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Abstract

The impact of genetic variation on molecular traits such as gene expression is known to
vary substantially across molecular contexts, such as cell types and states. Conventional
approaches for molecular phenotyping rely on bulk sequencing data, representing aggregate
measurements across thousands or millions of cells from sorted cell populations or whole
tissue sections. As a result, these methods often lack the resolution to capture fine-grained
cellular heterogeneity, impacting discovery and explanatory power for mapping genetic as-
sociations. More recently, single-cell sequencing technologies have fundamentally changed
our ability to study cellular identity. By isolating and analyzing individual cells, these meth-
ods have revealed the remarkable diversity that exists even within seemingly homogeneous
cell populations and have enabled researchers to create detailed profiles of the underlying
transcriptomic and epigenetic landscape. Integrating single-cell measurements with geno-
typing data opens up new opportunities for linking genetic variation to molecular processes
in a context-specific manner, to improve disease diagnosis, risk prediction and the design of
therapeutic interventions.

Existing analysis strategies typically require aggregation of measurements in discrete cell
clusters, in order to apply statistical methods originally developed for bulk-sequencing data.
As a consequence, these methods may fail to capture more subtle allelic regulation and inter-
action effects with continuous biological processes such cell differentiation or development.
This thesis develops three new computational methods designed to model genetic effects at
the level of individual cells, to harness the full potential of single-cell measurements. The
first method, scDALI, enables the assessment of allelic imbalance in single-cell count data,
particularly for effects associated with specific cell types and states. The model is applied
to open chromatin data from Drosophila Melanogaster embryos to examine allele-specific
changes in chromatin accessibility across development. In addition, a variant of the varia-
tional autoencoder model is presented, aiding in the inference of cell types and states from
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vi Abstract

temporally resolved, high-dimensional chromatin profiles. The second contribution, Cell-
RegMap, is the first principled method and statistical test to identify genetic variants with
context-specific effects on gene expression, requiring no prior discretization of single-cell
profiles. The model is validated using a semi-synthetic simulation framework, demonstrat-
ing the importance of accounting for both donor- and cell-level sources of confounding vari-
ation to obtain calibrated test statistics. Finally, the third method, LIVI, uses a variational
autoencoder model with adversarial regularization to disentangle donor-specific and shared
gene expression variation in population-scale transcriptome data. Once trained, the LIVI
latent space can be used to define efficient tests for identifing persistent or context-specific
genetic effects on expression factors.



Zusammenfassung

Der Einfluss genetischer Variation auf molekulare Merkmale wie die Genexpression kann
je nach molekularem Kontext, wie beispielsweise dem Zelltypen und -zustand, erheblich
variieren. Herkömmliche Ansätze zur molekularen Phänotypisierung basieren auf Bulk-
Sequenzierung, die aggregierte Messungen über Tausende oder Millionen von Zellen aus
sortierten Zellpopulationen oder ganzen Gewebeschnitten darstellen. Diesen Methoden bi-
eten meist nicht die benötigte Auflösung, um zelluläre Heterogenität detailliert zu erfassen,
was sich auf die statistische Power bei der Kartierung genetischer Zusammenhänge auswirkt.
In jüngerer Zeit haben Technologien zur Einzelzellsequenzierung unsere Fähigkeit, die zel-
luläre Identität zu untersuchen, grundlegend verändert. Durch die Isolierung und Anal-
yse einzelner Zellen haben diese Methoden die bemerkenswerte Vielfalt aufgedeckt, die
selbst innerhalb scheinbar homogener Zellpopulationen existiert, und es derWissenschaft er-
möglicht, detaillierte Profile der zugrunde liegenden transkriptomischen und epigenetischen
Landschaft zu erstellen. Die Integration von Einzelzellmessungen mit Genotypisierungs-
daten eröffnet neue Möglichkeiten, genetische Variation kontextspezifisch mit molekularen
Prozessen zu verknüpfen, um die Krankheitsdiagnose, Risikovorhersage und die Entwick-
lung therapeutischer Interventionen zu verbessern.

Bestehende Analysestrategien erfordern typischerweise die Aggregation von Messungen in
diskreten Zellclustern, um statistische Methoden anzuwenden, die ursprünglich für Daten
aus der Bulk-Sequenzierung entwickelt wurden. Infolgedessen gelingt es diesen Methoden
teilweise nicht, subtilere genetische Regulations- und Interaktionseffekte mit kontinuier-
lichen biologischen Prozessen wie der Zelldifferenzierung oder -entwicklung zu erfassen.
Diese Arbeit entwickelt drei neue Methoden zur Modellierung genetischer Effekte auf der
Ebene einzelner Zellen, um das volle Potenzial von Einzelzellmessungen auszuschöpfen.
Die erste Methode, scDALI, ermöglicht die Analyse der allelischen Verteilung in Einzelzell-
daten, insbesondere für Effekte, die mit bestimmten Zelltypen und -zuständen verbunden

vii



viii Zusammenfassung

sind. DasModell wird auf Chromatindaten vonDrosophilaMelanogaster-Embryonen angewen-
det, um allelspezifische Veränderungen in der Zugänglichkeit des Chromatin im Laufe der
embryonalen Entwicklung zu untersuchen. Darüber hinauswird eineVariante desVariational-
Autoencoder-Modells vorgestellt, die die Inferenz von Zelltypen und -zuständen aus zeitlich
aufgelösten, hochdimensionalen Chromatinprofilen unterstützt. Der zweite Beitrag, Cell-
RegMap, ist die ersteMethode zur Identifizierung genetischer Variantenmit kontextspezifis-
chenAuswirkungen auf dieGenexpression, die keine vorherigeDiskretisierung von Einzelzell-
profilen erfordern. Das Modell wird mithilfe semi-synthetischer Daten validiert. Die Anal-
yse zeigt, wie wichtig es ist, Störvariationen sowohl auf Spender- als auch auf Zellebene
zu berücksichtigen, um kalibrierte Teststatistiken zu erhalten. Die dritte Methode, LIVI,
ist ein Variational-Autoencoder-Modell mit spezieller Regularisierung, um spenderspezifis-
che und geteilte Genexpressionsvariationen in Transkriptomdaten im Populationsmaßstab
zu entflechten. Nach dem Training kann der LIVI-Latentraum zur Definition effizienter
Tests zur Identifizierung persistenter oder kontextspezifischer genetischer Effekte auf Ex-
pressionsfaktoren verwendet werden.
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Chapter 1

Introduction

The study of how genetic information encodes observable traits lies at the heart of modern
genetics and biology. This process encompasses the transformation of genetic sequences
into functional molecules that ultimately give rise to the characteristics and behaviours of
living organisms. Understanding the mechanisms underlying this complex process is a fun-
damental challenge in biological research, as it holds the key to deciphering the intricacies
of development, evolution, and disease.

1.1 From genotype to phenotype

The genotype of an organism refers to the genetic information stored in its DNA sequence.
Genes, functional units within the DNA sequence, are transcribed into RNA in a process
known as gene expression. The resulting RNA may be directly functional or used as a tem-
plate for synthesizing proteins, which shape cellular structure or fulfil essential roles in the
catalysis of metabolic reactions, DNA replication, cell communication, or development [1].
Other non-protein-coding regions of the genome contain regulatory sequences that may be
bound by proteins to initiate, enhance, or repress gene expression and control the amount of
RNA produced by specific genes withing a cell. This intricate process of gene expression
is used by all known life on earth, from single-celled prokaryotes to complex eukaryotic
organisms such as ourselves. It is the most fundamental level at which genetic variation
shapes observable traits, the phenotype.
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2 From genotype to phenotype

The exploration of the genetic basis underlying complex traits and diseases has been a long-
standing pursuit in human genetics. Enabled by advances in chip-based microarray sequenc-
ing technologies in the early 2000s, Genome-wide association studies (GWAS) [2, 3] have
identified links between genetic variation and phenotypic traits of interest, such as disease
susceptibility, drug response, or various quantitative traits. These studies involve scanning
the genome of a large cohort of individuals to detect genetic variants, typically single nu-
cleotide polymorphisms (SNPs), that are statistically correlated with the trait under investi-
gation. The first GWA studies focused on binary case-control designs to chart the genetic ba-
sis of a variety of diseases, such as age-related macular degeneration [3], Crohn’s disease [4],
inflammatory bowel disease [5] and type 2 diabetes [6]. Subsequently, GWA studies have
started to increasingly incorporate quantitative traits such as BMI or blood pressure [7]. This
development is driven in part by the recognition that selecting a control group can be chal-
lenging, as healthy individuals may develop a disease later in life, thus reducing power to
detect genetic links [2]. Through large-scale collaborations and meta-analyses [8, 9], and
in particular the generation of extensive population-based cohorts and biobanks [10, 11],
GWAS continues to uncover thousands of genetic loci associated with diverse traits, pro-
viding valuable insights into the genetic architecture of complex phenotypes [12,13]. As of
June 2023, the NHGRI-EBI Catalog of human genome-wide association studies [14] con-
tains 6,422 publications and lists more than half a million SNP-trait associations.

While GWAS have been successful in identifying genetic variants associated with complex
traits, understanding the functional implications of these variants is often challenging. In
some cases, a genetic variant may directly affect the structure of a protein, e.g., by changing a
section of DNA coding for one of the amino acids within its sequence. A prominent example
is sickle cell anaemia, a blood disorder caused by genetic mutations in both copies of the
β-globin (HBB) gene on chromosome 11 [15]1. Diseases such as sickle cell anaemia are
also known as monogenic disorders, caused by genetic mutations in a single gene. For
many common health disorders, however, there are multiple directions of added complexity.
First, monogenicity is the exception rather than the rule, with many common disorders being
driven by multiple genetic factors (polygenic disorders), as well as environmental exposures
and interactions thereof [16,17]. Second, most of the associated signals derived fromGWAS

1HBB produces haemoglobin, the oxygen-transport protein found within red blood cells. The abnormal
haemoglobin forms long strands within red blood cells, leading to reduced cellular elasticity that prevents
these cells from passing through narrow capillaries.
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map to noncoding regions of DNA [18], which make up close to 99% of the human genome
[19]. Third, because whole sections of DNA (haplotypes) are inherited together from a
single parent, there is substantial correlation between variants. This nonrandom association
of genomic loci, termed linkage disequilibrium (LD), has been used in early microarray-
based GWAS to reduce costs, by only sequencing a set of selected tag SNPs which can
serve as surrogates for groups of tightly linked variants [20]. As a consequence, however,
pinpointing association signals to specific causal variants is often difficult [20].

1.2 Exploring the genetic basis of gene regulation

Expression quantitative trait loci (eQTL) are genetic variants that regulate gene expression
levels, either by directly affecting transcription (in which case they are termed cis-acting) or
through other regulatory mechanisms (trans-acting) [21, 22] (Fig.1.1). Cis-regulatory ele-
ments are small sections of DNA (usually 5-12 nucleotides in length) dispersed throughout
the genome, which can be bound by regulatory proteins known as transcription factors (TFs)
to control the expression of nearby2 genes [1]. A cis-acting variant may for instance hamper
TF binding, thus repressing gene expression of associated target genes. Trans-acting vari-
ants influence gene expression of more distant genes by acting through another molecule,
e.g., by repressing the expression of an intermediary transcription factor in cis.

eQTL studies examine the correlation between the prevalence of genetic mutations and RNA
transcript abundances of either local or distal genes, in order to link genetic variants to
molecular processes and cellular functions. The widespread availability of high-throughput
genotyping and transcriptomics technologies, such as large-scale genotyping arrays, whole-
genome sequencing, and bulk RNA sequencing (RNA-seq) [24], has facilitated the applica-
tion of this approach to a wide range of biological systems, from cell line models [25,26] to
post-mortem collected human tissues [27].

The concept that underlies eQTL mapping has also been applied to other molecular traits,
such as chromatin accessibility [28–30] and other epigenetic features [31,32], to improve the
identification of causal eQTL variants and better understand their functional implications.

2Many cis-regulatory elements are located close a gene’s transcription start site (TSS). However, by defi-
nition, a cis-regulatory element is only required to be on the same chromosome as its target gene. To regulate
transcription, the element may be brought into close proximity of its target through DNA looping [1]. In prac-
tice, many studies consider only variants within a fixed (e.g. 1 megabase) window around a gene of interest.



4 Exploring the genetic basis of gene regulation

Figure 1.1. Cis and trans eQTL. A SNP S in a regulatory region proximal to gene A tran-
scription start site (TSS, angled arrow) affects its expression in cis. Gene A encodes a tran-
scription factor, leading to downstream trans-regulatory genetic effects on gene B. Grey
boxes denote exonic regions. Adapted from [23].

The spatial organization and compaction of chromatin, the mixture of DNA and proteins
found in the cell nucleus, is an essential regulatory mechanism governing gene expression
(Fig. 1.2) [1]. DNA is wrapped around histone proteins to form nucleosomes, basic struc-
tural units of the chromatin architecture. The chromatin structure of different cell types and
states is highly specific and determines which protein factors and other elements of the tran-
scriptional machinery, such as RNA polymerase, have access to the genetic code. Genetic
variants are known to interact with chromatin accessibility, for instance, by impacting the dy-
namic modification of nucleosome arrangements through DNA-binding chromatin remod-
elers [33]. Systematic association analyses of genetic variation and chromatin accessibility,
quantified using high throughput sequencing-based assays such as DNase-seq [34] or ATAC-
seq [35], have revealed changes in transcription factor accessibility as a major mechanism
mediating the effects of non-coding genetic variation on gene expression [28].

1.2.1 Allelic imbalance

In a diploid organism like humans, each gene typically has two alleles (variants of a gene),
one inherited from each parent. Standard QTL mapping efforts consider the aggregate ex-
pression of both alleles and map genetic effects on molecular traits based on inter-individual
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Figure 1.2. Chromatin accessibility as a regulatory mechanism. Chromatin refers to the
mixture of DNA and proteins found in the nucleoplasm within the cell nucleus. DNA winds
around histone octamers, protein complexes formed by eight histone proteins, to form struc-
tural units known as nucleosomes. Euchromatin refers to lightly packed chromatin, where
the DNA can easily be accessed by protein factors and RNA polymerase to initiate gene ex-
pression. Tightly packed heterochromatin is less accessible to the transcriptional machinery.

variation across a population. Alternatively, sequencing-based phenotyping may also be
used to measure allele-specific signals, which allows to map genetic effects even in a sin-
gle individual (Fig. 1.3). Using heterozygous variants to distinguish parental haplotypes,
sequenced transcripts can be assigned to either allele and allelic differences can be quanti-
fied [36]. Several studies showed that allelic imbalances are common in various molecular
traits, such as transcription factor binding, chromatin states and gene expression [28,37–39].
These differences in allelic activitiy can arise as the result of cis-regulatory effects on a trait,
if an individual is heterozygous for the causal variant, providing additional information on
genetic associations that is largely complementary to inter-individual variation [40].

1.2.2 Challenges in genetic association mapping

The design of statistical methods for GWA or eQTL studies faces similar challenges. Avoid-
ing the identification of spurious associations necessitates careful consideration of possible
confounding factors, such as population structure [41,42]. Furthermore, because both GWA
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Figure 1.3. The genetic basis of allelic imbalance. Using heterozygous variants as natural
markers (red), sequenced transcripts can be assigned to either allele in diploid organisms.
A SNP in a cis-regulatory element impacts binding of the associated trans-acting factor,
thereby suppressing transcription of allele 2 and causing allelic imbalance.

and eQTL studies frequently perform hundreds of thousands to millions of tests, multiple
testing correction is vital to reducing the probability of obtaining false positives associations
by chance alone [43,44]. Linear mixed models (LMMs) are a commonly used class of mod-
els in genetic association analyses, as they offer a flexible and effective way of decomposing
different sources of outcome variation in a regression framework [45–48]. LMMs are also
an essential component of the modeling approaches developed in this thesis, and will be
discussed in greater detail in chapter 2.

1.2.3 From variant to gene to function

Combining GWAS and eQTL analyses has significantly advanced our understanding of the
functional consequences of genetic variation, enabling the identification of putative mecha-
nistic links between genetic variation and phenotypic outcomes [49, 50]. A range of statis-
tical methods have been developed to determine if two association signals from GWAS and
eQTL studies likely share the same underlying causal variant [51] and whether the GWAS
phenotype is mediated by an intermediate expression trait (Mendelian randomization [52]).
By mapping the regulatory effects of disease-associated genetic variants, an integrative ap-
proach can offer insights into the biological pathways perturbed in diseases and highlights
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key genes and molecular processes involved in disease pathogenesis [21]. In fact, it has
been estimated that drugs focusing on therapeutic targets supported by genetic information
are twice as likely to succeed as those lacking such evidence, from initial phase I studies to
the final approval stage [53]. Nevertheless, across studies only a limited number (25-50%) of
disease-associated loci from GWAS share effects with known tissue-level eQTL [27,54,55].
Given that GWAS variants are enriched in proximity to putative causal genes and often lo-
cate in known regulatory regions [54], it appears that most eQTL studies lack the resolution
to discover these ‘missing links’ of genetic regulation [54].

1.3 Resolving molecular contexts

Cells are the fundamental building blocks of all life on earth and they exhibit remarkable
diversity and complexity, both within and across tissues [1]. This cellular heterogeneity
arises from the interplay of specific regulatory programs, governing the transcriptional land-
scape. As a result, gene expression levels can vary substantially across cell types and states
- the molecular context. While historically, eQTL studies were primarily focused on blood
cells [37, 56], as samples were readily accessible, more recent efforts have targeted a range
of human tissues [27,57–62]. These results highlighted the importance of stratifying by the
molecular context, showing that between 29% to 80% of eQTL are cell type-specific. The
regulatory impact of disease-associated variants on gene expression therefore needs to be
evaluated in tissues and cell types relevant to the disease.

1.3.1 Single-cell sequencing

All of the above mentioned eQTL studies rely on bulk RNA sequencing assays, which mea-
sure average molecular profiles of gene expression across millions of cells from pooled cell
populations [24]. As a consequence, these methods often fail to accurately capture the nu-
ances of cellular heterogeneity, such as rare or previously unknown cell states, as well as con-
tinuous transitions. Single-cell sequencing [63–66] has transformed our ability to dissect the
complex molecular contexts within individual cells, offering unprecedented resolution and
granularity. By capturing genomic, transcriptomic, or epigenomic information from individ-
ual cells, these techniques enable the unbiased exploration of cellular heterogeneity, lineage
dynamics, and the impact of cellular microenvironments [67–72]. The most widely used
single-cell sequencing technology is single-cell RNA sequencing (scRNA-seq) [64–66,73],
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which profiles the transcriptome of thousands or even millions of individual cells in a single
experiment. Using this data, researchers can identify cell types or continuous trajectories
(e.g., across time or pseudo-time [74–76]), link cell states to individual genes (e.g., to de-
fine marker genes for diverse cell populations [71, 77] ) and study subtle variation in gene
expression such as transcriptional bursting [78].

Single-cell technologies have been in use for more than a decade. However, applying these
assays to generate large multi-sample data necessary for genetic association testing required
both technological improvements as well as considerable reductions in cost [79]. In 2013,
a study first demonstrated the benefits of mapping genetic effects on gene expression distri-
bution in single cells [80]. The authors showed that many heritable expression phenotypes
such as bursting patterns and other dynamic expression fluctuations were masked when con-
sidering average gene expression measurements across many cells. Despite the modest size
of the data (92 genes from the WNT pathway; 1,440 single cells from 15 individuals), using
single-cell data improved statistical power to discover these effects. In the following years,
advances in assay technologies and experimental design (e.g., multi-individual pooling and
demultiplexing [81,82]) havemade it feasible to sequence cells from hundreds of individuals
to map eQTL at a genome-wide scale [81,83–85]. For example, recent work from Cuomo et
al. [84], revealed dynamic genetic effects on cell fate decision in human induced pluripotent
stem cells (iPSCs), illustrating how single-cell RNA-sequencing can be used to pinpoint ge-
netic associations to previously inaccessible cell states. The number of published studies has
more than doubled in between January and December 2022 [79], with the largest dataset now
encompassing approximately one million cells from almost 1,000 individuals [86].

Single-cell sequencing data poses a number of challenges for the development of analy-
ses strategies and computational methods [73, 87, 88]. Measurements typically exhibit high
levels of noise and technical variability due to a variety of factors, such as amplification
biases, contamination with ambient RNA, variation in sequencing depth per cell and exper-
imental batch effects [87, 89, 90]. Owing to the small amount of biological material, the
total number of sequencing reads for an individual cell is usually low, leading very sparse
measurements when evaluating molecular traits at a genome-wide scale [91,92]. Designing
statistical methods that successfully account for biological and technical sources of noise
in this data, remains an area of ongoing research [87, 92, 93]. It is of particular impor-
tance in the context of single-cell data integration, to form comprehensive atlases of cellular
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heterogeneity across multiple datasets from different samples, experiments and sequencing
technologies [69,71,87,94]. Moreover, modern single-cell technologies are now frequently
used to profile millions of cells [95, 96], making computational scalability a key priority in
method development.

Figure 1.4. eQTLmapping based on aggregate single-cell gene expression counts. Cell clus-
ters are identified using the observed expression profiles. Counts are then aggregated within
each cluster, to obtain a sample-by-gene matrix of ‘pseudo-bulk’ measurements. eQTL are
mapped independently for every SNP-gene pair (example highlighted in red) and cluster.
Data from a single individual is highlighted in dark blue.

1.3.2 Single-cell eQTL mapping

To map genetic effects from single-cell sequencing data, cells are typically first divided into
discrete groups based on their gene expression profiles [84,85,97,98]. Most commonly, the
goal is to identify cell types, e.g., using clustering algorithms or by mapping to a reference
dataset [86]. Alternatively, binning may be used, for example, to stratify cells along a con-
tinuous differentiation trajectory [84]. By considering aggregate expression (’pseudo-bulk’)
counts within each group, genetic effects can then be identified using established associa-
tion tests originally designed for bulk sequencing data [97]. An overview of the workflow
is shown in Fig.1.4. This approach immediately benefits from the plethora of data normal-
ization and analysis strategies developed for processing scRNA-seq data and implemented
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in popular software suites such as Seurat [99] or Scanpy [100]. However, there are also
drawbacks to pseudo-bulk aggregation. While the data-driven stratification of single cells
improves on bulk sequencing approaches, there is still a possibility that biologically relevant
heterogeneity within discrete populations is obscured. For instance, important regulatory
changes along a differentiation trajectory might not align with a chosen sequence of time
intervals. Additionally, downstream association tests also neglect covariation in expression
and genetic regulation between cell groups. These simplifications are likely detrimental to
the accurate estimation of nuisance parameters and genetic effect sizes, leading to reduced
discovery power.

1.4 Contributions

This thesis focusses on the development of statistical and computational methods designed
to capture the relationship between genetic variation and quantitative traits such as gene ex-
pression from single-cell sequencing data. Importantly, these methods do not require prior
discretization of cell states, and instead aim to harness the full potential of single-cell mea-
surements. To this end, I combine classical statistical methodology, such as linear mixed
models and statistical hypothesis testing, with recent advances in latent variable modeling
from the field of machine learning.

First, I present scDALI, a statistical test and analysis framework for allelic imbalance in
single-cell count data. scDALI is the first principled method for assessing allele-specific
variation in a single-cell context, allowing to test for effects that align with particular cell
types and states. The model is applied to scATAC-seq data of Drosophila Melanogaster
embryos, to characterize allele-specific changes in chromatin accessibility across develop-
ment. As part of this analysis, I also describe a novel variant of the Variational autoencoder
model, targeted at temporally resolved scATAC-seq data, to infer cell types and states from
high dimensional open chromatin profiles. I show how some of the core ideas underlying
scDALI can be translated to the multi-sample setting and introduce CellRegMap, a statisti-
cal test designed specifically for identifying eQTL with single-cell resolution. CellRegMap
uses the linear mixed model framework to solve a variance decomposition problem, allow-
ing to assess the fraction of gene expression variation driven by genetics, cell state, as well as
confounding variables. Importantly, CellRegMap models interactions between cell state and
genetics, allowing to capture genetic effects that are specific to certain cell types or states.
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I validate the model using a semi-synthetic simulation framework, designed to capture con-
founding effects present in real data, to assess statistical calibration and power.

Lastly, I present LIVI, an extension of the Variational Autoencoder model designed to disen-
tangle donor-specific and shared, canonical gene expression variation from population-scale
scRNA-seq data. LIVI uses an adversarial approach to remove donor-specific effects from
the observed expression profiles, and then re-introduces these effects in an interpretable lin-
ear interaction model. Notably, cell-state-specific donor effects are summarized in trainable
embedding vectors at level of donors (rather than individual cells), that can be efficiently
screened for associations with genetic information or clinical covariates.

1.5 Thesis outline

The remainder of this thesis is organized as follows:

• Chapter 2 covers the mathematical foundations for the modeling approaches pre-
sented in this thesis. First, I present a brief overview of linear mixed models and sta-
tistical hypothesis tests for genetic association analyses. Second, this chapter provides
an introduction to the variational autoencoder, a flexible latent variable framework,
facilitating scalable probabilistic inference when using complex, non-linear observa-
tion models. Relevant extensions, such as conditional variational autoencoders and
observation models for single-cell data, are also discussed.

• InChapter 3 presents the scDALImodel and applications to scATAC-seq and scRNA-
seq data, as well as simulation studies. Subsequently, the CellRegMap model and
semi-synthetic simulation framework are introduced. The chapter finishes with an
example application of CellRegMap to map genetic effects on gene expression in
scRNA-seq data from human induced pluripotent stem cells (iPSCs), differentiating
towards definitive endoderm.

• Chapter 4 introduces the LIVI model. The method is validated on simulated data and
applied to a large dataset of one million human peripheral blood mononuclear cells
(PBMCs).

• Chapter 5 summarizes the thesis and discusses future research directions.





Chapter 2

Mathematical foundations

This chapter reviews key mathematical concepts used in this thesis and is structured into two
parts. In section 2.1, I discuss linear mixed models (LMMs), a family of statistical models
commonly used to perform genetic association analyses such as GWAS or eQTL studies.
The second major part of this chapter, section 2.2, provides an introduction to the variational
autoencoder model (VAE). VAEs constitute a class of probabilistic latent variable models, as
well as an inference scheme, both of which are typically implemented using artificial neural
networks.

Terminology

I will denote matrices using bold capitalized letters, for example, X ∈ RN×D. Similarly,
vectors will be denoted using bold lower-case letters, e.g., x ∈ RD. By default, all vectors are
column-oriented. For example, the n-th row of X ∈ RN×D is xTn , the vector transpose of xn.
The notation for matrix calculus follows [101]. In particular, for any multivariate function
f of x, f : RN 7→ R, ∂f

∂x and
∂2f

∂x∂xT denote the gradient and Hessian of f , respectively.

2.1 Linear mixed models

Linear mixed models are an extension of the linear regression framework. These models
incorporate random effect terms to represent covariance structure between observations,
providing a flexible way to control for confounding sources of phenotypic variation such
as relatedness between individuals. This section contains a brief overview of the model
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and relevant inference techniques. For a comprehensive introduction to linear mixed mod-
els see for example [102]. Sections 2.1.1-2.1.2 introduce ordinary linear regression models
and the general mixed model description. Parameter estimation using (restricted) maximum
likelihood is discussed in sections 2.1.3 and 2.1.4. Section 2.1.5 covers basic likelihood-
based methods for statistical hypothesis testing. In section 2.1.6, a specific score-based test
for variance components in linear mixed models is derived. Section 2.1.7 briefly discusses
variance component analysis and normalization. Non-Gaussian likelihood models and in-
ference methods are introduced in section 2.1.8. Finally, section 2.1.9 addresses specific
challenges in genetic association screens, in particular, confounding effects and multiple
testing adjustments.

2.1.1 Linear models for independent observations

We consider a dataset X ∈ RN×D, y ∈ RN of N input-output pairs (xn, yn). Linear regres-
sion models the mean of the output variable as a linear function of the input vector,

E[y] = XTβ, (2.1)

where β ∈ RD is the coefficient or fixed effect vector1. In linear regression we assume
that the data is independent and identically distributed (i.i.d) under a Gaussian observation
model. That is, the joint distribution of output variables y ∈ RN follows a multivariate
Gaussian distribution

y ∼ N (Xβ, σ2IN), (2.2)

where IN ∈ RN×N is the identity matrix. Under this model, any correlation in the response
variable y emerges as a result of the linear dependence on X; the measurement errors are in-
dependent. This assumption markedly simplifies parameter estimation, but may be inappro-
priate in many practical applications. A classical example is an analysis discussed in Laird
and Ware [103], where data from 200 school children was collected across multiple time
points to assess the effect of air pollution on pulmonary function. In such longitudinal stud-
ies, serial correlations among measurements from the same individual are to be expected. A
similar challenge is often encountered in genomic studies, wheremultiple biological samples
are collected from the same individual or groups of genetically related individuals.

1β may include an intercept term, by adding a constant column of 1s to X
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2.1.2 Mixed-effect models

Linear mixed models, sometimes also called multilevel or hierarchical models, extend the
linear model introduced in the previous section to include both fixed and random effects.
The result is a flexible framework for capturing correlations between observations. In its
general form, the univariate model is typically given as

y = Xβ + Zu+ ϵ, (2.3)

where y ∈ RN is the response vector, X ∈ RN×D is the covariate matrix for fixed effects
β ∈ RD, Z ∈ RN×F is the covariate matrix for random effects u ∈ RF and ϵ ∈ RN captures
residual noise. Unlike the the fixed effect vector β, for which the model assumes a single
true parameter in the population, u is itself a random variable,

u ∼ N (0,K), (2.4)

where K typically involves unknown dispersion parameters or variance components that
need to be estimated. As in 2.2, the residual errors are assumed to be independent and
normally distributed,

ϵ ∼ N (0, σ2IN). (2.5)

Using basic properties of the multivariate normal distribution to marginalize over u, one can
obtain the marginal likelihood

y ∼ N (Xβ,ZKZT + σ2IN). (2.6)

In contrast to eq. 2.2, the distribution of y is no longer required to factorize across observa-
tions. In fact, this model can represent arbitrary covariance structure: Any real symmetric
matrixΣ is positive semi-definite (that is, a valid covariance matrix) if and only if it may be
decomposed as Σ = ZZT for a real matrix Z2.

2.1.3 Maximum likelihood estimation

Let V = ZKZT + σ2IN be the covariance matrix of the marginal model and let θ denote
the vector of unknown variance components of V. The most common method of estimation

2For all real symmetric positive semi-definite matricesΣ, there exists a decompositionΣ = LLT , where L
is a is a real lower triangular matrix with non-negative diagonal entries (Cholesky decomposition). Conversely,
vTΣv = vTZZT v = ||ZT v||22 ≥ 0 for all v.
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for the mixed model parameters is maximum likelihood (ML). The joint probability density
function under the marginal model is

f(y;β,θ) =
1

(2π)N/2|V|1/2
exp

{
− 1

2
(y− Xβ)TV−1(y− Xβ)

}
, (2.7)

where |V| denotes the determinant of V. Therefore, the log-likelihood function is

ℓ(β,θ; y) = log f(y;β,θ) = −1

2
log |V| − 1

2
(y− Xβ)TV−1(y− Xβ) + const. (2.8)

Differentiating with respect to the unknown parameters gives the necessary conditions for a
global maximum of the likelihood function

∂ℓ

∂β
= XTV−1y− XTV−1Xβ = 0, (2.9)

∂ℓ

∂θr
=

1

2

{
(y− Xβ)TV−1 ∂V

∂θr
V−1(y− Xβ)− tr

(
V−1 ∂V

∂θr

)}
= 0, (2.10)

where tr(.) is the matrix trace. For simplicity, assume that X is of full (column) rank. Let
(β̂ML, θ̂ML) be a maximizer. From 2.9 we obtain the following closed-form expression for
β̂ML

β̂ML = (XT V̂−1X)−1XT V̂−1y, (2.11)

where V̂ = V(θ̂ML) is the marginal covariance matrix based on the estimated variance
components θ̂ML . Now, let

P = V−1 − V−1X(XTV−1X)−1XTV−1. (2.12)

Note that using 2.11, we have
Py = V−1(y− Xβ), (2.13)

that is, P removes the fixed effects from y. Combining 2.9 and 2.10 one finds that the ML
estimator for θ satisfies

yTP
∂V
∂θr

Py = tr
(
V−1 ∂V

∂θr

)
, (2.14)

which can be solved independently of β̂ML.

For the general case of arbitrary covariance structure, no closed-form maximum likelihood
solutions exists. Instead, numerical optimization methods such as Newton–Raphson, Fisher
scoring or expectation-maximization (EM) need to be used. In the case of independent ob-
servations, however, estimation is straightforward:
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Example: Linear regression

If we assume no random effects, such that V = σ2IN , one obtains the well-known linear
least squares estimator

β̂ML = (σ̂2
MLXTX)−1XT σ̂−2

MLy = (XTX)−1XTy, (2.15)

which can be computed independently of the variance estimate. From 2.10 it then follows
that the maximum likelihood estimate for σ2 is

σ̂2
ML =

1

N
(y− Xβ̂ML)

T (y− Xβ̂ML). (2.16)

2.1.4 Restricted maximum likelihood estimation

Under suitable conditions, the ML estimator is both consistent and asymptotically normal.
However, the estimator for variance components is biased and systematically underesti-
mates the population value. As an illustrative example, consider the sample variance es-
timator

s̃2 =
1

N

N∑
n=1

(yn − ȳ)2, ȳ =
1

N

N∑
n=1

yn, (2.17)

which can be derived as the ML estimate of the variance for a sample (y1, . . . , yN) from
a univariate Gaussian distribution N (µ, σ2) with unknown µ and σ2. It is easy to show
that

E[s̃2] =
N − 1

N
σ2, (2.18)

and thus Bias(s̃2, σ2) = E[s̃2 − σ2] < 0. This suggests a simple modification, known as
Bessel’s correction, to construct an unbiased estimator:

s2 =
N

N − 1
s̃2 =

1

N − 1

N∑
n=1

(yn − ȳ)2. (2.19)

Intuitively, Bessel’s correction adjusts for the degrees of freedom of the residual vector
(y1 − ȳ, . . . , yN − ȳ): While there are N independent observations, there are only N − 1

independent residuals, as
N∑

n=1

(yn − ȳ) = 0. (2.20)

Patterson and Thompson [104] derived a general procedure, later termed restrictedmaximum
likelihood estimation (ReML), to adjust for bias in the estimation of variance components in
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linear models with Gaussian observation noise. Their proposed approach involves finding
linear transformations of y, referred to as error contrasts, which preserve all the information
on variance components while eliminating fixed effect parameters.

Returning to the model in eq. 2.3, the ReML method replaces y with z = ATy, where
A ∈ RN×(N−rank(X)) is chosen such that

rank(A) = N − rank(X), ATX = 0. (2.21)

Therefore, E[z] = ATXβ = 0. As y is normally distributed, it follows that

ATy ∼ N (0,ATVA), (2.22)

where againV = ZKZT +σ2IN is the covariance matrix of the marginal model 2.6 with un-
known parameters θ. The ReML estimator is defined as themaximum likelihood solution for
the transformed variable z. The log-likelihood, here also known as restricted log-likelihood,
is

ℓReML(θ; y) = −1

2
log |ATVA| − 1

2
zT (ATVA)−1z+ const. (2.23)

Computing the derivative of the restricted log-likelihood and setting it to zero, one can show
that the maximizer needs to satisfy

yTP
∂V
∂θr

Py = tr
(
P
∂V
∂θr

)
, (2.24)

where P is defined in 2.13 [102]. Note that the above equation is independent of A and so
the ReML estimator does not depend on the choice of A (which is not unique).

Example: Linear regression

Consider again the linear model for independent observations in 2.2. The ReML estimator
is

σ̂2
ReML =

1

N − rank(X)
(y− X(XTX)−1XTy)T (y− X(XTX)−1XTy) (2.25)

=
N

N − rank(X)
σ̂2
ML (2.26)

Similar to Bessel’s correction, the ReML estimator replacesN byN−rank(X) in eq. 2.16 to
account for a loss in the degrees of freedom after estimating the fixed effect vector β.
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2.1.5 Likelihood-based testing

The previous sections have introduced point estimation in linear mixed models using max-
imum likelihood and restricted maximum likelihood estimation. Another important type of
statistical inference for linear mixed models is hypothesis testing. Following the exposi-
tory note by A. Buse [105], we will review three different tests commonly employed in the
context of linear mixed models and compare these within the framework of maximum like-
lihood methods: The likelihood-ratio test, the score test and the Wald test. All of these tests
aim to assess the statistical evidence for a particular parameter restriction. For instance, an
association test for fixed effect d compares the null hypothesis

H0 : βd = 0, (2.27)

to the alternative
H1 : βd 6= 0. (2.28)

Similarly, we might be interested in testing for restrictions of the variance component vector
θ. All three tests in this section leverage the likelihood function to derive a test statistic,
T , that summarizes the data. Under some regularity conditions, all statistics follow χ2 (chi-
squared) distributions under the null asymptotically. Given the observed value t of the test
statistic T , a p-value P = p(T ≥ t |H0) may then be computed to assess whether or notH0

can be rejected at a chosen significance level, e.g. P < 0.05.

Likelihood-ratio test

Let ϕ denote all of the unknown model parameters and let r(ϕ) = 0 be a set of g functional
restrictions on the parameter vector. Furthermore, let ϕ̂, ϕ̂0 be the maximum likelihood
estimates for the unrestricted and restricted models, respectively. The likelihood-ratio test
statistic directly compares the likelihood of the data for the two models

LR = 2(ℓ(ϕ̂)− ℓ(ϕ̂0)). (2.29)

For the case of closed-form likelihood functions, as is the case for linear mixedmodels, LR is
straightforward to implement. Furthermore, under some regularity conditions and assuming
the null hypothesis is true, the test statistic follows a chi-squared distribution with g degrees
of freedom asymptotically (Wilks’ theorem)

LR ∼ χ2(g). (2.30)
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Figure 2.1. Geometric intuition for likelihood-ratio test, Wald test and score test for the
hypothesis H0 : ϕ = ϕ0 vs. H1 : ϕ 6= ϕ0. Key elements of the test statistics are highlighted
in blue. (a) The likelihood-ratio test directly compares the log-likelihoods ℓ(ϕ0) and ℓ(ϕ̂) for
null parameter and maximum likelihood estimate ϕ̂, respectively. (b) The Wald test assesses
the difference between the maximum likelihood estimate ϕ̂ and null parameter ϕ0, scaled by
the curvature of the log-likelihood at ϕ̂. Shown are the log-likelihoods for two datasetsA and
B with identical global optimum but varying curvature. (c) The score test statistic evaluates
the derivative of the log-likelihood at ϕ0, weighted by the inverse curvature. Shown are
the log-likelihoods for two datasets A and B with identical derivative at ϕ0 but varying
curvature. Adapted from [105].

Fig. 2.1a depicts a simple example, where we assume that ϕ is unidimensional and the
log-likelihood is parabolic.

Wald test

Note that in Fig. 2.1a, the difference in likelihood may be expressed as a function of both the
distance between ϕ̂ and ϕ0, as well as the curvature of the log-likelihood function. For the
same distance between the restricted and unrestricted parameters, a greater curvature will
amplify the difference in their associated log-likelihoods (Fig. 2.1b). The Wald test statistic
[106] is based on exactly this intuition. In the unidimensional case with linear restriction,
r(ϕ) = ϕ− ϕ0, the statistic is defined as

W = (ϕ̂− ϕ0)
2C(ϕ̂), (2.31)

where C(ϕ̂) is the absolute value of the second derivative ∂2ℓ
∂ϕ2

∣∣
ϕ=ϕ̂

. Typically, C(ϕ̂) is re-
placed by its expectation I(ϕ̂) = E[C(ϕ̂)], known as the Fisher information. However, as
C(ϕ̂) is a consistent estimator of I(ϕ̂), both variants are asymptotically equivalent. More
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generally, for arbitrary ϕ and r,

W = r(ϕ̂)T (R(ϕ̂)I(ϕ̂)−1R(ϕ̂)T )−1r(ϕ̂), (2.32)

whereR(ϕ̂) is the matrix of partial derivatives (Jacobi matrix) of r evaluated at ϕ̂. As the LR
statistic, W follows a χ2(g) distribution asymptotically under suitable assumptions if the null
hypothesis holds true. Note that in contrast to the likelihood-ratio test, which requires fitting
both the restricted and unrestricted models, the Wald test is solely based on the unrestricted
estimate ϕ̂.

Score test

In many cases the null model is of considerably lower complexity than the alternative. While
the Wald test eliminates the computational burden of fitting the null model, an even more
appealing approach would therefore be to only estimate the restricted parameter ϕ0. Con-
sider again the unidimensional case with linear restriction. Since the unrestricted estimate ϕ̂
maximizes the likelihood, we have

U(ϕ̂) = ∂ℓ

∂ϕ

∣∣∣∣
ϕ=ϕ̂

= 0, (2.33)

whereU is known as the score function. If the null hypothesis is true, the parameter estimates
ϕ̂0 for the restricted model will be close to the unrestricted estimates ϕ̂. The score test [107]
(Fig.2.1c), also known as Lagrange multiplier test, is based on the idea that a departure from
the null hypothesis should result in a deviation of U(ϕ̂) from zero (assuming that the null is
sufficiently close to the global maximum). As in the case of the Wald test, the relationship
between derivative and the likelihood depends on the curvature of the log-likelihood func-
tion. In particular, the greater the curvature, the closer ϕ̂0 will be to the maximizer ϕ̂. The
score test statistic is

S = U(ϕ̂0)
2C(ϕ̂0)

−1, (2.34)

where again, C(ϕ̂0)
−1 is typically replaced by I(ϕ̂0)

−1. The analog for the general case
is

S = U(ϕ̂0)
T I(ϕ̂0)

−1U(ϕ̂0), (2.35)

where, once again, the limiting distribution is χ2(g) under the null.
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Example: Testing for fixed effects in LMMs

As an example, we compare the likelihood-ratio, Wald and score statistics when testing for
the fixed effects in the linear mixed model framework. Let again V = ZKZT + σ2IN be
the covariance matrix of the marginal model 2.6, such that

y = N (Xβ,V), (2.36)

and for simplicitywe assumeV is known. Define the null and alternative hypotheses as

H0 : βd = 0 vs. H1 : βd 6= 0. (2.37)

Using the notation from the previous subsections, we can also express the null hypothesis
using a function of restrictions H0 : r(β) = 0, where r(β) = ρTβ and ρj = 1 if j = d and
ρj = 0 otherwise. That is, ρ is the vector of first derivatives ρj = ∂r

∂βj
.

We previously derived the log-likelihood function and first order derivatives in section 2.1.3.
Using these results, we find that

∂2ℓ

∂β∂βT
= −(XTVX), (2.38)

that is, for knownV, the Hessian is constant and curvature and information matrix are equiv-
alent. Recall that the unrestricted maximum likelihood estimate for the fixed effect vector
is given by

β̂ = (XTV−1X)−1XTV−1y. (2.39)

To obtain the restricted estimator, we solve the constrained optimization problem using the
method of Lagrange multipliers

∂ℓ

∂β
+ λr = XTV−1y− XV−1Xβ + λρ = 0 (2.40)

After some rearrangements one obtains the solution

β̂0 = β̂ + λA−1ρ, (2.41)

with A = XTV−1X and
λ = ρT β̂(ρTA−1ρ)−1. (2.42)

Now, let the residual vectors for the null and alternative models be denoted by u0 = y−Xβ̂0

and u = y− Xβ̂1. Note, that
u0 = u− λXA−1ρ, (2.43)
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and thus

ℓ(β̂0) = −1

2
uT0V−1u0 + const. (2.44)

= −1

2
uTV−1uT + (λXA−1ρ)TV−1u− 1

2
(λXA−1ρ)TV−1(λXA−1ρ) + const.

(2.45)

Using the definition of β̂, it is easy to show that XTV−1u = 0. Therefore,

ℓ(β̂0) = −1

2
uTV−1uT − λ2

2
ρTA−1XTV−1XA−1ρ+ const. (2.46)

= −1

2
uTV−1uT − 1

2
(ρT β̂)2(ρTA−1ρ)−1 + const., (2.47)

where the last equality follows from the definition ofA and λ. Using this identity, we obtain
the difference of log-likelihoods as

LR = 2[ℓ(β̂)− ℓ(β̂0)] = 2[−1

2
uTV−1u+

1

2
uT0V−1u0] (2.48)

= (ρT β̂)2(ρTA−1ρ)−1. (2.49)

Combining the definition of the Wald test statistic 2.32 and eq. 2.38 we also find that

W = (ρT β̂)2(ρTA−1ρ)−1 = LR. (2.50)

For evaluating the score statistic, note that the score function is

U(β̂0) = XTV−1y− XTV−1X(β̂ + λA−1ρ) (2.51)

= −λXTV−1XA−1ρ = −λρ, (2.52)

as β̂ is a root of U . Using the definition of the score test 2.35 and eq. 2.38, we have

S = λ2ρTXTV−1Xρ = (ρT β̂)2(ρTA−1ρ)−1 = LR. (2.53)

Choosing a test statistic

The previous sections introduced a geometric interpretation of the likelihood ratio, Wald
and score test statistics. In this context, the Wald and score tests can be interpreted as ap-
proximations to the likelihood ratio test. We have seen that all three tests are numerically
equivalent when testing for fixed effects in linear mixed models. In fact, this result holds for
any tests of linear restrictions if the log-likelihood is quadratic [105]. More generally, it can
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be shown that W ≥ LR ≥ S. So should one test be preferred over the other? Under some
regularity conditions, all three test are asymptotically equivalent under the null and follow
a χ2(g) distribution, where g is the number of parameter restrictions. Additionally, all three
tests are asymptotically locally most powerful tests, that is, they are most powerful for small
deviations from the null hypothesis [108]. When considering computational scalability, the
score and Wald tests are often more appealing than the likelihood-ratio test. The score test
in particular only requires fitting the restricted null model, leading to considerable speedups
when the score statistic itself can be computed efficiently.

An important special case occurs when the null hypothesis places the parameter on the
boundary of the parameter space, for instance, when testing if non-negative variance com-
ponents are different from zero. In this case the regularity conditions are violated and the
test statistics no longer follow a χ2 distribution asymptotically under the null [109]. Self
and Liang showed that when the marginal covariance matrix has block-diagonal structure, a
limiting distribution for the likelihood ratio statistic may still be derived [109]. Similar ex-
tensions are possible for score tests [110]. In the next section we will discuss a score-based
test to assess arbitrary covariance matrices in LMMs.

2.1.6 Variance component score tests for linear mixed models

Consider the following linear mixed model in marginal form

y ∼ N (Xβ, τ 2K+ σ2IN ), (2.54)

where K is a known covariance matrix. We want to assess whether or not the yn co-vary
according to K, that is,

H0 : τ
2 = 0 vs. H1 : τ

2 > 0. (2.55)

Such a test places τ 2 on the boundary of the parameter space under the null. As men-
tioned in the previous section, this violates the sufficient conditions under which the score
or likelihood-ratio test statistics are known to asymptotically follow a χ2(1) distribution.
However, it is possible to derive a score-based statistic and associated distribution under the
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null [111–113]. The score for τ 2 is is (see eq. 2.10),

Uτ (β̂, σ̂
2) =

∂ℓ

∂τ 2

∣∣∣∣
τ2=0,β=β̂, σ2=σ̂2

(2.56)

=
1

2

{
(y− Xβ̂)T V̂−1

0 KV̂−1
0 (y− Xβ̂)− tr

(
V̂−1

0 K
)}

(2.57)

=
1

2
yT P̂0KP̂0y−

1

2
tr
(
V̂−1

0 K
)
, (2.58)

where V̂0 = σ̂2IN is the estimated marginal covariance under the null τ 2 = 0 and P̂0

projects out the fixed effects,

P̂0 = V̂−1
0 − V̂−1

0 X(XT V̂−1
0 X)−1XT V̂−1

0 . (2.59)

We choose
Uτ (β̂, σ̂

2) =
1

2
yT P̂0KP̂0y, (2.60)

the first term in 2.58, as a test statistic. Let (β̂0, σ̂
2
0) denote the maximum-likelihood estima-

tors under the null model. We will see that if the null hypothesis is true, τ 2 = 0, Uτ (β̂0, σ̂
2
0)

is asymptotically distributed according to a linear combination of chi-squared random vari-
ables [111]. While such distributions are difficult to evaluate directly, they can be approxi-
mated closely, e.g., with Davies method based on numerical inversion of the characteristic
function [114] or using moment matching [115].

To derive the asymptotic distribution ofUτ (β̂0, σ̂
2
0), it is sufficient to consider the asymptotic

behaviour of Uτ (β0, σ
2
0) under τ 2 = 0, where β0, σ

2
0 are the true values of the parameters.

This is because the maximum-likelihood estimators β̂0, σ̂
2
0 are consistent estimators of the

true values β0, σ
2
0 under standard regularity conditions. Let P0 be as in 2.59, but with V̂0

replaced by V0 = σ2
0IN for the true parameter σ2

0 . We rewrite the test statistic as

Uτ (β0, σ
2
0) =

1

2
yTP0V1/2

0 V−1/2
0 KV−1/2

0 V1/2
0 P0y, (2.61)

whereV1/2
0 is the matrix square root ofV0. Note that using basic properties of the multivari-

ate normal distribution,

V1/2
0 P0y = V−1/2

0 (y− Xβ0) ∼ N (0,IN). (2.62)

Now, let ψ1 ≥ · · · ≥ ψR be the ordered, non-zero eigenvalues of the matrix 1
2
V−1/2

0 KV−1/2
0

andΨ = diag(ψi). Furthermore, letH be theR×N matrix of associated eigenvectors, such
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that V−1/2
0 KV−1/2

0 = HTΨH and HHT = IR. Then,

Uτ (β0, σ
2
0) =

1

2
yTP0KP0y = zTΨz =

R∑
i=1

ψiz
2
i (2.63)

where z = HV1/2
0 P0y ∼ N (0,IR). That is, the zi are independent standard normal vari-

ables and thus each z2i follows a chi-squared distribution with one degree of freedom, z2i ∼
χ2(1).

Note that the above derivation also generalizes to the case of heteroscedastic observation
noise and models with additional variance components. That is, V̂0 may be an arbitrary
positive semi-definite covariance matrix.

2.1.7 Variance decomposition

In many cases one is interested in evaluating the individual contributions of different vari-
ance components in a Gaussian model to determine the most important drivers of variation
of the output variable y. Suppose, y is distributed as

y ∼ N (0,
∑
i

σ2
iKi) (2.64)

with known covariance matrices Ki ∈ RN×N and parameters σ2
i . Equivalently, one may

write y =
∑

i σizi, where zi ∼ N (0,Ki) are independent Gaussian random variables. We
define the variance explained by each term σ2

iKi as the expected sample variance of the
vector σizi. [116].

Let z̄i = 1
N
zTi 1 be the sample mean. The (unbiased) sample variance is [117]

VarS(zi) =
1

N − 1
(zi − z̄i1)T (zi − z̄i1) (2.65)

=
1

N − 1
(zTi zi −Nz̄2i ) (2.66)

=
1

N − 1
tr
(
zTi zi −

1

N
zTi zi11T

)
. (2.67)

Taking the expectation w.r.t. zi gives

E[VarS(zi)] =
1

N − 1
tr(KP), (2.68)

where
P = IN − 1

N
11T . (2.69)
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projects out the sample mean. In particular, ifKi has been scaled such that E[VarS(zi)] = 1,
the variance explained by the term σ2

iKi is simply

E[VarS(σizi)] = σ2
i . (2.70)

2.1.8 Handling non-Gaussian responses

The linear mixed model framework as introduced in section 2.1.2 models both random ef-
fects and residual noise as Gaussian random variables. Under this assumption, integrating
out the random effects is straightforward and the marginal model 2.6 is again Gaussian. As a
result, likelihood-based statistical inference techniques can be readily applied. In some cases
even closed-form solutions to the maximum-likelihood problemmay be available; otherwise
estimators can be computed efficiently using second-order numerical optimization methods.
In practice, however, the assumption of normality is frequently violated, in particular when
working with discrete response variables such as categorical or count data. If the distribu-
tion of the response variables is significantly skewed, heavy-tailed, or has multiple modes, a
Gaussian model may fail to accurately represent the underlying distribution, leading to poor
predictive performance and reduced statistical power. One solution to this problem is to use
suitable preprocessing techniques to bring the response variables closer to a Gaussian distri-
bution. Commonly, variance-stabilizing transformations such as the Anscombe [118], Box-
Cox [119], or simple logarithmic transforms are applied to decouple the mean and variance
of the data. Subsequently, Gaussian models may be applied. While this analysis strategy
benefits from all the above-mentioned advantages of Gaussian likelihoods, it greatly depends
on the potency of the chosen preprocessing methods to successfully ’gaussianize’ the data.
Alternatively, one may forgo the assumption of Gaussian residuals and look towards alter-
native distributions. In this section we will introduce generalized error models for classical
linear regression and linear mixed models as well as relevant inference techniques.

Generalized likelihood models

Consider again the linearmixedmodel in its general form as introduced in section 2.1.2,

y = Xβ + Zu+ ϵ, (2.71)

where β, u are fixed and random effect vectors for the associated covariate matrices X,Z
and ϵ captures zero-mean Gaussian observation noise. One can also view this model in a
hierarchical manner, separating random and fixed effects from residual errors,
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1. Latent Gaussian linear model: η = Xβ + Zu ∼ N (Xβ,ZKZT ).

2. Gaussian likelihood model: y | u ∼ N (η, σ2IN).

That is, the latent Gaussian variable η is mapped to the mean of a Gaussian likelihoodmodel,
y | u, and the yn are conditionally independent given u. We will denote the mean by µ =

E[y | u] and make this mapping explicit, writing

ηn = g(µn) (2.72)

where g is known as a link function and in this case simply corresponds to the identity,
ηn = µn.

Generalized linearmixedmodels (GLMMs) extend the linearmixedmodel framework above
by allowing for non-Gaussian likelihood models y | u, using suitable monotonic differen-
tiable link functions g. We will assume the yn are conditionally independent with means
E[yn | u] and the conditional variance can be written as

Var(yn | u) = an(ϕ)v(µn), (2.73)

where ϕ is an additional dispersion parameter and ai(·) a known function and v(·) a known
variance function. In particular, Var(yn | u) depends only on the n-th component ofµ.

Example: Binomial response variable

Consider discrete response variables under a Binomial model, where yn denotes the propor-
tion of successes in di trials,

yn | u ∼ Bin(dn, µn)/dn. (2.74)

Under this model we have

Var(yn | u) =
1

dn
µn(1− µn), (2.75)

that is, an(ϕ) = an = 1/dn and v(µn) = µn(1− µn). Suppose µn = g−1(ηn) = g−1(xTnβ+

zTnu), where g−1 denotes the inverse function of g. Then g−1 should satisfy 0 < g−1(ηn) < 1.
Here, commonly used link functions for the binomial distribution are [120]

ηn = log
µn

1− µn

(logit) (2.76)

ηn = Φ−1(µn) (probit) (2.77)

ηn = log(− log(1− µn)) (complementary log-log) (2.78)
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whereΦ(·) is the cumulative distribution function (c.d.f) of the standard normal distribution.
The logit function can be obtained as the inverse c.d.f. of a logistic distribution and evaluates
the log-odds of observing a value of 1 vs. 0. It is widely used due to its simple form and
and interpretability: an increase in a particular fixed effect covariate multiplicatively scales
the odds of the given outcome at a constant rate. The complementary log-log corresponds
to the inverse c.d.f of the Gumbel or type-I generalized extreme value distribution. Unlike
the logit or probit links functions, it is asymmetric around zero. Fig. 2.2 (left) shows all
three link functions. The logistic and Gumbel distributions associated with the logit and
complementary log-log link functions are not standardized to mean zero and variance one.
For a better comparison, the link functions can be adjusted as shown in Fig. 2.2 (right), such
that all links correspond to the inverse c.d.f of standardized distributions. In practice, the
difference in empirical fit between these link functions is often negligible.

Figure 2.2. Left: Comparison of the logit, probit and complementary log-log link functions,
corresponding to the inverse c.d.f of the logistic, standard normal and Gumbel distributions,
respectively. Right: All link functions have been adjusted such that the associated distribu-
tions have mean zero and variance one.

The exponential family

Many theoretical results additionally require that the likelihood is an exponential family
distribution, taking the form [120]

f(yn) = exp
{
ynξn − b(ξn)

an(ϕ)
+ ci(yn, ϕ)

}
(2.79)
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Normal Poisson Binomial Gamma
Notation N (µ, σ2) Poisson(µ) Bin(d, µ)/d Gamma(µ, ν)
Range of y (−∞,∞) N0 {k/d : k ∈ N0, k ≤ d} (0,∞)

Dispersion ϕ σ2 1 1/d ν−1

b(ξ) ξ2/2 exp(ξ) log(1 + exp(ξ)) − log(−ξ)
Canonical link η = µ η = log(µ) η = log( µ

1−µ
) η = 1/µ2

Table 2.1. Properties of common exponential family distributions.

for some functions an(·), b(·) and ci(·) and dispersion parameter ϕ. This family encompasses
many common continuous and discrete distributions such as the normal, Poisson, binomial,
and Gamma distributions. One can show that for members of the exponential family (see,
e.g., [120]),

E[yn] = µn = b′(ξn). (2.80)

Therefore, if we choose the link function g = h−1, where h(·) = b′(·), we have

ξn = ηn. (2.81)

In this case, g is known as the canonical link function. Table 2.1 shows the canonical links
for some common univariate exponential family distributions. For instance, the logit is the
canonical link function for the binomial and Bernoulli distributions. These link functions
often turn out to be mathematically convenient, though there is no general reason to prefer
canonical links from a statistical point of view. Note that while some authors restrict gen-
eralized linear mixed model likelihoods to the exponential family, we will not make this
assumption here unless otherwise stated.

Fitting generalized linear models

In this section we will outline a simple iterative procedure for obtaining estimators for the
fixed effect coefficients in non-Gaussian likelihood models without latent random effects,
that is,

η = Xβ, E[y] = g−1(η), (2.82)

where g−1 is applied element-wise. These models are a special case of the GLMM frame-
work known as generalized linear models (GLMs). As before, we assume the yn are inde-
pendent with Var(yn | u) = an(ϕ)v(µn).
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Let η̂(t) be an estimate of η at iteration t and let µ̂(t) = g−1(η̂(t)). At each step, the algorithm
calculates a working dependent variable based on a first-order Taylor approximation to the
link function

ỹ(t)n = η̂(t)n + (yn − µ̂(t)
n )g′(µ̂(t)

n ), n = 1, . . . , N, (2.83)

where g′ denotes the derivative of g. Under a linear transformation of y, evaluating the mean
and variance of the working variable is straightforward. We have

Var(ỹ(t)n ) = an(ϕ)v(µn)g
′(µ̂(t)

n )2, n = 1, . . . , N, (2.84)

and, assuming that µ̂(t) is an unbiased estimator for µ,

E[ỹ(t)] = η̂(t). (2.85)

To obtain an updated estimate of the fixed effect coefficients β, we now assume that the
working variable ỹ(t) can be modeled using a normal distribution,

ỹ(t) ∼ N (η̂(t),V(t)), (2.86)

whereV(t) = diag(an(ϕ)v(µn)g
′(µ̂

(t)
n )2) and compute the maximum likelihood estimates by

solving the associated weighted least squares problem

β̂
(t+1)

= (XTŴ(t)X)−1XTŴ(t)y, (2.87)

whereW(t) is the inverse ofV(t). The resulting algorithm is known as iterated weighted least
squares (IWLS): Starting from the initial estimate µ(0) = y, this method alternates between
updating the coefficient vector and working dependent variable until convergence.

IWLS uses a linear approximation to the link function to map the original response variables
to the latent space of the linear predictor Xβ and approximates the distribution of the trans-
formed variable to be Gaussian. While this appears to be a rather crude approximation, it
can be shown that for exponential family likelihood models, the resulting parameter updates
are equivalent to Fisher scoring, a variant of Newton’s method [120]. Let

U(β̂) =
∂ℓ

∂β

∣∣∣∣
β=β̂

, (2.88)

be the score function for β and let C(β̂) be the negative Hessian of ℓ,

C(β̂)ds = − ∂ℓ2

∂βd∂βs

∣∣∣∣
β=β̂

, (2.89)
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also known as the observed information matrix. Starting from an initial guess β̂
(0)
, New-

ton’s method can be used to approximate a critical point of the log likelihood function. At
each iteration, a refined estimate β̂

(t+1)
can be obtained by solving the system of linear

equations

C(β̂)(β̂
(t+1)

− β̂
(t)
) = U(β̂). (2.90)

Newton’s method usually converges if the initial guess is sufficiently close to the unknown
critical point and the Hessian is non-singular [121]. Under certain conditions it can be shown
that the rate of convergence is at least quadratic in some neighborhood around the criti-
cal point [121]. The Fisher scoring algorithm replaces C(β̂) with its expectation, I(β̂) =

E[H(β̂)], the Fisher information matrix. While the expected information may be harder to
derive, it is often faster to compute. Furthermore, for exponential family models with canon-
ical link function, IWLS, Newton’s method and Fisher scoring are all equivalent [120].

Approximate inference for generalized LMMs

All of the inference techniques discussed in the context of linear mixed models make use
of the fact that evaluation of the marginal distribution, that is, the (high-dimensional) inte-
gral

p(y) =
∫
p(y | u)p(u)du, (2.91)

is straightforward: For normally distributed random effects and Gaussian likelihood, 2.91
can be solved in closed form (see 2.6). In the case of GLMMs, however, where the er-
ror model is no longer restricted to the normal distribution, likelihood-based inference is
much more challenging. A number of different methods have been developed to address the
computational difficulties of parameter estimation in GLMMs, ranging from Monte Carlo
expectation-maximization [122] for maximum likelihood estimation to Bayesian methods
such as Gibb sampling [102] and variational inference [123]. Here, we will discuss a widely-
used method proposed by Breslow and Clayton known as quasi-likelihood estimation [124].
The idea is to construct an objective that shares many of the same properties of a log-
likelihood function, while being simpler to evaluate or approximate.
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Let y be generated from the generalized linear mixed model,

η = Xβ + Zu ∼ N (Xβ,ZKZT ), (2.92)

E[y | u] = g−1(η), (2.93)

Var(yn | u) = an(ϕ)v(µn), (2.94)

where g is a known link function, ϕ a dispersion parameter, an(·), v(·) are known functions
and the yi are conditionally independent given u. Consider the function

Un = U(µn; yn) =
yn − µi

an(ϕ)v(µn)
(2.95)

It is easy to verify that Un fulfils the following conditions:

E[Un] = 0, (2.96)

Var(Un) = 1/(an(ϕ)v(µn)), (2.97)

−E[
∂Un

∂µn

] = 1/(an(ϕ)v(µn)). (2.98)

The above identities are essential properties of a log-likelihood derivative and form the basis
of much of the first-order asymptotic theory related to likelihood-based inference [120]. This
motivates the use of

dn = −2

∫ µn

yn

yn − s

an(ϕ)v(s)
ds, (2.99)

termed the (quasi-)deviance measure of fit, as a approximate log-likelihood function for
µn. In fact, if conditioned on u the yi are drawn from an exponential family, in which
an(ϕ) = ϕ/wn for some knownweightwn, one can show that dn = 2ϕ{ℓ(yn; yn)−ℓ(µn; yn)}
[120]. Note that ℓ(yn; yn) is independent of µn, and therefore maximizing the log-likelihood∑

n ℓ(µn; yn) is equivalent to minimizing
∑

n dn with respect to µ.

An approximate marginal likelihood, known as known as the integrated quasi-likelihood,
may be constructed by integrating out the latent random effects u [124]:

LQ ∝ |K|−1/2

∫
exp

{
− 1

2

N∑
n=1

dn −
1

2
uTK−1u

}
du. (2.100)

While LQ can still not be evaluated in closed form for arbitrary non-Gaussian likelihoods, it
is amenable to approximation by Laplace’s method. Specifically, let

q(u) =
1

2

( N∑
n=1

dn + uTK−1u
)
, (2.101)
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and suppose ũ is a minimizer of q(u) such that ∂q
∂u |u=ũ = 0, that is,

K−1u−
N∑

n=1

yn − µn

an(ϕ)v(µn)g′(µn)
zn = 0, (2.102)

where µn = xTnβ + zTnu. Laplace’s method uses a second order Taylor expansion of q(·) at
the minimizer ũ,

q(u) ≈ q(ũ) +
1

2
(u− ũ)T

∂2q

∂u∂uT

∣∣∣∣
u=ũ

(u− ũ), (2.103)

to reduce the 2.100 to a Gaussian integral which can easily be evaluated. Specifically, the
logarithm of LQ, termed ℓQ is given by

ℓQ ≈ −1

2
log |K| − 1

2
log | ∂2q

∂u∂uT

∣∣∣∣
u=ũ

| − q(ũ) + const. (2.104)

Now, it can be shown that [124]

∂2q

∂u∂uT

∣∣∣∣
u=ũ

= K−1 +
N∑

n=1

znzTn
an(ϕ)v(µn)g′(µn)2

+ R, (2.105)

where the term R is zero in expectation and is, in probability, of lower order order than
the leading terms as a function of the number of observations N . In fact, for canonical
link functions R equals zero [124]. Note that the denominator of 2.105 corresponds to the
IWLS weights 2.84, W = diag((an(ϕ)v(µn)g

′(µn)
2))−1. Dropping the remainder R, we

have
∂2q

∂u∂uT

∣∣∣∣
u=ũ

≈ ZTWZ+K−1. (2.106)

Combining the approximations 2.106 and 2.104, we obtain

ℓQ ≈ −1

2

(
log |IN + ZTWZK|+

N∑
n=1

d̃n + ũTK−1ũ
)
+ const., (2.107)

where d̃n is dn with u = ũ. Under the additional assumption that the IWLS weights vary
slowly as a function of the mean µ, Breslow and Clayton [124] propose to ignore the first
term in 2.107 and optimize β and u = u(β) to jointly maximize the following objec-
tive,

ℓPQ(β, u) = −1

2

( N∑
n=1

dn + uTK−1u
)

= −q(u). (2.108)
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where the subscript PQ stands for penalized quasi-log-likelihood. Computing the roots of
the derivatives w.r.t. β and u gives the system of nonlinear equations

N∑
n=1

yn − µn

an(ϕ)v(µn)g′(µn)
xn = 0, (2.109)

N∑
n=1

yn − µn

an(ϕ)v(µn)g′(µn)
zn −K−1u = 0. (2.110)

Green [125] proposed 2.108 as a penalized likelihood for semi-parametric regression models
and derived a Fisher scoring algorithm to iteratively optimize β and u. His algorithm was
modified by Breslow and Clayton [124], who showed the solutions to 2.109 and 2.110 via
Fisher scoring can be expressed as the best linear unbiased estimators (BLUE) in the normal-
theory linear mixed model,

ỹ = Xβ + Zu+ ϵ̃ (2.111)

ϵ̃ ∼ N (0,W−1) (2.112)

for the working response variable ỹ,

ỹn = ηn + (yn − µn)g
′(µn), n = 1, . . . , N. (2.113)

The resulting algorithm is similar to the IWLS procedure for the GLM model discussed in
the previous subsection. First, compute ỹ at the current estimate of β and u. Then, updated
estimates for β and u can be obtained as

β̂ = (XTV−1X)−1XTV−1ỹ (2.114)

and
û = KZTV−1(ỹ− Xβ̂). (2.115)

where V = W−1 + ZKZT denotes the marginal covariance matrix for 2.111.

In practice, the covariance matrix K of u often contains unknown variance components θ
that need to be estimated. In the derivations above, we have ignored the dependence on θ.
Breslow and Clayton propose to substitute the estimates (β̂, û) = (β̂(θ), û(θ)) at conver-
gence into 2.107, to construct a profile quasi-log-likelihood for optimizing θ. They show
that, following further approximations, the objective corresponds the profile likelihood (or
its REML version) for the associated normal theory model 2.111.
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It should be noted that, due to the various approximations made throughout the derivation
of the penalized quasi-log-likelihood objective, the resulting estimators are known to be in-
consistent [102]. Therefore, large samples sizes will not alleviate the bias introduced by the
approximations. While bias-corrected variants based on higher-order Laplace approxima-
tions have been proposed [126], they also cannot eliminate the bias asymptotically.

A relevant special case occurs when the variance components of u approach zero. In this
situation, the distribution of the random effects p(u) is concentrated near its mode. As a con-
sequence, the Laplace approximation, which is based on an expansion at the mode of p(u),
becomes accurate [102]. This fact makes the quasi-likelihood approximation particularly
useful when deriving hypothesis tests for zero variance components.

2.1.9 Challenges in genetic association analyses

Genetic association analyses aim to assess the statistical correlation between a genetic vari-
ant and a phenotypic trait. In genome-wide association studies (GWAS) one often considers
organismal traits such as height, body-mass-index (BMI) or particular physical or mental
disease states. Quantitative trait loci (QTL) studies focus on the genetic basis of molecular
traits, such as gene expression, protein abundance or chromatin conformation, the spatial
organization of DNA in the cell nucleus. One typically considers single nucleotide poly-
morphisms (SNPs), that is, genetic mutations of single bases at a specific position in the
genome, which are present in at least 1% of the population. These SNPs are further assumed
to be biallellic, that is, they generally take on only two different values corresponding to the
prevalent (reference) genotype, sayA, and most common alternative allele, say a. In order to
model the effect of genetic variation on the phenotype, different encodings for heterozygous
(Aa) and homozygous (AA or aa) genotypes may be considered

• Dominant model. AA = 0, Aa = 1, aa = 1

• Recessive model: AA = 0, Aa = 0, aa = 1

• Additive model: AA = 0, Aa = 1, aa = 2

The additive model, also known as allele dosage model, is a common choice in both GWAS
and eQTL studies and will be used throughout this thesis. Let g ∈ {0, 1, 2}N denote the
genotype vector for a particular SNP of interest in N individuals and let y ∈ RN be a
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(quantitative) trait. Using the basic regression framework, the genetic effect of g on y may
be modeled as

y = gβ + ϵ (2.116)

where ϵn
i.i.d∼ N (0, σ2). As outlined in section 2.1.5, a test statistic T may then be constructed

to assess H0 : β = 0 vs. H1 : β 6= 0 and obtain a p-value.

Population structure and other confounding factors

In practice, it is often necessary to control for additional covariates that may correlate with
the genotype g and dependent variable y, to improve statistical power and avoid an excess of
false positive associations. Let P = p(T ≥ t |H0) be the p-value for an observed value t of
the test statistic T . If the model is appropriately specified, P should approximately follow
a uniform distribution P ∼ U(0, 1) under the null hypothesis. A Q-Q plot comparing the
distribution of the observed test statistic to a uniform distribution is a useful visual diag-
nostic that can indicate whether a test has produced more significant associations than is to
be expected by chance (Fig. 2.3). Poor model calibration due to unmodeled confounding
factors typically leads to a departure from the null across the entire distribution, whereas the
presence of genuine genetic signals will generate deviations at the tail end of the range.

Figure 2.3. Example Q-Q plots showing the quantiles of the observed p-value distribution
(y axis) and expected distribution under the null (x axis). (a) If no associations are present
and the test statistic is calibrated, points are expected to closely follow the diagonal. (b)
Unmodeled confounding variables produce a systematic deviation from the null distribution.
(c) Genuine genetic effects lead to a deviation at the tail of the highly significant range.
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Additional covariates X are commonly modeled as fixed effects,

y = Xα+ gβ + ϵ. (2.117)

For instance, these may include batch identifiers that can indicate potential technical effects
due to differences in sample preparation and processing. In gene expression QTL (eQTL)
studies, one commonly controls for broad transcriptional trends across multiple genes, cor-
responding to potential known and hidden sources of confounding variation. These global
patterns can be identified using principal component analysis (PCA) or other linear and non-
linear methods for factor analysis or dimensionality reduction [127–131].

Population substructure, such as ethnic background as well as familial and higher-order relat-
edness, presents another important type of confounding variation. [132,133]. The prevalence
of a phenotype as well as the distribution of allele frequencies are known to be population-
specific [41], which can lead to the identification of spurious association signals. Using
genome-wide genotyping data, it is possible to infer empirical patterns that accurately dis-
tinguish subtle ancestries and population substructures [134, 135]. Leading principal com-
ponents (PCs) of the genotype data representing major axes of genetic variation can be
included as covariates in the regression model 2.117 to account for global population ef-
fects [132,136]. Alternatively, the data may be used to construct a kinshipmatrixR ∈ N×N
of genetic relatedness [47,48] (see [137] for common used similarity measures) which may
serve as the covariance matrix for a random effect term in a linear mixed model,

y = Xα+ gβ + u+ ϵ, (2.118)

where u ∼ N (0, τ 2R). For example, Let G denote the N × D matrix of genome-wide
genotype measurements forN SNPs, where typicallyN < D, and let R = GGT be propor-
tional to the empirical covariance. Using the singular value decomposition of G, it is easy
to show that R = ZZT , where Z ∈ RN×N are the principal components of G weighed by
their singular values. Therefore the model may equivalently be written as

y = Xα+ gβ + Zũ+ ϵ, (2.119)

where ũ ∼ N (0, τ 2IN). That is, the random effect model is regressing y on the full set
of principal components. In the fixed effect model 2.117, the number of PCs cannot be
of the same order of N while maintaining reasonable statistical power [138]. Therefore,
LMMs are often better suited to controlling for subtle population effects that may not be



Linear mixed models 39

captured by the leading principal components of the genotype matrix. This improvement in
modeling capacity comes at the cost of computational complexity. Fitting the LMM 2.118
requires storing and inverting the marginal covariance matrix, which scale as the square and
cube of the sample size N , respectively. However, in the context of genetic association
analyses, where the same (known) covariance matrix R is used to test thousands of SNP-
trait pairs, optimizations are possible [42, 47, 139, 140]. These methods run in O(N2) once
initial computations of order O(N3) have been performed. If the kinship matrix is of low
rank, further improvements are possible, reducing the cost to an initial O(N2) and O(N)

per SNP-trait pair. For example, FaST-LMM [139] uses the spectral decomposition of the
kinship matrix to rotate the responses y and covariates such that they become uncorrelated.
The transformed data can then be fitted efficiently using linear regression without random
effects.

Multiple testing correction

Typical GWAS or eQTL studies test thousands to millions of variant-trait pairs, making ap-
propriate multiple testing adjustments essential to limit the number of false positive findings
(type I error) [2, 12].

A simple strategy is to bound the family-wise error rate (FWER), that is the probability
of observing at least one false discovery across all tested variants for a particular trait. A
classical solution is the Bonferroni procedure, which rejects the null hypothesisH(i)

0 for test
i if

Pi <
α

m
, (2.120)

where Pi is the estimated p-value for H
(i)
0 , α is a chosen FWER threshold (e.g., α = 0.05)

and m is the total number of tested hypotheses [43]. Here, Pi · m is sometimes referred
to as the Bonferroni-adjusted p-value. The proof simply follows from Boole’s inequality,
as

FWER = p
( m0⋃
i=1

{Pi <
α

m
}
)
≤ p

( m0∑
i=1

{Pi <
α

m
}
)
= m0

α

m
, (2.121)

where m0 is the number of null hypothesis that are true and we have used that p-values
are uniform under the null. The Bonferroni method ensures that FWER < α in the strong
sense, that is, FWER control is guaranteed for any configuration of true and false hypotheses
tested (as opposed to weak control, where FWER < α is only guaranteed to hold when all
null hypotheses are true). Notably, it does not assume independence of the test statistics and
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conversely does not account for dependencies between tested variants (linkage disequilib-
rium). As a result, the bound may be loose in practice. When performing very large numbers
of tests the Bonferroni correction (and FWER control more generally) can be limiting, as it
exerts very stringent control on the number of false positive associations. In fact, procedures
that control for the FWER in the strong sense, often have substantially less power than the
individual tests at the same significance thresholds [141].

As an alternative approach, one may choose to bound the false discovery rate (FDR), that is,
the expected proportion of positive associations that are false (incorrect rejection of the null
hypothesis) [141]. The concept of FDR control for the multiple testing problem, as well as a
controlling procedure were first introduced in a seminal paper by Benjamini and Hochberg
in 1995. Assume the p-values Pi are sorted in ascending order. The following algorithm
(Benjamini-Hochberg step-up procedure) controls the FDR at level α3:

• Choose the largest k such that Pk ≤ k
m
α,

• Reject all null hypotheses H(i)
0 for i = 1, . . . , k.

Equivalently, an adjusted p-value may be computed as Qi = Pi·m
i

and H(i)
0 is rejected if

Qi < α. The Benjamini-Hochberg procedure is valid for independent test statistics, but
can also be applied to correlated p-values under certain conditions [142]. Alternatively, the
Benjamini–Yekutieli procedure controls the FDR under arbitrary dependence assumptions
[143], but tends to be less powerful [142]. The development of methods for FDR control
remains an active area of research [142].

2.2 The variational autoencoder

The second part of this chapter introduces the variational autoencoder (VAE) [144], a flexi-
ble latent variable model widely used in machine learning for tasks such as data generation,
dimensionality reduction, and representation learning. Section 2.2.1 gives an overview of
stochastic variational inference (SVI) and the VAE as introduced by Kingma and Welling
in 2013. I also discuss the conditional VAE in section 2.2.2, a model that factors out latent
effects driven by an observed auxiliary variable (usually a discrete label) and enables condi-

3Similar to the Bonferroni adjustment, the BH method actually controls its error rate atm0
α
m wherem0 is

the number of null hypothese that are true [142].
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tional data generation. The chapter concludes with a discussion of scVI [131], a variational
autoencoder model for single-cell sequencing data, in section 2.2.3.

2.2.1 Auto-encoding variational Bayes

The variational autoencoder models a distribution over high-dimensional datapoints, xn ∈
RD, n = 1, . . . , N , as the result of a generative process. As such, the VAE is part of the
broader class of generative models. These models are simulators, trained to generate new ex-
amples that resemble the training data, but are not exactly the same. Within the constraints of
the specific modeling framework, a generative model forms a hypothesis of how the obser-
vations could have been generated in the real world, by identifying patterns and regularities
in the data. For example, in order to reproduce the complex dependencies between pixels
in image data, a model will likely need to learn some internal representation of the depicted
shapes, poses, lighting and so forth. Similarly, generating high-dimensional transcriptomics
data requires an understanding of the specific gene expression patterns in different tissues
and cell types. In many scientific applications, these learned representations are of primary
interest to the practitioner.

Latent variable models

Formally, a VAE is a type of probabilistic latent variable model. The high dimensional
observations x ∈ RD are assumed to be generated from a distribution that depends on un-
observed latent states z ∈ RK , K << D. Here, z encodes systematic, low-dimensional
structure among the observed variables that is independent of observation noise. A priori, z
is assumed to be drawn from a distribution p(z), where typically z ∼ N (0,IK) (although
the prior may also depend on additional unknown parameters). The latent variables are then
mapped to the parameters of a conditional likelihood model for the observed data, pθ(x | z),
using a deterministic function fθ with parameters θ. For example, continuous observations
may be modeled under a Gaussian noise model as x | z ∼ N (fθ(z), σ2ID) where σ2 is a
global hyperparameter. Taken together, the prior p(z) and conditional likelihood pθ(x | z)
define the generative model and marginal distribution for x

pθ(x) =
∫
pθ(x | z)p(z)dz = Ep(z)[pθ(x | z)]. (2.122)
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Once x has been observed, an updated posterior distribution over the latent states can be
formulated using Bayes rule as

pθ(z | x) =
pθ(x | z)p(z)

pθ(x)
=
pθ(x, z)
pθ(x)

. (2.123)

Suppose we are given a dataset of i.i.d samples xn ∈ RD, n = 1, . . . , N . We are inter-
ested in obtaining estimates of the model parameters θ and evaluating the posterior distri-
bution of latent states p(zn | xn). As discussed in the context of linear mixed models, even
when fθ is linear, the integral 2.122 is generally intractable for arbitrary likelihood models
pθ(x | z).

The evidence lower bound (ELBO)

Variational Bayesian methods use a particular decomposition of the log-marginal likelihood
2.122 to learn an approximate posterior distribution and perform parameter inference. Using
the definition of the posterior 2.123, note that we can write for any distribution q(z),

log pθ(x) = Eq(z)[log pθ(x)] (2.124)

= Eq(z)[log
pθ(x, z)
pθ(z | x)

]
= Eq(z)

[
log

pθ(x, z)q(z)
pθ(z | x)q(z)

]
(2.125)

= −Eq(z)

[
log

q(z)
pθ(x, z)

]
︸ ︷︷ ︸

L

+Eq(z)

[
log

q(z)
pθ(z | x)

]
︸ ︷︷ ︸

KL(q(z) || pθ(z | x))

, (2.126)

where KL(q(z) || pθ(z | x)) is the Kullback-Leibler divergence, a statistical distance between
q(z) and the true posterior. The first term in 2.126, known as the evidence lower bound
(ELBO) on the marginal likelihood of x, is independent of the unknown true posterior and
marginal distribution. Note that because the KL-divergence is always non-negative, we
have

log pθ(x) ≥ L. (2.127)

Furthermore, equality holds if and only if q(z) = pθ(z | x). The ELBO may equivalently be
written as

L = Eq(z)[log pθ(x | z)]− KL(q(z) || p(z)). (2.128)

Here, the first term quantifies the ability of themodel to accurately represent an observed data
point x for given θ and posterior approximation q(z). The second term penalizes deviations
from the specified prior distribution.
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Figure 2.4. The VAE graphical model. Under the
generative model, low-dimensional latent states z are
mapped to the parameters of a conditional distribution
pθ(x | z) over high-dimensional observed variables x
using a parametric function fθ (solid arrows). Dashed
lines show the variational approximation qϕ(z | x) with
parameters ϕ. Adapted from [144].

In variational inference, one first defines a family of, so-called variational distributions qϕ(z)
parameterized by ϕ and chooses ϕ to maximize the evidence lower bound L. For any par-
ticular choice of θ, log pθ is constant and maximizing the ELBO is equivalent to minimizing
KL(q(z) || pθ(z | x)). The variational family is chosen such as to make inference tractable.
At the same time, it needs to be expressive enough to provide a sufficiently close approxi-
mation to the true posterior distribution.

The VAE uses a parametric function gϕ to map observed data points to the parameters of
a distribution qϕ(z) = qϕ(z | x), known as a recognition model. The complete graphical
model representation is shown in Fig. 2.4. Both fθ, which maps z to the parameters of the
conditional likelihood, and gϕ are implemented using neural networks, allowing for flexible,
non-linear generative models and posterior approximations. Under the assumption that the
conditional distribution pθ(x | z) is differentiable w.r.t. to both θ and z, the parameters θ and
ϕ can be optimized using gradient-based methods.

Stochastic gradient-based optimization of the ELBO

In order to enable gradient-based optimization of the ELBO L with respect to θ and ϕ, suit-
able gradient estimators need to be derived. The main challenge is computing the gradient
for ϕ. A standard Monte-Carlo estimator for the gradient of an expectation Eqϕ(z | x)[f(z)]
can be constructed as [145]

∂

∂ϕ
Eqϕ(z | x)[f(z)] = Eqϕ(z | x)

[
f(z)

∂

∂ϕ
log qϕ(z | x)

]
(2.129)

≈ 1

L

L∑
l=1

f(z(l)) log qϕ(z(l) | x) (2.130)
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where z(l) are samples from qϕ(· | x) and the first equality uses the properties of the log
derivative,

∂

∂ϕ
log qϕ(z | x) =

∂
∂ϕ
qϕ(z | x)
qϕ(z | x)

. (2.131)

However, this estimator has high variance in practice [145]. Kingma and Welling [144]
propose an alternative estimator based on the fact that for many common distributions, the
random variable z̃ ∼ qϕ(· | x) can be reparameterized using an auxiliary transform of a noise
variable ϵ,

z̃ = gϕ(x, ϵ), (2.132)

where the distribution of ϵ does not depend on any parameters. For example, if z̃ a multi-
variate Gaussian, z̃ ∼ N (µ(x), diag(σ2(x)), we can write

z̃ = µ(x) + diag(σ(x))ϵ (2.133)

where ϵ ∼ N (0,IK) (similarly for other location-scale family distributions). As another
example, if the distribution of z̃ has a tractable inverse c.d.f., F−1

z̃ (·, x),

z̃ = F−1
z̃ (ϵ, x) (2.134)

where ϵk
i.i.d∼ U(0, 1). If the posterior distribution admits a representation of the form 2.132,

a Monte-Carlo estimator for the expectation Eqϕ(z)[f(z)] may be formed as [144]

Eqϕ(z | x)[f(z)] = Eϵ[f(gϕ(x, ϵ))] (2.135)

≈ 1

L

L∑
l=1

f(gϕ(x, ϵ(l))) (2.136)

where ϵ(l) are samples of ϵ. The expression 2.136 can now easily be differentiated with
respect toϕ. Applying this estimator to the first term in 2.128 and using the VAE variational
posterior, one obtains the approximate ELBO

L̃(θ,ϕ; x) ≈ 1

L

L∑
l=1

log pθ(x | z̃(l)) + KL(qϕ(z | x) || p(z)) (2.137)

where z̃(l) = gϕ(x, ϵ(l)). The KL term can often be evaluated in closed form (e.g., for
Gaussian prior and posterior distribution) or estimated using 2.136.

Given a dataset X ∈ RN×D of i.i.d observations xn, an approximate lower bound of the
marginal likelihood is

L̃(θ,ϕ;X) =
N∑

n=1

L̃(θ,ϕ; xn). (2.138)
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In practice, one typically performs gradient-based updates for random subsetsX(M) ∈ RM×D,
M < N of the full data, termed mini-batches. Mini-batch stochastic gradient descent
[146,147] has become the state of the art for neural network training, due to increased com-
putational parallelism, reduced memory footprint and more importantly, improved gener-
alization performance and optimization convergence [148–150]. The mini-batch objective
is

L̃(θ,ϕ;X(M)) =
M∑
n=1

N

M
L̃(θ,ϕ; x(M)

n ). (2.139)

where x(M)
n are the observations in minibatch X(M).

The idea of gradient-based stochastic variational inference (SVI) is general enough to be ap-
plicable to a wide variety of probabilistic models. For example, SVI forms the backbone of
the probabilistic programming language Pyro [151], which builds on top of PyTorch [152],
a GPU-accelerated framework for automatic differentiation and deep learning. Once a prob-
abilistic generative model and approximate posterior have been specified, Pyro allows for
automatic parameter inference and estimation of posterior probabilities.

Encoder-decoder interpretation

Consider the following simple VAE generative model for continuous data [144],

z ∼ N (0,IK) (2.140)

x | z ∼ N (fθ(z), τ 2IK) (2.141)

where fθ is a multi-layer fully-connected neural network and τ 2 is a hyperparameter. The
variational model is

qϕ(z | x) = N (z |µϕ(x), diag(σ2
ϕ(x))), (2.142)

where both µϕ : RD 7→ RK and σ2
ϕ : RD 7→ RK are implemented using neural networks.

To compute the approximate evidence lower bound for a given observation x, one first com-
putes the parametersµϕ(x) and σ2

ϕ(x) and draws z from the posterior distribution over latent
states using the reparameterization trick (2.133). The sampled latent representation z is then
mapped to the mean of the conditional distribution p(x | z). This ’forward pass’ is visualized
in Fig. 2.5. The variational distribution performs the role of an encoder, compressing the
high-dimensional data x in order to pass it through the latent space bottleneck. The data is
then reconstructed, using fθ as a decoder to map samples from qϕ(z | x) to the mean x̂ of
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the conditional likelihood pθ(x | z). In this sense, the VAE can be viewed as a probabilis-
tic variant of classical encoder-decoder neural network architectures, termed Autoencoder
models [153]. By optimizing the evidence lower bound for a dataset X ∈ RN×D

1

2

N∑
n=1

||x− x̂||22/τ 2 − KL(qϕ(x | x) || p(z)) + const., (2.143)

the VAE is trained to balance reconstruction performance and the distance between approx-
imate posterior and latent prior. Note that the hyperparameter τ 2 only affects the first term
and therefore plays the role of a regularization parameter controlling the weighting of the
two terms.

Figure 2.5. The VAE as an encoder-decoder architecture. Solid lines represent determin-
istic transformations. The dashed line corresponds to sampling from ϵ ∼ N (0,IK). Dur-
ing training, observed data points x are mapped to latent states using a probabilistic en-
coder qϕ(z | x) (blue). Using sampled latent representations, the data is approximately re-
constructed as x̂, the mean of the conditional likelihood (red).

2.2.2 Conditional variational autoencoders

In many practical applications additional label information is available. For example, bio-
logical samples might be associated with different donors, disease statuses or technical repli-
cates. In such cases, the label information can be incorporated into a variational autoencoder
model in order to separate shared and label-specific variation. A conditional variational au-
toencoders (CVAE) extends the original VAE model by conditioning the generative process
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- and commonly also the posterior approximation - on an observed label y [154,155]. In the
most simple case, the label information (one-hot encoded) is simply concatenated with the
sampled latent states prior to the decoding step, such that

pθ(x, z | y) = pθ(x | z, y)p(z). (2.144)

Alternatively, an explicit conditional prior pθ(z | y) may be used. Since y is observed, the
inference process using SVI is analogous to the standard VAE. However, the framework
has also be extended to the semi-supervised case where y is partially unobserved, by intro-
ducing an additional recognition network qϕ(y | x) such that qϕ(x, y | z) = qϕ(z | x)qϕ(y | x)
[156].

Figure 2.6. CVAE toy example. (a) Simulated latent space, sampled from two Gaussian
mixture models (batch) with two components (component). (b) Integrated latent space in-
ferred by a CVAE model, using the batch as an auxiliary observed variable during training.

A toy example of the CVAE for fully observed label information is given in Fig. 2.6. Fig.
2.6a shows the simulated two-dimensional latent space where points were sampled from
two Gaussian mixture models (batch) with two components each. Suppose the differences
between batches corresponds to nuisance variation, e.g., technical effects caused by the mea-
surement process. 50-dimensional observed points were generated using a random projec-
tion matrix. The difference between batches is component-specific and therefore non-linear
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in the two-dimensional latent space. By providing the batch ID as a conditional variable
during training, a simple CVAE model with isotropic latent prior and Gaussian variational
posterior4 successfully integrates batches while maintaining the separation between mixture
components (Fig. 2.6b).

In addition to removing label information from the latent representation, the CVAEmay also
be used to perform style transfer [156]: For a given point x with label y, the CVAE allows
to generate new examples x̃ ∼ pθ(· |z, ỹ) sharing the same latent state (style) z ∼ qϕ(· | x, y)
under alternative labels ỹ (content types). That is, style transfer poses the counterfactual
question ‘what would a data point x look like, had it been generated using a different label’.
For example, CVAEs have been trained to visualize handwritten digits in different styles
(e.g., stroke width, slant/upright) [144], perform neural machine translation [157], as well
as designing drug-like molecules with specific chemical properties [158].

Identifiability and disentanglement

In representation learning, the goal is to identify latent factors z which explain systematic
variation in high-dimensional observations x. The concept of disentanglement refers to the
property of a learned representation where the underlying factors of variation are separated
and represented as distinct and independent dimensions or features [159, 160]. Intuitively,
each latent factor should correspond to semantically meaningful concepts. For example, in
images of faces, a disentangled representation may dedicate specific dimensions to factors
such as pose, lighting and identity of a person. By learning disentangled latent represen-
tations, one may hope for improved generalization performance [161, 162], interpretabil-
ity [163,164] and faster learning in downstream abstract reasoning tasks [165]. The concept
of disentanglement is also related to themore general idea of independent causal mechanisms
in the causal inference literature [166, 167], positing that the causal generative process of a
system’s variables is composed of autonomous modules that do not inform or influence each
other.

The classical VAE model introduced in section 2.2.1 postulates a particular notion of disen-
tanglement by assuming that the data-generating factors zk, k = 1, . . . , K , are stochastically
independent under the prior p(z) =

∏
k p(zk). In this context, inferring disentangled repre-

4Both encoder and decoder use a fully-connected network with one hidden layer (128 nodes). Trained on
1000 points using SGD with learning rate 10−3.
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sentations is closely related to the problem of model identifiability. Suppose xwas generated
from a latent variable model with joint density pθ∗(x, z) = pθ∗(x | z)p(z) for some unknown
parameter θ∗. The VAE framework allows to find a set of parameters θ maximizing the
marginal likelihood pθ(x) =

∫
pθ(x, z)dz, such that

pθ(x) ≈ pθ∗(x). (2.145)

However, equality of the marginal distributions does not necessarily imply θ = θ∗ (model
identifiability), and thus the corresponding joint densities pθ(x, z), pθ∗(x, z) may not be
equal. In fact, Khemakhem et al. [168] proved that the true parameters are not identifi-
able in the general (unconditional) VAE model. As a consequence, even when the data was
generated from independent factors, the VAE latent space may be entangled. However, Khe-
makhem et al. showed that by conditioning the prior distribution over latent variables on an
auxiliary variable, such as a class label or time stamp, identifiability becomes possible up to
some trivial transformations [168] given sufficient data.

2.2.3 VAEs for single-cell sequencing data

Variational autoencoder models have emerged as useful tools for the analysis of single-
cell sequencing data [131, 169–173], offering a single framework for a variety of common
tasks such as normalization, dimensionality reduction, imputation and differential expres-
sion analysis. These approaches have gained increasing popularity due to the exponential
growth of single cell datasets in recent years [95], making computational scalability a pri-
mary concern. This sectionwill describe scVI [131], one of the first first VAE-basedmethods
dedicated to modeling single-cell transcriptome (scRNA-seq) measurements.

A standard preprocessing pipeline for single-cell RNA sequencing (scRNA-seq) data typi-
cally involves several steps to clean, normalize, and prepare the data for downstream anal-
ysis [174]. Following an initial quality assessment, the raw sequencing data is aligned to a
reference genome [175] such that the number of reads mapping to each gene or transcript in
the reference can be quantified. The result is a count matrix containing the measured expres-
sion of every gene in every cell. Cells are filtered based on the number of counts / detected
genes and the fraction of mitochondrial read counts [174]. An unusually large number of
detected genes may be the result of barcode collisions, where the measurements in a single
‘cell’ actually correspond to a mixture of read counts from multiple different cells. Few de-
tected genes or a high fraction of mitochondrial reads can indicate a ruptured cell membrane
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and associated a loss of cytoplasmic mRNA. The result is a filtered count matrixX ∈ RN×D

for N cells and D genes.

A typical scRNA-seq analysis workflow proceeds by normalizing the read counts to account
for technical nuisance factors such as differences in library size / count depth, sampling noise
and technical batch effects [174]. Depending on the normalization method, the data is then
log-transformed to stabilize the variance and facilitate the application ofmethods that assume
Gaussian observation noise [174]. Subsequently, the dimensionality of the data is reduced,
e.g. using principal component analysis, to remove noise and enable the identification and
visualization of cell types and states.

Starting with the filtered count matrixX, single-cell variational inference (scVI) [131] offers
an alternative strategy that allows for joint normalization and dimensionality reduction of
single-cell RNA-seq data. Let sn be the batch identifier for cell n and let lµ(sn), lσ2(sn)

be the empirical mean and variance of the log-library size (log of total counts) per batch.
The core scVI generative model for n = 1, . . . , N cells and d = 1, . . . , D genes is as
follows

zn ∼ N (0,IK) (2.146)

ln | sn ∼ LogNormal(lµ(sn), lσ2(sn)) (2.147)

ρn = fρ(zn, sn) (2.148)

wnd | ρnd ∼ Gamma(ρnd, θd) (2.149)

xnd |wnd ∼ Poisson(lnwnd) (2.150)

where fρ is a multi-layer fully-connected neural network. Here, zn is a lower-dimensional
representation of the cell state and ln models a latent scaling factor. The final activation
function of fρ is a softmax, such that

∑
d ρd = 1 and ρnd corresponds to the relative activity

of gene d in cell n. The conditional likelihood of xnd given ρnd and ln is a Gamma-Poisson
mixture with gene-specific dispersion parameter θd [92,176]. Given the relative proportions
of mRNA transcripts and total counts in a cell, the distribution of transcript counts should
be multinomial. Due to the large number of genes and total sequencing reads, the num-
ber of counts per gene should therefore be approximately Poisson-distributed (Poisson limit
theorem). However, the count distribution for highly expressed genes often exhibits larger
variance than is to be expected under a Poisson model [176–178], where mean and variance
are determined by the same parameter. To address the issue of overdispersion, the expected
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number of counts of the Poisson distribution is itself modeled as a random variable, follow-
ing a Gamma distribution with mean ρnd and dispersion parameter θd. The density of the
Gamma-Poisson mixture, also known as the negative binomial distribution, is available in
closed form,

xnd | ρnd ∼ NB(lnρnd, θd) (2.151)

p(xnd = k | ρnd) =
Γ(θ−1

d + k)

k!Γ(θ−1
d )

( θ−1
d

θ−1
d + lnρnd

)θ−1
d
( lnρnd

θ−1
d + lnρnd

)k
. (2.152)

and the mean and variance are given by

E[xnd | ρnd] = lnρnd (2.153)

Var(xnd | ρnd) = lnρnd + (θdln)ρnd. (2.154)

Contrary to the Poisson distribution, where mean and variance are equal, the variance of
the negative binomial grows with the square of the mean. For small θd, the negative bino-
mial approaches the Poisson distribution. The original scVI model introduced by Lopez et
al [131] also considered an extended conditional likelihood model, designed to account for
an overabundace of zero values compared to a standard negative binomial distribution. The
resulting distribution is known as a zero-inflated negative binomial (ZINB). However, more
recent studies have found that data generated by modern droplet-based single-cell technolo-
gies can be adequately modeled using a negative binomial distribution without zero infla-
tion [179].

scVI infers an approximate posterior distribution over latent states, allowing to identify ma-
jor axes of biological variation in the data while accounting for batch effects, library size and
sampling noise. The scVI generative model is a special case of the CVAE framework. The
variational distribution assumes independence between latent states and size factors (mean
field approximation) [131]

q(zn, ln | xn, sn) = q(ln | xn, sn)q(zn, | xn, sn). (2.155)

Using multi-layer encoder networks, the observed data and batch ID are mapped to the pa-
rameters of the variational distribution, which is chosen to be Gaussian in the case of zn and
LogNormal for ln. Note that a random variable follows a LogNormal distribution if its log-
arithm is Gaussian, making the LogNormal distribution amenable to the reparameterization
trick. Furthermore, it allows for straightforward evaluation of the KL divergence between
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prior and approximate posterior, by computing the analytic distance in the Gaussian base
space. Under the variational approximation 2.155, the marginal likelihood can be optimized
using the standard SVI algorithm introduced in section 2.2.1.



Chapter 3

Mixed effect models for single-cell
genetics

The functional consequences of genetic variation can depend on the cellular context, the cell
type or cell state [27, 180–183]. Historically, most existing studies had to rely on bulk se-
quencing data from tissue sections or sorted cell populations, measuring average molecular
traits across thousands to millions of cells. As a result, these studies largely ignored more
fine-grained cellular heterogeneity and associated genetic interaction effects. Advancements
in single-cell sequencing technologies have made it possible to study cells within differ-
ent cellular contexts, allowing to identify rare cell types and map continuous transitions.
However, existing strategies for the analysis of genetic effects from single-cell sequenc-
ing data are predominantly based on methods originally developed for bulk sequencing
data [84, 85, 97, 98], requiring discretization of cell states and subsequent aggregation of
sequencing reads to create ‘pseudo-bulk’ profiles, as discussed in section 1.3.2.

In this chapter I describe a new approach based on the linear mixed model framework, tak-
ing a first step towards a systematic and impartial exploration and quantification of context-
specific genetic effects at the level of single cells. The central idea is to summarize cell-state
variation in a random effect covariance matrix, K = CCT , where C is a lower-dimensional
embedding of the observed single-cell count data. The approach is conceptually related to
linear mixed models used in GWAS and eQTL studies to account for genetic relatedness
(section 2.1.9) and genotype-environment interactions [184]. Importantly, this formulation

53
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allows to capture discrete cell states as well as continuous transitions such as differential or
developmental trajectories. The idea is implemented in two concertedmethods. First, I intro-
duce scDALI , a model for detecting context-specific allelic imbalance from single-cell data.
Second, I describe CellRegMap , the first statistical method designed specifically for single-
cell eQTL testing. The contents of this chapter were published in [185] and [186].

3.1 scDALI:modeling allelic heterogeneity in single cells

Existing methods for genetic association analyses depend on profiling a large and genet-
ically diverse group of individuals, which can be especially challenging for in vivo stud-
ies and non-human model systems. A potential alternative is to assess allele-specific sig-
nals [40, 187–189], which provide a complementary view of genetic effects on molecular
traits and can be measured even in a single individual (section 1.2.1). When combined with
single-cell technologies, this approach could offer a potent strategy for dissecting the func-
tional consequences of genetic variations within complex tissues, encompassing diverse cell
types and states. Studies focussing on context-specific allelic regulation are only beginning
to emerge [98, 190], requiring principled computational tools to detect and quantify allelic
imbalance at the level of single cells.

Here, I introduce single-cell differential allelic imbalance (scDALI), a statistical model and
analysis framework for allele-specific quantifications of single-cell sequencing data. The
model is designed to identify and test for different types of allelic imbalances, and differ-
entiates homogeneous effects shared by all cells, from heterogeneous effects that align with
specific cell types and states. The underlying problem is similar to differential expression
testing, but instead of assessing variation in total expression counts, scDALI identifies dif-
ferences in the fraction of counts originating from one of the gene alleles. scDALI can
be used to estimate allelic imbalances from sparse sequencing data within individual cells,
which allows for downstream visualization and interpretation of loci with significant allelic
regulation. scDALI is generally applicable to sequence-based count data and can be used to
model single-cell datasets generated using different technologies and modalities.

The model is validated on simulated data and applied to study allelic regulation of chromatin
accessibility in a developmental timecourse of F1 Drosophila melanogaster embryos sam-
pled at three different time points. To this end, I propose a VAE-based probabilistic model
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to infer latent cell states and developmental stages from highly sparse open chromatin data
(sci-ATAC-seq), while accounting for varying sampling intervals. Using the learned cell-
state representation, scDALI detects hundreds of regulatory regions exhibiting heteroge-
neous allelic imbalance. Among these discoveries are regions with opposing allelic effects
in different cell lineages, which would not be detected by bulk sequencing approaches. I
then demonstrate how scDALI can be used to map the effects of known expression quantita-
tive trait loci to specific cell types and states, by evaluating allelic imbalances of single-cell
gene expression measurements of differentiating human induced pluripotent stem cells (iP-
SCs). These examples highlight how the proposed model can be employed across a range of
species and data formats, harnessing single-cell technologies to eliminate the need for cell
sorting. In particular, the approach is applicable to data from diverse outbred individuals as
well as F1 crosses of inbred wild isolates.
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3.1.1 The beta-binomial model for allele-specific quantifications

scDALI builds on the generalized linear mixed model framework (GLMM, section 2.1.8)
to model context-specific allelic imbalance of quantitative traits, such as gene expression,
chromatin accessibility or other epigenetic features, from single-cell sequencing data. For
cells n = 1, . . . , N let dn be the total number of reads mapping to a particular genomic
feature such as a gene or peak of accessibility, and let kn be the number of reads mapping
to one of the two alleles in a diploid organism (see Fig. 1.3). For simplicity, I will assume
the region may be assigned to a single haplotype, and refer to kn as the maternal count.
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scDALI builds on the Beta-Binomial likelihood model frequently used for modeling allelic
imbalance from bulk-sequencing data [40, 188, 191, 192]. Suppose, for now, that all cells
share the same underlying allelic rate µ, i.e., the expected relative activity of the maternal
allele and let rn = kn/dn denote the allelic rate in cell n. In the simplest case, the kn could
be considered as independent draws from a binomial distribution, such that

rn ∼ Bin(dn, µ)/dn. (3.1)

Under the binomial model, mean and variance are coupled as Var(rn) = 1
dn
µ(1 − µ). Em-

pirical allelic counts, however, often show greater variability than is to be expected under
the binomial model. This is because cellular populations seldom exhibit complete homo-
geneity (e.g., owing to cell cycle influences), and allele-specific counts are susceptible to
additional sources of variation stemming from both technical and biological factors. For
example, gene expression is often discontinuous and follows stochastic patterns known as
transcriptional bursting [193], leading to increased variability of expression counts both be-
tween gene alleles as well as cells. As a solution, µmay be replaced by a random variable µ̃
with E[µ̃] = µ. Specifically, I assume µ̃ follows a beta distribution [40, 188, 191, 192] with
dispersion parameter θ, that is,

rn ∼ Bin(dn, µ̃)/dn (3.2)

µ̃ ∼ Beta(θ−1µ, θ−1(1− µ)). (3.3)

The resulting compound distribution for rn, known as the Beta-Binomial distribution, is
analytically tractable with variance

Var(rn) =
1

dn
µn(1− µn)

θ−1 + dn
θ−1 + 1

= an(θ)v(µn) (3.4)

with variance function v(µn) = µn(1− µn) and an(θ) = 1
dn

θ−1+dn
θ−1+1

. When θ is large, draws
will be similar to a Bernoulli distribution with counts coming almost exclusively from either
allele. As θ tends to zero, the Beta-Binomial approaches the Binomial distribution.

Parameter estimation

Maximum-likelihood estimators for the mean and dispersion parameters p and θ of the Beta-
Binomial distribution are not available in closed form. Minka [194] derived both fixed-
point iterations and Newton-Raphson updates for the parameters of the Polya distributions,
of which the Beta-Binomial distribution is a special case. Most bulk sequencing studies
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are comprised of only a limited number of replicates and further assumptions are required
to lower the estimation uncertainty, such as a shared mean-variance relationship between
genomic features [191]. Single-cell sequencing datasets, on the other hand, typically contain
thousands to millions of cells, allowing for direct estimation of p and θ separately for each
feature of interest.

3.1.2 The scDALI model

The previous section discussed the basic Beta-Binomial model, under the assumption that
cells are sampled from a homogeneous population with fixed expected allelic rate µ for
all cells. When profiling heterogeneous systems, containing diverse cell types and states,
this assumption is unlikely to hold. This is because genetic regulation and associated allele-
specific effects frequently depend on the molecular context (section 1.3). Key to the scDALI
approach is the observation that total counts, quantified at individual genomic features, pro-
vide a largely independent signal to allele-specific measurements, allowing to define cellular
states in a data-driven manner. Established methods for the analysis of single-cell sequenc-
ing data use low-dimensional representationsC ∈ EN×K of the high-dimensional total count
matrix to summarize biologically meaninful patterns in the data. For example, C may en-
code discrete cell clusters, principal components of the total count matrix or positions along
a continuous trajectory or pseudo-temporal ordering [174, 195, 196]. For a given represen-
tation C, scDALI constructs a cell-state covariance matrix K = K(C) ∈ RN×N and models
the latent allelic rates using a random effect model with Beta-Binomial likelihood,

rn |η ∼ BetaBin(dn, θ−1µn, θ
−1(1− µn))/dn (3.5)

µn = g−1(ηi) (3.6)

η ∼ N (1α + Xβ, σ2
hetK), (3.7)

where g(x) = log( x
1−x

) denotes the logit link function. Here, X are optional covariates with
associated fixed effect vector β and σ2

het is a scaling parameter, quantifying the strength
of context-specific, heterogeneous effects. The offset α models homogeneous imbalance,
where α = 0 corresponds to an expected allelic rate of 1/2. An overview of the model is
given in Fig. 3.1.

scDALI uses a linear covariance function, such that K = CCT , in which case 3.7 corre-
sponds to Bayesian linear regression of all cell-state dimensions ck, k = 1, . . . , K (columns



58 scDALI: modeling allelic heterogeneity in single cells

Figure 3.1. .scDALI integrates total and allele-specific read counts (compare with Fig. 1.3)
to model allelic imbalance in a genomic region. The latent allelic rate, corresponding to
the relative activity for a given haplotype, is decomposed into global (homogeneous) and
cell-state-specific (heterogeneous) effects on a logit scale, using a generalized linear mixed
model with Beta-Binomial likelihood. Heterogeneous imbalances are modeled using a cell-
state covariance matrix derived from total read counts.

of C), as discussed in chapter 2. Nevertheless, non-linear effects can also be modeled by
including additional transformed cell-state variables such as interactions ck � cl or element-
wise feature maps ϕ(ck). Alternatively, the model may be extended using common non-
linear covariance functions from the Gaussian process (GP) literature [197].

3.1.3 Approximate inference

Due to the non-Gaussian conditional distribution rn |η, the marginal likelihood p(r) is ana-
lytically intractable under the full scDALI model 3.5-3.7. I therefore resort to approximate
inference techniques. Let the working response variable be defined as (see eq. 2.113)

r̃n = ηn + (rn − µn)g
′(µn), n = 1, . . . , N. (3.8)

Estimators for fixed effects α,β may be obtained using the penalized quasi-likelihood ap-
proach (chapter 2, section 2.1.8), as iterative solutions to the working normal-theory approx-
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imation (eq. 2.111) to the working variable r̃,

r̃ = 1α + Xβ + u+ ϵ (3.9)

u ∼ N (0, σ2
hetK) (3.10)

ϵ ∼ N (0,W−1) (3.11)

whereW−1 is diagonal and contains the inverse IWLS iterated weights (eq. 2.84),

W−1 = diag(an(θ)v(µn)g
′(µn)

2). (3.12)

with v(µn) and an(θ) as in eq. 3.4. Note that the derivative of the logit link is given by

g′(x) =
1

x(1− x)
, (3.13)

and therefore
W = diag(dnµn(1− µn)

θ + 1

dnθ + 1
). (3.14)

The fixed effect estimates depend on the dispersion parameter θ and the variance compo-
nent σ2

het. Similar to the procedure proposed by Breslow and Clayton [124], estimators for
the variance components may be obtained by optimizing the log-likelihood of the working
normal-theory model at convergence. The complete algorithm alternates between solving
the IWLS problem and optimizing θ and σ2

het.

For large datasets, the penalized quasi-likelihood procedure tends to be slow. As an alter-
native, I consider sparse variational inference, a method originally developed for scalable
Gaussian process regression, to optimize the model parameters and learn an approximate
posterior distribution over latent allelic rates p(µ | r) [198, 199]. Briefly, sparse variational
inference learns a set of M << N pseudo-inputs, referred to as inducing points, that are
highly informative on the underlying function. A tractable bound on the marginal likelihood
may then be derived. Computing the bound and its derivative scales linearly with N , and
allows for a considerable reduction in computational complexity even for models with Gaus-
sian observation noise, where evaluation of the marginal likelihood is of orderO(N3) for ar-
bitrary covariance matrices. An additional variational approximation is used to factorize the
model such that the bound becomes amenable to stochastic optimization and non-Gaussian
likelihoods can be handled using one-dimensional numerical integration [198,200] . In prac-
tice, estimating allelic rates under the Beta-Binomial model for thousands of candidate re-
gions in large datasets can still be computationally challenging. For the analyses in this
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chapter I therefore approximate the scDALI model, by replacing the Beta-Binomial with a
homoscedasatic Gaussian likelihood for empirical alleic rates rn = kn/dn. GPU-accelerated
implementations of sparse variational inference are available as part of the Python libraries
GPFlow [201] and GPytorch [202].

3.1.4 Statistical significance testing

The extent of allele-specific effects under the scDALI model is determined by the parame-
ters α and σ2

het. I consider the following three scenarios of null and alternative hypotheses,
capturing different types of allelic imbalance:

scDALI-Het (Heterogeneous imbalance)

Hhet
0 : σ2

het = 0 vs. Hhet
1 : σ2

het > 0 (3.15)

scDALI-Hom (Homogeneous imbalance)

Hhom
0 : α = 0 vs. Hhom

1 : α 6= 0 (3.16)

scDALI-Joint (General imbalance)

Hjoint
0 : σ2

het = 0, α = 0 vs. Hjoint
1 : α 6= 0 or σ2

het > 0 (3.17)

As discussed in the previous section, fitting the full scDALImodel and evaluating themarginal
likelihood p(r) is computationally expensive for large datasets. I therefore derive score-
based test statistics, which only require parameter estimates under the restricted null mod-
els.

scDALI-Het

scDALI-Het evaluates the evidence for heterogeneous allelic imbalance, that is σ2
het > 0.

The problem can be reduced to the variance component test for Gaussian LMMs intro-
duced in chapter 2, section 2.1.6, by approximating the scDALI GLMM 3.5-3.7 using the
normal-theory model 3.9-3.11. Zhang et al. [111] considered this approach in the context of
semi-parametric mixed models, albeit motivated by a slightly different approximation to the
quasi-likelihood function than the one proposed by Breslow and Clayton [124] (see section
2.1.8).
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Under the null hypothesis σ2
het = 0, scDALI reduces to a generalized linear model without

random effects, such that the observations rn are independent and parameters can be esti-
mated efficiently. Let α̂0, β̂0, θ̂0 be the iterated weighted least squares (IWLS) solutions to
the working normal-theory model under the null GLM

r̃ = 1α + Xβ + ϵ (3.18)

ϵ ∼ N (0,W−1), (3.19)

withW defined in 3.14. Furthermore, let

r̃0 = 1α̂0 + Xβ̂0 + g′(µ̂0)(r− µ̂0) (3.20)

be the working vector at convergence, where g′(·) is applied element-wise, and let

µ̂0 = g−1(1α̂0 + Xβ̂0), (3.21)

(again element-wise) with associated IWLS weights Ŵ0. Following section 2.1.6, a score-
based statistic for the variance component σ2

het under the full normal-theory model 3.9-3.11
may be defined as

Q =
1

2
r̃T0 P̂T

0KP̂0r̃0, (3.22)

where
P̂0 = Ŵ0 − Ŵ0X̃(X̃TŴ0X̃)−1X̃TŴ0. (3.23)

is the projection matrix for fixed effects with X̃ =
[
X 1

]
. Under the null hypothesis, Q is

approximately distributed as a weighted sum of independent chi-squared random variables
z2i ∼ χ2(1) with one degree of freedom, ∑

i

ψiz
2
i . (3.24)

where ψi are the ordered non-zero eigenvalues of 1
2
V̂−1/2

0 KV̂−1/2
0 with V̂0 = Ŵ−1

0 . To
evaluate the distribution of 3.24 and compute p-values, Davies method can be used [114,
203]. A Python implementation is provided by limix 1.

Computing the eigenvalues of an arbitraryN ×N matrix requires O(N3) operations. How-
ever, for linear covariance function K = CCT ,C ∈ RN×K where K << N , a more ef-
ficient implementation is possible [184]. Note that for all matrices A, one can show that

1https://github.com/limix/chiscore

https://github.com/limix/chiscore
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eigenvalues(ATA) = eigenvalues(AAT ) [101]. From this it follows that

eigenvalues(
1

2
V̂−1/2

0 KV̂−1/2
0 ) = eigenvalues(

1

2
(CT V̂−1/2

0 )T (CT V̂−1/2
0 )) (3.25)

= eigenvalues(
1

2
(CT V̂−1/2

0 )(CT V̂−1/2
0 )T ) (3.26)

= eigenvalues(
1

2
CT V̂−1

0 C), (3.27)

which can be computed in O(K3) once the matrix product has been evaluated.

scDALI-Joint

The scDALI-Joint test builds on the approach originally developed for SKAT-O [113] and
recently extended in [184] to jointly test for heterogeneous and homogeneous effects using
a sequence of single-parameter variance component tests. To this end, I modify the original
scDALI model 3.5-3.7 by making the homogeneous effect α a Gaussian random variable
α ∼ N (0, σ2

hom) such that 3.7 becomes

η ∼ N (Xβ, σ2
hom11T + σ2

hetK). (3.28)

The above may equivalently be written as

η ∼ N (Xβ, σ2
tot[(1− ρ)11T + ρK]). (3.29)

where σ2
tot = σ2

het + σ2
hom and ρ = σ2

het/σ
2
hom ∈ [0, 1]. Intuitively, if K has been normalized

appropriately (see section 2.1.7), σ2
tot can be interpreted as the total variance explained by

allele-specific effects, whereas ρ quantifies the relative extent of heterogeneous imbalance.
Under the modified scDALI model 3.29, the scDALI-Joint null and alternative hypotheses
may now be written as

Hjoint
0 : σ2

tot = 0 vs. Hjoint
1 : σ2

tot > 0. (3.30)

Note that for fixed ρ, a suitable test statistic can be constructed equivalently to scDALI-Het,
assuming a modified kernel matrix

Kρ = (1− ρ)11T + ρK. (3.31)

In practice, however, ρ is unknown. Following [113, 184], I perform a grid search over
ρ ∈ [0, 1] and aggregate the associated p-values:
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1. For a pre-defined sequence of values ρr ∈ [0, 1], compute p-values Pr using the
scDALI-Het test with modified covariance matrix 3.31. As in [113,184], I replace the
exact Davies method with Liu’s modified moment matching approximation [115,203]
when evaluating the null distribution 3.24, in order to improve computational effi-
ciency.

2. Compute the combined statistic T = minr Pr. For the case of a LMM with linear
covariance functionK = CCT , Moore et al. [184] derived the distribution of T under
the null and provided a numerical method for approximating the p-value. Assuming
a normal-theory approximation to the scDALI model, I use this approach for all sub-
sequent analyses. A more general but less powerful alternative is to use T directly,
following a Bonferroni adjustment for the number of tested values ρr.

As a byproduct of the scDALI-Joint testing procedure, the value of ρ associated with the
smallest p-value provides an estimate of the extent of allelic imbalance explained by hetero-
geneous effects.

scDALI-Hom

As a special case, the scDALI-Joint test can be used to identify homogeneous allelic im-
balance by fixing ρ = 0 in 3.29. This test additionally assumes the absence of heteroge-
neous effects (σ2

het = 0) and therefore evaluates a slightly different hypothesis from 3.16.
However, by avoiding to fit a random effect model with unconstrained cell-state covariance
σ2
hetK, this test significantly reduces the computational burden and allows for fast screening
of homogeneous effects even in large datasets.

3.1.5 Cell-state inference from open chromatin data

The application of scDALI to empirical data requires a suitable cell state definition C ∈
RN×K . Common analysis strategies for single-cell sequencing data rely on clustering algo-
rithms to identify discrete cell types from the observed expression profiles [174]. In princi-
ple, scDALI can be used to identify differences in allelic rates between clusters, using one-
hot-encoded cluster labels to define a block diagonal covariance matrix. However, such a
representation will disregard covariation between clusters and likely fail to accurately repre-
sent continuous biological processes such as cellular differentiation or development. Instead,
a lower-dimensional embedding of the total count matrix can be used as a general-purpose
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approach for capturing both discrete and continuous effects. Variational autoencoders have
emerged as a versatile, non-linear framework for latent space inference from scRNA-seq
count data. In this subsection I describe a VAE variant adapted to open chromatin data (chap-
ter 1; Fig. 1.2). Notably, the model integrates sampling times for developmental datasets to
estimate a continuous pseudo-temporal ordering from few observed time points.

ATAC-seq (Assay for Transposase-Accessible Chromatin using sequencing) is an experi-
mental technique for assaying chromatin accessibility on a genome-wide scale [35]. This
method uses a genetically modified, hyperactive Tn5 transposase enzyme, to cleave DNA
in accessible regions of the genome and tag the insertion site by ligating adapters for high-
thoughput sequencing. The tagged insertion ends are then purified, PCR-amplified and se-
quenced. Peaks of accessibility, genomic regions enriched with aligned sequencing reads,
can then be identified using computational methods [204]. Building on advances in split-
pool combinatorial indexing technologies and droplet microfluidics, allowing for efficient
molecular barcoding and identification of nucleic acids from a large pool of fixed cells or
nuclei, the ATAC-seq protocol has been adapted to single cells [68, 96, 205].

The analysis of single-cell ATAC-seq (scATAC-seq) data presents several unique challenges
compared to scRNA-seq data. While single cells typically carry several transcripts of any
expressed gene, there are only few copies of DNA (two in diploid organisms). Therefore,
the probability of observing insertions in any particular genomic region is very low, leading
to inherent data sparsity at the per-cell level. In scATAC-seq data, only a small fraction,
typically ranging from 1% to 10%, of the expected accessible chromatin regions are de-
tected, compared to 10% to 45% of detected expressed genes in scRNA-seq [195]. Further-
more, while the quantification of mRNA from scRNA-seq is typically performed at the gene
level, the definition of informative features for scATAC-seq is less straightforward. Com-
mon analysis pipelines quantify sequencing read counts in peaks of accessibility, inferred
from pseudo-bulk aggregates using methods developed for bulk ATAC-seq data [195]. Ac-
cessibility can also be assessed at specific genomic regions such as transcription factor (TF)
binding sites or gene promoters. Alternatively, the data can be summarized using sequence
features of accessible regions, such as k-mer frequencies or TF motifs. The resulting cell-
feature matrix may either be used directly to infer cell types and states or provided as input
to methods for dimensional reduction, such as cisTopic [206], (based on latent dirichlet al-
location) or latent semantic indexing (LSI) [68, 195].
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VAE generative model

Suppose X summarizes the observed open chromatin profiles atM peaks of accessibility in
N cells. That is, xnm corresponds to the number of reads overlapping region m in cell n.
Typically, the number of reads in each region will be low. In fact, it is common practice to
binarize X such that xnm ∈ {0, 1}, which was found to reduce technical noise associated
with the sequencing process [195]. Let sn be a batch identifier for cell n. I assume the
following generative model for binary accessibility data:

zn ∼ N (0,IK) (3.32)

ln | sn ∼ LogNormal(lµ(sn), lσ2(sn)) (3.33)

ρn = fρ(zn, sn) (3.34)

xnm | ρnm, ln ∼ Bernoulli
(
1− (1− ρnm)

ln

)
. (3.35)

Here, zn are latent cell states and ln is a cell-specific size-factor variable capturing effects
associated with variable sequencing depth. As in the scVI model [131] discussed in section
2.2.3, ln follows a LogNormal distribution with parameters lµ(sn), lσ2(sn), corresponding to
the empirical mean and variance of the log-library size (log of total non-binary counts) per
batch. By conditioning the generative process on (latent) size factors and batch identifiers,
the model is encouraged to remove technical nuisance variation from the cell latent space.
The latent representation zn and batch identifiers are mapped to ρn using a fully-connected
neural net fρ with softmax activation, such that ρnm is the relative activity of peak m. The
distribution over binary accessibility profiles is a function of the scaling factor ln and relative
peak activities ρn. Intuitively, if ln were the true (discrete) number of of reads in cell m,
1 − (1 − ρnm)

ln is the probability of observing at least one read in peak m. However, to
simplify inference, ln is modeled as a continuous variable.

The developmental dataset considered later in this chapter additionally includes coarse tem-
poral labels. Drosophila Melanogaster embryos were collected during different time win-
dows after egg laying, to study changes in accessibility at major developmental stages. I
model the observed time stamps as noisy realizations of an underlying continuous process.
Suppose the time label yn associated with cell n takes on values in {1, 2, . . . , T}. I model
the relative order of cells along the developmental trajectory as a function of zn and draw yn

from an ordinal distribution [207],

p(yn | zn) = Φ

(
wyn − fy(zn)

)
− Φ

(
wyn−1 − fy(zn)

)
, (3.36)
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Figure 3.2. Cell-state VAE overview. The encoder networkmaps observed chromatin acces-
sibility profiles to a lower dimensional cell state space and latent size factors, while removing
variation associated with sample IDs or other categorical variables, e.g., batch. The decoder
maps latent variables to the relative peak activities and reconstructs observed profiles under
a size-factor adjusted Bernoulli likelihood. The temporal module infers a continuous tempo-
ral ordering of cell states from few observed discrete time labels using an ordinal likelihood
model.

where Φ is the cumulative distribution function of the standard normal distribution. The
parameters wt divide the real line, where I fix w0 = −∞, wT = ∞ and w1, . . . , wT−1 are
optimized subject to wt < wt+1. The function fy models the latent time as a function of the
cell state zn. Ordinal labels t are identified with consecutive intervals (wt−1, wt), allowing
for varying rates of cell state changes across time. A draw from this model corresponds
to the unique interval containing a noisy realization fy(zn) + ϵ, ϵ ∼ N (0, 1) of the actual
latent time fy(zn). To improve model interpretability, I choose f(zn) to be a linear function,
thereby constraining the developmental changes in cell states to align with a single axis of
variation in the latent space.



scDALI: modeling allelic heterogeneity in single cells 67

Variational approximation

The marginal distribution under the non-linear generative model 3.32-3.35 and 3.36 are in-
tractable. I use stochastic variational inference [144] to approximate the true posterior dis-
tribution over latent variables and optimize the model parameters (section 2.2.1). Follow-
ing [131], I use a mean-field factorization for the approximate latent posterior,

q(zn, ln | xn, sn) = q(zn, | xn, sn)q(ln | xn, sn) (3.37)

where q(zn, | xn, sn) and q(ln | xn, sn) are chosen to be multivariate normal and LogNormal,
respectively. Model and variational parameters can be optimized by stochastic gradient as-
cent on the variational lower bound

log p(xn) ≥ Eq(zn | xn,sn)q(ln | xn,sn)[log p(xn | zn, ln, sn) + log p(yn | zn)] (3.38)

− KL(q(zn | xn, sn) || p(zn))− KL(q(ln, | xn, sn) || p(ln)). (3.39)

The complete generativemodel and variational approximation is visualized inFig. 3.2.

3.1.6 Application to scATAC-seq fromdevelopingDrosophila embryos

Figure 3.3. scATAC-seq of developing Drosophila Melanogaster embryos. F1 embryos
from crosses of the same mother and four genetically distinct fathers were collected at three
different timepoints (2-4h, 6-8h and 10-12h after egg laying). Chromatin accessibility was
profiled using the sci-ATAC-seq protocol.

I applied the scDALI model to study allele-specific patterns of genomic accessibility in F1
hybrid embryos of representing the first filial generation of offspring from the same mother
and four genetically distinct fathers [191] (Fig. 3.3) Embryos from these four crosses were
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collected at three different time windows after egg laying (2-4h, 6-8h and 10-12h), approx-
imately corresponding to major developmental stages where cells are multipotent, undergo
lineage commitment and or tissue differentiation, respectively. Chromatin accessibility in
single-cells was profiled using sci-ATAC-seq, a scATAC-seq protocol based on single-cell
combinatorial indexing (sci-) [68, 96]. Briefly, sci-ATAC-seq splits cells in multiple wells
and tags nucleic acids using molecular barcodes specific to each well. Cells are then pooled
and the procedure is repeated, such that the probability of observing cells with colliding bar-
codes is below a desired threshold. A detailed description of the experimental process is
included in appendix A.1.

Processing of raw sci-ATAC-seq data

I processed the raw data generated by the sequencing machines based on the pipeline2 devel-
oped by Cusanovich et al. [68]. BCL files were converted to fastq files using the bcl2fastq
tool, v.2.16 (Illumina). To correct sequencing and PCR amplification errors I matched each
read barcode against all possible barcodes produced by the split-pool procedure. Approx-
imate matches (Levenshtein distance < 3 and distance to next best match > 2) were fixed
to the closest matching reference barcode. Ambiguous and unknown barcodes were dis-
carded. Reads were trimmed using Trimmomatic [208] and aligned to the dm6 reference
genome using Bowtie 2 [209] with options -X 2000 -3 1. Subsequently, PCR duplicates
were removed. To separate barcodes corresponding to genuine cells from background noise,
I fit a two-component Gaussian mixture model to the log-transformed read counts per bar-
code (Fig. 3.4). Barcodes were classified as noise, when the posterior probability of be-
longing to the mixing component with higher read depth was below 95%. The histogram
of DNA fragment sizes for the processed data (determined from the paired-end sequenc-
ing reads) exhibited the typical nucleosome banding pattern corresponding to the length of
DNA wrapped around a single nucleosome (Fig. 3.4). Furthermore, the read count distribu-
tion for each of the 12 sequenced libraries was consistent with existing sci-ATAC-seq data
of time-matched Drosophila Melanogaster embryos from a reference strain published by
Cusanovich et al. [68].

2https://github.com/shendurelab/fly-atac/)

https://github.com/ shendurelab/fly-atac/)
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Figure 3.4. QC forDrosophila Melanogaster sci-ATAC-seq data. (a) Fragment length mea-
sured using paired-end sequencing reads for all crosses. Peaks correspond to the expected
nucleosomal banding pattern. (b) Distribution of log-total read counts associated with each
barcode. To separate barcodes corresponding to real cells from background noise, a two-
component Gaussian mixture model is fitted (orange and blue lines). Barcodes to the left
of the dotted line, corresponding to the 95% posterior probability of belonging to the fore-
groundmixture component, were discarded. (c)Violin plots of the distribution of read counts
for all cells, stratified by the time window of sample collection (2-4, 6-8 and 10-12 hours
after egg laying).
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Cell state inference from total counts

Chromatin accessibility was quantified in single cells by computing the number of reads
overlapping any of 53,133 genomic regions previously identified as peaks of accessibility in
the matched Cusanovich et al. dataset [68] and lifted3 to the dm6 Drosophila Melanogaster
reference genome. Aggregated pseudo-bulk counts for each collection window were highly
correlated, both between crosses, as well as when compared to the published reference
dataset (Fig. 3.5). To exclude biases in chromatin accessibility associated with sex chro-
mosomes [68], I restricted all further analyses to peaks located on autosomes. Cells were
filtered based on the cell-count distribution in each cross and collection window, retaining
only those cells whose counts were within the 10% and 99% quantiles. This resulted in
35,485 high-quality cells in total. I further limited the feature set to the 25,000 top most
accessible peaks.

The binarized accessibility matrix was used to train the cell-state variational autoencoder
model described in section 3.1.5. One-hot-encoded labels for each cross were used as ‘batch’
variables, to remove broad inter-individual and technical effects from the cell state space.
Encoder and decoder networkswere implemented using batch normalization [210] andReLU
activation functions. Parameters were optimized using ADAM [211] for 30 epochs, using
the 1cycle learning rate policy proposed in [212] with a maximum learning rate of 10−2.
The conditional likelihood in 3.38-3.33 was approximated using 5 Monte Carlo samples. To
dampen the influence of the KL divergence on the latent space inference at the early stages
of training, the KL term was scaled by a factor of i/25 when computing the ELBO in epoch
i. The number of hidden nodes, layers and the dimension of the latent space were tuned
by maximizing the held-out log likelihood on 20% of the cells. Parameter choices for the
best-performing model can be found in Table 3.1.

Visual inspection of a two-dimensional UMAP (UniformManifold Approximation and Pro-
jection) [213] projection of the inferred cell latent space (Fig. 3.6a-d) confirmed that cells
from different crosses were well-mixed and the embedding captured progressive changes
across embryonic development. Cell clusters in the VAE latent space were identified using
the Leiden algorithm [100,214] with a resolution of 1.2, resulting in 28 clusters (Fig. 3.6e).
I trained logistic regression models to discriminate each cluster based on the relative peak
activity inferred by the VAE model [100, 215]. In order to link clusters to known cell types

3https://github.com/FlyBase/bulkfile-scripts

https://github.com/FlyBase/bulkfile-scripts
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Figure 3.5. Comparison with published sci-ATAC data. Pearson correlation between
pseudo-bulk aggregates of sci-ATAC-seq reads. (a-d) Correlation between different sam-
ple collection windows, both for crosses within our dataset as well as compared to pub-
lished, time-matched sci-ATAC-seq data from a reference strain [68]. Matched timepoints
are highly correlated. (e) Pearson correlation for the combined dataset (aggregated over all
four crosses). (f)Within dataset comparison for the Cusanovich et al. data.

Table 3.1. Cell-state VAE hyper-parameters

Parameter Value
Cell state dimension k 8
Hidden layers for the encoder q(zi | xi, ci) [256, 128]
Hidden layers for the encoder q(li, | xi, ci) [256]
Hidden layers for the decoder fρ(zi, ci) [64, 128]
Hidden layers for time module fz(zi) None

and tissues, peaks were ranked in each cluster based on the inferred regression coefficients,
followed by an enrichment analysis for enhancer elements with validated in vivo spatio-
temporal activity in specific tissues during embryogenesis (CAD4 database [68]) and tissue-
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Figure 3.6. Cell-state inference from VAE embedding. (a) 2-dimensional UMAP embed-
ding of VAE latent space. Cells do not cluster by cross, but are uniformly integrated. (b)
Distribution of cells associated with three different sample collection windows. (c) Dis-
tribution of the estimated continuous temporal ordering. (d) Cell latent space colored by
estimated latent time. (e) Leiden clusters inferred from VAE embedding. Clusters 22, 23,
26, 27 were hypothesized to be the result of barcode collisions and removed from later anal-
yses. (f) An enrichment analysis of differential peaks in each cluster for known enhancer
elements and genes with tissue-specific expression resolves major cell lineages.
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specific genes (tissue-specific expression of the nearest gene based on in situ hybridization
data from the Berkeley Drosophila Genome Project4 and FlyBase gene expression annota-
tions5) using Fisher’s exact test. Based on these enrichments, Stefano Secchia generated
an assignment of clusters to one of seven cell populations. This annotation resolved major
embryonic lineages, including muscle, nervous system and ectoderm (Fig. 3.6f), demon-
strating that the cell-state VAE inferred a biologically meaningful latent space. Four clusters
(1,432 cells) could not be annotated unambiguously, and were hypothesized to be the result
of barcode collisions (Fig. 3.6e). Following the removal of these four clusters, I obtained a
final dataset of 35,485 cells for downstream analyses.

Generation of allele-specific counts

I re-processed the filtered sequence alignments to quantify chromatin accessibility on an
allele-specific level. Mapping artifacts are an important source of confounding in allele-
specific analyses [188]. When aligning reads to a reference genome, a genetic mutation
not present in the reference may be mistaken for a sequencing error, causing the read to be
discarded. In some cases, such a read may even map to a completely different position in
the genome. Conversely, sequencing reads from the reference allele tend to be aligned with
higher confidence. If not accounted for, reference mapping biases can lead to false positive
discoveries in allele-specific analyses. Using existing genotyping data for the parental strains
[191], I created cross-specific VCF files containing heterozygous genetic variants present in
the F1 generation. I then employed the WASP pipeline6 [188] to mitigate allelic mapping
artifacts. Briefly, for all reads overlapping a particular sequence variation, WASP checks if
altering the variant allele affects the read alignment. If this is the case, the read is discarded.
The WASP filter led to the exclusion of approximately 7-8% of mapped reads from the
original alignment (Fig. 3.7a). To quantify allele-specific chromatin accessibility, I adapted
the original WASP code for count generation from bulk data to the single cell setting7. I
focused on 1 kilobase (kb) windows centered on each of the 53,133 peaks identified by
Cusanovich et al. [68] to mitigate the inherent sparsity of the data. Reads were allocated
to specific alleles if they overlapped at least one heterozygous single-nucleotide variant. In
cases where reads overlapped with multiple variants, one variant was randomly selected to

4http://insitu.fruitfly.org/cgi-bin/ex/insitu.pl
5http://flybase.org/)
6https://github.com/bmvdgeijn/WASP/tree/master/mapping
7https://github.com/tohein/scai_utils

http://insitu.fruitfly.org/cgi-bin/ex/insitu.pl
http://flybase.org/)
https://github.com/bmvdgeijn/WASP/tree/master/mapping
https://github.com/tohein/scai_utils
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Figure 3.7. QC for allele-specific quantifications. (a) Number of sequencing reads before
and after applying the WASP pipeline to correct for reference mapping biases. (b) Distri-
bution of the number of variants in 1kb windows centered on peaks of accessibility in each
cross. (c) Number of reads that could or could not be assigned to either allele. Approx-
imately 20% of reads can be used to quantify allele-specific chromatin accessibility. (d)
Histogram of allelic log-total read counts (number of reads that could be assigned to either
allele across cells). High quality peaks were filtered by requiring that the average allelic total
count was greater than .1 (red dotted line) (e) Number of 1kb peaks after filtering, resulting
in a combined set of 39,530 peaks to be tested for allelic imbalance.
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determine the allele of origin. Using this process, 20% of reads could be asssigned to either
haplotype (using on 5–6 variants per region on average, Fig. 3.7b, c). Due to the difficulty
of accurately estimating the allelic base rate for sex chromosomes (corresponding to the
proportion of female embryos in the sample), I restricted all further analysis to autosomes.
Additionally, I filtered windows in each cross based on allelic coverage (mean count of reads
assigned to either allele < 0.1), resulting in between 8040 and 12,861 peaks per cross and a
combined set of 39,530 peaks to be tested for allelic imbalance (Fig. 3.7d, e).

Empirical validation of scDALI on simulated data

I initially validated the scDALI approach by simulating from the model 3.5-3.7 using the
inferred cell state representations (VAE embedding CVAE ∈ RN×8 and one-hot-encoded
Leiden clusters derived from the VAE embedding CLeiden ∈ RN×24) and observed allelic
total counts for one of the F1 crosses (F1-DGRP-712,N=10220 cells, 12,861 peaks). Using
a linear covariance function, simulation cell-state covariance matrices were defined as (Fig.
3.8)

KVAE = CVAECT
VAE (3.40)

KLeiden = CLeidenCT
Leiden (3.41)

and normalized (section 2.1.7.

I assessed the degree of extra-binomial variation in the observed allele-specific data, by fit-
ting a Beta-Binomial model using no additional cell state information (Fig. 3.9a). Based
on the histogram of estimated dispersion parameters for all peaks, I ran all simulations at
θ ∈ {2, 5}. First, I evaluated the calibration of all three scDALI tests, by simulating from
their respective null models. When simulating neither heterogeneous nor homogeneous im-
balances, the p-values from both scDALI-Joint (with KV AE) and scDALI-Hom approxi-
mately followed the expected uniform distribution (Fig. 3.9b). I then simulated different
levels of homogeneous imbalance α ∼ N (0, σ2

hom, σ2
hom ∈ {0.01, 0.05, 0.1)} and assessed

the calibration of scDALI-Het (testing for heterogeneous effects usingKV AE) as well as two
baseline candidates: a one-way ANOVA test to compare empirical allelic rate between clus-
ters and variant of scDALI using a Binomial rather than Beta-Binomial likelihood. While
both the scDALI-Het and ANOVA tests were found to be calibrated for all simulated lev-
els of overdispersion and homogeneous imbalance, using the Binomial likelihood model led
to an inflated p-value distribution (Fig. 3.9c). Additionally, I compared scDALI-Het with
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Figure 3.8. Cell-state covariance matrices for the simulation procedure. Left: Homoge-
neous effects (constant matrix of ones). Middle: Linear covariance based on VAE latent
space inferred from real sci-ATAC-seq data, restricted to 10,200 cells from cross F1-DGRP-
712. Right: Block-diagonal matrix indicating cell membership to one of 24 Leiden clusters
in the VAE latent space. All matrices have been subsampled to 1,000 cells for the purpose
of visualization.

KLeiden and ANOVA to an ordinary linear regression model for empirical allelic rates, which
incorporated one-hot-encoded Leiden clusters as fixed effect covariates (multiple-degrees-
of-freedom likelihood-ratio test, OLS-LRT). Models were fitted to varying numbers of cells
(N ∈ {250, 500, 1000, 5000}) and considering an increasing number of cell-state dimen-
sions (K ∈ {5, . . . , 24}). Allele-specific counts were simulated for a subset of 1,000 peaks.
Fig. 3.10d shows the inflation factor,

log10(medianP )
log10(0.5)

(3.42)

quantifying the deviation from the expected median p-value under the null (averaged across
25 random initializations). Consistent with previous results on multiple-degrees-of-freedom
tests in fixed effect models [184], I found the OLS-LRT to produce inflated test statistics
when the number of tested cell state dimensions was large compared to the samples size.
Neither scDALI-Het nor ANOVA suffered from the same issue. I therefore excluded OLS-
LRT from further experiments.

Next, I evaluated the statistical power to detect homogeneous vs. heterogenoeus effects for
the scDALI tests. I simulated allelic counts from the scDALI model, using the alternative
formulation 3.29. For each combination of ρ ∈ {0, 0.2, 0.4, 0.6, 0.8, 1.0}, the relative ex-
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Figure 3.9. Statistical calibration of scDALI and alternative methods on simulated data. (a)
Histogram of estimated dispersion parameters θ under a Beta-Binomial model for peaks of
accessibility in real sci-ATAC-seq data from F1 cross F1-DGRP-712. Models were fitted
without leveraging cell-state information. (b, c) Q-Q plots comparing the distribution of
observed p-values to a uniform distributionwhen simulating different levels of homogeneous
imbalance α ∼ N (0, σ2) (on a logit scale) and overdispersion θ ∈ {2, 5}. All synthetic
datasets were generated without additional heterogeneous imbalance, based on observed
allelic total read counts for 5,000 cells and 1,000 peaks from cross F1-DGRP-712. Shown are
results for the scDALI tests, scDALI-Het (Binomial) a variant of scDALI-Het with Binomial
likelihood and a one-way ANOVA model testing for differences in allelic rates between
Leiden clusters. All scDALI variants were provided with the linear covariance matrix based
on the VAE latent space inferred from real data (Fig. 3.8).
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Figure 3.10. Statistical calibration as a function of the number of tested cell state
dimensions (Leiden clusters) and sample size. Shown is the p-value inflation factor
log10(medianP )/ log10(0.5), averaged across 25 random seeds for the simulation proce-
dure. Considered were scDALI-Het, one-way ANOVA and a multiple-degrees-of-freedom
likelihood-ratio test based on a linear regression model which incorporated cell state vari-
ables as fixed effects (OLS-LRT). Both ANOVA and OLS-LRT were fitted to empirical
allelic rates. While ANOVA and the scDALI tests were calibrated across all simulation sce-
narios, the OLS-LRT produced inflated test statistics when considering a large number of
cell state dimensions compared to the sample size.

tent of heterogeneous imbalance, and σ2
tot ∈ {0.01, 0.05, 0.1}, the total variance explained

by allele-specific effects, I simulated data for 5,000 cells, using the observed allelic total
counts for 1,000 ATAC peaks randomly chosen from the real sci-ATAC-seq data. Both the
simulation procedure as well as the scDALI tests were run using KV AE as a cell-state co-
variance matrix. I evaluated statistcal power at a significance level of 0.05 across 25 random
seeds (Fig. 3.11a). As expected, scDALI-Joint successfully detected effects from both cat-
egories, allowing for a general assessment of both heterogeneous and homogeneous allelic
imbalance from single cell data.

Lastly, I compared detection power for discrete vs. continuous heterogeneous effects. I
simulated allelic counts counts assuming continuous cell states, discrete cell clusters derived
from these states and a weighted combination thereof,

K = ηKLeiden + (1− η)KV AE (3.43)
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Figure 3.11. Power assessment on simulated data. Alternative counts were sampled from the
scDALI model, considering different scaling factors σ2 for the simulation covariance matrix
(columns) and levels of overdispersion θ (rows). Data was generated for 5,000 cells, using
observed allelic total counts for 1,000 ATAC peaks sampled from real sci-ATAC-seq data.
All scDALI models used the linear covariance matrix based on the VAE latent space (Fig.
3.8). Power was evaluated as the fraction of positive findings, averaged across 25 random
initializations. (a) Power to detect heterogeneous vs. homogeneous allelic imbalance for
all scDALI tests. (b) Power to detect allele-specific variation associated with discrete vs.
continuous cell states. scDALI-Het is compared to a one-way ANOVA model, assessing
differences in empirical allelic rates between Leiden clusters.
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Data was simulated from the scDALI model 3.5-3.7, varying the mixing coefficient η ∈
{0, 0.2, 0.4, 0.6, 0.8, 1.0} and scaling parameter σ2

het ∈ {0.1, 0.05, 0.1} while assuming no
additional homogeneous effects (α = 0). I compared scDALI-Het, trained using KV AE , to
the one-way ANOVA model based on discrete Leiden clusters. As before, data was simu-
lated for 5,000 cells and 1,000 peaks and results were averaged across 25 random initial-
izations (Fig. 3.11b). scDALI-Het offered substantial power advantages in the presence of
strong to medium levels of continuous effects, whereas ANOVA was best suited to detect
purely discrete effects.

Empirical runtime analysis

Figure 3.12. scDALI-Het runtime analysis. 10,000 randomly-chosen ATAC peaks were
tested for heterogeneous allelic imbalance, using varying numbers of cells (with non-zero
allelic total counts) from cross F1-DGRP-712. scDALI-Het scales linearly with the sample
size. Runtimes were evaluated on a 2018 MacBook Pro with 2,3 GHz Quad-Core Intel Core
i5 processor.

To evaluate the empirical runtime of scDALI-Het, I ran the model using 10,000 randomly
selected peaks, using an increasing number of cells with non-zero allelic total counts from
cross F1-DGRP-712. Runtimes were assessed on a 2018 MacBook Pro with 2,3 GHz Quad-
Core Intel Core i5 processor (Fig. 3.12). scDALI-Het scaled linearly with the number of
cells, enabling the analysis of large datasets with up to tens of thousands of cells.



scDALI: modeling allelic heterogeneity in single cells 81

Mapping allelic imbalance across development

Having validated scDALI using simulations, I applied the framework to detect allele-specific
effects in 39,530 peaks of accessibility identified from the real sci-ATAC-seq profiles of
Drosophila Melanogaster embryos, jointly considering cells from all developmental stages
(Fig. 3.13 and Fig. 3.14). Test statistics for scDALI-Joint and scDALI-Het were constructed
using the VAE latent space coordinates. To counteract the problem of multiple testing, p-
values were adjusted using the Benjamini-Hochberg procedure [141] (section 2.1.9), to con-
trol the false discovery rate. Approximately 20% of tested peaks (7,823) showed evidence
for allelic imbalance (scDALI-Joint, FDR < 0.1). The majority of these peaks were also
identified by scDALI-Hom (83%). However, scDALI-Het discovered 415 peaks of acces-
sibility with heterogeneous effects that could not be detected using scDALI-Hom, showing
how cell-state-specific imbalances may be missed by methods that assume exclusive homo-
geneous effects such as (pseudo-) bulk approaches. As an example, a peak on chromosome
3 (chr3R:20310056-20311056) in cross F1-DGRP-307 showed strong evidence for hetero-
geneous imbalances, identified by both scDALI-Het (P = 5.45 × 10−8) and scDALI-Joint
(P = 1.93 × 10−8), but these effects cancelled out when considering average deviations
from allelic balance globally across all cells (scDALI-Hom P = 0.81, Fig. 3.13b).

I then assessed the robustness of scDALI-Het with respect to different cell state represen-
tations. I considered two alternative methods for inferring low-dimensional embeddings
of scATAC-seq data, latent semantic indexing (LSI) [68], using the leading components 2
to 20 (the first component was excluded due to correlation with total counts per cell) and
cisTopic [206] (50 topics). This comparison showed (Fig. 3.15a, b) that significant associa-
tions could be reliably identified when using either cell-state representation (VAE, LSI and
cisTopic). To evaluate the possibility that my analysis of heterogeneous effects may be con-
founded by variation in total accessibility, I applied the scDALI-Het test using a covariance
matrix defined by the outer product of the total count vector for each peak. Reassuringly, this
test did not identify any significant associations for the vast majority of peaks (Fig. 3.15c,
d).

Properties of regions with heterogeneous allelic imbalance

For each of the 415 peaks of accessibility with evidence for heterogeneous allelic imbalance
identified by scDALI-Het (P < 0.1 FDR), I estimated the posterior distribution of allelic
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Figure 3.13. scDALI discoveries. (a) Number of peaks with allelic imbalance identified
by scDALI-Joint, scDALI-Hom and scDALI-Het across all F1 crosses and timepoints. Top:
Number of discoveries as a function of FDR (controlled using the Benjamini-Hochberg pro-
cedure). Bottom: Overlaps between discoveries by all three scDALI tests (FDR < 0.1). (b)
Scatter plots of negative log p-values produced by the scDALI tests, comparing scDALI-
Joint vs. scDALI-Hom (top) and scDALI-Het vs. scDALI-Hom (bottom). Points are colored
by the estimated extent of allelic imbalance driven by heterogeneous effects; non-significant
peaks are colored grey (adjusted scDALI-Joint p-value > 0.1). Highlighted in red is the peak
chr3R:20310056- 20311056, a region with significant heterogeneous cell-state-specific ef-
fects but no discernible global imbalance.
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Figure 3.14. scDALI discoveries by cross. (a-c) Q-Q plots for p-values from scDALI-
Hom, scDALI-Het and scDALI-Joint. (d-f) Number of discoveries for each test (FDR <
0.1) stratified by cross.

rates under the scDALI model. Models were trained using sparse variational inference im-
plemented in GPflow [201], using a maximum of 1,000 inducing points (depending on the
total number of cells with non-zero read counts for a given peak). Cell-state specific effects
were then annotated using two different strategies. I stratified the estimated allelic rates
(posterior mean) in 7 annotated developmental lineages (see Fig. 3.6f), to identify lineages
with distinctive allele-specific effects. Furthermore, by ordering cells by their estimated
posterior mean allelic rate and computing the difference between the top and bottom 10%
quantiles (Qdiff10), I define a measure of the effect size of heterogeneous allele-specific im-
balances, which captures the variation in allelic rates between the most extreme populations
(Fig. 3.16). As an alternative approach, Stefano Secchia generated transcription factor (TF)
activity scores for each cell using chromVAR [216] (v.1.10.0), based on a curated set of 65
TFs with known DNA binding motives from [183]), to identify TFs whose activity strongly
correlated with the estimated allelic rates. In principle, this approach allows for pinpointing
particular regulatory processes linked to allelic imbalance without needing to define distinct
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Figure 3.15. scDALI-Het diagnostics. (a, b) Comparison of negative log p-values using
alternative cell-state representations for scDALI-Het (data from cross, F1-DGRP-712 with
10,220 cells and 12,861 peaks). Covariance matrices were constructed from the VAE em-
bedding (default), (a) latent semantic indexing (LSI) and (b) cisTopic. (c, d) Testing for
associations between allele-specific quantifications and total counts in 415 peaks of accessi-
bility with evidence for heterogeneous allelic imbalance (identified using scDALI-Het). (c)
Q-Q plot, comparing p-values produced by the association test to a uniform distribution. (d)
Scatter plot of p-values from scDALI-Het (using the VAE cell-state representation) and the
association test as in (c). Only 4 out of 415 peaks with heterogeneous allelic imbalance also
show evidence for an association between total and allele-specific read counts (FDR < 0.1).
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cell groupings a priori.

Figure 3.16. Qdiff10 measures the difference between
the top and bottom 10% quantiles of the distribution of
allelic rates estimated by scDALI.

In several cases allelic imbalance affected known lineage-specific regulatory elements. For
example, region chr3R:22877489-22878489 (scDALI-Het P = 2.7× 10−5) has been previ-
ously identified as a neuronal-specific DNase Hypersensitive Site (DHS) [217] and has been
demonstrated to function as a nervous system enhancer in vivo (CAD4 database [68]). Ac-
cordingly, this region is identified as predominantly accessible in the nervous system (Fig.
3.17a). In addition, while cells from other lineages show no appreciable allelic imbalance,
accessibility in the nervous system is strongly biased for the paternal allele (Qdiff10 of 0.24
= 0.24, Fig. 3.17b, c). In accordance with the allelic imbalance identified by scDALI at this
locus, the assessment of TFs associated with heterogeneity in allelic effects identified known
nervous system regulators, such as Tramtrack (ttk) and Hairy (h) (Fig. 3.17d, e).

Interestingly, I found a number of regulatory regions that show opposing allelic imbalances
in different lineages. For example, region chr2R:13675707-13676707 has only a small
maternal bias (estimated overall mean rate 0.61) when considering the global allelic rate
but is identified as a site with pronounced allelic heterogeneity by scDALI (scDALI-Het
P = 1.5 × 10−8, Fig. 3.18a). This region has previously been identified as a neuronal and
muscle-specific DHS [217] and accordingly shows increased accessibility in the nervous
system and muscle in the data. However, accessibility is biased for the maternal allele in the
muscle and the paternal allele in the nervous system (Qdiff10 = 0.29, Fig. 3.18b, c). This
pattern of opposing allelic imbalance is also reflected in the correlation with the activity of
TFs active in these tissues. For example, known muscle regulators, such as Twist (twi) and
Tinman (tin) are correlated with the maternal allelic rate, while factors active in the nervous
system, for example, Tramtrack (ttk), Disconnected (disco), and Kruppel (Kr), are correlated
with the paternal rate (Fig. 3.18d, e).

Another example is chr3R:20310056-20311056 (scDALI-Het P = 5.45 × 10−8), a region
spanning an intron of the gene CG42668. The total accessibility of this region largely coin-
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Figure 3.17. Exemplary analysis of region chr3R:22877489-22878489 in cross F1-DGRP-
639, an ATAC peak of accessibility with heterogeneous allelic imbalance. (a) UMAP visu-
alization of the estimated allelic rate (maternal accessibility relative to total accessibility).
Cells with observed allele-specific counts (training data) are highlighted in black. (b)Violin
plots showing the distribution of estimated allelic rates in selected lineages. Solid grey lines
indicate allelic balance (rate = 0.5), while the dotted red line shows the estimated mean al-
lelic rate across all cells. (c) Genome browser tracks for region chr3R:22877489-22878489
illustrating allele-specific aggregate accessibility for the nervous system and other popu-
lations. (d) Left: Correlation between estimated allelic rates and chromVAR transcription
factor (TF) activity scores in individual cells. Shown are the ten strongest associations, with
plus and minus signs indicating the direction of correlation. Right: Curated lineage annota-
tion for each TF. (e) chromVAR transcription factor activity scores (z-scores) based on the
total accessibility of associated motives for TFs shown in (d).
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Figure 3.18. scDALI analysis for peak chr2R:13675707-13676707 in cross F1-DGRP-639 ,
revealing opposing effects in the nervous system and muscle lineage. Panels as in Fig. 3.17.
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Figure 3.19. scDALI analysis for peak chr3R:20310056-20311056 in F1-DGRP-307, re-
vealing lineage-specific differences in allelic rates for the muscle, primordium, and midgut,
as well as intra-lineage variation within the muscle population. Panels as in Fig. 3.17.
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cides with the known tissue-specific gene expression of CG42668 in the cells of the midgut
and visceral muscle. The allele-specific analysis revealed differential allele-specific effects
in both tissues, suggesting distinct regulatory programs orchestrating the tissue-specific ac-
tivity of CG42668 (Fig. 3.19a). Furthermore, muscle cells showed additional intra-lineage
variation, resulting in a bi-modal distribution of allelic rates (Fig. 3.19b,c). Despite the
presence of strong inter- and intra-lineage variation (quantile difference 0.39), this effect is
obscured in a bulk-level analysis (scDALI-Hom P = 0.81). The activity score of GATAe, a
knownmidgut TF, was highly correlated (Pearson r > 0.5) with the maternal rate, while Zelda
(vfl), which has a role in zygotic genome activation and early developmental patterning in
the embryo primordium, with the paternal rate, consistent with the allelic bias observed in
these cell populations (Fig. 3.19d,e). The temporal intra-lineage variation within the muscle
population was also reflected in the correlation with the activity of known early and late mus-
cle TFs. Twist (twi) and Tinman (tin) are active in the early muscle primordium (mesoderm)
where they direct the specification of the muscle lineages, and concordantly their activity
scores were correlated with the paternal allelic rate observed in the early muscle cells. TF
Lameduck (lmd) was instead correlated with the maternal rate, as it is required during later
stages of muscle formation for the proper specification of the somatic and visceral muscle
(Fig. 3.19d,e).

More globally, allele-specific effects were stronger at distal regulatory elements (potential
enhancers) compared to promoter-proximal regions, both for peakswith heterogeneous (one-
sided Mann-Whitney U test, P = 5.6 × 10−5) as well as homogeneous (onesided Mann-
Whitney U test, P = 2.17 × 10−26) imbalance (Fig. 3.20a). Furthermore, imbalances
were significantly more common at distal versus proximal regions (Fig. 3.20b), similar to
what has been observed in bulk ATAC-seq data at time-matched developmental stages [191].
These differences between distal and proximal sites were less pronounced when consider-
ing discoveries from scDALI-Hom (two-sided Binomial test P = 0.02), with about 61% of
significant regions being found at proximal regions compared to 62% of all tested peaks. In-
terestingly, however, I found this effect to be markedly more prominent for heterogeneously
imbalanced regions (two-sided Binomial test P = 2.15 × 10−10), with only 47% of peaks
discovered by scDALI-Het being located near gene promoters.

To further characterize heterogeneous imbalances, I used scDALI to assess differential lin-
eage effects, testing for differences in mean allelic rates between each lineage and all remain-
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Figure 3.20. Analysis of allelic effects. (a) Effect size distribution for heterogeneously
(Qdiff10) and homogeneously imbalanced (absolute deviation from 0.5) peaks, consider-
ing distal and promoter-proximal regions separately. (b) Total number of peaks tested and
peaks with allelic imbalance identified using alternative tests (FDR < 0.1), stratified by the
peak distance to the transcription start site (TSS) of the closest gene. Heterogeneously im-
balanced peaks are markedly more common at distal regions. (c-e) By-lineage analysis of
allelic imbalance using scDALI-Het for peaks with significant heterogeneous imbalances.
(c)Distribution of the number of differentially imbalanced lineages per peak. (d)Read count
distribution across lineages. (e) Distribution of the number of peaks with increasing num-
bers of differentially imbalanced lineages. The majority of peaks show imbalance in a single
lineage
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ing cells in each of the 415 peaks identified by scDALI-Het. This test was also formulated
under the scDALI-Het framework, replacing the continuous cell state kernel with a blockdi-
agonal matrix to indicate lineage membership. Unsurprisingly, the frequency of significant
imbalances by lineage (FDR < 0.1) largely resembled the overall read count distribution,
which influences the detection power for allelic imbalance (Fig. 3.20c, d). For the majority
of peaks, allele-specific variation was attributable to one or two differentially imbalanced
lineages (72%); however, 11% of peaks showed differences between three or four lineages
(Fig. 3.20e). Interestingly, for 17% of scDALI-Het discoveries, allele-specific effects do not
differentiate any single lineage, indicating the presence of significant intra-lineage variation,
for example due to developmental time.

Allelic imbalance across developmental time

Developmental time is a major driver of variation in the data and therefore a promising
predictor of allele-specific changes within lineages. I applied scDALI to test for time-
specific allelic imbalances within muscle, the lineage with the largest number of cells, us-
ing the pseudo-temporal ordering estimated by the VAE model as a cell state representa-
tion (Fig. 3.21). Leveraging the scDALI framework, I designed a covariance matrix cap-
turing both linear and nonlinear (polynomial) temporal dependencies. Specifically, I set
KT ime = CT imeCT

T ime,

CT ime =


...

...
...

fy(zn) fy(zn)2 fy(zn)3
...

...
...

 (3.44)

where fy(zn) is the continuous developmental ordering inferred by the VAE model (see eq.
3.36). Out of 363 peaks with significant heterogeneous allelic imbalance that are accessible
in muscle (mean total allelic count within lineage < 0.1), scDALI identified 69 (19%) peaks
with significant time-specific effects (FDR < 0.1; Fig. 3.21a, b). Notably, 27% of these
peaks with time-specific allelic imbalance did not show any lineage-specific effects (Fig.
3.21c). As an example, region chr2R:13675707-13676707 discussed above (Fig. 3.18) does
indeed exhibit strong time-specific imbalances (Fig. 3.21d-f), consistent with the observed
intra-lineage variation specifically in muscle cells.
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Figure 3.21. scDALI-Het identifies time-specific intra-lineage variation. (a) Scatter plot
of negative log p-values for scDALI-Het versus a scDALI test for time-specific variation
in the muscle population. Red circle highlights region chr2R:13675707-13676707. (b) Of
363 peaks identified by scDALI-Het that are accessible in the muscle, 19% showed signif-
icant temporal effects (FDR < 0.1). (c) The majority of peaks with a time-specific effect
in the muscle did not show significant differential allelic imbalance between lineages. (d)
Temporal order for the muscle lineage estimated by the variational autoencoder model. (e, f)
Estimated allelic rates across time for region chr2R:13675707-13676707. Black dots denote
cells with observed allele-specific counts in this region
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Figure 3.22. scRNA-seq of differentiating iPS
cells. Principal component analysis (PCA) of total
gene expression counts for 34,254 cells. Shown
are cell embeddings using the first two principal
components, colored by the day of sample collec-
tion.

3.1.7 Application to scRNA-seq of human IPSCs

To demonstrate that scDALI is also applicable to single-cell RNA-seq, I considered a re-
cently published multi-donor single-cell RNA-seq dataset of human induced pluripotent
stem cells (iPSCs) differentiating towards definitive endoderm [84]. Samples were profiled
using a full-length sequencing protocol (Smart-seq2, [64]), allowing for the quantification
of gene expression in haplotype-resolved manner and thus providing the basis for an analy-
sis using scDALI. The study spans single-cell profiles from 125 donors at four time points
of iPSC differentiation (day 0: iPSCs, day 1, day2, and day 3 of differentiation towards
definite endoderm). Total gene expression counts for 34,254 cells and all genes, as well as
allele-specific quantifications for 4,470 previously identified SNP-gene pairs (4,422 eQTL
lead variants) were obtained as described in the primary publication [84]. Reads were ini-
tially mapped to reference and alternative alleles for each heterozygous SNP in every cell
and subsequently assigned relative to the genotype of each chromosome using haplotype
assignments estimated in the primary publication. Allele-specific read counts were aggre-
gated at the gene level, by summing up the counts for each SNPs contained in exonic regions.
Finally, for each eQTL (gene-SNP pair), gene-level allele-specific counts were interpreted
relative to the eQTL variant to obtain a consistent definition of ASE across cells from differ-
ent donors that were heterozygous for that variant. SNP-gene pairs were filtered by requiring
at least 50 cells with nonzero allele-specific counts, leading to 3,966 pairs to be tested us-
ing scDALI-Het. I performed principal component analysis (PCA) of total gene expression
counts from 34,254 cells and used the leading k principal components (PCs) and a linear
covariance function to define cell state covariance matrices. I chose k = 1 to focus on
time-specific allelic imbalance (Fig. 3.22) while k = 10 was used to model more general
cell-state effects.

While allelic rates are generally less susceptible to confounding variables such as batch ef-
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Figure 3.23. scDALI-Het applied to scRNA-seq of differentiating iPSCs reveals cell-state
specificity of eQTL. (a,b) Q-Q plot of scDALI-Het p-values when permuting the cell-state
coordinates of cells from the same donor. A model that does not account for the donor iden-
tity yields inflated p-values (a), whereas scDALI-Het with donor identities as fixed effects
yields calibrated results (b). (c) Number of discoveries for varying numbers of principal
components (PCs) used to define the cell state kernel. If donor identity is not accounted
for, using a larger number of PCs for the cell-state definition leads to an increasing number
of discoveries. (d) Scatter plot of negative log p-values, comparing a model using only the
leading PC versus scDALI-Het with 10 PCs. Orange dots are discoveries that are exclusively
identified by the general cell-state test (10 PCs). Indicated are the number of significant dis-
coveries in each quadrant (10% FDR). (e)UMAP visualization of collectionand pseudotime.
(f) Estimated allelic rates for the eGene-QTL pair (CPNE1, chr20:34344225 T/A). (g) Ex-
pression of UTF1, a previously identified marker for neuronal differentiation success.



scDALI: modeling allelic heterogeneity in single cells 95

fects, donor-specific read mapping biases as well as differences in the representation of cell
types and cell states could lead to spurious signals of heterogeneous allelic variation. To
assess the effect of donor-specific effects on test calibration, I permuted the leading 10 PC
coordinates among cells from the same donor before constructing the cell-state covariance
matrix. I then compared two implementations of scDALI-Het that either did or did not ac-
count for the donor background using a one-hot-encoded representation of the donor identi-
ties (donor IDs) for each cell as additional fixed-effect covariates. This analysis confirmed
the need to account for donor identities in order to retain calibrated test statistics (10 PCs,
Fig. 3.23a, b). I then assessed the number of eQTL with heterogeneous imbalance discov-
ered by scDALI-Het when varying the number of principal components used to construct
the cell-state kernel, finding that more complex kernels yielded a larger number of discov-
eries, which however saturated for five or more components (Fig. 3.23c). For example, a
model using the first PC to define a cell state kernel (which primarily captured differentia-
tion, Fig. 3.22) identified 611 eQTL with heterogeneous allelic imbalance compared to 812
eQTL when using 10 components (Fig. 3.23d, FDR < 0.1). This indicates that although
variation in gene expression in this data is predominantly explained by the differentiation
state (Fig. 3.23e), the remaining sources of variation drive a substantial fraction of distinct
genetic regulation. One example of such an effect is an eQTL with heterogeneous ASE for
CPNE1 (P = 3×10−9, scDALI-Het). CPNE1 has been shown to play a role in neuronal pro-
genitor cell differentiation [218]. Intriguingly, the pattern of allelic imbalance is confined
to a distinct subpopulation of iPS cells, which is marked by expression of UTF1. Notably,
this UTF1-positive iPS subpopulation has recently been associated with differentiation effi-
ciency towards a midbrain neural fate [85] (Fig. 3.23f).

3.1.8 Discussion

The majority of disease associated variants impact non-coding regions, disrupting the func-
tion of regulatory elements such as enhancers and promoters. As enhancers regulate when
and where genes are expressed, genetic variation within enhancers naturally has cell type-
specific effects. However, capturing and understanding these genetic effects is an enormous
challenge. Resolving these effects to specific cell types using classical quantitative trait loci
(QTL) mapping would require FACS sorting different cell types from a heterogeneous tissue
across a large panel of individuals, a huge task that is often impossible as specific markers
for cell isolation are not available for many cell types and transitions. To address this, I
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developed scDALI, a computational framework to characterize the cell-type specificity of
genetic effects from single-cell sequencing data in an unbiased fashion. The model provides
a principled strategy for exploiting two independent signals that can be obtained from the
same sequencing experiment, whether that is gene expression or epigenetic data: (1) total
counts, which I use to derive cell types and states, and (2) allele-specific quantifications
of genetic effects within genomic features such as genes or ATAC peaks of accessibility.
Combining these two measurements enabled scDALI to discover for both pervasive, homo-
geneous imbalance and cell-state-specific heterogeneous effects, without the need to define
cell types or cell states a priori.

I applied scDALI to newly generated scATAC-seq profiles from an F1 cross design, as-
saying dynamic and discrete changes in allele-specific chromatin accessibility of develop-
ing Drosophila melanogaster embryos, a naturally very heterogeneous sample. I designed
a novel variant of the variational autoencoder framework, to infer cell states from sparse,
high-dimensional open chromatin measurements while integrating coarse-grained informa-
tion on sampling times. The learned latent representation successfully separated known
cell types and developmental lineages, providing a comprehensive description of cell states
in the data. scDALI discovered thousands of regions with allelic imbalance, hundreds of
which show distinct cell state-specific effects. About half of the regulatory regions with
allele-specific effects in specific cell types were not detectable in a pseudo-bulk analysis,
as opposing effects canceled out across the cell state space. Although the total number of
discoveries with heterogeneous imbalances was relatively modest, increasing sample sizes
will likely improve power to detect these effects. For example, the more recent sci-ATAC-
seq3 method now allows for generating datasets with millions of cells [219], two orders of
magnitude larger than the data considered here. Nevertheless, our analysis identified ge-
netic effects at a number of characterized tissue-specific developmental enhancers. scDALI
estimates allele-specific effects in individual cells, which allows dissecting this heterogene-
ity at different resolutions. I showed how this map can be used to identify the underlying
regulatory programs by associating differential allelic imbalance with pathway or transcrip-
tion factor activity scores. Alternatively, it is possible to aggregate allelic rates at the level
of known (discrete) clusters, thereby assessing the distribution of estimated allelic activity
both between and within lineages or cell types. I found that developmental time is an impor-
tant contributor to intra-lineage variation of allelic imbalance, pinpointing developmental
stage-specific enhancers. Furthermore, the analysis revealed that allele-specific effects are
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significantly stronger and more common at distal elements (putative enhancers) compared
to promoter-proximal regions. Notably, these differences are markedly more pronounced
among peaks with heterogeneous (tissue-specific) imbalances compared to homogeneous
effects, confirming and extending previous results on bulk-sequencing data [191]. I then ap-
plied scDALI to a published scRNA-seq dataset from 125 human iPS cell lines and demon-
strated how the model can be used to discover context-specific genetic effects of known
eQTL and characterize the associated cellular subpopulations. While the approach uncov-
ers many novel putative enhancers, it also has its limitations. The focus of this work lies
on the characterization of cell-state-specific effects for known quantitative trait loci and the
mapping of genetic effects from few available individuals or even a single sample. In par-
ticular, I do not test for interactions between cell states and the presence of genetic variants,
which prevents the model from discovering potential causal loci associated with cell-state-
specific allelic imbalance. While in principle, it is possible to combine allelic analyses with
genotype data to identify causal variants [40, 187, 188, 192], this requires larger numbers of
unique genotypes. The required multi-individual single-cell sequencing studies are only be-
ginning to emerge and scDALI could be extended to leverage such variation. Understanding
to what degree allele-specific effects replicate at different molecular layers remains another
important direction of future research. In this study, we have demonstrated that scDALI
can be flexibly applied to both single-cell RNA-seq and ATAC-seq data. However, new
multi-omics methods can obtain both DNA accessibility and RNA measurements from the
same single cell [220]. The integration of these different dimensions of allelic imbalance
across both modalities will be an important area for future work that may help to relate the
functional impact of genetic variation in enhancers to their target gene’s expression.

3.2 CellRegMap: mapping context-specific eQTL

Seminal studies have shown that it is possible to identify expression quantitative trait loci
from single-cell RNA-sequencing data [83,84,97]. These studies not only recovered known
eQTL previously discovered using bulk sequencing methods, but also demonstrated that ac-
counting for the molecular context captured using scRNA-seq provides increased resolution
to map genetic effects [83,85,221]. Most existing workflows extract eQTL separately from
each of multiple discrete cell populations, by modeling genetic effects on aggregate expres-
sion profiles (chapter 1). In principle, this approach could be improved using established
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methods for multi-tissue eQTL analysis (e.g., [58, 59, 222–228]) to jointly model data from
multiple populations. However, both approaches remain limited in their ability to account
for subtle cell states and continuous transitions, that can not be accurately captured by dis-
cretization of single-cell profiles. Alternatively, more flexible interaction models exist and
have been applied in the context of bulk-eQTL mapping (e.g., [83, 184, 229]), but do not
effectively account for multi-level covariance structure at the level of individuals (genetic
relatedness) and cells (repeated sampling from the same individual). Consequently, these
approaches do not fully leverage the resolution provided by single-cell data, potentially fail-
ing to detect changes in allelic regulation across more subtle cell subtypes.

Figure 3.24. CellRegMap is a statistical model to identify genetic effects on gene expression
in single cells. Instead of discretizing the cell-state space, CellRegMap uses a cell covariance
matrix to capture continuous interactions betweenmolecular contexts and genetic regulation.
Adapted from [186]; original figure by Anna Cuomo.

This section introduces the Cellular Regulatory Map (CellRegMap), a framework for map-
ping regulatory variants in an unbiased manner across cell types and cell states as obtained
from scRNA-seq profiles. Cellregmap uses the formalism developed for scDALI to avoid
any discretization of cells into cell types and instead uses a multi-dimensional cell state
manifold estimated from single-cell transcriptome profiles to define cellular contexts in a
continuous and unbiased manner. CellRegMap then allows to test for and characterize in-
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teraction effects between individual genetic variants and cellular context on gene expression
traits (Fig. 3.24). The primary use case of CellRegMap is to reanalyze eQTL variants with
known additive effects, however the model can in principle also be used for variant dis-
covery. To validate CellRegMap, I develop a semi-synthetic simulation framework that
leverages real cell states, expression profiles and genotypes. The synthetic data is used to
assess statistical calibration, power and computational requirements. Lastly, I discuss an
illustrative example application of CellRegMap to the scRNA-seq data set of differentiating
human iPSCs already introduced in the previous section.
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3.2.1 Background: StructLMMmodel for genetic interactions

The CellRegMap can be viewed as an extension of StructLMM [184], a linear mixed model
developed for identifying genotype-environment interactions on physiological traits from
population data. I briefly review the basic StructLMM model, before introducing the full
CellRegMap model in the following section. Let y ∈ RN be a vector of expression levels of
a particular gene of interest, measured inN samples (typically using bulk RNA sequencing).
Furthermore, let X be a matrix of covariates and g be the N -dimensional genotype vector
under the allelic dosage model discussed in section 2.1.9. The StructLMMmodel assesses if
a genetic locus interacts with any of K different environmental variables E ∈ RN×K , such
as life style factors (dietary factors, physical activity, alcohol intake, etc.), to shape gene
expression,

y = Xα+ gβG + g� βGxE + u+ ϵ, (3.45)



100 CellRegMap: mapping context-specific eQTL

where � denotes the Hadamard (element-wise) product and

βGxE ∼ N (0, σ2
GxEK) (3.46)

u ∼ N (0, σ2
EK) (3.47)

ϵ ∼ N (0, τ 2IN), (3.48)

for a given environmental covariance matrix K = K(E) (typically K = EET ). While
persistent genetic effects aremodeled as fixed effects with coefficientβG, StructLMMallows
for sample-specific effect sizesβGxE ∈ RN for the genotype-environment (GxE) interaction
term. Here, the elements of βGxE are not estimated explicitly, but are marginalized under a
multivariate normal prior distribution defined by the environmental covariancematrix.

Notably, the model does not incorporate additional random effect terms to account for other
sources of sample covariance, such as genetic relatedness or repeated measurements. In-
stead, additional variables (e.g. PCs of a genetic kinship matrix) have to be included as
fixed effects, which often fails to effectively control for more subtle relatedness or repeat
structure (see also section 2.1.9).

3.2.2 The CellRegMap model

To adapt the StructLMM model for the purpose of single-cell eQTL testing, CellRegMap
follows the scDALI concept and replaces environmental variables with a low-dimensional
embeddingC ∈ RN×K of the observedN×M gene expression matrix forM genes to repre-
sent the molecular context. Analogous to StructLMM, the embeddingC is then used to con-
struct a cell-state covariance matrix K = K(C), in order to detect genotype-context (GxC)
interactions. However, population-scale single-cell experiments sample multiple cells from
the same individual, introducing additional structure in the data. The CellRegMap model
accounts for this structure using a modified variance component and can be cast as

y = Xα+ gβG + g� βGxC + u+ ϵ, (3.49)

where now

βGxE ∼ N (0, σ2
GxCK) (3.50)

u ∼ N (0, σ2
CK+ σ2

RxCR�K) (3.51)

ϵ ∼ N (0, τ 2IN). (3.52)
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Here, R ∈ RN×N denotes a relatedness matrix of individuals (see section 2.1.9) expanded to
all cells based on the known assignment of cells to individuals. Note that if σ2

RxC = 0, one re-
covers the original StructLMMmodel. In cases where genetic relatedness is not expected to
be a major confounding factor, R is simply used to encode the cell-individual map, such that
Rij = 1 if cells i and j were sampled from the same individual and Rij = 0 otherwise. The
additional variance component R�K accounts for possible interactions between this relat-
edness matrix and the molecular context. Similar ideas have been considered previously, to
model polygenic interactions with environmental variables for heritability estimation [230].
As I will show later using simulations, this term is crucial to ensure calibrated test statistics
for genotype-context interaction tests.

3.2.3 Statistical hypothesis testing

Note that the Hadamard product g�βGxC in eq. 3.49 can be expressed as the matrix-vector
product diag(g)βGxC . Therefore, the marginal likelihood of y under the CellRegMap model
defined in eq. 3.49 is given by

y ∼ N (Xα+ gβG, σ2
GxCdiag(g)Kdiag(g) + σ2

CK+ σ2
RxCR�K+ τ 2IN). (3.53)

To test for context-specific genetics effects, one needs to evaluate if the scaling factor σ2
GxC

is different from zero,
H0 : σ

2
GxC = 0 vs. H1 : σ

2
GxC > 0. (3.54)

Following section 2.1.6, a score-based test statistic can be defined as

Q =
1

2
yT P̂0diag(g)Kdiag(g)P̂0y, (3.55)

where
P̂0 = V̂−1

0 − V̂−1
0 X̃(X̃T V̂−1

0 X̃)−1X̃T V̂−1
0 , (3.56)

X̃ =
[
X g

]
and V̂0 is the estimated marginal covariance under the null σ2

GxC = 0,

V̂0 = σ̂2
CK+ σ̂2

RxCR�K+ τ̂ 2IN . (3.57)

Under the null,Q follows a mixture of chi-squared distributions with one degree of freedom,
z2i ∼ χ2(1),

Q ∼
∑
i

ψiz
2
i , (3.58)
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where ψi are the non-zero eigenvalues of 1
2
V−1/2

0 diag(g)Kdiag(g)V−1/2
0 . Assuming a lin-

ear cell-state covariance, K = CCT , the ψi can equivalently be obtained as the non-zero
eigenvalues of 1

2
(Cdiag(g))TV−1

0 (Cdiag(g)) (see eq. 3.25). To evaluate the limiting dis-
tribution, Davies exact method [114] is used, switching to the modified moment matching
approximation method [113,115] when this fails to converge.

In order to obtain (restricted) maximum-likelihood estimates of all model parameters under
the null, the FaST-LMM algorithm proposed by Lippert et al [139] is used, following a
particular reparameterization of the marginal covariance under the null σ2

GxC = 0,

V0 = ν2M+ τ 2IN , (3.59)

whereM admits a low rank factorization to enable an efficient singular value decomposition.
A detailed derivation can be found in the published article [186].

3.2.4 The CellRegMap association test

The primary focus of CellRegMap is to reanalyze previously identified eQTL variants (e.g.,
from bulk-sequencing studies), in order to detect and characterize context-specific effects.
However, as part of the CellRegMap software suite, it is also possible to test for persistent
genetic effects, while appropriately accounting for the cellular context. This association test
is based on the following simplified variant of CellRegMap,

y = Xα+ gβG + u+ ϵ, (3.60)

where
u ∼ N (0, σ2

CK+ σ2
RR), (3.61)

and all other variables are defined below eq. 3.49. The evidence for persistent genetic effects
is assessed under the null and alternative hypotheses

H0 : βG = 0 vs. H1 : βG 6= 0, (3.62)

using a likelihood-ratio test (section 2.1.5). Maximum-likelihood estimates for the null and
alternative models are again computed using the FaST-LMM algorithm.

3.2.5 GxC effect size estimation

For each SNP-gene pair, CellRegMap can be used to estimate the per-allele genetic effect
due to GxC in individual cells, corresponding to βGxC . Note that parameter estimation for
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CellRegMap is based on the marginal model likelihood, 3.53 and βGxC is not estimated ex-
plicitly. Instead, βGxC can be obtained from the predictive distribution for y under a Gaus-
sian process interpretation of the CellRegMap linear mixed model (for details, see [186]).
For a given cell let y∗(ref) and y∗(alt) be the estimated expected expression of the target
gene for the reference g∗ = 0 and alternative allele g∗ = 1 of the QTL variant, respectively,
assuming no persistent effects (βG = 0). Then, β∗

GxC can be estimated as

β∗
GxC = y∗(alt)− y∗(ref). (3.63)

Let p be the minor allele frequency (MAF) of the variant, that is, the frequency at which the
alternative allele (g = 1) occurs in the population,

g ∼ Bin(2, p). (3.64)

Under the assumption of Hardy-Weinberg equilibrium (such that allele frequencies remain
constant from one generation to the next), the average heritability (here, fraction of pheno-
typic variation) explained by theQTL variant can be computed as (see for example [231])

1/
√

2p(1− p)β∗
GxC , (3.65)

where the scaling factor accounts for the variance of g under the binomial model 3.64.

3.2.6 A semi-synthetic simulation framework

To validate the calibration of CellRegMap and assess statistical power, I applied the model
to simulated data. In particular, I developed a semi-synthetic simulation procedure, which
builds on empirically observed genotypes, gene expression data & cellular contexts from
the scRNA-seq dataset of differentiating human iPS cells [84] (see section 3.1.7). In or-
der to evaluate the statistical calibration of the proposed test procedure one needs to obtain
realistic gene expression profiles under the null, i.e., in the absence of (context-specific) ge-
netic effects. One option is to permute the observed genotypes, while maintaining the true
cell-to-individual assignment. However, this approach would also remove the possible con-
founding influence of subtle interaction effects between genetic relatedness (kinship) and the
molecular context (σ2

RxCR � K in the CellRegMap model, eq 3.49 and below). I therefore
propose an alternative strategy, that does not rely on permuted data. First, SNPs and target
genes are sampled uniformly from different chromosomes, thereby avoiding the possibility
of confounding the simulated eQTL with existing cis eQTL in the data. Furthermore, trans



104 CellRegMap: mapping context-specific eQTL

eQTL effects are generally very small [50], making it unlikely that such an association (if
present) could be detected at the sample sizes considered here. It is therefore reasonable to
expect that the measured expression of the chosen target gene is largely independent of the
variant allele. To simulate true positive genetic effects, I then sampled synthetic counts for
each cell using a conventional linear interaction model with Poisson likelihood,

ỹn ∼ Poisson(λn), λn = exp
(
yn +

∑
k

gn � cn,k(βGxC)k + gβG

)
, (3.66)

where

• yn is the log-transformed observed (background) gene expression for a given gene and
cell n in the reference dataset,

• gn is the variant genotype from the reference dataset,

• cn,k denotes the k-th context variable,

• (βGxC)k ∼ N (0, σ2ρGxC) is the interaction effect size for context k,

• βG ∼ N (0, σ2(1− ρGxC)) is the effect size of the persistent genetic effect,

• σ2 is the total genetic variance and ρGxC is the fraction of genetic variance explained
by GxC.

Notably, possible confounding factors such as read count distribution (dropout, overdisper-
sion), batch effects or context-specific expression variation present in the observed expres-
sion counts do not need to be simulated using a parametric or model-based approach.

Synthetic data for 500 gene-SNP pairs was generated using real genotypes (50 individuals),
background gene expression profiles (100 cells per individual) and cellular contexts obtained
using factor analysis (MOFA [130]) of the full expression matrix. I primarily focused on
simulating continuous effects by constructing a cell covariance matrix from the observed
MOFA factors. Additionally, as part of the power assessment, I also considered discrete
contexts.

Test calibration

I assessed the statistical calibration of the proposed tests, CellRegMap and CellRegMap-
Association, aswell as three alternativemodels (Fig. 3.25a and appendixA.2, Fig. A.1):
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• StructLMM [184],

• SingleEnv-LRT, a fixed-effect version of CellRegMap, where we test for GxC in-
teractions with individual context dimensions using a likelihood ratio test and report
the minimum p-value across all contexts (Bonferroni-adjusted for the number of con-
texts), similar to [229],

• MultiEnv-LRT, a fixed-effect version of CellRegMapwith amultiple-degree-of-freedom
likelihood ratio test for GxC effects.

Both SingleEnv-LRT and MultiEnv-LRT share the same null model as CellRegMap. Data
were simulated assuming only persistent (ρGxC = 0, σ2 = 0.025, A.2, Fig. A.1) or no
genetic effects (σ2 = 0, Fig. 3.25a) and testing for GxC effects using either 10 (Fig. 3.25a)
or 20 (Fig. A.2, Fig. A.1) MOFA factors. All models control for the same number of
background contexts as tested (additive effects of environmental context and context-repeat-
structure interaction).

I confirmed the statistical calibration of CellRegMap in all simulated scenarios. StructLMM
produced strongly inflated p-values, indicating that accounting for kinship and repeat struc-
ture is key to limiting false positive discoveries. As shown before [184], MultiEnv-LRT
does not retain calibration for larger numbers of context variables and was therefore ex-
cluded from other simulation experiments (Fig. A.2).

Statistical power

Next, I evaluated statistical power for CellRegMap, CellRegMap-Association and SingleEnv-
LRT in three different settings (all simulations assume σ2 = 0.025, Fig. 3.25b). Initially, I
varied ρGxC , the fraction of genetic variance explained by GxC (0, 0.25, 0.5, 0.75, 1.0) for 10
tested and simulated contexts. The power of both GxC tests increased as the fraction of the
genetic effect explained by GxC increases, noting that CellRegMap was substantially better
powered than the SingleEnv-LRT test. In addition to the CellRegMap interaction test, I as-
sessed the CellRegMap-Association test which as expected is best powered to identify vari-
ants with primarily association signals. As a second parameter, I varied the number of cel-
lular contexts that are simulated to contribute to GxC (out of 20 included in both tests). The
results of this analysis show that CellRegMap outperformed the corresponding SingleEnv-
LRT GxC test when larger numbers of cellular contexts were simulated to contribute to GxC
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Figure 3.25. CellRegMap validation using simulated data. Test performance for 500 simu-
lated semi-synthetic eQTL based on real expression profiles and genotypes. (a) Test calibra-
tion under the null hypothesis (without any genetic effects). StructLMM, a model that does
not account for the repeat structure in single-cell sequencing data yields inflated test statis-
tics. p-values from CellRegMap and CellRegMap-Association, a variant of CellRegMap for
detecting persistent genetic effects only (Materials and Methods), follow the expected uni-
form distribution. (b) Power at significance level α = 0.01 as a function of the fraction of
genetic variance explained by GxC (left), the number of simulated contexts with GxC (mid-
dle) and the number of tested contexts (out of 20 all contributing to GxC, right). Compared
are CellRegMap, CellRegMap-Association (where applicable) and a fixed-effect likelihood-
ratio-test for single contexts (minimum p-value across all contexts, Bonferroni-adjusted for
the number of tested contexts).
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(> 5 contexts). I also varied the number of cellular contexts tested in the model, again
finding that CellRegMap offers advantages for larger numbers of contexts.

Furthermore, I considered discrete cellular contexts derived using Leiden clustering [100,
214] (based on 20 MOFA factors, resolution of 0.5 and 1.0, resulting in 12 and 24 clusters,
respectively) or based on the observed sample collection timepoints (Day 1-4). Compared
a continuous context definition (based on 20 MOFA factors) these representations led to a
significant reduction in discovery power (Fig. 3.26). Taken together, these results demon-
strate power advantages and robustness of CellRegMap, compared with existing methods,
particularly when multiple cellular contexts contribute to GxC.

Finally, I used simulated data to assess the impact of expression level and expression variance
on the power to detect genuine GxC effects, finding that the power to identify GxC effects is
increased for genes with higher overall expression level mean and lower variance (10 tested
and simulated contexts, Fig. 3.27)

3.2.7 Runtime complexity

Using the LMM efficient implementation described by Lippert et al [139] one can show
(see [186] and [184]) that the runtime scales linearly with theminimum of the number of cells
and the product of (number of unique individuals × the number of cellular contexts).

I additionally evaluated the empirical runtime using observed expression profiles and con-
texts (MOFA factors) from the iPSC differentiation dataset [84] and simulated individuals /
genotypes. I assessed the runtime of CellRegMap and CellRegMap-Association as a func-
tion of either the total number of cells (5,000, 7,500, 10,000, 12,500 or 15,000 cells sampled
without replacement from the full dataset), the number of individuals (50, 75, 100, 125, 150)
or the number of contexts tested for GxC effects (2, 5, 10, 15 or 20 leading MOFA factors;
using the same number as background effects). Nonvarying parameters were set to a de-
fault of 10,000 cells, 100 donors and 10 tested contexts. All experiments were run on an
Intel Xeon CPU E5-2660 v4 with 2.00GHz and averaged across 125 simulated eQTL (Fig.
3.28).
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Figure 3.26. CellRegMap performance using discrete cell contexts. Left: 2-dimensional
visualisation of the gene expression data and discrete clusters. Middle: Discrete and con-
tinuous covariance matrices (based on MOFA factors) sorted by cluster membership. Right:
Result comparison; negative log p-values comparing models using continuous (x-axis) vs
discrete (y-axis) contexts, as well as bar plots showing the number of significant GxC
eQTL identified using the different context-covariance matrices. (a-c) Results for 500 semi-
synthetic eQTL, considering discrete contexts at three different resolutions: (a) the original
4 sampling time points (Day), (b) 12 and (c) 24 Leiden clusters. Number of significant
eGenes is out of 500 tested (FDR < 10%).



CellRegMap: mapping context-specific eQTL 109

Figure 3.27. CellRegMap p-values stratified for gene properties on simulated data. Results
for simulated genetic effects, showing (a) the mean observed gene expression of the simu-
lated eGene (prior to adding the genetic effect), (b) the prior gene expression variance and
(c) the minor allele frequency as a function of the P-value estimated by CellRegMap (blue)
and CellRegMap-Association (orange). Both models are fitted using the same set of ground
truth context variables as used in the simulation. Lines show the regression fit and shaded
areas 95% confidence intervals.
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Figure 3.28. Runtime assessment of CellRegMap andCellRegMap-Association test. Shown
are empirical runtimes for simulated data averaged across 150 eQTL. Shown are runtimes (y-
axis) for testing a single eQTL as a function of the number of individuals (a), the total number
of cells (b) and the number of context variables (c); runtimes are evaluated for both the
CellRegMap model (interaction test, blue), and the corresponding association test (orange).
Stars highlight default values for fixed parameters. All parameters retained at their default
parameter values except the parameter that is indicated on the x axis.

3.2.8 Example application to differentiating human iPSCs

The analysis in this section was performed by Anna Cuomo and is included as an illustrative
example. Further details and additional application studies can be found in the published
paper [84].

We applied our model to map context-specific eQTL from single-cell RNA-seq profiles of
differentiating human iPSCs from 125 individuals [84]. As previously discussed (see section
3.1.7), cell differentiation is the dominant cellular context in this study, and hence this dataset
is an ideal test case to assess the ability of CellRegMap to identify continuous changes of
allelic effects across a cellular trajectory.

Count data were processed as in the primary paper [84], where counts were normalized
using scran [232] and log-transformed. The log-normalized count data for the top 500 highly
variable genes was as input for MOFA [130] to estimate latent factors that explain variation
in gene expression in the data. The inferred representation captured both differences in
major cell types across the differentiation trajectory, but also more subtle cell states. The
first factor (MOFA 1) primarily explained the differentiation axis, with cells transitioning



CellRegMap: mapping context-specific eQTL 111

Figure 3.29. Annotation of the MOFA factors from the iPSC differentiation data [84] (a)
Heatmap displaying negative log p-values from gene ontology enrichment analyses based on
the absolute values of the loadings of individual MOFA factors. (b) Scatter plot of MOFA
factors 1 & 2, with color corresponding to the time point of collection (day 0,1,2 & 3 of
endoderm differentiation). (c) Scatter plot of MOFA factors 3 & 6, colored by estimated cell
cycle phase (G1, G2/M, S; estimated using Seurat). (d) Scatter plot of MOFA factors 1 & 4
capturing respiration. (e) Scatter plot of MOFA factors 8 & 10, capturing a signature linked
to response to metal ions, colored by expression of gene with top loadings, MT2A.



112 CellRegMap: mapping context-specific eQTL

between a pluripotent state and the definitive endoderm fate. Higher order factors captured
other cellular contexts, including cell cycle phase (MOFA 3 and 6), respiration (MOFA 4)
and others (Fig. 3.29).

We applied CellRegMap to test for GxC effects at 4,470 eQTL variant/gene pairs that were
previously reported in the primary analysis of the dataset using a conventional eQTL map-
ping workflow that did not account for GxC interactions [84]. Log-transformed gene ex-
pression measurements were quantile-normalized to better fit the Gaussian distribution as-
sumed by the model. We compared CellRegMap when only using the first MOFA factor
to define the cell context covariance, which is similar to the approach taken in the primary
analysis [84], to a model that leverages the information contained in the leading 10 MOFA
factors. The model with 10 components yielded a substantially larger number GxC effects
(322 vs. 183, FDR < 0.05; Fig. 3.30a), indicating that despite cell differentiation being the
major driver of expression variation, other more subtle cellular states also manifest in GxC
interactions on gene expression.

Next, we set out to characterize specific cellular contexts that are associated with the identi-
fied GxC interactions. We used CellRegMap to estimate the GxC allelic effects in each cell,
thereby recovering the continuous landscape of the GxC component of genetic effects across
the cell–context manifold. This analysis identified a range of allelic patterns, including GxC
effects that are primarily governed by cellular differentiation but also more complex pat-
terns that involve multiple cellular contexts and higher-order cellular factors. For example,
the eQTL variant rs113520162 for IER3 had a GxC effect that reflects variation across cell
differentiation explained by the first MOFA component (Fig. 3.30b, middle). Other eQTL,
such as rs11180470 for GLIPR1L1, had GxC effects that were associated with two MOFA
factors (Fig. 3.30b, right). More generally, we observed that higher order MOFA compo-
nents capture changes in cellular contexts beyond cellular differentiation, including the cell
cycle (Fig. 3.30c) and cellular respiration (Fig. 3.30d). Collectively these results illustrate
how CellRegMap can be used to uncover different cellular contexts that manifest in GxC
interactions.

3.2.9 Alternative context definitions

To assess the robustness of the identified GxC effects, I considered alternative latent variable
methods to capture cellular contexts. I compared the MOFA workflow to principal compo-
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Figure 3.30. Application to human iPSCs. (a) Scatter plot of negative log p-values obtained
from CellRegMap when using either the first MOFA factor or the leading 10 factors to de-
fine the cell context covariance (4,470 eQTL variants and genes). Horizontal and vertical
lines denote the FDR < 5% significance threshold (Benjamin-Hochberg adjusted). Shown
in each quadrant is the number of eQTL with evidence for a GxC effect. (b-d). Examples
of eQTL with GxC interaction. (b) Left: scatter plot of the first two MOFA factors (captur-
ing cell differentiation as context) with color denoting the time point of collection; middle:
identical scatter plot with color encoding the estimated allelic effect for the eQTL variant
rs113520162 for the gene IER3; right: allelic effect for the eQTL at rs11180470 for the gene
GLIPR1L1. Shown are allelic effects (βGxC) for individual cells centered on the persistent
effect. Marginal densities highlight cells that have either increased (high, red) or decreased
(low, cyan) allelic effects (corresponding to the bottom and top 10% quantiles, respectively).
Whereas the GxC effect for the eQTL for IER3 is primarily explained by the first MOFA
component, the GxC effect for GLIPR1L1 is captured by the combination of the first two
MOFA factors. (c) Analogous to (b); scatter plot between MOFA factors 3 and 6 with cells
colored by alternative annotations. Left: inferred cell cycle phase; Right: allelic effects for
an eQTL at rs506770 for HSPA1A (yellow). (d) As in (b, c) scatter plot of MOFA factors
4 and 1. Left: cells colored by cellular respiration (Materials and Methods); Right: allelic
effects for the eQTL at rs11763367 for WBSCR27 (green). Figure credit: Anna Cuomo.
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Figure 3.31. Comparison of alternative methods to define cellular contexts from the iPSC
data. Compared were the MOFA workflow, principal component analysis (left), LDVAE
[173] (middle) and ZINB-WaVE [233]. (a) Correlation matrix between the leading 10 fac-
tors identified by MOFA and the respective alternative method. (b) Scatter plot of negative
log p-value of the CellRegMap interaction test when using MOFA (x-axis) vs. alternative
methods (y-axis) for defining cell contexts.
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nent analysis, linearly-decoded scVI [131,173], as well as ZINB-WaVE [233], a factor anal-
ysis method with zero-inflated negative binomial likelihood. Considered were CellRegMap
test results for 121 SNP gene pairs from 88 unique genes on chromosome 22. Negative log
p-values were highly correlated (Pearson’s R 0.75 to 0.95, Fig. 3.31), and highly significant
associations could be replicated using either representation.

3.2.10 Discussion

Here, I described the Cellular Regulatory Map (CellRegMap), a linear mixed model for
the identification and characterization of context-specific eQTL that is applicable to cellu-
lar states derived from scRNA-seq. Building on the methodology developed for scDALI,
CellRegMap uses cell manifolds derived from single-cell transcriptome profiles to estimate
cellular contexts in an unbiased manner to then test for genetic interaction effects.

Conceptually, CellRegMap is also related to and extends StructLMM, a model that was orig-
inally designed to identify genotype-environment interactions in population cohorts [184].
CellRegMap adapts these concepts to single-cell genomics, by including an additional re-
latedness component in the model to account for dependencies across cells that are assayed
from the same individual. CellRegMap retains calibrated test statistics and enjoys power
benefits compared with conventional fixed-effect interaction tests. Additionally, framework
is complementedwith a genetic association test designed specifically for single-cell sequenc-
ing data (CellRegMap-Association), allowing to efficiently generate sets of candidate eQTL
to be tested for GxC.

To illustrate the model, CellRegMap was applied to a single-cell dataset of iPS cells from
125 individuals across differentiation towards a definitive endoderm fate [84]. The dominant
source of variation in this dataset is a continuous differentiation signal, which manifests
in dynamic eQTL across differentiation. Nevertheless, CellRegMap also identifies eQTL
associated with other dimensions of transcriptome variation, including factors associated
with cell-cycle phase or respiration. These results highlight how CellRegMap can be used to
map heterogeneity in genetic effects even in seemingly homogeneous systems and pinpoint
eQTL signals to specific subpopulations and molecular processes.

Although we demonstrated that CellRegMap is broadly applicable to different datasets and
scRNA-seq technologies, the model is not free of limitations. Currently, application of the
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CellRegMapmodel to single-cell count data requires appropriate processing steps (e.g., vari-
ance stabilization and quantile-normalization) to provide cell-level or pseudo-cell expression
estimates that approximately follow a Gaussian distribution. Although our results indicate
that this approximation is acceptable in practice and retains statistical calibration, explicit
modeling of count data could provide additional power benefits, in particular in the regime
of lowly expressed genes. Furthermore, for computational reasons, the primary focus of
CellRegMap lies on the annotation of known eQTL variants rather than variant discovery.
An analogous two-stage strategy is used for mapping genotype-environment interactions at
known GWAS loci in population cohorts. Such procedures build on the assumption that the
persistent genetic effect signal is sufficiently strong to enable discovery. The CellRegMap-
Association test implemented as part of the software can be used to define an end-to-end
workflow in the cases where eQTL are not known a priori. However, future extensions
of CellRegMap could focus on improving computational scalability in order to enable the
discovery of eQTL variants while accounting for GxC.



Chapter 4

LIVI: identifying context-specific genetic
effects on gene modules from
population-scale single-cell RNA-seq
data

Expression quantitative trait loci studies, which test for associations between genetic variants
and inter-individual variation in gene expression, hold promise to elucidate the function of
disease-associated variants and their role in disease initiation and progression. The previous
chapter has focused on the development of methods for the identification of cis-regulatory
effects, where quantitative traits such as chromatin accessibility or gene expression are af-
fected by proximal (typically < 1Mb) genetic variants. However, given the complexity of
gene regulatory networks (GRNs), genetic effects are expected to also regulate groups of
genes in trans (see chapter 1.2; Fig. 1.1), mediated via regulatory dependencies and net-
works. Indeed, trans eQTL effects have previously been identified in bulk tissue samples
using latent factor or topic models [234–236], providing maps of genetic regulation of gene
expression in different human tissues. Under the premise that genes which co-vary may
also be co-regulated, these methods test for associations between genetic variants and la-
tent factors of gene expression data, representing structured changes across many different
genes. This approach significantly reduces the multiple testing burden incurred by testing
at the gene level, which is of particular importance for trans-effect mapping where effect
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sizes tend to be much smaller compared to cis eQTL [50]. Recent advances in single-cell
RNA sequencing (scRNA-seq) and their application to population-scale cohorts open up
the possibility to identify genetic effects that are specific to individual cell types or sub-
types [50, 84–86]. However, there exist no methods that leverage single-cell resolution to
identify persistent and context-specific trans-regulatory effects.

Here, I propose Latent Interaction Variational Inference (LIVI), which combines scalable
stochastic variational inference, with the interpretability of linear latent factor models, allow-
ing for fast mapping of both persistent genetic effects and context-specific effects that arise
from interactions between genetic variants and continuous single-cell states. LIVI builds
on a Variational Autoencoder [144] with linear decoder [173] to jointly model single-cell
gene expression measurements from multiple donors in a population cohort. The model
disentangles canonical cell state variation from donor-specific effects using an adversarial
approach [237, 238] to then explicitly reintroduce donor-specific effects in the latent space.
LIVI captures both discrete and continuous cell states from single-cell expression profiles
in an unsupervised manner and does not require predefined cell type annotations. I validate
LIVI on simulated data and apply it on a real dataset of more than one million cells from a
thousand donors [86].

Acknowledgements and contributions

This work was supervised by Oliver Stegle. LIVI was co-developed by Danai Vagiaki and
myself. I implemented the model and performed the evaluation on simulated data. Danai
Vagiaki applied the model to the OneK1K dataset [86].

4.1 Previous work

Among methods that consider single-cell readouts for identification of trans effects, LIVI is
related to [236], which also seeks to estimate latent representations of scRNA-seq data in-
formed by genetics. However, the downstream testing procedure considers individual genes,
incurring a higher multiple testing burden. Furthermore, genetic variants are used during the
inference of the latent space, which necessitates a computationally expensive permutation
scheme to obtain calibrated test statistics. The approach does not use a noise model tailored
to single-cell sequencing data and relies on aggregation of single-cell readouts to ”pseudo-
cells” as a pre-processing step. Another related line of work uses latent factor/topic models
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to conduct genetic analyses in the latent space [234,235], which however do not distinguish
between interaction and persistent genetic effects. Conceptually most closely related to the
work presented here is MrVI [239], which also uses a VAE model to assess context-specific
and persistent sample effects on scRNA-seq data. A key innovation of LIVI is that the model
employs an adversarial approach to explicitly disentangle donor effects from canonical cell
states, which I show to improve statistical power on simulated data. Additionally, the hy-
pothesis test proposed in [239] requires discrete sample covariates, whereas LIVI allows for
rapid testing using arbitary genetic or non-genetic donor covariates.

4.2 The LIVI model

LIVI is a probabilistic model for identifying context-specific effects of inter-donor varia-
tion on latent gene expression factors. The model projects cells and donors into the same
latent space, summarizing population-level effects in single vectors for each donor (Fig.
4.1). These donor embeddings can then be used in downstream analyses, both in an explo-
rative manner as well as to rapidly test for associations with genotypes and clinical covari-
ates.

4.2.1 Modeling population-scale data

In the population scRNA-seq setting, gene expression profiles x ∈ RD for each cell are
paired with an donor label y. LIVI builds on the basic VAE model and incorporates this
grouping structure to capture donor-specific effects on latent gene expression factors.

For each donor y = 1, . . . ,M , let uy, vy ∈ RK denote trainable embedding vectors of a
K-dimensional latent space. LIVI then decomposes the cell latent space for donor y as the
sum of shared and donor-specific variation:

z = c+ c� uy + vy (4.1)

where c ∼ N (0, 1) and � denotes the Hadamard product. Here, the latent variables c ∈
RK model variation that is shared across all donors, e.g. canonical cell types and states
(contexts). The vectors uy and vy represent dynamic and persistent donor effects on the
latent dimensions. That is, the distribution of z is Gaussian, with donor-specific mean and
variances,

z ∼ N (vy, diag(uy)2). (4.2)
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Figure 4.1. LIVI overview. Gene expression vectors for each cell are mapped to base cell
states c, capturing canonical cell types and states. An adversarial classifier encourages re-
moval of sample-specific variation from base states. For each donor y, the model infers two
embedding vectors, uy, vy, summarizing cell-state-specific and additive effects on latent ex-
pression factors. Trained models can be used for efficient association and interaction tests
and effect visualization.

To allow for interpretability of the latent factors, LIVI employs a linear decoder [173] to
map latent variables to expression frequencies

ρ = Softmax(WT z+ b) ∈ [0, 1]D. (4.3)

Gene expression profiles are assumed to be drawn from a size-factor-adjusted negative bi-
nomial distribution [131], to account for technical noise due to the sampling process and
residual over-dispersion

x | z ∼ NB(ρl, θ), (4.4)

where θ ∈ RD is a trainable vector of dispersion parameters for each gene. scVI [131]
models the size factor l as an unobserved latent variable. In practice, however, l typically
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converges to the total observed transcript count,
∑D

d=1 xd. Therefore l is treated as observed,
l =

∑D
d=1 xd.

4.2.2 Adversarial penalty and variational inference

Conditional VAE models have been successfully used to integrate data across different se-
quencing technologies and batches [131] (see also section 2.2.2). Contrary to batch effects,
however, genetic variation explains only a small fraction of the overall expression variance.
To further constrain the model to factorize all donor-specific effects from the invariant latent
space, an adversarial approach [237, 238] is used. Let f : RK 7→ [0, 1]M be a multi-layer
fully-connected network with softmax activation as a final layer. The network f is trained
to predict the donor label from the latent representation c, by minimizing the cross entropy
loss ℓadv,

ℓadv(f(c), y) = − log f(c)y. (4.5)

Assuming a sufficiently flexible parameterization for f , the performance of the trained clas-
sifier provides a measure of the amount of information on the donor label y preserved in the
latent representation c of a particular cell. Conversely, the VAE model is trained to fool the
classifier, thereby removing donor-specific variation from the shared latent space. That is,
the VAE parameters are updated to maximize the compound loss,

Eq(·|x)

[
log

p(x|c, y)p(c)
q(c|x)

]
︸ ︷︷ ︸

ELBO

+λadvEq(·|x)
[
ℓadv(f(c), y)

]
(4.6)

where the parameters of the classifier f are being held fixed, and λadv is a hyperparameter.
The first term corresponds to the standard variational objective, where I approximate the
true posterior using a probabilistic encoder,

q(c | x) = N (c |µ(x), diag(σ2(x))), (4.7)

analogous to the standardVAE (section 2.2). That is,µ andσ2 aremulti-layer fully-connected
networks mapping x to the parameters of the Gaussian variational distribution. Using the
approximate posterior, the evidence lower bound (ELBO) on the marginal likelihood p(x)
can be evaluated and optimized using the reparameterization trick as discussed in section
2.2. The donor embeddings U,V ∈ RM×K are viewed as part of the observation model x | c
and can be optimized using stochastic gradient ascent on compound objective 4.7, together
with the decoder parametersW, b,θ and posterior parameters.
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The full training procedure alternates between training the classifier f , while keeping the
VAE parameters fixed and updating the VAE (eq. 4.7).

4.2.3 Testing for genetic and covariate effects

The matrices U,V ∈ RM×K of donor embeddings summarize interaction and persistent
effects on gene expression factors at the level of donors rather than cells. As a result, they
enable fast downstream hypothesis testing of covariate associations. Let g ∈ RM denote
a covariate vector, e.g. encoding variant genotypes or a clinical variable such as disease
status. To identify interaction effects on factor k (LIVI (int)), I use a simple linear mixed
model

uk = gβ +Hα+ u+ ϵ, ϵ ∼ N (0,IM), (4.8)

and assess β 6= 0 using a likelihood ratio test. Here, H is an optional matrix of fixed effects
covariates, e.g., to model batch effects, and the random effect term u accounts for popula-
tion structure. Notably, by testing donor embeddings that have been trained to satisfy 4.1,
interaction effects can in principle be detected using a simple additive model. An analogous
procedure can be used to test for persistent effects using V (LIVI (add)).

4.3 Evaluation on synthetic data

To assess the influence of data generating parameters such as genetic effect sizes and the
degree of ”discreetness” of the latent cell states, I evaluated our model on synthetic data
with known groundtruth. Let N denote the number of cells and D the number of genes. I
simulated genetic effects of L variants on latent factors using a latent decomposition Z ∈
RN×K analogous to the LIVI model:

Z = C+ C�GU+GV (4.9)

Here, C ∈ RN×K is the donor-invariant latent space, G ∈ RN×L a cell-level genotype
matrix and U,V ∈ RL×K the effect sizes for additive and interaction effects, respectively.
All simulations assumed that each variant affects at most a single factor. Latent variables
weremapped to high-dimensional simulatedmean expression profiles using a linear decoder,
X = ZW.
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4.3.1 Estimation of effect sizes and explained variance

Themagnitude of genetic effects on simulated gene expression profiles depends on the factor
variance, the genetic effect sizes as well as the loading matrix W ∈ RK×D. To gauge the
effect strength of SNP-factor associations, I therefore evaluated the explained variance at
the gene level. Here, I focus on the interaction term, however, an analogous argument can
be used to set effect sizes for additive effects, V.

Under a linear decoder model, one can defer the evaluation of the genetic effect to the gene
space as follows. Let ul be the column vector corresponding to the l-th row ofU. Then,

(C�GU)W =
L∑
l=1

(
C� gluTl

)
W =

L∑
l=1

Cdiag(ul)W� gl1TD︸ ︷︷ ︸
=:Xint

l

(4.10)

where 1D is the D-dimensional vector of ones. I quantify the total explained variance by a
matrix X as the sum of gene (column) sample variances1

VarTotal(X) :=
D∑

d=1

Vars(xd). (4.11)

Let σ2
int =

∑L
l=1VarTotal(Xint

l ) be a total desired variance of the interaction term at the gene
level. Suppose k is the (single) factor affected by variant l. The associated effect size, the
entry ulk in U, is chosen as follows. Note that the column of Xint

l corresponding to gene d
can be written as

ulkwkdck � gl, (4.12)

and therefore

VarTotal(Xint
l ) =

D∑
d=1

Vars(ulkwkdck � gl) (4.13)

= u2lk

D∑
d=1

w2
kd

(
Es[c2k]Vars(gl) + Vars(ck)Es[g2l ] + Vars(ck)Vars(gl)

)
,

(4.14)

where Es is the sample mean and the genotype and context vectors have been assumed to be
independent. If ck and gl have been standardized to mean zero and unit variance, the above
simplifies to

VarTotal(Xint
l ) = u2lk||wk||22 (4.15)

1That is, Vars(xd) corresponds to the population variance of the finite population x1d, . . . , xNd.
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where || · ||2 is the euclidean norm. Let R be the total number of variants with non-zero
interaction effects. To match the desired total variance of the interation term, σ2

int, ulk can be
chosen as

ulk = ±

√
σ2
int

R||wk||22
. (4.16)

4.3.2 Simulation setup

I simulated 40-dimensional cell states for 30,000 cells, by randomly assigning cells to one
of 5 fictional celltypes and drawing each factor independently as

ck ∼ N (0, ηEET + (1− η)IN), (4.17)

where E denotes one-hot encoded celltype assignments and η ∈ [0, 1] controls the strength
of intra- vs inter-celltype variation, i.e., discrete vs. continuous effects.

I simulated 100 donors and sampled persistent and interaction effects for non-overlapping
subsets of 60 variants. For each causal variant, I sampled a single associated factor. I fixed
the fraction of cumulative genetic variance across all variants and genes and chose variant-
factor effect sizes as described in the previous section. I then sampled synthetic expression
counts from a Poisson noise model. Default simulation hyperparameters are summarized in
table 4.1.

As a baseline, I considered a Variational autoencoder with linear decoder and negative-
binomial observation model [131, 173]. Similar to LIVI, I used an implementation that
modeled size-factors as observed rather than latent variables. Notably, the baseline model
did not incorporate donor labels such that inter-donor effects could be preserved in the la-
tent space. The model was combined with post-hoc clustering in the latent space to test for
genetic effects on average factor activities in each cluster (VAE + LM). LIVI parameters
used in all simulations are shown in table 4.2. Power was evaluated using the minimum P -
value across factors (Bonferroni-adjusted) for each variant. Models were evaluated across 5
random initializations.

4.3.3 Impact of adversarial penalty

First, I assessed the effect of the adversarial penalty on power to detect interaction effects
(LIVI (int)), varying the weight of the auxiliary loss λadv ∈ {0, 10, 25, 50, 100, 250, 500}.
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Parameter value
Latent dimension 40
Cells 30,000
Latent space dimension 40
Donors 100
Genes 1000
Variants 60
Min. minor allele frequency 0.3
Max. minor allele frequency 0.5
Number of persistent effects 20
Number of interaction effects 20
Number of control variants 20
FEV by genetics 0.02
Fraction of genetic variance
explained by interaction effects

0.7

Celltypes 5
η 0.5

Table 4.1. Default simulation parameters.

Parameter value
Latent dimension 40
Encoder hidden nodes [256, 256]
Learning rate 8e-4
λadv 300
Adversary hidden nodes [256, 256]
Adversary learning rate 1e-4
Adversary update frequency 2

Table 4.2. Default model parameters for simulated data.
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For comparison, I also tested for linear associations between simulated genetic variants and
average factor activities in Leiden clusters [100, 214] of the shared latent space c, (LIVI +
LM). Increasing λadv successfully reduced the number of significant associations identified
by LIVI + LM, showing that the adversarial penalty aids in removing genetic effects from
the shared representation (Fig.. 4.2a). Conversely, this analysis confirmed that the power
to detect genetic interaction effects using LIVI (int) was improved for larger values of λadv.
Reassuringly, the adversarial penalty did not affect statistical calibration of LIVI (int) under
the null (Fig. 4.2b).

4.3.4 Power to detect discrete vs. continuous effects

I compared LIVI and the baseline approach (VAE + LM) when varying η, the strength of
intra- vs. inter-celltype variation (Fig. 4.2c). The VAE + LM approach, like many other
existing methods, relies on discretizing the data and performed poorly for small values of
η. LIVI, on the other hand, yields consistent results both in the continuous and discrete
setting.

4.3.5 Disentanglement of ground truth factors

As a second criterion, I considered the ability of LIVI to recover the true simulated latent
space of cellular contexts compared with the baseline VAE. I computed the maximum aver-
age Pearson correlation between inferred and ground truth loading matrices across all pos-
sible pairings (Pearson MCC, Fig. 4.2d). For medium to large genetic effect sizes, LIVI
significantly improved the identification of the ground truth factors.

4.4 Empirical evaluation on a real dataset of one million
PBMCs

Next, we applied LIVI on a published dataset of more than one million peripheral blood
mononuclear cells (PBMCs) from approx 1 thousand donors [86]. We tested a set of 2,910
common (MAF > 0.05) biallelic SNPs for effects on the LIVI donor embeddings, approxi-
mately half of which were selected trans eQTL variants from a large bulk RNA-seq meta-
analysis study [50]. We identified 622 persistent and two interaction effects at at FDR
5%. The two interaction effects were between variants rs8026803, rs2562754 and factor
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Figure 4.2. Evaluation on simulated data. (a) Power to detect interaction effects when
varying the weight of the adversarial loss; LIVI interaction test (LIVI (int)) vs. clustering
of LIVI base cell states followed by linear association testing per cluster (LIVI + LM). (b)
LIVI (int) P -values when testing variants with simulated factor interactions and no effect
(control). (c) Power to detect interaction effects when varying the extent of discrete vs.
continuous simulated cell state variation; LIVI (int) vs. cluster-wise test based on VAE latent
space. (d) Average Pearson correlation between inferred and ground truth factor loadings
(maximum across all possible pairings).

30, which characterizes monocytes (Fig. 4.3). Notably, those variants have been associ-
ated to phenotypes such as monocyte count [240,241], lymphocyte-to-monocyte ratio [241],
eosinophil count [240, 241] and eosinophil percentage of granulocytes [242].

4.5 Discussion

Most existing studies for mapping genetic effects on quantitative traits focus on cis regula-
tion. However, cis-eQTL play only aminor role in the overall heritability of gene expression,
with most of it attributed to the cumulative impact of numerous weaker trans-regulatory ef-
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Figure 4.3. Interaction effects of variants rs8026803, rs2562754 and factor 30, which char-
acterizes monocytes (Fig. 4.3). Notably, those variants have been associated to pheno-
types such as monocyte count [240, 241], lymphocyte-to-monocyte ratio [241], eosinophil
count [240, 241] and eosinophil percentage of granulocytes [242]. Application of LIVI on
real PBMC data. Uniform Manifold Approximation and Projection (UMAP) embedding of
LIVI’s donor-free canonical latent factors, colored by cell type (left) and factor 30 (right),
which is associated with a known GWAS variants for monocyte count. Credit: Danai Va-
giaki.

fects [243]. At the same time, the identification of trans-eQTL remains challenging due to the
small effect sizes and the vast search space of possible variant-gene combinations. These is-
sues can be partially addressed bymapping strategies using latent factor models, which share
information across many correlated genes to improve statistical power [234–236].

Here, I described LIVI, an interpretable latent variable model for populations-scale single-
cell RNA-sequencing data based on the VAE framework. A core innovations of LIVI is an
interpretable and efficient approach to decompose the latent space into donor-invariant com-
ponents, corresponding to canonical expression variation, as well as persistent and context-
specific donor effects. A second innovation is a fast testing procedure to identify individual
genetic variables or other donor covariates that are associated with the estimated persistent
or context-specific latent space effects.

I evaluated the model on simulated data, finding that adversarial regularization leads to im-
proved statistical power for downstream association tests. I showed that the model retains
detection power regardless of whether cell states are continuous or discrete. Additionally, by
leveraging donor labels, LIVI is able to more accurately infer the underlying data-generating
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factors than a conventional VAE. In an example application to scRNA-seq of human periph-
eral blood mononuclear cells [86], the model identified hundreds of persistent genetic effects
on expression factors, but only few context-specific effects. The latter were specific to the
monocyte population and involved genetic variants that had previously been associated with
monocyte count.





Chapter 5

Summary & concluding remarks

Historically, the definition of cell identity has relied on qualitative assessments of morphol-
ogy, ontogeny (developmental origin), and physiological function. For example, a neuron
may be identified by its unique morphology with axons and dendrites, its location in the
nervous system, its embryonic origin from neural precursor cells, and its functional inter-
actions with other neurons and cells in neural circuits. Modern sequencing-based assays
such as RNA-seq have enabled the quantitative analysis of genome-wide molecular profiles
underlying various cell types and states. Cells may now be identified based on specific
patterns of gene expression, shaped by their genetic markup, epigenetic modifications and
interactions within the cellular microenvironment. Initially, these approaches relied on the
bulk analysis of tissue samples or pooled cell populations, which provides average signals
of molecular traits across hundreds or millions of cells. More recently, single-cell sequenc-
ing technologies have transformed the analysis of cell identities, allowing to uncover cellular
heterogeneity obscured in bulk data such as rare or unknown cell types as well as transitional
or intermediate states.

Since single-cell sequencing was recognized as the ‘Method of the Year 2013’ by the editors
of Nature Methods [244], the technology has advanced significantly, resulting in an expo-
nential growth in the number of cells that can be profiled in a single experiment [95] and
considerable reductions in sequencing cost. Improvements in droplet microfluidics, which
allows for the delineation of cells in picoliter droplets, and combinatorial indexing strategies
for cell barcoding have enabled the generation of datasets comprising hundreds of thousands
to millions of cells [245–248]. These developments have now also made it possible to se-
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quence samples at the population level, and generate data large enough study the subtle
effects of genetic mutations on molecular traits at the level of single cells.

Genome-wide association studies (GWAS) have identified numerous genetic variants linked
to complex diseases and traits, but understanding their functional consequences remains a
challenge, especially for variants in non-coding sections of the DNA. Expression quanti-
tative trait locus (eQTL) mapping can establish connections between genetic variants, like
SNPs, and RNA levels, aiding in the identification of potential target genes and mecha-
nisms of disease-associated variations. To be effective, however, eQTL mapping requires
assaying changes in RNA expression in cell types and conditions related to the disease of
interest. Most existing eQTL analyses rely on bulk sequencing data, which limits their abil-
ity to map genetic effects in specific cell types and states. The emerging field of single-cell
genetics integrates single-cell sequencing data for molecular phenotyping with genotyping
information, allowing for the unbiased analysis of context-specific genetic effects on molec-
ular traits. Despite the potential of this approach, existing analysis strategies do not model
genetic effects at the single-cell level, but apply methods for bulk data to pseudo-bulk ag-
gregates of discretized single-cell profiles.

This thesis focused on the development of statistical and computational methods for model-
ing the relationship between genetic variation and quantitative traits at the level of individual
cells. These methods combine latent variable models for cell-state inference with statistical
hypothesis tests based on the linear mixed model framework. Key elements of this method-
ology have been reviewed in chapter 2.

In chapter 3, I proposed a mixed-effect approach to modeling context-specific effects from
single-cell data. Briefly, a cell-state covariance matrix is defined based on a lower dimen-
sional representation of the cell-state manifold, e.g., estimated using established methods for
dimensionality reduction or trajectory inference. The presence or absence of context-specific
effects can then be assessed using a single variance component parameter. I introduced the
scDALImodel, a generalized linearmixedmodel with Beta-Binomial likelihood for the anal-
ysis of allelic imbalance in single-cell count data. A score-based variance component test
and inference scheme were derived using a penalized quasi-likelihood approximation. I val-
idated the model on simulated data and described the application of scDALI to scATAC-seq
data in Drosophila Melanogaster embryos to study allele-specific changes in chromatin ac-
cessibility during development. The chapter also presented a novel variant of the Variational
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Autoencoder tailored to the analysis of temporally resolved scATAC-seq data, allowing to
order cells along the underlying developmental trajectory.

Next, I introduced CellRegMap, a statistical model building on the same core concept as
scDALI designed to model expression quantitative trait loci (eQTL) at single-cell resolution.
The method uses the linear mixed model framework to decompose gene expression variation
into genetic, cell state, and other factors. The model incorporates an interaction term of the
cell state and genotype, allowing to capture context-specific effects. Unlike existing related
methods for modeling genotype-environment interactions, CellRegMap also accounts for
the possible confounding influence of sampling structure and donor kinship using additional
random effect components. The model was evaluated using a semi-synthetic simulation
framework, leveraging real genotyping data and expression profiles to incorporate possible
sources of variation present in actual single-cell data. These experiments highlighted the
importance of accounting for context-specific donor effects on gene expression in order to
obtain calibrated test statistics.

The application of scDALI and CellRegMap demonstrated how the random effect frame-
work can be used to detect genetic effects that manifest only in specific cell types and
lineages or as a function of continuous processes such as cellular differentiation or devel-
opment. Notably, both models identified associations that would have been masked in a
(pseudo-) bulk analysis of discretized cell states. Furthermore, they revealed subtle context-
specific genetic effects beyond the dominant axes of cell-state variation in the data. For
example, in a recently published dataset of iPS cells differentiating towards the definite en-
doderm, CellRegMap identified genetic effects associated with specific stages of the cell
cycle and cellular respiration that were missed in the primary analysis.

While scDALI and CellRegMap provide an extension of the state of the art in single-cell
genetics, they are not without limitations and may be extended in a number of different
directions. Recent work by Kumasaka et al. [249] has explored a non-linear variant of Cell-
RegMap, based on the Gaussian process framework. Briefly, while CellRegMap models
context-specific genetic effect sizes using a linear covariance function of the cell state fac-
tors, Kumasaka et al. apply a squared exponential kernel. This increase in modeling flexi-
bility, however, further adds to the computational complexity. Kumasaka et al. consider a
simplified random effect term to control for the confounding effects of donor relatedness,
allowing for faster inference at the cost of a possible inflation of Type-I error rates. Fu-
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ture work may focus on the computational aspect of mapping context-specific eQTL while
maintaining calibrated test statistics.

scDALI and CellRegMap were developed as two independent models, leveraging either
allele-specific information or population-scale data to map genetic effects. Future work may
try to combine these ideas, to improve statistical power and link distal regulatory elements
to gene promoters. Similar approaches have been used successfully for the analysis of bulk-
sequencing data [40].

As a final contribution, I presented LIVI, a variant of the Variational autoencoder designed to
disentangle donor-specific and shared gene expression variation in population-scale scRNA-
seq data in chapter 4. LIVI uses an adversarial approach to remove donor-specific effects and
reintroduces them in an interpretable linear interactionmodel. Donor effects are summarized
in embedding vectors, that can be efficiently tested for associations with genetic variants
or clinical covariates. In principle, this allows for the identifiation of eQTL variants that
regulate groups of genes in trans. In particular, by testing gene expression factors rather
than individual genes, this approach incurs a reduced multiple testing burden compared to
standard trans eQTL mapping at the gene level. Using simulations I showed that adversarial
regularization improves power to detect genetic effects in downstream tests as well as the
identification of the true data-generating factors compared to a conventional VAE model.
The model was applied to a scRNA-seq dataset of human peripheral blood mononuclear
cells, uncovering hundreds of trans-regulatory genetic effects on expression factors. Future
work may also focus on the application of LIVI to genetic perturbation screens [250–252],
to model single-cell responses to gene knockouts or interferences.

Single-cell sequencing technologies continue to evolve, and the next generation of exper-
imental assays will be cheaper [253] and able to capture longer transcripts with higher fi-
delity [254]. These developments will enable the creation of expansive atlases of context-
specific cis and trans eQTLs in thousands of individuals from diverse populations. Mean-
while, the importance of robust statistical methods for single-cell genetics becomes even
more evident, to unravel the relationship between genotype and phenotype at a genome-
wide scale.



Appendix A

A.1 Generation and sequencing ofDrosophilaMelanogaster
F1 embryos

The following description summarizes sample collection and library preparation as per-
formed by Stefano Secchia, Bingqing Zhao and James P. Reddington. It is reproduced from
the primary publication [185] and included here for completeness.

We generated Drosophila melanogaster F1 hybrids by crossing females from a common
maternal virginizer line with males from four different inbred lines from the Drosophila
melanogaster genetic reference panel [191, 255] (DGRP). Embryos were collected in 2 h
windows (2–4 h, 6–8 h, and 10–12 h after egg laying) as previously described [191]. Hy-
peractive Tn5 transposase was purified by the EMBL Protein Expression and Purification
facility as previously described [256] and stored at − 20 °C in storage buffer (25 mMTris pH
7.5, 800 mM NaCl, 0.1 mM EDTA, 1 mM DTT, 50% glycerol) until use. Uniquely indexed
oligonucleotides from Cusanovich et al. [68] were annealed to common pMENTs oligos 95
°C 5 min, cooling to 65 °C (0.1 °C/s), 65 °C 5 min, cooling to 4 °C (0.1 °C/s)) to generate
indexed transposons that were then loaded onto purified Tn5 by incubation at 23 °C with
constant shaking at 350 rpm for 30 min. The loaded Tn5 transposomes were diluted 1:10
(final 0.02 mg/ml) in nuclease-free water and used immediately for tagmentation. Embryo
dissociation and nuclear isolation were performed as described previously [68]. Nuclei were
flash frozen in liquid nitrogen and stored at − 80 °C until use. Generation of sci-ATAC-seq
libraries was performed largely as previously described [68] with minor modifications. The
tagmentation reaction was performed by adding 2 μL of each of the 96 custom and uniquely
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indexed Tn5 transposomes and by incubating at 55 °C for 1 h. After reverse-crosslinking,
5 μL of forward and reverse indexed primers (from Cusanovich et al. [68]), 7.5 μL KAPA
HiFi DNA Polymerase ReadyMix (Roche) and 0.25 μL Bst3.0 (NEB) were added to each
well. Tagmented DNAwas then PCR amplified with the following cycling conditions: 72°C
5min, 98°C 30s; 98°C 10s, 63 °C 30 s, 19–22 cycles; 72 °C 1min, hold at 10 °C. The optimal
number of cycles for each library was determined beforehand by monitoring amplification
on a qPCRmachine for a set of test wells. Libraries were sequenced on an Illumina NextSeq
500 sequencer High Capacity 150 PE kit as previously described [68].

A.2 Extended calibration analysis for CellRegMap
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Figure A.1. Extended calibration analysis for CellRegMap. (a,b) QQ plots of expected
versus observed negative log P-values, for different levels of persistent genetic variance ((a)
vs. (b)). Rows represent different numbers of tested context variables (10 or 20). Shown
are CellRegMap (blue), a fixed-effect likelihood-ratio-test for single contexts (SingleEnv-
LRT; green), a multicontext fixed-effect test (MultiEnv-LRT; orange) and StructLMM (pink;
[184]). The QQ plots for CellRegMap, SingleEnv-LRT and StructLMM from the first row
in panel A (genetic variance = 0 and 10 contexts tested) are also shown in Fig. 3.25.
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