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Zusammenfassung:

Die adaptiveOptik (AO) ALFA, dievomMax-Planck-Institutfür AstronomieamCalarAlto Observatoriumbe-
triebenwird, stehtseiteinigenJahrenfür astronomischeBeobachtungenzurVerfügung.Die wissenschaftliche
Verwendungvon mit Hilfe diesesInstrumentsgewonnenenAufnahmen,wird, wie auchbei anderenAO Sys-
temen,durchorts-undzeitabḧangigeVariationenderPunktverbreiterungsfunktion (PSF)erschwert.Aufgrund
anisoplanatischerEffekteund/oderÜberbelichtungdesLeitsternsist esi.a. nicht möglich, Informationenüber
die PSFausAufnahmenzu entnehmen.Daherist eswünschenswert,unabḧangigeScḧatzungender PSFan
jederStelledesSichtfeldesdurchf̈uhrenzukönnen.
DieseScḧatzungenkönnenausMessungenvonALFAsWellenfrontsensor(WFS)gewonnenwerden.Zudiesem
Zweckwar esnotwendig,einenvorhandenenAlgorithmus,der für Curvature-Sensorenentwickelt wurde,für
den in ALFA verwendetenShack-HartmannSensorzu adaptieren.DieserAlgorithmus wurde dannmittels
SimulationenhinsichtlichLeistungundAnwendungsm̈oglichkeitengetestet.
Abhängigvon der Helligkeit desLeitsternsund der gewähltenRegelkreisfrequenzsind WFS-Signaleunter-
schiedlichverrauscht.Um zufriedenstellendeErgebnissemit demPSF-Scḧatzalgorithmuszu erzielen,muss
diesesRauschenverlässlichbestimmtwerden.Für ALFA ist dieseBestimmungnur indirekt durchZeitreihen-
analyseder WFS-Signalemöglich. In diesemRahmenwird eineneueScḧatzmethodevorgeschlagen,die im
Fall dunklerLeitsterneundniedrigerRegelkreisfrequenzensehrguteErgebnisseermöglicht.
PSFScḧatzungenabseitsderKorrekturachseerforderndie KenntnisdervertikalenTurbulenzverteilungin der
Atmospḧare. Daherwurdensimultanzu Beobachtungenmit ALFA Messungenmit einemSCIDAR-System
durchgef̈uhrt. DieseMessungendientenzudemder Überpr̈ufungvon WertenatmospḧarischerParameter, die
ausWFS-Signalensowie Sternaufnahmengewonnenwurden.
Der abschließendeVergleichvon ausAufnahmenentnommenenPSFsmit denentsprechenScḧatzungenergab
in allen Fällen guteÜbereinstimmung.Zudemergabsich eineerheblicheVerbesserungder photometrischen
Genauigkeit beiVerwendungeinerlokal gescḧatztenPSFgegen̈uberderLeitstern-PSF.

Abstract:

TheALFA adaptiveoptics(AO) system,operatedby theMax-Planck-Institutfür Astronomieat theCalarAlto
Observatory, hasbeenavailableasastandardfacility instrumentfor someyearsnow. As with otherAO systems,
however, thescienti�c useof observationswith this instrumentis complicatedby the time- andspace-variant
natureof the systempoint spreadfunction (PSF).Generally, the PSFinformationcannotbe taken from the
imagesdueto anisoplanacy and/oroverexposureof theguidestar. It is thereforehighly desirableto obtainan
independentestimateof thePSFat eachpositionin the�eld of view.
This estimatecanbederivedfrom thewavefrontsensor(WFS)signalsof theALFA system.It wasnecessary
to adaptan existing algorithmdevelopedfor curvaturesensorsto the Shack-Hartmannsensor(SHS)usedon
ALFA. Thepracticabilityandperformanceof this algorithmwasthentestedusingsimulationsof atmospheric
turbulence.
WFSsignalsareaffectedby noise,dependingon thebrightnessof theguidestaraswell astheselectedloop
frequency; thisnoisehasto bereliablydeterminedin orderto obtainsatisfactoryresultsfrom thePSFestimation
process.With ALFA, noiseestimationis only possibleindirectlyby time-seriesanalysisof theWFSsignals.A
new methodis proposedthatdeliverssuperiorresultsfor faintguidestarsandlow loop frequencies.
PSFestimationawayfrom theguidestarrequiresknowledgeof theverticalturbulencepro�le of theatmosphere.
Hence,SCIDAR measurementswerecarriedout alongsideAO observations.Thesemeasurementsalsoserved
to cross-checkestimatesof atmosphericparametersgainedfrom WFSsignalsaswell asimages.
Finally, on-andoff-axisPSFsextractedfrom imageswerecomparedto theirestimatedcounterparts,with good
agreementfoundin all cases.Additionally, it couldbeshownthatthephotometricaccuracy is stronglyimproved
by usinga locally estimatedPSFascomparedto theguidestarPSF.
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Chapter 1

Intr oduction

The last decadehasseena growing numberof observatoriesbeingequippedwith Adaptive Optics
(AO), a techniqueto correctfor thedegradationof astronomicalimagingby theearth's atmosphere.
Thefactthattheperformanceof telescopeswasnotonly restrictedby shortfalls in themanufacturing
of mirrorsandlensesor alignmentaccuracy, but also,andstronglyso,by themovementsof theair
wasnotedasearlyas1704in Newton's Opticks.
Sincetheinventionof thetelescope,thereweretwo maindesiresof theastronomersusingthatinstru-
ment: to “go deeper”,meaningto beableto seeever fainterobjectsin theuniverse,andto “resolve
higher”, in orderto study�ner and�ner detailsof thecelestialbodies.Bothof thesegoalsaresubject
to limitations dueto atmosphericturbulence. For all of the improvementsof astronomicalobserva-
tions,beginningwith photographicplatesupto themodernelectronicdetectorslikeCCDsandAPDs,
themaximumspatialresolutionevenof the latest8 m classtelescopesis not higherthanthatof am-
bitiousamateurequipmentwith aperturediametersof sometensof centimeters.The reasonfor this
is thattheresolvingpower of telescopesis seeing-ratherthandiffractionlimited, i.e. determinednot
by theopticalpropertiesof the instrumentbut by thatof theatmosphere.Sensitivity is alsoaffected
andtheconsequencesaredramatic:while thetime to reacha givensignal-to-noiseratio (SNR)on a
speci�c objectwould fall with the4th power of theaperturediameterin thediffraction limited case,
it only falls with the 2nd power underseeingconditions. So, the stepfrom 3m to 10m classtele-
scopescould reducethe necessaryintegrationtimesby a factorof 100, while underreal conditions
theperformancegainis moreabouta factorof 10.
Thereare two ways to overcomethe restrictionsof observingthroughthe atmosphere:either by
avoiding it altogetherby putting instrumentsin spaceor correctingfor its degradingeffectswhile
observingfrom theground.
Thesuccessof theHubbleSpaceTelescope(HST) hasshown thepromisesof observingfrom space.
Not only did it reachtheimagingqualityallowedby its optics,but it alsobene�tedfrom theabsenceof
othercomplicationsof ground-basedastronomy:notablythemissingof sky backgroundnoiseaswell
asatmosphericemissionandabsorptionlines in spectroscopy. The downsideof HST's tremendous
achievements,however, lies in its price;developmentandlaunchalonesummedup to about3 billion
USdollars,andits shareonNASA'sbudgetfor maintenancemissionsandthenecessaryinfrastructure
is alsosubstantial.For this reason,spacetelescopesoffer only apartial,if very important,solutionto
theproblemsimposedby imagingthroughtheatmosphere.
This leaves the option to improve ground-basedobservationsby techniquesthat correctfor atmo-
sphericdistortions.Speckle imaging solvesthe resolutionproblembut wreakshavoc on sensitivity;
theveryshortexposuretimes(severalmillisecondsin thevisual)dictatedby thismethodincreaseboth
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2 CHAPTER1. INTRODUCTION

measurementandphotonnoise,thuslimiting its applicabilityto objectsbrighterthan11thmagnitude.
Additionally, diffractionlimited imagesareonly deliveredthroughpost-processing,renderingspeckle
imagingunsuitablefor spectroscopy.
Themethodof choiceis thereforeAO, thatactively andin real-timecompensatesfor wavefrontdis-
tortionsimposedby the atmosphere.Its basicprinciple is themeasurementof phaseaberrationson
a referencesourcewhich are subsequentlycompensatedby a deformablemirror, with the goal to
keepthoseaberrationsassmallaspossible.Today, AO canberegardedasa maturetechnologyand
consequentlyis partof theinstrumentpoolof every recentobservatory.

A short history of adaptive optics

Theconceptof adaptiveopticswas�rst describedin the1950sby Babcock(1953);hisaccountalready
containedall theelementsof amodernAO system,i.e. wavefrontsensor, phasecorrectorandacontrol
system.Dueto thetechnicallimitations,mainly in sensorandcomputertechnology, thesystemwas
not suf�ciently successful.Hence,thefollowing decadesconcentratedon imagemovement(tip-tilt)
correctiononly, which is mucheasierto achieve. Beginning in the middle of the 1970s,however,
interestin the �eld grew again,albeit not for astronomicalbut military applications;sinceit was
mostlyclassi�ed,muchof theresearchdid not reachthescienti�c community.
An Frenchgroup independentlydevelopedan AO systemfor the Observatoire d'Haute Provence,
which employed a Shack-Hartmannsensoranda deformablemirror with 19 actuators(COME-ON,
(Roussetet al., 1990)). Thesamesystemwaslaterupgradedandinstalledat ESO's 3.6mtelescope
at La Silla, Chile, whereit �nally becamethe �rst AO userinstrumentunderthenameof ADONIS
(Beuzitetal.,1994).Meanwhile,adifferentgroupdevelopedanew sensortype,thecurvaturesensor,
alongwith anew kind of deformablemirror, thebi-morphmirror, whichwasinstalledat theCanada-
France-Hawaii telescope(CFHT)andafterseveralupgradesevolvedinto thePUEOsystem(Roddier,
1988).
Thesuccessof theseearlyAO systemspromptedotherobservatoriesto developsimilaronesfor other
3-4mclasstelescopes,like Mt. Wilson, the Italian TelescopioNazionaleGalilei on La Palmaor the
William Herscheltelescope.Of thesefollow up systems,ALFA wasthe�rst to go into operation;it
additionallyuseda laserguidestar(LGS) with varyingsuccess,thathasnow beendecommissioned
in orderto freeup resourcesfor LGSprojectsat largertelescopes.
All of theAO systemsmentionedabove wereableto rival the infraredresolutionof theHST under
goodseeingconditions;recently, AO entereda new stageby obtainingimagessurpassingHST in
imagequalitywith thenewly installedNACOatESO'sVLT(Brandneretal.,2002).SeveralotherAO
projectsfor 8m classtelescopesarecurrentlyunderdevelopmentor actualdeploymentandpromise
to reachunprecedentedimagequality (e.g.GEMINI, SUBARU etc.).

Curr ent tr endsin adaptive optics

With all thesuccessof AO correctionof astronomicalimaging,therearetwo drawbackswhich have
to beaddressedfor furtherdevelopment:the�rst is sky coverage,thesecondanisoplanacy.
EveryAO systemneedsaguidestarasa beaconfor thecorrectionof distortedwavefronts.Since,for
goodcorrectionquality, ahightemporalsamplingis neededwith all wavefrontsensortypes,theguide
starhasto bebrightenough,i.e. hasto deliverahighenoughphoton�ux, to makesuchmeasurements
feasible.Evenundermostfavorableconditionsa starof at least16thmagnitudeis neededfor nearly
all AO systems.
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Due to thesecondproblem,anisoplanacy, thecorrected�eld of view (FOV) for an AO is limited to
severalarcseconds,whichmeansthatthebrightstarhasto beverycloseto aninterestingastronomical
object(seealsonext section).In consequence,systemsusingnaturalguidestarsascorrectivebeacons
arelimited to asky coverageof a few percentonly.
Theproblemof guidestarscanin principlebedealtwith by usinganarti�cial beacon,projectedby
a powerful laserinto thesodiumlayerat a heightof approximately90km. Thereare,however, some
dif�culties connectedwith theuseof laserguidestars,anaccountof whichcanbefoundin Ageorges
andDainty (2000).
While laserguide starsarehelping to overcomethe lack of suitablestarsfor AO correction,they
do net help in eliminatinganisoplanacy; but, sincethis problemis a consequenceof the exclusive
correctionof aberrationsin thetelescopepupil, it canbetackledby extendingtherangeof correction
to layersabove the aperture.This techniqueis known asmulti-conjugateAO (MCAO), aiming to
measureandcompensateaberrationsoriginatingin variousheightsof theatmosphere.Therearetwo
mainapproachesfor the technicalimplementation,atmospherictomography(Tallon andFoy, 1990)
andlayer-orientedMCAO (Diolaiti etal.,2001);while tomographyrequiresseveralbrightguidestars
andthusmostprobablya costly lasersystem,layer-orientedMCAO promisesto reachvery high sky
coverageusingonly naturalbeacons(Ragazzoniet al., 2002). As of today, however, no operational
MCAO systemexists,sothis interestingtechniquestill hasto prove its potentialat a telescope.

ALFA

Theadaptive opticssystemALFA (Adaptive Opticswith a Laserfor Astronomy)is operatedby the
Max-Planck-Institutfür Astronomie(MPIA) at its 3.5mtelescopelocatedat CalarAlto in Spain. It
wasinstalledat the telescopein 1996andafter several upgradesis usedfor scienti�c observations
since1998. Its featuresincludea 97 actuatorcontinuousfacedeformablemirror andremotelyex-
changeablelensletarraysfor its Shack-Hartmannsensor. Originally, a LGS waspart of ALFAs de-
sign,operatingwith varyingsuccess(Rabienetal.,2000),but thiscomponentwasputoutof operation
in 2000in favor of a laserfor VLTsCONICA system.
From1998to 2000a numberof very successfulimprovementswereintroducedinto thesystem:the
useof Karhunen-Loeve insteadof Zernikemodesfor measurementandcorrection,moreaccuratecen-
troidingalgorithmsfor theShack-Hartmannsensorandthekeystonedesignlensletarrayconsiderably
increasedaveragecorrectionStrehlratiosaswell asloopstability(Kasperetal.,2000a).Today, ALFA
is capableto usestarswith visualmagnitudesasfaint as �����

���

asguidestarsandstill deliver K-
BandStrehlratiosof 10-20%nearthediffractionlimit. Usingguidestarsbrighterthan ���	��
 , the
Strehlratio regularlyexceeds50%undergoodseeingconditions.
With thetechnicalperformancegoalreached,attentionwasturningto thereductionandinterpretation
of scienti�c dataobtainedwith ALFA correction.

Why PSFreconstructionis needed- an intr oductory example

As alreadymentioned,thesuccessof AO comesat a price. In uncorrected,i.e. seeinglimited obser-
vations,theimagingpropertiesof theopticalsystemaremoreor lessthesameover thewhole�eld of
view; in long-exposureimaging,if aberrationsoccur, they arestaticandmostlyknown . In thatsense,
thetelescopeis isoplanatic. With anAO system,however, thepoint spreadfunction(PSF)is neither
time- nor space-invariant. While time dependenceis not dramaticandcomparableto thatof an un-
correctedsystem,thespace-varianceis a fundamentaldifference;it is causedby thedifferentviewing
directionsof theAO system(at theguidestar)andthescienceobject(mostlynot coincidentwith the
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Figure1.1: Long-exposure image of a simulatedstar �eld correctedby an adaptiveopticssystem,grayscale
is invertedfor bettervisibility. Horizontalandvertical distancesbetweenstars are 4 arcseconds(top). Same
imagedeconvolvedwith theguidestarPSF(bottom).
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Figure1.2: Resultof aperturephotometryondeconvolvedimage.

guidestar). Imagingwith a single-layerAO systemis thereforeanisoplanatic. Of course,even the
off-axisperformanceof AO correctionis betterthanseeing-limitedimaging,but many of thedatare-
ductiontechniquesthatrely onspace-invarianceof thePSFhave to beusedwith careonAO corrected
images.To illustratethis, a simulationon a very convenientdiamondshapedstar-�eld wascarried
out (detailson theparametersusedcanbefound in Chapter2.3). Figure1.1 shows a long-exposure
imageof this simulation;correctionwasdonewith measurementson therightmoststar. Two effects
areclearlyvisible: with increasingdistanceto theguidestar, correctionquality dropsandthePSFs
arelargerthanthediffractionlimit; additionally, theoff-(correction)-axis PSFsareall elongatedin the
directionof theguidestar. Now, e.g.,if anestimateof therelative brightnessof thestarsis desired,
photometryhasto bedone.Therearebasicallytwo waysto accomplishthis: eitherPSFor aperture
photometry. The�rst of theseassumesthat thesystemPSFis known within a givenaccuracy, while
thesecondcollects�ux within anapertureof givensizecenteredon a star. Obviously, bothmethods
rely on aconstantPSF, or at leastaPSFwith aconstantsize.
In orderto show theconsequencesof “naive” applicationof thesetechniquesto anAO compensated
image,theresultof thesimulationwas�rst deconvolvedusingtheCLEAN algorithm(Högbom,1974)
andtheguidestarPSF. Theresultof this deconvolution is shown in thebottomimageof �gure 1.11.
While obviously someimprovementhasbeenreached,indicatedby thehighercontrastandsmaller
halo of even the mostdistantstars,both the elongationandthe increasingPSFsizearestill clearly
visible. Now, aperturephotometryis performedon theCLEANedimage,with theaperturesizebeing
adaptedto the guidestar PSF, i.e. the instrumentresolution. All starsin the simulationhave the
samebrightness,but, as�gure 1.2shows,photometrydeliversacompletelydifferentresult,with �ux
estimatesrelative to theguidestardroppingto 10%of theactualvalueatadistanceof 16”. Although
thissimulationexaggeratesabit, sincethechosenatmosphericconditionsarecomparatively bad(see

1Thebrightercircularareasaroundthestarsarea consequenceof theCLEAN algorithm.
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chapter2.3), it clari�es the pitfalls of unre�ectedapplicationof standardphotometrictechniquesto
AO assistedimaging.
It shouldbenotedthatanisoplanacy is not theonly reasonfor theneedto reconstructthesystemPSF.
A commonsituationis that theobjectof interestlies within theisoplanaticpatchbut is muchfainter
than the guidestar; in order to achieve a goodSNR on the sciencegoal, the guidestar hasto be
heavily overexposed,renderinguselessthePSFobtainedfrom its image.Similarly, if thebeaconused
for correctionis not a point sourcebut anextendedobject(e.g. a LGS,anasteroidetc.),its imageis
by de�nition notaPSF.

Goal of this work

The goal of this work is to �nd a way to reconstructthe on- andoff-axis PSFof the ALFA system
from wave front sensorsignals. For on-axisreconstruction,an algorithmwasintroducedby Veran
et al. (1997)for the PUEOAO at CFHT, usinga curvaturewave-front sensor. For several reasons
(mostnotablynoiseestimation),thisalgorithmhasto bemodi�ed beforebeingapplicableto aShack-
Hartmanntypesystem.Additionally, off-axisreconstructionrequiresknowledgeof thedistributionof
turbulencethroughouttheatmosphere,measuredsimultaneouslywith AO observations.



Chapter 2

Turbulenceand AdaptiveOptics

Atmosphericturbulenceis themainsourceof resolutionlimitationsof ground-basedopticalandin-
fraredastronomy. Adaptive opticshasbeendevisedasa meansto overcometheselimitations and
served this purposewith increasingsuccessover the lastdecades;however, to useAO enhancedim-
agesfor scienti�c ends,a fair knowledgeof thepropertiesof theusedopticalsystemis mandatory. As
thesepropertiesareneitherspace-nor time-invariantfor AO systems,this is anon-trivial task.
This chapterwill introducethe theoreticalconceptsnecessaryto obtaina goodestimationof anAO
system'sopticalproperties,dependingoncontrollable(AOsystem)andnon-controllable(atmospheric
turbulence)parameters.
We startwith a short review of Kolmogorov's theoryof turbulenceand its effectson astronomical
imaging. Somedetailwill begivenon the�rst andsecondorderperturbations,i.e. phasevariations
andscintillation respectively, causedby the atmosphere.In this context the conceptof SCIDAR, a
meansto measurethedistribution of atmosphericturbulence,will alsobediscussed.
Thenext sectiondealswith thegeneralprincipleandthesetupof atypicalAO system.Althoughother
typesof sensorswill bementioned,thediscussionconcentratesonShack-Hartmanntypesystemswith
amodalcorrectionapproach,sinceALFA follows thisdesign.
Section2.3reviews thefoundationsof on-axis(i.e. guidestar)PSFreconstructionby introducingand
examiningtheopticaltransferfunctioncomponentscontributing to a long-exposureimageof apoint-
like source.Sincetheseconceptswereoriginally conceived for a curvaturesensortype AO system
(Veranet al., 1997),somedifferencesandproblemsareto be taken into account.This schemewill
thenbeextendedto off-axisPSFreconstruction.
Finally, theexamplepresentedin the introductionwill be tackledwith the instrumentsdevelopedin
theprecedingsections,in orderto show theimprovementspossiblewith aknown PSF.

2.1 Effectsof Turbulenceon Astronomical Imaging

This sectionstartswith a review of Kolmogorov's theoryof turbulenceasappliedto theatmosphere.
Themostimportanteffectsof turbulenceon wavefrontsincidenton theearth's atmospherearevari-
ationsin phasedue to refractive index �uctuations in turbulent layersand amplitudemodulations
originatingin diffraction at theselayers. A very goodandcompleteintroductionto theseproblems
canbe foundin RoggemannandWelsh(1996),a morecompactonein thesecondchapterof Hardy
(1998).
Both phaseandamplitudemodi�cations causedby turbulencewill be examinedin separatesubsec-
tions, with the amplitudesubsectionextendedby a descriptionof a methodto measurethe vertical

7



8 CHAPTER2. TURBULENCEAND ADAPTIVE OPTICS

structureof atmosphericturbulence.

2.1.1 Atmospheric Turbulence

Theearth's atmosphereis asystemfar from equilibrium.Thediurnalcycleaswell aslocalvariations
suchascloud cover, large bodiesof wateretc. causedifferencesof the local energy input, which
give rise to bulk motionsof air. Insidelarge low or high pressuresystemsthis �o w of air is mainly
concentratedin horizontallayers. If theReynoldsnumberof these�o ws, de�ned as ��� ��� ��� ���
	��

(with � � thecharacteristiclengthof the�o w, � � its characteristicvelocityandthekinematicviscosity
	
� ), is higherthanone,turbulencewill occur. With � � beingtypically in therangeof

�����	���
�

m, � �

around�

� �

� m/sandthe 	�� of air givenby
�������

, ��� is usuallyabout
�����

, soturbulencein air�o w
is therule ratherthantheexception.

TurbulenceModels

Kolmogorov developeda simple model for turbulencethat describesthe distribution of energy in
structures(eddies)of different sizesby a power law (Pope,2000). It is basedon the assumption
thatenergy is transferredfrom largeto ever smallervortexesuntil thecharacteristicscaleof thevery
smallestonesreachesasizethatletstheReynoldsnumberdropto thelaminarregimewhereenergy is
�nally dissipated.Accordingto Kolmogorov thedistribution of energy in theturbulentstructurescan

Figure2.1: Kolmogorov (solid) andvonKarman(dotted)turbulenceenergy spectra. Thevertical linesshow
thelimits of theouterandinnerscale.

bedescribedby apower law in spatialfrequency space,
�

���

�

�

���

�

�

�

��� �"!#�
$

(2.1)

with thespatialwavenumber�

� . Obviously this equationis only valid in thecaseof isotropicturbu-
lence,generallya sensibleassumptionfor the free atmosphere.A moreimportantrestrictionis the
valid rangeof thisenergy spectrum,theso-calledinertial range, betweenanouterscale� � thatgives
thesizeof thelargeststructureandtheinnerscale% � whereturbulentmovement�nally breaksdown.
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Theouterscaleusuallyis ontheorderof metersnearthegroundupto severaltensof metersin thefree
atmosphere,while the innerscalevariesfrom millimetersto centimeters.This situationis indicated
by thedashedlinesin �gure 2.1. Of coursethemodelof a sharpcutoff in energy at bothendsof the
power law is quiteunnatural.To overcomethisproblem,theKolmogorov spectrumhasbeenmodi�ed
in severalways,themostwidely usedmodi�cation beingthevonKarman-spectrum,givenby

�

���

�

�

�

�

�

�

�

���

�

�

�

��� �"!������	�

�

�

�

�

�

�

�

�

�

�

�

�

$

(2.2)

where �

� ��

� � � � and �

� � ��� 
�
�� % � . This spectrumis alsoplottedin �gure 2.1 for thesamesetof
atmosphericparametersastheKolmogorov one.

Index of Refraction Variations and the Structure Function

The variationsin energy andsizeof the turbulent structuresleadto local variationsof temperature
andpressurein a given turbulent layer. But as the index of refractionof air is a function of those
quantities,givenby

�

���

$��

�

� �

�

���

���

�

�

���

���
$

(2.3)

wheretemperature
�

in K andpressure� in hPa, turbulenceaffectsthepropagationof opticalwaves
throughtheatmosphere.Therefractive index is apassive quantitythathasno in�uence on turbulence
itself andit canbeshown (Obukhov, 1949)thatit followsthesamespatialfrequency law astheenergy
distribution; i.e. for theKolmogorov case

�

�

�

�

�

�

�

�

�

�

�

�

�

�����

�

�

�

�

��� �"!��
$

(2.4)

with therefractiveindex structureconstant
� �

� . In calculationsandsimulations,thedivergenceat �

�

�

is very inconvenient.Hence,insteadof equation2.4,thestructurefunctionof phase�uctuations,or
simply phasestructure function, (readilydeduciblefrom index of refraction�uctuationsby Fermat's
principle)is used,givenby (Obukhov, 1949)

���

�

�

�

� � �

�

�

� �

�

�

�

�

� �!� �

�

�

�#"

�$
�� 


���

	

�

�

�

�

�

� !#�&%

�

$

(2.5)

Thisequationgivestheaveragephasedifferencebetweentwo parallelraysof wavenumber	 �$

� ��'

adistance� apartdueto aturbulentlayerwith structureconstant
�

�

� andthickness
%

� .In theso-called
thin layer model,atmosphericturbulenceis regardedasbeingconcentratedin a (small) numberof
layers,usuallya groundanda tropopausiclayer, sometimesextendedby several intermediatelayers.
At astronomicalobservationsites,thismodelis generallya fair approximation(seealsoSection3.3);
in reality however, the atmosphereshouldbe regardedasa continuousturbulent medium,with the
structureconstantde�ned asa functionof height � over thetelescopespupil,

�
�

�

�

�
�

�
���	� .Thus,the

integratedphasedifferencecanbeexpressedas

���

�

�

�

�(
�� 


���

	

�*)

�&+

��, �

-/.

� 0

�

�

�

�
�����

�

� !#�
$

(2.6)

with notationsasgivenabove andtheairmass
)

�&+

��, � insertedto accountfor viewing directionsother
thanvertical.This equationimpliestheintroductionof theFried Parameter�

� (Fried,1965)as

� � �213
�� 


���

	

�
)

�&+

��, �

-
.

�

�

�

�������

0

�54

��� !#�

$

(2.7)
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Figure 2.2: Effectsof turbulenceon image quality for a circular aperture. OTF (left) and PSF (right) of
diffraction limited (solid) andturbulencelimited (slashes)imaging. ������� waschosento be10, resultingin a
Strehl ratio (seetext) of 0.035for theturbulencelimitedcase.

whichallows Equation2.6to berewritten:

���

�

�

�

�(�������
1

�

�

���

� �

4

� !#�

� (2.8)

The Fried parameter��� is a very usefulquantityfor the characterizationof atmosphericturbulence
sinceit hastwo quite intuitive physicalinterpretations:�rst, it givesthesizeof a (circular)aperture
over which the root meansquare(rms) of phaseaberrationsof the incidentwavefront is aboutone
radian;second,it de�nes theminimal diameterof a telescopethat will deliver themaximalangular
resolutionfor the given atmosphericconditions. At an observation wavelengthof 500 nm, �

� is
usuallyin therangeof 5 to 15 cm,muchsmallerthanthetypical sizeof astronomicaltelescopes.So,
in uncorrectedlong-exposureobservations,increasingthediameterof a telescopedoesnot improve
angularresolutionbut only sensitivity by enlarging thegatheringareafor incomingphotons.
With the statisticsof phaseaberrationsknown, the effect of turbulenceon imagequality andtele-
scopeperformancecannow beexamined.Two simpleapproximationsandtheirconsequenceswill be
consideredin thesubsequentsections.

2.1.2 First Order Effects - GeometricalOptics

The�rst orderapproximationof imagingthroughaturbulentatmosphererelieswholly ongeometrical
optics,i.e. thediffractionof incidentwavesby turbulentstructuresis neglected;only thedifferential
retardationof phasebetweenadjacentraysdueto the local differencesin the index of refractionis
takeninto account.For goodobservationsites,thisapproximationalreadydescribesthemajorpartof
imagedegradationsintroducedby theatmosphere.

Optical Transfer Function

The imagingpropertiesof an astronomicaltelescopecanbe fully describedby the optical transfer
function(OTF) of thesystem.In thecaseof imagingthroughturbulencethetotalOTF is describedby
theproductof thetelescopes'OTF

�

���

�

� , which is just theautocorrelationof its pupil function,andan
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atmosphericOTF �

���

�

� , de�ned by (Roddier, 1981)

�

���

�

�

� �

�����

�����

�

���

���

�
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���

�����

�

�

��� �
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�

���	�
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���

���

�

��� (2.9)

ThePSFof thesystemis thengivenby theFouriertransformof theproduct
�

���

�

�

�

���

�

� . Thequantity
�
	

�

�

� in equation2.9 of coursenot only refersto the phasestructurefunction given in equation
2.6 but to any phasestructurefunction that can be de�ned on a telescopepupil. This will be of
further importancewhen looking at partially correctedwavefrontsas producedby adaptive optics
systems.For thetime being,�gure 2.2shows theeffectsof (Kolmogorov) turbulenceon theimaging
performanceof an astronomicaltelescopewith a circular aperture.In this example,the ratio

�

� � �

hasbeenchosento be10. As canbeseen,theOTF dropsto zeromuchfasterthanin thediffraction
limited case,resultingin the �ltering of high spatialfrequencies.The consequenceis that thepeak
intensityof thePSFis considerably�attenedandits FWHM stronglyincreased.It shouldbenotedthat
theseresultsarevalid for long-exposureimagingonly, since,inequation2.9,theensembleaverageof
phaseaberrationrealizationsis given.Short-exposureimagingdependsverymuchon themomentary
con�gurationof thephasein thepupil plane,which leadsto anOTF thatalsotransportshigh spatial
frequency information. This fact is exploited by Speckle imaging techniques(Labeyrie, 1970),see
also�gure 2.4.

Strehl Ratio

Figure 2.2 also serves to introduceanotheruseful quantity to characterizethe performanceof an
imagingsystem:theStrehl ratio (Strehl,1902). It is de�ned by theratio of theactualpeakintensity

�

�
� � to the theoretical(i.e. diffraction limited) peakintensity
�����

of thePSF, � �

�

��� �

�

�����

. If the
aberrationfunction �

���

$��

� of anopticalsystemis given,theStrehlratiocanbecalculatedvia (Hardy,
1998)

� �
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�

�

� (2.10)

A problemof this equationis that the aberrationfunction hasto be known explicitly, whereasin
uncompensatedandcompensatedastronomicalimagingthephase�uctuationsareat bestknown sta-
tistically. Thereforeseveralsimpli�cationsof equation2.10havebeenfound,notablythewidely-used
Marechalapproximationgivenby

�$# �

�

��%'&("*)

$

(2.11)

where �,+ is thestandarddeviation of thephaseover the aperture(Hardy, 1998). The Marechalap-
proximationis valid up to anphasermsof about2 rad. Turbulencedegradedwavefrontsaremostly
well above this limit, hencea simpleexpressionfor thiscaseis notavailable.

Anisoplanacy

Anotherimportantgeometricaleffectof imagingthroughaturbulentatmosphereis angularanisopla-
natism. It is a consequenceof the fact that raysfrom differentviewing directionswill passthrough
differentsectionsof theatmosphere(see�gure 2.3).While in uncompensatedimaginganisoplanacy is
only signi�cant in short-exposureobservations,it is abig problemfor adaptiveoptics.Usingequation
2.6 asa startingpoint andassuming

�

" "

�
� , themean-squareerror � �

�

!

"

dueto anisoplanacy
canbecalculatedby replacing� with � �

�

�

)

�&+

��, � , where
�

asshown in �gure 2.3. Thiscalculation
yields

� �
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Image Plane

Projected Pupil

Upper Layer

Intermediate Layer

Ground Layer

a

Figure2.3: Theorigin of anisoplanacy. Incidentplanewavesfromdirectionsthat are an angle � apart pass
throughdifferentsectionsof turbulentlayersaboveground.

Similar to thede�nition of theFriedparameter, it is possibleto de�ne anangle
�

� as

�

� �

�
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(2.13)

suchthat

� �

�

!

"

�
1

�

�

�

4

� !#�

� (2.14)

�

� is called the isoplanaticangle; its interpretationcorrespondsto that of � � , de�ning the angular
distancebetweentwo sourcesatin�nity for whichthedifferencein phaseaberrationsis approximately
1 rad. In contrastto the Fried Parameter, however, that is only dependenton the total integrated
structurefunction, the isoplanaticangleshows a strongdependency on the vertical structureof the
turbulencepro�le. As one would naively expect, high turbulent layerscontribute strongly, while
layersat or neargroundlevel have virtually no in�uence on the differential error of two incident
wavefronts.
To illustratetheeffectof anisoplanacy onuncorrectedimaging,thesimulationpackageTURBULENZ
(App. A) wasusedto calculateshortandlongexposureimagesof two starsabout12arcsecondsapart;
theappliedturbulencemodelwaschosensuchasto resultin anisoplanaticangleof 8 arcseconds.
Figure 2.4 shows the results: while the short-exposure(speckle)imagesare clearly different, the
overallshapeandsizeof thelong-exposureimagesis aboutthesame.It is alsovisiblethatthespeckle
imagescontainmuchhigherspatialfrequenciesthanthe integratedones;the reasonfor which was
alreadymentionedin section2.1.1.
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Figure2.4: Short(top)andlong-exposure(bottom)imagesof two stars12 arcsecondsapartin turbu-
lentconditionscorrespondingto

�

� � �

� �

.

Temporal Effects

Up to now, the temporalevolution of turbulencewas largely ignored,only ensembleaveragesof
instantaneousrealizationsof phasedisturbanceswereconsidered.Underreal observingconditions,
however, temporaleffectscannotbedisregarded.
Usually thevalidity of theTaylor hypothesisof frozen�o w is assumed,statingthat thestructureof
turbulenceitself is �x edwhile thecorrespondingsectionof the layer is moving throughtheviewing
areaof the telescope.While this is generallya goodapproximationfor smallertelescopesup to a
pupil diameterof four meters,evolution of thesestructuresdoesplay a role for largerobservatories.
For asinglelayermoving at constantspeed�

� theTaylorhypothesiscanbeformally statedby

�

� �

�

$��

�

%��

�

�
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� �
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%���$��

�

$

(2.15)

resultingin a temporalphasestructurefunction
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� (2.16)

Thisequationtranslatestemporalevolution into spatialdistances.Notethatthis introducesanisotropy
into thephasestructurefunction,dependenton thedirectionof wind. If exposuretimesareshort(or
long) enough,however, theseeffectswill be negligible. Long enoughmeansthat any correlations
presenton themediumtime scale(several tensof ms)cancelout in the long-termlimit, while short
enoughcan be quanti�ed by the Greenwoodfrequency��� (Greenwood, 1977), a measureof the
requiredbandwidthfor any attemptto measuresensiblewavefrontaberrations.For a singleturbulent
layer, ��� is givenby ��� �

�

�

� �

� � � � , while for a turbulencedistribution
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with the vertical wind speedpro�le �

�

���	� (Greenwood, 1976). As an example,typical tropopausic
layerconditionswith wind speedson theorderof

�

� � ��� andan � � of �

���

� in theK-Bandresultin
a requiredbandwidthof

�


�� 
 Hz, ademandeasilymetby modernsensorsandcontrolsystems.

2.1.3 SecondOrder Effects - Scintillation and SCIDAR

Although the geometricalapproximationdescribedin the previous sectionalreadyaccountsfor the
majorpartof turbulenceeffectson imagingthroughtheatmosphere,wave diffractiondoesof course
also take place. Its mostprominentin�uence on astronomicalimaging is that of scintillation, the
origin andfeaturesof which will beexplainedin this section.As turbulenceat astronomicalsitesis
generallyquiteweak,theso-calledRytov approximationcanbeused.

The Rytov Approximation

It hasbeenshown quite early (Bergmann,1946) that the assumptionof geometricaloptics is not
suf�cient if propagationpathlengthsarein excessof 	 %

�

�

; then,diffractioneffectsat turbulenteddies
have to betakeninto account.In principleit wouldbenecessaryto solve theMaxwell equation
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(2.18)

for theelectric�eld
�

andthelocaldeviationof theindex of refractionfrom unity, �

� . Droppingthe
lastterm(depolarization)andsubstituting
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Now, � is substitutedby �

�

�

�#�

�

� , where �

� representsthe non-�uctuating component(the
incidentwave) and �

� describes�uctuation dueto turbulence.If �

�

�

�

� is neglectedin comparisonto
�

�

�

��� and �
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in comparisonto 
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� then �

� satis�es
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whichhasasolutiongivenby Fante(1975)
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(2.21)

where
�

� �

�����

���

�

� . This solutionhasa muchwider rangeof applicability thanthe geometrical
one. It hasbeenfound (Gracheva et al., 1970) that if the propagationpath is suchthat the Rytov
variance�

�

�

�

�
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�

	
�

!��

�
�

�

�

� �"!��

is smallerthan0.3, theRytov approximationis excellent. Equation
2.21hasa very simplephysicalinterpretationthatstatesthat theRytov approximationis equivalent
to independentdiffractionof the incidentwave at a seriesof turbulentphasescreens(LeeandHarp,
1969),i.e. inclusionof multiple diffraction is not necessary. A very importantpoint to noteis that
theform of thephasestructurefunctionin equation2.6statisticsis notchangedatall, sincethephase

���	�

����� ���

�

� � is still proportionalto �

� . Theamplitudeof anincidentplanewave,however, which is
constantunderthegeometricalapproximation,is stronglyaffected;a closerlook at theconsequences
will betakenin thesubsequentparagraphs.
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Intensity Fluctuations in an Aperture

Figure2.5shows intensity�uctuationsin animageof theapertureof theCalarAlto
�

��


�

m telescope.
Thebestcharacterizationof these�uctuationscanbefoundby calculatingthecovarianceof theloga-
rithm of theamplitude�uctuationsat two aperturelocations ��

� and ��

� ,
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� is relatedto theintensity�uctuations(Fante,1975)
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For thecaseof anincidentplanewave,
�	�

is givenby (Fante,1975)
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with ��

�

��

�

�

��

� , spatialfrequency � , � asde�nedin equation2.4,and� thedistanceof theturbulence
from theapertureplaneof thetelescope.
Figure2.6 plots theRytov varianceagainstthescin-

Figure2.5: Intensity�uctuations in theaperture
planeof theCalar Alto 1.23mtelescope.

tillation index � � for theRytov theoreticalresultsand
experimentaldata(Fante,1975). The theoreticalre-
sultsfor anin�nitesimally smallapertureareobtained
by calculating�
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� �

usingequa-
tion 2.24. It is obvious that the Rytov approxima-
tion is in excellentagreementwith measurementsfor

�

�

� �

�

while it completelyfails to describethesat-
urationbehavior of scintillationin severeturbulence.
However, astronomicalsitesusuallyarewell below
the upperlimit of validity of the Rytov approxima-
tion (seealsochapter3.3). For completeness'sake it
shouldbe mentionedthat analyticalapproximations
for strongturbulencealsoexist, mostnotablythe Markov approximation(Tatarski,1971),which is
e.g.usedin calculationconcerninghorizontallaserbeampropagation.

Effectson Imaging

Many of therelationspresentedin thepreviousparagraphareonly valid for an in�nitesimally small
aperture.If effectsof scintillationon imagingareconsidered,however, apertureaveraginghasto be
takeninto account.To derive thebrightness�uctuationsof theimageof astarin theimageplaneof a
telescope,onethereforecalculates
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(2.25)

whereintegrationis carriedoutover thepupil � of thetelescope.Apertureaveragingbasicallyresults
in easingthe effect of scintillation, sincelocationswell insidethe aperturedo not contribute to the
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Figure2.6: Scintillation index measured in an in�nitesimal aperture. Rytov approximation(solid) and �t to
measuredvalues(dashed).

integratedbrightness�uctuationsany more.Only pointsnearor at thefringeof thepupil haveconsid-
erablein�uence; thusasigni�cant reductionof themagnitudeof �uctuationsis expectedfor growing
aperturesize,a factmany timesexperimentallycon�rmed (Homstadetal., 1974).
Intensity�uctuationsare,however, not theonly effect of scintillations,a biggerproblemis posedby
their in�uence on thesystemOTF. RoddierandRoddier(1986)showedthatevenif phaseaberrations
causedby turbulenceareperfectlyremoved,aperformancedegradingOTF term
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remains,where� ����� is thenormalized
� �

������� pro�le and
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with �

� the Besselfunction of orderzero. Its overall effect is a limit on the maximumStrehlratio
obtainableby phasecorrection,given by the asymptoticvalue of the scintillation OTF term. For
infraredimaging,this limitation is negligible, in thevisualbandit canbeaslow as0.8.

2.1.4 Measuring
�

�

������� : SCIDAR

The vertical structureof
�

�

� is the determiningfactor for many imagingdistortionscausedby the
turbulent atmosphere.Therefore,it is highly desirableto obtaintime-resolved informationon it, ei-
ther for imagepost-processingpurposesor even for the selectionof sitessuitablefor astronomical
observatories. Although atmosphericsoundingor weatherballoonshave beenusedto this end,an-
othertechniquehasproved its potentialin this importanttask: Scintillation DetectionandRanging



2.1. EFFECTSOFTURBULENCEON ASTRONOMICAL IMAGING 17

Pupil PlanePupil Plane)
Camera (Image of 

S
C

ID
A

R
S

C
ID

A
R

G
en

er
al

iz
ed

gsh (f
T

, f , f
gs

)
0

f

f f

f
T

T

0

gs

low

Pupil PlanePupil Plane)
Camera (Image of 

high altidude turbulence

Figure2.7: Setupof a SCIDARanda generalizedSCIDARsystem.

(SCIDAR). The principle of this methodwasdevelopedby Vernin andcollaborators(Vernin et al.,
1979)andhassincebeenmuchenhanced,notablyby thegeneralizedSCIDAR approach(Fuchsetal.,
1998). In this section,thesetupof a typical SCIDAR systemwill bedescribedbeforelooking at the
kind of dataobtainablewith sucha device andthe informationon atmosphericturbulencederivable
from it.

SCIDAR systemsetupand measurements

Figure2.7shows thecon�gurationof a SCIDAR system.Its working principlebuilds on theampli-
tudevariationsimposedon planewavesimagedthroughtheatmosphere,asdescribedin theprevious
section.As shown in the�gure, light originatingfrom binarystarspassesthroughdifferentsections
of the atmosphere.If the binary is chosensuchthat the cross-sectionsof theprojectedpupils over-
lap at all heightsof interest,thespatialamplitudepatternsof theoverlapregion asmeasuredon the
aperturewill bethesamealbeitshiftedby

%

� �

�

�

with respectto eachother, with � thedistanceof
thelayerand

�

theangularseparationof thebinaries.However, theamplitudevariationscomprising
thosepatternsneeda distanceof a few kilometersto build up to a measurablesignal,thusmeasuring
turbulencenearor at groundlevel is impossiblewith SCIDAR. Fuchset al. (1998)found a way to
overcomethislimitation,by placingadifferentlensinto theopticalpathsuchthattheconjugateheight
of theobservation planeis shiftedfrom thepupil to a planevirtually below it (see�gure 2.7). This
extensionis known asgeneralizedSCIDAR.
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With this extensiondone, the next stepin measuring
� �

�����	� consistsof taking a large numberof
individual imagesof the virtual pupil with exposuretimeson the orderof milliseconds(otherwise
movementsof the turbulent layersandtheir structuralevolution would smearout theamplitudepat-
tern).Subsequently, themean-normalizedauto-covarianceof all theimagesis calculated.To illustrate
theSCIDAR measurementprocessin acontrolledsetting,asimulation,againusingTURBULENZ was
carriedout; the left imagein �gure 2.8 shows the resultof theauto-covariancecalculationfor 1000
frames.Thepeaksvisible in theleft imageareorientedin thedirectionof thebinary's separation.A
slicetakenthroughtheimagein theseparationdirectioncanbewrittenas(Kl ückerset al., 1998)
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(2.28)

with the brightnesses
�

� and
�

� of the binaries' components,
� �

beingrelatedto
� �

via equation
2.23. Anotherslice, taken perpendicularto the given one,containsonly the �rst term of equation
2.28anda noiseestimateaway from the origin; by subtractingit from the �rst slice, the �rst term
in equation2.28canthereforebe eliminated. Assumingthe validity of the Rytov approximation,a
relationbetween

� �

�

�

$��

� and
� �

�
����� canbefoundfrom equation2.24(Tyler, 1992)
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(2.29)

where
)

�&+

��, � is theairmassof thebinary, �

�

�

$��

� anoiseterm,everythingelsede�ned asbefore.

Obtaining
�

�

�
���	� and �

�

���	�

Integrationover � in equation2.29canbedonenumerically. Usingdiscretesampling(e.g. by mea-
suringamplitude�uctuationswith aCCD),equation2.29correspondsto

��

���
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�

�

�

$

(2.30)

where �� is theextractedauto-covariancepro�le, � a kernelmatrix calculatedfrom the � integral, �

�

thenoisetermand �

� thedesiredquantity,
� �

������� . This relationis analogueto aFredholmequationof
secondkind (Presset al., 1993)andcanthereforebesolved by an iterative method. In this work, a
conjugategradients(CG)methodwasused,althoughdifferenttechniqueshavealsobeensuccessfully
applied(Avila, 1998).
Figure2.9 andtable2.1 show the resultsof a simulatedSCIDAR run with threeturbulent layersat
0, 2 and10 km distancefrom the apertureplanerespectively. The datareductionwasdoneusinga
SCIDAR softwarepackage,SCAVENGER (seeapp.B),thatwasdevelopedin thecontext of thiswork.
The“measured”parametersareobviously in verygoodagreementwith thepresetones.
On the right-handsideof Figure2.8 thecross-covarianceof time-laggedapertureimagesis shown.
Thethreelayersarestill clearlyvisible,but theirpositionsareshiftedaccordingto thewind speedand
wind directionin therespective layer. Table2.2 lists theparametersusedin thesimulationtogether
with thoseobtainedfrom the cross-covariance. Again, theseresultsare in very good agreement.
Similardatareductionshave beendonefor CalarAlto dataandcanbefoundin section3.3.
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Figure2.8: Auto-covariance(left) andCross-covariance(right) of a simulatedthree-layerturbulenceSCIDAR
measurement.
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Table2.1: Simulationsettingsof Fried parameterand isoplanaticanglecompared to resultsobtainedwith
SCAVENGER

Limitations of SCIDAR

Therearetwo main limitations to SCIDAR measurements:the �rst is the validity of the Rytov ap-
proximation,thesecondthe�nite sizeof themeasuringapertureandits associatednoise.
As alreadystatedin section2.1.3,theRytov approximationis only valid if �

� is lower than0.3. This
leadsto aconditionon
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where� is thedistancefrom themeasurementplane,implying �

�

�

)

�&+

��, �

�

�

	�� with zenithangle
, andgeneralizedSCIDAR pupil plane“depth” �

	�� . Underall but exceptionallybadobservingcon-
ditions,turbulenceatastronomicalsitesis well below this limit, andhencedoesnotposeaproblem.
Additionally, the sensitivity of SCIDAR measurementsis limited by the sizeof the receiving aper-
ture,exposuretime andstarbrightness.Prieuret al. (2001)found the noiseper framein SCIDAR
measurementsto be
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where
0

� is thedistanceof thedominantscintillationcausinglayer(identi�ed by thehighestpeakin
the reducedauto-covariancepro�le),

�

�

�

�

� the centervalueof theunreducedauto-covariance,�
+

�

thenumberof photonsreceivedon thedetector,
�

thepupil diameter,
�

theseparationof thebinaries
andabrightnessratiodependentfactor

�

. Thisnoisetermresultsin alimitation of SCIDAR accuracy
verycloseandvery far away from themeasurementplane.
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v [m/s] Direction[Degrees]
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Table2.2: Simulationsettingsfor windspeedanddirectioncomparedto results.

Figure2.9: Resultsof theSCIDARsimulation:Extractedautocorrelationpro�le (top), resultof theconjugate
gradientinversion(center),and�nal resultsmoothedwith theinstrumentalresolution(bottom).

As a summary, carehasto betaken in selectingsuitablebinariesfor SCIDAR measurementsaswell
asusinganappropriategeneralizedsetupfor thedesiredmeasurementrange.Unfortunately, suitable
binariesarenotveryabundant,which is why attemptsaremadeto obtain

�
�

� -pro�les from singlestar
measurements(ChunandAvila, 2002).
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2.2 AdaptiveOptics Systems

After gettingacquaintedto thesourceof imagingdistortionscausedby theatmosphere,it is now time
to presentthe cure for someof its symptoms- adaptive optics. First, a quick look at the general
setupof a pupil-conjugatedAO systemis taken. As mostmodernAO systems(includingALFA) use
modalratherthanzonalcontrol for turbulencecorrection,thesubsequentsectionwill introducethis
importantconcept,beforecontinuingwith acloserlook ateachof thesystemcomponents.

2.2.1 GeneralAO SystemSetup

The ideabehindAO is to measurephasedistortionsintroducedinto the systemby atmospherictur-
bulenceand correctfor them accordingly. The most widespreadsystemtoday is that of a pupil-
conjugatedAO, i.e. phaseis measuredandcorrectedin the pupil planeof the receiving telescope.
Figure2.10shows the schematicoptical setupof sucha system.A distortedwavefront is entering
the telescopeand is collimatedto reconstructthe phasedistribution in the aperture. It thenhits a
deformablemirror (DM) having (in theidealcase)theoppositeshapeof thedistortionsandtherefore
reconstructsa planewave. After this thebeamis partedby a beamsplitter, onepartmoving on to be
imagedby a sciencecamera,theotherbeinganalyzedby a wavefrontsensor(WFS) thatchecksfor
deviationsfrom a planewave. DM andWFSareconnectedto a real time controlsystem(RTC) that
usesthedeviationsasobtainedfrom theWFSto adjusttheDM accordingly.
In practice,a dichroic mirror is usedinsteadof a beamsplitter, suchthat e.g. wavefront distortions
are measuredin the visible while the sciencecameraimagesin the nearinfrared. This approach
maximizestheamountof starlightavailablefor wavefrontmeasurements,acritical point in AO.

Turbulence
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Collimator

Telescope
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eform

able M
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W
avefront S
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ystem

Figure2.10: Schematicoptical setupof a pupil-conjugatedAO system.Componentstreatedin this text are
markedwith dashedboxes.
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2.2.2 Modal Decompositionof PhaseDisturbances

Thephaseof adistortedwavefrontincidenton thepupil of a telescopecanbedescribedby a function
�

�

�

�

$��

� . However, it is moreconvenientto decompose
�

into asetof orthonormalbasisfunctions
�

�

���

�

�

de�ned on theunit circleor anannularaperture,
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where �

���

�

� is thepupil weightingfunction,de�ned to beof constantvaluewithin theapertureand
zerooutside,suchthatanintegrationover thepupil is unity. With thesefunctionseverywavefrontcan
bewrittenas
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which hastheimmediateadvantageof separatingtime from spacedependence.Dueto theorthonor-
mality propertyof the

�

�

���

�

� , thecoef�cients
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� aregivenby
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Sincemostlythetimeaveragestatisticsof thecoef�cients areof interest,theexplicit timedependence
will beignoredin thesubsequentdiscussions.

ZernikePolynomials

An obvious choiceof the function setareZernike polynomials, widely usedin the optical commu-
nity sincethe lowestorderonescanbe easily identi�ed with well-known aberrations,like defocus,
astigmatismetc. Their usein thecontext of atmosphericturbulencehas�rst beenexaminedby Noll
(1976).Theshapeof the�rst tenZernike polynomials� �

���

$��

� is shown in �gure 2.11.
UsingtheKolmogorov turbulencemodel,themodalvariancematrixof thecoef�cients 	�
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An analyticalsolution of this equationcan be found by transformingto Fourier spaceand using
equation2.1(Noll, 1976).Table2.3shows theresultfor the�rst tenZernike polynomials,excluding
pistonandscaledto �

�

� ���

�

� !#�

�

�

. An �rst approximationof the total varianceof a turbulent
wavefrontin thetelescopepupil is givenby thetraceof thismatrix,

�

�

���

�

�

�

���

� . SupposingthatanAO
systemis capableof measuringandremoving variancedueto the�rst � Zernikes,anestimateof the
maximumStrehlratio obtainableby this (idealized)systemcanbefoundusingequation2.11
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Noll foundanexpressionfor �
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� asymptoticallyvalid for large �
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e.g.assumingaseeingof 1” in thevisual(correspondingto an � � of 60cmat2.2" m),afterremoval of
the�rst tenZernike modestheresidualvarianceis

�
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� !#�

, which givesamaximumStrehl
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Table2.3: Covariancematrix of the�rst tenZernikepolynomials.Valuesaregivenfor � � � � �	��

������� .

ratio for a 3.5mtelescopeof 0.47. As theuncorrectedStrehlratio of sucha telescopeis usuallyon
theorderof 0.01this is alreadya tremendousimprovementin performancewith only acomparatively
smallnumberof modescorrected.However, themarginal gain in performancewith eachadditional
correctedmode, �

�

�

�
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� (2.39)

is falling with approximatelythesquareof thenumberof modescorrected.
All theresultsgivenaboveholdonly for strictKolmogorov turbulenceconditionswith anin�nite outer
scale. As alreadymentionedabove, however, the Kolmogorov model is quite unrealistic. Winker
(1991) calculatedthe effect of a �nite outer scaleon the Zernike decompositionof turbulenceon
a circular aperture;he basicallyfound a strongin�uence on the �rst few termsof the expansion,
leadingto analtogetherreducedvariability in thesecontributions(ibid.); higherordertermsareonly
marginally affected,implying anexclusive useof thesepartsof theexpansionto derive atmospheric
parametersde�ned in theKolmogorov framework (like theFriedparameter)from measurements.
It shouldbe mentionedthat Zernike polynomialscanbe generalizedfrom a circular supportto an
annularsupport,which is moreadaptedfor useon modernastronomicaltelescopes(Mahajan,1994),
but anevenmoreeffective approachwill bepresentedin thenext paragraph.

Karhunen-Loeve functions

Thenon-zerooff-diagonalelementsof theZernike covariancematrix in thecontext of Kolmogorov
turbulencesuggestthat thereexists a moreef�cient basisset; this ef�ciency is meantin the sense
that fewer expansiontermsrepresentthe sameor even higheramountof distortionsintroducedby
turbulence.Following WangandMarkey (1978),sucha basiscanbefoundfrom a two-dimensional
Karhunen-Loeve (KL) integralequation,de�ning theKL eigenfunctions
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(2.40)

where�

�

�

is thevarianceof the � th mode.KL functionsfor Kolmogorov statisticshavebeencalculated
by WangandMarkey (1978)for acircularandby Cannon(1996)for anannularsupport.The�rst ten
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Figure 2.11: Imagesof the �rst ten circular Zernike (top) and KL (bottom) functions. KL functionsare
calculatedfor Kolmogorov turbulenceconditionsandan annularaperturewith an inner radius ���

�

��� ����� 	

;
additionally, they arereorderedto show thesimilarity betweenthetwo functionsets.
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annularKL functions,a subsetof thoseactuallyusedin theALFA system,areshown in Figure2.11,
table2.4 shows the normalizedcovariancematrix of the �rst KL functionscalculatedfor the Calar
Alto 3.5mtelescopecentralobscurationandKolmogorov turbulence;by de�nition, it is diagonal.
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Table2.4: Covariancematrix of the�rst tenKL functionsfor Kolmogorov conditionsand ���
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. Values
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2.2.3 Sensors

Phaseaberrationscanonly becorrectedif anef�cient wayof measuringthemis found.Severaltypes
of sensorshave beendevelopedfor that purpose. This sectionwill focuson the Shack-Hartmann
typesensor(SHS),widely usedfor its simplicity andalsoimplementedinto theALFA system.After
this, the curvaturesensor(CWS) will be discussed,a relatively recentdesign(Roddier, 1988), that
exhibited excellentperformancein low orderAO systems;PSFreconstructionfrom WFS datawas
�rst developedfor this kind of sensor. Theyoungesttypeof sensor, beyond thescopeof this work,
is the pyramid sensor(PWS) that is only now being introducedinto AO systems(Ragazzoniand
Farinato,1999)andpromisesto combinetheadvantagesof theSHSandtheCWS.

Shack-Hartmann Sensor

The principle behindthe SHSwas usedas early as1900 (Hartmann,1900) to measurewavefront
aberrationsof optical systems.Then,maskswith circularholeswereplacedbehinda lens,with the
imagessoobtainedservingasa measureof localwavefrontslopes.ShackandPlatt(1971)improved
the systemby usingsmall lenses(lenslets)insteadof the holesandarrangethemsuchthat a whole
wavefront could be examined. Figure2.12 shows a SHSsetup. A distortedwavefront entersfrom
the left andsub-imagesareformedby the analyzinglenslets.If the averageslopeof the wavefront
portionimagedbyasubapertureis �at, thentheimagespotisnotdisplacedwith respectto its reference
position,otherwisefor theangulardisplacement��� in thex-direction(Primotet al.,1990):
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andlikewise for thedisplacementin they direction. Here, � � 
 denotestheareaof thesubaperture,
�

� thespotdisplacementin theimageplane,� thefocallengthof thelenslet,and
�

themagni�cation
betweenthepupil of thesublensletandthepupil of thetelescope.



26 CHAPTER2. TURBULENCEAND ADAPTIVE OPTICS

Equation2.41impliesthataSHSmeasuresthe�rst derivativeof thewavefrontat thelensletlocations,
thus informationon a constantoffset (piston) is completelylost. As a phasebias doesnot affect
imagequality, this is notaproblemfor conventionalimaging;for interferometry, however, pistonis a
notoriouscomplicationof matters.
Measurementof the actualspotdisplacement

Dx

Figure 2.12: Working principle of a Shack-Hartmann
sensor.

in theimageplaneof theSHScanbedoneei-
ther by using quadcells(Roddier, 1999) or a
CCDdetectorarray. In theCCDcase,spotpo-
sitionestimationsareusuallyamodi�cation of
centerof massestimation
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(2.42)

with pixel offset from the referencepositions
�

� andpixel intensity
�

� . Foraclosed-loopsys-
tem,estimationalgorithmshave to bebothfast
andaccurate.In hisPhDthesis,Kasper(2000)
examinedseveral such algorithms, �nding a
doublyweightedpixel averagingalgorithmin
combinationwith pixel maskingto bemostre-
liable andalsovery fast. The algorithmraisesall intensityvaluesto the 1.5th power, its expected
SNRin thephotonlimited case,beforeapplyingequation2.42.Additionally pixelswith a low photon
countareexcludedfrom theweightingprocess.
As theSHSaveragesover a given portionof a wavefront, it cannot“see” perturbationswith spatial
frequenciessmallerthanits sampling;it is thereforenecessaryto be carefulin choosingthesizeof
thesubapertures,which in the idealcaseshouldbematchedto � � ; this is mucheasieraccomplished
in the infraredthanin thevisual regime. However, thenumberof photonsavailablefor centroiding
a subspotalsodependson subaperturesize,which implies a choiceof sensorparametersfor given
atmosphericconditionsto attaintheoptimalresults.
In contrastto other typesof sensors,the SHSis alsosuitablefor extendedcorrectionsourceslike
planetsor galaxycores. Even the granulationon the photosphereof the sunhasbeensuccessfully
usedto obtaindiffraction-limitedimages(von derLüheetal., 2002).

Curvature Sensor

The curvaturesensorwasinventedby FrancoisRoddier(Roddier, 1988). The working principle is
basedonthefactthatlocalcurvatureof awavefrontwill, whenimaged,causethecorrespondingfocal
point to shift away from the focal planeof the imagingsystem. Hence,intensitymeasurementsin
planesbeforeandaftertheimageplanewill �nd intensitydifferencescorrespondingto thecurvature
(see�gure 2.13). Usinga geometricalapproximation,thenormalizedintensitydifferencesaregiven
by (Roddier, 1988)
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(2.43)

with � and� asde�ned in �gure 2.13,and
%��

theimpulsedistribution aroundthepupil edge.Oneof
theadvantagesof theCWSover theSHSis thatonly intensitiesin subapertureshave to bemeasured;
no centroidingis necessary, which reducesthe computationalload in the control system. As will
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f

p p

Figure2.13:Working principleof a curvaturesensor.

be seenin section2.3, this alsomakesmeasurementnoiseestimationquite straightforward. Figure
2.14shows thesamplinggeometryof aCWS.In practicalimplementations,asinusoidallymodulated
mirror is usedinsteadof two separatesensorplanes,whichconsiderablysimpli�es thesetupof aCWS
system(Roddier, 1988).

Anotherinterestingfeatureof the CWS is its adapt-

I

II

III

IV

V

VI

VII

Figure2.14: Samplinggeometryfor a CWSsen-
sor. Thedashedlines depictthe width of the im-
pulsedistribution aroundtheedgeof thepupil.

ablegain. Equation2.43 shows that the strengthof
thesignalcanbeadjustedby varyingthedistanceof
themeasurementplanes� . Thegeometricalapproxi-
mationdemandsthat

���

�

�

�

� �

�

0

�

� � , with
���

the
guideobjectangularsizeand

0

the sizeof the sub-
aperture.Since

0

� � is usuallymuchbiggerthan
���

thiscanbefurthersimpli�ed to
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�

���

�

�

0

� (2.44)

In closedloopoperation,
���

will diminishdueto cor-
rectionandthereforeallow thesignalto beampli�ed
by reducingthedistance� , which will work to stabi-
lize theloop.

Measurementnoise

Of courseall sensorswill be subjectto measurementnoise,on the onehandcausedby the signal
photonsthemselves,on theotherhandby sky backgroundphotonswhich,however, canbeneglected
for sensorsmeasuringin thevisualband.Roussetet al. (1993)showedthatall WFSsoperatingwith
subapertureshave asimilar dependenceon thesignalphotonnoise
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(2.45)

with thephasemeasurementerrorvariance�

�

, �

+

�

thenumberof photoelectronspersubapertureand
exposuretime, and

0

the diameterof the (circular) subaperture.
�

refersto the angularsizeof the
referencesource,given eitherby its actualsize,or its virtual sizecausedby seeingor diffraction.
Usually,

0

and ' are�x ed,soa betterSNRis obtainedby usingbright andpoint-like sourcesand/or
highly ef�cient photonsensors.
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2.2.4 Modal Reconstruction

Thissectionwill concentrateonthemathematicaldescriptionof modalphasedistortionmeasurements
andreconstructionusingaSHS.
As describedbefore,aSHSdeliversslopemeasurementsof sectionsof adisturbedwavefrontaccord-
ing to its geometry. Theseslopes,in x- andy-direction,canbeorderedinto a � -dimensionalgradient
vector �

� , (with �

�(


�

���

�

, twice thenumberof subapertures)describingthesetof measurementsfor
eachtimestep.Of course,theactualvaluesof sucha vectorwill dependon themomentarycon�gu-
rationof theturbulentwavefront;but asbecameclearin theframework of modaldecomposition,this
wavefrontcanalsoberegardedasa (generallyin�nite-dimensional)modalcoef�cient vector �

�

. . A
measurementcanthenbewrittenas
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$

(2.46)

with the interaction matrix �

. andthe unavoidablemeasurementnoisevector �

� . The interaction
matrix asde�ned hereis of dimension���

� , very inconvenientfor practicalcalculations.This fact
is remediedby partitioningequation2.46asfollows
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(2.47)

where� denotesareducedinteractionmatrixoperatingonanumberof � modes�

�

, whichareactually
controlledby the system. ��
 is againan in�nite matrix, describingthe propagationof the non-
controlledmodes�

�


 onthegradients.This is justi�ed by thefactthatall AO systemscanonly correct
for a limited numberof modesand,additionally, thatthis numberis generallylimited by thenumber
of availablegradients.

PhaseEstimation from Gradient Measurements

Themodi�ed measurementequationcanevenbemoresimpli�ed by observingthat,sincemodalco-
ef�cients arenormallydistributedwith zeromean(Roddier, 1981),theexpression�



�

�


 corresponds
to anadditionalGaussiannoiseterm.Thismeasurementnoise �

� andthisnoisethereforeform againa
Gaussiannoiseterm �

� , leadingto the�nal measurementequation
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�
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� � (2.48)

For theoperationof anAO system,whereanestimateof thecontrolledmodalcoef�cients
�

�

�

hasto be
foundfrom themeasuredvalueof gradients,thisposesaninverseproblem
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� (2.49)

with a �

� � reconstructionmatrix � . Kasper(2000)extensively studiedthesuitability of different
approachesto �nd sucha matrix. Thesuperiorandmostgeneralnon-iterative solutionturnedout to
betheMaximuma Posterioriapproach(MelsaandCohn,1978),whichgives(Law andLane,1996)
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(2.50)

where�

�

� is thenoisecovariancematrix and �

�




is thecovariancematrixof modalcoef�cients. Both
matriceswill beexaminedmorecloselybelow.
More simpleestimatorscanbe founddirectly from expression2.50,by droppingvariousterms:as-
sumingthatnoprior knowledgeis availableonthecovarianceof modalcoef�cients, setting�
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resultsin theweightedleastsquaresestimate
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If additionally, the measurementerror is assumedto be uniform anduncorrelatedequation2.51re-
ducesto

� �! � � � � �

�

���

� �

$

(2.52)

theleastsquaresestimator, mostwidely usedin AO for its simplicity. Theleastsquaresestimatoris
closelyconnectedto thesingularvaluedecomposition(SVD) technique(seee.g.Gershenfeld(1999)).
Theframework of SVD alsoallows to studya limitation imposedon SHStypesystem,calledmodal
crosstalk, which limits thenumberof controllablemodesdueto possiblemisinterpretationof linear
combinationsof higherordermodesasasinglelow ordermode(Kasperet al., 2000b).In thecaseof
ALFA, this modalcrosstalk allows a maximumof 42 modescorrectedwhenusinga 28 subaperture
lensletandKL functionsareused;for Zernike polynomials,thelimitationsareevenworse.

Modal reconstructionerror

Using the leastsquaresestimatorand turning back to equation2.48, the covariancematrix of the
reconstructionerroris givenby (Dai, 1996)
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(2.53)

with thecross-talkmatrix � � � �  ��
 . It is a descriptionof thepropagationof high-ordermodes
on the low-ordercontrolledmodes,an effect generallytermedaliasing. Thus,the two termsin the
reconstructionerrormatrix correspondto aliasingnoiseandpropagatedmeasurementnoiserespec-
tively. Thebehavior of thetwo noisecomponentsis quitedifferent:while measurementnoisecanbe
diminishedby choosingvery bright guidestars,aliasingnoiseis alwayspresent;aswill be seen,it
thereforeplaysanimportantrole in theframework of PSFreconstruction.
Unfortunately, � 
 cannotbe calculatedanalyticallyfor mostsensor/modalbasissetcombinations,
andmeasurementis impossiblefor obviousreasons.Therefore,it canonly befoundby a simulation
of thesensormeasurementprocess.

Estimation of the modal covariance matrix

TheMAP estimatoralreadyemphasizestheimportanceof theModalCovarianceMatrix �

�




. This im-
portanceliesin thefactthatit carriesall informationonstochasticpropertiesof theturbulentspectrum
athand,becauseensembleaveragesof wavefrontdisturbancesareGaussianwith zeromean(Roddier,
1981).Theknowledgeof thismatrix is notonly crucialfor theapplicationof theMAP estimator, but
alsoprovidesatmosphericturbulenceparameterslike � � andcanbeusedfor anestimationof theouter
scalesize(BarchersandEllerbroek,1999).
Thereis afundamentaldifferencebetweenthemodalcovariancematrixasobtainedfrom open-versus
closed-loopmeasurements:while in theopen-loopcaseit, ideally, deliversaccurateinformationonthe
turbulencepresentin theatmosphere,theclosed-loopmeasurementswill providethecharacteristicsof
themodi�edatmosphericspectrumascausedby theinterplayof actualturbulenceandtheAO system.
Thestartingpoint is theestimationequation
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which,usingtheLS estimatorresultsin
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Now, if �

� is assumedto beuncorrelated(asit shouldbein awell-setupsystem)andcross-correlations
between �

� either �

�

and �

�


 are neglected(justi�ed by the delay in every real control system,see
below), themodalcovariancematrix is givenby
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If thebandwidthof thesystemis highenough,it is perfectlyjusti�ed to dropthetwo cross-correlation
termsin thisexpression(Veranet al., 1997),thusyielding in theopen-loopcase(Kasper, 2000)
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Theclosed-loopcasediffersonly in thesignof thealiasingnoise(Veranet al.,1997)
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Thesignchangecanbeillustratively explainedby thedifferencesof open-andclosed-loopoperation;
in open-loop,high-ordermodeswill tendto addto themeasurementsof thelow-ordermodesat each
timestepandthusoverestimatetheirenergy, while in closed-loop,thesystem(over-)compensatesfor
theperceivedlow-ordermodesandthustendsto underestimatetheir energy.
In principle, all of the quantitiesin equations2.57 and2.58 arededuciblefrom the system.

�

�

�

can
be calculatedfrom the sensormeasurements,while the recovery �

� for SHS systemsis one of the
subjectsof this work (seesection3.2). The calculationof � requiresknowledgeof � 
 , which is
usuallyretrieved by modelingsystemresponse,asmentionedabove. The covariancematrix of the
non-controlledmodes
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�

is not directly measurableandthusassumedto follow Kolmogorov
statistics.Its contribution canbefoundby scalingthetheoreticalcovariancematrices(tables2.3and
2.4)with �

� . This leavestheproblemof �nding �
� , derivableby aniterativealgorithmfrom open-loop

modalmeasurements(Kasper, 2000):

1. Assume� � � � ,

2. calculate�

�

�

�

�

�

�

usingequation2.57,

3. estimate� � from theresultof step2 andthetheoreticalcovariancematrix,

4. iteratefrom step2 until convergenceof � � .

A similar schemecanbeemployedin thecaseof closed-loopoperation,aswill beseenbelow.
As a �nal note, �

�




asobtainedfrom equation2.58canbereentereddirectly into a MAP estimator,
sinceit deliverstheclosedloopstatisticsof thecontrolledmode.Unfortunately, for betterresults,the
MAP shouldbeextendedto non-controlledmodesto yield superiorresults,which againrequiresan
estimationof theatmospheric� � .

2.2.5 Control System

In thediscussionsabove, therewerefrequentreferencesto thecontrolcomponentof anAO system,
withoutgiving furtherdetail.Thiswill now bemadeup for. While thediscussionis alreadybasedon
ALFA'scontrolarchitecture,technicaldetailswill only begivenin section3.1.
Most, if not all, AO systemsto datearebasedon the principle of feed-back control, in which the
controlledquantityis reintroducedinto theloop throughsensormeasurements.Figure2.15show the
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Figure2.15: Feedbackcontrol systemarchitectureusedfor ALFA. Thebox indicatestheopen-loop
components.

controlsystemarchitectureemployedin ALFA. Theoutputof thesystem
�

on theright, is thesumof
thedisturbedwavefront

���

enteringfrom theatmosphereanthemomentaryshapeof theDM
�

� . This
wavefrontis thenanalyzedby theSHS,deliveringmeasuredgradients�

� , from whichestimatesof the
momentaryresidualmodalaberration

�

�

�

arecalculatedvia the reconstructionmatrix � asdescribed
above. Theestimatesnow entertheactualcontroller, or compensator� ��, � which determinesappro-
priatemodaldrive signals �

� that are,afterbeingtranslatedto a suitableformat �

�

�

via a D/A anda
so-calledinjectionmatrix

�

, sentto theDM, wherethecyclestartsover. Of course,all operationtake
a �nite amountof time,andthushave to berepresentedby transferfunctionsdescribingits dynamics,
theactuatortransferfunction �

�

�

� describingthe responseof theDM to driving signals,and �

�

�

� ,
consideringthecombinedeffectsof integrationtime on theSHS,centroiding,andcalculationof the
compensationsignals. Note that � and , refer to the Laplaceandz-transforms,frequentlyusedin
control systemtheory(Dorf andBishop,2001). Detailson the shapeof the transferfunction in the
caseof theALFA controlsystemcanbefoundin Loozeetal. (1999).
The compensationalgorithm implementedin AO systemsis often a variant of the so-calledPID-
controller, wherethelettersstandfor proportional, integration, anddifferentiationrespectively. This
means,thatthecompensationsignalwill dependproportionallyontheactuallymeasuredsignal(usu-
ally eitherampli�ed or dampenedby a gain � ), but alsoin certainwayson theintegratedpastsignal
and the differenceof subsequentones. The overall effect of sucha control systemon a disturbed
signal(suchasanindividualmodein modalcontrol)is convenientlydescribedin theFourierdomain.
A very importantconceptin this context is that of the correctiontransferfunction �

�

���

�

�

� andthe
noisetransferfunction �

�

�

�

� , which canbefoundeitherexperimentallyor analyticallyfrom theim-
pulseresponseof acontrolsystem(Abramovici andChapsky, 2000).Sincethepowerspectraldensity
(PSD)of a signalis directly relatedto its variancevia integration,thecalculationof theclosed-loop
PSDallowsadirectestimateof theperformanceof thecontrolsystem.If �

� �

�

�

�

� denotestheresidual
PSDof a controlledmodeaftercompensationof theatmosphericsignalPSD �
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� andnoise,in
turndescribedby aPSD �
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� , then(GendronandLena,1994)
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Additionally, thenoiseandcorrectiontransferfunctionsarerelatedby
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Figure2.16shows themodulusof �

�

� �

�

�

� and �

�

�

�

� for variousloop gain factors.As canbeseen,
thecontrolloopstronglyattenuatestheenergy at thelow-frequency endof thetemporalspectrum,an
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Figure2.16: Modulusof the correction(solid) andnoise(dashed)transferfunctionsof the ALFA
controlsystemfor againof 0.5(thin) and0.2(fat).

effect which canbeevenincreasedby usinga highergain.However, thetrade-off is anampli�cation
of energy to thehigh-frequency end. This control loop behavior is perfectlyadaptedto thetemporal
spectrumof atmosphericturbulencein modalcontrol,which shows high energy at low frequencies
andasteepfall-off towardhigherfrequencies(Conanetal., 1995).



2.3. POINT SPREADFUNCTIONRECONSTRUCTION 33

2.3 Point SpreadFunction Reconstruction

Theintroductionalreadypointedout that thetemporallyandspatiallyvaryingPSFof pupil-oriented
AO limits the scienti�c useandaccuracy of astronomicalimagesobtainedwith its help. Here,the
meansto overcomethis limitation will bediscussed:on- andoff-axis PSFreconstructionfrom WFS
data.
On-axisPSFestimationwasoriginally developedfor asystememploying a curvaturetypeWFS(Ve-
ranetal.,1997).Someof thetechniquesusedtherecannotbereadilyappliedto anSHSAO, although
somestepsin this directionhave alreadybeentakenfor theADONIS instrument(HarderandChelli,
2000).
This sectionwill �rst introducetheunderlyingprinciplesfor on-axisPSFreconstruction,beforedis-
cussingtheoff-axisextensionasintroducedby (Fuscoetal.,2000).A review of theexamplegivenin
theintroductorychapterwill show that- underidealcircumstances- thesetechniquesoffer a consid-
erableimprovementof thecurrentsituation.

2.3.1 Principles: The Long-Exposure OTF

Section2.1.2introducedtheconceptof the long-exposureOTF for anastronomicaltelescope,from
which the PSFcanbe obtainedby a simpleFourier transformation.It wasalreadymentionedthat
theusedphasestructurefunction

� �

���

�

� wasnot limited to Kolmogorov or von Karmantypespectra
alone.If thestructurefunctionof theresidualphasefor anoperatingAO systemis introducedas

�����

���

�

$

�� �

�
�

�

�

�

���

�

$��

�

�

�

�

���

� �

��

$��

�

�

�

�

$

(2.61)

it could serve asa basisfor an estimateof the system's PSF. The quantity
�

� denotesthe residual
phaseenteringtheAO system,givenby
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with notationsasabove (�gure 2.15). However, theexplicit dependenceon �

� in equation2.61poses
a problem,sincesimplemultiplicationwith thetelescopeOTF is not possibleanymore.Fortunately,
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(2.63)

where � ���

�

� is the telescopespupil function, one inside the apertureand zero outside. With this
replacement,thetotalOTF
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where
�

� �� � is the telescopeOTF asintroducedin section2.1.2. Now, following similar lines asin
thediscussionof modalreconstruction,
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canbedecomposedinto apart
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thatis controlledby the
system(low-ordermodes)andapart
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 thatis not (high-ordermodes):
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Fromthis, theresidualphaseof thepartcontrolledby thesystemfollows as:
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By enteringthis decompositioninto equation2.63,
�

��� �

canbewrittenas(Veranetal., 1997)
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with the last term dependingon correlationsbetween
�

�

�

and
�


 , which aregenerallyvery small
or even zero,dependingon themodalfunctionsetused.At thevery least,they canbe neglectedin
comparisonto theothercontributions(HarderandChelli, 2000). So,the �nal OTF consistsof three
components,
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with thecontributionof thenon-controlledhigh-orderphaseaberrations
�




� �� � andtheresidualphase
of thecontrolledlow-orderaberrations
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It is now possibleto gobackto themodaldecompositionapproachof section2.2.Supposingamodal
set
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Note that �

���
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�

�

is usedto denotethecontrolledmodes,to emphasizethe fact that in a closed-loop
a systemthesequantitiesshouldbesmallandresidual.Thetwo �rst termsof equation2.67arenow
givenby

�

���

�

�
� �� �

�

�

�

�

 

�

�

�

�

�

�

�

�

� ���

�
� � �

$

(2.70)

and
�

���	�

� �� �

�

�

 

�

�

�

�

�

 

�

�

�

�




�

�

�


��

� ���

� �� �

$

(2.71)

wherethe � ��� dependon theusedmodalbasissetandcanbecalculatedusing
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For somemodalbasissets,notablyZernike andKL functionson a circularsupport,thesefunctions
have beencalculatedanalytically(Dai, 1995); asmost telescopeshave a centralobscuration,these
analyticalsolutionshave only limited use. Therefore,it is necessaryto calculatethemnumerically.
As will beseenin chapter3.4,it is suf�cient to useonly the�rst 237 � ��� of abasisset,sinceerrorsin
otherquantitiesof thereconstructionprocessareby fardominantabove acertainspatialfrequency.
The telescopeOTF, the last term in equation2.68 is not only the autocorrelationfunction of the
telescopepupil, but canalsoaccountfor any staticaberrationin thesystemoccurringin thelight-path
aftertheDM. This is important,sincestaticaberrationsbeforetheDM arecorrectedby theAO, asif
causedby theatmosphere,aberrationsafterthedichroicmirror are,however, “out of reach”.So,in a
measurementsetup:

Static Aberrations:
The telescopecomponentof the systemOTF,

�

� �� � is obtainedby measuringa referencesource,
lik ea �ber or a very bright guidestar for which correction is nearly perfect. Fourier transform-
ing its PSFgivesthe desired OTF.
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2.3.2 From WFS measurementsto the On-axisPSF

Theformulationof thecontributionsof theresidualof thecontrolledmodesto theclosed-loopPSFin
equation2.70pointsdirectly to equation2.58,which is alsovalid here:
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Again, while �

�

�

�

�

�

�

�

� is directly available from the WFS measurementsand � �! , thereremainsthe

problemtodeterminethemeasurementnoisecovariancematrix �

�

�

�

�

�

�

andthecontributionof aliasing
to thedesiredquantity.
In the original paper(Veranet al., 1997), it was proposedto deducethe noisecovariancematrix
directly from Poissonnoiseestimatesof the AvalanchePhotoDiodes(APD) usedin the curvature
system.This schemeis not directly applicableto a SHSsystemfor two reasons:�rst, in contrastto
APDstheCCDsusuallyusedfor anSHShaveanon-negligible readoutnoisewhichcontaminatesthe
assumedphotonPoissonnoiseandleadsto a Gaussiannoisedistribution; second,centroidingis the
mostcomputationallyintensivetaskin aSHSsystem;but it is alsotheplace,whereany calculationson
theintegratedintensityof theindividualsubaperturescouldbedone;dueto computationalconstraints,
it is thereforenot possible. Noise determination,especiallyreal- or near-real-timeremainsa big
problemin the applicationof the PSFreconstructiontechniqueto the SHS and will be discussed
extensively in chapter3.2.
Supposefor the time beingthat thenoisecovariancematrix hasbeenfound. Still, thealiasingcon-
tribution is left to calculate.As mentionedin section2.2 thecovariancematrix of thenon-controlled
high-ordermodes, �

�

�
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is assumedto follow Kolmogorov statisticsandthecross-talkmatrix �

is found from sensormodeling. Again, the (original) Fried parameter�
� of the momentaryatmo-

sphericturbulencehasto bedeterminedto scalethehigh-ordercontribution accordingly. This canbe
accomplishedusingamodi�ed form of equation2.57(Veranetal., 1997)
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where �
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is thecovariancematrixof themirror commandsinterpretedin themodalframework,
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This meansthat the mirror commandsissuedhave to be recordedin order to apply equation2.74.
Supposingnow that a way to establishthe noisecovariancematrix is found as well, the iterative
algorithmfor thedeterminationof � � is usableagainwith theonly differenceof usingequation2.74
insteadof 2.57in step2, leadingto:

Recovering the Parameters:
During observation, thr eequantities needto be recorded: the measured residualmodal covari-
ancematrix �

�

�

�

�

�

�

�

� , the noisecovariance matrix
�

�

�

�

�

�

�

, and the mirr or command covariance

matrix �

�

�

�

�

�

�

. From their values, and the assumption of Kolmogorov turb ulence together
with a suitable sensormodel, an estimateof � � is found from equation 2.74. Now the actual
modal covariance matrix �

�

�

�

�

�

�

is calculatedfrom equation2.73.

After this is done,everythingneededto reconstructthePSFis known.
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Putting it all together:
The structure function of the residual controlled modesto the systemOTF is calculatedusing
equation 2.70, the contribution of high-order modesusing equation 2.71 with the theoretical
modal covariance matrix scaledby � � . The structure functions are then entered into equation
2.68,yielding the systemOTF. From that the PSFis found by Fourier transformation.

2.3.3 Leaving the Optical Axis - Anisoplanatic Contribution

Unfortunately, thePSFthusreconstructedis only valid for theguidestaritself andobjectsveryclose
by, i.e. objectswithin the isoplanaticpatch(cf. 2.1.2). The differencesin the propagationpath
betweentheguidestarandlocationsaway from it give rise to anothersourceof residualwavefront
aberrationsthat,however, canbecapturedin yet anothercontribution to the total OTF (Fuscoet al.,
2000),theanisoplanatictransferfunction(ATF)
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where � is the angulardistancefrom the guidestarand
�




�

� is the isoplanaticstructurefunction.
The computationof the isoplanaticstructurefunction is rathercomplicated,but assumingthat all
controlledmodesareperfectlycorrectedon-axis,anexpressioncanbefound(Chassat,1989)
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The
�

��� arecalled angular correlation functionsof the usedmodal basisset (Chassat,1989); for
circularZernikepolynomials,thereevenexistsananalyticalexpression.Themostgeneralexpression,
assumingKolmogorov turbulence,is givenby (Chassat,1992)
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Here,the � � arethenormalizedFouriertransformsof themodalbasisset,
�

is thepupil diameterand
�

� is thedisplacementvectorof theoff-axispositonwith respectto theguidestar.
WhenanothermodalbasissetthanZernikesis used,the � �

 

� have to becalculatednumerically, fortu-
natelyonly once.If a

�
�

�
���	� -pro�le of theatmosphereis available,e.g.usingSCIDAR, theATF can

�nally befound.

Anisoplanatic contributions:
If the PSF of a star away from the guide star is to be reconstructed,a measurement of the

�
�

�
����� -pro�le is necessary;if this is found, the modi�cations of the on-axisOTF canbe found by

inserting the pro�le into equation2.78and calculating the ATF usingequations2.77and 2.76.

2.3.4 Summary and Tasks

Figure 2.17 summarizesschematicallythe stepsnecessaryto obtain accurateestimatesof the on-
and off-axis PSFof an AO system. The �o w of datafrom the measurementsof the gradients �

� ,



2.3. POINT SPREADFUNCTIONRECONSTRUCTION 37

�����

�����

�����

Simulation

G
ra

di
en

ts
 g

M
ea

su
re

m
en

ts

Numerical/Analytical

T
ur

bu
le

nc
e 

C
C

al
ib

ra
tio

n 
P

S
F

an
i

SHS SimulationLoop Simulation

s
ij

U ij

T
B

B
Bn r

e
â
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Figure2.17:Schematicsof theon-andoff-axis PSFreconstructionprocess.
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the calibrationPSF, and the
� �

� ���	� pro�le is depicted. The boxes enclosingthe ”Simulation” and
”Numerical/Analytical”contributionsindicatesub-tasksthataremorecomprehensively describedin
appendixC. Severaltasksthatwerenecessaryto betackledwithin thiswork:

� Developmentof a methodto obtain reliable estimatesof the noisecovariancematrix from
closed-loopdata;preferablyin real-time.

� Implementationof aclosed-loopFriedparameterestimationprocedureanda testof its reliabil-
ity.

� Simultaneousmeasurementswith a SCIDAR instrumentandALFA; this served asa further
checkof reliability of closed-loopatmosphericparameterestimationanda basisfor off-axis
PSFreconstruction.

� Numericalcalculationof the ����� and � �

 

� for themodalbasissetsusedwith ALFA.

� Implementationof thePSFreconstructionprocessfor theALFA system.
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2.4 Intr oductory ExampleRevisited

The tools andprerequisitesto reconstructon- andoff-axis PSFsfrom WFS datawerepresentedin
theprecedingsection.Goingbackto theintroductoryexample,themethodswill now bevalidatedin
a controlled,i.e. simulated,environment. Althoughnot all aspectsof thereconstructionprocessare
partof thesimulation,it still servesbothasa limiting case,highlightingthepossibleperformanceand
achievableaccuracy of themethodwith all quantitiesperfectlyknown anda checkof theworkability
of thealgorithm.

2.4.1 Simulation Parameters

The diamond-shapedstar�eld (seetop imageof �gure 2.22) consistsof 25 equallybright starsar-
rangedwith constanthorizontalandverticaloffsetsof 4”. Table2.5givestheatmosphericcon�gura-
tion of thesimulationalongwith thetotal turbulenceparametersderivedfrom it.

LayerNo. Height[m] FriedParameter� � [“]

1 0 0.3
2 2000 0.5
3 10000 0.75

Total � � 22.3cm
IsoplanaticAngle

�

� 4.5”

Table2.5: Layercon�gurationof thesimulation.

For thesimulation,a numberof 500 independentrealizationsof turbulent phasescreenswerecalcu-
lated;correctionwasperformedon the rightmoststarof the �eld. At eachstep,the aperturephase
distribution of thisstarwasdecomposedinto 237KL modes.Its �rst 27modalcoef�cients werethen
multipliedby Gaussianrandomnumberswith zeromeanandaarbitrarilychosenstandarddeviationof
0.1, in orderto simulatea non-perfectcorrection.Thedegradedcoef�cients weresubsequentlyused
to synthetisizetheapertureplanephasecorrector(correspondingto theDM) thatwasthensubtracted
from thepupil phaseof eachstarbeforeimaging. In contrastto mostrealsystems,wherewavefront
sensingand imagingaredoneat differentwavelengths,the simulationperformedboth tasksat the
samewavelengthof 2.2 " m1. As a 3.5mtelescopewith thesamecon�guration asCalarAlto' s was
simulated,imageplanesamplingwassetto 0.04”/pixel, to adequatelysamplethediffraction limited
FWHM of thePSFof around0.13”.
Additionally, at eachtimestepthefollowing quantitiesweresaved:

1. Thevalueof the�rst 27KL modalcoef�cients, correspondingto themirror con�guration �

� in
equation2.74.

2. Thedifferenceof �

� andthedegradedcoef�cients thatwereusedfor thecalculationof thephase
corrector, correspondingto thelow-ordermoderesiduals�

� in equation2.73.

3. Theimageplaneintensitydistribution of eachstar.

While themodalcoef�cient datais suf�cient to carryout theon-axisreconstruction,off-axis recon-
structionneedsthe knowledgeof the

� �

�
���	� pro�le. For this purpose,a correspondingSCIDAR

simulationwascarriedout with thesameatmosphericcon�guration,but at a wavelengthof 500nm

1Sincethedispersionof air betweenthevisualbandandthenearinfraredis negligible, this doesnot make a difference
for theresults.
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andthescintillationsimulationoptionactivated(seeappendixA). With thisadditionaldata,themeth-
odsof section2.3 canbe applied;thereare,however, somesimpli�cations ascomparedto a “real”
systems,notablytheabsenceof measurementnoiseandmodalaliasing2.

2.4.2 On-axisPSF

First, theon-axis,i.e. theguidestarPSFwill bereconstructed.As shown in section3.3,thequantities
neededarethecovariancematrix �

�

�

�

�

�

"

of theresiduallow-ordermodalcoef�cients, thecovariance
matrix �

�

�




�

�

�




"

of the non-controlledhigh ordermodes,andthe OTF
�

�
� � � of the unaberrated
system.
With theabsenceof noiseandaliasing, �

�

�

�

�

�

"

is directly givenby thecovarianceof therecorded
residualmodalcoef�cients. Fromthis matrix, anestimateof � � is foundby �tting to thetheoretical
covarianceof KL modesfor Kolmogorov turbulence(table2.4),yielding � � �(


�

�

� � �

��
 cm,slightly
higher thanthe expectedvalueof 22.3 cm (seetable2.5). The discrepancy is probablydueto the
fact that while the simulationlargely follows Kolmogorov statistics,it hasan effective outerscale
(seeappendixA) that lowers the varianceof the �rst few modes,leadingto an overestimationof

� � . Nevertheless,theestimated� � is usedto scalethehigh-ordercovariancesfor thenon-controlled
KL modes,giving �

�

�




�

�

�




"

. Finally,
�

� �� � is calculatedfor anannularaperturewith a secondary
obstructionof

0

� �

�

�

�

�

�


 . The total on-axisOTF obtainedby combiningtheresultsaccordingto
equation2.64,which in turn yields the PSFestimationby a Fourier transform. Figure2.18 shows
a comparisonof the “measured”andreconstructedPSFandOTF. As canbe seen,the agreementis
nearlyperfect,with all residualsvery low. In fact, the largesterrorsarevisible in the y-cut of the
PSF, but this seemsto be dueto a subtleshift betweenthe imagePSFandthe reconstruction;the
reasonfor this is probablyasmallresidualtilt on thesimulatedcorrectedpupil planephase(sincethe
decompositionmethodinvolvesa transformationfrom Cartesianto polarcoordinates,thismight bea
visibleeffect of numericalerrorsin themapping(Cannon,1996)).
Thenearperfectionof theon-axisPSFreconstructionis not entirelyunexpected:�rst, thelow-order
residualsare known exactly, i.e. no statisticalambiguitiesor noise/aliasingestimationerrorsare
present,and,secondly, while thereis asmallerrorin theestimationof thehigh-ordercontribution, its
effect on thePSF/OTF is barelyvisible. Lastly, thesimulatedturbulencespectrumis by de�nition of
Kolmogorov type(save theeffective outerscale),eradicatingthis additionalpotentialerrorsourceas
opposedto measurementsin therealatmosphere.

2.4.3 Off-axis PSF

Thenext stepis thereconstructionof anoff-axisPSF, theresultof whichis expectedto bemuchcloser
to reality. In contrastto theon-axiscase,all thevariancesarenow only estimatedquantities,i.e. they
arenotdirectlymeasurable.
The

�
�

�
����� pro�le neededfor the reconstructionwascalculatedfrom theSCIDAR simulationusing

theSCAVENGER package;theresultingpro�le is shown in �gure 2.19;while it reproducesthesimu-
lation parametersquitewell, it alsoshows thesmear-out effect of SCIDAR measurements.Thetotal
turbulenceparameterscalculatedfrom thispro�le are � � �$
�
��

�

� �

�

� �

cmand
�

� �

�

�

�

� � �

�

�

�

” in
verygoodagreementwith theexpectedvalues.
As in importantside-note,it shouldbementionedthattheisoplanaticanglecanalsobeestimatedfrom
thedecayof Strehlratioswith increasingdistancefrom theguidestar;by combiningequations2.11

2Of course,the�nite samplingof theapertureplaneconstitutesapotentialsourceof aliasing;however, for thissimulation
thesamplingwas8 pixelsper(total) ��� , highenoughfor this effect to benegligible.
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and2.14,onegets
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�
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(2.80)

where � is the distancefrom the guidestar, � the Strehl ratio at this distance,and � � the on-axis
Strehlratio. For thesimulationthis estimationmethodgives

�

� � 
���


� � �

��

� ”. This,however, is no
surprise,sinceequation2.14is only valid for perfecton-axiscorrection,i.e. aresidualphasermsof 0.
Since,in realityaswell assimulation,AO correctionis only partial,Strehlratiodecayis alwaysmuch
lessdramatic3 thanimplied by the

� �

� ����� pro�le. This factshouldbekept in mind whencomparing
� �

������� derivedisoplanaticanglesto Strehlratio estimationsin section3.3,effectively statingthatthe
theoreticallyderived

�

� placesa lower limit on theobservedvalues.
Continuingin thereconstructionprocess,theturbulencepro�le is enteredinto equation2.78in order
to obtainanestimateof theATF contribution to theoff-axis PSF. Multiplication of this ATF with the
on-axisOTF yieldstheresultsshown in �gure 2.20for a star12” away from theguidestar(marked
by a box in �gure 2.22). Althoughnot nearlyasperfectasfor theon-axiscase,thequality of there-
constructionis still verygoodwith residualslower than10%of thePSFsignal.Indeed,thedifference
in theradially averagedPSFis muchsmallerthanin thedirectionalcuts,emphasizingthe in�uence

3In fact, the actualdegradationof thecorrectionwith increasingdistanceto the guidestardependson a lot of factors
suchasthe turbulencepro�le, themodalbasissetused,systemperformanceetc. (Roddier, 1999)andcanin principlebe
foundby a thoroughexaminationof equation2.78.This topic,however, is beyondthescopeof this work.

Figure2.18: Comparisonof measured (solid) and reconstructed(dashed)PSFs. x-cut (top), y-cut (center),
andradial average (bottom)of theguidestar PSF(left) andOTF (right). Thedifferencebetweeneach pair of
curvesis alsoshown(dash-dotted).



42 CHAPTER2. TURBULENCEAND ADAPTIVE OPTICS

Figure2.19: �

	

�

���
�
-pro�le reconstructedfrom a simulatedSCIDARmeasurementwith thesameparameters

asthestar�eld simulation.

of thehigh-frequency “bumps”in thex- andy-direction,whichmightbedueto thelimited numberof
imageframesusedin thesimulation(leadingto a relative low SNRin termsof Specklenoise).This
high-frequency discrepancy is evenbettervisible in theOTF comparison.
Altogether, thereconstructionresultsfor boththeon-andoff-axiscaseareverysatisfactoryandshow
thepotentialof thetechnique.

2.4.4 Deconvolution and Photometry

Finally, thesimulatedimageis treatedthesamewayasin chapter1, this timeusingthelocally recon-
structedPSFsfor theCLEAN deconvolution. To accomplishthis, a quadraticgrid of reconstructed
PSFswasgenerated,extending20” in eachdirectionfrom theguidestarwith a spacingof 2”. Using
this, theimagewasCLEANedusingnearest-neighborPSFsfor thereduction,stoppingwhenthe�rst
imagepixel turnednegative. Theresultof thedeconvolution is shown in thebottomimageof �gure
2.22. In starkcontrastto the resultsof chapter1, this time the deconvolution successfullyretrieves
theoriginal stellarpattern(asin �gure 1.1, theshadedregionsaroundthestarsarea consequenceof
the �nite sizeof thedeconvolution PSFs;blackareasareregionswherethecleanalgorithmreduced
imageintensityto zero).
Performingaperturephotometryon the CLEANed imageclari�es the tremendousimpact of data
reductionwith a locally reconstructedPSF. Figure2.21shows thatthe�ux of thestarsrelative to the
�ux of theguidestaris now estimatedas

�

� 
��

� �

�

� �

.
The simulationshowed that PSFreconstructionworks in a controlledenvironmentandpromisesto
decisively increasetheaccuracy of measurementsperformedon stellarimages.In thesection34, the
resultsof animplementationof themethodsat theAO systemALFA will beexamined.
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Figure2.20: Comparsionof measuredand reconstructedPSFandOTF for a star 12” awayfrom theguide
star. Samelegendasin �gur e2.18.

Figure2.21:Resultof aperturephotometryondeconvolvedimage.
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Figure2.22:Long-exposure image of a simulatedstar �eld correctedby anadaptiveopticssystem,grayscale
is invertedfor bettervisibility. Horizontal and vertical distancesbetweenstars is 4 arcseconds(top). Same
imagedeconvolvedwith thelocally reconstructedPSF(bottom).



Chapter 3

Application to ALFA

While the last chapterlaid the theoreticalgroundwork of AO PSFreconstruction,this chapterwill
discussits implementationandmeasurementsusingtheAO systemALFA.
We startwith anoverview of thetechnicalspeci�cationsof theinstrumentsusedin theobservations.
Beginningwith ALFA, its optics,sensortypeandcontrolsystem,thenhaving a shortlook on thein-
fraredsciencecameraOmegaCass,the�rst sectionconcludeswith adescriptionof ImperialCollege's
SCIDAR system.
Theapplicationof PSFreconstructionto ALFA �rst requiresa meansto estimatesensorandmodal
noise; while this problemis solved for openloop, problemsremainin closedloop. A methodto
overcomethis limitation will beintroduced.
Subsequently, turbulenceparameterslike the Friedparameter, andthe isoplanaticangleasobtained
from ALFA/Omegameasurementsareviewedtogetherwith atmosphericturbulencepro�les measured
with SCIDAR, checkingthe consistency of both approachesaswell asto investigatethe character-
istics of the atmosphereabove Calar Alto. This stepto obtain

�
�

�
����� pro�les of the atmosphere

simultaneouslyto AO measurements,is necessaryfor off-axis PSFreconstruction.
Eventuallyall insightsgainedin the precedingsectionarebroughttogetherin order to presentthe
resultsof on- andoff-axis PSFreconstructionfor theALFA AO system,showing the feasibility and
accuracy achievablewith thissystem.
Finally, thereconstructedPSFsareusedto show thatoff-axis photometricaccuracy canbeconsider-
ably improvedfor AO imageswhenusinglocally estimatedimagingproperties.

3.1 SystemDescription

3.1.1 ALFA

ALFA is a pupil-conjugatedShack-HartmanntypeAO system,describedin greatdetail in Kasperet
al. (2000a)andGlindemannet al. (1997). It is in usesince1996,with its performancehaving since
improvedby carefuloptimizationof its wave-frontsensing(Kasper, 2000)andcontrol-system(Looze
etal., 1999).

Optics

Fig.3.1shows the main optical elementsof ALFA. The two main featuresarea conversionof the
default f/10 focusof thetelescopeto a f/24 focusby off-axisparaboloids,andre-imagingof thebeam
at the original Cassegrain focusposition. The beamfrom the telescopeis re�ected by a �at mirror

45
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that also serves for tip-tilt correction;after that, a f/10 paraboloidmirror re-imagesthe telescope
pupil on the DM, wherewave-front correctiontakes place. The collimatedbeamis thenre�ected
by a f/24 paraboloidmirror ontoan IR/Visible dichroicmirror thatdirectsinfraredlight backto the
originalfocuspositionandis mostlytransparentto visiblelight whichis usedfor wavefrontaberration
measurements.Onebig advantageof this designis that no part of the wavefront sensoropticslies
within the sciencelightpath, enablingALFA to be usedin pure active optics modefor very faint
targetsor observationsthatdo not requireAO correction.Additionally, it is possibleto remove both
the tip-tilt mirror and the beamsplitterfrom the lightpath,which meansthat the ALFA instrument
canstaymountedon the telescopewithout interferingwith otherscienceinstruments,which canbe
attachedto theALFA sciencecameramounting.

A CAD renderingof theALFA breadboardis availablein Fig.3.2.In additionto thealreadydescribed
components,theSHS,thetip-tilt sensor, theTV guider, thef/10 reference�ber, andaninterferometer
arevisible.

Thereference�ber is capableof transmittingpoint-sourcelike (with a diameterof about6" m) light
from eithera white light source(usedfor calibrationandalignment)or a HeNelaser(usedfor align-
ment),andcanberemotelymovedinto or outof thelightpath.Theinterferometerservesasamonitor
when�attening theDM or checkingthecorrectnessof modalshapeswhenappliedto themirror.

A TV guidercanalsobeenteredinto thebeamandis mostlyusedfor targetacquisition.With its FOV
of 4 arcminutes(asopposedto the40 secondsof arcwhene.g. usingOmegaCass),it allows to �nd
desiredtargetsevenif coordinatesareinsuf�ciently known or thetelescopeis mispointingstrongly.

TheSHSwill bediscussedin thenext paragraph;theseparatetip-tilt sensor, however, wasoriginally
necessaryfor LGS operationwith ALFA aswell asreducingdemandson theDM (seebelow). Since
it is not possibleto infer tip-tilt aberrationsfrom LGS observations,anadditionalNGSis neededto
retrieve this information.With thehelpof a �eld selectmirror, thatdivertslight into thetip-tilt sensor,
ALFA is capableof usinga differentstarfor tip-tilt thanfor high-ordersensing.Unfortunately, the
lasersubsystemof ALFA is no longeravailable,thereforethis capabilityhasbeenremoved in 2003
aswell. However, sincethetip-tilt aberrationsarethemodeswith thehighestvariancein atmospheric
turbulence,theseparationfrom thehigh-ordercorrectionsystemconsiderablyreducesthenecessary
stroke of theDM actuators,allowing theuseof aDM with asmalldynamicalrange.

97 Actuator
Deformable
Mirror

f/10 Paraboloid

f/24 Paraboloid

IR/Visible
Beamsplitter

Tip-tilt
Mirror

f/10 Focus

IR f/24 Focus

Figure3.1: Optical elementsof theALFA system.
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Figure3.2: CAD renderingof theALFA breadboard.
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Figure3.3: Theelementsof theALFA SHSsensor.

Shack-Hartmann Sensor

Fig. 3.3 shows thecomponentsof theALFA SHS,which wasbuilt by Adaptive OpticsAssociates,
Cambridge,USA. By meansof the�eld selectmirror, aguidestarup to 30” away from thetelescope
opticalaxiscanbeselectedasa corrective beacon;this is usefulfor theobservationof very extended
astronomicalobjectsaswell asfor mosaicingof NIR images.
The next elementin the light patharethe �eld stops,usedto limit the SHS�eld of view. This is
necessaryif anextendedlight sourceis usedasaguidestaror to selectonestarwithin adensecluster.
Themonolithicmicrolensmoduleis locatedat an imageof thetelescope's pupil plane.Themodule
consistsof a motorizedstage,with which the lensletarray, to be usedfor the wavefront analysis,
canbe selected.Originally, theALFA systemusedhexagonalmicrolensarrays,of which now only
thatwith thehighestnumberof subaperturesis still employed; theothertwo have beendiscardedin
favor of amuchsuperiorsetup,thekeystonedesign(KasperandHippler, 2003).Figure3.4shows the
microlensarrayscurrently in useat ALFA; the

�

�

�

hexagonalarray, mainly usedfor very bright
stars,theKeystone28(KS28)andtheKeystone7 (KS7)array;thethreelensletsaredepictedin �gure
3.4.Thebig advantageof theKS comparedto thehexagonaldesignlies in theKS perfectadaptionto
theannularshapeof thetelescopepupil; hence,all lensletsareequallyilluminated,leadingto similar
noisebehavior on eachof thegradientsobtainedwith theKS7 andKS28. Theselectionof thearray
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Keystone, 7 Subapertures € 1.17 m2 Hexagonal, 6 Subapertures € 1.18 m2

Keystone, 28 Subapertures € 0.29 m2 Hexagonal, 30 Subapertures € 0.26 m2

Figure3.4: Microlenscon�gurations.Hexagonal
��� �

(top right) and
�

�

�

(bottomright), keystone7 (top
left), andkeystone28 array (bottomleft). Theshadedregionsdepicttheilluminatedannulusof theCalar Alto
3.5mtelescope.

suitedfor a measurementdependsmainly on two factors:theFriedparameterandthebrightnessof
the guidestar. While, ideally, the sizeof the lensletsshouldbe on the orderof � � , a certainlevel
of illumination is needed,which sometimesdictatesthe useof the KS7, thusdegradingcorrection
performance.In this work, all measurementswereexclusively donewith the keystonedesign,the
KS28in thebrightstarcaseandtheKS7 for faint ones.

Theneutraldensity�lters areusedto darkenaverybrightguidestar, thatmight impairmeasurements
by saturationof theCCD pixelsor bright re�ectionsshowing up on theSHScamera.Imagingof the
spotpatternresultingfrom thelensletarrayis doneby therelaylens.

TheSHSCCDcamerausesa �

�

� �

�

pixel Lincoln LabsCCD(LLCCD) with amaximumframerate
of 1206Hz. Its read-outnoiseis about4 electrons. As canbe seenfrom �gure 3.5, its quantum
ef�ciency is highestbetween600 and 700 nm, whereit exceeds80% . For this reason,a center
wavelengthof 650nmis assumedin thecalculationof thesubsequentsections(this in�uencesscaling
of � � estimatesandmodalvariancesto the sciencecameraobservingwavelength). Also shown in
�gure 3.5 is thequantumef�ciency of theCCD (EEV39)usedin theseparatetip-tilt system.As can
beseen,its maximumsensitivity region lies between500and600nm, suggestingto use550nm as
thetip-tilt measurementwavelengthfor scalingpurposes;notethat,sincetip-tilt valuesarenot used
for Friedparameterestimation1, thedifferencehasno consequenceson theestimationalgorithmfor

� � (seesection2.3).For PSFreconstruction,however, it hasto betakeninto accountby scalingtip-tilt
variancesdifferentlythanvariancesof thehighermodes.

1Dueto theouterscale,tip-tilt variancesdonot follow Kolmogorov statistics(seealsochapter2.2)
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Figure3.5: Quantumef�ciency of theSHSCCDandthetip-tilt CCD.

Deformable Mirr or

ALFA's DM is a 97 ceramicpiezoactuatorcontinuous-sheetmirror manufacturedby Xinetic Inc.,
USA. It is capableof delivering an inter-actuatorstroke of up to 2 " m with eachactuatorreaches
its commandedpositionwithin 0.2 ms. As thepiezosarearrangedon an11 � 11 grid, the telescope
pupil is suf�ciently sampledto accuratelyreproducepolynomialsup to the 6th radial order, which
includesthe �rst 28 ZernikesandKarhunen-Loeve functions(Kasper, 2000). It hasbeenfoundthat
theinteractionbetweentwo neighboringactuatorsis below 10%(Wirth etal., 1998).

The linear operationrangeof the piezoslies between-35 and -105 Volts. If the samevoltageis
appliedto all actuators,the rms aberrationof the re�ected wave is about600nm. Sincethis would
considerablyreducetheperformanceof thesystem,aninterferometeris usedto �atten theDM during
the calibrationprocess;this procedureis fully automatedandregularly deliversa mirror �atnessof
around60nmrms(about ' �

���

rmsof themeasurementwavelength).

Anotherpotentialperformancehazardis piezohysteresis,whichhasalsobeenfoundto beverysmall
(Kasper, 2000). TheDM is, however, sensitive to temperaturechanges,occasionallyrequiringa re-
�attening if thetemperaturechangessubstantiallyduringanobservationnight.

ThePSFreconstructionprocessneedsanaccurateknowledgeof themodalsetdependentquantities
� ��� and � ��� introducedin section3.3. Thesecoef�cients arequitesensitive to deviationsof theactual
mirror shapefrom the theoreticalvaluesof themodes.To assessthequality of therepresentationof
KL modesby theDM, interferometricimagesof themirror surfaceweretaken. Figure3.6 shows a
comparisonof themirror shapeto thecalculatedmodalshapefor two exemplarymodes.To account
for deviationsof the DM from �atness, two measurementsat differentmodalstrengthsweretaken
for eachmodeandsubsequentlysubtracted.As canbe seenfrom the �gure, theDM representsthe
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Theoretical DeformableMirror

KL7

KL20

Figure3.6: Comparisonof calculated(left column)andmeasured(right column)shapeof theKL functionsof
order7 (top)and20(bottom).TheDM imagesarenotde-rotatedin orderto highlightthedifferencebetweenthe
KL7 moderealizations.Bumpson theKL20DM modeare causedbynon-linearresponsesof singleactuators.

KL modesvery well2. In fact, if the imagesarede-rotatedandsubtracted,one�nds anaveragerms
of about60-170nm for the �rst 30 KL modes,correspondingto a phaserms of an orderof 0.03-
0.08 for K-bandimaging,small comparedto the usualresidualmodalaberrationsafter correction.
Nevertheless,the � ��� and � � � coef�cients usedin sections3.4 and3.5 werecalculatednumerically
from theDM measurementsratherthanusingtheir theoreticalvalues.

Control System

Someof thepropertiesof theALFA controlsystemhave alreadybeenintroducedin section2.2 (cf.
�gure 2.15). It is implementedon a VME-Bus basedreal-timecomputersystemrunningVxWorks.
The necessarymatrix operations,suchas centroiding,modal reconstructionand control are done
on � ve interconnecteddigital signalprocessor(DSP)boards,containingfour DSPchipseach. The
calculationsaredistributed betweenthoseprocessorsto speedup computation.Additionally, each
boardhasaRAM capacityof up to 8 MBytes,whereintermediateinformationcanbestoredfor later
processing;themostimportantdatastorablearethegradients,sincethey containall the information
necessaryto carryoutthePSFreconstructionprocess(seealsosection3.4).For atypicalALFA setup,
i.e. 27 modescorrectedusingmeasurementswith theKS28arrayat 300Hz, about80 secondsworth
of gradientscanberecorded.Unfortunately, theloophasthento bestoppedto retrieve thedata;since
all I/O portsof thegradientprocessingboardarealreadytaken,relayinggradientdatato anotherplace
in the systemis alsonot easilypossibleandwould requirea redesignof the modalcontrol system.

2Therotationbetweenthetheoreticalandmeasuredmodesis constantat54degrees;it is aconsequenceof theorientation
of theinterferometerrelative to theDM andhasno in�uence on theaccuracy of themodalrepresentation.
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In any futureupgradeof ALFA, this problemshouldbeaddressedto allow for longeruninterrupted
observationswhile retainingthePSFreconstructionability.
The implementationis capableof projectingup to 50 wavefront controlmodeswithin 833 " s, thus
allowing a maximumloop frequency of 1206Hz. This, however, is hardlyusedsincea very bright
guidestarwouldberequiredto achieve acceptableSNRontheSHSfor thisshortanintegrationtime.
Up to andincluding300Hz, thecontrolalgorithmis thatof a PI controller, beyondthis frequency, a
LQG or optimizedcontrolalgorithmis usedinstead(Loozeetal., 1999).
TheVME/VxWorkssystemis connectedto workstationsrunningthegraphicaluserinterface(GUI)
via ethernet;this GUI is alsousedto controlthemotorizedstageson theALFA breadboard,which in
turn receive their commandsfrom theVME systemvia anRS-232link. A completepresentationof
theALFA computersystemcanbefoundin Hippleretal. (1998).

Calibration and Setup

Beforeeachobservingrun,acalibrationof theALFA systemhasto becarriedout. Its maingoalis to
establishtherelationbetweentheDM controlmodesandtheSHS.In principle,analyticallyderived
relationshipscould alsobe used,but thesewould be very sensitive to deviations from the nominal
alignmentof DM andSHS,aswell asthe differencebetweentheoreticalKL shapeandactualDM
shape3. Thecalibrationandsetupprocessconsistsof thefollowing steps:

1. Reference:First, thereferencepositionsof thesublensletspotson theSHShave to bede�ned.
For this purpose,after �attening the DM, the white light reference�ber is positionedat the
f/10 focusandimagedby theSHSaswell asthesciencecamera.Thelatterimageis thenused
to eradicatestaticaberrationsoccurringin the non-commonpathafter the IR/visible dichroic
by applyingfractionsof correctionmodesuntil theStrehlratio of the �ber imageis satisfying
(usuallya Strehlratio of

�

90%is desired).If this aim is reached,thepositionsof thespotson
theSHSCCDaresavedasreferencepositions.

2. Identi�cation of Control Modes: Now, all of thechosencontrolmodesareappliedto theDM
sequentiallywith a unit modalcoef�cient (

�

� �

�

�

�

) andthe correspondinggradientvectors
�

�

� calculated.Arranging thesevectorsin columnsgives the interactionmatrix � . With the
assumptionof a linear relationshipbetweenDM shapesand SHS measurements,the modal
decompositionof anarbitrarycombinationof thecontrolmodesis thengivenby

�

�

���

�

�

$

(3.1)

where �

�

is the vector of modal coef�cients. This equationcorrespondsto equation2.46 in
section2.2,sothatall resultsderivedtherearevalid in thecontext of ALFA.

3. Reconstruction: With � known, thenext stepis thecalculationof a linearreconstructorsuch
that

�

�

�

���

�

�

� (3.2)

This subjectwasalreadydiscussedat somelengthin section2.2. Althoughtestswith a MAP
estimatorhavebeensuccessfullyperformedat theALFA system(Kasper, 2000),usuallytheLS
estimator

� �
�

�
�

�

�

���

�
� (3.3)

3Dependingonhow unevennessis distributedon the“�at” mirror, thesedifferencesvary from calibrationto calibration.
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Figure3.7: ALFA andOmegaCassmountedat theCassegrain Focusof theCalar Alto 3.5m telescope.

is used.In thiscase,cross-talklimits thenumberof correctablemodesto about30for theKS28
andthe7 � 7 hexagonalarray.

4. Compensation:Thelaststepis choosingthecontrolparametersusedin closed-loopoperation;
thismainly concernsthetypeof centroidingalgorithm,theloop frequency, andgain.

After this procedure,the systemis readyfor observation. A numberof quantitiesis saved during
thecalibrationprocesswhich areimportantfor thePSFreconstruction,mostnotablythe interaction
matrix � andthe�ber PSF, from which the

�

�
� � � partof thesystemOTF canbecalculated.

3.1.2 OmegaCass

All starimagespresentedin this work weretakenusingtheOmegaCassnearinfrared(NIR) camera
(Lenzenetal.,1998).It coversawavelengthrangeof 1-2.5 " m with a1024� 1024RockwellHAWAII
array. At thetelescopethecamerais directly mountedbeneaththeALFA breadboard(thecylindrical
tubein �gure 3.7). TheOmegaCasscamerahasbeenspeci�cally designedto beusedtogetherwith
theALFA AO system.Apart from directimaging,it offersthefollowing observationalmodes:

� Polarimetryusingeitherwire gridsor Wollastonprisms,

� Long-SlitSpectroscopywith different slit sizesandgrismsof spectralresolutionsfrom 500-
1000,

� andCoronographywith exchangeablemasks.

All of theseobservingmodescanbecontrolledandchangedremotely, ascananumberof broadband
(J,H,K,K') andnarrow-band�lters (e.g.Br � , FeI I(1.644)etc.).
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Figure3.8: TheImperialCollegeSCIDARinstrumentmountedat theCalar Alto 1.23mtelescope.

Whenoperatedwith ALFA, exchangeablef/25 opticsareused,deliveringanimageplanepixel reso-
lution of 120,80,and40mas.FromAugust2000to early2002,however, mechanicalproblemsof the
opticswheelmadeit impossibleto changethe imageplaneresolutionof thecamera,which wasfor
this periodof time �x edat 80 mas.This resolutiononly just samplesthediffraction limited FWHM
of thesystemin K-bandandhadto beusedfor all measurementspresentedin this work. As will be
seenin section3.4 this limitation considerablycomplicatesthedirectcomparisonof reconstructedto
measuredPSFs,sincetheexactlocationof thePSFpeakwith respectto theimaginggrid is unknown
for eachimage.

3.1.3 Imperial CollegeSCIDAR System

The SCIDAR instrumentusedfor turbulencemeasurementswassuppliedandoperatedby Imperial
College's Applied Opticsgroupat theCalarAlto 1.23m telescope.Figure3.8shows theinstrument
attachedat theCassegrainfocus.Theworkingprincipleof SCIDAR wasalreadydiscussedin section
2.1. Its actualsetupis remarkablysimple; as indicatedin the �gure it consistsof a shutter/mirror
combinationthatredirectsthefocusto a TV camerausedfor positioning,a lenswheelwhich setsthe
conjugate“depth” of theobservationplane,andanintensi�er/CCDcameracombinationusedfor the
measurements.Not shown in theimageis anaccompanying electronicsrack.
Thesimplicity of theinstrumentmakesit very transportableandit hasbeenusedatvarioustelescopes
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aroundtheworld; but thisadvantageis alsooneof its biggestdrawbacks:on-sitecalibrationis avery
lengthyprocess,which in thecaseof our measurementsrequiredseveralhoursat daytimeandnearly
a full observingnight. As soonasthis calibrationis done,observationscanbe carriedout without
muchrealignment.Theusualgoal is to sampletheapertureplaneof thetelescopeat around0.01m
perpixel, asizethatis adaptedto thetypical sizeof scintillationspeckleson thepupil.
In its default mode,the imageof thepupil planeis sampledat a frequency of 383Hz with exposure
timesof just about1 ms; theshortexposuretimesarenecessary, sincetherelaxationtime of scintil-
lation patternsis not muchlongerthana few milliseconds(castingdoubton the Taylor frozen�o w
hypothesis(Saint-JacquesandBaldwin,2000)).
Dueto thehighsamplingfrequency, thesystemproducesa tremendousamountof datawhich cannot
beprocessedin real-time;rather, thepupil planeimagesarerelayedto a workstationandwritten on
a DAT tapefor laterprocessing.Hence,aseachSCIDAR pro�le is derivedfrom a 2048imageblock
covering approximately5 seconds,and breaksbetweenindividual shotsabout the sameduration,
severaltensof gigabyteshave to bestoredduringa typicalobservationnight.
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3.2 Noiseestimation in open-and closed-loopoperation

While thedeterminationof mostof thecovariancematricesneededfor PSFreconstructionfrom WFS
datais suf�ciently straightforward, theretrieval of thenoisecovariancematrix �

�

�

�

�

�

"

is themost
demandingtask in applying the PUEO (Veranet al., 1997) methodto SHS type systems. In the
caseof curvaturesystems,thenoisecanbe directly derived from the intensitymeasurementsin the
subapertures.While this in principle is alsopossiblein a SHSsetup,it is muchharderor outright
impossibleto implement;unfortunately, intensitiesaremeasuredat themostbusypartof thecontrol
system:thecentroidingsection,whereany additionaltasks(like noisedetermination)would increase
the alreadydemandingconstraintson computationalload at this stage.Therefore,it is desirableto
�nd indirectmethodsof noiseestimation;aswill beseen,this is ratherunproblematicfor open-loop
measurements,but signalmodi�cationsintroducedby theclosed-loopsystemposearestrictiononthe
useof thismethod.

3.2.1 Open-loopnoiseestimation

Open-loopnoiseestimationcanbedonein severalwaysif thegradientsignalof eachsubapertureis
recorded.Thenoiselevel is thenderivableby

1. identi�cation of unlikely gradientcon�gurationsassuminga speci�c turbulencemodel(Gen-
dronandLena,1994),which,however, deliversonly a globalnoiseestimateaveragedover the
wholetelescopepupil,

2. a �t to thenoise�oor in thePSDof anindividual gradientsignal(HarderandChelli, 2000),

3. ananalysisof theauto-covarianceof agradientsignal(GendronandLena,1995).

Figure3.9: Auto-covarianceof a gradientssignal;noiseandsignalcontributionsare indicated.
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Sincedifferentsubapertureshavedifferentnoiselevels,method1 is unsuitablefor PSFreconstruction;
method2 is ableto �nd thesedifferences,but operatesin Fourierspace,makingareal-timeimplemen-
tationimpossible,sincedatawouldfor adurationof timehaveonly to becollected(low computational
load)but thenFourier-transformedand�tted almostinstantaneously(highcomputationalload).Addi-
tionally, usingthePSDis affectedby theproblemsof calculatingFouriertransformson�nite duration
signals.This leavesmethod3, which deliverssubaperturenoiseaswell andcanbe implementedin
real-time(seebelow).

Principle and results

Method3 restson the assumptionthat the signalcanbe interpretedasa superpositionof two com-
ponents:a slowly decorrelatingatmosphericsignal, causedby the currentmodal con�guration of
turbulencein thepupil plane,anduncorrelatednoise,acombinationof photonnoise,sky background
noiseandreadoutnoise;thecentrallimit theoremmakesGaussiannoisea sensibleapproximationto
thetypeof noiseinvolved.Now, sincetheauto-covariancefunctionof whitenoiseconsistsof aDirac
peakatatimelagof zero,andtheatmosphericsignaldecorrelatessmoothly, thesignalauto-covariance
looksasdepictedin Figure3.9.GendronandLena(1995)showedthattheatmosphericsignalcloseto

Figure3.10: Parabola�tted to the�r st 4 laggedpointsof a gradientauto-covariancefunction;noisevalueis
indicated.

theorigin of theauto-covariancedecayswith �

�

�

�

; sincethemaximumof this auto-covarianceis also
at time lagzero,linearcontributionscanberuledoutandit is suf�cient to �t a functionof theform
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�

�

�

�

�

�

�

(3.4)

to the �rst few points of the auto-covariance,where
�

denotesthe time lag. If � �

�

�

� denotesthe
auto-covariancefunctionof the � th gradient,its estimatednoisevarianceis thensimplygivenby
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� (3.5)
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Figure3.11:Estimatednoiseon thesubaperturesof theKS28arrayof ALFA.

Additionally, thenoiseatdifferentsubaperturescanalsoberegardedasuncorrelated,sothat

�

�
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�
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�
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�

�

�

�

� (3.6)

is thedesiredestimateof thenoisecovariancematrix. Figure3.10shows thealgorithmin action;as
is clearlyvisible,a relatively good�t is obtainedwith only 4 pointsused;in fact,�tting to morethan
5 or 6 pointsis dangerous,ascanbe seenin Figure3.9, wheretheauto-covariancefunctioncurves
away from theparabolashapequitesoon,startingat a time lagof about20 ms.
Applying the methoddescribedabove to a setof ALFA gradientmeasurementsrecordedusingthe
KS28arrayandasamplingfrequency of

�
�
�

Hz yieldstheresultsshown in Figure3.11;thegradients
noiseis plottedfor thex- andy-directionsalternatingly. Otherthanthesystematicdifferencesbetween
horizontalandvertical noisevariance,the actualmagnitudeof noiseis not very differentbetween
subapertures,which is a consequenceof theuniform illumination exploitedby thekeystonedesign.
Therearetwo possibleexplanationsfor thesystematicallyhighernoisein x-Gradients:eitheracoma
aberrationwithin thesensoroptics(invisible for thecorrectionsinceit would alsobepresentduring
calibration)and/orCCDchargetransferinef�ciency, causedby asmearingof chargeby thefastread-
out registerin thex-direction(Kasper, 2000).

Checking the algorithm' s consistency

In order to checkthe accuracy and the consistency of the noiseestimation,the following testwas
carriedout: recordedgradientmeasurementswerecut into two piecesof equallengthandthenoise
estimatedindependentlyon both parts. In total, 14 (open-loop)measurements,consistingof 18000
samplesper gradienteach,were usedfor the calculation; the datawas collectedusing the KS28
arrayagain,but different illumination levels wereused. Figure3.12 shows the results. Eachpoint
representsapairof noiseestimationsobtainedfrom the�rst andsecondpartof agradienttimeseries,
plottedagainsteachother; the straightline indicatesthe locationof noiseratiosof one. The plot
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Figure3.12: Comparisonof noisevarianceestimationsfromsubsamples;thedashedline indicatesa ratio of
1. Thehistogramof observedratiostogetherwith a �tted Gaussianis depictedin theinset.

only seeminglyimplies higher estimationinaccuracy at higher noiselevels, sincethe higher base
valueexaggeratesthedistancefrom thecenterline;actualestimationaccuracy is estimatedfrom the
histogramof noiseestimationratiosobtained.Thesubplotin Figure3.12shows thishistogramwith a
�tted Gaussian,which impliesaone � distribution of around

�

�

�

� , meaningthatonaverageestimates
areconsistentwithin 8 percent.

Real time implementation

As alreadymentionedin chapter3.1, the setupof the ALFA control systemlimits the numberof
recordablegradients.After this limit is reached,theloop hasto bestoppedandthedatadownloaded.
This of coursemakescontinuousmeasurementsimpossibleand leadsto considerabledelayswhen
adjustingtheloop to atmosphericconditions.Thereforeit would behighly desirableto eitherreduce
theamountof datato be recordedor, if onlineadjustmentsarenecessary, even performonline data
analysiswith thelowestcomputationalloadpossible.Thenoiseestimationprocessis partedinto two
tasks,oneto becarriedout at eachtimestep,theotheraftera given numberof samplesis acquired.
Theauto-covarianceat lag � of adiscretetime seriesof length � is givenby
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wherethe �

� arethemeasuredvaluesat time step� and
�

� is themeanof theseries.Theoretically, the
meanof a gradientis zero,but trackingerrorsor a drift in thetip-tilt systemoftenintroducea slight
bias,soit is wisenot to dropit for thecalculation.Expandingequation3.7gives

�

�

�

�

#

�

�

�

�

��� �

�

�

�

�

�

�

�

� �



�

�

�

�
�

�

��� �

�

���

�

$

(3.8)
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wheretheapproximationwasdonein neglectingthe in�uence of “cutting” of theseriesat � on the
meanvalue.With this formulationthealgorithmis clear:

1. Decideonanumber� of timestepsusedfor anindividualnoiseestimationandanumber�

�


 �

of lagsusedfor it (asseenabove,4 areusuallysuf�cient).

2. For eachgradient,initialize memoryto store
�

�

�

�

,
�

�

�

�

�

�

� for each� , andregistersto store
thepast� valuesof thegradient

3. Repeatuntil � timestepsarereached:Updatethesumsandthepastvalues

4. For each � , calculatethe auto-covarianceaccordingto Equation3.8 using the sumsand � ,
storetheresults,clearmemoryandstartoverat step2.

If e.g.a maximumlagof
�

andasamplesizeof �

�
�
�

areselected,thememoryrequiredfor informa-
tion storageis reducedby a factorof

�




�
�

. Note that thestoredvaluefor � �

�

is thevarianceof
themeasuredgradients,henceall dataneededfor thecalculationof � � accordingto equation2.57is
deliveredby thisalgorithm.Unfortunately, thisalgorithmcannotbeimplementedinto theALFA sys-
tem,sinceit is impossibleto accessgradientmeasurementsatotherplacesthanthecentroidingcontrol
board;calculatingin thecontrolboard,on theotherhand,is prohibitedby computationaldemands.
This limitation will beaddressedin futureupdatesof thesystem.

3.2.2 Closed-loopnoiseestimation

Thenoiseestimationusedin thepreceedingsectionrestedontheassumptionthatnoisein subsequent
measurementsis uncorrelated.While true in open-loop,this requirementis not met in closed-loop;
noiseis consideredpart of the measurementby the control systemandhasthereforeconsequences
on the shapeof the DM. This feedbacksubsequentlycausestemporalcorrelationsin the noiseof a
subaperture.
To illustratethis behavior, a pure

Figure3.13: Effect of closed-loopcontrol on noisecorrelation. In-
put signal (asteriskand solid line), outputsignalsfor loop delayof 1
(trianglesanddashedline) and2 (diamondsanddottedline).

noisesignal was fed into a sim-
ulationof theALFA control sys-
tem(seeAppendixC); theresponse
for loop delaysof one and two
timestepsisshown in Figure3.13.
It is clearlyvisiblethattheassump-
tionof uncorrelatednoisedoesnot
holdanymore.Thismakestheap-
plication of the parabolamethod
for noiseestimationdangerous,es-
peciallysincethenear-origin pro-
portionalityof theauto-covariance
function to �

�

�

�

is not necessarily
truein closed-loop.Kasper(2000)
proposedto useonly the differ-
enceof the�rst two valuesof the
auto-covariance,

�

� � # �

�

�

�

�

�

�

�

�

asanestimateof noise.While thatpreventsthepotentialmis�tting of a parabola,it introducesa sys-
tematicerror dependingon the behavior of the underlyingsignal,and the autocorrelationfunction
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of the measurementnoise. A small modi�cation of this approach(subsequentlycalled the direct
differencemethod), however, canconsiderablyimprove the accuracy of closed-loopgradientnoise
estimations.Thismodi�cation looksasfollows
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(3.9)

where
� �

� �

+ is the loop delayin cycles4. This approximationwasfound during an ARMA analysis
(Hamilton,1994)of gradienttime series,andbecomesclearif it is assumedthata gradientsignal �

�

at time
�

canbedescribedby
�

�

� � �

�

���

�

�

�

$

(3.10)

where�

�

denotesthenoisecontribution at time
�

, and � is a constantdescribingthein�uence of past
measurementson themomentaryone. Of course,� is looselyrelatedto the loop gain,but theexact
relationdependsontheactualimplementationof thecontrolsystem.Since,in closedloop � �

"

�

�

,
theauto-covarianceis givenby
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(3.11)

UsingEquation3.10,this canbeexpandedto
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Sincenoisewill only becorrelatedata lag ���

�

in thisequation,it is possibleto write
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(3.13)
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Isolating � in thesecondequationandputtingit into the�rst thenresultsin
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This is alreadynearly identical to equation3.9 for
0

�

�

, save the factorof 2 in the denominator;
originally, this factorwasfoundempirically, but it canbe mathematicallyfoundedby the following
argumentation:strictly speaking,equation3.10doesnot operateon theindividual x- andy-gradients
of a subaperture,but on thegradientsubvector �

�

� of the � th lensletspot5,
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(3.16)

wherethenoisevectoris takenfrom aradiallysymmetricGaussiandistribution with avarianceof �

�

� .
Partingthis equationto its individual componentsgivestwo equationsof type3.10with noiseterms
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. Themagnitudeof thenoise,however, is not equalto �
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� but hasto becalculatedasthe
x/y-directionalexpectationvaluegiventheradialdistribution:
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(3.17)

4Roundedto thenearestinteger.
5In a modalcontrolsystem,thecontrolloop effectively shortensthedisplacementvectorpresentin eachsubaperture.
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Figure3.14:Assessmentof noiseestimationaccuracyfor thedirectdifference(left) andtheweighteddifference
approach (right) for loop delaysof onecycle(top)andtwo cycles(bottom).

andlikewisefor �

�

� . Thismeans,thatfor equation3.10to bevalid onanindividualdirection,thenoise
contribution hasto bemultipliedby

�


 , leadingto thedesiredfactorof 2.
Furthermore,the methodcanbe generalizedto higher loop delays: the �rst term is just the direct
differencemethodvalue,with thesecondtermtakingtheroleof acorrective factor, thatestimatesthe
in�uenceof thenoisefeedbackonthedecayof theauto-covariancefunction,resultingin equation3.9
(subsequentlycalledtheweighteddifferencemethod).
A simulationwas usedto comparethe noiseestimationaccuracy of the direct differenceand the
weighteddifferenceapproaches.A recordedopen-loopgradient�le with a very low noiselevel was
augmentedwith pureGaussiannoiseof increasingmagnitude;themodi�ed gradient�le wasthenused
asinput to aALFA closed-loopsimulation,usingthecorrespondinginteractionmatrixobtainedfrom
theALFA observingrun. Theclosed-loopgradientsforming theoutputof thesimulationwerethen
subjectedto the two differentnoiseestimationapproaches.Figure3.14shows a comparisonof the
resultsfor loopdelaysof 1 and2 cycles.Thereis acleartendency of noiseoverestimationin thedirect
differenceapproach,bestvisible at high noiselevels; the result is an averageoverestimationof the
noiseactuallypresentby about9%. Althoughtheweighteddifferencemethodshows a higherspread
of estimatesat high noise,the noisefound is on averageonly 1.1%lower thanthe expectedvalue,
clearlyabig improvementover thedirectdifferencemethod.Thedifferencesarelesspronouncedfor
a loop delayof 2, with the�rst methodoverestimatingat anaverageof 3.8%andthenew methodby
1.0%.
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Figure3.15: Comparisonof noisevarianceestimationsfromsubsamples;thedashedline indicatesa ratio of
1. Thehistogramof observedratiostogetherwith a �tted Gaussianis depictedin theinset.

It shouldbe notedthat the weighteddifferenceapproachis not suitablefor loop delayshigherthan
2, wherethedirectdifferencedeliversbetterresults.This, however, is not a strongrestriction,since
high loop delaysdo only appearat veryhigh correctionfrequencies(atabout600Hz for ALFA). For
futuresystems,adelayof closeto 1 is expectedto betheruleratherthantheexception,sincehardware
speedsof DSPsareconstantlyincreasing.

Estimation Consistencyand Real-Time Implementation

Finally, a similar consistency checkasfor the open-loopcasewascarried(see�gure 3.15 out and
againfoundthevaluesfrom thesub-seriesto beconsistentwithin 8%.
A big advantageof thepresentedmethodis the fact that the real-timeimplementationpresentedfor
theopen-loopdatacanalsobeusedwithoutchanges.Theknowledgeof the�rst threeautocorrelation
coef�cients of eachgradientis suf�cient to reliablyestimatethenoiselevelsin closed-loopoperation.
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3.3 Obtaining atmosphericparameters

Theperformanceof anAO systemis stronglyin�uencedby themomentarycon�gurationof theatmo-
sphericturbulenceparameters� � , and

�

� . It is thereforehighly desirableto achieveaccurateestimates
of thesequantities,which canbeusedto optimizethesettingsof theAO's adjustableparametersor
helpin theinterpretationof scienti�c dataobtainedusingtheAO.
This sectiondealswith measurementsof atmosphericparametersobtainedby SCIDAR and from
simultaneousobservationswith ALFA/OmegaCass,addressingthefollowing questions:

� shapeof a typicalCalarAlto turbulencepro�le
� �

� ���	�

� temporalstabilityof boththeFriedparameter� � andtheisoplanaticangle
�

� ,

� andtheconsistency andreliability of parameterestimatesfrom open-andclosed-loopcontrol
systemdata.

Furthermore,the knowledgeof the
� �

� ���	� pro�les is essentialfor off-axis PSFreconstruction,as
discussedin chapter2.3. The resultsof this sectionhave beenpartially publishedin (Weiß et al.,
2002a)and(Weißetal., 2002b).

3.3.1 Measurementsand Data reduction

As describedin Chapter2, SCIDAR observationshaveto bedoneonbrightvisualbinaries.Tables3.1
and3.2 give theessentialdataon thestarsusedfor themeasurementspresentedhere. Note that the

ObjectName RA Dec �

�

�

�

��� � � [“] �

� [m]

� Del 20:46:39.2 +16:07:27.0 4.76 1.13 9.6 186
95Her 18:01:29.9 +21:35:42.5 4.3 0.1 6.6 284

Table3.1: Binariesusedfor SCIDAR atmosphericpro�ling

vertical resolutionof SCIDAR measurementsis relatedto theangularseparation� � of thebinary's
componentsandthepixel sampling

0

� in theSCIDAR analysisplaneby �

�

�

0

� ��� � . OnAugust31,

ObjectName GuideStar RA Dec � � Exp. time [s] Filter

� Del HD 197963 20:46:38.9 +16:07:26.9 5.14 1.00 K+Br �

IC 1396 HD 206267 21:38:57.6 +57:29:30.5 5.83 0.84 K

Table3.2: Guidestarsusedfor ALFA/OmegaCassmeasurements

2000,bothinstrumentswerepointedto thesametargetduringall observationsof 95Herand � Del; on
September1, 2000,however, SCIDAR measurementswerecarriedout on � Del while ALFA/Omega
Cassobserved the openclusterIC 1396,about40 degreesaway from the SCIDAR binary, in order
to checkfor possibledependenciesof atmosphericparameterson the viewing direction. Elevation
anglesfor bothobjects,however, werenearlyidentical.
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SCIDAR Data

The datareductionprocessfor SCIDAR databasicallyfollowed the lines alreadyexplainedin sec-
tion 2.1. Eachof themeasurementsconsistsof 2048pupil imagesrecordedat a temporalsampling
frequency of 383Hz, whichwereusedto calculatethemean-normalizedauto-covarianceof thescin-
tillation in theSCIDAR analysisplane.With thehelpof SCAVENGER (seeappendixB) a pro�le ac-
cordingto equation2.28wasextractedandtheinverseproblemof equation2.29solvedby conjugate
gradientsin orderto obtainanestimateof themomentary

� �

� ����� -pro�le; this pro�le wasthenscaled
to thezenithdirectionfrom theactualbinaryelevation. With this result,estimatesof theatmospheric
parameterswerecalculatedusingequation2.7for � � andequation2.13for

�

� .
Of courseSCIDAR measurementsare affectedby noise,mostnotably by a samplingerror in the
observationplaneandphotonnoiseampli�ed by theintensi�er. While thephotonnoiseis quitesmall
for agivendistancerange(Prieuretal.,2001),thesamplingerroronewasfoundto beof signi�cance.
Thesamplinggoalof theusedsetupwas

0

� �

�

�

� �

m/pixel on theSCIDAR camera.Measuringthe
sizeof thepupil imagefor severalpartsof a singlerun revealeda variationon theorderof aboutone
pixel, giving

0

�

 �

�


�� �

�

�

� ��� � � �

�

�
�
� �

m/pixel, effectively constitutinga heightsamplingerror.
This error might be causedby vibrationsor �e xure of the SCIDAR instrument;although,at about
1%, it seemsrelatively small,it translatesto anerrorof around5% in thedeterminationof � � and

�

�

from
�

�

� ���	� pro�les throughuncertaintiesin theknowledgeof
0

� . Finally, thecontribution of errors
in thesolutionof theinverseproblemwastaken into accountby assigningthenoiseestimatesof the
conjugategradientinversionprocessto eachpoint in the

�
�

�
���	� pro�le.

OmegaCassData

OmegaCassimagesof � DelphiniandIC 1396wereusedto estimate� � and
�

� usingthecon�guration
aslistedin table3.2.
By measuringtheFWHM of eachbright starin the�eld of view of open-loopimages(two for � Del,
four for IC 1396) � � wasobtainedusing

�

� � �(' ���������

$

(3.18)

with theerrorestimatedby theFriedparameterdifferencesbetweenthestars.Additionally, 15 single
exposuresrespectively, spreadingovera timeof approximately25secondsdueto readoutdelay, were
takenfrom asetof 60 imagestotal to exposeapossibletimedependenceof � � .
Theisoplanaticanglewasestimatedfrom closed-loopimagesby asimilarprocedure,determiningthe
Strehlratio � of eachstar(againtwo for � Del but this time only three6 for IC 1396),and�tting the
resultsto

�

�

�
� �

�
1

�
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� �

� �

4

���"!

�

$

(3.19)

where � � is thedistanceof the � th starfrom theguidestar, � � its Strehlratio,and � � theStrehlratio
of theguidestar; theestimationerror is naturallygiven by the �tting error. Note that thereis some
debateonthevalueof theexponentin thisequation,with atheoreticalvalueof

�

�
� for perfecton-axis
correction.For low-ordercorrection,however, Roddier(1999)arguedthat

�

�

 shouldbeusedwith
theexactvaluedependingon thenumberandtypeof correctedmodes.

6Theguidestarwasoverexposedandthusnotusable.
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Loop Data

Gradientswererecordedin bothopen-andclosed-loopimagingmode.In all cases,theKS28arrayand
asamplingfrequency of 300Hz wasused,with aclosed-loopgainsettingof 0.5onthe�rst dayand0.4
(dueto worseseeing)on thesecond.Thus,the18000gradientsetsin eachmeasurementcorrespond
to 60 secondsof observation.Open-loopdatawasstraightforwardly processedby estimatingnoiseas
describedin thepreviouschapterandusingequation2.57,while closed-loopdatawas�rst subjected
to theALFA loop simulationto obtainthevariancesof themirror modes,with noiseestimatedfrom
the gradientswith the weighteddifferencemethod. With this information, � � was then estimated
accordingto equation2.74.

3.3.2 Survey of SCIDAR Measurements

The measurementspresentedherearefrom two 50 minutesectionsof the August31 (subsequently
Day 1) andSeptember1, 2000(Day 2) measurements;they wereselectedsincethey offer a fairly
continuouscoverageof thisperiodof time,wererecordedin generalizedSCIDAR mode(makingthe
groundlayervisible)andcoincidedwith gradientmeasurementsat theALFA system.

Overview

Figure3.16shows asurvey of theselectedSCIDAR resultsof August31,2000.Thecenterplot gives
thecolor-coded

�
�

�����	� pro�les over time,while thetopandbottomplotsshow thevaluesof theFried
parameter� � at 500nm andthe isoplanaticangle

�

� at 2.2 " m, asderived from thepro�les. Seeing
conditionsduringthemeasurementwereexcellentwith 0.6” FWHM in V-Band.Thesamequantities
on September1, 2000areshown in �gure 3.17; on this day, the seeingwasmoretypical for Calar
Alto with anFWHM of 1.1” in V-Band.
The structureof turbulenceon both daysshows a strongdominationof the groundlayer. This is
expected,sincethe thermalinteractionof air andsurfaceaswell asobstaclesandthegeographyof
the site area sourceof turbulenceeven in low winds. Thereare,however, two notabledifferences
of the groundlayer con�gurationson the two days: while the maximum

� �

� value is only about
1.5�

��� ��� �

�

�

�

!#�

on Day 1, it reachesa peakvalueof 6.0�

��� ��� �

�

�

�

!#�

on Day 2. Additionally,
turbulentactivity seemsto becon�ned to theimmediategroundlevel on the�rst day, extendingonly
to around500m (coincidingwith the instrumentalresolution),it clearlyexceeds1 km in heighton
thesecondday. Theconsequenceof thesedifferencesis directly visible in the � � estimateswon from
thepro�les, yielding 17.5

�

2.7 cm on Day 1 andonly 10.2
�

0.01on Day 2. Turbulenceeasesoff at
about10km from groundlevel, which, takinginto accountthattheCalarAlto observatory is situated
atapproximately2.2km,correspondsto thetypical tropopausiclevel. Theturbulencebetweenground
level andtropopause,however, is verydifferentonthetwo days.Day2 exhibitsaverysimplestructure
with basicallyonly groundandtropopausiclayerspresent,while for Day1 awholeregionof relatively
strongturbulentactivity canbeidenti�ed, rangingfrom 3 to 10km above ground.Within this region,
at distancesof 3, 6 and9 km respectively, variationof turbulencestrengthis strongest,sometimes
morethandoublingfrom theunderlyinglevel of activity. Themoststableof thesedisturbancesis at
6 km, which seemsto steadilybuilt up duringtheobservationperiod,while boththe3 km and9 km
layersshow only intermittentpresence.All in all, theDay2 turbulencestructureis muchmorestable,
whererelatively weakvariationsoccuronly in layersalreadypresent.Theonly interestingfeatureis
theslow ascentanddescentof thetropopausiclayerbetween9 and10 km, a phenomenonthatmight
berelatedto atmosphericgravity waves(theBrunt-Vaisalaperiodof troposphericwavesis typically
around10 minutes(Nappo,2002)).
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Figure3.16:Overview of SCIDARresultsfor August31,2000.Legendon theright of �gur e3.17.
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Figure3.17:Overview of SCIDARresultsfor September1, 2000.
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Figure3.18: Histogramsof thedifferencein subsequentmeasurementsof � � 30 secondsapart; dataobtained
on August31, 2000(left) andSeptember1, 2000(right). A Gaussian�tted to bothhistogramsis depictedby
thedashedline.

The differentstructuresof the atmosphericturbulencedo not leadto muchdifferentisoplanatican-
gles,with

�


��

�

”
� �

�

�

” on Day 1 and
�&�

� � ”
�


���� ” on Day 2. Thestrongheightdependenceof
�

� (cf.
equation2.13)thusimpliesthatturbulentactivity in theupperpartof thetropospheremustbehigher
onDay1 thanonDay2; in fact,integrating

� �

� ���	� from 3 to 15km onbothdays,revealsthatthetur-
bulencecontentin this region is on averagea factorof 1.4higheron the�rst comparedto thesecond
day.
Usuallyit is expectedthatthegroundlayerdominatesthevalue � � while thehighestlayersarerespon-
siblefor muchof

�

� . Theatmosphericstructureon Day 2 shows exactly this behavior; a calculation
of theFriedparameterwith integrationreachingonly to 5 km alreadyaccountsfor 74%of thetotal,
while asimilarcalculationfor theisoplanaticanglestartingat5 km is nearlysuf�cient, sincethevalue
thusobtainedis 98%of thetotal. If thesamecalculationis carriedout for theatmosphereon Day 1,
the�rst 5 km give only 34%to 42%of thewholeatmosphere� � . Additionally thein�uence of the3
km turbulenceis non-negligible for

�

� , reducingthecontribution of theupperpartof theatmosphere
from 98%to 90%.

Temporal Statisticsof the Fried Parameter

Anotherinterestingfeatureof theSCIDAR measurementsis thatthey allow to examinethetemporal
behavior of thederivedatmosphericparameters.Since � � entersthePSFreconstructionalgorithmat
variouspointstheknowledgeof temporaldevelopmentis crucial in orderto determinejust how long
it canberegardedasstable.
Sincesinglepro�le measurementsareroughly30 secondsapartduringa SCIDAR observation, this
timeperiodhasbeenusedfor theexamination.Figure3.18showshistogramsof therelativedifference
between� � estimates30 secondsapart.Also shown areGaussians�tted to thehistograms.Thefact
thatthisGaussiansarenotcenteredonzerore�ects suggeststhereis apredominantlyincreasingtrend
presenton �

� onbothdays.Moreinteresting,however, is the�tted standarddeviation,whichamounts
to 12.8%on Day 1 and14.9%on Day 2. Assumingthat measurementerror on � � is independent
of the variations,thesevaluesreduceto 11.0%and13.1%on the �rst andsecondday respectively.
This resultprecautionsagainstusingthesameFriedparameterfor PSFreconstructionpurposesfor a
periodmuchlongerthansometensof seconds.Althoughtwo daysaretoosmallasampleto deducea
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Figure3.19: Histogramsof thedifferencein subsequentmeasurementsof � � 30 secondsapart; dataobtained
on August31, 2000(left) andSeptember1, 2000(right). A Gaussian�tted to bothhistogramsis depictedby
thedashedline.

generalstatement,it seemsthatthetemporalvariationof � � doesnotstronglydependonseeingand/or
structureof theturbulence,at leastfor goodandmedianobservingconditions.

Temporal Statisticsof the Isoplanatic Angle

Thesameconsiderationason � � hasbeencarriedoutontheestimatesof theisoplanaticangle.Figure
3.19shows theresults.Again, thedecenteringof theGaussianre�ects an increasingtrendon Day 1
anda slightly decreasingoneon Day 27. Thestandarddeviationsfoundarenot muchdifferentfrom
thatof theFriedparameterwith (measurementnoisereduced)valuesof 13.1%on the�rst and11.8%
on thesecondday; theseresultsareevenmoreimportantthanthat for theFriedparameter, since � �

canbeestimatedfrom sourcesotherthanSCIDAR aswell, while
�

� is only reliably accessiblefrom
the

� �

� pro�les. For example,the useof balloonprobemeasurementsof the turbulencepro�le for
off-axis PSFreconstructionis completelyruleddueto thisshorttimescalevariations.Additionally, it
castsdoubton theargumentation(Fuscoetal.,2000)thataverageatmosphericturbulencepro�les are
suf�cient for off-axisPSFreconstruction.

3.3.3 SimultaneousFried Parameter Measurements

Figure 3.20 shows the resultsof all Fried parametermeasurementsfrom the different instruments
for the two selecteddays. As can immediatelybe seen,the �

� estimatestaken from Omega Cass
images(triangles)agreevery well with theSCIDAR measurements(diamonds)on bothdays8. Even
whenSCIDAR estimatesaremissingthevaluesgainedfrom theimagesseemto �ll thegapssensibly
andnicely, which givescon�dencein thereliability of parallelSCIDAR measurementsfor assisting
AO. More important,however, aretheestimatesobtainedfrom theALFA controlsystem.While the

7Theestimatesof theseconddayarein�uencedby outliers,which stemfrom spuriousspikesin the �

)

� pro�les caused
by light scatteredinto theSCIDAR instrumentby clouds.

8This is an importantresult,sinceit establishesthat domeseeingon the 3.5 m andthe 1.23 m telescopescannotbe
muchdifferent. Sincethesemeasurementswheredone,a ventilationsystemwasinstalledat the3.5m telescope;it would
beinterestingto repeatthemeasurementsin orderto assesstheimpactof theventilation.
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Figure 3.20: Comparisonof �
� estimatesfrom August31, 2000 (top) and September1, 2000 (bottom)as

derivedfromSCIDAR(diamonds),OmegaCassimages(triangles),open-loop(squares),andclosed-loop(�lled
squares)ALFA gradients.

OmegaCassvaluesjustservedasagaugefor thecoincidenceof measurementsonthetwo telescopes,
thecomparisonof SCIDAR andALFA estimatesaimsata reliability checkfor thelatter.

Estimatesof ��� from open-loopgradientdata(opensquares)show a slight overestimationon Day 1
thatis evenmorepronouncedonDay2. This is in starkcontrastto theexcellentagreementof closed-
loop gradientFried parameterestimates(�lled squares)with the SCIDAR data,exhibiting only a
hint of underestimationon Day 2. The explanationfor this fact lies in the way centroidingis done
on the SHSCCD: during calibrationa squareregion with a sizeof 3” by 3” aroundeachreference
positionis determined,with only pixels lying within this region taken into account.An examination
of the open-loopgradientsrevealedthat they arebiased,i.e. they show a constantoffset from the
referencepositionvarying from measurementto measurementfrom 1” to 2”. Sincethe star image
sizeon theSHSis seeinglimited, this offset, togetherwith seeingdisk size,leadsto a PSFthat lies
partiallyoutsidethecentroidingarea;gradientlengthsarethereforeunderestimatedin turn leadingto
an overestimationof ��� . This alsoexplainswhy overestimationis worseon Day 2, sinceseeingon
thisdaywasnearlydoublethatof Day1.

Of course,closed-loopcentroidingis notaffectedby thisproblem,sincethecorrectionplacestheSHS
PSFsnearthereferencepositions.

It is not clearwhat is the reasonfor the slight underestimationof � � from closed-loopgradientson
Day2: it mighteitherhint to asystematicerroror beaconsequenceof thedifferentviewing directions
on Day2.
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Figure 3.21: Comparisonof � � estimatesfrom August31, 2000 (top) and September1, 2000 (bottom)as
derivedfromSCIDAR(diamonds),andOmegaCassimages(triangles).

3.3.4 SimultaneousIsoplanatic Angle Measurements

A comparisonof the isoplanaticanglescalculatedfrom theSCIDAR measurements(diamonds)and
deducedfrom closed-loopOmegaCassimages(triangles)is shown in �gure 3.21.At animagesam-
pling of 0.08” theestimationof theStrehlratiosprovedto bedif�cult, asis re�ectedby thelargeerror
barsaccompanying the

�

� estimatesespeciallyonDay2. For this reason,theisoplanacy resultsareof
reducedvalue.Leaving thatrestrictionaside,theOmegaCass

�

� estimatesarealmostalwayshigher
thanthoseof theSCIDAR measurements.Rememberingsection2.4, this is no surprise.In fact, the
estimatesareremarkablycloseto theminimumvaluede�ned by theSCIDAR pro�les. Moreover, the
temporalvariationsof the isoplanaticanglearemoving largely in parallelbetweenthe instruments,
againemphasizingthein�uence of turbulence�uctuationson imagequality.

3.3.5 An Intermediate Summary

The resultspresentedin this sectionserved the purposeto show that the derivation of theFried pa-
rameterfrom closedloop ALFA datais consistentwith independentlyobtainedresults.Additionally
it deliveredinformationon the temporalbehavior of the atmosphere,which turnedout to be rather
morevariantthanexpected;changesin thespatialdistribution of layersposea potentialproblemfor
off-axis PSFreconstruction,thus

� �

������� pro�les usedfor this purposeshouldnot be offset from an
observationby morethana few minutes,contraryto theassumptionsof earlierworkson this subject.
Also, thechangesof ��� and

�

� on timescalesof sometensof secondsplacelimits on timefor whicha
PSFwill sensiblybereconstructable.
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Finally, the generallygoodagreementof Fried parameterand isoplanaticanglemeasurementsbe-
tweentheSCIDAR instrumentandALFA/OmegaCassjusti�es theuseof SCIDAR measurementsfor
reconstructionpurposes.
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3.4 PSFestimation

In theprecedingsections,thegroundwork for theapplicationof PSFreconstructionon theALFA AO
systemwaslaid. With the availability of a reliablenoise-estimationmethodandthe knowledgeof

� �

� ����� , all quantitiesneedfor the reconstructionaregiven. First, the quality of on-axisPSFrecon-
structionfor bright andfaint guidestarswill be examinedin K-Band; thenattentionis turnedto an
assessmentof bright andfaint guidestaroff-axis PSFreconstruction.Theseexaminationswill show
the feasibility of the algorithmsfor the ALFA system.Finally, a photometrywill be carriedout in
orderto show improventspossiblewhenusinglocally reconstructedPSFsfor theexamination.

3.4.1 Data Reduction

Thegoalof thissectionis to comparetheshapeof PSFsreconstructedfrom WFSmeasurementswith
thoseextractedfrom NIR, morespeci�cally K-Band, images,taken simultaneouslyto closed-loop
data.This comparisonis complicatedby theundersamplingof thediffractionlimited PSF, dueto the
long-lastingmalfunctionof theOmegaCassopticswheel(cf. section3.1).
All imagesweresubjectedto a reductionprocedure,consistingof thefollowing steps:

1. A seriesof dome�at�eld imageswith increasingexposuretimewereusedto construct�at, bad
andnoiseframesof theOmegaCasscamera;theseframeswereassumedto beconstantduring
thenight.

2. Badpixel correctionwasperformedby addingamedian�ltered versionof theimage,multiplied
by the bad pixel mask,to the original image,which in turn was beforemultiplied with the
invertedbadpixel mask.

3. Whereavailable,a sky backgroundframe, treatedfor badpixels the sameway asdescribed
above,wassubtracted.

4. Finally, pixel sensitivity variationswereaccountedfor by dividing by the�at�eld.

Keepingtheresultsof section3.3in mind, thenumberof framesto beco-addedwaschosensuchthat
theintegrationtimespan(startof theintegrationof the�rst coaddedimageto theendof thelast)did
not exceed30 seconds.Table3.3 lists the observed objectstogetherwith someimportantimaging
parameters9.

Object Type airmass Filter Sky TotalExposureTime[s] TotalObs.Time [s]

95Her binary 1.06 K+Br � 540 1920
� Del binary 1.07 K+Br � X 833 3320
M92 globular cluster 1.64 K X 460 1200

Table3.3: Objectsobservedfor PSFreconstructionpurposes.

Table 3.4 lists the guide starsand loop parametersettingsmaintainedduring the observations. A
total of 24000gradientsetswasrecordedalongsideeachclosed-loopexposure,correspondingto 80
secondsfor 300 Hz and320 secondsfor 75 Hz loop operationfrequency10. Of course,thenumber

9Oneof thereasonsfor thelargedifferencebetweenexposureandobservation time is theneedto stopthecontrol loop
in orderto downloadrecordedgradients.

10Availablespacewasnot fully exhaustedin the75Hz case,sincetheclosedloop-exposureslastedonly about90seconds
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Object GuideStar Brightness[ � � ] LoopFrequency [Hz] LoopGain

95Her HD 164668 5.08(7.08) 300 0.4
� Del HD197963 5.14(7.14) 300 0.5
M92 CSI+43-171569 13. 75 0.2

Table3.4: Guidestars and loop settingsfor theobjectsgivenin table 3.3. Thenumbers in bracketsare the
actualbrightnesson theSHS,which is lowersincetheND2.0�lter wasemployed.

of gradientswasabridgedbeforereductionto a length�tted to the integratedobservingtime of the
images.Fromthesegradientsall quantitiesneededfor on-axisPSFwereobtainedby the following
steps:

1. Noiseestimationwas doneusingequation3.9, giving the diagonalelementsof the gradient
noisecovariancematrix �

�

�

�

�

�

"

. Off-diagonalelementsof this matrix are negligible, as
they could only be causedby strongvariationsof the sky backgroundor transparency, which
can safelybe assumedto be small in the visual band. Transformingthe noiseaccordingto

� �

�

�

�

�

�

"

�

�

gave thenoisecovarianceon theresidualcontrolledmodes
�

�

� .

2. Thenext stepwastherecovery of thevarianceof themirror modes�

�

�

�

�

�

"

. SinceALFA's
control systemis digital, thesecanbe determinedby feedingthe recordedgradients �

� into a
softwareversionof the control algorithm(seealsoappendixC). The modalcoef�cients thus
recoveredhave thento bedoubled(mirror re�ection) in orderto recover �

� . With thesegiven,
� � wasestimatedfollowing theiterative algorithmdescribedin section2.3usingequation2.74.

3. Finally, with theFriedparameterandnoiseknown, thecrucialmatrices�

�

�

�

�

�

"

and �

�

�




�

�

�




"

weredeterminedaccordingto equation2.73,scalingthetheoreticalKL modalvariancematrix
with � � asobtainedin thepreviousstep.

In principle, the resultssoobtainedcouldbe useddirectly to estimatethesystemOTF (andthusits
PSF)following equation2.68. But just thesupposedlyeasiestpart in this equationposesthebiggest
problem,namelytheunaberratedsystemOTF

�

� �� � . Dueto theundersampling,the�ber imagecannot
bereliably usedto estimatethecontribution of residualaberrations;this oweslargely to thefact that
the exact positioningof the PSFon the 0.08”/pixel grid is not known and that the OTF obtained
from the PSFcarriesno informationbeyond a frequency of approximately

�

�

� �

��' . The only way
to overcomethis limitation was to measurethe �ber imagePSF's Strehl ratio andconstructingan
accordingmodalcovariancematrix. This wasdoneby takinga 9 � 9 matrix, with its (0,0), (1,1)and
(2,2) entries,correspondingto tip,tilt andfocusvariance,setto zero,astheseaberrationscansafely
assumedto beabsentin �ber imaging. Theremainingdiagonalentrieswerethensetto equalvalues
suchthat � #

���	�

���

	 �

+��

�

�

�

�

�

�

"

� wasequalto themeasuredStrehlratio. ThecorrespondingOTF
was�nally takento represent

�

�
� � � . While thisapproachservesto correctfor possibleoverestimation
of theStrehlratio by thereconstructionprocessby limiting its maximumto thatfoundon the�ber, it
is not suitableto accountfor asymmetriespresentin thereferencePSF.
A similar problemoccurswhencomparingthereconstructedto theextractedPSFs;if thereconstruc-
tion wascarriedout suchthat it directly delivereda PSFresolutionof 0.08”/pixel, theshapewould
beby de�nition symmetricin thesensethat thepeakPSFintensitywould be locatedexactly on the
vertex of four neighboringpixels.To avoid this, thereconstructionandcomparisonprocesswasdone
thefollowing way:
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1. ThePSFdeliveredby thereconstructionalgorithmwasresolvedat 0.04”/pixel.

2. FromthisPSF, slicesin x- andy-directionweretaken,andeachpixel in theseslicespartedinto
20 pixelswith constantintensity.

3. Theoverresolvedsliceswerethenshiftedandateachstepregriddedto a0.08”/pixel resolution
by summingtheintensitiesin 40sequentialbins.

4. The resultingundersampledPSFswere then comparedto PSFslicestaken from the image
PSFsselectingthe reconstructedPSFsuchthat the summedquadraticdifferencebetweenthe
measurementandthereconstructionwasminimal.

As shown in chapter2.3,off-axisPSFreconstructionrequiresanadditionaltermin theOTF. Thisterm
wascalculatedby selectinganearbyor synchronous

� �

� ����� measurementobtainedwith SCIDAR and
calculating

�




�

�

� ��

$

�

�

� asgivenby equations2.77and2.78.
The next two sectionsshow comparisonsof selectedsamplesof imagePSFsto their corresponding
reconstructedPSF.

3.4.2 On-axisPSFReconstructionResults

The comparisonsare donefor x- and y-cuts of both PSFsalong with a a radially averagedPSF.
Contraryto otherworkson this topic,bothPSFsarenormalizedto onein orderto exposeerrorsin its
�anks. Thequalityof peak�tting is assessedby comparingtheStrehlratiosof thereconstructedand
theextractedPSF, givenin a tableaccompanying eachplot.

Bright Guide Star - GoodSeeing

The �rst comparisonis doneon a 25 secondexposureof 95Her recordedduring a periodwith V-
Bandseeingof 0.6”. Loop gainat this time was0.4. Theresultsareshown in �gure 3.22andtable
3.5. As canclearly be seen,the reconstructionquality is quite good,with the absolutedifference
betweenthe PSFsnowhereexceeding0.1. This becomeseven clearerwhen looking at the OTFs:
at lower frequencies,the error is well below 1% growing to 10-15%at higher frequencies.There
areseveral possiblesourcesfor the high-frequency deviations,the mostobvious beingthe insecure
knowledgeof theunaberratedsystemPSF. Lookingat theresiduals,it seemsthaterrorsmostlyshow
up at the locationof the �rst diffraction ring in the x-andy-cuts, andaremuch lesssevere in the
radiallyaveragedpro�le. Thismighthint to anasymmetryof the�ber PSFwhich is notaccountedfor
by themodelingasdescribedabove.
TheStrehlmeasuredandthereconstructedStrehlratiosalsoagreeremarkablywell, with theslightly
higherStrehlgiven in the reconstructioncorrespondingto the deviationsof the OTF to the upside.
TheFWHM agreementis alsoquitegood,especiallytaking into accountthe inherentinaccuracy of
measuringits valueon a0.08”/pixel array.

Measurement Reconstruction

StrehlRatio[%] 40.8
�

1.6 42.4
FWHM [“] 0.15

�

0.01 0.14

Table3.5: StrehlandFWHMvaluesgivenbytheimageandthereconstructionof theguidestarPSFfor 95Her.
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Figure3.22: Comparisonof measured(solid) andreconstructed(dashed)PSFandOTF cutsfor 95Herat a
V-Bandseeingof 0.6”. Thedifferenceof each pair of curvesis alsoshown(dash-dotted).

Bright Guide Star - Median Seeing

Thesecondexamplewastaken on � Del on thesamedayapproximatelyonehour later. Seeinghad
at this time degradedto 0.9” in V-Band,but still a highercorrectionquality wasobtaineddueto the
higherloop gain settingof 0.5, ascanbe seenfrom the slightly higherStrehlratio of around45%.
Figure3.23andtable3.6show theresultsfor thiscase.On �rst inspection,thereconstructionquality
is very good,evenbetterthanfor the�rst example.Still, thedifferencebetweenthePSFsis nowhere
higher than 0.1, andstrongestcloseto the �rst diffraction ring, further hinting to an unaccounted
asymmetryof the�ber PSF. Additionally, thedeviationsareverysimilarbetweenthisstarandthe�rst
example.This is anencouragingresult,asit rulesoutanon-stationaryerrorcontribution unaccounted
for by thereconstructionprocess.Looking at theOTF comparison,theagreementbetweenthey-cut
andradiallyaveragedpro�les is verygoodandgenerallycloseor evenbelow 10%.
Finally, the measuredandreconstructedStrehlratiosandFWHMs arevery close,with both recon-
structedvalueslying within one � of themeasuredones.

Faint Guide Star - Median Seeing

The last on-axisPSFexampleis taken from an observation of M92 on September1, 2000. The
conditionsfor this observationwerevery differentfrom thepreviousexamplesin brightnessaswell
asairmass(cf. table3.3). Dueto theseconditions,theKS7 arraywasusedwith a loop frequency of
75Hz andaloopgainof only 0.2.As this loopsetupclearlyrepresentsacasewith aloopdelayof less
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Figure3.23:PSFandOTF comparisonfor � Del at a V-Bandseeingof 0.9”. Samelegendas�gur e3.22.

Measurement Reconstruction

StrehlRatio[%] 45.7
�

2.00 47.6
FWHM [“] 0.14

�

0.01 0.13

Table3.6: StrehlandFWHMvaluesgivenby theimageandthereconstructionof theguidestarPSFfor � Del.

thanonecycle,ita alsoservedasatestbedfor thenoiseestimationmethoddevelopedin section3.2. In
fact, it turnedout thatno PSFreconstructionwaspossibleunlesstheweighteddifferenceestimation
wasused.Thereasonfor this wasthat themeasurementson M92 wereassociatedwith a fairly high
noiselevel; theoverestimationof noiseby boththedirectdifferencemethodandtheparabolamethod
in conjunctionwith thenoiseampli�cation by thecontrolloop leadsto negativevariancesin equation
2.74. This physicallysenselessresultmakesanestimationof � � by theiterative processdescribedin
section2.3 impossible.
ThePSFreconstructionresults,usingtheweighteddifferencenoiseestimationmethod,areshown in
�gure 3.24andtable3.7.Theagreementof thePSFx-cutsis clearlyverybad,while thatfor they-cut
andtheradiallyaveragedcutaresurprisinglygood.Thisdiscrepancy, however, canbeeasilyexplained
by anon-commonpathaberration.Figure3.25showsacontourplot of theguidestarandanearbystar,
whichbothclearlyexhibit acomaaberration.As will beseenlater, thiscomaalsoappearsonoff-axis
starsfurtheraway andseemsto beof constantstrength.As theonly non-commonpathaberrationsin
theALFA systemcanoccurafterthedichroid,themostprobableexplanationsis adecenteringand/or
tilting of theOmegaCasscamera,well possibleatanairmassof 1.64correspondingto azenithangle
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of 52degrees.Theotherpossibility, astaticcomaintroducedby theALFA SHSdueto �e xureof one
of its componentsis ruledoutby boththe�eld-independentcharacterof thecomaandtheabsenceof
signi�cant staticcomatermson themirror modes.

Figure3.24:PSFandOTF comparisonfor M92at a V-Bandseeingof 0.8” (1.1” whenscaledbytheairmass).
Samelegendas�gur e3.22.

Measurement Reconstruction

StrehlRatio[%] 13.2
�

1.9 13.3
FWHM [“] 0.24

�

0.02 0.22

Table3.7: StrehlandFWHM valuesgivenby theimageandthereconstructionof theguidestar for M92.

Ignoring the x-cut deviations, the y-cut of the PSF, that shouldbe largely unaffectedby the coma,
shows remarkableagreementwith thereconstructedPSFcut; this is evenmoretrueof theOTF, with
relative errorstayingcloseto 10%upto frequenciesof

�

�

�

�

��' .

While therelative error in theStrehlratio estimationis muchhigherthanin thebright starcases,the
FWHM agreementis betterthanbefore,especiallytaking into accountthat a higherFWHM is ex-
pectedonthemeasuredPSFsdueto coma.Thispartly re�ects thatthefaintguidestarPSFsarebetter
sampled,with about2.5 samplesper FWHM insteadof 1.6 for the bright starandgoodcorrection
case.
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Figure3.25: Contourplots of the guidestar and a nearbystar for M92; offsetsare from the centerof the
OmegaCassdetector. Comais clearlyvisibleonbothstars.

3.4.3 Off-axis PSFReconstructionResults

PSFreconstructionfor starsfar away from theguidestarin principle requirestheknowledgeof the
on-axisPSF. Earlierworks(Fuscoetal.,2000)havearguedthatthisstepcouldbeskippedandperfect
correctionon theguidestarassumed.While thisargumentleadsto satisfactoryresultsfor verybright
guidestars(andassociatedgoodcorrection),it is proneto fail for faint guidestars.As canbeseen
from equation2.76the

�




�

�

�
� �

$

�

� canbasicallyberegardedasa modi�cation of theresidualmodal
variance�

�

�

�

�

�

"

, savehighordercontributionswhicharecomparatively small.Therelativestrength
of the � � � andthe �

� � thusdeterminesthequality of theoff-axis PSF. Especiallyfor poorcorrection
and low Strehl ratios achieved using a faint guide star, residualaberrationson the correctionaxis
arecomparatively high andarethusdominantfar away from the guidestar, leadingto an effective
isoplanaticanglemuchhigherthanits theoreticalvalue(seebelow).
Anothercaveatin off-axisPSFreconstructionis theselectionof theappropriate

�
�

�
���	� pro�le. During

thepreparationof this work it hasbeennoticedthatthequality of thereconstructedPSFcanbevery
sensitive to evenweakvariationsof theuppertroposphere;carehasthereforebeentakento only use
atmosphericpro�les either recordedin parallel or - if not available - within a time window of 10
minutesfrom theobservation.

Bright Guide Star - GoodSeeing

The�rst exampleis takenfrom thesameexposureof 95Herasexaminedbefore,this time usingthe
secondcomponentat a distanceof 6.6” from theguidestar. Theresultsareshown in �gure 3.26and
table3.8. Note that theFWHM is not reportedfor off-axis stars,sinceit is generallydifferentin x-
andy-directiondueto theelongationin thedirectionof theguidestar.
On �rst inspection,the reconstructionquality is quitesimilar to the theon-axiscase;with theshort
distanceandaprevalentisoplanaticangleof 11.7”, this is notunexpected.Well insidetheisoplanatic
patch,thedifferencesshouldbesmallascanalsobeseenfrom theStrehlratioof approximately38%
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Figure3.26: PSFand OTF comparisonfor the secondcomponentof 95Her at a distanceof 6.6” from the
guidestaranda seeingin V-Bandof 0.6”. Samelegendas�gur e3.22.

Measurement Reconstruction

StrehlRatio[%] 38.1
�

1.8 39.0

Table3.8: Strehl ratiosgivenby theimageandthereconstructionfor theoff-axiscomponentof 95Her

thatlostonly about3%ascomparedto theguidestar.
LookingatthePSF, therelatively strongdeviationontheleft diffractionring regionof thex-cut is still
present,which establishesthepresenceof an unresolved asymmetrypresenton thecalibrationPSF.
They-cut andradialaveragePSFs,however, areestimatedremarkablywell. This is alsore�ected in
theOTF comparisons,with absoluteerrorsaboutthesameorderasfor theon-axiscase;therelative
errorsarehigher, reachingabout15%, which is mostly a consequenceof the generallylower OTF
valuesfor anoff-axisstar.

Bright Guide Star - Median Seeing

The next exampleis alsolocatedwithin the isoplanaticpatch,but at a larger distanceof 9.6”. It is
takenfrom thesameexposureof � Del asfor theon-axiscase.Thestrongerin�uenceof off-axisterms
onthePSFcanbeimmediatelyseenfrom thehigherdropin theStrehlratioof nearly10%.Theresults
of thereconstructionprocessareshown in �gure 3.27and3.9.
The x-cut of the PSFshows the expectederror at a position of -0.3” from the PSFcenter. This
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Figure3.27:PSFandOTF comparisonfor thesecondcomponentof � Del at a distanceof 9.6” fromtheguide
staranda seeingin V-Bandof 0.9”. Samelegendas�gur e3.22.

Measurement Reconstruction

StrehlRatio[%] 34.2
�

2.2 36.5

Table3.9: Strehl ratiosgivenby theimageandthereconstructionfor theoff-axiscomponentof � Del.

time, however, therearealsostrongerdeviationspresenton the y-cut andthe radial averageof the
PSF. Althoughtheoverall reconstructionquality is still satisfactory, thesedeviationscouldhint on a
systematicerrororiginatingin theunknown outerscaleof turbulenceduring theobservations. This
assumptionis furtherstrengthenedby thefactthattherelativeOTF reconstructionerroris signi�cantly
higherthanin theprevious examplesover nearlythewholespatialfrequency range:an error in the
estimationof thecontribution of low spatialfrequency modes,like tip, tilt, andfocus,whicharemost
affectedby theouterscale,wouldshow exactly thisbehavior. Interestingly, Fuscoetal. (Fuscoet al.,
2000)foundasimilardiscrepancy in their studiesof theanisoplanaticPSF.

Faint Guide Star - Median Seeing

Thelastexampleis anoff-axis staron theM92 image.This starlies far outsidetheisoplanaticangle
of 11.7” prevalentat thetime,especiallywhenscaledto thecorrespondingairmasswhich resultsin a

�

� of only 5.5”. Theresultsof thereconstructionareshown in �gure 3.28andtable3.10.
The x-cut of the measuredPSFis still contaminatedby a a comacontribution to the right sideof
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Figure3.28:PSFandOTF comparisonfor thesecondcomponentof M92at a distanceof 15.3” fromtheguide
staranda airmass-scaledseeingin V-Bandof 1.1”. Samelegendas�gur e3.22.

Measurement Reconstruction

StrehlRatio[%] 7.6
�

1.41 9.3

Table3.10:Strehl ratiosgivenby theimageandthereconstructionfor theoff-axisexamplefromM92.
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thepeakintensity, emphasizingthe�eld independentcharacterof this imagingaberrationduringthe
observation.They-cutsandradialaveragesof reconstructedandmeasuredPSF, however, againagree
remarkablywell consideringthe dif�cult conditions; the strongestdeviations originatefrom high
frequency bumps,which are a consequenceof the comparatively low SNR for the fainter star as
comparedto thebrightstarexamples.Thesehighspatialfrequency deviationsarealsoclearlyvisible
in theOTF comparisons,wherestartingfrom around

�

� �

�

��' , theerroris closeto or evenhigherthan
the actualvalueof the OTF. In the lower frequency range,the reconstructedOTF shows the same
tendency of underestimationasin thepreviouscases,causedby thecalibrationPSFuncertainties,and
beingmorepronouncedin thiscasedueto thelower underlyingmagnitudeof theOTF.
While thedifferenceof themeasuredandreconstructedStrehlratiosis relatively highfor thisexample,
it still liessafelywithin 
 � of themeasurementerror.

Altogether, the PSFreconstructionresultspresentedherearevery satisfactory, especiallygiven the
dif�culties associatedwith theundersamplingof themeasurements.It shouldbenotedthattheselec-
tion of the examplesis representative in the sensethat they arenot taken from particularlygoodor
badcases,but werechosensuchasto show thetypicalqualityof reconstructionunderthegivensetof
circumstances.
We arecon�dent that if a properlysampledcalibrationPSFwasavailable,the small low-frequency
estimationerrorsof theOTF would belargely accountedfor. This assumptionis foundedon thefact
thatthestrongestdeviationsof thePSFshapesdoalwaysappearatthesamelocation,namelyto theleft
of thex-cutandto theright of they-cutpeaks.Thisclearlypointsto a staticnatureof thedeviations,
in contrastto theresultsfoundby HarderandChelli (2000)in their work on PSFreconstructionfor
SHSsystems,whofoundnon-stationarydifferencesthatstronglyimpairedthequalityof their �ts. As
of writing (March2003),measurementsat CalarAlto areunderway to provide very high-resolution
(0.04”/pixel) imagesalongsideWFSdata.
While theoverallqualityof thereconstructiondoesnotfully reachthatfoundonCWSbasedsystems,
wesuspectthatmuchof thisdifferencewoulddisappearfor adequatelysampleddata.

3.4.4 Photometric Reduction

As a last step, the PSFsreconstructedover the whole �eld of view will now be usedto perform
photometryon two binariesand the outer fringes of the M92 globular cluster. Again due to the
undersamplingof the images,this proved to bequitedif�cult; sincetheexactplacementof thePSF
on theimagegrid is apriori unknown, theCLEAN deconvolution,deliveringveryaccurateresultson
simulatedimages(cf. section2.4),couldnotbesuccessfullyapplied.
Instead,it wasnecessaryto usea generalizationof the methodof the precedingsectionto achieve
satisfactoryresultsthatconsistedof thefollowing steps:

1. First, a grid of reconstructedPSFswascalculated,usingthe gradientandatmosphericturbu-
lencedata,thatspansfrom theguidestarPSFto themostdistantpoint in the�eld of view. This
calculationwasdoneata resolutionof 0.04”/pixel andatPSFdistancestepsof 1” startingwith
at theguidestar.

2. Then,measuredPSFswereextractedfrom the imagesat the locationsof the starson which
photometrywasto beapplied.

3. Then,by interpolationandrotation,theappropriateestimatedPSFfor eachof thephotometry
locationswasgenerated.
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4. The reconstructedPSFwas�tted to the measuredPSFby �rst subdividing eachpixel of the
estimationinto a 20 � 20 grid of identical intensityof 1/400

�

� of the original pixel intensity;
subsequently, this new gird was shifted stepwiseover the whole rangeof 20 pixels in both
directions,at eachstepprojectingto a resolutionof 0.08”/pixel by summingintensitywithin
40 � 40 subarraysof thegrid. For eachresultingundersampledPSFthefollowing quantitywas
minimized
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(3.20)

where
�

� � is the intensity of the measuredPSFat pixel ���

$

�

� , � ��� its associatednoise(with
� ��� �

�

�

��� assumedto follow Poissonstatistics),� � � the intensityof the reconstructedPSF
at location ���

$

�

� , which is linearly �tted to the measuredPSFvia
�

(”peak intensity”) and
�

(”background”).

5. Finally, theprojectionfor which 	

�

asde�ned in thepreviousstepwasminimalwasconsidered
asthebest�t.

Multiplicationof
�

with thetotalbrightnessof thenormalizedreconstructedPSFthengaveanestimate
of the�ux ontheselectedstar. It shouldbenotedthatfor mostof theexamplesgivenhere,thismethod
is overly complicatedsincethe separationbetweenstarsis large enoughto safelyassumethat their
PSFsarenotoverlapping,makingaperturephotometrypossible.Thepurposeof thissection,however,
is to revealandcheckimprovementsin photometricaccuracy whenusinga locally reconstructedPSF
asopposedto a global one. The advantagesof this approachwill cometo passin observationsof
denseclustersandnearbygalaxies,wherethemutualdistancesof the interestingobjectsarefar too
smallto applyaperturephotometry.

Bright Guide Star: � Del and 95 Her

The�rst photometryexamplearethebright binaries� Del and95Her;open-andclosedloop images
of thesystemsareshown in �gure 3.4.4. As seenin theprevioussections,both theon- andoff-axis
reconstructionqualitywasverygoodonbothstars,thusaconclusive improvementof thephotometric
estimationis expectedin both cases. Table 3.11 shows the resultsof the photometry, whereOL
Aperture arethe resultsobtainedfrom a two minuteopen-loopexposurewith aperturephotometry
(which is usedasa reference),CL on-axisthevaluesobtainedwith usingthe reconstructedon-axis
PSFon both stars,andCL local the resultsgiven by �tting the locally reconstructedPSFs.As can
beseen,thelocal resultsareclearlysuperior, reducingthephotometricerrorfrom morethan10%to
3.5%for 95Herandfrom morethan25%to 3.9%for � Del; while theerrorsof thelocal methodare
comparablefor both stars,the muchhighererror usingthe global PSFon � Del in part re�ects the
higherdistancebetweentheguidestarandthesecondcomponentof thebinary.

OL Aperture CL on-axis CL local
�

� from
�

�

�
�����

�

� from Grid

95Her 1.73 1.93 1.79 11.7 18.8
� Del -2.39 -1.75 -2.30 15.2 21.5

Table3.11:PhotometryResultsfor 95Herand � Del.

In this context it is alsointerestingto comparethe isoplanaticanglesascalculatedfrom the
� �

������� -
pro�le presentduring the observationsand that inferred from the reconstructiongrid via equation
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Figure3.29: Open-(left) and closed-loop(right) imagesof 95Her (top) and � Del (bottom).Intensityis dis-
playedin invertedlogarithmicscalefor bettervisibility.
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Figure3.30:PSFgrid usedfor photometryonM92spanningfromon-axis(left) to a distanceof 40”; stepsize
is 1”, resolution0.04”/pixel.

3.19. The resultsof this comparisonarealsoshown in table3.11. Again, thepracticalvalueof the
isoplanaticangleis muchhigher thanthe theoreticalone,by a factorof 1.6 for 95Herand1.4 for

� Del.
The higher factor in the caseof 95Her is easily explainedby the performancedifferencesof the
correction:while theStrehlratio of theguidestarwas42%for 95Her, it reached48%for � Del. The
closertheperformanceof the loop lies to perfecton-axiscorrection,however, themoretheeffective
isoplanaticangleapproachesis theoreticalminimumgivenfrom theatmosphericpro�le andequation
2.13. A practicalconsequenceof this behavior is that, if an interestingobject is locatedfar from
the corrective beacon,the on-axiscorrectionperformancecan be deliberatelydegradedto enlarge
the isoplanaticpatchsize. Somework to �nd an optimumbetweenon-axiscorrectionquality and
isoplanaticpatchsizehasbeendoneby Chassat(1992).

Faint Guide Star: M92

Thenext examplewasdoneon a correctedimageof theouterregionsof M92; with its high airmass
and low loop frequency, this examplerepresentsan extremecasein the sensethat its operatingat
the very limits of ALFA's possibilities.The open-andclosed-loopimagesusedfor the photometry
areshown in �gure 3.4.4. Note that the comais clearly visible on several starsof the closed-loop
image. As seenbefore,theon-axisStrehlratio achievedwasonly about13%in this case.This has

Distancefrom GS[”] OL Aperture CL on-axis CL local

4.13 1.18 1.25 1.21
8.75 1.26 1.38 1.31
8.93 1.15 1.25 1.20
12.98 1.48 1.53 1.50
16.19 N/A 0.87 0.78
18.36 N/A 1.07 0.88
22.41 0.55 0.59 0.58
22.71 0.04 0.19 0.10
30.87 0.66 0.75 0.58

Table3.12:PhotometryResultsfor M92

a strongeffect on thedifferencebetweentheeffective isoplanaticangleandits theoreticalminimum;
asnotedwhenassessingtheoff-axis reconstructionaccuracy of M92 before,theisoplanaticangleas
calculatedfrom the

�
�

�
���	� pro�le scaledto theairmassof 1.6 wasonly 5.5”; usingtheStrehlratios

of thedeconvolution grid shown in �gure 3.4.4andequation3.19,however, givesaneffective
�

� of
26.6”,nearly� ve timeshigher.
The resultsof the photometry, estimatingthe magnitudedifferenceof several starsat variousdis-
tanceswith respectto the guidestar, areshown in table3.12. Again, the estimatesobtainedby the
local methodareconsistentlysmallerthanthosetaken from theon-axisPSF. Additionally, with the
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Figure 3.31: Open-(left) and closed-loop(right) images of M92 centered on the guide star. Intensity is
displayedin invertedlogarithmicscaleandtheguidestarmaskedout for bettervisibility.
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exceptionof the two mostdistantstars,the differencebetweenthe open-loopaperturephotometry
resultsandthe local estimatesarearounda valueof 3-5%,while thatof theglobalmethodvary be-
tween4 and 10%. The variationof the on-axisestimates,however, doesnot follow the expected
behavior, whichwould imply agrowing errorwith growing distance.Thustheresultsobtainedfor the
faint guidestarcannotberegardedasconclusive; nevertheless,thefactthatthemagnitudedifference
estimationby the local reconstructionis alwayssmallerthanfor the global caseindicatesthat less
intensityis lostby applyingoff-axisPSFs.



Chapter 4

Conclusion

Thegoalof thiswork wastheadaptionandimplementationof aPSFestimationalgorithmfor ALFA,
allowing to reconstructtheopticalpropertiesof thesystemfrom wave-frontsensorsignals.Thisabil-
ity is highly desirable,sincethescienti�c evaluationof dataobtainedwith AO assistanceis severely
complicatedby anisoplanacy andthevaryingnatureof thePSF.
With theoriginalalgorithmdevelopedfor usewith curvaturesystems,severalmodi�cationsandadap-
tionshadto be carriedout; e.g. the aliasingbehavior of Shack-Hartmannsystemsis quitedifferent
from thatof curvaturesystems.Anothertaskwasthecalculationof thecorrelationfunctionsneeded
duringtheapplicationof thealgorithmbothfor theanalyticalshapeof theKarhunen-Loeve functions
andthemeasuredshapeof thedeformablemirror.
Thenext stepconsistedof carryingout simulationsthatwereusedto testtheroutinesdevelopedfor
the PSFreconstructiontaskon ALFA aswell as to assessthe quality reachableby this estimation
method.It wasshown thatphotometricresultson a simulatedstar�eld canbedramaticallyimproved
usinglocally reconstructedPSFs.
One of the unsolved problemsin the applicationof PSFestimationmethodto SHS systemswas
the low quality of gradientnoiseestimatesobtainableduring close-loopoperations.Section3.2 in-
troduceda new methodthat operatesdirectly on the gradientmeasurementtime seriesanddelivers
superiorresultsespeciallyfor thecaseof low-delayloop con�gurations.As reliablenoiseestimation
is crucialfor theapplicabilityof thereconstructionalgorithm,theimportanceof this resultcannotbe
overestimated.
Thereconstructionof off-axisPSFsin closedlooprequirestheknowledgeof thecurrentverticalcon-
�guration of the atmosphericturbulence. Hence,parallelmeasurementswerecarriedout during an
observationcampaignin August/September2000,usingtheALFA systemandtheImperialCollege's
SCIDAR instrument.A completesoftwarepackagehadto bedevelopedin orderto reducethetremen-
dousamountof raw dataprovidedby SCIDAR measurements.Apart from makingavailable

� �

�
�����

pro�les of the atmosphere,theseobservationsalsoserved the purposeto cross-checkthe reliability
of the estimationof atmosphericparametersfrom both systemsused;a very goodagreementwas
foundfor thesemeasurements.Additionally, anexaminationof the temporalvariationof theessen-
tial quantities�

� and
�

� placeda limit on the time that atmosphericparameterscanbe regardedas
constant.
Thetasksdescribedabove led on to theactualcomparisonof measuredclosed-loopPSFsandOTFs
with their reconstructedcounterparts.This examination,however, was much complicatedby the
long-lastingmalfunctionof theOmegaCasscamera,limiting the resolutionof the imagesto anun-
dersampledrate. In spiteof this limitation, thequality of thereconstructionwasstill goodon bright
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andsatisfactoryon faint guidestars.TheOTF estimationerrorgenerallywasbelow 10%for theon-
axisandbelow 25%for theoff-axiscase;additionallythemostprominentdeviationswhereof astatic
naturecouldbeexplainedby theincompleteknowledgeof thecalibrationPSFaswell asa low SNR
at the �anks of themeasuredPSFfor the faint stars.Additionally, the faint starcaserevealedthata
successfulreconstructionof the PSFwasnot possibleunlessthe new noiseestimationmethodwas
used.
Finally, thereconstructedPSFswereusedin asimple�tting schemeto assespossibleimprovementsof
photometricaccuracy whenusinglocally reconstructedPSFs;while theresultswereveryencouraging
for thebright guidestarcase,wherethemagnitudeestimationerrorcouldbereducedto below 5%,
thefaint starcasewasnotasconclusive, if pointingin theright direction.

Outlook: ThePSFreconstructionsoftwaredevelopedthroughoutthiswork is now capableto provide
an estimationof a PSFanywhereon the �eld of view given only the gradientmeasurements,its
associatedinteractionmatrix and, if available,a

� �

� ����� pro�le. It wasdesignedto operateon data
recordedwith a resolutionof 0.04” per pixel. Its routine use,however, is hamperedby the need
to stopALFA's control systemin orderto downloadgradientmeasurementsafter a relatively short
amountof time; additionally, theparallelrecordingof SCIDAR measurementsis still far from being
routine.
Theimpossibilityof directaccessto gradientmeasurementsin theALFA systemshouldbeaddressed
in any upgradeor redesignof thecontrolsystem,aswell astakeninto accountfor futureAO systems
plannedonCalarAlto (e.g.PYRAMIR). Thismodi�cation wouldensuretheability to reconstructthe
on-axisPSFatall timesduringanAO observationrun.
Obtainingconstantcoverageof atmosphericturbulencepro�les, the requirementfor off-axis PSF
estimation,is muchharderto address.In theopinionof theauthor, SCIDAR in its currentstateis not
up to this taskdueto theimpossibilityof real-timeor nearreal-timemeasurementsandtheoverhead
of calibrationandstaff requiredfor its operation.Thereare,however, efforts underway to eliminate
thesedisadvantages(McKennaetal.,2003).Alternatively,

�
�

�
���	� measurementscanalsobeobtained

with othermethods,thatmightbeintegratedwith theseeingmonitorsalreadyavailableatmany sites.



Appendix A

The TURBULENZ simulation package

TheTURBULENZ simulationpackageoriginatedfrom a C programdevelopedby Glindemannet al.
(1993)andextendedby Berkefeld (1998). It simulatesthe imagingpropertiesof a layeredturbulent
atmosphere,andis con�guredby aninput �le containingthefollowing information:

� Theobservationwavelength.

� An arbitrary numberof turbulent layerswith adjustable
�

� �
� , layer height, prevalent wind

speedanddirection,adecorrelationcoef�cient, andthedesiredouterscale.

� An arbitrarynumberof pointsources(locatedat in�nity).

� An arbitrarynumberof telescopes,characterizedby theiraperturediameter, positionandimage
planepixel scale.

During the preparationof this work, the whole C codewasdebugged,speedoptimizedand�nally
portedto IDL, in orderto obtainahighersystemindependence.
Theprogramgeneratesphasescreensaccordingto aKolmogorov typepowerlaw by spectralsynthesis
in Fourier space;sincethe sizeof a phasescreenis limited, however, the spectrumis not perfectly
modeledat thelow frequency end,resultingin aneffective outerscaleon theorderof thesizeof the
phasemask. This effect is partly alleviatedby the additionof so-calledsubharmonics(Laneet al.,
1992),with thegoalof achieving ahigh�delity to theKolmogorov law down to thefrequency de�ned
by thedesiredouterscaleof eachlayer.
Deviation from the Taylor frozen�o w hypothesisis alsopossiblewith TURBULENZ: the temporal
evolution of thephasescreenpatternis modeledby aMarkov processwith adjustablestrength(Glin-
demannetal., 1993).
Oneof themostimportantcapabilitiesof thepackageascomparedto othersimulationenvironments
is thepossibilityto includethesimulationof amplitude�uctuationsandintensityscintillationscaused
by Fresneldiffractionon thephasegrid of eachlayer(Berkefeld,1998).
In the context of this work, it wasnecessaryto carry out adaptive opticsaswell asSCIDAR sim-
ulationsusingTURBULENZ. While a simpleapproach,describedin section2.4, wasusedfor AO,
SCIDAR simulationsdemandeda strongermodi�cation. If SCIDAR modeis switchedon, the input
�le mustcontainthefollowing additionalinformation:

� Thedistanceof theSCIDAR observationplaneto theapertureplaneof thetelescope.

� Theidenti�cation of two starsusedfor theSCIDAR measurements.
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With this information, the phasepropagationalgorithm is modi�ed suchthat it mimics the Rytov
approximationwhile retainingtheFresneldiffractioncode:

1. First, theobservationplanedistanceis addedto theheightof eachlayer.

2. Then,for bothstarsinvolved, theresultingamplitudediffractionpatternis calculatedfor each
layer

3. Thetotal apertureplanescintillationpatternis foundby �rst addingthe log-amplitudesof the
individual layerpatternsandthencalculatingtheresultingtotal intensity.

4. Finally, thetwo observationplanepatternscorrespondingto eachstarareaddedaftershiftingto
theappropriatepositiongivenby thepropagationdistancefrom theapertureto theobservation
plane.

As wasdemonstratedin section2.1, this simulationtechniquedeliversexcellentagreementof both
”measured”

���

� ���	� -pro�les andwindspeeds/directionswith thesimulationparameters(seealsoBerke-
feld etal. (2003)).



Appendix B

The SCAVENGER SCIDAR Package

SCIDAR measurementsaredelivering a tremendousamountof raw datain the form of individual
observation planeexposures.Sinceno standarddatareductionpackagesexist, a softwarepackage,
SCAVENGER wasdevelopedin thecontext of this work.
Thefollowing taskshavetobeperformedin orderto arriveatanaccurateestimateof the

� �

�
���	� -pro�le

of theatmosphere:

� Calculationof the mean-normalizedauto-covarianceof a given numberof observation plane
exposures.

� Extractionof slicesthroughtheauto-covarianceplanein directionof the line of separationof
thestarsaswell asperpendicularto this line.

� Calculationof the T-matrix, i.e. the matrix connectingmeasurementsin the autocorrelation
planewith turbulenceheightandstrengthin theatmosphere.

� Inversionof themeasurementequation.

Thefollowing paragraphsdescribethetoolsdevelopedto tacklethosetasks.

Calculation of the auto-covariance function

The calculationof the mean-normalizedauto-covariancefunction is straightforward but hasa high
computationalload;it is themainreasonwhy real-timeor nearreal-timedatareductionis asof today
impossiblewith SCIDAR systems.
Sincethe actualvalueof the observation planesamplingis crucial in both determiningthe height
resolutionas well as potentialerrors in the SCIDAR measurementprocess,the routine doing the
autocorrelationdeliversanestimateof thisvaluethroughthefollowing algorithm:

� First, theaverageapertureimageis calculated.

� Thentheresultingimageis binarizedby assigning0 to valuesbelow the imagemedianvalue
and1 to valuesabove it.

� Finally, anaverageis takenof the10 pairsof mostdistantpointsin the illuminatedpartof the
binarizedimage,deliveringthepixel samplingandits standarddeviation.

Note that theseestimatesareonly accurateif the measurementsarecarriedout in non-generalized
SCIDAR mode,i.e. theobservationplanecoincideswith thepupil of thetelescope.

93



94 APPENDIXB. THE SCAVENGER SCIDAR PACKAGE

FigureB.1: Screenshotof theinteractivepro�le extractionroutine.

Extraction of the auto-covariance pro�le

With theauto-covariancefunctiongiven, thenext taskis theextractionof thecutsthroughtheauto-
covarianceplane; for this purpose,an interactive routinewascreated,asshown in �gure B.1. On
startuptheuserhasto selectaauto-covarianceimage,which is thendisplayedin Cartesianaswell as
polarcoordinates.
In orderto extract thecuts,the directionof separationof the two componentshasto be found; this
is accomplishedby askingthe user�rst for the estimatedradiusof the centralpeak,which is then
masked out exposingthe fainter off-centercomponents.Then, the userprovides a radial position
wherethecodescansfor asecondarymaximum.Takingacut throughthepolarplot planeat thegiven
position,thecodereliably �nds thelocationof theline of separationand�nally extractscutsparallel
andperpendicularto this line, with theresultof theextractiongivenby their difference.Thecutsand
theresultarealsoplottedfor controlpurposes,ascanbeseenin �gure B.1.

Recovery of the
���

�
���	� -pro�le

After theauto-covariancepro�le �� hasbeenfound,themeasurementequation

��

���

�

�

�

�

�

$

(B.1)

where �

� is the
�

�

�
����� -pro�le and �

� a noiseterm,hasto beinverted.This �rst requiresthenumerical
calculationof the � matrix,givenby equation2.29.Apart from abrightnessdifferencefactorandthe
heightshift dueto generalizedSCIDAR, thevalueof � dependson thezenithangle,theobservation
planesamplingandtheseparationof thebinary's components.All of thesevalueshave to beprovided
by theuserascanbeseenin �gure B.2. Thecode�rst checksif asuitable� -matrixhasalreadybeen
calculated;if not, a subroutineis startedto accomplishthis task,which is very time-consuming.A
possiblefutureupdateof thesoftwarepackageshouldthusinvolve theprecomputationof a suitable
grid of � -matrices,from which theneededonescouldbeinterpolated.
Finally, both �� and � areusedto obtaina�rst estimateof the

� �

�����	� -pro�le by leastsquaresinversion;
this estimateis usedasthe initial guessfor the conjugategradientsinversionof equationB.1. The
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FigureB.2: Screenshotof theinteractive �

	

�

���
�

recoveryroutine.

original auto-covariancepro�le is shown alongwith the LSQ-estimateandthe conjugategradients
resultin the

���

� -Calculatorwindow (�gure B.2), aswell asestimatesof � � and
�

� at a wavelengthof
500nmcalculatedfrom theresult.

During thedevelopmentof SCAVENGER, carewastakento make theroutinesmostly independentof
instrumentand/ortelescopespeci�c constantslike CCD size,aperturesizeetc. Thus, the package
shouldbeusablewithoutmajorchangesfor any SCIDAR measurement;sofar, SCAVENGER hasbeen
successfullyusedto reducedatatakenfrom SCIDAR simulationswith TURBULENZ, measurements
at theCalarAlto 1.23mtelescopewith ImperialCollege's SCIDAR instrument(this work), and�rst
measurementsat the VATT on Mount Grahamwith the LBT SCIDAR instrument(McKennaet al.,
2003).

TaskAutomation

The large amountof dataproducedby SCIDAR measurementsmakes interactive datareductiona
very lengthyandtediousprocedure.However, it is possibleto automatedatareductionusingSCAV-
ENGER's subroutines.Strictly speaking,userinteractionis mostlynecessaryin theextractionof the
auto-covariancepro�le �� , while theotherparameters,likesampling,defocusetc.,eitherstayconstant
duringanobservingrun or changein a predictableway (e.g. thezenithangle).Thus,if theseparam-
etersareprovided,theonly taskremainingis to �nd the line of separationbetweenthecomponents,
which is accomplishedby thefollowing algorithm:

� Selectanauto-covarianceimagefrom thecurrentrun.
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� Map theimageto polarcoordinates.

� Masktheinnermostandoutermostradialregionsof thepolarauto-covarianceimage.

� Finally, identify the line of separationby searchingfor the angularcut for which varianceis
maximal.

The only additionalinformationto be provided for full taskautomationis the extent of the regions
to be masked; theseparameters,however, are speci�c to the instrumentand telescopeused,thus
sacri�cing thesystemindependentnatureof theinteractive routines.
All theSCIDAR resultspresentedin section3.3werecalculatedusingthenon-interactive technique,
which turnedout to beeffective for morethan90%of all auto-covarianceimagesrecorded.



Appendix C

ALFA PSFReconstructionSoftware

This appendixlists thesoftwarepackagesdevelopedduring this work, which arenecessaryto carry
outasuccessfulPSFreconstructionontheALFA system.It is dividedinto threesections,preparatory
packages,which are usually executedonly onceand are only necessaryto be re-run with system
upgradesetc.,auxiliary packages,which areusedin thePSFreconstructionprocess,but canalsobe
appliedfor other, stand-alonepurposes,and�nally thePSFreconstructionpackagesthemselves. All
of theroutinesworkedarewritten in IDL in orderto beeasilyportablebetweenplatforms

C.1 Preparatory Packages

C.1.1 Cross-talkmatrix calculation

As notedin section2.2,thecross-talkmatrix is givenby

�����
�! 

��
 (C.1)

Theinteractionmatrix of high-ordermodesis not measurable,sincetheDM cannotreproducethose
modes. It is thereforenecessaryto simulatethe responseof the SHS to the involved high-order
Karhunen-Loeve modes.
For thispurpose,acompletemodelof theSHSmeasurementprocesswasimplemented,includingthe
KS7 andKS28arraysaswell asthedifferentavailablecentroidingalgorithms(Kasper, 2000). This
simulationis usedto constructthecompletetheoreticalinteractionmatrixupto agivennumberof KL
modes,from which, togetherwith the measuredinteractionmatrix for a given setup,the cross-talk
matrix follows from � �����! ��
 .

C.1.2 Calculation of �
���

Theknowledgeof thefunctions �
��� is mandatoryfor thereconstructionof bothon-andoff-axisPSFs.

Although they are available in analyticalform for Zernike polynomials,this is not the casefor a
generalmodalset. Additionally, it is alwaysbetterto useactualmeasurementsof theDM shapefor
thecalculationof thefunctionsinsteadof thetheoreticallyexpectedvalues.For thispurpose,aroutine
wasimplementedthatcarriesoutanumericalintegration
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$ (C.2)
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giventheshapesof theusedmodes.
The functions � ��� arecalculatedfor all combinationsof � an

�

for �

$

�

�

�

� andfor �

�

�

only for
�

$

�

�

�

� , sincehigh-ordercontributionsaremodeledfromthetheoreticalKarhunen-Loevecovariance
matrix,whichis by de�nition diagonal.Low-ordermodes,however, oftenshow non-zerooff-diagonal
elementsdueto deviationsfrom perfectKolmogorov turbulence,aliasing,noiseetc.
One input parameterof the routine is a grid of the shapeof modesused; thus, for modeswhere
interferometricmeasurementsof theactualDM shapeareavailable,theanalyticallycalculatedmodes
canbereplacedby measurements.In practice,this turnedout to deliver betterresultsduringthePSF
reconstructionprocess.

C.1.3 Calculation of � ���

Thecalculationof the � ��� functions,neededfor off-axisPSFestimation,follows thesamelinesasthe
calculationof the � ��� . Again,anumericalintegrationis carriedout, this time according
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� (C.3)

A potentialproblemis posedby thedivergenceof the integrandwith ���

�

; asshown by Chassat
(1992),thelimiting valueis generallynon-zerofor Zernike polynomials.Thus,in principlesophisti-
catednumericalintegrationtechniqueswould have to beemployed in orderto yield sensibleresults;
luckily, ascanbeseenfrom equation2.78,

�

���

�

� � � only entersthePSFestimationprocessin the
form of differencesfor equal � and

�

. As equationC.3 effectively is just a Fourier transform,anun-
known valuefor � �

�

correspondsto a constantbiasin realspace,which cancelsin thedifferences.
Thus,thevalueof theintegrandat � �

�

cansafelybesetto zerobeforetransforming.
After calculation,the � ��� aretransformedto polarcoordinateswhich aremoreconvenientfor theuse
in equation2.78.

C.2 Auxiliary Packages

C.2.1 Noiseestimation

Noise estimationis implementedfollowing the methodsdevelopedin section3.2. Thereare two
differentroutines,usingtheweighteddifferenceandthedirectdifferencemethodsrespectively. The
masterroutineis providedthemeasuredclosed-loopgradientsandtheloopfrequency; for frequencies
below 200 Hz, a loop delayof 1 is assumed,for frequenciesup to 500 Hz a loop delayof 2; up to
thisfrequency theweighteddifferencemethodis usedfor noiseestimation,for higherfrequencies,the
estimationswitchesto thedirectdifferencemethod.

C.2.2 Loop simulation

The simulationof the loop feedbackin closed-loopoperationis fundamentalin the retrieval of the
appliedmirror modesduring a measurement.For this purposea completeimplementationof the
control algorithmin IDL wasdone. Apart from a freely adjustablegain, therearethreeadditional
parametersets,� , � , and

�

, whichareusedto selectspeci�c controllermodesdependingontheloop
frequency andcontrolalgorithm(Wirth etal.,1998).TableC.1liststhevaluesof theparametersused,
wherePI denotesthestandardPI controllerandOPTstandsfor theoptimalcontroller(Loozeet al.,
1999).
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Type PI PI PI OPT
Range[Hz] 0-300 301-600

"

600 0-300

� 0.0 0.0 0.2 0.893
� (0,0,-0.3) (0,0,0) (0,0,0.5) (-0.077,-0.512,-0.350)

�

(0,0,0) (0,0,0) (0,0,0) (0,0,0.390)

TableC.1: ALFA control loop parametersets;for the OPTcontroller, the loop gain hasto be multiplied by
59.48.

By default,theloopsimulationselectsthePI controllersuitablefor thegivenfrequency. If theoptimal
controllerwasusedduringameasurement,theparametershave to beadjustedby hand.
The other crucial input parametersof the loop simulationare the calibrationmatrix (the gradient
matrix) and the measuredgradients. Its output is the time seriesof modal coef�cients as applied
to the DM; in orderto obtainthe actualvarianceof the mirror modesit is necessaryto doublethe
valuesobtainedfrom the simulation(due to re�ection, the output is always half the atmospheric
modepresent).Additionally, the�rst 50-100simulatedmirror modesshouldnotbeusedfor variance
calculations,sincethey representtheinitial phaseof correctionstartingfrom a�at mirror andthusare
proneto unnaturaloscillations.
As hasbeendonein section3.2,theloopsimulationcanalsobeusedto simulateclosed-loopoperation
startingfrom anopen-loopgradientmeasurementsetaccordingto thefollowing algorithm:

1. Setup theclosed-loopsimulationwith thedesiredparameters;from the�rst entryof theopen-
loopgradientset,calculatetheinitial modalinputusingthereconstructionmatrix � constructed
from thecorrespondinginteractionmatrix � .

2. Calculatethe modal output of the loop, and constructthe correspondinggradientsby direct
applicationof � on thedoubledvalueof thecurrentmirror modalcoef�cients.

3. Subtractthemirror inducedgradientscorrespondingto thedesiredloopdelayfrom thenext set
of open-loopgradients;usetheresultto calculatethenext modalinput to theloop.

4. Startoverat step2.

The outputof this algorithmare time seriesof simulatedclosed-loopgradientsandmirror modes,
which canbeusedto examinetheactualtransferfunctionof theloop for a givensetof parametersas
well asfor noisepropagationstudies.

C.2.3 Closed-loop�
�

estimation

Closed-loopestimationof theFriedparameteris essentialfor bothcorrectionof aliasingnoiseandthe
scalingof thehigh-ordermodecontribution to thePSF. Theroutineintegratesmostof theresultsof
describedabove andthushasto beinvoked providing thegradientmatrix, theclosed-loopgradients,
loopgainandfrequency, aswell asthecross-talkmatrix. It thencallsthenoiseestimationroutineand
the loop simulationin orderto get themirror modesandthegradientnoiseestimates.Following the
iterative algorithmdescribedin section2.3andusingequation2.58it producesanestimateof � � .
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C.3 PSFReconstructionPackages

The most importantpackagesare,of course,thoseusedfor the actualPSFreconstruction.A pre-
requisitefor bothon- andoff-axis estimationis theknowledgeof thecalibrationPSF;thusa routine
hasbeenimplementedthat takesa K+Br � �ltered imageof the �ber sourceandconstructsan OTF
estimatewith adequatesampling.Dueto lack of suitableimages,however, this routinehasnot been
thoroughlytested.

C.3.1 On-axisOTF/PSFcalculation

Theon-axisOTF/PSFreconstructionroutineneedsthefollowing input:
� theon-axisOTF

�

� �� � ,

� theobservationwavelength'

� theinteraction(gradient)matrix � ,

� thetime-seriesof closedloop gradients�

�

�

�

� ,

� thetheoreticalinteractionmatrix � 
 ascalculatedby theroutineof sectionC.1.1,

� theloop frequency andgain,

� thetheoreticalcovariancematrix for Karhunen-Loeve modes,

� andthe � ��� functionsfor themodalsetused.obtainedfrom C.1.2.

With this information,thereconstructionalgorithmcalls theauxiliary routinesfor noiseand � � esti-
mation,which in turnareusedto construct�

�

�

�

�

�

"

and �

�

�




�

�

�




"

. Togetherwith the �
��� functions

theon-axisOTF is calculatedandsaved to disk, beforea �nal Fourier transformdelivering thePSF
for thegivenwavelengthat a resolutionof 0.04”/pixel.

C.3.2 Off-axis OTF/PSFcalculation

Apart from theon-axisOTF, theoff-axis PSFreconstructionrequiresadditionalinformation:
� the angulardisplacement�

� of the reconstructionposition from the guidestargiven in polar
coordinates,

� the
�

�

������� -pro�le of theatmospheretogetherwith thevaluesof � correspondingto eachpoint
in thepro�le,

� andthe �
��� functionsascalculatedin sectionC.1.3.

With this information,theanisoplanatictransferfunction(ATF) is calculatedandmultiplied with the
on-axisOTF to obtainthetotalOTF; again,theresultingOTF is savedto diskbeforetheoff-axisPSF
is foundby aFouriertransformation.

All of theroutinesdescribedabovearemoreor lessadaptedto theALFA system;carehasbeentaken,
however, to put speci�c parameterslike mirror diameter, obstructionratio, etc. into constants,such
thattheroutinescaneasilybemodi�ed for othertelescopesand/orsystem,with theobviousexception
of theclosed-loopsimulation.
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Röhrle,C.,Skole,S.,Spyromilio, J.,Storz,C.,
Tacconi-Garman,L., andZins,G.: 2002,ESO
Messenger 107, 1

Cannon,R.: 1996,JOSAA 13, 862

Chassat,F.: 1989,J. Optics(Paris) 20, 13

Chassat,F.: 1992, Ph.D. thesis, UniversiteParis
XI Orsay

Chun, M. and Avila, R.: 2002, in Astronomi-
cal Site Evaluationin the Visible and Radio
Range, Vol. 266of ASPConf. Proc., p. 72

Conan, J.-M., Rousset,G., and Madec, P.-Y.:
1995,JOSAA 12, 1559

Dai, G.-M.: 1995,JOSAA 12, 2182

Dai, G.-M.: 1996,JOSAA 13, 1218

Diolaiti, E., Ragazzoni,R., andTordi, M.: 2001,
A& A 372, 710

Dorf, R. andBishop,R.: 2001, ModernControl
Systems, Prentice-Hall,9 edition

Fante,R. L.: 1975,Proc. IEEE63, 1669

Fried,D. L.: 1965,JOSA55, 1427

Fuchs,A., Tallon,M., andVernin,J.: 1998,PASP
110, 86

Fusco,T., Conan,J.-M.,Mugnier, L., Michau,V.,
andRousset,G.: 2000,A& A Suppl.Ser. 142,
149

Gendron,E. andLena,P.: 1994,A& A 291, 337

Gendron,E. andLena,P.: 1995,A& AS111, 153

Gershenfeld,N.: 1999,TheNature of Mathemat-
ical Modeling, Chapt.10, CambridgeUniver-
sity Press

Glindemann, A., Hamilton, D., Hippler, S.,
Rohloff, R.-R.,andWagner, K.: 1997, in N.
Hubin(ed.),ESOWorkshoponLaserTechnol-

101



ogy for LaserGuideStarAdaptiveOptics, pp
120–125

Glindemann,A., Lane,R. G., andDainty, J. C.:
1993,J. Mod.Opt.40, 2381

Gracheva, M., Gurvich, A., andKallistrova, M.:
1970,Radiophys.QuantumElectron.13, 40

Greenwood,D. P.: 1976,JOSA66, 193

Greenwood,D. P.: 1977,JOSA67, 174

Hamilton,J.: 1994,TimeSeriesAnalysis, Prince-
tonUniversityPress

Harder, S.andChelli, A.: 2000,A& A Suppl.Ser.
142, 199

Hardy, J. W.: 1998, AdaptiveOptics for Astro-
nomicalTelescopes, OxfordUniversityPress,
New York

Hartmann,J.: 1900,Zeitschr. f. Instr. 24, 1

Hippler, S., Glindemann,A., Kasper, M., Kalas,
P., Rohloff, R., Wagner, K., Looze, D., and
Hackenberg, W.: 1998, in Proc SPIE, Vol.
3353,pp44–55
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