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Abstract

During the last three decades, the field of theoretical and computational chemistry has
evolved rapidly, promoted by the increasing availability of computational power inherent in
modern CPUs and cluster structures. This development has expressed itself in a particular
manner in the formulation of modern state-of-the-art electronic structure methods in the

frameworks of, for instance, the Algebraic Diagrammatic Construction scheme or Coupled
Cluster. Application of these methods to the calculation of molecular excitation energies

and properties that describe the most fundamental processes of light-matter interaction, has
been established as a profound and reliable tool for experimentalists within chemistry and

molecular sciences.
This work, which is spilt into three main parts, presents the implementation as well as
benchmarking of novel electronic structure methods for the Algebraic Diagrammatic

Construction scheme (ADC) as well as Unitary Coupled Cluster (UCC).
In the first part, an implementation and benchmark study for the calculation doubly-ionized
as well as double electronically-attached states for ADC, termed DIP-ADC and DEA-ADC,

respectively, up to third order is presented. The implementation was executed in the
Q-Chem program package, benchmark studies included the comparison of states to Full CI
data for DIP as well as EOMDIP-CCSD and EOMDEA-CCSD. For both schemes, the

third-order methods DIP-ADC(3) as well as DEA-ADC(3) proved to produce results which
are in a remarkable good agreement to the corresponding EOM-CCSD method.

As for the second part, a benchmark study on core excitation energies in the framework of
Unitary Coupled Cluster was presented. To this end, the Core-valence separation

approximation was applied to the second-and third-order UCC schemes for electron
excitations. It was shown that CVS-UCC is very suitable in the computation of X-ray

spectra, similar to CVS-ADC, which has been studied before by Wenzel et al. and that it
provides reliable data for the description and simulation of energetically high-lying core

excitations.
The last part of this work features an implementation of an automated code generator for



Unitary Coupled Cluster as it was realized by Leitner et al. for the computation of
electronically excited states on a ADC(4) level. Working equations for a UCC3-x scheme
(in similarity to UCC2-x with an extended description of the doubles/doubles block of the
secular matrix) as well as a full UCC4 for the calculation of electronically-excited states
and properties are presented, together with an improved ground-state description, termed

UCC4+5[s,t] that includes fifth-order terms.
At the end of this work, all results for the three presented topics are summarized in detail,
accompanied by a short outlook of what could include future work and development.



Zusammenfassung

Die Numerische Chemie erlebte in den letzten drei Jahrzehnten, befördert von ständig
wachsender Rechenleistung der verfügbaren Prozessoren und Rechenclustern, einen

wahren Wachstumsschub. Diese Entwicklung manifestiert sich in besonderem Maße in der
Formulierung von modernen Elektronenstrukturmethoden, wie sie zum Beispiel in den
Formalismen des Algebraisch-diagrammatischen Konstruktionsverfahrens und Coupled

Cluster zu finden sind. Die Anwendung dieser Methoden zur Beschreibung der
fundamintalsten Eigenschaften von Molekülen, z. B. Anregungsenergien oder

Wellenfunktionseigenschaften, haben sich zu einem zuverlässigem Werkzeug entwickelt,
dass die Arbeit von Experimentatoren in allen Fachgebieten der Chemie ergänzt und

vorantreibt.
Diese Arbeit, die sich in drei Themen aufteilt, präsentiert die Implementierung und

statistische Auswertung von neuartigen Elektronenstrukturmethoden für das
Algebraisch-diagrammatische Konstruktionsverfahren (ADC) sowie unitärem Coupled

Cluster (UCC).
Im ersten Teil werden ADC-Schemata für die Berechnung von

Doppelionisationspotentialen (DIP-ADC) sowie Doppelelektronaffinitäten (DEA-ADC) bis
zur dritten Ordnung vorgestellt. Dies beinhaltet sowohl die Implementierung, welche im

Q-Chem vorgenommen wurde, als auch die statistische Auswertung im Vergleich zu Full CI
(für DIP) und EOMDIP-/EOMDEA-CCSD Daten. In beiden Fällen zeigte sich, dass

DIP-ADC(3) sowie DEA-ADC(3) in sehr guter Übereinstimmung mit den entsprechenden
EOM-CCSD Daten sind.

Der zweite Teil dieser Arbeit beschäftigte sich mit der Berechnung von hochenergetischen
Kernelektronenanregungen für unitäre Coupled Cluster Methoden bis einschließlich dritter
Ordnung. Zu diesem Zweck wurde die sogenannte Core-valence separation-Näherung auf
die unterliegenden UCC-Schemata für die Berechnung elektronisch angeregter Zustände
angewandt. Die statistische Auswertung erfolgte mit den Sets an Molekülen, die bereits
zuvor von Jan Wenzel et al. für CVS-ADC Schemata verwendet wurden. Es konnte

festgestellt werden, dass CVS-UCC und CVS-ADC vergleichbar gute Ergebnisse für die
Berechnung von Röntgenspektren liefern.



Eine automatisierte Generierung von Gleichungen für die Berechnung von elektronisch
angeregten Zuständen in UCC4 wurde im letzten Teil dieser Arbeit vorgestellt. Ein

ähnlicher Ansatz wurde bereits zuvor von Jonas Leitner et al. für ADC(4) realisiert. Neben
der vollen UCC4-Säkularmatrix wird ein verbessertes Grundzustandsschema, welches

Beiträge in fünfter Ordnung enthält (UCC4+5[s,t]) vorgestellt.
Das letzte Kapitel dieser Arbeit dient der ausführlichen Zusammenfassung der Ergebnisse
aus allen drei oben genannten Teilen und beinhaltet darüber hinaus auch einen kleinen
Ausblick auf möglich zukünftige Entwicklungen zu den hier präsentierten Ergebnissen.
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1. Theoretical Background

1.1. A brief historical introduction

"A physicist is just an atom’s way of looking at itself."

- Niels Bohr

This famous quote, without a doubt ambiguous, gives a good idea of how profound yet
strange the emergence of modern chemistry and physics, especially quantum mechanics,
must have been for scientists at the end of the 19th and the beginning of the 20th century.
Evidence of the quantum nature of atoms date back to the late 19th century, for instance,
when Kirchhoff and Bunsen introduced the spectral analysis in Heidelberg (1859). But it
was not until the early 20th century that theory and experiment could deduce profound mod-
els of "the indivisible" - the atom itself. It was Niels Bohr who in 19138,39 introduced the
first atomic model to include elements of a novel theory, quantum mechanics, even before
its postulates were formulated (see figure 1.1), introducing a breakthrough to modern chem-
istry. Bohr’s atomic model, albeit revolutionary, showed significant weaknesses, such as an
inconsistency with the laws of electrodynamics. The model was expanded by Sommerfeld
in 191529, but it was not until 192686 when Schrödinger introduced the equation-of-motion,
so to speak, for the scales of atoms and molecules where classical mechanic breaks down.
Electrons, previously seen as particles, inherit properties of waves, an electron is now de-
scribed by a wavefunction and delocalized in space. The application of this equation to the
hydrogen atom13,57 was the birth hour of atomic and molecular physics and, along with it,
modern chemistry. Since this point, theoretical chemists and, especially in the early days
of quantum mechanics in the 1920s and 1930s, theoretical physicists established a frame-

4



1.1. A BRIEF HISTORICAL INTRODUCTION

Figure 1.1.: The Bohr model for hydrogen. Depicted in different colours are the sets of spec-
tral lines for each main shell.

work for the calculation of molecular properties that has made modern quantum chemistry
become the theoretical foundation of all contemporary chemistry. Since then, experimental
progress (i. e. in laser physics) as well as the ability to use machines to compute equations
has led to the development of highly accurate theoretical models for the description of atoms
and molecules. Modern state-of-the-art methods, such as Møller-Plesset69 perturbation the-
ory for the ground state and Coupled Cluster15 or the Algebraic Diagrammatic Construction
scheme25 for excited states and molecular properties enable high-precision calculations that
are in an extraordinary accordance with experimental results. The component of steadily in-
creasing computational power (Moore’s law70) fuels the process of development for highly-
accurate, although computationally costly, methods in quantum chemistry. Modern quantum
chemistry has become a discipline where all professions, chemistry, physics, mathematics
and informatics meet and complement each other perfectly.
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1.2. THE WAVEFUNCTION

1.2. The wavefunction

As briefly mentioned in the previous chapter, modern quantum chemistry aims to deduce the
solution of the Schrödinger equation86, in its most general form given as

Ĥ Ψ(r⃗) = E Ψ(r⃗), (1.1)

for atomic and molecular systems with energy E and a wavefunction Ψ . The formulation
of the atomic and molecular version of this equation in its most general form can be written
using the full Hamiltonian function13,57 Ĥ = T̂ + V̂ as

Ĥ(r̂) = −
N
∑

i=1

1
2me

∇̂2i −
X
∑

a=1

1
2ma

∇̂2a

+
N
∑

i=1

N
∑

j>i

1
r̂ij

+
X
∑

a=1

X
∑

b>a

ZaZb

r̂ab
+

N
∑

i=1

X
∑

a=1

Za

r̂ia

(1.2)

where the first two terms in the first line give the the kinetic energy of theN electrons andX
atomic nuclei in the system, respectively. In the second line, the potential (electronic) terms
are given, namely the electron-electron repulsion (first term), the nuclei repulsion (second
term) and the electron-nucleus repulsion (third term). Summation indices are restricted to
avoid a double-counting of terms. me and ma constitute electron and nucleus masses, Za the
nuclear charges and the r̂ represent the distance operators.

Born-Oppenheimer approximation

One of the most fundamental assumptions for the solution of the molecular Schrödinger
equation is the Born-Oppenheimer approximation9. It states that the motion of the electrons
around the nuclei and the nuclei motion itself happen each on different time scales (melectron

mproton
≈

1
1836

), assuming that the electron motion adapts almost instantaneously to that of the nuclei.
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1.2. THE WAVEFUNCTION

Figure 1.2.: Coordinate system for the Hamiltonian. The coordinate origin is given as 0.

This leads to a product ansatz,

Ψ(r⃗a, r⃗i) = Ψa(r⃗a) ⋅Ψi(r⃗i), (1.3)

that reformulates the full wavefunction in equation 1.1 as a product of a nuclear (Ψa) and
electronic (Ψi) wavefunction. The corresponding eigenvalue problems then become

ĤiΨi(r⃗i) = EiΨi(r⃗i),

ĤaΨa(r⃗a) = EaΨa(r⃗a).
(1.4)

The (electronic) Hamiltonian, representing the most fundamental operator in quantum chem-
istry, then reduces to the electronic terms

Ĥi(r̂i) = −
N
∑

i=1

1
2me

∇̂2i +
N
∑

i=1

N
∑

j>i

1
r̂ij
+

N
∑

i=1

X
∑

a=1

Za

r̂ia
. (1.5)

This Hamiltonian constitutes the starting point for all types of electronic structure calcula-
tions.

Within this work, atomic units (ℏ = e = me = 1
4��0

≡ 1) are used.
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1.2. THE WAVEFUNCTION

LCAO-Ansatz and basis functions

Until now, the formulation of the Hamiltonian and the wavefunction is kept in an general
manner, i. e. applicable to both atoms and molecules. This means that an algebraically
consistent ansatz is needed to formulate a multi-electron wavefunction. John Lennard-Jones
introduced the LCAO (Linear combination of atomic orbitals54,14) ansatz as early as 1929,
establishing the connection between the solution of the one-electron Schrödinger equation
(atomic orbitals) and a multi-electronic wavefunction (molecular orbitals),

�i =
N
∑

i
ci�  � . (1.6)

The vector space of the so-called molecular orbitals �i is thus spanned by the atomic orbitals
 �, ci� represent the expansion coefficients of the atomic orbitals to form the molecular or-
bitals. A set ofN atomic orbitals spans a vector space of exactlyN molecular orbitals. The
set of atomic orbitals { �} represents the basis set of the system. Each basis function � itself
is a linear combination of functions depending on the coordinates of that system. To model
physically correct Slater-type orbitals91 (STO) that possess a radial part of the form ∼ e−r,
generally a series of Gaussian-type orbitals36 (GTO) that behave like ∼ e−r2 is combined.
The reason is the much easier mathematical manipulation of these type of expression, which
is important for the computation. Examples for commonly used basis sets for benchmark-
ing are the Pople bases24, the correlation-consistent Dunning bases28 or the Karlsruhe basis
sets47, with the second and third presenting state-of-the-art sets for precise calculations. A
major collection of basis sets for computational chemistry is provided at the Basis set ex-
change75.
A perfect basis, that is, a basis that physically represents the electronic structure of an atom
correctly, would have to be of infinite size. This is of course not a feasible task, but proce-
dures to approach this completeness in a limit, called the complete basis set limit54,14 (CBS)
may be employed. This is done by using a series of basis sets increasing in size and thus pre-
cision (but also computational cost) for a fixed system. The series of (converging) generated
data points may then be fitted, understanding the result as the CBS limit.
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1.2. THE WAVEFUNCTION

Spin and the fermionic wavefunction

Electrons possess an intrinsic spin39,12 which can take two quantum numbers, ms = ±1
2
, a

property that was discovered in 1922 by Walther Stern and Otto Gerlach35. It was one of
the first experiments to reveal the quantum nature of electrons. However, this finding leads
to a specific implication for the wavefunction of an electron: Each spatial orbital may be
populated by exactly two electrons with opposite spin.
Spin may be introduced in a mathematical sense with �(!) and �(!) representing the func-
tions for spin-up (ms = +1

2
) and spin-down (ms = −1

2
), respectively94. ! is an auxiliary spin

variable. The spin functions feature the properties

∫!
�(!)�(!) d! = ∫!

�(!)�(!) d! = 0 (1.7)

as well as
∫!
�(!)�(!) d! = ∫!

�(!)�(!) d! = 1. (1.8)

Every spatial (molecular) orbital �(r⃗) may thus be expanded to two spin orbitals by multi-
plying the respective spin functions as

�(r⃗)

⎧

⎪

⎨

⎪

⎩

��(r⃗, !) = �(r⃗) ⋅ �(!)

��(r⃗, !) = �(r⃗) ⋅ �(!)
(1.9)

with the spin orbitals ��, �� (also denoted as � in the literature) depending on both, position
(r⃗) and spin (!). For notational brevity, the subscripts � and � will be skipped through this
work, understanding the wavefunction � as a spin orbital from now on.
An arbitrary composed wavefunction Ψ of electrons (being fermions) needs to suffice the
Fermi-Dirac statistics32,23. As "indistinguishable" particles, the total wavefunction needs to
be antisymmetric for each permutation of fermions (Pauli principle89), or formulated alter-
natively, two fermions can not possess the same set of quantum numbers,

Ψ(r⃗1, !1; r⃗2!2; ...; r⃗n, !n) = −Ψ(r⃗2, !2; r⃗1!1; ...; r⃗n, !n). (1.10)
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1.3. SECOND QUANTIZATION AND THE PARTICLE/HOLE FORMALISM

The antisymmetry of the electronic wavefunction is thus a purely quantum-mechanical fea-
ture and has no classical interpretation to it.

1.3. Second quantization and the particle/hole

formalism

When working with multi-particle states that are constructed using (orthonormal) single-
particle states, the formalism of second quantization88 is a very helpful and straightforward
tool for the formulation of operators and wavefunctions. In particular, for fermionic systems
as for electrons, this formalism introduces the ability to evaluate mathematical expressions
efficiently and also enables the use of automatic code generation, as will be represented later
in chapter 4.
An arbitrary fermionic wavefunction that has been constructed from a set of single-particle
wavefunctions may be written as a determinant

|Ψ⟩ = |1p, ...., 1q⟩ , (1.11)

where the subscript denotes the respective single-particle wavefunction and the number the
occupation number for this particular one. It is quite intuitive to understand that this num-
ber is either 1 or 0, or in other words, an election exactly possesses all quantum numbers of
this wavefunction ("occupies this orbital") or does not. If no other electron does so for this
wavefunction, it is called an "unoccupied" or "virtual" orbital. While occupied orbitals have
the occupation number 1, virtuals do have the occupation number 0. A completely unpop-
ulated state (a state that contains no electrons), also referred to as the vacuum state, is thus
represented as

|Ψvac⟩ = |0p, ...., 0q⟩ ≡ |0⟩ . (1.12)

At this point, the so-called creation and annihilation operators, denoted as â† and â, respec-
tively, may be introduced by their action onto a state as

â†p |0p⟩ = |1p⟩ âp |1p⟩ = |0p⟩ . (1.13)

10



1.3. SECOND QUANTIZATION AND THE PARTICLE/HOLE FORMALISM

In a general way, the action of these operators onto a multi-particle wavefunction is

â†q |�p, ..., 0q, ..., �r⟩ = Γq �0,�q |�p, ..., 1q, ..., �r⟩

â†q |�p, ..., 1q, ..., �r⟩ = Γq �1,�q |�p, ..., 0q, ..., �r⟩
(1.14)

where � = {0, 1} denotes the occupation number and Γ being the phase factor

Γp =
p−1
∏

n=1
−1�n . (1.15)

The phase factor may be understood by permuting the corresponding orbital to the leftmost
position of the Ket-state (the rightmost for a Bra-state) and then acting on it. For an even
number of electron permutations, Γ = 1 holds, while for an odd number, Γ = −1 holds. Also,
as equation 1.14 demonstrates, the creation and annihilation operators will only yield a non-
zero result if the respective orbital acted on is virtual (for creators, �0,�p = 1) or occupied (for
annihilators, �1,�p = 1), respectively.
It should be noted that the common nomenclature, as also used throughout this work, is
labelling orbitals i, j, k, l, ... when referring to them as occupied, a, b, c, d, ... when virtual as
well as p, q, r, s, ... when referring to them in a general sense.

Anticommutation relations and Normal ordering

Due to their definition (eqs. 1.13, 1.14), second-quantized operators posses an anti-commutator
relation amongst each other, that is

[â†pâ
†
q] = â†pâ

†
q + â

†
qâ
†
p = 0

[âpâq] = âpâq + âqâp = 0

[â†pâq] = â†pâq + âqâ
†
p = �pq,

(1.16)

or, formulated differently,

â†pâ
†
q = −â†qâ

†
p âpâq = −âqâp â†pâq = �pq − âqâ

†
p. (1.17)
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A normal-ordered string of second-quantized operators may now be defined as a string where
all annihilation operators stand on the right of all creation operators15, or equivalently, where
all creation operators stand on the left of all annihilation operators. Introducing normal-
ordering facilitates the evaluation of strings of creation and annihilation operators, for exam-
ple, by identifying combinations that yield zero. By definition of the normal-ordering, the
expectation value of a normal-ordered string {Ŝ} (commonly denoted by curly brackets or
colons in the literature) with respect to the vacuum state must vanish,

⟨0|{Ŝ}|0⟩ = 0. (1.18)

Taking, as examples, the two simple strings

Ŝ = â†pâ
†
qâr T̂ = â†pâqâ

†
r (1.19)

it it obvious that Ŝ is already in normal order (Ŝ ≡ {Ŝ}) while T̂ may be brought into
normal order by using the anti-commutation relations presented above:

{T̂ } = �qrâ
†
p − â

†
pâ
†
qâr. (1.20)

An arbitrary string of creation and annihilation operators may be therefore translated into a
set of normal-ordered strings in an iterative manner by re-applying these rules. Defining the
contraction of two arbitrary second-quantized operators �̂ and �̂ as

�̂⦁�̂⦁ = �̂�̂ − {�̂�̂} (1.21)

enables the reformulation of the anti-commutator relations (eqs. 1.16, 1.17) in amore elegant
way as

â†⦁p â
†⦁
q = â⦁p â

⦁
q = â†⦁p â

⦁
q = 0 â⦁p â

†⦁
q = �pq, (1.22)

where only the non-normal-ordered combination âpâ†q will yield a non-zero result.

12
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Wick’s theorem

The reformulation of a string of second-quantized operators is, of course in general, a much
more tedious task as the easy example of a three-operators string given above. A generalized
way to compute the linear combination of normal-ordered strings arising from an arbitrary
string of creation and annihilation operators is introduced by Wick’s theorem109. It states
that an arbitrary string of creation and annihilation operators �̂�̂̂ ...�̂�̂�̂ may be reformulated
as a linear combination of normal-ordered strings according to

�̂�̂̂ ...�̂�̂�̂ = {�̂�̂̂ ...�̂�̂�̂}

+
∑

single
contractions

{�̂⦁�̂⦁̂ ...�̂�̂�̂}

+
∑

double
contractions

{�̂⦁�̂⦁̂⦁⦁...�̂⦁⦁�̂�̂}

+ ...

+
∑

full
contraction

{�̂⦁�̂⦁̂⦁⦁...�̂⦁⦁�̂⦁⦁⦁�̂⦁⦁⦁}.

(1.23)

This means that the string can be rewritten by applying all pairwise operator contractions in
the manifold of a single contraction, two contractions etc. up to a fully contracted scheme
that includes all operators. For the expectation value with respect to the vacuum state (eq.
1.18),

⟨0|�̂�̂̂ ...�̂�̂�̂ |0⟩ , (1.24)

only the fully contracted scheme, i. e. where every operator is paired up with another one
via contraction and no uncontracted operators remain, may produce a result that differs from
zero.
For notation brevity, the curly brackets to denote normal-ordered strings are omitted through
the rest of this work, understanding all second-quantized strings as normal-ordered.
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1.4. HARTREE-FOCK THEORY

General operators in second quantization

Using the formalism introduced in the previous section, general one- and two-electron oper-
ators take the form

Ô1 = P1
∑

pq
Opqâ

†
pâq (1.25)

and
Ô2 = P2

∑

pqrs
Opqrsâ

†
pâ
†
qâsâr, (1.26)

respectively. Opq and Opqrs represent the matrix elements for the operator in the underlying
basis. P1 and P2 represent the, in a general formulation, complex prefactors which are often
restricted to the real number space.

1.4. Hartree-Fock theory

Introduced as early as 1935, theHartree-Fockmethod43,34,44,94 represents themost fundamen-
tal method for modern quantum chemical calculations. It has been established as the starting
point for most wavefunction-based state-of-the-art methods. The Hartree-Fockmethod seeks
to find the best possible description of the atomic or molecular ground state in a variational
way for a single ground-state wavefunction. To this end, a product ansatz, the so-called
Hartree product, is chosen to parametrize the total wavefunction,

|Φ(r⃗1...r⃗N )⟩ = |�1(r⃗1).....�N (r⃗N )⟩ ≡ |�1...�N⟩ . (1.27)

In this ansatz, Φ is formed as a product of single-electron molecular orbitals �i. The molec-
ular Hamiltonian is now acting on each molecular orbital individually,

Ĥ |Φ⟩ =
(

Ĥi + ... + ĤN
)

�i(r⃗i)...�N (r⃗N ) = E |Φ⟩ . (1.28)

assuming that the single electronic wavefunctions are uncorrelated, yielding the total energy
E of the system as a sum of the single-electron energies �i. To form a fermionic wavefunc-
tion, the Hartree product is now antisymmetrized with respect to all orbitals and coordinates
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1.4. HARTREE-FOCK THEORY

(see eq. 1.10),

|Φ⟩ = 1
√

N!

|

|

|

|

|

|

|

|

|

|

�1(r⃗1) ⋯ �N (r⃗1)

⋮ ⋱ ⋮

�1(r⃗N ) ⋯ �N (r⃗N )

|

|

|

|

|

|

|

|

|

|

(1.29)

which gives the so-called Slater determinant90,94. This fully antisymmetrized and normalized
wavefunction is able to parametrize spin-pure eigenstates of a given electronic system, i. e.
in a proper linear combination for singlet or triplet states as configuration state fucntions46.
It is important to note that the short hand notation for the Hartree product is in general used
in the literature to describe the fully antisymmetrized Slater determinant of the form 1.29.
The Hartree-Fock Hamiltonian acting on a single molecular orbital is divided into two parts,
the one-electron part

ℎ̂i(r⃗1) = −1
2
∇̂(r⃗1) −

X
∑

k=1

Zk

|r⃗k − r⃗1|
(1.30)

including kinetic energy of the electron and the electron-nuclei attraction as well as the part
to describe the electron-electron interaction,

Ĵi(r⃗1) = ∫ d3r⃗2
�⋆j (r⃗2) �j(r⃗2)

|r⃗1 − r⃗2|
, K̂i(r⃗1) = ∫ d3r⃗2

�⋆j (r⃗2) �i(r⃗2)

|r⃗1 − r⃗2|
. (1.31)

The first term in equation 1.31, Ĵ can be interpreted classically as the Coulomb term that
describes the electrostatic potential arising from a charge distribution at r⃗2. For the second
term K̂ , on the other hand, no classical interpretation exists, making this term a purely quan-
tum mechanical effect. As such, the so-called exchange term is due to the fermionic nature
of the wavefunction.
Summarizing the operators in equation 1.30 and 1.31 gives the Fock operator

f̂ = ℎ̂i +
∑

j
Ĵj −

∑

j
K̂j (1.32)

At this pont, it is now straightforward to define the two-electron integrals for the Coulomb
and exchange operator as

⟨�i(r⃗1)| Ĵj(r⃗1) |�i(r⃗1)⟩ ≡ ⟨ij|ij⟩ (1.33)
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and
⟨�i(r⃗1)| K̂j(r⃗1) |�i(r⃗1)⟩ ≡ ⟨ij|ji⟩ . (1.34)

as well as the antisymmetrized two-electron integral, also called electron repulsion integral
(ERI) as

⟨ij||ij⟩ ≡ ⟨ij|ij⟩ − ⟨ij|ji⟩ . (1.35)

Using the short-hand notation of equation 1.35, the Fock operator in equation 1.32 acting on
a single orbital may be evaluated as

f̂�i = fi�i =

(

ℎii +
∑

j≠i
⟨ij||ij⟩

)

�i = �i�i, (1.36)

where canonical orbitals (orbitals that diagonalize the Fock operator, fij = �ijfi) have been
assumed. For the atomic or molecular ground state, the Hartree-Fock energy is now given
as the expectation value of the full Hamiltonian (eq. 1.28) with respect to the Hartree-Fock
ground state wavefunction |Φ0⟩,

EHF = ⟨Φ0|Ĥ|Φ0⟩ =
∑

i
ℎii +

1
2
∑

ij
⟨ij||ij⟩ =

∑

i
�i −

1
2
∑

ij
⟨ij||ij⟩ . (1.37)

In the formalism of second quantization, the Hartree-Fock Hamiltonian (usually denoted as
F̂ ) takes the general form

F̂ =
∑

pq
fpqâ

†
pâq =

∑

pq
ℎpqâ

†
pâq +

∑

i,pq
⟨pi||qi⟩ â†pâq (1.38)

The Hartree-Fock energy is a suited and computationally cheap method to recover about
95%76 of the atomic or molecular ground state energy, however, the lack of explicit electron-
electron correlation makes it unsuitable for highly accurate calculations. More elaborate
electronic structure methods, the so-called Post-Hartree-Fock methods therefore aim to re-
cover the correlation energy,

Ecorr = Etot − EHF , (1.39)

that constitutes the energy difference between the total (exact) energy of the electronic sys-
tem and the Hartree-Fock energy.

16



1.4. HARTREE-FOCK THEORY

Roothaan-Hall equations and the self-consistent filed procedure

The introduction of a suited basis set of atomic orbitals to parametrize the molecular orbitals
(LCAO ansatz, see eq. 1.6) allows to rewrite the Hartree-Fock eigenvalue equation in 1.36
as

∑

�
F��C�i = �i

∑

�
S��C�i or in matrix notation FC = � SC. (1.40)

This equation, the so-called Roothaan-Hall equation77,40, introduces the Fock matrix F�� as

F�� = ⟨��|f̂ |��⟩ (1.41)

as well as the overlap matrix of the (generally not orthogonal) basis functions S�� as

S�� = ⟨��|��⟩ . (1.42)

The matrix of coefficients C�i stem from the LCAO ansatz.
A practical way to solve the Hartree-Fock equations is now achieved by the so-called self-
consistent field approach (SCF or HF-SCF)94. The idea is to use an iterative rule that is
reapplied to equation 1.40 until the computed eigenvalue does not differ more than a certain
threshold in two consecutive iteration steps, and thus, has reached self-consistency. This
is done by starting off with an initial guess for the electron density of the system (for C),
calculating and diagonalizing F and forming new coefficients in C. The solution of the
Hartree-Fock self-consistent field method is the starting point for more elaborate methods,
as the eigenvalue of a converged Hartree-Fock wavefunction always presents a lower bound
to the exact energy of the system (see equation 1.39),

EHF (Φ0) =
⟨Φ0|Ĥ|Φ0⟩

⟨Φ0|Φ0⟩
≤ Etot. (1.43)

Brillouin’s theorem and the Slater-Condon rules

An important feature of a converged Hartree-Fock wavefunction is formulated by Brillouin’s
theorem94,46. It states that the matrix element of the electronic Hamiltonian between a singly
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excited determinant and the converged Hartee-Fock ground state wavefunction is zero,

⟨Φa
i |Ĥ|Φ0⟩ = 0. (1.44)

Additionally, in a general sense, the Slater-Condon rules90,94,46 state that the matrix element
for an arbitrary one-electron operator Ô1 vanishes if the Bra and Ket for an arbitrary deter-
minant |Ψ⟩ differ in more than one spin orbital. Analogously, for an arbitrary two-electron
operator Ô2, both may only differ by at maximum two spin orbitals:

⟨Ψpq
rs |Ô1|Ψ⟩ = 0,

⟨Ψpqr
stu |Ô2|Ψ⟩ = 0.

(1.45)

The Slater-Condon rules constitute fundamental principles in the application of electron cor-
relation methods, as their implications are used throughout this work.

Fermi vacuum and particle-hole formalism

Although the true vacuum state |0⟩ may be used to generate any physically allowed pop-
ulation of electrons, it is more useful and intuitive to utilize the so-called Fermi vacuum
when working with second-quantized operators, instead. The Fermi vacuum is represented
by the underlying reference state |Φ0⟩, all one-electron states populated (occupied with in-
dices i, j, k, ...) in |Φ0⟩ are denoted as hole states, while unpopulated (virtual with indices
a, b, c, ...) states are denoted as particle states. The particle-hole formalism15,46 is intuitively
understood by the application of creation and annihilation operators: The process

â†aâi |Φ0⟩ = |Φa
i ⟩ (1.46)

promotes an electron from an occupied to a virtual orbital creating both, a hole (âi) in the
occupied space as well as a particle (â†a) in the virtual space. De-excitation would then
annihilate a particle (âa) in the virtual space and by putting it back into the occupied space
also annihilate a hole (â†i ) in there,

â†i âa |Φ
a
i ⟩ = |Φ0⟩ . (1.47)
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These so-called quasi-particle operators, often abbreviated as q-creators and q-annihilators,
establish a very useful framework for the application of Wick’s theorem or a diagrammatic
approach to quantum chemistry15,46. Using the above definitions, the fundamental contrac-
tion rules of second-quantized operators in equation 1.22 may now be reformulated for q-
creators and q-annihilators according to

â†⦁p â
†⦁
q = â⦁p â

⦁
q = 0

â†⦁i â
⦁
a = â⦁a â

†⦁
i = â†⦁a â

⦁
b = â⦁i â

†⦁
j = 0

â†⦁i â
⦁
j = �ij

â⦁a â
†⦁
b = �ab.

(1.48)

1.5. Perturbation theory

The need for a mathematical formalism of treating small deviations to an otherwise well-
described eigenvalue problem, i. e. a small perturbation to an operator, emerged as early
as the formulation of quantum mechanics itself. The most common approach, the Rayleigh-
Schrödinger perturbation theory87,89, assumes that the complete spectrum of the eigenvalue
equation for a Hamiltonian Ĥ0 is known,

Ĥ0 |Ψ
(0)
i ⟩ = E(0)

i |Ψ(0)i ⟩ . (1.49)

As a requirement, the set of eigenfunctions to the unperturbed Hamiltonian {|Ψ(0)i ⟩} is or-
thonormal. A small perturbation ĤP is now introduced to the Hamiltonian,

Ĥ = Ĥ0 + �ĤP , (1.50)

which is assumed to change the spectrum of the Hamiltonian only on small scales. The new
eigenvalue equation for the perturbed Hamiltonian Ĥ reads then

Ĥ |Ψi⟩ = (Ĥ0 + �ĤP ) |Ψi⟩ = Ei |Ψi⟩ (1.51)
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where � is introduced as an ordering parameter. The eigenfunctions and eigenstates of the
perturbed system are parametrized using an infinite series for the wavefunction

|Ψi⟩ = |Ψ(0)i ⟩ + � |Ψ(1)i ⟩ + �2 |Ψ(2)i ⟩ + ... =
∞
∑

n=1
�n |Ψ(n)i ⟩ (1.52)

and for the energy

Ei = E(0)
i + �E(1)

i + �2E(2)
i + ... =

∞
∑

n=1
�nE(n)

i . (1.53)

Inserting the expressions for the perturbed wavefunction (equation 1.52) and the perturbed
energy (equation 1.53) into equation 1.51 and using the order parameter � to regroup terms
yields

Ĥ0 |Ψ
(0)
i ⟩ = E(0)

i |Ψ(0)i ⟩

�Ĥ0 |Ψ
(1)
i ⟩ + �ĤP |Ψ

(0)
i ⟩ = �E(0)

i |Ψ(1)i ⟩ + �E(1)
i |Ψ(0)i ⟩

�2Ĥ0 |Ψ
(2)
i ⟩ + �2ĤP |Ψ

(1)
i ⟩ = �2E(0)

i |Ψ(2)i ⟩ + �2E(1)
i |Ψ(1)i ⟩ + �2E(2)

i |Ψ(0)i ⟩

⋯ =⋯

(1.54)

or, in the general form,
{

(

Ĥ0 + �ĤP
)

∞
∑

n=1
�n |Ψ(n)i ⟩

}

Π(�)=C

=

{(

∞
∑

n=1
�nE(n)

i

)(

∞
∑

n=1
�n |Ψ(n)i ⟩

)}

Π(�)=C

(1.55)

where the curly brackets indicate that all terms with the same perturbation order, i. e. the
same power of � (as the factor C equals 1, �, �2, �3, ...) are grouped together. The parameter
� thus is an artificial one to switch the perturbation on and off and order the terms of the
perturbation series, for the solution of the eigenvalue problem itself it has no meaning and
can be omitted. Choosing the wavefunction correction of 1.52 to be orthogonal to |Ψ(0)i ⟩

introduces the so-called intermediate normalization

⟨Ψ(0)i |Ψi⟩ = ⟨Ψ(0)i |Ψ(0)i ⟩ = 1 (1.56)
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and allows to reformulate the expansion of equation 1.54 as

⟨Ψ(0)i | Ĥ0 |Ψ(0)i ⟩ = E(0)
i

⟨Ψ(0)i | ĤP |Ψ(0)i ⟩ = E(1)
i

⟨Ψ(0)i | ĤP |Ψ(1)i ⟩ = E(2)
i .

(1.57)

Wave-function corrections may be obtained in a similar way by projecting the zeroth-order
expression ⟨Ψ(0)i | from the left onto the expansion in equation 1.54. As the eigenfunctions of
Ĥ0 constitute an orthonormal basis (⟨Ψ(0)i |Ψ(0)j ⟩ = �ij), the expansion coefficients for i ≠ j

are obtained as
C (n)
ij = ⟨Ψ(0)j |Ψ(n)i ⟩ , (1.58)

which, as an example, would be in first-order

C (n)
ij =

⟨Ψ(0)j |ĤP |Ψ
(0)
i ⟩

E(0)
i − E(0)

j

. (1.59)

Møller-Plesset perturbation theory

The lack of explicit electron-electron correlation within the Hartree-Fock framework intro-
duces a new manifold of electronic structure methods, the Post-Hartree-Fock methods. As
an application of quantum-mechanical perturbation theory, the Møller-Plesset perturbation
theory69,94,54 is presented in the following.
Starting with the full electronic Hamiltonian Ĥ containing a one- as well as two-electron
part,

Ĥ =
∑

pq
ℎpqâ

†
pâq +

1
4
∑

pqrs
⟨pq||rs⟩ â†pâ

†
qâsâr, (1.60)

and recalling the Hartree-Fock Hamiltonian from equation 1.38,

F̂ =
∑

pq
ℎpqâ

†
pâq +

∑

i,pq
⟨pi||qi⟩ â†pâq,
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all explicit electron-electron correlation effects may now be parametrized in the two-electron
part with the so-called fluctuation potential V̂ defined as

V̂ = −
∑

i,pq
⟨pi||qi⟩ â†pâq +

1
4
∑

pqrs
⟨pq||rs⟩ â†pâ

†
qâsâr. (1.61)

The sum of both, F̂ and V̂ as defined above, is reproducing the full electronic Hamiltonian
of equation 1.60 exactly. Starting from a converged Hartree-Fock ground state solution, F̂
may be simplified as

F̂ =
∑

p
�pâ

†
pâp.

In the framework of Rayleigh-Schrödinger perturbation theory, V̂ is now introduced as the
perturbation in analogy to ĤP in equation 1.50, while F̂ constitutes the unperturbedHamilto-
nian Ĥ0. This partitioning, called the Møller -Plesset partitioning48 of the electronic Hamil-
tonian, enables the effective computation of perturbative energy and wavefunction correc-
tions for a well-described unperturbed system, which constitutes the premise of Rayleigh-
Schrödinger perturbation theory. The Møller-Plesset Hamiltonian can now be formulated
as:

ĤMP = F̂ +�V̂ =
∑

p
�pâ

†
pâp+�

(

−
∑

i,pq
⟨pi||qi⟩ â†pâq +

1
4
∑

pqrs
⟨pq||rs⟩ â†pâ

†
qâsâr

)

. (1.62)

Applying the generating formula (eq. 1.55) to the Møller-Plesset Hamiltonian ĤMP of 1.62
allows for the formulation of the MP energy and wavefunction corrections. The zeroth-order
wavefunction is then given as the Hartree-Fock ground state wavefunction, |Ψ(0)0 ⟩ = |Φ0⟩.
The wavefunction corrections are formulated in a CI-like ansatz94 of excited determinants
(which constitute eigenfunctions of the Fock operator F̂ ),

|Ψ(n)0 ⟩ =
∑

i,a
tai
(n)
|Φa

i ⟩ +
∑

i,a
tabij

(n)
|Φab

ij ⟩ + ... (1.63)

where the so-called t-amplitudes in the Møller-Plesset formulation represent the expansion
coefficients C from equation 1.58 in the Rayleigh-Schrödinger formulation. For a first-order
treatment (MP1), the exact Hartree-Fock energy is recovered94. A first improvement of the
HF ground state is introduced by the second-order MP2 scheme, where the corresponding
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energy correction (see 1.57) is given as

E(2)
0 = 1

4
∑

ij,ab
tabij

(1)
⟨ij||ab⟩ = 1

4
∑

ij,ab

⟨ab||ij⟩
�i + �j − �a − �b

⟨ij||ab⟩ (1.64)

along with the first-order wave-function correction (see 1.59) for the ground state

|Ψ(1)0 ⟩ = 1
4
∑

ij,ab
tabij

(1)
|Φab

ij ⟩ =
1
4
∑

ij,ab

⟨ab||ij⟩
�i + �j − �a − �b

|Φab
ij ⟩ . (1.65)

Higher-order expressions as well as a diagrammatic approach to determine Møller-Plesset
working equations are presented in the literature46,94.

1.6. Configuration Interaction

Among the Post-Hartree-Fock methods, the most straightforward and simplest is the so-
called Configuration Interaction46,54. It expands the Hartree-Fock ground state by including
virtual orbitals, that is, exciting electrons from occupied orbitals and populating previously
unoccupied ones. This may be done for one, two, n electrons simultaneously, leading to
different excitation classes. In a second-quantized form, these excitation operators may be
written as

ĈCI = 1 + ĈCI,S + ĈCI,D + ... = 1 +
∑

ia
cS â

†
aâi +

1
4
∑

ijab
cD â

†
aâ
†
bâj âi + ... (1.66)

where the coefficients c are the amplitude coefficients of the corresponding excitation. The
CI wavefunction ansatz then simply reads

|ΨCI⟩ = ĈCI |Φ0⟩ ,

|ΨCI⟩ = |Φ0⟩ +
∑

ia
cS |Φa

i ⟩ +
1
4
∑

ijab
cD |Φab

ij ⟩ + ...
(1.67)

where the lower line of equation 1.67 is the fully expanded form including excited determi-
nants. The CI eigenvalue equation

Ĥ |ΨCI⟩ = ECI |ΨCI⟩ (1.68)
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may be solved in an iterativemanner using the variational principle. To this end, it is common
to choose intermediate normalization ⟨ΨCI |Φ0⟩ = 1. A truncation of the full CI scheme is
labelled respectively, i. e. the truncation of the full scheme to singles and doubles excitations
is labelled as CISD (Configuration Interaction for Singles and Doubles). The FCI (full CI)
scheme without truncations for an N-electron system goes up to the N-th excitation class
and represents an exact parametrization of the electronic Schrödinger equation. However,
the treatment of molecules with FCI is limited to small systems due to the computational
cost of the full CI expansion.

1.7. Coupled Cluster

The Coupled Cluster15,7,5,46 formalism represents one of the most commonly used methods
in quantum chemistry. Its wavefunction is an exponential ansatz of the so-called cluster
operator T̂ ,

|ΨCC⟩ = exp(T̂ ) ⋅ |Φ0⟩ , (1.69)

where, just as in Configuration Interaction, the different excitation classes and their respec-
tive amplitudes t are represented as

T̂ = T̂1 + T̂2 + ... =
∑

ia
tai â

†
aâi +

1
4
∑

ijab
tabij â

†
aâ
†
bâj âi + ... (1.70)

with a general prefactor of (n!)−2 for the n-th excitation class. Truncating the cluster oper-
ator after the singly (S), doubly (D) etc. excitation class leads to the respective scheme, for
instance with singles and doubles labelled CCSD. The Taylor expansion for the exponential
function,

eT̂ = 1 + T̂ + 1
2!
T̂ 2 + ..., (1.71)

represents a power series of the cluster operator. As a difference to the linear CI ansatz
(equation 1.67), the CC ansatz gives a product form of the cluster operators (e. g. T̂ 2 =
T̂ 21 +2T̂1T̂2+ T̂

2
2 for CCSD), introducing size consistency as a fundamental property of Cou-

pled Cluster.
Using the CC wavefunction (equation 1.69), the Coupled cluster working equations are for-
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mulated as
⟨Φ0| Ĥe

T̂
|Φ0⟩ = ECC

⟨ΦI | Ĥe
T̂
|Φ0⟩ = ECC ⟨ΦI | e

T̂
|Φ0⟩

(1.72)

with the upper equation representing the CC energy equation and the lower equation rep-
resenting the CC amplitude equations, with the example of CCSD, the working equations
for the calculation of singles and doubles amplitudes. As before for Configuration Interac-
tion, intermediate normalization was chosen, ⟨ΨCC|Φ0⟩ = 1. By introducing the so-called
similarity-transformed Hamiltonian H̄ 15 as

H̄ = e−T̂ ĤeT̂ , (1.73)

the equations 1.72may be decoupled and solved individually, yielding the commonCCwork-
ing equations

⟨Φ0| H̄ |Φ0⟩ = ECC ,

⟨ΦI | H̄ |Φ0⟩ = 0
(1.74)

for the CC amplitudes and energy, respectively. Amplitude equations are solved iteratively
and coupled (e. g. in the singles and doubles space for CCSD) until a self-consistency is
reached, the converged amplitudes are then plugged into the energy equation to yield the
corresponding value.

Baker-Campbell-Hausdorff formula

Including an exponential ansatz in the similarity-transformed Hamiltonian, the approach
to solve the CC working equations 1.74 is the so-called Baker-Campbell-Hausdorff (BCH)
identity,

e−T̂ ĤeT̂ = Ĥ + [Ĥ, T̂ ] + 1
2
[[Ĥ, T̂ ], T̂ ] + 1

6
[[[Ĥ, T̂ ], T̂ ], T̂ ] + ... (1.75)

which reformulates the exponential ansatz in a power series of nested commutators (remem-
ber that [Ĥ, T̂ ] simply means ĤT̂ − T̂ Ĥ). The solution of the CC working equations is now
issue to the solution of the BCH expansion for the Hamiltonian.
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Diagrams in Coupled Cluster theory

The application of diagrams in quantum chemistry has become a common and useful task84,66

and facilitates the work with strings of second-quantized operators, as will be shortly pre-
sented in the following.
Computation of the Coupled Cluster working equations (1.74) applying the BCH expansion
(1.75) may be executed in several ways, the most straightforward being the application of
Wick’s theorem. The strings of creation and annihilation operators that arise from the dif-
ferent fragments in the BCH expansion, namely the Hamiltonian fragments F̂ and V̂ as well
as the amplitude fragments T̂ , are combined and then contracted. However, this is a very
tedious task when executed by hand, and the applicability of a certain class of diagrams
(Feynmnan diagrams) may be utilized to represent the terms in the CC working equations.
At this point, a brief introduction to Coupled Cluster diagrams shall be given, as they are not
only a suited tool to generate CC equations but also give a great framework for a better un-
derstanding of the Coupled Cluster (and later Unitary Coupled Cluster) formalism. A more
detailed description can be found in the literature15,48.

Figure 1.3.: Free particle line and free hole line.

As a starting point, consider the lines that represent the second-quantized operators. Lines
that are directed upwards are particle lines acting on virtual orbitals a, b, c, ... while down-
ward directed ones are hole lines acting on occupied orbitals i, j, k, .... These lines meet at
the interaction vertices, at each of these exactly one line enters and one line leaves the ver-
tex. Lines above the vertex correspond to creators, lines underneath to annihilators. For the
one-particle operators, F̂ and D̂ (see eq. 1.25, Ô1), the diagrams are represented as
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Figure 1.4.: Examples of diagram fragments for one-particle operators.

where the "X" represents the Fock matrix element and the circle the matrix element of an
arbitrary one-particle operator. The diagrams in figure 1.4 thus represent the terms

∑

ab
fab â

†
aâb

∑

ia
fai â

†
aâi

∑

ij
dij â

†
i âj

∑

ia
dia â

†
i âa. (1.76)

Upon constructing the diagrams, general orbital indices are replaced by occupied and virtual
orbital indices to produce all possible combinations. The direction of the lines in a diagram
determines its so-called excitation number, that is, the number of electrons that are promoted
from the occupied to the virtual space. Consider the two fragments of F̂ in figure 1.4: The
left one has two particle lines (both pointing upwards), one underneath the vertex and one
above, therefore annihilating and creating a particle. This means that the electrons are shifted
around within the virtual space, thus not exciting an electron and giving an excitation class
of 0. The right one has two lines above the vertex, two creators, one acting on the hole and
one on the particle space, promoting an electron and yielding an overall excitation number
of +1. Similarly, the other two diagrams in figure 1.4 have the excitation classes 0 and -1,
respectively. In general, the excitation class of a diagram may be calculated as:

Excitation class = 1
2
⋅ (Number of open creator lines
− Number of open annihilator lines).

For the two-electron part V̂ , the diagrams take the form
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Figure 1.5.: Examples of diagram fragments for V̂ .

The corresponding terms are

1
2
∑

iabc
⟨ai||bc⟩ â†aâ

†
i âc âb

1
4
∑

ijkl
⟨ij||kl⟩ â†i â

†
j âlâk

1
4
∑

ijab
⟨ab||ij⟩ â†aâ

†
bâj âi (1.77)

The two-electron part of the Hamiltonian includes nine individual contributions15 (of which
three are depicted above, excitation classes are from left to right: -1, 0, +2), three with exci-
tation class 0, two with +1 and -1, respectively as well as one with +2 and one with -2. As
a final diagram class, the amplitude fragments represent one-, two- or n-electron fragments
and are given as

Figure 1.6.: Examples of diagram fragments for T̂ .

with the corresponding analytical expressions
∑

ia
tai â

†
aâi

1
4
∑

ijab
tabij â

†
aâ
†
bâj âi (1.78)

Amplitude fragments connect their vertices with a solid line in contrast to the dashed line
for the V̂ fragments. For Coupled Cluster, T̂ diagram fragments always have a positive
excitation number (+1 for the singles part T̂1, +2 for the doubles part T̂2 etc.).
Full Coupled Cluster diagrams are now obtained by combining the different fragments for F̂ ,
V̂ and T̂ . As an example for the second term of the BCH expansion (the single commutator),
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the following diagrams may be constructed:

Figure 1.7.: Examples of two connected fragments, V̂ and T̂2 on the left, V̂ and T̂1 on the
right.

Indices that start and end at a vertex are summation indices, i. e. they occur in a sum of the
corresponding algebraic expression, while indices connected to only one vertex (open lines)
are the target indices of the term. For the left diagram in figure 1.7, the type and algebraic
expression are

⟨Φ0|Ĥ|Φ0⟩ ←
1
4
∑

ijab
⟨ij||ab⟩ tabij . (1.79)

Indices are distributed for each fragment by using the rule left out, right out - left in, right in
("loro-liri"). If no open lines leave the diagram, either at the top or at the bottom, this gives
rise to the ground-state determinant |Φ0⟩. Therefore, this diagram is part of the CC ground
state energy expression. A factor of 1

4
needs to be added since the pair of internal lines begin

and end at the same vertex, respectively. The prefactor is determined by −1(ℎ+l) with ℎ being
the hole lines in a diagram and l being the closed loops, thus we find here −14 = 1. For the
right diagram in figure 1.7, one finds

⟨Φa
i |Ĥ|Φ0⟩ ←

∑

jb
⟨ja||bi⟩ tbj , (1.80)

giving now rise to an amplitude diagram with the ground-state determinant on the right of
the expression (on the bottom of the diagram) and the singly-excited determinant on the left
(on top of the diagram, on open hole and particle line). The excitation level of the diagram
is +1, therefore contributing to the singles amplitudes equation, for +2 it would be doubles
and so on. A detailed set of construction rules can be found in the literature15,48.
The Baker-Campbell-Hausdorff expansion (eq. 1.75) for the derivation of Coupled Cluster
equations naturally truncates, as an example, for CCSD after the quadruply nested com-
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mutator. This becomes obvious when looking at the excitation levels of the diagrams: In
the CCSD working equations, the highest excitation level that occurs is +2 for the doubles
amplitudes part. Singles amplitudes have an excitation class of +1, meaning that the corre-
sponding part for the fluctuation potential V̂ with an excitation class of -2 may be combined
with four singles amplitudes to yield an overall +2. For the doubles amplitudes, it is only the
doubly nested commutator, since doubles amplitudes possess an excitation class of +2. As
will be discussed later, in an Unitary Coupled Cluster61,62 scheme, this very handy property
of the BCH expansion is not valid any more, urging the introduction of a suitable truncation
scheme.

A fundamental rule for the construction of CC diagrams is the so-called connectedness. The
algebraic expressions of connected diagrams represent the only terms that do not vanish
when evaluating the Baker-Campbell-Hausdorff expansion of nested commutators. Their
definition is embedded in the following statement:

Tℎe only nonzero terms in tℎe Hausdorff expansion are tℎose in wℎicℎ

tℎe Hamiltonian ℎas at least one contraction witℎ every cluster operator

on its rigℎt.15

Connected diagrams may thus be immediately recognized by their form as they constitute a
conjoined structure in a topological sense, while disconnected ones form separate structures
that are not connected by any contraction (see figure 1.8).

Figure 1.8.: Examples of a connected and an unconnected diagram.

Referring to the definition above, it is important to note that diagrams of the form in fig-
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ure 1.9 do also count as connected diagrams, as the open fermion lines may be interpreted
as "connected in infinity"84. However, this is only possible if the diagrammatic fragments
contain open fermion lines and not, as the fragment on the left in figure 1.8, represent fully
contracted expressions without open lines. These kind of diagrams arise, for instance, in the
construction of the Unitary Coupled Cluster secular matrix.

Figure 1.9.: Example of a connected diagram with open fermion lines.

As an example, the diagram above constitutes a part of the zeroth-order energy contribution,

⟨Φ0|H̄|Φ0⟩
(0)

← fab�ij , (1.81)

as present in the singles/singles block for PP-UCC.

Equation-of-motion Coupled Cluster

To make Coupled Cluster also applicable to excited states, the so-called equation-of-motion
ansatz for Coupled Cluster (EOM-CC)5,46 is applied to the CC ground state |ΨCC⟩,

|ΨEOM⟩ = ̂ |ΨCC⟩ , (1.82)

with ̂ being an excitation operator, just like T̂ for the ground state, of the form

̂ = ̂1 + ̂2 + ... =
∑

ia
rai â

†
aâi +

1
4
∑

ijab
rabij â

†
aâ
†
bâj âi + ... (1.83)

31



1.7. COUPLED CLUSTER

where r represent the excitation amplitudes. Plugging the EOM wavefunction ansatz into
the Schrödinger equation 1.1 and using the CC ground-state wavefunction parametrization
1.69, the EOM-CC eigenvalue equation is obtained,

Ĥ̂ |ΨCC⟩ = Ee
CĈ |ΨCC⟩ . (1.84)

Ee
CC represents the excited state energy. Applying now the excitation operator of equation

1.83 to the CC ground state,

̂Ĥ |ΨCC⟩ = ECĈ |ΨCC⟩ , (1.85)

and subtracting 1.85 from 1.84, the commutator expression

[Ĥ, ̂] |ΨCC⟩ = ΔEe
CĈ |ΨCC⟩ (1.86)

is obtained. This is where the name, equation-of-motion Coupled Cluser, comes from: The
similarity to the equations of motion in quantum mechanics89,12, which contain the com-
mutator of the position with the momentum operator. ΔEe

CC represents now the excita-
tion energy as the difference of the total excited state energy and the ground-state energy,
ΔEe

CC = Ee
CC − ECC .

Inserting now the CC parametrization of the ground-state wavefunction (eq. 1.69) into the
EOM ansatz (eq. 1.84),

Ĥ̂eT̂ |Φ0⟩ = Ee
CĈe

T̂
|Φ0⟩ , (1.87)

the EOM-CCworking equation5 may be reformulated using the similarity-transformedHamil-
tonian to yield excited state energies as

[H̄, ̂] |Φ0⟩ = ΔEe
CC ̂ |Φ0⟩ . (1.88)

A similar equation may be established for a de-excitation operator,

̂ = ̂1 + ̂2 + ... =
∑

ia
lai â

†
i âa +

1
4
∑

ijab
labij â

†
i â
†
j âbâa + ..., (1.89)
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as
⟨Φ0| [̂, H̄] = ⟨Φ0| ̂ ΔEe

CC (1.90)

with the same eigenvalues as the right-hand side eigenvalue problem. Combining both leads
to the EOM-CC energy equation

Ee
CC = ⟨Φ0|̂H̄̂|Φ0⟩ . (1.91)

An important property of EOM-CC is the so-called bi-orthogonality

⟨Φ0|̂ÎJ |Φ0⟩ = �IJ ≠ ⟨Φ0|̂
†
ÎJ |Φ0⟩ , (1.92)

with I and J labelling CC state functions. The EOM-CC secular matrix may now be con-
structed by expanding the Hamiltonian with the full set of excited state functions for both,
the right and the left hand side,

H̄IJ = ⟨ΦI |H̄|ΦJ ⟩ lI = ⟨Φ0|̂|ΦI⟩ rJ = ⟨ΦJ |̂|Φ0⟩ , (1.93)

and the energy equation for excited states reads

(lI )T H̄ rJ = Ee
CC (1.94)

where the left-hand side eigenvector is transposed, bi-orthogonality is enclosed as (lI )T rJ =
�IJ . Depending on the set of excitation operators ̂ and ̂ that are chosen for the compu-
tation, EOM-CC can be also applied to excitation schemes that do not preserve the electron
number, in particular (doubly-) ionized as well as (double-) electronically attached states.

1.8. Algebraic Diagrammatic Construction scheme

TheAlgebraicDiagrammatic Construction scheme25,26,27,84,111, developed by Jochen Schirmer
et al.82,99, is a versatile tool to precisely describe electronically-excited states for atomic and
molecular species. It is based on many body Green’s functions theory33,84 for a specific
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set of electronic propagators, as Green’s functions represent a robust tool for the solution
to inhomogeneous differential equations. The versatility of the ADC formalism enables the
description of all kinds of excited states, be it electronically excited states where the number
of electrons in the system N is kept constant82, (doubly-) ionized states with less electrons
than the ground state or (doubly-) electronically attached sates with more electrons79,78. As
a starting point, the spectral (or Lehmann25) representation of the corresponding Green’s
function for a specific propagator is considered,

ΠI,J (!) =
∑

n∈N+

⟨ΨN
0 | ĈI |Ψ

N+

n ⟩ ⟨ΨN+

n | ĈJ |ΨN
0 ⟩

! + EN
0 − EN+

n + i�

−
∑

n∈N−

⟨ΨN
0 | Ĉ

†
J |Ψ

N−

n ⟩ ⟨ΨN−

n | Ĉ†
I |Ψ

N
0 ⟩

! − EN
0 + EN−

n − i�

(1.95)

where the N-electron ground-state energy is denoted as EN
0 and the energies of the corre-

sponding excited state as EN+ and EN− , respectively. The poles of the spectral function thus
represent the excitation energies !n = −(EN

0 − E
N+

n ) as well as !n = EN
0 + E

N−

n .
For the particle-hole propagator Ĉ = â†pâq, equation 1.95 describes electronically excited
states which conserve the total number of electrons in the system,N = N+ = N−, thus both
sums contain the same information. Similarly, for the hole propagator âq together with its
conjugate operator, the particle operator â†p, ionized as well as electronically attached states
are represented by the two sums in equation 1.95, one withN +1 andN −1 electron states,
respectively. The same accounts for doubly ionized and doubly attached states.
Equation 1.95 may be rewritten as82,25

Π(!) = x†(!1 −
)−1x, (1.96)

with x being the matrix of transition (or spectroscopic) amplitudes and
 being the diagonal
matrix of excitation energies !n. 1 represents the unitary matrix. As a fundamental assump-
tion of ADC, this so-called diagonal form of the spectroscopic function may be reformulated
in a non-diagonal way,

Π(!) = F†(!1 −M)−1F, (1.97)
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where F are now the modified (or effective) transition moments and M represents an non-
diagonal form of the "effective"Hamiltonian. M may now be further split into a diagonal part
K (the zeroth-order Hartree-Fock energies) as well as the non-diagonal part C that describes
the electron correlation,

M = K + C. (1.98)

This form allows now for a diagrammatic treatment of the spectral Green’s function in terms
of Feynman-Goldstone diagrams84, which enables an expansion of the quantities F and C in
a perturbative manner using the Møller-Plesset partitioning of the Hamiltonian (eq. 1.62).
The corresponding expressions may be evaluated up to an arbitrary order in perturbation
theory,

F =
∞
∑

n
F(n) C =

∞
∑

n
C(n), (1.99)

and plugged into equation 1.97 to yield the corresponding contributions to an n-th order ADC
scheme:

�(0)(!) = F(0)† (!1 −K)−1 F(0)

�(1)(!) = F(0)† (!1 −K)−1 C(1) F(0) + F(1)† (!1 −K)−1 F(0)

+ F(0)† (!1 −K)−1 F(1)

�(2)(!) = F(0)† (!1 −K)−1 C(2)F(0) + F(1)† (!1 −K)−1 C(1) F(0)

+ F(0)† (!1 −K)−1 C(1)F(1) + F(1)† (!1 −K)−1 C(0) F(1)

�(3)(!) = F(0)† (!1 −K)−1 C(3)F(0) + ...

(1.100)

In an ADC(n) scheme, all expressions to describe Π(!) consistent through n-th order in
perturbation theory are included84. The solution of the ADC equations is thus issue to the
eigenvalue problem

MY = Y
, (1.101)

where thematrixY is composed of the ADC eigenvectors y. Thematrix of ADC eigenvectors
suffices the relations

Y†Y = 1 (1.102)
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and the eigenvectors are related to the spectral amplitudes via

x = y†F. (1.103)

The algebraic approach to determine the ADC working equations was, as the name implies,
the first one applied. A different approach is represented by the so-called Intermediate state
representation (ISR) which shall be introduced briefly in the following.

Intermediate state representation for ADC

The Intermediate state representation83,80,25 for ADC seeks to represent the electronically
excited state wavefunctions in a correlated basis of excited determinants, that is, the eigen-
functions of the matrix representation of the shifted electronic Hamiltonian as

MIJ = ⟨Ψ̃I |Ĥ − E0|Ψ̃J ⟩ = ⟨Ψ̃I |Ĥ|Ψ̃J ⟩ − �IJE0, (1.104)

where the exact solution of the excited state wavefunction |Ψn⟩ can be represented in the
basis of these intermediate states {|Ψ̃I⟩},

|Ψn⟩ =
∑

I
ynI |Ψ̃I⟩ . (1.105)

Capital indices (I, J , ...) are referring to the intermediate states here. To this end, a CI-like
ansatz is used to construct the excited state determinants by acting on the correlated (Møller-
Plesset) ground state determinant as ĈI |Ψ0⟩. Depending on the ADC scheme, these sets of
excitation operators {ĈI} formmanifolds of excited states (for a constant number of elections
in the system N), ionized or electronically attached states (for states with N − 1 or N + 1

electrons), doubly ionized and attached states (N ± 2) and so on. As an example,

{ĈPP
I } = {â†aâi, â

†
aâ
†
bâj âi, ... ; a < b, i < j}

{ĈEA
I } = {â†a, â

†
aâ
†
bâi, ... ; a < b}

{ĈDIP
I } = {âj âi, â†aâkâj âi, ... ; i < j < k}

(1.106)
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represent the excitation operators for electronically excited states (particle-hole, two particle-
two hole configurations etc.), electronically attached states (particle, two particle-hole con-
figurations etc.) and doubly-ionized states (two hole, particle-three hole configurations etc.),
respectively.
To construct the full set of orthogonal intermediate states |Ψ̃I⟩, in a first step, the so-called
precursor states |Ψ#I⟩ are constructed using the excitation operators ĈI in 1.106 and the
ground state determinant |Ψ0⟩,

|Ψ#I⟩ = ĈI |Ψ0⟩ − |Ψ0⟩ ⟨Ψ0|ĈI |Ψ0⟩ (1.107)

which then need to be orthonormalized. This is done by employing a Gram-Schmidt25
scheme. States of the different excitation classes (e. g. two hole, two-particle two-hole
for electronically excited states) are orthogonalized with respect to each other successively
by employing the so-called excitation class orthogonalization (ECO). The overlap matrix
between two states I and J is then constructed as

SIJ = ⟨Ψ#I |Ψ
#
J ⟩ = ⟨Ψ0|Ĉ

†
I ĈJ |Ψ0⟩ − ⟨Ψ0|Ĉ

†
I |Ψ0⟩ ⟨Ψ0|ĈJ |Ψ0⟩ (1.108)

to produce the set of orthonormalized excited state determinants, the basis of the intermediate
state representation,

|Ψ̃I⟩ =
∑

J
S
− 1
2

IJ |Ψ#J ⟩ . (1.109)

By inserting the expressions of the ISR (eq. 1.109) into the general form of the ADC secular
matrix (eq. 1.104), the ADCmatrix of the effective Hamiltonian spanned by the intermediate
states is obtained,

MIJ =
∑

KL
S
− 1
2

IK ⟨Ψ#K|Ĥ − E0|Ψ#L⟩S
− 1
2

LJ . (1.110)

However, a direct evaluation of this expression is neither desirable nor feasible. This is why
the individual components of 1.110 are evaluated, just as in 1.55 , in a perturbative manner,

��+�+ M (�+�+)
IJ =

∑

KL
��
(

S
− 1
2

IK

)(�)
��
(

⟨Ψ#K|Ĥ − E0|Ψ#L⟩
)�
�
(

S
− 1
2

LJ

)()
. (1.111)

37



1.9. UNITARY COUPLED CLUSTER

The auxiliary indices �, � and  are, as for the derivation of the Møller-Plesset working
equations, needed to group terms of a certain perturbation order together: The sum of per-
turbation orders of the individual constituents equals the one of the matrix element MIJ .
The inverse square root of the overlap matrix, SIJ , is constructed using a Taylor series and
employing the order relations of perturbation theory to it.
For a general one-particle operator D̂ of the form 1.25, e. g. the dipole operator, the for-
malism of the intermediate state representation may be applied to set up the corresponding
matrix representation as112,25

FI = ⟨Ψ̃I |D̂|Ψ0⟩ (1.112)

for the ground-to excited state expectation values and

BIJ = ⟨Ψ̃I |D̂ −D0|Ψ̃J ⟩ . (1.113)

for the state-to-state expectation values withD0 = ⟨Ψ0|D̂|Ψ0⟩ being the ground-state contri-
bution for the operator. Using the above, ground-to excited state moments may be computed
as

⟨Ψn|D̂|Ψ0⟩ = y†nF (1.114)

and excited state properties (m = n) as well as state-to-state moments (m ≠ n) as

⟨Ψm|D̂|Ψn⟩ = y†mByn (1.115)

with yn being the ADC eigenvectors formed by the coefficients of 1.105.

1.9. Unitary Coupled Cluster

Unitary Coupled Cluster6,96,61, or abbreviated UCC, modifies the ordinary (bi-orthogonal)
Coupled Cluster scheme by introducing a hermitian matrix representation for the calculation
of excited states, making it very similar to the previously introduces Algebraic Diagram-
matic Construction scheme. The starting point, just as in ordinary Coupled Cluster, is the
wavefunction ansatz,

|ΨUCC⟩ = exp(�̂) ⋅ |Φ0⟩ . (1.116)
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As a difference to the CC cluster operators T̂ , the UCC cluster operators �̂ are composed of
an excitation part (as in T̂ ) as well as a de-excitation part,

�̂ = �̂1 + �̂2 + ... =
∑

ia
�ai â

†
aâi +

∑

ia
�ia â

†
i âa

+ 1
4
∑

ijab
�abij â

†
aâ
†
bâj âi +

1
4
∑

ijab
�ijab â

†
j â
†
i âaâb

+ ....

(1.117)

Nomenclature is the same as in CC, for instance, the scheme to include singles and doubles
is called UCCSD. The above definition of the UCC cluster operator �̂ introduces it as anti-
hermitian, meaning that

�̂† = −�̂ (1.118)

holds true and the cluster amplitudes in equation 1.117 fulfill the relations

�i...a... = − (�a...i... )
∗ (1.119)

for the manifolds of singles, doubles and so on cluster amplitudes. Restricting the wavefunc-
tion to real values therefore establishes the straightforward relation between excitation and
de-excitation amplitudes in an UCCSD scheme, for example, as

�ia = − �ai �ijab = − �abij . (1.120)

Introducing the UCC version of the similarity-transformed Hamiltonian (see eq. 1.73) as

H̄ = e�̂†Ĥe�̂ = e−�̂Ĥe�̂ (1.121)

allows to formulate the UCC working equations in the same way as the traditional CC ones
of equation 1.74,

⟨Φ0| H̄ |Φ0⟩ = EUCC
0

⟨ΦI | H̄ |Φ0⟩ = 0
(1.122)

39



1.10. BERNOULLI EXPANSION FOR UCC

with |ΦI⟩ representing the manifolds of excited states. As for ordinary Coupled Cluster, H̄
may be evaluated using the BCH expansion,

H̄ = Ĥ + [Ĥ, �̂] + 1
2
[[Ĥ, �̂], �̂] + 1

6
[[[Ĥ, �̂], �̂], �̂] + ... (1.123)

However, due to the de-excitation operators in the cluster amplitudes, valid contributions
(connected diagrams) as shown in figure 1.10 lead to a non-terminating expansion of H̄ .

Figure 1.10.: Schematic example of the non-terminating BCH expansion using diagrams.
Note the indirect connection of fragments to V̂ via other fragments.

This introduces the necessity for a proper termination scheme for the similarity-transformed
Hamiltonian for Unitary Coupled Cluster.

1.10. Bernoulli expansion for UCC

An alternative to the BCH expansion in equation 1.123 is the parametrization of the similarity-
transformed UCCHamiltonian H̄ using Bernoulli numbers. Introduced by Liu et al.61,62, the
Bernoulli-UCC scheme (referred to as simply UCC in this work) includes the Fock part of
the Hamiltonian F̂ only in the ordinary commutator and not in the nested expressions, un-
like the normal BCH-UCC48. Furthermore, an iterative rule to generate H̄ using Bernoulli
numbers is introduced. A short overview of Bernoulli-UCC is given in the following.
At first, the definition of the so-called superoperator (denoted with a double hat) is useful. It
is defined by its effect on an arbitrary operator,

̂̂��̂ = [�̂, �̂], (1.124)
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which simply acts as the commutator when applied to another operator. Following definition
1.124, H̄ of equation 1.121 is alternatively formulated as

H̄ = e ̂̂�Ĥ, (1.125)

which is equal to the BCH formulation of equation 1.123. The Hamiltonian can now be
separated using the superoperator,

H̄ = e ̂̂�F̂ + e ̂̂�V̂ = F̂ + X̂( ̂̂�) ̂̂�F̂ + e ̂̂�V̂ , (1.126)

with the polynomial function X̂ being the exponential Taylor series where the power of the
argument is lowered by one order,

X̂( ̂̂�) = 1 + 1
2
̂̂� + 1

6
̂̂�2 + ... . (1.127)

The inverse of this function, X̂−1( ̂̂�), is represented as61

X̂−1( ̂̂�) = 1 +
∑

n>0
Bn ̂̂�

n (1.128)

where Bn constitute the Bernoulli numbers

B1 = −1
2
, B2 =

1
12
, B3 = 0, B4 = − 1

720
, ... . (1.129)

Plugging in the inverse function X̂−1( ̂̂�) into the separated Hamiltonian of equation 1.126
leads to the expression

X̂−1( ̂̂�)[H̄ − F̂ ] = ̂̂�F̂ + X̂−1( ̂̂�)e ̂̂�V̂ . (1.130)

Inserting the definition of X̂−1( ̂̂�) from equation 1.128 yields the iterative rule for the gener-
ation of the UCC similarity-transformed Hamiltonian using Bernoulli numbers as expansion
coefficients48,

H̄ = F̂ + V̄

V̄ = ̂̂�F̂ + X̂−1( ̂̂�)e ̂̂�V̂ −
∑

n>0
Bn ̂̂�

nV̄ .
(1.131)
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As equation 1.131 shows, the iterative generation of H̄ includes F̂ only in the very first term
which is a singly nested commutator.

Non-diagonal and Rest part of an operator

To be able to apply the iterative rule to generate H̄ , it is necessary to introduce a charac-
terization scheme for the operators that are involved in the expansion of the Hamiltonian.
Consider a general operator �̂ which can be split into two parts61,

�̂ ≡ �̂O = �̂N + �̂R, (1.132)

where the subscript "O" refers to the ordinary (full) expression of the operator, "N" refers
to the non-diagonal part of the operator which includes all excitations and de-excitations
and "R" represents the rest part that remains when excluding the non-diagonal part from the
full operator. Using diagrams, this partition can be directly understood: The non-diagonal
part of an operator or a product of operators always constitutes a diagram with only creators
or only annihilators, that is, only open fermion lines above or below the vertices. Since in
a UCCSD scheme (UCC2 and UCC3) the amplitude equations (1.122) have to be fulfilled
for singles and doubles, non-diagonal contributions may have the excitation levels -2, -1,
1 or 2. For a UCCSDT scheme such as UCC4, however, the additional triples amplitudes
introduce contributions with an excitation level of -3 and 3 in the non-diagonal part (see
figure 1.11). All other contributions, that is, products of operators whose diagrammatic
representation include both, creators and annihilators, or do exceed the demanded excitation
level, are collected in the rest part. With this definition, the generating function for the UCC
amplitude equations may now be rewritten as

⟨ΦI |H̄|Φ0⟩ = ⟨ΦI |V̄N |Φ0⟩ , (1.133)

assuming a block-diagonal Fock operator,

⟨ΦI |F̂N |Φ0⟩ = 0. (1.134)
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Figure 1.11.: Examples for the "N" and "R" parts in different UCCn schemes.

Equations 1.133 and 1.134may now be applied to the iterative rule to generate the fluctuation
potential V̄ in equation 1.131,

V̄ (k+1) = ̂̂�F̂ + X̂−1( ̂̂�)e ̂̂�V̂ −
∑

n>0
Bn ̂̂�

nV̄ (k)
R , (1.135)

which allows to construct H̄ by including only the rest part of the fluctuation potential V̄R
with an initial statement of V̄ (0)

R = V̂R 61. The full expressions up to the quadruply nested
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commutator for H̄ are thus evaluated as62,63

H̄ =
∑

i
H̄i

H̄0 = F̂ + V̂

H̄1 = [F̂ , �̂] + 1
2
[V̂ , �̂] + 1

2
[V̂R, �̂]

H̄2 =
1
12
[[V̂N , �̂], �̂] +

1
4
[[V̂ , �̂]r, �̂] +

1
4
[[V̂R, �̂]R, �̂]

H̄3 =
1
24
[[[V̂N , �̂], �̂]R, �̂2] +

1
8
[[[V̂R, �̂]R, �̂]R, �̂] +

1
8
[[[V̂ , �̂]R, �̂]R, �̂2]

− 1
24
[[[V̂ , �̂]R, �̂], �̂] −

1
24
[[[V̂R, �̂]R, �̂], �̂]

H̄4 =
1
16
[[[[V̂R, �̂]R, �̂]R, �̂]R, �̂] +

1
16
[[[[V̂ , �̂]R, �̂]R, �̂]R, �̂a] +

1
48
[[[[V̂N , �̂], �̂]R, �̂]R, �̂]

− 1
48
[[[[V̂ , �̂]R, �̂], �̂]R, �̂] −

1
48
[[[[V̂R, �̂]R, �̂], �̂]R, �̂] −

1
144

[[[[V̂N , �̂], �̂]R, �̂], �̂]

− 1
48
[[[[V̂ , �̂]R, �̂]R, �̂], �̂] −

1
48
[[[[V̂R, �̂]R, �̂]R, �̂], �̂] −

1
720

[[[[V̂N , �̂], �̂], �̂], �̂]
(1.136)

where the subscript gives the level of commutator nesting. These nested commutator expres-
sions may now be used together with a suited truncation scheme for the generation of UCC
working equations.
Throughout this work, the common truncation scheme that is applied to the similarity- trans-
formed UCC Hamiltonian is labelled as UCCn. In such a UCCn scheme, in similarity to an
ADC(n) scheme, the UCC working equations are truncated after a certain order in pertur-
bation theory n. To this end, UCC amplitudes are attributed with the perturbation order of
the corresponding MP expressions: �2 being a first order property, �1 and �3 being second
order properties etc., F̂ and D̂ fragments constitute zeroth-order properties and V̂ fragments
constitute a first-order property. Another example for a practical truncation scheme would
be the evaluation of a certain number of nested commutators, as it is done for qUCCSD62,63.

Intermediate state representation for UCC

As for ADC, an intermediate state approach can be applied to UCC50,51 to establish a for-
malism to describe excited-state wavefunctions. In this ISR-UCC formulation, excitation
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operators as given in 1.106 are applied to the UCC ground state wavefunction of 1.116,

|

̃̃ΨI⟩ = e�ĈI |Φ0⟩ (1.137)

Secular matrix expressions can then be directly evaluated as

⟨

̃̃ΨI |Ĥ|

̃̃ΨJ ⟩ = ⟨Φ0|Ĉ
†
I e
−�̂Ĥe�̂ĈJ |Φ0⟩ = ⟨ΦI |H̄|ΦJ ⟩ . (1.138)

Since both, ADC and UCC follow a CI-like parametrization for the construction of excited
states, the sets of intermediate states for both methods {| ̃̃ΨI⟩} and {|Ψ̃⟩J} are connected via
a unitary transformation U61,50 as

⟨

̃̃ΨI |Ψ̃J ⟩ = UIJ . (1.139)

This establishes the same order relations in UCCn secular matrices as in the correspond-
ing ADC(n) scheme. Applying the Baker-Campbell-Hausdorff expansion to the similarity-
transformed expression of an arbitrary one-particle operator D̂ as

D̄ ≡ e−�̂D̂e�̂ = D̂ + [D̂, �̂] + 1
2!
[[D̂, �̂], �̂] + ... (1.140)

allows for the calculation of the UCC ground state density as

D0 = ⟨Φ0|D̄|Φ0⟩ , (1.141)

ground- to excited states moments as

FI = ⟨ΦI |D̄|Φ0⟩ , (1.142)

and state-to-state moments as well as excited state properties as

BIJ + �IJD0 = ⟨ΦI |D̄|ΦJ ⟩ . (1.143)
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Section C in the appendix includes UCC equations that were computed and used in the scope
of this work.

1.11. CC, ADC and UCC: A short comparison

This last section of the theory part gives a short comparison of the electronic structure meth-
ods used throughout this work, namely Coupled Cluster, the Algebraic Diagrammatic Con-
struction scheme and Unitary Coupled Cluster.
Starting with the underlying ground state: For CC, the iterated amplitudes also introduce an
iterated description of the ground state. For CCSD, the ground state furthermore includes
explicit singles contributions of the form ⟨ij||ab⟩ tai t

b
j
15. These are not present in the non-

iterative ground-state descriptions of Møller-Plesset up to the fifth order, as for an ADCn
calculation, the MPn ground state is used as a starting point. Unitary Coupled Cluster, on
the other hand, combines the iterative nature of cluster amplitudes with the perturbative order
relations for the energy expression: The UCC ground-state energy corresponds to the MP
expression up to third order, additionally including the advantage of an iterative amplitude
description as in ordinary CC.
For the calculation of excited states and properties, however, the non-Hermitian formulation
of the similarity-transformed CC Hamiltonian (eq. 1.73) leads to a significant drawback:
The bi-orthogonality of the EOM-CC secular matrix with separate left- and right-hand-side
eigenvalue problems that need to be solved (see eq. 1.144 to the left). This is not the case
for Hermitian ADC and UCCmatrices (see eq. 1.144 to the right), facilitating the evaluation
of secular matrices of any kind. Again, the similarity between ADC and UCC (eq. 1.139)
shall be noted, for the calculation of electronically excited states, the secular matrices of the
second- and third-order schemes show the same term structure61, with the difference of an
iterative nature for UCC amplitudes.

MCC =

⎛

⎜

⎜

⎜

⎜

⎝

E0 H0S H0D

0 HSS HSD

0 HDS HDD

⎞

⎟

⎟

⎟

⎟

⎠

MADC∕UCC =

⎛

⎜

⎜

⎜

⎜

⎝

E0 0 0

0 MSS MSD

0 MDS MDD

⎞

⎟

⎟

⎟

⎟

⎠

(1.144)
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The computational cost for the second-order schemes ADC(2) and UCC2 is identical with
(N5), N being the number of basis functions. For the third-order schemes ADC(3) and
UCC3 as well as the extended second-order schemes ADC(2)-x and UCC2-x this is, as for
CCSD schemes, (N6). Notably, UCC calculations are slightly more expensive due to the
additional iteration of the amplitudes.
As a summary, UCC may be characterized as a suitable mélange of both CC and ADC, in-
heriting the iterative amplitude description from CC as well as the Hermiticity from ADC as
big advantages to be combined in one single method.
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2. The Algebraic Diagrammatic

Construction scheme for the

two-hole and two-particle

propagators

Ionizations and electron attachments are among the most investigated processes in a whole
variety of fields of physics, chemistry and biology. For instance, the ionization of electrons
from a species constitutes one of the most fundamental light-matter interactions. A promi-
nent example for the ionization of two electrons is represented by the Auger effect4 (figure
2.1): Upon high-energy radiation, a first ionization is followed by a recombination and sec-
ond ionization, both of lower energy as the initial electron to be removed. A theoretical
approach would enable the prediction of this kind of spectra.
In this section, an implementation and benchmark of the Algebraic Diagrammatic Construc-
tion scheme for the two-hole propagator78,95 is presented. As has been already shown be-
fore, the application of the ADC scheme for the calculation of electronically excited (PP)
states111,112,41,65 as well as ionized (IP)22,20,21 and attached (EA) states18 has proven to be
very successfully and is competitive to EOM-CC or other state-of-the-art electronic structure
methods. An efficient implementation for the two-hole propagator in the ADC framework
does not only complement this family of methods, but further introduces a novel method for
the calculation of doubly-ionized and double electronically-attached states within the quan-
tum chemistry software Q-Chem30.
∙ Parts of this chapter were already explicated briefly in:
S. M. Thielen. Implementation of the Algebraic Diagrammatic Construction scheme for the two-hole prop-
agator to study double ionization, master thesis, Hiedelberg, 2018. (97)

48



2.1. THEORY

Figure 2.1.: Schematic depiction of the Auger Effect. Taken from97.

2.1. Theory

As has been already outlined in the theory chapter for the Algebraic Diagrammatic Con-
struction scheme, the starting point for the calculation of doubly-ionized as well as double
electronically-attached states is the spectral (or Lehmann78) representation of the Green’s
function of the two-hole propagator (see eq. 1.95),

Πij,kl(!) =
∑

n∈N+2

⟨ΨN
0 | âiâj |Ψ

N+2
n ⟩ ⟨ΨN+2

n | â†kâ
†
l |Ψ

N
0 ⟩

! + EN
0 − EN+2

n + i�

−
∑

n∈N−2

⟨ΨN
0 | â

†
l â
†
k |Ψ

N−2
n ⟩ ⟨ΨN−2

n | âj âi |ΨN
0 ⟩

! − EN
0 + EN−2

n − i�
,

(2.1)

where the upper line of equation 2.1 corresponds to the double electron attachment spanned
by states with a surplus of two electrons |ΨN+2

n ⟩ and the lower line to doubly-ionized states
spanned by states with two less electrons |ΨN−2

n ⟩. The corresponding set of second-quantized
operators which create the intermediate states in an ISR approach are thus

{ĈDIP
I } = {âj âi, â†aâkâj âi, ... ; i < j < k} (2.2)
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for double ionization (DIP) as well as

{ĈDEA
I } = {â†aâ

†
b, â

†
aâ
†
bâ
†
c âi, ... ; a < b < c} (2.3)

for double electron attachment (DEA), respectively. Figure 2.2 gives a qualitative under-
standing of these excitation classes using the example of double ionization: While the "sin-
gles" configuration (two hole-configuration) represents the actual double ionization, the "dou-
bles" configuration (particle/three hole-configuration) may be understood as an additional
excitation after the double ionization. This is the case for all ADC schemes, after the base
propagator (2h for DIP, 2p for DEA), higher-order configurations are created by additional
electron excitations. Therefore, in a fourth-order DIP scheme, the "triples" configurations
would be represented by a 2p/4h space.

Figure 2.2.: Molecular orbital diagrams to illustrate double ionization: The 2h propagator
removes two electrons from the occupied space, the p3h propagator includes an
additional electron excitation.

Although it seems to be obvious that DIP/DEA-ADC are closely related to IP/EA-ADC due
to the same physical processes happening (namely electron removal as well as electron at-
tachment for a given system), the algebraic structure of DIP-ADC as well as DEA-ADC is
very closely related to the electron number preserving PP-ADC scheme for excited states.
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This can be explained by the same number of second-quantized operators used to create the
manifolds of excited states. For PP as well as DIP and DEA, the number of creation and
annihilation operators is even, i. e. two for the singles space, four for the doubles space and
so on. This is also the reason why spin-pure configurations for DIP and DEA, just like for
PP, have singlet, triplet, quintet etc. character. For IP and EA, the number of creators and
annihilators is odd: One for the singles part, three for the doubles part and so on. This, on
the other hand, leads to doublet, quartet etc. spin-pure configurations. Furthermore, DIP and
DEA schemes for ADC do include, just as PP-ADC, a first-order description, which is not
present in IP/EA-ADC84.
This work features DIP-ADC and DEA-ADC schemes up to third order in perturbation the-
ory. Figure 2.3 gives, with the example of DIP-ADC, an overview of the five distinct matrices
that constitute each of the individual schemes. Thereby, the ADC(0) scheme is also included,
although the eigenenergies of this scheme are simply the differences of the Hartree-Fock or-
bital energies �, the reason being that this particular scheme is also called Delta-Hartree-Fock
(ΔHF). The first, second and third order schemes follow the strict order relations for the per-
turbative treatment of the ADCmatrix blocks78. As an ad-hoc extension of the second-order
scheme, ADC(2)-x introduces a first-order treatment to the doubles/doubles block.
A very elegant way to determine the order relations of the different ADC blocks is achieved
by re-writing the general ADC eigenvalue problem,

⎛

⎜

⎜

⎝

MSS MSD

MDS MDD

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

vS
vD

⎞

⎟

⎟

⎠

= !
⎛

⎜

⎜

⎝

vS
vD

⎞

⎟

⎟

⎠

, (2.4)

in a way to substitute the contribution of the doubles part of the ADC vector into the singles
part48,

[

MSS +MSD

(

!1 −MDD

)−1
MDS

]

vS = ! vS . (2.5)

Lowest contributions to the diagonal blocks MSS and MDD are of zeroth order, while for
the coupling blocks MSD and MDS , they are of first order. Taking ADC(2) as an example,
the MSS block has to be evaluated in second order to account for an overall second order
scheme.
For DIP-ADC, the general form of the secular matrix of equation 2.4 with the corresponding
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Figure 2.3.: DIP-ADC matrices from zeroth order (ΔHF) up to third order with the second-
order ad-hoc expansion scheme (2)-x.

labellings is given as

⎛

⎜

⎜

⎝

Mij,kl Mij,klma

Mijka,lm Mijka,lmnb

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

{⟨Ψij| Ĥ − E0 |Ψkl⟩} {⟨Ψij| Ĥ − E0 |Ψklma⟩}

{⟨Ψijka| Ĥ − E0 |Ψlm⟩} {⟨Ψijka| Ĥ − E0 |Ψlmnb⟩}

⎞

⎟

⎟

⎠

(2.6)

and for DEA-ADC as

⎛

⎜

⎜

⎝

Mab,cd Mab,icde

Miabc,de Miabc,jdef

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

{⟨Ψab| Ĥ − E0 |Ψcd⟩} {⟨Ψab| Ĥ − E0 |Ψicde⟩}

{⟨Ψiabc| Ĥ − E0 |Ψde⟩} {⟨Ψiabc| Ĥ − E0 |Ψjdef ⟩}.

⎞

⎟

⎟

⎠

(2.7)

The DIP-ADC as well as DEA-ADC working equations will be presented in the following
chapters. Furthermore, the configuration state functions (CSF) for doubly-ionized and dou-
ble electronically-attached states, which are necessary for the computation, are introduced.
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2.2. General considerations for the matrix-vector

products

To enable an iterative treatment for the eigenvalue problem of the ADCmatrix, the individual
matrix contributions are rewritten as matrix-vector products with the corresponding ADC
vectors. For example, the matrix-vector product of the 2h-2h part of the DIP-ADC matrix
with the 2h part of the ADC vector reads

rij =
∑

k,l
k<l

Mij,kl ṽkl. (2.8)

Sum restrictions are needed here tomake sure that all contributions are only included uniquely,
that is, not faulty more terms than physically correct are included. However, the mathemati-
cal treatment imposes some issues regarding the index restrictions which occur for all occu-
pied indices (as in eq. 2.8, i < j < k...) as well as for all virtual indices (a < b < c...). Lifting
of these sum restrictions is a requirement to use computationally efficient tensor algebra for
the calculations60:

∑

ij
i≤j

→
1
2
∑

ij
,
∑

ijab
i≤j,a≤b

→
1
4
∑

ijab
, ⋯ (2.9)

As can be seen in equation 2.9, the overcounting of matrix elements needs to be compensated
by a suited prefactor, which is for the lifting of no occupied as well as nv virtual restrictions
equal to (no! ⋅ nv!).
Furthermore, the antisymmetric character of the ADC vector (which is a fermionic wave-
function, see eq. 1.10) needs to be considered, this is also inherited by the ADC matrix. The
2h vector, for example, suffices the antisymmetric relation vij = −vji. Applying this now to
the 2h as well as the p3h vector leads to the fully antisymmetrized forms

vij =
1
√

2

(

ṽij − ṽji
)

, vijka =
1
√

6

(

ṽijka − ṽjika + ṽjkia − ṽkjia + ṽkija − ṽikja
)

. (2.10)
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where a prefactor was introduced to ensure that the vector norm is conserved. This relates
now the unsymmetrized form of the vector ṽ and its fully antisymmetrized counterpart v as60

∑

ij
|vij|

2 = 2
∑

ij
|ṽij|

2 ,
∑

ijka
|vijka|

2 = 6
∑

ijka
|ṽijka|

2 (2.11)

and balances the overcounting due to the sum restriction lifting. For a general ADC vector,
this full antisymmetrization takes the form

vIA = 1
√

No! ⋅Nv!

∑

(I),(A)
"I ⋅ "A ⋅ ṽIA (2.12)

where I = {i, j, k, ...}, |I| = No and A = {a, b, c, ...}, |A| = Nv are the sets and numbers
of occupied and virtual indices in the ADC vector, respectively.  produces all permutations
for the underlying set of indices. " represents the N-dimensional Levi-Civita symbol.
The antisymmetrizaion of the ADC vectors has another very helpful aspect: It avoids the
introduction of redundant vector elements, as they would occur due to the lifted sum restric-
tions, for example the i = j case for the 2h vector. As can be readily seen in equation 2.10, for
this particular case vii = ṽii− ṽii = 0 and thus vanishes, which is true for all antisymmetrized
ADC vectors in every ADC scheme.

2.3. DIP-ADC working equations

2.3.1. Matrix equations

In the following, the equations for the DIP-ADC secular matrix up to extended second order
are given. Equations were taken from the original publication of Jochen Schirmer et al.78
and reformulated in the common formalism used in this work.
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2.3. DIP-ADC WORKING EQUATIONS

∙Diagonal matrices of orbital energies for the singles/singles (2h/2h) and doubles/doubles
(p3h/p3h) blocks:

Kij,ij = �i + �j

Kijka,ijka = �i + �j + �k − �a
(2.13)

∙ Interaction matrices for the singles/singles block in first and second order:

C (1)
ij,kl = − ⟨ij||kl⟩

C (2)
ij,kl = − 1

4
∑

abm
�jl

(

⟨ab||km⟩ ⟨ab||im⟩
�a + �b − �i − �m

+
⟨ab||km⟩ ⟨ab||im⟩
�a + �b − �k − �m

)

+ 1
4
∑

abm
�il

(

⟨ab||km⟩ ⟨ab||jm⟩
�a + �b − �j − �m

+
⟨ab||km⟩ ⟨ab||jm⟩
�a + �b − �k − �m

)

+ 1
4
∑

abm
�jk

(

⟨ab||lm⟩ ⟨ab||im⟩
�a + �b − �i − �m

+
⟨ab||lm⟩ ⟨ab||im⟩
�a + �b − �l − �m

)

− 1
4
∑

abm
�ik

(

⟨ab||lm⟩ ⟨ab||jm⟩
�a + �b − �j − �m

+
⟨ab||lm⟩ ⟨ab||jm⟩
�a + �b − �l − �m

)

+ 1
4
∑

ab

(

⟨ab||kl⟩ ⟨ab||ij⟩
�a + �b − �i − �j

+
⟨ab||kl⟩ ⟨ab||ij⟩
�a + �b − �k − �l

)

(2.14)

∙ Interaction matrices for the singles/doubles (2h/p3h) as well as the doubles/singles (p3h/2h)
coupling blocks in first order:

C (1)
ij,klma = − �ik ⟨ja||lm⟩ − �im ⟨ja||kl⟩ − �il ⟨ja||mk⟩

+ �jk ⟨ia||lm⟩ + �jm ⟨ia||kl⟩ + �jl ⟨ia||mk⟩

C (1)
ijka,lm = − �li ⟨ma||jk⟩ − �lk ⟨ma||ij⟩ − �lj ⟨ma||ki⟩

+ �mi ⟨la||jk⟩ + �mk ⟨la||ij⟩ + �mj ⟨la||ki⟩

(2.15)
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2.3. DIP-ADC WORKING EQUATIONS

∙ Interaction matrix for the doubles/doubles block in first order:

C (1)
ijka,lmnb = − �ab�il ⟨jk||mn⟩ − �ab�im ⟨jk||nl⟩ − �ab�in ⟨jk||lm⟩

− �ab�kl ⟨ji||mn⟩ − �ab�jm ⟨ki||nl⟩ − �ab�jn ⟨ki||lm⟩

− �ab�kl ⟨ij||mn⟩ − �ab�km ⟨ij||nl⟩ − �ab�kn ⟨ij||lm⟩

+ �jm�kn ⟨bi||al⟩ + �jl�km ⟨bi||an⟩ + �jl�kn ⟨bi||am⟩

+ �im�jn ⟨bk||al⟩ + �il�jm ⟨bk||an⟩ + �il�jn ⟨bk||am⟩

− �im�kn ⟨bj||al⟩ − �il�km ⟨bj||an⟩ − �il�kn ⟨bj||am⟩

(2.16)

2.3.2. DIP-ADC matrix vector products

This section introduces the matrix-vector products for DIP-ADC up to third order as im-
plemented in Q-Chem30. All third-order equations were generated using an automated code
generator developed by J. Leitner et al. which was previously applied to the formulation of
PP-ADC(4) equations60.

MVP for the singles (2h) part

∙ General form:

rij =
∑

kl
Mij,kl vkl +

∑

klm,a
Mij,klma vklma

= rSS(0)ij + rSS(1)ij + rSS(2)ij + rSS(3)ij + rSD(1)ij + rSD(2)ij

(2.17)

∙ Zeroth-order singles-singles (2h/2h) block:

rSS(0)ij = 1
2
−
ij

[

−
∑

k
fikvkj −

∑

k
fjkvik

]

(2.18)

∙ First order singles-singles block:

rSS(1)ij = 1
2
−
ij

[1
2
∑

kl
⟨ij||kl⟩ vkl

]

(2.19)

56



2.3. DIP-ADC WORKING EQUATIONS

∙ Second order singles-singles block:

rSS(2)ij = 1
2
−
ij

[

− 2
∑

k
Iikvjk −

1
8
∑

ab
tabij

∑

kl
⟨kl||ab⟩ vkl

− 1
8
∑

ab
⟨ij||ab⟩

∑

kl
tabklvkl

]
(2.20)

with the intermediate Iij defined as

Iij =
1
4
+
ij

[

∑

k,ab
tabik ⟨jk||ab⟩

]

(2.21)

∙ Third order singles-singles block:

rSS(3)ij = 1
2
−
ij

[1
2
∑

kl
M (3)

ij,klvkl
]

(2.22)

with the intermediateM (3)
ij,kl as given in the appendix (eq. A.1).

∙ First order singles-doubles (2h/p3h) block:

rSD(1)ij = 1
2
−
ij

[
√

3
∑

kl,a
⟨kl||ia⟩ vjkla

]

(2.23)

∙ Second order singles-doubles block:

rSD(2)ij = 1
2
−
ij

[

√

3
2

∑

k,b
⟨ij||kb⟩

∑

lm,a
tablm vklma

+ 2
√

3
∑

lm,b
⟨im||lb⟩

∑

k,a
tabkmvjkla −

√

3
2

∑

abc
⟨ia||bc⟩

∑

kl
tbcklvjkla

]

(2.24)

MVP for the doubles (p3h) part

∙ General form:
rijka =

∑

lm
Mijka,lm vlm +

∑

lmn,b
Mijka,lmnb vimnb

= rDS(1)ijka + rDS(2)ijka + rDD(0)ijka + rDD(1)ijka

(2.25)
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∙ First order doubles-singles (p3h/2h) block:

rDS(1)ijka = 1
6
−
ijk

[

−
√

3
∑

l
⟨ij||la⟩ vkl

]

(2.26)

∙ Second order doubles-singles block:

rSD(2)ijka = 1
6
−
ijk

[

√

3
2

∑

bc
tbcij

∑

l
⟨la||bc⟩ vkl

+

√

3
2

∑

b
tabij

∑

lm
⟨lm||kb⟩ vlm − 2

√

3
∑

m,b
tabim

∑

l
⟨lm||jb⟩ vkl

]

(2.27)

∙ Zeroth-order doubles-doubles (p3h/p3h) block:

rDD(0)ijka = 1
6
−
ijk

[

∑

b
fabvijkb −

∑

l
filvljka −

∑

l
fjlvilka −

∑

l
fklvijla

]

(2.28)

∙ First order doubles-doubles block:

rDD(1)ijka = 1
6
−
ijk

[3
2
∑

lm
⟨jk||lm⟩ vilma − 3

∑

l,b
⟨ib||la⟩ vjklb

]

(2.29)

2.4. DEA-ADC working equations

2.4.1. Matrix equations

The matrix equations for DEA-ADCmay be generated using the DIP-ADC ones by exchang-
ing the occupied and virtual configuration spaces and adjusting the prefactor78. Both sets of
equations are linked by the transformation relations compiled in table 2.1.

Table 2.1.: Connection of DIP and DEA equations for ADC78.
DEA-ADC ↔ DIP-ADC

Kab,ab ↔ −Kij,ij
Kabci,abci ↔ −Kijka,ijka
Cab,cd ↔ −C(1)ij,ka + C

(2)
ij,ka

Cab,cdei ↔ C(1)ij,klma
Cabci,defj ↔ −C(1)ijka,lmnb
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2.4.2. DEA-ADC matrix vector product

This section introduces the matrix-vector products for DEA-ADC up to third order as im-
plemented in Q-Chem30. All third-order equations were generated using an automated code
generator developed by J. Leitner et al. which was previously applied to the formulation of
PP-ADC(4) equations60.

MVP for the singles (2p) part

∙ General form:

rab =
∑

cd
Mab,cd vcd +

∑

i,cde
Mab,icde vicde

= rSS(0)ab + rSS(1)ab + rSS(2)ab + rSS(3)ab + rSD(1)ab + rSD(2)ab

(2.30)

∙ Zeroth-order singles-singles (2p/2p) block:

rSS(0)ab = 1
2
−
ab

[

∑

c
facvcb +

∑

c
fbcvac

]

(2.31)

∙ First order singles-singles block:

rSS(1)ab = 1
2
−
ab

[1
2
∑

cd
⟨ab||cd⟩ vcd

]

(2.32)

∙ Second order singles-singles block:

rSS(2)ab = 1
2
−
ab

[

− 2
∑

c
Icbvac −

1
8
∑

ij
tabij

∑

cd
⟨ij||cd⟩ vcd

− 1
8
∑

ij
⟨ij||ab⟩

∑

cd
tcdij vcd

]
(2.33)

with the intermediate Iab defined as

Iab =
1
4
+
ab

[

∑

ij,c
tacij ⟨ij||bc⟩

]

(2.34)
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2.4. DEA-ADC WORKING EQUATIONS

∙ Third order singles-singles block:

rSS(3)ab = 1
2
−
ab

[1
2
∑

cd
M (3)

ab,cdvcd
]

(2.35)

with the intermediateM (3)
ab,cd as given in the appendix (equation A.2).

∙ First order singles-doubles (2p/3ph) block:

rSD(1)ab = 1
2
−
ab

[
√

3
∑

i,cd
⟨ia||cd⟩ vibcd

]

(2.36)

∙ Second order singles-doubles block:

rSD(2)ab = 1
2
−
ab

[

−

√

3
2

∑

j,d
⟨jd||ab⟩

∑

i,ce
tceij vicde

+ 2
√

3
∑

i,cd
viacd

∑

j,e
⟨jc||be⟩ tdeij −

√

3
2

∑

ijk
⟨jk||ia⟩

∑

cd
tcdjkvibcd

]

(2.37)

MVP for the doubles (3ph) part

∙ General form:
riabc =

∑

de
Miabc,de vde +

∑

j,def
Miabc,jdef vjdef

= rDS(1)iabc + rDS(2)iabc + rDD(0)iabc + rDD(1)iabc

(2.38)

∙ First order doubles-singles (3ph/2p) block:

rDS(1)iabc = 1
6
−
abc

[

−
√

3
∑

d
⟨id||ab⟩ vcd

]

(2.39)

∙ Second order doubles-singles block:

rSD(2)iabc = 1
6
−
abc

[−
√

3
2

∑

jk
tacjk

∑

d
⟨jk||id⟩ vbd

−

√

3
2

∑

j
tacij

∑

de
⟨jb||de⟩ vde − 2

√

3
∑

j,e
tceij

∑

d
⟨ja||de⟩ vbd

]

(2.40)
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∙ Zeroth-order doubles-doubles (3ph/3ph) block:

rDD(0)iabc = 1
6
−
abc

[

∑

d
fadvidbc +

∑

d
fbdviadc +

∑

d
fcdviabd −

∑

j
fijvjabc

]

(2.41)

∙ First order doubles-doubles block:

rDD(1)iabc = 1
6
−
abc

[3
2
∑

de
⟨bc||de⟩ viade − 3

∑

j,d
⟨id||ja⟩ vjbcd

]

(2.42)

2.5. Configuration state functions for N ± 2

determinants

The proper setup for the calculation of doubly-ionized as well as double electronically-
attached states includes the formulation of the corresponding configuration state functions
(CSF). These functions represent a proper linear combination of single Slater determinants,
which then form spin-pure eigenfunctions of Ŝ2 and Ŝz for singlet states, triplet states etc. (in
the case of IP and EA, doublets, quartets etc.). Coefficients in the linear expansion of these
CSF are the so-called Clebsch-Gordan coefficients89,12 which can be utilized to couple differ-
ent systems with angular momenta in quantum mechanics. A general approach to formulate
these CSF is presented, for example, in Helgaker’s Molecular Electronic-Structure Theory
book with the so-called genealogical coupling scheme46. This scheme uses the fundamen-
tal doublet operators {â†�, â†�} and {â�,−â�} (which arise from the commutator relations for
creators and annihilators) to iteratively construct a CSF by successively coupling these to-
gether. This allows for the construction of arbitrary n-electron configurations starting from
a closed-shell ground state wavefunction. However, this work will introduce a slightly dif-
ferent approach to form the CSF.
As has been depicted in figure 2.2, the p3h propagator may be understood as a double ion-
ization in combination with an electron excitation (the same holds for the 3ph propagator in
double attachment). Therefore, the underlying CSF for the 2h (2p) part as well as the ph part
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2.5. CONFIGURATION STATE FUNCTIONS FOR N ± 2 DETERMINANTS

from PP-ADC may be used as a basis to construct p3h (3ph) states by forming the suited
linear combinations as tensor products71. In the following, these are given and combined to
spin-pure CSF for singlet and triplet p3h (3ph) state functions.
For the setup of restricted calculations, only singlet and triplet states with mS = 0 are con-
sidered and are presented in the following. The necessary mS ≠ 0 triplet functions that are
needed to construct these are also given. A short-hand notation for the action of the cre-
ation and annihilation operators onto the closed-shell ground state is introduced. Take as an
example the following expression:

â†a,�âi,� |Φ0⟩ ≡ |�a�i⟩ (2.43)

which would create an � (spin-up) electron in the virtual spin orbital a and remove a � (spin-
down) electron in the occupied spin orbital i. The red highlighted functions represent those
needed for restricted calculations of singlet and triplet states.
It should be noted at this point that changing the total sign of a CSF does not alter the cal-
culation outcome since the overall factor of -1 introduced in the wavefunction does not have
an impact on the computed eigenvalues whatsoever. However, the relative signs between
the different spin configurations (spin blocks) is of crucial importance since they determine
whether a state is of singlet or triplet (quintet etc.) character.

Particle-hole functions

Needed in the construction of p3h (DIP) as well as 3ph (DEA) configuration state functions.
∙ Singlet configuration:

|Sia⟩ =
1
√

2

(

|�i�a⟩ + |�i�a⟩
) (2.44)

∙ Triplet configurations:
|T 1ia⟩ = − |�i�a⟩

|T 0ia⟩ =
1
√

2

(

|�i�a⟩ − |�i�a⟩
)

|T −1ia ⟩ = |�i�a⟩

(2.45)
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2.5.1. N − 2 configuration state functions for double ionization

Two-hole functions

∙ Singlet configurations, the first one represents double ionization from the same orbital:

|Sii⟩ = |�i�i⟩

|Sij⟩ =
1
√

2

(

|�i�j⟩ − |�i�j⟩
) (2.46)

∙ Triplet configurations:
|T 1ij⟩ = |�i�j⟩

|T 0ij⟩ =
1
√

2

(

|�i�j⟩ + |�i�j⟩
)

|T −1ij ⟩ = |�i�j⟩

(2.47)

Particle-three hole functions

∙ Singlet configurations, the first one includes double ionization from the same orbital:

|Siija⟩ = |Sii⟩⊗ |Sja⟩

= 1
√

2

(

|�i�i�j�a⟩ − |�i�i�j�a⟩
)

|S (I)ijka⟩ = |Sij⟩⊗ |Ska⟩

= 1
2

(

|�i�j�k�a⟩ + |�i�j�k�a⟩ + |�i�j�k�a⟩ + |�i�j�k�a⟩
)

|S (II)ijka⟩ =
1
√

3

(

|T 1ij⟩⊗ |T −1ka ⟩ − |T 0ij⟩⊗ |T 0ka⟩ + |T −1ij ⟩⊗ |T 1ka⟩
)

= 1

2
√

3

(

2 |�i�j�k�a⟩ − 2 |�i�j�k�a⟩

− |�i�j�k�a⟩ + |�i�j�k�a⟩ − |�i�j�k�a⟩ + |�i�j�k�a⟩
)

(2.48)
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∙ Triplet configurations, the first one includes double ionization from the same orbital:

|T 0iija⟩ = |Sii⟩⊗ |T 0ja⟩

= 1
√

2

(

|�i�i�j�a⟩ + |�i�i�j�a⟩
)

|T 0(I)ijka ⟩ = |Sij⟩⊗ |T 0ka⟩

= 1
2

(

|�i�j�k�a⟩ − |�i�j�k�a⟩ − |�i�j�k�a⟩ + |�i�j�k�a⟩
)

|T 0(II)ijka ⟩ = |T 0ij⟩⊗ |Ska⟩

= 1
2

(

|�i�j�k�a⟩ + |�i�j�k�a⟩ + |�i�j�k�a⟩ + |�i�j�k�a⟩
)

|T 0(III)ijka ⟩ = 1
√

2

(

|T 1ij⟩⊗ |T −1ka ⟩ − |T −1ij ⟩⊗ |T 1ka⟩
)

= 1
√

2

(

|�i�j�k�a⟩ + |�i�j�k�a⟩
)

(2.49)

∙ Quintet configuration:

|Q0
ijka⟩ =

1
√

6

(

|T 1ij⟩⊗ |T −1ka ⟩ + 2 |T
0
ij⟩⊗ |T 0ka⟩ + |T −1ij ⟩⊗ |T 1ka⟩

)

=
√

2
3

(1
2
|�i�j�k�a⟩ −

1
2
|�i�j�k�a⟩

+ |�i�j�k�a⟩ − |�i�j�k�a⟩ + |�i�j�k�a⟩ − |�i�j�k�a⟩
)

(2.50)

2.5.2. N + 2 configuration state functions for double

attachment

Two-particle functions

∙ Singlet configurations, the first one represents double attachment in the same orbital:

|Saa⟩ = |�a�a⟩

|Sab⟩ =
1
√

2

(

|�a�b⟩ − |�a�b⟩
) (2.51)
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∙ Triplet configurations:
|T 1ab⟩ = |�a�b⟩

|T 0ab⟩ =
1
√

2

(

|�a�b⟩ + |�a�b⟩
)

|T −1ab ⟩ = |�a�b⟩

(2.52)

Three particle-hole functions

∙ Singlet configurations, the first one includes double attachment in the same orbital:

|Siabb⟩ = |Sia⟩⊗ |Sbb⟩

= 1
√

2

(

|�i�a�b�b⟩ − |�i�a�b�b⟩
)

|S (I)iabc⟩ = |Sia⟩⊗ |Sbc⟩

= 1
2

(

|�i�a�b�c⟩ − |�i�a�b�c⟩ + |�i�a�b�c⟩ − |�i�a�b�c⟩
)

|S (II)iabc ⟩ =
1
√

3

(

|T 1ia⟩⊗ |T −1bc ⟩ − |T 0ia⟩⊗ |T 0bc⟩ + |T −1ia ⟩⊗ |T 1bc⟩
)

= 1

2
√

3

(

2 |�i�a�b�c⟩ − 2 |�i�a�b�c⟩

− |�i�a�b�c⟩ + |�i�a�b�c⟩ − |�i�a�b�c⟩ + |�i�a�b�c⟩
)

(2.53)

∙ Triplet configurations, the first one includes double attachment in the same orbital:

|T 0iabb⟩ = |T 0ia⟩⊗ |Sbb⟩

= 1
√

2

(

|�i�a�b�b⟩ + |�i�a�b�b⟩
)

|T 0(I)iabc ⟩ = |T 0ia⟩⊗ |Sbc⟩

= 1
2

(

|�i�a�b�c⟩ − |�i�a�b�c⟩ − |�i�a�b�c⟩ + |�i�a�b�c⟩
)

|T 0(II)iabc ⟩ = |Sia⟩⊗ |T 0bc⟩

= 1
2

(

|�i�a�b�c⟩ + |�i�a�b�c⟩ + |�i�a�b�c⟩ + |�i�a�b�c⟩
)

|T 0(III)iabc ⟩ = 1
√

2

(

|T 1ia⟩⊗ |T −1bc ⟩ − |T −1ia ⟩⊗ |T 1bc⟩
)

= 1
√

2

(

− |�i�a�b�c⟩ − |�i�a�b�c⟩
)

(2.54)
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∙ Quintet configuration:

|Q0
iabc⟩ =

1
√

6

(

|T 1ia⟩⊗ |T −1bc ⟩ + 2 |T
0
ia⟩⊗ |T 0bc⟩ + |T −1ia ⟩⊗ |T 1bc⟩

)

=
√

2
3

(1
2
|�i�a�b�c⟩ −

1
2
|�i�a�b�c⟩

+ |�i�a�b�c⟩ + |�i�a�b�c⟩ − |�i�a�b�c⟩ − |�i�a�b�c⟩
)

(2.55)

2.6. Implementation

The implementation of DIP/DEA-ADC has been executed in the adcman program package
of Q-Chem 5.230, originally developed by M. Wormit et al. for excited state calculations in
the ADC framework111. Already existing infrastructure for PP-ADC and IP-ADC has been
used. All working equations, i. e. matrix-vector products, computational intermediates and
diagonals have been implemented in the libadc program package, which has been developed
together with adcman to perform highly-efficient tensor algebra calculations. Therefore, the
syntax of the open-source C++ tensor library libtensor31 is applied for these computations.
All ADC calculations (also PP and IP) follow the same progression of steps. In general, the
four most important steps during an ADC calculation are in the order of their execution:

1. Loading of all prerequisites for the calculation

2. Setting up the correct symmetry for the tensor objects

3. Setting up the guess vectors and diagonals

4. Running the Davidson solver

In the following, each of the four steps will be explained in brevity.

Loading of prerequisites

Before the ADC calculation starts, the corresponding MP ground state calculation is per-
formed and used as a reference, that is, for ADC(2) and ADC(2)-x the MP2 ground state
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and for ADC(3) the MP3 ground state. For the calculation of the ADC matrix-vector prod-
ucts and diagonals, tensor objects from the Møller-Plesset (and Hartree-Fock) calculations
are needed, such as for example the antisymmetrized electron-repulsion integrals and the
MP amplitudes. Furthermore, for computational efficiency, intermediates have been pre-
computed and need to be loaded for the calculation.

Symmetry setup

A correct setup of the spin and permutational symmetry for the tensor objects is crucial for
a proper calculation. As for the spin, the configuration spaces of the 2h (2p) and p3h (3ph)
tensors may be split in different spin blocks. There are four spin blocks for the 2h (2p) case
and 16 for the p3h (3ph) case. For restricted calculations, only spin-pure singlet (S = 0)
and triplet (S = 1) states with a projected spin quantum number of mS = 0 are considered,
meaning that the number of spin-up (�) and spin-down (�) states needs to be kept equal.
All allowed spin blocks are summarized in table 2.2. The six allowed spin blocks are then
mapped onto each other pairwise (as shown in eq. 2.56), depending on the calculation type:
For a singlet calculation, the mapping coefficient is -1, whereas for a triplet calculation it is
+1. These mappings and their respective coefficients are important for the correct process-
ing of singlet and triplet calculations. The mapping coefficients equal the prefactors of the
respective spin blocks in the singlet and triplet configuration state functions (guess vectors)
for DIP-ADC and DEA-ADC, respectively (see in the previous section).

DIP spin block mappings: DEA spin block mappings:
��

+1∕−1
⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇒ �� ��

+1∕−1
⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇒ ��

����
+1∕−1
⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇒ ���� ����

+1∕−1
⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇒ ����

����
+1∕−1
⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇒ ���� ����

+1∕−1
⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇒ ����

����
+1∕−1
⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇒ ���� ����

+1∕−1
⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇐⇒ ����

(2.56)

Besides the spin symmetry, the correct permutational symmetry for tensor objects must be
further established. As mentioned before, the ADC vectors are antisymmetrized with respect
to index permutations to ensure an efficient computation.
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Table 2.2.: All spin blocks for the 2h and p3h configuration spaces of DIP-ADC (left) as
well as all spin blocks for the 2p and 3ph configuration spaces of DEA-ADC
(right). Note that occupied indices are before virtual ones.

2h configurations
spin block mS allowed?

�� -1 no
�� 0 yes
�� 0 yes
�� 1 no
p3h configurations

spin block mS allowed?
���� -1 no
���� -2 no
���� 0 yes
���� 0 yes
���� 0 yes
���� -1 no
���� -1 no
���� 1 no
���� -1 no
���� 1 no
���� 1 no
���� 0 yes
���� 0 yes
���� 0 yes
���� 2 no
���� 1 no

2p configurations
spin block mS allowed?

�� 1 no
�� 0 yes
�� 0 yes
�� -1 no
3ph configurations

spin block mS allowed?
���� 1 no
���� 0 yes
���� 0 yes
���� 0 yes
���� 2 no
���� -1 no
���� -1 no
���� -1 no
���� 1 no
���� 1 no
���� 1 no
���� -2 no
���� 0 yes
���� 0 yes
���� 0 yes
���� -1 no

Guess vectors and diagonals

As a preliminary step to the calculation of double ionization/double electron attachment
energies, an estimated ADC vector (guess vector) needs to be set up for the solver. This
vector is constructed using the CSF for singlet or triplet states introduced in the previous
chapter, depending on the calculation. As a first guess on the energy, the diagonals of the
corresponding ADC matrix are computed as (with the example of DIP):

Dij,ij = �ik�jl Mij,kl,

Dijka,ijka = �il�jm�kn�ab Mijka,lmnb.
(2.57)
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Singles (2h, 2p) guess vectors lie energetically lower than doubles (p3h, 3ph). If not specified
explicitly, the lowest-lying guess vectors are always chosen for a calculation. Therefore, the
guess vector setup is usually dominated by singles vectors that are expected to approach the
converged states the most.

Davidson solver

The Davidson solver16 is an iterative solver designed to determine the lowest-lying eigen-
states and eigenvalues of a diagonally-dominated matrix. This is done by diagonalizing not
the whole matrix at once, but rather subspaces at a time to build up a solution for the full
expression. Matrix-vector products (see in the previous section) are computed in every step
of the procedure. If, in two consecutive iteration steps, a certain threshold (for vector ampli-
tudes as well as energies) is undercut, the ADC vector is seen as converged and returned with
the corresponding energy. Figure 2.4 schematically demonstrates this process. Although the

Figure 2.4.: Conceptional scheme for the eigenvalue solver. Applicable to all ADC schemes
(PP, IP, EA, DIP, DEA).

Davidson procedure is very efficient in computing the lowest-lying eigenstates, it may get
difficult when asking for higher-lying states. A possible solution is, for example, introduced
by altering the matrix to be evaluated: For example by restricting the orbital spaces as it is
the case in the core-valence separation approach10 (see in chapter 3).
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2.7. Benchmarking / Calculations for doubly-ionized

states

In this section, a benchmark study of DIP-ADC is presented. Benchmark data has been
generated for DIP-ADC(2), DIP-ADC(2)-x as well as DIP-ADC(3) and has been compared
to EOMDIP-CCSD58,59 as well as FCI data. For DIP-ADC(0) as well as DIP-ADC(1), single
values are shown as well and presented in the context of higher-order DIP-ADC(n) methods.
Calculations for DIP-ADC and EOMDIP-CCSD were performed using Q-Chem 5.230.

2.7.1. Doubly-ionized states on a Full CI level

The first small benchmark set includes singlet and triplet calculations for H2O, LiH and HF.
Geometries used for the calculations can be found in the appendix (section A.2), the 3-21G
basis set24 was used to calculate doubly-ionized states. This set was applied by Velkov et
al.101 to compare DIP-ADC(2)-x data to FCI values. It has been expanded to second- as well
as third-order DIP-ADC values. Benchmark data is collected in table 2.4 and the energy
landscape for the hierarchy of DIP-ADC methods as well as EOMDIP-CCSD and FCI is
presented in figure 2.5 for the lowest-lying singlet and triplet states of the included species.
As figure 2.5 depicts, the hierarchy of ADC(n) methods shows a clear pattern for the calcu-
lation of double-ionization energies: ADC(0), which only includes the diagonal of orbital
energies, underestimates the energy in a very stark manner, ADC(1) clearly overestimates it.
Although the second-order scheme ADC(2) with its zeroth-order doubles/doubles diagonal
is still too low with respect to the FCI values, the extended scheme ADC(2)-x is capable of
approaching FCI values well, although with an underestimation. ADC(3) reproduces FCI
data pretty good and tends to lie slightly above the corresponding energies. The iterative
ground-state of EOM-CCSD as well as the higher-order terms15,5 lets this method perform
best with respect to FCI data.
This observation may be amended by the amount of doubles (p3h) wavefunction contri-
butions for the different methods. While the zeroth- and first order scheme completely
lack a doubles description, the second order scheme ADC(2) includes only a zeoth-order
parametrization of doubles amplitudes. The energetically lower-lying zeroth-order contribu-
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tions influence the energy eigenvalues, resulting in comparatively high amounts of doubles
amplitudes, lying about 30% or even higher. For the extended second-order scheme inherit-
ing a first-order description of the doubles/doubles space, the amount of doubles amplitudes
diminishes significantly to ≤ 15%, for ADC(3) and EOM-CCSD even reducing further to
about 10%. An explanation for this trend may be in similarity to CVS-ADC for core excita-

ADC(0) ADC(1) ADC(2) ADC(2)-x ADC(3) EOM-CCSD FCI
Method

15

20

25

30

35

40

45

50

55

 [e
V]

H2O  1A1

H2O  3B1
HF  1
HF  3
LiH  1 +

Figure 2.5.: Double-ionization energies for the lowest-lying singlet and triplet states of table
2.4, given in the hierarchy of DIP-ADC methods.

tions104: The double ionization introduces a strong lack of electron density to the equilibrated
ground state, which produces a physically unfavourable configuration of the remaining di-
cation. As a result, orbital relaxation processes arise to counteract this. As the first-order
doubles/doubles block enables a proper description of these effects, the ADC(2)-x scheme is
the first to reproduce reasonable double-ionization energies. Interestingly, for the low-lying
1Σ+ state of LiH which represents a pure singles excitation (doubles amp. >1%), ADC(1)
already delivers a valid description (see figure 2.5).
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For the eight (seven for DIP-ADC(2)) singlet states in table 2.4, DIP-ADC(2) has an av-
erage deviation of -5.09 eV from the corresponding FCI value, DIP-ADC(2)-x deviates in
average -1.25 eV, DIP-ADC(3) 0.34 eV and EOMDIP-CCSD -0.09 eV; as for the five triplet
states, the average deviation for DIP-ADC(2) is -7.12 eV to FCI, for DIP-ADC(2)-x -2.01 eV,
for DIP-ADC(3) 0.54 eV and for EOMDIP-CCSD -0.15 eV; proving that the pure second-
order scheme does not deliver quantitatively exact results. DIP-ADC(3) values are in very
good agreement with EOMDIP-CCSD and FCI values. Generally, they tend to exceed the
corresponding FCI values slightly, an exception to this constitutes the last singlet state for
water (B1), which shows a remarkably high amount of doubles amplitudes and lies under
the corresponding FCI value. DIP-ADC(2)-x values, on the other hand, are also located in a
reasonable scope around these values, but tend to underestimate the double-ionization ener-
gies.
Taking the findings above, the next section presents a larger benchmark set of small and
medium-sized molecules for an extensive study of second-and third-order DIP-ADC meth-
ods in comparison to EOMDIP-CCSD. A detailed statistical analysis is provided for both,
doubly-ionized singlet as well as triplet states.
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2.7.2. Benchmark study on doubly-ionized states for small- to

medium-sized molecules

Figure 2.6.: Jacquemins benchmark set64. From top to bottom, left to right: Acetaldehyde,
acetylene, ammonia, carbonmonoxide, cyclopropene, diazomethane, dinitro-
gen, ethylene, formaldehyde, formamide, hydrogen chloride, hydrogen sulfide,
ketene, methanamine, nitrosomethane, streprocyanine, thioformaldehyde, wa-
ter.
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The second benchmark set used for the calculation of doubly-ionized states is the set of
small to medium-sized compounds introduced by Jacquemin et al.64. It features 18 molec-
ular species that are shown in figure 2.6, the corresponding geometries that were used in
the calculations (which are optimized on a CC3/aug-cc-pVTZ level) can be found in the
appendix (section A.3). Calculations were performed for DIP-ADC(2), DIP-ADC(2)-x and
DIP-ADC(3) as well as EOMDIP-CCSD58,59 using Q-Chem 5.2. All doubly-ionized singlet
and triplet states were calculated using the aug-cc-pVTZ basis set28,55.

Doubly-ionized singlet states

All benchmark data for the calculation of doubly-ionized singlet states for the set of Jacquemin
et al.64 is collected in the appendix A.4, including a statistical evaluation for each molecule
and method used. Table 2.5 gives a statistical summary for the full benchmark set. Figure
2.7 represents a spread-plot of all doubly-ionized singlet states that were computed. In figure
2.8, as before, the trend of double ionization energies within the hierarchy of DIP-ADC(n)
methods is presented, featuring six examples. Figures 2.9 and 2.11 visualize the distribution
of double-ionization energies relative to EOMDIP-CCSD and DIP-ADC(3), respectively.
In connection to these plots, figures 2.10 and 2.12 represent the corresponding histograms
for the energy deviations. Table 2.6 collects the mean amounts of doubles amplitudes for
doubly-ionized states of the different methods.

Table 2.5.: Statistical analysis for the doubly-ionized singlet states of Jacquemins benchmark
set. EOMDIP-CCSD and DIP-ADC(3) are chosen as reference.

EOMDIP-CCSD as reference
vs. DIP- Max Min MSE MAE
ADC States [eV] [eV] [eV] [%] [eV] [%]
(3) 72 0.75 -0.99 -0.23 ± 0.35 -0.7 ± 0.9 0.34 ± 0.24 0.9 ± 0.6
(2)-x 72 -0.7 -2.22 -1.31 ± 0.29 -3.6 ± 0.9 1.31 ± 0.29 3.6 ± 0.9
(2) 72 -2.52 -7.84 -4.02 ± 1.31 -10.8 ± 2.9 4.02 ± 1.31 10.8 ± 2.9

DIP-ADC(3) as reference
vs. DIP- Max Min MSE MAE
ADC States [eV] [eV] [eV] [%] [eV] [%]
(2)-x 72 0.14 -2.57 -1.08 ± 0.55 -2.9 ± 1.4 1.08 ± 0.54 2.9 ± 1.3
(2) 72 -1.93 -8.59 -3.79 ± 1.57 -10.2 ± 3.5 3.79 ± 1.57 10.2 ± 3.5
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Figure 2.7.: Spreadplot (energy ! vs. amount of doubles amplitudes V (2)) of all doubly-
ionized singlet states from tables A.10, A.11 and A.12. Ticks at both axes give
the range of the corresponding values. Horizontal lines give themeanV (2) values
for each set of data points.
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Figure 2.8.: Double ionization energies for the lowest lying singlet states of tables A.10, A.11
and A.12 for some selected molecules, given in the hierarchy of DIP-ADCmeth-
ods.
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Figure 2.9.: Spreadplot (energy difference Δ! vs. difference in the amount of doubles am-
plitudes ΔV (2)) of all doubly-ionized singlet states from tables A.10, A.11 and
A.12, relative to EOMDIP-CCSD.
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Figure 2.10.: Histogram for the energies of doubly-ionized singlet states from tables A.10,
A.11 and A.12, relative to EOMDIP-CCSD.
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Figure 2.11.: Spreadplot (energy difference Δ! vs. difference in the amount of doubles am-
plitudes ΔV (2)) of all doubly-ionized singlet states from tables A.10, A.11 and
A.12, relative to DIP-ADC(3).
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Figure 2.12.: Histogram for the energies of doubly-ionized singlet states from tables A.10,
A.11 and A.12, relative to DIP-ADC(3).
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Table 2.6.: Mean amount of doubles amplitudes V (2) for all doubly-ionized singlet states in
the benchmark set.

Method EOMDIP-CCSD DIP-ADC(3) DIP-ADC(2)-x DIP-ADC(2)
V (2) 0.11 0.15 0.18 0.33

The spreadplot 2.7 as well as the deviation plots 2.9 and 2.11 show the clear trend that has
already been mentioned in the previous section: Double-ionization energies increase for the
second- to third-order methods consecutively, while the doubles contribution to the wave-
function reduces with higher order (see table 2.6). DIP-ADC(3) double-ionization energies
lie remarkably close to EOMDIP-CCSD ones, deviating by only -0.23 ± 0.35 eV or (-0.7%)
in average. In contrast to that, for DIP-ADC(2), the range of relative deviation towards the
more precise methods is tremendous, as the mean deviations turn out to be -4.02 ± 1.31 eV
(-10.8%) relative to EOMDIP-CCSD and -3.79 ± 1.57 eV (-10.2%) relative to DIP-ADC(3).
This may be, as discussed before, due to the lack of a proper description of orbital relaxation
effects after the species is left in an unrelaxed doubly-ionized state. The extended second
order scheme DIP-ADC(2)-x proves to be consistent with the more precise third order and
CC method by presenting a narrow distribution in figures 2.9 and 2.11, however, underes-
timating double-ionization energies in average by -1.31 ± 0.29 eV (-3.6%) in the case of
EOMDIP-CCSD and -1.08 ± 0.55 eV (-2.9%) in the case of DIP-ADC(3).
A direct comparison of DIP-ADC(3) and EOMDIP-CCSD values for individual species (ta-
ble A.13) shows that the latter are lower in the vast majority of cases. Only for acetalde-
hyde, ammonia, formaldehyde, formamide and water, the maximum deviations take posi-
tive values. In the particular case of water, however, DIP-ADC(3) values do always exceed
EOMDIP-CCSD ones, making this a unique observation in the case of doubly-ionized states
of the underlying benchmark set. This is directly seen in the MAE value which is increased
by a factor of roughly 1.5, while the standard deviation is simultaneously decreased by the
same factor. Comparison of MSE and MAE values for the second- and extended second-
order schemes show that they always, with very few exceptions, lie under the corresponding
third-order and CC values.

79



2.7. BENCHMARKING / CALCULATIONS FOR DOUBLY-IONIZED STATES

Doubly-ionized triplet states

As for the singlet states, all benchmark data for the calculation of doubly-ionized triplet states
for Jacquemins benchmark set is collected in the appendix, section A.5, including a statistical
evaluation for each molecule and method used. Table 2.7 gives a statistical summary for the
full benchmark set. Figure 2.13 represents a spread-plot of all doubly-ionized triplet states
that were computed. In figure 2.14, as before, the trend of double-ionization energies within
the hierarchy of DIP-ADC(n) methods is presented, featuring six examples. Figures 2.15 and
2.17 visualize the distribution of double-ionization energies relative to EOMDIP-CCSD and
DIP-ADC(3), respectively. In connection to these plots, figures 2.16 and 2.18 represent the
corresponding histograms for the energy deviations. Table 2.8 collects the mean amounts of
doubles amplitudes for doubly-ionized states of the different methods.

Table 2.7.: Statistical analysis for the doubly-ionized triplet states of Jacquemins benchmark
set. EOMDIP-CCSD and DIP-ADC(3) are chosen as reference.

EOMDIP-CCSD as reference
vs. DIP- Max Min MSE MAE
ADC States [eV] [eV] [eV] [%] [eV] [%]
(3) 72 0.88 -2.05 -0.33 ± 0.45 -0.9 ± 1.0 0.45 ± 0.34 1.1 ± 0.8
(2)-x 72 -0.69 -2.55 -1.47 ± 0.36 -3.9 ± 0.9 1.47 ± 0.36 3.9 ± 0.9
(2) 68 -1.95 -7.23 -3.70 ± 1.19 -9.8 ± 2.7 3.70 ± 1.19 9.8 ± 2.7

DIP-ADC(3) as reference
vs. DIP- Max Min MSE MAE
ADC States [eV] [eV] [eV] [%] [eV] [%]
(2)-x 72 0.26 -3.08 -1.14 ± 0.60 3.0 ± 1.4 1.15 ± 0.58 3.0 ± 1.3
(2) 68 -0.96 -7.96 -3.37 ± 1.46 -9.0 ± 3.3 3.37 ± 1.46 9.0 ± 3.3

Table 2.8.: Mean amount of doubles amplitudes V (2) for all doubly-ionized triplet states in
the benchmark set.

Method EOMDIP-CCSD DIP-ADC(3) DIP-ADC(2)-x DIP-ADC(2)
V (2) 0.12 0.20 0.21 0.31
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Figure 2.13.: Spreadplot (energy ! vs. amount of doubles amplitudes V (2)) of all doubly-
ionized triplet states from tables A.18, A.19 and A.20. Ticks at both axes give
the range of the corresponding values. Horizontal lines give the mean V (2)

values for each set of data points.
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Figure 2.14.: Double ionization energies for the lowest lying triplet states of tables A.18,
A.19 and A.20 for some selected molecules, given in the hierarchy of DIP-
ADC methods.
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Figure 2.15.: Spreadplot (energy difference Δ! vs. difference in the amount of doubles am-
plitudes ΔV (2)) of all doubly-ionized triplet states from tables A.18, A.19 and
A.20, relative to EOMDIP-CCSD.
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Figure 2.16.: Histogram for the energies of doubly-iononized triplet states from tables A.18,
A.19 and A.20, relative to EOMDIP-CCSD.
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Figure 2.17.: Spreadplot (energy difference Δ! vs. difference in the amount of doubles am-
plitudes ΔV (2)) of all doubly-iononized triplet states from tables A.18, A.19
and A.20, relative to DIP-ADC(3).
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Figure 2.18.: Histogram for the energies of doubly-iononized triplet states from tables A.18,
A.19 and A.20, relative to DIP-ADC(3).
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For doubly-ionized triplet states the same principal observations as for the singlet states can
be made, that is, an ascending of double ionization energies for higher-order methods in
combination with a decline of doubles amplitudes in the excited state wave-function. How-
ever, the spread within the sets of DIP-ADC energy values tends to be slightly bigger as for
the singlet states, as can be seen in figures 2.15 and 2.17. The average deviation for DIP-
ADC(3) double-ionization energies with respect to EOMDIP-CCSD amounts -0.33 ± 0.45
eV (-0.9%), putting again the third-order ADC scheme remarkably close to the EOM-CCSD
scheme. For DIP-ADC(2)-x, the relative deviations turn out to be -1.47 ± 0.36 eV (-3.9%)
towards EOMDIP-CCSD and -1.14 ± 0.60 eV (3.0%) towards DIP-ADC(3), respectively.
For the second order scheme, again, deviations reach up to an average of -3.70 ± 1.19 eV (-
9.8%) and -3.37 ± 1.46 eV (-9.0%) towards EOMDIP-CCSD and DIP-ADC(3), respectively.
As an interesting observation, the average deviations towards the EOM-CCSD scheme slightly
increase for doubly-ionized triplet states in ADC(3) and ADC(2)-x, from -0.7% to -0.9% and
-3.6% to -3.9%, respectively. For ADC(2), the exact opposite is observed: a decrease for the
average deviation of triplet states from -10.8% to -9.8%, yet still the pure second-order ADC
scheme is not capable to correctly describe doubly-ionized triplet states due to the lack of a
sufficient parametrization of the doubles/doubles part of the secular matrix.
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2.8. Benchmarking / Calculations for double

electronically-attached states

In this section, the benchmark of double electronically-attached states is presented. As for
doubly-ionized states, Jacquemins benchmark set of small compounds has been chosen. Cal-
culations have been performed for eight of the 18 molecules in the set, ammonia, dinitrogen,
ethylene, formaldehyde, hydrogen chloride, hydrogen sulfide, methanimine and water. The
used geometries (same as for DIP) can be found in the appendix, section A.3. Calcula-
tions were performed for DEA-ADC(1), DEA-ADC(2), DEA-ADC(2)-x and DEA-ADC(3)
as well as EOMDEA-CCSD58,59 using Q-Chem 5.2. All double attachment calculations were
performed using the aug-cc-pVTZ basis set28,55.

Doubly-attached singlet states

Benchmark data for the calculation of doubly-attached singlet states for Jacquemins bench-
mark set is collected in the appendix, section A.6, including a statistical evaluation for each
molecule andmethod used. Table 2.9 gives a statistical summary for all molecules used in the
benchmark set. Figure 2.19 represents a spread-plot of all doubly-attached singlet states that
were computed. In figure 2.20, as before, the trend of double attachment energies within the
hierarchy of DEA-ADC(n) methods is presented, featuring four examples. Figures 2.21 and
2.22 visualize the distribution of double attachment energies relative to EOMDEA-CCSD.
Table 2.10 collects the mean amounts of doubles amplitudes for doubly-attached states of
the different methods.
Table 2.9 as well as figure 2.20 show precisely how doubly-attached states for the different
ADC(n) methods behave compared to EOM-CCSD: The energies for the second- and third-
order ADC schemes fall below corresponding data, for DEA-ADC(2) the mean deviation
with respect to EOMDEA-CCSD is found to be -0.17 ± 0.11 eV (-3.1%), for DEA-ADC(2)-
x this is -0.19 ± 0.11 eV (-3.4%) and for DEA-ADC(3) -0.10 ± 0.09 (-1.9%). In similarity to
doubly-ionized states, the full third-order treatment approaches the reference value in the best
way, although the overall deviation for all these three ADC schemes is found to be very small.
However, it is worth noting that the extended second-order schemeDEA-ADC(2)-x performs
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Table 2.9.: Statistical analysis for the doubly attached singlet states of all eight computed
species in the benchmark set. EOMDEA-CCSD and DEA-ADC(3) are chosen as
reference.

EOMDEA-CCSD as reference
vs. DEA- Max Min MSE MAE
ADC States [eV] [eV] [eV] [%] [eV] [%]
(3) 27 0.07 -0.37 -0.10 ± 0.09 -1.9 ± 1.2 0.11 ± 0.08 2.0 ± 1.1
(2)-x 27 -0.08 -0.61 -0.19 ± 0.11 -3.4 ± 1.6 0.19 ± 0.11 3.4 ± 1.6
(2) 27 -0.07 -0.55 -0.17 ± 0.11 -3.1 ± 1.5 0.17 ± 0.11 3.1 ± 1.5
(1) 32 0.76 0.11 0.29 ± 0.18 5.2 ± 2.7 0.29 ± 0.18 5.2 ± 2.7

DEA-ADC(3) as reference
vs. DEA- Max Min MSE MAE
ADC States [eV] [eV] [eV] [%] [eV] [%]
(2)-x 27 0.01 -0.24 -0.08 ± 0.06 -1.5 ± 0.9 0.08 ± 0.06 1.6 ± 0.9
(2) 27 0.01 -0.25 -0.06 ± 0.06 -1.2 ± 0.9 0.07 ± 0.06 1.2 ± 0.8
(1) 27 0.76 0.16 0.33 ± 0.14 6.3 ± 2.1 0.33 ± 0.14 6.3 ± 2.1

Table 2.10.: Mean amount of doubles amplitudes V (2) for all doubly attached singlet states
in the benchmark set.

Method EOMDEA-CCSD DEA-ADC(3) DEA-ADC(2)-x DEA-ADC(2)
R2 [% / 100] 0.014 0.014 0.018 0.014

slightly worse than the pure second-order scheme, as may be observed in figures 2.21 and
2.22. For these calculations, the extension of the doubles/doubles (3ph/3ph) block to first
order seems, unlike as for DIP, to introduce no improvement. As a difference to the double-
ionization calculations, the benchmark of doubly-attached states also includes DEA-ADC(1)
values. This is justified by the fact that doubly-attached states constitute almost pure singlet
(2p) states in general (see table 2.10). DEA-ADC(1) tends to exceed EOMDEA-CCSD data
by an average of 0.29 ± 0.18 eV (5.2%).
An interesting observation can be made in the matching of ADC and EOM-CC states: For
EOMDEA-CCSD states that contain a high amount of doubles amplitude in the wavefunc-
tion, a unique and distinct matching with the corresponding second- or third-order ADC state
was not possible. As table A.44 shows with the example of formaldehyde, states that could
be possibly matched due to the similar amplitude composition of the wavefunction tend to
either exceed or underestimate the corresponding values. For DEA-ADC(1), however, the
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relative ordering of states and energy gaps in between consecutive ones was preserved in all
times with respect to EOMDEA-CCSD, enabling a proper state matching in all cases.
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Figure 2.19.: Spreadplot (energy ! vs. amount of doubles amplitudes V (2)) of all double
electronically attached singlet states from tables A.26 and A.27. Ticks at both
axes give the range of the corresponding values. Horizontal lines give the mean
V (2) values for each set of data points.
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Figure 2.20.: Double attachment energies for the lowest lying singlet states of tables A.26 and
A.27 for some selectedmolecules, given in the hierarchy of DIP-ADCmethods.
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Figure 2.21.: Spreadplot (energy difference Δ! vs. difference in the amount of doubles am-
plitudes ΔV (2)) of all double electronically attached singlet states from tables
A.26 and A.27, relative to EOMDEA-CCSD.
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Figure 2.22.: Zoom-in of figure 2.21
.
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For the here presented set of small compounds, the process of double electron attachment
may be characterized as a "singles process", that is, the wavefunction is dominated by singles
(2p) amplitudes and possesses only a very small (∼ 1%) amount of doubles (3ph) amplitudes.
Therefore, the first-order treatment of the double attachment process in ADC(1), which com-
pletely lacks the description of doubles amplitudes, is already capable to deliver qualitatively
good results. Due to an overestimation of doubles excitations in DEA-ADC(2)-x, the pure
second-order scheme tends to be, if only slightly, closer to DEA-ADC(3) and EOMDEA-
CCSD, which on their side yield values that are located remarkably close to one another. In
a physical sense this may be understood intuitively, as the attachment of two electrons onto a
small system introduces an additional negative charge density in the virtual orbital space. An
additional electron excitation into this space thus represents an unfavourable process. Nev-
ertheless, the small doubles contribution may still be characterized as an important attribute
of the wave-function to describe orbital relaxation, as is shown by the mean deviations of
DEA-ADC(1) values (no doubles contributions) to DEA-ADC(3) and EOMDEA-CCSD val-
ues (doubles contributions ∼ 1.4%), which lies at 6.3% and 5.2%, respectively.

Doubly-attached triplet states

In similarity to the singlet states, all benchmark data for the calculation of doubly attached
triplet states is collected in the appendix, section A.7, including a statistical evaluation for
each molecule and method used. Table 2.11 gives a statistical summary for all molecules
used in the benchmark set. Figure 2.23 represents a spread-plot of all doubly attached triplet
states that were computed. In figure 2.24, as before, the trend of double attachment ener-
gies within the hierarchy of DEA-ADC(n) methods is presented, featuring four examples.
Figures 2.25 and 2.26 visualize the distribution of double attachment energies relative to
EOMDEA-CCSD. Table 2.12 collects the mean amounts of doubles amplitudes for doubly
attached states of the different methods.
Observations that can be made for the benchmark of doubly-attached triplet states are iden-
tical as for singlet states, which were discussed in detail previously. Figure 2.26 presents the
small-scale layering of DEA-ADC(2) and DEA-ADC(3) values in contrast to DEA-ADC(2)-
x in a more distinct way, precisely showing how the sets of energies for the different meth-

89



2.8. BENCHMARKING / CALCULATIONS FOR DOUBLE
ELECTRONICALLY-ATTACHED STATES

Table 2.11.: Statistical analysis for the doubly attached triplet states of all eight computed
species in the benchmark set. EOMDEA-CCSD and DEA-ADC(3) are chosen
as reference.

EOMDEA-CCSD as reference
vs. DEA- Max Min MSE MAE
ADC States [eV] [eV] [eV] [%] [eV] [%]
(3) 26 -0.01 -0.39 -0.12 ± 0.10 -2.0 ± 1.3 0.12 ± 0.10 2.0 ± 1.3
(2)-x 26 -0.08 -0.47 -0.18 ± 0.10 -3.1 ± 1.1 0.18 ± 0.10 3.1 ± 1.1
(2) 26 -0.06 -0.42 -0.17 ± 0.10 -2.8 ± 1.1 0.17 ± 0.10 -2.8 ± 1.1
(1) 32 0.85 0.10 0.28 ± 0.18 4.7 ± 2.3 0.28 ± 0.18 4.7 ± 2.3

DEA-ADC(3) as reference
vs. DEA- Max Min MSE MAE
ADC States [eV] [eV] [eV] [%] [eV] [%]
(2)-x 26 -0.01 -0.18 -0.06 ± 0.03 -1.2 ± 0.5 0.06 ± 0.03 1.2 ± 0.5
(2) 26 0.01 -0.17 -0.05 ± 0.04 -0.8 ± 0.6 0.05 ± 0.04 0.8 ± 0.5
(1) 26 0.74 0.12 0.33 ± 0.15 5.8 ± 1.7 0.33 ± 0.15 5.8 ± 1.7

Table 2.12.: Mean amount of doubles amplitudes V (2) for all doubly attached triplet states in
the benchmark set.

Method EOMDEA-CCSD DEA-ADC(3) DEA-ADC(2)-x DEA-ADC(2)
R2 [% / 100] 0.013 0.010 0.014 0.010

ods are separated. With EOMDEA-CCSD as a reference, the second- and third-order ADC
schemes underestimate double attachment energies slightly, with DEA-ADC(2)-x inheriting
the lowest average deviation of -0.18 ± 0.10 eV (-3.1%) followed closely by DEA-ADC(2)
with -0.17 ± 0.10 eV (-2.8%). DEA-ADC(3) remains the closest method, showing an av-
erage deviation of only -0.12 ± 0.10 eV (-2.0%) from the corresponding EOMDEA-CCSD
value. As for DEA-ADC(1), the energy values are again found to exceed the corresponding
CC ones by averagely 0.28 ± 0.18 eV (4.7%).
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Figure 2.23.: Spreadplot (energy ! vs. amount of doubles amplitudes V (2)) of all double
electronically attached triplet states from tables A.35 and A.36. Ticks at both
axes give the range of the corresponding values. Horizontal lines give the mean
V (2) values for each set of data points.
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Figure 2.24.: Double attachment energies for the lowest lying triplet states of tables A.35 and
A.36 for some selectedmolecules, given in the hierarchy of DIP-ADCmethods.
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Figure 2.25.: Spreadplot (energy difference Δ! vs. difference in the amount of doubles am-
plitudes ΔV (2)) of all double electronically attached triplet states from tables
A.35 and A.36, relative to EOMDEA-CCSD.
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2.9. Summary

This chapter presented the implementation and benchmark study of doubly-ionized as well as
double electronically-attached states within the framework of the Algebraic Diagrammatic
Construction scheme up to third order. Data was compared to EOM-CCSD values, for DIP
also to FCI values. Calculations were executed for both, singlet and triplet states.
At first, the observations that were made for the doubly-ionized states will be recapitulated.
For the small set of FCI data by Velkov et al.101 which featured H2O, LiH and HF, DIP-
ADC(3) values as well as EOMDIP-CCSD values were able to approach the corresponding
FCI data remarkably well, with the CC scheme being superior with an average deviation of
only -0.09 eV for eight singlet states (in comparison to 0.34 eV for DIP-ADC(3)) and -0.15
eV for five triplet states (in comparison to 0.54 eV for DIP-ADC(3)).
For the bigger second benchmark set (Jacquemins set of 18 small to medium-sized com-
pounds64), an extended study on 72 states for DIP-ADC(3) and DIP-ADC(2)-x as well as
68 states for DIP-ADC(2) triplets in comparison to EOMDIP-CCSD was carried out and
presented. It was shown that a sufficient description of the doubles/doubles (p3h/p3h) part
of the secular matrix is needed to adequately describe double-ionization processes, thereby
illustrating DIP-ADC(2)-x as the first method in the ADC hierarchy to deliver qualitatively
correct results with deviations of -1.31 ± 0.29 eV (-3.6%) for singlet states and -1.47 ± 0.36
eV (-3.9%) for triplet states. However, this still presents a significant underestimation. The
third-order method DIP-ADC(3) excels the other methods by far, presenting a remarkably
congruence with EOMDIP-CCSD data, differing only by -0.23 ± 0.35 eV (-0.7%) for singlet
states and -0.33 ± 0.45 eV (-0.9%) for triplet states to EOMDIP-CCSD results. For the pure
second-order scheme, the description of doubly-ionized states is due to the zeroth-order sin-
gles/singles block insufficient with deviations reaching up to -4.02 ± 1.31 eV (-10.8%) for
singlet states and -3.70 ± 1.19 eV (-9.8%) for triplet states. This may be seen by the particu-
lar high amount of doubles (p3h) amplitudes in DIP-ADC(2) states, implying an insufficient
physical description of the doubles (p3h) space. DIP-ADC(1), lacking a doubles (p3h) de-
scription, is not suited at all to describe double ionization processes. Along with an increase
of double-ionization energies for higher-order DIP-ADC methods, it was further observed
that the amount of doubles amplitudes (p3h amplitudes) to constitute the doubly-ionized
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wavefunction decreases, supporting the findings mentioned above.
The benchmark study of double electronically-attached states has been carried out on eight
molecules of Jacquemins benchmark set, ammonia, dinitrogen, ethylene, formaldehyde, hy-
drogen chloride, hydrogen sulfide, methanimine andwater. ForDEA-ADC(2), DEA-ADC(2)-
x and DEA-ADC(3), 27 (singlets) and 26 (triplet) states were computed, for DEA-ADC(1),
32 states were computed. It was observed that for all second- and third-ordermethods, double
attachment energies lie very close together, with again DEA-ADC(3) being the best method
in comparison to EOMDEA-CCSD with a deviation of only -0.10 ± 0.09 eV (-1.9%) for
singlet states and -0.12 ± 0.10 eV (-2.0%) for triplet states. Interestingly, DEA-ADC(2)-x
seems to perform slightly worse than DEA-ADC(2) which may be due to an overestima-
tion of the doubles/doubles part of the secular matrix. Compared to EOMDEA-CCSD data,
DEA-ADC(2) deviates -0.17± 0.11 eV (-3.1%) for singlet states and -0.17± 0.10 eV (-2.8%)
for triplet states. For DEA-ADC(2)-x, this is found to be -0.19 ± 0.11 eV (-3.4%) for singlet
states and -0.18 ± 0.10 eV (-3.1%) for triplet states, respectively. Since double-attachment
processes constitute almost pure singlet (2p) processes, DEA-ADC(1) was also included in
this benchmark study, showing deviations of 0.29 ± 0.18 eV (5.2%) for singlet states and
0.28 ± 0.18 eV (4.7%) for triplet states. In contrast to the second- and third-order methods,
DEA-ADC(1) data is always exceeding corresponding EOMDEA-CCSD data.
It is remarkable that for the frame of small compounds as present in this benchmark set,
the first-order DEA-ADC(1) scheme has proven to be a more precise tool to describe dou-
ble electron attachment processes as the second-order DIP-ADC(2) is for the description of
double ionizations. In the case of the third-order ADC(3) scheme which provides for both,
DIP and DEA states the best results in comparison to EOM-CCSD data, the deviations are
with only -0.7% (singlet states) and -0.9% (triplet states) remarkably smaller for DIP as for
DEA, where the corresponding values are -1.9% (singlet states) and -2.0% (triplet states).
In absolute, however, the values for double attachment energies are significantly smaller
than those for double ionization energies, amounting only about 1

10
th of their magnitude.

As a general remark, the third-order ADC scheme can be employed as a valid alternative
and/or supplement to EOM-CCSD for the calculation of doubly-ionized as well as double
electronically-attached states.
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3. Core-valence separation for

Unitary Coupled cluster

In modern experimental setups, X-ray absorption spectra have become a reliable and pre-
cise tool for the characterization of atomic and molecular species and their properties92. This
leads to the necessity of an accurate theoretical description of simulations72. Energetically,
the electron excitations that arise from X-radiation exceed the typically studied HOMO-
LUMO excitations by far, involving scales of 102 − 103 eV instead of the usually studied
ranges of ∼ 101 eV. These energies are element-specific and, since the excitations happen
form the lowest-lying orbitals (K-edge), increase with the atomic number. A reliable theoret-
ical model to be applied to high-energy core excitations needs to include an adequate descrip-
tion of electron relaxation processes. This has been discussed in detail by J. Wenzel et al. for
the application of the PP-ADC framework to calculate core-excited states108,107,106,105,104 us-
ing the so-called Core-valence separation ansatz10. An Unitary Coupled Cluster scheme for
the computation of electronically excited states up to third order61 has been previously imple-
mented and benchmarked successfully by Hodecker et al.50,51. In the following chapter, the
application of the so-called Core-valence separation to Unitary Coupled Cluster, including
the implementation in the Q-Chem30 program package and benchmarking, will be presented.

∙ Parts of this chapter (Core-valence separation for Unitary Coupled cluster) were already published
in:
Sebastian M. Thielen, Manuel Hodecker, Julia Piazolo, Dirk R. Rehn, and Andreas Dreuw. Unitary
coupled-cluster approach for the calculation of core-excited states and X-ray absorption spectra. The Jour-
nal of Chemical Physics, 154(15):154108, 04 2021 (98)
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3.1. THEORY

3.1. Theory

The computation of high-lying excitation energies, as they occur for X-ray absorption spec-
tra, is problematic for the common eigenvalue solvers, such as the Davidson algorithm16 as
used in ordinary ADC and UCC schemes. These algorithms return the eigenvalues of a given
secular matrix ordered by their magnitude, i. e., to get to a high energy regime, one would
have to solve for all lower-lying states, too. To circumvent this issue, Cederbaum, Domcke
and Schirmer introduced the decoupling of the energetically well-separated core and valence
excitations as early as in 198010. This so-called Core-valence separation (CVS) approach ap-
plied to the secular matrix of excited states for ADC or UCC results in an effective reduction
of its size as depicted in figure 3.1. In a numerical sense, this separation is established by

Figure 3.1.: CVS approximation applied to a full ADC matrix.

setting the two-electron Coulomb integrals that include a core index I, J ,K to zero,

⟨Ip|qr⟩ = ⟨pI|qr⟩ = ⟨pq|Ir⟩ = ⟨pq|rI⟩ = 0

⟨IJ |pq⟩ = ⟨pq|IJ ⟩ = 0

⟨IJ |Kp⟩ = ⟨IJ |pK⟩ = ⟨Ip|JK⟩ = ⟨pI|JK⟩ = 0.

(3.1)

For the calculation of electronically excited states using the CVS approximation in UCC
(CVS-UCC), the two-electron integral identities of equation 3.1 were inserted into the UCC
working equations to produce the CVS-UCC secular matrix. The full set of working equa-
tions for the second-and third-order Unitary Coupled Cluster schemes can be found in the
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3.2. IMPLEMENTATION AND BENCHMARKING

appendix, section C.1.
Applying the integrals in 3.1 is equivalent to employing the frozen-core (fc) approximation to
the MPn ground state energy which constitutes the starting point for an ADCn calculation25.
In the underlying implementation, however, this approximation is not made and the MP
ground state energy is evaluated fully for second- and third- order CVS-ADC calculations.
For the UCC approach, on the other hand, the frozen-core approximation is also applied to
the singles and doubles ground-state amplitudes, resulting in a fc-CVS-UCC scheme which
stands in similarity to the fc-CVS-EOM-CCSD approach102.

3.2. Implementation and Benchmarking

CVS-UCC2, CVS-UCC2-x and CVS-UCC3 have been implemented in the adcman program
package of Q-Chem 5.230, exploiting the existing code infrastructure ofUCC for electronically-
excited states as well as for the CVS-ADC schemes up to third order. Tensor operations
were implemented in the libadc package, which uses the open-source C++ tensor library
libtensor31 for computation.
Benchmark calculations have been performed on a set of small to medium-sized molecules
that has been previously used for CVS-ADC by Wenzel et al.108,107,106. For the second-
and extended second-order scheme, calculations were performed with acenaphthenequinone
(ANQ), bithiophene (BT), porphine, 3,4,9,10-perylentetracarboxylicacidianhydride (PTCDA),
thymine and anthracene (depicted in figure 3.2). Furthermore, five small open-shell species
were included: the CH3, OH and allyl radicals, the O2 diradical and the anthracene cation
for both, the optimized neutral as well as the optimized cationic ground-state structures.
For the third-order scheme, calculations were performed for CO, NH3 and the CH3 radical.
All molecular geometries used for calculations can be found in the appendix, sections B.1
and B.2. A detailed summary on geometry optimizations of all employed molecules can
be found in the original publication98. Calculation of core-excited states for CVS-UCC2
and CVS-UCC2-x were executed using the 6-311++G** basis set56,67; for porphine the 6-
31++G**45,42,11 and PTCDA the 6-31G**45,42 basis sets were used. For the third-order CVS-
UCC scheme, calculations were performedwith the series of correlation-consistent polarized
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valence (cc-pVXZ) basis sets28 as well as their augmented (aug)55 and doubly-augmented
(d-aug)55,110 versions. X as the cardinal number ranges from double-� to quintuple-� for the
cc- and aug-cc series and up to quadruple-� for the d-aug-cc series. In all cases, the Cartesian
6d/10f versions of the respective basis sets have been used.

Figure 3.2.: Benchmark molecules for CVS-UCC. Top row from left to right: ANQ, bithio-
phene, porphine; bottom row left and right: PTCDA, thymine.

3.3. Results and discussion

In the following section, CVS-UCC benchmark results in comparison to CVS-ADC are pre-
sented. Excitation energies are given for the second- as well as the extended second-order
scheme CVS-UCC2 and CVS-UCC2-x. For the third-order scheme CVS-UCC3, excitation
energies and oscillator strengths in the CBS limit are given.
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3.3. RESULTS AND DISCUSSION

CVS-UCC2

Table 3.1 presents the statistical analysis of the CVS-UCC2 benchmark with respect to CVS-
ADC(2) data. The full datasets for each molecule can be found in the appendix, section
B.3. Relative deviations for CVS-UCC2 in comparison to CVS-ADC(2) are presented in
figure 3.3 on the left side. As table 3.1 shows, CVS-UCC2 energies tend to slightly exceed

Table 3.1.: CVS-UCC2 in comparison to CVS-ADC(2): Number of states, minimal and
maximal deviation [eV], mean signed and mean absolute error [eV] as well as
the standard deviation [eV] as well as the mean relative deviation [%]. All data
sets are included in the appendix, section B.3.

CVS-UCC2
Molecule States Min Max MSE MAE Std. dev. Rel. dev.
ANQ (C 1s) 9 0.04 0.11 0.07 0.07 0.02 0.03
ANQ (O 1s) 8 0.06 0.09 0.08 0.08 0.01 0.01
BT (C 1s) 12 0.01 0.1 0.08 0.08 0.03 0.03
BT (S 1s) 6 0.01 0.1 0.06 0.06 0.04 0.002
PTCDA (C 1s) 9 0.04 0.18 0.1 0.1 0.05 0.04
Thymine (C 1s) 5 -0.01 0.11 0.04 0.05 0.05 0.02
Thymine (N 1s) 6 -0.02 0.08 0.02 0.03 0.03 0.01
Thymine (O 1s) 2 0.01 0.03 0.02 0.02 - 0.004
Porphine (N 1s) 5 0 0.01 0.006 0.006 0.005 0.001

CVS-ADC(2) ones (except for thymine and porphine). The relative deviation between both
methods, however, turns out to be very small with a maximum of 0,04% for PTCDA. For this
molecule, the largest deviation of 0.18 eV is observed. For porphine, the relative deviation
of 0.001% for five computed states turns out to be the smallest, aslo showing a remarkable
small variation of 0.005 eV. Furthermore, it is interesting to see that the relative deviations
between the CVS-UCC2 and CVS-ADC(2) core excitation energies become smaller as the
absolute value increases. Thymine represents a good example for this behaviour: For C
1s core excitations (around 290 eV), the relative deviation amounts 0.02%, for N 1s core
excitations (around 404 eV) 0.01% and for O 1s core excitations (around 533 eV) 0.004%.
The comparison to experimental data shows that both methods lie close to the reference
values, again with CVS-UCC2 slightly exceeding CVS-ADC(2) values.
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Figure 3.3.: Relative energy deviations of the second- and extended second-order CVS-UCC
scheme compared to the corresponding CVS-ADC scheme for the molecules
presented above.

CVS-UCC2-x

In table 3.2, the statistical analysis of the CVS-UCC2-x benchmarks with respect to CVS-
ADC(2)-x data for the closed- and open-shell species are presented. The full datasets for each
molecule can be found in the appendix, section B.3. Relative deviations for CVS-UCC2-x
in comparison to CVS-ADC(2)-x are presented in figure 3.3 on the right side.
For the closed-shell molecules, similarly to the second-order scheme, CVS-UCC2-x ener-
gies exceed CVS-ADC(2)-x energies with only few exceptions found for thymine and por-
phine. Relative deviations are very small with a maximum of 0.03% for ANQ and PTCDA.
Again, PTCDA shows themaximum deviation of 0.15 eV. Porphine presents with 0.001% the
smallest relative deviation together with a variation of 0.01 eV for ten states. The extended
second-order scheme shows, as the second-order scheme before, smaller relative deviations
for core excitation energies for larger absolute values.
As for the open-shell molecules, the same trends may be observed, with a maximum de-
viation for anthracene at 0.13 eV. Particularly for the O2 diradical, the relative deviation is
remarkably small with 0.002 eV. For the experimental values, CVS-UCC2-x tends to deviate
slightly more than CVS-ADC(2)-x if the experimental value exceeds both. In the opposite
case, the CVS-UCC2-x energies are closer to the experimental ones.
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Table 3.2.: CVS-UCC2-x in comparison to CVS-ADC(2)-x: Number of states, minimal and
maximal deviation [eV], mean signed and mean absolute error [eV] as well as
the standard deviation [eV] as well as the mean relative deviation [%]. All data
sets are included in the appendix, section B.3.

CVS-UCC2-x
Molecule States Min Max MSE MAE Std. dev. Rel. dev.
ANQ (C 1s) 18 0.05 0.1 0.08 0.08 0.02 0.03
ANQ (O 1s) 8 0.06 0.09 0.07 0.07 0.01 0.01
BT (C 1s) 14 0.01 0.1 0.06 0.06 0.03 0.02
BT (S 1s) 6 0.02 0.08 0.06 0.06 0.03 0.002
PTCDA (C 1s) 8 0.03 0.15 0.1 0.1 0.05 0.03
Thymine (C 1s) 15 0 0.1 0.03 0.03 0.03 0.01
Thymine (N 1s) 7 -0.02 0.08 0.02 0.03 0.03 0.01
Thymine (O 1s) 15 -0.02 0.05 0.01 0.01 0.02 0.002
Porphine (N 1s) 10 -0.01 0.02 0.004 0.005 0.01 0.001
Anthracene (C 1s) 10 0.01 0.13 0.07 0.07 0.05 0.02

CVS-UCC2-x
Molecule States Min Max MSE MAE Std. dev. Rel. dev.
CH3 radical (C 1s) 5 0.01 0.07 0.03 0.03 0.02 0.01
OH radical (O 1s) 5 0 0.09 0.04 0.04 0.03 0.01
Allyl radical (C 1s) 8 0.02 0.16 0.08 0.08 0.05 0.03
O2 diradical (O 1s) 25 -0.02 0.01 -0.004 0.01 0.01 0.002
Anthracene cation ONS (C 1s) 35 0.01 0.08 0.04 0.04 0.02 0.02
Anthracene cation OCS (C 1s) 30 0.01 0.15 0.08 0.08 0.04 0.03

The applicability of CVS-UCC2-x for the computation of X-ray absorption spectra is fur-
thermore presented in figures 3.4 and 3.5. These spectra feature the soft X-ray region be-
tween 281 and 289 eV for the anthracene cation. Figure 3.4 represents a calculation on
an optimized neutral structure, while figure 3.5 is calcluclted using the optimized cationic
structure. In each figure, the corresponding CVS-ADC spectrum is given for comparison at
the top. All data for the CVS-UCC spectra is summarized in tables B.45 and B.46 in the
appendix, section B.3.
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Figure 3.4.: Comparison of CVS-ADC(2)-x (top) and CVS-UCC2-x (bottom): Spectrum of
the anthracene cation (optimized neutral structure) in the soft X-ray region be-
tween 281 and 289 eV. Fitted with a Lorentzian of 0.6 eV at fwhm.
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Figure 3.5.: Comparison of CVS-ADC(2)-x (top) and CVS-UCC2-x (bottom): Spectrum of
the anthracene cation (optimized cationic structure) in the soft X-ray region be-
tween 281 and 289 eV. Fitted with a Lorentzian of 0.6 eV at fwhm.
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CVS-UCC3

For the third-order UCC scheme, calculations have been performed for the small compounds
CO, NH3 and CH3 using (augmented-) Dunning basis sets. A complete basis set limit has
been extrapolated by using a second-order exponential fitting function,

!X = !CBS + Ae−(X−1) + Be−(X−1)
2 , (3.2)

with X being the cardinal number of the respecting basis set, X=2 for D, X=3 for T and so
on. Table 3.3 gives a comparison to the respective CVS-ADC(3) energies.

Table 3.3.: CVS-UCC3 in comparison to CVS-ADC(3): K-edge excitation energies ! [eV]
of the CBS limit for the different basis sets. The difference with respect to the
corresponding CVS-ADC(3) values is given as Δ [eV]. All data sets are included
in the appendix, section B.4.

State cc series aug-cc series d-aug-cc series
! Δ ! Δ ! Δ

CO C 1 288.14 0.45 288.16 0.46 288.15 0.46
2 294.15 0.48 294.13 0.48
3 295.22 0.51 295.19 0.52

CO O 1 537.08 -1.11 537.11 -1.12 537.13 -1.11
2 542.91 -1.26 542.92 -1.25
3 544.27 -1.35 544.22 -1.35

NH3 N 1 403.63 0.09 403.57 0.1 403.58 0.1
2 405.28 0.13 405.15 0.12 405.14 0.08
3 406.06 0.09 405.98 0.08

CH3 C 1 282.0 0.17 282.01 0.17 282.01 0.16

In table 3.4, the comparison of CVS-UCC3 as well as CVS-ADC(3) core-excitation energies
with experimental data is presented. As before, CVS-UCC3 values tend to exceed the corre-
sponding CVS-ADC(3) ones, ranging from only about 0.02% for NH3 to about 0.16% for CO
C 1s. Remarkably, however, is the circumstance that for CO O 1s, core-excitation energies
in the UCC framework lie significantly lower (about 0.23%) as the corresponding ADC ones.
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Table 3.4.: CVS-UCC3 in comparison to CVS-ADC(3): K-edge excitation energies in the
CBS limit for the different basis sets, the difference to experimental data81,100,3
ΔADC, ΔUCC [eV] is presented. All data sets are included in the appendix, sectionB.4.

State cc series aug-cc series d-aug-cc series Expt.
ΔADC ΔUCC ΔADC ΔUCC ΔADC ΔUCC [eV]

CO C 1 0.29 0.74 0.3 0.76 0.29 0.75 287.4
2 1.17 1.65 1.15 1.63 292.5
3 1.31 1.82 1.27 1.79 293.4

CO O 1 4.09 2.98 4.13 3.01 4.14 3.03 534.1
2 5.37 4.11 5.37 4.12 538.8
3 5.82 4.47 5.77 4.42 539.8

NH3 N 1 2.88 2.97 2.81 2.91 2.82 2.92 400.66
2 2.82 2.95 2.7 2.82 2.7 2.81 402.33
3 3.11 3.2 3.04 3.12 402.86

CH3 C 1 0.48 0.65 0.49 0.66 0.5 0.66 281.35

Oscillator strengths

All computed oscillator strengths for the second- and third-order UCC schemes are compiled
in the appendix, sections B.3 and B.4. As can be observed, oscillator strengths for both,
CVS-UCC and CVS-ADC, are remarkably similar in most cases, if not, identical. This is the
case for all applied schemes, CVS-UCC2, CVS-UCC2-x as well as CVS-UCC(3/2). As was
shown in figures 3.4 and 3.5, the capability of reproducing proper oscillator strengths enables
the CVS-UCC methods (example spectra for CVS-UCC2 and CVS-UCC2-x) to generate
spectra that are in very good agreement with CVS-ADC ones.

3.4. Summary

This section summarizes a benchmark study on the application of the Core-valence sepa-
ration approach to Unitary Coupled Cluster for the CVS-UCC2, CVS-UCC2-x and CVS-
UCC3 schemes. Core-excitation energies are located in the high-energy or X-ray region of
optical spectra, meaning that a description of these excitations enables the computation of X-
ray spectra for molecular species. For this purpose, the work on corresponding CVS-ADC
methods executed by Wenzel et al.108,107,106 was used as a reference. CVS-UCC data was
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computed using the same molecular species as for the CVS-ADC approach.
For CVS-UCC2 and CVS-UCC2-x, core excitation energies lie remarkably close to the cor-
responding CVS-ADC ones, ranging from 0.001% to 0.04% for the second-order scheme and
0.001% to 0.03% for the extended second-order scheme, respectively. As may be observed in
both cases, CVS-UCC values tend to exceed the corresponding CVS-ADC ones, albeit only
slightly.
The study on third-order core excitation energies included CO, NH3 and CH3. A complete
basis set limit has been extrapolated using computations on the cc- aug-cc- as well as d-aug-
cc-pVXZ basis set series. As before, the corresponding CVS-UCC and CVS-ADC values
are located closely together. In all cases except for CO O 1s, CVS-UCC3 values exceed
the corresponding CVS-ADC(3) ones, up to about 0.16% for CO C 1s. For CO O 1s, the
opposite is the case, with CVS-UCC3 values lying about 0.23% under the corresponding
CVS-ADC(3) ones. Compared to experimental data, CVS-ADC(3) tends to lie closer in all
cases except for CO O 1s, where CVS-UCC3 excels. Oscillator strengths for all levels of
computation (CVS-UCC2, CVS-UCC2-x and CVS-UCC(3/2)) are in good congruence with
the corresponding CVS-ADC ones with only few exceptions.
This benchmark study on core excited states in the frameworks of ADC and UCC showed
that both, CVS-ADC as well as CVS-UCC, are similarly well suited in the description of
these kind of excitations. Interestingly, the iterative description of the ground state for UCC
(that is similar to CVS-CC methods and in contrast to the non-iterative MP ground state for
ADC) does not seem to change the performance of the calculations, as the improvements
may be regarded as negligible around the ground-state geometry.
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4. Automated generation of

Unitary Coupled Cluster working

equations

In this chapter, an implementation to automate the code generation for Unitary Coupled Clus-
ter working equations shall be presented. Additionally, the full UCC4 equations including
triples amplitudes will be introduced for the ground state as well as the ISR, including both,
excitation energies for electronically excited states (PP-UCC) and properties. The automated
code generation for highly accurate electronic structure methods has been previously applied
very successfully to ADC60 by introducing a full fourth-order scheme for the computation
of electronically-excited states in this framework. This may be seen as an inspiration to do
the same in the UCC framework.

4.1. Preliminary

It has been already mentioned shortly in the historical introduction, the permanently increas-
ing computational power is a true sake for theoretical chemists, does it not only increase the
system size to be studied but also the precision, that is, the level of theory to be applied in
a calculation. The reason for that is very simple: the underlying working equations become
bigger and bigger for more accurate methods and therefore, the number of floating point op-
erations that need to be executed increases. For a long time, however, this did not impose any
restriction on the deduction of these working equations. But what if, at some point, the sheer
amount and size of terms has grown to magnitudes that make it neither desirable nor possible
to deduce these equations in a reasonable time "by hand"? An approach for an automated
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generation of working equations needs to be considered. In fact, the theoretical feasibility of
such an approach is given without a doubt. All electronic structure methods have in common
that they are developed by applying a fixed set of rules iteratively - an algorithm so to say - to
a pre-defined set of algebraic quantities. However, the implementation of such an algorithm
may impose significant conditions on the code, such as reliability and, of course, correctness
in a mathematical sense.
The biggest advantage of a successful (correct) implementation is, however, the guarantee of
proper equations. Casually speaking, a correctly implemented algorithm will never generate
a wrong sign, prefactor, or forget a term. This may easily happen when deducing equations
by hand and is certainly known infamously to most theoretical chemists. Searching for that
one small error is not only tedious but may sometimes even be really frustrating, especially
when energy differences on a scale of 0.1 eV or smaller matter. As an addition, an existing
code base for a method may easily be applied to different schemes derived from this method,
a feature that is not included in a manual derivation.
In the following, an approach to automatically generate Unitary Coupled Cluster working
equations is presented. It includes a general introduction of the implemented code as well as
the results, that is, the equations for a full UCC4 scheme. Included are theUCC4 ground-state
energy and density (UCC amplitude equations for singles, doubles and triples), the UCC4
secular matrix for electronically excited states, the ground-to-excited state transition mo-
ments as well as the state-to-state transition matrix. In addition, an extension to the already
existing UCC3 scheme is presented, UCC3-x, which is in analogy to UCC2-x an ad-hoc ex-
tension. Furthermore, an UCC4+5[s,t] scheme for an improved ground state that includes
fifth-order terms will be presented.

4.2. Implementation

4.2.1. Theory

The fourth-order Unitary CoupledCluster scheme for the polarization propagator (PP-UCC4)
includes all terms up to fourth order in the energy and amplitudes equations, furthermore it
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introduces the full computation of triples amplitudes,

�̂3 =
1
36

∑

ijkabc
�abcijk â

†
aâ
†
bâ
†
c âkâj âi +

1
36

∑

ijkabc
�ijkabc â

†
kâ
†
j â
†
i âaâbâc. (4.1)

This means that, for UCC4, the set of amplitude working equations

⟨Φa
i | H̄ |Φ0⟩ = 0

⟨Φab
ij | H̄ |Φ0⟩ = 0

⟨Φabc
ijk | H̄ |Φ0⟩ = 0

(4.2)

must be converged iteratively and coupled including all terms up to fourth order in perturba-
tion theory. As for the PP-UCC4 secular matrix, the similarity to PP-ADC(4)60 introduces
the ordering relations for the matrix blocks as depicted in figure 4.1. Also shown is the
PP-UCC3-x matrix, which includes a second order treatment to the doubles/doubles block.

Figure 4.1.: Schematic structure and order relations for the PP-UCC3-x matrix (left) as well
as the PP-UCC4 matrix (right).

As a preliminary step to the actual implementation, the full UCC Hamiltonian (eq. 1.136)
may be rearranged. For a fourth-order treatment, terms of the Hamiltonian up to H̄3 are
needed, however, not the full set of terms up to H̄3 contributes in a strict fourth-order for-
malism. Using the linearity of the commutator,

[�, � + ] = [�, �] + [�, ], (4.3)
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the UCC4 Hamiltonian may be rewritten to contain exactly all necessary terms for a fourth
order scheme. For H̄0 and H̄1, no restrictions occur, since the terms do not exceed third
order. With �̂123 = �̂1 + �̂2 + �̂3, it can be rewritten as

H̄0,1 = F̂ + V̂ + [F̂ , �̂123] +
1
2
[V̂ , �̂123] +

1
2
[V̂R, �̂123]. (4.4)

For H̄2, the nested commutator may only contain the second order properties �1 and �3 once
to not exceed the perturbation order. With �̂13 = �̂1 + �̂3, H̄2 can be rewritten as

H̄2 =
1
12
[[V̂N , �̂13], �̂2] +

1
12
[[V̂N , �̂2], �̂2] +

1
12
[[V̂N , �̂2], �̂13]

+ 1
4
[[V̂ , �̂13], �̂2] +

1
4
[[V̂ , �̂2], �̂2] +

1
4
[[V̂ , �̂2], �̂13]

+ 1
4
[[V̂R, �̂13], �̂2] +

1
4
[[V̂R, �̂2], �̂2] +

1
4
[[V̂R, �̂2], �̂13].

(4.5)

The only contribution from the triply nested commutator not exceeding fourth order is with
the first order property�2, thus leaving the terms

H̄3 =
1
24
[[[V̂N , �̂2], �̂2]R, �̂2] +

1
8
[[[V̂R, �̂2]R, �̂2]R, �̂2] +

1
8
[[[V̂ , �̂2]R, �̂2]R, �̂2]

− 1
24
[[[V̂ , �̂2]R, �̂2], �̂2] −

1
24
[[[V̂R, �̂2]R, �̂2], �̂2].

(4.6)

As an addition, for the UCC4+5[s,t] scheme, the singly nested commutator in fifth order H̄ (5)
2

with singles and doubles is included in the ground-state energy and amplitude description,

H̄ (5)
2 = 1

12
[[V̂N , �̂1], �̂1] +

1
12
[[V̂N , �̂1], �̂3] +

1
12
[[V̂N , �̂3], �̂1] +

1
12
[[V̂N , �̂3], �̂3]

+ 1
4
[[V̂ , �̂1], �̂1] +

1
4
[[V̂ , �̂1], �̂3] +

1
4
[[V̂ , �̂3], �̂1] +

1
4
[[V̂ , �̂3], �̂3]

+ 1
4
[[V̂R, �̂1], �̂1] +

1
4
[[V̂R, �̂1], �̂3] +

1
4
[[V̂R, �̂3], �̂1] +

1
4
[[V̂R, �̂3], �̂3].

(4.7)

Including these terms does not increase the scaling (cost) of the amplitude and energy equa-
tions, thus enabling to add additional precision to the ground-state description.
The most "expensive" step in a computational sense is the evaluation of Wick’s theorem,
which scales exponentially with the number of second-quantized operators in a string. Par-
ticularly for the triples amplitudes, it is therefore very desirable to exclude all contributions
that should not be considered in a certain scheme. As an example, the Hamiltonian part H̄3
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4.2. IMPLEMENTATION

with triples amplitudes would represent a seventh order contribution not present in the de-
sired equation.
For the computation of the fourth-order ground-state density ⟨Φ0|D̄|Φ0⟩ aswell as the fourth-
order ground-to excited state moments ⟨ΦI |D̂|Φ0⟩ and the matrix of state-to-state moments
⟨ΦI |D̄|ΦJ ⟩ for the fourth-order UCC scheme, the Baker-Campbell-Hausdorff expansion for
D̄ needs to be expanded to the quadruply-nested commutator, however, only including the
doubles amplitudes,

D̄(4) ← [[[[D̂, �̂2], �̂2], �̂2], �̂2]. (4.8)

Just as for the similarity-transformed Hamiltonian H̄ , the linearity of the commutator may
be applied to reformulate the full expression of D̄ (eq. 1.140) with the objective of only
generating terms of the desired perturbation order in the computation.

4.2.2. Structure of the equation generator

Implementation of the UCC code generator has been done using SymPy68, the example given
on the SymPy GitHub page for the generation of CCSD ground-state equations1 was used as
an orientation. The secondquant library of SymPy gives the ability to efficiently evaluate
expressions in second quantization, in particular for the application of Wick’s theorem to the
nested commutators in the Baker-Campbell-Hausdorff expansion. In figure 4.2, the general
structure of the code is presented.
In the following, a short explanation of the different parts of the code and its structure along
with some examples are given.

The base folder

This folder contains the basic routines and classes that are needed for a computation. These
are the files:

• evaluate.py: This file contains all routines to compute the raw UCC equations by
applying Wick’s theorem.

• hamiltonian.py: In this file, the Hamiltonian to be computed and all classes to ini-
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4.2. IMPLEMENTATION

Figure 4.2.: Schematic structure of the implemented UCC code generator. The dependencies
of the different instances are indicated by arrows.

tialize it are included.

• prop.py: As for the Hamiltonian, this file contains the expressions to calculate den-
sities and transition moments.

To illustrate how the Hamiltonian is initialized, the code example in figure 4.3 shows how
the UCC3 Hamiltonian as well as the full third-order properties objects are set up. The class
hamiltonian_ucc3 contains as members the Boolean only_real, set in the main routine,
to determine whether complex amplitudes are allowed in the calculation. Otherwise, only
real amplitudes are included (as given in eq. 1.119). The domain string is needed to evaluate
expressions according to their non-diagonal and rest part correctly, as explained in the theory
chapter on UCC (see figure 1.11). No terms that exceed the integer order are included in
the result.
For the initialization of the Hamiltonian (or property) object, a list of individual objects to
be evaluated is set up, the comm_list. The constituents of this list represent one of the
following three objects:
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4.2. IMPLEMENTATION

• no_comm: Class fo expressions without a commutator, that is, the pure fragments of
the Hamiltonian F̂ and V̂ .

• comm: Class for the single commutator of two expressions, always V̂ with an amplitude
fragment.

• nested_comm: Class for the nested commutator of V̂ and a specific (nested) list of
amplitude fragments.

All of these classes are initialized with a rational, the prefactor of the respective expression,
as well as the tensor objects to be evaluated: This is one for no commutator and two for the
standard commutator. For the nested commutator, a list of all tensor objects together with a
list of the respective operation to be applied is given to either determine the rest (R) part of
a commutator result or not. Take as an example the line

self.comm_list.append(nested_comm([’vo’, ’s12’, ’s12’], [’rest’], 0.25))

which would correspond to

1
4
[[V̂ , (�1 + �2)]R, (�1 + �2)]. (4.9)

The string ’ord’ will leave the result as it is while the ’rest’ operation will only return
the rest part. Note that only these two operations occur in the nested UCC Hamiltonians
up to H̄4

62,63; furthermore, up to this level, the last nesting does always contain the ’ord’
operation. This means that the array of operations has always two entries less than the array
of tensors.
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class hamiltonian_ucc3 ():
"""
Full UCC3 Hamiltonian
-only_real: Boolean , decide if cluster amplitudes are only real
-domain: Define domain of calculation (i. e. uccsd , uccsdt)
-order: Perturbation order not to be exceeded (optional)
"""
def __init__(self , only_real):
self.only_real = only_real
self.domain = ’uccsd ’
self.order = 3
self.comm_list = []

#UCC Hbar_0 Terms F + V
self.comm_list.append(no_comm(’fv’, 1.))
#UCC Hbar_1 first term [F, Sigma]
self.comm_list.append(comm(’f’, ’s12’, 1.))
#UCC Hbar_1 second term 0.5*[V, Sigma]
self.comm_list.append(comm(’vo’, ’s12’, 0.5))
#UCC Hbar_1 third term 0.5*[V_R , Sigma]
self.comm_list.append(comm(’vr’, ’s12’, 0.5))
#UCC Hbar_2 first term 1./12.*[[V_N , Sigma], Sigma]
self.comm_list.append(nested_comm([’vn’, ’s12’, ’s12’],

[’ord’], 1./12.))
#UCC Hbar_2 second term 1./4.*[[V, Sigma]_R , Sigma]
self.comm_list.append(nested_comm([’vo’, ’s12’, ’s12’],

[’rest’], 0.25))
#UCC Hbar_2 third term 1./4.*[[V_R , Sigma]_R , Sigma]
self.comm_list.append(nested_comm([’vr’, ’s12’, ’s12’],

[’rest’], 0.25))

class prop_ucc3 ():
"""
UCC3 ISR for the calculation of properties
"""
def __init__(self , only_real):
self.only_real = only_real
self.domain = ’uccsd ’
self.order = 3
self.comm_list = []

#ISR zeroth -order D
self.comm_list.append(no_comm(’d’, 1.))
#ISR first -order [D, Sigma]
self.comm_list.append(comm(’d’, ’s12’, 1.))
#ISR second -order 0.5*[[D, Sigma], Sigma]
self.comm_list.append(nested_comm([’d’, ’s12’, ’s12’],

[’ord’], 0.5))
#ISR third -order 1/6*[[[D, Sigma], Sigma], Sigma]
self.comm_list.append(nested_comm([’d’, ’s2’, ’s2’, ’s2’],

[’ord’, ’ord’], 1./6.))

Figure 4.3.: Set-up of the full UCC3 Hamiltonian H̄ , as well as D̄ for the calculation of
properties.
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def sigma3(is_ucc , only_real):
"""
Triples amplitude operator
- is_ucc: UCC t3 amplitude operator if True , normal CC one if

False
- only_real: relevant for UCC , if True only real cluster

amplitudes
"""
i, j, k = symbols(’i,j,k’, below_fermi=True , cls=Dummy)
a, b, c = symbols(’a,b,c’, above_fermi=True , cls=Dummy)
sigma_abcijk = AntiSymmetricTensor(’sigma3 ’, (a, b, c),

(i, j, k))
sigma_ijkabc = AntiSymmetricTensor(’sigma3c ’, (a, b, c),

(i, j, k))
abckji = NO(Fd(a)*Fd(b)*Fd(c)*F(k)*F(j)*F(i))
ijkcba = NO(Fd(i)*Fd(j)*Fd(k)*F(c)*F(b)*F(a))

if is_ucc:
if only_real:

Sigma3 = Rational(1, 36)*sigma_abcijk*abckji
- Rational(1, 36)*sigma_abcijk*ijkcba

else:
Sigma3 = Rational(1, 36)*sigma_abcijk*abckji

- Rational(1, 36)*sigma_ijkabc*ijkcba
else:

Sigma3 = Rational(1, 36)*sigma_abcijk*abckji

return Sigma3

Figure 4.4.: UCC triples amplitudes set-up. Note the differentiation to ordinary CC triples
as well as the option of only real cluster amplitudes.

The second_quantized_objects folder

In this folder, all objects that contain strings of second-quantized operators are included:
• excitation_operators: Includes all normal-ordered strings to be applied to the

ground-state |Φ0⟩ to form excited determinants |ΦI⟩.

• amplitude_operators: Includes all amplitude operators �̂ for singles, doubles and
triples.

• hamiltonian_prop_operators: Includes all operators that occur in the Hamiltonian
and for the properties, F̂ , V̂ and D̂.

The formalism contains the boolean is_ucc which, if set false, simply reproduces the ordi-
nary CC energy and amplitude expressions (see figure 4.4). As already mentioned earlier,
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it is also possible to enable only real amplitudes by setting the boolean only_real to true,
transforming all amplitudes according to 1.119. The fluctuation potential V̂ needs to be in-
troduced not only in its full form, but also as a pure non-diagonal or rest fragment which is
needed for the composition of the UCC Hamiltonian.

The utils folder

Finally, the utils folder is containing all additional routines and functions that may be used
to further manipulate the solution, be it by simplification, symmetrization or other opera-
tions. The set-up for proper dummy (summation) indices is, for example, located in this
folder. Also, the print-out routines, for example to a LATEX format, are found in this folder. It
can be further extended to introduce additional features to the code generator.

4.3. Running the code generator

The implementation of the UCC code generator enables for a set-up of individual expres-
sions (e. g. the Hamiltonian) to be computed. An example for a computation is shown
in figure 4.5. This particular example includes the computation of the UCC3 ground-state
energy (specified with ’0’) as well as the UCC3 amplitude equations (singles and doubles
specified with ’s’ and ’d’).
All tuples that are specified in expr_list are computed successively according to the spec-
ified expression and calculation type. The available calculation types that may be employed
are listed in table 4.1 together with the perturbation order that corresponds to the set of gen-
erated equations for a certain UCC scheme. These calculation types correspond, as listed, to
the different expectation values for Ĥ and D̂ with respect to the ground- and/or excited-state
determinants.
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Table 4.1.: Available input keys for the UCC code generator as well as the corresponding
expressions and perturbation orders of these expressions in different UCC
schemes.
a Fifth-order terms from the singles-triples commutator are included.
b Additional terms in UCC4+5[s,t] only evaluated for the ground state energy
and amplitude.

calculation type evaluated expression method
Ō = H̄ or D̄ UCC3 UCC3-x UCC4 UCC4+5[s,t]

0 ⟨Φ0| Ō |Φ0⟩ 3 3 4 4 (+5)a
s ⟨Φa

i | Ō |Φ0⟩ 3 3 4 4 (+5)a
d ⟨Φab

ij | Ō |Φ0⟩ 3 3 4 4 (+5)a
t ⟨Φabc

ijk | Ō |Φ0⟩ - - 4 4 (+5)a
ss ⟨Φa

i | Ō |Φb
j⟩ 3 3 4

-b

sd ⟨Φa
i | Ō |Φbc

jk⟩ 2 2 3
st ⟨Φa

i | Ō |Φbcd
jkl ⟩ - - 2

ds ⟨Φab
ij | Ō |Φc

k⟩ 2 2 3
dd ⟨Φab

ij | Ō |Φcd
kl ⟩ 1 2 2

dt ⟨Φab
ij | Ō |Φcde

klm⟩ - - 1
ts ⟨Φabc

ijk | Ō |Φd
l ⟩ - - 2

td ⟨Φabc
ijk | Ō |Φde

lm⟩ - - 1
tt ⟨Φabc

ijk | Ō |Φdef
lmn ⟩ - - 0
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from base.hamiltonian import *
from base.evaluate import *
from utils.proper_dummies import *
from utils.permutations_finder import *
from utils.term_list import *

#define here the expression to be evaluated and the
#calculation type as a tuple
expr_list = [(hamiltonian_ucc3(False), ’0’),

(hamiltonian_ucc3(False), ’s’),
(hamiltonian_ucc3(False), ’d’)]

def main():
for expr in expr_list:

#Main calculation
#eq: Sympy equation (result of Wick’s theorem)
#lit , rti: left and rght targets
#dummies: dictionnary of dummies for the calculation
eq , lti , rti , dummies = evaluate_expr(expr[0], expr[1])

#Defining target indices to be checked for permutation
perms_o = lti[0]
perms_v = lti[1]

#Searching permutations
perms = find_perms(eq , perms_o , perms_v , dummies)

#Saving the result
term_list = build_term_list(eq, perms)
write_latex(expr[0], expr[1], term_list)

if __name__ == "__main__":
main()

Figure 4.5.: Set-up for the generation of equations in the main.py file. In this example,
the equations for the UCC3 ground-state energy as well as singles and doubles
amplitudes are computed.
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4.4. Generated UCC schemes

A short overview of all generated equations is given in the following. All generated equations
can be found in the appendix, section C.

UCC3-x scheme for the calculation of electronically-excited states

As a straightforward extension to the already existing UCC schemes, the PP-UCC3-x scheme
with a second-order doubles/doubles block for the secular matrix is presented. In section C.1,
included are:

• TheUCC3 ground-state schemewith the third-order energy expression aswell as third-
order equations for singles and doubles amplitudes, section C.1.1.

• The PP-UCC3-x secular matrix (figure 4.1 on the left), section C.1.2.

• The third-order UCC ground-state density as well as third-order ground- to excited
state moments for singles and doubles, section C.1.3.

• State-to-state moments for PP-UCC3-x states, following the order relations in figure
4.1, section C.1.4.

UCC4 scheme for electronically-excited states with an improved ucc4+5[s,t]

ground state

Furthermore, the PP-UCC4 scheme including full triples is presented. The ground-state de-
scription is improved by the application of the doubly-nested commutators including �̂1 and
�̂3 in H̄2, which is referred to as UCC4+5[s,t]. The resulting fifth-order terms do not increase
the scaling of a full UCC4 scheme, thus making it computationally feasible, and include ex-
plicit singlet/triplet contractions which are not present in an ordinary UCC4 scheme. The
full sets of working equations presented in section C.2 are:

• The UCC4+5[s,t] ground state scheme with the corresponding energy expression and
singles, doubles and triples amplitudes, section C.2.1.

• The PP-UCC4 secular matrix (figure 4.1 on the right), section C.2.2.
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• The fourth-order UCC ground-state density as well as fourth-order ground-to excited
state moments for singles, doubles and triples, section C.2.3

• State-to-state moments for PP-UCC4 states, following the order relations in figure 4.1,
section C.2.4.

4.4.1. Complexity and scaling

In a short final section, the increasing complexity of UCC working equations is discussed
as a showcase example for a general circumstance in quantum chemistry. To give a sense of
this, figure 4.6 shows the number of terms that are included in the iterative formulae for the
ground-state energy and amplitudes in different UCC schemes.

UCC2 UCC3 UCC4 +5[s,t]
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Figure 4.6.: Number of terms present in the UCC energy and amplitude equations for differ-
ent schemes. An exponential fitting has been applied to the strict UCCn schemes.
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As may be directly understood, the complexity and thus computational cost of the methods
scale exponentially with the applied order of perturbation theory, including a remarkable
step from UCC3 to UCC4 for doubles amplitudes (from 53 to 212 terms). For UCC4 and
UCC4+5[s,t] the triples equations consist of even 657 and 741 terms, respectively.
The computational cost for the raw, that is, unoptimized PP-UCC4matrix equations amounts
to (N10), however, before any optimization. This is the same as for PP-ADC(4)60, which
possesses an identical raw scaling without the introduction of intermediates for computa-
tional purposes. In an optimized scheme, the scaling may be reduced by two orders of mag-
nitude to (N8) for PP-ADC(4). Therefore, it is to be expected that an optimized PP-UCC4
scheme will sustain the same scaling behaviour. For the amplitudes, on the other hand, the
most expensive terms occurring in the iterative formula for the fourth-order triples show a
raw scaling which is as high as (N11), an example for such a term is

⟨Φabc
ijk |H̄|Φ0⟩

(4)
←

1
6
−

(abc)

∑

lm,def
⟨ae||id⟩ �bfjk �

cd
lm�

ef∗
lm . (4.10)

An appropriate splitting of these kind of expressions may lead to a reduction of at least two
orders of magnitudes (to (N9)) for the scaling of these terms, however, a suited scheme
for the computation of the here presented equations in an optimized matrix-vector product
formulation is yet to be established. Note that this only includes the computation of the
cluster amplitudes which, already in the case for small molecules as presented in the bench-
marks above, only remain to be a fraction in the full computational cost. In the improved
ground-state scheme UCC4+5[s,t] this scaling is not exceeded, thus offering the opportunity
to include these additional explicit singlet-triplet commutator terms (which are of fifth order)
in the computation.
The applicability of a full fourth-order scheme including explicit triples amplitudes in the
UCC framework imposes a computationally costly task, however, the application may de-
liver highly-accurate and reliable values. Furthermore, an expansion of the above presented
schemes to the computation of ionized or electronically attached states or other models in the
UCC framework49,19 is a simple and straightforward task that may be realized expeditiously.
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5. Summary

The development and application of highly-accurate electronic structure methods has be-
come a fundamental task of modern theoretical and computational chemistry. Availability
of increasing computational power has enabled theoreticians to push the limits to ever higher
precisions, being able to establish a solid model framework to complement the work of ex-
perimentalists in all disciplines of chemistry and molecular sciences.
In this work, the implementation and benchmarking of modern state-of-the-art methods for
the computation of excited states in the frameworks of the Algebraic Diagrammatic Con-
struction scheme as well as Unitary Coupled Cluster were presented. To this end, the work
was divided into three parts: In the first part, The Algebraic Diagrammatic Construction

scheme for the two-hole and two-particle propagators (chapter 2), an implementation
of DIP-ADC as well as DEA-ADC for the calculation of doubly-ionized as well as double
electronically-attached states has been introduced along with benchmark data. The second
part, Core-valence separation for Unitary Coupled Cluster (chapter 3), includes an in-
vestigation of core excited states in the UCC framework. Finally, the third part, Automated

generation of Unitary Coupled Cluster working equations (chapter 4), introduces the
implementation of a code generator for the computation of UCC working equations.

Chapter 2 presents an implementation along with a benchmark study for the calculation
of doubly-ionized as well as double electronically-attached states in the framework of the
Algebraic Diagrammatic Construction scheme up to third order. This implementation was
realized in the adcman and libadc folders of the Q-Chem program package, exploiting the
high-performance tensor library libtensor for calculations. Benchmark calculations for
double ionizations were executed using two benchmark sets, a small one previously applied
by Velkov et al. (containing H2O, LiH and HF) for the computation of doubly-ionized states
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on a FCI level as well as a set introduced by Jacquemin et al. consisting of 18 small to
medium-sized compounds for both, DIP and DEA.
A direct comparison to FCI values shows that both, DIP-ADC(3) as well as EOMDIP-CCSD,
are able to generate precise results, however, the latter being superior with deviations of only
-0.09 eV for eight singlet states (in comparison to 0.34 eV for DIP-ADC(3)) and -0.15 eV for
five triplet states (in comparison to 0.54 eV for DIP-ADC(3)). For the extended study of 18
species in the second benchmark set, 72 states for DIP-ADC(2)-x and DIP-ADC(3) as well
as 68 states for DIP-ADC(2) triplets were compared to the corresponding EOMDIP-CCSD
values. The main finding is that a proper description of doubly-ionized states explicitly de-
mands for an adequate parametrization of the doubles/doubles (p3h/p3h) block of the secu-
lar matrix, possibly relating to relaxation processes that occur upon double ionization to the
equilibrated ground state. Due to this circumstance, DIP-ADC(2)-x with its first-order dou-
bles/doubles block is as first method within the hierarchy of DIP-ADC methods able to yield
double-ionization energies which are at least roughly comparable to EOMDIP-CCSD values
with deviations of -1.31 ± 0.29 eV (-3.6%) for the singlet states and -1.47 ± 0.36 eV (-3.9%)
for the triplet states; however, still inheriting a huge underestimation. For DIP-ADC(3), on
the other hand, an excellent agreement to EOMDIP-CCSD was observed, with deviations of
only -0.23 ± 0.35 eV (-0.7%) for singlet states and -0.33 ± 0.45 eV (-0.9%) for triplet states,
respectively. As explained above, the pure second-order scheme fails in a proper description
of doubly-ionized states due to an only zeroth-order diagonal present in the doubles/doubles
block of the secular matrix, showing deviations as high as -4.02 ± 1.31 eV (-10.8%) for sin-
glet states and -3.70 ± 1.19 eV (-9.8%) for triplet states when compared to EOMDIP-CCSD
data. The particular high amounts of doubles (p3h) amplitudes in DIP-ADC(2) states here
imply an insufficient physical description of the doubles (p3h) space. Not suited at all is
the pure first-order scheme DIP-ADC(1), which does not include a description of the dou-
bles (p3h) space. Furthermore, an increase of double-ionization energies for higher-order
DIP-ADC methods, together with a decrease in the amount of doubles amplitudes (p3h am-
plitudes) in the doubly-ionized wavefunction is observed, supporting the findings mentioned
above.
For the benchmark of doubly-attached states, eight out of 18 molecules of Jacquemins set
(ammonia, dinitrogen, ethylene, formaldehyde, hydrogen chloride, hydrogen sulfide, metha-
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nimine and water) were used. The calculations include 27 (singlet) and 26 (triplet) states for
DEA-ADC(2), DEA-ADC(2)-x andDEA-ADC(3), respectively as well as 32 states for DEA-
ADC(1). As the key finding, all second- and third-order methods lie very closely together in
the description of double attachment energies, again, the third-order method DEA-ADC(3)
excels here with a deviation of only 0.10± 0.09 eV (-1.9%) for singlet states and -0.12± 0.10
eV (-2.0%) for triplet states. As for the other methods compared to EOMDEA-CCSD, DEA-
ADC(2) shows a deviation of -0.17 ± 0.11 eV (-3.1%) for the singlet states and -0.17 ± 0.10
eV (-2.8%) for the triplet states, this is found to be -0.19 ± 0.11 eV (-3.4%) for the singlet
states and -0.18 ± 0.10 eV (-3.1%) for the triplet states in the case of DEA-ADC(2)-x. This
means that, unlike to DIP-ADC, the pure second-order scheme for DEA-ADC constitutes a
better method than the extended second-order scheme which at this part introduces a slightly
worse description with its first-order doubles/doubles block. As a difference to DIP-ADC,
a benchmark of the first-order method DEA-ADC(1) was also included, stemming from the
fact that double attachment processes may be characterized as almost purely of singles (2p)
character with very little amounts of doubles amplitudes in the excited state wavefunction.
Deviations of DIP-ADC(1) were found to be 0.29 ± 0.18 eV (5.2%) for singlet states and
0.28 ± 0.18 eV (4.7%) for triplet states. Therefore, in contrast to the second- and third-order
methods, DEA-ADC(1) is always exceeding double attachment energies.
Recognizing the findings above, it is particularly interesting to see that DEA-ADC(1) con-
stitutes a better method to describe the process of double attachment than DIP-ADC(2) does
in the case of double ionization. For both processes, the third-order ADC scheme delivers
the best results compared to EOM-CCSD, however, results are closer in the case of DIP (de-
viating by only -0.7% for singlet states and -0.9% for triplet states) as in the case of DEA
(deviating by -1.9% for singlet states and -2.0% for triplet states). The third-order methods
DIP-ADC(3) and DEA-ADC(3) thus constitute valid alternatives as well as supplements to
the corresponding EOM-CCSD schemes.

Chapter 3 (previously published98) presents the application of the Core-valence separation
(CVS) approach to Unitary Coupled Cluster. The CVS formalism enables the computation of
core-excitation energies which exceed with 102 - 103 eV the usual studied HOMO-LUMO
excitations of ∼101 eV by far. These excitations are located in the high-energy or X-ray

123



region of optic spectra, thus giving access to the computation of X-ray spectra for molec-
ular species. Benchmark studies were executed on the same set of closed-and open-shell
species that was previously used by Wenzel et al. to study the CVS approach for the Alge-
braic Diagrammatic Construction scheme. As for CVS-ADC, calculations were performed
for CVS-UCC2, CVS-UCC2-x as well as CVS-UCC3 using Q-Chem 5.2.
It was shown that CVS-UCC and CVS-ADC core-excitation energies are located remark-
ably close to one another, with the deviations for the different systems investigated ranging
from 0.001% to 0.04% for CVS-UCC2 (relative to CVS-ADC(2)) and 0.001% to 0.03% for
CVS-UCC2-x (relative to CVS-ADC(2)-x). For the third-order scheme, the investigation of
core-excitation energies on the three small molecular species CO, NH3 and CH3 including
a complete basis set extrapolation on the cc- aug-cc- and d-aug-cc-pVXZ basis set series
showed that also for this scheme, CVS-UCC and CVS-ADC are in a very good accordance.
CVS-UCC3 values exceeded the corresponding CVS-ADC(3) values (up to about 0.16% for
CO C 1s) except for CO O 1s, where they are located about 0.23% under the CVS-ADC
values. Also for the calculations on CO O 1s, CVS-UCC3 values lie closer to experimental
data, in all other cases CVS-ADC(3) values are found to be closer. With only few exceptions,
computed oscillator strengths on the different levels (CVS-UCC2, CVS-UCC2-x and CVS-
UCC(3/2)) are in good agreement, if not identical, to the corresponding CVS-ADC ones. An
extended example, featuring the spectrum of cationic anthracene in the region between 281
and 289 eV, shows the capability of CVS-UCC2-x to produce X-ray spectra in comparison
to CVS-ADC(2)-x.
As a summary, CVS-UCC as well as CVS-ADC methods up to third order are similarly well
suited for the computation of core-excitation energies. However, the iterative ground-state
description for UCC, in contrast to the non-iterative MP ground state for ADC, seems to not
change the performance of the calculations, as it may be regarded as negligible around the
ground-state geometries.

Chapter 4 introduces the implementation of an automated code generator for Unitary Cou-
pled Cluster working equations. A detailed description of the code and implemented features
is provided, along with code snippets that serve as comprehensive examples. The applica-
bility of the code generator has been shown by the generation of the full sets of UCC3-x
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as well as UCC4 working equations for the calculation of electronically-excited states (PP-
UCC). The sets of generated equations further include the description of properties such as
ground-state densities, ground-to excited state as well as state-to-state densities. UCC3-x in
this context represents an ad-hoc extension of UCC3, expanding the doubles/doubles block
of the UCC secular matrix in second order. The UCC4 scheme includes full triples, further-
more, an improved ground-state scheme, named UCC4+5[s,t] is introduced. This scheme
includes fifth-order terms that explicitly contract singles and triples amplitudes without in-
creasing the principal scaling (cost) of the scheme. As for PP-UCC4, the raw equations
show a scaling of (N10) just as for PP-ADC(4), implying that an optimized implementa-
tion would also be able to reach the (N8) of PP-ADC(4). For the amplitudes, on the other
hand, the scaling reaches a (N11), which may be reduced to at least (N9). However, a
suitable implementation for the computation of PP-UCC(4) needs yet to be realized.
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5.1. OUTLOOK

5.1. Outlook

As the concluding part of this work, a short outlook on possible applications to be further
made for the here introduced developments shall be made.
For doubly-ionized as well as double electronically-attached states in the DIP-ADC and
DEA-ADC frameworks, an extended benchmark of bigger molecules could be a desirable
task. Furthermore, the calculation of excited-state properties for DIP-ADC and DEA-ADC
as for PP-ADC65 or IP/EA-ADC20,21,18 could be included. To enable this, the existing code
structure in adcman as well as libadc can be straightforwardly used. In similarity to PP-
ADC60, the application of a fourth-order DIP/DEA-ADC scheme could be considered. The
same holds true for the CVS-UCC scheme: A higher-order application, namely CVS-UCC4,
could be established, along with the calculation of properties on a high level of theory.
This would be, as the UCC4 scheme for the calculation of excited states, an extension to
the hierarchy of UCC methods by fourth order. However, as this work "only" presents the
fourth-order UCC ground-state and secular matrix equations, an efficient implementation of
the working equations in the form of matrix-vector products would be the next step towards
this. Also, the application of the UCC code generator to different excitation schemes, such
as the (double-) ionization19,49 as well as the (double-) attachment to formulate fourth-order
UCC schemes for these processes may be an interesting endeavour.
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A. Algebraic-Diagrammatic

construction scheme for

doubly-ionized/double

electronically attached states

A.1. Intermediates for computation

Generated automatically using a code generator for ADC introduced by J. Leitner et al.60.

M (3)
ij,kl = P +

ij P
+
kl

[1
2
P −
ij P

−
kl

(

∑

ab
⟨ia||kb⟩ t(2sq)jalb +

1
2
∑

mn
⟨in||lm⟩

∑

ab
tabjm

∑

ab
tabkn
)

+ P −
kl

(

∑

a
⟨ij||ka⟩ �la +

1
2
∑

m
⟨ij||km⟩ �lm +

1
2
∑

ab
tabijZ

(4)
klab

)

− 1
4
∑

ab
⟨ij||ab⟩ t(d2)klab

+P −
ij P

−
kl

[

�ik ⋅
(1
2
∑

m,ab
tabjmZ

(4)
lmba −

∑

m,a
⟨jm||la⟩ �ma −

1
8
∑

m,ab
tabjmZ

(3)
lmab

+ 1
4
∑

m,ab
⟨jm||ab⟩ t(d2)lmab −

1
2
∑

ab
⟨ja||lb⟩ �ab −

1
2
∑

mn
⟨jn||lm⟩ �mn

)]]

(A.1)

127



A.1. INTERMEDIATES FOR COMPUTATION
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with � being the MP ground-state densities,
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∑
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jk (A.3)
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with f being the Delta-Fock matrix and
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the n6 intermediates17.
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A.2. GEOMETRIES FOR THE FULL CI SET

A.2. Geometries for the Full CI set

The first number in brackets gives the absolute charge, the second the multiplicity of the
species.

Water (0 1)
O 0.00000 0.00000 0.00000
H 0.95700 0.00000 0.00000
H -0.23961 0.92652 0.00000

Lithium hydride (0 1)
Li 0.0000000 0.0000000 0.0000000
H 1.5950000 0.0000000 0.0000000

Hydrogen fluoride (0 1)
F 0.0000000 0.0000000 0.0000000
H 0.9170000 0.0000000 0.0000000
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A.3. GEOMETRIES FOR JACQUEMINS BENCHMARK SET

A.3. Geometries for Jacquemins benchmark set

The first number in brackets gives the absolute charge, the second the multiplicity of the
species.

Acetaldehyde (0 1)
C -0.00234503 0.00000000 0.87125063
C -1.75847785 0.00000000 -1.34973671
O 2.27947397 0.00000000 0.71968028
H -0.92904537 0.00000000 2.73929404
H -2.97955463 1.66046488 -1.25209463
H -2.97955463 -1.66046488 -1.25209463
H -0.70043433 0.00000000 -3.11066412

Acetylene (0 1)
C 0.00000000 0.00000000 1.14048351
C 0.00000000 0.00000000 -1.14048351
H 0.00000000 0.00000000 3.14009043
H 0.00000000 0.00000000 -3.14009043

Ammonia (0 1)
N 0.12804615 -0.00000000 0.00000000
H -0.59303935 0.88580079 -1.53425197
H -0.59303935 -1.77160157 -0.00000000
H -0.59303935 0.88580079 1.53425197

Carbonmonoxide (0 1)
C 0.00000000 0.00000000 -1.24942055
O 0.00000000 0.00000000 0.89266692

Cyclopropene (0 1)
C 0.00000000 0.00000000 -1.66820880
C 0.00000000 1.22523906 0.90681419
C 0.00000000 -1.22523906 0.90681419
H 1.72255446 0.00000000 -2.77881149
H -1.72255446 0.00000000 -2.77881149
H 0.00000000 2.97844519 1.92076771
H 0.00000000 -2.97844519 1.92076771

Diazomethane (0 1)
C 0.00000000 0.00000000 -2.30830005
N 0.00000000 0.00000000 0.14457890
N 0.00000000 0.00000000 2.29923216
H 0.00000000 1.79875201 -3.24272317
H 0.00000000 -1.79875201 -3.24272317

130



A.3. GEOMETRIES FOR JACQUEMINS BENCHMARK SET

Dinitrogene (0 1)
N 0.00000000 0.00000000 1.04008632
N 0.00000000 0.00000000 -1.04008632

Ethylene (0 1)
C 0.00000000 1.26026583 0.00000000
C 0.00000000 -1.26026583 0.00000000
H 0.00000000 2.32345976 1.74287672
H 0.00000000 -2.32345976 1.74287672
H 0.00000000 2.32345976 -1.74287672
H 0.00000000 -2.32345976 -1.74287672

Formaldehyde (0 1)
C 0.00000000 0.00000000 -1.13947666
O 0.00000000 0.00000000 1.14402883
H 0.00000000 1.76627623 -2.23398653
H 0.00000000 -1.76627623 -2.23398653

Formamide (0 1)
C 0.00183118 0.00000000 0.79313299
O 2.26817156 0.00000000 0.43918824
N -1.76886033 0.00000000 -1.06219243
H -0.84133459 0.00000000 2.68872485
H -1.21254414 0.00000000 -2.87596907
H -3.61627502 0.00000000 -0.65031317

Hydrogen chloride (0 1)
Cl 0.00000000 0.00000000 -0.02489783
H 0.00000000 0.00000000 2.38483140

Hydrogen sulfide (0 1)
S 0.00000000 0.00000000 -0.50365086
H 0.00000000 1.81828105 1.25212288
H 0.00000000 -1.81828105 1.25212288

Ketene (0 1)
C 0.00000000 0.00000000 -2.44810151
C 0.00000000 0.00000000 0.03498545
O 0.00000000 0.00000000 2.23663914
H 0.00000000 1.77432079 -3.43705988
H 0.00000000 -1.77432079 -3.43705988

Methanimine (0 1)
C 0.10696646 0.00000000 1.11091130
N 0.10764012 0.00000000 -1.29677742
H -1.59140953 0.00000000 2.27296652
H 1.90475160 0.00000000 2.09393982
H -1.69956184 0.00000000 -1.96217482

Nitrosomethane (0 1)
C -1.78426612 0.00000000 -1.07224050
N -0.00541753 0.00000000 1.08060391
O 2.18814985 0.00000000 0.43452135
H -0.77343975 0.00000000 -2.86415606
H -2.97471478 1.66801808 -0.86424584
H -2.97471478 -1.66801808 -0.86424584

Streptocyanine (1 1)
C 0.00000000 0.00000000 0.80488833
N 0.00000000 2.19423463 -0.33580561
N 0.00000000 -2.19423463 -0.33580561
H 0.00000000 0.00000000 2.84436959
H 0.00000000 2.36978315 -2.23371976
H 0.00000000 -2.36978315 -2.23371976
H 0.00000000 3.79412648 0.69399206
H 0.00000000 -3.79412648 0.69399206

Thioformaldehyde (0 1)
C 0.00000000 0.00000000 -2.08677304
S 0.00000000 0.00000000 0.97251194
H 0.00000000 1.73657773 -3.17013507
H 0.00000000 -1.73657773 -3.17013507

Water (0 1)
O 0.00000000 0.00000000 -0.13209669
H 0.00000000 1.43152878 0.97970006
H 0.00000000 -1.43152878 0.97970006
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A.4. BENCHMARK OF DOUBLY-IONIZED SINGLET STATES

A.4. Benchmark of doubly-ionized singlet states

This section collects all data that was computed for the benchmark study of doubly-ionized
singlet states. Besides the full data set, an individual statistical analysis for each molecular
species in comparison to EOMDIP-CCSD as well as DIP-ADC(3) is provided.
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Table A.13.: Doubly-ionized singlet state statistics for the four lowest-lying states: DIP-
ADC(3) compared to EOMDIP-CCSD.

DIP-ADC(3) vs. EOMDIP-CCSD Singlets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]

Acetaldehyde 0.036 -0.391 -0.125 -0.4 0.143 0.4
Acetylene -0.393 -0.574 -0.479 -1.3 0.479 1.3
Ammonia 0.279 0.193 0.218 0.5 0.218 0.5

Carbonmonoxide -0.189 -0.610 -0.391 -0.9 0.391 0.9
Cyclopropene -0.167 -0.284 -0.245 -0.8 0.245 0.8
Diazomethane -0.581 -0.907 -0.748 -2.3 0.748 2.3
Dinitrogene -0.577 -0.991 -0.798 -1.7 0.798 1.7
Ethylene -0.203 -0.348 -0.289 -0.9 0.289 0.9

Formaldehyde 0.123 -0.213 -0.020 -0.1 0.087 0.2
Formamide 0.031 -0.082 -0.034 -0.1 0.049 0.2

Hydrogen chloride -0.093 -0.167 -0.134 -0.3 0.134 0.3
Hydrogen sulfide -0.170 -0.232 -0.205 -0.6 0.205 0.6

Ketene -0.216 -0.521 -0.406 -1.2 0.406 1.2
Methanimine -0.172 -0.276 -0.210 -0.6 0.210 0.6

Nitrosomethane -0.215 -0.845 -0.466 -1.4 0.466 1.4
Streptocyanine-c1 -0.110 -0.343 -0.199 -0.4 0.199 0.4
Thioformaldehyde -0.272 -0.475 -0.378 -1.2 0.378 1.2

Water 0.748 0.628 0.697 1.6 0.697 1.6
Total 0.75 -0.99 -0.23 ± 0.35 -0.7 ± 0.9 0.34 ± 0.24 0.9 ± 0.6

Table A.14.: Doubly-ionized singlet state statistics for the four lowest-lying states: DIP-
ADC(2)-x compared to EOMDIP-CCSD.

DIP-ADC(2)-x vs. EOMDIP-CCSD Singlets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]

Acetaldehyde -1.374 -1.609 -1.508 -4.6 1.508 4.6
Acetylene -0.853 -1.378 -1.086 -2.9 1.086 2.9
Ammonia -1.346 -1.415 -1.380 -3.3 1.380 3.3

Carbonmonoxide -0.939 -1.627 -1.265 -2.8 1.265 2.8
Cyclopropene -1.119 -1.341 -1.266 -4.2 1.266 4.2
Diazomethane -0.841 -1.467 -1.149 -3.5 1.149 3.5
Dinitrogene -0.700 -1.065 -0.905 -2.0 0.905 2.0
Ethylene -1.061 -1.324 -1.175 -3.5 1.175 3.5

Formaldehyde -1.414 -2.216 -1.682 -4.4 1.682 4.4
Formamide -1.411 -1.782 -1.556 -4.8 1.556 4.8

Hydrogen chloride -0.932 -1.067 -0.999 -2.5 0.999 2.5
Hydrogen sulfide -0.974 -1.053 -1.019 -2.9 1.019 2.9

Ketene -1.012 -1.351 -1.175 -3.5 1.175 3.5
Methanimine -1.358 -1.599 -1.434 -4.1 1.434 4.1

Nitrosomethane -1.428 -1.962 -1.676 -5.1 1.676 5.1
Streptocyanine-c1 -1.249 -1.674 -1.379 -2.9 1.379 2.9
Thioformaldehyde -1.065 -1.349 -1.195 -3.8 1.195 3.8

Water -1.640 -1.820 -1.729 -3.9 1.729 3.9
Total -0.7 -2.22 -1.31 ± 0.29 -3.6 ± 0.9 1.31 ± 0.29 3.6 ± 0.9
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Table A.15.: Doubly-ionized singlet state statistics for the four lowest-lying states: DIP-
ADC(2) compared to EOMDIP-CCSD.

DIP-ADC(2) vs. EOMDIP-CCSD Singlets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]

Acetaldehyde -2.890 -4.600 -3.608 -11.0 3.608 11.0
Acetylene -3.678 -3.895 -3.799 -10.3 3.799 10.3
Ammonia -5.286 -6.011 -5.539 -13.1 5.539 13.1

Carbonmonoxide -3.026 -6.212 -4.092 -9.0 4.092 9.0
Cyclopropene -2.979 -3.865 -3.466 -11.4 3.466 11.4
Diazomethane -2.516 -3.562 -2.982 -9.1 2.982 9.1
Dinitrogene -3.634 -4.123 -3.967 -8.6 3.967 8.6
Ethylene -2.593 -3.794 -3.156 -9.4 3.156 9.4

Formaldehyde -5.158 -6.576 -5.810 -15.2 5.810 15.2
Formamide -3.471 -5.910 -4.106 -12.7 4.106 12.7

Hydrogen chloride -3.535 -3.927 -3.714 -9.1 3.714 9.1
Hydrogen sulfide -2.760 -3.287 -2.996 -8.5 2.996 8.5

Ketene -2.761 -3.302 -2.921 -8.7 2.921 8.7
Methanimine -4.327 -4.968 -4.555 -13.0 4.555 13.0

Nitrosomethane -2.822 -4.465 -3.612 -11.0 3.612 11.0
Streptocyanine-c1 -2.618 -4.580 -3.203 -6.7 3.203 6.7
Thioformaldehyde -2.868 -3.587 -3.274 -10.5 3.274 10.5

Water -7.251 -7.839 -7.647 -17.1 7.647 17.1
Total -2.52 -7.84 -4.02 ± 1.31 -10.8 ± 2.9 4.02 ± 1.31 10.8 ± 2.9
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Table A.16.: Doubly-ionized singlet state statistics for the four lowest-lying states: DIP-
ADC(2)-x compared to DIP-ADC(3).

DIP-ADC(2)-x vs. DIP-ADC(3) Singlets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]

Acetaldehyde -1.175 -1.521 -1.384 -4.3 1.384 4.3
Acetylene -0.460 -0.804 -0.607 -1.6 0.607 1.6
Ammonia -1.565 -1.625 -1.598 -3.8 1.598 3.8

Carbonmonoxide -0.329 -1.438 -0.874 -1.9 0.874 1.9
Cyclopropene -0.837 -1.174 -1.021 -3.4 1.021 3.4
Diazomethane -0.260 -0.560 -0.401 -1.2 0.401 1.2
Dinitrogene 0.141 -0.344 -0.107 -0.2 0.207 0.4
Ethylene -0.733 -1.047 -0.886 -2.7 0.886 2.7

Formaldehyde -1.236 -2.216 -1.662 -4.3 1.662 4.3
Formamide -1.330 -1.776 -1.522 -4.7 1.522 4.7

Hydrogen chloride -0.766 -0.952 -0.865 -2.1 0.865 2.1
Hydrogen sulfide -0.784 -0.847 -0.814 -2.3 0.814 2.3

Ketene -0.598 -1.135 -0.769 -2.3 0.769 2.3
Methanimine -1.135 -1.422 -1.225 -3.5 1.225 3.5

Nitrosomethane -1.118 -1.292 -1.210 -3.7 1.210 3.7
Streptocyanine-c1 -0.974 -1.563 -1.180 -2.5 1.180 2.5
Thioformaldehyde -0.640 -1.077 -0.817 -2.7 0.817 2.7

Water -2.268 -2.567 -2.426 -5.4 2.426 5.4
Total 0.14 -2.57 -1.08 ± 0.55 -2.9 ± 1.4 1.08 ± 0.54 2.9 ± 1.3

Table A.17.: Doubly-ionized singlet state statistics for the four lowest-lying states: DIP-
ADC(2) compared to DIP-ADC(3).

DIP-ADC(2) vs. DIP-ADC(3) Singlets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]

Acetaldehyde -2.863 -4.484 -3.483 -10.7 3.483 10.7
Acetylene -3.104 -3.502 -3.320 -9.1 3.320 9.1
Ammonia -5.479 -6.290 -5.757 -13.5 5.757 13.5

Carbonmonoxide -2.475 -6.023 -3.701 -8.2 3.701 8.2
Cyclopropene -2.696 -3.699 -3.221 -10.6 3.221 10.6
Diazomethane -1.935 -2.654 -2.235 -7.0 2.235 7.0
Dinitrogene -2.643 -3.546 -3.170 -6.9 3.170 6.9
Ethylene -2.265 -3.517 -2.867 -8.6 2.867 8.6

Formaldehyde -4.945 -6.576 -5.791 -15.1 5.791 15.1
Formamide -3.390 -5.904 -4.072 -12.6 4.072 12.6

Hydrogen chloride -3.373 -3.761 -3.580 -8.8 3.580 8.8
Hydrogen sulfide -2.590 -3.075 -2.791 -8.0 2.791 8.0

Ketene -2.293 -3.086 -2.516 -7.6 2.516 7.6
Methanimine -4.051 -4.790 -4.346 -12.5 4.346 12.5

Nitrosomethane -2.541 -3.941 -3.146 -9.7 3.146 9.7
Streptocyanine-c1 -2.275 -4.470 -3.004 -6.3 3.004 6.3
Thioformaldehyde -2.393 -3.315 -2.896 -9.4 2.896 9.4

Water -7.879 -8.586 -8.344 -18.4 8.344 18.4
Total -1.93 -8.59 -3.79 ± 1.57 -10.2 ± 3.5 3.79 ± 1.57 10.2 ± 3.5
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A.5. BENCHMARK OF DOUBLY-IONIZED TRIPLET STATES

A.5. Benchmark of doubly-ionized triplet states

This section collects all data that was computed for the benchmark study of doubly-ionized
singlet states. Besides the full data set, an individual statistical analysis for each molecular
species in comparison to EOMDIP-CCSD as well as DIP-ADC(3) is provided.
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Table A.21.: Doubly-ionized triplet state statistics for the four lowest-lying states: DIP-
ADC(3) compared to EOMDIP-CCSD.

DIP-ADC(3) vs. EOMDIP-CCSD Triplets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]

Acetaldehyde 0.010 -0.367 -0.129 -0.4 0.134 0.4
Acetylene -0.516 -0.727 -0.582 -1.5 0.582 1.5
Ammonia 0.198 0.001 0.132 0.3 0.132 0.3

Carbonmonoxide 0.477 -0.610 -0.149 -0.4 0.387 0.9
Cyclopropene -0.256 -0.363 -0.302 -1.0 0.302 1.0
Diazomethane -0.645 -1.182 -0.846 -2.5 0.846 2.5
Dinitrogene -0.766 -1.165 -0.921 -2.0 0.921 2.0
Ethylene -0.295 -0.657 -0.413 -1.2 0.413 1.2

Formaldehyde 0.188 -0.189 -0.069 -0.2 0.163 0.4
Formamide 0.022 -0.239 -0.114 -0.3 0.125 0.4

Hydrogen chloride -0.150 -2.047 -0.809 -1.6 0.809 1.6
Hydrogen sulfide -0.224 -0.627 -0.338 -0.9 0.338 0.9

Ketene -0.303 -0.610 -0.487 -1.4 0.487 1.4
Methanimine -0.286 -0.423 -0.340 -0.9 0.340 0.9

Nitrosomethane -0.276 -1.161 -0.616 -1.7 0.616 1.7
Streptocyanine-c1 -0.165 -0.403 -0.298 -0.6 0.298 0.6
Thioformaldehyde -0.311 -0.579 -0.443 -1.4 0.443 1.4

Water 0.879 0.611 0.713 1.5 0.713 1.5
Total 0.88 -2.05 -0.33 ± 0.45 -0.9 ± 1.0 0.45 ± 0.34 1.1 ± 0.8

Table A.22.: Doubly-ionized triplet state statistics for the four lowest-lying states: DIP-
ADC(2)-x compared to EOMDIP-CCSD.

DIP-ADC(2)-x vs. EOMDIP-CCSD Triplets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]

Acetaldehyde -1.427 -1.804 -1.576 -4.7 1.576 4.7
Acetylene -0.815 -1.458 -1.161 -3.0 1.161 3.0
Ammonia -1.392 -1.887 -1.652 -3.5 1.652 3.5

Carbonmonoxide -0.876 -2.262 -1.486 -3.2 1.486 3.2
Cyclopropene -1.162 -1.417 -1.330 -4.3 1.330 4.3
Diazomethane -1.165 -1.902 -1.533 -4.5 1.533 4.5
Dinitrogene -0.872 -1.611 -1.143 -2.5 1.143 2.5
Ethylene -1.249 -1.684 -1.426 -4.1 1.426 4.1

Formaldehyde -1.228 -1.908 -1.542 -4.0 1.542 4.0
Formamide -1.388 -2.073 -1.655 -5.0 1.655 5.0

Hydrogen chloride -1.097 -2.550 -1.702 -3.7 1.702 3.7
Hydrogen sulfide -1.074 -1.850 -1.291 -3.4 1.291 3.4

Ketene -1.171 -1.427 -1.330 -3.9 1.330 3.9
Methanimine -1.297 -1.637 -1.484 -4.2 1.484 4.2

Nitrosomethane -1.460 -2.306 -1.792 -5.2 1.792 5.2
Streptocyanine-c1 -1.281 -1.549 -1.367 -2.9 1.367 2.9
Thioformaldehyde -0.686 -1.454 -1.192 -3.7 1.192 3.7

Water -1.682 -2.200 -1.869 -3.9 1.869 3.9
Total -0.69 -2.55 -1.47 ± 0.36 -3.9 ± 0.9 1.47 ± 0.36 3.9 ± 0.9
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A.5. BENCHMARK OF DOUBLY-IONIZED TRIPLET STATES

Table A.23.: Doubly-ionized triplet state statistics for the four lowest-lying states: DIP-
ADC(2) compared to EOMDIP-CCSD.
a Three states; b two states.

DIP-ADC(2) vs. EOMDIP-CCSD Triplets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]

Acetaldehyde -2.874 -4.160 -3.603 -10.8 3.603 10.8
Acetylene -1.954 -3.787 -3.221 -8.5 3.221 8.5
Ammoniaa -4.959 -5.549 -5.186 -11.7 5.186 11.7

Carbonmonoxide -2.781 -7.030 -4.681 -10.0 4.681 10.0
Cyclopropene -2.560 -3.717 -3.289 -10.5 3.289 10.5
Diazomethane -2.608 -3.716 -3.102 -9.2 3.102 9.2
Dinitrogene -2.125 -4.172 -3.497 -7.6 3.497 7.6
Ethylene -2.916 -3.716 -3.304 -9.4 3.304 9.4

Formaldehyde -3.052 -6.424 -4.526 -11.8 4.526 11.8
Formamide -3.007 -5.282 -3.984 -12.0 3.984 12.0

Hydrogen chlorideb -3.303 -3.442 -3.373 -8.9 3.373 8.9
Hydrogen sulfide -2.722 -3.657 -3.022 -8.0 3.022 8.0

Ketene -2.639 -3.466 -2.980 -8.6 2.980 8.6
Methanimine -3.557 -4.341 -3.874 -10.9 3.874 10.9

Nitrosomethane -2.911 -4.325 -3.380 -9.8 3.380 9.8
Streptocyanine-c1 -2.478 -2.920 -2.720 -5.7 2.720 5.7
Thioformaldehyde -2.041 -3.355 -2.876 -8.9 2.876 8.9

Watera -6.682 -7.233 -6.912 -15.7 6.912 15.7
Total -1.95 -7.23 -3.70 ± 1.19 -9.8 ± 2.7 3.70 ± 1.19 9.8 ± 2.7
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Table A.24.: Doubly-ionized triplet state statistics for the four lowest-lying states: DIP-
ADC(2)-x compared to DIP-ADC(3).

DIP-ADC(2)-x vs. DIP-ADC(3) Triplets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]

Acetaldehyde -1.364 -1.515 -1.446 -4.4 1.446 4.4
Acetylene -0.088 -0.914 -0.579 -1.6 0.579 1.6
Ammonia -1.545 -2.085 -1.784 -3.8 1.784 3.8

Carbonmonoxide -0.265 -2.739 -1.337 -2.8 1.337 2.8
Cyclopropene -0.799 -1.161 -1.028 -3.3 1.028 3.3
Diazomethane -0.397 -0.816 -0.687 -2.1 0.687 2.1
Dinitrogene 0.261 -0.803 -0.222 -0.5 0.389 0.9
Ethylene -0.866 -1.123 -1.013 -2.9 1.013 2.9

Formaldehyde -1.101 -2.096 -1.472 -3.8 1.472 3.8
Formamide -1.149 -1.849 -1.541 -4.7 1.541 4.7

Hydrogen chloride -0.503 -1.129 -0.893 -2.1 0.893 2.1
Hydrogen sulfide -0.823 -1.223 -0.953 -2.6 0.953 2.6

Ketene -0.642 -1.124 -0.844 -2.5 0.844 2.5
Methanimine -1.011 -1.323 -1.144 -3.2 1.144 3.2

Nitrosomethane -1.145 -1.237 -1.176 -3.5 1.176 3.5
Streptocyanine-c1 -0.983 -1.156 -1.069 -2.2 1.069 2.2
Thioformaldehyde -0.374 -1.086 -0.748 -2.4 0.748 2.4

Water -2.317 -3.079 -2.582 -5.3 2.582 5.3
Total 0.26 -3.08 -1.14 ± 0.60 -3.0 ± 1.4 1.15 ± 0.58 3.0 ± 1.3

Table A.25.: Doubly-ionized triplet state statistics for the four lowest-lying states: DIP-
ADC(2) compared to DIP-ADC(3).
a Three states; b two states.

DIP-ADC(2) vs. DIP-ADC(3) Triplets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]

Acetaldehyde -2.884 -3.990 -3.474 -10.5 3.474 10.5
Acetylene -1.228 -3.245 -2.639 -7.1 2.639 7.1
Ammoniaa -5.112 -5.747 -5.363 -12.1 5.363 12.1

Carbonmonoxide -2.437 -7.507 -4.532 -9.7 4.532 9.7
Cyclopropene -2.198 -3.461 -2.986 -9.7 2.986 9.7
Diazomethane -1.963 -2.534 -2.257 -6.8 2.257 6.8
Dinitrogene -0.960 -3.363 -2.576 -5.7 2.576 5.7
Ethylene -2.534 -3.399 -2.891 -8.4 2.891 8.4

Formaldehyde -2.925 -6.611 -4.456 -11.7 4.456 11.7
Formamide -2.768 -5.059 -3.870 -11.7 3.870 11.7

Hydrogen chlorideb -3.139 -3.291 -3.215 -8.5 3.215 8.5
Hydrogen sulfide -2.471 -3.030 -2.684 -7.2 2.684 7.2

Ketene -2.135 -3.163 -2.493 -7.3 2.493 7.3
Methanimine -3.272 -4.027 -3.534 -10.0 3.534 10.0

Nitrosomethane -2.574 -3.165 -2.763 -8.2 2.763 8.2
Streptocyanine-c1 -2.179 -2.754 -2.421 -5.1 2.421 5.1
Thioformaldehyde -1.729 -2.988 -2.433 -7.6 2.433 7.6

Watera -7.320 -7.956 -7.570 -16.9 7.570 16.9
Total -0.96 -7.96 -3.37 ± 1.46 -9.0 ± 3.3 3.37 ± 1.46 9.0 ± 3.3
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A.6. BENCHMARK OF DOUBLY-ATTACHED SINGLET STATES

A.6. Benchmark of doubly-attached singlet states

This section collects all data that was computed for the benchmark study of doubly-attached
singlet states. Besides the full data set, an individual statistical analysis for each molecular
species in comparison to EOMDEA-CCSD as well as DEA-ADC(3) is provided.
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Table A.28.: Double electronically-attached singlet state statistics for the four lowest-lying
states: DEA-ADC(3) compared to EOMDEA-CCSD.
a Three states; b two states.

DEA-ADC(3) vs. EOMDEA-CCSD Singlets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia -0.071 -0.099 -0.089 -1.7 0.089 1.7
Dinitrogena 0.074 -0.116 -0.037 -0.5 0.086 1.1
Ethylene -0.047 -0.070 -0.056 -1.4 0.056 1.4

Formaldehydeb -0.034 -0.087 -0.061 -1.3 0.061 1.3
Hydrogen Chloridea -0.097 -0.161 -0.126 -2.1 0.126 2.1
Hydrogen Sulfide -0.088 -0.371 -0.173 -3.1 0.173 3.1
Methaniminea -0.039 -0.078 -0.064 -1.6 0.064 1.6

Water -0.111 -0.351 -0.184 -2.9 0.184 2.9
Total 0.07 -0.37 -0.10 ± 0.09 -1.9 ± 1.2 0.11 ± 0.08 2.0 ± 1.1

Table A.29.: Double electronically-attached singlet state statistics for the four lowest-lying
states: DEA-ADC(2)-x compared to EOMDEA-CCSD.
a Three states; b two states.

DEA-ADC(2)-x vs. EOMDEA-CCSD Singlets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia -0.106 -0.155 -0.137 -2.6 0.137 2.6
Dinitrogena -0.105 -0.304 -0.176 -2.1 0.176 2.1
Ethylene -0.083 -0.123 -0.106 -2.6 0.106 2.6

Formaldehydeb -0.147 -0.152 -0.149 -3.3 0.149 3.3
Hydrogen Chloridea -0.229 -0.261 -0.242 -4.0 0.242 4.0
Hydrogen Sulfide -0.183 -0.613 -0.312 -5.6 0.312 5.6
Methaniminea -0.111 -0.140 -0.125 -3.1 0.125 3.1

Water -0.148 -0.408 -0.228 -3.7 0.228 3.7
Total -0.08 -0.61 -0.19 ± 0.11 -3.4 ± 1.6 0.19 ± 0.11 3.4 ± 1.6

Table A.30.: Double electronically-attached singlet state statistics for the four lowest-lying
states: DEA-ADC(2) compared to EOMDEA-CCSD.
a Three states; b two states.

DEA-ADC(2) vs. EOMDEA-CCSD Singlets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia -0.087 -0.138 -0.117 -2.2 0.117 2.2
Dinitrogena -0.084 -0.320 -0.170 -2.0 0.170 2.0
Ethylene -0.068 -0.103 -0.086 -2.1 0.086 2.1

Formaldehydeb -0.136 -0.137 -0.136 -3.1 0.136 3.1
Hydrogen Chloridea -0.221 -0.254 -0.235 -3.9 0.235 3.9
Hydrogen Sulfide -0.162 -0.551 -0.281 -5.1 0.281 5.1
Methaniminea -0.095 -0.124 -0.109 -2.7 0.109 2.7

Water -0.131 -0.373 -0.203 -3.2 0.203 3.2
Total -0.07 -0.55 -0.17 ± 0.11 -3.1 ± 1.5 0.17 ± 0.11 3.1 ± 1.5
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Table A.31.: Double electronically-attached singlet state statistics for the four lowest-lying
states: DEA-ADC(1) compared to EOMDEA-CCSD.

DEA-ADC(1) vs. EOMDEA-CCSD Singlets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia 0.239 0.139 0.198 3.7 0.198 3.7
Dinitrogen 0.700 0.168 0.400 4.7 0.400 4.7
Ethylene 0.185 0.108 0.152 3.8 0.152 3.8

Formaldehyde 0.761 0.131 0.424 8.4 0.424 8.4
Hydrogen Chloride 0.736 0.320 0.429 6.4 0.429 6.4
Hydrogen Sulfide 0.387 0.268 0.310 5.9 0.310 5.9
Methanimine 0.406 0.139 0.215 4.7 0.215 4.7

Water 0.291 0.176 0.223 3.7 0.223 3.7
Total 0.76 0.11 0.29 ± 0.18 5.2 ± 2.7 0.29 ± 0.18 5.2 ± 2.7

150



A.6. BENCHMARK OF DOUBLY-ATTACHED SINGLET STATES

Table A.32.: Double electronically-attached singlet state statistics for the four lowest-lying
states: DEA-ADC(2)-x compared to DEA-ADC(3).
a Three states; b two states.

DEA-ADC(2)-x vs. DEA-ADC(3) Singlets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia -0.035 -0.056 -0.048 -0.9 0.048 0.9
Dinitrogena 0.012 -0.236 -0.139 -1.6 0.147 1.7
Ethylene -0.036 -0.060 -0.049 -1.2 0.049 1.2

Formaldehydeb -0.064 -0.113 -0.088 -2.1 0.088 2.1
Hydrogen Chloridea -0.100 -0.133 -0.116 -2.0 0.116 2.0
Hydrogen Sulfide -0.095 -0.242 -0.140 -2.7 0.140 2.7
Methaniminea -0.048 -0.072 -0.061 -1.5 0.061 1.5

Water -0.033 -0.057 -0.044 -0.8 0.044 0.8
Total 0.01 -0.24 -0.08 ± 0.06 -1.5 ± 0.9 0.08 ± 0.06 1.6 ± 0.9

Table A.33.: Double electronically-attached singlet state statistics for the four lowest-lying
states: DEA-ADC(2) compared to DEA-ADC(3).
a Three states; b two states.

DEA-ADC(2) vs. DEA-ADC(3) Singlets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia -0.017 -0.039 -0.028 -0.5 0.028 0.5
Dinitrogena 0.012 -0.252 -0.133 -1.5 0.141 1.6
Ethylene -0.021 -0.036 -0.030 -0.7 0.030 0.7

Formaldehydeb -0.048 -0.102 -0.075 -1.8 0.075 1.8
Hydrogen Chloridea -0.093 -0.134 -0.109 -1.8 0.109 1.8
Hydrogen Sulfide -0.074 -0.180 -0.109 -2.1 0.109 2.1
Methaniminea -0.033 -0.056 -0.045 -1.1 0.045 1.1

Water -0.011 -0.022 -0.019 -0.3 0.019 0.3
Total 0.01 -0.25 -0.06 ± 0.06 -1.2 ± 0.9 0.07 ± 0.06 1.2 ± 0.8

Table A.34.: Double electronically-attached singlet state statistics for the four lowest-lying
states: DEA-ADC(1) compared to DEA-ADC(3).
a Three states; b two states.

DEA-ADC(1) vs. DEA-ADC(3) Singlets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia 0.337 0.210 0.287 5.5 0.287 5.5
Dinitrogena 0.497 0.229 0.337 4.1 0.337 4.1
Ethylene 0.245 0.155 0.208 5.2 0.208 5.2

Formaldehydeb 0.291 0.165 0.228 5.0 0.228 5.0
Hydrogen Chloridea 0.484 0.431 0.452 7.6 0.452 7.6
Hydrogen Sulfide 0.758 0.373 0.482 9.3 0.482 9.3
Methaniminea 0.234 0.178 0.215 5.4 0.215 5.4

Water 0.642 0.292 0.407 6.9 0.407 6.9
Total 0.76 0.16 0.33 ± 0.14 6.3 ± 2.1 0.33 ± 0.14 6.3 ± 2.1
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A.7. Benchmark of doubly-attached triplet states

This section collects all data that was computed for the benchmark study of doubly-attached
triplet states. Besides the full data set, an individual statistical analysis for each molecular
species in comparison to EOMDEA-CCSD as well as DEA-ADC(3) is provided.
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Table A.37.: Double electronically-attached triplet state statistics for the four lowest-lying
states: DEA-ADC(3) compared to EOMDEA-CCSD.
a Three states; b two states.

DEA-ADC(3) vs. EOMDEA-CCSD Triplets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia -0.053 -0.247 -0.153 -2.5 0.153 2.5
Dinitrogena -0.022 -0.194 -0.091 -1.1 0.091 1.1
Ethylene -0.047 -0.063 -0.058 -1.4 0.058 1.4

Formaldehydeb -0.014 -0.088 -0.051 -1.1 0.051 1.1
Hydrogen Chlorideb -0.111 -0.144 -0.128 -2.0 0.128 2.0
Hydrogen Sulfide -0.016 -0.140 -0.084 -1.6 0.084 1.6
Methaniminea -0.042 -0.070 -0.059 -1.5 0.059 1.5

Water -0.105 -0.392 -0.292 -4.1 0.292 4.1
Total -0.01 -0.39 -0.12 ± 0.10 -2.0 ± 1.3 0.12 ± 0.10 2.0 ± 1.3

Table A.38.: Double electronically-attached triplet state statistics for the four lowest-lying
states: DEA-ADC(2)-x compared to EOMDEA-CCSD.
a Three states; b two states.

DEA-ADC(2)-x vs. EOMDEA-CCSD Triplets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia -0.075 -0.304 -0.191 -3.1 0.191 3.1
Dinitrogena -0.140 -0.241 -0.207 -2.5 0.207 2.5
Ethylene -0.095 -0.114 -0.107 -2.6 0.107 2.6

Formaldehydeb -0.115 -0.137 -0.126 -2.8 0.126 2.8
Hydrogen Chlorideb -0.182 -0.220 -0.201 -3.2 0.201 3.2
Hydrogen Sulfide -0.089 -0.218 -0.158 -3.0 0.158 3.0
Methaniminea -0.091 -0.126 -0.114 -2.8 0.114 2.8

Water -0.133 -0.465 -0.336 -4.7 0.336 4.7
Total -0.08 -0.47 -0.18 ± 0.10 -3.1 ± 1.1 0.18 ± 0.10 3.1 ± 1.1

Table A.39.: Double electronically-attached triplet state statistics for the four lowest-lying
states: DEA-ADC(2) compared to EOMDEA-CCSD.
a Three states; b two states.

DEA-ADC(2) vs. EOMDEA-CCSD Triplets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia -0.061 -0.275 -0.168 -2.7 0.168 2.7
Dinitrogena -0.137 -0.325 -0.229 -2.8 0.229 2.8
Ethylene -0.073 -0.092 -0.086 -2.1 0.086 2.1

Formaldehydeb -0.103 -0.117 -0.110 -2.5 0.110 2.5
Hydrogen Chlorideb -0.161 -0.204 -0.183 -2.9 0.183 2.9
Hydrogen Sulfide -0.071 -0.199 -0.138 -2.6 0.138 2.6
Methaniminea -0.074 -0.110 -0.097 -2.4 0.097 2.4

Water -0.114 -0.423 -0.305 -4.3 0.305 4.3
Total -0.06 -0.42 -0.17 ± 0.10 -2.8 ± 1.1 0.17 ± 0.10 -2.8 ± 1.1
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A.7. BENCHMARK OF DOUBLY-ATTACHED TRIPLET STATES

Table A.40.: Double electronically-attached triplet state statistics for the four lowest-lying
states: DEA-ADC(1) compared to EOMDEA-CCSD.

DEA-ADC(1) vs. EOMDEA-CCSD Triplets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia 0.234 0.100 0.171 3.0 0.171 3.0
Dinitrogen 0.566 0.203 0.356 4.2 0.356 4.2
Ethylene 0.171 0.140 0.153 3.8 0.153 3.8

Formaldehyde 0.542 0.108 0.321 6.6 0.321 6.6
Hydrogen Chloride 0.849 0.256 0.527 7.1 0.527 7.1
Hydrogen Sulfide 0.282 0.220 0.259 4.8 0.259 4.8
Methanimine 0.380 0.130 0.202 4.5 0.202 4.5

Water 0.345 0.139 0.249 3.6 0.249 3.6
Total 0.85 0.10 0.28 ± 0.18 4.7 ± 2.3 0.28 ± 0.18 4.7 ± 2.3
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A.7. BENCHMARK OF DOUBLY-ATTACHED TRIPLET STATES

Table A.41.: Double electronically-attached triplet state statistics for the four lowest-lying
states: DEA-ADC(2)-x compared to DEA-ADC(3).
a Three states; b two states.

DEA-ADC(2)-x vs. DEA-ADC(3) Triplets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia -0.022 -0.056 -0.038 -0.7 0.038 0.7
Dinitrogena -0.046 -0.183 -0.116 -1.3 0.116 1.3
Ethylene -0.047 -0.101 -0.049 -1.2 0.049 1.2

Formaldehydeb -0.049 -0.101 -0.075 -1.8 0.075 1.8
Hydrogen Chlorideb -0.071 -0.076 -0.073 -1.2 0.073 1.2
Hydrogen Sulfide -0.072 -0.077 -0.074 -1.4 0.074 1.4
Methaniminea -0.048 -0.062 -0.055 -1.4 0.055 1.4

Water -0.014 -0.074 -0.044 -0.7 0.044 0.7
Total -0.01 -0.18 -0.06 ± 0.03 -1.2 ± 0.5 0.06 ± 0.03 1.2 ± 0.5

Table A.42.: Double electronically-attached triplet state statistics for the four lowest-lying
states: DEA-ADC(2) compared to DEA-ADC(3).
a Three states; b two states.

DEA-ADC(2) vs. DEA-ADC(3) Triplets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia -0.007 -0.028 -0.016 -0.3 0.016 0.3
Dinitrogena -0.115 -0.166 -0.137 -1.6 0.137 1.6
Ethylene -0.026 -0.031 -0.029 -0.7 0.029 0.7

Formaldehydeb -0.029 -0.089 -0.059 -1.4 0.059 1.4
Hydrogen Chlorideb -0.050 -0.060 -0.055 -0.9 0.055 0.9
Hydrogen Sulfide -0.048 -0.059 -0.054 -1.0 0.054 1.0
Methaniminea -0.031 -0.044 -0.038 -1.0 0.038 1.0

Water 0.012 -0.031 -0.014 -0.2 0.019 0.3
Total 0.01 -0.17 -0.05 ± 0.04 -0.8 ± 0.6 0.05 ± 0.04 0.8 ± 0.5

Table A.43.: Double electronically-attached triplet state statistics for the four lowest-lying
states: DEA-ADC(1) compared to DEA-ADC(3).
a Three states; b two states.

DEA-ADC(1) vs. DEA-ADC(3) Triplets
Molecule Max [eV] Min [eV] MSE [eV] MSE [%] MAE [eV] MAE [%]
Ammonia 0.481 0.153 0.324 5.6 0.324 5.6
Dinitrogena 0.397 0.350 0.377 4.5 0.377 4.5
Ethylene 0.232 0.201 0.211 5.3 0.211 5.3

Formaldehydeb 0.293 0.123 0.208 4.5 0.208 4.5
Hydrogen Chlorideb 0.408 0.367 0.388 6.3 0.388 6.3
Hydrogen Sulfide 0.422 0.282 0.343 6.5 0.343 6.5
Methaniminea 0.221 0.173 0.202 5.1 0.202 5.1

Water 0.737 0.244 0.540 8.0 0.540 8.0
Total 0.74 0.12 0.33 ± 0.15 5.8 ± 1.7 0.33 ± 0.15 5.8 ± 1.7
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A.7. BENCHMARK OF DOUBLY-ATTACHED TRIPLET STATES
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B. Core-valence separation for

Unitary Coupled Cluster

B.1. Geometries for CVS-UCC2 and CVS-UCC2-x

calculations

The first number in brackets gives the absolute charge, the second the multiplicity of the
species.

ANQ (0 1)
C -5.259698 -1.211946 -0.000001
C -5.138437 0.194071 0.000001
C -3.910009 0.835109 -0.000002
H -6.035824 0.794218 -0.000001
C -2.711492 0.085372 0.000002
H -3.868573 1.914930 -0.000002
C -2.853654 -1.316583 0.000007
C -4.105930 -1.961123 0.000005
H -6.229220 -1.686643 -0.000001
C -1.386836 0.579225 -0.000002
C -0.312134 -0.295376 0.000001
H -1.210653 1.645384 -0.000002
C -0.475591 -1.697114 -0.000001
H 0.687480 0.112390 -0.000001
C -1.756307 -2.199407 0.000004
H 0.378874 -2.356786 -0.000001
C -3.855048 -3.419391 0.000003
C -2.294822 -3.577621 0.000003
O -4.644987 -4.335939 -0.000006
O -1.704980 -4.634093 -0.000006

bithiophene (0 1)
C 0.095254 -3.167054 0.227935
C -1.181628 -2.777672 -0.110515
H -2.216041 -0.864492 -0.483764
C -1.310276 -1.379780 -0.207263
C -0.127625 -0.711100 0.061883
S 1.119221 -1.824717 0.442074
C 0.127625 0.711100 0.061883
S -1.119221 1.824717 0.442074
C -0.095254 3.167054 0.227935
C 1.310276 1.379780 -0.207263
H 2.216041 0.864492 -0.483764
C 1.181628 2.777672 -0.110515
H 1.981762 3.476230 -0.289356
H 0.474334 -4.164330 0.359006
H -1.981762 -3.476230 -0.289356
H -0.474334 4.164330 0.359006
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B.1. GEOMETRIES FOR CVS-UCC2 AND CVS-UCC2-X CALCULATIONS

PTCDA (0 1)
H 3.375519 -3.388099 0.000000
C 2.824586 -2.460024 0.000000
C 1.398071 0.000000 0.000000
C 1.465500 -2.460357 0.000000
C 3.529370 -1.235962 0.000000
C 2.862972 0.000000 0.000000
C 0.718988 -1.244445 0.000000
H 0.959709 -3.411115 0.000000
C 3.529370 1.235962 0.000000
C 2.824586 2.460024 0.000000
H 3.375519 3.388099 0.000000
C 1.465500 2.460357 0.000000
H 0.959709 3.411115 0.000000
C 0.718988 1.244445 0.000000
C -0.718988 -1.244445 0.000000
C -0.718988 1.244445 0.000000
C -1.398071 0.000000 0.000000
C -1.465500 -2.460357 0.000000
H -0.959709 -3.411115 0.000000
H -3.375519 -3.388099 0.000000
C -2.824586 -2.460024 0.000000
C -3.529370 -1.235962 0.000000
C -2.862972 0.000000 0.000000
C -1.465500 2.460357 0.000000
H -0.959709 3.411115 0.000000
C -2.824586 2.460024 0.000000
H -3.375519 3.388099 0.000000
C -3.529370 1.235962 0.000000
C 4.972056 -1.210210 0.000000
C 4.972056 1.210210 0.000000
O 5.663957 2.226198 0.000000
O 5.663957 -2.226198 0.000000
O 5.597564 0.000000 0.000000
C -4.972056 1.210210 0.000000
O -5.663957 2.226198 0.000000
O -5.597564 0.000000 0.000000
C -4.972056 -1.210210 0.000000
O -5.663957 -2.226198 0.000000

Porphine (0 1)
C -4.231112 -0.679984 0.000000
C -4.231112 0.679984 0.000000
C -2.836994 1.081008 0.000000
C -2.836994 -1.081008 0.000000
N -2.001840 0.000000 0.000000
C -2.432129 -2.416786 0.000000
C -1.122875 -2.887735 0.000000
N 0.000000 -2.108424 0.000000
C 1.122875 -2.887735 0.000000
C -0.686747 -4.247762 0.000000
C 0.686747 -4.247762 0.000000
C 2.432129 -2.416786 0.000000
C 2.836994 -1.081008 0.000000
N 2.001840 0.000000 0.000000
C 4.231112 0.679984 0.000000
C 4.231112 -0.679984 0.000000
C 1.122875 2.887735 0.000000
N 0.000000 2.108424 0.000000
C -1.122875 2.887735 0.000000
C -0.686747 4.247762 0.000000
C 0.686747 4.247762 0.000000
C -2.432129 2.416786 0.000000
C 2.432129 2.416786 0.000000
C 2.836994 1.081008 0.000000
H -5.076656 -1.351334 0.000000
H -5.076656 1.351334 0.000000
H -3.210392 -3.170599 0.000000
H 0.000000 -1.092811 0.000000
H -1.347795 -5.099560 0.000000
H 1.347795 -5.099560 0.000000
H 3.210392 -3.170599 0.000000
H 5.076656 1.351334 0.000000
H 5.076656 -1.351334 0.000000
H 0.000000 1.092811 0.000000
H -1.347795 5.099560 0.000000
H 1.347795 5.099560 0.000000
H -3.210392 3.170599 0.000000
H 3.210392 3.170599 0.000000
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B.1. GEOMETRIES FOR CVS-UCC2 AND CVS-UCC2-X CALCULATIONS

Thymine (0 1)
C 0.702140 0.245308 -0.043970
C 0.465503 -1.081136 0.004181
N -0.800394 -1.604574 0.085601
C -1.945158 -0.838705 0.126119
N -1.678910 0.512670 0.075775
C -0.439264 1.149159 -0.007372
O -3.062431 -1.308144 0.198221
C 2.065614 0.840407 -0.132604
O -0.366528 2.365475 -0.043847
H 1.264606 -1.805083 -0.018912
H -0.948867 -2.597935 0.120100
H -2.488231 1.115588 0.102765
H 2.824705 0.064196 -0.150563
H 2.249422 1.496087 0.714089
H 2.157803 1.446667 -1.029584

Anthracene (0 1)
C 3.643404 0.708052 0.000000
C 3.643404 -0.708052 0.000000
C 2.462211 -1.402668 0.000000
C 1.218089 -0.719187 0.000000
C 2.462211 1.402668 0.000000
C 1.218089 0.719187 0.000000
C 0.000000 -1.401880 0.000000
C -1.218089 -0.719187 0.000000
C 0.000000 1.401880 0.000000
C -1.218089 0.719187 0.000000
C -2.462211 -1.402668 0.000000
C -3.643404 -0.708052 0.000000
C -3.643404 0.708052 0.000000
C -2.462211 1.402668 0.000000
H 4.581477 1.241783 0.000000
H 4.581477 -1.241783 0.000000
H 2.461759 -2.483603 0.000000
H 2.461759 2.483603 0.000000
H 0.000000 -2.484440 0.000000
H 0.000000 2.484440 0.000000
H -2.461759 -2.483603 0.000000
H -4.581477 -1.241783 0.000000
H -4.581477 1.241783 0.000000
H -2.461759 2.483603 0.000000

CH3 (0 2)
C 2.714471 -3.773340 -0.489629
H 3.725593 -3.906814 -0.159156
H 2.209034 -4.567371 -1.002897
H 2.209012 -2.845596 -0.307428

OH (0 2)
O -0.192179 0.000000 0.000000
H 0.774274 0.000000 0.000000
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B.1. GEOMETRIES FOR CVS-UCC2 AND CVS-UCC2-X CALCULATIONS

Allyl (0 2)
H 1.841479 -0.115634 1.450810
C 1.286614 -0.014964 0.535476
H 1.839759 0.153023 -0.373697
C -0.081508 -0.096270 0.514435
H -0.591994 -0.265842 1.451535
C -0.844336 0.023372 -0.618335
H -0.380549 0.193199 -1.575849
H -1.916493 -0.048134 -0.583926

O2 (0 3)
O -5.995344 4.376461 0.048131
O -6.402687 5.429850 -0.418601

Anthracene, opt. neutr. str. (1 2)
C 3.643404 0.708052 0.000000
C 3.643404 -0.708052 0.000000
C 2.462211 -1.402668 0.000000
C 1.218089 -0.719187 0.000000
C 2.462211 1.402668 0.000000
C 1.218089 0.719187 0.000000
C 0.000000 -1.401880 0.000000
C -1.218089 -0.719187 0.000000
C 0.000000 1.401880 0.000000
C -1.218089 0.719187 0.000000
C -2.462211 -1.402668 0.000000
C -3.643404 -0.708052 0.000000
C -3.643404 0.708052 0.000000
C -2.462211 1.402668 0.000000
H 4.581477 1.241783 0.000000
H 4.581477 -1.241783 0.000000
H 2.461759 -2.483603 0.000000
H 2.461759 2.483603 0.000000
H 0.000000 -2.484440 0.000000
H 0.000000 2.484440 0.000000
H -2.461759 -2.483603 0.000000
H -4.581477 -1.241783 0.000000
H -4.581477 1.241783 0.000000
H -2.461759 2.483603 0.000000

Anthracene, opt. cation. str. (1 2)
C 3.588973 0.694860 0.000000
C 3.588973 -0.694860 0.000000
C 2.427247 -1.439763 0.000000
C 1.198089 -0.710673 0.000000
C 2.427247 1.439763 0.000000
C 1.198089 0.710673 0.000000
C 0.000000 -1.441646 0.000000
C -1.198089 -0.710673 0.000000
C 0.000000 1.441646 0.000000
C -1.198089 0.710673 0.000000
C -2.427247 -1.439763 0.000000
C -3.588973 -0.694860 0.000000
C -3.588973 0.694860 0.000000
C -2.427247 1.439763 0.000000
H 4.520027 1.258525 0.000000
H 4.520027 -1.258525 0.000000
H 2.427900 -2.517859 0.000000
H 2.427900 2.517859 0.000000
H 0.000000 -2.521458 0.000000
H 0.000000 2.521458 0.000000
H -2.427900 -2.517859 0.000000
H -4.520027 -1.258525 0.000000
H -4.520027 1.258525 0.000000
H -2.427900 2.517859 0.000000
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B.2. GEOMETRIES FOR CVS-UCC3 CALCULATIONS

B.2. Geometries for CVS-UCC3 calculations

The first number in brackets gives the absolute charge, the second the multiplicity of the
species.

CO (0 1)
C 0.000000 0.000000 -0.642568
O 0.000000 0.000000 0.479857

NH3 (0 1)
N -0.161851 0.000001 0.000000
H 0.213047 -0.467784 0.810229
H 0.213047 -0.467784 -0.810229
H 0.213044 0.935574 0.000000

CH3 (0 2)
C 0.000000 0.000000 -0.000058
H 1.074635 0.000000 0.000145
H -0.537317 0.930661 0.000145
H -0.537317 -0.930661 0.000145
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B.3. CVS-UCC2 AND CVS-UCC2-X RESULTS

B.3. CVS-UCC2 and CVS-UCC2-x results

In this section of the appendix, CVS-UCC2 and CVS-UCC2-x excitation energies and os-
cillator strengths as well as the corresponding CVS-ADC(2) and CVS-ADC(2)-x data107,108
are compiled. Experimental data is given as a reference to the computed data.
If multiple excitations have been assigned to one experimental value, they have been averaged
and weighted by their corresponding oscillator strengths. These values are then presented in
an extra table.

∙Data of this chapter (CVS-UCC2 and CVS-UCC2-x results) was already published in the Supporting
Information of:
Sebastian M. Thielen, Manuel Hodecker, Julia Piazolo, Dirk R. Rehn, and Andreas Dreuw. Unitary
coupled-cluster approach for the calculation of core-excited states and x-ray absorption spectra. The Journal
of Chemical Physics, 154(15):154108, 04 2021 (98)
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B.3. CVS-UCC2 AND CVS-UCC2-X RESULTS

ANQ C 1s

Table B.7.: CVS-UCC2 and CVS-ADC(2) excitation energies![eV] and oscillator strengths
f of ANQ (C 1s) together with experimental data52.

CVS-ADC(2) CVS-UCC2

State ! f ! f !(Exp.)
1 287.76 0.051 287.86 0.049 284.1
2 288.1 0.155 288.21 0.108 284.45
3 288.33 0.029 288.38 0.031 284.84 288.36 0.06 288.47 0.057
5 288.63 0.011 288.7 0.012 2856 288.71 0.03 288.77 0.03
7 289.1 0.029 289.17 0.029

285.68 289.3 0.015 289.34 0.014
9 289.45 0.112 289.51 0.11

Table B.8.: Comparison of CVS-UCC2 and CVS-ADC(2) excitation energies to experimen-
tal data. The difference with respect to the experimental value is denoted by
�[%].

CVS-ADC(2) CVS-UCC2

!(Exp.) ! � ! �

284.1 287.76 1.29 287.86 1.32
284.45 288.1 1.28 288.21 1.32
284.8 288.35 1.25 288.44 1.28
285 288.69 1.29 288.75 1.32
285.6 289.37 1.32 289.43 1.34
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B.3. CVS-UCC2 AND CVS-UCC2-X RESULTS

Table B.9.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV], oscillator
strengths f and amounts of doubles amplitudes R2[%] of ANQ (C 1s) together
with experimental data52.

CVS-ADC(2)-x CVS-UCC2-x

State ! f R2 ! f R2 !(Exp.)
1 1A2 284.4 0 26 284.48 0 26 284.11 1B2 284.4 0.038 26 284.48 0.037 26
2 1A2 284.78 0 25 284.86 0 25
2 1B2 284.78 0.041 25 284.86 0.044 25

284.453 1A2 284.81 0 25 284.91 0 25
3 1B2 284.81 0.086 25 284.91 0.082 25
4 1A2 284.96 0 26 285.05 0 27

284.84 1B2 284.96 0.036 26 285.05 0.035 27
2855 1B2 285.27 0.024 24 285.33 0.025 24

5 1A2 285.42 0 28 285.52 0 28
6 1A2 285.47 0 28 285.57 0 28
7 1A2 285.6 0 27 285.67 0 27
6 1B2 285.6 0.014 27 285.67 0.014 27

285.6
7 1B2 285.74 0.028 25 285.8 0.029 25
8 1A2 285.9 0 23 285.95 0 24
9 1A2 285.92 0 26 285.97 0 26
8 1B2 285.92 0.034 26 285.97 0.032 26
9 1B2 285.92 0.089 24 285.98 0.09 24

Table B.10.: Comparison of CVS-UCC2-x and CVS-ADC(2)-x excitation energies to exper-
imental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2)-x CVS-UCC2-x

!(Exp.) ! � ! �

284.1 284.4 0.11 284.48 0.13
284.45 284.8 0.12 284.89 0.16
284.8 284.96 0.06 285.05 0.09
285 285.27 0.09 285.33 0.12
285.6 285.86 0.09 285.92 0.11
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B.3. CVS-UCC2 AND CVS-UCC2-X RESULTS

ANQ O 1s

Table B.11.: CVS-UCC2 and CVS-ADC(2) excitation energies ![eV] and oscillator
strengths f of ANQ (O 1s) together with experimental data85.

CVS-ADC(2) CVS-UCC2

State ! f ! f !(Exp.)
T1 531.58 531.64
T2 531.58 531.64
S1 532.17 0.0002 532.24 0.0002
S2 532.17 0.064 532.24 0.0628 529.2-531.4
T3 534.21 534.3
T4 534.21 534.3
S3 534.21 0.0001 534.3 0.0001
S4 534.21 0.0006 534.3 0.0006

Table B.12.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV], oscillator
strengths f and amounts of doubles amplitudes R2[%] of ANQ (O 1s) together
with experimental data85.

CVS-ADC(2) CVS-UCC2

State ! f R2 ! f R2 !(Exp.)
T1 528.99 21 529.05 21
T2 528.99 21 529.05 21
S1 529.45 0.0002 23 529.51 0.0002 23
S2 529.45 0.0689 23 529.51 0.0686 23 529.2-531.4
S3 533.08 0 27 533.17 0 27
S4 533.08 0.0003 27 533.17 0.0003 27
T3 533.09 27 533.17 27
T4 533.09 27 533.17 27
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B.3. CVS-UCC2 AND CVS-UCC2-X RESULTS

BT C 1s

Table B.13.: CVS-UCC2 and CVS-ADC(2) excitation energies ![eV] and oscillator
strengths f of BT (C 1s) together with experimental data103.

CVS-ADC(2) CVS-UCC2

State ! f ! f !(Exp.)
1 288.58 0.005 288.68 0.005

285.7

2 288.58 0.053 288.68 0.052
3 288.83 0.007 288.93 0.007
4 288.83 0.095 288.93 0.093
5 288.93 0.003 289.03 0.003
6 288.93 0.043 289.03 0.042
7 289.02 0.004 289.11 0.004
8 289.05 0.067 289.15 0.066
9 290.21 0.004 290.28 0.004

286.710 290.21 0.046 290.28 0.045
11 290.28 0.006 290.29 0.006
12 290.28 0.001 290.29 0.001

Table B.14.: Comparison of CVS-UCC2 and CVS-ADC(2) excitation energies to experi-
mental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2) CVS-UCC2

!(Exp.) ! � ! �

285.7 288.85 1.1 288.95 1.14
286.7 290.22 1.23 290.28 1.25
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Table B.15.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV], oscillator
strengths f and amounts of doubles amplitudes R2[%] of BT (C 1s) together
with experimental data103.

CVS-ADC(2)-x CVS-UCC2-x

State ! f R2 ! f R2 !(Exp.)
1 1B 285.19 0.004 26 285.27 0.004 26

285.7

1 1A 285.19 0.041 26 285.27 0.041 26
2 1B 285.42 0.008 26 285.51 0.008 26
2 1A 285.42 0.115 26 285.51 0.114 26
3 1A 285.44 0 26 285.54 0.0002 26
3 1B 285.44 0 26 285.54 0 26
4 1B 285.67 0.003 25 285.75 0.003 25
4 1A 285.7 0.056 25 285.78 0.056 26
5 1B 287.08 0.001 25 287.12 0.003 26

286.7
5 1A 287.08 0.038 25 287.12 0.014 26
6 1B 287.14 0.008 26 287.17 0.005 25
6 1A 287.14 0.003 26 287.17 0.027 25
7 1A 287.19 0 26 287.2 0 26
7 1B 287.19 0.01 26 287.2 0.01 26

Table B.16.: Comparison of CVS-UCC2-x and CVS-ADC(2)-x excitation energies to exper-
imental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2)-x CVS-UCC2-x

!(Exp.) ! � ! �

285.7 285.45 -0.09 285.53 -0.06
286.7 287.11 0.14 287.16 0.16
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BT S 1s

Table B.17.: CVS-UCC2 and CVS-ADC(2) excitation energies ![eV] and oscillator
strengths f of BT (S 1s) together with experimental data53.

CVS-ADC(2) CVS-UCC2

State ! f ! f !(Exp.)
1 2469.8 0.0039 2469.9 0.0035

24742 2469.8 0.0017 2469.9 0.002
3 2470.08 0.0085 2470.14 0.008
4 2470.08 0.001 2470.14 0.0011
5 2471.28 0 2471.29 0
6 2471.28 0.0003 2471.29 0.0004

Table B.18.: Comparison of CVS-UCC2 and CVS-ADC(2) excitation energies to experi-
mental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2) CVS-UCC2

!(Exp.) ! � ! �

2474 2469.98 -0.16 2470.05 -0.16

Table B.19.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV], oscillator
strengths f and amounts of doubles amplitudes R2[%] of BT (S 1s) together
with experimental data53.

CVS-ADC(2)-x CVS-UCC2-x

State ! f R2 ! f R2 !(Exp.)
1 1B 2468.83 0.0057 15 2468.91 0.007 15

24741 1A 2468.83 0.0023 15 2468.91 0.0015 15
2 1B 2468.97 0.0057 15 2469.05 0.0042 15
2 1A 2468.97 0.0031 15 2469.05 0.0037 15
3 1A 2470.69 0.0001 15 2470.71 0 15
3 1B 2470.69 0.0006 15 2470.71 0.0004 15

170



B.3. CVS-UCC2 AND CVS-UCC2-X RESULTS

Table B.20.: Comparison of CVS-UCC2-x and CVS-ADC(2)-x excitation energies to exper-
imental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2)-x CVS-UCC2-x

!(Exp.) ! � ! �

2474 2468.9 -0.21 2468.98 -0.2

PTCDA C 1s

Table B.21.: CVS-UCC2 and CVS-ADC(2) excitation energies ![eV] and oscillator
strengths f of PTCDA (C 1s) together with experimental data52.

CVS-ADC(2) CVS-UCC2

State ! f ! f !(Exp.)
1 287.87 0.069 288.03 0.063

284.42 288.01 0.06 288.19 0.053
3 288.32 0.072 288.49 0.065
4 288.41 0.091 288.55 0.09
5 289.71 0.069 289.75 0.069

285.6
6 289.87 0.094 289.91 0.098
7 289.92 0.203 290 0.198
8 289.95 0.019 290.02 0.008
9 290.01 0.02 290.07 0.015

Table B.22.: Comparison of CVS-UCC2 and CVS-ADC(2) excitation energies to experi-
mental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2) CVS-UCC2

!(Exp.) ! � ! �

284.4 288.18 1.33 288.34 1.39
285.6 289.88 1.5 289.94 1.52
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Table B.23.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV], oscillator
strengths f and amounts of doubles amplitudes R2[%] of PTCDA (C 1s) to-
gether with experimental data52.

CVS-ADC(2)-x CVS-UCC2-x

State ! f R2 ! f R2 !(Exp.)
1 1B1u 285.36 0.072 26 285.5 0.069 26

284.42 1B1u 285.44 0.058 27 285.59 0.052 27
3 1B1u 285.72 0.073 26 285.87 0.061 26
4 1B1u 285.75 0.09 26 285.88 0.096 26
5 1B1u 287.11 0.061 23 287.14 0.063 23

285.66 1B1u 287.19 0.09 25 287.25 0.078 25
7 1B1u 287.23 0.095 22 287.26 0.103 22
8 1B1u 287.3 0.076 26 287.38 0.074 26

Table B.24.: Comparison of CVS-UCC2-x and CVS-ADC(2)-x excitation energies to exper-
imental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2)-x CVS-UCC2-x

!(Exp.) ! � ! �

284.4 285.59 0.42 285.73 0.47
285.6 287.21 0.56 287.26 0.58

Thymine C 1s

Table B.25.: CVS-UCC2 and CVS-ADC(2) excitation energies ![eV] and oscillator
strengths f of Thymine (C 1s). The difference with respect to experimental
data73 is denoted by �[%].

CVS-ADC(2) CVS-UCC2

State ! f ! f !(Exp.) �ADC(2) �UCC2

1 288.45 0.032 288.56 0.031 284.9 1.25 1.28
2 289.83 0.058 289.94 0.057 285.9 1.37 1.41
3 291.21 0.012 291.2 0.012 287.3 1.36 1.36
4 291.31 0.013 291.31 0.012 287.8 1.22 1.22
5 291.42 0.072 291.43 0.072 288.4 1.05 1.05
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Table B.26.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV] and oscillator
strengths f of Thymine (C 1s). The difference with respect to experimental
data73 is denoted by �[%].
CVS-ADC(2)-x CVS-UCC2-x

State ! f ! f !(Exp.) �ADC(2)-x �UCC2-x

1 284.84 0.024 284.94 0.023 284.9 -0.02 0.01
2 286.36 0.045 286.45 0.045 285.9 0.16 0.19
3 286.9 0 286.98 0.0001
4 287.11 0.003 287.12 0.003
5 287.29 0 287.3 0
6 287.95 0.015 287.95 0.015 287.3 0.23 0.23
7 288.03 0.007 288.04 0.007
8 288.07 0.002 288.08 0.002
9 288.24 0.053 288.25 0.053 287.8 0.15 0.16
10 288.34 0 288.35 0
11 288.39 0.004 288.4 0.004
12 288.45 0.013 288.46 0.012 288.4 0.02 0.02
13 288.63 0 288.63 0.0001
14 288.88 0.008 288.9 0.008
15 289.11 0.002 289.11 0.002

Thymine N 1s

Table B.27.: CVS-UCC2 and CVS-ADC(2) excitation energies ![eV] and oscillator
strengths f of Thymine (N 1s) together with experimental data73.

CVS-ADC(2) CVS-UCC2

State ! f ! f !(Exp.)
1 404.2 0.0098 404.25 0.0096

401.72 404.49 0.0069 404.57 0.0067
3 404.59 0.0056 404.6 0.0055
4 404.91 0.0026 404.92 0.0026

402.75 405.35 0.0041 405.35 0.004
6 405.46 0.0027 405.44 0.0029
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Table B.28.: Comparison of CVS-UCC2 and CVS-ADC(2) excitation energies to experi-
mental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2) CVS-UCC2

!(Exp.) ! � ! �

401.7 404.39 0.67 404.44 0.68
402.7 405.26 0.64 405.26 0.64

Table B.29.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV] and oscillator
strengths f of Thymine (C 1s) together with experimental data73.

CVS-ADC(2)-x CVS-UCC2-x

State ! f ! f !(Exp.)
1 401.5 0.0111 401.54 0.0109

401.72 401.82 0.007 401.9 0.0068
3 402.21 0.0078 402.23 0.0078
4 402.54 0.0035 402.52 0.0038

402.75 402.6 0.0066 402.61 0.0065
6 403.03 0.0106 403.01 0.0105
7 403.42 0.005 403.42 0.0049

Table B.30.: Comparison of CVS-UCC2-x and CVS-ADC(2)-x excitation energies to exper-
imental data. The difference with respect to the experimental value73 is denoted
by �[%].

CVS-ADC(2)-x CVS-UCC2-x

!(Exp.) ! � ! �

401.7 401.8 0.02 401.85 0.04
402.7 402.93 0.06 402.91 0.05
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Thymine O 1s

Table B.31.: CVS-UCC2 and CVS-ADC(2) excitation energies ![eV] and oscillator
strengths f of Thymine (O 1s). The difference with respect to experimental
data73 is denoted by �[%].

CVS-ADC(2) CVS-UCC2

State ! f ! f !(Exp.) �ADC(2) �UCC2

1 532.95 0.024 532.98 0.0241 531.4 0.29 0.3
2 534.01 0.0218 534.02 0.0224 532.3 0.32 0.32

Table B.32.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV] and oscillator
strengths f of Thymine (O 1s) together with experimental data73.

CVS-ADC(2)-x CVS-UCC2-x

State ! f ! f !(Exp.)
1 530.52 0.0282 530.53 0.0282 531.4
2 531.54 0.0268 531.52 0.0266 532.3
3 533.3 0.0001 533.3 0.0001
4 533.43 0.0003 533.43 0.0003
5 533.73 0.0003 533.78 0.0002
6 534.1 0.0012 534.1 0.0012

535.7

7 534.14 0.0027 534.18 0.0025
8 534.2 0.0002 534.2 0.0002
9 534.37 0.0013 534.38 0.0012
10 534.56 0.0006 534.57 0.0006
11 534.71 0.0019 534.71 0.0019
12 534.77 0.0007 534.77 0.0006
13 534.9 0.0009 534.9 0.0009
14 534.94 0.0018 534.94 0.0018
15 535.26 0.0001 535.26 0.0001
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Table B.33.: Comparison of CVS-UCC2-x and CVS-ADC(2)-x excitation energies to exper-
imental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2)-x CVS-UCC2-x

!(Exp.) ! � ! �

531.4 530.52 -0.17 530.53 -0.16
532.3 531.54 -0.14 531.52 -0.15
535.7 534.51 -0.22 534.52 -0.22

Porphine N 1s

Table B.34.: CVS-UCC2 and CVS-ADC(2) excitation energies ![eV] and oscillator
strengths f of Porphine (N 1s) together with experimental data74.

CVS-ADC(2) CVS-UCC2

State ! f ! f !(Exp.)
1 401.5 0.0212 401.51 0.0208 398.2
2 403.63 0.0169 403.64 0.0161 400.3
3 404.56 0.005 404.56 0.0046 402.34 404.9 0.0317 404.91 0.0311
5 405.81 0.0056 405.81 0.0054 403.9

Table B.35.: Comparison of CVS-UCC2 and CVS-ADC(2) excitation energies to experi-
mental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2) CVS-UCC2

!(Exp.) ! � ! �

398.2 401.5 0.83 401.51 0.83
400.3 403.63 0.83 403.64 0.83
402.3 404.85 0.63 404.86 0.64
403.9 405.81 0.47 405.81 0.47
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Table B.36.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV] and oscillator
strengths f of Porphine (N 1s) together with experimental data74.

CVS-ADC(2)-x CVS-UCC2-x

State ! f ! f !(Exp.)
1 1B1u 399.89 0.0338 399.89 0.0337 398.2
2 1B1u 402.12 0.0268 402.12 0.0258 400.3
3 1B1u 403.03 0.0263 403.05 0.0252 402.34 1B1u 403.59 0.0079 403.59 0.0084
5 1B1u 404.29 0.0012 404.29 0.0011
6 1B1u 404.82 0.0019 404.81 0.0019
7 1B1u 404.9 0.0008 404.9 0.0007
8 1B1u 405.18 0.0187 405.2 0.0178 403.9
9 1B1u 405.37 0.0001 405.38 0.0001
10 1B1u 405.74 0.0085 405.74 0.0088

Table B.37.: Comparison of CVS-UCC2-x and CVS-ADC(2)-x excitation energies to exper-
imental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2)-x CVS-UCC2-x

!(Exp.) ! � ! �

398.2 399.89 0.42 399.89 0.42
400.3 402.12 0.45 402.12 0.45
402.3 403.16 0.21 403.19 0.22
403.9 405.18 0.32 405.2 0.32
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CH3 C 1s

Table B.38.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV], oscillator
strengths f and amounts of doubles amplitudes R2[%] of CH3 (C 1s). The
difference with respect to experimental data3 is denoted by �[%].
CVS-ADC(2)-x CVS-UCC2-x

State ! f R2 ! f R2 !(Exp.) �ADC(2)-x �UCC2-x

1 281.42 0.036 14 281.49 0.035 14 281.35 0.02 0.05
2 286.83 0 22 286.85 0 22
3 287.72 0 23 287.75 0 23
4 288.23 0.005 22 288.24 0.004 22
5 288.23 0.005 22 288.24 0.004 22

OH O 1s

Table B.39.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV], oscillator
strengths f and amounts of doubles amplitudes R2[%] of OH (O 1s). The dif-
ference with respect to experimental data93 is denoted by �[%].
CVS-ADC(2)-x CVS-UCC2-x

State ! f R2 ! f R2 !(Exp.) �ADC(2)-x �UCC2-x

1 525.17 0.0449 11 525.26 0.0446 11 525.85 -0.13 -0.11
2 534.86 0.0041 19 534.9 0.0041 19
3 536.19 0.0115 20 536.23 0.0112 20
4 538.81 0.0077 19 538.83 0.0077 19
5 539.77 0.007 19 539.77 0.0069 19
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Allyl C 1s

Table B.40.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV], oscillator
strengths f and amounts of doubles amplitudes R2[%] of Allyl (C 1s). The
difference with respect to experimental data2 is denoted by �[%].
CVS-ADC(2)-x CVS-UCC2-x

State ! f R2 ! f R2 !(Exp.) �ADC(2)-x �UCC2-x

1 282.37 0.001 16 282.5 0.002 16
2 282.37 0.056 16 282.5 0.054 16 281.99 0.13 0.18
3 284.4 0 29 284.51 0 29
4 284.78 0.022 16 284.94 0.021 16 285.27 -0.17 -0.12
5 286.7 0 24 286.72 0.0005 24
6 286.7 0.001 24 286.72 0.001 24
7 286.9 0.026 27 286.98 0.028 27 287.5 -0.21 -0.18
8 286.93 0.002 23 286.95 0.002 23
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O2 O 1s

Table B.41.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV], oscillator
strengths f and amounts of doubles amplitudes R2[%] of O2 (O 1s) together
with experimental data37.

CVS-ADC(2)-x CVS-UCC2-x

State ! f R2 ! f R2 !(Exp.)
1 529.82 0.0531 21 529.81 0.0532 21 530.72 529.82 0.0531 21 529.81 0.0532 21
3 529.85 0 21 529.84 0 21
4 529.85 0 21 529.84 0 21
5 536.85 0 26 536.83 0 26
6 536.87 0.0017 26 536.86 0.0016 26
7 538.68 0 26 538.68 0 26 538.88 538.69 0.0706 26 538.68 0.0713 26
9 539.17 0.0003 24 539.16 0.0003 24
10 539.21 0 24 539.2 0 24
11 540.27 0.0002 27 540.28 0.0002 27
12 540.29 0 27 540.3 0 27
13 540.71 0 24 540.72 0 24
14 540.71 0 24 540.72 0 24
15 540.75 0.005 24 540.76 0.005 24
16 540.75 0.005 24 540.76 0.005 24
17 541.52 0 26 541.5 0 26
18 541.55 0.0185 26 541.53 0.0185 26

541.7

19 541.78 0 27 541.78 0 27
20 541.78 0 27 541.78 0 27
21 541.8 0.0056 27 541.8 0.0057 27
22 541.8 0.0056 27 541.8 0.0057 27
23 542.51 0 27 542.49 0 27
24 542.51 0.0209 27 542.5 0.0215 27
25 542.6 0.009 25 542.6 0.0077 25
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Table B.42.: Comparison of CVS-UCC2-x and CVS-ADC(2)-x excitation energies to exper-
imental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2)-x CVS-UCC2-x

!(Exp.) ! � ! �

530.7 529.82 -0.17 529.81 -0.17
538.8 538.69 -0.02 538.68 -0.02
541.7 542.09 0.07 542.07 0.07

Anthracene C 1s

Table B.43.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV], oscillator
strengths f and amounts of doubles amplitudes R2[%] of Anthracene (C 1s)
together with experimental data38.

CVS-ADC(2)-x CVS-UCC2-x

State ! f R2 ! f R2 !(Exp.)
1 1B1u 284.63 0.058 26 284.75 0.057 26

284.52 1B1u 284.76 0.139 25 284.89 0.137 26
3 1B1u 284.93 0.092 26 285.05 0.091 26
4 1B1u 285.34 0.029 27 285.47 0.033 27
5 1B1u 286.21 0.125 24 286.24 0.119 25 285.96 1B1u 286.57 0.048 27 286.63 0.044 27
7 1B1u 286.79 0.003 29 286.82 0.003 29
1 1B2u 286.91 0 26 286.92 0.0002 26
1 1B3u 286.93 0.011 26 286.94 0.01 26
2 1B2u 286.97 0.024 26 286.98 0.024 26

Table B.44.: Comparison of CVS-UCC2-x and CVS-ADC(2)-x excitation energies to exper-
imental data. The difference with respect to the experimental value is denoted
by �[%].

CVS-ADC(2)-x CVS-UCC2-x

!(Exp.) ! � ! �

284.5 284.79 0.1 284.91 0.15
285.9 286.31 0.14 286.35 0.16
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Anthracene cation (optimized neutral structure) C 1s

Table B.45.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV], oscillator
strengths f and amounts of doubles amplitudesR2[%] of the Anthracene cation
with optimized neutral structure (C 1s). The column ‘Symmetry’ and ‘State’
refer to the irreducible representation of the transition and the term symbol of
the excited state, respectively.

CVS-ADC(2)-x CVS-UCC2-x

State Symmetry ! f R2 ! f R2

1 B2u B1u 282.4 0.034 20 282.46 0.033 20
2 B2u B1u 282.89 0.031 24 282.95 0.03 25
3 B2u B1u 282.94 0.001 27 283 0.001 27
4 B2u B1u 283.05 0.025 26 283.11 0.025 26
5 B2u B1u 284.44 0.054 24 284.52 0.052 24
6 B2u B1u 284.55 0.02 25 284.63 0.019 25
7 B2u B1u 284.81 0.023 25 284.86 0.024 25
8 B2u B1u 285.14 0.023 26 285.19 0.023 26
9 B2u B1u 285.23 0.081 26 285.31 0.08 26
10 B2u B1u 285.34 0.036 26 285.41 0.036 26
11 B2u B1u 285.73 0 24 285.78 0 24
12 B2u B1u 286.02 0.044 28 286.08 0.044 28
13 B2u B1u 286.06 0.02 27 286.12 0.022 27
14 B2u B1u 286.31 0.038 28 286.37 0.038 28
15 B2u B1u 286.64 0.102 25 286.68 0.1 25
16 B2u B1u 286.84 0.026 29 286.88 0.026 29
17 B2u B1u 287.01 0.024 29 287.06 0.024 29
18 B2u B1u 287.14 0.003 29 287.18 0.003 30
19 B2u B1u 287.17 0.001 28 287.22 0.001 27
20 B2u B1u 287.29 0.003 29 287.33 0.003 29
21 B2u B1u 287.54 0.001 30 287.59 0.001 30
22 B2u B1u 287.73 0.015 28 287.78 0.015 28
23 B2u B1u 287.76 0.002 29 287.8 0.002 29
1 B1u B2u 288.07 0.001 25 288.08 0.001 25
1 Au B3u 288.07 0 25 288.09 0 25
2 B1u B2u 288.1 0 25 288.12 0.0002 25
2 Au B3u 288.12 0 25 288.14 0 25
24 B2u B1u 288.26 0.001 31 288.3 0.001 31
3 B1u B2u 288.34 0 26 288.36 0.0002 26
3 Au B3u 288.37 0.011 26 288.38 0.011 26
4 B1u B2u 288.41 0.029 26 288.42 0.029 26
4 Au B3u 288.41 0.005 26 288.42 0.005 26
25 B2u B1u 288.63 0.002 32 288.69 0.002 32
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Table B.45.: (Continued.)
State Symmetry ! f R2 ! f R2

5 B1u B2u 288.65 0 26 288.66 0.0001 26
5 Au B3u 288.68 0 26 288.69 0 26

Anthracene cation (optimized cationic structure) C 1s

Table B.46.: CVS-UCC2-x and CVS-ADC(2)-x excitation energies ![eV], oscillator
strengths f and amounts of doubles amplitudesR2[%] of the Anthracene cation
with optimized cationic structure (C 1s). The column ‘Symmetry’ and ‘State’
refer to the irreducible representation of the transition and the term symbol of
the excited state, respectively.

CVS-ADC(2)-x CVS-UCC2-x

State Symmetry ! f R2 ! f R2

1 B3u B1u 281.76 0.047 23 281.89 0.041 24
2 B3u B1u 281.85 0.008 28 281.95 0.027 26
3 B3u B1u 281.9 0.046 23 281.98 0.029 25
4 B3u B1u 284.11 0.019 20 284.24 0.019 20
5 B3u B1u 284.25 0.038 20 284.4 0.035 21
6 B3u B1u 284.96 0.046 27 285.09 0.047 27
7 B3u B1u 285.08 0.058 26 285.2 0.01 26
8 B3u B1u 285.1 0.06 26 285.21 0.108 26
9 B3u B1u 285.55 0.067 28 285.67 0.071 28
10 B3u B1u 285.96 0.024 24 286 0.029 25
11 B3u B1u 286.01 0.001 28 286.02 0.001 27
12 B3u B1u 286.38 0.029 29 286.5 0.032 29
13 B3u B1u 286.69 0.009 29 286.74 0.007 30
14 B3u B1u 286.7 0.008 29 286.8 0.006 29
15 B3u B1u 287.15 0.001 28 287.26 0.001 28
16 B3u B1u 287.24 0.044 28 287.34 0.0001 28
17 B3u B1u 287.26 0.05 26 287.33 0.086 26
18 B3u B1u 287.39 0.034 27 287.45 0.033 27
19 B3u B1u 287.45 0.004 28 287.55 0.003 28
20 B3u B1u 287.6 0 30 287.65 0.0003 30
21 B3u B1u 287.68 0.003 30 287.78 0.003 30
1 B1u B3u 287.83 0 25 287.84 0 25
1 Au B2u 287.83 0.002 25 287.84 0.002 25
2 Au B2u 287.85 0.001 25 287.86 0.001 25
22 B3u B1u 288.01 0 31 288.11 0.0003 31
23 B3u B1u 288.05 0.01 29 288.13 0.012 30
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B.3. CVS-UCC2 AND CVS-UCC2-X RESULTS

Table B.46.: (Continued.)
State Symmetry ! f R2 ! f R2

24 B3u B1u 288.17 0.007 28 288.24 0.006 28
3 Au B2u 288.18 0.017 26 288.19 0.016 26
2 B1u B3u 288.18 0 26 288.19 0 26
4 Au B2u 288.21 0.008 26 288.22 0.007 27
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B.4. CVS-UCC3 results

In this section of the appendix, CVS-UCC3 excitation energies and oscillator strengths as
well as the corresponding CVS-ADC(3) data106 are compiled.
Experimental data81,100,3 is given as a reference to the computed data.

Excitation energies

Table B.47.: CVS-UCC3 and CVS-ADC(3) excitation energies in eV for the first three ex-
cited states with different basis sets and the corresponding complete basis set
limit for CO C 1s.

CVS-ADC(3) CVS-UCC3

Basis State 1 State 2 State 3 State 1 State 2 State 3
cc-pVDZ 289.96 290.48
cc-pVTZ 288.11 296.3 288.6 297.71
cc-pVQZ 287.82 295.12 288.28 295.6
cc-pV5Z 287.74 294.49 295.74 288.2 294.96 296.25
CBS 287.69 288.14
aug-cc-pVDZ 289.45 295.33 296.45 290.01 297.05
aug-cc-pVTZ 288.02 293.95 295.04 288.5 294.44 295.58
aug-cc-pVQZ 287.8 293.75 294.83 288.26 294.23 295.35
aug-cc-pV5Z 287.74 293.7 294.74 288.2 294.18 295.26
CBS 287.7 293.67 294.71 288.16 294.15 295.22
d-aug-cc-pVDZ 289.35 295.01 296.04 289.91 295.58 296.66
d-aug-cc-pVTZ 288.01 293.84 294.86 288.49 294.34 295.4
d-aug-cc-pVQZ 287.79 293.7 294.72 288.26 294.19 295.25
CBS 287.69 293.65 294.67 288.15 294.13 295.19
Exp. 287.4 292.5 293.4 287.4 292.5 293.4

∙ Data of this chapter (CVS-UCC3 results) was already published in the Supporting Information of:
Sebastian M. Thielen, Manuel Hodecker, Julia Piazolo, Dirk R. Rehn, and Andreas Dreuw. Unitary
coupled-cluster approach for the calculation of core-excited states and x-ray absorption spectra. The Journal
of Chemical Physics, 154(15):154108, 04 2021 (98)
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Table B.48.: CVS-UCC3 and CVS-ADC(3) excitation energies in eV for the first three ex-
cited states with different basis sets and the corresponding complete basis set
limit for CO O 1s.

CVS-ADC(3) CVS-UCC3

Basis State 1 State 2 State 3 State 1 State 2 State 3
cc-pVDZ 541.38 540.21 550.25 552.18
cc-pVTZ 538.82 547.04 537.73 545.86 549.21
cc-pVQZ 538.37 545.62 537.27 544.44 547.09
cc-pV5Z 538.28 544.91 546.99 537.17 543.71 545.64
CBS 538.19 537.08
aug-cc-pVDZ 541.32 547.33 549.15 540.02 547.59
aug-cc-pVTZ 538.74 544.66 546.29 537.61 543.41 544.93
aug-cc-pVQZ 538.38 544.32 545.86 537.26 543.07 544.51
aug-cc-pV5Z 538.28 544.22 545.68 537.17 542.97 544.33
CBS 538.23 544.17 545.62 537.11 542.91 544.27
d-aug-cc-pVDZ 541.26 547.13 548.57 539.96 545.68 547.02
d-aug-cc-pVTZ 538.72 544.57 545.97 537.58 543.31 544.61
d-aug-cc-pVQZ 538.38 544.28 545.68 537.26 543.03 544.33
CBS 538.24 544.17 545.57 537.13 542.92 544.22
Exp. 534.1 538.8 539.8 534.1 538.8 539.8

Table B.49.: CVS-UCC3 and CVS-ADC(3) excitation energies in eV for the first three ex-
cited states with different basis sets and the corresponding complete basis set
limit for NH3 N 1s.

CVS-ADC(3) CVS-UCC3

Basis State 1 State 2 State 3 State 1 State 2 State 3
cc-pVDZ 406.27 407.9 406.35 407.99
cc-pVTZ 404.09 405.73 404.18 405.85
cc-pVQZ 403.73 405.36 403.82 405.49
cc-pV5Z 403.6 405.21 407.64 403.69 405.34 407.73
CBS 403.54 405.15 403.63 405.28
aug-cc-pVDZ 405.95 407.55 408.89 405.87 407.5 408.78
aug-cc-pVTZ 403.92 405.48 406.59 403.94 405.55 406.6
aug-cc-pVQZ 403.61 405.17 406.17 403.68 405.27 406.23
CBS 403.47 405.03 405.97 403.57 405.15 406.06
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Table B.49.: (Continued.)
Basis State 1 State 2 State 3 State 1 State 2 State 3

d-aug-cc-pVDZ 405.91 407.49 408.35 405.82 407.44 408.25
d-aug-cc-pVTZ 403.9 405.46 406.31 403.93 405.53 406.33
d-aug-cc-pVQZ 403.61 405.16 406.02 403.68 405.26 406.08
CBS 403.48 405.03 405.9 403.58 405.14 405.98
Exp. 400.66 402.33 402.86 400.66 402.33 402.86

Table B.50.: CVS-UCC3 and CVS-ADC(3) excitation energies in eV for the first excited
state with different basis sets and the corresponding complete basis set limit for
CH3 C 1s.

CVS-ADC(3) CVS-UCC3

Basis State 1 State 1
cc-pVDZ 284.4 284.54
cc-pVTZ 282.33 282.48
cc-pVQZ 281.98 282.14
cc-pV5Z 281.9 282.06
CBS 281.83 282
aug-cc-pVDZ 284.09 284.21
aug-cc-pVTZ 282.24 282.38
aug-cc-pVQZ 281.96 282.12
CBS 281.84 282.01
d-aug-cc-pVDZ 284.04 284.16
d-aug-cc-pVTZ 282.22 282.37
d-aug-cc-pVQZ 281.96 282.12
CBS 281.85 282.01
Exp. 281.35 281.35
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Table B.51.: Comparison of K-edge experimental energy values and CVS-UCC3 as well as
CVS-ADC(3) excitation energy values in the CBS limit for the first three singlet
excited states of CO, NH3 and the first singlet excited state of CH3. Differenceswith respect ot experimental data81,100,3 (in %) are denoted by �UCC and �ADC,respectively. Different basis set series are denoted by cc, aug-cc and d-aug-cc,
respectively.

State cc series aug-cc series d-aug-cc series Expt.

�ADC �UCC �ADC �UCC �ADC �UCC

CO C 1 0.1 0.26 0.1 0.26 0.1 0.26 287.4
2 0.4 0.56 0.39 0.56 292.5
3 0.45 0.62 0.43 0.61 293.4

CO O 1 0.77 0.56 0.77 0.56 0.78 0.57 534.1
2 1 0.76 1 0.76 538.8
3 1.08 0.83 1.07 0.82 539.8

NH3 N 1 0.72 0.74 0.7 0.73 0.7 0.73 400.66
2 0.7 0.73 0.67 0.7 0.67 0.7 402.33
3 0.77 0.79 0.75 0.77 402.86

CH3 C 1 0.17 0.23 0.17 0.23 0.18 0.23 281.35

Oscillator strengths

Table B.52.: CVS-UCC3 and CVS-ADC(3) oscillator strengths for the first three excited
states with the aug-cc-series for CO C 1s.

CVS-ADC(3) CVS-UCC3

Basis State 1 State 2 State 3 State 1 State 2 State 3
aug-cc-pVDZ 0.0748 0.0083 0.0749 0.0084
aug-cc-pVTZ 0.0787 0.0048 0.0075 0.0787 0.0054 0.0077
aug-cc-pVQZ 0.0793 0.0046 0.0066 0.0793 0.0052 0.0067
aug-cc-pV5Z 0.0795 0.0045 0.0059 0.0795 0.0051 0.006
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Table B.53.: CVS-UCC3 and CVS-ADC(3) oscillator strengths for the first three excited
states with the aug-cc-series for CO O 1s.

CVS-ADC(3) CVS-UCC3

Basis State 1 State 2 State 3 State 1 State 2 State 3
aug-cc-pVDZ 0.0472 0.0007 0.044 0.0007
aug-cc-pVTZ 0.0478 0.0021 0.0008 0.0448 0.0019 0.0007
aug-cc-pVQZ 0.0479 0.002 0.0008 0.0448 0.0018 0.0007
aug-cc-pV5Z 0.048 0.002 0.0007 0.0448 0.0017 0.0007

Table B.54.: CVS-UCC3 and CVS-ADC(3) oscillator strengths for the first three excited
states with the aug-cc-series for NH3 N 1s.

CVS-ADC(3) CVS-UCC3

Basis State 1 State 2 State 3 State 1 State 2 State 3
aug-cc-pVDZ 0.0081 0.0307 0.0177 0.0083 0.0298 0.0178
aug-cc-pVTZ 0.008 0.0305 0.0144 0.0082 0.0297 0.0145
aug-cc-pVQZ 0.008 0.0307 0.0128 0.0082 0.0299 0.0128

Table B.55.: CVS-UCC3 and CVS-ADC(3) oscillator strengths for the first excited state with
the aug-cc-series for CH3 C 1s.

CVS-ADC(3) CVS-UCC3

Basis State 1 State 1
aug-cc-pVDZ 0.0381 0.0382
aug-cc-pVTZ 0.0401 0.0402
aug-cc-pVQZ 0.0404 0.0405
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C. Unitary Coupled Cluster code

generator

Note that Einstein’s sum convention is used in the following, that is, doubly occuring in-
dices in an expression are summed over while single indices represent target indices.
All equations are automatically generated and formated. Products of an identical set of ten-
sors are always put in an individual line.

C.1. Third-order Unitary Coupled Cluster

C.1.1. UCC3 ground state equations

UCC3 ground state energy:

⟨Φ0|H̄|Φ0⟩ =
1
8
⟨ab||ij⟩ �ab∗ij

+ 1
8
⟨ij||ab⟩ �abij

+ fai�a∗i

+ fia�ai
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UCC3 singles amplitudes:

⟨Φa
i |H̄|Φ0⟩ =

fai

+ 1
2
⟨ab||ij⟩ �b∗j

+ 1
2
⟨aj||bc⟩ �bcij −

1
2
⟨jk||ib⟩ �abjk

+ fab�bi − fji�
a
j

+ fjb�abij

+ ⟨aj||ib⟩ �bj

+ 1
4
⟨aj||kl⟩ �bcij �

bc∗
kl +

1
2
⟨ac||ib⟩ �bdjk�

cd∗
jk + ⟨ac||bj⟩ �bdik �

cd∗
jk + ⟨bj||ik⟩ �acjl �

bc∗
kl

− 1
4
⟨bj||kl⟩ �acij �

bc∗
kl −

1
4
⟨cd||ib⟩ �abjk�

cd∗
jk − 1

4
⟨cd||bj⟩ �abik �

cd∗
jk − 1

2
⟨aj||ik⟩ �bcjl �

bc∗
kl

= 0

UCC3 doubles amplitudes:

⟨Φab
ij |H̄|Φ0⟩ =

⟨ab||ij⟩

+ 1
2
⟨ab||cd⟩ �cdij +

1
2
⟨kl||ij⟩ �abkl + −

(ijab) ⟨ak||ic⟩ �
bc
jk

+ −
(ab)fbc�

ac
ij + −

(ij)fki�
ab
jk

+ −
(ij) ⟨ab||ic⟩ �

c
j + −

(ab) ⟨bk||ij⟩ �
a
k

+ 1
6
−
(ab) ⟨bc||ij⟩ �

ad
kl �

cd∗
kl + 1

6
−
(ab) ⟨bc||kl⟩ �

ad
ij �

cd∗
kl + 1

3
−
(ijab) ⟨ac||ik⟩ �

bd
jl �

cd∗
kl

+ 1
12

⟨ab||kl⟩ �cdij �
cd∗
kl + 1

12
⟨cd||ij⟩ �abkl �

cd∗
kl + 1

6
−
(ij) ⟨ab||jk⟩ �

cd
il �

cd∗
kl

+ 1
6
−
(ij) ⟨cd||jk⟩ �

ab
il �

cd∗
kl

+ 1
6
⟨kl||cd⟩ �abkl �

cd
ij +

1
3
−
(ij) ⟨kl||cd⟩ �

ab
il �

cd
jk +

2
3
−
(ij) ⟨kl||cd⟩ �

ac
ik �

bd
jl

− 1
3
−
(ab) ⟨kl||cd⟩ �

ac
ij �

bd
kl

= 0
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C.1.2. PP-UCC3-x secular matrix
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PP-UCC3 singles/singles block:

⟨Φa
i |H̄ − E0|Φb

j⟩ =

− ⟨aj||bi⟩

+ 1
2
⟨ac||ik⟩ �bc∗jk

+ 1
2
⟨jk||bc⟩ �acik

+ fab�ij − fji�ab

− ⟨aj||bc⟩ �ci − ⟨jk||bi⟩ �ak

− ⟨aj||ik⟩ �b∗k − ⟨ac||bi⟩ �c∗j

+ 1
4
⟨aj||bk⟩ �cdil �

cd∗
kl + 1

4
⟨ae||cd⟩ �cdik �

be∗
jk +

1
4
⟨ak||bi⟩ �cdkl �

cd∗
jl + 1

4
⟨jk||lm⟩ �acik �

bc∗
lm

+ 1
4
⟨de||bc⟩ �acik �

de∗
jk + 1

4
⟨kl||im⟩ �ackl �

bc∗
jm + 1

2
⟨ak||bl⟩ �cdik �

cd∗
jl + 1

2
⟨jd||ic⟩ �ackl �

bd∗
kl

+ 1
2
⟨jd||ck⟩ �acil �

bd∗
kl + 1

2
⟨dk||ic⟩ �ackl �

bd∗
jl − 1

4
⟨aj||ic⟩ �cdkl �

bd∗
kl − 1

4
⟨jc||bi⟩ �adkl �

cd∗
kl

− 1
2
⟨ak||cl⟩ �cdik �

bd∗
jl − 1

2
⟨ck||bl⟩ �adik �

cd∗
jl − ⟨aj||ck⟩ �cdil �

bd∗
kl − ⟨ad||bc⟩ �ceik�

de∗
jk

− ⟨jk||il⟩ �ackm�
bc∗
lm − ⟨ck||bi⟩ �adkl �

cd∗
jl

+ ⟨ac||bk⟩ �c∗k �ij − ⟨jc||ik⟩ �c∗k �ab

+ ⟨ak||bc⟩ �ck�ij − ⟨jk||ic⟩ �ck�ab

− 1
4
⟨ac||kl⟩ �bc∗kl �ij −

1
4
⟨cd||ik⟩ �cd∗jk �ab

− 1
4
⟨jk||cd⟩ �cdik �ab −

1
4
⟨kl||bc⟩ �ackl �ij

− fak�b∗k �ij − fci�
c∗
j �ab

− fjc�ci �ab − fkb�
a
k�ij

+ 1
2
⟨ad||bc⟩ �cekl�

de∗
kl �ij +

1
2
⟨ak||cl⟩ �cdkm�

bd∗
lm �ij +

1
2
⟨jk||il⟩ �cdkm�

cd∗
lm �ab +

1
2
⟨ck||bl⟩ �adkm�

cd∗
lm �ij

− 1
8
⟨ae||cd⟩ �cdkl �

be∗
kl �ij −

1
8
⟨jk||lm⟩ �cdik �

cd∗
lm �ab −

1
8
⟨de||bc⟩ �ackl �

de∗
kl �ij −

1
8
⟨kl||im⟩ �cdkl �

cd∗
jm �ab

− 1
2
⟨ak||bl⟩ �cdkm�

cd∗
lm �ij −

1
2
⟨jd||ic⟩ �cekl�

de∗
kl �ab −

1
2
⟨jd||ck⟩ �ceil �

de∗
kl �ab −

1
2
⟨dk||ic⟩ �cekl�

de∗
jl �ab
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PP-UCC3 singles/doubles block:

⟨Φa
i |H̄|Φbc

jk⟩ =

−
(jk) ⟨aj||il⟩ �

bc∗
kl + −

(bc) ⟨ad||bi⟩ �
cd∗
jk

+ −
(jk) ⟨ak||bc⟩ �ij + −

(bc) ⟨jk||ci⟩ �ab

+ 1
2
−
(jk) ⟨ak||lm⟩ �

bc∗
lm �ij +

1
2
−
(bc) ⟨de||ci⟩ �

de∗
jk �ab + −

(jkbc) ⟨ad||bl⟩ �
cd∗
kl �ij + −

(jkbc) ⟨jd||il⟩ �
bd∗
kl �ac

+ −
(jk)fal�

bc∗
kl �ij + −

(bc)fdi�
cd∗
jk �ab

+ −
(jkbc)fjb�ac�ik

+ 1
2
−
(jkbc) ⟨jd||lm⟩ �

cd∗
lm �ab�ik +

1
2
−
(jkbc) ⟨de||bl⟩ �

de∗
jl �ac�ik

+ −
(jkbc)fjl�

c∗
l �ab�ik + −

(jkbc)fdb�
d∗
j �ac�ik

+ −
(jkbc)fdl�

bd∗
jl �ac�ik

PP-UCC3 doubles/singles block:

⟨Φab
ij |H̄|Φc

k⟩ =

−
(ij) ⟨ab||cj⟩ �ik + −

(ab) ⟨bk||ij⟩ �ac

+ −
(ab) ⟨ak||cd⟩ �

bd
ij + −

(ij) ⟨kl||ci⟩ �
ab
jl

+ 1
2
−
(ab) ⟨bk||de⟩ �

de
ij �ac +

1
2
−
(ij) ⟨lm||cj⟩ �

ab
lm�ik + −

(ijab) ⟨al||cd⟩ �
bd
jl �ik + −

(ijab) ⟨kl||id⟩ �
ad
jl �bc

+ −
(ijab)fai�bc�jk
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(ab)fkd�
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ij �ac + −

(ij)flc�
ab
jl �ik

+ 1
2
−
(ijab) ⟨al||de⟩ �

de
il �bc�jk +

1
2
−
(ijab) ⟨lm||id⟩ �
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+ −
(ijab)fad�

d
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(ijab)fli�
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(ijab)fld�

ad
il �bc�jk
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PP-UCC3-x doubles/doubles block:

⟨Φab
ij |H̄ − E0|Φcd

kl ⟩ =
1
2
−
(ij) ⟨ab||im⟩ �

cd∗
lm �jk +

1
2
−
(ij) ⟨ab||jm⟩ �

cd∗
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(ab) ⟨ae||ij⟩ �
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C.1.3. PP-UCC3 ground state and ground- to excited state

densities

PP-UCC3 ground state density:

⟨Φ0|D̄|Φ0⟩ =

dai�
a∗
i

+ dia�ai

+ 1
2
dai�

b
j�

ab∗
ij

+ 1
2
dba�
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PP-UCC3 ground- to excited-state density, doubles:
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C.1.4. PP-UCC3 state-to-state densities

PP-UCC3 state-to-state density, singles/singles:
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PP-UCC3 state-to-state density, singles/doubles:
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PP-UCC3 state-to-state density, doubles/singles:
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PP-UCC3 state-to-state density, doubles/doubles:
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C.2. Fourth-order Unitary coupled Cluster

C.2.1. UCC4+5[s,t] ground state equations

UCC4+5[s,t] ground state enrgy:
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UCC4+5[s,t] singles amplitudes:
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ik�

de∗
kl − 1

48
⟨jk||ib⟩ �ablm�

cd
jk�

cd∗
lm

− 1
24

⟨jk||ib⟩ �adjk�
bc
lm�

cd∗
lm − 1

24
⟨jk||bl⟩ �abik �

cd
jm�

cd∗
lm

+ 1
2
⟨ac||ib⟩ �bj�

c∗
j +

1
2
⟨ac||bj⟩ �bi �

c∗
j +

1
2
⟨bj||ik⟩ �aj �

b∗
k

− 1
2
⟨aj||ik⟩ �bj�

b∗
k

+ ⟨jk||ib⟩ �ak�
b
j − ⟨aj||bc⟩ �bj�

c
i

+ 1
4
⟨bj||ik⟩ �acdjlm�

bcd∗
klm + 1

4
⟨ac||bj⟩ �bdeikl �

cde∗
jkl + 1

12
⟨aj||kl⟩ �bcdijm�

bcd∗
klm

+ 1
12

⟨ac||ib⟩ �bdejkl �
cde∗
jkl − 1

12
⟨aj||ik⟩ �bcdjlm�

bcd∗
klm − 1

12
⟨cd||ib⟩ �abejkl �

cde∗
jkl

− 1
8
⟨bj||kl⟩ �acdijm�

bcd∗
klm − 1

8
⟨cd||bj⟩ �abeikl �

cde∗
jkl

= 0

UCC4+5[s,t] doubles amplitudes:

⟨Φab
ij |H̄|Φ0⟩ =

⟨ab||ij⟩

+ 1
2
⟨ab||cd⟩ �cdij +

1
2
⟨kl||ij⟩ �abkl + −

(ijab) ⟨ak||ic⟩ �
bc
jk

+ 1
2
−
(ab) ⟨bk||cd⟩ �

acd
ijk +

1
2
−
(ij) ⟨kl||ic⟩ �

abc
jkl

+ −
(ab)fbc�

ac
ij + −

(ij)fki�
ab
jk

+ fkc�abcijk

+ −
(ij) ⟨ab||ic⟩ �

c
j + −

(ab) ⟨bk||ij⟩ �
a
k

1
8
−
(ij) ⟨ab||ic⟩ �

cde
jkl �

de∗
kl + 1

4
−
(ab) ⟨bk||lm⟩ �

acd
ijk �

cd∗
lm + 1

2
−
(ijab) ⟨ad||ic⟩ �

bce
jkl�

de∗
kl
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+ −
(ij) ⟨ck||jl⟩ �

abd
ikm�

cd∗
lm + 1

8
−
(ab) ⟨bk||ij⟩ �

acd
klm�

cd∗
lm + 1

4
−
(ij) ⟨de||ic⟩ �

abc
jkl �

de∗
kl

+ −
(ab) ⟨bd||ck⟩ �

ace
ijl �

de∗
kl + 1

2
−
(ijab) ⟨ak||jl⟩ �

bcd
ikm�

cd∗
lm − 1

4
⟨ck||lm⟩ �abdijk �

cd∗
lm

− 1
2
⟨ck||ij⟩ �abdklm�

cd∗
lm − 1

4
⟨de||ck⟩ �abcijl �

de∗
kl − 1

2
⟨ab||ck⟩ �cdeijl �

de∗
kl

+ 1
2
−
(ijab) ⟨ad||ic⟩ �

bc
jk�

d∗
k + 1

2
−
(ijab) ⟨ak||jl⟩ �

bc
ik�

c∗
l +

1
2
−
(ab) ⟨bd||ck⟩ �

ac
ij �

d∗
k

+ 1
2
−
(ij) ⟨ck||jl⟩ �

ab
ik �

c∗
l −

1
2
⟨ab||ck⟩ �cdij �

d∗
k − 1

2
⟨ck||ij⟩ �abkl �

c∗
l

+ 1
2
−
(ab) ⟨bk||cd⟩ �

a
k�

cd
ij +

1
2
−
(ij) ⟨kl||ic⟩ �

c
j�

ab
kl + −

(ijab) ⟨ak||cd⟩ �
c
i �

bd
jk

+ −
(ab) ⟨ak||cd⟩ �

c
k�

bd
ij + −

(ijab) ⟨kl||ic⟩ �
b
k�

ac
jl + −

(ij) ⟨kl||jc⟩ �
c
k�

ab
il

+ 1
6
−
(ab) ⟨bc||ij⟩ �

ad
kl �

cd∗
kl + 1

6
−
(ab) ⟨bc||kl⟩ �

ad
ij �

cd∗
kl + 1

3
−
(ijab) ⟨ac||ik⟩ �

bd
jl �

cd∗
kl

+ 1
12

⟨ab||kl⟩ �cdij �
cd∗
kl + 1

12
⟨cd||ij⟩ �abkl �

cd∗
kl + 1

6
−
(ij) ⟨ab||jk⟩ �

cd
il �

cd∗
kl

+ 1
6
−
(ij) ⟨cd||jk⟩ �

ab
il �

cd∗
kl

+ 1
6
⟨kl||cd⟩ �abkl �

cd
ij +

1
3
−
(ij) ⟨kl||cd⟩ �

ab
il �

cd
jk +

2
3
−
(ij) ⟨kl||cd⟩ �

ac
ik �

bd
jl

− 1
3
−
(ab) ⟨kl||cd⟩ �

ac
ij �

bd
kl

−
(ijab) ⟨kl||im⟩ �

ac
jk�

bd
ln �

cd∗
mn +

1
2
−
(ijab) ⟨ak||cl⟩ �

bc
im�

de
jk�

de∗
lm + 1

12
−
(ij) ⟨kl||jm⟩ �

ab
in �

cd
kl �

cd∗
mn

+ 1
12

−
(ij) ⟨kl||jm⟩ �

ab
kl �

cd
in �

cd∗
mn +

1
6
−
(ijab) ⟨ae||cd⟩ �

bf
jl �

cd
ik �

ef∗
kl + 1

6
−
(ijab) ⟨ak||ic⟩ �

bc
lm�

de
jk�

de∗
lm

+ 1
6
−
(ijab) ⟨dk||ic⟩ �

ac
jk�

be
lm�

de∗
lm + 2

3
−
(ijab) ⟨dk||cl⟩ �

ac
im�

be
jk�

de∗
lm + −

(ab) ⟨ak||cl⟩ �
be
km�

cd
ij �

de∗
lm

+ 2
3
−
(ijab) ⟨ak||jc⟩ �

be
km�

cd
il �

de∗
lm + 1

6
−
(ijab) ⟨ak||cl⟩ �

bc
jk�

de
im�

de∗
lm + 1

6
−
(ij) ⟨kl||mn⟩ �

ab
il �

cd
jk�

cd∗
mn

+ 1
3
−
(ijab) ⟨ak||ic⟩ �

bc
jm�

de
kl �

de∗
lm + 1

3
−
(ijab) ⟨dk||ic⟩ �

ac
kl �

be
jm�

de∗
lm + 1

3
−
(ij) ⟨dk||jc⟩ �

ab
im�

ce
kl�

de∗
lm

+ 2
3
−
(ij) ⟨dk||cl⟩ �

ab
ik �

ce
jm�

de∗
lm + 1

2
−
(ab) ⟨ae||cd⟩ �

bd
kl �

cf
ij �

ef∗
kl + 1

2
−
(ijab) ⟨dk||ic⟩ �

ac
lm�

be
jk�

de∗
lm

+ 1
2
−
(ij) ⟨kl||jm⟩ �

ab
ln �

cd
ik �

cd∗
mn + −

(ijab) ⟨ae||cd⟩ �
bd
il �

cf
jk �

ef∗
kl + −

(ijab) ⟨ak||cl⟩ �
be
jk�

cd
im�

de∗
lm

+ −
(ijab) ⟨dk||jc⟩ �

ac
il �

be
km�

de∗
lm + 1

2
−
(ab) ⟨ak||cl⟩ �

bc
ij �

de
km�

de∗
lm + −

(ij) ⟨dk||ic⟩ �
ab
km�

ce
jl �

de∗
lm

+ 1
3
−
(ij) ⟨ef ||cd⟩ �

ac
ik �

bd
jl �

ef∗
kl + 2

3
−
(ab) ⟨dk||cl⟩ �

ac
ij �

be
km�

de∗
lm + 1

12
−
(ab) ⟨be||cd⟩ �

af
ij �

cd
kl �

ef∗
kl
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+ 1
12

−
(ab) ⟨be||cd⟩ �

af
kl �

cd
ij �

ef∗
kl + 1

6
−
(ijab) ⟨kl||im⟩ �

ac
jn�

bd
kl �

cd∗
mn +

1
3
−
(ijab) ⟨ak||ic⟩ �

be
jk�

cd
lm�

de∗
lm

+ 1
3
−
(ab) ⟨ak||cl⟩ �

be
ij �

cd
km�

de∗
lm + 1

3
−
(ijab) ⟨ak||cl⟩ �

be
im�

cd
jk�

de∗
lm + 1

6
−
(ab) ⟨ak||cl⟩ �

bc
km�

de
ij �

de∗
lm

+ 1
6
−
(ij) ⟨dk||jc⟩ �

ab
lm�

ce
ik�

de∗
lm + 1

3
−
(ij) ⟨kl||mn⟩ �

ac
ik �

bd
jl �

cd∗
mn +

2
3
⟨ab||cd⟩ �ceik�

df
jl �

ef∗
kl

+ 2
3
⟨kl||ij⟩ �ackm�

bd
ln �

cd∗
mn +

1
2
−
(ab) ⟨ae||cd⟩ �

bd
ij �

cf
kl �

ef∗
kl + 1

2
−
(ij) ⟨dk||jc⟩ �

ab
ik �

ce
lm�

de∗
lm

+ 1
2
−
(ij) ⟨kl||im⟩ �

ab
jl �

cd
kn�

cd∗
mn −

1
6
−
(ab) ⟨ef ||cd⟩ �

ac
ij �

bd
kl �

ef∗
kl − 1

3
⟨kl||ij⟩ �abln �

cd
km�

cd∗
mn

− 2
3
⟨dk||cl⟩ �abkm�

ce
ij �

de∗
lm − 1

3
⟨ab||cd⟩ �cekl�

df
ij �

ef∗
kl

1
4
−
(ab) ⟨be||cd⟩ �

acd
ijk �

e∗
k +

1
4
−
(ij) ⟨kl||jm⟩ �

abc
ikl �

c∗
m +

1
2
−
(ab) ⟨ak||cl⟩ �

bcd
ijk �

d∗
l

+ 1
2
−
(ij) ⟨dk||jc⟩ �

abc
ikl �

d∗
l

+ ⟨ab||cd⟩ �ci �
d
j + −

(ijab) ⟨ak||jc⟩ �
b
k�

c
i + ⟨kl||ij⟩ �ak�

b
l

+ 1
36

−
(ab) ⟨bc||ij⟩ �

ade
klm�

cde∗
klm + 1

36
⟨cd||ij⟩ �abeklm�

cde∗
klm + 1

12
−
(ijab) ⟨ac||ik⟩ �

bde
jlm�

cde∗
klm

+ 1
12

−
(ab) ⟨bc||kl⟩ �

ade
ijm�

cde∗
klm + 1

36
⟨ab||kl⟩ �cdeijm�

cde∗
klm + 1

36
−
(ij) ⟨ab||jk⟩ �

cde
ilm �

cde∗
klm

+ 1
48

⟨cd||kl⟩ �abeijm�
cde∗
klm + 1

12
−
(ij) ⟨cd||jk⟩ �

abe
ilm�

cde∗
klm

+ 5
12

⟨kl||cd⟩ �ck�
abd
ijl +

1
3
−
(ab) ⟨kl||cd⟩ �

a
k�

bcd
ijl +

1
3
−
(ij) ⟨kl||cd⟩ �

c
i �

abd
jkl

+ 1
3
−
(ij) ⟨ab||jk⟩ �

c
i �

c∗
k +

1
3
−
(ab) ⟨bc||ij⟩ �

a
k�

c∗
k

= 0

UCC4+5[s,t] triples amplitudes:

⟨Φabc
ijk |H̄|Φ0⟩ =

1
2
⟨ab||de⟩ �cdeijk +

1
2
−
(ab) ⟨bc||de⟩ �

ade
ijk +

1
2
⟨lm||ij⟩ �abcklm

+ 1
2
−
(ij) ⟨lm||jk⟩ �

abc
ilm + −

(ijab) ⟨al||id⟩ �
bcd
jkl + −

(ab) ⟨al||kd⟩ �
bcd
ijl

+ −
(ij) ⟨cl||id⟩ �

abd
jkl + ⟨cl||kd⟩ �abdijl

+ −
(ab)fad�

bcd
ijk + fcd�

abd
ijk + −

(ij)flj�
abc
ikl
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− flk�abcijl

+ −
(ij) ⟨ab||jd⟩ �

cd
ik + −

(ijab) ⟨ac||id⟩ �
bd
jk + −

(ab) ⟨ac||kd⟩ �
bd
ij

+ −
(ab) ⟨al||ij⟩ �

bc
kl + −

(ijab) ⟨al||jk⟩ �
bc
il + ⟨cl||ij⟩ �abkl

+ −
(ij) ⟨cl||jk⟩ �

ab
il − ⟨ab||kd⟩ �cdij

+ 1
2
−
(ijab) ⟨al||de⟩ �

bc
il �

de
jk +

1
2
−
(ab) ⟨al||de⟩ �

bc
kl�

de
ij +

1
2
−
(ij) ⟨cl||de⟩ �

ab
il �

de
jk

+ 1
2
⟨cl||de⟩ �abkl �

de
ij +

1
2
−
(ijab) ⟨lm||id⟩ �

ac
lm�

bd
jk +

1
2
−
(ij) ⟨lm||jd⟩ �

ab
lm�

cd
ik

+ 1
2
−
(ab) ⟨lm||kd⟩ �

ac
lm�

bd
ij + −

(abc) ⟨al||de⟩ �
bd
ik �

ce
jl + −

(abc) ⟨bl||de⟩ �
ad
ij �

ce
kl

+ −
(abc) ⟨bl||de⟩ �

ad
il �

ce
jk + −

(ijk) ⟨lm||id⟩ �
ab
jl �

cd
km + −

(ijk) ⟨lm||id⟩ �
ac
kl �

bd
jm

+ −
(ijk) ⟨lm||id⟩ �

ad
jl �

bc
km −

1
2
⟨lm||kd⟩ �ablm�

cd
ij

+ −
(ij) ⟨ab||de⟩ �

d
j �

ce
ik + −

(ijab) ⟨ac||de⟩ �
d
i �

be
jk + −

(ab) ⟨ac||de⟩ �
d
k�

be
ij

+ −
(abc) ⟨al||id⟩ �

b
l �

cd
jk + −

(ijk) ⟨al||id⟩ �
d
j �

bc
kl + −

(abc) ⟨al||jd⟩ �
c
l �

bd
ik

+ −
(abc) ⟨al||kd⟩ �

b
l �

cd
ij + −

(ijk) ⟨bl||id⟩ �
d
k�

ac
jl + −

(ijk) ⟨cl||id⟩ �
d
j �

ab
kl

+ −
(ab) ⟨lm||ij⟩ �

b
l �

ac
km + −

(ijab) ⟨lm||ik⟩ �
a
l �

bc
jm + −

(ij) ⟨lm||ik⟩ �
c
l �

ab
jm

− ⟨ab||de⟩ �dk�
ce
ij − ⟨lm||ij⟩ �cl �

ab
km

+ 1
6
−
(ab) ⟨ad||ij⟩ �

bce
klm�

de∗
lm + 1

6
−
(ijab) ⟨ad||jk⟩ �

bce
ilm�

de∗
lm + 1

6
−
(ab) ⟨ad||lm⟩ �

bce
ijk�

de∗
lm

+ 1
6
⟨cd||ij⟩ �abeklm�

de∗
lm + 1

6
−
(ij) ⟨cd||jk⟩ �

abe
ilm�

de∗
lm + 1

6
⟨cd||lm⟩ �abeijk �

de∗
lm

+ 1
6
−
(ij) ⟨de||il⟩ �

abc
jkm�

de∗
lm + 1

6
⟨de||kl⟩ �abcijm�

de∗
lm + 1

12
⟨ab||lm⟩ �cdeijk �

de∗
lm

+ 1
12

−
(ab) ⟨bc||lm⟩ �

ade
ijk �

de∗
lm + 1

12
⟨de||ij⟩ �abcklm�

de∗
lm + 1

12
−
(ij) ⟨de||jk⟩ �

abc
ilm�

de∗
lm

+ 1
6
−
(ij) ⟨ab||il⟩ �

cde
jkm�

de∗
lm + 1

6
⟨ab||kl⟩ �cdeijm�

de∗
lm + 1

6
−
(ijab) ⟨ac||jl⟩ �

bde
ikm�

de∗
lm

+ 1
6
−
(ab) ⟨bc||kl⟩ �

ade
ijm�

de∗
lm + 1

3
−
(ijab) ⟨ad||il⟩ �

bce
jkm�

de∗
lm + 1

3
−
(ab) ⟨ad||kl⟩ �

bce
ijm�

de∗
lm

+ 1
3
−
(ij) ⟨cd||il⟩ �

abe
jkm�

de∗
lm + 1

3
⟨cd||kl⟩ �abeijm�

de∗
lm

+ 1
6
⟨lm||de⟩ �ablm�

cde
ijk +

1
6
−
(ab) ⟨lm||de⟩ �

bc
lm�

ade
ijk +

1
6
⟨lm||de⟩ �deij �

abc
klm
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+ 1
6
−
(ij) ⟨lm||de⟩ �

de
jk�

abc
ilm +

1
3
−
(ij) ⟨lm||de⟩ �

ab
il �

cde
jkm +

1
3
⟨lm||de⟩ �abkl �

cde
ijm

+ 1
3
−
(ijab) ⟨lm||de⟩ �

ac
jl �

bde
ikm +

1
3
−
(ab) ⟨lm||de⟩ �

ad
ij �

bce
klm +

1
3
−
(ijab) ⟨lm||de⟩ �

ad
jk�

bce
ilm

+ 1
3
−
(ab) ⟨lm||de⟩ �

ad
lm�

bce
ijk +

1
3
−
(ab) ⟨lm||de⟩ �

bc
kl�

ade
ijm +

1
3
⟨lm||de⟩ �cdij �

abe
klm

+ 1
3
−
(ij) ⟨lm||de⟩ �

cd
jk�

abe
ilm +

1
3
⟨lm||de⟩ �cdlm�

abe
ijk +

1
3
−
(ij) ⟨lm||de⟩ �

de
il �

abc
jkm

+ 1
3
⟨lm||de⟩ �dekl �

abc
ijm +

2
3
−
(ijab) ⟨lm||de⟩ �

ad
il �

bce
jkm +

2
3
−
(ab) ⟨lm||de⟩ �

ad
kl �

bce
ijm

+ 2
3
−
(ij) ⟨lm||de⟩ �

cd
il �

abe
jkm +

2
3
⟨lm||de⟩ �cdkl �

abe
ijm

+ 1
3
−
(ij) ⟨ab||il⟩ �

cd
jk�

d∗
l + 1

3
⟨ab||kl⟩ �cdij �

d∗
l + 1

3
−
(ijab) ⟨ac||jl⟩ �

bd
ik �

d∗
l

+ 1
3
−
(ab) ⟨ad||ij⟩ �

bc
kl�

d∗
l + 1

3
−
(ijab) ⟨ad||jk⟩ �

bc
il �

d∗
l + 1

3
−
(ab) ⟨bc||kl⟩ �

ad
ij �

d∗
l

+ 1
3
⟨cd||ij⟩ �abkl �

d∗
l + 1

3
−
(ij) ⟨cd||jk⟩ �

ab
il �

d∗
l

+ 1
6
−
(abc) ⟨ae||id⟩ �

bf
jk �

cd
lm�

ef∗
lm + 1

6
−
(abc) ⟨ae||id⟩ �

bf
lm�

cd
jk�

ef∗
lm

+ 1
6
−
(abc) ⟨ae||jd⟩ �

bd
ik �

cf
lm�

ef∗
lm + 1

6
−
(abc) ⟨ae||jd⟩ �

bd
lm�

cf
ik �

ef∗
lm

+ 1
6
−
(abc) ⟨ae||kd⟩ �

bf
ij �

cd
lm�

ef∗
lm + 1

6
−
(abc) ⟨ae||kd⟩ �

bf
lm�

cd
ij �

ef∗
lm

+ 1
12

−
(ijab) ⟨al||mn⟩ �

bc
il �

de
jk�

de∗
mn +

1
12

−
(ab) ⟨al||mn⟩ �

bc
kl�

de
ij �

de∗
mn

+ 1
12

−
(ij) ⟨cl||mn⟩ �

ab
il �

de
jk�

de∗
mn +

1
12

⟨cl||mn⟩ �abkl �
de
ij �

de∗
mn

+ 1
12

−
(ijab) ⟨ef ||id⟩ �

ac
lm�

bd
jk�

ef∗
lm + 1

12
−
(ij) ⟨ef ||jd⟩ �

ab
lm�

cd
ik �

ef∗
lm

+ 1
12

−
(ab) ⟨ef ||kd⟩ �

ac
lm�

bd
ij �

ef∗
lm + 1

6
−
(ijab) ⟨ae||id⟩ �

bc
lm�

df
jk �

ef∗
lm + 1

6
−
(ab) ⟨ae||kd⟩ �

bc
lm�

df
ij �

ef∗
lm

+ 1
6
−
(ijk) ⟨al||im⟩ �

bc
jl �

de
kn�

de∗
mn +

1
6
−
(ijk) ⟨al||im⟩ �

bc
kn�

de
jl �

de∗
mn +

1
6
−
(ijab) ⟨al||jm⟩ �

bc
ln�

de
ik �

de∗
mn

+ 1
6
−
(ijk) ⟨bl||im⟩ �

ac
jn�

de
kl �

de∗
mn +

1
6
−
(ijk) ⟨bl||im⟩ �

ac
kl �

de
jn�

de∗
mn +

1
6
−
(ab) ⟨bl||km⟩ �

ac
ln �

de
ij �

de∗
mn

+ 1
6
−
(ij) ⟨ce||id⟩ �

ab
lm�

df
jk �

ef∗
lm + 1

6
⟨ce||kd⟩ �ablm�

df
ij �

ef∗
lm + 1

6
−
(ijk) ⟨cl||im⟩ �

ab
jl �

de
kn�

de∗
mn

+ 1
6
−
(ijk) ⟨cl||im⟩ �

ab
kn�

de
jl �

de∗
mn +

1
6
−
(ij) ⟨cl||jm⟩ �

ab
ln �

de
ik �

de∗
mn +

1
6
−
(ab) ⟨dl||ij⟩ �

ac
kl �

be
mn�

de∗
mn

+ 1
6
−
(ab) ⟨dl||ij⟩ �

ac
mn�

be
kl�

de∗
mn +

1
6
−
(ij) ⟨dl||ik⟩ �

ab
jl �

ce
mn�

de∗
mn +

1
6
−
(ij) ⟨dl||ik⟩ �

ab
mn�

ce
jl �

de∗
mn
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+ 1
6
−
(ijab) ⟨dl||ik⟩ �

ae
jl �

bc
mn�

de∗
mn +

1
6
−
(ijab) ⟨dl||ik⟩ �

ae
mn�

bc
jl �

de∗
mn +

1
3
−
(ij) ⟨ab||dl⟩ �

cf
ik �

de
jm�

ef∗
lm

+ 1
3
−
(ij) ⟨ab||dl⟩ �

cf
jm�

de
ik �

ef∗
lm + 1

3
−
(ab) ⟨ac||dl⟩ �

bf
ij �

de
km�

ef∗
lm + 1

3
−
(ijab) ⟨ac||dl⟩ �

bf
im �

de
jk�

ef∗
lm

+ 1
3
−
(ijab) ⟨ac||dl⟩ �

bf
jk �

de
im�

ef∗
lm + 1

3
−
(ab) ⟨ac||dl⟩ �

bf
km�

de
ij �

ef∗
lm + 1

6
−
(ij) ⟨ab||dl⟩ �

cd
ik �

ef
jm�

ef∗
lm

+ 1
6
−
(ij) ⟨ab||dl⟩ �

cd
jm�

ef
ik �

ef∗
lm + 1

6
−
(ab) ⟨ac||dl⟩ �

bd
ij �

ef
km�

ef∗
lm + 1

6
−
(ijab) ⟨ac||dl⟩ �

bd
im�

ef
jk �

ef∗
lm

+ 1
6
−
(ijab) ⟨ac||dl⟩ �

bd
jk�

ef
im�

ef∗
lm + 1

6
−
(ab) ⟨ac||dl⟩ �

bd
km�

ef
ij �

ef∗
lm + 1

6
−
(abc) ⟨al||mn⟩ �

bd
ik �

ce
jl �

de∗
mn

+ 1
6
−
(abc) ⟨bl||mn⟩ �

ad
ij �

ce
kl�

de∗
mn +

1
6
−
(abc) ⟨bl||mn⟩ �

ad
il �

ce
jk�

de∗
mn +

1
6
−
(ijk) ⟨ef ||id⟩ �

ab
jl �

cd
km�

ef∗
lm

+ 1
6
−
(ijk) ⟨ef ||id⟩ �

ac
kl �

bd
jm�

ef∗
lm + 1

6
−
(ijk) ⟨ef ||id⟩ �

ad
jl �

bc
km�

ef∗
lm + 1

3
−
(ijk) ⟨ae||id⟩ �

bc
jm�

df
kl �

ef∗
lm

+ 1
3
−
(ijab) ⟨ae||dl⟩ �

bc
im�

df
jk �

ef∗
lm + 1

3
−
(ab) ⟨ae||dl⟩ �

bc
km�

df
ij �

ef∗
lm + 1

3
−
(abc) ⟨ae||dl⟩ �

bd
ik �

cf
jm�

ef∗
lm

+ 1
3
−
(abc) ⟨ae||dl⟩ �

bd
jm�

cf
ik �

ef∗
lm + 1

3
−
(abc) ⟨ae||dl⟩ �

bf
ij �

cd
km�

ef∗
lm + 1

3
−
(abc) ⟨ae||dl⟩ �

bf
im �

cd
jk�

ef∗
lm

+ 1
3
−
(abc) ⟨ae||dl⟩ �

bf
jk �

cd
im�

ef∗
lm + 1

3
−
(abc) ⟨ae||dl⟩ �

bf
km�

cd
ij �

ef∗
lm + 1

3
−
(abc) ⟨al||im⟩ �

bd
jk�

ce
ln�

de∗
mn

+ 1
3
−
(ijkabc) ⟨al||im⟩ �

bd
jn �

ce
kl�

de∗
mn +

1
3
−
(abc) ⟨al||km⟩ �

bd
ij �

ce
ln�

de∗
mn +

1
3
−
(ijk) ⟨be||id⟩ �

ac
km�

df
jl �

ef∗
lm

+ 1
3
−
(abc) ⟨bl||jm⟩ �

ad
ik �

ce
ln�

de∗
mn +

1
3
−
(ijk) ⟨ce||id⟩ �

ab
jm�

df
kl �

ef∗
lm + 1

3
−
(ij) ⟨ce||dl⟩ �

ab
im�

df
jk �

ef∗
lm

+ 1
3
⟨ce||dl⟩ �abkm�

df
ij �

ef∗
lm + 1

3
⟨dl||ij⟩ �abkm�

ce
ln�

de∗
mn +

1
3
−
(ab) ⟨dl||ij⟩ �

ac
lm�

be
kn�

de∗
mn

+ 1
3
−
(ij) ⟨dl||ik⟩ �

ab
lm�

ce
jn�

de∗
mn +

1
3
−
(ijab) ⟨dl||ik⟩ �

ac
jm�

be
ln�

de∗
mn +

1
3
−
(ijk) ⟨dl||im⟩ �

ab
jn�

ce
kl�

de∗
mn

+ 1
3
−
(ijk) ⟨dl||im⟩ �

ab
kl �

ce
jn�

de∗
mn +

1
3
−
(ij) ⟨dl||im⟩ �

ab
ln �

ce
jk�

de∗
mn +

1
3
−
(ijk) ⟨dl||im⟩ �

ac
jl �

be
kn�

de∗
mn

+ 1
3
−
(ijk) ⟨dl||im⟩ �

ac
kn�

be
jl �

de∗
mn +

1
3
−
(ijab) ⟨dl||im⟩ �

ae
jk�

bc
ln�

de∗
mn +

1
3
−
(ijk) ⟨dl||im⟩ �

ae
jn�

bc
kl�

de∗
mn

+ 1
3
−
(ijk) ⟨dl||im⟩ �

ae
kl�

bc
jn�

de∗
mn +

1
3
−
(ij) ⟨dl||jk⟩ �

ab
im�

ce
ln�

de∗
mn +

1
3
−
(ijab) ⟨dl||jk⟩ �

ac
lm�

be
in �

de∗
mn

+ 1
3
⟨dl||km⟩ �abln �

ce
ij �

de∗
mn +

1
3
−
(ab) ⟨dl||km⟩ �

ae
ij �

bc
ln�

de∗
mn +

1
3
−
(ijkabc) ⟨ae||id⟩ �

bd
jl �

cf
km�

ef∗
lm

− 1
12

⟨ef ||kd⟩ �ablm�
cd
ij �

ef∗
lm − 1

6
⟨dl||ij⟩ �abkl �

ce
mn�

de∗
mn −

1
6
⟨dl||ij⟩ �abmn�

ce
kl�

de∗
mn

− 1
6
⟨ab||dl⟩ �cdij �

ef
km�

ef∗
lm − 1

6
⟨ab||dl⟩ �cdkm�

ef
ij �

ef∗
lm − 1

6
⟨cl||km⟩ �abln �

de
ij �

de∗
mn

− 1
3
⟨dl||ij⟩ �ablm�

ce
kn�

de∗
mn −

1
3
−
(ab) ⟨dl||ij⟩ �

ac
km�

be
ln�

de∗
mn −

1
3
⟨ab||dl⟩ �cfij �

de
km�

ef∗
lm
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− 1
3
⟨ab||dl⟩ �cfkm�

de
ij �

ef∗
lm

+ 1
2
−
(ij) ⟨ab||jd⟩ �

cde
ikl �

e∗
l +

1
2
−
(ijab) ⟨ac||id⟩ �

bde
jkl �

e∗
l +

1
2
−
(ab) ⟨ac||kd⟩ �

bde
ijl �

e∗
l

+ 1
2
−
(ab) ⟨al||ij⟩ �

bcd
klm�

d∗
m + 1

2
−
(ijab) ⟨al||jk⟩ �

bcd
ilm �

d∗
m + 1

2
⟨cl||ij⟩ �abdklm�

d∗
m

+ 1
2
−
(ij) ⟨cl||jk⟩ �

abd
ilm �

d∗
m + −

(ab) ⟨ac||dl⟩ �
bde
ijk �

e∗
l + −

(ab) ⟨ae||dl⟩ �
bcd
ijk �

e∗
l

+ −
(ijab) ⟨al||jm⟩ �

bcd
ikl �

d∗
m + −

(ab) ⟨bl||km⟩ �
acd
ijl �

d∗
m + ⟨ce||dl⟩ �abdijk �

e∗
l

+ −
(ij) ⟨cl||jm⟩ �

abd
ikl �

d∗
m + −

(ij) ⟨dl||ik⟩ �
abc
jlm�

d∗
m + −

(ij) ⟨dl||im⟩ �
abc
jkl �

d∗
m

+ ⟨dl||km⟩ �abcijl �
d∗
m + −

(ijab) ⟨ae||id⟩ �
bcd
jkl �

e∗
l + −

(ab) ⟨ae||kd⟩ �
bcd
ijl �

e∗
l

+ −
(ij) ⟨ce||id⟩ �

abd
jkl �

e∗
l + ⟨ce||kd⟩ �abdijl �

e∗
l −

1
2
⟨ab||kd⟩ �cdeijl �

e∗
l

− ⟨ab||dl⟩ �cdeijk �
e∗
l − ⟨cl||km⟩ �abdijl �

d∗
m − ⟨dl||ij⟩ �abcklm�

d∗
m

+ 1
2
−
(abc) ⟨al||de⟩ �

c
l �

bde
ijk +

1
2
−
(ijk) ⟨lm||id⟩ �

d
j �

abc
klm + −

(ijab) ⟨al||de⟩ �
d
i �

bce
jkl

+ −
(ab) ⟨al||de⟩ �

d
k�

bce
ijl + −

(ij) ⟨cl||de⟩ �
d
i �

abe
jkl + ⟨cl||de⟩ �dk�

abe
ijl

+ −
(ijab) ⟨lm||id⟩ �

b
l �

acd
jkm + −

(ij) ⟨lm||id⟩ �
d
l �

abc
jkm + −

(ij) ⟨lm||jd⟩ �
c
l �

abd
ikm

+ −
(ab) ⟨lm||kd⟩ �

b
l �

acd
ijm + ⟨lm||kd⟩ �dl �

abc
ijm + −

(ab) ⟨bl||de⟩ �
d
l �

ace
ijk

− ⟨cl||de⟩ �dl �
abe
ijk − ⟨lm||kd⟩ �cl �

abd
ijm

= 0
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C.2.2. PP-UCC4 Secular matrix

PP-UCC4 secular matrix singles/singles block:

⟨Φa
i |H̄ − E0|Φb

j⟩ =

− ⟨aj||bi⟩

+ 1
2
⟨ac||ik⟩ �bc∗jk

+ 1
2
⟨jk||bc⟩ �acik

+ fab�ij − fji�ab

− ⟨aj||bc⟩ �ci − ⟨jk||bi⟩ �ak

− ⟨aj||ik⟩ �b∗k − ⟨ac||bi⟩ �c∗j

+ ⟨ac||bk⟩ �c∗k �ij − ⟨jc||ik⟩ �c∗k �ab

+ ⟨ak||bc⟩ �ck�ij − ⟨jk||ic⟩ �ck�ab

− 1
4
⟨ac||kl⟩ �bc∗kl �ij −

1
4
⟨cd||ik⟩ �cd∗jk �ab

− 1
4
⟨jk||cd⟩ �cdik �ab −

1
4
⟨kl||bc⟩ �ackl �ij

− fak�b∗k �ij − fci�
c∗
j �ab

− fjc�ci �ab − fkb�
a
k�ij

+ 1
4
⟨aj||bk⟩ �cdil �

cd∗
kl + 1

4
⟨ae||cd⟩ �cdik �

be∗
jk +

1
4
⟨ak||bi⟩ �cdkl �

cd∗
jl

+ 1
4
⟨jk||lm⟩ �acik �

bc∗
lm + 1

4
⟨de||bc⟩ �acik �

de∗
jk + 1

4
⟨kl||im⟩ �ackl �

bc∗
jm

+ 1
2
⟨ak||bl⟩ �cdik �

cd∗
jl + 1

2
⟨jd||ic⟩ �ackl �

bd∗
kl + 1

2
⟨jd||ck⟩ �acil �

bd∗
kl

+ 1
2
⟨dk||ic⟩ �ackl �

bd∗
jl − 1

4
⟨aj||ic⟩ �cdkl �

bd∗
kl − 1

4
⟨jc||bi⟩ �adkl �

cd∗
kl

− 1
2
⟨ak||cl⟩ �cdik �

bd∗
jl − 1

2
⟨ck||bl⟩ �adik �

cd∗
jl − ⟨aj||ck⟩ �cdil �

bd∗
kl

− ⟨ad||bc⟩ �ceik�
de∗
jk − ⟨jk||il⟩ �ackm�

bc∗
lm − ⟨ck||bi⟩ �adkl �

cd∗
jl

+ 1
2
⟨ac||bk⟩ �di �

cd∗
jk + 1

2
⟨ad||ic⟩ �ck�

bd∗
jk + 1

2
⟨ad||ck⟩ �ci �

bd∗
jk
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+ 1
2
⟨ck||il⟩ �ak�

bc∗
jl − 1

4
⟨aj||kl⟩ �ci �

bc∗
kl −

1
4
⟨cd||bi⟩ �ak�

cd∗
jk

− 1
2
⟨aj||ik⟩ �cl �

bc∗
kl −

1
2
⟨ac||bi⟩ �dk�

cd∗
jk − 1

2
⟨ak||il⟩ �ck�

bc∗
jl

− 1
2
⟨jc||ik⟩ �al �

bc∗
kl

+ 1
2
⟨ak||bc⟩ �cdik �

d∗
j + 1

2
⟨jd||bc⟩ �acik �

d∗
k + 1

2
⟨jk||cl⟩ �acik �

b∗
l

+ 1
2
⟨dk||bc⟩ �acik �

d∗
j − 1

4
⟨aj||cd⟩ �cdik �

b∗
k −

1
4
⟨kl||bi⟩ �ackl �

c∗
j

− 1
2
⟨aj||bc⟩ �cdik �

d∗
k − 1

2
⟨jk||bi⟩ �ackl �

c∗
l −

1
2
⟨jk||bl⟩ �acik �

c∗
l

− 1
2
⟨jk||ic⟩ �ackl �

b∗
l

+ 1
4
⟨jd||bc⟩ �aceikl �

de∗
kl + 1

8
⟨kl||bm⟩ �acdikl �

cd∗
jm + 1

2
⟨jk||cl⟩ �acdikm�

bd∗
lm

+ 1
2
⟨dk||bc⟩ �aceikl �

de∗
jl + 1

4
⟨ak||bc⟩ �cdeikl �

de∗
jl − 1

8
⟨aj||cd⟩ �cdeikl �

be∗
kl

− 1
8
⟨jk||bi⟩ �acdklm�

cd∗
lm − 1

4
⟨jk||ic⟩ �acdklm�

bd∗
lm − 1

4
⟨jk||bl⟩ �acdikm�

cd∗
lm

− 1
8
⟨aj||bc⟩ �cdeikl �

de∗
kl − 1

8
⟨je||cd⟩ �acdikl �

be∗
kl −

1
8
⟨kl||bi⟩ �acdklm�

cd∗
jm

+ 1
2
⟨ck||il⟩ �adkm�

bcd∗
jlm + 1

4
⟨ac||bk⟩ �deil �

cde∗
jkl + 1

8
⟨ak||lm⟩ �cdik �

bcd∗
jlm

+ 1
4
⟨ad||ic⟩ �cekl�

bde∗
jkl + 1

2
⟨ad||ck⟩ �ceil �

bde∗
jkl − 1

8
⟨aj||ik⟩ �cdlm�

bcd∗
klm

− 1
8
⟨aj||kl⟩ �cdim�

bcd∗
klm − 1

4
⟨jc||ik⟩ �adlm�

bcd∗
klm − 1

8
⟨cd||bi⟩ �aekl�

cde∗
jkl

− 1
8
⟨de||ic⟩ �ackl �

bde∗
jkl − 1

4
⟨ak||il⟩ �cdkm�

bcd∗
jlm − 1

8
⟨ac||bi⟩ �dekl �

cde∗
jkl

+ 1
4
⟨ak||lm⟩ �ck�

bc∗
lm �ij +

1
2
⟨ac||bk⟩ �dl �

cd∗
kl �ij +

1
2
⟨ad||ck⟩ �cl �

bd∗
kl �ij

+ 1
2
⟨ck||il⟩ �dk�

cd∗
jl �ab −

1
4
⟨de||ic⟩ �ck�

de∗
jk �ab −

1
2
⟨jc||ik⟩ �dl �

cd∗
kl �ab

+ 1
4
⟨kl||bm⟩ �ackl �

c∗
m �ij +

1
2
⟨ak||bc⟩ �cdkl �

d∗
l �ij +

1
2
⟨jk||cl⟩ �cdik �

d∗
l �ab

+ 1
2
⟨dk||bc⟩ �ackl �

d∗
l �ij −

1
4
⟨je||cd⟩ �cdik �

e∗
k �ab −

1
2
⟨jk||ic⟩ �cdkl �

d∗
l �ab

+ 1
2
⟨ad||bc⟩ �cekl�

de∗
kl �ij +

1
2
⟨ak||cl⟩ �cdkm�

bd∗
lm �ij +

1
2
⟨jk||il⟩ �cdkm�

cd∗
lm �ab

+ 1
2
⟨ck||bl⟩ �adkm�

cd∗
lm �ij −

1
8
⟨ae||cd⟩ �cdkl �

be∗
kl �ij −

1
8
⟨jk||lm⟩ �cdik �

cd∗
lm �ab
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− 1
8
⟨de||bc⟩ �ackl �

de∗
kl �ij −

1
8
⟨kl||im⟩ �cdkl �

cd∗
jm �ab −

1
2
⟨ak||bl⟩ �cdkm�

cd∗
lm �ij

− 1
2
⟨jd||ic⟩ �cekl�

de∗
kl �ab −

1
2
⟨jd||ck⟩ �ceil �

de∗
kl �ab −

1
2
⟨dk||ic⟩ �cekl�

de∗
jl �ab

+ 1
4
⟨dk||bc⟩ �aceklm�

de∗
lm �ij +

1
4
⟨jk||cl⟩ �cdeikm�

de∗
lm �ab +

1
8
⟨ak||bc⟩ �cdeklm�

de∗
lm �ij

+ 1
8
⟨kl||bm⟩ �acdkln �

cd∗
mn �ij −

1
8
⟨je||cd⟩ �cdfikl �

ef∗
kl �ab −

1
8
⟨jk||ic⟩ �cdeklm�

de∗
lm �ab

+ 1
8
⟨ac||bk⟩ �delm�

cde∗
klm �ij +

1
4
⟨ck||il⟩ �dekm�

cde∗
jlm �ab +

1
8
⟨ak||lm⟩ �cdkn�

bcd∗
lmn �ij

+ 1
4
⟨ad||ck⟩ �celm�

bde∗
klm �ij −

1
8
⟨jc||ik⟩ �delm�

cde∗
klm �ab −

1
8
⟨de||ic⟩ �cfkl �

def∗
jkl �ab

1
2
⟨jk||cd⟩ �adkm�

ce
il �

be∗
lm + 1

8
⟨jk||bc⟩ �aclm�

de
ik �

de∗
lm + 1

16
⟨jk||bc⟩ �aelm�

cd
ik �

de∗
lm

+ 1
4
⟨kl||bc⟩ �aclm�

de
ik �

de∗
jm + 1

4
⟨kl||bc⟩ �aekl�

cd
im�

de∗
jm + 1

12
⟨jk||cd⟩ �aeik�

cd
lm�

be∗
lm

+ 1
12

⟨kl||bc⟩ �acim�
de
kl �

de∗
jm + 1

48
⟨kl||cd⟩ �aelm�

cd
ik �

be∗
jm +

1
6
⟨jk||bc⟩ �aeik�

cd
lm�

de∗
lm

+ 1
2
⟨kl||bc⟩ �aelm�

cd
ik �

de∗
jm + 1

6
⟨jk||bc⟩ �acim�

de
kl �

de∗
lm + 1

24
⟨kl||cd⟩ �aekl�

cd
im�

be∗
jm

− 1
16

⟨jk||bc⟩ �ackm�
de
il �

de∗
lm − 1

4
⟨jk||cd⟩ �adlm�

ce
ik�

be∗
lm + ⟨kl||cd⟩ �adim�

ce
kl�

be∗
jm

+ ⟨kl||cd⟩ �aeil �
cd
km�

be∗
jm −

1
8
⟨kl||cd⟩ �adil �

ce
km�

be∗
jm −

1
3
⟨kl||bc⟩ �aeil �

cd
km�

de∗
jm

− 1
48

⟨jk||cd⟩ �aeim�
cd
kl �

be∗
lm − 1

4
⟨jk||cd⟩ �aekm�

cd
il �

be∗
lm − 1

2
⟨jk||bc⟩ �aekm�

cd
il �

de∗
lm

− 1
3
⟨jk||cd⟩ �adim�

ce
kl�

be∗
lm − 1

6
⟨kl||cd⟩ �adlm�

ce
ik�

be∗
jm −

5
48

⟨jk||cd⟩ �adik �
ce
lm�

be∗
lm

− 5
48

⟨kl||bc⟩ �acil �
de
km�

de∗
jm − 1

48
⟨kl||bc⟩ �aeim�

cd
kl �

de∗
jm − 1

24
⟨jk||bc⟩ �aeim�

cd
kl �

de∗
lm

− 1
48

⟨kl||cd⟩ �adkl �
ce
im�

be∗
jm

+ 1
2
⟨cd||ik⟩ �aelm�

bd∗
km �

ce∗
jl +

1
8
⟨ac||ik⟩ �delm�

bc∗
lm �

de∗
jk + 1

16
⟨ac||ik⟩ �delm�

be∗
lm �

cd∗
jk

+ 1
4
⟨ac||kl⟩ �deim�

bc∗
lm �

de∗
jk + 1

4
⟨ac||kl⟩ �deim�

be∗
kl �

cd∗
jm + 1

12
⟨ac||kl⟩ �deim�

bc∗
jm �

de∗
kl

+ 1
12

⟨cd||ik⟩ �aelm�
be∗
jk �

cd∗
lm + 1

6
⟨ac||ik⟩ �delm�

be∗
jk �

cd∗
lm + 1

48
⟨cd||kl⟩ �aeim�

be∗
lm �

cd∗
jk

+ 1
2
⟨ac||kl⟩ �deim�

be∗
lm �

cd∗
jk + 1

6
⟨ac||ik⟩ �delm�

bc∗
jm �

de∗
kl + 1

24
⟨cd||kl⟩ �aeim�

be∗
kl �

cd∗
jm

− 1
16

⟨ac||ik⟩ �delm�
bc∗
km �

de∗
jl + ⟨cd||kl⟩ �aeim�

bd∗
jm �

ce∗
kl + ⟨cd||kl⟩ �aeim�

be∗
jl �

cd∗
km
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− 1
48

⟨cd||ik⟩ �aelm�
be∗
jm �

cd∗
kl − 1

24
⟨ac||ik⟩ �delm�

be∗
jm �

cd∗
kl − 1

8
⟨cd||kl⟩ �aeim�

bd∗
jl �

ce∗
km

− 1
48

⟨ac||kl⟩ �deim�
be∗
jm �

cd∗
kl − 1

3
⟨cd||ik⟩ �aelm�

bd∗
jm �

ce∗
kl −

5
48

⟨ac||kl⟩ �deim�
bc∗
jl �

de∗
km

− 1
4
⟨cd||ik⟩ �aelm�

be∗
km �

cd∗
jl − 1

4
⟨cd||ik⟩ �aelm�

bd∗
lm �

ce∗
jk −

1
2
⟨ac||ik⟩ �delm�

be∗
km �

cd∗
jl

− 1
3
⟨ac||kl⟩ �deim�

be∗
jl �

cd∗
km − 1

6
⟨cd||kl⟩ �aeim�

bd∗
lm �

ce∗
jk −

1
48

⟨cd||kl⟩ �aeim�
bd∗
kl �

ce∗
jm

− 5
48

⟨cd||ik⟩ �aelm�
bd∗
jk �

ce∗
lm

+ ⟨cd||kl⟩ �aemn�
bd∗
mn �

ce∗
kl �ij + ⟨cd||kl⟩ �efim�

cd∗
km �

ef∗
jl �ab +

1
3
⟨ac||kl⟩ �demn�

be∗
ln �

cd∗
km �ij

+ 1
6
⟨ac||kl⟩ �demn�

bc∗
ln �

de∗
km �ij +

1
96

⟨ac||kl⟩ �demn�
be∗
mn �

cd∗
kl �ij +

1
96

⟨cd||ik⟩ �eflm�
cd∗
kl �

ef∗
jm �ab

+ 1
6
⟨cd||ik⟩ �eflm�

ce∗
lm �

df∗
jk �ab +

1
3
⟨cd||ik⟩ �eflm�

ce∗
kl �

df∗
jm �ab + ⟨cd||kl⟩ �aemn�

be∗
kl �

cd∗
mn �ij

+ ⟨cd||kl⟩ �efim�
cd∗
jm �

ef∗
kl �ab + ⟨cd||kl⟩ �efim�

ce∗
kl �

df∗
jm �ab + ⟨cd||kl⟩ �aemn�

be∗
ln �

cd∗
km �ij

+ ⟨cd||kl⟩ �aemn�
bd∗
ln �

ce∗
km �ij + ⟨cd||kl⟩ �efim�

ce∗
km �

df∗
jl �ab −

1
24

⟨ac||kl⟩ �demn�
bc∗
mn �

de∗
kl �ij

− 1
24

⟨cd||ik⟩ �eflm�
cd∗
lm �

ef∗
jk �ab −

1
12

⟨ac||kl⟩ �demn�
be∗
kl �

cd∗
mn �ij −

1
32

⟨cd||kl⟩ �aemn�
bd∗
kl �

ce∗
mn �ij

− 1
12

⟨cd||ik⟩ �eflm�
cd∗
jm �

ef∗
kl �ab −

1
32

⟨cd||kl⟩ �efim�
cd∗
jl �

ef∗
km �ab

+ ⟨kl||cd⟩ �cdkm�
ef
il �

ef∗
jm �ab + ⟨kl||cd⟩ �adln �

ce
km�

be∗
mn �ij +

1
3
⟨jk||cd⟩ �cekl�

df
im �

ef∗
lm �ab

+ 1
96

⟨kl||bc⟩ �aemn�
cd
kl �

de∗
mn �ij +

1
3
⟨kl||bc⟩ �aeln �

cd
km�

de∗
mn �ij +

1
6
⟨jk||cd⟩ �celm�

df
ik �

ef∗
lm �ab

+ 1
96

⟨jk||cd⟩ �cdkl �
ef
im�

ef∗
lm �ab +

1
6
⟨kl||bc⟩ �acln �

de
km�

de∗
mn �ij + ⟨kl||cd⟩ �aekl�

cd
mn�

be∗
mn �ij

+ ⟨kl||cd⟩ �cdim�
ef
kl �

ef∗
jm �ab −

1
32

⟨kl||cd⟩ �adkl �
ce
mn�

be∗
mn �ij + ⟨kl||cd⟩ �admn�

ce
kl�

be∗
mn �ij

+ ⟨kl||cd⟩ �cekm�
df
il �

ef∗
jm �ab + ⟨kl||cd⟩ �cekl�

df
im �

ef∗
jm �ab + ⟨kl||cd⟩ �aeln �

cd
km�

be∗
mn �ij

− 1
24

⟨jk||cd⟩ �cdlm�
ef
ik �

ef∗
lm �ab −

1
24

⟨kl||bc⟩ �acmn�
de
kl �

de∗
mn �ij −

1
12

⟨kl||bc⟩ �aekl�
cd
mn�

de∗
mn �ij

− 1
12

⟨jk||cd⟩ �cdim�
ef
kl �

ef∗
lm �ab −

1
32

⟨kl||cd⟩ �cdil �
ef
km�

ef∗
jm �ab
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PP-UCC4 secular matrix singles/doubles block:

⟨Φa
i |H̄|Φbc

jk⟩ =

−
(jk) ⟨aj||il⟩ �

bc∗
kl + −

(bc) ⟨ad||bi⟩ �
cd∗
jk

+ −
(jk) ⟨ak||bc⟩ �ij + −

(bc) ⟨jk||ci⟩ �ab

+ 1
2
⟨ad||il⟩ �bcd∗jkl

+ 1
2
−
(jk) ⟨ak||lm⟩ �

bc∗
lm �ij +

1
2
−
(bc) ⟨de||ci⟩ �

de∗
jk �ab + −

(jkbc) ⟨ad||bl⟩ �
cd∗
kl �ij

+ −
(jkbc) ⟨jd||il⟩ �

bd∗
kl �ac

+ 1
2
−
(bc) ⟨jk||cd⟩ �

d
i �ab +

1
2
−
(jk) ⟨kl||bc⟩ �

a
l �ij

+ −
(jk)fal�

bc∗
kl �ij + −

(bc)fdi�
cd∗
jk �ab

+ −
(jkbc)fjb�ac�ik

+ −
(jkbc) ⟨aj||bl⟩ �

c∗
l �ik + −

(jk) ⟨ad||bc⟩ �
d∗
k �ij + −

(bc) ⟨jk||il⟩ �
c∗
l �ab

+ −
(jkbc) ⟨jd||ci⟩ �

d∗
k �ab

+ 1
4
−
(jk) ⟨ad||lm⟩ �

bcd∗
klm �ij +

1
4
−
(bc) ⟨de||il⟩ �

cde∗
jkl �ab

+ 1
2
−
(jkbc) ⟨jd||lm⟩ �

cd∗
lm �ab�ik +

1
2
−
(jkbc) ⟨de||bl⟩ �

de∗
jl �ac�ik

+ 1
2
−
(jkbc) ⟨jl||bd⟩ �

d
l �ac�ik

+ −
(jkbc)fjl�

c∗
l �ab�ik + −

(jkbc)fdb�
d∗
j �ac�ik

+ −
(jkbc)fdl�

bd∗
jl �ac�ik

+ −
(jkbc) ⟨jd||bl⟩ �

d∗
l �ac�ik

+ 1
8
−
(jkbc) ⟨de||lm⟩ �

bde∗
jlm �ac�ik

+ 1
4
−
(jk) ⟨aj||de⟩ �

de
il �

bc∗
kl +

1
4
⟨al||bc⟩ �deil �

de∗
jk + 1

4
−
(bc) ⟨lm||bi⟩ �

ad
lm�

cd∗
jk

+ 1
2
−
(jkbc) ⟨aj||cd⟩ �

de
il �

be∗
kl +

1
2
−
(bc) ⟨al||cd⟩ �

de
il �

be∗
jk +

1
2
−
(jkbc) ⟨je||bd⟩ �

ad
il �

ce∗
kl

+ 1
2
−
(jkbc) ⟨jl||ci⟩ �

ad
lm�

bd∗
km + 1

2
−
(jkbc) ⟨jl||cm⟩ �

ad
il �

bd∗
km + 1

2
−
(jk) ⟨jl||id⟩ �

ad
lm�

bc∗
km
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+ 1
2
−
(jk) ⟨kl||dm⟩ �

ad
il �

bc∗
jm + 1

2
−
(bc) ⟨el||cd⟩ �

ad
il �

be∗
jk −

1
4
⟨jk||id⟩ �adlm�

bc∗
lm

− 1
2
⟨jk||dl⟩ �adim�

bc∗
lm − 1

2
⟨dl||bc⟩ �aeil �

de∗
jk

+ 1
8
−
(jk) ⟨ak||de⟩ �

de
lm�

bc∗
lm �ij +

1
8
−
(bc) ⟨lm||ci⟩ �

de
lm�

de∗
jk �ab +

1
4
−
(jkbc) ⟨aj||bd⟩ �

de
lm�

ce∗
lm �ik

+ 1
4
−
(jk) ⟨al||bc⟩ �

de
lm�

de∗
jm �ik +

1
4
−
(bc) ⟨jk||id⟩ �

de
lm�

ce∗
lm �ab +

1
4
−
(jkbc) ⟨je||cd⟩ �

ad
lm�

be∗
lm �ik

+ 1
4
−
(jkbc) ⟨jf ||de⟩ �

de
il �

bf∗
kl �ac +

1
4
−
(jkbc) ⟨jl||bi⟩ �

de
lm�

de∗
km �ac +

1
4
−
(jkbc) ⟨jl||bm⟩ �

de
il �

de∗
km �ac

+ 1
4
−
(jkbc) ⟨lm||bn⟩ �

ad
lm�

cd∗
kn �ij +

1
2
−
(jkbc) ⟨al||bd⟩ �

de
lm�

ce∗
km �ij +

1
2
−
(bc) ⟨jk||dl⟩ �

de
im�

ce∗
lm �ab

+ 1
2
−
(jkbc) ⟨je||cd⟩ �

df
il �

ef∗
kl �ab +

1
2
−
(jkbc) ⟨jl||bm⟩ �

ad
ln �

cd∗
mn �ik +

1
2
−
(jkbc) ⟨jl||id⟩ �

de
lm�

be∗
km �ac

+ 1
2
−
(jk) ⟨jl||dm⟩ �

ad
ln �

bc∗
mn �ik +

1
2
−
(jkbc) ⟨jl||dm⟩ �

de
il �

ce∗
km �ab +

1
2
−
(jk) ⟨dl||bc⟩ �

ae
lm�

de∗
km �ij

+ 1
2
−
(jkbc) ⟨el||bd⟩ �

ad
lm�

ce∗
km �ij +

1
2
−
(bc) ⟨el||bd⟩ �

df
il �

ef∗
jk �ac

+ 1
8
−
(jkbc) ⟨jf ||de⟩ �

de
lm�

cf∗
lm �ab�ik +

1
8
−
(jkbc) ⟨lm||bn⟩ �

de
lm�

de∗
jn �ac�ik

+ 1
4
−
(jkbc) ⟨je||bd⟩ �

df
lm �

ef∗
lm �ac�ik +

1
4
−
(jkbc) ⟨jl||cm⟩ �

de
ln �

de∗
mn �ab�ik

+ 1
2
−
(jkbc) ⟨jl||dm⟩ �

de
ln �

be∗
mn �ac�ik +

1
2
−
(jkbc) ⟨el||bd⟩ �

df
lm �

ef∗
jm �ac�ik

PP-UCC4 secular matrix singles/triples block:

⟨Φa
i |H̄|Φbcd

jkl ⟩ =

−
(jk)fam�

bcd∗
jlm �ik + −

(bc)fei�
bde∗
jkl �ac − fam�

bcd∗
jkm �il

− fei�bce∗jkl �ad

+ −
(jkl) ⟨aj||bm⟩ �

cd∗
km �il + −

(jkl) ⟨aj||cm⟩ �
bd∗
lm �ik + −

(jkl) ⟨aj||dm⟩ �
bc∗
km �il

+ −
(jk) ⟨ae||bc⟩ �

de∗
jl �ik + −

(bc) ⟨ae||bd⟩ �
ce∗
jk �il + −

(jkbc) ⟨ae||bd⟩ �
ce∗
kl �ij

+ −
(bc) ⟨jk||im⟩ �

bd∗
lm �ac + −

(jk) ⟨jl||im⟩ �
bc∗
km �ad + −

(jkbc) ⟨jl||im⟩ �
cd∗
km �ab

+ −
(bcd) ⟨je||bi⟩ �

de∗
kl �ac + −

(bcd) ⟨ke||bi⟩ �
ce∗
jl �ad + −

(bcd) ⟨le||bi⟩ �
de∗
jk �ac
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− ⟨ae||bc⟩ �de∗jk �il − ⟨jk||im⟩ �bc∗lm �ad

+ ⟨jk||bc⟩ �ad�il + −
(bc) ⟨jk||cd⟩ �ab�il + −

(jkbc) ⟨jl||bd⟩ �ac�ik

+ −
(jk) ⟨kl||bc⟩ �ad�ij

+ 1
2
⟨jk||mn⟩ �bc∗mn �ad�il +

1
2
−
(bc) ⟨jk||mn⟩ �

cd∗
mn �ab�il +

1
2
−
(jkbc) ⟨jl||mn⟩ �

bd∗
mn �ac�ik

+ 1
2
−
(jk) ⟨kl||mn⟩ �

bc∗
mn �ad�ij +

1
2
⟨ef ||bc⟩ �ef∗jk �ad�il +

1
2
−
(jk) ⟨ef ||bc⟩ �

ef∗
kl �ad�ij

+ 1
2
−
(jkbc) ⟨ef ||bd⟩ �

ef∗
jl �ac�ik +

1
2
−
(bc) ⟨ef ||cd⟩ �

ef∗
jk �ab�il + −

(jklbcd) ⟨je||bm⟩ �
ce∗
km �ad�il

+ −
(jkl)fjm�

bc∗
km �ad�il + −

(jkl)fjm�
bd∗
lm �ac�ik + −

(jkl)fjm�
cd∗
km �ab�il

+ −
(bcd)feb�

ce∗
jl �ad�ik + −

(bcd)feb�
de∗
jk �ac�il + −

(bcd)feb�
de∗
kl �ac�ij

+ fem�bce∗jkm �ad�il + −
(jk)fem�

bce∗
klm �ad�ij + −

(jkbc)fem�
bde∗
jlm �ac�ik

+ −
(bc)fem�

cde∗
jkm �ab�il

PP-UCC4 secular matrix doubles/singles block:

⟨Φab
ij |H̄|Φc

k⟩ =

−
(ij) ⟨ab||cj⟩ �ik + −

(ab) ⟨bk||ij⟩ �ac

+ −
(ab) ⟨ak||cd⟩ �

bd
ij + −

(ij) ⟨kl||ci⟩ �
ab
jl

+ 1
2
⟨kl||cd⟩ �abdijl

+ 1
2
−
(ij) ⟨ab||jl⟩ �

c∗
l �ik +

1
2
−
(ab) ⟨bd||ij⟩ �

d∗
k �ac

+ 1
2
−
(ab) ⟨bk||de⟩ �

de
ij �ac +

1
2
−
(ij) ⟨lm||cj⟩ �

ab
lm�ik + −

(ijab) ⟨al||cd⟩ �
bd
jl �ik

+ −
(ijab) ⟨kl||id⟩ �

ad
jl �bc

+ −
(ijab)fai�bc�jk

+ −
(ab)fkd�

bd
ij �ac + −

(ij)flc�
ab
jl �ik

+ −
(ij) ⟨ab||cd⟩ �

d
j �ik + −

(ijab) ⟨ak||jd⟩ �
d
i �bc + −

(ijab) ⟨al||ci⟩ �
b
l �jk
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+ −
(ab) ⟨kl||ij⟩ �

b
l �ac

+ 1
4
−
(ab) ⟨kl||de⟩ �

bde
ijl �ac +

1
4
−
(ij) ⟨lm||cd⟩ �

abd
jlm�ik

+ 1
2
−
(ijab) ⟨ad||il⟩ �

d∗
l �bc�jk

+ 1
2
−
(ijab) ⟨al||de⟩ �

de
il �bc�jk +

1
2
−
(ijab) ⟨lm||id⟩ �

bd
lm�ac�jk

+ −
(ijab)fad�

d
i �bc�jk + −

(ijab)fli�
b
l �ac�jk

+ −
(ijab)fld�

ad
il �bc�jk

+ −
(ijab) ⟨al||id⟩ �

d
l �bc�jk

+ 1
8
−
(ijab) ⟨lm||de⟩ �

ade
ilm �bc�jk

1
4
⟨ab||cl⟩ �deij �

de∗
kl + 1

4
−
(ab) ⟨ak||lm⟩ �

bd
ij �

cd∗
lm + 1

4
−
(ij) ⟨de||ci⟩ �

ab
jl �

de∗
kl

+ 1
2
−
(ijab) ⟨ak||jl⟩ �

bd
im�

cd∗
lm + 1

2
−
(ijab) ⟨ad||cj⟩ �

be
il �

de∗
kl + 1

2
−
(ijab) ⟨ae||id⟩ �

bd
jl �

ce∗
kl

+ 1
2
−
(ijab) ⟨al||jm⟩ �

bd
il �

cd∗
km + 1

2
−
(ab) ⟨bd||cl⟩ �

ae
ij �

de∗
kl + 1

2
−
(ab) ⟨be||dl⟩ �

ad
ij �

ce∗
kl

+ 1
2
−
(ij) ⟨kd||il⟩ �

ab
jm�

cd∗
lm + 1

2
−
(ij) ⟨dl||jm⟩ �

ab
il �

cd∗
km − 1

4
⟨kd||ij⟩ �ablm�

cd∗
lm

− 1
2
⟨ab||dl⟩ �deij �

ce∗
kl −

1
2
⟨dl||ij⟩ �ablm�

cd∗
km

+ 1
8
−
(ab) ⟨bk||lm⟩ �

de
ij �

de∗
lm �ac +

1
8
−
(ij) ⟨de||cj⟩ �

ab
lm�

de∗
lm �ik +

1
4
−
(ij) ⟨ab||cl⟩ �

de
im�

de∗
lm �jk

+ 1
4
−
(ijab) ⟨ak||il⟩ �

de
jm�

de∗
lm �bc +

1
4
−
(ijab) ⟨ad||ci⟩ �

be
lm�

de∗
lm �jk +

1
4
−
(ijab) ⟨ae||jd⟩ �

bd
lm�

ce∗
lm �ik

+ 1
4
−
(ijab) ⟨al||im⟩ �

de
jl �

de∗
km �bc +

1
4
−
(ijab) ⟨al||mn⟩ �

bd
jl �

cd∗
mn �ik +

1
4
−
(ab) ⟨kd||ij⟩ �

be
lm�

de∗
lm �ac

+ 1
4
−
(ijab) ⟨ef ||id⟩ �

ad
jl �

ef∗
kl �bc +

1
2
−
(ij) ⟨ab||dl⟩ �

de
jm�

ce∗
lm �ik +

1
2
−
(ijab) ⟨ad||cl⟩ �

be
jm�

de∗
lm �ik

+ 1
2
−
(ijab) ⟨ae||jd⟩ �

df
il �

ef∗
kl �bc +

1
2
−
(ijab) ⟨ae||dl⟩ �

bd
jm�

ce∗
lm �ik +

1
2
−
(ab) ⟨ae||dl⟩ �

df
ij �

ef∗
kl �bc

+ 1
2
−
(ijab) ⟨al||im⟩ �

bd
ln �

cd∗
mn �jk +

1
2
−
(ijab) ⟨kd||il⟩ �

ae
jm�

de∗
lm �bc +

1
2
−
(ab) ⟨dl||ij⟩ �

be
lm�

de∗
km �ac

+ 1
2
−
(ij) ⟨dl||im⟩ �

ab
ln �

cd∗
mn �jk +

1
2
−
(ijab) ⟨dl||im⟩ �

be
jl �

de∗
km �ac

+ 1
8
−
(ijab) ⟨al||mn⟩ �

de
il �

de∗
mn �bc�jk +

1
8
−
(ijab) ⟨ef ||id⟩ �

bd
lm�

ef∗
lm �ac�jk

+ 1
4
−
(ijab) ⟨ae||id⟩ �

df
lm �

ef∗
lm �bc�jk +

1
4
−
(ijab) ⟨al||jm⟩ �

de
ln �

de∗
mn �bc�ik
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+ 1
2
−
(ijab) ⟨ae||dl⟩ �

df
im �

ef∗
lm �bc�jk +

1
2
−
(ijab) ⟨dl||im⟩ �

ae
ln �

de∗
mn �bc�jk

PP-UCC4 secular matrix doubles/doubles block:

⟨Φab
ij |H̄ − E0|Φcd

kl ⟩ =
1
2
−
(ij) ⟨ab||im⟩ �

cd∗
lm �jk +

1
2
−
(ij) ⟨ab||jm⟩ �

cd∗
km �il +

1
2
−
(ab) ⟨ae||ij⟩ �

de∗
kl �bc

+ 1
2
−
(ab) ⟨be||ij⟩ �

ce∗
kl �ad

+ 1
2
−
(ab) ⟨kl||ce⟩ �

be
ij �ad +

1
2
−
(ab) ⟨kl||de⟩ �

ae
ij �bc +

1
2
−
(ij) ⟨km||cd⟩ �

ab
jm�il

+ 1
2
−
(ij) ⟨lm||cd⟩ �

ab
im�jk

+ −
(ij) ⟨ab||cd⟩ �ik�jl + −

(ijab) ⟨ak||cj⟩ �bd�il + −
(ijab) ⟨ak||di⟩ �bc�jl

+ −
(ijab) ⟨al||ci⟩ �bd�jk + −

(ijab) ⟨al||dj⟩ �bc�ik + −
(ab) ⟨kl||ij⟩ �ac�bd

+ 1
4
−
(ij) ⟨ab||mn⟩ �

cd∗
mn �ik�jl +

1
4
−
(ab) ⟨ef ||ij⟩ �

ef∗
kl �ac�bd +

1
2
−
(ijab) ⟨ae||im⟩ �

ce∗
km �bd�jl

+ 1
2
−
(ijab) ⟨ae||im⟩ �

de∗
lm �bc�jk +

1
2
−
(ijab) ⟨ae||jm⟩ �

ce∗
lm �bd�ik +

1
2
−
(ijab) ⟨ae||jm⟩ �

de∗
km �bc�il

+ 1
4
−
(ab) ⟨kl||ef⟩ �

ef
ij �ac�bd +

1
4
−
(ij) ⟨mn||cd⟩ �

ab
mn�ik�jl +

1
2
−
(ijab) ⟨km||ce⟩ �

ae
im�bd�jl

+ 1
2
−
(ijab) ⟨km||de⟩ �

ae
jm�bc�il +

1
2
−
(ijab) ⟨lm||ce⟩ �

ae
jm�bd�ik +

1
2
−
(ijab) ⟨lm||de⟩ �

ae
im�bc�jk

+ −
(ijab)fac�bd�ik�jl + −

(ijab)fad�bc�il�jk + −
(ijab)fki�ad�bc�jl

+ −
(ijab)fli�ac�bd�jk

+ 1
4
−
(ijab) ⟨ae||mn⟩ �

ce∗
mn �bd�il�jk +

1
4
−
(ijab) ⟨ae||mn⟩ �

de∗
mn �bc�ik�jl

+ 1
4
−
(ijab) ⟨ef ||im⟩ �

ef∗
km �ad�bc�jl +

1
4
−
(ijab) ⟨ef ||im⟩ �

ef∗
lm �ac�bd�jk

+ 1
4
−
(ijab) ⟨km||ef ⟩ �

ef
im �ad�bc�jl +

1
4
−
(ijab) ⟨lm||ef ⟩ �

ef
im �ac�bd�jk

+ 1
4
−
(ijab) ⟨mn||ce⟩ �

ae
mn�bd�il�jk +

1
4
−
(ijab) ⟨mn||de⟩ �

ae
mn�bc�ik�jl

+ −
(ijab)fam�

c∗
m �bd�il�jk + −

(ijab)fam�
d∗
m �bc�ik�jl + −

(ijab)fei�
e∗
k �ad�bc�jl
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+ −
(ijab)fei�

e∗
l �ac�bd�jk

+ −
(ijab)fke�

e
i �ad�bc�jl + −

(ijab)fle�
e
i �ac�bd�jk + −

(ijab)fmc�
a
m�bd�il�jk

+ −
(ijab)fmd�

a
m�bc�ik�jl

PP-UCC4 secular matrix doubles/triples block:

⟨Φab
ij |H̄|Φcde

klm⟩ =

−
(klm) ⟨ak||cd⟩ �be�im�jl + −

(klm) ⟨ak||ce⟩ �bd�il�jm + −
(klm) ⟨ak||de⟩ �bc�im�jl

+ −
(klm) ⟨bk||cd⟩ �ae�il�jm + −

(klm) ⟨bk||ce⟩ �ad�im�jl + −
(klm) ⟨bk||de⟩ �ac�il�jm

+ −
(cde) ⟨kl||ci⟩ �ae�bd�jm + −

(cde) ⟨kl||cj⟩ �ad�be�im + −
(cde) ⟨km||ci⟩ �ad�be�jl

+ −
(cde) ⟨km||cj⟩ �ae�bd�il + −

(cde) ⟨lm||ci⟩ �ae�bd�jk + −
(cde) ⟨lm||cj⟩ �ad�be�ik

+ −
(klm)fan�

cd∗
kn �be�im�jl + −

(klm)fan�
ce∗
kn �bd�il�jm + −

(klm)fan�
de∗
kn �bc�im�jl

+ −
(klm)fbn�

cd∗
kn �ae�il�jm + −

(klm)fbn�
ce∗
kn �ad�im�jl + −

(klm)fbn�
de∗
kn �ac�il�jm

+ −
(cde)ffi�

cf∗
kl �ae�bd�jm + −

(cde)ffi�
cf∗
km �ad�be�jl + −

(cde)ffi�
cf∗
lm �ae�bd�jk

+ −
(cde)ffj�

cf∗
kl �ad�be�im + −

(cde)ffj�
cf∗
km �ae�bd�il + −

(cde)ffj�
cf∗
lm �ad�be�ik

+ −
(klmcde)fkc�ad�be�il�jm

+ −
(klmcde)ffn�

cf∗
kn �ad�be�il�jm

PP-UCC4 secular matrix triples/singles block:

⟨Φabc
ijk |H̄|Φd

l ⟩ =

−
(ab)fle�

ace
ijk �bd + −

(ij)fmd�
abc
ikm�jl − fle�

abe
ijk �cd

− fmd�abcijm�kl
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+ −
(ij) ⟨ab||de⟩ �

ce
ik�jl + −

(ab) ⟨ac||de⟩ �
be
ij �kl + −

(ijab) ⟨ac||de⟩ �
be
jk�il

+ −
(abc) ⟨al||ie⟩ �

ce
jk�bd + −

(abc) ⟨al||je⟩ �
be
ik�cd + −

(abc) ⟨al||ke⟩ �
ce
ij �bd

+ −
(ijk) ⟨am||di⟩ �

bc
jm�kl + −

(ijk) ⟨bm||di⟩ �
ac
km�jl + −

(ijk) ⟨cm||di⟩ �
ab
jm�kl

+ −
(ab) ⟨lm||ij⟩ �

ac
km�bd + −

(ij) ⟨lm||ik⟩ �
ab
jm�cd + −

(ijab) ⟨lm||ik⟩ �
bc
jm�ad

− ⟨ab||de⟩ �ceij �kl − ⟨lm||ij⟩ �abkm�cd

+ ⟨ab||ij⟩ �cd�kl + −
(ij) ⟨ab||jk⟩ �cd�il + −

(ijab) ⟨ac||ik⟩ �bd�jl

+ −
(ab) ⟨bc||ij⟩ �ad�kl

+ 1
2
⟨ab||ef ⟩ �efij �cd�kl +

1
2
−
(ij) ⟨ab||ef⟩ �

ef
jk �cd�il +

1
2
−
(ijab) ⟨ac||ef ⟩ �

ef
ik �bd�jl

+ 1
2
−
(ab) ⟨bc||ef⟩ �

ef
ij �ad�kl +

1
2
⟨mn||ij⟩ �abmn�cd�kl +

1
2
−
(ab) ⟨mn||ij⟩ �

bc
mn�ad�kl

+ 1
2
−
(ijab) ⟨mn||ik⟩ �

ac
mn�bd�jl +

1
2
−
(ij) ⟨mn||jk⟩ �

ab
mn�cd�il + −

(ijkabc) ⟨am||ie⟩ �
be
jm�cd�kl

+ −
(abc)fae�

be
ik�cd�jl + −

(abc)fae�
ce
ij �bd�kl + −

(abc)fae�
ce
jk�bd�il

+ −
(ijk)fmi�

ab
jm�cd�kl + −

(ijk)fmi�
ac
km�bd�jl + −

(ijk)fmi�
bc
jm�ad�kl

+ fme�abeijm�cd�kl + −
(ij)fme�

abe
jkm�cd�il + −

(ijab)fme�
ace
ikm�bd�jl

+ −
(ab)fme�

bce
ijm�ad�kl

PP-UCC4 secular matrix triples/doubles block:

⟨Φabc
ijk |H̄|Φde

lm⟩ =

−
(ijk) ⟨ab||di⟩ �ce�jm�kl + −

(ijk) ⟨ab||ei⟩ �cd�jl�km + −
(ijk) ⟨ac||di⟩ �be�jl�km

+ −
(ijk) ⟨ac||ei⟩ �bd�jm�kl + −

(abc) ⟨al||ij⟩ �be�cd�km + −
(abc) ⟨al||ik⟩ �bd�ce�jm

+ −
(abc) ⟨al||jk⟩ �be�cd�im + −

(abc) ⟨am||ij⟩ �bd�ce�kl + −
(abc) ⟨am||ik⟩ �be�cd�jl

+ −
(abc) ⟨am||jk⟩ �bd�ce�il + −

(ijk) ⟨bc||di⟩ �ae�jm�kl + −
(ijk) ⟨bc||ei⟩ �ad�jl�km

+ −
(ijkabc)fai�bd�ce�jl�km
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+ −
(abc)flf�

af
ij �be�cd�km + −

(abc)flf�
af
ik �bd�ce�jm + −

(abc)flf�
af
jk �be�cd�im

+ −
(abc)fmf�

af
ij �bd�ce�kl + −

(abc)fmf�
af
ik �be�cd�jl + −

(abc)fmf�
af
jk �bd�ce�il

+ −
(ijk)fnd�

ab
in �ce�jm�kl + −

(ijk)fnd�
ac
in �be�jl�km + −

(ijk)fnd�
bc
in �ae�jm�kl

+ −
(ijk)fne�

ab
in �cd�jl�km + −

(ijk)fne�
ac
in �bd�jm�kl + −

(ijk)fne�
bc
in �ad�jl�km

+ −
(ijkabc)fnf�

af
in �bd�ce�jl�km

PP-UCC4 secular matrix triples/triples block:

⟨Φabc
ijk |H̄ − E0|Φ

def
lmn ⟩ =

−
(ijkabc)fad�be�cf�il�jm�kn + −

(ijkabc)fae�bd�cf�il�jn�km + −
(ijkabc)faf�bd�ce�il�jm�kn

+ −
(ijkabc)fli�ad�be�cf�jn�km + −

(ijkabc)fmi�ad�be�cf�jl�kn + −
(ijkabc)fni�ad�be�cf�jm�kl
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C.2.3. PP-UCC4 ground state and ground- to excited state

densities

PP-UCC4 ground state density:

⟨Φ0|D̄|Φ0⟩ =

dai�
a∗
i

+ dia�ai

+ 1
2
dai�

b
j�

ab∗
ij

+ 1
2
dba�

ac
ij �

bc∗
ij − 1

2
dij�

ab
ik �

ab∗
jk

+ 1
2
dia�

ab
ij �

b∗
j

+ dba�ai �
b∗
i − dij�

a
i �

a∗
j

+ 1
12
dba�

acd
ijk �

bcd∗
ijk − 1

12
dij�

abc
ikl �

abc∗
jkl

+ 1
8
dai�

bc
jk�

abc∗
ijk

+ 1
8
dia�

abc
ijk �

bc∗
jk

+ 1
24
dai�

bcd
jkl �

ad∗
il �bc∗jk + 1

6
dai�

bcd
jkl �

ad∗
kl �

bc∗
ij

+ 1
24
dia�

ad
il �

bc
jk�

bcd∗
jkl + 1

6
dia�

ad
kl �

bc
ij �

bcd∗
jkl

+ 1
6
dai�

bc
jk�

b∗
j �

ac∗
ik − 1

3
dai�

bc
jk�

a∗
j �

bc∗
ik − 1

3
dai�

bc
jk�

b∗
i �

ac∗
jk

+ 1
6
dia�

b
j�

ac
ik �

bc∗
jk − 1

3
dia�

a
j �

bc
ik�

bc∗
jk − 1

3
dia�

b
i �

ac
jk�

bc∗
jk

+ 1
12
dij�

ab
kl �

cd
im�

ab∗
jl �

cd∗
km + 1

3
dba�

ae
kl�

cd
ij �

bd∗
jl �

ce∗
ik + 1

24
dba�

ae
kl�

cd
ij �

be∗
ij �

cd∗
kl

+ 1
12
dij�

ab
kl �

cd
im�

ab∗
km �

cd∗
jl + 1

6
dij�

ab
kl �

cd
im�

ac∗
kl �

bd∗
jm − 1

6
dba�

ae
kl�

cd
ij �

be∗
jl �

cd∗
ik

− 1
3
dij�

ab
kl �

cd
im�

ac∗
km �

bd∗
jl − 1

12
dba�

ae
kl�

cd
ij �

bd∗
ij �ce∗kl −

1
12
dba�

ae
kl�

cd
ij �

bd∗
kl �

ce∗
ij

− 1
24
dij�

ab
kl �

cd
im�

ab∗
jm �

cd∗
kl
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PP-UCC4 ground- to excited-state density, singles:

⟨Φa
i |D̄|Φ0⟩ =

dai

+ dab�bi − dji�
a
j

+ djb�abij

+ 1
2
dab�

bc
ij �

c∗
j + dcb�

ab
ij �

c∗
j −

1
2
dji�

ab
jk�

b∗
k

− djk�abij �
b∗
k

+ 1
2
dbj�

ac
ik �

bc∗
jk − 1

4
daj�

bc
ik�

bc∗
jk − 1

4
dbi�

ac
jk�

bc∗
jk

+ 1
8
dbj�

acd
ikl �

bcd∗
jkl − 1

24
dbi�

acd
jkl �

bcd∗
jkl − 1

24
daj�

bcd
ikl �

bcd∗
jkl

+ 1
8
dab�

bcd
ijk �

cd∗
jk + 1

2
dcb�

abd
ijk �

cd∗
jk − 1

8
dji�

abc
jkl �

bc∗
kl

− 1
2
djk�

abc
ijl �

bc∗
kl

+ 1
2
djb�

abc
ijk �

c∗
k

− 1
2
daj�

b
i �

b∗
j −

1
2
dbi�

a
j �

b∗
j

− djb�aj �
b
i

+ 1
4
dcb�

d
i �

ab
jk�

cd∗
jk + 1

4
djk�

a
j �

bc
il �

bc∗
kl +

1
2
dcb�

b
j�

ad
ik �

cd∗
jk

+ 1
6
dab�

c
j�

bd
ik �

cd∗
jk + 1

2
djk�

b
i �

ac
jl �

bc∗
kl +

1
2
djk�

b
l �

ac
ij �

bc∗
kl

+ 1
12
dji�

a
k�

bc
jl �

bc∗
kl +

1
12
dji�

b
j�

ac
kl �

bc∗
kl −

1
4
dcb�

b
i �

ad
jk�

cd∗
jk

− 1
4
djk�

a
l �

bc
ij �

bc∗
kl −

1
2
dcb�

d
j �

ab
ik �

cd∗
jk − 1

2
djk�

b
j�

ac
il �

bc∗
kl

− 1
6
dji�

b
k�

ac
jl �

bc∗
kl −

1
12
dab�

b
j�

cd
ik �

cd∗
jk − 1

2
dcb�

a
j �

bd
ik �

cd∗
jk

− 1
12
dab�

c
i �

bd
jk�

cd∗
jk
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+ 1
24
dab�

bc
jk�

de
il �

cde∗
jkl + 1

4
djk�

ad
jm�

bc
il �

bcd∗
klm + 1

4
dcb�

ae
il �

bd
jk�

cde∗
jkl

+ 1
8
dcb�

ab
il �

de
jk�

cde∗
jkl + 1

4
dcb�

ae
kl�

bd
ij �

cde∗
jkl + 1

24
dab�

be
il �

cd
jk�

cde∗
jkl

+ 1
8
dcb�

ab
kl �

de
ij �

cde∗
jkl − 1

4
djk�

ad
im�

bc
jl �

bcd∗
klm − 1

24
dji�

ad
jm�

bc
kl�

bcd∗
klm

− 1
24
dji�

ad
lm�

bc
jk�

bcd∗
klm − 1

8
djk�

ad
ij �

bc
lm�

bcd∗
klm − 1

8
djk�

ad
lm�

bc
ij �

bcd∗
klm

+ 1
12
djb�

ad
kl �

bc
ij �

cd∗
kl + 1

6
djb�

ab
kl �

cd
ij �

cd∗
kl + 1

3
djb�

ab
il �

cd
jk�

cd∗
kl

+ 1
6
djb�

ad
il �

bc
jk�

cd∗
kl + 1

3
djb�

ad
ij �

bc
kl�

cd∗
kl − 1

12
djb�

ab
jl �

cd
ik �

cd∗
kl

− 2
3
djb�

ad
jl �

bc
ik�

cd∗
kl

+ 1
16
dbj�

ae
lm�

cd
ik �

be∗
lm �

cd∗
jk + 1

24
dbj�

ae
lm�

cd
ik �

be∗
jk �

cd∗
lm + 1

48
dbj�

ae
lm�

cd
ik �

bc∗
jk �

de∗
lm

+ 1
48
dbj�

ae
lm�

cd
ik �

be∗
jm �

cd∗
kl + 1

2
dbj�

ae
lm�

cd
ik �

bc∗
kl �

de∗
jm + 1

12
daj�

bc
kl�

de
im�

bd∗
kl �

ce∗
jm

+ 1
6
daj�

bc
kl�

de
im�

bd∗
jk �

ce∗
lm + 3

16
dbj�

ae
im�

cd
kl �

be∗
lm �

cd∗
jk + 1

8
dbj�

ae
im�

cd
kl �

be∗
kl �

cd∗
jm

+ 1
12
dbj�

ae
im�

cd
kl �

bc∗
jm �

de∗
kl + 1

12
dbi�

ae
lm�

cd
jk�

be∗
km �

cd∗
jl + 1

24
dbj�

ae
im�

cd
kl �

bc∗
jk �

de∗
lm

+ 1
6
dbi�

ae
lm�

cd
jk�

bc∗
jl �

de∗
km + 3

16
dbj�

ae
im�

cd
kl �

bc∗
kl �

de∗
jm + 1

4
dbj�

ae
lm�

cd
ik �

bc∗
lm �

de∗
jk

− 1
6
dbj�

ae
lm�

cd
ik �

bc∗
jl �

de∗
km − 1

12
dbj�

ae
im�

cd
kl �

be∗
jl �

cd∗
km − 1

48
daj�

bc
kl�

de
im�

bc∗
jm �

de∗
kl

− 1
96
daj�

bc
kl�

de
im�

bc∗
jk �

de∗
lm − 1

96
dbi�

ae
lm�

cd
jk�

bc∗
jk �

de∗
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C.2.4. PP-UCC4 state-to-state densities

PP-UCC4 state-to-state density, singles/singles:
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lm�

bcd∗
klm �ij

− 1
8
dci�

de
kl �

cde∗
jkl �ab

+ 1
4
dck�

ad
lm�

b∗
k �

cd∗
lm �ij +

1
4
dck�

de
il �

c∗
j �

de∗
kl �ab +

1
12
dak�

cd
lm�

b∗
l �

cd∗
km �ij

+ 1
12
dak�

cd
lm�

c∗
k �

bd∗
lm �ij +

1
12
dci�

de
kl �

c∗
k �

de∗
jl �ab +

1
12
dci�

de
kl �

d∗
j �

ce∗
kl �ab

+ 1
3
dck�

ad
lm�

d∗
k �

bc∗
lm �ij +

1
3
dck�

de
il �

c∗
l �

de∗
jk �ab +

2
3
dck�

ad
lm�

c∗
l �

bd∗
km �ij

+ 2
3
dck�

de
il �

d∗
k �

ce∗
jl �ab −

1
6
dak�

cd
lm�

c∗
l �

bd∗
km �ij −

1
6
dci�

de
kl �

d∗
k �

ce∗
jl �ab

− 1
6
dck�

ad
lm�

b∗
l �

cd∗
km �ij −

1
6
dck�

ad
lm�

d∗
l �

bc∗
km �ij −

1
6
dck�

de
il �

d∗
l �

ce∗
jk �ab

− 1
6
dck�

de
il �

d∗
j �

ce∗
kl �ab

+ 1
4
dkc�

a
k�

cd
lm�

bd∗
lm �ij +

1
4
dkc�

c
i �

de
kl �

de∗
jl �ab +

2
3
dkc�

c
l �

ad
km�

bd∗
lm �ij

+ 1
12
djc�

c
k�

de
il �

de∗
kl �ab +

1
12
djc�

d
i �

ce
kl�

de∗
kl �ab +

1
12
dkb�

a
l �

cd
km�

cd∗
lm �ij

234



C.2. FOURTH-ORDER UNITARY COUPLED CLUSTER

+ 1
12
dkb�

c
k�

ad
lm�

cd∗
lm �ij +

1
3
dkc�

c
l �

de
ik �

de∗
jl �ab +

1
3
dkc�

d
k�

ac
lm�

bd∗
lm �ij

+ 2
3
dkc�

d
k�

ce
il �

de∗
jl �ab −

1
6
djc�

d
k�

ce
il �

de∗
kl �ab −

1
6
dkb�

c
l �

ad
km�

cd∗
lm �ij

− 1
6
dkc�

d
l �

ac
km�

bd∗
lm �ij −

1
6
dkc�

d
l �

ce
ik�

de∗
jl �ab −

1
6
dkc�

a
l �

cd
km�

bd∗
lm �ij

− 1
6
dkc�

d
i �

ce
kl�

de∗
jl �ab

+ 1
2
dck�

d
l �

cd∗
kl �ab�ij

+ 1
2
ddc�

ce
kl�

de∗
kl �ab�ij −

1
2
dkl�

cd
km�

cd∗
lm �ab�ij

+ 1
2
dkc�

cd
kl �

d∗
l �ab�ij

+ ddc�ck�
d∗
k �ab�ij − dkl�

c
k�

c∗
l �ab�ij

+ 1
12
dkc�

ae
mn�

cd
kl �

bde∗
lmn �ij +

1
3
dkc�

ae
kn�

cd
lm�

bde∗
lmn �ij +

1
3
dkc�

cf
im �

de
kl �

def∗
jlm �ab

+ 1
24
dkc�

cf
ik �

de
lm�

def∗
jlm �ab +

1
24
dkc�

ac
kn�

de
lm�

bde∗
lmn �ij +

1
6
dkc�

ac
mn�

de
kl �

bde∗
lmn �ij

+ 1
6
dkc�

cd
lm�

ef
ik �

def∗
jlm �ab +

1
12
dkc�

cd
kl �

ef
im�

def∗
jlm �ab −

1
24
djc�

cf
im �

de
kl �

def∗
klm �ab

− 1
24
dkb�

ae
mn�

cd
kl �

cde∗
lmn �ij −

1
24
djc�

cd
kl �

ef
im�

def∗
klm �ab −

1
24
dkb�

ae
kn�

cd
lm�

cde∗
lmn �ij

+ 1
3
dck�

ade
lmn�

be∗
kn �

cd∗
lm �ij +

1
3
dck�

def
ilm �

cf∗
jm �

de∗
kl �ab +

1
24
dck�

ade
lmn�

bc∗
kn �

de∗
lm �ij

+ 1
6
dck�

def
ilm �

cd∗
lm �

ef∗
jk �ab +

1
6
dck�

ade
lmn�

bc∗
mn �

de∗
kl �ij +

1
12
dck�

def
ilm �

cd∗
kl �

ef∗
jm �ab

+ 1
12
dck�

ade
lmn�

be∗
mn �

cd∗
kl �ij +

1
24
dck�

def
ilm �

cf∗
jk �

de∗
lm �ab −

1
24
dci�

def
klm �

cd∗
kl �

ef∗
jm �ab

− 1
24
dak�

cde
lmn�

be∗
mn �

cd∗
kl �ij −

1
24
dci�

def
klm �

cf∗
jm �

de∗
kl �ab −

1
24
dak�

cde
lmn�

be∗
kn �

cd∗
lm �ij

+ 1
8
dck�

de
lm�

cde∗
klm �ab�ij

+ 1
8
dkc�

cde
klm�

de∗
lm �ab�ij

+ 1
12
ddc�

cef
klm�

def∗
klm �ab�ij −

1
12
dkl�

cde
kmn�

cde∗
lmn �ab�ij

+ 1
6
dck�

de
lm�

d∗
l �

ce∗
km �ab�ij −

1
3
dck�

de
lm�

c∗
l �

de∗
km �ab�ij −

1
3
dck�

de
lm�

d∗
k �

ce∗
lm �ab�ij

+ 1
6
dkc�

d
l �

ce
km�

de∗
lm �ab�ij −

1
3
dkc�

c
l �

de
km�

de∗
lm �ab�ij −

1
3
dkc�

d
k�

ce
lm�

de∗
lm �ab�ij
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+ 1
24
dkc�

cf
kn�

de
lm�

def∗
lmn �ab�ij +

1
6
dkc�

cf
mn�

de
kl �

def∗
lmn �ab�ij

+ 1
6
dck�

def
lmn �

cf∗
mn �

de∗
kl �ab�ij +

1
24
dck�

def
lmn �

cf∗
kn �

de∗
lm �ab�ij

1
12
djk�

ae
in �

cd
lm�

be∗
km �

cd∗
ln + 1

12
djk�

ae
mn�

cd
il �

be∗
ln �

cd∗
km + 1

12
dki�

ae
kn�

cd
lm�

be∗
jm �

cd∗
ln

+ 1
12
dki�

ae
mn�

cd
kl �

be∗
ln �

cd∗
jm + 1

3
dkl�

ae
in �

cd
km�

bd∗
jn �

ce∗
lm + 1

12
ddc�

ac
im�

ef
kl �

bf∗
kl �

de∗
jm

+ 1
12
ddc�

ac
im�

ef
kl �

bd∗
lm �

ef∗
jk + 1

12
ddc�

ac
lm�

ef
ik �

bd∗
jm �

ef∗
kl + 1

12
dkl�

ae
ik�

cd
mn�

bd∗
mn �

ce∗
jl

+ 1
12
dkl�

ae
mn�

cd
ik �

bd∗
jl �

ce∗
mn +

1
6
ddc�

af
im �

ce
kl�

bd∗
jm �

ef∗
kl + 1

6
ddc�

af
lm �

ce
ik�

bd∗
lm �

ef∗
jk

+ 1
3
dkl�

ae
in �

cd
km�

bd∗
mn �

ce∗
jl +

1
3
ddc�

ac
lm�

ef
ik �

bf∗
jm �

de∗
kl + 1

3
ddc�

af
im �

ce
kl�

bd∗
lm �

ef∗
jk

+ 1
16
djk�

ae
in �

cd
lm�

bd∗
lm �

ce∗
kn +

1
16
dki�

ae
mn�

cd
kl �

bd∗
jl �

ce∗
mn +

1
3
ddc�

ac
im�

ef
kl �

bf∗
lm �de∗jk

+ 1
6
dac�

cd
kl �

ef
im�

bf∗
lm �de∗jk + 1

6
ddc�

ac
lm�

ef
ik �

bf∗
lm �de∗jk + 1

48
dcb�

af
im �

de
kl �

cd∗
kl �

ef∗
jm

+ 1
12
ddc�

ac
lm�

ef
ik �

bf∗
jk �

de∗
lm + 1

6
dkl�

ae
in �

cd
km�

bd∗
lm �

ce∗
jn +

1
12
djk�

ae
mn�

cd
il �

bd∗
mn �

ce∗
kl

+ 1
12
dki�

ae
mn�

cd
kl �

bd∗
mn �

ce∗
jl +

1
12
dac�

cd
kl �

ef
im�

bf∗
kl �

de∗
jm + 1

12
dcb�

af
lm �

de
ik �

cf∗
kl �

de∗
jm

+ 1
24
dac�

cf
im �

de
kl �

be∗
jl �

df∗
km + 1

24
dcb�

af
im �

de
kl �

ce∗
jl �

df∗
km + 1

6
djk�

ae
in �

cd
lm�

bd∗
mn �

ce∗
kl

+ 1
6
dki�

ae
mn�

cd
kl �

bd∗
jn �

ce∗
lm + 1

6
dkl�

ae
mn�

cd
ik �

be∗
ln �

cd∗
jm + 1

3
dkl�

ae
kn�

cd
im�

bd∗
ln �

ce∗
jm

+ 1
6
dkl�

ae
kn�

cd
im�

bd∗
jm �

ce∗
ln + 1

3
ddc�

af
lm �

ce
ik�

bd∗
jm �

ef∗
kl + 1

12
dcb�

af
lm �

de
ik �

cd∗
lm �

ef∗
jk

+ 1
12
ddc�

ac
im�

ef
kl �

bd∗
kl �

ef∗
jm + 1

12
ddc�

ac
lm�

ef
ik �

bd∗
jk �

ef∗
lm + 1

6
ddc�

af
im �

ce
kl�

bf∗
lm �de∗jk

+ 1
6
dkl�

ae
kn�

cd
im�

be∗
lm �

cd∗
jn + 1

6
ddc�

ac
im�

ef
kl �

bf∗
jm �

de∗
kl + 1

6
ddc�

af
lm �

ce
ik�

bf∗
jm �

de∗
kl

+ 1
6
dkl�

ae
in �

cd
km�

be∗
jm �

cd∗
ln + 1

24
dac�

cd
kl �

ef
im�

bd∗
jm �

ef∗
kl + 1

24
dac�

cf
im �

de
kl �

bf∗
kl �

de∗
jm

+ 1
12
djk�

ae
in �

cd
lm�

bd∗
kn �

ce∗
lm + 1

12
dki�

ae
kn�

cd
lm�

bd∗
jn �

ce∗
lm + 1

6
dkl�

ae
mn�

cd
ik �

bd∗
mn �

ce∗
jl

+ 1
48
dac�

cf
im �

de
kl �

bf∗
lm �de∗jk + 1

48
djk�

ae
mn�

cd
il �

bd∗
kl �

ce∗
mn +

1
48
dcb�

af
lm �

de
ik �

cf∗
jm �

de∗
kl

+ 1
48
dki�

ae
kn�

cd
lm�

bd∗
lm �

ce∗
jn +

1
12
dkl�

ae
ik�

cd
mn�

be∗
ln �

cd∗
jm + 1

24
dcb�

af
im �

de
kl �

cf∗
kl �

de∗
jm

+ 1
24
dcb�

af
lm �

de
ik �

cf∗
jk �

de∗
lm + 1

48
dac�

cd
kl �

ef
im�

bf∗
jm �

de∗
kl + 1

12
dkl�

ae
kn�

cd
im�

be∗
jl �

cd∗
mn
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+ 1
12
dac�

cd
kl �

ef
im�

bd∗
lm �

ef∗
jk + 1

6
ddc�

af
im �

ce
kl�

bf∗
kl �

de∗
jm + 1

6
ddc�

af
lm �

ce
ik�

bf∗
jk �

de∗
lm

+ 1
6
dkl�

ae
in �

cd
km�

bd∗
jl �

ce∗
mn +

1
3
ddc�

af
lm �

ce
ik�

be∗
km �

df∗
jl + 1

12
ddc�

af
im �

ce
kl�

bd∗
kl �

ef∗
jm

+ 1
12
ddc�

af
lm �

ce
ik�

bd∗
jk �

ef∗
lm + 1

6
dkl�

ae
ik�

cd
mn�

bd∗
jn �

ce∗
lm + 1

6
dcb�

af
lm �

de
ik �

cd∗
kl �

ef∗
jm

+ 1
6
dkl�

ae
ik�

cd
mn�

bd∗
jl �

ce∗
mn +

1
3
dkl�

ae
mn�

cd
ik �

bd∗
jn �

ce∗
lm + 1

6
dkl�

ae
kn�

cd
im�

be∗
mn �

cd∗
jl

+ 1
6
djk�

ae
mn�

cd
il �

bd∗
kn �

ce∗
lm + 1

6
dki�

ae
kn�

cd
lm�

bd∗
mn �

ce∗
jl +

1
8
dkl�

ae
in �

cd
km�

be∗
ln �

cd∗
jm

+ 1
8
dkl�

ae
kn�

cd
im�

be∗
jn �

cd∗
lm + 1

4
ddc�

af
im �

ce
kl�

be∗
jl �

df∗
km − 1

6
ddc�

ac
lm�

ef
ik �

bd∗
km �

ef∗
jl

− 1
24
djk�

ae
in �

cd
lm�

be∗
lm �

cd∗
kn − 1

24
djk�

ae
mn�

cd
il �

be∗
kl �

cd∗
mn −

1
24
dki�

ae
kn�

cd
lm�

be∗
lm �

cd∗
jn

− 1
24
dki�

ae
mn�

cd
kl �

be∗
jl �

cd∗
mn −

1
12
dkl�

ae
mn�

cd
ik �

be∗
jn �

cd∗
lm − 1

3
ddc�

af
lm �

ce
ik�

be∗
jm �

df∗
kl

− 1
3
ddc�

af
lm �

ce
ik�

bf∗
km �

de∗
jl − 1

6
dkl�

ae
in �

cd
km�

be∗
lm �

cd∗
jn − 1

4
dkl�

ae
in �

cd
km�

bd∗
jm �

ce∗
ln

− 1
6
ddc�

ac
im�

ef
kl �

bd∗
jl �

ef∗
km − 1

3
ddc�

ac
lm�

ef
ik �

bf∗
km �

de∗
jl − 1

6
ddc�

ac
im�

ef
kl �

bf∗
jl �

de∗
km

− 1
6
ddc�

af
im �

ce
kl�

bd∗
jl �

ef∗
km − 1

6
dkl�

ae
in �

cd
km�

be∗
jl �

cd∗
mn −

1
3
dkl�

ae
kn�

cd
im�

bd∗
lm �

ce∗
jn

− 1
8
ddc�

af
im �

ce
kl�

be∗
kl �

df∗
jm − 1

8
ddc�

af
lm �

ce
ik�

be∗
jk �

df∗
lm − 1

3
dkl�

ae
kn�

cd
im�

bd∗
jl �

ce∗
mn

− 1
48
dcb�

af
lm �

de
ik �

ce∗
jk �

df∗
lm − 1

48
djk�

ae
in �

cd
lm�

be∗
mn �

cd∗
kl − 1

48
djk�

ae
mn�

cd
il �

be∗
kn �

cd∗
lm

− 1
48
dki�

ae
kn�

cd
lm�

be∗
mn �

cd∗
jl − 1

48
dki�

ae
mn�

cd
kl �

be∗
jn �

cd∗
lm − 1

12
dac�

cf
im �

de
kl �

be∗
jm �

df∗
kl

− 1
6
djk�

ae
mn�

cd
il �

bd∗
ln �

ce∗
km −

1
6
dki�

ae
mn�

cd
kl �

bd∗
ln �

ce∗
jm −

1
24
djk�

ae
in �

cd
lm�

bd∗
km �

ce∗
ln

− 1
24
dki�

ae
kn�

cd
lm�

bd∗
jm �

ce∗
ln − 1

3
ddc�

af
im �

ce
kl�

be∗
lm �

df∗
jk − 1

3
dkl�

ae
in �

cd
km�

bd∗
ln �

ce∗
jm

− 1
6
dcb�

af
lm �

de
ik �

ce∗
jm �

df∗
kl − 1

3
dkl�

ae
mn�

cd
ik �

bd∗
ln �

ce∗
jm −

1
3
dkl�

ae
kn�

cd
im�

bd∗
mn �

ce∗
jl

− 1
16
dac�

cd
kl �

ef
im�

bd∗
jl �

ef∗
km − 1

16
dcb�

af
im �

de
kl �

cf∗
km �

de∗
jl − 1

12
dcb�

af
im �

de
kl �

ce∗
jm �

df∗
kl

− 1
12
dac�

cf
im �

de
kl �

bf∗
jl �

de∗
km − 1

6
ddc�

af
im �

ce
kl�

be∗
jm �

df∗
kl − 1

6
ddc�

af
lm �

ce
ik�

be∗
lm �

df∗
jk

− 1
12
dcb�

af
im �

de
kl �

cf∗
jl �

de∗
km − 1

12
dkl�

ae
ik�

cd
mn�

be∗
mn �

cd∗
jl − 1

12
dkl�

ae
mn�

cd
ik �

be∗
jl �

cd∗
mn

− 1
3
dkl�

ae
ik�

cd
mn�

bd∗
ln �

ce∗
jm −

1
6
dac�

cd
kl �

ef
im�

bf∗
jl �

de∗
km − 1

12
dkl�

ae
in �

cd
km�

be∗
mn �

cd∗
jl
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− 1
48
dac�

cf
im �

de
kl �

be∗
kl �

df∗
jm − 1

6
dkl�

ae
kn�

cd
im�

be∗
jm �

cd∗
ln − 1

3
ddc�

af
lm �

ce
ik�

bd∗
km �

ef∗
jl

− 1
3
ddc�

af
im �

ce
kl�

bf∗
jl �

de∗
km − 1

6
dkl�

ae
ik�

cd
mn�

be∗
jn �

cd∗
lm − 1

6
dcb�

af
im �

de
kl �

cd∗
km �

ef∗
jl

− 1
3
dkl�

ae
kn�

cd
im�

bd∗
jn �

ce∗
lm − 1

6
dac�

cf
im �

de
kl �

be∗
lm �

df∗
jk

+ 1
6
dkl�

ae
ko�

cd
mn�

be∗
no �

cd∗
lm �ij +

1
6
dkl�

ae
no�

cd
km�

be∗
lo �

cd∗
mn �ij +

1
3
ddc�

cg
im�

ef
kl �

de∗
km �

fg∗
jl �ab

+ 1
12
dac�

cf
ln �

de
km�

bf∗
mn �

de∗
kl �ij +

1
96
djk�

cd
lm�

ef
in �

cd∗
kl �

ef∗
mn �ab +

1
96
dki�

cd
kl �

ef
mn�

cd∗
lm �

ef∗
jn �ab

+ 1
12
dkl�

cd
mn�

ef
ik �

cd∗
lm �

ef∗
jn �ab +

1
6
ddc�

ac
mn�

ef
kl �

bd∗
ln �

ef∗
km �ij +

1
3
ddc�

ac
mn�

ef
kl �

bf∗
ln �de∗km �ij

+ 1
12
dkl�

cd
km�

ef
in �

cd∗
jn �

ef∗
lm �ab +

1
24
dkl�

cd
km�

ef
in �

cd∗
jl �

ef∗
mn �ab +

1
24
dkl�

cd
mn�

ef
ik �

cd∗
jl �

ef∗
mn �ab

+ 1
24
dkl�

cd
mn�

ef
ik �

cd∗
jn �

ef∗
lm �ab +

1
12
dkl�

cd
km�

ef
in �

cd∗
mn �

ef∗
jl �ab +

1
12
ddc�

af
mn�

ce
kl�

be∗
mn �

df∗
kl �ij

+ 1
12
ddc�

ce
kl�

fg
im �

de∗
jl �

fg∗
km �ab +

1
6
dcb�

af
mn�

de
kl �

cd∗
km �

ef∗
ln �ij +

1
16
ddc�

af
mn�

ce
kl�

be∗
kl �

df∗
mn �ij

+ 1
3
ddc�

ce
kl�

fg
im �

dg∗
jl �

ef∗
km �ab +

1
3
ddc�

af
mn�

ce
kl�

bd∗
ln �

ef∗
km �ij +

1
3
dkl�

cd
km�

ef
in �

ce∗
ln �

df∗
jm �ab

+ 1
3
dkl�

ae
no�

cd
km�

bd∗
mo �

ce∗
ln �ij +

1
3
dkl�

ae
ko�

cd
mn�

bd∗
ln �

ce∗
mo �ij +

1
12
dcb�

af
mn�

de
kl �

cf∗
ln �de∗km �ij

+ 1
6
ddc�

ce
kl�

fg
im �

de∗
km �

fg∗
jl �ab +

1
3
ddc�

af
mn�

ce
kl�

bf∗
ln �de∗km �ij +

1
12
dkl�

ae
ko�

cd
mn�

be∗
mn �

cd∗
lo �ij

+ 1
12
dkl�

ae
no�

cd
km�

be∗
lm �

cd∗
no �ij +

1
12
ddc�

cg
im�

ef
kl �

dg∗
km �

ef∗
jl �ab +

1
6
dac�

cd
km�

ef
ln �

bf∗
mn �

de∗
kl �ij

+ 1
48
djk�

cd
lm�

ef
in �

cd∗
kn �

ef∗
lm �ab +

1
48
dki�

cd
kn�

ef
lm�

cd∗
lm �

ef∗
jn �ab +

1
24
djk�

cd
lm�

ef
in �

cd∗
mn �

ef∗
kl �ab

+ 1
24
dki�

cd
mn�

ef
kl �

cd∗
lm �

ef∗
jn �ab +

1
6
ddc�

cg
im�

ef
kl �

dg∗
jl �

ef∗
km �ab +

1
6
ddc�

ce
kl�

fg
im �

df∗
kl �

eg∗
jm �ab

+ 1
6
ddc�

cg
im�

ef
kl �

df∗
jm �eg∗kl �ab −

1
24
dac�

cd
mn�

ef
kl �

bf∗
mn �

de∗
kl �ij −

1
6
dkl�

ae
no�

cd
km�

be∗
mo �

cd∗
ln �ij

− 1
3
dkl�

ae
ko�

cd
mn�

bd∗
no �

ce∗
lm �ij −

1
12
ddc�

af
mn�

ce
kl�

bf∗
kl �

de∗
mn �ij −

1
6
dkl�

ae
no�

cd
km�

bd∗
no �

ce∗
lm �ij

− 1
12
ddc�

ac
mn�

ef
kl �

bf∗
mn �

de∗
kl �ij −

1
12
dkl�

ae
no�

cd
km�

bd∗
lm �

ce∗
no �ij −

1
3
dkl�

cd
mn�

ef
ik �

ce∗
lm �

df∗
jn �ab

− 1
24
ddc�

ac
mn�

ef
kl �

bd∗
kl �

ef∗
mn �ij −

1
48
dac�

cf
kl �

de
mn�

bf∗
mn �

de∗
kl �ij −

1
48
dcb�

af
mn�

de
kl �

cf∗
kl �

de∗
mn �ij

− 1
16
dkl�

cd
km�

ef
in �

cd∗
jm �

ef∗
ln �ab −

1
3
dkl�

cd
km�

ef
in �

ce∗
mn �

df∗
jl �ab −

1
3
dkl�

ae
no�

cd
km�

bd∗
lo �

ce∗
mn �ij

− 1
3
ddc�

cg
im�

ef
kl �

df∗
jl �eg∗km �ab −

1
6
dkl�

cd
mn�

ef
ik �

ce∗
mn �

df∗
jl �ab −

1
3
ddc�

af
mn�

ce
kl�

be∗
ln �

df∗
km �ij
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− 1
12
ddc�

ce
kl�

fg
im �

de∗
jm �

fg∗
kl �ab −

1
12
ddc�

cg
im�

ef
kl �

dg∗
kl �

ef∗
jm �ab −

1
12
djk�

cd
lm�

ef
in �

ce∗
lm �

df∗
kn �ab

− 1
12
dki�

ce
lm�

df
kn �

cd∗
lm �

ef∗
jn �ab −

1
12
ddc�

af
mn�

ce
kl�

bd∗
mn �

ef∗
kl �ij −

1
3
dkl�

cd
km�

ef
in �

ce∗
lm �

df∗
jn �ab

− 1
24
ddc�

af
mn�

ce
kl�

bd∗
kl �

ef∗
mn �ij −

1
12
dkl�

ae
ko�

cd
mn�

bd∗
mn �

ce∗
lo �ij −

1
96
dcb�

af
mn�

de
kl �

cd∗
kl �

ef∗
mn �ij

− 1
24
dcb�

af
mn�

de
kl �

cd∗
mn �

ef∗
kl �ij −

1
3
ddc�

ce
kl�

fg
im �

df∗
km �

eg∗
jl �ab −

1
96
dac�

cd
kl �

ef
mn�

bf∗
mn �

de∗
kl �ij

− 1
12
dkl�

cd
km�

ef
in �

cd∗
ln �

ef∗
jm �ab −

1
24
ddc�

ac
mn�

ef
kl �

bf∗
kl �

de∗
mn �ij −

1
6
djk�

cd
lm�

ef
in �

ce∗
kl �

df∗
mn �ab

− 1
6
dki�

ce
kl�

df
mn�

cd∗
lm �

ef∗
jn �ab −

1
6
dkl�

ae
ko�

cd
mn�

be∗
ln �

cd∗
mo �ij −

1
6
ddc�

ce
kl�

fg
im �

dg∗
jm �

ef∗
kl �ab

− 1
6
ddc�

cg
im�

ef
kl �

de∗
kl �

fg∗
jm �ab −

1
6
dkl�

ae
ko�

cd
mn�

bd∗
lo �

ce∗
mn �ij

+ 1
24
ddc�

cg
mn�

ef
kl �

dg∗
kl �

ef∗
mn �ab�ij +

1
12
dkl�

cd
mn�

ef
ko �

cd∗
mo �

ef∗
ln �ab�ij +

1
12
dkl�

cd
mn�

ef
ko �

cd∗
ln �

ef∗
mo �ab�ij

+ 1
6
dkl�

cd
mn�

ef
ko �

ce∗
mn �

df∗
lo �ab�ij +

1
3
ddc�

cg
mn�

ef
kl �

df∗
ln �eg∗km �ab�ij −

1
3
dkl�

cd
mn�

ef
ko �

ce∗
mo �

df∗
ln �ab�ij

− 1
12
ddc�

cg
mn�

ef
kl �

df∗
mn �

eg∗
kl �ab�ij −

1
12
ddc�

cg
mn�

ef
kl �

df∗
kl �

eg∗
mn �ab�ij −

1
24
dkl�

cd
mn�

ef
ko �

cd∗
lo �

ef∗
mn �ab�ij

− 1
6
ddc�

cg
mn�

ef
kl �

dg∗
ln �ef∗km �ab�ij

PP-UCC4 state-to-state density, singles/doubles:

⟨Φa
i |D̄|Φ

bc
jk⟩ =

1
2
dad�

de
il �

bce∗
jkl + ded�

ad
il �

bce∗
jkl +

1
2
−
(jk)djl�

ad
im�

bcd∗
klm

+ 1
2
−
(bc)ddc�

ae
il �

bde∗
jkl − dlm�adil �

bcd∗
jkm − 1

2
dli�

ad
lm�

bcd∗
jkm

+ −
(jk)dal�

bc∗
kl �ij + −

(bc)ddi�
cd∗
jk �ab

+ −
(jkbc)djb�ac�ik

+ 1
4
−
(jk)dad�

de
lm�

bce∗
klm �ij +

1
4
−
(bc)dli�

de
lm�

bde∗
jkm �ac +

1
2
−
(jk)ded�

ad
lm�

bce∗
klm �ij

+ 1
2
−
(bc)dlm�

de
il �

bde∗
jkm �ac + −

(bc)ded�
df
il �

cef∗
jkl �ab + −

(jk)dlm�
ad
ln �

bcd∗
jmn �ik

+ 1
4
−
(jk)djl�

ad
mn�

bcd∗
lmn �ik +

1
4
−
(jkbc)djl�

de
im�

cde∗
klm �ab +

1
4
−
(jkbc)ddb�

ae
lm�

cde∗
jlm �ik
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+ 1
4
−
(bc)ddc�

ef
il �

def∗
jkl �ab

+ 1
2
−
(jk)dad�

d
l �

bc∗
kl �ij +

1
2
−
(jk)djl�

a
m�

bc∗
lm �ik +

1
2
−
(jkbc)djl�

d
i �

cd∗
kl �ab

+ 1
2
−
(jkbc)ddb�

a
l �

cd∗
jl �ik +

1
2
−
(bc)ddc�

e
i �

de∗
jk �ab +

1
2
−
(bc)dli�

d
l �

bd∗
jk �ac

+ −
(bc)ded�

d
i �

ce∗
jk �ab + −

(jk)dlm�
a
l �

bc∗
jm �ik

+ 1
2
−
(jk)ddl�

ae
im�

bc∗
kl �

de∗
jm + 2

3
−
(jkbc)ddl�

ae
im�

bd∗
km �

ce∗
jl +

1
6
−
(jk)ddl�

ae
im�

bc∗
jm �

de∗
kl

+ 1
6
−
(bc)ddl�

ae
im�

be∗
jk �

cd∗
lm + 2

3
ddl�

ae
im�

bc∗
lm �

de∗
jk + 1

12
−
(jk)dal�

de
im�

bc∗
km �

de∗
jl

+ 1
12

−
(bc)ddi�

ae
lm�

bd∗
lm �

ce∗
jk +

1
6
−
(bc)dal�

de
im�

bd∗
jk �

ce∗
lm + 1

6
−
(jk)ddi�

ae
lm�

bc∗
km �

de∗
jl

+ 1
6
−
(jkbc)dal�

de
im�

bd∗
jm �

ce∗
kl +

1
6
−
(jkbc)ddi�

ae
lm�

bd∗
kl �

ce∗
jm +

1
2
−
(bc)ddl�

ae
im�

be∗
lm �

cd∗
jk

− 1
12
dal�

de
im�

bc∗
lm �

de∗
jk − 1

12
ddi�

ae
lm�

bc∗
lm �

de∗
jk

+ −
(jkbc)djl�

c∗
l �ab�ik + −

(jkbc)ddb�
d∗
j �ac�ik

+ −
(jkbc)ddl�

bd∗
jl �ac�ik

+ 1
2
−
(jkbc)djl�

d
m�

cd∗
lm �ab�ik +

1
2
−
(jkbc)ddb�

e
l �

de∗
jl �ac�ik + −

(jkbc)ded�
d
l �

be∗
jl �ac�ik

+ −
(jkbc)dlm�

d
l �

bd∗
km �ac�ij

+ 1
2
−
(jkbc)ded�

df
lm �

bef∗
jlm �ac�ik +

1
2
−
(jkbc)dlm�

de
ln �

bde∗
kmn �ac�ij +

1
8
−
(jkbc)djl�

de
mn�

cde∗
lmn �ab�ik

+ 1
8
−
(jkbc)ddb�

ef
lm�

def∗
jlm �ac�ik

+ 1
12

−
(jk)dal�

de
mn�

bc∗
ln �

de∗
jm �ik +

1
6
−
(jkbc)ddl�

ae
mn�

be∗
km �

cd∗
ln �ij +

1
6
−
(bc)ddl�

ef
im�

bf∗
jk �

de∗
lm �ac

+ 1
12

−
(jkbc)ddi�

ef
lm�

bd∗
km �

ef∗
jl �ac +

1
6
−
(jkbc)ddl�

ef
im�

bf∗
jm �

de∗
kl �ac +

2
3
−
(jk)ddl�

ae
mn�

bc∗
ln �

de∗
km �ij

+ 2
3
−
(jkbc)ddl�

ef
im�

bf∗
kl �

de∗
jm �ac +

2
3
−
(bc)ddl�

ef
im�

bf∗
lm �de∗jk �ac +

1
4
−
(jk)ddl�

ae
mn�

bc∗
jl �

de∗
mn �ik

+ 1
4
−
(bc)ddl�

ef
im�

bd∗
jk �

ef∗
lm �ac +

1
12

−
(jkbc)dal�

de
mn�

bd∗
jl �

ce∗
mn �ik +

1
6
−
(jk)ddl�

ae
mn�

bc∗
jn �

de∗
lm �ik

+ 1
3
−
(jkbc)ddl�

ae
mn�

bd∗
mn �

ce∗
kl �ij +

1
3
−
(jkbc)ddl�

ef
im�

bd∗
jm �

ef∗
kl �ac +

2
3
−
(jkbc)ddl�

ae
mn�

be∗
lm �

cd∗
jn �ik

+ 1
24

−
(jk)dal�

de
mn�

bc∗
mn �

de∗
kl �ij +

1
24

−
(bc)ddi�

ef
lm�

cd∗
lm �

ef∗
jk �ab +

1
12

−
(jk)dal�

de
mn�

bc∗
kn �

de∗
lm �ij

+ 1
12

−
(bc)ddi�

ef
lm�

cf∗
jk �

de∗
lm �ab +

1
12

−
(bc)ddi�

ef
lm�

cf∗
lm �de∗jk �ab +

1
12

−
(jk)ddl�

ae
mn�

bc∗
mn �

de∗
jl �ik
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+ 1
12

−
(bc)ddl�

ef
im�

bd∗
lm �

ef∗
jk �ac +

1
6
−
(jkbc)dal�

de
mn�

bd∗
km �

ce∗
ln �ij +

1
6
−
(jkbc)ddi�

ef
lm�

bf∗
km �

de∗
jl �ac

+ 1
3
−
(jkbc)ddl�

ef
mn�

bd∗
jn �

ef∗
lm �ac�ik +

1
12

−
(jkbc)ddl�

ef
mn�

bf∗
mn �

de∗
jl �ac�ik

+ 1
6
−
(jkbc)ddl�

ef
mn�

bd∗
mn �

ef∗
jl �ac�ik +

1
12

−
(jkbc)ddl�

ef
mn�

bd∗
ln �

ef∗
km �ac�ij

+ 1
6
−
(jkbc)ddl�

ef
mn�

bf∗
jn �

de∗
lm �ac�ik +

1
3
−
(jkbc)ddl�

ef
mn�

bf∗
jl �

de∗
mn �ac�ik

+ 2
3
−
(jkbc)ddl�

ef
mn�

bf∗
ln �de∗km �ac�ij

PP-UCC4 state-to-state density, singles/triples:

⟨Φa
i |D̄|Φ

bcd
jkl ⟩ =

−
(jk)dam�

bcd∗
jlm �ik + −

(bc)dei�
bde∗
jkl �ac − dam�

bcd∗
jkm �il

− dei�bce∗jkl �ad

+ −
(jkl)djm�

bc∗
km �ad�il + −

(jkl)djm�
bd∗
lm �ac�ik + −

(jkl)djm�
cd∗
km �ab�il

+ −
(bcd)deb�

ce∗
jl �ad�ik + −

(bcd)deb�
de∗
jk �ac�il + −

(bcd)deb�
de∗
kl �ac�ij

+ dem�bce∗jkm �ad�il + −
(jk)dem�

bce∗
klm �ad�ij + −

(jkbc)dem�
bde∗
jlm �ac�ik

+ −
(bc)dem�

cde∗
jkm �ab�il

PP-UCC4 state-to-state density, doubles/singles:

⟨Φab
ij |D̄|Φ

c
k⟩ =

1
2
ddc�

abe
ijl �

de∗
kl + ded�abdijl �

ce∗
kl +

1
2
−
(ab)dbd�

ade
ijl �

ce∗
kl

+ 1
2
−
(ij)dli�

abd
jlm�

cd∗
km − dlm�abdijl �

cd∗
km − 1

2
dkl�

abd
ijm�

cd∗
lm

+ −
(ijab)dai�bc�jk
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+ −
(ab)dkd�

bd
ij �ac + −

(ij)dlc�
ab
jl �ik

+ 1
4
−
(ab)dkl�

ade
ijm�

de∗
lm �bc +

1
4
−
(ij)ddc�

abe
jlm�

de∗
lm �ik +

1
2
−
(ij)ded�

abd
jlm�

ce∗
lm �ik

+ 1
2
−
(ab)dlm�

ade
ijl �

de∗
km �bc + −

(ab)ded�
bdf
ijl �

ef∗
kl �ac + −

(ij)dlm�
abd
iln �

cd∗
mn �jk

+ 1
4
−
(ijab)dad�

bde
ilm �

ce∗
lm �jk +

1
4
−
(ab)dbd�

def
ijl �

ef∗
kl �ac +

1
4
−
(ij)dli�

abd
lmn�

cd∗
mn �jk

+ 1
4
−
(ijab)dli�

bde
jlm�

de∗
km �ac

+ 1
2
−
(ijab)dad�

bd
il �

c∗
l �jk +

1
2
−
(ab)dbd�

de
ij �

e∗
k �ac +

1
2
−
(ab)dkl�

ad
ij �

d∗
l �bc

+ 1
2
−
(ij)ddc�

ab
jl �

d∗
l �ik +

1
2
−
(ij)dli�

ab
lm�

c∗
m �jk +

1
2
−
(ijab)dli�

bd
jl �

d∗
k �ac

+ −
(ab)ded�

bd
ij �

e∗
k �ac + −

(ij)dlm�
ab
il �

c∗
m �jk

+ −
(ijab)dad�

d
i �bc�jk + −

(ijab)dli�
b
l �ac�jk

+ −
(ijab)dld�

ad
il �bc�jk

+ 1
6
−
(ijab)dlc�

ad
im�

be
jl �

de∗
km + 1

6
−
(ij)dkd�

ab
jm�

de
il �

ce∗
lm + 1

6
−
(ab)dlc�

ad
ij �

be
lm�

de∗
km

+ 2
3
−
(ijab)dld�

ad
jm�

be
il �

ce∗
km +

1
6
−
(ab)dld�

ae
ij �

bd
lm�

ce∗
km +

1
2
−
(ij)dld�

ab
jl �

de
im�

ce∗
km

+ 1
12

−
(ab)dkd�

ad
lm�

be
ij �

ce∗
lm + 1

12
−
(ij)dlc�

ab
jm�

de
il �

de∗
km + 1

6
−
(ij)dld�

ab
im�

de
jl �

ce∗
km

+ 2
3
dld�

ab
lm�

de
ij �

ce∗
km +

1
6
−
(ijab)dkd�

ad
jl �

be
im�

ce∗
lm + 1

2
−
(ab)dld�

ae
lm�

bd
ij �

ce∗
km

− 1
12
dkd�

ab
lm�

de
ij �

ce∗
lm − 1

12
dlc�

ab
lm�

de
ij �

de∗
km

+ 1
4
−
(ab)dld�

ad
ij �

ef
lm�

ef∗
km �bc +

1
12

−
(ijab)dlc�

ad
il �

be
mn�

de∗
mn �jk +

1
12

−
(ij)dld�

ab
mn�

de
il �

ce∗
mn �jk

+ 1
6
−
(ij)dld�

ab
in �

de
lm�

ce∗
mn �jk +

2
3
−
(ijab)dld�

ad
im�

be
ln�

ce∗
mn �jk +

1
12

−
(ijab)dkd�

ad
jm�

ef
il �

ef∗
lm �bc

+ 1
6
−
(ijab)dld�

af
im �

de
jl �

ef∗
km �bc +

2
3
−
(ijab)dld�

af
jl �

de
im�

ef∗
km �bc +

1
12

−
(ij)dlc�

ab
jn�

de
lm�

de∗
mn �ik

+ 1
3
−
(ijab)dld�

ad
im�

ef
jl �

ef∗
km �bc +

1
3
−
(ijab)dld�

ad
mn�

be
jl �

ce∗
mn �ik +

2
3
−
(ij)dld�

ab
ln �

de
jm�

ce∗
mn �ik

+ 2
3
−
(ab)dld�

af
lm �

de
ij �

ef∗
km �bc +

1
24

−
(ab)dkd�

bd
lm�

ef
ij �

ef∗
lm �ac +

1
24

−
(ij)dlc�

ab
mn�

de
jl �

de∗
mn �ik

+ 1
12

−
(ab)dkd�

bf
ij �

de
lm�

ef∗
lm �ac +

1
12

−
(ab)dkd�

bf
lm�

de
ij �

ef∗
lm �ac +

1
12

−
(ab)dld�

ad
lm�

ef
ij �

ef∗
km �bc

+ 1
12

−
(ij)dlc�

ab
ln �

de
im�

de∗
mn �jk +

1
6
−
(ijab)dkd�

af
jm�

de
il �

ef∗
lm �bc +

1
6
−
(ijab)dlc�

ad
jm�

be
ln�

de∗
mn �ik
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+ 1
6
−
(ijab)dld�

ad
lm�

be
jn�

ce∗
mn �ik +

1
6
−
(ab)dld�

af
ij �

de
lm�

ef∗
km �bc +

1
4
−
(ij)dld�

ab
il �

de
mn�

ce∗
mn �jk

+ 1
2
−
(ijab)dad�

de
il �

e∗
l �bc�jk +

1
2
−
(ijab)dli�

bd
lm�

d∗
m �ac�jk + −

(ijab)ded�
ad
il �

e∗
l �bc�jk

+ −
(ijab)dlm�

ad
jl �

d∗
m �bc�ik

+ 1
2
−
(ijab)ded�

adf
ilm �

ef∗
lm �bc�jk +

1
2
−
(ijab)dlm�

ade
jln �

de∗
mn �bc�ik +

1
8
−
(ijab)dad�

def
ilm �

ef∗
lm �bc�jk

+ 1
8
−
(ijab)dli�

bde
lmn�

de∗
mn �ac�jk

+ 1
12

−
(ijab)dld�

af
mn�

de
il �

ef∗
mn �bc�jk +

1
6
−
(ijab)dld�

ad
mn�

ef
il �

ef∗
mn �bc�jk

+ 1
3
−
(ijab)dld�

ad
in �

ef
lm�

ef∗
mn �bc�jk +

1
3
−
(ijab)dld�

af
il �

de
mn�

ef∗
mn �bc�jk

+ 1
12

−
(ijab)dld�

ad
ln �

ef
jm�

ef∗
mn �bc�ik +

1
6
−
(ijab)dld�

af
in �

de
lm�

ef∗
mn �bc�jk

+ 2
3
−
(ijab)dld�

af
ln �

de
jm�

ef∗
mn �bc�ik

PP-UCC4 state-to-state density, doubles/doubles:

⟨Φab
ij |D̄|Φ

cd
kl ⟩ =

1
2
−
(ijab)dae�

be
im�

cd∗
km �jl +

1
2
−
(ijab)dae�

be
jm�

cd∗
lm �ik +

1
2
−
(ab)dae�

ef
ij �

df∗
kl �bc

+ 1
2
−
(ab)dbe�

ef
ij �

cf∗
kl �ad +

1
2
−
(ij)dkm�

ab
in �

cd∗
mn �jl +

1
2
−
(ab)dkm�

ae
ij �

de∗
lm �bc

+ 1
2
−
(ab)dkm�

be
ij �

ce∗
lm �ad +

1
2
−
(ij)dlm�

ab
jn�

cd∗
mn �ik +

1
2
−
(ab)dlm�

ae
ij �

ce∗
km �bd

+ 1
2
−
(ab)dlm�

be
ij �

de∗
km �ac +

1
2
−
(ij)dec�

ab
im�

de∗
km �jl +

1
2
−
(ij)dec�

ab
jm�

de∗
lm �ik

+ 1
2
−
(ab)dec�

bf
ij �

ef∗
kl �ad +

1
2
−
(ij)ded�

ab
im�

ce∗
lm �jk +

1
2
−
(ij)ded�

ab
jm�

ce∗
km �il

+ 1
2
−
(ab)ded�

af
ij �

ef∗
kl �bc +

1
2
−
(ij)dmi�

ab
mn�

cd∗
kn �jl +

1
2
−
(ijab)dmi�

ae
jm�

de∗
kl �bc

+ 1
2
−
(ijab)dmi�

be
jm�

ce∗
kl �ad +

1
2
−
(ij)dmj�

ab
mn�

cd∗
ln �ik + −

(ab)dfe�
ae
ij �

df∗
kl �bc

+ −
(ab)dfe�

be
ij �

cf∗
kl �ad + −

(ij)dmn�
ab
im�

cd∗
kn �jl + −

(ij)dmn�
ab
jm�

cd∗
ln �ik

+ −
(ijab)dac�bd�ik�jl + −

(ijab)dad�bc�il�jk + −
(ijab)dki�ad�bc�jl
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+ −
(ijab)dli�ac�bd�jk

+ 1
4
−
(ijab)dae�

be
mn�

cd∗
mn �il�jk +

1
4
−
(ab)dkm�

ef
ij �

ef∗
lm �ac�bd +

1
4
−
(ab)dlm�

ef
ij �

ef∗
km �ad�bc

+ 1
4
−
(ij)dec�

ab
mn�

de∗
mn �il�jk +

1
4
−
(ij)ded�

ab
mn�

ce∗
mn �ik�jl +

1
4
−
(ijab)dmi�

ef
jm�

ef∗
kl �ac�bd

+ 1
2
−
(ijab)dae�

ef
im�

cf∗
km �bd�jl +

1
2
−
(ijab)dae�

ef
im�

df∗
lm �bc�jk +

1
2
−
(ijab)dae�

ef
jm�

cf∗
lm �bd�ik

+ 1
2
−
(ijab)dae�

ef
jm�

df∗
km �bc�il +

1
2
−
(ijab)dkm�

ae
in �

de∗
mn �bc�jl +

1
2
−
(ijab)dkm�

ae
jn�

ce∗
mn �bd�il

+ 1
2
−
(ijab)dlm�

ae
in �

ce∗
mn �bd�jk +

1
2
−
(ijab)dlm�

ae
jn�

de∗
mn �bc�ik +

1
2
−
(ijab)dec�

af
im �

ef∗
km �bd�jl

+ 1
2
−
(ijab)dec�

af
jm�

ef∗
lm �bd�ik +

1
2
−
(ijab)ded�

af
im �

ef∗
lm �bc�jk +

1
2
−
(ijab)ded�

af
jm�

ef∗
km �bc�il

+ 1
2
−
(ijab)dmi�

ae
mn�

ce∗
ln �bd�jk +

1
2
−
(ijab)dmi�

ae
mn�

de∗
kn �bc�jl +

1
2
−
(ijab)dmi�

be
mn�

ce∗
kn �ad�jl

+ 1
2
−
(ijab)dmi�

be
mn�

de∗
ln �ac�jk + −

(ijab)dfe�
ae
im�

cf∗
km �bd�jl + −

(ijab)dfe�
ae
im�

df∗
lm �bc�jk

+ −
(ijab)dfe�

ae
jm�

cf∗
lm �bd�ik + −

(ijab)dfe�
ae
jm�

df∗
km �bc�il + −

(ab)dfe�
eg
ij �

fg∗
kl �ac�bd

+ −
(ij)dmn�

ab
mo�

cd∗
no �il�jk + −

(ijab)dmn�
ae
im�

ce∗
ln �bd�jk + −

(ijab)dmn�
ae
im�

de∗
kn �bc�jl

+ −
(ijab)dmn�

ae
jm�

ce∗
kn �bd�il + −

(ijab)dmn�
ae
jm�

de∗
ln �bc�ik

+ −
(ijab)dam�

c∗
m �bd�il�jk + −

(ijab)dam�
d∗
m �bc�ik�jl + −

(ijab)dei�
e∗
k �ad�bc�jl

+ −
(ijab)dei�

e∗
l �ac�bd�jk

+ −
(ijab)dke�

e
i �ad�bc�jl + −

(ijab)dle�
e
i �ac�bd�jk + −

(ijab)dmc�
a
m�bd�il�jk

+ −
(ijab)dmd�

a
m�bc�ik�jl

+ 1
4
−
(ijab)dae�

ef
mn�

cf∗
mn �bd�il�jk +

1
4
−
(ijab)dae�

ef
mn�

df∗
mn �bc�ik�jl

+ 1
4
−
(ijab)dkm�

ef
in �

ef∗
mn �ac�bd�jl +

1
4
−
(ijab)dlm�

ef
in �

ef∗
mn �ad�bc�jk

+ 1
4
−
(ijab)dec�

af
mn�

ef∗
mn �bd�il�jk +

1
4
−
(ijab)ded�

af
mn�

ef∗
mn �bc�ik�jl

+ 1
4
−
(ijab)dmi�

ef
mn�

ef∗
kn �ac�bd�jl +

1
4
−
(ijab)dmi�

ef
mn�

ef∗
ln �ad�bc�jk

+ 1
2
−
(ijab)dfe�

ae
mn�

cf∗
mn �bd�il�jk +

1
2
−
(ijab)dfe�

ae
mn�

df∗
mn �bc�ik�jl

+ 1
2
−
(ijab)dmn�

ef
im�

ef∗
kn �ac�bd�jl +

1
2
−
(ijab)dmn�

ef
im�

ef∗
ln �ad�bc�jk
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+ −
(ijab)dfe�

eg
im�

fg∗
km �ad�bc�jl + −

(ijab)dfe�
eg
im�

fg∗
lm �ac�bd�jk

+ −
(ijab)dmn�

ae
mo�

ce∗
no �bd�ik�jl + −

(ijab)dmn�
ae
mo�

de∗
no �bc�il�jk

+ −
(ijab)dem�

e∗
m �ac�bd�ik�jl

+ −
(ijab)dme�

e
m�ac�bd�ik�jl

+ 1
2
−
(ijab)dfe�

eg
mn�

fg∗
mn �ac�bd�ik�jl +

1
2
−
(ijab)dmn�

ef
mo�

ef∗
no �ac�bd�il�jk

PP-UCC4 state-to-state density, doubles/triples:

⟨Φab
ij |D̄|Φ

cde
klm⟩ =

−
(klm)dan�

cd∗
kn �be�im�jl + −

(klm)dan�
ce∗
kn �bd�il�jm + −

(klm)dan�
de∗
kn �bc�im�jl

+ −
(klm)dbn�

cd∗
kn �ae�il�jm + −

(klm)dbn�
ce∗
kn �ad�im�jl + −

(klm)dbn�
de∗
kn �ac�il�jm

+ −
(cde)dfi�

cf∗
kl �ae�bd�jm + −

(cde)dfi�
cf∗
km �ad�be�jl + −

(cde)dfi�
cf∗
lm �ae�bd�jk

+ −
(cde)dfj�

cf∗
kl �ad�be�im + −

(cde)dfj�
cf∗
km �ae�bd�il + −

(cde)dfj�
cf∗
lm �ad�be�ik

+ −
(klmcde)dkc�ad�be�il�jm

+ −
(klmcde)dfn�

cf∗
kn �ad�be�il�jm

PP-UCC4 state-to-state density, triples/singles:

⟨Φabc
ijk |D̄|Φ

d
l ⟩ =

−
(ab)dle�

ace
ijk �bd + −

(ij)dmd�
abc
ikm�jl − dle�

abe
ijk �cd

− dmd�abcijm�kl

+ −
(abc)dae�

be
ik�cd�jl + −

(abc)dae�
ce
ij �bd�kl + −

(abc)dae�
ce
jk�bd�il

+ −
(ijk)dmi�

ab
jm�cd�kl + −

(ijk)dmi�
ac
km�bd�jl + −

(ijk)dmi�
bc
jm�ad�kl
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+ dme�abeijm�cd�kl + −
(ij)dme�

abe
jkm�cd�il + −

(ijab)dme�
ace
ikm�bd�jl

+ −
(ab)dme�

bce
ijm�ad�kl

PP-UCC4 state-to-state density, triples/doubles:

⟨Φabc
ijk |D̄|Φ

de
lm⟩ =

−
(ijkabc)dai�bd�ce�jl�km

+ −
(abc)dlf�

af
ij �be�cd�km + −

(abc)dlf�
af
ik �bd�ce�jm + −

(abc)dlf�
af
jk �be�cd�im

+ −
(abc)dmf�

af
ij �bd�ce�kl + −

(abc)dmf�
af
ik �be�cd�jl + −

(abc)dmf�
af
jk �bd�ce�il

+ −
(ijk)dnd�

ab
in �ce�jm�kl + −

(ijk)dnd�
ac
in �be�jl�km + −

(ijk)dnd�
bc
in �ae�jm�kl

+ −
(ijk)dne�

ab
in �cd�jl�km + −

(ijk)dne�
ac
in �bd�jm�kl + −

(ijk)dne�
bc
in �ad�jl�km

+ −
(ijkabc)dnf�

af
in �bd�ce�jl�km

PP-UCC4 state-to-state density, triples/triples:

⟨Φabc
ijk |D̄|Φ

def
lmn ⟩ =

−
(ijkabc)dad�be�cf�il�jm�kn + −

(ijkabc)dae�bd�cf�il�jn�km + −
(ijkabc)daf�bd�ce�il�jm�kn

+ −
(ijkabc)dli�ad�be�cf�jn�km + −

(ijkabc)dmi�ad�be�cf�jl�kn + −
(ijkabc)dni�ad�be�cf�jm�kl
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