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Abstract

In this thesis, we prove the generalised pro-2 real Section Conjecture for what we call equivari-
antly triangulable varieties over R. Examples include all smooth varieties as well as all (possibly
singular) affine/projective varieties. Building on this, we derive the generalised real Section
Conjecture in the geometrically étale simply connected case.

Zusammenfassung

In dieser Arbeit beweisen wir die verallgemeinerte reelle pro-2 Schnittvermutung fiir soge-
nannte dquivariant triangulierbare Varietiten {iber R. Dies beinhaltet alle glatten Varietéten,
sowie alle (moglicherweise singulére) affinen/projektiven Varietiten. Darauf aufbauend zeigen
wir die verallgemeinerte reelle Schnittvermutung im geometrisch étale einfach zusammenhén-
genden Fall.
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0 Introduction

In this thesis, we study the generalised Section Conjecture over the real numbers R, utilising the
so-called Sullivan Conjecture from homotopy theory. To adequately contextualise the present
manuscript, we begin with a brief overview of anabelian geometry. To this end, let us fix the
following situation:

Setup. Let k be a field with separable closure k D k, and let X be a geometrically connected
quasi-compact and quasi-separated scheme over k. Write G, := Gal(k/k) for the absolute Galois
group of k, X, for the base change of X to k, and let X € X be a geometric point.

The basic idea of anabelian geometry is to study the geometry and arithmetic of X /k in terms
of the so-called fundamental exact sequence of étale fundamental groups

(ﬂft(X/k)) 1— ﬂiét(XE,)?) — ﬂi’t(X, X)— G — 1,

which one has in the above situation (see [SGA 1, Exposé IX, Théoréme 6.1]). The following
section makes this idea more precise:

Grothendieck’s anabelian geometry. In a letter to Faltings [14] from 1983, Grothendieck
formulated his “yoga of anabelian geometry”. To keep this overview reasonably short, let us
restrict to the characteristic 0 case (as Grothendieck actually also did in his letter). Thus, let k/Q
be an arithmetically rich ground field, usually a finitely generated field extension of Q.

In his letter, Grothendieck postulated the existence of so-called anabelian schemes (over k).
Here, the feature that decides whether a scheme X shows “anabelian characteristics” is the
extent to which it is determined by means of its fundamental exact sequence (ﬂft(X /k)). If the
geometry of X /k is, in its entirety, determined by its fundamental exact sequence, X is said
to be anabelian. Grothendieck did not make this intuition into a formal definition and instead
postulated three conjectures, the main conjectures of anabelian geometry, that anabelian schemes
ought to satisfy.

He only formulated these conjectures for anabelian curves, which, as we will later see when
encountering the étale homotopy type, was probably a wise decision. In order to give a precise
formulation of Grothendieck’s anabelian conjectures, let us introduce the following notations:

0.1 Notation (outer homomorphisms). Let £: 1 — 7 — 7 — G — 1 be a short exact se-
quence of profinite groups and let 7/ — G be another homomorphism of profinite groups.

(a) The set of outer homomorphisms from 7’ — 7 over G is given by

out
Hom

(7', 7) := Homg(n', 7)5,
where 7 acts via conjugation.
(b) Similarly, the set of outer isomorphisms from 7’ — 7 over G is given by

out

Isomy (7', 7) :=Isomg(n’, 7).

(c) Finally, in the case that 7’ = G — G is the identity map, we write
$(&) := S(x » G) := Hom%'(G, )

for the set of 7-conjugacy classes of sections of 7 » G.



(d) In the case of the fundamental exact sequence, we consequently write § (nft(X /k)) for the
set of nft(X &» X)-conjugacy classes of sections of n‘lét(X , %) » Gy.

The étale fundamental group is a pointed invariant and therefore only functorial with respect
to basepoint-preserving morphisms. Passing to outer homomorphisms remedies this technical
nuisance:

0.2 Construction. Let Y and X be qcgs geometrically connected schemes over k and y — Y as
well as X — X geometric points.

(1) Given a morphism of schemes f : Y — X over k, the functoriality of 71'?(—) induces a map
for 7Y, 5) - 78X, fO)).
The choice of an étale path y : f(7) — X furthermore yields a conjugation isomorphism
yrt 7N ) = 71X R).
The composite y f,y~! thus determines a map 75'(Y, ) - 7'(X, %).

(2) Itturnsout thatvarying the étale pathy : f(9) — X conjugatesy f,y~! precisely by ﬂlét(X %)
We therefore get a well-defined map

Homy (Y, X) - Homg (Y, 9), 78X, %)), f = [vfur™']
for any choice of geometric points y — Y and ¥ — X.

With this observation in place, we are ready to state Grothendieck’s anabelian conjectures.
First of all, he conjectured that the isomorphism class of an anabelian curve should be entirely
determined by its étale fundamental group:

0.3 Isomorphism Conjecture. Let X and Y be two connected anabelian curves over some
finitely generated field extension k/Q. Then the canonical map

Isom(Y,X) — Isomg‘;t(ﬂft(Y), (X))
is a bijection.

Even more surprising, he postulated that all (dominant) morphisms of anabelian curves
could be recovered from étale fundamental groups:

0.4 Homomorphism Conjecture. Let X and Y be two connected anabelian curves over some
finitely generated field extension k/Q. Then the canonical map

Hom™(Y, X) - Homgy " (z$(Y), 7$'(X))

is a bijection. Here, HomiOm denotes the set of dominant homomorphisms and Hom®™ the

G
set of open outer group homomorphisms.

0.5 Remark. In a later remark, Grothendieck even conjectured that one could relax the as-
sumptions on Y in the homomorphism conjecture to Y being any smooth variety. This has been
shown to be true by Mochizuki, see Remark 0.8.



In the case of Y = Spec(k), we introduce the following name for the map of Construction 0.2:

0.6 Definition (Kummer map). The map xx . : X(k) —» S(nft(X /k)) given by

ar s = [ray™]
is called Kummer map.

In his final anabelian conjecture, Grothendieck envisioned that one should even be able to
detect rational points in an anabelian fashion:

0.7 Section Conjecture. Let X be a connected and proper anabelian curve over some finitely
generated field extension k/Q. Then the Kummer map

xx ik 0 X(k) » Homg (Gy, 7'(X)) = S(x{'(X /k))
is a bijection.

There is one significant question left, namely: Which curves are actually supposed to satisfy
the above three conjectures? This is where Grothendieck turned his anabelian philosophy into
a precise programme: He conjectured that hyperbolic curves are anabelian.

0.8 Remark (state of the art).

(a) There is a lot ought to be said, but ultimately left unsaid, about anabelian geometry in this
introduction: Anabelian geometry in positive characteristic, birational anabelian geometry
and many other things. Instead, we refer the reader to Pop’s excellent “lectures on anabelian
phenomena in geometry and arithmetic” [34] for a more comprehensive overview of the
different subdisciplines of anabelian geometry, as well as the state of the art (of 2011) on
these.

(b) For hyperbolic curves, two of the three main conjectures have been solved:

(1) The Isomorphism Conjecture has been resolved by Tamagawa’s doctoral thesis [45] in
the affine case and Mochizuki’s article [29] in the proper case.

(2) Moreover, Mochizuki resolved the Homomorphism Conjecture in [30].

(c) The Section Conjecture, however, is still open to this day despite substantial efforts to resolve
it.

To be more precise, Grothendieck already knew how to prove injectivity of the Kummer map.
The surjectivity of xx i : X(k) — S(ﬂf‘(X /k)) is the truly hard part. There is, however, one
surprising case where the Section Conjecture has seen a satisfactory solution: When working
over the base field k = R.

The real Section Conjecture. Over the reals, injectivity of xy /g ceases to hold. Nevertheless,
two real points a, b of X determine the same conjugacy-class of sections if and only if they lie in
the same connected component of the real analytification X(R) of X. Moreover, kx /g indeed is
surjective as has first been proven by Mochizuki:
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0.9 Theorem (Mochizuki, 2003; [31, Theorem 3.13-3.15]). Let X /IR be a smooth, geometrically
connected curve of genus g > 1. Then the Kummer map

kxR ToXR) > SEE(X/R))

is a bijection of finite sets. More generally, the same holds for any geometrically connected algebraic
étale K(r, 1)-space X /RR.

0.10 Remark.

(a) Note that, in contrast to Section Conjecture 0.7, X is not assumed to be proper in Theo-
rem 0.9. This is a pecularity of working over the real numbers. Usually, the naive Section
Conjecture fails in the non-proper case because of so-called cuspidal sections (which are the
sections induced by rational points of the boundary of X in its smooth completion X). Over
R, any such boundary point can be obtained as a limit of a sequence of real points lying
in (the same connected component of) X. Therefore, the cuspidal section attached to this
boundary point is already detected by a connected component of X(R).

(b) Over general k, the correct formulation of the Section Conjecture in the non-proper case
takes cuspidal sections into account.

Wickelgren moreover refined the above theorem in [46] by proving that, in fact, the geomet-
rically 2-step nilpotent (pro-2) quotient of ﬂft(X /R) suffices to determine 7y X(RR).
A 2-step nilpotent version. In order to give a precise statement of Wickelgren’s result, we

first need to introduce some further notation.

0.11 Notation. Let £: 1 — 7 — m — G — 1 be a short exact sequence of profinite groups
and let 7 - 7’ be a fixed quotient of 7.

(1) Pushing out the above exact sequence along 7 - 7’ yields a new short exact sequence
&h l1—-7—nx7 -G—1
T

together with a map

& l—>aA——nr——G—1
! N 1=
& 1A g7 —-G—1

of short exact sequences.
(2) In particular, we get an induced map $(&) — S(&).

0.12 Definition (descending central series). The descending central series C.T of a profinite
group T is defined inductively by

C_1F =T and C_(,H_I)F = [F, C_nF],

for n > 2. Here, [U, V] denotes the closed subgroup generated by the commutators

1,,—1

[u,v] = uvu=v-

forueUandveV.
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0.13 Notation. Let£: 1 — 7 — m — G — 1 be a short exact sequence of profinite groups.

(1) We write Cs_, (&) for the short exact sequence obtained by pushing out £ along the quotient
map 7 » 7 /C_(,41)7 and call it the n-step nilpotent quotient of €.

(2) Inthe case n = 1 we simply write £ := Cs_; € and refer to it as the abelianisation of &.

(3) Given a prime ¢, we write Y for the short exact sequence obtained by pushing out & along
the maximal pro-¢ quotient map 7 - 7\ (see §1.6 for £ = {¢}).

We can now provide a concise statement of Wickelgren’s result:

0.14 Theorem (Wickelgren’s 2-step nilpotent real Section Conjecture; [46, Theorem 1.1]). Let
X /R be a smooth projective geometrically connected curve of genus g > 1. Then the map

7o X(R) = im(S(Cs (7' (X /RY')) = (7 (X /R)2)
induced by the Kummer map is a bijection.

As already mentioned, Grothendieck only formulated his main conjectures for anabelian
curves. Since our results apply to more general varieties, let us also briefly discuss higher-
dimensional anabelian geometry.

What about higher-dimensional varieties? In dimension 1, Grothendieck postulated that
hyperbolic curves should be anabelian. In higher dimensions, the anabelian programme becomes
much more speculative. Not only is it unknown whether the anabelian conjectures hold, but
there is not even a consensus about which higher-dimensional varieties should be anabelian to
begin with.

Grothendieck postulated that at least successive smooth fibrations of anabelian curves should
be anabelian. In their seminal paper [40], Schmidt and Stix made substantial progress toward this
conjecture by proving (among other important results) that successive fibrations of hyperbolic
curves satisfy the Isomorphism Conjecture. More precisely:

0.15 Theorem (Schmidt-Stix; [40, Corollary 1.6]). Let Y and X be strongly hyperbolic Artin
neighborhoods (see [40, Def. 6.1]) over a finitely generated field extension k of Q. Then the natural
map ' ,

Isom; (Y, X) — IsomOGl;t(ni’t(Y), 7'(X))

is a bijection.

As a corollary, they deduced the following striking result, which was also predicted by
Grothendieck in his letter:

0.16 Theorem (Schmidt-Stix; [40, Corollary 1.7]). Let X be a smooth and geometrically connected
variety over a finitely generated field extension k of Q. Then every point of x has a basis of Zariski-
neighborhoods consisting of anabelian varieties (in the sense that they satisfy the Isomorphism
Conjecture).

It is important to note that, although the above results are all formulated in terms of étale
fundamental groups, the methods used to deduce these theorems heavily rely on Artin and
Mazur’s étale homotopy theory from [AM], which we will now discuss.

12



The étale homotopy type. The aim of étale homotopy theory is to attach an entire homotopy
type TI¢(X), called the étale homotopy type, to a scheme X.

The following constitutes a minimal set of properties that any sensible notion of étale homo-
topy type ought to satisfy:

0.17 Desideratum. The étale homotopy type I1¢'(X) should simultaneously refine the étale
fundamental group as well as the étale cohomology of X:

(a) There is a natural identification of profinite groups
m (IT(X), x) = 7'(X, %)
for any geometric point X — X.
(b) There is a natural identification
H'(I1"(X); A) = Hy(X; A)
for any finite abelian group A.

This first requirement already shows that IT¢'(X) cannot be represented by an ordinary topo-
logical space: The fundamental group m;(T) of any such T is a plain discrete group, but ﬂft(X )
carries itself a profinite topology. Instead, just how profinite groups are represented by formal
cofiltered limits of finite groups, IT¢(X) should be modelled as a formal cofiltered (homotopy)
limit of (suitably finite) topological spaces, i.e. a notion of profinite homotopy type.

The first construction of IT¥(X) along these lines was given by Artin and Mazur in [AM].
They constructed an étale homotopy type Hg‘M(X ) satisfying the requirements formulated in
0.17 as an object of the category Pro(ho(sSet)) — the pro-category (see §1.1) of the homotopy
category of simplicial sets.

A major drawback of Artin and Mazur’s construction is that it requires first passing to the
homotopy category and then forming the pro-category. However, in order to employ techniques
from abstract homotopy theory (in the sense of Quillen) to analyse IT1®'(X), one would much
rather do things the other way around: First pass to the pro-category, and then to a homotopy
category. It has taken considerable effort from many people, notably Friedlander (see, e.g., [13])
and Isaksen (see [11]), to make this happen. One reason for this is that it is technically very
demanding to set up a well-behaved homotopy theory of formal cofiltered limits, i.e. equip pro-
categories with model structures.

0.18. In this thesis, we exclusively work with the co-categorical incarnation IT¢! (X) defined via
Lurie’s shape theory as can be found, for example, in [20], where also the connection to HeAtM(X )

is discussed. We give a concise introduction to IT$,(X) in (§2.1).
The étale homotopy type lets us define higher étale homotopy groups.

0.19 Definition (higher étale homotopy groups). Let X be a qcgs scheme, X a geometric point
of X and n > 1. The n-th étale homotopy group of X at x is given by

(X, %) 1= 1, (TE(X), ).
If n > 2, it is a profinite abelian group.
It turns out that for curves, these are not so interesting. They are étale K(7, 1)-schemes (see

Theorem 2.3.12) in the following sense:

13



0.20 Definition (étale K(7,1)). A qcqgs scheme X is said to be an étale K(r, 1) if, for any choice
of geometric point X of X and any n > 2, the étale homotopy group 75'(X, %) vanishes.

Note that all the anabelian main conjectures rely solely on nft. Therefore, it is unreasonable

to expect any of them to hold for schemes that are not étale K(r, 1). Instead, one has to con-
sider variants of the above conjectures utilising the full étale homotopy type in this case. In the
following section, we present the appropriate variant of the Section Conjecture.

The generalised Section Conjecture. Within the realm of anabelian geometry, the present
manuscript constitutes a further step in the study of anabelian phenomena of higher-dimensional
varieties as in the work of Schmidt and Stix [40]. Concretely, we study the generalised real Section
Conjecture. In order to give a precise statement of our main results, we first briefly explain how
one formulates the generalised Section Conjecture using the étale homotopy type:

0.21. Similarly to the fundamental exact sequence, we proved that there is a fundamental fibre
sequence , '
e (Xg) = M (X) — BG

of étale homotopy types in joint work with Peter J. Haine and Sebastian Wolf, see [15, Corollary
0.5] or Theorem 2.1.16.

This suggests to replace the set § (ﬂft(X /k)) of Grothendieck’s Section Conjecture with the
set of homotopy classes of sections of the above fibration I1¢(X) — BG:

Definition (2.2.1). The set of étale sections of X /k is given by
S*(X k) := mo mapy, (BGy, TI%(X)).

With an appropriate replacement for S(n“ft(X /k)) in place, the generalised Section Conjecture
becomes:

Conjecture (generalised Section Conjecture, 2.2.3). The canonical map
X() = $X/k), a~ la]
is a bijection.

By performing a homotopy-theoretic analogue of the construction in 0.11 on the fundamental
fibre sequence 0.21, we are furthermore able to define a pro-¢ version Sbft(X /k) of SEt(X /k) for
every prime ¢, resulting in:

Conjecture (generalised pro-¢ Section Conjecture, 2.3.9). The composition
X(k) — (X /k) — 85" (X /K)

is a bijection.

14



0.1 Overview of results

In order to give a precise statement of our main results, let us quickly introduce the following
notation:

0.22 Definition (equivariantly triangulable, 3.3.1). A scheme X /R is called equivariantly trian-
gulable if its complex analytification X(C) admits the structure of a finite-dimensional Z/2-CW
complex.

0.23 Remark. In Proposition 3.3.11, we show that X /IR is equivariantly triangulable in the
following cases:

(1) X is smooth over R.
(2) X is affine and of finite type over R.
(3) X is projective over R.

However, we expect this to hold in much greater generality, namely whenever X /R is separated
and of finite type (see Remark 3.3.12).

Our first main result is, in first approximation, a higher-dimensional generalisation of Wick-
elgren’s pro-2 real Section Conjecture:

Theorem A (3.3.6). Let X be any equivariantly triangulable qcgs scheme of finite type over R.
Then X /IR satisfies the generalised pro-2 Section Conjecture: The canonical map

T X(R) - S5(X/R)
is a bijection.

0.24 Remark. In the case of a hyperbolic curve X /R, Theorem A recovers the classical pro-2
real Section Conjecture (see Corollary 2.3.13). Our Theorem A thus in particular provides yet
another proof of the classical real Section Conjecture for hyperbolic curves, see Corollary 3.3.16.

Leveraging on the fact that simply connected homotopy types are nilpotent, we deduce that
a surprisingly large class of varieties over R satisfies the full generalised Section Conjecture:

Theorem B (3.3.9). Any equivariantly triangulable and geometrically étale simply connected
gcgs scheme X of finite type over R satisfies the generalised Section Conjecture: The canonical
map

T X(R) — $*(X/R)

is a bijection of sets.

0.25 Remark. Theorem A and B showcase the following novel phenomena in anabelian geom-
etry, which are worth highlighting:

(a) Theorems A and B are the first anabelian results that do not require smoothness of the
varieties in question.

(b) Inexisting results of anabelian geometry, all the geometric information is extracted from nft.
In this sense, Theorem B is orthogonal to all other existing results in anabelian geometry.

15



Our proof is very homotopy-theoretic in nature (see §0.2 for an outline of the proof) and is
based upon the (proven, see [28], [25] and [7]) Sullivan Conjecture. In order to make the Sullivan
Conjecture applicable to the real Section Conjecture, we furthermore proved some results in
profinite homotopy theory. As these results might be of interest on their own, we are now going
to briefly present them as well.

0.26. Fix some nonempty set of primes X.

Firstly, we slightly expanded upon Lurie’s [SAG, Appendix E] by working out some basic
facts surrounding the notion of nilpotency in (Z-)profinite homotopy theory. Here, our main
theorem is a homotopy-theoretic analogue of the well-known fact that nilpotent profinite groups
are the product over their p-Sylow subgroups:

Theorem C (1.6.22). The following are equivalent for a connected Z-profinite anima K:

(1) K is nilpotent (in the sense of Definition 1.6.17).

(2) The canonical map

K—)HK?

teX

is an equivalence of (Z-)profinite anima.
Here, (—)Q denotes Lurie’s ¢ -profinite completion functor (see §(1.4)).

As explained in (§0.2), the key ingredient we prove in order to deduce Theorem B from
Theorem A is the following:

Theorem D (3.2.4). Let G be a finite p-group and K a connected nilpotent profinite anima with
G-action. Assume that KPC # @. Then the canonical map

hGHA AYhG
(K )p - (Kp)
is an equivalence of p-profinite anima.

Theorem D is a straightforward consequence of Theorem C and our final result, a computa-
tion in non-abelian profinite group cohomology. This latter computation is probably well-known
to experts, but we were unable to find a reference for it:

Theorem E (3.1.1). Let I' be a profinite group acting on another profinite group N. If the super-
natural orders of I' and N are coprime, then HI(F, N) vanishes.

0.2 Outline of the proofs of Theorems A and B

Our proofs of Theorems A & B proceed in several steps, which we are now going to outline:
Step 1: Reinterpretation in terms of homotopy fixed points. We employ Quick’s strategy
from [37] to reinterpret the Section Conjecture as a problem comparing fixed points to homotopy

fixed points. In our setup, this reinterpretation is based on the following Theorem of Lurie, see
[SAG, E.6.5.1]:

16



Ingredient 1. Let G be a profinite group.
Denote by Ani,(G) the co-category of profinite anima with continuous G-action and by
(Anij) /Bc the co-category of profinite anima over BG. Then the construction

K +~ (KJG -+ /G =BG)

carrying a profinite G-anima K to its homotopy quotient K//G furnishes an equivalence of co-
categories Ani,(G) — (Ani)) /8- The inverse of this equivalence is given by sending a map
L — BG to its fibre equipped with the natural G-action.

0.27. The fundamental fibre sequence 0.21

e (Xg) = TE(X) — BGy
implies that, under the equivalence of Ingredient 1, the map ¢ (X) — BGj corresponds to
1% (X;) equipped with its natural G-action.

As, under the equivalence of Ingredient 1, the mapping anima mapy;;(BG, K//G) gets further-
more identified with the materialisation |[KPC| (see §1.3.1) of the homotopy fixed point anima
KNG (see §1.5), we obtain:

0.28. There is a canonical bijection
S(X k) = mo TS (X )Pk

Ingredient 1 therefore lets us reformulate the Section Conjecture as a comparison
X(k) = X(R)% exmannns o T (X" = (X /k)

of fixed points with homotopy fixed points. In [44], Sullivan proposed his conjecture about exactly
this kind of comparison.

Step 2: Applying the Sullivan Conjecture. In our proof, we employ the following version
of the Sullivan Conjecture, again due to Lurie:

Ingredient 2 (Sullivan Conjecture, see 1.7.1).
Let p be a prime number, G a finite p-group and K a finite-dimensional G-CW complex.
Then the composite of the canonical maps

(K9 — (KM)p — (Kp)C
is an equivalence of p-profinite anima.

Here, given a space L with G-action, LC denotes the fixed point space and L'C the homotopy
fixed point anima of L with respect to the given G-action (§1.5).
Now we apply Ingredient 2 to the complex analytification X(C).

0.29. If X is equivariantly triangulable, the Sullivan Conjecture from above is applicable to X (C)
and, since X(R) = X(C)%/2, we obtain a chain of equivalences

X(R)) =~ (X(©)Z/%))
~ (X(C)))hZ/2 by the Sullivan Conjecture.

Our objective is to eventually extend the above chain of equivalences in such a way that
Theorem A is what remains when applying 7,(—) everywhere.

Since Sét(X JR) = 1o I8 (X)PCk is defined purely in terms of the étale homotopy type
1€ (X ), we need a bridge from the topological to the algebraic world:
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Step 3: The generalised Riemann existence theorem. In order to continue, we have to
relate

X(C) evamnnns TIE (X ).

To this end, recall that the Riemann existence theorem asserts that there is a canonical
isomorphism of profinite groups

' Xe) = mEO),

where (—)" denotes profinite completion.
Artin and Mazur refined this isomorphism to an equivalence of homotopy types:

Ingredient 3 (generalised Riemann existence, see 3.3.3). Let X be a scheme of finite type over
R. Then the profinite completion (see 1.2.14) of X(C), denoted by X(C)%, coincides with the
étale homotopy type ITS! (X ).

Ingredient 3 is the crucial input enabling us to relate the Sullivan Conjecture with the Section
Conjecture.

0.30. Indeed, the generalised Riemann existence theorem supplies equivalences
X(€)y = (X(©)x)y
~ MM (X )5,

compatible with the respective Z /2-actions, and therefore lets us prolong the chain of equiva-
lences of 0.29 to

XRY) ~ (X(©)2/%))
~ (X(C)))hZ/2 by the Sullivan Conjecture

~ (Héog(X@)Q)hZ/ 2 by the generalised Riemann existence theorem.

The set of connected components of (Héog(X@)g\)hZ/ 2 is precisely & gt(X /R). So, since (—)’2\
preserves connected components, Theorem A is what remains of the equivalence

X(R)) =~ (& (X)))h2/?
on Ty.

0.31. With this final description, there is only one obstruction to proving the full Section Con-
jecture left: The 2-profinite completion (—), appearing in (L (XC)Q)hZ/ 2 but not in the set of

étale sections S'(X /R) = 7o IIE (X )PZ/2.

This is where our Theorem D comes into play:

Step4:“A+ D — B”. Inorder to finally deduce the real Section Conjecture for X, we would
like the following to hold:

Ingredient 4. The canonical map
(MEX )M/ - MEXe))H?/?

is an equivalence of 2-profinite anima.
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0.32. Assuming Ingredient 4, we can yet again prolong the chain of equivalences of (0.30) to

X(R)} = (X(C)2/%))
~ (X(C)))MZ/2 by the Sullivan Conjecture
~ (& Xe))HM%/2 by the Riemann existence theorem
~ (I (X)MZ/2)) by Ingredient 4,

and, since (—)Q preserves connected components, conclude that the real Section Conjecture
holds:

o X(R) = 7o X(R))
= Mo (Xe)™/%),
= 1o I (X )™/
= $*(X/R).

Unfortunately, Ingredient 4 does not hold in general. In fact, it already fails in the case of
ordinary homotopy theory:

0.33. In his seminal article [44], Sullivan’s conjecture originally asked for the map
GyA hGA
(KOYp — (KO,

to be an equivalence. In [7], Carlsson showed that this conjecture does not hold in general:
Instead, as in our Ingredient 2, one should look at the composition

(K9 — (K*)p — (K™,

which, using Bousfield-Kan’s p-completion, he shows to be an equivalence. So the discrepancy
of Sullivans original conjecture and what Carlsson showed lies precisely in a comparison of the
form

() (K")p = (Kp"©

as Ingredient 4 is asking for in the case p = 2 and K = IT%{ (X ).

Nevertheless, Carlsson demonstrates that () is indeed an equivalence, provided that K is
nilpotent. Our Theorem D, a profinite analogue of this fact, shows that the above Ingredient 4
holds, provided that I1¢ (X ) is nilpotent. Since this is particularly the case whenever X /R is
geometrically étale simply connected, we arrive at Theorem B by means of 0.32.

0.3 Related work

Since much of the related work has already been discussed in the introduction, we will be very
brief here. Within the realm of anabelian geometry, our main Theorems A and B are most
closely related to the work of Schmidt and Stix [40], since we also consistently employ the
étale homotopy type to address higher-dimensional phenomena, along with the existing body
of results on the real Section Conjecture. It should be noted that among the various proofs of
the classical real Section Conjecture available in the literature — most notably Mochizuki’s [31],

19



which contains the first such proof, as well as those by Stix [42], Vistoli and Bresciani [5], Pal [32]
and Wickelgren’s nilpotent version [46] — the methods of the present paper are most similar to
those of Pal and Wickelgren: Pal’s proof is certainly influenced by ideas surrounding the Sullivan
Conjecture, and Wickelgren actually derives her result by applying the Sullivan Conjecture.

We should also mention Quick’s article [37] again: We follow his strategy to reinterpret the
Section Conjecture in terms of homotopy fixed points. This reinterpretation is crucial for our
use of the Sullivan Conjecture.

0.4 Linear overview

Section 1 is dedicated to profinite homotopy theory: We briefly recall some facts about Serre’s
mod C homotopy theory and pro-objects in co-category theory (§1.1) and then take some time
to set up the notions and results of (2-)profinite homotopy theory we need in (§1.2 - §1.5). Here,
it should be noted that the contents of (§1.2 - §1.5) are essentially a subset of [SAG, Appendix E].
It is in (§1.6) that we slightly expand on SAG: We discuss nilpotency in the context of profinite
homotopy theory, resulting in a proof of Theorem D of (§0.1).

Section 2 discusses various forms of the generalised Section Conjecture: We briefly touch
upon our choice of model of the étale homotopy type 1< (X) via Lurie’s shape theory in (§2.1).
Then, we formulate the generalised Section Conjecture in (§2.2) and show that it recovers
Grothendieck’s Section Conjecture for étale K(7z, 1) schemes. In (§2.3), we combine (§1.6) with
(§2.2): We introduce the notion of generalised Z-nilpotent étale sections for any choice of set of
primes X, again compare it with the classical notion of geometrically (Z-)nilpotent sections for
hyperbolic curves, and use this to formulate a generalised pro-¢ Section Conjecture.

Section 3 is where we prove Theorems A, B, D and E: Theorem E is proven in (§3.1) and
subsequently combined with Theorem C to deduce Theorem D in (§3.2). Finally, we deduce
Theorems A and B in (§3.3).

Notation and Conventions

(1) We freely make use of the language of co-categories as developed by Lurie in his trilogy
[HTT], [HA] and [SAG].

(2) By abuse of notation, we will consider ordinary categories (i.e. 1-categories) as co-categories
via the nerve construction N(—), and usually suppress it from the notation.

(3) We follow Scholze and Clausen’s suggestion to replace the term “space” by “anima”. We write
Ani for what Lurie calls “co-category of spaces” and refer to it as “co-category of anima”.

1 Some (Z-)profinite homotopy theory

This section develops all the purely homotopy-theoretical machinery and results we use. We
start with a brief background section (§1.1) containing a short recollection of Serre’s mod €
homotopy theory and the notion of pro-objects in the language of co-categories. In (§1.2), we
introduce the notion of X-profinite anima for a chosen set of primes X and discuss some of their
formal properties. Next, we specialise to the case £ = 7 of all primes in (§1.3): Here, we adapt
well-known concepts of homotopy theory, most importantly homotopy groups and cohomology
groups, to the profinite setting. In (§1.4), we go to the other extreme and specialise to = = {p}
the set consisting of a single prime. The resulting p-profinite homotopy theory is especially easy
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to control, as it turns out to be entirely determined by If,-cohomology. We also introduce the
p-profinite completion functor (—)2 and discuss some of its pleasant properties. We then briefly
discuss the notion of homotopy fixed points in (§1.5). In (§1.6), we adapt the notion of “nilpotent
anima” to the setting of profinite homotopy theory: Among other things, we show that Bousfield-
Kan p-completion I,~(—) agrees with p-profinite completion (_)2 of 7-finite anima and use
that to deduce Theorem D from the classical arithmetic fracture square. Finally, in (§1.7), we
state the variant of the Sullivan Conjecture, due to Lurie, that we use.

1.1 Background

Serre’s mod C theory

In this section, we quickly recall the basics of Serre’s mod € theory as originally laid out in
[41]. The main result relevant to the present paper is Theorem 1.1.3, a version of the classical
Hurewicz theorem relative to a fixed class of abelian groups.

1.1.1 Definition (Hurewicz class). Let € be a non-empty collection of abelian groups.
(a) Cisaclass, if for any exact sequence A — B — C of abelian groups A, C € C implies B € C.
(b) Cisa Hurewicz class if it is a class satisfying the the following additional properties:
(®) If A,B € C, then also A @, B and TorIZ(A,B) € C.

(H) If A € C, then also H;(A;Z) € C fori > 0. Here, H,(A; Z) denotes the group homology
of A acting trivially on Z.

1.1.2 Definition. Let C be aclassand ¢ : A — B a homomorphism of abelian groups.
(a) @ isa C-monomorphism, if ker(p) € C.
(b) @ is a C-epimorphism, if coker(p) € C.
(c) @ isa C-isomorphism if it is both a C-monomorphism and a C-epimorphism.

1.1.3 Theorem (Serres’ Hurewicz mod C, [41, Théoréme 1]). Let C be a Hurewicz class of abelian
groups, n a positive integer and K a topological space with g K = m; K = *. Suppose m; K € C for
i < n.Then, for0 <i < n,also H;(K;Z) € Cand n, K - H,(K;Z) is a C-isomorphism.

In this thesis, we make use of the following Hurewicz classes:

1.1.4 Example. Let p be a prime number and @ # X a set of prime numbers. The following are
Hurewicz classes:

(1) The collection C = {0}. Serre’s Hurewicz mod € recovers the ordinary Hurewicz theorem in
this case.

(2) The collection € of finitely generated abelian groups.
(3) The collection € of finite abelian p-groups.
(4) The collection € of uniquely p-divisible abelian groups.

(5) The collection € of Z-finite abelian groups (Definition 1.2.3).
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Categories of pro-objects

In this section, we will collect some basic facts concerning pro-categories. We will only discuss
the co-categorical version as this also subsumes the 1-categorical concept, i.e.

Pro(N(C)) ~ N(Pro(®)),
for any ordinary category € (see Remark 1.1.15).

1.1.5 Recollection (equivalence of co-categories). Let C and D be co-categoriesand F: C — D
a functor.

(a) Recall that a functor G: D — C is said to be homotopy inverse to F if GoF and FoG are
isomorphic to the identity functors ide and idyp in Fun(@, €) and Fun(D, D), respectively.

(b) F issaid to be an equivalence of co-categories if it admits a homotopy inverse.
(c) €and D are equivalent if there exists some equivalence of co-categories F : € — D.

1.1.6 Notation. Given two co-categories € and D, we write Fun®(€, D) c Fun(e, D) for the
full subcategory spanned by those functors F : € — D that preserve cofiltered limits.

We define the pro-category of an co-category € via a universal property:

1.1.7 Definition (pro-category). Let C be an oco-category. A functor j: € — Pro(C) exhibits
Pro(©) as pro-category of C if the following hold:

(a) The co-category Pro(€) admits cofiltered limits.

(b) Given any oco-category & admitting cofiltered limits, precomposition with j induces an
equivalence _
j* 1 Fun® M (Pro(@), &) - Fun(C, &)

of co-categories.

1.1.8 Remark. If € — Pro(C) and € — Pro(C)’ exhibit Pro(€) and Pro(€)’ as pro-categories of
C respectively, then the above definition gives rise to a canonical equivalence Pro(€) ~ Pro(C)'.
Therefore, if there exists a functor € — Pro(C) exhibiting Pro(C) as a pro-category of C, it is
essentially unique.

1.1.9 Notation. Let C be an co-category.
(a) We write j : € —» Fun(G,Ani)°?,c — h° = map(c, —) for the Yoneda embedding.

(b) A prorepresentation of a functor F : € — Ani is a cofiltered diagram J — C,i — d; together
with an equivalence

F =~ lim;ey h%,
where the limit is taken in Fun(€, Ani)°P.

(c) We say that a functor F : C — Ani is prorepresentable if there exists a propresentation of it.

(d) We write Fun®™®(@, Ani) for the full subcategory of Fun(€, Ani) spanned by the prorepre-
sentable functors.
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By the dual of [HTT, 5.3.5.4], pro-categories always exist:
1.1.10 Theorem (existence of pro-categories, Lurie). Let C be an co-category.
(1) The restriction of the Yoneda embedding

Jj: € - Fun(C,Ani)®, ¢+ h°=map,(c,—)

pro

exhibits Fun*(C, Ani)°P as a pro-category of C.

(2) If C admits finite limits, then a functor is prorepresentable if and only if it preserves finite limits.
Therefore,

ji € — Fun'™(C,Ani)®, ¢+ h°=map,(c,-)

lex

exhibits Fun " (@, Ani)°P as a pro-category of C. Here, FunleX(G, Ani) denotes the full subcate-
gory of Fun(C, Ani) spanned by the left exact functors.

1.1.11 Remark. Let € be an oo-category. Note that, by Theorem 1.1.10, Remark 1.1.8 and the

Yoneda lemma, any functor j : € — Pro(C) exhibiting Pro(C) as a pro-category of € is necessarily
fully faithful.

1.1.12 Notation («lim»). Let C be an co-category, j: € — Pro(€) a pro-category of C and
¢ € Pro(C) a pro-object in €. By Theorem 1.1.10, there exists a cofiltered diagram J — C,i — ¢;
and an equivalence

¢ = lim;eg ji(cp)

By abuse of notation, we will from now on simply write ¢ ~ «lim»; ¢; in this case.
We will make extensive use of the following observation:

1.1.13 Theorem (existence of pro-adjoints). Let R: D — C be a functor between co-categories
with finite limits. If R preserves finite limits, it admits a pro-left adjoint L : Pro(C) — Pro(D) that,
with respect to the identifications of Theorem 1.1.10,

Pro(C) ~ Fun'(C,Ani)® and Pro(D) ~ Fun'®(D, Ani),
is given by precomposition with R.
Proof. The assumptions imply that

L: € — Pro(D) = Fun'™*(D,Ani)®, ¢ [d~ map(c, R(d))]

is well-defined. The fact that its extension L : Pro(€) — Pro(D) is left adjointto R : Pro(D) —
Pro(C) follows immediately from the Yoneda lemma. O

We will make frequent use of the following important result about diagrams in pro-categories:

1.1.14 Proposition. Let C be an co-category and J a finite partially ordered set. Then precomposi-
tion along C — Pro(C) induces an equivalence of co-categories

Pro(Fun(J, €)) — Fun(J, Pro(C)).

In other words, any diagram 3 — Pro(C) can be obtained, in an essentially unique way, as a
cofiltered limit of diagrams J — C.
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Proof. Using the natural identifications
Pro(—) ~ Ind(—°?)°? and Fun(—,—)° ~ Fun(-°P, —°P),
this follows from dualizing [HTT, Prop. 5.3.5.15]:

Pro(Fun(7, €)) ~ Ind(Fun(J, ©)°P)°P
~ Ind(Fun(J°P, C°P))°P
~ Fun(J°P, Ind(€°P))°P  (by [HTT, Prop. 5.3.15])
~ Fun(J, Ind(C°P)°P)
~ Fun(J, Pro(C)). O

1.1.15 Remark. If Cis an ordinary category with finite limits, there similarly is an identification
Pro(€) ~ Fun'* (e, Set)°P,
see (the opposite of) [24, Prop. 6.1.7]. This can be leveraged to see that
Pro(N(C)) ~ N(Pro(C))

in this case: According to [HTT, 5.5.6.16], any left-exact functor preserves (k-)truncatedness of
objects and morphisms. This shows that any left exact functor N(€) — Ani factorises over the
inclusion N(Set) C Ani implying that

Pro(N(C)) = Fun'**(N(€), Ani)°P
~ Fun'*(N(€), N(Set))°P

~ N(Fun'®*(¢, Set)°P)
~ N(Pro(@)).

An argument for this without assuming € to admit finite limits can be found in [HTT, 5.3.5.6].

1.2 Z-profinite homotopy theory

The goals of this section are to define the co-category of Z-profinite anima, and to introduce
homotopy-theoretic analogues of the group-theoretic (X-)profinite completion functors.
Throughout this section, let £ denote a nonempty set of prime numbers.

1.2.1. In the following, we will mostly work with
(1) X = 7 the set of all primes,
(2) Z = {p} the set containing a single prime p, and
(3) = = p’ the set containing all primes but p.
1.2.2 Notation.
(a) Given any set of primes T, we write ' = 7\ X = {p prime | p & Z}.

(b) By abuse of notation, we usually substitute ¥ = {p} with p in formulas, i.e. we write Anig
instead of Ani{Ap}, (—)p, instead of (—){Ap} etc. in the following.
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>-profinite group theory

To define the homotopy-theoretic concept of a Z-(pro)finite anima, we first briefly discuss its
group-theoretic counterpart.

1.2.3 Definition (Z-finite groups).

(a) A group G is said to be Z-finite if it is a finite group the cardinality of which lies in the
multiplicative closure of X.

(b) We write Grpy; C Grp for the full subcategory of the category of groups spanned by the
Z-finite groups.

Now, we pass to pro-objects:

1.2.4 Definition (Z-profinite groups). The category Grpg := Pro(Grpy,) is called the category
of Z-profinite groups.

1.2.5Lemma. Let1 — H — G — K — 1 be a short exact sequence of groups. The following are
equivalent:

(1) G isZ-finite.

(2) H and K are Z-finite.

Proof. Immediately follows from #G = #H - #K. O
1.2.6 Proposition (Z-profinite completion of groups).

(1) The inclusions Grpy, C Grp,_ C Grp are stable under finite limits.
(2) The inclusions Grpy, C Grp,y C Pro(Grp) admit left adjoints
(=" = (=) : Pro(Grp) - Grp, and (-)'*: Grp, — Grpy,

called profinite completion and 2-profinite completion respectively. Under the identification
Pro(—) ~ Fun'®(—, Set)°P of Remark 1.1.15, they correspond to precomposition with the in-
clusions Grpy, C Grp,, C Grp.

Proof.

(1) The inclusions Grpy;, C Grp, C Grp are certainly stable under finite products. Given any
cospan G — K « H of groups, the fibre product G Xg H is a subgroup of G X H. Therefore, by
Lemma 1.2.5, they are also stable under fibre products. As fibre products and finite products
generate all finite limits, the claim follows.

(2) Invirtue of Theorem 1.1.13, this is a formal consequence of (1). O
1.2.7 Remark.

(a) Note that Grp,. simply denotes the category of finite groups.
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(b) Write PfGrps for the category of “topological” profinite groups, i.e. compact Hausdorff and
totally disconnected topological groups. Then the functor Grp;; — PfGrps given as the
extension by cofiltered limits of the functor

Grp, — PfGrps, G+~ Ga,

where G? denotes G equipped with the discrete topology, is an equivalence of categories by
Stone duality, see [23, p.236].

(c) The composition Grp C Pro(Grp) (_—)A> Grpg ~ PfGrps recovers the usual profinite
completion functor.
>-profinite anima
The following is the homotopy-theoretic counterpart of X-finite groups:
1.2.8 Definition (Z-finite anima).
(a) An anima K is said to be Z-finite if the following conditions are satisfied:
(1) K istruncated, i.e. there exists N € IN such that 7, (K, k) = Oforallk e K and alln > N.
(2) The set my(K) is finite.

(3) For each point k € K and each integer n > 1, the group =,(K, k) is a Z-finite group.

(b) The full subcategory Aniy C Ani spanned by the Z-finite anima is called the co-category
of Z-finite anima.

1.2.9 Definition (Z-profinite anima). The oco-category Anig := Pro(Aniy) is called the oco-
category of Z-profinite anima.

1.2.10 Remark. Let X and ¥’ be two nonempty sets of primes.

(1) Note that ¥’ C  implies Aniyy C Aniy and hence also Anig, C Anig.

(2) Since X C 7 we in particular have an inclusion Anig C Anij.

1.2.11 Lemma. Let

L

F
*
be a fibre sequence of anima with B connected. If two out of F, E and B are Z-finite, so is the third.

Proof. By splitting the induced long exact sequence on homotopy groups into short exact se-
quences, this follows from Lemma 1.2.5. A little extra care has to be taken in the case where E
and B are assumed to be X-finite: Here, the induced long exact sequence on homotopy groups
terminates in

w. — M(B) > 1y F —» 1y E — * = my B.

and one has to show that 7, F is finite. This can be done by choosing different points of F: Indeed,
since 7y E is assumed to be finite, the surjection o F » 7y E gives a finite decomposition
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o F = Ucer, £(To F)c, Where (1 F)¢ denotes the subset of those connected components of
F that are mapped to C € g E. It is therefore enough to show that (7t F)¢ is finite for each
C e 1y E. Given such a connected component C, choose a point x € F the component of which
gets mapped to C € my E (which is possible since my F - 7y E is surjective). The long exact
sequence of homotopy groups induced at this point shows that

(g F)c = (1 F » 1y E)~1(C)
= im(m;(B, b) = my F),

where b € B denotes the image of x € F. Thus (7 F)¢ is the image of a map with finite domain,
hence finite. This shows that 7ty F is finite as claimed. O

1.2.12 Proposition (Z-profinite completion of anima).

(1) Theinclusions Aniy C Ani, C Ani are stable under finite limits.

(2) Theinclusions Anig C Ani} C Pro(Ani) admit left adjoints
(—)a: Pro(Ani) > Ani; and (-)}: Anip — Anij.
Moreover, under the identifications Pro(—) ~ Funlex(—, Ani)°P of Theorem 1.1.10, they corre-
spond to precomposition with the inclusions Aniy C Ani, C Ani.
For the proof, we need the following observation:
1.2.13 Lemma (Mayer-Vietoris sequence). Let

E L. E

a| ~ 1]”
B —— B

8

be a pullback square of anima with B connected. Then, for any choice of pointse € E and b’ € B,
there is an induced fibre sequence

QB —— E’

| * e

+ —— EXB,
exb’

Proof of Lemma 1.2.13. Write b := g(b’) and let F := fib,(g) denote the fibre of g at b. Note that,
since B is connected, the maps E <4 < F- B inducea map F — E’ making the diagram

p

F E' E *
@ pXxq @) idg xf (©) b
B ———— EXB' —ilgxg— EXB ———
e X idg prp
pry ) prg



commute. By assumption, the pasted diagrams (1) + (2) + (3) and (2) + (4) are cartesian. Squares
(3) and (4) are also clearly cartesian. Because (2) + (4) as well as (4) are cartesian, so is (2). Since
(1)+(2)+(3) as well as (2) and (3) are cartesian, it analogously follows that (1) is cartesian. Write
F* for the fibre of p X g at e X b’. Then the above shows that we have a commutative diagram

F* F E’'
(5) (€Y pXq
* B’ - ExB.
b’ EXIdB/

By definition, the pasted diagram (5) + (1) is cartesian. Since, by the above, square (1) is also
cartesian, it follows that (5) is cartesian too. The computation

* Xp gt F ~ x% Xp'B! (B, XB,b *)
o~ % Xb,B,b £
~ OB,

now lets us conclude. O
Proof of Proposition 1.2.12.

(1) It certainly suffices to show that Aniy C Ani is stable under finite limits, as we obtain the
second claim in the special case ¥ = 7. Note that Aniy C Ani is clearly stable under finite
products. It is therefore enough to show that it is also stable under fibre products. To this
end, let L — K « L’ be any cospan of Z-finite anima. If K is not connected, say K = Ut K;
with each K; a connected component of K, then

L XK L’ = U?=1(Li XKi Ll,)’

where L; and L{ denote the unions of those connected components of L and L/, respectively,
mapping to K;. Since Z-finite anima are clearly stable under finite coproducts, we may as-
sume K to be connected. We may thus apply Lemma 1.2.13 to conclude that there is a fibre
sequence

QK —— Lxg L'
|7
%+ —— L XL/,

Ixl'

for any choice of pointsl € Land !’ € L’. Since L and L' are Z-finite, sois L X L’. In particular,
mo(L X L") = my L X 1y L' is finite. Choose a component C X C’ of L x L’ as well as a point
I x " lying in C x C’ and observe that, since fibre products commute with products, square
(B) in

QK —— CxgC' —— Lxg L'

l (4) 1 B) 1

* T CXC, ——> LXL
X
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is cartesian. Since the pasted rectangle (A) + (B) is also cartesian, it follows that (A) is
cartesian. Because C X C' is furthermore connected, Lemma 1.2.11 is applicable to (A) and
implies that C X C’ is Z-finite. Therefore, so is

Lxg L = ||  coxxc
CXC'emy LxXmy L’

as a finite disjoint union of 2-finite anima.

(2) Invirtue of Theorem 1.1.13, this is a formal consequence of (1). O

1.2.14 Definition (Z-profinite completion). The functors constructed in Proposition 1.2.12
(—)a: Pro(Ani) - Ani; and (-)}: Ani; — Anig

are called profinite completion and Z-profinite completion, respectively.

1.3 Profinite homotopy theory

In this section, we specialise to the set £ = 7 consisting of all primes. Since Anig C Ani, for
all other choices of %, all concepts and results that hold at this level of generality automatically
apply to Z-profinite anima as well.

Our motivation for studying profinite anima is as follows: Since the étale fundamental group
nft(X ,X) of a scheme X is a profinite group, one cannot hope to adequately develop étale homo-
topy theory using ordinary anima, as their fundamental groups are ordinary groups. We will start
by explaining how the homotopy groups of profinite anima are naturally profinite groups. We
will then attach cohomology groups to any such profinite anima and close the section by study-
ing their cohomological finiteness properties. We refer the reader to [SAG, §E] for a thorough
treatment of profinite homotopy theory.

Homotopy groups of profinite anima

As every profinite anima K can be written as a formal cofiltered limit K = «lim», K, of 7-
finite anima K, levelwise application of the ordinary homotopy group functors yield profinite
homotopy groups 7,(K) of K (see Definition 1.3.3). An important feature of profinite anima
(that ceases to hold for the oco-category Pro(Ani) of arbitrary proanima) is that one can check
on homotopy groups whether a map of profinite anima is an equivalence (Theorem 1.3.9 &
Corollary 1.3.10).

1.3.1 Definition (materialisation). The materialisation functor |—| : Aniy — Ani is the exten-
sion by cofiltered limits of the inclusion Ani, C Ani, i.e. |«lim», K| = lim, K, € Ani.

1.3.2 Definition (points). Let K be a profinite anima.
(a) A pointof K isamap k: * — K of profinite anima. We sometimes write k € K in this case.
(b) The oo-category of pointed profinite anima is given by Ani,’;,* = (Ani}), / = Pro(Ani, ).

1.3.3 Definition (profinite homotopy groups). Let K be a profinite anima, k a point of K and
n>1.
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(a) The (profinite) set of connected components of K is the image of K under the Pro-extension
fip : Anijy = Pro(Ani,) — Pro(Set,) = Set/
of the connected component functor 7y : Ani, — Set.
(b) The n-th (profinite) homotopy group of K at k is the image of (K, k) under the Pro-extension
ft, © Aniy, ~ Pro(Ani, ,) — Pro(Grp, ) = Grp)

of the ordinary homotopy group functor 7, : Ani,, — Grp,. Note that #,(K,k) is a
profinite abelian group for n > 2.

1.3.4 Lemma [SAG, E.5.2.2]. The functor Aniy, — Set, carrying a profinite anima K to the set of
connected components my(|K|) of its materialisation, preserves cofiltered limits.

1.3.5 Corollary. Letn > 1. The functor AniQ’* — Grp, carrying a pointed profinite anima (K, k)
to the n-th homotopy group 7,,(|K|, |k|) of its materialisation, preserves cofiltered limits.

Proof. In virtue of Lemma 1.3.4, this follows from 7,, = 1y 0 Q", where Q" denotes the n-fold
iterated loop anima functor Q : Ani, — Ani,, (K, k) —» Qi (K) := map*((Sl, %), (K, k)). O

1.3.6 Corollary. Let K be a profinite anima, k a point of K and n > 1. Then:
(1) The underlying set of 7ty K coincides with my|K|.

(2) The underlying group of 7t,,(K, k) coincides with 7,,(|K|, |k|).

1.3.7 Definition. Letn > 0 and K a profinite anima.

(a) K issaid to be n-truncated if for all points k € K and all m > n the homotopy group 7,,,(XK, k)
vanishes.

(b) K is said to be truncated if it is n-truncated for some n > 0.

(c) K issaid to be n-connected if it is connected and if for all points k € K and all 1 <i < n the
homotopy group 7t;(K, k) vanishes.

The following is a useful tool for reducing from profinite to 7z-finite statements:
1.3.8 Lemma. Let K be a profinite anima.
(1) The following are equivalent:
(a) K is n-truncated.

(b) K can be written as a formal cofiltered limit K = «lim», K, with n-truncated 7-finite
anima K.

(2) The following are equivalent:
(a) K is n-connected.
(b) K can be written as a formal cofiltered limit K = «lim», K, with n-connected r-finite

anima K.
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Proof. The first statement follows immediately from the equivalences of conditions (2) and
(4) in [SAG, E.4.6.2], the second one from [SAG, E.4.6.3]. In order to see this, note that Lurie
defines the notions of n-truncatedness and n-connectedness by the conditions (b) above, see
[SAG, §E.4.1.1]. O

A map of profinite groups G — H is an isomorphism if and only if the induced map on un-
derlying groups is an isomorphism. One way to see this is through the topological incarnation of
profinite groups mentioned in Remark 1.2.7: continuous bijections between compact Hausdorff
spaces are already homeomorphisms. Crucially, a homotopy-theoretic analogue of this fact holds
for profinite anima:

1.3.9 Theorem (Profinite Whitehead theorem; [SAG, E.3.1.6]).
The materialisation functor |—| : Aniy — Ani is conservative. That is, the following are equiv-
alent foramap f : K — L of profinite anima:

(1) The map f is an equivalence of profinite anima.

(2) The map f induces an equivalence of ordinary anima |K| — |L|.

Since it is not explicitly mentioned in [SAG, E.3.1.6], let us also record the following imme-
diate corollary of the Profinite Whitehead theorem:

1.3.10 Corollary. The following are equivalent for a map f : K — L of profinite anima:

(1) The map f is an equivalence of profinite anima.

(2) The map f induces isomorphisms on homotopy groups, more precisely:
(a) Theinduced map f, : fto K — 7ty L is an isomorphism of profinite sets.
(b) Forallk € Kandn > 1, theinduced map f, : #,(K, k) — #t,(L, f(k)) is an isomorphism
of profinite groups.

Proof. The only non-obvious part is to prove that f is already an equivalence if it induces iso-
morphisms on homotopy groups (and connected components). By Theorem 1.3.9, it suffices
to show that |f|: |K| — |L| is an equivalence of ordinary anima in this case. But since, by
Corollary 1.3.6, we have that 7, (|K|, k) is the underlying group (resp. set, if n = 0) of 7,,(K, k)
and similarly for L, the claim follows from the ordinary Whitehead theorem [17, Thm. 4.5]. O

Cohomology of profinite anima

Since filtered colimits of abelian groups are exact, one is able to define cohomology of profinite
anima in terms of that of 7-finite anima (Definition 1.3.12). See [SAG, §E.7.1] for more details.

1.3.11 Notation. For K a Kan complex and A an abelian group, we write C*(K; A) for the chain
complex of A-valued (singular) cochains on K. Since the construction K — C*(K;A) carries
equivalences to quasi-isomorphisms, it induces a functor C*(—; 4): Ani”® — D(Z), where
D(Z) denotes the derived co-category of Z.

1.3.12 Definition. Let A be an abelian group.
(a) We let C*(—; A): (Aniy)°P — D(Z) denote the extension of C*(—; A) : Anifrp - D(Z)

preserving filtered colimits.
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(b) IfK is a profinite anima and n > 0 is an integer, we write H"(K; A) = H"(C*(K; A)) and
refer to it as the n-th cohomology group of K with coefficients in A.

1.3.13 Remark. IfK = «lim», K,, then C*(K; A) = colim, C*(K; A).
In particular, H*(K; A) = colim, H"(K,; A).

As is the case for ordinary anima, cohomology is representable by Eilenberg-Maclane anima:

1.3.14 Theorem (representability of H"(—; A), [SAG, E.7.1.6]). Let A be a finite abelian group
and n > 1. The functor
Ani), - Ab, K~ H"'(K;A)

is represented by K(A, n) € Ani, C Ani,, (in the homotopy category of Anil).
Proof. Both functors
L~ H'(L;A) and L+~ mymap(L,K(A,n))
coincide on Aniy’ and commute with filtered colimits. O

The following notion will be used extensively throughout the subsequent sections:

1.3.15 Definition. A map of (profinite) anima is said to be an I,-equivalence if it induces an
isomorphism on IF,-cohomology groups.

1.3.16 Remark. Because K — C*(K;A) agrees with K — C*(|K|; A) whenever K is 7-finite,
Remark 1.3.13 shows that there is a natural comparison map C*(K; A) — C*(|K|; A) depending
functorially on K € Aniy. In particular, there are natural maps H*(K; A) — H*(|K|; A) com-
paring “continuous” to ordinary cohomology. We refer the reader to [SAG, E.7.1.5] for more
details.

(Co-)homological finiteness properties of 7-finite anima

In this section, we will collect some basic (co-)homological finiteness properties of 7-finite and
profinite anima that will be made use of later on. We also derive a Kiinneth theorem for profinite
anima (Proposition 1.3.21).

1.3.17 Lemma. For K € Ani, we have that H,,(K; Z) is finite for n > 1.
Proof. We proceed in several steps:

(1) K simply connected.

In the simply connected case, the claim is an immediate consequence of Serre’s Hurewicz
mod €, Theorem 1.1.3, for € the class of finite abelian groups.

(2) K = BG for a finite group G.
When K = BG for a finite group G, we have H,(BG; Z) = H,(G; Z), so the claim follows
from the corresponding statement in group homology (H,,(G; Z) is finitely generated and
annihilated by ord(G) provided that n > 0, hence finite). Furthermore, if we have a local sys-
tem on BG with value a finite abelian group A, H,,(BG; A) = H,,(G; A) is finite provided that
n > 0 (observe that this is already the case for the standard complex computing H,.(G; A)).
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(3) Arbitrary m-finite K.
We may assume K to be connected. Consider the Serre spectral sequence

E), = H,(BmK;H,(15,K; Z)) = Hp, (K;Z)

attached to the fibre sequence 15;K — K — Bm; K. Combining the first two steps, we see

that Ef,,q is finite provided that p + q > 0. Therefore Effq and thus also H,,(K; Z) are finite
whenever n = p + g > 0 as claimed. O

We obtain the following immediate cohomological vanishing results:

1.3.18 Corollary. Let K be a connected r-finite anima. Then, for all but finitely many primes ¢,
the cohomology group H"(K; IF,) vanishes for all n > 0.

Proof. This immediately follows from Lemma 1.3.17 and the universal coefficient theorem. [

1.3.19 Corollary. For K a connected profinite anima, we have that

Q, n=0,
0, n>0.

H'(K;Q) = {

Proof. By writing K as a cofiltered limit of connected 7-finite anima, we may assume K to
be 7-finite. The claim is now an easy consequence of the universal coefficient theorem and
Lemma 1.3.17. O

1.3.20 Proposition. Let @ # X be a set of primes, ¢ a prime number not in Z, and K a connected
Y-profinite anima. Then
F{, n=0,

H"(K,F,) =
(K. Fe) {0, n>o0.

Proof. By writing K = «lim», K, with connected and Z-finite K,, we may assume K to be
>-finite. We proceed in several steps:

(1) K is simply connected and 2-finite.

If K is simply connected, Serre’s Hurewicz mod € 1.1.3 for C the class of Z-finite abelian
groups implies that also H,(K;Z) are Z-finite abelian groups. The claim is now an easy
consequence of the universal coefficient theorem.

(2) K = BG for G a X-finite group.

If we have any local system on BG with value a ¥'-finite abelian group 4, H"(BG; A) =
H"(G; A) vanishes, see e.g. [NSW, Proposition 1.6.2].

(3) Arbitrary connected 2-finite K.
The Serre spectral sequence

EP? = HP (B (K); H(15,K; ) = HPYI(K; Tp).

attached to the fibre sequence 151K — K — Bm(K) degenerates at the E,-page by the
preceeding steps. This shows the claim. O

Finally, we deduce a Kiinneth theorem for profinite anima:
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1.3.21 Proposition (Kiinneth theorem). Let K and L be profinite anima. For every field x, the
canonical map
C*"(K;%) ®, C*(L;x) = C*(K X L; x)

is an equivalence. In particular, we have a canonical isomorphism
H*(K;%) ®, H'(L;x) - H*(K X L; x)

Proof. Using Proposition 1.1.14, we can write the diagram K — % <« L as a cofiltered limit of
diagrams K, — * < L, of z-finite anima. The canonical map of the statement can therefore be
identified with the filtered colimit of the canonical maps

C*(KOC;K) (2 C*(Loz;K) - C*(Ka X Lg; %)

The result now follows from the ordinary Kiinneth theorem [17, Thm. 3.15] (and the fact that,
according to Lemma 1.3.17, it is applicable to z-finite anima). O

1.3.22 Remark. Alternatively, Proposition 1.3.21 can be deduced from [SAG, E.7.2.1]. We de-
cided to give an alternative proof since the proof of [SAG, E.7.2.1] contains broken references as
of right now.

Profinite completion and materialisation

An essential property of profinite completion is that it remembers cohomology with finite coef-
ficients. In order to give a precise statement, we first require the following formal observation:

1.3.23 Lemma [SAG, E.4.4.1, E.0.7.12]. The restriction of the profinite completion functor
(=) : Ani C Pro(Ani) — Ani,
is left adjoint to the materialisation functor |—| : Anij — Ani.

Proof. Write |—|: Pro(Ani) — Ani for the extension by cofiltered limits of the identity func-
tor on Ani. Then this is clearly right adjoint to the inclusion Ani C Pro(Ani). The profinite
completion functor (=), : Pro(Ani) — Ani), is defined as the pro-left adjoint to the inclusion
Ani,; C Ani. Since adjoints compose, we see that the restriction

(=)2 : Ani C Pro(Ani) — Ani,
is left adjoint to the restriction
-] : Ani,AT C Pro(Ani) — Ani,
which coincides with the materialisation functor |—| : Ani,Ar — Ani of Definition 1.3.1. O

The unit of the above adjunction allows us to compare the cohomology of an anima K with
the cohomology of its profinite completion K2.

1.3.24 Proposition. Let K be an anima and A a Z-finite abelian group. Then, the composition of
the maps
H(K; A) - H'(IKy|; A) = H'(Kg; A),

where the first map comes from pulling back along the unit map K — |K§| and the second map is
the one of Remark 1.3.16, is an isomorphism.
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Proof. This is an easy consequence of the representability of cohomology:

H"(K2; A) = mymap(K2,K(A, n))
= 1y map(K,K(A4, n))
= H"(K, A),

where the first and third equality hold by Theorem 1.3.14 (and the version of it for ordinary
anima), and where the second equality holds even on the level of mapping anima since, by
construction, (—)’Z‘ is left adjoint to Anig C Pro(Ani). O

1.4 p-profinite homotopy theory

In this section, we specialise to the set £ = {p} consisting of a single prime p. What makes
p-profinite anima very pleasant is that their homotopy theory is entirely determined by their
IF,-cohomology (Theorem 1.4.1). As a corollary, p-profinite completion Kﬁ (Definition 1.4.4) of a
(profinite) anima K is uniquely determined by the property that it exactly remembers all the in-
formation found in the IF,,-cohomology of K (Proposition 1.4.6). More background on p-profinite
homotopy theory can be found in [DAG, §3].

The following theorem can be found in [DAG, Lemma 3.3.15]:

1.4.1 Theorem (cohomological characterization of equivalences between p-profinite anima).
The following are equivalent for a map f : K — L of p-profinite anima:

(1) The map f is an equivalence of p-profinite anima.
(2) The map f is an F,-equivalence (in the sense of Definition 1.3.15).
As a consequence, we obtain a useful reformulation of Corollary 1.3.18:

1.4.2 Corollary. Let K be a connected n-finite anima. Then K;} is contractible for all but finitely
many €.

Proof. According to Proposition 1.4.6 and Theorem 1.4.1, this is an immediate consequence of
Corollary 1.3.18. O

p-profinite completion and materialisation
The profinite completion and materialisation adjunction carries over to the p-profinite setting:
1.4.3 Lemma ([DAG, Not. 3.3.14]). The inclusion Anig C Aniﬁ admits a left-adjoint
(=)p: Ani,, — Anig.
Proof. This is Proposition 1.2.12 in the case that T = {p}. O

1.4.4 Definition. The functor (—)g : Ani, — Anig from Lemma 1.4.3 is called p-profinite
completion functor.
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1.4.5 Notation. We also simply write (—)S : Ani - Anig for the composite

R A O
Ani — Ani; — Ani,,

Since adjoints compose, this is a left adjoint to the materialisation functor |—]| : Ani), — Ani
restricted to Anig C AniQ (recall Lemma 1.3.23).

For completeness’ sake, let us also record the following immediate corollary of Proposi-
tion 1.3.24:

1.4.6 Proposition. Let K be a (profinite) anima. Then the composition of the maps
H'(K;Fp) - H'(IKp|; Fp) = H(Kp; ),

where the first map comes from pulling back along the unit map K — |K£| and where the second
map is the one of Remark 1.3.16, is an isomorphism.

Proof. This is Proposition 1.3.24 specialised to £ = {p} and A = .. O

Exactness properties of p-profinite completion

In this section, we record some elementary “exactness” properties of p-profinite completion-
More precisely, we show that p-profinite completion preserves finite products and coproducts
as well as connected components of profinite anima.

1.4.7 Lemma. The p-profinite completion functor (—)S ! Ani — Ani@ preserves finite coproducts.

Proof. Let K;,i = 1,...,n be a finite family of anima. Then Hi(Ki)g exists and is given by the
levelwise coproduct. For any p-finite anima L, we have

map(LL;(K;)}, L) = T1; map((K;), L)
~ IT; map(K;, L)
~ map(Hl-Ki, L)

and the result follows from the Yoneda lemma. O

1.4.8 Corollary. Let K be an anima. If iy K is finite, the unit map K — |K£| induces a bijection
Ty K = 1y K},. If K is moreover O-truncated, so is [K}|.

Proof. By Lemma 1.4.7, it suffices to see that #t, : Anij, — Set preserves finite coproducts. But
as fty = 1y o|—|, this follows from the fact that |—| preserves finite coproducts [SAG, E.4.4.4]. If
K is moreover 0-truncated, we have K € Anip so that K;,\ =K. O

1.4.9 Corollary. Let K be a profinite anima.
(1) The unit map K — K, induces a bijection fto K = fty K.

(2) IfK is O-truncated, so is K, i.e. K = K, in this case.
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Proof. Since the canonical map 1y K — 1 K;J\ is a continuous map between profinite sets,
it suffices to show that it is a bijection on underlying sets. According to Lemma 1.3.4, my(—)
preserves cofiltered limits. By construction, so do |—| as well as (—)2. Therefore, the functors
mo(|—|) and (_)2 both preserve filtered limits, so we may assume K to be 7z-finite. Now apply
Corollary 1.4.8. Using Lemma 1.3.8, the second claim follows exactly the same way. O

1.4.10 Lemma. The p-profinite completion functor (—)2 : Anij — Anig preserves finite products.

Proof. Since, according to Theorem 1.4.1, p-profinite anima are entirely determined by their I, -
cohomology, it suffices to show that the canonical map K X L — K S X Lg is an IF-equivalence.
To this end, using Proposition 1.3.21 twice, we compute
HY(Kp x Lp; ) = H' (K Fp) ®p, H (Lp; Ep)
= H'(K; Tp) ®r, H'(L; )
~ H*(K X L; Fp).

Here we also used that p-profinite completion preserves If,-cohomology, see Proposition 1.4.6.
O

Later, we will make use of the following straightforward observation:

1.4.11 Corollary. The p-profinite completion functor (—)2 is symmetric monoidal as a functor
(—)p : (Aniz)* — (Anij)* C (Aniy)*

Proof. Lemma 1.4.10 shows that (—)2 : (Anip)* — (Anig)>< is symmetric monoidal. The result

hence follows since, by Proposition 1.2.12 (1) for £ = {p}, the inclusion (Ani;,\)>< C (Anif[)>< is
also symmetric monoidal. O

1.5 Homotopy fixed points

In this subsection, we finally introduce the notion of homotopy fixed points. For this, given a
profinite group G, we first need to define an co-category AniL(G) of profinite anima with contin-
uous G-action (Definition 1.5.1). A central feature here is that the operation of taking a profinite
anima K with G-action to its homotopy quotient K//G does not lose any information, provided
one remembers the induced map K//G — BG (Theorem 1.5.3). This result will be the basis for
reformulating the Section Conjecture in terms of homotopy fixed points. We finish this section
with discussing a version of Quick’s homotopy fixed point spectral sequence (Proposition 1.5.6).

1.5.1 Definition. Let G be a profinite group. The co-category of profinite anima with (continuous)
G-action is given as Ani,(G) := RModg(Ani,). We usually write map; instead of map, i gy

1.5.2 Remark.

(1) The co-category Anil, is symmetric monoidal with respect to the product. As G is a profi-
nite group (i.e. a group object in profinite sets), it is also a group in Anij, and therefore an
associative algebra in (Anij)*. The oo-category RModg(Ani,) of Definition 1.5.1 denotes
the oo-category of right modules over G, see [HA, §4.2] for more details.

(2) If G is a finite group, the above definition unwinds to AniQ(G) ~ Fun(BG, Anig).
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We are now finally able to give a precise statement of Ingredient A of the introduction:

1.5.3 Theorem [SAG, E.6.5.1, E.6.4.4]. Let G be a profinite group. The construction
GAK — KJG— %G =BG,

where K//G denotes the homotopy quotient of K under the action of G, determines an equivalence
of co-categories Aniy(G) — (Aniy) /BG- Furthermore, the inverse of this equivalence is given by
taking fibres.

We now come to the definition of homotopy fixed points.

1.5.4 Definition. Let G be a finite group and K e Ani,(G) a profinite anima with G-action. The
(profinite) homotopy fixed point anima of K is given by K’ := limpg K € Anil.

1.5.5 Remark.

(1) Recall that by [SAG, E.6.0.8], given any map g : K’ — K of z-finite anima, the pullback
functor
q*: (Aniy)x — (Aniy) /g, L — L Xg K’

admits a right adjoint g,.. Denote the unique map BG — x* by t. Then, under the equivalence
Anij(G) ~ (Anifr)/ sg Of Theorem 1.5.3, (—)"C gets identified with t,, i.e. K’ ~ t.K//G.
Indeed, unwinding the definitions we see:

map(L, t,K//G) ~ mapy,(L X BG, K//G)
~ map;(L",K)
~ 1}3%1 map(L, K),

where LY denotes L equipped with the trivial G-action.
(2) Specialising to L = *, we in particular obtain

|KPC| ~ map(x, K'C)
~ mapy;(BG, K//G)
~ map, (", K).

(3) One could use the last observation to at least define |[K"C| for any profinite group G acting
on kK.

A central feature for us is the existence of a homotopy descent spectral sequence converging
to the homotopy groups of homotopy fixed point anima:

1.5.6 Proposition (Quick, [36, Theorem 2.16]). Let G be a finite group and K a connected profinite
anima with G-action. Assume K"C # 3 and let x € KPC. Then there is a conditionally convergent
homotopy descent spectral sequence

EY = H'(G, 7,(K)) = #,_y(K",x),

where the action of G on 7t,(K) depends on the choice of x.
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1.5.7. In the following proof, we write M, for the underlying co-category of a model category
M, i.e. M, denotes the oo-categorical localisation of the nerve of M with respect to the weak
equivalences.

Proof. Denote Quick’s model category of profinite spaces by & (see [35] for more details). By
[1, Corollary 7.4.9], there is an equivalence of co-categories Ani) ~ &_. By [36, Corollary 2.11],
there is a Quillen adjunction between Quick’s category of profinite G-spaces $(G) and the slice
model category S’/BG. Combining all of these results, we obtain a chain of equivalences of co-
categories

AniQ(G) ~ (Ani;\,) /BG by Theorem 1.5.3
~ (8 )8
~ (8/86)oo
=~ 8(G)eos

where, in virtue of [9, Corollary 7.6.13], the second to last equivalence holds since BG is fibrant
in 8. The result hence follows from Quick’s profinite homotopy fixed point spectral sequence
[36, Theorem 2.16]. ]

1.5.8 Remark.

(1) The differentials in the above spectral sequence are of the form
d . Es,t - Es+r,t+r—1
r- r r *
Moreover, B = x if t — s < 0 and the diagonal E}* is only receiving differentials.

(2) Also note that [36, Theorem 2.16] assumes that K is pointed. This assumption is unnecessary:
In [4], Bousfield explains how to obtain the spectral sequence of a unpointed cosimplicial
space, as long as one chooses a point of its totalization (£ K" above). So using the machinery
of [4] instead of [BK, §X.6], one obtains the above unpointed variant.

(3) Quick puts unnecessary assumptions on K (resp. G) in order to enforce strong convergence
of the above spectral sequence (as he later noted himself in [37, Remark 4.3]). We refer the
reader to [4, §4] for a detailed discussion of convergence of homotopy spectral sequences.

1.6 Nilpotent Z-profinite anima

One often encounters simply-connectedness assumptions in homotopy theory. In a lot of cases,
one can considerably relax these assumptions: First, a lot of the arguments assuming simply-
connectedness also work for simple anima, i.e. anima with abelian fundamental group acting
trivially on the higher homotopy groups. Second, using Postnikov towers, one can then often
generalise to anima that are inductively build from such simple anima: So called nilpotent anima
(we refer the reader to [27, §3, §4] for an overview of nilpotency in homotopy theory).

Unfortunately, except for some remarks here and there, [SAG, Appendix E] does not really
develop the theory of nilpotent profinite anima. So in this section, we will provide a concise
treatment of the theory of nilpotency in profinite homotopy theory.

39



Nilpotent Z-profinite groups
Following the strategy of (§1.2), we start by discussing nilpotency in the world of profinite groups.

1.6.1 Recollection (nilpotent group action). Let 7 be a group acting on a (possibly nonabelian)
group G.

(a) The action of 7 on G is called nilpotent if there exists a finite series of normal subgroups
1=G,CGy 1 C..CGy =G
such that:
(1) Gj_1/Gj is abelian and a central subgroup of G/G;, and
(2) G isam-subgroup of G and the induced action of 7 on G;_; /G; is trivial.
(b) 7 is said to be nilpotent if the natural conjugation action of 7 on itself is nilpotent.
1.6.2 Definition (nilpotent Z-profinite groups). Let @ # X denote a set of prime numbers.

(a) We write Grpy,_ ., C Grpy, for the full subcategory of nilpotent Z-finite groups.

(b) We write Grpg_nil := Pro(Grpy ) C Grpg for the full subcategory of (pro-)nilpotent Z-
profinite groups.

1.6.3 Lemma. Let1 — N — G —> H — 1 be a short exact sequence of m-groups with N con-
tained in the centre C(G) of G. If both N and H are nilpotent 7-groups, so is G.

Proof. Let1l =Hy; C Hy_; C ... C Hy = H be a chain of subgroups witnessing the 7z-nilpotency
of H. Similarly, let 1 = N, C N;_; C ... C Ny = N be a chain witnessing the -nilpotency of N.
If we now write

_Ap'#HY, q<s

a- Ng—s» S+t>q>s,

G

the chain 1 = Gg,; C G441 C ... C Gy41 C N =G, C ... C Gy = G witnesses the 7-nilpotency
of G. O

1.6.4 Proposition. Any action of a finite p-group 7 on another finite p-group G is nilpotent.

Proof. We prove this by induction on #G. If #G = 1 the claim is trivial. So assume the claim
holds for all finite p-groups H with #H < #G. Since C(G) is a characteristic subgroup of G, the
short exact sequence 1 — C(G) — G — G/C(G) — 1 is a short exact sequence of 7-groups
with all appearing groups being p-finite. Since, according to [16, Theorem 4.3.1], 1 # C(G),
we have that # C(G), #G /C(G) < #G. Therefore, by our inductive assumption, both C(G) and
G/C(G) are m-nilpotent. Hence so is G by Lemma 1.6.3. O

1.6.5 Lemma. Let 7 and 7’ be groups acting nilpotently on G and G’ respectively. Then the diago-
nal action of T X ©’ on G X G’ is nilpotent as well.

Proof. Let1 =G4 C Gg_y C ... C Gy =G, resp. 1 = G;, C G;,_l C .. C Gy = G’, be chains of

subgroups witnessing the 7r-nilpotency of G and the 7’-nilpotency of G, respectively. By possibly
switching G and G’, we may assume that g > ¢'. Define G| := 1for ¢’ < i < g. Then clearly
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1=GgC G;—1 C .. C G = G’ also witnesses the 7’-nilpotency of G’. One now immediately
verifies that
1 =Gy xGy ch_leé_1 C..CGyxGy=GxG'

witnesses the (7 X 7’)-nilpotency of G X G’. O
1.6.6 Lemma (nilpotent completion). Let @ # X denote a set of prime numbers.

(1) The full subcategory Grps,_ ., C Grpy is stable under finite limits.
(2) The inclusion Grpg_nil C Grp’z\ admits a left adjoint
(=)™ Grpy — Grpl ;.

lex

Moreover, under the identifications Pro(—) ~ Fun " (—, Set)°P, it corresponds to precomposi-

tion with the inclusion Grpy_ ., C Grps.
Proof.

(1) By Lemma 1.6.5, Grpy_,; C Grpy is stable under finite products. Since subgroups of nilpo-
tent groups are again nilpotent, Grpy_ ., C Grpy is also stable under fibre products (see the
proof of Proposition 1.2.6). Since finite products and fibre products generate all finite limits,
we conclude.

(2) Invirtue of Theorem 1.1.13, this is a formal consequence of (1). O

The homotopy-theoretic analogue of the following group-theoretic characterization of nilpo-
tency in the profinite world will be a crucial ingredient in our strategy for proving Theorem B of
the introduction.

1.6.7 Theorem (characterization of pronilpotent groups; [38, Prop. 2.3.8]). Let G be a Z-profinite
group.

(1) G is pronilpotent if and only if G contains a unique ¢-Sylow subgroup G, C G for each prime
teX

(2) If G is pronilpotent, then G = [] ., Ge.

1.6.8 Remark. In [38, Prop. 2.3.8], Theorem 1.6.7 is only formulated in the case that ¥ = 7
is the set of all prime numbers. The Z-profinite version is an immediate consequence of this
version.

Nilpotent (Z-finite) anima

In this section, we collect some results concerning nilpotent (2-finite) anima. A key advantage
of working with nilpotent instead of simple/simply connected anima is that they are stable
under finite limits (Lemma 1.6.12). This allows us to define a nilpotent completion functor on
profinite anima. We furthermore prove a homotopy-theoretic analogue of Theorem 1.6.7 (see
Theorem 1.6.22 — Theorem C of the introduction).
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1.6.9 Recollection (7; 3 7,,). Let K be an anima with basepoint x. Recall that there is a natural
action of (K, x) on the homotopy groups 7,(K, x), n > 1. Indeed, (K, x) acts naturally on
itself by conjugation. One way to see the action on higher homotopy groups is via the universal
cover 1> K of K. This sits in a fibre sequence

5 K —— K
|
* —— B (K),
where 77, (K) denotes the fundamental groupoid of K. One has 7, (151 K) = m,(K, x) forn > 2
and m(K,x) = m(Br(K), x) naturally acts on the fibre 15; K (by the classical version of

Theorem 1.5.3). Since 75 K is simply connected, this actions induces an action on , (K, x) as
desired.

1.6.10 Definition (nilpotent anima). Let K be an anima.

(a) K is said to be nilpotent if it is connected and if for any basepoint x € K, the action of
(K, x) on 7, (K, x) is nilpotent for all n > 1 (in the sense of Recollection 1.6.1).

(b) K is said to be componentwise nilpotent if every connected component K, of K is nilpotent.

(c) The full subcategory of Ani determined by the componentwise nilpotent anima is denoted
by Aninﬂ.

There are plenty of nilpotent anima:
1.6.11 Example. Let p be a prime number.

(1) Any simply connected anima is nilpotent.

(2) More generally, any simple anima (i.e. any connected anima K such that the action of 7t; (K)
on 1, (K) is trivial for all n > 1) is nilpotent.

(3) Any p-finite anima is componentwise nilpotent, as follows from Proposition 1.6.4.

A huge technical advantage of allowing nilpotent anima in comparison of restricting oneself
to simply connected anima are good categorical closure properties shared by the former but not
the latter:

1.6.12 Lemma. The subcategory Ani,; C Ani is stable under finite limits.

Proof. It suffices to show that Ani,; C Ani is stable under finite products and fibre products.
That it is stable under finite products follows immediately from its group-theoretic counterpart
Lemma 1.6.5.

Stability under pullbacks is for example proven in [27, Proposition 4.4.3] for € = Ab or also
[10, Lemma 7.1]. O

A characterization of nilpotent Z-finite anima

The goal of this subsection is to show that nilpotent 2-finite anima split as the product of their p-
profinite completions, see Theorem 1.6.16. This is deduced from the classical arithmetic fracture
square after comparing our p-profinite completion (—)g to the Bousfield-Kan p-completion
Fpeo(—).

p
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1.6.13 Notation. We write I, (—) for the Bousfield-Kan mod p completion functor, i.e. what
Bousfield and Kan in [BK] denote by R, (—) for R = IF,. Note that, in [BK], they use the notation
Z, to denote I,

1.6.14 Lemma. Let K be a connected r-finite anima and p a prime number.
(1) The Bousfield-Kan p-completion IF» K is p-finite.

(2) The canonical map K;,‘ — [Fpe K induced by K — T, K is an equivalence.
Proof.

(1) This is shown in [BK, VII.4.3 (i)].

(2) By (1), Proposition 1.4.6 and Theorem 1.4.1, it is enough to show that K — F,~ K is an IF},-
equivalence. This is an immediate consequence of the universal property of Bousfield-Kan
p-completion for “p-good” anima [BK, VIL.2.1] and the fact that 7-finite anima are p-good
[BK, VIL.4.3 (iii)]. O

1.6.15 Corollary. Let K be a 7-finite anima and p a prime number. Then K;,\ is p-finite.

Proof. We may assume K to be connected. The result then follows by combining (1) and (2) of
Lemma 1.6.14. O

1.6.16 Theorem. The following are equivalent for a connected X-finite anima K:
(1) K is nilpotent.
(2) The canonical mapK — || ves K? is an equivalence.

Proof. Since K is Z-finite, so is [ [,y Fro K = [] 5 K as is seen by combining Lemma 1.6.14
and Corollary 1.4.2. So, in virtue of Corollary 1.3.19, both K and [] tex KQ have vanishing Q-
cohomology. Therefore (1) implies (2) by the classical arithmetic fracture square [BK, VI.8.1].
Combining Example 1.6.11 (3), Lemma 1.6.12 and Corollary 1.6.15, we see that also (2) implies
(2). O
Nilpotent Z-profinite anima

By now, it should come as no surprise that we extend the notion of nilpotency into the world of
profinite homotopy theory along cofiltered limits. We again fix a nonempty set of primes X.

1.6.17 Definition (nilpotent Z-profinite anima). Let K a Z-profinite anima.

(a) K issaid to be (pro-)nilpotent if it can be written as a formal cofiltered limit K = «lim», K,
with K, componentwise nilpotent and Z-finite.

(b) Wewrite Anig_nil := Pro(Aniy ;) C Anig for the full subcategory spanned by the nilpotent
Y-profinite anima.

1.6.18 Lemma (nilpotent completion).

(1) The full subcategory Aniy ;) C Aniy is stable under finite limits.
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(2) The inclusion Aniy . C Aniy admits a left adjoint

A A A
(=) ¢ Aniy — Anig ;.

Moreover, under the identifications Pro(—) ~ Funlex(—, Ani)°P of Theorem 1.1.10, (—)Qil cor-
responds to precomposition with the inclusion Aniy ; C Aniy.

Proof.

(1) This is an immediate consequence of the fact that Aniy C Ani as well as Ani,; C Ani
are stable under finite limits, as was proven in Proposition 1.2.12 (1) and Lemma 1.6.12,
respectively.

(2) Invirtue of Theorem 1.1.13, this is a formal consequence of (1). O

1.6.19 Notation. We also write (—)g_nil for the compositions

)% h 5 i
Ani) — Anij — Aniy , aswellas Pro(Ani) —> Ani, = Anif .
and we call Kg_ml the Z-nilpotent completion of the pro(-finite) anima K. Since adjoints com-
pose, tl}ese (=) ,; are left adjoint to the inclusion Aniy ; C Anij, and Ani} ; C Pro(Ani),
respectively.

1.6.20 Remark. Fix a nonempty set of primes X.

(1) Since the diagram

of inclusions of full subcategories, that all are stable under finite limits, commutes, so does
the corresponding diagram

A
p AN oy
e ™~
A A
Ani; Aniy_
>~

nil A
Anlﬂ,nil

=)

s

of left adjoints by uniqueness of adjoints. In other words, in order to form the Z-nilpotent
completion Kg_nﬂ of a profinite anima K, it does not matter whether one first Z-profinitely
and then nilpotently completes K or the other way around.

(2) Specialising to X = {p}, we furthermore observe the following:

(a) By Example 1.6.11 (3), the inclusion Anij,_,; C Ani, is an equivalence. That is: All
p-profinite anima K are automatically nilpotent, the canonical map K — Kr’;ﬂ is an
equivalence.
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(b) In particular, we see that for all profinite anima K the canonical map
A A A
Kp = Ky
is an equivalence of p-profinite anima.

(3) An immediate consequence of the last observation is that, for any profinite anima K, the
canonical map
K- Krfl‘il

is an I, -equivalence for every prime p.

(4) More generally, K — Kgl\—nil is an IF,-equivalence for every prime p € .

A big class of examples of nilpotent profinite anima are given by simply connected ones:

1.6.21 Lemma. Simply connected profinite anima are nilpotent.

Proof. Let K be any simply connected profinite anima. Then, according to Lemma 1.3.8, we
can write K = «lim», K, with each K, being z-finite and simply connected. But since, by
Example 1.6.11, simply connected anima are nilpotent, each K, is nilpotent, hence sois K. [

Finally, we are able to prove a homotopy-theoretic analogue of Theorem 1.6.7 :

1.6.22 Theorem (characterization of nilpotent Z-profinite anima, Theorem C). The following
are equivalent for a connected Z-profinite anima K:

(1) K is nilpotent.
(2) The canonical mapK — || s K ;‘ is an equivalence of Z-profinite anima.

Proof. Write K = «lim», K, for connected Z-finite anima K.
We first prove that (1) implies (2). If K is nilpotent, we may assume all the K, to be nilpotent.
Then K, =~ [ ,+(K,), by Theorem 1.6.16, hence

K ~ «lim», K,

~ lim, [ [(Ko))

tex

~ [ [ lima (Ko

teX

~ H «lim», (K“)?
tex

ZHKA,

teX

where the second to last equivalence holds in virtue of Corollary 1.6.15.
We now prove that also (2) implies (1). Using Corollary 1.3.18 and Corollary 1.6.15, we see
that the canonical map
A
K- HK A

tex
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is given as «lim», (K, — J[ fez(Ka)g). Since this is an equivalence, we may pass to a cofinal
subset {8} C {a} such that each map

Kg — [ &),
tex

is an equivalence of connected Z-finite anima. Theorem 1.6.16 now shows that each Kp is nilpo-
tent, hence so is K = «lim»g K. O]

As a corollary, we obtain an alternative and very simple description of (—)g_nﬂ:

1.6.23 Corollary. Let K be a connected profinite anima. Then the canonical map
A
Z nil - H K

is an equivalence.

3 A
Proof. Since K3

the canonical map

is a connected and nilpotent Z-profinite anima, Theorem 1.6.22 implies that

A
Z nil H(K ml)

is an equivalence. The result thus immediately follows from Remark 1.6.20 (4). O

Exactness properties of >-nilpotent completion

In this section, we record some exactness properties of the Z-nilpotent completion functor just
as we did for p-profinite completion. The proofs are essentially the same.

1.6.24 Lemma. The Z-nilpotent completion functor (—)2
serves finite coproducts.

S - Ani C Pro(Ani) — Ani} ., pre-

Proof. LetK;,i =1,...,n be a finite family of anima. Then Hi(Ki);:\-nn exists and is given by the

levelwise coproduct. For any componentwise nilpotent X-finite anima L, we have

map(Hi(Kl-)/z\_nﬂ,L) H map((K )2 nil? )
~ IT; map(K;, L)
~ map(L[l-Ki, L)

and the result follows from the Yoneda lemma. O

1.6.25 Corollary. Let K be an anima. If 7y K is finite, the unit map K — |K2 s 1| induces a bijection

oK = my K2 .. IfK is moreover O-truncated, so is |K§_

-nil nil | '

Proof. By Lemma 1.6.24, it suffices to see that #t, : Ani, — Set preserves finite coproducts. But
as fty = 1y o|—|, this follows from the fact that |—| preserves finite coproducts [SAG, E.4.4.4]. If

K is moreover O-truncated, it is a finite set and hence K € Aniy_,; so that Kg_nﬂ =K. O

1.6.26 Corollary. Let K be a profinite anima.
(1) Theunit map K — K . induces a bijection ftg K = ftg Ky, ...
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. . /\ . A _ . .
(2) IfK is O-truncated, so is KZ—nil’ ie. KZ-nil = K in this case.

Proof. Since both 7ty(—) and (—)g_nil preserve cofiltered limits, we may assume K to be 7-finite.
Now apply Corollary 1.6.25. O

Finally, we deduce that Z-nilpotent completion is symmetric monoidal:

1.6.27 Proposition. The functor (Ani;)X - (Anig)x, K Kg_nﬂ is symmetric monoidal.

Proof. We need to show that, given two profinite anima K and L, the canonical map

—- KA xLA

A
K XL snil X L5l

is an equivalence. Since both sides are compatible with cofiltered limits, we may assume K and
L to be 7-finite. As K and L now also only have finitely many connected components, we may
furthermore assume both to be connected. Using Corollary 1.6.23, we are reduced to showing

that
H(KxL)g N HKQ X HLQ ~ H(KQ x L))

teX tex tex tex
is an equivalence in this case. This is an immediate consequence of Corollary 1.4.11 though. [

1.7 The Sullivan Conjecture

To conclude this section, we state Lurie’s version of the Sullivan Conjecture as proven in his
course [SC, Lecture 30: Theorem 4].

1.7.1 Theorem (Sullivan Conjecture). Let G be a finite p-group and K a finite-dimensional G-CW
complex. Then the composite map

(K = (KM9)p — (K
is an equivalence of p-profinite anima.
1.7.2 Remark.

(1) The map (K°), — (KhG)g is obtained by applying (—)}, to the canonical map K¢ — KhG
comparing the (1-categorical) limit to the homotopy limit.

(2) The map (th)g - (KI/,\)hG is obtained as follows: The unit map K — |K£| is G-equivariant

and therefore induces a map K" — |Kp["9 ~ |(K})9|. Since (-);, is left adjoint to |—|,
this determines a map (K"¢)} — (K})"C.

2 Higher-dimensional generalisations of the Section Con-
jecture

In this section, we discuss a generalisation of Grothendieck’s Section Conjecture to schemes that
are not of type K(x, 1). In this generality, one has to utilise the full (profinite) étale homotopy
type I1$L (X), which we will briefly recall in (§2.1). We discuss the generalised Section Conjecture
and its real variant in (§2.2). Finally, in (§2.3), we discuss the pro-¢ variant of the generalised
Section Conjecture.
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2.1 The étale homotopy type

One major technical advantage of working with co-categories when developing étale homotopy
theory is that the étale homotopy type IT(X) is uniquely determined in terms of a universal
property. In order to make this precise, let us first discuss the co-categorical version of the étale
topos of X.

The étale co-topos of a scheme

First, we recall the definition of an étale sheaf in the language of co-categories:

2.1.1 Recollection (étale sheaves, [SAG, §A.3.3]). Let X be a qcgs scheme and denote by X¢
its (classical, 1-categorical) small étale site. Let € be any oo-category.

(a) Recall that a functor F : X¢'°P — @ is an étale sheaf on X with values in € if the following
two conditions are satisfied:

(1) The functor F preserves finite products.

(2) Let f: Uy - Y bean étale surjection and let U, be a Cech nerve of f (see [HTT, §6.1.2]),
regarded as an augmented simplicial object of X®t. Then the composite map

U. . F
A+ —_ Xet,op —C

is a limit diagram, i.e.
F(Y) ~ lim (F(UO) S F(Uy %y Up) B ) .
(b) The oo-category of G-valuqd étale sheaves on X, denoted by She (X, €) = Sh(X®, @), is the
full subcategory of Fun(X*®:°P, @) spanned by the étale sheaves.
Plugging in C = Ani in the above, we arrive at the étale co-topos of X:

2.1.2 Definition (étale co-topos). Let X be a qcgs scheme. The co-category Xe; := She (X, Ani)
of Ani-valued sheaves for the étale topology on X is called the étale co-topos of X.

We of course have an analogue of global sections and constant sheaves:

2.1.3 Notation (global sections). The global sections functor
Iy :=TgX,—): Xee > Ani, F - F(X)

admits a left-exact left adjoint T'y : Ani — X that carries an anima K to the constant sheaf on
X (with value K). The adjunction Ty - T , determines a geometric morphism X — Ani of
oo-topoi (which is essentially unique since Ani is the terminal co-topos).

2.1.4. We refer the reader to [HTT, §6] and [SAG, §A.3] for an overview of the theory of co-topoi
and sheaves.

With these notations in place, we are now able to give a concise definition of the étale homo-
topy type in terms of a universal property:

2.1.5 Definition (étale homotopy type). The (profinite) étale homotopy type of a qcgs scheme X
is the profinite anima TS, (X) prorepresenting the functor Ani, — Ani, K + T¢(X, [ K).
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2.1.6 Remark.

(a) Since the functor Ani, — Ani,K — [ (X, %K) is left exact, there exists some Hf;g(X )
prorepresenting it by Theorem 1.1.10 (2).

(b) By unwinding the definition, we see that II${(X) is a profinite anima equipped with an
identification ’
map(I155 (X), K) ~ Ty (X, T5K)

that is functorial in K € Ani,.

To close this section, let us give some motivation for the above definition of the étale homo-
topy type.
2.1.7 Remark. Letn € IN and let G be a finite (abelian if n > 2) group.

(a) By [HTT, §7.2.2.17], there is a natural identification
Hy(X; G) = 7 T.(Xe, T K(G, ).

Combining this with the universal property of IT¢ (X) as well as representability of coho-
mology (Theorem 1.3.14 and its non-abelian variant for n = 1), we see that
H" (I (X); G) = 1 map(IT (X), K(G, n))
= 1o ['.(Xet, I K(G, n))
= H,(X;G).

This in particular shows that I1¢! (X) satisfies Desideratum 0.17:
One recovers the 7;-statement by observing that Hét(X ; G) classifies étale G-torsors on X.
(b) Given a group G acting on an abelian group A, there is a twisted variant K(G ~ A, n) of
Eilenberg-MacLane anima that satisfy:
G, k=1,
(1) One hasthatt, K(GYA,n) =44, k=n,
0, otherwise.

(2) The action of G = m; K(G~ A, n) on A = ,, K(G~ A, n) precisely recovers the action
of G on A one started with.

These twisted Eilenberg-MacLane anima can be used to represent cohomology of local
coeffiecient systems. One can leverage this to show that IT (X) similarly recovers the étale
cohomology of X with respect to local systems of finite abelian groups.

(c) Moreover, by strengthening Desideratum 0.17 to incorporate cohomology of local systems,
one can actually realize these desiderata as a “homotopical representability criterion” that
precisely boils down to the universal property of IS, (X), as follows:

(1) Instead of asking for a comparison of cohomology, one should ask for a comparison of
the form '
map(II5 (X), =) = Tu(Xer, T*~)

for all 7-finite twisted Eilenberg-MacLane anima.
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(2) Using Postnikov towers, one can see that Ani,; C Ani is the smallest subcategory of
Ani containing all 7-finite (twisted) Eilenberg-MacLane anima that is closed under
finite disjoint unions as well as finite limits. Since both

map(IT(X),—) and T, (Xg,I*—)
are compatible with these constructions, we arrive at the universal property of Defini-
tion 2.1.5.

Definition via shape theory

In this section, we explain how our definition of the étale homotopy type IIL (X) fits together
with the definition via Lurie’s shape theory, which is nowadays mostly used to define TTS (X).

2.1.8 Recollection (shape of an co-topos). Write RTop_ for the co-category of co-topoi and
(right adjoints in) geometric morphisms. The shape is a left adjoint functor I, : RTop_ —
Pro(Ani) admitting the following explicit description:

(a) Given an co-topos &, the shape I, (L) € Pro(Ani) prorepresents the left exact functor
Ani - Ani, K+~ T(%,T5K)
(see Theorem 1.1.13).

(b) Given a geometric morphism of co-topoi f, : ¥ — X with unitu: idy — f,of", the
induced map I, (%) — I, (X) corresponds to the map

Uy Tl = T ol Ty = TyT

in Pro(Ani)°? C Fun(Ani, Ani).

2.1.9 Definition (étale shape). Let X be a qcgs scheme. The proanima IT,(X,) is called the
étale shape of X.

2.1.10 Lemma. The profinite completion M (Xeo)a of the étale shape T, (X¢;) of X is equivalent
to the étale homotopy type IS (X) in the sense of Definition 2.1.5.

Proof. The explicit description of (—)2 : Pro(Ani) — Ani), given in Proposition 1.2.12 (2) com-
bined with the description of T1,(Xe) of Recollection 2.1.8 (1) unravel to M, (Xg)n satisfying
the universal property of TIS: (X) given in Definition 2.1.5. O

In particular, we see that the assignment X ¢ (X) is functorial in X:
2.1.11 Corollary. The étale homotopy type defines a functor
& (=) : Sch™® - Anij, X - ITE(X).

Proof. Using Lemma 2.1.10, we can define I1¢{(—-): Sch®® — Ani, as the composition of
the functors Sch*® — RTop_,X — X, II,, : RTop_ — Pro(Ani) and ()} : Pro(Ani) —
Ani),. O
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2.1.12 Warning. Beware that many authors write 18, (X) for what we denote by IT,, (Xer) and
instead write something like ITgs(X), or TG (X) for what we denote by ITg;(X). We chose to
write IIS (X) for the profinitely completed invariant since this is the only one we ever use in this
thesis.

2.1.13 Remark (comparison with Hf;M(X ).

(1) Hoyois proved in [20, Proposition 5.1] that the “protrunction” of IT,(X,) (i.e. the pro-left
adjoint to the inclusion Ani_,, C Ani of fruncated anima into all anima) recovers Artin and
Mazur’s classical construction of the étale homotopy type introduced in [AM].

(2) Consequently, IT¢ (X) always recovers the profinitely completed étale homotopy type of
Artin and Mazur. This of course also shows that our definition of TS, (X) satisfies the Desider-
atum 0.17 — which should come to no surprise, given the preceeding discussions.

(3) If X is geometrically unibranch, the protruncation of IT,(Xe) is profinite already, hence
agrees with ITS{ (X) in this case, as is shown in [AM, Theorem (11.1)]. This last statement is
equivalent to saying that the equivalence

map(IT&(X), K) =~ I',(Xe; T*K)

in fact holds for all truncated anima K, not the 7-finite ones only.

The fundamental fibre sequence in étale homotopy theory

2.1.14. Recall that if X is a qcgs geometrically connected scheme over some field k, then the
choice of algebraic closure k and geometric point X — X determines a short exact sequence

1 — 78X, %) — 78X, %) = Gy — 1
of profinite groups, the so-called fundamental exact sequence of étale fundamental groups.
2.1.15. Moreover, it is well-known that the projection X; — X induces isomorphisms
TR (X)) = 7 (X)
foralln > 2.

In joint work with Peter J. Haine and Sebastian Wolf, we proved the following homotopy-
theoretical unification of the two preceeding phenomena:

2.1.16 Theorem (fundamental fibre sequence, [15, Corollary 0.5]). Let X be a gcgs scheme over
a field k with absolute Galois group Gy. Then the sequence

¢ (Xz) - N8(X) - BGy,

induced by the canonical maps X; — X — Spec(k), is a fibre sequence in Ani,.
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2.2 The generalised Section Conjecture

As explained in the introduction, it is unreasonable to expect Grothendieck’s original formulation
of the Section Conjecture to be correct for schemes that are not étale K(x, 1), as S(nft(X /k))
does not contain any information whatsoever on the higher étale homotopy of X /k.

We start this section by formulating an appropriate variant of the Section Conjecture that
remedies the above deficiency.

Setup. Throughout this section, let X be some qcqs scheme over a field k with algebraic closure
k and absolute Galois group G, := Gal(k/k).

Motivated by the fundamental fibre sequence 2.1.16, we propose to replace the set of sections
S (X /k)) with the following:

2.2.1 Definition (étale sections). The set of étale sections of X over k, denoted by Sét(X /k), is
given by the set of homotopy classes of sections of IS, (X) — BGy, that is:

S /k) := 7o mapyg, (BGy, TS (X)),

Using the functoriality of the étale homotopy type, any k-rational point a € X (k) induces a
section a, : BGy — IS (X) of IS (X) — BGy. By taking the corresponding homotopy class, we
obtain a replacement for the classical Kummer map:

2.2.2 Definition (Kummer map). The map
Kx e X(k) = 8M(X/k), a e [a,l,
is called the Kummer map of X /k.

Using these higher-dimensional replacements for S(ﬂft(X /k)) and the Kummer map %y /.,
we obtain the desired formulation of the generalised Section Conjecture for X:

2.2.3 Conjecture (generalised Section Conjecture). The Kummer map
xx sk X(k) = ST /k)

is a bijection of sets.

Relation to the classical Section Conjecture

Conjecture 2.2.3 certainly fulfills the requirement of actually utilising all the étale homotopy-
theoretic information contained in X /k. In order for it to adequately replace Grothendieck’s
Section Conjecture, we still have to make sure that it agrees with it for étale K(7, 1) schemes. To
this end, we have to understand unpointed homotopy classes of sections of classifying anima of
profinite groups.

2.2.4 Proposition. Let 7’/ 2,6 & nbea cospan of profinite groups with p surjective. Then the
mapping [¢] — [7t,(¢)] defines a bijection of sets

Ty mapy;(B7’, Br) - Homg(7/, )y,
where A := p~}(Cs(im(p’))) denotes the preimage in 7 of the centraliser in G of the image of p’

and acts via conjugation.
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Proof. We use the equivalence (Ani,) /BG & S /BG)s With Quick’s model category that we

already saw in Proposition 1.5.6. Since 77 - G is surjective, Bx — BG is a fibration in & (see [35,
Corollary 2.25]). Since every object is cofibrant, we thus have

7o mapg;(Bz’, Bmr) = my Rmap 856 (Bn',Brm)
= Tomapg - (Bn',Bx).

Hence two maps ¢y, ¢; : B’ — Bx over BG are homotopic to each other if and only if there
exists a homotopy h : Bz’ x A! — Bz over BG such that the diagram

Br' x {0}

1 N

Br’' xAl —h—> Bx

) A

Br' x {1}

commutes. Such a homotopy corresponds to a continuous natural transformation i : ¢y = ¢; of
maps of profinite 1-groupoids such that the whisker fulfills poh = id, (observe that the category

of profinite 1-groupoids embeds fully faithfully into & via the “usual” nerve construction). Write
¢g ¢ G — G for the conjugation by g. The choice of such a continuous natural transformation
boils down to the choice of an element y € 7w with the properties that:

(1) Forall o € 7’ the diagram

®o(0)
k —
/|
%

commutes, i.e. ¢y = ¢, 0 ¢, (naturality of h).

*
|7
*

RN
#1(0)

(2) For all o € 7/ the diagram

g
p'(@)
—_ %k

() lp(y)

* e ¥

—_—
P
commutes, i.e. p(y) € Cz(im(p")) (since poh = idpy). O

2.2.5 Remark. The notion of “profinite 1-groupoid” being used in the proof of Proposition 2.2.4
is to be understood as “groupoid object in the category of profinite sets”.

The bridge between the generalised Section Conjecture 2.2.3 and Grothendieck’s Section
Conjecture 0.7 is completed by the following group-theoretic observation:

2.2.6 Lemma. Let1 — 7 — 7 - G — 1 be a short exact sequence of profinite groups and write
A := p~Y(C(G)). Then the canonical quotient map

$(r » G) = Homg(G, m)z » Homg (G, m)a,  [s]z = [s]a

is a bijection.
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Proof. We obtain the quotient map since 7 C A. To prove bijectivity, let s, and s; be sections of
p such that there exists some o € A satisfying s, = o - s; - c~. We then have to show that there
exists some & € 7 with the same property. To this end, observe that & := sy(p(c™1)) - o lies in 7

and satisfies )

G516 =s5(p(o™) - (0 51-071) - 50(p(0))
= 50(p(c™h) - 50 - 50(p(9))
= 50° Cp(s-1)
= So,
where the last equality holds since p(c~—!) € C(G) by assumption. O

Combining Proposition 2.2.4 with Lemma 2.2.6, we conclude:

2.2.7 Corollary. Let X be a gcgs étale K(7r, 1) scheme over k. Then the mapping [s] — [nft(s)]
defines a bijection of sets

S4(X /k) — S(R(X/K)).

In particular, Conjecture 2.2.3 precisely recovers Grothendieck’s Section Conjecture 0.7 in this case.

The generalised real Section Conjecture

When working over k = R, injectivity of the (classical) Kummer map ceases to hold. Instead,
two points a,b € X(R) induce the same section if and only if they lie in the same connected
component of the underlying real analytification of X.

2.2.8 Notation. By abuse of notation, we write X(RR) for the real analytification of X. Similarly,
we write X(C) for the complex analytification of X.

The real Section Conjecture thus becomes:

2.2.9 Conjecture (real Section Conjecture). Let X be a smooth projective curve of genus g > 2
over R. Then the Kummer map xx /g induces a bijection

Ty X(R) — S(#(X/R)).

2.2.10 Remark. As mentioned in the introduction, there are several proofs of the above real
Section Conjecture 2.2.9 by now.

Consequently, one would expect the correct generalised real Section Conjecture to be the
following:

2.2.11 Conjecture (generalised real Section Conjecture). The Kummer map kxR induces a
bijection
Ty X(R) — S“'(X/R).

2.3 Z-nilpotent étale sections

In this section we turn our attention to a pro-¢ version of Grothendieck’s Section Conjecture
0.7. First, we recall the group-theoretic construction of the set § (nft(X /) of geometrically
>-nilpotent sections. We then introduce a homotopy-theoretic analogue of this construction to

obtain the set of higher-dimensional Z-nilpotent étale sections S ézt_nﬂ(X /k) of X /k and show that
8§t_nﬂ(X /k) recovers § (nft(X /k)"E1ily in the case of hyperbolic curves. Specialising to £ = {£},
we obtain the desired pro-¢ version.
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Group-theoretic geometrically Z-nilpotent sections

Before defining higher-dimensional Z-nilpotent sections, we first recall the classical ones in this
section. A thorough reference for the contents of this section is [43, §14].

2.3.1 Construction. Let1 — 7 — 7 — G — 1 be a short exact sequence of profinite groups.
Pushing out along 7 - 7=l = [ ses 7, we obtain an induced short exact sequence

1 — ﬁ/\z-nil — ﬂA(Z-nil) —G6 — 1,

where 7/AE 0D = 7 5. 77Xl together with a map

1 Ve G—1

! [

1 — ﬁ./\Z—nil N n./\(z-l’lﬂ) — G —1

“«

of short exact sequences.

2.3.2 Definition (Z-nilpotent nft-sections). Let X be a qcgs geometrically connected scheme
over a field k with absolute Galois group Gy. The set of Z-nilpotent ﬂ‘ft—sections, denoted by
§ (n'ft(X /)" i) is the set of sections of the short exact sequence

1 — n;et(XE)/\Z—nil N n‘lét(X)/\(Z—nil) — G, — L.

The map of short exact sequences of 2.3.1 induces a map § (ﬂft(X /k) -8 (ﬂft(X Jl)AEnily,
2.3.3 Remark.

(1) Usually, one only considers a “Z-nilpotent Section Conjecture” in the case where = = {¢}
consists of a single prime. In this case, one simply says pro-¢ section (resp. Section Conjecture)
instead of ¢-nilpotent section (resp. Section Conjecture).

(2) The reason for this is that the product decomposition 7/l = TT es 7 of Theorem 1.6.7
induces a decomposition

g(ﬂ,/\(Z—nil) > G) — Hs(ﬂ/\(f) N G)_
tex

Therefore, two different points a, b € X(k) give rise to a plethora of group-theoretic sections
by choosing one prime p € X and considering e.g. (S¢)¢es € S(n’i’t(X /k)*E il determined
by
_ Yy B, € =p,
xx (@), otherwise.

(3) Unfortunately, even the pro-¢ Section Conjecture generally ceases to hold, as was first proven
by Hoshi, see [19, Theorem A]. However, the counterexamples produced by Hoshi seem to be
of a very specific nature. There is a slightly weaker version of the pro-¢ Section Conjecture
that throws out Hoshi’s counterexamples by requiring every hyperbolic curve to admit a
finite étale cover satisfying the pro-¢ Section Conjecture, see [43, Question 221].

(4) Over k = R, the pro-2 Section Conjecture in fact holds, as was first proven by Wickelgren in
[46].

55



>-nilpotent étale sections for higher-dimensional varieties

We now turn our attention to formulating a higher-dimensional variant of the above. This boils
down to finding a homotopy-theoretic analogue of Construction 2.3.1 and applying it to the
fundamental fibre sequence

S (XE) — T (X) — BGy,

resulting in a definition of Z-nilpotent étale sections & ézt_nﬂ(X /k), see Definition 2.3.6.

Setup. Let k be a field and X a qcgs scheme over k. Choose an algebraic closure k of k and write
Gy := Gal(k/k) for the absolute Galois group of k with respect to k. Fix a nonempty set = of
prime numbers.

2.3.4 Lemma. Let G be a profinite group. The Z-nilpotent completion functor (—) induces a

functor (—)g_nil : AniQ(G) — Anig(G) such that the diagram

A
T-nil

N
2-nil

)
Aniy(G) —= Aniy(G)

| 1

A A
Ani,, —— Aniy,
T A Zz

Z-nil

commutes. Here the vertical arrows Ani,AT(G) - Anig and Anig(G) - Anig denote the functors
forgetting the G-action.

Proof. By Proposition 1.6.27, the functor (—)g_nil : (Anip)* — (Anig)X is symmetric monoidal.
It therefore preserves group objects and induces a functor on associated module categories. As

G, considered as an object of Ani,’}, is O-truncated, i.e. G = 7ty G, it follows that Gg_nﬂ = G (see
Corollary 1.6.26). This shows that (—)g_nil : (Anih)* — (Anig)>< induces a functor

Ani7(G) = RModg(Aniy) — RModg(Aniy) = Aniz(G), K+~ K}
satisfying the specified compatibility conditions as claimed. O

A
=-nil’
/Gy so that, by Theorem 1.5.3, we have a fibre sequence

2.3.5. In particular, the natural action of G, on IT (X;) induces an action of Gy, on IT¢ (Xz)

We write TISL(X)A. =TI (XR)

A
(Z-nil) * >-nil

& XRy = Hig(X)é\E—nil) — BGy.

of profinite anima.

2.3.6 Definition (Z-nilpotent étale sections). The set of Z-nilpotent étale sections of X over k is
given by
6t )
Synit(X/k) := o mapy; (BGy, T (X )5 nily):

2.3.7 Notation. To increase readability, we introduce the following abbreviations.

(a) We write Sléltﬂ(X /k) instead of Sf:_ml(X /k) and refer to it as the set of nilpotent étale sections
of X over k.
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(b) Given a prime ¢, we also write Sgt(X /k) instead of S ?nil(X /k) and refer to it as the set of
pro-t étale sections of X over k.
2.3.8. Let @ # X' C T denote sets of primes. The canonical and G,-equivariant maps
ét c ét A prg’ ét A
ITe (XE) e (XE)E—nil 1_[‘X’(‘X’E)Z’-nil

induce maps of fibre sequences

e (Xp) ———— NE(Xp) —— BGy

‘| |ere k

N8 (Xp)h , —— T8CON. . —— BGk

prg,l lprg, /G J=

e XD g — M)y ) — BGk

of profinite anima. In particular, postcomposition with ¢ /Gy and prg, /|G define maps
SHX/K) = Sypy(X/k) and - 855 (X/k) = 85 (X /K).

Fix a prime ¢. We are now able to formulate the appropriate analogue of the pro-¢ Section
Conjecture:

2.3.9 Conjecture (generalised pro-¢ Section Conjecture). The canonical map
X(k) — Sg(X/k)
is a bijection of sets.

Again, one obtains a real variant of the above conjecture by looking at 7wy X(RR) instead of
X(R).

As a corollary of Theorem 1.6.22, we obtain a product decomposition of the set of Z-nilpotent
étale sections.

2.3.10 Lemma. The canonical map

Se /i = T st /k)
teX

is a bijection of sets.

Proof. The map in question is obtained as the product over ¢ € X of the maps induced by taking
{¢} C £1in 2.3.8. Using the equivalence of Theorem 1.5.3, we compute: Taking homotopy fixed
points of the Gy-equivariant equivalence TTS,(Xp)2 . ~ [] es e (x ,g)? yields an equivalence

Z-nil —
M XS, O = [ [ eee)p)hce.
tex
The result now follows by applying 7. O
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2.3.11 Remark.

(a) In view of the product decomposition of § ;t_nﬂ(X /) = 1l é’?t(X /k) from above, we
expect the “Z-nilpotent Section Conjecture” to usually fail for similar reasons as in Re-
mark 2.3.3. This is why we only stated it in the case where £ = {¢} consists of a single
prime.

(b) Somewhat surprisingly, the (2 € X)-nilpotent Section Conjecture often holds over k = R: We
will later see in Corollary 3.2.2 that, over R, it is equivalent to the pro-2 Section Conjecture.

Comparison with the classical Z-nilpotent sections

In this section, we show that our set of Z-nilpotent étale sections Sézt_nﬂ(X /k) agrees with the
classically considered & (ﬂf‘(X /k)"E1ily in the case of hyperbolic curves. With all the preliminary
results proven so far, this quickly reduces to the following result of Schmidt:

2.3.12 Theorem (Schmidt, [39, Prop. 15]). Let k be a field and C a connected, smooth curve over
k that is either incomplete or of strictly positive genus. Then:

(1) Cisan étaleK(m, 1), ie. TIS(C) = BxS(C).

(2) Ifk is separably closed and ¢ is any prime number, then also Héog(C)Q = Bﬂft(C)’\f.

2.3.13 Corollary. Let T denote a nonempty set of prime numbers. Then, under the additional
assumptions of Theorem 2.3.12, one has

ot _ poéte il
me(C)) = Ba(Cysni,
In particular, we have that S ézt_nﬂ(C /k) = S(@E(C /KN in this case.

Proof. The first part of the statement follows immediately from Theorem 2.3.12 and the product
decompositions

IE(C, = ;‘[ ME(C)) and #ét(C)*nil = !‘[ LN (L
€X €x

of Theorem 1.6.22 and Theorem 1.6.7, respectively. The second part follows from combining the
first part with Lemma 2.2.6. O

2.3.14 Remark. Let 7 be a profinite group and ¢ a prime.

(1) Itis generally not true that
H*(ﬂ', Fg) = H*(ﬂ'/\f; IFg)

and therefore it is also generally not true that

(Bﬂ')? ~ B/,

(2) In particular, it is a special property of algebraic curves C (satisfying the conditions of Theo-
rem 2.3.12) that it in fact holds that

(B (CR)} = Ba (CM.
We currently do not know if a similar property holds for a wider range of étale K(x, 1)-

schemes.
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3 Proof of the generalised (pro-2) real Section Conjecture

3.1 A vanishing theorem for nonabelian cohomology

Our proof of the various versions of the real Section Conjecture heavily relies on the following
group-theoretic observation:

3.1.1 Theorem (Theorem E). Let T be a profinite group acting continuously on another profinite
group N. If the supernatural orders of #I" and #N are coprime, then H'(T,N) = =

Our proof of Theorem 3.1.1 relies on a characterization of Hl(F, N) in terms of complements,
which we will recall first.

Nonabelian cohomology, sections and complements
First of all, recall that there is a characterization of HI(F, N) in terms of group-theoretic sections.

3.1.2 Recollection (nonabelian H' and sections, see [43, §1, Prop. 8]). Let I be a profinite group
acting continuously on another profinite group N. Then we obtain a canonically split short exact
sequence

1->N—->NXI'—>I—1

of profinite groups. Recall that H'(T, N) classifies sections of N X{T - T up to conjugation by
N, i.e. there is a canonical identification

H'(T',N) = Homp(T, N X )y
=8S(INXT »T).

3.1.3 Definition (complement of a subgroup). Let H < G be a closed subgroup of the profinite
group G.

(a) A complement of H in G is a closed subgroup K < G such that:
(1) H-K=G
(2) HnK =1

(b) We denote by Comp,(H) the set of all complements of H in G.

We are interested in complements since they encode sections:

3.1.4 Lemma. Let1 — N — G - H — 1 be a short exact sequence of profinite groups. Then
there is a bijection

Homy(H, G) PR 12 SN Comp(N)
carrying a section s to the complement K .= im(s) and a complement K to the section s given by

-1
s HEYY S g eg

Proof. We first show that both maps are well-defined, and then that they are mutually inverse
to each other.
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(1) Lets e Homy(H, G) be a section of p. Then K = im(s) certainly is a closed subgroup of G.
Furthermore, N N K = 1 as N = ker(p). Finally, we also have N - K = G: To see this, let g
be an element of G. Then g = (g - s(p(g))™1) - s(p(g)) € N - K as required. This shows that
K indeed is a complement of N in G.

(2) LetK € Comp,(N) be a complement of N in G.

Then the composition K C G L Hisan isomorphism: Note that

ker(K c G N H) =ker(p)nK

=NNK
=1,
ie. K CG N H is injective. Furthermore,
H = p(G)
=pN-K)
= p(K),

-1
s0K C G 5 H is seen to also be surjective. This shows that sg : H (m%)» K cG iswell-

defined and a section of p.

(3) Finally, let us prove that both constructions are inverse to each other:

(a) Let s be a section of p. Then s factorises as

s = (plgy) ™ .
N K, =im(s) C G.

This shows that sg = s.

(b) Let K be a complement of N in G. Then

. X ()™
Ky, =im( sx: H—— KCG)
=K
as claimed. O

To use complements to determine H', we still have to control the effect of conjugation by
elements of N to the above bijection.

3.1.5 Lemma. Let1 — N — G -5 H — 1 be a short exact sequence of profinite groups. The
bijection of Lemma 3.1.4 induces a bijection

S(G » H) = Homy(H,G)y ——1—— Comp;(N)/ cons.-

Proof. We proceed in two steps:
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(1) Lets € Homy(H, G) be a section and o € N an element. Then

Ko so-1 =im(c-s-071h)

=0 -im(s)-o7!

=0-K;-071,

i.e. K,.5.o-1 is conjugate to K.

(2) LetK € Comp,(N) be a complement and g € G any element. Then, since G = N - K, there
exist elements o € N and k € K such that g = ¢ - k. Thus

g.K.g_l :o'.(k.K.k_l).g_l
=g-K-o71, sincek € K,
which readily implies that sg.x.g-1 = 0 - 5g - o~ is conjugate to sg via N. O

Finally, we are able to deduce Theorem 3.1.1 via the following profinite version of a classical
result of Schur-Zassenhaus.

3.1.6 Theorem (Profinite Schur-Zassenhaus, [38, Thm 2.3.15]). Let N be a closed normal sub-
group of a profinite group G satisfying (#N,#G/N) = 1. Then:

(1) There exists a complement K of N in G.
(2) Any two complements of N in G are conjugate.
Here, we write #G for the supernatural order of a profinite group G.

Proof of Theorem 3.1.1. Since (#I', #N) = 1, the above theorem is applicable to the closed sub-
group N < N XT. Therefore
H'(I',N) = Compy , +(N)/con;.
=1,

where the first equality follows from combining Recollection 3.1.2 and Lemma 3.1.5. O
3.1.7 Remark.

(a) The proof of the second part of the above theorem is elementary, provided that either N or
G/N is solvable, see e.g. [21, Thm. §1.18.2]. All known proofs of the above theorem reduce
to the solvable case by the celebrated Feit~-Thompson theorem [12], applicable since either
N or G/N are of odd order.

(b) Note that there also is a natural definition of HZ(F, N) via extensions of ' by N, see e.g. [43,

Def. 9]. Since, by Theorem 3.1.6 (1) combined with Lemma 3.1.4, any short exact sequence
1— N — G — I’ — 1 necessarily splits, one actually also has that H2(T, N) vanishes.
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3.2 Proof of Theorem D

We are interested in Theorem 3.1.1 because it has the following useful homotopy-theoretic ap-
plication:

3.2.1 Proposition. Let p be a prime number and let G be a finite p-group acting on a connected
p’-profinite anima K. Assume that K" # @ and let x € K"C. Then #t,(K"% x) = #,(K)°. In
particular, KPS is connected.

Proof. The homotopy fixed point spectral sequence 1.5.6
E)' = H'(G, #,(K)) = #,_(K"% x)

attached to G ~K collapses on the E,-page:
Since, by construction, Ez’t = x whenever t — s < 0, it suffices to discuss the casest > s > 0.

Note that E;’t = H*(G, #,(K)) vanishes whenever ¢ > 2, as we are looking at group cohomology
of a finite p-group with values in an abelian group prime to p. As K is assumed to be connected,
there is furthermore nothing to show whenever ¢ = 0. When ¢t = 1, the only potentially non-
trivial term is Eé’l = Hl(G, 7t,(K)), which vanishes by Theorem 3.1.1. O

As a corollary, we obtain that the pro-2 Section Conjecture is equivalent to the full nilpotent
Section Conjecture over the real numbers. More precisely:

3.2.2 Corollary. Let @ # X denote a set of prime numbers and X /R any geometrically connected
qcgs scheme. Assume that X(R) # @. Then

SSNX/R), if2ex

S5 A(X/R) =
znil(X/R) {*}, otherwise.

Proof. Using Lemma 2.3.10, it suffices to see that S?(X /R) = {x} for all primes ¢ # 2. Since
X(R) # @, we also have that TI¢ (X )P%/2 ~ mapBZ/z(BZ/Z, 1€ (X)) # @. This shows that in
particular (Héoﬁ,(X@)Q)hZ/ 2 + @, so that Proposition 3.2.1 is applicable. Therefore, for any ¢ # 2,
S¢(X/R) = my(IE (X)) %/2
= {x}
as claimed. O
This also lets us settle the “prime-to-2 nilpotent real Section Conjecture”:

3.2.3 Corollary (prime-to-2 nilpotent real Section Conjecture). Let 2 ¢ X be a nonempty set of
prime numbers. Then the following are equivalent for a qcqs scheme X /R such that X(R) # @:

(1) X satisfies the Z-nilpotent real Section Conjecture, i.e. the map
T X(R) = Sy (X /R)
is a bijection.

(2) The topological space X(R) is connected.
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Proof. By Corollary 3.2.2, we have that Sézt_nﬂ(X /R) = {*} since we assumed 2 ¢ X. O

The following result is the key homotopical input that lets us derive the full Section Conjec-
ture from the pro-2 Section Conjecture:

3.2.4 Theorem (Theorem D). Let G be a finite p-group and K a connected nilpotent profinite
anima with G-action. Assume that K"® # @. Then the canonical map

hGyA ARG
(KhOYy — (Kp)
is an equivalence of p-profinite anima.

Proof. As K is nilpotent, the canonical map K — [] ¢ K? is an equivalence of profinite anima
with G-action. Hence

KhG ~ (H KQ)hG
t

~ H(K?)hc.
t

Given any prime ¢, (K Q)hG remains ¢ -profinite as Ani? C Ani), is stable under limits. Therefore,
since by Lemma 1.4.10 p-profinite completion preserves finite products, we have that

hGYA ~ (FAYhG AYhGHA
(K"OY) = (K x ([ TR,
t#p
By Proposition 3.2.1, ]| ¢ ;EP(KQ)hG is a product of connected profinite anima, hence itself con-
nected. Since it is furthermore p’-profinite, Proposition 1.3.20 implies that (] ¢ ;ép(K;\)hG)S is
contractible. Thus (K¢ p = (K;,\)hG as claimed. O

3.3 Proofs of Theorems A and B

We can now finally prove the (pro-2) real Section Conjecture. We identify Gal(C/R) = Z/2.

In order to follow through with our strategy, we need to make sure that the Sullivan Conjec-
ture is applicable to X(C), i.e. we need to make sure that X(C) is a finite-dimensional Z/2-CW
complex. For the moment, we will turn this property into an auxiliary adjective:

3.3.1 Definition (equivariantly triangulable). A scheme X over R is equivariantly triangulable
if there exists a finite-dimensional Z/2-CW complex K and a Z /2-equivariant homeomorphism
K — X(C), where Z /2 acts on X(C) via complex conjugation.

3.3.2 Remark. In Proposition 3.3.11, we will see that the following classes of varieties over R
are equivariantly triangulable:

(1) X /R smooth.
(2) X/R affine and of finite type.
(3) X/R projective.

As explained in the introduction, we need to relate the homotopy type of X(C) with the étale
homotopy type IS (X ). This is achieved by the following theorem of Artin and Mazur (see
[AM, Theorem (12.9)]):
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3.3.3 Theorem (generalised Riemann existence). Let X be a scheme of finite type over C. Then
there is a canonical equivalence X(C)5 ~ T (X).

3.3.4 Remark. Artin and Mazur’s version of the generalised Riemann existence theorem as-
sumed X to be pointed and connected. Using the modern shape-theoretic definition of the
étale homotopy type, these assumptions can be dropped (as we did in the formulation of Theo-
rem 3.3.3), see e.g. [2, Theorem 11.5.3], [6, Theorem 4.12] and [8, Theorem 4.3.10].

The following constitutes the homotopical incarnation of the real Section Conjecture:

3.3.5 Theorem (homotopical real Section Conjecture, equivariantly triangulable version). Let
X be any geometrically connected and equivariantly triangulable qcgs scheme of finite type over R
and 2 € X a set of primes. There are natural equivalences

X(R)) = (I (X )))%/?
= (T (X)) )M
of 2-profinite anima.

Proof. We will apply the Sullivan Conjecture in the form of Theorem 1.7.1. First of all, it holds
that

X(R)) = (X(©)*/),.

Since X(C) is a finite-dimensional Z/2-CW-complex, Theorem 1.7.1 is applicable and shows
that furthermore

(X(CYE/2)) = (X(C))ME/2,
By the generalised Riemann existence theorem (3.3.3),
X(©)) = X(©)p)y
= 5 (X(C)))
and thus
X(©NHM/? = MEX)NM/2,

which shows that X (]R)Q ~ (T (X @)g\)hz/ 2 as claimed. Regarding the second equivalence, note
that we also have a Z /2-equivariant identification

MG (X)) = MEX) )5
If (I8 (X ¢ )g_nﬂ)hz/ 2 #+ (7, the second claim now follows as we then have that
(MEX S IDM? = (X )] M)

. hZ/2
by Theorem 3.2.4. However, if (ngg(xc)g_nﬂ) / is empty, so is X(R): any real point a € X(R)
a, A .
induces a map BZ /2 — TIS,(X) — TISS(X )&_nil) over BZ /2 and thus a point of
(M (X )y )"/? = mapgy, ,(BZ/2, TGy, )-

>-ni (Z-nil)

This finishes the proof. O
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Putting everything together, the pro-2 real Section Conjecture follows:

3.3.6 Corollary ((2 € X-) Theorem A, equivariantly triangulable version). Let X be any equivari-
antly triangulable gcqs scheme of finite type over R and 2 € X a set of primes. Then the (Z-)nilpotent
Section Conjecture holds for X, i.e. the natural map
T X(R) = Spy(X/R) = Sy (X/R) = SEX/R)
is a bijection of finite sets.
Proof. By (2.3.5), TIL (X )g\Z—nil) sits in a fibre sequence TIS,(X )}, — T (X )?Z—nil) — BZ/2 of
profinite anima. Therefore, under the equivalence of Theorem 1.5.3, the map
&t (y\A
Hm(X)(Z—nil) — BZ/2
corresponds to TS, (X il
Remark 1.5.5, we obtain

with the Z /2-action also constructed in (2.3.5). Combining this with
|(Hgg (Xc)g_nll)hZ/Z | = mapBZ/z(BZ/za Hgg (X)?Z—nil))'
Taking 7y(—), we conclude

TCO(Héog (XC )/E\_nﬂ)hZ/Z =Ty mapBZ/z(BZ/25 Hgg (X)E\Z-nil))
= Sezt_nil(X/R),

and, in virtue of Corollary 1.4.9, the claim follows from Theorem 3.3.5. O

In order to be able to state the most general form of the real Section Conjecture that we can
prove, let us introduce the following notation:

3.3.7 Definition (geometrically étale nilpotent). A qcgs scheme X /k is said to be geometrically
étale nilpotent if the étale homotopy type I1S (X%) is nilpotent (in the sense of Definition 1.6.17).

3.3.8 Remark. By Lemma 1.6.21, any geometrically étale simply connected scheme is geomet-
rically étale nilpotent.

Finally, we deduce the real Section Conjecture in the nilpotent (and therefore simply con-
nected) case:

3.3.9 Corollary (Theorem B, equivariantly triangulable version). Let X be any equivariantly
triangulable qcqs and geometrically étale nilpotent scheme of finite type over R. Then the Section
Conjecture holds for X, i.e. the canonical map

1o X(R) - §“(X/R)
is a bijection.
Proof. Since IT% (X ) is nilpotent by assumption, the canonical map

SHX/R) - & (X/R)

nil

is a bijection and the claim thus immediate from Corollary 3.3.6. O
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3.3.10 Remark. Unfortunately, Lurie’s version of the Sullivan Conjecture 1.7.1 has not been
published outside of his set of lecture notes. Based on the comparison of Sullivans p-adic com-
pletion and the Bousfield-Kan p-completion I, (—), we are still able to derive Corollary 3.3.6 as
well as Corollary 3.3.9, using the more classical versions of the Sullivan Conjecture as follows.

(1) Carlsson’s version of the Sullivan Conjecture, [7, Theorem B], states that the canonical map
Fpes (K9) = Fpes (KN0) > (Fpeo K)MC

is an equivalence of ordinary anima for every finite p-group G and finite-dimensional G-
CW complex K. Starting the first step of the proof of Theorem 3.3.5 with this version of the
Sullivan Conjecture, we obtain an equivalence

Foo X (R) = (Fye X(C))N%/2,
We can thus continue as in Theorem 3.3.5, provided we have an equivalence
() e X(C) = [X(C),

in which case, because (—)"/2 commutes with |—| (both are limits), the FF,«-version of
Theorem 3.3.5 will yield equivalences

Py (X(R)) = (TG X )"/
~ (MG X )y )M /251

of ordinary anima. This is still strong enough to deduce Theorems A and B, the proofs of
which evidently only depend on |Theorem 3.3.5] to begin with.

(2) The functor Ani - Ani,K +— |K£| recovers Sullivan’s p-profinite completion functor.
Bousfield-Kan p-completion and Sullivan’s p-profinite completion are known to agree for
spaces with degreewise finitely generated IF,-homology (see [13, Thm 6.10]). Therefore, since

H*(X(C)’ IFp) = Hzt(XC; ]Fp)
the comparison (1): I, X(C) ~ | X ((D)§| indeed holds in virtue of [SGA 4, §XIX, Thm 5.1].
We however chose to stick with using Lurie’s version of the Sullivan Conjecture 1.7.1, since this
better reflects the way we actually arrived at the proofs of Theorems A and B.

Examples of equivariantly triangulable schemes

In order to bring the above theorems to life, we of course need to address the question for which
schemes X /R the complex points X(C) actually admit the structure of a finite-dimensional
7./2-CW complex, i.e. which X /R are equivariantly triangulable.

The most general results in this direction that we could find in the literature are summarized
in the following proposition:

3.3.11 Proposition. Let X be a scheme over R. Then X is equivariantly triangulable, provided one
of the following conditions hold:

(1) X is smooth over R.
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(2) X(C) can be obtained as the zero-locus of a finite family of polynomials in R[T4, ..., T,] for
some n € IN. This includes the cases:

(a) X is affine and of finite type over R.
(b) X is projective over R.
Proof. We prove the statement case by case.

(1) If X is smooth, X(C) admits the structure of a smooth Z /2-manifold, hence admits a finite-
dimensional equivariant Z/2-triangulation by the main result of [22]. Note that, by the
conventions regarding equivariant simplicial complexes made in [22, §1], all simplicial com-
plexes considered by Illman are finite-dimensional.

(2) For X(C) c R" cut out by polynomial equations, the result follows from [33, Theorem 1.3].

(a) IfX is affine and of finite type over R, then X(C) c C" = R*" for suitable n e N.

(b) If X is projective, then X(C) c P"(C) for suitable n € IN. The claim now follows from
the embedding

2, 2 Zi-Z_‘
PUC) i R, (290 ot 2] o <z—]2)
klzkl lSl,an

of complex projective n-space into real Euclidean 2n?-space as a compact, algebraic
subset, originally due to Mannoury [26] (see also [3, Prop. 3.4.6]).

O

3.3.12 Remark. Inhis PhD thesis [18], Hofmann shows that the complex points of any separated
scheme X of finite type over R admit the structure of a finite-dimensional CW complex. It seems
extremely likely that one can actually refine this into the structure of a Z/2-CW complex, but
we have not been able to find a reference for this fact.

We therefore obtain the following concrete incarnations of Theorem 3.3.5, Corollary 3.3.6
and Corollary 3.3.9:

3.3.13 Theorem (homotopical pro-2 Section Conjecture). Let X be any qcqs scheme that is either
smooth, or affine and of finite type, or projective over R and 2 € X a set of primes. There are natural
equivalences

X(R)) = (ME(X )™/
=~ (X )"
of 2-profinite anima.

3.3.14 Corollary ((2 € X-) Theorem A). Let X be any qcqs scheme that is either smooth, or affine
and of finite type, or projective over R and 2 € X a set of primes. Then the (Z-)nilpotent Section
Conjecture holds for X, i.e. the natural map

o X(R) = Soi(X/R) = 851X /R) = SE(X/R)

is a bijection of finite sets.
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3.3.15 Corollary (Theorem B). Let X be any qcqs scheme that is either smooth, or affine and of
finite type, or projective over R. Assume further that X is geometrically étale simply connected. Then
the Section Conjecture holds for X, i.e. the canonical map

o X(R) = $*(X/R)
is a bijection.

Proofs of Theorem 3.3.13, Corollary 3.3.14 and Corollary 3.3.15.
Combine Proposition 3.3.11 with Theorem 3.3.5, Corollary 3.3.6 and Corollary 3.3.9. O

Finally, let us note that the above Theorem A also provides yet another proof of the classical
real Section Conjecture for hyperbolic curves over R:

3.3.16 Corollary. Let X /R be a hyperbolic curve. Then X satisfies the Section Conjecture, i.e. the
Kummer map )
kx/m T X(R) = S(af'(X/R) = S (X/R)

is a bijection.
Proof. By [43, Lemma 228] it suffices to show that the existence of a section s € S(nft(X /R))

implies that X(R) # @. But since, by Theorem 2.3.12 and Corollary 2.2.7, S(ﬂi’t(X /R)) =

Sét(X /R), any such s induces a section sg € sit(x /R) via the map of 2.3.8 (for £ = {2}). Thus
X(R) # @ by Corollary 3.3.14. O
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