
Dissertation
submitted to the

Combined Faculty of Mathematics, Engineering and Natural Sciences
of Heidelberg University, Germany

for the degree of

Doctor of Natural Sciences

Put forward by

Vanessa Lydia Franke

born in Essen, Germany

Oral examination: February 16th, 2023





In vivo determination of pH and magnesium ion concentration

by means of 31P MRSI:

A multi-parametric look-up approach

Referees: Prof. Dr. Peter Bachert

Prof. Dr. Michael Hausmann





In vivo determination of pH and magnesium ion concentration by means of
31P MRSI: A multi-parametric look-up approach

Phosphorus
(

31P
)

magnetic resonance spectroscopic imaging (MRSI) enables non-invasive

imaging of pH value and magnesium ion concentration, [Mg2+], in living tissue. Typically, the

chemical shifts of 31P metabolites are translated to pH and [Mg2+] via calibration equations,

which, however, are well-defined only for physiological conditions, thus limiting their reliability

in pathologies.

In this thesis, a novel approach for the in vivo determination of pH and [Mg2+] applicable for

various chemical conditions, utilizing multiple 31P spectral properties in form of a look-up table,

is proposed. To this end, the variability of spectral properties in vivo was investigated in high-

quality human 31P MRSI data acquired at B0 = 7T, and reproduced in measurements of 114 model

solutions prepared with physiologically relevant pH, [Mg2+] and ionic strengths, at B0 = 9.4T.

The identified chemical shift changes of the adenosine-5’-triphosphate (ATP) resonances were

translated into a multi-dimensional model, which was used for the implementation of a look-up

algorithm, accounting also for measurement uncertainties. Application to in vivo data resulted in

successful assignments of plausible pH and [Mg2+] values in healthy and tumorous tissue. The

proposed approach is extendable by including further spectral properties, potentially allowing

for more profound tissue characterizations, being particularly important for the application in

pathologies.





In-vivo-Bestimmung des pH-Wertes und der Magnesiumionenkonzentration mittels
31P MRSI: Ein Ansatz anhand einer multiparametrischen Look-Up-Tabelle

Phosphor-Magnetresonanzspektroskopische Bildgebung (31P MRSI) ermöglich die nicht-

invasive Bildgebung des pH-Werts und der Magnesiumionenkonzentration, [Mg2+], in lebendem

Gewebe. Hierzu werden in der Regel die chemischen Verschiebungen der 31P-Metaboliten über

Kalibrierungsgleichungen in pH und [Mg2+] umgerechnet, die jedoch nur für physiologische

Bedingungen wohldefiniert sind, was ihre Zuverlässigkeit in Pathologien einschränkt.

In dieser Arbeit wird ein neuer Ansatz für die In-vivo-Bestimmung von pH und [Mg2+] unter

verschiedenen chemische Bedingungen vorgestellt, der mehrere Eigenschaften in 31P-Spektren

in Form einer Look-Up-Tabelle nutzt. Zu diesem Zweck wurde die Variabilität der spektralen

Eigenschaften in vivo anhand von hochwertigen 31P MRSI-Daten, aufgenommen bei B0 = 7T,

untersucht und in Messungen von 114 Modelllösungen mit physiologisch relevanten pH, [Mg2+]

und Ionenstärken bei B0 = 9.4T reproduziert. Die identifizierten Änderungen der chemischen Ver-

schiebungen der Adenosin-5’-Triphosphat (ATP) Resonanzen wurden in ein mehrdimensionales

Modell überführt, das für die Implementierung des Look-Up-Algorithmus verwendet wurde, der

auch experimentelle Unsicherheiten berücksichtigt. Die Anwendung auf In-vivo-Daten führte zur

erfolgreichen Zuordnung plausibler pH- und [Mg2+]-Werte in gesundem und tumorösen Gewebe.

Der vorgeschlagene Ansatz ist durch die Einbeziehung weiterer spektraler Eigenschaften beliebig

erweiterbar, was potentiell eine umfassendere Gewebecharakterisierung ermöglicht, die insbeson-

dere für die Anwendung in Pathologien von Bedeutung ist.
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1 Introduction

Following the postulation of the existence of a nuclear spin in the 1920s, the phenomenon
of nuclear magnetic resonance (NMR) was experimentally proven by Rabi et al. in 1938
[1]. In 1946, the groups of Bloch and Purcell, independently from each other, demon-
strated NMR in condensed matter [2, 3]. With the discovery of the dependence of nuclear
resonance frequencies on their chemical environment by Proctor et al. and Dickinson et
al. in 1950, the importance of NMR increased significantly [4, 5]. NMR spectroscopy
developed into an essential technique in analytical chemistry and biochemistry.

Magnetic resonance (MR) paved its way into medical diagnostics in 1973, when Lauter-
bur and Mansfield discovered that the spatial distribution of nuclear spins can be deter-
mined by the use of magnetic field gradients [6, 7]. Based on this finding, magnetic
resonance imaging (MRI) evolved, which uses the strong MR signal of hydrogen (1H)
nuclei in tissue to image anatomical structures. MRI provides images with excellent soft
tissue contrast, and does not require ionizing radiation. Thus, the development of MRI
revolutionized medical imaging.

In contrast to MRI, which has become an indispensable part of medical diagnostics, in
vivo MR spectroscopy (MRS) has so far not made its way into daily clinical routine.
However, it is a powerful tool for biomedical research, as it allows for the non-invasive
investigation of specific biochemical properties and processes in healthy as well as in dis-
eased tissue. Besides the widely used 1H MRS, phosphorus

(31P
)

MRS is of particular
interest for investigations on the energy metabolism. It enables the detection of metabo-
lites involved e.g. in energy storage (adenosine-5’-triphosphate (ATP)), buffering (phos-
phocreatine (PCr)), and supply (nicotinamide adenine dinucleotide (NAD), ATP). Since
the first biological and medical applications of 31P MRS in the 1970s [8], technological
developments, e.g. the development of MR systems with higher field strengths, resulted
in a continuous improvement of 31P MRS data quality, and thus opened the door for nu-
merous in vivo applications. Higher magnetic field strengths are an important advantage
for in vivo 31P MRS, due to its low sensitivity, which translates to long measurement
times not being feasible in the clinical routine. This might change in the near future with
the increasing availability of ultra-high field MR systems (B0 ≥ 7T).
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1 Introduction

The combination of MR spectroscopy with MR imaging methods, called magnetic res-
onance spectroscopic imaging (MRSI), is of particular interest for biomedical research
and potential clinical applications, as it allows for the spatially resolved measurement of
biochemical parameters in the entire investigated volume. 31P MRSI allows for example
for the non-invasive imaging of physiological parameters such as the pH value and the
magnesium ion concentration, [Mg2+], which are both biochemical parameters playing
key roles in metabolic and enzymatic processes of living tissue. Hence, they are of in-
terest in research on different diseases, e.g. cancer [9–13], diabetes [14], muscular [15],
psychiatric [16, 17] and neurodegenerative diseases [18, 19], to name a few.

The determination of pH and [Mg2+] via 31P MRS is feasible due to (i) the strong sensi-
tivity of 31P resonance frequencies to changes of the chemical environment, and (ii) the
large chemical shift dispersion, allowing for a reliable quantification of individual reso-
nances. Thus, chemical parameters, e.g. pH and [Mg2+], can be indirectly assessed via
the chemical shift quantification of specific 31P metabolites. Conventionally, the chemi-
cal shifts of inorganic phosphate (Pi) and ATP are translated to pH and [Mg2+] via defined
calibration equations acquired in model solutions. For the determination of pH, typically,
a modified form of the Henderson Hasselbalch equation for the chemical shift of Pi is
used, which was first reported by Moon and Richards in 1973 [20]. The determination of
free [Mg2+] is typically assessed via the chemical shifts of ATP, which was first reported
by Gupta et al. in 1978 [21].

The necessity of accurate calibration equations for a reliable determination of pH and
[Mg2+] was already discussed in detail in the 1980s and early 1990s [22–25]. However,
until today, standardized constants are typically used in the calibration equations, even for
the application to pathologies. The use of constant parameters, which are well-defined
only for normal physiological conditions, limits the reliability of the determined pH and
[Mg2+] values particularly for the application to pathophysiological conditions, where
the chemical environment is altered significantly. For the case of the determination of
[Mg2+] via the ATP chemical shifts, this challenge has already been partly addressed.
Several approaches have been proposed, which account for the concomitant effect of the
pH value on the ATP chemical shifts [26–29]. Moreover, methods for the simultaneous
determination of pH and [Mg2+] based on the ATP resonances were demonstrated [30].
However, the proposed approaches, so far, do not account for other influences, besides
pH and magnesium ions, e.g. varying ionic strength, and work with parameters for their
calibration equations, which are only well-defined for normal physiological conditions.
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In this thesis, a novel approach for the in vivo determination of pH and [Mg2+] by means
of 31P MRS applicable for various chemical conditions, is proposed. The basic idea of
this approach is the utilization of multiple quantities of an acquired 31P spectrum to de-
termine pH and [Mg2+], and is realized in the form of a look-up algorithm. In contrast to
earlier approaches, the herein proposed look-up algorithm has the advantage of (i) being
applicable to various chemical conditions, (ii) reducing the complexity of the look-up
based assignment by solely focusing on conditions relevant in vivo, and (iii) increasing
the robustness for the application in vivo by incorporating measurement uncertainties. As
first proof-of-principle, a look-up algorithm is implemented, which determines pH and
[Mg2+] for different ionic strengths based on the measured chemical shifts of the three
resonances of ATP. The use of the ATP resonances for the determination of pH is advan-
tageous regarding the measurement time due to its typically higher signal-to-noise ratio,
compared to the resonance of Pi, which is used in the conventional modified Henderson
Hasselbalch equation. A potential reduction of measurement time is of particular interest
for applications in vivo.

For the development of this novel approach, first, high-quality in vivo 31P MRSI data ac-
quired from different tissue types at B0 = 7T were investigated, in order to identify ranges
for pH and [Mg2+], which are expected to be relevant in vivo. Second, a detailed charac-
terization of 31P spectral changes due to varying chemical conditions was performed on
measurements in suitable model solutions. In total, 114 model solutions prepared with
physiologically relevant pH, [Mg2+] and ionic strengths were measured at B0 = 9.4T, in
order to reproduce the variability of 31P chemical shifts obtained in vivo. Third, multi-
dimensional models were developed, which describe the observed changes of the ATP
chemical shifts with varying chemical conditions. Based on the developed models, the
proof-of-principle look-up algorithm was implemented, which determines the physiolog-
ical parameters pH, [Mg2+] and ionic strength, based on the three measured chemical
shifts of ATP. Finally, the implemented look-up algorithm was applied to in vivo 31P
MRSI data from the lower leg muscle of healthy volunteers, and from the human brain
of patients with glioblastoma, and compared to pH and [Mg2+] maps calculated with the
conventional methods.

3





2 Fundamentals

2.1 Nuclear magnetic resonance (NMR)

2.1.1 Atomic nuclei in an external magnetic field

Atomic nuclei with an odd number of nucleons have a nuclear spin I⃗ ̸= 0, for which the
quantum mechanical rules for angular momentum apply.
The commutator relations for the nuclear spin operator ˆ⃗I = (Îx, Îy, Îz) are as follows:

[
Îi, Î j

]
= ih̄εi jk Îk (2.1)[

Î2, Îi
]
= 0, (2.2)

where i, j,k ∈ x,y,z.
The spin system is characterized by its angular momentum quantum number I, and the
magnetic quantum number m = (−I,−I + 1, ..., I − 1, I). Applying the operators ˆ⃗I2 and
Îz on the spin eigenstates |I,m⟩ yield the following eigenvalue equations:

Î2|I,m⟩= I(I +1)h̄2|I,m⟩ (2.3)

Îz|I,m⟩= mh̄|I,m⟩, (2.4)

with h̄ as the reduced Planck constant. The nuclear spin is associated with a magnetic
moment µ⃗:

µ⃗ = γ I⃗, (2.5)

where γ is the nucleus-specific gyromagnetic ratio. For the hydrogen (1H) nucleus, γ1H ≈
2.675×108 rad

sT and respectively γ1H
2π

≈ 42.576 MHz
T . For the phosphorus nucleus (31P), the

gyromagnetic ratio is γ31P ≈ 1.083×108 rad
sT and respectively γ31P

2π
≈ 17.235 MHz

T .
The interaction of a magnetic moment in an external magnetic field B⃗0 is described by
the Hamiltonian Ĥ =− ˆ⃗µ · B⃗. For a static magnetic field of B⃗ = (0,0,B0),

Ĥ =− ˆ⃗µ · B⃗ =−γ ÎzB0, (2.6)

5



2 Fundamentals

Figure 2.1: Zeeman splitting of en-
ergy levels for a nucleus with spin
I = 1

2 in depedence of the external
static magnetic field B0. The energy
difference ∆E betwenn the two pos-
sible states |α⟩ and |β ⟩ is h̄ω0.

and the time-invariant Schrödinger equation Ĥ|I,m⟩ = E|I,m⟩ yields the energy eigen-
values Em:

Em =−γ h̄mB0. (2.7)

The splitting into 2I + 1 equidistant energy levels due to an external magnetic field is
called Zeeman effect. For spins with I = 1

2 , the energy difference between the two possi-
ble eigenstates |α⟩=

∣∣1
2 ,−

1
2

〉
, and |β ⟩=

∣∣1
2 ,+

1
2

〉
is

∆E = Eα −Eβ = γ h̄B0 = h̄ω0. (2.8)

The Larmor frequency

ω0 = γB0 (2.9)

is of central importance for nuclear magnetic resonance and is dependent on the gyro-
magnetic ratio γ and the magnetic field strength B0.
The experiments of this work are performed at static magnetic field strengths of B0 = 7T
and 9.4T, resulting in Larmor frequencies of f1H = ω0

2π
≈ 298MHz and 400MHz for 1H,

and f31P = 120MHz and 162MHz for 31P.

2.1.2 Macroscopic magnetization

In the following, not only one isolated spin is considered, but an ensemble of N nuclei in
a macroscopic sample of volume V in thermal equilibrium. As previously described, in
the external static magnetic field, the 2I +1 energy levels will be occupied following the
Boltzmann statistics. The occupation probability for energy level m is:

pm =
1
Z
· e−Em/kBT , (2.10)

6



2.1 Nuclear magnetic resonance (NMR)

with the canonical partition function Z = ∑
I
m=−I

(
e−Em/(kBT )), the Boltzmann constant

kB, and the equilibrium temperature T .
For nuclei with spin I = 1

2 , the expectation value of the z component of the magnetic
moment is given by

⟨µ̂z⟩= γ
〈
Îz
〉
= γ

[
p− 1

2
⟨α| Îz |α⟩+ p+ 1

2
⟨β | Îz |β ⟩

]
= γ

h̄
2

[
p+ 1

2
− p− 1

2

]
= γ

h̄
2

P, (2.11)

where the difference in the population probabilities of the two possible states is also
defined as the polarization P, representing the normalized difference in population. In-
serting the energy eigenvalues Em (2.7) into the population probability (2.10) yields

P =
e

γB0h̄
2kBT − e−

γB0h̄
2kBT

e
γB0h̄
2kBT + e−

γB0h̄
2kBT

= tanh
(

γ h̄B0

2kBT

)
. (2.12)

For room and body temperature, γ h̄B0 ≪ kBT , hence tanh(x) can be approximated by a
Taylor expansion for x = 0 (high temperature approximation), yielding in the first order

P ≈ γ h̄B0

2kBT
. (2.13)

For a magnetic field strength of B0 = 7T and body temperature of T ≈ 310.15K, the
polarization is in the order of P ≈ 3.5×10−6 for 1H and P ≈ 1.4×10−6 for 31P.
The macroscopic magnetization M⃗ of the spin ensemble is given by the sum of all mag-
netic moments per volume V :

M⃗ =
1
V

N

∑
i=1

〈
ˆ⃗µi

〉
=

N
V

〈
ˆ⃗µ
〉
. (2.14)

With B⃗0 = (0,0,B0) and equation (2.11), this yields

M0 =
N
V
⟨µ̂z⟩=

N
V

γ
h̄
2

P ≈ 1
4

N
V

γ2h̄2

kBT
B0. (2.15)

Equation (2.15) shows, that the macroscopic magnetization increases with N
V , B0, γ2 and

1
T . For in vivo experiments, the temperature is fixed by the body temperature and N

V by
the tissue density. Thus, only the choice of the nucleus (e.g. 1H, 31P) or the magnetic
field strength can increase M0.

7



2 Fundamentals

2.1.3 Time evolution of the macroscopic magnetization

For nuclear spins in a time-varying magnetic field B⃗(t), the time-dependent Schrödinger
equation holds:

ih̄
∂

∂ t
|I,m⟩= Ĥ(t) |I,m⟩ , (2.16)

with Ĥ(t) =− ˆ⃗µ · B⃗(t) being the time-dependent Hamiltonian. Using the Ehrenfest theo-

rem, the time dependence of the expectation value of the magnetic moment can be calcu-
lated by

d
dt

〈
µ̂ j
〉
=

i
h̄

〈
[Ĥ, µ̂ j]

〉
+

〈
∂ µ̂ j

∂ t

〉
. (2.17)

Using the commutator relations (2.1), this yields

d
dt

〈
ˆ⃗µ
〉
=
〈

ˆ⃗µ
〉
× γB⃗(t). (2.18)

Due to the correspondence principle, a transition from a quantum mechanical descrip-
tion ⟨ ˆ⃗µ⟩ to a classical description of the macroscopic magnetization M⃗ is justified. The
equation of motion for M⃗ is therefore:

d
dt

M⃗(t) = M⃗(t)× γB⃗(t). (2.19)

In a static magnetic field B⃗0 = (0,0,B0), this means that the macroscopic magnetization
vector precesses around the z-axis with the Larmor frequency ω0 = γB0.

2.1.4 Magnetic resonance

The static magnetic field alone is not enough to observe magnetic resonance. A time-
dependent radio frequency (RF) excitation field B⃗1(t) of frequency ωRF is applied, which
is polarized perpendicular to the main magnetic field B⃗:

B⃗1 = B1


cos(ωRFt)

sin(ωRFt)

0

 (2.20)
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2.1 Nuclear magnetic resonance (NMR)

resulting in a total magnetic field of B⃗(t) = B⃗0 + B⃗1(t).
In order to simplify the equation of motion (2.19), a transformation into the coordinate
system rotating with frequency ωRF around the z axis (rotating frame, (x′,y′,z′ = z)) is
performed. This yields a simplified equation of motion:

d
dt

M⃗′(t) = M⃗′(t)× γB⃗e f f , (2.21)

with the effective magnetic field

B⃗e f f =


B1

0

B0 − ωRF
γ

 . (2.22)

If the resonance condition ωRF = −γB0 is met, the effective field in the rotating frame
B⃗e f f reduces to B1 · e⃗′x and the magnetization vector M⃗′ rotates around the x′-axis with
the frequency ω1 = γB1. The magnetization vector M⃗ rotates towards the transverse x′-y′

plane by the angle

θ =
∫ tp

0
ω1(t)dt =

∫ tp

0
γB1(t)dt, (2.23)

with tp being the pulse length of the RF pulse. In the case of a constant amplitude B1,
equation (2.23) simplifies to

θ = γB1 · tp. (2.24)

The so-called flip angle θ can be increased by increasing the amplitude B1 or the pulse
length tp.
The picture of the magnetization vector being tipped out of its equilibrium state due to
the application of an RF field B1 of frequency ω0 is the basis of the classical description
of magnetic resonance and can be used to explain many of its phenomena.
In a quantum mechanical picture, the irradiation of the RF field with the Larmor fre-
quency ω0 causes a rearrangement of the occupation of the energy levels of the spin
system.

9



2 Fundamentals

2.1.5 Relaxation and Bloch equations

When the RF irradiation is switched off, the excited magnetization vector strives back
to its equilibrium state due to the interactions of the nuclei with their environment. The
transversal magnetization decays to Mxy = 0 and the longitudinal magnetization increases
to the initial magnetization Mz =M0. To describe these processes, Felix Bloch introduced
two time constants T1 and T2, which extend the equations of motion (2.19) to the funda-
mental Bloch equations [2]:

d
dt

Mx = γ(M⃗× B⃗)x −
Mx

T2
, (2.25)

d
dt

My = γ(M⃗× B⃗)y −
My

T2
, (2.26)

d
dt

Mz = γ(M⃗× B⃗)z −
Mz −M0

T1
. (2.27)

The time constant T1 is also called the spin-lattice relaxation time and is described by the
interaction of the spin system with its environment. Due to energy transfer between the
spin energy levels and the thermal reservoir (lattice), the longitudinal component of the
magnetization returns to its equilibrium state.
The transverse relaxation time T2 can be described by the interaction between the indi-
vidual spins and is therefore also called the spin-spin relaxation time. The dephasing
of the individual spin packages results in the decay of the transversal component of the
magnetization vector.
In a real NMR experiment, an additional dephasing of the spin packages is caused by
local inhomogeneities of the magnetic field B0, which is described by the time constant
T ′

2 = γ∆B0. The apparent transverse relaxation is described by the time constant T ∗
2 :

1
T ∗

2
=

1
T2

+
1
T ′

2
. (2.28)

2.1.6 MR signal

The Bloch equations (2.25) can be solved under the assumption that the relaxation during
the RF pulse is negligible, i.e. tp ≪ T1,2. Combining the transverse components of the
magnetization to Mxy = Mx + iMy, this yields

Mxy(t) = Mxy(0)eiω0te
− t

T∗2 (2.29)

Mz(t) = M0 − (M0 −Mz(0))e
− t

T1 , (2.30)

10



2.1 Nuclear magnetic resonance (NMR)

t

S(t)
A0

∝ e−t/T ∗
2

FT

ω

FWHM = 2
T ∗

2

ω0

Figure 2.2: Time course of the measured MR signal S(t), also called the free induction
decay (FID), and the resulting spectrum F(ω) after application of a Fourier Transform
(FT). The signal amplitude A0 corresponds to the area under the Lorentzian shaped curve
F(ω) (indicated in blue), and is in principle directly proportional to the concentration of
nuclei contributing to the measured MR signal. The linewidth of the Lorentzian is given
by 2/T ∗

2 .

where Mxy(0) and Mz(0) are the transverse and longitudinal components of M⃗ at the be-
ginning of the relaxation process, i.e. at the end of the RF irradiation.
In an NMR experiment, the precession of the transverse magnetization causes a time-
varying magnetic flux inducing a voltage Uind(t) in a receiver coil positioned perpen-
dicular to the static magnetic field B⃗0. The induced voltage is the measured MR signal
S(t) which is directly proportional to the magnitude of the transverse component of the
magnetization Mxy in the measured volume V :

S(t) =Uind(t) ∝

∫
ρ (⃗r)eiω0tdV. (2.31)

Hereby, ρ (⃗r) is the spatial density distribution of the individual spins. Because the trans-
verse magnetization decays with the T ∗

2 relaxation time (eq. (2.29)), the measured MR
signal is given by

S(t) = A0eiω0te
− t

T∗2 . (2.32)

The MR signal S(t) (2.32) is also called the free induction decay, or shortly FID.
Applying the Fourier Transform (FT) to the signal S(t), yields the MR spectrum, which
reveals information about the resonances contained in the MR signal (see figure 2.2). The
resonance peaks have Lorentzian line shapes with a width given by FWHM = 2/T ∗

2 . The
area under the peak corresponds to the signal amplitude A0.

11



2 Fundamentals

2.2 Magnetic resonance spectroscopy (MRS)

In the following, the most important fundamental aspects of MR spectroscopy (MRS),
which are of relevance for this work, are summarized. For a detailed description the
textbooks [31–33] are recommended.

2.2.1 Chemical shift

In all previous considerations, a sample containing identical spins characterized by the
same Larmor frequency ω0 were considered, which results in only one resonance peak at
the position ω0. This situation changes for nuclear spins situated in atoms and molecules,
due to the shielding of the different electron clouds from the external magnetic field B0.
The local magnetic field changes to

B⃗loc = B⃗0(1−σ), (2.33)

where σ is the molecule specific shielding constant, which is dependent on the chemical
environment of the nucleus. Therefore, the value of σ changes for different molecules
and chemical groups. In general, σ is a tensor, because the shielding is dependent on the
relative orientation of the entire electron shell of the molecule to the external magnetic
field. However, the case of isotropic shielding (and therewith σ being a scalar) is assumed
in the following.
The shielding of the magnetic field results in a shift of the local resonance frequency

ω⃗loc = γB⃗0(1−σ). (2.34)

The difference between the local frequency of a resonance from a reference frequency
ωref is referred to as the chemical shift, which is a measure that is independent of the
magnetic field strength B0 and is given in parts per million (ppm):

δi =
ωi −ωref

ωref
×106. (2.35)

The choice of the reference frequency depends on the application. For 31P MRS, phos-
phocreatine (PCr) is conventionally used as reference compound. From equation (2.34) it
follows, that the spectral dispersion of resonances increases linearly with increasing mag-
netic field strength B0. The chemical shift provides direct information about the chemical
environment of nuclei, and thus can be used for the detection and assignment of chemical
compounds characterized by their unique resonance frequency (Figure 2.3).
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2.2 Magnetic resonance spectroscopy (MRS)

Figure 2.3: Representative 31P MR spectrum acquired from muscle tissue from a hu-
man lower leg at B0 = 7T. Based on their different resonance frequencies, different
compounds can be distinguished (from left to right): inorganic phosphate (Pi), glyc-
erophosphocholine (GPC), phosphocreatine (PCr), and the tree resonances of adenosine-
5’-triphosphate (ATP). Out of convention, in MRS, the chemical shift axis is plotted from
positive to negative values.

2.2.2 Scalar coupling

An additional property that can be observed in MR spectra is the splitting of resonance
lines into several smaller lines (multiplets). This phenomenon is referred to as scalar cou-
pling, J coupling or spin-spin coupling [31]. Scalar coupling originates from the indirect
interaction between neighboring spins in chemical bonds through their shell electrons,
underlying the Pauli exclusion principle. These interactions lead to changes of the en-
ergy levels, which can be described by the J coupling constants. The scalar coupling

13
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Figure 2.4: 31P MR spectrum of a model solution containing phosphocreatine (PCr)
and adenosine-5’-triphosphate (ATP), acquired at B0 = 9.4T, demonstrating the multi-
plet splitting of ATP. The resonances of γ- and α-ATP split into doublets, whereas the
β -ATP resonance is a doublet-of-doublets, appearing as pseudo-triplet.

constant is independent on the external magnetic field strength B0, but depends on the
number of bonds between the coupled spins. The J coupling constant rapidly decreases
with increasing number of bonds, and can typically be ignored for more than three bonds.
For the 31P-O-31P bond, which is of relevance for 31P MRS, the J coupling constants are
typically between 15−20 Hz [31].
Of relevance for this work, is the multiplet splitting of adenosine-5’-triphosphate (ATP)
due to the 31P-O-31P bonds between the γ-, β - and α-nuclei (cf. chemical structure of
ATP in Figure 2.8). A detailed description about the line splitting of ATP can be found
in [34]. The γ- and α-resonances are so called doublets, i.e. they split into two sep-
arate lines, due the respective coupling with the 31P nucleus at the β position, and are
described by the coupling constants Jγβ and Jαβ . The resonance signal of β -ATP is a
so-called doublet-of-doublets, i.e. a doublet splitting of two doublets resulting in four
resonance lines. Because Jγβ ≈ Jαβ , the two middle resonances coincide and typically
cannot be resolved. Thus, the β -ATP multiplet is observed as pseudo-triplet (Figure 2.4).

2.2.3 Influence of chemical exchange on MR spectra

Chemical exchange between two MR visible species has influences on their correspond-
ing measured MR signals. A detailed description of the effects of chemical exchange
on MR spectra can be found in [32, 33]. In the following, processes in the intermediate

exchange regime are briefly summarized, which are important for this work.
A two-site exchange process between species A and B with populations pA = [A]

[A]+[B] and
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2.2 Magnetic resonance spectroscopy (MRS)

pB = [B]
[A]+[B] will be considered:

A
k

k’
B. (2.36)

The exchange process is characterized by the rate constant kex =
1

τex
= k+ k′. The res-

onance frequencies of the two species A and B are different, which are defined via the
chemical shifts δA and δB. When the exchange rate kex has approximately the same mag-
nitude as the chemical shift difference ∆δ = δA−δB, the system is considered to be in the
intermediate exchange regime, where the MR lineshapes are most sensitive to chemical
exchange processes. It is further distinguished between slow intermediate exchange and
fast intermediate exchange:

kex < |∆δ/2| (slow intermediate exchange) (2.37)

kex > |∆δ/2| (fast intermediate exchange). (2.38)

The case kex = ∆δ/2 is called the coalescence point. The effect of chemical exchange on
the MR spectrum of species A and B in the different mentioned regimes is visualized in
Figure 2.5.
In the fast exchange limit kex >> |∆δ/2|, the two resonance lines of species A and B
collapse into a sharp, single peak. The position of this resonance peak is given by the
mean of the two chemical shifts δA and δB, weighted by the concentrations of the two
species in equilibrium:

δobs = pA ·δA + pB ·δB. (2.39)

In equilibrium, the ratio of the species concentrations is called the equilibrium constant
K, and is equal to the ratio of the rate constants, i.e. K = [B]equ/[A]equ = k/k′. The
equilibrium constant K can be derived from the position δobs, when the chemical shifts
of the species A and B are known:

δobs = pA ·δA + pB ·δB =
δA +K ·δB

1+K
. (2.40)

The effect of chemical exchange on the longitudinal relaxation rates can be described
with the so called Bloch-McConnell equations, which can be found e.g. in [31, 32], or in
the original publication from 1958 [35].

15



2 Fundamentals

Figure 2.5: Schematic representation of NMR lineshapes in presence of chemical ex-
change. Chemical exchange between the two equally populated species A and B, with
the corresponding chemical shifts δA and δB, is assumed. Dependent on the magnitude of
the exchange rate kex relative to the chemical shift difference ∆δ = δA−δB, the lineshape
changes. In the slow exchange regime (kex << |∆δ/2|), two separate, sharp resonance
lines are observed, whose lineshapes become broader, for the case of slow intermediate
exchange (kex < |∆δ/2|). At the coalescence point (kex ≈ |∆δ/2|), one extremely broad
resonance line is observed. In the fast exchange limit (kex >> |∆δ/2|) one sharp reso-
nance line is observed with the chemical shift δobs, given by the mean of the two chemical
shifts δA and δB, weighted by the populations of species A and B (cf. equation (2.40)).
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2.2 Magnetic resonance spectroscopy (MRS)

2.2.4 Signal processing

The quality and information content of the MR spectrum is directly related to the quality
of the FID. In this section, it will be shortly demonstrated how the appearance of the
MR spectrum can be improved by specific processing of the FID. For a more detailed
description the reader is referred to [31]. It should be noted, that some equations are
expressed in terms of frequency f , others in terms of angular frequency ω = 2π f .

Multi-scan principle

One way to improve the signal-to-noise ratio (SNR) of a spectrum is averaging, which
means the adding of the FIDs of n consecutive, identical experiments. This leads to an
improvement in SNR of the factor

√
n.

For in vivo experiments, the possibility of improving the SNR by time-averaging is lim-
ited, because an improvement in SNR of factor 10 requires a factor of 102 = 100 more
acquisitions, meaning a factor of 100 in the measurement time.

Time-domain filtering

Time-domain filtering or apodization is commonly used to attenuate the noisy data points
at the end of the FID, and therewith artificially improving the SNR of the spectrum. Prior
to Fourier transformation, the time domain signal S(t) is multiplied with a filter function
Sfilter(t):

Sfiltered(t) = S(t) ·Sfilter(t). (2.41)

Two commonly used filter functions are:

1. Exponential filter: Sfilter(t) = e−bt

2. Gaussian-shaped filter: Sfilter(t) = e−(bt)2

Analog-to-digital conversion

In all previous sections, the NMR signal was described as a continuous, analog signal.
However, in a real NMR experiment, the received signal can only be sampled discretely.
This is done with an analog-to-digital converter (ADC), sampling the FID over N time-
points with the dwell time ∆t. The maximal reconstructable frequency is limited by the
Nyquist frequency fNyquist, defined by the Nyquist-Shannon sampling theorem. Signals
with a frequency greater than the Nyquist frequency, will still be digitized, but at an in-
correct frequency, which is also called aliasing of resonances.
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The spectral bandwidth SW equals 2 fNyquist and can also be expressed in terms of the
dwell time ∆t:

SW =
1
∆t

. (2.42)

The spectral resolution ∆ν is given by the spectral bandwidth SW divided by the sam-
pled timepoints N, which is equivalent to 1 over the total acquisition (sampling) time
Tacq:

∆ν =
1

Tacq
=

1
N∆t

. (2.43)

Thus, the spectral resolution can be improved by decreasing the spectral bandwidth or
increasing the acquisition time. However, the possibility of decreasing the spectral band-
width is limited due to aliasing, and increasing the acquisition time leads to an increase
of the relative noise contributions. Alternatively, the extension of acquisition time can be
simulated by adding points with zero amplitude to the acquired FID. This procedure is
called time-domain zero-filling, and can improve the spectral appearance significantly.

B0 shift correction

Due to B0 inhomogeneities, the reference frequency can be different from the adjusted
transmitter frequency, leading to a shift of the acquired spectrum. In order to position
the reference peak to exactly 0 ppm, a B0 shift correction can be performed, shifting the
entire spectrum by a specific amount. This is simply done by multiplying the acquired
FID with a phase factor:

Scor(t) = S(t) · e−2πi·∆ f ·t , (2.44)

where ∆ f is the frequency difference between the adjusted transmitter and actual reso-
nance frequency of the reference substance. ∆ f is in general determined by a first refer-
ence fit, only quantifying the signal of the reference substance (see section 4.4.1).
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2.3 Magnetic resonance spectroscopic imaging

(MRSI)

So far, the basic principles of MRS were introduced. In general, MRS refers to the acqui-
sition of non-localized MR signals coming from the entire measured sample. Methods
enabling the acquisition of localized MR spectra of the entire measured volume are re-
ferred to as magnetic resonance spectroscopic imaging (MRSI). In the scope of this work,
3D MRSI sequences will be used for the acquisition of in vivo data. Therefore, the basic
principles of spatial encoding relevant to this specific sequence will be introduced. For a
full and more detailed description of the spatial encoding in the field of MR, the reader is
referred to [31, 36].

2.3.1 Spatial encoding

In order to perform localized MR measurements, the spatial information has to be en-
coded in the MR signal. This can be realized by the use of magnetic field gradients
G⃗ = (Gx,Gy,Gz) yielding a spatial variation of the main magnetic field:

B⃗0(⃗r) = B⃗0 + G⃗ · r⃗. (2.45)

Hereby, G⃗ ∥ B⃗0 in order to maintain the quantization axis of the nuclear spins. Due to
the spatially varying magnetic field B⃗(⃗r), the Larmor frequency also becomes location-
dependent:

ω0(⃗r) = γ(B0 + G⃗ · r⃗) = ω0 + γG⃗ · r⃗. (2.46)

Under the assumption that only nuclear spin packets with the same Larmor frequency ω0

are present in the sample and by neglecting the relaxation effects, the MR signal equation
(2.32) changes to

S(t) ∝

∫
ρ (⃗r)eiω0teiγG⃗·⃗rt d⃗r. (2.47)

By introducing a spatial frequency variable k⃗(t):

k⃗(t) = γ

∫ t

0
G⃗(τ)dτ (2.48)

and considering the general case of spin packets with different Larmor frequencies be-
ing present in the sample, the acquired MR signal from the macroscopic sample can be
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written as

S(⃗k, t) =
∫

r⃗

∫
ω

S(⃗r,ω)eiωtei⃗k·⃗r dω d⃗r. (2.49)

By using a 4D Fourier transformation, localized MR spectra S(⃗r,ω) can be obtained.
For the spatial encoding of the three spatial dimensions, different techniques can be used,
for which a detailed description can be found in [31, 36]. For the 3D MRSI sequence
used in this work, only phase encoding is used, and will be shortly introduced in the
following.

Phase encoding

In order to encode the spatial information in the phase of the MR signal, a phase-encoding
gradient is switched on for the time tPE inbetween RF excitation and start of the signal
acquisition. While the Gradient is switched on, the spin packets at different spatial lo-
cations accumulate a different phase according to equation (2.48). During the signal
read-out the spatial information is then phase-encoded. By repeating this procedure with
varying gradient strengths, the entire k-space (and the position-space which is linked via
Fourier transform) can be successively sampled.
This procedure can be done for all 3 spatial dimensions, leading to a 4D dataset with one
acquired FID (and respective spectrum) at each point of the 3D volume.

2.3.2 Spatial zerofilling

Spatial zerofilling refers to the extension of the k-space by adding zeros at the edges of
the k-space, and therewith fictively improving the spatial resolution. Mathematically, the
added zeros lead simply to an interpolation between the actual acquired data points, but
the physical information content is not increased. Nevertheless, spatial zerofilling is a
common technique used in MRSI as it results in smoother spectroscopic maps.
The zerofilling factor describes the factor of zeros being added to the k-space. A zero-
filling factor of 2, which is also referred to as ’one-fold spatial zerofilling’, means the
doubling of the spatial resolution by adding the same number of zeros as number of ac-
quired k-space points.
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2.4 Biochemical fundamentals

In this section, biochemical and physiological fundamentals being of importance for this
work, are briefly summarized. For a more detailed description, the interested reader is
referred to [37–39].

2.4.1 pH value

The pH value of a solution is a measure of its concentration of H+ and is defined as

pH = log
1

[H+]
=− log [H+] . (2.50)

Hereby, it should be noted that in aqueous solutions H+ is present as protonated water
H3O+, but is often denoted as H+ for simplicity.
The ionization equilibrium of a weak acid is given by

HA H+ + A–, (2.51)

where HA is the acid and A– its conjugate base. With the acid dissociation constant

Ka =
[H+][A–]

[HA]
(2.52)

the pKa value of the acid can be defined as

pKa = log
1

Ka
=− logKa. (2.53)

A conjugate acid base pair has the fundamental property of being able to partly compen-
sate for changes of the pH value in a solution, or in other words to buffer. In general, a
weak acid has the highest buffer capacity around its pKa value.

Henderson Hasselbalch equation

Starting from equation (2.52) and the use of equations (2.50) and (2.53), the following
useful expression can be derived:

pH = pKa + log
[A–]

[HA]
. (2.54)

This relation is commonly known as the Henderson Hasselbalch equation. Thus, the
pH value of a solution can be calculated when the molar ratio of A– to HA and the pKa
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Figure 2.6: Chemical structures of phosphocreatine (PCr) and inorganic phosphate (Pi)
in its form HPO 2–

4 .

of the acid is known.

pH gradient in vivo

In living tissue, the pH value plays a key role in cellular metabolism and is linked with
the regulation of physiological processes. Under physiological conditions, the pH value
inside the cell (intracellular pH) is around pHi = 7.0 − 7.2, whereas the pH value in
the extracellular space (extracellular pH) is around pHe = 7.3− 7.6 [37, 40]. In some
diseases, pHi and/or pHe are altered. In cancer, the pH gradient of intra- and extracellular
space is known to be reversed, i.e. pHi is increased, whereas pHe is decreased [40–44].

2.4.2 Main phosphorus compounds in this work

Phosphorus compounds are of interest for biomedical research, because they are associ-
ated with key roles in the energy metabolism.
Phosphocreatine (PCr) is the phosphorylated form of creatine (Cr) and can function as
buffer for the universal energy carrier adenosine-5’-triphosphate (ATP) (see below). With
the help of the enzyme creatine kinase (CK), the phosphate group of PCr can be trans-
ferred to adenosine-5’-diphosphate (ADP), in order to generate ATP, which can then be
utilized again.

When free energy is needed, it can be provided by the hydrolysis of ATP to ADP + Pi.
The inorganic phosphate (Pi) formed by the dissociation of phosphate groups, plays
an important role in the cell, due to its function as a buffer in the physiological range.
In aqueous solution, phosphate ions are present in different forms dependent on the pH
value of the solution. There are three equilibrium reactions:

H3PO4 + H2O H2PO –
4 + H3O+ pKa1 ≈ 2.12 (2.55)

H2PO –
4 + H2O HPO 2–

4 + H3O+ pKa2 ≈ 7.21 (2.56)

HPO 2–
4 + H2O PO 3–

4 + H3O+ pKa3 ≈ 12.67 (2.57)
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Figure 2.7: Schematic diagram of the dissociation of phosphoric acid, which is present
in three different forms dependent on the pH value. In the physiological relevant range
around pH 7, the two species H2PO –

4 and HPO 2–
4 are present. At pH = pKa2 = 7.21, the

proportion of the two species is the same. The pKa values are taken from [38].

The pKa values are given for the temperature of 25◦C and are taken from [38].

In the physiological range, only the species H2PO –
4 and HPO 2–

4 are present (cf. Figure
2.7), hence the equilibrium reaction (2.56) is relevant. Dependent on the pH value of the
solution, the proportions of these two species change (Figure 2.7), enabling the determi-
nation of pH value by means of 31P MRS (see section 2.5.1).
As already mentioned above, adenosine-5’-triphosphate (ATP) is the universal energy
carrier in biological systems. In vivo, ATP is mainly present in its biologically active
form, where it is complexed with a magnesium ion, i.e. [Mg(ATP)]4–. The two possi-
ble confirmations of MgATP complexes are shown in Figure 2.8B. The change of the
electron configuration due to the complex-formation leads to changes of the observed
chemical shift and of the J-coupling constant of the ATP resonances.

2.4.3 Intra- and extracellular concentrations of ions in vivo

Besides being required for ATP to be biological active, the magnesium cation Mg2+ has
numerous other regulatory functions in living tissue, e.g. in enzymatic reactions and in
the stabilisation of DNA and RNA. Therefore, it is of interest in biomedical research. The
intracellular concentration of free magnesium ions [Mg2+

free] is reported to be altered in
numerous pathologies, e.g. diabetes and Alzheimer’s disease [14, 19]. Moreover, it is
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Figure 2.8: (A) Chemical structures of adenosine-5’-triphosphate (ATP) and (B) the two
possible forms of the Mg-ATP complex [Mg(ATP)]4– .

also object of research in other diseases, e.g. migraine, Duchenne muscular dystrophy
and cancer [11, 15, 45].
Also the concentration of other ions, e.g. sodium (Na2+) and potassium (K+) are of in-
terest in the research on different diseases, where the gradient of sodium and potassium
concentration from intra- to extracellular space is altered [46]. In the following table, typ-
ical concentrations of Mg2+, Na2+ and K+ are given for the extra- and intracellular space.
Additionally, also the concentration of calcium (Ca2+) and chloride (Cl–) are given, be-
cause they may also be of relevance.
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Table 2.1: Intra- and extracellular concentration of most abundant ions in vivo. The
values are taken from [37] and are rounded.

ion intracellular [mM] extracellular [mM]

Mg2+ 15∗ 1

Na2+ 15 143

K+ 140 4

Ca2+ 1 ·10−4 1

Cl– 8 115

∗Reported to be 30mM in [47]
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2.5 Phosphorus (31P) MRS

Compared to hydrogen, phosphorus
(31P

)
has a 2.47-fold lower gyromagnetic ratio (γ1H =

42.6MHzT−1 vs. γ31P = 17.25MHzT−1), resulting in a lower SNR. However, it has
a 100% natural abundance and a relatively large chemical shift dispersion in vivo (≈
30ppm), leading to a high spectral resolution even at clinical magnetic field strengths.
31P MRS is a powerful tool due to its capability to detect metabolites playing key roles
in the energy metabolism (cf. section 2.4.2). Furthermore, physiological parameters such
as intracellular pH and intracellular concentration of free magnesium ions

[
Mg2+

free

]
can

be indirectly assessed. A representative 31P MR spectrum acquired of the human calf
muscle of a healthy volunteer is shown in Figure 2.3.

2.5.1 Determination of intracellular pH

As already mentioned in section 2.4.2, the pH value can be assessed by 31P MRS due
to the fact, that the proportion of the two present phosphate species, i.e. H2PO –

4 and
HPO 2–

4 , changes depending on the pH value of the surrounding tissue. For the relevant
equilibrium reaction (equation (2.56)), fast exchange can be assumed (see section 2.2.3),
meaning that the observed chemical shift δobs of Pi is given as the mean of δA and δHA

weighted by the relative populations of H2PO –
4 and HPO 2–

4 (see Figure 2.9).
The reason for the higher resonance frequency of HPO 2–

4 can be explained by considering
the chemical structures of HPO 2–

4 and H2PO –
4 (Figure 2.10). For HPO 2–

4 , the oxygen
atom at position 3 is present in its unprotonated form, leading to a longer P O bond. Due
to this difference in bond length, the electronic shielding of the 31P atom is decreased for
HPO 2–

4 , and thus its resonance frequency is increased (cf. Figure 2.9).

In order to calculate the pH value by means of 31P MRS, the Henderson Hasselbalch
equation (equation (2.54)) can be adapted for the equilibrium reaction of phosphoric acid
which is relevant for the physiological pH range (equation (2.56)):

pH = pKa + log
[H2PO –

4 ]

[HPO 2–
4 ]

, (2.58)

with

pKa =
[H3O+][H2PO –

4 ]

[HPO 2–
4 ]

. (2.59)

The ratio [H2PO –
4 ]

[HPO 2–
4 ]

in equation (2.58) can be rewritten in terms of chemical shift ratios.
Starting from the general assumption, that the observed chemical shift δobs of Pi is given
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2.5 Phosphorus (31P) MRS

Figure 2.9: Schematic representation of the chemical shift changes of inorganic phos-
phate (Pi) due to a change in the pH value. (A) In the fast exchange regime, one resonance
signal is observed for Pi, i.e. δobs, with the weighted average frequency of the protonated
species H2PO –

4 with the chemical shift δHA and the unprotonated species HPO 2–
4 with the

chemical shift δA.The resonance frequency is higher for HPO 2–
4 than for H2PO –

4 , because
the electronic shielding is decreased. (B) Depending on the pH value of the solution, the
proportion of protonated and unprotonated species changes, resulting in a down- or up-
field shift of δobs.

Figure 2.10: Chemical structures of the
two phosphate species relevant in the phys-
iological pH range, i.e. H2PO –

4 (left) and
HPO 2–

4 (right). For HPO 2–
4 , the oxygen

at position 3 is present in its unprotonated
form. This leads to a longer P O bond
than for H2PO –

4 . Due to this difference in
bond length, the electronic shielding of the
31P atom is decreased for HPO 2–

4 , and thus
its resonance frequency increased (cf. Fig-
ure 2.9).
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2 Fundamentals

Figure 2.11: Visualization of the modified Henderson Hasselbalch equation (equation
(2.64)) for pKa = 6.77, δHA = 3.23ppm and δA = 5.7ppm. This calibration curve is used
to translate the measured chemical shift of Pi relative to PCr (δPi−PCr) to the underlying
intracellular pH value.

as the weighted mean of the two chemical shifts of the protonated and unprotonated
species, i.e. δHA and δA (see section 2.2.3, equation (2.40)):

δobs = pA ·δA + pHA ·δHA (2.60)

with

pA =
[H2PO –

4 ]

[HPO 2–
4 ]+ [H2PO –

4 ]
(2.61)

pHA =
[HPO 2–

4 ]

[HPO 2–
4 ]+ [H2PO –

4 ]
, (2.62)

it follows that

[H2PO –
4 ]

[HPO 2–
4 ]

=
δobs −δHA

δA −δobs
, (2.63)

which leads to a modified Henderson Hasselbalch equation of the following form:

pH = pKa + log
δobs −δHA

δA −δobs
. (2.64)

This relation is used to translate the observed chemical shift of Pi to the pH value of
the solution and was first reported by Moon and Richards in 1973 [20]. As commonly
done in 31P MRS, the chemical shifts are given relative to the chemical shift of PCr. The
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2.5 Phosphorus (31P) MRS

relation δPi−PCr(pH) is visualized in Figure 2.11. The buffer system phosphoric acid is
very suitable for the pH determination in vivo, as the gradient ∆δPi

∆pH is (i) approximately
linear in the physiological range around pH 7, and (ii) large enough to yield a measurable
change of δPi for small changes in pH (≈ 0.13ppm per 0.1 pH units).
Whenever the modified Henderson Hasselbalch equation is used in this work, the values
reported in the standard NMR spectroscopy book by Robin de Graaff [31] will be used:
pKa = 6.77, δHA = 3.23ppm and δA = 5.7ppm.

2.5.2 Determination of intracellular magnesium ion

concentration

Due to the fact, that ATP is mostly present in its biologically active form. i.e. complexed
to a magnesium ion, it is possible to indirectly determine the concentration of free magne-
sium ions in a solution through the chemical shifts of ATP. Similar to the considerations
of the two phosphate species being in chemical exchange (see section 2.5.1) enabling the
determination of pH value based on the chemical shift of Pi, the determination of the
magnesium ion concentration by means of 31P MRS can be explained. To this end, the
following reaction is considered:

MgATP2– ATP4– + Mg2+. (2.65)

Depending on the ratio of the two species, i.e. free [ATP4– and the complex [Mg(ATP)]4–,
the observed chemical shift δobs will be shifted further towards δATP or δMgATP:

δobs = pATP ·δATP + pMgATP ·δMgATP. (2.66)

By using the definition of the dissociation constant KD for this reaction:

KD =

[
Mg2+

][
ATP4–

]
[
MgATP2–

] , (2.67)

equation (2.66) can be rearranged as follows:[
Mg2+

]
= KD · δobs −δATP

δMgATP −δobs
. (2.68)

Due to the strong dependency of the β -ATP chemical shift on the magnesium concentra-
tion, conventionally, δβ is used as δobs in equation (2.68). More specifically, as first done
by Gupta et al. in 1978 [21], the chemical shift of β -ATP relative to the chemical shift of
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α-ATP, i.e. as δαβ . is used.
Following this rather simple approach, numerous other approaches for the determina-
tion of [Mg2+] were proposed, either by extending the approach from Gupta et al., or by
proposing differently developed ones. For example, London et al. [26] considered not
only the complexation of free magnesium with free ATP (equation (2.65)), but also the
protonation of ATP and MgATP, introducing two additional dissociation constants:

KH =
[H+]

[
ATP4–

]
[
ATPH3–

] (2.69)

KD′ =

[
Mg2+

][
ATPH3–

]
[MgATPH–]

(2.70)

Thus, four different species are considered in equation (2.66), yielding

[
Mg2+

]
= KD · δobs(1+10pK−pH)−δ1 −δ2 ·10pK−pH

δ3 +δ4

(
KD
KD′

)
10pK−pH −δobs(1+

(
KD
KD′

)
10pK−pH)

. (2.71)

Hereby, the expression for pH (equation (2.50)), and the expression for pKa (equation
(2.53)) now adapted for the protonation of ATP, i.e. pKATP

a = [H3O+][ATP4–]

[ATPH3–]
are used to

replace [H+] and KD. Hence, pK in equation (2.71) is the pKa value of ATP. For the
detailed derivation of equation (2.71), it is referred to [26].
A further developed approach is given by Golding and Golding [27], who considered an-
other additional equilibrium, i.e. ATPMg2– + Mg2+ Mg2ATP, with the dissociation
constant

K2D =

[
Mg2+

][
MgATP2–

]
[Mg2ATP]

, (2.72)

leading to a rather long expression for [Mg2+]. Barker et al. [48] applied the formula from
Golding and Golding for 31P MRSI measurements in the human brain, and presented the
formula in the following form:

[
Mg2+

]
=−0.5 ·K2D · δ3 −δobs +β · (δ4 −δobs)+

√
t

δ5 −δobs
, (2.73)
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2.5 Phosphorus (31P) MRS

where

β =10−pH · KD ·K1D

KH
(2.74)

t =(δobs −δ3 +β · (δobs −δ4))
2 +(4

KD

K2D
· (δ5 −δobs))+(10−pH · δobs −δ2

KH
+δobs −δ1).

(2.75)

In this representation K1D = KD′ (like in equation (2.70)). δi with i ∈ [1;5] are the chem-
ical shifts of the 5 different ATP species considered in this approach:

• ATP: δ1 = 10.60ppm

• ATPH: δ2 = 11.66ppm and KH = 0.34µM

• MgATP: δ3 = 8.16ppm and KD = 90µM

• MgATPH: δ4 = 8.52ppm and K1D = 720µM

• Mg2ATP: δ5 = 9.25ppm and K2D = 0.2M
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3 Functions for modelling the ATP chemical

shifts in dependence on the magnesium

ion concentration

In order to implement the look-up algorithm of this work, an interpolation of the value
space is necessary, because only a limited number of data points i.e. MR spectra from
model solutions prepared with different chemical conditions, can be acquired. Based on
literature [21, 23, 27] and results of initial experiments of this work, it is known, that in
the herein investigated value range, the change of the ATP chemical shifts is non-linear
with varying magnesium ion concentration. Based on this knowledge, the dependency
δ (Mg) will be the starting point for the development of the final multi-dimensional mod-
els, i.e. δ (Mg, pH,K), whereby Mg shortly denotes the magnesium ion concentration
and K denotes the potassium ion concentration [K+].
For the interpolation of δ (Mg), three different model functions will be applied and com-
pared. These model functions will be introduced in this section. First, a heuristically
developed function based on initial experimental results will be presented. Second, the
formula given by London et al. for the calculation of the free magnesium ion concentra-
tion will be rearranged and adapted to develop a suitable model. And third, a function
will be derived, which is based on the Hill equation used in chemistry.

3.1 Model with heuristic ansatz

An heuristic ansatz was developed to describe the dependence of the measured ATP
chemical shifts on the relative magnesium ion concentration, denoted as R =

[Mgtot]
[ATPtot]

.
The measured chemical shifts δ (R) appear to follow a sigmoidal course (cf. Figure 5.18
in section 5.2). Therefore, the following parameterized sigmoid function is assumed:

δ
Heur(R) = A · 1

1+ e−d·R +C, (3.1)

where A describes the amplitude of the chemical shift, d the strength of the bend, and C

being the chemical shift offset (lower limiting chemical shift).
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3 Functions for modelling the ATP chemical shifts in dependence on the magnesium ion concentration

3.2 Model based on the London equation

The expression for the calculation of the free magnesium ion concentration proposed by
London et al. [26] (introduced in section 2.5.2), considers the influence of the pH value
on the ATP limiting chemical shifts. The expression given in [26] (equation 2.71) can be
rearranged as follows:

δobs

(
[Mg2+], pH

)
=

δ1 +δ2 ·10pK−pH + [Mg2+]
KD

· (δ3 +δ4 · KD
KD′

·10pK−pH)

1+10pK−pH + [Mg2+]
KD

· (1+ KD
KD′

·10pK−pH)
. (3.2)

In the experiments of this work, the concentration of the free magnesium ions [Mg2+] is
not known a priori and needs to be replaced by an expression including only the total
magnesium and the total ATP concentration, which are known. All expressions used for
the derivation of the equation given by London et al. (equation 2.71, see section 2.5.2,
equations (2.67), (2.69), (2.70)), and the following expressions for the total magnesium
and total ATP concentration, shortly denoted as Mgtot and ATPtot:

Mgtot =
[
Mg2+

]
+
[
MgATP2–

]
(3.3)

ATPtot =
[
ATP4–

]
+
[
MgATP2–

]
, (3.4)

yield a system of non-linear equations which cannot be solved analytically. Hence,
[Mg2+] cannot be easily replaced by an expression including only Mgtot and ATPtot.
To obtain an approximated solution, the fraction [Mg2+]

KD
will be replaced by the oversim-

plification

[Mg2+]

KD
≈ f1 ·

Mgtot
ATPtot

= f1 ·R, (3.5)

which expresses the ratio [Mg2+]
KD

as a specific proportion f1 of the total relative magne-
sium ion concentration R. Note, that f1 does change depending on the total magnesium
concentration. Hence it has to be kept in mind, that the model developed based on the
London equation with a constant value for f1 is an oversimplification describing the rela-
tion δ (R) not correctly for all magnesium concentrations. In the following, the ratio KD

KD′

will be denoted as f2, yielding the following expression for δ London(R, pH):

δ
London(R, pH) =

δ1 +δ2 ·10pK−pH + f1 ·R · (δ3 +δ4 · f2 ·10pK−pH)

1+10pK−pH + f1 ·R · (1+ f2 ·10pK−pH)
. (3.6)
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3.3 Model based on the Hill equation

3.3 Model based on the Hill equation

In section 2.5.1, the modified Henderson Hasselbalch equation was introduced as the
standard calibration equation for the determination of pH by means of 31P MRS. An
equation, which is more general than the modified Henderson Hasselbalch equation, was
used in the work of Pettegrew et al. [23]. The model function to describe the dependency
of the chemical shift δobs on the pH value, used in [23], has the following general form:

δobs =
δHA · [H+]n +δA · (KA)

n

[H+]n +(KA)n . (3.7)

Here, n is the so-called Hill coefficient describing the cooperativity of the underlying
binding. Equation (3.7) is a modified form of the Hill equation, which is used in chem-
istry to describe the binding of a ligand to a receptor. A more detailed description and the
derivation of these modified form of the Hill equation can be found in Appendix A.
For the case of n = 1, equation (3.7) can be easily rearranged to yield the modified Hen-
derson Hasselbalch equation in the well-known form of equation (2.64). For the gold-
standard method to determine pH (using the chemical shift of Pi), it was shown in exper-
iments, that n ≈ 1 [23].
For other binding reactions however, e.g. (i) the protonation of ATP, or (ii) the binding of
magnesium ions to ATP (see section 2.5.2), the assumption n = 1 might be invalid. This
is supported by results from experiments of Pettegrew et al. [23], where the Hill coeffi-
cients for the titration curves δ (pH) for the three resonances of ATP were determined.
The determined Hill coefficients n showed a strong dependence on the chemical condi-
tions, i.e. Mgtot, and were found to be in the range between n ≈ (0.6− 1.2). Although
the investigations from Pettegrew et al. addressed only the influence of the pH value, it
can be assumed that also the Hill coefficients for the binding of magnesium ions to ATP
might be different from 1. This is further supported by assumptions in the work from
Golding and Golding [27], where also double-binding reactions (cf. equation (2.72)) are
considered, which would result in a Hill coefficient n ̸= 1.
By drawing an analogy between the protonation of HPO –

4 (equation (2.58)) and the com-
plexation of magnesium ions to ATP molecules (equation (2.65)), the general expression
given by equation (3.7) can be used as follows:

δ
ATP
obs =

δMgATP ·
[
Mg2+

]n
+δATP · (KD)

n[
Mg2+

]n
+(KD)n

=
δMgATP ·

[
MgATP2–

]n
+δATP ·

[
ATP4–

]n[
MgATP2–

]n
+
[
ATP4–

]n ,

(3.8)
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3 Functions for modelling the ATP chemical shifts in dependence on the magnesium ion concentration

whereby the expression for KD (equation (2.67)) was used. By using the expressions for
the total magnesium and total ATP concentration (equations (3.3) and (3.4)) and for the
dissociation constant (equation (2.67)), the expression for the observed chemical shift
of ATP, can be rewritten in a way, that only the known variables Mgtot and ATPtot, as
well as the dissociation constant KD occur in the equation. The unknown concentra-
tions [MgATP2–] and [ATP4–] will be eliminated. To improve readability of the function
δ (Mgtot), the following auxiliary variables will be used:

p = KD +Mgtot−ATPtot (3.9)

q =−KD ·ATPtot. (3.10)

With these variables, the following expressions result for [ATP4–] and [MgATP2–]:

[
ATP4–

]
=− p

2
±
√( p

2

)2
−q := A± (3.11)[

MgATP2–
]
= Mgtot ·

A±
A±+KD

(3.12)

The expressions (3.11) and (3.12) can be inserted in equation (3.8) to yield δ (Mgtot).
Because there are two expressions for [ATP4–] (equation (3.11)) with different signs, there
are also two solutions for δ (Mgtot). Analysis of the expressions for the concentrations
of ATP and MgATP (equations (3.11) and (3.12)) shows that keeping the solution with
negative sign can result in value ranges for the concentration of MgATP that are negative,
which is unphysical. Hence, the solution with negative sign is discarded, and only the
solution with positive sign used:

δ
Hill(Mgtot) =

δMgATP ·
(

Mgtot ·
A+

A++KD

)n
+δATP · (A+)

n(
Mgtot ·

A+
A++KD

)n
+(A+)n

. (3.13)
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4 Materials and Methods

4.1 MR imaging systems

All measurements were conducted on MR systems at the German Cancer Research Cen-
ter (DKFZ) in Heidelberg. The in vivo measurements of healthy volunteers and patients
were performed on the whole-body 7-T MR scanner (MAGNETOM, Siemens Health-
ineers, Erlangen, Germany). The measurements on model solutions were performed
on the 9.4-T small animal PET-MR scanner (BioSpec 94/20 USR, Bruker Biospin MRI
GmbH, Ettlingen, Germany).

4.1.1 7-T whole-body MR system

The 7-T MR scanner has a static magnetic field strength of B0 ≈ 6.98T and is equipped
with an additional coil system for B0 homogenization (shimming) (Figure 4.1A). The
high-frequency broadband system allows for measuring the MR signal of different nuclei
(e.g. f31P = 120.29MHz or f1H = 297.15MHz).
For the measurements of the lower leg muscles of healthy volunteers, a double-resonant
31P-1H volume coil with birdcage design (Rapid Biomedical, Rimpar, Germany) was
used (Figure 4.1B). The brain measurements of patients with glioblastoma were per-
formed using the double-resonant 31P−1 H head coil (Rapid Biomedical, Rimpar, Ger-
many) having 32 receiver channels for 31P (Figure 4.1C).

4.1.2 9.4-T small animal PET-MR system

The 9.4-T small animal PET-MR scanner is designed for measurements of mice and rat,
and has a static magnetic field strength of B0 ≈ 9.403T, which is actively shielded (Figure
4.2A).
All measurements on the 9.4-T small animal scanner were conducted using a double-
resonant 31P-1H volume resonator with an inner diameter of 35mm (Figure 4.2B) tuned
to the resonance frequencies of 31P and 1H nuclei at 9.4T: f31P = 162.07MHz and f1H =

400.35MHz. The small animal scanner enables temperature controlled measurements
and is therefore equipped with a heating and temperature monitoring system. Distilled
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Figure 4.1: (A) The 7-T MR scanner (MAGNETOM 7T, Siemens Healthineers, Erlan-
gen, Germany) at the German Cancer Research Center (DKFZ) on which the in vivo
measurements of healthy volunteers and patients were conducted. The image is taken
from [49]. (B) The double-resonant 31P-1H volume coil with birdcage design used for
the measurements of the lower leg, and (C) the double-resonant 31P-1H head coil with
32 receiver channels for 31P. Both coils are manufactured by Rapid Biomedical, Rimpar,
Germany.
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4.1 MR imaging systems

Figure 4.2: (A) The 9.4-T small animal PET-MR scanner (Biospec 94/20 USR, Bruker
Biospin MRI GmbH, Ettlingen, Germany) at the German Cancer Research Center
(DKFZ), on which the measurements on model solutions were conducted with the (B)
double-resonant 31P-1H volume resonator with an inner diameter of 35mm. The RF coil
(c) can be tuned and matched with the corresponding knobs (b). (C) The chamber of the
small animal bed can be heated with warm air by the use of a heating system. Distilled
water is heated and pumped via tubes into the scanner room (a) to the heat exchanger
behind the small animal bed (g). The heated air from the heat exchanger is then streamed
via a perforated tube (e) into the phantom chamber. The phantom tube (d) is additionally
equipped with a thermometer (f) measuring the temperature of the water inside the outer
tube. The pictures for Figures A and C were taken by Dr. Philip Boyd and Justyna Platek
from the Division of Medical Physics in Radiology at the DKFZ.

water is heated in a water bath in the console room and pumped to a heat exchanger
behind the small animal bed (Figure 4.2C). Compressed air is heated by streaming to
the heat exchanger and afterwards warming the small animal bed via a perforated tube.
With a thermometer attached to the small animal bed, the temperature can be tracked.
By adjusting the temperature of the water bath and the pressure of the air stream, the
temperature can be adjusted and stabilized during the measurement. In this work, all
measurements on model solutions were performed at a temperature of T ≈ 37◦C .

39



4 Materials and Methods

4.2 MR sequences

4.2.1 FID sequence

For the acquisition of 31P spectra in model solutions, a simple excite-acquire FID se-
quence was used (Figure 4.3). All spectra from model solutions acquired in this work
were obtained with the same measurement parameters. After an excitation with a sinc-
shaped RF pulse with flip angle FA = 45◦, 2048 time points are acquired with a dwell
time of ∆t = 0.1ms corresponding to a spectral bandwidth of BW = 10kHz . In total,
1024 signal averages are acquired resulting in a total acquisition time of 5 minutes and 7
seconds.

Figure 4.3: Schematic sequence diagram of a 31P FID sequence for the unlocalized ac-
quisition of 31P MR spectra, comparable to the used sequence at the 9.4-T scanner. After
a sinc-shaped excitation pulse, the data is acquired via an analog-to-digital converter
(ADC) for the time Tacq. Prior to the next excitation, the residual transverse magnetiza-
tion is destroyed with spoiler gradients. The time between two consecutive excitations is
called repetition time TR.

4.2.2 3D MRSI sequence

For the acquisition of spatially resolved 31P spectra in the measurements of volunteers
and patients, a 3D FID-MRSI sequence was used (Figure 4.4). In between excitation
and data acquisition, the signal is spatially encoded in all three spatial dimensions by the
use of phase encoding gradients (cf. section 2.3.1). The succession of excitation, spatial
encoding with varying gradient strength and data acquisition is repeated Nx ×Ny ×Nz

times to acquire the complete k-space matrix. Consequently, the total acquisition time
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for one average is

Ttotal = Nx ×Ny ×Nz ×TR. (4.1)

For an improvement of the SNR, usually, multiple averages are acquired, increasing the
measurement time by the factor NAverages.
In the used MRSI sequence, the k-space points are not acquired in a uniformly distributed
manner, i.e. acquisition of the same number of averages at each point in k-space. The
acquisition is performed following a Hamming-weighted sampling scheme, meaning that
the k-space center is acquired with the highest number of averages, and the k-space points
towards the edge with less averages, in the form of a Hamming filter. Therewith, the k-
space center, which holds the information of the basic contrast, is weighted stronger than
the k-space edges.
Additionally, in order to enhance the 31P signal in each acquisition, a nuclear Overhauser
effect (NOE) preparation can be applied prior to the 31P excitation pulse. The NOE
preparation consists of an adiabatic 1H inversion pulse with succeeding spoiler gradients.
The nuclear Overhauser effect was not explicitly introduced in the fundamentals, hence
the reader is referred to Chapter 3 of [31] for a detailed explanation. The NOE preparation
was applied for the measurements in the brain, but not in the lower leg muscle.
The parameters of the 3D MRSI sequence were different for the different applications
(lower leg muscle / brain) and can be found in the corresponding sections describing the
Measurement Protocols (section 4.4.2).

41



4 Materials and Methods

Figure 4.4: Sequence diagram of the used 3D 31P FID-MRSI sequence for the acquisition
of localized 31P spectra. In between 31P excitation and data acquisition, spatial encoding
is realized with phase encoding gradients in all three dimensions (Gx, Gy, Gz). In order
to enhance the 31P signal, a nuclear Overhauser effect (NOE) preparation can be applied
prior to 31P excitation, which consists of an adiabatic 1H inversion pulse with succeeding
spoiler gradients. NOE enhancement was applied for the measurements in the brain of
patients with glioblastoma, but not for the measurements in the lower leg muscles of
healthy volunteers.
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4.3 Preparation of model solutions

The characterization of the 31P MR spectral properties was performed on suitable model
solutions trying to mimic in vivo conditions. As the main focus of this work was the
determination of the pH value and the magnesium ion concentration, the used model so-
lutions contained only Pi and ATP, as the resonance signals of these metabolites are the
most sensitive to changing pH and [Mg2+]. As reference substance also PCr was added.

All sets of model solutions were prepared in a standardized way. All chemicals were
solved in imidazole buffer which was prepared by using demineralized (VE) water. The
final concentration of Pi, ATP and PCr was 5mM in all solutions, for which sodium based
salts were used. The standard preparation procedure was as follows:

1. Imidazole buffer solution (0.2M1) was prepared with a pH value of approximately
(8−9) (higher than the target pH values).

2. The Pi solution was prepared by solving disodium phosphate (Na2HPO4) and sodium
dihydrogen phosphate (NaH2PO4) in a ratio of 3:1 in imidazole.

3. By solving disodium PCr (C4H8N3O5PNa2 ·xH2O) and disodium ATP
(C10H14N5O13P3Na2 ·xH2O) in imidazole and adding both to the Pi solution, the
base solution for all model solutions was prepared.

4. Stock solutions for magnesium and potassium were prepared by solving MgCl and
KCl in imidazole.

5. The base solution from step 3 was distributed in different tubes and the defined
volumes of the magnesium and potassium stock solution were added, in order to
achieve the respective target [K+] and [Mg2+].

6. This final solution was again distributed into different tubes for the pH titration.
The target pH was titrated while the tubes were inside a water bath stabilizing
the temperature of the solution at 37◦C, using the pH-meter “Five Easy” (Mettler
Toledo) with the electrode LF438 for pH measurement.

The pH titration was done in two steps. First, a coarse adjustment of the target pH value
by using HCl with a concentration of 1M was performed, and the volume of the solution
was filled up with imidazole to a volume of 9.95ml. Second, the pH was readjusted with
only a small amount of 1M HCl. The volume was then filled up with a small amount of

14.9g imidazole + 360ml VE water + 3ml 0.1 M HCl
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Table 4.1: Ion concentrations and target pH values of the six model solution sets used
in this work. All concentrations are given in [mM]. All solutions contain 5mM of PCr,
Pi, and ATP. Note, that the exact titrated pH value of each model solution is slightly
deviating from the target pH value listed here.

Set # [Na2+] [K+] [Mg2+] pH

1 29 29
0, 1.25, 2.5,

6.8, 7.0, 7.2, 7.4
3.75, 5, 10

2 29 120
0, 1.25, 2.5,

6.8, 7.0, 7.2, 7.4
3.75, 5, 10

3 29 160
0, 1.25, 2.5,

6.8, 7.0, 7.2, 7.4
3.75, 5, 10

4 29
0, 50, 75,

0.625, 2.5 7.0, 7.4
100, 150, 200

5 29 0, 100, 200 0, 5, 10 6.8, 7.4

6∗ 96 29
0, 1.25, 2.5,

6.8, 7.0, 7.2, 7.4
3.75, 5, 10

∗Not used for the model development

imidazole to the final volume of 10mM. The final pH value and the exact temperature of
the solution were documented for later temperature correction of the pH value (see sec-
tion 4.4.3). The final solutions were filled into 2ml Eppendorf tubes and closed without
entrapment of air bubbles.

With the described procedure, various sets of model solutions were prepared with dif-
ferent magnesium, potassium and sodium ion concentrations, and titrated to different
pH values. The chemical composition of the six model solution sets, which are used in
this work, can be found in Table 4.1. Typically one set consisted of 24 different model
solutions (maximum number of model solutions, which could be prepared during one
working day). The preparation was done by Renate Bangert from the Division of Med-
ical Physics in Radiology at the DKFZ. The model solutions were measured within 24
hours after preparation.

Due to the use of sodium salts for the metabolites, the base concentration of sodium was
29mM in all model solutions. In the solution set #6, 67mM NaCl was added to achieve a
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4.3 Preparation of model solutions

sodium concentration of [Na2+] = 96mM. For the development of the multi-dimensional
model δ (pH,Mg,K) (cf. section 5.3), solely datasets 1-5, i.e. a total number 114 model
solutions, are used.2

2In the framework of this thesis, a total of 222 model solutions were prepared and measured, but not all of
them are listed here, as they were prepared under slightly different conditions (particularly in the initial
experiments). However, they were also used as test datasets for the sanity check of the algorithm (cf.
Appendix D)
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4.4 Experimental and Data Processing Protocols

4.4.1 General data processing steps

The reconstruction, post-processing, quantification and evaluation steps of all acquired
datasets were performed in MATLAB (version 2020a, The MathWorks Inc., Natick,
USA). For the reconstruction of the acquired raw data of both used MR systems, dif-
ferent algorithms customized for Siemens and Bruker raw data formats were used. The
postprocessing, as well as the quantification steps were adapted to the respective applica-
tion, i.e. in vivo measurements (muscle / brain) or model solutions.
For the quantification of all spectra, a home-built implementation of the AMARES algo-
rithm [50] for MATLAB was used. A more detailed description of the implementation of
this algorithm can be found in [9]. For all cases, the quantification protocol started with
a reference fit, only quantifying the reference signal PCr modelled as singlet with Gaus-
sian (in vivo data) or Lorentzian (model solution data) lineshape. The quantified phase
of PCr was used for phase correction of zeroth order. Also the B0 shifts were corrected
by using the quantified frequency of PCr. The main fitting step quantifying the ampli-
tudes, frequencies and linewidths of all contained metabolites was then performed on the
phase- and B0-shift corrected spectra. As a quantity for quantification uncertainties, the
Cramér-Rao lower bounds (CRLBs) were utilized throughout the study [51].
The fit models of this main step were different for each application and are described in
the corresponding sections 4.4.2 and 4.4.3.

4.4.2 Measurements in vivo

All in vivo measurements were approved by the local ethics committee of the Medical
Faculty of the University of Heidelberg. Written consent was received from all subjects.
The measurements of healthy volunteers and of patients were both performed at the 7-T
whole body MR scanner (section 4.1.1) using the 3D 31P MRSI sequence described in
section 4.2.2. The most important sequence parameters for both applications can be found
in Table 4.2. Additionally to the 31P MRSI, also 3D morphological 1H images were
acquired.

Measurements of the human lower leg muscle

The lower legs of three healthy volunteers were measured using the double-resonant 31P-
1H volume coil with birdcage design (Figure 4.1B in section 4.1.1). A detailed descrip-
tion of the complete measurement and processing protocol can be found in [52]. The
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Table 4.2: Sequence parameters of the used 3D 31P MRSI sequences for the in vivo
measurements of the lower leg muscles of healthy volunteers and of the human brain of
patients with glioblastoma. ∆x denotes the voxel size.

Parameter Lower leg muscle Brain

Matrix size (24×24×16) (20×24×16)

Nominal ∆x (8×8×16) mm3 (12.5×12.5×12.5) mm3

TR 240ms 250ms

FA 20◦ 20◦

Spectral BW 5kHz 5kHz

Time points 1024 1024

Averages 16 18

Ttotal 56 min 52 min

NOE preparation no yes

most important sequence parameters are summarized in Table 4.2. After reconstruction
of the raw data, the 3D datasets of all three volunteers were processed by one-fold spatial
zero-filling resulting in an image size of (48×48×32), and application of a 10-Hz Gaus-
sian filter in the time domain. The quantification of spectra was performed voxelwise as
described in section 4.4.1. In the B0-shift- and phase-corrected signals, the frequencies,
linewidths and amplitudes of all visible metabolites, i.e. PCr, Pi, GPC, and the three res-
onances of ATP, were quantified. All of these metabolites were modelled as singlets with
Gaussian lineshape.

Measurements of patients with glioblastoma

For the purpose of this work, 3D 31P MRSI datasets from patients with glioblastoma were
retrospectively analyzed. The patient measurements were conducted using the double-
resonant 31P-1H head-coil (Figure 4.1C in section 4.1.1). A summary of the sequence
parameters are listed in Table 4.2. The complete measurement protocol can be found in
[9].
In order to enhance the SNR of the 31P MRSI datasets, a low-rank denoising approach
was applied prior to the conventional postprocessing steps. For a detailed description of
this low-rank denoising, as well as details about the coil combination of the 32 receiver
channels, the reader is also referred to [9]. After low-rank denoising, the datasets were
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further processed by one-fold spatial zero-filling resulting in a image size of (40×48×
32), and time domain filtering with a 15-Hz Gaussian filter. After B0-shift- and phase-
correction of zeroth order, amplitudes, frequencies and linewidths of all observed 31P
metabolites were quantified following the fitting scheme described in [10]. The follow-
ing metabolites were quantified: phosphoethanolamine (PE), phosphocholine (PC), intra-
cellular inorganic phosphate (Pi), extracellular ePi, glycerophosphoethanolamine (GPE),
glycerophosphocholine (GPC), phosphocreatine (PCr), nicotinamide adenine dinucleotide
(NAD), the three resonances of ATP, 2,3-Diphosphoglycerate (DPG), mobile phospho-
lipids (MPL), and Uridine Diphosphoglucose (UDPG).

Calculation of pH and magnesium maps

For all datasets, i.e. from lower leg muscles and brain, 3D pH and magnesium maps
were calculated. pH maps were generated by voxelwise calculation of the pH via the
standard version of the modified Henderson-Hasselbalch equation (equation (2.64)) using
the quantified chemical shift difference between Pi and PCr, i.e. δobs = δPi−PCr. For the
modified HHE, the parameters given in [31] are used (cf. 2.5.1).
For the calculation of the 3D maps showing the concentration of free magnesium ions
[Mg2+

free], the equation given by Golding and Golding [27] for the chemical shift difference
between the α- and β -resonance of ATP was used (equation (2.73) with δobs = δαβ ). The
pH value required in this formula was calculated as described above.

Region-of-interest analysis

In order to compare the calculated physiological values e.g. pH value and [Mg2+
free], from

different regions in the measured volumes, 3D regions-of-interest (ROIs) were defined in
the Medical Imaging Interaction Toolkit (MITK) [53] using the corresponding morpho-
logical 1H images.
For the lower leg datasets, ROIs for three different muscle groups, i.e. tibialis anterior

(TA), soleus (Sol), and gastrocnemius medialis (GM), were defined, which are represen-
tatively shown for volunteer 1 in Figure 4.5.
The ROIs in the datasets of patients with glioblastoma were defined by Nina Weckesser
from the Division of Radiology at the DKFZ. In this work, only two different regions will
be compared, i.e. the ROI covering the whole tumor volume (WHT), and a ROI covering
white matter (WM) on the contralateral side. The ROI selection is representatively shown
for patient 1 in Figure 4.6. Note, that the WM ROI is not visible in the presented slice.
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Figure 4.5: The definition of 3D regions-of-interest (ROIs) for the lower leg muscle
datasets, representatively shown for volunteer 1. ROIs for the following three muscle
groups were define: tibialis anterior (TA), soleus (Sol), gastrocnemius medialis (GM).

Figure 4.6: The definition of the ROI covering the whole tumor volume (WHT) repre-
sentatively shown for patient 1. The defined ROI covering healthy white matter located
on the contralateral side of the tumor lies in different slices than the tumor slices, and
are hence not visible in this illustration. The ROIs in the datasets from all patients were
defined by Nina Weckesser from the Division of Radiology at the DKFZ.
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Figure 4.7: Self-built phantom-mount used for the measurements of model solutions.
Into the conventional 50-ml tube, a mounting was glued to the bottom (a), which can
hold a 2 ml Eppendorf tube filled with the model solution (b). The Eppendorf tube is
additionally fixed in the center of the outer tube with the help of a bubble trap (c), to
which also a mounting is glued, keeping the Eppendorf tube at a certain distance from
the bubble trap. The outer tube can be closed with the conventional lid (d). The sensor of
the thermometer (e) was inserted at the bottom of the outer tube, in order to measure the
water temperature inside the tube. Prior to the measurement, the outer tube (f) is filled
with pre-heated water in order to reach the required temperature of 37◦C in the small
Eppendorf tube more quickly.

4.4.3 Measurements on model solutions

Data acquisition

The 31P spectra of model solutions were acquired at the 9.4-T small animal scanner using
a FID sequence as described in section 4.2.1. For the measurement, the 2ml Eppendorf
tubes were placed into a self-built phantom-mount and fixed with a bubble trap (Figure
4.7). This self-built phantom-mount can be filled with water enabling a more robust B0

homogenization (shimming) due to the reduced susceptibility changes at the edges of the
Eppendorf tube. Additionally, a thermometer was built into the outer tube enabling the
tracking of the water temperature inside the phantom mount during the MR measure-
ments. In order to reach the required temperature of 37◦C in the sample more quickly,
the water filled into the outer falcon was pre-heated to a temperature of about 40◦C.
After placing the sample in the phantom-mount and filling with pre-heated water, the
phantom-mount was put into the small animal bed and the thermometer connected to the
control panel. The small animal bed was then moved into the iso-center of the magnet.
After the standard adjustments of the MR scanner (i.e. tune and match, shimming) and
stabilization of the temperature, the 31P spectra were acquired. The temperature of the
water surrounding the measured sample at the beginning and at the end of the FID acqui-
sition was documented. The mean temperature during the individual measurements was
T̄ = (37.1±0.3).
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The described procedure was repeated for all samples (typically 24 model solutions per
subset, cf. Table 4.1). At the end, the raw data was exported for each acquired FID
individually.

Data processing and evaluation

The raw data of each acquired FID was reconstructed individually. No additional filter
or time-domain zero-filling was applied to the data. After zero-phase and B0-shift cor-
rection (as described earlier), the frequencies, amplitudes and linewidths of all contained
metabolites, i.e. PCr, Pi, and the three resonances of ATP, were quantified in the main
fitting step. Because the multiplet splitting of ATP is resolvable in the measurements of
model solutions, the fit model includes now also the multiplet pattern of ATP using prior
knowledge for the J-coupling constants. For a robust quantification, the main fitting step
consisted of two consecutive fits:

1. All resonances were modelled as singlets with Lorentzian lineshape.

2. The quantified frequency of β -ATP from step 1 is used as prior knowledge for the
frequency of the central peak of the β -ATP pseudo triplet in the second fit.

In the fit model of the second fit, the J-coupling constant was modelled with the starting
value and boundaries J = (18± 3)Hz, based on J-coupling constants typically observed
[54–56]. For spectra of model solutions with an intermediate magnesium ion concen-
tration, i.e. 0.25 ≤ R ≤ 0.75, the quantification of the ATP resonances did not work
reliably in all cases. When a resonance was not fitted reasonably after visual inspection,
an additional fitting step with prior knowledge for the frequency, which was visually de-
termined, was performed. At the end, the difference of fitted to acquired spectra was
visually checked for significant residual signal.

Temperature correction

Although imidazole buffer solution was used for the model solutions, the pH value changes
with different temperature, which was observed in initial experiments. An experiment
was conducted to investigated the pH(T) dependence. To this end, imidazole buffer solu-
tion was prepared (cf. section 4.3), and heated in a water bath. Between T = [33−39]◦C,
39 pairs of (pH-T) were measured. Based on a linear fit to these datapoints, the correction
factor −0.04pH

◦C was determined. During the data evaluation, the measured, titrated pH
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value pHtitr was corrected as follows:

pHcor = pHtitr −0.04
pH
◦C

· (Tmeas −Ttitr), (4.2)

where Tmeas is the measured mean temperature of the model solution during the acquisi-
tion of the FID. The corrected pH value pHcor is used in further evaluation steps.

52



4.5 Implementation of the look-up algorithm

4.5 Implementation of the look-up algorithm

The basic idea of the developed look-up approach is to use the information from multiple
spectral properties obtained in a measured 31P spectrum to deduce multiple parameters
describing the underlying biochemical conditions of the investigated sample. As first
proof-of-principle, an approach will be implemented for the determination of the param-
eters pH value, magnesium ion concentration [Mg2+] and potassium ion concentration
[K+], by using the chemical shifts of the three resonances of ATP, i.e. δγ , δα and δβ .
In this implementation, the potassium ion concentration [K+] is used as a surrogate for
the ionic strength in general. For better readability, the magnesium and potassium ion
concentrations will be hereafter simply denoted as Mg and K.
As described earlier, the chemical shift of each ATP resonance is influenced by several
biochemical parameters. Thus, there is no unique parameter set (pH,Mg,K) for one
specific measured chemical shift δ meas

i . However, one can make use of three different
parameters, i.e. (δγ ,δα ,δβ ), whose functional relation to (pH,Mg,K) is assumed to be
known by the developed model functions δ model

i (pH,Mg,K) with i ∈ (γ,α,β ). The de-
termination of the three unknown parameters (pH,Mg,K) by the combined use of the
three measured parameters (δγ ,δα ,δβ ) is assumed to be possible due to the fact, that
each chemical shift changes to a different degree with varying (pH,Mg,K). This varying
degree of change of the γ-, α- and β chemical shifts will be assessed in detail in section
5.2.2 of the results.

4.5.1 Basic principle of the look-up algorithm

As already described above, the purpose of the look-up algorithm is the assignment of the
three measured parameters (δγ ,δα ,δβ ) to the unknown parameters (pH,Mg,K). In prin-
ciple, this assignment is given by the model functions δ model

i (pH,Mg,K), i ∈ (γ,α,β ).
However, the non-linearity of δ model

i (pH,Mg,K) makes its inversion challenging. Thus,
a search algorithm is implemented to find possible solution triples (pH,Mg,K) for a
given δ meas

i in a numerical manner.
For each possible value pair of Mg and K values, i.e. (Mgk,Kk) with k being one point in
the two-dimensional (Mg-K) value space, the pH value is determined, which corresponds
to the given measured chemical shift, defined by the model function δ model

i (pH)|(Mgk,Kk).
This yields one pH value solution for each of the possible (Mgk,Kk) pairs i.e. (δmeas)→
(pHk,Mgk,Kk). This assignment is done separately for δγ , δα , δβ , yielding the solution
sets (pHk,Mgk,Kk)γ , (pHk,Mgk,Kk)α , (pHk,Mgk,Kk)β .
Due to the fact that the measured chemical shifts (δγ ,δα ,δβ ) are resulting from the same
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31P spectrum, only the specific solution triple, for which the condition

(pH,Mg,K)γ

!
= (pH,Mg,K)α

!
= (pH,Mg,K)β (4.3)

holds, should provide the correct solution triple.

4.5.2 Calculation of three-dimensional probability distributions

Typically, the condition in equation (4.3) cannot be found due to uncertainties in the
developed model functions as well as measurement uncertainties. Therefore the described
principle will be extended by incorporating an error margin on the measured chemical
shift. The assignment of possible solutions as described above, will be done not only for
δ meas, but also for a specific range δ = δ meas ±∆δ meas. Hereby, a Gaussian distribution
with σ = 0.01ppm is assumed for P(δ ) (Figure 4.8A).
The assignment of δ → (pH,Mg,K) is realized in the following steps:

1. For each point (Mgk,Kk) and for each element in δ = (δmeas±5σ), the pH value is
found, for which the chemical shift defined by the model function δ model(pH)|(Mgk,Kk)

is closest to the measured chemical shift. In other words, the probability distribu-
tion P(δ ) is projected onto the pH axis, which is defined by the model function
δ model(pH)|(Mgk,Kk) (Figure 4.8 B1 and B2). This projection means, that the prob-
ability P of each δ j ∈ (δmeas ± 5σ) is assigned to the point on the pH axis, which
corresponds to the smallest distance between δ j and δmodel(pH)|(Mgk,Kk). Note, that
the probability distribution P(pH) is no longer Gaussian, due to the non-linearity
of the model function.

2. P(pH) is interpolated (using a Hermite spline) and assigned to the corresponding
point (Mgk,Kk) (Figure 4.8 C1 and C2).

3. This projection is repeated for each point in the sampling grid (Mg-K), yielding the
final three-dimensional probability distribution P(pH,Mg,K) (Figure 4.8D), which
assigns each point in the grid (pH-Mg-K) a specific probability, that the measured
chemical shift corresponds to that point.

4. The probability distribution P(pH,Mg,K) is normalized.
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Figure 4.8: Schematic representation of the workflow for the calculation of the three-
dimensional probability distributions P(pH,Mg,K). (A) For the measured chemical
shift δmeas, a Gaussian distribution P(δ ) is assumed with σ = 0.01ppm. (B1, B2)
For each point in the sampling grid defined by the 2D subspace (Mg-K), the distri-
bution P(δmeas ± 5σ) is projected onto the pH axis as defined by the model function
δmodel(pH)|(Mg,K). (C1, C2) For each point in the sampling grid, the probability distri-
bution P(pH) is interpolated and assigned to the corresponding point (Mg,K). In the
illustration, the dot size corresponds to the value for P. (D) This assignment is done for
all grid points resulting in a three-dimensional probability distribution P(pH,Mg,K), as-
signing each point in the sampling grid (pH-Mg-K) a specific probability.
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Figure 4.9: Special cases for the determination of the probability distributions. Case 1:
The maximum of the determined distribution P(pH) is outside of the valid range. P(pH)
is set to 0. Case 2: P(pH) is not entirely in the valid range. The probability of the points
pHk : pHl inside the valid range, which represent the “mirrored” part of P(pH) being
outside the valid range, is set to 0. This is done in order to keep the center of mass of the
distribution as uninfluenced as possible.

Due to the fact, that the determined probability distribution P(pH,Mg,K) might yield
pH values not covered by the value space (cf. section 4.5.4), the following cases require
special handling within the look-up algorithm (Figure 4.9):

• Case 1: The measured chemical shift δ meas is assigned to a pH value outside of the
pH range, i.e. δ meas → (pH < 6.7 | pH > 7.5).
=⇒ The output value P(pH)|(Mgk,Kk) is set to 0.

• Case 2: The projected distribution P(pH) has probabilities outside the defined pH
range, i.e. P(pH) at the edges ̸= 0
=⇒ The distance between Pmax(pH) to the edge of P(pH) is determined, and for
the pH points lying on the other side of Pmax (i.e. inside the valid range) which
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are further away from maximal point than the edge, i.e. pHk:pHl in Figure 4.9, the
value P is set to 0.

The implementation of the second case follows the rationale to keep the center of mass
of the distribution as uninfluenced as possible.

4.5.3 Determination of output values (pH, Mg, K)

For specific input chemical shifts δ meas
i , the probability density functions are calculated

separately for γ-, α- and β -ATP, yielding Pγ(pH,Mg,K), Pα(pH,Mg,K) and Pβ (pH,Mg,K)

(Figure 4.10). The joint probability function Pjoint(pH,Mg,K) is determined by multiply-
ing Pi(pH,Mg,K), i ∈ (γ,α,β ). The final output values of the look-up algorithm pHOut,
MgOut, and KOut are determined as the weighted mean of all possible solutions:

pHOut =

Ngrid

∑
igrid=1

(
P joint

igrid
·pHigrid

)
Ngrid

∑
igrid=1

P joint
igrid

(4.4)

MgOut =

Ngrid

∑
igrid=1

(
P joint

igrid
·Mgigrid

)
Ngrid

∑
igrid=1

P joint
igrid

(4.5)

KOut =

Ngrid

∑
igrid=1

(
P joint

igrid
·Kigrid

)
Ngrid

∑
igrid=1

P joint
igrid

. (4.6)

Hereby, igrid is one point in the three-dimensional sampling grid (pH-Mg-K), and Ngrid

the total number of these grid points.
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Figure 4.10: Schematic representation of the workflow for the determination of
(pH,Mg,K) using the proposed look-up algorithm. For the measured chemical shifts
δ meas

γ , δ meas
α , δ meas

β
, the probability distributions Pγ(pH,Mg,K), Pα(pH,Mg,K) and

Pβ (pH,Mg,K) are calculated separately as described in Figure 4.8. The product
Πi=γ,α,β Pi(pH,Mg,K) yields the joint probability Pjoint(pH,Mg,K), which is used to
calculate the output values pHOut, MgOut, KOut as the weighted mean values of all possi-
ble values.
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4.5.4 Choice of the sampling grid

The identification of the value ranges for (pH-Mg-K), which are assumed to be relevant
in vivo, will be addressed in detail in section 5.1, but are preempted here in order to pro-
vide a correct description of the implemented algorithm.
For the sampling grid spanning the three-dimensional value space (pH-Mg-K), the fol-
lowing value ranges and spacings were used:

• pH = (6.7 : 0.01 : 7.5)

• Mg = (0 : 0.1 : 25) in [mM]

• K = (0 : 10 : 200) in [mM]

Hence, the look-up table has the total number of entries Ngrid = NpH × NMg × NK =

81×251×21 = 426,951.
For pH and Mg, not only values within the experimental acquired value ranges, i.e.
pH = (6.8−7.4) and Mg = (0−10) mM (compare Table 4.1 in section 4.3) were inter-
polated, but were extrapolated also to values outside this ranges. Hereby, the pH value
range was only slightly increased by 0.1 pH units at the lower and upper edge of the ob-
tained range. This increase by 0.1 pH units was motivated by the fact that the assignment
of measured chemical shifts to the underlying parameters is done by also incorporating a
certain error margin for the measured chemical shifts, i.e. (δmeas ±∆δmeas) (cf. section
4.5.2). Consequently, the error margins of chemical shifts corresponding to pH values
at the edges of the range, i.e. pH = 6.8 or 7.4, would need to be assigned to pH values
outside the range of (6.8−7.4). The range for Mg was increased because the comparison
of the ATP chemical shifts measured in vivo and in model solutions indicated, that some
in vivo chemical shifts seem to translate to magnesium values larger than 10mM (cf. Fig-
ure 5.18; R = 2 corresponds to [Mg2+] = 10mM; in particular for α-ATP). Supported by
literature values reporting values of up to (15−30) mM for intracellular [Mg2+] [37, 47],
the range for the look-up table was increased to (0−25) mM.
Due to the fact, that the change of δ meas with varying K is the lowest of all three para-
maters, a coarse grid was chosen for K, which is assumed to be sufficient for a reliable
assignment of values. This is done in order to reduce the computational complexity.
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5.1 Identification of the relevant ranges of pH and

magnesium ion concentration in vivo

In this section, in vivo 31P MRSI data are analyzed in order to identify relevant value
ranges of pH and magnesium ion concentration, as well as the chemical shift ranges of
the corresponding metabolites. To cover a large range of conditions, different tissue types
were analyzed, i.e. muscle and brain tissue, and also the comparison between healthy and
diseased tissue was addressed on the example of data from patients with glioblastoma.
The used datasets were acquired with MR sequences of current highest standards. The
human lower leg muscle data are published in [52], and the pH maps of the patients with
glioblastoma are published in [9, 10].

5.1.1 31P MRSI data from the human lower leg muscle of

healthy volunteers

In all volunteers, the 3D 31P MRSI datasets from the lower legs yielded spectra of high
quality, enabling a robust quantification of all detectable metabolites, i.e. inorganic phos-
phate (Pi), glycerophosphocholine (GPC), phosphocreatine (PCr), and the three reso-
nances of ATP, in the entire measured volume (representatively shown for three voxels
from the dataset of volunteer 2; Figure 5.1). The B0-shift corrected spectra revealed spa-
tial variations of the quantified chemical shifts of Pi and β -ATP (see Figure 5.1, dashed
lines). The largest difference is observed when comparing the muscle groups TA and Sol
(indicated as blue-shaded area in Figure 5.1).
The local variation of δPi and δβ translates to local differences of the calculated values
in the 3D maps of pH and

[
Mg2+

free

]
(Figures 5.2 and 5.3). For all volunteers, the pH val-

ues calculated by the modified Henderson Hasselbalch equation (2.64) as given in [31],
range between 6.98 and 7.08 pH units. The calculated

[
Mg2+

free

]
based on the equation by

Golding and Golding [27, 48] range between 0.7 and 1.3mM.
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Figure 5.1: Representative 31P MR spectra localized in the lower leg muscles tibialis
anterior (TA; top), soleus (Sol; middle), and gastrocnemius medialis (GM; bottom)
of volunteer 2. Locations of the selected voxels are displayed in Figure 5.2. Signals
(black) and corresponding fits (red) are corrected for zero- and first-order phases, and B0-
shifts. The following metabolites were quantified (from left to right): inorganic phosphate
(Pi), glycerophosphocholine (GPC), phosphocreatine (PCr), and the three resonances of
adenosine-5’-triphosphate (ATP). The chemical shifts of Pi and β -ATP vary depending
on the location, whereas the chemical shifts of the other metabolites do not show any
visible difference. The maximal chemical shift difference between the spectra from TA
and Sol is indicated in blue. Figure is reproduced with permission from [52].
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Figure 5.2: 3D maps of pH values in the lower leg muscles calculated using the mod-
ified Henderson-Hasselbalch equation (2.64) as given in [31]. The transversal, coronal
and sagittal views (indicated as colored lines) of the maps from all three volunteers are
overlaid with the morphological 1H images. Locations of the representative voxels from
the tibialis anterior (TA), soleus (Sol) and gastrocnemius medialis (GM) shown in Figure
5.1 are marked in the transversal slice of the dataset from volunteer 2. The maps of all
volunteers show local differences of the calculated pH values with comparable patterns.
In the TA, the lowest pH values are observed, followed by the GM and the Sol with the
highest pH values, resulting in a visible contrast along the muscle strands, in particular in
the coronal view of the maps. Figure is reproduced with permission from [52].
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Figure 5.3: 3D maps of
[
Mg2+

free

]
values of the lower leg muscles calculated using the

formula from Golding and Golding [27, 48]. The transversal, coronal and sagittal views
(indicated as colored lines) of the maps from all three volunteers are overlaid with the
morphological 1H images. In the maps from all volunteers, local differences of the cal-
culated

[
Mg2+

free

]
values can be observed. The patterns are comparable between the vol-

unteers, but show more inter-subject variability than the pH maps. Figure is reproduced
with permission from [52].
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Figure 5.4: Distributions of the chemical shifts of Pi, γ-, α- and β -ATP (columns) ob-
tained from the 3D 31P MRSI lower leg muscle datasets shown for each volunteer indi-
vidually (rows). The range for the counts is the same for all histograms and is shown on
the right side of the figure. The medians of the chemical shifts is approximately the same
for all volunteers, i.e. 4.84ppm for Pi, −2.38ppm for γ-ATP, −7.45ppm for α-ATP, and
−15.9ppm for β -ATP. The total number of voxels in muscle tissue is 4,781 for volunteer
1, 5,233 for volunteer 2, and 5,362 for volunteer 3. The number of outliers, i.e. voxels
with values being outside of the shown range, is maximal 8.

In order to quantify the variation of pH and magnesium values as well as the correspond-
ing chemical shifts across the lower leg muscles, the data is also presented in histograms
for each volunteer separately (Figures 5.4 and 5.5). The overall value ranges of the ob-
served chemical shifts are comparable for all volunteers, but the distributions show some
differences between the individuals, in particular for Pi, α- and β -ATP (Figure 5.4). The
high count of voxels with δPi ≈ 4.8ppm (Figure 5.4), and correspondingly with pH ≈ 7.0
(Figure 5.5), result from the muscle TA (see pH maps in Figure 5.2).
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Figure 5.5: Distribution of the calculated pH (left column) and magnesium values (right
column) from the 3D 31P MRSI lower leg muscle data shown for each volunteer individ-
ually (rows). The range for the counts is the same for all histograms and shown on the
right side of the figure. The number of outliers is maximal 5. The accumulation of counts
around pH ≈ (7.00− 7.02) can be associated with voxels from the TA muscle, where
the lowest pH values were observed (compare Figure 5.2). The distribution of

[
Mg2+

free

]
values is more uniform, as already seen in Figure 5.3.
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5.1 Identification of the relevant ranges of pH and magnesium ion concentration in vivo

5.1.2 31P MRSI human brain data from patients with

glioblastoma

The acquired spectra from brain tissue are of good quality, showing the expected spec-
tral pattern (Figure 5.6). The following metabolites can be reliably quantified in the
voxels covering healthy tissue: phosphoethanolamine (PE), phosphocholine (PC), extra-
cellular inorganic Phosphate (ePi), intracellular inorganic phosphate (Pi), glycerophos-
phoethanolamine (GPE), glycerophosphocholine (GPC), phosphocreatine (PCr), nicoti-
namide adenine dinucleotide (NAD), and the three resonances of ATP. In the representa-
tive spectrum from the tumor region additionally the resonances of 2,3-Diphosphoglycerate
(DPG), mobile phospholipids (MPL), and Uridine Diphosphoglucose (UDPG) can be ob-
served. The amplitudes of PCr, ATP, GPE and GPC are decreased, and the linewidth of
the PC resonance is decreased. Particularly interesting for this work are the changes for
Pi and ATP. The Pi resonance is broadened and shifted upfield (see Figure 5.6 blue shad-
ing), indicating an increase of the pH value. Most importantly, also the resonances of
ATP are shifted upfield. The acquired tumor spectra from all patients show both intra-
and intersubject variation of the spectral patterns to some extent.
The calculated intracellular pH maps of all three patients show an elevated pH value
in the tumor region, even revealing a heterogeneity within the tumor (Figure 5.7). The
calculated pH values in healthy tissue are around (6.95− 7.0), and in the tumor region
between (7.1−7.25). The calculated

[
Mg2+

free

]
maps (Figure 5.8) also show local differ-

ences, although not having such a clear trend in all of the investigated patients. However,
in all patients, the areas of high muscle content, i.e. the temples and the neck region,
show

[
Mg2+

free

]
values > 0.75mM, which is in agreement with data from the lower leg

muscle (cf. Figure 5.3). Due to the relatively large value range in Figure 5.8 (in order
to visualize also the muscle tissue correctly), the tumor region cannot be distinguished
as clearly as in the pH maps. In the regions-of-interest (ROIs) analysis at the end of
this chapter (5.4), the local differences between healthy and diseased tissue will become
more apparent. Nevertheless, also in the maps shown here, trends towards slightly ele-
vated

[
Mg2+

free

]
values in the periphery of the tumor region are visible in the transversal

and sagittal slice of patient 1. The map of patient 2 suffers from a high heterogeneity of
calculated

[
Mg2+

free

]
values, presumably due to poor spectral quality resulting from a high

B0 heterogeneity due to the caudal position of the tumor. This point will be discussed
further in section 6.6.3 of the discussion.
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Figure 5.6: Representative 31P spectra from patient 1. Locations of the selected vox-
els are shown in the pH maps (Figure 5.7, first row). In the spectrum from healthy
white matter (WM), the resonances from the typical brain metabolites can be seen (from
left to right): phosphoethanolamine (PE), phosphocholine (PC), extracellular inorganic
Phosphate (ePi), intracellular inorganic phosphate (Pi), glycerophosphoethanolamine
(GPE), glycerophosphocholine (GPC), phosphocreatine (PCr), and the three resonances
of adenosine-5’-triphosphate (ATP). Downfield from α-ATP, the resonance of nicoti-
namide adenine dinucleotide (NAD) can be observed. In the spectrum from tumor tissue,
the amplitudes of PCr, ATP, GPC and GPE are reduced. The Pi peak is broadened and
shifted upfield, presumably due to a higher pH value. Moreover, also the resonances of
ATP are shifted upfield.
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5.1 Identification of the relevant ranges of pH and magnesium ion concentration in vivo

Figure 5.7: 3D maps of intracellular pH values calculated using the the modified Hen-
derson Hasselbalch equation (2.64) as given in [31]. The transversal, coronal and sagittal
view (colored lines) of the maps from all three patients are overlaid with the morpholog-
ical 1H images. Locations of the voxels from healthy white matter and tumor shown in
Figure 5.6 are marked in the maps from patient 1 (first row). For all patients, the calcu-
lated pH values are elevated in the tumor region with values in the range of (7.1−7.25)
compared to the surrounding healthy tissue, where the pH ≈ 7.0 for the entire brain. In
the tumor region, also a heterogeneity of calculated pH values can be observed.
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Figure 5.8: 3D maps of
[
Mg2+

free

]
in patients with glioblastoma calculated using the for-

mula from Golding and Golding [27, 48]. The transversal, coronal and sagittal view
(colored lines) of the maps from all three patients are overlaid with the morphological
1H images. The maps from patients 1 and 3 show values of

[
Mg2+

free

]
≈ 0.5mM for the

entire brain, except for areas with a high muscle content, i.e. around the temples and in
the neck area, where the

[
Mg2+

free

]
value is increased. Moreover, for patient 1, a slightly

higher
[
Mg2+

free

]
value is obtained in the periphery of the tumor. A better comparison be-

tween healthy and diseased tissue will be given in the regions-of-interest (ROIs) analysis
at the end of the chapter (section 5.4). It should be noted, that the displayed map from
patient 2 suffers from a high heterogeneity, presumably due to poor spectral quality re-
sulting from a high B0 heterogeneity due to the caudal position of the tumor.
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5.1 Identification of the relevant ranges of pH and magnesium ion concentration in vivo

Figure 5.9: Distribution of chemical shifts for Pi, γ-, α- and β -ATP (columns) obtained
from the 3D 31P MRSI brain data shown for each patient individually (rows). The range
for the counts is the same for all histograms and is shown on the right side of the fig-
ure. The median values of the chemical shifts differ for each patient, and range from
[4.80;4.84] ppm for Pi, [−2.54;−2.48] ppm for γ-ATP, [−7.57;−7.52] ppm for α-ATP,
and [−16.19;−16.15] ppm for β -ATP. The total number of voxels in brain tissue is 6,933
for patient 1, 7,044 for patient 2, and 5,570 for patient 3. The number of outliers, i.e.
voxels with values being outside of the shown range, is maximal 75.

The distributions of the observed chemical shifts (Figure 5.9) and calculated pH and[
Mg2+

free

]
values (Figure 5.10) are comparable between the patients, but show some dif-

ference between patients, for Pi, γ- and α-ATP. The sideband of the right side of the
histogram for Pi, i.e. values ≥ 4.9ppm (particularly seen for patient 3) correspond to pH
values ≥ 7.1 resulting from voxels in tumor tissue (compare Figure 5.8), which is also
reflected in the pH histogram (Figure 5.10). The sideband in the magnesium histograms,
i.e. voxels with

[
Mg2+

free

]
≥ 0.75mM, can be associated with voxels from muscle tissue,

i.e. neck and temples, as well as partly from tumor tissue.
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Figure 5.10: Distribution of the calculated pH (left column) and magnesium values (right
column) from the 3D 31P MRSI brain data shown for each patient individually (rows).
The range for the counts is the same for all histograms and is shown on the right side
of the figure. The number of outliers is maximal 133. The sideband on the right side of
the pH histograms, i.e. pH ≥ 7.1 are associated with voxels from tumor tissue, where
higher values were observed (compare Figure 5.7). The right sideband in the magnesium
histogram (

[
Mg2+

free

]
≥ 0.75mM) can be associated with a mix of voxels from muscle

tissue (neck and temples) and from the tumor region.
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5.1 Identification of the relevant ranges of pH and magnesium ion concentration in vivo

5.1.3 Summary of value ranges obtained in the analyzed in vivo

data

The presented 3D maps from the healthy muscle tissue, as well as from brain tissue of
patients with glioblastoma, demonstrate the variability of pH and

[
Mg2+

free

]
values in vivo.

First, between different tissue types, and second, between healthy and diseased tissue.

Figure 5.11: Chemical shift ranges obtained in vivo. The distributions of obtained chem-
ical shifts for Pi, γ-, α- and β -ATP (columns) combined for all volunteers of the lower leg
muscle measurements (top row) and for all patients from the brain measurements (bottom
row) are shown. The respective chemical shift ranges are the same for top and bottom
row, in order to show the difference of values between leg muscle tissue and brain tissue.
The range for the counts is different and shown on the right side. The median value of the
individual distribution is given in each histogram, also indicating the differences between
the chemical shifts obtained from muscle and brain tissue. Based on the 5% and 95%
percentiles calculated seperately for muscle and glioblastoma data, chemical shift ranges
were defined for all metabolites, which are assumed to sufficiently reflect all values typ-
ically obtained in vivo. For the lower boundary, the lowest 5% percentile was chosen
either from muscle or brain data, and for the upper boundary, the highest 95% percentile.
The resulting defined ranges are indicated as gray shading.

The overall distributions of the observed chemical shifts of all volunteers combined and
all patients combined (Figure 5.11) gives an overview of the chemical shift ranges which
are typically obtained in vivo. These ranges, which were defined based on the lowest 5%
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and highest 95% percentiles of all datasets, are indicated as gray shading, and will be
used as reference for expected in vivo ranges in the following sections.

Additionally, an estimation of the value ranges for pH and
[
Mg2+

free

]
calculated with the

conventional approaches, is made. For the pH value, values between (6.9−7.3), are as-
sumed to be relevant in vivo. For the free magnesium ion concentration

[
Mg2+

free

]
values

between (0.2− 1.3) mM in the brain, and between (0.6− 1.4) mM in muscle tissue are
defined as relevant ranges.
Due to the fact, that in this thesis, the focus will be on the concentration of total magne-
sium ions [Mgtot], and not the concentration of free magnesium ions, an estimation for
[Mgtot] will be given. Assuming a dissociation constant of KD ≈ 90µM [27, 48], and a
total ATP concentration of 5mM in muscle [37, 57], and 5mM in brain tissue [58], the
concentration of free magnesium ions can be translated to a concentration of total mag-
nesium of [Mgtotal] ≈ (2.3− 4.1) mM in the brain, and (5.0− 6.1) mM in muscle (see
equation (2.68) in section 2.5.2). In the following sections, the magnesium ion concen-
tration will be often given as the relative magnesium ion concentration R =

[Mgtotal]
[ATPtotal]

, as
ratio of total magnesium to total ATP concentration. Not the concentration of free mag-
nesium ions, but the ratio of magnesium to ATP is assumed to be a more suitable quantity
considering spectral changes of the ATP resonances. The assumptions above, result in
values for R of (1.0−1.2) in muscle, and (0.8−1.4) in brain, which are assumed to be
relevant in vivo. When a different dissociation constant, e.g. KD ≈ 35µM (from [59],
is assumed, the above calculated values change as follows: Mgtotal = (5.3− 6.3) mM
(muscle), Mgtotal = (2.8−4.2) mM (brain) and correspondingly R = (0.9−1.4) (brain)
and R = (1.1−1.3) (muscle).
The approximated values for the total magnesium ion concentration in brain are in line
with measurements of [58] reporting [Mgtotal]≈ 3.5mM in brain. For muscle tissue, Seo
et al. [60] discussed a value of Mgtotal ≈ 12.6mM in muscle, which is higher than the
herein estimated values.

Because not only the pH value and the magnesium ion concentration are varying in vivo,
but also other physiological parameters, like concentration of other ions (e.g. sodium
[46]), which are influencing KD and pKa values, the pH range assumed to be relevant
is extended to pH = (6.8− 7.4) for the investigations in the following. Moreover, the
magnesium range assumed to be relevant is extended to R = (0− 2), because (i) other
salts, e.g. sodium and potassium, are assumed to mainly influence the 31P MR signal of
ATP, which is the indirect indicator for changes in the magnesium ion concentration, and
(ii) some works [60] reported higher magnesium values.
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5.2 Characterization of 31P spectral properties in varying chemical environments

5.2 Characterization of 31P spectral properties in

varying chemical environments

With the knowledge of the value ranges for pH and magnesium ion concentration being
relevant in vivo, the spectral properties in this value range were investigated. To this end,
31P spectra were acquired from model solutions with different chemical compositions,
and the spectral properties investigated, in particular the changes of the chemical shifts.
First, an overview of the spectral changes with changing pH value, magnesium ion con-
centration and potassium ion concentration (as surrogate for the ionic strength in general)
will be given. In the second part, the dependencies of the quantified chemical shifts are
examined. The detailed description of the changes in linewidths and J-coupling constants
are beyond the scope of this work, but an excerpt is presented in Appendix B. Further-
more, it will be assessed in section 6.7.2 of the discussion.

5.2.1 Overview of spectral changes with changing chemical

environment

The acquired spectra in model solutions were of high quality, enabling in general a robust
quantification of all metabolites contained in the solutions, i.e. Pi, PCr, and the three res-
onances of ATP (representatively shown for two spectra in Figure 5.12). In the spectrum
from the model solution with a high magnesium ion concentration, i.e. R = 2 (Figure
5.12A), the multiplets of ATP are well resolved. For the case of a lower magnesium
ion concentration, i.e. R = 0.75 (Figure 5.12B), only the doublet of α-ATP is visibly
resolved. The linewidths of the γ- and β -ATP resonances are very broad resulting in an
overlap of the multiplets appearing as one broad peak, which hints towards the system
being in the intermediate exchange regime (see section 2.2.3).
The spectral changes with changing pH and changing magnesium ion concentration are
visualized for representative subsets in Figures 5.13 and 5.14. With increasing pH value
(Figure 5.13), the chemical shifts of Pi, and ATP shift upfield, meaning towards higher
resonance frequency. Hereby, the δPi and δγ show the largest change from pH 6.8 to
7.4, followed by δβ . The chemical shift of α-ATP, δα , shows only minor changes with
changing pH.
For increasing magnesium ion concentration from R = 0 to 2 (Figure 5.14), the chem-
ical shifts of Pi and ATP also shift upfield. Hereby, the resonance of β -ATP shifts the
most, followed by γ- and α-ATP. The resonance of Pi shows only a visible change when
the magnesium ion concentration is increased to R = 2. With changing R, not only the
chemical shifts, but also the linewidths of the resonances of ATP change. For the case

75



5 Results

Figure 5.12: Representative 31P MR spectra acquired from two different model solutions
at B0 = 9.4T: (A) model solution with pH = 7.0, R = 2, and [K+] = 120mM, (B) model
solution with pH = 6.8, R = 0.75, and [K+] = 160mM. The fitted signal (red) is overlaid
with the acquired signal (black), and the fit residuum is shown below (grey). All metabo-
lites contained in the solutions could be quantified by the fit, resulting in a noise-like
residuum. From left to right: inorganic phosphate (Pi), phosphocreatine (PCr), and the
three resonances of adenosine-5’-triphosphate (ATP). Depending on the chemical envi-
ronment, not only the chemical shifts, but also the linewidths change.

of no magnesium, i.e. R = 0, the linewidths of the ATP resonances are narrow enough
to visually distinguish the multiplets. When the ratio of [Mgtot] to [ATPtot] is around one
half, i.e. R = 0.5, the resonance lines of ATP are very broad, especially for β -ATP. With
an further increase in R, the linewidths narrow again, and the multiplets are visually re-
solvable for a high magnesium ion concentration, e.g. R = 2.
The spectral changes with varying ionic strength, here investigated by means of changes
of the concentrations of potassium and sodium ions are shown in Figure 5.15. With in-
creasing [K+] and [Na2+], the resonances of Pi and ATP shift upfield, whereby γ- and
β -ATP show the strongest change.
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Figure 5.13: Spectral changes with changing pH value, shown representatively for the
subset of model solutions with R = 0, [K+] = 29mM, and [Na2+] = 29mM. With increas-
ing pH value, the chemical shifts of Pi and ATP shift upfield, i.e. to higher resonance
frequencies. Hereby, the δPi and δγ change the most, followed by δα . The resonance of
α-ATP shows only minor shifts due to the changing pH value.
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Figure 5.14: Spectral changes with changing magnesium ion concentration R, shown for
the subset of model solutions with pH = 7.2, [K+] = 29mM, and [Na2+] = 29mM. With
increasing R, the chemical shifts of Pi and ATP shift upfield, i.e. to higher resonance
frequencies. Also the spectral lineshape changes with changing R. For the case of no
magnesium, i.e. R = 0, and the case of high magnesium ion concentration, i.e. R = 2,
the multiplets of ATP are well resolved. For intermediate magnesium ion concentrations,
i.e. R = 0.5, the resonances of ATP are very broad resulting in an overlap of the multiplet
signals appearing as singlets.
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Figure 5.15: Spectral changes with changing potassium (A) and sodium (B) concentra-
tion. The resonances of Pi and ATP shift upfield with increasing [K+] and [Na2+], whereby
γ- and β -ATP show the largest changes.
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5.2.2 Quantified chemical shifts in dependence on the chemical

environment

After this overview of the spectral changes due to different chemical environments, the
dependencies of the quantified chemical shifts on the pH value, the magnesium ion con-
centration and the potassium ion concentration will be investigated for the value ranges
covered with the model solution experiments. It should be noted, that all following con-
siderations refer only to the resonances of Pi and ATP. As described in 2.2.1, PCr is used
as reference substance.

Figure 5.16: Quantified chemical shifts δ measured in the subsets with R = 0 and
[Na2+] = 29mM, in dependency on the titrated pH value of the respective model solution.
The chemical shifts of Pi and ATP are shown for the different subsets with [K+] = 29mM
(blue), 120mM (red), 160mM (yellow). For all shown metabolites, δ increases approx-
imately linearly with increasing pH in the investigated value range, whereby δγ and δPi
show the largest change from pH = 6.8 to 7.4.
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With increasing pH value and increasing potassium ion concentration, an approximately
linear increase can be observed for all resonances for the investigated pH range of pH =

(6.8 − 7.4) (Figure 5.16) and potassium ion range of [K+] = (29 − 160) mM (Figure
5.17). For the representative subset shown here, i.e. R = 0, the strongest change over
the investigated pH range was found for δγ with about +0.55ppm, followed by δPi with
about +0.44ppm. δβ changes by about +0.12ppm, and δα by about +0.02ppm. With
changing potassium ion concentration (Figure 5.17), δγ shows the strongest change with
about +0.34ppm over the range of [K+] = (29− 160) mM, followed by δβ . δα and δPi

change by about +0.1ppm.

Figure 5.17: Quantified chemical shifts δ measured in the subsets with R = 0 and
[Na2+] = 29mM, in dependency on the potassium concentration [K+] . The chemical
shifts of Pi and ATP are shown for the different subsets with pH = 6.8 (red), 7.0 (blue),
7.2 (green) and 7.4 (purple). For all shown metabolites, δ increases approximately lin-
early with increasing [K+], whereby δγ an δβ show the largest increase from [K+] = 29 to
160mM.
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The dependence of the chemical shifts on the magnesium ion concentration R shows a
non-linear relationship for the three resonances of ATP (Figure 5.18). For low and in-
termediate magnesium ion concentrations, i.e. R = (0− 0.75), δγ , δα and δβ strongly
increases with increasing R. This increase becomes smaller for higher R, until the chem-
ical shifts reach a plateau around R ≥ 2. The strongest change of the chemical shift over
the range of R = (0− 2), shows β -ATP with about +3ppm for pH = 6.8, followed by
γ-ATP with about +2ppm and α-ATP with about +0.7ppm.
The measured chemical shifts of Pi do not show a strong change between R = 0 and 1.
Only for a high magnesium ion concentration of R = 2, the quantified chemical shifts are
about +0.05ppm higher compared to those at R = 1.

The chemical shift ranges, which were determined to be relevant in vivo (see section
5.1.3), are indicated as dashed lines in Figure 5.18. For the ATP resonances, these chem-
ical shift ranges translate to values of R ≥ 0.5. Interestingly, the corresponding ranges for
R are different for the three ATP resonances. Based on the obtained chemical shifts from
the model solutions, for δα , the chemical shift range obtained in vivo corresponds to a
rather broad range of R ≈ 0.5 to values larger than R = 2. In contrast to that, for δγ and
δβ , the corresponding ranges for R are narrower, covering values from R ≈ (1− 2) (for
pH = 6.8). Another important observation is that the chemical shifts of Pi obtained from
the model solutions are only in the range relevant in vivo for the subset with pH = 6.8.
For the subset with pH = 7.4, the measured chemical shifts are higher than the chemical
shifts obtained in vivo.

Due to the fact, that the δ (pH) and δ (K) dependency in the investigated range can be
assumed to be linear, whereas δ (R) shows a non-linear relation, the modelling of δ (R)

will be the starting point for the multi-dimensional models in the next section.
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Figure 5.18: Quantified chemical shifts δ measured in the subsets with pH = 6.8 (left
column) and pH = 7.4 (right column) in dependence on R. The chemical shifts of Pi and
ATP are shown for the different subsets with [K+] = 29mM (blue), 120mM (red), 160mM
(yellow), and [Na2+] = 29mM. The chemical shift ranges, which were determined to be
relevant in vivo (see section 5.1.3), are indicated as dashed lines. For the ATP resonances,
these chemical shift ranges translate to values for R in the range of (0.5−2) (gray shad-
ing), for both shown pH values. For Pi, only the subset with pH = 6.8 lies within the
chemical shift range observed in vivo.
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5.3 Modelling of the ATP chemical shifts

For a first proof-of-principle of the proposed look-up approach, the focus will be on the
chemical shift dependencies of the three resonances of ATP. In principle, the implemented
algorithm can be extended by further parameters, i.e. chemicals shifts of other metabo-
lites and/or linewidths and J-coupling constants. However, for the first proof-of-principle,
only the chemical shifts (δγ ,δα ,δβ ) will be used. The use of the ATP resonances for the
determination of pH is also beneficial in regard of the measurement time, compared to the
use of the Pi resonance in the conventional modified Henderson Hasselbalch equation. A
potentially reduced measurement time is of importance for the application in vivo.

In order to achieve an accurate assignment of input parameters to quantities describing
the chemical environment via a look-up table, first of all, a sufficient number of entries,
i.e. data points describing the relation between chemical shift and pH, magnesium ion
concentration, and potassium ion concentration, are required. Due to the fact, that only a
limited number of model solutions with different chemical properties can be prepared and
measured, the additional entries will be generated by interpolating the entire value space.
Moreover, an interpolation has the benefit of suppressing the noise on the measured chem-
ical shifts, which fluctuate due to experimental influences, e.g. temperature. For this in-
terpolation, a model is required describing the functional relation δ (pH,Mg,K).
The qualitative investigations of the chemical shift dependencies on pH, relative magne-
sium ion concentration R, and potassium ion concentration [K+] of the previous section
(5.2), will be used as the basis for the development of such a model. Hereby, three
different approaches to develop this functional relation will be shown. To improve the
convergence of the final multi-dimensional fit functions, one-dimensional models are the
starting point of the model development. The non-linear dependence of δ on the magne-
sium ion concentration (cf. section 5.2.2), will be the starting point for all three models,
but the model function is however different (cf. Chapter 3). In the second step of the
model development, the parameters in the model equations δ model(Mg) which show a
dependency on pH and [K+] are linearized, which is based on findings from section 5.2.

The comparison of the three different models with different number of parameters and
underlying assumptions (cf. Chapter 3) will be assessed briefly at the end of the chapter
on the basis of different metrics. Hereby, the focus lies not on finding the model de-
scribing the exact chemical environment, but more on finding a model that provides a
sufficient description of the dependencies in the entire required value range, and hence
being suitable for the application in vivo.
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Important to mention is the use of different quantities describing the magnesium ion
concentration in the different models. In the heuristic model (section 5.3.1) as well as
in the London model (section 5.3.2), the quantity R =

[Mgtotal]
[ATPtotal]

is used. For the Hill
model (section 5.3.3), the absolute total magnesium ion concentration [Mgtotal] is used.
Moreover, it should be noted, that in the following, the potassium ion concentration [K+]

will be denoted simply as K, and the total magnesium ion concentration [Mgtot] as Mgtot,
whenever used in a function, e.g. δ (Mgtot, pH,K). For all models, the results are shown
graphically only for γ-ATP. The plots for α- and β -ATP for the model based on the Hill
equation can be found in Appendix C.

5.3.1 Model with heuristic ansatz

The heuristically developed one-dimensional function for δ (R) (equation (3.1) in section
3.1) describes the slope of the measured chemical shifts sufficiently (Figure 5.19). The
adjusted R2 is > 0.99 for all shown subsets. For an intermediate magnesium ion concen-
tration, i.e. R = 1, a systematic deviation between the fitted function and the measured
chemical shifts can be observed. For all shown subsets, the data points for R= 1 lie above
the fitted curves.
For α- and β -ATP, the fitted curves look similar to the ones for γ-ATP, but with a smaller
dispersion for different pH values (as already seen in section 5.2.2). The adjusted R2

for β -ATP are > 0.96, and for α-ATP > 0.99. Also for α- and β -ATP, the measured
chemical shifts for R = 1 lie systematically above the fitted curves.
By investigating the determined parameters concerning their dependencies on pH and
[K+] (Figure 5.20), the following assumptions can be made:

• Linear dependency of A on pH and [K+]

• Linear dependency of C on pH and [K+]

• No clear trend of d in dependency on pH and [K+] −→ d modelled as constant

Based on these observations, in the next step, the parameters A and C in equation (3.1)
are changed as follows:

A = mA1 · (pH −7.1)+mA2 ·K +bA (5.1)

C = mC1 · (pH −7.1)+mC2 ·K +bC (5.2)
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Figure 5.19: One-dimensional function δ Heur
γ (R) fitted according to equation (3.1) (cf.

section 3.1) for the subsets with [K+] = 29,120,160 mM, and for the pH values (6.8−7.4)
(colors). The function δ Heur

γ (R) describes the course of the measured chemical shifts ad-
equately, but shows a systematic deviation for values with R = 1, for which the measured
chemical shifts lie above the fitted curves.
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Figure 5.20: Fit parameters of the heuristically developed function δ Heur(R) (equation
(3.1) in section 3.1) for γ-ATP determined from the individual one-dimensional fits of the
subsets with [K+] = (29,120,160) mM, plotted against the pH value (top row) and the
potassium ion concentration (bottom row). The following parameters were determined
by the fit: A, describing the chemical shift range; C, describing the offset; and d, de-
scribing the bend of the sigmoid curve. For parameters A and C, an approximately linear
dependency on pH and [K+] can be observed. Parameter d is assumed to fluctuate around
the mean value of d̄γ ≈ 2.4 in the investigated pH and [K+] range.
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With this extended version of equation (3.1) a multi-dimensional fit δ (R, pH,K) was per-
formed for γ-, α- and β -ATP (representatively shown for γ-ATP in Figure 5.21). The
resulting fit parameters are given in Table 5.1. The values for the adjusted R2 and the
mean and maximal absolute deviations will be given at the end of this chapter and com-
pared to the values from the other two models (Table 5.4).
The findings from section 5.2.2 are reflected in the resulting fit parameters (Table 5.1):

• Strongest pH dependency for γ-ATP, only a slight one for α- and β -ATP (see pa-
rameters mA1 and mC1)

• Strongest K dependency for β -ATP, followed by γ- and α-ATP (see parameters
mA2 and mC2)

The parameter d describing the bend of the sigmoid curve is approximately the same for
γ-, α- and β -ATP.

Table 5.1: Fit parameters of the multi-dimensional function δ Heur(R, pH,K) (equation
(3.1) with equations (5.1) and (5.2)) determined for the γ-, α- and β -ATP resonance.
Parameters mA1 and mC1 describe the linear dependency on pH, mA2 and mC2 the linear
dependency on [K+], bA and bC the chemical shift offsets, and d the slope of the sigmoid
curve.

parameter unit γ-ATP α-ATP β -ATP

mA1

[
ppm

(pH−7.1)

]
-1.58 -0.05 0

mC1

[
ppm

(pH−7.1)

]
1.71 0.06 0.20

mA2 10−3 [ppm
mM

]
-5.7 -1.8 -6.5

mC2 10−3 [ppm
mM

]
4 1.6 5.6

bA [ppm] 3.51 1.31 7.27

bC [ppm] -5.74 -8.74 -22.82

d - 2.5 2.4 2.3
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5.3 Modelling of the ATP chemical shifts

Figure 5.21: Multi-dimensional fit of the heuristically developed function
δ Heur(R, pH,K) determined for γ-ATP. The fitted function is illustrated for the
subspace δ (R, pH) with [K+] = 29 and 160 mM (top row), and for the subspace
δ (pH,K) with R = 0 and 2 (bottom row). For high magnesium ion concentration, i.e.
R = 2, the chemical shift of γ-ATP appears to be independent on pH and [K+], whereas
for no magnesium ion concentration, δγ shows a linear dependency on pH and [K+]. The
deviation of the fitted curve from the measured chemical shifts (black dots) is illustrated
with red pins.
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5.3.2 Model based on the London equation

The model function derived from the London equation yields already a two-dimensional
functional dependency for δ on the magnesium ion concentration, as well as on the pH
value (equation (3.6) in section 3.2). Although the herein derived function δ (R, pH)

is an oversimplification, it describes the course of the data points adequately (Figure
5.22). The values for the adjusted R2 are ≥ 0.97 for γ-, β - and α-ATP. However, for all
shown subsets, i.e. [K+] = 29,120,160 mM, the fitted curve underestimates the measured
chemical shifts for R ≥ 1, and overestimates them for 0.25 ≤ R ≤ 0.75. The functions for
α- and β -ATP show similar results.

Figure 5.22: Two-dimensional function δ London
γ (R, pH) fitted according to equation (3.6)

(cf. section 3.2) for the subsets with [K+] = 29,120,160 mM. The deviation of the fitted
curve from the measured chemical shifts (black dots) is illustrated with red pins. The
fitted curve systematically underestimates the course of the data points for R = 1, and
overestimates it for 0.25 ≤ R ≤ 0.75.
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5.3 Modelling of the ATP chemical shifts

Figure 5.23: Fit parameters for the model function derived from the London equation
δ London(R, pH) (equation (3.6) in section 3.2) determined for γ-ATP, plotted against the
potassium concentration [K+]. For the limiting chemical shifts δi, with i = 1, ..,4, and
the fraction f2 representing the ratio of KD

KD′
, a linear dependency on the potassium ion

concentration can be assumed. For the ratio f1, no clear trend with changing [K+] is
visible. The pKA value determined from the fit increases with increasing [K+], hence for
pKA an approximately linear dependency is assumed.

When analyzing the dependency of the determined fit parameters on the potassium ion
concentration of the corresponding subset (Figure 5.23), the following assumptions can
be made:

• Linear dependency of the limiting chemical shifts δi, with i = 1, ..,4, on [K+]

• Linear dependency of the fraction f2 and the pKA value on [K+]

• No clear trend of the fraction f1 with changing [K+] −→ modelled as constant

The fit parameters for the α- and β -ATP chemical shifts show comparable trends as
described above.
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Based on the derived assumptions, the parameters in the model function (equation (3.6))
are changed as follows:

δ1 = m1 ·K +b1 (5.3a)

δ2 = m2 ·K +b2 (5.3b)

δ3 = m3 ·K +b3 (5.3c)

δ4 = m4 ·K +b4 (5.3d)

pKA = mp ·K +bp (5.3e)

f2 = m f ·K +b f . (5.3f)

With this extended version of equation (3.6) a multi-dimensional fit δ (R, pH,K) was per-
formed for γ-, α- and β -ATP (representatively shown for γ-ATP in Figure 5.24). From the
fit parameters of the multi-dimensional function (Table 5.2), the following observations
can be made:

• The limiting chemical shifts δi with i = 1, ..,4, are dependent on [K+] in approx-
imately the same order of magnitude (see parameters mi). Hereby, α-ATP shows
the weakest dependency on [K+].

• For the pKA value, the strongest dependency on [K+] is observed for α-ATP, fol-
lowed by β - and γ-ATP (see parameter mp).

• The dependency of the fraction f2 = KD
KD′

on [K+] seems to be the strongest for
β -ATP, followed by α-ATP.

• The dependency of f2 is 0 for γ-ATP, contradicting the trend in Figure 5.23.

• The fraction f1 is approximately the same for all three ATP chemical shifts (see
parameter f1).

The values for the adjusted R2 and the mean and maximal absolute deviations from the
fit of δ London(R, pH,K) are summarized at the end of the chapter (Table 5.4).
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5.3 Modelling of the ATP chemical shifts

Figure 5.24: Multi-dimensional fit of the model function developed from the London
equation δ London(R, pH,K) for γ-ATP. The fitted function is illustrated for the subspace
δ (R, pH) with K = 29 and 160 mM (top row), and for the subspace δ (pH,K) with R = 0
and 2 (bottom row). For high magnesium ion concentration, i.e. R = 2, the chemi-
cal shift of γ-ATP appears to be independent on pH and [K+], whereas for R = 0, δγ is
monotonously increasing for pH and [K+].
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Table 5.2: Fit parameters of the multi-dimensional function δ London(R, pH,K) (equation
(3.6) with equations (5.3a)) determined for γ-, α- and β -ATP. The parameters mi with
i = 1, ..4 describe the dependency of the limiting chemical shifts δi on the potassium ion
concentration, and the parameters bi, describe the corresponding chemical shift offsets.
m f and b f are the slope and the offset of the potassium dependency of the parameter f2
which is the fraction KD/KD′ . mp describes the dependency of the pK value on [K+], and
bp is the corresponding offset. The parameter f1 is the approximated fraction of the total
magnesium ion concentration R corresponding to the ratio [Mg2+]/KD (see section 3.2).

parameter unit γ-ATP α-ATP β -ATP

m1 10−3 [ppm
mM

]
5.9 1.1 3.3

m2 10−3 [ppm
mM

]
5.3 0.9 3.1

m3 10−3 [ppm
mM

]
-2.3 -0.7 -1.9

m4 10−3 [ppm
mM

]
-1.4 -1.4 -7.4

b1 [ppm] -3.5 -8.1 -19.2

b2 [ppm] -5.1 -8.1 -19.5

b3 [ppm] -1.7 -7.2 -14.1

b4 [ppm] -1.2 -7.0 -13.1

m f 10−3 [ 1
mM

]
0 3.5 4.4

b f - 0.8 0.3 0.1

mp 10−3 [ 1
mM

]
3.3 11 8.9

bp - 6.74 5.74 5.93

f1 - 1.5 1.4 1.4
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5.3 Modelling of the ATP chemical shifts

5.3.3 Model based on the Hill equation

The developed model function δ Hill(Mgtot) (equation (3.8) in section 3.3) describes the
course of the chemical shifts in dependence on the magnesium ion concentration suit-
ably (Figure 5.25). For intermediate magnesium ion concentration, i.e. Mgtot = 5mM
(respectively R = 1 in sections 5.3.1 and 5.3.2), the deviation of the function from the
measured chemical shifts is smaller than it was the case for the previously investigated
model functions. The adjusted R2 for all shown 12 subsets is > 0.99. For α- and β -ATP
it is also > 0.99.

Figure 5.25: One-dimensional function δ Hill
γ (Mgtot) fitted according to equation (3.8)

(cf. section 5.3.3) for the three subsets with [K+] = 29,120,160 mM and for the pH
values (6.8−7.4) (colors). The range [Mgtot] = [0−10] mM corresponds to R = [0−2]
used in sections 5.3.1 and 5.3.2. For intermediate magnesium ion concentration, i.e.
[Mgtot] = 5mM, the deviation of the fitted function from the measured chemical shifts is
smaller than for the previously investigated models.
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By qualitatively investigating the pH and [K+] dependencies of the determined fit param-
eters (Figures 5.26 and 5.27), the following assumptions are made:

• Linear dependency of δ ATP on pH and [K+]

• Linear dependency of δ MgATP on pH, but not on [K+] (an increase of δ MgATP with
increasing [K+] was not observed for all investigated subsets, i.e. for pH = 7.2)

• Linear dependency of n on [K+], but not on pH (an increase of n with increasing
pH was not observed for all investigated subsets, i.e. for [K+] = 160mM)

• Linear dependency of KD on pH, but not on [K+]

Contrary to the expected linear dependency of KD on [K+] [59], no monotonous change
is observed (Figure 5.27). Due to the limited number of datapoints to further investigate
whether a functional relation other than linear can be modelled, no change of KD with
varying [K+] is assumed. The parameters of equation (3.8) are changed as follows:

δ
ATP =md1 · (pH −7.1)+md2 ·K +bd (5.4a)

δ
MgATP =mdm · (pH −7.1)+bdm (5.4b)

n =mn ·K +bn (5.4c)

KD =mKD · (pH −7.1)+bKD (5.4d)
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5.3 Modelling of the ATP chemical shifts

Figure 5.26: Fit parameters of the model function developed from the Hill equation
δ Hill

γ (Mgtot) (equation (3.8)) determined from the individual one-dimensional fits of the
subsets for γ-ATP, plotted against the pH value and shown for the subsets with different
potassium ion concentrations (colors). The following parameters were determined by the
fit: the limiting chemical shifts δ ATP and δ MgATP, the Hill coefficient n, and the dissocia-
tion constant KD.
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Figure 5.27: Fit parameters of the model function developed from the Hill equation
δ Hill

γ (Mgtot) (equation (3.8)) determined from the individual one-dimensional fits of the
subsets for γ-ATP, plotted against the potassium ion concentration [K+] and shown for
the subsets with different pH values (colors). The following parameters were determined
by the fit: the limiting chemical shifts δ ATP and δ MgATP, the Hill coefficient n, and the
dissociation constant KD.
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The extended version of equation (3.8) is then used as new function for the multi-dimensional
fit δ Hill(Mgtot, pH,K), for which the results for γ-ATP are shown in Figure 5.28. Based
on the resulting fit parameters (Table 5.3), the following conclusions can be drawn:

• The pH dependency of the limiting chemical shifts is the strongest for γ-ATP for
the lower limiting shift δ ATP and for β -ATP for the upper limiting chemical shift
δ MgATP (parameters md1 and mdm).

• The change of KD with changing pH, i.e. parameter mKD, is approximately the
same for all three ATP chemical shifts.

• The change of the lower limiting chemical shifts δ ATP with varying [K+] is the
strongest for γ-ATP (parameter md2).

• The change of the Hill coefficient n is the strongest for β -ATP, and the weakest for
γ-ATP (parameter mn).
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Figure 5.28: Multi-dimensional fit of the model function developed from the Hill equa-
tion δ Hill(Mgtot , pH,K) for γ-ATP. The fitted function is illustrated for the subspace
δ (Mgtot , pH) with [K+] = 29 and 160 mM (top row), and for the subspace δ (pH,K)
with Mgtot = 0 and 10mM (bottom row). The deviation of the measured chemical shifts
from the fitted curve is illustrated with red pins.
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Table 5.3: Fit parameters of the multi-dimensional function δ Hill(Mgtot , pH,K) derived
from the Hill equation (combination of equations (3.8) and (5.4)) for γ-, α- and β -ATP.
Parameters md1 and mdm describe the change of the limiting chemical shifts δ ATP and
δ MgATP with changing pH value, and bd and bdm the corresponding offsets. md2 describes
the change of δ ATP with the potassium concentration. The parameters mn and mKD de-
scribe the change of the Hill coefficient n and the dissociation constant KD respectively,
with changing [K+]. bn and bKD are the corresponding offsets.

parameter unit γ-ATP α-ATP β -ATP

md1

[
ppm

(pH−7.1)

]
0.91 0.04 0.25

mdm 10−2
[

ppm
(pH−7.1)

]
8.6 0.1 13.4

mKD

[
µM

(pH−7.1)

]
-74 -75 -87

md2 10−3 [ppm
mM

]
2.4 0.5 1.6

mn 10−3 [ 1
mM

]
-0.8 -1.4 -1.6

bd [ppm] -3.91 -8.05 -18.98

bdm [ppm] -2.25 -7.44 -15.72

bn − 1.04 1.07 1.27

bKD [µM] 58 86 102
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5.3.4 Evaluation of the models

In the following, the three different developed fit models, which describe the change
of the ATP chemical shifts with varying pH value, magnesium ion concentration and
potassium ion concentration, will be shortly evaluated and compared.
The values for the adjusted R2 for all three models and ATP chemical shifts are ≥ 0.97,
whereby the values for the model function based on the London equation are slightly
lower than for the two other model functions (Table 5.4, compare row 2 with rows 1 and
3). The adjusted R2 alone is not a sufficient metric to decide, which of the introduced
models is the most suitable for the implementation of the look-up table. Hence, also the
mean and maximal absolute deviation of the measured chemical shifts δmeas from the
respective chemical shifts following the model functions δmodel will be compared. The

Table 5.4: Fit quality measures for the different developed models describing the multi-
dimensional dependency of the chemical shifts on pH, magnesium ion concentration,
and potassium concentration for γ-, α- and β -ATP. Values from the model functions
δ Heur (white rows), δ Lon (light grey rows) and δ Hill (dark gray rows) are compared with
each other. The adjusted R2, as well as the mean and maximal absolute deviation ∆δ =
|δmeas − δmodel| of the chemical shift resulting from the model function δmodel from the
measured chemical shift δmeas are given. Moreover, the corresponding triple (pH, R, K)
of this maximal absolute deviation is given.

Fit quality measure γ-ATP α-ATP β -ATP

Adjusted R2

0.992 0.994 0.989

0.974 0.978 0.966

0.993 0.994 0.993

Mean ∆δ [ppm]

0.04 0.01 0.10

0.07 0.02 0.18

0.03 0.01 0.07

Max. ∆δ [ppm]

0.13 0.05 0.27

0.21 0.08 0.43

0.13 0.05 0.31

(pH, R, K) at max. ∆δ

(6.8, 0.5, 120) (7.4, 1.0, 0) (7.4, 1.0, 0)

(6.8, 1.0, 0) (7.4, 1.0, 0) (7.4, 1.0, 0)

(7.4, 0, 0) (7.4, 0, 0) (7.4, 0.5, 0)
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5.3 Modelling of the ATP chemical shifts

absolute deviation between measured and modelled chemical shifts is defined as:

∆δ = |δmeas −δmeas|. (5.5)

For all ATP chemical shifts, the values for the mean ∆δ is smallest for the model based
on the Hill equation, and the largest for the London model (Table 5.4, compare rows 4-
6). Also the values for the maximal ∆δ are the largest for the London model. For the
heuristically developed model and the Hill model, the values for the maximal ∆δ are the
same for γ- and α-ATP, whereas for β -ATP, the values for the Hill model are slightly
higher (compare rows 7 and 9). Interestingly, the triple (pH,R,K) corresponding to the
maximal deviations are not the same for both models (compare rows 10 and 12). For the
Hill model, the points of maximal deviation lie exactly at the edges of the value space,
i.e. (7.4, 0, 0) for γ- and α-ATP and very close to the edge of the range, i.e. (7.4, 0.5,
0) for β -ATP. In contrast, the point of maximal deviation for the heuristic model and the
London model, corresponds to intermediate magnesium ion concentration, i.e. R = 1.0,
which is in line with the observations in sections 5.3.1 and 5.3.2.

To sum up, the fit model developed based on the Hill equation appears to describe the
change of the ATP chemical shifts with varying pH, magnesium ion concentration, and
potassium ion concentration better than the two other investigated models. First, for in-
termediate magnesium ion concentration, δ Hill shows the lowest deviation from the mea-
sured chemical shifts δ meas. Second, δ Hill has the lowest overall mean absolute deviation
from δ meas. And third, the points of the maximal deviation lie at the edges of the inves-
tigated value range, which are the least relevant points for the application in vivo. Con-
sequently, the interpolation of ATP chemical shifts for the implementation of the look-up
table, is done based on the developed model function δ Hill(Mgtot , pH,K). Nevertheless,
the investigation of all three models allows valuable insights for future development of
the approach, which will be briefly discussed in section 6.3.
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5.4 Application of the implemented approach to in

vivo 31P MRSI data

The implemented look-up approach, as described in detail in the methods (section 4.5),
using the Hill model function for the interpolation of ATP chemical shifts, was applied
to the already presented in vivo 31P MRSI data from the lower leg muscles of healthy
volunteers and from the human brains of patients with glioblastoma. The maps for pH,
magnesium ion concentration, and potassium ion concentration, according to the imple-
mented look-up algorithm, are compared to the conventionally calculated maps for pH
and free magnesium ion concentration [Mg2+

free], which were already presented in section
5.1. It should be pointed out again that the conventional pH map pHConv is calculated
based on the chemical shift of Pi applied to the modified Henderson-Hasselbalch equa-
tion (cf. section 2.5.1), and the map for [Mg2+

free]Conv is calculated based on the chemical
shift difference between the α- and β -resonance of ATP, i.e. δαβ following the equation
from [27] (cf. section 2.5.2).
Moreover, it should be again emphasized, that the herein implemented approach yields
an estimation of the total magnesium ion concentration [Mgtot] (cf. equation (3.8)),
whereas the conventional maps show the concentration of free magnesium ions. As
already mentioned before, the relative magnesium ion concentration R = [Mgtot]

[ATPtot]
is as-

sumed to be a more meaningful measure when calculating magnesium maps based on
31P MRS, than the use of total concentrations, i.e. [Mgtot] or [Mg2+

free]. Hence, in the
following, the magnesium maps according to the implemented look-up algorithm will be
presented as relative magnesium ion maps showing the relative magnesium ion concen-
tration R =

[Mgtot]
[ATPtot]

, which is determined by assuming [ATPtot] = 5mM in muscle [37, 57],
and [ATPtot] = 3mM in brain tissue [58] .

5.4.1 Preceding considerations

The implemented algorithm, as described in section 4.5, works as intended and de-
termines triples of (pHOut,ROut,KOut) for a given input triple of the chemical shifts
(δγ ,δα ,δβ ). The algorithm was tested on the obtained chemical shifts from all available
model solution measurements (see Appendix D), resulting in good agreement between
prepared (pHprep,Rprep) and (pHOut,ROut) for the majority of the tested data sets. For the
estimation of the potassium ion concentration, the determined value [K+]Out does agree
in less cases with the prepared value, which will be discussed in section 6.3. Using the
data points, which have been already deployed for the model development, as test data
sets for the implemented algorithm is unfavorable, but can be accepted for a first check
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of functionality.
The application of the implemented approach including the chemical shifts of all three
ATP resonances to the in vivo data sets resulted in maps with a high number of vox-
els where the assignment of (pHOut,ROut,KOut) was not possible, i.e. no combination
of (pH,Mg,K) was found in the value space of the implemented look-up table, which
matches the input triple (δγ ,δα ,δβ ) (representative maps shown in Appendix E). For the
lower leg muscle datasets, in over 60%, and for the brain datasets in over 50% of the
voxels, no solution was found. Analyses revealed, that mainly the possible solutions
determined based on δα differed from the possible solutions based on δγ and δβ . This
mismatch will be further discussed in section 6.6.1. Applying a reduced version of the
implemented approach only including the chemical shifts of γ- and β -ATP yields a suc-
cessful assignment of the in vivo measured chemical shifts to physiological values in
the majority of the input voxels. Hence, in the following, the resulting maps from the
application of the reduced version of the approach only using (δγ ,δβ ) as input will be
presented. The resulting underdetermination, i.e. the determination of three unknown
parameters (pHOut,ROut,KOut) with only two input values (δγ ,δβ ), nevertheless reduces
the reliability of the determination and will also be discussed in section 6.6.1.

5.4.2 Data from the human lower leg muscle of healthy

volunteers

For the 3D 31P MRSI datasets of all three volunteers, an assignment of the measured
chemical shifts (δγ ,δβ ) to the physiological values (pHOut,Mgest,KOut) was successful
in over 98% of the voxels in the corresponding muscle tissue, showing that the value
space of the look-up table covers the in vivo conditions well. In the following, only
the transversal and coronal view of the 3D maps will be shown, as they allow the most
significant observations (Figures 5.29 and 5.30). The results from the ROI analyses are
presented as violin plots showing the median values across the defined 3D ROIs across
the muscle groups tibialis anterior (TA), soleus (Sol) and gastrocnemius medialis (GM)
for each volunteer separately (Figure 5.31). The violin plots are shown for the values
determined by the look-up approach (pHOut,ROut,KOut) (orange violin plots) and for the
values of the conventionally calculated maps pHConv and [Mg2+

free]Conv (blue violin plots).
Note the different metric for the magnesium values, i.e. [Mg2+

free] and R.

The maps for (pHOut,ROut,KOut) according to the implemented look-up approach resem-
ble the morphological features of the conventionally calculated maps, but have different
absolute values (e.g. compare pHConv and pHOut in Figures 5.29 and 5.30, and the ROI
analyses for pH in Figure 5.31). The range of observed values in the pHOut maps is clearly
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larger than for pHConv (0.3 vs. 0.1 pH units).
Most interestingly, the patterns in the pHOut maps seem to resemble the morphological
patterns in the [Mg2+

free]Conv maps (compare rows 2 and 5 in Figure 5.29, and the ROI
analyses for pH and R in Figure 5.31). In contrast, the patterns of the pHConv, show a
greater similarity with the [K+]Out (compare rows 1 and 3 in Figures 5.29 and 5.30, and
the ROI analyses of pHConv and [K+]Out in Figure 5.31). Interestingly, in the ROI anal-
yses, the trends of low and high pH values are reversed for conventional and look-up
based maps. For the conventionally calculated pH values, the lowest pH was observed in
the TA, whereas for pH value according to the look-up approach, the highest values are
observed in the TA.
For magnesium, comparable trends can be observed in the conventionally calculated and
in the look-up based maps (compare rows 4 and 5 in Figures 5.29 and 5.30), but the dif-
ference between individual muscle groups is less pronounced in the look-up based maps
(particularly seen for the difference between TA and the other two muscle groups, cf.
ROI analysis for magnesium in Figure 5.31).

To sum up, (i) the observed trends are comparable for all volunteers, (ii) the contrast
observed in the conventional pH maps seems to resemble the look-up based maps for
potassium [K+]Out, whereas the contrast of the conventional [Mg2+

free] is more similar to
the pHOut map, and (iii) the trend of low and high pH values is partly reversed in the
look-up based pHOut maps compared to the conventional pH maps.
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Figure 5.29: Transversal view of the 3D maps for pHOut, [K+]Out, and ROut =
[Mgtotal]
[ATPtotal]

according to the implemented look-up approach applied to the 31P MRSI data sets of
the lower leg muscle of healthy volunteers. The same transversal slices are shown as in
Figures 5.2 and 5.3 in section 5.1.1. For an easier comparison, the conventional maps for
pH and [Mg2+

free] are also shown at the top and bottom of the figure.
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Figure 5.30: Coronal view of the 3D maps for pHOut, [K+]Out, and ROut =
[Mgtotal]
[ATPtotal]

ac-

cording to the implemented look-up approach applied to 31P MRSI data sets of the lower
leg muscle of healthy volunteers. The same coronal slices are shown as in Figures 5.2
and 5.3. For an easier comparison, the conventional maps for pH and [Mg2+

free] are also
shown at the top and bottom of the figure.
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Figure 5.31: Regions-of-interest (ROIs) analyses across the muscle groups tibialis an-
terior (TA), soleus (Sol), and gastrocnemius medialis (GM), represented as violin plots
for the pH value, magnesium ion concentration and potassium ion concentration for the
datasets of all three volunteers. Median values across the 3D ROIs of the maps according
to the look-up approach (pHOut,ROut,KOut) (orange violin plots) are compared to the cor-
responding values of the conventionally calculated maps pHConv and [Mg2+

free]Conv (blue
violin plots). Note the different ordinate for the magnesium ion concentration. The con-
ventionally calculated map shows [Mg2+

free], whereas the maps according to the look-up
approach show values for R = [Mgtot]

[ATPtot]
. The number of voxels included in the respective

ROI analysis is indicated at the bottom of the Figure.
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5.4.3 Data from patients with glioblastoma

For the 3D 31P MRSI brain datasets of all three patients, an assignment of the measured
chemical shifts (δγ ,δβ ) to the physiological values (pHOut,Mgest,KOut) was succesful in
over 90% of the brain voxels, showing that the algorithm, in principle, also works for the
application to human brain data. The 3D brain maps will be shown in the transversal and
in the sagittal view (Figures 5.32 and 5.33). The ROI analyses across the whole tumor re-
gion (WHT) and a contralateral region covering healthy white matter (WM) are presented
as violin plots for both the conventionally calculated maps and the maps according to the
look-up approach (Figure 5.34).

The maps for (pHOut,ROut,KOut) (Figures 5.32 and 5.33) do not show comparable pat-
terns for all three patients. For patient 1, the maps according to the implemented look-up
approach resemble the morphological features of the conventionally calculated maps, but
have different absolute values (e.g. compare pHConv and pHOut in Figures 5.32 and 5.33,
and in the ROI analyses for pH in Figure 5.31). The contrast observed in the pHConv map,
seems to be most most similar to the look-up-based map for magnesium, i.e. ROut. The
maps pHOut and [K+]Out seem to partly resemble the pHConv map, but in a smaller region
than expected from the morphological 1H image (particularly seen in the sagittal view,
Figure 5.33, column 1). The expected increase of pH in tumor tissue is seen in the sagittal
view of the maps, showing values of up to 7.4 (in contrast to the values of only 7.25 in
the conventionally calculated pH map). Despite these large observed pHOut values, in the
3D ROI analyses across the whole tumor volume (WHT) (cf. Figure 5.34), no elevation
compared to the white matter ROI can be observed. Regarding the magnesium ion maps,
a clear increase of values according to the look-up approach ROut in the tumor region is
observed in both the maps and the ROI analyses (Figures 5.33 and 5.34, first columns),
which is in line with the ROI analyses of the conventionally calculated [Mg2+

free]Conv maps.

For patients 2 and 3, the maps according to the look-up approach (pHOut,ROut,KOut)

are more heterogeneous. It should be noted that the positions of the slices shown are
different for all three patients due to the different location of the tumors. The shown
transversal slices for patient 3 and especially for patient 2 are located more caudally than
for patient 1. Influences of the slice location on the quality of the resulting maps, ei-
ther calculated conventionally or according to the look-up algorithm, will be discussed
in section 6.6.3. The expected increase of pH in tumor tissue is observed for only some
parts of the tumor in the pHOut maps of patients 2 and 3 (Figure 5.32). In the ROI analy-
ses across the entire WHT ROI, this effect is averaged out, even showing a lower pH in
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the WHT ROI compared to the WM ROI (Figure 5.34 last column). Here, it should be
noted that this trend mainly results from the increased values in the WM ROI for patient
3. The values for (pHOut, ROut,KOut) in the WHT ROI are comparable for all patients,
whereas in the WM ROI the values are elevated for patient 3 compared to patients 1 and 2.

To sum up, the trends in the maps for pH, magnesium ion concentration and potassium ion
concentration according to the implemented look-up based approach are not comparable
for all investigated patients. For two of the three patients, the determined values for
(pHOut,ROut,KOut) show heterogeneous patterns. The expected increase of pH in tumor
tissue was partly observed in the pHOut maps for all patients showing values of up to
pH = 7.4, but was averaged out in the ROI analyses across the whole tumor volume. For
the determined magnesium ion concentration according to the look-up, for one patient, a
clear increase of values in the tumor was observed in both the maps and the ROI analyses.
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Figure 5.32: Transversal view of the 3D maps for pHOut, [K+]Out, and ROut =
[Mgtotal]
[ATPtotal]

according to the implemented look-up approach applied to the human brain 31P MRSI
datasets from patients with glioblastoma. The same transversal slices are shown as in
Figures 5.7 and 5.8. For an easier comparison, the conventional maps for pH and [Mg2+

free]
are also shown at the top and bottom of the figure.
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Figure 5.33: Sagittal view of the 3D maps for pHOut, [K+]Out, and ROut =
[Mgtotal]
[ATPtotal]

accord-

ing to the implemented look-up approach applied to the human brain 31P MRSI datasets
from patients with glioblastoma. The same sagittal slices are shown as in Figures 5.7 and
5.8. For an easier comparison, the conventional maps for pH and [Mg2+

free] are also shown
at the top and bottom of the figure.
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Figure 5.34: Regions-of-interest (ROIs) analyses across the whole tumor region (WHT)
and a contralateral region covering healthy white matter (WM), represented as violin
plots for the pH value, magnesium ion concentration and potassium ion concentration
for the datasets of all three patients. Median values across the 3D ROIs of the maps
according to the implemented look-up algorithm (pHOut,ROut,KOut) (orange violin plots)
are compared to the corresponding values of the conventionally calculated maps pHConv
and [Mg2+

free]Conv (blue violin plots). Note the different ordinate for the magnesium ion
concentration. The conventionally calculated map shows [Mg2+

free], whereas the maps
according to the implemented look-up algorithm show values for R= [Mgtot]

[ATPtot]
. The number

of voxels included in the respective ROI analysis is indicated at the bottom of the figure.
The WM ROI was chosen small in order to prevent contribution from grey matter.
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6.1 Challenges of the existing methods for the

determination of pH and [Mg2+] via 31P MRS

6.1.1 Dependence on accurate calibration equations

The existing methods for the determination of pH value and magnesium ion concentra-
tion by means of 31P MRS are based on the use of calibration equations, like the modified
Henderson Hasselbalch equation (HHE). These calibration equations relate the measured
chemical shifts of specific 31P metabolites to biochemical parameters (cf. sections 2.5.1
and 2.5.2). The required parameters in these calibration curves, e.g. pKa in the HHE
(equation (2.58)), are typically determined in model solutions [22–24]. The necessity of
accurate calibration equations adapted for the respective application has been highlighted
in great detail [22–25]. The calibration curves δ (pH) are known to be influenced by e.g.
the ionic strength, the presence of proteins, metabolite concentrations, or temperature.
Nevertheless, typically, standard values or averaged values (across different experimen-
tal results) are used even for the application to pathologies. Even for the used “standard
values”, there is no generally accepted consensus for every application. Table 6.1 sum-
marizes typical values for the parameters pKa, δHA and δA, of the modified HHE used
in recent literature. The choice of the values influences the calculated pH value which is
shown representatively for a Pi chemical shift of δPi−PCr = 4.8ppm.
It should be noted, that for the calibration curves δ (Mg) (cf. section 2.5.2), comparable
challenges arise.

6.1.2 Inorganic phosphate (Pi) as a measure for intracellular pH

The dependence of the titration curves δ (pH) (and the determined parameters pKa, δHA,
δA) on the exact chemical environment, is demonstrated in great detail for several 31P
chemical shifts in the works of Pettegrew et al. [23] and Roberts et al. [24]. Based on
these works, it becomes clear, that of all investigated 31P metabolites, the chemical shift
of inorganic phosphate (Pi) as indirect measure for the intracellular pH value is beneficial
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Table 6.1: Typical values for the parameters in the modified Henderson Hasselbalch
equation (HHE) used in literature, i.e. pKa, δHA, δA. The influence of the different con-
stants on the pH value calculated via the HHE is presented representatively for a chemical
shift difference of δPi−PCr = 4.8ppm (last column).

Reference pKa δHA [ppm] δA [ppm] pHHHE

de Graafa [31] 6.77 3.230 5.700 7.01

Meyerspeer et al.b [61] 6.75 3.270 5.630 7.02

Ren et al.c [58] 6.73 3.275 5.685 6.96

Petroff et al.c [22] 6.77 3.290 5.680 7.00

a Standard text book, no specification for the application
b Consensus paper 31P MRS in human skeletal muscle
c For healthy human brain

in terms of specificity. In the physiological range, the chemical shift difference δPi−PCr is
(i) relatively sensitive to pH changes (cf. section 2.5.1), and (ii) influenced little by other
chemical parameters, e.g. magnesium ion concentration or ionic strength. Nevertheless,
the changes of δPi−PCr due to other influences than pH can become highly relevant, when
the chemical conditions change to a larger extent than in the normal physiological range.
For an increase of the total magnesium concentration from 0 to 5mM, an increase of the
pKa value of Pi from 6.89 to 6.77 [23], and from 6.95 to 6.7 [24], was reported. Petroff
et al. also reported clear changes of the titration curves when the magnesium concentra-
tion is increased to more than 2.5mM [22]. These results are in line with results of this
work (cf. section 5.2.2), showing a change of the Pi chemical shift when the magnesium
ion concentration is increased to 10mM (Figure 5.18, first row, R = 2 corresponds to
10mM). Here, it is very important to note, that the experiments in [22, 23] were per-
formed in model solutions only containing Pi and PCr, whereas the measurements of this
work were performed on model solutions also containing ATP. This is assumed to be the
reason, that in this work the change of δPi−PCr starts occurring for an increase of the Mg

concentration to 10mM, compared to (2.5−5.0) mM in [22, 23]. Due to the presence of
ATP in the solutions, most of the added magnesium ions will be bound to ATP, reducing
the amount of free magnesium ions, which influence the chemical shift of Pi [24]. Hence,
a visible change in δPi−PCr is expected only for a large increase in Mg compared to solu-
tions without ATP.
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Moreover, also changes in δPi were observed for varying potassium concentration (Figure
5.17). Here, the concentration must also be increased strongly before clear changes in δPi

become detectable (i.e. ∆δPi ≈ 0.1ppm for an increase from [K+] = 29mM to 160mM).
However, in pathologies such as cancer, the chemical conditions can change dramatically,
which presumably leads to a clear change in the observed δPi. Due to the fact, that the
chemical conditions, e.g. the ionic strength, are not a priori known for pathologies, a
simple adaption of the parameters in the HHE to the specific pathology is not a viable
option. Instead, a method is required to incorporate the effects of the magnesium ion
concentration and ionic strength in a different way.

Another challenge of the determination of pH via the Pi chemical shifts, is its low signal-
to-noise ratio (SNR) in vivo. Pi is (i) relatively low concentrated compared to other 31P
metabolites, and (ii) has relatively long relaxation times. For the human brain for exam-
ple, the following values were reported [58]: intracellular [Pi] ≈ 0.85mM compared to
[ATP]≈ 3mM, and T1,Piintra ≈ 3.7s compared to T1,ATP ≈ (1.1−1.7) s. The low concen-
tration and the long relaxation times result in a typically low SNR of Pi, translating to
long measurement times and/or unreliable quantifications.

A last challenge of the pH determination via δPi in particular for pathologies like cancer,
is the question whether a clear separation of different Pi compartments is possible in tu-
mor tissue. The opposing trend of the intra- and extracellular pH value in tumor tissue,
i.e. an increase of intracellular and a decrease of extracellular pH (cf. 2.4.1), hampers the
reliable quantification of the Pi resonance(s). Assuming that the resonance peak upfield
of the intracellular Pi peak (cf. Figure 5.6), which is resolvable at high field strengths,
is indeed resulting from Pi in the extracellular space (as suggested in [62–66]), the op-
posing trends of intra- and extracellular pH can lead to an overlap of the signals from Pi

and ePi. The increase in intracellular pH leads to an upfield shift of the Pi resonance,
whereas the decrease of the extracellular pH would lead to a downfield shift of the ePi

resonance. This might result in an overlap of both Pi signals, posing challenges for the
quantification. This overlap was observed in some of the tumor spectra acquired in the
31P MRSI study on patients with glioblastoma and is discussed in [9]. The overlap of
Pi and ePi might also be the reason for the unexpected pattern in the sagittal view of the
conventionally calculated pH map of patient 1 (cf. Figure 5.33 in section 5.4), showing a
ring of increased pH values towards the periphery of the tumor, while in the core of the
tumor the calculated pHconv values are lower. The unexpected trend of lower pH values in
the core of the tumor compared to the periphery might result from an overlap of Pi and ePi

signal. In contrast to Pi, ATP has the advantage that its measured MR signal is assumed
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to be mainly originating from the intracellular compartment (including a mitochondrial
contribution) circumventing problems due to an overlap with extracellular compartments.

All discussed challenges demonstrate the necessity of a method which is (i) applicable
for various chemical conditions and (ii) might provide a reasonable alternative for the use
of the Pi signal for the determination of pH. The herein proposed look-up approach using
the ATP chemical shifts addresses both requirements, but relies on robust measurements
in model solutions, which are influenced by several external parameters.

6.2 Influences on the 31P spectra acquired in model

solutions

The proposed look-up approach is dependent on the accuracy of the developed model
functions δ model

i with i ∈ (γ,α,β ), which describe the relation between the measured
ATP chemical shifts δ meas

i and the underlying chemical conditions (pH,Mg,K). In order
to develop a suitable model, 31P spectra were acquired from model solutions prepared
with different chemical conditions. The spectra resulting from these measurements are
influenced by the temperature of the model solutions during the measurements, and the
exact composition of the solutions.

6.2.1 Temperature of the model solutions during the 31P MRS

measurement

The temperature of the model solution during the titration of the pH value in the model
solutions, and also the temperature during the acquisition of the 31P data has an influence
on the obtained chemical shifts. The pH value, as well as the apparent dissociation con-
stant KD of the complexation of Mg to ATP (cf. section 2.5.2) are known to be influenced
by temperature [22, 25, 59, 67–69]. This poses two challenges:

1. A difference between the titrated pH value and the pH value during the measure-
ment (influenced by the exact temperature of the model solution) might lead to an
inaccurate assignment of pH to the measured chemical shifts.

2. A difference between KD in the model solutions and in tissue (resulting from a
different temperature; the temperature in muscle is reported to be around (35−
36) ◦C [69]), might pose a challenge for the transferability between model and in
vivo application.
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To address the first challenge, a temperature correction was performed (cf. section 4.4.3)
prior to data evaluation and development of the model. This temperature correction as-
signs the acquired spectrum to a corrected pH value based on the temperature difference
between titration and measurement condition (cf. equation (4.2)). The correction factor
−0.04 pH

◦C was experimentally determined in measurements of (pH-T) pairs in imidazole
solution. Instead of performing these measurements on pure imidazole buffer solution, it
should have been done on representative model solutions also containing the 31P metabo-
lites. Pi functions as buffer (cf. 2.4.2) and can therefore influence the (pH-T) dependence
in the prepared solutions. The experiments for the temperature correction should be re-
peated as suggested above, in order to make the temperature correction more accurate.
Such a correction procedure is not possible for the second case (difference in KD), as the
dissociation constant cannot be as easily measured as the pH value.

In general, the accuracy of the temperature measurements during the MR measurements
should be considered due to two reasons: (i) the accuracy of the temperature tracking
system at the 9.4 T small animal scanner (cf. section 4.1.2), and (ii) the fact, that the
temperature of the water in the outer vial was measured, and not the temperature of the
actual 31P model solution (cf. Figure 4.7 in section 4.4.3). Because the temperature was
assumed to have a significant effect on the pH value and consequently on the measured
chemical shifts, an additional experiment was performed on two different MR systems.
A set of 6 model solutions with different pH values1 was measured twice on the same
day: (i) on a 9.4-T Bruker NMR spectrometer only suitable for measurements of small
NMR tubes having the advantage of an accurate temperature tracking, and (ii) on the
9.4-T small animal system used for all model solution measurements. The temperature
of the model solutions during the measurements on the spectrometer was 36.9◦C in all
cases, and the mean temperature across all solutions for the measurements on the small
animal system was (37.0 ± 0.1) ◦C. A good agreement was observed between both
measurements (Figure 6.1). The deviations between both measurements were maximally
0.02 ppm for most of the model solutions. For the measurement of the model solution
with pH = 6.0, the deviation was 0.05ppm which corresponds to a difference in pH of
0.04 pH units (calculated with the HHE with parameters from [31], for 4.80ppm and
4.85ppm). The good agreement between measurements at different MR systems sug-
gests an overestimation of the discussed concerns about the accuracy of the temperature
measurements. Systematic errors of the prepared pH value due to temperature influences
are hence assumed to be neglectable.

1The model solutions contained 5mM Pi and PCr respectively, 1.36mM MgCl and 155mM KCl, and
were prepared by Antoine Feignier in the framework of his Bachelor thesis [70].
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Figure 6.1: Comparison of the measured chemical shift δPiPCr in a set of 6 model solu-
tions acquired at the 9.4 T small animal system (blue) and the 9.4 T spectrometer (red).
A good agreement can be observed between both measurements. The largest deviation
is observed for the measurements of the model solution with pH = 6.0. This deviation is
≈ 0.05ppm, which corresponds to a pH difference of ≈ 0.04 pH units (calculated with
the HHE for 4.80ppm and 4.85ppm respectively).

The influence of the temperature on the dissociation constants in general, which is par-
ticularly of relevance for the change of the ATP chemical shifts in dependence of varying
magnesium and potassium ion concentration, was not assessed in more detail within this
work. However, the dependence of KMgATP

D of the dissociation of Mg2+ to ATP (cf. equa-
tion (2.65)) was reported to be ∆logKD = 750 ·∆T [71]. Based on these assumption,
a temperature change from 37◦C to 35◦C, would result e.g. in a change of the disso-
ciation constant KD = 90µM to KD ≈ 93µM. By assuming the same influence on the
three other dissociation constants in equation (2.73), this would result in a change of the
determined free magnesium ion concentration from [Mg2+] = 0.97mM at T = 37◦C to
[Mg2+] = 1.00mM at T = 35◦C for δαβ = 8.45ppm with an assumed pH = 7.0.

6.2.2 Chemical composition of the prepared model solutions

As already discussed in section 6.1.1, the calibration equations used for the translation of
measured chemical shifts to the physiological values pH and [Mg2+], are typically deter-
mined in experiments on model solutions. Although the proposed method in this work
is also based on measurements on model solutions, it has the advantage of not being
dependent on only one specific calibration equation, but incorporates various chemical
conditions. Nevertheless, the composition of the used model solutions, as well as ex-
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perimental influences during the preparation, have an influence on the accuracy of the
determined absolute values by the implemented approach.

When comparing the chemical shifts for Pi measured in model solutions with the mea-
sured δPi in vivo (Figure 5.18 in section 5.2.2), it was observed that only δPi of model
solutions prepared with pH = 6.8 were overlapping with the in vivo range of δPi =

[4.7− 4.98] ppm.2 When assuming, that the modified HHE with the parameters from
[31] translate the measured δPi to the correct pH value in vivo, the following comparison
can be made:
Following the HHE, the measured δPi = 4.8ppm would correspond to a pH value of 7.01.
In contrast to that, based on the model solution measurements in this work, δPi = 4.8ppm
can only be translated to a pH value of 6.8. This mismatch can be interpreted as a system-
atic error in the composition of the model solutions in this work, not properly representing
the conditions in vivo. Potential reasons for a significant influence of the model solution
composition could be (i) the use of imidazol buffer, (ii) other influences e.g. proteins, and
(iii) missing presence of other ions, i.e. calcium, chlorine.

The use of imidazole buffer (i) might have a significant effect on the measured chem-
ical shifts of 31P metabolites, and was partly investigated by Antoine Feignier in his
Bachelors thesis [70]. A difference in measured chemical shifts was observed when dif-
ferent buffer solutions were used, whereby the largest difference was observed for the Pi

resonance. The chemical shifts of ATP where less affected by the type of used buffer,
e.g. ∆δPi = 0.15ppm and ∆δγ−AT P = 0.06ppm (for the difference of imidazole and PBS
buffer at pH = 6.8). Although, the difference between model solutions with and without
imidazole buffer solution was not addressed in [70], there is reason to presume, that the
presence of imidazole might have an effect on the measured chemical shifts, which might
explain the mismatch mentioned before.
The influence of proteins (ii) was also investigated in [70], and found to be smaller than
the measurement uncertainties, i.e. ∆δAT P = [0.001−0.004] ppm and ∆δPi = 0.006 ppm
(for solutions with and without Bovine Serum Albumin (BSA), respectively). Neverthe-
less, differences in the order of 0.05 ppm were observed when comparing model solutions
containing different proteins, i.e. BSA and protamine. This suggests, that the influence
on the 31P chemcial shifts is different for different proteins. However, the effect of pro-
teins on 31P chemcial shifts was investigated before and assumed to be neglectable [24]

2The corresponding plots for the subsets with pH = 7.0 and pH = 7.2 are not shown in section 5.2.2, but
for pH = 7.0 only the δPi from the subset with [K+] = 29mM overlap with the in vivo range. However,
[K+] is assumed to be around 155mM in vivo (cf. Table 2.1 in section 2.4.3).
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(but also only for BSA).
The influence of other ions (iii) will be shortly addressed in section 6.7.1.

In order to find the reason for the mismatch between measured δPi in this work and the
titration curves from literature, an attempt was made to reproduce the titration curves
determined by Petroff et al.[22]. Although the exact composition of model solutions
as described in [22] was reproduced, a systematic shift of the measured titration curves
δPi(pH) was observed [70], which corresponds to a shift of the pKa value of 0.17. Of
course, a perfect reproduction of model solutions cannot be guaranteed, but this experi-
ment illustrates the sensitivity of the measurements. The accuracy and reliability of the
used titration curves should be reconsidered and assessed in more detail.

The mentioned external influences on the 31P spectra measured in model solutions, in
particular the influences of the model solution composition, might systematically affect
the developed model functions. These model functions are of central importance for the
reliability of the determined values by the implemented look-up algorithm. A systematic
error in the developed model function δ model(pH,Mg,K), would result in a systematic
error in the determination of the values (pH,Mg,K).

6.3 Assessment of the proposed approach

Within this work, three different models for the interpolation of the ATP chemical shifts
in dependence on pH, magnesium and potassium ion concentration were investigated.
The model based on the Hill equation was determined to be the most suitable to describe
the multi-dimensional dependence δ (pH,Mg,K). Nevertheless, also the other two mod-
els might be of interest, when the investigated value range is extended, as proposed in
sections 6.5 and 6.7.

It is important to point out, that there are other approaches for the simultaneous deter-
mination of pH and magnesium ion concentration based on 31P chemical shifts [28–30].
Particularly the approach by Williams et al. [30] is comparable to the approach proposed
in this work, which will be shortly discussed in the following.
Besides some minor differences, such as the use of different reference chemical shifts
(i.e. δγ ,δα ,δβ relative to PCr here, instead of the use of the differences δγα , δαβ and δγβ

in [30]), or the different covered ranges for pH values and magnesium ion concentrations,
three major differences should be pointed out:
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1. The starting point for the model functions defining the look-up table in [30] was the
dependency of the chemical shifts on the pH value (the modified HHE with n ̸= 1
is used; cf. equation (3.8)). The dependence on the magnesium ion concentration
was then incorporated by “fitting to the best exponential equation or cubic spline
fit” [30]. In contrast to that, in this work, the dependence of δ on the magnesium
ion concentration was the starting point for the model development. The depen-
dence on the pH value (as well as the potassium concentration) was incorporated
by linearization of the determined parameters in δ (R).

2. The influence of the ionic strength was assessed in detail in [30], but was assumed
to be neglectable and hence not included in the look-up table. In contrast, in the
herein proposed approach the influence of the ionic strength, i.e. of the potassium
concentration as surrogate, was incorporated directly into the model δ (pH,Mg,K),
as it was found to have a clear influence on the measured chemical shifts.

3. The influence of measurement uncertainties of the chemical shifts was not included
in [30] (contrary to the herein proposed approach including directly a specific error
margin on the measured chemical shifts). In [30], an estimation of the uncertainty
of the determined magnesium ion concentration due to an error margin of δ was
assessed separately.

As described in point 2, in the herein proposed approach, the influence of the ionic
strength was incorporated, because it was found to be of relevance (cf. section 5.2.2).
However, the potassium concentration could not be succesfully determined via the im-
plemented look-up algorithm in all test datasets (cf. Appendix D, Figure D.15), which
might raise the question, whether the ansatz of [30] of neglecting the influence of ionic
strength, was sufficient. Nevertheless, the influence of varying potassium concentration
on the ATP chemical shifts is found to be of relevance (cf. Figure 5.17). The inaccu-
rate determination of K via the herein proposed approach might be due to an insufficient
model describing the dependency on K not correctly, or due to an underdetermination
hampering a correct assignment of K. An extension of the approach by including more
parameters like the linewidths and J-coupling constants (discussed in section 6.7.2), or
the incorporation of sodium concentration (see section 6.7.1), might improve the perfor-
mance for the determination of K.
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6.4 Considerations concerning the implemented

look-up algorithm

The manner in which the look-up algorithm is implemented can influence the reliabil-
ity and accuracy of the (pH,Mg,K) determination. Some major points considering the
details of the implementation will be discussed in the following.

Spacing of the sampling grid

The spacing of the sampling grid was deliberately chosen so that the change with vary-
ing pH value and with varying magnesium ion concentration is “sampled” in the finest
steps, i.e. with step size of 0.01 pH units and 0.1mM respectively. For the potassium
concentration, the step size is 10mM, due the relatively smaller changes with changing K

(compared to pH and Mg). These changes are assumed to be sufficient based on compar-
isons with the assumed measurement uncertainty on the chemical shifts of ±0.01ppm:

• A change of 0.01 pH units would correspond to a change of approximately 0.01ppm
for γ-ATP (for the case of R= 0 and [K+] = 29mM, cf. Figure 5.16 in section 5.2.2).

• In the range of [Mg2+] = [5 − 10] mM, a change of 0.1mM would correspond
to a change of 0.002ppm for γ-ATP (for pH = 7.4, cf. Figure 5.18 in section
5.2.2). This change is clearly smaller than the assumed measurement uncertainty
of 0.01ppm.

• A change of 10mM in the potassium concentration corresponds to a change of
0.026ppm for γ-ATP and pH = 6.8 (cf. Figure 5.17), which is larger than the
measurement uncertainty. A spacing of 5mM for potassium would have been a
better choice.

Besides these considerations, the influence of the spacings was also tested by comparing
the output values of the implemented algorithm for different sampling spacings for all
three parameters (pH,Mg,K). It could be confirmed, that a finer spacing for potassium
only has a minor effect on the determined output values.

Assumed error margin for the measured chemical shifts

The chosen error margin of 0.01ppm for δ meas
i , i ∈ (γ,α,β ) was taken as a best-case

estimate, and is based on the maximal, technically possible spectral resolution of the
acquired in vivo 31P spectra (≈ 0.015ppm). Typically, the uncertainties of the measured
chemical shifts are larger, in particular for the resonance of β -ATP, which is typically
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broad in vivo. The assumed error margin has an effect on the output values, because it
shifts the weighted mean values due to the non-linearity of the model. Hence, in future
work, the generally assumed error margin of 0.01 ppm should be reconsidered and the
algorithm should be extended in a way that incorporates more realistic error margins, in
particular for β -ATP.

Order of the value determination

The order of the value determination (pH,Mg,K) is assumed to not influence the final
output values. The resulting possible solution triples (pHk,Mgk,Kk) should be the same,
whether the look-up algorithm determines the most probable pH value pHk for each point
(Mgk,Kk), or the most probable Mg value Mgk for each point (pHk,Kk). The assignment
δmeas → (pHk,Mgk,Kk) is assumed to be uninfluenced by the order. Nevertheless this
should be analyzed in future work.

6.5 Large variation of δα measured in vivo

In the datasets from in vivo measurements, a surprisingly large range of α-ATP chemical
shifts was observed (cf. Figure 5.11 in section 5.1.3). Although the chemical shift of α-
ATP is assumed to be the least sensitive to influences of the chemical environment (due
to its position in the ATP molecule, cf. Figure 2.8 in section 2.4.2), its variation observed
in vivo is surprisingly large. This fact raises the question, where these strong changes in
δα observed in vivo result from.

The measurements on model solutions also showed, that the change of the δα with vary-
ing pH, magnesium and potassium ion concentration is relatively small compared to δγ

and δβ (cf. Figures 5.16, 5.17, 5.18 in section 5.2.2). This finding was confirmed by
the results of the multi-dimensional modelling of δ Hill

i (pH,Mg,K) (cf. Table 5.3). The
influence of pH on the limiting chemical shifts of α-ATP seems to be small compared to
γ- and α-ATP (parameters md1, mdm, md2). However, for the change of KD with varying
pH, and the change of the Hill coefficient n with varying [K+], (parameters mkd , mn), the
degree of change was comparable for all three ATP chemical shifts. This demonstrates,
that α-ATP is influenced by some parameters to a comparable extent as the chemical
shifts of γ- and β -ATP.

Nevertheless, it was already seen in Figure 5.18 that the measured chemical shifts in
model solutions do not represent the entire range of α-ATP chemical shifts, which were
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obtained in vivo. In model solutions, only δα values of up to approximately −7.46ppm
were measured, whereas in vivo also δα values up to −7.38ppm were obtained. The fact,
that for δγ and δβ the entire range observed in vivo is covered by the measurements in
model solutions, but not for δα , is very surprising. The reason for this might be a param-
eter influencing particularly δα , which is not considered yet in the model.

Also with the extrapolation of δα for magnesium ion concentrations up to 25mM using
the model function δ Hill

α (pH,Mg,K), values not larger than −7.45ppm can be modelled
(calculated for pH = 7.4, [Mg2+] = 25mM, [K+] = 200mM). Of course, the extrapola-
tion to such a large range outside of the experimentally covered range (up to 10mM),
might not yield accurate results. However, the extrapolation is assumed to be reason-
able, because the change of δα is decreasing with increasing R, and seems to plateau
around R = 2. It seems unlikely that values around −7.38ppm can be reached with fur-
ther increase of R, but should however be experimentally confirmed by measuring model
solutions with magnesium concentrations of up to 30mM.

The question whether there is an effect not considered yet, which could explain the mis-
match between δα measured in vivo and in model solutions, needs to be investigated
in future work. This open question, already leads to the next very important point: the
missing compatibility of the look-up values for α-ATP with the values for γ- and β -ATP,
when applied to in vivo data.

6.6 Applicability to in vivo 31P MRSI data

6.6.1 Missing compatibility of the look-up values for α-ATP

with the look-up values for γ- and β -ATP

As already explained in section 5.4.1, the application of the implemented approach in-
cluding all three ATP chemical shifts to the investigated in vivo data, does not yield output
values for (pHOut,MgOut,KOut) in most of the voxels (cf. Appendix E). The reason for
this is assumed to be the missing overlap of assigned solution triples based on δα with the
assigned solution triples from δγ and δβ . This hypothesis was investigated, by analyzing
the output maps from a look-up version only using δα , i.e. Pjoint = Pα (cf. Figure 4.10 in
section 4.5.3). In these output maps (not shown), two observations were made:

1. For the muscle datasets, in only ≈ 58%3 of all muscle voxels an output triple

360% for volunteer 1, 50% for volunteer 2, 62% for volunteer 3
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(pHOut,MgOut,KOut)α could be determined; for the glioblastoma datasets, in ≈ 89%.4

2. In the voxels where a solution triple (pHOut,MgOut,KOut)α was successfully as-
signed, the determined values represented in almost all cases approximately the
mean values of the defined sampling ranges for pH and K, i.e. pHOut ≈ 7.04 and
KOut ≈ 100mM (cf. section 4.5.4). For the determined magnesium ion concentra-
tion, in both cases R ≈ 1.

For the muscle datasets, observation 1 is assumed to be mainly resulting from the mis-
match of δα measured in model solutions (which defines δ model

α for the look-up table)
with the chemical shifts measured in vivo δ meas

α (cf. section 6.5). If the measured δ meas
α

is not represented in the look-up table defined by the model, it cannot be assigned to any
solution triple. Interestingly, for the brain datasets, the mismatch between δ model

α and
δ meas

α seems to be not the reason for the missing compatibility of the α-ATP outputs,
because in more than 90% of the brain voxels an assignment to possible solution triples
was possible based on δ meas

α .

The missing compatibility between the outputs (pHOut,MgOut,KOut)α and
(pHOut,MgOut,KOut)γβ must be driven by observation 2, which is assumed to be resulting
from the relatively small change of δα with changing chemical environment and the incor-
poration of the measurement uncertainty of 0.01 ppm on δ meas

α . The assumed probability
distribution P(δ meas

α ±5σ) (cf. Figure 4.8 in section 4.5.2) results in a broad probability
distribution for the pH value P(pH). The output values calculated as the weighted mean
values across all possible solutions, is consequently expected to be strongly weighted by
the global mean values of the sampling grids for (pH,Mg,K), as observed in the maps
for (pHOut,MgOut,KOut)α . However, this alone cannot explain the missing overlap with
the assigned values from δγ and δβ . The broad distribution Pα(pH,Mg,K), makes it very
likely that an overlap with Pγ(pH,Mg,K) and Pβ (pH,Mg,K) exists. But if the proba-
bility distributions Pγ(pH,Mg,K) and Pβ (pH,Mg,K) are very narrow, it might happen
that still no overlap of all three exists. This brings us back to the point of reconsidering
the relatively small error margin of 0.01 ppm for δγ an δβ (cf. section 6.4). Maybe the
assumption of a larger error margin for δγ an δβ (which is anyhow more realistic) would
enable an overlap of (pHOut,MgOut,KOut)α with (pHOut,MgOut,KOut)γβ in more voxels.

As already mentioned, the final presented maps show the output of a reduced version
of the algorithm only using δγ and δβ . This works in principle, but is underdetermined
(determination of three unknown parameters based on only two measured parameters).

494% for patient 1, 78% for patient 2, 94% for patient 3
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Hence, the mismatch of the look-up values of α-ATP with the look-up values for γ- and
β -ATP, should be addressed in detail in future work, in order to improve the reliability of
the method.

6.6.2 Comparison with conventional methods

When comparing the output maps of the implemented look-up approach with the con-
ventionally calculated pH and magnesium maps, i.e. pHConv and [Mg2+

free]Conv, large dif-
ferences were observed. These differences raise the question, whether the implemented
approach actually yields a reasonable determination of physiological values in vivo. Here,
it is very important to point out, that the maps referred to as the conventionally calculated
maps are the only reasonable comparsion available, but do not represent the “ground
truth”. The challenges of the conventional methods possibly hampering the accurate de-
termination of pH and magnesium values in vivo are intensively discussed in section
6.1. In particular for the application in pathologies, i.e. the datasets from patients with
glioblastoma, the conventionally calculated maps need to be interpreted with caution.

The potential overlap of the resonances from intra- and extracellular Pi in tumor tissue,
might impede a robust quantification of the pH value, which could potentially explain the
unexpected patterns in the tumor region of patient 1, and the relatively small increase in
calculated pH in tumor tissue of patients 2 and 3 (cf. section 6.1.2).
Moreover, a potential (and expected) change of the pKa value in tumor tissue also ham-
pers a correct determination of the pH value, when the modified HHE with constant pa-
rameters is used. The resemblance of the patterns in the look-up maps for the potassium
ion concentration KOut with the patterns in the pHConv maps might hint towards the fact
that the contrast in the pHConv maps might result from changes in the pKa value, and are
not pure changes of the pH.5

The potential change of equilibrium constants also has an influence on the calculation of
[Mg2+

free]Conv, as here standard values for the parameters in equation (2.73) are also used
for the application in pathologies. Furthermore, the calculated pH values (potentially not
accurately determined) are included into the calculation of [Mg2+

free]Conv, additionally in-
creasing the uncertainty of the calculated values.

However, the conventional methods have been applied in numerous in vivo studies so far,
and are assumed to yield reasonable results for different applications. Hence, the large

5The pKa value is reported to decrease with increasing ionic strength [24, 60].
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differences between the output maps of the herein proposed approach with conventional
maps should be investigated further.

6.6.3 Different patterns in the glioblastoma datasets

Whereas the trends in the three datasets from the lower leg muscles of healthy volunteers
are comparable between all three subjects, the trends in the maps from the glioblastoma
datasets partly differ quite strongly between the different subjects.

First of all, it has to be pointed out, that the physiological situation in the human brain
of patients with glioblastoma is more complicated than in the human lower leg muscle
of healthy volunteers. The human brain maps analyzed in this work are acquired in three
different patients, meaning that for each patient (i) the location of the tumor is different,
and (ii) the pathophysiology in the diseased tissue might be different. Consequently, gen-
eral statements applicable to all three patients are difficult to make. The partly different
trends in the three patient datasets were already seen in the conventionally calculated pH
and [Mg2+

free] maps (Figures 5.7 and 5.8 in section 5.1.2), in particular in the magnesium
maps.

Second, the influence of the tumor location on the general data quality needs to be shortly
discussed. Compared to patient 1, the tumors of patients 2 and 3 are located more cau-
dally i.e. further towards the neck, where more contamination from muscle tissue and
more B0 inhomogeneities due to the location at the edge of the field of view, are ex-
pected. The lower data quality in the tumor slices of patients 2 and 3 might hamper a
reliable quantification of the chemical shifts, which might explain the unexpected hetero-
geneous patterns in the [Mg2+

free]Conv and look-up output maps (pHOut,MgOut,KOut)α .

6.7 Future steps

6.7.1 Further investigating the influences on the α-ATP

chemical shift

The first step in future work should be the investigation of the mismatch of δα measured
in the model solutions and in vivo. To this end, as already mentioned, experiments on
model solutions with higher magnesium concentration of up to 30mM should be per-
formed to investigate whether the range of δα obtained in vivo can be reproduced with a
higher magnesium ion concentration.
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Moreover, also the sodium concentration should be investigated further. In initial ex-
periments it could be observed, that the degree of change of measured ATP chemical
shifts per [K+] unit is different than the change per [Na2+] unit, i.e. ∆δα

∆[K+]
≈ 0.03ppm

50mM , and
∆δα

∆[Na2+]
≈ 0.05ppm

50mM for pH = 6.8. Therefore, experiments with varying sodium concentra-
tion should be extended.
Although the influence of [Mg2+] is presumably the most relevant, influences of other ions
should also be investigated. For example, Cu2+ is reported to interact solely with the α-
and β phosphate of ATP [72], whereas Mg2+, Ca2+ and Zn2+ are assumed to only interact
with γ- and β -phosphate [73]. Maybe ions binding specifically to the α-phosphate might
have a significant influence on δα and should be investigated further.

6.7.2 Incorporating the linewidths and J-coupling constants of

ATP

A very important and central next step should be the incorporation of the ATP linewidths
and J-coupling constants into the proposed look-up approach. To this end, the changes
of linewidths and J-coupling constants with changing chemical environment were also
investigated within this work. As already seen in the qualitative analysis of the spectral
changes (section 5.2.1, Figure 5.14), the ATP linewidths, particularly of γ- and β -ATP
change with varying magnesium ion concentration (both to a different extent). After
an initial increase with increasing magnesium ion concentration, the linewidths become
narrower again, when the magnesium ion concentration is increased further. This depen-
dence can be nicely seen when plotting the quantified linewidths against the magnesium
ion concentration (Figure B.3 in Appendix B). For the J-coupling constants, a decrease is
observed for increasing magnesium ion concentration (Figure B.4 in Appendix B). The
observed decrease of J-coupling constant with increasing magnesium concentration is in
line with findings in [68, 73, 74].

To incorporate these observed dependencies into the look-up approach, the following
models should be developed:

1. A model describing the dependency of the γ- and β -ATP linewidths on the magne-
sium ion concentration R, which is based on the Bloch-McConnell equations.

2. A model describing the decrease of the J-coupling constants Jγβ and Jαβ with in-
creasing magnesium ion concentration.

130



6.7 Future steps

The mentioned Bloch-McConnell equations which can be used for modelling of case
1, describe the effect of chemical exchange on the transverse magnetization (cf. sec-
tion 2.2.3). With these Bloch-McConnell equations the effect of the chemical exchange
between free ATP and its complexed form [Mg(ATP)]4− on the ATP linewidth can be
simulated, and a model derived, which describes the dependence of the γ- and β -ATP
linewidths on the magnesium ion concentration, i.e. LWγ(R), LWβ (R).
For the second case, in first approximation a simple exponential decay would be mod-
elled yielding the two functional dependencies Jγβ (R) and Jαβ (R).

Finally, the models for LWγ(R), LWβ (R), as well as for Jγβ (R) and Jαβ (R) could be in-
corporated into the look-up approach. The look-up could then use 7 parameters, i.e.
(δγ ,δα ,δβ ,LWγ ,LWβ ,Jγβ ,Jαβ ) to estimate the underlying chemical conditions of the ac-
quired 31P spectrum.

6.7.3 Combining the proposed approach with other methods

besides 31P MRS

The herein proposed approach for the determination of physiological parameters, like the
pH value and the magnesium ion concentration, should not only be compared to the con-
ventional approaches by means of 31P MRS (discussed in section 6.6.2), but moreover
also with other methods. Hereby, it should be differentiated between methods potentially
usable as validation of the proposed approach, and alternative approaches potentially al-
lowing for complementary insights.

As validation method, the comparison of the herein generated maps with 39K and 23Na
MR images would be of great interest. 39K and 23Na are both spin 3

2 nuclei, and can be
used for MR imaging. Direct measurements of the magnesium concentration would also
be of great value. This is in principle also possible by MRI, as magnesium has a spin of
5
2 . Moreover, there are also methods based on Mg2+ binding fluorescent indicators, e.g.
furaptra, which are described in [75].

One alternative method for the determination of intracellular pH potentially providing
complementary insights, is based on Chemical Exchange Saturation Transfer (CEST)
imaging and was recently proposed for example by Boyd et al. [76, 77]. The high spatial
resolution of CEST imaging might provide novel insights into potential pH heterogeneity
in healthy or diseased tissue.
Another emerging technique is hyperpolarized (HP) 13C MRI, which allows for in vivo
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pH imaging by using zymonic acid as pH sensor [78]. Although this technique also
depends on calibration curves acquired in model solutions, the method is described to
be “independent of concentration, temperature, ionic strength and protein concentration”
[78]. However, HP 13C MRI depends on the injection of an exogenous substance, in this
case zymonic acid.

A comparison of these three pH imaging methods (i.e. 31P MRS, CEST, and 13C HP
MRI) would be of great value, because (i) all three methods have their advantages and
drawbacks, and (ii) it could open complementary insights into the underlying metabolism
in healthy and diseased tissue.
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7 Summary and Conclusion

Phosphorus
(31P

)
magnetic resonance spectroscopic imaging (MRSI) enables the non-

invasive imaging of physiological parameters, like the pH value and the magnesium ion
concentration, in living tissue. Typically, the measured chemical shifts of inorganic phos-
phate (Pi) and adenosine-5’-triphosphate (ATP) are translated to pH and magnesium ion
concentration, [Mg2+], via calibration curves, like the modified Henderson Hasselbalch
equation in the case of pH. However, the required parameters in these calibration equa-
tions, e.g. the pKa value, are defined only for normal physiological conditions. The use
of constant parameters in the calibration curves poses a challenge, in particular for the
application to pathologic conditions, e.g. in tumor tissue, where the chemical environ-
ment might change significantly.

In this work, a novel approach for the determination of pH and [Mg2+] applicable for
various chemical conditions, was proposed. The basic idea of this proposed approach is
to use multiple quantities of an acquired 31P MR spectrum to determine the underlying
physiological parameters in form of a look-up table. Compared to earlier approaches, the
herein proposed look-up algorithm has the advantages of (i) being applicable to various
chemical conditions, as it is not dependent on a single calibration curve, (ii) reducing the
complexity of the look-up by focusing solely on conditions, which are relevant in vivo,
and (iii) incorporating measurement uncertainties in form of Gaussian error distributions,
making the determination of the output values more robust.

As first proof-of-principle, a look-up algorithm was implemented, which determines the
three parameters pH, [Mg2+], and ionic strength, based on the measured chemical shifts of
the three resonances of ATP, (δγ ,δα ,δβ ). The use of the ATP chemical shifts for the de-
termination of pH is beneficial with regard to the measurement time, due to the typically
higher signal-to-noise-ratio compared to the resonance of Pi used in the the conventional
modified Henderson Hasselbalch equation. A potential reduction in measurement time
is of particular importance for the prospective application in vivo. In order to implement
this proof-of-principle version of the look-up-based approach, the following three steps
have been carried out:
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1. The ranges of 31P chemical shifts, which are typically measured in vivo, and their
corresponding value ranges for pH and [Mg2+] (according to calculations using the
conventional calibration equations), were identified. To this end, high-quality in
vivo 31P MRSI datasets acquired at B0 = 7T were analyzed. To cover a large range
of conditions, different tissue types were used, i.e. muscle tissue from the lower leg
of healthy volunteers, and brain tissue from patients with glioblastoma. These anal-
yses revealed a large variability of the measured chemical shifts, whereby particu-
larly δα showed an unexpectedly large range of [−7.70;−7.38] ppm. Following the
conventional calibration equations, the identified chemical shift ranges for Pi and
ATP correspond to pH values of approximately (6.9− 7.3) and to concentrations
of free [Mg2+] of approximately (0.2−1.4) mM.

2. The spectral changes due to varying chemical conditions were investigated in mea-
surements of suitable model solutions. Based on prior knowledge about the vari-
ation of ATP chemical shifts obtained in vivo, and their corresponding pH and
[Mg2+] values (cf. point 1), 114 model solutions were prepared with different pH,
[Mg2+] and ionic strengths, and measured at B0 = 9.4T. Significant changes of the
chemical shifts, linewidths and J-coupling constants with changing pH, [Mg2+] and
[K+] (used as surrogate for the ionic strength in general) were observed. Over the
investigated ranges, δγ showed the largest sensitivity to changes of pH and [K+],
i.e. ∆δγ

∆pH ≈ 0.55ppm
0.6 pH and ∆δγ

∆[K+]
≈ 0.34ppm

131mM . With regard to the varying magnesium ion

concentration, δβ showed the largest change, i.e.
∆δβ

∆[Mg2+]
≈ 3.15ppm

10mM . The measured

chemical shift of α-ATP was the least sensitive to changes of pH, [Mg2+] and [K+]

(maximal observed change ∆δα

∆[Mg2+]
≈ 0.6ppm

10mM ).
A further important observation was the mismatch between the chemical shifts of
α-ATP measured in model solutions and the range of δα observed in vivo. While
for δγ and δβ , the entire ranges obtained in vivo could be represented by the mea-
surements in model solutions, this was not the case for δα , despite the large range
of [Mg2+] and [K+] covered.

3. In order to implement a look-up table with sufficient entries, allowing for an accu-
rate assignment of physiological values, an interpolation between the 114 measured
datapoints was performed. For this interpolation, a suitable model describing the
dependencies of the measured ATP chemical shifts on pH, [Mg2+], and [K+], i.e.
δi(pH,Mg,K), was required. To this end, three different approaches were pursued,
whereby for all, the starting point was the non-linear dependence of the chemi-
cal shifts on the magnesium ion concentration. The dependence of (δγ ,δα ,δβ ) on
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pH and [K+] was incorporated by a linearization of the determined parameters of
the model functions δγ(Mg), δα(Mg), δβ (Mg), finally yielding multi-dimensional
model functions δi(pH,Mg,K), i ∈ (γ,α,β ). The developed model based on the
Hill equation δ Hill

i (pH,Mg,K) was determined to be most suitable for the applica-
tion in vivo, and hence used for the implementation of the look-up table.

Finally, the implemented approach was applied to the in vivo 31P MRSI datasets analyzed
before. It was found, that with the implemented look-up table utilizing all three ATP
chemical shifts, no output values for (pH,Mg,K) could be assigned in over 50% of the
muscle voxels, and over 60% of the brain voxels. Analyses revealed, that the reason for
the unsuccessful assignments is a mismatch between the possible solutions determined
for the input δα and the possible solutions determined for the input δγ and δβ . Together
with the observed large variation of measured δα in vivo, which could not be entirely
represented in model solution measurements, this mismatch hints towards influences on
the chemical shifts, which were not considered so far.

An adapted version of the implemented look-up algorithm only using the chemical shifts
(δγ ,δβ ) resulted in a successful assignment of solution triples (pH,Mg,K) in over 98% of
the muscle voxels, and over 90% of the brain voxels. The comparison of the resulting out-
put maps according to the adapted look-up algorithm with the conventionally calculated
maps for pH and free [Mg2+] revealed several differences. For example, generally lower
pH values were determined by the look-up approach compared to the conventional calcu-
lation via the Henderson Hasselbalch equation. The expected increase of intracellular pH
in tumor tissue was observed in several parts of the tumor regions for all patients, show-
ing values of up to pHOut = 7.4, but was averaged out in the regions-of-interest (ROIs)
analyses across the entire tumor region. For the relative magnesium ion concentration
determined by the look-up algorithm, for all patients, a clear increase was observed in
tumor tissue, in both the maps and the ROI analyses. This trend of increased magne-
sium ion concentration in the tumor was not observed that clearly in the conventional
[Mg2+]Conv maps. The observed differences between the maps according to the look-up
approach and the conventionally calculated maps suggest that the mentioned challenges
of the conventional calibration equations might hamper a reliable determination of pH
and magnesium ion concentration, particularly for the application to pathophysiological
conditions.

To conclude, the novel approach proposed in this work, allows for the determination of
pH values and magnesium ion concentration under various chemical conditions by utiliz-
ing multiple quantities obtained in a measured 31P spectrum in form of a look-up table.
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7 Summary and Conclusion

The proposed method reduces the complexity of the assignment by focusing solely on
conditions which are relevant in vivo, and improves its robustness by including measure-
ment uncertainties. As proof-of-principle, the approach was implemented for the deter-
mination of pH and [Mg2+] for different ionic strengths, by using the chemical shifts of γ-
and β -ATP. A decisive strength of this novel approach is its expandability by inclusion of
other quantities, like the linewidths and J-coupling constants, whose clear dependencies
on the chemical environment can be potentially exploited for a more robust determina-
tion of physiological parameters. The proposed approach is an important step towards
a method allowing for a detailed characterization of different tissue types under various
chemical conditions, which is particularly of importance for the application to patholo-
gies.
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Appendices

A Derivation of a modified form of the Hill equation

for NMR

In the work from Pettegrew et al. [23], where numerous titration curves δ (pH) for several
31P metabolites were determined, the following expression for the observed chemical
shift δobs in dependence on the pH value (pH =−log[H+])is used:

δobs =
δHA · [H+]n +δA · (KA)

n

[H+]n +(KA)n . (1)

This expression is based on considerations from Markley [79], using a modified form
of the Hill equation. The derivation of equation (1) from the general form of the Hill
equation, will be shortly explained in the following.
For the binding of n molecules of ligand (L) to a receptor (R):

R + nL
KD

RLn (2)

the Hill equation gives the following relation [80]:

[Bound]
[Total]

=
[RLn]

[R]+ [RLn]
=

[L]n

KD +[L]n
, (3)

where n is the so-called Hill coefficient, which is a measure of the cooperativity of the
binding. The dissociation constant in equation (3) can be replaced by KD = (KA)

n, where
KA is the concentration [L], at which half of the receptors are bound. Transferred to the
acid-base reaction A– + H+ HA (see section 2.4.1), this yields

[Bound]
[Total]

=
[H+]n

Kn
A +[H+]n

. (4)

The ratio of bound to total concentration of the “receptor” can be expressed in terms of
NMR by a ratio of observed chemical shift differences (compare Figure 2.9 in section
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2.5.1):

[Bound]
[Total]

= 1− [Free]
[Total]

=
δHA −δobs

δHA −δA
. (5)

Combining equations (4) and (5) yields equation (1).
For the case of n= 1, equation (1) can be rearranged to the well-known modified Henderson-
Hasselbalch equation (equation (2.64)) by using the expressions for pH and pKa in section
2.4.1 (eqs. (2.50) and (2.53)).
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B Quantified linewidths and J-coupling constants in

dependence on the chemical environment

Besides the chemical shifts, also the linewidths and J-coupling constants for ATP were
determined for all acquired 31P spectra. In the following, the quantified linedwidths and
J-coupling constants will be presented in dependence on the pH value, the magnesium
ion content, and the potassium ion concentration.

Linewidths

The linewidths are given relative to the quantified linewidth for phosphocreatine (PCr),
in order to compensate for B0 inhomogeneties, which have a significant effect on the
observed linewidth of MR resonances. The error margins shown are calculated following
Gaussian error propagation.
The relative linewidths of Pi and α-ATP seem to have no dependence on pH, magnesium
content R, and potassium concentration [K+], whereas for γ- and β -ATP, a clear depen-
dence on the magnesium ion content is observed (Figures B.1, B.2, and B.3). The trend
of first increasing linewidths with increasing R, which become lower again for high mag-
nesium content was already observed in the qualitative analysis of the spectral changes
in section 5.2.1 (cf. Figure 5.14).

J-coupling constants

The quantified J-coupling constants Jγβ and Jαβ are shown in dependence on the pH
value, potassium concentration [K+], and magnesium ion content R= Mgtot

ATPtot
in Figure B.4.

Both Jγβ and Jαβ seem to be independent on pH and [K+], whereas for the magnesium
ion content, a clear trend can be observed. Both Jγβ and Jαβ decrease with increasing R.
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Figure B.1: Quantified relative linewidths from the subset with R = 0 and
[Na2+] = 29mM, in dependence on the titrated pH value of the model solution. The rela-
tive linewidths of Pi and the three resonances of ATP are shown for the different subsets
with [K+] = 29mM (blue), 120mM (red), and 160mM (yellow). For all shown metabo-
lites, the relative linewidths seems to be independent of the pH value.
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Figure B.2: Quantified relative linewidths from the subset with R = 0 and
[Na2+] = 29mM, in dependence on the potassium ion concentration of the model so-
lution. The relative linewidths of Pi and the three resonances of ATP are shown for the
different subsets with pH = 6.8 (red), 7.0 (blue), 7.2 (green) and 7.4 (purple). For all
shown metabolites, the relative linewidths seems to be independent on the potassium ion
concentration.
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Figure B.3: Quantified relative linewidths from the subset with pH = 7.2 and [Na2+] =

29mM, in dependence on the magnesium ion content (R = Mgtot
ATPtot

) of the model solution.
The relative linewidths of Pi and the three resonances of ATP are shown for the different
subsets with [K+] = 29mM (blue), 120mM (red), and 160mM (yellow). Whereas the
relative linewidth of Pi seems to be independent on the magnesium ion content, the reso-
nances of ATP has a strong dependence on the magnesium ion content. Hereby, β -ATP
shows the strongest change, followed by β -ATP. The relative linewidth of α-ATP shows
a comparable trend as for γ- and β -ATP, only for the subset with [K+] = 120mM (red
data points).
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Figure B.4: Quantified J-coupling constants Jγβ (left column) and Jαβ (right column) in
dependence on pH (first row), potassium concentration [K+], and magnesium ion content
R = Mgtot

ATPtot
. Jγβ and Jαβ seem to have no dependence on pH and [K+], but on the magne-

sium ion content. Both Jγβ and Jαβ decrease with increasing magnesium ion content.
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C Modelling of the α- and β -ATP chemical shifts

The modelling of the chemical shifts was performed for all three resonances of ATP, but
was only shown for γ-ATP in the main part of this work (section 5.3). The corresponding
plots for α- and β -ATP for the model based on the Hill equation will be presented in the
following.

Figure C.5: One-dimensional function δ Hill
α (Mgtot) fitted according to equation (3.8) for

the three subsets with [K+] = 29,120,160 mM and for the pH values (6.8−7.4) (colors).
The range [Mgtot] = [0− 10] mM corresponds to R = [0− 2] used in sections 5.3.1 and
5.3.2.
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Figure C.6: Fit parameters of the model function δ Hill
α (Mgtot) ((3.8)) determined from

the individual one-dimensional fits of the subsets for α-ATP, plotted against the pH value
and shown for the subsets with different potassium concentrations (colors). The following
parameters were determined by the fit: the limiting chemical shifts δ ATP and δ MgATP, the
Hill coefficient n, and the dissociation constant KD.

IX



Appendices

Figure C.7: Fit parameters of the model function developed from the Hill equation
δ Hill(Mgtot) ((3.8)) determined from the individual one-dimensional fits of the subsets
for α-ATP, plotted against the potassium concentration [K+] and shown for the subsets
with different pH values (colors). The following parameters were determined by the fit:
the limiting chemical shifts δ ATP and δ MgATP, the Hill coefficient n, and the dissociation
constant KD.
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C Modelling of the α- and β -ATP chemical shifts

Figure C.8: Multi-dimensional fit of the model function δ Hill
α (Mgtot , pH,K). The fitted

function is illustrated for the subspace δ (Mgtot , pH) with [K+] = 29 and 160 mM (top
row), and for the subspace δ (pH,K) with Mgtot = 0 and 10mM (bottom row). The
deviation of the measured chemical shifts from the fitted curve is illustrated with red
pins.
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Figure C.9: One-dimensional function δβ (Mgtot) fitted according to equation (3.8) for
the three subsets with [K+] = 29,120,160 mM and for the pH values (6.8−7.4) (colors).
The range [Mgtot] = [0− 10] mM corresponds to R = [0− 2] used in sections 5.3.1 and
5.3.2.
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C Modelling of the α- and β -ATP chemical shifts

Figure C.10: Fit parameters of the model function δ Hill
β

(Mgtot) ((3.8)) determined from
the individual one-dimensional fits of the subsets for β -ATP, plotted against the pH value
and shown for the subsets with different potassium concentrations (colors). The following
parameters were determined by the fit: the limiting chemical shifts δ ATP and δ MgATP, the
Hill coefficient n, and the dissociation constant KD.
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Figure C.11: Fit parameters of the model function δ Hill
β

(Mgtot) ((3.8)) determined from
the individual one-dimensional fits of the subsets for β -ATP, plotted against the potassium
concentration [K+] and shown for the subsets with different pH values (colors). The
following parameters were determined by the fit: the limiting chemical shifts δ ATP and
δ MgATP, the Hill coefficient n, and the dissociation constant KD.
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C Modelling of the α- and β -ATP chemical shifts

Figure C.12: Multi-dimensional fit of the model function δ Hill
β

(Mgtot , pH,K). The fitted
function is illustrated for the subspace δ (Mgtot , pH) with [K+] = 29 and 160 mM (top
row), and for the subspace δ (pH,K) with Mgtot = 0 and 10mM (bottom row). The
deviation of the measured chemical shifts from the fitted curve is illustrated with red
pins.
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D Test of functionality of the implemented look-up

algorithm on model solution measurements

The implemented look-up algorithm for the determination of the pH value, magnesium
and potassium ion concentration based on the measured chemical shifts of γ-, α- and
β -ATP (description of the algorithm can be found in section 4.5) was tested on mea-
surements on model solutions. To this end, the measured chemical shifts (δγ ,δα ,δβ ) of
222 model solutions with different prepared chemical conditions were fed into the al-
gorithm and the output values (pHOut, [Mgtot]Out, [K+]Out) compared to the corresponding
prepared conditions. Additionally to the model solutions used for the model development
as listed in Table 4.1, also model solutions were used as test sets, which were prepared un-
der different conditions (e.g. different sodium concentrations, imdiazole buffer solution
differently prepared, different temperature during pH titration). Although, the chemi-
cal conditions in 108 out of 222 test datasets is not comparable to the conditions of the
model solutions used for the model development, they were all tested in order to check
whether a determination of pH and magnesium is possible under slightly different chemi-
cal conditions as modelled. The error margins shown in Figures D.13, D.14 and D.15 are
calculated as the respective weighted mean errors, in accordance with equations (4.4).
The determined output values (pHOut, [Mgtot]Out) (Figures D.13 and D.14) are in agree-
ment with the prepared values for most of the investigated datasets. For the estimation
of the potassium concentration (Figure D.15), in most of the cases the determined values
[K+]Out do not agree with the prepared values. It should be kept in mind, that 108 out
of the 222 tested datasets were from model solutions acquired under slightly different
chemical conditions.

XVI



D Test of functionality of the implemented look-up algorithm on model solution measurements

Figure D.13: Determined pH values using the implemented look-up algorithm for mea-
surements on 222 model solutions. The determined value pHDict (red) is compared with
the prepared pH value (black). For better visibility, the datasets are grouped by the potas-
sium concentration [K+].
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Figure D.14: Estimated values for the total magnesium ion concentration using the im-
plemented look-up algorithm for measurements on 222 model solutions. The determined
value [Mgtot]Dict (red) is compared with the prepared [Mgtot] values (black). For better
visibility, the datasets are grouped by the potassium concentration [K+].
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D Test of functionality of the implemented look-up algorithm on model solution measurements

Figure D.15: Estimated values for the potassium ion concentration using the imple-
mented look-up algorithm for measurements on 222 model solutions. The determined
value [K+]Dict (red) is compared with the prepared [K+] values (black). For better visibil-
ity, the datasets are grouped by the potassium concentration [K+].
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E Application of the look-up algorithm to in vivo
31P MRSI datasets using all three ATP chemical

shifts

The initial implementation of the look-up algorithm incorporated the use of the chemical
shifts of all three ATP resonances, i.e. (δγ ,δα ,δβ ), to determine the underlying chemical
conditions (pH,Mg,K). As described in section 5.4.1 of the results, this yielded maps
with a high number of voxels, where the look-up algorithm could not find any combina-
tion of the input triple (δγ ,δα ,δβ ). For the lower leg muscle datasets, in 83% (volunteer
1), 42% (volunteer 2), and 69% (volunteer 3) of the respective muscle voxels, no solution
was found by the look-up algorithm. For the brain datasets, in 59% (patient 1), 61% (pa-
tient 2), and 53% (patient 3) of the brain voxels no solution was found. In Figures E.16
and E.17, the output maps of the initial version of the algorithm using all three chemical
shifts (δγ ,δα ,δβ ) as input are representatively shown for volunteer 2 and patient 1.
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E Application of the look-up algorithm to in vivo 31P MRSI datasets using all three ATP chemical shifts

Figure E.16: Output maps of the implemented look-up algorithm using all three chemical
shifts (δγ ,δα ,δβ ) as input for the assignment of (pH,Mg,K). The output maps pHOut,

[K+]Out, and ROut =
[Mgtotal]
[ATPtotal]

applied to the 31P MRSI dataset of the lower leg muscles
from volunteer 2 are shown. For an easier comparison, the conventionally calculated
maps for pH and [Mg2+

free] are also shown at the top and bottom of the figure.
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Figure E.17: Output maps of the implemented look-up algorithm using all three chemical
shifts (δγ ,δα ,δβ ) as input for the look-up search. The output maps pHOut, [K+]Out, and

ROut =
[Mgtotal]
[ATPtotal]

applied to the 31P MRSI dataset of the human brain from patient 1 are

shown. For an easier comparison, the conventionally calculated maps for pH and [Mg2+
free]

are also shown at the top and bottom of the figure.
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[78] Stephan Düwel et al. “Imaging of pH in vivo using hyperpolarized 13C-labelled
zymonic acid”. In: Nature communications 8.1 (2017), pp. 1–9.

[79] John L Markley. “Observation of histidine residues in proteins by nuclear magnetic
resonance spectroscopy”. In: Accounts of Chemical Research 8.2 (1975), pp. 70–
80.

[80] James N Weiss. “The Hill equation revisited: uses and misuses”. In: The FASEB

Journal 11.11 (1997), pp. 835–841.

XXXIX





Acknowledgments — Danksagung
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ganze Unterstützung der letzten Jahren bin. Ich habe so viele Dinge von dir gelernt. Du
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