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Zusammenfassung

In der vorliegenden Disssertation beschéftigen wir uns mit abhéngigen Daten in drei
verschiedenen Situationen. Als erstes untersuchen wir die emprisiche Prozesstheorie fiir
(lokal) stationére Prozesse beziiglich Klassen von glatten bzw. nichtglatten Funktio-
nen. Dabei durchleuchten wir unsere Theorie unter dem funktionalen Abhéngigkeitsmafl
(functional dependence measure) und fithren eine zusétzliche Abhéngigkeit in der Zeit
ein. Wir formulieren funktionale zentrale Grenzwertsitze und nichtasymptotische Ma-
ximalungleichungen. Unsere Resultate erweitern bereits bekannte Ergebnisse auf dem
Gebiet der stationdren Markovketten und mischenden Prozesse (mizing sequences). Als
Anwendung unserer Theorie leiten wir gleichméflige Konvergenzraten fiir nichtparame-
trische Regression mit lokal stationdrem Rauschen sowie die funktionale Konvergenz der
empirischen Verteilungsfunktion her. Weiterhin folgern wir gleichméflige Konvergenzra-
ten fir den Kerndichte-Schétzer im (lokal) stationdren Fall. Simtliche Ergebnisse werden
in der bestehenden Literatur eingeordnet und verglichen.

In einer daran anschlieBenden Abhandlung wenden wir uns dem Gebiet des statis-
tischen Lernens zu. Wir betrachten dabei hoch-dimensionale stationdre Daten, die aus
einer verrauschten Transformation vergangener Beobachtungen hervorgehen. Basierend
auf unseren vorherigen Resultaten und ausgehend von Realisierungen eines absolut re-
guldren mischenden Prozesses oder eines Bernoulli-Shift-Prozesses unter dem funktio-
nalen Abhéngigkeitsmafl leiten wir Orakelungleichungen fiir den empirischen Risiko-
Minimierer her. Wenn wir davon ausgehen, dass die Daten einer Kodierung-Dekodierung-
Struktur folgen, so sind wir in der Lage einen Neuronalen-Netzwerk-Schétzer zu konstru-
ieren, der eine Vorhersage fiir zukiinfitge Zeitpunkte erlaubt. Unter spezifischen struktu-
rellen Bedingungen und Spiérlichkeitsannahmen (sparsity) an die zugehorlgen Netzwerke
lisst sich der erwartete Vorhersagefehler nach oben abschiitzen. Uber quantitative Si-
mulationen untersuchen wir das Verhalten von Netzwerk-Schétzern unter verschiedenen
Modellannahmen. Wir stellen abschlielend eine praktische Anwedung durch die Wetter-
vorhersage von deutschen Stddten mit den Daten des Deutschen Wetterdienstes vor.

In einer weiteren Untersuchung von abhingigen Daten widmen wir uns der nichtpa-
rametrischen Schitzung der Uberlebensfunktion auf der positiven reellen Achse durch
Stichproben mit mulitplikativen Messabweichungen. Das vorgeschlagene datengetriebe-
ne Verfahren in dieser Arbeit basiert auf der Schitzung der entsprechenden Mellin-
Transformierten und einer Regularisierung ihrer Inversen durch einen spektralen Cut-
Off; die datengetriebene Wahl des Cut-Off-Parameters gleicht iiblicherweise den Bias und
die Varianz aus (bias-variance trade-off ). Fiir die Analyse des Bias-Terms fithren wir
sogenannte Mellin-Sobolev-Réiume ein, welche die Regularitéit der Uberlebensfunktion
durch das Zerfallverhalten ihrer Mellin-Transformierten charakterisiert. Den Varianz-
Term werden wir anhand von unabhingig, identisch verteilten (i.i.d.) Beobachtungen
und abhéngigen Daten durchleuchten. Wie zuvor spezialisieren wir uns auf Bernoulli-
Shift-Prozesse unter dem funktionalen Abhédngigkeitsmafl und auf absolut regulér mi-
schende Prozesse. Im i.i.d.-Fall erreichen wir Minimax-Optimalitéit des sprektralen Cut-
Off-Schétzers auf Mellin-Sobolev-Réumen.






Abstract

In this doctoral dissertation we will investigate dependence structures in three different
cases.

We first provide a framework for empirical process theory of (locally) stationary pro-
cesses for classes of either smooth or nonsmooth functions. The theory is approached
by using the so-called functional dependence measure in order to quantify dependence.
This work extends known results for stationary Markov chains and mixing sequences
while accounting for additional time dependence. The main contributions consist of
functional central limit theorems and nonasymptotic maximal inequalities. These can be
employed to show, for example, uniform convergence rates for nonparametric regression
with locally stationary noise. We further derive rates for kernel density estimators in the
case of stationary and locally stationary observations. A special focus is placed on the
functional convergence of the empirical distribution function (EDF). Comparisons with
results based on other measures of dependence are carried out, as well.

In a subsequent step, we consider high-dimensional stationary processes where new ob-
servations are generated by a noisy transformation of past observations. By means of our
previous results we prove oracle inequalities for the empirical risk minimizer if the data is
generated by either an absolutely regular mixing sequence (S-mixing) or a Bernoulli shift
process under functional dependence. Assuming that the underlying transformation of
our data follows an encoder-decoder structure, we construct an encoder-decoder neural
network estimator for the prediction of future time steps. We give upper bounds for the
expected forecast error under specific structural and sparsity conditions on the network
architecture. In a quantitative simulation we discuss the behavior of network estimators
under different model assumptions and provide a weather forecast for German cities
using data available by the German Meteorological Service (Deutsche Wetterdienst).

Moving onto a different setting, we study the nonparametric estimation of an un-
known survival function with support on the positive real line based on a sample with
multiplicative measurement errors. The proposed fully data-driven procedure involves
an estimation step of the survival function’s Mellin transform and a regularization of
the Mellin transform’s inverse by a spectral cut-off. A data-driven choice of the cut-off
parameter balances bias and variance. In order to discuss the bias term, we consider
Mellin-Sobolev spaces which characterize the regularity of the unknown survival func-
tion by the decay behavior of its Mellin transform. When analyzing the variance term
we consider the standard i.i.d. case and incorporate dependent observations in form of
Bernoulli shift processes and absolutely regular mixing sequences. In the i.i.d. setting we
are able to show minimax-optimality over Mellin-Sobolev spaces for the spectral cut-off
estimator.
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Chapter 1

Introduction

In this thesis we explore stochastic processes based on two dependence structures,
Bernoulli shift processes under the functional dependence measure and absolutely reg-
ular mixing sequences. Beginning this thesis with empirical process theory for locally
stationary processes, Chapter 2 and Chapter 3, we wind our way through its conse-
quences in forecasting with neural networks, Chapter 4, and bring it to an end with
survival analysis, Chapter 5. Let us briefly introduce these topics and place them in
their literary context.

Empirical process theory. Empirical process theory is a powerful tool to prove uni-
form convergence rates and weak convergence of functionals. The main concern revolves
around the probabilistic behavior of processes {G,(f) : f € F}, where

Gu(f) = \}ﬁ SO {F(X) — Ef (X))
=1

is given for a random sample X;, ¢ = 1,...,n, and a function f in the class F of measur-
able functions. The theory for independent variables is well-studied (cf. Dudley [2014],
Giné and Nickl [2016], van der Vaart and Wellner [1996] or van der Vaart [1998] for an
overview, based on the original ideas of Donsker [1952], Dudley [1966], Dudley [1978],
Pollard [1982] and Ossiander [1987], among others). For dependent observations var-
ious approaches have been discussed. There exist a well-developed empirical process
theory and large deviation results for Harris-recurrent Markov chains based on regener-
ative schemes (cf. Levental [1988], Samur [2004], Ellis and Wyner [1989] and Adamczak
[2008], among others) or geometric ergodicity (cf. Kulik et al. [2019]). To quantify the
speed of convergence in maximal inequalities, additional assumptions like S-recurrence
(cf. Karlsen and Tjg stheim [2001]) have to be imposed. The theory covers a rich class
of Markov chains, but for instance, fails to discuss linear processes.

In the context of stationary processes, an empirical process theory under complex
assumptions on the moments of means is formulated in Dehling et al. [2009] and further
discussion papers. In the paradigm of weak dependence, in which the size of covariances of
Lipschitz continuous functions of random variables is measured, Doukhan and Neumann
[2007] provides Bernstein-type inequalities.



Focusing on the analysis of the empirical distribution function (EDF), much more
techniques have been developed. Regarding the functional weak convergence of the EDF,
more specific conditions are stated in the literature for stationary observations. The work
of Durieu and Tusche [2014] provides functional convergence of the EDF (Theorem 4
therein) using bounds for covariances of Holder functions of random variables. Another
abstract concept was introduced by Berkes et al. [2009] via stationary mixing (S-mixing),
which imposes the existence of m-dependent approximations of the original observations.
They derived strong approximations and uniform central limit theorems for the EDF.
More approaches are presented in Borovkova et al. [2001] and Dedecker [2010].

Another idea to measure dependence of random variables is given by mixing coef-
ficients. In this case, several concepts were established, the most common (in order of
increasing strength) being a-, §- and ¢-mixing. For an overview about mixing coefficients
we refer to Doukhan [1994]. Large deviation results and uniform central limit theorems
for general classes of functions (not only for EDFs) can be derived by using coupling tech-
niques, cf. Rio [1995], Liebscher [1996], Arcones and Yu [1994], Yu [1994] for a-mixing,
successively refined by Doukhan et al. [1995], Rio [1998], Dedecker and Prieur [2007]
and Dedecker [2010] (the last two for EDF's only); Rio [2017] for S-mixing and Dedecker
and Louhichi [2002], Borovkova et al. [2001] for 8- and ¢-mixing. For a comprehensive
overview also consider Andrews and Pollard [1994], Dedecker and Louhichi [2002] and
Rio [2017].

In Dedecker and Louhichi [2002] it is argued that S-mixing is the weakest mixing
assumption that allows for a “complete” empirical process theory which incorporates
maximal inequalities and uniform central limit theorems. There exist explicit upper
bounds for S-mixing coefficients for Markov chains (cf. Heinrich [1992]) and for so-called
V-geometric mixing coefficients (cf. Meyn and Tweedie [2009]). For several stationary
time series models like linear processes (cf. Pham and Tran [1985] for a-mixing), ARMA
(cf. Mokkadem [1988]), nonlinear AR (cf. Karlsen and Tjg stheim [2001]) and GARCH
processes (cf. Francq and Zakoian [2006]) there are upper bounds on mixing coefficients
available. A common assumption in these results is that the observed process or, more
often, the innovations of the corresponding process, have a continuous distribution. This
is a crucial assumption in order to handle the rather complicated mixing coefficients
defined over a supremum over two different o-algebras. A relaxation of S-mixing coef-
ficients was investigated by [Dedecker and Prieur, 2007, Theorem 1] and is specifically
designed for the analysis of the EDF. They provide coefficients that are defined by con-
ditional expectations of certain classes of functions and are easier to upper bound for a
wide range of time series models.

Recently, another measure of dependence, the so-called functional dependence mea-
sure, became popular (cf. Wu [2005]). It uses a Bernoulli shift representation (see equa-
tion (1.2.1) below) and a decomposition into martingales and m-dependent sequences.
It has been shown in various applications that the functional dependence measure, when
combined with the rich theory of martingales, allows for sharp large deviation inequali-
ties (cf. Wu et al. [2013] or Zhang and Wu [2017]). In Wu [2008] and Mayer et al. [2020],
uniform central limit theorems for the EDF were derived for stationary and piecewise
locally stationary processes.



So far, to the best of our knowledge, no general empirical process theory that allows
for general classes of functions using the functional dependence measure is available. This
dissertation intends to fill this gap and prove maximal inequalities as well as functional
central limit theorems under functional dependence. We are going to consider classes of
smooth functions and additionally allow for nonsmooth functions in a separate discus-
sion. In particular, our framework includes, but is by far not limited to, the empirical
distribution function (EDF). Furthermore, we will draw connections and compare our
results to the already existing empirical process theory for dependent data we mentioned
earlier.

While the empirical process theory for Markov chains and mixing sequences cited
above was developed for stationary processes, we will work in the framework of locally
stationary processes and thus provide the first general empirical process theory in this
setting. Locally stationary processes allow for a smooth change of the distribution over
time but can locally be approximated by stationary processes. Therefore, they provide
more flexible time series models (cf. Dahlhaus et al. [2019] for an introduction). The
work of Dahlhaus and Polonik [2009] investigates spectral empirical processes for linear
processes and Mayer et al. [2020] shows a functional central limit theorem for a localized
empirical distribution function.

The definition of the functional dependence measure for locally stationary processes
is similar to its stationary version and is easy to calculate for many time series models.
It does not rely on the stationarity assumption but on the representation of the process
as a Bernoulli shift. Therefore, many upper bounds for stationary time series given in
Wu [2011], including recursively defined models and linear models, directly carry over to
the locally stationary case. It seems reasonable to use it as a starting point to generalize
empirical process theory for stationary processes to the more general setting of locally
stationary processes. Contrary to the concept of S-mixing, the functional dependence
measure can effortlessly deal with transformed observations by using Hoélder-type as-
sumptions. On the same note, it can easily be calculated in many situations and is not
restricted to continuously distributed data. It is worth pointing out that linear processes
are covered, as well.

However, there are some peculiarities that come along when using the functional de-
pendence measure (1.2.2). While for Harris-recurrent Markov chains and g-mixing, the
empirical process theory is independent of the function class considered, the situation for
the functional dependence measure is more involved. For example, let us consider some
(possibly high-dimensional) random variables X7, ..., X,, and a general function class
f € F.In order to quantify the dependence of a transformation f(X), X = (Xy,..., X»),
we have to impose certain smoothness conditions on the function f itself. Therefore,
certain measures of distances that are necessary to derive weak convergence results will
change according to the dependence structure of X. They also have to be “compatible”
with the function class F. However, requiring smoothness conditions will pose chal-
lenging issues when considering chaining procedures where rare events are excluded by
(nonsmooth) indicator functions.



Oracle inequalities. In a next step, we would like to apply the results from the em-
pirical process theory for classes of smooth functions. They help us to better understand
the performance of certain time series forecasting regimes that involve empirical risk
minimizers. Let us consider such a (high-dimensional) time series and assume that the
observed data X;, ¢ = 1,...,n, is a realization of a stationary stochastic process which
follows an autoregressive regression model with Subgaussian innovations &;,

Xi= fo(Xiz1, ... Xiey) +&, i=7r+1,..,n,

for number of lags r, made precise later in (4.1.1). First, we develop oracle inequalities for
observations that come from Bernoulli shift processes under the functional dependence
measure and on a sample that is drawn from S-mixing sequences. Oracle inequalities
provide a useful tool when trying to measure an estimator’s accuracy.

Based on the prediction error

R() = Bl X1~ F(Xp, o X))

(cf. (4.1.2)), we will define its empirical counterpart and asses the excess Bayes risk of
the empirical risk minimizer over a certain class of measurable functions.

Specifically, we investigate the statistical behavior of structured neural network esti-
mators in high-dimensional time series forecasting. Here, we harness the approximation
results obtained by Schmidt-Hieber [2017] and derive upper bounds for the excess Bayes
risk. The general idea to use networks for forecasting was already described in Tang and
Fishwick [1993], Kline [2004], Zhang [2012]. However, up to now, no theoretical results
for convergence rates on dependent data in this setting seem to exist. They are of utmost
value since the conditions needed can shed light on the choice of a network structure.
Furthermore, quantifying the impact of the underlying dependence in the data can yield
information on the number of training samples (or observation length, in a time series
context) required to bound the prediction error.

A general overview for oracle inequalities and its use cases can be found in Biihlmann
and Van De Geer [2011]. Related studies can be found in, for example, Blanchard et al.
[2008] and Schmidt-Hieber [2017].

Let us emphasize that our stochastic results can be seen as a generalization of Schmidt-
Hieber [2017] which deals with independent and identically distributed (i.i.d.) data X;
and one-dimensional outputs Y;, in particular. Furthermore, we will be imposing an
encoder-decoder structure which is crucial when transferring the strong convergence
rates from Schmidt-Hieber [2017] to the setting of high-dimensional outputs, especially
in the case of recursively defined time series.

Survival analysis. So far, many statistical procedures under dependent data have
yet to be developed. For our next topic, we focus on an estimation procedure for the
unknown survival function of a positive random variable X, that is,

S:Ry — 0,1, z+—P(X >ux),



given identically distributed copies of Y = XU, where X and U are independent of each
other and U has a known density g : Ry — R,. In this setting, the density fy : Ry — R4
of Y is given by

) = [f *al(y) = /0 " H@)gw/a)etdr Yy € Ry

Here, “x” denotes multiplicative convolution. The estimation of S using an observable
sample Y7,...,Y, from fy becomes thus an inverse problem called multiplicative de-
convolution. We account for certain dependence structures on the sample Yi,... Y.
More precisely, we assume X1, ..., X, to be a stationary process while the error terms
Ui,...,U, will be i.i.d.

Multiplicative deconvolution models are, for example, treated in the recent work of
Brenner Miguel et al. [2020], which uses the Mellin transform to construct a density
estimator under multiplicative measurement errors, and Brenner Miguel [2021], where
they consider the multivariate case of density estimation. The model of multiplicative
measurement errors was motivated in the work of Belomestny and Goldenshluger [2020]
as a generalization of several models, for instance, the multiplicative censoring model or
the stochastic volatility model.

To the best of our knowledge, the estimation for the survival function of a positive
random variable for general multiplicative measurement errors has not been studied yet.

The investigations in Vardi [1989] and Vardi and Zhang [1992] introduce multiplicative
censoring and focus on multiplicative deconvolution problems with uniformly distributed
multiplicative error U on [0, 1]. This model is applied often in survival analysis and was
motivated in Van Es et al. [2000]. The estimation of the cumulative distribution function
of X is discussed in Asgharian and Wolfson [2005] and Vardi and Zhang [1992]. Series
expansion methods are covered in Andersen and Hansen [2001], treating the model as
an inverse problem. The survival function estimation in a multiplicative censoring model
is considered in Brunel et al. [2016] using a kernel estimator and a convolution power
kernel estimator. Assuming an uniform error distribution on an interval [1 — «, 1 + @]
for o € (0,1), Comte and Dion [2016] analyzes a projection survival function estimator
with respect to the Laguerre basis. On the other hand, Belomestny et al. [2016] sheds
light on the theory with beta-distributed error U.

In the work of Belomestny and Goldenshluger [2020], the authors use the Mellin trans-
form to construct a kernel estimator for the pointwise density estimation. Moreover, they
point out that the following widely used naive approach is a special case of their esti-
mation strategy. Applying a log-transformation, the model ¥ = XU is equivalent to
log(Y) = log(X) + log(U), which in turn is just a convolution of the log-transformed
data. As a consequence, the density of log(X) is eventually estimated by employing the
usual strategies for nonparametric deconvolution problems (cf. Meister [2009]) and then
transformed back to an estimator of f. However, it is difficult to interpret regularity con-
ditions on the density of log(X). Furthermore, the global risk analysis of an estimator
using this naive approach is challenging as Comte and Dion [2016] pointed out.

In the last chapter, we extend the results of Brenner Miguel et al. [2020] for the
estimation of the survival function. To do so, we introduce the Mellin transform for



positive random variables and revise necessary properties. The key to the multiplica-
tive deconvolution problem is the multiplication theorem of the Mellin transform, which
roughly states M[fy] = M[f]M]g] for a density fy = f * g. Exploiting the multiplica-
tion theorem and applying a spectral cut-off regularization on the inverse of the Mellin
transform we then define a survival function estimator. The accuracy of the estimator
is measured by introducing a global risk in terms of the L2-norm. We borrow ideas
from, for example, Engl et al. [2000] when characterizing the underlying inverse prob-
lem. The regularity conditions will be expressed in the form of Mellin-Sobolev spaces.
The proposed estimator, however, involves a tuning parameter which is selected by a
data-driven method. We will first establish an oracle inequality for the fully-data driven
spectral cut-off estimator under fairly mild assumptions on the error density g and then
show that uniformly over Mellin-Sobolev spaces the proposed data-driven estimator in
the i.i.d. case is minimax-optimal. More precisely, we state both an upper bound for
the mean integrated squared error of the fully-data driven spectral cut-off estimator and
a general lower bound for the estimation of the density f based on copies from fy = fxg.

Besides the discussion of i.i.d. samples, we also examine the estimator’s behavior
when certain dependence structures are present, similar to Comte et al. [2008] whose
work considers density estimation for general ARCH models using the log-transformed
data approach. We base our theory on the two concepts of dependence that we are
by now familiar with, namely absolutely regular mixing sequences and Bernoulli shift
processes under the functional dependence measure. The merits of the latter were already
highlighted in the above paragraphs.

1.1 Contribution and outline

General display of results. For overview purposes, the subsequent chapters will
display main results first. Thereafter, proofs and technicalities are provided in a separate
section found towards the end of each chapter, respectively.

We would like to give a short overview of how this thesis and each chapter is structured.

Chapter 2 - Empirical process theory for smooth functions

Our main contributions are the following.
e We derive maximal inequalities for G, (f) for classes of smooth functions F,
e a chaining device which preserves smoothness during the chaining procedure and

e conditions to ensure asymptotic tightness and functional convergence of G, (f),

ferF.

In Section 2.2, we present our main result Theorem 2.2.5, the functional central limit
theorem under minimal moment conditions. As a special case, we derive a version for
stationary processes. We include a discussion on the custom distance that we are going



to use in this new context and compare our result with the empirical process theory for
B-mixing sequences. Some assumptions are postponed to Section 2.3, where a novel mul-
tivariate central limit theorem for locally stationary processes is shown. In Section 2.4 we
provide new maximal inequalities for G, (f) over a class F of either finitely or infinitely
many functions. We apply our theory in Section 2.5 to prove uniform convergence rates
and weak convergence of several estimators. The aim of the last section is to highlight the
wide range of applicability of our theory and to display the typical conditions which have
to be imposed, as well as some discussion. We derive further large deviation inequalities
in Section 2.6 as they might be of interest for some future applications. In Section 2.7,
a conclusion is drawn. A detailed account on the proofs can be found in Section 2.8.

This chapter has been published independently as Phandoidaen and Richter [2022].

Chapter 3 - Empirical process theory for nonsmooth functions

The results obtained are similar to Chapter 2 but now consider nonsmooth functions.

Even though our theory allows for general function classes, we will focus on the empir-
ical distribution function (EDF). In particular, we derive functional convergence of the
EDF under weak conditions on the moments and the dependence structure of the process
itself. We will see that our results typically require weaker conditions on the underlying
dependence structure than comparable results for the stationary case mentioned above.

In Section 3.1, we present our main result, Theorem 3.1.2, the functional central limit
theorem under minimal moment conditions, now formulated in its nonsmooth context.
We then derive a version for stationary processes and discuss its application on empirical
distribution functions where the underlying process is either stationary or locally sta-
tionary. Some assumptions are postponed to Section 3.2, where we state a reformulation
of the multivariate central limit theorem for locally stationary processes presented in
Chapter 2. In the new setting, Section 3.3 provides new maximal inequalities for G, (f)
in case of a finite and infinite function class F. It is the aim of Subsection 3.3.3 to show
the wide range our theory can be applied to. Section 3.4 accommodates a conclusion for
this chapter. We postpone all detailed proofs to Section 3.5.

Chapter 4 - Oracle inequalities applied to neural network estimators

Based on the empirical process theory for smooth functions we present
e oracle inequalities, i.e. upper bounds for the excess Bayes risk

of the empirical risk minimizer. They can be found as Theorem 4.1.3 in case of Bernoulli
shift processes under the functional dependence measure and in Theorem 4.1.6 for S-
mixing sequences. As a consequence we then have

e convergence rates for encoder-decoder neural network estimators,

found in Theorem 4.2.6 and Theorem 4.2.5 for each dependence case, respectively.



In Section 4.1 we briefly reintroduce the two aforementioned dependence structures
and provide the corresponding oracle inequalities. In Section 4.2 we describe the struc-
tural assumptions on the true regression function, formulate the neural network estimator
and provide upper bounds for the excess Bayes risk. A small simulation study is pro-
vided in Section 4.3 and sheds light on the behavior of neural network estimators from
a practical point of view. We also include an investigation on real-world temperature
data for German cities. The arising approximation error when using a certain class of
neural networks to approximate the true regression function is discussed in Section 4.4.
In Section 4.5, a conclusion is drawn. Most of the proofs are deferred to Section 4.6.

Chapter 5 - Survival function estimation as a deconvolution problem

We summarize the novel contributions in survival function estimation with multiplicative
errors via Mellin transforms as follows. In the setting of i.i.d. and dependent observations
we provide

e an upper bound for the spectral cut-off estimator’s global risk and the rates in the
Mellin-Sobolev space (cf. Theorem 5.3.2 and corollary),

e minimax-optimality for i.i.d. data (cf. Theorem 5.3.8) as well as

e an upper bound and respective rates when a data-driven method is employed for
selecting an appropriate tuning parameter (cf. Theorem 5.4.2 and corollary).

Our discourse is organized as follows. After a brief motivation and introduction, Sec-
tion 5.3 revises the Mellin transform, briefly offers an overview of its main properties
and gives examples. Thereafter, we establish our estimation strategy for the survival
function. We provide oracle inequalities for independent and dependent data and with
respect to the MISE derive upper bounds with parametric as well as nonparametric
rates in an appropriate Mellin-Sobolev space. We conclude the section by deriving the
estimator’s minimax optimality in the i.i.d. case. Since our theory depends on a spectral
cut-off parameter, we propose in Section 5.4 a data-driven method based on a penalized
contrast approach for an optimal choice. As before, we state an oracle inequality and
derive an upper bound, accordingly. To illustrate our results, we showcase numerical
studies in Section 5.5. A conclusion is drawn in Section 5.6. The proofs can be found in
Section 5.7.

1.2 Preliminaries and notation

Functional dependence. The functional dependence measure is a key concept of
this thesis. It uses a representation of the given process as a Bernoulli shift process and
quantifies dependence with a norm defined on moments. More precisely, we assume that
Xi = (Xij)j=1,..4, i = 1,...,n, is a d-dimensional process of the form

Xi = X@n = J%n(.Az) (121)



where A; = (g;,&i-1,...) for &;, i € Z, a sequence of i.i.d. random variables in R4
(d,ci € N) and some measurable function J;, : (RHN — R4 j = 1,...n, n € N.
For a real-valued random variable W and some v > 0, we define the norm ||[W||, :=
E[|[W ¥ ]1/ V. If € is an independent copy of ¢, independent of ¢;,i € Z, we define

*(1—k * *(1—k *(i—k *(i—k
.Ai(Z )= (€iseoor Eimbt 1, €f_gs Eimk—1, --.) and X, (=k) Xié )= Ji,n(Ai( )). Then,
the uniform functional dependence measure is given by
*(1—k
6X(k) = sup sup | X5 — Xij(Z )Hy. (1.2.2)
i=1,...,n j=1,...,

Graphically, §%X can be interpreted to measure the impact of gy in Xj. Although
representation (1.2.1) appears to be rather restrictive, it does cover a large variety of
processes. In Borkar [1993] it was motivated that the set of all processes of the form X; =
J(€i,€i—1,...) should be equal to the set of all stationary and ergodic processes. However,
this conjecture was proven not to hold true by Rosenblatt [2009]. We additionally allow
J to vary with ¢ and n in order to cover processes which change their stochastic behavior
over time; as suggested by the double index of J;, or X; ,. This is exactly the form of
the so-called locally stationary processes discussed in Dahlhaus et al. [2019]. As it is
quite common to omit the double index in X;,, we will denote the process simply by X;
if no confusion arises.

Since we are working in the time series context, many applications ask for functions f
that not only depend on the actual observation of the process but on the whole (infinite)
past Z; := (X;, X;—1, Xi—2,...). During the course of this thesis, one fundamental aim is
to derive asymptotic properties of the empirical process

Gn(f) = \}EZ{f(Zi77i)_Ef(Zi,;)}7 fevrF, (1.2.3)
=1
where

F C{f: RHNo x [0,1] — R measurable}.

Let H(e, F,|| - ||) denote the bracketing entropy, that is, the logarithm of the number of
e-brackets with respect to some distance ||-|| that is necessary to cover F; a precise formu-
lation is given below. If the corresponding bracketing entropy integral fol VH(e, F, V,,)de
on a custom seminorm V,, is finite, the weak convergence of the empirical process in
(1.2.3) can be guaranteed.

We now introduce some basic notation grouped into the chapters they first appear in.

Chapter 2 and Chapter 3

For a,b € R, let a A b := min{a,b}, a Vb := max{a,b}. For s € (0,1], a sequence
2 = (2;)ien, of elements of R? (equipped with the maximum norm |-|»,) and an absolutely
summable sequence x = (x;)ien, of nonnegative real numbers, we set

> s 1/s
s = (X ilail)
=0



and abbreviate |z|y = |2]y1.
For k € N,
H(k) :=1Vlog(k), (1.2.4)

which naturally appears in large deviation inequalities. For a given finite class F, let |F]|
denote its cardinality. We use the abbreviation

H=H(|F|)=1Vlog|F| (1.2.5)

if no confusion arises. For some norm ||-||, let N(e, F, ||-||) denote the bracketing numbers,
that is, the smallest number of e-brackets [I;,u;] :== {f € F : [; < f < u;} needed to
cover F. In more detail, an e-bracket contains measurable functions l;,u; : (R%)No x
[0,1] — R for which |lu; — ;|| < e for all j. Let H(e, F,| - ||) := logN(e, F, || - ||) denote
the bracketing entropy.

For v > 1, let
1/v

oo = (5 2 102 D)

Chapter 4

We additionally make use of the following notations.

For ¢ > 0, let |v|g := (377, [vj|9)/7 denote the g-norm of a vector v € R” with the
convention |v|e = max;j—1, ., |vj] and |v|o == [{j € {1,...,r} : v; # 0}|.
{1, r} ke {l,...,s} : Wy, #0}].

For mappings f : R — R, we denote by || f||oo := supycp: |f(x)| the supremum norm.
I £ 5 R R, we use || oo i= [/]oolloc

For sequences x,, y, we write x,, < y, if there exists a constant C' > 0 independent of
n such that z, < Cy, for n € N. We write x, <y, if v, <y, and y, < xp.

Chapter 5

The flavor of this chapter will differ from the preceding chapters. We therefore need to
establish a new notation habit which might, however, be overloaded. Please keep that in
mind, when considering this chapter.

We define for any weight function w : R — Ry the corresponding weighted norm
by ||l = [5° |h(z)|?w(x)dz for a measurable, complex-valued function h. Denote by
L?(Ry,w) the set of all measurable, complex-valued functions with finite || . [|,-norm and
by (h1, he)w = [;° h1(z)ho(z)w(z)dx for hi, hy € L*(Ry4,w) the corresponding weighted
scalar product. On the other hand, L'(Q,w) := {h: @ = C : ||hl|L1 () < o0}, where
Al @w) = Jo IM(z)|w(z)dz, for a normed space 2. Similarly, we set L2(R) := {h :

R — C measurable : ||h]|§ < oo} for ||h||% := [0 h(t)h(t)dt and L'(R) := {h : R —
C measurable : [|h|g < oo} for ||kl := [ |h(t)|dt, if the constant unit weight is
applied. We use the shorthand [|h|? := ||h||% on L2(R), sometimes written as L?(R,z")

depending on the context.
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Chapter 2

Empirical process theory for
smooth functions under
functional dependence

At the heart of this thesis lies the empirical process theory, spanning the next two
chapters and impacting the one after. In this chapter we are going to focus on locally
stationary process for classes of smooth functions. As we consider Bernoulli shift pro-
cesses under the functional dependence measure, novel approaches have to be found or
existing ideas modified in order to provide asymptotic tightness. From a purely technical
perspective, one of the main issues will be finding an alternative to the chaining proce-
dure, which is crucial for similar results in the setting of i.i.d. and mixing observations,
but does not work for the setting studied here.

2.1 Motivation

One of the crucial concepts for empirical process theory is chaining. Chaining describes a
procedure for dealing with stochastic processes that are indexed by an uncountable set.
It allows us to handle suprema of such processes or a transformation thereof by breaking
down the index set into a sequence of finite subsets that is able to “approximate” the
original set. We then decompose the process into a sum of increments based on the
carefully chosen sequence of finite subsets. These contributions can be bounded in a way
that guarantees convergence of the sum. We will eventually, in Subsection 2.8.3, provide
a novel chaining technique for Bernoulli shift processes under the functional dependence
measure for classes of sufficiently smooth functions as standard approaches as found,
for example, in van der Vaart [1998] fail to work. An introduction to chaining is also
available by Pollard [2012].

A basic property that a seminorm V,,(+) has to fulfill when using a chaining procedure
is that its square has to be an upper bound of the variance of G, (f), that is,

Var(G,(f)) < Vn(f)2-
We therefore first derive an expression for the left hand side. Let & € Ny. For a

11



sequence W; = J; »(A;) with ||[Wil|1 < oo, let Py W := E[W; | Ai—i] — E[W; | Ai—g—1].
Then, (P,_;W;)ien is a martingale difference sequence with respect to (A;);en, and
Wi —EW; =302 o P Wi.

Our theory is mainly based on the case v = 2. By the projection property of the
conditional expectation and an elementary property of (5;” (cf. [Wu, 2005, Theorem 1]),
we have

| P Willz < min||Willa, 6 (k)}. (2.1.1)

Since min{ay, b1} + min{ag, b} < min{a; + az,b; + by} for nonnegative real numbers

t1.b1,a2. by > 0, we obtain
S {ER ]
- Z( ZHR (2 )"

Z( me{uf Zo DI R )

< kzomm{ (nzlai(z’%)?)m}. (2.12)

To further bound (2.1.2), we therefore have to investigate for u € [0, 1],

Var(Gn(f))"/?

IN

o4 k) = sup | £(Zi) = 120w,
7

(2.1.3)
the functional dependence measure accommodated for f (cf. 1.2.2). Due to the linear
nature of the functional dependence measure, it is necessary to impose smoothness as-
sumption on f € F in order to derive upper bounds for 65 (Z’u)(k) in terms of the
functional dependence measure of X; from (1.2.2). When doing so, we “lose” the proper-
ties of f and especially of || f||2,», whose information we would like to retain. Therefore,
our goal should be to bound (2.1.3) by some quantity which is completely independent
of a specific f. To obtain a rich enough theory for our setting (of local stationarity),
we have to allow f to depend on n and include classes F where parts of f change the
convergence rate of G, (f). In an abstract way, we would like for each f € F to factorize
as

f(z,u) = Dy yp(u) - f(z,u), zZ € (Rd)NO,u € [0,1],

where D¢ ,(u) € R does not depend on z.
Given some decreasing sequence A(k) > 0 and D,, > 0 which fulfill

- P on1/2
sup sup (55(2’”) < A(k), sup ( Zva ) <D,, (2.1.4)
u€el0,1] fEF feF
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we obtain from (2.1.2),

Var(Gy(f)"? <Y min{||f |2, DaA(K)}.

k=0

This motivates the definition of our actual V,,(+) in the next section.

2.2 A functional central limit theorem

Roughly speaking, a process X;, ¢ = 1,...,n, is called locally stationary if for each

€ [0, 1], there exists a stationary process X;(u), ¢ = 1,...,n such that X; ~ X;(u) if
\u — L1is small (cf. Dahlhaus et al. [2019]). The exact form needed is stated in Assump-
tion 2.3.1. Thus, X; behaves stationary around each fixed (rescaled) time point u € [0, 1],
but over the whole time period ¢ = 1,...,n its distribution can change drastically. De-
terministic properties of the process like expectation, covariance, spectral density or
empirical distribution functions therefore also depend on the rescaled time u € [0, 1].
Typical estimators are of the form

nhz (z/n )(Zi’%)

where K is a kernel function and A = h,, > 0 is a bandwidth. Such a localization will
certainly have an impact on the convergence rate. To cover these cases, suppose that
any f € F has a representation

f(z,u) = Dy p(u) - f(z,u), ze (RHYN y € [0,1], (2.2.1)
where f is independent of n and D #n(u) is independent of z. We put
F={f:feF} (2.2.2)

Definition 2.2.1. The function class F is called a (L,s, R,C)-class if there exist
Lr = (Lr,)ien,, a sequence of nonnegative real numbers, s € (0,1] and R : (R?)No x
[0,1] — [0, 00) such that for all u € [0,1], 2,2’ € (R)No, f e F,

[f(zou) = f(' )l < |2 = 217, o [R(z,0) + R(Z,w)].
Furthermore, C' = (Cg, Cy) € (0, 00)? fulfills sup,, | £(0,u)| < Cy, sup, |R(0,u)| < Cg.

We can consider the function class F as consisting of Holder continuous functions in
direction of z.

Remark 2.2.2. The condition on F to be a (Lz,s, R,(C)-class poses a smoothness
condition on any f € F separately. There is no need for any connection between the
different f € F. Moreover, it should not be confused with the important example of so-
called parametric Lipschitz classes in empirical process theory (cf. [van der Vaart, 1998,
Example 19.7]), where it is assumed that there exists some parameter space © C RP such
that F = {fp : 0 € ©} and for two 01,02 € O, |fa, (z,u) — fo,(z,u)| < m(z,u) |61 — 02|

for some measurable function m.
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The basic assumption for our main results is the following compatibility condition on
F. We will later provide a slightly adapted version of it.

Assumption 2.2.3. The class F is a (Lr, s, R, C)-class. There existp € (1,00, Cx >0
such that
(1) sup||R(Z;,u)|l2p < Ch, (i) sup HXZJHL;; < Cx. (2.2.3)
, o —

7,Uu 1,7

Let D, > 0, A(k) > 0 be such that for all k € Ny,

k n .
s 1 712\ 1/2

20Ck- Y Ly (5% (k=) < AGK). sup (237 |Dsa(H)[ ) <Da

=1

=0 fer 2

While (2.2.3) summarizes moment assumptions on X;; which are balanced by p, the
sequence A(k) reflects the intrinsic dependence of f(Z;, %) The value ID,, measures the
influence of the factor Dy ,(u) to the convergence rate of G, (f).

Based on Assumption 2.2.3, we define for f € F,

Va(f) = Iflzn + D> min{[[ fll2,n, DuA(K)}. (2.2.4)

k=1

The following lemma collects some properties of V,, and in particular shows that V,, is a
seminorm. The proof is straightforward and thus omitted.

Lemma 2.2.4. Let f,g € F and A\ € R. Then
(i) Va(0) =0, Va(f +9) < Va(f) + Valg) and Vo(A- f) = [AVi(f),
(i) |f] < g = Valf) < Valg),

(i) | flly s 1 f Nl < Va(F), and Vi(f) < Va([lfllo) < 00 if [[flloo < 00

Therefore, V,,(f — g) can be interpreted as a (pseudo) distance between f,g € F.

Based on the fact that we will later assume that F fulfills (2.1.4) or Assumption 2.2.3
(and thus G,,(f) is properly standardized), it is reasonable to suppose that I,, € (0, c0)
is independent of n € N. In this case, simpler forms of V,, can be derived for special cases
of A(k) which are given in Table 2.1. Note that if f(Z;, %), i1 =1,...,n, are independent,
55(Z’u)(k:) =0, v > 1, for k> 0 and thus V,,(f) = || fll2,n. We therefore exactly recover
the case of independent variables with our theory.

We are now able to state our main result, a weak convergence statement that takes
place in the normed space

E(F) = (61 F  B| [Bllo 1= sup [6(7)| < oo}, (2.2.5)

cf. van der Vaart [1998] for a detailed discussion of this space. The proof of the fol-
lowing Theorem 2.2.5 consists of two ingredients, convergence of the finite-dimensional
distributions (cf. Theorem 2.3.4) and asymptotic tightness (cf. Corollary 2.4.5). We will

14



have to impose some complex conditions on the process’ behavior and certain regularity
conditions on the function class, in order for the statements to be valid. For overview
purposes, we postpone the exact wordings of the assumptions necessary. They will ap-
pear right before the two key theorems, accordingly. For the sake of completeness we
have to include them here, already.

Theorem 2.2.5. Let F satisfy Assumption 2.2.3, 2.3.1, 2.3.2 and 2.3.3. Suppose that

1
sup/ VH(e, F,V,)de < oc.
0

neN

Then, in £>(F),

[Ga(D] per = [6(N)] er

where (G(f))rer is a centered Gaussian process with covariances

Cov(G(f),G(g)) = lim Cov(Gn(f),Gn(g)) = =

and XK is from Assumption 2.3.3.

The more challenging part will be the proof for asymptotic tightness; it only relies on
Assumption 2.2.3 and consists of a new maximal inequality presented in Theorem 2.4.1.
To ensure convergence of the finite-dimensional distributions, we have to formalize local
stationarity (Assumption 2.3.1) and impose conditions in time direction on f(z,-) (cf.
Assumption 2.3.2) and Dy () (cf. Assumption 2.3.3), which is done in Section 2.3. In
particular, we require that D¢, (u) is properly normalized.

Let us note that in the case where X; is stationary, f(z,u) = f(z) and Dy, (u) = 1.
Hence, Assumption 2.3.1, 2.3.2 and 2.3.3 are automatically fulfilled. In other words,
Assumption 2.2.3 is sufficient for Theorem 2.2.5 in the stationary case. We formulate
this finding as a simple corollary. Let X; = J(A4;), i = 1,...,n, be a stationary process
and

- 1 &
(h) = —= ;{ (X3) — ER(X2)}
where the functions h are contained in
H C {h:R? - R measurable}

such that for all z,y € R, |h(x) — h(y)| < Ly|z — |5,

Corollary 2.2.6. Suppose that | X1|l2s < co. Let A(k) := 2dLyda(k)* and D, = 1.
Assuming that

1
sup/ VH(e, H, Vy,)de < o0, (2.2.6)
0

neN
we have in (*°(H),
~ d ~
(W) ez, = (6] ey,
where (G(h))hen is a centered Gaussian process with covariances
Cov(G(h1),G(he)) =Y _ Cov(h1(Xo), ha(Xr)).
kezZ
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2.2.1 Form of V,, and discussion on A(k)
Form of V,

Suppose that D, € (0,00) is independent of n € N. Based on the decay rates of A(k),
simpler forms of V,, can be derived and are given in Table 2.1. These results are elemen-
tary and are proven in Lemma 2.8.14 and Lemma 2.8.15 in Section 2.8.

A(j)
cj % a>1,c¢>0 cpl, p€(0,1),¢>0
_1 _
Va(f) 1 ll2,0 max{]| 5, 1} 1|2, max{log(| f]l5.,), 1}
[7 /H(e, F,Vp)de | [7e™a\/H(e, F,|[- |zn)de | [ log(e™)/H(e, F, [ - [2n)de

Table 2.1: Equivalent expressions of V,, and the corresponding entropy integral under
the condition that D,, € (0, 00) is independent of n. We omitted the lower and
upper bound constants which are only depending on ¢, p, « and D,,. Further-
more, 6 = (o) fulfills ¢ — 0 for o — 0.

Discussion on A(k)

Assumption 2.2.3 provides an upper bound A(k) for
k
> Lr;(6%, (k—4))%,
§=0 v

which is a convolution of the uniform Holder constants Lr ; of f € F and the dependence
measure §4,, (k) of X = (X1, ..., X,,). Therefore, the specific form of f € F has an impact

2sp

on the dei)elndence structure, which is then introduced via V,,. This is quite different
to other typical chaining approaches for Harris-recurrent Markov chains or S-mixing
sequences where the dependence structure of X; simply transfers to functions f(X;)
without further conditions.

Furthermore, in contrast to other chaining approaches, we have to ask for the existence
of moments of X; in Assumption 2.2.3, even though G, (f) only involves f(X;). This is
due to the linear nature of the functional dependence measure (1.2.2). If f is Lipschitz
continuous with respect to its first argument (s = 1 in Assumption 2.2.3), we have to
impose sup; ; || Xjj|l2 < oo. However, these moment assumptions can be relaxed at the
cost of larger A(k), as follows. Let us consider the special case that f(Z;, %) only depends
on X;, that is, f(z,u) = f(z0,u). If f is bounded and Lipschitz continuous with respect
to its first argument with Lipschitz constant L, for any s € (0, 1],

|f(20,u) = f(z0,u)| < min{2| flloc, Llzo — 20/} < (2l|flloc)'*L7|20 — 20|
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Thus, A(k) can be chosen proportionally to (552(1@5. This means that we can reduce the
moment assumption to sup; ; || Xij|l2s < oo at the cost of having a larger norm V,.

2.2.2 Comparison to empirical process theory with S-mixing

In this section, we compare our functional central limit theorem for stationary processes
from Corollary 2.2.6 under functional dependence with similar results obtained under
B-mixing. Unfortunately, it does not seem to be straightforward to find a general setting
under which the functional dependence measure &5 can be compared with the S-mixing
coefficients X of X;, i = 1, ..., n. However, in some special cases, both quantities can be
upper bounded.

Upper bounds for dependence coefficients of linear processes

Consider the linear process
o0
Xz' :Zakgi_k’ 1= 1,...,1’L,
k=0

with an absolutely summable sequence ax, k € Ny, and i.i.d. €, k € Z, with Ee; = 0.
Then it is immediate that
85 (k) < 2[ag] - [le1l2.

From Pham and Tran [1985] (cf. also [Doukhan, 1994, Section 2.3.1]) we have the follow-
ing result. If for some v > 1, ||e1]], < 00, €1 has a Lipschitz continuous Lebesgue density
and the process Xj; is invertible, then for some constant ¢ > 0,

55 < ¢ (3 sl ) v (3 LA o)
m=k m=

where A, s := > p - |ag|® and L(u) = /u(1 V |log(u)]). If ar, = O(k~*) for some a > 1,

e

5X (k) =0(k™),  BX(k) = Ok T v v (k72 log(k)'/2)). (2.2.7)

Note that the calculation of the functional dependence measure is much easier. Moreover,
bounds for 3X (k) are typically larger than ds (k); the reason being that &5 is of simpler
structure than the more involved formulation of dependence via o-algebras for the -
mixing coefficients. For recursively defined processes with a finite number of lags, 65
are typically upper bounded by geometric decaying coefficients (cf. Wu [2011], Dahlhaus
et al. [2019]); the same holds true for 4% (k) under additional continuity assumptions
(cf. [Doukhan, 1994, Section 2.4], or Kulik et al. [2019], Heinrich [1992] among others).

17



Entropy integral

In Doukhan et al. [1995] (and also Dedecker and Louhichi [2002]), it was shown that if
Xi, 1 =1,...,n, is stationary and S-mixing with coefficients 5(k), k € Ny, then

1
/O \/]I-]I(s,H, | - ll2,8)de < o0 (2.2.8)

implies weak convergence of (G, (h))pey in €°°(H). Here, the || - |2, s-norm is defined as
follows. If 37! denotes the inverse cadlag of the decreasing function ¢ — B(|t]) and Q,
the inverse cadlag of the tail function ¢ — P(h(X1) > t), then

1
Il = /0 51 () ()2,

Condition (2.2.8) was later relaxed in [Rio, 2017, Theorem 8.3]. It was shown that if
F consists of indicator functions of specific classes of sets (in particular, F corresponds
to the empirical distribution function), weak convergence can be obtained under less
restrictive conditions than (2.2.8). At the moment, our theory does not allow us to
analyze indicator functions directly because F has to be a (Lg, s, R, C)-class, meaning
that smoothness assumptions have to be satisfied. This will be the topic of Chapter 3.

In the special cases of polynomial and geometric decay, simple upper bounds for || k|2 5
are available (cf. Dedecker and Louhichi [2002]). If >°7°  k~15(k) < oo for some b > 1,
then | - ||2,3 is upper bounded by || - ||b27b1

Generally speaking, (2.2.8) asks for ;2 moments of the process f(X;) to exist while

our condition in (2.2.6) only requires second moments of f(X;). However, the additional
factors given in the entropy integral (cf. Table 2.1) reduce the function classes’ size. In
specific examples (cf. (2.2.7)) it may occur that the entropy integral (2.2.6) is finite while
(2.2.8) is infinite due to missing summability of 8~ (k).

To give a precise comparison, consider the situation of linear processes from (2.2.7).
If v > 2a+ 1, we can choose b = o — % Then, the two entropy integrals from Corollary
2.2.6 (left) and (2.2.8) read as

1 1 1
T a . . . a—6 .
| VECET e v [ EEET e

Here, the entropy integral for mixing only exists if o > g The difference in the behavior
can be explained by the different bounds used for the variance of G, (f).

2.3 A general central limit theorem for locally stationary
processes

In this section, we introduce the remaining assumptions needed in Theorem 2.2.5 which
pose regularity conditions on the process X; and the function class F in time direction.
They are used to derive a multivariate central limit theorem for (G, (f1),...,Gn(fx))
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under minimal moment conditions, Theorem 2.3.4. Comparable results in different and
more specific contexts were shown in Dahlhaus et al. [2019] or Truquet [2020].

We first formalize the property of X; to be locally stationary (cf. Dahlhaus et al.
[2019]). Recall the quantities R(-), s,p from Assumption 2.2.3.

Assumption 2.3.1. For each u € [0, 1], there exists a process X;(u) = J(As,u), i € Z,
where J is a measurable function. Furthermore, there exists some Cx > 0, ¢ € (0,1]
such that for every i € {1,...,n}, ui,ug € [0, 1],

= 0
|- %)

2sp
p—1

For Z;(u) = (Xi(u), X;_1(u), ...) we require SUp, 4, IR(Zo(v), u)||ap < o0
The behavior of the functions f(z,u) = Dy, (u)- f(z,u) of the class F in the direction

of time u € [0, 1] is controlled by the following two continuity assumptions which impose
conditions on f(z,-) and Dy ,(-) separately.

<Cxn™*, (1 (1) — Xi(@)“ﬂ; < Cxluy — ug|*.
2o

Assumption 2.3.2. There exists some ¢ € (0, 1] such that for every f € F,
| (Zo(v), w1) = F(Zo(v), uz)]

sup |u1 — u2‘§

v,U1,U2

< 00.

For f € F, let D, :=sup;— . Df,n(i)-

Assumption 2.3.3. For all f € F, the function D°°() has bounded variation uniformly

mnn, and
1, i i
sup — Dy, (—)" < oo, = — 0. 2.3.1
Nng fn() NG (23.1)

One of the two following cases holds true.

(i) Case K =1 (global). For all f,g € F,
w = E[E[f(Z), (u), ) | Ao] - E[g(Z;,(u), u) | Ao]

has bounded variation for all j1,jo € Ng and the following limit exists:

hm/ Dy pn(u ZCOV ), ), §(Zj(u),u))du.

n—o0
JEZL

(i) Case K = 2 (local). There exists a sequence h, > 0 and v € [0,1] such that
supp(Dyfn(-)) C [ = hpn,v + hy). It holds true that

hyn, — 0, sup(h/? . DF,) < oo
neN

The following limit exists for all f,g € F:

= lim / D) Dy(wydu- 3 Cov(F(Zo(0), v),3(Z4(0), ).

JEZ.
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Assumption 2.3.3 looks rather technical. The first part including (2.3.1) guarantees the
right normalization of Dy ,,(-). The second part ensures the convergence of the asymptotic

variances Var(G,(f)) and covariances Cov(G,(f), G, (g)).
We obtain the following central limit theorem.

Theorem 2.3.4. Let F satisfy Assumption 2.2.3, 2.8.1, 2.3.2 and 2.53.3. Let m € N
and f1, ..., fm € F and &) = (E( ))kl 1,...m- Then for K € {1,2},

frfi
fi(Zi, &) f1(Zi, 5)
1 — d
— —E : 5 N(0, 2y,
Vi 2 : ( )
L fm(Zh%) fm(Zw%) J

Theorem 2.3.4 generalizes the one-dimensional central limit theorem from Dahlhaus
et al. [2019]. We now comment on the assumptions.

Remark 2.3.5. Assumptions 2.3.1, 2.3.2 and 2.3.3 allow for very general structures of
f € F. However, in many special cases, a subset of them is automatically fulfilled:

o If X; is stationary, then Assumption 2.2.3 already implies Assumption 2.3.1.
e If f(z,u) = f(2) does not depend on u, Assumption 2.3.2 is fulfilled.
Regarding Assumption 2.3.3 we have:

o If Dy, (u) =1, X; is stationary and f(z,u) = f(z), then Assumption 2.2.3 already
implies Assumption 2.3.3(i) with 2;2 = jez Cov(f(Zo), f(Z))).

o If Df(u) =1, Assumption 2.2.3 and 2.3.2 are satisfied with s = ¢ = 1, then As-
sumption 2.3.3(i) holds true with E fo ez Cov (F(Zo(u),w), f(Zj(u),u))du.

o If h, = 0, nh, — oo and Dy, (u) = \/%K(“h—_n”) for some Lipschitz continuous
kernel K : R — R with support C [ 1,1] and fixed v € (0,1), then Assumption

2.3.3(ii) holds true with E fo x)%dz - > iz Cov(f(Zo(v),v), f(Z;(v),v)).

2.4 Maximal inequalities and asymptotic tightness under
functional dependence

In this section, we provide the necessary ingredients for the proof of asymptotic tight-
ness of G,(f). We first derive a new maximal inequality for finite 7 under functional
dependence in Theorem 2.4.1 and then generalize this bound to arbitrary F in Section
2.4.2 using a modified chaining technique.
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2.4.1 Maximal inequalities

We first derive a maximal inequality which is a main ingredient for chaining devices but
also is of independent interest. To state the result, let

Bla) = D A,

j=q
and define
q¢*(z) :==min{q € N: B(q) < q-z}.
Set Dp(u) := supser | Dy pn(u)|. For v > 2, choose DJ, such that

(3 oe ()" <oz (241
i=1

Put Dp° = D35,. Recall that H = H(|F|) =1V log|F| as in (1.2.5).

Theorem 2.4.1. Suppose that F satisfies | F| < oo and Assumption 2.2.3. Then there
exists some universal constant ¢ > 0 such that the following holds: If sup re r || flloo < M
and supser Vi (f) < o, then

. o MH
and
 MvVH, MH
Er}aea}{’((}n(f)‘ < 2c- (JVH—I—q (\/E]D)go)%) (2.4.3)

Clearly, the second bound (2.4.3) is a corollary of (2.4.2) which balances the two terms
where ¢ is involved. Values of ¢*(-) for the two prominent cases that A(-) is polynomially
or exponentially decaying can be found in Table 2.2. The proof of Theorem 2.4.1 relies
on a decomposition of G,(f) in i.i.d. parts and a residual term of martingale structure.
Similar decompositions are also the core of empirical process results for Harris-recurrent
Markov chains (cf. Li et al. [2016]) and mixing sequences (cf. Dedecker and Louhichi
[2002]).

In the next subsections, we will prove asymptotic tightness for G,,(f) under the con-
dition that DS°, I, do not depend on n. However, uniform convergence rates of G, (f)
for finite F (growing with n) can be obtained without this condition but with additional
moment assumptions, which is done in the following Corollary 2.4.3. To incorporate the
additional moment assumptions, we use a slightly stronger assumption than Assumption
2.2.3.

Assumption 2.4.2. Let F be a (Lr,s, R,C)-class. There exist v > 2, p € (1,00,
Cx > 0 such that

sup | R(Zi, u)lvp < Chr, sup HXUH;% < Cx. (2.4.4)
17‘7

iU
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A7)

Cj a>1|Cp,pe(0,1)

q*(x) max{afé .1} | max{log(z~1), 1}

r(8) | min{ds-1,8} | min{pi=ry, 6}

Table 2.2: Equivalent expressions of ¢*(-) and r(-) taken from Lemma 2.8.13 in Section
2.8.7. We omitted the lower and upper bound constants which are only de-
pending on C, p, «.

Let D,, > 0, A(k) > 0 be such that for all k € Ny,
2d4C - zk:L; (K (k= ) <AK),  sup (1 zn: D (1)‘2)1/2 <D,.
j=0 S B , fer MV T -
Note that Assumption 2.2.3 is obtained by taking v = 2. For § > 0, let
r(9) := max{r > 0: ¢"(r)r <4},
cf. Table 2.2 for values of 7(-) in special cases.

Corollary 2.4.3 (Uniform convergence rates). Suppose that F satisfies |F| < oo and
that Assumption 2.4.2 is fulfilled for some v > 2. Let Ca = 4d - |Lr|1 - CxCgr + Cf.
Furthermore, suppose that

chjon CAH
sup sup V,,(f) < oo, sup —— < o0, sup ————— < 0. (2.4.5)
neN fer neN DS neN nl—;T(D%)Q

Then,
max |G = O0,(VH).
fer | n(f)| p( )

The first condition in (2.4.5) guarantees that G, ( f) is properly normalized. The second
and third condition are needed to prove that “rare events”, where | f(Z;, ;)| exceeds some
threshold M,, € (0,00), are of the same order as v H. For this, we may need more than
two moments of f(Z;, -), that is, v > 2, depending on v H and the behavior of Dy°.

Corollary 2.4.3 can be used to prove (optimal) convergence rates for kernel density
and regression estimators as well as maximum likelihood estimators under dependence.
We give an example in Section 2.5.

22



2.4.2 Asymptotic tightness

In this subsection, we extend the maximal inequality from Theorem 2.4.1 to arbitrary
(infinite) classes F. Since Assumption 2.2.3 forces f € F to be Holder continuous with
respect to its first argument z, classical chaining approaches which use indicator functions
do not apply here. For example, a standard approach in [van der Vaart, 1998, Lemma
19.34] is to split the function of interest into a sequence of segments on a cleverly chosen
sequence of nested partition of F, using the noncontinuous indicator function. Each
segment can then be bounded in a way such that their sum is finite.

We provide a new chaining technique based on a special truncation method which
preserves continuity in Subsection 2.8.3 in its full detail.

Forn € N, § > 0 and k € N define H(k) =1V log(k) and

5\ Dn!/?2

m(n,d, k) := T(m) IORE

(2.4.6)

Here, m(n, ¢, k) represents the threshold for rare events in the chaining procedure. We
have the following result.

Theorem 2.4.4. Let F satisfy Assumption 2.2.3 and let F' be some envelope function
of F, that is, for each f € F, |f| < F. Let 0 > 0 and assume that supscr Vi (f) < 0.
Then there exists some universal constant ¢ > 0 such that

E sup |Gy (f)]
feF

- Dyr D, 7
< C|:(1 + ﬁn + W) /0 H(€7 ]:’ Vn) de + \/HHFﬂ{F>%m(n,07N(%,}',Vn))} Hl,n] '

As a corollary, we obtain asymptotic equicontinuity of G,,(f). Here, we use Assumption
2.3.1 and 2.3.2 only to discuss the remainder term in Theorem 2.4.4 without imposing
the existence of additional moments.

Corollary 2.4.5. Let F satisfy Assumption 2.2.3, 2.8.1 and 2.53.2. Suppose that

1
sup/ VH(e, F, Vy)de < 0. (2.4.7)
0

neN
Furthermore, assume that Dy, D3 € (0,00) are independent of n, and

D (L

i=1,.m V1N

Then, the process Gy (f) is equicontinuous with respect to V,,, that is, for every n > 0,

— 0. (2.4.8)

lim limsup]P’( sup |Gn(f) — Gn(g)| > 77) =0.
=0 n—oo f,9€F Vo (f—g)<o

23



2.5 Applications

In this section, we provide some applications of some main results (Corollary 2.4.3 and
Corollary 2.2.5). We will focus on locally stationary processes and therefore use a lo-
calization in our functionals, but the results also hold true for stationary processes,
accordingly.

Let K : R — R be some bounded kernel function which is Lipschitz continuous with
Lipschitz constant Ly, [ K(u)du =1, [ K(u)*du € (0,00) and support C [—3, 1]. For
some bandwidth h := h,, > 0, put K, () := + K ().

In the first example we consider the nonparametric kernel estimator in the context of
nonparametric regression with fixed design and locally stationary noise. We show that
under conditions on the bandwidth h, which are common in the presence of dependence
(cf. Hansen [2008] or Vogt [2012]), we obtain the optimal uniform convergence rate

. Recall that for sequences a,, b, we have a,, = b, whenever there exist ¢ > 0
such that a,, > ¢b,, for all n € N.

log(n)
nh

Example 2.5.1 (Nonparametric Regression). Let X; be some arbitrary process of the
form (1.2.1) with Y2265 (k) < oo fulfilling sup,—; __, [ Xill, < Cx € (0,00) for some
v > 2. Suppose that we observe Y;, i = 1,...,n, given by

i
Y; = g(ﬁ) + X;
where g : [0,1] — R is some function. Estimation of g is performed via
. IS i
Gn(v) = ;Kh(n — )Y

Suppose that either

e 05(j) < kj~® with some £ > 0,a > 1, and h 2 (

e 65(j) < kp? with some k> 0,p € (0,1) and h > %.

n

Equations (2.5.1) and (2.5.2) (cf. below) imply

log(n) ) '

SUp. [904(0) = Egna(v)] = Op (/=

v€l0,1]

First note that due to Lipschitz continuity of K with Lipschitz constant Lg, we have

sup | (Gn,h(v) = Ednp(v)) = (G, (V') = Egnp(v))]

jo—v/|<n=3
-3 n
D (IXi| + EIXG]) = Op(n ). (2.5.1)

=1

Lgn
nh?
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For the grid V,, = {in3,i = 1,...,n3}, which discretizes [0, 1] up to distances n=3, we

obtain by Corollary 2.4.3,

Vih sup |5 (v) — Egnp(v)] = sup |G (f)] = Op(v/1og [Val) = Op(log(n)"/?) (2.5.2)

VEVy feF

where

F = {fv(:n,u) = %K(u;v)x:v € Vn}.

The conditions of Corollary 2.4. 3 are easily verified: First, observe that f,(z,u) =
D¢y (u) - fo(x,u) with Dy, (u) = 7 K(%*) and fy,(z,u) = x. Thus, Assumption 2.4.2
is satisfied with A(k) = 265 (k), p = oo, R(-) = Cr = 1. Furthermore, D, = |K|oo,

Dy, = % and

ol < == (= ZK D2 x3) " < OxlK

which shows that sup;er Vo(f) = O(1). The conditions on h emerge from the last
condition in (2.4.5) and the bounds for r(-) from Table 2.2.

For the following two examples we assume that the underlying process X; is locally
stationary in the sense of Assumption 2.3.1. Similar assumptions are stated in Dahlhaus
et al. [2019] and are fulfilled for a large variety of locally stationary processes.

In the same spirit as Example 2.5.1, it is possible to derive uniform rates of convergence
for M-estimators of parameters # in models of locally stationary processes. Furthermore,
weak Bahadur representations can be obtained. The following results apply for instance
to maximum likelihood estimation of parameters in tvARMA or tvGARCH processes.
The main tool is to prove uniform convergence of the corresponding objective functions
and its derivatives. Since the rest of the proof is standard, the details are postponed
to Section 2.8, Subsection 2.8.5. Let Vg denote the j-th derivative with respect to 6.
To apply empirical process theory, we ask for the objective functions to be contained in
(Lr,1,R,C)-classes in (Al) (see lemma below) and Lipschitz continuous with respect
to 0 in (A2) (see lemma below).

Lemma 2.5.2 (M-estimation, uniform results). Let © C R be compact and 0g : [0,1] —
interior(©). For each 6 € O, let £y : R¥ — R be some measurable function which is twice
continuously differentiable. Let Z; = (X, ..., X;—g+1) and define for v € [0,1],

émh(v) = argreréiéan’h(v,H), Ly p(v,0) ZKh - v lo(Z;).
Suppose that there exists Co > 0 such that for j € {0,1,2},

(A1) Fj = {VJEQ 0 € ©} is an (Lr,1, R, C)-class with R(z) = 1+ |2|M~ for some
M > 1 and Assumption 2.3.1 for F; is fulfilled with s =1, p = %
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(A2) for all z € R¥, 0,0’ € ©,
[Vilo(2) — Vil (2)|. < Co(l+|z[M) - 10— @],
(A3) 6 — ]Efq(Zo(v)) attains its global minimum in Oy(v) with positive definite I(v) :=
EV5lo(Zo(v)).
Furthermore, suppose that either

a—1
o 555,(j) < Kj™ with some k> 0, > 1, and h 2 (%) o or

2
n'=v

o 555,(j) < Kp? with some k> 0,p € (0,1) and h 2, M.

n'=v

Define 1, = loigln) and By, 1= supyeo1] [EVoLnn(v,00(v))| (the bias). Then, By, =
O(h*), and as nh — oo,

sup  |6nn(v) — O0(v)| = Op (70 + Bu)

Ue[%vl_%}

and

sup ‘{énh(v) — 0o(v)} — I(v) "' VoL p(v,00(v)| = Op((7s + h) (10 + Bn)).

vell 1-24]
Remark 2.5.3. e In the tvAR(1) case X; = a(i/n)X;_1+¢;, we can use for instance
lo(w1,0) = (21 — amo)?,
which for a € (—1,1) is a ((1,a), 1, |xo| + |x1], (0, 1))-class.

e With more smoothness assumptions on Vgl or using a local linear estimation
method for 0, 5, the bias term By, can be shown to be of smaller order, for instance
O(h?) (cf. Dahlhaus et al. [2019]).

e The theory derived here can also be used to prove asymptotic properties of M-
estimators based on objective functions £y which are only almost everywhere dif-
ferentiable in the Lebesgue sense by following the theory of [van der Vaart, 1998,
Chapter 5]. This is of utmost interest for ¢y that have additional analytic proper-
ties, such as convexity. Since these properties are also needed in the proofs, we will
not discuss this in detail.

We give an easy application of the functional central limit theorem from Theorem
2.2.5 by inspecting a local stationary version of Example 19.25 in van der Vaart [1998].
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Example 2.5.4 (Local mean absolute deviation). For fixed v € (0,1), put X,(v) :=
%Kh(% — ’U)Xi and define the mean absolute deviation

mad, ( ZKh ——U — X, (v)].

Let Assumption 2.3.1 hold true with s = 1, p = co. Suppose that P(Xo(v) = EXo(v)) =0
and that for some x > 0, > 1, 65 (j) < kj~®. We show that if nh — oo and nh!*2s — 0,

Vnh(mad, (v) — E[Xo(v) — pu]) 3 N(0,0?) (2.5.3)

where 1 = EX((v), G denotes the distribution function of Xy (v) and

[ E@2du- Y- Cov(1 o) — 4l + (2600 - )Xo (w)
=0

X5 (0) = pl + (2G (1) = 1) X;(v)).
The result is obtained by using the decomposition

Vnh(mad, (v) = E[Xo(v) = pl) = Gl fxm(y) — fu) + Gulfu) + An,

S
An_—ZKh ——v){E|X — 9~ E|Xo(v M|}\9 -

where © = {f € R: |0 — u| <1} and
F = {fo(x,u) = VK (u —v)|z — 0] : § € ©}.

By the triangle inequality, F satisfies Assumption 2.2.3 with fp(x,u) = |x — 0], R(-) =
Cr=1,p =00, 5 =1and A(k) = 205 (k). Assumption 2.3.2 is trivially fulfilled
since f does not depend on w. Since F is a one-dimensional Lipschitz class, we have
suppeny H(g, F, || - |2.n) = O(log(e 71 v 1)). By Corollary 2.2.5, we obtain that there exists
some process [G(fp)]peco such that for h — 0, nh — oo,

[Gn(fe)]gee i) [G(fg)] PcO in goo(@) (254)

Furthermore by Assumption 2.3.1,

15 ) (Xi) = Fu(Xa) |2

< [ Xa(v) = pllz < IIX ( ) —EX,(v)]l2 + |EXp(v) — pll2
- \/%(:}Lzz: )1/22352 +i;Kh(;_v)‘EXi_EXO(U)‘
= O((nh)™Y2 + hs). (2.5.5)
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By [van der Vaart, 1998, Lemma 19.24], we conclude from (2.5.4) and (2.5.5) that

Gn(ffn(v) — fu) 0. (2.5.6)

in probability.
By Assumption 2.3.1 and bounded variation of K,

An = Vnh{E|Xo(0) = 0l|y_x=(,) — EIXo(v) = ul} + Op((nh)"V/? + (nh)'/2h7*). (2.5.7)

Due to P(Xo(v) = p) = 0, the function g(f) = E|X,(v) — 6| is differentiable in § = u
with derivative 2G(u) — 1. The Delta method delivers

Vh{E|Xo(v) = 0l] )5, — EIXo(v) — ul}
= (2G(n) = DVnh(Xu(v) = p) + 0p(1). (2.5.8)
From (2.5.6), (2.5.7) and (2.5.8) we obtain
Vnh(mady,(v) — E[Xo(v) = ul) = Gu(fu + (2G (1) — 1)id) + 0p(1).

Theorem 2.3.4 now yields (2.5.3).

2.6 Excursus: Large deviation inequalities

A variety of large deviation inequalities using the functional dependence measure have
been derived, see for instance Zhang and Wu [2017] and Wu et al. [2013] for Nagaev-
and Rosenthal-type inequalities. Here, we present a Bernstein-type inequality for G,,(f)
which can be extended to a large deviation inequality for sup ez |G, (f)| using a combi-
nation of our novel chaining scheme and results in Alexander [1984]. We provide these
results to complete the picture of empirical process theory for the functional dependence
measure and to show the power of the decomposition (2.8.23), a key approach when prov-
ing the maximal inequality (of finite F). In general, however, the derived inequalities
are weaker than a combination of Markov’s inequality and Theorem 2.4.1. The reason
for this mainly lies in the treatment of the first summand in (2.8.23) and the fact that
the functional dependence measure is formulated with a moment based norm instead of
probabilities. This leads to an additional factor for V,,(-) and 5(-).
For g € N, v > 2, define

w(q) = q""log(eq)®?,  L(q) =loglog(e‘q),  ®(q) = qL(q)

as well as

Bla) = Z ADwHLG),  Valf) = fllzn + D> min{ fllzm DaAG)w () L),

Jj=q Jj=1

With the above quantities, we can formulate the following result.
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Theorem 2.6.1 (Bernstein-type large deviation inequality). Let F satisfy Assumption
2.4.2. Then there exist universal constants cg,c1 > 0 such that the following holds true:
For each q € {1,...,n} there exists a set By(q) independent of f € F such that for all

x>0,
1 x?
P(}Gn(f)\ > a:,Bn<Q)) < coexp ( TaTre M%%) (2.6.1)

and ~
P(Bula)) < 4( ")

Define ¢*(z) := min{q € N : 3(¢) < ®(q)z}. Then for any y >0, z > 0,
M 1 x?

/D ;’fy))> < ¢p exp (_q‘?n(f)2+®(q*(\/ﬁjﬂ\§%oy))

P(1Ga(f)| > 2, Ba(d( ) (262

S

and P(Bn (7" (Zapssy)) < 32

Remark 2.6.2. (i) Theorem 2.6.1 mimics the well-known large deviation inequalities
from [Rio, 1995, Theorem 5] or Liebscher [1996] in the case of a-mixing sequences.

(ii) The reason for the change of V,,3,q to Vi, B, ®(q) in Theorem 2.6.1 compared
to Theorem 2.4.1 is due to the arising sums over [ = 1,..., L in the second term
and j = ¢,q + 1,... in the first term 22 mang:ﬁ‘SnJH(f) — Sp;(f)] in the
decomposition (2.8.23), which forces us to include additional log-factors to obtain
convergence. The additional factor j1/¥ that appears in f is due to an application
of Markov’s inequality. It can be argued that this is a relict of the fact that the
dependence conditions are stated with moments and not with probabilities as in
the case of mixing.

(iii) Theorem 2.6.1 can be seen as an improvement of the Bernstein inequalities given
in Doukhan and Neumann [2007] which are only available for random variables
with exponential decay (in our setting, the conditions are comparable to A(k) =
O(exp(k~%)) for some a > 0).

A similar statement is valid in the case of classes F of noncontinuous functions. We de-
cide to include its discussion here, before we study noncontinuous functions formally. We
then need the following analogue of Assumption 3.3.3 (an additional submultiplicativity
statement for 5(-)) where 3(-) is replaced by §(-) and ¢ is replaced by ®(q).

Assumption 2.6.3. The sequence j — A(j)w(j)L(j) is decreasing. There exists some
constant 0/5’ > 0 such that Bnorm(q) = % fulfills for all q1,q2 € N,

Bnorm (Q1 Q2) < CBBnorm (Q1 )/Bnorm (q2) .

In the following, a constant Ca will appear. This constant will be defined later on in
Lemma 3.5.1, Chapter 3.
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Theorem 2.6.4. Let F satisfy the Assumption 3.1.1, 2.6.53. Then there exist universal
constants c§, ¢ > 0 such that the following holds true: For each q € {1,...,n} there exists
a set By (q) independent of f € F such that for all x > 0,
1 z?
I Va(f)2+

) (2.6.3)

P([C0u(£)] >, B3(a)) < chexp (
Jn L

and

P(B30)) < [+ Cacy)(Virt 5

(V08 Bla)y:

Furthermore, for any x > 0, y > 0,

i T
Va2 + (AL )

PI€a(1)] > 2. B30 (=) < e

and P(B5 (i (A )0) < 2%

It is possible to extend Theorem 2.6.1 to an exponential inequality for sup ¢ 7 |Gy (f)|
using a chaining scheme from Alexander [1984], which incorporates an entropy integral
of the form [ ¥ (e)W(1V H(e, F, Vy))de where 1 includes a log-factor (cf. (3.1.5)) and
W : R — R fulfills H/? < W(H) < H, depending on the decay of A(:). Details can be
found in Subsection 2.8.6, Theorem 2.8.11. The larger entropy integral comes from the
fact that in the proof of Theorem 2.6.1, we can only recover the exp(—x)-part of the
Bernstein inequality in the discussion of the first summand in (2.8.23) (cf. (2.8.87) in
Section 2.8).

2.7 Concluding remarks

In this chapter, we developed a new empirical process theory for locally stationary pro-
cesses with the functional dependence measure on classes of smooth functions. We have
proven a functional central limit theorem and maximal inequalities. A general empirical
process theory for locally stationary processes is a key step in deriving asymptotic and
nonasymptotic results for M-estimates or testing based on L2- or L>®-statistics. We pro-
vided an example in nonparametric estimation where our theory is applicable. Due to
the possibility to analyze the size of the function class and the stochastic properties of
the underlying process separately, we conjecture that our theory also permits an exten-
sion of various results from i.i.d. to dependent data, such as empirical risk minimization
(which will be a later chapter’s main topic).

From a technical point of view, the linear and moments based nature of the functional
dependence measure has forced us to modify several approaches from empirical process
theory for i.i.d. or mixing variables. A main issue was given by the fact that the depen-
dence measure only transfers decay rates for continuous functions. We therefore have
provided a new chaining technique which preserves continuity of the arguments of the
empirical process.
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2.8 Lemmata and proofs of Chapter 2

2.8.1 Proofs of Section 2.3

In the following we provide a proof for the central limit theorem. All lemmata used are
given thereafter.

Proof of Theorem 2.3.4. Denote W;(f) := f(Zi, L) and W; := (Wi(f1), ..., Wi(fm))". Let

(23

a=(a,...,an)" € R™\{0}. We use the decomposition

\FZ (W; — EW,) Z ZaRJW

For fixed J € NU {00}, set

(Sn(I))k=1,.csm = Sn(J) Z ZR W,

Jj= 0

Then, since P;_;jW;(fx), i = 1,...,n, is a martingale difference sequence and by Lemma
2.8.3(i),

ISn(ooh = Su(Dellz < D2 1= 3o PegWithill = 3 (5 IR Wi )
j=J i=1 j=J i=1
< (S Daa=)?) 3o AG),
i=1 j=J
thus
; 1/2
lim sup ||, (00)— S, (J k||2<sup( Zka,z,n ?) hmsupZA - (28.)
Jn—o0 J—=oo T
Define
1 n—J+1J-1
(STt = 5 — P,
\/ﬁ =1 j5=0 g

Then, we have

IS2 T Sulle = S 72 Wil + = ZH S BLWi s

]:0 : 1= TL*J+]+1
2.J?
< —- _sup 1P Wi(fr)ll2
\/ﬁ 1,..,n+j Y
2J?
< —- _sup fr 2.
S [z )]
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By Lemma 2.8.3(i),

7
sup |[fu(Zi, )2 < Caz - D2

1=1,....n+jJ

which gives

1
ﬁ)a

nlgg(} 1Sp ()i — Sn(JJ)kll2 = 0. (2.8.2)
Stationary approzimation: Put S2(J) = (S(J)k)k=1...m Where
1 n— J+1J—1 7, i
iD= = D Zii() )
i=1 j5=0
Then, we have
||5°( )k = Sn ()l

n—J+1

< E( Z prk z+J7HT]) Pfk( z+j

A

For each j, k,
n—J+1 .
1 147 1. 1
= Pife(Zivgs =) = PifeZii(—), -
> Py =) = P2y () )1
n—J+1 . . .
Z+] 1.\2 1+
Z (D5 = Dpn()) - sup 1 (Ziss =) 1B
n - 1+ = AN
+2 > Dpn(2Vsup | felZans, o)~ FuZrs (D), DI

i+7

By Lemma 2.8.3, we have sup; ||f(Zi};, =

variation uniformly in n,

n—J+1

)3 < oo. Since ﬁka,n<') has bounded

1 1+ 7.\ 2
Y (Drn() = Dpyn(2))
. n—J+1 .
1 7+ 7
< —D L ’D . Dy (L
= Z,:Silp’n \/’ fr,m ( ) \/ﬁ ; T ( ) frs ( ) —0
By Lemma 2.8.3(ii),
- i+ = 1.1
sup ka(Zi—i-ja T) - fk(&'ﬂ(g), ﬁ)Hz —0
We therefore obtain )
1S7(S)k = Sp(kllz = 0 (2.8.3)
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Note that

7/ /) .
prk ’L—I—] E E) 1 = 1,...,n,

is a martingale difference sequence Wlth respect to A;_1 1= o(g;_1,€i—2, ...) (the o-algebra

generated accordingly) and
n—J+1

> My
=1

We can therefore apply a central limit theorem for martingale difference sequences to
a'Sp(J) =320 JH(Ek y kM)

The Lindeberg condition: Let ¢ > 0. Iterated application of Lemma 2.8.1(i) yields that
there are constants cj, co > 0 only depending on m, J such that

n—J+1 m

Z ZakMZk 1{|Zk 1akMzk|>§\f}}

=1 =1
J-1 m 1 n—J ; ;
2 ~
< Z ZZMH ﬁZE[E[fk(Zzﬂ(ﬁ) E)‘Az l] {IE[fr( Z_H( )7:1)"’41 l]|>fc2|a|oo} .
1=0,1 j=0 k=1 i1
For each [ j, k we have
z )
_ 1 i\9 I
- nZ;Df’“’n(n) E[E[fk(Zl(ﬁ) E)‘AZ l] {lE[fk(Zi(%)vi)‘-Aile>sup¢:1 .4.\2H|Dfn(l)|c2|2|oo}
1 n—J i ;
— 2 NA v 2 _ ’
- n;ka’”(n) E (Wil 5L 3t 5) 50 ) (2.8.4)
where we have put
- o - :
Wiw) = Elfu(Ziw), WA, cq o= vn

SUpP;—1,.. |Df, ( )|02|a’oo

By Lemma 2.8.3(ii), W;(u) satisfies the assumptions (2.8.8) of Lemma 2.8.2. By as-
sumption, ¢, — 0o. With a,(u) := Dy, »(u)?, we obtain from Lemma 2.8.2 that (2.8.4)
converges to 0, which shows that the Lindeberg condition is satisfied.

Convergence of the variance: We have

n—J+1 m
> B M)Ay
=1 k=1
J—1 m n—J+1

- Z Z aka - Z kav sz, (Z)
J1,52=0 k1,k2=1

E[PfeZirn (50, 2) - P Zia (5, D)l Ai].

3| .
3\&.
3| .
3\&
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For each ji, j2, k1, ko we define

W( ) *E[Pfk( H‘]l( ), u) - Pfl( z+J2( )s )’-Ai—lL an(u) = Dy, n(u) Dy n(u).
Then

n—J+1 . . . . . .
. Z Din( ) Dsin() - BIP el Ziiy (7). ) - PifiZiin (). )M Aic]
1”‘J+1 N
I ; an(ﬁ)Wi(ﬁ)-

By Lemma 2.8.3(i),(ii), we have

IWo(u) = Wo(o)lli < [Ife(Zo(w),u) = fe(Zo(v), v )IIQ'\Iﬁ(Zo(y))[Iz
+fo(Zo(u),w) = fiZo(w), )2 - | fr(Zo ()2
< 2CeomCy - |u—v|**/2.

Let Ap = sup;_; ., lan(s; 1)|. Since Df’;(') has bounded variation uniformly in n, it
fin

. DOO
follows that a;;—i) has bounded variation uniformly in n. From \};{” — 0 we conclude

Ao 0.
By assumption and the Cauchy-Schwarz inequality,

1 ¢ i 1O o\ 12 1O i\ /2
sup [~ 3" lan(2)l] < sup (=D Dpn(2?) - (D0 Djinl(5)?) T < oo
n MO n " i=1 i "
1/2 Hoo 1/2 oo

We have sup,, (hn - An) < sup,(hy' "D} ) - sup, (hy' " DF’,,) < 0o, and

v —u|>h, = Djsnpu)=0,Dy,(u)=0, = ap(u)=0.
Thus, Lemma 2.8.2(ii) is applicable. o
Case K = 1: If u — E[Py fr,(Z;, (v),w) - Pofi(Zj,(u), u)] has bounded variation, we have

n—J4+1

E Z DS Dgn(5) - B[PifiZis ) D]

3| .
3\®

), =) Pifi(Zisju

3| .
3\@.

2 lim / Dy () D gy () - E[Pofo 23, (u), ) - Po il Zy (), w) s

n—o0 0

and thus
n—J+1

> E[(Z M;p)?[Ai1]
i=1 -
J-1

= Zakaz nh_ggo/ Dy n(@)Dyn(u) - > E[Pofi(Zj, (u), ) - Pofi( Zj, (w), u)]du

k,l=1 J1,J2=0
= aE,(d)(J)a
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= E[E[f(Zj (u), w)|Ao]] - E[g(Zj, (u), u)[Ao]

(
~E[E[f(Z;, (u), u)|A-1]] - E[g(Zj, (), w)[ A-1]],

which shows that the condition stated in the assumption guarantees the bounded vari-
ation of u — E[Py f(Z;,(u),u) - Pog(Zj,(u), u)].
Case K = 2: If h,, — 0, we obtain similarly

n—J+1 m

>R Mig)?|Ai]
k=1

i=1
m 1 J-1

P . F o5 75

- Zakal'T}g{)lo/o D n(u) Dy n(u)du - Z E[Po fx(Zj, (v),v) - Po fi(Zj,(v), v)]du
k=1 J1,J2=0

= a'E,(fl)(J)a

By the martingale central limit theorem and (2.8.2), (2.8.3),
'S, (J) S N(0,a'S) (1)a). (2.8.5)

Conclusion: For K € {1,2}, we have

dS™(Na - a2 (c0)a (] = o) (2.8.6)

due to

Z HPOka(Zﬁ(u)au)'POle(ZjQ(u)vu)Hl

J1,j2imax{j1,j2}>J

. > 1Po fi(Zj, (u), w) 2| Po fu Zj, (), w)l|l2 — 0 (J — o0)

J1,J2:max{j1,j2} >J

uniformly in n and

1 1 1
S%p/() ’ka,n(U)thn(uﬂdu < sgp (/0 ka,n(u)2dU)1/2(/0 thn(u)gdu)lﬂ < 0.

By (2.8.1), (2.8.5) and (2.8.6) we have

> Cov(fi(Zo(u),u), flZi(u),w)) = Y ElPofi(Zjy () w) - Pofi(Zs, (u),u))-

JEZ J1,52=0

Via the Cramer-Wold device the proof is completed.
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Lemma 2.8.1. Letc € R, ¢ > 0.
(i) For x,y € R, it holds true that

2 2 2
(@ +9) " Ljoryl>ep < 827 Lgjap> g3 + 8y Ly 5
(ii) For random variables W, W, it holds true that
EW Lywisq] < 4E[(W = W)?] +4E[W? 17, ]

Proof of Lemma 2.8.1. ) We have

&
@+ Lrgse < 2[22 + 97 Laps g or > 53

< 2[2? + v {20 e s s 5y + Lialo gui<s) + Llal<slul>5) )
A2 Las gy + 9 Lo 5] + 42 Lgpeys o) + 497 Ly 5

IN

IN

2 2
87 ja> gy + 8y Ijy>5)-
(ii) We have
EW?1 s

IN

2E[(|W] = W)Ly se] + 2E[W2 1w 5]
2E[(W = W)L+ 2EW Ly yiypivse)- (28.7)

IN

Furthermore, by Markov’s inequality,

172
EW 1w 4>}
) } o
EWZLgw s gy + BV L5 4]

IN

IN

C 2 = C 72 172
GIEIW =W > ) + EW Ly s ey Lo gy + EWV L o)
E[(W — W)?] + 2E[W?21

IA

w53

Inserting this inequality into (2.8.7), we obtain the assertion.
O

The following lemma generalizes some results from Dahlhaus et al. [2019] using similar
techniques as therein.

Lemma 2.8.2. Let q € {1,2}. Let W;(u) be a stationary sequence with
sup [[Wo(u)lly < oo, [[Wo(u) = Wo(v)llg < Cwlu — vl (2.8.8)

uel0,1

Let ay : [0,1] — R be some sequence of functions with limsup,,_,o, £ 37 |an (L) < oo.
(i) Let ¢ =2 and ¢, be some sequence with ¢,, — co. Then,

)

2
)V Lgwiiysen] = 0,

n

3 fan(H)] - B
=1
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(ii) Let ¢ = 1. Suppose that there exists h, > 0,v € [0,1] such that for all u € [0, 1],
|v —u| > hy, implies an(u) = 0. Set Ay, =sup,_; _,lan(;;)| and suppose that

sup(hy, - Ap) < 00, An — 0, an()

has bounded variation uniformly in n.
neN n Ap

Under the assumption that the limits of the following right hand sides exist, if
u— EWy(u) has bounded variation, then

1 « is i p 1

l n(=Wi(= li EWy(u)d

nma( W) = Jim | an(w)EWo(u)
If hy, — 0, then

1y (i)W(')—>1 1 (w)du - EWy(v)

Proof of Lemma 2.8.2. Let J € N be ﬁxed and assume that n > 2-27. For j € {1,...,27},
Define I} 7, := {i € {1,..,n} : + € (Lr ,2,]} Then (I}, ]n)‘ forms a decomposition of

{1,... n} in the sense that Z?il Lijn={1,...,n}. Smce i (L o7 ,2];} = J2J ‘n <

i<mn- 1 < 37, we conclude that 5 —1 < |I; jn| < 57. Thus, since n > 2- 27,
Ij Jn‘ 1 ’ 1 1n
IRl <2 > 2.8.9
‘ n 271~ n — 22/ ( )
Let w;, i € N be an arbitrary sequence. Then,
E SRR ol P IRT IR oL SR T P o
n e o7 ujn\ 1= |17l ’
i=1 ’ i€l 5n Jj=1 ’ 3 g
< Z T ‘ > lwil
3 ZEI]‘”]’n
2J -
< 2 |w;|. (2.8.10)
=1

1 = 1.9
n;E[Wi<n) L) e
121 _
S T BV L 2]
1P e g
2/ 1 & i = 2
F () swl W] (28.11)
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By Lemma 2.8.1(ii),

IN

1 IR
9J Z | ]Jn| Z ‘an( ) E[Wo(Qﬁ) ]l{lwo(%)bcn}]

1€IJ Jn

T Z | mr Z a1 [) = Wl

i€l; g

< [ sup E[Wo( 7)1 L (v

e ] + Cw(2 )]
-] 1y

J_
oJ

27 . n

D DR S [ P EAT)

i€l 5 i=1

The dominated convergence theorem delivers

lim sup E[Wg(

n—oo

7 Lo 2 >ent):

Furthermore, hmsupnHOO — - sup,, |[Wo(u)||3 = 0. Inserting (2.8.12) into (2.8.11)
and applying lim sup,,_,., as well as limsup;_, ., afterwards, yields the assertion.

(ii) Since (2.8.8) also holds true for V;Vo (u) replaced by Wo(u)—EWp(u), we may assume
in the following that w.l.o.g. EWy(u) = 0.

By (2.8.10) applied to w; = a(L)W;(L) we obtain

z
n

1 & i
Hn;“n%) i) - 2JZ\
n

27 1 )
< X w I Wolh =0 (> c0) (2:8.13)

1;
2 Jn| lEIjJ,n
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We furthermore have

el gn
1 2L 1
1y, ,J—
) ) W H
27 = |Ij jnl . an(IWi(S5),
1 [ lE[]-,Jm
1 27 1 . . 1
1 <1 =)=
< > O e Wo(=) = Wo(—5-)|,
2 - |I]Jn i n n 2
j=1 [ ZEI]‘,JJL
2 & i
< Z - Cw(277)s. 2.8.14
< ”;1 lan ()] Cw (277) ( )

Fix j € {1,...,27}. Put u; == jz_f and, for a real-valued positive z, define [z] :=

max{k € N : k > z}. By stationarity, the following equality is valid in distribution,

— > an(%)wi(uj)ié > an<2+W]_1)Wi(uj). (2.8.15)

n

. By partial summation and since %" has

Set Wi(u)® := Wi(u}l{%‘i‘[ujz]ile[ﬂ,w?n}} i

bounded variation B, uniformly in n,

|15, 7,n]

1 ) -
Tl 2 Ol lugm) = D)
IIj,J,'n‘_1 . . A
1 1 1+ 1 ~ o
= T ; {an(= 4 [ujn] = 1) = an(— +[ujn]—1)};W,(uj)
1 175,0,nl ~
oA Y Wy
Ll ; !
B, +1 L
< LATL- sup ‘ZVVl(uJ)O) (2.8.16)
2j,.7n] =1L al ' 1
By stationarity, we have
i ~
sup ‘ Z Wl(uj)()’
=1, unl ' 12
iNIn(v=hn)]=[ujn]+1) . i
— | 2 Wil £ sup | S Wi(w)],
ZZL-n:Hj,J,n‘ l:l\/([n(v—l—hn)'\—[ujn]—{-l) 1=1,....mMn =1
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since (|1, jn|A(|n(v+hy, )J [un]+1))—(1V([n(v—hy)]—[ujn]+1)) < my, := 2nh,.
By assumptlon my, = A - Ap h — 0.

Exploiting the ergodic theorem, we have

m—oo | m

1 o -
lim ‘7 ZWl(uj)‘ —0 as.
!
and especially (= >, Wi(u;))m is bounded almost surely. We derive that

sup ‘ZVV; uj ‘

mnz 1,...,mn

1 1< - 1< -
sup ‘T VVI(“)“" sup ’f VVZ(U')‘—)O
VIMn =1, /m, ' ? ; ! i=/Mn+1,...mp ' 2 ; !

We conclude from (2.8.16) that

‘IjJTL‘ . B
Z an(— — 1)Wi(u; )
Jn|
1
< 2:27(B,+1)-4,- T = sup ‘ZWWJ ’—>o (2.8.17)
n Mmn iil,...,| ]nl

Combining (2.8.13), (2.8.14), (2.8.15) and (2.8.17), taking lim sup,,_, ., limsup;_, .,
successively, we obtain

1 an(ﬁ.){ﬁ/(%) By (- }%0

If uw— EWg(u) has bounded variation, we have for some intermediate value &;, €
[ﬂ 1]

n ’ni’

1 n . ~ .
< 2 o CEWO) — onlin EWo 6
Ay -
< DY () = anlin)] - sup [Wo(w)s
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If instead h,, — 0, we have for some intermediate value §; ,, € [%, L],

‘—Zan YEW,(~ ——Zan YEWo(v

2 ~ -
- E lan(=)] - sup  [[Wo(u) — Wo(v)[lx — 0.
n ‘= n lu—v|<hn,

Since aﬁ—g) has bounded variation uniformly in n,

1 & i 1 A, 1 n .
’E ;an(n) —/0 an(u)du‘ < - 1477,; |an(ﬁ) — an(&in)] = 0.
d

Lemma 2.8.3. Let F satisfy Assumptions 2.3.1, 2.8.2 and 2.2.53. Then there exist con-
stants Ceont > 0,C§ > 0 such that for any f € F,

(i) for any j > 1,

1Pijf(Zi,u)ll2 < Dya(u)A(j),
izsllfyn\lf(Zi,U)llz < Ca-Dyp(u),
Sup Ilfkéi,u)\\z <Cp  sw 17 (Zo(v), )]l < Cf.
(ii)
1 (Zisu > FEE) wlz < Comn™, (2.818)
1F(Zi(v1),u1) = f(Zi(va),u2)|l2 < Coont(Jv1 — va|** + u1 — u2|**)(2.8.19)

Proof of Lemma 2.8.3. (i) If Assumption 2.2.3 is satisfied, we have by Lemma 2.8.4,

*(1—j Zu) g - .
1P f(Zis w2 < 1f (Zisu) — F(Z;57 u)]la = 6§99 () < Dy a(w)AG).
The second assertion follows from Lemma 2.8.4.

(i) Let CRr := Supy u; u, | [ Zo (o), 1‘21) iéﬁo(v),uz)l) |2 < oo (by Assumption 2.3.2) and

Cr = max{supw | R(Zi, u)l|2, supy HR(Z()(U),U)HQ}. Then,

1F(Zi(v),w1) = F(Zi(v), uz)|l2 < Crlur — ugl. (2.8.20)
We derive
1F(Zisu) = F(Zi(w),w)lla < 1Zi = Zi(0)l3,,.  (R(Zi,u) + R(Zi(v),u)]l2
< % - Zi(v)ﬁh\\%
x (I1R(Zi, w)ll2p + | R(Zi(v), u)]|2p)
< 2CR|||Zi — Zz‘(v)|sL;,SH%-
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Furthermore,

o0
112 = Zi@i ol 22 < ZLf,szi_z—Xz-_zw)rsu%

= Zszlle 0= Xict (V)2

IN

S L C (o - L i)
=0

. o

7
< — = Cx|L —-~.C Lz 5%}
< |v n‘ x|Lrli +n ng—o Fal*°}

We obtain with C,pnt 1= 203 + QCRCX{|L]:|1 + Z;’io L}‘J‘jgs} that

— _ o~ Z _
Hf(Zl?u) - f(Zz(U)au)HQ < Ccont ' |:|U - EFS +n §8:| . (2821)
Furthermore, as above,

1£(Zi(v1),u) = f(Zi(va), w) ]2 < 201%\\\20(01)—20(02)\‘ZF,5\|;TP1

7
< 20R ) LrallXo(vr) = Ko(va)| s
1=0 P
< 20RCx|LF|i - [v1 — va® (2.8.22)

Equation (2.8.21) yields (2.8.18) with v = . By (2.8.20) and (2.8.22), we conclude
equation (2.8.19).
U

2.8.2 Proofs of Section 2.4.1

We provide an approach to obtain maximal inequalities for sums of random variables
Wi(f), @ = 1,..,n, indexed by f € F, by using a decomposition into independent
random variables. An approach with similar intentions is presented in [Dedecker and
Louhichi, 2002, Section 4.3] for absolutely regular sequences and in Li et al. [2016] for
Harris-recurrent Markov chains. For convenience, we abbreviate

Wilf) = f(Zi. )
and put S, (f) = X1, Wi(f).

To approximate W;(f) by independent variables, we use a technique from Wu et al.
[2013] which was refined in Zhang and Wu [2017]. This decomposition is much more
involved then the ones for Harris-recurrent Markov chains or mixing sequences since no
direct coupling method is available. Define

Wii(f) = EWi(f)leij, €i—jr1s - €il, JEN,
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and

Su(f) =Y _AWi(f) —EWi(£)},  Sny(f) =D _{Wij(f) —EWi;(f)}.
i=1 i=1

Let q € {1,...,n} be arbitrary. Put L := Hgggggj and 7 :=2! (1=0,...,L—1), 71 :=q.
Then we have

L
Wl(f) = Wz(f) - Wi,q(f) + Z(Wi,n(f) - Wi,’rzf1 (f)) + Wi,l(f)
=1

(in the case ¢ = 1, the sum in the middle does not appear) and thus

L
Sﬂ(f) = [Sn(f) - Sn,q(f)] + Z [Sn,‘rl(f) - Sn,7'171 (f)] + Sn,l(f)
=1

We write
L7141 (im)An
Sn,ﬂ(f) - Sn,7'171(f) = Z ,I%,l(f)v E,l(f) = Z [Wk,n(f) - Wk,Tl—l (f)]
1=1 k=(i—1)m+1

The random variables T;;(f), Ty ;(f) are independent if |¢ — ¢'| > 1. This leads to the
decomposition

max [Gu(f)] < max —=[Su(f) = Sna(F)]
. L2+ L
L (f)‘ ‘ L Lop
+;[rjp€z§<‘ n ; 7 +m€a}< n ; n H
m i even K i odd
L ow
i I}lea]}:( % ‘Snl(f)| (2.8.23)
=: A;+ As + As.

While the first term in (2.8.23) can be made small by assumptions on the dependence
of W;(f) and by the use of a large deviation inequality for martingales in Banach spaces
from Pinelis [1994], the second and third term allow for an application of Rosenthal-type
bounds due to the independency of the summands 7T; ;( f) and W 1(f), respectively. Since
the first term in (2.8.23) allows for a stronger bound in terms of n than it is the case for
mixing, we can obtain a theory which only needs second moments of W;(f) = f(Xj, %)
By Assumption 2.2.3, we can show the following results (cf. Lemma 2.8.4 and recall

(2.4.1) for the definition of D{°). For each i =1,....,n, j € N, s e NU {0}, f € F,

| sup [witr) —wiry || < DR(hag), (2.8.20)

fer 2 n
[Wih) = Wil D, < 1Dga(5)] - AG), (2.8.25)
WDl < 172 )l (2.8.26)
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Proof of Theorem 2.4.1. We denote the three terms on the right hand side of (2.8.23)
by Aj, As, As. We now discuss the three terms separately. First, we have

[e%] 1 n
EA, < gzj B | ;wi,ﬁl(f) - Wii(f)|

For fixed j, the sequence
Eij = (Eij(fer = (Wige1(f) = Wi () ser
= (EWi(f)lei-j, - €] = EWi(f)lgi—jt1, - &) per

is a | F|-dimensional martingale difference vector with respect to A* = o(g;_j,&i—j+1, -..).
For a vector = (zf)fer and s > 1, we write |z]s := (3_ e 7 |z4|*)1/*. By [Pinelis, 1994,
Theorem 4.1] there exists an absolute constant ¢; > 0 such that for s > 1,

n n ) 1/2
8] [, <eaf2| swp 12l + vaG=D|| (X ElZza) )
i—1 sii2 i=1,...,m 2 i=1 2

(2.8.27)
We have
1/2 & 1/2
sup B s =‘(,Sup |Ei413) H SH(Z!E‘,J‘I?) H
i=1,...,n 2 i=1,...,n 2 i=1 2

therefore both terms in (2.8.27) are of the same order and it is enough to bound the
second term in (2.8.27). We have

H(iilE[|Ei,j|§\Ai-1])”2H2 - HiilEUEi,ﬂaAi—l]Hi/z
< (X IEgzea,)”
=1
< (Zn:H|Ei,j|s}|§)1/2. (2.8.28)
=1

Note that

Eij(f) = Wijna(f) = Wi;(f) =EWi(f)lei—j, - el — E[Wi(f)|eimjs1, s €
E[W;(f)* 09 — W;(f)= 0=+ |4;], (2.8.29)

where H (F;)**(-7) .= H(]—'Z-**(ifj)) and Fi**(ifj) = (€15 €im1y s Eimjs Ef—j_ 15 Ei—jmy -+-)-

J
By Jensen’s inequality, Lemma 2.8.4 and the fact that (W;(f)**0=7), W;(f)**@—i+1)
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has the same distribution as (W;(f), W;(f)*¢=9),

NE ]|, = |H(Z!Em<f>’s)l/sH2

sup }E )**(i—j) _ Wz(f)**(z_]+1)|~/41]

< s

feF
< e [sup |W **(i—j) _ Wi(f)**(i—j-i,-l)‘ ‘Az]

feF 5

< e sup }Wz f)**(zfj) _ Wl(f)**(zfj+1)‘ H

fer 9
= o || sup wicr) - wicry ¢ |

fer 9
= G'D?(H)A(j)' (2.8.30)

Inserting (2.8.30) into (2.8.28) delivers

n 1/2 i 1/2
(S Euals]) " < (ZDW ?) " A0).
i=1
Inserting this bound into (2.8.27), we obtain
$: 5], 2 b s
We conclude with s := 2V log | F| that
1 o0 n
B < ||,
k=q =1
< e V2V (33 00) 80

Jj=q

< 8eci - VH -DXB(q). (2.8.31)

We now discuss EAy. If Mg,0¢9 > 0 are constants and Q;(f), ¢ = 1, ..., m, mean-zero
independent variables (depending on f € F) with |Q;(f)| < Mg and the upper bound
(Lym, 1Qi(£)113)1/? < 0@, then there exists some universal constant ca > 0 such that

Emax\lr‘ i [Qi(f) — ‘ <co- (oQ\F+ ]\\4/@]) (2.8.32)

(see e.g. Dedecker and Louhichi [2002] equation (4.3) in Section 4.1 therein).
Note that (W}, j — Wi j—1) is a martingale difference sequence and Wy, ,, — Wy, -, | =

Z;’l:n,lﬂ(Wk,j — W j—1). Furthermore, we have

Wi — Wij-1ll2 < [[Wi — E[Whiler—j1]ll2 < [[Wil2
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and

sx(k—j+1 sk (k—j+2
Wi = Wijille = [EW,; FH w9420 g0y,
HW’;k*(kfjJrl) o W;*(k7]+2)”2

IN

= Wi~ Wy = 6 (- 1),
thus
Wi j — Wij—1l2 < min{||[Wy|l2, 85 * (5 — 1)}.

We conclude by the elementary inequality min{ai, b1 } + min{ag, b2} < min{a; + ag, b1 +
bg} that

(im))An
1Tl = H Z (Wk,n—Wk,n,l)‘z
k=(i—1)m+1
) (i‘rl)/\n
= DS SN e}
j=mi—1+1 k=(i—1)7;+1
T (im)An
< 3 ),
J=mi-1+1  k=(i—-1)7;+1
by (it))An 1
/2
< > (X Wk - WiyalB)
j=mi—1+1l  k=(i—1)m+1
T (in)/\n 1/2 (iTl) 1/2
< > omn{( > ) (X @G-n?) )
J=m—1+1 k=(i—1)1+1 k=(i—1)7+1
Let us set
(im)An (im)An
1 1/2 1 . 1/2
R CD SR ) RSP C S AR L
k=(i—1)r 41 D= 1)m+1
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Then,

|2 ]+1
(z Z i) "
n =l
[Z]+1 . (im)An
< (2 mf( S m)”
=l j=mqtl k=(i—1)m+1
1 (i) /n Wi 1/233 2y 1/2
S ey
L o
= (E ((Tz—Tl—l)Qmin{Uz‘QaA?,n,lﬂ,l})
ZL;J:‘

! ) ) 1/2
= (z E Tl — Ti-1 mln{ai,l’Ai,Tl_1+1,l})
Tl ‘:

P i

1/2
< (Tz—Tl 1 (mm{— Z Um ™ Z A i 1+1l})
T =1 T =1
. L, |2 ]+1 s
< Z mll’l{(i Z ) ( Z AlTl 1+1l> }
j=1_1+1 T =1 T =1
Tl ) Wi ) 1/2
< > winflflaa 25 (1)) )
Jj=m—1+1
T
< ¥ min{nfnz,n,mnmgn}. (2.8.33)
J=m—1+1
With \F‘Tzl O <27l flloo < 2y/7M and (2.8.32), we obtain

ﬂ‘§

M

L
;[Er}lea}{‘\/? — f)H
+1

L]

< 3 [ <¢ )mffMH}

1 eve
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and a similar assertion for the second term (i odd) in Ay. With (2.8.33), we conclude

L
By < Z[ feF

1
> T

Tl 1<i<[ 2] +1,i 0dd

+E r}lea])__i = Z \}ﬁﬂ’l(f)u

7 1<i< Llj—&—l,i even

< 4@2 ( Z min {max | £l DadM(5 J)}) VH
=1 Jj=71_1+1
MH
+L]. (2.8.34)
=] +1
Note that
L L L1
1 1 1 2
ZL <3 VT _ Y ==Y 2 < (2l g < L. (2835)
=1y /lnl+1 S5 "= "3 " v
Furthermore, we have by Lemma 2.8.5 that
Z Z min{max | flj2.n, Dn A( D A(L )}
=1 j=1_1+1 j=2
< 2V, n
< 2, (max | fll20)
= 21}1621;__{ Vol fll2.n) = 21}163,]}:( Vi (f) (2.8.36)
where -
Vo(z) =z + Y min{z, D,A(j)} (2.8.37)

j=1
and the second to last equality holds true due to x — V,,(z) being increasing.
Inserting (2.8.35) and (2.8.36) into (2.8.34), we conclude that for some universal c3 > 0,

EAy < C3(?1612V (f)VH + T) < ey (a\/>+ qJ\\JFH) (2.8.38)

Since SK,/I =Y Wii(f) is a sum of independent variables with [W; 1(f)] < || flee <
M and [Wio(f)ll2 < 2| fll2 < 2Vh(f) < 20, we obtain from (2.8.32) again

EA; < ¢ (of+ ]\\4/?) (2.8.39)

If we insert the bounds (2.8.31), (2.8.38) and (2.8.39) into (2.8.23), we obtain the result
(2.4.2).

48



We now show (2.4.3). If ¢ (\F s £)H <1, we have g ( ) € {1,...,n} and thus by
(2.4.2),
ospesin] < (Tl (L) () v
vVH
< 2o () i + oY)
= 20<\/771M-min{q*(i\//%\g§:)g,l}+U\/ﬁ>. (2.8.40)
If ¢ (\A}‘E/D;) > 1, we note that the simple bound
El}lea}(‘\}ﬁsn(f)’ < 2VnM
< 20<\/ﬁMmin {q(%ﬁ)f 1} + a\/I?) (2.8.41)

holds true. Putting the two bounds (2.8.40) and (2.8.41) together, we obtain the result

(2.4.3).

O

Lemma 2.8.4. Let Assumption 2.4.2 be fulfilled for some v > 2. Then,

6517 (k)

sup | £(Zi,u) — £(Z797) )
feF

sup H
7

v

sup || f(Zi, w)llw

where Ca :=4d - |LF|1 - C%Cr + Cy.

IN

IN

|Dyn(u)] - Ak),
Dy (u) - A(k),

|Dyn(u)| - Ca,

Proof of Lemma 2.8.4. We have for each f € F and v > 2 that

*(1—k)

sup || f(Z,u) = F(2777 0|
< sup |Z; — Z:(iik)&f’s (R(Ziv u) + R(Z:(iik)au))
< sw||z - 7 ‘L; HR(ZMU)JFR(Z;(F@W)
! [y pv
*(i—k
< sup ZL}—J’Xl - = X2 ] )‘oo <||R(Zi’u)”p”+HR(Z( ),u) pu>
p’%ll/
k
< 2dCRZL.7:7j(5 P us(k_j))s'
=0
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This shows the first assertion. Due to

sup |7(Zew) = 1270, w)| <120- 2Pl (RZ0w + REZO, ),
eF

the second assertion follows similarly. The last assertion can be derived from
[f(z,w)] < |f(z0) = FO,u)] + (0, u)] < [2]7, s - (R(z,u) + R(0,w)) + | f(0,u)],

which implies

1F(Zs, w)ll

IN

HZL]:J‘Zl iloe

2d ILFl - (CR +|R(0,u)]) + |£(0, )]
4d - |L]:|1 'CX -CR—I-CJ?.

L (1R 0l + RO, @) + 170, w)]

VARVAN

Lemma 2.8.5. Let w(k) be an increasing sequence in k. Then, for any x > 0,

me{x D A(L J)}w ) < ZZmln{x D, A(f) w(2f +1).

Jj=2 j=1

Especially in the case w(k) =1,

Zmln{x D,A(Z]))} < Qme{x Dp A7)}
Proof of Lemma 2.8.5. We have

me{x D A(L J)}(i)

= Y} minfz, ]DnA(L% D) + 3 minfe, DA 2L )o@k + 1)
k=1 k=1

= ) min{z, D, AK)} - {w(2k) + w(2k + 1)}

2 i min{z, D, A(k)} - w(2k + 1).

IN

Proof of Corollary 2.4.3. Let ¢ := sup,cysupser Va(f) < oo. For @ > 1, define

\/ﬁ O'Ql/2
M, =Y" D,
n /HT( D?LO ) n
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Let F = supscr f, and F(z,u) = Dy°(u)- F(z,u). Then F is an envelope function of F.
We furthermore have

M, < n
) <3|

n

P( sup F(Zi, )>M < ZF z,f Y >

' |F|[} - (2.8.42)
i=1,....,n

Inserting the bound

into (2.8.42) and using r(ya) > vr(a) for v > 1,a > 0 (this is similarly proven as in
Lemma 2.8.6), we obtain

P(i:SERnF(Zi’ %) > M,) < (1_37,-(’?3;2)2)1//2 . (C’%]g?f’ny

b2 (CADR,\v
Qi/g( - 211;@%)2) m-(?)ﬁo) . (2.843)

Using the rough bound ||f|l,.n < ||F|lvn and 7(a) < a for a > 0 from Lemma 2.8.6, we
obtain

1 1
Tflea}f\/ﬁ;E[f(Z V2 iy sy < fM” — T faXZEU z,*

n M,
< Mg-ﬁr;lea;cllf v
2 v/ 1/2 ]D);ion v
= (n C(A%;2)) 2'Uf/gﬁ '<]D>$l<>)
C? v/2 /DX \v
< oarvala Ef%ﬁ) (5% (2.8.44)

Let us abbreviate
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By assumption, sup,,cy Cr, < 00. By Theorem 2.4.1, (2.8.43) and (2.8.44),

IP(maX 1Gr(f)] > Q\/ﬁ>

feF
< P(max|Gu()] > QVE. 5w F(Z %)< M)
+P( sup F(Z;, 1) > M)
i=1,...,n n
< P(max |Gy (max{min{f, M}, —M})| > Q\/ﬁ/2>

(f}lg%( |—= N Pa ZE Lz > QVE/2)

+P( sup F(Zi,—) > M)
i=1,. n

: QW[J\F“] (v 5;2))T<U§;2)D?]+(c;z*QQ;UH)cn
< %Jr(%Jri—U)Cn.
Q Q2 QzH

Since sup,,cy Cpn < 00 and o is independent of n, the assertion follows for ) — co. [

Lemma 2.8.6 (Properties of 7(+)). The quantity r(-) is well-defined and for each a > 0,
r(;) >r(3) and r(a) < a.

Proof. The quantities ¢*(-) and r(-) are well-defined since Bporm(-) is decreasing (at a
rate < ¢~ 1), r — ¢*(r)r is increasing (at a rate < r) and lim, o ¢*(r)r = 0.
Let a > 0. We show that r = 2r(§) fulfills ¢*(r)r < a. By definition of 7(a), we obtain
r(a) > r = 2r(§) which gives the result. Since Bporm is decreasing, ¢* is decreasing. We
conclude that
¢ =2 @G <2 @ GG <25 —a

The second inequality r(a) < a follows from the fact that ¢*(r)r is increasing and
q*(a)a > a. O

2.8.3 A chaining approach which preserves continuity

In this section we provide a chaining approach which preserves continuity of the functions
inside the empirical process. Typical chaining approaches work with indicator functions
which are not suitable for the application of Theorem 2.4.1. Instead, we replace the
indicator functions by suitably chosen truncations. For m > 0, define ¢/ : R — R and
the corresponding “peaky” residual ¢, : R — R via

(@) = (@ V (=m)) Am, (@) ==z — ¢ ().
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In the following, assume that for each j € Ny there exists a decomposition F =
UkNQ Fjk, where (Fjr)r=1,..n;, J € No, is a sequence of nested partitions. For each
j € Ngand k € {1,..., N;} we choose a fixed element f;;, € Fj,. For j € Ny we define
7ij = fjk if fe .FJk

Assume furthermore that there exists a sequence (A;f);jen such that for all j € Ny,
SUDf ge 7y |f —g| < Ajf. Finally, let (m;);en, be a decreasing sequence which will serve
as a truncation sequence.

For j € Ny we use the decomposition

f=mif = om,(f = mif) +om,(f =75 ).
Since
f=—mif = f—mnf+mf—mf

= Oy (F =1 f) + o (f = i1 f)
FPm, s (M1 =75 ) 4 oy (i1 f =5 f), (2.8.45)

we can write
G, (f = 13f) = om,  (F = i f) + my (M f = i f) + R(j),  (2.8.46)
where
R(j) = om, (f =i f) = @, (o, (F = Ti11.0)) = o, (@ —my s (M1 f = 75)).

To bound R(j), we use (i) of the following elementary Lemma 2.8.7 which is proven
at the end of this subsection.

Lemma 2.8.7. Let y,x,x1,x9,x3 and m,m’ > 0 be real numbers. Then the following
assertions hold true:

(i) If |z1| + |z2| < m, then
lom (@1 + 22 + x3) — @p, (1) — o, (w2)| < minf|ws], 2m}.
(ii) |om(x)| < min{|z|,m} and if || <y,
o (@)] < 0 () < Ylgysmy-

(iii) If F fulfills Assumption 2.4.2, then Assumption 2.4.2 also holds true for {oh (f) :
feF} and {gy(f): f€F}

Because the partitions are nested, we have |71 f —7; f| < A;f. By Lemma 2.8.7 and
(2.8.45), we have

,277’1]'}
,2m; }.(2.8.47)

[RG)| < min{|gy . (f =71 f) + @omy oy (1 f —75f)
< min {|py (A1 f)],2ms} +min {0 (A1)
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Let 7 € N. Then, by iterated application of (2.8.46) and linearity of f — W;(f), we
obtain

G (o (f = 70f))
= Gulpm, (f = 71) + Gu(@mg—m, (m1f = m0f)) + Gu(R(0))
= Gnlep, (f ( —7-f))
T— 7—1
+ GM¢%ﬁmﬁﬁﬂ+ﬁ‘ﬁwﬂ)+§:GARUD, (2.8.48)
3=0 j=0

which in combination with (2.8.47) can now be used for chaining. The following lemma
provides the necessary balancing between the truncated versions of G, (f) and the rare
events excluded. Recall that H(k) =1V log(k) as in (1.2.4).

Lemma 2.8.8 (Compatibility lemma). If F fulfills |F| < k and Assumption 2.4.2, then
supser Va(f) <6, supjer || flloe < m(n,0,k) imply

Dy
E%¥m kwu+ﬁgm<m@, (2.8.49)

and sup e Vo (f) < 6 dmplies that for each v > 0,

Vol F L psrymmsit e < *75\/7 (2.8.50)

Proof of Lemma 2.8.8. For ¢ € N, put Bnorm(q) = @. By Theorem 2.4.1 and the
definition of r(-),

Emax |[G(f)| < e(8VHR +4" (7 m(n,4,k) <k>>m<n,&k>H(k>)

VD Vi
= (oW + B ()T
_ c(1+%§)5 H(k)

which shows (2.8.49). Since

172, {f(zb,nmm(nak}nl_(i)nf( LYl = (7)”]”( 5 DI,

for all f € F with V,,(f) <9,
\/771 2 1 ||f”2n
1 < — v H(E). 2.8.51
VAl Lo < S IR < D5 S VAR, 2851
If || fllz;n > DpA(L), we have

Va(F) = 1fll2n +Dn > AG) > ([ fllzm +DuB(1). (2.8.52)

j=1
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In the case || f|l2,, < D,A(1), the fact that A(-) is decreasing implies that a* = max{j €
N:[[fll2,n < D,A(j)} is well-defined. We conclude that

+D, ZA

j=a*+1
= [fll2n(a® +1) + DyB(a*) > || fllzna” + Bla ). (2.8.53)

Summarizing the results (2.8.52) and (2.8.53), we have

Va(f) = Hf”%n""Z”len/\( nA(j)) = Hf”2n
=0

Vi(f) = I fllz;n(a* Vv 1) + DpB(a* V 1).
We conclude that

Va(f) = min [[|fllzna +DnfBa)] 2 [Ifll2nd + Dnf(a),

where a = argmin;ey {||f||2,n - J+ ]D)nﬁ(])}

Since § > V, (f), we have 0 > D,5(a) = DyBnorm(a)a. Thus, Bporm(a) < Dina' By
definition of ¢*, ¢ ( =) < a. Hence, q (—)DL <4 —. By definition of r(-), (&) > D%a
We conclude with Hngn < Vo(f) <6 that

5 Dnallf13, _ DnV
Wy Dol DuilWloe  Deyry  Des sy

Deer(Z-) — D~ e _]D)OO

Inserting the result into (2.8.51), we finally obtain that for all f € F with V,(f) <,

NG 1 If115,
1 < —Y |IfI2, < VH(E) < f—(w
\/ﬁHf {f>’ym(n,6,k)||17 = (n 5 k)HfHZ ’Y]D)oo (&)

which shows (2.8.50). O

Proof of Lemma 2.8.7. (i) Since |z1| + |z2| < m implies |z1], |z2| < m, we have
= |pm(z1 + @2 + 23) — @ (21) — @i (22)] = [ (21 + 22 + 23) — 21 — 22].

Case 1: x1 +x9+ 3 > m. Then, since |z1|+ |x2] < m, we have I = |m—x) — x| =
m—x) —x2 < x3 < |z3|.

Case 2: 1 + w3 + w3 € [-m,m|. Then I = |x1 + 22 + x3 — x1 — 2| = |23].

Case 3: x1+x9+x3 < —m. Then, since |z1|+|x2| < m, we have I = |[-m—x1—x3| =
m+x1 + xo < —x3 < |3

Furthermore, I < |, (1 + 2 + x3)| + |21 + 22| < m +m = 2m.
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(i)

(iii)

The first assertion is obvious. If |z| < y, we have

T —m, T >m
lom(@)] = 40, z € [-m,m]

—r—m, x<-—-m

|| —m, xz>m
= {07 LS [_m>m] = (|$| - m)ﬂ|x\>m
|| —m, z<-m
< (Y—m)lysm =y —m)VO0=(y—m)ly o)y < ylysm,
which shows the second assertion.

We will show that for all z, 2/ € RN,

o (F)(2) = e (H D < 1f(2) = FE) om(F)(2) = om (D] < 1f(2) (— f(Z'))!
2.8.55
from which the assertion follows. For real numbers a;, b;, we have

max{a;} = max{a; — b; + b;} < max{a; — b;} + max{b;},

which gives | max;{a;} — max;{b;}| < max; |a; — b;|. This implies the inequality
| max{a,y} — max{a,y’'}| < |y — ¢/| and therefore
o (F)(2) = om ()(2)] [(=m) Vv (f(z) Am) = (=m) V (f(2') Am)]
[f(2) Am = f(z) Am|
[(=f(z) V (=m) = (= f(2)) V (=m)]|
1f(2) = ().

For the second inequality in (2.8.55), note that
em(f)(2) = (f(z) =m) VO + (f(2) +m) AO.

IAN A

Therefore,
|om (£)(2)=em(F)(Z)] = |(f(2)=m)VO=(f () =m)VO+(f (2) +m)A0—=(f (') +m)A0].
If f(2), f(2') > m, then

|om (£)(2) = om (£ ()] < [(f(2) =m) VO = (f(2") =m) VOl < |f(2) = f()].
A similar result is obtained for f(z), f(2') < —m. If f(2) > m, f(2') < m, then

[om () (2) = em(F)(Z)]
< |(f(z) =m) = (f(2) +m) A0
_ {|f(2) — &) =2ml = f(z) = [(Z) = 2m < f(z) = (), f(Z) < —m,
[f(z) =m| = f(z) =m < f(z) = f(&), f(@)>—m

A similar result is obtained for f(z) > m, f(z’) < m, which proves (2.8.55).
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2.8.4 Proofs of Section 2.4.2

Proof of Theorem 2.4.4. In the following, we abbreviate H(d) = H(J, F, V,,) and N(J) =
N(8, F, Vy,). We set 6o = o and &; = 277 4p.

For each j € Ng, we choose a covering by brackets .7-";,:6 = L, ujn)NF, k=1,...,N(6;),
such that V;,(uji — lji) < d; and SUDf ge 7, |f — 9] < ujkr — Lk =: Ajr. We may assume
w.lo.g. that l;, ui, Aj, € F.

If Ik, uj, do not belong to F, we can simply define new brackets by

ij(z,u) = inf  f(z,u), Ujp(z,u) == sup  f(z,u)
fe[ljk:aujk] fe[ljk,u]-k]

which fulfill [ljk, Ujk] NF = [ljk,’l]jk] N JF, and

ik (z,u) = Lp(2' )] < sup | f(z,u) — F(2,u)],
FElljr ujk)

Thus, we can add L, @iz to F without changing the bracketing numbers N(e, F, || - ||)
and the validity of Assumption 2.4.2.

We now inductively construct a new nested sequence of partitions (Fjj)x of F from
(.Ff]:e) « in the following way: For each fixed j € Ny define

{Fje o kY = {[ ) Fo’ ki € {1,..,N(6:)},i € {0, .., j}}
=0

as the intersections of all previous partitions and the j-th partition. Then, [{Fjj : k}| <
Nj :=N(dp) - ... - N(6;). By monotonicity of V,, we have

sup |f - g| < Ajk;a Vn(A]k) < 5j.

In each Fj, fix some fj, € F, and define 7;f := f;y,y where ¢;f = min{i €
{1, ...,Nj} ( f € .7:]1} Setting A]f = Aj,z/)jf and

I(o) := /OU V1V H(e, F,V,)de,

we construct

= min{j20:5j§1(\/%)}\/1. (2.8.56)

Let .
m; = im(n, 6]', Nj+1),

(m(-) from Lemma 2.8.8). Choose M,, = $mg. We then have

1 n
Esup |G, (f)| <E G ()| + — ST E[W;(F1
ilelg} ()| feilszn)\ (f)| \/ﬁ; [(Wi(FLipsns,y)]
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where F(M,) := {¢3; (f) : f € F}. Due to Lemma 2.8.7(iii), F(M,) still fulfills As-
sumption 2.4.2. ‘
Since |f| < g implies |[W;(f)| < Wi(g) and |[Wi(9)|l1 < [lg(Zi, 2)||1, it holds true that

1 n
Gn(f)l < —= ) |Wilf) —EWi(f)

< Gul)+—= 3 IWia)lh < Calo) + 2Vl
=1

By (2.8.47) and (2.8.48) and the fact that ||f — mofllec < 2M,, < myg, we have the
decomposition

sup [Gn(f)] < sup |Gn(mof)|

feF feF
+ sup |Gn(ep, (f — 7 f))]
feF
T—1
+ Z Sup Gn(‘pr/izj—m]-_,_l(ﬂﬁrlf - Tr]f))
=0 feF

T—1
+3 " sup|Ga(R()

< sup[Ga(mof)|
feFr
+{ sup [Galen, (Arf))| +2v/nsup [Acf]l1n }
fer fer
T—1
+Z?‘é§ Gn(wfnj_mﬂl(ﬂjﬂf—ﬂjf))’
j=0

T—1
—l—jz:% { ?telg ‘Gn(min {|<p,¥1j+1(Aj+1f)‘72mj})‘

+2\/ﬁjscu£): [PAVERY & Fy NSy I ”1n}
€

T—1

+> { sup |Gy, (min { |y, —m, ., (A5 ) 72mj}))
= Lrer
+2v/n Sup 14 f R{Ajf>mj—mj+1}||1v"}
=: Ri+Rs+ Rs+ R4+ Rs5. (2.8.57)

We now discuss the terms R;, i € {1,...,5} from (2.8.57). Therefore, put C,, := ¢(1 +
I'D)OO
o)+ b

Since Aji = ujp — Ljx with Lig, uj, € F, the class {$Aj; : k € {1,...,N(5;)}} still
fulfills Assumption 2.4.2. We conclude by Lemma 2.8.7(iii) that for arbitrary m,m > 0,
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the classes
(3o (B50) k€ {1, @)},
{5 min{o} (Ag0), 2} : k € {1, N},
(ehmnf —mf) ke {1, NG}
fulfill Assumption 2.4.2.

e Since {mof : f € F(M,)}| < N(dp) = N(o), ||m0fllec < My < m(n,dy,N(d1)) and
Va(mof) < o = o (by assumption, every f € F fulfills V,,(f) < o), we have by
(2.8.49):
ERy =E sup |Gu(mof)| < Cpdoy/1V1ogN(dy).
feF(Mn)

e Note that [{gp, (A-f) : f € F(Mp)} < Ny If g := o, (Arf), then [g]lo <
my < m(n, -, Nry1) and Vi, (g) < Vi, (A-f) < 6-. We conclude by (2.8.49) that:

E sup [Gu(eh, (Arf))| < Cpdr - /1Vlog Nryq. (2.8.58)

feF (M)

As for the second term, we have by definition of 7 in (2.8.56) and the Cauchy-
Schwarz inequality:

\/ﬁHATle,n < \/EHATfHQ,n < \/ﬁvn(ATf) < \/ﬁ(sﬂ' < I(U)' (2'8‘59)

From (2.8.58) and (2.8.59) we obtain
ERy < Cudr/1V log Nyiq +2 - 1(0)

e Since the partitions are nested, it holds true that |{cpm (M f =7 f)  f €

( WDH < Njj1 I g 1= @ (w1 f — 75 f), we have lglloo < mj —mjpn <
j < m(n,d;, Njy1) and

gl < Imjpaf —mifI < Ay f.
Furthermore, V,,(g) < V,,(A;f) < 6;. We conclude by (2.8.49) that:

7—1

T—1
ER3 <> E sup |G, ., (Mjerf =) < Cu Y 051/TVI0g Ny
=0

e Note that [{min{¢p, i Bjaf),2myt 2 f € F(Mp)} < Njja. If we set g :=
min{iY,, , (Aj41f),2m;}, we have [[g]loc < 2m; = m(n, d;, Nj11) and

lg| < Ajiaf.
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By monotonicity of V,, V,,(¢9) < Vi(Aji1f) < 41 < 0. We conclude by (2.8.49)
that:

7—1
Z E sup [Gu(min{py, . (Aj41f),2m;})| < Cn D> 5;+/1VIog Ny,
=0

oo feF(My)
(2.8.60)
Furthermore, V,,(Aj11f) < dj41 and mjpq = %m(n, dj+1, Njt2). By (2.8.50), we

have
\/ﬁ||Aj+lf]]'{Aj+1f>mj+1}||1 < 2(5]'4_1\/ 1Vlog Nj+2. (2861)
From (2.8.60) and (2.8.61) we obtain

ERs < (Cn +4) Z&j\/ 1 VlOgNj+1.
=0

e It holds true that \{mln{gpm —my (85 f),2my} o f € F(My)}| < Njja. If g =
min{ey, ., (A;f),2m;}, we have ||gllsc < 2m; =m(n,d;, Nj41) and

gl < Ajf.
Thus, V,,(g9) < Va(A;f) < §;. We conclude by (2.8.49) that:

T—1

7—1
SE sup  [Gu(min{ey, .., (Aj41f),2m )] < Co > 65+ /TVIog Njj1.
=0

(2.8.62)
Note that V;,(A;f) < 6; and
2(mj —mjy1) = m(n, 05, Njp1) —m(n,dj41, Njyo)
K i1
_ Dzonl/2|: (L) _ (5, ) ]
\/1\/10gNj+1 \/1\/10gNj+2
DR /2 §; Siv1
B [r(2) - (L]
1Vlog Njiq Dy Dy,

1 DOO 1/2 5
>
- 2\/1\/logNj+1 D

where the last inequality is due to Lemma 2.8.6. By (2.8.50) we have

VAL, ooy < VAIAG T o 1n < 405/ TV 108 N
(2.8.63)
keeping in mind that m; = m(n,d;, Nj;1) in the last inequality. From (2.8.62)
and (2.8.63) we obtain

mj,

7—1
R5 < (Cn+8)) 8;4/1VIogNj 1.
7=0
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Summarizing the bounds for R;, i = 1,...,5, we obtain that for some universal constant
¢ >0,

E sup ’
FEF(Mnp)

Gn(f)‘ < E-Cn[ZJj\/l Viog Nj i1 + I(a)] (2.8.64)
=0

We have (1 V log N;)'/? = (1 \/Z o log N(0 ))1/2 < ( _o(LVH( ))) < Z o1V
H(6;))'/2, whence

IN

T 00 J 00 00
Zéj\/l\/lOgNj+1 Z Z 1\/H H—l Z(Z(S) 1\/H Z+1)
Jj=0 j=0 =0

=0 j=1
= 2 Z 6in/ 1V H(51+1) < 42 dit1v/ 1V H(51+1) (2865)
i=0 i=0

Since H is increasing, we obtain

ZéiJer 1v H(51+1) < Z(;i\/ 1v H((Sl) =2 Zéi*ﬂ\/ 1v H((SZ)
: =0 =0

= 22 / V1V H(6;)de
1+1
< 22/ V1V H(e) d5_2/ V1VH(e)de =2 I(o (2.8.66)
7,+1
Inserting (2.8.66) into (2.8.65) and then into (2.8.64), yields the statement. O

Proof of Corollary 2.4.5. Define F = {f—9: f,g € F}. It can easily be seen that
N(e, F, Vi) < N(5,F, Vp)? (cf. van der Vaart [1998], Theorem 19.5), thus

H(e, F,V,) < 2]HI( yFo Vi) (2.8.67)
Let o0 > 0. Define

F(z,u) :=2DX(u) - F(z,u), F(z,u) = sup | f(z,u)|.
fer

Then obviously, F' is an envelope function of F.
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By Markov’s inequality, Theorem 2.4.4 and (2.8.67),

IP’( sup Gn(f) = Gnlg)] = 77)
Vo (f—g)<o, f.9€F
1
< -E sup ‘Gn(f) _Gn(g)‘

M Va(f-g)<o, f.geF

1 ~
= 7E~ _sup_ |Gn(f)|
T feFVa(f)<o

< Saw 2 By [ B Ve 4 A s ]
[2ﬂ<1++/ V1VH(u, F,Vy,)du
wmw

I | 3|

{F>}1n1/2\/%}”1,n]'

The first term converges to 0 by (2.4.7) and (2.4.8) for ¢ — 0 (uniformly in n).
We now discuss the second term. The continuity conditions from Assumption 2.4.2
and Assumption 2.3.2 transfer to F' by the inequality

|F(21,u1) — F(22,u)| = |;jup flz1,u1) — ?Up f(z2,u2)| < ?Up |f(z1,u1) — f(22,u2)]
eF eF eF

We therefore have, as in Lemma 2.8.3(ii), for all u, uy,ug,v1,v2 € [0, 1],
F e (L —as
||F(Zl7u) - F(Zl(ﬁ)vu)’b < Ceont -1 s (2868)
HF(Zi(vl)vul) - F(Z (UQ) v2 ||2 < Ceont - ("Ul - U2|as + |u1 - UQ’aS). (2869)

_1 n'/? (o) s
Put ¢, = 8supi_y._, D (2) /IVA(Z) Then by Lemma 2.8.1(ii) and (2.8.68),
IF*1 r) i
{F>1nl/2 V(T }
oo ’L n i 2
= *ZD —)* [F(Zi’g) Lo z,n)|>cn}}
=1
16~ oo, ivg [m s 0y 4.9
< n;Dn (g) E[F< z(ﬁ)yﬁ) 1{|F(Zi(%)7%)‘>cn}:|
+16Ceons - 125 - (D)2 (2.8.70)

Put I/T/Z(u) = F(Z(u),u) and a,(u) := (D°(u))?. By (2.8.69), HVNVZ(ul) — VT/Z('U,Q)HQ <
2Ccont|ur — u2|*®. By the assumptions on Dy, (-) we can derive that ¢, — oo and
Hmsup,, o0 2 S0 |an (L) = limsup,,_,,(D)? < co. We conclude with Lemma 2.8.2(i)
that

oo ot L2
ZD [F(Z(*)’ﬁ Lirzii) e 0

3
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that is, the first summand in (2.8.70) tends to 0. Since limsup,,_, . DS° < 0o, we obtain
that (2.8.70) tends to 0. O

2.8.5 Proofs of Section 2.5

Proof of Lemma 2.5.2. Put D, ,(u) := VhKj(u — v). From (A1) and Assumption 2.3.1
we obtain A(k) = O(655,(k)), Cr = 1 + kmax{Cx, 1}*M.
Since K is Lipschitz continuous and (A2) holds true, we have

sup }(VgLn,h(v, 0) — EV%Lmh(v, 0))

|[v—v/|<n—3,|—0'|a<n—3
— (VL (v, 0) = EV) Ly (v',60)]
C
sup —R[LKIU—U'|—|—C@|0—0'|2]

2
jv—v/|<n=3,|6—0'|;<n—3 T

IN

1 n
x > (A +1ZI +ElZ))
i=k
= Op(n_l).

Let ©, be a grid approximation of © such that for any 8 € ©, there exists some
0 € ©, such that |# — 0| < n~3. Since © C R?, it is possible to choose ©,, such that
|8, = O(n=54). Furthermore, define V,, := {in™2 : i = 1,...,n} as an approximation of
[0, 1].

As in Example 2.5.1, Corollary 2.4.3 applied to

Fi={fog:0€ 0,0V}
yields for j € {0,1,2} that

sup |V§Ln7h(v, ) — Engmh(U, 6)‘00 = Op(’i'n). (2.8.71)

ve[%,l—%}
Put Ly, p(v,0) := LS Kp(ifn— v)lo(Zi(v)). With (Al) it is easy to see that

|EV) L b (v,0) — EV) Ly p(v,0)]
dLCR & . ~
GT > IKw(ifn =) 1 Zi = Zi(w)hllm
=1
(L4 NZila iy + W Zsw) i)
d5CrIK|oCx (1420 1) (n™" + h). (2.8.72)

IN

Finally, since K has bounded variation and [ K (u)du = 1, uniformly in v € [%, 1-— %] it
holds true that

EV) Ly p(v,0) = % > Ku(i/n—v)EVjls(Z1(v)) = EV4le(Z1(v))+0((nh) ™). (2.8.73)
=1
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From (2.8.71), (2.8.72) and (2.8.73) we obtain

sup  sup |VyLy (v, 0) — EVle(Z1(v))| = Op(r{) (2.8.74)
vell,1-1]0€0

where
70 =1, + (nh) " +h, je{0,2}, M= 1, + (nh) ™' + By,

n

y (A3) and (2.8.74) for j = 0, we obtain via standard arguments that if 70 = o(1),

sup |9An,h(v) - HO(U)‘OO = 0p(1).
ve[h 1—7}

Since émh(v) is a minimizer of 6 — L,, (v, ) and ¢y is twice continuously differentiable,
we have the representation

On,n(v) = 00(v) = —=V§ Ly (v, 05) " VoL (v, 60(v)) (2.8.75)

where 6, € © fulfills [0, — 00(v)|oo < [0n.n(v) = O0(v)|oo = 0p(1).
By (A2), we have

[EV326(Z0(0)) |g—gy () — EVlo(Zo(0))|g_g, | = O(80(v) = bul2) = 0p(1)
and thus with (2.8.74),

sup |V§Ln7h(v,§) EV9€9(Z1
ve[%,l—%}

‘9 6o v)| Op(TnZ)) + 0p(1). (2.8.76)

By (A3) and the dominated convergence theorem, EVyl(Zy(v)) = VoEl(Zy(v)) = 0. By
(2.8.74),

sup  |[VoLnn(v,00(v)|, =  sup |VoLna(v,0o(v)) —EVel(Zo(v))|
vely,1-5] velk,1-4]
= 0,(1{Y). (2.8.77)

sup ‘Hn,h(v) — Ho(u)}oo = O,,(n?)).
ve[%,lfg
This yields an improved version of (2.8.76)
sup  |V§Lna(v,0u) — EV3le(Z1(v))|,_ 00y loo = 0, (7). (2.8.78)
ve[g,l—%
Inserting (2.8.77) and (2.8.78) into (2.8.75), we obtain the assertion. O
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2.8.6 Proofs of Section 2.6

We now provide the proofs for the large deviation inequalities. We generally consider
Gn(f) = ﬁSn(f), see Subsection 2.8.2.

Proof of Theorem 2.6.1. The statement of the theorem is obtained for W;(f) = f(Z;, L).
Let V7 (f) = [lfll2n + 32523 min{ fll2.n, DaA(7) ()", where ¢(j) = loglog(e“j).

The term V.°(f) serves as a lower bound for V;,(f).
For ¢ € {1, ...,n}, we use decomposition (2.8.23) without the maximum. The set B, (q)
is defined below in (2.8.85). We then have

P(\;ﬁsnm\ > &, Ba(q))

< P(=lSun -
L
+P(Z(

SualD)| > x/4, Bu(a))
|

24
_ Z} } Toaf )’>x/4>+[@(2‘

=1

L= +1
Z —=Talh)| > /1)

= K zleven m zodd
(\F’S’” )| > w/4)
=: A1+ A+ As.

Define for [ € N,
g1 (D) = log(l+ 1) + 1, go(l) =log(l4+1) +1, a(l) = 1% 1og(el) 2 (1),

and for j € N, 7(j) = logy(j) + 1. By elementary calculations, we see that there exists a
universal constant ¢ > 1 such that

L q L
Z ng2(l) < Z 2 Z g2(1) <2 Z Z Lir_ +1<i<ny92(D)
et R i=11=1

q

< 2) g(v(4) < 2¢- g2(v(q)) < 82(g).
j=1
The third to last inequality is due to 21 +1 = 7;_1+1 < j <=1 < logy(j —1)+1 < 7(4)
and the monotonicity of g. In a similar fashion,

Tl

L .
Zglm 3 min{||f||2,n,DnAugJ>}

J=mi—1+1

< Zmln{”f”zn,]]) A(] Z]l{n 1<j<ng1(l)

]1 =1

me{llszn,D A(L )}an((3)) < 4V2(F)

IN
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by g1(7(5)) < 2¢(j)*/? and Lemma 2.8.5.

Therefore,
X Xz xr T L & ] -
- = 4= Py E g1 l E min f 27n,DnA - + — E T192 l

L

L
= > n@)+>_w),
=1

=1

where 31 (1) = g1 () Y7oy min{ | Fllzm Da AN}, 12(0) = grmga().

We now use a standard Bernstein inequality for independent random variables: If
Mg,00 > 0 are constants and @);, ¢« = 1,...,m mean-zero independent variables with
|Qil < Mg, (% 31, [1Qil13)Y? < o, then for any z > 0,

2

“ 1 z
( ‘ — EQi] ) <2 exp ( - 772). (2.8.79)
gl 1 2
Using the bound (2.8.33), %Z|T”(f)| < 27| flle < 24/TiM and the elementary

inequality § min{¢%,2} < 7te < min{g, ¢} we obtain

T > n(l) +10))

.
=
ﬂ

A (1) + 12())° FAUES0

SQZ;p( ! {<Z?mﬁmeHMJ%N£DDQ e )

SR . 0k ()
= 2wl {(ZﬁmﬁmmNHMJ%N@angﬁfD

L 1172 2 X
= 2Z:exp ( - %min { 210&}(80)2’ gggjé;) })

201 (1) <  2g(l)

< 2Zexp( 212V°(f) sirers) T2 exp (= graratg ) (2.8.80)
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We now discuss the summands in (2.8.80). If 2 > /2 - 26V°(f),

2

X 2 xr xr
(ZeXp( 21219/10(8) ))eXp<212Vn°(f)2) - ZeXp( log(l +1) - (26V,;(f)>2)

L . 9
< S+ @) < T
=1 6
10 M®(q
Similarly, if z > 23 \f( ),
L xga(l) x < 2
(Ze"p(_ 2M<I><q>)) P <£M<1><q>) =6
1=0 3 n 3 vn
We conclude from (2.8.80): If
210 M@
z > max{Vv2 - 2°V°(f), Y \/ﬁ(q)}, (2.8.81)
then
L L5 J+1 .
x
PN =3 —=1un|> 5
(l=1 = =1 & 4)
2 z? x
< -
-3 [eXp( 212V0( )2 >+eXp( %M<I>( )H
271'2 5 ) 2
< —3 € exp < - mm{2mvo 2 29 M<I>( }) (2.8.82)

where in the last step we added the factor e? for convenience with regards to the next
10
step of the proof. If (2.8.81) is not fulfilled, then either z < v/2-26V2(f) or z < %7 M%),

Jn
The upper bound (2.8.82) then still holds true since x < v/2 - 26V,°(f) implies

exp ( — min{212vx;(f)2’ 291\2(};((1) }) > exp ( - 212‘202“)2) > exp(—2)
3

n

and the left hand side of (2.8.82) is < 1 since it is a probability. A similar bound is valid
for z < 2° M\q}( 9 Thus, (2.8.82) holds true for all z > 0.
We therefore obtain

A2 e? 1 x2
S exp ( = . m(q)x). (2.8.83)

Ay <
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Since |[Wi(f)|l2 < 1£(Zi, £)||2 and [[Wi(f)lloo < |f]loc < M, we obtain from (2.8.79)

A <2exp(— v’ ) (2.8.84)
PPN T g, T ) -

B

Since 1 < ®(q) and || f|l2,n < V,7(f), this yields a similar bound as (2.8.83).

We now discuss A4;. Write

(Sl =S5ualF) = X =S (N =Sag1) = 7= S Wapia (1) = Wey(1)
J=q Jj=q i=1
Put
(7)) = {su i 2|4 ]~\4fl>(q) 2A()%a(5)% g2
2, (j) {fJén ZE () = WiV A1) < (505 2P AG a2}
Afsup sup (Wt () — Wiy () < 22229 A Gagiy
feFi=l,..n ﬁ(q)
and -
Bu(a) = (1] ). (2.8.85)
Note that -
A <p( \Hs — Sng(N)] > 4ﬂ (). (2.8.86)

Here, W; j11(f) — W; ;(f) is a martingale difference with respect to A;. Furthermore,
> AG)a(i)ga(i Z )j'/? log(ef)? = 4B(q).

By Freedman’s Bernstein-type inequality for martingales (cf. Freedman [1975]) we have
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for x > 24 Mcb(q),
1 TN
P(—=|Sn n SRS
(51801 = Snalh)] > O ()
1 z A(j)a(5)g2()
< — —_ T . -
< 21@( 7 > (Wil Wiglf)] > 5r =5 )
0o 1 (& A(f)a(d)g2(5) \2
8(9)
< 2 exp(— = —— — )
2 (M2(q) 2 2, (7)o 2M2(DAG)al) | = Al)ali)g2(d)
k=q (G A0 alP e + 5775 77 37 50
- 1 2%g2(4)?
= 2Zexp - = pov—r
p— ( 2 QS(M\%Q))QQ () + 235 M‘?(\}EED(J))
e ~920) . z 2 x
- 226Xp< 1 mm{(%M@(q)) ’(24M<1><q>)}>
k=q vn Vn
- 92(j)
= 2kzeXp<_ QGM}M)
=q n
(2.8.87)
We conclude that for z > 27%@,
[e’e) ),%' z oo . _(424 ]\/[I@T(Lq) ) 7.‘_2
(e (- 26M<1><q>>)'eXp(26M<1><q>> <2+ T <
j=4q Jn Jn j=4q
and thus (with an additional factor e?),
1 r N . 2 x
A < P(%’Sn(f) — Snq(f)] > 1 ﬂ Qn(])) < 362 exp < - W)' (2.8.88)
j=q 2
In the case z < 27M\%‘Z), we have
2 2
T2 __r N\
3¢ eXP( 26M<I’(q)> = 3 =1
Jn
thus (2.8.88) holds true for all = > 0.
Finally, since g2(j) > 1, we have
. IEN 2 MO(q) 20 1n2 /2
Q, c {- E[sup |W; ; — Wi Ai1] < (= A(f)a
) < { ; [feg} d1(F) = Wi ()1 Ai-1] Gy 20 e’}
= 12 Mo :
(3 s Wi (F) — Wiy () < 2220 A Gagi,

i—1 f€F B(q)
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thus we obtain by Markov’s inequality as in (2.8.30) that

(\/ﬁﬁ (q)

e 2 1 1 — 2
PO < (o) A(j)ga(j)gn;\\Jggg\wi,m(f)—Wi,j<f>\H2

IN
[\
—
s}
S
3
~——
ro

M®(q)/ a(j)?

Therefore,
P(Ba(a)) < B( | 2u0)°) < 2(%)2 3 a(;)z. (2.8.89)
Jj=q k=q
Note that
jg;l (4)? g;l /j_l (4)?
= /q a(a?)de : 2/q z log(e“x) log(log(eew))dx ~ log(log(e*q))’
so that

=1 1 > 1 3
2P T a2 a7 S @

, a
k=q Jj=q+1

Summarizing the bounds (2.8.83), (2.8.84), (2.8.88) and (2.8.89) and using the fact that

Vo) = If 2+ Y min{||f 20 DaA ()} (5) /2 < V()

J=1

we obtain (2.6.1).

We now show (2.6.2) by a case distinction. We abbreviate ¢* = ¢*( \/ﬁzgooy). In the case
®(7*)L <1, we have ¢* € {1,...,n}, and thus by (2.6.1),
1 1 z?
i 7* < R
P<ﬁ|sn(f)’ >z, Bl )) = exp ( c1 f/n(f)z + M@(ﬁ*)x)

and, by definition of ¢*,

70



In case of ®(¢*)2 > 1, we obviously have

1 1 =z
— < < R
P(\/ﬁ|5n(f)|>x> < P(M\/ﬁ>m)_coexp< ClMﬁ)
1 =z 1 z?
< COGXP<—*W>§COGXP<—*~ = >,
cl (7*) cl V(f)Q—f-M@(q )
/n /n

and the assertion follows without any restricting set B, (q) We can therefore choose ¢
arbitrarily. O

Lemma 2.8.9. Let F be a class of functions in the setting of Lemma 3.5.2. Then there
exist universal constants co,c1 > 0 such that the following holds: For each q € {1,...,n}

there exists a set Bgz)(q) independent of f € F such that for all x > 0,

1 T

]P’(%‘Sn(f)‘ > a:,Br(f)(q)) < cpexp ( Mz@ 771() 1}) (2.8.90)

and
n(Dy2)? B(q)
o Os d(q)’

Define ¢*(z) = min{q € N: 8(q) < ®(¢)x}. Then for any x >0, y > 0,

P(BP(q)°) <

2
P [5u(1)] > BO@ (i)

n(Dpe)?y?
1 T T
< ¢pexp | — — ‘min { ———— 1 2.8.91
a e ( “ MTQ@(Q*(n(Dﬁ£§2y2)) { HfHQ,nVn(f) }> ( )
and (B (@ (it )) < 58

Proof of Lemma 2.8.9. We use a similar argument as in Theorem 2.6.1, especially we
make use of the decomposition (2.8.23).
The set B (q) is defined below in (2.8.97). We then have

B(|-5u()] > 2, B (0)

< P(51800) — Sual$)] > /4, B0 @)

L%H‘ ) L . L%J‘Hl
_HP(Z‘E Z ;sz,l(f)‘ >95/4>+P(Z = Z ;sz‘,l( )) >95/4>
=1 T 1 =1 T =1
i even i odd
+]P’(%\Sn71(f)| > 2/4)
=: A;+ A+ As.
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As in the proof of Theorem 2.6.1, we see that with g2(1) = log(l + 1) + 1,

Therefore,
x .'B x
Z — g g mlIl{Hf||2naD A }+ 64(1) 27'192
l 1j=m_1+1
L
=1 =1

where yy (1) == g S min{| o DaA(), va(l) = grimg2():
By Lemma 3.5.3, if Mg, 0g > 0 are constants and @);, i = 1, ..., m mean-zero indepen-

dent variables with |Q;] < Mg, 7 Y1, [|Qill1 < 0@, then for any z > 0,

2

<2 L= 2.8.92
>— 'eXp(2UQMQ+2MQZ) (2.8.92)

(CDEEY

m

Using the bound (3.5.10) combined with (3.5.13), = 2T ()] < 2| fl% < 2M? and the

elementary inequalities 3 min{%, ¢} < ;% - <min{%, ¢} and (a + b)? > 4ab, we obtain

L 2
Mz X mun|>3)
=1 T =
L L7 1+1
< IZIP(% > ST()] > (D) + (D)
< 23 e any (11 (D) + 2(1))?
S ETY U W, min{l e DAG)
1) +ya2(l
yl()zMg/Q()})
=
L
< _1927(” : 4y1(1) 1
< 23 ew (-5 o s w7 DAY 7))
L
ngQ(l) . x
: 2;“‘)( poarag {Tfmma ) (2.8.93)
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If x is such that c¢(x) := 29M+¢(q) - min {m, 1} > 2, then

=1

(ZL:exp (- gg(l)c(a;))) exp (—c(z)) = ZL:exp ( log(l + 1)c(z ))
=1 -
L

7T2
< ; U<
Insertion into (2.8.93) leads to
Lot 72,
P(; z ; ;lTiJ(f)‘ > Z) < 7 exp(—c(x). (2.8.94)

i even

In case ¢(z) < 2, the right hand side of (2.8.94) is > 1. Thus, (2.8.94) holds true for all
x> 0.
We therefore obtain
272e? 1 T
S exp ( ~ 3 e min { ———— Hf”Qn n 1}) (2.8.95)

n

A <

Since [[Wi(£)ll1 < |1£(Zi, £)[12 and [[Wi(f)]lse < [ ]2, < M2, we obtain from (2.8.92),

2

1 1 z T
A3§2exp<—f >§2€xp(———-min T ) (2.8.96)
2|1 f13, 2L 4 22 2 M2 {HfH%,n j
Va(f

Since 1 < ®(q) and || f|l2,n <
We now discuss A;. Put

Wl

), this yields a similar bound as (2.8.95).

B (@) = {sup L15,(1) = Sug()] < 22

}. (2.8.97)
ferm n

Then with Markov’s inequality and using the same calculation as in (3.5.17),

1
P(BP(q)°) < —— |l sup —|Sn(f) — Sy
B < gy s 150 = SnaD],
n 1w
< - g — g sup |W; ; - Wi
M2(q) (= n = er]-" sl = Wi Al
n 00\2
< . . 3.
< 1perg PR’ CaBW (2.8.98)
Furthermore,
1 T
= - _ < p@
Ar = P(Z18a(F) = Sua(N > T, B (@)
T
]1{1\425(q>>£} S € - exp < — m) . (2899)
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Summarizing the bounds (2.8.95), (2.8.96), (2.8.99) and (2.8.98), we obtain the result
(2.8.90).
We now show (2.8.91) by a case distinction. Abbreviate ¢* = qN*(n@D#;yQ). In the case

®(¢*)L <1, we have ¢* € {1,...,n} and thus by (2.8.90),

1 T

P(%|Sn(f)] > x,Bn(ij*)) < ¢ exp ( MQ@ mm{m 1})

C1

and, by definition of ¢*,

The assertion follows with B7(Z2)(M Y) = B (q").
In the case (%)% > 1, we obviously have

IE"(%Isn(f)l > x) < P(M?>z)<coexp ( - ii)

C1 .1\42
< 1 =z
= %P ( o M%(q*))
n
1 T
< coexp< —M% 7() 1})
The assertion follows with B,(lQ)(M ,y) being the whole probability space. O

Proof of Theorem 2.6.4. Let By, (g) denote the set from Theorem 2.6.1 (applied to W;(f) =
E[f(Zi, L)| Z;—1) instead of W;(f) = f(Z;, L); the proof is similar for this situation). Let

B (¢) denote the set from Lemma 2.8.9.

Put
B (q) = n( )mB(Q)( )-
Then we have for G, (f) = (f) +G ( ) as in Section 3.3,
PGS > 2. Bi(a) < BEP(P]> 2 BA) + BP0 > L. B.0)
x . Ma(q)
< B(IG0(0)] > 5. B < max {Va()?, = 2 a))
—HP’(R (f) > max {f/ 2 M%q)x},an)(q2)>
+P(IGA(f)] > 2, Bu(q)). (2.8.100)

We now discuss the three summands in (2.8.100) separately. By Theorem 2.6.1,

L @2y
V()2 + H 70 (x/2)

P(IGP(f)] > 5. Bal@) < coexp (
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By Freedman’s inequality for martingales, we have

B(IG0 ()] > £ R < max {T(7)?, LD}

vn
1 (z/2)°
= 2exp(_21][130({‘/'”(]“)2 Mo(g x}—i—x)
(1 (e
s 2 p( 4Vn(f)2+M%q)x).

By Lemma 2.8.9 applied to W;(f) = E[f(Z;, £)?|Zi—1] and using ®(¢?) < ®(g)* (cf.
(2.8.101)),

P(RA(f) > max (V9% 5 0}, B2))
1 V()2
< coexp<61M%{;L(q mm{||f||2n Vo (f ) 1})

(- +m)
= coexp| — —=——]-
CIM%Q);I;

Inserting the above estimates into (2.8.100), equation (2.6.3) is obtained. Furthermore
by Assumption 2.6.3,

/A

 n(DE)?
M

M?

Brorm(0) < CaC (Y52 ﬁnorm(q))Q.

Thus,

B(B()) < B(By(0)") + BB (¢)7) <[4+ CaC3l (Vo Buryn(a)

The second assertion (2.6.4) is derived as in Theorem 2.6.1 with ¢ = ¢*( O

L)
VnDsey/”
Lemma 2.8.10 (A compatibility lemma). Let n € N, d,aps > 0 and k € N. For H > 0,
put
7(9) :== max{r > 0: ¢*(r)r <4}
and
w(H) := min{w >0 : w - #(w) > H '}, W(H) := Hw(H).

Define 5
ii(n, 8, k) = ani (g - )i (w(H (k) - Dn!/2,

n

Finally, put

Cr =8¢ (1+ IEI);%:)u + 05(5(1) VN1 + anr).

75



(i) Then, W is subadditive.

(ii) If F fulfills Assumption 2.2.3 and Assumption 2.6.3, then sup;cr Vo(f) < 0,
suprer || flloo < m(n, 6, k) implies that for any v : (0,00) — [1,00),

P(\/lﬁ|5n(f)| > Cob()OW(H(K)), B) < coexp (— 2 (k).
VAL oinnaipin S o T OWLH()
P(B;) < w<6>42a%4
where By, = By (G (——8)__y) 0 ¢ are from Theorem 2.6.1.

VDY ()anr

Proof of Lemma 2.8.10. (i) Note that for a,b > 0, we have w(a + b) < w(a) since
w(a)F(w(a)) > a~! > (a+b)~L. Thus,

W(a+b) = (a+b)w(a+b) < aw(a+b)+bw(a+b) < aw(a)+bw(b) < W(a)+W(D).
(ii) As in the proof of Lemma 3.5.5 (cf. (3.5.30)), we obtain that for x;,z2 > 0,

q(Camize) < G (21)7" (32).

Furthermore, for q1,q2 € N we have due to z1 + 9 < z1x9 + 1 that

loglog(e®qiga) < log[log(eqi) + log(eqz)]
< logllog(eqr) - log(eqa) + 1] < log[log(eqr) - log(e®qa)]
< loglog(eqi) + loglog(e®qa)
< loglog(eq:) - loglog(c®z) + 1
< loglog(eqr) - loglog(e“g2),
and thus

P(q1g2) < (q1)P(g2)- (2.8.101)

Furthermore, note that for a € (0, (3(1) v 1)], ¢ = [@‘1((3(1)\/1))] satisfies

w(g)a = e (P 0> 50y vy = ),
that is,
ba@) < oo () < apet VL))
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With y = ¢ (0)ays we have

i(n, 8, k) i(n, 8, k) - ~*(C§(5(1) v 1)7“17“2)
NG VD (B)ars” ¢ ¥(9) ’
where | = f(&), ro = F(w(H(k))), and thus with (2.8.101) and (2.8.102),

7 (=

) =q'(

o) M2 < @(g*<c§(5(z(5v)l)m2>>w2m>n o
< @(@*(W)a*m)q*(m))mmzo%
< o (DY) 0 ()0(d r)rrD o
< AT HE) o

By definition of W(-) and Theorem 2.6.1, we obtain

1 N
P(%\Sn(f)\ > Cot(9)8 - W(H(K)), By
< wew(-+ CRu(8)*0* W (H (k))? )
= TP o 2 T G020 (82w (H (k) W(H ()
2
< coexp<—l C”OOA H(k))

c11+ 4GM%CH
< coexp (—2H(k)).

Similar as in the proof of Lemma 2.8.8, we obtain due to Assumption 2.6.3 that

Vol ) = min [| fll2.n (1 +Zsa () +DuB(@)] = fll2n (14 9(5)) +DuB(@),
j=1

where G = arg mingen{|| f|l2,n - (1 +> i1 0 )) +DyB(a)}. Elementary calculations
show that for a > 2,

a a—1
ng(j) = l—i—Zcp ) > 1—1—/1 o(x)dz
j=1

= 1+(@@a—-1)-1) /&_1 LI d(a—1) a-2, 1@()
B ¢ 1 log(ecx) T =\a e — g4\
Clearly, the same holds true for @ = 1. We therefore have
. 1 R
Va(f) = ZHsz,n‘I)(a)‘ (2.8.103)
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Now, & > Vi(f) > Dpf(a) = DnBrorm(d)®(a). Thus, Bnorm(d) < —o—. By

= = Do)
definition of §*, cj*(Dng(d)) < a. So, @((j*(ﬁw))m < &. By definition of 7,
~(L) > _ 0
"p,) Z D@
Using this result, (2.8.103) and the definition of w(-) yield
Lvallfl3, 1 1 I1£113
\/ﬁ||f]]-{f>'y~m(n,§,k)}’ 1n > — <

Y i, 0.k) = 5 anDie (2w (H(E))

and
17113 <D e@)fI3, 1
A Fw(HEK) — " 0 F(w(H(k)
AWV fllzn 1 1
< D, = <4y —————
- 5 H(w(H(k)) 7 (w(H (k))
< 4D oW(H (k)),
which provides
4D, 1
1 . n< —— H(k)).
Vol F L fsyammsr e < S D aM5W( (k)
Finally, Theorem 2.6.1 implies that
4 4

P < 5 = Gopa,

O]

Here, we would like to present a chaining version of the large deviation inequality
from Theorem 2.6.1. For the sake of simplicity, we derive the result for some continuous
strictly decreasing upper bound H(e) of H(e, F, V).

Theorem 2.8.11 (Chaining for large deviation inequalities). There exists a universal
constant cs > 0 such that the following holds true.

Let apy > 1, M, o > 0 be arbitrary, ¥(z) := y/log(x=1 V e)loglog(z~! V €°).

Let F be a class which satisfies Assumption 2.2.8 and 2.6.3, and supser Vo(f) < o,
supser || flloo < M. Define

f(o) = / DEW V() )de.
0
Choose 6°,x > 0 such that

H(o®) = - v
777 500 o2 1 0

M
VnDPanr )) n
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where Cy, W is from Lemma 2.8.10. Then there exists a set ), independent of x such

that
2

1 x
P(sup [Cu(] > ) <500 (g5 o @(d*(ﬁn?gw))ﬂfﬁ)

8

and

6 [ 1
P(QS) < —
)= e h wo@?
Proof of Theorem 2.8.11. We use the chaining technique from Alexander [1984], Theo-

rem 2.3 therein.
We define dg := 0°,

dz.

0j41 = max{d < %] : > 4H

Since H(-) is continuous, H(8;11) = 4H(6;). Put

7:=min{j > 0:6; <
Define R B
nj = 4Cp¥(6;)6;W(H (Nj11)),

where C’n is from Lemma 2.8.10 and

j+1 j+1 j+1

Njj1:= H exp(H(dx)) > HGXP H N(0k) =: Njt1.

By Lemma 2.8.10(i), W(:) is subadditive, whence

T j+1
> vENGWHN ) < Zw YWY S H()
=0 k=1
] Jj+1

< Zw 8 > WLV H(S))

k=1
< ZW(1VH(5k+1))Z¢(6j)5j. (2.8.105)
= =

Similar to (3.5.38), there exists some universal constant ¢, > 0 such that

S < 22 ", dx<22/ e
=k

5;/2

IN

2 1/)($)d$ < QCwékl/J((sk). (2.8.106)
0
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Furthermore, by definition of the sequence (J;); and since w(-) is decreasing but W is
increasing, we have

WV H(S41)) < W(4(1VH(S;))) <4W(1VH(S;)). (2.8.107)

Insertion of (2.8.106) and (2.8.107) into (2.8.105) yields

Zna < 4G, Zw (Nj11))

< 32,0, ch (6e)W(1 v H(d;))
k=0

AN
=
T~
)
<
2
\
<
=5
z
—
<
=
=
=
™

64cyCry i / " WV () de

ko5

IN

IN

64cyCry / PEW(LV H(e))de = 64y Cul(0°).  (2.8.108)
0

We set up the same decomposition as in the proof of Theorem 2.4.4. Define

- 1 -
mj = Em(n 35, Njs1).
Note that .
> 3 M)+ (= +2n.).
T 5+ (5 ) + (5 + 20r)

Set c3 :=5- 2% ¢;,. Condition (2.8.104) implies

g > 28¢,C, 1 (0°) (2.8.109)
and thus with (2.8.108), we obtain
3—2777>2 cpCnl(o —2nT>Z277]
~% ~% 76‘7N‘
Let G = 7" (o) 219

Q1= Bui’ (g ) () B

§=0
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where B,,(q) is from Theorem 2.6.1. From (2.8.57), we obtain the decomposition

P<?2§-‘ ‘Gn(f)| > a:,Qn>

x
< —
< P(sup [Galmof)| > 5.2)

X
+P((sup [Ga(¢h, (Arf)| + 2V 50D [Ar i > 5 + 20, )
fer fer

T—1
+P( Y sup [Guleh, o (i f =i )| > § = 20,0

im0 TeF 5
7—1
PP s [Gatmin i, (A ), 27, )

X
1,n} > = = 27]TuQn)

+2vnsup [|Aj41fLia,, poma) 5
feF

—_

T—

w2 {sup |G min {0, ., (8] 20,1}
o T

€T
2V 851, oyl ) > 5 = 20 )
S

e
< P(sup Gu(mof) > 5. )
feF

5
+P( sup (G (@, (Arf))| + 2V sup [|Ar fll1m > & + 20y, Q”)
feF fer 5
T—1
+ 3 P(sup |G,y (1S = 7)) > 205,020
= NeF
T—1
+ 3B (sup [Gu(min {[%, ., (s 2,)
= Ner
—{—2\/71 sup ||Aj+1f]l{Aj+1f>mj+1} 1n > 215, Qn)
fer
T—1
+ Z IP’( sup |Gy, (min {‘tp%@j_mHl(Ajf) ’ 27%]'})‘
= Ner
—|—2\/ﬁjscu£)T 1A FLqA, i —my iyl > 205, Qn)
€

We now discuss the terms in (2.8.110) separately.
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e We have by definition of Theorem 2.6.1,

T M
R < P Gn L Bu(G (-
1 < <§‘§£‘ (mof)l > &, Ba(d (\/ﬁD%oaM)D
x M
< N(0°) - sup P(|Gy, = B (G (e
< N(o°) sup (I (mof)l > =, Bu(d (\/HD%OGM)))
1 (z/5)?
< exp(H(c%)) - copexp | — — - -
( 0%+ O (e ) )
< ¢ exp( ! v’ )
> 0 - ~ .
50c1 0% + ®(7*(Fmpean ) v

e We have by Lemma 2.8.10,

P((sup [Culph, (Arf))] > nr Bu(@D))
JeF

< exp(H(Nr11)) - coexp(—2H(Nry1))

< ¢ Zexp(—H(NjH)) < cpexp(—H(c))
=0

(for details on the last inequality look at the calculation for Rj, below). By the
Cauchy-Schwarz inequality, the definition of 7 and (2.8.109),

~ ° €T
ﬁ?ug|’ATf||1,n < \/’EHATfHQ,n < \/EV(ATf) < \/ﬁdT < I(U ) < g
€
We conclude that
R3 < coexp(~H(0®)).
e We have by Lemma 2.8.10(i),
T—1
Ry < S P(sup|Culeh, o, (1] = )| > 205 Ba(@)
=0 /¢
7—1
< X Niwt S P([Galoh o (i f = i) > 15 B(@))
§=0
7—1 B
< ) exp(H(Nji1)) - coexp(—2H (Nji1))
§=0
T—1 B T—1 B
< oy exp(—H(Njj1)) < co Y exp(—H(8;11))
j=0 j=0
< ¢ Zexp(—4j+1H(a°))
j=0
< coexp(—H(c®)).
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The last inequality is due to the fact that

(Z exp(—47 T H(0°))) exp(H(o Z exp(—
§=0
< 3 exp(—(#T1 - 1)) < 1.
j=0

e Similar to Rj we have by Lemma 2.8.10(ii),

3
|
—

P(sup Gn( mln{|<pm o
fer

qu.
»—‘D

< ZNJH co exp(—2H (Nj+1))
7=0

< ¢ exp(—H(ao))
and, since ap; > 1,
Visup A1 fla, o psmpyllie < 8D%O5 SW(H
fer
< Cp-6; W(H
This shows

e Similar to R) we obtain

[asy

T—

ZIP’(sup Gn( mln{}gomj m;+1(
=0

~| m

-1

< > Njyi - coexp(—2H (Njy1))
=0

< coexp(—H(c")).

4J+1 _

(Nj+1))

1H(c®))

(2.8.111)

1 Bul@)

Bl

As in the proof of Theorem 2.4.4 (discussion of Rs therein), we see that 2(m;

mjt+1) > m; due to the fact that the inequality

~ (5]' ~ (5j+1 B 5j B (Sj _ (5]' 1. 6j 1._

Siy > F(~Ly G e G
k) = HE) > 72 — (o) > L) - 57(aL) > 3

only requires ;41 < % Thus, since aps > 1,
\/ﬁ'?lég ”Ajf:ﬂ'{A]f>Th]—mJ+1}||1yn S \/’E?up ||A]f]]'{AJf>%ﬁ”L]
Dy

< 16p-9; JW(H (Nj11))
1
< 205W( ( J+1))§2
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This shows ~
R; < coexp(—H(c?)).

By plugging in the above upper bounds for R}, i € {1,...,5}, into (2.8.110) and using
(2.8.104), we obtain

1 x2
P( sup |Gn(f)] > =, Q) < 5Bcpexp ( — . - —). (28.112)
<f€f ) S ‘1>(q*(mj>\§w))ﬂfﬁ>
Discussion of the residual term: By Lemma 2.8.10(ii), we have
PO) < PBAT (e )) + Y P(Ba@))
n) = n\{q \/H]D)%OGM par n\q;
4 4 = 1 8 w— 1
< -+ < - .
& B LT 2 IOT
Due to
> = 1 % 1
Z Z / 5dT
Pl =505 = 01 Joy 9(65)
< 2%/6. d$<2/J01dx< 1
T e 008 T o wb(@)? T T log(log((0°) 7t Ver))”
the proof is completed. O

2.8.7 Form of the V,-norm and connected quantities

Lemma 2.8.12 (Summation of polynomial and geometric decay). Let a > 1 and q € N.
Then,

(1)

[o¢] —
—a+1 § Z max{a, 2 a+1}q—a+1‘
a— = a—1

(i1) For o >0, kg > 1,

o0

bpriol * O log(o Z min{o, ngj} < bpwy 0 IOg(U_l Ve),
‘]:
o0

be o O - o= a < Zmin{a, koj %} < bag, O max{a_é, 1},

where by kyy bp ko s bakss bako, are constants only depending on p, ko, o
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Proof of Lemma 2.8.12. (i) Upper bound: If ¢ > 2, then

o c—q < —a _ —a _ —a+
Z] Z/jlj dx_Z/jlx dx /qlx dx S -
J=a J=q j=q

1 1 —1 g—otl
= ——(¢-1t= et (AT el o 2 gt
a—1 a—1 q a—1
Ifg =1, then $32, 57" =14 532,057 <1+ gl ot = 5oy,

Lower bound: Using similar decomposition arguments as above, we have

OO 741 oo 1 00 1
— e _ —a _ —a+1 _ —a+1
]E:qj gz/ dac—/q x da:—_a+1x _a—lq .

q

(ii) e Exponential decay: Upper bound: First let a := max{[log(g/ HQ)J 0} + 1. Then

log(p
we have
Zmin{a,ngpj} < ZO’—FK]Qij—aU—FHQ
§=0 j=a
< a0+ ——min{—,1} <ac+ ——
K —p
< { L max{log(kz2/0),0} + 2 }
> 0 Ty X 2/0), PR
log(p~1) L—p
1 _ log(k2) VO 2
< o- [7max log(c™1),0} +
log(p ) e Uosl ) 0)

log(p=!)  1-p
< bp,HQ ‘o lOg( Y 6)

where b, := 2(log(k2) V 1) - log(;,l) [1 + 210{‘;(2 )].

Lower Bound: Put 3(q) = k2 Z;’iqu = %pq. Then,

me{a /12,0]} > o(Gg—1)+ B(q),

Jj=1

where ¢ = min{g € N: ;= > p?}. We have ¢ > loi'go(g(/p';?) =:qgand § < g+ 1.
Thus,

> min{o, kap’} > o(q— 1) + B(g+1).

Jj=1

Now consider the case 2 < p?, that is, loi(g(/ ;)2) > 2. Then, ¢ —1 > %g, and

q< 210%0(;(/17 ';2) We obtain

1 log(o/k2) | Kap p% _
log(p) 1—p

2

1 P 1 -1

> = 1

- 2 (1 —p + log(p—1)>0 og(o k2),

L loglo/ka) . _p
2 log(p) 1-p

Z min{o, kep’} >

j=1

g
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: : 1 1
that is, the assertion holds true for b, ., ; := E(fpp + log(Tl))'
, oL oL
e Polynomial decay: Upper bound: Let a := |(;Z) "« | +1> (;Z) =. Then we
have by (i),
o0 a (o9} K
. . . 2
me{o,ng] “1 < ZO’—FK)Q Z g :aa—l—ﬁa atl
7=1 7j=1 Jj=a+1
1
5 a—1
< ao+ o«
o —
1
1 1 &
< o [@aa o414 —2 O'_E:|
a J—
a Lo
s o [a—lﬁza * +1}

< bagy 0 max{(f_é, 1},

where g, x, 1= 25% (k2 V 1)5

Lower Bound: Put 8(q) = k2> 32 7~ By (i), B(q) > 2 g=atl Then,

Zmin{a,ngj_a} > Iq%{%{“]+5((l)}
j=1

q—oa—i-l}.

> min{oq+ 1

R2
qeN o —

1 1

Elementary calculus yields that the minimum is achieved for ¢ = kg -0« =
(520, that is,

o0
. L (6 = a—1
me{a, Koj *} > 1/<;2°‘ -0 a
i=1 «
1
The assertion holds with by x,, == 25K

O]

Lemma 2.8.13 (Values of ¢*, 7(d)). Depending on specific decay rates, the following
statements holds true.

e Polynomial decay A(j) = kj~* (o > 1). There exist constants cg,),i,C'g,),{ > 0,
1= 1,2 only depending on k,a such that

el max{z~%,1} < ¢*(z) < C!

_1
o, WL max{z «,1}

and N a
) min{65-1,8} < 7(8) < CZ) min{sa-1,4}.
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e Geometric decay A(j) = kp’ (p € (0,1)). There exist constants cE,Z;L,C;(,fL > 0,
1 =1,2 only depending on kK, p such that

c/()},){ max{log(z™1),1} < ¢*(z) < Cg}ﬁ max{log(w‘l), 1}

and 5 5
) Y N O ¢ ——
C”’”log(&*1 Ve)~ rd) s Cp’ﬂlog(cV1 Ve)

Proof of Lemma 2.8.13. (i) By Lemma 2.8.12(i), Bnorm(q) = Bla) ¢ [Cakq™ % Caxq™ ]

q
—a+1
with cqx = 35, Cax = Ii%. In the following we assume w.l.o.g. that

Cox >1and cqp < 1.
e ¢*(z) Upper bound: For any = > 0,

x

—) =1 )

¢"(z) = min{g € N: Brorm(q) <2} <min{g e N: ¢ > (

1
Especially, ¢*(z) < (Czﬁ)_é +1 <208, max{m_é, 1}. The assertion holds
true for CSL = 2max{Cqx, 1}é

e ¢*(x) Lower bound: Similar to the above calculations,

X T

o> ()"

Ca,x Ca,k

xL

Q=
Lo
Q=

q () = [(

= C

1
On the other hand, ¢*(z) > 1 > ¢§ s, which yields the assertion with c(()})€ =

min{cq x, 1}é
a -1 o
e r(§) Upper bound: Put r = 2a-T¢, o ' da-1. Then we have

r 1 1 1 1

Jw]r = 25T, 8 [2 A e ) 0 a1 0T > 25 > 6.

* >
(> [
By definition of r(-), 7(d) < r. It was already shown in Lemma 2.8.6 that
r(0) < 6 holds true for all 6 > 0. We obtain the assertion with C’((f,).i =

1

o -
20-Tcqp .

e 7(0) Lower bound: First consider the case § < Cq .
a __1 1 _1_ 1
Put r =2 a-1C, 27 61, Since x := 20-105,'d a1 > 1, [z] < 2z and
thus

r

o 1 1 a
= )y "R ]r =2 aTI0, 8 [25T O 6 a1 ]0eeT < 22718 < 6.
o,k

g (r)r < [(

o

By definition of r(-), r(d) > r =2"=a-1 min{(cgﬁ)ﬁ, 1}4.
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In the case 6 > C,, ., we have

4]
Ca,n

)"a16<1-5< 4.

Thus, 7(8) > § = min{(52~)7,1}§ > 2757 min{ (2~ )77, 1}6. We con-

a _ 1

clude that the assertion holds true for CE,?L = 2750%,?.

(ii) We have Borm(q) = @ = Cp,n%, where C, . = 1'%. In the following we assume

w.l.o.g. that C) . > 8.

Ug—e=1)
e ¢*(x) Upper bound: Put (x) = max{log(z~!), 1}. Define § = [Cﬁ)’g(l—;gff)hl
Then we have

-1
log((Z—2m=r5)  )/log(e™") z
B p,r log(p™1) 1 =1 X
Buorm(@) < Cpe” ; < =< o p——
1 9 Cp,x log(p~1)

whence

QZJ(%)
q*(x) = min{q €EN: /Bnorm(Q) < l‘} <q= [M-‘ )

log(p~1)
Especially,
; 2(1 + log(Cp log(p™")))
0(2) < ooy ($() HloB(Cpelog(p—1))) #1 < gl b),

that is, the assertion holds true for C,E},% = 2(1+log1(()c;,)(gj<l>;g(p _1))).

e ¢*(z) Lower Bound: Case 1: Assume that 2 < C, .log(p~1)p?. Define § =

x —1 z -1
1 log(( Cp,n IOE(Pil)) ) log(( Cp,n IOg(Pil)) )

[1 oelo-T) |1 > 1. Then, ¢ < % 5eo-T) and thus

(795 )1/2 1/2

- Cp,xlog(p~1) _ T
5n0rm(Q) Z Cp,k : g~p Z (pr“i log(p 1))1/210 (( x 7)—1/2) -
q g Cp,n IOg(pil)

since . .

S Ve I (S Ve

(@t (G mtogtrn) ")
We therefore have shown that for z < C,, , log(p~1)p?,

¢*(x) > ¢ = max{l,q}. (2.8.113)

Case 2: If z > C, . log(p~!)p?, then ¢ < 1, that is,

q¢*(x) > 1 =max{1,q}.
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We have shown that for all z > 0,

q"(x) > max{l, g}.

Since
1 log((m)_l)
~ - K > 1 —1 1 Kl -1
TS log(p~1) = 4log(p*1)[ og(z™") +log(Cpxlog(p™"))]
1
| -1
the assertion follows for c&,l = W‘

2(c)) 18

) . Then we have
log((27tep, w6 1)Ve)

r(§) Upper bound: Put 7 =

g (rr > cg,)$ log(7~tve) 7

26
= Jlog([27 el 5 og((2 e a 1Y ve) Ve)
log((2flc£§,){5*1) Ve) ” a
> 20 log([2 " cl])o7 ] ve) =26 > 6.

log((2-1chiad 1) Ve)
By definition of r(-) we obtain
r(0) < 7.
For a € (0,1), the function (0,00) — (0,00),2 %

maximum at 2 = ae~! with maximum value 1 + log(a~"). Thus,

0
log(6=tVe)

attains its

7 < 2(ch) 7M1+ log(27N (S T)
The assertion holds true for C,(,?,z = 2(0/(,}2;)_1(1 + log(2_1(cg,)€)_1)).
27 1(C5) e

P § ) SR Then
log((2C5,x0~1)Ve)

r(0) Lower Bound: Put 7 =

1 -1 .

< CI&,% log(7™"Ve)-7
2716
= JJog (206 log((2CN6 1) ve)] Ve)
log((2C526~1) Ve) : ’

2714
log((Cpad=1) Ve)
< 9,

q*(7)F

< - [log((2C§671) v e) + loglog((2CER6 ™) v e)]

p

where the last step is due to log(x) + loglog(z) < 2log(x) for z > e. By
definition of r(-) we obtain
r(d) > 7.
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log(z~Ve)
log((az—1)Ve)
We therefore have

For a > 1, the function (0, 00) — (0, 00), x attains its minimum

at £ = e~1 with minimum value ——.
1+log(a)

i (CSh-1 5
r > ) — .
2(1 + log(2C51)) 108(6~" V e)

: (2) (o
The assertion holds true for ¢, = ——2%——.
’ 2(1410g(2C5 %))

O]

Lemma 2.8.14 (Form of V},). Depending on specific decay rates, the following state-
ments hold true.

(1) Polynomial decay A(j) = kj~“ (where o > 1). There exist some constants C(Ef’,l, cgf’L

only depending on k,a,D,, such that

_1 _1
wmax{|[flly, 1} < Va(f) < CEMIFllzn max{[|f 15,5, 1}-

ek

)

(ii) Geometric decay A(j) = rp’ (where p € (0,1)). There ewist some constants

c,(f,l? (J,gf”,l only depending on k, p, D, such that

)| £ |20 max{log (|| fll5 ), 1} < Va(f) < CS| 12,0 max{log (|| fll5n), 1}

Proof of Lemma 2.8.14. The assertions follow from Lemma 2.8.12(ii) by taking ko =
kDD,,. The maximum in the lower bounds is obtained due to the additional summand

[fll2.n in Va(f)-
O

The following lemma formulates the entropy integral in terms of the well-known brack-
eting numbers with respect to the || - ||2,,-norm in the case that sup,,cn Dy < co. We use
the upper bounds of V,, given in Lemma 2.8.14.

Lemma 2.8.15. Depending on specific decay rates, the following statements hold true.

(i) Polynomial decay A(j) = kj~% (where > 1). For any o € (0, Cég,l),

g )a—l

/\/ (e, F, Vo)de < CH)2 1/(6‘5L
(€7 0

wa[H(u, F |- 20 du

where C’S’,)i is from lemma 2.8.14.
(i) Ezponential decay A(j) = rp’ (where p € (0,1)). For any o € (0, _IC’,():Q’))
y)

o E—( (
/ VH(E, 7, Vo)de < c;,?,g/ R log(u™ )y /H(u, F, [ - a0)du
0 0

where E~(z) = log(fc‘l) and C,()?,l is from Lemma 2.8.14.

90



Proof of Lemma 2.8.15. (i) By Lemma 2.8.14, V,,(f) < Cé3L||f||2n

(i)

1.

We abbreviate ¢ = C(gf,l in the following.

Let € € (0,¢) and (I,u;), j = 1,..., N, brackets such that ||u; — I;|]2.,, < (%)ﬁ
Then,

a-l E, a_ € €
Vil = 1) < emasc{juy = llas u; = Gl } < emax{(9)77, 2} <= ==
Therefore, the bracketing number fulfills the relation
€, _a_
N, F,Va) S N(C)FT, .- flom ).

We conclude that for o € (0, ¢),

[ Ve F Ve < /¢

a—1
= c
«a 0
a 1,
C

In the last step we used the substitution u = (%)ﬁ which leads to Z—g =2
1

(g)ﬁ —_a 1 .4
c a—1 ¢

Q\m

JE T, F - lan ) de

n\q

u*i VE [ [on)du

By Lemma 2.8.14, V,(f) < Cp7 E(||fll2,n) with E(z) = zmax{log(z~1),1}. We

abbreviate ¢ = C,(,?,z in the following.

1

We first collect some properties of E. Let E~ (z) = In the case z > e,

log(xggl\/e) :
we have E(E~(x)) = x. In the case x < e~ !, we have
T z1

log(z~1) o2 (10%’(5'3*1)*1) = log(z 1) log(a™") = .

This shows that for all x > 0,

B(E™(x)) =

E(E™(z)) <=z. (2.8.114)
Furthermore, for z < e !,
log(E~(x)™1) = log(z ™ log(z™1)) > log(z™1). (2.8.115)

Now let € € (0,1) and (Ij,u;), j = 1,..., N, brackets such that ||uj—I;|l2.n, < E7(%).
Then by (2.8.114),

Valuj — 1) < cB(E-(5)) < ¢

C

= E&.

Q1M

Therefore, we have the following relation between the bracketing numbers

_ €
N(e, V) SN(E“C)LF -l ).
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We conclude that for o € (0,ce™!),
[ vaeEve < [\ fu(e-C)r ||2)de
0
E7(3)
< c/ log(u™Y)\/H(u, F, || - ||2)du.
0

In the last step we used the substitution u = E~(£) which leads to % = 1.

%, and with (2.8.115) we obtain

 logl(e/o) ] PN
de = ‘T log((e/c)*l)du < clog((e/c) Hdu < clog(E (E) Ydu = clog(u™!)du.
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Chapter 3

Empirical process theory for
nonsmooth functions under
functional dependence

In this chapter we would like to extend our current theory to nonsmooth functions,
motivated by a proper discussion of the empirical distribution function. The previously
obtained results come into play as we decompose our process into a smooth and a
martingale type “contribution”. The smooth contribution can be dealt with by the means
of Chapter 2. It is the latter process that needs further investigation.

3.1 A functional central limit theorem under functional
dependence and application to empirical distribution
functions

Let us, as an example, consider the localized empirical distribution function of X,

~ 1 n . _
Gunla,0) = — 3" K(Z/”h V(x,<a} (3.1.1)
=1

where K : R — R is a kernel function and A = h,, > 0 a bandwidth. Notice now that
a noncontinuous indicator function is included. The goal of this chapter is to provide
a general empirical process theory which allows us to show, for instance, a functional
central limit theorem of G, j,(,v) for fixed v € [0, 1] of the form

[Vh(Gup(z,v) — G(z,v))], 5 > G(x)ser (3.1.2)

where (G(z))zer is a centered Gaussian process and G(z,v) = P(Xo(v) < ) denotes
the distribution function of Xo(v), the stationary approximation of X according to
Assumption 2.3.1.

As before, the additional localization via kernels changes the convergence rate of the
empirical process. In order to discuss (3.1.1) with the general form (1.2.3), we assume
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that any f € F has a representation as in (2.2.1),
fou) = Dyalu) - f(zw), =€ R, ueo,1), (3.1.3)

where f is independent of n and Dy, (u) is independent of z = (z;)jen,. For the specific
example given in (3.1.2), we consider
1 U—v

F= {(z,u) = fo(z,u) == ﬁK(T) Mizp<a) 1T € R},

and thus Dy, ,(u) = %K(uﬁv) and f,(z,u) = Lizg<a)-

We now introduce the necessary assumptions for our empirical process theory in con-
text of the functional dependence measure. Based on decomposition (3.1.3), we define
the following two function classes with regard to f, which mimic the one-step-ahead

mean and variance forecast,

FO = {(z,u) — EB[f(Zi,u)|Zi1 = 2] : f € F, i € L},
FO = {(z,u) = E[f(Zi,0)?|Ziey =22 f e F, i€},

where Z; .= (X;, X;—1, X;—2,...), as in Subsection 1.2.

There are two key assumptions on f to show our main result, Theorem 3.1.2. The first
is a compatibility condition which connects smoothness properties of F®), x {1,2},
with corresponding moment assumptions on the process X;, i =1,...,n.

Assumption 3.1.1 (Compatibility condition for function classes). The classes F (k)
k€ {1,2}, are (L, s, R,C)-classes. There exists p € (1,00], Cx > 0 such that

(i’) sup [|[R(Zi-1,u)ll2p < Ck, (i) sup || Xyl zep < Cx.
. Ul 2

iU 1,

Let D,, > 0 and A(k) > 0 such that

k—1

1
(5% — i -1 -
2dCr ]EO L; (5§i,i (k—j—1))" <A(k), ]Sclelg): (n i

[ (f) <
=1

Notice that the index in the variable Z;_; of condition (i’) is shifted in comparison to
the earlier formulation of Assumption 2.2.3, condition (i).
First, let us summarize the dependence structure by the quantity

B(q) = Z A(j) (3.1.4)

J=q

where A(:) plays the same role in Assumption 3.1.1 as in Assumption 2.2.3. Recall
H(e, F,| - ||) as the bracketing entropy and V;, from (2.2.4). Postponing some technical-
ities, we state our main result.
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Theorem 3.1.2. Suppose that F satisfies Assumption 3.1.1, 3.2.1, 3.3.83, 2.3.1, 3.2.2,

2.3.3. For
Y(e) = v/log(e=1 vV 1) loglog(s ! Ve) (3.1.5)

suppose that

1
sup/O P(e)vH(e, F,Vy)de < oo.

neN

Then in £>(F),

Ga(D] per = [6(H)] er

where (G(f))rer is a centered Gaussian process with covariances

Cov(G(f),G(g)) = lim Cov(Gn(f),Gn(g)) = 5™

n—o0

and X is from Assumption 2.3.3.

As in the preceding chapter, the statement is a result of the convergence of the finite-
dimensional distributions in Section 3.2, Theorem 3.2.3, and asymptotic tightness in
Section 3.3.2, Corollary 3.3.6. They will be shown later on.

Suppose that D,, € (0,00) is independent of n € N. Based on decay rates of A(k), we
derive simpler forms of V,, which are shown below in Table 3.1. The rates are similar to
Table 2.1 except for the additional factor ¢(¢) in the entropy integral.

A)
cj % a>1,c>0 e/, pe(0,1),¢>0
Va(f) 1 ll2,n maX{||f||z_,§, 1} 1 £ll2,n max{log(|| f1|5,,), 1}
S VHE F Va)de | [5 e atp(e)/H(e, Fo T zm)de | [ log(e™")3p(e) /H(e, F, [ [lzm)de

Table 3.1: Equivalent expressions of V,, and the corresponding entropy integral under
the condition that D, € (0, 00) is independent of n. We omitted the lower and
upper bound constants which are only depending on ¢, p, « and D,,. Further-
more, ¢ = (o) fulfills & — 0 for ¢ — 0.

The theorem significantly simplifies if X; is stationary. In that case, f(z,u) = f(z0)
depends only on one observation and no weighting is present, i.e. Df,(u) = 1. As-
sumption 3.2.1, 3.2.2, 2.3.1 and 2.3.3 then are fulfilled automatically. These assumptions
are needed only to provide a (pointwise) central limit theorem for locally stationary
processes. They basically enforce several smoothness properties of f.

In more detail, let

G (1) == —= > {h(X0) —~ BA(X)},
i=1
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where X; = J(A;), i = 1,...,n, is a stationary Bernoulli shift process and h € H C {h :
R? — R measurable}, a function class with envelope function A, i.e. for h € H we have

|h(-)| < h(-), such that
Y (20) =EL(X1) | Xo = 2],  hP(20) = E[h(X1)? | Xo = 2]/
are Holder continuous with exponent s and constant Ly, that is, for all z, 2’ € R,
W0 (z) = V() < Lulz =217, [WP(2) = ()] < Lagfz = &)

Assumption 3.1.1 automatically holds true with R(- 5 and thus Cg = 7, L =1Ly as

) =
well as C' = max{h(M(0), L2 (0)}. Recall 5(-) from (3.1.4). Then we have the following
corollary of Theorem 3.1.2 in the stationary case.

Corollary 3.1.3. Suppose that || X1||2s < oo and put D, := 1. Let A(k) fulfill A(k) >
dLw 65 (k — 1)® and there exists Cg > 0 such that for all ¢1,q2 € N,

B(q1q2) < CsB(q1)B(q2). (3.1.6)

Furthermore, ||h(X1)| 25 < 0o for some p > 1. Assume that

1
sup/ Y(e)/H(e, H, Vy,)de < 0o

neNJO

where ¥(e) is from (3.1.5). Then in £>°(H),

[Ga(M)] e > (G peny

where (G(h))neyn is a centered Gaussian process with covariances

Cov(G(h1),G(ha)) = Y _ Cov(hi(Xo), ha(Xr)).
keZ

3.1.1 Application to empirical distribution functions of stationary
processes

As an example, consider the family of indicators

H = {h$(Z0) = ]l{ZOSI} 1xr e R},

which is the function class that corresponds to the empirical distribution function

[é a:eR { Z Iix, <I}} [@”(h)]heH'

Suppose that X;, i = 1,...,n, is stationary. Define the conditional distribution function
G.(z) =P(X; <z| Xo=2).

Then we have the following corollary.
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Corollary 3.1.4. Suppose that X; is stationary and z — G,(x) is Lipschitz continuous
with Lipschitz constant L for all z € R. Suppose that for some s € (0,3], [ X125 < 0o
and 635 (k) < ck™* with o > %, ¢ > 0. Then,

[Gal@)] e = [6()] e

where G(z) is a Gaussian process with

COV(G($)7 @(y)) = Z COV(]]‘{XOSCL’}ﬂ H{ngy})'
kEeZ

As it is only a short discussion we include its proof here.

Proof of Corollary 3.1.4. Due to min{l,w} < w® for a € [0,1], w > 0, we have for any
s € (0, %],

|G.(x) — G.(2)| <min{l, Lg|z — 2|} < L§|z — 2/

and
|G (x) — Go(@)|"? < minf1, (Lg|z — 2/|)'/?} < Lglz — 2.

Choose A(k) = cLg(k — 1)7®%, which is easily seen to satisfy (3.1.6) (in particular,
B(q) < oo for g € N) for some Cg = Cg(a, s, ¢, L) chosen large enough.

Note that H(e, H, || |l2.n) = O(log(e71)) for a given € > 0 by [van der Vaart, 1998, Ex-
ample 19.6], because in the stationary situation of the corollary, |||z, = E[h(X1)?]'/2.
Since as > 1, Table 3.1 implies

1 1
/ Y(e)VH(y, H, Vy)de = O(/ w(e)efé \/log(e_l)da) < 00.
0 0
Corollary 3.1.3 now delivers the assertion. O

3.1.2 Comparison with other functional convergence results for the
empirical distribution function of stationary processes

In the literature, several functional convergence results for the empirical distribution
function were already provided. Here we list some approaches which are closely related
to the functional dependence measure and compare the results to Corollary 3.1.4.

In Borovkova et al. [2001], stationary processes of the form X; = J(G;) are considered
where G; = (g;,&;—1,...) and J is measurable. Therein, the function J itself is assumed
to fulfill a (geometrically decaying) Lipschitz condition, i.e. for any sequences (a;), (a})
with a; = a}, i <k,

T((a:)) — J((a}))] < Ca¥ (3.1.7)

for some constants C, « > 0. Based on this, 1-approximation coefficients aj are defined
as upper bounds on
EHXO — E[XO | 0(60, ...,Ek)]Hl S ag.
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There is a strong connection between 07\ (k) and ay, since it is possible to choose
ar <35 8%X(5). The work of [Borovkova et al., 2001, Theorem 5] shows that, under
summability conditions on ay, the S-mixing coefficients and monotonicity assumptions
on F = {f; : t € [0,1]}, a uniform central limit theorem for (G (f;))e[o,1) holds true.
Compared to our setting, (3.1.7) would lead to a geometrically decaying functional de-
pendence measure §%. Thus, the result in our Corollary 3.1.4 is much less restrictive
regarding the dependence of the underlying process.

In [Dedecker, 2010, Theorem 2.1], a uniform central limit theorem for the empirical
distribution function is shown under $2(k) = O(k~'=7), v > 0, by using specifically
designed dependence coefficients B2 (k), k € Ny, based on the idea of absolute regularity.
We now compare this result to Corollary 3.1.4. In [Dedecker and Prieur, 2007, Section
6.1] it was shown that if X; = J(G;) is stationary and the distribution function of X is
Lipschitz continuous, then for any v € [0, 1],

Ba(k) < C - ( i 55((]-)1/) J(f‘{l)’ Y = min{n, 1},

j=k+1

where C' > 0 is a constant independent of k. The condition Ba(k) = O(k~177) now
naturally provides a decay condition on ;% (k). For v = 2s, which corresponds to the
moments of the process we have given in Corollary 3.1.4, we see after a short calculation
that B2(k) = O(k=177) implies

1
a> -+ L pqygl
s 2s

In other words, if the results from Dedecker [2010], Dedecker and Prieur [2007] are
transferred to the functional dependence measure setting, they need a more restrictive
decay condition.

Meanwhile, Berkes et al. [2009] investigates strong approximations of the multivariate
empirical distribution function process (that is, contrary to our approach, the results are
limited to empirical distribution functions). They assume that the stationary process
Xi = J(G;) allows for approximations (Xi(m)) such that for all m, 1,

P(X; — X™ | >m ) <m™4 (3.1.8)

for some A > 4, and that for any disjoint intervals I, ..., I, of integers and any positive
integers my, ..., m,., the vectors {Xi(ml) s €}, .., {Xi(mr) : j € I} are independent of
each other provided the separation between I and I; is greater than mj; + m;. Under
these assumptions, [Berkes et al., 2009, Theorem 1, Corollary 1] shows that the empirical
distribution function with respect to X; weakly converges to some Gaussian process.
When having knowledge about the functional dependence measure, Xi(m) could be

chosen as XZ-(m) =E[X; | &i,...,€i—m]. Then by Markov’s inequality,

X —X(m) 2s >
P(IX; - X" = m™) < ”mA” SR
j=m+1
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so that (3.1.8) leads to a decay condition on &;% (j). After a short calculation, we see that
(3.1.8) is fulfilled if

az(%H)AH,

again a more restrictive decay condition than given in Corollary 3.1.4.

The work of Durieu and Tusche [2014] discusses the functional convergence of the
multivariate empirical distribution function under a general growth condition imposed
on the moments of >~ {h(X;) —Eh(X;)}, where h € H is a Holder continuous function
with exponent v € (0, 1] approximating the indicator function. They relate their result
to the functional dependence measure in a rather involved discussion, as well.

3.1.3 Application to empirical distribution functions of locally
stationary processes

In this section, we apply our theory to the localized empirical distribution function
Gn,h(az, v) from (3.1.1) on a locally stationary process, as motivated in the beginning of
Section 3.1.

Suppose that X; is locally stationary in the sense of Assumption 2.3.1 and recall
G(x,v) = P(X;(v) < z). Define the conditional distribution function of the stationary

approximation of X,
Ga(z,0) = P(X1(v) <z | Xo(v) = 2).

Next, we impose a regularity assumption on the distribution function G;(x) := P(X; < x)
of the locally stationary process itself.
The following generalization of Corollary 3.1.4 holds true.

Corollary 3.1.5. Let v € (0,1). Suppose that there exists some Lg > 0 such that
o z— G,(x,v) is Lipschitz continuous with constant L¢ for all z € R,
e = — G(x,v) is Lipschitz continuous with constant L,

e ¥ — Gy(z) is Lipschitz continuous with constant Lg and lim,_, o sup; , Gi(z) = 0,
lim, 4o inf; , Gi(z) = 1.
Assume that K : R — R is a Lipschitz continuous kernel function with [ K(z)dz =1
and support C [—%, %]
Furthermore, for some s € (0, 3] let sup; ,, | Xill2s < 0o and 035 (k) < ck™ with o > 1
c> 0.
Then for hn — oo, h — 0,

[Gn,h(‘r7 U)] z€R i [@(QZ, Uﬂ z€R’

where G(z,v) is a Gaussian process with

Covl@(r,) Gy, ) = [ K(u)du- 3~ Conlt 5,0y, L
keZ
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The recently published work Mayer et al. [2020] considers functional convergence of
the empirical distribution function of piece-wise locally stationary processes and retrieve
similar results. We provide slightly less (weaker) assumptions and include polynomial
decay of the dependence coefficients.

3.2 A general central limit theorem for locally stationary
processes

In this section, we provide a multivariate central limit theorem for G, (f). To guarantee
a regular behavior of the asymptotic variance, we need the following assumptions.

Assumption 3.2.1. Let F be an envelope function of {f : f € F}, that is, |f(-)| <
F(:) for all f € F. There exists p € (1,00] such that sup;,, ||F(Ziu)ll2p < oo and

SUp,, 4, |F(Zo(v),u)||2p < oo. Furthermore, either
o X, is stationary, or

o forallc>0 and f € F,

1 . _
sup —E | sup | f(Zo(v),u) = f(Zo(v) + a,u)‘2 < o0. (3.2.1)
u,v€[0,1] C |a\L]_.,S§c

Additionally, (3.2.1) also holds true for F.

Assumption 3.2.2. There exists some ¢ € (0, 1] such that for every f € F,
[f(zou1) = fz,u2)] < Jur = uo|* - (R(z,u1) + R(2,u2)),
and sup,, ,, ||R(Zo(v), u)||2 < oo.

We comment on the assumptions after the following theorem.

Theorem 3.2.3. Suppose that F satisfies Assumption 3.1.1, 3.2.1, 2.3.1, 3.2.2 and
2.8.3. Letm €N, fi, ..., fn € F and ¥ = 2 )11 . Then,

fi(Zi, &) f1(Z;, 1)
1 & d K
Vi

fm(Ziy 1) fm(Zi, 1)

\

where ) s from Assumption 2.3.3.
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While Assumption 3.2.1 asks for smoothness of f in the L?-sense if X; is nonstation-
ary, Assumption 3.2.2 requires the function class F to behave smoothly in the second
argument. The last Assumption 2.3.3 mainly controls the behavior of the part Dy, (u)
of f € F which does not depend on the observations.

In contrast to the continuous case where all conditions imposed on f € F also transfer
to supscr f due to the purely analytic nature of Assumption 2.2.3 and 3.2.2, we here
additionally require some envelope function F' to fulfill Assumption 3.2.2 and (3.2.1)
because the supremum over f € F does not interchange with the expectation in (3.2.1).

Note that Assumptions 3.2.2, 2.3.1 and 2.3.3 are needed to allow for wvery different
function classes F. In many special cases, however, some of these assumptions are au-
tomatically fulfilled. We commented on similar cases in Remark 2.3.5. For example, if
f(z,u) = f(2) does not depend on u, Assumption 3.2.2 is fulfilled.

Theorem 3.2.3 is a version of Theorem 2.3.4 but for nonsmooth function classes. The
proofs are very similar to each other. The only difference appears as Lemma 3.5.6, for
which we supply the proof in Section 3.5.3. It can be considered as an analogue to Lemma
2.8.3 under the different Assumption 3.2.1, 3.2.2, 2.3.1 and 2.3.3.

3.3 Maximal inequalities and asymptotic tightness under
functional dependence

We now provide an approach for empirical process theory if the class F consists of
nonsmooth functions. Our approach is based on the decomposition

Gn(f) =GP (f) + GR(f)

into a martingale

and a process

GO (f Z{ 7 \z_] Ef(Zi,%)}

=1

which is smooth with respect to the arguments Z; if Assumption 3.1.1 is fulfilled. The
(2)

second part Gy, ’ can then be controlled in a similar way as done in Section 2.4. Therefore,
it is only discussed in Section 3.5, where all the proofs of this chapter are deferred to. The
term Gg) is dealt with by using a Bernstein-type inequality for martingales. Observe
that the conditional variance of (Gg)( f) on Z;_; is bounded from above by

R(f) = L iE{f(Zz‘, %)2 \ Zi—l]-

n <
=1

The first step is now to bound R2(f) uniformly over f € F.
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3.3.1 Maximal inequalities

We recall that based on 5(-) from (3.1.4), we define

¢"(x) :=min{g € N: B(q) < q-z}

and for § > 0,
r(6) == max{r > 0: ¢*(r)r <4}

9]
v,n

(I, D;;O(%')V)l/” < DS, is fulfilled. Put Dy° = D5,. As before in (1.2.5), H =
H(|F|) = 1V log|F|. The values for ¢*(-) and r(-) under polynomial and exponential
decaying A(-) were given in Table 2.2.

We have the following theorem. Note that the below appearing constant Ca is quite
complex, which is why we reduce it here to its formal existence. We refer to Lemma 3.5.1

for its exact form.

Again, Dp°(u) := supser | Dy pn(u)|. For v > 2, we choose Dp, such that the inequality

Theorem 3.3.1 (Controlling the variance). Let F satisfy |F| < oo and Assumption
3.1.1. Then there exists some universal constant ¢ > 0 such that the following holds
true. If supser || flloo < M and supper Vi(f) < o, then

2  mp2 ) . = 002 gM*H
Er}lea}(’Rn(f) ERn(f)’ <c qegl,l.?,n} []D)nr(Dn)o—i-CA(]D)n ) B(q) + } (3.3.1)
Furthermore,
2 2 . e ., M?H | M?H
Er}lea}( ‘Rn(f) ERn(f)‘ < 2c [Dnr(Dn)a +q (n(]D)?LO)?CA) - ] (3.3.2)

Theorem 3.3.1 in conjunction with Theorem 2.4.1 can be used to provide uniform
convergence rates for G, (f).

Corollary 3.3.2 (Uniform convergence rates). Suppose that F satisfies |F| < oo, As-
sumption 3.1.1 for some v > 2 and Assumption 3.3.53. Let I := supscr [ and assume
that for some vy € [2,00],

Cp = sup | F(Zi,u) |y, < 0.

iU

If
DS ChnH
sup sup V,,(f) < oo, sup ——> < 00, sup ————— < 00, (3.3.3)
neN feF neN D neN ! oy p (L2 )2
then
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3.3.2 Asymptotic tightness

In this section, we extend the maximal inequality from Theorem 3.3.1 to arbitrary (in-
finite) classes F. We need an additional submultiplicativity assumption on £(-) from
(3.1.4).

Assumption 3.3.3. There ewists a constant Cg > 0 such that for each q1,q2 € N,

Bla1g2) < Cp - B(q1)B(g2)-

It is easily seen that Assumption 3.3.3 is fulfilled if A(k) follows a polynomial (A(k) =
ck= for ¢ > 0, > 1) or exponential decay (A(k) = cp¥ for ¢ > 0, p € (0,1)), cf. Lemma
2.8.12. Assumption 3.3.3 is generally not fulfilled if A(k) contains a factor of the form

1
log(k)*

Recall H(k) =1V log(k). For n € N, § > 0, we defined (cf. (2.4.6))

5\ Dxn!/?2

m(n,d, k) := T(m) . IORE

Theorem 3.3.4. Let F satisfy Assumption 3.1.1 and 3.3.3, F' be some envelope function
of F. Furthermore, let o > 0 and suppose that sup ¢ r Vi(f) < o. Let ¢ be defined as in
(8.1.5). Then there exists a universal constant ¢ > 0 such that for each n > 0,

(?ug ‘G( } > 77)

717[ (1+%j+£%) -/Oaw(e) 1V H(e, F,V) de
+\f}|F]1{F> Lin(n,o,N(Z,F, V) }H1]
+e(1+4°(C5'C5?) (Hﬂ))io) ) /0 ’ Ewlg)gds. (3.3.4)

Remark 3.3.5. Let m > 0. The chaining procedure found in Nishiyama et al. [2000]
for martingales uses the fact that for functions f, g with |f| < ¢ and g(-) > m,

IN

(1) 1 R2(9)
G (N <16 (9)] +2vn - ZE )1 Zia] < [6D(9)] + 2v/n=2 E

Afterwards, bounds for the conditional variance R?(g) are applied. In our case, these
bounds are not sharp enough. We therefore employ the inequality

GO <IGD(9)] +2ACP (g)] + 2v/n—2"

and are forced to use the “smooth” chaining technique applied to (Gg) (9), as in Theorem
2.4.4, and discuss R2(g) with Theorem 3.3.1.
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We now obtain asymptotic equicontinuity of the process G, (f) by using Theorem
3.3.4 for Gg) and Theorem 2.4.4 for Gg).

Corollary 3.3.6. Let F satisfy the Assumption 3.1.1, 3.3.3, 2.5.1, 3.2.2 and 3.2.1. For
Y from (3.1.5), suppose that

sup / ¥(e)/IVH(E, F, Va)de < oo. (3.3.5)
neNJO
Furthermore, let D, D3 € (0,00) be independent of n, and
DR
i=1,.m V1T

Then, the process Gy (f) is equicontinuous with respect to V,,, that is, for every n > 0,

lim limsup]P’( sup IGn(f) — Gnlg)| > 77) =0.
=0 n—oo F.9EF Va(f—g)<o

— 0. (3.3.6)

Remark 3.3.7. Compared to Corollary 2.4.5, the condition (3.3.5) of Corollary 3.3.6 is
not optimal due to the additional v (e)-factor or, in an explicitly calculated case, a log-
factor; the reason here being that we do not approximate the distance R2(-) uniformly
over the class F in an external step but evaluate the needed bounds for R2(-) during the
chaining process. This is also the reason why our result does not include the i.i.d. version
as a special case. However, in comparison to the results of Lemma 2.8.15 we do not
lose much due to this factor in the case of polynomial dependence. Even in the case of
exponential decay, the additional factor is of the same order as the factor already present
due to dependence.

3.3.3 Further applications
Our theory allows for empirical process theory of general function classes. We illustrate
the results with two short examples.

Example 1 (Distribution of residuals)

Consider the locally stationary time series model which is defined recursively via
X :m(Xiflaﬁ) +O-(Xiflaﬁ)€i7 i=1,..,n,

where ¢;, i € Z, is an i.i.d. sequence of random variables and o,m : R x [0,1] — R.
Besides estimation of m(-),o(+), it may also be of interest to derive the distribution

function G of ¢;. Following the approach of Akritas and Van Keilegom [2001], we first

have to specify estimators m, & for m, o, respectively, and define empirical residuals

A Xi—’rh(Xifl,i/n) A
i = ~50x,1i/a) - Lhen the convergence of (Ge(x))zer,
1 ¢ 1 ¢
Ge(z) == lpgemy=—> 1 (X 1.i/m) | (X gi/m)—m(X;_q.i/m) |
n Zz; - n ; {sise sximrim+ o (X _1:3/m)
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can be discussed with empirical process theory and the rather involved analytic proper-
ties of m, ¢ found in Akritas and Van Keilegom [2001].

In the following example we make use of the maximal inequality provided in Section
3.3, Corollary 3.3.2.

Example 2 (Kernel density estimation)

Let K : R — R be some bounded Lipschitz continuous kernel function that satisfies
[ K(u)du = 1 and has support C [-1 3 2] For some bandwidth h := h, > 0, put
Kp(+) = +K ().

We consider the localized density estimate of the density gz, () of the stationary

approximation X (v),
gnh xz, 'U ZKM KhQ(Xi_x)

where hi, hy > 0 are bandwidths. Suppose that:
e For some s < 3, a > 571, 62 (j) = O(j~*) and sup,,,, || X;[|2s < 0.
e There exist px > 25, Cx > 0 such that for u large enough, | K (u)| < Ck|u|Px.

e There exist constants Cy,, Lg > 0 such that the following holds true. The condi-
tional density gx,x, ,—. of X; given X; 1 = z satisfies |gx,|x, =200 < Cx and
for any z € R, 2+ gx,|x,_,—-(¥) is Lipschitz continuous with constant L.

a(s/\g)

We show that if log(n) (nhlham?) 1) -l O(1),

. . log(n)
sup | gn,n(2,v) — Egpp(z,v)| = O : (3.3.7
2€R,E0,1] | (@) a nhth) )

To do so, note that
Vb (Gn (@, 0) = Bgn n(,0)) = G (fr,0)
with
F = {fon(z,u) = VhiKn, (u—10) - V/hoKp,(z — ) : 2 € R,v € [0,1]}.
To obtain (3.3.7), we use Corollary 3.3.2. We have for x € {1, 2},

1
pf(z) = }TQE[Khz (Xi — )" | Ximq = 2]"

= L /K(Hn)fxixi_lzz(y)d@

l
n

l 1/k

1/k
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Hence,

) (2) = ()]

1_1 1/k
<hs 2 (/ |K ()] fxy) == (T +wha) — fx,x,_ == (T + th)’dw>

On the other hand, |fx,x, ,—:(z +wh2) — fx, x,_ = (x +whg)| < min{Lg|z — 2|, Cx }.
For s < %, we obtain

1

h2~_§</|K(w)]“dw>1/H- [Coomin{l,(I;G\z—z'\}rﬂi

1_1 Un g .
m ([ IKGr) " og L - 2

1) (2) — ut) ()]

IN

IN

This shows that Assumption 3.1.1 is satisfied with R(-) = % = Cgr and L = Lg and
A(k) = Lg(k —1)7%. As before, it is easily seen that Assumption 3.3.3 is satisfied.

We apply Corollary 3.3.2 with F = % =: Cf,,. For the grids V,, = {in™3 i =

L.,n3}, &, ={in3:ic {—2(n3+%}, ...,2[n3+2*1s}}}, we obtain

Vnhihy  sup |gun(@,0) = Egap(z,0)] =  sup  [Gu(fop)| = Op(v/log(n)).

zEX) ,WEV, TEX WEV,

The discretization of (3.3.7) is rather standard and postponed to Section 3.5, Subsection
3.5.4.

3.4 Concluding remarks

We developed an empirical process theory for locally stationary processes on function
classes of (possibly) nonsmooth functions. Here, the dependence was quantified again by
the functional dependence measure. In this new setting, we provided maximal inequalities
and functional central limit theorems.

Our theory can be applied to, for instance, empirical distribution functions (EDFs)
and kernel density estimators. However, it allows for more models to be discussed, as
well. Compared to earlier papers in the context of stationary processes and the EDF's,
our results have remarkably weak conditions on the dependence structure of the process.

From a technical point of view, working with noncontinuous functions has forced us to
modify several approaches from Chapter 2. One key step was to decompose our original
process into a martingale and a conditional expectation part.
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3.5 Lemmata and proofs of Chapter 3

3.5.1 Proofs of Section 3.1
Lemma 3.5.1. Let Assumption 3.1.1 be satisfied for some v > 2. Then for all u € [0, 1],
E Zi,u Zi,
o BB ) < D] AR), (3501
sup H sup ‘IE (Ziyu)| Zi—1]
~E(Z ) Zia V]| < D) Adk), (3.5.2)
sup [|[f(Zi,w)ll2 < [Dya(u)]- Ca. (3.5.3)

IN

Furthermore,
B (2001 Zi1]

—E[f(Z;,w)?| Zi—a]" )

e < 2Dl I (Zeu)l - AK). (35.4)

H sup !E (Z;, u)2|Zz-_1]
feF

—E[f(ZuU)z’Zi—ﬂ*(i_k)‘ < DP(u)*- Ca-Alk),

v/2
(3.5.5)

where Ca := 2max{d, d}|Lz|,C5%Cr + Cy.

Proof of Lemma 3.5.1. Let ﬁgclz) (z,u) = E[f(Z;,u)|Z;_1 = z] and accordingly ,ugcl)(z u) =

E[f(Z;,u)?|Z;_1 = z]. We have by Assumption 3.1.1 that
sup |[ELf(Zi,w)| Zima] — E[f (Zi, )| Zima]" V|

v

= |Dynlu rsupuuf Ziy,u) — ay ) (25 ),

< Drnly) "SupH|Zi_1 _Z:—(ifk)ﬁfs pv ’R(Zi—17u)+R(Z:_(i1_k),u) P
7 s ]2 ,
*(i—k)|s
< [Dyn(u)]- sup ZL]E]‘XZ 1-; Xi—(l—j)|oo
J=0 "
p—1
—k
(HR( i-LU HPV—I_HR i— 1 )au) pz/)
k—1
< |Dgn(u)]- 2dCRz%L}‘,j5;wsl(k‘ —j—1)%
]:

that is, the assertion (3.5.1) holds true with the given A(k). The proof of (3.5.2) is
similar.
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We now prove (3.5.3). We have

E(f(Zi,u)?] = E[E[f(Zi,u)?| Zi1]]

and thus || f(Zi,u)2 = | Dy (w)] - |37 (Zi 1, u)]l2- Since

the proof now follows the same lines as in the proof of Lemma 2.8.4.

_(2
53 ()] < 1) (v w) — 520, u)] + 530, w),

(2)

We now show (3.5.4) and (3.5.5). We have

"U’fzzu) _Hfz

(2 )

(2)

= Dyn(w)?Ela}) (Zim1,u)?

| = |z u) — 58 w)| - (185 (2 w)] + 1A w)]

We then have by the Cauchy-Schwarz inequality that

2 =@2) x(i=k) N2
sup i—1,u)” — g (4,2 7 u
erf\uf, v)? = (2wl
_(2 *(i—k
< [sup Az - 22 )
ferF
Smce{uZ feF,ied{l,.

is bounded by A(k) as before Furthermore,

Note that

_2 2
B3z < 1Al () -

IN

IN

<

< ez s (R(z,

H|ZH\LS - [R(Zi1,u) + RO,

H ZLf,J|Zz 1 J‘S

i sup | Xis 25

v

We now obtain (3.5.5) from (3.5.6) with the given Ca.
By the Cauchy-Schwarz inequality we have for g > 2,

(5]E[f(Zi,u)2\Z¢_1} (k)

sup HE[f(Zz', W) Zi_1] — Blf (Zi, )| Zi_1 ] R
‘Dfn( | SupHDfn ( ;)(Zi_17u)2

D g (u)] - sup Hﬂfﬂ- Ziv,u) — iy
(2

v/2

=(2)

><2Hnyn(u)ﬂ532 (Zi—1,u)
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*(1—k
(25"

v

_ ﬂngz)

7u)

v

_(2 _(2
A0, u)] + 167 (0,)]
u) + R(0,u)) + |20, ).

L (IRGZe s Wl + 1RO, W)

' (CR + [R(0, u)])

v/2

(2P w)?)

E QH ]scgg}ﬁff(zifh“” Hy

v/2

(3.5.6)

., n}} forms a (L, s, R,C)-class, the first factor in (3.5.6)

(3.5.7)



l urtllerlnore,
Df,n(u)ﬂ_(23(zi—l7u> < HE[f(Zi7u)2|Zi—1]1/2HU < ||J (Zia U)HV (3'5-8)
f7 1/

Since Assumption 3.1.1 holds true for u;) the first factor in (3.5.7) is bounded by
Dy, (u)A(k) as in the proof of Lemma 2.8.4. Inserting this and (3.5.8) into (3.5.7), we
obtain the result (3.5.4). O

Proof of Corollary 3.1.5. We verify the conditions of Theorem 3.1.2. By min{1, w} < w®
for a € [0,1], w > 0, we have for any s € (0, 3],

|G (x,v) — G (x,v)] <min{l, Lglz — 2|} < L]z — 2')°
and
G (x,0) — G (z,0)|V? < min{1, (Lg|z — 2/|)Y/?} < Lz — 2.

This shows Assumption 3.1.1 with p = oo, R(:) = = Cx.

Choose A(k) = cLg(k — 1)~*%, which can easily be seen to satisfy Assumption 3.3.3
(in particular, (q) < oo for ¢ € N) for some Cg = Cs(a, s, ¢, Lg) chosen large enough.
Regarding Assumption 3.2.1 we first have

—E 1 —1,; 2 < ZE1; — 1, c
o Mzwea ~ Hawresal ] < GELZ 0 ~ Lzow <ol

< E(P( o(v) <x) —P(Zo(v) < — Lic;))
< S(Gula0) = Gulo—1=.0)
1

< Emin{l,c} <1

The envelope function is the constant 1-function and satisfies the required condition triv-
ially. Therefore, Assumption 3.2.1 holds true. Assumption 3.2.2 is automatically satisfied

for fixed v € (0,1). For Assumption 2.3.3, note that Dy, (u) = ﬁK(%) satisfies

1 — i
~N"D f2< K <K <

and DC>O < L |K|s. Thus, D < Koo 0, and the support satisfies supp|D ¢, (+)] C
Vh Vi = Vnh 7

v—h,v+h . Finally, hY2D%® < |K|s < 0o and, since v € (0,1),
fin

)2du = /K(U)Qdu
This shows all the conditions of Assumption 2.3.3 (ii).
Note that H(e, H, || - |2.n) = O(log(e~!)) which is proven subsequently.

1
lim/ D¢ y(u)Dyp(u)du = lim —

n—oo Jq n—00 h
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Let ¢ > 0. Since lim;, o sup; , Gi(z) = 0 and lim,, 1 inf; , Gi(z) = 1, there exists
ry = wn(g) > 1 = 71(¢) > 0 such that sup; ,, Gi(71) < ¢, inf; , Gi(z1) > 1 — €. Define
i = e, § = 1,2, N = 1, with N = 1+ [EX50L6] Put 25 = —oc and
ZnN4+1 = 00. Then for j =1,2,..., N — 1 we have

2
g<ayny = Le<apnlon

< sup E[(Lix<ayp) - Lix,<a})?l = sup [Gi(zjpr) — Gix;)]

i=1,...,n i=1,....,n

< Lglzjq — x4 < 2,

which shows that [1{<,.y, 1<z, 3], 7 =0,..., N, are e-brackets with respect to | - [|2,n-
Hence, H(EuHa || ’ HQ,TL) = O(lOg(E_l)).
Since as > 1, Table 3.1 implies that

/01 W(e)H(y, H, V) de = o(/o1 b(e)e \/log(e Tde) < e,

Theorem 3.1.2 now implies the assertion.

3.5.2 Proofs of Section 3.3.1
Proof of Theorem 3.3.1

In this section, we consider
Wilf) = BUf(Zi, =1 Zia),  Salf) = D_{WilF) —EWi(£)}.
i=1

Then,
R = SSTWilh), RS —ERA(f) = ~Su(f).

n < n
=1

We obtain from Lemma 3.5.1, (3.5.4) and (3.5.5) the following results for v = 2.

Lemma 3.5.2. Suppose that Assumption 8.1.1 holds true. Then for each i = 1,...,n,
JjEN, se NU{o0}, f e F,

| sup [with) = Wi ]| < caD(5)2A0),
fer 1 n
- 152

[Wi(f) = W), < 21Dga( )24,

?
n

IA
=
N
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We approximate W;(f) by independent variables as follows (cf. also Wu et al. [2013],
Zhang and Wu [2017]). Let

Wla](f) = ]E[Wi(f)‘gi—j75i—j+17"‘75i]7 .] €N7

and

) = Z{Wz’,j(f) —EW;;(f)}.

We now follow the decomposition scheme that we already applied in equation (2.8.23).
The next result is a uniform bound on means of independent random variables.

Lemma 3.5.3. Assume that Q;(f), i = 1,...,m are independent variables indexed by

f € F which fulfill EQ;(f) =0, % Z:’;l 1Qi(f)l1 < og and |Qi(f)| < Mg almost surely
(i =1,...,n). Then there exists some universal constant ¢ > 0 such that

Ex}g‘;i@i(f ) <c(oQ+$), (3.5.9)

where H is defined by (1.2.5).
Proof of Lemma 3.5.3. Let Q; = Q;(f). By Bernstein’s inequality, we have for each
fEeF,

1 22
Zac) < 2exp<— )

9 M,

2 L5 Qi+ 252
1 22 )
2 Mg Mg )’

0Q T TS

(5 3

N
[N}
]
e}
o
—
|

where we used in the last step that |Q;]|3 = E[Q?] < Mg ||Q:ll1-
With standard arguments (cf. [van der Vaart, 1998, proof of Lemma 19.33]), we con-
clude that there exists some universal constant ¢; > 0 with

Emax‘liQi(f)‘ < 01(@(M)1/2+M).
=1

feF Im — m m

The result follows by using ( UQMQ )12 < oMol 20¢. O

We now prove Theorem 3.3.1 based on Lemma 3.5.2, Lemma 3.5.3 and the decompo-
sition (2.8.23).

Proof of Theorem 3.3.1. We first discuss As. We have

Emax— Z lTZJ(f) .

eF — T
f o1l B j—i—lzodd !
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Since |[Wi; (f) = Wi j—1 (£)]l1 < 2min{||Wi(f)]l1, 61 *F)(j—1)}, we have for each f € F,

T (im)An
1 |
ST < Y o Y W= W),
t J=ma41 U k=(i— D)1
) 1 (i‘rl)/\n
< T4 E e
j=r a1 L k=(i— 41
1 (im))An w
<2 ) o min{ WAl 6+ - 1)}
J=T7- 1+1 k (i—1)m+1
(im)An 1 (im)An Wilf)
< 2 Z mln{* > IWe ()l — > G-y
Jj=m-1+1 k (i—1)m+1 lk:(i—l)n-‘,—l
= 2 Z min{ai7l,Ai7j7l},
J=T-1+1
where
1 (im)An 1 (im)An Wilf)
Oil = — S AWl A =— > s G-,
D i=(i—D)m+1 D e=(i—1)m+1
We conclude that
. L7+t ) L7 +1 LTZJ+
E7r1 2 GlTulh < 2 S omin(h 3 ot Y Au
7 -1 JE—— =1 =)
Ty n
.1 W
< —
< Z mm{nZHW - Zd 1(3.5.10)
Jj=m—1+1 =1
Furthermore,
1
;lsz',zl < 2sup [Wi(f)lloo < 2/ f[I2, < 2M>. (3.5.11)

By Lemma 3.5.3, (3.5.9), we have for some universal constant ¢; > 0,

L L ZJ+1 2
1 oM2H
EA; < zclz[;gg( B> n\|n,l<f>||1)+m+1]
L ) n n
< 2(Xmp Y min{ - S (W), - S0 o)
=1 T&F j=r 111 i i
+qM2H). (3.5.12)
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By Lemma 3.5.2 and the Cauchy-Schwarz inequality for sums,

L Ty

R 1 o v .
> sup > mlﬂ{gzHsz(f)thzﬂvb(J)}
=1 f€F j=r_ 141 i=1 i—1

Tl

S > mintE 31 B2 S Dy Lyla- A0

<
= 1f€fj =7_1+1 i=1 i=1
< Zmln{supllfllzmm supl\f\lzn- AQ)}
7=1
= SuprHzn- n( n)
feF feF
= sup (||fll2n - Valllfll2n))
feF
< sup [[|fll2nVa(f)], (3.5.13)
feF
where -
Vo(z) =+ Y min{z, D,A(j)}. (3.5.14)

j=1

The second-to-last equality uses the fact that z +— x - Vj,(z) is increasing in .
We also have [|[Wio(f) —EWio(f)lleo < 2[Ifl3 < 2M? and [[Wio(f) — EWio(f)ll1 <

2[|Wi(f)]l1- Thus by Lemma 3.5.3, (3.5.9),

< _
EA; < Er;lea}(‘ EWzo(f))’
M?H
< 201(?up ZHW ][1—1—7) (3.5.15)
M*H
< 20 (sup |1, + ). (3.5.16)
feF
Finally,
BA < 3 Esup fZ Wigi(f) = Wiy ()]
=g ferF'in
=1
< — sup |W; ; - Wi, :
;,n;”feg' 1) = Wi (DI,
Since |Wij1(f) = Wi (£)] = [EWi(f)=09) = Wi(f)=CTTD|A]| < E[[Wi(f)=0—) —

Wi(f)*0=7+1] | A;], where we use the already seen notation H (F;)**(—7) := H(]:i**(i*j))
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sk (i—7) * *
and F; = (&i,6i—1, ey Eim i €111 E1—j_2s ...), we have

I Jsclelg)__|wi,j+l(f) - Wi,j(f)”ll

IN

[Elmase [Wi( )00 = Wi( )= =D A
< sup [W(f) 02 — Wi ()= 0D
feF
= || sup |[Wi(f) — Wi(f)* (=3) 1l <D°°( ) CAA(y), (3.5.17)
feF

which shows that
EA; < (DY)*CaBlo). (3.5.18)

Collecting the upper bounds (3.5.12), (3.5.13), (3.5.16) and (3.5.18), we obtain

002 qMZH
E max ‘f ) (det +1) - [sup 1 £ll2nVa ()] + (D)2CaBlg) + . (3.5.19)
fer fer
y (3.5.28), Vi(f) < o implies || £3,, < Por(2) | flla, whence
o
Ifllza < Bur(:),
Thus,
o
sup [[|fllo;nVa(f)] < Dpr (=)o (3.5.20)
cF Dy,
Inserting (3.5.20) into (3.5.19) yields the first equation (3.3.1) of the lemma.
We now show (3.3.2) with a case distinction. We abbreviate ¢* = q*(ﬁ). If
¢ <1, we have ¢* € {1,...,n} and thus
P < (D <D o+ (DX)*CaBla™) + ¢ =)
L M?H
= ( nT U +q" )
n
H
- ( U+M2 min {q = 1}) (3.5.21)

If ¢*£ > 1, choose ¢y = | +#]) < % By simply bounding each summand with M 2 we
have

— < < -
El}leaX‘nSn(i)‘ M C(Dnr(Dn)U+M >

IN

20<DHT(D%)O'+M2 : min{q*%,l}). (3.5.22)

n

Putting the two bounds (3.5.21) and (3.5.22) together, we obtain the result (3.3.2). [
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The following lemma is an auxiliary result to prove Corollary 3.3.2 and Lemma 3.5.5.

Lemma 3.5.4. Let F be some finite class of functions. Let R > 0 be arbitrary and
assume that supser || fllo < M. Then there exists a universal constant ¢ > 0 such that

MH
1 /

where H is defined by (1.2.5).

Proof of Lemma 3.5.4. By Theorem 3.3 in Pinelis [1994], for z,a > 0 and a measurable
function f,

2

1
P(|GM ()| = v RA(f) < R?) < 2exp (- 5%)
R +W)

Using standard arguments (cf.[van der Vaart, 1998, proof of Lemma 19.33]), we obtain
(3.5.23). O

Proof of Corollary 3.5.2. Let us, again, define the following functions first.
For m > 0, define ¢/, : R — R and the corresponding “peaky” residual function
oy R — R via

o (@) = (@V (=m)) Am, g (@) =2 — ¢ ().

Now, let @ > 1, and o := sup,,ensup e x Va(f) < co. Put

_ W oQV

Let F(z,u) := D°(u) - F(z,u) and recall F' = sup .z f. Then,

P( max |Gu (/)] > QVAH)

-----

+IP>( sup F(Zi,ﬁ)>Mn>

i=1,....,n

L Y i OV
HP(% IJ{?}(‘;EU(Z"’n)l{f(Zi,Z;)|>Mn}” > T)
7
+P( s F(Zi ) > My ). (35.2)
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For the first summand in (3.5.24), we use the decomposition

P (e G (b, ()] > LT
< B(max 60 ehr, (1 > L) 1 B (max 6P ol (4] > 227
< P(max 60 (e, (11> L a2 (e, (1) < %)
+P((max B (¢4, (/) > 0*)
2 ((max |G (¢, ()] > Qjﬁ). (3.5.25)

We now discuss the three terms separately. By Lemma 3.5.4, we have

P(I}leaXIGS)(sOM(f))I > Q\/ﬁa

e 20

/
r}lea; R (¢, (1) < Q*%0%)

[ Q3/4\/>+0\/>Q1/2} < Qc

1/4°

<
B Q\F
By Theorem 3.3.1 and (3.5.30),

P((max B2 (¢, (1) > Q*%0°)

2c 7T o *<n(M2H )MQH}

_Qxf

IN

70_2@3/2 _]D)nr(}DTn)U +q

2c
a2Q3/2 | Ca

gl o (0 [r () | ]

IN

IN

2c T s N1
= 2Q3/2 _02 T4 (CAICﬁ 2)02Q} |

1+ (C5'C5?)]

<

Q1/2

for Ca defined in Lemma 3.5.1. '
By Theorem 2.4.1 applied to Wi(f) = E[f(Z;, ;)| Zi—1],

IN
.
Q
S
+
Q*
S
=
Q
O
=
no
=
19
O
=
N
S
S8

IN
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Inserting the upper bounds into (3.5.25), we obtain

Q\/ﬁ 8c 1
2 ) < Q1/4 Q1/2 [1+q (C C )] Q1/2 —+0

for @ — oo0. The second and third summand in (3.5.24) were already discussed in the
proof of Corollary 2.4.3 (equations (2.8.43), (2.8.44) therein) and converge to 0 for Q —
oo under the given assumptions; note especially that we only need ||F(Z;, 2)|,, < Cj Fon
instead of Ca which is part of the assumptions). 0

16co

P(T}lea}d(gn(@ﬁh(f))‘ >

The following Lemma 3.5.5 is used to prove Theorem 3.3.4.

Lemma 3.5.5 (Compatibility lemma 2). Let ¢ : (0,00) — [1,00) be some function and
keN, o >0.If F fulfills |F| < k and Assumption 3.1.1, 3.3.3, then there exists some
universal constant ¢ > 0 such that the following holds true: If supser Va(f) < 6 and
super || flloo < m(n,d, k), then

ID)OO
Er}lea%\Gw(f)u{,%n(f)gm(@} < 21+ ) -(0)5VH(K),  (3.5.26)

2¢(1+ ¢*(CA'C5%) (32)?)
< D ” ° 5.2
) o 5)2 (3.5.27)
Proof of Lemma 3.5.5. By Lemma 3.5.4 and since r(a) < a (cf. Lemma 2.8.6),

5, k) H (k
Emax |G ()| Lin,(n<aspey < cf200)5v/H +n—)()}

P(sup Ra(f) > 200(9)

fer

ferF vn
< 2 [0(5)- 5+D,;°°r(mi)} HE)
< 20 (14 2 - p(0)6y/HTR),

which shows (3.5.26).
For a = argminjen {|| fll2n - 5 + DnB(j) } and since || fll2,n < Va(f) < 6 we have with

r() > 5,

1£113, Vo (f)
< - 5.2
S S DR S T S e (3.5.29
Therefore, || f]3,, < Dyr(g- -) and thus || f]j2,n < Dnr(g- ). Note that due to r(a) <
a’

1 « i P

ER2(f) = - > E[f(Z; 5)2] <|fl3. < (}1)7”«(]17))2 <62 (3.5.29)
=1 n

Recall that Bnorm(q) = @. By Assumption 3.3.3, we have that for any z1,z2 > 0,
d = q*(x1)q* (z2) satisfies

Bnorm(d) < Cﬂﬂnorm(q*($1))ﬁnorm(q*($2)) < Cﬁxll?-
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Thus, by definition of ¢*,

q"(Cgr1w2) < ¢ (21)q" (22). (3.5.30)
We obtain 5 . 5 o
q" (r(m)Qa) <q (r(m)) 7" (CA'C5?). (3.5.31)

By (3.5.29), Markov’s inequality, Theorem 3.3.1 and (3.5.31),

P( sup R3(f) > 20(6)%°)
fer

< P(sup |R2(f) ~ ERA(S)| > $:(9)%?)
fer
2% T 5 WIS § oo

< s [Pergs+a (g g ) PO’
c r 1) )

< o [P+ [ ()] o (e o]

B Gl

2¢(1+¢*(C3'C5%) (32)?)
<
. () |
which shows (3.5.27). O

Proof of Theorem 3.3.4. In the following, we abbreviate H(d) = H(J, F,V) and N(J) =
N(6, F, V). The proof follows the lines of Theorem 2.4.4. We present it here for com-
pleteness. Recall one last time, ¢/, : R — R and the corresponding “peaky” residual
function ¢, : R — R via

() = (xV (=m)) Am,  on(x) =2 — ¢ ()
for m > 0.
We choose dp = 0 and §; = 2778y, and

1
mj = §m(na 5, Njt1)

as well as M,, = %mo. We then use

n

E sup Gg) HI<E sup Gg) HI+— E|F(Z;)1 . , 3.5.32
up |G| <E s [G1() 7 LEFE ] (3532

where F(My,) = {¢y, (f): f € F}.
We construct a nested sequence of partitions (fjk)k::l,...,Nja j € N of F(M,) (where
Nj :=N(dp) - ... - N(J;)), and a sequence Aj; of measurable functions such that

sup [f — gl < Ajg, V(Aj) <95
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In each Fji, we fix some fjr € F, and define m;f := f;,. 5 where ¢;f = min{i €

{1,.., N} : f € Fji}, and put Ajf := Ajy. ¢, and

_ /Uw(s)m V(e FV)de
0

jvi

as well as
I(o

~—

T::min{j20:5j§

5

For functions f, g with |f| < g,

GP( < 16 (g)l +2vn- *ZE !ZZ 1]

< 1G9 +2[62(g)] +2vn - — ZE[Q(
=1

< 161 (9)| +2IGP(9g)

(3.5.33)

Zi, )

Using a similar approach as in Subsection 2.8.3, equations (2.8.47) and (2.8.48) applied
to Wi(f) = f(Z; Z) - E[f(Z, n)]ZZ 1] and the fact that ||f — 7o f|lecc < 2M,, < myg, we

(23
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have the decomposition

sup (G (F)] < sup |GW (mof)]

feF feF
+sup [GL) (¢h, (f = 7))
feF
Z sup ’G,(f)(%_mw (mj1f — 5 f))
j=0 fer
+ sup G
]ZO fefl 2
< sup|G{P(mof)
feF

+{ s 16 (¢, (Arf))] + 250 6P (., (A )|
fer fer

+2v/msup | Ac 1l }
feFr

+ Z sup ‘Gg)(goﬁlj,mjﬂ (mjp1f — ij)))

par g
+Z{ sup G40 (min {7, (&
+2Jsc1€1§>__ G min{|<pm].+1( 1)
*2\/518022 ||Aj+1fﬂ{ﬁj+1f>mj+1}Hl’"}
-1
52 Lol 1t )
=0
+2JS}€1§ G%Q)(min{|()0>7/1j—mj+1( if)
+2ﬁ§1€1§ ”Ajfﬂ{Ajf>mj—mj+1}||1,n}- (3.5.34)
We have for f € F(M,),
mof = @QMH(WOJC%
om (A f) min{A, f,2m},

min{A; f,2m;},
min{A; f,2m;},
min{A;f,2m;}. (3.5.35)

4107/7\’1,3'—771]'_1 (7T]+1f - ij)
minfpY, | (A1), 2m;)
min{(p;%j —Mjt1 (Ajf)a 2mj}

IANIA AN IA
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Let us define the event

Qn = { sup  Ru(pdy, (mof)) < 20%(0)}
FeF (i)

N m sup Ry, (min{A;f,2m;}) < 26;1(8 )}
o1 feF (M)

From (3.5.34) and (3.5.35), we obtain

sup |GV (f)|1a,
JEF(Mn)

1
< s G (70U fsup pe riag) Fon(mo f) <20(0)}

+{ s (G (¢, (A1)

feF
X Lsup e 5 a1y B (min{Ar f,2m,})<26-45(5,)} + 232}
+ Z D |G (60, (1S = 1)
=0

x1 {supse r(nrp) Bn(min{A; f,2m;})<26;9(5;)}

+ GM(min {|eY, (A
Sl

X Lsup e 5 a1,y B (minf{A; f,2m;})<28;0(5;)) T 204
+ Z sup (G (min {0y, ., (A50)],2m; })]
Jj=0 fer
X Lsup pe 7 a1,y R (min{A; £,2m; 1) <26;4:(6;)} T 2085
= Ry +{Ry+2Ry} + R3+ {Ry+ 2Ry} + {R5 + 2R5}. (3.5.36)

We now discuss the terms R;, i = 1, ..., 5, separately. The terms R;, i € {2,4,5} can
be discussed similarly to the proof found in Theorem 2.4.4. Put

3 D
Ch = 2c(1+ HTZ)

where c is a resulting constant from the bound in Theorem 2.4.1 or Lemma 2.8.8.

e Since [{mof : f € F(Mp)} < N(dp), ||m0fllcc < My < m(n,do,N(d1)), we have by
Lemma 3.5.5:

D 1
ER, = Efesfl&n) G )(Wof)lll{supfeﬂMn) R (70 f) <2601 (50) }
< Cutp(60)d0/1 V log N(4y).
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e It holds true that [{¢}, (A-f) : f € F(M,)}| < N.. If g := ¢}, (A-f), then
9llcc < ms < m(n,dr, Nry1). We conclude by Lemma 3.5.5:

ER; E sup |G1(11) (@?nf (A-)]
feF

IN

XL fsup s r(aty) B (min{ Ar f,2m: })<20,1(57))
< énw(ér)éT "V v ]-OgNT+1'

e Since the partitions are nested, |{g0m i (T f =5 f) o f € F(Mp)} < Njya . If

g:= ‘Pm] m3+1(7r]+1f T f), we have 19llc < mj —mjp1 <my <m(n,dj, Njp1).
We conclude by Lemma 3.5.5:

ER; < ZEsup GU )(goﬁnj_mjﬂ(ﬂjﬂffﬂjf))‘
X Lfsup e (ar) oo (min{A; £,2m;}) <26,9(55)}

Z djv/1Vlog Njiq.

e Note that [{min{ey, . (Ajt1f).2m;} @ f € F(Mp)}| < Njyr. If we set g =
min{p,, i1 (Bjraf), 2m]} we have ||g|loc < 2m; =m(n,d;, Njt1). We conclude by
Lemma 3.5.5:

ER4 < ZESUP’Gs)(min{‘@ynj+1(Aj+1f)|a2mj})‘
= reF

XL fsup pe r(ar,) Rn(min{A, £,2m;})<26;4(5,)}

\/ 1 \/10gNj+1

M !

<

o

e Furthermore, \{min{go,\,/]j_mjﬂ(A f).2mj} o f € F(Mp)} < Njjr. I g == min{ey, ., . (A;f),2m;}
we have [|g]| < 2m; =m(n,d;, Nj+1). We conclude by Lemma 3.5.5 that:

T7—1
ERs; < ZEsup GM( min{‘cpynj_mj+1(Ajf)|,2mj})’
Jj=0 fer
XL fsup se 7 (aty) R (min{A; £,2m;})<26;4(5;)}
1

< CnY (6;); - \/1V1og Njyq.

3
|

.
Il
o

Inserting the bounds for ER;, i = 1,...,5, and the bounds for R;, i € {2,4,5}, from
the proof of Theorem 2.4.4 into (3.5.36), we obtain for some universal constant ¢ > 0,

T+1

E sup ‘G(l) ‘]19 <c(1+—+—[2¢ )37/ TV10g Ny11+1(0)]. (3.5.37)

feF (M)
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Note that
% % 15 5
Saw) <2y [ vede<2 [ v
ik j=k /0t 0

By partial integration, it is easy to see that there exists some universal constant ¢, > 0
such that

Ok
}/ Y(@)dz| < cydp (o), (3.5.38)
0
whence

Zaﬂp < 26,050 (01)- (3.5.39)

Using (3.5.39), we can argue as in the proof Theorem 2.4.4 (see equations (2.8.64),
(2.8.65) and (2.8.66) therein) that there exists some universal constant éa > 0 such that

Z¢ )6;+/1VIog Nji1 < &I(o

Insertion of the results into (3.5.37) yields

D* D,
E sup [G(f)|Lla, <& (3 +1)(1+ =+ —=)I(0). (3.5.40)
FEF(M) D, D3

Discussion of the event §2,: We have

P2) < P swp Ra(@h, (mof)) > 20(0)0)

JFEF(Mn)
T+1
—|—Z]P’( sup R, (min{A;f,2m;}) > 2¢(5;)0 )
I N feF(M)
=: R]+ Rs. (3.5.41)

We now discuss R?, i = 1,2. Put
e D02
o 1 2
Cr = 2e{1+¢"(C5'C5) (5-)°}
n
where ¢ is from Lemma 3.5.5.

¢ Since [y () 5 7 € FOIIY] < NG = N, Iy, ()l < 20, <
m(n,o,N(o)) and V (4, (mof)) < V(mof) < 0. We have by Lemma 3.5.5:

Cn
b(o)*

Ry <
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e Note that [{min{A;f,2m;} : f € F(My)}| < Nji1. So, || min{A;f,2m;}|lec <
2m; = m(n,d;, Njy1) and V(min{A;f,2m;}) < V(A;f) < 6;. We conclude by

Lemma 3.5.5:
T+1

R3_C°Z¢

Inserting the bounds for RY, ¢ = 1,2, into (3.5.41) yields

1
P(Q°) < 2C° 3.5.42
() <263 i (35.42)
We now have
S| 7 1 2
< 2/ de
jz; ¥(95)? o €(e)? log(log(c))
We conclude that for each n > 0,
P(sup |GV ()] >n) < P(suplGL()] > n, Q) +P(2)
fer fer
< LEsup 6O (H)1g, +PE5).
n fer
Insertion of (3.5.32), (3.5.40) and (3.5.42) gives the result. O

Proof of Corollary 3.3.6. We will follow the proof of Corollary 2.4.5. Define F. = {f-g:
fyg € F}. We obtain

P sw [Galf)—Gulg)l =)
(f—9)<o, f,geF
< P( sw GUDIZT)+P( sw GP(NI=]). (3543

V(f)<o, feF V(f)<o, feF

Now let F(z,u) := 2D (u) - F(z,u), where F is from Assumption 3.2.1. Then obvi-
ously, F' is an envelope function of F.

We now discuss the second summand on the right hand side in (3.5.43). By Markov’s
inequality and Theorem 2.4.4 applied to W;(f) = E[f(Z;, £)|Z;—1], we obtain as in the
proof of Corollary 2.4.5 that

n
p( swp  [GD(f) =)
V(f)<o, feF

< (77/2)[\[( ++/ VIV H(u, F,V)du
4/ TVH(Z)
+?)2HF2{

1 F>}ln1/2\/&}“1,n:|' (3544)

1VH(§)

124



The first summand in (3.5.44) converges to 0 for ¢ — 0 (uniformly in n) since
o/2 o
sup/ V1V H(u, F,V)du < sup/ P(e)\/1V H(e, F,V)de < 0.
neNJo neN JO

We now discuss the second summand in (3.5.44). The continuity conditions from Assump-
tion 3.2.1 on F' yield, as in the proof of Lemma 3.5.6(ii), that for all u,ui,ug, v, vy €
[0, 1],

|F(Ziw) = F(Zi=) w)ll2 < Coone - m~ 2, (3.5.45)
|F(Zi(v1),u1) — F(Zi(v2),v2)ll2 < Coont - (Jv1 — o] /2 Juy — ug|*).  (3.5.46)
In the same manner of Corollary 2.4.5, we now obtain with (3.5.45) and (3.5.46) that

(R PP VARE N P (3.5.47)

V/1VE(S)

for n — oo (this is obvious if Z; is stationary, i.e. the first part of Assumption 3.2.1 is
fulfilled), which shows that (3.5.44) converges to 0 for ¢ — 0, n — oc.

We now consider the first term in (3.5.43). By Theorem 3.3.4, we have for some
universal constant ¢ > 0 that

Pl sup ~|(G ()]>77
2
V(f)<o, feFr

IN

727[@(1+W+M) ~/00¢(5) 1VH(e, F,V) de

LAY \/H HF2

]l{F> 7m(n,o,N(%)) }H :|

+c(1 +¢"(C5'C3?) (Hg:lo)?) /Og w(lg)Qde. (3.5.48)

For the first summand in (3.5.48),
/ Y(e)\/1V H(e, F,V)de
0

< 202 | " (e IV F Ve < 2v3 / " vy IV F Ve
0 0

Equation (2.8.67) together with (3.3.5) and the uniform boundedness of D,,, D° show
that the first summand in (3.5.48) converges to 0 for o — 0 (uniformly in n).

The third summand in (3.5.48) converges to 0 for ¢ — 0 (uniformly in n) since
Jo~ e¥(e)?de < 0o and by the uniform boundedness of Iy, DF.

The second summand in (3.5.48) converges to 0 for n — oo by (3.5.47). O
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3.5.3 Proofs of Section 3.2

Lemma 3.5.6. Let F satisfy Assumption 2.3.1, 3.2.2. Suppose that Assumptions 3.1.1,
8.2.1 hold true. Then there exist constants Ceopt > 0, C'f- > 0 such that for any f € F,

(i) for any j > 1,

\Piej f(Zi,u)ll2 < Dyn(u)A(G),
_sup 1f(Zi,u)ll2 < Ca - Dyp(u),
sup || f(Zi, u)[|l2 < C7, sup || f(Zo(v), )|z < Cy,

.. . _ 1
(ii) with x = 3,

( Cn™=*s7, (3.5.49)
1f(Zi(v1), 1) = f(Zs(va),u2)ll2 < C(lor — 02| + uy — ug|**).(3.5.50)

IS

=
=
IA

Proof of Lemma 8.5.6. (i) If Assumption 3.1.1 is satisfied, we have by Lemma 3.5.1,

| Pi—j f(Zi,u)l|2 | P ELf (Ziy u)| Ai-1] |2

ELf (Zi, w)| Ai—1] — ELf (Zi, w)| Aima]* |2 < Dy p(u) AG).

IN

The second assertion follows from Lemma 3.5.1.

(i) Let Cg := Sup,, ,, ||R(Zo(v),u)||2 and

Cr = max{spp |R(Z;,u)]||2, sup ||R(Zo(v), u)|2}-

We first use Assumption 3.2.2 and Holder’s inequality to obtain

1F(Zi(v), u1) - 1(21'(1))7“2)”2 ] (3.5.51)
< Jur = ual - ([[R(Zi(v), ua) |2 + | R(Zi(v), ua) 12)
S QC'R|u1 — UQ’C. (3552)

Assume w.l.o.g. that
1 _ _
sup —SE{ sup | f(Zo(v),u) — f(Zo(v) + a, u)ﬂ < Cp.

u,v ¢ |a|L]:,s§C

(which is obvious if Z; is stationary, l.e. the first part of Assumption 3.2.1 is
fulfilled; in this case Z; = Z;(v) for all v). Let ¢, > 0 be some sequence. Let
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|f(Zo(v),u)|25}- Then we have by Jensen’s

Cf = max{supi,u Hf(Zl7 U)HQﬁ, SUDPy v

inequality,
1£(Zisu) = F(Zi(v),u)],
. 9 1/2
< E[‘f(zuu)_f(zi(v)vu)‘ ﬂ{\zﬁz(v)upsgcn}}
_ _ o ) 1/2
E[(F(Ziru) = FZ0). 0L zi01a o))
_ . 911/2
< B[ sw [f(Ziv),u) - f(Ziw) + a0
|a‘L]:,s§Cn
- o= - p=1
H|F(Ziw)l| o + F(Zi0)s )|y PUZs = Zi(0)|1ps > ) 2
< . H!Zi—Z‘(v)lLf,sllgg1 s
< CRCn—i—QCf( o )
0 _igs —Gs
< CRCZ‘FQC]?CX(’L}"l+ZL}',jj§8)' {|U n| +n }

cS
§=0 n

We obtain with C':= Cr + 2C;Cx (|Lr|1 + Y32 LF ;5°°) that

(3.5.53)

o at
cs '

1F(Ziw) = F(Zilw),wlla < C - [ +

Furthermore, as above, for any ¢ > 0,

11Zo(v1) = Zo(w2)li 5 ol 2,

1F(Zitw)w) = F(Zi(wa) w)ls < Cre*+2C%( - )
— Ss
< CRcS+2CfCX\L;\1-M (3.5.54)
From (3.5.53), we obtain the first assertion with v = % The second assertion
follows from (3.5.54) and (3.5.52).
O

3.5.4 Details of Section 3.3.3

We first show that the supremum over x € R, v € [0,1] can be approximated by a
supremum over grids ¢ € X, v € Vn.

For some @ > 0, put ¢, = @Qn2s. Define the event A,, = {sup;,_; _,[Xi| < cn}. Then
by Markov’s inequality,
103 _ Cn

PAS) < - gt <

(3.5.55)

is arbitrarily small for ) large enough.
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Put g;7h(.%',1)) = % Z?:l Kh1 (Z/n — U)Kh2(Xi — x)]l{\Xi\gcn}- Then on A,

I () = Gnn(). (3.5.56)
Furthermore,
T A o vnh K|
nh1h2|Egn,h(x7 U) - Egn,h(‘ra U)‘ ;h1| ‘ ZE Kh2 — x>]1{|X7,|>Cn}]
V X; —
< VI e sp B[ (KL
hihs i ho
< Q %(nhihy) V|K|2C¥ =0(1).  (3.5.57)

For |z| > 2¢, we have Kp,(X; — )1 x,|<c,} < h™H(%)PK = WPE~1¢, P and thus

~0 ~0 2|K|OOCK 1/23px—1 —pK hpK _
Vnh|g, p(z,v) — Egy ,(z,v)] < 7(”712) hy e, PR < Qv (nhaha) 2 o(1).
(3.5.58)
By (3.5.56), (3.5.57) and (3.5.58) we have on A,,
Vvnhihy  sup  |gnp(z,v) — Egyp(z,v)]
z€R,we(0,1]
= Vnhihy  sup (g, p(2,v) — Egy 4 (z,0)] + 0p(1)
z€R,ve(0,1]
= Vnhihy  sup g, p(z,0) — Egy (2, 0)| 4 0p(1)
|z|<2¢n,v€[0,1]
= /nhihy sup |Gn.n(x,v) — Egn n(z,v)] + 0p(1). (3.5.59)
|z|<2¢n,v€[0,1]

Let X, = {in™3 : i € {-2[c,|n?,...,2[c,]n?}} be a grid that approximates each
x € [~2¢y, 2¢,] with precision n=3, and V,, = {in™3 : i = 1,...,n3}. Since K is Lipschitz
continuous with constant L,

v/ nhiho sSup | (gn,h(:ﬂa U) - IEgn,h (IL‘, U))

lo—a!|<n3,Ju—v/|<n—3

- (gn,h($,7 U) - Egn,h(m,7 U)) }

< \/ﬁ [LK]K|oo|x—m’| LK|K’00”U—’U/|}
< sup +
\/ hihso 2 |lz—2/|<n=3,|lv—v’|<n—3 ha ha
= O(n™h). (3.5.60)

We conclude from (3.5.55), (3.5.59) and (3.5.60) that

V 7’Lh1h2 sup |gn,h(xa U) - Egn,h(xv 1))‘

z€R,vE(0,1]

= nhihy sup  |Gon(z,0) — Egpp(z,v)] 4+ 0p(1). (3.5.61)
meXn,’UGVn
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It was already shown that Assumption 3.1.1 is satisfied. Furthermore, we can choose

Dy, = |K|o, Dy5 ,, = % with vy = 0o, and F(z,u) = sup;cr f(z,u) < |§]|1i2° =: Cp -
Note that

El(v oK (Xi —2)?] = E[E[(y/nKn (X — 2))*|Xi 1]
- /(/K(w>NinXi1:Z($+wh2)dw>1/ﬁdPX¢1(z)
< Coor ([ K(wdu)

Therefore,
Hfz,v”Q,n < DnCOO/K(w)2dw,

which implies o := sup, ey sup e r Va(f) < 0o. Due to A(k) = O(k~°), the last condi-
tion in (3.3.3) is fulfilled if

I
sup 180

neN nhyh !

By Corollary 3.3.2, we have

V/nhihy  sup |§n7h(x) — Egn,h(ac,vﬂ = sup |Gy (f)| = Op(/1og | F|) = O(1/log(n)).

JTEXnﬂ)EVn f€]—'

Equation (3.5.61) yields

Vnhihy  sup  |gpa(z,v) — Egpp(z,v)| = Op(\/log(n)).

z€R,ve0,1]
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Chapter 4

Oracle inequalities for dependent
data with applications to neural
networks

In this chapter we want to highlight our theoretical findings from the previous chapters
by giving an application which has been on the rise in popularity, but for which, yet,
little profound knowledge is available — we are talking about neural networks. Their
use cases are now a crucial part of modern technology. This black box has successfully
been applied to many branches of science and relevant sectors in the industry. Only
in the last couple of years have we come to understand parts of their mathematical
workings. As mentioned in Chapter 1, Schmidt-Hieber [2017] introduces a theory based
on independent and identically distributed observations for sparse neural networks. We
will now generalize the approach and develop a theory for absolutely regular mixing
sequences as well as Bernoulli shift processes under the functional dependence measure,
quantifying a neural network estimator’s performance by deriving convergence rates.
Before that, we will first have to establish a proper mathematical background, beginning
with oracle inequalities.

4.1 Oracle inequalities in the regression model under
dependence

As motivated in the Introduction, Chapter 1, we observe a d-dimensional realization X,
i =1,...,n, of a stationary stochastic process which follows the recurrence

X; :fO(Xifla---aXifr)JFeia 1=r+1,...n, (411)

where ¢; is an i.i.d. sequence of d-dimensional random variables, r € N is the number of
lags considered and fy : R — R¢ an unknown function. We abbreviate our notation by
setting X;_1 := (X1, ..., X;—), suppressing the dependence on r in our notation.

We formalize the Subgaussianity assumption as follows.
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Assumption 4.1.1. The random variable 1 is Subgaussian, that is, for any k € N and
any component j € {1,...,d},

Efley;|F]V/* < Ce - V.

Given some weight function W : R — R with compact support C [0,1]%, the
prediction error (or simply risk) of some function f : R*” — R? is defined by

R(J) = TB{[ X1 — FK)BWK,) (1.1.2)

Its empirical counterpart is

Ra(f) :% > é‘Xi — (i) W(X). (4.1.3)
i=r+1

We define by ER(f) — R(fo) the excess Bayes risk of the empirical risk minimizer

f € argmin R, (f)
ferF

over a class F C {f : R — R? measurable}.

Let N(8, F,| - [[) denote the smallest number of d-brackets with respect to || f||oo :=
supjeqa,...d} |1 fjllo which is needed to cover a function class F of measurable functions,
and let H(J) := logN(d, F,|| - |looc) denote the corresponding bracketing entropy. We
assume further that 7 C {f : R™ — R% measurable} satisfies

sup  sup sup |fj(x)| < F
feF je{1,....d} zesupp(W)

for some constant F' > (

We now establish oracle inequalities under two different measures of dependence on
X;, 2 =1,...,n, namely absolute regularity and functional dependence. We shortly revise
these concepts.

4.1.1 An oracle inequality under absolute regularity

Let 8™ (k), k € Ny, denote the absolutely regular mixing coefficients of X;, that is,
BME(E) = " (o(X; i < 0),0(X; 1 > k), (4.1.4)
where for two o-algebras U, ) over some probability space €2,

2BMEWU, V) =sup Y [P(U; N Vi) — B(U)P(V;)]
(1,5)€IxJ

and the supremum is taken over all finite partitions (U;)ier, (Vj)jes of € such that
(Ui)ier C U, (V})jes C V. Hlustratively, 7 (k), k € Ny, measures the dependence

131



between o(X; : ¢ < 0) and o(X; : i > k), and decays to 0 for & — oo if o(X; : 7 < 0)
contains no information about X, for large k. We refer to [Rio, 2013, Section 1.3] or
Doukhan et al. [1995] for a more detailed introduction. There are several results available
which state that linear processes, GARCH or ARMA processes have absolutely summable
™ (k), cf. Bradley [2005], Fryzlewicz and Subba Rao [2011] or Doukhan [1994].

Based on 3™*(.), we define a new quantity A™(-) in the following assumption which
then appears in the oracle inequality.

Assumption 4.1.2 (Compatibility assumptions). Let X; have B-mizing coefficients
B™*(k), k € Ng, which are submultiplicative, that is, there exists a constant Cg gup > 0
such that for any q1,q2 € N,

B (q192) < ChsunB™ (q1) 8™ (q2). (4.1.5)

Let ¢ : [0,00) — [0,00) be a function which satisfies

(i) ¢(0) =0, ¢ is convex and differentiable with co := sup,cg ¢(;((Z))y < 00,
(ii) (0,00) = (0,00),y % is convez and decreasing,

(iii) Y e o(d*(k + 1) — ¢*(k))B™=(k) < oo for the convex conjugate ¢* of ¢, that is
¢*(2) = supgof{at — o(t)}.

We refer to Rockafellar [2015] for an introduction to convex analysis and convex con-
jugate functions. Based on ¢, we define

P(x) = o™ (x)x, A () = [~z (4.1.6)

The proof of the following theorem is given in Section 4.6.1, restated there as Theorem
4.6.4.

Theorem 4.1.3. Let Assumption 4.1.1 and 4.1.2 hold true and let A™%(-) be the
function defined in (4.1.6). Then, for any 6 € (0,1),n > 0 there exists a constant
C =C(n,co,7,Cp sup, Cs, F) such that

ER(f) = R(fo) < (1+n)* it {R(f) = R(fo)} + C- {Amm (H?(f)) + 5}.

In the special case of polynomial decay and exponential decay of B™(.), explicit
representations of A™(.) are available via the following lemma.

Lemma 4.1.4. Depending on specific decay rates, the following statements hold true.

(i) Suppose that > re o k* 1™ (k) < oo for some a > 1. Then Assumption 4.1.2 is
fulfilled with ¢(x) = za-1 and

A () < cq - (a:a%l V),

where co > 0 is some constant only depending on .

132



(i4) Suppose that B (k) < kp" for some k >0, p € (0,1). Then Assumption 4.1.2 is

fulfiled with ¢(z) = "B (0 = &5F) and

A™ (z) < e, - (1VI1og(z™h))a,
where ¢, > 0 is some constant only depending on p.

4.1.2 Oracle inequalities under functional dependence

We assume that X; = (Xij)j=1,..4, © = 1,...,n, is a (stationary) Bernoulli shift process
according to (1.2.1), that is,

Xi=J(A;). (4.1.7)
The functional dependence measure of X;, ¢ € Z, for ¢ > 0 is given by
5'e . *(1—k)
0q (k) = ]:slup . | X35 — X, Hq. (4.1.8)

In contrast to the case of absolutely regular mixing coeflicients, the functional de-
pendence measure in (4.1.8) requires the process X; to have at least a ¢-th moment.
To transfer the dependence structure from X; to g(X;) for some function g, we have to
impose smoothness assumptions on g, as it was done in Chapter 2, which also affect the
dependence coefficients 55(X). Suppose that there exist ¢, K, Ly > 0 such that for all

feF, xa eR¥,

W) - W) £ o=l
[fo(@) = fo(@')lw < Klz— 2|,
1f(@) = f(@)los < Lrle—2/|w.

That is, we assume a regularity condition (namely, Lipschitz continuity) on the weight
and on the (true) regression function.

Assumption 4.1.5. Let X; be of the form (4.1.7). Given L > 0, let A(k), k € Ny, be a
decreasing sequence of real numbers such that for some 0 € (0, 1],

L- sup dpo(k —1)% < A(k). (4.1.9)

l=1,...,r

The parameter 6 € (0,1] in Assumption 4.1.5 can be chosen arbitrarily and regulates
the number of moments which have to be imposed on X;. A small 6 coincides with a
slower decay rate of A(k) due to the exponent # in (4.1.9).

Based on A(-), we define a new quantity A%P(-) which will appear in our oracle
inequality. For z € [0, 00), let

Viz)=az'? + i min{z'/2, A(j)}. (4.1.10)
j=0
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We have seen equations (4.1.9) and (4.1.10) in Chapter 2, already. Especially equation
(4.1.9) is in line with Assumption 2.4.2 which is required for compatibility reasons when
employing maximal inequalities. Let g(z) € [0, 00) be such that

V(Vay(e)) < y() (4.1.11)
and put
AP (1) = Jxg(x). (4.1.12)
We obtain the following oracle inequality under functional dependence (which is proven
in Theorem 4.6.16, a restated version, of Section 4.6, Subsection 4.6.5).

Theorem 4.1.6. Suppose that Assumption 4.1.1 and Assumption 4.1.5 hold true with
L = QdT(% + (Lfi;K)) Let A%P(.) be the function defined in (4.1.12). Then, for any
d € (0,1),m > 0 there exists a constant C = C(n, Ce, F') such that

BR(f) ~ R(f) < (1 + ) i {R() = R+ (a0 (B2 4 5},

Remark 4.1.7. (i) While in Theorem 4.1.3 the parameter r is directly contained in
the constant C, in Theorem 4.1.6 it is contained in A%P(.) via Assumption 4.1.5.
Additionally, in the latter theorem the dimension d is incorporated through (4.1.9)
and may be incorporated through IL. Besides these facts, both theorems are rather
similar.

(ii) Theorems 4.1.3 and 4.1.6 are rather general and can be applied to any function
class which allows for a measurement of their size via brackets with respect to the
|| - [|oo-nOTrm.

(iii) Theorems 4.1.3 and 4.1.6 can be seen as generalizations of Lemma 4 in Schmidt-
Hieber [2017] for dependent observations.

(iv) A specific example for W with support [0, 1]%" is given by
1, €5, 1—g™
W(.Z') =1- p<§71d('x7 [§7 1- g]dr‘)) = 07 x € [0) 1]d7"’ (4113)
linear, else
where p(z) := max{min{z,1},0} and doo (2, A) := infyeca [T — Y|oo-

In the special case of polynomial decay and exponential decay of A(-), explicit repre-
sentations of A9P(.) are available via the following lemma.

Lemma 4.1.8 (Special cases). Depending on specific decay rates, the following state-
ments hold true.

(i) If A(j) < kj~* with some k > 0, > 1, then
AP(2) < e max{a:a%l,:c}

where ci.o 15 a constant depending only on K, .
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(ii) If A(§) < kp? with some k > 0,p € (0,1), then
A¥P(z) < ¢, palog(z™! v 1)?
where ¢, i a constant depending only on k, p.

Remark 4.1.9. It seems to be quite challenging to establish appropriate lower bounds.
Since we base our proof techniques on empirical process theory, the upper bounds suffer
from an increased variance induced by the dependent observations. It is therefore not
clear if our results in Theorem 4.1.3 and 4.1.6 are optimal (from a minimax point of
view). We dedicate this problem to future research. In Hansen [2008] it has been shown
that a kernel estimator applied to dependent observations is able to achieve the same
convergence rates as in the i.i.d. case. However, the proof heavily relies on the estimator’s
explicit representation. The way we formalize our theory as a risk minimization problem
does not allow for such a closed form of the estimator.

It should be noted that the recursion (4.1.1) is only used in the fashion of a regression
model and we do not impose any contraction condition on fy. Thus, it is not necessary
that X; itself has geometric decaying dependence coefficients. Moreover, for the same
reason, our theory allows us to discuss the more general d-variate regression model

Yi= fo(Xio1) +ei, i=7r4+1,..,n,

where we do not impose a direct connection between input X; and output Y;.

4.2 Application to time series forecasting with neural
networks

4.2.1 Encoder-decoder structure and smoothness assumptions

We require that fp in (4.1.1) has a specific “sparse” form, which we model through
several structural assumptions.

Assumption 4.2.1 (Encoder-decoder assumption). We assume that

fO = fdec o fenc (421)

for fope : R¥ — R with d e {1,...,d}, and fge. : R? — R only depending on a
mazimum of tge. € {1,...,d} arguments in each component. Furthermore,

Jene = Gene,1 © Jenc,0 (422)

where gene,o : R¥ — RP, D € N, only depends on a mazimum of tenco € {1,...,dr}

arguments in each component and Gepe : RP - R? only depends on a mazimum of
tenc1 € {1,...., D} arguments in each component.
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The structure of fy (which has not to be a neural network itself) is depicted in Figure
4.1. Condition (4.2.1) means that fy decomposes into a function fey., which reduces the
dimension from dr to d € {1,...,d} (the “encoder”), and fye. : R? — R% which expands
the dimension to d (the “decoder”). For r = 1, such structures typically arise when
information has to be compressed into a vector R? (with the encoder) but also should
be restorable close to its original information content (with the decoder).

The domain of fe,. is d-dimensional, with a possibly large d. Therefore, a structural
constraint in the form of (4.2.2) is one possibility to control the convergence rate of
the corresponding network estimator. A typical example we have in mind are additive
models of the following form, where gen 1 is basically chosen as a summation function.

Example 4.2.2 (Additive models).

(1) Reduction to one dimension: Suppose that fo = faec © fene Where fgee : R — RY
and

d
fene(z) = Z gi(z;)
i=1

for functions g; : R — R. Then, Assumption 4.2.1 is fulfilled with tepco = d =
tdec = 17 7fenc,l =D =d.

(2) Reduction to d dimensions: Suppose that fo = fiec © fene Where fieo : R4 — RY
and fenc = (fenqk)k:l’m’d' with

d
k
fenc,k(-r) = Z gfl : (xiu a xitenc)

s ltenc
1 7"'7“6716,0 =1

: Rfenc.0 3 R, Then, Assumption 4.2.1 is fulfilled with the

given tenc,O, d= tdec and tenc,l = D = dlenc0,

enc,0

for functions g;, ...,

4.2.2 Neural networks and the estimator

We now present the network estimator, formally. To do so, we use the formulation
from Schmidt-Hieber [2017]. Let o(x) := max{z,0} be the ReLU (rectified linear unit)
activation function. For a vector v = (v1,...,v,) € R" and its transpose v’ define

oy R =R, oy(x) = (0(x1 — 1), 00y (20 — v7)) .

Let L € Ny and p = (po, ..., pr+1) € NZ+2. A neural network with network architecture
(L,p) and ReLU activation function is a function of the form

f:RPO — RPLH1L - f(g) = W(L)UU(L)W(L_l)Uv(L—I) .. W(l)UU(UW(O)SL’, (4.2.3)
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fenc = Yenc,1 © Genc,0

Figure 4.1: Graphical representation of the encoder-decoder assumption on fy in the
special case r = 1.

where W) € RPi*Pi+1 are weight matrices and v € RPi are bias vectors. We see that
L € Ny describes the number of hidden layers and p = (po,...,pr+1) € N¥¥2 is the
number of hidden units for each layer. For L; € {1, ..., L}, let

Fea(L,L1,p) = {f : RPO — RPLA1 g of the form (4.2.3) :
() @) < =d
kl%a‘XL‘W |OO\/‘U ‘OO = 17PL1 d}7

[ARS}

be a class of networks, where the L;-th hidden layer is d-dimensional. In our setting,
since we aim to approximate fy, po = dr and pr+1 = d are predetermined.

In practice, a neural network f € Fed(L, L1, p) obtained by minimizing Rn( f) from
(4.1.3) via a stochastic gradient descent method contains weight matrices and bias vectors
in which many entries are not relevant for the evaluation f(x) of z € [0, 1]. This behavior
can be explained by the random initialization of the weight matrices and large step sizes
of the gradient method. In fact, by employing dropout techniques during the learning
process or imposing some additional penalties we can force W) ) 7 =0,...,L, to be
sparse. For a compact overview on a simple stochastic gradient descent method we refer
to Richter [2019]. A conceptual explanation of dropout can be found in, for example,
Murphy [2022]. To indicate this type of sparsity in the model class, we introduce for
s€Nand F > 0,

~

F(L,L1,p,s, F) = {f € Fea(L, L1,p) - D W g+ [vD]o <5, f]loo < F}
=0
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and define the final neural network estimator via

A

Mt e argmin  Ry(f). (4.2.4)
feF(L,L1,p,s,F)

In particular, the resulting network f”et (with estimated weight matrices W) and bias
vectors @(j)) can provide an estimator of the encoder function f.,. by only using its
representation up to the Li-th layer, that is,

Anet(m) = W(Ll)O',D(Ll)W(Ll_l)aﬁ(Llfn cee W(I)O'ﬁ(l)W(O)l’.

enc

Another typical observation made is that fitted neural networks f”Et tend to be rather
smooth functions. This can be enforced by adding a gradient penalty in the learning
procedure (common, for instance, in the training of WGANSs (for Wasserstein generative
adversarial networks), where a restricted Lipschitz constant is part of the optimization
functional, cf. Gulrajani et al. [2017]). We see in Section 4.1 that we also formally need
a bound on the Lipschitz constant when quantifying dependence with the functional
dependence measure. We therefore introduce a second neural network estimator based
on the function class

F(L7L17p757F7Lip) = {f € F(L7L17p737F) : HfHLZp < Llp}

where || f||Lip := sSup,cpd % This estimator becomes
fretliv arg min Ru(f). (4.2.5)

feF(L,L1,p,s,FLip)

In the following results, we will assume that Lip is constant in n. From Theorem
4.6.20 in Section 4.6, Subsection 4.6.7, we see that in principle, there exist approximating
neural networks which provide the best approximation rate and have Lipschitz constant
uniformly bounded in n. In practice, we may force a bounded Lipschitz constant by using
an additional gradient penalty (cf. Gulrajani et al. [2017]).

4.2.3 Smoothness assumptions

To state convergence rates of f , we have to quantify smoothness assumptions of the un-
derlying true function fp and its components gene,1, genc,0 and fge.. We measure smooth-
ness with the well-known Holder balls. A function has Holder smoothness index 8 if all
partial derivatives up to order |3] := max{k € Ny : k < [} exist, are bounded and
the partial derivatives of order || are 8 — | 3] Hélder continuous. The ball of 5-Hélder
functions with radius K > 0 and domain of definition P C R" is defined as

CA(P,K) = {f:P—HR:
Z HaafHoo+ Z sup |8 f(CL‘) 7/;2\_;](3/” < K}
alal<B a:lal=|8] x’xz;eyp ‘.Z' - y‘oo
where a = (o, ..., ) € Nj is a multi-index and 9% := 9“1...0%", |a| := a1 + ... + .

We now impose the following assumptions.
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Assumption 4.2.3 (Smoothness assumption). Suppose that for some constants K > 1
and Bdeca ﬁenc,ly 5enc,0 > 1)

o Genco € CPene0 (10,117, K) and genc,o([0, 1)) C [0,1]7,
e Genet € CPenc1 ([0,1)° K) and gene.1([0,1]P) C [0,1]7,

o fdec S Cﬁdec([aenc,ly benc,l]da K)

The restriction to the unit intervals for the domain and image is only done for the sake
of simplicity in our presentation and can be easily enlarged to compact sets by rescaling.

4.2.4 Network conditions

For the following theorems we need assumptions on the network class itself. These as-
sumptions are mainly adapted from [Schmidt-Hieber, 2017, Theorem 1] and are neces-
sary to control the approximation error of the class F(L, L1,p, s, F') as well as the size
H(d, F(L, L1,p,s, F), || - ||o) of the corresponding covering numbers. The parameter N
therein is a parameter in the final theorems.

Assumption 4.2.4. Fix N € {1,...,n}. The parameters L, L1,p, s, F of F(L, L1,p, s, F)
are chosen such that

(i) K<F,

(M) {log2(4(t6nc,0 \ ﬁenc,O)) + 10g2(4(t6nc,1 \ ﬁenc,l))} logZ(n) S Ll and
Ll + 10g2 (4(tdec \ Bdec)) 10g2 (n) < L S 10g2 (n)7

(iii) N < mingeqr ppqripipits
(iv) N logs(n) < s.

We now give a small discussion on the conditions. As we will see below, the optimal
N is roughly of the size n®, where a depends on smoothness properties of the underlying
function fp. Assumption (i) encodes the necessary fact that the network class has to
include networks which have a supremum norm larger than the true function fy. The
second condtion (ii) is a condition on the layer size. It should be chosen of order L =<
log,(n). In fact, the upper bound on L is not necessary but produces the best convergence
rates (cf. the proof of Theorem 4.2.5 or Theorem 4.2.6, respectively). Condition (iii) poses
a lower bound on the size of the hidden layers (i.e. number of hidden units) in the network.
From a practical point of view, it seems rather unusual to impose such a large dimension
> n® to all the hidden layers. This is due to the approximation technique used and surely
can be improved. The last condition (iv) is about the number of nonzero parameters
s < Nlogy(n) which for instance could be enforced by computational methods during
the learning process.
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4.2.5 Theoretical results

During this section, let W : R™ — [0, 1] be an arbitrary (measurable) weight function
with supp(W) C [0,1]%". The weight function appears in the optimization functional
(4.1.3) and the corresponding prediction error (4.1.2).

Theorem 4.2.5 (Mixing). Suppose that Assumption 4.1.1, 4.2.1, 4.2.3 and 4.1.2 are
fulfilled. If Assumption 4.2.4 is satisfied for some N € {1,...,n}, then

3
ER(fnet) _ R(fO) < Amzx(‘]\flOi(n) ) +N_2A

Bdec Benc,O Benc,l}

where A := min{
tdec ’ tenc,O ’ tenc,l

To formulate an analogous result for the functional dependence measure, we have to
assume that the weight function in (4.1.3) is Lipschitz continuous in the sense that for
some ¢ > 0,

1
(W(@) = W(@)| < =+ |z — 2]
Theorem 4.2.6 (Functional dependence). Suppose that Assumption 4.1.1, 4.2.1, 4.2.3
are fulfilled. Let Assumption 4.1.5 hold true for Lg = 2dr(% + (LL;K)) Then there
exists some constant Cr, > 0 independent of n such that if Assumption 4.2.4 is satisfied
for some N € {1,...,n} and Lip > Cy,

BR(f71) - R(fo) 5 A (MDY v

@ Benc,O ﬁenc,l}

where A := min{
tdec ’ tenc,O ’ tenc,l

A specific expression for C;, becomes available later on but due to its complicated
form we reduce it to its formal existence.

Remark 4.2.7. Note that in the case of independent observations X;, we can choose
A™%(x) = A%P(z) = z in Theorem 4.2.5 and 4.2.6 which yields then the same result as
in [Schmidt-Hieber, 2017, Theorem 1].

To get a glimpse on the convergence rates which can be achieved, we formulate the
following two corollaries of Theorem 4.2.5. Due to the similar form, an analogous result
is available also in the case of the functional dependence measure. The first corollary
is a simple consequence of Lemma 4.1.4 and Theorem 4.2.5 in the case of polynomial
decaying dependence.

Corollary 4.2.8 (Mixing and polynomial decay). Suppose that Assumption 4.1.1, 4.2.1
and 4.2.8 are fulfilled and that X; is absolutely reqular mizing with coefficients satisfying
S ko™ (k) < oo for some o> 1. Let

A = min { Bdec’ ﬂenc,O Benc,l }

)
dec tenc,() ZL/enc,l
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If Assumption 4.2.4 is satisfied with

o
a+1

_ 2A+ -9+
N = [n atT -‘7

then N
2A~m

ER(f™) = R(fo) S n "7 log(n)=71.

We now investigate this rate for a specific model from Example 4.2.2, (2) with only
one lag » = 1. Suppose that tep.0 = d and

fder:7 gi1,---,id' € Cﬁ([()? 1]d’ K)

for some B > 0. This means that the encoder function produces a compressed result of
d < d components, where each of the d components is constructed as follows: For each
possibility to choose d from d arguments, a different function can be used to process the
given values. These results are all summed up. Since the summation is infinitely often
differentiable with bounded derivatives, the situation in Corollary 4.2.8 becomes

B > ﬁ}_é
d d’d) d

A:min{

which yields the following result.

Corollary 4.2.9. Suppose that Assumption 4.1.1 holds true and that X; is mizing with
coefficients satisfying > oo o k1™ (k) < oo for some a > 1. Let Assumption 4.2.4 be
satisfied with

a1

N = [o

Then,

28.
1
ot 3o

ER(f") — R(fo) S n **" a5 log(n)a+1.
In contrast to the rate of a (naive) standard nonparametric estimator which suffers
from the curse of the dimension d, we are thus able to formulate structural conditions
on the evolution of the time series to obtain much faster rates which only depend on

the compressed dimension d e {1,...,d}. Of course, the list in Example 4.2.2 is not
exhaustive and much more models are suitable for our theory.

4.3 Simulations

In this section, we discuss the behavior of the estimator f from (4.2.4). Note that we
use the approximation obtained via a stochastic gradient descent method and based on
an unrestricted neural network function class. During the presentation, v’ denotes the
transpose of a vector or matrix v.
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4.3.1 Simulated data

We first consider a low-dimensional example given by
Xi = fo(Xi—1) + &
where g; ~ N(0,0.5I5x5), I5x5 denoting the 5-dimensional identity matrix, and
fo:R> =R fo(z) =vd'x (4.3.1)

for a = (0.5,0.6,0.2,0.3,0.5)" € R® and v = (0.4,0.6,0.5, —0.2,0.5)" € R>, that is,

5
Xi:’U' E (le'j.
j=1

We generate n = 1000 observations X7, ..., X, following the above recursion and use
ntest — N = 1000 further realizations of the time series to quantify the true prediction
error. For the fitting process, we use an encoder-decoder network of the form

p=(5,20,10,1,10,20,5), L =5,

that is, the network encodes the given information to one dimension and afterwards
restores the value again to 5 dimensions. The network is learned by a standard stochastic
gradient descent method (cf. Richter [2019]) with learning rate v = 0.003 for the first 30
epochs and v = 0.0002 afterwards. Furthermore, we use a penalty weight of A = 0.00001
and the ReLU activation function. We can deduce from Figure 4.2 that the neural
network can easily learn the underlying function f already after approximately 40 epochs.
The process is stopped if the (empirical) error
1 ) . 1 1 )
D(f) = ZEIC5) ~ S Dalf) == 30 S1f(%i1) — folXi1)B

i=r+1

does not significantly fluctuate for a certain period of epochs (manual stopping criterion).
We surmise that for low dimensional data the testing error (the error calculated on the
test data) can be seen on par with the training error (the error calculated on the training
data), converging rapidly towards the optimal prediction error +E[|e;[?*] = 0.5? = 0.25.
We now turn to an example of higher dimension. We take the same model but consider

fo: RO 5RO fo(x) =vdz, (4.3.2)

where we define the vector s = (0.05, —0.05, ...,0.05, —0.05)" € R?* that alternates be-
tween the values 0.05 and —0.05 and put

. 0.3 0.6 0.5 S/ 0 -1 04 c ]R2><30
o 05 —06 02 s 04 09 1 ’

t
{04 04 ... 04 04 S0
Vo= <0.5 03 ... 05 —0.3) € R
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Figure 4.2: We depict the learning process under model (4.3.1). After 40 epochs the
neural network learned the underlying function fj provided by a noisy version
of the data. We can clearly see that the neural network is able to predict the
noise free evolution of the times series.

for alternating values 0.5 and —0.3 in the second row of v. The network architecture is
adjusted to
p = (30, 60, 30, 2, 30, 60, 30), L =5,

using again a stochastic gradient descent method with learning rate v = 0.0002 for the
first 50 epochs and v = 0.00002 afterwards. Furthermore, we set A = 0.00001 and employ
the ReLU activation function. Although the network is dealing with an input and output
of dimension 30, Figure 4.3 shows that a good prediction already can be realized and
most of the information can be preserved despite the data passing a layer of only two
dimensions.

4.3.2 Real weather data

For our simulation study we consider weather data of d = 32 German cities pro-
vided by the Deutscher Wetterdienst (DWD, German Meteorological Service). Note
that the cities chosen are spread throughout Germany which can be seen in Figure
4.7. The data we are interested in is the daily mean of temperature and can be found
on the DWD’s webpage under Germany’s historical data, https://opendata.dwd.de/
climate_environment/CDC/observations_germany/climate/daily /kl/historical/. In total
we observe 4779 temperature values for each city over the period of 2006/07/01 to
2019/08/01. A subset of nin = 4415 values serves as training data for the network and
represents the data from 2006/07/01 to 2018/07/31. We validate our prediction on the
year 2018/08/01 to 2019/07/31 which contains n — nain = 354 values. For fitting, we

143


https://opendata.dwd.de/climate_environment/CDC/observations_germany/climate/daily/kl/historical/
https://opendata.dwd.de/climate_environment/CDC/observations_germany/climate/daily/kl/historical/
https://opendata.dwd.de/climate_environment/CDC/observations_germany/climate/daily/kl/historical/

o Training B— Time series X,
= Testing = Noise free evolution (X, 1)
~ | =— prodiction (X1}
S @
©
@
- ~ -
o
E w
@« (=]
c
2
2
g i
a = | -
<
o -
©
@ 4
T T T T T T T T T
5 10 15 20 1800 1850 1900 1950 2000
epoch time
O Training B— Time series X,
- = Testing = Noise free evlution f{X, 1)
= A - - i ®— Prediction 1{X;1)
o |
S
5 9 T
£ o
@
c
2
g
8 3 i
g -
e
o | o
T T T T T T T T T T
0 20 40 60 80 1800 1850 1900 1950 2000
epoch time

Figure 4.3: The underlying model here is given by (4.3.2). After 20 epochs the neural
network learned the overall behavior of the function fy. The network has
still the potential to improve for the lower peaks. After about 40 epochs the
learning process can be seen as completed. Due to overfitting, the testing
error now begins to slowly increase.
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use a network with architecture
F (5, (rd,rd,24,m,24,d,d))

where r € {1,2,3,5} and m € {4,6,8,10}, apply a stochastic gradient descent method
for learning the approximation f”’ of f over 150 epochs. The learning rate is chosen to
be v = 0.000002 until epoch 45 and v = 0.0000002 thereafter. We let the simulation run
5 times over every step r for each network described by m.

~
~
~

In Figure 4.6 we summarize the prediction errors of D(f*) obtained during the testing
process. The smallest error can be found for r = 2 (that is, using X;_1, X;_o for predicting
X;) with a “bottleneck” layer L; of m = 10 hidden units. However, it is also possible to
take a layer with m € {6, 8} hidden units and still obtain a comparable result. Thus, we
surmise that according to our model, when considering the errors, the weather should be
predicted based on the two previous days. Taking one previous day or more than three
days before the date of interest does not seem to yield a good prediction.

In comparison, the naive prediction method f“ai"e of taking the temperature value of
the current day as it is to forecast the next day’s value yields an error of approximately
D(fraive) ~ 4.99. Choosing an AR(1) model, the usual predictor fAR(1) yields an error
of D( f AR(D) ~ 4.29, which performs betters than the naive approach and comes close to
that of our encoder-decoder network. We therefore see that employing encoder-decoder
neural networks produces more accurate predictions.

For r = 2,m = 6, we depict the development of the training and testing error for
the network F(5,(2d,2d,24,6,24,d,d)) in Figure 4.4. After 45 epochs the testing error
already drops down to a magnitude of 4 which means that we anticipate a deviation
(i.e. /D(+)) of 2 Kelvin for the prediction itself. The fitting process is displayed for the
city of Mannheim in Figure 4.5.

Additionally, the 1-step predictor can be used to forecast k-steps ahead in time by
applying the learned neural network k-times, accordingly. In our example, we applied
this to the next week’s temperature, i.e. k = 7. The chosen predictor with architecture
F(5,(d,d,24,6,24,d,d)) yields a deviation of around 4.44 Kelvin.

4.4 Approximation error

We consider a network fb approximating the true regression function fy. The network
fo is assumed to have the form

fNO = f~dec o fenc : Rdr — Rd (441)

where fone : R — R? and Faee Re R, d e {1,...,d}, and fen. has the additional
network structure }

fenc = genc,l o genc,O
where gene,o : R — RP D € N, depends on at most tenco € {1,...,dr} arguments in
each component, and gepe 1 : RP — R¢ depends on at most tenca € {1, ..., D} arguments
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Figure 4.4: Depicted is the training and testing error in the learning process of the net-
work F (5, (2d,2d,24,6,24,d,d)) applied to the weather data. We clearly see
that consistently, as expected, the testing error is higher than the training
error. At an early stage the network already learns basic properties of the
evolution scheme of the time series because the testing error rapidly drops.
After 45 epochs the error is in the range of 4.

in each component. We denote by

F(L,p,s) = {f : RPO — RPLA1 s of the form (4.2.3) :

L

) W) < 0 W), <
Jmax W0l v [o |Oo_1,jz;|w lo + |v |0_3}

the set of all networks with constraints on W), () and sparsity level s. We explicitly
do not ask for the presence of an encoder-decoder structure or an intermediate hidden
layer at position L. 3

Now, let t := (tdecatenc,Oatenc,l) and B := (ﬁdecaﬁenC,O’ﬁenc,l) where t4e. € {]-a ...,d},
tenc,l S {1, ,D} and tenc,O € {1, ...,d?“}.

Theorem 4.4.1. Consider the d-dimensional time series that follows the recursion rela-
tion (4.1.1) and Assumption 4.2.1, 4.2.53. Let N € {1, ...,n}. Suppose that the parameters
of F(L, L1, p, s, F,Lip) satisfy

(i) K<F,

(1) Zie{enc,O;enc,l} logy(4(ti V Bi)) logy(n) < Ly and
Ly + 10g2 (4(tdec \ Bdec)) 10g2 (n) <L,
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Figure 4.5: The graphic shows the daily mean temperature data from 2017/08/01 to
2019/07/31 measured in Mannheim. Note that we continuously count the
days from 1 to 4779 beginning on 2006/07/01 (day 1). The training pro-
cess ends on 2018/31/07 (day 4414), indicated by the gray vertical dashed
line in the middle. Beginning on 2018/08/01 we see the values predicted
fz(Xi_l,Xi_g) by the learned neural network on top of the actual data
observed.

(i) N < ming{p;},
(iv) Nlogy(n) S 5,
(v) Lip > 1.

Then,

3 * 2 N _ 28
inf 1 = folls < C max {—+N [ }
f*eF(L,L1,p,s,F,Lip) ke{dec;enc,0;enc,1} L 1

for a large enough constant C' that only depends on d,d,t, 3.

The proof can be found in Section 4.6, Subsection 4.4.

4.5 Concluding remarks

In this chapter, we proposed a method to forecast high-dimensional time series with
encoder-decoder neural networks and quantified their prediction abilities theoretically
with a convergence rate. A key step was to provide oracle-type inequalities for minimizers
of the empirical prediction error under mixing or functional dependence. Besides the
fact that the corresponding neural network is required to have a similar encoder-decoder
structure to avoid overfitting, we also formulated appropriate conditions on the network
parameters, such as bounds for the number of layers or active parameters. The encoder-
decoder structure we used is fundamental to possibly circumvent the curse of dimension.
The conditions imposed are similar to those in Schmidt-Hieber [2017] since we have used
the same approximation results.
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r= prediction error upon validation

layer m 4 | 4.81 4.77 4.63 4.68 4.86
6 | 441 4.65 4.75 4.83 4.64
8 | 441 449 442 447 445
10 | 4.41 4.55 4.44 4.45 445

r=

layer m 4 | 4.63 4.22 4.41 4.19 4.03
6 |3.98 410 421 4.16 4.22
8 1398 395 4.23 4.05 4.01
10 | 4.11 4.09 3.93 3.93 4.02

r =

layjer m 4 | 4.30 4.79 4.11 4.72 4.10
6 | 4.27 4.46 4.18 4.04 4.18
8 |4.36 4.29 4.08 4.24 4.28
10 | 4.27 4.12 4.08 4.15 4.28

r=

layer m 4 | 4.28 4.75 4.83 4.48 4.85
6 | 4.10 4.27 4.28 4.34 4.71
8 | 4.81 4.09 4.06 4.42 4.45
10 | 4.24 4.47 4.28 4.37 4.36

Figure 4.6: The testing errors obtained during the simulation. For each of the 4 distinct
network architectures and each of r-step predictions we ran the simulation 5
times.
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Figure 4.7: We collected weather data from the cities of Berlin, Braunschweig,
Bremen, Chemnitz, Cottbus, Dresden, Erfurt, Frankfurt, Freiburg,
Garmisch-Patenkirchen, Gottingen, Miinster, Hamburg, Hannover, Kaiser-
slautern, Kempten, Koln, Konstanz, Leipzig, Liibeck, Magdeburg, Colbe,
Miihldorf, Miinchen, Niirnberg, Regensburg, Rosenheim, Rostock, Stuttgart,
Wiirzburg, Emden and Mannheim.

Our theory can be seen as an extension of the upper bounds found in Schmidt-Hieber
[2017] to dependent observations with high-dimensional outputs.

We also studied the performance of our neural network estimators with simulated
data and saw that the estimators could detect and adapt to a specific encoder-decoder
structure of the true evolution function quite successfully. We applied our procedure
to real temperature data and showed that without too much tuning we were able to
outperform a naive forecast.
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4.6 Lemmata and Proofs of Chapter 4

4.6.1 A variance bound under mixing for Subsection 4.1.1

Recall the definition of the 3-mixing coefficients 8™ (k), k € Ny from (4.1.4). In this
section, we use the abbreviation S(-) = g™ (.).

We now introduce the || - [|2 g-norm which originally was defined in Doukhan et al.
[1995].

Define 4(t) = B([t]) for ¢ > 1 and S(t) = 1, otherwise. For some cadlag function
g : I — R defined on a domain I C R, the cadlag inverse is defined as

g (u) =inf{s e I: f(s) <u},

which we especially use for 57!(u). For any measurable h : R — R, let Qj(u) denote the
quantile function of h(X7), that is, Qp(u) is the cadlag inverse of t — P(h(X;) < t). Let

1/2
Il = / 57 Q) .

This norm can be used to upper bound the variance of a sum Zle h(X;). Furthermore,
it is possible to upper bound ||h||2 3 in terms of ||h|; = E|h(X1)| and ||h|/s which we
will need in the proofs to relate the variance of the empirical risk with the risk itself. Let

O :={¢p:[0,00) = [0,00) | ¢ increasing, convex, differentiable,
»(0) =0 and lim o) = 00}.

For ¢ € @, let ¢*(y) := sup,~o{zy —¢(z)} be the convex dual function. Define the Orlicz
norm associated to ¢(x?) via

|h||g,2 := inf{c > 0: E(jp((m(iﬁ)’

)') <1

The following two results are from [Doukhan et al., 1995, Proposition 1 and Lemma
2].

Lemma 4.6.1 (Variance bounds and bound of || - || g-norm). For k € N,

k
Var( O A(X0) < 4k|Bl3 5.
i=1
For ¢ € ® assume that fol ¢* (87 (u)) < oo. Then,

Mlloz  Coi= (14 /01 qb*(ﬂ_l(u))du)l/Q.

If |h|lee <1, then
1hlloz < Cowp(lhl) (46.1)

where p(z) == ¢~z 1)~V2.
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Only the last statement needs to be proven and is postponed to Subsection 4.6.4. The
main goal of this section is to prove Theorem 4.6.4, which is Theorem 4.1.3. To do so, we
use techniques and decomposition ideas from Dedecker and Louhichi [2002], Rio [1995]
and Liebscher [1996]. We begin by establishing maximal inequalities under mixing. The
proofs can be found here in Section 4.6, as well.

4.6.2 Maximal inequalities under mixing

Let G C {g : RY — R measurable} be a finite class of functions and

= Z {9(X;=1) —Eg(X;-1)}.

i=r+1
In the following, let H =1V log |G|. Recall
¢*(x) = ¢ (2) = min{g € N: f7(q) < qz}.

Lemma 4.6.2 (Maximal inequalities for mixing sequences). Suppose that supeg [|glloo <
1 and that there exists v(g) > 0 such that sup,eg ||ﬁ”2’5 < 1. Then, there exists another

process Sy (g) and some universal constant ¢ > 0 such that

H H
Esup|Sn(g) — Sa(g)| < enr - ¢* () . (4.6.2)
geg n n
Furthermore, with N(g) := % \F\/u
(i) s2(a)
g
Esup |2 <evnrH, 4.6.3
g€Q|N(g)’ (4.6:3)
(1)
5n(9) 2 2
E|sup <cnr°H. 4.6.4
[geg‘N(g)” (46.4)

Now, for G C {g : R — RY measurable}, define

n
1
Mn(g) = €0 9(Xiz1)).
i=1
Lemma 4.6.3 (Maximal inequalities for mixing martingale sequences). Let Assumption
4.1.1 hold true. Furthermore, assume that X; is B-mizing and ™ (-) is submultiplicative

in the sense of (4.1.5). Suppose that elements g € G fulfill sup,eg [|gllc < 1 and that

there exists v(g) > 0 such that sup g H lo¢ XT |2

|| < 1. Then, there exists another process
M (g) and some universal constant ¢ > 0 such that

o] * H H
E sup ’Mn(g) - Mn(g)‘ < C"'Czscﬁ,subn “q (7)7
geg n n

(4.6.5)

Furthermore, with N(g) := % \/ V(g
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(i)

M;(g) [
E§1€12| N(g) | < cC-vVnH, (4.6.6)
(i)
E[sup |M|Z] < cC*nH (4.6.7)
geg N(Q) - . .

4.6.3 Oracle inequalities under mixing

Define as a short hand

E[‘f(xr) - fO(XT)gW(Xr)]a

SHE

Dulf) = 5 37 ol Kia) — foli1) BW(Ki-)

i=r+1

where W : R¥ — [0, 1] denotes an arbitrary weight function. In this section, we show
an oracle-type inequality for minimum empirical risk estimators

R oo R 1 1
fe ar}gef]I;mRn(f)v Rn(f) = "Z-:;H 71X - FXi) BW(Xi-1)

for any weight function W : R% — [0, 1]. The function classes considered are of the form
Fc{f=fj)j=1,.4: R — R? measurable}

and have to satisfy supgcrsupjeqi,.. 4y SUPgesuppw) |fj(z)| < F. For the proof of the
following theorem we require Lemma 4.6.5 and Lemma 4.6.6 which, among others, are
shown below.

Theorem 4.6.4. Let Assumption 4.1.1 and 4.1.2 hold true. Suppose that each function
f=(fi)j=1...a € F satisfies sup;_y _qSUPyesuppon) | fj(x)] < F. Let § € (0,1) and H =
log N(0, F, ||-||sc). Then, for anyn > 0 there exists a constant C = C(n, co, 7, Cg sup, Ce, F)
such that

ED(f) < (1) int D() +C - {AC) + 5}

Proof of Theorem 4.6.4. Note that Ef)n(f) = D(f) and

BDW(H) =[5 3 L1f06 1) — folKi DB )]
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By the model equation (4.1.1) for any f € F,

n

Ralf) = 5 30 3P ) W)
i=r+1
B % Z $|5i+(f0(xi—1)—f(Xi,l))@W(XFl)
i=r+1

1 1 1 «— 1
= = > lEBWE) + - DT Sl(Ei) — (i) B

= i=r+1
+% e $<5i7 fo(Xiz1) — fF(Xim)IW(Xi—1)
1 < 1
= > JlaBWEiy
i=r+1
- Z 6zaf0 f(XZ_1)>W(XZ—1)+Dn(f)
nShd

Dulf) = Ral)— 37 SleiWxiy)
SRn(f) i=r+1
23 e o) — FOR)W(Ki)
i=r+1
< Dalf)+ 2 3 Slen i) — FK )W)
i=r+1
= Z (€0 fo(Xim1) = F(Ki))W(Xi1),
z 7“+1

Since Elg;|A;—1] = Eg; = 0 for A;—1 = o(g;-1,€i-2,...),

R . 2 I .
ED,(f) SEDu(f) +E|= 37 (e, FKim))W(Xi1)|,
EDun) B[ 30 ! )

=D(f)
that is,
i 1 <& R
ED,(f) < inf D(f) + 2E [ Py FRi))W(Ki)).
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Let n > 0. Define

H H 77F2 _ 1+7n H
B = (et E I oy (gL, [
Ln (L +merEFoq () + (¢ oz O\ )
o 2 H 22
Ris; = crF<Cg w(2F7467),
n
H H
RQ,n = CCECB,subTFq (7)77
n n
| H
R275 = Caé—l-CCECB’sub’FF —0.
n

By Lemma 4.6.5, (4.6.8) and Lemma 4.6.6,

ED(f) < (L+mEDn(f)+ Rin+ (1+m)Ris
< (1+ 77){ }ngD(f) + QEE > (e fi(Xz’fl»W(Xz’fl)} + Rm} + Rin
i=r+1
< (1 + 77){ }Ielg-‘D(f) + 2CCECﬁ,subTF\/§E[D(f)]1/2 + R2,n + R2,(5 + Rl,é}

+R1,n-

Due to 2ab < a?+1 with a := (14+7)cCeCp aupr F /L ()2 b= ((2)E[D(f)]/2,

we obtain

; ) (1+n)3 o H n .
ED < (1 f D Cs e F)>— + ——E[D
(f) < ( +77)J}gf (f) + p (cC-Cp suprF) w T [D(f)]
+(1+n)(Ran + Ros + Ris) + Rin.

This implies
ED(f) < (1+m)? nf D(f)+ (1 +n) R

+(1+n)*(Ron + Ras + Ri)
14 n)?
+( n)

(0050,378ubrF)2%. (4.6.9)

1 1

Using Young’s inequality applied to ¢~ (¢~ " is convex) and Lemma 4.6.7, we obtain

H H
Ris5 < erF2Cs(p71)*(4/ E) +2crCd? < er F2Cp(deo)?A(=) + 2crCp62.

n

By Lemma 4.6.8, Ra,, < 2cCgCﬁ7subFA(%), and

H_  nF%/ 147 2 H
2N (22 2
Rin < (14n)erF2A( ” ) + 5 (2 nF? T’Cg) (4co) A(—n ).
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Furthermore,
H
Ry 5 < O + cCCp qupr F6* 4 cC-Cp gupr F—.
n

Insertion of these results into (4.6.9) yields
ED(f) < (1+n)*int D(f)
feFr

1 3
7( 77_;2) )C’ér%%

+2(1 +1)2erCeCl s F + 16(1 + n)%gcrcacﬁ,subﬁ}
+0% - (14 0)*cCCphauprF + Ceb - (1 41)*

+A(g) - {(1 +)2eF? + 32(

1 4 H
+(+nn)(CCECB,subTF)2n

O
Lemma 4.6.5. Suppose that Assumption 4.1.1, 4.1.2 hold true. Assume that each f € F

satisfies SUPgesuppow) [f (@)oo < F. Let H = logN(0, F, || - |loc). Then, there exists an
universal constant ¢ > 0 such that for any 6 € (0,1),7 >0,

~ “ “ 2
ED(f) < (1+n)EDy(f)+ {(1 + n)chQq*%)% + %(cp_l)* (2 1n;frcﬁ\/§)}

+(1 +n)erF2Cpy gcp(QF_%Q).

Proof of Lemma 4.6.5. Let (f;)j=1,..n;, be a d-covering of F, where Ny, := N(0, F, ||| o)
Let j* € {1,...,N;,} be such that ||f — filloe < 6 for all k = 1,...,d. Without loss of
generality, assume that 6 < F.

Let (X])iez be an independent copy of the original time series (X;);ez. Then, the
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process (X;_1,X]_;) is still S-mixing with the coefficients 26(q) = 28(¢q — ). We have

= [E[g 30 1K) — R BWEKL)

LS ) - o) BGE)

i=r+1
1 n
< B[S X 1 (Xi) — A )BWEG)
i=r+1
LS i) = AR BWGE )] + 1007
z r+1
1 n
< E[- Y (K0 Xy)| + 106F
ni:r—i—l
F2
= 71[-3]5 (95+) (4.6.10)

where we used a = f(X;_1) — i (Xim1),b = f+(Xiz1) — fo(Xi—1) € RY,
|la+bl5 — B3] = lal3 + 2[{a, b)| < |al3 + 2[al2[blz < d6® + 4d6F < 5dSF,

defined for z, 2’ € R¢,

gi(z,a') = ng\fg( z') = fo(a")ZW(a) — ng\fg() fo()[3W (=),

and S, (+) is from Lemma 4.6.2. By the same Lemma 4.6.2, there exists another process
Sg(+) and some universal constant ¢ > 0 such that

BiSul) - S3(s5-)| < Esup[8(0) = S3(0)| < era” (1) (16.11)

Note that [|g]l, 5 < 7 lgll5 5. Put

N = a2

We use the Cauchy-Schwarz inequality and again Lemma 4.6.2, yielding a universal
constant ¢ > 0 such that

Sp(g57)
N{(gj*)
)|

E|S,(g5)] = E

N(g;r)|

1/2+E‘Sﬁ(gj*)

(2
N(g;~) 'Q(n)\/:

1/2_’_\/;(]*(%)}[] (4.6.12)

< HN 913 61—,

clr FE lgl3s]

IN

99*
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Insertion of (4.6.11) and (4.6.12) into (4.6.10) delivers

ED(H) ~ED,(7) < P (D H 4 [Ty

By Lemma 4.6.1,

3 }g:gﬁ]m} : (4.6.13)

lgll2,p < Cpllglls2 < Coe(llgllv),

where ¢(z)? = ¢! (x71)~! is concave. Thus by Jensen’s inequality and due to the fact
that ¢ is concave (therefore subadditive),

CﬂE[90(||g||l‘g:gj*)2]l/2 < Cap(E[llg]l1]
Cap(FED(f;+))
Cylp(2F726%) + p(2F *ED(f))].

1/2

IN

2
Ellgl3sl,_, . yors)

IN N

Insertion into (4.6.13) yields

ED(F) - 5D,(7) < oo (D 4 0\ [E oar—2) + pi2rED()]

By Lemma 4.6.10,

ED(f) < (1+7) [Eﬁn(f) + CTFQ(J*(E)% + CTFQCg\/fcp@F_?éz)}

n

O]

Lemma 4.6.6. Suppose that Assumption 4.1.1, 4.1.2 hold true. Let each f € F satisfy
SUD ¢ supp(WV) |f(x)|oo < F. Then there exists an universal constant ¢ > 0 such that for
any 0 € (0,1),

‘E[i i <€¢,f(Xi—1)>W(Xz‘fl)”
i=r+1
H H H A

< 055+ccscﬁ7subrp[q*(g);+ g(E[D(f)]l/QjL(S)].

Proof of Lemma 4.6.6. Let (f;);=1,..n; denote a d-covering of F w.r.t. | - |/c. Let j* €
{1,...,Np} be such that || f — fj||cc < 0. Let H = H(J) = logN(d, F, || - |loc)- Since &; is
independent of X;_1 and Ee; = 0, we have
‘]E[ 1 zn: (i, F(Xii1))W(X )H <5 2 zn: Eleili AL [EM,(g-)  (4.6.14)
il . . . . 4 = - 6.
=, i i—1 i—1 = nd = ill n n\9gj

<4 Xiz1 Eleix|<Ce
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where g;(z) = +(fj(z) — fo(z))W(z) and M, is from Lemma 4.6.3. By the same Lemma
4.6.3, there exists a process M2 (-) and some universal constant ¢ > 0 such that

1 o 1 H H
CIE{Mn(gj+) = My (g;+)} < Esup [Mn(g) — My (9)] < erCeCpsung™(—-)—. (4.6.15)
n n o geg n

Define N(g) := H%Lq( )2ll2 V ¢*( % \/ . Note that

M (g)
N(g) V)
)

< || gk, 1 4B ). g 2 B

—FIB[D(f;+)]1/?

EMS(g5) = E

< E{]iu[’)/vn ‘%’?‘((g?)) ‘ ]1/2 . F_l(]E[D(f)]l/Z +9)
w2 s [y

By Lemma 4.6.3, there exists some universal constant ¢ > 0 such that
- H
BIM(g5-)| < eCe[Vall - FHEID()]Y2 +8) + ¢ () H] (4.6.16)

Insertion of (4.6.15) and (4.6.16) into (4.6.14) yields

4.6.4 Auxiliary results for mixing time series
Variance bound for mixing

Proofs of Lemma 4.6.1. We only have to prove the last inequality. Note that for any
¢ > 0, due to monotonicity of x +— ¢(x)

|h(X1)])2 |h]loo 2
E¢((\h(X1)|)2> _ E[M . |h(X1)\} < M A

¢ [ (X1)] Pl

This upper bound attains the value 1 for

1o —1/2
h oo ¢ ( I
= |12l )
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which shows

—1 1 lloe
12llg.2 < [[lloo - ¢ 1(W) 172, (4.6.17)

The result (4.6.1) now follows from ||hl|s < 1. O

During the proofs for the oracle inequalities under mixing, there will occur two quan-

tities:
(™) (Vo)  and ¢ (2)z, (4.6.18)

where ¢*(z) = ¢*™%(x) = min{q € N : 8™%(q) < gz}. For x, we have to plug in a
specific rate of the form % It is therefore of interest to upper bound both quantities in
(4.6.18) by one common quantity.

Recall the definitions 1 (z) := ¢*(z)x and A(z) := [v 1 (z~1)]z from (4.1.6).

In Lemma 4.6.7, we show that (¢ ~!)*(y/z) is upper bounded by a constant times A(z).
Lemma 4.6.8 shows that ¢*(x)x is upper bounded by a constant times A(z). Thus, A(x)
serves as a common upper bound for both quantities in (4.6.18).

Unification theory for (4.6.18)

Lemma 4.6.7. Let Assumption 4.1.2 hold true. Then ¢(x) = (b—l(%)_l/2 and Y(x) =
o*(z)x satisfy:

(i) for any C > 1, (7 1)*(Ca) < C*(p~")*(2),
(ii) ©2, ¢ are concave and thus subadditive,

(iii) (o~ ")*(VE) < (4e0)?¢ ™ (3)x < (deo)*A(x).

Proof of femma 4.6.7. (i) Since y — % is increasing, % < ¢>(Cc;zy)_ Thus, @ >
m. We obtain
—1\* 1 -
(e H*(Cx) = sup{Czz — ¢( ) '}
2>0 <
2
- 2 i O
e T L)
1
< C?su xi - ——
o z>g{ C ¢(%22)}
w== 1 1%
=¢ (2 sup{zu — gb(j) 1} = 02(@ 1) (7).
u>0 U
(ii) We have
_ 1,
()7 W) = o)™ (46.19)

By assumption, y % is convex. Since z +— f() is convex on (0, 00) if and
only if = - f(x) is convex on (0,00) (cf. [Baricz, 2012, page 1]), we obtain that
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(iii)

Yy qﬁ(%)*l is convex. By (4.6.19), its inverse ¢? is concave. By concavity of /-,
® is concave. Since concavity implies subadditivity, the claim follows.

First Claim: If f : [0,00) — R is a convex function with f(0) =0 and wp € [0, c0)
is such that zwgy — f(wp) < 0, then

fr(x) < wof'(wo).

Proof: F :]0,00) = R, F(w) = 2w — f(w) is concave with F'(0) = 0, F(wg) < 0.
Thus, F' attains its global maximum in [0, wp]. Since F' is concave, the tangent
t(w) = F'(wo)(w — wo) + F(wp) at wy satisfies

@) = sup Fw) < ffi%t(w) =1(0) = —F'(wo)wo + F(w)

= —(z— f'(wo))wo + (zwo — f(wo))
= f'(wo)wo — f(wo) < f'(wo)wo.

This proves the claim.

Second Claim: If f : [0,00) — R is convex with f(0) = 0, then f(z) < f'(z)x for
all z > 0.

Proof: Since f is convex, the tangent t(y) = f'(z)(y — z) + f(x) at x satisfies
t(0) < f(0) = 0, which gives the result.

Let yo(x) := (¢') "' (cox). Then,

L < Sl
x_co¢(y0( ))S yo(fl»‘) .

Application of the first claim to ¢* and yo(x) yields

() = ¢*(2)z < ayo(x) = coa®(¢) ™ (cox) = g(2).

Since g¢,% : [0,00) — [0,00) are strictly increasing, we conclude that for any
y € [0, 00),

97 W) = W W) < v Mgl W) = ¢ ()
Especially, we obtain for any x > 0,

w’l(l):c > gfl(l)x. (4.6.20)

X x

As in (ii), we obtain that y qb(%)_l is convex. Additionally, it is increasing,
whence y +— qb(y%)*l is convex. Moreover, for all z > 0,

(L)L
z 3z(¢(;12)’1) = QQ;((Z;));Q < 2co¢(—5) " (4.6.21)
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Choose zp(x) > 0 such that
Vzo(z) — ¢(——) ' =0. (4.6.22)

We obtain from the first claim and (4.6.21) that

(T WE) = suplay = o) < @00 5) )y
y>0 z
< 2CO¢( ( )2) !
= 2¢p - Vr20(2). (4.6.23)
By the second claim, we obtain
Sk # ot
VE= T S0 ) = L P zoa) (4.6.24)
By (4.6.22) and (4.6.24),
zo(z) _ 3 Lo .
\/‘% - \/EZO('I) ¢(ZQ($)2) < Qd) (ZQ($)2)
Thus,
120() _ Lz noafz@)y 1 z@), 1 11
AR 21 co(2f (#) <2\/E>Sc0 2\/E> 20(x)2  depx’
Since g is increasing,
11, 1 2(x) 11 1
400 x) > PN and thus ¢ (4—005)1' > Q—CO\/;:,ZO(:L').

By (4.6.20) and (4.6.23), g is increasing. Due to the fact that ¢y > 1 (see the second
claim), we have

(¢™) (Vo)

IA

2¢o - Vxzo(2)

1 1 1 1
(400)29_1(4 co)?g " -
Co X

IA

Lemma 4.6.8. Let Assumption 4.1.2 hold true. Then,
q*(x)xr < 2CA(x)

where C < Y02 {o*(k+1) — ¢*(k)}B(k).
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Proof of Lemma 4.6.8. Since 71 (u) = 3272 Liu<p()} and 5(0) = 1, we have

1 .
[ ot - Z / @ = S(50) B0+ D)6+

- Z;;O{cb (+1) — 6" (M)}(B) — B + 1)

= é{w(mn k)} - Z B(i+1))

- §{¢*(k+1)¢*(k)}ﬁ(k)<w- (46.25)

Let Z be a nonnegative Ny-valued random variable with P(Z > k) = ((k). Then,
P(Z = k) = B(k) — B(k+ 1), so (4.6.25) shows that C := E¢*(Z) < E¢*(Z + 1) <
Markov’s inequality implies

E¢*(2)

B(k) =P(Z > k) < ok

that is, B(k)¢* (k) < C. We then obtain

* = min ﬁ( ) T min ¢ T
q(z) = {eeN: = } <min{g € N: ¢*(q)q§ }
= min{g e N: Cz™! < ¢*(¢q)q} < [v 1 (Cx™1)],
whence
¢ (x)x < [~ Y Cx™ ). (4.6.26)

Since ¢* is increasing, ¥(Cz) = Cx¢*(Cz) > Cxo*(x) = Ct(x). This implies for any
y>0and 2z := 9y (y),

v (Cy) = H(CY(2) <P (W(Cr)) < Cz = Cv ().
From (4.6.26) we obtain

¢*(z)a < [Cy~ @™ < [ClY™ @™z < 20T~ (@™)]a.

The following proof shows the announced special forms for A = A”* in Lemma 4.1.4.

Proof of Lemma 4.1.4. (i) Let ¢(z) = :Eﬁ with a > 1. Then obviously, Assumption

4.1.2 (i), (ii) are fulfilled for ¢y = . Furthermore,
6" (x) = supfoy — 6)} = Car®,  Cai= (1= )% —
55—21;%)1‘3/ Y)y = LaZ, a = o a—1
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which implies ¢*(k + 1) — ¢*(k) = O(k*~!) and thus proves > poo(¢*(k + 1) —
¢*(k))B(k) = O(33Zo k1 B(k)) < oo.
In this case, we have ¢(x) = ¢*(x)x = Cor®t!, =1 (2) = (C;lx)a%l and

For = > 1 the above quantity is bounded by 2C, “+1x for r < 1, it is bounded
by 2C, ”‘“x & . This yields the result with ¢, = 2C, "‘“

Let a := % > 1. Then ap < 1. Define ¢(x) = ac% Obviously, Assumption
4.1.2 (i), (ii) are fulfilled with ¢ = 2. Furthermore, by the first claim in the proof
of Lemma 4.6.7 applied to wg := a® — 1,

¢"(x) < wo - ¢'(wo) < 2(wo) = 2z{a” — 1}.

On the other hand, for z > 1, 0 < w; := a*~! — 1, thus

¢*(x) > zwy — Pp(wy) = a7 — 1. (4.6.27)
We obtain
D P k+1) =g k)BKR) < Y 2k + 1@ —1) —d" + rph
k=1 k=1
= O(Z k(pa)¥) < oo.
k=1

To upper bound the rate function, we use (4.6.27) to obtain
U(2) = ¢*(x)r > 2(a®! —1) = g(z)
where g : [1,00) — [0, 00) is bijective. Thus, for any y > 0 we obtain
DMy =N 9l W) ST W) = 97 ().
We conclude that A(z) < [¢g7'(1)]x. Here,

log(2a(y V e))
log(a)

Thus for y > e,

log(2a(y V e)) (2a(y Ve)

4 log(a) a

—-1)>2(yVve)—1>yVe.

)=

. log(2ay)
W)= Togla) =% logla)

We obtain for z < e 1,
—1
Alz) < 2(2 + M)m. (4.6.28)
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Note that for y < e, c := 1 + ;& satisfies ¢*(c) = sup,~o{cy — é(y)} y=a-l
(a—1)[c— %] =e and ¢(c) = ¢*(c)c > ec > e > y. Therefore,

vy <e
So, for x > %,
Az) = [~ (&™) < 2ca. (4.6.29)
A combination of (4.6.28) and (4.6.29) gives the result.

Proofs of maximal inequalities under mixing

In this subsection, we prove auxiliary maximal inequalities under mixing. To do so, we
use techniques and decomposition ideas from Dedecker and Louhichi [2002], Rio [1995]
and Liebscher [1996].

Proof of Lemma 4.6.2. During the proof, let ¢ € {1,...,n} be arbitrary. Later we will
choose ¢ = q*(%) < n. Note that

12i§0),U(Xi_1ZiZk))
11 < o

BEE) = Blo(Xi
: 0),0(Xi1:i>k—r+1)) =85k —r+1) <Xk —r).

= pBlo(X;-

We define (k) := X ((k — r) V 0). Now, following Dedecker and Louhichi [2002], there
exist random variables X? ;| with the following properties:

e for all 4 Z 0, Uioil — (X(()ifl)q+1’ i

'aX(()ifl)q+q) and Ui = (X(i—l)q-l—la "'7X(i—1)q+q)
have the same distribution,

° (US(FU)%'ZI and (Us;)i>1 are i.i.d.,

o foralli>1,P(X; 1 #X° ) <P(U;_1 # U ) < B(q).

Put .
Splg) == > {g(X{_,) - Eg(X{_)}.
i=r+1
Then,
1Sn(g) — Sy(9)] < 2H9Hoo) D (Omxe 3 +P(Xi #X5))]. (4.6.30)
i=r+1

We now proceed with the proof of the announced inequalities. First, we have

Esup |Su(9) = Sp(9)l <4 Y P(Xim1 # X)) = 4nf(q).

9€9 i=r+1
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Let ¢*(x) = min{qg € N : 8(q) < qz}. For ¢ = § *(£) < n, we obtain

Bsup|Suls) = 53(0)| < n(a” () < 4nd” () -
ge

Now, let G := ¢*(x) + 7. Then,
B(G—r)=B(q"(2) < q"(x)z = (§—r)z < gu.

This yields ¢*(z) < ¢ = ¢*(x) + r < r¢*(x). Finally,

H H H
E Sn(g) — Sy <AdnG (—)— < dnrg*(—)—,
325\ (9) = Sn(9)l < 4ng"(—)— < dnrg"(—)
which proves (4.6.2).
We now show (4.6.3) and (4.6.4). We have
Lg]+1 L2 ]+1
S = Y. Y@+ > Y
k=r+1,k even k=r+1,k odd
where
kqA\n
Yi(9) = Y {9(X¢y) —Eg(X51)}
i=(k—1)g+1

Furthermore, (Yi)k even and (Yx)r odd are independent with

kqA\n
Yko(g) -1 Yko(g) 2 1
0o < 2gN ; < Var Xi-1)) <
1= q+1
Next,
oo rB()
lgllos = / Sl t=Y [ i,
20 ; Bi+1) !
B((i—r)Vv0))
= Z/ iQg(u)du
=7 JB((i—r+1)v0)
i B((i—r)Vv0))
= Z / iQg(u)du
) B((i—r+1)v0)
= Z/ (J +7)Qqg(u)du
B(i+1)
<

B()
d
5> [,y 3@uled

7j=1
= 7llgllp-
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Hence,

2 2
Yo(9) o, M9l lgll3 5
dg—=5 < dqr———5 < dqr
N(g) N(g)? N(g)?
We obtain by Bernstein’s inequality,
} >z
9)
[71+1 [5]+1
Y2(9) < Yelg), =
< P k72 P kS 2
; Qk r+§even N(g ‘ - ) ' (‘k:rg:k odd N(g) | - 2)
1 (z/2)?
< 4 —
= SO ( 2 4nr + 2qN(g)_1m/2>
1 x?
< 4 - — . 4.6.31
- exp( 32 m“—i—qN(g)—lx) ( )

(i) Using standard arguments (cf. van der Vaart [1998], Lemma 19.35), we obtain from
(4.6.31) that there exists a universal constant ¢ > 0 such that

Esup | "(g)\ <c[VnrH +¢N(9) " 'H].

For ¢ = q*(%) < n, we obtain

5n(9) 1
Ezlelg|N(g)]<c[\/ +q( )N(g9)"'H| < 2cVnrH.

This shows (4.6.3).

(ii) Here, we use

Lo 3y = [, P (o ar

Put a = q*(%)\/E Choose G := 64%"a. Then for ¢ > G2, 4/t > nr. With
(4.6.31) and [5 exp(—baVt)dt = [, 2$exp( bas)ds = 2(bab+ 1)by 2 exp(—bab) we

()
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obtain

IN

IN

IN

IN

IN

We receive

Sn(9)

E[Slglp’N(g)

With ¢ = ¢*(Z),

proving (4.6.4).

/OOOIP’<SL;p|i§((j))| > \/{f)dt

G? + /C;?P(sgp\f\?((ggﬁ > \/%)dt

o0 1 t
G?+4 / - dt
‘g’ @ exp < 32 nr+ qN(g)l\/E>

o0 1 t
G? +4|¢ / ex (——7)&5
9] a2 P 32nr 4+ ga— 1Vt

o0 1Vt
244 / v
G* + 4|G] - exp( 64qa_1)dt
Ga 1 Ga
2 Ga —1y2 1 Ga
G +8|Q!< . +1>(64qa )* exp( 61 4 )

21° [(HZTY + |G| - exp ( - nr(g)Q) “(nr + (qa_l)Q)}.

(4.6.32)

B < 20[(") ol exp (= nr () - (o + (a1

the latter is upper bounded by

216 {nr2H + nr+ %} = 218nr2H,

Proof of Lemma 4.6.3. Note that (g;,X;_;) is still S-mixing with coefficients B(k) :=
B(k — r) . This is due to the following argument: The model equation yields X; =
fo(Xi—1) + &, that is, e; = X; — fo(X;_1). Thus, the generated sigma fields fulfill

and

o((e,Xim1)i>k)=0Xim1:i>k—r+1)=0(X;:i >k —r).

O’((Ei,Xifl)iiSO) :U(XZ'Z’L'SO)

Similar to the proof of Lemma 4.6.2, for each ¢ € {1,...,n} we can construct coupled
versions (g7, X5_;) of (¢;,X;-1) and define

n

M3(g) = 3 25, (K20

=1

167



We will apply the following theory to ¢ = q*(%)Q. Since ) oy B(q) < oo, q*(%) <JVE
and hence ¢ = ¢* ( )2 < n.
Now we have

(le5l2lg(X5_1)l2 + leil2lg(Kim1)12) Li(e, xi- )20 x2_ )}

&.\H

[Mn(g) — My (9) < Z

= Z\T lile + 1€712) Lo xim1)#(e0 x2_ )} (4.6.33)
With (4.6.33) and the Cauchy-Schwarz inequality, we obtain

E[?élg"M”( 9) = My(g)l] < f\l\alallz

With ¢ = ¢*(£)? and (4.6.34) we derive

H]_{(El’ Xi—1)#(e ‘”,Xffﬂ}”2 < 4nCaB(Q)1/2-
(4.6.34)

_ / 3
Efsup [Ma(g) - M) < 4nC:A(a"()2)" < anCeCpan(Blar ()2
9€G n n

o H H
< 4nCECB,subq (g);

where ¢*(z) = min{g € N : B(q) < gx}. By a similar argument as discussed in Lemma
4.6.2,

o H H
Elsup [Mu(g) — My (9)l] < 4nrCeCasupa” ()
9€g n
which shows (4.6.5).
We now show (4.6.6) and (4.6.7). We first decompose
LZ)+1 Lg)+1
Mig)= > Yo+ Y Y (4.6.35)
k=r+1, k even k=r+1, k odd
where
kqA\n 1
Yo = > 769X 1)
i=(k—1)g+1

are independent. Since ((¢;,¢(X;_1))); is a martingale, by [Rio, 2009, Theorem 2.1] we
have

kqAn 1 1/2
V@l < m=DY2( 3 = 9())3)
i=(k—1)g+1
<m0 (e 9 (KD) (46.36)
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Due to independence we get

(gleesaxenln)™ < |2 " ZEloCe g holz . s

Furthermore,

[

Pﬂ&

I
—

< (334" <A (3 ete) ™

J
< len|I™ < cmmm/2, (4.6.38)
Insertion of (4.6.38) into (4.6.37) and afterwards into (4.6.36) yields with a := q*(%)\ / %,

(%, )\3]
v(g)?
|
< m7 - 2e2qC%(Cee - a gl /22, (4.6.39)

[¢]

N(g) (m o 1)m/2mm/2 . (Cga_lql/Q) CzE[

By Bernstein’s inequality for independent variables, we conclude from (4.6.39) that

|2 ]+1

1 1 72
]P’(‘i Yo(g)’>x)§2exp<—f )
N(g) kr+§ even g 2% 2e2C2q + eCq'/2a 'z

Insertion into (4.6.35) yields

M;(9)

FI 5

(z/2)? )

> < 4 (— —
| :L‘) eXp 2 262062’[’2, + eC€q1/2a*1(1‘/2)

1 22
< 4 ( _Z ) 4.6.40
= TP 82e2C2n + eC.q'/2a 1 ( )

(i) Standard arguments (cf. [van der Vaart, 1998, Lemma 19.35] ) applied to (4.6.40)
state that there exists some universal constant ¢ > 0 such that

MY
Esup | n(9 )| < cCq [\/ +¢"%a _lH] (4.6.41)
g
With g = q*(%)27 we obtain
H
Efsup | M (9)]] < eCc |ViH +¢"(>)a™ H] < 2eC.v/n,
9€g

which shows (4.6.6).
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(ii) Here, we use

o 01 - e 1

Choose G := 16¢C; i;. Then for ¢ > G2, q"?a='\/t > 2¢2C?n. With (4.6.40) and
Jyz exp(=bgV/t)dt = [, 2s exp(—bgs)ds = 2(bab + 1)by 2 exp(—bab),

/OOOIP’<sup| ()\>\[>dt

N(g)
e [P M2
G +/G2 <sup| ()|>\/>
- a2 p 82e202n + eC.q'/2a= 1/t
1 Vit
< 244 —_———\dt
s & |g‘/GzeXp( 16 eCqi2a )
Ga 1 Ga

9 ~ Ga 1/2 —1\2 i Ga

< G801 1) (16020 exp(— 5o 1)
a _
< () it () o0 s
We obtain

E[SHP\MS(Q)\Z]

< 210 202[(1—/2) +rg|‘exp(—n<q%“/2>2)‘<n+<q1/2a*1>2>].

For ¢ = q*(%)2 this implies
M? na
i < ol
#6150 (= (s )?) -+ (@' e )

IA

210202 [nH +n+ %} < 211e2C%nH,

proving (4.6.7).
g

Lemma 4.6.9. Let 5(k) := B((k —r) V 0). Suppose that 7% (-) is submultiplicative in
the sense of (4.1.5). Then for any qi,q2,7 € N there exists Cg gyp, such that

B(q192) < Cp.subB(q1)B(q2).
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Proof of Lemma 4.6.9. By case distinction it is elementary to prove
(@ =) VO)((g2—7) V0) < (q1g2 —7) V 0.

Since (8 is decreasing, we directly have

B((q1q2 — ) vV 0)
B(((q1 =)V 0)((g2 —7) V0)) o
CssunB((q1 — 1)V 0)B((g2 — 1) V 0) = Cg surB(q1)B(q2)

B(q1q2)

VANVAN

Auxiliary results for oracle inequalities under mixing
The following lemma is applied to ¢(x) = (15’1(%)’1/2 in the proof of Theorem 4.6.4.

Lemma 4.6.10. Let r1,79,b, P > 0 and ¢ some concave function with ¢(0) = 0. If
a > 0 satisfies |a — b| < rip(rea) + P, then for any n > 0,

o< Moy X ) £ (14 )0+ P).

r

N

Proof of Lemma 4.6.10. The mapping g(z) := ﬁ% ~1(z) is convex. By Young’s in-

equality and denoting by ¢* the convex conjugate of g,

* n —1\* 1+77 n
< = — .
rip(rea) < g*(r1) + g(e(raa)) AT )*( rire) + 1+na
We therefore have
n —1\* 1+TI
<la—bl+b< b+P)< —1 b+ P).
a<la—0b+b<rip(a)+(b+ )_(1+n)r2 )*( rire) + o a+ (b+ P)

Rearranging the terms leads to

1+

a< Q(cp_l)*( 777“17’2) + (1 +n)(b+ P).

2

4.6.5 Results for the functional dependence measure

Recall the definition of the functional dependence measure coefficients 55((14:), k € Ny

from (4.1.8).
During the proofs for the oracle inequalities under functional dependence, there will

occur two quantities:

VH*"(vz)  and ¢ (Va)z, (4.6.43)

where
q¢*(x) = ¢ () = min{q € N: B (q) < qu} (4.6.44)
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and

BY(q) = Y AG). (4.6.45)
Jj=q

Here, A(k), k € Ny, is an upper bound chosen dependent on the function class of interest
and specified below. For x, we have to plug in a specific rate of the form % It is therefore
of interest to upper bound both quantities in (4.6.43) by one common quantity. We saw
this approach already when we discussed mixing sequences.

Recall the definitions

Vi) =22 4 S minga /2, AG))
=0

and A(z) = /zy(z) as well as g(x) from (4.1.11) and (4.1.12).

In Lemma 4.6.11, we show that both terms in (4.6.43) are bounded by a constant
times A(z). Thus, A(x) serves as a common upper bound for both quantities in (4.6.43).
Besides that, we show in Lemma 4.6.13 that V is a concave function which is needed

to obtain meaningful upper bounds in Theorem 4.6.16, which was originally stated as
Theorem 4.1.6.

Unification theory for (4.6.43)
Lemma 4.6.11. Let V' denote the left derivative of V.

(i) Let h,6 > 0. Then V(h) < & implies Vh < r(5).

(i3) If there exists C > 0 such that for all ¢ € N, 3P (q) < Cq- A(q), then

inf

V'(z)x 1
z€[0,00) ‘7

(2) 2 21+ C)
(i1i) Under the assumptions of (ii),
(V) (Va) 20+ C) - Aw), ¢ P(Va)z < A). (4.6.46)

Proof of Lemma 4.6.11. (i) It can be shown as in the proof of Lemma 2.8.8 that for
any h € [0, 00), )
V(h) = Vh-a* + 9 (a¥) (4.6.47)

with some a* € N dependent on h.

Let § > 0. If V(h) < 4, then B%P(a*) < 6, that is, 22@) < 2 By definition of
q*er q*’dep((%) < a*. This implies q*’dep((%)(% < § and thus by definition of r(-)
and (4.6.47),

() > 5>V

a*
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(i)

(iii)

Let z € [0,00). If A(N) < /o < A(N — 1) for some N € N, then
~ N-1 0o
V() =o'+ 302+ 30 AG) = (N + 1)V + F7(N),
=0 j=N

and thus z - 9,V (z) = (N + 1) - $21/2. By assumption, 8%P(N) < NA(N) and
vz > A(N), implying

z -0,V (x) 21 (N + 1)z 21 (N 4+ 1)A(N) 1
V(z) ~— 2 (N+1)yz+CNAN) = 2(N+1)A(N)+CNA(N) = 2(1+C)’
} (4.6.48)
Writing the left derivative as a limit of 9,V (x), the result follows.
Fix x > 0. Define yo(x) € [0,00) as a solution of
V(Vayo(x)) = yo(x). (4.6.49)

Since z +— @ is decreasing, yo(x) < y(x). It is therefore enough to show that the

quantities in (4.6.46) are bounded by multiples of \/zyo(z) < A(x).

Let W denote the right derivative of VL. By the First Claim in the proof of
Lemma 4.6.7(iii) (which also holds true for left or right derivatives), we obtain

(VH* (V) < W(w) - vo. (4.6.50)

For any y > 0 with z = V~1(y),

W(yy
V=1(y)

Insertion into (4.6.50) and using the definition of yq yields

V)
2V'(z)

IN

<2(1+0).

(V1" (Va) < W(wo) - yo < V1 (go) = 2(1+ O)yo/z.
By (4.6.49) and (i), we have
Vayo(z) < r(yo(z))*.

Together with r(§) < ¢ for any § > 0, this implies

\/E: \/Eyo < r(yO)Q < T(yO)‘

Yo Yo

Since z - ¢*dep (z)z is increasing,

¢V < g (r(yo))r(yo) Ve < yov/a.
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Lemma 4.6.12. For ¢ >0, (V"1)*(cz) < A(V1*(z).

Proof of Lemma 4.6.12. We have

(V1) (ex) = sup{ery - Voiy)}

— ig%{cxmz) — 2}

= supfeaV () ~ P}
ZL;%{CQJUV(W) - Fw}
¢ sup{aV(w) — w} = (V1" (x)

w>0

IN

IN

due to

= " min{c'a, A(j)} < VTV (a).

=0
for ¢ > 0. O

The following lemma shows that V() defined in (4.1.10) is concave. This property is
needed in the next section in order to get a good upper bound in the maximal inequalities.

Lemma 4.6.13. Let (ag)ren be a decreasing nonnegative sequence of real numbers for
which Y ;2 g ap < co. Then,

y—o(y) = (Zmln{f ak}> N € NU {0},

1S a4 concave map.

Proof of Lemma 4.6.13. Tt is obvious that v is concave on y € (a because v can

be represented as a sum of concave functions, namely

J’Jl]

N
v(y) = ((J—1f+zak> (G—1%y+20(—1) ZakarZ B
k=j

We investigate the slope’s behavior on the interval’s open boundary. The derivative’s
left limit at a; yields

li2m 23yv(y): hm (j\f+ Z ak> = (]a] Z ak)

2
y—aj,y<a; y%a] w<aj \f kg1 kg1

- C‘Zj((j—l)aj—i—;ak).
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On the other hand, the right limit is given by

: . j—1 -1
lim Jyv(y)= lim ( - 1)y + a) ( —1)a; + a)
y—a?,y>a? v () y—a2,y<al VY Y Wy Z k J J Z k
Hence,
li2m ) yfy) = ligm ) Iy f(y).
y—>aj,y<aj y—>aj,y>aj
Since f is concave on intervals of the form (a ?, ? 1) the just proven inequality for the
derivative implies that f has a representation as f(y fo x)dz. Now let A € (0,1).
Since
z+A(y—z) T +A(y—zx)
x4+ ANy —=z)) = / (2)dz = / 0(z)dz +/ 0(z)dz
0 0 T
z A(y—=)
= / 6(z)d2—i—/ O(z + u)du.
0 0
and

3(z) + AB(y) — 5(x)) = /Oxf)(z)dzﬂ/ya(z)dz

_ /: 3(2)dz + A /Or_y 3 + w)du

for z,y > 0, we conclude that v is concave.
The result for N = oo can be obtained since the limit of concave functions is concave.
O

Here, we prove the upper bounds from Lemma 4.1.8 for A(-) which arise in the special
cases of polynomial and exponential decay.

Proof of Lemma 4.1.8. (i) In Lemma 2.8.12 it was shown that
V(2) < Cru - max{z2 a z2}

where Cy o, > 0 is some constant only depending on x,«a. Fix z € [0,00). With

la—-1
y(z) = cmax{xiaTl,m%}, we have
Vzy(z) = cmax{z=1, 2}
and by case distinction z > 1, x <1,

V(Vry(z))

IN

1o 1
C’Kaomax{c% o 62} max{z? = x% o ,p2a 1,x%}
1
2

< C’,@amax{c2 o 02} rrla>({az2a+i 2} = Oy o max{c

2a
So, choosing ¢ = max{Cs", C2,} yields the result.
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(ii) Lemma 2.8.12 yields

Vi(z) < Cyp- 23 log(z~1 Vv 1),

where Cy, > 1 is some constant only depending on &, p. Fix x € [0,00). With
y(x) = cx? log(z~! v 1)%, we have

Vzy(z) = cxlog(z™' v 1)?
and by case distinction z > 1, x <1,

V(Vag(z)) < c2 log(c ™' Ve)Cy,- max{x% log(z=t v 1)(log(z~! v 1) — 2log(log(z~ v 1) vV 1)),
23 log(z~ ! v 1),x%}

IN

1
EC% log(c ! ve)Cy - max{x% log(z~' v 1)? w%}

1
= Ec_% log(c™! Vv e)Cy ,7(w).

So, choosing ¢ = 160,%7p yields the result.

Maximal inequalities under functional dependence

The following empirical process results are based on the theory developed in Chapter 2.
Let G C {g: R¥" — R measurable} be a finite class of Lipschitz continuous functions
in the sense that there exists b € (0,1] such that for z; € Rd,x;- eRY j=1,..,7,
901, s 20) = g 2)] < Lo max o = o, (4.6.51)
and for some G > 0,
sup | gllec < G. (4.6.52)
geg
For 6 € (0, 1],

/ /

|g(:l:13 -'-axr) - g(fEl, ey xr)|

IN

min{2G, Lg max |z — oo }

< (QG)I_QLS(ErllaX |z fx;|oo)9.

A

Then, using the notation from (4.1.7) and (4.1.8),

X._ *(1—k
HED®E) = g(Xim1) — gL
< (26)7°LY - | max Xy — X7CP
Jj=1,...,r J
< dr(2e)'0LY Xy — xR0
= T( ) gj:{l,...,?"r%,az)é{l,...,d}” 75l i—j,l H26’
< dr(2G)l_€Lg- sup  sup (55(9”1(14:—3')9. (4.6.53)

I=1,...,rj=1,...,r
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In the following, we suppose that A(k), k € Ny, is a decreasing sequence chosen such
that .
dr(2G)* LY - sup sup 0y (K — 7P < Ak). (4.6.54)
I=1,....,r j=1,...,r
Recall the definition of ¢*%? and 5P from (4.6.44) and (4.6.45).
Put

Snlg) = {9(Xi1) — Eg(Xi—1)}-
i=r+1

To prove maximal inequalities for S,,(g), we use the decomposition technique throughout
Chapter 2, equation (2.8.23) therein, or Chapter 3. For j > 1 define

Sn,j(g) = Z Wi (), Wi j(9) == Elg(Xi-1)|gi—j, s €i1]-

i=r+1
Then,
L
Sn(9) = Sn(9) = Snq(9) + D> _(Snm = Snm_y) + Sno(g) (4.6.55)
1=1
where L = HZEE%J and ;=2 (1=0,...,L — 1), 7 = q for arbitrary ¢ € {1,...,n}. Set
Sn(9) = Snq(9)
and
L7141 (im)) An
Sn,n (g) - Sn,Tzf1(g) = Z Ti,l(g)a n,l(g) = Z [Wk,n (g) - Wk,Tz—l(g)] .
i=1 k‘Z(i—l)Tri—l
Hence,
L e+ L5+t
S:9) =D | X Tul@+ Y Tuulg)| + Snols)
=1 =1 i=1
7 even i odd

Lemma 4.6.14 (Maximal inequalities under functional dependence). Assume that X;
is of the form (4.1.7). Suppose that G satisfies (4.6.51) and (4.6.52) with G = 1 and
some Lg > 0. Let 0 € (0,1]. Then, for any decreasing sequence A(k), k € Ny, satisfying

erg - sup sup 5;(9"l(k: — j)9 < A(k),
I=1,..dj=1,..,r

there exists some universal constant ¢ > 0 such that

Esup |Sn(g) — S5(9)] < ch*’dep(\/f)' (4.6.56)

geg

Furthermore, for any estimator § € G we have for some universal constant ¢ > 0

E|S;(9)] < e(VnHV (E[lg(X)l; lg=g]) + ¢H)- (4.6.57)
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Proof of Lemma 4.6.14. Let q € {1,...,n} be arbitrary. Then, as in the proof of Theorem
2.4.1 (cf. the term A; accordingly), there exists a universal constant ¢ > 0 such that

E sup 1Sn(9) = Sp(9)] < eVnHB™(q).
g

If g := g*dep(( /2,

Baup 5.(0)-S5(0)| < vt 8(a™ () < eviigran(y [ 2y [ = cpgran 1)

Y n
which proves (4.6.56).

We employ a similar strategy as in the proof of Lemma 4.6.2. Let N;(g) := 774/ %\/Vl(g)

for Vi(g) := E]T-l:ﬂ_ﬁl min{||g||5 , A( L%j )}. We show the following two inequaltities first,
where ¢ denotes some universal constant:

(i)
S’I’L,’Tl (g) — Sn,Tz—l (g)
Eigg y Nlg) | < eVnH, (4.6.58)
(i)
E[Sup ‘ Sn,Tz (g) - Sn,Tz—l(g) ’2] S enH. (4659)

g€g Ni(g)

T;.1(9) 1 -1 /N n
- <2 N, <2 =2
]Vl(g) ‘ = 4T HgHoo l(g) > 27T H H

and by the same calculation as in the proof of Theorem 2.4.1,

For g € G, we have

L2 ]+1
L Tt n P
Tzz Zz; ’ Ni(g) HQ = Ni(g9)? (ﬁ Z Inln{||g||2,A(L§J)}) <.

Jj=m-1+1
i even

By Bernstein’s inequality we obtain

P (‘ Snr(9) = Snr_i(9) > x)

Ni(g)
< p T RO IEAE L?ZJHTZz(g) T
< B Z; Nl(g)‘ 3) (| X Nl(g)’>2>
i even , i even
< 4exp<;n+(;/2l)?[x/2>
< 4exp(—én+$2gx> (4.6.60)
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(i) Using standard arguments (cf. [van der Vaart, 1998, Lemma 19.35]), we derive
from (4.6.60) that there exists a universal constant ¢ > 0 such that

n yT1 (g) - STL,Tlﬂ(g)
L L

This shows (4.6.58).

(ii) Next, we use

E [ sup |
geg

Put a :=

Sn,n (g) -

Ni(g)

Snm_1(9) 21 o su Snm(9) = Snir_i(9)
| } _/0 P<geg| Ni(g) > \/Odt.

\/Z and choose G := 16na. Then for t > G?, a~'v/t > n. With (4.6.60)

and szo exp(—bo/t)dt = fb 25 exp(—bas)ds = 2(bab + 1)62_2 exp(—bab), we obtain

‘We have

E[sup |

g

IN

IN

IN

IN

IN

Sn,n (g) -

0 Suml9) — Suni(9)
/0 IP’(Slglp| gNl(g) g |>\/7E)dt

o Sn,n(9) = Snyr_y(9)
G2+/ P i Al t)dt
e (ng Nl(g) > \[)
G2+4]Q|/ exp 8 +\/>\[>
G2+4]g|/ exp t )

8 + a1Vt

1Vt
2 _ LVt
G +4]g|/G2 exp( 60 71)

1
2 —1y2 —
G* + 8| (Ga + 1) (16a™ ") exp( 16Ga)

211 [(na)Q + |G| - exp ( - na2) -(n+ a_Q)}. (4.6.61)

Snr 1 (9)

Ni(g)

’] < 2@ [(na)2 +1G] - exp ( —na?) - (n + aiQ)}.

which can be upper bounded by

E[sup|

Sn,‘rl (g) - Sn,Tlfl (g)

g

proving (4.6.58).

2] < 212 [nH fn4 3} — oMy H,

Ni(g) H
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Moving on to E|S5(g)|, the Cauchy-Schwarz inequality yields

BISi0)| < i[HSw@/)N—lg;m

nﬁl(A) - Sn,Tl—l(A)
+E‘S gNl(g) : "”\/5]
+E[Sn,0(9)]

9 w22

L
< o(VnH Y E[Vi(9)*]" + qH) + E[|Sn0(9)]]- (4.6.62)
=1

The last summand can be discussed as follows. Let N(g) := 1/ v ||g]|,,

Sn,O(g)
NG)
Sn,O(g) 2

o8| Ellglg],

E[‘Sn,O(g)

-N(9)

]

] = E[

Since Spo(g) = D oie, 1 Wio(g) is a sum of independent variables with [Wjo(g)| <
lglloc <1 and ||[W;o(g)|l2 < 2|lgll2, the Bernstein inequality yields

1:2

n N a2

IP’(} Sno(g

) 1
N(g) ‘>x> §2exp(—1

from which we derive

E[sup | Sn0(9) ] < ¢(vnH + N(g)"'H) < ev/nH

geG N(g)
for some universal constant ¢ > 0. In analogy to the calculation of equation (4.6.61),
S 2
E[sup n.0(9) ’ } < 2199H.
9€g N(g)

Therefore, equation (4.6.63) can be bounded by

ESHIg) 1Sn,0(@)| < e(VRHE[l|g(X,) |, lg=g]"* + H). (4.6.64)
g€
Now, let us define v (2) := 37~ . min{\/z, A(|Z])}. Then,

Tl

vi? = (X min{laGg) 5, A(L)Y)

J=m—1+1 2
< (3 windICOI ALY = bl
J=m—1+1

180



This implies the first bound of the following inequality. The second bound follows from
Jensen’s inequality while taking into account that ’UZQ is concave by Lemma 4.6.13:

EVi@)*1" < Elu(lg(0)1)?],_]Y* < w @l |,_,))- (4.6.65)

Inserting equations (4.6.65), (4.6.64) into (4.6.62) and applying Lemma 2.8.5 afterwards,
which allows to replace A(|4]) in v;(-) by A(j), gives

L
Bsup|S2@) < VA (3 u®llgEn) I |y—g) + EllaE) s ly=al* + (a+ DH)
€ =1

o0

< e2(VaH@ Y min{Elllg(&,)ll |, AG) +Elllg@®)ly lg=g]") + aH)
j=1
< c(VnHV (E[|lg(X,); lg=g) + qH).

For g : R™ — RY, let
1
M, (g) := E g<5iag(Xz’—l)>'

i=r+1

Lemma 4.6.15 (Maximal inequalities for martingale sequences under functional de-
pendence). Assume that X; is of the form (4.1.7) and that Assumption 4.1.1 holds true.
Suppose that any component of g € G satisfies (4.6.51) and (4.6.52) with G = 1 and
some Lg > 0. Let 6 € (0, 1]. Then, with any decreasing sequence A(k), k € Ny, satisfying

erg - sup  sup 559"1(14: —j)e < A(k),
I=1,...,rj=1,...r

there exists another process M, (g) and some universal constant ¢ > 0 such that

Esup | M, (g) — My (9)| < cCovV'nH B (q). (4.6.66)
g€eg

Furthermore for an estimator § : R — R,
E[|M;(9)]] < cCe(vnH (v/1og(q) + DE[[l9(X1) 22| _,]'/* + ¢'/*H) (4.6.67)

Proof of Lemma 4.6.15. We use a similar decomposition as in the proof of Lemma 4.6.14.
For j > 1 define
n
_ - 1
Maglg) = Y Wiglg),  Wiglg) = El5(en o(Xim) ey el =
i=r+1

where Wm(g) = ]E[g(Xi_l)\ei_j, ...,Ez‘_ﬂ. Let

My (g) == My 4(9).

(i, Wii(9)),

Ul
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Note that ({e;,9(X;—-1))); is a martingale and for fixed j, the sequence
(Eij(9)ges = ((Wijs1(g) —'ViﬁJ(Q)))geg

is a |G|-dimensional martingale difference vector with respect to A* := o(g;j,&i—j+1, -..).
Since

_ - 1
sup | E; j(g)| = sup [Wi j1+1(g9) — Wi j(g)] < glfz‘lz -sup (Wi jv1(9) — Wi ;(9)l2,
geg geg =Y

we have by (4.6.53) (which also holds with sup, inside the || - [2-norm),

d
1 *(1—7 .
[sup Bus@lly < 52 Nl |supla(Xi-)e - gX Tl < cag).
g k=1 2
Therefore, in analogy to the proof of Theorem 2.4.1,
E sup |My,(g) 9)] <Z sup‘ Z E; (g ’ SCC’E\/nHﬁde”(q).
9€9 9€9 L isrt1 5
for some universal constant ¢ > 0.
For g € {1,...,n},
. L= j+1 L"J+1
D=3 [ X T+ 3 To)] + 3000
=1 =1
i even i odd
where
(im)An 1 (im)An
ﬂ,l(g) = Z [Wk,n (g) - Wk,nfl(g)] = 8 Z <€k7 Wk,n (g) - Wk,n,l(g»'
k=(i—1)m+1 k=(i—1)m+1
Next, let

Ni(g) = max{r; " \/f D9, Dilg) = ElglWin(9) — Wi, (9) 31V

We show the following two inequalities first, where ¢ denotes a universal constant:

(i)
MnT - M’I’L’T_l
E sup | — 1(9) ak (g)| < cC.VnH, (4.6.68)
9€G Ni(g)
w Mp,7,(9) = Mynr_, (9)
n,m\g) — n,m_1\9
E[su aL T2 2] < eO2nH. 4.6.69
o = gy 1S (1000
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We have, similar to (4.6.39), by [Rio, 2009, Theorem 2.1] and Assumption 4.1.1,

51+
T Z (1 Tia9
Tz =1
LTZJJF (im)An 1/2
S ( m/2 J Z d( Z EH<6/€7 Wk,Tl (g) - Wk,Tl,1(g)>‘m]2>
(i—1)m+1
m 1 m/2 m m
< (m =)™ PR3] B Wi (9) = Wi, (9)[3]
m m/2 ~m 1 m—
< (= 1y Om B W () ~ Wi (0)B] gl
m! 1 _
< 5 - 28CEREL Wi (9) = Wi, (9)B] - (eCer /)2 (4.6.70)
With a : —71/2 \/%,
. L5 1+1 . |
my ! L —
o X W BT < 2l teCen Py
nd = MY
By Bernstein’s inequality for independent variables, we conclude that
Mn,n (g) - Mn,-;-l,1 (g)
P(‘ Ni(g) > x)
L%JHT (@) L%JHT (@)
i,1\g Z i,1\g z
SIP" ! ‘>7+P‘ : ‘>f
( ; Ni(g) 2) ( ; Ni(g) 2)
1 x?
< 4 - = . 4.6.71
< exp( 82(605)2n+6061/gg;) ( )

(i) Using standard arguments (cf. [van der Vaart, 1998, Lemma 19.35]), we derive
from (4.6.60) that there exists a universal constant ¢ > 0 such that

TZT _Mn’r,
Esup‘ 1(9) L 1<g)}§cC’5\/niH.
geg Nl(Q)

This shows (4.6.68).

(ii) Next, we use

MTLT(g)_MTLTf (g) oo MnT(g)_Mnr, (g)
E Sup 5T sTI—1 2 :/ ]P) Sup 5Tl sTI—1 > \/E dt
[g€g| Ni(9) | ] 0 ( | g | )
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Puta := \/g Choose G := 16(eC.)na. Then for t > G?, a~'\/t > n. With (4.6.71)
and [2 exp(—baVt)dt = [, 2sexp(—bas)ds = 2(bab + 1)by 2 exp(—bgb), we obtain

00 Mn,‘rz( )— Mn,n,l( )
/0 P(Slglm gNz(g) “1> \@dt

o MNT(Q)_MnT_ (9)
:G2+/ P( su uL el > Vt)dt
G2 ( gp| Nl(g) | )

G2—|—4|Q|/C:exp(—
! Jat

G?*+4 /Oo -
4l fez P ( 2(eC.)2n + eC.a=1V/t
LV

16 eC.a~!
+ 1) (16eC.a1)2 exp(—

2
‘ Jat
2(eCe)?n+ eCe/Fx

IN

IN
o = 00| =

IN

G2 49| [ ew(-
G2

Ga 1

eC. 16eC.

< 2M%(eC,)? [(na)2 +1G] - exp (—na®) - (n+ a‘zﬂ : (4.6.72)

< G+ 8|g\( Ga)

We conclude that

E[Sup |Mn,n (g) - Mn,‘rzfl(g)
g Ni(g)

which can be upper bounded by

E[sup | Mn,n (g> - Mnﬂ'zfl (g)
g Ni(g)

This shows (4.6.69).

2 < 22(eCo)?|(na)? + 19| - exp (= na?) - (n+a~?)|

?] < 2(eC.)? [nH +n+ %} < 21 (eC.)?nH.

Using (4.6.68) and (4.6.69), we can now upper bound E|M;(g)|. By the Cauchy-Schwarz
inequality,

E|M;(9)]

IN

ZL: H) M, -, (g)]\;(];n,ﬂ—l(g) H2E[Dl(§)2]l/2

My 7,(9) — Mp+_,(9) ’ ) 71/2 E]
Ni(9) :

—HE‘

+E[Mn0(9)]

n

IN

L
cCe(VnH Y E[Di(9)*]"* + g2 H) + E[|[ My o(9)l].  (4.6.73)
=1
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For v € R¥, [v]; < VL|v|. Thus,

L L

SR < VI (S EDG))

=1 =1

1 L 1/2
= VIE[( {2 EIWinl0) ~Win 0B])] ] 674
=1

1/2

Note that (Wi.(9) — Wir_,(g9)): is a martingale difference sequence with respect to
Al = o(e1—r,...,€1). We therefore have

L
E[[Wi.4(9)~Wio(g HZWm Wi 0] = S EIWaA ()W ()]
=1

Since the left hand side is bounded by 4E[|g(X1)|3] by the projection property of condi-
tional expectations, insertion into (4.6.74) yields

L
R 1
S B3] < AVE B 1a(%1) 13,2 (4.6.75)
=1
The last summand in (4.6.73) can be similarly dealt with. With N (g \/7\/|| lg(X1)]2]l5,
. M 0@ (s

E(lllg(X0)l2l3 ] ;)2

+E[| M]\T;E’;) 9) I \/f (4.6.76)

Since My o(g9) = > it 41 Wio(g) is a sum of independent variables, we can proceed as
before in Lemma 4.6.14 and obtain the existence of universal constants ¢ > 0 such that

Mn,O(g) MnO( ) 2
H W <coovmir, B[S0 < cC2Va,

]

Insertion into (4.6.76) yields
E[|Mo0(9)]) < cCo{VnH -E[[[lg(X1)|2]l3 |,_,]"/* + H}. (4.6.77)

Insertion of (4.6.75) and (4.6.77) into (4.6.73) gives the result. O

185



Oracle inequalities under functional dependence

Let F C {f : R" — RY measurable} such that any f = (f;)j=1...a € F satisfies

sup | fj(x) — f;(2)] < Lr - o — 2| (4.6.78)
jell,.d}

and

sup sup |fj(z)| < F (4.6.79)
j€{1,...,d} z€supp(W)

where W : R¥ — [0, 1] is an arbitrary weight function depending on ¢ > 0 with

(W(z) = W(a')| <

N | =

= 2 |-

Let
f €argmin R, (f).
fer

The main result of this section is the following theorem, restated from Theorem 4.1.6.
Here, H(6) = logN(5, F, || - |loo)-

Theorem 4.6.16. Suppose that X; is of the form (4.1.7) and that Assumption 4.1.1
holds true. Assume that there exist F > 0,Lyr > 0 such that F satisfies (4.6.78) and
(4.6.79). Furthermore, suppose that fo : R — Re from (4.1.1) is such that |fo(x) —
fo(2")]oo < K|z — 2'|oo for some K > 0.
Let Assumption 4.1.5 be fulfilled with Lg = 2d7‘(% + (L%IK)), 6 € (0,1). Then, for
any n > 0 there exists a constant C = C(n, Ce, F') such that
H(d)

ED(f) < (1+n)? inf D(f) +C- {A(= =) +0}.

Proof of Theorem 4.6.16. Let n > 0. We follow the proof of Theorem 4.6.4. Define

H H nF? - 1 H
Rin = (U m)eF2qnter(y| =)= 4 ooty (=0, 20,
n’'n 2 n n
H -~
Ris = cF?\|=V(2F %),
n
H H
Ryp = ZCCEFq*’dep(i)*v
n n

Rys = C.0+2¢C.Fy/ %5.

Then, as in the mixing case, by Lemma 4.6.18, (4.6.8) and Lemma 4.6.17,

ED(f) < (14+nEDu(f)+ Rin+ (1 +n)Rys

. H H .
< (1+ 77){ ]}g__D(f) +2¢CFy -~ Q*’dep(\/ X)E[D(f)]lﬂ + Rop + Ros + Rl,a} + Rip.
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Due to 2ab < a®+1? with a := (L+5)cCoFy /1 [qnden(([H)(HE1)112 b= (1)1 2E[D(f

we obtain

2 (1+ )3 N \/ﬁ H n R
ED(f) < (Lt n) inf D() + =P (eCeF)q" (1) 1) + 1y ED(F)
+(1+n)(Romn + Ras + Ris5) + Rip.
This implies

ED(f) < (1+77)2]1I€1;D(f)+(1+77)31,n

+(14n)*(Rom + Ros + Rup)
" H H
+(+n77)(ccaF)2q*,dep(\/:), (4.6.80)

n

Using Young’s inequality applied to V-1 (f/*1 is convex) and Lemma 4.6.11, we obtain

~ H o
Ry < cF*(VH*(4/ ;) + 2¢6% < cFQA(;) + 2¢62,

as well as Ry, < 4cF A(%) Furthermore,

H. nF%/;, 1+4+m\2 H
< A=)+ (22— =),
Rip < (L4 n)eF?AC ) + - (2 ) A

and o
Ry < Ce(6 4 cF&* + cF—).

Insertion of these results into (4.6.80) yields the assertion. O
To prove Theorem 4.6.16, the following two lemmata are used.

Lemma 4.6.17. Suppose that X; is of the form (4.1.7) and that Assumption 4.1.1 holds
true. Assume that there exist F' > 0, Lr > 0 such that F satisfies (4.6.78) and (4.6.79).
Furthermore, suppose that fo : R™ — R from (4.1.1) is such that |fo(z) — fo(2')|e <
K|z — 2'|s for some K > 0.

If additionally Assumption 4.1.5 is fulfilled with Lg = 2dr(% + %), then

\E[nldi FE )W)

< csamccsF[q*’deP(\/f)% 2 q*,dep(\/f)m D2 +3)].
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Proof of Lemma 4.6.17. As in the proof of Lemma 4.6.6, let j* € {1,...,N,,} be such
that || f — fj<|lec < 0. Since ¢; is independent of X;_; and Ee; = 0, we have

‘E[Tjd Z< S Ki)W (Xi_l)” <4 T;;Elaill +§\EMn(gj*) ,
—_—
<Ly Eleik|<Ce

(4.6.81)

where gj(z) = %(fj(z) — fo(z))W(z) and M,(:) is from Lemma 4.6.15. We choose
G={gj:75€{1,...,N,}}. Note that

swp sup Jgjiloe < 5 F Wik <1
jzlv“ﬂNnk—]w 7d

and
g31(2) — gk < E k(@) — for(@) — Finla’) — for(a)] - W)
Pl f) = for@)] - W) - W)

- (K—;LF+§>.‘x_x’|oo_

That is, G satisfies (4.6.51) and (4.6.52) with G = 1 and Lg = %= 4 2. With the
argument (4.6.53), we conclude that for any [ € {1,...,d},

5gjl(X) (k) < QdTLg - Sup sup 5§9’l(k _ ])9 < A(k’)
Je{1,...,r} =1,

By Lemma 4.6.15, (4.6.66) and (4.6.67) (taking ¢ := ¢*9P(, /1)), we obtain

E|Mn(gj*)
cCN/nHB@ (g *dep(\/ﬁ)) + E|M}; (g5+)|

coargont s (v sttty By o
<E[llg(X)lllo]—,, ]2 + q*’d@(\/f)lﬂﬂ)
QCCE(Hq*’dep(\/f)—l—\/n? q*’dep(\/f)-E[D(fj*)]l/Q). (4.6.82)

o <6, k=1,...,d, we have

IN

IN

IN

Since || fy — fi

E[D(f;)]'? <

flllf( W)= Fj+ (K)o 2+ EID(F)]Y? < 6+ E[D(f)]/2. (4.6.83)

Insertion of (4.6.82) and (4.6.83) into (4.6.81) yields the result. O
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Lemma 4.6.18. Suppose that X; is of the form (4.1.7) and that Assumption 4.1.1 holds
true. Assume that there exist F' > 0, Lr > 0 such that F satisfies (4.6.78) and (4.6.79).
Furthermore, suppose that fo : R™ — R from (4.1.1) is such that | fo(z) — fo(2")|e <
K|x — 2| for some K > 0.

If additionally Assumption 4.1.5 is satisfied with Lg = QdT(% + (LfFiﬂ()), then there
exists some universal constant ¢ > 0 such that for every n > 0,

D(f) < (L+nED(f)
Hfaemerrgin [ DE L2 oy (a1, [T)

+(1 +n)cF?y/ gf/@F—?(sz).

Proof of Lemma 4.6.18. The proof follows a similar structure to Lemma 4.6.5. Let (f;)j=1,.. A,
be a d-covering of F w.r.t. | - [|co, Wwhere N;, := N(6, F, | - |loo). Let j* € {1,..., Ny, } be
such that || f- fi*lloo < 6. Without loss of generality, assume that § < F.

Let (X/)icz be an independent copy of the original time series (X;);ez. We have

R . . 2
[ED(f) ~ EDu()] < 2 EJSu(gy)

+ 106 F, (4.6.84)

where for z, 2’ € R¥",

i(,2") = s |5 () — ol BW() — il (a) — o) BW(),

and Sy, (-) is from Lemma 4.6.14 based on the process (X;, X!), where X/, i € Z, is an
independent copy of X;, i € Z.
Here, due to the assumption on fy and on F,

lg(x,2") — g5 (y,9")] < 2dFQ(\fa( ) = fo@" )5 = 1f;(y") — fo)5)W(a')

(W) = W(y)]

2dF2|f]< V)~ fol)l3-

zdm(’fa< 2) — fo(@)B — |£3(y) — foly) B)W(x)
1£i(y) = fow)[3 - YV (x) = W(y)]

2dF2
2 (L}'+K) / !
(E+ ) (7 =yl + 12— o),
and
oo < - dF?. < 1.
970 < 5 dF? - [ W] < 1

Thus, G = {g; : j = 1, ..., N;,} satisfies the conditions (4.6.51) and (4.6.52) with G =1
and
L =

1S F

(2+L;+K).
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Since X/, i € Z, has the same distribution as X;,7 € Z, the argument (4.6.53) yields for
je{1,..,N,} that

652}j(X.—1,X{71)(]{:) S QdTLg . sup sup (S;g’l(k' _j)e g A(k)

I=1,...,rj=1,..r

Furthermore, there exists another process S;(-) and some universal constant ¢ > 0
such that

E|Sn(gj+) — Snlgi)| < ES‘;E 1S:(9) = Sp(9)| < eVnHBY(q).
g

o « [H
E|Sn(g;+) = Snlgj-)l < cHq" (1) —)- (4.6.85)
Insertion of (4.6.85) and (4.6.57) into (4.6.84) yields

For ¢ = ¢*(1/ ),

&‘

0(7) - D7) < 22 g () o\ [H o @llg e g )] 630

n

Now, observe that
V(E[lg(X); lg=g;]) < V(FED(f+)) < V(2F28%) + V(2F *ED(f))

which together with Lemma 4.6.10 delivers,

ED(f) < (1+mn) [Ef?n(f) + 2CF2q*(\/§)Z + 2cF2f/(2F—252)]

1+7 H)
n n

+enFA (VL) (2

4.6.6 Proof of Section 4.2

We will now prove the theoretical results from Subsection 4.2.5.

Proof of Theorem 4.2.5. Choose = 1 and § = n~!. Applying Theorem 4.1.3, Assump-
tion 4.1.2 and 4.1.1 we have

H(n™ 1)

ER(f*) — R(fo) < inf  {R(f) — R(fo)} + (A™%( )+n71). (4.6.87)

feF(L,L1,p,s,F)
By Theorem 4.4.1 and Assumption 4.2.1, 4.2.3 and 4.2.4,
. . N _
inf  {R(f)=R(f)} < inf If = folll S ()N (4.6.88)

fEJ:(L,Ll,vaaF) o fEJ:(L)Llyp7S’F)
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Proposition 4.6.19 and Assumption 4.2.4 deliver

H(S) < (s+1)log@ 505 (L + Dpipd,15%) S sLlog(s)
< Nlogy(n) - logy(n)log(n) < Nlog(n). (4.6.89)
Insertion of (4.6.88) and (4.6.89) into (4.6.87) yields the result. O

Proof of Theorem 4.2.6. Choose n = 1 and § = n~'. Applying Theorem 4.1.6, Assump-

tion 4.1.2 and 4.1.1 we have

H(n™1)
n

ER(f""'"P) — R(fo) < inf  {R(f)— R(fo)} + (A%P(

+n7 1. (4.6.90
™~ feF(L,L1p,s,F) )+n ) ( )

By Theorem 4.4.1 and Assumption 4.2.1, 4.2.3 and 4.2.4,
inf (R -RUDIS b = folle S -+ N2 (46.91)
FEF(L,L1,p,s,F,Lip) = fEF(L,L1,p,s,FLip) ¥ T

Proposition 4.6.19 and Assumption 4.2.4 deliver

H(S) < (s+1)1og(2***°6 (L + 1)pipi 415°") < sLlog(s)
< NLlogy(n)log(n) < Nlog(n)?. (4.6.92)
Insertion of (4.6.91) and (4.6.92) into (4.6.90) yields the result. O

4.6.7 Approximation results

In this section we consider the approximation error as well as the size of the corresponding
network class.

Proof of the approximation error, Section 4.4

Proof of Theorem 4.4.1. We follow the proof given by [Schmidt-Hieber, 2017, Theorem

1] and employ [Schmidt-Hieber, 2017, Theorem 5] (recited here as part of Theorem

4.6.20), adapting it to the “encoder-decoder” structure. Since C' is not explicitly given,

it is enough to prove the result for large enough n. Fix N € N and choose m = [logy(n)].
By Theorem 4.6.20, we find for arbitrarily chosen N > 0 functions

genc,O € f(Lenc,O + 27 (d?”, Penc,0, D)7 D(SenC,O + 4))

and
genc,l S f(Lenc,l + 27 (Dvpenc,h d)v d(senc,l + 4))

where

Lenc,z‘ = 8 + (m + 5)(1 + 10g2 (tenc,i \ Benc,i));
Penc,o0 = D(G(tenc,() + (ﬁenc,(ﬂ )N, ce 76(tenc,0 + [/Benc,O-I)N) S RLE"C’O+2,
Penc,1 = d(6(t€nc,1 + [6enc,1—| )N, e 76(tenc,1 + (ﬁenc,l} )N) c RLenc,1+2
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and
Senci < 141((fencii + Benci +1)°TniN(m +6),  i=0,1,

such that

ﬁﬁnc i

||(gen0,i)j - (genc,i)] || (2K + 1)(1 + tgncz + ﬁenc z)6tmc PN2TT K3Benc "N fenesi

for i = 0,1. The composed network fenc = Jene,1 © Jenc,0 Satisfies
]Eenc € ]:(Lenc,O + Lenc,l + 9, (d'r, Penc,0, Dapenc,la J)» J(D(Senc,o + 4) + J(Senc,l + 4)))
as well as fone € F(Ly,p,s) for

Lenc,O + Lenc,l +5 < Z IOgZ (4(tl \ Bl)) lOgZ (TL) < Ll
1€{enc,0;enc,1}

(the first inequality holds true for n large enough) and

p = (d’l", ...,dT‘ y Penc,05 D7p€”0717d~)
-
(k+1) times
5 = d( (Senc() + 4) + d(senc 1+ 4))) + kdr

where k := L1—(Lenc,0+Lene,1+5) (cf. [Schmidt-Hieber, 2017, Section 7.1]). Furthermore,
by Theorem 4.6.20 there exists a network

fdec € ]:(Ldec + 27 (CZ’ DPdec d), d(sdec + 4))

where
Ldec = 8+ (m + 5)(1 + 1OgZ(tdec \ 6dec))
Pdec = d( (tdec [Bdec}) (tdec [Bdec}) ) RLdec+2a
Sdec < 141((tdec + ﬁdec + 1)3+tdecN(m + 6),

such that

Bdec,i

H(fdec)j - (fdec)j”oo < (2K + 1)(1 + t?lec,i + Bgec,i)thec’iNzim + K3Bdec’iNtdec'i

for j =1,...,d. We then obtain fo = faec© fene € F(L,p',s') by composing the networks
fene and fgee (cf. [Schmidt-Hieber, 2017, Section 7.1]) with the values

L = Ly + Lgec + 1,
p/ = (ﬁ)pdemd)a
s = 5+ d(Sdec +4).

The composition also satisfies fo € F(L,p,s) for additional layers where

L <L+ 10g2 (4(tdec \ ﬁdec)) 10g2(n) <L
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(the first inequality holds true for n large enough) and s, p are set according to [Schmidt-
Hieber, 2017, Section 7.1, equation (18)], i.e.

k=L-1 p=(dr,..,dr,p"), s =5+ kp|.

k times

The conditions (ii) to (v) are automatically met. In analogy to [Schmidt-Hieber, 2017,
Section 7.1, Lemma 3],

~ N _ 2By
—fllX, < C© —+N 4.6.93
HfO fO”oo - ke{dec;reralzac?é;enc,l} { n + } ( )

for a constant C that only depends on £, 3. By Theorem 4.6.20, since N27™ < 1, fo has
Lipschitz constant

| follLip < |l faeellLip - 1Gencl|Lip - [|GencollLip < Co

for a constant C' only depending on 3, t.
Up to now, fy is not bounded by a given F'. For large enough n we are able to generate a
sequence (fp)nen in F(L, L1,p, s, F',Cy) (F chosen arbitrarily large) satisfying equation

(4.6.93). If we define f := (||’|j;0|’|‘°° AL fn,

[falloo < lfolloe < Ifaeelloo < K < F

by assumption (i). Therefore, f; € F(L, L1,p, s, F, C2). Equation (4.6.93) also holds true
for the class F(L, L1, p, s, F,C3) since || £ — folloo < 2||fn — folloo- This completes the

proof. O

We cite [Schmidt-Hieber, 2017, Remark 1] in order to maintain a consistent reading
flow and for the sake of completeness.

Proposition 4.6.19. For the network F(L,L1,p,s,00) we have the covering entropy
bound

log N'(8, F(L, L1, p, 5,00), ||l o) < (s + 1) log(2*X426 (L + 1)pgp7 1 5*7).

Approximation error and Lipschitz continuity of neural networks

The first part of the following theorem is taken from [Schmidt-Hieber, 2017, Theorem
5]. The second part (4.6.94) is proven below.

Theorem 4.6.20. For any function [ € Ctﬁ([O, 1), K) and any integers m > 1, N >
(B+ 1)V (K + 1)e!, there exists a network

feF(L,(t6(t+[B)N,...6(t+[B])N,1),s,00)

with depth
L =8+ (m+5)(1+ [logy(tV B)])
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and number of active parameters
s < 141(t + B+ 1)*"N(m + 6)
such that

[@

1 = flloo < QK + 1)(1 +£2 + B2)6!N2™ + K3PN 7.
Furthermore, f satisfies for any ©,y € [0,1]¢,
|f(2) = f(y)] < Lip(N,m) - |& — y|oo (4.6.94)

where
Lip(N,m) := 26F (K + 1)e!(24t52!N27™ + 3t).

To prove (4.6.94), we first recap how f is constructed in [Schmidt-Hieber, 2017, The-
orem 5.
As in Schmidt-Hieber [2017], we define for z,y € [0, 1], m € N,

m—+1
. pT—y+1 LTty r+y 1
multa,y) = (32 (RC—)70) ~ R+ 550 ),
where
RF:=TFoTF 1o, . oT!, keN,
and

T*(z) = min{g,Ql_zk — g}, k € N.
Lemma 4.6.21. For z,y € [0, 1] where multy, is differentiable, it holds that
omulty, (z,y) =y + resi(x,y), Oomulty, (z,y) = = + resa(z,y)
where |res;(z,y)] < 2771 i =1,2. Furthermore,
|madty, (z,y) —x-y| <27 Nz +y) <27™.

Proof of Lemma 4.6.21. A straightforward calculation yields

1
ok eAkJr 1
R () =120 * ’ — (214 (z)—1
o {— e
where
2k 1 J
Ak-‘r - U[ﬁa 2k ]
j=0

We conclude that

_ kToy+1 1 prty, 1y 1
omulty,(z,y) = ;{&R( 5 ) 5 O1R*( 5 ) 2} 5
m+1
1 r—y+1 T4y
- Zﬁ{lfm( 9 ) — L4, ( 5 )+ = (4.6.95)
k=1
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Suppose that the following binary representations are valid for =,y € [0, 1]:

m+yii% x—y+17ib7k
2 L2k 2 Lok
k=1 k=1
where ag, b, € {0,1} (k € N). Then,
z—y+1 T+
Lo, () = 1=t La, (D =1 ap
Insertion into (4.6.95) yields
m+1
1 — 1 1
oymult,, (z,y) = ; Q—k{ak — by} + 3= x;y . ng + 5 +res(z,y) =y + res(z,y)
where - -
. bk af
resg(z,y) == Z oF Z o
k=m+2 k=m+2

Due to ag, by € {0,1} (k € N), we see that |res(z,y)| < 2-(™*1). The proof for dymult,,
is similar.

The second statement follows by the first one using the fundamental theorem of anal-
ysis:

IN

1 1
|mult,, (z,y) — zy| :c/ |Ormult,, (zt, yt) — yt|dt + y/ |Oamult,, (zt, yt) — xt|dt
0 0

< 27 Yz 4 y).

As in Schmidt-Hieber [2017], define recursively for = € [0, 1],
M, (x) := =z,
for x = (21,...,224) € [0,1]>, ¢ € N,
My, (z) := multy, (M, (21, ..., Zoa—1), My (T99-141, ..., T2a)),
and for x = (21, ...,x¢) € [0,1]%, ¢ = [log(r)],

M, () == My, (21, 0oy, 1,001 ).

(29 — t) ones

The first part of the following lemma is taken from [Schmidt-Hieber, 2017, Lemma
A3].
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Lemma 4.6.22. For y € [0,1]" we have
,
|Mm(y1> "'>yt) - H yk| S t2 . 2—m (4696)

and for j € {1,....,t}, at the points y where M, is differentiable,

t

0iMn (y1, oy) — [ wel <23-27 (4.6.97)
k=1,k#j

Proof of Lemma 4.6.22. We only have to show (4.6.97). We restrict ourselves to j = 1
for simplicity. With some abuse of notation, overload y := (y,1,...,1) (where we added
27 — t entries of 1). Then by Lemma 4.6.21, (4.6.96) and |yx| <1 (k =1,...,29),

|ay1M H yk’

q 24

H yk)

i=1 k=2a—i+141

IN
ing
—
/N

2q7i+1
X’ale(Mm@h~--ay2q—i)aMm(yzq—i+17---:Z/zq—i+1))— H Z/k‘
k=2a—141
X H alM yla"7y2q_j)7Mm(y2q_~7+17'”7y2q_j+1))}
Jj=i+1
q 24 2q—i+1
< Z{( H yk) (M (Ya-ig1s oo Yoa-i41) — H yk| +27" )
i=1  f=2e—itly] k=2a—i+1
q
X H (Mm(qu_j+17"'7y2q_j+1)+27m71)}
j=it+1
q 24 q 2q9—j+1
ST wpzarr 1T wear)
i=1 k=2a—i+141 J=i+1 k=29-7+41
q
< gmHl 2{4‘1 S8 | EEX o)
Jj=t+1
< ey ws e
- -7

O]

Now we show (4.6.94). To do so, we derive the mathematical expression Q3 used in
[Schmidt-Hieber, 2017, Theorem 5] to describe f.
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Let M be the largest integer such that (M + 1)! < N. Define the grid
D(M) = {.CC[ = (gj/M)j:I,...,t : (51, ...,gt) S {O, 1, ...,M}t}.

For z,y € [0, 1], put
1
Iy(z) := (M — |z —yl)+
and for x,y € [0, 1],
Haty (y) := My (Ley (1), -5 L, (Y1)

For a,z € [0,1]", let

P = Y @@ Y Sy
0<|al<B ' 0<|y|<8

denote the multivariate Taylor polynomial of f with degree 3 at a. In the above formula,
a and v denote multi-indices.

Then (cf. Schmidt-Hieber [2017], (31)-(35) therein), [¢,| < £ and 37 o4 |¢,| < Ke! <
3B, where B := [2Ke!]. Put

1

Qo =5 3 o) M) + 5,
0

<vl<B

where ¥y := (Yy1, Yyas -, Y, ). Define

Q2(y) = Z multm (Ql (y)quatmz (y))

z€D(M)

and
Q3 :=50Q>
where S(z) := BM'(z — 5i77). Since f = Q3, (4.6.94) follows from Lemma 4.6.23.

Lemma 4.6.23. For x,y € [0, 1],
|Q3(x) — Qa(y)| < BFB(24t°2'N2™™ 4 3t) - [ — ¢ oo

Proof of Lemma 4.6.23. Since (o is piecewise linear, it is enough to consider its first

derivative at the points where it is differentiable to derive its Lipschitz constant.
With ¢ = [log(t)],

aylHatxl(y) = ale(Mm(ylv"'7y2q_1)’Mm(y2q_1+17"'7yt515""1))
qg—1
s TT M (M (91, -5 Mo (=51, o Y1)
=2

x Oymulty, (y1,y2)-
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By Lemma 4.6.22,

1 1 1
QW) — (FPAFW + ) < 5 D le(@)l - Min(yy) — 9]
0<|v[<B
2g—m 1
< I " > el < 5#2%. (4.6.98)
0<l|v|<B
Furthermore,
1 1 71
0y, Q1(Y)z, = B Z ey (@) - Oy M (yy) = B cy(@) - Zaij(y'y)-
0<|y|<Bm =1 0<||<B j=1
Thus by Lemma 4.6.22,
1 1 "
0,10 — 5O PIIW] < % D le el Y [Min(yy) — 0]
0<|v[<B71>1 J=1
1 _ _
< 3 > ley(m)] - 2t < g2 (4.6.99)
0<|v|<B
Finally, Lemma 4.6.22 yields
t
|Hata, (y) = [ ] Lo, (ui)] < 2277 (4.6.100)
k=1

and for j € {1,...,t}, since Oy, I(5,),(y;) € {—1,+1},

t

‘ayjHa‘tml (y) - ayj H I(zl)k(yk)‘
k=1

t
= ‘aij(I(wlh(yl)a"-al(ml)t(yt))_ 11 I(wl)k(yk)"|5yjf(zl)j(yj)|
k=1,k#]

<t m, (4.6.101)

Note furthermore that

t

t
k=1 k=1,k#j

and
(1,0,...,0) <

s

|C’y(5cl)| “my'”

@~

1
|50uPAT ()] <
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By Lemma 4.6.21, (4.6.99) and (4.6.101), it holds that

9, Qa(y)
- ) {Hats, (1) - 0, Q1 (), + Q1 (), - 0y, Haty, (9) }|
1 €D(M),|z1—yloo <M 1
= Z { ‘81multm (Ql (y)wz ) Hatwl (y)) - Hata:l (y) ) 8:1/1 Q1 (y)a:l ‘
1 €D(M),|z1—yloo <M1
X |8y1 Ql (y)xl |
| Gl (Q1 (1)ar, Hati, () — Q1 (v)an | - |0y, Hatar (v)]}
< 27 > {180y, Q1 (y)a | + 10y, Hata, (y)] }
2 €D(M),|z1—yloo <M1
< 2mTloot (gt 4 g) + (27" + 1)}
< 4p8t320 . 27™,

(4.6.102)

In a similar manner, we obtain with (4.6.98), (4.6.99), (4.6.100) and (4.6.101) that

> Hat, () - 9, Q1 (y)a,

T €D(M),|21—yloo <M1

o Z <ﬁl(xz)k(yk)> 1 Oy, aclf()

i €D(M),|lz;—yloo<M~1 k=1

S 2t . (t22_m . (6t32_m + g) + 1- (6t32—m))
< g2t (4.6.103)
and
‘ Z Ql(y)l’l . 8y1Hatwl (y)
xleD(M)lel_yloogM_l
- Z {<BPB (Hl(l"l (Uk) ) '8y1](rl)1(y1)}’
IZGD(M)J‘TZ*?AOOSM_I
< 2 (392"” (127 4+ 1) + 1 (227))
< 4ttot.omm,

(4.6.104)

199



Now, we have

| > (f[ T ) - 3500 PAF )

1 €D(M),|lri—ylo <M~ k=1

) (H I(m)k(yk)) < g M (4.6.105)

T €D(M),|z;—y|loo<M~—1 k=1

<

ST

Let u € D(M) be the grid point which satisfies u; <y; <uj+ M1 j=1,..,¢
Let b(Ja|) := b, if |a| = 8 — 1 and b(a) = 1, otherwise. For general a,a’ € [0,1]" with
ly — aloo, [y — @'|oc < M7, |a — d’|oo < M1, it holds true that

PEF) ~ PEFGI < S0 1 {10% (@)~ 0% (@) |y — a)°)

0<]al<B

+Hof(a)] - [(y — a)* = (y — )]}

1 _
< Y a-{ma—a'yggaDM o
0<|al<p
t —
+(K + F) Z(H’yk—ak|%>'< H ok — a1 10y — a)® — (y — a) )
j=1 = k=j+1
1 _ oi—
< Y o {Kle-af0m 43 Mo - )
0<|al<B j=1
1 _ _
< D0 o AKla B0 (5 Py
0<|a| <

< (K +BK + BF)etM ™.

The last step is due to the fact that f is assumed to have at least Holder exponent 1.
Using this result, we obtain

| 2 {(épﬁf@) + %) ' (lf[Qf(xl>k(yk)) Oy Ty, (1) ||

T €D(M),|z;—yloo <M1

t
Z (H Iuﬁ%’}(yk)) ' ‘(EP(U1+M*1,U2+%7...,M+% )+ 5) Oy (1)

(ig,.it)€{0,1}7 k=2

IN

1 3 1
_p _ , oo I ‘
+(B (ulau2+%:~'~7ut+%)f(y) + 2) ayl b (yl)

1 3 5
< — E | | . . _ — . .
- B g Yo {01} <k 5 ukJr > |P(u1+M—1,uz+%,...,ut+%)f(y) P(ul,u2+%,...,ut+% f(y)‘
12,000t
t t
(K + ﬂK + ,BF)G M_(t_l) ) M_l . (K + 5K + BF)Q

= .Mt
< B 5

(4.6.106)
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Using the bounds (4.6.102), (4.6.103), (4.6.104), (4.6.105) and (4.6.106), we obtain with
K > 1 that
|0, Q2(y)| < 24BFt°2127™ 4+ 38M .

The proof for the other derivatives 9,,, j = 2,...,t, is completely similar. Thus, for
z,y € [0,1]",

1
Qo) — Qala)| < / (0Qa(a + Hy = ). = a)|dt < 151D |9Qa(w)l -y — .

We obtain

Qs(z) — Qs(y)| < BM'|Qa(x) — Qa(y)| < BFB(24t°2' M'27™ + 3t) - |z — yoo.
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Chapter 5

Multiplicative deconvolution in
survival analysis under
dependence

A popular branch of Statistics is represented by survival analysis. It has many appli-
cations in, for example, Economics and Biology. So far, there are a lot of applications
regarding independent and identically distributed observations which we do not have
access to most of the time. In this chapter we extent the theory to data with certain
dependence structures and consider the estimation of survival functions from an inverse
problem point of view.

5.1 Motivation

In survival analysis one primary interest is the survival function. As always, we most
often do not have access to such in real life and therefore have to recover it, given our
observations. We will be focusing on the following scenario. Let S : Ry — R4 be the
unknown survival function of a positive random variable X given identically distributed
copies of Y = XU where X and U are independent of each other. We assume that U
has a known density g : Ry — R,. In this setting, the density fy : R — Ry of YV is
given by

fy(y) =1f =gl(y /f gly/x)z ™ de Yy e Ry

where, as usual, “x” denotes the operation of multiplicative convolution. The estimation
of S using a sample Y7,...,Y, from fy is thus a multiplicative deconvolution problem.
Under this view point, we can build up our theory by means of Mellin transforms, whose
concept is closely related to that of Fourier transforms.

Subsequently, we assume that the errors Uy,...,U, are independent and identically
distributed (i.i.d.) and that Xi,..., X, are i.i.d. or a stationary process with the fol-
lowing, already established, dependence structures. We briefly revise them here in this
context for completeness.
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Absolutely regular mixing (S-mixing) First, let us consider two sigma fields U,V
over some probability space 2 and define the quantity

mix 1
BTHUY) = 5 sup D BU N V) = P(U,)P(V,))|
(P,9)EP*Q

where the supremum is taken over all finite partitions (Up)pep, (V4)qeq of € such that
(Up)per C U, (Vg)qeo C V. Now, let (B(k))ren, be a sequence of real-valued numbers
defined by

B(k) := B(Xo, Xi) := 8"(0(Xo), 0 (X)), (5.1.1)

for o-fields generated by Xy and Xy, respectively. Then, the process is said to be -
mixing if for the corresponding coefficients 8(k) — 0 as k — oo. We refer to the previous
chapters for more references on this subject.

Functional dependence measure We assume that the given process has a repre-
sentation as a Bernoulli shift process. Let X;, j = 1,...,n, be a one dimensional process
of the form

X; = Jjn(G)), (5.1.2)

where G; = (gj,€j-1,...) for ¢j, j € Z, a sequence of ii.d. random variables in R,
and some measurable function J;, : RYo — R, j =1,...,n, n € N. For a real-valued
random variable W and some v > 0, we define |W|, := E[|W|*]"/". Note that this
notation should not be confused with a norm on function spaces; whenever we refer
to the functional dependence measure, it should be clear that we apply a moments
basgd norm. If €7 is an independent copy of e, 'independent of €j,J € Z, we define
g;f(f"“) = (g5, oy €jmkA 15 € _py Ej—k—1, ...) and X;(j_k) = ij(g;(]_k)). Then, the func-
tional dependence measure of X is given by

X j—k

() = 1% = X597

v

(5.1.3)

As before, references and properties already appeared in previous chapters.

5.2 Mellin transform

In this section we establish the key concept of Mellin transforms and collect its relevant
properties for our theory. Let L!(Q,w), L?(R,,w) denote the space of either weighted
absolutely integrable or weighted square-integrable functions on a space Q or R4 (the
positive real line), respectively. The spaces L'(R) or L2?(R) consist of absolutely in-
tegrable or square-integrable functions on R, respectively. For mathematically sound
definitions we refer to Section 1.2.
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Multiplicative Convolution In Chapter 1 we already mentioned that the density
fy of Y7 can be written as the multiplicative convolution of the densities f and g. We
will now define this convolution in a more general setting. Let ¢ € R. For two functions
hi,hs € LY(R,, 27!) we define the multiplicative convolution hj * hy of hy and hy by

(h1 % ho)(y) := /000 hi(y/x)he(z)z  de, yeR. (5.2.1)

It is possible to show that the function hq * ho is well-defined, hy * ho = ho * hq and
hi * hy € LY(R, 27 1), compare Brenner Miguel [2021]. It is worth pointing out, that
the definition of the multiplicative convolution in equation (5.2.1) is independent of the
model parameter ¢ € R. We also know that for densities h1, ho; hi, he € L' (R, 20). If
additionally h; € L2(R,,2%¢71), then hy x ho € L2(R, 22¢71). We would like to mention
that in this case the weight function is a polynomial, referred to by its own evaluation,
that is, by abuse of notation % : z — x® for a € R. However, this is quite common in
the literature.

Mellin transform properties We will now collect the main properties of the Mellin
transform which will be used in the upcoming theory. Proof sketches of these properties
can be found in Brenner Miguel [2021]. Let h; € L'(R,2°!). Then, we define the Mellin
transform of h; at the development point ¢ € R as the function M, [h] : R — C with

oo

M [h](t) == / Iy () d2, tER. (5.2.2)
0

A very important result with regards to the Mellin transform, which makes it so appeal-

ing for the use in multiplicative deconvolution, is the so-called convolution theorem: For
hi,hy € LY(R,, 2¢71),

Ml * ha)(t) = M[ln] () Me[ha(t), ¢ € R. (5.2.3)

Additionally, for the estimation of the survival function the following property is used.
Let h € LYR,,2¢!) be a density and S := Ry — Ry, y fyoo h(z)dx its cor-
responding survival function. Then for any ¢ > 0, S;, € LY (R, 2¢"!) if and only if
h € LY (R, z¢). Furthermore, for any ¢ € R,

MC[Sh](t) = (¢ + it) " Moy [R] (D).

Let us now define the Mellin transform of a square-integrable function, that is, for
hi € L2(Ry, 227 1), Let o : R — Ry, z + exp(—27z) and ¢! : Ry — R be its inverse.
Then, as diffeomorphisms, ¢, ¢~ map Lebesgue null sets to Lebesgue null sets. Thus,
the isomorphism ®, : L2(R, 22¢71) — L2(R), h — ¢ (ho ) is well-defined. Moreover,
let &1 : L2(R) — L2(R,22°"1) denote the inverse of ®.. Then, for h € L2(R,, 2% 1)
we define the Mellin transform of h developed in ¢ € R by

M [R](t) = 2m)F[D.[R]](t), teR,
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where F : L}(R) — L?(R), H — (t — F[H|(t) := limg_0o ffk exp(—2mitz)H (z)dt)
is the Fourier-Plancherel transform. Due to this definition several properties of Mellin
transforms can be deduced from the well-known theory of Fourier transforms. In the
case that h € L' (R4, 27 ) NL2(Ry, 227 !) we have

Numuy_ﬁmx*“%mm¢m t € R, (5.2.4)

which coincides with the usual notion of Mellin transforms as considered in Paris and
Kaminski [2001].

Now, due to the construction of the operator M, : L2(R,22¢"1) — L2(R) it can
easily be seen that it is an isomorphism. We denote by M;! : L2(R) — L2(R,, 2% 1)
its inverse. If additionally to H € L2(R), H € L*(R), we can express the inverse Mellin
transform explicitly by

MVH](z) = — / T o), 3 e R, (5.2.5)

:g .

Furthermore, we can directly show that a Plancherel-type identity holds true for the
Mellin transform: For all hy, ho € L(R, x2c—1)’

(h1, hg)g2e-1 = (2m) " (Me[ha], Mc[ho])r  whence  [|hy|Zac1 = (2m) 7| M. [R][[i-
(5.2.6)

Examples 5.2.1. Given below are the Mellin transforms of commonly used distribution
families.

(i) Beta distribution: Let us consider the family (gs)pen, g5(%) := L(0,1)(x)b(1 — x)*~*

for b € N and = € Ry. Obviously, we see that M_[gp] is well-defined for ¢ > 0 and

b

J
Melgel®) =[] ——, tcR.
j:10—1+j+zt

(ii) Scaled log-gamma distribution: Consider the family (g,a,1) (0,0 cRxR, xR, Where

for a, \,z € Ry and 1 € R we have g, o \(z) = Wx_’\_l(log(x)—u)“_l]l(eu’oo) ().

Then for ¢ < A+ 1, !
M.[guan)(t) = exp(u(c —1+it))(A—c+1—it)™% teR.

If a =1 then g, 1 is the density of a Pareto distribution with parameter e# and
A If = 0 we have that goq  is the density of a log-gamma distribution.

zd

(ili) Gamma distribution: Consider the family (gq)aer, ,94(x) = ﬁ;)lexp(—x)]lﬂy (z)
for d, z € Ry. Obviously, we see that M,[g4] is well-defined for ¢ > —d + 1 and

c+d—1+it)
I'(d)

Mgt = 1t _ teR
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(iv) Weibull distribution: Consider the family (gm)mer. , gm(z) = ma™ ! exp(—2™)1g, (z)
for m,z € R;. Obviously, we see that M.[g,,]| is well-defined for ¢ > —m + 1 and
(c—1+it)_,c—1+it

Mlgm](t) = m ING m ), teR.

(v) log-normal distribution: Consider the family (g, 1) (u,x)erxr, Where g, x for A,z €

R4 and i € R is given by g, a () = \/%/\x exp(—(log(z) — p)?/2X?)1r, (x). We see

that M.[g,, 1] is well-defined for any ¢ € R and

A2(c—1+it)?

Melgunl(®) = exp(u(c — 1+ it)) exp (

5.3 Minimax theory

In the upcoming theory, we need to ensure that the survival function S of the sample
X1,..., X, is square-integrable. Furthermore, in order to define the estimator, we also
need the square-integrablility of the empirical survival function Sx which is defined by

§X($) = n_l Z H(O,Xi)(a:) (5.3.1)
7=1

for any z € R,. The following proposition shows that we can derive the square-integrablilty
condition for both functions by moment conditions.

Proposition 5.3.1. Let @(XI/Q) < 0o. Then, S € LY Ry, 2~ /2) N 1L2(R, 2%). If addi-
tionally E(X;) < oo then Sx € LY(Ry,z~1/2) NL2(R,z°) almost surely.

The proof of Proposition 5.3.1 can be found in Section 5.7.2.
We now define an estimator of S based on the contaminated data Yi,...,Y, and use
the rich theory of Mellin transforms in Section 5.2.

Estimation strategy Let ¢ = 1/2. So, the weighted L?(R, 22°~!)-norm becomes the

usual unweighted L2-norm. Assuming now that ]E(Xll/ 2) < oo we have for k € Ry,
MI/Z[S]]]-[fk,k] S ]Ll(R) N ]Lz(R) Thus

_ (L
Sk(w) = Ml/lg[Mlﬂ[S]]l[—k,k]](x) = 277/k$ 12 tM1/2[S}(t)dtv zeRy, (53.2)

is an approximation of S in the L?(R,,2") sense, that is, |[S; — S||* — 0 for k& — oo.
Now, applying the property of the Mellin transform for survival functions, we know
that My o[S](t) = (1/2 +it) "My o[f](t) for all t € R. Assuming that E(U'/?) < oo,
and thus E(Y'/?) < oo, we get fy,g € L1(R, z/?). We can deduce from the convolution
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theorem that M35 [fy] = M3y/a[f]M3/2[g]. Under the mild assumption that for allt € R,
M3 5[g)(t) # 0, we can rewrite equation (5.3.2) as

_ i g o 1/2—it M3/2[fY](t)
s =5 [, (072 + i) My olg O (5:3.3)

To derive an estimator from equation (5.3.3) we use the empirical Mellin transform

M(t) :=n"" > i1 Y}l/zﬂt as an unbiased estimator of My 5[ fy](t) for all t € R. Keep-
ing in mind that |[M(t)] < |M(0)| < oo almost surely, it is sufficient to assume that
ffk [(1/2 4 it) M3 o[g](t)|72dt < oo for all k € Ry to ensure the well-definition of the

spectral cut-off estimator

& ._ i F g 1/2it M\(t) "
Sulr) = 5 / k MY BeeRe (534)

Up to now, we had two minor conditions on the Mellin transform of the error density g
which we want to collect in the following assumption:

k
VteR: Msgl(t) #0 and VkE]RJr:/_k](1/2+it)./\/l3/2[g](t)|_1dt<oo.
((Go])

The following proposition shows that the proposed estimator is consistent for a suit-
able choice of a cut-off parameter and under certain assumptions on the dependence
structure of Xi,..., X,. It is worth stressing out that for ¢ € R the estimator (1/2 +
it) IMx(t) = (1/2 + it)"In~! > i1 le/zﬂt is an unbiased estimator of M, 5[S](t).
Furthermore, there is a special link between the empirical survival function and the esti-
mator (1/2+it)*1/2f/l\(t). In fact, (5.3.1) ensures that almost surely Sx € L!(Rg, z~1/2)
which almost surely implies the existence of the Mellin transform of S x. From that, it
can easily be shown that

My polSx](8) = (1/2 +it) " Mx (1) (5.3.5)
for all t € R.

Theorem 5.3.2. Assume that E(Y) < oo and that [GO] holds true. Then for any
keRy,

Ag(

~ k 1 [k ~
(15— 51 < I - 5ul? + B0 2+ L [ Var(My ofSil0)a,
—k

1k ‘ _

where Ag(k) = (2m) ™1 [7, [(1/2 + it) M [g](t)|2dt. ~

If (kn)nen is chosen such that k, — oo for n — oo, %ffzn Var(M 2[Sx](t))dt — 0
and Ag(kp)n™t — 0, the consistency of gkn, that is,

E(ISk, - SIP) >0, n— o

is obtained.
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Corollary 5.3.3. Under the assumptions of Theorem 5.53.2 we have
(I) for independent observations X1, ..., X,

E(X
n (1);
n

=~ Ak
B(1Si — SI1%) < 1S — Sy + Evy) 22

(B) for p-mixing observations X1, ..., X, under the assumption that E(X1b(X1)) < oo,

E(]|Sk — SI%) < 1S — Sk +E<Y1>Agn<’f> | EXGb(X))

n

where ¢ > 0 is a positive numerical constant;

(F) and for Bernoulli shift processes (5.1.2) under the dependence measure (5.1.3)

provided that 327, ¥ ()HV? < o0,

B[S — SI) < 5 — Sel? + E(vi) 228y 080D (57 g 172y
j=1

where ¢ > 0 is a numerical positive constant.

As we can see, the first term, the so-called bias term, in the upper bound in Theorem
5.3.2 is monotonically decreasing in k£ € Ry while the second and the last term are
monotonically increasing in £ € R. The second and the third term are a decomposition
of E(|| Sy — Sk||?), the so-called variance term. While Corollary 5.3.3 indicates how the
third term can be bounded, the general assumptions on the error densities do not allow
us to determine the exact growth of the second term. For a more sophisticated analysis
of the variance’s growth, we need to consider more specific assumptions on the error
density g. More precisely, the growth of A, is determined by the decay of the Mellin
transform of g. In this work, we mainly focus on the case of smooth error densities, that
is, there exist ¢, C,~v € R such that

(L4772 < IMg(1)] < CL+2) 72, teR. (1G1))

This assumption on the error density is typical in context of additive deconvolution prob-
lems (cf. Fan [1991]) and is also considered in the works of Belomestny and Goldenshluger
[2020] and Brenner Miguel et al. [2020].

In the context of smooth error densities, we have the following with regards to [G1].

Examples 5.3.4 (Examples 5.2.1, continued). (i) Beta distribution: For b € N and
t € R we have already seen that Ms/s[gp](t) = H;’.Zl m Therefore, there
exist ¢4, Cy > 0 such that

cg(1+ 1) 72 < [Maps[ge] (1)) < Cg(1+ 7).
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(ii) Scaled log-gamma distribution: For A > 1/2, a € Ry and p,t € R we have already
seen that M3 /a[g,,a,](t) = exp(pu(1/2 +it)) (A — 1/2 —it)~*. Therefore, there exist
cg, Cg > 0 such that

cg(1+ 1372 < [Mapolguanl(t)] < Cy(1 +12) 72,

We would like to mention that for small values of v in [G1] it is possible to choose k
independently of the decay of the bias term, in a way that the risk in Theorem 5.3.2 is of
order n~!, respectively log(n)n~!. These cases are covered in the following paragraphs.

Parametric rate If v < 1/2 in [G1], the parameter £ € R, can be chosen in a way
that leads to a parametric rate up to a log-term. This choice can be done independently
of the precise decay of the bias term ||S — Si||?. We accomplish it by the naive bound

1 [ _
15— Sl = / My lS](0)Pdt < K E(X)2)2

T Jk

where we exploit M 5[S](t) = (1/2 + it) "' My 5[f](t) and the bound |M;s[f](t)] <

E(Xll/ 2). The different cases are collected in the following proposition whose proof is
omitted.

Proposition 5.3.5. Let E(Y) < co and [G1] hold true for v < 1/2. Then,
C(9) v < 1/2;
Clg)log(k) v =1/2.

For v = 1/2, choosing k = n leads in all three cases (I),(B) and (F) to a parametric
rate up to a log-term, that is,

a0 <

~ log(n
£(15, — S| < O(f.0) 2
where C(f,g) is dependent on E(X1), E(Uy), the constants in [G1] and the dependence

structure.
If v < 1/2 in the cases (I) and (B), choosing k = oo leads to a parametric rate,

G c(f.9)
E(|8 - 517) < 2

where C(f,g) depends on E(X1), E(Y1), the constants in [G1] and the dependence struc-

ture. If v < 1/2 and we are in the case of (F), the third summand in Corollary 5.5.3

dominates the second, which leads to no improvement in the rate.
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Nonparametric rate Now let us consider the case where v > 1/2, which forces A, (k)
to be polynomial increasing. Under [G1] we see that c k271 < Ay(k) < C,k?7~1 for
every k € R,

In order to control the bias-term we introduce regularity spaces characterized by the
decay of the Mellin transform in analogy to the usually considered Sobolev spaces for
common deconvolution problems. Let us for s € Ry define the Mellin-Sobolev space by

Fa(Ry) = {h € L*(Ry, 2% ¢ [hfZ = (1 + )" My 2[RI} < oo} (5.3.6)

and the corresponding ellipsoids with L € R by W1/2( ):={he¢e W1/2( )2 <L}
For f € W1/2( ) we deduce that ||S — Si||? < Lk=25. Setting

12(L) == {S € Wy 5(L) : S survival function,
Varg(/\/ll/g[gx](t)) < L(1+ [t))"'n~! for any t € R},
the previous discussion leads to the following statement whose proof is omitted.
Proposition 5.3.6. Let E(U) < co. Then under the assumptions [GO] and [G1],

sup  E(|S = Sy, [I)* < C(L, g, s)n /4271

SeW; (L)

for the choice ky, := n'/2st27=1)

Again, let us consider the three different cases of dependence considered in Corol-
lary 5.3.3. As a direct consequence of Proposition 5.3.6 and Corollary 5.3.3 we get the
following corollary.

Corollary 5.3.7. The assumption Var(/\/ll/g[gx](t)) < LA+ [t))"tn~t for anyt € R
i Proposition 5.5.6 can be replaced by

(I) E(X;)<L
(B) E(X1b(X1)) < L
(F) S5, 65 (k)12 < LV?
in the three dzﬁerent dependence cases.

We will now show that the rates presented in Corollary 5.3.7 are optimal in the sense,

that there exists no estimator based on the i.i.d. sample Yi,...,Y,, that can achieve
uniformly over W7 /2( ) a better rate. This implies that the estimator §kn presented in
Proposition 5.3.6 is minimax-optimal.
For technical reason we need an additional assumption on the error density g. Let us
assume that the support of g is bounded, that is, there exists a constant d > 0 such that
for all x > d, g(x) = 0. For the sake of simplicity we assume that d = 1. Furthermore,
let there be constants ¢, C,y € R, such that

o1+ 1%)772 < [Myplgl(t) < C(L+ )77 teR. (G2])

With this additional assumption we can show the following theorem. Its proof can be
found in Section 5.7.2.
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Theorem 5.3.8. Let 5,7 € N and assume that [G1] and [G2] hold true. Then there
exist constants cg, Ls g > 0 such that for all L > L 4, n € N and for any estimator S of
S based on an i.i.d. sample Y1,..., Yy,

sup E(HS«\_ SHQ) > an—Zs/(Qs-l-Qv—l).
SEW; (L)

For the multiplicative censoring model, that is, U is uniformly-distributed on [0, 1],
the assumptions [G1] and [G2] hold true.
Nevertheless, the rate presented in Proposition 5.3.6 is very pessimistic, meaning that
we can find examples of f € W7 /Q(L) where the bias decays faster than Lk~2°. These
examples are considered in the next section.

Faster rates Let us revisit the families (iii)-(v) in Example 5.2.1.

Examples 5.3.9 (Example 5.2.1, continued). By application of the Stirling formula,

d—1

(i) the gamma distribution f(x) = % exp(—z)1r, (z), d,z € Ry delivers
[Muya[S1(6)] = [(1/2 + it)| " Mol f1(8)] < Calt* exp(—nft]/2), for |t] > 2;

(i) the Weibull distribution f(x) = ma™ !exp(—z™)lr, (z), m,z € Ry, delivers for
t] > 2,

(Mo SIO] = 1(1/2 + it)| Ml f1(8)] < Cnlt| ™2™ exp(—lt] /(2m));

(iii) the log-normal distribution f(z) = (2xA\%x%)~ Y2 exp(—(log(z) — 1)/22%)1g, (z),
A,z € Ry and p € R delivers

(M 2[SI(B)] = [(1/2 + it)| TH M o[ f](1)] < Cpualtl ™ exp(=A*¢2/2), for [t > 1.

In all three cases, we can bound the bias term by ||S — Si|| < Cexp(—dk") for some
5,7 € Ry leading to a much sharper bound than Lk~2, although it is easy to verify
that all three examples lie in W7 /Q(L) for any s € Ry and L € R, large enough. For

example, in the case of (I), the choice of k = k,, = nt/25+27=1) " which was suggested in
Proposition 5.3.6, can be improved for any choice of s € R, Setting k, = (log(n)5—1)'/"
leads to

_ log(n)@r-1/r
E(|Ss, — SI2) < C(f, g 8"

which results in a sharper rate then n=25/(2s+2y-1)

Furthermore, despite the fact that the choice of &, in Proposition 5.3.6 does not depend
on the explicit density f € W3 /Q(L), it is still dependent on the regularity parameter
s € Ry of the unknown density f. While it is tempting to set the regularity parameter
s € Ry to a fixed value and interpret this as an additional model assumption, the
discussion above suggests that we might end up with worse rates. In the next section, we
therefore present a data-driven method in order to choose the parameter k = k,, € Ry
based only on the sample Y7,...,Y,.
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5.4 Data-driven method

We now present a data-driven method for selecting the above appearing tuning parameter
k € R, based on a penalized contrast approach. We only consider the case where [G1]
holds true for v > 1/2. For 4y < 1/2, we already have discussed a choice of the parameter
k € R, that is independent of the density f and achieves an almost parametric rate.
In the case v > 1/2, the second summand in Theorem 5.3.2 dominates the third term.
Thus, the growth of the variance term is determined by the growth of A,. Our aim now
is to define an estimator & which mimics the behavior of

k :€ argmin{||S — Si|? + E(Y)Cy(2mn) k1 1 k € Ky}

for a suitable large set of parameters K,, C R,. Considering the result of Proposition
5.3.6 and the fact that ||S — Si||? < k~'E(X'/2?)2, which we have seen in the paragraph
about the parametric case, we can ensure that the set ICp, := {k € {1,...,n} : Ay(k) <
n~1} is suitably large enough. Starting with the bias term we see that ||S — Si||? =
1S]|? — ||Sk||? behaves like —||.Sk||?. Furthermore, for k € KC,, we define the penalty term
pen(k) = xoy Ay(k)n~!, oy := E(Y1), which imitates the behavior of the variance term.
Exchanging —||Sk||? and E(Y;) with their empirical counterparts —H§k\|2 and oy =
n-t Z?:l Y; we define a fully data-driven model selection k£ by

k € argmin{—||S;|> + pen(k) : k € K.} where pen(k) := 20y Ay(k)n~t  (5.4.1)

for x > 0. The following theorem shows that this procedure is adaptive up to a negligible
term.

Theorem 5.4.1. Let g satisfy [G1] with v > 1/2 and ||zg|lec < 00. Assume further
that IE(Y15/2) < 00. Then for x > 96,

B(IS - S5l < 6 inf (IS = Skll> + pen(k))

n

+ C(g, f) (Tll + Var(&x) + Var(Ml/g[S\X](t))dt>

—n

where C(g, f) > 0 is a constant depending on Y, the error density g, E(Xf/Q)

E(Xl) and (/J'\X = nil Z?:l Xj.

, OX =

The proof of Theorem 5.4.1 is postponed to Section 5.7.3. The assumption ||zg||oc < 00
is rather weak because it is satisfied for a large range of densities considered. Note that
by abuse of notation x : x — z is the identity mapping.

Corollary 5.4.2. Let the assumptions of Theorem 5.4.1 hold true. Then,

(I) in the presence of i.i.d. observations X1, ..., X,, and E[X?] < oo,

Clg, f)

n

E(|1S — S51*) <6 inf (IS — Stl|* + pen(k)) + (1+E[X?] + E|X4]);
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(B) for B-mizing observations Xi, ..., X, under the assumption that E[X?b(X1)] < oo,
B(IS - 35l*) < 6 inf (IS - Sil* + pen(h))

N C(if) (1+E[X26(X1)] + B[ X1[b(X1)]) ;

(F) for Bernoulli-shift processes (5.1.2) under the dependence measure (5.1.3) provided
that 37, 67 ()2 < o0 and £}, 65 (j) < oo,

B(IS — S5 < 6 inf (IS = Skll* + pen(k))

o Clo Do) ([ (Sm )V 4 (S a8y’
j=1 =t

n

Under the assumptions of Theorem 5.4.1 and if S € W} /Q(L), we can ensure that
5> 1/2. Then we have k,, := |n!/+7=1] ¢ £, and thus

E(||S — 5;|1%) < C(f, g)n =2/ @s+20D)

for all three cases (I), (B) and (F).

5.5 Numerical studies

In this section, we use Monte-Carlo simulations to visualize the properties of the esti-
mator S;. We will first consider the case of independent observations [I] and then study
the behavior of the estimator in presence of dependence.

5.5.1 Independent data

Let us illustrate the performance of the fully-data driven estimator §E defined in (5.3.4)
and (5.4.1). To do so, we consider the following densities whose corresponding survival
function will be estimated.

(i) Gamma distribution: fi(x) = %(7544)%3 exp(—0.52)1g, (z),
(ii) Weibull distribution: fo(z) = 2z exp(—2?)1g, (),
(ili) Beta distribution: f3(z) = £5(0.52)3(1 — 0.52)*1 (g 9)(x) and
(iv) log-gamma distribution: fi(x) = % 10g ()31 (1,00 ().
As for the distribution of the error density, we consider the following three cases

(a) Uniform distribution: gi(z) = 1y 1)(z),
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(b) Symmetric noise: ga(x) = 1(1/23/2)(x) and
(c) Beta distribution: gs(x) = 2(1 — )1 1)(2).

We see that g1 and g satisfy [G1] with the parameter v = 1 and g3 fulfills the conditions
with v = 2. Due to the fact that the true survival function satisfies S(z) € [0, 1], x € R,
we can improve the estimator S; by defining

) 0 , Sz () < 0;
SE(QS) = §E(l') ,§E($) € [0,1];
1 ,§E(CC) > 1.

The resulting estimator §E has a smaller risk then §E, since ng_SHQ < Hgg—SH On the
other hand, the estimator has the desired property that it is [0, 1]-valued. Nevertheless,
it is difficult ensure that S;(0) = 1 and that S; is monotone decreasing. Although there

are many procedures to guarantee the monotonicity of an estimator S and the property
S (0) = 1, the presented theoretical results of this work are not applicable to the modified
estimators.

We will now use a Monte-Carlo simulation to visualise the properties of the estimator §E
and discuss whether the numerical simulated behavior of the estimator coincides with
the theoretical predictions.

After that we will construct a survival function estimator S based on §E which, in fact,
is a survival function, keeping in mind that the theoretical results of this work do not
apply for this estimator.

| n =500 | n=1000 | n = 2000

(i) 1.31 0.75 0.23
(i) | 0.19 0.09 0.04
(iii) | 0.21 0.12 0.06
(iv) | 110 0.34 0.20

Table 5.1: The entries showcase the MISE (scaled by a factor of 100) obtained by Monte-
Carlo simulations each with 200 iterations. We take a look at different densities
and varying sample sizes. The error density is chosen as (a) in each case.

In Table 5.1 we can see that for an increasing sample size, the variance of the estimator
seems to decrease. Also, increasing the sample size allows for the estimator to choose
bigger k values, which on the other hand decreases the bias induced by the approximation
step. Next, let us consider different error densities.
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Figure 5.1: Considering the estimators §@, we depict 50 Monte-Carlo simulations with
varying error density (a) (left), (b) (middle) and (c) (right) for (i) (top),
(ii) (bottom) with » = 1000. The true survival function S is given by the
black curve while the red curve is the point-wise empirical median of the 50
estimates.

In Figure 5.1 we see that the reconstruction of the survival function with error density
(a) and (b) is of the same complexity while the reconstruction with error density (c)
seems to be more difficult. This behavior is predicted by the theoretical results because
for [G1], (a) and (b) share the same parameter v = 1 while (c¢) has the parameter v = 2.

Heuristic estimator We will now modify the estimator §§ such that the resulting

estimator S is a survival function. To do so, we see that for any £k € R and z € Ry,

—~ 1 kx,l/zfitMi(t) i Ldt = (5o % .
Sutw) = 5 [ eV A/ = (s o),
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where g, (z) = 1(g,1)() is the density of the uniform distribution on (0, 1) and pi(z) =

(2m)~t ffk z 2_”#([2]@)&. Exploiting the definition of the multiplicative convolu-

tion we see that for any x € R,

Sw) = [l ta,

This motivates the following construction of a survival function estimator. First, ex-
changing py with (py(x))+ ensures the monotonicity and the positivity of our estimator.
The final estimator is then defined as

S(z) := S(z)/S(0+), where S(z) := /Oo(ﬁg(y))+y_1dy, for any y € Ry.

where 0+ denotes a positive real number very close to 0. Since our estimator is not
defined in 0 we cannot normalise it with S(0).

Let us now illustrate the behavior of the heuristic estimator S for an increasing number
of observations compared to the estimator ;.
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Figure 5.2: Considering the estimators §E (top) and S (bottom), we depict 50 Monte-
Carlo simulations with varying sample sizes n = 500 (left), n = 1000 (middle)
and n = 2000 (right) in the case (ii) with error density (b). The true survival
function S is given by the black curve while the red curve is the point-wise
empirical median of the 50 estimates.

Although the estimator S is a survival function, the alteration of the estimator seems to

introduce an additional bias. Based on the numerical study, this additional bias seems

to decrease for n large enough. Nevertheless, this modification is purely heuristic.

Dependent data In this subsection we are going to take a look at an AR(1)-process
of the following form and analyze its structure using the functional dependence measure.
For |p| < 1 we define

Xy :=pXn_1+en, where g, | B, ~ L(p,\ with By, ~ Bin(m, 1 — |p|).

Here, we obviously refer to the gamma distribution by I'(a, A), a,, A > 0, and the binomial
distribution by Bin(m,p), m € NU {0}, p € (0,1). It is apparent that the innovations
constructed are i.i.d. and for this specific choice of &,, the marginals of the AR(1)-
process follow a gamma distribution I'(, y) as shown in Gaver and Lewis [1980]. The
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sequence (X, )nen then emits a representation as a Bernoulli shift, X,, = Z;’;O pjgn_j
(cf. Brockwell and Davis [2016] orChow and Teicher [1988]). In this case,

X k *(j—k k
B0 =10t sup les = &7y < 2o leally
Jj=1,...n

Therefore, Y 5o, 05 (k) = 1%|p\ < oo and Y22, 0% (k)V/? = W < oo as geometric
series. Hence, the assumptions of Corollary 5.3.3 and 5.4.2 are satisfied. Specifically,
the estimator’s variance depends on the choice of p. The closer p is to one, the more
dependent the data becomes whereas the variance increases. However, if p approaches
zero, the data can be seen more independent, until it becomes i.i.d. This behavior can
be seen in Table 5.2, as well.

| n =500 | n=1000 | n = 2000

m=1 p=0.1 0.15 0.11 0.05
p=20.5 0.29 0.16 0.07
p=209 1.19 0.63 0.35
m=4 p=0.1 0.69 0.39 0.13
p=20.5 0.93 0.52 0.18
p=0.9 2.87 1.57 0.70

Table 5.2: The entries showcase the MISE (scaled by a factor of 100) obtained by Monte-
Carlo simulations each with 200 iterations. We take a look at different densi-
ties, three distinct sample sizes and varying p. The error density is chosen as
(a) in each case.

5.6 Concluding remarks

We have developed a theory for the estimation of the survival function with multiplicative
measurement error based not only on i.i.d. but also on dependent observations. As an
inverse problem, employing the Mellin transform turned out to be a successful strategy.
If the data is i.i.d. or 8-mixing we obtained oracle rates of a similar magnitude. In case
of Bernoulli shift processes under the functional dependence measure a slightly slower
rate by an additional factor of log(n) was achieved. Under certain conditions almost
parametric rates were recovered. The bias-variance trade-off was typically dealt with by
a spectral cut-off for which a cut-off parameter was selected by a data-driven method.
So far, we have established a minimax rate when our observations are independent and
identically distributed; in the presence of dependence a completely new theory has yet to
be provided. In a numerical study we have seen that the simulations support our theory,
which is why would also expect a good performance in real life applications.
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5.7 Lemmata and Proofs of Chapter 5

5.7.1 Useful inequalities

The following inequality is due to Talagrand [1996], the formulation of the first part can
be found for example in Klein and Rio [2005].

Lemma 5.7.1. (Talagrand’s inequality) Let Z1, . .., Z, be independent Z-valued random
variables and let vy, = n~ ' >0 | [vn(Zi) — E (vp(Z ))] for vy, belonging to a countable class
{vn, h € H} of measurable functions. Then,

E <sup |7p|% — 6\112> <C [n exp (—n\l’2> + ¢—2 exp <—Kn\11>] (5.7.1)
+

heH 67 (0

with numerical constants K = (v/2 —1)/(21v/2) and C > 0 where

sup sup | (2)] < 9, E(sup [7x|) < U, sup — ZVar vp(Z;)) < 1.
heH 262 heH heH T

Remark 5.7.2. Keeping the bound (5.7.1) in mind, we can specify particular choices

of K,eg. K> 100 As an immediate consequence we have

U2\ Y2 [—nU
E l2—6u?) <ol " Y 7). 5.7.2
(sop—ov2) <o (Few () s e (o)) 672

5.7.2 Proofs of Section 5.3

Proof of Lemma 5.3.1. Let us assume that E(X'/?) < co. Then, f € L}(R,z'/?) and
thus S € L' (R, z~/2) because

/0 x‘l/QS(a:)dx:/O /o x‘l/zl(o,x)(y)f(y)dydx:/o 2y'/2 f(y)dy < oo.

By the generalized Minkowski inequality, cf. Tsybakov [2008], we have

/0°° S (a)do = /OOO (/OOO L) (y)f(af)clfz:>2 dy
2
= </00O (/OOO H(O»I)(y)fz(x)dy) - dx) = (/OOO xl/Qf(x)d:c>2,

which implies S € L%(R;,z%). Next, we can easily see that IE(H§X||L1(R+,Q,_1/2)) =

I 27128 (z)dx < co. Since E(X;) < oo, we obtain

BI85 < | B0 g0 (X)) = / " S(@)de = E(X)) < o0

Hence, Sx € L' (R, 27 /2) N L2(R,, 2°) almost surely. O
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Proof of Theorem 5.3.2. Let k € R,. Since ./\/(1/2[5 Sk]( ) = 0 for |t| < k we get by ap-
plication of the Plancherel identity, (S — Sk, Sp — Si) = 5 f i M2l — Skl (t) My j2[Sk —
Skl(=t)dt = 0 and thus ||S — 5;)|2 = ||S — Sk||2 + ||k — Sk||2. Again by application of
the Plancherel identity, cf. equation (5.2.6), and the Fubini-Tonelli theorem,

E(||Sk — Sill*) =

1k Var(M(t))
27r/ \(1/2+it)M3/z[g](t)l2dt’

Now we will use the fact that Var(M(¢)) = Var(/\//\l( t) — Ex (M(1))) + Var(E x (M(1)).

For the first summand we see that by Ex (Y, p ; ,

Var (//\/\l(t) — E\X(M\(t»)

_ 121 121 1/2+i 1/244 1/2—i 1/2—i
ZZ /+t / t(Uj/+t—E(Uj/+t)(Uj,/ t—E(Uj/ t))

7‘7_

_2 Z 1/2+Zt 1/2 Zt)E((U]1/2+Zt o E(Uj1/2+lt)(U]1/2—Zt o E(UJII/Q—’Lt))

7‘77

= n ' E(X)Var(Uy2T) < n ' B(W).

On the other hand, we have E|X(/T/l\(t)) =n-! > i le/2+itIE(Uj1/2+it) and thus

Var(E x (M(t)) = [E(U;T)E(jn —IZX”“” Mol (1))

Due to these considerations and the fact that E(Ul/%n) Ms)[g](t) for all t € R, we
have

E(|Sk — Sk|*) < E(V7) dt.

Ay(k) 1 /k E(|M\X(t)—M3/2[f](f)|2)
n Tor ), 12+ it

As for the last summand, for any k € Ry,

1 kE(|Mx(t) — Myl f](1)?)
o |, 12 1 it

k ~
it = % /_ Var(Mya[Sx](0)dt

using equation (5.3.5). O

For the proof of Corollary 5.3.3 we will need the following results. The key statement
regarding [-mixing processes is delivered by the variance bound in Asin and Johannes
[2017] after Lemma 4.1 of the same work. Their approach is based on the original idea
of [Viennet, 1997, Theorem 2.1].
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Lemma 5.7.3. Let (Z;)jez be a strictly stationary process of real-valued random vari-
ables with common marginal distribution P. There exists a sequence (bg)ren of measur-
able functions by, : R — [0, 1] with Ep[bx(Zo)] = B(Zo, Zi) such that for any measurable
function h with E[|h(Zp)|*] < 0o and b= >"po,(k+1)P2b; : R — [0,00], p > 2,

Var( ) h(Z;)) < 4nE[|h(Z0)|*b(Zo)]
j=1

where by = 1.

As far as the functional dependence measure is concerned, we do not have access to
the process (Xj) itself. In its given form (X;/Qﬂt)
statements.

we make use of the two following

Lemma 5.7.4. The function g : Ry — R, z — #1/2%t ¢ e R, is Holder continuous
with exponent 1/2, i.e. |g(x) — g(y)| < L(t) - |z — y|'/? where L(t) = 1 + 4[t|'/2.

Lemma 5.7.5. Let g : Ry — R,z — z'/2*" t € R. In the case of (F) we have
Var(S0, g(X,)1/2 < L(E) - 02 350, 6 (02 where L(t) = 1+ 4]t]1/2.

Proof of Corollary 5.53.3. We consider the different dependence structures separately.
(I) The result for independent observations can directly be obtained since
Var(My [Sx](8)) = [1/2 + it|"2n~ Var(X, ") < |1/2 + it| 0 'E(X)).
On the other hand, as k — oo, (27)~" [*, [1/2 + it|2dt — 1.
(B) In the case of S-mixing we employ Lemma 5.7.3. We then have

41/2 + it| 202 nE[| X2 2b( X))
411/2 + it| 2 B X1 [b(X1)).

Var(M1/2 [§X] ) <
<

As before, as k — oo, (27)~! ffk |1/2 + it|~2dt — 1.
(F) We now study the dependence measure. According to Lemma 5.7.5 we have
Var(My o[Sx)(8)dt < L2(#)[1/2 + it| 2 -0~ (3 67 (k)1/2)*
k=1

where L(t) = 1+ 4[t|'/2. Therefore, ffk L2(t)(1/2 +1t)~2dt < clog(k) for a numer-
ical constant ¢ > 0.

O]
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Proof of Lemma 5.7.4. Without loss of generality let z > y > 0. By the elementary
inequality |z'/2 — 4'/2| < |z — y|'/? we have

1/24it _ y1/2+it| |:L‘Zt| Nz — y|1/2 + |y‘1/2 . |1}it _ yit|
o =y + [y 2 [ — .

lg(z) —g(y)| = |z <
<

We then bound the second term. First we see that

Jy|'/? - |2 — 4| < |y|"/? - (| cos(tlog(x)) — cos(tlog(y))| + | (sin(t log(y)) — sin(tlog(y)))])-
Moreover,

Toe(z /) — It - 1o -y
| cos(tlog(x)) — cos(tlog(y))| < [¢]-log(w/y) = It] - log (1+ =)

r—y
Y

<t

where we used log(1+2z) < z for z > 0. At the same time | cos(t log(z))—cos(tlog(y))| < 2.
Applying both bounds together and exploiting min{1, z} < z* for z > 0, s € (0, 1),

[y[*/2 - | cos(tlog(x)) — cos(tlog(y))] < 2y min{|f 7,1}
Yy
< 2|t|1/2!y\1/2‘ﬂ’1/2
B Yy
= 2t'?| - |z — g2,
A similar argument applies for the sine terms, which delivers
12 fot — ) < e 2
The case y > x > 0 follows analogously by interchanging the roles of x and y. Therefore,
l9(x) = gy)| = |2 =y 2H < (14 4ft) )|z — y) V2.
O

Proof of Lemma 5.7.5. For a sequence W := J;,(G;) with ||[Wi||1 < oo, let Pj_p(W) :=
EW | Gj—i] — E[W | Gj_x—1] denote its projection, k € Ny. Then, by the projection
property of the conditional expectation and an elementary property of d2 (cf. Wu [2005],
Theorem 1), we have

Var(zn:g(Xj))l/z = inn:ijg(X])‘L
= k=0 j=1

< a2y 6 k).
k=0
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By Lemma 5.7.4,

X (i
5§ k) = suplg(X;) - (X)) G=R]1,
]: 7"'7n
*(7—k);1/2
< L) swp 1% = XG0V = 1) 6 ()2,
j=1...,n
which delivers our desired statement. O

Proof of Theorem 5.3.8. We first outline the main steps of the proof. We will construct a
family of functions in W /Q(L) by a perturbation of the survival function S, : Ry — R

with small “bumps”, such that their L2-distance and the Kullback-Leibler divergence of
their induced distributions can be bounded from below and above, respectively. The claim
follows by applying Theorem 2.5 in Tsybakov [2008]. We use the following construction,
which we present first.

Denote by CZ°(R) the set of all smooth functions with compact support in R and let
1 € C°(R) be a function with support in [0, 1] and fol Y(x)dx = 0. For each K € N (to be
selected below) and k € {0,..., K'} we define “bump functions” 9y, g (z) := (2K — K —
k), * € R. For j € Ny we set the finite constant C; o := max{|[¢|«,! € {0,...,5}}.
Let us further define the operator S : C°(R) — C°(R) by S[f](z) = —2fM)(z) for all
z € R and define S! := S and 8" :== SoS" ! for n € N,n > 2. Now, for j € N, we
define the function ¢y, ;¢ ;(v) == 87 [¢r x|(z) = (=1)7 YI_, ¢; j2' KpD (2K — K — k) for
r € Ry and ¢; 5 > 1.

For a “bump amplitude” § > 0, € N and a vector 8 = (01,...,0x) € {0,1}¥ we define

K-1
Se(x) = Sy(x) + 6K 571 Z Or+1V%, Kk y—1(x) where Sy(x) := exp(—z).  (5.7.3)
k=0

Taking the negative sign of the derivative of this function leads to the density

K-1

fo(x) = fol@) + 8K Grthpscy (@)2~! where folx) = exp(—z).  (5.7.4)
k=0

Until now, we did not give a sufficient condition to ensure that our constructed functions
{Sg : @ € {0,1}¥} are survival functions. We do this by stating conditions such that the
family {fp : @ € {0,1}%} is a family of densities.

Lemma 5.7.6. Let 0 < § < 6,(¢,7) := exp(—2)277(Cy,00¢y) " . Then for all 6 €
{0,1}5, fo from (5.7.4) is a density.

Furthermore, it is possible to show that these survival functions all lie inside the
ellipsoids W3 /Q(L) for L big enough. This is captured in the following lemma.

Lemma 5.7.7. Let s € N. Then, there is Ly, 5 > 0 such that S, and any Sg as in
(5.7.3) with 6 € {0,1}*, K € N, belong to W3 so(Ls.s)-
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For sake of simplicity we denote for a function ¢ € L2(R,,2%) NLY(R,,z/?) the
multiplicative convolution with g by @ := ¢ x g. Next, we see that for yo > 31 > 0,

Folun) = /0 " g exp(—y fa)de > /0 " g@)a exp(—yn/x)dz = Folyn)

and thus £, is monotonically decreasing. Additionally, we have that ]?0(2) > 0, since oth-
erwise g = 0 almost everywhere. Exploiting Varshamov-Gilbert’s lemma (cf. Tsybakov
[2008]) in Lemma 5.7.8 we show that there exists M € N with M > 2K/8 and a subset
{6 0M)Y of {0,1}X with ) = (0,...,0) such that for all j,1 € {0,..., M}, j #1,
the L2-distance and the Kullback-Leibler divergence are bounded for K > K, (v, ).
Lemma 5.7.8. Let K > max{K,(1,7),8}. Then there exists a subset {87, ... 60}
of {0, 1} with 80 = (0,...,0) such that M > 25/8 and for all j,1 € {0,..., M}, j #1,
(v—1) 1252 ~ ~ 2

1Sg0) — Seu |12 > W K25 and KL(fy0), foon) < %52 log(M)K ~2s=27+1
where KL(+, ) is the Kullback-Leibler divergence.

Selecting K = [n!/(25727=1)] delivers

KL(fo0), fo©) < Cps.gm.p, log(M)

M=

M
TS KL (Fa0)™™) = 1
=1 j=1

where ¢y 59,7, < 1/8 for all 6 < 61(2, 9,7, fo), M > 2 and for the choice of a large
enough n > ng 1= max{82T1, K,(v,1)?* 271}, Thereby, we can use [Tsybakov, 2008,
Theorem 2.5], which in turn for any estimator S of W /Q(L) implies

sup P(Hg_ SHQ > Cw,%n—%/@s—&-?y—l)) > VM (1 _ 1/4 _

> ) > 0.07.
SEWS (L) L+vM

4log(M)

Note that the constant ¢y, 5~ only depends on 1),y and . Hence, it is independent of the
parameters s and n. The claim of Theorem 5.3.8 follows by using Markov’s inequality,
which completes the proof. ]

Proofs of the lemmata

Proof of Lemma 5.7.6. For any h € C2°(R), S[h] € C°(R) and thus S’[h] € C2°(R) for
any j € N. Further, for h € C°(R), [ W (x)dx = 0, which implies that for any § > 0
and 0 € {0, 1} we have [} fo(x)dz = 1.

Now due to the construction (5.7.4) of the functions vy, i we easily see that the function
Y1, has support on [1 4+ k/K,1+ (k + 1)/K], which leads to vy, x and vy i having
disjoint supports if k # [. Here, we want to emphasize that supp(S[h]) C supp(h) for all
h € C*(R), which implies that vy, k. and vy i, have disjoint supports if k& # I, too.
For z € [1,2]¢ we have fg(z) = exp(—x) > 0. Now let us consider the case = € [1,2].
Then there is k, € {0,..., K — 1} such that z € [1 + k,/K,1 + (k, + 1)/ K] and hence

So(z) = Sp() + Op,+ 10K 57 x ™y e (2) > exp(—2) — 6270, oy
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since [|Yg K jllo < 2jCj7wchj for any k € {0,...,K — 1}, s > 1 and j € N where
cj = >1_, ¢ij. Choosing § < §,(1),7) = exp(—2)277(C,y.00cy) ! ensures fo(x) > 0 for
all z € Ry O

Proof of Lemma 5.7.7. Our proof starts with the observation that for all t € R we have
M, 5[S,](t) = T'(1/2 + it). Now, by applying the Stirling formula (cf. Belomestny and
Goldenshluger [2020]) we get [['(1/2 + it)| ~ exp(—m/2|t|), |[t| > 2. Thus for every s € N
there exists Ly such that |S,|? < L for all L > L.

Next, we consider |S,—Sg|s. Let us define U := ZkK:_Ol Or-+1¢k i and W j := S7[W ] for
j € N. Then we have |S, — Sp|? = 62K 25727 2| W , 1|2 where |.|s is defined in (5.3.6).
Now since for any j € N, supp(Vk ;) C [1,2] and ||V ;| < 00, we have that the Mellin
transform of Vg ; is defined for any ¢ € (0,00). By a recursive application of the inte-
gration by parts we deduce that |[M; o[V s1q—1](t O = (1/4 4 t2)5 | My o[ W 1] (1)]?,
whence

Wy < Co [ MV )P = O [ Wiy a (o)

by the Parseval formula, see equation (5.2.6), where Cs > 0 is a positive constant.
Since the 1y, g have disjoint support for different values of k we reason that |\I/;m_1\§ <
Cs ZK 10k+1 Jo 7 187 5[y, k] (%) |*da. Applying Jensen’s inequality and considering
the fact that supp(¢x, i) C [1,2], we obtain

K—17+s—1
Wiy 1< Chn S S 2 1+5/ K20 (2K — K — k)2da
k=0 j=1
K—1v+s—-1
< Cly K20 N 2 AICE K< Gy K2O1)
=~ Fts™ Mb,sy = ~(7:9) :

k=0 j=1

Thus, [S, — Sp|7 < Cs.6) and [Sel2 < 2(|S, = Sal? +S0]2) < 2(Cspy) + Ls) =: Ly
By Corollary 5.3.7 it is sufficient to show that fooo xfo(x)dr < L~ 52. In fact,

14+ (k+1)/K

/ zfg(x)dr =1+ 0K 5+ Z/ Vi kA (x)de < 14 5C,

0 1+k/K

since ||Yn, K ~lloo < 27Cy 00cy K7 = Cy K7, cf. the proof of Lemma 5.7.6. The claim follows

by choosing L~ s = max{ L1, Ls~s52}- -

Proof of Lemma 5.7.8. Using the fact that the functions (Y i )reqo,....k—1y With differ-
ent index k have disjoint supports we get

K-1
IS0 — Sorl|* = 62K 2T DS " Oy — Oy )iy 12
k=0

= 2K 26071 (0, 0') |40, k-1 ||
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with p(0,0’) := S K1 ﬂ{0j+1?50;+1}, the Hamming distance. Now the first claim follows

=0
K230 - 1)12
2

by showing that |10k H—1]* > for K big enough. To do so, we observe

Ioknl> = Y cjy1cina / 2T (@)l ) () da
i€l y—1} 0
Defining ¥ := ¢ y—1]|* — fooo(xW*lwé?I;l)(x))zdx, we see

K23l
2

o] = £+ /0 (@7~ (@))% > 3+ KD 3|0 D)2 >
(5.7.5)

K23 |lp— )2 T :
as soon as |X| < =——5——". This is obviously true because K > K,(v,%) and thus

IS0 = So|? > HLGIE 27150, 6/) for K > Ko(4, ).

Now we use the Varshamouv-Gilbert Lemma (cf. Tsybakov [2008]) which states that for

K > 8 there exists a subset {8, ... 8} of {0,1}% with 8 = (0,...,0) such

that p(80),0%)) > K/8 for all j,k € {0,...,M},j # k and M > 2K/8. Therefore,

(v=1)]12 52

1S56) = Sea |12 > g =2, o o

For the second part we have f, = fo0 and by using KL(fg, fo) < x*(fo, fo) =

fR+ (fo(z) — fo(2))?/ fo(x)dz it is sufficient to bound the y2-divergence. We notice that

fg — ]70 has support on [0,2] since fo — f, has support on [1,2] and g has support

on [0,1]. For y > 2, fa(y) — foly) = fyoo(fg — fo)(x)x"tg(y/x)dz = 0. Let Vg, :=
kK:_Ol Okt 1y = S7] i(:_ol Or+1Vk k] =: S7[¥k]. Now by using the compact support

property and a single substitution we get

2(For o) < Fo(@) 7 MIfo — Foll? = Fo(2) 102K 2520521 |12,

P

Let us now consider [|w=!W¥x,|?. In a first step we see by application of the Parse-
val equality that [[w= W, [|> = 5= [70 |My jolw= Wk, (t)|2dt. Now for ¢t € R, we see

T 2rJ—0
by using the multiplication theorem for Mellin transforms that M, w1V, (1) =
M 2lg](t)- My jolw ™' ST [k ](1). Again we have My jp[w ™" ST[W]](t) = (—1/2+it) M _y o[ Pk](1).

Together with assumption [G1’] we obtain

P C’ oo _
o i 2 < B Mt ot = Gl il < Culg) 1P

—0o0

Since M > 25 we have KL(fy0), foo) < %52 log(M)K—25=27+1, 0
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5.7.3 Proofs of Section 5.4

Proof of Theorem 5.4.1. Let us define nested subspaces (Uy)ger, by Ui := {h € L*(Ry,2°) :
V[t| > k : My 5[h](t) = 0}. For any h € Uy, we consider the empirical contrast

My a[h](—1) .

R — o S (Y
2t i Mg plgn I =2 ;h(YJ)

k) =7 =25 [~ Fe);

with v, (Y;) == 5= [0 le/2+it (1/;\:11.{)2/{2}3(/_2& pydt- 1t can be seen easily that Sy, = argmin{y, (h) :

h € U}y with 7,(Sg) = —||Sk||2. For h € Uy define the centered empirical process
vpi=n"1 > j=1vn(Yj) = (h,S). Then we have for hy, hy € Uy,

Ya(h1) = n(h2) = |1 = S|* — [|he — S|* — 203, —p,. (5.7.6)

Now since 'yn(gk) < Y, (Sk) and by the definition of E, we have 'yn(gg) — ﬁeﬁ(@) <
Y (S) — pen(k) < v (Sk) — pen(k) for any k € K,,. Using (5.7.6),

15 = S22 < IS — Skl + 205 _g, -+ pen(k) — penk).

First we note that Uy, C Uy, for k1 < ks. Let us now denote by a V b := max{a, b} and

define for all k € K, the unit balls By := {h € Uy : ||h]| < 1}. Next, we deduce from

2ab < a® + b? that 25 g < A7H1S: — Skl + dsuppep. 2. Furthermore, we see that
k

4*1H§@ -S| < 2*1(H§E — 5|12+ ||S — S||?). Putting all the facts together and defining
p(kV k) =240y Ay (k V k)n~ " (5.7.7)
we have

IS =517 < 315~ Sill?
+8( sup 77 —p(kVk)), +8p(k Vv k) + 2pen(k) — 2pen(k).
kVk
The decomposition vy, = vy i + Vp e Where

n

Phin =1 (wn(Y)) = Eix (vn(Y5))) and Dhge =" > Eix(va(Y5))) — E(va(Y5))
i=1 =1

implies the inequality

. B 1 -
IS — S5l <3[1S — Sll* +16( sup 77 5, — Sp(k V k),

heB;.,, 2

+16 sup 74 + 8p(k V k) + 2pen(k) — 2pen(k).
heBgy, 7
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Assuming that x > 96, 4p(k V k) < pen(k) + pen(k). Thus,

~ 1
2 2 —2
1S — Sz II” <6(||S — Skll” + pen(k)) + 16 Inax (hseugk Uhin — ip(k))+
+16 max sup 77 g, + 2(pen(k) — 2pen(k)) + 2(pen(k) — peni(k))--

k'eKn heB,,

We will use the following Lemmata which will be proven afterwards.

Lemma 5.7.9. Under the assumption of Theorem 5.4.1 we have

i 1" “
E(max sup Vhde) < o /_ : Var(M, 2[Sx](t))dt

Lemma 5.7.10. Under the assumption of Theorem 5.4.1 we have

1 ox E(X 5/2) Var(cx)
52 < — + L
E( gé%i(f?gk Phin 2p(k))+ - C(g)( n J?{Qn ox )

Lemma 5.7.11. Under the assumption of Theorem 5.4.1 we have

-~ E(Y o ~
E((pen(k) — pen(k))4) < 4X(71) + 4y =L Var(Gy).
ayn ox

Applying the lemmata and using the fact that E(pen(k)) = 2pen(k),

~ Clg,x, f Var(o
E(||S — SEH2) < 6(”5 — Skl* + pen(k)) + (TL)+C(9’X)U()()()
1 [/ ~
+ % Var(./\/ll/g[SX](t))dt.
Since this inequality holds true for all k € IC,,, it implies the claim. O

Proofs of the lemmata

Proof of Lemma 5.7.9. By applying the Cauchy-Schwarz inequality and the identity

Epx (] %) — BV} = Mypalg) () (X —E(X) ), we get for any k € K,

and any h € By,

1 1k (T X BT My o R (<)
~Y E Y;)) — E(vn(Y;)) = = J z
n; (1) - Eon(%) = 5 [ k R dt
: : 1/2
GNP VD ST 10 i A
< % Lk 1/4+t2 dt HhHLQ(RJr,zO)'

Now since [|h|lr2r, 20y < 1, E(maxgek, Suppep, D,%,de) < %ffﬂ\/’ar(/\/ll/g[gx](t))dt.
O
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Proof of Lemma 5.7.10. First let us define p(k) := 2405 xAy(k)n~t. Then,

1 1 1
2 2 ~ ~
kelCn(hSe Bpk Vhin 2])( )) kEICn(hSe Bpk Vhin 2p( )) 2 kek, (p( ) p( ))

For the second summand we have

E(max(p(k) — p(k))+) < 2400E((@x — 0x)+).
Let us define Qx := {|ox —ox| < 0x/2}. Then on Qx we have 6x < 30x/2 and thus
E((6x —ox)+) =E((0x —ox)+1ag) < 205 Var(Gx) by application of Cauchy-Schwarz
and the Markov’s inequality.
For the first summand we see
_ 1._ _ 1._
E(a(sup Dpin = 5P(K))+) = E(Byx (o (sup Ppin — 5P(K))+)).

Thus we start by considering the inner conditional expectation in order to bound the
entire term. By the construction of 7, ;,, its summands conditioned on o(X;,7 > 0) are
independent but not identically distributed. We therefore split the process again in the
following way

1 =Y (V)10 (V72) = Ex (v (Y1) Lo,y (¥, 77))
j=1

and 72 =10 Y v (Vi) Lo 00 (Y7 7) = Eix (v (Y1) Ly o) (Y7 72))
j=1

to get

_ 1. _ 1 _
E|x (max(sup |Phin|> = 55(k))+) < 2E(x (max(sup |on1|* = Z5(k))+ + |7n2l?),
kEKn heB, 2 k€Kn heB, 4

= Ml + M27

where we will now consider the two summands M, My separately.
To bound the M; term we will make use of Talagrand’s inequality (5.7.2) on the term
E|X(supteBk |ﬂh71|2 — iﬁ(k))_l,_ We have

K
n B 1~
M, < ZE\X(SUP R ZP(’“))%
=1 te By

which will be used to show the claim. We want to emphasize that we are able to apply the
Talagrand’s inequality on the sets By, since By has a dense countable subset and due to

continuity arguments. Further, we see that the random variables Vh(Yj)ﬂ(o,cn)(le/ 2) -

E|X(Vh(Y1)IL(0,Cn)(Y11/2)), j = 1,...,n, are conditioned on o(X;,i > 0), centered and
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independent but not identically distributed. In order to apply Talagrand’s inequality, we
need to find the constants W, 1, 7 such that

sup sup|v () L(o,co) (W) < 7 Ejx(sup |ona]) < U
hGBk y>0 hEBk

sup — ZVaqX (vn(Y5) 1o, Cn)(Yl/Q)) <T.
heB, T

We start by determining the constant W2, A

Let us define M(t) := n~! > i1 Y'].l/QHtIl(O’Cn)(le/Q)) as an unbiased estimator of
Mol fy L(0,e,)](t) and

1 [k , M(t)
Sk; / l,—l/?—’bt : dt
= 5 (1725 it) My o]0

where n~! > =1 vh(Y5) (0., (Ys) = (Sk, h). Thus, we have for any h € By, that 1?,%71 =
(h, Sk — Byx (Sk))? < ||AI*[1Sk — Ejx (Sp)l|?. Since [[A]] <1, we get

| /k Ex(JM(t) — Ejx (M(t))]?)
2r Jy, (1/4 +t2)| M3 2lg](t)[?

Now since Y /2+Ztﬂ(076n)(le/2) — E|X(}/jl/2+1t]l(0,cn)(1/}l/2) are independent conditioned

on o(X; :i>0) we obtain

dt.

IEJ|X(hsup Vh 1) < IE|X(||Sk - E|X(Sk:)|| )=

— —_— 1 & 1/2 Oy ~
B (M(1) — Ex (M) < — > Bk (VL)1) = Lo,
j=1
which implies

Bg(k) _ e

E( sup Vh 1) <opox
heBy,

Thus 692 = 1p(k).

We now deal with ¢. Let y > 0 and h € Bj. Then using the Cauchy-Schwarz in-
. ; My jo[h](—t _ k

equality, ‘Vh(y)]l(o cn) ( )P = (2m)~? 2|f LY " 1/2+;{)2/[\/IL(/2[;](t)dt‘2 < (2m) e —k [(1/2+

it) Ms2lg](t)|72dt < 2 Ag(k) =: ? since |y"| = 1 for all t € R.

Next, we consider 7. For h € By, we can conclude

Var x (vA(Y5)1 (0.0 (Y -1/2))<E\X(Vh(y')2)

1+1 (t1—t2)
) My pa[h](=t1) My s[h](ts)
T 4n? / / 1/2+zt1 )(1/2 —it2) Mg s[g](t1) Mg/g[g](—tg)dtldt2

/ /k: Xl—i—z t1—t2) g(Ull-H(h t2) )Ml/Q[h]( tl) Ml/g[h]( )
= 4An2 (1/2+it1)(1/2 —ita)  Mspalgl(t1) Msyalgl(—t2)
_ X, /

dtidts

My o[R](t) 2
MGt ) 7 ) Ayl )
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Taking the supremum of u — ug(u) and applying the Plancherel theorem delivers

[Miya[h](1)?
1/2 4 it) M2[g](1)]?

Now since [|A]|* < 1 and for G(t) := Li_j 1 (£)[(1/2 + it) M3 [g](t)| 2,

dt.

1 k
Var|x (v (Y)) L(o,0,) (Y] ) SXj”xg”om/k I

1/2 o~
sup *ZVMIX (V)L 000y (V%) < xcl|Gilocllrglow = 7
€By,

oy g (k) and n¥ _ Voyoxn

2 .
Hence, we have 2 = . Choosing the sequence ¢, =
67

6[[zglloo[GrIloo 100y — ~ 100cn
a{(@) gIVeS 1’30¢ — alog( ) We deduce
1 C (. moyAg(k)
Ex( sup v, — p(k)), < — <UX Glloo |29l o0 exp(— =220
(s P = 3P0 < 5 (FxlCulelieglloe exe(=3 0 i 1)

ouoxAg(k) _q
log(n)? '

Under [G1] we have Cyk*'=1 > A (k) > c,k*7~! and for all t € R it holds true that
cgk?172 < |Gi(t)] < Cyk?7~2. Hence,

K
E sup 2, — =p(k LS k T exp(— —|—

where the first sum is bounded in n € N. The second sum can be bounded by the term

2y

C’(g)n% 17%/log(n)?, which by choosing a = 7,7 ensures the boundedness in n € N.

Thus, we have

Knp

E\x Sup Uiy — 7P(k)), <

Now, we consider M>. Letius define gi:: §k :§k Then, from vy, 9 = Vpin — Vp1 We
deduce 1/%2 = (S} — E|X(Sk),h>2 < |ISk — E|X(Sk)\|2 for any h € By. Further, for any
k € Kns 1Sk — Ex(Sp)|* < Sk, — Eix(Sk,)|I* and

1 (K

By (I5k, ~ Bix(Gr )P = 5= [ Vanx (V(0) = M)I(1/2 + ) My ala) 0]

BN 1/2
< 5 D B (Vi 00 (¥ ) Ay (Kn).
j=
Let us define the event Zx := {ox > ox/2}. Then, we have

1 « 1 & -
EZE\X(%ﬂ(cnm)(le/z))Ag s, 72 X

- n
J=1
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where on Zy we can state that ¢,” = C(g)n?/2(Gx) P/?log(n)? < C’(g)a;(p/27fp/2 log(n)P.

— _ —3/2
Choosing p = 3leads to Eyx (|Sx, ~Ex (Sk,)|2) 1z, < Y2 EU 1 30 X2,
On the other hand,

1 ¢ 1/2
EZE\X(Y}R(CMOO)(Y]-/ )Ag(Kn)lzg <
j=1

These three bounds imply

_ 1 ox | B(X)?) | 2Var(y)
E 2 _Z < — !
(px(oup P = 990 < CO)G 4= =+ =0 55

Proof of Lemma 5.7.11. First we see that
E((pen(k) — pen(k))+) = 2XE((0y/2 = 3v)+ Ag(k)n~") < 2E((oy /2 = 5y )-+).

On Qy := {|oy —oy| < 0y /2} we have oy /2 — oy < 0. Therefore,

~ -~

E((pen(F) — pen(k))+) < 2xE((oy /2 ~ 5y) 1 1ar) < 2x/Var, Gy ) By, (29)

by applying the Cauchy-Schwarz inequality. Next, by Markov’s inequality, P[0y —oy| >

oy /2] < 4Var(Gy )oy? which implies E((pen(k) —pen(k))+) < 4xVar(Gy )oy . In analogy
to the proof of Theorem 5.3.2 we get

E(Y?)

n

Var(cy) < + E(Up)*Var(cx).
O

Proof of Corollary 5.4.2. We discuss each case separately. We already assessed the vari-
ance term in the integral in Corollary 5.3.3. It remains to upper bound the variance of
ox.

(I) Trivially, Var(n=! > =1 X)) < n~tE(X?).

(B) Exploiting Lemma 5.7.3 for the identity mapping h = id, we have

Var(n ™ zn: X;) <n 2 AnB(X7b(X1)) = 4n 'E(X7b(X1)).
j=1

(F) Setting the function g in Lemma 5.7.5 as the identity mapping ¢ := id, we simply

have . -
Var(z X;)% < nt/? Z 5 (k).
j=1 k=0
Combined with the results of Corollary 5.3.3, we derive our statement. O
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Chapter 6

Perspectives

Our work has led to some questions which might be addressed in a future work.

Empirical process theory

In principle, a similar empirical process theory for locally stationary processes can be
established under mixing conditions such as absolute regularity (3-mixing). This would
be a generalization of the results found in Rio [1995] and Dedecker and Louhichi [2002].
As we have seen in Section 2.2.2, such a theory would impose additional moment con-
ditions on f(Z;, %) Contrary to that, our framework only requires second moments of
f(Zi, ). However, the entropy integral in our case becomes enlarged by a factor which
increases with stronger dependence.

Moreover, the derivation of a bound for mixing coefficients in nearly all models consid-
ered by the community requires that the innovation process is continuous, which may not
be suitable in some examples. Especially for linear processes, the bounds are quite hard
to obtain and do not seem to be optimal. Also, there exist no “invariance rules” which
directly allow us to transfer the mixing properties of X; to f(Z;, %), which incorporates
infinitely many lags of X;. In this regard, our theory from Chapter 2 to 4 substantially
generalize the existing theory even in the stationary case.

Many of the more elaborated dependence concepts developed in for example Dedecker
and Prieur [2007], Borovkova et al. [2001], Durieu and Tusche [2014], Berkes et al. [2009]
are restricted (at least in their original formulation) to the discussion of the empirical
distribution function or connected one-dimensional indexed function classes. Here, results
for a broader range of functions could be interesting.

Statistical learning, neural networks

A natural extension of our work would be the proof of lower bounds (and thus minimax
optimality) under specific structural assumptions on the process or its recurrence rela-
tion. The conditions for dependent data have not been formulated yet, even for common
nonparametric methods.

It would also be interesting to consider a general ARCH-type model,

Xi = fo(Xiz1) + o(Xi—1)es, i=r+1,..,n,
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with an additional matrix-valued function o : R¥ — R?*¢ We conjecture that in such
models, similar convergence rates could be obtained under appropriate structural as-
sumptions on o(+).

On another note, it should be possible to derive more precise results when approximat-
ing the estimators by, for example, a stochastic gradient descent algorithm. Moreover,
similar to the theory of boosting, we could hope for explicit or adaptive stopping rules.

Finally in this field, there are many more architectures to choose from. However, little
is known about them from a mathematical point of view. How can we build a theory
based on a fully connected, recurrent or convolutional network?

Survival analysis

We have discussed the multiplicative deconvolution problem in the field of survival anal-
ysis, estimating the survival function under multiplicative noise. Although we restricted
ourselves to sufficiently smooth error densities, we should, in principle, be able to gen-
eralize our theory for arbitrary error types.

In a similar context, we would also like to incorporate the case of an unknown error.
Then, we would have to perform an additional estimation step for the underlying error
density. In another setting, Meister [2009], Comte and Lacour [2010] and Johannes [2009]
recovered the typical nonparametric rates, minimax optimality and included adaptivity
in their theory.

So far, our proposed estimator delivers an estimator that approximates a survival
function. However, the estimator itself is not required to satisfy the exact conditions of a
survival function. We have provided a heuristic in which we took this fact into account;
in numerical evaluations our approach seems to have introduced more bias. In this re-
gard, further investigations are needed for a mathematical sound groundwork.

We hope to answer these questions soon enough and reserve them for future discus-
sions or inspire other researchers to investigate them.
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