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ABSTRACT

Recently, a kinetic field theory for ensembles of point-like classical particles in or out
of equilibrium has been applied to cosmic structure formation. This theory encodes
the dynamics of a classical particle ensemble by a generating functional which is com-
pletely specified by the initial probability distribution of particles in phase space and
their equations of motion. In this work, we apply kinetic field theory to planetesimal
formation.

The initial probability distribution of dust particles in phase space is obtained by
Gaussianizing the density and momentum fields of a three-dimensional local streaming-
instability shearing box simulation. The particle trajectories are calculated by consid-
ering their interaction by friction with the constant background gas field and the self
gravitational interaction with each other.

We calculate the non-linearly evolved density and momentum-density power spec-
tra of dust particles and find that their power spectra develop a universal k=3 tail at
small scales independent of the form of the initial spectrum, suggesting scale-invariant
structure formation and particle kinetic energy accumulation below a characteristic
and time-dependent length scale in the protoplanetary disk. Furthermore, the analysis
of the amplitude for the small-scale k3 tails shows a critical particle size 5 ~ 3.03
which corresponds to the strongest structure formation and the maximal kinetic en-
ergy accumulation at small scales of a system when considering only the friction be-
tween dust particles and the constant background gas field. Finally, we discuss the
“meter-size barrier” problem. And for particles as small as Stokes number Ts &~ 107>,
we provide evidence that accumulated self-gravitational interaction among the dust
particles over a long evolution time is strong enough for them to successfully “jump
the barrier” and lead to a final gravitational collapse.

ZUSAMMENFASSUNG

Vor kurzem wurde eine kinetische Feldtheorie fiir Ensembles punktférmiger klassis-
cher Teilchen, die sich im oder aufserhalb des Gleichgewichts befinden, auf die kosmis-
che Strukturbildung angewandt. Diese Theorie kodiert die Dynamik eines klassischen
Teilchenensembles durch ein erzeugendes Funktional, das vollstandig durch die an-
tangliche Wahrscheinlichkeitsverteilung der Teilchen im Phasenraum und ihre Bewe-
gungsgleichungen spezifiziert ist. In dieser Arbeit wenden wir die kinetische Feldthe-
orie auf die Bildung von Planetesimalen an.



Die anfangliche Wahrscheinlichkeitsverteilung der Staubteilchen im Phasenraum
wird durch Gaussianisierung der Dichte- und Impulsfelder einer dreidimensionalen
lokalen Shearing-Box-Simulation der Streaming-Instabilitdt erhalten. Die Trajektorien
der Teilchen werden unter Berticksichtigung ihrer Wechselwirkung durch Reibung
mit dem konstanten Hintergrundgasfeld und der selbstgravitativen Wechselwirkung
untereinander berechnet.

Wir berechnen die nichtlinear entwickelten Dichte- und Impulsdichte-Leistungsspektren
der Staubteilchen und stellen fest, dass ihre Leistungsspektren ein universelles k—3-
Verhalten auf kleinen Skalen entwickeln, das unabhingig von der Form des Anfangsspek-
trums ist, was auf skaleninvariante Strukturbildung und kinetische Energieakkumula-
tion der Teilchen unterhalb einer charakteristischen und zeitabhéngigen Lingenskala
in der protoplanetaren Scheibe hinweist. Dariiber hinaus zeigt die Analyse der Am-
plitude der kleinskaligen k—3-Verldufe eine kritische Teilchengrofie s ~ 3.03, die der
ausgepragtesten Strukturbildung und der maximalen kinetischen Energieakkumula-
tion auf kleinen Skalen eines Systems entspricht, wenn man nur die Reibung zwischen
Staubteilchen und dem konstanten Hintergrundgasfeld berticksichtigt. SchliefSlich disku-
tieren wir das Problem der “Meter-Size Barrier”. Fiir Teilchen mit einer Stokes-Zahl
von Ts ~ 107> weisen wir nach, dass die akkumulierte selbstgravitative Wechsel-
wirkung zwischen den Staubteilchen iiber eine lange Entwicklungszeit stark genug
ist, um die "Meter-Size-Barrier” erfolgreich zu tiberwinden und zu einem endgiilti-
gen gravitativen Kollaps zu fiihren.
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with the initial time ty = 10.0 and the friction coefficients T4 =
0.01 (left panel) and ts = 0.001 (right panel) at three evolution
time t = 11.0 (orange), t = 20.0 (green) and t = 100.0 (red) with
the parameter f = 1. The blue lines represent the corresponding
initial linear friction density power spectrum Pg;,(k1, to) in both
plots. And the yellow dashed lines illustrate the small scale k™!
asymptotic behavior. . . ... ... ... .. 0 0000
These plots zoom in to the very small scales of Figure 5.23
and illustrate their small scale k~ ' asymptotic behaviors (yellow
dashed line). The linear density power spectrum i]’ghn(lq,t) at
evolution time t = 20.0 with t5 = 0.01 (green line) is given in the
left panel, Pg(kq,t) at evolution time t = 100.0 with T = 0.001
(red line) is given in the right panel. . . . . ... ... ... ...
This plot illustrates the shape of the full nonlinear density power
spectrum Pgiin(k1,t) as a function of wave number k; with the
friction coefficients 1, = 0.001 and initial time ty = 10.0 at three
different evolution times t = 11.0 (yellow, purple lines), t = 20.0
(green, brown lines) and t = 100 (red, light blue lines) with
two different gravitational parameters f = 8 (yellow, green, red
lines) and f = 1 (purple, brown, light blue lines). The initial
friction power spectrum Pgi,(k1,t) is represented by the blue
line. . . . . . ..
This plot illustrates the ratio between the full linear density
power spectrum Tghn(lq ,t) and the initial linear density power
spectrum Pgin (k1,t) as a function of evolution time t with initial
time tp = 10.0 and the friction coefficients s = 0.01 (blue) and
Ts = 0.001 (yellow, green) at two different gravitational param-
eters f = 1 (blue, yellow) and f = 8 (green). The upper limit of
the t axis tma = 10° is chosen according to the dynamic lifetime
of anaverage PPD. . . . .. .. ... ... ...
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Figure 5.27 This plot illustrates the shape of the mean interaction term i(Sy) (k1, t)
as a function of wave number ki (solid lines) with the fric-
tion coefficient T = 3.0 at four sets of initial times ty and
evolution times t, which respectively are: to = 2.0, t = 3.0
(blue); to = 10.0, t = 11.0 (yellow); to = 2.0, t = 7.0 (green);
to = 10.0, t = 15.0 (red). Their k? asymptotic behavior at large
scales is represented by the purple dashed lines. Their asymp-
totic constant at small scales is represented by the green dashed
lines. . ... .. ... 111
Figure 5.28 These two plots show the shape of the mean interaction term
i(S1)(k1,t) in Equation 5.90 as a function of evolution time t (left
panel) and large valued friction coefficient T (right panel). The
red dashed line in the left panel represents the t' asymptotic
slope from Equation 5.88. The red dashed line in the right panel
represents the asymptotic constant from Equation 5.92. . . . . . 112
Figure 5.29 This plot shows the mean interaction term i(Sy)(ky,t) in Equa-
tion 5.90 as a function of 15 with gravitational parameter f = 1
and initial time to = 10.0 and evolution time t = 11.0 at six
different scales respectively are k1 = 10.0 (blue line), k1 = 30.0
(orange line), k1 = 100.0 (green line), k1 = 1000.0 (red line),
k1 = 10000.0 (purple line) and kq = 100000.0 (brown line). . . . 113
Figure 5.30 This plot shows the mean interaction term i(S)(ky,t) in Equa-
tion 5.90 as a function of T at scale k1 = 1000.0 with parameter
f = 1 and initial time ty = 10.0 at five different evolution time
respectively aret =11,t=15,t=20,t=30and t =40. . ... 113
Figure 5.31 These two plots show the shape of P¢(kq,t) as a function of k;
at two different evolution times t = 3.0 (orange line) and t = 7.0
(green lines) with the initial time to = 2.0 (blue line) and the
friction coefficient T; = 3.0 while the density of the dust parti-
cles is set to be the Hill density (f = 1). Their small-scale k=3
asymptotic behavior is illustrated by the yellow dashed lines.
The right panel zoom-in plot shows the small scale k=3 tail of
Pglky,t)att=7.0. .. ... ... 114
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Figure 5.32

Figure 5.33

Figure 5.34

Figure 5.35

Figure 5.36

This plot illustrates the shape of the full nonlinear density power
spectrum Pg(kq,t) as a function of wave number ki with the
friction coefficients T = 3.0 and initial time tyo = 2.0 at two
different evolution times t = 3.0 (yellow, red lines) and t = 7.0
(green, purple lines) with two different gravitational parame-
ters f = 1 (yellow, green lines) and f = 5 (red, purple lines).
The initial friction power spectrum P¢(kq,t) is represented by
the blue line. The k=3 tail at small scales is illustrated by the
yellow dashed lines. . . . .. ...... ... .. .. .. .....
This plot compares the mean interaction term i<81>(]21,t) in
Equation 5.83 with its numerical fitting function Sg(kq,t) in
Equation 5.96 (gray dashed lines) as a function of wave num-
ber ky (solid lines) with gravitational parameter f = 1 at initial
time to = 10.0 and evolution times t = 11.0 (blue, red), t = 20.0
(yellow, purple) and t = 100.0 (green, brown) with two dif-
ferent friction coefficients T = 0.01 (blue, yellow, green) and
Ts = 0.001 (red, purple, brown). . .. ... ... .........
These two plots show the shape of the mean interaction term
i(Sr)(ky,t) in Equation 5.83 and its fitting function Sg(kq,t)
(gray dashed lines) in Equation 5.96 as a function of evolu-
tion time t at small (left panel) and large (right panel) scales
with gravitational parameter f = 1 and initial time ty = 10.0
and two different friction coefficients T; = 0.01 (blue lines) and
T, = 0.001 (yellow lines). . . ... .................
These two plots show the shape of the mean interaction term
i(S1)(kq,t) in Equation 5.83 and its fitting function Sg(kg,t)
(gray dashed lines) in Equation 5.96 as a function of friction
coefficient T at small (left panel) and large (right panel) scales
with gravitational parameter f = 1 and initial time to = 10.0 and
two different evolution times t = 11.0 (blue lines) and t = 100.0
(red lines). . . . . . ... .
These two plots show the shape of the density ration 82(t, Ts, f)
in Equation 5.103 as a function of evolution time t at parameters
f =11, = 001 and tp = 10.0 (blue line), together with its
numerical fitting function 62 ~ xé_t" (yellow dashed line). The
gray dashed lines in both plots represent the lower limit 62 in
Equation5.104. . . ... ... . . o o
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Figure 5.37

Figure 5.38

Figure 6.1

Figure 6.2

Figure 6.3
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These two plots show the shape of the density ration 52 (t, T, T)
in Equation 5.103 as a function of friction coefficient T at pa-
rameters f =1, to = 10.0 and t = 20.0 (blue line), together with

its numerical fitting function &% ~ x?g (yellow dashed line). The
gray dashed lines in both plots represent the lower limit 8% in
Equation5.104. . . .. . . ... o oo oo
These two plots show the shape of the density ratio §(t, T, f) in
Equation 5.103 as a function of gravitational parameter f at pa-
rameters to = 10.0, Ts = 0.001 and t = 20.0 (blue line), together
with its numerical fitting function 8% ~ x5 (yellow dashed line).
The gray dashed lines in both plots represent the lower limit 52
in Equation5.104. . . . . ... oo o oo
Left panel: This plot shows the shape of integral (2) in Equa-
tion 6.86 as a function of gqp(t). Right panel: This plot shows

120

121

the shape of integral (3) in Equation 6.87 as a function of gqp(t). 143

This figure shows the shape of absolute values of Pfree (11 (left

lin1
panel), ﬂ_’ffr‘ig(kﬂ (middle panel) and f?firrfe(kﬂ (right panel) in
terms of wavenumber ki (blue lines), together with their small
scale asymptotic behaviors (yellow dashed lines) and the large
scale k! asymptotic slopes (green dashed lines) of Pfre¢(ky)
and PIC(ky).. .o
This plot shows the free momentum-density trace power spec-
trum ?gee(m ,1) = Tro + T20 + T30 (yellow line) and its elements
Tio0 (purple line), To (green line), T3p (blue line) in terms of
wave number ki at evolution time go(t) = t = 2.0, together
with their large scales asymptotic behaviors by Equation 6.125,
Equation 6.131, Equation 6.132 and small-scale asymptotic be-
haviors by Equation 6.103-6.105. The negative values of T, and

T30 are represented by the same color dashed lines. . . . . . ..
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Figure 6.4

Figure 6.5

Figure 6.6

Figure 6.7

Left panel: This plot shows the free momentum-density diver-
gence power spectrum elements Tso (purple line), T;o (green
line), T30 (blue line) and Tso + T20 + T30 (yellow line) in terms of
wave number kq at evolution time go(t) =t = 2.0, together with
their large scales asymptotic behaviors by Equation 6.126, Equa-
tion 6.131, Equation 6.132 and small-scale asymptotic behaviors
by Equation 6.104-6.106. The negative values of T»¢, T30, Ts0 and
Ts0 + Tao + T30 are represented by the same color dashed lines.
Right panel: This plot shows the free momentum-density diver-
gence power spectrum P (ky,t) (yellow line) as a function of
ki at the same evolution time go(t) = t = 2.0, together with
its large scale k‘;/ 3 asymptotic slope (black dash-dotted line) in
Equation 6.137 and its small scale k; ' asymptotic slope (black
dashed line) in Equation 6.138. . . .. ... ... .........
This plot shows the shape of amplitude ?f(r%)iv(t) in equation
6.138 as a function of evolution time t. The yellow dot marks its
value at evolution time t = 2.0 which corresponds to Figure 6.4.
The green cross represents the example extreme points of the
curve given in Equation 6.139. . . . . . ... ... ... L.
Left panel: This plot shows the free momentum-density curl power
spectrum elements Teo (yellow line) in terms of wave number k4
at evolution time go(t) = t = 2.0, together with its large scales
asymptotic behaviors by Equation 6.127 (black dashed line) and
small-scale asymptotic behaviors by Equation 6.107 (black dash-
dotted line). Right panel: This plot shows the free momentum-
density curl power spectrum Tgfrel(h ,1) (yellow line) as a func-
tion of k; at the same evolution time go(t) =t = 2.0, together
with its large scale k?/ 3 asymptotic slope (black dashed line) in
Equation 6.140 and its small scale k; ' asymptotic slope (black
dash-dotted line) in Equation 6.141. . . . . ... ... ... ...
This plot shows the shape of amplitude j)f(r(zl)m(t) in Equation 6.141
as a function of evolution time t. The yellow dot marks its value
at evolution time t = 2.0 which corresponds to Figure 6.6. The
green cross represents the example extreme point of the curve
given in Equation 6.142. . . . . ... ... L0000
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Figure 6.9

Figure 6.10

Figure 6.11

Figure 6.12

Figure 6.13
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This plot shows the free momentum-density power spectra ele-
ments Ty (purple line), Tso (green line), Tsp (blue line) and sum
Ts50 + Teo (yellow line) in terms of wave number k; at evolution
time go(t) =t = 2.0, together with their large scales asymptotic
behaviors by Equation 6.125, Equation 6.126, Equation 6.127
and small-scale asymptotic behaviors by Equation 6.103, Equa-
tion 6.106, Equation 6.107. The negative values of Tsg is repre-
sented by the same color dashed lines. . . . . ... ... .....
This plot shows the shape of the linear momentum-density trace
(top panel), divergence (middle panel) and curl (bottom panel)
power spectra as functions of wave number k; with very small
friction coefficient Ts = 0.01 (blue lines) and ts = 0.1 (yellow
lines) at evolution time t = 10.0. Their large scales asymp-
totic behaviors are marked by the green dashed lines, and their

small-scale asymptotic behaviors are represented by the red dashed

lines. . .. ... .. ...
This plot gives the shape of the first term in Equation 6.144
Plin:(k1,t) as a function of wave number ki with parameters:
s = 1.0, t = 2.0 (blue line); ts = 2.0, t = 2.0 (yellow line);
Ty = 3.0, t = 2.0 (green line); T, = 3.0, t = 2.0 (red line). At
small scales, the k; > slopes are marked by the purple dashed
lines. . ... ... . ...
These four plots show the momentum-density trace power spec-
trum elements Ty (purple line), T, (green line), T3 (blue line)
and Ty + T2 + T3 (yellow line) as functions of wave number k1,
together with there large scales asymptotic behaviors by Equa-
tion 6.125, 6.131, 6.132 and small scales asymptotic behaviors by
Equation 6.103-6.105, respectively at parameters: Ts = 1.0,t =
2.0 (top left); T4 = 2.0,t = 2.0 (top right); ts = 3.0,t = 2.0 (bot-
tom left); Ts = 3.0, t = 3.0 (bottom right). The negative values of
T, and T3 are represented by the same color dashed lines.

This plot shows the total momentum-density trace power spec-
trum Py, (kq,t) as a function of wave number k; at the param-
eters: s = 1.0, t = 2.0 (blue line); T, = 2.0, t = 2.0 (yellow
line); s = 3.0, t = 2.0 (green line); 15 = 3.0, t = 3.0 (red line).
At small scales, the k;? asymptotic behaviors are marked by
purple dashed lines. . . . ... ..... ... .. ... .. ...,
This plot shows the amplitude P'(t) of Py, (k1, t) at small scales
as a function of friction coefficient T (left panel) and evolution
time (right panel). The green points in both plots mark the value
of P(9)(t) corresponding to the T and t in Figure 6.12. . . . . .
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Figure 6.14

Figure 6.15

Figure 6.16

Figure 6.17

Figure 6.18

Figure 6.19

This plot shows the momentum-density trace power spectrum
ratio ratio1(ky,t) in Equation 6.162 as a function of wave num-
ber k1 with parameters as: 75 = 1.0, t = 2.0 (blue line); T, = 2.0,
t = 2.0 (yellow line); T = 3.0, t = 2.0 (green line); ts = 3.0,
t = 3.0 (red line). The purple dashed lines represent the asymp-
totic constant Ry in Equation 6.163 at small scales. . . ... ..
This plot gives the shape of the first term in Equation 6.145
Plinz(k1,t) as a function of wave number ki with parameters:
s = 1.0, t = 2.0 (blue line); ts = 2.0, t = 2.0 (yellow line);
Ts = 3.0, t = 2.0 (green line); T4 = 3.0, t = 2.0 (red line). At
small scales, the kf1 slopes are marked by the purple dashed
lines. . .. ... ...
These four plots show the momentum-density power spectra el-
ements Ts (purple line), T, (green line), T3 (blue line) and Ts +
T, + T3 (yellow line) as a function of wave number k1, together
with there large scales asymptotic behaviors by Equation 6.126,
Equation 6.131, Equation 6.132 and small scales asymptotic be-
haviors by Equation 6.106, Equation 6.104, Equation 6.105 re-
spectively at parameters: s = 1.0,t = 2.0 (top left); Ts =2.0,t =
2.0 (top right); ts = 3.0,t = 2.0 (bottom left); T = 3.0,t = 3.0
(bottom right). The negative values of Ts, T, Ts and Ts + T, + T3
are represented by the same color dashed lines. . ... ... ..
This plot shows the total momentum-density divergence power
spectrum Pygiy(k1,t) as a function of wave number k; at the
parameters: T = 1.0, t = 2.0 (blue line); 74 = 2.0, t = 2.0
(vellow line); ts = 3.0, t = 2.0 (green line); ts = 3.0, t = 3.0
(red line), the same color dotted-straight lines represent positive
values, otherwise are negative values. At small scales, the k'
asymptotic behaviors are marked by the purple dashed lines.

At large scales, the k]% slopes are marked by the borrow dashed
Line. . . . . . . e e
This plot shows the amplitude P¥(t) of Prgiy(ki,t) at small
scales as a function of evolution time t (left panel) and friction
coefficient T4 (right panel). The yellow points in both plots mark

the value of P¥*(t) corresponding to the t5 and t in Figure 6.17.

This plot shows the momentum-density divergence power spec-
trum ratio ratio2(kj,t) in Equation 6.170 as a function of wave
number ki with parameters as: 7 = 1.0, t = 2.0 (blue line);
s = 2.0, t = 2.0 (yellow line); ts = 3.0, t = 2.0 (green line);
Ts = 3.0, t = 3.0 (red line). The purple dashed lines represent
the asymptotic constant R, in Equation 6.171 at small scales.
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Figure 6.20

Figure 6.21

Figure 6.22

Figure 6.23

Figure 6.24
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This plot gives the shape of the first term in Equation 6.146
ﬂ_’hn3(k1,t) as a function of wave number k; with parameters:
s = 1.0, t = 2.0 (blue line); ts = 2.0, t = 2.0 (yellow line);
Ty = 3.0, t = 2.0 (green line); T, = 3.0, t = 2.0 (red line). At
small scales, the k; ' slopes are marked by the purple dashed
lines. . . ... . ...
This plot shows the momentum-density power spectra element
Tg as a function of wave number k; at parameters: 13 = 1.0,t =
2.0 (purple line); ts = 2.0,t = 2.0 (green line); 75 = 3.0,t = 2.0
(blue line); Ts = 3.0,t = 3.0 (yellow line). Their large scale k=3
asymptotic behavior is represented by the black dashed line,
and their small scale k3 asymptotic behavior is represented by
the black dash-dotted line. . . ... ... .............
This plot shows the total momentum-density divergence power
spectrum Py, (kq,t) as a function of wave number k; at the
parameters: T = 1.0, t = 2.0 (blue line); 74 = 2.0, t = 2.0
(yellow line); ts = 3.0, t = 2.0 (green line); T = 3.0, t = 3.0
(red line), the same color dotted-straight lines represent positive
values, otherwise are negative values. At small scales, the k'
asymptotic behaviors are marked by purple dashed lines. At

large scales, the k]% slopes are marked by the borrow dashed
Line. . . . . . . e
This plot shows the amplitude P¥!(t) of Pseyn(ki, t) at small
scales as a function of evolution time t (left panel) and friction
coefficient T (right panel). The yellow points in both plots mark

the value of P{*(t) corresponding to the t5 and t in Figure 6.22.

This plot shows the momentum-density curl power spectrum
ratio ratio3(ky,t) in Equation 6.177 as a function of wave num-
ber k1 with parameters as: 75 = 1.0, t = 2.0 (blue line); ts = 2.0,
t = 2.0 (yellow line); 14 = 3.0, t = 2.0 (green line); 1 = 3.0,
t = 3.0 (red line). The purple dashed lines represent the asymp-
totic constant R3 in Equation 6.178 at small scales. . . ... ..
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Figure 6.25

Figure 6.26

Figure 6.27

Figure 6.28

These four plots show the momentum-density power spectrum
elements T; (purple line), Ts (green line), T (blue line) and Ts +
Ts (yellow line) as a function of wave number kq, together with
their k3 large scales asymptotic behaviors by Equation 6.125,
Equation 6.126, Equation 6.127 and k™~ small scales asymptotic
behaviors by Equation 6.103, Equation 6.106, Equation 6.107 re-
spectively at parameters: T, = 1.0,t = 2.0 (top left); T4 =2.0,t =
2.0 (top right); ts = 3.0,t = 2.0 (bottom left); ts = 3.0,t = 3.0
(bottom right). The negative values of Ts are represented by the
same color dashed lines. . . . .. ... ...............
This plot shows the shape of ratio1 as a function k; with pa-
rameters: Ts = 1, t = 2 (blue line); 15 = 2, t = 2 (green line);
Ts =3, t =2 (yellow line); Ts = 3, t = 3 (red line), together with
the corresponding values of § (Ratioz2(t) +2 - Ratio3(t)). At very
small scales, the values of Ry in Equation 6.163 are marked by
the purple dashed lines. . . . ... .................
This plot shows the shape of i(S1)(kj,t) in Equation 5.83 as a
function of k; at different particle sizes T = 0.01 (blue, yellow
lines), Ts = 0.1 (green, red lines) with different evolution time
t = 11.0 (blue, green lines), t = 20.0 (yellow, red lines) at the
same initial time to = 10.0 and the same gravitational parameter
f = 1.0. Their large scale k? asymptotic slopes are marked by
the burgundy dashed lines, and their small scale asymptotic
constants are represented by the light green dashed lines.

This plot shows the shape of F-F (left panel) and ki -F (right
panel) in Equation 6.193 and Equation 6.194 as functions of
wavenumber ki at the initial time to = 10.0 and gravitational
parameter f = 1.0 with different parameters: T, = 0.1, t —tp =
1.0 (blue lines); ts = 0.1, t —tp = 10.0 (green dashed lines);
s = 0.01, t —to = 1.0 (yellow lines); ts = 0.01, t —to = 10.0
(red dashed lines). At large scales, their asymptotic behaviors
are marked by the purple dashed lines, and at small scales, their
asymptotic behaviors are marked by brown dashed lines.
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Figure 6.29

Figure 6.30

Figure 6.31

Figure 6.32
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These two plots shows the shape of the full linear momentum-
density trace power spectra Tglim(k1,t) as functions of wave
number k; with parameters: s = 0.01, t = 11.0 (yellow line);
Ts = 0.01, t = 20.0 (green line); T3 = 0.1, t = 11.0 (purple line);
Ts = 0.1, t = 20.0 (brown line), together with their correspond-
ing initial trace power spectrum Py, (k1,t) in Equation 6.152
at initial time tp = 10.0 (blue, red lines) at the same gravita-
tional parameter f = 1.0. The gray dashed line marks the curve
of (1—gpp (t))zué?ghn(k1,t). The right panel plot shows the
zoom plot of Pgjin; (k1,t) at higher values. . .. .........
These two plots show the shape of the full linear momentum-
density divergence power spectra ﬂ_’glm(k1,t) as functions of
wave number k; with parameters: T = 0.01, t = 11.0 (yellow
line); 1 = 0.01, t = 20.0 (green line); 74 = 0.1, t = 11.0 (pur-
ple line); T4 = 0.1, t = 20.0 (brown line), together with their
corresponding initial divergence power spectrum Py, (k1,t) in
Equation 6.153 at initial time to = 10.0 (blue, red lines) at the
same gravitational parameter f = 1.0. The gray dashed line
marks the curve of %(1 — gpp(t))zuék%?ghn(kht). The right
panel plot shows the zoom plot of Pgiin,(k1,t) at higher values.
This plot shows the shape of the full linear momentum-density
curl power spectra ﬂ_)ghm(k] ,t) as functions of wave number k;
with parameters: T3 = 0.01, t = 11.0 (yellow line); T4 = 0.01,
t = 20.0 (green line); 15 = 0.1, t = 11.0 (purple line); T, = 0.1,
t = 20.0 (brown line), together with their corresponding ini-
tial curl power spectrum j’mm(k],t) in Equation 6.154 at ini-
tial time tp = 10.0 (blue, red lines) at the same gravitational
parameter f = 1.0. The gray dashed line marks the curve of
2(1- gpp(t))zuékf?ghn(kht). The right panel plot shows the
zoom plot of Pgjins(k1,t) at higher values. . .. ....... ..
This plot shows the shape of i(S1)(kj,t) in Equation 5.90 as a
function of k; at different particle sizes s = 1 (blue line), T = 2
(yellow line), T = 3.0 (green line) with different initial time
to = 2.0 (blue, yellow, green lines), t = 3.0 (red lines) at the
same evolution time time t = 10.0 and the same gravitational
parameter f = 1.0. Their large scale k% asymptotic slopes are
marked by the burgundy dashed lines, and their small scale
asymptotic constants are represented by the light green dashed
lines. . . . . . . e
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Figure 6.33

Figure 6.34

Figure 6.35

Figure 6.36

This plot shows the shape of F-F (left panel) and Ky -F (right
panel) in Equation 6.202 and Equation 6.203 as functions of
wavenumber k; at the evolution time t = 10.0 and gravitational
parameter f = 1.0 with different parameters: T, = 1.0, to = 2.0
(blue lines); Ts = 2.0, to = 2.0 (yellow lines); s = 3.0, to = 2.0
(green lines); s = 3.0, to = 3.0 (red lines). Their k]_2 and k%
asymptotic slopes are marked by the purple dashed lines, and
their asymptotic constants are marked by brown dashed lines.

Left panel: This plot shows the momentum-density power spec-
tra element T as a function of wave number k; at parameters:
s = 1.0,t = 2.0 (purple line); 1 = 2.0,t = 2.0 (green line);
Ts = 3.0,t = 2.0 (blue line); s = 3.0,t = 3.0 (yellow line). The
negative values of T, at different 15 and t are represented by
the same color dashed lines. Their large scale k3 asymptotic
behaviors are represented by the black dash-dotted lines, and
their small scale k—3 asymptotic behaviors are represented by
the black dashed lines. Right panel: This plot shows the shape
of momentum-density elements Ts (green line) and T, (pur-
ple line) at the same time as functions of k; with parameters
Ts = 2.0 and t = 2.0. Their negative values are represented by
the same color dashed lines. . . . .. ... ... .........
These four plots show the full nonlinear momentum-density
trace power spectra Tgtr (kq,t) as functions of wave number k; at
evolution time t = 10.0 (yellow lines) with parameters ts = 1.0,
to = 20, 1y = 20, tp = 2.0; s = 3.0, to = 2.0; s = 3.0,
to = 3.0 with the same gravitational parameter f = 1.0. Their
corresponding initial trace power spectrum Py (kq,t) in Equa-
tion 6.144 at initial times to are marked by blue lines. The gray
dashed lines mark the curve of exp (i(S1)) - Peer(k9,t). . . . . . .
These four plots show the full nonlinear momentum-density di-
vergence power spectra j’gdiv(k1,t) as functions of wave num-
ber ki at evolution time t = 10.0 (yellow lines) with parameters
Ts =1.0,tg =2.0; 15 = 2.0, to = 2.0; T4 = 3.0, tp = 2.0; s = 3.0,
to = 3.0 with the same gravitational parameter f = 1.0. Their
corresponding initial trace power spectra Peaiv(k1,t) in Equa-
tion 6.145 at initial times to are marked by blue lines. The gray
dashed lines mark the curve of exp (i(S1)) - Peqiv (k1,t). . . . . .
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Figure 6.37 These four plots show the full nonlinear momentum-density

curl power spectra j)gcurl(kht) as functions of wave number

ki at evolution time t = 10.0 (yellow lines) with parameters

s = 1.0, to = 2.0, s = 2.0, to = 2.0; 14 = 3.0, to = 2.0;

Ts = 3.0, to = 3.0 with the same gravitational parameter f = 1.0.

Their corresponding initial trace power spectrum Pg1(k1,t) in

Equation 6.146 at initial times to are marked by blue lines. The

gray dashed lines mark the curve of exp (i(S1)) - Preun(k1,1). . . 192
Figure 7.1 The spiral galaxy IC 5332, as captured by the James Webb Space

Telescope’s Mid-Infrared Instrument. . . . . . .. ... ... ... 196
Figure A.1 This plot shows the shape of integral Ijino (k1) in (A.3) as a func-

tion of wavenumber k; (blue line), together with its large scale

k]7/ 3 asymptotic behavior (yellow dashed line) and small scale

asymptotic constant (green dahsed line). . . . . . ... ... ... 204
Figure A.2 This figure shows the shape of absolute values of Ijj,1 (ki) (left

panel), Ijns5(k1) (middle panel) and Ijng(k1) (right panel) in

terms of wavenumber k; (blue lines), together with their small

scale k]7/ 3 asymptotic behaviors (yellow dashed lines) and the

large scale asymptotic constants (green dashed lines) of Iji,5 (k1)

and Ting(k1)e o o o o o 206
Figure A.3 These 2 plots illustrate the function of 121y(r) respectively at

k1 = 1.0 and ky = 50.0 at time t = 47t (blue lines). The orange

dashed lines represent the 12 slope. The green dashed lines rep-

resenttherslope. . .. ... ... .. ... . L L. 208
Figure A4 This plot compares the nonlinear density power spectrum Py (k1, t)
(purple line) with Pgee(k,t) (green line) together with their
asymptotic behaviour at large scales (blue dashed line). . . . . . 209
Figure A.5 This plot shows the relative difference between Py(kq,t) and
Piree(k1,t) defined in Equation A29. . . . .. ... ... ... .. 209
Figure B.1 This plot shows the amplitude Tl(i(r)l)l(t) of Pjin(k1,t) at small

scales as a function of friction coefficient T (left panel) and evo-
lution time (right panel). The green points in both plots mark
the value of P(0)(t) corresponding to the 15 and t in Figure 6.10.
The blue point in the left panel represents the maximal point of
this curve by Equation B.3 and EquationB.4. . . ... ... ... 212



XXXil

List of Figures

Figure B.2

Figure B.3

Figure B.4

Figure B.5

Figure B.6

This plot shows the shape of L; (L) (blue line) and Ry (i)

Tsm Tsm

(yellow line) as a function of ﬁ At small é, Ly is pro-
~1
portional to (ﬁ) (green dashed line) and Ry is propor-

tional to (%) : (red dashed line). At large ', Ly reaches its
asymptotic constant at L1, in Equation B.5 (purple dashed line)
and Rj reaches its asymptotic constant at Ry, in Equation B.5
(brown dashed line). . . .. ... ... ... ..........
This plot shows the shape of amplitude ‘.Pl(ii)l (t) as a function of
evolution time t at different particle size ts. . .. ... ... ..
This plot shows shape of L'*!(y) (blue line) and R™!(y) (yellow
line). At large y, both curves reach their asymptotic constant
LY (green dashed line) and R (red dashed line). ... .. ..
This plot shows shape of L*(z) (blue line) and R™(z) (yellow
line). At large z, both curves reach their asymptotic constant L7
(green dashed line) and R} (red dashed line). . ... ... ...
This plot shows shape of P®!(t) as a function of t at different
particlesizes Ts. . . . . . ...



LIST OF TABLES

Table 4.1

Table 4.2

Table 4.3

Table 4.4
Table 5.1

Best-fitting parameters of the momentum distributions in all
spatial directions. Notice that the mean values for the momenta

in the x and y directions do not vanish due to drift motion. We

set them to zero for the calculations later. . . . . ... ... ... 47
Best-fitting parameters for all six independent momentum power
spectra. The small but nonzero first value for all curves reflects

theshotnoise. . . . . ... ... ... ... 64
This table shows the fitting coefficient for the density spatial

power spectrum Poo (k). . . . ... oo 64
Fit parameters for all density-momentum cross power spectra.. 66

This table gives the values for the fitting coefficients cg gép (to)
and c; in Equation 5.81 for T, = 3.0 at the initial time to = 2.0
and atto =10.0. . . . .. ... 103

XXXiii



ACRONYMS

KFT kinetic field theory

PPD protoplanetary disk

SI  streaming instability

iPDF initial probability distribution function in phase space
FFT Fast Fourier Transform

CIC clouds in cells

CMB cosmic microwave background

XXX1V



INTRODUCTION

The formation of the Earth and the other 7 planets in the Solar System has puzzled
humans throughout history. By enhancing our capacity to glimpse into the dark night
sky, we know from the many detections of extrasolar planets that planetary systems
are common in the universe. Apparently, nature finds it easy to form planets out of
micrometer-sized cosmic dust. But how nature manages to accomplish this is not yet
fully understood. Solving this problem has turned out to be extremely challenging
due to the enormous dynamic ranges in space, time and mass scales involved. Plan-
ets form in so-called protoplanetary disks, the dusty gaseous disks rotating around
newly formed stars. This structure formation process starts from micrometer-sized
cosmic dust particles, which coagulate to form ever larger dust aggregates. Small ag-
gregates are held together by cohesive forces, in particular the Van der Waals force.
Once these aggregates grow above a kilometer, it is primarily the force of gravity that
keeps them together and leads to further agglomeration and growth, eventually form-
ing full-grown planets. This path of growth covers 13 orders of magnitude in size and
correspondingly 40 orders of magnitude in mass.

However, as dusty aggregates grow beyond centimeter size, but have not yet reached
kilometer scales, they become very fragile and non-cohesive, and it is not clear how
growth proceeds in this regime. Such intermediate-size aggregates also tend to rapidly
drift towards the star, and thus get lost in the planet-formation process. There are two
main scenarios how these problems (together often summarized as the “meter size
barrier”) may be overcome. The more popular scenario involves dust particle cluster-
ing and/or trapping. This can occur in large-scale pressure maxima or zonal flows as
well as in vortices. Dust particles can also be clustered in turbulent flows, see Hogan
and Cuzzi [17], such as those triggered by the streaming instability, see Johansen and
Youdin [21]. The formation of dense particle clouds can subsequently lead to their
gravitational collapse and the formation of 2 100 km size planetesimals, see Johansen,
Klahr, and Henning [20]. The alternative scenario involves fractal/fluffy icy aggregate
growth up to sizes of hundreds of meters, followed by gravitational compression, see
Kataoka, Akimasa et al. [23], eventually forming ~ 10 km planetesimals. Neither of
these scenarios has definitively been proven or disproven yet, because they are ex-
tremely hard to model, involving turbulent cascades covering many orders of magni-
tude in eddy size, and complex-shaped dust aggregates consisting of up to ~ 102° dust
particles.
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Kinetic Field Theory for Structure Formation

This thesis follows the first path. Given the challenges of the traditional approach, it
is worthwhile to explore new analytic means for studying particle clustering. Recently
a statistical, kinetic theory for classical particle ensembles in or out of equilibrium
called kinetic field theory (KFT) is developed, see Bartelmann et al. [4] based on Das
and Mazenko [9]. This theory encodes the dynamics of a classical particle ensemble by
a generating functional completely specified by the initial probability distribution of
particles in phase space and their equation of motion. It describes how the phase-space
distribution of the particle ensemble evolves with time. From the evolved generating
functional, density and momentum-density power spectra of the particles can be ex-
tracted by functional derivatives. This theory has initially been developed for studying
the formation and evolution of cosmic structures in the non-linear regime. The power
spectrum of cosmic structures even deeply in this regime can be reproduced very well
already at low orders in the particle interactions, see Bartelmann et al. [4], Viermann et
al. [40], even further, the asymptotic study over the small-scale limit of the free power
spectrum in Konrad [25] shows the necessity of the development of a universal k3
tail below a characteristic scale.

Here we shall adapt KFT to the problem of turbulent particle clustering, aiming at
bridging the vast dynamical range by analytic methods.

The two problems have several similarities, such as the (initial) collisionlessness
and the (eventual) mutual gravitational forces between the particles. There are, how-
ever, two essential differences that will require attention. The first difference is that
dust particles in a turbulent medium experience friction with the gas. A conventional
Hamiltonian system cannot handle dissipative forces. KFT does, however, not depend
on the equations of motion being Hamiltonian. The loss of their symplectic structure
just implies that we will need to include the functional determinant of the phase-space
flow of the particles into the generating functional. On the other hand, the friction of
the dust particles with the turbulent gas is what drives the particle clustering. This
means that we have to provide a description of the turbulent background. To keep
this feasible, we will limit ourselves to finding a prescribed turbulent background
field that excludes the feedback of the dust onto the gas. The second difference is
more technical. To study cosmic structure formation, one of the crucial pieces of evi-
dence is the cosmic microwave background (CMB), which can provide the initial matter
distribution in the universe. Combining it with the cosmology principle of the uni-
verse being isotropic and homogeneous, the initial probability distribution function
in phase space (iPDF) for particles can be derived analytically by assuming density
and momenta fields being Gaussian. However, in planetary formation, for the gener-
ality of the protoplanetary disk (PPD), the iPDF for dust particles in KFT needs to come
from an evolved 3-dimensional numerical simulation, which does not necessarily have
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Gaussian fields in the system. Therefore the development of a new feasible method to
extract the mathematical challenging iPDF from simulation data is necessary.

Outline of the Thesis

To eventually obtain analytical and numerical results for the planetesimal formation
from KFT, we pursue three major goals with this work.

(i) The development of a new scheme for computing the iPDF of dust particles by
Gaussianizing their density and momenta fields in Chapter 4.

(ii) The derivation of the KFT density and momentum-density power spectra con-
sidering friction and self-gravitational interactions in the system, and the application
of novel asymptotic methods to analyze their small-scale behavior in Chapter 5 and
Chapter 6.

(iii) The discussion of the criteria for dust particles to overcome the “meter-size
barrier” and achieve final gravitational collapse by determining the averaged density
growth in Chapter 5.

This thesis is organized as follows.

Chapter 2 first briefly summarizes the gas and dust dynamics within a PPD. A shear-
ing box simulation method is introduced next and the equation of motion in its corre-
sponding coordinates for dust particles is derived. Then the Hill stability criteria for
self-gravitating particle clouds in PPDs is discussed in detail and the corresponding
Hill density is given.

Chapter 3 provides the theoretical groundwork for kinetic field theory (KFT). Here,
the generating functional is derived in the case of N classical particles, with N > 1. The
dust dynamics appropriate for planetary structure formation in KFT by considering
only friction interaction with an averaged background gas field and gravitational inter-
actions between dust particles is specified. Then the density and momentum-density
operators are defined for computing KFT power spectra in Chapter 5 and Chapter 6.

Chapter 4 develops the new scheme of modelling the iPDF for dust particles after a
specific simulation. By Gaussianizing the density field, we obtain the final expression
of the iPDF using a multivariable Gaussian distribute. Then a pipeline is developed to
extract the covariance matrix in the iPDF from simulation data. Finally, the momentum
covariance matrix is isotropized and rotated to the position and wave vector space for
the convenience of Chapter 5 and Chapter 6.

Chapter 5 starts with factorizing the generating functional and introducing the
mean-field approach for gravitational interaction to derive the general expression of
the KFT nonlinear density power spectrum. Next, the linear and nonlinear free, friction,
and gravitational density power spectra are analyzed and their large and small asymp-
totic behaviors are calculated. Then, the universality of a k=3 asymptotic tail for all the
nonlinear density power spectra above is concluded, suggesting a scale-invariant struc-
ture formation below a characteristic and time-dependent length scale. Furthermore,
the analysis of the amplitude for the k~3 small-scale asymptotic behavior shows a
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critical particle size 15 ~ 3.03 which corresponds to the strongest small-scale structure
formation when considering only the friction between dust particles and the constant
background gas field. In the end, the averaged density growth is calculated and the
criteria for overcoming the “meter-size barrier” is given as ts ~ 2.96- 107>, which is
far smaller than the lower limit given by simulations and well possible to achieve by a
dust coagulation process.

Chapter 6 starts with the derivation of the general expressions for the three KFT
scalar momentum-density power spectra. Next, the linear and nonlinear free, friction,
and gravitational momentum-density power spectra are analyzed and their large and
small-scale asymptotic behavior is calculated. In the end, the universality of a k3 tail
for all the nonlinear trace momentum-density power spectra and a k™! tail for all the
nonlinear divergence and curl momentum-density power spectra are concluded, sug-
gesting a scale-invariant total kinetic energy accumulation, and momentum-density
power accumulation parallel and perpendicular to k space below a characteristic length
scale. The further analysis of the amplitude for the k=3 small-scale asymptotic behav-
ior of trace power spectra shows a critical particle size s ~ 3.03 which corresponds
to the maximal small-scale kinetic energy accumulation when considering only the
friction between dust particles and the constant background gas field.

Chapter 7 summarizes our results and discusses the outlook for future work.
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DUST DYNAMICS IN PROTOPLANETARY DISKS

It has just been less than twenty years since the first planet outside our Solar System
was detected by Mayor, Michel and Queloz, Didier [29] and confirmed by Marcy et
al. [28]. Since then, the study of planet formation has been revolutionized by many
observational breakthroughs, which have allowed the detection and characterization
of extrasolar planets, the imaging of protoplanetary disks, and the discovery of the
Solar System’s Kuiper Belt.

Much work has been done to try to understand how extrasolar planets may form.
Modern studies of planet formation include comparing exoplanetary systems, the iden-
tification of protoplanetary disks around newborn stars, and computer models to trace
the creation of planets from their origins in interstellar dust and gas. This Chapter in-
troduces three main parts of this story. In the first part, the main players in the context
of planetary formation in PPDs, gas and dust, are introduced. Starting with gas dynam-
ics, one of its distinguishing properties is the internal pressure P caused by the gas
temperature T, which slightly compensates for the centripetal force and directly pro-
vides a change in its Keplerian velocity. In the meantime, this change of gas velocity
affects the dust dynamics by slowing down the dust particles via friction and causing
their radial drifts toward the central star. The second part of this Chapter introduces
one of the particular simulation methods for studying planetary formation and focuses
on the derivation of the equation of motion for dust particles in a local frame of refer-
ence. This coordinate system is set to orbit with Keplerian velocity around the central
star. It is called a shearing box since the Keplerian shear is linearised around the ori-
gin of the box. In the third part, the Hill stability criteria for self-gravitating particle
clouds in PPDs is discussed in detail and the corresponding Hill density is derived as a
key parameter which will be of paramount importance for determining gravitational
collapse in Chapter 5. Finally, in the end, we summarize these insights and discuss the
need for an alternative analytical approach to planetary structure formation that helps
us to understand dust aggregation and the emergence of kilometer-size planetesimals.

2.1 GAS DYNAMICS

The gas in a PPD has internal properties that the dust is lacking, such as a pressure P
that caused by the gas temperature T. Since the internal dust particle density is much
larger than the gas density, the resulting force from the gas pressure is negligible. From
the inner part, close to the star, the temperature decreases towards the outer part of
the disk. Hence, a gradient in pressure is acting in a radially inward direction. The
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pressure is supporting the gas radially against stellar gravity, together with the cen-
trifugal force from the circular orbit motion. The structure of this section follows this
line of thought. In between, we will define some important parameters (i.e. Keplerian
rotation frequency, gas scale height) for later application.

2.1.1  Keplerian rotation

In the PPDs, we suppose the mass of the central star is M,. Consider a particle on the
mid-plane, in the absence of other force. The gravitational pull from the star g, on this
particle at a distance r is then:

GM.,
9« =2 (2.1)

From the balance of its centrifugal force, we can get the Keplerian angular fre-
quency([35]):

M. [GM.,
Grz =Qr -5 Q= Grs (2.2)

and Keplerian orbital velocity:

vk i=vy = Qr (2.3)

Throughout this thesis, if an object’s orbit is referenced to as Keplerian (Kepler [24]),
it obeys Equation 2.2 and has an azimuthal velocity of vk.

2.1.2  Gas disk pressure scale-height

PPDs cool significantly fast via their large surface area. This makes them rather small
in their vertical extent (D’Alessio et al. [8]). Still, they are vertically stabilized by a
pressure gradient on a pressure scale height H, which arises from the increasing gas
density towards the disk mid-plane. In a steady state, the vertical gravity must then
be equal to the vertical pressure gradient. The vertical gravity comes mainly from the
central star, as typical PPD models use disk masses of mgisx ~ 0.01M,, see Andrews
et al. [1] for further reading, as they suggest a typical disk mass to be 0.6% of the stellar
mass. So the disk self-gravity contribution is negligible in first-order approximation.

Following the scenario in Section 2.1.1, the gravitational pull in the z direction from
the star on a gas parcel at a distance r from the star and height z over the mid-plane,
with z <« 7, then is:
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GM., z N GM.z
2422 \SZx2 7 3

where tan 0 = Z. Now mark the internal gas pressure as P and the local gas density
as pg. The vertical gas pressure gradient can be decomposed as:

gxz = g« SN0 = Q%2 (2.4)

9P 3P dpg
0z dpg 0z (25)

In this thesis, we focus on local approximations of a PPD, thus we can assume the
gas to be isothermal locally, meaning the gas has a constant temperature T = const.
The equation of state is obtained from the ideal gas equation:

kgT
[
with kg being the Boltzmann constant and p being the molecular mass of the gas.

Hence the sound speed

, P kgT

Cs=57—=—+ 2.
S apg u (7)

is also a constant. By using the ideal gas equation 2.6, we can rewrite the vertical
gas pressure gradient as

oP P 0pq 20pg
0z pg 0z 7oz (28)

Now by setting the pressure gradient equal to the vertical gravitational force, we

get:

oP ,0p 5
2 = —PgGxz — CSTZQ =—pgQ°z (2.9)

This can be solved by simple integration to

Pg(z,1) = pg,0(r) exp(— ) (2.10)

H(r)2

where the vertical gas disk scale height is introduced by defining
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_ sl

H(r): e) (2.11)
Furthermore, we can also define the disk aspect ratio h as
H
h(r) = ir) (2.12)

Parametrizing the sound speed via cs ~ 7~Ps, one gets a disk aspect ratio of h(r) ~
r—Bst1/2 A disk with a constant aspect ratio has s = %, while a flared disk has a
larger outer disk aspect ratio, thus s < 3. Simple PPD models assume no disk flaring,
hence a fixed ratio between gas disk scale-height H(r) and radius r. Consequently,
a disk with a typical aspect ratio of h ~ 0.04 (Hayashi [16]) has a circumference of
u= ZT”H ~ 157H, a value that will later be used as a reference, when a local coordinate
system for the numerical experiments is introduced.

2.1.3 Global pressure gradient

A main feature of a protoplanetary disk now is its high gas content, leading to a dif-
ferent equilibrium state in which the gas is not traveling with Keplerian orbital speed
but instead slower. This comes from its intrinsic, radially inward-pointing gradient in
the gas density and hence the existing gas pressure gradient. The change in orbital
velocity then depends on the strength of this additional pressure-gradient force, as it
is stabilizing now the gas together with the orbital centrifugal force.

In a gas-free 1-dimensional case, in the radial direction, the gravitational acceleration
g« is represented by Equation 2.1. The additional acceleration g’ due to the force from
the gas pressure gradient, adds to the gas velocity via:

) 1 9P

g = —p*gg (2.13)

Consequently, the gas is in hydrostatic equilibrium under the condition of

2 2 / /
u(r v T ‘T
() =X4g'r = ur)=w 1-1-92 Q‘JV1<+972V1< (2.14)
T T Vi 2vi

Here u(r) represents the azimuthal gas velocity and we already use the approxima-
tion where g’ < g,. This can be expressed as a deviation from the original Keplerian
orbital velocity via
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/
Au:vk—u:—zg*vk (2.15)

Using the conditions for an isothermal disk, of P = c%pg and H = ¢5/Q, this can be
well parametrized in the often used beta-parameter B, via

, 1 0P éapg __Hcsﬂalnpg

9 :_Ea__pg or r Olnr

= Bln(p)CSQ (2.16)

One can also use the disk aspect ratio h in order to arrive at an even shorter expres-
sion for Bln(p)

Olnp
Bln(p) =-h ah’lT‘g (2-17)

Now, defining the sub-Keplerianness 1 of the gas velocity u as a factor between
Keplerian velocity and its deviation from it, via

u(r) = v (1—m) (2.18)
Consequently, it can be expressed via the beta-parameter

~¢" _1H
29, 27

n= Bln(p) (2-19)

or with vi = Qr and ¢ = HQ, we have

1 c
n= Eﬁln(p)i (2-20)

Typically, the orbital velocity at a distance of r = TAU around a star with mass
M. = Mgun is about 32km/s. With a PPD typical value for n ~ 1073, the gas orbits at
1AU with a velocity of

u=(1—n)vk ~ 31.968km/s (2.21)

This velocity difference might look insignificant, but the resulting radial particle
drift due to friction with the gas has challenged the planet formation community now
for decades, which also plays a crucial role in the rest of the thesis.

11
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2.2 PARTICLE FRICTION AND STOKES NUMBER

In this section, dust is introduced into the coupled system, which changes the dynam-
ics of both components tremendously. Friction couples two systems that have differ-
ent natural azimuthal velocities. The dust wants to orbit with Keplerian velocity vy
whereas the pressure-supported gas tries to orbit with (1 —n)vk. The section intro-
duces the friction timescale T, with its canonical representation by the dimensionless
Stokes number St, and briefly discusses the effect of the streaming instability (SI) for
planetesimal formation.

2.2.1 Friction

Generally describing the interaction between dust particles and an underlying gas
flow could be complicated considering the different shapes and properties of dust.
Visit Dominik and Tielens [11], Paszun, D. and Dominik, C. [33], Seizinger, A., Speith,
R., and Kley, W. [37] and Wada, Koji et al. [41] for further reading. Here we can use
the physical description of a particle interacting with a gas flow via a friction force
to represent the interaction. In the scope of this thesis, we only consider one kind of
simple friction force, which is proportional to the velocity difference of gas and dust
particles, times a constant:

f=—— (V-1 (2.22)

where 75 is called the friction time parametrizing strength of the frictional coupling,
V represents the dust-particle velocity, and i represents the velocity of the underlying
gas flow. The friction time is often also called stopping time, since it resembles the
time a particle needs to adjust to the underlying flow.

A picture to have in mind is throwing a ball while being underwater. If the ball is
small, i.e. a tennis ball, the ball will within a few seconds lose its initial velocity due
to friction with the water and instead will follow the flow of the water current. If the
ball is large, i.e. a bowling ball, the ball will not be affected much by the water current
and instead follow its trajectory until gravity takes over and it sinks to the ground.
This Gedanken experiment can also be done in PPDs, where tiny dust particles might
couple to the sub-Keplerian gas flow within a fraction of an orbital timescale, while a
planetesimal will basically never adjust to the gas flow.

For the dust within a PPD the friction time in the two extreme cases of the Gedanken
experiment has to be calculated differently. In the first case, the particle with mass m
has a radius a smaller than the mean-free-path Age. and the particle is in the Epstein
drag regime, which is the regime where particle and gas can both be treated as parti-
cles. If the particle size is larger than the mean free path, the particle is in the Stokes
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drag regime, which is the fluid regime where a large particle is embedded into the gas,
described as a fluid, see Epstein [12] and Okuzumi et al. [32]. The friction times are

(Ep) _ _ 3m 9 :
T — Ts = W, for a < Z}\free (Epsteln)
s =
St E
S — 9;1\2% B fora > e (Stokes)

where A, is the projected particle surface area, and v, = /8/7c is the mean ther-
mal velocity of the gas molecules. The mean-free-path in a PPD can be approximated
via

m
Afree = J (2.23)
e OmolPg 3

following Okuzumi et al. [32], which is valid as long as the gas particle back-
ground is not moving. With the geometrical collisional cross-section of the hydrogen
gas molecules of o, ~ 2 - 10~ "2cm3, this leads to a mean-free-path of the order of
meters in the mid-plane, and consequently, most of the dust particles will be in the
Epstein regime. Further, assuming the particles can be described as being spherical,
the stopping time in the Epstein regime can be expressed via

a
Tng) _ Ps

PgVth (2-24)
g

where p; is the internal density of a dust particle.

Typically, the stopping time is normalized by the characteristic timescale &, i.e.
normalized on orbital timescales. The emerging dimensionless quantity is called the
Stokes number

St=15Q (2.25)

The Stokes number will be used throughout this thesis. Note that it is defined inde-
pendently of the underlying drag regime, i.e. it is a valid quantity in both, Epstein and
Stokes drag regimes, or any other drag regime. Hence the Stokes number is a descrip-
tion of how long a particle takes to couple to the gas, in terms of orbits. The Stokes
number actually can be very intuitive, if ts > Q~1, then St > 1 and the particle is
decoupled from the gas, i.e. not significantly affected by gas drag as its stopping time
is much longer than the disk’s dynamical timescale. On the other hand, if T, < Q~7,
then St < 1, the particle is well coupled to the gas as its motion is strongly affected by
the drag force. Particles with St ~ 1 are called marginally coupled. In Chapter 4, the
Stokes number of the simulation we analyzed is given as St = 0.01, which means the
particles are tightly coupled to the gas.

13
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2.2.2  The streaming instability

A second consequence of the difference in particle and gas velocities arises once inho-
mogeneities in the dust-to-gas ratio are considered. Define this ratio as:

Pd

€ 0 (2.26)
where pg is the dust density. In the PPDs, the Nakagawa solution for the gas and
the dust, see Nakagawa, Sekiya, and Hayashi [31], shows that a patch with a slightly
higher dust concentration is less affected by the friction with the background gas, thus
will drift more slowly to the central star, and dust from underdense regions can fall
into this patch from the radially outward direction. This is then even further enhancing
the locally higher dust concentration making this patch even drift less and would be a
run-away process if not non-linearities came into play. The linear instability was first
endeavored in Youdin and Goodman [44] and a simplified version of the equations
can be found in Jacquet, Balbus, and Latter [19]. These authors named it the stream-
ing instability (SI), and found it by solving the dispersion relation for this problem
in r — z direction, i.e. assuming azimuthal symmetry. This instability does not require
self-gravity to act. Already in pure hydrodynamical dust-gas calculations, see Youdin
and Johansen [43], the instability can act quite strongly. The growth timescales of this
instability are found to be faster than the radial drift timescales. Thus, Youdin and
Goodman [44] suggested that the SI might be the trigger for planetesimal formation,
as it can significantly concentrate dust locally, and maybe even up to values that trig-
ger collapse, however, the latter has never been fully proven, though claims are out
there, i.e. from text[39] and Johansen et al. [22]. The open question in their work is
whether the collapse comes from SI alone or is assisted by stellar gravity together with
extremely high dust-to-gas ratios, in Chapter 5, we will provide our own answer to

this question with the new analytical method.

2.3 DUST EQUATION OF MOTION IN THE SHEARING SHEET APPROXIMATION

This section starts with describing one of the popular simulation methods, the shear-
ing box coordinate system, to study planetary formation. This local frame of reference
is co-moving on a Keplerian orbit, which allows to follow the gas and dust dynam-
ics without taking care of the central star and large scale, i.e. global, disk dynamics.
Furthermore, the boundary conditions of this simulation box are discussed, especially
the shear periodic boundary condition in the radial direction. In the end, a detailed
transformation for the dust dynamical equations to this local coordinate system is pro-
vided to help understand the nature of planetesimal formation using this particular
simulation method, which also makes up the theoretical foundation for finding the
proper dust trajectories in Chapter 3.
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2.3.1 Shearing Box Approximation

In this thesis, for studying the “meter-size barrier” and the emergence of planetesimals,
scales L < H are of interest, where H is the gas pressure scale height of Equation 2.11.
These scales L are so small that a numerical computation in the form of a global disk,
covering the whole PPD is not feasible. Moreover, since we are interested in investigat-
ing the local micro-physics of dust, a local approximation is needed. This is done by
changing from the global Cartesian coordinate system into a local Cartesian coordi-
nate system at a distance Ry from the central star that itself orbits around the central
star with Keplerian velocity vi (Ro). This type of coordinate system is called shearing
sheet, or shearing box coordinate system. See Figure 2.1.

protoplanetary disk

A
x Y

star -

Figure 2.1: In this drawing the shearing box coordinate system is the primed system with
coordinates x’ and y’ . It is a coordinate system that orbits around the star with
the Keplerian velocity at its origin. Hence, unity vectors in ¢ transform into § of
the primed system. Consequently, the Keplerian shear has to be linearised in the
shearing sheet coordinate system. In order to have the radial boundary condition
periodic, we include a shear periodic boundary condition that adjusts the azimuthal
velocity when surpassing the radial boundary.

2.3.2  Shearing Periodic Condition

In this part, we briefly discuss the boundary conditions of the shearing box simula-
tions. In the y and z directions, we have the normal periodical boundary conditions,
yet in the x direction, we adopted the shear periodic boundary condition. Figure 2.2
illustrates how the shear periodic boundary for a shearing sheet domain L works. At
the initial time step t = to (top), the radial periodicity is similar to a classical peri-
odic boundary condition. But, with evolving time, the linear shear moves this periodic
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boundary in an azimuthal direction. The azimuthal velocity of the radially next inner
domain is given via the linearised Keplerian shear velocity by Equation 2.33 as

VR-Ar = *%Qo(*L) = %—O—OL (2.27)

In order to correct for this shearing boundary condition, a particle that leaves the

radial inner boundary at an azimuthal position of y, 1, re-enters the simulation do-

main on the outer boundary at a position yy, 1. This new azimuthal position has to
be shifted by the shear offset of the radially inner box, i.e.

3
Yp,+L = Yp,—1 + mod <2—O—OL -t, L> (2.28)

The particle azimuthal velocity also has to change by the velocity offset from the
inner to the outer boundary, which is also
3
V-1 =VviL — 50l (2.29)
Of course, the same, but with a different sign, happens to a particle that crosses the
outer radial boundary.

2.3.3 Euler Equations

The dynamics of dust particles in a PPD are described by the momentum equation,
which is an Euler equation with different terms for the individual physical processes
that induce momentum:

S + @ V)= —l(\‘f— i) — VO + other forces (2.30)
dt Ts

This equation describes the change over time of the velocity field of a ﬂuid(g—‘z): It
changes due to advection ((V- V)V), and other physical processes that are described on
the right-hand side. These are friction with gas of velocity i and a friction coefficient
of T, and gravity (—V®). But, many other terms could enter this equation.

The goal of this part is to derive the equations of motion for such a shearing sheet
coordinate system. The derivation starts from Equation 2.30, but the coordinate trans-
formations will only affect the left-hand side terms, i.e. the time derivative and the
advection term. This is only partly true, since also the gravitational potential will
change, as shown later in this section, since a PPD is a rotating system such that the
transformation will introduce Coriolis forces.
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Figure 2.2: Example for the shear periodic boundary condition for a shearing box of size L. At
the initial time step to (top), the radial periodicity is similar to a normal periodic
boundary condition. But, with evolving time, the linear shear moves this periodic
boundary in azimuthal direction. A particle leaving the radial inner boundary re-
enters the simulation domain shifted by the shear-offset, see orange arrow, and its
azimuthal velocity is shear corrected.

Linearising the Keplerian shear

First, the Keplerian shear needs to be linearised around Ry. For this, a Taylor expansion
of Equation 2.2 around Ry at the point r = Ry 4+ Ar can be done, which leads to

Qr) = Qo(1— ERT)) (2.31)

where Qp = Q(Rp). Using the primed radial coordinate, Ar becomes x’, and the
orbital velocity attains its linearised form:
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3x’ 3 ,
V—Qo(] —ERfo)Ro —QORO_EQOX (2.32)
Thus, the linearised Keplerian shear velocity is approximated in the co-rotation
frame as
35
Vshear = _E—O-OX (233)

Transforming the advection term into the shearing sheet coordinate system

Here we start with the advection term as this is easier to transform. In the following
the Einstein index notation is used, where there is an unwritten but existing sum over
all indices that appear twice. Hence, (V- V)V = v;9;vj. This is getting transformed into
the primed Cartesian coordinate system via

It

3
Voo Vv =9 — 7Q0x% (2.34)

where V’/ = V since x’ < Ry and y’ < Rp. Thus, the advection term becomes

vidivy = [(V +v5") - VIV +35") = [(V +v5") - VIV + [(V +v5) - VIV (2.35)

with
[(H/ ﬁ»/) ﬁ/]a/ _( . )a = v s Vs Divi = ( W ﬁ/) W / aV_’/ 6
vVi4+vy) - V' = (vi +v0)0ivj = vi0ivj +Vvpi0ivy = (V' - v +VOU oy’ (2.36)
e S 3 .
(V" +v5") - VIVG" = (vi + Voydiy)divoy = (—EQOV;)U/ (2.37)

Reassembling both terms, the advection term from Equation 2.30 becomes:

- e - v’ 3
G- = (V) +v69@v’ + (=5 Q0v})y’ (2.38)

Transforming velocity time derivative into the shearing sheet coordinate system

In order to rewrite the velocity time derivative term of the momentum equation, we
need to express % in cylindrical coordinates. In contrast to the Nabla operator, now
the time derivative of the velocity field introduces on one hand the shear advection

and on the other hand the Coriolis forces. In cylindrical coordinates, we have:
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dv d A A A A .
T = g T +22) = 1+ 10b + b +1hd — 1+ 22 (2:39)

Then velocity time derivative term becomes:

dv A . .
T = (P hb +22) 4+ 20h§ — 7F
- (2.40)
=M
C ot
Where A = 2ipd — rdp2f. Now we have to transform A into the primed coordinate
system via

x'=1—Roy, Y =Ro(p—Po—Qot), z' =2, t'=t. (2.41)

Using this transformation, we get the following table that translates the expressions
within A:

P =3/ d=1
T=Ro+x' ¢:%+¢0+Qot
Y iy’ 1
F=x"=v (b—R*O‘f‘QO—R*OV{,‘f’Qo

Hence the A term becomes:

1 1
A=2v!(—v! +Q0)§" — (Ro +x")(=—V! + Q)%
X(RO y + Qo) — (Ro )(Ro y Qo) (2.42)
= 200§’ — QFRoR’ —2Q0v] %’

Here to get the final result in Equation 2.42, we neglect the terms with x’ and v{v;.

Transformed momentum equation

Now we put everything together, and rename the primed system to unprimed. The
momentum equation becomes

. v -
i V)\7+voy£ — %) — QfRok = —— (¥ — 1) — VO +... (2.43)
S

-

where f(V) is the Coriolis forces:
Z_O_ovy

f{v) = —%Qovx (2.44)
0
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Here we cancel Q3Ro with part of the gravitation force in —V® and get the final
momentum equation of the fluid in the shearing sheet coordinate system as:

- v 1 - 3
7+(\7.v)\7+\,0y£_f(\7):_—(V—ﬂ)—VCD+... with voy = —3

o ZQ()X (2.45)

where @ now is the change in the gravitational potential from the potential of the
central star.

2.4 HILL STABILITY OF A PARTICLE CLOUD

In the following section, the stability of self-gravitating particle clouds in PPDs is an-
alytically investigated. There are two canonically used instability criteria, the Roche
stability, and the Hill stability criterion. The first was calculated in the 19th century by
Edouard Roche, who investigated the stability of loosely bound material in the vicinity
of larger bodies, such as the breakup of comets close to the Sun. Based on his work,
George William Hill calculated the dynamical stability of a test mass around a smaller
body in a rotating frame. This is typically interpreted as a spherical volume around
a minor body, e.g. around Earth, in which a small body, e.g. the Moon, stays bound
to it. Being outside of this sphere of influence, the gravitational attraction onto the
small body is dominated by a major body, i.e. the Sun. Points on the surface of this
sphere show little net acceleration forces. Both criteria state that stability is granted
as long as mutual gravitational interaction within a particle cloud is stronger than the
gravitational gradient, exerted by a larger mass outside of the body of interest, which
is in our case a particle cloud. The Hill stability differs from the Roche criterion by de-
manding an orbital motion of the particle cloud around a central mass. The additional
centrifugal force induced thereby further stabilizes the particle cloud by reducing the
gravitational gradient across the cloud. In this thesis, we are more interested in the
Hill stability criterion since we will be dealing with simulation data from a local shear-
ing box, thus in the following, we present the derivation of its dynamic equations in
detail.

The Hill stability criterion is a dynamical criterion not based on perturbation theory,
but on force equilibrium, see Figure 2.3. The Hill sphere is a "zero-acceleration” spher-
ical surface on which a rigidly bound test mass p will not get accelerated. Rigidly
bound means the centrifugal forces of m and p are set to be equal. One can write that
centrifugal forces on m are in equilibrium with the gravitational pull from M:

GoMm GoM
ODz — szoiz " (2.46)

mQ2 D =

with Go being the gravitational constant. The forces acting on p satisfy
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Figure 2.3: The Hill criterion is a criterion for internal stability. It looks for the boundedness
of a test mass u to a smaller mass m, in the vicinity of a larger mass M. The Hill
analysis assumes the smaller mass to orbit around the larger mass. The Hill analysis

leads to a Hill sphere, which is the sphere of zero acceleration around the mass m.

Everything inside this sphere is bound, under the assumption of not having escape
velocity or other perturbations occurring.

0=> Fi=-Fm+Fm+Fe
i
GMu Gmu 2
= — Q% (D — .
B (D—a)*m (D—a)?
B VI s El

In the limit of D > a, the above equation becomes

33 m

Solving for the minimal stable distance of the p — m-system to M gives

1
3M\ 3
Dcrit =a <m) (249)

For the critical density of a particle cloud, we assume m to be the center mass of the
cloud, i.e. a sphere of particles with m = p%mﬁ. The critical density of the particle
cloud m is then

m 9 M

This density of a particle sphere can now be used as a first approximation for the
stability of the system. It is derived in a T — d case and clearly some effects are missing,
such as friction with the underlying gas disk. But still, we consider this approximation
to be sufficient within this work.

21



22

DUST DYNAMICS IN PROTOPLANETARY DISKS

2.5 SUMMARY AND DISCUSSION

Planetary formation has been puzzling us together with the question of where we are
from since day one. In this Chapter, we reviewed the basic gas and dust dynamics in
the protoplanetary disk (PPD) related to this work, and realized that the distinguish-
ing feature of gas that dust particles are lacking, i.e. an internal pressure, plays an
essential role in initiating the planetesimal formation through the friction interaction
and streaming instability (SI) between the two systems. Furthermore, the Hill stability
criterion for self-gravitating particle clouds has been investigated in detail. The result-
ing gravitational instability of a PPD from surpassing the local Hill density provides
another important source for planetesimal formation.

One key point to recognize is that the process of planet formation is highly nonlin-
ear. Therefore it is rather difficult to develop any perturbation and linear theories to
thoroughly study the problem as in lots of other areas. For example, in cosmology, the
cosmological principle of the universe being homogeneous and isotropic allows us to
use linear theory to quantify the growth of density perturbations on large scales. This
has been very successful and provides some critical insights even until today.

Still, there are considerably different analytical theories have been developed to un-
derstand this problem, for example, predicting the behavior of the small-scale grain—grain
correlation function using simple models of Gaussian random-field turbulence, see
Sigurgeirsson and Stuart [38], and predicting quantities such as the grain density dis-
tribution, the density fluctuation power spectrum, maximum grain densities, and cor-
relation functions, as a function of grain stopping/friction time, grain-to-gas volume
density ratio, and properties of the turbulence using grain clustering models in tur-
bulence, see Hopkins [18]. However, they either estimate much smaller fluctuations
or mostly focus on the inertial-range turbulence, with large Reynolds numbers and
Stokes numbers. Rigorous analytical descriptions of how the nonlinear power spectra
emerge for different sizes of particles and particularly their small-scale analysis are
still missing.

Another more direct and popular approach to this problem has been through differ-
ent schemes of simulation methods, one of which has been reviewed in this Chapter.
Admittedly, there have been plenty of great successes in this area, yet the issues with
simulations such as limited resolution, the formation of spurious features, the imple-
mentation of initial conditions, or the limited box size, get in the way, let alone the
time and energy consumption, especially when one wishes to repeat the simulation
for different parameters.

Therefore, in this work, we make use of a recently-developed analytical approach
to study planetary structure formation, which circumvents the aforementioned prob-
lems: kinetic field theory (KFT) is an analytical approach to structure formation that
operates in the particle picture. The dynamics of the particles” phase space trajectories
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are governed by their equation of motion in 6N-dimensional phase space. In the next
chapter, we review the most important aspects of KFT, relevant to this work.






KINETIC FIELD THEORY IN A NUTSHELL

kinetic field theory (KFT) is a statistical field theory for ensembles of classical particles
in or out of equilibrium. The central object in KFT is the generating functional Z. Similar
to the partition function in classical thermodynamics, it contains all information about
the probability distribution P(¢$) of system states ¢

z- Ji?d)P(d)). (3.1)

In general, the system states ¢ are continuous fields of time, which requires the
use of a path integral. In this chapter, we review the foundations of KFT for planetary
structure formation. Since KFT became a very diverse theory with various formulations
and applications in cosmology, astrophysics and beyond, we restrict this review to
those results that are relevant to this work. We recommend the recent review on KFT
by Bartelmann et al. [6] to the interested reader.

In the first section, we introduce the tensor notation that is used throughout this
work. In the second section, we derive the generating functional Z for N particles and
compare it with the canonical partition function in equilibrium statistical physics to
help understand how classical mechanics can be formulated with path integrals. In
the third section, inspired by the equation of motion for dust particles in the shearing
box approximation by Equation 2.45, we specify the dust dynamics appropriate for
planetary structure formation in KFT by considering only friction interaction with an
averaged background gas field and gravitational interactions between dust particles.
In the end, we introduce the density and momentum operators which provide the
most powerful tools for studying structure formation in Chapter 5 and Chapter 6.

3.1 NOTATIONS

We consider a set of N point particles in the classical 6N dimensional phase space T'.
The trajectory of each particle T <j < N in phase space is the tuple of position d; and
momentum P;j which we denote

Xj == <i]> . (3-2)
Pj

Note that the following notations are equivalent g; = Xq;, Pj = X;.
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To compactify notation, we collect the trajectories of all particles in the tensorial
object

X:=% & €j, (33)

where summation over j is implied, and e; € R™ with (ej); = &;5, 1 <j < N.
Furthermore, when we consider the collection of all particle positions or momenta
separately, we write

Xq = Jj & €j

- (3-4)
Xp = Pj X €j

respectively. Unless otherwise stated, we use bold letters without index (e.g. J, x)
to denote 6N-dimensional tensors. We can split these vectors into the 3N dimensional
position component (e.g. J4, Xq) and a 3N-dimensional momentum component (e. g.
Jp, Xp). When we use the same letter non-bold with an integer index (e.g. J;, x;), we
mean the 6-dimensional phase space tuple of one specific particle. In order to indicate
the 3-dimensional position/momentum component of an individual particle, we use
non-bold symbols with vector arrow, position/momentum label and integer particle
index (e. g. qu, ij, i“q]., )‘c’pj).

With these conventions, any bold tensor J can be written as

J = (lc”) ® €. (3-5)
Jpj
We introduce the scalar product

<J/X> = (J) ® ej) : (Xi ® ei) = ]) "Xj = <quxq> + <]‘p/x‘p>r (36)

and define the symplectic two-form

g:= ( 0 ]I03> @ 1In. (3.7)

_][3

We define the gradient with respect to the phase space coordinates of all particles

Vxi= <Yqj> X €5, (3-8)

Pj
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such that the application to any scalar function f of the particles” phase space coor-
dinates can be written as

d d
0qj,x N OPpjx

Vf(x) = )| 52 [0+ | 52 | - (3.9)
j=1 d j=1 2
04j,2 0Pj,z

To write equations more compactly, we introduce the following notation for integrals
over ( in real space and over k in Fourier space, respectively,

L - JN 4 L N J1R3 (3:;3' (3.10)

3.2 GENERATING FUNCTIONAL

A path-integral formulation for classical Hamiltonian dynamics of a particle ensem-
ble called kinetic field theory (KFT) was developed and applied to cosmic structure
formation in Bartelmann et al. [4], Bartelmann et al. [5] and [6]. In this section, we
review the foundations of KFT which are essential to this work, and show that the
central object, the generating functional, is completely determined by the equation of
motion of particle ensembles and their initial probability distribution function in phase
space (iPDF). In the end, a comparison with equilibrium statistical physics is given to
help understand the concepts of this theory.

3.2.1 The Generating Functional

For classical (canonical) ensembles consisting of N point particles, the system states
¢ are described by the trajectories x in the classical 6N-dimensional phase space I’, as
defined in Equation 3.3. The generating functional defined in Equation 3.1 then turns
into

Z= JDXP(X). (3.11)

Note that P(x) is the probability distribution for trajectories in classical phase space,
and not the probability distribution to find the system in a specific configuration at a
given time. We further split the probability P(x) for the state x to be occupied into a
probability P(x(})) for the particle ensemble to occupy an initial state x(*) (iPDF) at time
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t = 0, times the conditional probability P(x|x1)) for the ensemble to move from there
to the time-evolved state x,

P(x) = de(i) P (xlxm> P (xm> . (3.12)

For particles on classical trajectories, the transition probability P(x|x(!)) must be a
functional delta distribution of the classical particle trajectories,

P <x|xm> =0p [x—xcl (x(i))} , (3.13)

where x.1(x(!)) denotes the formal solution to the equation of motion of the entire
particle ensemble on phase space, with the specified initial phase-space conditions
x(1), as illustrated in Figure 3.1.

time t A

( )
/ - _—
trajectories
(P> D)
>

Figure 3.1: Illustration of the main idea of KFT. An initial probability distribution on the phase
space is mapped to any later time by classical particle trajectories. Since phase-space
trajectories do not cross, this approach avoids the notorious shell-crossing problem
by construction.

position q

In classical phase space, trajectories do not cross and are uniquely constrained by
the initial conditions because they follow the Hamiltonian flow. Here we write the
equation of motion in a more general form as

E(x) =x—f(x) =0 (3.14)
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where f(x) encodes all physical processes that change the particle dynamics in it,
which are not necessarily Hamiltonian. The functional Dirac delta distribution can be
written in terms of the equation of motion as

op [x — Xc1l <x(i))] = 0p [x — f(x)] det[0¢dy — OpT“] (3.15)

where the determinant cannot be taken to be equal to unity as in Liouville’s the-
orem anymore. Thus we preserve the expression for the determinant and write the
generating functional in Equation 3.11 in terms of the equation of motion,

Z= J'DXJ dxVp (xm) det[0¢dy — 0p ] Op [x — £(x)]

N JDXJ axVP (x(i)> det [0¢8p — 0p ] J@Xexp [i J:O dt ((x, x —£(x))) G16)

In the last step, the Dirac delta distribution is expressed as a functional Fourier
integral with respect to an auxiliary field x.

In order to generate moments of phase space coordinates from the generating func-
tional, we introduce two source fields, which are conjugate to the phase space trajecto-
ries x(t) and the auxiliary field x,

] = (lq’) ®e; and K:= (Rq’> ® ej (3.17)
Jpj Pj

and turn the generating functional into the expression

29

Z[]],K] = J'Ddex(”P (x(i)> det[0¢dp — 0pT“] J Dx exp [i J:o dt ((x, x—£f(x)) + J,x) + (K, x))

(3.18)

On the other hand, if we are able to analytically solve the equation of motion for
the particle ensemble beginning at x!*) and denote the solution as x(t), the generating
functional in Equation 3.16 becomes

Z= JDXJ axp (xm> op [x —x(t)] (3.19)

Now we still introduce the conjugate generator field J and get a simpler expression
for the generating functional as
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Z[J] = J@xJ dxVp (xm) dp [x —X(t)] exp [i Joo dt(J, x>]

0

o (3.20)
= J dl'exp [1J dt(],)‘((t)ﬁ
0
where we have introduced the initial phase-space measure
ar .= dxVp (x(i)) . (3.21)

3.2.2 Similarities to Equilibrium Statistical Physics

Conceptually, KFT is largely different from equilibrium statistical physics, because the
former describes a system that may be far from equilibrium.

In equilibrium thermodynamics, the partition sum Z contains all macroscopic infor-
mation on a particle ensemble. Taking derivatives of Z, expectation values for macro-
scopic state variables can be retrieved. For example, the (negative) derivative of Z
with respect to the inverse temperature 3 returns the mean internal energy U, and
the derivative of Z with respect to the chemical potential p returns the mean particle
number (N) in a grand-canonical ensemble.

The kinetic field theory (KFT) proceeds in an analogous way: it is based on an equiv-
alent to the partition sum for a classical particle ensemble, from which macroscopic,
statistical information is retrieved via derivatives. There is one important extension,
though: Since KFT is a theory for systems possibly out of equilibrium, its equivalent to
the partition sum needs to depend on time. It therefore needs to be a functional of en-
semble properties, which are themselves functions of time. For this reason, Z is called
a generating functional in KFT. Likewise, derivatives need to return functions rather
than numbers, and therefore need to be functional derivatives. In KFT, time-dependent,
macroscopic, statistical information on classical particle ensembles is thus obtained by
taking functional derivatives of the generating functional Z, conceptually similar to
thermodynamics.

In equilibrium thermodynamics, the partition sum is an integral over a probability
distribution for microstates. In KFT, the generating functional is an integral over the
probability with which phase-space positions at any time t will be reached by particles.
This probability is determined by the probability for an initial phase-space position to
be occupied by a particle, times the conditional transition probability for this particle
from its initial to a later phase-space position.

Any initial position in phase space is the starting point of a classical particle tra-
jectory, which solves the equation of motion with the initial phase-space point taken
as initial condition. For classical particles, the transition probability from initial to fi-
nal states takes the form of a (functional) Dirac delta distribution: it vanishes almost
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everywhere, except along the actual particle trajectory. This is the main difference to
quantum mechanics or quantum field theory, where the transition probability is a path
integral over a phase factor containing the action functional.

The canonical partition function Z and the generating functional Z[J] ensure the
formal analogy between statistical physics and KFT. Although one describes an equi-
librium and the other a non-equilibrium system both contain the initial phase space
distribution and the dynamics of the microscopic degrees of freedom. Macroscopic
quantities are calculated from partial derivatives of the partition function or the gener-
ating functional.

3.3 SIMPLIFIED DUST PARTICLE TRAJECTORIES

In the last section, we reviewed how classical mechanics can generally be formulated
in the path integral formalism, and come to understand that the equation of motion
for particle ensembles plays an essential role in the generating functional. In this
section, first we show the difficulties of finding the generating functional Z[J, K] in
Equation 3.18 using the full equation of motion for dust particles in the shearing box
approximation by Equation 2.45, then review how simplified and more ideal dust par-
ticle trajectories are specified by reducing the interactions considered strictly to only
friction and gravity.

3.3.1  Complications with the Full Equation of Motion

For one dust particle, if we set its mass to unity, we can describe its dynamics by
borrowing the equation of motion from Equation 2.45 and rewrite it in phase space as

0q=p

1 3 op .
0B =——B+f(B)+2Qoqx—— — (B -
P TSp+ (p)+2 quaqy \Y,

thus its trajectory x in phase space satisfies

i = > (3-22)

Otx — ]1x—% (x'J?)x =Ky =0 (3.23)
where
0 I 0 200 O
= Lo ] owith Ji=[-1a, o of,
0 (*?S‘Fjﬂoqu) H3 +]4

0 0 0
(3-24)
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J? = O_} , and Kj={ _ O_, . (3-25)
—2V 4 1. —Vq@

Note that here ! and 2 are superscripts, not exponents. There are various difficulties
when plugging Equation 3.23 in the generating functional Z[J, K] in Equation 3.18, one
of which lies in finding the determinant of matrix [atzsg — 6bfa] where in this case
fa = Jlacx, + %XC J2¢x® + K¢. Furthermore, Equation 3.23 shows non-linearly depen-
dence of particle trajectory x, meaning that the determinant will be a function of x
and its derivatives, instead of unity or any other constants. This extra function would
make the integral in the generating function too difficult to proceed with. More fun-
damentally, it could cause the resulting phase space trajectories to intersect. Therefore,
it’s more feasible and appropriate to modify the equation of motion for dust particles
slightly and preserve the most essential interactions and plug it in KFT.

3.3.2 Dust Particles Trajectory

To simplify the equation of motion for dust particles, first, we omit the advection term
(p- ﬁq )P in Equation 3.22 which brings the nonlinearity —% (XTIZ) x to Equation 3.23,
then to retain the overall isotropic feature of the system, we leave out both the Coriolis
force f(p) and the Keplerian shear term %Qo qx %, which is caused by the coordinate
transformation. In the end, for one dust particle, ﬂeeping the friction interaction with
the gas and the gravitational interaction with each other, we can write its equation of

motion in phase space as

dix—Jd'x—K; =0 (3.26)

with the new J' being

1 . O H3
J (o 1 113> (3-27)

and Kj stays the same as in Equation 3.25.

Since J' now becomes a constant matrix, we realize the analytical expression for
dust particle trajectory can be easily calculated and we can plug the N-particle result
into the simpler expression of generating functional Z[J] in Equation 3.20. In order to
solve Equation 3.26, first we have to find its homogeneous solution,

dix—d'x =0 (3-28)
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The solution of Equation 3.28 is:

t
X = exp (L J! d’E) X0 (3.29)

where xg is the integral constant. When we add the inhomogeneous term on the
right hand of the equation, we need the variation of constants to get the solution,
setting:

t
X = exp (L g d’E) xo(t) (3-30)

We insert this into Equation 3.26,

t t
exp <J g d‘E) dixo + J %0 exp (J g df) —J"x =K;(t) (3.31)
0 0
which leads to:
. t t’
xo(t) = x® +J exp <—J g d‘E) Kq(t))dt’ (3.32)
0 0

where x(V) is an integral constant representing the initial dust particle coordinates
in phase space. Combining Equation 3.29 and Equation 3.32, we have the solution for
one dust particle trajectory in phase space x as:

x(t) = exp <E g dt’> xV +E exp <Lt g d‘E) Ki(thdat”  (t>t)) (3.33)

By the definition of the Green’s function, we can read off the Green’s function G of
the differential Equation 3.26 as:

t
G(t,t') =exp <J 31d‘E) =exp (I'(t—t")), (3.34)
t/

then we perform a Taylor expansion in order to obtain the Green’s function in matrix
form,

exp(3'(t—t)) =) ———F, (335)

i

@ (t—t")"
!

i=0
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for matrix ', we find that i-th power is related to itself by:

(@) =a" (—DH , (3.36)

thus the power series in Equation 3.35 becomes:

— g —g'1, im_1 (3-37)

=T¢+ 7' s (1 —exp <—t;t >>

This result leads to the final expression of the Green’s function in matrix form as:

I T—e =)
Gt =" TS( ef ) ’ (3-38)
0 e T Hg

With component functions

gqq(t/t/) =1,

gap(tt) =75 (1-e75 ),

(3-39)

t—t/

gpp(t,t)=e & .

For simplicity, we abbreviate gqp(t,0) := gqp(t) and gpp(t,0) = gpp(t). Now that
we have the Green’s function, we can immediately write down the phase space trajec-
tories X for an N point dust ensemble as:

t
% = 5(t, 0)xV +j at's(t, t)K; (') (3.40)
0

with the 6N x 6N dimensional Green’s function

S(t,t") =Gt t") ®In (3-41)
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and the 6N dimensional vector being

0
K; = < N . > & ej. (3-42)
r% *quq)i

K represents all the external forces and interactions with dust particles, in this case
specifically friction with the gas and gravity sourced by the fluctuations of the local
matter density p around its time-dependent mean density p via the Poisson equation

V20 = 4nGo(p — p). (3-43)

Now concerning the friction term, we can further simplify the trajectories of the
dust ensemble in phase space by remembering that after a short time evolution, small-
size dust particles tend to flow with the background gas field with a slower than
Keplerian azimuthal velocity due to the friction between the two systems. If we neglect
the feedback of the dust onto the gas and assume the lower azimuthal velocity of the
gas due to its internal pressure gradient is locally stable, then we can limit ourselves
to a prescribed constant background gas velocity field i = iy, instead of a more
challenging functional form.

3.4 OPERATORS

So far we only considered the microscopic degrees of freedom of the particle ensemble,
since those are the dynamical fields of KFT. For our discussion of structure formation,
the standard application of KFT in this thesis will concern the calculation of density
and momentum power spectra. We shall thus proceed to define different operators
and study their action on the generating functional in Equation 3.20.

Generally, by applying differential operators to the generating functional and setting
the source fields to zero afterwards, functions of the phase space trajectories can be
generated. In the simplest case, applying a functional derivative with respect to the
component J;(t) of the generator field generates the average phase space trajectories
of particle j at time t,

d
6J;(t)

More generally, we apply operators in form of functional derivatives with respect to
the field components, to generate functions of the phase space trajectories.

—i

zi| =) (G44)

J=0 N

. 0
i) =1 (~ig5 ) 200, 649
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3.4.1 Density Operator

One important operator is the particle density operator in Fourier space. The number
density of the particles at any time t; is

N N
p(d,t1) =) pj(@t1) =) op(d—d;(tr) (3.46)
j=1 j=1

In a Fourier representation, the density mode with the wave number 121 becomes

pki, t1) = p(1) = ) e Hrdin) (3.47)

where we have introduced the conventional short-hand notation (12)-, tj) =: (j). Replac-
ing the particle position ¢j;(t1) by a functional derivative with respect to the generator-
field component J4;(t1), we find the density operator

N
o) =) p5(1) (3.48)
j=1
composed of the one-particle density operators

= d
0;(1) :=exp(—k1 - —= .
p; (1) == exp(—ki S )) (3-49)
For indistinguishable particles, which we shall henceforth assume, we can set the
particle index j to an arbitrary value without loss of generality. Since the operator in
Equation 3.49 is an exponential of a derivative with respect to the generator field, it
corresponds to a finite translation of the generator field. After applying v > 1 of these
operators, the generator field is translated by

]—>]—Z§(t’ —tj)lz]- . (;) ® € (3.50)

j=1

Setting the generator field J to zero after application of the density operator turns
the generating functional Z[J] by Equation 3.20 into

Zd[L] _ J' drei<Lq,q>+i<Lp,p>+iSI (351)
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with the components

.
-2 Keg (3.52)
i—1
Z Jap (1)K © & (3-53)

of the translations and the interaction term

T
Zk J dt'gqp (tj, t') <T°—qu®> (3-54)
S

In Equation 3.51, q and p are the 3N vectors representing the initial positions and
momenta of the particle ensemble in phase space,

<q> =x (3-55)
P

3.4.2 Momentum-Density Operator

Another important and conceptually straightforward application of KFT is to calculate
the momentum power spectra, see Littek [27], which is related to the definition of a
momentum operator. The momentum field could naively be constructed as

N
=) jlt1) (3.56)
j=1

with Pj(t1) being the momentum of particles j. Notice this momentum field lacks
any spatial dependence since has no information on the position of the particle. In
order to retain any spatial information, we have to impose that each particle can con-
tribute to the momentum at a position ¢ if and only if it is at this position,

'I\’IZ

(g, t1) =) P;(t1)dp(qd —qgj(tr))

-
I
=

(3-57)

Il
.l\/]z
el

i(t1)p;(d,t1)

-
[
=
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In the last step, we have identified the Dirac delta distribution with the density of
the jth particle at position q and time t;. Thus, the new field TT({, t) is a momentum-
density field.

Fourier-transforming T1(q, t1) and replacing the phase-space coordinates of particle
j by functional derivatives with respect to the corresponding source fields, we find the
momentum-density operator

N
=) 1mm (3.58)
j=1
composed of the one-particle momentum-density operators

d

= )

p; (1) (3.59)
with p;(1) being the one-particle density operator from Equation 3.49. And the com-
ponents of the momentum-density field are available by specifying the operator to

Sy L ) .
T155(1) = ij“) (3.60)
where o« = (1,2,3) enumerates the Cartesian vector components. The application
of r > T momentum-density operators by Equation 3.59 to the generating functional
Z[]] translates the generator field J, as shown in Equation 3.50, and pulls down the
momentum trajectories from the phase factor in Equation 3.40. Having applied these
operators and setting the generator field J to zero afterwards, we arrive at the final
expression of the generating functional

—

ZML] = J ar ﬁ {gpp(tj)ﬁj 4 J:j dt/gpp (t;,t) (LTLS — ﬁqjd))] . oi(La,@)+i(Ly p) +iS:
j=1
J (3.61)
where the momentum propagator gpp,(t,t’) is defined in Equation 3.39.
3.5 SUMMARY AND DISCUSSION
In this chapter, we summarized the basic foundations of KFT that apply to planetary

structure formation. We started with a review on how classical mechanics can be for-
mulated in the framework of path integrals, and showed that this theory encodes the
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dynamics of a classical particle ensemble by a central object, the generating functional
Z[],K] or Z[J], which is completely specified by the equation of motion for particle
ensembles and their initial probability distribution function in phase space.

Building on that, we reviewed the difficulties of plugging the exact dust dynamics
into the generating functional, and managed to find a simpler and more feasible dust
particle trajectory by retaining only the friction interaction with a constant background
gas distribution and the gravitational interaction among dust particles themselves. It’s
worth mentioning that if we want to go beyond the scope of this thesis and study a
more complicated form of protoplanetary disk (PPD), KFT could still be a rather useful
tool once we come up with a solution for the functional determinant introduced to
the generating functional. And this question itself would be of great interest to the
development of KFT since this solution could vastly expand its applications to many
more areas.

In the end, considering the standard application of KFT in this thesis will concern the
analysis of density and momentum-density power spectra in Chapter 5 and Chapter 6,
we reviewed how functions of the phase space coordinates at arbitrary times can be
generated by applying operators to the generating functional. More specifically, we
introduced the density and momentum-density operators, and studied their actions
on the generating functional.

At this moment, if we stay close to the story of KFT, we immediately realize there
is still one more essential element in the generating functional remains unknown, and
we will need to deal with that before diving right into applying KFT to planetary for-
mation. The initial probability distribution function in phase space (iPDF) describes the
particle ensemble’s initial state in phase space. It was beautifully derived analytically
in Bartelmann et al. [4] by assuming the density and momentum fields are all Gaus-
sian random fields, which is a perfectly valid assumption concerning the application
to cosmology. While it is a little more complicated when it comes to planetary forma-
tion. First of all, there is no "cosmological principle" in planetary formation, the vast
dynamic ranges in space, time and mass scales and the continuous structure forma-
tion make it extremely difficult to find a distribution function for dust particles. Even
though it is the initial state that we are interested in, we still wish to choose a rela-
tively well-evolved state to represent the protoplanetary disk (PPD) in general, which
can currently be best achieved by using simulation data. Therefore, in Chapter 4, we
will derive the iPDF by constructing a suitable model from one specific simulation snap-
shot, after that, we will finally apply KFT to studying planetary formation in Chapter 5
and Chapter 6.
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INITIAL PROBABILITY DISTRIBUTION FUNCTION IN PHASE
SPACE

Having introduced the basics of kinetic field theory (KFT), in this Chapter, without
losing the generality of the protoplanetary disk (PPD), we derive the other essential
element for the generating functional, the initial probability distribution function in
phase space (iPDF) P (x(1)) for particle ensembles, from a 3-dimensional local streaming
instability (SI) simulation. For the sake of readability, we omit the upper index (i) and
understand that we construct the probability distribution for the initial phase-space
coordinates.

Mathematically speaking, the probability distribution function we are looking for is
a multivariate probability density function whose variants describe particle positions
and momenta in phase space. Generally, for different variants following their respec-
tive probability distributions, there is no universal method to obtain the combined
probability density function easily. Inspired by Regés and Szalay [34] and Bartelmann
et al. [4], in this Chapter, we develop an effective and rather simple method to calculate
the iPDF for dust particles as long as certain criteria are satisfied.

This Chapter is constructed as follows: in the first section, we specify the key pa-
rameters of the simulation snapshot that is used throughout this entire thesis. In the
second section, to derive the expression of the iPDF, first, we calculate the individual
density and momentum probability distribution functions of the dust ensemble, then
by Gaussianizing their density field, we obtain the final expression of the iPDF using
the multivariate Gaussian distribute. In the end, we extract from the simulation the
crucial component of the iPDF, the covariance matrix, by analyzing the initial spatial
power spectra and correlation functions of the dust ensemble from a pipeline we de-
veloped. Furthermore, the momentum covariance matrix is isotropized and rotated to
the position and wavenumber space for the convenience of Chapter 5 and Chapter 6.

4.1 SIMULATION SPECIFICATION

The three-dimensional streaming instability (SI) simulation by the Pencil code is per-
formed in the shearing-sheet approximation. The is a Cartesian coordinate system
co-rotating with the Keplerian orbital frequency Q, at an arbitrary distance Ry from
the central star, see Section 2.3.1. Arbitrary means that the simulation results are valid
independent of the distance from the star, and thus the simulation time and length
scales are set in PPD units of H and Q. In the following, all derived quantities, e.g.
distance and friction coefficients, are thus given in disk units as well. The coordinate
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system (x,y,z) of the shearing box can be identified as (v, ¢, z) for small r and ¢, see
Figure 2.1 and Figure 4.1. The boundary conditions of the shearing sheet are periodic
in the y— and z—directions, and shear-periodic in the x—direction. The latter means
that the velocities and positions have to be readjusted for a quantity or particle that
is transported over the radial boundary condition, see Section 2.3.2. For further detail
on the simulation method, we refer to the original code papers by Brandenburg and
Dobler [7] and code implementation paper by Youdin and Johansen [43].

Figure 4.1: The shearing sheet approximation allows to simulate a patch (blue box) out of a
protoplanetary disk (black grid). The center of the shearing box has a distance Ry
from the star and moves with Keplerian velocity vk = QR around it. This motion
is translated by the coordinate transformation and shear linearisation into a linear
shearing motion, see Section 2.3. In this shearing box coordinate system, the center
of the domain is at rest. Everything closer to the star (x < 0) moves forward in
an azimuthal direction, and everything towards the outside of the domain (x > 0)
moves backward.

The snapshot of the SI simulation has been provided to us by Andreas Schreiber from
his doctoral work in the Max Planck Institute for Astronomy (MPIA), see Schreiber
[36]. This snapshot, deliberately taken at tsnap # O, will already contain some structure
caused by streaming instability (SI), which gives us a more accurate description of
the initial state for dust particles in a general PPD. We aim at studying what KFT
predicts for the further evolution of the power spectrum of these structures. The main
parameters are listed below:

1. The friction coefficient between dust particles and gas, 75, as represented by the
Stokes number St = t,QQ = 0.01;

2. The domain size Ly = Ly = L, = L = 0.1 of the simulation in terms of the disk
scale height H = csQ 1, where the isothermal sound speed cs is taken to be con-
stant. Note that L is chosen large enough for assuming that the structures studied
later are statistically homogeneous and isotropic in the simulation domain, see
Figure 4.2;
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3. The initial dust-to-gas mass ratio, ¢o = pq/pg = 1.0, where the initial mean gas
density pg is set to 1.0 for simplicity. This sets the total dust mass to My = ()gLs =
1073;

4. The particle number is N = 2.1-107, thus the mass of each particle is given by
myq = Ma/N;

5. The time of the snapshot is tsnap = 4.25, which means that this snapshot is taken

after the simulation box has orbited the central star 422 times and has already

well developed over time.

0.1H

L=

50 100 150 200 250
L=0.1H

Figure 4.2: This plot shows the dust particles” density distribution p in an x —y slice of the sim-
ulation snapshot discussed in this paper. The overall density distribution through-
out the whole plot is more or less equal, suggesting a nearly homogeneous and
isotropic simulation domain.

4.2 INITIAL PROBABILITY DISTRIBUTION FUNCTION

Calculating the iPDF from simulation data for dust particles is one of the major and
most difficult tasks when applying KFT to planetary formation. As mentioned before,
the iPDF we are looking for is a joint probability density function for three position
and three momentum components. From the simulation data, it is straightforward to
estimate the probability density function for each component, but it is quite unfeasible
to accurately determine the complete iPDF for all the components. Therefore, We rather
choose a different approach: we determine the second-order moments of the distribu-
tions and transform the variables such that we can model their joint distribution by a
multivariate Gaussian distribution.
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The joint probability density function for a k-dimensional multivariate Gaussian
distribution with average u and covariance X can be written as

| exp (—3(x—w) = " (x—p)

P(x
(2m) < det =

/ (4.1)

where x and u are real, k-dimensional column vectors.

Since we assume the particles to be sampled from the density field, we can reduce
the number of variants from six to four, viz. one for the density and three for the
momentum components. If the density and momentum components had themselves
Gaussian distributions, we could immediately write down their joint probability dis-
tribution as above.

4.2.1  Density and Momentum Distribution

In this section, we present an examination of the probability distribution of each vari-
ant. By adapting suitable fitting functions, we can then decide if they are Gaussian
distributions.

The results for all three momentum components are shown in Figure 4.3. Their
distributions can individually be fit by Gaussians with amplitudes A;, mean values
Pic, and standard deviations oy,

2
fp(pi) = Aiexp <—; (m—m) ) i=123. (4.2)

O

Here we use the subscript i = 1,2, 3 to represent the x,y, z directions. The values of
the fit parameters for all momentum components are listed in Table 4.1.

Momenta Distribution Function Fitting 1 Momenta Distribution Function Fitting 2 Momenta Distribution Function Fitting 3

fp(p1)
Tolp2)
folp3)

Tolpy) —— fo(pz) —— fo(P3) ——
Gaussian Fitting Function Gaussian Fitting Function Gaussian Fitting Function

1
0.00010 0.00100 0.000010 0.000100 0.001000 0.00010 0.00100
P1 P2 P3

Figure 4.3: Momentum distributions in the x,y,z directions with double-logarithmic scaling.
The purple dotted lines represent actual data, the red lines are the curves of the
Gaussian fitting functions described by Equation 4.2. The curves show that the
momentum distributions can individually be well described by Gaussians. Notice
that the mean values p1. and p;. are set to zero here.

Notice that the mean values pi. for momentum in x and y direction are nonzero.
This is the exact reflection of the azimuthal drag and the radial drift in Section 2.1 and
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Aq Pic 0
1| 23844 | —2.359x 1074 |  0.00167
2 | 355.40 —0.0249 0.00112
3 | 413.54 0.0 9.61 x 1074

Table 4.1: Best-fitting parameters of the momentum distributions in all spatial directions. No-
tice that the mean values for the momenta in the x and y directions do not vanish
due to drift motion. We set them to zero for the calculations later.

Section 5.3. The friction force between gas and dust is slowing down the velocity of
dust particles in the y’ direction, this directly leads to the drift of dust particles in the
—x' direction, see Figure 2.1. Since in KFT, we are exclusively interested in the statistical
behavior of the system, in the following calculations of this Chapter, we neglect any
bulk motion and set them back to zero.

However, there is still one important usage for the mean velocity p;. in y direction.
At the end of Section 3.3, we concluded that for small-size dust particles that are well
coupled to the gas field, we can ignore the feedback effect from the dust, and assume
the background gas is locally stable and can be approximated by a constant velocity
field. Since the simulation snapshot represents a well-evolved system and it contains
very small dust particles (St = 0.01), we can set the averaged constant background gas
velocity field as

g = —0.02497), (4-3)

and this information will be particularly important in Chapter 6.

Density Distribution Function Fitting

0.1F

0.01 ¢

0.001 ¢

0.0001 |

folp)

1x10°5 ¢
1x10° |

1x10°7

1x10°8 data
Fitting IFunction

1x10°°
0.1 1

3

Figure 4.4: Density distribution function in double-logarithm scaling. The data points in the
plot are represented by the purple dots, and the orange curve shows the fit function
by Equation 4.4.
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Now we move on to the density distribution, which is unfortunately not a Gaussian,
see Figure 4.4. Rather, it can be approximated by

~ 3 (b+p* ) exp(—p*/?)
folP) = 3 r /3 1 1(5/3) (4-4)

with b = 0.025, which is normalized to unity in [0, co]. This result reflects some struc-
ture formation in the simulation as expected.

4.2.2  Gaussianization of the Density Field

Since all momentum components have Gaussian distributions, while the density has
not, we transform to a new density variable p which is also distributed in a Gaussian
way. Let p satisfy the mathematical criteria of variable transformation and be a strictly
monotonic, real-valued function of p, p = h(p), then the probability densities f, of p
and f; of p are related by

folp) =f(h(p))h'(p), (4.5)

where the prime denotes the derivative of h with respect to p, while their cumulative
probability distributions (CDF) must be related by

Folp) =Fo(p) . (4.6)

Since f; is supposed to be a Gaussian with mean value p and standard deviation o,
its CDF is the error function

Folp) = % [1 +erf (";“ﬂ (47)
The centred and normalized density variable p = (p — p)/o is related to the density p
by

p=erf '[2F,(p)—1], (4.8)
with the CDF of p, see Figure 4.5, given by

P _ by(2/3,0%/2) +v(5/3,0%2)

Folp) = | folp)dp = DYt 49)

Here, erf ! is the inverse error function and y(a,x) the incomplete Gamma function.

Since F,(p) and the inverse error function are both monotonically increasing, we
can verify that p is a real-valued, strictly monotonic function of p. To illustrate that
the new density variable p does indeed follow a Gaussian distribution, its probability
distribution function and the fitting result are given in Figure 4.6.
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Figure 4.6:
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Density Cumulative Distribution Function(CDF) Fitting
1 T

Folp)

Data
Filtti ng Fu r‘1ction

-0.2
0 1 2 3 4 5 6 7 8

P

This figure shows how the cumulative distribution function (CDF) of the original
density variable F,(p) changes from o to 1. The purple dots come from the nu-
merical counts for particle number density in phase space, while the orange line
represents the curve of Equation 4.9 which is the analytical integration of the origi-
nal density distribution by Equation 4.4.

New Density Distribution Fitting
1.0000000 T T

0.1000000
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0.0010000 ¢
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0.0001000

0.0000100

Data Transform
IGaussian Fitting Fuqction

0.0000010
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P1

Probability distribution of the centred and normalized density variable p in double-
logarithmic scaling. The purple dots show the data points transformed as in Equa-
tion 4.8. The orange curve shows a Gaussian fit to these points. Their agreement
illustrates that p does indeed follow a Gaussian distribution.

4.2.3 Inverse Density Transformation

Now that we have successfully acquired the relation p(p) in Equation 4.8, for the
convenience of future calculations, we are also interested in its inverse function p(p).
Due to the complicated form of F,(p) in Equation 4.9, it is quite difficult to derive the
inverse function p = h]_1 (p) = g(p) analytically. Even we could, it would enormously
complicate the further computations in KFT. Therefore, we decide to find this inverse
function numerically through polynomial fittings.

49



50

INITIAL PROBABILITY DISTRIBUTION FUNCTION IN PHASE SPACE

It turns out that even a simple quadratic function can already represent the inverse
density function p = g(p) due to the rather narrow domain of the function to be
inverted. Figure 4.7 shows the result of the quadratic polynomial fitting function where

p=ar(p+az)? (4.10)
with a; = 0.1823 £0.0005 and a, = 2.569 & 0.006. We can see the fitting function
matches the actual inverse density data very well, especially in the range p > po = —a..

In the case of p < py, the fitting function no longer satisfies the only mathematical
criteria of being monotonically increasing, however, since their corresponding values
of p and F,(p) are both very small, it is justified to neglect such insignificant values of
p altogether.

Inverse Density Function Quadratic Fitting
8 T T T T T T T T

0r . Data + 1
) Quadrlatic Fittilng Funcltion

-5 -4 -3 2 -1 0 1 2 3 4
P1

Figure 4.7: This plot shows the quadratic polynomial fitting result of the inverse density rela-
tion p = g(p). The purple dots are obtained by switching the axis of Equation 4.8.
The orange line represents the quadratic fitting function by Equation 4.10.

We can thus choose

o=Va, p=yara (4.11)

in Equation 4.7 to relate the density p to the density variable p simply by

p=p". (4.12)

with

p=v/ar (erf " 2Fy(p) — 1+ az) (4.13)
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representing the inverse of the original relation. Thus, the density variable p, which
follows by the construction of a Gaussian distribution with mean p and standard
deviation o, is well approximated by the square root of the density p.

To further confirm the approximation we introduced above, Figure 4.8 shows the
relative difference between the original density variable pq,t, and the density variable
Paprx Obtained by numerical approximation Equation 4.12. Notice that its values lie
mostly within the £2% range except at very small pg,t, which further supports our
approximation. In the meantime, since we will be working with a more ideal dust
particle model adapted from the simulation data from Section 4.3.5, this small relative
difference seems even more harmless for our further calculation.

Relative Difference between Density (data and numerical fit)
T T T

0.10+
0.08
0.06
0.04 +

0.02

Relative Difference

0.00

-0.02 -

1 L L L L
0 1 2 3 4

Density(data)

Figure 4.8: This is the relative difference plot between original density field p4.t, and the ap-
proximate original density field paprx obtained by Equation 4.12.

4.2.4 The Final Expression

Having assured that the momentum components and the density variable p are Gaus-
sian variates to sufficient approximation, we adopt the same method as in Appendix
A of Bartelmann et al. [4] to find the initial probability distribution function in phase
space for dust particles. First, we introduce a data tensor d composed of all variables

d:= (‘i) ® ej (4.14)
P/

and its Fourier-conjugate t can be expressed as

as,

51



52

INITIAL PROBABILITY DISTRIBUTION FUNCTION IN PHASE SPACE

t,
= (f) ® €j (4.15)

where (t;,tp); is Fourier-conjugate to (p,P); of particle j. The joint probability dis-
tribution function thus can be written as

f% _1 _ T/l _
P(d) =~ el 3 (@ - W e (@) (416)

where p holds the mean values of the Gaussian random variables, C~! is the inverse
of the covariance matrix C of N particles which can be decomposed as

C=(ded) = <§§fpk> <65?k>;> @ Ejx (4-17)

with Ejk =€ ® ex.
Since the positions dj of the N particles in configuration space are required to sample
the density distribution, we have

P(G;1p;) = Jdij(ajpj)P(pjmj) (4.18)

assuming Poisson sampling. Since the new density field is nothing but a point-to-
point transformation from the old density field, the conditional probability P(p;|p) can
be expressed by a Dirac delta distribution, thus the conditional probability P(d;|p;)
can be written as

P(G;15:) = [ dosP(asl0;)P(oslpy) = [ dos 2500 — o (5;)) = P11 (4.19)
N N

The probability for finding a particle at position §; with momentum p; can thus be
expressed by

P 75) = | dsP (@10 P(9y, By) = | doses (95)P(Bs ) (420)

and the probability distribution for the complete set {q;, Pj} of N phase-space coor-
dinates is
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Il
z

j=N j
P 5 = NN [@¥6 [ oi(Plimy ) = NN [ Mo [ sfPia), (420
j=1 j=1

with P(d) defined in equation 4.16. Here we already used the relation p(p) of Equa-
tion 4.12. For evaluating P(d), we turn to its characteristic function,

d(t) = exp <—;tTC‘t + itTp> (4.22)

The probability distribution for the data tensor is then given by the inverse Fourier
transformation of the characteristic function

dt 1.+~ _ )
P(d) = J ﬁ exp (—zthpptp +1t;up —|—1<tp,p>)

dt_ ] ~ ~ . . -
. J (ZH)F’N exp <—2tgcpptp —t; Coptp +its mp +ilty, p>> (4.23)

where we have defined the tensors

tpi=tp, @, tpi=1p ®ej, p=pjQe, P:=p;Re (4-24)

and the covariance matrices

CPP = ijpk ® Bk, Cﬁﬁ = Cﬁjﬁk @ By, C(')P = Cﬁjpk ® Ej (4-25)

Therefore the full probability distribution for N particles in phase space will be
given by

N
_ _ _ dt 1 44 ) :
=N—"N Jdp | | pJZJ (27:)2‘\’ exp <—2thpptp —|—1tgpp +1 (tp,p>>

dt p ] & ~ . . -
. J (Zﬂ)pN exp <—zthp@tp — tgcpptp + ltgpﬁ +1 <tp/ p>> (4.26)
Now to calculate the above expression, we first integrate over p and evaluate

N

nty)i= | ap T o exp 1o, 8)) =TT (| aoyof exlit ) 427)

j=1 j=1
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The factors under the product are

. 02 . 0?2
J dp;j ()jz exp(ltpj ())-) = 3 J dp;j exp(ltpj ()j) = _27[ﬁ6D (t;,j) (4-28)
Pj Pj

where 8p is the Dirac delta distribution. This leads us to

N az N d 2
L(tp) = (=2 [ [ S5 8p(tp) = (-2m)™ (H atﬁ) 5 (tp) (4-29)
j=1""F; j=1 j

Notice that the validation of the integral I1j(tp;) = | dp; exp(itp; pj) = 2mép (tp;)
requires the integration range to extend to infinity. While this is not the case for the
density variable p from the simulation data, however, since it follows Gaussian dis-
tribution in general, considering the entire PPD area, the integration range is wide
enough compared to % for the integral to approximate the delta distribution well,
see Figure 4.9. J

1x107 [
8x106*
_ Bx 108

4X106,

2x 108

0k ; ; ; ; _
-03 -02 -01 0.0 0.1 0.2 0.3

ts;

Figure 4.9: This plot shows the numerical results of the integration Iy;(tp;)
fg:nx dp; exp(i’cpj pj) within the range —0.3 < tp; < 0.3, where pmin =~ 0, we choose
Pmax =~ 107 according to the initial particle number N. The fact that the nonzero

values of this curve are all occur near t, ~ 0 satisfies the definition of a Dirac Delta
distribution, which validates our integration result in Equation 4.28.

Next, we integrate over t;, applying two partial integrations and we have
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1oty 1 otp,
N a 2 1 TA TA
=N ats| I 52 ©P (—3ts Conts —t5 Coptp +itg 1y | |8n(tp)
j=1 Pj
N =02 T TA
=(=1) <H 2 )GXP (ztpccptﬁtpcﬁptp +1tp”ﬁ> o
j=1 Pj =
= C(tp)
(4.30)

where C(t,) is a correlation operator to be evaluated. Notice that to get to the final
result in Equation 4.30, we have used the fact that an integration of a complete deriva-
tive is zero except for boundary terms. To evaluate the operator C(t,), first, we apply

L 2 . .
the second derivative operator %%_ to the exponential expression in C(t),
)

(4.31)
. . 92 92 .
Then we apply the second derivative operator 313, 03, twice to the same exponen-
tial expression,

22 02 1,1 x . ,
Cixltp) = 5732 (eXP (_2tgcﬁﬁtﬁ —t5 Coptp +1tg”p> > -
j =
= . 2 = = . 2 =
13 + (_Cf’jptp +1uf>j) ) (_Cﬁkf’k + (_Cﬁkptp +1uf>k) > +2C%j()k
—4Cp;p. ( —Coptp+ iHm) <— Cowptp + iMm)
(4-32)

After applying the second derivative operator a?i a?; a&zz three times to the expo-
P

2
P Pi
nential expression in C(t;),
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92 92 9?2 T 1~ T A T
Ciji(tp) = 32 o2 a2 \ &P *Etﬁ Coptp — 15 Coptp ity 1y
Pk Pj Pi

We can obtain the hierarchy
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{1
+ ch’]ﬁk<_§)ﬁk_2(_cﬁ)ptp +1Hp )( Cpkptp +1Hpk>>

(3,k)

3 ) 3 , _ (4-34)
2Co.p0 | Coape _2<_Cﬁaptp "‘lupa)(_cﬁbptp +1Hpb>
(a,b)’
<_ Cf’lﬁl + (_Cf’LPtP + ”’LPL) >

v
+ zcﬁ]f’kcﬁlpl <4< Coptp +iuﬁk) < Coiptp "‘mpl) Cﬁu‘h)

(i.%)

being the expression for the correlation operator. In the second line, the sum extends
over all pairs (j, k # j), and the product includes all indices 1 except (j, k). In the fourth
line, the sum extends over products of pairs (j,k # j) and (a,b # a), where (a,b)’
excludes the indices j and k, and the product includes all indices 1 except (j, k, a, b).
Analogous terms with products over three, four and more pairs have to be added.
The last two lines give the sum over products of three particles (i,j,kli # j # k),
and analogous terms with products over two, three and more triaparticles have to be
added.

Having evaluated the correlation operator C(t,), we insert I (t,) = C(tp) in the last
integration

d 1 +4
I3(p) = J (27;;2]\]@(’(1,) exp <2thpptp +1i <tp,p)> (4-35)

Notice that except for the correlation operator C(t,), the rest of the above integral
is a general Fourier transformation of a Gaussian. We can thus convert C(t,) into
an operator of the momentum p by replacing t, — —idp, pull it out of the integral
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by Equation 4.35 and carry out the final Gaussian integration to arrive at the final
expression for the iPDF for N particles

N—NE (—idy) 1 1~
Plq,p) = 2l exp (50" Colp ) (436)
(2m)3N detCpyp

4.3 COVARIANCE MATRIX

At the end of the last section, the final expression of the iPDF is derived, yet there is
one more item in Equation 4.36 that remains unknown. In this section, we thus sum-
marize how we estimate the covariance matrix from simulation data. Notice not only
the momenta covariance matrix Cpp, is of interest, hidden in the correlation operator
€ (—i0dp), we also need the density covariance matrix Cpp and the cross covariance
matrix between density and momenta Cgp,. Naturally, we wish to compute the covari-
ance matrices by directly calculating their spatial correlation functions, which, unfortu-
nately, is not efficiently achievable due to the enormous number of particles. Therefore,
in the following, we develop a different and more efficient scheme to first calculate the
spatial power spectra of particles and further compute their corresponding correlation
functions and covariance matrices from the SI simulation data. In the end, for the con-
venience of Chapter 5 and Chapter 6, we isotropize the momentum covariance matrix
and rotate it to the position and wavenumber space.

4.3.1 Initial Power Spectra and Correlation Functions

We will begin with a comprehensible definition of the spatial correlation functions.
Corresponding to the three types of covariance matrices Cpp, C5p and Cpp, there are
three types of spatial correlation functions, which respectively are density, momentum
and density-momentum correlation functions. Denoting density as p and momentum
as p; for i ={1, 2, 3}, the density correlation function is defined as

(P71
qufdig S =] etwetan 437)

Where L in the N-body simulation is the size of the simulation box. The spatial
correlation functions of the momenta follow the identical concept, but the momenta
are three-dimensional. We define

Coo(T) = (p(q)p(q +T7)) =

Co 1) = (Fula)py(d+ 7)) = =0 5| m@m@en =123
q
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(4-38)

They describe how each of the momentum components relates to each other at
different positions. Since covariance matrices are all symmetrical, then in three di-
mensions, there are n,, = 6 spatial momentum correlation functions. The spatial
cross-correlation functions between density and momentum components are similarly
defined by

— =

Jopl@pil@+7) 1
[d3q T3

Coi(T) = (p(q)Pi(G+ 7)) = J pl@pild+7)  1=1,23 (439)
q
They describe how the density relates to each of the momentum components at
different positions. In three dimensions, there are ny, = 3 spatial density-momentum
cross correlation functions.
Thus we have defined ng +mnpp +npp =146+ 3 = 10 spatial correlation functions
for a symmetrical covariance matrix, for N particles, it can be generated by

Coo(Tyj)  Cor1(Ty)  Coz2(Tij)  Coz(Ty)

C—Cy@Ey = C10(Tjij) 1 (iij) C]Z(Tjij) C13(1jij) By (4.40)
Coo(Ty5) C1(Ty) C2(Ty)  C23(Ty)
Gol(Ty) G1(Ty)  GG2(Ty)  C33(Ty)

with i = i — §; measuring the relative position of particle i and j.

The spatial power spectrum is merely the Fourier transform of the spatial correlation
functions defined as P(¥) = L C(f’)e_“z‘?. Thus the spatial power spectra respectively
for Equation 4.37-4.39 are

Poo(K) = | Coo(Fe T = E
JT

)= | GiFe ™ = Spig (K)pia(—K) (4-41)

Jr

Poi(k) = | Coi(Pe™ " = 5pki(K)prc(—K)

J

~

Pi; (

4.3.2 The Pipeline

Due to the enormous number of dust particles, instead of computing the spatial corre-
lation functions directly, we have chosen a different path. The essential concept is that
by transforming the density and momentum fields into Fourier space, we will initially
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calculate their spatial power spectra defined in Equation 4.41, then by looking for fit-
ting functions for the numerical power spectra, we can obtain our spatial correlation
functions and thus the components of the covariance matrices by performing simple
analytical integrations.

4.3.2.1  Fast Fourier Transform

To implement this method, the first step is to transform the density and momentum
fields into Fourier space. Here we employ the Fast Fourier Transform (FFT) by adapting
the FFTW code to the algorithm. Suppose we have a sequence of N complex numbers
{xx} = x0,%1, ..., XN—1, the discrete Fourier transform {Xy}:= Xo, X1, ..., Xn—1 1:

. 27k . 27tkn 2mkn
Xy = Z Xpe N = Z Xn [cos N isin T] (4-42)
n=0 n=0
For more details on the algorithm underlying, we refer to the tutorial paper by Frigo
and Johnson [13].

4.3.2.2  Clouds in Cells

Implied by Equation 4.42, in order to exploit FFT to our density and momentum fields,
it is essential to first place the particle positions on a grid. Taking both computation
time and accuracy into account, we introduce the clouds in cells (CIC) method to our
algorithm, the basic idea of which is to assign the mass of each particle in the simu-
lation box to the masses of all the grid cells next to it (in the three-dimensional case,
the number of neighboring cells is 23 = 8). The illustration of the CIC method in two-
dimensional space is shown in Figure 4.10.

In the following, we will demonstrate in the simplest case how to allocate the mass
of particles to the grids in three-dimensional space by the CIC method. Suppose we
have a three-dimensional grid, where each cell has unit length. Now we consider the
density assignment for a particle with coordinates {xp, yp, zp}. The smallest indices of
the cells related to this particle are given as:

i=pl; j=Mypl, k=Ilzp] (4-43)

where [x] is the integer floor function. For convenience, we can assume the cell’s
center is at {x¢,Yc,zc} = {i,j,k}. In three dimensions, a particle at {xp,yp,zp} may
contribute to densities in the parent cell {i, j, k} and seven neighboring cells. We define:

dy =%p —X¢; dy =Yp —Ye; dz=12zp—2zc (4-44)
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Figure 4.10: This picture is given to illustrate the concept of the CIC code. Suppose we have a
two-dimensional grid, the black grid points represent the center of cells and the
small red dots mimic particles, the side length of each cell is set to be unity, the
mass of each particle is one unit mass, for a particle at p = (x},yp), we can assign
its mass to the four grid points next to it, which are the points (i,j), (i+1,j), (i,j +
1),(i+1,j+1). The weight assigned to each point depends only on its relative
position to this particle. For example, for grid point (i,j), the mass it gains from
particle p is: Am;; = txty.

tx=1—-dx;, ty=1-dy, t:=1-d; (4-45)

The contributions to the eight cells are then linear interpolations in 3 dimensions as:

Piik = Pijk T Mptxtytz,  Pigijk = Pivijk +Mpdxtyty; (4.46)
Pij+1k = Pij+1k T Mptxdytz;  Pijr+1 = Pijk+1 +Mpixtydz; (4-47)
Pit1,j+1k = Pitrl,j+1,k +Mpdxdyty; (4.48)
Pi+1jk+1 = Pit1jk+1 +Mpdxtyds; (4.49)
PLi+1k+1 = Pij+1k+1 + Mptxdydz; (4.50)

Pit1,j+1k+1 = Pit1j+1,k+1 +Mpdxdydy; (4.51)
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Now to transform momentum fields to Fourier space, it is also essential to acquire
the momentum information for each grid cell. Here we decide to approximate the
momentum of each cell by adopting the momentum of the particle closest to the center
of that cell. With this approximation, a side effect could appear when the number of
particles in each cell is too large. In such case we could lose too much information.

Since the particle number in the simulation is relatively large, considering both the
algorithm’s efficiency and the resolution of the simulation, the grid size for each di-
mension is set to be 256, so on average, there is % = 1.25 = 1 particle in each cell. For
this reason, we consider our method of extracting momenta information to be reliable.

4.3.2.3 Initial Power Spectra

Now that the density and momentum fields are transformed to Fourier space, we
could already calculate their spatial power spectra based on Equation 4.41. To further
simplify the algorithm, if we assume that the size of the simulation box is significantly
larger than the correlation scales, then the short-time SI simulation (see Section 4.1)
will not alter the isotropic property of the system. Thus the spatial power spectra we
are looking for will no longer depend on the direction of the wave vector k, only the
absolute length of it, for that we can rewrite the density spatial power spectrum as:

Poo (k) = Pao(K) = 25 (€)p(—K) = 5 pi(RIP 4:52)

With regard to the spatial momentum power spectra Pij(lz), since the covariance
matrices is symmetric, we define

Pij(k) = % (Pij(]z) + Pji(]z)> - ‘9% (ij(]z)> R <pki(]2)> +73 (ij(ﬁ) J (pki(]z))‘

RS
(453)
Where 9R(z) and J(z) respectively give the real and imaginary part of a complex

number z. In analogy to the above calculation, we can immediately find the expression
for the new density-momenta spatial power spectra as

Pocli) = 5 (Poc(R) +Pro(R)) = o5 [ (pia (R)) 9% (pu(8)) +3 (pra (R)) 3 (),
(4-54)

Thus the combined spatial correlation functions (,~(r) of density, momenta and
density-momenta are then obtained by Fourier transform as

* dk

N L R NCLE 455)

Ly (1) = J

k
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sin(27tkr

where jo(27tkr) = =5 ) is the first order of spherical Bessel function, and p,v =

0,1,2,3.
In summary, the pipeline for obtaining the covariance matrices has 5 important
steps:

1. Place particles on grids, using the clouds in cells (CIC) algorithm;

2. Obtain density and momentum fields in Fourier space, using Fast Fourier Trans-
form (FFT);

3. Calculate spatial power spectra P, (k) in Equation 4.52-4.54 and find appropri-
ate fitting functions;

4. Obtain spatial correlation functions (.~ (1) in Equation 4.55 by reverse Fourier
transforms;

5. Generate covariance matrix C in Equation 4.40 by calculating ¢, (1) of each pair
of particles.

4.3.3 The Final Results

We start with the momentum power spectra Pi;(k) shown in Figure 4.11. Note that all
the k axis from here now on are scaled by 2=.

Initial Momenta Power spectrum
0.001 g

1
0.0001 £ !
1
1
1

1x10°5 o

1x10°° ¢

Pij(k)

-7 L
1x10 Pyy(k) ——
1x10°8 |

1x10°° ¢ P33(k)
Dissipation Scale = =
Correlation Scale = N

1x10-10 L L
1 10 100

Figure 4.11: The six independent components of the momentum power spectrum are shown
here. The red vertical line at k = 17.5 represents the dissipation scale 14 and the
grey vertical line at k = 42 represents the correlation scale 1.

They are all of similar shapes, characterized by a first (larger) scale at k ~ 17.5
and a second (smaller) scale at k ~ 42. These two scales represent respectively the
dissipation scale 14 and the correlation scale 1.. On scales smaller than 1., the particles
are significantly less correlated due to their random thermal motion. Moreover, since
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the simulated density field is resolved into a finite number of particles, shot noise
becomes visible at small scales, preventing the power spectra from falling to zero. On
scales larger than lg4, the curves approach power laws reflecting the turbulence. In
between these two scales, the dissipation process becomes visible, where the turbulent
kinetic energy is converted to heat.

The shape of the momentum power spectra are well described by the function

C2ij k2
Pij(k) = c1i45 + ij exp (-2(%) (4.56)

with cyj, c2i; and o35 being used as fit parameters. The exponents «;; are close
enough to 2/3 for keeping them fixed at this value. Best-fitting values for the remaining
coefficients are listed in Table 4.2, and the individual fits are shown in Figure 4.12.

C1ij - 1010 C2ij - 10-° 0yj
P11 92.12 33.8 9.74
P12 6.62 12.3 10.12
Pi3 2.72 9.98 10.37
Py 18.3 12.2 10.56
Pys 3.93 5.18 10.49
P33 342 8.51 10.37

Table 4.2: Best-fitting parameters for all six independent momentum power spectra. The small
but nonzero first value for all curves reflects the shot noise.

Even though the data become noisier towards small wave numbers, the fit function
follows the data accurately, and the common exponent «; = 2/3 well describes the
slope of the power spectra at large scales.

The density power spectrum Pgo(k) shown in Figure 4.13 suggests a fit function of
the form

Poo(k) = 220 exp <_k§> , (4-57)
k 203,

with best-fitting values for the parameters c1¢0, c200 and ogo shown in Table 4.3.

C200 000
Poo | 8.70 x 1072 | 65.64

Table 4.3: This table shows the fitting coefficient for the density spatial power spectrum Py (k).

Unlike the momentum power spectra shown in Figure 4.11, the density power spec-
trum keeps decreasing for increasing wave numbers k. At small wave numbers, the
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Figure 4.12: Momentum power spectra measured from the simulation (purple dots) together
with the individual fit functions of the form of Equation 4.56 (orange lines). The
blue dashed lines illustrate the k=2/3 slope for reference.

data becomes noisy, but the fit function still follows the data points reasonably well.

Since we do not want to model one simulation precisely, but to extract appropriate

model functions from it, we believe that our fit function of Equation 4.57 is acceptable.

Initial Density Power spectrum Fitting Initial Density Power spectrum at Small Scales
1.000000 g T 0.100000 T
0.100000 ~
0.010000 E
0.010000
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=] 5 0.001000 El
3 3
(-8 a
0.001000
0.000100 3
0.000100 &
Poo(k) ——
Poo(k) —+— Fitting Function
Fitting Function k3 Slope = -
0.000010 “* L L 0.000010 L
1 10 100 100
k k

Figure 4.13: Density power spectra extracted from the simulation (purple points) and modeled
by the fit function Equation 4.57 (orange line). Left: complete k range allowed by
the simulation data; right: small scales, i. e. large wave numbers. The blue dashed
line represents the k3 slope.

The right panel of Figure 4.13 enlarges the density power spectrum at smaller scales.

Notice that the power spectrum changes shape at around k ~ 85. At smaller scales, i.e.
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larger wave numbers, the power spectrum turns into a k3 slope, indicating structure
formation at small scales.

Initial Density-Momenta Cross Power spectrum
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Figure 4.14: Cross power spectra between the density and the momentum components. Similar
to the momentum power spectra shown in Figure 4.11, the orange vertical line at
k = 17.5 represents the dissipation scale 14, and the yellow vertical line at k = 42
the correlation scale 1.

Finally, we turn to the cross power spectra between density and momenta, illustrated
in Figure 4.14. The shape of these three cross power spectra closely resembles that of
the individual momentum and density spectra shown in Figure 4.11 and Figure 4.13,
with similar parameter values. A suitable fit function is

Cloi | C20i k?
Poi(k) = 500 + 1o, P <_2(7(2)i> : (4.58)

The extra exponent ¢; is introduced to follow the small-scale tails in Figure 4.14.
Fitting this function to the simulation data, we find universal exponents xp; = 1/3 and
Boi = 4/3. The remaining fit parameters are listed in Table 4.4. As Figure 4.15 shows,
the fit function follows the data points very closely.

cioi- 107" | c201-107% | o004
Po1 1.04 2.58 11.93
Po2 1.47 1.28 12.28
Po3 0.61 1.03 12.73

Table 4.4: Fit parameters for all density-momentum cross power spectra.
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Figure 4.15: Density-momentum cross power spectra overlaid with the fit function Equa-
tion 4.58, with exponents o;i = 4/3 and «p; = 1/3. The purple dots are the
data points, the green lines show the fits with parameters listed in Table 4.4.

From the density, momentum, and density-momentum power spectra deduced and
modeled above, we can now calculate the correlation functions (. (r) via the Fourier
transform in Equation 4.55, thereby dropping delta distributions originating from shot-
noise terms. The results are

\/%ﬁz%&}:<%r> for p,v=0
Cuv(T) = 1 . 7/3F7 Fi(Z 3 15242 f ~123
Y 376202104 T (§) 1F1 (62, —2057 or pv=1,.2
3cioi 8/3 _ _
LURT (2) + 5h=c20000, T ($)1F1 (4,3, —30302) for w=0,v=123

(4-59)

Here, F is the Dawson integral, I' the Gamma function, and 1 F; [z] the Kummer con-
fluent hypergeometric function. These correlation functions are shown in Figure 4.16.
We note the similarity of the curves in the three panels of this Figure. In particular,
they all change shape at a relatively small scale rq, above which they fall off more
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Figure 4.16: The density, momentum, and density-momentum correlation functions of Equa-
tion 4.59 are shown here in the left, center, and right panels, respectively. The
horizontal axes are scaled in L = 0.1H, i.e. with the same length scale as the simu-
lation boxes.
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For any pair (i,j) or particles, the complete correlation matrix can now be written
in the form

Cyy(rys) = (Coo(fij) C&Jm)) (4.60)

Cok(ryy)  Cralry)

with k,1 € 1,2,3 and ri; = |§; — §j|. The covariance matrix for the entire particle
ensemble defined in Equation 4.17 is then C = Cij ® Ey;.

4.3.4 Approximating The Correlation Operator

Now that the density covariance matrix Cp5 and the cross covariance matrix between
density and momenta C;p are generated from simulation data, we make use of their
amplitude difference and try to simplify the correlation operator €(—id;) = C(p).

The values and coefficients of the spatial correlation functions shown in Figure 4.16
and Table 4.3, Table 4.4 imply the following relations where

C‘jj P; > ijpk > Céjpk , C‘jj P; = COO(O) > ijpk = COO(Tjk > O) (461)

with the indices j and k indicating an arbitrary pair of distinct particles and (po(r) is
given in Equation 4.59. In the meantime, the initial momentum power spectra shown
in Figure 4.11 and their coefficients given in Table 4.2 further indicate that the value of
t,, satisfies

|tp, | <5.81-1072. (4-62)

Given the above relations, since the correlation operator C(p) has the hierarchical
structure given in Equation 4.34, we can ignore the terms including Cﬁjpktpk and

Cp;p in Equation 4.34 and approximate the correlation operator €(p) by the constant
only involving the density auto-correlations

e(p) =€ = (Cool0) +ud)" . (4.63)

with the mean value of the density field p as pup = \/aja, given in Equation 4.11.
Therefore we can write down the much simpler, but accurately approximated iPDF
for the ensemble of N dust particles as

b 3 eN—N 1ot 6
(a,p) = —exp (5P Cppp (4-64)
(27m)3N detCpp




4.3 COVARIANCE MATRIX

4.3.5 Rotate Momentum Covariance Matrix

To this point, employing the pipeline we developed in Section 4.3.2, the full initial
covariance matrix C has been recovered from a 3-dimensional N-particle SI simulation
for the iPDF we derived in Equation 4.36 and simplified in Equation 4.64. Due to the
significance of the momentum covariance matrix, in this section, we isotropize it for
the convenience of further calculations in Chapter 5 and Chapter 6.

Since all momenta correlation functions (i;j(r) share the same format, see Equa-
tion 4.55, and the fitting coefficients oj; shown in Table 4.2 have very similar values,
we can take the average of the oy; and define a new universal fitting coefficient & as,

i,j=3
1 )

o= Z Z Oij, (4.65)

Li=1ig

then a new universal correlation function (pp (1) can be specified as

. ] _7 7 7 3 ]_2 2
Cpp(T) = 2i2 o3l <6) 1F1 (6’ i'_io— T ) (4.66)

with its Fourier transform defined as the averaged initial momentum power spec-
trum Py (k)

. 2
Poli) = | Cplrle®7 = exp (5 ). 467

The only difference between each of the momentum correlation functions now lies in
the fitting coefficient c,1;. As shown in Figure 4.2, since the spatial scales we are consid-
ering are small compared to the scale height H of the protoplanetary disk, the density
distribution of the particles in the simulation box should be rather homogeneous and
isotropic, which implies the same for the momentum distribution. By calculating the
eigenvalues and eigenvectors of the sampled momentum covariance matrices Cy,p;, it
appears that all eigenvectors of them are very close to be aligned with the coordinate
axis and all eigenvalues are quite similar or at least have the same order of magnitude,
which indicate that the three axes could easily be treated equally, or we can say that
the system is indeed very close to being isotropic. Thus we can average the modified
momentum covariance matrix Cyp,p; to read

bo by by
Cpipj =|b;y by by Cpp (Tij) (4.68)
by by by
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with prefactors

1 1
bo = 3 (c211 +c222+c¢233); by = 3 (c212 +c213 +¢223) (4.69)

For calculating future KFT nonlinear density power spectra, we now rotate from the
coordinate frame of the simulation box into a coordinate frame in which the relative
position vector Ti; = i — ¢;j between the particles is the polar axis. We first define the
projectors

=404 m=13-mn (4.70)

parallel and perpendicular to q = 7;/[7;[. There, Cpip; 18 of the form

@

pipy = —Tilz —m2q® 4 = —(mq +ma)m —mymy (4.71)

Since matrix rotations do not change their trace and determinant, we first calculate
the eigenvalues of the matrix in Equation 4.68 being

A2 =(bo—b1)Cpp(rij), A3 = (bo+2b1)Cpp(Ti5), (4.72)

thus its trace and determinant are

trCp.p; = 3bolpp(rij), det Cpipj = (b — b7)?(bo + 2b; )C%p(rij) ) (4.73)

On the other hand, the eigenvalues of the momenta covariance matrix in Equa-
tion 4.71 are

Lio=—m, lz=—(m;+my). (4.74)

Identifying these with the eigenvalues in Equation 4.72, we have

mi(ryy) = (b1 —bo)Cpp(rij),  m2(ryy) = =3b1Cpp (1), (4.75)

which ensures that the trace and determinant of the matrix to remain unchanged.
Therefore, by setting m; and m, as above, we are able to rotate the momentum covari-
ance matrix Cp,p ; in the § space.

Due to the complicated analytic form of (,p (1), a simpler approximation will help
better understand its asymptotic behavior and further help with the KFT power spectra
analysis in Chapter 5 and Chapter 6. Define ((r) as

0.04
(0.0075 +12)7/6"

Cpp(T) ~C(r) = (4.76)
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Further define a;(r) and a,(r) as

. 107
fma (1) = —mi (1) ~ @3 (1) = (bo — b1)2(r) = (0'3057; +?2)7 - (4.77)
B B _ 11x10°°
ma(r)] = —mar) ~ aalr) =30 (1) = AL (4.78)

They are compared with the original functions (pp (1), Imq(r)| and [my(7)] in Fig-
ure 4.17. Notice at both small and large r, the asymptotic behavior of the approximate
functions match the original ones very well.

1 \
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Figure 4.17: The function of (,p (1) (blue line), [m; (r)| (green line) and [m;(v)| (purple line) are
shown together with their approximations ((r) (yellow line), a;(r) (red line) and
ay(r) (orange line) given by Equation 4.76-4.78.

Furthermore, Figure 4.18 also shows the shape of the averaged initial momenta
power spectrum Py (k) and its asymptotic behavior k3 at large scales.

Now for calculating future KFT nonlinear momentum power spectra, we need to
rotate to the wavenumber k space, in which the relative wavenumber vector l_{ij =
Ki — EJ- between the particles is the polar axis. Define projectors

f=kok @ =13-7 (4.79)

parallel and perpendicular to k= Eij / I]_{ijl and wave number k; is the fourier conju-

gate of particle position ;. Cp,p; has the same form in this space as

Cpip; = —mallz — msk @k = —(m3 + my) 7t — maft (4.80)

Comparing Equation 4.71 with Equation 4.80, we have
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Figure 4.18: The function of Py (k) (orange line) given by Equation 4.67 is shown together with
. . . 2 .
its asymptotic behavior k™3 (blue dashed line).

(my + mz)T[H +mym = (m3+ m4)7"r|| +m37t| (4.81)

respectively. Multiply this equation by 7 and 7t; and take the trace of the resulting
two equations to find

mz +myg = p?(my +ma) + (1—p?)my (4.82)
2mz = (1—pd)(my +ma) + (1 +pu)my (4-83)

We introduce the cosine p := k- § of the angle between kij and Tij,and apply the
following matrix trace equations

tr(f[HfEH) =1, tr(ftufu) =0, ’[I‘(f[”T[H) = LLZ, tr(ftwu) =1- uz, (4-84)
(e 7)) =2, t(rim)=1-pu? tr(@dim)=1+u? (4.85)

Thus by setting m3 and m4 as

1 , 3u2 1
m3 (i) = my (i) + 7 (1—p)ma(ry) = > by —bo | Cpp(Tij, (4.86)
3uf —1 3
my(rij) = Hz ma(ryj) =5 (1=3u2) by Cpp(ry), (4.87)

we can rotate the momenta covariance matrix to the wave number k space.
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4.4 SUMMARY AND DISCUSSION

In this chapter, we provided the last piece of the puzzle of applying KFT to planetary
formation and derived the initial probability distribution function in phase space (iPDF)
for N-point dust particles from a 3-dimensional streaming instability (SI) local shearing
sheet simulation. We started with listing the key parameters of the simulation and
realized two important points, one of which is that the time of the snapshot is chosen
to be nonzero which leads to potential structure formation in the system, the other one
is that the size of the simulation box is large enough for us to assume homogeneity
and isotropy yet small enough compared to the scale height of the protoplanetary
disk (PPD) to be able to represent anywhere of the disk.

Next, we related the particle positions with their density field and found out that
the momentum fields of dust particles are all Gaussian while the density field is not.
By Gaussianizing the density field and numerically approximating the inverse density
function, we made use of the multivariate Gaussian distribution in Equation 4.1 and
derived the final expression for the iPDF in Equation 4.36. It is worth mentioning here
that although in this thesis the data only shows the necessity of Gaussianizing the
density field, for other types of simulation data that show non-gaussian momentum
distributions, we can still employ the same method and Gaussianize them in a similar
manner as long as the new Gaussianized fields relate with the original ones by mono-
tonically increasing functions. And even better, since there will only be extra delta
function distribution, the final expression of the iPDF in Equation 4.36 stays in the very
same form.

We then reviewed the numerical method developed to extract the missing element,
the covariance matrices in the iPDF, from simulation data. Due to the enormous num-
ber of dust particles, we chose to recover the covariance matrices from their corre-
sponding spatial correlation functions, which were calculated from the inverse Fourier
transformation of their spatial power spectra. A total five-step pipeline was developed
in Section 4.3.2 to achieve this goal, among which, the most crucial was to find fitting
functions for the initial spatial power spectra of the dust particles. The final fitting and
inverse Fourier transform results were shown in Section 4.3.3. For momentum and
density-momentum power spectra, we saw two characteristic scales which represent
the correlation and dissipation scales of the system. And for the density power spec-
trum, it is interesting to see a k3 slope showing up at small scales. Building on these
results, we further made use of the value difference between the density covariance
matrix Cp5 and the momentum density cross covariance matrix Cp, and managed to
simplify the complicated correlation operator C(p) to a constant € in Equation 4.63 by
only preserving the density auto correlations.

In the end, we discussed the near-isotropic nature of the momentum distribution in
the system and isotropized the momentum covariance matrix for the convenience of
further computations. Furthermore, using the fact that matrix rotations do not change
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their trace and determinant, we managed to rotate the momentum covariance ma-
trix into the relative position and wave number space in the form of Equation 4.71 and
Equation 4.80 for calculating future KFT nonlinear density and momentum power spec-
tra in Chapter 5 and Chapter 6. Moreover, a simpler approximation of the universal
correlation function (pp (1) in Equation 4.76 is given for a better understanding of its
asymptotic behavior at large and small scales, which will come in handy for the later
KFT power spectra analysis.



DUST DENSITY POWER SPECTRUM BY KFT

In this Chapter, we focus on extracting the planetary structure formation information
by analyzing the KFT density power spectrum for dust particles derived from the gen-
erating functional in Equation 3.51,

ZdHJ=:qudpPthh9@m®+Mme+wl (5.1)

which is obtained by applying two density operators to Equation 3.20 and setting
the generator field J to zero afterwards, with

eN—N .
P(q/p) = — eXp p Cppp (5-2)
(2m)3NdetCpyp
2 2
Z - Z 9qp(tj)k; @ €, (5:3)
- =
2 4 i
Z J dt’'gqp(tj, ) <TS — Vg, @ > (5.4)

This chapter is structured as follows. In the first section, we factorize the generat-
ing functional and introduce the mean field approach for gravitational interaction to
derive the general expression of the KFT nonlinear density power spectrum. In the sec-
ond section, we first ignore the friction and gravitational interactions. In the limit of
Ts — 00, the freely streaming particles’ linear and nonlinear density power spectra are
derived and their small-scale asymptotic behavior is analyzed. In the third section, we
add friction interaction back to the picture. For different values of 15, we calculate the
linear and nonlinear density power spectra and analyze their asymptotic behavior at
small scales. In the fourth section, we welcome the gravitational interaction back into
the play. For different values of 15, we compute the gravitational density power spec-
trum and further determine the possibility of gravitational collapse and planetesimal
formation. In the end, the universality of a k3 tail for all the density power spectra
calculated above is concluded, suggesting scale-invariant structure formation below
a characteristic and time-dependent length scale, which is typically way below the
resolution limit of numerical simulations at early times.

On a side note, since the KFT calculations are based on the simulation results derived
in Chapter 4, whose time and lengths are scaled in the unit of H and Q, we would like
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to specify the dimensionless quantities will be used in Chapter 5 and Chapter 6 up
front. In the following, the length scale is set in the unit of L = 0.1H, the wavenumber
scale is set by ZT”, the time scale is set in the unit of Q~', which immediately means
that the friction coefficient ts in Equation 5.2-5.4 is actually the dimensionless quantity
Stokes number St = 15Q in Equation 2.25. Furthermore, since the gas density pg and
the speed of sound cs remain constants in our simulation and further calculations,
the Stokes number actually measures the size of dust particles. To keep its physical
meaning clearer, we will keep the mark 7 for the actual meaning of the Stokes number
St throughout all calculations in this thesis.

5.1 ANALYTICAL DERIVATION OF DENSITY POWER SPECTRUM

In this section, we start with the factorized generating functional in Equation 5.1, to
perform the integration. Notice if we ignore the interaction term S, the rest of the
integral becomes a complete Fourier transformation of the iPDF. Therefore, in the fol-
lowing, we aim to average the interaction term over the phase space coordinates and
pull it in front of the integral. Eventually, we wish to write the density factorized
generating functional as

with the gravity-free generating function Zg [L] defined above. By performing the
integration in Z$[L] and combing the averaged interaction results, we derive the final
expression for the KFT nonlinear density power spectrum.

Since the power spectrum only involves 2 particles, without losing generality, in the
following, for any two indistinguishable particles, we mark them with subscripts ; and
», while we mark the rest N — 2 particles with subscripts 5, ..., n.

5.1.1 KFT Nonlinear Density Power Spectrum

First, we focus on solving the gravity-free generating functional Z§[L] in Equation 5.5.
Integrating it over p gives

. 1 _
z§) =eN"N quel<Lq"‘1> Jdp exp <—2pTCp11P + i<Lp,P>>

3N detC
(2m) c1lethp (5.6)
=CeN—N qu exp (i(Lq, q)) exp <—2Lgcppr> .

Since the translation components L, L, given in Equation 5.3 only involve particles
1 and 2, We can split the integral above by particle index as
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Z3L] = eN"NQ(Kky, k2, t) J dqs...dqn (5.7)

with the integration over all other particle positions d; with i =3, .., N being

qug...qu =yN=2 (5.8)

where the factor V = | q; is the volume of the 3-dimensional space. The integral over
dr and g, becomes

Q(ki, k2, t) = L1 qu exp (—i (E] 1 +Ka- (jz)) .

T- - = 1o N R
exp (—sz Coipilpy — EI—popzszpz — Ly, CP1P2LP2> (5.9)

Since the momentum covariance matrix Cpp is generated from momenta correlation
functions in terms of the absolute distance between two particles, we further define
the relative position ¥ = @1 — g2 and its absolute value r = |7, then rewrite

Q(ky, k2, t) = Jq] exp <—i (E1 +]Zz) .q1) :

1o B D L
J exp <_2LP1 CP1P1 (O)Lpl - ELpchzpz(O)LPz - LP] CP]PZ(T)LPZ +1ik2 -1‘)

= (2m)38(k1 +k2)P(k1, 1),

(5.10)
which leads to the final expression of the gravity-free generating functional
Z3L] = eN"NVYN=2(20)35 (k1 + k2)P(Kkq, 1), (5.11)
with the gravity-free KFT nonlinear density power spectrum being
P(kq,t) = J efgﬁp(t)k%((ml (r)—my (O))+u2(mz(r)7m2(0)))efikwu , (5.12)

where 1 is the cosine of the angle enclosed by k and . mj(r) and m,(r) are given
in Equation 4.75. Here we have applied the expression of Cp, in position space given
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in Equation 4.71 and Equation 4.75 to the result, and we have also used here that
K1 +k2 =0as required by the delta distribution in Equation 5.10.

Before moving on, we would like to discuss more about the gravity-free density
power spectrum P(kj,t). Denote its integrand as

Le(k1,7) = exp (—gg, (1)K ((mq(r) = mq(0)) + 2 (m2(r) —m2(0)))), (5.13)

given the shape of m(r) and m;(r) in Figure 4.17, we realize at the limit of v — oo,
the integrand satisfies

lim Ic(kq,7) = exp (g2, (1)k7 (m1(0) + p?m2(0))) #0 (5.14)

T—00

suggesting the result of the integral in Equation 5.12 is divergent. To guarantee a
convergent density power spectrum, we split P(k1,t) from Equation 5.12 into

P(k1,t) —J (e—gﬁv“)kﬂm”Wzmz(”) —1) ey—ik”uj ey ik (5.15)
T

T

with
y(t, 1) = ga, (KT (M1 (0) + p?my(0) (5.16)

denoting the first term on the right-hand side of Equation 5.15 as P¢(kq,t), we have

Pe(kq,t) = ZT[J drr?l(r) = 27‘[J drr?-
0 0

1
J du (e—gépmk%(m (r)+u2ma(r) _ 1) eV - (5.17)
—1

At finite time t and wave number k1, using the asymptotic approximations of mj (r)
and m;(r) in Equation 4.77 and Equation 4.78, the expression in parentheses satisfies

lim (e~ (O (m (Hwma) 1) — lim g2 (1)K} (bo — by +3bru) o0

T—00 T—00 T7/3

=0,
(5.18)

In the limit of v — oo, the integrand r21(r) of Equation 5.17 becomes

2
lim r?1(r) = lim 0.04 gép(t)k2 . J du(bo — by + 3b; uz)ey(t’“)k% cos(kiru)
—1

T—00 T—00 T7/3

.
< 0,082, (1K} (b + 2b)e(tO fim L SIKIT)

Ao T =0, (5.19)
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which guarantees that P¢(kq,t) converges at large r. We have used here that y(t, p)
is a negative, monotonically decreasing function of 1? with a maximum at y(t,0). The
more detailed discussion in Section A.2 shows that we can safely ignore the second
integral on the right hand side of Equation 5.15 and write down the final expression
for the non-linearly evolved density power spectrum

Pelka, t) = J (e’gép(t)kﬂm] (M)+wrma () _ 1) eV kT (5.20)
T

5.1.2 Average The Gravitational Interaction

Now that the gravity-free KFT nonlinear density power spectrum is found in Equa-
tion 5.20, we analyze in this section the interaction term S; in Equation 5.4 and present
the mean field approach for averaging the gravitational interactions between dust par-
ticles, which is a great simplification compared to other perturbation approaches and
will be massively used throughout Chapter 5 and Chapter 6.

Notice the interaction term Sy has two important parts. One marked as Sy; in Equa-
tion 5.21 comes from the friction between dust and a constant background gas field,
the other one marked as S;, represents the self gravitational interaction among dust
particles,

2 t = =
- Uo kg up
S = —ij J' dt/gqp(t]‘,t/)? = T <
i=1 0 s s

2 t

(b - -
Se=) K L dt'gqp(tj, t')Vq, @ =k (L

=1

t2 t
J dt'gqp(t2, t') —J dtlgqp(tht')) ,
0 0

dt'gqp(t1, t')Vgq, @ — JO dt’gqp(tz,t’)qucb> )

(5.21)

Here we have used the relation k1 +k, = 0 given by the Dirac delta function in
Equation 5.10. Since we are interested in the density power spectrum of two different
particles at the same evolution time t; = t, = t, the above expressions instantly
simplify to

SII = 0/

. t ~ ~ (5.22)
Sy, =Ky .L dt'ggp(t,t') (Vm(D —VqZCI)) ,

which means the friction with the constant background gas field only contributes to
the nonlinear density power spectrum through its propagator gqp (t) in Equation 3.39.
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Therefore, the only expression left in the interaction term S; is the gravitational inter-
action, thus we can rewrite

t

SI = SIZ = E] J dt/gqp(t,t/) (ﬁql(D —ﬁq2®> . (523)

0

To investigate the effect of the interaction term on the density power spectrum, more
generally, we set the initial time of switching on the self-gravity of dust particles as to,
thus the expression of the interaction term Sy in Equation 5.23 becomes

t
S1=—ki J dt'gqp(t, t')(f1(t") = f2(t')) with fi(t') = -V, O, (5.24)
to
where f;(t) is the gravitational force acting on particle i. Dropping the time argu-
ment for brevity, we bring the force terms into the form

N
fi—f2=2f2+ ) (fij—1fa) (5-25)
=3

where ﬂj is the force on particle i due to particle j, and we have used 15 —fo1 = 2f1>
by Newton’s third law. If we can neglect three-point correlations for now, the second
term on the right-hand side of Equation 5.25 can be neglected in an isotropic random
field since the forces exerted by particles j with j > 3 on particles 1 and 2 will vanish
on average because there is no preferred direction they could point to. We can then
simplify the interaction term to

t
Si=2F1- | dt'gep(t,t)¥10a(t) (5.26)

to

containing the projection of the force f1, between particles 1 and 2 on the wave
vector k7.
To average the force term V1 ®,, first consider the Poisson equation

V20 = 4nGyp, (5-27)

Where p(q,t7) is the particles” number density at position d and time t; given in
Equation 3.46. Now we write the gravitational potential ®(q) in the Fourier mode as

o(q) = ZJ (i)jeik~(a—qj) (5.28)
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with @; being the Fourier mode of the gravitational potential of particle j. The
Fourier transformation of Equation 5.27 on particle j thus becomes

—k?®; = 4nGo, (5-29)

and the gradient of the potential of particle 2 at the position of particle 1 is

- K ¢
Vi@, (t) = —i47cGoJ el (@t -dz(t)) (5.30)
L K

A seemingly radical approximation of the interaction term Equation 5.26 consists
in replacing the potential gradient V;®, between the particles 1 and 2 by a suitable
average. Simply averaging V;®, over all particle pairs would return zero because of
the statistical isotropy of the particle distribution. It is thus important to realize that
the interaction term in Equation 5.26 contains the projection of the potential gradient
on the wave vector k; of the density mode considered. We thus need to calculate
the projection ki - V1®; in a suitable average which does not vanish for particles
correlated with the density mode K;.

For uncorrelated particles in a homogeneous random field, the direction of V1@, is
random with respect to 121 , thus its contribution to the average must vanish, while the
correlated part remains. We thus weigh the potential gradient V;®, with the density
correlation function &, (|q7 — q2|) at time t and take the Fourier transform of the result
to obtain the average Fourier component of the potential gradient at wave number ki,

(V1®@2)(k1,1) —J Eo(q12,t) Vi De k-2 (5-31)
q12

with 12 = d1 — q2 and q12 = [{12|. Let us further write the Fourier representations
of £,(q12,t) and V1®; as

o 5 K2 o
Eol(qia,t) = J P(k,t)e 92, VD, = i47TGoJ %elkz'q”, (5-32)
k ko K2
where P(k) represents the dust density power spectrum at evolution time t. Plugging
them into Equation 5.31 we obtain

— k P . -

(V1D3)(kq,t) = —i47rGOJ J p(klt)zj ol (K+K—K1)-d12
k Jka qi12

(533)

0 k (k] —k)z
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The mean interaction term then can be written as

t
(S1) (K1, t) = 2Kk, J dt'gqp (t, t)(V1®@2)(kq,t'), (5.34)

to

with the averaged potential gradient in the direction of the wave vector k1 as

A o iGo [ k
. 0 / _10J' 2p tNT [ = )
k1 - (V1®2)(kq,t") 7 o dkk“P(k,t")] o) (5-35)
where
1—y2 1+y
=1+ In . .36
J(y) 7y = (5-36)

Thus we have averaged the gravitational interaction term over the phase space coor-
dinates and left it a function of wavenumber k; and evolution time t. Pulling it out of
the factorized generating functional in Equation 5.1 and combing with the results in
Section 5.1.1 gives the final expression of Z4[L] as

Z9[L) = eN"NVNT2(2m)35 (K7 + ko) el S Py(kq, 1) (5.37)

with the full KFT nonlinearly evolved density power spectrum being

Pylky, t) = eSUP(kq,1). (5.38)

Due to the complicated form of Pg(kq,1t), in the following sections, we will analyze
the full KFT nonlinear density power spectrum step by step. In Section 5.2, we calcu-
late the linear and nonlinear free density power spectrum for freely streaming dust
particles and introduce the new asymptotic method to analyze its small-scale asymp-
totic behavior. In Section 5.3, we further consider adding the friction with the constant
background gas field to the system and compute the friction density power spectrum
using the same method developed in the last section. In Section 5.4, we finally present
the analysis of the full KFT density power spectrum considering both friction and grav-
itational interactions and extract the information on gravitational collapse for different
strengths of friction in the system.
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5.2 FREELY STREAMING PARTICLES

We start with the propagator gqp(t,t’) defined in Equation 3.39. Since the friction
coefficient T measures the time a particle needs to adjust to the underlying flow, in
the limit of Ts — oo, a particle needs forever to adjust to the underlying flow. The
friction force in Equation 2.22 thus becomes

. > ) P — o
lim f= lim _P
Tg—00 Tg—00 Ts

=0, (539)

meaning there is then no friction between dust particles and the background gas.
The corresponding free propagator becomes

_ 4/ _ 4/
lim gqgp(t,t') =go(t,t') = lim <1—exp (—t t >> = lim Tst ! =t—t'

Ts—00 Ts—00 Ts Ts—>00 Ts

(5-40)

Now if we further ignore the gravitational interaction embedded in the interaction
term S; and require

SIfree = 0/ (5~41)

then we get the exact dynamic setup of freely streaming particles. Their KFT nonlin-
ear density power spectrum becomes

Prree (K1, 1) :J (e—gé(t)k%(nu (1) +p2ma(r)) 71) €93V (M1 () +ima(0)) —ikiri (5 459
T

In this section, we first derive the expression of the linear free density power spec-
trum Pjin(kq,t) for the freely streaming particles at a very early evolution time and
analyze its k~' small-scale asymptotic behavior. Then we return to the nonlinear free
density power spectrum P (k1,t) by employing a new analytical asymptotic method
developed by Dr. Sara Konrad in Konrad [25]. Furthermore, for the nonlinear density
power spectrum, we analyze the time dependence of its k3 small-scale asymptotic be-
havior and conclude that the structure in a system filled by freely streaming particles
first accumulates until it reaches its maximum and then dissipates at small scales.

5.2.1 Linear Density Power Spectrum

At very early times, the free propagator satisfies go(t) = t — 0. The exponential in
Equation 5.42 can thus be Taylor approximated to first order,
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Piree(k1,t) = Prinlky, t) = —gé(t)k%J (ma (1) + wma(r)) eI (5.43)

T

Integrating it over the spherical coordinates p and ¢ gives

6b7 sin(kq1)

o — 6b; COS(k]T)) Cpp(T)

Pinlkn, ) = —dmig3 (1) J:O ar [ (

—(bo+2b1)k1TSin(k1T)Cpp(T)] - (5-44)
(1)

The integral over (1) can be carried out to give

4mgg(t) L dr (bo + 2b1 )k vsin(kiT)Cpp (1) = ggki (bo + 2b1)Po(k1) (5.45)
with the averaged initial momentum power spectrum Py (k1) defined in Equation 4.67.

Since Po(k1) o k—2/3 at small wave numbers, i.e. at large scales, the integral (1) is
proportional to k?/ 3 when k; is small. On the other hand, substituting v — 171/k1 in
Equation 5.44 gives

2(¢) (o0
Timflat) = —ngo() Jo driCpp <T1> .

1 K1
<W—6b1cos(r1)—(bo+zb1)r1 sin(r1)> . (5.46)
1

When k; — 0, according to Equation 4.76, we have (pp (v1/k1) o< (k1 /719 )7/3, thus
the linear density power spectrum satisfies Py, (k1,t) o k?/ 3, which coincides with
the conclusion on the integral over (1). For ki — oo, the result of the integral in
Equation 5.46 can be shown to be independent of k; in Section A.1.1, thus the density
power spectrum satisfies Py (k1,t) o kl_l for small scales.

Figure 5.1 shows the linear free density power spectrum Pj;,(kq,t) defined in Equa-
tion 5.44 at t = 0.47 together with its asymptotic behavior at both small and large k1,
which verifies our asymptotic analysis for both small and large scales. Note that the
radical change of the curve around scale k; ~ 10 is due to a sign shift of computing
Equation 5.44. Though the power spectrum is expected to be positive, the integral over
the linear Taylor expansion of the modified density power spectrum in Equation 5.20
could as well become negative.
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Figure 5.1: Illustration of the shape of the linear density power spectrum Py, (k1,t) (blue line)
and its asymptotic behavior at small (yellow dashed line) and large scales (green
dashed line).

5.2.2  Free Density Power Spectrum

We now return to the non-linear free density power spectrum in Equation 5.42 and
integrate over the angular coordinates ¢ and p to write

Pireekr, 1) = Z”L drr?U(r) (5.47)

as in Equation 5.17 with the function 1(r) being

k%r2

2 2
_ynP (930116 (m1 (1) — 11 ) + sz torwsren) '
2

1

Va0 (ma(0) — ma (1)

1(r)

ki1 — 2ig§(t)k] (m2(0) —m(r)) ki1 + 2ig§(t)k] (m2(0) —m(r))

—erf erf +
2\/g3(UK (m2(0) —ma (1)) 2\/g3 (UK (m2(0) —ma (1))
kZT‘Z
@exp <gé (t)k%m1 (0) + 49%(t)]]<%m2(0)) ‘
2 g3 (1)k3m, (0)
ot ky1 —2ig3(t)kfm;(0) ot k1T +2ig3(t)k?m2(0)

2/ (OKma0) ) 2 /2em© )|
(5-48)

where erf(z) represents the error function. Figure 5.2 shows the function r21(r) and
its large-scale asymptotic behavior at three different scales at time t = 47t. With in-
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creasing wave number, m21(r) more and more resembles a delta distribution. In all
the plots, the function decreases to negligibly small values with an envelope propor-
tional to 1=4/3, confirming that our results for the non-linear density power spectrum
Ptree(k1,1) as shown in Equation 5.19 converge.

\ w0 =
Ve ] -
l } A c 10 A 2I(r) < A(r)
i 3 Slope 10 | 73 Slope 3 Slope
1 0B M w010} 1

Figure 5.2: The radial integrand of the free power spectrum, r21(r), is shown here for k; = 1.0,
k1 = 25.0 and k1 = 80.0 (blue lines) at time t = 47t. The yellow dashed lines indicate
the /3 slope.

Figure 5.3 shows the directly integrated function Pgee(k1,t) and compares it to the
density power spectrum Py, (kq,t) linearly evolved to t = 4m. At large scales, it re-
produces the k4/3 slope of Pjin(kq,t). At small scales, however, nonlinear evolution
causes the spectrum to fall off like k—3. This asymptotic slope sets in near k ~ 25,
which coincides with the scale where 121(r) in Figure 5.2 changes shape.
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Figure 5.3: The linearly evolved density power spectrum Py, (k1,t) (blue line) compared to the
free non-linear density power spectrum Pgeq(ki,t) (yellow line). The asymptotic
behaviour at large (green dashed line) and small scales is also indicated. At small

scales, the linear power spectrum falls off like k~! (red dashed line), while the free
non-linear power spectrum develops a k—3 slope (purple dashed line).

To better understand the k—3 behaviour at small scales, we adopt an asymptotic
analysis developed by Konrad [25]. Consider integrals of the form

P(K) = J e KT g (x)elK Ry, s >2 (549)
D
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over a possibly unbounded domain D C R3. Following Konrad [25], if the function
f(x) satisfies the three criteria that

1. f(x) has an isolated global minimum at X = 0;
2. f(x) is quadratically integrable on IR3; and
3. the Hessian matrix A = 0;0;f(x) exists at the origin and is positive definite,

then its asymptotic expansion in the limit k — oo can be expressed by

P(K) ~ g(0)e 7O), | 1207 < KA Tk

T —— k . .
‘k‘gs detA exp 2|k|5 ) as | ‘ — 00 (5 50)

We rewrite the non-linear density power spectrum in equation 5.42 as

Prree(k1,t) = J e—gé(t)k%((ml (r)—my (0))+u2(mz(r)—mz(0)))efikwu
T

_J 93 (1)KE (m (0)+142m (0)) y—ikyTi (5.51)
T

As will be shown in Equation A.24, the second term drops to zero exponentially for
k1 — oo, allowing us to restrict the asymptotic analysis to the first of these integrals.
The functions f(x) and g(x) from Equation 5.49 become

f(r) = g5(t) (m1(r) = m1(0)) + (m2(r) —mz(0)) w?) , g(r)=1. (5.52)

Requirements 1 and 2 are obviously satistied based on the analysis of mj(r) and
m;(r) in Equation 4.77, Equation 4.78 and Figure 4.17. To examine requirement 3, we
expand f(r) into a Taylor series around r =0,

52

2 3 ® r(Z Caah M
f(r) = (by —bo—3uzb1)2g(/’£:267/3r (2> > rE?ﬁ;( Tf, ) , (5:53)
3 !

n=1

where we have used the Taylor series of a hypergeometric function as

_ v alatl)--fatn-—Dz" T() &
1F‘(a’b’2)_éb(b+1)~--(b+n—1)n!_F(Z)Z

Thus the Hessian A at the origin reduces to the matrix

A= aiajf(THT:O = 9(2)0% [(bo —by)l3 —|—3b1]2.1 ®]A<1} , 0‘% =
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(5-55)

with by > by > 0. This shows that requirement 3 is fulfilled.

The nonlinear free density power spectrum Pgee(k1,t) in Equation 5.42 thus meets
all three requirements. Since f(0) = 0 and g(0) = 1, its asymptotic expansion for
k1 — oo reads

inree(]q ) ~

Ta—1 (0)
1 [(2n)3 (_k1A k1>:fP (t) (5:56)

ki V deta & 2k 2 k3

This k—3 asymptotic behavior only depends on the number of spatial dimensions
(d = 3) and the shape of the function f(r). Since f(r) solely depends on the initial
momentum correlation functions of dust particles, the small-scale tail proportional
to k=3 is entirely fixed by the initial conditions of the particle ensemble. As time
passes, the non-linear free density power spectrum will thus always approach the k=3
asymptotic behavior. Let us now explore its time dependence.

5.2.3 Time Dependence of Small Scale Behaviours

Figure 5.11 shows the non-linear density power spectrum Pgee(ki,t) at four different
times. All these spectra develop the universal k=3 slope at small scales. At larger
scales, the spectrum grows with time, while it first increases then decreases at small
scales. This reflects that structures form by correlated, freely streaming particles. Their
collective streaming builds up structures at all scales first, but then destroys them later
on scales small enough for particle streams to cross.

To better understand how the amplitude of the k3 asymptotic tail depends on time,
the left panel of Figure 5.5 shows the power k? Piee(ki,t) with the wave numbers kg
marked by points where the k=3 asymptotic slope is reached. As time proceeds, ko
moves towards larger scales (smaller k), while the amplitude of the k3 tail first in-
creases, then decreases. The relation between ko and time t is given in the right panel
of Figure 5.5. Its decreasing slope shows that structure formation rapidly proceeds to-
wards small scales first and then slows down. Additionally, we mention that since the
free propagator has the form go(t) = t, the right panel of Figure 5.5 furthermore repre-
sents the relation between the starting scale ko and the general propagator. Therefore,
in the following sections, if we replace go(t) by gqp(t), the relation between ko and
gqp (t) remains the same as shown in this plot.

We further evaluate the amplitude P(©) of the asymptotic tail defined in Equa-
tion 5.56. The Hessian A in Equation 5.55 has the determinant

det A = (bo —b1)? (bo +2b1) g§(t) 0§ (5.57)

and the inverse

1 1 3b A R
-1 _ N 1
AT == (]13 7(b0+2b1)k1 ®k1> , (5.58)
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Figure 5.4: Non-linear density power spectra Pgee(K1,t) together with their small scale asymp-
totic behavior (orange dash-dotted lines) at the four different times t = 0.67 (purple
line), t = 17 (yellow line), t = 2.57t (green line) and t = 47 (blue line).
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Figure 5.5: Left: Power k??ﬁ-ee(k] ,t) as a function of k; at the four different times t = 0.67
(purple line), t = 17 (yellow line), t = 2.57t (green line) and t = 47t (blue line). The
red dots mark the wave number ko where the k3 slope is reached. Dependence of
ko on time, with the points indicating ko for the four different times given.

thus the amplitude P(®)(t) becomes

PO(t) = ] 2> _ (— 1 ) (5.59)
g3(t)o3 (bo —b1) | bo + 2b; P 2g3(t)o% (bo+2by) /) .

It reaches a maximum with height

3/2
(0) 67 bo + 2b; 1 1
P =|— ————— =~ 7553 at thax = ——— =~ 0977n. (5.6

max < e ) bo — b; a a 1 3(bo +2b7) ™. (5:60)
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Figure 5.6: Amplitude P(©)(t) for the asymptotic k3 tail of the free, non-linear power spec-

trum as a function of time t. The blue point indicates its maximum fPr(I?a)x at time
tmax according to Equation 5.60. The yellow points are obtained by direct integra-
tion of Equation 5.20. The four red points mark the amplitudes at the times t = 0.6,
t=1.0m, t=25m and t = 4.0m.

Figure 5.16 shows the amplitude P(°)(t) for the k3 asymptotic tail as a function of
time, calculated analytically by Equation 5.59 and numerically by direct integration of
Equation 5.42. Their perfect match confirms the asymptotic result. The rapid increase
at early times shows that small-scale structures form rapidly. After tmax, the amplitude
of the k=3 slope decreases, showing that small-scale structures are destroyed after
formerly convergent particle streams cross and begin diverging.

5.3 FRICTION DENSITY POWER SPECTRUM

In Section 5.1.2, we conclude that the effect of the friction interaction to the density
power spectrum only shows up in the propagator gqp(t,t’) by Equation 3.39. Thus to
evaluate P¢(k, t) in Equation 5.20, we first study the value of the friction coefficient T
in gqp(t).

Figure 5.7 shows the shape of gqp(t) with five different friction coefficients T =
0.25,15 =0.5,Ts = 1.0, 7, = 5.0, 75 = 10.0 and the shape of the free propagator go(t) =
t. Compared to the free propagator, the friction coefficient T sets an upper limit for
gqp(t). The larger 5 becomes, the more similar gqp(t) and go(t) become. This result
makes perfect sense since Ts defined in Equation 2.23 and Equation 2.25 directly relates
to the size of the particles. The larger the particles become, the less coupled they are
to the gas and the weaker friction drag they feel. At the limit of Ts — oo, the friction
disappears and it recovers the free propagator go(t).
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Figure 5.7: This plot compares the propagator gqp (t) in Equation 3.39 respectively at ts = 0.25
(blue line), s = 0.5 (yellow line), Ts = 1.0 (green line), Ts = 5.0 (red line) and
Ts = 10.0 (purple line) together with the freely streaming propagator go(t) = t
(brown line).

In this section, we still ignore the gravitational interaction among dust particles,
yet return to the full expression of the propagator gqp(t,t’) in Equation 3.39 and the
nonlinear density power spectrum P¢(kj,t) in Equation 5.20 to reconsider the friction
interaction between dust and the constant background gas field in the system. We
start with deriving the expression of the linear density power spectrum Pgi,(k1,t)
for very small dust particles and conclude the development of the k= tail at small
scales. Next, for larger dust particles at finite evolution time, we compute the non-
linear density power spectrum P¢(k1,t) by employing the same asymptotic analysis
shown in Section 5.2.2. In the end, we analyze the time and particle-size dependence
for the small-scale k3 asymptotic behaviors of P¢(kq,t) and find a critical particle
size T pure mathematically which corresponds to the maximum small scale structure
formation.

5.3.1 Linear Power Spectrum At Small T
We start with very small particles, since the propagator always satisfies gqp(t,t') < 75,

at the limit of T — 0, the exponential in Equation 5.20 can be Taylor approximated to
the first order,

Pe(ke, t) & Pain(kr, ) = —ga, (KT L (M1 (1) + wPmy(r)) e Harw (5.61)

after integrating over the spherical coordinates p and ¢, it becomes
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o0 dr[ <6b1 sin(kq1)

o —6b; COS(k]T)) Cpp (1)

Pain (K1, 1) = —dmg? (1) JO

— (bo + 2b; )k1TSin(k1T)Cpp(T)] , (5.62)

which has the identical expression as Equation 5.44 just with a different propaga-
tor gqp(t). Thus we conclude that the linear density power spectrum also satisfies

Pain(kq,t) x k% at large scales, and at small scales, it follows Pgin(k1,t) o< kﬂ‘

Figure 5.8 shows the linear density power spectrum Pgi,(ki,t) defined in Equa-
tion 5.62 with parameter T = 0.01 at t = 0.001 and t = 10.0 together with their
asymptotic behaviors at both small and large ki, which verifies our previous conclu-
sions at both small and large scales. The fact that the value of Pgi,(ki,t) becomes
larger at later times implies that there is continuous structure formation at all scales as
time proceeds, while the shape of the propagator g4y, (t) in Figure 5.7 further indicates
that the structure formation for small size particles already rapidly occurs at a very
early stage of evolution.

‘‘‘‘‘

Figure 5.8: This plot illustrates the shape of linear density power spectrum Py, (kq,t) with
Ts = 0.01 at evolution time t = 0.001 (blue line) and and t = 10.0 (yellow line).
Their asymptotic behavior at small and large scales are represented by the green
and red dashed lines.

Figure 5.9 shows the shape of the linear density power spectrum Pg;, (k1,t) at evolu-
tion time t = 10.0 with friction coefficients s = 0.1, Ts = 0.01 and 75 = 0.001 together
with their asymptotic behaviour at small and large k;. For all three values of t5 we
consider here, the propagator satisfies gqp(t = 10.0) =~ Ts. The comparison of the
three curves suggests that at the range of small 7, relatively larger dust particles that
experience weaker friction actually bring more power to the KFT linear density power
spectrum, meaning it stimulates more structure formation when the dust particles
have more time to evolve and interact with the background gas.
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Figure 5.9: This plot illustrates the shape of linear density power spectrum Py, (kq,t) at evolu-
tion time t = 10.0 with friction coefficient 75 = 0.1 (blue line), Ts = 0.01 (yellow line)
and ts = 0.001 (green line). Their asymptotic behavior at small and large scales are
represented by the red and purple dashed lines.

5.3.2 Non Linear Power Spectrum At Large Ts

When the friction coefficient T gets larger, the linear approximation of the density
power spectrum P¢(kq,t) only remains true at a very early stage of evolution. In the
limit of t — 0, the propagator satisfies

}ig(g gqp(t) =go(t) =t =0, (5.63)
thus we return to the linear free density power spectrum Py, (k1,t) in Equation 5.61.
All analyses and asymptotic behavior we deduced in Section 5.2.1 remain true in this
case.
While when the evolution time t gets larger, the linear approximation no longer
holds, we need to return to the nonlinear density power spectrum P¢(kq,t) given in
Equation 5.20. Integrating it over spherical coordinates ¢ and u to write

o0
Pe(kq,t) = ZNJ drr?1(r) (5.64)
0

as in Equation 5.17 where 1(r) has the same expression with Equation 5.48 with a
different propagator gqp(t).

Figure 5.10 shows the direct integration of function P¢(kq,t) with friction coefficient
Ts = 5.0 and compares it to the linear density power spectrum Pgin(kq,t) in Equa-
tion 5.62 at evolution time t = 10.0. At large scales, it develops a % slope same as
Pin(k1,t), while at smaller scales, the nonlinear growth becomes more important and
the power spectrum develops a k=3 slope just as the nonlinear free power spectrum in
Figure 5.3.
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Figure 5.10: This plot compares the linear density power spectrum Pg;,(kq,t) (blue line) with
the nonlinear density power spectrum P¢(kq,t) (yellow line) together with their
asymptotic behavior at large (green dashed line) and small scales. At small scales,
the asymptotic behavior of the linear power spectrum is proportional to k= (red
dashed line), while the nonlinear power spectrum develops a different k—3 slope
(purple dashed line).

We can employ the same asymptotic analysis shown in Section 5.2.2 to explain the
k~3 behavior at small scales. Given that the only difference between Pgeq(k1,t) and
Pi(k1,1) lies in the propagator gqp(t), we can immediately write down its asymptotic
expansion for k; — oo as

_ (0)
1 (2m)3 ki A; kg P (t)
Pe(k1) ~ —= — = , 6
0~ 0 | deta, P ( Tl )~ P (565
where the new Hessian matrix A at the origin reads
As=ga, (1)o7 [(bo —b1)l3 +3b1ky @ Kk4] , (5.66)
and the new amplitude for the k3 slope becomes
PO (1) = 1 2% exp (- : (567
f 93, (t)o3 (bo —by) |/ bo +2by P 2g2,(t)of (bo+2by) ) = 7

5.3.3 Time and Particle-Size Dependence At Small Scales

To investigate the time dependence of the nonlinear density power spectrum, Fig-
ure 5.11 shows the direct integration of function P¢(kq,t) with friction coefficient
T, = 5.0 at different evolution time t = 2.0, t = 10.0 and t = 100.0. We can see once
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more that the k—3 asymptotic behavior at small scales is universal. The comparison of
the three curves at different times shows that at larger scales, the power of the density
field grows over time, while at smaller scales, the amplitude of the k—3 slope first in-
creases then decreases, which indicates that structures formed by correlated particles
interacting by friction build up at all scales during an earlier periods of evolution, yet
as time proceeds, structures at small scales start being destroyed.

Pr(t=2.0)

Density Power Spectrum (s =)

Py(t=10.0)
Pr(t=100.0)

3 Sope

Figure 5.11: This plot shows the density power spectrum P¢(kq,t) with friction at evolution
times t = 2.0 (blue line), t = 10.0 (yellow line) and t = 100.0 (green line) with
the friction coefficient T = 5.0. At small scales, they all develop k—3 slopes (red
dashed lines).

To investigate how the size of particles affects the shape of the nonlinear density
power spectrum, Figure 5.12 shows P¢(kq,t) at evolution times t = 2.0 (left panel) and
t = 10.0 (right panel) with friction coefficients T = 5.0, Ts = 10.0 and 75 = 20.0. In
the left panel, the power of the density field grows with the friction coefficient T4 for
almost all the k1 concerned, which suggests that with the size of the particles becoming
large and the corresponding friction between dust particles and the background gas
becoming less effective, more structure formation occurs at all scales during a relatively
earlier period of evolution. However, in the right panel, that is no longer the case. The
nonlinear density power spectrum still becomes stronger with larger ts on large scales,
however, at small scales, the amplitude of the k3 slope decreases with T getting
larger, indicating more structure is being destroyed at small scales during a relatively
later period of evolution for larger size particles that experience less friction drag from
the background gas.

Notice in Figure 5.10, Figure 5.11 and Figure 5.12, the nonlinear density power spec-
trum P¢(kq,t) always gets stronger at large scales with larger friction coefficient T
and longer evolution time t, while at small scales, it behaves in a more complicated
manner.
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Figure 5.12: These two plots show the shape of the nonlinear density power spectrum P¢(kq,t)
at evolution times t = 2.0 (left panel) and t = 10.0 (right panel) with the friction
coefficients ts = 5.0 (blue line), ts = 10.0 (yellow line) and t5 = 20.0 (green line)
together with their small scale k—3 asymptotic behavior (red dashed lines).

To quantify the time and particle-size dependency of the small-scale asymptotic be-

ari’(v) _ a®® dgqp _

haviors, we first require the amplitude of the k=3 slope satisfies ~——L—— = dgqp dt

0, its maximal ﬂ’f(i) at time t,, can be obtained as follows

3/2
(0) (0) 671 bo + 2b; dq
ime = Pmax = <€> m, tm=—TsIn|(1— % (568)
where
b = 4|~ 3.04 (5.69)

In Equation 5.60, notice that the maximal value of the amplitude fPf(O) (t) remains

the same constant for all friction coefficients t5 even in the case of T3 — oo (ﬂ’l(l?a)x).
While the expression for time ty, sets a limit for 5. In the case of Ts > gqpm, tm exists
and monotonously decreases with T getting larger, see Figure 5.13, meaning that the
starting time of structure being destroyed at small scales becomes earlier as particles
are getting larger, which would result in less small-scale and more large-scale structure
formation to occur in systems with larger particles at the end stage of evolution with
friction, which agrees with the simulation results in Johansen and Youdin [21]. In the
limit of T — oo,

Iim t, =75 9apm
Ts—00 T

= JYgpm (5~7O)
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sets a lower limit for t,,, suggesting that in the case of relatively large s, the max-
imal amplitude ﬂ’f(i) will not show up at least after evolution time t = ggpm = tmax-

While in the case of Ts < gqpm, tm does not exist, meaning that the amplitude (Pf(o) (1)
of the k=3 slope will monotonously increase until the propagator gqp(t) reaches its
maximum.

10

tm

L
10

Ts

Figure 5.13: This plot shows the value of ty, as a function of the friction coefficient ;.
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Figure 5.14: This plot illustrates the evolution of the amplitude in( %) (t) for the k=3 slope as a
function of time t with friction coefficients Ts = 1.0 (purple line), T = 2.0 (yellow
line) and 5 = 3.0 (burgundy line).

Figure 5.14 shows the shape of ﬂ’f(o)(t) with relatively small friction coefficients
T = 1.0, 74 = 2.0 and 1 = 3.0. They all indeed share the same monotonously in-
creasing pattern, which suggests the structure in the system continuously builds up
at small scales until the velocity of the dust particles becomes the same as that of
the background gas. On the other hand, since the power of the density field always
increases at large scales for larger ts and longer t, we can say that for smaller-size par-
ticles experiencing relatively stronger dust-gas friction, there is continuous structure
formation at all scales until the system reaches its stable state, see Figure 5.15. Also
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Figure 5.15: This plot shows the density power spectrum P¢(kq,t) with friction at evolution
times t = 2.0 (blue line), t = 3.0 (yellow line) and t = 10.0 (green line) with
the friction coefficient T = 3.0. At small scales, they all develop k3 slopes (red
dashed lines). As time proceeds, the power spectrum grows at both large and
small scales.

notice with ts growing while still in the range of Ts < gqpm, the value of the am-
plitude iPE %)(t) increases significantly, indicating that more power and more structure
formation occurs when the dust particles are larger and have more time to evolve and
interact with the background gas, which coincides with our conclusions of Figure 5.9.

100 ¢ T T

10 b

p(O)(t)
o
=

0.01

0.001

E 1ts=5.0
ft.=10.0
Ft.=20.0

0.0001 !
10 100

t

Figure 5.16: This plot illustrates the shape of the amplitude ﬂ’f(o](t) for the k=3 slope as a
function of time t with friction coefficient Ts = 5.0 (purple line), Ts = 10.0 (yellow

line) and ts = 20.0 (light blue line). The crosses of the same color on each curve

)

represent their maximum value in(Ii at time t, by Equation 5.60.

Figure 5.16 shows how the amplitude Tf(o) (t) for the k=3 slope changes over time
with relatively large friction coefficients T = 5.0, T = 10.0 and 15 = 20.0. They all

show the same maximal amplitude U’f(li) as expected. With T getting larger, t,, be-
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comes smaller, as shown in Figure 5.13. The fast-increasing value for the amplitudes
at the earlier time suggests rapid structure formation occurs at small scales during
the very early stage of the evolution, while as time proceeds, the amplitude for the
k3 slope starts decreasing, meaning the structure will continuously be destroyed at
smaller scales during the later stage of evolution until the propagator g4 (t) reaches
its maximum, then the dust particles freeze in. This change of behavior for the am-
plitude ‘Pf(o)(t) at small scales compared to the continuous power increase at large
scales suggests that there exists a special particle size T = gqpm corresponding to the
strongest small scale structure formation in the system due to the friction.

100

10

L L I
1 10 100 1000 10000 100000
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Figure 5.17: This plot illustrates the shape of the amplitude Tf(o)(t) for the k=3 slope as a
function of friction coefficient t5 at two different time t = 2.0 (purple line)and
t = 100.0 (burgundy line). The same color dot on the burgundy curve represents

its maximal ?f(r? at friction coefficient Ty, calculated by Equation 5.71.

Further, we want to determine the relation between the small-scale asymptotic be-

(0) (0)
: ) ) a9 ar® ag
havior an rticle size Ts. By requirin £ = f qr —
avior and particle size Ts. By requiring —4 dgqy At

0, we get the same

maximal amplitude fPf(Ig) as in Equation 5.68, while the corresponding Tsm, satisfies

Tsm (1 — e*uﬁ> = gqpm- (5.71)

Figure 5.17 shows the shape of the amplitude ’Pf(o) (t) for the k3 slope as a func-
tion of the friction coefficient 75 at times t = 2.0 and t = 100.0. At relatively earlier
evolution time t = 2.0, the amplitude for k=3 slope monotonously increases with T
getting larger, meaning that at earlier times, there is always more structure formation
at small scales for larger size particles, however, the amplitude never reaches its maxi-
mum value iPET?) att = 2.0 < gqpm, which agrees with the conclusion in Equation 5.70.
At later evolution time t = 100.0, the amplitude rapidly increases until reaches its
maximum at Tgm before it starts decreasing, indicating that at a later time, there is
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structure formation at small scales for small size particles, while for larger size parti-
cles, the structures at small scales are being destroyed. Notice with T getting larger,
at a given evolution time t, due to the asymptotic behavior of the propagator g4y (t)
in Equation 5.40, the amplitude always reaches a constant, which indicates that when
the particle size is large enough, the small scale structures in the system are always
destroyed in a similar manner at given evolution time t.

5.4 GRAVITATIONAL DENSITY POWER SPECTRUM

With the gravity-free KFT nonlinear density power spectrum P¢(k,t) in Equation 5.20
and its linear form Pg;,(k1,t) in Equation 5.62 obtained, we successfully include fric-
tion between the dust particles and the constant background gas field to the KFT frame-
work. In this section, we further switch on the self-gravity among dust particles in the
system at time typ and compute the full nonlinear KFT density power spectrum Pg(kq,t)
in Equation 5.38 by calculating the averaged interaction term i(S;) in Equation 5.34
where

i<SI>:2§J dt'gqp(t,t')Jo dkkzP(k,t’)]<]:), (5.72)

to

with J(y) defined in Equation 5.36 and the notation G adopted to represent the
gravitational constant in the dimensionless code units. Since the density of a particle
cloud has to be larger than the critical Hill density py in Equation 2.50 to allow the
cloud to withstand the tidal shear while in orbit around a star of mass M at distance
D, we therefore wish to alter the dimensionless gravitational constant G, in order for
it to represent a value that sets the total system density in relation to its Hill density.
By looking at the Poisson equation in code units

\v2T0) _ 4AntGopga _ 47TG0(_)9 Pa ( )
0z T 02 02 py’ 73

we can read off the gravitational constant and the dust density in code units as

Goﬁg A~ Pa
0z P 5y’ (5-74)

G =

with the mean gas density in the simulation satisfying pg = 1.0. Now introduce a
scaling parameter f and we can express the dust density in terms of Hill density by

of M

Pa =T pn =53 (5.75)
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Using GoM = Q?D3, we obtain the final expression for the dimensionless gravita-
tional constant as

A 9f A
G=—="F-QGo, (5.76)

4me

which now expresses densities in terms of the Hill density, with ¢ being the dust-
to-gas ratio defined in Equation 2.26 and Gy = 0.71 is just the condition for a 3-
dimensional simulation to be at Hill density.

The following section is structured as follows. With Gy solved for the interaction
term Sy, we start with looking for a proper approximation for P(k,t’) in Equation 5.72
to simplify the integrations. Next, we calculate the full linear KFT density power spec-
trum Tghn(k1,t) for small-size dust particles by calculating the corresponding aver-
aged interaction term i(S;) and combing it with the gravity-free linear KFT density
power spectrum Pgi,(k,t) in Equation 5.62. We then calculate i(S;) for large-size
particles and combine it with the gravity-free nonlinear KFT density power spectrum
P¢(k1,t) to compute the full nonlinear KFT density power spectrum Pg(kq,t). We fur-
ther discuss the relation between i(Sy) and the particle size T, and study how the
gravitational interaction affects the critical particle size t¢ discovered in Section 5.3.3.
In the end, by calculating the averaged dust density growth for the small-size-particle
system and comparing it to reasonable collapse criteria, we find the minimum particle
size T¢ that assures a final gravitational collapse, which also turns out small enough
for successfully overcome the “meter-size barrier”.

5.4.1 Proper Approximation for P(k,t)

Due to the difficulties to acquire and further integrate the density power spectrum
P(k,t’) at evolution time t’, we therefore look for some sort of approximation in this
section. In Section 5.3, various figures have shown that the value of the gravity-free
density power spectrum P¢(kq,t) is far smaller than unity, which leads to a negligible
mean interaction term i(Sy) at early times t 2 to. Thus we assume it is reasonable to
approximate P(k,t’) by its initial power spectrum P(k,t" = to) = Pini(k, to), where
to represents the time of switching on the self-gravity among dust particles. we can
thus adopt the gravity-free density power spectrum P¢(k,to) as Pini(k, to) and carry
out the integral in Equation 5.72 without the time element. Furthermore, to avoid the
complicated form of Equation 5.20, we exploit the asymptotic behavior of P¢(k, to) at
both large and small scales and apply the numerical fitting method to find the proper
approximation for Pini(k, to).

In view of the small friction coefficient T, we employ the linear density power
spectrum Pg;, (k, t) in Equation 5.62 which is proportional to g(qu (t), define
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4 c
Pass(k o) = coy (1o (1—exp (1)) 577)
3
so that it satisfies Pjnis(k, to) o k3 at the limit of k — 0 and Pinis(k, to) oc k=1 at the
limit of k — oo as Pgin(k, t). The fitting coefficient ¢y can be calculated by

~ Pain(ky,t)
=Bt

9gp (DK{

co 129 x 107> (5.78)

at wave number ki = 0.1, and the fitting coefficient ¢ can be calculated by

_ kiPain(ki, t)

= 10155 (5-79)
92p(t)

C1

at wave number ki = 1000.0. For very large time ty > 10.0, the propagator gqp(to)
can be approximated as T, thus we have

Pinis(k, to) = co'rﬁk% (1 —exp (—;)) , for to>10.0 (5.80)
3
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Figure 5.18: This plot compares the linear friction density power spectrum Py, (k, to) (solid
lines) and the initial density power spectrum Pj,;(k, to) (dashed lines) at evolution
time to = 10.0 with two different friction coefficient Ts = 0.01 (blue, green) and
Ts = 0.001 (yellow, red).

Figure 5.18 compares the shape of Pgi, (k, to) and Pinis(k, to) at initial time to = 10.0
with two different friction coefficients Ts = 0.01 and ts = 0.001. Here the extremely
small friction coefficients are chosen to help study the “meter-size barrier”. Note that
except for some small difference at intermediate wave numbers k, the overall shape of
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two sets of curves matches each other very well, especially the asymptotic behavior at
the small and large scales, suggesting that the function Pinis(k, to) is a good approxi-
mation to Pgin(k, t). Notice though that the asymptotic study on the nonlinear density
power spectrum P¢(k, t) in Section 5.3.2 states that there exists a k=3 tail instead of
k= at very small scales for density power spectrum, due to the extremely small value
of gqp(to), its starting scales ko becomes exceedingly large which we can easily ignore
for the small-size-particle system.
However, with a relatively larger friction coefficient t5, define

C
Pani(k, o) = cog? (to)k (1 exp (—ké» (581)
3

so that it satisfies Pj,i(k, to) o< k3 at the limit of k — 0 and Pini(k, to) o k=3 at
the limit of k — oo as the nonlinear density power spectrum P¢(k, t), here we already
use the fact that at large scales the nonlinear density power spectrum P¢(kq,t) is iden-
tical with the linear one Pg;,(k1,t), see Figure 5.10. The fitting coefficient ¢, can be
calculated by comparing the small-scale asymptotic behavior of Equation 5.81 and
Equation 5.65. By setting Pini(k, to) = P¢(k, to) in the limit of k — oo, we have

P (to)

= cogl (to) (552

C2

with fPf(O) (t) being the analytic expression of the amplitude for the k3 tail in Equa-
tion 5.67.

Table 5.1 gives the fitting coefficients cg gép(to) and c; for s = 3.0 respectively at
the initial time ty = 2.0 and at tog = 10.0. Note that the friction coefficient is chosen to
be compliant with the condition of Ts < 1§, where the structure of the system is stably
building up at all scales due to the friction between gas and dust.

to =20 to =10.0
cog?,(to) | 275x 1075 | 1.08 x 104
c2 1.69 x 10° 6.83 x 10°

Table 5.1: This table gives the values for the fitting coefficients cg gép(to) and c; in Equa-

tion 5.81 for Ts = 3.0 at the initial time ty = 2.0 and at to = 10.0.

Figure 5.19 compares the shape of P¢(k, to) and Pini(k, to) at initial time to = 2.0
and at t = 10.0 with the friction coefficient Ts = 3.0. Though there are some offsets at
the middle range of wave number k, note that the overall shape of two sets of curves
matches each other pretty well, especially at the small and large scales, which validates
our choice of the function Py,;(k, to).
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Figure 5.19: This plot compares the density power spectrum P¢(k, to) with friction (solid lines)
and the initial density power spectrum Pj,;(k, tp) (dashed lines) at evolution time
top = 2.0 (blue, green) and at to = 10.0 (yellow, red) with the friction coefficient
Ts = 3.0.

Concluding, it is worth mentioning that the numerical functions we find above to
approximate Pgin(k1,to) and P¢(k, to) are suitable for any time arguments, therefore,
we can also use these expressions to replace the density power spectrum P¢(kq,t)
in Equation 5.38 when computing the full KFT density power spectrum Pg(kq,t) to
further simplify our calculations.

5.4.2 Linear Power Spectrum at Small T

In this section, we first study the full linear KFT density power spectrum Tghn(lq ,t) for
small size particles with small friction coefficients 5. Since we will only consider the
initial time to = 10.0 > 7, in the following, we can directly plug Equation 5.80 into
Equation 5.72 and obtain the final expression for the mean interaction term as

USp) (1, 1) = ZCT‘EG (Tt —to) +¢ (e*% 1))

s ki—K2 . ktkg c
dkks 1+ In ) <1 —ex ()) . (5.8
Jo < 2kk;  [k—Kq] P77 (5.83)

For large arguments, the integrand of the mean interaction term becomes

e < T nlk—k1|>< exP( k§)> kgr;oclkl<k1> (5.84)

To determine whether this integrand is convergent, first we have to determine the

asymptotic behavior of | (k—k]), see Figure 5.20. In the limit of k — 0 we have
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2 k?

lim ] <]:) =J(0) = klim 2— 32" 2 (5.85)
1—00 1

as a constant, while in the limit of k — oo, its asymptotic behavior becomes
k 2K?
li — ) = lim =1 .
kgr;ol <k1 > Koo 3k2 (5.86)

which increase proportionally to k? and decreases proportionally to k.
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Figure 5.20: This plot shows the shape of J(y) in Equation 5.36 together with its asymptotic
constant J(0) = 2 at small y from Equation 5.85 and the y~2 slope at larger y from
Equation 5.86.

Returning to the integrand in Equation 5.84, it is obviously not converging when
integrating to infinity. Thus a cutoff for the integral in Equation 5.83 needs to be in-
troduced. The analysis of the dust initial power spectrum from simulation data in
Section 4.3.3 shows that the wave number corresponding to the minimal inter dust
particle distance has the magnitude of km, ~ 10%, since each dust particle in the sim-
ulation is composed by about 10! pebbles on average, thus it is reasonable to set an
upper limit for the wave number as

Ky = 102+5 = 1017/3 (5.87)

to suppress modes on scales smaller than the minimal distance between pebbles.

Figure 5.21 shows the shape of the mean interaction term i(Sy) in Equation 5.83 with
cutoff scale k, as a function of wave number k; with the initial time ty = 10.0 and the
friction coefficients 15 = 0.01 and 15 = 0.001 respectively at evolution times t = 11.0,
t = 20.0 and t = 100.0 when the gravitational parameter is set to f = 1. At large and
small scales, their k% asymptotic slope and the asymptotic constants also are given in
the plot. The comparison of curves at different evolution time t with the same friction
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Figure 5.21: This plot illustrates the shape of the mean interaction term 1(Sy)(kq, t) as a function
of wave number k; (solid lines) with gravitational parameter f = 1 at initial time
to = 10.0 and evolution time t = 11.0 (blue, red), t = 20.0 (yellow, purple) and t =
100.0 (green, brown) with two different friction coefficients 75 = 0.01 (blue, yellow,
green) and ts = 0.001 (red, purple, brown). Their k? asymptotic behaviors at large
scales are represented by the purple dashed lines. The asymptotic constants at
small scales are illustrated in green dashed lines.

coefficient 15 shows that the value of the mean interaction term grows large over time,
which means that as time proceeds, its contribution to the nonlinear density power
spectrum will become more and more important. While the difference between the
curves have the same evolution time t with different friction coefficient Ts suggests that
the effect of the self-gravity interaction will become significantly stronger with larger
size dust particles, meaning that larger dust particles are much easier to aggregate to
even larger particles due to their much stronger gravitational interaction with each
other, which agrees with our intuition. On the other hand, for smaller particles, their
stronger friction with the background gas slows down the gravitational collapse, yet
potentially provides more time for further planetesimal evolution.

Furthermore, we explore how the evolution time t and the friction coefficient T,
affect the value of i(Sy)(kq, t). First consider the limit of t — oo,

lim i(Sp)(ki,t) & lim (T‘:’(t—to) o (e*% - 1)) —B(t—ty) oo (589
t—o0 t—o0

thus as time proceeds, the value of the mean interaction term will continually in-
crease proportional to the evolution time t, see the left panel of Figure 5.22, suggesting
more power and more structure would build up in the system if the gravitational inter-
action persists, which eventually would lead to collapse, then, however, the mean-field
approximation is likely to break down.

On the other hand, since we are interested in small values of T, in the limit of
Ts — 0, we have
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Figure 5.22: These two plots show the shape of the mean interaction term i(Sy)(ky,t) in Equa-
tion 5.83 as a function of evolution time t (left panel) and small valued friction
coefficient T (right panel). The red dashed line in the left panel represents the
t! asymptotic slope from Equation 5.88. The red dashed line in the right panel
represents the T2 asymptotic slope from Equation 5.89. The upper limit for T in
the right panel plot is roughly chosen to be 1 for studying small valued Ts.

lim_ i(Sp)(k1,t) o lim 7 <e° S L to) — 2t —to), (5.89)
Ts—0 Ts—0 Ts Ts

thus when the friction between dust and gas is relatively strong where the particle
size is correspondingly small, the value of the mean interaction term would increase
proportional to T3, see the right panel of Figure 5.22, meaning that when particles are
relatively small, with increasing particle size, the gravitational interaction between par-
ticles gets much stronger, which would effectively speed up the gravitational collapse.

Now we evaluate how the mean interaction term contributes to the full linear density
power spectrum Py (k1,t) = el S0P (K1, 1).

Figure 5.23 shows the shape of Pgjin (k1, t) at three different evolution times t = 11.0,
t = 20.0 and t = 100.0 with the initial time to = 10.0 and two different friction
coefficients T; = 0.01 and t5 = 0.001 while the density of the dust particles is set to be
Hill density (f = 1). In the left panel, notice the value of the density power spectrum
already shows a great increase even at the very early stage of gravitational evolution,
and the increase become much more significant from small to intermediate scales over
time. While in the right panel, the power of the density field increases much more
slowly over time, as time proceeds, structure starts building up much faster at small
scales, which potentially could still lead to gravitational collapse. The comparison of
the two plots suggests that if dust particles are relatively larger, then the gravitational
interaction will increase the power of the density field significantly, which leads to a
much faster gravitational collapse.

In both Figure 5.23 and Figure 5.24, notice no matter how significant the density
power spectrum Pgin(k1,t) changes, at very small scales, it always develops the same
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Figure 5.23: These two plots illustrate the shape of the full linear density power spectrum
CPghn(k1 ,t) as a function of wave number k; with the initial time t; = 10.0 and
the friction coefficients ts = 0.01 (left panel) and ts = 0.001 (right panel) at three
evolution time t = 11.0 (orange), t = 20.0 (green) and t = 100.0 (red) with the
parameter f = 1. The blue lines represent the corresponding initial linear friction
density power spectrum Py, (kq,to) in both plots. And the yellow dashed lines
illustrate the small scale k~! asymptotic behavior.
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Figure 5.24: These plots zoom in to the very small scales of Figure 5.23 and illustrate their small
scale k~! asymptotic behaviors (yellow dashed line). The linear density power
spectrum ‘Pglin(lq ,1) at evolution time t = 20.0 with t5 = 0.01 (green line) is given
in the left panel, Pg(kq,t) at evolution time t = 100.0 with ts = 0.001 (red line) is

given in the right panel.

k~! tail as the initial linear friction power spectrum Equation 5.44 due to the asymp-
totic constant of i(Sy)(kq,t), suggesting that the gravitational interaction among dust
particles does not alter the small scale structure hierarchy of the system.

Now to investigate how the value of dust density affects the shape of the density
power spectrum, Figure 5.25 shows the shape of Pgin(ki,t) as a function of wave
number ki with friction coefficient T4 = 0.001 at the initial time ty = 10.0 and three
evolution times t = 11.0, t = 20.0 and t = 100.0 respectively with f = 1 and f = 8.
The large increase of the density power spectrum at small scales with larger gravi-
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tational parameter f suggests that the self-gravity among smaller size dust particles
becomes much stronger with larger dust density. Despite their stronger friction with
the background gas, it still leads to faster gravitational collapse.

Density Power Spectrum (15=0.001, t,=10)
T
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Figure 5.25: This plot illustrates the shape of the full nonlinear density power spectrum
Pglin(k1,t) as a function of wave number kq with the friction coefficients ts = 0.001
and initial time to = 10.0 at three different evolution times t = 11.0 (yellow, pur-
ple lines), t = 20.0 (green, brown lines) and t = 100 (red, light blue lines) with
two different gravitational parameters f = 8 (yellow, green, red lines) and f = 1
(purple, brown, light blue lines). The initial friction power spectrum Py, (k1,t) is
represented by the blue line.

In both Figure 5.23 and Figure 5.25, notice the difference between Pgjin(kq,t) and
Pain(k1,t) becomes significantly larger at small scales over time, which suggests that
the approximation of P(k,t’) &~ Pini(k, to) in Section 5.4.1 to be quite inappropriate.
However, the results we obtain are still considered valuable for providing a useful
lower limit for the mean interaction term and further an upper limit for the time scale
for gravitational collapse.

To further illustrate how the evolution time t, the friction coefficient t5, and the
value of dust density affect the full density power spectrum, Figure 5.26 shows the
shape of % as a function of evolution time t at small scale k; = 1000 and
initial time to = 10.0 with different friction coefficients Tt = 0.01 and ts = 0.001, and
different gravitational parameters f = 1 and f = 8. We can see that as time proceeds
while still within the averaged lifetime 10° of a PPD, at scales that are typically smaller
than the simulation resolution, the value of the density power spectrum increases
significantly, meaning that the gravitational interaction indeed accelerates the dust
aggregation process at least at small scales even for extremely small particles. The
comparison between different curves further confirms that larger and denser particle
ensembles experience much stronger gravitational interaction, which would lead to
faster gravitational collapse.
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Figure 5.26: This plot illustrates the ratio between the full linear density power spectrum
Pglin(k1,t) and the initial linear density power spectrum Pgin (k1, ) as a function of
evolution time t with initial time ty = 10.0 and the friction coefficients ts = 0.01
(blue) and s = 0.001 (yellow, green) at two different gravitational parameters
f =1 (blue, yellow) and f = 8 (green). The upper limit of the t axis tmax = 10° is
chosen according to the dynamic lifetime of an average PPD.

5.4.3 Non Linear Power Spectrum at Large Ts
Now we proceed with the nonlinear KFT density power spectrum with larger t5. Plug-

ging Equation 5.81 and Equation 5.82 into Equation 5.72 and Equation 5.34, the final
expression for the mean interaction term with larger 7, is given by

. 2¢09p (to)fGo _tt
i(81)(kn, 1) = =02 222 (g (b —to) + 72 (e QO_Q>

% 10 k? —k% . k+kq %) (tg)
dkks (14 In ) 1—ex ——= 1. (590
L < g kK] P %gwuwkf (5.90)

For large arguments, the integrand of the mean interaction term becomes

o K-k kK %) (to) POt ()
lim k3 (14 In 1—exp —3 = 3 )
K00 2kk; [k —Kq] Cogqp(to)w coggp(tolk

(5.91)

this integral only converges at large k if we set the value of £ to be large enough
so that | ( ) follows its asymptotic behavior in Equatlon 5.85. Flgure 5.20 shows that

the minimal value for £ i, to satisfy this condition is 171 = 1, thus we need to ensure the
integral’s upper limit satisfies k > k; for it to be convergent. However, to preserve all
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small-scale contributions to the density power spectrum, especially at smaller k; and
leave out the extremely small scale fluctuations at very large ki, we still implement
the cutoff scale ky, in Equation 5.87 for the above integral.

Mean Interaction Term(f=1,7,=3.0)
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Figure 5.27: This plot illustrates the shape of the mean interaction term i(Sy) (k1, t) as a function
of wave number k; (solid lines) with the friction coefficient T = 3.0 at four sets
of initial times ty and evolution times t, which respectively are: to = 2.0, t = 3.0
(blue); to = 10.0, t = 11.0 (yellow); to = 2.0, t = 7.0 (green); to = 10.0, t = 15.0
(red). Their k? asymptotic behavior at large scales is represented by the purple
dashed lines. Their asymptotic constant at small scales is represented by the green
dashed lines.

Figure 5.27 shows the shape of the mean interaction term i(Sy)(k1, t) in Equation 5.90
as a function of wave number k; with the friction coefficient T; = 3.0 respectively at
evolution times t —tp = 1.0 and t — tp = 5.0 with two different initial times ty = 2.0
and to = 10.0. At large and small scales, their k? and k° asymptotic behavior is also
given in the plot. The comparison of curves at different evolution times t with the same
initial time to shows the value of i(Sy)(kq,t) grows larger over time, which means that
as time proceeds, the contribution of the gravitational interaction should get more
and more important to the nonlinear density power spectrum. While the difference
between the curves for the same evolution time difference t — ty with different initial
time to suggests that the effect of the self-gravity interaction among dust particles will
become significantly stronger at the end stage of the friction evolution where the dust
particles more or less flow with the background gas and the friction becomes much
weaker.

To explore further how the evolution time t and the friction coefficient T affect the
value of i(Sy)(k1, 1), first consider the limit of t — oo, since the t dependence of Equa-
tion 5.90 remains the same as Equation 5.83, the mean interaction term continually
increases proportionally to the evolution time t as Equation 5.88. On the other hand,
at the limit of Ts — oo, the dust particles are so large that they no longer feel the
friction of the background gas, and the mean interaction term
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Tg—00 Ts Ts 2

o : Lttt t ot t—to)%t3
lim i(Sy)(kq,t) o T?Lnoo gép(to)’cg (e S P °> = (t—to)7t5 (5.92)

becomes a constant consisting of time t and to. Here we already use the asymptotic
behavior of g4y (t) and fPf(O) (t) in Equation 5.67 and Figure 5.17 at the limit of T — oo.
This behavior suggests that when the particles’ size gets much larger, the gravitational
attraction dominates the system, then the intensity of the gravitational interaction re-
duces to a function of time only, since no system would collapse instantly even without
friction slowing down the gravitational attraction between the particles. This asymp-
totic result makes perfect sense.
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Figure 5.28: These two plots show the shape of the mean interaction term i(Sy)(k1,t) in Equa-
tion 5.90 as a function of evolution time t (left panel) and large valued friction
coefficient ts (right panel). The red dashed line in the left panel represents the
t! asymptotic slope from Equation 5.88. The red dashed line in the right panel
represents the asymptotic constant from Equation 5.92.

Notice the right panel in Figure 5.28 shows a maximal value of the mean interac-
tion term i(Sy)(k1,t) in term of the friction coefficient T, suggesting a most-effective
particle size T, corresponding to the gravitational interaction.

To study this behavior further, Figure 5.29 shows the mean interaction term i(Sy) (k1, t)
in Equation 5.90 as a function of T5 with parameter f = 1 and initial time ty = 10.0 and
evolution time t = 11.0 at six different scales. Notice each of the curves has a different
peak point, and with decreasing scale(larger k1), the value of Ts. decreases until it
reaches a certain constant roughly at Tse ~ 3.31, while in the meantime the maximal
i(S1)(k1,t) grows larger, meaning that at larger scales, the most effective particle size
is larger than at small scales, however, the gravitational interaction gets much stronger
overall at smaller scales. At very small scales, the most effective particle size stays the
same suggesting that there exists one particle size that contributes to the strongest
small-scale structure formation due to the gravitational interaction at earlier evolution
time. This behavior corresponds to the very similar behavior of 1§ in Section 5.3.3,
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though the original limit is t$ = 3.04 in Equation 5.69, the self-gravity among dust par-
ticles traps larger size dust particles at small scales, which shifts the separation point
to the new tge =~ 3.31.

Mean Interaction Term(f=1, t=11.0, t=10)
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Figure 5.29: This plot shows the mean interaction term i(S1)(kq,t) in Equation 5.90 as a func-
tion of Ts with gravitational parameter f = 1 and initial time ty = 10.0 and evo-
lution time t = 11.0 at six different scales respectively are k; = 10.0 (blue line),
k1 = 30.0 (orange line), k1 = 100.0 (green line), k1 = 1000.0 (red line), k; = 10000.0
(purple line) and ky = 100000.0 (brown line).

Furthermore, Figure 5.30 shows the mean interaction term i(Sy) (k1, t) in Equation 5.90
as a function of T at scale k1 = 1000.0 with parameter f = 1 and initial time to = 10.0
at five different evolution time. As time proceeds, the most effective particle size and
the maximal gravitational effect both increase, meaning that gravitational interaction
grows stronger with time and therefore traps larger size dust particles at small scales
which eventually leads to gravitational collapse starting from small scales.
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Figure 5.30: This plot shows the mean interaction term i(S)(kq,t) in Equation 5.90 as a func-
tion of T, at scale k; = 1000.0 with parameter f = 1 and initial time to = 10.0 at
five different evolution time respectively are t = 11, t = 15, t = 20, t = 30 and
t =40.
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Now we evaluate how the mean interaction term contributes to the final nonlinear
density power spectrum Pg(kq,t) in Equation 5.38. Since we are more interested in
the scenario where the self-gravitational interaction sets in as soon as possible, we will
limit ourselves to the initial time to = 2.0 in the following discussions.

Figure 5.31 shows the shape of Pg(ky,t) at two different evolution times t = 3.0 and
t = 7.0 with the initial time ty = 2.0 and the friction coefficient T = 3.0 while the
density of the dust particles is set to be the Hill density (f = 1). Their small-scale k3
asymptotic behavior is also marked in the plot. The comparison of the three curves
suggests that if the self-gravity among dust particles is switched on at the early stage
of friction evolution (tp = 2.0), where the friction between dust and gas is still relatively
strong, the density power spectrum increases relatively little at small scales when the
evolution time t is small, while as time proceeds, the gravitational interaction starts to
affect the nonlinear density power spectrum much more from small to intermediate
scales which leads to gravitational collapse at a later time.

Non Linear Density Power Spectrum (f=1, 15=3, t{,=2) Non Linear Density Power Spectrum (f=1, 15=3, t=2)
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Figure 5.31: These two plots show the shape of Pg(kq,t) as a function of ky at two different
evolution times t = 3.0 (orange line) and t = 7.0 (green lines) with the initial time
to = 2.0 (blue line) and the friction coefficient Ts = 3.0 while the density of the
dust particles is set to be the Hill density (f = 1). Their small-scale k3 asymptotic
behavior is illustrated by the yellow dashed lines. The right panel zoom-in plot
shows the small scale k3 tail of Pg(kq, t) att=7.0.

Notice that in Figure 5.31, the nonlinear density power spectrum Pg(kq,t) always
develops a k™3 tail at small scales like the density power spectrum P¢(k;,t) with
friction due to the asymptotically constant i(Sy) (k1, t) at small scales, meaning that the
gravitational interaction among dust particles does not change the small scale structure
hierarchy of the system, which agrees with our previous conclusions. However, it is
worth mentioning that the universal k=3 slope is solely decided by the cutoff scale ki,
if we choose kn, to be proportional to k; instead of a constant, then this k=3 slope will
likely not preserve, which will lead to a stronger and faster gravitational collapse.
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Non Linear Density Power Spectrum (7s=3, {,=2)
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Figure 5.32: This plot illustrates the shape of the full nonlinear density power spectrum
Pg(k1,t) as a function of wave number k; with the friction coefficients t5 = 3.0
and initial time ty = 2.0 at two different evolution times t = 3.0 (yellow, red
lines) and t = 7.0 (green, purple lines) with two different gravitational parameters
f =1 (yellow, green lines) and f = 5 (red, purple lines). The initial friction power
spectrum P¢(kq,t) is represented by the blue line. The k™3 tail at small scales is
illustrated by the yellow dashed lines.

While to illustrate how the weaker friction/stronger gravitational interaction affects
the shape of the density power spectrum, we increase the value of the gravitational
parameter by setting the density of the dust particles to be five times the Hill density
(f = 5). Figure 5.32 shows the shape of Pg(kq,t) as a function of wave number k; with
the initial time ty = 2.0 and the friction coefficient T = 3.0 at two evolution times t =
3.0 and t = 7.0 and two different gravitational constants f = 1 and f = 5. The different
shapes of the curves with different gravitational parameters f suggest that when the
friction between dust particles and the background gas becomes weaker compared
to the self-gravity among dust particles, the value of the nonlinear density power
spectrum increases much stronger given the same evolution time t, which further
supports our conclusion above that weaker friction between dust and gas could speed
up the gravitational collapse.

5.4.4 Determine Gravitational Collapse at Small T

As the dust particles start aggregating due to the self-gravitational interaction, at the
end of this section, to determine the gravitational collapse conditions for small par-
ticles and further study the "meter-size barrier”, we adopt a more feasible however
rather adventurous method based on the mean field approach to directly calculate the
averaged value of the density field.

Define the averaged density field for a system of small particles as
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1 [*m
:nJO kT Pgiin (k1, t)dk

1 (km )
_ZTIZJO kel pa, (g, t)dkq. (5.93)

To determine the gravitational collapse, rather than the absolute values, we are more
interested in its ratio with the initial averaged density field, thus define

, PP
d :()—2 with (5.94)
0
3= | Panlks, to)et*d _ 1 kme?- k1,to)dk
po = o el ole gm0 2m2 ), fiin (K1, to) dky (5.95)
1

Due to the complicated form of Pg;,(k,t) in Equation 5.62, here we adopt the nu-
merical fitting function Pinis(k, t) for large time arguments in Equation 5.80 as a proper
approximation.

However, the rather lengthy expression for the mean interaction term i(S;(kq,t))
in Equation 5.83 still implies difficulties with the numerical implementation, thus we
exploit the asymptotic behavior of i(Sy(k1, t)) at large and small scales, further combine
with Equation 5.88, Equation 5.89 to retain its time and friction coefficient dependence,
and define the numerical fitting function for the mean interaction term as

i(Sp(k1, 1)) &~ Sge(k,t) = FpKS <1 —exp (-&)) T (t—to), (5.96)
1

The fitting coefficient 3 can be calculated directly by comparing the small-scale
asymptotic behavior of Equation 5.83 at large evolution time t and Equation 5.96 as

klggo i(S1(k1,t)) = klgo Ske(k1,t)  — (5.97)
2¢0fGo km 10 2k2 ci
- T”:’(t—to)JO k3 ST; 1T —exp —k—% :fﬁk%”r;’(t—to) (5.98)

here we already use the asymptotic behavior of | (%) in Equation 5.86, thus the
final value for  becomes

A ke
B = 4C30:O L K3 <1 —exp (—2)) =4.05 x 1072 (5.99)
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In a similar manner, the fitting coefficient & can be calculated by comparing the large
scales asymptotic behavior of Equation 5.83 at large evolution time t and Equation 5.96
as

lim i(Sy(ky,t)) = lim Sgi(kq,t) — (5.100)
k1 —00 k1—00
R Ko
4COfGOT§(t—tO)J K <1 —exp (—%)) = fﬁoc’rg(t—to) (5.101)
T 0 k3

here we also use the asymptotic behaviour of ] <k—k1) in Equation 5.85. The final value
for « becomes

4¢co Gy ka 10 < ( C1 >> 10
o= k3 ([1—exp|—— =3.15x10 .102
[37'[ 0 p kz (5 )
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Figure 5.33: This plot compares the mean interaction term (Sp) (K, t) in Equation 5.83 with
its numerical fitting function Sgi(kq,t) in Equation 5.96 (gray dashed lines) as a
function of wave number k; (solid lines) with gravitational parameter f = 1 at
initial time ty = 10.0 and evolution times t = 11.0 (blue, red), t = 20.0 (yellow,
purple) and t = 100.0 (green, brown) with two different friction coefficients ts =
0.01 (blue, yellow, green) and 15 = 0.001 (red, purple, brown).

Figure 5.33 compares the mean interaction term i(St)(ky,t) in Equation 5.83 with its
numerical fitting function Sg(k1,t) in Equation 5.96 as a function of wave number k4
with gravitational parameter f = 1 at initial time ty = 10.0 and evolution times t = 11.0,
t = 20.0 and t = 100.0 with two different friction coefficients t; = 0.01 and t5 = 0.001.

At both large and small scales, notice their asymptotic behavior matches very well
li{S1) (Eht)jsﬁt(kht)l
] ] ) i(S1) (k1,t)

for each set of curves, at large scales, the relative difference is always smaller than 2.5%,

with each other. To be precise, we calculate the relative difference
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Figure 5.34: These two plots show the shape of the mean interaction term i(Sy)(ky,t) in Equa-
tion 5.83 and its fitting function Sg;(kq,t) (gray dashed lines) in Equation 5.96 as a
function of evolution time t at small (left panel) and large (right panel) scales with
gravitational parameter f = 1 and initial time ty = 10.0 and two different friction
coefficients 15 = 0.01 (blue lines) and ts = 0.001 (yellow lines).
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Figure 5.35: These two plots show the shape of the mean interaction term i(Sy)(ky, t) in Equa-
tion 5.83 and its fitting function Sg;(k1,t) (gray dashed lines) in Equation 5.96 as a
function of friction coefficient ts at small (left panel) and large (right panel) scales
with gravitational parameter f = 1 and initial time ty = 10.0 and two different
evolution times t = 11.0 (blue lines) and t = 100.0 (red lines).

while the small scale behavior is more precise with a relative difference not exceeding
0.1%.

Furthermore, Figure 5.34 shows the comparison of i(S;)(k,t) and Sgi(kq,t) as a
function of evolution time t at both small (ky = 10°) and large (k; = 10) scales with
f = 1and tyg = 10.0 at two different friction coefficients T = 0.01 and ts = 0.001.
Figure 5.35 show the comparison of i(Sy)(ky,t) and Sgi(kq,t) as a function of friction
coefficient T, at the same small and large scales with f = 1 and to = 10.0 at two
different evolution time t = 11.0 and t = 100.0. Notice the eight sets of curves in the
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four plots all agree with each other extremely well, which further justifies our choice
of the fitting function Sg;(kq, t).

Now plugging the expression of Equation 5.96 and Equation 5.80 into Equation 5.94,
we have

10
flgm Cngkf exp (Sge(kq,t)) (1 —exp <—C‘§>>

k’]
km 2 % Ci
fo CoTsky 1 —exp —7
k]

To determine if the system is experiencing gravitational collapse, according to the
initial particle number N ~ 2.1-107 in the simulation, we roughly set a lower limit for
the density ratio as

5% (t, 75, ) = (5.103)

52 =10", (5.104)

as long as 52(t, s, f) > 82, we say that the dust particles in the system are collapsing
due to their self-gravitational interactions.

Figure 5.36 shows the shape of the density ratio 82(t, T, f) in Equation 5.103 as a
function of the evolution time t, together with its numerical fitting function 5%(t, s, f) ~
Xg_to at parameters f = 1, T = 0.01 and to = 10.0. The zoom-in plot in the right panel
at a smaller evolution time is provided for locating the crossing point 82 (te, T, T) = 62
more easily. In both plots, the two sets of curves match pretty well with each other, sug-
gesting despite the complicated integral in Equation 5.103, we can roughly claim the

relation between the density ratio and the evolution time to be as simple as

62(t1 TS/f) ~ X})_tol (5105)

thus the crossing point t. can be approximated as

In &2

te —to = =258 %1072 (5.106)

nxo

Figure 5.37 similarly shows the shape of the density ratio 52(t, 15, f) in Equation 5.103
as a function of the friction coefficient T5, together with its numerical fitting function
82(t, T, f) ~ ng at parameters f = 1, to = 10.0 and t = 20.0. The zoom-in plot in the
right panel at a smaller friction coefficient is provided for the same reason. In both
plots, the two sets of curves also match very well with each other, meaning that we
also can use a much simpler equation to represent the relation between the density
ratio and the friction coefficient as
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Figure 5.36: These two plots show the shape of the density ration §2(t, Ts, f) in Equation 5.103
as a function of evolution time t at parameters f = 1, ts = 0.01 and to = 10.0 (blue
line), together with its numerical fitting function 5% ~ xéﬁto (yellow dashed line).
The gray dashed lines in both plots represent the lower limit 52 in Equation 5.104.

3
5% (t,ts, f) = X7,

(5.107)

with the crossing point 75, being approximated as

52

Ts, =

11’1X1
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Figure 5.37: These two plots show the shape of the density ration §2(t, Ts, f) in Equation 5.103
as a function of friction coefficient T at parameters f = 1, to = 10.0 and t = 20.0

(blue line), together with its numerical fitting function §? ~ xfz (yellow dashed
line). The gray dashed lines in both plots represent the lower limit §2 in Equa-

tion 5.104.
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Figure 5.38: These two plots show the shape of the density ratio 8%(t,Ts, f) in Equation 5.103
as a function of gravitational parameter f at parameters ty = 10.0, s = 0.001 and
t = 20.0 (blue line), together with its numerical fitting function 52 ~ xg (yellow
dashed line). The gray dashed lines in both plots represent the lower limit 52 in

Equation 5.104.

In the end, Figure 5.38 shows the shape of the density ratio 82(t, 15, f) in Equa-
tion 5.103 as a function of the gravitational parameter f, together with its numerical
fitting function 82(t, T, f) ~ XE at parameters to = 10.0, T = 0.001 and t = 20.0. The
right panel plot is also zoomed in to the curve with smaller gravitational parameters
to show the crossing point f. more clearly. In both plots, the fact that the two sets of
curves match pretty well with each other means that the relation between the density
ratio and the gravitational parameter can be represented by the simple function

62 (t/ Ts, f) ~ XE/

and the crossing point f. can be approximated as

fe

B In &%

= = 2.60.
Inx,

(5.109)

(5.110)

Furthermore, combining the conclusions in Equation 5.105, Equation 5.107 and Equa-
tion 5.109 gives us the final fitting function for the density ratio as

62(t/ TS/f) ~ Uo

(t—to)T3f

(5.111)

here y is the fitting coefficient determined by the k integration in Equation 5.103.
This approximation can also be seen roughly from the original expression of the den-
sity ratio in Equation 5.103, if we write Sg(k1,t) = (t — to)T2f s(k1), then we have
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)) . (5.112)

If the value of (2) exceeds the value of (1), then the t, T and f dependence of
the density ratio should stay more or less the same with (2), which is exactly the
same with our fitting function Equation 5.111. To further confirm this relation, we
compute the value of (t —to)t3f for 8%(t,Ts, f) = 52 using the three crossing points in
Equation 5.106, Equation 5.108 and Equation 5.110,

8%(t, 7, f) =

Km Zk]
JO CoTs Ky

w2
—
|
]
b
gl
/?
=~ ‘n
=N

(te —to)Tof =258 x 1078
(t—to)Ts f=2.61x10"8 (5.113)
(t—to)Tofe =2.60 x 1078

The fact that the three values are very similar to each other further verifies our
fitting function in Equation 5.111, now if we take the average and define the index
value 1 = (t —to)Tf for 8%(t,Ts,f) = 62, we have the condition for gravitational
collapse as

L= (t—to)Tof =2.60x 1078 (5.114)

For the averaged lifetime of a protoplanetary disk, we have t —tp ~ t = 10°, thus
for a last-minute gravitational collapse, we have the minimal value

(T3f) i = 2.60 x 10714 (5.115)

for a stable particle cloud with a minimal density being the Hill density f = 1, the
corresponding friction coefficient t¢ = 2.96 x 107> gives the minimal particle size to
assure a final gravitational collapse. Notice the value of 1 = 2.60 x 10~8 sensitively
depends on the initial simulation setup. With different values of the initial momentum
covariance matrix in Section 4.3.5, this number could be very different. Nevertheless,
this is still a very interesting and important result that comes from a general simulation
setup, the value of t¢ significantly lowers the limit for the size of dust particles that can
lead to a gravitational collapse compared to the limit 1073 given by streaming instabil-
ity (SI) simulations, which is much closer to the lower end of the “meter-size barrier”
and proves that accumulated self-gravitational interaction among particles over a long
term is strong enough for smaller particles to successfully “jump the barrier”.
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5.5 FURTHER DISCUSSION OF k73 BEHAVIOUR

At the end of this Chapter, we would like to further discuss the universal k=3 small-
scale asymptotic behavior shown in all the KFT nonlinear density power spectra.

In Section 5.2.2 and Section 5.3.2, we employ the recently developed asymptotic anal-
ysis method in Konrad [25] and conclude that the gravity-free nonlinear KFT density
power spectrum has the asymptotic expansion at the limit of k; — oo as

with  Tim P{%(t) = PO (1),

k13 7 Tg—>00

Pekq) ~

1 (2m)> KA K A0
[kil3 | detAg 20kq/? B

(5.116)

where fPIEO) (t) is given in Equation 5.67 and P(®)(t) is given in Equation 5.59. Further-
more, in Section 5.4.3, by introducing a constant cutoff scale ky, which corresponds to
the minimal distance between pebbles, we find the asymptotic constant for the mean
interaction term i(Sy)(kq,t) at very small scales which further leads to the same k3
tail for the full nonlinear density power spectrum as

lim Pg(kq,t) = li i(S — Constant - —f——",
k1l£>noo gk, t) k11£>nooexp(1< ) PRE onstan PRE

(5.117)

These two equations suggest that the universal k3 tail at small scales of the non-
linear density power spectrum always persists in a system with both friction and self-
gravitational interactions, and its very presence is solely decided by the number of
dimensions of the system of interests and the mathematical constraints set by crite-
ria 1-3 for the form of its initial correlation functions. This conclusion is particularly
significant for implying a scale-invariant density power increase at small scales by
k3P = constant even in a system considering friction and self-gravity. Though we dis-
cussed in Section 5.4.3 that changing the form of the cutoff scale ky, will alter this
slope for the gravitational case, however, these results still provide a lower limit for
the gravitational aggregation and suggest that the total density power caused by the
self-gravitational interaction will always increase at smaller scales.

56 SUMMARY AND DISCUSSION

In this Chapter, building on the simplified dust trajectory in Chapter 3 and their initial
probability distribution function in phase space (iPDF) in Chapter 4, we finally apply
the KFT method to planetary structure formation and give a full analysis of the dust
particles” density power spectrum.
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In the first section, we reviewed the derivation of the full nonlinear KFT density
power spectrum for dust particles considering both the friction with the constant back-
ground gas field and their self-gravitational interaction with each other. We started
with the factorized generating functional Z4[L] in Equation 5.1, by adopting the mean-
field approach and averaging the self-gravitational interaction over the phase space
coordinates with their density correlation functions, we pulled the interaction term in
front of the integral and wrote the factorized generating functional as Equation 5.5.
With the newly defined gravity-free generating functional Z$[L] being a complete
Fourier transform of the iPDF, we completed the analytical integral and obtained the
full KFT density power spectrum by combining the averaged interaction results. In
the end, we modified the gravity-free KFT density power spectrum from P(k;,t) to
Pt(kq,t) to guarantee its convergence.

In the second section, we ignored the friction (Ts — oo) and the self-gravitational in-
teraction in the system and reviewed the linear and nonlinear free KFT density power
spectra for dust particles. First, we derived the expression of the linear free density
power spectrum Pji,(k1,t) for the freely streaming particles at a very early evolution
time (t — 0) and analyzed its k~' small-scale asymptotic behavior. Then we intro-
duced the new analytical asymptotic method developed by Konrad [25] to analyze the
nonlinear free density power spectrum Pgee(ki,t) and concluded that the nonlinear
structure in the system changed the k~! small scale asymptotic behavior to a k=3 tail.
Furthermore, the constant power k? Piree(k1,1) indicated that for freely streaming par-
ticles, there is scale-invariant structure formation below a characteristic length scale,
which is typically way below the resolution limit of numerical simulations at early
times. This is a significant and mathematically rigorous conclusion that depends on
the number of spatial dimensions and the form of the initial correlation functions. In
the end, we analyzed the time-dependence of the small-scale k~3 asymptotic behavior
and found an evolution time tmax corresponding to the maximal small-scale structure
formation. The wave number ko where the asymptotic behavior sets in decreases with
time, first rapidly, then slowly, showing that small-scale structure formation proceeds
quickly initially and then slows down. Furthermore, we discussed the relation between
ko and evolution time actually representing its relation with the general propagator
gqp (t), due to the special form of the propagator go(t) = t.

In the third section, we still ignored the self-gravitational interaction among dust
particles and reviewed the linear and nonlinear KFT density power spectra for dust
particles undergoing friction with the constant background gas field. First, we derived
the expression of the linear density power spectrum Pg;,(kq,t) for very small dust
particles T, — 0 and concluded on the development of the k™! tail at small scales. Then
the analysis of how this small-scale behavior depends on time and particle size further
suggests that more small-scale structure formation occurs for very small particles as
the evolution time gets longer and the particle size gets larger. Next, we computed the
nonlinear density power spectrum P¢(k1,t) for larger dust particles at finite evolution
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time by employing the same asymptotic analysis as in Section 5.2.2 and found the
same k3 small-scale nonlinear asymptotic behavior, which implies the same scale-
invariant structure formation at very small scales. In the end, we analyzed the time and
particle-size dependence for the small-scale k~3 asymptotic behavior of P¢(k1,t), and
found a minimal evolution time gqpm, before which the small scale structure never
reaches to its maximum, and a critical particle size 5, at which the system shows
the maximal small scale structure formation. More specifically, when the particle size
Ts < 75, the small-scale structure continuously forms yet is always smaller than its
maximum until the propagator gqp(t) reaches its maximum and the system freezes,
while if the particle size T4 > ¢, then the small-scale structure initially grows until it
reaches its maximum, then dissipates over time until the system freezes.

In the fourth section, we further considered both friction and gravitational interac-
tions in the system to calculate the full linear and nonlinear KFT density power spectra
and determine the conditions for gravitational collapses. We started with specifying
the dimensionless gravitational constant G = G, in which the dust density is scaled
by the critical Hill density that can withstand the tidal shear in the particle cloud. Next,
we found the fitting functions for the gravity-free density power spectra Pgi,(k1,to)
and P¢(kq, to) at evolution time ty to approximate the density power spectrum P(k, t’)
at time t’ occurring in the mean interaction term i(S;)(k1, t), which provided the grav-
itational growth to the full density power spectrum. Then, for smaller particles, we
calculated their corresponding mean interaction term by setting the cutoff scale kn, to
the minimal pebble separation and computed the linear full density power spectrum
?ghn(k1,t). The results further concluded that larger particle sizes and denser parti-
cle clouds would lead to faster gravitational aggregation and potentially faster grav-
itational collapse in the system. We then calculate i(S;)(kq,t) and the full nonlinear
KFT density power spectrum Pg(kq,t) for large-size particles by employing the same
constant cutoff scale ky,. The analysis showed that increasing the density of the dust
particles leads to stronger gravitational interaction/weaker friction interaction, which
speeds up the gravitational evolution and collapses significantly. Moreover, due to the
attractive nature of gravity, we found the presence of self-gravitational interaction in
the system helps trap larger dust particles at small scales and changed the particle size
15 = 3.04 that corresponds to the strongest small-scale structure formation to larger
values as evolution time proceeds. Lastly, we replaced i(S;)(kq, t) by its fitting function
Seit(k1,t, 75, f) to calculate the averaged density growth 5?2 from initial time ty to later
evolution time t. By setting the collapse criteria to 6 = 10'%, we found the relation
T3 (t —to)f = 2.60 x 1078 for smaller particles to determine the collapse moment in a
PPD with the initial setup as the simulation. Furthermore, by setting the dust density
as the critical Hill density (f = 1) and the evolution time as the averaged lifetime of a
PPD (t = 10°), we found the minimal particle size T¢ = 2.96 x 10~ to ensure a final
gravitational collapse in the system, which greatly lowered the limit 1073 set by sim-
ulations and provided evidence that accumulated self-gravitational interaction over a
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long evolution time could be sufficient for smaller particles to successfully “jump the
barrier” and achieve gravitational collapse.

In the end, we summarized the universal k=3 asymptotic behavior at small scales
for all nonlinear KFT density power spectra and concluded its necessary development
for a 3-dimensional system considering both friction and self-gravity with its initial
correlation functions satisfying the mathematical criteria 1-3. Though the small-scale
k3 asymptotic behavior for Pg(k1,t) highly depended on the choice of the constant
cutoff scale k,, these results still provided a lower limit for the gravitational aggre-
gation and evidence that the total density structure bought by the self-gravitational
interaction will always increase at the scale getting smaller.
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In this Chapter, we focus on extracting the kinetic information of a general proto-
planetary disk (PPD) with the initial setup as the simulation by analyzing the 2-point
KFT momentum-density power spectra for dust particles derived from the momentum
factorized generating functional in Equation 3.61 where we’ve rewritten as

—

2 £
= JdFH [gpp +L) dt’gpp (tj,t) (LTLO —ﬁqjcb)] . el{La,a) +i(Lp,p) +iSi

1 S

j=
2 t do -
H [ igpp t] +L dt'gpp(t, t') (T fj(t’)>] Z41L),

j=1

(6.1)

with the momentum propagator g, (t) given in Equation 3.39, the averaged force
term f;(t’ ) = (ﬁqjd))(lq,t) given in Equation 5.33, and the density factorized gen-
erating functional Z4[L] given in Equation 5.5. Here we’ve applied the mean field
approach to average all gravitational terms over the phase space coordinates to pull
the momentum density operators in the front.

There are three scalar momentum-density power spectra will be calculated in this
Chapter that are derived from the following quantities

o (M MMz, ) = & (Z™1L), (6.2
Vo () (Vq M22)) Z0|;_y =K1 - 27 LK, (6.3)
(Vaxhm) - (Vg x1122)) 201y, = Ktr (2™ L) — Ky - Z™ (LK, (6.4)

with the momentum-density operator 1T;(1) defined in Equation 3.59, and we've
used the condition k7 + k, = 0 in Equation 5.10 ensured by the statistical homogeneity
in the system.

This chapter is structured as follows. In the first section, we derive the general ex-
pressions for the three KFT scalar momentum-density power spectra by calculating in
detail the factorized generating functional Z™[L] and the quantities defined in Equa-
tion 6.2-6.4. In the second section, we introduce a new asymptotic method to help
analyze certain types of integrals shown in the three momentum-density power spec-
tra. In the third section, we ignore the friction and self-gravitational interaction in the
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system. For freely streaming particles at different evolution times, their linear and
nonlinear momentum-density power spectra are derived and their small-scale kinetic
information is analyzed. In the fourth section, we add friction interaction back to the
system. For different sizes of particles with different values of T, we calculate the cor-
responding linear and nonlinear momentum-density power spectra and analyze their
asymptotic behaviors at small scales. In the end, we welcome the self-gravitational in-
teraction among dust particles back into the play, for different values of T, we compute
the gravitational momentum-density power spectra and further discuss their effects on
the kinetic information.

6.1 ANALYTICAL DERIVATION OF MOMENTUM-DENSITY POWER SPECTRA

In this section, we start with the factorized generating functional in Equation 6.1, since
the averaged interaction term i(S;)(kq,t) hidden in Z4[L] only relies on the evolution
time and the wavenumber k1, the momentum-density operator doesn’t apply to them,
we can thus pull them in the front and rewrite

Z™ L] = €SV Z4,[1, (6.5)

with the definition of a new "free" generating functional Z;,[L] as

2

_ . 0
Z12[L] = H [_lgpp(tj)af

j=1 Pj

—

tj .
+L dt’gpp (tj, t') (?—ﬂ(t’))] Zg[L]. (6.6)

S

By analyzing the matrix components of Z;[L] and calculating the quantities in
Equation 6.2-6.4, we derive the final expressions for the three KFT scalar momentum-
density power spectra. Here "free" is in quotes for the reason that though we split the
interaction term from the new generating functional, the friction and self-gravitational
interactions are still embedded in the momentum-density operators.

6.1.1 Factorize Generating Functional

First, we focus on solving the "free" generating functional in Equation 6.6, at the evo-
lution time t = t; = t,, write its matrix components as

- - - - ) 0
2991 = 238 VI + 238 L+ 218 = | —igpp (8) 5o+ (1= gpp () = FJ (1)
P1

0
[ igm b1 gpp () —FE0] 2810, 67)
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with
710 = —g2 (t)a—zzdm (6.8)
12 - gpp aLg1 ang 0 s .
)

2150 = [ (F (1) —u§ (1 — gpp (1)) Fi (F(t) = ug (1= gpp (1)) i

“igpp (t)Zg[L],
(6.9)
[ug (1= gpp () —F1 ()] [u§ (1 — gpp (1)) — FS(1)] ZGIL], (6.10)
where we’ve performed the integral f(t) dt’'gpp(t,t') = gqp(t) = Ts(1 — gpp(t)) and

defined time-averaged force I?j (t) as

t
Fj(t) = J dt'gpp (1, t)f;(t)), (6.11)

to

with Newton’s third law assures f; (t') + f2(t’) = 0 and further F; (t) + F2(t) = 0.
For the convenience of calculations in this Chapter, we rewrite the gravity-free gen-

erating functional Zg [L] in Equation 5.11 as

Z&[L] = eN"NVN=2(2m)35(K; + k2)D (6.12)

where the new integral D is defined as

C (O)fpz - LP1 CP]PZ(r)Epz +i]22 ) 17)

- 1. _ - 1- _
D :J exp (_sz Cpip: (0)Lp, — il—pchzpz
T (6.13)
-0 | D2,
with components
(6.14)

Oy, +ikz - ).
(6.15)

Lo, + Lp, Ly, ) + ma(M)Lp, - Ly, + ma(r)Lp, 7

Here the momentum covariance matrix Cpp is rotated to the wavenumber k space
by Equation 4.80 instead of the § space in Section 5.1.1, and m3(r) and m4(r) are given

in Equation 4.86 and Equation 4.87.
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We start solving Equation 6.7 by looking into the derivatives of integral D in the

equation Equation 6.13. First apply one momentum density operator afp in front of
- Pj
D to obtain
0 - 0Dy [ - - oD,
—D=—51| D24Dy | —, .
ang ang L 2+ Dy L ang (6.16)
with the first derivatives of Dy and D; being
oD -
are = m3(0) (1519, +85L5,) D1, (6.17)
P;
aDz — ] - — - oo — -
W = DZ <2m4(0) ((7‘[||Lp1 + Lp]T[”)pf)]) + (7T|‘Lpz + LPZTEH)péz])
" (6.18)

Then apply another momentum density operator -2 in front of D to obtain

oLy
0 0 - 92D J _ 3D; [ 0D, 0D; [ 9D, - 92D,
S P THY SR TSN T S
oLl 18~ oLl ), 2oLk J, oty oLy, J, oLg, NETRARTES
with the second derivatives of Dy and D; being
92D, — m2 P P n LY
Ao = M3(0)(815L5, +825L5,) (81 L3, + 8217, ) D1+
aLPkaLPi
m3(0)(81581k87° + 825828"°) Dy (6:20)
if j£k -
PETm3(0)(515L8, + 825L8,)(81x L], + 82¢L7,) Dy,
92D, . .
W = <m4(0)7'fﬁp (61j51k + 62)'52k) + (ms(r)énp + m4(1')7TT||1p) <51k52j + 52k51j>>
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We can thus write the expression for Z}% ML) as

P2 7P1
aZD1 - 9Dy
m 0 f D, 4
oLp,dLp, 77 olp,

2 P2
oD,
aLg1
1 L .
+J (mg(O)Lg]D1 D2(2m4(0)(7t|Lp2+Lp27r|)p+m3(r)Lg]—|—m4(r)(Lp17r|)p>>
.
oL

(GO Ty + Tpuy)? s (1L, +ma (1) (T, 7))°) + ma ()87 + g (1)) >]

D 92D
aLgZ2 oLy, al%f,z part—1
(6.22)
With the shift vectors fp] = —k; gqp(t) and fpz =K gqp(t), the above expression

has a much simpler form as

Z?;’(”[L] — eN-NYN=2(27)35(K, —i—lzz)gfjp(t)Dl J D, [— (mg,(r)sﬂp _|_m4(r)ﬁ‘”19)+
T

2
02 (LK (3 (0) + ma (0) — 3 (1) — ma (1)) ]

(6.23)

where the components become
D1 = exp (g5, (1)kim3(0)) (6.24)
D, =exp (gép(t)k% <m4(0) —m3(r) — m4(r)) — ik, -?) (6.25)

Next, the expression for Z7%?)[L] becomes
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2100 = ieN"NVN=2(2m)35(Ky + K2) gpp (1)

(Fh&) w31 = gpp(1):

Sk
i 6.26
mg(O)ngD> + (F00) w81 — gpp (1)) <m3(0)Lg]D+ (6.26)
———
TR D1 [
oL, It 72 o, Jr 2

D, J Dz(lm(oxﬁﬂip] + Doyt )" + ma (1LY, + m4(r)(ﬁ||fpz)“> >]

[ 202
T oLy,

with the same shift vectors plugging in the above equation, it becomes
279D [L) = ieN"NVN=2(2m)35(K; + K2)gpp () ggp (t)
(P10 =30 = grpl0)) i = (P30 -8 - 9 ®)KT) (6.2
D1 [ D2(maf0)+ ma0) = ma(r) — ma(r).
T
With Z75 3) merely being a simple multiplication, define a new function

m(r) = m3(r) +ma(r) = (1 =3u*)b1 — bo) Gpp (1), (6.28)

then we can write down the final expression for the "free" generating functional

Z?g = eNiNVN*Z(ZT[)sé(E] +E2)D] J Dz —g%p(t) (mg(r)énp +m4(r)ﬁﬂp)

T

+ g2, ()92, (OKTKE (m(0) — m(1))? +igpp(t)gap (D j D5 (m(0) — m(r)).
<(F§‘(t) —ul(1 —gpp(t)))kg’ + (Fg)(t) +ud(1 —gpp(t)))k? n

[ug (1= gpp (1)) = F (1)] [ug (1 —gpp (1)) +F7 (t)] ] :

(6.29)

Here we’ve used the relation Fi(t) 4+ F2(t) = 0 ensured by Newton’s third law.
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6.1.2 Three Scalar Momentum-Density Power Spectra

In this section, we derive the final expressions for the three scalar momentum-density
power spectra by calculating the three quantities in Equation 6.2-6.4 with the factorized
generating functional Z™[L] = !5V Z;,.

We start with the trace term in Equation 6.2,

tr(Z™L]) = €S0 ZT, = eNTNVNT2(2m)35(K; + Kp)e U Dy J D>-

[ — g, (1) (3ma(r) + ma (1) + 95,95, KT <m(0) B m(r)) B (6:30)

2

. oz ugy o= o=
2igpp (£)gqp (£) (M(0) —m(r) )k - Fr + g3, (112 —Fy -
S

7

where we obtain the full expression for the trace momentum-density power spec-
trum as

=3

Peu(ki, t) = g2, (1)U P (K, 1) + 2igpp (1) gqp (1) (K1 - Fr)-

. u oo =
el(Sy (T5+T7+Tg) + <9§p(t)T§ —F ‘F1> Pglki,t), (6-31)

S

with Py(kq,t) being the full nonlinear KFT density power spectrum given in Equa-
tion 5.38. Also we’ve defined the integral P, (k1,t) as

Pmlky, t) = J {— 3ms(r) —ma(r) + g5, (ki (m(r) — m(0))? ] =92, (11 (m(r)—m(0))—ik,

:J 3boLyp (r)e i (VK (M) —m(0))—ik; ¥
.

T
r IS =
+ [ggp(t)k$ (m?(r) — 2m(r)m(0)) ] e~ 9ap (Vki (m(r)—m(0)) ik, -7
T2
[ e =
+ gaum%ﬁm)pﬂ%m%mm_q.ﬁ%m%mmﬂhw
T

+| g2, (t)kim?(0)e9a (Dkim(@)—ikiT)
:

=

T
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(6.32)
and the momentum-density power spectra elements as
T = _J m(r)e— 9 (DG (m(r)—m(0))~ik -7 633)
N

T, - J m(0) [~ Sin(IFmr) 1] egin(0im(o)-iFa-T, (6.34)

T
Ts —J m(0)eSin (Vim0 T, (635)

T

To guarantee the trace momentum-density power spectrum Py (k1,t) being conver-
gent, we start with analyzing the elements in the integral Py, (k1,t). First, integrate T,
over spherical coordinates ¢ and p to obtain

00
Ty = 6mby J

00
dTT‘zh (r) = 6mby J dT'rZCpp (r)-
0 0

1
J dpe9an (Vi (m—m(O))—ikirk (6 36)
1

at finite time t and wave number k;, making use of the asymptotic behavior for
Cpp (1) in Equation 4.76, the integrand 21 (r) satisfies

0.04 0.08] sin k
lim 121y (1) = lim 1222 (o) Q08lsin k]
T—00 T—00 T3

1
J dpeY MM coskyTp < eV — 0, (6.37)
—1

kir3

which guarantees term T; converges at large r. Here we already exploit the fact
that y(t,u) = gép (t)k%m(O) in Equation 5.16 is a negative, monotonously decreasing
function in terms of p?. Similarly, integrate term T, over spherical coordinates ¢ and
K,

(0.¢]

Tz :ZT[J

, drr?ly(r) = —ZT[J drgép(t)k%rszp(r)(ZCpp(O) — Cpp(1))

0

1
J dy((1 —3u2)b, _bo)ze—gép(t)k%(m(r)—m(o))—iknu <0 (6:38)
1
At finite time t and wave number k1, the integrand 21, (1) satisfies

16/sink
lim r215(r) > —g3, k7 (2b1 +bo)? Lo (0)eu(v0) O1ElsIN KT

4
T—00 k1T§

— 0 (6.39)
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which guarantees term T, converges at large r. For term T3, again integrate over
spherical coordinates ¢ and ,

(o.¢]

T3 ZZT[J

() = 2n | "argd, (KRG (0)

0

1
J dp ((3p2 — 1)by +b0)2 [efgép(t)ldm(r) _1} ey (LR)—ikiTi (g 1)
1

In the limit of r — oo, the expression in the square brackets satisfies

0.04

z
3

lim (e 9 (VKm0 1] = g2 (1) (362~ 1)b1 +bo) =+ — 0 (6-41)

T—00 T

Thus given finite time t and wave number k1, the integrand 1213 () satisfies
y(£,0) 0.08|sinkq7]| .

lim r213(r) < g, (1)k3 (2by +1b0)> &2, (0)e

T—00 T‘%

0 (6.42)

which guarantees term T3 converges at large r. Now we move on to term T4 and
integrate it over ¢ and p,

(o.¢]

T4 :ZT[J

, drr?ly(r) :ZWJ'O drgépkfrz(ﬁ%p(o)'

:
J dp ((?)u2 —1)by + bo)2 ey(br)—ikiru (6.43)
—1

At the limit of v — oo, its integrand

lim 121 (1) > ZQép(t)(—h —i—bo)zC%p(O)ey(t'” (kir|sinkq1]) — oo, (6.44)

T—00

doesn’t converge, on the other hand, at very small scales where k1 — oo, the integral

o0

J drr?ly(r) < ZQép(t)(Zm +bo)zC%p(O)e_gép(t)k%(bo_b‘)CPP(O) J drkyrsinkir — 0
0 0
(6.45)

converges to zero exponentially. Here we’ve plugged in the full expression of y(t,0).

Since in the following we are mostly interested in the small-scale asymptotic behaviors
of the momentum-density power spectra, term T4 can be ignored for not contributing
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to such matter, which in the meantime also guarantees the power spectrum to be con-
vergent on all scales. Through similar analysis, we can further prove that elements Ts
and T7 are convergent at the limit of r — oo, and Tg can be ignored for not contributing
to the small-scale analysis.

Therefore we obtain the convergent form of the trace momentum-density power
spectrum as

—

Pou(kn, ) = 912710 (t)e'Sy (T + T2+ T3) + 2igpp (t)gqp (t) (ki - Fr)-

- uz - -
el (S (T5 + T7) + (gép (t)?g —F- F1> :Pg(k1 ,t), (6.46)
Now we calculate the divergence term in Equation 6.3

—

Ky - Z™[Lky = €i<sl>kmz111§klp = eN"NVYN=2(2m)35 (K + Ko ) k2 el SV

> = 2 2 2 12 2
D1 | Da| — g2, (1) (m3(r) + ma (1) + 62,02, k3 (m(0) —m(r)) "+
T
. 2
. S o k1 - tip =2
2igpn (V40 (1) (m(0) — m(r) )1 Py + g2 (0 E (g, ) ]
S
(6-47)
with ky = E—: being the unit vector of k. We can thus read off the convergent form

of the divergence momentum-density power spectrum as

Podiv(k, t) = Qf)][,(’f)k%eusI> (Ts +To + T3) + 2igpp (t)gqp ()kF (K1 - F1)-

(k7 - o

2
e (T + T7) + (gép(t) = )0 (k1 ﬁz> Pglki,t), (6.48)

where we’ve exploited the conclusions of convergent properties of different momentum-
density power spectra elements. And since the direction of wave number k; is arbi-
trary, we further modify the expression by introducing the spatial average of the term
(k1 -1o)? as

dedu(ky - o) 1
_J _Lew (6.49)

(K1 -1o)?) = 3

In the end, we compute the curl quantity in Equation 6.4 as
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2 m _ 1. .7m . _ ,i{(S1) 231 o vallY
k]tr (Z™[L]) —kq-Z™[L]k1 = e k]ZIZT‘ ka]zk]p
— ON-NYN=2(9, 351 1 a2 l(SH T 5.
CN™V (2m)°8(k1 + k2)kye D, ,L D> (6.50)
2 ~ S \2
ug — (ki - o o= s =2
—Zgép(t)ma(f) +9(21p(t) 0 (T§ ) - <F1 Fr— (ki - Fr) )],
then the convergent curl momentum-density power spectrum can be written as
- . 292 (t)ud S - A 22
Pocurt (k1,t) = g2, (1)kFe 50T + (quzo - (F1 -F1— (k1 - F1) ) ki Pg(k1, 1),
S

with one more new element T being

—

T, — _ZJ 1 (r)e— 9 (DG (m(r)=m(0)) ik 6.52)
.

Here we’ve used the result in Equation 6.49. Thus we finally obtain the three con-
vergent KFT scalar momentum-density power spectra in Equation 6.46, Equation 6.48
and Equation 6.51. Due to the complicated forms of the three equations, following the
path in Chapter 5, in the following sections, we will analyze the convergent KFT scalar
momentum-density power spectra step by step. In Section 6.3, we calculate the linear
and nonlinear free momentum-density power spectra for freely streaming dust parti-
cles and analyze their small-scale asymptotic behaviors by exploiting the new asymp-
totic method in Section 6.2. In Section 6.4, we further compute the three convergent
momentum-density power spectra for both large and small-size particles considering
the friction interaction with the constant background gas in the system. In Section 6.5,
with both friction and self-gravitational interactions present in the system, we finally
perform the analysis of the full KFT momentum-density power spectra.

6.2 INTERLUDE: ASYMPTOTICS OF CERTAIN TYPES OF INTEGRALS

In Section 5.2.2, we've introduced a new analytical method to calculate the asymptotics
at the limit k — oo for integrals of the form Equation 5.49 which satisfies the criteria
1-3. Though the three criteria all provide constraints on the function f(x), there is a
hidden condition for the function g(x) that demands it to be a function of the absolute
value of X rather than the direction of X. In this Chapter, to calculate and analyze
the asymptotics for the three convergent scalar momentum-density power spectra in
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Equation 6.46, Equation 6.48 and Equation 6.51, inevitably we need to deal with the
momentum-density power spectra elements Ty, T, T3, Ts, Tg, T7. We first write them
as

T :J 3boCpp (1) Jap (VKT mir)—m(0)) ik T, (6.53)
T

- | [gép(t)k% (m?(r) = 2m(r)m(0)) e~ 9 (VKHmIITHONTGT, - (6.59)
T

T3+ Ty = J g2, (K m?(0)e 9o (VKT (m(r)=m(0)~iky T, (6:55)

Ts = —J mr(r)e—gép(ﬂk%(m(”—m(oﬂ—iﬁl'?, (6.56)

Te = _2] m3(r)e—gép(t)k%(m(r)fm(o))fﬂzl-?’ (6.57)

T, +Te :rj m(o)e—gép(t)k%(m(T)*m(O))*ﬂa'?l (6.58)

since in Equation 6.45, we’'ve proved elements T4 and similarly Tg both have negli-
gible small-scale asymptotics, for the convenience of further analysis, here we choose
to examine the integrals Tz + T4 and T7 + Tg as they have identical small scale asymp-
totic expansions as T3 and T7. Notice the six integrals above all have the same form as
Equation 5.49 with one identical f(x) being

fm(r) = g5, (m(r) = m(0)) = g%, (b1 —bo) —3b1u?) (Gpp(r) — Gpp(0)),  (6.59)

which has exactly the same expression as f(r) in Equation 5.52 just with the general
propagator gqp(t) instead of the free one go(t). However, in each integral, the corre-
sponding function g(x) no longer only depends on the absolute value of X, but also
the direction of X due to the p-dependence of the function m(r) and m3z(r), except ele-
ment Ty. Therefore, for the elements T, to (T; + Tg), we need to find a new analytical
method to analyze their small-scale asymptotic behaviors.

In this section, we wish to study the asymptotic behavior of a specific Laplace-
Fourier type integral

1 00 oo
P(k)ZZWJ du((b1—bo)—3b1uz)zj drr2e 94 (VKM —m(0)—ikKT (4 60
—1 0

for k — oco. According to Konrad [25], we begin with an asymptotic expansion of the
1 integral, for which we modify Erdelyi’s theorem for Laplace integrals, which states:

Theorem 1 (Erdelyi). Let I(A) be an integral of the form

b
IA) = J e M X g, (x)dx (6.61)

a
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where f)(x) is a real function of the real variable x, while gx(x) may be real or complex.
Then if

1. fa(x) > fa(a) for x € (a,b) and

inf fy(x)—fala) >0 (6.62)
[a+38,b)

for & >0;
2. f{(x) and gx(x) are continuous in a neighbourhood of a, except possibly at a;

3. fa and g, admit asymptotic expansions

(6.63)

fa can be term-wise differentiated,
~ ) ar(k+ o) (x —a)kte! (6.64)

for x — at where o« > 0 and Ref > 0; and

4. I(A) converges absolutely for sufficiently large A; then

the integral 1(A) has the asymptotic expansion

I( 7}\f7\

(6.65)

n=0

for A — oo where v := % The coefficients cn, can be expressed by an and by, as

n —v
1

bn—m .
en = 5oy mZ_O S dmn with  dpn = lim dTm +Z (6.66)

For applying Erdelyi’s theorem to Equation 6.60, we set A := gﬁp (t)k? and identify
fax), ga(x) as

fm(r) _ f(r)

2.0~ RN ann(r) +ufaz(r),  galr) =rie kT, (6.67)
P

falr) =
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with 0.1}\(1") = (b1 - bO) (C'pp (T) - Z»p'p (O)) and (12}\(1‘) = —3b; (Cpp(r) - Cp'p (O)) For
r — 07T, according to Equation 5.52, we have

fAr) ~ ) agm ()™ (6.68)

m=0

with

52 m+1
AT (@) (2 em (-F)

= (by —bo —3u’b , 6.6
and the asymptotic expansion of the function gx(r) is
- _ , —ikp)™
o)~ Y bl K™ with b k) = (670)
m!
m=0
We identify « =2 and 3 = 3 and find
o0 © (043 e (k)
— —AfA(T) N 2 )ik,
[L(A) = JO e MATga(r)dr T;O A 13)/2 (6.71)
The coefficient c,, are
—(n+3)/2 n . _
Gy (—ikp)™—™
Cn = 2 Z min—m)! dm,n (1) (6.72)
m=0
with
_ns3
> a : 3 a +H2(12 _HTH
— i 9252 — 0 i [ SOA T HTA2N
dmnlp) = lim (143 %2 a?’ lim ( g ) (673)

j=1

Since f)(r) is even in 1, all odd derivatives vanish, implying d2m1n(p) = 0. Thus
in the coefficients cn (p, k), only even values of m contribute to the sum. We further
add that, due to the integration over the parameter y, it is sufficient to consider only
the real part, which is even in y, thus only terms for even numbers of n. This brings
us to
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2n+3

1o Fn+3) ¢  2a)mm d>™ fan+ufan
L(A) ~ : :
Rel,(A)~5 > 2 Gmjiian— 2wyt 2 g < x? >

(6.74)

Since we are interested in the expression in the order of k, after reordering n and m,
we have

’ ’ 1 o0 (_kz}’LZ)fm~ 5
Relu(gqpk ) ~ 513 Z ch(u ) (6.75)
m=0
with
3 +m
d42m x2 /g2 22 rntm+3) [ —u2x2/gt, 1"
Enln?) = lim = foq |~ 5~ I D) [ W0 |
x—0 dx“™ | ajx + Leasx = (2n)! ajx + peagy

We now proceed to the p—integral

:
L dp [(b1 —bo)? +6b1(bo — by )p? +9b%u“] (—pu?) " ™en (n?), (6.77)

Due to the complicated form of the integral, also since our primary interest lies in
the expression of the highest order in terms of k, here we present the final results for
the case m = 0.

Split the above integral into three ones:

& T (n+d) 2\ (—u?)"
()= o b0 fimy 3 ( ) U au =

7 3
Iap —1 (a1 +p2axp)™tz

3

. e F(n+ §) K2 \ "2 [ (_HZ)n—H
2) = — 2 6.78
(2) = 6b1{b1 bo)ili%n:o (Zn)! < 5 ) “ 1du(a1>\+u2az>\)“+% 79

Yap
oy 5 L) (2R (22
B =90t lim 2~y ( ) |,

2 3
9ap 1 (aja+u2az)"t2

Integral (1) has the result as

(1) = (b1 —bo)? lim ¥ e (Xz >n P2 (=
3
=0 (2t \ggp all22n+1)

1 3 3 azx
5>F4 <n+ 2,n+ z,n—i— 2’_a1>\> , (6.79)
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where >F1(a, b, c,z) is the Hypergeometric function. Using Milton Abramowitz [30],
we find

2F11a,9,C,z2) =2 ,q,C,Z); 2h\a,0,0,z) = 72_; .00
Fila,b,¢c,z) = 2F1 (b ) Fila,b,b,z) = (1—2)"¢ (6.80)

Thus we can perform the sum in integral (1) as

ad 3 2\ "3 1\ -n—1
(1) = (b1 —bg)? lim F(n+3) (X ) 2(13)<]+az>\>

x—0 =0 2n+1)! g%IP a?;rz ax
; (6.81)
2 /42 2742 2 x2 /g2
X X _ 9qp
= (by —bo)?V/7 lim /9av /9ap e Hanataz)
x—0 aA1p aix + azx

Combining Equation 6.67 and Equation 6.69, we can write aj) and az) to their
primary order in the limit of x — 0,

bo—b 3b
ajy = 0 > ! O'%Xz; ar) = Tla%xz; (6.82)

with O'% given in Equation 5.55, then the final expression for integral (1) becomes

2(bg—b1) 21 1
1) = exp | — . 6.8
M gpo'? bo + 2b; P Zg%pO‘%(bo +2b7) (6.83)

Combining with coefficients in Equation 6.75 and Equation 6.60, the amplitude of
the k3 tail at small scales for P(k) contributed from integral (1) becomes

P (t) =7 (1) = (bo— b1)2P (1), (6.84)

with in(o) (t) being the amplitude for the small-scale k> slope of the nonlinear den-
sity power spectrum given in Equation 5.67. This result makes perfect sense. If we only
consider the part of P(k) including integral (1), then the function would take the form
of

1 o )
Pi(k) = ZTIJ du(bo —b1)? J drr2e 9% (VK2 (m(r)—m(0)) —ik-¥
- 0 6.85)

T

7
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which is exactly the same as the first part of P¢(kq,t) in Equation 5.20 but with
coefficient (bg — b1)?, since the second part of P¢(kq,t) doesn’t contribute to the small-
scale asymptotics, the amplitude for the k=3 slope at small scales for P; (k) is exactly
Equation 6.84.

Now we move on to integral (2), after integration we have

0]

_ ()12 20+ 1) 1 "
(2) = 6bq(b; —bo)\/EnZ_o n! 2n+3) <29épo‘%(bob])>

3 3 5 3by
F = = = . (6.
2F1 <n+2,n—|—2,n+2,b1_bo> (6.86)

Here we’ve already plugged Equation 6.82. Then the calculation over integral (3)
gives

3

n23(2n+1) 1 i
! (2TL+5) Zg%pﬁ%(bo—bﬂ

5 3 7 3by
F 2+ s . (6.
2Fq (n+2,n+2,n+2,b1_bo> (6.87)

2 (—1
3) =903y
n=0

Due to the complicated form of (2) and (3), Figure 6.1 illustrates the shape of integral
results (2) and (3) in Equation 6.86 and Equation 6.87 as functions of propagator gqp (t).
We can see their curves both have multiple extreme points with values being either
negative or positive. And at very large gq4p(t), the values of both functions approach
to zero.

0,
1.x1078}
x10 -1.x10°"
5.x 1070} ] -2.x107°"
8 of T 3x109
, —4.x107%F
-5-x10 -5.x1079F
-1.x1078} ] ~6.x107°0 . .. ‘ ‘ ‘ J
1 5 10 1 2 5 10 20
gqp QQP

Figure 6.1: Left panel: This plot shows the shape of integral (2) in Equation 6.86 as a function of
gqp(t). Right panel: This plot shows the shape of integral (3) in Equation 6.87 as a
function of gqp (t).

In the end, we obtain the amplitude for the k=3 tail at small scales for P(k) in
Equation 6.60 as

143



144

DUST MOMENTUM-DENSITY POWER SPECTRA BY KFT

Pe(t) 2m

P~ T6 =36

(M+2)+3) = — (6.88)

Now we return to the momentum-density power spectra elements in Equation 6.53-
6.58, rewritten them as

Ty = 21t J]1 duhi () Eo drgy (r)efggw(t)k%(mm*m(o)), (6.89)
T, = 2nec; Jll dpha (1) J:o drgy (r)e” 9ar (OKi(m(r)—m(0)) (6.90)
T + T4 = 273 j; duhs () J:o drgs(r)e9a (IF(mir)=m(0)) (6.91)
Ts = 27ats f1 dpths () Eo drgs(r)e ™ 9ar (KT (mn=m(0) (6.92)
T = 270t f1 dithe (p) j:o drge(r)e9ar (KT (mn—m(0) (6.93)
To 4 Ts = 2oy f] duh () J:o drg; (r)e 94 (I (mir—m(©)) (6.94)

with the coefficients and the p-functions being

a1 = 3bolpp(0), hi(p) =1,
oy = —g2, (VKIC2,(0),  ha(w) = (b1 —bo—3by u?)?,
a3 = g2, (0K3C2,(0),  ha(u) = (by —bo —3b1u?)?, 695)
x5 = —Cpp(0), hs(p) = (b1 —bo —3b1u2),
Kg = Cpp (O)/ hg(p) = (Zbo + b7 —3b; uz),
X7 = Cpp (0), ho(u) = (b] —bop —3b; }12),
and the g, (x) functions being
_ Cpp(r) 2 —ikrp Cpp(r) 2 —ikr
=@ B =
_ [ 2Gpp(r) C%pm 2 _—ikru ~ Gop(M) 5 ikru (6.96)
g2(r) = (Cpp(o) 22, (0) e , gelr) = Cpp(p)r e ,
g3(r) = rPe *TH, g7(r) =rPe T

Thus the asymptotic expansions for the g (x) functions above at r — 0% become
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b7mlp7khjn+371

4

with

with

with

with

with

with

Gpp (0)
b nlzz““‘*an::bnu
T Gy 0)

bom = (ZCpp (O) _ C%p(0)> bm =bm,

Gop(0)  2,(0)
(6.98)
b3m = bm, (6.99)
Cpp(o)
bsm = b = b, .
5 Zop (0] (6.100)
Cpp (0)
bem = bm = bm, 6.
6 Lo 0) (6.101)
b7 = bm, (6.102)

which are all identical with g)(r) in Equation 6.70. With the f)(x) functions for
Equation 6.89-6.94 are the same with f, () in Equation 6.6y, we conclude all r-integrals
in Equation 6.89-6.94 give the same asymptotic result as in Equation 6.75. Furthermore,
comparing the six p-functions in Equation 6.95 with the p-dependence in integral
Equation 6.77-6.78, then combining with the six coefficients o; withi=1,2,3,5,6,7, we
can write down the small-scale asymptotic expansions for all the momentum-density

power spectra elements as
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_THO _ 3balpp(0) P[] _ 3balpp (007 (1

T; k? = (ho _ ;)2 k? k? , (6.103)
0 a 2 2 0
- g2 e, 0 F Y = Ml ) )4 ),
1
(6.104)
9 a 2 (033, (0
1~ B g2 g 0Pl = el () 2)13), (610s)
1
Tmfrg(t)__ncpp(oy( n @ >_ M 0) -(m+(2)>
T K8 b1 —bo  2(bo—b1))  (bo—b1)k3 2 )7
(6.106)
TTS(t)_WCpp(O)'(ZboJrh (2 )_ TtCpp (0) .<2bo+b1
kT Kk \bi—bo)2 " 2(bo—b1))  (by—bolk} \ by—bo
(6.107)
TNTQ(t)_ncpp(O)_< m @ )__ pp (0) .<m+(2)>
(R T b1 —bo 2(bo—b1))  (bo—Db1)k3 2 )’
(6.108)

With three important relations T, +T3 =0, Ts + T = 0, and Ts + Tg = T at small
scales. Therefore, by introducing Erdelyi’s theorem for the one-dimensional Laplace
integrals then performing the spatial angular integrals afterward, a new analytical
method is developed to calculate the small-scale asymptotics for the integrals of the
form Equation 5.49, especially for the ones with a more complicated form of g(x).

63 FREE STREAMING PARTICLES

In this section, we ignore the friction interaction in the system, at the limit of s — oo,
the free momentum propagator g§*(t,t’) can be derived from equation Equation 3.39
as

: N .m AN T —t;—st' _
Tlli}noo 9pp (tlt ) =90 (tlt ) - Tlli}nooe 1/ (6109)

we further ignore the self-gravity among dust particles and obtain

Fj =0 and I?j =0, (6.110)

combing them with the free propagator go(t,t’) given in Equation 5.40 and the free
interaction term Sigee given in Equation 5.41, the three free convergent momentum-
density power spectra can be read off directly from Equation 6.46, Equation 6.48 and
Equation 6.51 as

(1) +
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Piree(ke, t) = Tio + Tao + Tao, (6.111)
Piree(ke, t) = k7 (Ts0 + Ta0 + Ta0), (6.112)
Phes(ka, t) = ki Teo, (6.113)

where T;p with i =1,2,3,5,6 has the same expression as T; in Equation 6.32, Equa-
tion 6.33 and Equation 6.52 but with the free propagator go(t) instead of the general
propagator gqp(t).

In the following section, we first derive the expressions of the three linear free
momentum-density power spectra for dust particles by looking for the asymptotic
behaviors of the momentum-density power spectra elements T; to T at very early
evolution time. Then we return to the nonlinear momentum-density power spectra
by employing the new asymptotic method introduced in Section 6.2. Furthermore, for
each different momentum-density power spectrum, we analyze its small-scale asymp-
totic behaviors and find evidence for scale-invariant kinetic energy at very small scales
in the system.

6.3.1 Linear Momentum-Density Power Spectra

At very early times, the free propagator satisfies go(t) =t — 0, the exponentials in the
momentum-density power spectra elements can thus be Taylor approximated to their
first orders,

Tio ~ Tima (k1) = 3bo J Cpp (r)ekITH, (6.114)
Tao ~ Tina(k1,8) = 9361} | (m2(1) = 2m(rjm(0))e 7, (6.115)
.
T30 ~ Tins (K1, 1) = —gé(t)kﬂ m2(0)m(r)e I, (6.116)
Tso = Tins(lc, ) = — | m{r)e 7, (6.117)
,
Too = Tingllcr, ) = ~2 | ma(rle 7, (6.118)
.

evidently, Tjin,(k1,t) and Tyn;(kq,t) instantly become negligible compared to the
other terms due to the higher orders of go(t) in their expressions. Therefore the three
free momentum-density power spectra in Equation 6.111-6.113 can be simplified to
their linear form as
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Phies (k1,1) = Tiing (K1, 1), (6.119)
Pires (ki t) = k%Tlin5(k1/t)/ (6.120)
Phieg (k1,1) = ki Tiing (K1, 1). (6.121)

Now we integrate Tjn,(k1,t), Tins(k1,t) and Tjine(kq,t) over the Spherical coordi-
nates p and ¢, then replace r with r1 = kqr to obtain

67tb 2sinT
Tiinz (K1, t) = d , 6.
tint (K1, 1) k‘;’ JO T Cpp <k1> " (6.122)

2m [*° T !
Tiins (K1, 1) = e Jo drlr%Cpp <k11> J du ((3u2 —1)b; —i—bo) CcOST1U, (6.123)
1

2 (*° T !
Tiine(k1,t) = e Jo drw%Cpp <k]1> J ] du (Zbo +(1 —3u2)b1) costTiy,  (6.124)
: _

when k; — 0, by employing the asymptotic behavior of (,p, (11/k1) o< (k1/77 )7/3 in
Equation 4.76, we obtain their large-scale asymptotic behaviors as

Tina (K1, t) ~ %, ¢ = 0.975mby, (6.125)
X
4 4
Tiins(k1,t) ~ C%, ¢5 = 0.08m——(7bo —4b1)T (—) , (6.126)
Ce 8 4
T]in(,(k1,t) ~—, cg = 0.08m— (7b0 + 2b; )F — . (6.127)

While at the limit of ki1 — oo, we obtain their small-scale asymptotics in Sec-
tion A.1.2 as

2 2

lm Ty (ki,t) 20, lim Tyng(ks,t) = —18.85b, “3(:0, Hm Tyng(k1,t) = 18.85b7 0 ”CO

k]—} k]—}OO k,] k1—>oo .l
(6.128)

where (o is a constant given in Equation A.2. Therefore, using Equation 6.119-6.121,
we can immediately conclude that, for the linear free trace momentum-density power

i, _2
spectrum Pir¢(k;,t), it will develop a k; * slope at large scales then continuously

decreases exponentially to zero at small scales, as for the linear free divergence and

curl momentum-density power spectra U_’ffgg(kh t) and ﬂ’ffg;(kht), they will develop
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k% slopes at large scales and k; ' tails at small scales. Furthermore, the fact that the
expressions in Equation 6.125-6.128 are independent of the evolution time indicates
that all asymptotic behaviors of the three linear free momentum-density power spectra
are conserved and remain the same at the very early time of evolution.

Figure 6.2 shows the shape of Pire¢(k;), Pire¢(k;) and ‘Pffg;(k] ) as functions of wave
number kj. Notice their large and small scale behaviors confirmed our asymptotic
analysis. Moreover, notice that the small scale asymptotics of Tjins(k1) and Tjine(ki)
in Equation 6.128 indicate the relation of ﬂ_’ffrfg(h )+ ﬂ_’firrel;(h ) = 0 at very small scales,
this result could then very well explain the small scale asymptotic behavior of Pfre¢(ky).
Since the trace, divergence, curl momentum-density power spectra are derived from
Equation 6.2-6.4 which satisfy (6.4)+(6.3)=k%-(6.2), thus at small scales, when the linear
free divergence momentum-density power spectrum cancel out the linear free curl
momentum-density power spectrum, the linear free trace momentum-density power

spectrum is bound to become zero as in Equation 6.128.
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Figure 6.2: This figure shows the shape of absolute values of Phree (1) (left panel), phreeye

lin1 lin2
(middle panel) and ‘J_)firgg(h ) (right panel) in terms of wavenumber k; (blue lines),

together with their small scale asymptotic behaviors (yellow dashed lines) and the

large scale k! asymptotic slopes (green dashed lines) of ﬂ"f{ﬁi(h ) and ?ffr‘fg(h ).

6.3.2  Nonlinear Momentum-Density Power Spectra

In this section, we return to the full expressions of the three free convergent momentum-
density power spectra in Equation 6.111-6.113 at any given evolution time t, by analyz-
ing their corresponding power spectra elements T;p with i = 1,2,3,5,6, we conclude

their small and large scale asymptotic behaviors, furthermore, the time dependence of

their small scale asymptotic behaviors are examined.

6.3.2.1  Momentum-Density Trace Power Spectrum

We start with the free trace momentum-density power spectrum in Equation 6.111. At
very large scales where k1 — 0, the exponentials in the momentum-density power
spectra elements T;p with i = 1,2,3 can still be Taylor approximated to their first
orders as in Equation 6.114-6.116, with the large scale asymptotics of Tyo given in
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Equation 6.125, we integrate the other two terms over the Spherical coordinates u and
@, then replace r with r1 = kqr to obtain

2mg(t) [® T T
T20 = Tiina(k1,t) = % L dri1§Cpyp <k11) (Cpp <k11> _ZCPP(O)> '

; (6.129)
2 2
J 1du((1 —3p®)by —bo) cosTip,
e T
T30 ~ Tiing (K1, t) = 27g (1)K C%p(O)J dr1m1Cpp <k]1) :
0 (6.130)

]
J du ((Suz —1)by + bo)3 COST1 L,
-1

by employing the asymptotic behavior of {pp(r1/k1) o (k1/11)7/3 in Equation 4.76,
we obtain their large-scale asymptotic behaviors as

1 4 7
Tinz(k1,t) ~ c2ki, 2 = O.]67Tg%(t)Cpp(0)ﬁ(76b% —104b1bg +91b3)T (—3>

= —5.167 x 1077 g3(t),

(6.131)
5 40 13
Tling(kht) ~c3ki, c3= 0.0Sﬁgg(t)C%p(O)@r <_3) .
(640b? —4332b%by + 2964b1b3 — 172%3) (6.132)

= 6.451 x 107 13g3(t).

At very small scales where k1 — oo, the asymptotic behavior of Tip withi =1,2,3
are given in Equation 6.103-6.105, but with the general propagator gqp(t) in the ex-
pressions replaced by the free propagator go(t).

Figure 6.3 shows the shape of the free momentum-density trace power spectrum
T{iee(h ,t) = Tio+ Too + T30 and its elements Ty, T2, T30 as functions of wavenumber
k1 at evolution time go(t) = t = 2.0. We can see their large and small scale asymp-
totic behaviors match our calculations very well. Furthermore, notice the curves of
iT’{f,ee(h ,t) and Ty are almost identical with each other, which can easily be explained
by looking into the asymptotic behaviors of T1o, T2p and T3¢. At very large scales with
k1 — 0, the asymptotic behavior of Tjp in Equation 6.125 is significantly larger than
the ones of Tp and T3¢9 by Equation 6.131 and Equation 6.132, moreover, at very small
scales with k1 — oo, the asymptotic behaviors satisfy T>o 4+ T30 = 0 according to Equa-
tion 6.104 and Equation 6.105, combining both conclusions, we immediately realize at
both large and small scales, the value of T;o dominates and contributes the most to
the free momentum-density trace power spectrum Piree(ky, t).
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Free Momentum-Density Trace Power Spectrum (t=2.0)
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Figure 6.3: This plot shows the free momentum-density trace power spectrum P¢(kq,t) =
T10 + T20 + T30 (yellow line) and its elements Ty (purple line), Ty (green line), Tzo
(blue line) in terms of wave number k; at evolution time go(t) =t = 2.0, together
with their large scales asymptotic behaviors by Equation 6.125, Equation 6.131,
Equation 6.132 and small-scale asymptotic behaviors by Equation 6.103-6.105. The
negative values of T;p and T3¢ are represented by the same color dashed lines.

Therefore, we can straightforwardly write down the large-scale asymptotic behav-
iors for Pfree(kq,t) as

Phree(ie;, t) ~ —, for k; —0, (6.133)

with ¢y given in Equation 6.125, and its small-scale asymptotic behavior as

H(0)
Phree (e, t) ~ Pl () _ 3b0Cpp(0)gp(0)(t)

3 3 , for ky — o0, (6.134)
1 1

where ?}ﬁg (t) represents the amplitude for the k1_3 tail of J_Dgee(lq ,t), and PO)(t) is
the amplitude for the nonlinear free density power spectrum given in Equation 5.59.
At the limit of k1 — oo, since the separation between two particles becomes negligible,
the free momentum-density trace power spectrum actually measures the kinetic energy
of dust particles in the system, with k? ~ﬂ_3gee(k1,t) being a constant, we conclude a
scale-invariant kinetic energy for dust particles at small scales of the system.
Furthermore, since the large scale asymptotic behavior of Pr¢(ky, t) in Equation 6.133
is independent of the evolution time t, concerning the time dependence of the free

momentum-density trace power spectrum at small scales, notice the amplitude ﬂ_’f(r(zr) (t)
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is just a constant multiply P)(t), we can then immediately write down its maximal
amplitude and the corresponding evolution time as in Equation 5.60 being

6m\ /% by +2b
P — 3b0,p(0) (1) 2T £ 496.1072 at (6.135)
e bo — b]
1
tmax = 07 ' ~3.04. (6.136)

3(bo +2by)

Therefore, at very large scales, the power spectrum P®¢(kq,t) is conserved over
time, while at very small scales, the change of the amplitude for Pff*¢(k;,t) indicates
that the kinetic energy of the dust particles in the system first increases until reaches
its maximum at time tmax then continues to decrease as time proceeds.

6.3.2.2  Momentum-Density Divergence Power Spectrum

We proceed to the nonlinear free momentum-density divergence power spectrum by
Equation 6.112 in this section. At very large scales where k1 — 0, the asymptotic behav-
iors of Tjp with i =5,2,3 are given in Equation 6.126, Equation 6.131, Equation 6.132,
while at very small scales where ki — oo, their asymptotic behaviors are represented
by Equation 6.104-6.106, in which the general propagator gqp(t) are replaced by the
free propagator go(t).

The left panel of Figure 6.4 shows the shape of the free momentum-density di-
vergence power spectrum elements Tso, T20, T30 and Tsp + T20 + T30 as functions of
wave number ki at evolution time go(t) = t = 2.0. Their large and small asymp-
totic behaviors match our analysis very well as expected. Notice the values of the
sum Tsg + T2o + T30 and element Ts5y are the same for most scales considered, which
can also be explained by the negligible large scale asymptotic values of To, T3¢ in
Equation 6.131-6.132 and the small scale asymptotic relation of T,¢ + T3¢9 = 0 in Equa-
tion 6.104-6.105 as Figure 6.3.

Therefore at very large scales the asymptotic behaviors for Pf¢(k;,t) in Equa-
tion 6.112 is given by

_ 4
Pee(ky,t) = kiTso ~ cski, for ki — 0, (6.137)

with c5 given in Equation 6.126, while at very small scales, its asymptotic behavior
becomes

(0)
. P (t 0 2
Pree(kq,t) = k3 Tsp ~ fril;’( ) = (b:(:j%a ))k1 : <(1) +(2)> , for ki — oo, (6.138)
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Figure 6.4: Left panel: This plot shows the free momentum-density divergence power spectrum
elements Tso (purple line), T (green line), Tzp (blue line) and Tso + T20 + T30 (yel-
low line) in terms of wave number k; at evolution time go(t) =t = 2.0, together
with their large scales asymptotic behaviors by Equation 6.126, Equation 6.131,
Equation 6.132 and small-scale asymptotic behaviors by Equation 6.104-6.106. The
negative values of Typ, T30, Tso and Tsgp + Too + T30 are represented by the same
color dashed lines. Right panel: This plot shows the free momentum-density diver-
gence power spectrum ﬂ_’gﬁf (k1,t) (yellow line) as a function of k; at the same
evolution time go(t) = t = 2.0, together with its large scale k‘]‘/ 3 asymptotic slope
(black dash-dotted line) in Equation 6.137 and its small scale k1_1 asymptotic slope
(black dashed line) in Equation 6.138.

with (1) and (2) given in Equation 6.83 and Equation 6.86, in which the general
propagator gqp(t) is replaced by the free propagator go(t), see the right panel of
Figure 6.4. Since the free momentum-density divergence power spectrum measures the
power spectrum for the projections of the momentum-density operator IT on the wave

vector ki multiplied by k2, at the limit k; — oo, we have its small scale asymptotic

. . Ppiree (1 1t
behavior satisfy %
1

density power in the k; space.

Since the large scale asymptotic behavior of P¢(k;, ) in Equation 6.137 is indepen-
dent of the evolution time t, we are only interested in the time dependence of its small
scale asymptotic behaviors. Due to the complicated shape of (2) in Equation 6.86 and

. k? = constant, which indicates a scale-invariant momentum-

Figure 6.1, instead of taking the analytical derivative of Tf(ﬁi)iv(t), Figure 6.5 shows the
shape of it as a function of evolution time t. We can see it has two extreme points
which corresponds to two local maximal and minimal amplitude for the k; > slope of
i?grie\f’(kht). The numerical result gives the local maximal PZ3 and minimal Iflgé?v at

their corresponding evolution times as

Mt~ —0.020 at tmin~1.55, and PR ~6.187° at tmax ~4.12. (6.139)
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Figure 6.5: This plot shows the shape of amplitude Tf(r?iv(t) in equation 6.138 as a function of
evolution time t. The yellow dot marks its value at evolution time t = 2.0 which
corresponds to Figure 6.4. The green cross represents the example extreme points
of the curve given in Equation 6.139.

6.3.2.3 Momentum-Density Curl Power Spectrum

In the end, we move on to the nonlinear free momentum-density curl power spectrum
by Equation 6.113. At very large scales where ki — 0, the asymptotic behavior of Te
is given in Equation 6.127, while at very small scales where k; — oo, its asymptotic
behavior is represented by Equation 6.107, in which the general propagator gqp(t) is
replaced by the free propagator go(t).

Therefore we can immediately write down the large-scale asymptotic behavior for
Pfree (1, t) in Equation 6.113 as

curl

_ 4
piec(k1,t) = kiTeo ~ cekj, for ki —0, (6.140)

curl

with cg given in Equation 6.127, while at very small scales, its asymptotic behavior
becomes

(1)+(2)>, for ki — oo,

b1 —bo 2
(6.141)

:j)free (k],t) — k%TGO . frcurl —

PO L) iy (0) [ 2bo + by
curl K1 (b1 —bo)ks

with (1) and (2) given in Equation 6.83 and Equation 6.86, in which the general prop-
agator gqp(t) is replaced by the free propagator go(t). Now that the free momentum-
density curl power spectrum measures the power spectrum for the projections of
the momentum-density operator IT perpendicular to the wave vector k; multiplied
by k2, at the limit k; — oo, we have its small scale asymptotic behavior satisfy
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Pree (k T . . .
% -k} = constant, which indicates a scale-invariant momentum-density power
1
in a space perpendicular to kj.
Figure 6.6 shows the shape of the free momentum-density curl power spectrum

Tgffl(k] ,t) (right panel) and its element Tg (left panel) as functions of wave number k.

Their large and small asymptotic behaviors match our analysis very well as expected.
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Figure 6.6: Left panel: This plot shows the free momentum-density curl power spectrum ele-
ments Tgo (yellow line) in terms of wave number k; at evolution time go(t) =t =
2.0, together with its large scales asymptotic behaviors by Equation 6.127 (black
dashed line) and small-scale asymptotic behaviors by Equation 6.107 (black dash-
dotted line). Right panel: This plot shows the free momentum-density curl power

spectrum j’ﬁfr"i(kht) (yellow line) as a function of k; at the same evolution time

go(t) =t = 2.0, together with its large scale k‘]‘/ 3 asymptotic slope (black dashed
line) in Equation 6.140 and its small scale kf1 asymptotic slope (black dash-dotted
line) in Equation 6.141.
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Figure 6.7: This plot shows the shape of amplitude i]’f(r(izlrl(t) in Equation 6.141 as a function of

evolution time t. The yellow dot marks its value at evolution time t = 2.0 which
corresponds to Figure 6.6. The green cross represents the example extreme point of
the curve given in Equation 6.142.
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Since the large scale asymptotic behavior of P (k;,t) in Equation 6.140 is also
independent of the evolution time t, we only consider the time dependence of its
small scale asymptotic behaviors. Due to the complicated shape of (2) in Equation 6.86
and Figure 6.1, Figure 6.7 shows the shape of ﬂ’f(r(iilﬂ(t) as a function of evolution time
t. We can see it first increases over time and reaches its local maximal amplitude P,
at time tmax, then decreases all along as time proceeds to zero. The numerical result

) . max ) . . .
gives the local maximal Tfrcurl at its corresponding evolution time as

MaxX  ~ 0.048 at tmax ~ 2.66. (6.142)

frcurl =

6.3.2.4 The Relation of The Three Power Spectra

At the end of this section, we would like to discuss a bit more about the relation among
the three free nonlinear momentum-density power spectra. We mentioned in Sec-
tion 6.3.1 that the quantities in Equation 6.2-6.4 satisfy the relation k%-(6.2):(6.3)+(6.4),
which leads to the relation between Pi*¢(ky,t), PT¢(ky,t) and P8 (ky, t) as

curl
KiPiee (i, 1) = Pee(kq, t) + P (kq,1), —  Tho = Tso + Teo- (6.143)

curl

Free Momentum-Density Power Spectrum Relation (t=2.0)
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Figure 6.8: This plot shows the free momentum-density power spectra elements Ty (purple
line), Tso (green line), Tgo (blue line) and sum Tsp + Tgp (yellow line) in terms of
wave number k; at evolution time go(t) =t = 2.0, together with their large scales
asymptotic behaviors by Equation 6.125, Equation 6.126, Equation 6.127 and small-
scale asymptotic behaviors by Equation 6.103, Equation 6.106, Equation 6.107. The
negative values of Tsg is represented by the same color dashed lines.

Figure 6.8 shows the shape of the free momentum-density power spectra elements
Tio, Tso, Teo and sum Tsp + Tgp as functions of kq at evolution time go(t) =t = 2.0. We
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can see the curve of sum Tsg + Tgp matches with the curve of element Tqo very well,
which verifies the relation in Equation 6.143. This result makes perfect sense for the
reason that the sum of the power spectra for the momentum-density operator IT in k;
space and perpendicular to k; space should be equal to its total trace power spectrum.

Furthermore, since all the scalar momentum-density power spectra analyzed in this
chapter are derived from the quantities in Equation 6.2-6.4, the very same relation will
also be satisfied in the following sections.

64 FRICTION MOMENTUM-DENSITY POWER SPECTRA

In this section, we still ignore the self-gravitational interaction among dust particles
with I?]- = 0 and Sjree = 0, yet return to the general propagators gqp(t,t') and gpp (t, ')
in Equation 3.39 to reconsider the friction interaction between the dust particles and
the constant background gas field in the system. The three scalar momentum-density
power spectra in Equation 6.46, Equation 6.48 and Equation 6.51 thus can be written
as

Peer(k1,t) = Pring (k1,t) + gf,p ) (T + T2+ T3), (6.144)
j)fdiv(kl ’ t) = jDlimz(k1 ’ t) + Q%p (t)k% (TS + T2+ T3), (6145)
ijcurl(kl /t) = jjlir‘g(k] /t) + QIZ)p (t)k%T& (6146)
with

Plina (K1, 1) = (] - gpp(t)) uyPe(kq, t), (6.147)
- 1. 5=

Plina(k1,t) = gk%iplim(kht)/ (6.148)
{J)linz (k1, t) = 2(j)linz (ki, t)/ (6149)

where the gravity-free nonlinear density power spectrum P¢(k1, t) is given in Equa-
tion 5.20. Here we’ve used the relation gqp(t) = Ts (1 — gpp (t)).

This section is constructed as follows. We start with deriving the expressions of
the three linear gravity-free momentum-density power spectra for very small dust
particles. By analyzing the asymptotic behaviors of the propagators at the limit of
Ts — 0, we find that the three linear gravity-free momentum-density power spectra
are completely determined by the corresponding linear gravity-free density power
spectrum Py, (k1,t) in Equation 5.62. Then we return to the three nonlinear gravity-
free momentum-density power spectra by calculating the corresponding momentum-
density power spectra elements T; with i = 1,2,3,5,6 using the method shown in
Section 6.2. Furthermore, by analyzing the time-dependence for the small-scale asymp-
totic behaviors of the trace power spectra, we find a critical particle size Tmax =~ 3.03
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which corresponds to the maximum small-scale total kinetic energy for dust particles
in the system.

6.4.1 Linear Momentum-Density Power Spectra at Small T

We start with very small particles at finite evolution time t, in the limit of s — 0, the
propagators become

. . t

leino gpp(t) = Tlslgo exp <_Ts) -0, (6.150)
. . t

Tlslgo gap(t) = Tl:go Ts (1 —exp <_Ts>> — Ts, (6.151)

therefore the three momentum-density power spectra in Equation 6.144-6.146 are
only left with their first terms involving the KFT density power spectrum P¢(kq,t) as

- - _ 2
Peee(k1,t) = Pring (k1,t) = Pring (k1, ) = (1= gpp (1)) wWgPain k1, 1), (6.152)
- _ . 2

Praiv(k1,1) & Plina(k1, 1) & Pllina(k1, 1) = = (1= gpp (1)) ugkiPin(k1, 1),  (6.153)

- - - 2
Preurt(k1,t) = Pring(k1,t) = Piing(k1,1) = §(] — gpp (1)) udkT Pain(k1,t), (6.154)

where the gravity-free linear density power spectrum Pg;,(kq,t) for very small par-
ticles is given in Equation 5.62 to replace the gravity-free nonlinear density power
spectrum P¢(kq,t) at the limit of T — 0. Using the asymptotic behaviors of Pg;,(k1,t)
concluded from in Equation 5.62, we can immediately infer that at the limit of ky — 0,

- 4
the linear momentum-density trace power spectrum Py;n,(k1,t) develops a k; large

scale asymptotic behavior, while the linear momentum-density divergence and curl
10

power spectra Prina (k1,1), j’HmB(]q , 1) develop k? large-scale asymptotic slopes, at the
limit of k1 — o0, Pyin:(k1,t) develops a k1_1 small-scale asymptotic behavior, while
the other two develop k] small-scale asymptotic slope.

Figure 6.9 shows the shape of the linear momentum-density trace, divergence and
curl power spectra with very small friction coefficient Ts = 0.01 and 15 = 0.1 at evolu-
tion time t = 10.0. We can see their large and small-scale asymptotic behaviors match
our analysis very well as predicted. Notice at relatively later evolution time where
t > 75, all linear momentum-density power spectra become larger with larger fric-
tion coefficients, which indicates that faster momentum-density power accumulation
occurs if the system is filled with larger size dust particles. Furthermore, in the lin-
ear momentum-density divergence and curl power spectra, we see both power spectra
grow proportional to the wave number k; at very small scales in the scenario of only
averaged friction interaction present in the system, which doesn’t make any sense.
Therefore, we need to introduce the nonlinear analysis in the following.
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Figure 6.9: This plot shows the shape of the linear momentum-density trace (top panel), diver-
gence (middle panel) and curl (bottom panel) power spectra as functions of wave
number k; with very small friction coefficient ts = 0.01 (blue lines) and ts = 0.1
(yellow lines) at evolution time t = 10.0. Their large scales asymptotic behaviors are
marked by the green dashed lines, and their small-scale asymptotic behaviors are
represented by the red dashed lines.
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6.4.2 Nonlinear Momentum-Density Power Spectra at Large T

When the friction coefficient 5 gets larger, the approximation shown above only re-
mains true at a very late stage of evolution. In the limit of t — oo, the propagators also
satisfy

. ) t

Jim gpp(t) = lim exp (—TS> — 0, (6.155)
. . t

tl;rgo ggp(t) = tIEE‘OTS <1 —exp (_Ts>) — Ts. (6.156)

Therefore, all three linear momentum-density power spectra we deduce above re-
main unchanged. However, if we are interested in the momentum-density power spec-
tra at an earlier evolution time where t is finite, the above approximation no longer
holds, we need to return to the nonlinear momentum-density power spectra given in
Equation 6.144-6.146.

6.4.2.1  Momentum-Density Trace Power Spectrum

First we discuss the nonlinear momentum-density trace power spectrum Pg,(kq,1t)
given in Equation 6.144. Since the propagators no longer satisfy Equation 6.150 and
6.151, for its first term Py, (k1,t), we need to return to the nonlinear density power
spectrum P¢(kq,t) in Equation 5.20.

Figure 6.10 gives the shape of Py, (ki,t) as a function of wavenumber k; with
parameters: T3 = 1.0, t = 2.0, 73 = 2.0, t = 2.0, s = 3.0, t = 2.0, 7 = 3.0, t = 3.0.
Compared to the linear momentum-density trace power spectrum in the top panel of
Figure 6.9, notice at small scales, the nonlinear power spectra all develop the steeper
ki3 slopes.

Using Equation 6.147 and Equation 5.67, their small-scale asymptotic behaviors can
directly be written down as

PO (1)

jjliru (k1 ’ t) ~ lini -

3 for kj — oo, (6.157)
1

with the amplitude being

2 3
0) uy (27) 1

PO) (1) — exp | — . (6.158
tin: () 12g4p(t)o3 (bo —b1) |/ bo +2b; P 292, (t)of (bo + 2by) (6158)

Furthermore, the analysis over the amplitude’s time and particle size dependence
in Section B.1 shows that the maximum kinetic energy accumulation for dust par-
ticles at very small scales caused by the density structure formation in the system
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Figure 6.10: This plot gives the shape of the first term in Equation 6.144 Pjn, (k1,t) as a function
of wave number k; with parameters: 75 = 1.0, t = 2.0 (blue line); T3 = 2.0, t = 2.0
(yellow line); ts = 3.0, t = 2.0 (green line); s = 3.0, t = 2.0 (red line). At small
scales, the kf3 slopes are marked by the purple dashed lines.

happens at the very late stage of evolution with the particle size being 15 = 151 ~ 3.03,
which agrees with the maximum small-scale structure formation result discussed in
Section 5.3.3.

Now we move on to the second term in Equation 6.144 and first analyze the cor-
responding momentum-density trace power spectrum elements T; with i = 1,2,3. At
very small scales where k1 — oo, their asymptotic behaviors are already given in
Equation 6.103-6.105. While at very large scales where k; — 0, since the only differ-
ence between T; here and Ty in Section 6.3 lies in the propagators, we can still use
Equation 6.125, Equation 6.131, Equation 6.132 to represent their large scale asymp-
totic behaviors, yet with the free propagator go(t) in coefficient c; and c3 replaced by
the general propagator gqp(t).

Figure 6.11 shows the shape of the momentum-density trace power spectrum ele-
ments Ty, T, T3 and Ty + T, + T3 as a function of wavenumber ki with friction co-
efficient T = 1.0,2.0,3.0 at evolution time t = 2.0,3.0. We can see their large and
small-scale asymptotic behaviors match our analytical predictions very well. In the
meantime, since the values of T, T3 are negligible compared to Ty at very large scales
and the asymptotic behaviors satisfy T, + T3 = 0 at very small scales, the shape of
Ty + T2 + T3 is mostly determined by the values of T;. Therefore, the large-scale asymp-
totic behavior of the second term in Equation 6.144 can be written as

2 (t)c
M, for ky —0, (6.159)
3

ki

95, () (T + T2+ T3) ~

at small scales, its asymptotic behavior becomes
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Figure 6.11: These four plots show the momentum-density trace power spectrum elements
T1 (purple line), T, (green line), Tz (blue line) and Ty + T, + T3 (yellow line) as
functions of wave number k;, together with there large scales asymptotic be-
haviors by Equation 6.125, 6.131, 6.132 and small scales asymptotic behaviors
by Equation 6.103-6.105, respectively at parameters: 13 = 1.0,t = 2.0 (top left);
Ty = 2.0,t = 2.0 (top right); s = 3.0, t = 2.0 (bottom left); T = 3.0,t = 3.0 (bottom
right). The negative values of T, and T3 are represented by the same color dashed

with ¢y given in Equation 6.125 and ‘J’?(t) given in Equation 6.103. Now we pro-
ceed to calculate the total momentum-density trace power spectrum Py, (k1,t) in Equa-
tion 6.144. Figure 6.12 shows the shape of Py, (kq,t) as a function of wave number k;
with friction coefficient T; = 1.0, 2.0, 3.0 and evolution time t = 2.0, 3.0. As expected,
at small scales, the curves developed kf3 slopes due to the shape of Py, (k1) and
Ty + T, + T3, suggesting a small-scale scale-invariant particles” kinetic energy accumu-
lation in the system.

The amplitude for the ki slope of Pg.(k1,t) can be expressed by Equation 6.158
and 6.160 as

(6.161)

(6.160)
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Figure 6.12: This plot shows the total momentum-density trace power spectrum Pg, (kq,t) as
a function of wave number k; at the parameters: ts = 1.0, t = 2.0 (blue line);
Ts = 2.0, t = 2.0 (yellow line); Ts = 3.0, t = 2.0 (green line); s = 3.0, t = 3.0 (red
line). At small scales, the kf?’ asymptotic behaviors are marked by purple dashed
lines.
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Figure 6.13: This plot shows the amplitude P®!(t) of Pg,(kq,t) at small scales as a function
of friction coefficient ts (left panel) and evolution time (right panel). The green
points in both plots mark the value of P(°)(t) corresponding to the T5 and t in
Figure 6.12.

and its shape as functions of evolution time t and particle size T are shown in Fig-
ure 6.13. Further analysis over the time and particle-size dependence of the amplitude
Pt(t) is given in Section B.2. The final result surprisingly shows that even consid-
ering both contributions from density structure accumulation Py, (k1,t) and particle
momentum propagation g%p(t) (Ty + T2 + T3), within the particle size range of inter-
ests, the maximum total small-scale kinetic energy accumulation in the system still
occurs at the same particle size 15 ~ 3.03, suggesting that the largest small-scale struc-
ture formation and the maximum small scale kinetic energy accumulation happens
at the same time in a system only considering friction interaction with the constant
background gas field.
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In the end, to study how the second term in Equation 6.144 involving momentum
propagator gpp(t) affects the momentum-density trace power spectrum compared to
the contribution from its nonlinear density power spectrum, we define their ratio as

2
. gpp (t) (T1 +T2 +T3)
ratio1(kq,t) = = 6.162
] Plint (k1,1 ( )

At small scales where ki — oo, it satisfies

2
T . T gpp (t) (T1 +T2 +T3)
Ri(t) = k%linoo ratio1(kq,t) = k%gnoo WY
2 ()Tt 3b 0)g2.(t
= 91919( )77 ( )(0) _ 0Cppl )91);(2)’ (6.163)
(1—gpp(t)2udP (1) (1= gpp(t))2ug

with ?f(o) (t) given in Equation 5.67 and T ? (t) given in Equation 6.103.

Figure 6.14 shows the shape of ratio1(k,t) as a function of k; at different friction
coefficient T = 1.0, 2.0, 3.0 and different evolution time t = 2.0, 3.0. We can see all
curves follow the same pattern where they start with rather large values at large scales
and then decrease all along until reach a rather small constant at small scales, meaning
the momentum propagation term contributes greatly to the momentum-density trace
power spectrum at large scales, as the scales get smaller, its effect becomes weaker.

Momentum-Density Trace Power Spectrum Ratio

5=1, t=2

ratio1

15=2 t=2
1623, t=2
0.01
— 16=3, t=3

R1

0.1 1 10 100 1000 10%
ki

Figure 6.14: This plot shows the momentum-density trace power spectrum ratio ratioi(kq,t)
in Equation 6.162 as a function of wave number k; with parameters as: T = 1.0,
t = 2.0 (blue line); s = 2.0, t = 2.0 (yellow line); ts = 3.0, t = 2.0 (green line);
Ts = 3.0, t = 3.0 (red line). The purple dashed lines represent the asymptotic
constant R in Equation 6.163 at small scales.
At small scales, the value of Ry shows an interesting pattern. Define y; = Tls and

rewrite Equation 6.163 as
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_ 3bolpp(0) 1

Ry .
ug o (evi—1)?

(6.164)

We can see the value of Ry monotonously decrease as y; gets larger. Thus, for the
four pairs of parameters, we are considering here, y; = % has the smallest R; and
Yy = % has the largest Ry, the other two cases should have the same value of R; as
their y; is the same. This pattern implies that at the earlier time of evolution, the
momentum propagator dominates the growth of kinetic energy in the system, as time
proceeds, it dies out exponentially, and only the density propagator matters at the later
stage of evolution.

6.4.2.2  Momentum-Density Divergence Power Spectrum

Now we discuss the nonlinear momentum-density divergence power spectrum Py (k1, t)

in Equation 6.145. For calculating its first term Plino(k1,1) at finite t and T, we need
to return to the full expression for the nonlinear density power spectrum P¢(kq,t) in
Equation 5.20.

Figure 6.15 gives the shape of Pj,(k1,t) as a function of wave number k; with
parameters: T = 1.0, t = 2.0, 74 = 2.0, t = 2.0, s =3.0,t = 2.0, 7, = 3.0, t = 3.0.
Compared to the linear momentum-density divergence power spectrum in the middle
panel of Figure 6.9, notice at small scales, the nonlinear power spectrum develops a
decreasing k]_] slope, which makes a lot more sense for a system only considering
friction interaction between dust particles and the constant background gas field, and
further proves the necessity for computing the nonlinear solution of the density power
spectrum.

Using Equation 6.148 and Equation 5.67, we can write down the small-scale asymp-
totic behavior for Py, (k1,t) as

- Pdiv(t)
Plina(k1,t) ~ Ok ,
1

for ki — oo, (6.165)

with its amplitude expressed by

. 1
P (1) = 3P (1), (6.166)

where ?1(1?1)1

(t) is given in Equation 6.158. Thus we can borrow all conclusions dis-
cussed before on fPl(ig)l (t) here to ’Pgi"(t) just with one-third of its values.
Now we move on to the second term in Equation 6.145 and first discuss the corre-

sponding momentum-density power spectra elements T; with i =5, 2,3. At very small

165
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Figure 6.15: This plot gives the shape of the first term in Equation 6.145 Py, (K1, t) as a function
of wave number ky with parameters: 75 = 1.0, t = 2.0 (blue line); T3 = 2.0, t = 2.0
(yellow line); ts = 3.0, t = 2.0 (green line); s = 3.0, t = 2.0 (red line). At small
scales, the kf1 slopes are marked by the purple dashed lines.

scales where k1 — oo, their asymptotic behaviors are already given in Equation 6.106,
Equation 6.104, and Equation 6.105.

While at very large scales where k1 — 0, considering the similarities between T; and
Tio, we can still use Equation 6.126, Equation 6.131 and Equation 6.132 to represent
the large-scale asymptotics of Ts, T, and T3, only with the free propagator go(t) in
coefficient c; and c3 replace by the general propagator gqp(t).

Figure 6.16 shows momentum-density power spectra elements Ts, T>, T3 and Ts +
T, + T3 as a function of wave number ki at three different friction coefficients T3 =
1.0,2.0,3.0 and two different evolution time t = 2.0,3.0. We can see their large and
small-scale asymptotic behaviors match the analytical predictions very well. In the
meantime, since the values of T, T3 are negligible compared to Ts at very large scales
and the asymptotic behaviors satisfy T, 4+ T3 = 0 at very small scales, the shape of Ts +
T, + T3 is mostly determined by the values of Ts. Therefore, the large-scale asymptotic
behavior of the second term in Equation 6.145 can be written as

4
95p (KT (Ts + T2+ T3) ~ g5, (teski, for ki —0, (6.167)

at small scales, its asymptotic behavior becomes

(1) T (t)

2
62, (K3 (Ts + Ty + T3) ~ 222 oo for Ja oo, (6.168)

with c¢5 given in Equation 6.126 and T2(t) given in Equation 6.106.
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Figure 6.16: These four plots show the momentum-density power spectra elements Ts (pur-
ple line), T, (green line), T3 (blue line) and Ts5 + T, + T3 (yellow line) as a func-
tion of wave number ki, together with there large scales asymptotic behaviors by
Equation 6.126, Equation 6.131, Equation 6.132 and small scales asymptotic behav-
iors by Equation 6.106, Equation 6.104, Equation 6.105 respectively at parameters:
Ty = 1.0,t = 2.0 (top left); s = 2.0,t = 2.0 (top right); T3 = 3.0,t = 2.0 (bot-
tom left); ts = 3.0,t = 3.0 (bottom right). The negative values of Ts, T,, T3 and
Ts + T, + T3 are represented by the same color dashed lines.

Now we proceed to calculate the total momentum-density divergence power spec-
trum Pg,(kq,t) in Equation 6.145. Figure 6.17 shows the shape of Pgqiy(k1,t) as a func-
tion of wave number k; with friction coefficient ts = 1.0, 2.0, 3.0 and evolution time
t = 2.0, 3.0. As expected, at small scales, the curves developed kf1 slopes due to
the shape of Pjn,(k1) and k%(T5 + T, 4+ T3). Since the momentum-density divergence
power spectrum measures the power spectrum for the projections of the momentum-
density operator IT on the wave vector k1 multiplied by its absolute value squared,
Praiv (k1,t

K2

with the relation ) -k3 = constant, we conclude that the momentum-density

power spectrum in k; space is scale-invariant at very small scales.
The amplitude for the k1_1 slope of Pggiy(k1,t) can be expressed by Equation 6.158
and Equation 6.168 as

1
PE () = 3P (1) + G5y (DTR(1), (6.169)
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Figure 6.17: This plot shows the total momentum-density divergence power spectrum
Praiv(k1,t) as a function of wave number kq at the parameters: s = 1.0, t = 2.0
(blue line); s = 2.0, t = 2.0 (yellow line); Ts = 3.0, t = 2.0 (green line); s = 3.0,
t = 3.0 (red line), the same color dotted-straight lines represent positive values,
otherwise are negative values. At small scales, the k]_1 asymptotic behaviors are

4
marked by the purple dashed lines. At large scales, the k; slopes are marked by
the borrow dashed line.

and its shape as functions of evolution time t and particle size 5 are shown in

Figure 6.18.
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Figure 6.18: This plot shows the amplitude P{*(t) of Prg;y(k1,t) at small scales as a function
of evolution time t (left panel) and friction coefficient T (right panel). The yellow
points in both plots mark the value of P%!(t) corresponding to the s and t in
Figure 6.17.

Now to study how the second term in Equation 6.145 which involves momentum
propagator gpp(t) affects the total momentum-density divergence power spectrum
compared to the first term with the nonlinear density power spectrum, we define their
ratio as
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_ 9pp (KT (T5 + T2 +T3)

ratioz(kq,t) = = (6.170)
:Plinz(kht) 7
At very small scales where k1 — oo,
9b0Cpp(0)gp, (1)T5(t)
Ry(t) = lim ratioz2(kq,t) = PP (6.171)

K1 —»00 ud(1— gpp(t))2T9(t)

Figure 6.19 shows the shape of ratio2(kq,t) as a function of k; at different friction
coefficient ts = 1.0, 2.0, 3.0 and different evolution time t = 2.0, 3.0. We can see all
curves follow a very similar pattern where they start with rather large values at very
large scales and then decrease as ki gets larger, in the end reach different constants
at very small scales, meaning the momentum propagation term contributes greatly to
the momentum-density divergence power spectrum at large scales, as the scales get
smaller, its effect becomes weaker, finally at very small scales, the effect freezes and
becomes scale-invariant.

Momentum-Density Divergent Power Spectrum Ratio
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04l — 15=3, t=3

R2
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i
Figure 6.19: This plot shows the momentum-density divergence power spectrum ratio
ratioz(kq,t) in Equation 6.170 as a function of wave number k; with parameters
as: s = 1.0, t = 2.0 (blue line); 15 = 2.0, t = 2.0 (yellow line); 74 = 3.0, t = 2.0
(green line); 15 = 3.0, t = 3.0 (red line). The purple dashed lines represent the
asymptotic constant R, in Equation 6.171 at small scales.

6.4.2.3 Momentum-Density Curl Power Spectrum

In the end, we discuss the nonlinear momentum-density curl power spectrum Pgeyp(k1, )

in Equation 6.146. Same as before, we return to the nonlinear expression for density
power spectrum P¢(k1,t) in Equation 5.20 when calculating the first term j’lm(k] ,t).

169
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Figure 6.20: This plot gives the shape of the first term in Equation 6.146 Pjiny(k1, t) as a function
of wave number k; with parameters: 73 = 1.0, t = 2.0 (blue line); Ts = 2.0, t = 2.0
(yellow line); ts = 3.0, t = 2.0 (green line); ts = 3.0, t = 2.0 (red line). At small
scales, the k]_1 slopes are marked by the purple dashed lines.

Figure 6.20 gives the shape of j’hm(kht) as a function of wave number kq with
parameters: T = 1.0, t = 2.0; ¢ = 2.0, t = 2.0, ¢ = 3.0, t = 2.0, s = 3.0, t =
3.0. Compared to the linear momentum-density curl power spectrum in the bottom
panel of Figure 6.9, notice at small scales, the nonlinear power spectrum develops
a decreasing k1_1 slope. Using Equation 6.149 and Equation 5.67, we write down its
small scale asymptotics as

g)gurl (t)
kq

Piing (K1, ) ~ , for ki — oo, (6.172)

with the amplitude being

2
P (t) = TP (1), (6.173)

(0)
where ‘Phn L

(t) is given in Equation 6.158. Therefore we can also borrow all conclu-
sions on Tl(ig)l (t) here to ?gurl(t) with two-third of its values.

Now we move to the second term in Equation 6.146 and first calculate the corre-
sponding momentum-density power spectra element Tg. At very small scales where
k1 — oo, its asymptotic behavior is already given in Equation 6.107. While at very
large scales where k1 — 0, the similarities of Tg here and Tep in Section 6.3 suggest
that we can directly use Equation 6.127 to represent the large-scale asymptotics of Te.

Figure 6.21 shows the momentum-density power spectrum element T¢ as a function
of wave number ki at three different friction coefficients ts = 1.0,2.0,3.0 and two

different evolution time t = 2.0,3.0. The rather perfect match between the numerical
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results and the analytical results indicates our asymptotic analysis gives quite accurate
predictions.
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Figure 6.21: This plot shows the momentum-density power spectra element Tg as a function
of wave number k; at parameters: 75 = 1.0,t = 2.0 (purple line); Ts = 2.0,t = 2.0
(green line); 15 = 3.0,t = 2.0 (blue line); ts = 3.0,t = 3.0 (yellow line). Their large

scale k=3 asymptotic behavior is represented by the black dashed line, and their
small scale k3 asymptotic behavior is represented by the black dash-dotted line.

Therefore the second term in Equation 6.146 has the large-scale asymptotics as

4
95, (DkiTe ~ g2 ceki, for ki —0, (6.174)

and the small-scale asymptotics as

92, To(t)

2 2
gpp (t)k] T6 ~ k] ’

for ki — oo, (6.175)

with cg given in Equation 6.127 and ‘.Tg (t) given in Equation 6.107.

Now we proceed to calculate the total momentum-density curl power spectrum
Pteurt(k1,t) in Equation 6.146. Figure 6.22 shows the shape of the total momentum-
density curl power spectrum Py, (k1,t) as a function of wave number k¢ with friction
coefficient ts = 1.0, 2.0, 3.0 and evolution time t = 2.0, 3.0. As expected, at small
scales, the curves developed kﬁ slopes due to the shape of Thns(lq ) and k%Tg. Since
the momentum-density curl power spectrum measures the power spectrum for the
projections of the momentum-density operator T perpendicular to the wave vector k;
multiplied by its absolute value squared, with the relation W k3 = constant,
we conclude that the momentum-density power spectrum in the ]space perpendicular

to kq is scale-invariant at very small scales.
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Figure 6.22: This plot shows the total momentum-density divergence power spectrum
Paiv(k1,t) as a function of wave number k; at the parameters: Ts = 1.0, t = 2.0
(blue line); s = 2.0, t = 2.0 (yellow line); Ts = 3.0, t = 2.0 (green line); Ts = 3.0,
t = 3.0 (red line), the same color dotted-straight lines represent positive values,
otherwise are negative values. At small scales, the kf1 asymptotic behaviors are

4
marked by purple dashed lines. At large scales, the k; slopes are marked by the
borrow dashed line.
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Figure 6.23: This plot shows the amplitude P¥!(t) of Preyy(k1,t) at small scales as a function
of evolution time t (left panel) and friction coefficient T (right panel). The yellow
points in both plots mark the value of P¥!(t) corresponding to the Ts and t in
Figure 6.22.

The amplitude for the kﬂ slope of Pieurn(kq,t) can be expressed by Equation 6.158
and 6.175 as

2
POt(t) = ng(ii)l(t) +g2,(0T1), (6.176)

and its shape as functions of evolution time t and particle size 15 are shown in
Figure 6.23.
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Now to study how the second term in Equation 6.146 involving momentum prop-
agator gpp(t) affects the momentum-density curl power spectrum compared to the
contribution from its nonlinear density power spectrum, we define their ratio as

2
. 9op (1) Te
ratioz(k,t) = =22~ ", 6.1
e Pring(k1,1) (6.177)
At very small scales where k1 — oo,
gpp()T6  9b0gp, (1) Cpp(0)TE (1)
R3(t) = lim ratio3(ki,t) = lim =P = PP (6.178)

K100 Ki—voo Prins(k1, 1) 2(1 = gpp(1))2ugTO(t)

10°

1000
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Figure 6.24: This plot shows the momentum-density curl power spectrum ratio ratio3(ky,t) in
Equation 6.177 as a function of wave number k; with parameters as: ts = 1.0,
t = 2.0 (blue line); s = 2.0, t = 2.0 (yellow line); s = 3.0, t = 2.0 (green line);
Ts = 3.0, t = 3.0 (red line). The purple dashed lines represent the asymptotic
constant R3 in Equation 6.178 at small scales.

Figure 6.24 shows the shape of ratio3(kq,t) as a function of k; at different friction
coefficient T4 = 1.0, 2.0, 3.0 and different evolution time t = 2.0, 3.0. We can see all
curves follow a very similar pattern where they start with rather large values at very
large scales and then decrease as ki gets larger, in the end reach different constants
at very small scales, meaning the momentum propagation term contributes greatly to
the momentum-density curl power spectrum at large scales, as the scales get smaller,
its effect becomes weaker, finally at very small scales, the effect freezes and becomes
scale-invariant.

6.4.2.4 The Relation of The Three Power Spectra

At the end of this section, we would like to discuss a bit more about the relation among
the three nonlinear momentum-density power spectra. We discussed in Section 6.3.2.4
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that the quantities in Equation 6.2-6.4 satisfy the relation k%-(6.2)=(6.3)+(6.4), which
leads to the relation between P, (kq,t), Per(kq,t), Per(kq,t) in Equation 6.144-6.146 as

K Phie (K1, 1) = Praiv (1, 1) + Preunt (K1, 1), (6.179)

since the expression of their first terms in Equation 6.147-6.149 satisfy

k‘%j—)linl(k1 /t) = j)linz(k1 rt) + j)lin3(k1 /t)/ (6.180)

we obtain the final relation between the momentum-density power spectra elements
as

T =Ts + Te. (6.181)

At very small scales, we can already confirm this relation by Equation 6.103, Equa-
tion 6.106, and Equation 6.107. While at large scales, the coefficients of c1, c5, ¢ in
Equation 6.125-6.127 also satisfy

c1 =5+ cCg. (6.182)

Figure 6.25 illustrates the relation among the three scalar momentum-density power
spectra by showing the momentum-density power spectra elements Ty (purple line),
Ts (green line), T¢ (blue line) and Ts + T (yellow line) as a function of wave number
ki at three different friction coefficients ts = 1.0,2.0,3.0 and two different evolution
time t = 2.0, 3.0. The numerical results show that the relation T; = Ts + T¢ is perfectly
satisfied, which further verifies the relation of the momentum-density power spectra
k2P (k1,t) = Paiv(k1,t) + Peun(k1, 1), suggesting that the sum of the power spectrum
for the momentum-density operator in k1 space and perpendicular to k; space exactly
equals to its trace power spectrum.

We can further verify this relation by the value of ratioi(t), ratio2(t) and ratio3(t).
Rewrite Equation 6.170 and Equation 6.177 as

Ipp KT (Ts + T2+ T3) 395, (1)(Ts + T2+ T3)
k3 Prins (K1, 1) a Plint (K1, 1)
9%, (k3Te 33, (1)Te
2K3Ppins (K1, 1) 2P (K1, 1)

ratioz2(t) =
(6.183)

ratio3(t) =

if the relation Equation 6.182 exists, we can write down their relation with Equa-
tion 6.162 as
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Figure 6.25: These four plots show the momentum-density power spectrum elements T; (pur-
ple line), T5 (green line), T¢ (blue line) and Ts + T (yellow line) as a function of
wave number ki, together with their k3 large scales asymptotic behaviors by
Equation 6.125, Equation 6.126, Equation 6.127 and k—3 small scales asymptotic
behaviors by Equation 6.103, Equation 6.106, Equation 6.107 respectively at pa-
rameters: Ts = 1.0,t = 2.0 (top left); T = 2.0,t = 2.0 (top right); 7, = 3.0,t = 2.0
(bottom left); s = 3.0,t = 3.0 (bottom right). The negative values of Ts are repre-
sented by the same color dashed lines.

ratio1(t) = - (ratioz(t) + 2 - ratio3(t)). (6.184)

W[ —

Figure 6.26 shows the shape of ratio1 and %(ratioz(t) +2- ratio3(t)) as a function k
with parameters: 7 =1, t =213 =2, t =21, =3,t =2, 75 = 3, t = 3. We can see
the numerical results perfectly confirmed the relation in Equation 6.184, which further
verified the relation by Equation 6.182 and Equation 6.179.

65 GRAVITATIONAL MOMENTUM-DENSITY POWER SPECTRA

With the gravity-free KFT nonlinear momentum-density power spectra Py, (k1,t), Praiv (k1, 1),
Preurt(k1,t) in Equation 6.144-6.146 and their linear forms Py,; with i = 1,2,3 in Equa-
tion 6.152-6.154 obtained, we successfully include the friction interaction between the
dust particles and the constant background gas field to the KFT framework. In this
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Momentum-Density Power Spectrum Ratio Relation
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—(ratio2+2+ratio3)
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ratio1
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Figure 6.26: This plot shows the shape of ratio1 as a function ky with parameters: s =1,t =2
(blue line); s = 2, t = 2 (green line); 75 = 3, t = 2 (yellow line); 74 =3, t =3
(red line), together with the corresponding values of %(Ratioz(t) +2- Ratio3(t)).
At very small scales, the values of Ry in Equation 6.163 are marked by the purple
dashed lines.

section, we further consider to switch on the self-gravity among dust particles in the
system at time to and compute the full nonlinear KFT momentum-density power spec-
tra j’gtr(k1,t), ngiv(kht), j’gcurl(k1,t) in Equation 6.46, Equation 6.48, Equation 6.51.
Using Pg.(k1,t), Praiv(k1,t), Peeuri(k1, 1), we can rewrite them as

P (K1, t) = €V (j)ftr(klzt) +2igpp (t)gqp(t) (ki - F1) (T5 + T7)

S - (6.185)
—F 'FﬂPf(kht)),
Podiv(k1,t) = el{Su (j)fdiv(kht) + 2igpp () gqp (VKT (K1 - F1) (Ts + T) (6.186)
1
o282
— (ki -Fy) ?f(kht)),
. _ ellsn) (7 ~(K2F, Fy (R - F)?
Pediv(ki, t) =e <chur1(k1,t) (k Fi-Fi—(ki-Fy) )g)f(kht))/ (6.187)
with the full expressions for the force terms being
- 2G3 [t *© k2 k2 g
F-F=— dt’ t,t’J dky (14 = —|1— =] ) kaP(ka, t")| ,
2 ||, av'aptee) [t (1442 <1 - 2] taPiia )]
(6.188)
. . e t 00 k
ki-F= ifGo J dt’gpp(t,t')J dkk?P(k,t")] <> , (6.189)
to 0 k4
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where we’ve used the expression for f1 = <ﬁ1 (D2> in Equation 5.33 and the defi-

nition for Fy in Equation 6.11. And the linear and nonlinear expressions of the mean
interaction term i(Sy) are given in Equation 5.83 and Equation 5.90.

This section is constructed as follows. We start with deriving the expressions of
the three full linear momentum-density power spectra for very small dust particles.
By analyzing their small-scale asymptotic behaviors at the limit of k; — oo, we find
that these power spectra are completely determined by their corresponding full linear
density power spectrum Pgin(kq,t) in Section 5.4.2 at small scales. Then we return
to the three full nonlinear momentum-density power spectra for larger-size particles,
by calculating their small-scale asymptotic approximations at k1 — oo, we find that
their results at very small scales only depend on the mean interaction term and three
gravity-free nonlinear momentum-density power spectra in Section 6.4.2.

6.5.1 Linear Momentum-Density Power Spectra at Small T

We first derive the full expressions for the three linear momentum-density power spec-
tra with very small friction coefficients Ts. At the limit T — 0, the propagators satisfy
Equation 6.150 and Equation 6.151, therefore we can omit all terms with gpp(t) in
Equation 6.185-6.187, further approximate all density and momentum-density nonlin-
ear power spectra by their linear expressions to obtain

Pk, t) & Pyjing (1, 1) = €V (j)llim(kht) ~F-F ?ﬂin(kht)) , (6.190)

_ _ . _ . N\ 2
Poaiv (k1,1) & Pyina (K1, 1) = &V <ﬂ>mm(k1,t)—(k1 F) ?ﬂm(k1,t)>, (6.191)

7 7 isn) (7 ¢ F)
{churl(klrt) ~ :Pglin3(k1/t) =€ ?llin3(k1rt) + <k1 ’ F) -

K (F-F) > ~(Pﬂin(k1,t)>.

Using the linear expression of the mean interaction term i(Sy)(k1,t) in the limit of
Ts — 0 at evolution time t with initial time ty given in Equation 5.83, Figure 6.27 shows
the shape of i(S)(k, t) as a function of k; at different particle sizes Ts = 0.01, T4 = 0.1
with different evolution time t = 11.0, t = 20.0 at the same initial time to, = 10.0 and
the same gravitational parameter f = 1.0. As explained in Section 5.4.2, at the limit of
k1 — 0, the large scale asymptotics of i(S1)(k1,t) develops a k% slope. At the limit of
k1 — oo, the small scale asymptotics of i(S1)(kq,t) reaches their asymptotic constants.
In the meantime, since the value of i(Sy)(ky,t) gets larger with larger t5 and t — to,
we can deduce that the three linear momentum-density power spectra become larger
with larger particle sizes and longer relative evolution time.

(6.192)
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Mean Interaction Term (f=1, {p=10)
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Figure 6.27: This plot shows the shape of i(Sy)(kq,t) in Equation 5.83 as a function of ky at
different particle sizes s = 0.01 (blue, yellow lines), Ts = 0.1 (green, red lines)
with different evolution time t = 11.0 (blue, green lines), t = 20.0 (yellow, red
lines) at the same initial time ty = 10.0 and the same gravitational parameter
f = 1.0. Their large scale k4 asymptotic slopes are marked by the burgundy dashed
lines, and their small scale asymptotic constants are represented by the light green
dashed lines.

To compute the numerical values of F-F and K; - F, we need to implement the ap-
proximated density power spectrum Pinis(k1,to) at the limit of s — 0 given in Equa-
tion 5.77 to replace P(k,t’) in Equation 6.188-6.189, thus the expressions of F-F and
K; - F becomes
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2
) kZPiniS(ertO)]

oL fZGZ t 00 k> k>
F-F=—239 t'gpp (t,t/ ko (1T+=—[1—==
o) Utod 9rp(t )J dz( s ‘ k1
~ c§94p (L to)ggp (to)F2 G Joodk LA LA S
N 2 0 2 k] k] 2
2
c
1—exp —— ] ,
k3
(6.193)
Lo ifGy [t o k
K F=t "J dt’gpp(t,t’)J ko k3 Pinis (K2, to)] (2)
s to k']
icogqp(t, to)ggp (to)fGo J“ 10 2_ %2 Ky +k
= Koks (1 1 :
U 0 diale (1 2ok kg — K| (6.194)

Notice that the integrals in both terms are not convergent for k, — oo, therefore we
borrow the same cutoff scale ky, as in Equation 5.87 here and obtain their large scales

€1

asymptotics at the limit of k1 — 0 as

Lo~ 4c2g2 (t,t0)gt (to)f2G2 | [k, 7
FoFa t09ap! 0)3‘”’( 0765 J dkaokd [ 1—exp [~
7T 0 ki
A 2
_4C%9ép(t/t0)ggp(t0)f2G% 3k11no/3_3c}0/7r 10 ¢ (6.195)
B 2 10 7 77/
4cdetgl, (tto)ghp (to) A G3kE
A~ — = )
L . 2ic t,to)g2, (to)fGok? [ 4
Ry F o 2ic09anl 03)9‘”9(0) 0 ‘J dkak3 [ 1—exp | =L
T k§
~ 2icogqpl(t, to)ggy (to)fGoki (3ki® 3 s oo
c
1—Ye—In| —= .
( ) <k§{3>>
(6.196)

_ Zicocrggpl(t, to)gép(to)féok%
- Vs
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with vy, being the Euler Gamma constant, here we already use the Taylor expansion
for the incomplete Gamma function I (a, z) at the limit of z — 0. And at very small
scales k1 — oo, we have

- 2

4c§93p (1, to)glp (o) GF | [fm 10 ¢
R J dkoky [1—exp [—L

=

F-Fa—

2
N 13/7 13 ¢
_4C%9ép(t, tO)gép(tO)sz% 3k)3/3 3¢ T (_7’ k71/3) (6.197)

k% 13 7

2.2 2 4 24214
. €3CT9qp (t to)ggp (to) 2 Gk,
k2

7

—

. 2icogqp(t, to)gd, (to)fGo
ki -F=

s

0 10 1
J dkoky (1—exp | —=
0 k3 (6.198)

_icocigqp(t to)ggp (to)fGoky,
- :

Figure 6.28 shows the shape of F- F and k; - F as functions of wavenumber k; at the
initial time tp = 10.0 and gravitational parameter f = 1.0 with different particle size
s = 0.01, ¢ = 0.1 and different relative evolution time t —ty = 1.0, t —to = 10.0.
We can see the curves of F - F reach their asymptotic constants at very large scales as
shown in Equation 6.195, and develop the ki slopes at very small scales as shown
in Equation 6.197. While the curves of k; - F develop the large scale k? asymptotic
behaviors at the limit of k1 — 0 and reach their small scale asymptotic constant at
the limit of k1 — oo, which also agrees with our predictions in Equation 6.196 and
Equation 6.198.

In the meantime, the comparison between different curves shows that the values of
F-Fand k; - F grow larger with larger T, meaning that the self-gravitational interaction
becomes stronger with larger size particles present in the system. On the other hand,
notice when we switch on the self-gravity at the very late stage of friction evolution
time where to > 7, different relative evolution times t —to don’t change the values
of F- F and k; - F for the same size particles.

Now we return to the full expression of linear scalar momentum-density power
spectra, at very small scales where k; — oo, preserving the terms with higher order
k1, we obtain the asymptotics as
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This plot shows the shape of F-F (left panel) and k; - F (right panel) in Equa-
tion 6.193 and Equation 6.194 as functions of wavenumber ki at the initial time
to = 10.0 and gravitational parameter f = 1.0 with different parameters: s = 0.1,
t—to = 1.0 (blue lines); s = 0.1, t —tp = 10.0 (green dashed lines); s = 0.01,
t—to = 1.0 (yellow lines); s = 0.01, t —tpo = 10.0 (red dashed lines). At large
scales, their asymptotic behaviors are marked by the purple dashed lines, and at
small scales, their asymptotic behaviors are marked by brown dashed lines.

Pytina (k1, 1) = €50 (j)llim(k]/t) ~F- ﬁ])ﬂin(kht))

< oi(5D) [(1 — gpp (1)) udPain (K1, t)+

c§etgd, (tto)gap (to) P2 Gk Pain(k1, t)
T2 k%

2
~ (1= gpp (1) UG Pyrin(k1, 1),

(6.199)

] . _ L N2
Potina (k1, 1) = €50 <9’uin2(k1,t) — (k1 'F) Tﬂin(kht)>

- . - Lo\ 2 - o
j)glin3(k1/t) = el<SI> <?llin3(k1/t) + <<k1 : F) *k% (F : F)) g)ﬂin(kht))

~ eltSy B (1- 9pp(t))2u(2>k%?ﬂm(k1’t)+

c5eT g%y (1, to)ggp (to) 2 Gikn,
7-[2

(6.200)

'yﬂin (k1 ’ t)

1 2
~ (1= gpp (1) UGkT Pyrin (k1, 1),

w

2 (6.201)
2
~ g (] - gpp (t)) uék%?glin(k] s t)/

suggesting that the small-scale asymptotic behaviors of the full linear momentum-
density power spectra are simply given by Pgijini(k1,t) ~ exp (i(S1)) - Ppini (k1,t) with
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i = 1,2,3, which completely determined by the linear full density power spectrum

Pgiin(k1, 1) calculated in Section 5.4.2.
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Figure 6.29: These two plots shows the shape of the full linear momentum-density trace power
spectra ‘J_’glim(k1,t) as functions of wave number k; with parameters: T3 = 0.01,
t = 11.0 (yellow line); ts = 0.01, t = 20.0 (green line); ts = 0.1, t = 11.0 (purple
line); Ts = 0.1, t = 20.0 (brown line), together with their corresponding initial trace
power spectrum Py, (k1,t) in Equation 6.152 at initial time to = 10.0 (blue, red
lines) at the same gravitational parameter f = 1.0. The gray dashed line marks the

curve of (1 — dpp (t))zu%?’ghn(k] ,1). The right panel plot shows the zoom plot of

Pgling (k1,t) at higher values.
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Figure 6.30: These two plots show the shape of the full linear momentum-density divergence
power spectra ‘J_’ghnz(lq ,t) as functions of wave number k; with parameters: T5 =
0.01, t = 11.0 (yellow line); 15 = 0.01, t = 20.0 (green line); T = 0.1, t = 11.0
(purple line); Ts = 0.1, t = 20.0 (brown line), together with their corresponding
initial divergence power spectrum Py, (kq,t) in Equation 6.153 at initial time
to = 10.0 (blue, red lines) at the same gravitational parameter f = 1.0. The gray
dashed line marks the curve of %(1 — gpp (t))zu%k%?ghn(kht). The right panel
plot shows the zoom plot of Pgin,(k1,t) at higher values.

Figure 6.29-6.31 show the shape of J_Dghm (kq1,t), ﬂ_Dghm(h 1), ﬂ_Dghn_.,;(h ,1) as functions
of wavenumber k; with very small particle sizes 15 = 0.01, Ts = 0.1 at different evo-
lution time t = 11.0, t = 20.0 with the same initial time to = 10.0 and the same
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Figure 6.31: This plot shows the shape of the full linear momentum-density curl power spectra

nghn3(k1 ,1) as functions of wave number k; with parameters: T = 0.01,t = 11.0
(yellow line); T = 0.01, t = 20.0 (green line); s = 0.1, t = 11.0 (purple line);
Ts = 0.1, t = 20.0 (brown line), together with their corresponding initial curl
power spectrum Pyjn;(k1,t) in Equation 6.154 at initial time to = 10.0 (blue, red
lines) at the same gravitational parameter f = 1.0. The gray dashed line marks the
curve of %(1 —gpp (t))zu%k%ﬂ’ghn(k] ,1). The right panel plot shows the zoom plot
of Pgling(k1,t) at higher values.

gravitational parameter f = 1.0. We can see that at small to middle scales, all three
power spectra increase significantly compared to their initial gravity-free linear power
spectra, even at a very early time of switching on the self-gravity among dust parti-
cles, and the power caused by the gravitational attraction grows much stronger as time
proceeds. Moreover, the perfect match between the gray dashed curves and their corre-
sponding ﬂ_’ghm(h ,t) with i =1,2,3 at small and middle scales in all three right-panel
plots confirms our conclusions in Equation 6.199-6.201, and further implies that as the
system going through gravitational collapse, the momentum energy in the system also
grows exponentially, which agrees with our intuition and makes perfect sense.

6.5.2  Nonlinear Momentum-Density Power Spectra at Large T

Now we proceed to the three full nonlinear momentum-density power spectra with
larger particle size T in Equation 6.185-6.187.

First, using the nonlinear expression of the mean interaction term i(Sy) (k1,t) at evo-
lution time t with initial time to given in Equation 5.90, Figure 6.32 shows the shape
of i(S1)(k,t) as a function of k; at different particle sizes 1, = 1, 2, 3 with different
initial time to = 2.0, 3.0, at the same evolution time t = 10.0 and the same gravita-
tional parameter f = 1.0. As explained in Section 5.4.3, at the limit of ky — 0, the large
scale asymptotics of i(S1) (kq,t) develops a k% slope. At the limit of ky — oo, the small
scale asymptotics of i(Sy)(k1,t) reaches their asymptotic constants. In the meantime,
since the value of i(Sy)(k1,t) gets larger with larger T5, we can deduce that the three
nonlinear momentum-density power spectra become larger with larger particle sizes.
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Mean Interaction Term(f=1,t=10.0)
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Figure 6.32: This plot shows the shape of i(Sy)(kq,t) in Equation 5.90 as a function of ky at
different particle sizes s = 1 (blue line), s = 2 (yellow line), T = 3.0 (green line)
with different initial time ty = 2.0 (blue, yellow, green lines), t = 3.0 (red lines)
at the same evolution time time t = 10.0 and the same gravitational parameter
f = 1.0. Their large scale k# asymptotic slopes are marked by the burgundy dashed
lines, and their small scale asymptotic constants are represented by the light green
dashed lines.

Next, to calculate the numerical values of F - F and kj - F, we implement the approxi-
mated density power spectrum Pini(k1, to) given in Equation 5.81 to replace P(k, t’) in
Equation 6.188-6.189, thus their full expressions become

Lo 2G2 [t 0 k k
F-F=—230 U dt’gpp(t,t’)J dk; <1+2—‘1—2
to 0

2
ko Pini(ka,t

__c39ap(tto)gqp (to)f2GF Joodkz 122
2 0 K1 ki :
2
C2
el )]
K

(6.202)
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o ifGo [t o0 k
Ry F= I"J dt'gpp(t,t’)J Ak k3Pyi (K2, to)] <2)
Tt to 0 k1
iCogqp(t,to)gép(to)fGo J"o 10 k2 —k3 . k4K
= dkok; |1 1 .
s o 2 * 2ok kg — Kl (6.203)
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1 —eXp R

At very small scales where k1 — oo, the two expressions above are not convergent,
thus here we continue to employ the cutoff scale ky, in Equation 5.87 as before, the
asymptotic behaviors of F - F and K; - F at small scales are given as follow,

2

4c2g2 (t,t9)gt. (to)f2 G2 n= 10
qup( O)qu( 0) 0 J dk2k23 1—eXp _Ciz

212 13
s k1 k23

Ffao

Ay T . 2
_9egp(t )94y (t0)FCF [3 3 (it f e
a n2k? 1313 " SRR

N 2
36c3c3g?,(t, to)gh, (to)f*G3 c x
~ 0~29qp qp 0 1—Ye—ln 23 i

169m2k? K3/ k2
(6.204)
. . 2ic t,t0)g2, (to)fGo km 10
k1 -F~ 09y (;[)qu( o) OJ dkok; | 1—exp —C—i
3
ks (6.205)
6icogqp(t, to)ga, (to)fGo )
7 3 1—Ye—1In kr]nTB = Ok .

At large scales where k1 — 0, we have their asymptotic behaviors as
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Here we’ve introduce the coefficients ¢¢, ax¢, B and B¢ to help abbreviate the
above expressions.

Figure 6.33 shows the shape of F - F and Ky - F in Equation 6.202 and Equation 6.203 as
functions of wavenumber k; at the evolution time t = 10.0 and gravitational parameter
f = 1.0 with different particle size s = 1, 2, 3 and different initial time to = 2.0, 3.0.
We can see the curves of F - F reach their asymptotic constants at very large scales as
shown in Equation 6.206, and develop the k;? slopes at very small scales as shown
in Equation 6.204. While the curves of kj - F develop the large scale k? asymptotic
behaviors at the limit of k1 — 0 and reach their small scale asymptotic constant at
the limit of k; — oo, which also agrees with our predictions in Equation 6.207 and
Equation 6.205.

In the meantime, the comparison between different curves shows that the values
of F-F and k; - F get larger with larger T, meaning that the self-gravitational interac-
tion becomes stronger with larger size particles present in the system. On the other
hand, notice when we switch on the self-gravity between particles at the relatively
earlier stage of friction evolution time where ty ~ 15, relatively large to which corre-
sponds to relatively weaker friction interaction in the system will lead to a stronger
self-gravitational interaction even with short relative evolution time t — to, which can
also be seen in the mean interaction plot in Figure 6.32.

In the end, we analyze the terms in Equation 6.185 and Equation 6.186 with the
momentum-density power spectra element Ts + T. Since the behaviors of Ts are an-
alyzed before, see Section 6.4.2.2, here we focus on the other element T; defined in
Equation 6.34. At very small scales where k; — oo, the asymptotic behavior of T7 is
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Figure 6.33: This plot shows the shape of F-F (left panel) and k; - F (right panel) in Equa-
tion 6.202 and Equation 6.203 as functions of wavenumber k at the evolution time
t = 10.0 and gravitational parameter f = 1.0 with different parameters: T3 = 1.0,
to = 2.0 (blue lines); ts = 2.0, top = 2.0 (yellow lines); 15 = 3.0, to = 2.0 (green
lines); ts = 3.0, to = 3.0 (red lines). Their k1_2 and k? asymptotic slopes are
marked by the purple dashed lines, and their asymptotic constants are marked by
brown dashed lines.

derived in Section 6.2 and given in Equation 6.108. While at very large scales where
k1 — 0, we can Taylor expands the exponential in T to its first order and substitute
T — 11/K1 to obtain

27-[92 (t)Cpp(o) o 2 T

! 4
J dp (1 -3p%)by — bo)zcos T A crki (6.208)
1

with the coefficient

(9163 —104boby +76b7) T (—2) = —252x10 g5, (1),

(6.209)

4

C7 = 0.087'[93”9 (t)Cp‘p (O) ] 1 7

The left panel of Figure 6.34 shows the momentum-density power spectra element T
as a function of wave number k; at different particle size T = 1, 2, 3 and different evo-
lution time t = 2.0, 3.0. We can see their larger and small-scale asymptotic behaviors
match our predictions in Equation 6.208 and Equation 6.108 very well. Furthermore,
since at small scales the relation Ts + T; = 0 is satisfied by Equation 6.106, and at large
scales, the coefficient c¢5 in Equation 6.126 is far larger than c; in Equation 6.209, we
can deduce the asymptotic behaviors of Ts + T7 satisfy
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Ts+T7 ~ =

Cs
for

27
3
k]

k] — 0,

and

Ts +T7 ~0,

for

k1 — oo. (6.210)

These behaviors are illustrated in the right panel of Figure 6.34. In this plot, the
curves of elements Ts and T are given at the same time with the particle size being
Ts = 2.0 and evolution time being t = 2.0. We can see at small scales their asymptotic
behaviors cancel each other very well which proves the relation Ts + T7 is satisfied, and
at large scales, the values of Ts are far larger than T, which verifies the large scales
asymptotic of Ts + T7 given in Equation 6.210.
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Figure 6.34: Left panel: This plot shows the momentum-density power spectra element T, as a
function of wave number k; at parameters: T = 1.0,t = 2.0 (purple line); T =
2.0,t = 2.0 (green line); ts = 3.0,t = 2.0 (blue line); 75 = 3.0,t = 3.0 (yellow
line). The negative values of T at different T5 and t are represented by the same

color dashed lines. Their large scale K3 asymptotic behaviors are represented by
the black dash-dotted lines, and their small scale k~3 asymptotic behaviors are
represented by the black dashed lines. Right panel: This plot shows the shape of
momentum-density elements Ts (green line) and T7 (purple line) at the same time
as functions of ky with parameters ts = 2.0 and t = 2.0. Their negative values are
represented by the same color dashed lines.

Now we return to the full expression of the three scalar momentum-density power
spectra, at very small scales where k1 — oo, using the Equation 6.161, 6.169, 6.176,
5.67, 6.204 and 6.205, preserving only the higher order of k; dependence, we have the
asymptotic behaviors as
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suggesting that the small-scale asymptotic behaviors of the full nonlinear momentum-
density power spectra are simply given by Pg.(ki,t) ~ exp (i(S1)) - Pr.(kq,t) with
* = tr, div, curl, which completely determined by the mean gravitational interac-
tion and their corresponding gravity-free nonlinear momentum-density power spec-
tra P, (k1,t) calculated in Section 6.4.2. Furthermore, since the mean interaction term
i(Sy) reaches a constant at very small scales, the asymptotic behaviors of Pg, (k1,t) can
finally be represented as

_ :])tot(t)

Potr(k1,t) ~ constant - 3 for ki — oo, (6.214)
K

- PRt

Pediv(k1,t) ~ constant - zlq()' for ki — oo, (6.215)

. Pt

ngcuﬂ(k1,t) ~ constant - 3k1( ), for k1 — oo, (6.216)

indicating that even with the self-gravitational interaction present in the system, the
total kinetic energy accumulation of dust particles still remains scale-invariant at very
small scales, the same conclusion also suits for the power spectra of the momentum-
density operators in k; and perpendicular to k; space.

Figure 6.35-6.37 show the shape of Pgt:(k1,t), Pediv(ki,t), Pgeuri(k1,t) as functions
of wavenumber k; with particle sizes 1 = 1, Ts = 2, 7 = 3 at different initial time
to = 2.0, to = 3.0 with the same evolution time t = 10.0 and the same gravitational
parameter f = 1.0. We can see that except for the plots corresponding to particle size
Ts = 1.0 which has very small mean interaction values, at small to middle scales, all
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three nonlinear momentum-density power spectra with t; = 2.0, T = 3.0 increase
significantly compared to their initial gravity-free nonlinear power spectra. Moreover,

the rather similar shapes and values of the gray dashed curves and their correspond-
ing j’g*(k1,t) with = = tr, div, curl at small and middle scales in all plots confirms
our conclusions in Equation 6.211-6.213, and further implies that as the system go-

ing through gravitational collapse, the accumulation of the momentum energy in the

system is also immense.
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Figure 6.35: These four plots show the full nonlinear momentum-density trace power spectra
Pgtr(kq,t) as functions of wave number ky at evolution time t = 10.0 (yellow lines)

with parameters 15 = 1.0, to = 2.0; 74 = 2.0, to = 2.0; s = 3.0, to = 2.0; 75 = 3.0,

to = 3.0 with the same gravitational parameter f = 1.0. Their corresponding initial

trace power spectrum Py (kq1,t) in Equation 6.144 at initial times to are marked
i

by blue lines. The gray dashed lines mark the curve of exp (i(Sy)) - P (k1,1).

6.6 SUMMARY AND DISCUSSION
In this Chapter, building on the simplified dust trajectories of Chapter 3 and their ini-
tial probability distribution function in phase space (iPDF) in Chapter 4, we apply the

KFT method to planetary formation and give a full review of the three momentum-
density power spectra of the dust particles. This chapter started with modifying the

momentum factorized generating functional Z™[L], by generalizing the mean-field
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Figure 6.36: These four plots show the full nonlinear momentum-density divergence power
spectra j’gdiv(k1,t) as functions of wave number ki at evolution time t = 10.0

(yellow lines) with parameters T4 = 1.0, to = 2.0; 75 = 2.0, to = 2.0; s = 3.0,
to = 2.0, s = 3.0, to = 3.0 with the same gravitational parameter f = 1.0.

Their corresponding initial trace power spectra Peq;y,(k1,t) in Equation 6.145 at
initial times t( are marked by blue lines. The gray dashed lines mark the curve of

exp (i(S1)) - Peaiv (1, 1).
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approach and averaging the self-gravitational forces f_;-(t) over the phase space co-
ordinates, we pulled the momentum-density operators in front of the integral and
expressed the factorized generating functional as in Equation 6.1. Then the three rel-
ative scalar quantities were defined in Equation 6.2-6.4 for computing trace of the
momentum-density power spectrum as well as the power spectra for the divergence

and the curl of the momentum density.
In the first section, we reviewed the derivation of the three full nonlinear momentum-

density power spectra for dust particles considering both the friction with the con-
stant background gas field and their self-gravitational interaction with each other. By
analyzing the matrix components of the new "free" generating functional Z;,[L] in
Equation 6.6 and combing it with the mean interaction term €51, we calculated the
three scalar quantities defined in Equation 6.2-6.4. Furthermore, we defined and an-
alyzed the momentum-density power spectra elements T; with i = 1,...,8 to obtain
the final convergent momentum-density trace, divergence and curl power spectra in

Equation 6.46, Equation 6.48 and Equation 6.51.
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Figure 6.37: These four plots show the full nonlinear momentum-density curl power spec-

tra Cl_’gcuﬂ(k1,t) as functions of wave number k; at evolution time t = 10.0 (yel-

low lines) with parameters 13 = 1.0, to = 2.0; 13 = 2.0, to = 2.0; =5 = 3.0,
to = 2.0; s = 3.0, to = 3.0 with the same gravitational parameter f = 1.0. Their

corresponding initial trace power spectrum Pi.1(k7,t) in Equation 6.146 at ini-
tial times to are marked by blue lines. The gray dashed lines mark the curve of

exp (1<SI>) : :]_)fcurl(]q ,t).

In the second section, due to the complicated p-dependence in the integrals of the

momentum-density power spectra and their elements T;, to analyze their small-scale
asymptotic behavior, we reviewed a new method for the asymptotic analysis of a spe-
cific Laplace-Fourier type integral in three dimensions in Equation 6.60, based on a
modification of Erdelyi’s theorem for one-dimensional Laplace integrals. By applying
Erdelyi’s theorem to the r-integral of Equation 6.60, we computed its p-dependent
small-scale asymptotic series in Equation 6.75. Next, we proceeded with the first term
of the series which has the highest order in ki, and gave the final expressions for
the three different p-integrals involved in Equation 6.60. In the end, we compared the
momentum-density power spectra elements with integral Equation 6.60 and obtained
their small-scale asymptotic behavior in Equation 6.103-6.108.

In the third section, we ignored the friction (ts — co) and self-gravitational interac-
tion in the system and reviewed the linear and nonlinear free KFT momentum-density
power spectra for dust particles. First, we derived the expressions of the three linear

free momentum-density power spectra fpffﬁf (kq,1), j’ffr‘fg( k1,1), T{{fg(h ,t) for the freely
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streaming particles at a very early evolution time (t — 0) by Taylor approximating
the corresponding momentum-density power spectra elements T;o withi=1,2,3,5,6
to first order. Further asymptotic analysis of their large and small scale behavior sug-
gested that all results on the asymptotic behavior of the three linear free momentum-
density power spectra are conserved and satisfy the relation k% Tffﬁf(h ) = j’ffgg(h )+
j’firrfg(h ) at very small scales. Then we applied the new analytical asymptotic method
introduced in the second section to analyze the nonlinear free momentum-density
power spectra Piree(kq, t), PIee(ky, t), Pre¢(k;, t), and showed that the nonlinear struc-
ture in the system changed the small scale asymptotic behavior of the momentum-
density trace power spectrum to a k™3 tail, which indicated a scale-invariant kinetic
energy accumulation below a characteristic length scale for freely streaming particles.
Furthermore, we concluded that the nonlinear free power spectra of the divergence
and the curl of the momentum density both developed k;' small-scale asymptotic
behavior, which also implies scale-invariant momentum-density power accumulation
in k; and perpendicular to k; space at very small scales. These are mathematically rig-
orous conclusions that depend only on the number of spatial dimensions and general
properties of the initial correlation functions. In the end, we analyzed the relation of
the three free nonlinear momentum-density power spectra and confirmed the relation
kiPiree(kq, t) = Pee(kq, t) + P (ky, t) at all scales considered in the system.

In the fourth section, we still ignored the self-gravitational interaction among dust
particles and reviewed the linear and nonlinear KFT momentum-density power spec-
tra for dust particles undergoing friction with the constant background gas field.
First, we derived the three linear momentum-density power spectrum Py, (kq,t),
Pliina(k1,1), Priin(k1,t) for very small dust particles T, — 0 and concluded that they
are completely determined by the corresponding linear gravity-free density power
spectrum Py, (k1,t) in Equation 5.62. The resulting k] small-scale asymptotic behavior
of Pitina (K1, 1), Puiing (K1, t) with only averaged friction did not make any sense and pro-
vided more evidence for the necessity of a nonlinear density power spectrum. Next, we
computed the three nonlinear momentum-density power spectra P, (k1,t), Praiy (k1,1),
Pteurt (K1, 1) for larger dust particles at finite evolution time individually and found the
same k—3 small-scale nonlinear asymptotic behavior for the trace power spectrum
and k; ' small-scale nonlinear asymptotic behavior for the divergence and curl power
spectrum, which implies the same scale-invariant total kinetic energy accumulation,
and momentum-density power accumulation parallel and perpendicular to k at very
small scales. Moreover, we analyzed the dependence of the small-scale asymptotic tail
of the trace of the momentum-density power spectrum Pg,(kq,t) on particle size and
time within the range of particle size we care for. Mathematically rigorously, we found
a critical particle size ts ~ 3.03, at which the system shows both the maximal small-
scale kinetic energy accumulation and the strongest small scale structure formation. At

the end of this section, we also analyzed the relation of the three nonlinear momentum-
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density power spectra and verified the relation k3 Pg, (k1,t) = Praiv (k1,t) + Preun (k1, 1)
for all scales in the system.

In the end, we switched on self-gravity among dust particles at evolution time ty and
considered both friction and gravitational interactions in the system to calculate the
full linear and nonlinear KFT momentum-density power spectra. We start with deriving
the expressions of the three full linear momentum-density power spectra ?ghm(lq 1),
Petina(k1,t), Pgling(k1,t) for very small dust particles where ts — 0. By implementing
the approximated density power spectrum Pjn;s(k1,to) in Equation 5.77 and borrow-
ing the cutoff scale ky, from Equation 5.87. The analysis of their small-scale asymptotic
behavior at the limit of k; — oo shows that the force terms Fy - F; and k; - Fq are neg-
ligible and these power spectra are completely determined by their corresponding
full linear density power spectrum Pgyn(kq,t) in Section 5.4.2 at small scales. Then
we return to the three full nonlinear momentum-density power spectra Pgt(k1,t),
Pediv(k1,t), Pgeun(ki,t) for larger particles, by implementing the corresponding ap-
proximated density power spectrum Pini(k1,to) in Equation 5.81 and still applying
the cutoff scale k,,, the calculations of their small-scale asymptotlc approximations
at k1 — oo shows that the force terms Fj - F; and k; - F; remain negligible. Com-
bining with the small-scale asymptotic relation Ts + T; = 0 shown in Equation 6.106
and Equation 6.108, we concluded that the three nonlinear momentum-density power
spectra only depend on the mean interaction term and three gravity-free nonlinear
momentum-density power spectra in Section 6.4.2 at very small scales. In particular,
since the mean interaction term i(S;) for large particles reaches its asymptotic constant
at very small scales, the k;® asymptotic behavior for the trace power spectrum and the
k; ! asymptotic slope for the divergence and curl power spectra are preserved, which
further suggests that even with self-gravitational interaction considered in the system,
the total kinetic energy accumulation, and the momentum-density power accumula-
tion in parallel and perpendicular to kj remain scale invariant at very small scales.
Notice that as discussed in Chapter 5, the preserved small-scale asymptotics of the
momentum-density power spectra is completely determined by the asymptotic con-
stants of the mean interaction term i(Sy) which results from choosing a constant cutoff
scale k. Nevertheless, these results still provide a lower limit for the momentum-
density power accumulation in the system. Furthermore, the significant power increase
at small to intermediate scales for both linear and nonlinear momentum-density power
spectra with self-gravitational interaction in the system implies that as the system un-
dergoes gravitational collapse, the accumulation of the momentum-density power in
the system is also enormous.
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In this work, we made the first attempt to apply kinetic field theory (KFT) to planetesi-
mal formation and analytically investigated the formation of structures by collisionless
dust particles with correlated positions and momenta in protoplanetary disks (PPDs)
at the limit of large and especially small scales.

As a statistical, kinetic theory for classical particle ensembles in or out of equilibrium,
KFT encodes the dynamics of a classical particle ensemble in a generating functional
Z which is completely specified by the initial probability distribution of particles in
phase space and their equation of motion. Therefore, our first main result is to ob-
tain a suitable equation of motion for dust particles in a general PPD by considering
their friction with a constant background gas field and the self-gravitational interac-
tion among themselves. The friction caused by different azimuthal velocities of gas
and dust due to the distinguishing internal pressure of gas initiates the planetesimal
formation through the streaming instability (SI) between the two systems. For very
small particles well-coupled to the gas field, we neglect the feedback of the dust onto
the gas and assume the lower azimuthal velocity of the gas is locally stable. Therefore
we limit ourselves to a prescribed constant background gas velocity field. Furthermore,
the gravitational instability of a PPD by surpassing the local Hill density provides an-
other important mechanism for planetesimal formation.

For future work, it is well possible to go beyond the scope of this thesis and study
more complicated interactions between dust particles. KFT could still be a rather useful
tool once the additional functional determinant of the equation of motion introduced
to the generating functional is properly solved. And this question itself would be of
great interest to the development of KFT since the solution could vastly expand its
applications into more areas.

Our next important result derived by applying KFT to planetesimal formation is the
development of a new scheme to obtain the initial probability distribution function in
phase space (iPDF) for dust particles from a 3-dimensional sI local shearing sheet simu-
lation in a general PPD. By Gaussianizing the density field, we derive the final expres-
sion of the iPDF using a multivariate Gaussian distribution. Furthermore, a pipeline is
developed to extract the covariance matrices of the dust ensemble embedded in its ex-
pression, and the correlation operator of the iPDF is accordingly simplified to a constant
due to the significantly larger values of the density covariance matrix compared to the
momentum-density cross-covariance matrix. With this approximation, the expression
of the iPDF reduced to a multivariate Gaussian distribution describing solely the initial
momenta of the dust particles. We can interpret this outcome both conceptually and

195



196

CONCLUSIONS AND DISCUSSIONS

observationally. From a theoretical point of view, Gaussian random fields are ubiqui-
tous and they are a natural consequence of many processes due to the central limit
theorem. In cosmology, the vast cosmic webs consisting of cosmic sheets and filaments
provide evidence of the structure formation originating from a Gaussian random field.
Figure 7.1 shows a recent capture of the spiral galaxy IC 5332, where the visible fila-
mentary structures verify the wide-spread existence of Gaussian random fields in the
universe. Therefore, we are convinced that this work based on Gaussianized density
and momenta fields is fairly valid.

Figure 7.1: The spiral galaxy IC 5332, as captured by the James Webb Space Telescope’s Mid-
Infrared Instrument.

Although in this thesis the simulation data suggests only Gaussianizing the density
field, for other types of simulation data that show non-Gaussian momentum distribu-
tions, we can still employ the same method and Gaussianize them in a similar manner
as long as the new Gaussianized fields relate with the original ones by monotonic
functions. And even better, since there will only be additional integrations over delta
distributions, the final expression of the iPDF stays in the very same form. Furthermore,
we isotropize the momentum covariance matrix and provide a simple mathematical so-
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lution for rotating it into the position and wave vector space, which serves quite an
essential purpose for computing the final KFT power spectra.

Applying KFT to planetesimal formation, we extract important structure and kinetic
information of a general PPD with the initial setup modeled according to the simulation
by analyzing the 2-point KFT density and momentum-density power spectra for dust
particles. One of our main results rests on applying two novel asymptotic methods de-
veloped by Konrad [25] to prove, in two different scenarios, the inevitable development
of a universal k—3 small-scale asymptotic behavior for the nonlinear power spectrum
of the density and the trace of the nonlinear momentum-density power spectrum, sug-
gesting scale-invariant structure formation and kinetic energy accumulation below a
characteristic and time-dependent length scale in a PPD filled with either free dust par-
ticles or dust particles experiencing friction with a background gas of constant density
and velocity. These are significant and mathematically rigorous conclusions that de-
pend only on the number of spatial dimensions and the form of the initial correlation
functions.

We also calculate the time-dependent characteristic wave number above which the
density power spectrum converges to the k—3 slope for freely streaming particles. Its
decreasing slope in the right panel of Figure 5.5 shows that structure formation rapidly
proceeds towards small scales first and then slows down, which suggests that the k3
tails are typically way below the resolution limit of numerical simulations at early
evolution times.

Furthermore, the analysis of the amplitude for the small-scale k=3 tails show a crit-
ical particle size of Ts ~ 3.03 which corresponds to the strongest structure formation
and the maximal kinetic energy accumulation at small scales of a system when con-
sidering only the friction between dust particles and the constant background gas.
Adding the self-gravitational interaction to such a system, the stronger attractive inter-
action would help trap larger size particles at small scales which pushes this critical
particle size to larger values.

Moreover, using the mean-field approach developed in the KFT framework, we find
that the averaged self-gravitational interaction term reaches an asymptotic constant at
very small scales, which leads to the same k3 asymptotic tail for the power spectrum
of the density and the trace of the nonlinear momentum-density power spectrum con-
sidering both friction and self-gravitational interactions in the system. However, this
result sensitively depends on the chosen form of the cutoff scale k,, and the approx-
imations made for the density power spectrum at any evolution time P(k,t’) in the
mean interaction term. Nevertheless, the results given in this work still provide a
lower limit for gravitational aggregation and suggest that the total structure forma-
tion and kinetic energy accumulation caused by the self-gravitational interaction will
always be scale-invariant or increasing at smaller scales. For further work, it is worth
exploring different and improved schemes for calculating the interaction terms within
KFT, which also lies right in the center of the development of the theory itself.
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In the end, we discuss the “meter-size barrier” problem. By calculating the averaged
dust density growth in the system and setting the collapse criteria to 52 = 10", we
find the relation Tz' (t—to)f = 2.60 x 10~8 to determine the collapse moment in a PPD
with the initial setup modeled according to the simulation. Furthermore, by setting the
dust density to the critical Hill density (f = 1) and the evolution time as the averaged
lifetime of a PPD (t = 106), we obtain the minimum particle size 9 =296 x10°°
to ensure a final gravitational collapse in the system, which greatly lowers the limit
103 set by simulations and becomes much closer to the lower end of the “meter-size
barrier”. In Windmark, F. et al. [42], the likelihood for a few lucky winner particles
to reach planetesimal size, which benefit from the mass transfer in particle-particle
collisions, is estimated. By this work, we provide evidence that as long as the particles
grow to the minimum particle size of around 10> by the particle coagulation process,
the accumulated self-gravitational interaction over a long evolution time could already
be sufficient for such smaller particles to successfully “jump the barrier” and achieve
gravitational collapse, which significantly increases the chances to find the lucky win-
ners in PPDs and helps to understand the formation of countless planets and asteroids
in nature.

There are several directions we can follow to continue this work in the future. One
of them concerns the numerical verification of the conclusions derived in this thesis.
In Chapter 4, we have already seen that the initial density power spectrum of dust
particles shows signs of developing a k™3 tail at very small scales. By developing
better simulation methods with higher resolution while still preserving the statistically
isotropic nature of a system, it is well possible to numerically verify the small-scale k3
asymptotic behavior of the nonlinear density power spectrum for dust particles.

Furthermore, in this thesis, we have assumed a background gas distribution with
constant density and velocity that captures one of the most important features of the
gas and greatly simplifies the dust particle trajectories in a general PPD. However, one
of the limitations of this model is the lack of possible turbulence in the gas, which is
supposed to help intermediate-size dust aggregates form clusters and more efficiently
grow to larger sizes. Thus the development of a more sophisticated model of the back-
ground gas which describes eddies and their cascade processes in PPDs is a necessary
future step to obtain more realistic results comparable to simulations and conclusions
for applying KFT to planetesimal formation.

Moreover, though considering fixed gas backgrounds has the advantage of simplify-
ing the gas and dust interactions, ignoring the back reaction of dust particles onto gas
could be simplistic, especially at high densities. One possible approach to overcome
this shortcoming is to turn to resummed kinetic field theory within the framework
of KFT, which was initially developed to study both baryons and dark matter in the
cosmic picture, see Lilow et al. [26], Geiss et al. [15], Geiss et al. [14]. Generalizing and
applying this theory to planetesimal formation could provide a feasible method for
considering dynamic interactions between dust and gas in PPDs.
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In the end, we would like to briefly discuss other possible interactions that could be
included in KFT for dust particles. For example, to better understand the dust coagu-
lation process, it is possible to develop a feasible scheme to describe particle-particle
collisions in the equation of motion by sampling an additional averaged force term
from internal particle collisions that occur in various local simulations. Furthermore,
many studies have shown that the magnetorotational instability caused by the pres-
ence of a weak magnetic field and a partially ionized gaseous shear flow can lead to a
repulsive force that transfers angular momentum from the inner to outer volume ele-
ments and further to an unstable flow with turbulent motion, see Balbus and Hawley
[2], Balbus and Hawley [3] and Davis, Stone, and Pessah [10]. Therefore, concerning
the weakly ionized areas in a PPD, KFT could as well offer some analytical insight
into structure formation once the weak magnetic force is properly included into the
equation of motion for dust particles.

To summarize, in this work, we have successfully developed the full scheme of
applying KFT to planetesimal formation and extracted some important structure and
kinetic information for dust particles in PPDs. With the possible future steps to follow,
we are confident to conclude that the novel kinetic field theory (KFT) offers insights
and is becoming a new extraordinary tool for studying planetesimal formation.
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MORE DISCUSSIONS OVER KFT POWER SPECTRA

A1 SMALL-SCALE ASYMPTOTICS OF LINEAR POWER SPECTRA

In this section, we provide detailed calculations for the integrals in the expressions of
the linear density power spectrum Py, (k1, 1), Pgin(k1,t) and the linear free momentum-
density power spectra elements Tj;,; with i = 1,5,6 to find their rigorous small-scale
asymptotic behaviors.

A.1.1  Linear Density Power spectrum

We start with the linear free density power spectrum Py, (k1,t) in Equation 5.46,

4mg3(t)C .
Pintlr,8) = =TI 1), with

*° 6b si
Lino (k1) = J dry (15::1(”) —6by cos(r1) — (b + 2by)ry sin(ry )) : (A.1)
0

73 (‘rzr%
1F1 YA Y A T
6’2 2K2

where we’ve denoted the coefficient of the averaged initial momentum correlation
function Cpp (1) in Equation 4.66 as

o= — 6§F<7>, (A.2)

The analytical integration result of Ijj,o(k1) can be obtained as

7

z _
Tino(k1) = 8.67-107° —2.41.10""kj e 47410 K 935.1070T (6,4.74- 1o3k%> ,

(A-3)

at the limit of k1 — 0, we have its first order Taylor series as

z 7 z
klimo Tino(k1) ~ 8.67-107°—2.41-10""k; —9.35-10°T <6> =—241-10""k{, (A4)
1—
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while at the limit of k1 — oo, its first order Taylor expansion becomes

_ z 1
lim Tino (k) ~ 8.67 - 1075 — e 474107%K <z.41 1077k} +9.35-105(4.74 - 10—3k%)6>
1—00

~ 8.67-10772.
(A.5)

Figure A.1 shows the shape of Iji o (k1) in Equation A.3 as a function of wavenum-
ber k. We can see at large scales where k; is small, it develops a k]7/ 3 slope as in
Equation A.4, and at small scales where k7 is large, the curve reaches its asymptotic
constant as in Equation A.5.

1075 /{
1077 o
2 /
109+ '," k173 Slope
" / Asymptotic Constant
10° /
0.1 10 1000 10°

ki

Figure A.1: This plot shows the shape of integral Ij;o(k1) in (A.3) as a function of wavenum-

ber ky (blue line), together with its large scale k17/ 3 asymptotic behavior (yellow
dashed line) and small scale asymptotic constant (green dahsed line).

Therefore, the linear free density power spectrum which takes the form of Py, (k1,t) o
Lino (k1)/k1 naturally develops a k?/ 3 slope at large scales and a kﬁ slope at small
scales. As for Pgi,(k1,t) in Equation 5.62, its identical kj-dependence as Py, (k1,t)
with a different propagator gqp, (t) indicates that the above conclusions also apply to
it.

A.1.2  Linear Free Momentum-Density Power Spectra Elements

In this section, we analyze the asymptotic behaviors of the linear free Momentum-
Density Power Spectra Elements Ty, with i = 1,5,6 in Equation 6.122-6.124. First
rewrite them as



A.1 SMALL-SCALE ASYMPTOTICS OF LINEAR POWER SPECTRA

__12ﬂboCo

Tiin1 (k1,t) = kigllirﬂ (k1), (A.6)
1

27(

Tiins (k1,t) = ?OllinS(kl ), (A7)
1
27,

Ting (K1, 1) = = 5 Ting (K1), (A8)
1

with the k; functions being

[>° i 73 o3

Liin1 (k1) = s drirysinty - 1F (6'2'_2k%1) , (A.9)
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Lins (k1) = o dTﬂ%‘ 1F (6’2'_2k2]) Pe(r1), (A.11)
J 1

and 1 (r7) being the p integrations in Equation 6.123 and Equation 6.124 as

1
Ws(r) = | (31 = 1)b + bo) cos i

. (A.12)
_smn <2b0 +4b7 — ]221) + 1251 Ccos Ty,
™ T1 T‘]
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Plugging them in Equation A.10 and Equation A.11, the final results for the k;
functions Ijj,; with i =1,5,6 are given as

Lint (k1) = 6.58 - 1073K] /24741077, (A1q)
Lins (k1) = k]/2e=4741077K4 (13210 b+
7 (A.15)
2.63-107?by) +20.32b4T (6,4.74. 1o3k%> —18.85by,
Ting (k1) = 2.63- 1072(bg — by )k]/Ze 4741071
(A.16)

18.85b7 —20.32b:T <2,4.74 : 1o3k%> .
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At the limit of k; — 0, the k; functions can be approximated by their first order
Taylor expansion as

Jim Ty (k1) ~ 6.58 - 1073k]73, (A.17)

7
Jim Tins (k) ~ K]/%(1.32-1072bo +2.63-1072by) +20.32b4T (6) —18.85b;
1—

=K]/%(1.32-102bo +2.63- 10 2by)
(A.18)

. _ - 7/3
k111§10 Lins(k1) = 2.63-107“(bo — by )k;" . (A.19)

While at the limit of ky — oo, the Taylor approximations of the k; functions become

k%igloo Liin1 (k1) =~ 0, (A.20)
1 _
lim Ts(k) A~ 20.32by (4.74-1073k3) & e=474 107K _ 18 85b; ~ —18.85b1,
k14)00 !
(A.21)
klli)n Ilin6(k1) ~ 18.85b1 . (A.ZZ)
1—00

Figure A.2 shows the shape of absolute values of Ijn1(k1), Lins(k1) and Ijne(kq)
as functions of wave number k. At very large scales where k; is small, we can see
all three plots show the development of kz/ 3 slope as expected. While at very small
scales where k; is large, the curves in the middle and right panels reach their asymp-
totic constants as Equation A.21 and Equation A.22, while in the left panel, Ijiyy (k1)
continuously decreases sharply and presumably will reach zero quickly as predicted
in Equation A.2o0.
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Figure A.2: This figure shows the shape of absolute values of Iy, (k1) (left panel), Ijins(k1)
(middle panel) and Ijjng(k1) (right panel) in terms of wavenumber k; (blue lines),

together with their small scale k17/ 3 asymptotic behaviors (yellow dashed lines) and
the large scale asymptotic constants (green dashed lines) of Iji5(k1) and Ijng (k).

Now we return to the linear free momentum-density power spectra elements Tj;n 1 (k1,t),
Tiins (k1,t) and Tne(kq,t) in Equation A.6-A.8. Since they all satisfy Tyni(ki, t) o
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Lini(k1)/ k? with i = 1,5,6, we can immediately conclude that, all Tj;,i(k1,t) develop

_2
k, ° slopes at large scales, while at small scales, Tjin5(k1,t) and Tjing(k1, t) both develop
kfg’ slopes, and Tjin1 (k1,t) continuously decreases to zero.

A.2 VERIFY MODIFIED NONLINEAR DENSITY POWER SPECTRUM

In this section, we further discuss in more detail the evidence of ignoring part of
P(kq,t) in Equation 5.12 and rewriting the expression of the nonlinear KFT density
power spectrum in the form of P¢(kq,t) by Equation 5.20.

Now we return to its full expression in Equation 5.15 and mark the second integral
as Pyigr(k1,t)

Paise (K, t) :J e9ap (1)kF (M1 (0)+1?m2(0)) p—ikiTh (A.23)
-

First the asymptotic behaviour of Pgi¢(k1,t) at large and small k¢ is analyzed. Using
the definition of y(t, n) in Equation 5.16, when ki — oo, at finite evolution time t,
Paige(k1,t) becomes

1 R
Iim Pgi(kq,t) = lim J ey(tmkig—ikiTh iy 27‘[J duey(t'”)k%J drr? cos(kyTp)
k1—>oo k]—)OO T k],R—)OO -1 0

1 1
<  lim 27IR3J duey(tf”)k% < lim 47[R3J duey(t,O)k%
-1

k1,R—00 k1,R—00 0

. 2
= lim 4mnR3e¥(t0k o
k],R—)OO

(A.24)

where R represents the upper integrating limit. We have used here that y(t, ) is a
negative, monotonically decreasing function of p? with a maximum at y(t,0). Since
exponential function increases much faster than polynomial functions, Pgs(kq,t) will
be 0 at large ki. On the other hand, if k; — 0, it becomes

R 1
lim Pgig(kq,t) = li eV(tmkig—ikitn 27‘[J d ZJ d Kk
i aiee(k,t) kgloL S L L pcos(kiTp)

R
= i 4| drr¥o(k ,
k1—>(1)%21—>oo T[JO 0 (k11) = 00

(A.25)

where jo (k1) is the 0-th order Spherical Bessel function. Now that the asymptotic
behavior of Pgis(k1,t) is clear, to further study how these behaviors change with
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different scales and simplify the analysis, for the freely streaming particles where
lim, 00 gqp(t,t') = go(t, t’), we perform the analytical integral

Palki,0) =2 | ~ari?lo(n) (A.26)
0
with
2 2 k312
Lo(r) = Y (93147 0)+ i)
24/93(t)k§m;(0)
kit —i2g2(t)kZm, (0 k i2g2(t)k3m;, (0
orf 17 —i2g5(t)kym2(0) _orf 17 +1i2g5(t)kym2(0) (A.2)

2,/ g3(t)k2m;(0) 2,/g5(t)kfm2(0)

Figure A.3 shows the shape of r?1y(r) at evolution time t = 47 respectively at
k1 = 1.0 and k; = 50.0. At scale k; = 1.0, the continuously increasing shape of
m21o(r) suggests its integral will be infinitely large, which matches the result in Equa-
tion A.25. At scale k1 = 50.0, the shape of 1215(r) resembles a delta function, while the
extremely small absolute value of the function suggests its integral will approximately
be o, which also agrees with the result in Equation A.24.
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Figure A.3: These 2 plots illustrate the function of 21o(7) respectively at k1 = 1.0 and k1 = 50.0
at time t = 47t (blue lines). The orange dashed lines represent the 12 slope. The
green dashed lines represent the r slope.

Now to illustrate the effect of neglecting Pgi¢(k1,t) on the nonlinear free KFT density
power spectrum, we return to the expression in Equation 5.12 and define the full
nonlinear free KFT density power spectrum as

(A.28)

Po (k1) _J e~ 93 (KRG ((m (1) =1 (0)) 4+ (3 (1) ~m3 (0))) g—iki Tt
T

21o(r)

2 Slope
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Figure A.4 shows the shape of Py (kq,t) and Pgee(k1,t) in Equation 5.42 at evolution
time t = 47t with their small scale k3 asymptotic behaviour. At smaller k1, the value of
Polki,t) is indeed larger than Py (k1,t) and shows rapidly increasing sign. However,
at large k1, there is barely any difference between the two curves and they merge very
well, which indicates Pgie(k1,t) doesn’t contribute nor affect the shape of the KFT
density power spectrum at small scales and the k3 result reserves.
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Figure A.4: This plot compares the nonlinear density power spectrum Py(k1,t) (purple line)
with Pree(ky,t) (green line) together with their asymptotic behaviour at large
scales (blue dashed line).

To examine the relative difference between the two curves, Figure A.5 shows the
final results of

Pair(ki,t) _ Polki, t) — Phree(ki, t) (A.20)
{Pfree(kht) Tfree(k1/t)
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Figure A.5: This plot shows the relative difference between P (k1,t) and Pgee(ki,t) defined in
Equation A.29.

Indeed at around k; = 50, the relative difference between the two becomes negligi-
ble, which agrees with Figure A.3. Since we are much more interested in the small-scale
behavior, we can say it’s safe to ignore Pgi¢(k1,t) when calculating KFT nonlinear free
density power spectrum without compromising our main results. Furthermore, since
the free propagator takes the special form go(t,t’) = t —t/, the above result further
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indicates that the effect of Pgits(k1,t) on the gravity-free nonlinear KFT density power
spectrum P¢(kq,t) is also negligible at small scales for any random value of gqp(t).



SMALL-SCALE ASYMPTOTICS OF MOMENTUM-DENSITY
TRACE POWER SPECTRUM

B.1 TIME AND PARTICLE SIZE DEPENDENCE OF Pjin, (k1,t)

In this section, we analyze the time and particle-size dependence of the small-scale
asymptotic behavior for Py, (k1,t) in Equation 6.147.

We can see in Figure 6.10 that as the friction coefficient and evolution time get larger,
the amplitude ?l(ig)l(t) for the kf3 slope of Pjin,(kq,t) at small scales also becomes

larger. To determine the largest amplitude and its corresponding friction coefficient T
2P

and evolution time t, we first perform a“g#;it)ag% = 0 to obtain its maximal Pf (Ts)

and the corresponding evolution time t9, as

2 3 _1
ug(2m)ze2 0.68 Jqpt
PO(1s) = =° =—, t=- 1n<1—‘“’ (B.1
Y qlo?(bo—by) T2 m ) Ts )
with
1

Jqpt = | 57— ~ 5.26 (B.2)

G%(bo +2bq)

Notice the expression of t?n sets a limit for Ts. In the case of Ts > gqpt, t?n exists
and monotonously decrease as T gets larger, as well as the largest amplitude P9 (ts).
While if 15 < gqpt, t?n and PS(TS) don’t exist and the amplitude for the kf3 tail at
small scales increases monotonously as time proceed, as shown in the right panel of
Figure B.1. This behavior shows that when the given particle size is relatively smaller,
their small-scale kinetic energy caused by structure formation will always accumulate
with time, however, when the given particle size is larger than gqpt, then their kinetic

energy at small scales will first accumulate then dissipate as time proceeds.
(0)
(t)

Now we perform a?%i% = 0 and get the maximal amplitude for ki slope as

PO =P (1) (B.3)

with T4, being its corresponding friction coefficient and satisfies

211



212

SMALL-SCALE ASYMPTOTICS OF MOMENTUM-DENSITY TRACE POWER SPECTRUM
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Figure B.1: This plot shows the amplitude P
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(t) of Pjin; (k1,t) at small scales as a function

of friction coefficient s (left panel) and evolution time (right panel). The green
points in both plots mark the value of PO (1) corresponding to the ts and t in
Figure 6.10. The blue point in the left panel represents the maximal point of this

curve by Equation B.3 and Equation B.4.
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Figure B.2: This plot shows the shape of L; (i) (blue line) and R; (%) (yellow line) as a

Tsm

and R; is proportional to (%)

Ts

sm

—1
function of £~ At small 7, Ly is proportional to ( Tstm) (green dashed line)

-2
(red dashed line). At large —, Ly reaches its

asymptotic constant at L1, in Equation B.5 (purple dashed line) and R; reaches its
asymptotic constant at Rq, in Equation B.5 (brown dashed line).



B.1 TIME AND PARTICLE SIZE DEPENDENCE OF Pjinq(k1,t)

Now we mark the LHS of Equation B.4 as L; (i), the RHS of Equation B.4 as

Tsm
t
%, Figure B.2 shows the shape of L; (ﬁ) and R; (ﬁ) as a function of ﬁ We
can see the value of Ry is always larger than Ly and at the limit of ﬁ — 00, they both

reach to their asymptotic constant L1, and R as

1
L100:3/ R]ooi

~ 02(bo +2b1) (©5)

This asymptotic behavior also sets a lower limit for 5. Define

R4 1
=4/ —=,/—————~3.03, B.6
st | L \/ 30%(bo + 2b1) (B.6)

when T5 < T4, Tsm doesn’t exist, and at any given time the amplitude for the k;>
tail monotonously increases as the size of dust particles gets larger yet still smaller
than t51. While if 15 > 741, then 14, exists and its value depends on the evolution
time t, for example, for evolution time t = 2.0, Tsm, has the value of 4.47, see the left
panel of Figure B.1. In this case, ?l(ig)l(t) tirst increases as the dust particles’ size gets
larger, then decreases after T reaches Tsm.

Combining both time and particle size dependence results of ?l(ig)l(t) above, we
conclude that for particle size Ts > gqpt, the maximal amplitude of the k?3 slope
always decreases as T gets larger, see Equation B.1, and for particle size 15 < 141, the
maximal amplitude for the k]_3 occurs at evolution time t — oo and it monotonously

decrease as T gets smaller, see Figure B.3.

0.050 [ T S —
0.010 ;T w=18
0.005 ] 1,=2.0
£ | — 1,=3.03
2 0.001 ]

5.x 107 | — 1,=40
1 — 1.=5.0

1.x 107 . ’
5.x107° i — 1,=6.0
I 1,=10.0

2 5 10 20
t

Figure B.3: This plot shows the shape of amplitude :Pl(i(I)l)l (t) as a function of evolution time t at
different particle size Ts.
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Thus to find the maximal small-scale kinetic energy accumulation for dust particles
and its corresponding time and particle size, we need to look for the particles at size

range Ts1 < Ts < Jqpt. For this range particles, their maximal amplitude of the k1*3
(0)

slope always occur at the limit of t — oo, thus return to the expression of P, ' (t) in
Equation 6.158, we have
2
2m)3 1
lim PL%) (t) = PTO = %o ( — :
1 Prin (8 = Phiny (76 1303 (bo —b1) | bo +2by P 27202 (bo +2by)
(B.7)
T0
By performing a%gi;im = 0, we obtain its maximal amplitude and the correspond-
ing particle size as
67\ ¥ bo +2b 1
PO — 2 ”) 0T 0046, T = [ =1 ~3.03. (BS
max — Yo < e bo — by s 30_%(130 1 2b; ) sl ( )

This result is further verified by Figure B.3. Therefore, we conclude the maximum
small-scale particle kinetic energy accumulation caused by the structure formation
occurs at the very late stage of evolution time with the particle size being 15 = T3 ~
3.03.

B.2 TIME AND PARTICLE SIZE DEPENDENCE OF P, (k1,t)

In this section, we analyze the time and particle-size dependence of the small-scale
asymptotic behavior for Pg,(kq,t) in Equation 6.144.

We can see in Figure 6.12 that as the friction coefficient and evolution time get larger,
the amplitude P'(t) for the k1_3 slope of Pg,(kq,t) at small scales also becomes larger.
To determine the largest amplitude and its corresponding friction coefficient t5 and
evolution time t, we rewrite P*t(t) as

tot 4y _ 3b0CPP(O)T§g%P(t) (0)

and define constants

u? (2m)3 B 1 ~ 3bolpp(0)
Q=5 Topy BT T2
207(bo +2by) ug

ay =

= , aj.
03(bo —b1) | bo +2by !

(B.10)
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tot
First require a?a t(t) = 0 to find the maximum amplitude P¥!(t,,, T5) for the k1_3 tail

at small scales and its corresponding evolution time t,,, denote y = tT—“:, we have

2aza
2aq1a + ﬁ = T? (a1 +2(az—aj)e ¥+ (a7 + ag)efzy) . (B.11)
e J—
Now we mark the LHS of Equation B.11 as L*!(y) and the RHS of Equation B.11 as
TgRtOt(y), at the limit of y — oo, both functions reach their asymptotic constants at

Lt — lim L*%(y) =2ajay, R© — lim RY'(y) = a;. B.12
o = Jim (y) 102 o = Jim (y) = (B.12)
— Ltot
107 Rlot
Ltotm
10° _ Rlot
1000
O F T
0.001 0.010 0.100 1 10 100 1000
y

Figure B.4: This plot shows shape of L*!(y) (blue line) and R™!(y) (yellow line). At large y,
both curves reach their asymptotic constant L' (green dashed line) and R% (red
dashed line).

Figure B.4 shows the shape of L"(y) and R'*!(y) and their asymptotic constant
at large y, it’s clear that L™'(y) is always larger than R™'(y) and their asymptotic
constants also set a limit for t5. Define

Ly 1 )
Ts1 = = = ~ 5.26 B.1

when Ts < Ts1, tm doesn’t exist and the amplitude P'!(t) for the k; > tail at small
scales will monotonously increase as time proceeds. While if t5 > 157, then P (ty,, Ts)
and t,, both exist and the amplitude P'(t) first increases to its maximal then de-
creases after evolution time t,,.

Now we are interested in the relation between the maximum amplitude P (t, Tsm )
tot
for k; 2 tail and its corresponding size of the particles Tsm, thus we require aﬂ;Ts(t) =0

and get
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er —1 (ez—1)°
(B.14)

with z = % Now we employ the same scheme as before to analyze this equation,
mark the LHS of Equation B.14 as L™(z) and the RHS as 2 R7(z). Figure B.5 show
the shape of L™(z) and R™(z). We can see at any value of z > 0, L"(z) is always larger
than R™(z), at large z, both function reach their asymptotic constants as

2a,e%% (e2 —1—72) (a n as 2 aj (z+3—3e%) n a3 (2ze* —3e*+z+3)
1+ =-
(e=

L, =2ajay, RS = 3ay. (B.15)
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Figure B.5: This plot shows shape of L™(z) (blue line) and R™(z) (yellow line). At large z, both
curves reach their asymptotic constant L, (green dashed line) and Ry, (red dashed
line).

And these two constants set a different limit for the friction coefficient 1. Define

/LT 1
= —© = — = ~ 3.03 B.16
Ts2 RT % 30%(bo + 2b1) Tl (B16)

If 15 < 7152, then the maximum amplitude for k1_3 tail doesn’t exist and at any
evolution time t, the amplitude always increases as the size of the particle grows
larger while still smaller than t52. On the other hand, if 15 > 157, then the maximal
amplitude exists, and its corresponding particle size Ts,, depends on the evolution
time t.

Now to find the absolute maximum amplitude of P'*°!(t) and its corresponding evo-
lution time t and particle size s, Figure B.6 shows the shape of P*!(t) as a function of t

)
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Figure B.6: This plot shows shape of P'(t) as a function of t at different particle sizes Ts.

at various particle sizes Ts. We can see that when 15 < 157, the curves of P'(t) indeed
increase monotonously and reach their maximals at very late evolution time as pre-
dicted. Furthermore, notice at this range of particle size, the values of lim_,., P'!(t)
turther reach their maximal at particle size T = 152 ~ 3.03. This result can be better
understood by considering the behavior of P*t(t) at the limit of t — oo,

(t) = P (5), (B.17)

lin1

(t) = lim P

1500 lint

3b 0)t2g2 (t
lim POt) = Tlim (14 OCPZ( Z)Ts %o (1)) pi0)
t—o00 t—o00 u59gp (t)

where we’ve used the asymptotic behavior of the propagators in Equation 6.155-
6.156. Since fPlTiI?1 (Ts) has its maximal as in Equation B.7, for the particle size 15 < 11,
the absolute maximal amplitude PZ0, for the k; > slope at very small scales occurs at
very late evolution time with particle size 15 = 152 ~ 3.03.

While with t5 > 141, notice the curves start increasing at an earlier evolution time
and could reach even larger amplitude than P at very large 5. To quantify this

result, we calculate the asymptotic behavior of P*!(t) at the limit of ts — oo as

. 3boCpp (0) (2m)3 1
1 jjtot t) = Ttot t) = PP _ _
ngnoo (t) tO( ) t30§’(bo—b1) bo+2b+1 p 2’[20‘%

(bo + 2b; )) , (B.18)

it reaches its maximal value Py at time tyax as

~4.87-1072, tmax = o ~ 3.03

67‘[>§ bo + 2b;
bo — bq 30‘%(1)0 +2b4)

R = 30ty 0) (&

(B.19)
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Since the values P > PI0  the absolute maximal amplitude of P(t) for ki
slope at small scales for any particle size Ts becomes Py corresponds to free parti-
cles at evolution time t = tmax. However, since we are more interested in a system
filled in smaller size dust particles for instance ts < 10.0 with the friction interaction
presence, we can still conclude that the maximal value of P!(t) is exactly Pro, which
corresponds to particles at size T5 =~ 3.03 at the very late stage of evolution.
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