶✻✵✱ ✶✽✸❪ ❲✐t❤ ❧♦✇❡r✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡✱ χ❚
s♠♦♦t❤❧② ❞❡❝r❡❛s❡s ✉♥t✐❧ ✐t ❞r♦♣s ♠♦r❡ s✐❣♥✐✜❝❛♥t❧② ❜❡❧♦✇ ❛❜♦✉t ✶✵✵ ❑✱ r❡❛❝❤✐♥❣ ❛
✈❛❧✉❡ ♦❢ ✾✳✾✶ ❡r❣ ❑✴✭♠♦❧ ●2✮ ❛t ❚ ❂ ✶✳✽ ❑✳ ❚❤❡ ❞❡❝r❡❛s❡ ✐♥ χ❚ ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ t♦ t❤❡
❞❡♣♦♣✉❧❛t✐♦♥ ♦❢ ❡♥❡r❣❡t✐❝❛❧❧② ❤✐❣❤❡r ♠✉❧t✐♣❧❡ts ✇✐t❤ ❞❡❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡s ❛s ✇❡❧❧
❛s t❤❡ ❩❡❡♠❛♥ s♣❧✐tt✐♥❣ ✐♥❞✉❝❡❞ ❜② t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ❞r♦♣ ❛t ❧♦✇❡r
t❡♠♣❡r❛t✉r❡s ✐s ❧✐❦❡❧② ❞✉❡ t♦ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②✳

❚❤❡ ✐♥s❡t t♦ ❋✐❣✉r❡ ✻✳✷ s❤♦✇s t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡❞ ✐♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝
✜❡❧❞s ✉♣ t♦ ✼ ❚ ❛t ✈❛r✐♦✉s ✐s♦t❤❡r♠❛❧ ❝♦♥❞✐t✐♦♥s✳ ❲✐t❤ ✐♥❝r❡❛s✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞✱
t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡❞ ❛t ✶✳✽ ❑ s❤❛r♣❧② r✐s❡s t♦ ❛♣♣r♦①✐♠❛t❡❧② ✶ ❚ ✇❤✐❧❡ ✐t
s❛t✉r❛t❡s t♦ ❛ ❧✐♥❡❛r ✐♥❝r❡❛s❡ ❛t t❤❡ ❤✐❣❤❡st ♠❡❛s✉r❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❊①tr❛♣♦❧❛t✐♦♥
♦❢ t❤❡ ❤✐❣❤✲✜❡❧❞ ♠❛❣♥❡t✐③❛t✐♦♥ t♦ ③❡r♦ ✜❡❧❞ ②✐❡❧❞s ❛❜♦✉t ✹✳✺ µB✴❢✳✉✳ ✇❤✐❝❤ ✐s ♠✉❝❤
s♠❛❧❧❡r t❤❛♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t❡❞ s❛t✉r❛t✐♦♥ ✈❛❧✉❡ ❢♦r ❛♥ mJ ❂ ✶✺✴✷ ❣r♦✉♥❞
st❛t❡ ✭✶✵ µB✴❢✳✉✳✮✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐♥❞✐❝❛t❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧♦✇✲❧②✐♥❣ ❡①❝✐t❡❞ st❛t❡s
❛♥❞✴♦r s✐❣♥✐✜❝❛♥t ✐♥✢✉❡♥❝❡ ♦❢ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②✱ ❛♥❞ t❤✐s ✐s s✉♣♣♦rt❡❞ ❜② t❤❡
q✉❛♥t✉♠✲❝❤❡♠✐❝❛❧ ❛♥❛❧②s✐s✳ ❇♦t❤ ✐s ❢✉rt❤❡r ✇✐t♥❡ss❡❞ ❜② t❤❡ ❧✐♥❡❛r ✐♥❝r❡❛s❡ ♦❢ t❤❡ ▼
✈s✳ ❇ ❝✉r✈❡ ❛t ❤✐❣❤❡r ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇✐t❤♦✉t ✐♥❞✐❝❛t✐♦♥ ♦❢ s❛t✉r❛t✐♦♥ ✐♥ t❤❡ ❛❝❝❡ss✐❜❧❡
✜❡❧❞ r❛♥❣❡✳❬✶✽✹✱ ✶✽✺❪

✻✳✶✳✸✳ ❆❈ ▼❛❣♥❡t✐❝ ❙✉s❝❡♣t✐❜✐❧✐t②

❚♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞②♥❛♠✐❝ ♠❛❣♥❡t✐❝ r❡s♣♦♥s❡✱ ❛❧t❡r♥❛t✐♥❣ ❝✉rr❡♥t ✭❆❈✮ ♠❛❣♥❡t✐❝
s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ ❛ ❢r❡q✉❡♥❝② r❛♥❣❡ ❜❡t✇❡❡♥ ✺ ❍③ ✕
✶✵✵✵ ❍③ ✇✐t❤ ❛♥ ❆❈ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♠♣❧✐t✉❞❡ ♦❢ ✸ ❖❡✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ st❛t✐❝
♠❛❣♥❡t✐❝ ✜❡❧❞s✱ ♥♦ ♦✉t✲♦❢✲♣❤❛s❡ s✐❣♥❛❧ ✇❛s ♦❜s❡r✈❡❞ ✇✐t❤✐♥ t❤❡ st✉❞✐❡❞ t❡♠♣❡r❛t✉r❡
r❛♥❣❡ ♦❢ ✶✳✽ ❑ ✕ ✷✵ ❑ ✭❞❛t❛ ♥♦t s❤♦✇♥✮✳ ❲❡ ❛ttr✐❜✉t❡ t❤✐s t♦ ❛ q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣
♠❡❝❤❛♥✐s♠ ✭◗❚▼✮ ❞✉❡ t♦ t❤❡ ✇❡❛❦ ❛①✐❛❧ ❧✐❣❛♥❞ ✜❡❧❞ ❛♥❞ ❧♦✇ ♦✈❡r❛❧❧ s②♠♠❡tr② ♦❢
t❤❡ ❝♦♦r❞✐♥❛t✐♦♥ ♣♦❧②❤❡❞r♦♥✱ r❡s✉❧t✐♥❣ ✐♥ tr❛♥s✈❡rs❡ ❛♥✐s♦tr♦♣② ❛♥❞ t❤❡r❡❢♦r❡ ♠✐①✐♥❣

✶✼❉❈ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❜② ●✳ ❋✳ P✳ P❧♥② ✉♥❞❡r t❤❡ s✉♣❡r✈✐s✐♦♥
♦❢ ▲✳ ❙♣✐❧❧❡❝❦❡✳

✶✽❚❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r t❤❡ ❉②✭■■■✮ ♠♦♥♦♠❡r ❝❤❛♣✳ ✻✳✶ ✐s s❤♦✇♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❝❤❛♣✳ ❆✳✸✳
✶✾❚❤❡r♠♦❣r❛✈✐♠❡tr✐❝❛❧ ❛♥❛❧②s✐s ✭❚●❆✮ ❛♥❞ q✉❛♥t✉♠ ❝❤❡♠✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ❜② ❈✐❡s✲
❧✐❦ ❡t ❛❧✳ ❛♥❞ ❛r❡ ♠♦r❡ ❞❡t❛✐❧❡❞ s❤♦✇♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣✉❜❧✐❝❛t✐♦♥ ✐♥ r❡❢✳ ❬✶✷✻❪✳

✼✵



❋✐❣✉r❡ ✻✳✷✳✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❉❈ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡❞ ✐♥ ❛♥ ❡①✲
t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✵✳✶ ❚✳ ■♥s❡t✿ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡
❞❝ ♠❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡❞ ❛t ✈❛r✐♦✉s ❝♦♥st❛♥t t❡♠♣❡r❛t✉r❡s✳ ❚❤❡ s♦❧✐❞
❧✐♥❡s ❛r❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✱ t❤❡ ♦♣❡♥ ❝✐r❝❧❡s ❛r❡ s✐♠✉❧❛t❡❞ ❞❛t❛ ❢r♦♠ t❤❡
q✉❛♥t✉♠ ❝❤❡♠✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s✳✶✾ ✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❈✐❡s❧✐❦ ❡t ❛❧✳
✷✵✷✶✳❬✶✷✻❪✮

♦❢ t❤❡ mJ st❛t❡s✳❬✶✼✺❪ ❇② ❛♣♣❧②✐♥❣ ❛ s♠❛❧❧ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✵✳✶ ❚✱ t❤❡ ◗❚▼
✐s s✉♣♣r❡ss❡❞ ❛♥❞ ✜❡❧❞✲✐♥❞✉❝❡❞ s❧♦✇ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ✐s ♦❜s❡r✈❡❞ ❛s
✐♥❞✐❝❛t❡❞ ❜② t❤❡ ♣❡❛❦ ✐♥ t❤❡ ❧♦❣❛r✐t❤♠✐❝❛❧❧② s❝❛❧❡❞ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♦✉t✲
♦❢✲♣❤❛s❡ ✭χ✑✮ s✐❣♥❛❧ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✸ ✭❜✮✳ ❋♦r ❢✉rt❤❡r ❛♥❛❧②s✐s✱ t❤❡ χ✑ ❞❛t❛ ✇❡r❡
✜tt❡❞ ✉s✐♥❣ ❛ ❣❡♥❡r❛❧✐③❡❞ ❉❡❜②❡ ♠♦❞❡❧ ❬✶✶❪ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❊q♥✳ ❆✳✷✳ ❚❤❡ ♦❜t❛✐♥❡❞
r❡❧❛①❛t✐♦♥ t✐♠❡s τ ❛r❡ s❤♦✇♥ ❛s ❛♥ ❆rr❤❡♥✐✉s ♣❧♦t ✐♥ ❋✐❣✉r❡ ✻✳✹ ✭❛✮✳

■♥ t❤❡ ❆rr❤❡♥✐✉s ♣❧♦t ♦❢ t❤❡ ♦❜t❛✐♥❡❞ r❡❧❛①❛t✐♦♥ t✐♠❡s ✭❋✐❣✉r❡ ✻✳✹ ✭❛✮✮✱ t✇♦ ❞✐✛❡r❡♥t
❧✐♥❡❛r r❡❣✐♠❡s s❡♣❛r❛t❡❞ ❜② ❛ ❦✐♥❦ ❛t ❛r♦✉♥❞ ❚ ❂ ✹ ❑ ❛r❡ ✈✐s✐❜❧❡✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡ t❤❡
♣r❡s❡♥❝❡ ♦❢ t✇♦ ❞✐✛❡r❡♥t ❡✛❡❝t✐✈❡ ❡♥❡r❣② ❜❛rr✐❡rs Ueff ✳❬✶✽✻✱ ✶✽✼❪ ❋✐tt✐♥❣ t❤❡ ♦❜t❛✐♥❡❞
r❡❧❛①❛t✐♦♥ t✐♠❡s ❜② ♠❡❛♥s ♦❢ t❤❡ ❆rr❤❡♥✐✉s ❧❛✇✿

τ = τ0exp

(

−Ueff

kBT

)

✭✻✳✶✮

✼✶



✇❤❡r❡ τ0 ✐s ❛ ❝♦♥st❛♥t ♣r❡❢❛❝t♦r ❛♥❞ kB t❤❡ ❇♦❧t③♠❛♥♥ ❝♦♥st❛♥t✱ ②✐❡❧❞s t❤❡ ❡✛❡❝t✐✈❡
❡♥❡r❣② ❜❛rr✐❡rs Ueff,1 ❂ ✸✶✳✹✭✺✮ ❑ ✭✷✶✳✽✭✸✮ ❝♠−1❀ τ0,1❂✷✳✾❡✲✺ s✮ ❛♥❞ Ueff,2 ❂ ✻✻✳✷✭✺✮ ❑
✭✹✻✳✵✭✸✮ ❝♠−1❀ τ0,2 ❂ ✷✳✺❡✲✽ s✮ ✐♥ t❤❡ t✇♦ r❡❣✐♠❡s✳ ◆♦t❡✱ t❤❛t ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦❢t❡♥ ❛
❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❖r❜❛❝❤✱ ❘❛♠❛♥ ❛♥❞ ❞✐r❡❝t ♣r♦❝❡ss❡s ✐s ✉s❡❞✱❬✶✽✽❪ ✇❤✐❝❤ ❤♦✇❡✈❡r ❢❛✐❧s
q✉❛❧✐t❛t✐✈❡❧② ❛♥❞ q✉❛♥t✐t❛t✐✈❡❧② t♦ ❞❡s❝r✐❜❡ t❤❡ ❞❛t❛ ❛t ❤❛♥❞✳

❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t✇♦ ❡♥❡r❣② ❜❛rr✐❡rs ✐s ♥♦t ♦♥❧② s✐❣♥❛❧❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t r❡❣✐♠❡s
✐♥ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡s ❜✉t ❛❧s♦ ❜② t❤❡ t❡♠♣❡r❛t✉r❡
❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❡❝❝❡♥tr✐❝✐t② ♣❛r❛♠❡t❡r α ✭s❡❡ ❝❤❛♣✳ ❆✳✸ ❢♦r ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥✮✳
❚❤❡ ♣❛r❛♠❡t❡r α ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ r❡❧❛①❛t✐♦♥s t✐♠❡s τ s♦ t❤❛t α
❝❧♦s❡ t♦ ③❡r♦ ✐♠♣❧✐❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦♥❧② ♦♥❡ ❞♦♠✐♥❛t✐♥❣ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss✳ ❲❤✐❧❡
α✱ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✹ ✭❜✮✱ ✐s r❛t❤❡r s♠❛❧❧ ❛♥❞ ❝♦♥st❛♥t ❛t ❤✐❣❤❡r t❡♠♣❡r❛t✉r❡s✱
✐♥❞✐❝❛t✐♥❣ ❛ s✐♥❣❧❡ ❞♦♠✐♥❛♥t r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ❝❤❛r❛❝t❡r✐③❡❞ ❜② ♦♥❡ ❡♥❡r❣② ❜❛rr✐❡r ♦r
t✐♠❡ s❝❛❧❡✱ ✐t str♦♥❣❧② ✐♥❝r❡❛s❡s ✉♣♦♥ ❝♦♦❧✐♥❣ ❜❡❧♦✇ ✹ ❑ ✭♣❧❡❛s❡ ♥♦t❡ t❤❡ ✐♥✈❡rs❡ s❝❛❧✐♥❣
♦❢ t❤❡ ①✲❛①✐s✮✳ ❚❤✐s ✐♥❝r❡❛s❡ ♦❢ α s✐❣♥✐✜❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✭❛t ❧❡❛st✮ ❛ s❡❝♦♥❞ r❡❧❛①❛t✐♦♥
♣r♦❝❡ss ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ s♠❛❧❧❡r t✐♠❡s❝❛❧❡✱ ✐✳ ❡✳✱ ❛ s❡❝♦♥❞ r❡❧❛①❛t✐♦♥ ❜❛rr✐❡r ❛s ❛❧s♦
❞✐r❡❝t❧② ✈✐s✐❜❧❡ ✐♥ t❤❡ ❆rr❤❡♥✐✉s ♣❧♦t ♦❢ t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡s ✐♥ ❋✐❣✉r❡ ✻✳✹ ✭❛✮✳

◆♦t❡✱ t❤❛t ✐♥ ❣❡♥❡r❛❧ ❛❧s♦ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ❝❛♥ ❣✐✈❡ r✐s❡ t♦ ♠❛❣♥❡t✐❝
❜❛rr✐❡rs✳ ❍♦✇❡✈❡r✱ t❤❡ ❉❈ s✉s❝❡♣t✐❜✐❧✐t② ❛♥❞ ♠❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ❡①❝❧✉❞❡
t❤❡ ♣r❡s❡♥❝❡ ♦❢ s✐❣♥✐✜❝❛♥t ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥ ♦♥ ❡♥❡r❣② s❝❛❧❡s ❧❛r❣❡r t❤❛♥
✷ ❑✳ ❲❡ ❤❡♥❝❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♦❜s❡r✈❡❞ r❡❧❛①❛t✐♦♥ ❜❛rr✐❡rs ❛r❡ ♦❢ ♣✉r❡❧② ♠♦❧❡❝✉❧❛r
♦r✐❣✐♥✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t✇♦ ✉♥❡q✉✐✈❛❧❡♥t ♠♦❧❡❝✉❧❡s ✐♥ t❤❡ ✉♥✐t ❝❡❧❧ ❝♦✉❧❞ ❛❧s♦ ❡①♣❧❛✐♥
t❤❡ t✇♦ ❞✐✛❡r❡♥t ♣❛t❤✇❛②s✳❬✶✽✾❪

❋✐❣✉r❡ ✻✳✸✳✿ ■♥✲♣❤❛s❡ ✭❛✮ ❛♥❞ ♦✉t✲♦❢✲♣❤❛s❡ ✭❜✮ ❆❈ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ♦❢
❬❉②III▲1❪❖❚❢ ♠❡❛s✉r❡❞ ✐♥ ❛♥ ❡①t❡r♥❛❧ st❛t✐❝ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✵✳✶ ❚ ❛t
s❡✈❡r❛❧ ❝♦♥st❛♥t t❡♠♣❡r❛t✉r❡s✳ ❉❛s❤❡❞ ❧✐♥❡s ✐♥ ✭❜✮ ❝♦rr❡s♣♦♥❞ t♦ ✜ts
✉s✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❉❡❜②❡ ♠♦❞❡❧ ✭s❡❡ t❤❡ ♠❛✐♥ t❡①t ❛♥❞ ❝❤❛♣✳ ❆✳✸✮✳
✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❈✐❡s❧✐❦ ❡t ❛❧✳ ✷✵✷✶✳❬✶✷✻❪✮
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❋✐❣✉r❡ ✻✳✹✳✿ ✭❛✮ ❆rr❤❡♥✐✉s ♣❧♦t ♦❢ t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡s ♦❜t❛✐♥❡❞ ❢r♦♠ ✜tt✐♥❣ ♦❢ t❤❡
❆❈ s✉s❝❡♣t✐❜✐❧✐t✐❡s ✭s❡❡ ❋✐❣✉r❡ ✻✳✸ ✭❜✮✮ ♦❢ ❬❉②III▲1❪❖❚❢ ✐♥ ❛♥ ❡①t❡r♥❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✵✳✶ ❚✳ ✭❜✮ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✜t ♣❛r❛♠❡t❡r
α ✭s❡❡ ❝❤❛♣✳ ❆✳✸ ❢♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥✮✳✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❈✐❡s❧✐❦ ❡t
❛❧✳ ✷✵✷✶✳❬✶✷✻❪✮

✻✳✶✳✹✳ ❊①♣❡r✐♠❡♥t❛❧ ❙❡❝t✐♦♥

❉❈ ❛♥❞ ❆❈ ♠❛❣♥❡t✐❝ ❞❛t❛ ✇❡r❡ ♠❡❛s✉r❡❞ ✉s✐♥❣ ❛ ▼P▼❙✸ ❙◗❯■❉ ♠❛❣♥❡t♦♠❡t❡r
❢r♦♠ ◗✉❛♥t✉♠ ❉❡s✐❣♥ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ✼ ❚ ♠❛❣♥❡t✳ ❚❤❡ ♣♦✇❞❡r s❛♠♣❧❡s ✇❡r❡ ✜①❡❞
✇✐t❤ ❡✐❝♦s❛♥❡ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ♦r✐❡♥t❛t✐♦♥ ♦r ♠♦t✐♦♥ ♦❢ t❤❡ ❝r②st❛❧❧✐t❡s ✐♥ t❤❡ ❡①t❡r♥❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ❞❛t❛ ✇❡r❡ ❝♦rr❡❝t❡❞ ❜② t❤❡ ❜❛❝❦❣r♦✉♥❞ ♦❢ t❤❡ ✉s❡❞ s❛♠♣❧❡ ❤♦❧❞❡r
❛♥❞ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡ ✉s✐♥❣ P❛s❝❛❧✬s ❝♦♥st❛♥ts✳❬✹✼❪

✻✳✶✳✺✳ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ❝❡♥tr❛❧ r❡s✉❧t ❢r♦♠ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦✈❡❧
❬❉②III▲1❪❖❚❢ ✐s t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ t✇♦ ❞✐✛❡r❡♥t ❡✛❡❝t✐✈❡ ❡♥❡r❣② ❜❛rr✐❡rs Ueff,1 ❂
✸✶✳✹✭✺✮ ❑ ✭✷✶✳✽✭✸✮ ❝♠−1✮ ❛♥❞ Ueff,2 ❂ ✻✻✳✷✭✺✮ ❑ ✭✹✻✳✵✭✸✮ ❝♠−1✮✳ ❚❤❡ t✇♦ r❡❧❛①✲
❛t✐♦♥ ♣r♦❝❡ss❡s ❛♣♣❡❛r ✐♥ ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡ r❛♥❣❡s ❜✉t ❞♦ ♥♦t ♦✈❡r❧❛♣✱ ✐✳❡✳ t❤❡
χ✑✭❚✮ ❝✉r✈❡s ✐♥ ✜❣✳ ✻✳✸ ✭❜✮ ❝❛♥ ❜❡ ✜tt❡❞ ❜② ❛ss✉♠✐♥❣ ❥✉st ♦♥❡ τ ✱ ❜✉t t❤❡ t❡♠♣❡r❛✲
t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ τ ✜❣✉r❡s ❛ ❝❤❛♥❣❡ ✐♥ s❧♦♣❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ❛s ❡①♣❡❝t❡❞ ❢♦r ❛
♠♦♥♦♠❡r✐❝ ❝♦♠♣♦✉♥❞✱ ♦♥❧② ♦♥❡ ♠❛❣♥❡t✐❝ s♣❡❝✐❡s ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ♦✈❡r❛❧❧ ♠❛❣♥❡t✐❝
r❡❧❛①❛t✐♦♥✱ ❜✉t t❤❡ ❡♥❡r❣②✲❜❛rr✐❡r ✇❤✐❝❤ ❤❛s t♦ ❜❡ ♦✈❡r❝♦♠❡ ✐s ❝❤❛♥❣✐♥❣ ❞❡♣❡♥❞✐♥❣ ♦♥
t❤❡ t❡♠♣❡r❛t✉r❡ r❡❣✐♠❡✳ ❚♦ ❞❡❝✐♣❤❡r t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ t✇♦ r❡❧❛①❛t✐♦♥ r❡❣✐♠❡s t❤❡ ❡♥✲
❡r❣② s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❑r❛♠❡rs ❞♦✉❜❧❡ts ♦❢ t❤❡ 6❍15/2 ❣r♦✉♥❞ st❛t❡ ♠✉❧t✐♣❧❡t✱
❛s ✇❡❧❧ ❛s t❤❡ ♣r❡❞✐❝t❡❞ r❡❧❛①❛t✐♦♥ ❞②♥❛♠✐❝s ❜❡t✇❡❡♥ t❤♦s❡ st❛t❡s ✇❛s t❤❡♦r❡t✐❝❛❧❧②
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♦❜t❛✐♥❡❞ ❜② q✉❛♥t✉♠ ❝❤❡♠✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s✳✶✾

❋✐❣✳ ✻✳✺ s❤♦✇s t❤❡ ❝❛❧❝✉❧❛t❡❞ r❡s✉❧ts ❢♦r t❤❡ ❧♦✇❡st t❤r❡❡ ❑r❛♠❡rs ❞♦✉❜❧❡ts✳ ❆
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✉s❡❞ ♠♦❞❡❧ ❛♥❞ ❛ ❝♦♠♣❧❡t❡ s✉♠♠❛r② ♦❢ ❛❧❧ r❡s✉❧t✐♥❣ ♣❛r❛♠❡t❡rs
✐s ❣✐✈❡♥ ✐♥ r❡❢✳ ❬✶✷✻❪✳ ❚❤❡ ❡♥❡r❣② ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❑r❛♠❡rs ❞♦✉❜❧❡t ✐s ♠❛r❦❡❞ ❜②
t❤✐❝❦ ❜❧❛❝❦ ❜❛rs ✐♥ ✜❣✳ ✻✳✺✳ ❚❤❡ ✜rst ❡①❝✐t❡❞ st❛t❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ❛r♦✉♥❞ ✹✸ ❝♠−1

✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❡①❝✐t❡❞ ❑r❛♠❡rs ❞♦✉❜❧❡t ✐s ♣r❡❞✐❝t❡❞ t♦ ❜❡ ❛t ≈ ✾✷ ❝♠−1✳ ❙♦❧✐❞
❜❧✉❡✱ ❞❛s❤❡❞ ❜❧❛❝❦ ❛♥❞ ❞♦tt❡❞ r❡❞ ❛rr♦✇s ✐♥ ✜❣✳ ✻✳✺ s❤♦✇ t❤❡ ♣♦ss✐❜❧❡ ❖r❜❛❝❤✲✱
t❡♠♣❡r❛t✉r❡ ❛ss✐st❡❞ ✭❚❆✮ ◗❚▼ ❛♥❞ ◗❚▼ r❡❧❛①❛t✐♦♥ ♣❛t❤✇❛②s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡
♥✉♠❜❡rs ♦♥ t❤❡ ❛rr♦✇s st❛t❡ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ❡❧❡♠❡♥t✱ ✐✳❡✳
t❤❡② ❛r❡ ❝♦rr❡❧❛t❡❞ t♦ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❚❤❡ ✐♥❝r❡❛s❡❞ ❚❆✲◗❚▼ ❛♥❞ ◗❚▼
♣r♦❜❛❜✐❧✐t✐❡s ❜❡t✇❡❡♥ ♦r ✇✐t❤✐♥ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❡①❝✐t❡❞ ❑r❛♠❡rs ❞♦✉❜❧❡ts ✐♠♣❧②✱
t❤❛t t❤❡s❡ ❛r❡ t❤❡ r❡❧❛①❛t✐♦♥ ♣❛t❤✇❛②s ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧②
♦❜s❡r✈❡❞ ♦♥❡s✱ ✐✳❡✳ Ueff,1 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❣r♦✉♥❞ ❛♥❞ ✜rst ❡①❝✐t❡❞
❛♥❞ Ueff,2 t♦ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❣r♦✉♥❞ ❛♥❞ s❡❝♦♥❞ ❡①❝✐t❡❞ ❑r❛♠❡rs ❞♦✉❜❧❡t✳
❲❤✐❧❡ t❤❡ ♠❡❛s✉r❡❞ ♠❛❣♥✐t✉❞❡s ♦❢ t❤♦s❡ ❣❛♣s ❛r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ❝❛❧❝✉❧❛t❡❞ ♦♥❡s✱
t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ❛♥❞ t❤❡♦r❡t✐❝❛❧ ♦❜t❛✐♥❡❞ r❛t✐♦ ✭Ueff,1✴Ueff,2✮ ♣❡r❢❡❝t❧② ❝♦✐♥❝✐❞❡s✳

❆s ❛ ❝♦♥❝❧✉s✐♦♥ ✐t ✐s ✇♦rt❤ t♦ ♠❡♥t✐♦♥✱ t❤❛t t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ ❛ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss
♥♦t ♦♥❧② ✈✐❛ t❤❡ ✜rst✱ ❜✉t ❛❧s♦ ✈✐❛ t❤❡ s❡❝♦♥❞ ❡①❝✐t❡❞ st❛t❡ ✐s r❛t❤❡r s❝❛r❝❡❧② r❡♣♦rt❡❞
✐♥ ❧✐t❡r❛t✉r❡✳❬✶✾✵✕✶✾✷❪ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ❝❛♥ ❜❡ ❢♦✉♥❞ ✜rst❧② ✐♥ t❤❡ ✉s✉❛❧❧② ❞✐st♦rt❡❞
str✉❝t✉r❡ ♦❢ ▲♥ ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣❧❡①❡s ✇❤✐❝❤ ❧❡❛❞s t♦ tr❛♥s✈❡rs❛❧ ❛♥✐s♦tr♦♣② ❝♦♥tr✐❜✉✲
t✐♦♥s ❛♥❞ t❤❡r❡❢♦r❡ t♦ ❡✛❡❝t✐✈❡ r❡❧❛①❛t✐♦♥ ♣❛t❤✇❛②s ✈✐❛ ◗❚▼s ❛♥❞ s❡❝♦♥❞❧② ✐♥ t❤❡
♦❢t❡♥ ♥♦♥✲❝♦✐♥❝✐❞✐♥❣ ❛♥✐s♦tr♦♣② ❛①✐s ❜❡t✇❡❡♥ t❤❡ ❣r♦✉♥❞ ❛♥❞ ✜rst ❡①❝✐t❡❞ st❛t❡s✳❬✶✻✺❪

✼✹



❋✐❣✉r❡ ✻✳✺✳✿ ❆❜ ✐♥✐t✐♦ ❝❛❧❝✉❧❛t❡❞ r❡❧❛①❛t✐♦♥ ❞②♥❛♠✐❝s ❢♦r t❤❡ ❉②III ❝♦♠♣❧❡①✳ ❚❤❡ t❤✐❝❦
❜❧❛❝❦ ❧✐♥❡s ❛r❡ t❤❡ ❑r❛♠❡rs ❞♦✉❜❧❡ts ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ♠♦✲
♠❡♥t✳ ❚❤❡ ❞❛s❤❡❞ ❜❧❛❝❦ ❧✐♥❡s s❤♦✇ ♣♦ss✐❜❧❡ ❖r❜❛❝❤ ♣❛t❤✇❛②s✳ ❚❤❡ ❜❧✉❡
❧✐♥❡s ❛r❡ t❤❡ ♠♦st ♣r♦❜❛❜❧❡ r❡❧❛①❛t✐♦♥ ♣❛t❤✇❛②s ❢♦r ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡r✲
s❛❧✱ ❛♥❞ t❤❡ ❞♦tt❡❞ r❡❞ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ♣r❡s❡♥❝❡ ♦❢ ◗❚▼✴❚❆✲◗❚▼
❜❡t✇❡❡♥ t❤❡ ❝♦♥♥❡❝t✐♥❣ ♣❛✐rs✳ ❚❤❡ ♥✉♠❜❡rs ❛t ❡❛❝❤ ❛rr♦✇ ❛r❡ t❤❡ ♠❡❛♥
❛❜s♦❧✉t❡ ✈❛❧✉❡s ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛tr✐① ❡❧❡♠❡♥t ♦❢ t❤❡ tr❛♥s✐t✐♦♥
♠❛❣♥❡t✐❝ ♠♦♠❡♥t✳✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❈✐❡s❧✐❦ ❡t ❛❧✳ ✷✵✷✶✳❬✶✷✻❪ P❧♦t
✇❛s ❝♦♥str✉❝t❡❞ ❜② ❈✐❡s❧✐❦ ❡t ❛❧✳ ✳✮

✼✺



✻✳✷✳ ▼❛❣♥❡t✐❝ ❇❡❤❛✈✐♦✉r ♦❢ t✇♦ ◆♦✈❡❧

P❡♥t❛❣♦♥❛❧✲❜✐♣②r❛♠✐❞❛❧ ❊r❜✐✉♠✭■■■✮

❈♦♠♣❧❡①❡s✿ ❛ ❍✐❣❤✲❢r❡q✉❡♥❝② ❊P❘ ❙t✉❞②

❚❤✐s ❝❤❛♣t❡r r❡♣♦rts t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t✇♦ ♥♦✈❡❧ ♣❡♥t❛❣♦♥❛❧✲❜✐♣②r❛♠✐❞❛❧
✭P❇P✮ ❊r✭■■■✮ ♠♦♥♦♥✉❝❡❧❛r ❝♦♠♣❧❡①❡s ✇✐t❤ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ❬❊r✭❉❆P▼❇❍✮❈❧
✭❍2❖✮❪ ✷❈2❍5❖❍ ✭❤❡r❡❛❢t❡r ♥❛♠❡❞ ❊r✭■■■✮✱ ❈❧✴❍2❖ ♦r ✶✮ ❛♥❞ ✭❊t3◆❍✮❬❊r✭❍2❉❆P❙✮
❈❧2❪ ✭❤❡r❡❛❢t❡r ♥❛♠❡❞ ❊r✭■■■✮✱ ❈❧✴❈❧ ♦r ✷✮✳ ❉✉❡ t♦ t❤❡ str♦♥❣ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣
✭❙❖❈✮ t❤❡ ❊r✭■■■✮ ✐♦♥ ✜❣✉r❡s ❛ ✇❡❧❧ ✐s♦❧❛t❡❞ J ❂ ✶✺✴✷ ❣r♦✉♥❞ st❛t❡ ✇❤✐❝❤ ❝❛♥ ❜❡
❞❡s❝r✐❜❡❞ ❜② t❤❡ t❡r♠ s②♠❜♦❧ 6❍15/2✳❬✶✻✺❪ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ ❝❤❛♣✳ ✺✳✶✱ t❤❡
P❇P ❝♦♦r❞✐♥❛t✐♦♥ s✉rr♦✉♥❞✐♥❣ ❛❧❧♦✇s t♦ ❡❛s✐❧② s✉❜st✐t✉t❡ t❤❡ ✐♦♥s ❧♦❝❛t❡❞ ✐♥ t❤❡
❛♣✐❝❛❧ ♣♦s✐t✐♦♥s✱ ✇❤✐❝❤ ♦✛❡rs ❛ s✐♠♣❧❡ r♦✉t❡ t♦ t✉♥❡ t❤❡ ❝r②st❛❧ ✜❡❧❞ ❛❝t✐♥❣ ♦♥ t❤❡
❝❡♥tr❛❧ ♠❡t❛❧ ✐♦♥ ❛♥❞ ❜② t❤✐s ❧❡❛❞✐♥❣ t♦ ❛ ❝❤❛♥❣❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s✳❬✽✺❪
❲❤✐❧❡ ❝♦♠♣❧❡① ✶ ✐s ❝♦♦r❞✐♥❛t❡❞ ❜② ❛ ❝❤❧♦r✐❞❡ ✐♦♥ ❛♥❞ ❛ ✇❛t❡r ♠♦❧❡❝✉❧❡ ✐♥ t❤❡ ❛♣✐❝❛❧
♣♦s✐t✐♦♥s✱ t❤❡ ✇❛t❡r ♠♦❧❡❝✉❧❡ ✐s s✉❜st✐t✉t❡❞ ❜② ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝❤❧♦r✐❞❡ ✐♦♥ ✐♥ ❝♦♠♣❧❡①
✷✳ Pr❡❧✐♠✐♥❛r② r❡❝♦r❞❡❞ ❛❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ✭❞❛t❛ ♥♦t s❤♦✇♥✮ r❡✈❡❛❧❡❞✱
t❤❛t ✇❤✐❧❡ ❝♦♠♣❧❡① ✶ s❤♦✇s ❛ ✜❡❧❞ ✐♥❞✉❝❡❞ s❧♦✇ r❡❧❛①❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❜❡❤❛✈✐♦✉r
✇✐t❤ ❛♥ ❡♥❡r❣②✲❜❛rr✐❡r ♦❢ ❛♣♣r♦①✳ ✶✻ ❑✱ ❝♦♠♣❧❡① ✷ ✜❣✉r❡s ♥♦ ✐♥❞✐❝❛t✐♦♥ ♦❢ ❛ r❡♠❛♥❡♥t
♠❛❣♥❡t✐s❛t✐♦♥ ✇✐t❤✐♥ ❛♥ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤✐s tr❡♠❡♥❞♦✉s ❝❤❛♥❣❡ ✐♥ ♠❛❣♥❡t✐❝
r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ❣✐✈❡s ❛ ✜rst ✐♥❞✐❝❛t✐♦♥ ❢♦r t❤❡ s✐❣♥✐✜❝❛♥t ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❛♣✐❝❛❧
❧✐❣❛t❡❞ ✐♦♥s ♦♥t♦ t❤❡ ❝r②st❛❧ ✜❡❧❞ ✇❤✐❝❤ ✐s ❛❝t✐♥❣ ♦♥ t❤❡ ❝❡♥tr❛❧ ❊r✭■■■✮ ✐♦♥s ❛♥❞ ❜②
t❤✐s ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ✐♥ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐❝ ❝♦♠♣♦✉♥❞s ✜❣✉r✐♥❣ ❛ P❇P
❝♦♦r❞✐♥❛t✐♦♥✳

❚♦ ❞❡❝✐♣❤❡r t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ♦♥ ❛ q✉❛♥t✐t❛t✐✈❡ ❧❡✈❡❧✱
❍❋ ❊P❘ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❜♦t❤ ❝♦♠♣❧❡①❡s t♦ ❞✐r❡❝t❧② ❡✈❛❧✉❛t❡ t❤❡
③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ ❣❛♣s ❛♥❞ g✲✈❛❧✉❡s ❛♥❞ t❤❡r❡❜② t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ✐♥❞✉❝❡❞ ❜②
t❤❡ ❈❋✳ ■♥ t❤✐s r❡s♣❡❝t ✐t ✐s ♥♦t❡✇♦rt❤②✱ t❤❛t t❤❡ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡ ♦❢ ❍❋ ❊P❘ ✐s
st✐❧❧ ♦♥❧② r❛r❡❧② ❛♣♣❧✐❡❞ t♦ ❊r✭■■■✮ ❝♦♠♣❧❡①❡s ♦r ❧❛♥t❤❛♥✐❞❡ ❝♦♠♣♦✉♥❞s ✭❡①❝❧✉❞✐♥❣ ●❞✮
✐♥ ❣❡♥❡r❛❧✳❬✶✾✸✕✶✾✺❪ ❚❤❡ r❡❛s♦♥s ❢♦r t❤✐s ❛r❡ t❤❡ ✉s✉❛❧❧② ❧❛r❣❡ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ ❣❛♣s
❡①❝❡❡❞✐♥❣ t❤❡ ❝❛♣❛❜❧❡ ❡♥❡r❣② r❛♥❣❡ ♦❢ ❛♥ ❍❋ ❊P❘ s❡t✉♣ ❛s ✇❡❧❧ ❛s ❤✐❣❤❧② ❢♦r❜✐❞❞❡♥
❣r♦✉♥❞ st❛t❡ tr❛♥s✐t✐♦♥s ✇✐t❤ |∆mS| > 1✳

✻✳✷✳✶✳ ▼♦❧❡❝✉❧❛r ❙tr✉❝t✉r❡

■♥ ✜❣✳ ✻✳✻ t❤❡ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ❊r✭■■■✮ ♠♦♥♦♥✉❝❧❡❛r ❝♦♠♣♦✉♥❞s
✐s s❤♦✇♥✳ ❇♦t❤ s❛♠♣❧❡s ✇❡r❡ s②♥t❤❡s✐③❡❞ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❚✳❆✳ ❇❛③❤❡♥♦✈❛ ❛t
t❤❡ ■♥st✐t✉t❡ ♦❢ Pr♦❜❧❡♠s ♦❢ ❈❤❡♠✐❝❛❧ P❤②s✐❝s✱ ❈❤❡r♥♦❣♦❧♦✈❦❛✳ ❚❤❡ ❊r✭■■■✮ ✐♦♥s ❛r❡
s✉rr♦✉♥❞❡❞ ❜② ❛ ♣❡♥t❛❣♦♥❛❧ ❧✐❣❛♥❞ ♣❧❛♥❡ ❝♦♥s✐st✐♥❣ ♦❢ t✇♦ ♦①②❣❡♥ ❛♥❞ t❤r❡❡ ♥✐tr♦❣❡♥
✐♦♥s ✐♥ t❤❡ ✜rst ❝♦♦r❞✐♥❛t✐♦♥ s♣❤❡r❡✳ ❋♦r ❝♦♠♣❧❡① ✶ ✭❊r✭■■■✮✱ ❈❧✴❍2❖✮ s❤♦✇♥ ✐♥
✜❣✳ ✻✳✻ ✭❛✮✱ t❤❡ ❛♣✐❝❛❧ ❝♦♦r❞✐♥❛t✐♦♥ s✐t❡s ❛r♦✉♥❞ t❤❡ ❝❡♥tr❛❧ ❊r✭■■■✮ ✐♦♥ ❛r❡ ♦❝❝✉♣✐❡❞
❜② ❛ ❝❤❧♦r✐❞❡ ❛♥❞ ❛ ✇❛t❡r ♠♦❧❡❝✉❧❡ ✇❤✐❧❡ ✐♥ ❝♦♠♣❧❡① ✷ ✭❊r✭■■■✮✱ ❈❧✴❈❧✮ t❤❡ ✇❛t❡r
♠♦❧❡❝✉❧❡ ✐s s✉❜st✐t✉t❡❞ ❜② ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝❤❧♦r✐❞❡ ✐♦♥✳

✼✻



(a) (b)

❋✐❣✉r❡ ✻✳✻✳✿ ▼♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ s❛♠♣❧❡ ✶ ♦r ❊r✭■■■✮✱ ❈❧✴❍2❖ ✭❛✮ ❛♥❞ ✷ ♦r ❊r✭■■■✮✱
❈❧✴❈❧ ✭❜✮✳ ❉❛r❦ ❣r❡❡♥✱ ❊r❀ ❘❡❞✱ ❖❀ ❧✐❣❤t ❣r❡❡♥✱ ❈❧❀ ❧✐❣❤t ❜❧✉❡✱ ◆❀
❜r♦✇♥✱ ❈❀ ✇❤✐t❡✱ ❍✳ ✭❚❤❡ s❛♠♣❧❡s ✇❡r❡ str✉❝t✉r❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜②
❚✳❆✳ ❇❛③❤❡♥♦✈❛✱ ■P❈P✱ ❈❤❡r♥♦❣♦❧♦✈❦❛✳✮

❋✐❣✳ ❆✳✷✵✷✵ s❤♦✇s t❤❡ r❡s♣❡❝t✐✈❡ ♣❛❝❦✐♥❣ ❞✐❛❣r❛♠ ❢♦r ❜♦t❤ ❝♦♠♣♦✉♥❞s ✉♥❞❡r ✐♥✈❡s✲
t✐❣❛t✐♦♥✳ ■♥ t❤✐s ✐t ❝❛♥ ❜❡ ✇✐t♥❡ss❡❞ t❤❛t ❡✈❡♥ t❤♦✉❣❤ t❤❡r❡ ❛r❡ t✇♦ ♦r✐❡♥t❛t✐♦♥s ♦❢
❝r②st❛❧❧♦❣r❛♣❤✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ❊r✭■■■✮✲♠♦❧❡❝✉❧❡s ✇✐t❤✐♥ ❝♦♠♣❧❡① ✶ ✭s❡❡ ✜❣✳ ❆✳✷✵ ✭❛✮ ✮✱
t❤❡ s②♠♠❡tr② ❛①✐s ♦❢ t❤❡ P❇P ❧✐❣❛t✐♦♥ s✉rr♦✉♥❞✐♥❣✱ ✇❤✐❝❤ ✐s r♦✉❣❤❧② ♣♦✐♥t✐♥❣ ❛❧♦♥❣
t❤❡ ❈❧✲❊r✭■■■✮✲❖ ❝♦♥♥❡❝t✐♦♥ ❛♥❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♣❡♥t❛❣♦♥❛❧ ♣❧❛♥❡✱ ✐s ❛❧♠♦st ♣❡r✲
❢❡❝t❧② ✐♥ ♣❛r❛❧❧❡❧ ❢♦r ❛❧❧ t❤❡ ♠♦❧❡❝✉❧❡s✳ ❚❤❡r❡❢♦r❡ ✐t ❝❛♥ ❜❡ ❛ss✉♠❡❞✱ t❤❛t t❤❡ ❡✛❡❝t✐✈❡
❝r②st❛❧ ✜❡❧❞ ✭❈❋✮ ❛♥✐s♦tr♦♣② ❛①❡s ♦❢ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡ ❛❧s♦ ❝♦✐♥❝✐❞❡✳ ❖♣♣♦s✐♥❣
t♦ t❤✐s✱ t❤❡ ♣❛❝❦✐♥❣ ❞✐❛❣r❛♠ ❢♦r ❝♦♠♣❧❡① ✷ s❤♦✇♥ ✐♥ ✜❣✳ ❆✳✷✵ ✭❜✮ ✐♠♣❧✐❡s✱ t❤❛t t❤❡
❈❧✲❊r✭■■■✮✲❈❧ s②♠♠❡tr② ❛①✐s ❢♦r t❤❡ ❡q✉✐✈❛❧❡♥t ❜✉t ❞✐✛❡r❡♥t❧② ♦r✐❡♥t❡❞ ♠♦❧❡❝✉❧❡s ❛r❡
♥♦t ✐♥ ♣❛r❛❧❧❡❧ ❜✉t t✐❧t❡❞ ❛❣❛✐♥st ❡❛❝❤ ♦t❤❡r ❜② ❛♥ ❛♥❣❧❡ ♦❢ ≈ ✹✺◦✳ ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤✐s
t✐❧t✐♥❣ ♦♥ t❤❡ ❞❡r✐✈❡❞ ❧♦♦s❡ ❛♥❞ ✜①❡❞ ♣♦✇❞❡r ❍❋ ❊P❘ ❞❛t❛ ✐s ❞✐s❝✉ss❡❞ ❢♦r s❛♠♣❧❡ ✷
✐♥ ❝❤❛♣✳ ✻✳✷✳✹✳

✻✳✷✳✷✳ ❊r✭■■■✮✱ ❈❧✴❍2❖✿ ❍❋ ❊P❘ ❙t✉❞✐❡s

❚♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ❛♥❞ ❞❡❝✐♣❤❡r t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t r❡❧❛①✲
❛t✐♦♥ ❜❡❤❛✈✐♦✉r ❜❡t✇❡❡♥ ❝♦♠♣❧❡① ✶ ❛♥❞ ✷✱ ❍❋ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞✳
❚❤❡ ♦❜t❛✐♥❡❞ s♣❡❝tr❛ ♦♥ ❛♥ ♦r✐❡♥t❡❞ ❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢ ✶ ❛r❡ s❤♦✇♥ ❛s s♦❧✐❞
❜❧❛❝❦ ❧✐♥❡s ✐♥ ✜❣✳ ✻✳✼ ✭❛✮ ❛♥❞ ❝❛♥ ❜❡ ❢♦❧❧♦✇❡❞ ♦✈❡r t❤❡ ✇❤♦❧❡ ♦❜s❡r✈❡❞ ❢r❡q✉❡♥❝② r❛♥❣❡
❜❡t✇❡❡♥ ✶✵✵ ❛♥❞ ✽✺✵ ●❍③ ❛t T ❂ ✷ ❑ ✭s❡❡ ❜❧❛❝❦ ✜❧❧❡❞ sq✉❛r❡s ✐♥ ✜❣✳ ✻✳✼ ✭❛✮ ❛♥❞
✻✳✽ ✭❛✮✮✳ ❇❧❛❝❦ ✜❧❧❡❞ sq✉❛r❡s ✐♥ ✜❣✳ ✻✳✼ ✭❛✮ ♠❛r❦ t❤❡ ♦❜s❡r✈❡❞ r❡s♦♥❛♥❝❡ ✜❡❧❞ ♣♦s✐t✐♦♥s
♦❢ t❤❡ s❤❛r♣ ❢❡❛t✉r❡ ❢♦r ❞✐✛❡r❡♥t ♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝✐❡s✳ ❋r♦♠ ❛ ❧✐♥❡❛r ✜t ❛s s❤♦✇♥ ❛s
r❡❞ s♦❧✐❞ ❧✐♥❡ ✐♥ ✜❣✳ ✻✳✼ ✭❛✮✱ ❛♥ ❡✛❡❝t✐✈❡ g✲✈❛❧✉❡✱ geff ❂ ✶✷✳✵✭✸✮✱ ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞ ❢♦r
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s✐t✐♦♥ ✇❤✐❝❤ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ♦❜t❛✐♥❡❞ s♣❡❝tr❛❧ ❢❡❛t✉r❡✳

❋✐❣✳ ✻✳✼ ✭❜✮ s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ s❤❛♣❡ ✇✐t❤ r✐s✐♥❣ t❡♠♣❡r❛t✉r❡s
❢♦r ❛ ✜①❡❞ ♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝② ♦❢ f ❂ ✺✾✸✳✾ ●❍③✳ ❆s ❛❧r❡❛❞② ❢♦✉♥❞ ❢r♦♠ t❤❡

✷✵❚❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r t❤❡ ❊r✭■■■✮ ♠♦♥♦♠❡r ❝❤❛♣✳ ✻✳✷ ✐s s❤♦✇♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❝❤❛♣✳ ❆✳✹✳

✼✼



❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥t ✐♥✈❡st✐❣❛t✐♦♥s s❤♦✇♥ ✐♥ ✜❣✳ ✻✳✼ ✭❛✮✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ s❤❛r♣
❢❡❛t✉r❡ ❞✐st✐♥❣✉✐s❤❛❜❧❡ ❛t ❧♦✇❡st t❡♠♣❡r❛t✉r❡s ♦❢ ✷ ❑✱ ✇❤✐❝❤ ✐s ♠❛r❦❡❞ ❜② t❤❡ ❜❛❝❦
sq✉❛r❡✳ ❆ s♠❛❧❧ s❤♦✉❧❞❡r ♥❡①t t♦ t❤✐s s❤❛r♣ ❢❡❛t✉r❡ ✐s ❛ttr✐❜✉t❡❞ t♦ ❛ ♠✐♥♦r ♣❛rt ♦❢
t❤❡ ♣♦✇❞❡r s❛♠♣❧❡ ✇❤✐❝❤ ✐s ♥♦t ♣❡r❢❡❝t❧② ❛❧✐❣♥❡❞ ✇✐t❤✐♥ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳
❲✐t❤ r✐s✐♥❣ t❡♠♣❡r❛t✉r❡s✱ t❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ s❤❛r♣ ❢❡❛t✉r❡ ❣r❛❞✉❛❧❧② ❞❡❝r❡❛s❡s ✐♥ ❛
❈✉r✐❡✲❧✐❦❡ ♠❛♥♥❡r ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤✐s tr❛♥s✐t✐♦♥ ❛r✐s❡s ❢r♦♠ ❛ ❣r♦✉♥❞ st❛t❡✳ ❆r♦✉♥❞
T ❂ ✽ ❑✱ ❛ s❡❝♦♥❞✱ ♠✉❝❤ ✇❡❛❦❡r ❢❡❛t✉r❡ s❤♦✇s ✉♣ ♦♥ t❤❡ ❧♦✇ ✜❡❧❞ s✐t❡ ♦❢ t❤❡ ♠❛✐♥
♦♥❡✱ ✇❤✐❝❤ ✐s ♠❛r❦❡❞ ❜② ❛ ❜❧✉❡ ❝✐r❝❧❡ ✐♥ ✜❣✳ ✻✳✼ ✭❜✮✳ ❚❤✐s s❡❝♦♥❞ ❢❡❛t✉r❡ ❜❡❝♦♠❡s ♠♦r❡
✐♥t❡♥s❡ ✇✐t❤ ❢✉rt❤❡r ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡s✱ ✉♥t✐❧ ✐t ❛❧s♦ ❞❡❝r❡❛s❡s ❛♥❞ ❝♦♠♣❧❡t❡❧②
✈❛♥✐s❤❡s ❛t T ❂ ✻✵ ❑✳ ❋r♦♠ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤✐s ❢❡❛t✉r❡ ❛t ❡❧❡✈❛t❡❞ t❡♠♣❡r❛t✉r❡s
✐t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s✐t✐♦♥ ❞♦❡s ♥♦t ❛r✐s❡ ❢r♦♠ t❤❡ ❣r♦✉♥❞
st❛t❡ ❜✉t ❢r♦♠ ❛♥ ❡①❝✐t❡❞ st❛t❡✳

❋✐❣✉r❡ ✻✳✼✳✿ ✭❛✮ ❊①❡♠♣❧❛r② ❍❋ ❊P❘ s♣❡❝tr❛ ♠❡❛s✉r❡❞ ❛t T ❂ ✷ ❑ ❛♥❞ ❞✐✛❡r❡♥t ❢r❡✲
q✉❡♥❝✐❡s ♦♥ ❛♥ ♦r✐❡♥t❡❞ ❧♦♦s❡ ♣♦✇❞❡r ♦❢ ✶ ❛r❡ s❤♦✇♥ ❛s ❜❧❛❝❦ s♦❧✐❞ ❧✐♥❡s
✭s♣❡❝tr❛ ❛r❡ ♥♦r♠❛❧✐③❡❞ ❛♥❞ ✈❡rt✐❝❛❧❧② s❤✐❢t❡❞ ❜② t❤❡ r❡s♣❡❝t✐✈❡ ♠❡❛s✉r❡✲
♠❡♥t ❢r❡q✉❡♥❝②✮✳ ❇❧❛❝❦ ✜❧❧❡❞ sq✉❛r❡s ✐♥ ✭❛✮ ♠❛r❦ t❤❡ r❡s♦♥❛♥❝❡ ✜❡❧❞
♣♦s✐t✐♦♥s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ s♣❡❝tr❛❧ ❢❡❛t✉r❡✳ ❚❤❡ r❡s✉❧t ♦❢ ❛ ❧✐♥❡❛r ✜t ✐s
s❤♦✇♥ ❜② t❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡✳ ✭❜✮ ❍❋ ❊P❘ s♣❡❝tr❛ ♠❡❛s✉r❡❞ ❛t ❛ ✜①❡❞
❢r❡q✉❡♥❝② ♦❢ f ❂ ✺✾✸✳✾ ●❍③ ❛t ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s ❜❡t✇❡❡♥ ✷ ❛♥❞
✻✵ ❑✳ ❚❤❡ ❜❧❛❝❦ ✜❧❧❡❞ sq✉❛r❡ ❛♥❞ t❤❡ ❜❧✉❡ ❝✐r❝❧❡ ♠❛r❦ t❤❡ ❛♣♣❡❛r✐♥❣ r❡s✲
♦♥❛♥❝❡ ❢❡❛t✉r❡s ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ t❤❡ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s s❤♦✇♥ ✐♥
✜❣✳ ✻✳✽ ✭❛✮✳

❋✐❣✳ ✻✳✽ ✭❛✮ s❤♦✇s ❛ s✉♠♠❛r② ♦❢ t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥t r❡s♦♥❛♥❝❡ ✜❡❧❞ ♣♦s✐t✐♦♥s
♦❢ t❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ ❛♥❞ t❤❡ ❤✐❣❤ t❡♠♣❡r❛t✉r❡ ❢❡❛t✉r❡s ❛s ❜❧❛❝❦ sq✉❛r❡s ❛♥❞ ❜❧✉❡
❝✐r❝❧❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚♦ ♦❜t❛✐♥ t❤❡ ❧❛tt❡r✱ ❛❞❞✐t✐♦♥❛❧ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥t ❍❋ ❊P❘
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s♣❡❝tr❛ ✇❡r❡ ♠❡❛s✉r❡❞ ❛t ❡❧❡✈❛t❡❞ t❡♠♣❡r❛t✉r❡s ❛❜♦✈❡ ✹ ❑✳ ❋r♦♠ t❤✐s ✐t ❝❛♥ ❜❡ s❡❡♥
t❤❛t t❤❡ ❤✐❣❤ t❡♠♣❡r❛t✉r❡ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤ ✜❣✉r❡s ❛ ❣❛♣ ❛t ③❡r♦ ❛♣♣❧✐❡❞ ✜❡❧❞ ♦❢
∆ ≈ ✽✵✵ ●❍③ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤✐s ❜r❛♥❝❤ ❛r✐s❡s ❢r♦♠ ❛ tr❛♥s✐t✐♦♥ ✐♥ ❜❡t✇❡❡♥ t❤❡ t✇♦
❧♦✇❡st ❧②✐♥❣ ❑r❛♠❡rs ❞♦✉❜❧❡ts ✭❑❉s✮✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✜❣✉r❡s ❛ ♥❡❣❛t✐✈❡ s❧♦♣❡ ❛s ✐t
❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r s♦✲❝❛❧❧❡❞ ✐♥✈❡rs❡ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t✇♦ ❑❉s✳ ❚❤❡ ❡✛❡❝t✐✈❡ g✲✈❛❧✉❡✱
geff ❂ ✾✳✹✭✺✮✱ ♦❢ t❤✐s tr❛♥s✐t✐♦♥ ❝❛♥ ❛❣❛✐♥ ❜❡ q✉❛♥t✐✜❡❞ ❢r♦♠ ❛ ❧✐♥❡❛r ✜t t♦ t❤❡ ❞❛t❛
❛s s❤♦✇♥ ❜② t❤❡ s♦❧✐❞ ❜❧✉❡ ❧✐♥❡ ✐♥ ✜❣✳ ✻✳✽ ✭❛✮✳

❋✐❣✉r❡ ✻✳✽✳✿ ✭❛✮ ❋r❡q✉❡♥❝② ✈s✳ ♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✜❡❧❞ ❞✐❛❣r❛♠ ♦❜t❛✐♥❡❞ ❢♦r ❛♥ ♦r✐✲
❡♥t❡❞ ❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢ ✶ ❛t T ❂ ✷ ❑ ✭❜❧❛❝❦ ✜❧❧❡❞ sq✉❛r❡s✮ ❛s ✇❡❧❧
❛s ❡❧❡✈❛t❡❞ t❡♠♣❡r❛t✉r❡s ❛❜♦✈❡ ✹ ❑ ✭❜❧✉❡ ✜❧❧❡❞ ❝✐r❝❧❡s✮✳ ❘❡❞ tr✐❛♥❣❧❡s
s❤♦✇ t❤❡ r❡s✉❧ts ❢r♦♠ ❛ ♠❡❛s✉r❡♠❡♥t ♦♥ ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ❛s s❤♦✇♥
✐♥ ✜❣✳ ❆✳✷✶✳ ❚❤❡ r❡❞ ❝✐r❝❧❡ ♠❛r❦s ❞❛t❛ ♣♦✐♥ts ✇❤✐❝❤ ✇❡r❡ ❛❝q✉✐r❡❞ ❜②
❛♥ ❳✲❜❛♥❞ ❊P❘ ♠❡❛s✉r❡♠❡♥t ✭s❡❡ ✜❣✳ ❆✳✷✶ ✭❝✮✮✳ ❙♦❧✐❞ ❧✐♥❡s s❤♦✇ ❧✐♥✲
❡❛r ✜ts t♦ t❤❡ r❡s♣❡❝t✐✈❡ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s✳ ✭❜✮ ❊♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠
♠♦❞❡❧❧❡❞ ❢♦r t❤❡ ❡♥❡r❣❡t✐❝❛❧❧② ❧♦✇❡st t✇♦ ❑❉s ❜❛s❡❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs
♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✜t ♦❢ t❤❡ ❡♥❡r❣② ❜r❛♥❝❤❡s s❤♦✇♥ ✐♥ ✭❛✮✳ ❚❤❡ ❛rr♦✇s
♠❛r❦ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❡♥❡r❣②✲❧❡✈❡❧s ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ t❤❡
♦❜s❡r✈❡❞ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s s❤♦✇♥ ✐♥ ✭❛✮✳ ●r❡❡♥ ❛rr♦✇s ✐♥ ❜♦t❤ ♣❧♦ts
✈✐s✉❛❧✐③❡ t❤❡ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ ❣❛♣✳

❚❤❡ ✜♥❞✐♥❣s ❢r♦♠ t❤❡ s♣❡❝tr♦s❝♦♣✐❝❛❧ ❍❋ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s ❝❛♥ ❜❡ r❛t✐♦♥❛❧✐s❡❞
❛ss✉♠✐♥❣ ❛ ❙ ❂ ✶✴✷ ♣s❡✉❞♦s♣✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❑❉ ♦❢ t❤❡ 6❍15/2

❣r♦✉♥❞ st❛t❡ ♠✉❧t✐♣❧❡t✳❬✶✽✱ ✶✾✸❪ ❚❤❡ ❜❧❛❝❦ s♦❧✐❞ ❧✐♥❡s ✐♥ ✜❣✳ ✻✳✽ ✭❜✮ s❤♦✇ t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠✳ ❙✐♥❝❡ ✇✐t❤✐♥ t❤❡ ❡♥❡r❣② s❝❛❧❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t ♦♥❧②
t❤❡ ❧♦✇❡st t✇♦ ❑❉s ❝❛♥ ❜❡ ❝♦✈❡r❡❞✱ t❤❡ ❤✐❣❤❡r ❧②✐♥❣ ❑❉s ❛r❡ ♦♠✐tt❡❞ ✐♥ ✜❣✳ ✻✳✽ ✭❜✮
❢♦r ❝❧❛r✐t②✳ ❆s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t ♠❡❛s✉r❡♠❡♥ts s❤♦✇♥ ✐♥
✜❣✳ ✻✳✼ ✭❜✮ t❤❡ ❜❧❛❝❦ ❜r❛♥❝❤ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ ❣r♦✉♥❞ st❛t❡ tr❛♥s✐t✐♦♥✳ ❇❡s✐❞❡s✱
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t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ ❣❛♣ ✐♠♣❧✐❡s t❤❛t t❤❡ ❜❧❛❝❦ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤ ✐♥
✜❣✳ ✻✳✽ ✭❛✮ ❝♦rr❡s♣♦♥❞s t♦ ❛ tr❛♥s✐t✐♦♥ ✇✐t❤✐♥ t❤❡ ❧♦✇❡st ❑❉ ❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❜❧❛❝❦
❛rr♦✇ ✐♥ ✜❣✳ ✻✳✽ ✭❜✮✳ ❚❤❡ ❜❧✉❡ ❜r❛♥❝❤ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ t♦ ❛ tr❛♥s✐✲
t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❣r♦✉♥❞ st❛t❡ ❛♥❞ t❤❡ ✜rst ❡①❝✐t❡❞ ❑❉ ❛s s❤♦✇♥ ❜② t❤❡ ❜❧✉❡ ❛rr♦✇ ✐♥
✜❣✳ ✻✳✽ ✭❜✮✳ ❚❤❡ ③❡r♦ ✜❡❧❞ ❣❛♣ ∆ ❜❡t✇❡❡♥ t❤♦s❡ t✇♦ ❑❉s ❝❛♥ t❤❡r❡❜② ❜❡ ❞✐r❡❝t❧② r❡❛❞
♦✛ ❢r♦♠ t❤❡ ✐♥t❡rs❡❝t ♦❢ t❤❡ ❜❧✉❡ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤ ✐♥ ✜❣✳ ✻✳✽ ✭❜✮ ❛s ✐t ✐s ✐♥❞✐❝❛t❡❞ ❜②
t❤❡ ❣r❡❡♥ ❛rr♦✇s✳

❉✉❡ t♦ t❤❡ ❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❝r②st❛❧❧✐t❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞
❞✉r✐♥❣ ❛ ❧♦♦s❡ ♣♦✇❞❡r ♠❡❛s✉r❡♠❡♥t✱ t❤❡ ♦❜t❛✐♥❡❞ r❡s♦♥❛♥❝❡ s♣❡❝tr❛ ❛r✐s❡ ❢r♦♠ ❥✉st
♦♥❡ ♠♦❧❡❝✉❧❛r ❞✐r❡❝t✐♦♥ ❛♥❞ t❤✉s✱ ♦♥❧② t❤❡ g✲✈❛❧✉❡ ❝♦♠♣♦♥❡♥t ♣♦✐♥t✐♥❣ ❛❧♦♥❣ t❤✐s
❞✐r❡❝t✐♦♥ ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞✳ ❍♦✇❡✈❡r✱ t♦ ♦❜t❛✐♥ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ❛❧❧ t❤❡ ♠♦❧❡❝✲
✉❧❛r ❞✐r❡❝t✐♦♥s ❛♥❞ t❤❡r❡❜② ♠❡❛s✉r❡ t❤❡ g✲❛♥✐s♦tr♦♣②✱ ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ✇❛s
♣r❡♣❛r❡❞✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❛t f ❂ ✺✷✺✳✸ ●❍③ ❛♥❞ ✶✻✽✳✹ ●❍③ ❛s
✇❡❧❧ ❛s ✐♥ t❤❡ ❳✲❇❛♥❞ ❊P❘ r❛♥❣❡ ♦❢ f ❂ ✾✳✻✸✾ ●❍③ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳ ❆✳✷✶✳✷✶ ❘❡❞ tr✐✲
❛♥❣❧❡s ✐♥ ✜❣✳ ✻✳✽ ✭❛✮ s❤♦✇ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡ ♣♦s✐t✐♦♥s ♦❜t❛✐♥❡❞ ❢♦r
❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ s♣❡❝tr❛ s❤♦✇♥ ✐♥ ✜❣✳ ❆✳✷✶
✇✐t❤ t❤❡ r❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✳ ✻✳✽ ✭❛✮✱ t❤❡ ❧❡❢t r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡ ❝❛♥
❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r ♦r✐❡♥t❛t✐♦♥ ❞✐r❡❝t✐♦♥ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ❞❡♥♦t❡❞ ❛s
gz✲❞✐r❡❝t✐♦♥✱ ✇❤✐❧❡ t❤❡ g✲✈❛❧✉❡ ❝♦♠♣♦♥❡♥t ✐♥ t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥s ✭gx ❛♥❞ gy✮ s❡❡♠ t♦
❜❡ ♠✉❝❤ s♠❛❧❧❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❛❧♠♦st ❡q✉❛❧ ✐♥t❡♥s✐t② ♦❢ t❤❡ t✇♦ ❢❡❛t✉r❡s ✐♥ t❤❡
✜①❡❞ ♣♦✇❞❡r s♣❡❝tr❛ ✐♠♣❧✐❡s✱ t❤❛t ♦♥❧② t✇♦ ❞✐r❡❝t✐♦♥s ✭gz ❛♥❞ gy✮ ❝♦♥tr✐❜✉t❡ t♦ t❤❡
s♣❡❝tr❛ ✇❤✐❧❡ t❤❡ g✲✈❛❧✉❡ ♦❢ t❤❡ t❤✐r❞ ❞✐r❡❝t✐♦♥ ✭gx✮ ✐s s♦ s♠❛❧❧ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡ ❛♣♣❡❛rs ❜❡②♦♥❞ t❤❡ r❡❛❝❤❛❜❧❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❛♥❣❡ ♦❢ t❤❡ ♠❡❛s✉r❡✲
♠❡♥t s❡t✲✉♣✱ ✐✳❡✳✱ gz > gy ≫ gx✳ ❆ ✜t ❛ss✉♠✐♥❣ ❛ ❙ ❂ ✶✴✷ ♣❡s✉❞♦s♣✐♥ ❛♣♣r♦①✐♠❛t✐♦♥
✇✐t❤ ❛ str♦♥❣❧② ❛♥✐s♦tr♦♣✐❝ g✲✈❛❧✉❡ ❛s s❤♦✇♥ ❛s r❡❞ ❧✐♥❡s ✐♥ ✜❣✳ ❆✳✷✶ r❡s✉❧ts ✐♥ t❤❡
g✲✈❛❧✉❡ ❝♦♠♣♦♥❡♥ts ✵✳✺✭✺✮✱ ✷✳✻✭✺✮ ❛♥❞ ✶✷✳✵✭✶✮ ❢♦r gx✱ gy ❛♥❞ gz✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡❜②✱
t❤❡ gx ❝♦♠♣♦♥❡♥t ✐s ✜①❡❞ t♦ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡ ✇❤✐❝❤ st✐❧❧ ❣✐✈❡s ❛ ❣♦♦❞ r❡♣r♦❞✉❝t✐♦♥
♦❢ t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛✱ ✇❤✐❧❡ t❤❡ ♦t❤❡r t✇♦ ❝♦♠♣♦♥❡♥ts ❛r❡ ✈❛r✐❡❞✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ✭❝❤❛♣✳ ✻✳✷✳✸✱ ✻✳✷✳✹ ❛♥❞ ✻✳✷✳✺✮ ✇❡r❡ ✇r✐tt❡♥ ❜② ▲✳ ❙♣✐❧❧❡❝❦❡
❛♥❞ ❛r❡ ♣❛rt ♦❢ ❛ r❡s❡❛r❝❤ ❛rt✐❝❧❡ ✭▲✳ ❙♣✐❧❧❡❝❦❡ ❡t ❛❧✳✮ ✇❤✐❝❤ ❤❛s ❜❡❡♥ s✉❜♠✐tt❡❞ t♦ t❤❡
❥♦✉r♥❛❧ ❉❛❧t♦♥ ❚r❛♥s❛❝t✐♦♥s✳

✻✳✷✳✸✳ ❊r✭■■■✮✱ ❈❧✴❈❧✿ ▼❛❣♥❡t✐❝ ❙✉s❝❡♣t✐❜✐❧✐t②

❚❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ❢♦r ❝♦♠♣❧❡① ✷ ✇❛s ♠❡❛✲
s✉r❡❞ ✉♥❞❡r ❛♥ ❛♣♣❧✐❡❞ ❞❝ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✵✳✶ ❚ ✐♥ t❤❡ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ♦❢ ✶✳✽ ✲
✸✵✵ ❑ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✻✳✾✳ ❚❤❡ χT ♣r♦❞✉❝t ❛t ✸✵✵ ❑ ✭✶✶✳✻✼✭✻✵✮ ❝♠3 ❑ ♠♦❧−1✮ ✐s
❝❧♦s❡ t♦ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ✶✶✳✹✽ ❝♠3 ❑ ♠♦❧−1 ❢♦r ❛ ❢r❡❡ ❊r✭■■■✮ ✐♦♥ ✭4■ 15/2✮✳❬✶✻✺❪
❯♣♦♥ ❝♦♦❧✐♥❣ ❞♦✇♥ t♦ ✶✵✵ ❑✱ ✐t ❣r❛❞✉❛❧❧② ❞❡❝r❡❛s❡s ❛♥❞ t❤❡♥ r❛♣✐❞❧② ❞r♦♣s ❜❡❧♦✇
✶✵✵ ❑ ❛s ✐t ✐s ❝❤❛r❛❝t❡r✐st✐❝ ❢♦r ♠❛♥② ❧❛♥t❤❛♥✐❞❡ ❝♦♠♣❧❡①❡s✳ ❚❤❡ ✐♥s❡t ✐♥ ❋✐❣✳ ✻✳✾
s❤♦✇s t❤❡ ♠❛❣♥❡t✐s❛t✐♦♥ ♠❡❛s✉r❡❞ ❛t ✈❛r✐♦✉s ✐s♦t❤❡r♠❛❧ ❝♦♥❞✐t✐♦♥s ✐♥ ❡①t❡r♥❛❧ ♠❛❣✲
♥❡t✐❝ ✜❡❧❞s ✉♣ t♦ ✼ ❚✳ ■♥ t❤❡ ❧♦✇ ✜❡❧❞ r❡❣✐♦♥ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶ ❚ t❤❡ ♠❛❣♥❡t✐s❛t✐♦♥

✷✶❉❡t❛✐❧s r❡❣❛r❞✐♥❣ t❤❡ ❳✲❇❛♥❞ s♣❡❝tr♦♠❡t❡r ❛r❡ ❣✐✈❡♥ ✐♥ ❝❤❛♣✳ ✸✳✷✳
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❋✐❣✉r❡ ✻✳✾✳✿ ❊①♣❡r✐♠❡♥t❛❧ ✭❜❧❛❝❦ s②♠❜♦❧s✮ ❛♥❞ ❝❛❧❝✉❧❛t❡❞ ✭s♦❧✐❞ r❡❞ ❧✐♥❡✮ t❡♠♣❡r❛t✉r❡
❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ χ❚ ♣r♦❞✉❝t ❢♦r ❝♦♠♣❧❡① ✷ ♠❡❛s✉r❡❞ ❛t µ0H = 0.1 ❚✳
■♥s❡t✿ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❞❝ ♠❛❣♥❡t✐s❛t✐♦♥ ♠❡❛s✉r❡❞ ❛t
✈❛r✐♦✉s t❡♠♣❡r❛t✉r❡s ❛s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ♣❧♦t✳

✜❣✉r❡s ❛ st❡❡♣ s❧♦♣❡✳ ❲✐t❤ ❢✉rt❤❡r ✐♥❝r❡❛s✐♥❣ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s t❤❡ s❧♦♣❡ ✢❛t✲
t❡♥s t♦ ❛ ♥❡❛r❧② ❧✐♥❡❛r ❜❡❤❛✈✐♦✉r ✉♥t✐❧ t❤❡ ♠❛❣♥❡t✐s❛t✐♦♥ r❡❛❝❤❡s ✐ts ♠❛①✐♠✉♠ ✈❛❧✉❡
♦❢ ✻✳✸✻✭✸✵✮ µB✴❢✳✉✳ ❛t Hµ0 ❂ ✼ ❚ ❛♥❞ ✷ ❑✳ ❲✐t❤✐♥ t❤❡ ❛❝❝❡ss✐❜❧❡ ✜❡❧❞ r❛♥❣❡✱ ♥♦
s❛t✉r❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐s❛t✐♦♥ ✐s ♦❜s❡r✈❡❞✳

✻✳✷✳✹✳ ❊r✭■■■✮✱ ❈❧✴❈❧✿ ❍❋✲❊P❘ ❙t✉❞✐❡s

❍❋✲❊P❘ s♣❡❝tr❛ ♦❢ ❛♥ ♦r✐❡♥t❡❞ ❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡ ✷✱ ♦❜t❛✐♥❡❞ ❛t T = 2 ❑✱ ❞✐s✲
♣❧❛② ✇❡❧❧ r❡s♦❧✈❡❞ r❡s♦♥❛♥❝❡ s✐❣♥❛❧s ✐♥ t❤❡ ✇❤♦❧❡ ❛❝❝❡ss✐❜❧❡ ❢r❡q✉❡♥❝② r❡❣✐♠❡ ✉♣ t♦
✾✵✵ ●❍③ ✭❋✐❣✳ ✻✳✶✵✮✳ ❚❤❡ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s ❢♦r♠ ❝❧❡❛r ❜r❛♥❝❤❡s ✭❧❛❜❡❧❧❡❞ R1 t♦ R3✮
❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ✜❧❧❡❞ sq✉❛r❡s ❛♥❞ s♦❧✐❞ ❧✐♥❡s ✐♥ t❤❡ ❢r❡q✉❡♥❝② ✈s✳ ♠❛❣♥❡t✐❝ ✜❡❧❞
❞✐❛❣r❛♠✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ♠❛✐♥ r❡s♦♥❛♥❝❡s✱ s❤♦✉❧❞❡r✲❧✐❦❡ ❛♥♦♠❛❧✐❡s ❛♣♣❡❛r✐♥❣ ❛t
t❤❡ ❤✐❣❤✲✜❡❧❞ s✐❞❡ ♦❢ t❤❡ ❢❡❛t✉r❡s s✉♠♠❛r✐③❡❞ ❜② R3 ❛r❡ ❛ttr✐❜✉t❡❞ t♦ ❛ s♠❛❧❧ ♥♦♥✲
♣❡r❢❡❝t ❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r ❛s ♣r♦✈❡♥ ❜② ❝♦♠♣❛r❛t✐✈❡ ♠❡❛s✉r❡♠❡♥ts ♦♥ ❛
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❋✐❣✉r❡ ✻✳✶✵✳✿ ❋r❡q✉❡♥❝② ✈s✳ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐❛❣r❛♠ ♦❜t❛✐♥❡❞ ❛t T = 2 ❑ ❢♦r ❛♥
♦r✐❡♥t❡❞ ❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢ ✷✳ ❋✐❧❧❡❞ sq✉❛r❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡
r❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♦❜s❡r✈❡❞ ❢❡❛t✉r❡s ✇❤✐❝❤ ❢♦r♠ t❤❡ ❜r❛♥❝❤❡s
R1 ✲ R3 ❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ s♦❧✐❞ ❧✐♥❡s✳ ❖♣❡♥ sq✉❛r❡s ♠❛r❦ ❛ r❡s♦♥❛♥❝❡
s❤♦✉❧❞❡r ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ ♥♦t ♣❡r❢❡❝t❧② ❛❧✐❣♥❡❞ ♣♦✇❞❡r✳ ❚❤❡ ♠❡❛s✉r❡❞
❍❋✲❊P❘ s♣❡❝tr❛ ❛r❡ ♣❧♦tt❡❞ ❛s ❣r❡② ❧✐♥❡s ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ❛♥❞ ❛r❡ ✈❡r✲
t✐❝❛❧❧② s❤✐❢t❡❞ ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ r❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥s✳

✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ✭s❡❡ ❋✐❣✳ ❆✳✷✷✮✳ ❚❤❡ ♠❛✐♥ ❜r❛♥❝❤❡s ❢❡❛t✉r❡ ❧✐♥❡❛r ❜❡❤❛✈✐♦✉r ❡①✲
❝❡♣t ❢♦r t❤❡ ❝r♦ss✐♥❣ r❡❣✐♠❡ ♦❢ R1 ❛♥❞ R2 ✇❤✐❝❤ ✐♠♣❧✐❡s ❛♥ ❛✈♦✐❞❡❞ ❝r♦ss✐♥❣ ❜❡❤❛✈✐♦r✱
✐✳❡✳✱ ✐t ✐♥❞✐❝❛t❡s ♠✐①✐♥❣ ♦❢ st❛t❡s✳❬✶✾✻❪ ❲❤✐❧❡ ❜r❛♥❝❤ R1 ❛♣♣❡❛rs t♦ ❜❡ ❣❛♣❧❡ss✱ t❤❡
❜r❛♥❝❤❡s R2 ❛♥❞ R3 ✜❣✉r❡ ❛ ③❡r♦✲✜❡❧❞ s♣❧✐tt✐♥❣ ✭❩❋❙✮ ❣❛♣ ∆1 ♦❢ ❛r♦✉♥❞ ✸✵✵ ●❍③✳

❚❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❛t ♠❡❛s✉r❡♠❡♥t
❢r❡q✉❡♥❝✐❡s ❜♦t❤ ❜❡❧♦✇ ❛♥❞ ❛❜♦✈❡ t❤❡ ❩❋❙ ❣❛♣ ✭❋✐❣✳ ✻✳✶✶✮ ❞❡♠♦♥str❛t❡s t❤❛t t❤❡
r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s R1 t♦ R3 ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❣r♦✉♥❞ st❛t❡ tr❛♥s✐t✐♦♥s✳ ❆t ❜♦t❤
❢r❡q✉❡♥❝✐❡s✱ t❤❡ ❢❡❛t✉r❡s ✇❤✐❝❤ ❛r❡ ♦❜s❡r✈❛❜❧❡ ❛t T = 2 ❑ ✭❜❧❛❝❦ sq✉❛r❡s✮ ❜❡❝♦♠❡
✇❡❛❦❡r ✐♥ ✐♥t❡♥s✐t② ❛s t❤❡ t❡♠♣❡r❛t✉r❡ r✐s❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ s♣❡❝tr❛ ✐♠♣❧② t❤❡
♣r❡s❡♥❝❡ ♦❢ ❡①❝✐t❡❞ st❛t❡s ✭❊❙✮ ✇❤✐❝❤ ❣❡t t❤❡r♠❛❧❧② ♣♦♣✉❧❛t❡❞✳ ❚❤✐s ✐s ❡✈✐❞❡♥❝❡❞
❜② t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ s❡✈❡r❛❧ ❛❞❞✐t✐♦♥❛❧ ❢❡❛t✉r❡s ✐♥❞✐❝❛t❡❞ ❜② ❜❧✉❡ ❛♥❞ r❡❞ s②♠❜♦❧s
✐♥ ❋✐❣✳ ✻✳✶✶✳ ❚❤❡ ❡①❝✐t❡❞ ❢❡❛t✉r❡s ❛❣❛✐♥ ♦❜❡② ❛ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡
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❋✐❣✉r❡ ✻✳✶✶✳✿ ❍❋✲❊P❘ s♣❡❝tr❛ ♠❡❛s✉r❡❞ ❛t ❞✐✛❡r❡♥t ✜①❡❞ t❡♠♣❡r❛t✉r❡s ❛t ✭❛✮ ν ❂
✶✵✷✳✺ ●❍③ ❛♥❞ ✭❜✮ ✺✾✹✳✻ ●❍③ ❢♦r ❛♥ ♦r✐❡♥t❡❞ ❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢ ✷✳
❚❤❡ s②♠❜♦❧s ♠❛r❦ ❞✐✛❡r❡♥t r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s ✇❤✐❝❤ ❛♣♣❡❛r ❛t T = 2 ❑
✭❜❧❛❝❦ sq✉❛r❡s✮✱ T = 10 ❑ ✭❜❧✉❡ tr✐❛♥❣❧❡s✮ ❛♥❞ T = 50 ❑ ✭r❡❞ ❝✐r❝❧❡s✮
✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ t♦ t❤❡ ❜r❛♥❝❤❡s s❤♦✇♥ ✐♥ ❋✐❣✳ ✻✳✶✷✳ ●r❡② tr✐❛♥❣❧❡s ✐♥
✭❜✮ ♠❛r❦ ❢❡❛t✉r❡s ✇❤✐❝❤ ❝♦✉❧❞ ♥♦t ❜❡ ❢♦❧❧♦✇❡❞ ✐♥ ❛ ❢r❡q✉❡♥❝②✲❞❡♣❡♥❞❡♥t
♠❡❛s✉r❡♠❡♥t✳ ❚❤❡ ❣r❡② ❛st❡r✐s❦ ✐♥ ✭❛✮ ✐♥❞✐❝❛t❡s t❤❡ ❉PP❍ ♠❛r❦❡r✳

❢r❡q✉❡♥❝✐❡s ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✻✳✶✷ ✭❛✮ ✭❢♦r t❤❡ ♠❡❛s✉r❡❞ ❍❋✲
❊P❘ s♣❡❝tr❛ ❛t T = 10 ❑ ❛♥❞ 50 ❑ s❡❡ ❋✐❣✳ ❆✳✷✸✮✳ ■♥ ❝♦♥tr❛st✱ t❤❡ s♣❡❝tr❛ ❞✐❞
♥♦t ❛❧❧♦✇ t♦ st✉❞② t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❜r♦❛❞ r❡s♦♥❛♥❝❡s ♠❛r❦❡❞ ❜② ❣r❡②
tr✐❛♥❣❧❡s ✐♥ ❋✐❣✳ ✻✳✶✶ ✭❜✮✳ ❚❤❡s❡ ❢❡❛t✉r❡s ❛r❡ r❛t❤❡r ✇❡❛❦ ❛♥❞ ♦♥❧② ✈✐s✐❜❧❡ ✐♥ ❛ ♥❛rr♦✇
t❡♠♣❡r❛t✉r❡ r❛♥❣❡ s♦ t❤❛t t❤❡② ❝❛♥ ❜❡ ❤❛r❞❧② ❞✐s❝r✐♠✐♥❛t❡❞✳ ❲❡ ❛ttr✐❜✉t❡ t❤❡✐r ♦r✐❣✐♥
t♦ t❤❡r♠❛❧ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❡①❝✐t❡❞ ❞♦✉❜❧❡ts ❞✉❡ t♦ ♠✐①✐♥❣ ♦❢ st❛t❡s ✇❤✐❝❤ ✐s ♥♦t ❝♦✈❡r❡❞
❜② t❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ❜❡❧♦✇✳

❆❧❧ ♦❜t❛✐♥❡❞ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s ♠❡❛s✉r❡❞ ❛t ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s ♦♥ ❛♥ ♦r✐❡♥t❡❞
❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✳ ✻✳✶✷ ✭❛✮✳ ❚❤❡ ❜r❛♥❝❤❡s R1✱ R5 ❛♥❞ R4
s❤♦✇ ♥♦ ❩❋❙ ❣❛♣ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❛ss✐❣♥ t❤❡♠ t♦ tr❛♥s✐t✐♦♥s ✇✐t❤✐♥ t❤❡ ❧♦✇❡st
✭❑❉✶✮✱ ✜rst ✭❑❉✷✮ ❛♥❞ s❡❝♦♥❞ ✭❑❉✸✮ ❡①❝✐t❡❞ ❑❉✱ r❡s♣❡❝t✐✈❡❧②✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r
❛♣♣❡❛r❛♥❝❡ ✉♣♦♥ ❤❡❛t✐♥❣ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✻✳✶✶ ✭❛✮✳ ❋r♦♠ t❤❡ s❧♦♣❡ ♦❢ t❤❡s❡ ❜r❛♥❝❤❡s
❡✛❡❝t✐✈❡ g✲✈❛❧✉❡s✱ geff ✱ ♦❢ ✶✷✳✺✵✭✹✵✮✱ ✹✳✽✺✭✷✵✮ ❛♥❞ ✸✳✷✵✭✷✵✮ ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ ❢♦r ❑❉✶✱
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❑❉✷ ❛♥❞ ❑❉✸✱ r❡s♣❡❝t✐✈❡❧②✳ ✷✷ ❚❤❡ ❜r❛♥❝❤❡s R2✱ R3 ❛♥❞ R6 ✜❣✉r❡ ✜♥✐t❡ ❩❋❙ ❣❛♣s
♦❢ ∆1 ❂ ✷✾✵ ●❍③ ❢♦r R2 ❛♥❞ R3 ❛♥❞ ∆2 ❂ ✶✼✵ ●❍③ ❢♦r R6 ❛s ✇❡❧❧ ❛s geff ❂ ✸✳✾✭✸✮✱
✽✳✽✭✸✮ ❛♥❞ ✹✳✺✭✷✮✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡s❡ r❡s✉❧ts✱ ✐✳❡✳✱ t❤❡ ❡✛❡❝t✐✈❡ g✲✈❛❧✉❡s ♦❢ t❤❡ ❣r♦✉♥❞ st❛t❡ ❛♥❞ ❡①❝✐t❡❞ ❑❉s
❛s ✇❡❧❧ ❛s t❤❡ ♦❜s❡r✈❡❞ ❩❋❙ ❣❛♣s✱ ❡♥❛❜❧❡ t♦ ❝♦♥str✉❝t ❛ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❡♥❡r❣②✲
❧❡✈❡❧ ❞✐❛❣r❛♠ ✉s✐♥❣ ❛ S = 1/2 ♣s❡✉❞♦✲s♣✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❡❛❝❤ ❑❉ ❛s s❤♦✇♥ ✐♥
❋✐❣✳ ✻✳✶✷ ✭❜✮✳ ❬✶✽✱ ✶✾✸❪ ❚❤❡ ❛rr♦✇s ✐♥ ❋✐❣✳ ✻✳✶✷ ✭❜✮ ❛ss✐❣♥ t❤❡ ♦❜s❡r✈❡❞ ❜r❛♥❝❤❡s t♦ t❤❡
tr❛♥s✐t✐♦♥s ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡ ✭❜❧❛❝❦✮ ♦r ❡①❝✐t❡❞ st❛t❡s ✭r❡❞✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❤✐❧❡
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤✐s ❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠ ✐s ❡①❝❧✉s✐✈❡❧② ❜❛s❡❞ ♦♥ t❤❡ ❡✛❡❝t✐✈❡ g✲
✈❛❧✉❡s ♦❜s❡r✈❡❞ ❢♦r t❤❡ ❜r❛♥❝❤❡s R1✱ R5 ❛♥❞ R4 ❛s ✇❡❧❧ ❛s t❤❡ ❩❋❙ ❣❛♣s ∆1 ❛♥❞
∆2✱ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ✉s❡❞ ♠♦❞❡❧ ✐s ❝♦♥❝❧✉s✐✈❡❧② ❞❡♠♦♥str❛t❡❞ ❜② t❤❡ ♦❜s❡r✈❡❞
❡✛❡❝t✐✈❡ g✲✈❛❧✉❡s ♦❢ t❤❡ ❜r❛♥❝❤❡s R2✱ R3 ❛♥❞ R6 ✇❤✐❝❤ ♣❡r❢❡❝t❧② ❛❣r❡❡ t♦ ❛ tr❛♥s✐t✐♦♥
❜❡t✇❡❡♥ t❤❡ ♦❜s❡r✈❡❞ ❑❉s ❛s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛
✇✐t❤ t❤❡ r❡s♣❡❝t✐✈❡ s✐♠✉❧❛t❡❞ ❜r❛♥❝❤❡s s❤♦✇♥ ❛s s♦❧✐❞ ❧✐♥❡s ✐♥ ❋✐❣✳ ✻✳✶✷ ✭❛✮✳

❋✐❣✉r❡ ✻✳✶✷✳✿ ✭❛✮ ❋r❡q✉❡♥❝② ✈s✳ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐❛❣r❛♠ ✇✐t❤ r❡s♦♥❛♥❝❡s ♦❜t❛✐♥❡❞
❛t ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s ❢♦r ❛♥ ♦r✐❡♥t❡❞ ❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢ ✷✳
❙♦❧✐❞ ❜❧❛❝❦ ❛♥❞ r❡❞ ❧✐♥❡s s❤♦✇ s✐♠✉❧❛t❡❞ ❣r♦✉♥❞ st❛t❡ ✭●❙✮ ❛♥❞ ❡①❝✐t❡❞
st❛t❡ ✭❊❙✮ tr❛♥s✐t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛rr♦✇s ✐♥ ✭❜✮ ✇❤✐❝❤ ❢♦❧❧♦✇
t❤❡ s❛♠❡ ❝♦❧♦r s❝❤❡♠❡✳ ✭❜✮ ▼♦❞❡❧❡❞ ❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❡♥❡r✲
❣❡t✐❝❛❧❧② ❧♦✇❡st t❤r❡❡ ❑❉s✳ ❚❤❡ ❛rr♦✇s ♠❛r❦ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡
❡♥❡r❣②✲❧❡✈❡❧s ❢♦r ❛❧❧ t❤❡ ♦❜s❡r✈❡❞ ❜r❛♥❝❤❡s✱ r❡s♣❡❝t✐✈❡❧②✳

✷✷◆♦t❡✱ t❤❛t ❞✉❡ t♦ t❤❡ ❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❝r②st❛❧❧✐t❡s✱ ♦♥❧② t❤❡ g✲✈❛❧✉❡ ❝♦♠♣♦♥❡♥t ✇❤✐❝❤ ✐s ♦r✐❡♥t❡❞
♣❛r❛❧❧❡❧ t♦ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐r❡❝t✐♦♥ ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ ❤❡r❡✳
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❚♦ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ t❤❡ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ❧♦✇❡st ❧②✐♥❣ ❑❉ ✇❡ ♦❜t❛✐♥❡❞ ❍❋✲❊P❘
s♣❡❝tr❛ ♦♥ ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ❛t T = 2 ❑✳ ❚❤❡ s♣❡❝tr❛ s❤♦✇♥ ❛s ❜❧❛❝❦ s♦❧✐❞
❧✐♥❡s ✐♥ ❋✐❣✳ ✻✳✶✸ ✜❣✉r❡ ❛ t②♣✐❝❛❧ s❤❛♣❡ ❢♦r ❛♥ ❛①✐❛❧ g✲❛♥✐s♦tr♦♣②✳ ❬✶✾✼❪ ❚❤✉s✱ t✇♦
❞✐st✐♥❝t r❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥s ❝❛♥ ❜❡ r❡❛❞ ♦✛✱ ✇❤✐❝❤ ❛r❡ ♠❛r❦❡❞ ❜② ✜❧❧❡❞ ❛♥❞ ♦♣❡♥
❜❧❛❝❦ sq✉❛r❡s ✐♥ ❋✐❣✳ ✻✳✶✵✱ r❡s♣❡❝t✐✈❡❧②✳ ❋r♦♠ t❤✐s✱ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❛♥✐s♦tr♦♣✐❝
❡✛❡❝t✐✈❡ g✲✈❛❧✉❡ ♦❢ t❤❡ ❧♦✇❡st ❑❉ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❛s geff,z ❂ ✶✷✳✺✭✶✮ ❛♥❞ geff,x/y ❂
✷✳✾✭✷✮✳

❋✐❣✉r❡ ✻✳✶✸✳✿ ❋r❡q✉❡♥❝② ✈s✳ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐❛❣r❛♠ ♦❜t❛✐♥❡❞ ❛t T = 2 ❑ ❢♦r ❛ ✜①❡❞
♣♦✇❞❡r s❛♠♣❧❡ ♦❢ ✷✳ ❋✐❧❧❡❞ ❛♥❞ ♦♣❡♥ sq✉❛r❡s ♠❛r❦ ♣♦s✐t✐♦♥s ♦❢ t❤❡
♦❜t❛✐♥❡❞ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s✳ ❙♦❧✐❞ ❛♥❞ ❞❛s❤❡❞ str❛✐❣❤t ❧✐♥❡s s❤♦✇ ❛
❧✐♥❡❛r ✜t ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥s✳ ▼❡❛s✉r❡❞ ❛♥❞ s✐♠✉❧❛t❡❞ ❍❋✲❊P❘
s♣❡❝tr❛ ❛r❡ ♣❧♦tt❡❞ ❛s ❜❧❛❝❦ ❛♥❞ r❡❞ ❧✐♥❡s✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❛r❡ ✈❡rt✐❝❛❧❧②
s❤✐❢t❡❞ ❢♦r ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥✳ ❚❤❡
❣r❡② ❛st❡r✐s❦ ♠❛r❦s t❤❡ ❉PP❍ s✐❣♥❛❧✳

❚❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡s ✐♥ ❋✐❣✳ ✻✳✶✸ s❤♦✇ ❛ s♣❡❝tr❛❧ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ❛ S = 1/2 ♣s❡✉❞♦✲
s♣✐♥ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❇② ❝♦♠♣❛r✐♥❣ t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ ✇✐t❤ t❤✐s s✐♠✉❧❛t✐♦♥s ✇❡ ♦❜✲
s❡r✈❡ ❛ s♠❛❧❧ r❤♦♠❜♦✐❝✐t② ♦❢ t❤❡ g✲❛♥✐s♦tr♦♣② ✇❤✐❝❤ ✐s ♥♦t ✈✐s✐❜❧❡ ❜② t❤❡ ❡②❡ ✐♥ t❤❡
✐♥❞✐✈✐❞✉❛❧ s♣❡❝tr❛ ❞✉❡ t♦ t❤❡ s♣❡❝tr❛❧ ❧✐♥❡ ❜r♦❛❞❡♥✐♥❣✳ ❚❤❡ ❜❡st s✐♠✉❧❛t✐♦♥ ♣❛r❛♠✲
❡t❡rs ❛r❡ ❞❡t❡r♠✐♥❡❞ t♦ ❜❡ geff,z ❂ ✶✷✳✺✭✶✮✱ geff,x ❂ ✷✳✻✭✸✮ ❛♥❞ geff,y ❂ ✸✳✷✭✸✮✳ ❆❧❧

✽✺



❡①♣❡r✐♠❡♥t❛❧❧② ♦❜t❛✐♥❡❞ ♣❛r❛♠❡t❡rs ❢r♦♠ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ❛❧✐❣♥❡❞ ❧♦♦s❡ ❛♥❞
✜①❡❞ ♣♦✇❞❡r ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜✳ ✻✳✶✳

❚❤❡ ♦❜t❛✐♥❡❞ ①✱② ❛♥❞ ③ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❛♥✐s♦tr♦♣✐❝ g✲✈❛❧✉❡ ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡
❡✛❡❝t✐✈❡ g✲✈❛❧✉❡ ♦❜t❛✐♥❡❞ ♦♥ ❛♥ ♦r✐❡♥t❡❞ ❧♦♦s❡ ♣♦✇❞❡r ✈✐❛ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❥❡❝t✐♦♥
r❡❧❛t✐♦♥✿

g2eff = g2eff,zcos
2(θ) + g2eff,xysin

2(θ) ✭✻✳✷✮

✇✐t❤ θ ❜❡✐♥❣ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ geff,z ❛①✐s ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❉✉❡ t♦
t❤❡ ✜♥✐t❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♥♦♥✲❡q✉✐✈❛❧❡♥t❧② ♦r✐❡♥t❡❞ ❊r✭■■■✮ ♠♦❧❡❝✉❧❡s ✇✐t❤✐♥
t❤❡ ✉♥✐t ❝❡❧❧ ✐t ✐s s✉♣♣♦s❡❞ t❤❛t t❤❡ ❧♦❝❛❧ ❛♥✐s♦tr♦♣② ❛①✐s✱ ✇❤✐❝❤ ✐s ✐♥ t❤❡ s✐♠♣❧❡st
❛♣♣r♦①✐♠❛t✐♦♥ ❛ss✉♠❡❞ t♦ ♣♦✐♥t ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❡q✉❛t♦r✐❛❧ ♣❧❛♥❡s ❛❧♦♥❣ t❤❡
❈❧✲❊r✭■■■✮✲❈❧ ❛①✐s✱ ✐s ♦✛ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐r❡❝t✐♦♥ ❜② ❛❜♦✉t ✷✷◦✳ ❈♦♥s❡q✉❡♥t❧②✱
t❤❡ geff ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❛♥✐s♦tr♦♣✐❝ g✲✈❛❧✉❡ ❞❡r✐✈❡❞ ❢r♦♠ ✜①❡❞
♣♦✇❞❡r ♠❡❛s✉r❡♠❡♥ts ✉s✐♥❣ ❡q♥✳ ✻✳✷ s❤♦✉❧❞ ❜❡ ≈ ✶✶✳✻✭✶✮✳✷✸ ❍♦✇❡✈❡r✱ ❡✈❡♥ ✉♥❞❡r
❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r✲❜❛r ♦♥ t❤❡ ♠❡❛s✉r❡❞ ✈❛❧✉❡ ❢♦r geff s❤♦✇♥ ✐♥ t❛❜✳ ✻✳✶✱ t❤❡
❝❛❧❝✉❧❛t❡❞ ✈❛❧✉❡ ✐s s✐❣♥✐✜❝❛♥t❧② ❧♦✇❡r ✐♠♣❧②✐♥❣✱ t❤❛t t❤❡ ❛♥❣❧❡ θ ✐s ♠✉❝❤ s♠❛❧❧❡r ♦r
❝❧♦s❡ t♦ ③❡r♦ ❛♥❞ t❤✉s t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ♣❡r❢❡❝t❧② ♣❡r♣❡♥❞✐❝✉❧❛r ♦r✐❡♥t❡❞ ❛♥✐s♦tr♦♣②
❛①✐s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❡♥t❛❣♦♥❛❧ ♣❧❛♥❡ ✐s ♠❛② ♥♦t tr✉❡✳

❆ ❝❧♦s❡r ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ♣❛❝❦✐♥❣ ❞✐❛❣r❛♠ s❤♦✇♥ ✐♥ ✜❣✳ ❆✳✷✵ ✭❜✮ ❛s ✇❡❧❧ ❛s t❤❡
❡①tr❛❝t ♦❢ t❤✐s ♣❛❝❦✐♥❣ ❞✐❛❣r❛♠ s❤♦✇♥ ✐♥ ✜❣✳ ✻✳✶✹ r❡✈❡❛❧s✱ t❤❛t t❤❡ t✇♦ ✐♥✲❡q✉✐✈❛❧❡♥t❧②
♦r✐❡♥t❡❞ ♠♦❧❡❝✉❧❡s ❛r❡ ❝♦♥♥❡❝t❡❞ ♥♦t ♦♥❧② ❜② ❛ t✐❧t✐♥❣ ♦❢ ≈ 45◦ ❜✉t ❛❧s♦ ❜② ❛ ♠✐r✲
r♦r s②♠♠❡tr② ❛❧♦♥❣ t❤❡ ❝✲❛①✐s ✐♥ t❤❡ ❝r②st❛❧ ❢r❛♠❡✳ ❚❤✉s✱ ✐❢ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛♥
♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛♥✐s♦tr♦♣② ❛①✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ♣❡♥t❛❣♦♥❛❧ ♣❧❛♥❡ ✐s ❞r♦♣♣❡❞✱
❛ t✐❧t✐♥❣ ♦❢ t❤❡ ✈❡r② s❛♠❡ ❛✇❛② ❢r♦♠ t❤✐s ❛①✐s ✭s❡❡ β ✐♥ ✜❣✳ ✻✳✶✹✮ ✐♥ t❤❡ ♠♦❧❡❝✉❧❛r
❢r❛♠❡ ❡✛❡❝ts ❛ t✐❧t✐♥❣ ♦❢ t❤❡ ❛♥✐s♦tr♦♣② ❛①✐s ✐♥ ♦♣♣♦s✐♥❣ ❞✐r❡❝t✐♦♥s ✇✐t❤✐♥ t❤❡ ❝r②st❛❧
❢r❛♠❡ ❞✉❡ t♦ t❤❡ ♠✐rr♦r❡❞ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ♠♦❧❡❝✉❧❡s✳ ❚❤✐s ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ❢✉rt❤❡r
✈✐s✉❛❧✐③❡❞ ✐♥ ✜❣✳ ✻✳✶✹✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐t ❝❛♥ ❜❡ s♣❡❝✉❧❛t❡❞ ❜❛s❡❞ ♦♥ str✉❝t✉r❛❧ s②♠✲
♠❡tr② ❛ss✉♠♣t✐♦♥s ❛♥❞ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❍❋ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s✱ t❤❛t t❤❡ str✉❝t✉r❛❧
t✐❧t✐♥❣ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝r②st❛❧ ❢r❛♠❡ ✭α ✐♥ ✜❣✳ ✻✳✶✹✮ ✐s ❛❧♠♦st
❝♦♠♣❧❡t❡❧② ❝♦♠♣❡♥s❛t❡❞ ❜② ❛ t✐❧t✐♥❣ ♦❢ t❤❡ ❛♥✐s♦tr♦♣② ❛①✐s ✇✐t❤✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ❢r❛♠❡
✭β ✐♥ ✜❣✳ ✻✳✶✹✮✳ ❆ s✐♠✐❧❛r❧② s✐③❡❞ t✐❧t✐♥❣ ❛♥❣❧❡ ✭≈ ✷✵◦✮ ♦❢ t❤❡ ❛♥✐s♦tr♦♣② ❛①✐s ❛✇❛②
❢r♦♠ t❤❡ ♠♦❧❡❝✉❧❛r s②♠♠❡tr② ❛①✐s ✇❛s ❢♦✉♥❞ ❢♦r ❛ ❉②✭■■■✮ ♠♦♥♦♠❡r ✜❣✉r✐♥❣ ❛ P❇P
s✉rr♦✉♥❞✐♥❣✱ ✇❤✐❝❤ s✉♣♣♦rts t❤❡ ♣r❡s❡♥t❡❞ ✐♠♣❧✐❝❛t✐♦♥s✳❬✽✼❪

✻✳✷✳✺✳ ❊①♣❡r✐♠❡♥t❛❧ ❉❡t❛✐❧s

❉❝ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ✇❡r❡ ♠❡❛s✉r❡❞ ✉s✐♥❣ ❛ ▼P▼❙✸ ▼❛❣♥❡t♦♠❡t❡r ✭◗✉❛♥t✉♠
❉❡s✐❣♥✮ ✐♥ t❤❡ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ♦❢ T = 1.8 ✕ 300 ❑ ✐♥ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✉♣ t♦ B = 7 ❚✳
❚❤❡ s❛♠♣❧❡ ✐♥ t❤❡ ♣♦❧②❝r②st❛❧❧✐♥❡ ✭♣♦✇❞❡r✮ ❢♦r♠ ✇❛s ❧♦❛❞❡❞ ✐♥t♦ ❛ ❣❡❧❛t✐♥❡ ❝❛♣s✉❧❡
❛♥❞ ✜①❡❞ ❜② ❡✐❝♦s❛♥❡ t♦ ❛✈♦✐❞ r❡❛rr❛♥❣❡♠❡♥ts ♦❢ t❤❡ ❝r②st❛❧❧✐t❡s✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧
❞❛t❛ ✇❡r❡ ❝♦rr❡❝t❡❞ ❢♦r t❤❡ s❛♠♣❧❡ ❤♦❧❞❡r ❛♥❞ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ ❧✐❣❛♥❞ ❝♦♥tr✐❜✉t✐♦♥

✷✸geff,xy = 1
2
(geff,x + geff,y✮

✽✻



α ≈ 45°

β

β

b

c

❋✐❣✉r❡ ✻✳✶✹✳✿ ❊①tr❛❝t ♦❢ t✇♦ ✐♥✲❡q✉✐✈❛❧❡♥t❧② ♦r✐❡♥t❡❞ ♠♦❧❡❝✉❧❡s ❢r♦♠ t❤❡ ♣❛❝❦✐♥❣ ❞✐❛✲
❣r❛♠ s❤♦✇♥ ✐♥ ✜❣✳ ❆✳✷✵ ✭❜✮✳ ❚❤❡ ❜❧❛❝❦ ❢r❛♠❡❞ ❜♦① s❤♦✇s t❤❡ ❜♦✉♥❞❛r✐❡s
♦❢ t❤❡ ✉♥✐t ❝❡❧❧✳ ❇❧❛❝❦ ❧✐♥❡s ✈✐s✉❛❧✐③❡ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣❡♥t❛❣♦✲
♥❛❧ ♣❧❛♥❡ ♦❢ ❡❛❝❤ ♠♦❧❡❝✉❧❡ ✇❤✐❝❤ ❛r❡ t✐❧t❡❞ ❜② ✹✺◦ ❛❣❛✐♥st ❡❛❝❤ ♦t❤❡r✳
❉❛s❤❡❞ ❜❧❛❝❦ ❧✐♥❡s s❤♦✇ t❤❡ s②♠♠❡tr② ❛①✐s ♦❢ t❤❡ ♠♦❧❡❝✉❧❡ ♣❡r♣❡♥❞✐❝✉✲
❧❛r t♦ t❤❡ ♣❡♥t❛❣♦♥❛❧ ♣❧❛♥❡✳ ❚❤❡ r❡❞ ❧✐♥❡ s❤♦✇s ❛ s♣❡❝✉❧❛t✐✈❡ ♦r✐❡♥t❛t✐♦♥
♦❢ t❤❡ ❛♥✐s♦tr♦♣② ❛①✐s ✇✐t❤✐♥ ❡❛❝❤ ♠♦❧❡❝✉❧❡ ✇❤✐❝❤ ✐s t✐❧t❡❞ ❛✇❛② ❢r♦♠
t❤❡ s②♠♠❡tr② ❛①✐s ❜② t❤❡ ❛♥❣❧❡ β✳

❛s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ P❛s❝❛❧✬s ❝♦♥st❛♥ts✳ ❬✹✼❪

❍✐❣❤✲❢r❡q✉❡♥❝②✴❤✐❣❤✲✜❡❧❞ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❍❋✲❊P❘✮ ♠❡❛s✉r❡✲
♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❜② ✉s❛❣❡ ♦❢ ❛ ♠✐❧❧✐♠❡t❡r ✈❡❝t♦r ♥❡t✇♦r❦ ❛♥❛❧②s❡r ✭▼❱◆❆✮ ❜②
❆❇♠♠ ❛s ♣❤❛s❡ s❡♥s✐t✐✈❡ ♠✐❝r♦✇❛✈❡ s♦✉r❝❡ ❛♥❞ ❞❡t❡❝t♦r✳ ❬✻✼❪ ❚❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr❛
✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ ❢r❡q✉❡♥❝② r❛♥❣❡ ❜❡t✇❡❡♥ ✽✵ ✲ ✾✵✵ ●❍③ ❛♥❞ ✐♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝
✜❡❧❞s ✉♣ t♦ ✶✻ ❚✳ ❚❡♠♣❡r❛t✉r❡ ❝♦♥tr♦❧ ❜❡t✇❡❡♥ ✷ ❑ ❛♥❞ ✼✵ ❑ ✇❛s ❡♥s✉r❡❞ ❜② ❛
✈❛r✐❛❜❧❡ t❡♠♣❡r❛t✉r❡ ✐♥s❡rt ✭❱❚■✮ ✇✐t❤ ❍❡ ❣❛s ✢♦✇✳ ❚❤❡ s❛♠♣❧❡ ✇❛s ❢r❡s❤❧② ❣r♦✉♥❞
❛♥❞ ♣❧❛❝❡❞ ✐♥s✐❞❡ ❛ ❜r❛ss r✐♥❣ ✇✐t❤♦✉t ❣❧✉❡ ♦r ❣r❡❛s❡✱ ✐✳❡✳✱ ❛s ❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡ t♦
❛❧❧♦✇ ❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❝r②st❛❧❧✐t❡s ❛❧♦♥❣ t❤❡ ❡✛❡❝t✐✈❡ ❛♥✐s♦tr♦♣② ❛①✐s ✐♥ t❤❡ ❡①t❡r♥❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❲❤✐❧❡ t❤❡ g✲✈❛❧✉❡s ♦❢ t❤❡ ❧♦✇❡st ♠✉❧t✐♣❧❡ts ❛r❡ ❞❡❞✉❝❡❞ ❢r♦♠ ✜①❡❞✲
♣♦✇❞❡r st✉❞✐❡s✱ t❤❡ ♦❜t❛✐♥❡❞ ❩❋❙ ♣❛r❛♠❡t❡rs ❞♦ ♥♦t ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢
t❤❡ ♠♦❧❡❝✉❧❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❆❧✐❣♥♠❡♥t ✇❛s ❡♥s✉r❡❞ ❜②
❛♣♣❧②✐♥❣ t❤❡ ♠❛①✐♠✉♠ ✜❡❧❞ ♦❢ ✶✻ ❚ ♣r✐♦r t♦ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ♠♦♥✐t♦r✐♥❣ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❛❧✐❣♥♠❡♥t ❥✉♠♣s ✐♥ t❤❡ tr❛♥s♠✐tt❡❞ ♠✐❝r♦✇❛✈❡ s✐❣♥❛❧✳ ❚♦ ❛✈♦✐❞ r❡❛r✲
r❛♥❣❡♠❡♥t ♦❢ t❤❡ ❝r②st❛❧❧✐t❡s✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❛♥❣❡ ✇❛s r❡str✐❝t❡❞ t♦ ✵✳✷ ✲ ✶✻ ❚✳ ❚♦
✐♥✈❡st✐❣❛t❡ t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ✐♥ ✈❛r✐♦✉s ♦r✐❡♥t❛t✐♦♥s ♦❢ t❤❡ ❝r②st❛❧❧✐t❡s ✇❡ ❛❞❞✐✲
t✐♦♥❛❧❧② ♠❡❛s✉r❡❞ ❛ ♣♦✇❞❡r s❛♠♣❧❡ ✇❤✐❝❤ ✇❛s ✜①❡❞ ❜② ❡✐❝♦s❛♥✳ ❆ ❝♦♠♠❡r❝✐❛❧ ❉PP❍
st❛♥❞❛r❞ ✇❛s ✉s❡❞ t♦ ❛♣♣r♦✈❡ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ str❡♥❣t❤ ❛t t❤❡ s❛♠♣❧❡ ♣♦✲
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❚❛❜❧❡ ✻✳✶✳✿ ❊✛❡❝t✐✈❡ g✲✈❛❧✉❡s ❛♥❞ ❩❋❙ ❣❛♣s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛♥❛❧②s✐♥❣ t❤❡ ❍❋✲❊P❘
❞❛t❛ ❜② ♠❡❛♥s ♦❢ ❛ S = 1/2 ♣s❡✉❞♦✲s♣✐♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❧♦✇❡st
t❤r❡❡ ❑❉s ❢♦r ❝♦♠♣❧❡① ✷✳ ∆1 ❛♥❞ ∆2 ❛r❡ t❤❡ ❩❋❙ ❣❛♣s s❡♣❛r❛t✐♥❣ ❑❉✶
❛♥❞ ❑❉✷ ❛s ✇❡❧❧ ❛s ❑❉✷ ❛♥❞ ❑❉✸✱ r❡s♣❡❝t✐✈❡❧②✳

geff geff,x,y,z ❩❋❙
❑❉✶ ✶✷✳✺✭✹✵✮ ✷✳✻✭✸✮✱ ✸✳✷✭✸✮✱ ✶✷✳✺✭✶✮ ∆1 ❂ ✷✾✵✭✶✵✮ ●❍③
❑❉✷ ✹✳✽✺✭✷✵✮ ∆2 ❂ ✶✼✵✭✶✵✮ ●❍③
❑❉✸ ✸✳✷✵✭✷✵✮

s✐t✐♦♥✳ ❙♣❡❝tr❛❧ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ❞♦♥❡ ❜② ✉s✐♥❣ t❤❡ ❊❛s②❙♣✐♥ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡✳ ❬✻✻❪

✻✳✷✳✻✳ ❈r②st❛❧ ❋✐❡❧❞ ❆♥❛❧②s✐s

❚♦ r❡❧❛t❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ❍❋ ❊P❘ ♠❡❛s✉r❡♠❡♥ts ♦♥ ❝♦♠♣❧❡① ✷ t♦ ✐ts ❡❧❡❝tr♦♥✐❝
str✉❝t✉r❡✱ ❛ ❈❋ ❛♥❛❧②s✐s ♦❢ t❤❡ ❊r✭■■■✮ ✐♦♥ ✇❛s ♣❡r❢♦r♠❡❞✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡
t❤❡r❡❜② ❞♦♥❡ ❜② ❱✳ ▼✐r♦♥♦✈ ❢r♦♠ t❤❡ ■♥st✐t✉t❡ ♦❢ Pr♦❜❧❡♠s ♦❢ ❈❤❡♠✐❝❛❧ P❤②s✐❝s✱
❈❤❡r♥♦❣♦❧♦✈❦❛✳ ❋♦r t❤❡s❡ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t ❞❝ s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛ ❛s s❤♦✇♥
✐♥ ✜❣✳ ✻✳✾ ✐s ✜tt❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❈❋ t❤❡♦r② ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤❛♠✐❧t♦♥✐❛♥ ✇❤✐❝❤
❝♦♥s✐sts ♦❢ ❛ ❢r❡❡ ✐♦♥ ♣❛rt H0 ❛s ✇❡❧❧ ❛s ❛ ❈❋ ♣❛rt HCF✿

H = H0 +HCF. ✭✻✳✸✮

❲❤✐❧❡ H0 ❞❡s❝r✐❜❡s t❤❡ ❛t♦♠✐❝ ✐♥t❡r❛❝t✐♦♥s ♦❢ t❤❡ ✹f ✲❡❧❡❝tr♦♥✱ HCF ✐♥❝♦r♣♦r❛t❡s
♠❡t❛❧✲❧✐❣❛♥❞ ✐♥t❡r❛❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ♣❛r❛♠❡tr✐③❡❞ ✐♥ t❤❡ ❲②❜♦✉r♥❡ s❝❤❡♠❡✿

HCF =
∑

k,q

BkqC
k
q ✭✻✳✹✮

✇❤❡r❡ Bkq ❛r❡ t❤❡ ❈❋ ♣❛r❛♠❡t❡rs ✭k = 2, 4, 6❀ q ≤ k✮ ❛♥❞ Ck
q t❤❡ s♣❤❡r✐❝❛❧ t❡♥s♦r

♦♣❡r❛t♦rs✳❬✶✾✽✕✷✵✵❪ ❆ ❞✐r❡❝t ✜t ♦❢ t❤❡ ❞❝ s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛ ❛ss✉♠✐♥❣ t❤❡ ❤❛♠✐❧t♦✲
♥✐❛♥ ✐♥ ❡q♥✳ ✻✳✸ ✐s ❤♦✇❡✈❡r str♦♥❣❧② ♦✈❡r✲♣❛r❛♠❡tr✐③❡❞ ❞✉❡ t♦ ✷✼ Bkq ♣❛r❛♠❡t❡rs✳
❚❤❡r❡❢♦r❡✱ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❈❋ ♠♦❞❡❧ ✐s ✉s❡❞ ✐♥ ✇❤✐❝❤ t❤❡ Bkq ❛r❡ ❡①♣r❡ss❡❞ ✈✐❛ t❤❡
❣❡♦♠❡tr② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡t❛❧ s✐t❡ ✐♥ t❡r♠s ♦❢ ✐♥tr✐♥s✐❝ ❈❋ ♣❛r❛♠❡t❡rs bk(R0)
✇❤✐❝❤ ❞❡s❝r✐❜❡ t❤❡ ❧♦❝❛❧ ♠❡t❛❧✲❧✐❣❛♥❞ ✐♥t❡r❛❝t✐♦♥✿

Bkq =
∑

n

bk(R0)

(

R0

Rn

)tk

Ck
q (θn, ϕn) ✭✻✳✺✮

✇❤❡r❡ n r✉♥s ♦✈❡r ❛❧❧ ♠❡t❛❧✲❧✐❣❛♥❞ ♣❛✐rs✱ ✭Rn✱ θn✱ ϕn✮ ❛r❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✱ tk ❛r❡
t❤❡ ♣♦✇❡r✲❧❛✇ ❡①♣♦♥❡♥ts ✇❤✐❝❤ ❛r❡ ✜①❡❞ t♦ t2 = 5✱ t4 = 8 ❛♥❞ t6 = 11✱ ❛♥❞ R0 ✐s t❤❡
❛✈❡r❛❣❡ ♠❡t❛❧✲❧✐❣❛♥❞ ❞✐st❛♥❝❡✳❬✷✵✶✕✷✵✸❪ ❚❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡ ✐♥ ✜❣✳ ✻✳✾ s❤♦✇s t❤❡ ✜t ♦❢
t❤❡ ❞❡s❝r✐❜❡❞ ♠♦❞❡❧ t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜t❛✐♥❡❞ ❞❝ s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛✳ ❋r♦♠ t❤❡
r❡s✉❧t✐♥❣ bk(R0) ♣❛r❛♠❡t❡rs t❤❡ ❝r②st❛❧ ✜❡❧❞ s♣❧✐tt✐♥❣ ❡♥❡r❣✐❡s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜②
t❤❡ ✉s❛❣❡ ♦❢ ❡q♥✳ ✻✳✹ ❛♥❞ ✻✳✺✳ ❚❤❡ r❡s✉❧ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❛❜✳ ✻✳✷✳

✽✽



❚❛❜❧❡ ✻✳✷✳✿ ❈❛❧❝✉❧❛t❡❞ ❈❋ s♣❧✐tt✐♥❣ ❡♥❡r❣✐❡s ♦❢ t❤❡ ❣r♦✉♥❞ 4I15/2 ♠✉❧t✐♣❧❡t ♦❢ t❤❡
❊r✭■■■✮ ✐♦♥ ✐♥ ✷ ❛♥❞ t❤❡ g✲t❡♥s♦rs ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❣r♦✉♥❞ ❛♥❞ ✜rst
❡①❝✐t❡❞ ❈❋ st❛t❡s✳

❈❋ ❡♥❡r❣✐❡s ✭●❍③✮ gx✱ gy✱ gz
✵ ✷✳✵✼✱ ✹✳✽✽✱ ✶✷✳✸✼
✷✼✵ ✷✳✼✵✱ ✻✳✸✹✱ ✼✳✼✺
✻✻✵ ✷✳✶✹✱ ✺✳✸✻✱ ✶✵✳✵✸
✷✷✷✸
✸✾✵✾
✻✶✶✶
✻✷✸✹
✼✸✻✺

❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ g✲✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❈❋ ❛♥❛❧②s✐s ❛s s❤♦✇♥ ✐♥ t❛❜✳ ✻✳✷
✇✐t❤ t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ❍❋ ❊P❘ ♠❡❛s✉r❡♠❡♥ts ✭g ❂ ❬✷✳✻✭✸✮✱ ✸✳✷✭✸✮✱ ✶✷✳✺✭✶✮❪✱ s❡❡
t❛❜✳ ✻✳✶✮ r❡✈❡❛❧s✱ t❤❛t t❤❡ ✈❛❧✉❡s ❛r❡ ✐♥ ❢❛✐r❧② ❣♦♦❞ ❛❣r❡❡♠❡♥t✳ ❆❧s♦ t❤❡ ❝❛❧❝✉❧❛t❡❞ ❈❋
s♣❧✐tt✐♥❣ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❧♦✇❡st ❛♥❞ ✜rst ❡①❝✐t❡❞ ❑❉ ✐s✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡rr♦r✲❜❛rs✱
✐♥ ❛❧♠♦st ♣❡r❢❡❝t ❝♦♥s✐st❡♥❝② ✇✐t❤ t❤❡ ♠❡❛s✉r❡❞ ✈❛❧✉❡ ♦❢ ✷✾✵✭✶✵✮ ●❍③✳ ❍♦✇❡✈❡r✱
✇❤✐❧❡ t❤❡ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❧♦✇❡st ❑❉s ❝❛♥ ❜❡ ✇❡❧❧ ♣r❡❞✐❝t❡❞ ❜② t❤❡ ❈❋ ❛♥❛❧②s✐s✱
t❤❡ s♣❧✐tt✐♥❣s ❜❡t✇❡❡♥ t❤❡ ❤✐❣❤❡r ❧②✐♥❣ ❑❉s st❛rt t♦ ❞✐✛❡r ❢r♦♠ t❤❡ ♠❡❛s✉r❡❞ ♦♥❡s
❛♥❞ ❛r❡ t❤❡r❡❜② ♥♦t ✇❡❧❧ r❡✢❡❝t❡❞ ❜② t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ✇❤✐❝❤ ✇❛s ✉s❡❞✳

✻✳✷✳✼✳ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❈♦♥❝❧✉s✐♦♥

❚❛❜✳ ✻✳✸ s✉♠♠❛r✐③❡s t❤❡ ❈❋ s♣❧✐tt✐♥❣ ♣❛r❛♠❡t❡rs ❛s ✇❡❧❧ ❛s t❤❡ g✲✈❛❧✉❡s ✇❤✐❝❤ ✇❡r❡ ❡①✲
♣❡r✐❡♠t♥❛❧❧② ♦❜t❛✐♥❡❞ ❜② ❍❋ ❛♥❞ ❳✲❇❛♥❞ ❊P❘ ♠❡❛s✉r❡♠❡♥ts ♦♥ ✶ ✭❊r✭■■■✮✱ ❈❧✴❍2✵✮
❛♥❞ ✷ ✭❊r✭■■■✮✱ ❈❧✴❈❧✮✳ ❋♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤✐s ❞❛t❛✱ ❛ ❙ ❂ ✶✴✷ ♣s❡✉❞♦s♣✐♥ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ❢♦r ❡❛❝❤ ❑❉ ✇❛s ✉s❡❞✳ ❋r♦♠ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ g✲❛♥✐s♦tr♦♣② ✇✐t❤✐♥ t❤❡
❧♦✇❡st ❑❉ ♦❢ ❜♦t❤ ✐♥✈❡st✐❣❛t❡❞ s❛♠♣❧❡s ✐t ❝❛♥ ❜❡ ✇✐t♥❡ss❡❞✱ t❤❛t ❝♦♠♣❧❡① ✶ ✜❣✉r❡s ❛
s❧✐❣❤t❧② ❤✐❣❤❡r ❛①✐❛❧✐t②✱ ✐✳❡✳✱ gx✱ gy✭✶✮ ❁ gx✱ gy✭✷✮ ✇❤✐❧st gz✭✶✮ ❃ gz✭✷✮✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❧♦✇❡st ❛♥❞ t❤❡ ✜rst ❡①❝✐t❡❞ ❑❉ ✐s ❛❧♠♦st t❤r❡❡ t✐♠❡s ❧❛r❣❡r ✐♥
✶ ❝♦♠♣❛r❡❞ t♦ ✷✳ ❇♦t❤✱ t❤❡ r❡❞✉❝❡❞ ❛①✐❛❧✐t② ♦❢ t❤❡ g✲✈❛❧✉❡ ❛s ✇❡❧❧ ❛s t❤❡ ♣r❡s❡♥❝❡ ♦❢
❧♦✇ ❧②✐♥❣ ❡①❝✐t❡❞ ❈❋ st❛t❡s ✐♥ ✷ ❝♦♠♣❛r❡❞ t♦ ✶ ✐♥❝r❡❛s❡s ❞✐r❡❝t ❛♥❞ t❤❡r♠❛❧❧② ❛ss✐st❡❞
q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♠❡❝❤❛♥✐s♠s ✭◗❚▼s ❛♥❞ ❚❆ ◗❚▼s✮ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❛❝❝❡❧❡r❛t❡s
t❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥✳ ❚❤❡ ❧♦✇ ❈❋ s②♠♠❡tr② ✐♥ ❝♦♠♣❧❡① ✷ ✐s ❢✉rt❤❡r ✇✐t♥❡ss❡❞
❜② t❤❡ ❛✈♦✐❞❡❞ ❝r♦ss✐♥❣ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❜❧❛❝❦ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s s❤♦✇♥ ✐♥ ✜❣✳ ✻✳✶✵
✇❤✐❝❤ ✐s ♥♦t ✈✐s✐❜❧❡ ❢♦r ❝♦♠♣❧❡① ✶ ✐♥ ✜❣✳ ✻✳✽ ✭❛✮✳ ❚❤✉s✱ t❤❡ ❝❤❛♥❣❡ ✐♥ ❈❋ ❛♥✐s♦tr♦♣②
✇❤✐❝❤ tr✐❣❣❡rs t❤❡ ❝❤❛♥❣❡ ✐♥ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❝♦♠♣♦✉♥❞ ❝❛♥
❜❡ ❞✐r❡❝t❧② tr❛❝❡❞ ❜❛❝❦ t♦ t❤❡ ❡❧❡❝tr♦♥✐❝ ❡♥❡r❣②✲st❛t❡s ✇❤✐❝❤ ✇❡r❡ ♠❡❛s✉r❡❞ ♦✉t ❜②
♣r❡❝✐s❡ ❍❋ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s✳

✽✾



❚❛❜❧❡ ✻✳✸✳✿ ❙✉♠♠❛r✐③❡❞ r❡s✉❧ts ❢r♦♠ t❤❡ ❍❋ ❛♥❞ ❳✲❜❛♥❞ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s ♦♥ ❧♦♦s❡
❛♥❞ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡s ♦❢ ✶ ❛♥❞ ✷✳ ❚❤❡ ✈❛❧✉❡s ✐♥ ✐t❛❧✐❝ s❤♦✇ t❤❡
❝❛❧❝✉❧❛t❡❞ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ❛ ❈❋ ❛♥❛❧②s✐s ♣❡r❢♦r♠❡❞ ❢♦r ❝♦♠♣❧❡① ✷✳∗

❑❉ geff gx✱ gy✱ gz geff gx✱ gy✱ gz
✶ ✶✷✳✵✭✸✮ ✵✳✺✭✺✮✱ ✷✳✺✭✸✮✱ ✶✷✳✵✭✸✮ ✶✷✳✺✭✹✮ ✷✳✻✭✸✮✱ ✸✳✷✭✸✮✱ ✶✷✳✺✭✶✮

✭✷✳✵✼✱ ✹✳✽✽✱ ✶✷✳✸✼ ✮
✷ ✾✳✹✭✺✮ ✹✳✽✺✭✷✵✮ ✭✷✳✼✵✱ ✻✳✸✹✱ ✼✳✼✺ ✮
✸ ✸✳✷✵✭✷✵✮ ✭✷✳✶✹✱ ✺✳✸✻✱ ✶✵✳✵✸ ✮

∆✭❑❉1/2✮ ✽✷✺✭✶✵✮ ●❍③ ✷✾✵✭✶✵✮ ●❍③
✭✷✾✹ ●❍③ ✮

∆✭❑❉2/3✮ ✶✼✵✭✶✵✮ ●❍③
✭✹✷✵ ●❍③ ✮

∗

❈❋ ❆♥❛❧②s✐s ✇❛s ♣❡r❢♦r♠❡❞ ❜② ❱✳ ▼✐r♦♥♦✈✱ ■P❈P✱ ❈❤❡r♥♦❣♦❧♦✈❦❛✳

✾✵



✻✳✸✳ Pr♦❜✐♥❣ ❊①❝❤❛♥❣❡ ■♥t❡r❛❝t✐♦♥s ✐♥ ❉✐✛❡r❡♥t

✸d✲✹f ❈✉✭■■✮2▲♥✭■■■✮ ❈♦♠♣❧❡①❡s

❆ s②♥t❤❡t✐❝ ❛♣♣r♦❛❝❤ t♦✇❛r❞s t❤❡ q✉❡♥❝❤✐♥❣ ♦❢ q✉❛♥t✉♠ t✉♥♥❡❧❧✐♥❣ ♠❡❝❤❛♥✐s♠s
✭◗❚▼s✮ ✐♥ ❧❛♥t❤❛♥✐❞❡ ❝♦♥t❛✐♥✐♥❣ ♠♦❧❡❝✉❧❛r s②st❡♠s ✐s t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❤✐❣❤❧②
❛♥✐s♦tr♦♣✐❝ ❧❛♥t❤❛♥✐❞❡ ✐♦♥ t♦ ❛ ✸d tr❛♥s✐t✐♦♥ ♠❡t❛❧ ✐♦♥✳ ❚❤✐s ❝♦✉♣❧✐♥❣ ❝❛♥ ♣♦t❡♥t✐❛❧❧②
❧✐❢t t❤❡ ❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ ❣r♦✉♥❞ st❛t❡ ❛♥❞ t❤✉s✱ ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ q✉❡♥❝❤ t❤❡ ◗❚▼s✳❬✶✼✷✱ ✶✼✸❪ ❍♦✇❡✈❡r✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡
♥❛t✉r❡ ♦❢ ♠❛❣♥❡t✐s♠ ✐♥ ❧❛♥t❤❛♥✐❞❡ ✐♦♥s ✐s r❛t❤❡r ✇❡❧❧ ✉♥❞❡rst♦♦❞✱ t❤❡ r❛t✐♦♥❛❧✐③❛t✐♦♥
♦❢ t❤❡ ❡①❝❤❛♥❣❡ ♠❡❝❤❛♥✐s♠ ❜❡t✇❡❡♥ ✹f ❛♥❞ ✸d ✐♦♥s ✐s st✐❧❧ ❛ ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦✳ ❚❤❡
r❡❛s♦♥ ❢♦r t❤✐s ✐s t❤❡ ❝♦♠♣❧✐❝❛t❡❞ ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❧❛♥t❤❛♥✐❞❡ ✐♦♥s ❞✉❡ t♦
t❤❡ ✉♥q✉❡♥❝❤❡❞ ♦r❜✐t❛❧ ♠♦♠❡♥t✉♠✳ ❚❤❡r❡❢♦r❡✱ s❡♠✐✲❡♠♣✐r✐❝❛❧ s♣✐♥ ♠♦❞❡❧s t♦ ❛♥❛❧②s❡
♠❛❣♥❡t✐❝ ❝♦rr❡❧❛t✐♦♥s ❛♥❛❧♦❣♦✉s t♦ t❤❡●♦♦❞❡♥♦✉❣❤✲❑❛♥❛♠♦r✐✲❆♥❞❡rs♦♥ r✉❧❡s✱
✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥s ✐♥ tr❛♥s✐t✐♦♥ ♠❡t❛❧ ❝♦♠♣❧❡①❡s✱
❝❛♥ ♦❢t❡♥ ♥♦t ❜❡ ❛♣♣❧✐❡❞✳❬✷✵✹✕✷✵✻❪ ❚♦ ❡st❛❜❧✐s❤ ❛ ❞❡❡♣❡r ✐♥s✐❣❤t ✐♥t♦ t❤❡ ❝♦✉♣❧✐♥❣
♠❡❝❤❛♥✐s♠ ❜❡t✇❡❡♥ ✹f ❛♥❞ ✸d ✐♦♥s ❛♥❞ t❤❡r❡❜② ❞❡✈❡❧♦♣ str❛t❡❣✐❡s t♦ t✉♥❡ t❤❡ ♠❛❣✲
♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤♦s❡ ❝♦♠♣♦✉♥❞s ✐♥ ❛ ♠♦r❡ t❛r❣❡t❡❞ ✇❛②✱ ✐t ✐s ❝r✉❝✐❛❧ t♦ ♦❜t❛✐♥
r❡❧✐❛❜❧❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✇❤✐❝❤ ❝❛♥ ❜❡ s✉❜s❡q✉❡♥t❧② r❡❧❛t❡❞ t♦ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝✲
t✐♦♥s✳ ■♥ t❤✐s r❡s♣❡❝t✱ ❍❋ ❊P❘ ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ✐ts❡❧❢ ❛s ♣r♦♣❡r t♦♦❧ t♦ q✉❛♥t✐t❛t✐✈❡❧②
❞❡t❡r♠✐♥❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤ ❜❡t✇❡❡♥ ✹f ❛♥❞ ✸d ✐♦♥s✳❬✷✵✼✕✷✶✵❪

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ❛ ❍❋ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❢♦✉r ♥♦✈❡❧ ✸d✲✹f ❝♦✉♣❧❡❞ s②s✲
t❡♠s ✇✐t❤ t❤❡ ♠♦❧❡❝✉❧❛r ❢♦r♠✉❧❛ ❬❈✉2▲♥✭❍▲✮4✭◆❖3✮❪✭◆❖3✮2✱ ✇❤❡r❡ ❍▲ ✐s ❛ ♠♦♥♦✲
❞❡♣r♦t♦♥❛t❡❞ ❙❝❤✐✛ ❜❛s❡ ❧✐❣❛♥❞ ❛♥❞ ▲♥ ❂ ●❞✭■■■✮ ✭✹Gd✮✱ ❚❜✭■■■✮ ✭✺Tb✮✱ ❉②✭■■■✮ ✭✻Dy✮
♦r ▲❛✭■■■✮ ✭✶La✮ ✐s s❤♦✇♥✳ ❚❤❡ s❛♠♣❧❡s ✇❡r❡ s②♥t❤❡s✐③❡❞ ❛♥❞ ❝r②st❛❧❧♦❣r❛♣❤✐❝❛❧❧②
❝❤❛r❛❝t❡r✐③❡❞ ❜② ◆✳ ❆❤♠❡❞ ❛t t❤❡ ■♥❞✐❛♥ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣② ✭■■❚✮✱ ❇♦♠❜❛②✳

✻✳✸✳✶✳ ▼♦❧❡❝✉❧❛r ❙tr✉❝t✉r❡

❋✐❣✳ ✻✳✶✺ ❞❡♣✐❝ts t❤❡ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ❝♦♠♣♦✉♥❞ ✹Gd✳ ❚❤❡
❝❛t✐♦♥✐❝ ❝♦r❡ ❢♦r ❛❧❧ t❤❡ ❢♦✉r ✐♥✈❡st✐❣❛t❡❞ s❛♠♣❧❡s ✹Gd✱ ✺Tb✱ ✻Dy ❛♥❞ ✶La ❛♣♣❡❛rs
t♦ ❜❡ ❡q✉✐✈❛❧❡♥t✱ ✐✳❡✳✱ t❤❡ t❤r❡❡ ♠❡t❛❧ ❝❡♥tr❡s ♦❢ t❤❡ ❤❡t❡r♦ tr✐♥✉❝❡❧❛r ❝♦♠♣❧❡① ❛r❡
❛rr❛♥❣❡❞ ❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r ✭̸ ❈✉✭■■✮✲▲♥✭■■■✮✲❈✉✭■■✮ ❂ ✶✻✾◦ ✲ ✶✼✵◦✮✳ ❆❧❧ t❤❡ ❈✉✭■■✮
✐♦♥s ❛r❡ ♣❧❛❝❡❞ ✐♥ ❛ ❞✐st♦rt❡❞ ♦❝t❛❤❡❞r❛❧ ❝♦♦r❞✐♥❛t✐♦♥ s✉rr♦✉♥❞✐♥❣ ❢♦r♠❡❞ ❜② t✇♦
♦①②❣❡♥ ❛♥❞ t✇♦ ♥✐tr♦❣❡♥ ✐♦♥s ✐♥ t❤❡ ♣❧❛♥❡ ❛s ✇❡❧❧ ❛s t✇♦ ❛❞❞✐t✐♦♥ ♦①②❣❡♥ ✐♦♥s ✐♥ t❤❡
❛♣✐❝❛❧ ♣♦s✐t✐♦♥s✳ ❚❤✐s ♦❝t❛❤❡❞r❛❧ s✉rr♦✉♥❞✐♥❣ ✐♥❞✉❝❡s ❛ ❏❛❤♥✲❚❡❧❧❡r ❞✐st♦rt✐♦♥ ♦♥
t❤❡ ❈✉✭■■✮ s✐t❡s✳ ❚❤❡ ❝❡♥tr❛❧ ▲♥✭■■■✮ ✐♦♥ ✐s ❝♦♦r❞✐♥❛t❡❞ ❜② t❡♥ ♦①②❣❡♥ ✐♦♥s ❛♥❞ ✐s
t❤✉s ✜❣✉r✐♥❣ ❛ s♣❤❡♥♦❝♦r♦♥❛ ❝♦♦r❞✐♥❛t✐♦♥ ❣❡♦♠❡tr②✳ ❚❤❡ ❈✉✭■■✮ ❛♥❞ ▲♥✭■■■✮ ✐♦♥s
❛r❡ ❝♦✉♣❧❡❞ ✈✐❛ ❛♥ ♦①②❣❡♥ ✐♦♥✳ ❚❤❡r❡❜②✱ t❤❡ ❛✈❡r❛❣❡❞ ▲♥✭■■✮✲❖ ❜♦✉♥❞ ❞✐st❛♥❝❡ ✐s
❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❛✐s✐♥❣ ❛t♦♠✐❝ ♥✉♠❜❡r ❢r♦♠ ✶La t♦✇❛r❞s ✻Dy✱ ❞✉❡ t♦ t❤❡ ❧❛♥t❤❛♥✐❞❡
❝♦♥tr❛❝t✐♦♥✳❬✷✶✶❪ ❆❧❧ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ❝♦♠♣❧❡①❡s ❝r②st❛❧❧✐③❡ ✐♥ t❤❡ s❛♠❡ ♠♦♥♦❝❧✐♥✐❝
s♣❛❝❡ ❣r♦✉♣ C2/c ❛♥❞ t❤❡ ♠✐♥✐♠❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ♣❛r❛♠❛❣♥❡t✐❝ ▲♥✭■■■✮ ❝❡♥tr❡s
❛♠♦✉♥ts t♦ ✶✷✳✵✶ ➴ ✭♣❛❝❦✐♥❣ ❞✐❛❣r❛♠ ♥♦t s❤♦✇♥✮✳

✾✶



❋✐❣✉r❡ ✻✳✶✺✳✿ ▼♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ❝♦♠♣♦✉♥❞ ✹Gd✳ ❈♦❧♦✉r ❝♦❞❡✿
r❡❞✱ ❖❀ ❜❧✉❡✱ ◆❀ ❣r❡②✱ ❈❀ ❜❧❛❝❦✱ ❍❀ ❞❛r❦ ❣r❡❡♥✱ ❈✉✭■■✮❀ ❧✐❣❤t ❣r❡❡♥
●❞✭■■■✮✳ ❨❡❧❧♦✇ ❛rr♦✇s s❤♦✇ t❤❡ ❝❛❧❝✉❧❛t❡❞ s♣✐♥ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♣❛r❛✲
♠❛❣♥❡t✐❝ ❈✉✭■■✮ ❛♥❞ ●❞✭■■■✮ ✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ✭❋✐❣✉r❡ ✇❛s ❝♦♥str✉❝t❡❞
❜② ◆✳ ❆❤♠❡❞ ❡t✳ ❛❧✱ ■■❚ ❇♦♠❜❛②✳✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ✭❝❤❛♣✳ ✻✳✸✳✷ ❛♥❞ ✻✳✸✳✸✮ ✇❡r❡ ✇r✐tt❡♥ ❜② ▲✳ ❙♣✐❧❧❡❝❦❡ ❛♥❞ ❛r❡
♣❛rt ♦❢ ❛ r❡s❡❛r❝❤ ❛rt✐❝❧❡ ✭◆✳ ❆❤♠❡❞ ❡t ❛❧✳✮ ✇❤✐❝❤ ❤❛s ❜❡❡♥ s✉❜♠✐tt❡❞ t♦ t❤❡ ❥♦✉r♥❛❧
■♥♦r❣❛♥✐❝ ❈❤❡♠✐str②✳

✻✳✸✳✷✳ ❍❋✲❊P❘ ❙t✉❞✐❡s

❚❤❡ ❤✐❣❤ ❢r❡q✉❡♥❝②✴❤✐❣❤ ✜❡❧❞ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❍❋✲❊P❘✮ t❡❝❤♥✐q✉❡
✐s ✇❡❧❧ s✉✐t❡❞ ❢♦r t❤❡ ❞✐r❡❝t ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ✭❙❍✮ ♣❛r❛♠❡t❡rs s✉❝❤
❛s ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥ts ♦r ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡rs✳❬✶✾✱ ✷✵✱ ✽✺✱ ✽✽✱ ✶✽✹✱ ✷✶✷✱ ✷✶✸❪ ❖♥ t❤✐s
❛❝❝♦✉♥t ✇❡ ♣❡r❢♦r♠❡❞ ❢r❡q✉❡♥❝② ✭s❡❡ ❋✐❣✉r❡ ✻✳✶✻✮ ❛♥❞ t❡♠♣❡r❛t✉r❡✲❞❡♣❡♥❞❡♥t ✭s❡❡
❋✐❣✉r❡ ✻✳✶✼ ❛♥❞ ❋✐❣✉r❡ ❆✳✷✺✲❆✳✷✼✷✹✮ ❍❋✲❊P❘ ♠❡❛s✉r❡♠❡♥ts ♦♥ ✜①❡❞ ✭✹Gd ❛♥❞ ✶La✮
❛♥❞ ♦r✐❡♥t❡❞ ❧♦♦s❡ ✭✺Tb ❛♥❞ ✻Dy✮ ♣♦✇❞❡r s❛♠♣❧❡s✳

❋♦r ❛❧❧ ❝♦♠♣❧❡①❡s ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥❡❞ ✇❡❧❧✲r❡s♦❧✈❡❞ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s
✐♥ t❤❡ s♣❡❝tr❛ ♠❡❛s✉r❡❞ ❛t ❚ ❂ ✷ ❑ ✇✐t❤✐♥ t❤❡ ❛❝❝❡ss✐❜❧❡ ✜❡❧❞ ❛♥❞ ❢r❡q✉❡♥❝② r❛♥❣❡
❛s s❤♦✇♥ ❛s ❣r❡② ❧✐♥❡s ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♦❢ ❋✐❣✉r❡ ✻✳✶✻ ✭❛✮✲✭❞✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❉✐st✐♥❝t
r❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥s ❛r❡ ♠❛r❦❡❞ ❜② ❞✐✛❡r❡♥t s②♠❜♦❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡s♦♥❛♥❝❡
❜r❛♥❝❤❡s✳ ❙♦❧✐❞ ❧✐♥❡s s❤♦✇ ❛ s✐♠✉❧❛t✐♦♥ ♦r ✜t ♦❢ s❡❧❡❝t❡❞ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s ✉s✐♥❣ t❤❡
♣r♦♣❡r s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥ ✭❙❍✮ s❤♦✇♥ ✐♥ ❊q♥✳ ✻✳✽ ✭❢♦r ✹Gd✮ ♦r ❊q♥✳ ✻✳✾ ✭✺Tb❛♥❞ ✻Dy✮
❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ❞✐s❝✉ss❡❞ ❜❡❧♦✇ ❢♦r ❡❛❝❤ ✐♥✈❡st✐❣❛t❡❞ ❝♦♠♣♦✉♥❞✱ s❡♣❛r❛t❡❧②✳ ❚❤❡
❍❋✲❊P❘ ❞❛t❛ ❛❝q✉✐r❡❞ ❢♦r ✶La ✐s ❞✐s❝✉ss❡❞ ✐♥ t❡r♠s ♦❢ ❛ s✐♠♣❧❡ ❙ ❂ ✶✴✷ ❛♣♣r♦❛❝❤ ❛s
✇✐❧❧ ❜❡ ❥✉st✐✜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳

✷✹❚❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ❢♦r t❤❡ ❈✉✭■■✮2▲♥✭■■■✮ ❝❤❛♣✳ ✻✳✸ ✐s s❤♦✇♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❝❤❛♣✳ ❆✳✺✳

✾✷



❋✐❣✉r❡ ✻✳✶✻ ✭❛✮ ❞❡♣✐❝ts t❤❡ ❢r❡q✉❡♥❝② ✈s✳ r❡s♦♥❛♥❝❡ ✜❡❧❞ ❞✐❛❣r❛♠ ❢♦r ❛ ✜①❡❞ ♣♦✇✲
❞❡r s❛♠♣❧❡ ♦❢ ✹Gd ❛t ❚ ❂ ✷ ❑✳ ❚❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr❛✱ s❤♦✇♥ ❛s ❣r❡② ❧✐♥❡s ✐♥ ❋✐❣✲
✉r❡ ✻✳✶✻ ✭❛✮✱ ❝❧❡❛r❧② ❞✐s♣❧❛② ❛ ♣♦✇❞❡r✲❧✐❦❡ s♣❡❝tr❛❧ s❤❛♣❡ ❢❡❛t✉r✐♥❣ ❛①✐❛❧ ❛♥✐s♦tr♦♣②
❛s ✐t ✐s ♦❜✈✐♦✉s ❢r♦♠ t❤❡ ❧❛r❣❡ s♣❡❝tr❛❧ ✇❡✐❣❤t ✐♥ t❤❡ ❤✐❣❤ ✜❡❧❞ r❡❣✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛
✇❤✐❧❡ ❛ s♠❛❧❧ s♣❡❝tr❛❧ ✇❡✐❣❤t ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❧♦✇ ✜❡❧❞ r❡❣✐♦♥✳

❋✐❣✉r❡ ✻✳✶✻✳✿ ❋r❡q✉❡♥❝② ✈s✳ r❡s♦♥❛♥❝❡ ✜❡❧❞ ❞✐❛❣r❛♠ ❢♦r ✭❛✮ ✹Gd✱ ✭❜✮ ✺Tb✱ ✭❝✮ ✻Dy❛♥❞
✭❞✮ ✶La✱ ❛t ❚ ❂ ✷ ❑✳ ❚❤❡ ♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✜❡❧❞ ♣♦s✐t✐♦♥s ❢♦r s❡❧❡❝t❡❞
❢❡❛t✉r❡s ❛r❡ ♠❛r❦❡❞ ❜② ❞✐✛❡r❡♥t s②♠❜♦❧s✳ ❙♦❧✐❞ ❧✐♥❡s s❤♦✇ ❛ s✐♠✉❧❛t✐♦♥
♦r ❛ ✜t ♦❢ t❤❡ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ s❡❧❡❝t❡❞ ❢❡❛t✉r❡s ✉s✐♥❣ t❤❡ ❙❍
s❤♦✇♥ ✐♥ ❊q♥✳ ✻✳✽ ✭✹Gd✮✱ ❊q♥✳ ✻✳✾ ✭✺Tb ❛♥❞ ✻Dy✮ ♦r ❛♥ ❙ ❂ ✶✴✷ ❛♣♣r♦❛❝❤
✭✶La✮ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✻✳✹ ♦r t❤❡ t❡①t✳ ●r❡② ❧✐♥❡s
❞✐s♣❧❛② t❤❡ ♠❡❛s✉r❡❞ ❍❋✲❊P❘ s♣❡❝tr❛ ✇❤✐❝❤ ❛r❡ ✈❡rt✐❝❛❧❧② s❤✐❢t❡❞ ❢♦r
❜❡tt❡r ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥s✳

❇❧❛❝❦ sq✉❛r❡s ❛♥❞ r❡❞ ❞♦ts ✐♥ ❋✐❣✉r❡ ✻✳✶✻ ✭❛✮ ♠❛r❦ t❤❡ ❧♦✇ ✜❡❧❞ ❛♥❞ ❤✐❣❤ ✜❡❧❞
❡❞❣❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❡❞❣❡s ♦❢ t❤❡ ❢❡❛t✉r❡s
✇❡r❡ ✉s❡❞ ❛s ❛ r❡❢❡r❡♥❝❡ s✐♥❝❡ t❤❡ s♣❡❝tr❛ ❝♦♠♣r✐s❡ ❛ ✈❛r✐❡t② ♦❢ ♦✈❡r❧❛♣♣✐♥❣ tr❛♥s✐t✐♦♥s
✭s❡❡ ❋✐❣✉r❡ ❆✳✷✹✮ ❞✉❡ t♦ t❤❡ s❛♠♣❧❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛s ❛ ✜①❡❞ ♣♦✇❞❡r✳ ❙tr❛✐❣❤t ❧✐♥❡s
✐♥ ❋✐❣✉r❡ ✻✳✶✻ ✭❛✮ s❤♦✇ ❛ ❧✐♥❡❛r ✜t t♦ t❤❡ ♠❛r❦❡❞ ❡❞❣❡s✳ ❚❤❡ s❧♦♣❡ ♦❢ t❤❡s❡ ✜ts
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡✛❡❝t✐✈❡ g✲✈❛❧✉❡ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ tr❛♥s✐t✐♦♥s ✇❤✐❝❤ ❛♠♦✉♥ts t♦

✾✸



geff ❂ ✷✳✶✺✭✷✮✳ ◆♦t❡✱ t❤❛t t❤❡ g✲✈❛❧✉❡ ❢♦r ❜♦t❤ s❡❧❡❝t❡❞ ❢❡❛t✉r❡s ✐s t❤❡ s❛♠❡✱ ✐✳❡✳ ♥♦
❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ s♣❡❝tr❛ ✐s ♦❜s❡r✈❡❞ ✉♣♦♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ❢r❡q✉❡♥❝✐❡s ✇❤✐❝❤ ✐♠♣❧✐❡s
❛t t❤❡ ✜rst ❣❧❛♥❝❡ ❛ ✈❛♥✐s❤✐♥❣ g✲❛♥✐s♦tr♦♣② ♦♥ t❤❡ ❈✉ s✐t❡s ✇✐t❤✐♥ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢
♦✉r ❡①♣❡r✐♠❡♥t✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ t❤♦✉❣❤ ✐t ❝❛♥♥♦t ❜❡ r❡s♦❧✈❡❞ ❜② ♦✉r ♠❛❣♥❡t✐❝ ✜❡❧❞
❞❡♣❡♥❞❡♥t ♠❡❛s✉r❡♠❡♥ts✱ ❛ g✲✈❛❧✉❡ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r t❤❛♥ ✷✳✵✵ ✐♠♣❧✐❡s t❤❛t ❛ g✲
❛♥✐s♦tr♦♣② ♦♥ t❤❡ ❈✉ s✐t❡s ✐s ❧✐❦❡❧② t♦ ❜❡ ♣r❡s❡♥t✳ ■♥❞❡❡❞✱ t❤❡ ♠❡❛s✉r❡♠❡♥ts ♦♥ ✶La

✭s❡❡ t❤❡ ❢✉rt❤❡r t❡①t✮ r❡✈❡❛❧ ❛ s✐❣♥✐✜❝❛♥t g✲❛♥✐s♦tr♦♣② ♦♥ t❤❡ ❈✉ s✐t❡s ✇❤❡♥ t❤❡ ❝❡♥tr❛❧
♠❛❣♥❡t✐❝ ▲♥ ✐♦♥s ✐s r❡♣❧❛❝❡❞ ❜② ❛ ❞✐❛♠❛❣♥❡t✐❝ ♦♥❡✳ ❚❤✉s✱ ✐t ❝❛♥ ❜❡ s♣❡❝✉❧❛t❡❞ t❤❛t
t❤❡ ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ●❞ ❛♥❞ t❤❡ ❈✉ ♠♦♠❡♥ts ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡
♥♦♥✲♦❜s❡r✈❛❜❧❡ g✲❛♥✐s♦tr♦♣② ✐♥ t❤❡ ❊P❘ ❞❛t❛ ❢♦r ✹Gd✳ ❇❡s✐❞❡s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡
s❧♦♣❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s✱ ❛ ③❡r♦✲✜❡❧❞ s♣❧✐tt✐♥❣ ✭❩❋❙✮ ❣❛♣ ♦❢ ✷✹ ●❍③ ✭✵✳✽ ❝♠−1✮
❛♥❞ ✲✼ ●❍③ ✭✲✵✳✷✸ ❝♠−1✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✐♥t❡r❝❡♣t ♦❢ t❤❡ ❜❧❛❝❦ ❛♥❞ r❡❞ ❧✐♥❡s✱
r❡s♣❡❝t✐✈❡❧②✳ ❙✐♥❝❡ t❤❡ ❙ ❂ ✶✴✷ s♣✐♥ st❛t❡ ♦❢ t❤❡ ❈✉ ✐♦♥s ❡①❝❧✉❞❡s ❛ ❩❋❙✱ ✇❡ ❛ttr✐❜✉t❡
t❤❡s❡ ❣❛♣s t♦ ❛ s♠❛❧❧ ❜✉t ✜♥✐t❡ ❛♥✐s♦tr♦♣② ❛❝t✐♥❣ ♦♥ t❤❡ ●❞ s✐t❡s✳

❉✉❡ t♦ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♦r❜✐t❛❧ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ ♦❢ t❤❡ ❢r❡❡ ●❞ ✐♦♥✱
t❤❡r❡ ✐s ♥♦ ❛♥✐s♦tr♦♣② ❣❛♣ ♦r ❩❋❙ ✐♥ t❤❡ ❝❛s❡ ♦❢ str✐❝t s♣❤❡r✐❝❛❧ s②♠♠❡tr②✳ ❍♦✇❡✈❡r✱
❛s ✐t ✐s s❤♦✇♥ ✐♥ s❡✈❡r❛❧ ❡①❛♠♣❧❡s ✐♥ ❧✐t❡r❛t✉r❡✱❬✻✼✱ ✷✶✹❪ t❤❡ ❞✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥ t♦
♥❡✐❣❤❜♦✉r✐♥❣ ✐♦♥s✱ ❡✳❣✳ t❤❡ ❈✉ ✐♦♥s ✐♥ t❤❡ ♣r❡s❡♥t ❝❛s❡✱ ❝❛♥ ✐♥❞✉❝❡ ❛♥ ❛♥✐s♦tr♦♣② ♦♥
t❤❡ ●❞✲s✐t❡✳ ❚♦ r❛t✐♦♥❛❧✐③❡ t❤✐s ✐♥✢✉❡♥❝❡✱ t❤❡ ♣r❡❞✐❝t❡❞ ❩❋❙ ❣❛♣ ∆dip ✐♥❞✉❝❡❞ ❜② t❤❡
❞✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥s ✐s ❡st✐♠❛t❡❞✳

∆dip = SCu1
←→
D dipSGd + SCu2

←→
D dipSGd ✭✻✳✻✮

❚❤❡ ❞✐♣♦❧❛r ❛♥✐s♦tr♦♣② t❡♥s♦r
←→
D dip ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿ ❬✷✶✺❪

←→
D dip =

µ2
B

r3





gxCug
x
Gd(1− 3sin2ηsin2ξ) −3gxGdg

y
Cusin

2ξsinηcosη −3gxGdg
y
Cusinξsinηcosξ

−3gxCug
y
Gdsin

2ξsinηcosη g
y
Cug

y
Gd(1− 3cos2ηsin2ξ) −3gxGdg

y
Cusinξcosηcosξ

−3gxCug
y
Gdsinξsinηcosξ −3gxCug

y
Gdsinξcosηcosξ gzCug

z
Gd(1− 3cos2ξ)





✭✻✳✼✮
✇❤❡r❡ r ❞❡♥♦t❡s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ r❡s♣❡❝t✐✈❡ ❈✉ ❛♥❞ ●❞ ✐♦♥ ❛♥❞ ξ ♦r η ❞❡✜♥❡
t❤❡ ❛♥❣❧❡ ✇❤✐❝❤ ✐s ❢♦r♠❡❞ ❜② t❤❡ ✐♦♥✐❝ z✲ ♦r y✲❛①✐s ❛♥❞ t❤❡ ❞✐st❛♥t ✈❡❝t♦r r✳ ❋♦r t❤❡
❝❛❧❝✉❧❛t✐♦♥s ✐t ✐s ❛ss✉♠❡❞✱ t❤❛t ❜♦t❤ ❈✉ ✐♦♥s ✜❣✉r❡ t❤❡ s❛♠❡ g✲✈❛❧✉❡ gCu ❛♥❞ t❤❡
❛♥✐s♦tr♦♣② ♦❢ gCu ✐s ✜①❡❞ t♦ t❤❡ ♦♥❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❍❋ ❊P❘ ♠❡❛s✉r❡♠❡♥ts ♦♥ t❤❡
✶La s❛♠♣❧❡✱ ❢♦r ✇❤✐❝❤ ✐t ✐s ❛ss✉♠❡❞✱ t❤❛t t❤❡ ❈✉✲▲♥ ✐♥t❡r❛❝t✐♦♥ ✐s ♥❡❣❧✐❣✐❜❧❡ ❛♥❞ t❤❡
♣✉r❡ s✐♥❣❧❡ ✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❈✉ ✐♦♥s ❛r❡ s❤♦✇♥✳ gGd✐s ✜①❡❞ t♦ t❤❡ ✐s♦tr♦♣✐❝ ✈❛❧✉❡
♦❢ ✷✳

❋✐❣✉r❡ ✻✳✶✺ s❤♦✇s t❤❡ r❡s♣❡❝t✐✈❡ ❝❛❧❝✉❧❛t❡❞ s♣✐♥ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ❈✉ ❛♥❞ ●❞ ✐♦♥✳
■♥ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✐t ❝❛♥ ❜❡ ❛ss✉♠❡❞ t❤❛t t❤❡ s♣✐♥ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ●❞ ✐♦♥ ❛♥❞
t❤❡ ❈✉ ✐♦♥s ✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ ❡❛❝❤ ♦t❤❡r ❛♥❞ t❤✉s ξ ❂ η ❂ ✵✳ ❈♦♥s❡q✉❡♥t❧②✱ ♦♥❧② t❤❡
❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ✐♥ ❊q♥✳ ✻✳✼ r❡♠❛✐♥ ✇❤✐❝❤ ❝❛♥ ❜❡ q✉❛♥t✐✜❡❞ t♦ Dxx

dip ❂ Dyy
dip ❂ ✵✳✵✺✶

❝♠−1 ❛♥❞ Dzz
dip ❂ ✲✵✳✶✶✸ ❝♠−1✳ ❈♦♥s✐❞❡r✐♥❣ ❊q♥✳ ✻✳✻ t❤❡s❡ ✈❛❧✉❡s ❧❡❛❞ t♦ ❛♥ ❛❜s♦❧✉t❡

✈❛❧✉❡ ❢♦r t❤❡ ❩❋❙ ❣❛♣ ♦❢ ∆xx
dip❂ ∆yy

dip❂ ✵✳✶✽ ❝♠−1 ❛♥❞ ∆zz
dip❂ ✵✳✹✵ ❝♠−1✱ ✇❤✐❝❤ ✐s ✐♥

t❤❡ s❛♠❡ ♦r❞❡r ❛s t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞ ❩❋❙ ❣❛♣s✳ ❍❡♥❝❡ ✐t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞✱
t❤❛t t❤❡ ♠❛✐♥ ♦r✐❣✐♥ ♦❢ t❤❡ ♦❜s❡r✈❡❞ ✜♥✐t❡ s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣② ♦♥ t❤❡ ●❞ s✐t❡ ✐s
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✐♥❞✉❝❡❞ ❜② ❞✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ t❤❡ ❈✉ ✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐t ❤❛s t♦ ❜❡ ♠❡♥t✐♦♥❡❞✱
t❤❛t ❞✉❡ t♦ t❤❡ ❡rr♦r✲❜❛rs ❛♥❞ s❡✈❡r❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s✱ ✐t ❝❛♥♥♦t ❜❡ ❡①❝❧✉❞❡❞✱ t❤❛t
t❤❡r❡ ❛r❡ ❛❞❞✐t✐♦♥❛❧ ❜✉t ♠✉❝❤ s♠❛❧❧❡r ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ♦❜s❡r✈❡❞ ❛♥✐s♦tr♦♣② ❞✉❡
t♦ ❛♥✐s♦tr♦♣✐❝ ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ●❞ ❛♥❞ ❈✉ ✐♦♥s ♦r ❞✐st♦rt✐♦♥s ♦❢ t❤❡
❝♦♦r❞✐♥❛t✐♦♥ ❡♥✈✐r♦♥♠❡♥t✳❬✷✶✻✕✷✶✾❪ ❲✐t❤ t❤❡ r❡❧❛t✐♦♥s D ❂ ✸✴✷ Dzz

dip ❂ ✲✵✳✶✼✵ ❝♠−1

❛♥❞ ❊ ❂ ✭Dxx
dip ✲ Dyy

dip✮✴✷ ❂ ✵ t❤❡ ❡♥tr✐❡s ✐♥ t❤❡ t❡♥s♦r ♠❛tr✐① ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞
t♦ t❤❡ ❝♦♠♠♦♥❧② ✉s❡❞ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛①✐❛❧ ✭D✮ ❛♥❞ tr❛♥s✈❡rs❛❧ ✭E✮ ❛♥✐s♦tr♦♣②
♣❛r❛♠❡t❡rs✳❬✶✽❪

❋✐❣✉r❡ ✻✳✶✼ ✭❛✮ s❤♦✇s t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❚ ❂ ✷ ❑ ❛♥❞ ✻✵ ❑ ♦❢
t❤❡ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡ ✐♥ ✹Gd ❛t t❤❡ ❢r❡q✉❡♥❝② ♦❢ ✶✻✾✳✸ ●❍③✳ ❆t ❧♦✇❡st t❡♠♣❡r❛t✉r❡s✱
✇❡ ♦❜s❡r✈❡ ❛ ♣♦✇❞❡r✲❧✐❦❡ s♣❡❝tr✉♠ ✇✐t❤ ❛ s❤❛r♣ ♣❡❛❦ ❛t ❇ ❂ ✻✳✷ ❚ ❛♥❞ ❛ s❤♦✉❧❞❡r
❡♥❞✐♥❣ ❛t ❇ ❂ ✺ ❚✳ ❯♣♦♥ ✐♥❝r❡❛s✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡ ✉♣ t♦ ✻ ❑✱ t❤❡ s❤❛r♣ ♣❡❛❦ st❛rts
t♦ ❜r♦❛❞❡♥ ❛♥❞ s❤✐❢ts t♦ ❧♦✇❡r ✜❡❧❞s✳ ❆t ♠♦r❡ ❡❧❡✈❛t❡❞ t❡♠♣❡r❛t✉r❡s✱ ✐t s❤❛r♣❡♥s
❛❣❛✐♥ ✇❤✐❧❡ st❛②✐♥❣ ❛t ❛ ❝♦♥st❛♥t ✜❡❧❞ ♣♦s✐t✐♦♥ ♦❢ ❇ ❂ ✻ ❚✳ ❚❤❡ s❤♦✉❧❞❡r ♦♥ t❤❡ ❧♦✇
✜❡❧❞ s✐❞❡ s❤✐❢ts t♦ ❤✐❣❤❡r ✜❡❧❞s ✉♣♦♥ ❤❡❛t✐♥❣✳

H =µBB
←→g GdSGd +

2
∑

i

µBB
←→g Cu,iSCu,i +DGd

[

(Sz
Gd)

2 −
S2
Gd

3

]

− 2JCu−Gd (SCu,1 · SGd + SCu,2 · SGd)

− 2JCu−CuSCu,1 · SCu,2

✭✻✳✽✮

❚❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ s♣❡❝tr❛ ❝❛♥ ❜❡ s✐♠✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❙❍ s❤♦✇♥
✐♥ ❊q♥✳ ✻✳✽ ✇❤❡r❡ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ t❡r♠s ❞❡s❝r✐❜❡ t❤❡ ❩❡❡♠❛♥ ❡✛❡❝t ♦♥ t❤❡ ❈✉
❛♥❞ ●❞ s♣✐♥s ✐♥❞✉❝❡❞ ❜② t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ B ❛♥❞ t❤❡ ❢♦✉rt❤ ❛♥❞ ✜❢t❤ t❡r♠
r❡✢❡❝ts t❤❡ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❈✉ ❛♥❞ ●❞ s♣✐♥ ❛♥❞ t❤❡ t✇♦ ❈✉ s♣✐♥s✱
r❡♣s❡❝t✐✈❡❧②✳ ❚❤❡ t❤✐r❞ t❡r♠ ❞❡s❝r✐❜❡s ❛ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛♥✐s♦tr♦♣② t❡r♠ ❛❝t✐♥❣ ♦♥
t❤❡ ●❞ ✐♦♥ ❞❡✜♥❡❞ ❜② t❤❡ ❛①✐❛❧ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡r DGd✳

❋✐❣✉r❡ ✻✳✽ ✭❜✮ s❤♦✇s t❤❡ ❜❡st s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t ❞❛t❛
❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✽ ✭❛✮✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡✐r ❡rr♦r✲❜❛rs✱ ✇❤✐❝❤ ✇❡r❡ ♦❜t❛✐♥❡❞
❜② ✜♥❞✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥t❡r✈❛❧ ✐♥ ✇❤✐❝❤ t❤❡ s✐♠✉❧❛t✐♦♥ ❣✐✈❡s st✐❧❧ ❛ r❡❛s♦♥❛❜❧❡ r❡♣r♦✲
❞✉❝t✐♦♥✱ ❛r❡ s✉♠♠❛r✐s❡❞ ✐♥ ❚❛❜❧❡ ✻✳✹✳ ❚❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❈✉ s♣✐♥s ❞❡s❝r✐❜❡❞
❜② JCu−Cu ✐♥ t❤❡ ❧❛st t❡r♠ ♦❢ ❊q♥✳ ✻✳✽ ✐s ✜①❡❞ t♦ t❤❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ❜② ❉❋❚ ❝❛❧❝✉✲
❧❛t✐♦♥s✷✺ s✐♥❝❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦✉♣❧✐♥❣ ♣❛r❛♠❡t❡r ✇♦✉❧❞ ❧❡❛❞ t♦ ♦✈❡r ♣❛r❛♠❡tr✐③❛t✐♦♥✳
❍♦✇❡✈❡r ✐t ✐s ♥♦t❡✇♦rt❤②✱ t❤❛t t❤❡ ♥❡❣❧❡❝t✐♦♥ ♦❢ t❤✐s ❝♦✉♣❧✐♥❣✱ ✐✳❡✳ JCu−Cu ❂ ✵✱ ❞♦❡s
♥♦t ❛✛❡❝t t❤❡ r❡s✉❧t✐♥❣ ♣❛r❛♠❡t❡rs ✇✐t❤✐♥ ❡rr♦r✲❜❛rs✳ ❚❤❡ ❜❡st s✐♠✉❧❛t✐♦♥ ✈❛❧✉❡ ❢♦r
t❤❡ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡r DGd ✐s✱ ✇✐t❤✐♥ t❤❡ ❡rr♦r✲❜❛rs✱ ✐♥ ♣❡r❢❡❝t ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡
♦♥❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❞✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s♣✐♥s✳

❚❤❡ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s ✐♥ t❤❡ ♣♦✇❞❡r s♣❡❝tr❛ ❡①❤✐❜✐t ❛ t❡♠♣❡r❛t✉r❡✲❞❡♣❡♥❞❡♥t
s❤✐❢t✳ ❚❤✐s s❤✐❢t ❝❛♥ ❜❡ ✐❧❧✉str❛t❡❞ ❛♥❞ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❡♥❡r❣② ❧❡✈❡❧ ❞✐❛❣r❛♠ s❤♦✇♥
✐♥ ❋✐❣✉r❡ ❆✳✷✹✳ ❋♦r Dz

Gd ∥ B ✭s❡❡ ❋✐❣✉r❡ ❆✳✷✹ ✭❛✮✮✱ ✇❤❡r❡ Dz
Gd ❞❡♥♦t❡s t❤❡ ♣r✐♥❝✐♣❛❧

❛①✐s ♦❢ t❤❡ ❛♥✐s♦tr♦♣② t❡♥s♦r ✐♥ t❤❡ ❡✐❣❡♥❢r❛♠❡ ♦❢ t❤❡ ●❞ ✐♦♥✱ t❤❡ s♣❡❝tr❛❧ ✇❡✐❣❤t ✐s
✷✺❉❋❚ ❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ♣r❡❢♦r♠❡❞ ❜② ◆✳ ❆❤♠❡❞ ❡t ❛❧✳ ❛t t❤❡ ■■❚ ❇♦♠❜❛②✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❞❡t❛✐❧s
❛r❡ ♦♠✐tt❡❞ ✇✐t❤✐♥ t❤✐s ✇♦r❦ ❛♥❞ ♦♥❧② t❤❡ ❝r✉❝✐❛❧ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✻✳✹✳
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❡①♣❡❝t❡❞ t♦ s❤✐❢t t♦ ❤✐❣❤❡r ✜❡❧❞s ✉♣♦♥ ❤❡❛t✐♥❣✳ ❚❤✐s s✐♠✉❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❧♦✇ ✜❡❧❞ ❡❞❣❡ ♦❢ t❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr❛ ✇❤✐❝❤ ✜❣✉r❡s t❤❡ s❛♠❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t
❜❡❤❛✈✐♦✉r✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ♦♣♣♦s✐t❡ ✐s ♦❜s❡r✈❡❞ ❢♦r Dz

Gd ⊥ B✭s❡❡ ❋✐❣✉r❡ ❆✳✷✹ ✭❜✮✮✳
❚❤❡ ❛ss✐❣♥♠❡♥t ♦❢ t❤❡ ❧♦✇ ✜❡❧❞ ❛♥❞ ❤✐❣❤ ✜❡❧❞ ❡❞❣❡ t♦ ❛ ❝❡rt❛✐♥ ♦r✐❡♥t❛t✐♦♥ ❞✐r❡❝t✐♦♥
♦❢ t❤❡ ❝r②st❛❧❧✐t❡s ✐s t❤❡r❡❜② ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ ✇❡✐❣❤t✱ ✐✳❡✳✱
❛ ❤✐❣❤❡r s♣❡❝tr❛❧ ✇❡✐❣❤t ♠❛r❦s t❤❡ tr❛♥s✈❡rs❛❧ ❞✐r❡❝t✐♦♥ ✇❤✐❧❡ ❛ ❧♦✇❡r s♣❡❝tr❛❧ ✇❡✐❣❤t
♠❛r❦s t❤❡ ❛①✐❛❧ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♦✈❡r❛❧❧ ❛♥✐s♦tr♦♣② t❡♥s♦r✳

❋♦r ✺Tb ❛♥❞ ✻Dy ❛♥ ♦r✐❡♥t❡❞ ❧♦♦s❡ ♣♦✇❞❡r ✐s ♠❡❛s✉r❡❞ ✭s❡❡ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡❝✲
t✐♦♥ ❢♦r ❞❡t❛✐❧s✮✳ ❙✐♥❝❡ t❤❡ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ▲♥ ✐♦♥s ❞♦♠✐♥❛t❡s ♦✈❡r t❤❡ ♦♥❡ ♦❢ t❤❡
❈✉ ✐♦♥s✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ❝r②st❛❧❧✐t❡s ❛r❡ ♠♦st ❧✐❦❡❧② ♦r✐❡♥t❡❞ ✇✐t❤ t❤❡ ♠❛✐♥
❛♥✐s♦tr♦♣② ❞✐r❡❝t✐♦♥ dLn ✐♥ t❤❡ ❧♦❝❛❧ ❢r❛♠❡ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ▲♥ ✐♦♥ ❛❧♦♥❣ t❤❡ ❡①t❡r♥❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞ ❇✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr❛ ❝♦♥s✐st ♦❢ ❝♦♥tr✐❜✉t✐♦♥s ❛r✐s✲
✐♥❣ ❡①❝❧✉s✐✈❡❧② ❢r♦♠ t❤✐s ♦r✐❡♥t❛t✐♦♥ ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡r❡❜② ♦♥❧② ❛♥ ❡✛❡❝t✐✈❡ g✲✈❛❧✉❡
geff ❝❛♥ ❜❡ ♠❡❛s✉r❡❞✳ ■♥ t❤❡ ❢r❡q✉❡♥❝② ✈s✳ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐❛❣r❛♠ ❢♦r ✺Tb ❛♥❞ ✻Dy

t✇♦ ❞✐st✐♥❝t ❢❡❛t✉r❡s ❝❛♥ ❜❡ ❢♦❧❧♦✇❡❞ ♦✈❡r t❤❡ ✇❤♦❧❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ✉♥❞❡r st✉❞②
✭s❡❡ ❋✐❣✉r❡s ✻✳✶✻ ✭❜✮ ❛♥❞ ✻✳✶✻ ✭❝✮✱ r❡s♣❡❝t✐✈❡❧②✮✳ ❆t ❚ ❂ ✷ ❑✱ t❤❡ ♠♦st ♣r♦♥♦✉♥❝❡❞
❢❡❛t✉r❡✱ ♠❛r❦❡❞ ✇✐t❤ ❜❧❛❝❦ s②♠❜♦❧s✱ ✐s ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ tr❛♥s✐t✐♦♥✳
❚❤✐s ❛ss✐❣♥♠❡♥t ✐s ❢✉rt❤❡r ❝♦♥✜r♠❡❞ ❜② t❤❡ t❡♠♣❡r❛t✉r❡✲❞❡♣❡♥❞❡♥t ♠❡❛s✉r❡♠❡♥ts
✭s❡❡ ❋✐❣✉r❡s ❆✳✷✺ ✭❛✮ ❛♥❞ ❋✐❣✉r❡ ❆✳✷✻ ✭❛✮✮ ✇❤✐❝❤ s❤♦✇ t❤❛t t❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ s❡✲
❧❡❝t❡❞ ❢❡❛t✉r❡s ✐s ❤✐❣❤❡st ❛t ❚ ❂ ✷ ❑✳ ❋✐❣✉r❡ ❆✳✷✺ ✭❜✮ ❛♥❞ ❋✐❣✉r❡ ❆✳✷✻ ✭❜✮ s❤♦✇
t❤❡ t❡♠♣❡r❛t✉r❡✲❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✐♥t❡❣r❛t❡❞ ❛r❡❛ ♦✈❡r t❤❡ ✇❤♦❧❡ s♣❡❝tr❛✳ ❋♦r ❜♦t❤
❝♦♠♣♦✉♥❞s ✭✺Tb ❛♥❞ ✻Dy✮✱ ❛❝t✐✈❛t❡❞ ❜❡❤❛✈✐♦r ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✇✐t❤ ❛ ♣❡❛❦ ❛r♦✉♥❞ ❚
❂ ✶✵ ❑✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡♥❡r❣❡t✐❝❛❧❧② ❤✐❣❤❡r st❛t❡s✱ ✇❤✐❝❤ ❛r❡ s❡♣❛r❛t❡❞
❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡ ❜② ♠♦r❡ t❤❛♥ ✶✵ ❑ ❛♥❞ ❝❛♥ ❤❡♥❝❡ ❜❡ ♥❡❣❧❡❝t❡❞ ❢♦r ❞✐s❝✉ss✐♥❣
t❤❡ ❣r♦✉♥❞ st❛t❡ tr❛♥s✐t✐♦♥s ❛t ❚ ❂ ✷ ❑✳

❚❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ s❡❧❡❝t❡❞ ❢❡❛t✉r❡s✱ ❛ss✐❣♥❡❞ ❛s ❜❧❛❝❦ s②♠❜♦❧s✱ ❢♦r
❜♦t❤ s❛♠♣❧❡s s❤♦✇s ❛ ❧✐♥❡❛r ❜❡❤❛✈✐♦r ✜❣✉r✐♥❣ ❛♥ ❡✛❡❝t✐✈❡ g✲✈❛❧✉❡ ♦❢ geff ❂ ✷✳✵✽ ❛♥❞
❩❋❙ ♦❢ ✹✵✺ ●❍③ ❢♦r ✺Tb ✇❤✐❧❡ geff ❂ ✷✳✶✶ ❛♥❞ ❩❋❙ ❂ ✷✸✺ ●❍③ ❢♦r ✻Dy ✐s ♦❜s❡r✈❡❞✳
❉✉❡ t♦ t❤❡ ✉♥q✉❡♥❝❤❡❞ ♦r❜✐t❛❧ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ▲♥ ✐♦♥s✱ t❤❡
s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❣r♦✉♥❞ ❛♥❞ ✜rst ❡①❝✐t❡❞ st❛t❡ ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ❡♥❡r❣②
s❝❛❧❡s ♦❢ ♦✉r ❡①♣❡r✐♠❡♥t s♦ t❤❛t t❤❡ ▲♥ ♠♦♠❡♥ts ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s ■s✐♥❣ s♣✐♥s✳❬✾✷✱
✷✵✼✱ ✷✷✵✱ ✷✷✶❪ ❚❤✉s✱ t❤❡ ❡✛❡❝t✐✈❡ ❙❍ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ▲♥ ✐♦♥s ❛s ■s✐♥❣ s♣✐♥s ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s✿
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✭✻✳✾✮

❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✶✻✱ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❛r❡ ✇❡❧❧ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❙❍ ✐♥
❊q♥✳ ✻✳✾✳ gLn ✐s t❤❡r❡❜② ✜①❡❞ t♦ t❤❡ r❡s♣❡❝t✐✈❡ ▲❛♥❞❡ g✲✈❛❧✉❡ ♦❢ gLande ❂ ✸✴✷ ❢♦r
❚❜✭■■■✮ ♦r ✹✴✸ ❢♦r ❉②✭■■■✮✳❬✶✻✺❪ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❞♦ ♥♦t ✐♠♣❧②
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❢♦r❜✐❞❞❡♥ tr❛♥s✐t✐♦♥s ✇✐t❤ ∆mS

> ±1 ✇❤✐❝❤ ❝♦rr♦❜♦r❛t❡s ✉s❛❣❡ ♦❢
❊q♥✳ ✻✳✾✱ ✐✳❡✳✱ ❛♣♣r♦①✐♠❛t✐♥❣ JLn ❜② ❛♥ ■s✐♥❣ s♣✐♥ ❛♥❞ ♥❡❣❧❡❝t✐♥❣ ❢✉rt❤❡r ❛♥✐s♦tr♦♣②✳
❍❡♥❝❡✱ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ▲♥ ❛♥❞ ❈✉ ♠♦♠❡♥ts ✭JCu−Ln✮ ❝❛♥ ❜❡ ❞✐r❡❝t❧② r❡❛❞✲♦✛

✾✻



❢r♦♠ t❤❡ ❩❋❙ ❣❛♣ ♦❢ t❤❡ ❜r❛♥❝❤❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠♦st ♣r♦♥♦✉♥❝❡❞ ❢❡❛t✉r❡ ❛t
❧♦✇ t❡♠♣❡r❛t✉r❡s✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❢♦r ✺Tb ❛♥❞ ✻Dy ✉s✐♥❣ t❤❡ ❙❍ ✐♥ ❊q♥✳ ✻✳✾
❛r❡ s❤♦✇♥ ❛s s♦❧✐❞ ❜❧❛❝❦ ❧✐♥❡s ✐♥ ❋✐❣✉r❡ ✻✳✶✻ ✭❜✮ ❛♥❞ ✻✳✶✻ ✭❝✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ JLn−Cu

✈❛❧✉❡s ❛♠♦✉♥t t♦ ✶✳✶✻✭✺✮ ❝♠−1 ❛♥❞ ✵✳✺✽✭✺✮ ❝♠−1 ❢♦r ✺Tb ❛♥❞ ✻Dy✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❧❧
♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤❡s❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✻✳✹✳

❇❡s✐❞❡s t❤❡ ♠❛✐♥ ❢❡❛t✉r❡✱ t❤❡ ♦❜t❛✐♥❡❞ s♣❡❝tr❛ ❢♦r ✺Tb ❛♥❞ ✻Dy ✜❣✉r❡ ❛ ✜♥❡ str✉❝✲
t✉r❡ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ s❡❝♦♥❞ ❢❡❛t✉r❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦❧❧♦✇❡❞ ♦✈❡r t❤❡ ✇❤♦❧❡ ♠❡❛s✉r❡❞
❢r❡q✉❡♥❝② r❛♥❣❡✱ ❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ r❡❞ ❞♦ts ✐♥ ❋✐❣✉r❡ ✻✳✶✻ ✭❜✮ ❛♥❞ ✻✳✶✻ ✭❝✮✳ ❚❤❡
❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡s❡ ❛❞❞✐t✐♦♥❛❧ ❢❡❛t✉r❡s ✇✐t❤ ❛ ❩❋❙ ❣❛♣ ♦♥❧② ♠❛r❣✐♥❛❧ ❞✐✛❡r❡♥t ❢r♦♠
t❤❡ ♠❛✐♥ ❜r❛♥❝❤ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ✐❢ ❛ ✜♥✐t❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❈✉ ✐♦♥s ✐s ❝♦♥✲
s✐❞❡r❡❞ ✇❤✐❝❤ ❣✐✈❡s r✐s❡ t♦ ❛ tr✐♣❧❡t st❛t❡ ✇❤✐❝❤ ✐s ❝♦✉♣❧❡❞ t♦ t❤❡ ▲♥ ✐♦♥✳ ■♥❝❧✉❞✐♥❣
❛ |JCu−Cu| ❂ ✵✳✸✸✭✺✮ ❝♠−1 ❛♥❞ ✵✳✸✺✭✺✮ ❝♠−1 ❢♦r ✺Tb ❛♥❞ ✻Dy✱ r❡s♣❡❝t✐✈❡❧②✱ ❧❡❛❞s t♦
❛ s✐♠✉❧❛t✐♦♥ ✇❤✐❝❤ ♣❡r❢❡❝t❧② ✜ts t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ ❛s s❤♦✇♥ ❜② t❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡s
✐♥ ❋✐❣✉r❡ ✻✳✶✻ ✭❜✮ ❛♥❞ ✻✳✶✻ ✭❝✮✳ ❚❤❡ ♦❜t❛✐♥❡❞ ✈❛❧✉❡s ❛r❡ ❢✉rt❤❡r ✐♥ t❤❡ s❛♠❡ r❛♥❣❡
❛s t❤❡ JCu−Cu✲✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢♦r ✹Gd ❛♥❞ ✶La ❢r♦♠ ❉❋❚ ❝❛❧❝✉❧❛t✐♦♥s ♦r P❍■ ✜t✷✻✱
r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡ r❡❧❛t✐✈❡ ✐♥t❡♥s✐t✐❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t ❢❡❛t✉r❡s ❛r❡ ❤❛r❞
t♦ ❡✈❛❧✉❛t❡ ❞✉❡ t♦ t❤❡ ❢❛❝t✱ t❤❛t ❜♦t❤✱ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡s ✇✐t❤✐♥ t❤❡
✜❡❧❞ ❛s ✇❡❧❧ ❛s ♦t❤❡r ❛♥✐s♦tr♦♣② ❡✛❡❝ts ❝❛♥ ❤❛✈❡ ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ✈❡r② s❛♠❡✱ ❛ ❞❡❢✲
✐♥✐t✐♦♥ ♦❢ t❤❡ s✐❣♥ ♦❢ JCu−Cu ❡①❝❧✉s✐✈❡❧② ❜❛s❡❞ ♦♥ t❤❡ ❍❋ ❊P❘ ❞❛t❛ ✇♦✉❧❞ ❜❡ ❛♥
♦✈❡r✲✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♦✉r ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts✳ ❋✉rt❤❡r ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♠❡♥t✐♦♥✱
t❤❛t t❤❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ❛❞❞✐t✐♦♥❛❧ ✜♥❡ str✉❝t✉r❡ ✐♥ t❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr❛ ❜② ❛
✜♥✐t❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❈✉ ✐♦♥s ✐s✱ ❡✈❡♥ ✐❢ ✇❡❧❧ ❥✉st✐✜❡❞ ❜② t❤❡ ♣r❡❞✐❝t✐♦♥s ❢r♦♠
❞❝ s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛ ❛♥❞ ❉❋❚ ❝❛❧❝✉❧❛t✐♦♥s✱ ❛ r❛t❤❡r s♣❡❝✉❧❛t✐✈❡ ❛ss✉♠♣t✐♦♥✱ s✐♥❝❡
t❤❡r❡ ❛r❡ ♦t❤❡r ♠❡❝❤❛♥✐s♠s ❛s ❡✳❣✳ ❛ ♠✐①❡❞ ❣r♦✉♥❞ st❛t❡ ♦❢ t❤❡ ▲♥ ✐♦♥ ❬✷✶✵❪ ♦r ♠✐♥✐✲
♠❛❧ ❞✐✛❡r❡♥❝❡s ✐♥ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ t♦ t❤❡ t✇♦ ❈✉ ✐♦♥s✱ ✇❤✐❝❤ ✐♥ ♣r✐♥❝✐♣❧❡ ❝♦✉❧❞ ❛❧s♦
♣r♦♠♦t❡ ❛❞❞✐t✐♦♥❛❧ ❢❡❛t✉r❡s✳

■♥✈❡st✐❣❛t✐♥❣ ✶La ❡♥❛❜❧❡s t♦ ❞❡t❡r♠✐♥❡ t❤❡ g✲❛♥✐s♦tr♦♣② ♦❢ t❤❡ ❈✉ s♣✐♥s ✐♥ t❤❡
❛❜s❡♥❝❡ ♦❢ ❛♥ ▲♥ ♠♦♠❡♥t✳ ❚❤❡ ♦❜t❛✐♥❡❞ s♣❡❝tr❛✱ ❞❡♣✐❝t❡❞ ❛s ❣r❡② ❧✐♥❡s ✐♥ ❋✐❣✲
✉r❡ ✻✳✶✻ ✭❞✮✱ s❤♦✇ ❛ t②♣✐❝❛❧ ♣♦✇❞❡r ❧✐❦❡ s♣❡❝tr❛❧ s❤❛♣❡✱ ❛❣❛✐♥ ✜❣✉r✐♥❣ ❛♥ ❛①✐❛❧
❛♥✐s♦tr♦♣②✳❬✶✾✼✱ ✷✷✷❪ ❙✉❝❤ ❛♥✐s♦tr♦♣✐❝ ♣♦✇❞❡r s♣❡❝tr❛ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ ❙ ❂
✶✴✷ ❛♣♣r♦❛❝❤ ✇✐t❤ ❛♥ ❛♥✐s♦tr♦♣✐❝ g✲✈❛❧✉❡✳ ❚❤❡ ❛①✐❛❧ s②♠♠❡tr② s✉❣❣❡sts t❤❛t ♦♥❧②
t❤❡ ❛①✐❛❧ ✭g∥✮ ❛♥❞ tr❛♥s✈❡rs❛❧ ✭g⊥✮ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ❛♥✐s♦tr♦♣✐❝ g✲t❡♥s♦r ♥❡❡❞s t♦
❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ❢❡❛t✉r❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ g∥ ❛♥❞ g⊥ ❛r❡ ♠❛r❦❡❞ ❜② r❡❞ ❞♦ts ❛♥❞
❜❧❛❝❦ sq✉❛r❡s ✐♥ ❋✐❣✉r❡ ✻✳✶✻ ✭❞✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❋r♦♠ ❧✐♥❡❛r ✜ts t♦ t❤❡ r❡s♦♥❛♥❝❡ ✜❡❧❞
♣♦s✐t✐♦♥s ✇❡ ♦❜t❛✐♥ g∥ ❂ ✷✳✸✶✭✷✮ ❛♥❞ g⊥ ❂ ✷✳✵✾✭✷✮✳

◆♦t❡✱ t❤❛t t❤❡r❡ ✐s ♥♦ ❩❋❙ ❢♦r ❡✐t❤❡r ❜r❛♥❝❤ ❛s ❡①♣❡❝t❡❞ ❢♦r ❛ s♣✐♥ ❙ ❂ ✶✴✷ s②st❡♠✳
❚❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❞❝ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ ✶La ✐♠♣❧✐❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛
s♠❛❧❧ ❜✉t ✜♥✐t❡ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ ✭❛❢♠✮ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❈✉ s♣✐♥s✳✷✼ ❍♦✇❡✈❡r✱
❛s ❞❡♠♦♥str❛t❡❞ ❜② t❤❡ s✐♠✉❧❛t✐♦♥ ✭❋✐❣✉r❡ ❆✳✷✼✮ ♦❢ t❤❡ ❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠ ✇✐t❤ t❤❡
❡①♣❡❝t❡❞ tr❛♥s✐t✐♦♥s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❆✳✷✽✱ t❤❡ ❡①❝✐t❛t✐♦♥ ❣❛♣ ✐♥❞✉❝❡❞ ❜② t❤✐s ❝♦✉♣❧✐♥❣

✷✻❉❈ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛♥❞ ❡✈❛❧✉❛t❡❞ ❜② ◆✳ ❆❤♠❡❞ ❡t ❛❧✳✱ ■■❚ ❇♦♠✲
❜❛②✳ ❚❤❡ s✉s❝❡♣t✐❜✐❧✐t② ❞❛t❛ ✇❡r❡ ✜tt❡❞ ❜② t❤❡ ♣r♦❣r❛♠ P❍■✱ ❤♦✇❡✈❡r✱ ✇✐t❤✐♥ t❤✐s ✇♦r❦ ♦♥❧② t❤❡
r❡s✉❧t✐♥❣ ❝♦✉♣❧✐♥❣ ♣❛r❛♠❡t❡r ❢♦r ✶La ✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✻✳✹✳

✷✼❉❛t❛ ♥♦t s❤♦✇♥ ✇✐t❤✐♥ t❤✐s ✇♦r❦✳

✾✼



❋✐❣✉r❡ ✻✳✶✼✳✿ ✭❛✮ ❍❋✲❊P❘ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❢♦r ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢ ✹Gd ❛t t❤❡
❢r❡q✉❡♥❝② ♦❢ ❢ ❂ ✶✻✾✳✸ ●❍③ ❢♦r ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s ❛s ✐♥❞✐❝❛t❡❞ ✐♥
t❤❡ ♣❧♦t✳ ✭❜✮ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr❛ s❤♦✇♥ ✐♥ ✭❛✮ ✉s✐♥❣ t❤❡
❙❍ ✐♥ ❊q♥✳ ✻✳✽ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✻✳✹✳

❝❛♥♥♦t ❜❡ ❞✐r❡❝t❧② ♦❜s❡r✈❡❞ ❜② ❍❋✲❊P❘ ♠❡❛s✉r❡♠❡♥ts s✐♥❝❡ t❤❡r❡ ✐s ♥♦ tr❛♥s✐t✐♦♥
♣r♦❜❛❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ ❣❛♣♣❡❞ ❡♥❡r❣② ❧❡✈❡❧s✳ ❆❧s♦ ❞✉❡ t♦ t❤❡ ✇❡❛❦ ❝♦✉♣❧✐♥❣✱ ≈ ✶✳✸ ❑✱
t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❛ s✐♥❣❧❡t ❣r♦✉♥❞ st❛t❡ ✐s ✐❣♥♦r❡❞ ✐♥ ♦✉r ❛♥❛❧②s✐s ♦❢ t❤❡ ❍❋✲❊P❘
❞❛t❛✳

✻✳✸✳✸✳ ❊①♣❡r✐♠❡♥t❛❧ ❉❡t❛✐❧s

❆❧❧ ❤✐❣❤✲❢r❡q✉❡♥❝②✴❤✐❣❤✲✜❡❧❞ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✭❍❋✲❊P❘✮ ♠❡❛s✉r❡✲
♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❛ ♠✐❧❧✐♠❡t❡r✲✇❛✈❡ ✈❡❝t♦r ♥❡t✇♦r❦ ❛♥❛❧②③❡r ✭▼❱◆❆✮
❢r♦♠ ❆❇♠♠ ❛s ❛ ♣❤❛s❡✲s❡♥s✐t✐✈❡ ♠✐❝r♦✇❛✈❡ s♦✉r❝❡ ❛♥❞ ❞❡t❡❝t♦r ❛♥❞ ❛ s✉♣❡r❝♦♥✲
❞✉❝t✐♥❣ ♠❛❣♥❡t ❢r♦♠ ❖①❢♦r❞ ✐♥str✉♠❡♥ts✳❬✻✼❪ ▼❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❜❡t✇❡❡♥
✽✵ ●❍③ ❛♥❞ ✾✵✵ ●❍③✱ ❛♥❞ ✐♥ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✉♣ t♦ ✶✻ ❚✳ ❚❡♠♣❡r❛t✉r❡ ❝♦♥tr♦❧ ❜❡✲
t✇❡❡♥ ❚ ❂ ✷ ❑ ❛♥❞ ✼✵ ❑ ✇❛s ❡♥s✉r❡❞ ❜② ❛ ✈❛r✐❛❜❧❡ t❡♠♣❡r❛t✉r❡ ✐♥s❡rt ✭❱❚■✮ ✇✐t❤
❛ 4❍❡ ❣❛s ✢♦✇ ❝r②♦st❛t✳ ❚♦ ❡♥❤❛♥❝❡ s✐❣♥❛❧ ✐♥t❡♥s✐t✐❡s✱ t❤❡ ✺Tb ❛♥❞ ✻Dy s❛♠♣❧❡s ✇❡r❡
♠❡❛s✉r❡❞ ❛s ❧♦♦s❡ ♣♦✇❞❡rs✳ ❚❤❡② ✇❡r❡ ♣❧❛❝❡❞ ✐♥s✐❞❡ ❛ ❜r❛ss r✐♥❣ ✐♥ ❛ ❤♦♠❡✲♠❛❞❡
tr❛♥s♠✐ss✐♦♥✲t②♣❡ ❊P❘ ♣r♦❜❡ ✇✐t❤ ♥♦ ❡①tr❛ ❣❧✉❡ ♦r ❣r❡❛s❡ s♦ t❤❛t t❤❡ ❝r②st❛❧❧✐t❡s

✾✽



❚❛❜❧❡ ✻✳✹✳✿ ❙❍ ♣❛r❛♠❡t❡rs ♦❜t❛✐♥❡❞ ❜② s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢
t❤❡ ♠❡❛s✉r❡❞ ❍❋✲❊P❘ s♣❡❝tr❛ ✭✹Gd s❡❡ ❋✐❣✉r❡ ✻✳✶✼✮ ❛♥❞ ♦❢ t❤❡ r❡s♦♥❛♥❝❡
❜r❛♥❝❤❡s ✐♥ t❤❡ ❢r❡q✉❡♥❝② ✈s✳ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐❛❣r❛♠ ✉s✐♥❣ t❤❡ ❙❍ s❤♦✇♥
✐♥ ❊q♥✳ ✻✳✽ ✭✹Gd✮ ❛♥❞ ❊q♥✳ ✻✳✾ ✭✺Tb ❛♥❞ ✻Dy✮ ❛s ✇❡❧❧ ❛s ❛ s♣✐♥ ❙ ❂ ✶✴✷
❛♣♣r♦❛❝❤ ❢♦r ✶La✳

geff JLn−Cu ❉ ✭❝♠−1✮ JCu−Cu

✹Gd ✜①❡❞ ✷✳✶✺✭✷✮ ✭✷✳✶✽∗∗∗✮ ✶✳✺✭✶✵✮ ✭✶✳✼✵∗∗∗✮ ✲✵✳✶✺✭✶✵✮ ✲✵✳✷✺∗

✺Tb ❧♦♦s❡ ✷✳✵✽✭✷✮ ✶✳✶✻✭✺✮ ±✵✳✸✸✭✺✮
✻Dy ❧♦♦s❡ ✷✳✶✶✭✷✮ ✵✳✺✽✭✺✮ ±✵✳✸✺✭✺✮
✶La ❧♦♦s❡ g∥❝❂ ✷✳✸✶✭✷✮❀ g⊥ ❂ ✷✳✵✾✭✷✮ ✲✵✳✽✽∗∗
∗

❱❛❧✉❡ ✐s t❛❦❡♥ ❢r♦♠ ❉❋❚ ❝❛❧❝✉❧❛t✐♦♥s ♦♥ ✹Gd✳
∗∗

❖❜t❛✐♥❡❞ ❜② P❍■ ✜t ♦❢ t❤❡ ❞❝ ♠❛❣♥❡t✐③❛t✐♦♥ ❞❛t❛ ♦♥ ✶La✳
∗∗∗

❖❜t❛✐♥❡❞ ❜② P❍■ ✜t ♦❢ t❤❡ ❞❝ ♠❛❣♥❡t✐③❛t✐♦♥ ❞❛t❛ ♦♥✹Gd✳

✇❡r❡ ❢r❡❡ t♦ ❛❧✐❣♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐r❡❝t✐♦♥✳ ❚♦ ❡♥s✉r❡
❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r✱ t❤❡ ♠❛①✐♠✉♠ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ❇ ❂ ✶✻ ❚ ✇❛s ❛♣♣❧✐❡❞
♣r✐♦r t♦ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ t❤❡ ❛❧✐❣♥♠❡♥t ✇❛s ♠♦♥✐t♦r❡❞ ❜② ♦❜s❡r✈❛t✐♦♥ ♦❢ ❝♦r✲
r❡s♣♦♥❞✐♥❣ ♦r✐❡♥t❛t✐♦♥ ❥✉♠♣s ✐♥ t❤❡ tr❛♥s♠✐tt❡❞ ♠✐❝r♦✇❛✈❡ s✐❣♥❛❧✳ ▼❡❛♥✇❤✐❧❡✱ ✹Gd

❛♥❞ ✶La s❛♠♣❧❡s ✇❡r❡ ❣r♦✉♥❞ ❛♥❞ t❤❡♥ ✜①❡❞ ✇✐t❤ ❡✐❝♦s❛♥❡ t♦ ❛✈♦✐❞ ♣❛rt✐❛❧ ♦r✐❡♥t❛t✐♦♥
♦❢ t❤❡ ♣♦✇❞❡r✳ ❆♥❛❧②s✐s ❛♥❞ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❍❋✲❊P❘ ❞❛t❛ ✇❡r❡ ❞♦♥❡ ✉s✐♥❣ t❤❡
❊❛s②❙♣✐♥ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡✳❬✻✻❪

✻✳✸✳✹✳ ❈♦♥❝❧✉s✐♦♥

❲✐t❤✐♥ t❤✐s ❝❤❛♣t❡r✱ ❢♦✉r ❞✐✛❡r❡♥t r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ❛ ♥❡❛r❧② ❧✐♥❡❛r tr✐♥✉❝❡❧❛r s❡r✐❡s ♦❢
❈✉✭■■✮✲▲♥✭■■■✮✲❈✉✭■■✮ ❝♦♠♣♦✉♥❞s ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ ❜② t❤❡ ♠❡❛♥s ♦❢ ❍❋✲❊P❘✳ ❚❤❡ ❢♦✲
❝✉s ♦❢ t❤✐s ✐♥✈❡st✐❣❛t✐♦♥ ✇❛s t❤❡r❡❜② ♦♥ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ❈✉✭■■✮✲▲♥✭■■■✮ ✐♥t❡r❛❝✲
t✐♦♥ str❡♥❣t❤ ✇❤✐❝❤ ✇❛s q✉❛♥t✐✜❡❞ t♦ ✶✳✺✭✶✵✮ ❝♠−1✱ ✶✳✶✽✭✶✵✮ ❝♠−1 ❛♥❞ ✵✳✺✻✭✶✵✮ ❝♠−1

✐♥ ✹Gd✱ ✺Tb ❛♥❞ ✻Dy✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♦❜s❡r✈❡❞ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❢❡rr♦♠❛❣♥❡t✐❝ ❝♦✉♣❧✐♥❣
str❡♥❣t❤ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❛t♦♠✐❝ ♥✉♠❜❡r ✐s ✐♥ ❝♦❤❡r❡♥❝❡ ✇✐t❤ ♦t❤❡r ❝♦♠♣❛r❛❜❧❡ s❛♠♣❧❡
s❡ts r❡♣♦rt❡❞ ✐♥ ❧✐t❡r❛t✉r❡✳❬✷✵✽✱ ✷✶✵✱ ✷✷✸❪ ❚♦ r❛t✐♦♥❛❧✐③❡ t❤✐s ♦❜s❡r✈❛t✐♦♥ ❢♦r ▲♥n❈✉m
❝♦♠♣❧❡①❡s✱ ❑❛❤♥ ♣r♦♣♦s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧✿❬✷✷✹❪ ❆s ♦❜s❡r✈❡❞ ❜② ❡①♣❡r✐♠❡♥ts✱ t❤❡
❡①❝❤❛♥❣❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❜❡t✇❡❡♥ t❤❡ ❈✉✭■■✮ ❛♥❞ t❤❡ ▲♥✭■■■✮ ✐♦♥s ♠♦♥♦t♦♥✐❝❛❧❧②
❞❡❝r❡❛s❡s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❛t♦♠✐❝ ♥✉♠❜❡r ❛♥❞ ❞❡❝r❡❛s✐♥❣ ♥✉♠❜❡r ♦❢ ❡❧❡❝tr♦♥✐❝ s♣✐♥s
❢r♦♠ ✼ t♦ ✹ ✐♥ t❤❡ ♦r❞❡r ❢r♦♠ ●❞✭■■■✮ t♦ ❉②✭■■■✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❑❛❤♥ ♣r♦♣♦s❡❞✱ t❤❛t
t❤❡ ♠♦r❡ ✉♥♣❛✐r❡❞ ✹f ❡❧❡❝tr♦♥s ❛r❡ ❣✐✈❡♥✱ t❤❡ ❤✐❣❤❡r t❤❡ ♣♦ss✐❜❧❡ ❡♥❡r❣② r❡❞✉❝t✐♦♥
✇❤✐❝❤ ❝❛♥ ❜❡ ❣❛✐♥❡❞ ❜② t❤❡ ❡①❝❤❛♥❣❡ ❝♦✉♣❧✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ ❍✉♥❞✬s r✉❧❡s ❛♥❞ t❤✉s✱
t❤❡ str♦♥❣❡r t❤❡ ❢❡rr♦♠❛❣♥❡t✐❝ ❡①❝❤❛♥❣❡ ❝♦✉♣❧✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♣r♦♣♦s❡❞ ♠♦❞❡❧
✐♠♣❧✐❡s✱ t❤❛t ❡✈❡♥ t❤♦✉❣❤ t❤❡ ▲♥ ✐♦♥ ❝♦♥tr❛❝t✐♦♥ ✐s ♦❜s❡r✈❡❞ ❛s ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡
▲♥✲❖ ❜♦♥❞ ❞✐st❛♥❝❡ ✐♥ t❤❡ ❝r②st❛❧❧♦❣r❛♣❤✐❝ ❛♥❛❧②s✐s ❢r♦♠ ✹Gd t♦ ✻Dy✱ ✐t ♠♦st ❧✐❦❡❧②
♣❧❛②s ♦♥❧② ❛ ♠✐♥♦r r♦❧❡ ❢♦r t❤❡ ❈✉✲▲♥ ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤ ✐♥ ❣❡♥❡r❛❧✳❬✷✶✵❪ ❚❤❡ ❧❛tt❡r
✐s ❢✉rt❤❡r s✉♣♣♦rt❡❞ ❜② t❤❡ ♦❜s❡r✈❡❞ ❞❡r✐✈❛t✐♦♥s ❜❡t✇❡❡♥ ❝❛❧❝✉❧❛t❡❞ ✈❛❧✉❡s ❢♦r t❤❡
❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤ ♦❜t❛✐♥❡❞ ❜② t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ▲♥✲❖ ❜♦♥❞ ❞✐st❛♥❝❡
✐♥ t❤❡ r❡s♣❡❝t✐✈❡ str✉❝t✉r❡ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧❧② ❞❡r✐✈❡❞ ♣❛r❛♠❡t❡rs ❛s r❡♣♦rt❡❞ ✐♥ t❤❡

✾✾



❧✐t❡r❛t✉r❡✳❬✷✷✸❪

❇❡②♦♥❞ t❤❡ ❞❡t❛✐❧❡❞ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ❈✉✭■■✮✲▲♥✭■■■✮ ❝♦✉♣❧✐♥❣ str❡♥❣t❤✱ ❛♥ ❛①✐❛❧
g✲❛♥✐s♦tr♦♣② ♦❢ t❤❡ ❈✉✭■■✮ ♠♦♠❡♥ts ✇❛s ♦❜s❡r✈❡❞ ❛s ❛ r❡s✉❧t ♦❢ ♠❡❛s✉r❡♠❡♥ts ♦♥ t❤❡
✶La s❛♠♣❧❡ ✐♥ ✇❤✐❝❤ t❤❡ ♣❛r❛♠❛❣♥❡t✐❝ ▲♥ s♣❡❝✐❡s ✐s r❡♣❧❛❝❡❞ ❜② ❛ ❞✐❛♠❛❣♥❡t✐❝ ▲❛✭■■■✮
✐♦♥✳ ❚❤✐s ❛♥✐s♦tr♦♣② ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ str✉❝t✉r❛❧❧② ✇✐t♥❡ss❡❞ ❏❛❤♥✲❚❡❧❧❡r

❞✐st♦rt✐♦♥ ♦♥ t❤❡ ❈✉ s✐t❡s✳ ❚❤❡ ❛♥✐s♦tr♦♣✐❝ g✲✈❛❧✉❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❈✉✭■■✮ ✐♦♥s ✐♥
✶La✱ ✇❤✐❝❤ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ ❛❞❞✐t✐♦♥❛❧ ❛♥✐s♦tr♦♣② ❝♦♥tr✐❜✉t✐♦♥s
✐♥❞✉❝❡❞ ❜② ❝♦✉♣❧✐♥❣ ♠❡❝❤❛♥✐s♠s t♦ t❤❡ ❝❡♥tr❛❧ ▲♥ ✐♦♥✱ ✇❛s ✉s❡❞ t♦ r❛t✐♦♥❛❧✐③❡ t❤❡
♥♦♥✲✈❛♥✐s❤✐♥❣ ❛♥✐s♦tr♦♣② ♦♥ t❤❡ ●❞ s✐t❡ ✐♥ ✹Gd ❜② t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ✜♥✐t❡ ❞✐♣♦❧❛r
✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ●❞✭■■■✮ ✐♦♥ ❛♥❞ t❤❡ ❈✉✭■■✮ ✐♦♥s✳

✶✵✵



✼✳ ❆❞❞✐t✐♦♥❛❧ ▼❛t❡r✐❛❧s

✼✳✶✳ ❍❋ ❊P❘ ■♥✈❡st✐❣❛t✐♦♥s ♦♥ ❈♦2▲✉2✲▼❡❖❍

❆s ✐t ✇❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ ✹f ✲▲❛♥t❤❛♥✐❞❡ ✐♦♥s t♦ ❛
tr❛♥s✐t✐♦♥ ♠❡t❛❧ d ❡❧❡♠❡♥t ♣r♦✈❡❞ t♦ ❜❡ ❛ ♣r♦♠✐s✐♥❣ ❛♣♣r♦❛❝❤ t♦ s✉♣♣r❡ss s♦✲❝❛❧❧❡❞
✧✉♥❞❡r✲❜❛rr✐❡r✧❬✷✷✺❪ t✉♥♥❡❧❧✐♥❣ ♣r♦❝❡ss❡s✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❝♦✉♣❧❡❞ ❝♦♠♣❧❡①❡s
✇❤✐❝❤ ✇❛s ❤❡❛✈✐❧② ✐♥✈❡st✐❣❛t❡❞ t❤r♦✉❣❤♦✉t t❤❡ ❧❛st ②❡❛rs ✐s ❣✐✈❡♥ ❜② t❤❡ ❣r♦✉♣ ♦❢
s♦✲❝❛❧❧❡❞ ✧❜✉tt❡r✢②✧✲❝♦♠♣♦✉♥❞s ❬✶✽✻✱ ✷✷✻✕✷✸✵❪✳ ❊✈❡♥ t❤♦✉❣❤✱ t❤❡ ❡①❝❤❛♥❣❡ ❝♦✉♣❧✐♥❣
str❡♥❣t❤ ❜❡t✇❡❡♥ t❤❡ ✐♦♥s ✐♥ t❤❡ ♠❡t❛❧ ❝❧✉st❡r tr❡♠❡♥❞♦✉s❧② ❝♦♥tr♦❧s t❤❡ ❞②♥❛♠✐❝ r❡✲
❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ✐♥ s✉❝❤ ❜✉tt❡r✢② ❝♦♠♣♦✉♥❞s✱ t❤❡ ❞✐r❡❝t ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛ ♠♦❧❡❝✉❧❛r
❝❧✉st❡r ✇✐t❤ ❢♦✉r ❝♦✉♣❧❡❞ ✐♦♥s ✜❣✉r❡s ♦❢t❡♥ t♦♦ ♠✉❝❤ ❢r❡❡ ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❞❡♣❡♥❞
♦♥ ❡❛❝❤ ♦t❤❡r ❛♥❞ ❛r❡ t❤❡r❡❜② ♥♦t ✇❡❧❧ ❞❡✜♥❡❞✳ ❬✶✽✻✱ ✷✷✻✕✷✷✽❪ ❚❤❡r❡❢♦r❡ ✐t ✐s ❛ ❝♦♠✲
♠♦♥ ❛tt❡♠♣t t♦ s②♥t❤❡s✐③❡ ❛♥❛❧♦❣♦✉s s❛♠♣❧❡s ✇❤✐❝❤ ❤❛✈❡ t❤❡ s❛♠❡ ♠♦❧❡❝✉❧❛r ❛♥❞
❝r②st❛❧❧✐♥❡ str✉❝t✉r❡✱ ❜✉t ❛ ♣❛rt ♦❢ t❤❡ ♣❛r❛♠❛❣♥❡t✐❝ ✐♦♥s ❛r❡ r❡♣❧❛❝❡❞ ❜② ❡q✉❛❧❧②
s✐③❡❞ ❞✐❛♠❛❣♥❡t✐❝ ♦♥❡s✳ ❇② t❤✐s ❛♣♣r♦❛❝❤ ❛ r❡❞✉❝❡❞ ❝❧✉st❡r ❝❛♥ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥✲
❞❡♣❡♥❞❡♥t❧② ❢r♦♠ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ r❡♣❧❛❝❡❞ ✐♦♥s✳ ❚❤❡ ♦❜t❛✐♥❡❞ ♣❛r❛♠❡t❡rs ❝❛♥
s✉❜s❡q✉❡♥t❧② ❜❡ ✜①❡❞ ✐♥ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ ❝❧✉st❡r ✇❤✐❝❤ s✐❣♥✐✜❝❛♥t❧②
r❡❞✉❝❡s t❤❡ ❛♠♦✉♥t ♦❢ ❢r❡❡ ♣❛r❛♠❡t❡rs✳ ❲✐t❤✐♥ t❤✐s ❝❤❛♣t❡r✱ ❛♥ ❛♥❛❧♦❣✉❡ t♦ t❤❡
❈♦2❉②2✲▼❡❖❍ ❝♦♠♣♦✉♥❞ r❡♣♦rt❡❞ ✐♥ r❡❢✳ ❬✶✽✻❪ ✐s ❞✐s❝✉ss❡❞✱ ✇❤❡r❡ t❤❡ ♣❛r❛♠❛❣♥❡t✐❝
❉②✭■■■✮✲✐♦♥s ❛r❡ r❡♣❧❛❝❡❞ ❜② ❞✐❛♠❛❣♥❡t✐❝ ▲✉✭■■■✮✲✐♦♥s✳

✼✳✶✳✶✳ ❉❈ ▼❛❣♥❡t✐s❛t✐♦♥ ❛♥❞ ❍❋✲❊P❘ ❙t✉❞✐❡s

■♥ ✜❣✳ ✼✳✶ t❤❡ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ s❛♠♣❧❡ ✇✐t❤ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛
❬❈♦2▲✉2✭▲✮4 ✭◆❖3✮2✭▼❡❖❍✮2❪➲ ✷❈❍2❈❧2 ✭❤❡r❡❛❢t❡r ❝❛❧❧❡❞ ❈♦2▲✉4✲▼❡❖❍✮ ✐s s❤♦✇♥✱
✇❤❡r❡ ▲ ❞❡♥♦t❡s ❛ ❙❝❤✐❢❢✲❜❛s❡ ❧✐❣❛♥❞ ❛s ✐t ✐s ❝❧♦s❡r ❞❡s❝r✐❜❡❞ ✐♥ ❬✷✷✽❪✳ ❚❤❡ s❛♠♣❧❡
✇❛s s②♥t❤❡s✐s❡❞ ❛♥❞ str✉❝t✉r❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❨✳ P❡♥❣ ✐♥ t❤❡ ❣r♦✉♣ ♦❢ ❆✳ P♦✇❡❧❧
❛t t❤❡ ❑❛r❧sr✉❤❡ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✳

❋✐❣✳ ✼✳✷ ❞❡♣✐❝ts t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t ❞❝ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ✇❤✐❝❤ ✇❛s
♠❡❛s✉r❡❞ ♦♥ ❛ ✜①❡❞ ♣♦✇❞❡r ❈♦2▲✉2✲▼❡❖❍ s❛♠♣❧❡ ✐♥ ❛ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ❜❡t✇❡❡♥
✶✳✽ ❛♥❞ ✸✵✵ ❑ ✉♥❞❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✵✳✶ ❚✳ ❚❤❡ ❝♦♥st❛♥t
χ❚✲♣r♦❞✉❝t ♦❢ ✻✳✺✸ ❡r❣ ❑✴♠♦❧❡ ●2 ❜❡t✇❡❡♥ ✺✵ ❛♥❞ ✸✵✵ ❑ ❝♦rr❡s♣♦♥❞s t♦ t✇♦ ✉♥❝♦✉✲
♣❧❡❞ ❈♦✭■■✮ ❙ ❂ ✸✴✷ ✐♦♥s ✇✐t❤ ❛♥ r❡s♣❡❝t✐✈❡ ❛✈❡r❛❣❡❞ g✲✈❛❧✉❡ ♦❢ g ❂ ✷✳✻✳❬✷✻❪ ❚❤✐s ✈❛❧✉❡
✐s ✐♥ ❧✐♥❡ ✇✐t❤ g✲✈❛❧✉❡s r❡♣♦rt❡❞ ❢♦r ♦t❤❡r ❈♦✭■■✮ ❤✐❣❤✲s♣✐♥ ❝♦♠♣♦✉♥❞s✳❬✷✵✱ ✷✸✶✕✷✸✸❪
❲✐t❤ ❞❡❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡s ❜❡❧♦✇ ✺✵ ❑✱ t❤❡ χ❚✲♣r♦❞✉❝t ✐♥❝r❡❛s❡s ✉♥t✐❧ ✐t r❡❛❝❤❡s
❛ ♠❛①✐♠✉♠ ♦❢ ✽✳✹✺ ❡r❣ ❑✴♠♦❧❡ ●2 ❛t ❚ ❂ ✺ ❑✳ ❚❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤✐s ♠❛①✐♠✉♠ ✐s

✶✵✶



❋✐❣✉r❡ ✼✳✶✳✿ ▼♦❧❡❝✉❧❛r str✉❝t✉r❡ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ❈♦2▲✉2✲▼❡❖❍ ❝♦♠♣♦✉♥❞✳
❈♦✭■■✮✱ ❜❧✉❡❀ ▲✉✭■■■✮✱ ❣r❡❡♥❀ ❖✱ r❡❞❀ ◆✱ ❧✐❣❤t ❜❧✉❡❀ ❈✱ ❜r♦✇♥❀ ❍✱ ✇❤✐t❡✳
✭❙❛♠♣❧❡ ✇❛s str✉❝t✉r❛❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❨✳ P❡♥❣✱ ❑■❚✳✮

❛ ❞✐r❡❝t ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❢❡rr♦♠❛❣♥❡t✐❝ ❞✐♠❡r✲❧✐❦❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥
t❤❡ t✇♦ ❈♦✭■■✮✲✐♦♥s✳❬✷✸✹✱ ✷✸✺❪

❚❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♠❡❛s✉r❡❞ ❛t ❞✐✛❡r❡♥t
t❡♠♣❡r❛t✉r❡s ✐s s❤♦✇♥ ❛s ✐♥s❡t ✐♥ ✜❣✳ ✼✳✷✳ ❋♦r t❤❡ ❧♦✇❡st t❡♠♣❡r❛t✉r❡ ♦❢ ❚ ❂ ✶✳✽ ❑
t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ t❡♥❞s t♦ ✐♥❝r❡❛s❡ q✉✐❝❦❧② ✐♥ t❤❡ ❧♦✇ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❡❣✐♦♥ ✉♥t✐❧ t❤❡
s❧♦♣❡ ❞❡❝r❡❛s❡s ❛t ✜❡❧❞s ❛r♦✉♥❞ ✷ ❚ ❛♥❞ ❢♦❧❧♦✇s ❛ ❧✐♥❡❛r ❜❡❤❛✈✐♦r✳ ❆t t❤❡ ♠❛①✐♠✉♠
✜❡❧❞ ♦❢ ✼ ❚ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ✜❣✉r❡s ❛ ✈❛❧✉❡ ♦❢ ✺ µB✴❢✳✉✳ ✇❤✐❝❤ ✐s ❜❡❧♦✇ t❤❡
❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ✼✳✽ µB✴❢✳✉✳ ❛ss✉♠✐♥❣ t✇♦ ❈♦✭■■✮✲✐♦♥s ❛♥❞ t❤❡ ❛✈❡r❛❣❡❞ g✲✈❛❧✉❡
♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ r♦♦♠✲t❡♠♣❡r❛t✉r❡ χ❚✲♣r♦❞✉❝t ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❋✉rt❤❡r♠♦r❡✱
♥♦ s❛t✉r❛t✐♦♥ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ✇✐t❤✐♥ t❤❡ ❛❝❝❡ss✐❜❧❡ ✜❡❧❞ r❛♥❣❡ ❝❛♥ ❜❡ ✇✐t♥❡ss❡❞✳
❇♦t❤✱ t❤❡ ❞✐♠✐♥✐s❤❡❞ ♠❛①✐♠❛❧ ♠♦♠❡♥t ❛s ✇❡❧❧ ❛s t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ s❛t✉r❛t✐♦♥ ❜❡❤❛✈✐♦r
✐♥❞✐❝❛t❡s t❤❛t ❡✐t❤❡r✱ ❛ str♦♥❣ s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣② ♦♥ ❡❛❝❤ ❈♦✭■■✮✲✐♦♥ s✐t❡✱ ♦r ❛
s✐❣♥✐✜❝❛♥t ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❈♦✭■■✮ ✐♦♥s ✐s ♣r❡s❡♥t✳❬✻✶❪ ❋r♦♠
t❤❡ q✉❛❧✐t❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ t❤❡ χ❚✭❚✮ ❞❛t❛ ❞✐s❝✉ss❡❞ ❛❜♦✈❡ ✐t ✐s✱ ❤♦✇❡✈❡r✱ ❡①♣❡❝t❡❞✱
t❤❛t t❤❡ ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❈♦✭■■✮ ✐♦♥s ✐s ❢❡rr♦♠❛❣♥❡t✐❝ ✐♥ ♥❛t✉r❡
❛♥❞ s❤♦✉❧❞ t❤❡r❡❜② ❧❡❛❞ t♦ ❛ st❡❡♣ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♠❛❣♥❡t✐s❛t✐♦♥ ❛♥❞ ❛ s❛t✉r❛t✐♦♥
❜❡❤❛✈✐♦✉r ❡✈❡♥ ❛t r❡❧❛t✐✈❡❧② s♠❛❧❧ ❡①t❡r♥❛❧ ✜❡❧❞s✳ ❚❤✉s✱ ✐t ✐s ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡
❞✐♠✐♥✐s❤❡❞ ♠❛❣♥❡t✐s❛t✐♦♥ ♦r✐❣✐♥❛t❡s ❢r♦♠ ❛ str♦♥❣ ❛①✐❛❧ s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣② ❛❣❛✐♥st
✇❤✐❝❤ t❤❡ r❛♥❞♦♠❧② ♦r✐❡♥t❡❞ ❈♦✭■■✮ s♣✐♥s ❛r❡ ✜❣❤t✐♥❣ ✐❢ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s
❛♣♣❧✐❡❞✳

❚♦ ❞❡t❡r♠✐♥❡ t❤❡ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs ✇❤✐❝❤ ❞❡✜♥❡ t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❛♥❞ ♠❛❣✲
♥❡t✐❝ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ❝♦♠♣♦✉♥❞ ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥✱ t❤❡ χ❚✲❞❛t❛ ❝❛♥ ❜❡ ✜tt❡❞ ❛s✲
s✉♠✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙❍✱ ✇❤❡r❡ D ❛♥❞ E ❞❡s❝r✐❜❡ t❤❡ ❛①✐❛❧ ❛♥❞ tr❛♥s✈❡rs❛❧ s✐♥❣❧❡✲✐♦♥
❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡rs ❛♥❞ J t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❈♦✭■■✮✲✐♦♥s✳✷✽

H = gµBB · S+D

[

S2
z −

S(S + 1)

3

]

+ E
[

S2
x − S

2
y

]

− JS1S2 ✭✼✳✶✮

✷✽❋♦r t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❙❍ ❛♣♣r♦❛❝❤ ✐t ✐s r❡❢❡rr❡❞ t♦ ❝❤❛♣✳ ✷✳✺✳

✶✵✷



❋✐❣✉r❡ ✼✳✷✳✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❞❝ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡❞ ✐♥
❛♥ ❛♣♣❧✐❡❞ ✜❡❧❞ ♦❢ ✵✳✶ ❚ ✐s s❤♦✇♥ ❛s ❜❧❛❝❦ s②♠❜♦❧s✳ ❚❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡
❝♦rr❡s♣♦♥❞s t♦ ❛ ✜t ✉s✐♥❣ t❤❡ ❙❍ ❡q♥✳ ✼✳✶ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♠❛✐♥ t❡①t✳
■♥s❡t✿ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♠❡❛s✉r❡❞ ❛t
✈❛r✐♦✉s ✐s♦t❤❡r♠❛❧ ❝♦♥❞✐t✐♦♥s ❛s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ♣❧♦t✳ ❚❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡
❝♦rr❡s♣♦♥❞s t♦ ❛ s✐♠✉❧❛t✐♦♥ ❛t ✶✳✽ ❑ ✉s✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ♣❛r❛♠❡t❡rs ❢r♦♠
t❤❡ ✜t ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t ❞❛t❛✳

❉✉❡ t♦ str✉❝t✉r❛❧ s②♠♠❡tr② ♦❢ t❤❡ ♠♦❧❡❝✉❧❡ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ❜♦t❤ ❈♦✭■■✮✲✐♦♥s ✜❣✉r❡
t❤❡ s❛♠❡ s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣②✱ ✇❤✐❝❤ ❝❛♥ ❜♦t❤ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ s❛♠❡ D ❛♥❞ E
♣❛r❛♠❡t❡r✳ ❇② t❤✐s t❤❡ ❜❡st ✜t✲♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ q✉❛♥t✐③❡❞ t♦ ❣⊥ ❂ ✷✳✹✭✸✮✱ ❣|| ❂
✷✳✾✱ ❉ ❂ ✲✷✵✼✵✭✺✵✵✮ ●❍③✱ ⑤❊⑤ ❂ ✻✻✵✭✶✵✵✮ ●❍③ ❛♥❞ ❏ ❂ ✶✷✽✭✶✵✮ ●❍③✳ ❆ ✜t ♠♦❞❡❧
✉s✐♥❣ ❥✉st ❛♥ ❛✈❡r❛❣❡❞ g✲✈❛❧✉❡ ❛♥❞ ❛ ✈❛♥✐s❤✐♥❣ tr❛♥s✈❡rs❛❧ ❛♥✐s♦tr♦♣② ✭E ❂ ✵✮ ❢❛✐❧❡❞
t♦ r❡♣r♦❞✉❝❡ t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛✳

❚❤❡ ♦❜t❛✐♥❡❞ ♣❛r❛♠❡t❡rs ❛r❡ ✐♥ ♣❡r❢❡❝t ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❛✈❡r❛❣❡❞ g✲✈❛❧✉❡ ♦❜✲
t❛✐♥❡❞ ❢r♦♠ t❤❡ r♦♦♠✲t❡♠♣❡r❛t✉r❡ χ❚✲✈❛❧✉❡✳ ❋✉rt❤❡r♠♦r❡ t❤❡ ♣r❡s✉♠♣t✐♦♥ ♦❢ ❛ ❤✐❣❤
❛①✐❛❧ s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣② ❛♥❞ ❛ ❢❡rr♦♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❈♦✭■■✮✲✐♦♥s ✐s
❝♦♥✜r♠❡❞ ❜② t❤❡ ✜t✲r❡s✉❧ts✳

❚♦ ❞✐r❡❝t❧② ♠❡❛s✉r❡ t❤❡ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣s ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡
❡♥❡r❣❡t✐❝❛❧❧② ❧♦✇❡st s♣✐♥ ♠✉❧t✐♣❧❡ts✱ ❍❋ ❊P❘ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ❡♠♣❧♦②❡❞✳ ❚❤❡
❤✐❣❤ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ❈♦✭■■✮✲✐♦♥s ❝❛♥ ✐♥❞✉❝❡ q✉✐t❡ ❜r♦❛❞ ❍❋ ❊P❘ s♣❡❝tr❛ ✐♥ ❛ ♥♦♥✲
♦r✐❡♥t❡❞ ♣♦✇❞❡r ♠❡❛s✉r❡♠❡♥t ❞✉❡ t♦ t❤❡ str♦♥❣ ❛♥❣❧❡✲❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡
✜❡❧❞ ♣♦s✐t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❛♠♣❧❡ ✇❛s ❛❧✐❣♥❡❞ ❛❧♦♥❣ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞
❞✐r❡❝t✐♦♥ ♣r✐♦r t♦ t❤❡ ❛❝t✉❛❧ ♠❡❛s✉r❡♠❡♥ts✳ ❋✐❣✳ ✼✳✸ ✭❛✮ s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❢r❡q✉❡♥❝② ✈s✳ r❡s♦♥❛♥❝❡ ✜❡❧❞ ♣♦s✐t✐♦♥ ❞✐❛❣r❛♠ ❛s ❜❛❝❦ ❛♥❞ r❡❞ s②♠❜♦❧s✳ ❊①❡♠♣❧❛r②
❍❋ ❊P❘ s♣❡❝tr❛ ❛r❡ ♣❧♦tt❡❞ ❛s ❣r❡② ❧✐♥❡s ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♦❢ ✜❣✳ ✼✳✸ ✭❛✮✳ ❆t ❧♦✇❡st
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♠❡❛s✉r❡♠❡♥t t❡♠♣❡r❛t✉r❡s ♦❢ ❚ ❂ ✷ ❑ ♦♥❡ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤ ✐s ❢♦✉♥❞ ✇❤✐❝❤ ✜❣✉r❡s
❛ ③❡r♦ ✜❡❧❞ s♣❧✐tt✐♥❣ ❣❛♣ ♦❢ ∆ ❂ ✹✹✵ ●❍③✳ ❆ s❡❝♦♥❞ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤ ❛♣♣❡❛rs ❛t
s❧✐❣❤t❧② ❡❧❡✈❛t❡❞ t❡♠♣❡r❛t✉r❡s ❛r♦✉♥❞ ✶✺ ❑ ✇✐t❤ ❛❧♠♦st t❤❡ s❛♠❡ ③❡r♦ ✜❡❧❞ ❣❛♣ ❛s
t❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ ❜r❛♥❝❤✱ ❜✉t ❛ ♥❡❣❛t✐✈❡ s❧♦♣❡✳

❋✐❣✉r❡ ✼✳✸✳✿ ✭❛✮ ❚❤❡ ❢r❡q✉❡♥❝② ✈s✳ ♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ✜❡❧❞ ❞✐❛❣r❛♠ ♠❡❛s✉r❡❞ ❛t
❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s ✐s s❤♦✇♥ ❜② ❜❧❛❝❦ sq✉❛r❡s ❛♥❞ r❡❞ ❝✐r❝❧❡s✳ ❙♦❧✐❞
❜❧❛❝❦ ❛♥❞ r❡❞ ❧✐♥❡s s❤♦✇ t❤❡ r❡s✉❧ts ♦❢ ❛ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ t❤❡ ❙❍ ❡q♥✳ ✼✳✶✳
●r❛② ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ ❡①❛♠♣❧❡s ♦❢ t❤❡ ♠❡❛s✉r❡❞ ❍❋ ❊P❘ s♣❡❝tr❛✳ ✭❜✮
❙✐♠✉❧❛t❡❞ ❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠ ✉s✐♥❣ t❤❡ ❙❍ ❡q♥✳ ✼✳✶ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs
❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♠❛✐♥ t❡①t✳ ❇❧❛❝❦ ❛♥❞ r❡❞ ❛rr♦✇s ♠❛r❦ t❤❡ r❡s♣❡❝t✐✈❡
tr❛♥s✐t✐♦♥s ✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ t♦ t❤❡ s❛♠❡ ❝♦❧♦r❡❞ s✐♠✉❧❛t❡❞ ❜r❛♥❝❤❡s ✐♥
✭❛✮✳

❋r♦♠ ❛ ❧✐♥❡❛r ✜t t♦ t❤❡ r❡s♣❡❝t✐✈❡ s❧♦♣❡ ♦❢ t❤❡ t✇♦ ♦❜s❡r✈❡❞ ❜r❛♥❝❤❡s ✭✜t ♥♦t s❤♦✇♥
✐♥ ✜❣✳ ✼✳✸✮ ❛♥ ❡✛❡❝t✐✈❡ g✲✈❛❧✉❡ ♦❢ geff ❂ ✽✳✵✭✶✮ ❛♥❞ ✼✳✽✭✺✮ ❢♦r t❤❡ ❜❧❛❝❦ ❛♥❞ t❤❡ r❡❞
❜r❛♥❝❤ ❝❛♥ ❜❡ q✉❛♥t✐③❡s✳ ❚❤❡ ♦❜t❛✐♥❡❞ ❡✛❡❝t✐✈❡ g✲✈❛❧✉❡s ❛r❡ ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ t❤❡
❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ g ≈ ✷ ❢♦r ❛♥ ❛❧❧♦✇❡❞ tr❛♥s✐t✐♦♥ ✇✐t❤ ∆S ❂ ✶✳ ❚❤❡r❡❢♦r❡✱ ✐t ❝❛♥ ❜❡
❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡ ♦❜s❡r✈❡❞ r❡s♦♥❛♥❝❡s ✇✐t❤ geff ≈ ✽ ❛r✐s❡ ❢r♦♠ ❛ ❢♦r❜✐❞❞❡♥ tr❛♥s✐t✐♦♥s
✇✐t❤ ∆S ❂ ✸✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❛❧♠♦st ❡q✉✐✈❛❧❡♥t g✲✈❛❧✉❡ ❢♦r ❜♦t❤ ♦❜s❡r✈❡❞ ❜r❛♥❝❤❡s
✐♠♣❧✐❡s✱ t❤❛t t❤❡s❡ r❡s♦♥❛♥❝❡s ❛r✐s❡ ❢r♦♠ t❤❡ s❛♠❡ ❡♥❡r❣②✲❧❡✈❡❧s✱ ❜✉t t❤❡ r❡❞ ❜r❛♥❝❤
✐s ❛♥ ✐♥✈❡rs❡ tr❛♥s✐t✐♦♥✳

❚❤❡ ♦❜t❛✐♥❡❞ r❡s♦♥❛♥❝❡ ✈s✳ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐❛❣r❛♠ s❤♦✇♥ ✐♥ ✜❣✳ ✼✳✸ ✭❛✮ ❝❛♥ ❜❡
r❛t✐♦♥❛❧✐③❡❞ ❜② s✐♠✉❧❛t✐♥❣ t❤❡ ❡♥❡r❣②✲❧❡✈❡❧s ✉s✐♥❣ t❤❡ ❙❍ s❤♦✇♥ ✐♥ ❡q♥✳ ✼✳✶ ✇✐t❤ t❤❡
❛♥✐s♦tr♦♣② ✭D ❛♥❞ E✮ ❛♥❞ ❝♦✉♣❧✐♥❣ ✭J✮ ♣❛r❛♠❡t❡rs ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✜t ♦❢ t❤❡ ❞❝
s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ❞✐s❝✉ss❡❞ ❛❜♦✈❡ ✭s❡❡ ✜❣✳ ✼✳✸ ✭❜✮✮✳ ❚❤r❡❡ ♠✉❧t✐♣❧❡ts ♦❢ t❤❡
❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠ ❛r❡ s❡♣❛r❛t❡❞ ❜② t❤❡ ❤✐❣❤ D✲❛♥✐s♦tr♦♣② ❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❜❧✉❡
❛rr♦✇ ✐♥ ✜❣✳ ✼✳✸ ✭❜✮✳ ❍♦✇❡✈❡r✱ ✇✐t❤✐♥ t❤❡ ❛❝❝❡ss✐❜❧❡ ❢r❡q✉❡♥❝② r❛♥❣❡✱ ♦♥❧② t❤❡ ❧♦✇❡st
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♠✉❧t✐♣❧❡t ✐s ❛❝❝❡ss✐❜❧❡✳ ❉✉❡ t♦ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❈♦✭■■✮ s♣✐♥s✱ t❤✐s ❧♦✇❡st
♠✉❧t✐♣❧❡t ✐s ❢✉rt❤❡r s♣❧✐tt❡❞ ✐♥ ❛♥ ❙ ❂ ✸ ❣r♦✉♥❞ st❛t❡ ❞♦✉❜❧❡t ❛♥❞ t✇♦ ❙ ❂ ✵ s✐♥❣❧❡ts✳
❚❤❡ s♠❛❧❧ s♣❧✐tt✐♥❣ ❜❡t✇❡❡♥ t❤❡ t✇♦ s✐♥❣❧❡t✲❧❡✈❡❧s ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ❤✐❣❤ tr❛♥s✈❡rs❛❧
E✲❛♥✐s♦tr♦♣②✳ ❆ ❜❧❛❝❦ ❛♥❞ r❡❞ ❛rr♦✇ ✐♥ ✜❣✳ ✼✳✸ ✭❜✮ ♠❛r❦ t❤❡ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥
t❤❡ ❡♥❡r❣②✲❧❡✈❡❧s ✇❤✐❝❤ ❛r❡ ♣r❡❞✐❝t❡❞ ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥ ♠♦❞❡❧✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ❜②
t❤❡ ❜❧❛❝❦ ❛♥ r❡❞ s♦❧✐❞ ❧✐♥❡ ✐♥ ✜❣✳ ✼✳✸ ✭❛✮ ✇❤✐❝❤ s❤♦✇ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♦♥❛♥❝❡
❜r❛♥❝❤❡s t♦ t❤❡s❡ tr❛♥s✐t✐♦♥s✱ ❛ ♣❡r❢❡❝t ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❩❋❙ ❣❛♣ ♦❢ t❤❡ ♠❡❛s✉r❡❞
❞❛t❛ ❝❛♥ ❜❡ ✇✐t♥❡ss❡❞✳ ❚❤❡ g✲✈❛❧✉❡ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ✇❛s t❤❡r❡❜② t✉♥❡❞ t♦ ✜t t❤❡
s❧♦♣❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ❞❡r✐✈❡❞ ❞❛t❛ ♣♦✐♥ts✳ ❇② t❤✐s ❛ g✲✈❛❧✉❡ ♦❢ ✷✳✾✭✷✮ ❝❛♥ ❜❡
❡①tr❛❝t❡❞ ✇❤✐❝❤ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ t♦ t❤❡ g||✲✈❛❧✉❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❞❝ s✉s❝❡♣t✐❜✐❧✐t②
♠❡❛s✉r❡♠❡♥ts ❛s ❡①♣❡❝t❡❞ ❢♦r ❛♥ ♦r✐❡♥t❡❞ ❧♦♦s❡ ♣♦✇❞❡r ♠❡❛s✉r❡♠❡♥t✳

✼✳✶✳✷✳ ❈♦♥❝❧✉s✐♦♥

❇② ❡♠♣❧♦②✐♥❣ st❛t✐❝ ♠❛❣♥❡t♦♠❡tr② ✐♥✈❡st✐❣❛t✐♦♥s ❛♥❞ ❍❋ ❊P❘ ♠❡❛s✉r❡♠❡♥ts ❛ ❞❡✲
t❛✐❧❡❞ ♣✐❝t✉r❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣② ❛♥❞ ❡①❝❤❛♥❣❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤
❢♦r t❤❡ ❈♦✭■■✮ ✐♦♥s ✐♥ ❛ ❈♦2▲✉2✲▼❡❖❍ ❜✉tt❡r✢② ❝♦♠♣♦✉♥❞ ✇❛s ❞❡r✐✈❡❞✳ ❚❤❡ ♣r❡❝✐s❡
✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤✐s ❛♥❛❧♦❣♦✉s s❛♠♣❧❡ ✐s t❤❡ ✜rst st❡♣ t♦ ❞❡❝✐♣❤❡r t❤❡ s✐♥❣❧❡✲✐♦♥ ❛♥❞
❡①❝❤❛♥❣❡ ❝♦✉♣❧✐♥❣ ♣r♦♣❡rt✐❡s ✐♥ t❤❡ ❈♦2❉②2✲▼❡❖❍ ♠♦t❤❡r ❝♦♠♣♦✉♥❞✳ ❊s♣❡❝✐❛❧❧②
t❤❡ ❧❛tt❡r ✐s ❝r✐t✐❝❛❧ ✐♥ t❡r♠s ♦❢ s✐♥❣❧❡ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t ❛♥❞ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥
❜❡❤❛✈✐♦✉r✳

✼✳✷✳ ❳✲❜❛♥❞ ❊P❘ ■♥✈❡st✐❣❛t✐♦♥s ♦❢ ❛

❈✉✭■■✮4❈✉✭■■✮✲▼❡t❛❧❧❛❝r♦✇♥

❚❤❡ ❜❛s✐❝ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ♦❢ ♠❡t❛❧❧❛❝r♦✇♥s ✇❛s ✜rst❧② r❡♣♦rt❡❞ ✐♥ ✶✾✻✼ ❜② ❈✳ ❏✳ P❡❞✲
❡rs❡♥ ✇❤♦ ❞❡s❝r✐❜❡❞ ❤✐s ♣✐♦♥❡❡r✐♥❣ ✇♦r❦ ✐♥ t❤❡ s②♥t❤❡s✐s❡ ♦❢ ♠❛❝r♦❝②❝❧✐❝ ❝r♦✇♥
❡t❤❡rs✱ ✐✳❡✳✱ ♦r❣❛♥✐❝ ♠♦❧❡❝✉❧❡s ✇❤✐❝❤ ❢♦r♠ ❛ r✐♥❣ str✉❝t✉r❡✳❬✷✸✻❪ ❙✉❜s❡q✉❡♥t❧②✱ ❝❤❡♠✐sts
st❛rt❡❞ t♦ ❞✐s❝♦✈❡r t❤❡ ❜r♦❛❞ ✈❛r✐❡t② ♦❢ ♠❛❝r♦❝②❝❧✐❝ ♦r❣❛♥✐❝ ♠♦❧❡❝✉❧❡s ✇❤✐❝❤ t✉r♥❡❞
♦✉t t♦ ❜❡ ♣r❡tt② ✢❡①✐❜❧❡ ✐♥ t❡r♠s ♦❢ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥ ❛s ✐♦♥ tr❛♥s♣♦rt ❛❣❡♥ts ❬✷✸✼✱ ✷✸✽❪✱
st❛❜✐❧✐③❡rs ♦❢ ✉♥st❛❜❧❡ ♠♦❧❡❝✉❧❡s ❬✷✸✾✱ ✷✹✵❪ ♦r ❤♦sts ❢♦r ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s✳❬✷✹✶✕✷✹✸❪
❚❤❡ ❞✐s❝♦✈❡r② ♦❢ t❤❡ ❝r♦✇♥ ❡t❤❡rs ♣❧❛②❡❞ ❛ ❣r♦✉♥❞❜r❡❛❦✐♥❣ r♦❧❡ ❢♦r ❛ ❝♦♠♣❧❡t❡❧② ♥❡✇
✜❡❧❞ ✐♥ ❝❤❡♠✐str②✱ ✇❤✐❝❤ ✐s ✇❤② P❡❞❡rs❡♥✱ t♦❣❡t❤❡r ✇✐t❤ ❉✳ ❏✳ ❈r❛♠ ❛♥❞ ❏✳ ▼✳ ▲❡❤♥
✇❛s ❛✇❛r❞❡❞ ✇✐t❤ t❤❡ ◆♦❜❡❧ Pr✐③❡ ❢♦r ❝❤❡♠✐str② ✐♥ ✶✾✽✼ ✧❢♦r t❤❡✐r ❞❡✈❡❧♦♣♠❡♥t ❛♥❞
✉s❡ ♦❢ ♠♦❧❡❝✉❧❡s ✇✐t❤ str✉❝t✉r❡✲s♣❡❝✐✜❝ ✐♥t❡r❛❝t✐♦♥s ♦❢ ❤✐❣❤ s❡❧❡❝t✐✈✐t②✧✳❬✷✹✹❪

❙❤♦rt❧② ❛❢t❡r t❤❡ ❛✇❛r❞✐♥❣ ♦❢ t❤✐s ◆♦❜❡❧ Pr✐③❡✱ ❱✳ ▲✳ P❡❝♦r❛r♦ ❛♥❞ ▼✳ ❙✳ ▲❛❤ ❞❡✲
s❝r✐❜❡❞ ✐♥ ✶✾✽✾ t❤❡ ✜rst ♠❛❝r♦❝②❝❧✐❝ ❝♦♠♣❧❡① ❝♦♥t❛✐♥✐♥❣ ♠❡t❛❧ ✐♦♥s ✇❤✐❝❤ ❛r❡ ♥♦✇❛✲
❞❛②s ❦♥♦✇ ❛s ♠❡t❛❧❧❛❝r♦✇♥s✳❬✷✹✺❪ ❉✉❡ t♦ t❤❡ ❜r♦❛❞ ✈❛r✐❡t② ♦❢ ❞✐✛❡r❡♥t ♠❡t❛❧❧♦❝r♦✇♥s✱
♥✉♠❡r♦✉s ♣♦ss✐❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s ✇❡r❡ ❞✐s❝✉ss❡❞✳ ❆♠♦♥❣ t❤❡♠✱ t❤❡ ♠♦st ♣r♦♠✐♥❡♥t ❡①✲
❛♠♣❧❡ ✐s t❤❡ ♣♦t❡♥t✐❛❧ ✉s❡ ♦❢ ♠❡t❛❧❧❛❝r♦✇♥s ❛s s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ✭❙▼▼✮❬✷✹✻✕
✷✹✾❪ ❜✉t t❤❡② ✜♥❞ ❛❧s♦ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ♠❡❞✐❝✐♥❡ ❡✳❣✳ ❛s ❝♦♥tr❛st ❛❣❡♥ts ✐♥ ♠❛❣♥❡t✐❝
r❡s♦♥❛♥❝❡ ✐♠❛❣✐♥❣ ✭▼❘■✮✳❬✷✺✵✕✷✺✷❪

✶✵✺



▼❡t❛❧❧❛❝r♦✇♥s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ r❡♣❡❛t✐♥❣ ❬▼✲◆✲❖❪n ✭▼❈✮ ✉♥✐t ✇❡r❡ ▼ ❞❡✲
♥♦t❡s t❤❡ r❡s♣❡❝t✐✈❡ ♠❡t❛❧ ✐♦♥✳ ❙✐♥❝❡ t❤❡② ❝❛♥ ❜❡ ❛❧♠♦st ❛r❜✐tr❛r② ✐♥ s✐③❡ ❛♥❞ ❝♦♠✲
♣♦s✐t✐♦♥✱ ❛ ♥❛♠✐♥❣ s❝❤❡♠❡ ✇❛s ❡✈♦❧✈❡❞ t♦ ❡❛s✐❧② ❝❛t❡❣♦r✐③❡ t❤❡♠✳ ❚❤❡ ♥♦t❛t✐♦♥
❆ox❬❳✲▼❈✲❨❪ ♥❛♠❡s t❤❡ ❝❡♥tr❛❧ ✐♦♥ ❆ ✇✐t❤ ✐ts ♦①✐❞❛t✐♦♥ st❛t❡ ♦① ❛s ✇❡❧❧ ❛s t❤❡ ❛❜s♦✲
❧✉t❡ ♥✉♠❜❡r ♦❢ ❛t♦♠s ✭❳✮ ❛♥❞ ♠❡t❛❧ ✐♦♥s ✭❨✮ ♦❢ t❤❡ r✐♥❣ ✭❡①❝❧✉❞✐♥❣ t❤❡ ❝❡♥tr❛❧ ✐♦♥✮✳
❲✐t❤✐♥ t❤✐s ❝❤❛♣t❡r t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❛ ❈✉✭■■✮ ♠❛t❛❧❧❛❝r♦✇♥ ✐s ❞❡s❝r✐❜❡❞ ✇❤✐❝❤
❤❛s t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ❈✉II❬✶✷✲▼❈CuII✲✹❪✳ ❆ ❞❡❡♣❡r str✉❝t✉r❛❧ ❞❡s❝r✐♣t✐♦♥ ✐s ❣✐✈❡♥
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r✳

✼✳✷✳✶✳ ▼♦❧❡❝✉❧❛r ❙tr✉❝t✉r❡

❚❤❡ ✐♥✈❡st✐❣❛t❡❞ s❛♠♣❧❡ ❤❛s t❤❡ ❝❤❡♠✐❝❛❧ ❢♦r♠✉❧❛ ❈115❈✉5◆18❖19❙✐8 ❛♥❞ ✇❛s s②♥t❤❡✲
s✐③❡❞ ✐♥ t❤❡ ❣r♦✉♣ ♦❢ Pr♦❢✳ ❊✈❛ ❘❡♥ts❝❤❧❡r ❛t ▼❛✐♥③ ❯♥✐✈❡rs✐t②✳ ❋✐❣✳ ✼✳✹ ✭❛✮ s❤♦✇s t❤❡
♠♦❧❡❝✉❧❛r str✉❝t✉r❡ ✐♥ t❤❡ ❝r②st❛❧❧✐♥❡ ♣❛❝❦✐♥❣ ♦❢ t❤❡ ❝♦♠♣❧❡①✳ ❚❤❡ ✉♥✐t ❝❡❧❧ ❝♦♥s✐sts
♦❢ t✇♦ ✐♥✲❡q✉✐✈❛❧❡♥t ♠♦❧❡❝✉❧❛r s✐t❡s ✇❤✐❝❤ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❜② ❛♥ ✐♥✈❡rs✐♦♥
s②♠♠❡tr②✳ ■♥ ✜❣✳ ✼✳✹ ✭❜✮ ❛ t♦♣ ✈✐❡✇ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡ ✐s s❤♦✇♥✳ ❋♦r ❛ ♠♦r❡
❝♦♠♣r❡❤❡♥s✐❜❧❡ ❞❡♣✐❝t✐♦♥✱ t❤❡ str✉❝t✉r❛❧❧② ❝♦♠♣❧✐❝❛t❡❞ ♦r❣❛♥✐❝ ❧✐❣❛♥❞ s✉rr♦✉♥❞✐♥❣ ✐s
♦♠✐tt❡❞ ✐♥ t❤✐s ♣❧♦t✳ ❚❤❡ ❈✉✭■■✮ ✐♦♥s ✭❞❛r❦ ❜❧✉❡ ✐♥ ✜❣✳ ✼✳✹✮ ❛r❡ ❛rr❛♥❣❡❞ ✐♥ ❛♥ ❛❧♠♦st
♣❡r❢❡❝t❧② ♣❧❛♥❛r ♠❛♥♥❡r ❛♥❞ ❤❛✈❡ ❛ ✸d9 ❡❧❡❝tr♦♥ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤✉s✱ ❛❧❧ ❈✉✭■■✮ ✐♦♥s
✜❣✉r❡ ❛ ❙ ❂ ✶✴✷ ❣r♦✉♥❞ st❛t❡✳ ❚❤❡ ❈✉✭■■✮ ✐♦♥s ✐♥ t❤❡ ♠❡t❛❧❧❛❝r♦✇♥ r✐♥❣ ❛r❡ ❜r✐❞❣❡❞
✈✐❛ ❛ ✭◆✲❖✮ ❣r♦✉♣ ✇❤✐❧❡ t❤❡ ❝❡♥tr❛❧ ❈✉✭■■✮ ✐♦♥ ✐s ❝♦✉♣❧❡❞ t♦ t❤❡ ♦✉t❡r ♦♥❡s ✈✐❛ ♣✉r❡
♦①②❣❡♥ ❜r✐❞❣❡s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦✉♣❧✐♥❣ ♣❛r❛♠❡t❡rs ❛r❡ r❡❢❡rr❡❞ t♦ ❛s J2 ❛♥❞
J1✱ r❡s♣❡❝t✐✈❡❧② ✭s❡❡ ❧✐❣❤t ❛♥❞ ❞❛r❦ ❣r❡❡♥ ❛rr♦✇s ✐♥ ✜❣✳ ✼✳✹ ✭❜✮✮✳ ❲❤✐❧❡ t❤❡ ❧✐❣❛t✐♦♥
s✉rr♦✉♥❞✐♥❣ ♦❢ t❤❡ ❈✉✭■■✮ ✐♦♥s ✐♥ t❤❡ r✐♥❣ ✐s ❛❧♠♦st ♣❡r❢❡❝t❧② ♣❧❛♥❛r✱ ❛♥ ❛❞❞✐t✐♦♥❛❧
♦①②❣❡♥ ✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❛♣✐❝❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❡♥tr❛❧ ❈✉✭■■✮ ✐♦♥✱ ✐✳❡✳✱ t❤❡
❝❡♥tr❛❧ ❈✉✭■■✮ ✐♦♥ ✐s ❧♦❝❛t❡❞ ✐♥ ❛ sq✉❛r❡✲♣②r❛♠✐❞❛❧ s✉rr♦✉♥❞✐♥❣✳

✼✳✷✳✷✳ ❙t❛t✐❝ ▼❛❣♥❡t✐❝ Pr♦♣❡rt✐❡s

❋✐❣✳ ✼✳✺ s❤♦✇s t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡❞ ✐♥ ❛♥ ❡①t❡r♥❛❧
❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ❇ ❂ ✵✳✶ ❚ ♦♥ ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡✳ ❚❤❡ st❛t✐❝ s✉s❝❡♣t✐❜✐❧✐t②
♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛t t❤❡ ▼❛✐♥③ ❯♥✐✈❡rs✐t② ✐♥ t❤❡ ❣r♦✉♣ ♦❢ Pr♦❢✳ ❊✈❛
❘❡♥ts❝❤❧❡r✳ ❇❡t✇❡❡♥ ✶✳✽ ❛♥❞ ✹✵ ❑✱ t❤❡ χ❚ ♣r♦❞✉❝t ✜❣✉r❡s ❛ ❝♦♥st❛♥t ❜❡❤❛✈✐♦✉r
✇✐t❤ ❛ χ❚✲✈❛❧✉❡ ♦❢ ✵✳✹✶✭✷✮ ❡r❣ ❑✴♠♦❧ ●2 ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ❛♥ ✐s♦❧❛t❡❞ ❙ ❂ ✶✴✷
❣r♦✉♥❞ st❛t❡ ❛ss✉♠✐♥❣ ❛ g✲✈❛❧✉❡ ♦❢ g ❂ ✷✳✶✶✳ ❲✐t❤ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡✱ t❤❡ χ❚✲
♣r♦❞✉❝t r✐s❡s ❛❧♠♦st ❧✐♥❡❛r❧② ✇✐t❤ ❛ ❜r♦❛❞ ❤✉♠♣ ❝❡♥tr❡❞ ❛r♦✉♥❞ ✶✵✵ t♦ ✶✺✵ ❑✳ ❊✈❡♥
✉♣ t♦ r♦♦♠✲t❡♠♣❡r❛t✉r❡✱ ♥♦ ✐♥❞✐❝❛t✐♦♥ ♦❢ ❛ ❝♦♥st❛♥t✱ ✐✳❡✳ ♣❛r❛♠❛❣♥❡t✐❝ ❜❡❤❛✈✐♦✉r ✐s
♦❜s❡r✈❡❞ ✇❤✐❝❤ ✐♠♣❧✐❡s ❛ str♦♥❣ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❈✉✭■■✮ ✐♦♥s✳
❚❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡ ✐♥ ✜❣✳ ✼✳✺ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✜t ✉s✐♥❣ t❤❡ s♦❢t✇❛r❡ P❍■ ❬✷✺✸❪ ✇✐t❤
t❤❡ ❢♦❧❧♦✇✐♥❣ s♣✐♥ ❍❛♠✐❧t♦♥✐❛♥✿

✶✵✻



(a) (b)

J1

J2

Cu(1)

Cu(2)
Cu(3)

Cu(4)
Cu(5)a

c

❋✐❣✉r❡ ✼✳✹✳✿ ✭❛✮ ❈r②st❛❧ ♣❛❝❦✐♥❣ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ❈✉✲♠❡t❛❧❧❛❝r♦✇♥ s❛♠♣❧❡✳ ❇❧✉❡✱
❈✉❀ r❡❞✱ ❖❀ ❧✐❣❤t ❜❧✉❡✱ ◆❀ ❣r❡❡♥✱ ❙✐❀ ❜r♦✇♥✱ ❈❀ ✇❤✐t❡✱ ❍✳ ✭❜✮ ❚♦♣ ✈✐❡✇ ♦❢
❛ s✐♥❣❧❡ ♠❡t❛❧❧❛❝r♦✇♥ ♠♦❧❡❝✉❧❡✳ ❚❤❡ ♦r❣❛♥✐❝ ❧✐❣❛♥❞ s✉rr♦✉♥❞✐♥❣ ✐s ♥♦t
s❤♦✇♥✳ J1 ❛♥❞ J2 ❞❡✜♥❡ t❤❡ ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❝❡♥tr❛❧
❈✉✭■■✮ ✐♦♥ ❛♥❞ t❤❡ ♦♥❡s ✐♥ t❤❡ r✐♥❣ ❛s ✇❡❧❧ ❛s ❜❡t✇❡❡♥ t❤❡ ♥❡✐❣❤❜♦✉r✐♥❣
❈✉✭■■✮ ✐♦♥s ✇✐t❤✐♥ t❤❡ r✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✳ ✭❚❤❡ s❛♠♣❧❡s ✇❡r❡ str✉❝t✉r❛❧❧②
❝❤❛r❛❝t❡r✐③❡❞ ✐♥ t❤❡ ❣r♦✉♣ ♦❢ Pr♦❢✳ ❊✳ ❘❡♥ts❝❤❧❡r✱ ▼❛✐♥③ ❯♥✐✈❡rs✐t②✳✮

H =
5
∑

i=1

giµBSiB− J1S1 (S2 + S3 + S4 + S5)− J2 (S2S3 + S3S4 + S4S5 + S5S2)

✭✼✳✷✮
✇❤❡r❡ t❤❡ ✜rst t❡r♠ ❞❡s❝r✐❜❡s t❤❡ ❩❡❡♠❛♥ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥✐❝ s♣✐♥s ✇✐t❤
t❤❡ ❡①t❡r♥❛❧ ♠❛❣❡♥t✐❝ ✜❡❧❞ ❛♥❞ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ t❡r♠ ❝♦♥s✐❞❡r t❤❡ ✐♥t❡r❛❝t✐♦♥s
❜❡t✇❡❡♥ t❤❡ ❝❡♥tr❛❧ ❛♥❞ t❤❡ ♦✉t❡r ❈✉✭■■✮ ✐♦♥s ✭J1✮ ❛♥❞ ❜❡t✇❡❡♥ t❤❡ ♥❡✐❣❤❜♦✉r✐♥❣
❈✉✭■■✮ ✇✐t❤✐♥ t❤❡ r✐♥❣ ✭J2✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚♦ r❡❞✉❝❡ ✈❛r✐♦✉s ♣❛r❛♠❡t❡r ❞❡♣❡♥❞❡♥❝✐❡s✱
✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ g✲✈❛❧✉❡ ❝❛♥ ❜❡ tr❡❛t❡❞ ✐♥ ❛ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥ ❛s ✐s♦tr♦♣✐❝
❛♥❞ ❡q✉✐✈❛❧❡♥t ❢♦r ❛❧❧ t❤❡ ❈✉✭■■✮ ✐♦♥s✳ ❚❤❡ ♦❜t❛✐♥❡❞ ♣❛r❛♠❡t❡rs ❢r♦♠ t❤❡ ✜t ♦❢ t❤❡
χ❚✭❚✮ ❞❛t❛ ❛r❡ gχT ❂ ✷✳✶✶✭✺✮✱ J1 ❂ ✲✹✳✼✭✼✮ ❚❍③ ✭✲✷✷✻✭✸✵✮ ❑✮ ❛♥❞ J2 ❂ ✲✷✳✻✭✻✮ ❚❍③
✭✲✶✷✹✭✸✵✮ ❑✮✳ ❚❤❡s❡ ✈❛❧✉❡s ❛s ✇❡❧❧ ❛s t❤❡ r❛t✐♦ J1✴J2 ❂ ✶✳✽✭✹✮ ✐s ✐♥ ❛ r❛♥❣❡ ✇❤✐❝❤ ✇❛s
❛❧r❡❛❞② ♦❜t❛✐♥❡❞ ❢♦r ♦t❤❡r ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝❛❧❧② ❝♦✉♣❧❡❞✱ sq✉❛r❡ ♣❧❛♥❛r ❈✉✭■■✮ ❜❛s❡❞
♠❡t❛❧❧❛❝r♦✇♥ ❝♦♠♣❧❡①❡s✳❬✷✺✹✕✷✺✼❪

❚❤❡ ✐♥s❡t ✐♥ ✜❣✳ ✼✳✺ ❞❡♣✐❝ts t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠❛❣♥❡t✐s❛t✐♦♥
❢♦r s❡✈❡r❛❧ ✐s♦t❤❡r♠❛❧ ❝♦♥❞✐t✐♦♥s ❛s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ✜❣✉r❡✳ ❆t ❧♦✇❡st t❡♠♣❡r❛t✉r❡s
♦❢ ❚ ❂ ✷ ❑ t❤❡ ♠❛❣♥❡t✐s❛t✐♦♥ ❝✉r✈❡ ❛❧♠♦st ❧✐♥❡❛r❧② ✐♥❝r❡❛s❡s ✐♥ t❤❡ ❧♦✇ ♠❛❣♥❡t✐❝
✜❡❧❞ r❛♥❣❡✱ ✉♥t✐❧ ✐t ✜❣✉r❡s ❛ s❛t✉r❛t✐♦♥ ❜❡❤❛✈✐♦✉r t♦✇❛r❞s ▼sat ❂ ✶✳✵✷✭✷✮ µB✴❢✳✉✳✳
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❚❤✐s ✈❛❧✉❡ ✐♠♣❧✐❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ s♣✐♥ ❙ ❂ ✶✴✷ ❣r♦✉♥❞ st❛t❡ ✐♥ ❛❝❝♦r❞❛♥❝❡ t♦ t❤❡
♦❜s❡r✈❛t✐♦♥ ♦❢ ❛♥ ✐s♦❧❛t❡❞ ❙ ❂ ✶✴✷ ❣r♦✉♥❞ st❛t❡ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s ✐♥ t❤❡ χ❚✭❚✮
❞❛t❛✳ ❚❤✉s✱ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ ❛♥ ✐s♦❧❛t❡❞ ❙ ❂ ✶✴✷ ❣r♦✉♥❞ st❛t❡ ♠♦t✐✈❛t❡s t♦ ✜t
t❤❡ ▼✭❇✮ ❞❛t❛ s❡t ❛t ❧♦✇❡st t❡♠♣❡r❛t✉r❡s ✇✐t❤ ❛ ❇r✐❧❧♦✉✐♥✲❢✉♥❝t✐♦♥ ❛s s❤♦✇♥ ✐♥
❡q♥✳ ✼✳✸✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ✜❡❧❞ ❞❡♣❡♥❞❡♥t ♠❛❣♥❡t✐s❛t✐♦♥ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ♣✉r❡❧②
♣❛r❛♠❛❣♥❡t✐❝ s②st❡♠✿❬✷✻❪

BJ(y) =MS ·

(

2J + 1

2J
· coth

(

2J + 1

2J
y

)

−
1

2J
· coth

( y

2J

)

)

✭✼✳✸✮

✇✐t❤ J ❂ ✶✴✷ ❜❡✐♥❣ t❤❡ s♣✐♥ st❛t❡ ❛♥❞ y ❂ J gµBB
kBT

✳ ❋r♦♠ t❤✐s ✜t ❛ g✲✈❛❧✉❡ ♦❢ gM(B)

❂ ✷✳✶✵✭✷✮ ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ✇❤✐❝❤ ✐s✱ ✇✐t❤✐♥ t❤❡ ❡rr♦r✲❜❛rs✱ ✐♥ ♣❡r❢❡❝t ❛❣r❡❡♠❡♥t ✇✐t❤
t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✜t ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t ❞❛t❛✳

❋✐❣✉r❡ ✼✳✺✳✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡❞ ✐♥ ❛♥ ❛♣♣❧✐❡❞ ✜❡❧❞ ♦❢ ❇ ❂
✵✳✶ ❚ ♦♥ ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ✐s s❤♦✇♥✳ ❚❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡ ❝♦rr❡s♣♦♥❞s
t♦ ❛ ✜t ✉s✐♥❣ t❤❡ s♣✐♥ ❤❛♠✐❧t♦♥✐❛♥✱ ❡q♥✳ ✼✳✷✱ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs ❞❡✲
s❝r✐❜❡❞ ✐♥ t❤❡ ♠❛✐♥ t❡①t✳ ■♥s❡t✿ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥t ♠❛❣♥❡t✐s❛t✐♦♥
❞❛t❛ ♠❡❛s✉r❡❞ ❛t s❡✈❡r❛❧ ✐s♦t❤❡r♠❛❧ ❝♦♥❞✐t✐♦♥s ❛s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ♣❧♦t✳
❚❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡ s❤♦✇s t❤❡ r❡s✉❧t ♦❢ ❛ ✜t ✉s✐♥❣ t❤❡ ❇r✐❧❧♦✉✐♥✲❢✉♥❝t✐♦♥
s❤♦✇♥ ✐♥ ❡q♥✳ ✼✳✸✳ ✭❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✇❛s ♠❡❛s✉r❡❞ ✐♥ t❤❡ ❣r♦✉♣ ♦❢
Pr♦❢✳ ❊✳ ❘❡♥ts❝❤❧❡r✱ ▼❛✐♥③ ❯♥✐✈❡rs✐t② ❛♥❞ s❤❛r❡❞ ❜② ♣r✐✈❛t❡ ❝♦rr❡s♣♦♥✲
❞❡♥❝❡✳✮
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✼✳✷✳✸✳ ❳✲❜❛♥❞ ❊P❘ ■♥✈❡st✐❣❛t✐♦♥s

❚♦ ❝❧♦s❡❧② ✐♥✈❡st✐❣❛t❡ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❈✉ ✐♦♥s ✇✐t❤✐♥ t❤❡ ♠❡t❛❧❧❛❝r♦✇♥
str✉❝t✉r❡✱ ❳✲❜❛♥❞ ❊P❘ ♠❡❛s✉r❡♠❡♥ts✷✾ ✇❡r❡ ♣❡r❢♦r♠❡❞✳❬✷✺✽❪ ■♥ ✜❣✳ ✼✳✻ t❤❡ ♦❜t❛✐♥❡❞
s♣❡❝tr❛ ❛t ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s ❛r❡ s❤♦✇♥✳ ❆t ❧♦✇ t❡♠♣❡r❛t✉r❡s ✭s❡❡ ✜❣✳ ✼✳✻ ✭❛✮✮
♦♥❡ r❡s♦♥❛♥❝❡ s✐❣♥❛❧ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✇❤✐❝❤ ✜❣✉r❡s ❛ s❧✐❣❤t ❛♥✐s♦tr♦♣② ❛s r❡✢❡❝t❡❞ ❜②
t❤❡ ❡♥❤❛♥❝❡❞ s♣❡❝tr❛❧ ✇❡✐❣❤t ♦♥ t❤❡ ❤✐❣❤ ♠❛❣♥❡t✐❝ ✜❡❧❞ s✐t❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❧♦✇ ✜❡❧❞
s✐t❡✳ ❲✐t❤ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡s✱ t❤❡ s✐❣♥❛❧ ✐♥t❡♥s✐t② ❞❡❝r❡❛s❡s✳ ❋✐❣✳ ✼✳✻ ✭❜✮ s❤♦✇s
t❤❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ t❤❡ s♣❡❝tr❛ ♠❡❛s✉r❡❞ ❛t ❤✐❣❤❡r t❡♠♣❡r❛t✉r❡s ✭❛❜♦✈❡ ✸✸ ❑✮ ✇❤✐❝❤
❛r❡ ♠❛r❦❡❞ ✐♥ ✜❣✳ ✼✳✻ ✭❛✮ ✐♥ ❣r❡②✳ ❙✉♣❡r✐♠♣♦s❡❞ ♦♥ t❤❡ ✐♥t❡♥s❡ ♠❛✐♥ s✐❣♥❛❧ ✇❤✐❝❤ ✐s
❛❧r❡❛❞② ✈✐s✐❜❧❡ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s✱ ❛ s❡❝♦♥❞ ❢❡❛t✉r❡ ❛♣♣❡❛rs ❜❡t✇❡❡♥ ✸✸ ❛♥❞ ✹✵ ❑
❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❜❧❛❝❦ ❛rr♦✇ ✐♥ ✜❣✳ ✼✳✻ ✭❜✮✳ ❚❤✐s ❢❡❛t✉r❡ ✜❣✉r❡s ❛ ✜♥❡ str✉❝t✉r❡
✇❤✐❝❤ ✐s ✐♥ ♠♦r❡ ❞❡t❛✐❧ ❞✐s❝✉ss❡❞ ❜❡❧♦✇✳

❋✐❣✉r❡ ✼✳✻✳✿ ❳✲❜❛♥❞ ❊P❘ s♣❡❝tr❛ ♠❡❛s✉r❡❞ ♦♥ ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ❛t ❞✐✛❡r❡♥t
t❡♠♣❡r❛t✉r❡s ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ✭❛✮ ❛♥❞ ✭❜✮✱ r❡s♣❡❝t✐✈❡❧②✱ ❛t ❛ ❢r❡q✉❡♥❝② ♦❢
❢ ❂ ✾✳✻✹ ●❍③✳ P❛♥❡❧ ✭❜✮ s❤♦✇s t❤❡ ❡♥❧❛r❣❡♠❡♥t ♦❢ t❤❡ s♣❡❝tr❛ ✇❤✐❝❤ ❛r❡
♠❛r❦❡❞ ✐♥ ❣r❡② ✐♥ ♣❛♥❡❧ ✭❛✮✳✭❋✐❣✉r❡ ❛❞❛♣t❡❞ ❢r♦♠ r❡❢✳ ❬✷✺✽❪✳✮

✷✾❚❤❡ ❳✲❜❛♥❞ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❢r❛♠❡ ♦❢ ❛ ❇❛❝❤❡❧♦r t❤❡s✐s ❜② ■✳ ❍❡❝❦❡❧♠❛♥♥
✉♥❞❡r t❤❡ s✉♣❡r✈✐s✐♦♥ ♦❢ ▲✳ ❙♣✐❧❧❡❝❦❡✳

✶✵✾



■♥ ✜❣✳ ✼✳✼ ✭❛✮ ❛♥ ❡♥❧❛r❣❡❞ ♣❧♦t ♦❢ t❤❡ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❛t ❚ ❂ ✻✳✺ ❑ ✐s s❤♦✇♥ ❛s
❜❧❛❝❦ s②♠❜♦❧s✳ ❚❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✜t ✉s✐♥❣ t❤❡ s♦❢t✇❛r❡ ❊❛s②❙♣✐♥❬✻✻❪✳
❙✐♥❝❡ ❛t t❤✐s t❡♠♣❡r❛t✉r❡s ♦♥❧② ♦♥❡ ❢❡❛t✉r❡ ✭s✐❣♥❛❧ ✶✮ ✐s r❡s♦❧✈❛❜❧❡✱ t❤❡ ♠♦❞❡❧ ♦❢ ❛
s✐♥❣❧❡ s♣✐♥ ❙ ❂ ✶✴✷ ✐s ✉s❡❞ ✇✐t❤ ❛♥ ❛♥✐s♦tr♦♣✐❝ g✲✈❛❧✉❡✳ ❋✉rt❤❡r♠♦r❡✱ t♦ ❣❛✐♥ t❤❡
❜❡st ❝♦♥❢♦r♠✐t② ♦❢ t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ ❛♥❞ t❤❡ ✜t✱ ❛♥ ❛♥✐s♦tr♦♣✐❝ ❧✐♥❡ ❜r♦❛❞❡♥✐♥❣ ❤❛s
t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ✜♥✐t❡ ♥✉❝❧❡❛r s♣✐♥ ♦❢ t❤❡ ❈✉✭■■✮ ✐♦♥s ✐♠♣❧✐❡s ❛ ♥♦♥✲✈❛♥✐s❤✐♥❣
❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣❛r❛♠❡t❡r Hstrain ✐s ✐♥tr♦❞✉❝❡❞ t♦ ❞❡s❝r✐❜❡s
❛♥ ❛♥✐s♦tr♦♣✐❝ r❡s✐❞✉❛❧ ❧✐♥❡ ✇✐❞t❤ ❞✉❡ t♦ ✉♥r❡s♦❧✈❡❞ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥s ♦r ♦t❤❡r
❡✛❡❝ts ✇❤✐❝❤ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ r❡s♣❡❝t✐✈❡ tr❛♥s✐t✐♦♥✳❬✻✻✱ ✷✺✾❪ ❚❤❡ ♦❜t❛✐♥❡❞ ✜t✲
♣❛r❛♠❡t❡rs ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❛❜✳ ✼✳✶✳ ❚❤❡ g✲✈❛❧✉❡ ✜❣✉r❡s ❛♥ ❛❧♠♦st ♣❡r❢❡❝t❧② ❛①✐❛❧
❛♥✐s♦tr♦♣②✳ ❋r♦♠ t❤❡ Hstrain ♣❛r❛♠❡t❡r✱ ✇❤✐❝❤ ❤❛s ❛ ✜♥✐t❡ ❝♦♠♣♦♥❡♥t ✐♥ ③✲❞✐r❡❝t✐♦♥
✇❤✐❧❡ t❤❡ ① ❛♥❞ ② ❝♦♠♣♦♥❡♥ts ❛r❡ s♠❛❧❧ ♦r ♥♦t r❡s♦❧✈❛❜❧❡✱ ✐t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t
t❤❡ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤ ✜❣✉r❡s t❤❡ s❛♠❡ ❛♥✐s♦tr♦♣②✳

❋✐❣✉r❡ ✼✳✼✳✿ ❳✲❜❛♥❞ ❊P❘ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❛t ❧♦✇❡st t❡♠♣❡r❛t✉r❡s ♦❢ ❚ ❂ ✻✳✺ ❑ ✭❛✮
❛♥❞ ❡❧❡✈❛t❡❞ t❡♠♣❡r❛t✉r❡s ♦❢ ❚ ❂ ✾✺✳✺ ❑ ✭❜✮ ❛t ❛ ❢r❡q✉❡♥❝② ♦❢ ❢ ❂
✾✳✻✹✶ ●❍③✳ ❙♦❧✐❞ r❡❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡s✉❧t ♦❢ ❛ ✜t ✉s✐♥❣ ❛♥
❙ ❂ ✶✴✷ ❛♣♣r♦❛❝❤ ✇✐t❤ ❛♥ ❛♥✐s♦tr♦♣✐❝ g✲✈❛❧✉❡✱ ❧✐♥❡✲❜r♦❛❞❡♥✐♥❣ ❛♥❞ ❤②✲
♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥ ❛s ♠♦r❡ ❝❧♦s❡❧② ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♠❛✐♥ t❡①t✳ g⊥ ❛♥❞ g∥
✈✐s✉❛❧✐③❡ t❤❡ r❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✜t ❢♦r t❤❡ ♣❧❛♥❛r ❛♥❞
❛①✐❛❧ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ g✲✈❛❧✉❡✱ r❡s♣❡❝t✐✈❡❧②✳ ✭❊①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❛❞❛♣t❡❞
❢r♦♠ r❡❢✳ ❬✷✺✽❪✳✮

❋✐❣✳ ✼✳✼ ✭❜✮ ❞❡♣✐❝ts ❛ s♣❡❝tr❛ ❛s ❜❧❛❝❦ ❧✐♥❡ ✭s✐❣♥❛❧ ✷✮✱ ✇❤✐❝❤ ✇❛s ❛❝q✉✐r❡❞ ❛t ❡❧❡✈❛t❡❞

✶✶✵



❚❛❜❧❡ ✼✳✶✳✿ ❋✐tt✐♥❣ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ①✱ ② ❛♥❞ ③ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ g✲✈❛❧✉❡✱ t❤❡ ❤②✲
♣❡r✜♥❡ t❡♥s♦r A ❛s ✇❡❧❧ ❛s ❢♦r t❤❡ Hstrain ♣❛r❛♠❡t❡r ♦❜t❛✐♥❡❞ ❢♦r s✐❣♥❛❧ ✶
✭❧♦✇ t❡♠♣❡r❛t✉r❡ s✐❣♥❛❧✮ ❛♥❞ s✐❣♥❛❧ ✷ ✭❤✐❣❤ t❡♠♣❡r❛t✉r❡ s✐❣♥❛❧✮ ✉s✐♥❣ ❛♥
❙ ❂ ✶✴✷ ❛♣♣r♦❛❝❤✱ r❡s♣❡❝t✐✈❡❧②✳

s✐❣♥❛❧ ✶ s✐❣♥❛❧ ✷

① ② ③ ① ② ③

g ✷✳✵✻✵✭✸✮ ✷✳✵✹✶✭✸✮ ✷✳✶✽✾✭✸✮ ✷✳✵✵✷✭✶✮ ✷✳✵✵✷✭✶✮ ✷✳✵✽✵✭✺✮
A ✭▼❍③✮ ✲ ✲ ✲ ✻✺ ✻✺ ✹✽✵

Hstrain ✭▼❍③✮ ✵ ✵ ✶✻✶✶✭✶✵✵✮ ✵ ✵ ✸✶✵✭✷✵✮

❧✇ ✭♠❚✮ ✾✳✽✷✭✷✵✮ ✶✳✺✭✺✮

t❡♠♣❡r❛t✉r❡s ✭❚ ❂ ✾✺✳✺ ❑✮✱ ✇❤❡r❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ s✐❣♥❛❧ ✶ ✐s ❛❧♠♦st ❝♦♠♣❧❡t❡❧②
✈❛♥✐s❤❡❞ ❛♥❞ t❤✉s✱ t❤❡ ✜♥❡✲str✉❝t✉r❡ ♦❢ s✐❣♥❛❧ ✷ ❝❛♥ ❜❡ r❡s♦❧✈❡❞✳ ❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡
✇❤✐❝❤ ✐s ❝❡♥tr❡❞ ❛r♦✉♥❞ ❇ ❂ ✸✹✺ ♠❚ ✐♥ ✜❣✳ ✼✳✼ ✭❜✮ s❤♦✇s ❛ s♣❧✐tt✐♥❣ ✐♥t♦ ❛t ❧❡❛st
t❤r❡❡ r❡s♦♥❛♥❝❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ❜② ❡②❡✱ ❤♦✇❡✈❡r✱ t❤❡ r❛t❤❡r ❜r♦❛❞ s❤❛♣❡
♦❢ t❤❡ s✉❜✲❢❡❛t✉r❡ ❛t ❤✐❣❤❡st ✜❡❧❞ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❛r❡ t✇♦ r❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥s
✇❤✐❝❤ ❛r❡ ♠❡r❣❡❞ ❞✉❡ t♦ t❤❡ ❧✐♠✐t❡❞ r❡s♦❧✉t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t
t❤❡ ♠❛✐♥ s✐❣♥❛❧ ❝♦♥s✐sts ♦❢ ❢♦✉r ❡q✉✐❞✐st❛♥t s✉❜✲❢❡❛t✉r❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❛ss✐❣♥❡❞ t♦ t❤❡
❢♦✉r tr❛♥s✐t✐♦♥s ❛r✐s✐♥❣ ❢r♦♠ t❤❡ s♣❧✐tt✐♥❣ ♦❢ t❤❡ ♠❛✐♥ ❡♥❡r❣②✲❧❡✈❡❧s ✐♥❞✉❝❡❞ ❜② t❤❡
❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ I ❂ ✺✴✷ ♥✉❝❧❡❛r s♣✐♥ ♦❢ t❤❡ ❈✉✭■■✮ ✐♦♥s✳

◆❡①t t♦ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✇❡❛❦ ❢❡❛t✉r❡s s❤♦✇✐♥❣ ✉♣ ❛r♦✉♥❞ ✸✶✵✱
✸✷✵ ♦r ✸✺✺ ♠❚ ✐♥ t❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr❛ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✳ ✼✳✼ ✭❜✮✳ ❉❡❞✉❝❡❞ ❢r♦♠ t❤❡
♦✈❡r❛❧❧ s♣❡❝tr❛❧ ✇❡✐❣❤t ✐t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡ ✐♥t❡♥s❡ ♠❛✐♥ ❢❡❛t✉r❡ ❝❛♥ ❜❡ ❛s✲
s✐❣♥❡❞ t♦ t❤❡ ♣❧❛♥❛r ❝♦♠♣♦♥❡♥t g⊥ ♦❢ t❤❡ ❛♥✐s♦tr♦♣✐❝ g✲t❡♥s♦r ✭①✲ ❛♥❞ ②✲❞✐r❡❝t✐♦♥✮✱
✇❤✐❧❡ t❤❡ ✇❡❛❦ ❢❡❛t✉r❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❛①✐❛❧ ❞✐r❡❝t✐♦♥ g∥ ✭③✲❞✐r❡❝t✐♦♥✮ ✇❤✐❝❤ ✜❣✉r❡s
❛ ♠✉❝❤ str♦♥❣❡r ❤②♣❡r✜♥❡ s♣❧✐tt✐♥❣ t❤❛♥ t❤❡ ♣❧❛♥❛r ❞✐r❡❝t✐♦♥✳ ❚❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡ ✐♥
✜❣✳ ✼✳✼ ✭❜✮ s❤♦✇s t❤❡ r❡s✉❧t ♦❢ ❛ ✜t ✉s✐♥❣ ❛♥ ❙ ❂ ✶✴✷ ❛♣♣r♦❛❝❤ ✇✐t❤ ❛♥ ❛♥✐s♦tr♦♣✐❝
g✲✈❛❧✉❡ ❛♥❞ ❛ ✜♥✐t❡ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥ A✳ ❚❤❡ ❞✐r❡❝t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❧✐♥❡
❜r♦❛❞❡♥✐♥❣ ✐s ❛❣❛✐♥ ✐♥❝❧✉❞❡❞ ❜② t❤❡ Hstrain ♣❛r❛♠❡t❡r✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ✼✳✼ ✭❜✮✱
✇❤✐❧❡ t❤❡ s✐❣♥❛❧ ✐♥t❡♥s✐t✐❡s s❤♦✇s ❛ s❧✐❣❤t ❞✐s❝r❡♣❛♥❝② ❢♦r t❤❡ ♠❛✐♥ s✐❣♥❛❧✱ t❤❡ r❡s♦✲
♥❛♥❝❡ ♣♦s✐t✐♦♥s ❛♥❞ ❧✐♥❡ ❜r♦❛❞❡♥✐♥❣ ❜❡t✇❡❡♥ t❤❡ ♠❡❛s✉r❡❞ ❛♥❞ s✐♠✉❧❛t❡❞ ❞❛t❛ ❛r❡ ✐♥
♣❡r❢❡❝t ❛❣r❡❡♠❡♥t t♦ ❡❛❝❤ ♦t❤❡r✳ ❆❣❛✐♥✱ t❤❡ ♦❜t❛✐♥❡❞ ✜t✲♣❛r❛♠❡t❡rs ❛r❡ s✉♠♠❛r✐③❡❞
✐♥ t❛❜✳ ✼✳✶✳ ❚❤❡ r❡s♦♥❛♥❝❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❤②♣❡r✜♥❡ s♣❧✐tt❡❞ s✐❣♥❛❧s ❛r❡ ✈✐s✉❛❧✐③❡❞
✐♥ ✜❣✳ ✼✳✼ ✭❜✮ ❜② ❜❧❛❝❦ ❜❛rs ❢♦r g⊥ ❛♥❞ g∥✱ r❡s♣❡❝t✐✈❡❧②✱ t♦ ❡♠♣❛t❤✐s❡ t❤❡ ❞✐✛❡r❡♥❝❡s
✐♥ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤✳ ◆♦t❛❜❧②✱ t❤❡ ❣❡♥❡r❛❧ ❧✐♥❡ ✇✐❞t❤ ❢♦r s✐❣♥❛❧ ✷ ❛♣✲
♣❡❛rs t♦ ❜❡ ❛❧♠♦st ♦♥❡ ♦r❞❡r s♠❛❧❧❡r ❝♦♠♣❛r❡❞ t♦ s✐❣♥❛❧ ✶ ✇❤✐❝❤ str❛✐❣❤t ❢♦r✇❛r❞❧②
❡①♣❧❛✐♥s✱ ✇❤② t❤❡ ❤②♣❡r✜♥❡ str✉❝t✉r❡ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ♦❜s❡r✈❡❞ ❢♦r s✐❣♥❛❧ ✷ ✇❤✐❧❡ ✐t ✐s
♥♦t r❡s♦❧✈❡❞ ❢♦r s✐❣♥❛❧ ✶✳

❋♦r t❤❡ ✜t ♦❢ t❤❡ ❳✲❜❛♥❞ ❊P❘ ❞❛t❛ ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ t❤❡ t✇♦ ♦❜s❡r✈❡❞ s✐❣♥❛❧s
✇❡r❡ ❡✈❛❧✉❛t❡❞ s❡♣❛r❛t❡❧② ❜② ❛♥ ❙ ❂ ✶✴✷ ❛♣♣r♦❛❝❤✱ ✐✳❡✳✱ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡
❈✉✭■■✮ s♣✐♥s ✇❛s ♥❡❣❧❡❝t❡❞✳ ●❡♥❡r❛❧❧②✱ ❞✉❡ t♦ t❤❡ ❤✐❣❤ ❡♥❡r❣② s❝❛❧❡ ♦❢ t❤❡ ❡①❝❤❛♥❣❡
✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❈✉✭■■✮ ✐♦♥s ✐t ✐s ✐♥ ♣r✐♥❝✐♣❛❧ ❛❧s♦ ♥♦t ♣♦ss✐❜❧❡✱ t♦ ❞✐r❡❝t❧② ❡s✲
t✐♠❛t❡ t❤♦s❡ ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s ❡①❝❧✉s✐✈❡❧② ❢r♦♠ ❳✲❜❛♥❞ ❊P❘ ❞❛t❛✳ ❍♦✇❡✈❡r✱ t❤❡

✶✶✶



✐♥t❡❣r❛t❡❞ ❊P❘ s✐❣♥❛❧ ✐♥t❡♥s✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ t❤❡r♠❛❧ ♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡
st❛t❡s ❛♥❞ t❤❡r❡❜② ❛❧s♦ ♦♥ t❤❡ ❡♥❡r❣② ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❣r♦✉♥❞ st❛t❡ ❛♥❞ t❤❡ ❡①❝✐t❡❞
st❛t❡s ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤✳ ❋✐❧❧❡❞ ❜❧✉❡ sq✉❛r❡s ✐♥ ✜❣✳ ✼✳✽
s❤♦✇ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✐♥t❡❣r❛t❡❞ ❊P❘ s✐❣♥❛❧ ✐♥t❡♥s✐t②✳ ❙✐♥❝❡ t❤❡
❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ♠✐❝r♦✇❛✈❡s t♦ t❤❡ s❛♠♣❧❡ ❝❛♥ t❡❝❤♥✐❝❛❧❧② ♥♦t ❜❡ ❝♦♥tr♦❧❧❡❞✱ ♦♥❧② t❤❡
r❡❧❛t✐✈❡ ❝❤❛♥❣❡ ✐♥ s✐❣♥❛❧ ✐♥t❡♥s✐t② ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞❛t❛ ✐s s❝❛❧❡❞ ❛t ❚
❂ ✻✳✺ ❑ t♦ t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ❙◗❯■❉ ♠❡❛s✉r❡♠❡♥ts ❞✐s❝✉ss❡❞ ❛❜♦✈❡ ✭s❡❡ ❣r❡❡♥ ❞♦t
✐♥ ✜❣✳ ✼✳✽✮✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t s❧♦♣❡ ♦❢ t❤❡ ❞❛t❛ ♦❜t❛✐♥❡❞
❢r♦♠ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❊P❘ s✐❣♥❛❧ ✐s ✐♥ ❣♦♦❞ ❛❝❝♦r❞❛♥❝❡ t♦ t❤❡ ❞❛t❛ s❡t ❢r♦♠ ❙◗❯■❉
♠❛❣♥❡t♦♠❡tr②✳ ❚♦ ✈❡r✐❢② t❤❡ q✉❛❧✐t② ♦❢ t❤✐s ❝♦♥s✐st❡♥❝②✱ t❤❡ ❊P❘ ❞❛t❛ s❡t ✐s ❢✉rt❤❡r
❝♦♠♣❛r❡❞ t♦ ❛ s✐♠✉❧❛t✐♦♥ ❛ss✉♠✐♥❣ ❛♥ ✉♥❝♦✉♣❧❡❞ s②st❡♠ ✇✐t❤ ✜✈❡ ❙ ❂ ✶✴✷ s♣✐♥s ❛♥❞
❛ g✲✈❛❧✉❡ ♦❢ g ❂ ✷✳✶✶ ❛s ❢♦✉♥❞ ❢r♦♠ t❤❡ P❍■ ✜t ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣✳ ✼✳✷✳✷ ✭s❡❡ r❡❞ s♦❧✐❞
❧✐♥❡ ✐♥ ✜❣✳ ✼✳✽✮✳ ❆t t❡♠♣❡r❛t✉r❡ ❜❡❧♦✇ ✹✵ ❑ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❞❛t❛ s❡t ♦❜t❛✐♥❡❞
❢r♦♠ ❙◗❯■❉ ♠❡❛s✉r❡♠❡♥ts ✭♦♣❡♥ ❜❧❛❝❦ ❝✐r❝❧❡s ✐♥ ✜❣✳ ✼✳✽✮ ❛s ✇❡❧❧ ❛s t❤❡ ✉♥❝♦✉♣❧❡❞
s✐♠✉❧❛t❡❞ ♠♦❞❡❧ ✭r❡❞ s♦❧✐❞ ❧✐♥❡ ✐♥ ✜❣✳ ✼✳✽✮ ❤❛✈❡ t❤❡ s❛♠❡ q✉❛❧✐t② ♦❢ ❝♦♥❣r✉❡♥❝❡ ✇✐t❤
t❤❡ ❞❛t❛ ❢r♦♠ t❤❡ ✐♥t❡❣r❛t❡❞ ❊P❘ ✐♥t❡♥s✐t② ✭♦♣❡♥ ❛♥❞ ✜❧❧❡❞ ❜❧✉❡ sq✉❛r❡s ✐♥ ✜❣✳ ✼✳✽✮
✐❢ t❤✐s ✐s s❝❛❧❡❞ ❛❝❝♦r❞✐♥❣❧② ✭s❡❡ ❣r❡❡♥ ❞♦ts ✐♥ ✜❣✳ ✼✳✽ ❛s r❡❢❡r❡♥❝❡ ❢♦r t❤❡ r❡s♣❡❝t✐✈❡
s❝❛❧✐♥❣✮✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ♥♦t ❢✉rt❤❡r s✉r♣r✐s✐♥❣ s✐♥❝❡ ✐t ✇❛s ❛❧r❡❛❞② ❢♦✉♥❞ ❢r♦♠
t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ χ❚✭❚✮ ❞❛t❛ ✐♥ ❝❤❛♣✳ ✼✳✷✳✷ t❤❛t ❛t t❡♠♣❡r❛t✉r❡s ❜❡❧♦✇ ✹✵ ❑ t❤❡
✐♥✈❡st✐❣❛t❡❞ s②st❡♠ ❜❡❤❛✈❡s ❧✐❦❡ ❛♥ ✐s♦❧❛t❡❞ ❙ ❂ ✶✴✷ ♣❛r❛♠❛❣♥❡t ✐✳❡✳ t❤❡ ♠❡❛s✉r❡❞
❙◗❯■❉ ❞❛t❛ ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❛♥ ✉♥❝♦✉♣❧❡❞ s②st❡♠ s❤♦✇ ❛ ❈✉r✐❡ ❧✐❦❡ ❜❡❤❛✈✐♦✉r✱
s❡♣❛r❛t❡❞ ♦♥❧② ❜② ❛ s❝❛❧✐♥❣ ❢❛❝t♦r✳ ❆t ♠♦r❡ ❡❧❡✈❛t❡❞ t❡♠♣❡r❛t✉r❡s✱ ✇❡r❡ t❤❡ s②st❡♠
❝❛♥ ♥♦t ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❙ ❂ ✶✴✷ s♣✐♥ ❜✉t t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❈✉✭■■✮ ✐♦♥s ❤❛s
t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✱ ✐t ✐s ❤♦✇❡✈❡r ♦❜✈✐♦✉s✱ t❤❛t t❤❡ ❞❛t❛ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥
♦❢ t❤❡ ❊P❘ s✐❣♥❛❧ ✐s ✐♥ ♠✉❝❤ ❝❧♦s❡r ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❙◗❯■❉ ❞❛t❛ ❝♦♠♣❛r❡❞ t♦
t❤❡ s✐♠✉❧❛t❡❞ ✉♥❝♦✉♣❧❡❞ ♠♦❞❡❧✳ ❚❤✉s✱ ✐t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞✱ t❤❛t ❡✈❡♥ ✐❢ ♥♦ q✉❛♥t✐t❛✲
t✐✈❡ ❛♥❛❧②s❡ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❳✲❜❛♥❞ ❊P❘ ✐♥t❡♥s✐t② r❡❣❛r❞✐♥❣
t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❝❛♥ ❜❡ ❣✐✈❡♥✱ t❤❡ r❡❧❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ t♦ q✉❛♥t✐t❛t✐✈❡ ❙◗❯■❉
❞❛t❛ ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❛♥ ✉♥❝♦✉♣❧❡❞ ♠♦❞❡❧ s❤♦✇s t❤❛t t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ❛♥t✐✲
❢❡rr♦♠❛❣♥❡t✐❝ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❈✉✭■■✮ ✐♦♥s ✐s ❛❧s♦ ✇✐t♥❡ss❡❞ ✐♥ t❤❡ ❊P❘ ❞❛t❛
s❡t✳

✼✳✷✳✹✳ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❈♦♥❝❧✉s✐♦♥

❋✐❣✳ ✼✳✾ s❤♦✇s ❛♥ ❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠ ✭❜❧✉❡ s♦❧✐❞ ❧✐♥❡s ✐♥ ✜❣✳ ✼✳✾✮ ✇❤✐❝❤ ✐s ❝❛❧❝✉❧❛t❡❞
❛ss✉♠✐♥❣ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ s❤♦✇♥ ✐♥ ❡q♥✳ ✼✳✷ ✇✐t❤ t❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥ts ❞❡r✐✈❡❞
❢r♦♠ t❤❡ ✜t ♦❢ t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts s❤♦✇♥ ✐♥ ✜❣✳ ✼✳✺✳ ■♥ ♦r❞❡r t♦ ✈✐s✉❛❧✐③❡
t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❡♥❡r❣②✲❧❡✈❡❧s✱ t❤❡ s❧♦♣❡ ✐s ❡①❛❣❣❡r❛t❡❞ ❜② ❛
❢❛❝t♦r ♦❢ ✹✵ ✐♥ ✜❣✳ ✼✳✾✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ❝❛❧❝✉❧❛t❡❞ ❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠✱ t❤❡
❣r♦✉♥❞ st❛t❡ ♦❢ t❤❡ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝❛❧❧② ❝♦✉♣❧❡❞ s♣✐♥ s②st❡♠ ✐s ✇❡❧❧ s❡♣❛r❛t❡❞ ❢r♦♠
t❤❡ ✜rst ❡①❝✐t❡❞ ❞♦✉❜❧❡t ❜② ∆ ≈ ✷ ❚❍③ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ♦❜s❡r✈❡❞ ✐s♦❧❛t❡❞ ❙ ❂
✶✴✷ ❜❡❤❛✈✐♦✉r s❤♦✇♥ ❛s ♣❧❛t❡❛✉ ❛t t❡♠♣❡r❛t✉r❡s ❜❡❧♦✇ ✺✵ ❑ ✐♥ t❤❡ χT✭❚✮ ❞❛t❛✳
❚❤❡ ❤✐❣❤❡st ♠✉❧t✐♣❧❡t ♦❢ t❤❡ s♣✐♥ s②st❡♠ ✐s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s✐♠✉❧❛t❡❞ ❡♥❡r❣②✲❧❡✈❡❧
❞✐❛❣r❛♠✱ ♠♦r❡ t❤❛♥ ✶✻ ❚❍③ ✭≈ ✼✺✵ ❑✮ s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡ ❞♦✉❜❧❡t ✇❤✐❝❤
❝❛✉s❡s t❤❡ ♥♦♥✲s❛t✉r❛t✐♥❣ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ χT✲✈❛❧✉❡ ❡✈❡♥ ✉♣ t♦ r♦♦♠✲t❡♠♣❡r❛t✉r❡✳
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❋✐❣✉r❡ ✼✳✽✳✿ ❋✐❧❧❡❞ ❜❧✉❡ sq✉❛r❡s s❤♦✇ t❤❡ ✐♥t❡❣r❛t❡❞ s✐❣♥❛❧ ✐♥t❡♥s✐t② ♦❢ t❤❡ ❳✲❜❛♥❞
❊P❘ ❞❛t❛ s❝❛❧❡❞ ❛t ✻✳✹ ❑ ✭s❡❡ ❣r❡❡♥ ❞♦t✮ t♦ t❤❡ χ✭❚✮ ❞❛t❛ ✭♦♣❡♥ ❜❧❛❝❦
❝✐r❝❧❡s✮✳ ❖♣❡♥ ❜❧✉❡ sq✉❛r❡s s❤♦✇ t❤❡ ✐♥t❡❣r❛t❡❞ s✐❣♥❛❧ ✐♥t❡♥s✐t② s❝❛❧❡❞ t♦
t❤❡ r❡s✉❧t ♦❢ ❛ s✐♠✉❧❛t✐♦♥ ❛ss✉♠✐♥❣ ✜✈❡ ✉♥❝♦✉♣❧❡❞ ❈✉✭■■✮ s♣✐♥s ✭s❡❡ r❡❞
s♦❧✐❞ ❧✐♥❡✮✳

❘❡❞ ❞❛s❤❡s ✐♥ ✜❣✳ ✼✳✾ ✈✐s✉❛❧✐③❡ ♣r❡❞✐❝t❡❞✱ ✐✳❡✳✱ ❛❧❧♦✇❡❞ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❝❛❧✲
❝✉❧❛t❡❞ ❡♥❡r❣②✲❧❡✈❡❧s ❢♦r ❛ ♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝② ♦❢ ❢ ❂ ✾✳✻✹✶ ●❍③ ❛♥❞ ❛♥ ♦r✐❡♥t❛t✐♦♥
♦❢ t❤❡ ♠♦❧❡❝✉❧❡s ✇✐t❤ g⊥ ❛❧♦♥❣ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤✐s ❞✐r❡❝t✐♦♥ ✇❛s ❝❤♦✲
s❡♥ s✐♥❝❡ t❤❡ ♠❡❛s✉r❡❞ ❊P❘ s♣❡❝tr❛ s❤♦✇ t❤❡ ♠♦st ♣r♦♥♦✉♥❝❡❞ s♣❡❝tr❛❧ ✇❡✐❣❤t ❢♦r
t❤✐s ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❜❧❛❝❦ ❡❧❧✐♣s❡ ♠❛r❦s t❤❡ ❡♥❡r❣② s❝❛❧❡ ✇❤✐❝❤ ✇❛s ❝♦✈❡r❡❞ ❜② t❤❡
t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t ❳✲❜❛♥❞ ❊P❘ ♠❡❛s✉r❡♠❡♥ts s❤♦✇♥ ✐♥ ✜❣✳ ✼✳✻✳ ❆ s✐♠✉❧❛t✐♦♥
♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡ g✲✈❛❧✉❡ ♦❢ s✐❣♥❛❧ ✶ ✐s ❛ss✐❣♥❡❞ t♦ t❤❡ ❝❡♥tr❛❧ ❈✉✭■■✮ ✐♦♥ ✭❈✉✭✶✮ ✐♥
✜❣✳ ✼✳✹✮ ✇❤✐❧❡ s✐❣♥❛❧ ✷ ✐s ❛ss✐❣♥❡❞ t♦ t❤❡ ❈✉✭■■✮ ✐♦♥s ✐♥ t❤❡ ♠❡t❛❧❧❛❝r♦✇♥ r✐♥❣ ✭❈✉✭✷✮
✲ ❈✉✭✺✮ ✐♥ ✜❣✳ ✼✳✹✮ ❧❡❛❞s t♦ ❛ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♣r❡❞✐❝t❡❞
tr❛♥s✐t✐♦♥s ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ s✐❣♥❛❧s ✶ ❛♥❞ ✷ ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ t❡♠♣❡r❛t✉r❡ r❛♥❣❡✳
❆ ❢✉rt❤❡r ✐♥❞✐❝❛t✐♦♥ t❤❛t s✐❣♥❛❧ ✶ ♠❛✐♥❧② ❛r✐s❡s ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❈✉✭■■✮ ✐♦♥ ✐s t❤❡
r❡❧❛t✐✈❡❧② ❜r♦❛❞ ❧✐♥❡ ✇✐❞t❤ ❝♦♠♣❛r❡❞ t♦ s✐❣♥❛❧ ✷✳ ❚❤❡ ❧✐♥❡ ✇✐❞t❤ ♦❢ ❛♥ ❊P❘ s✐❣♥❛❧
✐s ✐♥ ❣❡♥❡r❛❧ ❞❡✜♥❡❞ ❜② t❤❡ tr❛♥s✈❡rs❛❧ r❡❧❛①❛t✐♦♥ t✐♠❡ T2 ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ ♣❤❛s❡
❝♦❤❡r❡♥❝❡ t✐♠❡ ♦❢ t❤❡ ❡①❝✐t❡❞ s♣✐♥s✳❬✶✽✱ ✷✻✵❪ ❆♥ r❡❧❛①❛t✐♦♥ ❡♥❤❛♥❝❡♠❡♥t ❝❛♥ t❤❡r❡❜②
❜❡ ✐♥❞✉❝❡❞ ❜②✱ ❛♠♦♥❣st ♦t❤❡rs✱ ❞✐♣♦❧❛r s♣✐♥✲s♣✐♥ ✐♥t❡r❛❝t✐♦♥s t♦ ♥❡✐❣❤❜♦✉r✐♥❣ ♣❛r❛✲
♠❛❣♥❡t✐❝ s♣❡❝✐❡s ❬✷✺✾❪ ♦r t❤❡ ♣r♦①✐♠✐t② t♦ ♦①②❣❡♥ ✐♦♥s✳❬✷✻✶✱ ✷✻✷❪ ❋r♦♠ t❤❡ str✉❝t✉r❛❧
❞❡s❝r✐♣t✐♦♥ s❤♦✇♥ ❛❜♦✈❡ ✭s❡❡ ❝❤❛♣✳ ✼✳✷✳✶✮ ✐t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞✱ t❤❛t✱ ✇❤✐❧❡ ❡❛❝❤ ❈✉✭■■✮
✐♦♥ ✐♥ t❤❡ ♠❛t❛❧❧❛❝r♦✇♥ r✐♥❣ ✐s s✉rr♦✉♥❞❡❞ ❜② ❥✉st ♦♥❡ ♥❡✐❣❤❜♦✉r✐♥❣ ❈✉✭■■✮ ✐♦♥ ❛s ✇❡❧❧
❛s t❤r❡❡ ♦①②❣❡♥ ✐♦♥s✱ t❤❡ ❝❡♥tr❛❧ ❈✉✭■■✮ ✐♦♥ ✜❣✉r❡s ❢♦✉r ❈✉✭■■✮ ✐♦♥s ✐♥ ❝❧♦s❡ ♣r♦①✐♠✐t②
❛♥❞ ✐s s✉rr♦✉♥❞❡❞ ❜② ✜✈❡ ♦①②❣❡♥ ✐♦♥s✳ ❚❤✐s ❞✐✛❡r❡♥❝❡ ✐♥ ❧♦❝❛❧ s✉rr♦✉♥❞✐♥❣ ♦❢ t❤❡
❈✉✭■■✮ ✐♦♥s ❝♦✉❧❞ ❜❡ ❛♥ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ♦❜s❡r✈❡❞ ❞❡✈✐❛t✐♦♥s ✐♥ ❧✐♥❡ ❜r♦❛❞❡♥✐♥❣
❜❡t✇❡❡♥ s✐❣♥❛❧ ✶ ❛♥❞ ✷✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❈✉✭■■✮ ❝♦♥t❛✐♥✐♥❣ ♠❡t❛❧❧❛❝r♦✇♥ ✇✐t❤
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❋✐❣✉r❡ ✼✳✾✳✿ ❚❤❡ ❝❛❧❝✉❧❛t❡❞ ❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠ ❢♦r ❛ ♠✐❝r♦✇❛✈❡ ❢r❡q✉❡♥❝② ♦❢ ❢ ❂
✾✳✻✹✶ ●❍③ ✉s✐♥❣ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ s❤♦✇♥ ✐♥ ❡q♥✳ ✼✳✷ ❛♥❞ t❤❡ ❝♦✉♣❧✐♥❣
❝♦♥st❛♥ts ✜①❡❞ t♦ t❤❡ ♣❛r❛♠❡t❡rs ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ χT✭❚✮ ❞❛t❛ ✐s s❤♦✇♥
❛s ❜❧✉❡ s♦❧✐❞ ❧✐♥❡s✳ ❚❤❡ s❧♦♣❡ ♦❢ t❤❡ ❡♥❡r❣②✲❧❡✈❡❧s ✐s ❡①❛❣❣❡r❛t❡❞ ❜② ❛
❢❛❝t♦r ♦❢ ✹✵ t♦ ✈✐s✉❛❧✐③❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡✳ ❘❡❞ ❞❛s❤❡s ♠❛r❦
t❤❡ ❛❧❧♦✇❡❞ r❡s♦♥❛♥❝❡ tr❛♥s✐t✐♦♥s ❢♦r ❛ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡ ❣✲✈❛❧✉❡ ♠❡❛✲
s✉r❡❞ ❢♦r s✐❣♥❛❧ ✶ ✐s ❛ss✐❣♥❡❞ t♦ t❤❡ ❝❡♥tr❛❧ ❈✉✭■■✮ ✐♦♥✱ ✇❤✐❧❡ t❤❡ ❣✲✈❛❧✉❡
♠❡❛s✉r❡❞ ❢♦r s✐❣♥❛❧ ✷ ✐s ❛ss✐❣♥❡❞ t♦ t❤❡ ❈✉✭■■✮ ✐♦♥s ✐♥ t❤❡ ♠❡t❛❧❧❛❝r♦✇♥
r✐♥❣✳

t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ❈✉II❬✶✷✲▼❈CuII✲✹❪ ✇❛s ✐♥✈❡st✐❣❛t❡❞ ❜② t❡♠♣❡r❛t✉r❡ ❛♥❞ ♠❛❣♥❡t✐❝
✜❡❧❞ ❞❡♣❡♥❞❡♥t s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts ❛s ✇❡❧❧ ❛s ❳✲❜❛♥❞ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s✳
❚❤❡r❡❜②✱ ♥♦t ♦♥❧② t❤❡ ❛♥t✐✲❢❡rr♦♠❛❣♥❡t✐❝ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❜❡t✇❡❡♥ t❤❡ ❈✉✭■■✮ ✐♦♥s
✇❛s ❞❡❝✐♣❤❡r❡❞✱ ❜✉t ❛❧s♦ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t✇♦ ❳✲❜❛♥❞ ❊P❘ s✐❣♥❛❧s ✜❣✉r✐♥❣ ❞✐✛❡r❡♥t
s♣❡❝tr❛❧ s❤❛♣❡ ❛♥❞ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ✐s ❞✐s❝✉ss❡❞✳ ❘❡❧❛t❡❞ t♦ t❤❡ ❧❛tt❡r ✐t ✐s
s♣❡❝✉❧❛t❡❞✱ t❤❛t t❤❡ s✐❣♥❛❧ ✇❤✐❝❤ ✐s ♠♦st ✐♥t❡♥s❡ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s ✭s✐❣♥❛❧ ✶✮ ✐s
♠❛✐♥❧② ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❈✉✭■■✮ ✐♦♥✱ ✇❤✐❧❡ t❤❡ ❤✐❣❤ t❡♠♣❡r❛t✉r❡ s✐❣♥❛❧ ♦r✐❣✲
✐♥❛t❡s ❢r♦♠ t❤❡ ❈✉✭■■✮ ✐♦♥s ✐♥ t❤❡ ♠❡t❛❧❧❛❝r♦✇♥ r✐♥❣✳ ■♥ t❤✐s r❡❣❛r❞ ✐t ❤❛s t♦ ❜❡
♥♦t❡❞✱ t❤❛t t❤❡ ❛ss✐❣♥♠❡♥t ♦❢ s♣❡❝tr❛❧ ❢❡❛t✉r❡s t♦ ✐♥❞✐✈✐❞✉❛❧ ❈✉✭■■✮ ✐♦♥s ✐s r❛t❤❡r ❛
♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛♣♣r♦❛❝❤ ✇❤✐❝❤ ✇❡❧❧ ❞❡s❝r✐❜❡s ♦✉r ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts✳ ■♥ ❛ ♠♦r❡
♣r❡❝✐s❡ ❢♦r♠✉❧❛t✐♦♥✱ t❤❡ t✇♦ ❛♣♣❡❛r✐♥❣ s✐❣♥❛❧s s❤♦✉❧❞ ❜❡ r❛t❤❡r tr❡❛t❡❞ ❛t t❤❡ r❡s✉❧ts
♦❢ ❝♦rr❡❧❛t❡❞ st❛t❡s ❞✉❡ t♦ t❤❡ ❤✐❣❤ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❜❡t✇❡❡♥ t❤❡ ❈✉✭■■✮ ✐♦♥s✳

❇❡②♦♥❞ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ s♣❡❝✐✜❝ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt② ♣❛r❛♠❡t❡rs ❢♦r ❛♥ ❈✉✭■■✮ ♠❡t✲
❛❧❧❛❝r♦✇♥✱ ✐t ✇❛s ❞❡♠♦♥str❛t❡❞ t❤❛t ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❳✲❜❛♥❞ ❊P❘ s♣❡❝tr♦s❝♦♣②
✐t ✐s ♣♦ss✐❜❧❡✱ t♦ ♥♦t ♦♥❧② ❞❡t❡❝t ❛♥❞ ❡✈❛❧✉❛t❡ t❤❡ r❡s♦♥❛♥❝❡ ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❣r♦✉♥❞
st❛t❡ tr❛♥s✐t✐♦♥✱ ❜✉t ❛❧s♦ t❤❡ ♦♥❡ ✇✐t❤✐♥ t❤❡ ✜rst ❡①❝✐t❡❞ ❞♦✉❜❧❡t✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡
✐♥t❡♥s✐t② ✐s✱ ❞✉❡ t♦ t❤❡ ❡❧❡✈❛t❡❞ t❡♠♣❡r❛t✉r❡s✱ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞ ❝♦♠♣❛r❡❞ t♦ t❤❡

✶✶✹



❧♦✇ t❡♠♣❡r❛t✉r❡ ❢❡❛t✉r❡✳

✶✶✺





✽✳ ❙✉♠♠❛r② ❛♥❞ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ❛✐♠ ♦❢ t❤✐s t❤❡s✐s ✐s t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ♥♦✈❡❧ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s ❜②
t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t✉♥❛❜❧❡ ❤✐❣❤✲❢r❡q✉❡♥❝② ✴ ❤✐❣❤✲✜❡❧❞ ❡❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡
✭❍❋ ❊P❘✮ s♣❡❝tr♦s❝♦♣② ❜❛❝❦❡❞✲✉♣ ❜② ❞❡t❛✐❧❡❞ ❞❝ ❛♥❞ ❛❝ ♠❛❣♥❡t✐s❛t✐♦♥ st✉❞✐❡s✳ ❚❤❡
✜rst ♣❛rt ✐♥ ❝❤❛♣✳ ✹ ❢♦❝✉ss❡s ♦♥ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❈♦✭■■✮ ❝♦♥t❛✐♥✐♥❣ ♠♦♥♦♥✉❝❧❡❛r
♠♦❧❡❝✉❧❛r ❝♦♠♣♦✉♥❞s ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♦r❞✐♥❛t✐♦♥ ❣❡♦♠❡tr✐❡s✳ ❚❤❡r❡❜②✱ t❤❡ ❞❡t❛✐❧❡❞
❛♥❛❧②s✐s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❍❋ ❊P❘ s♣❡❝tr❛ s❤♦✇♥ ✐♥ ❝❤❛♣✳ ✹✳✶ ❛♥❞ ✹✳✷ ❡♥❛❜❧❡ t♦ ❞❡✲
❞✉❝❡ t❤❡ ❛①✐❛❧ ❛♥❞ tr❛♥s✈❡rs❛❧ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡rs ❢♦r ❛ s❛♠♣❧❡ s❡t ♦❢ t❡tr❛❤❡❞r❛❧❧②
❝♦♦r❞✐♥❛t❡❞ ❈♦✭■■✮ ❤✐❣❤✲s♣✐♥ ✐♦♥s ✇✐t❤ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ❬❈♦✭▲1✮4❪❳2✱ ✇❤❡r❡ ▲1 ❛r❡
t❤✐♦✉r❡❛ ❧✐❣❛♥❞s ❛♥❞ ❳ ❂ ❇r✱ ■ ❛♥❞ ❬❈♦✭▲1✮4❪✭❙✐❋6✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s st✉❞② r❡✈❡❛❧s
❛ ❞✐r❡❝t ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♦❜s❡r✈❡❞ ❛①✐❛❧✐t② ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❛♥❞
t❤❡ ✐♦♥s ✐♥ t❤❡ s❡❝♦♥❞ ❝♦♦r❞✐♥❛t✐♦♥ s♣❤❡r❡✳ ❚❤❡ s✉❜s❡q✉❡♥t ❝❤❛♣✳ ✹✳✸ ❛❞❞r❡ss❡s ❛♥
♦❝t❛❤❡❞r❛❧❧② ❝♦♦r❞✐♥❛t❡❞ ❈♦✭■■✮ ❝♦♠♣♦✉♥❞ ❬❈♦✭▲1✮4✭❈❧✮2❪ ✭✶✮✱ ✇✐t❤ ▲1 ❂ t❤✐♦✉r❡❛
✭❍2◆✲❈❙✲◆❍2✮ ✇❤✐❝❤ ✜❣✉r❡s ❛ str♦♥❣❧② ❛①✐❛❧ ❛♥✐s♦tr♦♣②✳ ❚❤❡ ❡♥❡r❣② s❝❛❧❡ ♦❢ t❤✐s
❛♥✐s♦tr♦♣② ❡①❝❡❡❞s t❤❡ r❛♥❣❡s ♦❢ ♦✉r ❍❋ ❊P❘♠❡❛s✉r❡♠❡♥t s❡t✉♣✱ ✇❤✐❝❤ ✐s ✇❤② ♣✉❧s❡❞
✜❡❧❞ ♠❛❣♥❡t✐s❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ❡♠♣❧♦②❡❞ ✐♥ ❛❞❞✐t✐♦♥✳ ❚❤r♦✉❣❤ t❤❡ ❧❛tt❡r ❛♥
❛①✐❛❧ ❛♥✐s♦tr♦♣② ♣❛r❛♠❡t❡r ♦❢ D ❂ ✲✶✽✾✵ ●❍③ ✇❛s q✉❛♥t✐✜❡❞✳ ❆s ❛ ♠♦r❡ ❡①♦t✐❝
❡①❛♠♣❧❡ ❢♦r ❈♦✭■■✮ ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣♦✉♥❞s✱ t✇♦ ❈♦✭■■✮ ❧♦✇✲s♣✐♥ ❝♦♠♣❧❡①❡s ✜❣✉r✐♥❣ ❛
s♣✐♥ st❛t❡ ♦❢ ❙ ❂ ✶✴✷ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✜♥❛❧ ♣❛rt ♦❢ t❤❡ ❈♦✭■■✮ ♠♦♥♦♠❡r ❝❤❛♣t❡r
✭s❡❡ ❝❤❛♣✳ ✹✳✹✮✱ ❜♦t❤ ♦❢ ✇❤✐❝❤ ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❢♦r♠✉❧❛ ❬❈♦✭❉PP❊✮2❈❧❪✭❙♥❈❧3✮✳ ❚❤❡
✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡ ♦❢ t❤♦s❡ ❝♦♠♣♦✉♥❞s ✐s✱ t❤❛t t❤❡② ❛r❡ r❡❛❧ ❣❡♦♠❡tr✐❝❛❧ ✐s♦♠❡rs ❛s
✇❡❧❧ ❛s str✉❝t✉r❛❧ ♣♦❧②♠♦r♣❤s ✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ r❛r❡ ♦♣♣♦rt✉♥✐t② t♦ ❞✐r❡❝t❧② ♦❜s❡r✈❡
t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ❧✐❣❛♥❞s ❛r♦✉♥❞ t❤❡ ❝❡♥tr❛❧ ❈♦✭■■✮
✐♦♥ ♦♥t♦ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s✳ ❍❋ ❊P❘ ♠❡❛s✉r❡♠❡♥ts r❡✈❡❛❧❡❞✱ t❤❛t t❤❡r❡ ✐s ✐♥✲
❞❡❡❞ ❛ ❝❤❛♥❣❡ ✐♥ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ♠❡❛s✉r❡❞ g✲✈❛❧✉❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤
t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ s✉rr♦✉♥❞✐♥❣ ❧✐❣❛♥❞s✳ ❋✉rt❤❡r♠♦r❡✱ ❛❝ s✉s❝❡♣t✐✲
❜✐❧✐t② ♠❡❛s✉r❡♠❡♥ts s❤♦✇❡❞ ❛ s✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡ ✐♥ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r
❝♦✉♣❧❡❞ t♦ t❤❡ ❧✐❣❛♥❞ ❛rr❛♥❣❡♠❡♥t✳ ❆s ❝♦♠♠♦♥ t❤❡♠❡ ❛❝r♦ss ❛❧❧ t❤❡ ❞✐s❝✉ss❡❞ ❈♦✭■■✮
♠♦♥♦♠❡r✐❝ ❝♦♠♣♦✉♥❞s✱ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ✇❡r❡ st✉❞✐❡❞✱ ✇❤✐❝❤ ✐s ❛ ❝r✉❝✐❛❧
♣❛r❛♠❡t❡r ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ s✐♥❣❧❡ ♠♦❧❡❝✉❧❛r ♣r♦♣❡rt✐❡s✳ ■♥ t❤❡s❡ ✐♥✈❡st✐❣❛t✐♦♥s✱ ❛
s♠❛❧❧ ❞✐♠❡r✲❧✐❦❡ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ≈ ✵✳✷ ❑ ✇❛s ✇✐t♥❡ss❡❞ ❢♦r
t❤❡ t❡tr❛❤❡❞r❛❧❧② ❝♦♦r❞✐♥❛t❡❞ ❈♦✭■■✮ ❝♦♠♣♦✉♥❞s ❞✐s❝✉ss❡❞ ✐♥ ❝❤❛♣✳ ✹✳✷✱ ✇❤✐❧❡ ❛ r❛t❤❡r
t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ✐♥t❡r♠♦❧❡❝✉❧❛r ❝♦✉♣❧✐♥❣ s❝❤❡♠❡ ✇❛s ❢♦✉♥❞ ❢♦r t❤❡ ♦❝t❛❤❡❞r❛❧❧② ❝♦✲
♦r❞✐♥❛t❡❞ ❈♦✭■■✮ ♠♦♥♦♠❡r ❛s s❤♦✇♥ ✐♥ ❝❤❛♣✳ ✹✳✸✳ ❋♦r t❤❡ ❈♦✭■■✮ ❧♦✇✲s♣✐♥ ❝♦♠♣❧❡①❡s
✭s❡❡ ❝❤❛♣✳ ✹✳✹✮ ✐t ✇❛s s❤♦✇♥ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❛t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✐♥t❡r♠♦❧❡❝✉❧❛r
✐♥t❡r❛❝t✐♦♥s ✐s ♥❡❣❧✐❣✐❜❧❡ ✐♥ t❤✐s ❝♦♠♣♦✉♥❞s✳

❚❤❡ ♣r❡❝✐s❡ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ ✇❡❛❦ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ✐s ❛❧s♦ ❛ ♠❛✐♥ r❡s✉❧t
❢r♦♠ t❤❡ ❍❋ ❊P❘ st✉❞② ♦♥ t❤❡ ♠♦♥♦♥✉❝❧❡❛r ❝♦♠♣❧❡① ❬❱✭■■■✮✭❉❆P❇❍✮✭❈❍3❖❍✮2❪

✶✶✼



❈❧·❈❍3❖❍ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ s✉❜s❡q✉❡♥t ❝❤❛♣✳ ✺✳✶✳ ❚❤❡ ♦❜s❡r✈❡❞ ❞✐♠❡r✲❧✐❦❡ ✐♥t❡r✲
♠♦❧❡❝✉❧❛r ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t ♦❢ J ❂ ✲✶✳✶ ❝♠−1✱ ✇❤✐❝❤ ✇❛s ❝♦♥❝❧✉s✐✈❡❧② ❝♦♥✜r♠❡❞
❜② ❜♦t❤✱ ❍❋ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s ❛♥❞ ❧♦✇ t❡♠♣❡r❛t✉r❡ ❙◗❯■❉ ♠❛❣♥❡t♦♠❡tr②✱ ✐s ❛
♣❛rt✐❝✉❧❛r❧② s✉r♣r✐s✐♥❣ r❡s✉❧t ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❧❛r❣❡ s♣❛t✐❛❧ s❡♣❛r❛t✐♦♥ ♦❢ ❛❜♦✉t ✼✳✺ ➴
❜❡t✇❡❡♥ t❤❡ ♣❛r❛♠❛❣♥❡t✐❝ ❝❡♥tr❡s ✇✐t❤✐♥ t❤❡ ❝r②st❛❧ str✉❝t✉r❡✳ ❋✉rt❤❡r♠♦r❡✱ ❛ s✐♥❣❧❡✲
✐♦♥ ❛♥✐s♦tr♦♣② ❣❛♣ ♦❢ ❉ ❂ ✹✳✺✭✶✮ ❝♠−1 ✇❛s ❢♦✉♥❞ ❢♦r t❤❡ s♣✐♥ ❙ ❂ ✶ ❱✭■■■✮ ✐♦♥s✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s s❤✐❢ts t❤❡ s✉❜❥❡❝t ♦❢ ♠❛tt❡r ❢r♦♠ t❤❡ s♦ ❢❛r ❞✐s❝✉ss❡❞
♠♦♥♦♥✉❝❧❡❛r ✸d ♠❡t❛❧ ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣❧❡①❡s t♦✇❛r❞s ♠♦❧❡❝✉❧❡s ✇✐t❤ ♠❛❣♥❡t✐❝ ❝❡♥✲
tr❡s ♠❛❞❡ ❢r♦♠ ✹f r❛r❡ ❡❛rt❤ ✐♦♥s✳ ❚♦ ♦❜s❡r✈❡ t❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ♦❢
❛ ❉②✭■■■✮ ♠♦♥♦♠❡r✐❝ ❝♦♠♣❧❡① ✇✐t❤ t❤❡ ❢♦r♠✉❧❛ ❬❉②III▲1❪❖❚❢ ❛❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛✲
s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛s s❤♦✇♥ ✐♥ ❝❤❛♣✳ ✻✳✶✳ ❊✈❡♥ t❤♦✉❣❤✱ t❤✐s ❝♦♠♣❧❡① ✜❣✉r❡s
♥♦ r❡♠❛♥❡♥t ♠❛❣♥❡t✐s❛t✐♦♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛♥ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛♥ ✐♥t❡r❡st✲
✐♥❣ t✇♦ st❡♣ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ✇❛s ♦❜s❡r✈❡❞ ✇❤❡♥ ❛ s♠❛❧❧ ❡①t❡r♥❛❧ ✜❡❧❞ ♦❢ ✵✳✶ ❚
✇❛s ❛♣♣❧✐❡❞✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ t♦ q✉❛♥t✉♠ ❝❤❡♠✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s str♦♥❣❧② ✐♠♣❧✐❡s t❤❛t
t❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ✇✐t❤✐♥ t❤✐s ❝♦♠♣❧❡① ❞♦❡s ♥♦t ❥✉st ✐♥❝♦r♣♦r❛t❡ t❤❡ ✜rst ❜✉t
❛❧s♦ t❤❡ s❡❝♦♥❞ ❡①❝✐t❡❞ ❑r❛♠❡rs ❞♦✉❜❧❡t✳ ■♥ t❤❡ s✉❜s❡q✉❡♥t ❝❤❛♣✳ ✻✳✷✱ t✇♦ ♥♦✈❡❧
❊r✭■■■✮ ❝♦♠♣❧❡①❡s ✜❣✉r✐♥❣ ❛ ♣❡♥t❛❣♦♥❛❧✲❜✐♣②r❛♠✐❞❛❧ ❝♦♦r❞✐♥❛t✐♦♥ s✉rr♦✉♥❞✐♥❣ ❛♥❞ ❛
❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ♦❢ ❬❊r✭❉❆P▼❇❍✮❈❧✭❍2❖✮❪✷❈2❍5❖❍ ❛♥❞ ✭❊t3◆❍✮❬❊r✭❍2❉❆P❙✮❈❧2❪
✇❡r❡ ❝♦♠♣❛r❛t✐✈❡❧② ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡r❡❜②✱ t❤❡ ❡✛❡❝t ♦❢ ❛♣✐❝❛❧ ❧✐❣❛♥❞ s✉❜st✐t✉t✐♦♥ ♦♥
t❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r ✇❛s ❞✐r❡❝t❧② tr❛❝❡❞ ❜❛❝❦ t♦ t❤❡ ❝❤❛♥❣❡s ✐♥ ❝r②st❛❧
✜❡❧❞ ♣❛r❛♠❡t❡rs✱ ✇❤✐❝❤ ✇❡r❡ ♠❡❛s✉r❡❞ ❜② ❍❋ ❊P❘✳ ❇❡s✐❞❡s t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♠❛❣✲
♥❡t✐❝ r❡❧❛①❛t✐♦♥ ❜❡❤❛✈✐♦✉r✱ t❤❡ ♦❜t❛✐♥❡❞ ❍❋ ❊P❘ s♣❡❝tr❛ t❤❡♠s❡❧❢ r❡♣r❡s❡♥t ❛ r❛r❡
❡①❛♠♣❧❡ ♦❢ ❤✐❣❤ q✉❛❧✐t② ❍❋ ❊P❘ s♣❡❝tr❛ ♦♥ ♣✉r❡❧② ❧❛♥t❤❛♥✐❞❡ ❝♦♥t❛✐♥✐♥❣ ❝♦♠♣♦✉♥❞s
✭❡①❝❧✉❞✐♥❣ ●❞✮✳ ■♥ t❤❡ ✜♥❛❧ ❝❤❛♣✳ ✻✳✸ ✐♥ t❤✐s s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❤❡s✐s✱ t❤❡ ✐♥t❡r♣❧❛②
❜❡t✇❡❡♥ ✹f ❛♥❞ ✸d ♠❡t❛❧ ✐♦♥s ✐s ❞✐s❝✉ss❡❞ ♦♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❢♦✉r ❈✉✭■■✮✲▲♥✲❈✉✭■■✮
s❛♠♣❧❡s ✇✐t❤ ▲♥ ❂ ●❞✱ ❚❜✱ ❉② ❛♥❞ ▲❛✳ ❚❤❡r❡✐♥✱ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❈✉ ✐♦♥s t♦
t❤❡ ❚❜ ♦r ❉② ✐♦♥s ✇❛s ❞✐r❡❝t❧② q✉❛♥t✐✜❡❞ ❜② ❍❋ ❊P❘ ♠❡❛s✉r❡♠❡♥ts✳ ❋✉rt❤❡r♠♦r❡✱
❛ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥t s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ●❞ ❝♦♥✲
t❛✐♥✐♥❣ ❝♦♠♣♦✉♥❞ r❡✈❡❛❧❡❞ ❛ ✜♥✐t❡ ❛♥✐s♦tr♦♣② ♦♥ t❤❡ ●❞ s✐t❡✱ ✇❤♦s❡ ♦r✐❣✐♥ ✐s ♠❛✐♥❧②
❛ttr✐❜✉t❡❞ t♦ ❞✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ t❤❡ ❈✉✭■■✮ s♣✐♥s✳

❚❤❡ ❜r♦❛❞ ✈❛r✐❡t② ♦❢ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐❝ ❝♦♠♣♦✉♥❞s ✐s ❞❡♠♦♥str❛t❡❞ ✐♥ ❝❤❛♣✳ ✼✱
✇❤❡r❡ t✇♦ ❝♦♠♣❧❡①❡s ❛r❡ ❞✐s❝✉ss❡❞ ✇❤✐❝❤ ❞♦ ♥♦t ✜t str❛✐❣❤t❢♦r✇❛r❞❧② ❡✐t❤❡r ♦❢ t❤❡
❛❢♦r❡✲♠❡♥t✐♦♥❡❞ ❣r♦✉♣s ♦❢ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡ts✳ ❋♦r t❤❡ ❜✉tt❡r✢②✲s❤❛♣❡❞ ❝♦♠♣♦✉♥❞
❈♦2▲✉2✲▼❡❖❍ s❤♦✇♥ ✐♥ ❝❤❛♣✳ ✼✳✶ t❤❡ s✐♥❣❧❡✲✐♦♥ ❛♥✐s♦tr♦♣② ♦♥ t❤❡ ❈♦✭■■✮ s✐t❡s ❛s
✇❡❧❧ ❛s t❤❡ ❡①❝❤❛♥❣❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❈♦✭■■✮ ✐♦♥s ✇❛s ♦❜t❛✐♥❡❞ ❜② ❛
❝♦♠❜✐♥❡❞ st✉❞② ♦❢ ❞❝ s✉s❝❡♣t✐❜✐❧✐t② ❛♥❞ ❍❋ ❊P❘ ✐♥✈❡st✐❣❛t✐♦♥s✳ ❚❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥
♦❢ t❤❡ ❡✛❡❝t✐✈❡❧② ❞✐♠❡r✐❝ ❈♦✭■■✮ ♠♦❧❡❝✉❧❡ ♠❛r❦s ❛ ✜rst st❡♣ t♦✇❛r❞s ❛ ❝♦♠♣r❡❤❡♥s✐✈❡
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Table S1. CShM parameters for the coordination geometries of the complexes 1-3. 

 Symmetry 1 2 3 

S (Tetrahedral) Td 0.22 0.28 0.09 

S (Square planar) D4h 32.5 31.5 31.2 

 S (Seesaw) C2v 8.7 8.3 8.3 

 

 

 

 

 

Figure S1. Influence of a tilting angel of 7.4° (red lines) between the direction of D and the external 

magnetic field on the simulated branches (solid lines) for 1. 
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Figure S2. Simulated energy-level diagrams using SH in Eqn. 2 expanded by the coupling term shown 

in Eqn. 1 with positive (a) or negative (b) sign of the exchange coupling constant J. For better 

clarification, only the lowest multiplets are shown which are split by the axial anisotropy parameter D 

(visualised by blue arrow). The zero-field gap of the lowest multiplet directly depends on the sign and 

amplitude of the exchange interaction between the spins. Expected transitions between the spin 

states are marked with red arrows. 
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Figure S3. Temperature dependent measurements for sample 1 (reprinted from Ref [1]) and 2. With 

rising temperatures, the feature which corresponds to the black resonance branch is shifted to lower 

fields for both samples like indicated by the horizontal dashed line. This shift is most likely due to a 

merging with a smaller feature which is up showing on the low field site of the main one with rising 

temperatures. 
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Figure S4. HF-EPR spectra measured on a 100 % as well as a diluted 25 % sample of 2 at same 

resonance frequency of 165 GHz. A clear dilution dependent shift of the observed feature of around 

0.5 T is visible which can be attributed to the presence of intermolecular interactions in the undiluted 

sample. Open and filled black squares refer to the corresponding resonance branch shown in Figure 3 

(b) and 7 (b) in the main text. 

 

 

Figure S5. Computed (a) 177α + 178 β SOMOs and (b) 179α + 184 β SOMOs of 1. The red and blue 

iso-density surfaces (0.025 e- bohr-3) indicate positive and negative spin phases, respectively. 

 

(a) (b)
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Figure S6. Computed orientations of the easy axis of the g-tensor and the D-tensor based on NEVPT2 

calculations on a representative complex 1. The Dzz and gzz directions form an angle of 72.3°. We 

refer to Ref. [1] for calculational details.  

 

[1] S. Tripathi et al., "Influence of a Counteranion on the Zero-Field Splitting of Tetrahedral 

Cobalt(II) Thiourea Complexes," Inorganic Chemistry, vol. 58, no. 14, pp. 9085-9100, 

2019/07/15 2019. 
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s✉♠♠❛r✐s❡❞ ✐♥ t❛❜❧❡ ❆✳✸✳
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●❡♥❡r❛❧✐s❡❞ ❉❡❜②❡ ♠♦❞❡❧✿

χ′′
AC(ω) =

(χT − χS) (ωτ)
(1−α) cos

(

πα
2

)

1 + 2(ωτ)(1−α)sin
(

πα
2

)

+ (ωτ)(2−2α)
✭❆✳✶✮

❲✐t❤ t❤❡ ✐s♦t❤❡r♠❛❧ ❛♥❞ t❤❡ ❛❞✐❛❜❛t✐❝ s✉s❝❡♣t✐❜✐❧✐t② χT ❛♥❞ χS✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞
α ❜❡✐♥❣ ❛♥ ❡❝❝❡♥tr✐❝✐t② ♣❛r❛♠❡t❡r ✇❤✐❝❤ t❛❦❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❞✐✛❡r❡♥t r❡❧❛①❛t✐♦♥
t✐♠❡s τ ✐♥t♦ ❛❝❝♦✉♥t✳❬✶✶❪
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s✐♦♥ ♦❢ ●✳ ❘❛❥❛♠❛r❛♥ ❛♥❞ ▼✳ ❙❤❛♥♠✉❣❛♠ ❛s ♣❛rt ♦❢ ❛ r❡s❡❛r❝❤ ❛rt✐❝❧❡ ✭▲✳ ❙♣✐❧❧❡❝❦❡
❡t ❛❧✳✮ ✇❤✐❝❤ ❤❛s ❜❡❡♥ s✉❜♠✐tt❡❞ t♦ t❤❡ ❥♦✉r♥❛❧ ■♥♦r❣❛♥✐❝ ❈❤❡♠✐str②✳

❆✳✶✳✶✳ ❍✐rs❤❢❡❧❞ ❙✉r❢❛❝❡ ❛♥❛❧②s✐s ♦❢ ❈♦✲❙P ✭✶✮ ❛♥❞ ❈♦✲❚❇P
✭✷✮

■♥ ♦r❞❡r t♦ ❛♥❛❧②s❡ t❤❡ ✐♥t❡r✲ ❛♥❞ ✐♥tr❛♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ♦❜s❡r✈❡❞ ✐♥ t❤❡ s♦❧✐❞✲
st❛t❡✱ ❛ ❍✐rs❤❢❡❧❞ s✉r❢❛❝❡ ❛♥❛❧②s✐s ✇❛s ❝❛rr✐❡❞ ♦✉t ♦♥ t❤❡ ❝❛t✐♦♥ ♠♦✐❡t✐❡s ♦❢ ❜♦t❤
❝♦♠♣❧❡①❡s ✭❋✐❣✉r❡ ❆✳✶✶✮✳ ❚❤❡ ✈❛r✐♦✉s r❡❣✐♦♥s ♦❢ ❝♦❧♦r ♦♥ t❤❡s❡ s✉r❢❛❝❡s ❞❡s❝r✐❜❡ t❤❡
✐♥t❡r✲❛♥❞ ✐♥tr❛♠♦❧❡❝✉❧❛r ❝♦♥t❛❝ts ♣r❡s❡♥t ✐♥ t❤❡✐r ❝r②st❛❧ str✉❝t✉r❡s✳ ❚✇♦✲❞✐♠❡♥s✐♦♥❛❧
✭✷❉✮ ✜♥❣❡r♣r✐♥t ♣❧♦ts ✭❋✐❣✉r❡ ❆✳✶✷✮ ✇❡r❡ ❛❧s♦ ❣❡♥❡r❛t❡❞ ❢♦r t❤❡ ❝❛t✐♦♥s ♦❢ ❜♦t❤ ❝♦♠✲
♣❧❡①❡s ❛♥❞ ✉s❡❞ t♦ ✈✐s✉❛❧✐③❡ s✉♣r❛♠♦❧❡❝✉❧❛r ❢❡❛t✉r❡s s✉❝❤ ❛s ✇❡❛❦ ✐♥t❡r✲ ❛♥❞ ✐♥✲
tr❛♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ❛♥❞ ❝❧♦s❡ ❝♦♥t❛❝ts ❛s s❡❡♥ ✐♥ t❤❡✐r ❝r②st❛❧ str✉❝t✉r❡s✳ ❇♦t❤
t❤❡ ❍✐rs❤❢❡❧❞ s✉r❢❛❝❡ ❛♥❞ ✜♥❣❡r♣r✐♥t ♣❧♦ts ✇❡r❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ di ❛♥❞ de ✈❛❧✉❡s
✉s✐♥❣ ❈r②st❛❧❊①♣❧♦r❡r✳❬✷✻✸❪ di r❡♣r❡s❡♥ts t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❍✐rs❤❢❡❧❞ s✉r❢❛❝❡ t♦
t❤❡ ♥❡❛r❡st ❛t♦♠ ✐♥s✐❞❡ t❤❡ s✉r❢❛❝❡ ✇✐t❤ de ❜❡✐♥❣ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♥❡❛r❡st ❛t♦♠
♦✉ts✐❞❡ t❤❡ s✉r❢❛❝❡✳❬✷✻✸❪ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡s❡ ♣❧♦ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢
✐♥t❡r♠♦❧❡❝✉❧❛r ❍· · ·❍ ❝♦♥t❛❝ts ✐s ✺✺✳✽ ✪ ✐♥ ✶ ❛♥❞ ✺✹✳✸ ✪ ✐♥ ✷ ♦❢ t❤❡ t♦t❛❧ s❤❛r❡✳ ❚❤❡
♦t❤❡r s✐❣♥✐✜❝❛♥t ❝♦♥tr✐❜✉t✐♦♥s ✐♥❝❧✉❞✐♥❣ r❡❝✐♣r♦❝❛❧ ❝♦♥t❛❝ts ❛r❡ ❈❧· · ·❍✱ ❈· · ·❍✱ ❙♥· · ·❍
❛♥❞ ❈· · ·❈ ❤❛✈✐♥❣ r❡❧❛t✐✈❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ✷✷✳✹✱ ✶✹✳✹✱ ✺✳✸ ❛♥❞ ✶✳✸ ✪ ✐♥ ✶ ❛♥❞ ✷✵✳✷✱
✶✼✳✽✱ ✺✳✸ ❛♥❞ ✶✳✸ ✪ ✐♥ ✷✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ✈❛❧✉❡s ❛♥❞ t❤❡ ❛❜s❡♥❝❡ ♦❢ s❤❛r♣ s♣✐❦❡s
✐♥ t❤❡ ✜♥❣❡r♣r✐♥t ♣❧♦ts s✉♣♣♦rt t❤❡ ♥♦t✐♦♥ t❤❛t ❛❧❧ ♦❢ t❤❡ ✐♥t❡r✲ ❛♥❞ ✐♥tr❛♠♦❧❡❝✉❧❛r
✐♥t❡r❛❝t✐♦♥s ✐♥ t❤❡ ❝❛t✐♦♥s ♦❢ ❜♦t❤ ❝♦♠♣❧❡①❡s ❛r❡ r❡❧❛t✐✈✐t② ✇❡❛❦ ✐♥ s✉♣♣♦rt ♦❢ ♥♦
❝❧❛ss✐❝❛❧ ❤②❞r♦❣❡♥ ❜♦♥❞s ❜❡✐♥❣ ♦❜s❡r✈❡❞ ✐♥ t❤❡✐r ❝r②st❛❧ str✉❝t✉r❡s✳
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❋✐❣✉r❡ ❆✳✶✶✳✿ ❍✐rs❤❢❡❧❞ s✉r❢❛❝❡ ❛♥❛❧②s✐s ♠❛♣♣❡❞ ✇✐t❤ ❞norm ❛♥❞ s❤♦✇✐♥❣ t✇♦ ❛❞❥❛❝❡♥t
♠♦❧❡❝✉❧❡s ♦✉ts✐❞❡ t❤❡ s✉r❢❛❝❡ ❢♦r t❤❡ ❝❛t✐♦♥s ✐♥ ❝♦♠♣❧❡① ✶ ✭❆✮ ❛♥❞ ❝♦♠✲
♣❧❡① ✷ ✭❇✮✳ ❚❤❡ r❡❞ ❝♦❧♦rs ✐♥❞✐❝❛t❡ ❝♦♥t❛❝ts ✇✐t❤ ❞✐st❛♥❝❡s s❤♦rt❡r t❤❛♥
t❤❡ ✈❛♥ ❞❡r ❲❛❛❧s r❛❞✐✐✱ ❛♥❞ ✐♥❞✐❝❛t❡ ✈❡r② ✇❡❛❦ ✐♥t❡r✲ ♦r ✐♥tr❛♠♦❧❡❝✉❧❛r
✐♥t❡r❛❝t✐♦♥s✳ ✭❚❤✐s ♣❧♦t ✇❛s ❝♦♥str✉❝t❡❞ ❜② ❙✳ ❚r✐♣❛t❤✐ ❡t ❛❧✳ ✳✮
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❋✐❣✉r❡ ❆✳✶✷✳✿ ❚✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✭✷❉✮ ✜♥❣❡r♣r✐♥t ♣❧♦ts ♦❢ t❤❡ ❝❛t✐♦♥ ♦❢ ❝♦♠♣❧❡① ✷✱
✇❤❡r❡ di ✐s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❍✐rs❤❢❡❧❞ s✉r❢❛❝❡ t♦ t❤❡ ♥❡❛r❡st ❛t♦♠
✐♥s✐❞❡ t❤❡ s✉r❢❛❝❡ ❛♥❞ de ✐s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♥❡❛r❡st ❛t♦♠ ♦✉ts✐❞❡
t❤❡ s✉r❢❛❝❡✳ ❚♦t❛❧ ✐♥t❡r♠♦❧❡❝✉❧❛r ❝♦♥t❛❝ts ✐♥❝❧✉❞✐♥❣ r❡❝✐♣r♦❝❛❧ ❝♦♥t❛❝ts
✐♥ ✷✿ ✭❆✶✮ ✶✵✵ ✪ ❝♦♥t❛❝ts✱ ✭❆✷✮ t❤❡ r❡❧❛t✐✈❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❍· · ·❍ ❝♦♥✲
t❛❝ts ✭✺✹✳✸ ✪✮✱ ✭❆✸✮ ❈❧· · ·❍ ❝♦♥t❛❝ts ✭✷✵✳✺ ✪✮✱ ✭❆✹✮ ❈❧· · ·❍ ❝♦♥t❛❝ts
✭✶✼✳✽ ✪✮✱ ✭❆✺✮ ❙♥· · ·❍ ❝♦♥t❛❝ts ✭✹✳✹ ✪✮✱ ✭❆✻✮ ❈· · ·❈ ❝♦♥t❛❝ts ✭✶✳✸ ✪✮✱
✭❆✼✮ ❙♥· · ·❈❧ ❝♦♥t❛❝ts ✭✵✳✺ ✪✮ ❛♥❞ ✭❆✽✮ ❙♥· · ·❈ ❝♦♥t❛❝ts ✭✵✳✵ ✪✮✳ ❚♦t❛❧
✐♥t❡r♠♦❧❡❝✉❧❛r ❝♦♥t❛❝ts ✐♥❝❧✉❞✐♥❣ r❡❝✐♣r♦❝❛❧ ❝♦♥t❛❝ts ✐♥ ✶✿ ✭❇✶✮ ✶✵✵ ✪
❝♦♥t❛❝ts✱ ✭❇✷✮ t❤❡ r❡❧❛t✐✈❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❍· · ·❍ ❝♦♥t❛❝ts ✭✺✺✳✽ ✪✮✱ ✭❇✸✮
❈❧· · ·❍ ❝♦♥t❛❝ts ✭✷✷✳✹ ✪✱✮✱ ✭❇✹✮ ❈❧· · ·❍ ❝♦♥t❛❝ts ✭✶✹✳✹ ✪✮✱ ✭❇✺✮ ❙♥· · ·❍
❝♦♥t❛❝ts ✭✺✳✸ ✪✮✱ ✭❇✻✮ ❈· · ·❈ ❝♦♥t❛❝ts ✭✶✳✸ ✪✮✱ ✭❇✼✮ ❙♥· · ·❈ ❝♦♥t❛❝ts
✭✵✳✹ ✪✮ ❛♥❞ ✭❇✽✮ ❙♥· · ·❈❧ ❝♦♥t❛❝ts ✭✵✳✵ ✪✮✳ ✭❚❤✐s ♣❧♦t ✇❛s ❝♦♥str✉❝t❡❞
❜② ❙✳ ❚r✐♣❛t❤✐ ❡t ❛❧✳ ✳✮
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❆✳✷✳ ❙✉♣♣❧❡♠❡♥t❛r② ▼❛t❡r✐❛❧s✿ ❱✭■■■✮ ▼♦♥♦♠❡r

❋✐❣✉r❡ ❆✳✶✸✳✿ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ❢♦r ❛ ❧♦♦s❡ ♣♦✇✲
❞❡r s❛♠♣❧❡ ♦❢ ✸✱ ❛t ❚ ❂ ✷ ❑ ✭❋✐❣✳ ✺✳✺ s❤♦✇s ❞❛t❛ ♦❜t❛✐♥❡❞ ❛t ❤✐❣❤❡r
t❡♠♣❡r❛t✉r❡s✱ t♦♦✮✳ ❋✐❧❧❡❞ sq✉❛r❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ✇❤✐❧❡
♦♣❡♥ ❝✐r❝❧❡s s❤♦✇ ❢❡❛t✉r❡s ✇❤✐❝❤ ❛r❡ ♦♥❧② s❧✐❣❤t❧② ✈✐s✐❜❧❡ ❛♥❞ ❛r✐s✐♥❣
❢r♦♠ ❢♦r❜✐❞❞❡♥ ♦r ❡①❝✐t❡❞ tr❛♥s✐t✐♦♥s ✭❝❢✳ ❋✐❣✳ ✺✳✸✱ ✺✳✹✮✳ ❙✐♠✉❧❛t✐♦♥ ♦❢
r❡s♦♥❛♥❝❡ ❜r❛♥❝❤❡s ❜② ♠❡❛♥s ♦❢ ❛ ♠♦♥♦♠❡r✐❝ ❙ ❂ ✶ ♠♦❞❡❧ ✭✐✳❡✳✱ ✇✐t❤✲
♦✉t ❝♦♥s✐❞❡r✐♥❣ ✐♥t❡r♠♦❧❡❝✉❧❛r ❝♦✉♣❧✐♥❣✮ ❢❛✐❧s✳ ❆ ❜❡st s✐♠✉❧❛t✐♦♥ ✉s✐♥❣
❛ ♠♦♥♦♠❡r✐❝ ❙❍ ✇✐t❤ ❉ ❂ ✶✼✺ ●❍③ ❛♥❞ ❣ ❂ ✶✳✽✸ ✐s s❤♦✇♥ ❜② r❡❞
❧✐♥❡s✳ ■♥s❡t✿ ❈♦rr❡s♣♦♥❞✐♥❣ ❛r❜✐tr❛r② s❝❛❧❡❞ ❡♥❡r❣② ❧❡✈❡❧ ❞✐❛❣r❛♠ ✇✐t❤
❛❧❧♦✇❡❞ ✭r❡❞ ❛rr♦✇s✮ ❛♥❞ ❢♦r❜✐❞❞❡♥ ✭❣r❡② ❛rr♦✇✮ tr❛♥s✐t✐♦♥s✳ ✭❋✐❣✉r❡
r❡♣r✐♥t❡❞ ❢r♦♠ ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳ ✷✵✷✵✳❬✽✺❪✮
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❋✐❣✉r❡ ❆✳✶✹✳✿ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ❢♦r ❛ ✜①❡❞ ♣♦✇✲
❞❡r s❛♠♣❧❡ ♦❢ ✸✱ ❛t ❚ ❂ ✷ ❑✳ ●r❡❡♥ tr✐❛♥❣❧❡s s❤♦✇ ❢❡❛t✉r❡s ✇❤✐❝❤ ✇❡r❡
❛❜s❡♥t ✐♥ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ ❢❡❛✲
t✉r❡s ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❛①✐❛❧ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❛r ❢r❛♠❡✳ ❚❤❡ ❜❧❛❝❦
sq✉❛r❡s s❤♦✇ t❤❡ r❡s♦♥❛♥❝❡ ❜r❛♥❝❤ ✇❤✐❝❤ ✇❛s ❛❧r❡❛❞② ♦❜t❛✐♥❡❞ ✐♥ t❤❡
❧♦♦s❡ ♣♦✇❞❡r ♠❡❛s✉r❡♠❡♥t✳ ❘❡❞ ❧✐♥❡s s❤♦✇ ❛ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣❛r✲
❛❧❧❡❧ ❜r❛♥❝❤❡s ✭Bext⑤⑤g∥✮ ✇❤✐❧❡ t❤❡ ❣r❡② ❧✐♥❡s r❡♣r♦❞✉❝❡ ❛ s✐♠✉❧❛t✐♦♥ ♦❢
Bext⑤⑤g⊥✳ ❖♣❡♥ ❝✐r❝❧❡s s❤♦✇ ❢❡❛t✉r❡s ✇✐t❤ ♠✉❝❤ ❧❡ss ✐♥t❡♥s✐t② ❛s ❝♦♠✲
♣❛r❡❞ t♦ t❤❡ ♠❛✐♥ ❜r❛♥❝❤❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ ❡①❝✐t❡❞ ♦r ❢♦r✲
❜✐❞❞❡♥ tr❛♥s✐t✐♦♥s✳ ✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳ ✷✵✷✵✳❬✽✺❪✮

✶✹✶



❋✐❣✉r❡ ❆✳✶✺✳✿ ▼❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ❢♦r ❛ ❧♦♦s❡ ♣♦✇✲
❞❡r s❛♠♣❧❡ ♦❢ ✸✱ ❛t ❚ ❂ ✷ ❑✱ ❛♥❞ r❡s♣❡❝t✐✈❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳ ❋✐❧❧❡❞
sq✉❛r❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡ ✇❤✐❧❡ ❣r❡② s②♠❜♦❧s s❤♦✇ ❢❡❛✲
t✉r❡s ✇❤✐❝❤ ❛r❡ ♦♥❧② s❧✐❣❤t❧② ✈✐s✐❜❧❡ ❛♥❞ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❢♦r❜✐❞❞❡♥ ♦r
❡①❝✐t❡❞ tr❛♥s✐t✐♦♥s ✭❝❢✳ ❋✐❣✳ ✺✳✸✱ ✺✳✹✮✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s ✈✐s✉❛❧✐③❡ s✐♠✉❧❛✲
t✐♦♥s ♦❢ t❤❡ ♦❜s❡r✈❡❞ ♠❛✐♥ ❜r❛♥❝❤ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❣r♦✉♥❞ st❛t❡
tr❛♥s✐t✐♦♥ ✉s✐♥❣ t❤❡ ❙❍ ❢♦r ❛ ❝♦✉♣❧❡❞ ❞✐♠❡r s②st❡♠ s❤♦✇♥ ✐♥ ❊q♥✳ ✺✳✷
✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs ❧✐st❡❞ ✐♥ ❚❛❜✳ ✺✳✶ ❛♥❞ ❞✐✛❡r❡♥t ❛♥❣❧❡s ❜❡t✇❡❡♥ t❤❡
❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❝r②st❛❧ ✜❡❧❞ ①②✲♣❧❛♥❡ ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳
✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳ ✷✵✷✵✳❬✽✺❪✮
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❋✐❣✉r❡ ❆✳✶✻✳✿ ❉❈ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ ✭✸✮ ✈s✳ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭❜❧❛❝❦ s②♠❜♦❧s✱ ❧❡❢t ♦r❞✐✲
♥❛t❡✮ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ✭❜❧✉❡ s②♠❜♦❧s✱ r✐❣❤t ♦r❞✐♥❛t❡✮ ♦❜t❛✐♥❡❞ ❛t ❚ ❂
✷ ❑✳ ❙♦❧✐❞ ❧✐♥❡s s❤♦✇ s✐♠✉❧❛t✐♦♥s ✉s✐♥❣ t❤❡ ❞✐♠❡r ♠♦❞❡❧ ❙❍ ✐♥ ❊q♥✳ ✺✳✷
✇✐t❤ ❛ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t ♦❢ J ❂ ✸✹ ●❍③ ✭❣r❡❡♥✮ ❛♥❞ J ❂ ✸✵ ●❍③
✭r❡❞✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❝♦rr❡s♣♦♥❞ t♦ ❛ s✐♠✉❧❛t✐♦♥ ✉s✐♥❣
❛ ♠♦♥♦♠❡r✐❝ ♠♦❞❡❧ ❢♦r t❤❡ ✈❛♥❛❞✐✉♠ ❝❡♥t❡rs✳ ✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠
❇❛③❤❡♥♦✈❛ ❡t ❛❧✳ ✷✵✷✵✳❬✽✺❪✮

✶✹✸



❋✐❣✉r❡ ❆✳✶✼✳✿ ❈❛❧❝✉❧❛t❡❞ ❛♥❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐③❛t✐♦♥ ▼✭ϕ✮ ♦❢
❝♦♠♣❧❡① ❬❱✭■■■✮✭❉❆P❇❍✮✭❈❍3❖❍✮2❪+ ✐♥ ✸ ✭❛t H ❂ ✶✵✵✵✵ ❦❖❡ ❛♥❞ ❚
❂ ✷ ❑✮✳ ❈♦♠♣❧❡① ❞✐s♣❧❛②s str♦♥❣❧② ♣♦s✐t✐✈❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ✇✐t❤ ❛
❞✐st✐♥❝t ♠❛①✐♠✉♠ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ✐♥ t❤❡ ❡q✉❛t♦r✐❛❧ ❱◆3❖2 ♣❧❛♥❡ ✭①②✮✱
✇✐t❤ ❛ ❞❡✈✐❛t✐♦♥ ❢r♦♠ ✐t ✇✐t❤✐♥ ≈ ✵✳✸◦ ✭s❤♦✇♥ ✐♥ t❤❡ ✐♥s❡t✮✳ ✭❈♦♠♣✉✲
t❛t✐♦♥❛❧ ❞❡t❛✐❧s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ✇♦r❦ ✐♥ r❡❢✳ ❬✽✺❪✳ ❈❛❧❝✉❧❛t✐♦♥s
❛♥❞ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣❧♦t ✇❛s ♣❡r❢♦r♠❡❞ ❜② ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳✳ ❋✐❣✉r❡
r❡♣r✐♥t❡❞ ❢r♦♠ ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳ ✷✵✷✵✳❬✽✺❪ ✮
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❋✐❣✉r❡ ❆✳✶✽✳✿ ❈❛❧❝✉❧❛t❡❞ ❛♥❣✉❧❛r ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ ♠❛❣♥❡t✐③❛t✐♦♥ ▼✭ϕ✮ ♦❢
❝♦♠♣❧❡① ❬❱✭■■■✮✭❉❆P❇❍✮✭❈❍3❖❍✮2❪+ ✐♥ ✸ ✭❛t H ❂ ✶✵✵✵✵ ❦❖❡ ❛♥❞
❚ ❂ ✷ ❑✮✳ ■♥ t❤❡ ❡q✉❛t♦r✐❛❧ ♣❧❛♥❡ ✭H ∥ ①②✮✱ ♠❛❣♥❡t✐③❛t✐♦♥ ✐s ♥❡❛r❧②
✐s♦tr♦♣✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛③✐♠✉t❤❛❧ ❛♥❣❧❡ ϕ✳ ❖♥ t❤❡ r✐❣❤t✿ t❤❡ ♦r✐✲
❡♥t❛t✐♦♥s ♦❢ t❤❡ t✇♦ ♣r✐♥❝✐♣❛❧ ♠❛❣♥❡t✐❝ ❛①❡s ✐♥ t❤❡ ❡q✉❛t♦r✐❛❧ ①② ♣❧❛♥❡
❛r❡ ✐♥❞✐❝❛t❡❞✳ ❚❤❡s❡ t✇♦ ✐♥✲♣❧❛♥❡ ♣r✐♥❝✐♣❛❧ ❛①❡s ❛r❡ ❛❧♠♦st ❡q✉✐✈❛❧❡♥t
✐♥ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥✳ ✭❈❛❧❝✉❧❛t✐♦♥s ❛♥❞ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣❧♦t ✇❛s
♣❡r❢♦r♠❡❞ ❜② ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳✳ ❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❇❛③❤❡♥♦✈❛ ❡t ❛❧✳
✷✵✷✵✳❬✽✺❪ ✮

✶✹✺



❆✳✸✳ ❙✉♣♣❧❡♠❡♥t❛r② ▼❛t❡r✐❛❧s✿ ❉②✭■■■✮ ▼♦♥♦♠❡r

❋✐❣✉r❡ ❆✳✶✾✳✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❉❈ ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t② ♠❡❛s✉r❡❞
✉♣ t♦ ✹✵✵ ❑✳ ❚❤❡ r❡❞ st❛r ♠❛r❦s ❛ s♠❛❧❧ ❤✉♠♣ ✇❤✐❝❤ ✐s ❛ttr✐❜✉t❡❞ t♦
t❤❡ ❧♦ss ♦❢ ♦♥❡ ✇❛t❡r ♠♦❧❡❝✉❧❡ ♣❡r ❢♦r♠✉❧❛ ✉♥✐t ❛s ❝♦♥✜r♠❡❞ ❜② ❚●❆
✐♥✈❡st✐❣❛t✐♦♥s✳ ✭❋✐❣✉r❡ r❡♣r✐♥t❡❞ ❢r♦♠ ❈✐❡s❧✐❦ ❡t ❛❧✳ ✷✵✷✶✱ r❡❢✳ ❬✶✷✻❪✳✮

●❡♥❡r❛❧✐③❡❞ ❉❡❜②❡ ♠♦❞❡❧✿

χ′′
AC(ω) =

(χT − χS) (ωτ)
(1−α) cos

(

πα
2

)

1 + 2(ωτ)(1−α)sin
(

πα
2

)

+ (ωτ)(2−2α)
✭❆✳✷✮

❲✐t❤ t❤❡ ✐s♦t❤❡r♠❛❧ ❛♥❞ t❤❡ ❛❞✐❛❜❛t✐❝ s✉s❝❡♣t✐❜✐❧✐t② χT ❛♥❞ χS✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞
α ❜❡✐♥❣ ❛♥ ❡❝❝❡♥tr✐❝✐t② ♣❛r❛♠❡t❡r ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶ ✇❤✐❝❤ t❛❦❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
❞✐✛❡r❡♥t r❡❧❛①❛t✐♦♥ t✐♠❡s τ ✐♥t♦ ❛❝❝♦✉♥t✳ ❆♥ α ✈❛❧✉❡ ❝❧♦s❡ t♦ ③❡r♦ ✐♠♣❧✐❡s t❤❡ ♣r❡s❡♥❝❡
♦❢ ❥✉st ♦♥❡ ♠❛✐♥ r❡❧❛①❛t✐♦♥ ❝♦♥st❛♥t ♦r ♣r♦❝❡ss✳❬✶✶❪

✶✹✻



❆✳✹✳ ❙✉♣♣❧❡♠❡♥t❛r② ▼❛t❡r✐❛❧s✿ ❊r✭■■■✮ ▼♦♥♦♠❡rs

7.598 8.352 

c

a

c

b(b)(a)

❋✐❣✉r❡ ❆✳✷✵✳✿ ❈r②st❛❧ P❛❝❦✐♥❣ ❞✐❛❣r❛♠ ❢♦r ❝♦♠♣❧❡① ✶ ✭❛✮ ❛♥❞ ✷ ✭❜✮ ❛❧♦♥❣ t❤❡ ❝r②s✲
t❛❧❧♦❣r❛♣❤✐❝ ❜ ❛♥❞ ❛ ❛①✐s✱ r❡s♣❡❝t✐✈❡❧②✳ ❉❛s❤❡❞ ❧✐♥❡s s❤♦✇ t❤❡ s❤♦rt❡st
✐♥t❡r♠♦❧❡❝✉❧❛r ❊r✭■■■✮✲❊r✭■■■✮ ❞✐st❛♥❝❡s ✇❤✐❝❤ ❛r❡ ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ♣❧♦t
✐♥ ➴✳ ❉❛r❦ ❣r❡❡♥✱ ❊r❀ ❘❡❞✱ ❖❀ ❧✐❣❤t ❣r❡❡♥✱ ❈❧❀ ❧✐❣❤t ❜❧✉❡✱ ◆❀ ❜r♦✇♥✱ ❈❀
✇❤✐t❡✱ ❍✳

✶✹✼



❋✐❣✉r❡ ❆✳✷✶✳✿ ❍❋ ❊P❘ s♣❡❝tr❛ ♠❡❛s✉r❡❞ ♦♥ ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ✶ ✐♥ ❛♥ ❛t T ❂
✷ ❑ ❛t ❛ ❢r❡q✉❡♥❝② ♦❢ ❢ ❂ ✺✷✺✳✸ ●❍③ ✭❛✮✱ ❢ ❂ ✶✻✽✳✹ ●❍③ ✭❜✮ ❛s ✇❡❧❧
❛s ✇✐t❤ t❤❡ ❳✲❜❛♥❞ ❊P❘ ❞❡✈✐❝❡ ❛t ❛ ❢r❡q✉❡♥❝② ♦❢ ❢ ❂ ✾✳✻✸✾ ●❍③ ✭❝✮✳
❉✉❡ t♦ t❤❡ s♠❛❧❧ s✐❣♥❛❧ ✐♥t❡♥s✐t② ❞✉r✐♥❣ t❤❡ ❍❋ ❊P❘ ♠❡❛s✉r❡♠❡♥ts t❤❡
s✐❣♥❛❧ ♣♦s✐t✐♦♥ ✇❛s ❞❡❞✉❝❡❞ ❜② t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ✉♣ ✭❜❧❛❝❦ s♦❧✐❞
❧✐♥❡ ✐♥ ✭❛✮ ❛♥❞ ✭❜✮✮ ❛♥❞ t❤❡ ❞♦✇♥ s✇❡❡♣ ✭❜❧✉❡ s♦❧✐❞ ❧✐♥❡s✮✳ ❘❡❞ s♦❧✐❞
❧✐♥❡s ✐♥ ❛❧❧ ♣❛♥❡❧s s❤♦✇ ❛ s✐♠✉❧❛t✐♦♥ ❛ss✉♠✐♥❣ ❛ ❙ ❂ ✶✴✷ ♣s❡✉❞♦s♣✐♥
❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ ❛ str♦♥❣❧② ❛♥✐s♦tr♦♣✐❝ g✲✈❛❧✉❡ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡
♠❛✐♥ t❡①t✳

✶✹✽



❋✐❣✉r❡ ❆✳✷✷✳✿ ❍❋✲❊P❘ s♣❡❝tr❛ ♠❡❛s✉r❡❞ ♦♥ ❛ ❧♦♦s❡ ❛♥❞ ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ✷✱ r❡✲
s♣❡❝t✐✈❡❧②✱ ❛t ❛❧♠♦st t❤❡ s❛♠❡ ❢r❡q✉❡♥❝②✳ ❋♦r t❤❡ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡✱
s♣❡❝tr❛❧ ✇❡✐❣❤t ✐s s❤✐❢t❡❞ t♦ ❤✐❣❤❡r ✜❡❧❞s ❛♥❞ t❤❡ r❡s♦♥❛♥❝❡ ♠❛①✐♠✉♠
✐s ❛t t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s❤♦✉❧❞❡r✲❧✐❦❡ ❢❡❛t✉r❡ ♦❢ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r s♣❡❝✲
tr❛✳ ❲❡ ❝♦♥❝❧✉❞❡✿ ✭✶✮ ❚❤❡ s❤♦✉❧❞❡r✲❧✐❦❡ ❢❡❛t✉r❡ ✐♥ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r
s❛♠♣❧❡ ✐s ❛r✐s✐♥❣ ❢r♦♠ ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢ ❝r②st❛❧❧✐t❡s ✇❤✐❝❤ ❛r❡ ♥♦t ♣❡r✲
❢❡❝t❧② ❛❧✐❣♥❡❞✳ ✭✷✮ ❚❤❡ ♦❜✈✐♦✉s ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ s♣❡❝tr❛❧ s❤❛♣❡
♦❜t❛✐♥❡❞ ❢♦r ❧♦♦s❡ ❛♥❞ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡s ✉♥❛♠❜✐❣✉♦✉s❧② s❤♦✇✱ t❤❛t
❛♥ ❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❝r②st❛❧❧✐t❡s ✇✐t❤✐♥ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❛s
s✉❝❝❡ss❢✉❧ ❢♦r t❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ ❧♦♦s❡ ♣♦✇❞❡r✳

✶✹✾



❋✐❣✉r❡ ❆✳✷✸✳✿ ❍❋✲❊P❘ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ❛t ❛ ✜①❡❞ t❡♠♣❡r❛t✉r❡ ♦❢ ✭❛✮ T = 10 ❑ ❛♥❞
✭❜✮ T = 50 ❑ ❢♦r ✷✳ ❚❤❡ s♣❡❝tr❛ ❛r❡ ✈❡rt✐❝❛❧❧② s❤✐❢t❡❞ s♦ t❤❛t t❤❡
♠✐♥✐♠✉♠ ♦❢ ❡❛❝❤ s♣❡❝tr❛ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♠❡❛s✉r❡♠❡♥t ❢r❡q✉❡♥❝②✳

✶✺✵



❆✳✺✳ ❙✉♣♣❧❡♠❡♥t❛r② ▼❛t❡r✐❛❧s✿ ❈✉✭■■✮2▲♥✭■■■✮

❋✐❣✉r❡ ❆✳✷✹✳✿ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠ ✭❜❧✉❡ s♦❧✐❞ ❧✐♥❡s✮ ❢♦r ❈✉2●❞
✭❝♦♠♣❧❡① ✹Gd✮ ❛t ❢ ❂ ✶✻✾✳✸ ●❍③ ✉s✐♥❣ t❤❡ ❙❍ ✐♥ ❊q♥✳ ✻✳✽ ✇✐t❤ t❤❡
♣❛r❛♠❡t❡rs ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✻✳✹ ❢♦r ✭❛✮ Dz

Gd ∥ B ❛♥❞ ✭❜✮ Dz
Gd ⊥ B✳

❘❡❞ ❛♥❞ ❣r❡② ❧✐♥❡s ♠❛r❦ t❤❡ ❛❧❧♦✇❡❞ ❛♥❞ ❢♦r❜✐❞❞❡♥ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥
t❤❡ r❡s♣❡❝t✐✈❡ ❡♥❡r❣② ❧❡✈❡❧s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❞❛r❦❡r t❤❡ r❡❞ ❧✐♥❡s✱ t❤❡
❤✐❣❤❡r t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

✶✺✶



❋✐❣✉r❡ ❆✳✷✺✳✿ ✭❛✮ ❍❋✲❊P❘ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ♦♥ ❛♥ ♦r✐❡♥t❡❞ ❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢
❈✉2❚❜ ✭❝♦♠♣❧❡① ✺Tb✮ ❛t ❛ ♠❡❛s✉r❡♠❡♥t ❢r❡q✉❡♥❝② ♦❢ ❢ ❂ ✼✹✻✳✻ ●❍③
❢♦r ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s✳ ❉✐✛❡r❡♥t s②♠❜♦❧s ♠❛r❦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❜r❛♥❝❤❡s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✶✻ ✭❜✮ ✭❇❧✉❡ ❜r❛♥❝❤ ♥♦t s❤♦✇♥ ✐♥ ❋✐❣✲
✉r❡ ✻✳✶✻✮✳ ✭❜✮ ■♥t❡❣r❛t❡❞ ❛r❡❛ ♦❢ t❤❡ s✐❣♥❛❧ ♣❡❛❦ ✭✐♥t❡❣r❛t❡❞ r❛♥❣❡ ♦❢
❞❛t❛ ♠❛r❦❡❞ ❜② ❞❛s❤❡❞ ✈❡rt✐❝❛❧ ❧✐♥❡s ✐♥ ♣❛♥❡❧ ✭❛✮✮✳

✶✺✷



❋✐❣✉r❡ ❆✳✷✻✳✿ ✭❛✮ ❍❋✲❊P❘ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ♦♥ ❛♥ ♦r✐❡♥t❡❞ ❧♦♦s❡ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢
❈✉2❉② ✭❝♦♠♣❧❡① ✻Dy✮ ❛t ❛ ♠❡❛s✉r❡♠❡♥t ❢r❡q✉❡♥❝② ♦❢ ❢ ❂ ✻✹✶✳✼ ●❍③
❢♦r ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s✳ ❉✐✛❡r❡♥t s②♠❜♦❧s ♠❛r❦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❜r❛♥❝❤❡s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✶✻ ✭❝✮ ✭❇❧✉❡ ❜r❛♥❝❤ ♥♦t s❤♦✇♥ ✐♥ ❋✐❣✲
✉r❡ ✻✳✶✻✮ ✳ ✭❜✮ ■♥t❡❣r❛t❡❞ ❛r❡❛ ♦❢ t❤❡ s✐❣♥❛❧ ♣❡❛❦ ✭✐♥t❡❣r❛t❡❞ r❛♥❣❡
♦❢ ❞❛t❛ ♠❛r❦❡❞ ❜② ❞❛s❤❡❞ ✈❡rt✐❝❛❧ ❧✐♥❡s ✐♥ ♣❛♥❡❧ ✭❛✮✮✳

✶✺✸



❋✐❣✉r❡ ❆✳✷✼✳✿ ✭❛✮ ❍❋✲❊P❘ s♣❡❝tr❛ ♦❜t❛✐♥❡❞ ♦♥ ❛ ✜①❡❞ ♣♦✇❞❡r s❛♠♣❧❡ ♦❢ ❈✉2▲❛ ✭❝♦♠✲
♣❧❡① ✶La✮ ❛t ❛ ♠❡❛s✉r❡♠❡♥t ❢r❡q✉❡♥❝② ♦❢ ❢ ❂ ✶✸✽✳✹ ●❍③ ♦❜t❛✐♥❡❞ ❢♦r
❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s✳ ✭❜✮ ❙✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ❛♥ ❛♥✐s♦tr♦♣✐❝ g✲✈❛❧✉❡ ❢♦r
t❤❡ ❈✉ s♣✐♥s✳ ❙✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✻✳✹ ✐♥ t❤❡ ♠❛✐♥
♠❛♥✉s❝r✐♣t✳

✶✺✹



❋✐❣✉r❡ ❆✳✷✽✳✿ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣②✲❧❡✈❡❧ ❞✐❛❣r❛♠ ❢♦r t✇♦ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝❛❧❧②
❝♦✉♣❧❡❞ s♣✐♥s ❙ ❂ ✶✴✷✳ ❘❡❞ ❧✐♥❡s s❤♦✇ t❤❡ ❡①♣❡❝t❡❞ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♥❡r❣② ❧❡✈❡❧s✳ ◆♦t❡ t❤❛t t❤❡ ❣❛♣ ❞✉❡ t♦ ❛❢♠ ❝♦✉♣❧✐♥❣
✐s ♥♦t ❡①♣❡❝t❡❞ t♦ s❤♦✇ ✉♣ ✐♥ ❍❋✲❊P❘ s♣❡❝tr❛✳

✶✺✺





❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❋✳ ▲✳ ❇❛✉❡r✱ ❑✳ ❩✉s❡✱ ❛♥❞ ❍✳ ❩❡♠❛♥❡❦✱❉❡r ❝♦♠♣✉t❡r ♠❡✐♥ ❧❡❜❡♥s✇❡r❦ ✭❙♣r✐♥❣❡r
❇❡r❧✐♥ ✴ ❍❡✐❞❡❧❜❡r❣✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✶✸✮✳

❬✷❪ ❈✳ ❙❤✐✱ ❱✳ ❆♥❞✐♥♦✲P❛✈❧♦✈s❦②✱ ❙✳ ❆✳ ▲❡❡✱ ❚✳ ❈♦st❛✱ ❏✳ ❊❧❧♦✐❛♥✱ ❊✳ ❊✳ ❑♦♥♦❢❛❣♦✉✱
❛♥❞ ❑✳ ▲✳ ❙❤❡♣❛r❞✱ ✏❆♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ s✉❜ ✵✳✶✲♠♠ ✸ ✐♠♣❧❛♥t❛❜❧❡ ♠♦t❡ ❢♦r ✐♥
✈✐✈♦ r❡❛❧✲t✐♠❡ ✇✐r❡❧❡ss t❡♠♣❡r❛t✉r❡ s❡♥s✐♥❣✑✱ ❙❝✐❡♥❝❡ ❆❞✈❛♥❝❡s ✼✱ ✻✸✶✷ ✭✷✵✷✶✮✳

❬✸❪ ■✳ ❘♦ss✱ ✏❚❤❡ ✐♥✈❡♥t✐♦♥ ♦❢ t❤❡ tr❛♥s✐st♦r✑✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■❊❊❊ ✽✻✱ ✼ ✭✶✾✾✽✮✳

❬✹❪ ❆✳ ■✳ ♦❢ P❤②s✐❝s✱ ✏✶✾✺✻ ♥♦❜❡❧ ♣r✐③❡ ✐♥ ♣❤②s✐❝s✑✱ P❤②s✐❝s ❚♦❞❛② ✶✵✱ ✶✻ ✭✶✾✺✼✮✳

❬✺❪ ❘✳ ❙❡ss♦❧✐✱ ❉✳ ●❛tt❡s❝❤✐✱ ❆✳ ❈❛♥❡s❝❤✐✱ ❛♥❞ ▼✳ ❆✳ ◆♦✈❛❦✱ ✏▼❛❣♥❡t✐❝ ❜✐st❛❜✐❧✐t②
✐♥ ❛ ♠❡t❛❧✲✐♦♥ ❝❧✉st❡r✑✱ ◆❛t✉r❡ ✸✻✺✱ ✶✹✶ ✭✶✾✾✸✮✳

❬✻❪ ▼✳ ◆✳ ▲❡✉❡♥❜❡r❣❡r ❛♥❞ ❉✳ ▲♦ss✱ ✏◗✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ✐♥ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡ts✑✱
◆❛t✉r❡ ✹✶✵✱ ✼✽✾ ✭✷✵✵✶✮✳

❬✼❪ ❈✳ ❏✳ ❲❡❞❣❡✱ ●✳ ❆✳ ❚✐♠❝♦✱ ❊✳ ❚✳ ❙♣✐❡❧❜❡r❣✱ ❘✳ ❊✳ ●❡♦r❣❡✱ ❋✳ ❚✉♥❛✱ ❙✳ ❘✐❣❜②✱
❊✳ ❏✳ ▲✳ ▼❝■♥♥❡s✱ ❘✳ ❊✳ P✳ ❲✐♥♣❡♥♥②✱ ❙✳ ❏✳ ❇❧✉♥❞❡❧❧✱ ❛♥❞ ❆✳ ❆r❞❛✈❛♥✱ ✏❈❤❡♠✐❝❛❧
❡♥❣✐♥❡❡r✐♥❣ ♦❢ ♠♦❧❡❝✉❧❛r q✉❜✐ts✑✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ✶✵✽✱ ✶✵✼✷✵✹ ✭✷✵✶✷✮✳

❬✽❪ ●✳ ❆✳ ❚✐♠❝♦✱ ❙✳ ❈❛rr❡tt❛✱ ❋✳ ❚r♦✐❛♥✐✱ ❋✳ ❚✉♥❛✱ ❘✳ ❏✳ Pr✐t❝❤❛r❞✱ ❈✳ ❆✳ ▼✉r②♥✱
❊✳ ❏✳ ▲✳ ▼❝■♥♥❡s✱ ❆✳ ●❤✐rr✐✱ ❆✳ ❈❛♥❞✐♥✐✱ P✳ ❙❛♥t✐♥✐✱ ●✳ ❆♠♦r❡tt✐✱ ▼✳ ❆✛r♦♥t❡✱
❛♥❞ ❘✳ ❊✳ P✳ ❲✐♥♣❡♥♥②✱ ✏❊♥❣✐♥❡❡r✐♥❣ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ♠♦❧❡❝✉❧❛r s♣✐♥
q✉❜✐ts ❜② ❝♦♦r❞✐♥❛t✐♦♥ ❝❤❡♠✐str②✑✱ ◆❛t✉r❡ ◆❛♥♦t❡❝❤♥♦❧♦❣② ✹✱ ✶✼✸ ✭✷✵✵✾✮✳

❬✾❪ ❙✳ ❆❝❝♦rs✐✱ ❆✳✲▲✳ ❇❛rr❛✱ ❆✳ ❈❛♥❡s❝❤✐✱ ●✳ ❈❤❛st❛♥❡t✱ ❆✳ ❈♦r♥✐❛✱ ❆✳ ❈✳ ❋❛❜r❡tt✐✱
❉✳ ●❛tt❡s❝❤✐✱ ❈✳ ▼♦rt❛❧ò✱ ❊✳ ❖❧✐✈✐❡r✐✱ ❋✳ P❛r❡♥t✐✱ P✳ ❘♦s❛✱ ❘✳ ❙❡ss♦❧✐✱ ▲✳ ❙♦✲
r❛❝❡✱ ❲✳ ❲❡r♥s❞♦r❢❡r✱ ❛♥❞ ▲✳ ❩♦❜❜✐✱ ✏❚✉♥✐♥❣ ❛♥✐s♦tr♦♣② ❜❛rr✐❡rs ✐♥ ❛ ❢❛♠✐❧②
♦❢ t❡tr❛✐r♦♥✭■■■✮ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ✇✐t❤ ❛♥ ❙ ❂ ✺ ❣r♦✉♥❞ st❛t❡✑✱ ❏♦✉r♥❛❧
♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❈❤❡♠✐❝❛❧ ❙♦❝✐❡t② ✶✷✽✱ ✹✼✹✷ ✭✷✵✵✻✮✳

❬✶✵❪ ❨✳✲▲✳ ❲❛♥❣✱ ❈✳✲❇✳ ❍❛♥✱ ❨✳✲◗✳ ❩❤❛♥❣✱ ◗✳✲❨✳ ▲✐✉✱ ❈✳✲▼✳ ▲✐✉✱ ❛♥❞ ❙✳✲●✳ ❨✐♥✱
✏❋✐♥❡✲t✉♥✐♥❣ ❧✐❣❛♥❞ t♦ ♠♦❞✉❧❛t❡ t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ✐♥ ❛ ❝❛r❜♦①②❧❛t❡✲
❜r✐❞❣❡❞ ❞②✷ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡t s②st❡♠✑✱ ■♥♦r❣❛♥✐❝ ❈❤❡♠✐str② ✺✺✱ ✺✺✼✽
✭✷✵✶✻✮✳

❬✶✶❪ ❉✳ ●❛tt❡s❝❤✐✱ ❘✳ ❙❡ss♦❧✐✱ ❛♥❞ ❏✳ ❱✐❧❧❛✐♥✱ ▼♦❧❡❝✉❧❛r ♥❛♥♦♠❛❣♥❡ts✱ ▼❡s♦s❝♦♣✐❝
♣❤②s✐❝s ❛♥❞ ♥❛♥♦t❡❝❤♥♦❧♦❣② ✺ ✭❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❖①❢♦r❞ ❀ ◆❡✇ ❨♦r❦✱
✷✵✵✻✮✳

❬✶✷❪ ❈✳ ❇❡♥❡❧❧✐ ❛♥❞ ❉✳ ●❛tt❡s❝❤✐✱ ■♥tr♦❞✉❝t✐♦♥ t♦ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐s♠✿ ❢r♦♠ tr❛♥✲
s✐t✐♦♥ ♠❡t❛❧s t♦ ❧❛♥t❤❛♥✐❞❡s ✭❲✐❧❡②✲❱❈❍✱ ❲❡✐♥❤❡✐♠✱ ✷✵✶✺✮✳

✶✺✼



❬✶✸❪ ❏✳ ❏✳ ❇❛❧❞♦✈í✱ ❊✳ ❈♦r♦♥❛❞♦✱ ❆✳ ●❛✐t❛✲❆r✐ñ♦✱ ❈✳ ●❛♠❡r✱ ▼✳ ●✐♠é♥❡③✲▼❛rq✉és✱
❛♥❞ ●✳ ▼í♥❣✉❡③ ❊s♣❛❧❧❛r❣❛s✱ ✏❆ ❙■▼✲▼❖❋✿ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♦r❣❛♥✐s❛t✐♦♥ ♦❢
s✐♥❣❧❡✲✐♦♥ ♠❛❣♥❡ts ✇✐t❤ ❛♥✐♦♥✲❡①❝❤❛♥❣❡ ❝❛♣❛❜✐❧✐t✐❡s✑✱ ❈❤❡♠✐str② ✲ ❆ ❊✉r♦♣❡❛♥
❏♦✉r♥❛❧ ✷✵✱ ✶✵✻✾✺ ✭✷✵✶✹✮✳

❬✶✹❪ ●✳ ❍✉❛♥❣✱ ●✳ ❋❡r♥❛♥❞❡③✲●❛r❝✐❛✱ ■✳ ❇❛❞✐❛♥❡✱ ▼✳ ❈❛♠❛rr❛✱ ❙✳ ❋r❡s❧♦♥✱ ❖✳ ●✉✐❧✲
❧♦✉✱ ❈✳ ❉❛✐❣✉❡❜♦♥♥❡✱ ❋✳ ❚♦tt✐✱ ❖✳ ❈❛❞♦r✱ ❚✳ ●✉✐③♦✉❛r♥✱ ❇✳ ▲❡ ●✉❡♥♥✐❝✱ ❛♥❞
❑✳ ❇❡r♥♦t✱ ✏▼❛❣♥❡t✐❝ s❧♦✇ r❡❧❛①❛t✐♦♥ ✐♥ ❛ ♠❡t❛❧✲♦r❣❛♥✐❝ ❢r❛♠❡✇♦r❦ ♠❛❞❡ ♦❢
❝❤❛✐♥s ♦❢ ❢❡rr♦♠❛❣♥❡t✐❝❛❧❧② ❝♦✉♣❧❡❞ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts✑✱ ❈❤❡♠✐str② ✲ ❆
❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ✷✹✱ ✻✾✽✸ ✭✷✵✶✽✮✳

❬✶✺❪ ◆✳ ❍♦s❤✐♥♦✱ ❆✳ ▼✳ ❆❦♦✱ ❆✳ ❑✳ P♦✇❡❧❧✱ ❛♥❞ ❍✳ ❖s❤✐♦✱ ✏▼♦❧❡❝✉❧❛r ♠❛❣♥❡ts
❝♦♥t❛✐♥✐♥❣ ✇❤❡❡❧ ♠♦t✐❢s✑✱ ■♥♦r❣❛♥✐❝ ❈❤❡♠✐str② ✹✽✱ ✸✸✾✻ ✭✷✵✵✾✮✳

❬✶✻❪ ❨✳ P❛✈❧②✉❦❤✱ ❊✳ ❘❡♥ts❝❤❧❡r✱ ❍✳ ❏✳ ❊❧♠❡rs✱ ❲✳ ❍ü❜♥❡r✱ ❛♥❞ ●✳ ▲❡❢❦✐❞✐s✱ ✏▼❛❣✲
♥❡t✐s♠ ♦❢ ♠❡t❛❧❧❛❝r♦✇♥ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts✿ ❢r♦♠ ❛ s✐♠♣❧❡st ♠♦❞❡❧ t♦
r❡❛❧✐st✐❝ s②st❡♠s✑✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❇ ✾✼✱ ✷✶✹✹✵✽ ✭✷✵✶✽✮✳

❬✶✼❪ ❉✳ ▲✉♥❡❛✉✱ ✏▼♦❧❡❝✉❧❛r ♠❛❣♥❡ts✑✱ ❈✉rr❡♥t ❖♣✐♥✐♦♥ ✐♥ ❙♦❧✐❞ ❙t❛t❡ ❛♥❞ ▼❛t❡r✐❛❧s
❙❝✐❡♥❝❡ ✺✱ ✶✷✸ ✭✷✵✵✶✮✳

❬✶✽❪ ❆✳ ❆❜r❛❣❛♠ ❛♥❞ ❇✳ ❇❧❡❛♥❡②✱ ❊❧❡❝tr♦♥ ♣❛r❛♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ♦❢ tr❛♥s✐t✐♦♥
✐♦♥s✱ ❖①❢♦r❞ ❝❧❛ss✐❝ t❡①ts ✐♥ t❤❡ ♣❤②s✐❝❛❧ s❝✐❡♥❝❡s ✭❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱
❖①❢♦r❞✱ ✷✵✶✷✮✳

❬✶✾❪ ❙✳ ❚r✐♣❛t❤✐✱ ❙✳ ❱❛✐❞②❛✱ ❑✳ ❯✳ ❆♥s❛r✐✱ ◆✳ ❆❤♠❡❞✱ ❊✳ ❘✐✈✐èr❡✱ ▲✳ ❙♣✐❧❧❡❝❦❡✱ ❈✳
❑♦♦✱ ❘✳ ❑❧✐♥❣❡❧❡r✱ ❚✳ ▼❛❧❧❛❤✱ ●✳ ❘❛❥❛r❛♠❛♥✱ ❛♥❞ ▼✳ ❙❤❛♥♠✉❣❛♠✱ ✏■♥✢✉❡♥❝❡
♦❢ ❛ ❝♦✉♥t❡r❛♥✐♦♥ ♦♥ t❤❡ ③❡r♦✲✜❡❧❞ s♣❧✐tt✐♥❣ ♦❢ t❡tr❛❤❡❞r❛❧ ❝♦❜❛❧t✭■■✮ t❤✐♦✉r❡❛
❝♦♠♣❧❡①❡s✑✱ ■♥♦r❣❛♥✐❝ ❈❤❡♠✐str② ✺✽✱ ✾✵✽✺ ✭✷✵✶✾✮✳

❬✷✵❪ ▲✳ ❙♣✐❧❧❡❝❦❡✱ ❙✳ ❚r✐♣❛t❤✐✱ ❈✳ ❑♦♦✱ ▼✳ ❆♥s❛r✐✱ ❙✳ ❱❛✐❞②❛✱ ❆✳ ❘❛s❛♠s❡tt②✱ ❚✳
▼❛❧❧❛❤✱ ●✳ ❘❛❥❛r❛♠❛♥✱ ▼✳ ❙❤❛♥♠✉❣❛♠✱ ❛♥❞ ❘✳ ❑❧✐♥❣❡❧❡r✱ ✏❆ ❤✐❣❤✲❢r❡q✉❡♥❝②
❊P❘ st✉❞② ♦❢ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❛♥❞ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ♦❢ ❝♦✭■■✮
✐♦♥s✑✱ P♦❧②❤❡❞r♦♥ ✷✵✽✱ ✶✶✺✸✽✾ ✭✷✵✷✶✮✳

❬✷✶❪ ▲✳ ●r❡❣♦❧✐✱ ❈✳ ❉❛♥✐❡❧✐✱ ❆✳✲▲✳ ❇❛rr❛✱ P✳ ◆❡✉❣❡❜❛✉❡r✱ ●✳ P❡❧❧❡❣r✐♥♦✱ ●✳ P♦♥❡t✐✱
❘✳ ❙❡ss♦❧✐✱ ❛♥❞ ❆✳ ❈♦r♥✐❛✱ ✏▼❛❣♥❡t♦str✉❝t✉r❛❧ ❝♦rr❡❧❛t✐♦♥s ✐♥ t❡tr❛✐r♦♥✭■■■✮
s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts✑✱ ❈❤❡♠✐str② ✲ ❆ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ✶✺✱ ✻✹✺✻ ✭✷✵✵✾✮✳

❬✷✷❪ ❨✳✲❋✳ ❉❡♥❣✱ ❚✳ ❍❛♥✱ ❩✳ ❲❛♥❣✱ ❩✳ ❖✉②❛♥❣✱ ❇✳ ❨✐♥✱ ❩✳ ❩❤❡♥❣✱ ❏✳ ❑r③②st❡❦✱
❛♥❞ ❨✳✲❩✳ ❩❤❡♥❣✱ ✏❯♥✐❛①✐❛❧ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ♦❢ sq✉❛r❡✲♣❧❛♥❛r ❝❤r♦♠✐✉♠✭✐✐✮
❝♦♠♣❧❡①❡s r❡✈❡❛❧❡❞ ❜② ♠❛❣♥❡t✐❝ ❛♥❞ ❍❋✲❊P❘ st✉❞✐❡s✑✱ ❈❤❡♠✐❝❛❧ ❈♦♠♠✉♥✐❝❛✲
t✐♦♥s ✺✶✱ ✶✼✻✽✽ ✭✷✵✶✺✮✳

❬✷✸❪ ❊✳✲❈✳ ❨❛♥❣✱ ❲✳❲❡r♥s❞♦r❢❡r✱ ❙✳ ❍✐❧❧✱ ❘✳ ❙✳ ❊❞✇❛r❞s✱ ▼✳ ◆❛❦❛♥♦✱ ❙✳ ▼❛❝❝❛❣♥❛♥♦✱
▲✳ ◆✳ ❩❛❦❤❛r♦✈✱ ❆✳ ▲✳ ❘❤❡✐♥❣♦❧❞✱ ●✳ ❈❤r✐st♦✉✱ ❛♥❞ ❉✳ ◆✳ ❍❡♥❞r✐❝❦s♦♥✱ ✏❊①✲
❝❤❛♥❣❡ ❜✐❛s ✐♥ ♥✐✹ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts✑✱ P♦❧②❤❡❞r♦♥ ✷✷✱ ✶✼✷✼ ✭✷✵✵✸✮✳

❬✷✹❪ ❊✳ ▼♦r❡♥♦ P✐♥❡❞❛✱ ◆✳ ❋✳ ❈❤✐❧t♦♥✱ ❘✳ ▼❛r①✱ ▼✳ ❉ör❢❡❧✱ ❉✳ ❖✳ ❙❡❧❧s✱ P✳ ◆❡✉❣❡✲
❜❛✉❡r✱ ❙✳✲❉✳ ❏✐❛♥❣✱ ❉✳ ❈♦❧❧✐s♦♥✱ ❏✳ ✈❛♥ ❙❧❛❣❡r❡♥✱ ❊✳ ❏✳ ▼❝■♥♥❡s✱ ❛♥❞ ❘✳ ❊✳
❲✐♥♣❡♥♥②✱ ✏❉✐r❡❝t ♠❡❛s✉r❡♠❡♥t ♦❢ ❞②s♣r♦s✐✉♠✭■■■✮✡✡✡❞②s♣r♦s✐✉♠✭■■■✮ ✐♥t❡r❛❝✲
t✐♦♥s ✐♥ ❛ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡t✑✱ ◆❛t✉r❡ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✺✱ ✺✷✹✸ ✭✷✵✶✹✮✳

✶✺✽



❬✷✺❪ ❙✳✲❉✳ ❏✐❛♥❣✱ ❇✳✲❲✳ ❲❛♥❣✱ ❛♥❞ ❙✳ ●❛♦✱ ✏❆❞✈❛♥❝❡s ✐♥ ❧❛♥t❤❛♥✐❞❡ s✐♥❣❧❡✲✐♦♥ ♠❛❣✲
♥❡ts✑✱ ✐♥▼♦❧❡❝✉❧❛r ♥❛♥♦♠❛❣♥❡ts ❛♥❞ r❡❧❛t❡❞ ♣❤❡♥♦♠❡♥❛✱ ❱♦❧✳ ✶✻✹✱ ❡❞✐t❡❞ ❜② ❙✳
●❛♦✱ ❙❡r✐❡s ❚✐t❧❡✿ ❙tr✉❝t✉r❡ ❛♥❞ ❇♦♥❞✐♥❣ ✭❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ❇❡r❧✐♥✱
❍❡✐❞❡❧❜❡r❣✱ ✷✵✶✹✮✱ ♣♣✳ ✶✶✶✕✶✹✶✳

❬✷✻❪ ❙✳ ❇❧✉♥❞❡❧❧✱ ▼❛❣♥❡t✐s♠ ✐♥ ❝♦♥❞❡♥s❡❞ ♠❛tt❡r✱ ❘❡♣r✐♥t✱ ❖①❢♦r❞ ♠❛st❡r s❡r✐❡s ✐♥
❝♦♥❞❡♥s❡❞ ♠❛tt❡r ♣❤②s✐❝s ✹ ✭❖①❢♦r❞ ❯♥✐✈✳ Pr❡ss✱ ❖①❢♦r❞✱ ✷✵✶✹✮✳

❬✷✼❪ P✳ ❋❛③❡❦❛s✱ ▲❡❝t✉r❡ ♥♦t❡s ♦♥ ❡❧❡❝tr♦♥ ❝♦rr❡❧❛t✐♦♥ ❛♥❞ ♠❛❣♥❡t✐s♠✱ ❙❡r✐❡s ✐♥ ♠♦❞✲
❡r♥ ❝♦♥❞❡♥s❡❞ ♠❛tt❡r ♣❤②s✐❝s ✈✳ ✺ ✭❲♦r❧❞ ❙❝✐❡♥t✐✜❝✱ ❙✐♥❣❛♣♦r❡ ❀ ❘✐✈❡r ❊❞❣❡✱
◆✳❏✱ ✶✾✾✾✮✳

❬✷✽❪ ❲✳ ◆♦❧t✐♥❣✱●r✉♥❞❦✉rs t❤❡♦r❡t✐s❝❤❡ ♣❤②s✐❦ ✺✴✶✱ ❙♣r✐♥❣❡r✲▲❡❤r❜✉❝❤✱ ■❙❙◆✿ ✵✾✸✼✲
✼✹✸✸ ✭❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✾✮✳

❬✷✾❪ ❚✳ ❋❧✐❡ÿ❜❛❝❤ ❛♥❞ ❍✳ ❲❛❧❧✐s❡r✱ ❆r❜❡✐ts❜✉❝❤ ③✉r t❤❡♦r❡t✐s❝❤❡♥ ♣❤②s✐❦✿ r❡♣❡t✐t♦✲
r✐✉♠ ✉♥❞ ü❜✉♥❣s❜✉❝❤✱ ✸✳ ❆✉✢ ✭❙♣❡❦tr✉♠ ❆❦❛❞❡♠✐s❝❤❡r ❱❡r❧✱ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✶✷✮✳

❬✸✵❪ ▼✳ ❇♦r♥ ❛♥❞ ❘✳ ❖♣♣❡♥❤❡✐♠❡r✱ ✏❩✉r q✉❛♥t❡♥t❤❡♦r✐❡ ❞❡r ♠♦❧❡❦ü❧❡✑✱ ❆♥♥❛❧❡♥
❞❡r P❤②s✐❦ ✸✽✾✱ ✹✺✼ ✭✶✾✷✼✮✳

❬✸✶❪ ▲✳ ▼♦❧❧❛❜❛s❤✐ ❛♥❞ ❙✳ ❏❛❧❛❧✐✲❆s❛❞❛❜❛❞✐✱ ✏❈r②st❛❧ ✜❡❧❞s ♦❢ ❧✐t❤✐✉♠ r❛r❡✲❡❛rt❤
t❡tr❛✢✉♦r✐❞❡s ❛♥❞ ♠✉❧t✐♣❧❡t s♣❧✐tt✐♥❣ ♦❢ t❤❡ ✰✸ r❛r❡✲❡❛rt❤ ✐♦♥s✑✱ P❤②s✐❝❛❧ ❘❡✲
✈✐❡✇ ❇ ✶✵✷✱ ✵✹✺✶✷✵ ✭✷✵✷✵✮✳

❬✸✷❪ ▼✳ ▼✉rr✐❡✱ ✏❈♦❜❛❧t✭✐✐✮ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts✑✱ ❈❤❡♠✐❝❛❧ ❙♦❝✐❡t② ❘❡✈✐❡✇s
✸✾✱ ✶✾✽✻ ✭✷✵✶✵✮✳

❬✸✸❪ ▲✳ ▲❧❛♥♦s ❛♥❞ ❉✳ ❆r❛✈❡♥❛✱ ✏❘❡❧❛①❛t✐♦♥ t✐♠❡ ❡♥❤❛♥❝❡♠❡♥t ❜② ♠❛❣♥❡t✐❝ ❞✐❧✉t✐♦♥
✐♥ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts✿ ❛♥ ❛❜ ✐♥✐t✐♦ st✉❞②✑✱ ❏♦✉r♥❛❧ ♦❢ ▼❛❣♥❡t✐s♠ ❛♥❞
▼❛❣♥❡t✐❝ ▼❛t❡r✐❛❧s ✹✽✾✱ ✶✻✺✹✺✻ ✭✷✵✶✾✮✳

❬✸✹❪ ❘✳ ❇♦s❝❛✐♥♦✱ ❋✳ ▼✳ ●❡❧❛r❞✐✱ ❛♥❞ ❏✳ P✳ ❑♦r❜✱ ✏◆♦♥✲❜❧♦❝❤ ❞❡❝❛② ♦❢ tr❛♥s✐❡♥t
♥✉t❛t✐♦♥s ✐♥ ❙ ❂✶✴✷ s②st❡♠s✿ ❛♥ ❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥✑✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇
❇ ✹✽✱ ✼✵✼✼ ✭✶✾✾✸✮✳

❬✸✺❪ ❊✳ ■✳ ❇❛✐❜❡❦♦✈✱ ✏❉❡❝❛② ♦❢ r❛❜✐ ♦s❝✐❧❧❛t✐♦♥s ✐♥❞✉❝❡❞ ❜② ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ✐♥t❡r❛❝✲
t✐♦♥s ✐♥ ❞✐❧✉t❡ ♣❛r❛♠❛❣♥❡t✐❝ s♦❧✐❞s✑✱ ❏❊❚P ▲❡tt❡rs ✾✸✱ ✷✾✷ ✭✷✵✶✶✮✳

❬✸✻❪ ❆✳ ▼♦r❡❧❧♦✱ ❋✳ ▲✳ ▼❡tt❡s✱ ❋✳ ▲✉✐s✱ ❏✳ ❋✳ ❋❡r♥á♥❞❡③✱ ❏✳ ❑r③②st❡❦✱ ●✳ ❆r♦♠í✱ ●✳
❈❤r✐st♦✉✱ ❛♥❞ ▲✳ ❏✳ ❞❡ ❏♦♥❣❤✱ ✏▲♦♥❣✲r❛♥❣❡ ❢❡rr♦♠❛❣♥❡t✐❝ ❞✐♣♦❧❛r ♦r❞❡r✐♥❣ ♦❢
❤✐❣❤✲s♣✐♥ ♠♦❧❡❝✉❧❛r ❝❧✉st❡rs✑✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ✾✵✱ ✵✶✼✷✵✻ ✭✷✵✵✸✮✳

❬✸✼❪ ●✳ ❏❡s❝❤❦❡✱ ❊✐♥❢ü❤r✉♥❣ ✐♥ ❞✐❡ ❊❙❘✲s♣❡❦tr♦s❦♦♣✐❡✱ ❡✐♥ ✈♦r❧❡s✉♥❣s✲s❦r✐♣t✱ ✶✾✾✽✳

❬✸✽❪ ❘✳ ❙❤❛♥❦❛r✱ Pr✐♥❝✐♣❧❡s ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✱ ✷♥❞ ❡❞ ✭P❧❡♥✉♠ Pr❡ss✱ ◆❡✇
❨♦r❦✱ ✶✾✾✹✮✳

❬✸✾❪ ❍✳ ❈❛s✐♠✐r ❛♥❞ ❋✳ ❞✉ Pré✱ ✏◆♦t❡ ♦♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢
♣❛r❛♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ♣❤❡♥♦♠❡♥❛✑✱ P❤②s✐❝❛ ✺✱ ✺✵✼ ✭✶✾✸✽✮✳

❬✹✵❪ ❑✳ ❙✳ ❈♦❧❡ ❛♥❞ ❘✳ ❍✳ ❈♦❧❡✱ ✏❉✐s♣❡rs✐♦♥ ❛♥❞ ❛❜s♦r♣t✐♦♥ ✐♥ ❞✐❡❧❡❝tr✐❝s✱ ❛❧t❡r♥❛t✐♥❣
❝✉rr❡♥t ❝❤❛r❛❝t❡r✐st✐❝s✑✱ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❈❤❡♠✐❝❛❧ P❤②s✐❝s ✾✱ ✸✹✶ ✭✶✾✹✶✮✳

❬✹✶❪ ❏✳ ❈❧❛r❦❡ ❛♥❞ ❆✳ ■✳ ❇r❛❣✐♥s❦✐✱ ❋✉♥❞❛♠❡♥t❛❧s ❛♥❞ t❡❝❤♥♦❧♦❣② ♦❢ ❙◗❯■❉s ❛♥❞
❙◗❯■❉ s②st❡♠s✱ ❖❈▲❈✿ ✾✷✷✼✾✾✺✺✽ ✭✷✵✵✹✮✳

✶✺✾



❬✹✷❪ ❲✳ ❇✉❝❦❡❧ ❛♥❞ ❘✳ ❑❧❡✐♥❡r✱ ❙✉♣r❛❧❡✐t✉♥❣✿ ❣r✉♥❞❧❛❣❡♥ ✉♥❞ ❛♥✇❡♥❞✉♥❣❡♥✱ ✻✳✱
✈♦❧❧st✳ ü❜❡r❛r❜✳ ✉♥❞ ❡r✇✳ ❆✉✢✳✱ ✶✳ ◆❛❝❤❞r✱ ▲❡❤r❜✉❝❤ P❤②s✐❦ ✭❲✐❧❡②✲❱❈❍✱
❲❡✐♥❤❡✐♠✱ ✷✵✵✼✮✳

❬✹✸❪ ◗✳ ❉❡s✐❣♥✱ ▼P▼❙✱ ❙◗❯■❉ ❱❙▼ ❆❈ ♦♣t✐♦♥ ✉s❡r✬s ♠❛♥✉❛❧✱ ◆♦✈✳ ✷✵✶✵✳

❬✹✹❪ ◗✳ ❉❡s✐❣♥✱ ▼P▼❙ ✸ ✉s❡r✬s ♠❛♥✉❛❧✱ ✶✺✵✵✲✶✵✵✱ r❡✈✳ ❢✶✱ ❏✉♥❡ ✷✵✶✻✳

❬✹✺❪ ❙✳ ❩❤❡r❧✐ts②♥✱ ❚✳ ❍❡rr♠❛♥♥s❞ör❢❡r✱ ❨✳ ❙❦♦✉rs❦✐✱ ❆✳ ❙②t❝❤❡✈❛✱ ❛♥❞ ❏✳ ❲♦s♥✐t③❛✱
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❛ ❈♦✉♥t❡r❛♥✐♦♥ ♦♥ t❤❡ ❩❡r♦✲❋✐❡❧❞ ❙♣❧✐tt✐♥❣ ♦❢ ❚❡tr❛❤❡❞r❛❧ ❈♦❜❛❧t✭■■✮ ❚❤✐♦✉r❡❛
❈♦♠♣❧❡①❡s
■♥✿ ■♥♦r❣❛♥✐❝ ❈❤❡♠✐str② ✺✽✱ ✾✵✽✺✕✾✶✵✵✳ ✭✷✵✶✾✮
❉❖■✿ ✶✵✳✶✵✷✶✴❛❝s✳✐♥♦r❣❝❤❡♠✳✾❜✵✵✻✸✷

✷ ❚✳❆✳ ❇❛③❤❡♥♦✈❛✱ ▲✳❱✳ ❩♦r✐♥❛✱ ❙✳❱✳ ❙✐♠♦♥♦✈✱ ❱✳❙✳ ▼✐r♦♥♦✈✱ ❖✳❱✳ ▼❛①✐♠♦✈❛✱
▲✳ ❙♣✐❧❧❡❝❦❡✱ ❈✳ ❑♦♦✱ ❘✳ ❑❧✐♥❣❡❧❡r✱ ❨✳❱✳ ▼❛♥❛❦✐♥✱ ❆✳◆✳ ❱❛s✐❧✐❡✈✱ ❊✳❇✳ ❨❛❣✉❜✲
s❦✐✐✿ ❚❤❡ ✜rst ♣❡♥t❛❣♦♥❛❧✲❜✐♣②r❛♠✐❞❛❧ ✈❛♥❛❞✐✉♠✭■■■✮ ❝♦♠♣❧❡①❡s ✇✐t❤ ❛ ❙❝❤✐✛✲
❜❛s❡ ◆3❖2 ♣❡♥t❛❞❡♥t❛t❡ ❧✐❣❛♥❞✿ s②♥t❤❡s✐s✱ str✉❝t✉r❡ ❛♥❞ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s
■♥✿ ❉❛❧t♦♥ ❚r❛♥s❛❝t✐♦♥s ✹✾✱ ✶✺✷✽✼✕✶✺✷✾✽✳ ✭✷✵✷✵✮
❉❖■✿ ✶✵✳✶✵✸✾✴❉✵❉❚✵✸✵✾✷❆

✸ ❙✳ ❚r✐♣❛t❤✐✱ ❙✳ ❱❛✐❞②❛✱ ◆✳ ❆❤♠❡❞✱ ❊✳ ❆♥❞r❡❛s❡♥ ❑❧❛❤♥✱ ❍✳ ❈❛♦✱ ▲✳ ❙♣✐❧❧❡❝❦❡✱
❈✳ ❑♦♦✱ ❙✳ ❙♣❛❝❤♠❛♥♥✱ ❘✳ ❑❧✐♥❣❡❧❡r✱ ●✳ ❘❛❥❛r❛♠❛♥✱ ❏✳ ❖✈❡r❣❛❛r❞✱ ▼✳ ❙❤❛♥✲
♠✉❣❛♠✿ ❙tr✉❝t✉r❡✲♣r♦♣❡rt② ❝♦rr❡❧❛t✐♦♥ ✐♥ st❛❜✐❧✐③✐♥❣ ❛①✐❛❧ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②
✐♥ ♦❝t❛❤❡❞r❛❧ ❈♦✭■■✮ ❝♦♠♣❧❡①❡s
■♥✿ ❈❡❧❧ ❘❡♣♦rts P❤②s✐❝❛❧ ❙❝✐❡♥❝❡ ✷✱ ✶✵✵✹✵✹✳ ✭✷✵✷✶✮
❉❖■✿ ✶✵✳✶✵✶✻✴❥✳①❝r♣✳✷✵✷✶✳✶✵✵✹✵✹

✹ P✳ ❈✐❡s❧✐❦✱ P✳ ❈♦♠❜❛✱ ❲✳ ❍❡r❣❡tt✱ ❘✳ ❑❧✐♥❣❡❧❡r✱ ●✳❋✳P✳ P❧♥②✱ ▲✳ ❙♣✐❧❧❡❝❦❡✱
●✳ ❱❡❧♠✉r✉❣❛♥✿ ▼♦❧❡❝✉❧❛r ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❞②s♣r♦s✐✉♠✭■■■✮ ❝♦♠♣❧❡①
❝♦♦r❞✐♥❛t❡❞ t♦ ❛ ♥♦♥❛❞❡♥t❛t❡ ❜✐s♣✐❞✐♥❡ ❧✐❣❛♥❞
■♥✿ ❩❡✐ts❝❤r✐❢t ❢ür ❆♥♦r❣❛♥✐s❝❤❡ ✉♥❞ ❆❧❧❣❡♠❡✐♥❡ ❈❤❡♠✐❡ ✻✹✼✱ ✽✹✸✕✽✹✾✳ ✭✷✵✷✶✮
❉❖■✿ ✶✵✳✶✵✵✷✴③❛❛❝✳✷✵✷✵✵✵✹✼✺

✺ ▲✳ ❙♣✐❧❧❡❝❦❡✱ ❙✳ ❚r✐♣❛t❤✐✱ ❈✳ ❑♦♦✱ ▼✳ ❆♥s❛r✐✱ ❙✳ ❱❛✐❞②❛✱ ❆✳ ❘❛s❛♠s❡tt②✱ ❚✳ ▼❛❧✲
❧❛❤✱ ●✳ ❘❛❥❛r❛♠❛♥✱ ▼✳ ❙❤❛♥♠✉❣❛♠✱ ❘✳ ❑❧✐♥❣❡❧❡r✿ ❆ ❤✐❣❤✲❢r❡q✉❡♥❝② ❊P❘ st✉❞②
♦❢ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❛♥❞ ✐♥t❡r♠♦❧❡❝✉❧❛r ✐♥t❡r❛❝t✐♦♥s ♦❢ ❈♦✭■■✮ ✐♦♥s
■♥✿ P♦❧②❤❡❞r♦♥ ✷✵✽✱ ✶✶✺✸✽✾✳ ✭✷✵✷✶✮
❉❖■✿ ✶✵✳✶✵✶✻✴❥✳♣♦❧②✳✷✵✷✶✳✶✶✺✸✽✾
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❉❛♥❦s❛❣✉♥❣

❆❧s ❆❜s❝❤❧✉ss ❞✐❡s❡r ❆r❜❡✐t ♠ö❝❤t❡ ✐❝❤ ❞✐❡ ●❡❧❡❣❡♥❤❡✐t ♥✉t③❡♥✱ ♠✐❝❤ ❤✐❡r♠✐t ❣❛♥③ ❤❡r✲
③❧✐❝❤ ❜❡✐ ❛❧❧❡♥ ③✉ ❜❡❞❛♥❦❡♥✱ ❞✐❡ ♠✐❝❤ ❜❡✐ ♠❡✐♥❡r ❉♦❦t♦r❛r❜❡✐t✱ ❛❜❡r ❛✉❝❤ ✐♠ ❣❡s❛♠t❡♥
❱❡r❧❛✉❢ ♠❡✐♥❡s ❙t✉❞✐✉♠s ✉♥t❡rstüt③t ❤❛❜❡♥✳ ❍❡rr♥ Pr♦❢✳ ❉r✳ ❘ü❞✐❣❡r ❑❧✐♥❣❡❧❡r
❞❛♥❦❡ ✐❝❤✱ ♠✐r ③✉♠ ❡✐♥❡♥ ❞✐❡ ▼ö❣❧✐❝❤❦❡✐t ❣❡❣❡❜❡♥ ③✉ ❤❛❜❡♥✱ ♠❡✐♥❡ ❉♦❦t♦r❛r❜❡✐t
❛♠ ❑✐r❝❤❤♦✛✲■♥st✐t✉t ❢ür P❤②s✐❦ ✐♥ ❍❡✐❞❡❧❜❡r❣ s❝❤r❡✐❜❡♥ ③✉ ❞ür❢❡♥✱ ③✉♠ ❛♥❞❡r❡♥
❢ür ❡✐♥❡ ❤❡r✈♦rr❛❣❡♥❞❡ ❇❡tr❡✉✉♥❣ ♠❡✐♥❡r ❆r❜❡✐t ♠✐t ✈✐❡❧❡♥ ❉✐s❦✉ss✐♦♥❡♥✳ ❋ür ❞✐❡
Ü❜❡r♥❛❤♠❡ ❞❡s ❩✇❡✐t❣✉t❛❝❤t❡♥s ❞✐❡s❡r ❆r❜❡✐t ♠ö❝❤t❡ ✐❝❤ ❍❡rr♥ Pr♦❢✳ ❉r✳ ▼❛✉r✐ts
❍❛✈❡r❦♦rt ❞❛♥❦❡♥✳

❍❡rr♥ ❉r✳ ❈❤❛♥❣❤②✉♥ ❑♦♦ ❞❛♥❦❡ ✐❝❤ ❢ür ❞✐❡ ✈✐❡❧❡ ❍✐❧❢❡ ✉♥❞ ❯♥t❡rstüt③✉♥❣ ✇ä❤r❡♥❞
❞❡r ❍❋✲❊P❘ ▼❡ss✉♥❣❡♥ s♦✇✐❡ ❞✐❡ ✈✐❡❧❡♥ ❛✉❢s❝❤❧✉ssr❡✐❝❤❡♥ ●❡s♣rä❝❤❡ ③✉ ♠♦❧❡❦✉❧❛r❡♥
▼❛❣♥❡t❡♥ ✐♠ ❛❧❧❣❡♠❡✐♥❡♥✳ ❊❜❡♥❢❛❧❧s ❢ür ❞✐❡ ❣r♦ÿ❡ ❯♥t❡rstüt③✉♥❣ ❜❡✐ t❡❝❤♥✐s❝❤❡♥ ❊P❘
❋r❛❣❡♥ ♠ö❝❤t❡ ✐❝❤ ❍❡rr♥ ❉r✳ ❏♦❤❛♥♥❡s ❲❡r♥❡r ❞❛♥❦❡♥✳ ❋r❛✉ ❉r✳ ▼❛r✐♦♥ ❑❡rs❝❤❡r
❞❛♥❦❡ ✐❝❤ ❢ür ❞✐❡ ❯♥t❡rstüt③✉♥❣ ❜❡✐ ❞❡♥ ❳✲❜❛♥❞ ❊P❘ ▼❡ss✉♥❣❡♥✳ ❲❡✐t❡r❤✐♥ ❞❛♥❦❡
✐❝❤ ❞❡♥ ❈❤❡♠✐❦❡r♥ ✉♥s❡r❡r ✐♥❞✐s❝❤❡♥✱ r✉ss✐s❝❤❡♥ ✉♥❞ ❞❡✉ts❝❤❡♥ ❑♦❧❧❛❜♦r❛t✐♦♥❡♥ ❢ür
❞✐❡ ❙②♥t❤❡s❡ ❞❡r ♠♦❧❡❦✉❧❛r❡♥ ▼❛t❡r✐❛❧✐❡♥✱ ✇❡❧❝❤❡ ♠✐r ❢ür ♠❡✐♥❡ ❯♥t❡rs✉❝❤✉♥❣❡♥ ③✉r
❱❡r❢ü❣✉♥❣ ❣❡st❡❧❧t ✇✉r❞❡♥✳

❉❡♥ ▼✐t❣❧✐❡❞❡r ✉♥❞ ❡❤❡♠❛❧✐❣❡♥ ▼✐t❣❧✐❡❞❡r♥ ❞❡r ●r✉♣♣❡ ❋✷✺ ❞❛♥❦❡ ✐❝❤ ❢ür ❞✐❡
✇✉♥❞❡r❜❛r❡ ❆r❜❡✐ts❛t♠♦s♣❤är❡ ✉♥❞ ❞✐❡ ❣r♦ÿ❡ ❍✐❧❢s❜❡r❡✐ts❝❤❛❢t ✉♥t❡r❡✐♥❛♥❞❡r s♦✇✐❡
❡✐♥❡ s❝❤ö♥❡ ❩❡✐t ❛♠ ❑■P ❍❡✐❞❡❧❜❡r❣✳ ■♥s❜❡s♦♥❞❡r❡ ❞❛♥❦❡ ✐❝❤ ❍❡rr♥ ▼❛rt✐♥ ❏♦♥❛❦ ❢ür
s❡✐♥❡ ③✉✈❡r❧äss✐❣❡ ❍✐❧❢❡ ❜❡✐♠ ❍❡❧✐✉♠❢ü❧❧❡♥ ✉♥❞ ❛♥❞❡r❡♥ t❡❝❤♥✐s❝❤❡ ❙❝❤✇✐❡r✐❣❦❡✐t❡♥
s♦✇✐❡ ❍❡rr♥ ❉r✳ ❑❛✉st❛✈ ❉❡② ❛❧s ❣❡s♣rä❝❤✐❣❡♥ ✉♥❞ ❤✐❧❢s❜❡r❡✐t❡♥ ❇ür♦❦♦❧❧❡❣❡♥✳

❋ür ❞❛s ❑♦rr❡❦t✉r❧❡s❡♥ ❞✐❡s❡r ❆r❜❡✐t ♠ö❝❤t❡ ✐❝❤ ❍❡rr♥ ❈❤❛♥❣❤②✉♥ ❑♦♦✱ ❍❡rr♥
Pr♦❢✳ ❉r✳ ❘ü❞✐❣❡r ❑❧✐♥❣❡❧❡r s♦✇✐❡ ❍❡rr♥ ❉r✳ ❏♦❤❛♥♥❡s ❙t♦❧❞t ❞❛♥❦❡♥✳

▼❡✐♥❡♥ ❊❧t❡r♥ ❆♥t❥❡ ✉♥❞ ❏ör❣ ❙♣✐❧❧❡❝❦❡ ❞❛♥❦❡ ✐❝❤ ❢ür ❞✐❡ ❯♥t❡rstüt③✉♥❣ ✇ä❤r❡♥❞
♠❡✐♥❡s ❙t✉❞✐✉♠s ✉♥❞ ✐♥ ❛❧❧❡♥ ▲❡❜❡♥s❧❛❣❡♥✳ ❩✉♠ ❙❝❤❧✉ss ♠ö❝❤t❡ ✐❝❤ ♠❡✐♥❡♠ ▼❛♥♥
❏♦❤❛♥♥❡s ❙t♦❧❞t ❢ür s❡✐♥❡♥ st❡t❡♥ ❩✉s♣r✉❝❤ ✉♥❞ s❡✐♥❡ ●❡❞✉❧❞ ❞❛♥❦❡♥✱ ✉♥❞ ❞❛❢ür ♠✐❝❤
✇ä❤r❡♥❞ ♠❡✐♥❡s ❣❡s❛♠t❡♥ ❙t✉❞✐✉♠s ✉♥❞ ♠❡✐♥❡r Pr♦♠♦t✐♦♥ ✐♥ ❞❡r ▲ös✉♥❣ ❛❧❧❡r ✭♠❡✐st
♣r♦❣r❛♠♠✐❡rt❡❝❤♥✐s❝❤❡♥ Pr♦❜❧❡♠❡✮ ✉♥t❡rstüt③t ③✉ ❤❛❜❡♥✳
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❊✐❣❡♥stä♥❞✐❣❦❡✐ts❡r❦❧är✉♥❣

❍✐❡r♠✐t ❡r❦❧är❡ ✐❝❤✱ ❞❛ss ✐❝❤ ❞✐❡ ✈♦r❧✐❡❣❡♥❞❡ ❉✐ss❡rt❛t✐♦♥ s❡❧❜st ✈❡r❢❛sst ❤❛❜❡ ♦❤♥❡
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