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"Natural science does not simply describe and explain nature;
it is part of the interplay between nature and ourselves;
it describes nature as exposed to our nature of questioning.”

— Werner Heisenberg [1]



ABSTRACT

Entropy may be regarded as the physical quantity with the most
facets. It is successfully used to describe aspects of the three intriguing
phenomena: equilibrium, uncertainty and entanglement.

Despite its central meaning, formulating physical laws in terms of
entropy can become unfavorable, for which we give three examples:
the lack of well-defined continuum limits often prevents universal
descriptions for discrete, continuous and infinite-dimensional degrees
of freedom. The entropy of a subregion in a quantum field theory
exhibits an ultraviolet divergence, which can not be renormalized.
Entropies of marginal distributions do not capture the full information
about a global distribution.

The first two problems can be traced back to the entropy being
an absolute measure of missing information. To overcome these, we
propose a more regular use of relative entropy in situations where
entropy shows its flaws. Relative entropy allows us to unify entropic
descriptions or to extend them into new regimes of validity.

In this thesis, we use relative entropy to formulate a new principle
of inference, to develop thermodynamics in terms of model states, to
derive divergence-free second law-like inequalities for relativistic flu-
ids, to unify entropic uncertainty relations for discrete and continuous
variables and to deduce the first entropic uncertainty relation for a
quantum field.

The third problem becomes relevant in the context of entanglement
witnessing for continuous variable systems. In contrast to standard
separability criteria, which are based on measuring two observables
separately, we start from a phase space representation of the quantum
state. We find a perfect witness for pure state entanglement and derive
entropic and even more general separability criteria, allowing us to
certify entanglement in undetected regions.



ZUSAMMENFASSUNG

Die Entropie kann als die facettenreichste physikalische Grofse an-
gesehen werden. Man verwendet sie, um Aspekte von drei faszinie-
renden Phdnomenen zu beschreiben: Gleichgewicht, Unschérfe und
Verschrankung.

Trotz ihrer zentralen Bedeutung kann es ungiinstig sein, physikali-
sche Gesetze mit Entropie zu formulieren, wofiir wir drei Beispiele
anfiihren: Das Fehlen wohldefinierter Kontinuumslimites verhindert
oft universelle Beschreibungen fiir diskrete, kontinuierliche und un-
endlich dimensionale Freiheitsgrade. Die Entropie einer Subregion in
einer Quantenfeldtheorie weist eine ultraviolette Divergenz auf, die
sich nicht renormieren ldsst. Entropien von Marginalverteilungen er-
fassen nicht die vollstindige Information iiber eine globale Verteilung.

Die ersten beiden Probleme lassen sich darauf zuriickfiihren, dass
die Entropie ein absolutes Maf fiir fehlende Informationen ist. Um
diese zu tiberwinden, schlagen wir eine regelmafSsigere Verwendung
der relativen Entropie in Situationen vor, in denen die Entropie ihre
Schwachstellen zeigt. Die relative Entropie ermoglicht es uns, entropi-
sche Beschreibungen zu vereinheitlichen oder sie auf neue Geltungs-
bereiche zu erweitern.

In dieser Arbeit verwenden wir die relative Entropie, um ein neues
Inferenzprinzip zu formulieren, die Thermodynamik mit Modellzu-
stinde zu entwickeln, divergenzfreie zweite Hauptsatz-dhnliche Un-
gleichungen fiir relativistische Fluide abzuleiten, entropische Unschar-
ferelationen fiir diskrete und kontinuierliche Variablen zu vereinheitli-
chen und die erste entropische Unschérferelation fiir ein Quantenfeld
herzuleiten.

Das dritte Problem wird im Zusammenhang mit dem Nachweis von
Verschrankung fiir Systeme mit kontinuierlichen Variablen relevant.
Im Gegensatz zu standardmafligen Separabilitdtskriterien, die auf
der getrennten Messung zweier Observablen beruhen, gehen wir von
einer Phasenraumdarstellung des Quantenzustands aus. Wir finden
ein perfektes Kriterium fiir die Verschrankung reiner Zustande und
leiten entropische und noch allgemeinere Separabilitdtskriterien ab,
die es uns ermoglichen, Verschrankung in unentdeckten Regionen
nachzuweisen.
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NOTATION

Throughout this thesis, we work in terms of natural units 7 = ¢ =
kg = 1 and drop operator hats. Instead, operators are denoted by bold
symbols, e.g. X, while vectors are equipped with a vector symbol, e.g.
X, and expectation values or classical variables are written in normal
font, e.g. X. The number of spacetime dimensions is labeled with d,
while for the Hilbert space dimension we use D = dim H. Vacuum
quantities are denoted with a bar, e.g. p. A composite system is called
12 with the subsystems 1 and 2. We generically use the symbol S for
every entropy and specify it further by its argument. For example, S(p)
denotes the von Neumann entropy of the quantum state p. However,
what is denoted as argument is sometimes not the argument of any
entropy functional in a strict sense. This applies in particular to a
conditional entropy S(p;|p,) and a mutual information I(p; : p,).
Hence, entropic quantities are particularized based on their meaning.

ACRONYMS

QM  Quantum Mechanics

QFT  Quantum Field Theory

uv  Ultraviolet

EUR  Entropic Uncertainty Relation

MU  Maassen-Uffink

BBM  Biatynicki-Birula-Mycielski

FL Frank-Lieb

REUR Relative Entropic Uncertainty Relation
WL  Wehrl-Lieb

crTP Completely Positive Trace-Preserving
PTP  Positive Trace-Preserving

POVM Positive Operator-Valued Measure
PVM Projection-Valued Measure

LOCC Local Operations and Classical Communication
REoE Relative Entropy of Entanglement

PPT  Positive Partial Transpose

EPR  Einstein-Podolsky-Rosen

MGVT Mancini-Giovannetti-Vitali-Tombesi



DGCZ Duan-Giedke-Cirac-Zoller

WTSTD Walborn-Taketani-Salles-Toscano-de Matos Filho

IR Infrared

™SV Two-Mode Squeezed Vacuum
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1 INTRODUCTION

“[...1 every physical quantity, every it,

derives its ultimate significance from bits,
binary yes-or-no indications,

a conclusion which we epitomize in the phrase,
it from bit.”

— John Archibald Wheeler [2]

MOTIVATION Modern physics provides a fascinating richness of
ideas and theories, including for example Quantum Mechanics (OM),
Quantum Field Theory (QFT) and General Relativity. What these theo-
ries have in common is that they shifted well-established paradigms
and were astonishingly successful in setting new standards on how
precise experimental outcomes can be predicted.

However, at first sight, they are concerned with different phenomena
on well separated scales and make use of rather dissimilar mathe-
matical methods and concepts. This not only raises the desire for
unification, but more importantly leads to the pressing question what
is fundamental?

Some physicists may answer quantum fields, others may say space-
time. Many years after Shannon published his groundbreaking work
on classical information theory [3, 4], information has become a valid
alternative. Most importantly, Shannon gave the abstract concept of in-
formation a rigorous framework by establishing entropy as the measure
for the missing information about a probability distribution.

At that time, entropy played an important role in physics already,
most prominently in the contexts of statistical physics [5-7], quantum
physics [8] and Szilard’s treatment of Maxwell’s demon [9]. However, it
was Shannon’s information theoretic approach which related entropy
and information, showing that information is physical [10].

In the last three decades, the information theoretic viewpoint be-
came a lot more common among physicists, especially in the context
of quantum physics [11-13]. Nowadays physical laws are often ex-
pressed in terms of information theoretic quantities and quantum
systems are regularly analyzed with information theoretic methods.
Timely examples include quantum computing [14, 15] or the black
hole information paradox [16-18].

However, some entropic descriptions are not satisfactory. In this
thesis, we develop several methods to overcome fundamental problems
of the entropy functional or to sharpen entropic statements. To that
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end, we make use of two underestimated concepts: relative entropy
[19—21] and entropy in quantum mechanical phase space [22, 23].

The relative entropy is a measure for the distinguishability of two
probability distributions. As a relative measure of information, it shows
rather universal properties. Especially, it often remains finite and keeps
its properties when the entropy does not, for example when taking
limits. Further, the entropy in phase space allows for a more complete
description as opposed to considering the entropies of position and
momentum separately.

We will apply our methods to describe the three phenomena equilib-
rium, uncertainty and entanglement. The problems or disadvantages
of established entropic descriptions thereof and our proposals to re-
solve these issues are discussed for each phenomenon separately.

eQuiLiIBRIUM  Classical distributions and quantum states describing
equilibrium situations can be derived from Jaynes” maximum entropy
principle [24—27]. More precisely, the three thermodynamic ensembles
microcanonical, canonical and grand canonical follow when maximiz-
ing entropy and assuming proper normalization and fixed expectation
values for energy and particle number, respectively.

Although the maximum entropy principle was designed for this
task, its applicability goes far beyond statistical physics. It is a funda-
mental principle of inference and as such predicts the optimal prior
distribution or quantum state when only little information (often in
terms of expectation values of macroscopic quantities) is given. In
simple words, it expresses the intuition that the best guess should
have least information content [27].

In Chapter 5, we formulate an alternative: the principle of minimum
expected relative entropy for classical distributions (5.20) and quantum
states (5.39). It postulates that the optimal prior is least distinguishable
from other distributions on average and corresponds to the central
point on the manifold of allowed distributions. Also, it closes a gap to
the well-established principle of minimum discrimination information
[20]. Although the latter is formulated in terms of relative entropy
as well, it rather aims at updating a given prior distribution when
additional information becomes available.

With the principle of minimum expected relative entropy at hand we
reformulate thermodynamics in terms of relative entropy in Chapter 6,
for which our motivation is twofold.

First, we want to extend the concepts of thermodynamics such as
temperature and chemical potential beyond the situation where a
system is in equilibrium. We propose a formulation in terms of ther-
modynamic reference states, which allows us to assign temperature
and chemical potential to arbitrary states, see e.g. (6.28). Further, rela-
tive entropy captures thermal fluctuations (6.12) and encodes naturally
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the second law of thermodynamics (6.35) as a special case of a central
theorem about how quantum information can be processed.

Second, we want to understand better how thermodynamic con-
cepts can be applied locally in the context of fluid dynamics and QFT.
Here, entropy comes with two severe drawbacks. In fluid dynamics,
one typically works in terms of entropy current densities, which are
only well-defined in equilibrium. In addition, if one tries to define
such an entropy from a more fundamental QFT, one has to deal with
unavoidable Ultraviolet (UV) divergences due to entanglement. In con-
trast, a local relative entropy is free of such divergences and allows
one to work with thermodynamic model states outside of equilibrium.

We apply the ideas gathered in Chapter 6 to fluids and quantum
fields in Chapter 7. We establish a heuristic notion of local equilibrium
with relative entropy in (7.19) and derive divergence-free second law-
like inequalities in terms of relative entropy (7.37) from first principles.

UNCERTAINTY For a long time the uncertainty principle was ex-
pressed through variances by default. However, such descriptions are
unsatisfactory from an information theoretic perspective. The vari-
ance represents only the second moment of a measured probability
distribution and lacks information about the full distribution.

Nowadays, the uncertainty principle is conveniently formulated in
terms of Entropic Uncertainty Relations (EURs) [28, 29]. The three most
well-known relations are the Maassen-Uffink (MU) relation [30, 31]
for discrete variables (e.g. spin observables) and the Biatynicki-Birula-
Mycielski (BBM) [32] and Frank-Lieb (FL) [33] relations for continuous
variables (e.g. position and momentum). Interestingly, the BBM relation
is strictly stronger and implies the well-known relation by Heisenberg
and Kennard, showing the supremacy of an entropic formulation.

In the field of EURs, entropy demonstrates its longest known flaw.
Overlooked by Shannon and noticed by Jaynes, the entropy func-
tional for discrete probabilities does not have a well-defined analog
for probability density functions [26]. More precisely, the so-called
differential entropy for probability densities (also defined by Shannon
in [4]) does not correspond to the continuum limit of Shannon’s dis-
crete entropy. Instead, an infinite negative constant has to be added,
breaking fundamental properties such as non-negativity.

Hence, it is not surprising that the two types of observables are
described by different EURs. So far, only the MU and the FL relations
have been unified, based on a formal measure-theoretic argument
[33]. We propose a more direct unification in terms of relative entropy,
the Relative Entropic Uncertainty Relation (REUR) (8.34), which we
formulate in Chapter 8.

This approach demonstrates its advantages when considering quan-
tum fields. In Chapter 9, we show that the field theory limit leads to
divergences for the entropy associated with the probability density
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functional of field configurations. These divergences are generic and
well-known, for example from the vacuum energy, rendering every
EUR ill-defined in the field theory limit. In contrast, relative entropy
does not exhibit these divergences, allowing us to derive the first
well-defined REUR for a scalar quantum field (9.36).

Also, we analyze EURs in canonical phase space by comparing re-
lations based on marginal distributions with the Wehrl-Lieb (WL)
relation [23, 34] formulated for a full phase space distribution in Chap-
ter 10. In particular, we investigate which relation is closest to equality
for a generic set of states. This is not only interesting by itself but is
also very relevant for entanglement detection.

ENTANGLEMENT  Entanglement is the defining feature of quantum
physics when considering one (or more) partitions of a system. En-
tanglement can cause the global entropy to be smaller than any local
entropy, which is impossible for classical systems [35]. It is nowa-
days believed that entanglement plays an important role for several
phenomena, including for example the thermalization of isolated quan-
tum systems [36—38], black hole evaporation [39—41] and quantum
supremacy [14].

However, it is rather hard to determine whether a given state is
entangled or not, which is the so-called separability problem [42]. This
problem remains unsolved except for a few special cases, for instance,
Hilbert spaces of small dimensions and Gaussian states. Continuous
variable systems with an infinite-dimensional Hilbert space prove to
be particularly challenging for certifying entanglement.

Typically, one formulates conditions which are fulfilled by all sep-
arable states, so-called separability criteria, whose violation shows
entanglement. For continuous variables, criteria were derived for the
second moments of position and momentum measurements [43—46].
Also entropic criteria, which are stronger than the latter especially in
the non-Gaussian regime, have been found [47-51].

These criteria have two things in common: First, they all make use
of an uncertainty relation and second, they are all based on measuring
position and momentum separately. Motivated by our findings in
Chapter 10, we formulate several separability criteria for a full phase
space distribution, pushing the boundaries of entanglement witnessing
in continuous variable systems.

In Chapter 11, we show that a mutual information of a full phase
space distribution (11.11) serves as a perfect witness for pure state
entanglement. Then, we derive entropic criteria for mixed states (12.15)
and show their outperfomance over other entropic criteria in Chap-
ter 12. Finally, we deduce a more general set of criteria (13.10) in
Chapter 13 for concave functions. Their experimental implementation
is outlined by applying them to discretized distributions (13.26).

15
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A PRIMER ON ENTROPY

We begin with introducing the three phenomena equi-
librium, uncertainty and entanglement and the informa-
tion theoretic methods required for a modern description
thereof. In particular, we discuss the role of entropy within
classical information (Chapter 2), quantum information
(Chapter 3) and quantum fields (Chapter 4). An emphasis
is put on how entropic quantities can be used to describe
the physical phenomena we are concerned with.



2 CLASSICAL INFORMATION

In simple words, classical information theory is concerned with prob-
ability distributions and how the information they contain about the
underlying random variable can be quantified, stored and communi-
cated. The theory goes back to early ideas by Nyquist [52, 53], Hartley
[54], the groundbreaking papers of Shannon [3, 4] (see also [55]) and
the follow-up work by Kullback and Leibler [19] (see also [20]) and
Jaynes [24, 25] (see also [26, 27]).

Despite the success of QM, classical information theory is still of
great importance to modern-day research. Any measurement, indepen-
dent of whether the system of interest is well-described by a classical or
a quantum theory, produces classical probability distributions, which
have to be analyzed with the tools of classical information theory.

A rather significant distinction has to be made between discrete and
continuous variables, i.e. between probabilities and probability densi-
ties. In the following, we include both cases and point out important
differences. We follow standard literature on this subject [11, 12, 56].

2.1 PROBABILITY DISTRIBUTIONS AND DENSITIES

RANDOM VARIABLES Let us consider a random variable X which
can take values x in some set X, called alphabet, i.e. x € X. Whether
the random variable X is called discrete or continuous depends on the
cardinality of the alphabet X'. For discrete variables, X is finite or at
least countable, whereas continuous variables are characterized by X
being uncountable, such that

{ei}iecr with I CIN for discrete X,

X = (2.1)

(a,b) with a,b e R for continuous X.

PROBABILITY In the case of discrete variables, one can associate a
real number to every event x € X, which we call probability p(x).
Instead, for continuous variables, we work with a real-valued function
f:(a,b) — R, which we refer to as the probability density f(x). In both
cases, we speak of a distribution.

The probability p(x) and the probability density f(x) can be fully
characterized by the three Kolmogorov axioms [58], which require
that they are

“[...] the theory of
probabilities is at
bottom only common
sense reduced to
calculus.” -
Pierre-Simon Laplace

[57]

17
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1. non-negative

p(x), f(x) > 0forall x € X, (2.2)

2. normalized to unity

L opx)=[_ drftx) =1, (23)

xeX

3. additive for mutually exclusive events x; € A} of countably many
disjoint sets X; C X

p(Uix;) = Zp(xi). (2.4)

The last axiom holds equivalently for continuous variables. This can
be seen after associating a probability for measuring a value in some
finite interval, i.e. x € &; C X’ with & being an uncountable subset of
the full alphabet X, by integrating over all elements in &}, such that

preX) = [ drf(x). (2.5)
xEX;

Furthermore, the three axioms imply many well-known basic rules of
probability theory, for example that probabilities are bounded from
above, i.e. p(x) <1 for all x € X (while probability densities remain
unbounded) or the sum rule for non mutually exclusive events.

EXAMPLE: DISCRETE AND CONTINUOUS DISTRIBUTIONS  To illus-
trate Kolmogorov’s axioms and the conceptual differences between
the two cases of variables, we consider (a) probabilities of an unfair die
with X = {1,2,3,4,5,6} (Figure 2.1a) and (b) a Gaussian probability
density f(x) of variance 02 = 1 with X = R (Figure 2.1b).

f(x)
p(x) 05¢
03r
02: ’ H
s A
01 i i ° | i |
ol 1 1 i i i Lx x
1 2 3 4 5 6
P1 P2
(a) Discrete probabilities (b) Continuous probability density

Figure 2.1: Comparison of (a) discrete probabilities and (b) a continuous
probability density. The non-negativity and normalization ax-
ioms can be read off, while the colored events/regions indicate
probabilities p; ~ 0.273 and p, ~ 0.157 of mutually exclusive
sets computed by using the additivity axiom.



2.2 CLASSICAL ENTROPIES |

JOINT AND CONDITIONAL PROBABILITY  The previous discussion can
be extended to two (or more) random variables. Here, we additionally
consider a second random variable Y with analogous notation as
above. Then, we can associate a joint probability p12(x,y) or a joint
probability density fi2(x,y), respectively, to the joint measurement of
X and Y, which also fulfill Kolmogorov’s axioms.

Individual distributions p1(x) or f1(x) (analogously for the other
variable Y) can be computed from marginalization

P = Loty Al =] dyfoley). @6)

yey

Moreover, if one of the two observables is measured, e.g. measuring Y
gives y, one can associate a conditional probability p;(x|y) or condi-
tional probability density f1(x|y) to the remaining random variable X,
which are defined via
pi2(x,y) f2(x,y)
1(xly) = ==, filxly) = ===~ (2.7)
e =Tty =g

Note that in the latter case it may be necessary to require strict posi-
tivity of the marginal density f(y) > 0.

If and only if the two random variables X and Y are uncorrelated,
the joint distributions factorize, i.e.

pi2(x,y) = p1(x) X pa(y),  fra(x,y) = f1(x) x f2, (y) (2.8)

and the conditional distributions reduce to the respective marginals

pi(xly) = pi(x),  flxly) = f(x). (2.9)

2.2 CLASSICAL ENTROPIES

SHANNON AND DIFFERENTIAL ENTROPY Arguably one of the most
important contributions to information theory came from Shannon
in the invention of a reasonable measure for the missing information
about a distribution, which is the entropy. Although entropy is the
fundamental quantity in information theory, it can not be consistently
defined for discrete and continuous random variables [26]. This has
major consequences on how physical laws have to be formulated,
which will be one of our central topics.

Let us begin with the discrete case, where the entropy is named
after Shannon himself. The entropy S(p) of a discrete probability dis-
tribution p(x) can be constructed axiomatically (up to a multiplicative
constant) [3], but we rather follow an intuitive approach based on
the notion of surprise [59]. To any event x one can associate a sur-
prise —In p(x), which is motivated by the surprise being small when
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"My greatest
concern was what to
call it. I thought of
calling it
"information,” but the
word was overly
used, so I decided to
call it "uncertainty.”
When I discussed it
with John von
Neumann, he had a
better idea. Von
Neumann told me,
"You should call it
entropy, for two
reasons. In the first
place your
uncertainty function
has been used in
statistical mechanics
under that name, so
it already has a name.
In the second place,
and more important,
no one really knows
what entropy really
is, s0 in a debate you
will always have the
advantage.” - Claude
E. Shannon [60]
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the event x is likely and additive for independent events. Then, the
Shannon entropy is defined as the average surprise

— ) p()

xeX

)Inp(x (2.10)
It serves as a measure for the missing information or uncertainty
about p(x). Also, it is non-negative S(p) > 0 (zero if and only if one
event x is certain) and attains a global maximum S(p) = In N for the
uniform distribution p(x) = 4; of a finite alphabet |X| = N
For continuous variables, the differential entropy is defined as

S() == [ dxf(x)nf(x).

It can be interpreted as a measure for the localization of a prob-
ability density f(x) and, in contrast to the Shannon entropy S(p),
the differential entropy S(f) can become negative if a distribution is
highly localized. Also, it is in general not invariant under a reparam-
eterization of the underlying random variable x — x’(x). Hence, an
interpretation as a measure for missing information similarly to the
Shannon entropy is not possible. In fact, the two definitions (2.10) and
(2.11) are related via a negative infinite offset

5(f)

where Ax is the width of a bin used to discretize f(x). However,
both entropies are concave, i.e. for a mixture of distributions p(x) =
YiA(D)pi(x) or f(x) = Y A(D) fi(x) with A(i) being a discrete proba-
bility distribution itself, we obtain

)= L ADS(p), S(F) > LADS(F)

(2.11)

= lim (S(p) +InAx), (2.12)
Ax—0

(2.13)

EXAMPLE: ENTROPIES OF A COIN AND A GAUSSIAN  We consider
the entropies of (a) a coin with alphabet X = {heads, tails} and a
probability p; for heads (Figure 2.2a) and (b) a centered Gaussian
probability density f(x) of standard deviation o (Figure 2.2b).

RELATIVE ENTROPY  Another fundamental quantity in information
theory is the relative entropy, also known as Kullback-Leibler diver-
gence [19, 20]. It turns out that the properties of the relative entropy
are universal in many contexts, which we will utilize often in this
thesis. Most importantly, it can consistently be defined for discrete as
well as continuous variables, i.e. it has a well-defined continuum limit.
Namely, for two probability distributions p(x) and f(x) it reads

S(pllp) = ZXP (Inp(x) —Inp(x)), (2.14)
while for two probability densities f(x) and f(x) it is
SUIA) = [ defx) (inf(x) = In f(x)). (215)
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Figure 2.2: Comparison of (a) Shannon and (b) differential entropy. While
the former is non-negative and takes its maximum value In 2 for
the uniform distribution p; = %, the latter becomes negative for
0 < —A— and grows monotonically with the broadness of the
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underlying distribution. Both functions are concave.

By Jensen’s inequality, the relative entropy is always non-negative
S(pll#),S(f|lf) > 0 and zero if and only if the two distributions agree.
Also, it is jointly convex in its two arguments. Hence, it can be inter-
preted as a measure for the distinguishability of the two distributions
p(x) and f(x) (or f(x) and f(x)). Nevertheless, it does not serve as
a distance measure on the space of probability distributions, as it is
neither symmetric nor fulfills a triangle inequality.

For our purposes, the second argument (x) (or f(x)) can be inter-
preted as a model or reference distribution for the true distribution given
in the first argument p(x) (or f(x)). Then, relative entropy measures
the uncertainty deficit about the true distribution given the model.

For the relative entropy to be finite, we have to require a support
condition supp [p(x)] € supp [5(x)] (or supp [£(x)] C supp [f(x)]).
Otherwise, its value is set to 400 indicating that the model can be
distinguished perfectly from the true distribution, as it predicts zero
probability for some possible events.

Also, the relative entropy is additive for independent distributions,
just as entropy itself. In contrast to entropy, relative entropy is invariant
under reparameterizations x — x’(x), which we will utilize later.

JOINT ENTROPY, CONDITIONAL ENTROPY AND MUTUAL INFORMATION
As for probabilities, the notion of entropy can be extended to the case
of more than one random variable. Following the discussion of joint
and conditional probabilities for two random variables X and Y, we
define the joint Shannon entropy as

S(piz) = = ), ) pu(xy)Inpr(xy) (2.16)
xeXye)

and the conditional Shannon entropy as

S(pilp2) = = ) Y. pa(x,y) Inpi(xly). (2.17)
xeX ye)y
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The information
content of a system
can be entirely
encoded in the
correlations with
another system.
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Both definitions can be extended to the continuous variable case in a

similar fashion as shown above for the differential entropy, with the

differences to the discrete variable case pointed out earlier.
Assuming finiteness of all involved entropies we find

S(p12) = S(p1) + S(p2lp1) = S(p2) + S(p1lp2), (2.18)

revealing that the conditional Shannon entropy S(p1|p2) can be inter-
preted as the remaining uncertainty encoded in p; (x|y) after observing
the random variable Y. Non-negativity of conditional entropy implies

S(p12) > S(p1),S(p2), (2.19)

showing that joint uncertainty is never smaller than any marginal one.

At last, we define the mutual information as the relative entropy
between the joint probability distribution of interest p1»(x,y) and the
uncorrelated model p1(x) X p2(y)

I(p1: p2) = S(p12lp1 X p2) = S(p1) + S(p2) — S(p12).  (220)

This allows one to interpret the mutual information as a universal (i.e.
for discrete and continuous variables) measure for correlations.

By Jensen’s inequality, the mutual information is non-negative,
which is equivalent to classical entropies being subadditive and that
conditioning cannot increase entropy, i.e.

I(p1: p2) 2 0 S(p12) < S(p1) +S(p2) & S(palp2) < S(p1)- (2.21)

All three relations carry over to the continuous variable case and
equality holds if and only if X and Y are uncorrelated.

EXAMPLE: ENTROPIC VENN DIAGRAMS  We illustrate the entropic
quantities and their relations in terms of Venn diagrams in Figure 2.3
for discrete probability distributions p;(x) and p2(y) with unequal
entropies 0 < S(p1) < S(p2).

I(p1:p2) =0 I(p1:p2) >0

Seaa”

S(p12) = S(p1) + S(p2) S(p12) < S(p1) *+ S(p2) S(p12) = S(p2)

(a) No correlations (b) Some correlations  (c) Full correlations

Figure 2.3: Venn diagrams for entropic quantities with increasing correla-
tions from (a) to (c). Without correlations, entropy is additive.
For some correlations, conditioning reduces marginal entropies.
For full correlations, p,(y) contains all missing information.
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In quantum information theory, classical information theoretic con-
cepts are lifted to the quantum level. This means that information
theoretic questions are directly addressed to the state of the quantum
system of interest. In this sense, the classical probability distribution
as a starting point is replaced by the quantum state.

In general, quantum information theory is concerned with similar
questions as classical information theory. As quantum theory comes
with a set of new physical phenomena, most notably entanglement
and uncertainty, the aim of a quantum information theoretic treatment
can also be to describe these phenomena as precisely as possible.

In the following, we give an introduction to the quantum infor-
mation theoretic framework based on common literature [11-13, 59].
Thereupon, we describe the role of entropy in thermodynamics [24,
25, 61], measurement protocols and the quantum phase space [13, 62,
63], entropic uncertainty [28, 29, 64] and entanglement [42, 64, 65].

QUANTUM INFORMATION

3.1 QUANTUM STATES AND QUANTUM CHANNELS

QUANTUM STATES  The state of a quantum system is fully described
by the density operator p, which acts on the underlying Hilbert space H
with dimension D = dim(# ). Similar to Kolmogorov’s construction of
probabilities in Section 2.1, the density operator p can be characterized
axiomatically. We denote the set of bounded linear operators from H
to H as B(#H). Then, the density operator p € B(H ) is defined to be

1. non-negative

p=>0, ie (y|plyp)>0forall |¢) € H, (3.1)
2. normalized to unity

Tr{p} =1, (3-2)
3. hermitian

pi=p. (3-3)

By the spectral theorem, these axioms guarantee that there always ex-
ists a spectral decomposition in a complete orthonormal bases {|¢) },
such that

p= §p<¢>|¢> (pl, (3-4)

“[...] quantum
mechanics is
fundamentally a
theory about the
representation and
manipulation of
information, not a
theory about the
mechanics of
nonclassical waves
or particles.” -
Jeffrey Bub [66]
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where p(x) is a discrete probability distribution. In this basis, the
matrix representation of p is diagonal.

Every density operator falls into one of two classes. Namely, p is
either said to be pure, if and only if it is a projector p?> = p, which is
equivalent to p(y) = 1 for one particular ¢, such that p = |¢) (yp|. If
this is not the case, p is called mixed. This distinction can be subsumed
with the two conditions Tr{p?} = 1 or Tr{p?} < 1, respectively. Also,
(3.4) intuitively means that every quantum state p can be written as a
convex combination of pure states (see also Figure 3.2).

QUANTUM CHANNELS Operations on a quantum state p are most
generally modeled by quantum channels. Mathematically, a quantum
channel is a linear map NV : B(H) — B(H) acting on the state p, which
is trace-preserving Tr{N(p)} = Tr{p} = 1 and completely positive,
ie. (N ®1,)(p) > 0 for all n € N. Consequently, it is referred to as
a Completely Positive Trace-Preserving (CPTP) map. It can always be
written as [67, 68]

N:p = N(p) =) AwAj, (35)

where A, are the so-called Kraus operators fulfilling the normalization
condition ¥, AT A, = 1. In the following, we discuss four important
examples of quantum channels, which will play a major role in this
thesis.

PARTIAL TRACE The notion of a quantum state can be extended to
the case where a quantum system consists of two (or more) parts.
This situation is often referred to as bipartition 12. Then, the system is
described by a joint Hilbert space 1> = H1 ® H» with bases {|¢) }y
and {|¢) }4 for H; and H,, respectively, to which we assign a so-called
global state p,,. The local states of the individual systems 1 and 2 follow
by tracing over complementary degrees of freedom, i.e.

p1 =Tra{pp} = ; (Plosld), (3.6)

and analogously for p,. Therein, the partial trace Tr;{.} withi =1,2is
our first example for a quantum channel.

TIME EVOLUTION OF A CLOSED SYSTEM For a closed quantum
system, the time evolution of its quantum state p is described by the
von Neumann equation

op = —i[H, p), (3.7)

where H denotes the Hamilton operator of the system and [., .] is the
commutator. Note that we work in the Schrédinger picture where
states are time-dependent p = p(t) while observables are stationary.
For pure states p = |¢) (4|, (3.7) reduces to the Schrodinger equation.
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The von Neumann equation is formally solved by the self-contained
expression

p(ts) = U(ti— ) p(t;) U (¢ — 1), (3.8)

where t; > t; are two instances of time and U (t; — ;) denotes the
unitary time evolution operator from t; to t¢, which reads

U(tf - ti) = e_iH(tf_ti) (39)

and fulfills UU" = U'U = 1. Hence, closed quantum systems evolve
unitarily in time. Also, (3.8) shows that unitary time evolution is a
quantum channel with the unitary time evolution operator (3.9) being
the Kraus operator.

TIME EVOLUTION OF AN OPEN SYSTEM An open quantum system
typically does not evolve unitarily, for example due to the exchange of
energy with its environment. Exemplary, one may think of a subsystem
of a closed system or a system which is in thermal contact with a heat
bath. The time evolution of an open system is, depending on the initial
conditions, described by a quantum channel N of the form (3.5), or
at least by a Positive Trace-Preserving (PTP) map M, which fulfills
M(p) > 0, but is not completely positive in general [69—71].

MEASUREMENTS  In quantum information theory, measurements are
mathematically described in the framework of Positive Operator-
Valued Measures (POVMs). The measurement of an observable M can
be represented as a collection of hermitian operators {M,, },,, where
m denotes discrete or continuous outcomes drawn from the alphabet
M corresponding to the observable M. To those operators one can
associate the non-negative POVM elements

E, = M} M,, (3.10)

which are equipped with a resolution of the identity, i.e.
1=YE, 1= /dm E,. (3.11)
m

Then, the probability p(m) or probability density f(m) to obtain the
measurement outcome m in the state p when measuring the observable
M can be computed with the simple formulas

p(m) =Tr{pEw}, f(m)=Tr{pEn}, (3.12)

respectively.

A special case of a POVM is a Projection-Valued Measure (PVM),
where all POVM elements E,,; coincide with their corresponding mea-
surement operators M,,. This is fulfilled if and only if all considered
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elements are orthogonal projectors, i.e. E,, = M\,M,, = M,, for or-
thogonal measurement operators, i.e. M, M,y = 6,,,y M, for discrete
or M,;yM,, = 6(m — m')M,, for continuous outcomes m.

Two remarks regarding the measurements performed in experi-
ments are in order. First, it is important to note that in experiments
one always works with PvMs. However, Naimark’s dilatation theorem
ensures that every POVM can be represented as a PVM on an enlarged
Hilbert space (see e.g. [72]). In practice, this requires coupling the sys-
tem of interest to an ancilla system and performing a PVM on the joint
system. Second, continuous measurements should be considered as an
idealized situation. In actual experiments, measurement outcomes are
always discrete as a consequence of finite resolution. We will further
comment on this issue and its implications in Section 13.3.

EXAMPLE: QUANTUM CHANNELS  The four discussed quantum chan-
nels are altogether depicted in Figure 3.1.

pr2(t) — . ® pra(t)

U
l Trat} B(M)=Tr1{01 Em)
w7 ow
pop(t) N g Pl ——> 1L\
N I

Figure 3.1: Illustration of the four discussed quantum channels: partial trace
Trp{.}, unitary time evolution of a closed system U, non-unitary
time evolution of an open subsystem governed by a cPTP N or
PTP map M and a measurement Try{p,E; }.

3.2 QUANTUM ENTROPIES

VON NEUMANN ENTROPY The idea of a measure for the missing
information about a probability distribution can straightforwardly be
extended to the quantum level. To that end, the classical probability
distribution is replaced by the full quantum state. Consequently, we
define the von Neumann entropy as [8]

S(p) = —Tr{pInp}. (3-13)

Independent of whether the system of interest possesses discrete or
continuous degrees of freedom, the von Neumann entropy is non-
negative S(p) > 0 being zero if and only if the state is pure p =
|y) (|. Hence, it can be thought of as a measure for the uncertainty
about or the mixedness of the state p.
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The von Neumann entropy S(p) is concave in p, i.e. for a mixture
p = Y A(i)p; with A(i) being a probability distribution, we obtain

5(0) = LAGS(p,). G-

Also, S(p) equals the Shannon entropy of the mixture probabilities
p(y) if we evaluate it in the eigenbasis of p as given in (3.4),

S(p) = S(p), (3.15)

implying that it takes its global maximum S(p) = In D for the maxi-

mally mixed state p = },, Sl (.
Another important property of the von Neumann entropy S(p) is

its invariance under unitary transformations U, i.e.

S(upU") = S(p). (3.16)

Together with (3.8) this implies that the mixedness of a closed quantum
system stays constant over time.

EXAMPLE: VON NEUMANN ENTROPY CURVES  We consider a three-
state system whose Hilbert space H is spanned by {|0),|1),|2)} and
a diagonal quantum state p = Z?p:l p(¥)|y) (¢|. Curves of constant
entropies S(p) are shown in Figure 3.2.

|0><0]
‘ S(p)

0.5

0.25

i,

[2><2| @ o |1><1|

Figure 3.2: Curves of constant von Neumann entropy S(p) for a three-
level system on the simplex containing all states diagonal in
the {|0),|1),|2)} basis. Convexity of the state space as well as
increasing mixedness towards the center become visible.

QUANTUM RELATIVE ENTROPY  The quantum relative entropy is defined
for two density operators p and p as [21]

S(pllp) = Tr{p(inp — np)}, (3.17)
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are typically harder
to distinguish after a
quantum operation.
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with the support condition supp[p] C supp[p] understood. Analogous
to its classical counterpart, it is a non-negative and jointly convex
measure for the distinguishability of the two states p and p being zero
if and only if p = p.

The quantum relative entropy is used to formulate one of the most
fundamental theorems in quantum information theory, which is re-
ferred to as monotonicity of quantum relative entropy under quantum
channels N and reads

S(pllp) = SN (p) IV (p)) (3.18)

with equality for unitary channels. This inequality has been proven
also for PTP maps in [73] and was further strengthened in [74].

CONDITIONAL VON NEUMANN ENTROPY AND QUANTUM MUTUAL IN-
FORMATION In case of a bipartition 12, we can associate a von
Neumann entropy to the global state S(p,,) as well as to the two local
states S(p;) and S(p,) in the sense of (3.13). As for the states them-
selves, these entropies are referred to as global and local entropies,
respectively.

Then, one can define the conditional von Neumann entropy via

5(p1lp2) = S(p1p) — S(p,) (3-19)

as the remaining uncertainty about p; when knowing the state p,,
provided that all involved entropies are finite [75]. It is concave in
p1,, but in opposition to the classical case, the quantum version of the
conditional entropy can become negative,

S(p1) 2 S(p1),S(ps), (3.20)

which we will discuss in more detail in Section 3.6. Hence, quantum
theory allows for more uncertainty in the parts of a system than in the
system as a whole. The quantum analog of (2.19) is instead given by
the triangle inequality

S(p12) = 1S(py) — S(po)|- (3-21)

Note that if the global state is pure S(p,,) = 0, this implies that the
two local von Neumann entropies agree S(p;) = S(p,).
Also, we define a quantum mutual information

I(py : py) = S(p1alley @ py) = S(py) + S(py) — S(p1a), (3-22)

which is still a non-negative measure for the (quantum and classical)
correlations between the two subsystems 1 and 2.

In complete analogy to (2.21), non-negativity of quantum mutual
information is equivalent to subadditivity of quantum entropies and
that conditioning cannot increase quantum entropies, i.e.

I(py : pp) 2 0= S(p1y) < S(p1) +5(py) < S(pilpa) < S(py), (3:23)
with equality if and only if the two subsystems are uncorrelated
P12 = P1 D Py
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3.3 MAXIMUM ENTROPY AND THERMODYNAMICS

THE MAXIMUM ENTROPY PRINCIPLE So far, we have discussed the
notions of probabilities, states and how to describe their information
content with the methods of (quantum) information theory. However,
there remains the (probably most) elementary question of probabil-
ity theory: Given a physical system and some information about it,
typically in terms of expectation values of some observables, which
probability distribution or state should we assign to it? In other words,
how can we find an unbiased prior or what is the best guess?

An early attempt to solve this problem was given by Laplace, which
is referred to as the principle of indifference. It states that in absence
of any further information, the best guess is given by the uniform
distribution [27]. Although this approach appears to be natural, it
lacks of applicability in many cases. For example, it cannot make any
statements for continuous variables on unbounded intervals or when
there is indeed access to side information.

With the invention of the entropy as a measure for the missing
information of a distribution (or state), a more quantitative treatment
of such a question became possible, which led Jaynes to propose his
maximum entropy principle [24, 25].

According to this principle, the best guess is given by the distribu-
tion p(x) or state p, which respects the available side information and
maximizes the corresponding classical or quantum entropy S(p) or
S(p), respectively, i.e.

! !

35(p) =0, (3-24)

with side constraints implemented via the method of Lagrange multi-
pliers. Note that the normalization of probabilities or states is always
the minimal constraint.

To provide some heuristic argument for the reasonability of this
principle, let us consider the situation in which we have found two
distributions p(x) and p(x), which both respect all available side
information, and have entropies S(p) < S(p). As entropy is a measure
for missing information, the latter implies that p(x) contains additional
information, which cannot be accessed by the experiment performed.
Hence, we prefer j(x) over p(x) as our best guess should not include
information we do not have access to.

Note also that in absence of side information, the maximum entropy
principle reduces to the principle of indifference. Hence, it may be
regarded as an extension of the latter.

INFORMATION THEORETIC APPROACH TO THERMODYNAMICS  Statis-
tical physics may be regarded as the prime example for an application
of the maximum entropy principle. In fact, the latter was mainly de-
veloped for justifying the distributions and states describing classical
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“[...1, the "subjective’
school of thought
regards probabilities
as expressions of
human ignorance;
the probability of an
event is merely a
formal expression of
our expectation that
the event will or did
occur, based on
whatever
information is
available. To the
subjectivist, the
purpose of
probability theory is
to help us in forming
plausible conclusions
in cases where there
is not enough
information available
to lead to certain
conclusions; thus
detailed verification
is not expected. The
test of a good
subjective probability
distribution is does it
correctly represent
our state of
knowledge as to the
value of X?" -
Edwin T. Jaynes [24]



30

| QUANTUM INFORMATION

and quantum equilibrium situations [24, 25]. Note that in the con-
text of thermodynamics, entropies are typically multiplied with the
Boltzmann constant kg to match the definition of the thermodynamic
Boltzmann entropy. As information theoretic entropies are only de-
fined up to a multiplicative factor, one may easily adapt to this choice.
For brevity, we keep natural units.

We illustrate the typical line of reasoning by making use of some
simplifying assumptions. We consider a macroscopic quantum system
in a finite volume V and a fixed particle number N, which is allowed
to exchange energy with a heat bath of temperature T. Such a system
may be described by a time-independent Hamiltonian H # H(t). Now,
we want to find the optimal prior p for this situation.

The Hamiltonian fulfills an eigenvalue equation

Hn) = E(n)|n), (3-25)

where {|n)}, denotes the orthonormal basis of energy eigenstates
with corresponding eigenvalues E(n). For simplicity, we assume that
these eigenvalues are not degenerate, i.e. E(n) # E(m) for all n # m.
Then, the von Neumann equation (3.7) implies that any stationary
state p # p(t) is diagonal in the energy eigenbasis

p =2 p(n)|n) (], (3.26)

where p(n) is a discrete probability distribution. By the relation (3.15),
the von Neumann entropy of such a state is equal to the Shannon
entropy of p(n), i.e. S(p) = S(p), which can be interpreted as a
classical limit and allows us to work with classical expressions in
the following. Note that such a relation does not hold for degenerate
eigenstates.

Furthermore, let us assume that we have access to the energy expec-
tation value

E(p) = Tr{pH} = ) p(n)E(n). (3-27)

Then, the maximum entropy principle states that the best guess for
the distribution p(n) (or the state p) is the result of maximizing the
corresponding entropy S(p) (or S(p)) under the side constraints of nor-
malization and a given energy expectation value (3.27), implemented
via Lagrangian multipliers A and B, respectively. This optimization
problem is solved by the canonical state

p. =) pe(n)|n) (n], (3.28)

with

1 _gem
pe(n) = o e PEW), (3.29)

C
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where Z. = ¥, e PE(" follows from normalization and can be identi-
fied with the canonical partition sum, from which all thermodynamic
quantities can be derived. From the remaining side constraint (3.27)
we find

d
E(Pc) - _%ln ZCI (330)
such that the entropy becomes
Following the standard definition of temperature
1 _ 95(p)
? = aE(pC) s (3‘32)

we can identify the second Lagrangian multiplier with the inverse
temperature

1
P=7 (333)
At last, we find that the free energy as the thermodynamic potential
is related to the canonical partition sum Z. via

F(PC) = E(pc) - Ts(pc)

To summarize, the maximum entropy principle led us to a complete
description in terms of the canonical ensemble p._.

We will reformulate this principle in terms of relative entropy and
thereupon develop thermodynamics with relative entropy only in
Chapter 5 and Chapter 6, respectively.

~TInZ. (334)

SECOND LAW OF THERMODYNAMICS Let us now come to the second
law of thermodynamics, which may be considered as one of the most
central observations about nature. In simple words, it expresses the
tendency of nature to evolve towards states of higher entropy. In favor
of our entropic perspective, we state the second law following Clausius’
line of reasoning.

To that end, we reconsider the situation described before, i.e. a
system of finite volume V with fixed particle number N coupled to
a heat bath of temperature T, such that this system is well-described
by the canonical state p_. Now, imagine that the system undergoes
some process from time # to time t; > #;, in which it exchanges
energy with the heat bath. Typically, one assumes processes to be
quasi-stationary within the framework of thermodynamics, but as we
will see later, such an assumption is not necessary to obtain second
law-like inequalities. Then, Clausius’ inequality states that the change
in entropy AS(p.) = S¢(p.) — Si(p.) is bounded from below

AS(p.) > BAE(p,), (3:35)
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"The law that
entropy always
increases - the
second law of
thermodynamics -
holds, I think, the
supreme position
among the laws of
Nature. If someone
points out to you
that your pet theory
of the universe is in
disagreement with
Maxwell’s equations
- then so much the
worse for Maxwell’s
equations. If it is
found to be
contradicted by
observations - well,
these
experimentalists do
bungle things
sometimes. But if
your theory is found
to be against the
second law of
thermodynamics I
can give you no hope;
there is nothing for it
but to collapse in
deepest humiliation.”
- Sir Arthur S.
Eddington [76]
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where AE(p.) = E¢(p.) — Ei(p.) denotes the change in energy in the
system from time ¢; to time ¢;. The latter relation reduces to an equality
if and only if the quasi-stationary processes are reversible.

In Chapter 6 we will derive second law-like inequalities from the
monotonicity property of the quantum relative entropy, which we
then generalize to a local QFT in the framework of relativistic fluids in
Chapter 7.

BEYOND THE SCOPE Let us briefly mention other approaches to
thermodynamics and the second law, which we do not further consider.
Classical statistical physics may be developed starting from ergodic
theory [61, 77], while in quantum statistical physics the eigenstate
thermalization hypothesis has been put forward [78-82]. Alternatively,
one may derive the thermodynamic ensembles from a general analysis
of entanglement [36]. All these approaches also try to explain the
process of thermalization and under which conditions it occurs.
Furthermore, considerable effort has been put into defining ther-
modynamic entropy axiomatically in an operational way, with the
aim of extending its definition beyond the equilibrium case. Here, we
refer to numerous works by Lieb and Yngvason [83-85] and Zanchini
and Beretta [86—93]. These approaches are based on the concept of
adiabatic accessibility as an ordering relation between quantum states
and a set of axioms, from which also the second law can be derived.

3.4 MEASUREMENTS AND PHASE SPACE

CONTINUOUS VARIABLES: DIRECT MEASUREMENT  In this introduc-
tory section we consider two degrees of freedom only. Generalizations
to more degrees of freedom are discussed in Chapter g and Chapter 11.

We start with the case of continuous variables, which is character-
ized by an infinite-dimensional Hilbert space D = co. The typical pair
of observables under consideration is position X and momentum K,
whose algebra is given by the canonical commutation relation

(X, K] = i. (3:36)

At first, we consider the so-called homodyne detection protocol, where
the corresponding measurement operators are constructed from the
eigenvalue equations

X|x) =x|x), Klk)=klk). (3:37)

The eigenvectors are orthogonal but non-normalisable in the sense
that

(xlx') =d(x =), (klK') = o(k - k'), (3-38)
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and are related via

1 ikx
e, .
o (3:39)
Then, we can define two PVMs from the corresponding sets of eigen-

vectors as {|x) (x|}, and {|k) (k| }x. The probability densities follow
from (3.12) as

f(x) = {xlplx), g(k) = (klplk), (3-40)

and contain the full information about their respective underlying
observable. However, they do not contain any information about
the correlations between X and K, raising the question after other
measurement schemes.

(xlk) =

CANONICAL COHERENT STATES Besides directly detecting position
and momentum by measuring in their corresponding eigenbases, there
is another possibility, for which we need to introduce canonical coherent
states. We loosely follow the group-theoretic approach [94, 95] (see also
[06—99]), which has the great advantage that the notion of coherent
states can be generalized to other algebraic structures.

We start with defining creation and annihilation operators via

a+:\2(X—iK), a:\%(X—i—iK), (3.41)

which fulfill the commutation relations
[a,a'] = 1. (3-42)

Together with the identity operator 1 and the number operator N =
ata, these four form Heisenberg-Weyl algebra Hy. We may define the
vacuum state |0) as the extremal state in the sense that

al0) =0. (3-43)

Then, the isotropy group, i.e. the largest subgroup which leaves the
vacuum invariant, is given by U(1) ® U(1). The operators generating
the canonical coherent states live in the corresponding coset space
Hy/U(1) @ U(1). A convenient unitary representation of coset space
elements is given by the so-called displacement operator

t

D(a) = " ", (3-44)

which fulfills D¥(«) = D7'(a) = D(—a), with a complex-valued
parameter a. The set of canonical coherent states follows from acting
on the vacuum state |0) with the displacement operator

la) = D(a) |0). (3.45)
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"The best thing one
can do is to measure
the probability of
finding a particle in
a state with minimal
uncertainty centered
around the classical
values of momentum
and position, i.e. in a
coherent state.” -
Alfred Wehrl [23]
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Hence, canonical coherent states can geometrically be represented in
the complex plane, which corresponds to the quantum phase space
R2. Consequently, it is natural to work with the parameterization

1 .
o= 7 (x +ik). (3-46)

Note that besides the group theoretic approach, one can also define
canonical coherent states as eigenstates of the annihilation operator
ale) = ala). (3-47)

However, this definition does not allow for a straightforward general-
ization to other groups.

Let us proceed with listing three important properties of canonical
coherent states. They are not orthogonal

(] B) 2 = e~ (2 (-kD2) (3.48)

but nonetheless span an overcomplete basis

dx dk

1=
27

|a) (af, (3-49)
and minimize several uncertainty relations (e.g. (3.80)).

CONTINUOUS VARIABLES: JOINT MEASUREMENT  From (3.49) we can
construct a POVM from pure coherent state projectors

E, = |“> <“|/ (3-50)

which is the so-called heterodyne measurement. It leads to the Husimi
Q-distribution [100]

Q(x, k) = Tr{pEs} = (alpla), (351)

which is a quasi-probability distribution in the quantum phase space
and as such contains the information about both variables X and K
and their correlations. It is normalized to unity with respect to the
phase space measure

dx dk

5 Qr k) =Tr{p} =1 (3.52)
and bounded
0<Q(xk) <1, (3-53)

where the upper bound can heuristically be interpreted as a conse-
quence of the uncertainty principle [101, 102]. However, it has to be
understood as a quasi-probability distribution as coherent states are
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not orthogonal and hence the Husimi Q-distribution violates the third
axiom by Kolmogorov (2.4).

It is worth mentioning that the Husimi Q-distribution is related to
the wider known Wigner W-distribution by a Weierstrass transform
with respect to the vacuum, i.e.

Qlx, k) :/dx dk

Hence, the Husimi Q-distribution can be interpreted as a broadened
version of the Wigner W-distribution, which removes the negativities
of the latter. Moreover, the probability densities f(x) and g(k) are in
fact the marginals of the Wigner distribution

dk dx

fe) = [ S=W(xk), gk) = [ 57— W(xk), (3:55)

indicating that the marginals of the Husimi Q-distribution correspond
to broadened versions of f(x) and g(k). For an overview of these and
other quasi-probability distributions see [94, 102—-105].

W(x', K)2e V= (k=K (3-54)

SYMPLECTIC STRUCTURE OF CANONICAL PHASE SPACE It is often
convenient to group the phase space operators X and K into a single
vector-valued operator

X = (X,K). (3.56)
Then, the canonical commutation relations (3.36) can be rewritten as
(X i) = iQ, (3:57)

where Q) is the symplectic metric

0 1
Q= , 58
<_1 0) (3-58)

which fulfills QT = Q1 = — and is an involution Q% = —1.

GAUSSIAN STATES For continuous variable systems we often deal
with Gaussian states, i.e. states for which the Wigner W-distribution
(or equivalently the Husimi Q-distribution) is of Gaussian form. Hence,
these states are fully determined by their means

xj = Tr{px;} (3-59)
and covariance matrix
1
Tk = ST (X + xex;) = Triex; Te{paid, (3-60)

which is by definition real, symmetric and positive semi-definite. It
can also be written as

o o
, ( : x;), (:61)
Oxk O
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with ¢2 and ¢ denoting the variances of position and momentum
measurements, respectively, while o, is the covariance, highlighting
that < is the covariance matrix of the Wigner W-distribution. Via (3.54)
we find for the covariance matrix V of the Husimi Q-distribution

1
V=94 5]1' (3.62)

Notably, Hudson’s theorem states that a pure state is Gaussian if and
only if its Wigner W-distribution is non-negative everywhere [106].

GAUSSIAN UNITARIES AND SYMPLECTIC TRANSFORMATIONS  Uni-
tary transformations are called Gaussian if and only if they map
Gaussian states to Gaussian states. Such transformations have sim-
ple representations in phase space. They transform the operator X
according to

X~ Sx+d, (3.63)
where S € Sp(4,R) is a symplectic matrix
sQsT =0 (3.64)

and d is a real vector. Note that symplectic transformations have unit
determinant det S = det S~! = det ST = 1 and transform the first two
moments (3.59) and (3.60) according to

X—Sx+d, v—SyST, (3.65)

respectively. Examples include displacements generated by D(«),
which only influence d, orthogonal transformations SST = 1 (such
as rotations) and squeezing S = diag(a,1/a) with a > 0. Starting
from the vacuum state, any pure Gaussian state can be generated by
applying one of these three transformations.

WILLIAMSON’S THEOREM A central theorem in the context of Gaus-
sian states is Williamson’s theorem [107]. It states that for every covari-
ance matrix 7y there exists a symplectic transformation S diagonalizing
it, i.e.

v = STS7, (3.66)

with T’ = diag(v, v) and v denoting the so-called symplectic eigenvalue.
Note that v is also the eigenvalue of I'. Interestingly, a Gaussian state
is pure if and only if there exists a symplectic S such that

1
v = ESST, (3.67)

showing that pure Gaussian states are characterized by the symplectic

eigenvalue being v = 1.
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EXAMPLE: CANONICAL PHASE SPACE  We sketch the action of the
canonical displacement operator D(«) on the vacuum state together
with the uncertainty principle in Figure 3.3a. In Figure 3.3b, we com-
pare the vacuum Husimi Q-distribution Q(x, k) with the marginal
distributions f(x) and g(k), which are all of Gaussian form.

A

»
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(a) Canonical displacement opera-  (b) Canonical distributions of direct and joint
tor measurements

Figure 3.3: (a) Illustration of the canonical displacement operator and (b) the
phase space distributions stemming from a joint or two direct
measurements. As a result of the uncertainty principle, phase
space distributions cannot be arbitrarily concentrated around one
point. Also, one can read-off that the marginals of the Husimi Q-
distribution (blue dashed lines) are broader than the probability
densities f(x) and g(k). Note that the heights of the marginals
differ from the height of the Husimi Q-distribution as a result of
the factor % in the integral measure.

DISCRETE VARIABLES: DIRECT MEASUREMENTS  We close our anal-
ysis with the case of two discrete observables Y and Z, i.e. non-
degenerate operators with finite and bounded spectra, typically corre-
sponding to degrees of freedom of a finite-dimensional Hilbert space
D < co. In contrast to the continuous variable case, we do not spec-
ify an algebra at this point, such that we can start from the general
eigenvalue equations

Yly)=yly), Zl|z)=z|z), (3.68)
where the eigenvectors now span an orthonormal basis, i.e.
<]/|]//> = 5yy’r <Z|Z/> = Ozz/- (3‘69)

These allow us to define two PVMs as {|y) (y|}, and {|z) (z|}., lead-
ing to measurement probabilities

p) = lply), a(z) = lplz). (3.70)
Interestingly, discrete measurements allow for a well-defined notion of

a post-measurement state without recording the result. For example,
when measuring the observable Y, the state after measurement reads

p—py = Zyﬂy)lw (yl. (3.71)
yE
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"The more
accurately the
position is known,
the less accurately is
the momentum
determined and vice
versa.” - Werner
Heisenberg
(translated) [108]
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According to (3.15), the von Neumann entropy of this state is equal
to the Shannon entropy of the probability distribution S(py) = S(p).
Similar considerations fail for a continuous variable X as

p—rpx= [ dxfx)]x) (x| (572)

is not a trace-class operator and hence cannot represent any physical
state. This is due to the fact that detecting a continuous variable would
require infinite precision (and therefore also infinite energy), which is
physically not feasible.

3.5 ENTROPIC UNCERTAINTY

SECOND MOMENT RELATIONS The uncertainty principle lies at the
heart of quantum theory and is maybe more famous than the theory
itself. In simple words, it states that two non-commuting observables
can not be measured or prepared simultaneously with arbitrary preci-
sion [108].

To quantify the uncertainty for measuring two arbitrary observables
X and Y, various uncertainty relations have been derived. The most
well-known and also rather general formulation of the uncertainty
principle is due to Robertson [109]

1
v oy > 4| Te{p[X, Y]}, (3.73)
where ¢2 denotes the variance of X, i.e.

02 = Tr{pX?} — Tr{pX}2. (3:74)
There exists also a stronger version of (3.73) with an extra term con-
taining the anti-commutator of X and Y derived by Schrodinger [110]
and Robertson [111]. We state it here for the special case of position X
and momentum K, where it can be written as

1
dety > e (3-75)

Note that this relation is invariant under symplectic transformations
as detS = det ST = 1 and hence is tight for all pure Gaussian states.

For more than one mode, the uncertainty principle is typically
expressed as the condition [112]

i
or equivalently
1
V25, (3.77)

showing that v is actually strictly positive-definite. For a single mode,
the three relations (3.75), (3.76) and (3.77) are equivalent, while for
more than one mode a multi-dimensional version of the former is
implied by the two latter relations.
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FLAWS OF VARIANCE Despite its simplicity, the formulation of the
uncertainty principle in terms of variances or other second moments
is not satisfactory from a quantum information theoretic perspective.
First, the variance 02 is not a true measure of the uncertainty about
the classical distributions p(x) or f(x) obtained after measuring the
observable X several times. In fact, it is a second moment of this

distribution, i.e.

o2 = Yoex ()22 = (Dyer plx)x)? for x discrete, (3.78)
Jeewdx fx)x® = ([ .oy dxf(x)x)2 for x continuous,

=

and hence lacks the information about all other moments of p(x)
or f(x). Second, it shows counter-intuitive behavior in certain cases
(see following example). Third, it can only be assigned to observables
taking numerical values and fourth, it is not invariant under relabeling
the measurement outcomes.

Hence, a more rigorous formulation in terms of entropy as the
measure for uncertainty is appropriate, leading us to the notion of
EURs. As classical information theory distinguishes between discrete
and continuous variables, we treat those two cases separately in the
following and start with the latter.

EXAMPLE: PARTICLE IN A Box The counter-intuitive behavior of the
variance is exemplified for a particle in a box in Figure 3.4, showing
that the variance puts too much weight on the tails of a distribution
[28, 113].

‘ o .0 o o o®
.o ° ° o ° S o
e, e *¢ e
L e & ° o ®
® { Y o ' ; | o
—> —>
. X=0 R ~ a X=O a R
L L
(@) Without walls: oy ~ 0.29L (b) With walls: oy =~ 0.5L

Figure 3.4: The position of a particle is measured inside a box of length L
(each measurement is depicted by a single point). We distinguish
the two cases (a) without walls and (b) with walls of width a < L.
The variance of the position ¢2 is larger in the latter situation,
although the uncertainty on the particle’s position is lower on
the right.

BIALYNICKI-BIRULA-MYCIELSKI EUR  Following up on several works
[114—-116], the best-known EUR was derived for direct position and
momentum measurements by BBM and reads [32]

S(f)+S(g)>1+1Inm. (3.79)
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“[...] negative
entropies are due to
the fact that classical
density distributions
may be concentrated
on regions in phase
space with volume <
h.” - Alfred Wehrl
[23]
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Note that either of the two entropies can become negative. Interestingly,
one can easily show that this relation implies the variance based
relation for these variables

1

2 2
0y 0%, 21,

(3-80)
which is the well-known relation by Heisenberg and Kennard [108,
117] (see also [118]). Note that this relation follows from (3.75) by
aligning the principal axes with the coordinate axes o, = 0, showing
that (3.75) is tighter than (3.80) if and only if o, # 0.

Using that the probability density function maximizing the differen-
tial entropy for a given variance is a Gaussian leads to

In (2ertovoy) = S(fG) + S(gc) = S(f) + S(g) > Inerm. (3.81)

Hence, the EUR in (3.79) is not only favorable from an information
theoretic perspective, but is also stronger than the variance based
relation (3.80).

In general, (3.79) is not invariant under rotations in phase space
and is tight for all squeezed coherent states. It is an interesting open
problem to formulate an EUR which is tight for all pure Gaussian states
and reduces to (3.75) in the case of Gaussian states (see [29, 119, 120]
and also [121, 122]).

In Chapter 9, we will derive the first EUR for quantum fields starting

from (3.79).

FRANK-LIEB EUR  Another EUR which can be applied to direct posi-
tion and momentum measurements has been put forward by Frank
and Lieb based on a work by Rumin [123], which reads [33]

S(f) +5(g) > In27 + S(p). (3-82)

In contrast to the state-independent bound of (3.79), the bound of
the latter relation contains the von Neumann entropy S(p), which
accounts for the mixedness of the quantum state p. However, for pure
states (3.82) is weaker than (3.79). In contrast to (3.79), the FL relation
becomes tight in the infinite temperature limit.

WEHRL ENTROPY AND CANONICAL WEHRL-LIEB EUR  The properties
(3.52) and (3.53) allow us to associate an entropy with the Husimi
Q-distribution, which is the canonical Wehrl entropy [22, 23]

5(Q = - [ L0, 0 Q( k). (383)

21

This notion of an entropy in phase space fulfills an EUR known as the
WL inequality [34, 124] (see also [125-128])

5(Q) >1, (3.84)
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where equality is achieved if and only if the state under consideration
is a pure coherent state projector p = |&) («|. Therefore, the canonical
Webhrl entropy S(Q) can be thought of as a measure for localization or
classicality in phase space.

Note that (3.84) is, in contrast to (3.79), invariant under rotations,
but not under squeezing. Note also that variants of WL inequality
(3.84) have been proven for various algebras, including SU(2) [124],
symmetric SU(K) [129] and SU(1,1) [130], showing the generality of
the phase space approach. Moreover, S(Q) is an upper bound for the
quantum entropy of the state S(p), i.e.

S(p) < S(Q), (3.85)

which renders it a coarse-grained entropy.
In Chapter 10, we investigate the Wehrl entropy further and compare
the three EURs (3.79), (3.82) and (3.84) regarding their tightness.

STATE-DEPENDENT MAASSEN-UFFINK EUR Based on the works
[131, 132], the standard EUR for PVMs of discrete variables was formu-
lated by Maassen and Uffink [30]. Here, we directly put forward the
improved state-dependent version [31, 133]

S(p) +5S(q) = —Inc+S(p), (3.86)
where
c= r1ry1/z§x|(y|z>|2 (3.87)

denotes the maximum overlap between any two basis vectors |y) and
|z), and S(p) improves the bound for mixed states. One may interpret
c as the quantum incompatibility of the two measurement bases. In
this sense, it plays a similar role as the commutator in Robertson’s
relation (3.73).

The MU EUR (3.86) can also be generalized for POVMs. It keeps its
form when measuring the sets {E,}, and {E.}., with the quantum
incompatibility ¢ substituted by [12, 134-136]

VEE ]

with ||.||, being the infinity operator norm.

Note also that the relations (3.82) and (3.86) can be unified in a
rather formal way as done by Frank and Lieb in [33] (see [137] for
POVMs). This will be the starting point for a more direct unification in
terms of relative entropies carried out in Chapter 8.

¢ = max
Y,z

BEYOND THE SCOPE Let us mention other directions in the wide
field of EURs, which are not further discussed in this thesis.
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"The phenomenon of
entanglement is the
essential fact of
quantum mechanics,
the fact that makes it
so different from
classical physics. It
brings into question
our entire
understanding about
what is real in the
physical world.” -
Leonard Susskind
[158]
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First, refinements of the presented EURs were discussed extensively.
For example, the MU EUR was strengthened in [135, 136], while refine-
ments of the WL EUR are discussed in [138, 139].

Second, EURs have been formulated for bi- and tri-partite systems
in the presence of (quantum) memory, where entropies are replaced
by conditional entropies, see e.g. [31, 133, 140-145]. In this context,
there are also reformulations in terms of mutual information, which
are called information exclusion principles [136, 146, 147].

Third, besides the class of EURs presented so far, which are all
concerned with preparation uncertainty in the sense that they quantify
the incompatibility of measurements, there exists measurement EURs,
which describe the disturbance of observables caused by subsequent
measurements [148, 149].

Other topics include relations for energy and time [150-153], exten-
sions to Rényi entropies [30, 154] and relations for complementary
operator algebras [155-157].

3.6 ENTANGLEMENT

DEFINITION OF SEPARABILITY AND ENTANGLEMENT  Quantum en-
tanglement may be regarded as the feature distinguishing classical
from quantum physics when at least two systems are considered. In
the following, we examine a bipartition 12 of two systems 1 and 2
with Hilbert space Hi» = H1 ® Ha.

We call the global state p,, a product state if it can be written as a
tensor product of the local states, i.e.

P12 = P1 D Py (3-89)

In this case, the two subsystems 1 and 2 are uncorrelated.
Furthermore, we say that p,, is separable if it can be written as a
convex sum over product states, i.e.

P12 = 2 p(i) (b1 ® ), (3-90)

where p(i) is a probability distribution and {p?}; and {p}}; denote
families of local states corresponding to subsystems 1 and 2, respec-
tively. From an operational point of view, this means that the two
subsystems 1 and 2 are classically correlated in the sense that the
state p;, can be created by two parties with Local Operations and
Classical Communication (LOCC) [159]. More precisely, if we imagine
two parties Alice and Bob having access to only their subsystems
1 and 2, respectively, Bob may produce the probability distribution
p(i) and send it to Alice via classical communication. This is enough
for both parties being able to prepare their local states, such that the
global state will be of the form (3.90). Also, note that a globally pure
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state is separable if and only if it is a product state of two pure local
states in the sense of (3.89).

If a decomposition of the form (3.90) can not be found, p,, is said
to be entangled. Then, the subsystems 1 and 2 exhibit quantum corre-
lations, which discriminate quantum from classical physics. Opera-
tionally, this means that every entangled state can be used in order to
execute some tasks with better performance than possible with any
separable state [159] and hence becomes some kind of useful resource.

The mathematical theory of entanglement is mostly concerned with
the separability problem: given some global state p,, or access to it via
some measurement procedure, how can we decide whether this state is
entangled or not? Often, it is also of great interest to ask: how can we
quantify the amount of entanglement? We will briefly discuss common
approaches in the following.

EXAMPLE: SET OF ENTANGLED STATES The sets of separable and
entangled states are sketched in Figure 3.5 with an emphasis put on
the geometric meaning of purity.

mixed
separable
pure
product \ e
entangled
pure
entangled

Figure 3.5: The set of mixed separable states (blue area) is the convex hull
of the set of all pure product states (red points). As the set of
all states is convex itself, pure product states as well as pure
entangled states (black points) serve as extremal points. The
leftover region (gray area) corresponds to the mixed entangled
states.

ENTANGLEMENT MEASURES Let us start with the question how
entanglement can be quantified. To that end, we distinguish two cases,
namely we consider the global state p,, to be either pure or mixed.

If the global state is pure S(p;,) = 0, the set of separable states is
given by all product states of the form (3.89). In this case we can apply
subadditivity of quantum entropies (cf. (3.23)) to find

(p2)

2) =0,
(p2)

o is separable < S(p;) =S
12
entangled < S(p;) =S

N (3-91)
> 0.
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In simple words, the latter condition means that entanglement is
present if we know everything about the system as a whole, but not
everything about its parts. Note also that the latter two statements
can be reformulated with quantum conditional entropy becoming
negative if and only if the state p,, is entangled as evident from the
definition (3.19). Consequently, it is natural to measure the amount of
entanglement by the quantum entropies S(p,) = S(p,), which is why
they are conveniently called entanglement entropies.

Instead, if the global state is mixed S(p;,) > 0, the situation becomes
more involved. General entanglement measures are defined via a set
of axioms, which follow the operational approach to entanglement
theory. Although there are numerous different characterizations, we
follow one of the most common approaches based on the following
four axioms [69, 159]. We say that E(p,,) is an entanglement measure
for subsystems 1 and 2 if it

1. outputs a real non-negative number

E(pyp) 2 0forall py, € B(H12), (3-92)
2. becomes zero if and only if the state is separable

E(p1,) = 0 & py, separable, (3.93)
3. does not increase under any LOCC represented by A/

E(p1p) = E(N(p12)), (3.94)
4. reduces to the entanglement entropy for pure states

E(p1p) = 5(p1) = S(py) forall py, = |9) (¢|. (3.95)

One may regard the third axiom as central to this characterization and
it should be noted that this requirement can be motivated from the
fact that LOCCs can cannot create entanglement. Hence, a reasonable
entanglement measure should not increase when LOCCs are applied
to the global state. Furthermore, the third axiom immediately implies
that entanglement measures have to be invariant under local unitary
transformations. Note also that if the fourth axiom is not met, one we
speak of an entanglement monotone.

EXAMPLE: RELATIVE ENTROPY OF ENTANGLEMENT  Several quan-
tities which meet these four axioms exist. Exemplary, we discuss the
Relative Entropy of Entanglement (REoE), which is defined as the
optimization problem [69, 160]

EreoE(p12) = mifgp_ S(p12llP12), (3.96)

where the minimization is over all separable model states p,.
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From the definition of the quantum relative entropy it follows im-
mediately that the REoE fulfills axioms one and two, while its mono-
tonicity property (3.18) ensures the third axiom to be valid. Moreover,
for globally pure states it was proven that the REoE reduces to the
entanglement entropy in [160].

Note the close resemblance to the quantum mutual information,
which follows for p,, = p; ® p,, such that the REoE may be regarded
as the mixed state generalization of the quantum mutual information.
By definition they are related via Ergor(p1,) < I(p; : p,)-

At last, let us mention that the REoE (and all other entanglement
measures) are often NP-hard to compute and therefore as hard as the
separability problem itself [161, 162].

ENTANGLEMENT DETECTION VIA SEPARABILITY CRITERIA  As aresult
from our discussion of entanglement measures, it is evident that
the pure state case is trivial as the entanglement entropy provides a
unique measure and allows to decide easily whether the global state
is entangled or not. In contrast, mixed state entanglement turned out
to be NP-hard to quantify. Hence, we may formulate criteria which
are simple to evaluate on the cost of returning inconclusive results for
some states, allowing us to characterize at least some entangled states.

In the following, we speak of a separability criterion as a condition,
often formulated for measurable quantities, which is met by all separable
states. Therefore, the violation of a separability criterion by some state
certifies that this state is entangled. On the other hand, if some state
fulfills the criterion, we can not say whether this state is entangled
or not. In this sense, a separability criterion is a necessary condition
for a state to be separable, but is typically not sufficient. Hence, the
violation of the criterion is a sufficient condition for entanglement.
However, in some rare cases, certain separability criteria turn out to
be sufficient conditions for separability as well. In these cases, the
separability problem is solved.

From an information theoretic perspective, there is a very simple
criterion based on the quantum conditional entropy, which states that

S(p1lp2), S(palpy) = 0. (3.97)

for all separable states. It follows from generalizing the trivial argu-
ment for pure states to mixed states via concavity. Hence, if a quantum
state has negative quantum conditional entropy, it is entangled [35].
Note again that this condition is also sufficient for pure states.

PPT CRITERION We proceed with the probably most well-known
separability criterion, which is the Peres-Horodecki criterion, also known
as Positive Partial Transpose (PPT) criterion. It states that any separable
state p,, has PPT [163, 164]

T
P, = (1@ T2)pyy >0, (3-98)
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i.e. the operator (1 ® T») p,, resulting from using the partial transpose
on subsystem 2 (or analogously on subsystem 1), is non-negative.
The statement is a simple consequence from the definition (3.90). For
separable states (3.90), applying a partial transposition results in

. N\ 2
P12 Lp(i) (pi ® (pé) ) : (3.99)

Since (p}) " has the same eigenvalues as (p5), the resulting operator
needs to be non-negative for separable states.

Interestingly, the PPT criterion is also sufficient for finite Hilbert
spaces with dimensions 2 x 2 and 2 x 3 [164]. In higher dimensions, the
PPT criterion is only necessary. In this case, there exist entangled states
with positive partial transpose, which are called bound entangled
states [165].

THE LINK BETWEEN ENTANGLEMENT AND UNCERTAINTY  The partial
transpose does not change the normalization and hermicity of the
initial state p;, and hence 1 ® T, is a PTP map. If the state under
consideration is separable, it becomes a CPTP map and the resulting
operator is a density operator representing a physical quantum state
as defined in Section 3.1 (see also [42] for the deep connection between
separability criteria and PTP maps). As such, all derived distributions
of non-commuting observables are constrained by the uncertainty
principle [166]. As a result, any uncertainty relation, when applied
to a partially transposed operator, can be used to infer a separability
criterion.

However, not all choices of observables are practical. If an uncer-
tainty relation exhibits symmetries, the resulting criteria are sometimes
fulfilled by all entangled states, too. Therefore, one has to come up
with appropriate observables, such that the derived criteria are vio-
lated by at least a couple of entangled states.

PPT CRITERION FOR CONTINUOUS VARIABLES  We will discuss a few
of such criteria for continuous variable systems in the following. Inter-
estingly, the partial transpose has a simple geometric interpretation in
phase space: it corresponds to a mirror reflection in one local phase
space, i.e. for every quasi-probability distribution in phase space the
partial transpose transforms the coordinates as (see also Section 13.1)

_ T; _

X12 = (x1,k1,x2,k2) =3 Ax2 = (x1, k1, x2, —k2), (3-100)
with the matrix

A = diag(1,1,1,-1). (3.101)

Several separability criteria can be obtained, depending on which
observables and uncertainty relations are considered.
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SECOND MOMENT CRITERIA FOR CONTINUOUS VARIABLES When
employing second moment uncertainty relations, one can end up with
one of the following three well-known criteria. Simon [44] started with
(3.76) constraining the global phase space covariance matrix 7> and
obtained the separability criterion

Y2 + %Q >0, (3.102)
where
Yo = AyA (3.103)

denotes the global covariance matrix corresponding to the partially
transposed operator (1 ® T»)p;,-

Another approach is based on considering non-local observables in
the spirit of Einstein-Podolsky-Rosen (EPR) [167]

1 1
X, =|a|X1 £ EXZ' Ki = |a|K; £+ EKZ' (3.104)

with a # 0 being a real number (which accounts for local squeezing).
These operators fulfill the commutation relations
2 1 2 1

X+, Kyi] =a”+ pok (X4, Kz] =a” — pok (3-105)
The variances 02, and a,?i of the measured distributions f+ = f(x4)
and g+ = g(ki), respectively, are constrained by the uncertainty
principle in the form of Robertson’s relation (3.73). Now, applying the
PPT criterion according to (3.100) results in k+ — k+. Then, we end
up with the Mancini-Giovannetti-Vitali-Tombesi (MGVT) separability
criteria [45, 46]

1 1
Ty > 5 <a2 + a2> > 1. (3.106)

A weaker set of criteria, the Duan-Giedke-Cirac-Zoller (DGCZ) criteria,
can be obtained by bounding the left hand side from above, resulting

in [43]
2 2 2 1
O-Xi + O—k¥ 2 a-+ az 2 2/ (3'107)

where we used that be < 1(b? + ¢?) as a consequence of (b —c)? > 0.
In both cases we also gave the minimum of the corresponding bound,
which leads to weaker criteria in general.

Note that the latter two criteria were originally derived without the
use of the PPT criterion. Note also that the second moment criteria by
Simon (3.102) and DGCZ (3.106) are formally equivalent and that all
three criteria coincide for Gaussian states, in which case they are also
sufficient criteria for separability.
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ENTROPIC CRITERIA FOR CONTINUOUS VARIABLES What the sec-
ond moment criteria have in common is that they are all easy to
evaluate, but often return inconclusive statements for entangled but
non-Gaussian states. To overcome this problem, criteria involving
higher moments have been formulated [168, 169].

In contrast, the modern quantum information theoretic approach
relies on entropic criteria, which are generically more sensitive in the
non-Gaussian regime. For example, when considering the non-local
operators (3.104) with 2 = 1 and using the BBM EUR (3.79) instead of a
second moment uncertainty relation, one ends up with the entropic
criteria by Walborn-Taketani-Salles-Toscano-de Matos Filho (WTSTD)

[47] (see also [48, 49])
S(f+)+S(g+) > 1+1Inm. (3.108)

Again, the original derivation in [47] does not utilize the PPT criterion.
Extensions to Rényi entropies can be found in [49], while differential
conditional entropies are discussed in [51, 144, 145].

In Chapter 13 we will use the PPT criterion in phase space to derive
a general family of beyond-entropic separability criteria.

BEYOND THE SCOPE  Let us close with a short list of topics connected
to entanglement theory, which will not be discussed any further in
this thesis.

First, there are many more separability criteria, especially in the
context of discrete variable quantum systems. A notable mention is the
reduction criterion [170, 171]. See also [142, 143, 172, 173] for various
entropic criteria for discrete variables.

Second, there is the large field of multipartite entanglement, i.e. the
study of entanglement between more than two parts of a system [42,
65]. This includes other interesting peculiarities of the phenomenon
entanglement, for example the monogamy of entanglement.

Third, entanglement is the defining feature in quantum metrology,
which allows one to perform experiments with higher precision than
any classical analog [174].

Fourth, entanglement is key for quantum computing as it is re-
sponsible for the performance gain over classical computations when
applied to suitable tasks [14, 15].
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We proceed with QFT, which underpins the modern construct of ideas
in physics. Especially in recent years, information theoretic methods
have been applied extensively to field-theoretic problems, for example
in the context of black holes [40, 175-178], the famous information
paradox [16-18], holography [41, 179-181], condensed matter physics
[182-184] or high energy physics [185-191].

In the following, we briefly introduce QFT for a scalar field within
the functional integral formalism [192] and discuss the role of entan-
glement in QFT based on [182, 183, 193-196].

4.1 FUNCTIONAL INTEGRAL FORMULATION

CLASSICAL FIELDS In contrast to classical mechanics, classical fields
describe infinitely many degrees of freedom. More precisely, a real
scalar field ¢(x) attains some real value at every spacetime point x.
Heuristically, one may think of such a field as the limit of infinitely
many oscillator modes. This can be made explicit by working in terms
of a lattice theory, such that we deal with a field ¢(x;, _;,) evaluated at
discretized spacetime points x;,_;, = € (i1, ..., iz)T, where € is the lattice
spacing between two neighboring modes and i; is integer-valued for
all 1 <;j < d. Then, we get back the continuous field in the continuum
limit, i.e. x;_;, — x and ¢(x;_;,) — ¢(x) fore — 0and N — oo,
where N is the number of modes per site.
A field theory is further specified by an action

sz/sz/&%L (4.1)

where L = L(¢, 0¢x¢) denotes the Lagrangian and L the corresponding
density. Typically, £ is a local function of the underlying field ¢(x)
and derivatives thereof in the sense that causality has to be respected,
which is especially the case if the interactions are local. On the lattice,
this requirement translates into nearest-neighbor interactions.

Next, we introduce the conjugate momentum field 77(x) via

oL
m(x) = 391’ (4-2)

which allows us to define the Hamiltonian density H = H (¢, ) as
the Legendre transform of the Lagrangian density £, i.e.

H = m(x)op(x) — L. (4-3)
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Note that one obtains the Hamiltonian H by integrating the latter over
space

H= / A1y, (4.4)

Although it is sometimes convenient to work within the Hamiltonian
formalism, it is important to note that for relativistic theories the
Lagrangian density £ is Lorentz-invariant, i.e. transforms as a scalar
under Lorentz transformations, while the Hamiltonian density # is
not. This can be seen from (3.9), which shows that the Hamiltonian H
generates translations in time and hence singles out a time direction.
Therefore, despite the fact that both formulations are covariant (in the
sense of form-invariant), the symmetries become manifest only when
working with L.

EXAMPLE: CONTINUUM LIMIT We sketch the continuum limit € —
0,N — co of ad = 1+ 0-dimensional lattice theory in Figure 4.1.

&(xi) &(xi) @(x)

2 2r 2

1.5 . . °o 1.5- ....... 1.5

T 0eg g0 1 1t oo 1

ost T os e 05

e NS S Y VAR X 0 x
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5

(a) e =0.5,N =10 (b) € = 0.25,N =20 (c) e = 0,N — oo

Figure 4.1: Continuum limit € — 0, N — oo for a scalar field ¢(x) on a lattice
with (in-)decreasing lattice spacing € (number of modes N) from

(a) to (c).

FROM CLASSICAL TO QUANTUM FIELDS I: CANONICAL QUANTIZATION
The transition from classical to quantum fields can be made in two
ways. In the canonical formalism, the fields are promoted to field
operators ¢p(x) — ¢(x), m(x) — (x) and one imposes commutation
relations at every two points in spacetime

d
[¢(x), w(x")] = 69 (x — x). (4.5)
The field operators can be expanded in terms of creation and annihila-
tion operators, a% and ag, respectively, where k denotes a momentum.
For example, we obtain in the Schrodinger picture at a constant time ¢

. d* 'k 1 iz —ik%
$0) = [ gy 2 (k) (ape™ +ate ™), (4:6)

where w(k) denotes the dispersion relation, which is specified by
the concrete theory of interest. This decomposition allows for the
useful interpretation that an excitation of the quantum field ¢(x)
corresponds to a free particle with definite momentum k. To calculate
typical observables such as correlation functions, one may prefer the
following second option.
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FROM CLASSICAL TO QUANTUM FIELDS 1I: FUNCTIONAL INTEGRALS
In the functional integral formalism, one instead takes Feynman’s path
integral approach in QM to the field-theoretic level, i.e. one constructs
a functional integral over all field configurations with a complex-valued
measure. We introduce the corresponding partition function as a
functional integral over all possible field configurations (constrained
by the state of interest)

€20\, ez

Z = /Dcpeis = lim ( H /d(])(xilmid)eiS) , (4.7)

where the functional integral | D¢ is defined via the continuum limit
€ — 0 and the complex-valued weighting factor is given by e'*.

In this formalism, correlation functions follow directly from the
partition function Z. If one introduces a source term J(x), the latter
becomes

7)) = [ Dyeistl ditont), (48)

From this expression, correlation functions can be computed via func-
tional derivatives at vanishing sources. For example, the field expecta-
tion value can be computed from

_ 1 ozl) _ [ Dgplx)et
@) = 20157000 = D o5 @9)

with the functional derivative being defined through

(4.10)

Often, it is convenient to perform an analytic continuation (also called
Wick rotation), which transforms the complex-valued weighting fac-
tors ¢’ into real-valued factors e~°, allowing for convergence of the
functional integral. The analytic continuation is heuristically motivated
by the fact that the Euclidean and Minkowskian metrics are equivalent
if the time coordinate T of the former is imaginary and related to the
latter via t — —iT, such that S — —iS. Consequently, one refers to the
latter two as Minkowskian (real time) and Euclidean (imaginary time)
formalism, respectively.

The connections between the Minkowskian and Euclidean theories
are studied in detail in the context of the Osterwalder-Schrader theo-
rem [197-199]. Interestingly, they are very hard to establish formally.
For example, it is one of the millennium problems to prove the ex-
istence of such a connection for gauge theories in d = 4 spacetime
dimensions in full mathematical rigor [200].
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CAUCHY HYPERSURFACES AND QUANTUM STATES In QM, we con-
sidered quantum states at every instance of time p = p(f) (see (3.7)).
However, if we consider a quantum field on some generic background
geometry specified by a metric g,,, we have to work with a foliation
of spacetime instead. This corresponds to a family of so-called Cauchy
hypersurfaces ¥.(t), which are (d — 1)-dimensional submanifolds of
spacetime equipped with a time-like normal vector 7, (x) at every
point x € X. The parameter t plays the role of a time coordinate and
sometimes indeed corresponds to a time measured by some particular
observer. In this sense, time evolution can be generalized to an evolu-
tion from an initial Cauchy hypersurface to a final hypersurface, i.e.
Z(ti) — Z(tf).

Then, a quantum state can be associated with every hypersurface
Y.(t), i.e. p(t). Often, it is convenient to express the state (or other
operators) in terms of its matrix representation p[¢-, ¢_| with respect
to the fields ¢+ (x) and ¢_(x) evaluated on the hypersurface %, i.e.
x € X. As we will see in Chapter 9, the diagonal elements of this
matrix p[¢, ¢] are of special interest to entropic uncertainty in QFT.

TIME EVOLUTION OF A CLOSED SYSTEM Let us consider a closed
system and a unitary time evolution from a state p(#;) on one hyper-
surface X; to the next, i.e. to p(tf) on Xy. In the aforementioned matrix
representation, we can write the unitary time evolution equation (3.8)
as

olpe 91 1(t) = [Deis [ Do Ulger, 914t t)
pleir, i) () U [pi, ] (te, 1),

wherein the unitary time evolution operator from ¥; to X is given by
the functional integral

(4.11)

Ulgs, ¢i] (£, tr) = /Dcl?eis[(l’] (4.12)

with the boundary conditions ¢(x) = ¢i(x) on X; and ¢(x) = ¢¢(x)
on X¢ understood. The functional integral (4.11) together with (4.12)
is referred to as the Schwinger-Keldysh double time path, as the
two unitary evolution operators in (4.11) correspond to an evolution
forward (with U) and backwards (with U") in time [201, 202].

Starting from that, we will discuss information theoretic constraints
on the time evolution of an open quantum system in Chapter 7.

EXAMPLE: CAUCHY HYPERSURFACES We sketch flat and curved
Cauchy hypersurfaces for a d = 1+ 1-dimensional theory in Fig-
ure 4.2a and Figure 4.2b, respectively.
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(a) Flat hypersurfaces (b) Curved hypersurfaces

Figure 4.2: Families of Cauchy hypersurfaces with time-like normal vectors
(small black arrows) representing time evolution from a quantum
state p(t;) (blue line) to p(t¢) (red line) via the unitary operator
U (large black arrow). In (a), we consider the special case of flat
hypersurfaces, i.e. gy = 7y, such that the normal vector equals
the unit vector in time direction at every point. In (b), we picture
a more general situation in the presence of curvature.

FIELDS AT EQUILIBRIUM  For later purposes, we also discuss quan-
tum fields at finite temperature. In a field-theoretic setting, the thermal
density operator (3.28) can still be written as

pc = Z— e P (4'13)

where the Hamiltonian operator H is now a local integral over the
Hamiltonian density operator H in analogy to (4.4). Note that more
generally, H is the time-time component of the energy-momentum
tensor Tj,,. The latter will appear in the covariant generalization of
(4.13) to arbitrary Cauchy hypersurfaces, which will be the starting
point for the discussion of relativistic fluid dynamics in Chapter 7.

Moreover, let us briefly discuss the thermal state in the functional
integral formalism. Comparing the thermal density operator to the
unitary time evolution operator (3.9) reveals that the two are equivalent
if we set ty — t; = 0 — i. Hence, from (4.12) we obtain the functional
integral representation of the thermal state

1 .
pelp+, -] = 7 /ng ¢S1Y) (4.14)
C
with an action
sipl = [t [ axclg) (4.15)
and boundary conditions ¢(x) = ¢ (x) for t = 0 and ¢(x) = ¢_(x)
for t = —if, which imply that the functional integral goes over a torus

geometry in time direction ¢. Note that we get back the vacuum result
for B — co.
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BIPARTITION IN A QFT In quantum theory, entanglement is studied
for systems with finitely many degrees of freedom. For example, one
may consider two spins or two harmonic oscillator modes. When
working with quantum fields, one has to deal with infinitely many
degrees of freedom, which requires a more careful treatment of the
phenomenon entanglement, as it comes with non-renormalizable UV
divergences for several quantities of interest.

To access these peculiarities, let us consider again a regularized
quantum field on some space-like hypersurface X. In this situation,
the inverse lattice spacing 1/€ provides an UV-regulator. In this sense,
the continuum limit € — 0 takes into account arbitrarily high energy
scales, while a finite € cuts off energy scales above 1/¢€. Also, in
the regularized theory, every discrete spatial position x;, ;, € X is
endowed with a single mode and a corresponding Hilbert space
Hy,,. ;- Depending on the theory of interest these Hilbert spaces are
finite (for examples for spins) or infinite (for oscillator modes).

Now, the hypersurface X~ may be divided into two regions in several
ways. In this work, we only consider a finite spatial region 1 and its
complement 2 such that ¥ =1U2 =12 and 1N 2 = @. Alternatively,
one could study two half-infinite regions 1 and 2, for example two
half-lines in d = 1 4 1 spacetime dimensions. For the corresponding
Hilbert spaces we have a decomposition of the form

Hir = Hi1® Ha (4.16)
with
= ® Hxi2'~id’ Ho = ® Hxizmid' (4.17)
Xiy..ig €1 Xiy.i, €2

Interestingly, the continuum limit € — 0 leads to severe problems
already on the level of the Hilbert space decomposition (4.16). In fact,
such a decomposition does not exist in a strict sense for € — 0.

Mathematically, this is due to the Reeh-Schlieder theorem [203]. In
simple words, it states that operators localized to any region still suffice
to generate all other operators, indicating that there is entanglement
present between observables in any two regions.

Physically, the problems come from the presence of a (sharp) surface
between the two regions 1 and 2, which is the so-called entangling
surface. In our case, this corresponds to the boundary 91 of region 1,
which is typically assumed to be smooth. In the limit € — 0, arbitrarily
high energy modes are present, which are localized to an arbitrarily
small region around the entangling surface d1. Hence, a bipartite
splitting of the Hilbert space becomes ambiguous.

To be on the safe side, we keep thinking in terms of a regularized
theory in the following, such that the global Hilbert space can indeed
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be decomposed according to (4.16). Starting from a global state p,,,
we associate local states in analogy to (3.6)

pr=Tr2{p},  po=Tri{pi}, (4.18)

with the regions 1 and 2, respectively. Based on that, we may ask
how much the two regions 1 and 2 are entangled by computing the
corresponding entanglement entropies.

EXAMPLE: ENTANGLEMENT IN @M Vs. QFT  We illustrate bipartitions

for two (a) quantum spins in Figure 4.3a and (b) spatial regions in a
lattice field theory Figure 4.3b.

b-4

1 2 - L

(a) Two entangled spins (b) Two entangled regions

Figure 4.3: In quantum theory, entanglement is present between well-
separated objects, e.g. between two quantum spins 1 and 2
sketched in (a). For quantum fields regularized on a lattice with
lattice constant € in (b), we consider a region 1 of typical size L
and its complement 2, which are strongly entangled across the
boundary d1.

VOLUME LAW FOR TYPICAL STATES To appreciate the significance of
the area law discussed later, let us start with a naive estimation of the
entanglement entropy for typical pure states, in which case the entan-
glement entropy provides a meaningful measure for entanglement.

We consider the volume of the enclosed region 1 to be of the order
V ~ L4971 (cf. Figure 4.3b), i.e. we approximate 1 by a ball-shaped
region. Second, we assume the size of 1 to be much larger than the
cutoff-scale, i.e. L > €, but still small compared to the size of the full
system 12. Often quantum fields extend up to infinity, such that the
latter assumption reads L < oo.

In such a situation we have that the Hilbert space H; associated
with 1 is much smaller than H», allowing us to apply Page’s theorem.
It states that for a random global pure state p,, constructed from the
unitarily invariant Haar measure, the local state p, is close to being
maximally entangled [204—206]. Hence, we end up with

S(py) ~log Dy ~ (L/e)", (4.19)
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which is the so-called volume law of entanglement entropy [183, 196].
We observe that the entanglement entropy of a typical state is pro-
portional to the number of modes enclosed in 1 and hence becomes
UV-divergent in the continuum limit € — 0.

AREA LAW FOR PHYSICAL STATES However, in QFTs one is typically
not concerned with random states, but rather with physical states,
such as the vacuum, low-lying excitations or thermal states. Moreover,
constraints come in when considering local QFTs, which is generically
the case for relativistic theories, but also for non-relativistic theories
with nearest-neighbor interactions in the lattice picture. In these cases,
one may heuristically argue that entanglement between 1 and 2 is
mainly caused by the constituents close to the entangling surface 91.
As a consequence, the entanglement entropy should in leading order
be proportional to the area of the boundary region d1.

The modes close to the boundary live in the UV-regime and hence
the dominant contributions to the entanglement entropy come from
UV-modes on small length scales. On such scales, the monotonic-
ity of quantum relative entropy (3.18) implies that the vacuum is
indistinguishable from any other finite energy state. Therefore, the
entanglement entropy needs to have a rather universal form.

To motivate the following result for the entanglement entropy (we
loosely follow [41, 207]), let us consider a theory, where no addi-
tional scales besides the size L of region 1 and the lattice constant €
are involved (cf. Figure 4.3b). We make the following ansatz for the
entanglement entropy

S(p,) ~ /a AV, (4.20)

wherein x are coordinates, / the induced metric and K the extrinsic cur-
vature on the entangling surface 91, while F denotes some functional.
We may expand the functional F in terms of the extrinsic curvature K.
To that end, we note that K ~ %, which together with the fact that the
entropy is a dimensionless quantity implies

L4-2 L L
S(py) ~ aa Tt ot In ~ const. (4.21)

More generally, one finds that the entanglement entropy of a physical
state fulfills a so-called area law [183, 194, 195]

i—2(01) g1(01)

S(p1) = T2 +o Tt e +g0(01) Ine + S, (4.22)

wherein g;(01) are local coefficients on the boundary 01 depending
on the theory, the state and the geometric form of the region 1 under
consideration, while S is a finite part often depending on the volume
V. We observe that the leading order UV-divergence is proportional to
the area and not to the volume as estimated in (4.19). This shows that
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physical states occupy a very special region in the global Hilbert space
H12. Also, one should note that the lowest order coefficient go(d1) is
universal, i.e. independent of the regularization scheme, which is not
the case for all other coefficients, while S can contain universal as well
as non-universal expressions.

Let us emphasize that although the area law (4.22) holds for all
states, it only allows for a clear statement about entanglement if
the global state p,, is pure. However, in this case, we need to have
S(p;) = S(p,), such that we can constrain (4.22) further extending
on our heuristic argument from before. As the complement 2 comes
with a sign change in the extrinsic curvature, only even powers in £
are allowed, and hence the area law does only contain even powers
too. Also, note that the term gy(d1) ln% is absent in odd spacetime
dimensions.

The UV-divergence of the entanglement entropy is one of our main
motivations to study relative entanglement entropies in Chapter 7, which
do not exhibit such divergences and are well-defined in the continuum
limit € — 0 [193, 208, 209] (see also [210-224] for recent works).

EXAMPLE: ENTANGLEMENT ENTROPY FOR THERMAL STATE  We ex-
emplify the different contributions in the area law (4.22) for a thermal
state with temperature T in a conformal QFT in d = 1 + 1 spacetime
dimensions. A conformal QFT is invariant under conformal transfor-
mations and hence no other scales are present. We expect from (4.22)
a logarithmic divergence in leading order. We consider an interval 1
of length L with infinite complement 2. In d = 1 + 1 dimensions, the
volume of the interval is given by its length V = L. We find for the
entanglement entropy [195]

S(pl):—glne%—;lnsml;?ﬁjLK, (4-23)
where c denotes the central charge of the conformal field theory and x
is some non-universal constant. Besides the universal Uv-divergence
from the entangling surface 01, we obtain a finite part S depending
on the interval length L and the temperature T.

As the length L and the inverse temperature 18 = 1 provide two
competing length scales, let us consider the two asymptotic limits of
small and large thermal correlations lengths compared to the interval

size

SInL+x for LB,

Un
|

(4.24)
saTL+x for L> B.

This shows that the finite part of the entanglement entropy S becomes
independent of the temperature T for small temperatures L <  and
reduces to the vacuum result. Moreover, S is extensive for sufficiently
large temperatures L >> f and in fact corresponds to the thermal
entropy in a conformal QFT of d = 1 + 1 spacetime dimensions.
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BEYOND THE scoPE It is important to note that not all QFTs obey
an area law of the form (4.22). For example, in non-relativistic theories
with a Fermi surface the area law acquires a logarithmic correction
[225, 226]. Also, if the boundary 91 is not smooth, for example if it
contains cusps, additional Uv-divergences arise [227].

Furthermore, it is worth mentioning that the entanglement entropy
can exhibit Infrared (IR)-divergences, for example when not including
a finite mass m, which typically acts as an IR-regulator, or if the theory
lives on a finite domain. These divergences do also carry over to
the relative entanglement entropy as well as the quantum mutual
information [194].
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EQUILIBRIUM

We investigate how equilibrium can be described in terms
relative entropy and thermal model states. To that end, we
establish a statistical inference method based on relative
entropy (Chapter 5). We develop thermodynamics solely
with relative entropy and use the monotonicity of relative
entropy to derive second-law like inequalities (Chapter 6).
These ideas are generalized to relativistic fluids in the
context of local quantum field theory (Chapter 7).



5 RELATIVE ENTROPY
PRINCIPLES

This chapter is based on the first half of [F]. S. F. proposed and super-
vised the project. The principle of minimum expected relative entropy
was found by me. It was formalized and generalized to quantum states
by both authors. While both authors participated in the writing of the
text, I wrote the early versions of the draft. Also, I created all figures.

We develop a statistical inference method to find a prior distribution
or density operator based on (quantum) relative entropy, which we
call the minimum expected relative entropy principle. We will show that
it corresponds to a reformulation of the maximum entropy princi-
ple. Further, we will demonstrate that it allows for an information
geometric interpretation of a prior distribution for a simple example.

For relative entropy, there already exists the principle of minimum
discrimination information (also known as principle of minimum cross
entropy), which we review in Section 5.1 for classical distributions
[20, 56]. It is used to update a given prior distribution based on side
information, for example in the context of Monto Carlo simulations or
machine learning [228, 229]. In this sense, it is not capable of providing
a prior distribution, which raises the need for an alternative.

Our main motivation is to apply our methods in the context of
statistical physics, more precisely to formulate thermodynamics in
terms of relative entropy only, which is discussed in detail in Chapter 6.
We discuss classical distributions in Section 5.2 and then generalize
the formalism to density operators in Section 5.3. We concentrate on
discrete variables with finite alphabets and finite Hilbert spaces.

5.1 UPDATING A PRIOR DISTRIBUTION

UPDATING KNOWLEDGE WITH EXPECTATION VALUES  We consider
a system whose discrete microstates x are drawn from a finite and
countable alphabet X’ of size |X¥| = N with N < oo. Let us further
assume that we already constructed a discrete prior distribution j(x)
for the microstates x € X, which is in accordance with our knowledge
about the system. Afterwards, we perform j additional experiments
by measuring other observables A;, where i € {1, ...,j}. Each of these
j observables takes values 4;(x) in the microstates x € X. As this
additional information about the system is not contained in our prior
p(x), we want to find a new distribution p(x), which takes this side
information into account.
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To that end, we apply the principle of minimum discrimination
information, which states that we find p(x) by minimizing the relative
entropy S(p||p) with respect to p(x) under the j additional constraints
and normalization of p(x). Intuitively, this means that we search
for the distribution p(x) which is least distinguishable from p(x) and
additionally respects the available side information.

We formulate the optimization problem in terms of j Lagrangian
multipliers A;, which are assigned to the j expectation values of the
observables A;, and another multiplier 7y, which ensures normalization
of p(x). Hence, we formulate a Lagrange function

L(p,p, N, y)

J 1
=5(plp) + LA (Z p(x)ai(x) —Ai) + (z p(x) _1> 1)

i=1 xeX xeX

and search for a minimum

SL(p,p,Aiyv) =0 (5.2)

with respect to a variation in p(x). This optimization problem can be
solved in a straightforward manner and leads to

X — Al x
p(x) = B2 e, 59

wherein Z' is a normalization factor. We observe that the updated
distribution p(x) is proportional to f(x) with the proportionality
constants being weighting factors containing the additional side infor-
mation about the j observables A;.

EXAMPLE: SPINS IN MAGNETIC FIELD To apply the principle of
minimum discrimination information to a physical problem, we con-
sider a collection of spins, which add up to a macroscopic spin. The
orientations of an individual spin make up the microstates x € X, to
which we associate a magnetic moment ji(x) = s(x). Therein, 5(x)
denote the possible spin directions and 1 is a proportionality constant.

At first, we consider a situation where the macroscopic spin is in
thermal equilibrium with a heat bath of inverse temperature 8 and
in a ferromagnetic configuration at vanishing external magnetic field
H = 0. Evaluating the principle of maximum entropy gives us the
prior distribution

plx) = 5 e PH 54

for the microstates x of the single spin. Without additional assump-
tions, the individual spin directions 5(x) are not constrained and hence
all directions are equally likely.

If we consider a group of individual spins, it is possible that we mea-
sure a non-vanishing magnetization M in this region, especially if the
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macroscopic spin is in a ferromagnetic state. We can update the prior
(5.4) based on the additional side information about such a region,
i.e. we further constrain the magnetic moment ji(x) by a given local
magnet field B. Applying the principle of minimum discrimination
information leads us to the updated distribution

p(x B3(x 1 - x)—B3(x
p(x) = F’é/)em ) = L (eI —Bs(o) (5.5)
with normalization
72=27'=Y ¢~ B(E(x)—7B5(x)) (5.6)

xeX

In principle, the same logic can be applied for other regions in the
spin system as well. In this way, we would obtain a simple mean-field
description for the macroscopic spin.

APPLICATION TO THERMODYNAMICS  Although the updated distri-
bution (5.3) is of Boltzmann-type, it is not possible to apply the princi-
ple of minimum discrimination information to thermodynamics in a
straightforward way in general. More precisely, it is tempting to con-
clude that if we would have started from a microcanonical ensemble,
i.e. a uniform distribution with respect to energies of individual mi-
crostates, and included a given energy expectation value via (5.3), we
would have ended up with a canonical distribution. However, for most
systems, a uniform distribution with respect to energies is not a physi-
cal situation, but rather a formal limit of the canonical ensemble with
infinite temperature. As we will see later, the microcanonical ensemble
does rather assume a fixed total energy and asserts equal probabilities
to the microstates which are compatible with this assumption.

To summarize, the principle of minimum discrimination informa-
tion is neither capable of predicting a prior distribution nor can it be
applied easily to thermodynamics. Since we are interested in devel-
oping thermodynamics from a relative entropy perspective, we will
develop a new principle of inference in the following.

5.2 FINDING A PRIOR CLASSICAL DISTRIBUTION

INTEGRATING ON THE SPACE OF DISTRIBUTIONS Let us consider
again a discrete random variable x € X with countable |X| = N < oo.
We want to construct an integral measure on the space of probabil-
ity distributions p(x). To that end, we have to respect all available
constraints on p(x), such that the integration is only over those dis-
tributions, which are compatible with these constraints. As always, a
minimal constraint is given by the normalization of distributions, i.e.
Kolmogorov’s second axiom (2.3). However, as we saw in many previ-
ous examples, one often has additional constraints, which nevertheless
allow for a large class of compatible probability distributions.
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To formalize this idea, it is important to note that the set of all
probability distributions corresponds to a manifold. Hence, we can
find coordinates ¢ = {&!, ..., &"} which parameterize the set of allowed

distributions, i.e. p(x) = p(x,¢). Then, we can define an integral
measure on this manifold via
[ pr= [ddtdemu@, ., (5.7)

wherein (¢, ...,¢™) is a function to be defined. Note that we have
chosen the functional integral notation in order to be as general as
possible. More precisely, if we consider continuous random variables
instead, the space of distributions becomes infinite-dimensional in
general, which requires an integration over functions.

DIFFEOMORPHISM INVARIANCE To determine (&, ..., &™), we re-
quire that our integral measure Dp is invariant under an arbitrary
coordinate transformation ¢ — ¢’(¢) resulting in

€)= det (G ) 1€ 69)

This is fulfilled for example by Jeffreys” prior [230, 231]

u(g) o< \/detgup(S), (5.9)

wherein g,5(¢) is the so-called Fisher metric corresponding to the
family of distributions p(x, ) with , § = 1, ..., m. Its components are
defined as (there are two other convenient definitions in the literature,
which are equivalent to what follows) [232, 233]

gupl@) = ¥ L) 2nplod) (5.10)

xeX agtx agﬁ

Note that for a continuous random variable x, the sum in the latter
expression is replaced by an integral. One may also introduce the
Fisher metric as the Hessian matrix of the relative entropy; i.e. for close
distributions p(x, ) and p(x, ¢ + d¢&) we find

S(p(x, & +d0) p(x,§)) = 58ap(E)A AP + . (5.11)

Moreover, the Fisher metric is symmetric g“ﬁ(g) = gﬁa(é) and cor-
responds to the Riemannian metric on the space of probability dis-
tributions. Hence, the canonical volume form ,/detg,s(¢) ensures
diffeomorphism invariance of our integral measure Dp. Nevertheless,
we could multiply Dp with any other diffeomorphism invariant func-
tion. For example, one may consider e~ 5(?I?) with fi(x) being some
model distribution. However, we work with the volume form in the
following by convenience. In conclusion, we end up with a measure
which allows us to integrate a functional f[p] of the distribution p(x)

[ Dpsip) = [ det.dem \fdetgup (@) Flp(@)). (512)
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PERMUTATION INVARIANCE Let us analyze this integration proce-
dure in more detail. In particular, we ask how the integral measure
[ Dp transforms if we consider permutations of the individual discrete
probabilities, under which the entropy S(p) is known to be invariant.
We denote a permutation by x — I'I(x), such that a permutation on
the probability distribution p(x) is given by the map

p—T(p): {p(x1), ... p(xn)} — {p(I1(x1)), .., p(I1(xN))}. (5.13)

To answer this question, we choose a specific set of coordinates. In
information geometry, it is convenient to parameterize the discrete
probabilities p(x) in a way such that we are confined to a sphere. This
can be achieved by the choice [13, 233, 234]

&x)? forx=1,..,N—-1,
p(x) = € (5.14)
1— (Y2 —..— (N2 forx=N.
In this coordinates, the Fisher metric takes the form
1 _ gegh
Zgaﬁ(g) - (SLX‘B + 1 _ (§1>2 — = (CNfl)Z/ (515)

which is the induced metric on the unit sphere SN 1. Geometrically, the
probabilities p(x) span a convex simplex embedded in N-dimensional
Euclidean space. Points on this simplex are mapped to a (N — 1)-
dimensional sphere, which is described by the coordinates ¢*. More-
over, the second line in (5.14) shows that the spherical geometry in
the coordinates ¢* is a consequence of the normalization condition

erX p(x) =1

In the ¢ coordinates, our integral measure Dp takes the form

/Dp _ QZN /11 del.deN1 [ det (g‘"z(‘:)) ® <1 - IE(@“V)

= [lagags (1 Ly (516
= a9 , 5.

a=1
where
N
212

@ (5-17)

Qy =

denotes the area element of the (N — 1)-dimensional unit sphere with
I'(t) being the Gamma function. From the latter equation, we can draw
two important conclusions. First, the integral measure Dp is indeed
normalized to one [Dp = 1 and second, it is invariant under the
permutations p — Il(p) introduced in (5.13). Hence, we end up with
the statement

[ oo flpl = [ Dpfinp) (518)

for all functionals f[p] and permutations I1, which will be of great use
in the following.
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CLASSICAL PRINCIPLE OF MINIMUM EXPECTED RELATIVE ENTROPY
With a suitable integral measure Dp at hand, we now state our princi-
ple of minimum expected relative entropy or principle of least distin-
guishability on average. The basic idea is that the optimal prior f(x)
is located at a central position in the space of probability distributions
(see also dark brown point in Figure 3.2). This central point is deter-
mined by minimizing the average relative entropy S(p||f) between
all allowed distributions p(x) and the optimal model f(x) under the
constraint that p(x) is normalized to one. Hence, we construct the

functional
/DP [ (plp) +A<ZP )] (5.19)

xeX

with normalization being implemented via the Lagrangian multiplier
A and claim that the optimal model j(x) follows from minimizing the
latter with respect to p(x), i.e.

OB(p,A) = 0. (5.20)

Strict joint convexity of relative entropy S(p||f) together with mono-
tonicity of the integral imply that the B-functional is also strictly con-
vex. Hence, if a local minimum of B(f) can be found, it corresponds
to a unique global minimum.

To obtain the optimal model f(x), we directly compute the variation
under the integral (instead of evaluating the integral first), which leads
us to

0= ):/ [

xeX

A ap(a) (5.21)

As a consequence of permutation invariance (5.18), we can conclude
that [ Dp p(x) is independent of x and hence, ji(x) is also independent
of x. By normalization, this implies that the optimal model is given by
the uniform distribution

p(x) = N’ (5.22)

in accordance with Jaynes” maximum entropy principle and Laplace’s
principle of indifference.

EXAMPLE: TWO-STATE SYSTEM - PART I  To shape the intuition for
the principle of minimum expected relative entropy, we consider a coin
with X = {heads, tails} such that |X| = 2 and compute all involved
quantities. The parameterization given in (5.14) evaluates to

p(heads) = p1 = (¢')?, pltails) =1-p1=1-(¢")?, (523)
such that the Fisher information (which is now a scalar) becomes
(')

1— (@) (5.24)

1
to—1
8=t
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One can convince oneself that the integration measure Dp is normal-
ized to one as

N R A
/Dp_Q—Z/_ld(jl T =g = (5.25)

where we used that the ®-function in (5.16) evaluates to unity. Simi-
larly, we find for the two individual probabilities

1
/DP pL= /DP I=p1)=35 (5.26)
and for the B-functional at the extremum with respect to A
[ rselp)
—— [Dps(p) = ¥ np(x) [ Dpp(x) (527)

xeX

B(p)

—1-2In2— %111(}71(1 —p1)),

where we used p(heads) = p; such that p(tails) = 1 — p.

The first line of the latter equation suggests that the value of the
B-functional at a specific point f; can be regarded as the area under a
relative entropy curve S(p||p) for a fixed model f;. We make this con-
nection explicit by plotting the relative entropy S(p||7) as a function
of p; for three different models f; in Figure 5.1a and the B-functional
B(p) together with the entropy S(p) as a function of p; in Figure 5.1b.

""" S(pll0.25)
S(pl|0.5) 1.5F

-------- S(pll0.75) /

In2+

0.5~
1-In2

-"’ L 01' L L L 2
1P % 0.25 05 0.75 1 P

(a) Three relative entropies S(p||p) (b) B-functional B(#) and entropy S(f)

Figure 5.1: In (a), we observe that the relative entropy S(p||7) of a coin with
respect to the optimal model fi; = 0.5 takes its minimum at p; =
0.5 and is symmetric. For other models, S(p||p) is asymmetric
and becomes minimal at p; = p7. Additionally, we plot B(f) and
S(p) in (b). Interestingly, B(p) corresponds to the area under a
relative entropy curve S(p||7) (shaded regions in (a) correspond
to dots in (b)), such that it indeed becomes minimal for fi; = 0.5.
At this point, the entropy S(f) attains its maximum (gray dot),
showing consistency between the two entropy principles. Also,
we see that the B-functional is strictly convex rendering the local
minimum at f; = 0.5 a unique global minimum.
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INFORMATION GEOMETRIC INTERPRETATION WITH HELLINGER DIS-
TANCE  Although our principle of least distinguishability on average
was formulated with relative entropy S(p||7) as a measure for the dis-
tinguishability between two distributions p(x) and j(x), one should
be able to replace the relative entropy S(p||7) by any other statistical
divergence, i.e. a non-negative (possibly convex) functional being zero
if and only if p(x) = p(x), which defines a Riemannian metric in
second order. We collect some evidence in the following, but a formal
proof of this claim is left for future work.

To give our principle a solid information geometric interpretation,
we consider a special choice for the statistical divergence: the Hellinger
distance H(p, p). It is proportional the Euclidean distance on the space
of probability distributions [235, 236]

.= 73 $ T (Vre- ) s

where ||.||, denotes the L-norm, which equals the Euclidean dis-
tance. Note that the prefactor % ensures that the Hellinger distance

H(p,p) = \2 INCERVE

is bounded from above by one, i.e. 0 < H(p, ) < 1, which is a conse-
quence of the Cauchy-Schwarz inequality. Also, note the relation to
the relative entropy 2H*(p, p) < S(p||p)-

The Hellinger distance H(p, p) is a statistical divergence. Addition-
ally, it is symmetric and fulfills a triangle inequality. Therefore, it
is a true distance measure on the space of probability distribution,
which allows us to make more rigorous statements when it comes to
information geometry.

With the Hellinger distance H(p, ), our B-functional reads

B(p,A) = [ Dp [H(nﬁ) 2 ( Y plx) - 1)] (529)

xeX

and the optimal model f(x) still follows from the variational principle
OB(p,A) = 0 with a variation with respect to p(x).

EXAMPLE: TWO-STATE SYSTEM - PART Il We will not compute the
variation under the integral as done before, but rather evaluate the B-
functional for the simple coin example. Unfortunately, the complicated
structure of the integrand does only allow for a numerical evaluation.
We show Hellinger distance curves in Figure 5.2a and the Hellinger
B-functional in Figure 5.2b. Most importantly, our intuition from the
formulation in terms of relative entropies can be confirmed: the op-
timal model f(x) has the least mean Hellinger distance to all other
allowed distributions p(x). Hence, the optimal model f(x) is indeed
the central point on the manifold of distributions. Exemplary, we also
compare a collection of Hellinger distances for two models in Fig-
ure 5.2¢, showing once again that the uniform model is preferred.
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"""" H(p.0)H(p.1) H(p,0.5)
Tr —mmm- H(p.0.25)  ====n=- H(p,0.75)
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(a) Five Hellinger distances H(p, p) (b) Hellinger B-functional B(p)

H(0.25,0.5)=0.18 H(0.75,0.5)=0.18

H(0,0.5)=0.54 H(1,0.5)=0.54
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(c) Exemplary Hellinger distances for the two models #; = 0.5,0.75

Figure 5.2: (a) and (b) are similar to Figure 5.1 with the relative entropy
S(p||p) being replaced by the Hellinger distance H(p, p). We have
added two curves for the two certain models 1 = 0and fi; = 1in
(a) showing that the Hellinger distance H(p, p) is bounded from
above by one. Note the relative entropies S(p||0) and S(p||1)
are either zero or infinity in this case. As a consequence, the
Hellinger B-functional is also finite at fi; = 0 and p; = 1, which
is emphasized in (b) through the two additional gray dots. In
(c), we show some exemplary Hellinger distances for the optimal
model #; = 0.5 and a second model §; = 0.75. One can easily
confirm that the mean Hellinger distance in the upper half is
smaller than in the lower half, although the mean has not been
taken with respect to all allowed distributions p;.

A NOTE ON OTHER CONSTRAINTS If other constraints are given, the
situation becomes much more involved as they have to be respected
for the integration over all allowed distributions p(x) as well as for
the optimal model f(x). For the latter, adding Lagrange multipliers
suffices, while for the former we have to adjust our integral measure
Dp. However, a similar parameterization as in (5.14) is typically not
favorable, as the integration domain does no longer correspond to
the surface of a sphere. Nevertheless, from (5.21) together with per-
mutation invariance (5.18) we can conclude that the optimal model
should in any case correspond to the expectation value with respect
to all allowed p(x), i.e. p(x) = (p(x)), where () = [ Dp(.). However,
a more detailed investigation, especially for concrete examples, is left
for the future.
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A NOTE ON CONTINUOUS RANDOM VARIABLES  Another interesting
route for future work concerns continuous random variables. In this
case, our integral measure Dp becomes a functional integral over
probability density functions f(x) which are normalized to unity.
Therefore, the corresponding space of allowed distributions is infinite-
dimensional im general. It would be of great interest to see whether
the principle of minimum expected relative entropy is capable of
predicting the uniform model f(x) = 1/(b — a) when restricting the
random variable to a finite interval x € [a,b]. If yes, one may also
attempt to implement further constraints, for example a given variance

2
L.

5.3 FINDING A PRIOR QUANTUM STATE

INTEGRATING ON THE SPACE OF DENSITY OPERATORS We now
generalize our considerations to density operators p which act on
a Hilbert space H of finite dimension D < co. We are interested in
constructing an integral measure Dp, which allows us to integrate over
the space of density operators p. In complete analogy to the classical
case we choose coordinates ¢ = (¢1,...,&"™) to parameterize this space.
Also, we again use Jeffreys’ prior for the canonical volume form,
such that the integral measure Dp is by construction invariant under
arbitrary coordinate transformations { — ¢’(¢). Then, a functional
flp] can be integrated according to

[ Doslel = [ de'.dz™[detgus(@) flo @) (5:30)

Therein, we used the quantum Fisher metric instead of its classical
counterpart, which is defined as [13, 237, 238] (see also [239—246] for
recent applications)

d dln
CIRALTL1Y

with the following definition for the symmetric logarithmic derivative
understood

(5:31)

1 1
5p(dInp) + 5(dInp)p = dp. (5.32)

Here, note that Tr{p(dInp)} = Tr{dp} = 0, which implies that also
the quantum Fisher metric is symmetric ¢,5(&) = pa (). Furthermore,
the quantum Fisher metric corresponds to the Hessian matrix of the
quantum relative entropy, i.e.

S(p(E +d0) p(0)) = 58ap(E)AF"ATP + . (533)

69



The optimal model
state is least
distinguishable on
average from all
other possible states.

70

| RELATIVE ENTROPY PRINCIPLES

UNITARY INVARIANCE Instead of permutations as for the classical
case, we are now interested in unitary transformations p — UpU?,
which leave the von Neumann entropy invariant (cf. (3.16)). As the
transformed density operator is itself a density operator again, a
unitary transformation corresponds to a coordinate transformation

¢ —¢'(Q), Le.
p(8) = p'(§) = Up(HHU" = p(&"). (534)
The coordinate transformation induced by the unitary operator U can

be constrained further by plugging the latter equation into the relative
entropy of nearby states

S(p(+d2)[p(g)) = S(Up(¢ +de)U'|Up()U™),
=S(p(&' +dg)|p&))

where we used that the quantum relative entropy is also left invariant
by any unitary transformation. Comparing with (5.33) shows

8ap(€)dZ deP = g4p(8")dg™dE", (5.36)
implying that § — ¢’(&) in fact corresponds to an isometry on the

space of density operators. Hence, we can conclude that our integral
measure Dp behaves as

/ Dp flp] = / Dp flUpU"] (5.37)

for any functional f[p] under any unitary transformation U.

(5-35)

QUANTUM PRINCIPLE OF MINIMUM EXPECTED RELATIVE ENTROPY
The optimal model state p in a class of allowed states p can be found
by applying the quantum analog of the classical principle of minimum
expected relative entropy (5.20). To that end, we define the quantum
B-functional as an average of the quantum relative entropy S(p||p)

B(p, ) = [ Dp [S(pllp) + A (Tr{p} ~ 1)), (539

where A ensures normalization of p. Then, we claim that the optimal
prior p is the result of the minimization procedure

!
6B(p,A) = 0. (5.39)
To solve this variational principle, we diagonalize the model state p
with the help of a unitary transformation U

p = UAU’, (5-40)

where A is diagonal. Then, the quantum B-functional becomes
B(p) = /Dp S(plusut) + A (Te {usut}) - 1]

= [P [srtpula) « Acre (a)) 1] 40

~ [ e s<p|\A>+A<>D:Aﬁ—1)],

i=1
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where we used again that the quantum relative entropy is invariant
under unitary transformations and that the integral measure fulfills the
invariance property (5.37). Also, we denoted the diagonal elements of
A in some generic basis as A;;. In conclusion, the quantum B-functional
does only depend on the eigenvalues of p and gives the same result
for all model states p which are related by unitary transformations.

For simplicity, we directly execute the variation with respect to the
diagonal elements A;;, which leads to

D ..
0=8(p,0) = Y [ Do |-+ A as, (5.42)
i=1 i

in analogy to (5.21). The diagonal elements p;; can be permuted by
special unitary transformations (for example, for D = 2 one may use
the second Pauli operator U = o), i.e. p;; = prigym) for p — uput
with suitable U, such that the unitary invariance property (5.37) allows
us to conclude that [ Dp p;; is independent of the index i. Hence, the
optimal prior is given by the maximally mixed state

p= %11- (5.43)
Interestingly, this result can also be obtained from the unitary invari-
ance property (5.37). As the optimal model p has to be unique by strict
convexity of the B-functional, (5.41) implies that the optimal model p
has to satisfy

p=upu’ (5.44)

for all unitary transformations U, which already fully determines p to
be the normalized identity operator.

A NOTE ON OTHER CONSTRAINTS Similarly to the classical case,
let us briefly comment on the possibility of implementing further
constraints. As before, we argue that the optimal prior fulfills p =
(p), although any explicit computation of the B-functional becomes
complicated as a result of a rather complex integral measure Dp.
To that end, we write out the variation of the B-functional at the
extremum with respect to A, i.e.

6B(p) = [ DpTe{p(dInp)} = Tr{(p) (dInp)} . (5.45)
Using cyclicity of the trace we obtain
5B(p) = 5T {(p) (dInp) + (dInp) p)) (5.46)

For p = (p) and with the definition of the logarithmic derivative (5.32)
follows

6B(p) = Tr{dp} =0, (5.47)

as a consequence of p being normalized to unity. Hence, the B-
functional is indeed stationary for p = (p).
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6 THERMODYNAMICS FROM
RELATIVE ENTROPY

Most of the following analysis is taken from the second half of [F].
While the project was proposed and supervised by S. E, I derived the
thermodynamic relations in terms of relative entropies and found the
relative entropy formulation for the third law. Also, I wrote early ver-
sions of the text, which was finalized by both authors. The discussion
of the second law is taken from section III. of [G], which is itself based
on [247]. The project was proposed by S. F. and the corresponding
discussion in [G] was mainly developed by N. D. and myself. All three
authors contributed to the writing and structuring of the text, while I
created the figures. The article [G] is also covered in a master thesis by
N. D. [248].

With the principle of minimum expected relative entropy at hand,
we formulate thermodynamics in terms of relative entropy only, for
which our motivation is threefold.

First, a relative formulation allows to work with a thermal model
state p for given situation. As exemplified before, the principle of
minimum expected relative entropy gives these states an information
geometric meaning in the space of states. Using a distinguishability
measure with respect to these states allows us to relax the necessity
of the actual state p being thermal. In this sense, relative entropy
thermodynamics allows to make statements about thermal quantities
as for example temperature and chemical potential by comparing actual
states to thermal model states.

Second, as stressed throughout Part i, relative entropy may be
favored over entropy in general as it has universal properties in various
contexts and fulfills the powerful monotonicity relation (3.18). For
example, we will show that thermal fluctuations (see [249—-251]) can
be characterized in terms of relative entropy and that the second law
of thermodynamics can be deduced from an information theoretic
perspective [247]. Further, relative entropy has been used in the context
of thermodynamics in [252—257].

Third, it is of interest to understand how thermodynamic concepts
can be applied locally, especially in the context of fluids and local QFT.
For example, it is known that the quark-gluon plasma [258, 259] or
the dark matter dominated cosmological fluid [260, 261] can, to good
extent, be described by QFTs on a microscopic level and by relativistic
fluids on a macroscopic level. To establish a more general connec-
tion between these two classes of theories, an information theoretic
understanding of local equilibrium may be in order. However, as we
have seen in Section 4.2, quantum fields are highly entangled in space,
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which resulted in an universal Uv-divergence of the entanglement
entropy (4.22). Therefore, we suggest to work with relative (entan-
glement) entropies instead, as this allows for applications beyond
standard thermodynamics (see [217]). This will then be investigated
further in Chapter 7.

We will discuss thermodynamic relations for the three thermo-
dynamic ensembles in terms of relative entropy in Section 6.1 and
thereupon state relative entropic versions of the second and third law
of thermodynamics in Section 6.2.

6.1 THERMODYNAMIC ENSEMBLES AND RELATIONS

OVERVIEW OVER THERMODYNAMIC ENSEMBLES Throughout this
chapter, we consider the standard setup, i.e. a quantum system con-
fined to a finite volume V described by a stationary Hamiltonian
H # H(t). For a generic quantum state p we denote the expectation
values of energy and particle number by

E(p) =Tr{pH}, N(p)=Tr{pN}. (6.1)

Depending on whether the energy or the particle number or their
expectation values are fixed, we have to work in one of the three
thermodynamic ensembles sketched in Figure 6.1.

po===—==q S T e —

i i AE<: i p

- -
AE < : » Oc i AN | Pgc .
1 I : :
Om [ N
EN TN Ty

thermal bath thermal/particle bath
(a) microcanonical (b) canonical (c) grand canonical

Figure 6.1: The three thermodynamic ensembles
The three thermodynamic ensembles: (a) isolated system with no
interaction with the outside, (b) system open to heat exchange in
contact with a heat bath and (c) system open to heat and particle
exchange in contact with a heat and particle bath.

MICROCANONICAL ENSEMBLE  We start with the microcanonical en-
semble, i.e. we investigate an isolated quantum system with fixed total
energy H = E(p) and total particle number N = N(p) (cf. Figure 6.1a).
In the space of compatible quantum states the uniform distribution
is preferred as a result of the principle of minimum expected relative
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entropy as shown in Section 5.3. Hence, the microcanonical model
state is given by

b = 5= 8 [H — E(p)] 6 [N = N(p,,)], 62)

with Zp, being a normalization constant

Zun =Tt {5[H — E(p,y)] 6 [N — N(p,)]}. 63)

The quantum relative entropy between any allowed quantum state p
and the microcanonical model evaluates to

S(pllpwm) = —=S(p) = Tr{pInp,}, (6-4)

wherein we recognize the von Neumann entropy S(p), while the sec-
ond term corresponds to the so-called cross entropy often denoted as
S(p,p,,)- The latter can be simplified by using that p . is proportional
to the identity in the space of allowed states

where the support condition supp|p] C supp|p,,] has to be respected.
As the microcanonical density operator (6.2) has full support for fixed
energy and particle number, the support condition can be expressed
as a condition on the total energy and the total particle number. It is
fulfilled if and only if the states p and p_, have the same total energy
and total particle number in a strict sense. More precisely, not only the
expectation values of the latter have to agree, but also the dispersion
has to be zero. For the energy E, we denote this strict condition by

E(p) = E(py) & E(p) = E(p,,) and Tr{pH?} = E*(p,,), (6.6)

which works analogously for the particle number N.
Therefore, we end up with a quantum relative entropy

~S(p) +S(py) forE(p) = Elpy,)
S(pllpm) = and N(p) = N(p,,), (6.7)

400 else.

This means that the distinguishability between any state p and the
microcanonical model p_ is given by the difference of their von Neu-
mann entropies, provided that their energies and particle numbers
agree in a strict sense. Otherwise, the relative entropy has to be set to
infinity, which means that the two states can be fully distinguished by
measuring either the energy or the particle number.

At this point, note that non-negativity of the relative entropy to-
gether with (6.7) shows that the microcanonical model p,, does indeed
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correspond to the state with maximum entropy as S(p||p,,,) > 0 trans-
lates to

S(p) < S(py) (6.5)

for all density operators p with E(p) = E(p,,,) and N(p) = N(p,,)-
As a next step, let us differentiate the relation (6.7). For dE(p) =
dE(p,,) and dN(p) = dN(p,,,) we find

dS(plley) = —dS(p) +dS(py)- (6-9)
Using the thermodynamic relation
dS(py,) = BdE(p,,) — ppdN(py,), (6.10)

where B = 1/T denotes the inverse temperature and y the chemical
potential, the latter becomes

dS(pllpy) = —dS(p) + BdE(p,,) — BudN(py,). (6.11)

This already indicates that the inverse temperature p as well as the
chemical potential y may be defined as partial derivatives of the
relative entropy S(p||p,,) with respect to the energy E(p) and the
particle number N(p,,), respectively, at fixed von Neumann entropy
S(p). This will be made more explicit in the canonical and the grand
canonical ensemb]e.

THERMAL FLUCTUATIONS  We proceed with a discussion of thermal
fluctuations from an entropic perspective. It is well-known that even if
a system has equilibrated, thermodynamic quantities can fluctuate in
subsystems, which can be interpreted as a finite size correction to the
thermodynamic limit. Often, those fluctuations are stronger when the
subsystem under consideration is smaller, which we attempt to give
an information theoretic foundation.

Let us consider some macroscopic variables ¢ = (&1, ..., &™), which
are allowed to fluctuate locally in a global microcanonical model state
P, To these variables, we may associate a family of density operators
p (&) over a set of microstates, which have to be compatible with the
global value of ¢ but also with all other possible constraints such as
conservation laws. Based on this, we wish to construct an expression
for the probability dW of a fluctuation in the volume element d”'¢ in
the space of allowed density operators p(&).

A convenient ansatz in the literature is to take this probability
to be proportional to the number of possible microstates, which is
given by () [249, 250]. Note here that S(p(¢)) < S(p,,) as a
consequence of the maximum entropy principle. For example, one
may use dW « e5(P(¢)=S(Pm)d™"&, where the exponent resembles the
right hand side of (6.7) up to a minus sign.
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More generally, we propose that this probability is governed by a
relative entropy, i.e. dW o e=5(P(@lPm)d™ ¢, This is also motivated by
the fact that S(p(&)||p,,) is bounded from above by the entropy of
the model state S(p,,) = In D¢. Here, H denotes the Hilbert space
spanned by the microstates being compatible with ¢. Therefore, if the
subsystem under consideration is smaller, the Hilbert space dimen-
sion D¢ is typically smaller as well, reducing the upper bound on
S(p(¢)|lp,,)- Hence, states become generically harder to distinguish
and as a consequence the probability for local fluctuations in ¢ be-
comes large. Also, if we choose an incompatible state p(¢) in the sense
that it does violate the strict support conditions, we obtain a vanishing
probability for a fluctuation in ¢, in accordance with our expectations.

Additionally, we want to implement reparameterization invariance,
such that we end up with the following expression for the probability
to find a fluctuation in ¢

1 _
dW = e S(p(@)llem) det g.5(£), (6.12)

where Z is a normalization constant ensuring [ dW = 1, while g,5(Z)
is the quantum Fisher metric with respect to the family of states p(¢).

Let us also consider a rather special case. If we assume that the rel-
ative entropy S(p(¢)|/p,,) becomes minimal at { = {p, where we can
approximate p(&o) ~ p,,,, we can use that the relative entropy can be
expanded in terms of the Fisher metric according to (5.33), correspond-
ing to an approximation quadratic in ¢ — ¢p. In this approximation,
we obtain

1 1 &) (-
dw = e 38p(8)(§—50)*(§—Go)P det gup(2), (6.13)

where Z = (27)72.

We can conclude that fluctuations are to lowest order described by
a Gaussian in terms of the Fisher metric g,4(¢) (in agreement with
standard literature [250]) and in general by a relative entropy. Let us
remark that the previous discussion can be extended to the case where
the global model state is given by some other thermodynamic model
state by replacing the corresponding model in the relative entropy.

CANONICAL ENSEMBLE Next, we consider the canonical ensemble
describing a quantum system in contact with a heat bath (cf. Fig-
ure 6.1b). As discussed in Section 5.3, it is rather hard to show that
the canonical state p_ can be derived from the principle of minimum
expected relative entropy, although it will be a stationary solution in
the sense of p. = (p). Therefore, we follow the textbook construction
of the canonical ensemble, see e.g. [250].

We start from an isolated system described by the microcanoni-
cal ensemble with fixed energy E(p) = E(p,,) and particle number
N(p) = N(p,,) and consider a bipartition 12 of a small subsystem
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1 and a heat bath 2 such that the two subsystems are allowed to ex-
change heat. To the two subsystems, we associate energies E(p,) and
E(p,) = E(py,) — E(p;), which are not fixed but instead fluctuate as
described before.

Although equilbriation requires an interaction between the two sub-
systems, for the equilibrium state itself we assume the corresponding
Hamiltonian to be small compared to the sum of the local Hamilto-
nians, such that Hi; = H; + H,. Under this assumption, the global
microcanonical model state (6.2) can be written as

dw

/E(Plz)dE( )
“ e

x 6(H1 — E(py))0(H2 — E(pyp) + E(py)),

where the integral goes over all local energies E(p, ) allowed by energy
conservation. Note that the global state p , does not correspond to a
product state over local states with respect to local energies.

The local states in subsystem 1, which are compatible with energy
conservation, can be parameterized by the local energy ¢ = E(p,), i.e.
p1 = P1(¢). Let consider a family of product states

P12(¢) = p1(8) ® py(Er2 — Q), (6.15)

such that the global relative entropy becomes

S(P12E)llpm) = —=S(p1(§)) — S(py(Era — §)) + S(py,)-  (6.16)

The non-negativity of the relative entropy guarantees the existence
of a minimum with respect to ¢, at which we obtain the well-known
condition

d d
aigs(Pl (C))‘gzg(pl) = ?@S(pZ(C))‘CZE(mz)fE(pl)’ (6.17)
defining the inverse temperature
d
B =35 (0)) (6.18)

as an equivalence relation. To determine the state of system 1 in equi-
librium, we make use of the expression (6.12) for thermal fluctuations
in the variable { = E(p,). Expanding the relative entropy given in
(6.16) to linear order in B gives

S(p12(O)llpm) = BE(py), (6.19)

which can be inserted in (6.12). Then, replacing the energy E(p,) by
the corresponding Hamiltonian H; leads to the canonical density
operator (we drop the bipartition notation in the following)

p. = 1 e PH (6.20)

C
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with the canonical partition sum Z. being given by
Z. = Tr{e PH}. (6.21)

Compared to the microcanonical expression (6.2), the energy is not
fixed anymore, but rather fluctuates, such that we have a mixture of
different energies, which are weighted by Boltzmann-type factors.

The relative entropy between a state p and the canonical model p_
evaluates to

S(pllpe) = ~S(p) +InZc + BE(p), (6.22)

when imposing the strict support condition N(p) = N(p,.). This
simplifies further when using

S(p.) =InZ.— ﬁaaﬁ InZ. =InZ.+ BE(p.), (6.23)

such that we end up with

+o0 else.

S(ollos) = {S<p> +5(p.)+ B [E(p) — Elp))] forN(p) = N(p,),

(6.24)

We find that the relative entropy decomposes linearly into differences
of extensive quantities and that the support condition is less strict.
More precisely, the relative entropy is finite as long as the particle
numbers agree. Also, it is interesting to note that if the energy ex-
pectation values agree E(p) = E(p,), we get back the result from the
microcanonical model (6.7).

As a side note, we report that in [252—255] it was shown that the
relative entropy S(p||p.) is proportional to the available energy. If
the system is in the state p, this corresponds to the maximum work
one can extract when coupling the system to a heat bath of inverse
temperature . This can be made more explicit if we choose the state to
be thermal itself, i.e. p = p., with some other inverse temperature 8.
In this case, one finds that the relative entropy becomes proportional
to a difference of (generalized) free energies

S(pcllee) = B [Flp.) — F(pL)], (6.25)

where F(p!) has to be considered as a generalized free energy as it is
defined with respect to the inverse temperature § which may differ
from f'.

As a next step, we consider the differential of the relative entropy
given in (6.24). To that end, we restrict ourselves to the case where the
condition dN(p) = dN(p,) is fulfilled. We end up with

dS(pllp.) = —dS(p) +dS(p.) + [E(p) — E(p.)] dB
+ B[dE(p) —dE(p,)]
= —dS(p) + BdE(p) — BudN(p)
+ [E(p) — E(p.)] dB,

(6.26)
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where we used the thermodynamic relation

dS(p.) = BdE(p.) — B dN(p,)

in the second step. For a general quantum state p, the quantities
S(p),E(p), N(p) and B are independent. Hence, we find the following
four partial differential relations from (6.26)

IS(pllp.)
95(p)
IS(pllp.)
9E(p)
IS(pllp.)
IN(p)
IS(pllp.)

9P
How do we interpret these relations? The first relation is related
to the fact that the canonical state p. has maximum entropy. If the
entropy S(p) is decreasing, i.e. if the information about p increases,
S(p|lp.) increases equally, as states with smaller entropy are easier to
distinguish from the thermal state p_.

The second and the third relations can be regarded as alternative
definitions for the inverse temperature  and the chemical potential y
in terms of relative entropy S(p||p,.) at fixed entropy S(p). Especially
the second relation is non-trivial as E(p) # E(p.) in general.

Finally, the fourth relation tells us that there exists an unique inverse

temperature B, for which the two energy expectation values agree,
defined through

aS(plle.)
9B Is(p)E(p)N(p)p

(6.27)

=1,
E(p),N(p).B

=B,

S(p)N(p).B

(6.28)

S(p).E(p).B

—Bu,

5(p),E(p).N(p).B

E(p) — E(p.)-

—0 & E(p)=E(p).  (629)
We consider this inverse temperature as optimal in the sense that with
this choice the relative entropy S(p||p.) is minimized with respect to
B. For any other value of B, the relative entropy is larger. In simple
words, this temperature corresponds to the standard definition of
temperature as if p = p_ would hold.

GRAND CANONICAL ENSEMBLE  We proceed with a similar analysis
for the grand canonical ensemble describing a quantum system which
is coupled to a heat and particle bath (cf. Figure 6.1¢). In this case, the
optimal model is given by the grand canonical density operator (we
omit the construction of this state for brevity)

_ b N

ng - ch (630)
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with Zg. denoting the grand canonical partition sum. Then, we find
for the relative entropy between any state p and the optimal model
P, the expression

S(pllog) = — S(p) + S(py.) + B |E(p) — E(py,)]
—’Bﬂ [N(P) - N<pgc)} s

where no additional support condition has to respected. Note that
strictly speaking, the two states have to correspond to the same volume
V in all cases, which was not made explicit out of convenience.
Similar to the canonical case, the relative entropy decomposes into
differences of extensive quantities. This also holds for the differentials

dS(pllpy.) = —dS(p) + BdE(p) — BudN(p)
+ |E(p) ~ Elpy)] dp (632)
— [N(p) = Nlpgo)| dipmw),

leading to the (additional) partial differential relations

(6.31)

IS(pllpge) _

~ON(p) Is(pre(e)rpn P (6.33)
IS(pllpge) = —N(p) + N(p..) |

A(Bu)  s(p)E(p).N(p) B b Poc

While the first line allows for a definition of the chemical potential p
as a partial derivative of a relative entropy, the second line shows that
the optimal value for ¢ minimizing the relative entropy follows from
choosing a model state p,. with equal energy and particle number
expectation values as the state p, i.e. E(p) = E(ch) and N(p) =
N(py.), respectively.

6.2 LAWS OF THERMODYNAMICS

FIRST LAW  The first law can be regarded as energy conservation
applied to thermodynamic systems and hence does not need to be
formulated in terms of entropy or relative entropy. Consequently,
we will omit a discussion here and focus on the two other laws of
thermodynamics where entropy plays a crucial role.

secoND LAW  We consider again the three thermodynamic ensem-
bles (cf. Figure 6.1) and relative entropies between a state of interest
p and the corresponding thermodynamic model state p chosen such
that the thermodynamic quantities, i.e. temperature T and chemical
potential y, are equal to those of the bath the system is coupled to.
Then, depending on whether the system is allowed to exchange heat or
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particles with the bath or not, the second law will take a specific form.
In the following, we reproduce these inequalities from an information
theoretic argument (see also [247]).

As pointed out in Section 3.1, the time evolution of a system (open
or closed) is often described by a CPTP-map [59]. This is always the
case if the global initial state is a product state, i.e. if the system and
the heat bath are initially uncorrelated. However, if already initially
one has classical or quantum correlations between the two systems,
the time evolution map is typically only positive but not completely
positive [70, 71]. The following argument holds for both types of maps
and therefore explicitly allows for initial correlations. However, we
are rather interested in making a general statement and hence do not
specify the initial conditions.

The main assumption we use is that we consider a PTP-map N
(possibly a CPTP-map depending on the initial conditions) which keeps
the appropriate thermodynamic model state invariant, i.e. we will use
N (p) = p. This can be regarded as a definition for a stochastic time
evolution. Then, one finds for the change in relative entropy during
such an evolution from ¢; to t; > t;

AS(pllp) = SIN(p)IN(P)) — S(pllp)
= S(N(p)llp) = S(pllp)-

As a consequence of the monotonicity property of the quantum relative
entropy (3.18), this change is always non-positive, i.e.

AS(pllp) <0, (6.35)

which can be considered as a generalized second law. As usual for
our relative entropy formulation, the actual state p does not have to
be an equilibrium state itself and also we did not had to assume a
quasi-stationary time evolution between equilibrium states. Rather, we
ended up with the simple result that any state p can not deviate more
from a suitable invariant thermodynamic model state p over time. In
fact, one can expect that in most cases the relative entropy between
the two states decreases over time and converges to zero indicating
that the system has thermalized with the bath.

The connection to Clausius’ inequalities can be made explicit by us-
ing the expressions (6.7), (6.24) or (6.31) for the relative entropies (with
the appropriate strict support conditions understood), depending on
the physical situation. One can easily confirm that one finds for the
change in entropy AS(p) = S(N(p)) — S(p) the following relations

(6.34)

0 for microcanonical ensemble,
AS(p) = { BAE(p) for canonical ensemble,

BAE(p) — BuAN(p) for grand canonical ensemble.
(6.36)
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The microcanonical ensemble is a rather special case. The invariance
condition N (p,) = p,, defines the map N to be unital. It is well
known that the change in entropy AS(p) is non-negative for unital
maps [11], which is equivalent to the first line of (6.36). In contrast,
the entropy might increase as well as decrease for the more general
map N describing a system coupled to a heat or particle bath, as seen
from the second and third lines of (6.36).

Let us also mention that one may derive a set of inequalities similar
to (6.36) when the state p is not a thermodynamic model, but instead
describes a nonequilibrium steady state, such that AV'(p) = p is still
fulfilled. In this case, AS(p) is also bounded from below, but the bound
may not have a clear physical interpretation [262, 263].

EXAMPLE: ISOLATED THREE-STATE SYSTEM  We consider an isolated
three-state system with Hilbert space H spanned by {|0),|1),]2)}
and some diagonal state p. The suitable model state is given by the
microcanonical state p_ . The set of all states is shown in Figure 6.2,
where p  corresponds to the central point as a consequence of the
principle of minimum relative entropy.

Some generic initial state p can either evolve reversibly along a
contour of constant entropy, which corresponds in fact to a unitary
time evolution, or it might irreversibly evolve towards a state lying on
a contour with higher entropy. Note that the exact position of the final
states cannot be determined by the generalized second law, only the
final contour is known.

|0><0|
3 S(pllom)
ﬂ In3
1
- 0.75
0.5
p N(p)
0
N(p)
[2><2| o ° |1><1|

Figure 6.2: Time evolution of a state p describing an isolated three-state
system. By the generalized second law (6.35), the relative entropy
S(p|lp,,) with respect to the microcanonical model p,, can not
increase under general time evolution N : p — N (p).
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THIRD LAW  We complete our analysis with the third law of thermo-
dynamics, which is rather closely related to the concept of entropy.
Following Planck’s formulation, the entropy becomes constant in the
limit of vanishing temperature T — 0, i.e.

lim $(p) = 5(p), (6.37)

for any thermodynamic model p. The constant is given by the entropy
of the ground state p with respect to the Hamiltonian H. Note that
often the ground state is degenerate or mixed, in which case the right
hand side of the latter equation evaluates to a positive number.

In terms of relative entropy, the third law can be formulated as
follows: for any thermodynamic model p we need to have

lim S(p||p) = 0, (6.38)
—0

showing that the ground state p becomes indistinguishable from any
thermodynamic model p in the zero temperature limit T — 0. Note
that even if p is degenerate, the right hand side of (6.38) is zero.

If we choose a canonical model p_, the relative entropy decompo-
sition (6.24) shows that we have to assume N(p) = N(p.) and that
E(p) — E(p.) — 0 for T — O faster than T, such that we indeed obtain
Planck’s statements S(p) = S(p,) at vanishing temperature. Similarly,
we would have to assume N(p) — N (ch) — 0 for T — 0 faster than
T/ u for the grand canonical model p oc

As a concrete example, let us consider a situation where the en-
ergy eigenstates |n) defined through (3.25) are non-degenerate (cf.
Section 3.3). Then, the canonical model state becomes (cf. (3.28))

= Ypen)lm) (nl, - peln) = e P50, (6:39
such that the unique ground state is characterized by
p= ;ﬁ(n)lm (0], p(n) = don- (6.40)
In this case, the relative entropy evaluates to
5(pllec) = S(plipe) = —Inpc(0). (6.41)

Note that such a relation also holds if the model state is replaced by
any state which is diagonal in the energy eigenbasis.

A short calculation shows that in the zero temperature limit T — 0
we find

1 I ef.BE(n)
Tlg})pC( ) - .31‘1;1;102 e —BE(n)
1 lim 2n>0 e*,B(E(”)*E(O)) (642)

Broe 1+ ¥ e PEM—-EQ)
=1

as E(n) > E(0) for all n > 0, confirming our formulation of the third
law (6.38).
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7 SECOND LAW FOR
RELATIVISTIC FLUIDS

The analysis is taken from [G]. S. F. proposed and supervised the
project. All authors contributed equally to the development of the
theory. N. D. and myself wrote large parts of earlier versions of the
manuscript and all three authors finalized the draft. The figures were
produced by me. As stated earlier, the article [G] is also covered in a
master thesis by N. D. [248].

In Section 6.2, we have seen how a generalized second law for-
mulated in terms of relative entropy can arise from an information
theoretic argument. In this chapter, we generalize this formulation to
situations where a formulation in terms of entropy is less favorable,
which is in particular the case for relativistic fluids.

In general, fluid dynamics serves as an effective theory using con-
cepts such as local equilibrium applicable when the evolution of a
system is mainly governed by conservation laws, which are them-
selves consequences of continuous symmetries [264]. It turns out to be
a good approximation for example as a description for the quark-gluon
plasma [258, 259, 265] or for quantum magnets [266].

In the following, we specialize on relativistic fluid dynamics, which
is built upon the symmetries of the Poincaré group. It is an interesting
question how relativistic fluid dynamics arises from a local quantum
field theoretic description (see e.g. [267]), which is where an informa-
tion theoretic treatment could provide new insights. In particular, one
may ask whether local dissipation can be understood as entanglement
generation and whether such a statement can be expressed through a
local second law-like inequality.

In relativistic fluid dynamics, a local second law is postulated in
terms of an entropy current density s#(x) [264, 268, 269],

Vst (x) >0, (7.1)

where V, denotes the covariant derivative with respect to a general
metric ;. The entropy current density s*(x) is well-defined in global
equilibrium, but is rather difficult to define in nonequilibrium situa-
tions. Also, it is important to note that the entropy current s*(x) is a
local quantity. Hence, if one aims at defining such a quantity starting
from a local QFT, one needs to work with entanglement entropies.
As discussed in Section 4.2, entanglement entropy exhibit universal
UV-divergences, rendering its use less favorable.

In the affirmative, we derive second law-like inequalities in terms
of relative (entanglement) entropies following from the monotonicity
property (3.18). In this way, we give the local second law a solid
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information theoretic foundation and avoid Uv-divergences. We start
with a brief introduction to relativistic fluid dynamics in Section 7.1
and discuss how a local notion of equilibrium can be defined through
relative entanglement entropy in Section 7.2. Thereupon, we describe
local time evolution in Section 7.3 and for such derive several second
law-like inequalities in Section 7.4.

7-1  RELATIVISTIC FLUID DYNAMICS

CONSERVATION LAWS  We formulate relativistic fluid dynamics in
general coordinates x¥, such that we have to work with a general met-
ric g, (x) and covariant derivatives V,,. Then, conservation laws for
energy and momentum are in fact a consequence of diffeomorphism
invariance and can be subsumed as

VT (x) =0, (7.2)

where T""(x) denotes the classical energy-momentum tensor.
Additionally, we assume that the theory exhibits a U(1) symmetry,
leading to the conservation of a particle number current

VuN(x) = 0. (7.3)

Apparently, (7.2) and (7.3) provide d + 1 equations, while T""(x) has
d(d+1)/2 and N*(x) has d components. The fundamental assump-
tion of relativistic fluid dynamics is now to parameterize these two
tensors in terms of d + 1 variables, which may chosen to be the tem-
perature current

,BH(X) = T(x) ’ (7-4)

where u*(x) denotes the local fluid velocity and T(x) is a local tem-
perature field, and the scalar field

= T(x) (7.5)

with p(x) being the local chemical potential field. The two variables
BH(x) and a(x) are then determined by the two conservation laws (7.2)

and (7.3).

KILLING EQUATIONS IN EQUILIBRIUM  The appearance of these fields
can be further motivated from relativistic thermodynamics. To that
end, we consider an entropy current s*(x), which is expected to fulfill
a local second law in the form of

Vst (x) >0, (7.6)
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with equality in thermal equilibrium. Note again that this is a phe-
nomenological assumption, which we wish to understand better. Espe-
cially, it is not clear whether an entropy current s¥(x) can be defined
in general nonequilibrium situations at all or how it is linked to local
entropies in a QFT.

However, in global thermal equilibrium, we can write the entropy
current as a function of the other two conserved quantities s# =
s#(T"},N7), such that

ost

— A

Jst
JNvV

VN (7.7)
Then, combining (7.2) and (7.3) with (7.6) at equality leads to the

covariant generalizations of the usual thermodynamic relations

ost i dst
oTvA —  PA%v NV

= —ad. (7.8)

In thermal equilibrium, the two fields g*(x) and «(x) can be con-
strained from the requirement that Vs must be stationary, i.e.

Vydsy = —VV,BvdT”V + _ayldeH - 0/ (79)

implying that p¥(x) has to be a Killing vector field and that a(x) is
constant,

VHIBV + VVIBV — 0, aylx — 0. (7.10)

In fact, one may define equilibrium by the latter two conditions. Note
that for a Minkowskian metric ¢, = 17,y, the Killing vector field
condition translates into the temperature being constant.

In a generic nonequilibrium situation, the two variables " (x) and
a(x) are not defined in a unique way. For example, one may choose
the fluid velocity u*(x) to be parallel to the energy flow (the so-called
Landau frame definition) or parallel to the particle number flow (the
Eckart frame definition). Later, we will be concerned with the notion
of local equilibrium, where (7.10) will not hold anymore.

GRADIENT EXPANSION  Let us briefly discuss the gradient expansion,
which is typically used within a phenomenological approach to fluid
dynamics to account for local deviations from equilibrium. Most im-
portantly, fluid dynamics uses the concept of equilibrium locally as an
approximation. In the hydrodynamic gradient expansion (see [264]), i.e.
an expansion in terms of gradients of fluid velocity u*(x), temperature
B! (x), etc., this approximation becomes exact when these gradients
vanish, in which case we recover global equilibrium defined through
(7.10). Depending on how many terms in this derivative expansion are
kept, the energy-momentum tensor T"¥(x) and the particle number
current N*(x) take specific forms. For example, in lowest order, one
recovers ideal fluid dynamics, which will be discussed in more detail
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in Section 7.2. Higher-order terms can be seen as corrections to the
ideal fluid approximation and allow to describe dissipative effects.

Also, one may describe dissipative effects by introducing additional
parameters, which vanish in global equilibrium, but give corrections
to this approximation otherwise. For example, one may consider shear
stress 71 (x), bulk viscous pressure 7y (x) or the diffusion current
v#(x) within the theory of Israel and Stewart [268], which then allow
to parameterize the energy-momentum tensor T""(x) and the particle
number current N”(x) together with the aforementioned fields in
terms of the so-called constitutive relations. Although the number of
parameters is larger compared to the equilibrium case, it is still small
compared to the degrees of freedom of a general nonequilibrium state,
which emphasizing the approximation character of a local fluid-like
description.

7.2 GLOBAL AND LOCAL EQUILIBRIUM

GLOBAL EQUILIBRIUM Instead of pursuing the phenomenological
approach, we propose to use relative entanglement entropy to justify
a local equilibrium approximation. To that end, we ask how the local
parameters are related to local expectation values of the respective
quantum operators for given local quantum states and which role
entanglement plays for a fluid-like description to work. We begin with
a brief review of global equilibrium quantum states.

Let us consider a foliation of spacetime in terms of a family of
Cauchy hypersurfaces (1) equipped with a unit time-like normal
vector n/(x) fulfilling n,n" = —1. On every hypersurface %(7), we
may define the global equilibrium state as the covariant generalization
of (6.30) with the conditions (7.10) understood, which gives

p= %exp [— /z(r) dx, (B, T +0¢N")} (7.11)

where Z is the partition function

Z=Tr {exp [— /2( )dZV (B, TH + ucN")} } . (7.12)

Therein, the hypersurface area element d%, is given by

dx, = d" 'y \/|dethy| ny, (7.13)

with n# being future oriented such that n° > 0 (similar to a fluid ve-
locity) and where £, denotes the induced metric on the hypersurface
% (7). Note also that the global equilibrium state (7.11) contains the
quantum operators T"" (x) and N*(x).

As discussed above, such a state corresponds to the zeroth order in
the gradient expansion. In this case, there exists a unique fluid frame
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(i.e. the Landau and Eckart frames are equivalent) in which (7.4) and
(7.5) become exact. For the corresponding expectation values of the
energy-momentum tensor and the particle number current one finds
the constitutive relations [264]

™ = eutu” + pA", NV =nu¥, st =sut, (7.14)

with s being the entropy density, € the energy density, n the particle
number density, p the pressure and A* = ¢* 4 u'u" a projector
orthogonal to u".

FLUID CELL APPROXIMATION WITH RELATIVE ENTROPY Let us now
split the global hypersurface X into a finite subregion 1 and its com-
plement 2 such that 2 = 1U2 = 12 and 1N 2 = @, for example a
ball-shaped region of radius R around ¥; € X at some time x?. We
consider a generic global quantum state p,,. This state is assumed
to be out-of-global equilibrium in general. To the local region 1 we
associate a local state

pl = Trz{plz}/ (7'15)

Then, the expectation value of a local observable O; can be computed
from

O1 = Tr1{p,01}. (7.16)

As there exist many different global states p,,, which have the same
local states p; in the sense of (7.15), one can compute local expectation
values also when assuming the two regions 1 and 2 to be uncorrelated,
ie. py, = py ®p, = Tra{pyp} ® Tri{py,}. It may be possible to under-
stand the local equilibrium approximation in this way. More precisely,
a fluid-like description in terms of local parameters may work rather
well when non-local effects such as entanglement between the two
regions 1 and 2 are neglected to some extent.

Note that such a statement is rather informal and should be inves-
tigated with much more mathematical rigor in the future. However,
it is not needed for what follows. Rather, it is essential that local pa-
rameters can be compatible with many global states, giving us some
freedom to choose a specific one. In particular, we may consider the
global equilibrium state p,, defined in (7.11), specified with param-
eters p#(x) and a(x) which fulfill (7.10), and a corresponding local
state

p1 = Tra{pyp} (7.17)

in region 1. Based on this, we can define local equilibrium through an
argument involving distinguishability. We say that the generic state
p1, is in local equilibrium in the region 1 around ¥;, such that we
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may associate local parameters p#(x) and a(x), when the relative
entanglement entropy between p; and p; becomes small

S(p41lp1) =0, (7.18)

such that p; and p; can be considered to be locally indistinguishable.
Hence, we may quantify the validity of a local equilibrium approxima-
tion from a quantum information theoretic perspective in terms of a
relative entanglement entropy.

Also, S(p,||p;) being small allows us to define what we call the
fluid cell approximation. In fact, (7.18) indicates the existence of an
intermediate scale, where the size R of the region 1 is large enough
compared to an UV regulator scale and at the same time small enough
compared to the scale where long-range effects become relevant. More
precisely, for a global nonequilibrium state p,, we have S(p,||p;) > 0
for sufficiently large R, but S(p,||p;) becomes small (i.e. receives a
non-trivial upper bound) on the size of a fluid cell.

LocAL EQUILIBRIUM  The fluid cell approximation may be extended
from one local fluid cell to the entire hypersurface ¥ by assigning
local parameters B (x) and a(x) to every fluid cell region where (7.18)
is approximately fulfilled when adjusting the model p accordingly.
One might choose a global state of the form (7.11), but without the
conditions (7.10) on B*(x) and a(x), i.e.

~ 1 v
P12 = 7 exp {— /Z(T) d2y (BT +wN”)] (7.19)
with
Z="Tr {exp [— /( )dZH (B TH + ocN")} } . (7.20)
Z(t

We may call (7.19) a local equilibrium state, in the sense that (7.18)
is fulfilled for every local fluid cell. Note that this does not imply
P1, = P1p on a global level, but rather represents some coarse-graining
of p;, on the scale set by a fluid cell. In particular, p,, may be pure,
while p,, is mixed and they can still be hard to distinguish locally.
As a side note, one may obtain a density operator of the form (7.19)
following Zubarev’s approach, using the maximum entropy principle
on every hypersurface with given constraints on the expectation values
of the energy-momentum tensor and the particle number [270, 271].

7-3 LOCAL TIME EVOLUTION IN DOUBLE LIGHT
CONE REGION

LocAL TIME EvoLuTioN Ultimately, we want to understand local
time evolution of an open quantum system on a scale where a fluid-
like description is applicable. To that end, one could investigate the
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local system directly in terms of local density operators, which requires
detailed considerations taking care of the subtleties in the field theory
limit. We leave this task for future work [272, 273].

In the following, we propose an alternative strategy to overcome the
conceptual difficulties of local states. In particular, we make statements
about a general global state p,, by comparing it to the global or local
equilibrium states p,, discussed above, with the caveat that the global
time evolution is chosen such that it is effectively local.

To explicitly focus on time evolution only in a local region 1, we
choose a family of hypersurfaces £(7) which differ only in region 1(7),
but remain stationary in the complement region 2 # 2(7). Then, the
time evolution is indeed essentially local. For such a construction to
work, we need to have the normal vectors 1, (x) on each surface X(7)
pointing into a timelike (or lightlike as a limit) direction. Moreover,
they have to be ordered in a way compatible with time running
forward only. Apart from these two constraints, the family X(7) can
be chosen rather freely.

With this idea in mind, we ask how the phenomenological local
second law (7.6) can be understood from a quantum information
theoretic point of view. In a local spacetime region (2, which can be
chosen such that its boundaries are given by local regions on two
subsequent hypersurfaces (1) and X(1), i.e. 90 = 1(7r) U1(w), the
integrated form of (7.6) reads

/Qddx \/det g, Vst (x) = 7%0 dx,s*(x) > 0. (7.21)

Therein, we have used again the hypersurface area element dX; as
given in (7.13). However, it is the first time we have to deal with a
closed surface integral, where some subtleties regarding the orienta-
tion of the normal vector have to be specified. For the chosen metric
signature (—, +,+, +), n*(x) does unambiguously point to the out-
side if it is spacelike. If it is timelike instead, the normal vector is
pointing to the inside (see e.g. [274] Sec. B.2, [275] Sec. 16 or [276]
for more details). For the closed surface 9Q), for which n*(x) points
in a time-like direction, the orientation of n*(x) flips between two
subsequent hypersurfaces. More precisely, n’ > 0 for the past and
n® < 0 for the future hypersurfaces, respectively.

Interestingly, the generalized divergence theorem implies that (7.21)
follows from (7.6) for any spacetime region () with properly chosen
boundaries 0Q). At the same time, (7.21) can also imply (7.6) if it
can be proven for an arbitrarily small region around a point x € Q.
Nevertheless, it remains unclear how (or if at all) the left hand side
of (7.21) is related to a von Neumann entropy of a nonequilibrium
density operator. To overcome this problem, we work with relative
entropies in Section 7.4, such that we never have to define an entropy
current outside of equilibrium.
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DOUBLE LIGHT CONE A geometry which represents the aforemen-
tioned situation is the double light cone as sketched in Figure 7.1 for
d = 1+ 1 spacetime dimensions. The double light cone is constructed
from the future light cone of some point p in the past and the past
light cone of another point g in the future. In this setup, the light cone
associated with p can be understood as an initial hypersurface, while
the light cone associated with g as a final hypersurface with respect
to the time evolution inside the light cone. Hence, the dynamics are
restricted to the region within the double light cone and the non-local
information from outside the double light cone is entirely encoded in
the initial hypersurface. In this sense, there is no transfer of quantum
information through the boundaries. As a consequence, entropy pro-
duction, possible caused by an interaction with another system, will
be localized within the double light cone.

Figure 7.1: A double light cone bounded by the future light cone of p and the
past light cone of g (dashed black lines). Local time evolution is
modeled by a family of Cauchy hypersurfaces %(7) which differ
only in region 1(7) (solid blue curves) within the double light
cone, while the complement 2 (solid red lines) remains static.
Mathematically, the time evolution is represented by the map N,
which is specified depending on whether the system of interest is
isolated or coupled to another system. Generally, two subsequent
hypersurfaces (1) and X(7) enclose a spacetime region ()
(shaded blue region), where each hypersurface is equipped with
timelike normal vectors n*(x) (indicated by small black arrows).

As shown in Figure 7.1, one can choose a foliation of spacetime
(1) with timelike unit normal n*(x), where T plays the role of a
generalized time coordinate, such that the dynamics are constrained
to a local region 1(t) C X(t) within the double light cone. The
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complement region 2 C () remains static. The two regions intersect
where the two light cones intersect, which may be considered as fixed
points as these points are part of all hypersurfaces (7). Ford =1+1
spacetime dimensions, the fixed points are actually points, while for
d = 3 + 1 the fixed points are given by 2-spheres.

COUPLING TO A BATH FLUID The time evolution of an arbitrary
global state p;, from one hypersurface %(7;) to the next X(7¢) is gen-
erated by a map N via

N pp (1) = N(p1p(7)) = pra(T)- (7.22)

If the system under consideration is closed, N is unitary. As this
corresponds to a rather uninteresting situation, we couple the field of
interest locally to a so-called bath fluid through an interaction parame-
ter A, such that we end up with an open system whose time evolution
is again non-trivial. Hence, despite the fact that we are interested in
a causally closed region, quantum information is not conserved, but
instead constrained by a local second law-like inequality.

Then, the map N is a CPTP- or at least a PTP-map and we choose
it such that it keeps a particular equilibrium reference state p,, form
invariant similar to the considerations in Section 6.2. Also, in the limit
A — 0, this map becomes unitary again. In the following, we derive
second law-like inequalities for an arbitrary global quantum state p,
for three different physical situations encoded in the choice of the
invariant reference state p,.

7-4 SECOND LAW-LIKE INEQUALITIES

BATH FLUID IN GLOBAL EQUILIBRIUM  We start with the simplest
case, i.e. a bath fluid in global equilibrium, such that a suitable model
state is given by (7.11) with (7.10) understood. An example for such a
situation is a gas consisting of electron and positrons which is coupled
to a bath of electromagnetic radiation at some temperature T(x) and
vanishing chemical potential y(x) = 0. In this case, the coupling A is
given by the elementary charge e.

For a global equilibrium state p,,, the corresponding von Neumann
entropy S(p,,) decomposes according to

$(Prp) =InZ+ /dzy (BuT" (p12) + aN¥(py,)) (7.23)
where we have introduced the expectation values

T (prp) = Te{p, T}, NH(pyp) = Tr{p, N}, (7.24)

which are assumed to be renormalized such that they vanish in the
vacuum T' =y = 0.
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In global equilibrium, S(p,,) is extensive and can be written as an
integral over a local entropy current s*(x), such that

S(pro) = = [ dZus" (b, (7.25)

where the minus sign in the last line is a consequence of dX;, and s*(x)
being future oriented with d%,s’(x) > 0 together with the metric
signature convention (—, +,+,+).

Also the Schwinger functional (at vanishing sources) can be written
as an integral

W=InZ=— / =, pp", (7.26)

where p denotes the pressure with p = 0, i.e. Z = 1, in the vacuum
T = u = 0. Hence, the entropy current density reads

st = =B, TH — aNF 4 ppHt. (7.27)

This expression is consistent with the constitutive relation s* = su/ for
an ideal fluid (7.14), which follows from the Gibbs-Durham relation
€ + p = sT + un together with the other two relations in (7.14).

Next, we consider the quantum relative entropy between an arbi-
trary global state p,, and the global equilibrium state p,,. We find a
decomposition similar to (6.31), i.e.

S(p121P12)

= —5(p,) -I—an-l-Tr{plz/dZy (ﬁvT’“’-l-xxN“)}
= —=S(ppp) + /dz‘ﬂ( —s"(p12)

+ By [TH (p1p) — T (P12)] + & [N¥(p1p) — N¥(pyy)] >,

where, except for the non-local quantity S(p,,), all quantities can be
written as local integrals over a full Cauchy hypersurface X (7).

Between two times 7; and 7, the relative entropy changes by an
amount of

(7-28)

AS(p15llP12) = S(p1a(T0) 1912 () — S(p12(T)[1P12(T))- (7-29)

Through the coupling to the bath fluid, the time evolution is given by
a PTP-map (or possibly CPTP map) N which leaves p,(7) invariant
in the sense that p,, (1) is of the same form, but defined on a differ-
ent hypersurface X(7;). By the monotonicity of the quantum relative
entropy (3.18), we can conclude that

AS(p1pp12) <0 (730)

with equality for a unitary time evolution, which corresponds to
vanishing coupling A = 0. This inequality can be considered as a
global second law for relativistic fluids.
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To derive a local form of the latter inequality, we use (7.28). Then,

AS(p1pllP12) = —AS(pya) — ]{m dx, ( —s"(P12)
+ By [TH (p1p) — T (P12)] (7.31)
+a [N"(prp) = N"(p1,)] ),

where the integral goes over the closed surface 0Q) = 1(7;) U1(7) and
where we introduced the change in entropy as

AS(p1p) = S(p1p(T)) — S(p12(T))- (7.32)

Note that by convention, we have an additional minus sign in front of
the integral (cf. discussion around (7.21)). Note also that all contribu-
tions from region 2 canceled as this region remains static.

Although the von Neumann entropy S(p,,) is non-local in general,
the change in entropy AS(p,,) is local since it is caused by the interac-
tion with the bath fluid, which is assumed to be local in a relativistic
QFT. Hence, we may write

AS(pyp) = /O d?x /det g 5(pyy) (%), (7.33)

where the local quantity s(p,,) is well-defined for all density operators
and does not rely on assuming equilibrium as it was the case for the
entropy current s (x).

Then, (7.31) becomes with the generalized divergence theorem

0> AS(p1,]1p12)

B /o d’x \/@( —5(p12) = BV T (p1) (7.34)
— VN (pyy) ),

where we used the equilibrium conditions (7.10) together with the
conservation laws (7.2), (7.3) and (7.6) for the global equilibrium state
p1,- Since the latter inequality must be fulfilled for any choice of the
Cauchy hypersurfaces X(7), its local form must be fulfilled as well.
Hence, we obtain the local second law-like inequality

5(P12) > _5vvuTW(Plz) - “VVNH(Pu)r (7.35)

which corresponds to the local form of the third line in (6.36).
Let us also formulate a local form of (7.30). Repeating the argument
that interactions are local we can write

0> AS(p15llp1) = /Qddx \/det g s(p1,llP12), (7.36)

such that we obtain the local statement

5(P12||f712) <0, (7.37)

showing that the local relative entropy production is non-positive. In
this sense, states become locally less distinguishable over time.
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RELATIVE ENTANGLEMENT ENTROPY FORMULATION  Having found
a local form of the second law in terms of a local change in entropy
(7.35) and also in relative entropy (7.37), let us specify further to local
density operators in the region 1 defined through (7.15). The analog
of (7.30) in terms of relative entanglement entropy then reads

AS(p111py) = S(py (w)[1p1 () = S(py () [1p1 () <0, (7:38)

where we used that the local states evolve in time according to modi-
fied operators N; such that

p1() = NMi(py (7))
= Ni(Tr2{p(7)})
= Tro{N (p())}
= Tr2{p (%)},

showing that N is also a CPTP- or at least a PTP-map, allowing us to
apply the monotonicity property (3.18).
For local interactions with the bath fluid we can write

0> 8S(p,lp,) = [ d'xy/detgus(oIpy). (7.40)

Finally, let us remark that by construction it is highly plausible that the
local changes in relative entropy and relative entanglement entropy
agree,

(7-39)

5(P1||p1) :5(P12Hp12)1 (7.41)

such that also

AS(py]lp) = AS(p15lp12)- (7-42)

This would allow to formulate a local second law-like inequality in
terms of local states. However, a more detailed investigation including
a formal proof of the latter two equalities is required. We leave such
an analysis for future work.

BATH FLUID IN LOCAL EQUILIBRIUM  We now generalize the latter
considerations to the case where the bath fluid is of local equilibrium
form (7.19) without the conditions (7.10). Again, we assume the time
evolution map N to be a CPTP- or at least PTP-map which leaves the
form of the global reference state p,, invariant.

In this scenario, the von Neumann entropy S(p;,) is still of the form
(7.23), i.e. it can be written in terms of a Schwinger functional W = In Z
and expectation values of energy-momentum tensor T (p,,) and
particle number current N*(p,,). In [277] it was argued that W is
extensive also in this case, such that it can be written as

W=InZ=— /dzy w"(P12), (7.43)
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allowing us to define a nonequilibrium entropy current

st(P12) = —BvTH (p12) — aNF(pyy) + wh(pra), (7.44)

such that (7.25) holds. Note that for w” = pp# we indeed obtain from
the latter equation the entropy current in the Landau frame within
the first order gradient expansion, which may be seen as a justifica-
tion. However, a more detailed investigation from a field theoretic
perspective may be in order.

Let us now consider the change in relative entropy AS(py,|/p1,)
again. As before, the relative entropy admits a decomposition of the
form (7.31), where the two parameter fields p*(x) and a(x) do not
fulfill the global equilibrium conditions (7.10) anymore. Then, by
using monotonicity of quantum relative entropy (3.18) together with
the locality of the change in entropy (7.32) we obtain

0> 5(py5llp12)
= / d’x detg,w< 5(p12) + Vis' (p12)
— BV [T (p1p) — T (p1p)] — aVy [NF(py) — N¥(pyy)]
— (Vo) [T (p12) = T (1)) — @40) [N (1) = N*(p1)] ).
(7.45)

By using the definition of the entropy current (7.44), this simplifies to

0> S(p12llP12)
= / dfx detgw< 5(p1p) + V! (pyy)
= Bu VT (p1y) — aV N (py,)
= (VuBu) T (p1p) — (aul")Ny(Plz))-
If no energy, momentum or particles are exchanged between the field

of interest and the bath fluid, the third lines in the latter two equations
drop out, such that we may write a local change in relative entropy as

(7.46)

0> s(py5llP10)

= —5(ppp) + Vus"(P1p)

_ % (ViuBv + ViuBy) [T (p1p) — T (p1y)]

— () [N#(p1p) — N¥(py)]
= —5(pyp) + V! (py,)
= (Vo) T (p12) — (9ux)N¥(p15),

giving us a generalization of (7.35).

(7.47)
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BATH FLUID WITH GENERAL EXPONENTIAL FORM At last, we study
a rather general class of density operators, which we call general expo-
nential density operators. They generalize global and local equilibrium
states, but are still of exponential form

> _l _ 1 H oaB R age
P12 = &XPp [/z(r) dz, ( ha/sT LN )} (7.48)

with a nonequilibrium partition function

Z=Tr {exp [/Z(T) dxz, (—hZﬁT“ﬁ — lKN"‘)] } . (7.49)

Here, h! ﬁ(x) and 1 (x) are local parameter fields, which can be under-
stood as Lagrange multipliers which enforce unrestricted expectation
values T"(p,,) and N¥(p;,). In particular, the expectation values do
not need to coincide with those in local or global equilibrium.

It is important to note that for a given hypersurface X(7) with
normal vector 7, (x), only the contractions 7, (x)hgﬁ(x) and 1, (x)I (x)
enter in the last equation. Hence, the components orthogonal to n#(x)
can be changed without changing the state p,, given in (7.48). In this
sense, the degrees of freedom in the energy-momentum tensor and
particle number current match with those of the parameter fields.

As before, the exponential form of (7.48) allows for a simple decom-
position of the von Neumann entropy

S(p =InZ
(P1p) =InZ + o)

If the Schwinger function W = In Z is local (which has to be tested),
one may define a nonequilibrium local entropy current via

s"(p12) = _hZﬁT“ﬁ(f’u) — IeN*(pyp) + " (pyy), (7.51)

with (7.25) implied.
For the relative entropy between an arbitrary state p,, and a refer-
ence state p,, of the form (7.48) we then find

d, (h,ffﬁT"‘ﬁ(ﬁu) + lgN“(f’u)) - (7.50)

S(p1211P12)
= —S(pp) +InZ + /Z(T) d, (hZﬁTaﬁ(Pu) + lo;fN“(Pu))

— 5 / as, (- s*(p
(P12)+12(T) M( 5 (Plz)

iy [T (py) = T (Byy) | +1E IN"(p1z) = N*(pyo)] )

(7.52)

The time evolution from X(7) to (1) generated by the map N is
constrained by the generalized second law in form of (7.30). Similar to
before, one may construct a corresponding local form with respect to
the model density operator p,, using the latter identity. We omit the
corresponding inequalities for brevity.
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UNCERTAINTY

We propose a formulation of the uncertainty principle in
terms of relative entropy, allowing us to describe discrete
and continuous variable quantum systems (Chapter 8) as
well as quantum fields consistently (Chapter 9). Further,
we investigate entropic uncertainty in phase space (Chap-
ter 10).



8 REUR FOR QUANTUM SYSTEMS

The following discussion was published in [E]. S. F. proposed and
supervised the project. B. H. was involved in the early developments
of an EUR formulated with relative entropy in the form of a bachelor
thesis [278]. However, none of the results presented in [E] are contained
in [278]. The REUR was found by me and I wrote early versions of the
draft. S. F. and I finalized the manuscript.

As anticipated in Section 3.5, there exist various EURs for discrete
and continuous variables. However, the two cases of variables have
only been unified in a rather formal way in [33] (see also the related
works [123, 137, 144]), with the discrete MU relation (3.86) and the
continuous FL relation (3.82) as special cases. The difficulties in such
a unification can be traced back to the inconsistency of the Shannon
entropy S(p) and the differential entropy S(f) in the continuum limit
(2.12). We reformulate the results of [33] in terms of relative entropies,
to obtain a relation which is capable of describing both types of
variables at once. Besides being an interesting task by itself, this paves
the ground for quantum fields, see Chapter 9.

Although the formulation of the uncertainty principle in terms of
relative entropy has not been investigated so far, relative entropy is
important in the context of entropic uncertainty. First, the monotonic-
ity property (3.18) of the quantum relative entropy allows for a simple
proof of the discrete MU relation (3.86) (see [12, 133, 279]). Second, the
uncertainty principle can be formulated in terms of mutual informa-
tion (which is defined as a relative entropy) in the presence of classical
or quantum memory [136, 146, 147]. These relations state that the
measurement outcomes of two non-commuting observables can not
be arbitrarily correlated with a memory system and are consequently
called information exclusion principles. Third, measurement EURs,
which describe the disturbance of an observable caused by a previous
measurement of another observable, have been formulated in terms of
relative entropy in [280, 281].

The main idea is to consider reference distributions of maximum
entropy, allowing for a decomposition of the relative entropy (similar
to e.g. (6.24)). We discuss various choices explicitly for discrete vari-
ables in Section 8.1 and for continuous variables in Section 8.2. These
considerations are unified in a single relation, the REUR, in Section 8.3.
As the logic of this relation is in some sense reversed, we discuss it at
length. Finally, we discuss two examples in Section 8.4.
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8.1 DISCRETE VARIABLES

NO PRIOR INFORMATION Let us consider a discrete quantum sys-
tem with D < co and two discrete observables with operators Y and
Z. Measuring them leads to the two distributions p(y) and q(z) as
defined in (3.70). A formulation of the uncertainty principle in terms
of relative entropy mainly requires a specification of two reference
distributions f(y) and §(z). We will see that suitable reference distri-
butions are given by Boltzmann-type distributions or more generally
by distributions maximizing an entropy. In this way, additional infor-
mation about the distributions of interest will be encoded directly in
the resulting uncertainty relation.

We start with the simplest case where no prior information about
p(y) and g(z) is available. A suitable reference distribution is picked
with the maximum entropy principle (or equivalently the principle of
minimum expected relative entropy), which postulates the uniform
distribution

P(y) = pmax(y) = % (8.1)

The corresponding relative entropy S(p||pmax) simplifies to

S(pllpmax) = —S(p) + S(Pmax) = =S(p) +1InD, (8.2)

such that the MU relation (3.86) becomes

S(pllpmax) + S(q]|gmax) < Inc—S(p)+2InD. (8.3)

Interestingly, a sum of relative entropies is bounded from above in a
non-trivial way: the trivial bound 21n D, which is a consequence of

S(pllpmax) + S(qllgmax) < S(Pmax) + S(dmax) = 2InD, (8.4)

is reduced by the quantum incompatibility measure c (note here that
Inc < 0) and the mixedness of the quantum state S(p).

To exemplify the information theoretic significance, let us consider
the special case where Y and Z are mutually unbiased such that
perfect knowledge about one observable implies no knowledge about
the other. In this case we have

c= P =5 &)

for all y and z, such that Inc = — In D. Further, we consider the state
to be maximally mixed with S(p) = In D. Then, the right hand side of
(8.3) reduces to zero and hence p(y) and g(z) become indistinguishable
from uniform distributions with maximum entropy.
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GIVEN EXPECTATION VALUES Next, we consider a situation where
we have access to a set of expectation values. Note that this includes
the possibility of measuring other observables, as long as their mea-
surement outcomes are distributed according to the same probability
distributions. This is fulfilled in particular if the two observables
commute as a consequence of the definition (3.70).

For example, we may consider the mean value of Y,

wy =3 W)Y, (8.6)
Y

such that j(y) is required to have the same mean value, i.e.
iy = PW)y = py- (8.7)
y

The associated maximum entropy distribution is chosen as reference
distribution

P(y) = pmax(y) = Zie’wf (8.8)
Yy
with 7, being a Lagrange multiplier and Z, denoting a normalization
constant.

The mean values of other commuting observables can be included
in the same way. An interesting choice can be made when the Hamil-
tonian H commutes with Y, i.e. [H, Y] = 0. Then, one may measure
the energy expectation value to obtain a thermal reference distribution
p(y) = pmax(y), which is uniquely determined by the optimal inverse
temperature f,,.

For the Boltzmann-type reference distribution (8.8) the relative en-
tropy becomes

S(pllpmax) = =S(p) + S(Pmax) = —S(p) + InZ, + yypy.  (8.9)

Hence, a reformulation of the MU EUR (3.86) reads

S(pllpmax) +5(qllgmax) < Inc—S(p) +In(ZyZ,) + yypy + Yzpz- (8.10)

Note that the additional quantities appearing in the bound can be
computed from the true distributions p(y) and g(z), such that they
can be fully determined after measuring p(y) and q(z).

One can generalize these considerations and choose a maximum
entropy reference distribution (x) such that the measured expectation
value i, does not agree with fi,. In this case, the relative entropy
becomes

S(pllpmax) = =S(p) + S(Pmax) + 'Yy(.“y - ﬁy)- (8.11)

However, as the additional term is also contained in the maximum
entropy expression S(pmax), the relation (8.10) remains unmodified.
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GIVEN SET OF MOMENTS  We go one step further and allow for an
arbitrary set of moments to be constrained. More precisely, we fix the
M expectation values

(m) =Y _ p(y)m;(y), (8.12)
Yy

with m(y), ..., mp(y) being polynomials in y. Then, the reference
distribution needs to fulfill the set of constraints

aj(p, p) =) (P(y) — p(y)) mj(y) =0 (8.13)
Y

forall j € {1,..., M}. If a solution to this optimization problem exists,
which is typically the case for discrete, but not for continuous variables,
it can be computed from the maximum entropy principle
M
P(Y) = Pmax(y) = exp | Y Amj(y) | - (8.14)
=0

J

Therein, Ag ensures normalization, while A; with j > 0 implement
the M conditions &;(p, ) = 0. Note that the form of this solution is
the same for constraints given in terms of inequalities «;(p, p) > 0,
requiring additional constraints A; > 0 forall j € {1,.., M} [228, 229].

FORMULATION SOLELY IN TERMS OF RELATIVE ENTROPIES At last,
we consider another rewriting of the MU relation (3.86). In particular,
we also want the quantum entropy S(p) to be replaced by a suitable
quantum relative entropy S(p||p). To that end, we consider maximum
entropy states by starting from the maximum entropy distribution
Pmax(y) and constructing the corresponding measured quantum state

P Y, max via

Py max = 2 Pmax(¥)|y) (yl. (8.15)
Y

We then find for the quantum relative entropy between the state p and
such a reference state

Spllp) = S(Plleymax) = —S(P) + S(Py max)

(8.16)
= —=5(p) + S(pmax)-
Moreover, if one chooses the maximally mixed state
1
Pmax = E 1 (817)

as a reference distribution, the corresponding quantum relative en-
tropy can be written as

S(pl15) = S(pllopa) = ~S(p) +InD. (8.18)
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Combining the latter equations leads to a reformulation of (3.86) solely
in terms of relative entropies

S(pllpmax) + S(q|gmax)

(8.19)
S ln(CD) - S(pHpmax) + S(pHpY,max) + S(pHpZ,max)'

Note that the maximum overlap fulfills ¢ > % such that In(¢D) > 0,
with equality if and only if the measurement bases are mutually
unbiased.

8.2 CONTINUOUS VARIABLES

NOTE ON MEASURABILITY For position X and momentum K, the
overlap is given by (3.39), showing that

¢ = |(x]) =

=5 (8.20)

for all x, k, rendering the bases {|x) }» and {|k) } mutually unbiased
in a continuous sense.

However, it is important to note that one can not measure contin-
uous outcomes in practice. More precisely, any actual experiment is
only capable of measuring X and K with finite precision Ax and Ak,
respectively. For example, one ends up with a discrete probability
distribution [113]

(x+1/2)Ax 4 , g
X) = x f(x). 21
P = L, ) (821)
describing the probability to measure the position somewhere in the
interval [(x —1/2)Ax, (x +1/2)Ax].

Unfortunately, the limit of infinite precision Ax — 0 leads to a di-
verging Shannon entropy S(p) as described in Section 2.2. Such prob-
lems might be avoided when working in terms of relative entropies.
We discuss the effects of discretization in more detail in Section 13.3.

GAUSSIAN DISTRIBUTIONS AS OPTIMAL MODELS  Also for continu-
ous variables one could consider a given mean value

Py = /dxf(x) x (8.22)

as side constraint to obtain a suitable reference distribution, as investi-
gated in Section 8.1. Furthermore, if the quantum system of interest
has a finite length, e.g. x € [—L/2,L/2], one may choose the uniform
reference distribution f(x) = fmax(x) = 1/L for position measure-
ments if no constraints are given. Note that the uniform distribution
may not be chosen for both continuous variables simultaneously as
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x € [—L/2,L/2] still allows for (discrete) k € (—o0, 00), in which case
the uniform distribution does not exist.
However, for continuous variables, a fixed variance

o = [ dx fx)(x = i) (5.2
is of special interest, as the corresponding maximum entropy distribu-
tion is given by a Gaussian

- 1

X) = Jmax\X) = —F/—=

f( ) f a ( ) \/W

Its differential entropy reads

x—ux \2
e :(55) . (8.24)

S(fmax) = %ln (2rted?), (8.25)

such that the FL EUR (3.82), which can be considered the continuous
variable analog of the MU relation (3.86), becomes

S(fll fmax) + S(gllgmax) < =S(p) + 1 + In(ox0). (8.26)

Similar to the discrete case, the additional terms in the bound follow
from the two distributions f(x) and g(k).

NOTE ON REWRITING WITH QUANTUM RELATIVE ENTROPY  Unfor-
tunately, we did not find a way to rewrite the latter relation solely
in terms of relative entropy, which is due to the non-existence of a
post-measurement state for measurements of continuous variables
(cf. Section 3.4). Hence, a similar line of reasoning as presented in
Section 8.1 fails.

NOTE ON REWRITING THE BBM RELATION Instead of rewriting the FL
relation (3.82) in terms of relative entropies with respect to Gaussian
models, one may equally well consider the BBM EUR (3.79), which leads
to a different upper bound

S(fl fmax) + S(gllgmax) < In2 + In(oy0y). (8.27)

This relation will be the starting point of formulating the concept
of entropic uncertainty for quantum fields in Chapter 9. Also, this
rewriting is particularly useful to understand in which sense the BBM
relation is stronger than Heisenberg’s relation (3.80). Solving for the
variance deviation product gives

2o > iEZS(fomax)HS(gHgmax), (8.28)

showing that the BBM relation is stronger than the Heisenberg relation
if and only if the distributions f(x) and g(k) are of non-Gaussian
form, with non-Gaussianity measured in terms of relative entropies
(see also [29, 282, 283]). However, the relation (8.27) holds only for
continuous variables and thus is not suitable for formulating a relation
being capable of describing discrete as well as continuous variables
simultaneously.



83 RELATIVE ENTROPIC UNCERTAINTY RELATION - PART I |

83 RELATIVE ENTROPIC UNCERTAINTY RELATION
- PART |

MODEL DISTRIBUTIONS OF MAXIMUM ENTROPY Having discussed
the basic strategy from various perspectives, let us now formalize our
considerations to obtain our desired unified relation. Consequently,
we use the expressions p(y) and g(z) for both types of distributions,
i.e. discrete as well as continuous, in the following.

We have seen that it is useful to pick the reference distributions 7 (y)
and §(z) such that the relative entropies S(p||f) and S(g||§) become
differences of entropies. It is simple to show that this occurs if and
only if they correspond to maximum entropy distributions.

Let us start from the definition of the classical relative entropy

S(pllp) = =S(p) + S(p. P), (8.29)
where the second term is the so-called cross entropy
S(p,p) ==Y p(y) Inp(y). (8.30)
y

Note that for continuous distributions the sum is replaced by an
integral. The reference distribution f(y) should be chosen such that

$(p,p) = S(p) (8.31)

for a set of constraints

aj(p,p) =0 (8.32)

with j € {1,..., M} where M € IN. Examples for these constraints have
been discussed in detail in the two previous sections.

Plugging the condition (8.31) into the definition of the relative
entropy (8.29) together with non-negativity of the latter yields

S(plip) = —=S(p) +5(p) 2 0 = S(p) < S(p) (8.33)

for all allowed distributions p(y). Hence, f(y) does necessarily cor-
respond to the maximum entropy distribution p(y) = pmax(y) under
the constraints (8.32). In this sense, this choice is optimal.

Note that if the condition (8.31) is released such that terms linear
in the constraints are allowed, we still obtain a maximum entropy
distribution. However, it is less optimal as not all of its properties
agree with those of the true distribution. For example, their mean
values could differ, i.e. p, # fiy.

Furthermore, optimal model distributions do often fulfill the sup-
port condition supp [p(y)] C supp [pPmax(y)] for all y, such that the
corresponding relative entropy S(p||f) remains finite. To be more pre-
cise, the support condition is always fulfilled for discrete variables. For
continuous variables, it can be violated. We will further elaborate on
this issue when discussing the quantum origin of the resulting bound
on a sum of two relative entropies.
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UNCERTAINTY RELATION AND DIscussioN  Without further ado, we
state the REUR for two (discrete or continuous) distributions p(y) and
q(z) with respect to maximum entropy reference distribution pmax(¥)
and gmax(z) under some constraints

S(pllpmax) + S(qllgmax) < Inc—S(p) + S(Pmax) + S(Gmax), (8-34)

where c still denotes the maximum overlap between any two eigen-
states for PVMs (3.87) or its generalization for POVMs (3.88). As it
corresponds to a reformulation of the measure-theoretic formulation
in [33], we omit a proof for brevity. The main ingredients in a proof
are the Golden-Thompson inequality and Gibbs variational principle.

To better understand how this relation expresses the uncertainty
principle, let us discuss it in detail.

a) Sum of relative entropies is bounded from above.

A sum of two relative entropies is trivially bounded from below
by zero as relative entropy is non-negative. The non-trivial bound
expressing uncertainty comes from above and not from below.
This shows that the joint distinguishability of p(y) and q(z)
with respect to reference distributions of minimum information
content is bounded.

In general, it requires more information about a distribution
p(y) additional to the information encoded in the maximum
entropy reference j(y) to distinguish the two. This surplus of in-
formation is measured in terms of relative entropy and bounded
from above, which is in accordance with the usual logic of the
uncertainty principle, i.e. the fact that one can never have the
full information about two non-commuting observables.

b) Bound is of quantum origin.

At first, note that Inc — S(p) < 0. Hence, a classical upper bound
can be obtained by considering the absence of missing informa-
tion about the state S(p) = 0 and two measurement bases which
share at least one eigenvector such that Inc = 0. This leads to

S(pllpmax) + S(qllqmax) < S(Pmax) + S(gmax)- (8.35)

For discrete variables, the largest classical upper bound
S(Pmax) + S(Qmax) <2InD (836)

is finite for a finite Hilbert space dimension D < oo. This bound
gets reduced (by a finite amount) by the uncertainty principle in
terms of the quantum incompatibility c and the state’s mixedness
S(p) impeding to distinguish the distributions from each other.

For continuous variables, the Hilbert space dimension is infinite
D = o and hence the classical upper bound S(pPmax) + S(gmax)
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may diverge to +oo. For example, considering one Gaussian ref-
erence distribution for a fixed variance in the limit of arbitrarily
large width leads to a diverging entropy. Nevertheless, this (pos-
sibly infinite) classical bound gets still reduced by Inc — S(p).

Hence, we can conclude that in both cases the uncertainty princi-
ple provides a smaller bound than any classical bound showing
its quantum origin. This is in accordance with the corresponding
EURs (3.86) and (3.82), whose minimum classical lower bounds
are given by 0 and —oo, respectively. However, they encode the
uncertainty principle by lifting a lower bound instead of reduc-
ing an upper bound.

MU and FL relations are special cases.

As already discussed in the previous two sections, our REUR
given in (8.34) reproduces the MU relation (3.86) for discrete
and the FL relation (3.82) for continuous variables, respectively.
Consequently, its tightness depends on the type of variables. For
discrete variables, equality is achieved for states being diagonal
in one of the two bases which have to be mutually unbiased.
For continuous variables, the relation is tight in the infinite
temperature limit.

Discrete and continuous spectra are unified.

In contrast to all other existing EURs, the REUR is simultaneously
well-defined for discrete as well as continuous variables, which
is one of the main advantages relative entropy has over entropy.
Note that the entropies appearing in the bound can always be
expressed in terms of the constrained quantities after plugging
in the corresponding expressions for pmax(y) and gmax(z), ren-
dering the bound free of ambiguities. Also, the bound in (8.34)
is indeed well-behaved in the continuum limit as all possible
infinities appearing in ¢ and S(pPmax) + S(gmax) cancel out.

Bound contains side information.

Again in contrast to other EURs, the bound in the REUR (8.34)
contains side information in terms of the reference distributions
Pmax () and gmax(z), which is interesting for experimental appli-
cations.

Invariance under change of normalization.

Another advantage relative entropy has over entropy is its in-
variance under scaling transformations, which immediately car-
ries over to the left hand side of the REUR (8.34). For the right
hand side, we consider a transformation |y) — |y/) = aly)
with 2 € R and |a| # 1, which corresponds to a change of
normalization of the basis {|y)},,. The integration measure trans-
forms as dy — dy’ = a—2dy such that the probability p(y)dy —
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p(y")dy’ = p(y)dy remains unchanged. However, the probability
density scales as p(y) — p(y’) = a®p(y) and hence the quantities
in the bound transform according to

Inc = Inc+Ina®,  S(Pmax) — S(Pmax) — Ina?, (8.37)

showing that also the bound remains invariant under scaling
transformations.

8.4 EXAMPLES

sPIN-1 0BSERVABLES To illustrate the logic of the REUR (8.34) we
consider spin observables J,, J,, J., which fulfill a SU(2) algebra

[Ikl Il] = ieklm]ml (838)

where k,I,m € {x,y,z} label spatial dimensions and €, denotes the
totally antisymmetric Levi-Civita tensor. The spin operators fulfill
eigenvalues equations of the form

T ljk) = jx ljx) » (8.39)

where j, € {—1,0,1} denote the eigenvalues and |ji) the correspond-
ing normalized eigenvectors.

We restrict our analysis to a fixed total spin of | = 1, in which
case the spin operators live in the adjoint representation of SU(2).
Then, the three sets of eigenvectors span orthonormal bases for the
3-dimensional Hilbert space H from which one can construct PVMs,
each describing the measurement of one spin component J,. When
measuring two spatial components simultaneously, we are limited by
the uncertainty principle as a result of the non-trivial commutation
relation (8.38).

Without loss of generality we work in the basis spanned by {|}z)},.,
which we denote with {|—1),]0),[1)}. In R? the state vectors are
conveniently represented as unit vectors

1 0 0
=fof, 0)=]1], [-1)=|o]- (8.40)
0 0 1
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In this basis, J, becomes diagonal and the spin operators are repre-
sented by hermitian 3 x 3 matrices

1
Ix=ﬁ(|1><0|+|0> (1] + [0) (—1] + [—1) {0])
010
=1 10 1},
v2 010
J =i(—ll> (0[ + |0) (1] — [0) (—1| + |—1) (0])
V2 (8.41)
{0 =1 O
=— 0 -1,
V2 0 1 0
10 0
=) +[-1)(-1=]0 0 0
00 -1

The eigenvectors of the J, and ], operators are given by (ordered
corresponding to the eigenvalues 1,0, —1, respectively)

ek, = {; (11 + v210) + I-1), = (11) = I-1),

> ()= v210) +-1) }

) X (8.42)
ik, = {2 (-1 =ivV2i0) +1-1)), = (1 + |-1)),

%<—|1>+z’\f2|0>+|—1>> }

showing that the corresponding measurement bases are not mutu-
ally unbiased. Note that only the Pauli matrices o, which live in
the fundamental representation of SU(2), have mutually unbiased

eigenvectors.
We want to measure J, and J,, in which case we are limited by the

quantum incompatibility (3.87), which evaluates to

11 1
€ = max {O, 7 2} =5 (8.43)

The entropies of the measured distributions f(j,) = (j,|plj,) and
<(jz) = (jz|p|jz) are bounded from below by the MU relation (3.86)

S(p)+5(q) = In2+ S(p), (8.44)
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while the relative entropies with respect to uniform model distribu-
tions are bounded from above by the REUR (8.34)

9
S(p”pmax) + S(Q”Qmax) < lni - S(P)' (8.45)

Note that for discrete variables we also have

S(p) <S(p),S(9). (8.46)

We consider now the case where the state is pure S(p) = 0. Without
loss of generality we assume that the measurement of J, is never
more uncertain than the measurement of J,, such that S(p) < S(g).
Then, for S(p) > 0 the uncertainty principle implies S(g) > In+/2.
Equivalently, we have S(p||pmax) < In3 and hence S(g|gmax) < In \%
The equivalence of these two statements is illustrated in Figure 8.1.

. =1
jy—1 !z.

S(@2iny2

Jz=0

S(p)=20
Jy=0 Jz==1e

(a) Allowed p(jy) (b) Allowed 4(jz)

jy=‘1

Figure 8.1: Allowed regions for the distributions p(jy) (blue area) in (a) and
q4(jz) (red area) in (b) describing J, and ], measurements in
a spin-1 system as required by the uncertainty principle and
S(p) < S(gq). While entropies (black solid lines) are bounded
from below, relative entropies (black dotted lines) are bounded
from above.

ANGLE AND ANGULAR MOMENTUM At last, we demonstrate the
strengths of quantifying entropic uncertainty in terms of relative
entropy by considering a particle on a ring of radius R, which is
characterized by the z-component of its angular momentum J, and its
position in terms of an angle ¢. In particular, we exemplify how the
bound behaves when taking the continuum and infinite volume limits.

We consider again the angular momentum eigenstates |j,) defined
through (8.39). The corresponding Hilbert space has the dimension
D = 2] + 1, where | denotes the total angular momentum, which is a
half-integer in general. As the set {|j.)};, forms a orthonormal basis
for H, the set {|j.) (j|};. isa PvM.

The continuous angle states can be defined via [284]

~ij=$ » 8.
|¢ \/2]—_‘_]22 ’] (8.47)
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which is consistent with periodicity |¢) = |¢ + 27T) or more generally
that the angular momentum operator J, generates rotations on the
ring

e W p) = |p+ ). (8.48)

The angle states have a non-trivial overlap

1 sin[(J+3)(p—9)]

00 = 571 T 9] (.49
and resolve the identity
27 d ]
1=+ [ LIy (ol = ¥ is) Gl (8.50)
0 2 J===]

Hence, they form an overcomplete basis similar to canonical coherent
states introduced in Section 3.4, and the set {|¢) (¢|}, forms a POVM.
One can also consider a discrete subset of angle states |6;)

2mj

0; =0
I=0F o

(8.51)

with j € {0,...,2]} and 6y € [0,27) being a free parameter, which is
typically set to zero. These angle states are chosen such that they are
orthonormal (0;]6;) = Jjx, which follows from (8.49), and hence their
measurement corresponds to a PVM.

The limit | — oo renders the discrete states dense and therefore
can be considered as a continuum limit. However, the resulting angle
states differ in normalization from the continuous angle states (8.47).
Also, one may consider the infinite volume limit R — oo, which can
be implemented after introducing positions x = 27tR¢ and conjugate
momenta k = j,/(27R). In the following, we discuss the behavior of
the REUR (8.34) for these two limits.

For finite ], the measurement of the angular momentum operator J,
leads to a discrete probability distribution 4(j.). Hence, suitable refer-
ence distributions can be found by fixing moments of this distribution
as discussed in Section 8.1. For example, one may take the uniform
distribution gmax(jz) = % if no additional information is available, or,
for known (J,) and (J?) one may use

Qmax(jz) = exp ()\0 + Aljz + AZ]E) ’ (8.52)

with Lagrange multipliers A;. To compute the contribution to the
bound of the REUR, we evaluate the entropy of such a distribution

S(qmax) = —Ao— M (J.) — A2 (J2). (8.53)

In the continuum limit | — oo, the distribution (8.52) is normalizable
as long as A, < 0. In this case, it corresponds to a Gaussian-like
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distribution, which becomes continuous if one also takes the infinite
volume limit R — oo.

For the discrete angle states (8.51) and finite | the situation is com-
pletely analogous to the angular momentum eigenstates. Also, the
overlap evaluates to

. 1 1
= |<]Z’9j>|2 = 2 +1 ) (8.54)

for all j;,0; showing that the two measurement bases are mutually
unbiased. Exemplary, we depict such a measurement in Figure 8.2a
for [ =1/2.

The measurement of the continuous angles ¢ requires a more care-
ful analysis. If no additional information is available, the (circular)
uniform distribution pmax(¢) = % is still a reasonable reference dis-
tribution as the angle ¢ is drawn from a finite range ¢ € [0,27). The
corresponding entropy is S(pPmax) = In(27t), which corresponds to a
global maximum.

It is also interesting to consider side information about moments.
In directional statistics, which deals with probability distributions on
spheres, it is convenient to introduce the so-called circular moments,
which are defined as the expectation values of powers of the complex-
valued variable ¢¥ [285]. Fixing the first circular moment (¢'?) leads

to the von Mises distribution

e cos(p—p) .
Pmax(P) = m/ (8.55)

where i € [0,271) and k € R* are similar to mean and the inverse

variance for a Gaussian distribution, while I]'(K) denotes the modi-

fied Bessel function of first kind of order j. Note that the von Mises

distribution reduces to the uniform distribution in the limit ¥ — 0.
The first circular moment evaluates to

. Il (K) .
ech _ 1\ el]/l/
which can be used to fix u and « as these quantities are encoded in
the phase and the magnitude of the latter expression, respectively.
Then, we can compute the entropy, which gives

S(Pmax) = In[27tly(x)] — Kgég (8.57)

(8.56)

Finally, the quantum incompatibility, now computed through (3.88),
is given by ¢ = 1/(2), such that the bound is fully determined. A
measurement of continuous angles is shown in Figure 8.2b.

If one would have started with the discrete angles 6; and taken
the continuum limit ] — oo instead, S(pmax) would have acquired a
(diverging) negative offset In 2%%, which would have been canceled
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60=0

(a) Discrete angles (b) Continuous angles

Figure 8.2: Discrete angles 6; = 6 + 7tj with j € {0,1} in (a) versus continu-
ous angles ¢ in (b) for a total spin | = % While for the discrete
angular momenta j, we do not implement any side information,
i.e. gmax(jz) = %, we have chosen reference distributions which
overweight certain angles. In (a) we have pmax(60) > Pmax(61)
by fixing (J,) (indicated by the size of the red dots) and in (b)
we have chosen a von Mises distribution (8.55) with fixed y = 7
and x = 2 (indicated by the distance of the blue dashed line to
the ring).

out by an analogous term in the quantum incompatibility Inc. This
shows again that the bound is well-behaved in the continuum limit.

Finally, let us mention that if x becomes large, the von Mises distribu-
tion approaches a Gaussian distribution around ¢ = u with variance
1/x. If one additionally takes the infinite volume limit R — oo, both
reference distributions are optimal for a given variance (see also dis-
cussion in Section 8.2).
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This chapter is taken from [B]. S. F. proposed and supervised the
project. The field-theoretic REUR was discovered by me. M. S. and I did
the calculations. I wrote large parts of the manuscript and produced
the figures. All authors contributed in finalizing the draft.

Information theoretic concepts have become more and more impor-
tant for a deeper understanding of QFTs. Examples include intriguing
phenomena such as entanglement [193-195], thermalization [G, 187,
191] and black holes [175-177]. However, a rigorous information theo-
retic treatment of the uncertainty principle has been missing so far.

Relative entropy turned out to be useful for formulating EURs in a
rather universal way. In particular, it allowed us to describe discrete
and continuous variables in a single relation. In this chapter, we go
one step further and extend the concept of entropic uncertainty to
quantum fields. Due to divergences in the field theory limit (not to
be confused with the UV-divergences of the entanglement entropy
(4.22)), no EUR for a QFT has been formulated so far. We overcome this
problem by formulating the BBM relation in terms of relative entropies.

Another motivation is the close connection between uncertainty
relations and entanglement witnesses (see discussion in Section 3.6 and
also Chapter 12 and Chapter 13). However, describing entanglement
in field theories accurately is a rather hard task. In particular, we have
seen that the entanglement entropy is UV-divergent in the field theory
limit (cf. Section 4.2), showing that one needs to follow a different
line of reasoning compared to finite quantum systems. In this sense,
the field-theoretic REUR paves the ground for well-defined entropic
entanglement witnesses in QFTs.

We will develop the field-theoretic REUR for a free scalar quantum
field. In this simple case the commutation relation of the field opera-
tors is bosonic (in this sense it is the field-theoretic extension of the
Heisenberg algebra between position and momentum operators) and
the vacuum state is of Gaussian form. Extensions to interacting theo-
ries are expected to be possible in the perturbative regime, although
the bound of the relation might be modified by additional terms.

We start with an introduction to the Schrodinger functional for-
malism in Section 9.1. Then, we show that functional entropies are
ill-defined and thereupon derive our field-theoretic REUR in Sec-
tion 9.2. We discuss several examples and the connection to the
multi-dimensional Heisenberg relation in Section 9.3, where we also
comment on the measurability of the involved distributions.
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9.1 FUNCTIONAL PROBABILITY DENSITIES

FROM OSCILLATOR MODES TO A QUANTUM FIELD To make the
dependence of all quantities on the number of modes explicit, we start
from a set of coupled harmonic oscillators in d = 1 + 1 spacetime
dimensions (note that the whole argument can be generalized easily
to more than one spatial dimensions) with Hamiltonian

1 1
H= §Z€ ”12+§ (¢ — ¢j1)" +mP¢? . (9.1)
]

Therein, the N € IN modes are labeled by the index j € {1,..., N} and
carry the two real degrees of freedom ¢; and 77;. We assume periodic
boundary conditions ¢y = ¢, connecting the chain of oscillators to
a ring. The distance between two neighboring modes is given by the
lattice constant €. The continuum limit is given by € — 0 (with the
effect that the Uv-regulator 1/¢€ is released), while the oscillator picture
can be emphasized with the choice € = 1.

To diagonalize the Hamiltonian (9.1), we use a discrete Fourier
transformation

4)] — Zl: 2A7]§61Akle]4~)l, ;= Zl: 2A7]_:_61Akl€]77(l, (92)
where we introduced a new integer-valued index —§ < I < ¥ for
the momentum modes. As usual, we have the relations ¢; = ¢_; and
7t} = 7t_; as both fields are complex-valued in momentum space. The
corresponding lattice constant reads %, such that the length of the
ring is given by L = Ne. The oscillator picture is then obtained with
L=1.
We transform ¢ and 7 to real fields by a unitary transformation

fir=g (1 +0) g+ 5 (=09,
mi= s (1= i)+ 5 (1)

Then, the Hamiltonian is diagonal in the sense that all modes are
decoupled

(9-3)

1 Ak
H= Q;g (7} + wigr], (9-4)

and the frequencies read

4 | Akle
w; = \/(—:2 sin? <2> + m2. (9.5)

We quantize the two fields by imposing canonical commutation rela-
tions on the hermitian field operators in momentum space

2
(@), 7Tr] = iAi,: ow, ¢y Pyl = [m, mr] = 0. (9.6)
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To describe excitations, we introduce creation and annihilation opera-
tors

s 1 . _ 1 L (9.7)
a; = N (Wi, —imy), a; = N (Wi, +imy). 9.7

From (9.6) follows then [a;, a}] = 2 5.
It is instructive to express the quantum version of the Hamiltonian
(9.4) in terms of creation and annihilation operators

H= ;ZA; w; <a;ral - ;ZZH) : (9.8)
The second term shows that the vacuum energy diverges in the field
theory limit. We will see later that the entropy of field configurations
shows a similar divergence.

The lattice theory we have set up so far has two interesting limits.
First, the continuum limit ¢ —+ 0,N — oo with L = Ne fixed. In
this case, the spatial positions become continuous in the sense of
¢; = ¢(je) — ¢(x) with x € [0, L] and the discrete Hamiltonian (9.1)
becomes the Hamiltonian of a free massive scalar field with relativistic
dispersion relation (cf. (9.5)). The periodic boundary conditions then
imply that the momenta are discrete but unbounded, i.e. | € Z.

Second, we can take the infinite volume limit L — oo (which cor-
responds to Ak — 0) and N — oo, with € = % fixed. The momenta
become continuous such that ¢; = ¢(Akl) — ¢(k), but are restricted

T

to the Brillouin zone k € [_E' ;]. Also, the commutation relations

(9.6) attain a distributional character

[p(k), (k)] = id(k—K), [¢(k), p(K)] = [m(k), w(K')] =0 (9.9)

and have to be used with respect to an integral measure %.
We speak of the field theory limit when we take both limits. Then,
we obtain back the standard Fourier transform
_ [ Ak s Ak g
4)<x) - 27.[ e ()b(k)l 7T<x> - 27.[ € n(k) (9‘10)

and a relativistic theory on an infinite space with Hamiltonian

H =5 [ dx[70) + @up(x))* + w9 () (9.11)

and relativistic dispersion relation w(k) = vk? + m?2.

In the following, we will work in momentum space only. We chose
the convention to label momentum space expressions by the indices
1, and !” in the lattice theory and by the arguments k, k" and k" in
the field theory. In most cases, the field theory limit can be taken
without further ado, which applies in particular to the appearing
bilinear forms.
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SCHRODINGER FUNCTIONAL FORMALISM In analogy to OM, we in-
troduce sets of eigenstates

o lp) =¢ilp), mm)=m|m), (9.12)

with ¢; and 71; being the corresponding eigenvalues, which are the
main building blocks in the Schrodinger functional formalism (see
[192] for a comprehensive introduction). Without loss of generality
we focus on the field ¢ in the following. In the field basis {|¢) } the
momentum operator is given by a functional derivative

.0
T = _l%/ (913)
and the density operator p has the matrix representation [187, 192]
plo+ -] = (p+lplo-)- (9-14)

In analogy to the measured distribution f(x) in QM, we define the
functional probability density as the diagonal elements of the latter
expression

Fl¢] = pl¢, 9] = (olple) - (915)

One may think of F[¢] as the probability density to measure the
quantum field ¢, in the configuration ¢;.

As the state p is by definition a non-negative and normalized oper-
ator, the functional probability distribution is non-negative F[¢] > 0
and normalized [ D¢ F¢p] = Tr{p} = 1 as well. Note that for a pure
state p = |¢) (9| the matnx representation p[¢., ¢_| becomes a scalar
product of Schrédinger wave functionals ¥[¢] = (¢|¢). In this case,
Born’s rule applies [286]

Flg] = [¥[¢]]%, (9.16)

which justifies the probabilistic interpretation of F[¢].
One of the advantages of the Schrodinger functional formalism is
that expectation values can be computed from functional integrals

(¢ =/D¢</>1F

(9:17)
(o OPlge ]
- / PP e ¢+=¢7=¢'

where we used the functional integral measure

| Do~ I1 [ o @ (9.18)

In the same manner one can compute n-point correlation functions.
In a free theory, propagators are of special interest, which is why we
label the connected two-point correlators by

My = {pipr) — (1) (Pr), Ny = (mmy) — (m) (mp) . (9.19)
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VACUUM AND COHERENT STATES We continue with setting up the
functional probability densities of coherent states, which will serve as
reference distribution in our field-theoretic REUR, and we start with
the vacuum state |0). Its wave functional ¥[¢] is the solution of the
stationary Schrédinger equation H¥[¢] = EY[¢]. Plugging in the
operator-valued version of the Hamiltonian (9.4) and employing the
functional derivative representation of the momentum operator (9.13)
gives the expressions

P — - L Bk Ak
‘FM)]—\/Z—(PeXp( 4227-[12,27.((1)1‘/\411/ 471/)/

(9.20)

_ 1 1Ak Ak g

‘F[T[] = \/Z eXp <_4 ; E Z Enl Ml/ 7'[1/) .

The normalization constants evaluate to products over all single vac-
uum contributions

Zq,:]?[\/jl, Zn:r[,/r[a), (9.21)

and the inverse covariance matrices read

27

Mﬁ/l = Akal(S”/, /\_/};1 = —JI(SZZI (9.22)

Ak

in the lattice theory. Note that matrices in momentum space are in-
verted according to

Ak -y (-
IZEMW M =

27
Fkéll/’/ (9.23)

such that the covariance matrices themselves are given by

- 2 1 — 27 w)
My = ETCJZ(SH’, Ny = Eifsll" (9-24)
One can convince oneself that the latter expressions have distributional
analogs in the field theory limit, i.e.

| ‘;_”7‘; MYk, KM (K, K" = 278 (k — k') (9.25)
and
Mk K) = ﬁ&(k — 1), N(kK)=nwk)sk—K). (9.26)

As the diagonal elements of the continuous covariance matrices are
formally infinite M (k, k) ~ 6(0), they have to be understood under an
integral when considering the field theory limit. Dealing with these
divergences is one of the main challenges for formulating an EUR for
quantum fields.
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The Schrédinger wave functionals ¥[¢] and ¥[7z] do only differ in
their covariance matrices. Hence, we leave out the expressions for
the momentum field 77 in the following as they can be obtained by
replacing M with AN/. We apply Born’s rule (9.16) to compute the
vacuum functional probability density

_ 1 1« Ak Ak -
Fl¢p] = = =) — ) — v | .

9l =7, P ( 2 ; = IZ 7P M ¢ ) (9-27)
Displacing the vacuum state in phase space, i.e. changing the field
expectation values, generates the set of coherent states (cf. Section 3.4)
and hence their functional probability densities read

1 1 «— Ak « Ak -1
Fu[¢] = 7, <P < —5 Zl: o ; o (P = ¢ My (o — 4’?‘/)) , (9-28)
with the notation (¢;), = ¢} and (7;), = 7} understood. The index «
is the complex phase field

1
M= (¢ +img), (9-29)

which parameterizes the set of coherent states in analogy to (3.46).
Note that the vacuum is the special case ¢ = 71} = 0.

0.2 RELATIVE ENTROPIC UNCERTAINTY RELATION
- PART 11

DIVERGENCE OF THE FUNCTIONAL ENTROPY  To the functional prob-
ability density F[¢] we associate a functional entropy by summing
over all field configurations in a continuous sense

SIF] = — [ Dy Flg)InFlg). 930

In the field theory limit, the functional entropy S[F| corresponds to the
infinite-dimensional generalization of the differential entropy S(f) of
a single oscillator and reduces to the latter when considering d = 041
spacetime dimensions.

In the lattice theory with finite N < oo, the functional entropy S[F] is
well-defined as it reduces to a multi-dimensional differential entropy.
In this case, the BBM EUR can be generalized to [29]

S[F] + S[G] > N(1 +In), (9.31)

with a bound which scales with the total number of modes N. This
shows that the continuum as well as the infinite volume limits, which
both require N — oo, lead to a divergent bound, indicating that also
the functional entropies are divergent.
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Indeed, we find that the functional entropy S[F] is divergent in the
field theory limit for all quantum states. For example, when consid-
ering the vacuum state and the corresponding functional probability
density (9.27), we find formally

S[F] =InZy+ %Tr{MflM}
=InZy+ % / dk 5(0) (9-32)
— 00.

However, divergences are typical in QFTs and the present divergence is
similar to the one of the vacuum energy expectation value E = Tr{pH}.
Using the field-theoretic Hamiltonian (9.11) we obtain

E— ; [ dk()5(0) - . 933)

Physically, this divergence arises from adding up infinitely many
equal and finite contributions of oscillators in their ground states.
Therefore, one argues that energies have to be measured with respect
to the (divergent) vacuum energy, such that excitations have a finite
energy by definition. In this argument, taking the vacuum energy as a
reference energy appears to be the natural choice, as the vacuum state
minimizes the energy.

The same logic applies to functional entropies, whose absolute val-
ues do not have any physical meaning. Instead, one has to work with
relative measures when asking questions about entropic uncertainty in
field theories, leading us to the notion of functional relative entropies.
Then, the remaining task is to find meaningful references distributions.

FUNCTIONAL RELATIVE ENTROPY The universality of the relative
entropy dictates the definition of the functional relative entropy. We
consider a functional distribution F[¢] and some reference distribution
F[¢] such that it reads

SIFIIF] = [ D9 Flg] (InFlg] ~InFig)) 934

By an infinite-dimensional analog of Jensen’s inequality, S[F|| ] is non-
negative and zero if and only if F¢] = F[¢] everywhere. As usual,
we require the support condition supp [F(¢)] C supp [F(¢)] to hold,
otherwise we set S[F||F] = +oco. Note that this condition is always
fulfilled if the reference distribution F[¢] is of Gaussian form, which
will indeed be the case in our field-theoretic REUR.

In contrast to the functional entropy S[F], the functional relative
entropy S[F||F] is well-defined and its properties are preserved in the
field theory limit, just as it was the case for the limit from discrete
to continuous variables (cf. Section 2.2). Although (9.34) suggests
that a definition is directly possible in the continuum theory (i.e.
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without introducing an UV-regulator in the first place), this should be
investigated within algebraic QFT in more detail in the future.

DERIVING THE FIELD-THEORETIC REUR  Let us start with the multi-
dimensional BBM relation (9.31). One of the main takeaways of Chap-
ter 8 was that an EUR can be formulated as a REUR by choosing ref-
erence distributions F[¢] which maximize an entropy for a given
side constraint. As we deal with a free theory, coherent states have
a Gaussian functional probability density F,[¢] and hence maximize
the functional entropy S[F] for given vacuum two-point correlation
functions M and field expectation values ¢}. Additionally, coherent
distributions appear as natural choices as coherent states minimize all
uncertainty relations. In this sense, entropic uncertainty is measured
with respect to minimum uncertainty distributions just as energy is
measured with respect to the vacuum.

By using S[F,] = S[F] and (9.32) we find for the entropic uncertainty
of some generic distribution F[¢] with two-point function M and field
expectation value ¢; with respect to a coherent reference distribution
a linear decomposition

S[F||Fx] = =S[F]+InZy + %Tr {/\;lfl./\/l}
= —S[F] + S[F] (9:35)

+ %Tr {/\?l_l (M — M)} + %sM‘ls,
with s; = ¢, — ¢f denoting the difference of field expectation values.

It is left to decide which of the coherent distributions we should
pick. As the family of coherent states is parameterized by the two field
expectation values ¢; and 71}, we choose the coherent state such that
both agree with the field expectation values of the true state p, which
uniquely determines both reference distributions F[¢] = F,[¢] and
G[n] = G,[nt]. These distributions minimize the functional relative
entropy (9.35) with respect to s and can hence be considered as optimal
coherent references.

With this choice, we take (9.31), plug in (9.35) for optimal coherent
reference distributions and use that S[F] + S[G] = N(1+In ), to end
up with the field-theoretic REUR

S[F||Fy] + S[G||G4]

1 _ S _ (9.36)
< ETr{/wlw ~ M)+ NNV = A0

If one would have chosen coherent, but not optimal coherent ref-
erences, two bilinear forms as in the last line of (9.35) would have
appeared in the bound. In any case, the two distributions F[¢] and
G[r| correspond to an arbitrary state p.
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DISCUSSION A few comments on the field-theoretic REUR are in
order.

a)

b)

Bound does not depend on number of modes.

The most important observation is that the bound in (9.36) does
only contain differences between the true and the vacuum co-
variance matrices. It does not depend on the total number of
oscillator modes N and holds especially in the field theory limit.
Hence, the field-theoretic REUR describes entropic uncertainty
for many oscillators as well as for quantum fields.

Sum of relative entropies is bounded from above.

As we have seen already for the REUR for finite quantum sys-
tems (8.34), a sum of relative entropies has an upper bound
which expresses the uncertainty principle. More precisely, the
(joint) distinguishability with respect to minimum uncertainty
distributions (which are at the same time maximum entropy
distributions) is limited.

Also, the bound carries some state-dependence through the true
two-point correlators M and N. Note that this state-dependence
does not mean that the bound is more tight compared to the
(multi-dimensional) BBM relation, it rather expresses the fact
that the reference distributions are of Gaussian form. Hence, the
relation becomes tight for all (squeezed) coherent states, in which
case both sides of the inequality are (finite) zero. The relevance
of coherent states for uncertainty relations is emphasized in this
formulation.

Furthermore, one may appreciate that the bound is of such
simple form and can be computed even if the relative entropies
can not. This may allow for applications which go beyond our
scope.

Bound is of quantum origin.

It is instructive to consider the classical limit for the bound.
To that end, we reinsert Planck’s reduced constant i and take
h — 0 afterwards. To shape the intuition, we start with the multi-
dimensional BBM EUR (9.31) under the assumption that N < co.
One finds that the lower bound disappears

S[F] + S[G] > %lndet (AM - BN) — —oo, (937)
as both distributions F[¢] and G[7t] can be localized arbitrarily

at the same time. We refer to [28, 113] for the mindful reader
who noticed that we have put an 7 inside a logarithm.
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For our field-theoretic REUR (9.36), similar considerations show
that in the same manner the upper bound is released in the
classical limit

S[F||Fy] + S[G||G4]

< ET {M; (M —nM) +N—1 (N - h/\/)} (9-38)

+

Therefore, we can conclude that the bound is indeed of quantum
origin.

0.3 EXAMPLES AND MEASURABILITY

EXCITED STATES  With the REUR (9.36) at hand, let us exemplify the
finiteness of the bound and quantify the entropic uncertainty for some
interesting states. We start with excited states. In free theories, these
states often have a (quasi)-particle interpretation. We consider the most
general case where we can have 7 excitations in mode k (in the field
theory limit, this corresponds to n; excitations with momentum k),
where k is drawn from an index set k € J containing all excited modes
[192]. Such a state is constructed by applying the creation operator a;
for the mode k to the vacuum n; times for every k € J

( Akﬂzﬁ) ¥g). (9-39)

ks Vil 27

Note that all appearing factors are a matter of normalization. Using
the Schrodinger representation of the momentum field operator (9.13),
the creation and annihilation operators can be written as

1 1) 1
o= oz (05 ) o= (i 5 00

leading to

1 Px _
Ful¢] =[] — H? | Flg], .
[¢] g 1 ( m) 9] (9-41)

with Hy, (¢,) denoting the probabilist’s Hermite polynomials

Tk _1)7 [P”k 2y
an (Pk Z nk — 2,)/)| X (942)

It is important to note that these states are not normalizable in the
field theory limit. More precisely, their overlap contains infinite factors
additional to those of the vacuum state, which come again from
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M(k, k) ~ 5(0). Physically, this issue is related to the fact that a free
particle in a relativistic QFT has a definite momentum and is completely
delocalized. We will also discuss mathematically well-defined notions
of excitations later by considering averaged fields.

Let us now analyze the REUR (9.36) for excited states (9.41). We
first note that F[¢] contains only even powers of ¢, such that the
Gaussian integral for the field expectation value evaluates to zero.
Hence, the optimal coherent reference distribution is given by the
vacuum distribution F[¢]. To compute the bound, we start from the
definition of the connected two-point correlator

M = / D¢ [¢z¢1/gnk, H; ( /A%k)] Fl¢] (9-43)

and consider off-diagonal and diagonal components separately. In the
former case, we again deal with Gaussian integrals of odd polynomials,
such that M" has to be of diagonal form. To obtain the diagonal
elements M, we first note that an entry corresponding to a non-
excited mode ¢; with | € J is given by the vacuum entry M;.

The only non-trivial contribution comes with excited modes ¢; with
| € 3. The corresponding entry M} can be calculated by noting that
¢? = H?(¢y), then using the recurrence relation

Hay1(¢r) = Hi(¢r)Ha(¢r) — aHa—1(¢1) (9-44)

and finally employing orthogonality between two Hermite polynomi-
als

+oo .
~ dey Ho(¢1) Hy(¢1)e 1 = V27als,, (9-45)
to obtain
M= My(1+2n) (9-46)
forl € 7.
In addition, the full two-point correlator reads
Zl’lk
;= M 1+ M M’ ’ .
e 1 kezj ot Mo (9-47)

showing that only components corresponding to excited modes are
modified by a positive term accounting for the excitations.

We are now ready to compute the first term of the bound of the
field-theoretic REUR (9.36). For the lattice theory we find

%Tr {Mﬁl(./\/ln" — M)}

o Ak Ak -1 nk - -
(9-48)
Ny M
= = kk
ker Mk
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where we used (9.23) for inverse matrices.

In the field theory limit the correlators M"(k’, k") have to be un-
derstood in a distributional sense, rendering their diagonal entries
formally infinite M"(k/, k") ~ 6(0). Nevertheless, the bound term
remains finite as

1 ~—1 n =
ETr{M (M — M)}
dK’ dk” _ neo - _
= | —— K, K" ————M(K,k K’ k
2 2 M O L o g MR MR 049
N - ’
=Y — Mk k
k;j/\/l(k,k) (k)
:El’lk.
kel

Furthermore, we obtain exactly the same result as in the lattice theory,
showing again the universality of uncertainty relations formulated in
terms of relative entropy.

The contribution from the two-point correlator N of the momen-
tum field 7t follows analogously as the functional probability dis-
tributions are of the same form. Thus, we end up with the simple
expression for the bound

%Tr {/\;lfl(/\/l”" — M) + N LN —/\7)} =Y 2n, (9.50)

ked

which does indeed not depend on the total number of modes N. For a
finite number of excitations, this bound remains finite and constraints
the entropic uncertainty for (quasi-)particle excitations especially of a
quantum field.

Let us also analyze the functional relative entropies on the left hand
side of the field-theoretic REUR (9.36). Unfortunately, the computation
of an entropy or relative entropy for arbitrary excitations is very
complex due to the appearance of Hermite polynomials inside the
logarithm (see Section 10.2 for more details in the case of one oscillator
mode). Hence, we only consider one excited mode k being excited
once, which corresponds to a free particle with energy w(k) in the
continuum theory. In this case, the REUR evaluates to

S[FIF] + S[Gy,[|G] = 4 —In4 —27y <2, (9:51)

where v =~ 0.577 denotes the Euler-Mascheroni constant. The dif-
ference between the two sides of the inequality, which we call the
uncertainty deficit, agrees with the result of a single oscillator (cf.
corresponding values for BBM relation in Section 10.2). A similar result
is expected to hold for arbitrary excitations, but this (rather technical)
discussion is omitted for brevity.
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THERMAL STATE  We also consider the thermal state (cf. (6.20)), which
will add a caveat in the infinite volume limit. Its functional probability
density is of Gaussian form and reads

1 1« Ak « Ak
Felgl = Ze exp (—222ﬂ22ﬂ¢1( %l/>1q>zf>, 952)

l r

with the thermal covariance matrix
My = (1+ 2ngg(wy)) Myp. (9:53)
The modes are occupied following the Bose-Einstein distribution

1

ngg(wp) = P 1 (9-54)
with npg(w;) > 0. In the zero temperature limit § — oo we get back
the vacuum expression limr_,o F¢[¢] = F[¢] as npg(w;) — 0 for all
w; > 0.

Starting with the lattice theory and plugging (9.53) into the bound
of the REUR (9.36) yields

1 _ _ _ _ Ak
STr {M—l(MC — M)+ NHWN© —N)} = 2L;E npg(wi). (9.55)

Let us discuss the continuum and infinite volume limits separately.
In the continuum limit € — 0, N — oo with L = Ne fixed the range
of the sum over [ becomes unbounded. However, the Bose-Einstein
distribution npg(w;) decreases exponentially for large energies wj, for
which we have w; — I. Hence, the series in (9.55) still converges and
we obtain a finite result.

In contrast, the infinite volume limit L — oo, N — oo with € fixed
leads to divergences outside of the integral as the discrete bound (9.55)
is proportional to L. Hence, we obtain

%Tr (MM = M)+ NN =R

(9-56)
= 4715(0) / ;ﬁ npe(w(k)),

with L = 2—7,: — 2716(0) being an infinite volume factor. However, the

integral is well-defined and finite as a result of the exponential fall-off
of ngg(w(k)) for large k.

Again, we note the similarities between entropic uncertainty and the
energy expectation value. The latter has an infinite energy difference
to the vacuum state E. — E ~ 6(0), which is why one either considers
energy densities or puts the theory in a box, i.e. does not take the
infinite volume limit.

With the same argument one can regularize the field-theoretic REUR
(9.36). Hence, we can conclude that if the state of interest has finite
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energy, the bound is also finite. If this is not the case, we can consider
functional relative entropy densities, in which case both sides of the
REUR are divided by the same infinite volume factor 6(0) to end up
with finite quantities again.

At last, let us also compute the functional relative entropies. As the
distributions are of Gaussian form, this is easily done. For the lattice
theory we find

S[Fe|| F] + S[Gc[|G]

Ak .
= LY o [2nge(wr) — In (1+ 25 ()] (9:57)
I
We plot both sides of the REUR for a single oscillator mode, which
is achieved by setting N = L = € = 1,Ak = 27 in Figure 9.1. The
uncertainty deficit vanishes in the zero temperature limit f — oo and
grows boundless in the infinite temperature limit § — 0.

057
0.4+
0.3r — —
— S[FclIF] + S[G¢|IG]

02 \ v  meee= Bound

0.1~

! ' pw
8 ‘IOB

Figure 9.1: Both sides of the field-theoretic REUR (9.36) for a single mode and
a thermal distribution (9.52) as a function of Sw.

CONNECTION TO HEISENBERG'S RELATION In Section 3.5 we have
seen that the BBM EUR implies the second moment Heisenberg relation
(3.80). By using relative entropy in Section 8.2 we obtained (8.28),
which showed that the former is tighter than the latter whenever the
measured distributions are non-Gaussian. Let us investigate how this
statement can be expressed in the field-theoretic setting.

To that end, we use the same strategy as in Section 8.2 and refor-
mulate the field-theoretic REUR by choosing Gaussian references F[¢]
and G[7r] with the same expectation values and two-point correlators
as the true distributions F[¢] and G[r] instead of choosing optimal
coherent reference distributions. For given correlators and expectation
values, these distributions have maximal functional entropy and hence
we write F[¢] = Fnax[¢] (analogously for the momentum field 7).

Then, the REUR (9.36) becomes

S[PHFmaX] + S[GHGmaX] < AS[FmaX] + AS[GmaX]r (9.58)
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with
1 1 detM
detM’
being the functional entropy difference between the Gaussian reference
Fmax|[¢] and the vacuum F[¢]. Note that this relation is the exact field-
theoretic analog of the REUR (8.34) discussed in Section 8.3. Again, the
bound is independent of the number of modes N and hence finite for
finite energy states. Combining the latter two relations, it reads

1. det(M-N)

AS[FmaX] = S[FmaX] - S[F] (9-59)

AS[Fnax] + AS[Gmax] = 5 In m (9.60)
and we find the field-theoretic analog of (8.28) to be
det (M N> > ezS[FHFmax]‘i“zS[GHGmax] > 1. (961)

det (M - N) -

Note that also this formulation of Heisenberg’s relation is free of
divergences in the field theory limit.

COMMENT ON MEASURABILITY  Our discussion about entropic uncer-
tainty for quantum fields has been a rather theoretical one. We treated
the quantum field operator ¢ and the conjugate momentum field
operator 7t as normal observables and assumed that the correspond-
ing functional probability densities F[¢] and G|[rr] can be measured.
However, it is well-known that ¢ and 7t do not constitute operators,
but rather operator-valued distributions.

Physically, this problem comes from considering the fields at single
points in spacetime (or in momentum space). Such fields can never be
measured as this requires infinite precision and hence infinite energy.
Instead, any real measurement device is limited by its accuracy, which
is always finite.

To formulate a QFT in terms of well-defined field operators, one
takes the operator-valued distributions and applies to them a test
function, which is a standard procedure in algebraic QFT [199, 287].
The test functions need to fulfill some regularity conditions and may
be chosen inspired by the structural conditions of the measurement
device. This leads to an averaged or wave-packet quantum field opera-
tor, which constitutes a proper observable. See [288] for a discussion
of Heisenberg’s uncertainty relation in a similar setup.

A convenient choice are Gaussian test functions A (p), which are
Schwartz functions Ai(p) € “(R). Also, Gaussians often approxi-
mate experimental procedures rather well. As we work in momentum
space, we choose a Gaussian centered around a momentum k, which
we write as Ax(p), to define an averaged field operator corresponding
to the momentum k as

0= [ LA o). (0.62)
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As the quantum field itself, this operator fulfills an eigenvalue equation
in analogy to (9.12)

¢ (Ao) |9 (Ar)) = ¢ (Ab) |9 (Ar)) (9-63)

with ¢ (Ay) being the classical eigenvalues.

We wish to investigate the field-theoretic REUR (9.36) for averaged
quantum fields and exemplarily consider a single excitation. The
corresponding averaged Schrodinger wave functional reads

P A

I Yol (9.64)

T, [‘P] =

and by Born’s rule (9.16) we can compute the functional probability
density

2
Fulg) = i Pl 965)

which is a measurable object, in principle. Its normalization constant
Z(}, tulfills

Zy = Zy M(k,k), (9.66)

but the diagonal entries of the vacuum two-point correlator are now
finite as

dx’ A%(k/)
Or (k) < o0. (9.67)

M(kk)=m

As a consequence, not only the bound of the REUR is finite, but also
all terms appearing during the calculation. Omitting a few technical
steps, we find that

e e dk’ A2(K)
%Tr{M 1 (Ml _M)} - Mgc,k) 21 a;k(k’) (9.68)

=1,

where we used (9.67) in the second step.

Hence, we can conclude that the REUR (9.36) does not only accurately
describe entropic uncertainty for many modes and quantum fields, but
also for averaged quantum fields. Actually, the bound attains the same
value in all cases, emphasizing again the universality of formulating
uncertainty relations with relative entropy.
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1 O ENTROPIC UNCERTAINTY IN
PHASE SPACE

This chapter is taken from the first half of [D]. I proposed the project
and S. F. served as supervisor. The calculations were done by H. M.-
G. and me and I produced all figures. All authors contributed to the
writing, while I wrote large parts of the text. Most of what is presented
here is also covered in the bachelor thesis by H. M.-G. [289].

In the previous two chapters we have discussed entropic uncertainty
in terms of distributions obtained after measuring two observables
separately, i.e. following the homodyne protocol. However, the hetero-
dyne protocol, i.e. a POVM consisting of pure coherent state projectors
as introduced in Section 3.4 for position and momentum, provides an
alternative. In contrast to the former approach, it outputs a full phase
space distribution, namely the Husimi Q-distribution, which may be
advantageous for certain questions. In particular, this distribution con-
tains information about the correlations between the two observables,
which is not included in the marginal distributions.

In the following, we ask whether the EUR in phase space (3.84) is
closer to equality for typical states than the EURs by BBM (3.79) and
FL (3.82) based on marginal distributions. Our discussion focuses on
the continuous variables position and momentum. We leave a similar
analysis for other observables for future work.

Our question is not only interesting by itself, but also paves the
ground towards tighter separability criteria. In simple words, tighter
uncertainty relations allow for better separability criteria in the sense
that more entangled states can be detected. As the main conclusion
of this chapter is the conjecture that the WL inequality is tighter than
the usual BBM relation almost everywhere, we derive new and strong
separability criteria in phase space in Part iv.

10.1 SETTING UP THE COMPARISON

ENTROPIES IN PHASE SPACE We consider a continuous variable
quantum system with position X and momentum K. While the het-
erodyne detection gives us access to Q(x, k), the homodyne detection
gives us f(x) and g(k). For all distributions we know EURs, namely the
WL inequality for S(Q) and the BBM and FL relations for S(f) + S(g).

On first sight, S(Q) and S(f) + S(g) are rather different quantities,
as the first is an entropy of a two-dimensional phase space distribution
and the latter is a sum of one-dimensional entropies. This raises
the question if the comparison of these quantities is feasible at all.
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However, one can translate the two marginal distributions f(x) and
¢ (k) (uniquely) into the phase space distribution f(x)g(k), which by
definition neglects the correlations between X and K. As such, it
corresponds to the Wigner W-distribution in a special case.

Then, the two-dimensional phase space entropies of the distrbutions
Q(x,k)/(2m) and f(x)g(k) are given by

Q) _ QU k) | ( QL k)
s<2n> ——/dxdk - ln< - >
S(Q) +In(2m),

S(fg) = [ dxdk f(x)g() In (f(x)g(k))

=S5(f) +5(8)-
This shows that they are, up to additive constants, related with the
left hand sides of the three EURs (3.84), (3.79) and (3.82). In this sense,
all three EURs and in particular the two EURs (3.79) and (3.82) contain-
ing only entropies of marginal distributions make a statement about
entropic uncertainty in the full phase space.

(10.1)

A NOTE ON TIGHTNESS We analyze the tightness of the three EURs
in terms of the uncertainty deficit. Hence, we investigate how close the
entropies on the left hand side are to the bounds set by the uncertainty
principle. A small uncertainty deficit is favorable as this indicates
the strength of the statement. Let us emphasize that this does not
necessarily mean that if one relation is tighter than another one for
certain states that one can deduce a formal implication between them.

Also, let us recall that the three EURs are tight, i.e. reach the bound,
for different sets of states. The WL inequality is tight only for pure
coherent state projectors, while the BBM relation is additionally tight
for squeezed coherent states provided that the (x, k) axes are aligned
with the principal axes. In contrast, the FL relation is tight only in the
infinite temperature limit.

It is an interesting open problem to find an EUR which is tight for
all pure Gaussian states. Note also that such a relation exists in terms
of second moments (cf. (3.75)), but not in terms of entropies.

REARRANGING THE EURS As the three EURs of our interest have
different right hand sides, we rearrange them accordingly. In this
chapter, we compare the following three relations

WL S(Q)+Inm
BBM S(f)+S(g) > Iner. (10.2)
FL () +S(g) — (o) + Ine/2

We study the relations systematically by considering (pure and mixed)
number eigenstates, which form a basis and hence allow us to test
several regions of the Hilbert space. For simplicity, we restrict ourselves
to states which are diagonal in this basis.
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10.2 PURE NUMBER EIGENSTATES

STATES AND DISTRIBUTIONS  We start our analysis with pure num-
ber eigenstates

p = |n) (n|. (10.3)
The state vector |n) can be obtained from the vacuum |0) defined
through a |0) = 0 by repeatedly applying the creation operator a*

) = — (a)" [0). (10.4)

As the state is pure S(p) = 0, the FL EUR is always less tight than the
BBM relation.

To compute the Husimi Q-distribution, it is useful to note that a pure
coherent state |a) can be expanded in terms of number eigenstates

. © —l(x2+k2) (x —+ lk)n
n) = e 2 — ), 10.
=1 i) (105)

where we used the parameterization (3.46). Hence, the overlap between
a coherent state and a number eigenstate is given by

%(x2+k2) (X + lk)n

(nfa) =e” N (10.6)
which leads to
2 2\n
Qulx, k) = [l = CoEE -do) (107)

21!

The probability density functions f(x) and g(k) have equal shape and

read
H% (x) —x2

fu(x) = (nlx)* = N

where H,(x) denotes the physicist’s Hermite polynomials.

(10.8)

MARGINAL ENTROPY Computing the entropies S(f,) and S(g,) is a
surprisingly hard task, which can be traced back to the appearance of
the Hermite polynomials H, (x) inside the logarithm [290-293]. More
precisely, one can easily confirm that the entropy evaluates to

1 1
_ n -
S(fu) =In(v/m2"n!) +n+ 5t ﬁznn!E(H”)‘ (10.9)
However, it is complicated to compute E(H,), which denotes the
Hermite polynomial entropy. At the end one finds

—+o0
E(H,) = — dxe x? (x)lnH2( )

=ny— sznzZFZ 1,1 ) (10.10)
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where again v ~ 0.577, 2F>(a, b; ¢, d; z) is a generalized hypergeometric
function, 1F;(a, b; z) is Kummer’s confluent hypergeometric function
for z € C and x,,; are the roots of the n-th Hermite polynomial H, (x?).
Note that this expression has to be evaluated numerically for all
n € IN.

Let us also investigate the limiting behavior for large n > 1. Al-
though the Hermite polynomial entropy (10.10) is a complicated ex-
pression, one can find an approximation for the differential entropy

S(fa) =~ % (=2 + In27%n) (10.11)

for n > 1. See also [291] for a numerical investigation.

WEHRL ENTROPY Interestingly, the Wehrl entropy S(Q,) can be
computed analytically in a straight forward manner. Note that this is
often the case and is a general advantage over the marginal entropies
S(fn) and S(gn). After performing a few Gaussian integrals one ends
up with (see also [294])

S(Qn)=1+n(l+vy—1n,) +Inn! (10.12)

with 7,, being the nth harmonic number, i.e.
=Y (10.13)

with the convention 7y = 0. In the limit of large n > 1, we can apply
Stirling’s formula n! ~ 2mn (g)n, which for n > 1 leads to the
simple result

—_

S(Qn) = = (1+1In27n). (10.14)

2
compPARISON  We plot the three resulting EURs with the expressions
(10.9) and (10.12) together with the bound Iner in Figure 10.1a. Be-
sides the trivial result that the FL relation is worst for pure number
eigenstates, we find that the WL inequality is tighter than the BBM
relation for n > 1. For n = 0, the two agree, while for n = 1 the BBM
relation is tightest. We can conclude that the WL relation is tightest
almost everywhere.

Also, we plot the WL relation against the BBM relation together with
their expressions for large n > 1 in Figure 10.1b, showing that the
latter grows much faster than the former. Further, we can read off that
the approximation (10.14) works rather well for n ~ 1, while (10.11) is
approached by (10.9) only for sufficiently large n > 1.
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o WL
A BBM
© FL
01 2 3 45 6 7 8 9 10
(a) Small n
EURs
8,
o WL
A BBM
— WL n>1
————— BBM n>>1
(Y ¢ SECEEEEE me——mame Tomemam- memememe =1 n
0 100 20 300 400

(b) Large n > 1

Figure 10.1: (a) EURs in (10.2) for pure number eigenstates (10.3) with
n € {0, ..., 10}. Note that for n = 1 we obtain S(Q1) + Inm ~
272 > S(f1) +S(g1) =~ 2.69, while for n = 2 we have
S(Q2) +Inm =~ 2992 < S(f2) + S(g2) ~ 2.997. The curves
represent interpolations. (b) WL and BBM relations with their
approximations for large n >> 1 (indicated by the two curves).

10.3 MIXTURES OF NUMBER EIGENSTATES

MIXING TWO NUMBER EIGENSTATES Let us now investigate mix-
tures of number eigenstates. We start with mixing two number eigen-
states |nn) and |m), such that the density operator reads

P = qln) (n] + (1 —q)|m) (m|. (10.15)

Therein, q € [0,1] denotes the probability to obtain the pure state
|n) (n| and can be interpreted as a mixing parameter. The marginal
entropies S(fum) and S(gum) as well as the Wehrl entropy S(Qy) have
to be computed numerically for fixed n,m as in both cases one ends
up with a logarithm of a sum. The von Neumann entropy evaluates
to a Shannon entropy S(p) = S(gq). Exemplarily, we show the three
EURs for n = 0 and m = 1 in Figure 10.2a, for n = 2 and m = 5 in
Figure 10.2b and for n = 6 and m = 7 in Figure 10.2c. We observe that
WL inequality is closer to equality compared to the BBM relation for
almost all g € [0,1]. Only for g4 ~ 0 and m = 1, which corresponds
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Figure 10.2: EURs in (10.2) for a mixture of two number eigenstates (10.15).

top =

The WL relation is tighter than the BBM relation almost every-
where, while the FL relation can become tightest for highly
mixed and low-lying number eigenstates.

|1) (1|, the BBM relation is tighter, which is accordance with

our findings in Figure 10.1. We also find that the WL inequality is
less concave in g compared to the BBM relation. Finally, the relation
by Frank and Lieb is tightest for sufficiently mixed states, i.e. around
g ~ 0.5, but becomes less tight than the WL relation when mixing
higher excitations.
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THERMAL STATE At last, we consider the thermal state for the
Hamiltonian of a quantum harmonic oscillator H = w (N + 3) with
N = a'a being the particle number operator. It reads

1

po= et = Z— Z e Po(2) 1) (n), (10.16)
—0
with
i 1
Z.=Y e bo(n+d) — & (10.17)
¢ ; ZSinhﬁT‘”

ensuring normalization of the state.

The marginal distributions f.(x) and g.(p) are again of the same
form and can be computed using Mehler’s formula [295]. One finds
that the distribution f(x) is a centered Gaussian

N|—

LSy pepetrtd) = L 4
—— nlx e 2) — e o/, 10.18
z Llnkx)] b (10.18)

with a variance of the form

1
2 = <2 tanh 'B;)> (10.19)

Then, the sum of the two marginal entropies is given by
Bw
S(fo)+5S(g.) =1+Inm—1In tanhT . (10.20)

As expected, the BBM relation becomes tight in the zero temperature
limit B — oo.

For large temperatures, the thermal state is highly mixed, which is
expressed through the von Neumann entropy

S(p) = —1In (1 - e—5W) + eﬁf“il (10.21)

such that the left hand side of the FL relation becomes
e
S(fc) + S(gc) - S(pc) "'lni

— e Bw (10.22)
2 4n ml—e  pw
2 tanh %" efv —1

The Husimi Q-distribution can be calculated in a simpler way by
using the MacLaurin series of the exponential function

Qulr k) = - 3 ORI o) opofend)
" " (10.23)

—L(24R2) (1—e ) - B2

I
N
N\»ﬂ
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and is also of Gaussian form. We find for the left hand side of the WL
inequality

S(Qc)+Inm =1+ ’8760 +In (7; cschﬁzw) . (10.24)

As for the BBM relation, the WL inequality becomes tight in the zero
temperature limit g — co.

The three resulting EURs are shown in Figure 10.3. We find that the
WL relation is closer to equality than the BBM relation and that both
become tight for f — co. Only for high temperatures the FL relation is
tightest and becomes tight for g — 0.

25"

2.25¢
Inert:

Figure 10.3: EURs in (10.2) for the thermal state (10.16). The WL relation is
tighter than the BBM relation. Both become tight for § — oo. For
sufficiently high temperatures, the FL relation becomes tightest
as the state becomes more mixed. Also, it is tight in the infinite
temperature limit § — 0.

GENERAL COMMENT AND A CONJECTURE Extrapolating the concrete
evidence we have collected in the previous two sections allows us

to conjecture that the WL inequality is tightest almost everywhere.

To be more precise, we consider the subspaces of the full Hilbert
space H',H" C H for which the BBM or the FL relations are closer to
equality than the WL inequality, respectively. Then, our conjecture is
that D/, D" < D. We have more evidence for the first statement, which
is the important one regarding entanglement witnessing. A formal
proof for both statements, which is expected to be rather complicated
especially in the latter case, is left for future work.

Also, we have seen that the Wehrl entropy is often easier to compute
than marginal entropies, which might be of relevance depending on
the application.
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Part IV

ENTANGLEMENT

We derive new separability criteria in phase space in terms
of the Husimi Q-distribution. For pure states, we con-
sider the Wehrl mutual information (Chapter 11), while
for mixed states we deduce entropic criteria (Chapter 12),
which are then generalized to concave functions (Chap-
ter 13)



1 1 ANALYSIS OF ENTROPIC
WEHRL QUANTITIES

We follow the second half of [D], which is not contained in the bachelor
thesis by H. M.-G. [289]. The project was supervised by S. F. and
proposed by me. Most calculations were done by me, some together
with H. M.-G.. I created all figures and wrote the early versions of the
manuscript. All authors contributed in finalizing the draft.

We now turn to the phenomenon entanglement, which is a cen-
tral feature of quantum systems. Again, we consider the continuous
variables position and momentum, for which we discussed several
separability criteria to detect entanglement in Section 3.6. What all
reviewed approaches have in common is that they rely on the detection
of the two marginal distributions f(x) and g(k).

In the following, we investigate how separability criteria can be
formulated starting from the Husimi Q-distribution. Besides work
on entanglement monotones for pure states based on a variant of
the Wehrl entropy in [296], the Husimi Q-distribution has not been
considered in this regard so far. We may speculate that this might
be a consequence of the Husimi Q-distribution being the result of a
joint measurement, which does not allow to violate any Bell inequality
[297—299]. Nevertheless, the Husimi Q-distribution contains the full
information about the underlying quantum state and hence one can
indeed formulate separability criteria.

Also, in the previous chapter we have seen that the WL inequality
is often tighter than the BBM relation, which is typically used to ob-
tain entropic separability criteria (e.g. the WTSTD criteria (3.108)). As
uncertainty relations are fundamentally linked to separability criteria
and tighter uncertainty relations typically lead to stronger separability
criteria, it is worth to study the Husimi Q-distribution in this regard.

In this chapter, we analyze the Wehrl conditional entropy and the
Wehrl mutual information in Section 11.1, which turn out to be use-
ful for the detection of pure entangled states as exemplified in Sec-
tion 11.2.

111 CONDITIONAL ENTROPY AND MUTUAL INFOR-
MATION

BIPARTITE SYSTEM FOR ARBITRARY MODES  We consider the most
general setup, i.e. a bipartition 12 where the subsystems 1 and 2 con-
sist of N and M modes, respectively. Every single mode [ is described

139



140

| ANALYSIS OF ENTROPIC WEHRL QUANTITIES

by the two degrees of freedom X; and K;, which fulfill the Heisenberg
algebra [X;, Ky| = id;y. Typically, these operators correspond to posi-
tion and momentum. Then, we can associate vectors X i = (X1, ., XN)
and Kj = (XN41, -, Xn+m) and Hilbert spaces H; with every subsys-
tem j € {1,2}. The coherent state of a subsystem is given by a tensor
product over single coherent states, for example

N
= @ |m) (11.1)
=1

for subsystem 1. Similarly, we associate |) with subsystem 2, such
that the global coherent states read [#f) = |&) ® |B).

The global Husimi Q-distribution is (N 4+ M)-dimensional and is cal-
culated from the global state p,,, i.e. Q12(3?’1,E1, Xo, Ez) = (Tx’ﬁ\pum@.
The local Husimi Q-distributions can either by obtained from the local
states or from integrating out the complementary subsystem in the
global Husimi Q-distribution. For example, for subsystem 1 we have

Qi(@1, K1) = (dlpy[a) = [ w Qultfi k). (12

We also consider conditional Husimi Q-distributions, which describe
one subsystem after having measured the other one first. If a het-
erodyne measurement of subsystem 2 produces the outcome E, the
conditional Husimi Q-distribution of subsystem 1 is given by

> T = 7 <5’P12|B>
k1| X2, k L Q
Q1(X1, ki |X2, ko) = {<ﬁ|p2|[3>| ) (@ |}
)

_ (@B|py,|aP
(BlpalP)
_ Qua(¥1, k1, %o, k)
Qa2(%2, k2)
which is in complete anzilogy to classical probability distributions (cf.
Section 2.1). Note that (B|p;,|B) is an operator acting on H;.

(11.3)

4

WEHRL RELATIVE ENTROPY To define the Wehrl conditional entropy
and the Wehrl mutual information properly, we define the Wehrl
relative entropy first. In complete analogy to its standard definition
it is defined for two Husimi Q-distributions Q; (fl,El) and Oy (561,751)
(for brevity we only consider subsystem 1 here)

S(Q1]/Q1)

. (11.4)
/dx1dl;[1Q1 )<an1(x1,k1) 1I1Q1(5c’1,k1))_ 11.4

If the support condition supp [Ql (5{’1,%1)} C supp {Ql(i’l,fc‘l)} is vio-
lated, we set to S(Q1]/Q1) = +o0. As usual, the Wehrl relative entropy
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serves as a measure for the distinguishability between the two Husimi
Q-distributions. Although the Husimi Q-distribution is bounded from
above, the facts that it is non-negative and normalized suffice to show
that the Wehrl relative entropy is non-negative. More precisely, apply-
ing Jensen’s inequality to the convex function f(¢t) = —Int for t > 0
indeed gives [12]

S(Qi1G1) > ~In ( / mg(fl,k})@(xl";))

-/ G i)
=0,

where we assumed the support condition to be fulfilled. As —Int is
strictly convex for t > 0, equality holds if and only if the two Husimi
Q-distributions agree.

Let us also note that the Wehrl relative entropy does not fulfill the
monotonicity property of the quantum relative entropy. In fact, not
even a weaker property, namely invariance under unitary transforma-
tions, holds.

WEHRL CONDITIONAL ENTROPY In Section 3.6 we have seen that
separable states have a non-negative quantum conditional entropy,
while entangled states may have have a negative quantum conditional
entropy. In general, it is expected that correlations between the two
subsystems manifest in reducing conditional entropies (classical and
quantum).

Also, conditional classical entropies of measured distributions of
non-commuting observables, are, just as classical entropies, constrained
by EURs. In this case, one of the two subsystem plays the role of a
memory system and one speaks of an EUR in the presence of memory.
We will analyze the Wehrl conditional entropy in these two regards in
the following.

As we deal with infinite-dimensional Hilbert spaces, we need to
impose finiteness of all involved entropies to have well-defined quan-
tities [75]. Assuming S(Q;) < oo allows us to the Wehrl conditional
entropy in analogy to (2.18)

S5(Q1]1Q2) = S(Q1) — S(Q12]|Q1 x Q2), (11.6)
which can be rewritten as
5(Q1]Q2) = S(Q12) — S(Q2) (11.7)

provided that S(Qz) < oo. It is well-known that the Wehrl conditional
entropy is non-negative, or, in other words, that the Wehrl entropy is
monotonous with respect to the partial trace [23]

S(Q1/Q2) >0, (11.8)
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which is a consequence of Ql(fl,ﬁl) > Q12(f1,E1, Xo, Ez)

However, we can easily show that there exists a stronger bound
as a consequence of the uncertainty principle. We rewrite the Wehrl
conditional entropy with the conditional Husimi Q-distribution

dx, dk, >
=— | 5 Qa(¥X2, k
S(Q1]Q2) / 2o Qa2 (%2, k2)
dx; dky
/ (2)N Q

(11.9)
(%1, k1|X2, ko) In Q1 (X1, k1| X2, k2),

which is in complete analogy to the other standard definition (2.17).
As the conditional Husimi Q-distribution is a Husimi Q-distribution
itself, we can apply the WL inequality to the second row of the latter
equation to obtain

S(Q1/Q2) > N, (11.10)

which is an EUR for the Wehrl conditional entropy in the presence
of classical memory. This shows that the Wehrl conditional entropy
behaves like a classical conditional entropy and that it cannot be
used for entanglement witnessing in the same way as the quantum
conditional entropy. Nevertheless, its behavior for correlated states is
quite surprising and will be investigated in more detail in Section 11.2.
Note also that in [300] (see also [138, 139]), an EUR in the presence
of quantum memory was found, for which classical-quantum states
and corresponding Wehrl entropies have been used. However, such a
relation can not be utilized easily in an experiment as it requires the
knowledge of the quantum state of one of the two subsystems.

WEHRL MUTUAL INFORMATION The Wehrl mutual information is
defined as the Wehrl relative entropy with respect to a product Husimi
Q-distribution, i.e.

I(Q1:Q2) = S(Q12/|Q1 x Q2). (11.11)

The Wehrl mutual information is non-negative and zero if and only if
the global Husimi Q-distribution factorizes, which corresponds to the
global state being a product state p;, = p; ® p,. One can rewrite it as

I(Q1: Q2) = S(Q1) + S(Q2) — S(Q12)
= 5(Q1) — S(Q1|Q2),

provided that all involved Wehrl entropies are finite.

The Wehrl mutual information measures quantum and classical
correlations. Hence, if we restrict ourselves to globally pure states
S(p1) =0, I(Q1 : Q2) quantifies only quantum correlations between
the two subsystems being zero if and only if entanglement is not
present. Hence, we can conclude that I(Q; : Q2) = 0 is a necessary
and sufficient condition for pure states to be separable.

(11.12)
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It should be noted that for pure states many necessary and sufficient
criteria exists. This includes the PPT criterion (3.98) as well as the
quantum conditional entropy being non-negative (3.97). However,
these criteria require the knowledge of the full quantum state p,,. The
crucial advantage of our approach lies in the measurability of the
Husimi Q-distribution.

Furthermore, let us remark that the Wehrl mutual information is
neither an entanglement measure, nor an entanglement monotone, as
it does not fulfill the minimum requirement of invariance under local
unitaries

I(Q): Q) # I(Q1: Q) (11.13)

with p/, = (U; ® U3)p,(UT ® U}) where Uy and U, are unitary
operators. A counterexample is given by U; =1 and U, = S(a) with
S(a) being the squeezing operator on subsystem 2 and a > 0.

However, there is an interesting relation between the Wehrl mutual
information and the quantum mutual information [127]

1(Q1: Q2) < I(py : pa)s (11.14)

showing that the true quantum and classical correlations are never
overestimated by the Wehrl mutual information. For pure states, we
obtain the inequality

1

S1(Q1: @) < 5(py) = S(p) (11.15)
Although the Wehrl mutual information is only a perfect entanglement
witness and not an entanglement measure, it is a lower for the entan-
glement entropy. Hence, it can not only be used to decide whether a
globally pure state is entangled or not, it also provides a lower bound
on the entanglement measure for pure states. If the global state is not

pure, (11.14) allows to make a statement about how much the state is
correlated at least.

NOTE ON MARGINAL MUTUAL INFORMATIONS  Let us remark that a
marginal mutual information, e.g. I(fi : f2), does not serve as a perfect
witness as it does not capture correlations in or with other observables.
Only distributions from informationally complete measurements can
be used in this sense. For marginal mutual informations there is an
open conjecture resembling (11.14) (see [301])

s f)+1(g1:82) < I(p, : po): (11.16)

Even is this relation is true, correlations between positions and mo-
menta are not included. This shows once again the advantage of
detecting a full phase space distribution.
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11.2 GAUSSIAN STATES AND EXAMPLES

GAUSSIAN STATES Let us start with a general (not necessarily pure)
global Gaussian state p,, (see Section 3.4). Without loss of generality
we assume that the expectation values of all quadratures vanish, which
is justified by the translation invariance of all entropies. The global
Husimi Q-distribution is of Gaussian from

Q]Z(f1/E11 5{2,}'2> — % e*%(ﬁflrfzfz)clz(fl,El,fzfz)T’ (11.17)

where we introduced a real, symmetric and positive definite matrix

Cp = C; Ca , (11.18)

which can be identified with the inverse covariance matrix of the global
Husimi Q-distribution Cip, = Vﬁl, and a normalization constant

Z = +/detCq,. (11.19)

Recall that a pure Gaussian state is characterized by (3.67), i.e. has a
covariance matrix C;,' = Vi, = 2(1+ SST) for some symplectic matrix
S € Sp(2N +2M, R).

Reordering the exponent in (11.17) according to contributions from
the two subsystems gives

Qi2(X1, k1, X2, k)
R - - Lo - R 11.20
_ l e*%(Xl,kl)cl(xllkl)T*%(lekz)Cz(xszz)T*(xllkl)CM(lekz)T, ( )
Z

showing that correlations (classical and quantum) between the two
subsystems are encoded in the mixing term (%1, k;)Cas (%2, k2)T. For
Cm = 0, this term vanishes and the global Husimi Q-distribution
factorizes into the two local Husimi Q-distributions.

Let us now compute the entropies. After a straightforward exercise
in Gaussian integration one finds for the global Wehrl entropy

1
S5(Qmn) = ) IndetCyp + N + M. (11.21)

As the Wehrl entropy is maximized by a Gaussian Husimi Q-distribution
for a given covariance matrix Vi, = C;, the global WL inequality im-
plies a second moment uncertainty relation in phase space

1
detCip <1< det (712 + > ]1> > 1. (11.22)

Compared to the multi-dimensional Robertson-Schrodinger relation
(cf. (3.75))

1
detyip 2> INTM/ (11.23)
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which is invariant under symplectic transformations and hence tight
for all pure Gaussian states, our relation (11.22) is only tight for
unsqueezed pure Gaussian states. This can be seen from the condition
STS =1, which needs to be fulfilled to reach equality in (11.22) and
shows that S has to be an orthogonal matrix corresponding to rotations
and displacements in phase space.

To compute the local entropies, we have to calculate the local Husimi
Q-distributions first (we consider subsystem 2 in the following). Inte-
grating out the complementary subsystem gives

Q2 (%X, Ez) =4/ % e—%(fzfz)(cz—c&cfch)(le%z)T/ (11.24)
1

leading to a local Wehrl entropy

S(Qq) = —%lndetCu#- %lndetCl + M. (11.25)
Here, we employed the identity
detCj, = det C; det (Cz - CATAC;ch) ) (11.26)

which holds true provided that detC; # 0. Note that the local wL
inequality implies

detCyp < detC;. (11.27)

Now, we can compute the two quantities of our interest. We assume
that all entropies are finite and obtain

S(Q1]Q) = N — %IndetCl,

. 1 In det C; det Gy
- 2 det C12

(11.28)
I(Q1:Q2)

Surprisingly, the Wehrl conditional entropy is independent of the
correlations encoded in Cys, which is in contrast to other classical (and
also quantum) conditional entropies. Applying the conditional WL
inequality leads to local uncertainty relations (11.10)

detC; <1, detC, <1. (11.29)

Also, the necessary and sufficient separability criterion for pure states
I(Q; : Q2) = 0 translates into Cy; = 0, as expected.

WEHRL MUTUAL INFORMATION AND SIMON CRITERION Cp =0is
equivalent to Vy = 0 and yu = 0, which actually implies separability
via the PPT criterion, see e.g. [44, 302, 303]. To show the converse, i.e.
that Cy = 01is also implied by the PPT criterion, we consider the Simon
criterion (3.102). Hence, we restrict to N = M = 1 for simplicity in the
following.
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For a pure Gaussian state we can write ;o = %SST with § €
Sp(4,R) and the multi-dimensional Robertson-Schrédinger relation
(11.23) becomes tight dety1; = 11—6. It is convenient to perform local
symplectic transformations S’ = diag(Si, S») to write 712 = S'A1pS'T
with Aqp being the normal form of 12 [44, 63]

b 0 mq 0

Ap = 0 b 0 m , (11.30)
mq 0 c 0

0 my 0 c

with b, c,my, my € R. As symplectic transformations have unit deter-
minant, we have det y1, = det A1, and hence our first purity condition
reads

(bc —m3) (be —m3) = % (11.31)
We can find another purity condition for these four parameters by
recalling that the symplectic eigenvalues A; (cf. (3.77)), which are all
equal to } for pure Gaussian states, do also appear (in = pairs) in the
matrix iQpA1p. Here, Q1 = 1 ® 2 where () denotes the symplectic
metric for a single mode, cf. (3.58). One then finds the second purity
condition

dety; +dety, +2detyy = b2 + 2 + 2mymy = %
Note the appearance of the four invariants Iy = dety;, , = dety,, Iz =
detyy and Iy = Tr(Q’nQ’yMQ’yzQ'y&) under the local symplectic
transformations S’, which fulfill dety, = LI, + I% — Iy [44].

Let us now apply the PPT criterion in phase space (3.100). It corre-
sponds to a mirror reflection in one of the two local phase spaces and
produces a new normal form covariance matrix A},. Assuming the PPT
condition to be fulfilled, A}, must be physical, i.e. fulfill both purity
conditions. The local mirror reflection only affects dety), = — detyu
and one can easily write down the second purity condition for A,

(11.32)

1
dety1 + detyo — 2det yp = b? 4+ ¢ — 2mymy = 5 (11.33)

showing that the PPT criterion implies detyy = mymy = 0. Without
loss of generality, we assume m, = 0 in the following. Then, combining
(11.31) with (11.32) and using that bc > 0 leads to

1 1
f(b) = (2 - bz) > 16 (11.34)

However, the function f(b) has a global maximum for b = 1 with
f(b=3) =+, and hence b = ¢ = § and m; = my = 0, which finally
implies yp = Cp = 0 for all pure separable Gaussian states. In this
sense, the Wehrl mutual information being zero and the PPT criterion
for Gaussian states, i.e. the Simon criterion (3.102), are equivalent.
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TWO-MODE SQUEEZED VACUUM STATE We proceed with a more
specific example, which is the Two-Mode Squeezed Vacuum (TMSV)
state for N = M = 1 modes [63]

[Py rusy = V1—=A2 ) (=A)" [n1) @ [n2). (11.35)
n=0

Sometimes, the squeezing parameter A € [0,1] is also expressed in
terms of another parameter r € [0, o), which are related via

A = tanhr. (11.36)

The TMSV state is rather special as it is a pure Gaussian state which is
entangled for all A > 0 while for A = 0 it corresponds to two uncor-
related vacua. In the opposite limit A — 1 it becomes the maximally
correlated EPR state first described in the famous paper [167]. Note
that this state is the purification of the thermal state and hence both
subsystems look thermal with a local temperature depending on the
squeezing parameter A.
The covariance matrix Cj; is determined by

C;=C =1, Cy=diag(A, —A), (11.37)

showing that the state is separable if and only if A = 0 in which case
the global Husimi Q-distribution factorizes into two vacua. Plugging
the latter block matrices into (11.28) gives

S(Q1]Q2) =1, I(Q1: Q) =—In(1—-A%. (11.38)

We show the two quantities together with the quantum mutual infor-
mation (which can be computed following [63, 304]) in Figure 11.1.

2.5 I
I
I
2r /
!
/
1.5 ) — l(p1:p2)
A I(Q1:Q2)
T e S(0.10
EPR ( 1| 2)

0.5¢

0 0.2 0.4 0.6 0.8 1

Figure 11.1: Wehrl entropic quantities S(Q1|Q2) and I(Q; : Q2) together
with the quantum mutual information I(p, : p,) for the T™MSV
state (11.35) as a function of the squeezing parameter A € [0,1].

Interestingly, the lower bound for the Wehrl conditional entropy is
attained for all values of the squeezing parameter A, despite the two
subsystems exhibiting quantum correlations for A > 0. This allows
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for a straightforward application when trying to prepare the TMSV
state (11.35). In a typical experiment, the precise value of A fluctu-
ates between subsequent realizations, which leads to a larger Wehrl
conditional entropy S(Q1|Q2) > 1 as a consequence of conditional
entropies being concave. Hence, any measured deviation from 1 shows
additional (unwanted) classical correlations.

Furthermore, the Wehrl mutual information increases monotonically
for increasing A starting from zero for A = 0 and becomes infinite for
A — 1 showing that the EPR state exhibits a formally infinite amount
of quantum correlations.

NOON STATES At last, we consider a non-Gaussian example: the
class of NOON states for N = M = 1 modes
1

[¥)noon = VT (|n) ®10) +10) @ [n)), (11.39)

with n € IN. Note that the normalization is chosen such that |)\oon =
|0) ®|0) for n = 0. A NOON state is separable if and only if n = 0.
Note also that for n = 1 we obtain one of the four Bell states.

The global and local Husimi Q-distributions read

o (BB +3+13)
Qua(x1, k1, x2,k2) = 21 1(1 + bon)
X [(x1 — ik1)" + (x2 — iko)"]
X [(x1 4 ik1)" + (x2 + ika)"],
o2 (3+8)
2n+1p!

(11.40)

Qa(x2,k2) = [(x% +i3)" + 2"n!] .

The entropic Wehrl quantities have to be computed numerically, while

the quantum mutual information evaluates to I(p; : p,) = 2In2 for
all n € IN. The results are shown in Figure 11.2.

P i g

Vo aAde
.
"

O I(p1:p2)
A 1(Q1:Q2)
O S(Q1|Qz)

Figure 11.2: Wehrl quantities S(Q1|Qz) and I(Q; : Q;) together with the
quantum mutual information I(p; : p,) for the NOON states
(11.39) as a function of n. The curves represent interpolations.
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It important to notice that no other entropic separability criterion
is capable of witnessing the NOON states for all n > 0. The strong
entropic criteria (which are also only valid for globally pure states)
in [47] and [49] can only detect NOON states up ton =5 and n = 6,
respectively. In contrast, the Wehrl mutual information is positive for
all n > 0 and hence it can witness all entangled NOON states. Also,
the Wehrl mutual information increases monotonically for n > 2 and
approaches the value of the quantum mutual information, which is
independent of n.
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This chapter is taken from [C]. I proposed the project and S. F. and M. G.
jointly supervised the work. I derived the entropic separability criteria
and did all calculations. Also, I wrote the early drafts. The figures
were produced by O. S., while I computed all quantities involved. All
authors contributed in the writing of the manuscript.

For continuous variable systems, we have seen that the Wehrl mutual
information provides a necessary and sufficient criterion for separabil-
ity in the case of globally pure states. However, experiments have to
deal with many imperfections in the form of additional classical cor-
relations and also finite statistics. Although experimentally prepared
states are often of high purity, they are never perfectly pure. To deal
with this issue, we have to derive separability criteria, which are also
valid for mixed separable states.

Instead of considering the global and local Husimi Q-distributions,
we construct non-local variables similar to the setup discussed in
Section 3.6. We adapt this strategy for the Husimi Q-distribution and
derive new entropic separability criteria in Section 12.1. We apply these
criteria to Gaussian states in Section 12.2 to obtain new second moment
criteria and to study their behavior under symplectic transformations.
Finally, we consider two classes of entangled non-Gaussian states,
where other (entropic) criteria fail, in Section 12.3.

12.1 DERIVATION BASED ON ENTROPY POWER IN-
EQUALITY

HUSIMI Q-DISTRIBUTION AND LOCAL ROTATIONS We start from
a bipartition of 1 4+ 1 modes each being described by continuous
variables X; and K fulfilling the Heisenberg algebra [X;, Ki| = idj
and with the subsystems being labeled by j, k € {1,2}. We allow every
local variable pair (X, K;) to be rotated in its local phase space by
introducing angles ¢; € [0,27), leading to rotated variables

Rj _ cosﬁj sml‘)j Xj . (12.1)
S]- —sin19]- cosﬂj Kj

The rotated variables still fulfill the Heisenberg algebra [R;, Sx| = idj.
It is important to note that this seemingly technical step is necessary to
end up with more general separability criteria. More precisely, the two
angles ¢; provide optimization parameters. At this point, note also that
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the angles may be selected post-measurement, which is an advantage
of the Husimi Q-distribution over the marginal distributions f(x)
and g(k), as the latter have to be measured along preselected axes.
Furthermore, the local and global Wehrl entropies are invariant under
such transformation as rotations have unit determinant, such that
also the Wehrl mutual information and the Wehrl conditional entropy
remain unmodified.

We associate local coherent states |a) and |B) with the rotated
variables via (cf. (3.45))

&) = D(a) [0) (12.2)

and similarly for |B). This allows to define the global Husimi Q-
distribution as Q12(r1,51,72,52) = ({(&] ® (B|)p1,(|a) @ |B)). Note that
one may equivalently start from Q12(x1, k1, X2, k2) and apply the two
local rotations with 9;.

NON-LOCAL VARIABLES To derive separability criteria, we consider
non-local EPR-type operators in the spirit of (3.104) (with a = 1)

Ri = R1 + Rz, Sj: = Sl + Sz, (12.3)

which are designed to reveal information about the correlations be-
tween two local variables of the same type. Let us emphasize that their
commutation relations are given by

[Ri, Si] = 2i, [Rj:, S:F] = 0, (12.4)

showing that the twisted assignment (R, S+) constitutes a set of com-
muting observables and that these variables are normalized differently
as the local variables.

As the canonical phase space R? is a vector space, the non-local oper-
ators fulfill eigenvalue equations just as their local counterparts, allow-
ing us to work with the global phase space coordinates (r,s4,7_,s_)
instead of (71, s1,72,52), which are related via

r+ =r1Exry, s+ =s1%s. (12.5)
Transforming the global Husimi Q-distribution accordingly gives

Q12(r1,51,72,52)
— Qo (rs,54,7-,5-) (12.6)

—EQ ry+7r_ sy +s_ ry—r_ sy —5_
B\ 2 2 2 )

The Jacobi determinant of this transformation yields the prefactor 1,
which ensures that both global Husimi Q-distributions are normalized
with respect to phase space measures of the same form

1=

dri1dsy drpds; drydsy dr_ds_
Qu = /

/
27 27 27 27 Quz- (127)
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Starting from the transformed distribution Q/,, we integrate out two
variables in a way that we end up with a phase space distribution of
twisted variables

Qi(rils¥) = / % QI12(T+15+/ 1’,,57). (12.8)
Although we denote these two distributions with Q-, they are not
Husimi Q-distributions in a strict sense, as the underlying operators
R+ and S; commute instead of fulfilling the Heisenberg algebra.
Nevertheless, Q+ is normalized to one with respect to the standard
phase space measure as a consequence of (12.7), non-negative and
bounded from above by unity. Hence, we can still associate on entropy
to it, in terms of which we will formulate our separability criteria.

SEPARABILITY CRITERIA FOR PURE STATES  We start with globally
pure states, in which case separable states are given by product states
of the form p,, = p; ® p, (cf. (3.89)). As usual, the global Husimi
Q-distribution factorizes

Qu2(r1,81,72,52) = Q1(r1,51) X Qa(r2,52), (12.9)
which, after another variable transform, reveals that the marginalized
distribution Q. reduces to a convolution
dri dsy

27

= (Ql * Qéi)) (re,s%),

with the convention Qgi) (r,s) = Qa(£r, Fs).

This allows us to employ the entropic power inequality, which
holds for all non-negative and normalized distributions irregardless
of whether they are bounded from above or not. It provides a lower
bound on the entropy of a convoluted distribution. Interestingly, the
well-known fact that the variances of two Gaussian distributions are
added up under a convolution is a special case of this inequality.

In two dimensions and applied to our setup the entropy power
inequality reads [4, 56, 305]

Q+(re,s+) = Qi(r1,51) Qo(Fr1 £+, £51 Fs¢)

(12.10)

where we used that entropies are invariant under mirror reflections,
ie. S(Qéi) ) = S(Q2). Thus, every pure product state needs to satisfy

S(Qs)>In (eS(Ql) + eS(QZ)) . (12.12)

Violation of the latter inequality for a globally pure state witnesses
entanglement.

We can obtain a weaker and state-independent bound by applying
the WL EUR to both local entropies, resulting in the two inequalities

S(Qs)>1+1In2, (12.13)
which have to be fulfilled by all pure product states.
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GENERALIZATION TO MIXED STATES The advantage of the weaker
criteria (12.13) is that they can be generalized to mixed separable states
of the form p,, = ¥; p(i)(p} ® pb) with p(i) > 0 and ¥; p(i) = 1 (cf.
(3.90)). For such states, the marginal distribution Q+ obeys a similar
decomposition

+(rs,8%) Zp )QL(r+,5%). (12.14)

Then, by using that any classical entropy is concave (cf. Section 2.2),
we find that the weaker criteria (12.13) generalize identically to mixed
states

S(Q+) >Zp S(Q) >1+1n2, (12.15)

which are our general entropic criteria. Violation of these inequalities
flags entanglement regardless of whether the state of interest is pure
or mixed.

Note that one could also generalize the stronger criteria (12.12) in
the same manner to

S(Qs) = X p(i)In (e5Q) 4 5. (12.16)

However, the resulting bound contains the mixing probabilities p(i).
Determining them is equally hard as determining whether the state is
separable or not. Hence, these criteria are not useful in practice and
we do not consider them any further.

12.2 SECOND MOMENT CRITERIA

DERIVING SECOND MOMENT CRITERIA Let us consider the class of
Gaussian states. Without loss of generality, we assume all mean values
to vanish. In this case, the twisted distribution Q+ is of the form

1

Qu(re,s5) = e 2lesalVallene)” (12.17)
with
(7'2 (O
Vi=qgs+y=|( ™ R (12.18)
Uris¥ O-S:F

denoting the corresponding covariance matrix and Z = det™1/2 Vi
being a normalization constant. The diagonal entries of the covariance
matrix v+ of the Wigner W-distribution are the standard variances
of the marginal distributions f(r+) and g(s+), while the covariance
0r.s. is non-vanishing whenever the coordinate axes are not aligned
with the principal axes. Note the absence of the prefactor 1 in 7 as
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The entropy of Q+ is
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consequence of the different normalization of the non-local variables,
see (12.4).

As the entropy S(Q+ ) is maximized by the Gaussian distribution
(12.17) for a given covariance matrix V4, we can infer a set of second
moment criteria from (12.15), i.e.

1+ %lnde‘chE >S5(Q+)>1+1n2, (12.19)
implying
detVy > 4. (12.20)

For Gaussian states, the criteria (12.20) and (12.15) are equivalent. In
all other cases, the entropic criteria (12.13) are stronger than the second
moment criteria (12.20) in the sense of (12.19).

BEHAVIOR UNDER SYMPLECTIC TRANSFORMATIONS It is interesting
to investigate how the separability criteria behave under symplec-
tic transformations S € Sp(2,R). While the Wigner W-distribution
transforms as a scalar field under symplectic transformations (see
e.g. [44]), the Husimi Q-distribution does not transform in a simple
manner. This is due to the additional convolution with the Wigner
W-distribution of the vacuum, which overweights specific widths and
does not allow for a simple representation of squeezing transforma-
tions. Hence, we restrict the symplectic analysis to the second moment
criteria, where the latter fact translates into the absence of invariance
under squeezing.

We start from the covariance matrix of the Wigner W-distribution
Y+, which transforms as

Y+ =7 =57=5", (12.21)

such that its determinant is invariant dety, — dety/, = detyy as
detS = det ST = 1.

In contrast, the covariance matrix of the Husimi Q-distribution
transforms according to

det Vi — det VL = det (S vL ST+ 7)

— det <'yi +9 (sTs)_1> )

where we used that 4 = 1. This shows that the second moment criteria
(12.20) are invariant under rotations and displacements, for which
we have STS = 1, but not invariant under equal amounts of local
squeezing described by S = diag(a,1/a) with a being positive and
real. Hence, the orientation of the axes in the twisted phase space is
unimportant for entanglement witnessing when using a full phase
space distribution.

(12.22)
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COMPARISON TO MARGINAL SECOND MOMENT CRITERIA In Sec-
tion 3.6 we reviewed the two well-known MGVT (3.106) and DGCZ
(3.107) separability criteria, which are also formulated for variances
of non-local observables. As they are based on detecting marginal
distributions and allow for squeezing in the local variables (cf. (3.104)),
we reformulate our second moment criteria (12.20) for a comparison.
Using (12.18) and (12.22) for S = diag(a, 1/a) we find

1
((Trzi + a2) (052? + a2> >4+ Urzi&, (12.23)

where we included the effect of squeezing with a > 0 being a non-
negative real number.
To examine the tightness of the criteria (12.23) we minimize the left

hand side over a. A unique minimum can be found for a* = ?i ,in
5F
which case we end up with
2
(0 06, +1)" > 4407, . (12.24)

When aligning the axes with the principles aces, for which o7, . 20,
we obtain

0r.0s. > 1, (12.25)

which corresponds to the weak version of the MGVT criteria (3.106).
This shows that after optimizing over the squeezing parameter a and
the orientation of the distribution in phase space, our second mo-
ment criteria (12.23) and the weak MGVT criteria (3.106) are equivalent,
which is depicted in Figure 12.1b.

This finding implies that the criteria (12.23) are not necessary for
separability in the case of Gaussian states as they are strictly weaker
then the full MGVT criteria (3.106) in general. Nevertheless, we can
conclude that our entropic criteria (12.15) and the entropic WTSTD
criteria (3.108) are equivalent in the Gaussian regime as both reduce
to the weak MGVT criteria after optimization.

We compare the three weak second moment criteria (12.20), (3.106)
and (3.107), i.e. fora = 1 and 0,,5, = 0, in Figure 12.1a. In this case,
our criteria are stronger than the DGCZ criteria, but weaker than the
MGVT criteria.

Is is also interesting to note that the three criteria transform rather
differently under symplectic transformations. Our criteria (12.23) and
the weak MGVT criteria behave complementary with respect to rota-
tions and squeezing: while our criteria are invariant under rotations,
but not under squeezing (cf. (12.22)), it is the opposite for the weak
MGVT criteria. In contrast, the weak DGCZ criteria are neither invariant
under rotations, nor under squeezing.
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[ DGCz
[ 2nd moment

B MGVT

® Two vacua
m EPR

O-,'i

1 DGCz
[ 2nd moment: a=1/2
[ 2nd moment: a=2

B MGVT

® Two vacua
m EPR

a-ri

(b) Equivalence to weak MGVT criteria after optimization

Figure 12.1: Weak DGCZ criteria (blue regions), second moment criteria

(12.23) (red and green regions) and MGVT criteria (gray regions)
as functions of the two marginal standard deviations o;, and
[ The colored regions show where the criteria are fulfilled,
such that entanglement is certified below the curves. As a refer-
ence, we indicate the TMSV state (11.35) for all A € [0,1] (black
dashed line) between the two vacua 0y, = 05, = 1 (black dot)
and the maximally correlated EPR state 0, = 05, = o (black
square). In (a) we show all three criteria for 2 = 1 and 0; 5. = 0.
The MGVT criteria are strongest, while the DGCZz are weakest.
Also, the curves touch for the two vacua. In (b) one can see that
optimizing our second moment criteria over a leads to the weak
MGVT criteria. More precisely, every point on the latter curve can
be touched by the curves corresponding to our second moment
criteria when adjusting a.
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12.3 EXAMPLES

NoOoN sTATES To benchmark the performance of our entropic cri-
teria (12.15) in comparison with the entropic WTSTD criteria (3.108)
in the non-Gaussian regime, we consider two non-trivial examples.
We begin with the NOON states, which were investigated already
with the Wehrl mutual information in Section 11.2 around (11.39). The
corresponding distributions Q. (r4,s+) can be calculated analytically
for n € IN in general, but we omit the corresponding expressions for
brevity.

We recall that the NOON states can not be witnessed by any second
moment criterion and that also the entropic WTSTD criteria based on
marginal distributions fail. The strong version of the WTSTD entropic
criteria for pure states (in analogy to our stronger criteria (12.12))
witnesses entanglement up to n = 5, while their Rényi-improved
criterion works up to n = 6 [49].

Similarly, our entropic criteria (12.15) do also not certify any entan-
glement. However, the strong entropic criteria for pure states (12.12)
witness entanglement up to n = 11 when using Q, which is shown
in Figure 12.2 for % = 9, = 0.

We can conclude that existing entropic criteria are outperformed.
Nevertheless, we recall that the Wehrl mutual information already
provides a perfect witness for pure state entanglement and hence
works even better than our stronger entropic criteria for pure states
(12.12).

3.5¢ "
s60n8
5 6 o s(Q,)

251 A\ A strong

2 6 = general

S
1.5+

: ‘ : : : n

0o 2 4 6 8 10 12 14

Figure 12.2: General (12.15) and strong entropic criteria for pure states
(12.12) for the first fifteen NOON states. Entanglement is wit-
nessed by the strong criteria up to n = 11, while the general
criteria fail for all n > 0.
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DEPHASED SCHRODINGER CAT STATE As a true hardness test, we
consider the dephased Schrodinger cat state, which is specified by the
density operator [47]

p=N(rs)|(I0) ® |2)) ((a] ® (al)
+(|—0) ® |—a)) ({(—a| ® (—al)
—(1-2)((I2) ® |)) ({—a| ® (—al)
+(|—) @ |—a)) (2] @ (&])) ],

(12.26)

where 0 < z < 1 is a parameter controlling its purity (the state is pure
if and only if z = 0) and

N(r,s) = % (1 +(1—2) e‘2<r2+52)> (12.27)

is a normalization constant. It is parameterized by the positions (7, s)
(cf. also (3.46)) of the two local coherent states and for ¢; = ¥, = 0 its
Husimi Q-distribution takes the form

Q(r1,51,12,52) = N(r,5) [6‘%(“—fl)2+(s—sl)2+(7—r2)2+(5—52)2)

1 o 2 () (s51) >+ (r+72) >+ (5+52)°)

+2(1 — z) e =i (Hetes) (12.28)

x cos (r(s1 +s2) —s(r1+12)) }

As only the absolute value of « is of relevance in the twisted variables,
we set s = 0 without loss of generality, in which case we can give an
analytical expression (again for %; = ¥, = 0)

efi(rg:JFSgF)

r1,8¢) = — =5
Qu(re.s7) 2 (e +1—2)

(12.29)

" {1 —z+¢" cosh(rry) for (r4,s—), ?

e 4" (1 —z)cos(rsy) for (r_,si).

Despite this state being entangled for all z < 1 and (r,s) # (0,0), it
is notoriously hard to detect entanglement for the whole parameter
range. Unsurprisingly, entanglement can not be witnessed for any
choice of parameters by any second moment criterion. The entropic
WTSTD criteria (3.108) witness entanglement at least for r 2 2.5,5s = 0
and z < 1 when using % = %, = 0 [47].

In contrast, our criteria witness entanglement for all values of r >
0,5 = 0 and z < 1 when using Q_, which is shown in Figure 12.3.
Also, we see that our criteria (12.13) are violated most in the regime
0 < r < 1.5, while for v 2 2 the violation becomes exponentially small.
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Figure 12.3: Entropic criteria (12.15) for the dephased Schrodinger cat state
(12.26) as a function of the mixing parameter z and the position
r. Entanglement is witnessed for all z < 1 and r > 0,5 = 0,
which is indicated by negative values for W = S(Q_) —1—In2.
The separable regions z = 1 and r = 0 are represented by black
lines. The witness performs best in the region 0 < v < 1.5 and
converges to zero from below exponentially outside this region.

We can conclude that the dephased Schrodinger cat state is fully
witnessed with our method, which is not possible with any other
entropic separability criteria. Hence, the phase space approach turned
out to be valuable for entanglement detection, which is why we amend
our idea further in Chapter 13.
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The following discussion is based on [A, B]. The project covered in
[A] was proposed by me and S. F. and M. G. jointly supervise it. I
derived the general separability criteria and did all calculations. I
wrote the current version of the manuscript. All authors participate in
the ongoing discussion of the project.

We have seen that EURs lead to separability criteria which can be
stronger than second moment criteria. In this chapter, we extend
the ideas of Chapter 12, i.e. entropic separability criteria for a phase
space distribution of twisted non-local variables, to arbitrary concave
functionals of this distribution. The resulting criteria are rather general
and have entropic and second moment criteria as special cases. As
they come with the freedom to optimize over a large class of functions,
the ability to detect entanglement is further improved, especially when
applying them to discretized distributions.

We derive our general separability criteria in Section 13.1 and show
that the previously derived criteria follow as special cases in Sec-
tion 13.2. Finally, we discuss their experimental implementation and
deduce their discretized analog in Section 13.3, which is applied to an
example.

13.1 DERIVATION BASED ON PPT CRITERION

NON-LOCAL VARIABLES AND LIEB-SOLOVE] THEOREM Following
up on the discussion of non-local variables in Section 12.1, we start
with the global transformed Husimi Q-distribution Q/,(7+,s+,7—,5_).
Now, instead of integrating out two variables such that we obtain a
distribution of twisted variables Q.+ (7+,s+), we consider the marginal
distributions

Q/:I:(rilsi) = / % Q/12(r+rs+l 1"7,57). (13.1)
As the underlying measurement operators fulfill the Heisenberg alge-
bra (cf. (12.4)), Q' (r+,s+) are true Husimi Q-distributions.

As a consequence, Q' (ry,s+) is constrained by the uncertainty
principle. Most generally, the uncertainty principle is expressed by the
Lieb-Solovej theorem [84]. Adapted to our situation, it states that for
any concave function f : [0,1] — R with f(0) = 0 and any bipartite
quantum state p,, the following inequality holds

[t @y > [TEEe o), (132

27 27
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where

Qlra ss) = 5o (2) (133)

denotes the vacuum Husimi Q-distribution associated with the non-
local operators R+ and S-+. By translation invariance, one may equally
well take any pure coherent state on the right hand side of (13.2).

Note that the right hand side of (13.2) evaluates to a constant as
soon as the concave function f is fixed, while the left hand side is
state-dependent. Note also that (13.2) reduces to the WL inequality,
which in this case reads S(Q’.) > 1+ 1In2, for the choice f(t) = —tInt.
In this sense, (13.2) is the generalization of an EUR in phase space to
arbitrary concave functions.

PPT CRITERION IN PHASE SPACE In Section 3.6 we have already
seen that uncertainty relations can be used to formulate separability
criteria by employing the PPT criterion. With the rather general form of
the uncertainty principle (13.2) at hand, let us apply the PPT criterion
in phase space.

As seen in (3.100), the transposition in one of the two subsystems
corresponds to a mirror reflection in the corresponding local phase
space. To show this explicitly for the Husimi Q-distribution, let us
consider two local bases {|n1)}, and {|n2)}, with n € IN denoting
number eigenstates, such that any global state p,, may be written as

P12 = Z PZ;Z] [n1) (n1| @ |n2) (m3]) (13-4)

nynynynl

with leZi € R specifying the state. The corresponding global Husimi
Q-distribution reads

Qu2(r1,81,72,82) = Z PZ;Z; (a|n1) (ni]ar) (aa|na2) (nplaz) (13.5)

nynjnyny

with the overlaps given by (cf. (10.6))
_1 ri —is;)"
(ajln;) =e 2(r1.2+512)<17 ’ZTnll)' (13.6)

Now, applying a partial transpose to subsystem 2 exchanges n, with
nj, which transforms Qi according to

Qua(ri,51,72,52) 3 )3 PZZ; (ar]my) (nylar) (a2|ny) (n2laz), (13.7)

nynynany

showing that the overlaps corresponding to subsystem 2 are replaced
by their complex conjugates. Together with (13.6) this implies the
mirror reflection property

T
Q12(r1,51,72,52) = Qua(r1, 51,72, —$2), (13.8)
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as desired. Then, we can deduce that the marginals (13.1), which are
true Husimi Q-distributions, transform as

QL (re,54) 3 Qulra,sy), (13.9)

showing the importance of the twisted variables in Q4 (r+,s¢) for
entanglement witnessing.

GENERAL SEPARABILITY CRITERIA FOR CONCAVE FUNCTIONS The
PPT criterion (3.98) tells us that any separable state has a positive
partial transpose. Hence, Q4 (r+,s+) has to be physical for every
separable state and as such has to fulfill the uncertainty principle. In
particular, it has to fulfill the Lieb-Solovej theorem (13.2).

Hence, every separable state satisfies

[0 = [ V5T Q) (13.10)

271
for any concave f : [0,1] — R with f(0) = 0. These are our most gen-
eral separability criteria in phase space. Violation of these inequalities
for any f implies that p,, is entangled.

Note that for f(t) = bt with b € R being some parameter the rela-
tion (13.10) reduces to an equality for all states p,, as the distribution
Q. is normalized. Note also that if the requirement f(0) = 0 is left
out, both sides of the inequality (13.10) are either +co or —co. However,
also for f(0) = 0 it could still be that one side evaluates to £co.

13.2 SPECIAL FAMILIES OF CRITERIA

DERIVING FAMILIES OF ENTROPIC CRITERIA Let us show how sep-
arability criteria for entropic families arise. To that end, we apply a
monotonically increasing function g : R — R to our criteria (13.10) to
obtain

([ M) zs ([T @) @

for all separable states p,,. It is important to note that the function
g does not strengthen or weaken the criteria (13.10) in the sense that
neither more (or less) entangled states can be detected nor the signal-
to-noise ratio can be improved (or worsened). Note also that one
may allow g to be monotonically decreasing, in which case one has
to choose f to be convex. In this case, the inequality (13.11) is not
reversed.

We are particularly interested in quantities which are significant
from an information theoretic perspective (see [12, 56] for overviews
of families of classical entropies). For example, we obtain the family
of Rényi-Wehrl entropies

() = o In ([ 55 Q) ) (1312)
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when choosing f(t) = tF for B € (0,1) U (1,00) and g(t) = fi—tﬁ,
which are concave/convex and monotonically increasing/decreasing
functions for B < 1/p > 1, respectively. Then, the corresponding

entropic separability criteria read

Sp(Qs) > ﬁh‘_ﬁl +1n2. (13.13)
In the limit B — 1, the Rényi-Wehrl entropy (13.12) reduces to the
ordinary Wehrl entropy, in which case (13.13) gives back the entropic
criteria (12.13) discussed in Chapter 12. Alternatively, the same result
can be obtained when choosing the concave function f(t) = —tInt in
(13.10).
With the same choice for f(t) = 7 and a modified g(t) = L;;, we
obtain another set of entropic criteria

$.(0s) > — <1 21_7) (13.14)
— 13.1
¥ +) = 1 — v 3.14
for Tsallis-Wehrl entropies
1 dry ds
5,(Qz) = T—o <1 - / o Ql@b&)) (13.15)

with ¢ € (0,1) U (1, 00). Note that the Tsallis-Wehrl entropies are also
well-defined for ¢ < 0. However, in this case the condition f(0) = 0 is
violated, such that we have to restrict to y > 0 for the corresponding
separability criteria.

DERIVING SECOND MOMENT CRITERIA One might ask whether
the general criteria (13.10) imply stronger second moment criteria
as (12.20), which were implied by our entropic criteria (12.13).

To that end, we consider Gaussian states, which are characterized by
a distribution of the form (12.17). We start with the class of monomials
f(t) = £tP for B < 1, which (after applying suitable ¢ functions)
correspond to the Rényi-Wehrl and Tsallis-Wehrl entropic families. An
analytical calculation leads to

113 (idet(“ﬁ)/zvi :le—ﬁ> > 0o detVy >4, (13.16)
showing that we do not obtain an improvement over the already
established second moment criteria (12.20).

We expect that this result generalizes to all concave functions f with
f(0) = 0. While a proof is left for future work, this claim is supported
by further numerical evidence. We have checked the functions f(t) =
sint, f(t) = tanht, f(t) = 1 — e’ and f(t) = In(1 — t) and can report
that in all cases we obtained the second moment criteria (12.20). One
might speculate that this is related to the fact that the lower bounds
in the Lieb-Solovej theorem (13.2) and the WL inequality (3.84) are
attained by the same states.
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13.3 EXPERIMENTAL APPLICATION

POSSIBLE EXPERIMENTAL REALIZATIONS So far we have mainly
focused on developing separability criteria and the discussion has
been a rather theoretical one. Let us now comment on possible ways to
detect the Husimi Q-distribution and comment on how finite measure-
ment accuracy affect the various separability criteria we have derived
throughout Part iv.

The measurement of the Husimi Q-distribution has been accom-
plished for several experimental setups. In principle, one can either
employ a tomographic approach by displacing the state of interest and
projecting it onto the vacuum afterwards or one can perform a hetero-
dyne measurement. These strategies have been successfully applied
in quantum optics [306—-309]. Rather recently, similar techniques were
used for Bose-Einstein condensates [310, 311], cold atoms in optical
cavities [312, 313] and circuit quantum electrodynamics architectures
[314]. Besides the method used in [311], the listed works were con-
cerned with monopartite Husimi Q-distributions. Hence, extensions
to bipartite systems are required, which is an ongoing challenge.

In any case, one of the main advantages of detecting a full phase
space distribution over two marginal distributions is that one does
not have to preselect the local angles ¢;, such that angle tomography,
which requires a lot of experimental runs, is avoided. Also, especially
in cold atoms systems, these angles are difficult to control. On top of
that, our phase space criteria showed great performance.

DISCRETIZATION IN PHASE SPACE For an experimental application
of the general separability criteria (13.10) (or any other of our criteria)
it is important to consider experimental limitations. Although we
deal with continuous phase space variables (r,s), any measurement
procedure is fundamentally limited, for example by the precision of
a detector or finite statistics effects. In particular, an experiment will
produce a discrete empirical sample distribution or (possibly after
binning) a histogram for discrete probabilities associated with bins
instead of a smooth probability density function.

Discretizing distributions corresponds to coarse-graining and hence
it is not surprising that the entropy (or any other concave phase space
functional) grows. Therefore, discretized witnesses are generically
weaker than their continuous analogs, excluding the possibility of
false-positive results. However, finite statistics can cause the entropy
of a (possibly discretized) distribution to be under- or overestimated,
which is why in this case the proper inclusion of statistical errors
becomes important. These effects are beyond our scope for the follow-
ing discussion, but have to be taken into account when applying any
entanglement witness in an actual experiment.
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In the following, we adapt our criteria (13.10) for discrete histograms
(see also [50, 113]). We start with discretizing phase space into bins
with discrete coordinates (at the center of each bin)

ri = iA?’l', S]' = jASj, (13-17)

with i, j € Z labeling these discrete coordinates and Ar;As; being the
phase space area element associated with the (r;,s;)-th bin. Note that
with this construction we allow for adaptive bin sizes.

To every bin we associate a discrete probability by integrating the
Husimi Q-distribution over the corresponding bin

1 -Ar,-(i+1/2)d As,-(z‘+1/2)d .
10050 = 52 oo O, oy 950U (13.18)

This distribution is normalized to unity as an ordinary probability
distribution

o0
Y. alris)) (13.19)
i,j=—00
and resembles the continuous Husimi Q-distribution in the sense

27

mq(n, si) — Q(r,s), (13.20)

in the continuum limit Ar; As; — 0.
Additionally, we define another distribution

Qlrs) » p
Q(r,s;1;,57) = 4 10 for (r,s) € (Ari(i£1/2),4s;(j £1/2)),

0 else,

(13.21)

which is the distribution over (7,s) conditioned on measuring inside
the (;,sj)-th bin. In simple words, it corresponds to the averaged
Husimi Q-distribution over this bin. It is normalized to unity with
respect to the standard phase space measure

1 Ari(i+1/2) Asi(i+1/2)
1= —/ dr/ ds Q(r,s;r;,s:). 13.22
27t Jar(i-1/2) Asi(i—1/2) Q(rsitis)) (13.22)

We are interested in discretizing expressions of the form [ €< drds £((9)
for functions f fulfilling our usual conditions. To that end, we plug in
(13.21) and break up the integral into integrals over single bins

ds
As;j(i-1/2) (13.23)

dr ds Ari(i+1/2) /Asj(z‘+1 /2)

27[ Z 2717 /Arlz 1/2)

Lj=

Xf( (YZIS]) (T,S,‘I’i,S]'))-
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For every single integral we can use that the uniform distribution
Q(r,s;mi, s]-) = ﬁgsj is majorized by all others, i.e., in simple words, is
most spread out over a single bin [121]. As f is concave, we obtain an
upper bound for our quantity of interest in terms of the discretized

Husimi Q-distribution (13.18)

©  Ar;As;
@< ¥ 5 () @329

L 27
i,j=—o00

drds
2

EXAMPLE: WEHRL ENTROPY Exemplary, we consider the Wehrl en-
tropy defined via f(t) = —tInt for equal bins Ar; As; = Ar As, such
that (13.24) evaluates to

Ar As

S(Q) < S(g) +In == (13.29)

Equality is reached in the continuum limit Ar As — 0, in accordance
with the definition of the differential entropy (2.11) in Section 2.2.

q(ri,s)) q(ri.s))

4 -4 474
(a) g(ri,sj) for ArAs = 0.5 (b) 4(r;,s;) for ArAs = 1.5
1.15
1.1
— S(a)+|n ArAs
2
105- === S@

(c) Wehrl entropy bound (13.25) for varying Ar As

Figure 13.1: We depict the discretized vacuum Husimi Q-distribution
q(ri,s;) for Ar As = 0.5 in (a) and for Ar As = 1.5 in (b). Both
sides of the entropic inequality (13.25) are shown as a function
of the phase space area element Ar As in (c). The right hand
side is approximately linear in this regime, which ceases to be
the case for sufficiently large Ar As (not shown in the figure).
The blue and red points correspond to the distributions in (a)
and (b), respectively. The relation (13.25) becomes tight in the
continuum limit Ar As — 0.



13.3 EXPERIMENTAL APPLICATION \

We show both sides of the latter inequality as a function of the
discrete area element Ar As for the vacuum in Figure 13.1¢ together
with two exemplary discretized Husimi Q-distributions §(r;,s;) in
Figure 13.1a (with Ar As = 0.5) and Figure 13.1b (with Ar As = 1.5).

DISCRETIZED UPPER BOUNDS ON SEPARABILITY CRITERIA The pre-
vious considerations allow us to formulate (weaker) separability cri-
teria for a discrete distribution g4 obtained from Q. in the sense of
(13.18). Applying (13.24) to our general separability criteria (13.10)
results in the discretized criteria

© A iA ) i
Z ri,anJF,]f( 27 ﬂi) > /dr;crlngf(Qi), (13.26)

I Ary i Asy

which are fulfilled for all separable states (3.90) and all concave f with
f(0) = 0. Note that if one works with sampled data, in which case the
bin sizes are not fixed a priori, one can optimize the left hand side
over the bin sizes Ar. ; As+ ;.

To end up with discretized versions of entropy functionals on the
left hand side of (13.26), it is necessary to assume equal bin sizes
AryiAsx i = Ary Asy. For example, we find the chain of inequalities

5(Qs) > ﬁh‘_ﬁl Fn2 (13:27)

for the family of discretized Rényi-Wehrl entropies

Ary Ast >3

S‘B(C]i) +In o

Sp(g+) = 1iﬁ In ( Z qi(ri,i,s%j)) . (13.28)

i,j=—00

In contrast, one cannot write down criteria for discretized Tsallis-Wehrl
entropies in simple form, as the latter result was established using
that the logarithm of a product equals the sum of two logarithms.

DEPHASED SCHRODINGER CAT STATE We examine the tightness
of the discretized separability criteria for the family of Rényi-Wehrl
entropies (13.27) and the dephased Schrodinger cat state (12.28). To
that end, we consider the values s = z = 0 and vary r € [0, 2], which
corresponds to the front slice in Figure 12.3.

In this regime, our entropic criteria (12.13) witnessed entanglement,
while all other entropic and second moment criteria failed. We show
the continuous and discretized Rényi-Wehrl criteria (13.13) and (13.27),
respectively, for B = 1 (corresponding to the ordinary Wehrl entropy)
in Figure 13.2a, for B = 2 in Figure 13.2b and for § = 10 in Figure 13.2c.

Detection of entanglement is (depending on the bin size Ar_ As)
prevented for sufficiently small and large r, which is inherent with
discretization. However, the possibility of optimizing over B can reduce
this effect noticeably indicating the potential of the general discrete
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separability criteria (13.26). In particular, one might prefer to choose
large values for B, such that small values of g+ (7 ;, s+ ;), which are
hard to detect, are suppressed.

Wi
0.05;
) r continuous
-005- N\ So o m==== Ar_As,.=0.25
T Ar_As,=0.5
N - Ar_As,=1
-0.15
-0.2-
(@p=1
Wo
0.05;
r continuous
-0.05F N\ e mmm—— Ar_As,=0.25
T Ar_As,=0.5
N e - Ar_As,=1
-0.15
-0.2-
(b) p=2
Wio
0.05-
Lo ‘ i
\.\\‘\0 5 1 1_53,",;/'/ continuous
~005- W sy - Ar_As,=0.25
2 L e Ar_As,=0.5
0.1+ Y e
\‘\\\s\ ,:}',' ----- - Ar_As,=1
-0.15" N\
-0.2-
() p=10
Figure 13.2: Continuous vs. discretized Rényi-Wehrl entropic criteria (cf.

(13.27)) for the dephased Schrodinger cat state (12.26) with
s = z = 0 as a function of r for various bin sizes Ar_ As,..
Entanglement is witnessed for negative g, which is defined
as the difference of the two sides in (13.27). We show the Wehrl
criteria in (a), while (b) and (c) depict higher-order Rényi-Wehrl
entropies with 8 = 2 and 8 = 10, respectively. For discretized
data, detecting entanglement becomes harder for small r < 0.25
and large r 2 1.5.



14 CONCLUSION AND OUTLOOK

GENERAL PERSPECTIVE We have used relative entropy and entropy
in the quantum mechanical phase space to describe equilibrium, un-
certainty and entanglement. In doing so, especially the concept of
relative entropy turned out to be an all-purpose tool. From our various
analyses, it is tempting to believe that distinguishability may be even
more fundamental than information. In any case, many more investi-
gations are needed to formulate physical laws with the methods of
information theory. For this purpose, relative entropy will certainly
be one of the fundamental tools. In the following, we discuss our
contributions successively and formulate open problems.

EQuiLiBRIUM  In Chapter 5, we formulated a principle of inference in
terms of relative entropy for classical distributions and quantum states.
We have shown that it correctly predicts the uniform distribution and
the maximally mixed state as priors if no further information is given.
We demonstrated that relative entropy can be replaced by a true
distance measure, the Hellinger distance, allowing us to conclude that
the optimal prior corresponds to the central point on the manifold of
allowed distributions for a simple example. However, there are three
main open problems.

First, the complexity of the integral over allowed distributions or
states prevented us from implementing further constraints in a straight-
forward way. Although we have shown that the optimal prior is always
given by the expectation value over all allowed distributions or states,
it is left to provide methods to evaluate our principle in general cases.

Second, for continuous variables the aforementioned integral be-
comes a functional integral, complicating the integration procedure
even more. In this case, one should at least try to confirm that the
uniform prior is correctly predicted when considering a finite interval.

Third, it is interesting to check how generic the functional used
for comparing two distributions can be. It could be that all statistical
divergences are well-suited or even that only convexity with respect
to the argument which is integrated out is sufficient to arrive at a
satisfactory principle of inference.

In Chapter 6, we developed thermodynamics in terms of thermo-
dynamic reference states and relative entropy. This description goes
beyond equilibrium situations as the thermodynamic variables tem-
perature and chemical potential can be associated also with nonequi-
librium states. In this formulation the second law of thermodynamics
is a simple consequence of the monotonicity property of quantum
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relative entropy when assuming that thermodynamic reference states
are left invariant by time evolution.

Here, it is of special interest to see whether the principle of minimum
expected relative entropy is capable of predicting the canonical state
for a given energy expectation values along the lines of Section 3.3.
Also, a more detailed investigation regarding the CPTP and PTP maps
which leave the thermodynamic reference state invariant is in order.
In particular, finding an explicit form of the Kraus operators and
checking which other states are left invariant is desirable.

In Chapter 7, we derived second law-like inequalities for relativistic
fluids in the context of local QFT. We made use of relative (entangle-
ment) entropy rendering all involved quantities finite and well-defined.

As our discussion was rather conceptual, a more concrete formalism
needs to be developed. In particular, one has to find general ways to
compute relative entanglement entropies in QFTs, which is an ongoing
effort [272]. Also, our construction made use of the double light cone,
which is of course a simplifying assumption. It is of great importance
to generalize our ideas to general open systems. What we have in
mind here is a local version of the Schwinger-Keldysh formalism in
QFT, which is also a current project [273]. Such a formalism would
allow us to study the time evolution of a local region influenced by
the interaction with its complement. It would be of great interest to
verify our second law-like relations in such a scenario, at least for
some concrete examples.

UNCERTAINTY In Chapter 8, we formulated the uncertainty principle
in terms of relative entropy. Our REUR holds naturally for discrete as
well as continuous variables. In particular, it keeps its form in the
continuum limit.

For future work it is of particular interest to generalize this ansatz
to bipartite systems where one system acts as (quantum) memory. The
corresponding EURs are typically formulated in terms of conditional
entropy and can be applied for example for entanglement witnessing.
A formulation in terms of conditional relative entropy is desirable as
it would unify existing discrete and continuous variable relations.

In Chapter 9, we extended the concept of entropic uncertainty to
QFT culminating in the field-theoretic REUR. We argued that relative
entropy is the natural measure for entropic uncertainty in field theories
and showed that the relation remains divergence-free in the continuum
limit. In particular, we considered a free particle and concluded that
its entropic uncertainty agrees with the one of a single mode.

As our work marks the first step in this direction, it brings a lot of
questions and new problems.

First, it is interesting to investigate interacting theories, for example
a scalar field with a ¢* interaction term. We expect that our argu-
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ment still works and that the resulting REUR acquires higher-order
correlation functions in the bound.

Second, one might study other field theories and corresponding
EURs as starting points. A formulation of the WL inequality for a scalar
quantum field has been worked out in [315]. One might also try to
find a formulation for spin degrees of freedom starting from the
MU relation, which is of interest for experimental purposes. Another
interesting type of theories are gauge theories as in this case the
functional integral is overcounting the physical field configurations,
such that a gauge fixing procedure is required.

Third, it is highly interesting to investigate how a field-theoretic
REUR can be used to constrain entanglement in field theories. It might
be easiest to analyze the Wehrl and quantum mutual informations in
this regard as every mutual information is UV-finite in the continuum
limit, but also formulations in terms of conditional relative entropy
might be possible.

In Chapter 10, we investigated EURs in phase space for various
classes of states. From our analytical and numerical evidence we con-
jectured that the WL relation is closest to equality almost everywhere.

Of course, it is natural to attempt to prove this conjecture. Let us
also recall that so far there is no proven EUR in phase space which is
tight for all pure Gaussian states. If such a relation is found, it might
itself be closer to equality than the WL relation almost everywhere.

Furthermore, one may conduct a similar comparison for quantum
spin systems described by an SU(2) algebra. In particular, one may
analyze the tightness of the MU relation and an EUR in phase space.
For quantum spins, the corresponding phase space has the geometry
of a 2-sphere embedded into the space spanned by the three spatial
components of the angular momentum operator J. Using spin coherent
states, a Husimi Q-distribution can be defined on this sphere, whose
entropy is constrained by an analog of the WL inequality.

ENTANGLEMENT  In Chapter 11, we investigated the Wehrl condi-
tional entropy and the Wehrl mutual information for the canonical
phase space. For the former we found an EUR strengthening the well-
known monotonicity property of the Wehrl entropy, while the latter
turned out to be a perfect witness for entanglement and a lower bound
on the entanglement entropy for pure states. As such, it was able to
witness the whole class of NOON states, which is not possible with
any other entropic criterion.

As pointed out already;, it is of interest to extend these concepts to
QFT. More importantly, one should try to generalize these ideas to
other observables characterized by other algebras. Here, the crucial
advantage of the phase space approach may become visible. For ex-
ample, the mutual information of a full phase space distribution will
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always be a perfect witness for pure state entanglement, see e.g. [316]
for a study of spin observables described by a SU(2) algebra.

In Chapter 12, we constructed entropic separability criteria based on
the Husimi Q-distribution. These criteria circumvented angle tomogra-
phy and outperformed known entropic criteria, which we exemplified
with the dephased Schrodinger cat state. Our entropic criteria were
the first being capable of witnessing entanglement for this state for
the full parameter ranges.

Also here generalizations to other observables are most interesting.
Note that existing entropic separability criteria for discrete and con-
tinuous variable systems can not be related due to the divergences
the classical entropy exhibits in the continuum limit. In contrast, a
phase space distribution is always continuous and it is rather the
geometry of the phase space, which depends on the observables under
consideration.

Hence, the phase space approach would not only lead to new en-
tropic criteria for other systems, but would also constitute a system
independent approach to entropic separability criteria. Note that for
such generalizations it is probably more convenient to start from the
PPT criterion and apply a suitable EUR in phase space, similarly to the
argument presented in Chapter 13, instead of trying to generalize the
entropy power inequality.

In Chapter 13, we derived general separability criteria for concave
functions and generalized them to discretized distributions. Especially
the latter criteria should be of high interest to the experimental com-
munity. These criteria leave us with the freedom to optimize over the
set of concave functions, allowing us to witness entanglement where
our discretized entropic crtieria failed.

For future work, it is most interesting to apply these criteria in an
actual experiment. In particular, one might try to certify entanglement
where other criteria fail, for example because of too poor resolution,
which may be circumvented by choosing suitable concave functions.

Also, a generalization to quantum spins with SU(2) algebra should
be striven for as an analog of the Lieb-Solovej theorem has been proven
already in this case [85].
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