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Abstract

This thesis deals with Radon measures and how they can be used to extend nonlinear

structured population models from the classical Euclidean state spaces to abstract

Polish metric spaces. To this end, we �rst investigate the functional analytic proper-

ties of the space of Radon measures under the �at norm and show that in some sense

the latter generalises the well-known Wasserstein distance W1 from the conservative

to the unbalanced case. We then apply variational inequality theory to derive an

explicit formula for the �at distance between a linear combination of Dirac deltas

and a �xed Dirac measure.

The second part of the thesis deals with structured population models in measures.

As a start, we consider the Euclidean case and prove well-posedness of the linear

model, �rst without and then with state-independent in�ux, using Duhamel's prin-

ciple. Subsequently, the nonlinear model is solved via a reduction to a linear model

with frozen measure arguments.

The gathered insights in the Rd case enable us to abstract the necessary concepts so

that we can transfer the model formulation to general Polish metric spaces. However,

in the absence of a vector space structure, we cannot rely on a governing di�eren-

tial equation, and introduce a suitable implicit integral representation instead which

serves both as model and notion of solution. A major step towards well-posedness

of the involved Bochner integrals is given by the structure of the space of measures

and its favorable properties under the �at norm.

We conclude with various outlooks on the applicability of our theory. At �rst,

several ideas for promising models in measures that can fully exploit the abstract

Polish state spaces are sketched. Afterwards, we show how to incorporate measure

di�erential equations and - with a minimal adaptation- also the class of coagulation-

fragmentation models into our framework. Finally, it is proven that our �at norm

is closely related to a transport type distance developed by Fournier and Perthame

to study the asymptotics of nonexpanding transport processes.
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Zusammenfassung

Diese Arbeit befasst sich mit der Erweiterung nichtlinearer strukturierter Bevöl-

kerungsmodelle von den klassischen euklidischen Zustandsräumen auf polnische me-

trische Räume. Zu diesem Zweck nutzen wir eine Formulierung in Maÿen und unter-

suchen die Eigenschaften des Raums der Radon Maÿe unter der �achen Norm. Weit-

erhin zeigen wir, dass die �ache Norm im gewissen Sinne die bekannte Wasserstein-

Distanz W1 vom konservativen zum unausgewogenen Fall verallgemeinert. An-

schlieÿend wenden wir die Theorie der Variationsungleichungen an, um eine explizite

Formel für den �achen Abstand zwischen einer Linearkombination von Dirac-Deltas

und einem festen Dirac-Maÿ herzuleiten.

Der zweite Teil der Arbeit beschäftigt sich mit strukturierten Populationsmod-

ellen in Maÿen. Zunächst betrachten wir den euklidischen Fall und beweisen die

Wohlde�niertheit des linearen Modells, zunächst ohne und dann, unter Verwendung

des Duhamelschen Prinzips, mit zustandsunabhängigem Zu�uss. Anschlieÿend wird

das nichtlineare Modell durch eine Reduktion auf ein lineares Modell mit eingefrore-

nen Maÿargumenten gelöst. Die gewonnenen Erkenntnisse im Rd-Fall ermöglichen

es uns dann, die notwendigen Konzepte soweit zu abstrahieren, dass wir die Mod-

ellformulierung auf allgemeine polnische metrische Räume übertragen können. In

Ermangelung einer Vektorraumstruktur können wir uns jedoch nicht auf eine Dif-

ferentialgleichung berufen und führen stattdessen eine geeignete implizite Integral-

darstellung ein, die sowohl als Modell als auch als Lösungsbegri� dient.

Abschlieÿend geben wir verschiedene Ausblicke auf die Anwendbarkeit unserer The-

orie. Dafür werden zunächst einige Ideen für Modelle in Maÿen skizziert, die die

abstrakten polnischen Zustandsräume voll ausnutzen können. Danach zeigen wir,

wie Maÿdi�erentialgleichungen und - mit einer minimalen Anpassung - auch die

Klasse der Koagulations-Fragmentierungsmodelle in unserem Ansatz mit einbezo-

gen werden können. Zum Schluss untersuchen wir die enge Verwandschaft unserer

�achen Norm zu einer Transportdistanz, die von Fournier und Perthame für das

Studium der Asymptotik nicht expandierender Transportprozesse entwickelt wurde.
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Notation

Basics

N, N0 Set of all natural numbers; N0 := N ∪ {0}
R, R+, R Set of all real numbers; R+ = [0,∞); R := R ∪ {±∞}⊗N

i=1Ai Cartesian product of the sets Ai, i = 1, ..., N

B(S) Borel sigma algebra of the set S

diam(X) Diameter of the metric space (X, d); diam(X) = supx,y∈S d(x, y)

Br(x) Open ball of radius r around x; Br(x) := {y ∈ S | d(x, y) < r}
Br(A) Open r-neighbourhood of A; Br(A) := {y ∈ S | d(y, A) < r}
lin(A) Linear span of A; lin(A) = {

∑n
k=1 αkxk | n ∈ N, αk ∈ R, xk ∈ A}

supp(f) Support of the function f , supp(f) = {x ∈ S | f(x) ̸= 0}
supp(µ) Support of the measure µ; supp(µ) = {A ∈ B | µ(A) ̸= 0}

Special Functions

1 Constant 1 function

χA Characteristic function of the set A; χA(x) =

1, x ∈ A

0, else

f± Positive resp. negative part of the function f ; f± := max{±f, 0}
b Vector �eld of the transport term

c Linear growth term

η Mutation kernel

N State-independent in�ux

Xb Flow of the vector �eld b; solution to the ODE (3.2.1)

φψ,t Solution to the dual problem (3.3.1)

Special Measures

λd Lebesgue measure on Rd

δx Dirac measure located at x, δx(A) =

1, x ∈ A

0, else

Dλdµ (Radon-Nikodým) Density of µ with respect to λd

µ• Short for {µt}t∈[0,T ]
T#µ Push-forward of µ under the map T ; T#µ(·) = µ(T−1(·))
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(Semi-) Norms and Metrics

|x| Standard Euclidean norm on R or Rd

|f |Lip, |f |Lipd Lipschitz constant of f : (S, d) → R;
|f |Lip := supx ̸=y

|f(x)−f(y)|
d(x,y)

∥f∥∞ Supremum norm of f : (S, d) → R; ∥f∥∞ := supx∈S |f(x)|
∥f∥BL Bounded Lipschitz norm of f : (S, d) → R;

∥f∥BL := max{∥f∥∞, |f |Lip}
∥f∥λ Bielecki norm; ∥f∥λ = sup(τ,x)∈[0,T ]×Rd e

−λ(T−τ)|f(τ, x)|
∥f∥λ,g Generalised Bielecki norm; see (4.2.7)

|µ|(A) Variation of µ; see De�nition 2.1.2

∥µ∥TV Total variation norm; ∥µ∥TV := |µ|(S)
∥µ∥BL∗ , ρF Flat norm and corresponding �at metric;

∥µ∥BL∗ := sup∥ψ∥BL≤1

∫
S
ψ dµ

W1(µ, ν) Wasserstein-1 distance; W1(µ, ν) := sup|ψ|Lip≤1

∫
S
ψ d(µ− ν)

∥η∥L1
T

L1 norm of η; ∥η∥L1
T (BL(S;M+)) :=

∫ T
0
∥η(t, ·)∥BL(S;M+) dt

Spaces

Ck(X;Y ), Ck(X) Space of k-times continuously di�erentiable functions X → Y ;

Ck(X) := Ck(X;R)
Ck
c ; C

k
b Ck functions which are compactly supported resp. bounded

C0(X) Space of continuous functions X → R vanishing at in�nity

L1(µ) Space of functions which are integrable with respect to µ

BL(X;Y ) Space of bounded Lipschitz functions X → Y

X∗ Dual space of X; X∗ := {T : X → R | T linear and bounded}
BL(S)∗+ Space of positive linear functionals on BL(S);

BL(S)∗+ := {T ∈ BL(S)∗ | T (ψ) ≥ 0∀ψ ∈ BL(S), ψ ≥ 0}
M(S) Space of �nite and signed Borel measures on S

P(S) Space of probability measures on S

M+(S) Cone of nonnegative �nite Borel measures on S

M+
1 (S) M+(S) measures with integrable �rst moment;

M+
1 (S) :=

{
µ ∈ M+(S) |

∫
S
d(x, x0) dµ <∞

}
E Closure of M(S) under the �at norm; E := M(S)

∥·∥BL∗(S)
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1 Introduction

Mathematical methods and in particular di�erential equations have long been an in-

tegral and successful component in the modelling and analysis of physical, chemical

and biological systems. They allow an abstract view of the underlying mechanisms

and are often able to identify the essential components of the involved processes.

Conversely, mathematical methods must constantly adapt to new research topics

and experiments of the applied sciences. From time to time these even provide

impulses for the development of new mathematical concepts when the existing ap-

proaches are insu�cient.

Speci�cally, in this thesis we consider problems that address the dynamics of het-

erogeneous populations such as cells, animals and plants which can be structured

with respect to an underlying structuring or state variable [40], so called structured

population models. As it stands, these kind of models are used in a broad spectrum

of applications ranging from cell biology [157, 160], immunology [110], epidemiology

[30, 41] and stage of cell di�erentiation [42, 72, 78, 168] to demography [20, 57, 116],

ecology [86, 116] and environmental economics [8].

Typically, structured population models apply ordinary di�erential equations (ODEs),

stochastic di�erential equations (SDEs) or partial di�erential equations (PDEs) to

describe the evolution of the population and use the structuring variable to incorpo-

rate information on physical or biological properties. A common distinction is drawn

between intrinsic state variables, which often describe physiological characteristics

of the individuals in the population including age [32, 68], size [5, 42, 47, 82] or stage

of infection [108, 162], and extrinsic variables, such as spatial distribution induced

by heterogeneity of the environment [6, 16, 74, 91].

For simplicity, in many cases the structured variable is assumed to be discrete, which

leads to compartmental models describing birth-death processes with transitions be-

tween the di�erent discrete states. Despite the limiting assumption of discrete states,

compartmental models are still powerful enough to capture the essential aspects of

many processes [36, 139, 144]. For example, in Refs. [115, 142, 163] compartmen-

tal models signi�cantly contributed to the quanti�cation of stem cell traits such as

proliferation, self-renewal or quiescence in developmental and regeneration processes
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1 Introduction

and in cancer, see also [105, 145]. Furthermore, they revealed novel aspects of the

role of systemic and microenvironmental feedback loops and highlighted heterogene-

ity [143], clonal evolution [141] and cell-cell interactions [93, 134, 146].

However, due to the recent advances in high dimensional data acquisition, like single

cell sequencing methods, biologists are now able to collect data on an unprecedented

scale which occasionally challenges established knowledge or puts it in a di�erent

context. For example, it was long assumed that populations of cells in the same

cell state were homogeneous, but in view of the new data resolution they turned

out to be remarkably heterogeneous. Even more, ordering transcriptomes along a

one-dimensional �pseudotime� curve using statistical data analysis as well as in silico

pathway analysis and functional assays, showed that certain functionally di�erent

cell states exhibit a fair degree transcriptional similarity, suggesting the existence of

some continuous cell state transitions [61, 84].

Classically, continuous transitions are either modelled by transport-type PDEs or us-

ing delay di�erential equations (DDEs). The latter apply ODEs together with delays

to express, for example, duration of immunity [11], maturation time [5, 71, 83, 165]

or e�ect of predation [127]. Due to the delayed time dependence DDE systems are

inherently in�nite dimensional. Speci�ally for structured population models, the

corresponding delay formulation has enabled new techniques for the analysis of lin-

earised stability and Hopf bifurcations [20, 38, 39].

That said, the analysis of single-cell data also revealed several aspects that cannot

be directly addressed in a classical PDE or DDE setting, such as the coexistence of

continuous and discrete (jump) transitions [78], loops or multiple structures. Con-

sequently, linking the single cell data to mechanistic mathematical modelling of the

underlying processes requires a new formulation of the models admitting the envi-

sioned complexity of the cell state space [36].

Hence, in this thesis, we focus on a promising approach that has undergone a strong

development in recent years, namely formulating PDE models in the space of Radon

measures [1, 23, 55, 56, 81, 150, 151, 152]. Measures have the advantage that they

can not only represent discrete and continuous structures but also mixtures of both

[2], thus allowing for irregular behaviour such as jumps or concentration e�ects.

Furthermore, the underlying state spaces for measures require very little structure

which makes them ideal candidates for formulating models on non-Euclidean spaces,

including graphs, networks or manifolds. For a convenient usage of measures in the

PDE models, though, a uni�ed well-posedness theory for such problems was missing

and so existence and uniqueness of solutions had to be shown for each new problem
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individually [3, 54, 65, 66, 79, 80]. This changed with the publication of the book

Ref. [44] which extended a broad class of structured population models of the form{
∂tµt +∇x · (b(t, x, µt)µt) = c(t, x, µt)µt +

∫
Rd η(t, x, µt)(y) dµt(y) +N(t, µt),

µ0 = ν,

(1.1.1)

to generalised models on proper metric spaces and established a suitable well-

posedness theory. We refer to Remark 2.3.5 for a de�nition of properness and

to the beginning of Chapter 3 for a thorough description of the model functions.

Since metric spaces S generally lack a linear structure, the concept of derivatives

is unavailable and thus the PDE (1.1.1) does not make sense on the state space S.

So instead of characterising the transport process using a di�erential equation, we

establish an explicit description using a push-forward operator. This results in an

implicit integral representation which is motivated by the method of characteristics

in the Euclidean case,

µt = X(t, 0, ·, µ•)#

(
µ0(·)e

∫ t
0 c(s,X(s, 0,·, µ•), µs) ds

)
+

∫ t

0

X(t, τ, ·, µ•)#

(∫
S

[η(τ, y, µτ )(·)] dµτ (y)e
∫ t
τ c(s,X(s, τ,·, µ•), µs) ds

)
dτ

+

∫ t

0

X(t, τ, ·, µ•)#

(
N(τ, µτ )(·)e

∫ t
τ c(s,X(s, τ,·, µ•), µs) ds

)
dτ.

(1.1.2)

On the abstract state space, the implicit representation serves both as the model

and as the notion of solution, see Chapter 4 for a detailed description. However, the

assumption that the underlying space is proper turns out to be quite strong. Suppose

for a moment that the space is actually normed. In this case, basic functional

analysis yields that S is necessarily �nite dimensional [131, 1.22]. In order to avoid

this limitation, the subsequent paper Ref. [46] showed that separable and complete

metric spaces, so-called Polish metric spaces, are already su�cient to guarantee well-

posedness of the generalised model (1.1.2) and thus allowing for in�nite-dimensional

state spaces. The results obtained in Refs. [44, 46] serve as the basis for this

thesis and as a starting point for further studies which extend or complement the

existing theory. A detailed description of the results is given in the Section Scienti�c

Contribution.

From the modelling perspective, a uni�ed well-posedness theory for models de�ned

on a rich class of state spaces provides some interesting possibilities. On the one
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1 Introduction

hand, there are already several approaches to infer governing PDEs from data with

the help of deep neural networks [103, 104, 140]. In this setting, our framework could

form the basis for learning discrete as well as continuous processes simultaneously

without having prior knowledge or limiting assumptions regarding the structure of

the process. At the same time, our theory also allows us to investigate the in�u-

ence of the state space on the resulting models. For example, recently two similar

cell state models have been compared, which di�er only in being formulated on

an underlying continuous or graph-based state space [29]. However, due the lack

of a uniform setting both alternative models had to be studied separately. In the

future, such questions could hopefully be addressed with the help of inverse prob-

lems using mechanistic models of biological processes and associated data. For the

analysis of single cell data, the question of the state space structure is essential,

and in this context, model-based approaches can be a valuable instrument alongside

the topology-based [112, 125, 128], geometric [95] or statistical techniques currently

used for data analysis.

From a mathematical viewpoint, our framework is designed to generalise transport-

type PDEs to models beyond the classical Rd setting and is thus not limited to

models of mathematical biology, but can also be used in the �elds of pedestrian

�ows, crowd dynamics [13, 14, 15] or �uid motion [90]. There are currently several

approaches considering pedestrian �ows on (road) networks [22, 88] and ideal �uids

have already been studied in a noneuclidean setting, at least on spheres [137]. So

the possibility of allowing for more general state spaces, such as the torus, could

enable a plethora of new interesting research topics.

Furthermore, the model formulation in measures on Polish metric spaces creates a

connection to concepts and methods developed in stochastic modelling, in particular

to the theory of concentrating Feller operators. These provide encouraging results

for the asymptotic analysis of measure solutions [99, 147, 148, 153]. For example,

the asymptotics of transport-type equations can be linked to ergodic properties of

Markov processes [85]. Further asymptotic results of certain measure valued solu-

tions can be found in Ref. [58, 67].

In addition to the generalised modelling framework, the implicit integral represen-

tation (1.1.2) reveals an intriguing relationship to the theory of optimal transport

(OT) problems. For simplicity, consider the conservative case with c, η,N ≡ 0 in

which the initial measure µ0 is just moved according to the map X(t, ·, 0). In this

scenario, formula (1.1.2) reduces to µt = X(t, ·, 0)#µ0, i.e. the solution µt solves an

OT problem with transport map X(t, ·, 0) (see [159, p.16-17]). Di�erently speak-
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ing, from an OT perspective formula (1.1.2) provides a substantial extension to the

simple (linear) transport case by introducing several additional e�ects that can in-

�uence the movement of the optimal �ow. For instance, this allows growth processes

to be incorporated in order to consider unbalanced OT problems, such as those used

to determine cell fate trajectories [133, 167]. Conversely, if at some point methods

for parameter estimation are available for our framework, it raises the hope that for

explicit processes appearing in applications it will be possible to distinguish which

e�ects are responsible for which part of the �ow dynamics.

A similar, but slightly di�erent approach to the one discussed in this thesis is given

by the theory of measure di�erential equations (MDEs) [21, 24, 45, 119, 123] which

use a measure-valued transport velocity to describe for example pedestrian �ows in

the Euclidean space. The transport velocity is prescribed by a so-called measure

vector �eld (MVF), a nonnegative measure on the tangent space of Rd that assigns

a distribution of possible transport velocities to each point x ∈ Rd. So in contrast

to the usual transport models, MVFs allow for more general directions in each

point. This can be particularly interesting for modelling RNA velocities, which

were previously limited to one main direction of movement [98, 106]. Newer methods

based on deep neural networks instead calculate empirical posterior distributions of

RNA velocities and thus achieve better and more stable results [69]. However, as

we show in Section 5.2 most MVFs can be represented by a particular choice of the

�ow b, and thus MDEs are merely a special case of our framework.

Scienti�c Contribution

With this dissertation I extend and complement the results that have been developed

in Refs. [44, 46]. The �rst part of this thesis is thus devoted to the space of Radon

measures M+ under the �at norm and its general functional analytical properties.

To better understand the behaviour of the �at norm, Piccoli's alternative character-

isation [121], which connects the �at metric with the total variation norm and the

Wasserstein distance W1, is extended from Rd to general proper spaces. This then

enables to derive a closed formula for the �at distance between measures of the form

ρF

(
cδx0 ,

N∑
i=1

biδxi

)

5



1 Introduction

using variational inequality theory [70]. A closed formula for the distance between

any two linear combinations of Dirac measures is unfortunately out of reach due to

the lack of a corresponding result for the Wasserstein distance. This part of the

thesis then concludes with a detailed summary of the preprint Ref. [135] which uses

a neural network (NN) to compute the �at norm between two arbitrary measures.

As a starting point, we use the results of Anil, Lucas and Grosse, which apply a

NN to calculate the Wasserstein distance W1 between two measures [9]. Due to

the similarity of the Kantorovich-Rubinstein duality with the de�nition of the �at

metric, we are in the position to preserve the structure of the original network and

only modify the corresponding loss function.

The second part of the thesis addresses well-posedness theory of structured popula-

tion models in measures. In this context, I �rst focus on models in Rd of the form

(1.1.1), which have not yet been investigated in this generality. In particular, the

state independent in�ux N ensures that the associated di�erential operator is not

linear in the solution µt, and thus passing to the corresponding adjoint operator is

not possible. To overcome this problem, I �rst consider the linear version of the

model without the disturbing state-independent in�ux. In this case, the dual prob-

lem can be solved with the method of characteristics and a �xed point argument,

providing an implicit representation formula for the dual solution φψ,t, see Proposi-

tion 3.3.1. However, in contrast to the model analysed in Chapter 2 of [44], in this

thesis the model functions are assumed to be time-dependent, and thus the con-

struction of a measure solution to the primal problem from φψ,t requires additional

e�ort. In particular, Fréchet di�erentiability of the map t 7→ φψ,t is needed to show

that the measure solution µt actually satis�es the weak formulation. The necessary

regularity is established in Proposition 3.3.16 using the Implicit Function Theorem

in Banach spaces. Subsequently, well-posedness as well as Lipschitz continuity re-

sults are shown.

In a second step, the state-independent in�ux is added to the linear model. Using

Duhamel's principle, a solution to the modi�ed problem is constructed and the cor-

responding regularity assumptions are transferred. At this point, one can also prove

uniqueness of the solution to the full linear problem by resorting to a suitably cho-

sen dual problem. In analogy to the procedure in Ref. [44], the nonlinear problem

is then solved via a reduction to a linear problem. To this end, the time interval

is divided into an equidistant grid and the nonlinearities are frozen, resulting in a

linear problem. Using the established estimates of the linear case, one can show

that the approximative solutions form a Cauchy sequence and thus converge to a

6



solution of the nonlinear problem. However, this approach only provides existence

and continuous dependence of the solution, whereas uniqueness will only follow from

the methods in Chapter 4.

The treatment of the Euclidean case concludes with the observation that the solu-

tions constructed here are bounded on the considered time interval [0, T ] for any

T , and therefore the measure solution µt can be continued for all times. However,

in this situation the mass may escape to in�nity. To prevent this undesirable be-

haviour, the whole family of solutions {µt | t ∈ [0,∞)} has to be tight which in the

linear case can be achieved by the Theorem of Prokhorov together with upgraded

regularity assumptions to establish bounds uniform in T . The tight extension of

the measure solution for all times is the �rst step for analysing the asymptotics of

measure solutions using the methods developed for concentrating Feller operators,

see [99, 147, 148]. Though, this will only be the subject of future studies.

The next part of the thesis focuses on the extension of models in measures to Polish

metric spaces, where the presented results led to the publication Ref. [46]. Metric

spaces generally lack a linear structure so that one cannot rely on the method of

characteristics for constructing solutions. Consequently, there is also no need to en-

sure su�cient regularity of the dual solution and thus the model functions manage

with less regularity assumptions in time, compared to Chapter 3. Instead of the

PDE (1.1.1), the implicit integral representation (1.1.2) is used both as a model and

notion of solution. In the formula, X denotes the generalisation of the �ow of the

vector �eld Xb which in turn is the solution of the ODE

∂tXb(t; τ, x, µ•) = b(t,Xb(t; τ, x, µ•), µt) Xb(τ ; τ, x, µ•) = x.

The assumptions that were placed on X in Ref. [46] were strongly inspired by

the properties of the �ow Xb. In this thesis, however, it turned out that Lipschitz

continuity of X provides su�cient regularity for all the proofs, so that the former

assumption of a bi-Lipschitz homeomorphism could be relaxed signi�cantly. Using

a �xed point argument and the implicit integral representation (1.1.2), unique gen-

eralised solutions can be constructed to both the linear and the nonlinear model.

Furthermore, it is shown that the new framework is indeed a natural extension of

the PDE model since the generalised and the measure solution to the PDE (1.1.1)

coincide in the Euclidean case.

The last part of the thesis deals with possible applications of the presented theory.

After sketching a few potential models, I demonstrate that the concept of measure

7



1 Introduction

di�erential equations (MDEs) introduced by Piccoli in [119, 123], can already be

reproduced by the theory presented in this thesis. More precisely, central element

of the MDEs is the measure-valued transport velocity, called measure vector �eld

(MVF) which can be seen as a velocity distribution at each location. Using Dis-

integration Theorem together with a suitable choice of the �ow b can mimic the

modelling e�ect of a MVF.

Another important class of models, the coagulation-fragmentation models, cannot

be realised directly by the framework discussed in Chapter 3, and so Lyons, Ackleh

an Saintier had to establish a separate- but quite elegant- well-posedness theory

[2]. One of the key model functions in this type of equation is the coagulation

kernel, which describes how particles of size x coagulate with particles of size y.

This simultaneous x and y dependence translates to the test functions of the weak

formulation which is not intended in the framework described above. However, I

modi�ed the weak formulation by adding a slightly adapted mutation kernel η which

can account for this kind of dependencies. Fortunately, the modi�cation does not

signi�cantly change the estimates of the original framework, so that the coagulation-

fragmentation models can now be treated without any problems. Additionally, the

established results on the continuous dependency of solutions by can also be applied

directly to the model treated in [2].

Finally, I consider the transport distance Tρ developed by Fournier and Perthame

for the study of nonexpanding transport equations. In the cases in which Tρ is ac-
tually a metric, it is a modi�ed version of the Wasserstein distance W1. I was able

to show that Tρ is strongly equivalent to a �at metric with an adapted distance on

the underlying state space. Furthermore, the classical �at metric and the transport

distance are both complete and metricise the narrow topology and are thus at least

topologically equivalent. This is another important intermediate step for asymptotic

analysis of measure solutions.

Outline of the thesis

In Chapter 2 we shortly introduce the most important concepts from measure theory

that are necessary for the remainder of this thesis and prove basic properties of the

space measures under the �at norm. Furthermore, we explore the connection of the

�at norm to optimal transport theory by generalising the alternative characterisa-

tion of Piccoli to proper metric spaces. Afterwards, a closed formula for the �at

distance between a Dirac delta and a linear combination of Diracs is proven using
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variational inequality theory. We conclude this chapter by a summary of preprint

which exploits machine learning to compute the �at distance between arbitrary dis-

tributions when no analytical ground truth is available.

The heart of this thesis deals with structured population models in measures, �rst on

Rd (Chapter 3), where we can work with a PDE formulation and then on arbitrary

Polish metric spaces (Chapter 4). To solve the Euclidean case, we �rst consider

a linear version of the PDE without state independent in�ux N in Section 3.3, so

that the di�erential operator is linear in the solution and we can thus pass to the

corresponding adjoint operator, i.e. the dual problem. The method of character-

istics provides an implicit integral representation, and hence a unique solution to

the dual problem can be constructed with a �xed point argument. We then use

the dual problem and its solution to solve the primal problem. In Section 3.4, the

state-independent in�ux N is added and a corresponding solution is constructed

using Duhamel's principle. Furthermore, uniqueness for the linear model is estab-

lished. In order to solve the nonlinear case in Section 3.5, we �rst divide the time

interval into subintervals and freeze the nonlinearities which leads to a linear model.

Using the already established results from the linear case, it can be shown that the

approximative solutions form a Cauchy sequence and thus converge to a solution of

the nonlinear problem by completeness. Note, however, that at this point unique-

ness for the nonlinear case is out of reach, but will only result from the methods

developed in Chapter 4. At the end of Chaper 3, we prove tightness of solutions to

the linear model for all times. To this end, we have to upgrade the assumptions to

get estimates which are uniform in T .

In Chapter 4, we utilize the insights from the previous chapters to abstract the rele-

vant concepts as far as possible and are thus able to formulate a generalised version

of the structured population model for Polish metric spaces which does not rely on

di�erential equations. Instead of a PDE model, we use an implicit integral repre-

sentation. Here, the convenient functional analytic properties of the space of Radon

measures M+ under the �at norm guarantee that the occuring Bochner integrals

are well-de�ned. Existence and uniqueness are proven by a �xed point argument,

�rst in the linear (Section 4.2) and then in the nonlinear case (Section 4.3). The

chapter is concluded with Section 4.4, where it is shown that both modelling ap-

proaches coincide in the Rd case and, while simultaneously, establishing the missing

uniqueness for the PDE model of Chapter 3.

In Chapter 5 we place the new framework in the context of current research. To this

end, we sketch several model applications which make full use of the abstract state
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1 Introduction

spaces. Additionally, we show how we can include the concept of measure di�eren-

tial equations. By a minimal modi�cation of the mutation kernel η, we can even

incorporate the class of coagulation-fragmentation models into our framework, see

Section 5.3. Finally, we show that our �at norm is strongly related to a transport

distance introduced by Fournier and Perthame in [65] for nonexpansive transport

equations.
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2 The space of measures

In this chapter we introduce the main concepts of measure theory that are essential

for the rest of this thesis. Apart from basic measure theoretic principles, we study

the functional analytic properties of the space measures under the �at norm and

examine the behaviour of the corresponding �at metric.

As always, continuous functions from a space X to a space Y are denoted by

C0(X;Y ). The subset of bounded continuous functions is indicated with a sub-

script b, i.e. C0
b (X;Y ), and similarly compactly supported functions are denoted by

C0
c (X;Y ). If Y = R, we omit the second argument and write C0(X). Unless stated

otherwise, we will consider a metric space (S, d) which is assumed to be Polish, i.e.

separable and complete.

2.1 Basic measure theory

In this thesis we will work with signed Borel measures on (S, d) and we refer to [62,

Chapter 3.1] for basic de�nitions. In view of Hahn-Jordan Decomposition Theorem,

any signed measure µ has a unique representation µ = µ+ − µ−, where µ+, µ− are

nonnegative measures which are mutually singular. If both µ+(S), µ−(S) < ∞,

µ is said to be �nite and the space of all �nite Borel measures on (S, d) is

denoted by M(S). According to [94, Theorem 13.6] those measures are Radon.

The corresponding cone of nonnegative measures is de�ned as

M+(S) = {µ ∈ M(S) | µ ≥ 0} ,

where the partial ordering "≤" on M(S) is given setwise, i.e. µ ≤ ν i� µ(A) ≤ ν(A)

for all A ∈ B(S).
In some cases, we have to consider the subspace of nonnegative measures with

integrable �rst moment which is given by

M+
1 (S) :=

{
µ ∈ M+(S)

∣∣∣∣ ∫
S

d(x, x0) dµ <∞
}
,

11



2 The space of measures

and x0 ∈ S being an arbitray point. It is easy to see that M+
1 (S) does not depend

on the choice of x0. As usual, for any µ ∈ M(S) the space L1(µ) denotes the set of

functions S → R which are integrable with respect to µ.

When treating measures in M(S), we will use the following notion of convergence.

De�nition 2.1.1. A sequence of measures (µn)n∈N ⊂ M(S) converges narrowly

to a measure µ ∈ M(S), if the sequence converges in duality with all continuous and

bounded functions, i.e.

lim
n→∞

∫
S

ψ(x) dµn(x) =

∫
S

ψ(x) dµ(x) ∀ψ ∈ Cb(S).

A map µ• : [0, T ] → M(S), t 7→ µt is called narrowly continuous if µ• is contin-

uous with respect to narrow convergence, i.e.

lim
s→t

∫
S

ψ(x) dµs(x) =

∫
S

ψ(x) dµt(x) ∀ψ ∈ Cb(S) and ∀t ∈ [0, T ].

De�nition 2.1.2. (i) For a measure µ ∈ M(S) with corresponding Hahn-Jordan

decomposition µ+, µ− the variation |µ| of µ is de�ned by

|µ|(A) := µ+(A) + µ−(A) ∀A ∈ B(S).

(ii) A set N ⊆ M(S) is called tight if for each ε > 0 there exists a compact set

K ⊆ S with

|µ|(S \K) < ε ∀µ ∈ N ,

In particular, a sequence (µn)n∈N ⊂ M(S) is tight, if N := {µn | n ∈ N} is

tight and a single measure µ is tight, if {µ} is tight.

The famous Theorem of Prokhorov provides an important connection between tight-

ness and sequential compactness in the topology induced by narrow convergence. We

omit the proof here and instead refer to [44, 1.55] where we presented the elegant

proofs of [35, Theorem 2.3] and [96, Theorem 8.9].

Theorem 2.1.3. Let (S, d) be Polish and F ⊂ M+(S) with sup
µ∈F

µ(S) < ∞. Then

the following statements are equivalent.

i) F is tight.

12



2.1 Basic measure theory

ii) The closure of F with respect to narrow convergence is sequentially compact.

Corollary 2.1.4. Let (S, d) be Polish and (µn)n∈N ⊂ M+(Rd). If µn → µ ∈
M+(Rd) narrowly, then {µn | n ∈ N} is tight.

Proof. Narrow convergence implies that

µn(S) =

∫
S

1 dµn →
∫
S

1 dµ = µ(S) <∞,

and in particular supn∈N µn(S) < ∞. By construction the set {µn | n ∈ N} is

relatively sequentially compact with respect to narrow convergence so that Theorem

2.1.3 yields the claim.

Next, we introduce the concept of push-forwards which shift measures from one

space onto another via a measurable map.

De�nition 2.1.5. [18, �3.6] Let (X,A) and (Y,B) be two measure spaces and let

T : (X,A) → (Y,B) be a measurable map. For a measure µ ∈ M+(X) we de�ne

the push - forward of µ under T by

T#µ(B) = µ(T−1(B)) ∀B ∈ B.

In particular, T#µ ∈ M+(Y ).

By a standard approximation of measurable function, one can prove the following

change-of-variables formula (cf. Theorem 3.6.1 in [18]):

Proposition 2.1.6. Under notation of De�nition 2.1.5, a measurable map f : Y →
R is integrable with respect to T#µ if and only if the composition f ◦ T is integrable

with respect to µ. In this the case the following change of variable formula holds∫
Y

f d(T#µ) =

∫
X

f ◦ T dµ. (2.1.1)

By choosing f in (2.1.1) to be a characteristic function we see that the push-forward

measure T#µ is uniquely de�ned on (Y,B).

Remark 2.1.7. Among other areas of applications, push-forward measures appear

in optimal transport theory to represent deterministic couplings of measures under

an optimal transport map T , see (see [159, p.16-17]).
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2 The space of measures

Now, we introduce the concept of separating families for subsets of measures. In

short, separating families indicate which subclass of test functions already contains

enough information to uniquely distinguish all measures of a given set.

De�nition 2.1.8. [94, 13.9] Let N ⊆ M(S). A family F of measurable maps is

called separating for N if for all µ, ν ∈ N the following implication holds:(∫
S

f dµ =

∫
S

f dν ∀f ∈ F ∩ L1(µ) ∩ L1(ν)

)
=⇒ µ = ν.

In case of the Euclidean space the next result provides a powerful separating family

for the space of �nite Borel measures.

Proposition 2.1.9. C∞
c (Rd) is separating for M(Rd).

Proof. Let µ, ν ∈ M(Rd) with
∫
Rd f dµ =

∫
Rd f dν for all f ∈ C∞

c (Rd). The inner

regularity (see e.g. [94, 13.3]) of µ implies that for all A ∈ B(Rd)

µ(A) = sup {µ(K) | K ⊆ A}

and similarly for ν. In particular, it is su�cient to check equality of µ and ν on

compact sets K ⊆ Rd. Let K ⊆ Rd be compact. According to the C∞ Urysohn

Lemma (see [63, 8.18]) there exists a sequence of functions (fn)n∈N ⊂ C∞
c (Rd) with

0 ≤ fn ≤ 1, f ≡ 1 on K, supp(fn) ⊆ B1/n(K) and fn → χK pointwise. Here

B1/n(K) =

{
x ∈ Rd | d(x,K) ≤ 1

n

}
denotes the open 1/n environment of K. As supp(fn) ⊆ B1(K) for all n ∈ N,
we have fn ≤ χB1(K) and we can apply Dominated Convergence Theorem, which

together with the assumption yields

µ(K) =

∫
Rd
χK dµ =

∫
Rd

lim
n→∞

fn dµ = lim
n→∞

∫
Rd
fn dµ

= lim
n→∞

∫
Rd
fn dν =

∫
Rd

lim
n→∞

fn dν =

∫
Rd
χK dν = ν(K).

We conclude µ = ν as desired.

Lemma 2.1.10. Let f ∈ C∞
c (Rd) and de�ne f± := max{±f, 0}. Then there ex-

ist sequences of nonnegative functions (f
(±)
n )n∈N ⊂ C∞

c (Rd) such that f
(±)
n → f±
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2.2 The �at norm

uniformly. Furthermore, the sequences (f
(±)
n )n∈N are uniformly compactly supported

and uniformly bounded.

Proof. By assumption f ∈ C∞
c (Rd), so f+ is continuous and compactly supported,

i.e. f+ ∈ Cc ⊂ C0(Rd). The space C∞
c (Rd) is dense in

(
C0(Rd), ∥ · ∥∞

)
by de�nition

and thus there exist a sequence (f
(+)
n )n∈N ⊂ C∞

c (Rd) converging uniformly to f+.

As f+ ≥ 0 the functions f
(+)
n can also be chosen to be nonnegative as the approx-

imating sequence is constructed by convolution with a nonnegative kernel. Due to

the uniform convergence we can assume that the sequence is uniformly bounded by

∥f (+)
n ∥∞ ≤ 2∥f+∥∞ ≤ 2∥f∥∞ ∀n ∈ N.

Furthermore, the uniform convergence together with the compact support of f+

implies that we can �nd a compact set K which contains the supports of all f
(+)
n ,

i.e.

suppf (+)
n ⊂ K ∀n ∈ N.

This �nishes the proof as the case of f− is completely similar.

2.2 The �at norm

On M(S) there are several norms, the most famous being the total variation norm

∥ · ∥TV

∥µ∥TV := |µ|(S) = µ+(S) + µ−(S),

where | · | denotes the variation of µ and µ+, µ− arise from the Hahn-Jordan decom-

position. It is well-known that (M(S), ∥·∥TV ) is a Banach space [44, Theorem 1.20].

If the metric space (S, d) is locally compact and separable, then the total variation

norm also has a variational representation [7, Proposition 1.47], i.e. for µ ∈ M(S)

and A ⊆ S open

|µ|(A) = sup

{∫
S

ψ dµ

∣∣∣∣ψ ∈ C0
c (A), ∥ψ∥∞ ≤ 1

}
. (2.2.1)

Yet, the corresponding topology is too strong and completely ignores the underlying

geometry, so that the ∥ · ∥TV norm is not viable for applications. For instance the
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2 The space of measures

distance between two Dirac measures is given by

∥δa − δb∥TV = δa(S) + δb(S) = 2 ∀a, b ∈ S, a ̸= b, (2.2.2)

so that δa ↛ δb even if a→ b. Furthermore, (2.2.2) implies that M(S) is not sepa-

rable for uncountable S.

Instead, we will use the weaker �at norm (or bounded Lipschitz norm, Fortet-

Mourier norm)

∥µ− ν∥BL∗ := sup

{∫
S

ψ d(µ− ν) | ψ ∈ BL(S), ∥ψ∥BL ≤ 1

}
(2.2.3)

and the corresponding (�at) metric ρF . The space of test functions is given by the

bounded Lipschitz functions

BL(S) = {f ∈ C0(S) | ∥f∥BL <∞},

with the (semi-)norms

∥f∥BL := max {∥f∥∞, |f |Lip} , ∥f∥∞ = sup
x∈S

|f(x)|, |f |Lip = sup
x ̸=y

|f(x)− f(y)|
d(x, y)

.

Unless stated otherwise, the spaces M(S) and M+(S) will always be equipped with

the �at metric and all topological properties refer to the corresponding topology.

In contrast to the ∥·∥TV norm, the �at metric respects the geometry of the underlying

space, at least locally. This can be seen in the following lemma.

Lemma 2.2.1. [44, 1.32] Let (S, d) be a metric space. Let x, y ∈ S. Then

∥δx∥BL∗ = 1 and

ρF (δx, δy) = min{2, d(x, y)}.

In particular, δx → δy in ρF if x→ y.
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2.3 The space of measures under the �at norm

The space of measures equipped with the �at norm has several convenient properties

which will be essential for our generalised model setting in Section 4. We present

these aspects in an (almost) self-contained way and highlight the results which will

be important later.

Theorem 2.3.1. Let (S, d) be separable. Then the spaces M(S) and M+(S) are

separable with countable dense set given by the linear span lin{δs}s∈S.

We only sketch the main idea of the proof and refer to [44, 1.37] for a complete

proof. First, one shows that we can approximate all measures in M(S) in the �at

metric by the linear span of Dirac measures concentrated in the dense subset of S.

Then, we restrict the weights to be rational so that the approximation set becomes

countable while still being dense. A further restriction to nonnegative weights yields

the claim for M+(S).

Next, we characterise the predual space of the bounded Lipschitz function which

will be helpful for the treatment of the Bochner integrals appearing in Section 4.

Theorem 2.3.2. Let (S, d) be separable and denote E := M(S)
∥·∥BL∗

. Then it holds

that E∗ = BL(S).

Proof. Let D ⊆ M(S) be the linear space spanned by Dirac deltas, i.e.

D := lin{δs | s ∈ S} =

{
n∑
k=1

αkδsk | n ∈ N, αk ∈ R, sk ∈ S

}
.

The corresponding (functional analyic) dual space is denoted by D∗. In part one of

the proof, we show that we can identify D∗ with BL(S). The conclusion will then

follow by density of D in M(S). To prove the claim, for f ∈ BL(S) de�ne the linear

and bounded functional Tf ∈ D∗ via

Tf : D → R, Tf (µ) =

∫
S

f dµ.

Note that by linearity any functional T ∈ D∗ is uniquely de�ned by the values T (δs)

for s ∈ S and thus we identify T with the function

f : S → R, s 7→ T (δs).
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2 The space of measures

We claim that f ∈ BL(S). Indeed, if f is not bounded, there exists a sequence

(sn)n∈N with lim
n→∞

f(sn) = ∞. But then

lim
n→∞

T (δsn) = lim
n→∞

f(sn) = ∞,

so the functional can not be bounded as well. On the other hand, if f is not Lipschitz

continuous we can assume that there are sequences (sn)n∈N, (tn)n∈N such that

lim
n→∞

f(sn)− f(tn)

d(sn, tn)
= ∞.

De�ne the sequence of measures (µn)n∈N with µn = δsn−δtn
d(sn,tn)

and note that

T (µn) =
T (δsn)− T (δtn)

d(sn, tn)
=
f(sn)− f(tn)

d(sn, tn)
→ ∞.

However, for all n ∈ N

∥µn∥BL∗ = sup
∥ψ∥BL≤1

ψ(sn)− ψ(tn)

d(sn, tn)
≤ 1,

so T can not be bounded. We conclude that we can indeed identify D∗ with BL(S).

By Theorem 2.3.1, D is dense in E and we can thus extend any T ∈ D∗ uniquely

to a functional in T̃ ∈ E∗ (independent of the approximating sequence) completing

the proof.

Now, we investigate under which conditions the measure spaces are complete with

respect to the �at norm as this will be crucial for the application of Banach Fixed

Point Theorem. Unfortunately, M(S) is in general not complete since according to

Theorem 1.36 in Ref. [44] the space is only complete i� S is uniformly discrete, i.e.

if inf x ̸=y
x,y∈S

d(x, y) > 0.

However, we don't want to restrict ourselves to uniformly discrete metric spaces,

so we have to �nd another way for achieving completeness. In the following, we

will thus focus on the cone M+(S). We start with a theorem which shows that

on M+(S) narrow convergence is compatible with the topology induced by the �at

metric. We omit the proof here, as it is based on even more auxiliary results which

would distract from the main part of this section. Instead, we refer to Theorem 1.57

in Ref. [44].
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Theorem 2.3.3. Let (S, d) be a Polish metric space. Then ∥ · ∥BL∗ metricizes the

narrow topology on M+(S), i.e. we have

µn → µ narrowly ⇐⇒ ∥µn − µ∥BL∗ → 0.

With the help of Theorem 2.3.3 we can formulate a variant of the Prokhorov Theorem

for the �at metric.

Theorem 2.3.4. Let (S, d) be a Polish metric space and let (µn)n∈N be a tight se-

quence in M+(S) with sup
n∈N

µn(S) <∞. Then (µn)n∈N has a converging subsequence

in µ ∈ M+(S).

Proof. Applying the Theorem of Prokhorov 2.1.3 yields a narrowly converging subse-

quence with limit inM+(S). By Theorem 2.3.3 narrow convergence and convergence

with respect to the �at metric are equivalent.

Remark 2.3.5. If S is compact, then Theorem 2.3.4 implies that every bounded

and closed subset of M+(S) is compact. This property is called proper. Proper

metric spaces are separable and complete by Proposition A.15 in Ref. [44].

By de�nition of the �at norm, we have for all µ, ν ∈ M+(S) an estimate of the form

(µ− ν)(S) =

∫
S

1 d(µ− ν)(x) ≤ ∥µ− ν∥BL∗ .

Unfortunately, a comparable estimate for arbitrary Borel subsets of S it is in general

wrong. Let µ = δ1 and ν = δ1/2. Then according to Lemma 2.2.1

µ(R)− ν(R) = 0 ≤ 1

2
= ∥µ− ν∥BL∗ ,

but for A =
(
1
2
,∞
)
∈ B(R)

µ(A)− ν(A) = 1− 0 ≥ 1

2
= ∥µ− ν∥BL∗ .

However, the following lemma provides pseudo triangle inequality which essentially

controls the deviation from the upper bound ∥µ− ν∥BL∗.
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2 The space of measures

Lemma 2.3.6. Let δ ∈ (0, 1], T ∈ B(S). Then for µ, ν ∈ M+(S)

µ(T ) ≤ ν(Bδ(T )) +
1

δ
∥µ− ν∥BL∗ ,

µ(S \Bδ(T )) ≤ ν(S \ T ) + 1

δ
∥µ− ν∥BL∗ .

Here Bδ(T ) := {x ∈ S | d(x, T ) < δ} denotes the δ-neighborhood of T .

Proof. Consider the function η : S → [0, 1]

η(x) =
d(x, S \Bδ(T ))

d(x, S \Bδ(T )) + d(x, T )
.

According to Lemma 2.1 in Ref. [81], η is Lipschitz continous with Lipschitz constant

bounded by 1/δ, so that ∥η∥BL ≤ 1/δ. Furthermore, by construction η ≡ 1 on T

and η ≡ 0 on S \Bδ(T ). Thus,

µ(T ) ≤
∫
S

η dµ ≤ 1

δ
∥µ− ν∥BL∗ +

∫
S

η dν ≤ 1

δ
∥µ− ν∥BL∗ + ν(Bδ(T )).

For the other estimate, we switch the roles of T and S \Bδ(T ).

Proposition 2.3.7. Let (S, d) be a Polish metric space. If N ⊆ M+(S) is totally

bounded with respect to ∥ · ∥BL∗, then N is tight.

Proof. The main idea of this proof is based on the reasoning from Ref. [81] but with

more explanations to increase the readability. LetN ⊆ M+(S) be a totally bounded

set of measures. In a �rst step, we discretize N using the total boundedness, i.e. for

ε ∈ (0, 1), there exists a �nite subset Ñ ⊆ N such that

N ⊆
⋃
ν∈Ñ

Bε2/4(ν) =: Bε2/4(Ñ ). (2.3.1)

As S is a Polish metric space, {µ} is tight for any �nite measure µ, cf. Remark

13.27 in Ref. [94], so that the �nite set Ñ is tight. In particular, there exists a

compact set K ⊆ S such that ν(S \ K) < ε/2 for all ν ∈ Ñ . Next, we discretize

K. As K is compact, we cover K with �nitely many sets of the form Bε/2(xi) with

xi ∈ F = Fε ⊂ K. Note that still

ν(S \Bε/2(F )) ≤ ν(S \K) < ε/2 ∀ν ∈ Ñ .
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2.3 The space of measures under the �at norm

Let µ ∈ N be arbitrary with corresponding approximating measure ν ∈ Ñ such

that ∥µ−ν∥BL∗ ≤ ε2/4. Triangle inequality implies Bε/2(Bε/2(F )) ⊆ Bε(F ), so that

with Lemma 2.3.6

µ(S \Bε(F )) ≤ µ(S \Bε/2(Bε/2(F ))) ≤ ν(S \Bε/2(F )) +
2

ε
∥µ− ν∥BL∗ < ε.

In particular, for each ε ∈ (0, 1) we constructed a �nite set Fε ⊆ S such that

µ(S \Bε(Fε)) < ε for all µ ∈ N .

We conclude the proof by using the family of sets {Fε}ε<1 to construct a suitable

compact set to prove tightness of N . Let δ ∈ (0, 1] be arbitrary and for n ∈ N set

εn = δ2−n. With the considerations above we obtain for each n ∈ N a �nite set

Fn := Fεn such that

µ(S \Bεn(Fn)) < εn ∀µ ∈ N .

The in�nite intersection of closed sets Kδ :=
⋂
n∈NBεn(Fn) is closed and totally

bounded by construction, i.e. compact. Furthermore, we have for all µ ∈ N

µ(S \Kδ) ≤ µ

(⋃
n∈N

S \Bεn(Fn)

)
≤

∞∑
n=1

µ(S \Bεn(Fn)) <
∞∑
n=1

εn = δ
∞∑
n=1

2−n = δ.

In particular, N is tight.

Combining the above results, we can prove the desired completeness of the cone.

Theorem 2.3.8. Let (S, d) be a Polish metric space. Then M+(S) is complete with

respect to the �at norm.

Proof. Let (µn)n∈N be a Cauchy sequence. Then the set N := {µn | n ∈ N} is totally
bounded and we conclude tightness of N from Proposition 2.3.7. Since (µn)n∈N is

Cauchy, the real valued sequence (µn(S))n∈N is bounded, so that we can apply

Theorem 2.3.4 to extract a converging subsequence. However, a Cauchy sequence

with a converging subsequence is already convergent which was to show.

We conclude this subsection with a di�erent characterisation of the cone M+(S)

by the means of positive functionals on BL(S). These functionals appear naturally

in limiting procedures such as the construction of the Bochner integral on E =

M(S)
∥·∥BL∗

in Proposition 4.2.4. In general, M(S) ⊊ E so not all elements in E

are measures but only abstract elements in the closure. Fortunately, according to
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2 The space of measures

a result from [87] it turns out that positive functionals are actually nonnegative

measures.

Theorem 2.3.9. Consider the space of positive linear functionals on BL(S)

given by BL(S)∗+ := {T ∈ BL(S)∗ | T (ψ) ≥ 0 ∀ψ ∈ BL(S), ψ ≥ 0}. Then it holds

that

E ∩BL(S)∗+ = M+(S). (2.3.2)

Proof. We follow the reasoning from Ref. [87] but streamline the ideas. First, note

that any T ∈ BL∗
+(S) is monotone, i.e.

T (ψ) ≥ T (φ) ∀ψ, φ ∈ BL(S) with ψ ≥ φ,

which follows directly from the positivity and the linearity of the operator.

We show (2.3.2). It is directly clear that M+(S) ⊆ E ∩ BL(S)∗+. For the other

inclusion, assume by way of contradiction that there is T ∈ E ∩ BL(S)∗+ such that

T /∈ M+(S). Let 1 ∈ BL(S) be the constant function with value 1. We claim that

if T vanishes for 1, then it must already vanish for all ψ ∈ BL(S). Indeed, as T is

linear and monotone, we compute

|T (ψ)| = |T (ψ+)− T (ψ−)| ≤ |T (ψ+)|+ |T (ψ−)| = T (ψ+) + T (ψ−)

= T (ψ+ + ψ−) = T (|ψ|) ≤ T (∥ψ∥∞ · 1) = ∥ψ∥∞T (1) = 0,

where ψ± = max{±ψ, 0}. Hence, T = 0 ∈ M+(S), which is a contradiction. Hence,

for the remainder of the proof we assume T (1) > 0. Theorem 2.3.8 implies that

M+(S) is complete with respect to the �at norm, so that in particular M+(S) is a

closed subset of E. We apply the Hyperplane Separation Theorem to the closed and

convex set M+(S) and strictly separate it from {T} ⊈ M+(S) in E. Consequently,

there is f ∈ E∗ = BL(S) (see Theorem 2.3.2) and α ∈ R such that

⟨µ, f⟩ ≤ α ∀µ ∈ M+(S) and ⟨T, f⟩ = T (f) > α. (2.3.3)

As T (1)δx ∈ M+(S) for all x ∈ S, we get

α ≥ ⟨T (1)δx, f⟩ = T (1)f(x) for all x ∈ S
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2.4 The �at norm as a distance for unbalanced optimal transport

and thus, f ≤ α
T (1)

. Using the positivity of T

T (f) ≤ T

(
α1

T (1)

)
= α

yields a contradiction to (2.3.3) and hence E ∩BL(S)∗+ = M+(S).

2.4 The �at norm as a distance for unbalanced

optimal transport

In this section, we will explain that the �at norm has some remarkable similarities

with the Wasserstein metrics known from optimal transport theory. In particular,

the de�nition of the �at metric (2.2.3) resembles the Kantorovich-Rubinstein duality

of the Wasserstein distance W1, i.e.

W1(µ, ν) = sup
|f |Lip≤1

∫
S

f d(µ− ν). (2.4.1)

The Wasserstein metrics de�ne distances between probability measures which take

into account the geometry of the underlying state space [33, 158, 159]. Conse-

quently, distances with respect to the Wasserstein metrics are more robust which

makes it a suitable candidate for various machine learning tasks [76, 77, 102, 118].

The Wasserstein distances scale with the total mass of the measures µ, ν and are

thus not necessarily restricted to probability measures. However, by construction

the distances are only applicable in conservative problems, i.e. only if µ(S) = ν(S),

as otherwise no optimal transport plan exists, see e.g. [156, Remark 1.18].

In cases where the measures or data distributions can not be normalised as the mass

di�erences are meaningful, see e.g. color transfer, other approaches are necessary

to handle these so-called unbalanced optimal transport tasks. See [28, 117] for an

overview of several approaches on unbalanced optimal transport. As the �at metric

ρF de�nes a distance onM+(S), it is a suitable candidate for this kind of problem as

well. This claim is supported by the following result, which provides an alternative

characterisation of the �at metric for spaces with more structure via a primal for-

mulation- in contrast to the dual formulation (2.2.3). The original result of Piccoli

and Rossi in the case S = Rd (cf. [120, Theorem 13]) can be extended to proper

metric spaces.
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2 The space of measures

Theorem 2.4.1. Let (S, d) be a proper metric space and µ, ν ∈ M+
1 (S). Then

ρF (µ, ν) = inf
µ̃≤µ, ν̃≤ν

∥µ̃∥TV =∥ν̃∥TV

∥µ− µ̃∥TV + ∥ν − ν̃∥TV +W1(µ̃, ν̃). (2.4.2)

Here, W1 denotes the classical 1−Wasserstein distance with respect to the cost func-

tion c(x, y) = d(x, y).

Remark 2.4.2. The decomposition into terms with total variation norm and the

term with Wasserstein distance admits a heuristic interpretation of mass deletion

versus mass transportation: Any share δµ of the mass of µ can either be transported

from µ to ν at cost W1(δµ, δν) or removed at cost ∥δµ∥TV . As such, the minimal

"sub-measures" µ̃, ν̃ achieve an optimal compromise between mass transportation

and cancellation.

Remark 2.4.3. Theorem 2.4.1 shows that in a way the �at metric is a suitable

generalisation of the 1-Wasserstein distance W1 for unbalanced tasks and as such

distances with respect to ρF are also geometrically faithful, at least locally (see

Lemma 2.2.1).

We adapt the proof from [121] for the Rd case to proper metric spaces. To this end,

we �rst recall some de�nitions and results on convex functionals which will appear

in the proof.

De�nition 2.4.4. Let X be a Banach space and F : X → R a function. The

conjugate function F ∗ : X∗ → R is de�ned by

F ∗(y) := sup
x∈X

(⟨y, x⟩ − F (x)) ,

where ⟨·, ·⟩ denotes the usual dual pairing.

De�nition 2.4.5. Let X be a Banach space. A function F : X → R is called closed

if the sublevel sets {x ∈ X | F (x) ≤ k} are closed in X for all k ∈ R.

The following technical theorem allows us to e�ciently compute the conjugate func-

tion of a sum of two functions. For more details and a proof see [129, Theorem

20.e].

Theorem 2.4.6. Let X be a Banach space and let F1, F2 : X → R∪{∞} be convex

and closed. Assume that there exists a neighbourhood U of 0 ∈ X, an open set

24



2.4 The �at norm as a distance for unbalanced optimal transport

M ⊆ X∗ and a constant K such that for all sets

Vα := {(y1, y2) | yi ∈ domF ∗
i , y1 + y2 ∈M,F ∗

1 (y1) + F ∗
2 (y2) ≤ α}

it holds that

sup
x∈U, (y1, y2)∈Vα

⟨y1 + y2, x⟩ < K.

Here domF ∗
i denotes the domain of F ∗

i . Then the conjugate function F ∗ of F =

F1 + F2 satis�es

F ∗(y) = min
y1+y2=y

(F ∗
1 (y1) + F ∗

2 (y2)).

Proof of Theorem 2.4.1. Consider the following functionals on X = (C0(S), ∥ · ∥∞)

F1(ψ) :=

0, ∥ψ∥∞ ≤ 1

+∞, else
F2(ψ) :=

0, |ψ|Lip ≤ 1

+∞, else
.

As proper spaces are locally compact and separable, the Riesz Representation The-

orem [62, 7.17] implies that

M(S) = C0(X)∗ = X∗.

Note that by the dual formulation of the total variation norm (2.2.1) and as C0
c (S)

is dense in C0(S) we have

F ∗
1 (µ− ν) = sup

ψ∈X

(∫
S

ψ d(µ− ν)− F1(ψ)

)
= sup

ψ∈X

{∫
S

ψ d(µ− ν)

∣∣∣∣ ∥ψ∥∞ ≤ 1

}
=sup

{∫
S

ψ d(µ− ν)

∣∣∣∣ ∥ψ∥∞ ≤ 1, ψ ∈ C0(S)

}
= ∥µ− ν∥TV .

(2.4.3)

For the Wasserstein distance there exists an analogous dual formulation which is

a variant of the Kantorovich-Rubinstein duality for proper metric spaces (see [44,

1.85]), i.e. for µ, ν ∈ M+
1 (S) with ∥µ∥TV = ∥ν∥TV it holds that

W1(µ, ν) = sup

{∫
S

ψ d(µ− ν)
∣∣∣ ψ ∈ C0

c , |ψ|Lip ≤ 1

}
. (2.4.4)
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2 The space of measures

Similarly to (2.4.3), using (2.4.4) we see that F ∗
2 (µ− ν) = W1(µ, ν).

In the next step we de�ne F := F1 + F2 and see by the de�nition of the conjugate

function that

F ∗(µ− ν) = sup
ψ∈X

{∫
S

ψ d(µ− ν)

∣∣∣∣ ∥ψ∥∞ ≤ 1, |ψ|Lip ≤ 1

}
= ρF (µ, ν).

Note that we used [44, 1.26] in the last step which states that for S proper the space

of test functions for the �at metric can be restricted to BL(S) ∩ C0
c (S).

We conclude the proof by proving that F ∗(µ− ν) is actually the RHS of (2.4.2).

By construction, the functions Fi are closed and convex. Furthermore, Fi(ψ) > −∞
for all ψ ∈ X and Fi(X) ̸= ∅, i.e. the Fi are proper in the sense of [129]. We choose

U := {ψ ∈ X | ∥ψ∥∞ < ε}, M = {µ ∈ M(S) | ∥µ∥TV < ε}

and K = ε2. Then the conditions of Theorem 2.4.6 are satis�ed, i.e. in the notation

of the theorem we have for

(µ1, µ2) ∈ Vα = {(ν1, ν2) | ∥ν1 + ν2∥TV < ε, F ∗
1 (ν1) + F ∗

2 (ν2) ≤ α}

that

sup
ψ∈U,

(µ1, µ2)∈Vα

⟨µ1 + µ2, ψ⟩ = sup
∥ψ∥∞<ε,

(µ1, µ2)∈Vα

∫
Rn
ψ d(µ1 + µ2) ≤ ∥ψ∥∞∥µ1 + µ2∥TV ≤ ε2.

Applying Theorem 2.4.6 thus concludes the proof

F ∗(µ− ν) = min
(µ1−ν1)+(µ2−ν2)=µ−ν

∥µ2∥TV =∥ν2∥TV

(F ∗
1 (µ1 − ν1) + F ∗

2 (µ2 − ν2))

= min
(µ1−ν1)+(µ2−ν2)=µ−ν

∥µ2∥TV =∥ν2∥TV

(∥µ1 − ν1∥TV +W1(µ2, ν2))

= min
µ̃≤µ, ν̃≤ν

∥µ̃∥TV =∥ν̃∥TV

(∥µ− µ̃− (ν − ν̃)∥TV ) +W1(µ̃, ν̃)

= min
µ̃≤µ, ν̃≤ν

∥µ̃∥TV =∥ν̃∥TV

(∥µ− µ̃∥TV + ∥ν − ν̃∥TV ) +W1(µ̃, ν̃).

Note that we used the additivity of ∥ · ∥TV on M+(S) and set µ2 = µ̃, ν2 = ν̃. In

particular, as W1(µ2, ν2) <∞ we deduced ∥µ2∥TV = ∥ν2∥TV and thus µ̃ and ν̃ have
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2.4 The �at norm as a distance for unbalanced optimal transport

the same mass.

In Lemma 2.2.1 the �at metric becomes constant if the supports of the Dirac mea-

sures are too far apart. In view of Remark 2.4.2 this corresponds to pure mass

generation/ removal without any transport. This observation also holds for general

measures.

Proposition 2.4.7. Let µ, ν ∈ M+(S) with dist( supp(µ), supp(ν)) ≥ 2. Then

ρF (µ, ν) = ∥µ∥TV + ∥ν∥TV .

Proof. On the one hand, we have for all ∥f∥BL ≤ 1∫
S

f d(µ− ν) ≤
∫
S

1 d|µ− ν| = ∥µ− ν∥TV = ∥µ∥TV + ∥ν∥TV ,

where we used properties of the variation of a measure and of the total variation

norm. On the other hand, as dist( supp(µ), supp(ν)) ≥ 2 we can consider a test

function f ∗ which satis�es f ∗ ≡ 1 on supp(µ), f ∗ ≡ −1 on supp(ν) and ∥f ∗∥BL ≤ 1.

Such a function can be found for example by linearly interpolating between both

supports. Note that it is crucial for the construction of f ∗ that the supports of both

measures are su�ciently distinct. With this choice of f ∗ we compute∫
S

f d(µ− ν) =

∫
supp(µ)

1 dµ−
∫

supp(ν)

−1 dν = ∥µ∥TV + ∥ν∥TV

concluding the proof.

We conclude this subsection with a generalisation of Lemma 2.2.1 to more elaborate

combinations of Dirac deltas.

Proposition 2.4.8. Let N ∈ N and c ∈ R+. Consider points x0, x1, ..., xN ∈ S

which are ordered with increasing distance to x0, i.e. for di := d(x0, xi) we have

d1 ≤ d2 ≤ · · · ≤ dN and let l ∈ {0, . . . , N} be such thatdi ≤ 2, i ≤ l,

di > 2, i > l
.

Furthermore, for i = 1, ..., n consider weights bi ∈ R+. Then the �at distance
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2 The space of measures

between the measures µ = cδx0 and ν =
∑N

i=1 biδxi is given by

ρF (µ, ν) =
I∗∑
i=1

bidi +

(
min

{
c,

l∑
i=1

bi

}
−

I∗∑
i=1

bi

)
dI∗+1 +

∣∣∣∣∣c−
l∑

i=1

bi

∣∣∣∣∣+
N∑

i=l+1

bi,

(2.4.5)

where

I∗ = max

{
I ∈ {0, ..., l} |

I∑
i=1

bi ≤ c

}
.

To clarify formula (2.4.5), we explain the di�erent terms and provide two examples

before we start with the proof. From Theorem 2.4.1 we see that the cost of trans-

portation is directly related to the covered distance, so that an optimal-transport-

mass-deletion plan should favour closer points for transportation. However, in view

of Proposition 2.4.7 mass transport from µ, i.e. from the point x0, to some point

xi ∈ supp(ν) is only a good strategy, if d(x0, xi) ≤ 2. In any other case, mass

deletion/ creation is cheaper and should be preferred. Thus, we are speci�cally in-

terested in the share of mass of ν which is located within this distance to x0, marked

by the �rst l support points. However, due to mass imbalances within the circle of

radius 2 it can happen that additional mass has to be created or super�uous mass

needs to be deleted, even though transport would be more e�cient. After all, mass

transportation needs both enough mass at the starting point and at the designated

end point(s). The auxiliary constant I∗ classi�es the support points of ν, which

together have just less mass than we can send from µ. The next closest point xI∗+1

does either not receive any mass via transportation or just a fraction of the desired

mass with the rest being assigned by mass generation. All these e�ects are re�ected

in formula (2.4.5) as follows:

� The last term
∑N

i=l+1 bi denotes the part of the mass of ν which lies outside

the e�cient distance of transportation and thus has to be created in any case.

� With the term
∣∣∣c−∑l

i=1 bi

∣∣∣ we compute the mass imbalance inside the circle

of radius 2. This mass has either to be created as µ does not provide enough

mass to start with or is super�uous and thus needs to be deleted.

� The sum
∑I∗

i=1 bidi represents the mass which will be completely transported

from x0 to points xi ∈ supp(ν) within the range of e�cient transportation. In

other words, the support points x1, ..., xI∗ receive their mass exclusively via
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2.4 The �at norm as a distance for unbalanced optimal transport

transportation. If there is still mass remaining, this is taken into account by

the second term in (2.4.5).

The most complicated term is given by
(
min

{
c,
∑l

i=1 bi

}
−
∑I∗

i=1 bi

)
dI∗+1 and clar-

i�es the mass imbalance between µ and ν within the circle of radius 2. If µ outweighs

ν inside the circle (i.e. if c ≥
∑l

i=1 bi), then I
∗ = l and the whole term vanishes. In

this case, the super�uous mass is deleted and the cost have already been accounted

for completely by the term
∣∣∣c−∑l

i=1 bi

∣∣∣. However, if ν outweighs µ inside the circle

(i.e.
∑l

i=1 bi ≥ c), then we transport the remaining mass of µ, given by

c−
I∗∑
i=1

bi

to the next closest point xI∗+1 within the circle. By construction, this amount of

mass is smaller than bI∗+1, so that part of the mass at xI∗+1 has to be created. We

provide two simple example which will further illustrate the application of formula

(2.4.5).

Example 2.4.9. � Let µ = 5δ0 and ν =
∑7

i=1 δxi , where di < 2 for i = 1, ..., 4

and di > 2 for i = 5, 6, 7. See Figure 2.1. Then c = 5, l = 4, bi = 1 for

i = 1, .., 7 and I∗ = 4. Consequently, formula (2.4.5) reads

ρF (µ, ν) =
4∑
i=1

di +

(
min

{
5,

4∑
i=1

1

}
−

4∑
i=1

1

)
d5 +

∣∣∣∣∣5−
4∑
i=1

1

∣∣∣∣∣+
7∑
i=5

1

=
4∑
i=1

di + 1 + 3 =
4∑
i=1

di + 4.

� Let µ = 5/2δ0 and ν =
∑4

i=1 δxi , where di < 2 for i = 1, 2, 3 and d4 > 2. See

Figure 2.2. In this case, c = 5/2, l = 3, bi = 1 for i = 1, ..., 4 and I∗ = 2.

Thus, formula (2.4.5) yields

ρF (µ, ν) =
2∑
i=1

di +

(
min

{
5

2
,

3∑
i=1

1

}
−

2∑
i=1

1

)
d3 +

∣∣∣∣∣52 −
3∑
i=1

1

∣∣∣∣∣+
4∑
i=4

1

=
2∑
i=1

di +

(
5

2
− 2

)
d3 +

1

2
+ 1 =

2∑
i=1

di +
1

2
d3 +

3

2
.
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2

5δ0

δx3

δx1

δx2
δx5δx4

δx7

δx6

Figure 2.1: c = 5, l = 4, N = 7, I∗ = 4

2

5/2δ0

δx3

δx1

δx2
δx4

Figure 2.2: c = 5/2, l = 3, N = 4, I∗ = 2

Proof of Proposition 2.4.8. We apply the alternative characterisation of Piccoli

and Rossi from Theorem 2.4.1 and consequently have to �nd the optimal submea-

sures µ̃, ν̃. As µ is a Dirac measure located at x0, any submeasure of µ is of the form

µ̃α = αδx0 for some α ∈
[
0,min

{
c,
∑N

i=1 bi

}]
. The parameter α denotes the share

of the mass located at x0 which we want to transport to ν, and α is thus à priori

bounded by the minimum of the total masses of µ and ν. We directly compute

∥µ− µ̃α∥TV = (c− α)∥δx0∥TV = c− α. (2.4.6)

As ν is a linear combination of Diracs, its submeasures ν̃ are slightly more di�cult.

However, any ν̃ is de�nitely of the form ν̃α,β =
∑N

i=1 βiδxi with weights βi ∈ [0, bi]

satisfying
∑N

i=1 βi = α as both submeasures need to have the same total mass. The

weights βi indicate how much of the mass located at xi comes via transportation

from x0, whereas the rest bi − βi has to be created. We compute

∥ν − ν̃α,β∥TV =
N∑
i=1

(bi − βi)∥δxi∥TV =
N∑
i=1

(bi − βi) =
N∑
i=1

bi − α, (2.4.7)

where we used that the total variation norm behaves linearly for nonnegative mea-

sures and that ∥δx∥TV = 1.

Next, we need to check the Wasserstein distance between µ̃α and ν̃α,β. If α = 0,

then clearly W1(µ̃α, ν̃α,β) = 0, so let α > 0 for the upcoming computation

W1(µ̃α, ν̃α,β) = W1

(
αδx0 ,

N∑
i=1

βiδxi

)
=

∫
S

d(x0, y) d

[
N∑
i=1

βiδxi

]
(y) =

N∑
i=1

βid(x0, xi).

(2.4.8)

Here we used that the Wasserstein distance between a Dirac measure and an arbi-
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2.4 The �at norm as a distance for unbalanced optimal transport

trary probability measure η is given by

W1(η, δx0) =

∫
S

d(x0, y) dη(y).

In view of identity (2.4.2), we combine (2.4.6), (2.4.7) and (2.4.8) to get the following

estimate

ρF (µ, ν) ≤∥µ− µ̃α∥TV + ∥ν − ν̃α,β∥TV +W1(µ̃α, ν̃α,β)

=c+
N∑
i=1

bi − 2α +
N∑
i=1

βidi =: F (α, β),
(2.4.9)

with α =
∑N

i=1 βi so that the case α = 0 is included. As all possible submeasures

are of the form µ̃α, ν̃α,β we reduced the problem to minimizing F subject to the

constraint α =
∑N

i=1 βi. We claim that the global minimum is attained in (α∗, β∗)

where

α∗ = min

{
c,

l∑
i=1

bi

}
and β∗

i =


bi, i ≤ I∗,

α∗ −
∑I∗

i=1 bi, i = I∗ + 1,

0, else

(2.4.10)

and I∗ = max
{
I ∈ {0, ..., l} |

∑I
i=1 bi ≤ c

}
. In Remark 2.4.10 we give a heuristic

for this speci�c parameter choice. Before we prove the optimality, we show that

(2.4.10) leads to (2.4.5). So we plug in (α∗, β∗) into F and treat both cases of α∗

separately.

Case 1: α∗ = c

In this case c ≤
∑l

i=1 bi ≤
∑N

i=1 bi, so that

F (α∗, β∗) =c+
N∑
i=1

bi − 2c+
N∑
i=1

β∗
i di =

N∑
i=1

bi − c+
I∗∑
i=1

bidi +

(
c−

I∗∑
i=1

bi

)
dI∗+1

=
I∗∑
i=1

bidi +

(
c−

I∗∑
i=1

bi

)
dI∗+1 +

∣∣∣∣∣c−
l∑

i=1

bi

∣∣∣∣∣+
N∑

i=l+1

bi

as claimed.
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Case 2: α∗ =
∑l

i=1 bi

In this case we have I∗ = l so that

F (α∗, β∗) =c+
N∑
i=1

bi − 2
l∑

i=1

bi +
N∑
i=1

β∗
i di

=c+
N∑
i=1

bi − 2
l∑

i=1

bi +
I∗∑
i=1

bidi +

(
α∗ −

l∑
i=1

bi

)
dI∗+1

=
I∗∑
i=1

bidi +

∣∣∣∣∣c−
l∑

i=1

bi

∣∣∣∣∣+
N∑

i=l+1

bi

as desired.

We are left to prove that (α∗, β∗) yields the global minimum of F . To show this, we

invoke variational inequality theory. First note that the domain of F

X :=

{
(α, β) ∈ [0, c]×

N⊗
i=1

[0, bi] | α−
N∑
i=1

βi = 0

}
⊂ RN+1

is nonempty, closed and convex. Furthermore, F : X → R is smooth, linear and

thus convex. Let x∗ := (α∗, β∗). According to [70, 7.5] the point x∗ is a global

minimum of F if x∗ solves the variational inequality

V IP (X,∇F ) := ∇F (x∗)T (x− x∗) ≥ 0 ∀x ∈ X. (2.4.11)

We compute for some x = (α, β) ∈ X

∇F (x∗)T (x− x∗) =


−2

d1
...

dN


T 

α− α∗

β1 − β∗
1

...

βN − β∗
N

 = −2(α− α∗) +
N∑
i=1

di(βi − β∗
i )

=− 2

(
N∑
i=1

βi −
N∑
i=1

β∗
i

)
+

N∑
i=1

di(βi − β∗
i ) =

N∑
i=1

(di − 2)(βi − β∗
i ).
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2.4 The �at norm as a distance for unbalanced optimal transport

Plugging in β∗ yields

∇F (x∗)T (x− x∗)

=
I∗∑
i=1

(di − 2)(βi − bi) + (dI∗+1 − 2)

(
βI∗+1 − α∗ +

I∗∑
i=1

bi

)
+

N∑
i=I∗+2

(di − 2)βi.

(2.4.12)

To see that (2.4.12) is actually nonnegative for all x ∈ X we have to distinguish

cases for α∗.

Case 1: α∗ =
∑l

i=1 bi

Then I∗ = l and (2.4.12) reads

∇F (x∗)T (x− x∗)

=
l∑

i=1

(di − 2)(βi − bi) + (dl+1 − 2)

(
βl+1 −

l∑
i=1

bi +
l∑

i=1

bi

)
+

N∑
i=l+2

(di − 2)βi

=
l∑

i=1

(di − 2)︸ ︷︷ ︸
≤0

(βi − bi)︸ ︷︷ ︸
≤0

+
N∑

i=l+1

(di − 2)︸ ︷︷ ︸
>0

βi ≥ 0 ∀(α, β) ∈ X.

In particular, x∗ solves the variational inequality (2.4.11) and is thus the global

minimum of F .

Case 2: α∗ = c

In this case we have I∗ ≤ l but we can assume without loss of generality that

I∗ + 1 ≤ l as otherwise I∗ = l and thus c =
∑l

i=1 bi which has already been covered

in the �rst case. Hence, (2.4.12) reads

∇F (x∗)T (x− x∗)

=
I∗∑
i=1

(di − 2)(βi − di) + (dI∗+1 − 2)

(
βI∗+1 − c+

I∗∑
i=1

bi

)
+

N∑
i=I∗+2

(di − 2)βi

=
I∗∑
i=1

(di − 2)(βi − bi) + (dI∗+1 − 2)

(
βI∗+1 − c+

I∗∑
i=1

bi

)

+
l∑

i=I∗+2

(di − 2)βi +
N∑

i=l+1

(di − 2)βi.

(2.4.13)

In this case bounding the right-hand side from below is not as easy as the βi are
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linked together via the constraint
∑N

i=1 βi = α. Nevertheless, the last term is non-

negative for all β ∈ X, whereas all the terms in the �rst three terms of the sum are

monotonically decreasing in βi and βI∗+1, respectively. Consequently, we set βi = 0

for i > l which monotonically increases the values of the remaining βi and thus

∇F (x∗)T (x− x∗)

≥
I∗∑
i=1

(di − 2)(βi − bi) + (dI∗+1 − 2)

(
βI∗+1 − c+

I∗∑
i=1

bi

)
+

l∑
i=I∗+2

(di − 2)βi

=
I∗∑
i=1

di(βi − bi)− 2
I∗∑
i=1

βi + 2
I∗∑
i=1

bi + dI∗+1

(
βI∗+1 +

I∗∑
i=1

bi − c

)

− 2βI∗+1 + 2c− 2
I∗∑
i=1

bi +
l∑

i=I∗+2

diβi − 2
l∑

i=I∗+2

βi

=
I∗∑
i=1

di(βi − bi)− 2
l∑

i=1

βi + dI∗+1

(
βI∗+1 +

I∗∑
i=1

bi − c

)
+ 2c+

l∑
i=I∗+2

diβi

=
I∗∑
i=1

di(βi − bi) + 2(c− α) + dI∗+1

(
βI∗+1 +

I∗∑
i=1

bi − c

)
+

l∑
i=I∗+2

diβi,

where we used the improved constraint
∑l

i=1 βi = α. Using the constraint again

and rearranging terms gives

∇F (x∗)T (x− x∗)

≥
I∗∑
i=1

di(βi − bi) + 2(c− α) + dI∗+1

(
α−

I∗∑
i=1

βi −
l∑

i=I∗+2

βi +
I∗∑
i=1

bi − c

)
+

l∑
i=I∗+2

diβi

=
I∗∑
i=1

di(βi − bi) + 2(c− α) + dI∗+1(α− c) + dI∗+1

I∗∑
i=1

(bi − βi) +
l∑

i=I∗+2

(di − dI∗+1)βi

=
I∗∑
i=1

(dI∗+1 − di)︸ ︷︷ ︸
≥0

(bi − βi)︸ ︷︷ ︸
≥0

+(c− α)︸ ︷︷ ︸
≥0

(2− dI∗+1)︸ ︷︷ ︸
≥0

+
l∑

i=I∗+2

(di − dI∗+1)︸ ︷︷ ︸
≥0

βi ≥ 0

(2.4.14)

for all x ∈ X. Note that we used once more that I∗ + 1 ≤ l, so that dI∗+1 ≤ 2.

From (2.4.14) we conclude that x∗ solves the variational inequality (2.4.11) also in

the case α∗ = c and x∗ is thus the global minimum of F . □

Remark 2.4.10. Now we give a heuristic for the optimal choice (α∗, β∗) given in
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2.4 The �at norm as a distance for unbalanced optimal transport

equation (2.4.10). In a �rst step, we �x the amount of mass α that we want to

transport and look for the optimal weights β given α. As βi = 0 for all i = 1, ..., n

if α = 0, we will only consider α > 0. According to (2.4.9) we have the estimate

ρF (µ, ν) ≤ c+
N∑
i=1

bi − 2α +
N∑
i=1

βidi. (2.4.15)

As the Wasserstein distance scales with the transported distance, it is clearly optimal

to transport mass as shortly as possible. Since the di are ordered increasingly, this

means that we prioritize lower indices over higher ones when assigning mass for

transportation. To this end, let

Iα := max

{
I ∈ {0, ..., N} |

I∑
i=1

bi ≤ α

}
,

i.e. Iα denotes the index up to which we can assign the maximal value to βi,

i.e. βi = bi, as there is still su�cient mass left assigned for transportation. The

remaining mass α−
∑Iα

i=1 bi is then delegated to the next entry Iα+1. All other entries

are set to zero, so that this scheme yields the following weight vector β∗ = β∗(α):

β∗
i =


bi, i ≤ Iα,

α−
∑Iα

i=1 bi, i = Iα + 1,

0, else.

(2.4.16)

We note that distributing the mass in any other way by choosing di�erent βi can

not yield a better overall transportation cost W1(µ̃α, να,β) as we would potentially

transport more mass to locations further away at the expense of nearer locations.

However, equally e�cient transport plans might be possible if there are points with

the same distance to x0 so that mass transportation is indi�erent between those

locations.

Now we are left to �nd the optimal choice of α which minimizes (2.4.15). So we
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de�ne

F̃ (α) :=F (α, β∗) = c+
N∑
i=1

bi − 2α +
N∑
i=1

β∗
i di

=c+
N∑
i=1

bi − 2α +
Iα∑
i=1

bidi +

(
α−

Iα∑
i=1

bi

)
dIα+1

= c+
N∑
i=1

bi︸ ︷︷ ︸
=:K

+
Iα∑
i=1

bi(di − 2) + (dIα+1 − 2)

(
α−

Iα∑
i=1

bi

) (2.4.17)

and want to minimize with respect to α.

We claim that α is actually bounded by
∑l

i=1 bi, so that

α ≤ min

{
c,

l∑
i=1

bi

}
and Iα = max

{
I ∈ {0, ..., l} |

I∑
i=1

bi ≤ α

}
. (2.4.18)

To this end, �rst consider the case that α >
∑l

i=1 bi. Then clearly Iα ≥ l. If Iα = l,

then we see

F̃l := F̃ (α) =K +
l∑

i=1

bi(di − 2) + (dl+1 − 2)︸ ︷︷ ︸
>0

(
α−

l∑
i=1

bi

)
︸ ︷︷ ︸

≥0

>K +
l∑

i=1

bi(di − 2) = F

(
l∑

i=1

bi

)
,

(2.4.19)

so that choosing α =
∑l

i=1 bi leads to a smaller value. On the other hand, if

Iα ≥ l + 1, then due to the monotonicity of the di

F̃ (α) =K +
l∑

i=1

bi(di − 2) +
Iα∑

i=l+1

bi(di − 2) + (dIα+1 − 2)

(
α−

Iα∑
i=1

bi

)

≥K +
l∑

i=1

bi(di − 2) +
Iα∑

i=l+1

bi(di − 2) + (dl+1 − 2)

(
α−

Iα∑
i=1

bi

)

=K +
l∑

i=1

bi(di − 2) + (dl+1 − 2)

(
α−

l∑
i=1

bi

)
+

Iα∑
i=l+1

bi(di − 2)−
Iα∑

i=l+1

(dl+1 − 2)bi

=F̃l +
Iα∑

i=l+1

bi (di − dl+1)︸ ︷︷ ︸
≥0

≥ F̃l.
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2.4 The �at norm as a distance for unbalanced optimal transport

As we have seen in (2.4.19) F̃l can not be minimal and therefore neither any α with

Iα ≥ l + 1. We conclude that indeed (2.4.18) holds.

We come back to minimizing F̃ in (2.4.17) and claim that F̃ is monotonically de-

creasing for α ∈
[
0,min

{
c,
∑l

i=1 bi

}]
which will conclude this proof. Indeed, if F̃ is

montonically decreasing, it takes its minimum at the right hand side of the interval

and thus α∗ = min
{
c,
∑l

i=1 bi

}
.

For the proof of monotonicity, we �rst note that without loss of generality we can

assume Iα + 1 ≤ l, so that in the last term of (2.4.17) we have dIα+1 ≤ 2. Indeed,

Iα + 1 > l implies Iα > l − 1, or rather Iα = l and thus α =
∑l

i=1 bi with the third

term vanishing completely in this case.

Now we turn to the monotonicity of F̃ . Let α1 ≤ α2 ≤ min
{
c,
∑l

i=1 bi

}
. If

Iα1 = Iα2 =: I, then

F̃ (α1)− F̃ (α2) = (dI+1 − 2)︸ ︷︷ ︸
≤0

(α1 − α2) ≥ 0,

so F̃ is indeed monotonically decreasing in this case. If Iα1 < Iα2 ≤ l, then

F̃ (α1)− F̃ (α2)

=K +

Iα1∑
i=1

bi(di − 2) + (dIα1+1 − 2)

α1 −
Iα1∑
i=1

bi


−K −

Iα2∑
i=1

bi(di − 2)− (dIα2+1 − 2)

α2 −
Iα1∑
i=1

bi


=−

Iα2∑
i=Iα1+1

bidi + (dIα1+1 − 2)α1 − dIα1+1

Iα1∑
i=1

bi − (dIα2+1 − 2)α2 + dIα2+1

Iα2∑
i=1

bi.
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We rearrange and both add and substract auxiliary terms which leads to

F̃ (α1)− F̃ (α2)

=dIα2+1

Iα2∑
i=1

bi − dIα1+1

Iα2∑
i=1

bi + dIα1+1

Iα2∑
i=1

bi −
Iα2∑

i=Iα1+1

bidi − dIα1+1

Iα1∑
i=1

bi

+ (dIα1+1 − dIα2+1)α1 + dIα2+1(α1 − α2) + 2(α2 − α1)

=(dIα2+1 − dIα1+1)

 Iα2∑
i=1

bi − α1

+ dIα1+1

Iα2∑
i=Iα1+1

bi −
Iα2∑

i=Iα1+1

bidi

+ (α2 − α1)(2− dIα2+1)

=(dIα2+1 − dIα1+1)

 Iα1∑
i=1

bi − α1

+ (dIα2+1 − dIα1+1)

Iα2∑
i=Iα1+1

bi

+

Iα2∑
i=Iα1+1

bi(dIα1+1 − di) + (α2 − α1)(2− dIα2+1)

=(dIα2+1 − dIα1+1)

 Iα1∑
i=1

bi − α1

+

Iα2∑
i=Iα1+1

bi(dIα2+1 − di) + (α2 − α1)(2− dIα2+1).

Now using that
∑Iα1+1

i=1 bi − α1 > 0 by de�nition of Iα1 , we conclude that F̃ is also

monotonically decreasing in this case

F̃ (α1)− F̃ (α2)

= (dIα2+1 − dIα1+1)︸ ︷︷ ︸
≥0

Iα1+1∑
i=1

bi − α1


︸ ︷︷ ︸

>0

+

Iα2∑
i=Iα1+2

bi(dIα2+1 − di)︸ ︷︷ ︸
≥0

+(α2 − α1)(2− dIα2+1)︸ ︷︷ ︸
≥0

≥0.

It is important to note that this approach just provides a heuristic for the global

minimum (α∗, β∗) and that a proof for the optimality is still necessary. In this

remark we computed

min
α

min
β
F (α, β) instead of min

α,β
F (α, β)

under the constraint
∑N

i=1 βi = α. In general, the second term is smaller than the
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�rst.

2.5 Computing the �at metric

So far, our studies concerning the �at metric have been purely theoretical. However,

if we want to capitalize on the similarity to the Wasserstein distances for applica-

tions in unbalanced optimal transport tasks, we need a way to explicitly calculate

the �at distance between measures µ, ν ∈ M+(Rd). As we have seen in Proposition

2.4.8, closed analytical expressions are complicated even for Dirac measures, and

are in general unattainable. Thus, instead we apply machine learning to calculate

the �at distance. The method is based on the work by Cem Anil, James Lucas and

Roger Grosse [9] which uses the Kantorovich-Rubinstein duality (2.4.1) to compute

the Wasserstein distance W1. Since the (dual) formulation (2.2.3) of the �at metric

is of a similar structure, we were able to adjust the concepts to our setting [135].

We summarize the most important points of the paper as a thorough introduc-

tion to the topic and applied methods would go beyond the scope of this thesis.

The complete code as well as examples and visualisation tools can be found at

https://github.com/hs42/flat_metric. The main idea is to train a neural net-

work fΘ to �nd the optimal test function realizing the �at distance between µ and

ν in (2.2.3). The network is given by a multi-layer perceptron with two fully

connected hidden layers having 64 neurons each and the Adam optimizer [92]. We

deliberately choose a shallow network architecture as it provides su�ciently good

results whereas moving to larger networks results in instabilities or even failures

during training due to limited training data. Indeed, in our setting, training data

for the network is given by the support points of the measures µ, ν which are usually

sparse for the (mostly discrete) measures appearing applications. Despite the shal-

low architecture, the Universal Approximation Theorem proven in [9] guarantees

that the entire space BL(Rd) can be accessed via the network if the architectural

constraints are chosen appropriately, so that we can expect meaningful results.

For two given measures µ, ν ∈ M+(Rd) we make the ansatz ψ = fΘ and model the

optimal bounded Lipschitz test function by the neural network. To ensure that fΘ

is indeed admissible to the optimisation problem (2.2.3), i.e. that it is a bounded

Lipschitz function with ∥ · ∥BL norm bounded by 1, we use a mixed approach of

architectural constraints and regularisation. More precisely, we adopt the architec-

tural approach introduced in [9] to guarantee Lipschitz continuity whereas we use
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2 The space of measures

additional regularisational constraints to enforce boundedness of fΘ.

Architectural constraints: The method introduced in [9] to calculate the Wasser-

stein distance W1 takes advantage of the fact that Lipschitz continuity is closed

under compositions, so that it is su�cient to control the Lipschitz constant of each

individual layer and each activation function to achieve Lipschitz continuity of the

output. In the paper [9], the authors Anil, Lucas and Grosse normalise each layer

Ai using Björck orthonormalisation [17] and use the nonlinear 1-Lipschitz shu�ing

operator GroupSort [26] as activation function. The Björck orthonormalisation

ensures that the linear transformation induced by layer Ai is in fact isometric, thus

strictly enforcing |Ai|Lip = 1. However, in contrast to the Wasserstein distance

where the optimal test function will always be exactly 1-Lipschitz, the optimal

test function for the �at metric often has a smaller Lipschitz constant, rendering

the Björck orthonormalisation too restrictive for our purposes. Thus, in our im-

plementation we apply a spectral normalisation leading to ∥Ai∥2 = 1 instead.

This guarantees that the largest singular value is exactly 1 but there may be other

eigenspaces with smaller absolute singular values. Consequently, layer Ai is not

necessarily 1-Lipschitz in every direction but only satis�es |Ai|Lip ≤ 1. In the cases

we considered, both Björck and spectral normalisation provided similar results, but

from a theoretical perspective spectral normalisation does not preserve the gradient

norm, unlike Björck orthonormalisation, which potentially leads to diminishing gra-

dient norms of the network during backpropagation and thus to a slower convergence

of the network, see [9, B.2]. We remark that as a side e�ect, Lipschitz constrained

neural networks are proven to be adversarially robust which means that the change

in output under small adversarial perturbations is bounded [155].

Regularisation constraints: Since the networks architecture ensures Lipschitz

continuity of the output, we need to introduce a loss term that both renders fΘ

admissible the optimisation problem (2.2.3) as well as yields the optimal value for

the �at metric. To this end, our total loss term L consists of two parts

L := Lm + λLb. (2.5.1)

Such an approach of having one loss term for the problem and one for the admissibil-

ity is commonly employed, e.g in the implementation of Wasserstein gradient-penalty

adversarial networks [77]. The metric loss term Lm corresponds to minimising the
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negative of (2.2.3) and is given by

Lm := −
∫
Rd
fΘ(x) dµ(x) +

∫
Rd
fΘ(x) dν(x). (2.5.2)

Thus, after training Lm approximately yields the negative value of the �at distance

ρF (µ, ν). Additionally, we have the bound loss term which serves as a penalty

term to bound fΘ

Lb
(

1

∥µ∥TV
⟨hµ, hµ⟩+

1

∥ν∥TV
⟨hν , hν⟩

)
. (2.5.3)

Here, hκ := maxx∼κ(|fΘ(x)| −M, 0), where M denotes the desired upper bound of

∥fΘ∥∞; in our settingM = 1. In contrast to the obvious choice of simply considering

the maximal value ∥fΘ∥∞, we choose this approach to reduce the e�ect of outliers

in the data and thus to simplify training of the network.

The functions hκ encode in which areas fΘ deviates from its target bound evaluated

each on the support points of κ = µ and κ = ν respectively. If such a de�ection

|fΘ| > M occurs, the corresponding hκ will have non-vanishing values and hκ serves

as a penalty. The penalties are then accumulated over the whole space by the inner

product ⟨·, ·⟩ which thus measures how much fΘ violates the bound when evaluated

with respect to µ and ν respectively. The loss term should not favour measures

with larger total masses, so that each contribution is normalised by its respective

total variation ensuring that the penalty terms remain invariant under scaling of the

total mass. This has the useful side e�ect that it is not important for our imple-

mentation whether the same empiric distribution is represented using 100 or 1000

data points. Finally, the penalty contributions with respect to µ and ν are com-

bined to give the overall penalty Lb. In practice, strictly enforcing the ideal bound of
a vanishing Lb is not possible and hence we strive for small values of the loss instead.

Note that the two loss contributions Lm and Lb of L in (2.5.1) are balanced by an

enforcing parameter λ = λ(t) depending on elapsed training time t. Speci�cally, λ

is chosen adaptively so that each freshly trained network is approximately bound

by the same constant ∥fΘ∥∞ ≤ M while simultaneously having comparable rela-

tive loss contributions of Lm and Lb, regardless of the input distributions. This is

particularly important for our setting as we want to establish pairwise comparisons

of neural networks which have been trained independently and/or on di�erent data

sets, so that the output of the network should be ordinal. This occurs for example,
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2 The space of measures

when computing pairwise distances between subdistributions. Without dynamically

balancing the loss terms, the resulting fΘ will adhere more or less strict to the ∥ ·∥∞
bound, depending on the currently dominating loss term, leading to biased results.

Notably, di�erent networks would solve di�erent optimisation problems (2.2.3) yield-

ing their actual outcomes to be incomparable to each other.

We performed several experiments varying data dimensions and network parame-

ters to test our method against available ground truth (see Proposition 2.4.8). The

results were satisfying and showed that we were able to capture the important as-

pects of the �at metric. For more information, we refer to [135]. To conclude this

summary, we present an exemplary experiment which also demonstrates �elds of

applications for the method.

As a �rst step, we simulate high dimensional single-cell (sc) transcriptomics data

using the R-software package Splatter which has been developed by Zappia et al.

[166] to generate simulated scRNA sequencing count data of di�erentiation trajec-

tories or of populations with one or multiple cell types. In this setting, analytical

ground truth is unavailable, but we still have the possibility to monitor qualitative

changes of the implementation via appropriate parameter choices in the Splatter

framework. In particular, we modelled 10 000 cells, distributed over �ve di�erent

cell groups with varying sample sizes and genetic expression pro�les, i.e. locations

in gene space. After preprocessing and reducing the generated data to the �rst

50 principal dimensions, we determined the �at distances between the individual

groups, see Table 2.1. For comparison, we computed the corresponding Wasser-

stein distances of the normalised distributions as well. For visualisation, we further

reduced the data to 2 dimensions and generated a t-SNE plot, see Figure 2.3.

Table 2.1: Flat distances (�rst entry of each cell) between the clusters for dimension 50.
For comparison the respective Wasserstein distances using the same net archi-

tecture are displayed as well (second entry of each cell)

Group 1 Group 2 Group 3 Group 4 Group 5
Group 1 (0.00, 0.00) (3.15, 0.35) (2.17, 6.77) (5.15, 6.85) (2.25, 9.75)
Group 2 (3.16, 0.35) (0.00, 0.00) (5.16, 6.76) (2.16, 6.85) (4.79, 9.76)
Group 3 (2.17, 6.77) (5.15, 6.76) (0.00, 0.00) (5.21, 9.51) (2.26, 11.86)
Group 4 (5.15, 6.85) (2.16, 6.68) (5.20, 9.51) (0.00, 0.00) (4.83, 12.05)
Group 5 (2.25, 9.75) (4.79, 9.76) (2.27, 11.86) (4.84, 12.05) (0.00, 0.00)
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Figure 2.3: 2D t-SNE plot of mRNA counts for 5 distributions generated by Splatter.

Table 2.1 shows the systematic di�erences between the �at metric and the Wasser-

stein distance. As the latter is insensitive to population size, distributions 1 (blue)

and 2 (brown) are nearly identical in Wasserstein space whereas they are clearly

distinguishable with respect to the �at metric due to the large mass di�erence. The

mass imbalances thus signi�cantly in�uence the neighbouring relation of the groups.

So, in situations in which di�erences in cluster sizes are not only an e�ect of sampling

but rather play a relevant role for the underlying question, we highly recommend

using a method for unnormalised data distributions such as our �at metric.
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3 PDE models on the Euclidean space

In this chapter we will investigate a generic structured population model in an Eu-

clidean setting. Starting from a classical PDE model, we derive a weak formulation

in measures using the Theorem of Radon-Nikodým. Sections 3.3 and 3.4 deal with

existence and uniqueness of solutions to a linear version of the model, whereas the

general nonlinear model will be considered in Section 3.5.

3.1 From a PDE model to a weak formulation

In the �rst part of this chapter we treat a linear structured population model on

[0, T ]× Rd of the form{
∂tµt +∇x · (b(t, x)µt) = c(t, x)µt +

∫
Rd η(t, x)(y) dµt(y) +N(t),

µ0 = ν,
(3.1.1)

where ν ∈ M+(Rd) and

b : [0, T ]× Rd → Rd, c : [0, T ]× Rd → R,
η : [0, T ]× Rd → M+(Rd), N : [0, T ] → M+(Rd).

Function c represents a growth term, η can be interpreted as spread of hetero-

geneity (such as a mutation kernel), N is a state-independent in�ux and b

denotes the vector �eld which is responsible for the transformation dynamic of the

individual states.

Unless individual results assume a di�erent regularity, we assume the following for

our model functions.

Assumptions 3.1.1. The model functions c, η and X satisfy

(i) b ∈ C0([0, T ];BL(Rd;Rd)),

(ii) c ∈ C0([0, T ];BL(Rd)),
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3.1 From a PDE model to a weak formulation

(iii) η ∈ C0
(
[0, T ];BL(Rd;M+(Rd))

)
,

(iv) N ∈ C0([0, T ];M+(Rd)).

Notation 3.1.2. To explain the technical assumptions on the model functions, we

elaborate the most complicated assumption (iii) from a computational point of view.

For �xed t ∈ [0, T ] and x ∈ Rd, η(t, x) is a measure in M+(Rd), whereas for �xed t

the map x 7→ η(t, x) ∈ M+(Rd) is bounded and Lipschitz continuous, i.e.

∥η(t, ·)∥BL(Rd;M+) := max

{
sup
x∈Rd

∥η(t, x)∥BL∗ , |η(t, ·)|Lip
}
<∞,

where the Lipschitz constant is given by

|η(t, ·)|Lip = sup
x1 ̸=x2

∥η(t, x1)− η(t, x2)∥BL∗

|x1 − x2|
.

Finally, t 7→ ∥η(t, ·)∥BL(Rd;M+) is continuous so that

∥η∥∞ := sup
t∈[0,T ]

∥η(t, ·)∥BL(Rd;M+) <∞.

In a similar vein, we introduce the following for abbreviation

∥b∥∞ := sup
t∈[0,T ]

∥b(t, ·)∥BL <∞,

∥c∥∞ := sup
t∈[0,T ]

∥c(t, ·)∥BL <∞,

∥N∥∞ := sup
t∈[0,T ]

∥N(t)∥BL∗ <∞.

We start with deriving the weak formulation of (3.1.1). To this end we �rst assume

higher regularity, i.e. we don't consider measures but rather the problem∂tut(x) +∇x · (b(t, x)ut(x)) = c(t, x)ut(x) + ñ(t, x)ut(x) + Ñ(t) ∈ [0, T ]× Rd

u0(x) = h(x),

(3.1.2)

where ut(x) := u(t, x) and u ∈ C1([0, T ] × Rd). Multiplying (3.1.2) with a test

function φ ∈ BL([0, T ] × Rd) ∩ C1([0, T ] × Rd) and integrating over the whole
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domain yields∫ T

0

∫
Rd
∂tut(x)φ(t, x) +∇x · (b(t, x)ut(x))φ(t, x) dx dt

=

∫ T

0

∫
Rd
c(t, x)ut(x)φ(t, x) + ñ(t, x)ut(x)φ(t, x) + Ñ(t)φ(t, x) dx dt.

(3.1.3)

For the �rst term on the left hand side of (3.1.3) we apply Fubini's Theorem twice

and integrate by parts which gives∫ T

0

∫
Rd
∂tut(x)φ(t, x) dx dt =

∫
Rd

∫ T

0

∂tut(x)φ(t, x) dt dx

=−
∫
Rd

∫ T

0

ut(x)∂tφ(t, x) dt dx+

∫
Rd
[ut(x)φ(t, x)]

T
0 dx

=−
∫ T

0

∫
Rd
ut(x)∂tφ(t, x) dx dt+

∫
Rd
uT (x)φ(T, x)− u0(x)φ(0, x) dx.

(3.1.4)

The second term on the left hand side of (3.1.3) can be rewritten with Green's

identity∫ T

0

∫
Rd

∇x · (b(t, x)ut(x))φ(t, x) dx dt = −
∫ T

0

∫
Rd
b(t, x)ut(x) · ∇xφ(t, x) dx dt.

(3.1.5)

Plugging both (3.1.4) and (3.1.5) into (3.1.3) and rearranging yields∫
Rd
uT (x)φ(T, x)− u0(x)φ(0, x) dx

=

∫ T

0

∫
Rd
ut(x)∂tφ(t, x) + b(t, x)ut(x) · ∇xφ(t, x) + c(t, x)ut(x)φ(t, x) dx dt

+

∫ T

0

∫
Rd
ñ(t, x)ut(x)φ(t, x) + Ñ(t)φ(t, x) dx dt.

(3.1.6)

In a second step, we assume that ut is actually the density of a measure µt with

respect to the Lebesgue measure λd according to Radon-Nikodým Theorem [7, The-

orem 1.28]. In particular, we have

ut(x) = Dλdµt(x).
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3.1 From a PDE model to a weak formulation

Furthermore, the model functions ñ and Ñ are supposed to be densities as well, i.e.

ñ(t, x) = Dµtνt(x) and Ñ(t) = DλdN(t),

where νt(y) =
[∫

Rd η(t, x) dµt(x)
]
(y). Note that it is necessary to apply the Radon-

Nikodým Theorem for Banach spaces to treat ñ(t, x) (see [126]).

Using basic properties of the Radon-Nikodým density (see [44, F.22 ]), we can rewrite

the terms in (3.1.6) as follows

•
∫
Rd
uT (x)φ(T, x)− u0(x)φ(0, x) dx =

∫
Rd
φ(T, x) dµT (x)−

∫
Rd
φ(0, x) dµ0(x),

•
∫ T

0

∫
Rd
ut(x)∂tφ(t, x) dx dt =

∫ T

0

∫
Rd
∂tφ(t, x) dµt(x) dt,

•
∫ T

0

∫
Rd
b(t, x)ut(x) · ∇xφ(t, x) dx dt =

∫ T

0

∫
Rd
b(t, x) · ∇xφ(t, x) dµt(x) dt,

•
∫ T

0

∫
Rd
Ñ(t)φ(t, x) dx dt =

∫ T

0

∫
Rd
φ(t, x) dN(t)(x) dt.

(3.1.7)

It remains to rewrite the term involving ñ. As linear operations commute with the

Bochner integral (see [164, V.5. Corollary 2]), we see that∫ T

0

∫
Rd
ñ(t, x)ut(x)φ(t, x) dx dt =

∫ T

0

∫
Rd
ñ(t, x)φ(t, x) dµt(x) dt

=

∫ T

0

∫
Rd
φ(t, x) dνt(x) dt =

∫ T

0

∫
Rd
φ(t, y) dνt(y) dt

=

∫ T

0

∫
Rd
φ(t, y) d

[∫
Rd
η(t, x) dµt(x)

]
(y) dt

=

∫ T

0

∫
Rd

∫
Rd
φ(t, y) d[η(t, x)](y) dµt(x) dt.

(3.1.8)

Plugging (3.1.7) and (3.1.8) into (3.1.6) yields for any test function
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3 PDE models on the Euclidean space

φ ∈ BL([0, T ]× Rd) ∩ C1([0, T ]× Rd)∫
Rd
φ(T, x) dµT (x)−

∫
Rd
φ(0, x) dµ0(x) =

∫ T

0

∫
Rd
∂tφ(t, x) dµt(x) dt

+

∫ T

0

∫
Rd

(
∇xφ(t, x) · b(t, x) + φ(t, x) c(t, x)

)
dµt(x) dt

+

∫ T

0

∫
Rd

(∫
Rd
φ(t, y) d[η(t, x)] (y)

)
dµt(x) dt+

∫ T

0

∫
Rd
φ(t, x) d[N(t)](x) dt,

(3.1.9)

which is the weak formulation of (3.1.1).

Based on (3.1.9) we introduce the following notion of weak solution to (3.1.1).

De�nition 3.1.3. A family of measures µ• := {µt}t∈[0,T ] ⊂ M+(Rd) is a measure

solution to (3.1.1) provided t 7→ µt is narrowly continuous and satis�es (3.1.9) for

any φ ∈ BL([0, T ]× Rd) ∩ C1([0, T ]× Rd).

We �rst note that narrow continuity of the measure solution implies that we can

replace T with any s ∈ [0, T ] in the weak formulation 3.1.9. More precisely,

Lemma 3.1.4. Let s ∈ [0, T ] and let µ• be a measure solution to (3.1.9). Then µ•

satis�es∫
Rd
φ(s, x) dµs(x)−

∫
Rd
φ(0, x) dµ0(x) =

∫ s

0

∫
Rd
∂tφ(t, x) dµt(x) dt

+

∫ s

0

∫
Rd

(
∇xφ(t, x) · b(t, x) + φ(t, x) c(t, x)

)
dµt(x) dt

+

∫ s

0

∫
Rd

(∫
Rd
φ(t, y) d[η(t, x)] (y)

)
dµt(x) dt+

∫ s

0

∫
Rd
φ(t, x) d[N(t)](x) dt,

Proof. Let φ ∈ BL([0, T ] × Rd) ∩ C1([0, T ] × Rd). For ε > 0 consider a cut-o�

function hε : [0, T ] → [0, 1] which satis�es hε |[0,s]≡ 1 and hε decreases linearly to 0

in [s, s + ε]. We plug the λd+1-a.e. continuously di�erentiable function φ(t, x)hε(t)

into the LHS of (3.1.9) and see∫
Rd
φ(T, x)hε(T ) dµT (x)−

∫
Rd
φ(0, x)hε(0) dµ0(x) = −

∫
Rd
φ(0, x) dµ0(x) (3.1.10)

For the RHS we consider the terms separately. We start with the term involving
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the time derivative∫ T

0

∫
Rd
∂t (φ(t, x)hε(t)) dµt(x) dt

=

∫ T

0

∫
Rd
(∂tφ(t, x))hε(t) + φ(t, x)

d

dt
hε(t) dµt(x) dt

=

∫ s

0

∫
Rd
(∂tφ(t, x) dµt(x) dt+

∫ s+ε

s

∫
Rd
(∂tφ(t, x))hε(t)− φ(t, x)

1

ε
dµt(x) dt

=A1 + A2 + A3.

Note that (∂tφ(t, x))hε(t) is bounded due to the Lipschitz continuity of φ, so that

A2 → 0 for ε→ 0 by dominated convergence. For A3 we apply Lebesgue's Di�eren-

tiation Theorem and use narrow continuity of µ• which leads to

A3 = −1

ε

∫ s+ε

s

∫
Rd
φ(t, x) dµt(x) dt→ −

∫
Rd
φ(s, x) dµs(x),

so that in total we have the convergence∫ T

0

∫
Rd
∂t (φ(t, x)hε(t)) dµt(x) dt→

∫ s

0

∫
Rd
(∂tφ(t, x) dµt(x) dt−

∫
Rd
φ(s, x) dµs(x).

(3.1.11)

The other terms on the RHS of (3.1.9) are actually simpler as they do not involve

time derivatives. We use Dominated Convergence Theorem again which yields∫ T

0

∫
Rd

∇x (φ(t, x)hε(t)) · b(t, x) + φ(t, x)hε(t) c(t, x) dµt(x) dt

=

∫ s

0

∫
Rd

∇x (φ(t, x)) · b(t, x) + φ(t, x) c(t, x) dµt(x) dt

+

∫ s+ε

s

∫
Rd
hε(t)∇x (φ(t, x)) · b(t, x) + φ(t, x)hε(t) c(t, x) dµt(x) dt

→
∫ s

0

∫
Rd

∇x (φ(t, x)) · b(t, x) + φ(t, x) c(t, x) dµt(x) dt (ε→ 0).

(3.1.12)
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Similarly, one can show that for ε→ 0∫ T

0

∫
Rd

(∫
Rd
φ(t, y)hε(t) d[η(t, x)] (y)

)
dµt(x) dt+

∫ T

0

∫
Rd
φ(t, x)hε(t) d[N(t)](x) dt

→
∫ s

0

∫
Rd

(∫
Rd
φ(t, y) d[η(t, x)] (y)

)
dµt(x) dt+

∫ s

0

∫
Rd
φ(t, x) d[N(t)](x) dt.

(3.1.13)

Combining (3.1.10) with (3.1.11), (3.1.12) and (3.1.13) yields the claim.

In order to construct a unique solution to (3.1.1) and to prove continuous dependency

on model parameters as well as initial measures we proceed in several steps. First,

in Section 3.2 we prepare basic statemens on the �ow of the vector �eld b. As a

second step, in Section 3.3 we set the state-independent in�ux N to zero, so that the

PDE (3.1.1) is linear in µt. This allows us to move to the adjoint problem by duality

theory and to explicitly �nd a unique solution with the method of characteristics

and Banach Fixed Point Theorem. In Section 3.4, we apply Duhamel's principle to

construct a solution to problems with non-vanishing in�ux N .

The general nonlinear version of (3.1.1) in which the model functions can depend

on the solution µt is treated in Section 3.5.

3.2 The �ow of a vector �eld

In the construction of the measure solution we will apply the �ow which is generated

by the vector �eld b. To this end, we collect here several basic properties and

estimates concerning the �ow so that they don't disturb the presentation in the

next sections.

De�nition 3.2.1. Let b as in Assumptions 3.1.1 and let s, τ ∈ [0, T ]. Then we

denote the unique solution of the ODE

∂sXb(s; τ, x) = b(s,Xb(s; τ, x)) Xb(τ ; τ, x) = x (3.2.1)

by Xb : [0, T ]× [0, T ]× Rd → Rd and call it the �ow of the vector �eld b.

Remark 3.2.2. Basic results from ODE theory guarantee that Xb indeed exists and

is unique. In particular, Picard-Lindelöf Theorem (cf. [161, II.�6.I]) gives a locally

unique C1 solution s 7→ Xb(s; τ, x) which according to [149, Cororllary 2.6] can be
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extended to the whole interval [0, T ] as∫ T

0

|b(s, ·)|Lip ds ≤
∫ T

0

∥b(s, ·)∥BL ds ≤ T∥b∥∞ <∞.

The �ow ist Lipschitz continuous in all arguments as we show in the next lemma.

Since we will later restrict the domain of the �ow to intervals of the form [0, t] with

0 ≤ t ≤ T , we present a slightly more general result to get sharper estimates.

Lemma 3.2.3. Let b as in Assumptions 3.1.1 and let t ∈ [0, T ] be arbitrary. Then

the following statements hold

i) For all s, τ ∈ [0, t] the map Rd ∋ x 7→ Xb(s; τ, x) is Lipschitz continuous, i.e.

|Xb(s; τ, x1)−Xb(s; τ, x2)| ≤ |x1 − x2|et∥b∥∞ . (3.2.2)

ii) For all (τ, x) ∈ [0, t]× Rd the map [0, t] ∋ s 7→ Xb(s; τ, x) is Lipschitz contin-

uous, i.e.

|Xb(s1; τ, x)−Xb(s2; τ, x)| ≤ ∥b∥∞|s1 − s2|. (3.2.3)

iii) For all (s, x) ∈ [0, t]× Rd the map [0, t] ∋ τ 7→ Xb(s; τ, x) is Lipschitz contin-

uous, i.e.

|Xb(s; τ1, x)−Xb(s; τ2, x)| ≤ ∥b∥∞et∥b∥∞|τ1 − τ2|. (3.2.4)

Proof. i) We have

Xb(s; τ, x1)−Xb(s; τ, x2)

=Xb(s; τ, x1)−Xb(τ ; τ, x1) +Xb(τ ; τ, x2)−Xb(s; τ, x2) + x1 − x2

=

∫ s

τ

∂σ[Xb(σ; τ, x1)−Xb(σ; τ, x2)] dσ + x1 − x2

=

∫ s

τ

b(σ,Xb(σ; τ, x1))− b(σ,Xb(σ; τ, x2)) dσ + x1 − x2.

If τ ≤ s, then

|Xb(s; τ, x1)−Xb(s; τ, x2)| ≤
∫ s

τ

|b(σ, ·)|Lip|Xb(σ; τ, x1)−Xb(σ; τ, x2)| dσ + |x1 − x2|,
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so that Gronwall's inequality yields

|Xb(s; τ, x1)−Xb(s; τ, x2)| ≤|x1 − x2|e
∫ s
τ |b(σ,·)|Lip dσ ≤ |x1 − x2|et∥b∥∞ .

If τ > s, we have

|Xb(s; τ, x1)−Xb(s; τ, x2)| ≤
∫ τ

s

|b(σ, ·)|Lip|Xb(σ; τ, x1)−Xb(σ; τ, x2)| dσ + |x1 − x2|,

and we can proceed analogously to get the same bound. Similarly, Xb is Lipschitz

continuous in s since for s1 ≤ s2

|Xb(s2; τ, x)−Xb(s1; τ, x)| =
∣∣∣∣∫ s2

s1

|b(σ,Xb(σ; τ, x)) dσ

∣∣∣∣ ≤ ∥b∥∞|s2 − s1|,

which shows ii). To prove iii) let τ1, τ2 ∈ [0, t] and without loss of generality τ2 ≤ τ1.

Then

Xb(s; τ1, x)−Xb(s; τ2, x) = Xb(s; τ1, x)−Xb(τ1; τ1, x) +Xb(τ2; τ2, x)−Xb(s; τ2, x)

=

∫ s

τ1

b(σ,Xb(σ; τ1, x)) dσ −
∫ s

τ2

b(σ,Xb(σ; τ2, x)) dσ

=

∫ s

τ1

b(σ,Xb(σ; τ1, x))− b(σ,Xb(σ; τ2, x)) dσ −
∫ τ1

τ2

b(σ,Xb(σ; τ2, x)) dσ.

If s ≥ τ1 then

|Xb(s; τ1, x)−Xb(s; τ2, x)|

≤
∫ τ1

s

|b(σ, ·)|Lip|Xb(σ; τ1, x)−Xb(σ; τ2, x)| dσ + (τ1 − τ2)∥b∥∞

≤∥b∥∞
∫ τ1

s

|Xb(σ; τ1, x)−Xb(σ; τ2, x)| dσ + |τ1 − τ2|∥b∥∞.

Then Gronwall's inequality yields

|Xb(s; τ1, x)−Xb(s; τ2, x)| ≤ ∥b∥∞|τ1 − τ2|et∥b∥∞ .

The same bound can be established if s < τ1.

Proposition 3.2.4. Let t ∈ [0, T ] be arbitrary and let b, b̃ as in Assumptions 3.1.1
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with corresponding solutions Xb, Xb̃ to the ODE (3.2.1). Then for all s, τ ∈ [0, t]

∥Xb(s; τ, ·)−Xb̃(s; τ, ·)∥∞ ≤ ∥b− b̃∥∞ t e2t∥b̃∥∞ .

Proof. Let x ∈ Rd. With (3.2.1) and triangle inequality we see

∂s[Xb(s; τ, x)−Xb̃(s; τ, x)] = b(s;Xb(s; τ, x))− b̃(s;Xb̃(s; τ, x))

=b(s,Xb(s; τ, x))− b̃(s,Xb(s; τ, x)) + b̃(s,Xb(s; τ, x))− b̃(s,Xb̃(s; τ, x))

≤∥b(s, ·)− b̃(s, ·)∥∞ + |b̃(s, ·)|Lip|Xb(s; τ, x)−Xb̃(s; τ, x)|

≤∥b− b̃∥∞ + ∥b̃∥∞|Xb(s; τ, x)−Xb̃(s; τ, x)|.

If s ≥ τ , then integrating from τ to s yields

Xb(s; τ, x)−Xb̃(s; τ, x) =

∫ s

τ

∂s[Xb(σ; τ, x)−Xb̃(σ; τ, x)] dσ

≤∥b− b̃∥∞t+ ∥b̃∥∞
∫ s

τ

|Xb(σ; τ, x)−Xb̃(σ, τ, x)| dσ.

According to a variant of the classical Gronwall's inequality [114, Theorem 3.2.1]

(with L(σ, x) := ∥x∥ and M := 1), this gives the following estimate

Xb(s; τ, x)−Xb̃(s; τ, x) ≤ ∥b− b̃∥∞t+ ∥b̃∥∞
∫ s

τ

∥b− b̃∥∞te
∫ s
σ ∥b̃∥∞ dσ̃ dσ

≤∥b− b̃∥∞t
[
1 + ∥b̃∥∞e∥b̃∥∞ts

]
≤ ∥b− b̃∥∞tet∥b̃∥∞

[
1 + ∥b̃∥∞t

]
≤ ∥b− b̃∥∞te2t∥b̃∥∞ ,

where we used that 1 + x ≤ ex for all x. An application of the supremum norm

yields the claim.

For s < τ we integrate from s to τ and proceed analogously to get the same bound.

3.3 The case without state-independent in�ux

We are now ready to treat the linear model (3.1.1) on [0, T ] × Rd with the state-

independent in�ux N set to zero, i.e.{
∂tµt +∇x · (b(t, x)µt) = c(t, x)µt +

∫
Rd η(t, x)(y) dµt(y),

µ0 = ν,
(3.3.1)
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As a �rst step, we will establish a solution to the corresponding dual problem and

then later use it to de�ne a measure solution to the (primal) problem (3.3.1). For

t ∈ [0, T ] and an arbitrary test function ψ ∈ BL(Rd) ∩ C1(Rd) the dual problem

corresponding to (3.3.1) is given by{
∂τφψ,t + b · ∇x φψ,t + c φψ,t +

∫
Rd φψ,t(τ, y) d[η(τ, x)] (y) = 0 in [0, t]× Rd,

φψ,t(t, ·) = ψ in Rd,

(3.3.2)

In order to solve (3.3.2), we �rst derive an implicit integral equation for the solution

φψ,t which we infer from the the method of characteristics.

Proposition 3.3.1. Let ψ ∈ BL(Rd).

(i) There exists a bounded Lipschitz continuous solution φ̃ψ,t to (3.3.2).

(ii) Let φψ,t ∈ BL([0, t]×Rd) be a solution to (3.3.2). Then it satis�es the following

representation formula

φψ,t(τ, x) =ψ(Xb(t; τ, x))e
∫ t
τ c(r,Xb(r;τ,x)) dr

+

∫ t

τ

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds,

(3.3.3)

where Xb is the �ow of b as introduced in De�nition 3.2.1.

Proof. Before we treat the terminal value problem (3.3.2), we �rst consider the

following initial value problem analysed in Ref. [31]. For t > 0 let{
∂τξ(τ, x) + A(τ, x) · ∇xξ(τ, x)−B(τ, x)ξ(τ, x)− C(τ, x) = 0 in [0, t]× Rd

ξ(0, ·) = ψ in Rd.
,

(3.3.4)

Assume that the model functions A,B,C satisfy

(a) A ∈ C0([0, t];BL(Rd;Rd)),

(b) A satis�es condition M, i.e. there exists a nonnegative function K ∈ L1([0, T ])

such that

⟨x− y, A(τ, x)− A(τ, y)⟩ ≥ −K(t)∥x− y∥2 ∀(τ, x), (τ, y) ∈ [0, t]× Rd,
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(c) B,C ∈ BL([0, t]× Rd).

As we assumed A to be continuous [31, Corollary] implies that there exists a bounded

Lipschitz function ξ : [0, t] × Rd → R solving (3.3.4) λd+1 almost everywhere and

which is given explicitly by

ξ(τ, x) =ψ (XA(0; τ, x)) e
∫ τ
0 B(r,XA(r;τ, x)) dr

+

∫ τ

0

C (s,XA(s; τ, x)) e
∫ τ
s B(r,XA(r;τ, x)) dr ds.

(3.3.5)

To derive the representation formula for ξ(τ, x) the model functions are suitably

molli�ed so that the method of characteristics can be applied which leads to a

formula in the higher regularity case. Then a limiting procedure yields (3.3.5).

By substituting φ(τ, x) := ξ(t− τ, x) we construct a solution to the terminal value

problem on [0, t]× Rd

∂τφ(τ, x)− A(t− τ, x) · ∇xφ(τ, x) +B(t− τ, x)φ(τ, x) + C(t− τ, x) = 0

φ(t, ·) = ψ
.

(3.3.6)

As before, for any ψ ∈ BL(Rd), there exists a bounded Lipschitz solution φ :

[0, t]×Rd → R solving (3.3.6) λd+1 almost everywhere. This shows (i). Now we can

derive a representation formula for φ via φ(τ, x) = ξ(t− τ, x). To this end, we note

that ∫ t−τ

0

B(r,XA(r; t− τ, x)) dr =

∫ t

τ

B(t− r,XA(t− r; t− τ, x)) dr

and ∫ t−τ

0

C(s,XA(s; t− τ, x))e
∫ t−τ
s B(r,XA(r;t−τ,x)) dr ds

=

∫ t−τ

0

C(s,XA(s; t− τ, x))e
∫ t−s
τ B(t−r,XA(t−r;t−τ,x)) dr ds

=

∫ t

τ

C(t− s,XA(t− s; t− τ, x))e
∫ s
τ B(t−r,XA(t−r;t−τ,x)) dr ds.
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Thus, using (3.3.5) the representation formula is explicitly given by

φ(τ, x) = ξ(t− τ, x) =ψ(XA(0; t− τ, x))e
∫ t
τ B(t−r,XA(t−r;t−τ,x)) dr

+

∫ t

τ

C(t− s,XA(t− s; t− τ, x))e
∫ s
τ B(t−r,XA(t−r;t−τ,x)) dr ds.

Now we set

A(t− τ, x) := −b(τ, x),

B(t− τ, x) := c(τ, x),

C(t− τ, x) :=

∫
Rd
φ(τ, y) d[η(τ, x)](y).

(3.3.7)

By Assumption 3.1.1 the model functions b, c, η provide enough regularity that as-

sumptions (a) and (c) are satis�ed so that we are left to check assumption (b), i.e.

condition M. To this end let (τ, x), (τ, y) ∈ [0, t] × Rd, then using the Lipschitz

continuity of b

⟨x− y, A(τ, x)− A(τ, y)⟩ = ⟨x− y,−b(t− τ, x) + b(t− τ, y)⟩

=
d∑
i=1

(xi − yi)(bi(t− τ, y)− bi(t− τ, x)) ≥ −
d∑
i=1

|xi − yi||bi(t− τ, y)− bi(t− τ, x)|

≥ −
d∑
i=1

|xi − yi||bi(t− τ, ·)|Lip|x− y| ≥ −∥b∥∞|x− y|2.

We are left to check how the representation formula changes with the speci�c choices

of the model functions. In particular, we have to transform XA accordingly. Unique-

ness of the ODE (3.2.1) s ∈ [0, T ] yields that

XA(τ ; s, x) = Xb(t− τ ; t− s, x), (3.3.8)

which can be checked quickly. Plugging (3.3.7) into model (3.3.6) leads to the PDE

problem (3.3.2). The the corresponding representation formula can be transformed

using (3.3.8) which gives

φψ,t(τ, x) =ψ(Xb(t; τ, x))e
∫ t
τ c(r,Xb(r;τ,x)) dr

+

∫ t

τ

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds
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as desired.

Remark 3.3.2. Since all model functions are actually de�ned on [0, T ] and hence

also Xb by Remark 3.2.2, any function φψ,t de�ned by the representation formula

(3.3.3) can be naturally extended to the whole interval [0, T ]. Note however, that

the extension will not necessarily be related to the dual problem (3.3.4) on [t, T ].

As a �rst step in constructing a solution to the dual problem (3.3.2), we construct

a unique solution to the representation formula (3.3.3) on [0, T ] via Banach Fixed

Point Theorem.

Proposition 3.3.3. Let t ∈ [0, T ] and ψ ∈ C0(Rd). Then there exists a unique

solution φψ,t ∈ C0([0, T ]× Rd) to the implicit integral representation (3.3.3).

Proof. We want to argue with Banach Fixed Point Theorem. To this end, consider

the operator L : C0([0, T ] × Rd) → C0([0, T ] × Rd) given by the right-hand side of

(3.3.3), i.e. for g ∈ C0([0, T ]× Rd)

L(g)(τ, x) =ψ(Xb(t; τ, x))e
∫ t
τ c(r,Xb(r;τ,x)) dr

+

∫ t

τ

∫
Rd
g(s, y) d[η(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds.

Due to the continuity of all the model functions as well as of ψ and Xb (cf. Lemma

3.2.3) it is a standard computation to check that L(g) is indeed continuous.

In the following, for λ > 0 we use the Bielecki norm on C0([0, T ]× Rd)

∥g∥λ = sup
(τ,x)∈[0,T ]×Rd

e−λ(T−τ)|g(τ, x)| (3.3.9)

A short computation reveals that ∥ · ∥λ is equivalent to the norm ∥ · ∥∞.
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To show that L is a contraction let g1, g2 ∈ C0([0, T ]× Rd).

∥L(g1)− L(g2)∥λ,f
= sup

(τ,x)∈[0,T ]×Rd
e−λ(T−τ)

·
∣∣∣∣∫ t

τ

∫
Rd
g1(s, y)− g2(s, y) d[η(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds

∣∣∣∣
≤eT∥c∥∞ sup

(τ,x)∈[0,T ]×Rd
e−λ(T−τ)

∫ t

τ

∫
Rd

|g1(s, y)− g2(s, y)| d[η(s,Xb(s; τ, x))](y) ds

≤eT∥c∥∞ sup
(τ,x)∈[0,T ]×Rd

e−λ(T−τ)
∫ t

τ

∫
Rd

∥g1 − g2∥λ e
λ(T−s) d[η(s,Xb(s; τ, x))](y) ds

≤eT∥c∥∞ ∥g1 − g2∥λ ∥η∥∞ sup
τ∈[0,T ]

eλτ
∫ t

τ

e−λs ds

=eT∥c∥∞ ∥g1 − g2∥λ ∥η∥∞ sup
τ∈[0,T ]

eλτ
e−λτ − e−λt

λ

=
eT∥c∥∞∥η∥∞

λ
∥g1 − g2∥λ sup

τ∈[0,T ]
(1− e−λ(t−τ)) ≤ eT∥c∥∞∥η∥∞

λ
∥g1 − g2∥λ .

So if we choose λ > 2eT∥c∥∞∥η∥∞ then L is a contraction with respect to ∥ · ∥λ and
hence we conclude by Banach Fixed Point Theorem.

Now that we established a unique solution φψ,t to the implicit representation formula

(3.3.3), we will concentrate on constructing a solution to the dual problem (3.3.2).

To this end, we restrict the domain of τ to [0, t] where φψ,t actually corresponds

to the PDE, i.e. we consider φψ,t ∈ C0([0, t] × Rd). Nevertheless, it will be quite

helpful later to remember that φψ,t is de�ned for all τ ∈ [0, T ].

Proposition 3.3.4. Let ψ ∈ BL(Rd) and t ∈ [0, T ]. Then the unique solution

φψ,t ∈ C0([0, t]× Rd) to the implicit representation formula (3.3.3) is bounded by

∥φψ,t∥∞ ≤ ∥ψ∥∞et(∥c∥∞+∥η∥∞).

Proof. We �rst bound the x-component. If τ ∈ [0, t], then

|φψ,t(τ, x)| ≤ ∥ψ∥∞et∥c∥∞ +

∫ t

τ

∫
Rd

|φψ,t(s, y)| d[η(s,Xb(s; τ, x))](y)e
(s−τ)∥c∥∞ ds,
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so that

sup
x̃∈Rd

|φψ,t(τ, x̃)| ≤∥ψ∥∞et∥c∥∞ +

∫ t

τ

sup
x̃∈Rd

∫
Rd

|φψ,t(s, y)| d[η(s, x̃)](y)e(s−τ)∥c∥∞ ds

≤∥ψ∥∞et∥c∥∞ +

∫ t

τ

sup
ỹ∈Rd

|φψ,t(s, ỹ)| sup
x̃∈Rd

∫
Rd

d[η(s, x̃)](y)e(s−τ)∥c∥∞ ds

≤∥ψ∥∞et∥c∥∞ +

∫ t

τ

sup
ỹ∈Rd

|φψ,t(s, ỹ)|∥η∥∞e(s−τ)∥c∥∞ ds

≤∥ψ∥∞et∥c∥∞ + ∥η∥∞e−τ∥c∥∞
∫ t

τ

sup
ỹ∈Rd

|φψ,t(s, ỹ)|es∥c∥∞ ds.

Note that the map τ 7→ ∥ψ∥∞e(t+τ)∥c∥∞ is monotonically increasing, so that with

Gronwall's inequality applied to τ 7→ eτ∥c∥∞ supx̃∈Rd |φψ,t(τ, x̃)| we conclude

eτ∥c∥∞ sup
x̃∈Rd

|φψ,t(τ, x̃)| ≤∥ψ∥∞e(t+τ)∥c∥∞e(t−τ)∥η∥∞ ≤ ∥ψ∥∞e(t+τ)∥c∥∞et∥η∥∞ ,

or equivalently

sup
x̃∈Rd

|φψ,t(τ, x̃)| ≤ ∥ψ∥∞et(∥c∥∞+∥η∥∞).

If we consider φψ,t as a function on [0, T ] × Rd then we can get a similar bound

which is independent of t.

Corollary 3.3.5. Let ψ ∈ BL(Rd) and t ∈ [0, T ]. Then φψ,t ∈ C0([0, T ]× Rd) can

be bound independently of t by

∥φψ,t∥∞ ≤ ∥ψ∥∞eT (∥c∥∞+∥η∥∞).

Proof. In view of Proposition 3.3.4 we have already a sharper bound φψ,t if τ ≤ t.

In the case of t < τ ≤ T we can get a slightly weaker but similar estimate of the

form

sup
x̃∈Rd

|φψ,t(τ, x̃)| ≤∥ψ∥∞eT∥c∥∞ + ∥η∥∞e−τ∥c∥∞
∫ τ

t

sup
ỹ∈Rd

|φψ,t(s, ỹ)|es∥c∥∞ ds,
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which with Gronwall's inequality applied to τ 7→ eτ∥c∥∞ supx̃∈Rd |φψ,t(τ, x̃)| leads to

eτ∥c∥∞ sup
x̃∈Rd

|φψ,t(τ, x̃)| ≤∥ψ∥∞e(T+τ)∥c∥∞e(τ−t)∥η∥∞ ≤ ∥ψ∥∞e(T+τ)∥c∥∞eT∥η∥∞

or reformulated to

sup
x̃∈Rd

|φψ,t(τ, x̃)| ≤ ∥ψ∥∞eT (∥c∥∞+∥η∥∞).

In particular, we get a uniform bound for all τ ∈ [0, T ] and thus the statement

follows.

Our next step is to establish Lipschitz continuity of φψ,t and for this we need the

following regularity statements which are based on [44, Lemma 3.17], however with

upgraded regularity in time of the model functions. For the convenience of the

reader, we sketch the arguments.

Lemma 3.3.6. Let ψ ∈ BL(Rd) and de�ne

Gψ,t
τ : Rd → R, x 7→ ψ(Xb(t; τ, x))e

∫ t
τ c(r,Xb(r;τ,x)) dr.

Then the following statements hold:

i) For t ∈ [0, T ] and τ ∈ [0, t] the map x 7→ Gψ,t
τ (x) is in BL(Rd) with

|Gψ,t
τ (x1)−Gψ,t

τ (x2)| ≤∥ψ∥BLet(∥b∥∞+2∥c∥∞)|x1 − x2|. (3.3.10)

ii) For t ∈ [0, T ] and all x ∈ Rd the map [0, t] ∋ τ 7→ Gψ,t
τ (x) is Lipschitz

continuous with

|Gψ,t
τ1
(x)−Gψ,t

τ2
(x)| ≤ ∥ψ∥BL(∥b∥∞ + ∥c∥∞)et(2∥b∥∞+∥c∥∞)|τ1 − τ2|. (3.3.11)

iii) For all τ ∈ [0, T ] and all x ∈ Rd the map [0, T ] ∋ t 7→ Gψ,t
τ is Lipschitz

continuous with

|Gψ,t1
τ (x)−Gψ,t2

τ (x)| ≤ ∥ψ∥BL(∥b∥∞ + ∥c∥∞)eT∥c∥∞|t1 − t2|. (3.3.12)

Proof. Before we show i), we note that the map x 7→ ex is Lipschitz continuous on

compact sets K with Lipschitz constant bounded by esupx∈K |x|. Hence, we compute
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with (3.2.2) for x1, x2 ∈ Rd

∣∣∣e∫ tτ c(r,Xb(r;τ,x1)) dr − e
∫ t
τ c(r,Xb(r;τ,x2)) dr

∣∣∣
≤et∥c∥∞

∫ t

τ

|c(r,Xb(r; τ, x1))− c(r,Xb(r; τ, x2))| dr

≤et∥c∥∞
∫ t

τ

|c(r, ·)|Lip|Xb(r; τ, x1)−Xb(r; τ, x2)| dr

≤et∥c∥∞∥c∥∞ t et∥b∥∞|x1 − x2| ≤ et(∥b∥∞+∥c∥∞)∥c∥∞ t|x1 − x2|.

(3.3.13)

Now we turn to the Lipschitz continuity of Gψ,t
τ in x: With (3.2.2) and (3.3.13),

|Gψ,t
τ (x1)−Gψ,t

τ (x2)| ≤|x1 − x2|
[
|ψ|Lipet∥b∥∞et∥c∥∞ + ∥ψ∥∞et(∥b∥∞+∥c∥∞)∥c∥∞ t

]
≤|x1 − x2|∥ψ∥BLet(∥c∥∞+∥b∥∞) [1 + ∥c∥∞t]

≤|x1 − x2|∥ψ∥BLet(2∥c∥∞+∥b∥∞),

which shows i). Next, we show ii). From (3.2.4) we conclude

|ψ(Xb(t; τ1, x))− ψ(Xb(t; τ2, x))| ≤ |ψ|Lip∥b∥∞et∥b∥∞|τ1 − τ2|, (3.3.14)

so that similarly to i) we get for all τ1, τ2 ∈ [0, t]∣∣∣e∫ tτ1 c(r,Xb(r;τ1,x)) dr − e
∫ t
τ2
c(r,Xb(r;τ2,x)) dr

∣∣∣
≤et∥c∥∞

∣∣∣∣∫ t

τ1

c(r,Xb(r; τ1, x)) dr −
∫ t

τ2

c(r,Xb(r; τ2, x)) dr

∣∣∣∣
≤et∥c∥∞

[
|τ2 − τ1|∥c∥∞ +

∫ t

τ2

∥c∥∞|Xb(r; τ1, x)−Xb(r; τ2, x)| dr
]

≤et∥c∥∞
[
|τ2 − τ1|∥c∥∞ + t∥c∥∞∥b∥∞et∥b∥∞|τ1 − τ2|

]
≤et∥c∥∞|τ2 − τ1|∥c∥∞et∥b∥∞(1 + t∥b∥∞) ≤ ∥c∥∞et∥b∥∞et(∥c∥∞+∥b∥∞)|τ2 − τ1|

≤∥c∥∞et(∥c∥∞+2∥b∥∞)|τ2 − τ1|.

(3.3.15)

Note that we used the estimate 1 + x ≤ ex in the last step. From (3.3.14) and

(3.3.15) we conclude

|Gψ,t
τ1
(x)−Gψ,t

τ2
(x)| ≤

[
|ψ|Lip∥b∥∞et∥b∥∞et∥c∥∞ + ∥ψ∥∞∥c∥∞et(∥c∥∞+2∥b∥∞)

]
|τ2 − τ1|

≤∥ψ∥BL(∥b∥∞ + ∥c∥∞)et(∥c∥∞+2∥b∥∞)|τ2 − τ1|,
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which was to show. To prove iii) we compute for t1, t2 ∈ [0, T ]∣∣∣e∫ t1τ c(r,Xb(r;τ,x)) dr − e
∫ t2
τ c(r,Xb(r;τ,x)) dr

∣∣∣
≤eT∥c∥∞

∣∣∣∣∫ t1

τ

c(r,Xb(r; τ, x)) dr −
∫ t2

τ

c(r,Xb(r; τ, x)) dr

∣∣∣∣
≤eT∥c∥∞|t1 − t2|∥c∥∞.

(3.3.16)

Furthermore, estimate (3.2.3) for t = T yields

|ψ(Xb(t1; τ, x))− ψ(Xb(t2; τ, x))| ≤ |ψ|Lip∥b∥∞|τ1 − τ2|, (3.3.17)

so that with (3.3.16)

|Gψ,t1
τ (x)−Gψ,t2

τ (x)| ≤|ψ|Lip∥b∥∞|t1 − t2|+ ∥ψ∥∞eT∥c∥∞ |t1 − t2|∥c∥∞
≤∥ψ∥BL(∥b∥∞ + ∥c∥∞)eT∥c∥∞|t1 − t2|.

Proposition 3.3.7. Let ψ ∈ BL(Rd) and t ∈ [0, T ]. Then φψ,t ∈ BL([0, t] × Rd),

i.e. Lipschitz continuous in τ and x, with

∥φψ,t∥BL ≤ C∥ψ∥BLeCt.

Proof. We �rst prove Lipschitz continuity in x. Let τ ∈ [0, t]. First, with (3.2.2) we

consider the di�erence∣∣∣∣∫ t

τ

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ, x1))− η(s,Xb(s; τ, x2))](y) ds

∣∣∣∣
≤∥φψ,t∥∞

∫ t

τ

∥η(s, ·)∥BL|Xb(s; τ, x1)−Xb(s; τ, x2)| ds

≤∥φψ,t∥∞∥η∥∞|x1 − x2|
∫ t

τ

et∥b∥∞ ds ≤ ∥φψ,t∥∞∥η∥∞t et∥b∥∞|x1 − x2|.

(3.3.18)
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Combining (3.3.10), (3.3.18) and (3.3.13) with some triangle inequalities yields

|φψ,t(τ, x1)− φψ,t(τ, x2)|

≤|x1 − x2|
[
∥ψ∥BLet(∥b∥∞+2∥c∥∞) + ∥φψ,t∥∞∥η∥∞t et(∥b∥∞+∥c∥∞)

+ ∥φψ,t∥∞∥η∥∞t ∥c∥∞t et(∥b∥∞+∥c∥∞)
]

≤|x1 − x2|et(∥b∥∞+2∥c∥∞)
[
∥ψ∥BL + ∥φψ,t∥∞∥η∥∞ t+ ∥φψ,t∥∞∥η∥∞∥c∥∞ t2

]
.

Using Proposition 3.3.4 this can be simpli�ed to

|φψ,t(τ, x1)− φψ,t(τ, x2)|

≤|x1 − x2|et(∥b∥∞+2∥c∥∞)∥ψ∥BL
[
1 + et(∥c∥∞+∥η∥∞)∥η∥∞ t+ et(∥c∥∞+∥η∥∞)∥η∥∞∥c∥∞ t2

]
≤|x1 − x2|et(∥b∥∞+3∥c∥∞+∥η∥∞)∥ψ∥BL

[
1 + ∥η∥∞ t+ ∥η∥∞∥c∥∞ t2

]
.

(3.3.19)

Analogously, we can prove Lipschitz continuity in τ . Let τ1, τ2 ∈ [0, t]. Again, we

�rst look at the di�erence∣∣∣∣∫ t

τ1

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ1, x))](y) ds−

∫ t

τ2

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ2, x))](y) ds

∣∣∣∣
≤
∫ τ2

τ1

∫
Rd

|φψ,t(s, y)| d[η(s,Xb(s; τ1, x))](y) ds

+

∣∣∣∣∫ t

τ2

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ1, x))− η(s,Xb(s; τ2, x))](y)

∣∣∣∣
≤|τ1 − τ2|∥φψ,t∥∞∥η∥∞ + ∥φψ,t∥∞

∫ t

τ2

∥η(s, ·)∥BL|Xb(s; τ1, x)−Xb(s; τ2, x)| ds.

Using (3.2.4) we continue and see∣∣∣∣∫ t

τ1

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ1, x))](y) ds−

∫ t

τ2

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ2, x))](y) ds

∣∣∣∣
≤|τ1 − τ2|∥φψ,t∥∞∥η∥∞ + ∥φψ,t∥∞∥η∥∞t∥b∥∞et∥b∥∞|τ1 − τ2|

=|τ1 − τ2|∥φψ,t∥∞∥η∥∞
(
1 + t ∥b∥∞et∥b∥∞

)
≤|τ1 − τ2|∥φψ,t∥∞∥η∥∞e2t∥b∥∞ .

(3.3.20)

Now we can show Lipschitz continuity of φψ,t in τ with the estimates (3.3.11),
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(3.3.20) and (3.3.16)

|φψ,t(τ1, x)− φψ,t(τ2, x)|

≤|τ1 − τ2|
[
∥ψ∥BL(∥b∥∞ + ∥c∥∞)et(2∥b∥∞+∥c∥∞) + ∥φψ,t∥∞∥η∥∞e2t∥b∥∞et∥c∥∞

]
+ |τ1 − τ2|

[
∥φψ,t∥∞∥η∥∞t ∥c∥∞et(2∥b∥∞+∥c∥∞)

]
≤|τ1 − τ2|et(2∥b∥∞+∥c∥∞) [∥ψ∥BL(∥b∥∞ + ∥c∥∞) + ∥φψ,t∥∞∥η∥∞ + ∥φψ,t∥∞∥η∥∞t ∥c∥∞] .

Again with Proposition 3.3.4 this can be simpli�ed to

|φψ,t(τ1, x)− φψ,t(τ2, x)|

≤|τ1 − τ2|et(2∥b∥∞+∥c∥∞)

[
∥ψ∥BL(∥b∥∞ + ∥c∥∞) + ∥ψ∥∞et(∥c∥∞+∥η∥∞)∥η∥∞

+ ∥ψ∥∞et(∥c∥∞+∥η∥∞)∥η∥∞t ∥c∥∞
]

≤|τ1 − τ2|et(2∥b∥∞+2∥c∥∞+∥η∥∞)∥ψ∥BL
[
∥b∥∞ + ∥c∥∞ + ∥η∥∞ + t ∥η∥∞∥c∥∞

]
.

(3.3.21)

The boundedness follows directly from Proposition 3.3.4.

Remark 3.3.8. With similar computations as in the proof of Proposition 3.3.7 we

could even show that φψ,t ∈ BL([0, T ] × Rd) if we additionally consider τ > t and

replace all factors t by T . In particular, in view of the (adjusted) estimates (3.3.19),

(3.3.21) and Corollary 3.3.5 the BL norm of φψ,t is bounded independently of t by

∥φψ,t∥BL ≤ C∥ψ∥BLeCT

for some constant C > 0 depending on T and norms of the model functions. How-

ever, for the construction of the solution to the nonlinear model in Subsection 3.5

we will need the sharper estimates from Proposition 3.3.7.

Lemma 3.3.9. Let ψ ∈ BL(Rd). Then the map [0, T ] ∋ t 7→ φψ,t is Lipschitz

continuous, i.e. for all (τ, x) ∈ [0, T ]× Rd

|φψ,t1(τ, x)− φψ,t2(τ, x)| ≤ C∥ψ∥BL|t1 − t2|.

Proof. Let t1, t2 ∈ [0, T ], without loss of generality let t1 ≥ t2. Then for τ ∈ [0, T ]
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arbitrary

sup
x∈Rd

|φψ,t1(τ, x)− φψ,t2(τ, x)|

≤ sup
x∈Rd

∣∣∣ψ(Xb(t1; τ, x))e
∫ t1
τ c(r,Xb(r;τ,x)) dr − ψ(Xb(t2; τ, x))e

∫ t2
τ c(r,Xb(r;τ,x)) dr

∣∣∣
+ sup

x∈Rd

∣∣∣∣∫ t1

t2

∫
Rd
φψ,t1(s, y) d[η(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds

∣∣∣∣
+ sup

x∈Rd

∣∣∣∣∫ t2

τ

∫
Rd
φψ,t1(s, y)− φψ,t2(s, y) d[η(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds

∣∣∣∣
=A+B + C.

The term A can be estimated by (3.3.12)

|A| ≤∥ψ∥BL(∥b∥∞ + ∥c∥∞)eT∥c∥∞|t1 − t2| ≤ C∥ψ∥BLeTC |t1 − t2|. (3.3.22)

With Remark 3.3.8 we can bound the term B by

|B| ≤ ∥φψ,t1∥BL∥η∥∞eT∥c∥∞ |t1 − t2| ≤ C∥ψ∥BLeTC |t1 − t2|. (3.3.23)

For the term C we assume τ ≤ t2 but notice that a comparable estimate can be

established if τ > t2 by switching the integral boundaries

C ≤e∥c∥∞T sup
x∈Rd

∫ t2

τ

∫
Rd

|φψ,t1(s, y)− φψ,t2(s, y)| d[η(s,Xb(s; τ, x))](y) ds

≤e∥c∥∞T∥η∥∞
∫ t2

τ

sup
y∈Rd

|φψ,t1(s, y)− φψ,t2(s, y)| ds.
(3.3.24)

So combining (3.3.22), (3.3.23) and (3.3.24) gives

sup
x∈Rd

|φψ,t1(τ, x)− φψ,t2(τ, x)|

≤C|t1 − t2|∥ψ∥BL + e∥c∥∞T∥η∥∞
∫ t2

τ

sup
y∈Rd

|φψ,t1(s, y)− φψ,t2(s, y)| ds,

which together with Gronwall's inequality leads to

sup
x∈Rd

|φψ,t1(τ, x)− φψ,t2(τ, x)| ≤ C|t1 − t2|∥ψ∥BL exp
(
e∥c∥∞T∥η∥∞|t2 − τ |

)
≤C|t1 − t2|∥ψ∥BL exp

(
e∥c∥∞T∥η∥∞T

)
= C∥ψ∥BL|t1 − t2|.
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As the right hand-side is independent of τ the claim follows.

We conclude this paragraph with an observation.

Corollary 3.3.10. Let ψ ∈ BL(Rd). Then the solution φψ,t ∈ BL([0, t]×Rd) to the

implicit representation formula (3.3.3) solves the dual problem (3.3.2) λd+1 almost

everywhere.

Proof. According to Proposition 3.3.1 (ii) any solution φ̃ψ,t ∈ BL([0, t] × Rd) to

the dual problem (3.3.2) will also satisfy the implicit representation formula (3.3.3).

However, (3.3.3) has a unique solution φψ,t ∈ BL([0, t]×Rd) (see Propositions 3.3.3

and 3.3.7). In particular, we conclude that the dual problem (3.3.2) has at most one

bounded Lipschitz continuous solution, i.e. uniqueness of the problem. As existence

has already been established in Proposition 3.3.1 (i), the claim follows.

Remark 3.3.11. The fact that φψ,t only solves (3.3.2) λd+1 almost everywhere is

not problematic for the construction of our measure solution. Actually, we are only

interested in solving the dual problem at the boundary τ = t, so that we assume

ψ ∈ BL(Rd) ∩ C1(Rd) and we thus have su�cient regularity where we need it.

Constructing a measure solution: Now we want to use the solution to the dual

problem (3.3.2) to construct a measure solution to the primal problem (3.1.9) with

N = 0. To this end, we plug φψ,t into (3.1.9) with N = 0 and time t which yields

for the left-hand side∫
Rd
φψ,t(t, x) dµt(x)−

∫
Rd
φψ,t(0, x) dµ0(x) =

∫
Rd
ψ(x) dµt(x)−

∫
Rd
φψ,t(0, x) dµ0(x)

and for the right-hand side∫ t

0

∫
Rd

(∂τφψ,t(τ, x) +∇xφψ,t(τ, x) · b(τ, x) + φψ,t(τ, x) c(τ, x)) dµτ (x) dτ

+

∫ t

0

∫
Rd

∫
Rd
φψ,t(τ, y) d[η(τ, x)] (y) dµτ (x) dτ.

(3.3.25)

As φψ,t solves the dual problem, the right-hand side (3.3.25) vanishes for almost

every x ∈ Rd, so we de�ne for all t ∈ [0, T ]∫
Rd
ψ(x) dµt(x) =

∫
Rd
φψ,t(0, x) dµ0(x). (3.3.26)
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Lemma 3.3.12. Let µt be de�ned by (3.3.26). Then for all ψ ∈ BL(Rd) and all

0 ≤ s ≤ t ≤ T ∫
Rd
ψ(x) dµt(x) =

∫
Rd
φψ,t(s, x) dµs(x). (3.3.27)

Proof. Let s ∈ [0, t] and let ξ(τ, x) be the solution to the dual problem (3.3.2)

with �nal time s and boundary value ξ(s, x) = φψ,t(s, x). We directly conclude

ξ(τ, x) = φψ,t(τ, x) for all τ ∈ [0, s] by uniqueness of the dual problem (see Corollary

3.3.10). Applying (3.3.26) twice yields∫
Rd
ψ(x) dµt(x) =

∫
Rd
φψ,t(0, x) dµ0(x) =

∫
Rd
ξ(0, x) dµ0(x) =

∫
Rd
φψ,t(s, x) dµs(x).

Lemma 3.3.13. Let µt be de�ned by (3.3.26). Then µt ∈ M+(Rd) for all t ∈ [0, T ].

Proof. In view of (3.3.26) we can prove nonnegativity of µt if we can show that ψ ≥ 0

implies φψ,t ≥ 0. So using the representation formula (3.3.3) we see for arbitrary

τ ∈ [0, t]

φψ,t(τ, x) ≥
∫ t

τ

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds. (3.3.28)

Now we consider the convex and nonincreasing map

| · |− : R → R+, x 7→ max{−x, 0}

and apply it to both sides of (3.3.28) with Jensen's inequality

|φψ,t(τ, x)|− ≤
∣∣∣∣∫ t

τ

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds

∣∣∣∣
−

≤
∫ t

τ

∫
Rd

|φψ,t(s, y)|− d[η(s,Xb(s; τ, x))](y)e
∫ s
τ c(r,Xb(r;τ,x)) dr ds.

(3.3.29)

Note that |λx|− = λ|x|− for λ ≥ 0. Taking the supremum over x on both sides
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yields

sup
x̃∈Rd

|φψ,t(τ, x̃)|− ≤ sup
x̃∈Rd

∫ t

τ

∫
Rd

|φψ,t(s, y)|− d[η(s,Xb(s; τ, x̃))](y)e
∫ s
τ c(r,Xb(r;τ,x̃)) dr ds

≤
∫ t

τ

sup
ỹ∈Rd

|φψ,t(s, ỹ)|− sup
x̃∈Rd

∥η(s, x̃)∥BL∗e∥c∥∞(s−τ) ds

≤∥η∥∞
∫ t

τ

sup
ỹ∈Rd

|φψ,t(s, ỹ)|− e
∥c∥∞(s−τ) ds.

So with Gronwall's inequality we conclude supx̃∈Rd |φψ,t(τ, x̃)|− = 0 which implies

φψ,t(τ, x) ≥ 0 for all x ∈ Rd. This was to show.

Proposition 3.3.14. Let µt be de�ned by (3.3.26). Then the following statements

hold.

i) µt is bounded in total variation norm, i.e.

∥µt∥TV ≤ et(∥c∥∞+∥η∥∞)∥µ0∥TV .

ii) The map t 7→ µt is narrowly continuous. Furthermore, the map t 7→ µt is

Lipschitz continuous.

Proof. To show i) we apply the variational characterisation of the total variation

norm (see e.g. [44, F.24]), (3.3.26) and Proposition 3.3.4 which yields

∥µt∥TV = sup
ψ∈C0

c (Rd)
∥ψ∥∞≤1

∫
Rd
ψ(x) dµt(x)

(∗)
= sup

ψ∈C1
c (Rd)

∥ψ∥∞≤1

∫
Rd
ψ(x) dµt(x)

= sup
ψ∈C1

c (Rd)
∥ψ∥∞≤1

∫
Rd
φψ,t(0, x) dµ0(x) ≤ sup

ψ∈C1
c (Rd)

∥ψ∥∞≤1

∥ψ∥∞et(∥c∥∞+∥η∥∞)∥µ0∥TV

=et(∥c∥∞+∥η∥∞)∥µ0∥TV .

In (∗) we used that C1
c (Rd) is dense in C0(Rd) by Stone-Weierstrass Theorem.

Before we prove ii), we show that for all ψ ∈ BL(Rd) the map t 7→
∫
Rd ψ dµt is

68



3.3 The case without state-independent in�ux

Lipschitz continuous. Indeed, let s1 ≥ s2, then with Lemmata 3.3.12 and 3.3.9∣∣∣∣∫
Rd
ψ(x) d[µs1 − µs2 ](x)

∣∣∣∣ = ∣∣∣∣∫
Rd
φψ,s1(s2, x)− φψ,s2(s2, x) dµs2(x)

∣∣∣∣
≤
∫
Rd

|φψ,s1(s2, x)− φψ,s2(s2, x)| dµs2(x) ≤ C|s1 − s2|∥ψ∥BL∥µs2∥TV

≤C|s1 − s2|∥ψ∥BL∥µ0∥TV .

(3.3.30)

Note that we used i) in the last step. The Lipschitz continuity of the map t 7→∫
Rd ψ dµt(x) directly implies that for all t ∈ [0, T ] and all ψ ∈ BL(Rd)

lim
s→t

∫
Rd
ψ(x) dµs(x) =

∫
Rd
ψ(x) dµt(x),

which is equivalent to narrow continuity according to Portemanteau Theorem (see

e.g. [44, G.14]). The Lipschitz continuity follows from (3.3.30) as well, i.e.

ρF (µs1 , µs2) = sup
∥ψ∥BL≤1

∫
Rd
ψ(x) d[µs1 − µs2 ](x) ≤ C|s1 − s2|∥µ0∥TV .

Our next goal is to show that the family of measures {µt}t∈[0,T ] actually satis�es

the weak formulation. However, in the proof we will need Fréchet di�erentiability

of φψ,t(τ, x) in t. As this regularity proof is quite involved, the result is presented

separately. In the following we adjust the proof of [138, 3.9] to our purposes. As a

start we simplify the notation and introduce

p(t, τ, x) =ψ(Xb(t; τ, x))e
∫ t
τ c(r,Xb(r;τ,x)) dr, g(s, τ, x) = e

∫ s
τ c(r,Xb(r;τ,x)) dr,

f(t, τ, x) =φψ,t(τ, x),
(3.3.31)

so that we can rewrite the representation formula (3.3.3) to

f(t, τ, x) = p(t, τ, x) +

∫ t

τ

∫
Rd
f(t, s, y) d[η(s,Xb(s; τ, x))](y)g(s, τ, x) ds. (3.3.32)

To derive the Fréchet di�erentiability, we will now only work with the identity

(3.3.32). As a start, we will need a generalisation of Proposition 3.3.3.

Lemma 3.3.15. Let g as de�ned in (3.3.31) and let q ∈ C0
b ([0, T ] × Rd). For

t0 ∈ [0, T ] �xed there there exists a unique continuous map f ∗ ∈ C0
b ([0, T ] × Rd)
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which solves the implicit equation

f(τ, x) = −q(τ, x) +
∫ t0

τ

∫
Rd
f(s, y) d[η(s,Xb(s; τ, x))](y)g(s, τ, x) ds. (3.3.33)

Proof. We show existence and uniqueness with Banach Fixed Point Theorem and

thus for λ > 0 employ the Bielecki norm

∥f∥λ = sup
τ∈[0,T ]
z∈Rd

e−λ(T−τ)|f(τ, z)|.

Now let L : C0
b ([0, T ]× Rd) → C0

b ([0, T ]× Rd) be de�ned by

Lf(τ, x) = −q(τ, x) +
∫ t0

τ

∫
Rd
f(s, y) d[η(s,Xb(s; τ, x))](y)g(s, τ, x) ds,

i.e. the RHS of (3.3.33). We have

∥Lf1 − Lf2∥λ

= sup
(τ,z)∈[0,T ]×Rd

e−λ(T−τ)
∣∣∣∣∫ t0

τ

∫
Rd
f1(s, y)− f2(s, y) d[η(s,Xb(s; τ, z))](y)g(s, τ, z) ds

∣∣∣∣
≤∥g∥∞ sup

(τ,z)∈[0,T ]×Rd
e−λ(T−τ)

∫ t0

τ

∫
Rd

∥f1 − f2∥λeλ(T−s) d[η(s,Xb(s; τ, z))](y) ds

≤∥g∥∞∥η∥∞∥f1 − f2∥λ sup
τ∈[0,T ]

eλτ
∫ t0

τ

e−λs ds = ∥g∥∞∥η∥∞∥f1 − f2∥λ sup
τ∈[0,T ]

1− e−λ(t0−τ)

λ

≤∥g∥∞∥η∥∞
λ

∥f1 − f2∥λ.

So choosing λ > 2∥g∥∞∥η∥∞ yields a strict contraction and (3.3.33) has a unique

�xed point f ∗ in C0
b ([0, T ]× Rd).

Now, we can focus on the Fréchet di�erentiability of the map t 7→ φψ,t.

Proposition 3.3.16. Let f, p, g as in (3.3.31). Then the function [0, T ] ∋ t 7→
f(t, ·, ·) is Fréchet di�erentiable in C0

b ([0, T ]×Rd), i.e. for all t0 ∈ [0, T ] there exists

∂tf(t, ·, ·) |t=t0∈ C0
b ([0, T ]× Rd) such that∥∥∥∥f(t0 +∆t, ·, ·)− f(t0, ·, ·)

∆t
− ∂tf(t, ·, ·) |t=t0

∥∥∥∥
∞

→ 0 as ∆t→ 0.

Proof. Our goal is to apply the Implicit Function Theorem in Banach spaces and
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thus we rewrite (3.3.32) to an equation which has to be solved in C0
b ([0, T ]× Rd)

0 =− ϕ(τ, x) + p(t, τ, x) +

∫ t

τ

∫
Rd
ϕ(s, y) d[η(s,Xb(s; τ, x)](y)g(s, τ, x) ds

= : F (t, ϕ)(τ, x),

where F : [0, T ] × C0
b ([0, T ] × Rd) → C0

b ([0, T ] × Rd) and we denoted ϕ(τ, x) :=

f(t, τ, x). As continuity is clear, we refer to the proof of Proposition 3.3.4 to see

that Fϕ will be bounded for all ϕ ∈ C0
b and thus F indeed maps into the correct

function space.

As a �rst step of the proof, we show that F is Fréchet di�erentiable. Let (τ, x) ∈
[0, T ]× Rd

[F (t+∆t, ϕ+∆ϕ)− F (t, ϕ)](τ, x)

=− ϕ(τ, x)−∆ϕ(τ, x) + p(t+∆t, τ, x)

+

∫ t+∆t

τ

∫
Rd
ϕ(s, y) + ∆ϕ(s, y) d[η(s,Xb(s; τ, x)](y)g(s, τ, x) ds

+ ϕ(τ, x)− p(t, τ, x)−
∫ t

τ

∫
Rd
ϕ(s, y) d[η(s,Xb(s; τ, x)](y)g(s, τ, x) ds

=−∆ϕ(τ, x) +
p(t+∆t, τ, x)− p(t, τ, x)

∆t
∆t

+

∫ t+∆t

t

∫
Rd
ϕ(s, y) d[η(s,Xb(s; τ, x)](y)g(s, τ, x) ds

+

∫ t+∆t

τ

∫
Rd

∆ϕ(s, y) d[η(s,Xb(s; τ, x)](y)g(s, τ, x) ds

= : A+B + C.

We consider the terms A,B and C separately. Before we consider term A, we note

that p is di�erentiable in t since ψ ∈ C1 and all the others functions involved also

have su�cient regularity. Hence, we see

A =−∆ϕ(τ, x) + pt(t, τ, x)∆t+

[
p(t+∆t, τ, x)− p(t, τ, x)

∆t
− pt(t, τ, x)

]
∆t

=−∆ϕ(τ, x) + pt(t, τ, x)∆t+ o(∆t).

(3.3.34)
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Next, we treat term B.

B =

∫ t+∆t

t

∫
Rd
ϕ(s, y) d[η(s,Xb(s; τ, x)](y)g(s, τ, x)︸ ︷︷ ︸

=:a(s)

ds

=a(t)∆t+

∫ t+∆t

t

a(s)− a(t) ds.

We note that s 7→ a(s) is continuous and thus bounded on [0, T ]. Hence,∫ t+∆t

t

a(s)− a(t) ds ≤ 2∥a∥∞
∫ t+∆t

t

ds = 2∥a∥∞∆t ∈ o(∆t).

In particular we get

B =a(t)∆t+ o(∆t). (3.3.35)

Term C can be rewritten as follows

C =

∫ t

τ

∫
Rd

∆ϕ(s, y) d[η(s,Xb(s; τ, x)](y)g(s, τ, x) ds

+

∫ t+∆t

t

∫
Rd

∆ϕ(s, y) d[η(s,Xb(s; τ, x)](y)g(s, τ, x) ds

We observe that∫ t+∆t

t

∫
Rd

∆ϕ(s, y) d[η(s,Xb(s; τ, x)](y)g(s, τ, x) ds

≤∥g∥∞∥∆ϕ∥∞∥η∥∞
∫ t+∆t

t

ds = ∥g∥∞∥∆ϕ∥∞∥η∥∞∆t ∈ o(∆t,∆ϕ).

Consequently,

C =

∫ t

τ

∫
Rd

∆ϕ(s, y) d[η(s,Xb(s; τ, x)](y)g(s, τ, x) d + o(∆t,∆ϕ). (3.3.36)

Combining the estimates (3.3.34), (3.3.35) and (3.3.36) yields

F (t+∆t, ϕ+∆ϕ)− F (t, ϕ) = DF (t, ϕ)[∆t,∆ϕ] + o(∆t,∆ϕ),

where DF (t, ϕ) : [0, T ] × C0
b ([0, T ] × Rd) → C0

b ([0, T ] × Rd) is a bounded linear
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operator de�ned by

DF (t, ϕ)[∆t,∆ϕ](τ, x)

=−∆ϕ(τ, x) + pt(t, τ, x)∆t+∆t a(t) +

∫ t

τ

∫
Rd

∆ϕ(s, y) d[η(s,Xb(s; τ, x)](y)g(s, τ, x) ds

=−∆ϕ(τ, x) + pt(t, τ, x)∆t+∆t

∫
Rd
ϕ(t, y) d[η(t,Xb(t; τ, x)](y)g(t, τ, x)

+

∫ t

τ

∫
Rd

∆ϕ(s, y) d[η(s,Xb(s; τ, x)](y)g(s, τ, x) ds.

We remark that the continuity of the derivative ∇xψ secretly plays a signi�cant role

in the form of pt for ensuring that DF maps into the correct function space.

In the second step, we want to conclude Fréchet di�erentiability of φψ,t. To this end,

we �x some t0 ∈ [0, T ]. Our goal is to use the Implicit Function Theorem in Banach

spaces [37, 5.1.29] applied to the the map (t, ϕ) 7→ F (t, ϕ) to express ϕ as a function

of t in a small neighbourhood of t0. We �rst observe that in view of Proposition

3.3.3 there exists a unique solution ϕ∗ ∈ C0
b ([0, T ]×Rd) which satis�es T (t0, ϕ

∗) = 0,

namely φψ,t0 . As we already established Fréchet di�erentiability of F in the �rst

step, we are left to show invertibility of the operator DF (t0, ϕ)[0,∆ϕ]. To this end,

let R : C0
b ([0, T ]×Rd) → C0

b ([0, T ]×Rd) be the linear bounded operator de�ned by

(Rh)(τ, x) = −h(τ, x) +
∫ t0

τ

∫
Rd
h(s, y) d[η(s,Xb(s; τ, x))](y)g(s, τ, x) ds,

so that DF (t0, ϕ)[0,∆ϕ] = R∆ϕ. According to Inverse Mapping Theorem, it is

su�cient to check that R is invertible which is equivalent to the existence and

uniqueness of continuous solutions to the equation

(Rh)(τ, x) = q(τ, x) ∀q ∈ C0
b ([0, T ]× Rd).

By Lemma 3.3.15 this equation is uniquely solvable, so thatR and thusDF (t0, ϕ)[0,∆ϕ]

are invertible. By the Implicit Function Theorem there exists some neighbourhood

U of t0 and a Fréchet di�erentiable function φ(t)(τ, x), so that

F (t, φ(t)(τ, x)) = 0 ∀t ∈ U.

On the other hand this equation is already uniquely solved by φψ,t = f(t, ·, ·), so
that t 7→ φψ,t(τ, x) = f(t, τ, x) is indeed Fréchet di�erentiable.
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Now we are well prepared to show that µt is actually a weak solution in the sense

of De�nition 3.1.3. We already established nonnegativity (cf. Lemma 3.3.13) and

narrow continuity (cf. Proposition 3.3.14), so that we are left to check the weak

formulation.

Proposition 3.3.17. The family of measures {µt}t∈[0,T ] be de�ned by (3.3.26) sat-

is�es the weak formulation (3.1.9) with N = 0.

Proof. Let φ ∈ BL([0, T ]× Rd) ∩ C1([0, T ]× Rd) and consider the function

F : [0, T ]× [0, T ] → R, F (s, t) :=

∫
Rd
φ(s, x) dµt(x).

Our goal is to compute the derivative of ∂τF (τ, τ) which will yield the claim. How-

ever, we �rst show that for all ψ ∈ BL(Rd) ∩ C1(Rd) and all t ∈ [0, T ]

lim
h↘0

1

h

∫
Rd
ψ(x) d[µt − µt−h](x)

=

∫
Rd

[
b(t, x) · ∇xψ(x) + c(t, x)ψ(x) +

∫
Rd
ψ(y) d[η(t, x)](y)

]
dµt(x).

(3.3.37)

Using (3.3.27) and the fact that φψ,t solves the dual problem (3.3.2), we see that for

all t ∈ [0, T ]

1

h

∫
Rd
ψ(x) d[µt − µt−h](x) =

∫
Rd

φψ,t(t− h, x)− φψ,t(t, x)

h
dµt−h(x)

→−
∫
Rd
∂τφψ,t(τ, x) |τ=t dµt(x) (h→ 0).

(3.3.38)

More explicitly:∣∣∣∣∫
Rd

φψ,t(t, x)− φψ,t(t− h, x)

h
dµt−h(x)−

∫
Rd
∂τφψ,t(τ, x) |τ=t dµt(x)

∣∣∣∣
≤
∣∣∣∣∫

Rd
∂τφψ,t(τ, x) |τ=t d[µt − µt−h](x)

∣∣∣∣
+

∣∣∣∣∫
Rd
∂τφψ,t(τ, x) |τ=t −

φψ,t(t, x)− φψ,t(t− h, x)

h
dµt−h(x)

∣∣∣∣
=:A+B.

According to Proposition 3.3.7 φψ,t ∈ BL([0, T ] × Rd) and consequently φψ,t is λ

a.e. di�erentiable in τ according to Rademacher's Theorem and the derivative is
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a.e. bounded. However, we explicitly need di�erentiability for τ = t. By con-

struction φψ,t(t, ·) = ψ ∈ BL(Rd) ∩ C1(Rd) so that we can indeed conclude dif-

ferentiability of φψ,t in τ = t, and the derivative is even bounded. In particular,

∂τφψ,t(τ, ·) |τ=t∈ Cb(Rd) so that we conclude by narrow continuity |A| → 0 for

h→ 0.

Before we estimate term B, we note that according to Corollary 2.1.4 narrow con-

tinuity of the map t 7→ µt implies that the family {µt−h | h ≥ 0} is tight. Thus, for

ε > 0 there exists a compact set K ⊂ Rd such that

µt−h(K) ≤ ε ∀h ≥ 0.

Using K we split the integral of B

|B| ≤
∫
K

∣∣∣∣∂τφψ,t(τ, x) |τ=t −φψ,t(t, x)− φψ,t(t− h, x)

h

∣∣∣∣ dµt−h(x)
+

∫
Rd\K

∣∣∣∣∂τφψ,t(τ, x) |τ=t −φψ,t(t, x)− φψ,t(t− h, x)

h

∣∣∣∣ dµt−h(x).
Remember that di�erence quotients converge uniformly to the derivative. Hence,

for h small enough∣∣∣∣∂τφψ,t(τ, x) |τ=t −φψ,t(t, x)− φψ,t(t− h, x)

h

∣∣∣∣ < 1 for all x ∈ Rd

and we continue to estimate for small h

|B| ≤
∥∥∥∥∂τφψ,t(τ, ·) |τ=t −φψ,t(t, ·)− φψ,t(t− h, ·)

h

∥∥∥∥
L∞(K)

µt−h(K) + µt−h(Rd \K).

Since µt−h ∈ M+(Rd) for all h (see Lemma 3.3.13) we have with Proposition 3.3.14

µt−h(K) ≤ µt−h(Rd) ≤ et(∥c∥∞+∥η∥∞)∥µ0∥TV <∞,

so that we conclude with the uniform convergence of the di�erence quotient and

tightness

lim sup
h→0

|B| ≤ ε,

i.e. |B| → 0 for h→ 0 proving (3.3.38).

With the formulation of the dual problem (3.3.2) we conclude (3.3.37) for all t ∈
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[0, T ]

lim
h↘0

1

h

∫
Rd
ψ(x) d[µt − µt−h](x) = −

∫
Rd
∂τφψ,t(τ, x) |τ=t dµt(x)

=

∫
Rd
b(t, x) · ∇xψ(x) + c(t, x)ψ(x) +

∫
Rd
ψ(y) d[η(t, x)](y) dµt(x).

(3.3.39)

We still need to prove a similar statement with the limit from above, i.e. that for

all t ∈ [0, T ]

lim
h↘0

1

h

∫
Rd
ψ(x) d[µt+h − µt](x)

=

∫
Rd

[
b(t, x) · ∇xψ(x) + c(t, x)ψ(x) +

∫
Rd
ψ(y) d[η(t, x)](y)

]
dµt(x).

(3.3.40)

Note however, that φψ,t does not satisfy a semigroup property for τ > t, so that

we can not proceed as before. Instead, we rewrite the terms di�erently by applying

(3.3.27) again which yields

1

h

∫
Rd
ψ(x) d[µt+h − µt](x) =

1

h

∫
Rd
φψ,t+h(t+ h, x) dµt+h(x)−

1

h

∫
Rd
φψ,t(t, x) dµt(x)

=

∫
Rd

φψ,t+h(t, x)− φψ,t(t, x)

h
dµt(x).

(3.3.41)

According to Proposition 3.3.16 the map t 7→ φψ,t(τ, x) is Fréchet di�erentiable so

that we compute with representation formula (3.3.3)

∂tφψ,t(τ, x)

=∇xψ(Xb(t; τ, x)) · b(t,Xb(t; τ, x))e
∫ t
τ c(r,Xb(r;τ,x)) dr

+ ψ(Xb(t; τ, x))e
∫ t
τ c(r,Xb(r;τ,x)) drc(t,Xb(t; τ, x))

+

∫
Rd
φψ,t(t, y) d[η(t,Xb(t; τ, x))](y)e

∫ t
τ c(r,Xb(r;τ,x)) dr

+

∫ t

τ

∫
Rd
∂tφψ,t(s, y) d[η(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds,

which implies

∂tφψ,t(τ, x) |(τ,x)=(t,x)=∇xψ(x) · b(t, x) + ψ(x)c(t, x) +

∫
Rd
ψ(y) d[η(t, x)](y).
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Plugging this into (3.3.41) we see

1

h

∫
Rd
ψ(x) d[µt+h − µt](x) =

∫
Rd

φψ,t+h(t, x)− φψ,t(t, x)

h
dµt(x)

→
∫
Rd
∂tφψ,t(τ, x) |(τ,x)=(t,x) dµt(x)

=

∫
Rd

[
∇xψ(x) · b(t, x) + ψ(x)c(t, x) +

∫
Rd
ψ(y) d[η(t, x)](y)

]
dµt(x),

(3.3.42)

proving (3.3.40). Combining (3.3.39) and (3.3.40) we conclude with Leibniz rule for

all τ ∈ [0, T ]

∂τF (τ, τ)

=

∫
Rd

[
∂τφ(τ, x) + b(τ, x) · ∇xφ(τ, x) + c(τ, x)φ(τ, x) +

∫
Rd
φ(τ, y) d[η(τ, x)](y)

]
dµτ (x),

so integrating from τ = 0 to τ = T yields (3.1.9) with N = 0.

Remark 3.3.18. Note that if the model functions c, b, η are autonomous, i.e. time

independent, it is not necessary to prove Fréchet di�erentiability in (3.3.41). In

this case uniqueness of the dual problem (3.3.2) implies that for h > 0 and all

t ∈ [0, T − h]

φψ,t+h(τ, x) = φψ,t(τ − h, x) ∀(τ, x) ∈ [h, t+ h]× Rd.

Consequently, we can rewrite (3.3.41) to

1

h

∫
Rd
ψ(x) d[µt+h − µt](x) =

∫
Rd

φψ,t(t− h, x)− φψ,t(t, x)

h
dµt(x)

→−
∫
Rd
∂τφψ,t(τ, x) |τ=t dµt(x) (h→ 0),

where the limit h→ 0 can be computed analogously to term A in the �rst case. As

we have already seen in (3.3.39) this implies (3.3.40).

Next, we show that the solutions to (3.3.1) are actually unique.

Lemma 3.3.19. If µ0 = 0, then any measure solution µ• to (3.3.1) has to be the

zero measure. In particular, solutions to (3.3.1) are unique.

Proof. The idea of the proof follows [44, 3.39]. Let µ• be a measure solution to

(3.3.1). As µ0 = 0 and N = 0 the weak formulation (3.1.9) reads for any test
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function φ ∈ BL([0, T ]× Rd) ∩ C1([0, T ]× Rd)∫
Rd
φ(T, x) dµT (x) =

∫ T

0

∫
Rd
∂tφ(t, x) dµt(x) dt

+

∫ T

0

∫
Rd

(
∇xφ(t, x) · b(t, x) + φ(t, x) c(t, x)

)
dµt(x) dt

+

∫ T

0

∫
Rd

(∫
Rd
φ(t, y) d[η(t, x)] (y)

)
dµt(x) dt,

(3.3.43)

Now let ψ ∈ BL([0, T ]× Rd) ∩ C1([0, T ]× Rd) be arbitrary and de�ne φψ,T (t, x) as

the unique solution of the dual problem{
∂τφψ,T + b · ∇x φψ,T + c φψ,T +

∫
Rd φψ,T (t, y) d[η(t, x)] (y) = ψ in [0, T ]× Rd,

φψ,T (T, ·) = 0 in Rd.

(3.3.44)

Note the subtle di�erences to the dual problem (3.3.2) in the right hand side and the

boundary condition. The solution φψ,T to (3.3.44) can be constructed similarly to

the solution of (3.3.2) and has the same regularity φψ,T ∈ BL([0, T ]×Rd). Testing

(3.3.43) with φψ,T we obtain∫ T

0

∫
Rd
ψ(t, x) dµt(x) dt = 0 ∀ψ ∈ BL([0, T ]× Rd) ∩ C1([0, T ]× Rd). (3.3.45)

To conclude that µ• is actually the zero measure, we restrict ourselves to test func-

tions which are of the form ψ(t, x) = φ(t)ξ(x) with φ ∈ C∞
c ([0, T ]) and ξ ∈ C∞

c (Rd).

So instead of (3.3.45) we consider∫ T

0

φ(t)

∫
Rd
ξ(x) dµt(x) dt = 0 ∀φ ∈ C∞

c ([0, T ]),∀ξ ∈ C∞
c (Rd). (3.3.46)

From the Fundamental Lemma of Calculus of Variations and continuity of the map

t 7→
∫
Rd ξ(x) dµt(x) we obtain∫

Rd
ξ(x) dµt(x) = 0 ∀ξ ∈ C∞

c (Rd),∀t ∈ [0, T ], (3.3.47)

i.e. that we can neglect the outer time integral. In this case, we conclude µt = 0 for

all t ∈ [0, T ] as C∞
c (Rd) is separating for M+(Rd) by Proposition 2.1.9.

We want to conclude this section by proving continuity of solutions with respect to
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model functions and the initial measure. To this end, we �rst prove continuity of

the solution to the dual problem (3.3.2).

Proposition 3.3.20. Let t ∈ [0, T ] and let (b, c, η), (b̃, c̃, η̃) be two triples of model

functions satisfying Assumption 3.1.1 with corresponding solutions φb,c,ηψ,t , φ
b̃,c̃,η̃
ψ,t ∈

BL([0, t]× Rd) to (3.3.2). Then

∥φb,c,ηψ,t − φb̃,c̃,η̃ψ,t ∥∞ ≤ tmax{∥ψ∥BL, 1}(∥b− b̃∥∞ + ∥c− c̃∥∞ + ∥η − η̃∥∞)eCt,

where C denotes a constant depending on the norms of all model functions.

Proof. We �rst note that for f, f̃ ∈ BL(Rd) and s, τ ∈ [0, t]

∥f(Xb(s; τ, x))− f̃(Xb̃(s; τ, x))∥ ≤∥f − f̃∥∞ + |f |Lip|Xb(s; τ, x)−Xb̃(s; τ, x)|

≤∥f − f̃∥∞ + |f |Lip∥b− b̃∥∞te2∥b̃∥∞t,

(3.3.48)

where we used Proposition 3.2.4.

Secondly, for f, f̃ ∈ BL([0, T ]× Rd) we see with (3.3.48)∣∣∣e∫ ts f(u,Xb(u;s,x)) du − e
∫ t
s f̃(u;Xb̃(u;s,x)) du

∣∣∣
≤et(∥f∥∞+∥f̃∥∞)

∣∣∣∣∫ t

s

f(u;Xb(u; s, x))− f̃(Xb̃(u; s, x)) du

∣∣∣∣
≤tet(∥f∥∞+∥f̃∥∞)

[
∥f − f̃∥∞ + |f |Lip∥b− b̃∥∞e2∥b̃∥∞tt

] (3.3.49)

where we used again that the exponential function x 7→ ex is Lipschitz continuous

on compact sets. Now we turn to the di�erence φb,c,ηψ,t −φb̃,c̃,η̃ψ,t . For λ > 0 to be chosen

later we apply the usual Bielecki norm ∥ · ∥λ on C0([0, t]× Rd)

∥g∥λ = sup
(τ,x)∈[0,t]×Rd

e−λ(t−τ)|g(τ, x)| (3.3.50)
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Using (3.3.3) with triangle inequalities yields

∥φb,c,ηψ,t − φb̃,c̃,η̃ψ,t ∥λ
≤ sup

(τ,x)∈[0,t]×Rd
e−λ(t−τ) |ψ(Xb(t; τ, x))− ψ(Xb̃(t; τ, x))| e

t∥c∥∞

+ sup
(τ,x)∈[0,t]×Rd

e−λ(t−τ)∥ψ∥∞
∣∣∣e∫ tτ c(r,Xb(r;τ,x)) dr − e

∫ t
τ c̃(r,Xb̃(r;τ,x)) dr

∣∣∣
+ sup

(τ,x)∈[0,t]×Rd
e−λ(t−τ)

∣∣∣∣∫ t

τ

∫
Rd
φb,c,ηψ,t (s, y)− φb̃,c̃,η̃ψ,t (s, y) d[η(s,Xb(s; τ, x))](y) ds

∣∣∣∣ et∥c∥∞
+ sup

(τ,x)∈[0,t]×Rd
e−λ(t−τ)

∣∣∣∣∫ t

τ

∫
Rd
φb̃,c̃,η̃ψ,t (s, y) d[η(s,Xb(s; τ, x))− η̃(s,Xb̃(s; τ, x))](y) ds

∣∣∣∣ et∥c∥∞
+ sup

(τ,x)∈[0,t]×Rd
e−λ(t−τ) t ∥φb̃,c̃,η̃ψ,t ∥∞∥η̃∥∞

∣∣∣e∫ sτ c(r,Xb(r;τ,x)) dr − e
∫ s
τ c̃(r,Xb̃(r;τ,x)) dr

∣∣∣ .
(3.3.51)

In the following, whenever we don't need the exponential factor of the Bielecki norm,

we estimate it by 1. For the �rst two terms we notice with (3.3.48), (3.3.49) and

Proposition 3.2.4

sup
(τ,x)∈[0,t]×Rd

|ψ(Xb(t; τ, x))− ψ(Xb̃(t; τ, x))| e
t∥c∥∞

+ sup
(τ,x)∈[0,t]×Rd

∥ψ∥∞
∣∣∣e∫ tτ c(r,Xb(r;τ,x)) dr − e

∫ t
τ c̃(r,Xb̃(r;τ,x)) dr

∣∣∣
≤|ψ|Lip∥b− b̃∥∞tet(2∥b̃∥∞+∥c∥∞) + ∥ψ∥∞tet(∥c∥∞+∥c̃∥∞)

[
∥c− c̃∥∞ + ∥c∥∞∥b− b̃∥∞e2∥b̃∥∞tt

]
≤t∥ψ∥BLet(2∥b̃∥∞+∥c∥∞+∥c̃∥∞)

(
∥b− b̃∥∞ + ∥c− c̃∥∞ + ∥c∥∞∥b− b̃∥∞t

)
.

(3.3.52)

The fourth term can be estimated by

sup
(τ,x)∈[0,t]×Rd

∣∣∣∣∫ t

τ

∫
Rd
φb̃,c̃,η̃ψ,t (s, y) d[η(s,Xb(s; τ, x))− η̃(s,Xb̃(s; τ, x))](y) ds

∣∣∣∣ et∥c∥∞
≤t∥φb̃,c̃,η̃ψ,t ∥∞∥η − η̃∥∞et∥c∥∞ .

(3.3.53)
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For the �fth term we apply (3.3.49) again

sup
(τ,x)∈[0,t]×Rd

t∥φb̃,c̃,η̃ψ,t ∥∞∥η̃∥∞
∣∣∣e∫ sτ c(r,Xb(r;τ,x)) dr − e

∫ s
τ c̃(r,Xb̃(r;τ,x)) dr

∣∣∣
≤t∥φb̃,c̃,η̃ψ,t ∥∞∥η̃∥∞

(
tet(∥c∥∞+∥c̃∥∞)

[
∥c− c̃∥∞ + ∥c∥∞∥b− b̃∥∞e2∥b̃∥∞tt

])
≤t2∥φb̃,c̃,η̃ψ,t ∥∞∥η̃∥∞et(2∥b̃∥∞+∥c∥∞+∥c̃∥∞)

[
∥c− c̃∥∞ + ∥c∥∞∥b− b̃∥∞t

]
.

(3.3.54)

It remains to estimate the third term in (3.3.51).

sup
(τ,x)∈[0,t]×Rd

e−λ(t−τ)
∣∣∣∣∫ t

τ

∫
Rd
φb,c,ηψ,t (s, y)− φb̃,c̃,η̃ψ,t (s, y) d[η(s,Xb(s; τ, x))](y) ds

∣∣∣∣ et∥c∥∞
≤et∥c∥∞∥φb,c,ηψ,t − φb̃,c̃,η̃ψ,t ∥λ ∥η∥∞ sup

τ∈[0,t]
e−λ(t−τ)

∫ t

τ

eλ(t−s) ds

=et∥c∥∞∥φb,c,ηψ,t − φb̃,c̃,η̃ψ,t ∥λ ∥η∥∞ sup
τ∈[0,T ]

1− e−λ(t−τ)

λ

≤et∥c∥∞∥φb,c,ηψ,t − φb̃,c̃,η̃ψ,t ∥λ ∥η∥∞
1− e−λT

λ
≤ et∥c∥∞∥η∥∞

λ
∥φb,c,ηψ,t − φb̃,c̃,η̃ψ,t ∥λ.

(3.3.55)

Choosing λ = 2et∥c∥∞∥η∥∞ and plugging (3.3.52), (3.3.53), (3.3.54) and (3.3.55) into

(3.3.51) yields

∥φb,c,ηψ,t − φb̃,c̃,η̃ψ,t ∥λ

≤tmax{∥ψ∥BL, 1}(∥b− b̃∥∞ + ∥c− c̃∥∞ + ∥η − η̃∥∞)eCt +
1

2
∥φb,c,ηψ,t − φb̃,c̃,η̃ψ,t ∥λ

or equivalently

∥φb,c,ηψ,t − φb̃,c̃,η̃ψ,t ∥λ ≤ 2tmax{∥ψ∥BL, 1}(∥b− b̃∥∞ + ∥c− c̃∥∞ + ∥η − η̃∥∞)eCt.

As ∥g∥λ ≥ e−λt∥g∥∞ this yields the claim.

Now we are able to prove continuity of µt with respect to intial measure and model

functions.

Proposition 3.3.21. Let the model functions b, c, η satisfy Assumption 3.1.1 and

let µ0 ∈ M+(Rd) be any initial measure. Then the corresponding measure solution

µt to (3.3.1) is Lipschitz continuous with respect to the initial measure and the model

functions. More precisely,
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i) Let µt, νt be solutions to (3.3.1) with initial measures µ0, ν0 ∈ M+(Rd) respec-

tively. Then

ρF (µt, νt) ≤ eCtρF (µ0, ν0),

for some constant C > 0 depending on the model functions b, c, η but indepen-

dent on µ0, ν0.

ii) Let (b, c, η), (b̃, c̃, η̃) be two triples of model functions, satisfying Assumption

3.1.1, and let µb,c,ηt , µb̃,c̃,η̃t be the corresponding solutions to (3.3.1) with initial

measure µ0. Then

ρF

(
µb,c,ηt , µb̃,c̃,η̃t

)
≤ t(∥b− b̃∥∞ + ∥c− c̃∥∞ + ∥η − η̃∥∞)eCt∥µ0∥TV ,

where C denotes a constant depending on the norms of all model functions.

Proof. i) Using (3.3.26) and Proposition 3.3.4 we compute

ρF (µt, νt) = sup
∥ψ∥BL≤1

∫
Rd
ψ(x) d(µt − νt)(x) = sup

∥ψ∥BL≤1

∫
Rd
φψ,t(0, x) d(µ0 − ν0)(x)

≤ sup
∥ψ∥BL≤1

∥φψ,t∥∞
∫
Rd

1 d(µ0 − ν0)(x) ≤ eCtρF (µ0, ν0).

ii) Similarly, using (3.3.26) and Proposition 3.3.20 we have an estimate of the

form

ρF (µ
b,c,η
t , µb̃,c̃,η̃t ) = sup

∥ψ∥BL≤1

∫
Rd
ψ(x) d

(
µb,c,ηt − µb̃,c̃,η̃t

)
(x)

= sup
∥ψ∥BL≤1

∫
Rd
φb,c,ηψ,t (0, x)− φb̃,c̃,η̃ψ,t (0, x) dµ0(x)

≤ sup
∥ψ∥BL≤1

∥φb,c,ηψ,t (0, ·)− φb̃,c̃,η̃ψ,t (0, ·)∥∞∥µ0∥TV

≤t(∥b− b̃∥∞ + ∥c− c̃∥∞ + ∥η − η̃∥∞)eCt∥µ0∥TV .
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3.4 Adding state-independent in�ux to the model

Now we consider the full linear model (3.1.1) with state-independent in�ux N . This

case is a bit trickier since we can not go to the dual problem as the primal problem is

not linear in µt. Instead we will invoke Duhamel's principle to construct a solution.

In particular, let φψ,t be the solution to the dual problem (3.3.2), i.e. the dual

problem to (3.1.1) with N = 0. Then plugging φψ,t into (3.1.9) for T = t yields for

the left-hand side∫
Rd
φψ,t(τ, x) dµt(x)−

∫
Rd
φψ,t(0, x) dµ0(x) =

∫
Rd
ψ(x) dµt(x)−

∫
Rd
φψ,t(0, x) dµ0(x)

and for the right-hand side, using that φψ,t solves (3.3.2),∫ t

0

∫
Rd

(∂τφψ,t(τ, x) +∇xφψ,t(τ, x) · b(τ, x) + φψ,t(τ, x) c(τ, x)) dµτ (x) dτ

+

∫ t

0

(∫
Rd

∫
Rd
φψ,t(τ, y) d[η(τ, x)] (y) dµτ (x) +

∫
Rd
φψ,t(τ, x) d[N(τ)](x)

)
dτ

=

∫ t

0

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ.

(3.4.1)

So in accordance with (3.3.26) we de�ne for all t ∈ [0, T ]∫
Rd
ψ(x) dµt(x) =

∫
Rd
φψ,t(0, x) dµ0(x) +

∫ t

0

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ. (3.4.2)

Lemma 3.4.1. Let µt be de�ned by (3.4.2). Then for all ψ ∈ BL(Rd) and all

0 ≤ s ≤ t ≤ T∫
Rd
ψ(x) dµt(x) =

∫
Rd
φψ,t(s, x) dµs(x) +

∫ t

s

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ. (3.4.3)

Proof. Let s ∈ [0, t] and let ξ(τ, x) be the solution to the dual problem (3.3.2)

terminating at time s with value ξ(s, x) = φψ,t(s, x). We directly conclude ξ(τ, x) =

φψ,t(τ, x) for all τ ∈ [0, s] by uniqueness of the dual problem. Applying (3.4.2) twice

83



3 PDE models on the Euclidean space

yields∫
Rd
ψ(x) dµt(x) =

∫
Rd
φψ,t(0, x) dµ0(x) +

∫ t

0

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ

=

∫
Rd
ξ(0, x) dµ0(x) +

∫ s

0

∫
Rd
ξ(τ, x) d[N(τ)](x) dτ +

∫ t

s

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ

=

∫
Rd
φψ,t(s, x) dµs(x) +

∫ t

s

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ,

as desired.

Lemma 3.4.2. Let µt be de�ned by (3.4.2). Then for all ψ ∈ BL(Rd) and all

t ∈ [0, T ] the measure µt ∈ M+(Rd).

Proof. In the proof of Lemma 3.3.13 we showed that ψ ≥ 0 implies φψ,t ≥ 0. As

both µ0 and N(t) are in M+(Rd) for all t ∈ [0, T ], we conclude by (3.4.2).

Similarly to Proposition 3.3.14 we can prove:

Proposition 3.4.3. Let µt be de�nded by (3.4.2). Then the following statements

hold.

i) µt is bounded in total variation norm, i.e.

∥µt∥TV ≤ et(∥c∥∞+∥η∥∞)(∥µ0∥TV + ∥N∥∞t).

ii) The map t 7→ µt is narrowly continuous. Furthermore, the map t 7→ µt is

Lipschitz continuous.

Proof. The proof of i) is similar to the proof corresponding to Proposition 3.3.14.

Just note that the extra term including N can be bounded with Proposition 3.3.4

by

sup
ψ∈C1

c (Rd)
∥ψ∥∞≤1

∫ t

0

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ ≤ et(∥c∥∞+∥η∥∞)∥N∥∞t,

so that

∥µt∥TV ≤ et(∥c∥∞+∥η∥∞)(∥µ0∥TV + ∥N∥∞t).

To show the narrow continuity, analogously to the proof of Proposition 3.3.14 ii) we

prove that for all ψ ∈ BL(Rd) the map t 7→
∫
Rd ψ dµt is Lipschitz continuous. This
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then implies narrow continuity by Portemanteau Theorem.

To check the Lipschitz continuity let s1 > s2, then with Lemmata 3.4.1 and 3.3.9∣∣∣∣∫
Rd
ψ(x) d[µs1 − µs2 ](x)

∣∣∣∣
=

∣∣∣∣∫
Rd
φψ,s1(s2, x) dµs2(x) +

∫ s1

s2

∫
Rd
φψ,s1(τ, x) d[N(τ)](x) dτ −

∫
Rd
φψ,s2(s2, x) dµs2(x)

∣∣∣∣
≤
∫
Rd

|φψ,s1(s2, x)− φψ,s2(s2, x)| dµs2(x) +
∣∣∣∣∫ s1

s2

∫
Rd
φψ,s1(τ, x) d[N(τ)](x) dτ

∣∣∣∣
≤C|s1 − s2|∥ψ∥BL∥µs2∥BL∗ + ∥φψ,s1∥BL∥N∥∞|s1 − s2|.

So using i) and Proposition 3.3.4 we get the desired Lipschitz continuity∣∣∣∣∫
Rd
ψ(x) d[µs1 − µs2 ](x)

∣∣∣∣ ≤ C∥ψ∥BL|s1 − s2|.

As in the proof of Proposition 3.3.14, this implies Lipschitz continuity of the map

t 7→ µt, i.e.

ρF (µs1 , µs2) = sup
∥ψ∥BL≤1

∫
Rd
ψ(x) d[µs1 − µs2 ](x) ≤ C|s1 − s2|.

Now, similarly to Proposition 3.3.17 we can show that µt is actually a solution to

(3.1.1) in the sense of De�nition 3.1.3.

Proposition 3.4.4. The family of measures {µt}t∈[0,T ] be de�ned by (3.4.2) satis�es

the weak formulation (3.1.9).

Proof. We adjust the proof of Proposition 3.3.17 to account for the additional term.

Let φ ∈ BL([0, T ]× Rd) and consider the function

f : [0, T ]× [0, T ] → R, f(s, t) :=

∫
Rd
φ(s, x) dµt(x).
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We �rst show that for all ψ ∈ BL(Rd) and a.e. t ∈ [0, T ]

lim
h↘0

1

h

∫
Rd
ψ(x) d[µt − µt−h](x)

=

∫
Rd

[
b(t, x) · ∇xψ(x) + c(t, x)ψ(x) +

∫
Rd
ψ(y) d[η(t, x)](y)

]
dµt(x)

+

∫
Rd
ψ(x) d[N(t)](x).

(3.4.4)

Indeed, using the fact that φψ,t solves the dual problem (3.3.2) and Lemma 3.4.1,

we see that for a.e. t ∈ [0, T ]

1

h

∫
Rd
ψ(x) d[µt − µt−h](x)

=

∫
Rd

φψ,t(t− h, x)− φψ,t(t, x)

h
dµt−h(x) +

1

h

∫ t

t−h

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ.

(3.4.5)

According to the proof of Proposition 3.3.17 we already know that

lim
h↘0

∫
Rd

φψ,t(t− h, x)− φψ,t(t, x)

h
dµt−h(x)

=

∫
Rd

[
b(t, x) · ∇xψ(x) + c(t, x)ψ(x) +

∫
Rd
ψ(y) d[η(t, x)](y)

]
dµt(x),

so we only have to consider the second term in (3.4.5). By Assumptions 3.1.1 and

Proposition 3.3.7 we see that the map τ 7→
∫
Rd φψ,t(τ, x) d[N(τ)](x) is continuous,

so that we can apply Lebesgue's Di�erentiation Theorem which yields

lim
h↘0

1

h

∫ t

t−h

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ

=

∫
Rd
φψ,t(t, x) d[N(t)](x) =

∫
Rd
ψ(x) d[N(t)](x),

(3.4.6)

proving (3.4.4). Analogously, we show

lim
h↘0

1

h

∫
Rd
ψ(x) d[µt+h − µt](x)

=

∫
Rd

[
b(t, x) · ∇xψ(x) + c(t, x)ψ(x) +

∫
Rd
ψ(y) d[η(t, x)](y)

]
dµt(x)

+

∫
Rd
ψ(x) d[N(t)](x).

(3.4.7)
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To this end, again applying Lemma 3.4.1 we see

1

h

∫
Rd
ψ(x) d[µt+h − µt](x)

=
1

h

∫
Rd
φψ,t+h(t+ h, x) dµt+h(x)−

1

h

∫
Rd
φψ,t(t, x) dµt(x)

=

∫
Rd

φψ,t+h(t, x)− φψ,t(t, x)

h
dµt(x) +

1

h

∫ t+h

t

∫
Rd
φψ,t+h(τ, x) d[N(τ)](x) dτ.

(3.4.8)

The �rst term has already been treated in the proof of Proposition 3.3.17, see

(3.3.42), which yields∫
Rd

φψ,t+h(t, x)− φψ,t(t, x)

h
dµt(x) →

∫
Rd
∂tφψ,t(τ, x) |(τ,x)=(t,x) dµt(x)

=

∫
Rd

[
∇xψ(x) · b(t, x) + ψ(x)c(t, x) +

∫
Rd
ψ(y) d[η(t, x)](y)

]
dµt(x).

(3.4.9)

We turn to the second term in (3.4.8).

1

h

∫ t+h

t

∫
Rd
φψ,t+h(τ, x) d[N(τ)](x) dτ

=
1

h

∫ t+h

t

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ

+

∫ t+h

t

∫
Rd

φψ,t+h(τ, x)− φψ,t(τ, x)

h
d[N(τ)](x) dτ.

(3.4.10)

The �rst term can be handled similarly to (3.4.6) with Lebesgue's Di�erentiation

Theorem yielding

lim
h↘0

1

h

∫ t+h

t

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ =

∫
Rd
ψ(x) d[N(t)](x). (3.4.11)

According to Proposition 3.3.16 the map t 7→ φψ,t is Fréchet di�erentiable with
φψ,t+h−φψ,t

h
converging uniformly to the derivative. In particular,

φψ,t+h(τ,x)−φψ,t(τ,x)
h

is uniformly bounded for small h and thus with Dominated Convergence Theorem∫ t+h

t

∫
Rd

φψ,t+h(τ, x)− φψ,t(τ, x)

h
d[N(τ)](x) dτ → 0 (h→ 0). (3.4.12)
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Hence, plugging (3.4.11) and (3.4.12) into (3.4.10) yields

1

h

∫ t+h

t

∫
Rd
φψ,t+h(τ, x) d[N(τ)](x) dτ →

∫
Rd
ψ(x) d[N(t)](x) (h→ 0)

which together with (3.4.9) in (3.4.8) leads to

1

h

∫
Rd
ψ(x) d[µt+h − µt](x) →

∫
Rd

∇xψ(x) · b(t, x) + ψ(x)c(t, x) dµt(x)

+

∫
Rd

∫
Rd
ψ(y) d[η(t, x)](y) dµt(x) +

∫
Rd
ψ(x) d[N(t)](x) (h→ 0)

proving (3.4.7).

We combine (3.4.4) and (3.4.7) and conclude with Leibniz rule for a.e. τ ∈ [0, T ]

∂τf(τ, τ) =

∫
Rd

[∂τφ(τ, x) + b(τ, x) · ∇xφ(τ, x) + c(τ, x)φ(τ, x)] dµτ (x)

+

∫
Rd

∫
Rd
φ(τ, y) d[η(τ, x)](y) dµτ (x) +

∫
Rd
φ(τ, x) d[N(τ)](x),

so integrating from τ = 0 to τ = T yields (3.1.9).

The uniqueness result Lemma 3.3.19 of the previous section with N = 0 also implies

uniqueness of solutions to the full linear model (3.1.1).

Lemma 3.4.5. Under Assumptions 3.1.1 solutions to (3.1.1) are unique.

Proof. Let µ•, µ̃• be two solutions to (3.1.1) with initial measure µ0. Then a di-

rect computation reveals that µ• − µ̃• solves (3.3.1) with initial measure µ̃0 = 0.

According to Lemma 3.3.19 µ• − µ̃• = 0 which yields the claim.

As a last step, we generalise the continuity result Proposition 3.3.21 to the case with

state-independent in�ux.

Proposition 3.4.6. Let the model functions b, c, η,N satisfy Assumption 3.1.1 and

let µ0 ∈ M+(Rd) be any initial measure. Then the corresponding measure solution

µt to (3.1.1) is Lipschitz continuous with respect to the initial measure and the model

functions. More precisely,

i) Let µt, νt be solutions to (3.1.1) with initial measures µ0, ν0 ∈ M+(Rd) respec-

tively. Then

ρF (µt, νt) ≤ eCtρF (µ0, ν0),
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for some constant C > 0 depending on the norms of model functions b, c, η but

independent on µ0, ν0.

ii) Let (b, c, η,N), (b̃, c̃, η̃, Ñ) be two vectors of model functions, satisfying Assump-

tion 3.1.1, and let µb,c,η,Nt , µb̃,c̃,η̃,Ñt be the corresponding solutions to (3.1.1) with

initial measure µ0. Then

ρF

(
µb,c,η,Nt , µb̃,c̃,η̃,Ñt

)
≤ teCt

(
∥b− b̃∥∞ + ∥c− c̃∥∞ + ∥η − η̃∥∞ + ∥N − Ñ∥∞

)
,

where C denotes a constant depending on norms of all model functions and

µ0.

Proof. We �rst show i). A direct computation with (3.4.2) yields

ρF (µt, νt) = sup
∥ψ∥BL≤1

∫
Rd
ψ(x) d(µt − νt)(x)

= sup
∥ψ∥BL≤1

[ ∫
Rd
φψ,t(0, x) dµ0(x) +

∫ t

0

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ

−
∫
Rd
φψ,t(0, x) dν0(x)−

∫ t

0

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ

]
=

∫
Rd
φψ,t(0, x) d(µ0 − ν0)(x).

So similarly to the proof of Proposition 3.3.21 we apply Proposition 3.3.4 to see

ρF (µt, νt) ≤ sup
∥ψ∥BL≤1

∥φψ,t∥∞
∫
Rd

1 d(µ0 − ν0)(x) ≤ eCtρF (µ0, ν0).

Before we show ii) in a similar computation as before, note that by construction

the solution φψ,t to the dual problem (3.3.2) only depends on the model functions
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(b, c, η). Hence, we compute with (3.4.2)

ρF (µ
b,c,η,N
t , µb̃,c̃,η̃,Ñt ) = sup

∥ψ∥BL≤1

∫
Rd
ψ(x) d

(
µb,c,η,Nt − µb̃,c̃,η̃,Ñt

)
(x)

= sup
∥ψ∥BL≤1

∫
Rd
φb,c,ηψ,t (0, x)− φb̃,c̃,η̃ψ,t (0, x) dµ0(x)

+

∫ t

0

∫
Rd
φb,c,ηψ,t (τ, x) d[N(τ)](x) dτ −

∫ t

0

∫
Rd
φb̃,c̃,η̃ψ,t (τ, x) d[Ñ(τ)](x) dτ

≤ sup
∥ψ∥BL≤1

∥φb,c,ηψ,t (0, ·)− φb̃,c̃,η̃ψ,t (0, ·)∥∞∥µ0∥TV

+ sup
∥ψ∥BL≤1

∫ t

0

∫
Rd
φb,c,ηψ,t (τ, x)− φb̃,c̃,η̃ψ,t (τ, x) d[N(τ)](x) dτ

+ sup
∥ψ∥BL≤1

∫ t

0

∫
Rd
φb̃,c̃,η̃ψ,t (τ, x) d

[
N(τ)− Ñ(τ)

]
(x) dτ

We apply Proposition 3.3.20 to bound the �rst two terms and use Proposition 3.3.4

to estimate the third term, i.e.

ρF (µ
b,c,η,N
t , µb̃,c̃,η̃,Ñt )

≤t(∥b− b̃∥∞ + ∥c− c̃∥∞ + ∥η − η̃∥∞)eCt∥µ0∥TV

+ sup
∥ψ∥BL≤1

∥φb,c,ηψ,t − φb̃,c̃,η̃ψ,t ∥∞∥N∥∞t+ sup
∥ψ∥BL≤1

∥φb̃,c̃,η̃ψ,t ∥∞ sup
τ∈[0,T ]

∥N(τ)− Ñ(τ)∥BL∗ t

≤teCt
(
∥b− b̃∥∞ + ∥c− c̃∥∞ + ∥η − η̃∥∞ + ∥N − Ñ∥∞

)
.

We conclude the treatment of the linear model (3.1.1) with a theorem combining

the results of this section.

Theorem 3.4.7. Under Assumptions 3.1.1 there exists a unique Lipschitz continu-

ous measure solution µ : [0, T ] → M+(Rd) to model (3.1.1) in the sense of De�nition

3.1.3. The solution µ• is Lipschitz continuous with respect to model functions and

the initial measure µ0.
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3.5 The nonlinear case

Now we construct a solution to the nonlinear version of (3.1.1) on [0, T ]× Rd, i.e.{
∂tµt +∇x · (b(t, x, µt)µt) = c(t, x, µt)µt +

∫
Rd η(t, x, µt)(y) dµt(y) +N(t, µt),

µ0 = ν,

(3.5.1)

where ν ∈ M+(Rd) and

b : [0, T ]× Rd ×M+(Rd) → Rd, c : [0, T ]× Rd ×M+(Rd) → R,
η : [0, T ]× Rd ×M+(Rd) → M+(Rd), N : [0, T ]×M+(Rd) → M+(Rd).

For any φ ∈ BL([0, T ]×Rd)∩C1([0, T ]×Rd) the corresponding weak formulation

is given by∫
Rd
φ(T, x) dµT (x)−

∫
Rd
φ(0, x) dµ0(x) =

∫ T

0

∫
Rd
∂tφ(t, x) dµt(x) dt

+

∫ T

0

∫
Rd

(
∇xφ(t, x) · b(t, x, µt) + φ(t, x) c(t, x, µt)

)
dµt(x) dt

+

∫ T

0

∫
Rd

(∫
Rd
φ(t, y) d[η(t, x, µt)] (y)

)
dµt(x) dt+

∫ T

0

∫
Rd
φ(t, x) d[N(t, µt)](x) dt.

(3.5.2)

We need the following regularity of our model functions.

Assumptions 3.5.1 (Nonlinear model). The model functions b, c, η and N should

satisfy the following conditions.

(i) For any µ ∈ M+(Rd), the model functions b(·, ·, µ), c(·, ·, µ), η(·, ·, µ) and

N(·, µ) satisfy Assumption 3.1.1. Moreover, we have uniform bounds∫ T

0

sup
µ∈M+(Rd)

[
∥c(τ, ·, µ)∥∞ + sup

y∈Rd
∥η(τ, y, µ)∥BL∗ + ∥N(τ, µ)∥BL∗

]
dτ <∞,

and for any R > 0∫ T

0

sup
∥µ∥BL∗≤R

[
∥b(τ, ·, µ)∥BL + |c(τ, ·, µ)|Lip + ∥η(τ, ·, µ)∥BL(Rd;M+)

]
dτ <∞.

(ii) For any R > 0, there exists a nonnegative function LR,b in C
0(0, T ) so that if
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µ•, ν• are narrowly continuous and ∥µ∥BL∗ , ∥ν∥BL∗ ≤ R, then

∥b(t, ·, µ)− b(t, ·, ν)∥∞ ≤ LR,b(t)ρF (µ, ν).

(iii) For any R > 0, there exists a nonnegative function LR,c ∈ C0(0, T ) so that for

∥µ∥BL∗ , ∥ν∥BL∗ ≤ R

∥c(t, ·, µ)− c(t, ·, ν)∥∞ ≤ LR,c(t)ρF (µ, ν).

(iv) For any R > 0, there exists a nonnegative function LR,η ∈ C0(0, T ) so that for

∥µ∥BL∗ , ∥ν∥BL∗ ≤ R

sup
y∈Rd

ρF (η(t, y, µ), η(t, y, ν)) ≤ LR,η(t) ρF (µ, ν).

(v) For any R > 0, there exists a nonnegative function LR,N ∈ C0(0, T ) so that if

∥µ∥BL∗ , ∥ν∥BL∗ ≤ R

sup
y∈Rd

ρF (N(t, µ), N(t, ν)) ≤ LR,N(t) ρF (µ, ν).

In this section we will construct solutions to (3.5.1) by reducing the nonlinear model

to a linear model. To this end, we split the time interval into subintervals on

which we freeze the arguments of the nonlinearities. More precisely, �x k ∈ N and

divide [0, T ] into 2k intervals of the form [lT/2k, (l + 1)T/2k], l = 0, ..., 2k − 1. For

t ∈ [lT/2k, (l+1)T/2k] we de�ne the k-th approximation µkt recursively as solution

to the linear problem

∂tµt +∇x·
(
b
(
t, x, µ lT

2k

)
µt

)
=c
(
t, x, µ lT

2k

)
µt +

∫
Rd
η
(
t, x, µ lT

2k

)
(y) dµt(y) +N

(
t, µ lT

2k

) (3.5.3)

with initial condition µt|t=lT/2k = µlT/2k which we obtain from solving the corre-

sponding problem on the previous interval
[
(l − 1)T/2k, lT/2k

]
. Naturally, we set

µt |t=0= µ0.

We will show that
(
µkt
)
k∈N de�nes a Cauchy sequence in C0([0, T ],M+(Rd)) which

converges to the solution of (3.5.1). To this end, we �rst need the following simple
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lemma.

Lemma 3.5.2. [44, 2.22] Let a and b be arbitrary positive constants. If a sequence

(ul)l∈N0 ⊂ R satis�es the inequality,

|ul+1| ≤ a|ul|+ b, l = 0, 1, 2, . . . , (3.5.4)

Then, it holds

|ul| ≤ al|u0|+

{
al−1
a−1

b for a ̸= 1,

lb for a = 1.
(3.5.5)

Now we turn to study the sequence
(
µkt
)
k∈N and notice that it is uniformly bounded

in M+(Rd).

Lemma 3.5.3. The family of measures {µkt }kt∈[0,T ] satis�es

∥µkt ∥TV ≤ (∥µ0∥TV + 2∥N∥∞T )e2CT

for some constant C > 0 depending on norms of model functions but independent of

k.

Proof. Let k ∈ N, l ∈ {0, ..., 2k} and observe that according to Proposition 3.4.3 we

have for t ∈ [lT/2k, (l + 1)T/2k]

∥µkt ∥TV ≤
[
∥µklT

2k
∥TV + ∥N∥∞

(
(l + 1)T

2k
− lT

2k

)]
eCT(

l+1

2k
− l

2k
)

=

[
∥µklT

2k
∥TV + ∥N∥∞

T

2k

]
e
CT

2k .

(3.5.6)

Applying Lemma 3.5.2 for t = (l+1)T
2k

to ul := ∥µklT
2k

∥TV yields

∥µklT
2k
∥TV ≤ e

CTl

2k ∥µ0∥TV +
e
CTl

2k − 1

e
CT

2k − 1
e
CT

2k ∥N∥∞
T

2k
. (3.5.7)

We further estimate inequality (3.5.7) by noticing that for x > 1 we have xl − 1 =
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(x− 1)
∑l−1

i=0 x
i so that

xl − 1

x− 1
x =

l∑
i=1

xi ≤ lxl.

Thus, we get with x = e
CT

2k

∥µklT
2k
∥TV ≤ eCT∥µ0∥TV + ∥N∥∞le

CTl

2k
T

2k
≤ eCT [∥µ0∥TV + ∥N∥∞T ] , (3.5.8)

which implies the assertion for t = lT/2k, l = 0, ..., 2k. Applying (3.5.8) to (3.5.6)

yields the claim for all t ∈ [0, T ]

∥µkt ∥TV ≤
[
∥µklT

2k
∥TV + ∥N∥∞

T

2k

]
e
CT

2k ≤
[
eCT [∥µ0∥TV + ∥N∥∞T ] + ∥N∥∞

T

2k

]
eCT

≤ e2CT [∥µ0∥TV + 2∥N∥∞T ] .

Lemma 3.5.4. There exists a constant C > depending on norms of model functions

but independent of k such that we have

ρF
(
µk+1
t , µkt

)
≤ C2−k.

Proof. We adjust to proof of [44, 2.24] to our purposes.

Let k ∈ N and l ∈ {0, ..., 2k − 1}. Furthermore, let t ∈ [lT/2k, (l + 1)T/2k] =: Al.

As the interval Al gets split in the iteration step k 7→ k + 1 we denote by A−
l and

A+
l the left and right half of Al respectively. In particular, we introduce

t∗ :=
lT

2k
and tm := t∗ +

T

2k+1
,

so that A−
l = [t∗, tm]. As a �rst step, let t ∈ A−

l . We introduce an intermediate

measure µ̃kt which starts at t∗ with initial datum µkt∗ similarly to µkt but evolves with

the nonlinearities of µk+1
t , i.e. the nonlinearities are evaluated at µk+1

t∗ . To facili-

tate understanding of the following calculations, we have summarised the various

measures here once again
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Measure initial value at t∗ evolves with model functions

µkt µkt∗ b(·, ·, µkt∗), c(·, ·, µ
k
t∗), η(·, ·, µ

k
t∗), N(·, µkt∗)

µ̃ktk µkt∗ b(·, ·, µk+1
t∗ ), c(·, ·, µk+1

t∗ ), η(·, ·, µk+1
t∗ ), N(·, µk+1

t∗ )

µk+1
tk

µk+1
t∗ b(·, ·, µk+1

t∗ ), c(·, ·, µk+1
t∗ ), η(·, ·, µk+1

t∗ ), N(·, µk+1
t∗ )

This allows us to apply triangle inequality as well as the continuity results of Propo-

sition 3.4.6 to get

ρF
(
µk+1
t , µkt

)
≤ ρF

(
µk+1
t , µ̃kt

)
+ ρF

(
µ̃kt , µ

k
t

)
≤CeC(t−t∗)ρF

(
µk+1
t∗ , µkt∗

)
+ (t− t∗)e

C(t−t∗)
(
∥b
(
·, ·, µkt∗

)
− b

(
·, ·, µk+1

t∗

)
∥∞ + ∥c

(
·, ·, µkt∗

)
− c

(
·, ·, µk+1

t∗

)
∥∞
)

+ (t− t∗)e
C(t−t∗)

(
∥η
(
·, ·, µkt∗

)
− η

(
·, ·, µk+1

t∗

)
∥∞ + ∥N

(
·, µkt∗

)
−N

(
·, µk+1

t∗

)
∥∞
)
.

According to Lemma 3.5.3 ∥µkt ∥TV is uniformly bounded by some R > 0 for all k

and with the same lemma also ∥µ̃kt ∥TV . Hence, with Assumptions 3.5.1 (ii)-(v) we

estimate

ρF
(
µk+1
t , µkt

)
≤eC2−(k+1)

ρF
(
µk+1
t∗ , µkt∗

)
+ T2−(k+1)eC2−(k+1)

ρF
(
µk+1
t∗ , µkt∗

)
sup
τ∈[0,T ]

[LR,b(τ) + LR,c(τ) + LR,η(τ) + LR,N(τ)]

≤eC2−(k+1)

ρF
(
µk+1
t∗ , µkt∗

)
+ C2−(k+1)eC2−(k+1)

ρF
(
µk+1
t∗ , µkt∗

)
≤eC2−(k+1)

ρF
(
µk+1
t∗ , µkt∗

)
.

(3.5.9)

Now let t ∈ A+
l . Similarly to before, we introduce an intermediate measure µ̃kt but

this time starting at tm with initial measure µktm but evolving with nonlinearities

evaluated at µk+1
tm .
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Measure initial value at tm evolves with model functions

µkt µktm b(·, ·, µkt∗), c(·, ·, µ
k
t∗), η(·, ·, µ

k
t∗), N(·, µkt∗)

µ̃ktk µktm b(·, ·, µk+1
tm ), c(·, ·, µk+1

tm ), η(·, ·, µk+1
tm ), N(·, µk+1

tm )

µk+1
tk

µk+1
tm b(·, ·, µk+1

tm ), c(·, ·, µk+1
tm ), η(·, ·, µk+1

tm ), N(·, µk+1
t∗ )

Similar to the case t ∈ A−
l we apply triangle inequality as well as the continuity

results of Proposition 3.4.6 to see

ρF
(
µk+1
t , µkt

)
≤ ρF

(
µk+1
t , µ̃kt

)
+ ρF

(
µ̃kt , µ

k
t

)
≤eC(t−t∗)ρF

(
µk+1
tm , µktm

)
+ (t− t∗)e

C(t−t∗)
(
∥b
(
·, ·, µkt∗

)
− b

(
·, ·, µk+1

tm

)
∥∞ + ∥c

(
·, ·, µkt∗

)
− c

(
·, ·, µk+1

tm

)
∥∞
)

+ (t− t∗)e
C(t−t∗)

(
∥η
(
·, ·, µkt∗

)
− η

(
·, ·, µk+1

tm

)
∥∞ + ∥N

(
·, µkt∗

)
−N

(
·, µk+1

tm

)
∥∞
)
.

We again apply Assumptions 3.5.1 (ii)-(v) and see

ρF
(
µk+1
t , µkt

)
≤eC2−(k+1)

ρF
(
µk+1
tm , µktm

)
+ T2−(k+1)eC2−(k+1)

ρF
(
µkt∗ , µ

k+1
tm

)
sup
τ∈[0,T ]

[LR,b(τ) + LR,c(τ) + LR,η(τ) + LR,N(τ)]

≤eC2−(k+1)

ρF
(
µk+1
tm , µktm

)
+ C2−(k+1)eC2−(k+1)

ρF
(
µkt∗ , µ

k+1
tm

)
.

(3.5.10)

With triangle inequality, Lipschitz continuity in time (see Proposition 3.4.3) and

(3.5.9) for t = tm ∈ A−
l we see that

ρF
(
µkt∗ , µ

k+1
tm

)
≤ρF

(
µkt∗ , µ

k
tm

)
+ ρF

(
µktm , µ

k+1
tm

)
≤ C|tm − t∗|+ eC2−(k+1)

ρF
(
µk+1
t∗ , µkt∗

)
≤C2−(k+1) + eC2−(k+1)

ρF
(
µk+1
t∗ , µkt∗

)
.
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We insert this estimate into (3.5.10) and apply (3.5.9) again which leads to

ρF
(
µk+1
t , µkt

)
≤eC2−(k+1)

ρF
(
µk+1
tm , µktm

)
+ C2−(k+1)eC2−(k+1)

[
C2−(k+1) + eC2−(k+1)

ρF
(
µk+1
t∗ , µkt∗

)]
≤eC2−(k+1)

ρF
(
µk+1
t∗ , µkt∗

)
+ C

(
2−(k+1)

)2
eC2−(k+1)

(3.5.11)

for all t ∈ A+
l . Combining (3.5.9) and (3.5.11) yields that for all t ∈ Al

ρF
(
µk+1
t , µkt

)
≤ eC2−(k+1)

ρF
(
µk+1
t∗ , µkt∗

)
+ C

(
2−(k+1)

)2
eC2−(k+1)

. (3.5.12)

Next, we set t = (m + 1)T/2k and apply Lemma 3.5.2 to the sequence um :=

ρF

(
µk+1
mT/2k

, µk
mT/2k

)
to deduce

um ≤emC2−(k+1)

ρF
(
µk+1
0 , µk0

)
+
emC2−(k+1) − 1

eC2−(k+1) − 1
C
(
2−(k+1)

)2
eC2−(k+1)

=2−(k+1) C2−(k+1)

eC2−(k+1) − 1

(
emC2−(k+1) − 1

)
eC2−(k+1)

≤2−(k+1)(eC − 1)eC .

(3.5.13)

In the last step, we used x + 1 ≤ ex, m ≤ 2k and that the limit limx→0 x/(e
x − 1)

exists. This yields the claim for all t of the form mT/2k. For all other t we invoke

(3.5.12) together with (3.5.13) to see

ρF
(
µk+1
t , µkt

)
≤eC2−(k+1)

ρF
(
µk+1
t∗ , µkt∗

)
+ C

(
2−(k+1)

)2
eC2−(k+1)

≤eC2−(k+1)

2−(k+1)(eC − 1)eC + C
(
2−(k+1)

)2
eC2−(k+1) ≤ C2−(k+1)

as desired.

Now with the above results, we are able to prove the existence of solutions to the

nonlinear model.

Theorem 3.5.5. Under Assumptions 3.5.1 there exists a Lipschitz continuous solu-

tion µ• : [0, T ] → M+(Rd) to (3.5.1). The solution depends Lipschitz continuously

on the initial measure as well as on the model functions.

Proof. Let n ∈ N. For m > n we compute, using Lemma 3.5.4

ρF (µ
m
t , µ

n
t ) ≤ ρF (µ

m
t , µ

m−1
t ) + . . .+ ρF (µ

n+1
t , µnt ) ≤ C

(
2−(m−1) + . . .+ 2−n

)
≤ C2 · 2−n.
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where C is the constant from Lemma 3.5.4 which is independent of t ∈ [0, T ].

Thus, (µkt )k∈N is a Cauchy sequence in C0
(
[0, T ];M+(Rd)

)
and as such, there is

µt ∈ C0
(
[0, T ];M+(Rd)

)
such that

µkt → µt in C
0
(
[0, T ];M+(Rd)

)
.

By construction µt satis�es the same bound in ∥·∥TV as µkt which is given in Lemma

3.5.3. Therefore, with Assumptions 3.5.1 (ii) we have

∥b
(
·, ·, µkt

)
− b (·, ·, µt) ∥∞ ≤ sup

τ∈[0,T ]
LR,b(τ) ρF (µ

k
t , µt) ≤ CρF

(
µkt , µt

)
(3.5.14)

and similar estimates for the other model functions c, η,N . Thus, we can pass to the

limit in the weak formulation of (3.5.3) proving that µt satis�es the weak formulation

(3.5.2). More precisely, let φ ∈ BL([0, T ] × Rd) ∩ C1([0, T ] × Rd) and consider the

RHS of (3.5.2)∫ T

0

∫
Rd
∂tφ(t, x) dµt(x) dt

+

∫ T

0

∫
Rd

(
∇xφ(t, x) · b(t, x, µt) + φ(t, x) c(t, x, µt)

)
dµt(x) dt

+

∫ T

0

∫
Rd

(∫
Rd
φ(t, y) d[η(t, x, µt)] (y)

)
dµt(x) dt+

∫ T

0

∫
Rd
φ(t, x) d[N(t, µt)](x) dt

=:A+B + C +D.

We introduce the approximation µkt and compute

A =

∫ T

0

∫
Rd
∂tφ(t, x) d[µt − µkt ](x) dt+

∫ T

0

∫
Rd
∂tφ(t, x) dµ

k
t (x) dt

≤∥φ∥BL
∫ T

0

ρF (µt, µ
k
t ) dt+

∫ T

0

∫
Rd
∂tφ(t, x) dµ

k
t (x) dt

≤C sup
t∈[0,T ]

ρF (µt, µ
k
t ) +

∫ T

0

∫
Rd
∂tφ(t, x) dµ

k
t (x) dt.

In order to rewrite termB we remember that t 7→ µt is continuous so that supt∈[0,T ] ∥µt∥BL∗
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is bounded and use the estimates of the form (3.5.14).

B

=

∫ T

0

∫
Rd

(
∇xφ(t, x) · (b(t, x, µt)− b(t, x, µkt )) + φ(t, x) (c(t, x, µt)− c(t, x, µkt

)
dµt(x) dt

+

∫ T

0

∫
Rd

(
∇xφ(t, x) · b(t, x, µkt ) + φ(t, x) c(t, x, µkt )

)
d[µt − µkt ](x) dt

+

∫ T

0

∫
Rd

(
∇xφ(t, x) · b(t, x, µkt ) + φ(t, x) c(t, x, µkt )

)
dµkt (x) dt

≤∥φ∥BL
[
∥b(·, ·, µt)− b(·, ·, µkt )∥∞ + ∥c(·, ·, µt)− c(·, ·, µkt )∥∞

]
sup
t∈[0,T ]

∥µt∥BL∗T

+ ∥φ∥BL(∥b∥∞ + ∥c∥∞)

∫ T

0

ρF (µt, µ
k
t ) dt

+

∫ T

0

∫
Rd

(
∇xφ(t, x) · b(t, x, µkt ) + φ(t, x) c(t, x, µkt )

)
dµkt (x) dt

≤C sup
t∈[0,T ]

ρF (µt, µ
k
t ) +

∫ T

0

∫
Rd

(
∇xφ(t, x) · b(t, x, µkt ) + φ(t, x) c(t, x, µkt )

)
dµkt (x) dt.

Similarly, we can bound the terms C and D by

• C ≤C sup
t∈[0,T ]

ρF (µt, µ
k
t ) +

∫ T

0

∫
Rd

(∫
Rd
φ(t, y) d

[
η(t, x, µkt )

]
(y)

)
dµkt (x) dt,

•D ≤C sup
t∈[0,T ]

ρF (µt, µ
k
t ) +

∫ T

0

∫
Rd
φ(t, x) d[N(t, µkt )](x) dt.

Combinig the bounds on A,B, C, D with the fact that µkt solves the weak formulation

leads to

A+B + C +D ≤ C sup
t∈[0,T ]

ρF (µt, µ
k
t ) +

∫
Rd
φ(T, x) dµkT (x)−

∫
Rd
φ(0, x) dµk0(x).

Next, we use that µk0 = µ0 and another triangle inequality to see

A+B + C +D

≤C sup
t∈[0,T ]

ρF (µt, µ
k
t ) +

∫
Rd
φ(T, x) dµT (x)−

∫
Rd
φ(0, x) dµ0(x) +

∫
Rd
φ(T, x) d[µkT − µT ](x)

≤C sup
t∈[0,T ]

ρF (µt, µ
k
t ) +

∫
Rd
φ(T, x) dµT (x)−

∫
Rd
φ(0, x) dµ0(x) + CρF (µT , µ

k
T )

≤C sup
t∈[0,T ]

ρF (µt, µ
k
t ) +

∫
Rd
φ(T, x) dµT (x)−

∫
Rd
φ(0, x) dµ0(x).
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3 PDE models on the Euclidean space

By construction, µkt converges uniformly to µt for k → ∞ so that µt indeed satis�es

the weak formulation (3.5.3).

We conclude the proof by noticing that the Lipschitz continuity of µkt with respect to

time, as well as with respect to initial measure and model functions (see Propositions

3.4.3 and 3.4.6 respectively) is transferred to µt via a similar limiting procedure.

Remark 3.5.6. Note carefully that Theorem 3.5.5 does not guarantee uniqueness

of the model solution. In Theorem 4.4.6 we will provide a proof for the missing

uniqueness which is based on the theory for generalised models on Polish metric

spaces.

3.6 An extension of the linear case- uniform

tightness

We conclude this chapter with the study of uniform tightness of solutions to the

linear model (3.1.9). In view of Proposition 3.4.3 i) we know that ∥µt∥BL∗ remains

bounded for all t ∈ [0, T ]. As T > 0 is arbitrary, we can exclude blow-ups in �nite

time and are thus able to extend the measure solution from [0, T ] to [0,∞).

Our goal is to show that the family {µt | t ∈ [0,∞)} ⊂ M+(Rd) is tight, i.e. that

µ• de�nes a uniformly tight family. We note that for �nite and �xed T , tightness

follows directly from Proposition 3.4.3 ii) together with the Theorem of Prokhorov

2.1.3. However, for in�nite T the mass of the family could still escape towards

in�nity preventing tightness. To circumvent this, we need to upgrade the regularity

of the model functions. In particular, we need uniform L1 regularity in time, i.e. we

assume

Assumptions 3.6.1. The model functions satisfy Assumptions 3.1.1 for all T > 0,

i.e.

(i) b ∈ C0
b ([0,∞);BL(Rd;Rd)),

(ii) c ∈ C0
b ([0,∞);BL(Rd)),

(iii) η ∈ C0
b

(
[0,∞);BL(Rd;M+(Rd))

)
,

(iv) N ∈ C0
b ([0,∞);M+(Rd)).

Additionally, we need that
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(v) ∫ ∞

0

sup
x∈Rd

|c(r, x)| dr =: Kc <∞,

(vi) ∫ ∞

0

∥η(r, ·)∥BL(Rd;M+) dr =: Kη <∞,

(vii) ∫ ∞

0

∥N(r)∥BL∗ dr =: KN <∞

Remark 3.6.2. Note that in constrast to Assumptions 3.1.1 we explicitly need

to assume boundedness in time of the model functions as the time interval is not

compact anymore.

Tightness of the measure solutions for all t > 0 requires uniform boundedness. As

we constructed our measure solution via the dual problem (3.3.2), we �rst bound

φψ,t uniformly in t by modifying Proposition 3.3.4.

Proposition 3.6.3. Let ψ ∈ BL(Rd) and let the model functions satisfy Assump-

tions 3.6.1. Then the solution φψ,t to the dual problem (3.3.2) is bounded indepen-

dently of t by

∥φψ,t∥∞ ≤ ∥ψ∥∞ exp(eKcKη +Kc).

Proof. Similar to the proof of Proposition 3.3.4 we �rst bound the x-component
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using representation formula (3.3.3). Let τ ∈ [0, t]. Then

sup
x̃∈Rd

|φψ,t(τ, x̃)|

≤∥ψ∥∞e
∫ t
τ sup

x∈Rd |c(r,x)| dr +

∫ t

τ

sup
x̃∈Rd

∫
Rd

|φψ,t(s, y)| d[η(s, x̃)](y)e
∫ s
τ sup

x∈Rd |c(r,x)| dr ds

≤∥ψ∥∞eKc + eKc
∫ t

τ

sup
ỹ∈Rd

|φψ,t(s, ỹ)| sup
x̃∈Rd

∫
Rd

d[η(s, x̃)](y) ds

≤∥ψ∥∞eKc + eKc
∫ t

τ

sup
ỹ∈Rd

|φψ,t(s, ỹ)|∥η(s, ·)∥BL(Rd;M+) ds

≤∥ψ∥∞eKc + eKc
∫ t

τ

sup
ỹ∈Rd

|φψ,t(s, ỹ)|∥η(s, ·)∥BL(Rd;M+) ds.

Hence, by Gronwall's inequality

sup
x̃∈Rd

|φψ,t(τ, x̃)| ≤eKc∥ψ∥∞e
∫ t
τ ∥η(s,·)∥

BL(Rd;M+)
eKc ≤ ∥ψ∥∞ exp(Kc + eKcKη),

as desired.

We are now able to formulate the main result of this section.

Theorem 3.6.4. Let µ• : [0,∞) → M+(Rd) be the measure solution to (3.1.9) for

all T > 0. Under Assumptions 3.6.1 the following statements hold.

(i) The family F := {µt | t ∈ [0,∞)} is uniformly bounded in the �at norm.

(ii) For all A ∈ B(Rd) let

µ∞(A) := lim
t→∞

µt(A).

Then µ∞ ∈ M+(Rd) and the closure F of F with respect to narrow convergence

is given by F = F ∪ {µ∞}.

(iii) The family F is tight.

Proof. (i) With the help of Proposition 3.6.3 we can improve the proof of Proposition

3.4.3 or rather of Proposition 3.3.14. In particular, we apply the variational charac-

terisation of the total variation norm (see e.g. [44, F.24]), (3.4.2) and Proposition
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3.6.3 which yields

∥µt∥TV = sup
ψ∈C0

c (Rd)
∥ψ∥∞≤1

(∫
Rd
ψ(x) dµt(x) +

∫ t

0

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ

)
(∗)
= sup

ψ∈C1
c (Rd)

∥ψ∥∞≤1

(∫
Rd
ψ(x) dµt(x) +

∫ t

0

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ

)

≤ sup
ψ∈C1

c (Rd)
∥ψ∥∞≤1

∫
Rd
φψ,t(0, x) dµ0(x) + sup

ψ∈C1
c (Rd)

∥ψ∥∞≤1

∥φψ,t∥BL∗

∫ ∞

0

∥N(τ)∥BL∗ dτ

≤ exp(Kc + eKcKη)∥µ0∥TV + exp(Kc + eKcKη)KN

=exp(eKcKη +Kc) (∥µ0∥TV +KN) =: C <∞.

In (∗) we used that C1
c (Rd) is dense in C0(Rd) by Stone-Weierstrass Theorem. This

proves the uniform boundedness of the family F .

(ii) We �rst note that (narrow) continuity of the map t 7→ µt (cf. Proposition 3.4.3)

implies independence of µ∞ from limit sequences tn → ∞ and µ∞ is thus well-de�ned

if the limit exists. Clearly the nonnegativity of the µt is transfered to µ∞. However,

it is à priori not clear that µ∞ is σ-additive and hence a measure, as the proof of

σ-additivity would involve interchanging two limiting procedures. Instead, this will

follow from the Vitali-Hahn-Saks Theorem [18, 4.6.3] if we show that limt→∞ µt(A)

exists for all A ∈ B(Rd) and is �nite. According to (i) the family F is uniformly

bounded by some constant C > 0. We compute for all A ∈ B(Rd)

µ∞(A) = lim
t→∞

µt(A) = lim
t→∞

∫
A

1 dµt(x) ≤ lim
t→∞

∫
Rd

1 dµt(x) ≤ lim
t→∞

∥µt∥BL∗ ≤ C.

In particular, the limit limt→∞ µt(A) = µ∞(A) exists and is �nite. Hence, the Vitali-

Hahn-Saks Theorem [18, 4.6.3] implies that µ∞ indeed de�nes a measure and is thus

in M+(Rd).

Narrow continuity of the map t 7→ µt implies that F is the closure of F .

(iii) We claim that F is sequentially compact with respect to narrow convergence, so

that tightness follows from the Theorem of Prokhorov 2.1.3. Let (µtn)n∈N ⊂ F be a

sequence. If there is a subsequence (t̃n)n∈N such that t̃n → ∞, then by construction

µt̃n → µ∞ ∈ F and we are done. If no such subsequence exists, then there exists

T > 0 such that tn ∈ [0, T ] for all n. By compactness the sequence (tn)n∈N ⊂ [0, T ]

has a converging subsequence
(
t̃n
)
n∈N with t̃n → t̃ ∈ [0, T ]. Then again by narrow

continuity µt̃n → µt̃ ∈ F and F is sequentially compact.
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4 Models on Polish metric spaces

In this chapter, we will use the insights gained from the theory established in Section

3 to develop a precise concept for structured population models on abstract Polish

metric spaces (S, d). To this end, we need on the one hand the profound functional

analytic knowledge on the spaces M and M+ from Section 2. On the other hand,

we have to take into account that in general abstract metric spaces do not possess

a linear structure. Consequently, we can not rely on the notion of derivatives, in

particular not on the method of characteristics which we used to construct the

solution of the transport process in (3.3.2). Therefore, we will try to relax the

regularity assumptions from Section 3 as much as possible and concentrate on the

essential properties and concepts. The ideas presented in this section are based on

[46]. We start with generalising the �ow of the vector �eld b.

4.1 Two-parameter families of Lipschitz maps

De�nition 4.1.1. Let (S, d) be a separable metric space. For every pair (t, τ) ∈ R2

we de�ne a two-parameter family of Lipschitz maps X(t, τ, ·) : S → S such

that

(i) the map t→ X(t, τ, ·) is uniformly continuous, i.e.

sup
τ∈R

sup
x∈S

d(X(t1, τ, x), X(t2, τ, x)) ≤ ωX(|t1 − t2|)

with a modulus of continuity ωX (ωX : [0,∞] → [0,∞] is continuous in 0 and

satis�es ωX(0) = 0).

(ii) limt→τ X(t, τ, ·) = Id in C0(S), i.e. limt→τ supx∈S d(X(t, τ, x), x) = 0,

(iii) X(t2, τ, ·) = X(t2, t1, ·) ◦X(t1, τ, ·) for every t1, t2 ∈ R,

(iv) there exists a locally bounded function LX(·) with

d(X(t, τ, x1), X(t, τ, x2)) ≤ LX(t− τ) d(x1, x2).
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We may also restrict the domain of the time arguments τ and t to some open or

closed interval of the form (0, T ) or [0, T ].

Remark 4.1.2. The two-parameter family of Lipschitz maps captures the for us

essential properties of �ows generated by vector �elds b on Rd without having to

work with an underlying ODE as in (3.2.1). Consequently, the family of Lipschitz

maps can be seen as the natural generalisation of �ows from Rd to generic metric

spaces (S, d). In contrast to [46], we only assume Lipschitz continuity of X and

not that it is actually a bi-Lipschitz homeomorphism. The latter assumption was

strongly inspired by the properties of the �ow Xb but proved to be far more than

su�cient.

Remark 4.1.3. In accordance with our notation for �ows of vector �elds, we inter-

pret t and τ in X(t, τ, x) as current time and as initial time point, respectively,

while x represents initial position. Note that we did not assume τ ≤ t, so that we

can represent backward �ows using t < τ .

Our �rst lemma shows that the �ow of a vector �eld is indeed an example of a

two-parameter family of Lipschitz maps. The result follows from the more general

Lemma 4.4.2 for the nonlinear case and thus we omit the proof here.

Lemma 4.1.4. Let b ∈ L1((0, T );BL(Rd)), i.e.
∫ T
0
∥b(t, ·)∥BL dt < ∞. Then the

unique solution Xb(t; τ, x) of

∂tXb(t; τ, x) = b(t,Xb(t; τ, x)), Xb(τ ; τ, x) = x

de�nes a two-parameter family of Lipschitz maps on Rd.

4.2 The generalised linear structured population

model

Now that we introduced a suitable generalisation of the �ow, our next step is to

formulate and investigate a corresponding version of the population model (3.5.1)

for Polish metric spaces (S, d) as underlying state space. Due to the lack of a vector

space structure, it is not possible to formulate an explicit PDE model on (S, d). We

thus have to �nd a di�erent approach that works without di�erential equations.
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Analogously to Section 3 we �rst treat the simpler linear case and introduce the

following model functions

c : [0, T ]× Rd ×M+(Rd) → R, η : [0, T ]× S → M+(S),

N : [0, T ] → M+(S), X : [0, T ]× [0, T ]× S → S.

Without a PDE model to rely on, the model functions �rst have to stand alone

without a governing equation that gives them meaning. However, as they are clearly

inspired by the models introduced in Section 3, the interpretation of c, η and N is

similar to their counterparts in the Euclidean setting. In particular, c represents a

growth term, η is a spread of heterogeneity and N is a state-independent

in�ux. Function X is the generalisation of the �ow of the vector �eld b in

the sense of De�nition 4.1.1. Our model functions should satisfy the following:

Assumptions 4.2.1 (Linear Model). The model functions c, η, N and X satisfy

(i) c ∈ L1((0, T );BL(S)),

(ii) η ∈ L1 ((0, T );BL(S;M+(S))),

(iii) N ∈ L1 ((0, T );M+(S)),

(iv) X is a two-parameter family of Lipschitz maps on (S, d).

Note that in comparison to Assumption 3.1.1 the abstract setting requires less reg-

ularity in time of the model functions. Similar to Notation 3.1.2 we shortly explain

the assumptions.

Notation 4.2.2. Again we restrict ourselves to the most complicated model function

η. For �xed t ∈ (0, T ) and x ∈ S, η(t, x) is a measure in M+(S), and for �xed t

the map x 7→ η(t, x) ∈ M+(S) is bounded Lipschitz, i.e.

∥η(t, ·)∥BL(S;M+) := max

{
sup
x∈S

∥η(t, x)∥BL∗ , |η(t, ·)|Lip
}
<∞

with Lipschitz constant given by

|η(t, ·)|Lip = sup
x1 ̸=x2

ρF (η(t, x1), η(t, x2))

d(x1, x2)
.
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Furthermore, ∥η(t, ·)∥BL(S;M+) is integrable in time, i.e.

∥η∥L1
T (BL(S;M+)) :=

∫ T

0

∥η(t, ·)∥BL(S;M+) dt <∞.

Consequently, for a.e. t ∈ (0, T ) the expression ∥η(t, ·)∥BL(S;M+) is also �nite.

In the Euclidean case S = Rd we can directly use the �ow generated by the vector

�eld b instead of considering the two-parameter family of Lipschitz maps. In As-

sumption 4.4.1 we provide assumptions on b in the nonlinear case which are similar

but slightly weaker than Assumptions 3.5.1.

As a next step, we introduce the generalised version of the linear structured pop-

ulation model. The basic idea is that we omit the model formulation completely

and simply state a suitable notion of solution to our generalised problem which is

motivated by the implicit integral representation (3.3.3). See Remark 4.4.7 for a

discussion.

De�nition 4.2.3 (Generalised Model). Let (S, d) be Polish metric space. A family

of measures µ• := {µt}t∈[0,T ] ⊂ M+(S) is called a (generalised) solution to the

linear structured population model on (S, d) with initial measure µ0 ∈ M+(S)

and model functions (c, η,N,X) satisfying Assumptions 4.2.1, if t 7→ µt is narrowly

continuous and µt satis�es

µt = X(t, 0, ·)#
(
µ0(·)e

∫ t
0 c(s,X(s, 0,·)) ds

)
+

∫ t

0

X(t, τ, ·)#
(∫

S

[η(τ, y)(·)] dµτ (y)e
∫ t
τ c(s,X(s, τ,·)) ds

)
dτ

+

∫ t

0

X(t, τ, ·)#
(
N(τ)(·)e

∫ t
τ c(s,X(s, τ,·)) ds

)
dτ.

(4.2.1)

The integrals appearing in the second and third term of formula (4.2.1) should be

understood in the Bochner sense. They are well-de�ned according to the following

proposition.

Proposition 4.2.4 (Rigorous de�nition of integrals). Under Assumptions 4.2.1 the

inner and outer Bochner integrals appearing in (4.2.1) are well-de�ned measures in

M+(S).

Proof. We need to ensure that the conditions for all appearing functions to be

Bochner integrable are met. In order to avoid the associated technical subtleties

such as strong measurability, we assume that the target spaces of our functions are
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separable Banach spaces. In this case Pettis Theorem [164, Theorem, Section V,

�4] guarantees that the concept of strong measurability coincides with the easier to

handle weak measurability. Now according to the Theorems 2.3.1 and 2.3.8 from

Section 2 M+(S) is a Polish metric space, but not a vector space and as such not

Banach. Hence, instead we will work in the space

E := M(S)
∥·∥BL(S)∗

,

i.e. the closure of M(S) as a subspace of BL(S)∗. By construction, E is a separable

Banach space as the closure of a separable space and as a closed subset of the

Banach space BL(S)∗. As already pointed out above, the concepts of weak and

strong measurability hence coincide on E. In Theorem 2.3.2 we characterised its

dual space to be E∗ = BL(S).

We start with the inner integral of the second term in (4.2.1) and have to check that

the map S ∋ x 7→ η(t, x) ∈ E is weakly measurable, i.e. that for any f ∈ E∗ and

a.e. t ∈ (0, T ), the map

S ∋ x 7→ ⟨f, η(t, x)⟩E∗,E

is measurable where ⟨·, ·⟩E∗,E denotes the usual dual pairing. As η is assumed to be

in BL(S;M+(S)), this map is not only measurable but even Lipschitz continuous

since for all x1, x2 ∈ S

∣∣〈f, η(t, x1)− η(t, x2)
〉
E∗,E

∣∣ ≤∥f∥E∗ ∥η(t, x1)− η(t, x2)∥BL(S)∗

≤∥f∥E∗|η(t, ·)|Lip d(x1, x2).

Hence, we conclude that S ∋ x 7→ η(t, x) is strongly measurable. Additionally, we

see that ∫
S

∥η(t, x)∥BL∗ dµt(x) ≤ ∥η(t, ·)∥BL(S;M+)∥µt∥BL∗ <∞ (4.2.2)

which is �nite as the narrow continuity of [0, T ] ∋ τ 7→ µτ implies supτ∈[0,T ] ∥µτ∥BL∗ <

∞. So according to Theorem 1 in Section V �5 in Ref. [164] the map x 7→ η(t, x) is

µt-integrable for a.e. t ∈ (0, T ) and for a.e. τ ∈ (0, T ), I(τ) =
∫
S
[η(τ, y)(·)] dµτ (y)
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is a well de�ned Bochner integral on E. From (4.2.2) we also conclude that

∥I(t)∥BL∗ =

∥∥∥∥∫
S

η(t, x) dµt(x)

∥∥∥∥
BL∗

≤ ∥η(t, ·)∥BL(S;M+)∥µt∥BL∗ .

So far, we have proven that I(τ) ∈ E. Nevertheless, for (4.2.1) to make sense, we

need I(τ) ∈ M+(S). Thus, we invoke Theorem 2.3.9 to show that I(τ) is actually

a nonnegative measure. To this end, we �rst show I(τ) ∈ BL(S)∗+. Let f ∈ BL(S)

with f ≥ 0. As Bochner integrals commute with bounded, linear operators (see

[164, V �5, Corollary 2]), we compute for any ν ∈ M+(S)〈∫
S

η(t, x)(·) dν(x), f
〉
BL∗, BL

=

∫
S

⟨η(t, x)(·), f⟩BL∗, BL dν(y) ≥ 0,

since η(t, x) ∈ M+(S). So I(τ) ∈ E ∩ BL(S)∗+ which happens to be M+(S) by

Theorem 2.3.9. This concludes the proof for the inner integral of the second term

in (4.2.1). However, we can proceed analogously with the outer integral

J =

∫ t

0

X(t, τ, ·)#
[
I(τ)(·)e

∫ t
τ c(s,X(s,τ,·)) ds

]
dτ.

In particular, the map τ 7→ X(t, τ, ·)#
[
I(τ)(·)e

∫ t
τ c(s,X(s, τ,·)) ds

]
is weakly measurable

and the map

τ 7→
〈
f,X(t, τ, ·)#

[
I(τ)(·)e

∫ t
τ c(s,X(s, τ,·)) ds

]〉
E∗,E

is continuous. A similar argument as for I(τ) shows that J is also a nonnegative

Radon measure on S. The integrals appearing in the third term in (4.2.1) can be

analysed analogously.

Remark 4.2.5. Consider the conservative case when c, η,N ≡ 0, i.e. the initial

measure µ0 is just moved according to the map X(t, ·, 0). In this case the solution

µt satis�es µt = X(t, ·, 0)#µ0 which is exactly the solution to the optimal transport

problem with transport map X(t, ·, 0) (see [159, p.16-17]). So from an optimal

transport perspective formula (4.2.1) provides a substantial generalisation to the

simple optimal transport case.

The implicit formulation for µt appearing in De�nition 4.2.3 is quite impractical

to explicitly calculate integrals with it. So before we treat the well-posedness the-

ory for our generalised model, we �rst show how to compute integrals of the form
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∫
S
ψ(x) dµt(x) for measures µt given by the implicit equation (4.2.1). To this end,

we decouple the left and the right hand side of (4.2.1).

Lemma 4.2.6. Consider a narrowly continuous map ν• : [0, T ] → M+(S) and let

µ0 ∈ M+(S). For t ∈ [0, T ] we de�ne a family of measures µt by

µt := X(t, 0, ·)#
(
µ0(·)e

∫ t
0 c(s,X(s, 0,·)) ds

)
+

∫ t

0

X(t, τ, ·)#
(∫

S

[η(τ, y)(·)] dντ (y)e
∫ t
τ c(s,X(s, τ,·)) ds

)
dτ

+

∫ t

0

X(t, τ, ·)#
(
N(τ)(·)e

∫ t
τ c(s,X(s, τ,·)) ds

)
dτ.

(4.2.3)

Then for any ψ ∈ BL(S) the integral with respect to µt can be computed as follows∫
S

ψ(x) dµt(x) =

∫
S

ψ(X(t, 0, x))e
∫ t
0 c(s,X(s, 0, x)) ds dµ0(x)

+

∫ t

0

∫
S

∫
S

ψ(X(t, τ, y))e
∫ t
τ c(s,X(s, τ, y)) ds d[η(τ, x)](y) dντ (x) dτ

+

∫ t

0

∫
S

ψ(X(t, τ, x))e
∫ t
τ c(s,X(s, τ, x)) ds d[N(τ)](x) dτ.

(4.2.4)

Proof. We treat each term of µt individually and start with the �rst one. A direct

application of the change of variable formula (2.1.1) for push-forward measures to

the �rst term in (4.2.3) leads to the �rst term on the right-hand side of (4.2.4).

Before we continue, we note that according to Theorem 2.3.2 ψ ∈ BL(S) implies

ψ ∈ E∗. Hence, as linear operations commute with the Bochner integral (see [164,

V �5, Corollary 2]), we compute∫
S

ψ(y) d

[∫ t

0

X(t, τ, ·)#
(∫

S

[η(τ, x)(·)] dντ (x)e
∫ t
τ c(s,X(s, τ,·)) ds

)
dτ

]
(y)

=

∫ t

0

∫
S

ψ(y) d

[
X(t, τ, ·)#

(∫
S

[η(τ, x)(·)] dντ (x)e
∫ t
τ c(s,X(s, τ,·)) ds

)]
(y) dτ

=

∫ t

0

∫
S

ψ(X(t, τ, y)) d

[∫
S

[η(τ, x)(·)] dντ (x)e
∫ t
τ c(s,X(s, τ,·)) ds

]
(y) dτ

=

∫ t

0

∫
S

∫
S

ψ(X(t, τ, y))e
∫ t
τ c(s,X(s, τ, y)) ds d[η(τ, x)] (y) dντ (x) dτ.

The third term can be handled in a similar manner.

Analogously to Lemma 3.3.6 in the Euclidean case, we need some auxiliary regularity

and boundedness results to streamline the upcoming computations. The ideas of
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4.2 The generalised linear structured population model

the proofs are su�ciently close, so that we omit the calculations here and instead

refer to Lemma 3.17 in Ref. [44].

Lemma 4.2.7. Suppose functions X and c satisfy Assumption 4.2.1. For all test

functions ψ with ∥ψ∥BL ≤ 1.

(i) The map [τ, T ] ∋ t 7→ Gψ,X,c
τ,t (x) := ψ(X(t, τ, x))e

∫ t
τ c(s,X(s,τ,x)) ds is uniformly

continuous, i.e. there exists a modulus of continuity ωX,c such that∣∣∣Gψ,X,c
τ,t2 (x)−Gψ,X,c

τ,t1 (x)
∣∣∣ ≤ ωX,c (|t2 − t1|) . (4.2.5)

(ii) For any 0 ≤ τ ≤ t ≤ T , the map S ∋ x 7→ Gψ,X,c
τ,t (x) is in BL(S) and

∥Gψ,X,c
τ,t ∥BL can be bounded independently of ψ by

CX,c
τ,t := e

∫ T
0 ∥c(s,·)∥∞ ds

[
LX(t− τ) +

∫ t

τ

|c(s, ·)|Lip LX(s− τ) ds

]
, (4.2.6)

where he function LX has been introduced in De�nition 4.1.1.

We will establish existence and uniqueness of the generalised solutions with the help

of Banach Fixed Point Theorem applied to an operator built on (4.2.1). Due to

the low L1 regularity in time of the model functions, the standard Bielecki metric is

insu�cient for proving contractivity in this case. Thus, based on the idea introduced

in Ref. [97] we de�ne a new complete metric on C0([0, T ];M+(S)) as follows: For

an a.e. nonnegative f ∈ L1(0, T ) and λ > 0 we introduce

ρλ,f (µ•, ν•) = sup
t∈[0,T ]

[
e−λ

∫ t
0 f(u) duρF (µt, νt)

]
. (4.2.7)

Choosing f = 1 reduces (4.2.7) to a metric related to the standard Bielecki norm,

see (3.3.50).

Theorem 2.3.8 states that the space (M+(S), ρF ) is complete and consequently also

C0([0, T ];M+(S)) equipped with the natural metric

ρ∞(µ•, ν•) := sup
t∈[0,T ]

ρF (µt, νt). (4.2.8)

The equivalence of ρλ,f to the metric ρ∞ directly implies that the space

(C0([0, T ];M+(S)), ρλ,f )
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is complete as well. We remark that the completeness of (M+(S), ρF ) is crucial

here: As we have mentioned in Section 2.3 the space of signed measures M(S) is

only complete under the �at metric if S is uniformly discrete, so that in general we

can not work with C0([0, T ];M(S)).

Now that we have a suitable complete metric space, we construct our generalised

solution as a �xed point of the following operator

F : C0([0, T ];M+(S)) → C0([0, T ];M+(S)).

For a measure-valued map µ• ∈ C0([0, T ];M+(S)), de�ne (Fµ•)• by the right-hand

side of (4.2.1), i.e.

(Fµ•)t = X(t, 0, ·)#(µ0(·)e
∫ t
0 c(s,X(s, 0,·)) ds)

+

∫ t

0

X(t, τ, ·)#
(∫

S

[η(τ, y)(·)] dµτ (y)e
∫ t
τ c(s,X(s, τ,·)) ds

)
dτ

+

∫ t

0

X(t, τ, ·)#
(
N(τ)(·)e

∫ t
τ c(s,X(s, τ,·)) ds

)
dτ.

(4.2.9)

First, we will show that that (Fµ•)• : [0, T ] → M+(S) is continuous.

Lemma 4.2.8. Let µ• ∈ C0([0, T ];M+(S)) and let (Fµ•)• be de�ned via (4.2.9).

Then, t 7→ (Fµ•)t is continuous as well, i.e. (Fµ•)• ∈ C0([0, T ];M+(S)).

Proof. Let µ• ∈ C0([0, T ];M+(S)) and ψ ∈ BL(S) with ∥ψ∥BL ≤ 1. Moreover, for

0 ≤ t1 < t2 ≤ T let Gψ,X,c
τ,t be as in Lemma 4.2.7. Then we compute with (4.2.4)

rewritten in terms of Gψ,X,c
τ,t∫

S

ψ(x) d[(Fµ)t2 − (Fµ)t1 ] (x) =

∫
S

[
Gψ,X,c

0,t2
(x)−Gψ,X,c

0,t1
(x)
]
dµ0(x)

+

∫ t2

0

∫
S

∫
S

Gψ,X,c
τ,t2 (y) d[η(τ, x)](y) dµτ (x) dτ

−
∫ t1

0

∫
S

∫
S

Gψ,X,c
τ,t1 (y) d[η(τ, x)](y) dµτ (x) dτ

+

∫ t2

0

∫
S

∫
S

Gψ,X,c
τ,t2 (x) d[N(τ)](x) dτ −

∫ t1

0

∫
S

∫
S

Gψ,X,c
τ,t1 (x) d[N(τ)](x) dτ

:=A+B1 − C1 +B2 − C2.

(4.2.10)
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4.2 The generalised linear structured population model

Due to estimate (4.2.5),

|A| ≤ ωX,c (|t2 − t1|) ∥µ0∥BL∗ ,

so that A→ 0 as t2 → t1, independently of ψ with ∥ψ∥BL ≤ 1.

Next, we rewrite the term B1 − C1 as

B1 − C1 =

∫ t2

t1

∫
S

∫
S

Gψ,X,c
τ,t2 (y) d[η(τ, x)](y) dµτ (x) dτ

+

∫ t1

0

∫
S

∫
S

[
Gψ,X,c
τ,t2 (y)−Gψ,X,c

τ,t1 (y)
]
d[η(τ, x)](y) dµτ (x) dτ := E1 +D1.

The term E1 can be estimated by bound (4.2.6)

E1 ≤
∫ t2

t1

∫
S

CX,c
τ,t2∥η(τ, x)∥BL∗ dµτ (x) dτ ≤

∫ t2

t1

CX,c
τ,t2

[
sup
x∈S

∥η(τ, x)∥BL∗

]
∥µτ∥BL∗ dτ

≤
(∫ t2

t1

∥η(τ, ·)∥BL(BL∗) dτ

)
sup

τ∈[t1, t2]
CX,c
τ,t2 ∥µτ∥BL∗ .

By Assumptions 4.2.1 or rather De�nition 4.1.1 LX is locally bounded so that

supτ∈[t1, t2]C
X,c
τ,t2 is �nite. Furthermore, the map τ 7→ ∥η(τ, ·)∥BL(BL∗) is in L

1(0, T )

and supτ∈[t1,t2] ∥µτ∥BL∗ is �nite by the continuity assumption on µ•. From this we

conclude with Dominated Convergence Theorem that E1 → 0 as t2 → t1 indepen-

dently of ψ with ∥ψ∥BL ≤ 1. Finally, using (4.2.5)

|D1| ≤ωX,c (|t2 − t1|)
∫ t1

0

∫
S

∥η(τ, x)∥BL∗ dµτ (x) dτ

≤ωX,c (|t2 − t1|) ∥η∥L1
T (BL(BL

∗)) sup
τ∈[0,t1]

∥µτ∥BL∗ ,

implying that also F1 → 0 as t2 → t1, independently of ψ with ∥ψ∥BL ≤ 1. The

same procedure can be applied to the term (B2 − C2). As the above computations

are independent of ψ ∈ BL(S) with ∥ψ∥BL∗ ≤ 1 equation (4.2.10) implies that

lim
t2→t1

ρF ((Fµ)t2 , (Fµ)t1) → 0,

showing that indeed (Fµ•)• ∈ C0([0, T ];M+(S)).

We are ready able to show existence and uniqueness of generalised solutions for the
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linear model (4.2.1).

Theorem 4.2.9. Under Assumption 4.2.1, there exists a unique solution to the

linear problem (4.2.1) with initial measure µ0 ∈ M+(S).

Proof. Our goal is to show that F de�ned by (4.2.9) is a contraction, so that exis-

tence and uniqueness follow directly from Banach Fixed Point Theorem.

Thus, consider two measure-valued maps µ
(1)
• , µ

(2)
• ∈ C0([0, T ];M+(S)) with initial

measure

µ
(1)
0 = µ

(2)
0 = µ0 ∈ M+(S).

We �rst note that Assumption 4.2.1 implies for all ψ ∈ BL(S) and all t ∈ [0, T ] that

the map

S ∋ x 7→
∫
S

ψ(y) d[η(t, x)](y) (4.2.11)

is inBL(S). The corresponding ∥·∥BL norm can be bounded by ∥ψ∥BL ∥η(t, ·)∥BL(S;M+).

Thus, we compute using (4.2.4) and the bound (4.2.6)

ρF
(
(Fµ(1)

• )t, (Fµ
(2)
• )t

)
≤ sup

∥ψ∥BL≤1

∫ t

0

∫
S

∫
S

ψ(X(t, τ, y)) e
∫ t
τ c(s,X(s, τ, y)) ds d[η(τ, x)](y) d

[
µ(1)
τ − µ(2)

τ

]
(x) dτ

≤
∫ t

0

2CX,c
τ,t ∥η(τ, ·)∥BL(S;M+) ρF

(
µ(1)
τ , µ(2)

τ

)
dτ.

Let C = sup0≤t≤T sup0≤τ≤tC
X,c
τ,t which is �nite as LX is locally bounded by Assump-

tions 4.2.1. Then

ρF ((Fµ
(1)
• )t, (Fµ

(2)
• )t) ≤ C

∫ t

0

∥η(τ, ·)∥BL(S;M+) ρF
(
µ(1)
τ , µ(2)

τ

)
dτ.

In the next step, we apply the generalised Bielecki norm ρλ,f introduced in (4.2.7),
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where suitable λ > 0 and f ∈ L1(0, T ) are chosen later. We compute

ρλ,f (Fµ
(1)
• , Fµ(2)

• ) = sup
t∈[0,T ]

[
e−λ

∫ t
0 f(u) duρF ((Fµ

(1))t, (Fµ
(2))t)

]
≤C sup

t∈[0,T ]
e−λ

∫ t
0 f(u) du

∫ t

0

∥η(τ, ·)∥BL(S;M+) ρF
(
µ(1)
τ , µ(2)

τ

)
dτ

≤Cρλ,f (µ(1)
• , µ(2)

• ) sup
t∈[0,T ]

e−λ
∫ t
0 f(u) du

∫ t

0

∥η(τ, ·)∥BL(S;M+) e
λ
∫ τ
0 f(u) du dτ.

We remark that the integral can be simpli�ed by a clever choice of f . Indeed, for

f(τ) = ∥η(τ, ·)∥BL(S;M+) ∈ L1((0, T )) we note that the map τ 7→ λf(τ)eλ
∫ τ
0 f(u) du

is the derivative of τ 7→ eλ
∫ τ
0 f(u) du due to Lebesgue Di�erentiation Theorem (see

Theorem 6 in Appendix E in Ref. [52]), so that

ρλ,f (Fµ
(1)
• , Fµ(2)

• ) ≤ C

λ
ρλ,f (µ

(1)
• , µ(2)

• ) sup
t∈[0,T ]

e−λ
∫ t
0 f(u) du

[
eλ

∫ t
0 f(u) du − 1

]
=
C

λ
ρλ,f (µ

(1)
• , µ(2)

• ) sup
t∈[0,T ]

[
1− e−λ

∫ t
0 f(u) du

]
=
C

λ
ρλ,f (µ

(1)
• , µ(2)

• )
[
1− e−λ

∫ T
0 f(u) du

]
≤C
λ
ρλ,f (µ

(1)
• , µ(2)

• ).

Setting λ = 2C �nishes the proof.

Next, we prove an à priori bound on the generalised solution before we show the

continuous dependency of solutions on initial conditions.

Lemma 4.2.10. Suppose [0, T ] ∋ t 7→ µt ∈ M(S) is the generalised solution to

(4.2.1). Then ∥µt∥BL∗ is uniformly bounded for all t ∈ [0, T ].

Proof. We plug ψ = 1 into formula (4.2.4) which yields

∥µt∥BL∗ ≤ ∥µ0∥BL∗ e
∫ t
0 ∥c(s,·)∥∞ ds

+

∫ t

0

(
sup
x∈S

∥η(τ, x)∥BL∗∥µτ∥BL∗ + ∥N(τ)∥BL∗

)
e
∫ t
τ ∥c(s,·)∥∞ ds dτ

so that the claim follows by Gronwall's inequality.

Proposition 4.2.11. Let µ•, ν• be generalised solutions to (4.2.1) with initial mea-

sures µ0 and ν0 respectively. Then there exists a constant C depending on X and c

such that

ρF (µt, νt) ≤ CρF (µ0, ν0) e
C

∫ t
0 ∥η(τ,·)∥BL(S;M+) dτ ,
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i.e. the solutions are continuous with respect to initial conditions.

Proof. We apply identity (4.2.4), the bound (4.2.6) and use the boundedness of

(4.2.11) to see

ρF (µt, νt) ≤ sup
∥ψ∥BL≤1

∫
S

ψ(X(t, 0, x))e
∫ t
0 c(s,X(s, 0, x)) ds d[µ0 − ν0] (x)

+ sup
∥ψ∥BL≤1

∫ t

0

∫
S

∫
S

ψ(X(t, τ, y))e
∫ t
τ c(s,X(s, τ, y)) ds d[η(τ, x)](y) d[µτ − ντ ] (x) dτ

≤ CX,c
0,t ρF (µ0, ν0) +

∫ t

0

CX,c
τ,t ∥η(τ, ·)∥BL(S;M+) ρF (µτ , ντ ) dτ

≤ C ρF (µ0, ν0) + C

∫ t

0

∥η(τ, ·)∥BL(S;M+) ρF (µτ , ντ ) dτ,

where C = sup0≤t≤T sup0≤τ≤tC
X,c
τ,t which is �nite as LX is locally bounded by As-

sumptions 4.2.1. We thus conclude the proof with an application of Gronwall's

inequality.

With similar computations (and many triangle inequalites) we can prove that the

generalised solutions also depend continuously on the model functions. We omit the

proof here and simply state the result. The lengthy computations can be found in

[44, Lemma 3.26].

Proposition 4.2.12. Let µc,η,N,X and µc̃,η̃,Ñ ,X̃ be the two generalised solutions of

(4.2.1) with initial condition µc,η,N,X0 = µc̃,η̃,Ñ ,X̃0 = µ0 ∈ M+(S) but di�erent sets of

model functions (c, η,N,X) and (c̃, η̃, Ñ , X̃) satisfying Assumption 4.2.1. Then

ρF

(
µc,η,N,Xt , µc̃,η̃,Ñ ,X̃t

)
≤ C

∫ t

0

[
sup
y∈S

ρF (η(τ, y), η̃(τ, y)) + ρF

(
N(τ), Ñ(τ)

)]
dτ

+ C

∫ t

0

∥c(τ, ·)− c̃(τ, ·)∥∞ dτ + C sup
0≤τ1≤τ2≤t

∥X(τ2, τ1, ·)− X̃(τ2, τ1, ·)∥∞,

i.e. the solutions are continuous with respect to model functions.

Combining the above results yields the following theorem.

Theorem 4.2.13 (Well-posedness of the linear model). Under Assumption 4.2.1,

there exists a unique solution to the linear problem (4.2.1) with initial measure µ0 ∈
M+(S). Furthermore, the solution is continuous with respect to initial conditions

and model functions.
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4.3 The generalised nonlinear model

Now that we solved the linear model (4.2.1), we go one step further and allow for

nonlinearities, i.e. we consider the model functions of the form

c : [0, T ]× S ×M+(S) → R, η : [0, T ]× S ×M+(S) → M+(S),

N : [0, T ]×M+(S) → M+(S), X : [0, T ]× [0, T ]× S × ([0, T ] → M+(S)) → S.

(4.3.1)

Remark 4.3.1. We require that the two-parameter family of Lipschitz maps X de-

pends on a whole measure valued map [0, T ] → M+(S) rather than on an individual

measure in M+(S). This assumption is based on the following observation: Recall

that the map X is the generalisation of the �ow of a vector �eld on Rd given by a

nonlinear ODE of the form

∂tXb(t; τ, x) = b(t,Xb(t; τ, x), µt), Xb(τ ; τ, x) = x, (4.3.2)

where b : [0, T ]× Rd ×M+(Rd) → Rd is a vector �eld and µ• : [0, T ] → M+(Rd) is

a measure-valued map. Integrating (4.3.2) from τ to t yields

Xb(t; τ, x) = x+

∫ t

τ

b(s,Xb(s; τ, x), µs) ds,

so that Xb(t, τ, x) generally depends on values of µs for time arguments τ ≤ s ≤ t.

We assume the following regularity for our model functions. Similar to the linear

case, the generalised nonlinear model requires less regularity than the nonlinear

Euclidean case; compare with Assumptions 3.5.1.

Assumptions 4.3.2 (Nonlinear model). The model functions c, η and N satisfy

the following regularity assumptions:

(i) For any µ ∈ M+(S), the model functions c(·, ·, µ), η(·, ·, µ) and N(·, µ) ful�ll
Assumption 4.2.1. Moreover, we have uniform bounds∫ T

0

sup
µ∈M+(S)

[
∥c(τ, ·, µ)∥∞ + sup

y∈S
∥η(τ, y, µ)∥BL∗ + ∥N(τ, µ)∥BL∗

]
dτ <∞,

(4.3.3)
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and for any R > 0∫ T

0

sup
∥µ∥BL∗≤R

[
|c(τ, ·, µ)|Lip + ∥η(τ, ·, µ)∥BL(S;M+)

]
dτ <∞.

(ii) For all narrowly continuous maps µ• : [0, T ] → M+(S), X(t, τ, x, µ•) is a

two-parameter family of Lipschitz maps in t and τ . Moreover, for any R

and any µ• with supt∈[0,T ] ∥µt∥BL∗ ≤ R, there exists a modulus of continuity

ωX,R : [0,∞] → [0,∞] and a locally bounded function LX,R : R → R satisfying

sup
τ∈R

sup
x∈S

d(X(t1, τ, x, µ•), X(t2, τ, x, µ•)) ≤ ωX,R(|t1 − t2|),

d(X(t, τ, x1, µ•), X(t, τ, x2, µ•)) ≤ LX,R(t− τ) d(x1, x2), .
(4.3.4)

In other words, X uniformly satis�es the properties of a two-parameter family

of Lipschitz maps for each ball in the space of measures.

(iii) For anyR > 0, there exists a function LR,c ∈ L1(0, T ) which is a.e. nonnegative

and so that for ∥µ∥BL∗ , ∥ν∥BL∗ ≤ R

∥c(t, ·, µ)− c(t, ·, ν)∥∞ ≤ LR,c(t)ρF (µ, ν) for a.e. t ∈ [0, T ].

(iv) For any R > 0, there exists a function LR,η ∈ L1(0, T ) which is a.e. nonnega-

tive and so that for ∥µ∥BL∗ , ∥ν∥BL∗ ≤ R

sup
y∈S

ρF (η(t, y, µ), η(t, y, ν)) ≤ LR,η(t) ρF (µ, ν) for a.e. t ∈ [0, T ].

(v) For any R > 0, there exists a function LR,N ∈ L1(0, T ) which is a.e. nonnega-

tive and so that for ∥µ∥BL∗ , ∥ν∥BL∗ ≤ R

sup
y∈S

ρF (N(t, µ), N(t, ν)) ≤ LR,N(t) ρF (µ, ν) for a.e. t ∈ [0, T ].

(vi) For any R > 0, there exists a function LR,X ∈ L1(0, T ) which is a.e. nonnega-

tive and so that for supt∈[0,T ] ∥µt∥BL∗ , supt∈[0,T ] ∥νt∥BL∗ ≤ R

∥X(t2, t1, ·, µ•)−X(t2, t1, ·, ν•)∥∞ ≤
∫ t2

t1

LR,X(τ) ρF (µτ , ντ ) dτ ∀t1, t2 ∈ [0, T ].
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With condition (4.3.3) we can bound the generalised solutions in the total variation

norm so that all other bounds can be assumed to hold only locally.

We start with the notion of solution to model (4.3.1).

De�nition 4.3.3. We say that µ• : [0, T ] → M+(S) is a (generalised) solution

to the nonlinear structured population model on (S, d) with initial measure

µ0 ∈ M+(S) and model functions c, η,N,X satisfying Assumption 4.3.2, if µ• is

narrowly continuous and satis�es

µt = X(t, 0, ·, µ•)#

(
µ0(·)e

∫ t
0 c(s,X(s, 0,·, µ•), µs) ds

)
+

∫ t

0

X(t, τ, ·, µ•)#

(∫
S

[η(τ, y, µτ )(·)] dµτ (y)e
∫ t
τ c(s,X(s, τ,·, µ•), µs) ds

)
dτ

+

∫ t

0

X(t, τ, ·, µ•)#

(
N(τ, µτ )(·)e

∫ t
τ c(s,X(s, τ,·, µ•), µs) ds

)
dτ.

(4.3.5)

Remark 4.3.4. For actually calculating integrals with measures of the form (4.3.5)

we can again refer to Lemma 4.2.6 which naturally translates to the nonlinear case.

Similar to the Euclidean case, we show existence and uniqueness of the nonlinear

model by a reduction to a linear version with �xed measure arguments. In contrast

to Section 3.5, however, we do not conclude by a completeness argument of Cauchy

sequences but rather invoke �xed point theory again.

Theorem 4.3.5. Consider an initial measure µ0 ∈ M+(S) and model functions

(c, η,N,X) satisfying Assumptions 4.3.2. Then there exists a unique generalised

solution of the nonlinear structured population model on (S, d) which is continuous

with respect to initial conditions and model functions. More precisely, let (c, η,N,X)

and (c̃, η̃, Ñ , X̃) be two sets of model functions which both satisfy Assumption 4.3.2

and let µc,η,N,Xt and µc̃,η̃,Ñ ,X̃t be the solutions to the corresponding nonlinear structured
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4 Models on Polish metric spaces

population models with initial measure µ0. Then the following estimate holds

ρF
(
µc,η,N,Xt , µc̃,η̃,Ñ ,X̃t

)
≤ C

∫ t

0

sup
ν∈M+(S)

∥c(τ, ·, ν)− c̃(τ, ·, ν)∥∞ dτ

+ C

∫ t

0

sup
y∈S

sup
ν∈M+(S)

ρF (η(τ, y, ν), η̃(τ, y, ν)) dτ

+ C

∫ t

0

sup
ν∈M+(S)

ρF

(
N(τ, ν), Ñ(τ, ν)

)
dτ

+ C sup
ν•∈C0([0,t];M+(S))

sup
0≤τ1≤τ2≤t

∥X(τ2, τ1, ·, ν•)− X̃(τ2, τ1, ·, ν•)∥∞.

(4.3.6)

Similarly, if µ
(1)
t and µ

(2)
t are generalised solutions to the nonlinear structured pop-

ulation model with model functions (c, η,N,X) but di�erent initial conditions µ
(1)
0

and µ
(2)
0 , then there is a constant CM such that

ρF (µ
(1)
t , µ

(2)
t ) ≤ CM ρF (µ

(1)
0 , µ

(2)
0 ). (4.3.7)

Proof. As already mentioned above, the key idea of the proof is to reduce the nonlin-

ear model to a linear version with �xed the measure argument. Consider a measure

valued map µ• in C
0([0, T ];M+(S)) and de�ne the operator Fµ• := ν•, where ν• is

the unique solution of the linear equation

νt = X(t, 0, ·, µ•)#

(
µ0(·)e

∫ t
0 c(s,X(s, 0,·, µ•),µs) ds

)
+

∫ t

0

X(t, τ, ·, µ•)#

(∫
S

[η(τ, y, µτ )(·)] dντ (y)e
∫ t
τ c(s,X(s, τ,·, µ•), µs) ds

)
dτ

+

∫ t

0

X(t, τ, ·, µ•)#

(
N(τ, µτ )(·)e

∫ t
τ c(s,X(s, τ,·, µ•), µs) ds

)
dτ.

Existence and uniqueness of such a measure valued map ν• ∈ C0([0, T ];M1(S))

follows from Theorem 4.2.13 if the adjusted model functions satisfy Assumptions

4.2.1. In particular, we need to check that c(t, x, µt), η(t, x, µt)(·) and N(t, µt)(·)
are integrable with respect to time. By assumption, the map µ• is continuous and

hence supt∈[0,T ] ∥µt∥BL∗ =: R < ∞. Thus, we conclude the integrability condition

from the uniform bounds (4.3.3) in Assumptions 4.3.2. Similar to Lemma 4.2.8 in

the linear case, we can show that ν• is in C
0([0, T ];M+(S)) and uniformly bounded

by Lemma 4.2.10. However, we need to guarantee that the iterative application of

F preserves the uniform boundedness of the measure valued maps. To this end, we
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4.3 The generalised nonlinear model

introduce the set

KC := {ν• ∈ C0([0, T ];M+(S)) | ν0 = µ0, sup
t∈[0,T ]

∥νt∥BL∗ ≤ C}.

Recall that the bounds from condition (4.3.3) hold uniformly and not only for mea-

sures µ with ∥µ∥BL∗ ≤ R for some R > 0. Applying these bounds to the uniform

bound in Lemma 4.2.10 implies that we can choose C su�ciently large to achieve

F : KC → KC .

Next, we show that F is contractive. To this end, consider two generalised solutions

µ
(1)
• , µ

(2)
• ∈ C0([0, T ];M+(S)) with µ

(1)
0 = µ

(2)
0 = µ0 and let ν

(1)
• = F (µ

(1)
• )• and

ν
(2)
• = F (µ

(2)
• )•. By Proposition 4.2.12 the generalised solutions are continuous with

respect to model functions which leads to

ρF

(
ν
(1)
t , ν

(2)
t

)
≤ CM

∫ t

0

sup
y∈S

ρF
(
η(τ, y, µ(1)

τ ), η(τ, y, µ(2)
τ )
)
dτ

+ CM

∫ t

0

[
ρF
(
N(τ, µ(1)

τ ), N(τ, µ(2)
τ )
)
+ ∥c(τ, ·, µ(1)

τ )− c(τ, ·, µ(2)
τ )∥∞

]
dτ

+ CM sup
0≤τ1≤τ2≤t

∥X(τ2, τ1, ·, µ(1)
• )−X(τ2, τ1, ·, µ(2)

• )∥∞.

We apply Assumptions 4.3.2 with R = C and see

ρF

(
ν
(1)
t , ν

(2)
t

)
≤ CM

∫ t

0

(LR,η(τ) + LR,N(τ) + LR,c(τ)) ρF (µ
(1)
τ , µ(2)

τ ) dτ

+ CM sup
0≤τ1≤τ2≤t

∫ τ2

τ1

LR,X(τ) ρF (µ
(1)
τ , µ(2)

τ ) dτ

≤ CM sup
0≤τ1≤τ2≤t

∫ τ2

τ1

LR(τ) ρF (µ
(1)
τ , µ(2)

τ ) dτ,

with the a.e nonnegative function LR = LR,η + LR,N + LR,c + LR,X ∈ L1(0, T ). We

apply the generalised Bielecki norm (4.2.7) once more with some λ > 0 and f = LR

and see that

ρλ,LR(ν
(1)
• , ν(2)• ) ≤ sup

t∈[0,T ]

[
e−λ

∫ t
0 LR(u) duρF (ν

(1)
t , ν

(2)
t )
]

≤ CM sup
t∈[0,T ]

e−λ
∫ t
0 LR(u) du sup

0≤τ1≤τ2≤t

∫ τ2

τ1

LR(τ)ρF (µ
(1)
τ , µ(2)

τ ) dτ

≤ CM ρλ,LR(µ
(1)
• , µ(2)

• ) sup
t∈[0,T ]

e−λ
∫ t
0 LR(u) du sup

0≤τ1≤τ2≤t

∫ τ2

τ1

LR(τ) e
λ
∫ τ
0 LR(u) du dτ.
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4 Models on Polish metric spaces

For 0 ≤ τ1 ≤ τ2 ≤ t we can estimate the last factor as∫ τ2

τ1

LR(τ)e
λ
∫ τ
0 LR(u) du dτ =

1

λ

[
eλ

∫ τ2
0 LR(u) du − eλ

∫ τ1
0 LR(u) du

]
≤ 1

λ

[
eλ

∫ t
0 LR(u) du − 1

]
,

so that we obtain the �nal estimate

ρλ,LR(ν
(1)
• , ν(2)• ) ≤ CM

λ
ρλ,LR(µ

(1)
• , µ(2)

• ) sup
t∈[0,T ]

e−λ
∫ t
0 LR(u) du

[
eλ

∫ t
0 LR(u) du − 1

]
=
CM
λ

ρλ,LR(µ
(1)
• , µ(2)

• )
[
1− e−λ

∫ T
0 LR(u) du

]
≤ CM

λ
ρλ,LR(µ

(1)
• , µ(2)

• ).

In particular, F is contractive for λ = 2CM and thus we conclude existence and

uniqueness by Banach Fixed Point Theorem.

We complete the proof with the continuity estimates (4.3.6) and (4.3.7). These follow

directly from the corresponding results for the linear problem, i.e. Propositions

4.2.11 and 4.2.12.

4.4 Model equivalence in the Euclidean case

We introduced the concept of generalised solutions to extend the structured popu-

lation models to Polish metric spaces. In this section, we verify that in the Rd case

the generalised solution and the measure solution to (3.5.1) are indeed equivalent.

We choose the �ow of the vector �eld b given by the unique solution of the ODE

∂tXb(t; τ, x, µ•) = b(t,Xb(t; τ, x, µ•), µt) Xb(τ ; τ, x, µ•) = x. (4.4.1)

as two-parameter family of Lipschitz maps. Our �rst lemma shows that under mild

assumptions this is actually a legit choice, i.e. that Xb satis�es (ii) and (vi) in

Assumption 4.3.2 and is thus an explicit example for a two-parameter family of

Lipschitz maps.

Assumptions 4.4.1 (Special case Rd). The assumptions on the model functions

c, η and N remain unchanged, i.e. they still satisfy Assumptions 4.3.2. However,

hypotheses (ii) and (vi) on X are replaced by the following assumptions on b :

[0, T ]× Rd ×M+(Rd) → Rd:

(i) For any µ ∈ M+(Rd), the function b(·, ·, µ) is in L1((0, T );BL(Rd;Rd)). More-
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4.4 Model equivalence in the Euclidean case

over, for any R > 0 ∫ T

0

sup
∥µ∥BL∗≤R

∥b(τ, ·, µ)∥BL dτ <∞.

(ii) For anyR > 0, there exists a function LR,b ∈ L1(0, T ) which is a.e. nonnegative

and so that if µ•, ν• are narrowly continuous and supt∈[0,T ] ∥µt∥BL∗ , ∥νt∥BL∗ ≤
R, then

∥b(t, ·, µ)− b(t, ·, ν)∥∞ ≤ LR,b(t)ρF (µ, ν) for a.e. t ∈ [0, T ].

Note that in comparison to Assumptions 3.5.1 model function b needs slightly

less regularity in the time argument. In particular, we only need to assume that

LR,b ∈ L1(0, T ). This is consistent with the assumptions made on the other model

functions in Assumptions 4.3.2.

Now we show that two-parameter families of Lipschitz maps indeed generalise the

situation known for classical �ows of vector �elds.

Lemma 4.4.2. Suppose that b : [0, T ] × Rd ×M+(Rd) → Rd satis�es Assumption

4.4.1. Furthermore, let µ• be a narrowly continuous family in M+(Rd) and let

Xb(t; τ, x, µ•) be de�ned as the unique solution of the ODE (4.4.1). Then Xb satis�es

(ii) and (vi) in Assumptions 4.3.2.

Proof. We start with condition (ii) in Assumption 4.3.2, so let R > 0 and consider a

narrowly continuous family µ• ⊂ M+(S) with supt∈[0,T ] ∥µt∥BL∗ ≤ R. We compute

|Xb(t; τ, x1, µ•)−Xb(t; τ, x2, µ•)|

≤
∫ t

τ

|b(s,Xb(s; τ, x1, µ•), µs)− b(s,Xb(s; τ, x2, µ•), µs)| ds+ |x1 − x2|

≤
∫ t

τ

|b(s, ·, µs)|Lip |Xb(s; τ, x1, µ•)−Xb(s, τ, x2, µ•)| ds+ |x1 − x2|

and thus we conclude

|Xb(t, τ, x1, µ•)−Xb(t, τ, x2, µ•)| ≤ LX,R(t− τ) |x1 − x2|
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4 Models on Polish metric spaces

with Gronwall's inequality and a suitable function LX,R given by

LX,R(t) = exp

 sup
t1,t2∈[0,T ]
|t1−t2|≤t

∫ t2

t1

sup
∥µ∥BL∗≤R

∥b(s, ·, µ)∥BL ds

 .

To show the �rst estimate of (ii), let t2 > t1 and compute

|Xb(t1; τ, x, µ•)−Xb(t2; τ, x, µ•)| ≤
∣∣∣∣∫ t2

t1

b(s,Xb(s; τ, x, µ•), µs) ds

∣∣∣∣
≤
∫ t2

t1

sup
x∈Rd

|b(s, x, µs)| ds ≤ sup
t: t+|t2−t1|≤T

∫ t+|t2−t1|

t

sup
∥µ∥BL∗≤R

∥b(s, ·, µ)∥∞ ds.

By Assumptions 4.4.1, the function s 7→ sup∥µ∥BL∗≤R ∥b(s, ·, µ)∥BL is in L1(0, T ), so

that b is uniformly integrable and thus

ωX,R(r) := sup
t: t+r≤T

∫ t+r

t

sup
∥µ∥BL∗≤R

∥b(s, ·, µ)∥∞ ds→ 0 (r → 0).

In particular, ωX,R(r) is a well-de�ned modulus of continuity and conditions (4.3.4)

are ful�lled.

We are still left to check Assumption 4.3.2 (vi). So let µ•, ν• ⊂ M+(Rd) be two

narrowly continuous families with supt∈[0,T ] ∥µt∥BL∗ , ∥νt∥BL∗ ≤ R. Then using (ii)

and (i) of Assumptions 4.4.1 we compute

|Xb(t; τ, x, µ•)−Xb(t; τ, x, ν•)|

= |Xb(t; τ, x, µ•)−Xb(τ ; τ, x, µ•) +Xb(τ ; τ, x, ν•)−Xb(t; τ, x, ν•)|

≤
∫ t

τ

|b(s,Xb(s; τ, x, µ•), µs)− b(s,Xb(s; τ, x, ν•), νs)| ds

≤
∫ t

τ

|b(s,Xb(s; τ, x, µ•), µs)− b(s,Xb(s; τ, x, µ•), νs)|

+

∫ t

τ

|b(s,Xb(s; τ, x, µ•), νs)− b(s,Xb(s; τ, x, ν•), νs)| ds

≤
∫ t

τ

LR,b(s)ρF (µs, νs) ds

+

∫ t

τ

(
sup

∥ν∥BL∗≤R
|b(s, ·, ν)|Lip

)
|Xb(s; τ, x, µ•)−Xb(s; τ, x, ν•)| ds.
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4.4 Model equivalence in the Euclidean case

Applying Gronwall's inequality again concludes the proof.

Theorem 4.4.3. Suppose Assumptions 4.4.1 hold true. Let µ0 ∈ M+(Rd) and let

Xb(t, τ, x, µ•) be de�ned by (4.4.1). Then the generalised solution given by represen-

tation formula (4.3.5) satis�es the weak formulation (3.5.2) and is in particular a

measure solution to (3.5.1).

Proof. Using an approximation argument we can assume that the test functions are

compactly supported in space. We refer to Remark 4.4.4 for the details. According

to the density result Theorem D.5 in Ref. [44] we can further restrict the class of

test functions to functions of the form f(t, x) = φ(t)ψ(x) with φ ∈ C1([0, T ]) ∩
W 1,∞([0, T ]) and ψ ∈ C1

c (Rd).

We claim that the theorem will follow if we show that the map

[0, T ] ∋ t 7→ F(t) =

∫
Rd
ψ(x) dµt(x)

is di�erentiable a.e. in t with derivative

F ′(t) =

∫
Rd

∇xψ(x) · b(t, x, µt) + ψ(x) c(t, x, µt) dµt(x)

+

∫
Rd

(∫
Rd
ψ(y) d[η(t, x, µt)] (y)

)
dµt(x) +

∫
Rd
ψ(x) d[N(t, µt)] (x).

(4.4.2)

Let us assume for the moment that (4.4.2) holds. In this case, Assumption 4.3.2

implies that F ′ is integrable and consequently F ∈ W 1,1([0, T ]), i.e. F is absolutely

continuous. Due to the Fundamental Theorem of Calculus and the product rule we

see ∫
Rd
f(T, x) dµT (x)−

∫
Rd
f(0, x) dµ0(x) = φ(T )F(T )− φ(0)F(0)

=

∫ T

0

∂t[φ(t)F(t)] dt =

∫ T

0

∂tφ(t)F(t) + φ(t)F ′(t) dt,

which is exactly the right-hand side of (3.5.2) with test function f(t, x) = φ(t)ψ(x).

We still have to show (4.4.2). To simplify the upcoming computations we introduce

the following abbreviations

Xt,τ (x) := Xb(t; τ, x, µ•), Et,τ (x) := e
∫ t
τ c(s,Xs,τ (x), µs) ds,
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which brings (the nonlinear version of) (4.2.4) in the form∫
Rd
ψ(x) dµt(x) =

∫
Rd
ψ(Xt,0(x)) Et,0(x) dµ0(x)

+

∫ t

0

∫
Rd

∫
Rd
ψ(Xt,τ (y)) Et,τ (y) d[η(τ, x, µτ )](y) dµτ (x) dτ

+

∫ t

0

∫
Rd
ψ(Xt,τ (x)) Et,τ (x) d[N(τ, µτ )](x) dτ.

(4.4.3)

To prove formula (4.4.2) each term on the right- hand side of (4.4.3) has to be

di�erentiated. We start with the �rst term and use (4.4.1) to compute

d

dt

[∫
Rd
ψ(Xt,0(x)) Et,0(x) dµ0(x)

]
=

∫
Rd

[∇xψ(Xt,0(x)) · b(t,Xt,0(x), µt)] Et,0(x) dµ0(x)

+

∫
Rd
ψ(Xt,0(x)) Et,0(x) c(t,Xt,0(x), µt) dµ0(x) =: A+B.

The treatment of the second term of (4.4.3) requires di�erentiation under the Bochner

integral so that we have to apply the Dominated Convergence Theorem for Bochner

integrals (see e.g. Theorem H.7 in Ref. [44]) which yields

d

dt

[∫ t

0

∫
Rd

∫
Rd
ψ(Xt,τ (y)) Et,τ (y) d[η(τ, x, µτ )](y) dµτ (x) dτ

]
=

∫
Rd

∫
Rd
ψ(y) d[η(t, x, µt)](y) dµt(x)

+

∫ t

0

∫
Rd

∫
Rd

[∇yψ(Xt,τ (y)) · b(t,Xt,τ (y), µt)] Et,τ (y) d[η(τ, x, µτ )](y) dµτ (x) dτ

+

∫ t

0

∫
Rd

∫
Rd
ψ(Xt,τ (y)) Et,τ (y) c(t,Xt,τ (y), µt) d[η(τ, x, µτ )](y) dµτ (x) dτ

=: C +D + E.
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The third term in (4.4.3) can be computed analogously to be

d

dt

[∫ t

0

∫
Rd
ψ(Xt,τ (x)) Et,τ (x) d[N(τ, µτ )] (x) dτ

]
=

∫
Rd
ψ(x) d[N(t, µt)](x)

+

∫ t

0

∫
Rd

[∇xψ(Xt,τ (x)) · b(t,Xt,τ (x), µt)] Et,τ (x) d[N(τ, µτ )](x) dτ

+

∫ t

0

∫
Rd
ψ(Xt,τ (x)) Et,τ (x) c(t,Xt,τ (x), µt) d[N(τ, µτ )](x) dτ

=: F +G+H.

We collect all terms involving ∇xψ · b and use formula (4.2.4) which leads to the

following simpli�cation

A+D +G =

∫
Rd

∇xψ(x) · b(t, x, µt) dµt(x), (4.4.4)

and similarly for all terms with ψ c

B + E +H =

∫
Rd
ψ(x) c(t, x, µt) dµt(x). (4.4.5)

Combining (4.4.4) and (4.4.5) with the remaining terms C and F leads to formula

(4.4.2) as desired.

Remark 4.4.4. We claim that during the analysis of the PDE model (3.5.2) it is

actually su�cient to consider test functions which are compactly supported in space.

Let φ ∈ BL([0, T ]×Rd)∩C1([0, T ]×Rd) be a test function and let ξ ∈ C∞
c (Rd) be

a smooth cut-o� function with ξ ≡ 1 on B1(0), 0 ≤ ξ ≤ 1 and supp(ξ) ⊆ B2(0). For

n ∈ N we introduce the following sequence of functions

φn(t, x) = φ(t, x) ξ
(x
n

)
,

where each component of x is multiplied with the scalar 1/n. By construction

φn → φ as well as ∂tφn → ∂tφ for n→ ∞ pointwise and by Dominated Convergence

also in L1. Thus, the only term in the weak formulation (3.5.2) which needs special
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attention is the term involving ∇xφ. We compute for arbitrary n ∈ N∣∣∣∣∫ T

0

∫
Rd

[∇xφn(t, x)−∇xφ(t, x)] · b(t, x, µt) dµt(x) dt
∣∣∣∣

≤
∣∣∣∣∫ T

0

∫
Rd\B2n(0)

[∇xφn(t, x)−∇xφ(t, x)] · b(t, x, µt) dµt(x) dt
∣∣∣∣

+

∣∣∣∣∫ T

0

∫
B2n(0)

[∇xφn(t, x)−∇xφ(t, x)] · b(t, x, µt) dµt(x) dt
∣∣∣∣

=

∣∣∣∣∫ T

0

∫
Rd\B2n(0)

∇xφ(t, x) · b(t, x, µt) dµt(x) dt
∣∣∣∣

+

∣∣∣∣∫ T

0

∫
B2n(0)

[
∇xφ(t, x) ξ

(x
n

)
+ φ(t, x)∇xξ

(x
n

) 1

n
−∇xφ(t, x)

]
· b(t, x, µt) dµt(x) dt

∣∣∣∣
=:A+B.

As ∇xφ is bounded and by Assumption 4.4.1 b(·, ·, µ) ∈ L1 for all µ ∈ M+(Rd) we

can apply Dominated Convergence Theorem to see that A→ 0 for n→ ∞.

We continue with the term B

B ≤
∫ T

0

∫
B2n(0)

∣∣∣∣[∇xφ(t, x) ξ
(x
n

)
+ φ(t, x)∇xξ

(x
n

) 1

n
−∇xφ(t, x)

]
· b(t, x, µt)

∣∣∣∣ dµt(x) dt
≤∥φ∥W 1,∞

∫ T

0

∫
B2n(0)

∣∣∣∣∇xξ
(x
n

) 1

n

∣∣∣∣ |b(t, x, µt)| dµt(x) dt
+ ∥φ∥W 1,∞

∫ T

0

∫
B2n(0)

∣∣∣ξ (x
n

)
− 1
∣∣∣ |b(t, x, µt)| dµt(x) dt

=:B1 +B2.

For the �rst term B1 we note that ∇xξ is bounded for all x ∈ Rd. Furthermore,

narrow continuity of the generalised solution µ• implies supt∈[0,T ] ∥µt∥BL∗ =: R <∞.

Thus, we compute

B1 ≤
1

n
∥∇xξ∥∞∥φ∥W 1,∞

∫ T

0

∥b(t, ·, µt)∥BL∥µt∥BL∗ dt

≤C
n

∫ T

0

sup
∥µ∥BL∗≤R

∥b(t, ·, µ)∥BL dt→ 0 (n→ ∞)
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by Assumption 4.4.1. Concerning B2 we see that ξ(·/n) ≡ 1 on Bn(0), so that

B2 ≤∥φ∥W 1,∞

∫ T

0

∫
B2n\Bn(0)

∣∣∣ξ (x
n

)
− 1
∣∣∣ |b(t, x, µt)| dµt(x) dt

≤∥φ∥W 1,∞

∫ T

0

sup
∥µ∥BL∗≤R

∥b(t, ·, µ)∥BL µt (B2n \Bn(0)) dt

≤∥φ∥W 1,∞ sup
t∈[0,T ]

µt (B2n \Bn(0))

∫ T

0

sup
∥µ∥BL∗≤R

∥b(t, ·, µ)∥BL dt

=C sup
t∈[0,T ]

µt (B2n \Bn(0)) .

In particular, B2 → 0 if supt∈[0,T ] µt (B2n \Bn(0)) → 0 for n→ ∞.

To see this, we �rst remember that the the map t 7→ µt is narrowly continuous and

thus the set F = {µt | t ∈ [0, T ]} is closed with respect to narrow convergence.

We furthermore claim that F is even sequentially compact with respect to narrow

convergence. Indeed, let (µtn)n∈N ⊂ F be a sequence. By compactness the sequence

of time points (tn)n∈N ⊂ [0, T ] has a converging subsequence
(
t̃n
)
n∈N with t̃n → t̃ ∈

[0, T ]. Thus, by narrow continuity µt̃n → µt̃ ∈ F and F is sequentially compact.

Now the Theorem of Prokhorov 2.1.3 implies that F is tight so that clearly

sup
t∈[0,T ]

µt (B2n \Bn(0)) → 0 (n→ ∞)

as desired. This yields B2 → 0 and in particular∣∣∣∣∫ T

0

∫
Rd

[∇xφn(t, x)−∇xφ(t, x)] · b(t, x, µt) dµt(x) dt
∣∣∣∣

≤A+B1 +B2 → 0 (n→ ∞).

Hence, the approximation is indeed valid in the limit.

We conclude this subsection with the missing uniqueness to the nonlinear PDE

model (3.5.1). Together with Theorem 4.4.3 this will yield the desired equivalence

of both the PDE and the generalised model. Before we start, we have to establish

a regularity result.

Lemma 4.4.5. Under Assumption 4.4.1 any measure solution µ• to model (3.5.1)

induces an absolutely continuous map [0, T ] ∋ t 7→ µt, i.e. there exists a nonnegative
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4 Models on Polish metric spaces

function Lµ ∈ L1(0, T ) such that for any 0 ≤ τ ≤ t ≤ T

ρF (µτ , µt) ≤
∫ t

τ

Lµ(s) ds. (4.4.6)

Furthermore, if µ• and µ̃• are two measure solution to (3.5.1), then the map [0, T ] ∋
t 7→ ρF (µt, µ̃t) is also absolutely continuous.

Proof. The proof is similar to [44, Lemma 2.25] but adapted to the case Rd.

For ψ ∈ BL(Rd) ∩ C1(Rd), 0 < s1 < s2 < T and ε > 0 we use (3.5.2) with the test

function

φε(t, x) =



0 if t ∈ [0, s1 − ε](
t−s1
ε

+ 1
)
ψ(x) if t ∈ [s1 − ε, s1]

ψ(x) if t ∈ [s1, s2](
s2−t
ε

+ 1
)
ψ(x) if t ∈ [s2, s2 + ε]

0 if t ∈ [s2 + ε, T ]

, (4.4.7)

and obtain∫
Rd
φε(T, x) dµT (x)−

∫
Rd
φε(0, x) dµ0(x) =

∫ T

0

∫
Rd
∂tφε(t, x) dµt(x) dt

+

∫ T

0

∫
Rd

(
∇xφε(t, x) · b(t, x, µt) + φε(t, x) c(t, x, µt)

)
dµt(x) dt

+

∫ T

0

∫
Rd

(∫
Rd
φε(t, y) d[η(t, x, µt)] (y)

)
dµt(x) dt+

∫ T

0

∫
Rd
φε(t, x) d[N(t, µt)](x) dt,

(4.4.8)

We �rst note that by construction for ε small enough, we have∫
Rd
φε(T, x) dµT (x) =

∫
Rd
φε(0, x) dµ0(x) = 0.
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4.4 Model equivalence in the Euclidean case

Furthermore, ∫ T

0

∫
Rd
∂tφε(t, x) dµt(x) dt

=
1

ε

∫ s1

s1−ε

∫
Rd
ψ(x) dµt(x) dt−

1

ε

∫ s2+ε

s2

∫
Rd
ψ(x) dµt(x) dt

→
∫
Rd
ψ(x) dµs1(x)−

∫
Rd
ψ(x) dµs2(x) (ε→ 0)

by Lebesgue's Di�erentiation Theorem and continuity of the map s 7→
∫
Rd ψ(x) dµs.

The other terms in (4.4.8) can be treated with Dominated Convergence Theorem

as supt∈[0,T ] ∥µt∥BL∗ =: R < ∞ by narrow continuity. As an example, we treat the

second term∫ T

0

∫
Rd

∇xφε(t, x) · b(t, x, µt) dµt(x) dt

=

∫ s1

s1−ε

∫
Rd

t− s1
ε

∇xφ(t, x) · b(t, x, µt) dµt(x) dt+
∫ s2

s1

∫
Rd

∇xφ(t, x) · b(t, x, µt) dµt(x) dt

+

∫ s2+ε

s2

∫
Rd

s2 − t

ε
∇xφ(t, x) · b(t, x, µt) dµt(x) dt

=:A+B + C.

We apply Lebesgue's Di�erentiation Theorem

A =
1

ε

∫ s1

s1−ε
(s1 − t)

∫
Rd

∇xφ(t, x) · b(t, x, µt) dµt(x) dt

→(s1 − s1)

∫
Rd

∇xφ(t, x) · b(t, x, µt) dµs1(x) = 0 (ε→ 0).

A similar computation shows C → 0 so that we conclude for ε→ 0∫ T

0

∫
Rd

∇xφε(t, x) · b(t, x, µt) dµt(x) dt→
∫ s2

s1

∫
Rd

∇xφ(t, x) · b(t, x, µt) dµt(x) dt.
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4 Models on Polish metric spaces

Combining the above computations, we see that sending ε→ 0 in (4.4.8) leads to∫
Rd
ψ(x) dµs2(x)−

∫
Rd
ψ(x) dµs1(x)

=

∫ s2

s1

∫
Rd

(
∇xψ(x) · b(t, x, µt) + ψ(x) c(t, x, µt)

)
dµt(x) dt

+

∫ s2

s1

∫
Rd

(∫
Rd
ψ(y) d[η(t, x, µt)] (y)

)
dµt(x) dt+

∫ s2

s1

∫
Rd
ψ(x) d[N(t, µt)](x) dt.

(4.4.9)

By Assumption 4.4.1 we have a bound∫ s2

s1

∫
Rd

(∫
Rd
ψ(y) d[η(t, x, µt)] (y)

)
dµt(x) dt

≤
∫ s2

s1

∥ψ∥∞ sup
x∈Rd

∥η(t, x, µt)∥BL∗∥µt∥BL∗ dt

≤R ∥ψ∥BL
∫ s2

s1

sup
∥µ∥BL∗≤R

sup
x∈Rd

∥η(t, x, µ)∥BL∗ dt.

Now, similar computations can be applied to the other terms appearing on the (RHS)

of (4.4.9). Therefore, taking supremum over all ψ ∈ BL(Rd) with ∥ψ∥BL ≤ 1 we

prove (4.4.6). An analogous argument works when s1 = 0 or s2 = T .

Now consider two measure solutions µ•, µ̃• to (3.5.1) and let t > τ . Then we compute

by triangle inequality and with (4.4.6)

ρF (µt, µ̃t) ≤ρF (µτ , µ̃τ ) +
∫ t

τ

Lµ(s) ds+

∫ t

τ

Lµ̃(s) ds,

ρF (µτ , µ̃τ ) ≤ρF (µt, µ̃t) +
∫ t

τ

Lµ(s) ds+

∫ t

τ

Lµ̃(s) ds,

which can be combined to

|ρF (µt, µ̃t)− ρF (µτ , µ̃τ )| ≤
∫ t

τ

(Lµ(s) + Lµ̃(s)) ds.

In particular, the map t 7→ ρF (µt, µ̃t) is absolutely continuous.

We are now in the position to prove uniqueness of solutions to model (3.5.1).

Theorem 4.4.6. Under Assumptions 3.5.1 (which are slightly stronger than As-

sumptions 4.4.1) measure solution to model (3.5.1) with initial condition µ0 ∈
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4.4 Model equivalence in the Euclidean case

M+(Rd) are unique.

Proof. Let µ
(1)
• and µ

(2)
• be two measure solutions to (3.5.1) with initial condition

µ0. By carefully modifying the model functions to

b(1)(t, x) = b
(
t, x, µ

(1)
t

)
, c(1)(t, x) = c

(
t, x, µ

(1)
t

)
,

η(1)(t, x) = η
(
t, x, µ

(1)
t

)
, N (1)(t) = N

(
t, µ

(1)
t

)
we see that µ

(1)
• can be interpreted as a measure solution to a linear model and

similarly for µ
(2)
• . Due to the already established uniqueness in the linear case,

see Lemma 3.4.5, together with Theorem 4.4.3, µ
(1)
• and µ

(2)
• are also (generalised)

solutions to representation formula (4.2.1) with model functions c(i), η(i), N (i) and

Lipschitz maps X(i) given by the �ow of vector �elds b(i), i = 1, 2.

Furthermore, according to Proposition 4.2.12 the solutions are continuous with re-

spect to model functions so that

ρF

(
µ
(1)
t , µ

(2)
t

)
≤C

∫ t

0

sup
x∈Rd

ρF

(
η
(
τ, x, µ

(1)
t

)
, η
(
τ, x, µ

(2)
t

))
dτ

+ C

∫ t

0

ρF

(
N
(
τ, µ

(1)
t

)
, N
(
τ, µ

(2)
t

))
dτ

+ C

∫ t

0

∥∥∥c(τ, ·, µ(1)
t

)
− c

(
τ, ·, µ(2)

t

)∥∥∥
∞
dτ

+ C sup
0≤τ1≤τ2≤t

∥∥X(1)(τ2; τ1, ·)−X(2)(τ2; τ1, ·)
∥∥
∞ .

We take a closer look at the last term and notice it can be simpli�ed to

C sup
0≤τ1≤τ2≤t

∥∥X(1)(τ2; τ1, ·)−X(2)(τ2; τ1, ·)
∥∥
∞

≤C sup
0≤τ1≤τ2≤t

∥∥∥∥∫ τ2

τ1

b(1)
(
τ,X(1)(τ ; τ1, ·)

)
− b(2)

(
τ,X(2)(τ ; τ1, ·)

)
dτ

∥∥∥∥
∞

≤C
∫ t

0

∥∥∥b(τ, ·, µ(1)
t

)
− b

(
τ, ·, µ(2)

t

)∥∥∥
∞
dτ.

Applying the bounds from Assumption 4.4.1 hence implies

ρF

(
µ
(1)
t , µ

(2)
t

)
≤ C

∫ t

0

L(τ) ρF
(
µ(1)
τ , µ(2)

τ

)
dτ
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for some L ∈ L1(0, T ), so that

ρF

(
µ
(1)
t , µ

(2)
t

)
= 0 (4.4.10)

for a.e. t ∈ [0, T ] by Gronwall's inequality. As t 7→ ρF (µ
(1)
t , µ

(2)
t ) is continuous by

Lemma 4.4.5 we conclude that (4.4.10) holds for all t ∈ [0, T ], establishing uniqueness

and thus �nishing the proof.

We conclude this chapter with a discussion on the validity of the implicit notion of

solution in De�nition 4.2.3.

Remark 4.4.7. If we insert the implicit integral representation (3.3.3) of φψ,t into

the de�ning equation (3.4.2) for µt , we get for any ψ ∈ BL(Rd)∫
Rd
ψ(x) dµt(x) =

∫
Rd
φψ,t(0, x) dµ0(x) +

∫ t

0

∫
Rd
φψ,t(τ, x) d[N(τ)](x) dτ

=

∫
Rd
ψ(Xb(t; 0, x))e

∫ t
0 c(r,Xb(r;0,x)) dr dµ0(x)

+

∫
Rd

∫ t

0

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; 0, x))](y)e

∫ s
0 c(r,Xb(r;0,x)) dr ds dµ0(x)

+

∫ t

0

∫
Rd
ψ(Xb(t; τ, x))e

∫ t
τ c(r,Xb(r;τ,x)) dr d[N(τ)](x) dτ

+

∫ t

0

∫
Rd

∫ t

τ

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds d[N(τ)](x) dτ

=A+B + C +D.

So if η = 0, this representation coincides with the implicit solution formula (4.2.4),

i.e. the terms A and C appear in both cases. To ensure consistency of both repre-

sentations in the presence of η, we would need that

B +D

=

∫
Rd

∫ t

0

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; 0, x))](y)e

∫ s
0 c(r,Xb(r;0,x)) dr ds dµ0(x)

+

∫ t

0

∫
Rd

∫ t

τ

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds d[N(τ)](x) dτ

!
=

∫ t

0

∫
Rd

∫
Rd
ψ(Xb(t; τ, y))e

∫ t
τ c(s,Xb(s;τ,y)) ds d[η(τ, x)](y) dµτ (x) dτ.

(4.4.11)

However, proving this identity turns out to be di�cult, which admits two distinct

134



4.4 Model equivalence in the Euclidean case

interpretations. Should (4.4.11) be true, then formula (4.2.4) or rather (4.2.1) indeed

re�ects all occurring e�ects which in�uence the behaviour of the solution µt. In

this case, the proof of (4.4.11) presumably requires a change of variable formula in

the spirit of (3.4.2) for general functions f instead of φψ,t on the right-hand side.

Unfortunately, such a result is beyond the scope of this thesis.

Alternatively, it could also be that identity (4.4.11) fails to hold since formula (4.2.1)

does not capture all relevant interactions of the model functions. In particular, term

D contains an integral over η as well as over N . This could indicate that, apart from

the individual e�ects of the mutation η (term B) and the state-independent in�ux N

(term C), there is also an additional non-separable interaction e�ect between both

terms. This is not entirely unlikely, as a similar behaviour can be observed for the

�ow Xb and the growth term c, which appear in all summands A − D. So in this

case, formula (4.2.1) would have to be adjusted accordingly. However, the fact that

the generalised solution coincides with the measure solution in the Euclidean case

suggests otherwise.
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5 Future perspectives and connection to

other publications

In this chapter, we demonstrate how the developed theory can a�ect current research

and point our future perspectives for further studies. As a start, we outline several

model applications that can fully exploit the setting of non-Euclidean state spaces.

More precisely, we present two examples that require a Polish metric space since

they are inherently in�nite dimensional as well as an additional example using a

proper metric space. The latter is interesting in its own right due to its importance

in di�erential geometry. Since the focus of this thesis is on theory and not on

modelling, we only sketch the ideas without discussing explicit model functions. In

the second part, we show how we can incorporate the concept of measure di�erential

equations developed by Piccoli and the class of coagulation-fragmentation models

into our framework. For the latter, we will need a minor adaptation of our theory, but

are rewarded with a signi�cant extension of our theory beyond structured population

models. We conclude this chapter with a comparison of our �at metric to a transport

type distance introduced by Fournier and Perthame.

5.1 Model examples motivated by applications

Example 5.1.1. One promising application of the new setting are structured pop-

ulation models that are based on functions or its trajectories instead of single indi-

viduals or population densities. In such a scenario, one would consider metric spaces

of the form

(S, d) =
(
C0([0, T ];X ), ∥ · ∥∞

)
, (5.1.1)

with some target space X , e.g. Rd or Nd
0. According to basic functional analysis,

the space (S, d) is both separable and complete but not proper. If we want to study

not only continuous but also discontinuous trajectories, we can simply consider the

space S = Lp([0, T ];X ) instead of (5.1.1).
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5.1 Model examples motivated by applications

Such a modelling approach can be used, among other things, for inferring develop-

mental trajectories of cellular di�erentiation from single-cell RNA-sequencing data

(scRNA-seq data). The current biological consensus is that during di�erentiation an

individual cell follows a continuous path in a gene expression space X , the so-called

individual cell trajectory. Together, all these trajectories form a metric space of the

form (5.1.1). However, due to heterogeneity, cells of a particular cell type do not

necessarily have a common developmental trajectory, but rather follow a cell type

speci�c trajectory distribution µ ∈ M+(C0([0, T ];X )). This trajectory distribution

can be expected to change as a result of biological processes, external in�uences or

rapid epigenetic mutations [27].

Example 5.1.2. In this example we are interested in the pseudotemporal develop-

ment of a speci�c gene, see also the related approach [124]. Thus, we modify the

setting of the previous example by taking the average trajectory of a given cell type

instead of the cell type speci�c trajectory distribution. The resulting pseudotime

trajectory γ : [0, T ] → X hence roughly describes the di�erentiation process of the

cells with the given cell type. Along the whole developmental path γ, the intensity

of the expressed gene varies, e.g. represented by a change in absolute gene counts.

Due to inherent cell heterogeneities one would however rather expect a gene expres-

sion distribution among all cells, µt ∈ M+(S) with S = N0 or S = R+.

If we want to consider more than one gene following the trajectory γ, there is a distri-

bution µit ∈ M+(S) for each pseudotime point t ∈ [0, T ] and each gene i = 1, ..., N .

In this situation, the evolution of all gene distributions along the trajectory γ can

be represented by a measure on M+(S), e.g. in the discrete case here by a measure

of the form

MN
t =

N∑
i=1

αi(t)Dµit
∈ M+(M+(S)),

where Dµ ∈ M+(M+(S)) denotes the Dirac measure on M+(S) located in µ. More

elaborate measures on M+(S), such as measures without atoms, could occur in the

limit N → ∞. Although it is possible to model such objects by products of measure

spaces, the number of genes N may be very large and thus it might be convenient

to consider the limit of MN
t in M+(M+(S)) as N → ∞.

Our last example stems from the �eld of di�erential geometry. Although it cannot

make full use of the new framework in its complete generality, it is at least set on a

proper metric space. We refer to Chapter 6 in Ref. [101] for precise de�nitions and
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further information on Riemannian geometry.

Example 5.1.3. For a �nite dimensional smooth manifold S consider a Riemannian

metric g such that the pair (S, g) is a connected and geodesically complete Rieman-

nian manifold. Well-known examples of the latter include the torus, the sphere or

the hyperbolic space. A natural metric on S is given by the corresponding Rieman-

nian distance function dR, which measures the length of the shortest path between

two points. According to the Theorem of Hopf-Rinow [89], geodesical completeness

implies that the metric space (S, dR) is proper (see Remark 2.3.5). This enables the

formulation of structured population models on (S, dR), such as those appearing in

[21, 122, 130].

Remark 5.1.4. In addition to the above examples, our framework is also suitable

for operating on discrete structures which are inherently Polish spaces if equipped

with a suitable metric. For example, Refs. [107, 111] consider structured population

models on graphs to investigate mutual cooperation. Similarly, in the �eld of image

processing and high-dimensional data analysis, graph or network-like structures are

very common as graphs provide a suitable ambient space for representing or clas-

sifying data [12, 73, 154]. In this setting, PDEs can be applied to simplify data

processing or support semi-supervised learning approaches [19, 49, 109]. At this

point we especially highlight the papers [50, 51] that study nonlocal measure-valued

continuity equations on graphs, although under the total variation norm.

5.2 Connection to measure di�erential equations

In this section we turn to an alternative but related modelling approach based on

so called measure di�erential equations (MDEs). MDEs have been introduced by

Piccoli for pedestrian �ows in terms of a conservative transport equation [119],

µ̇t = V [µt], (5.2.1)

and thus provide a generalisation of the concept of ordinary di�erential equations

to spaces of measures. In this approach, the evolution of a measure µ is governed

by a measure vector �eld (MVF) V [µ] which is a measure on Rd × Rd. Its �rst

coordinate represents spatial position x and the second denotes admissible values of

velocity v. The measure V [µ] has marginal µ on the �rst coordinate, i.e. it satis�es

π1
#V [µ] = µ for all µ ∈ M+(Rd). Here π1 denotes the projection to the �rst (spatial)
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5.2 Connection to measure di�erential equations

coordinate and the subscript # denotes the push-forward operator (see De�nition

2.1.5). Roughly speaking, if (x, v) belongs to the support of V [µ], µ at position x

evolves with velocity v. We refer to [119, Section 7.1] for examples of measure vector

�elds. In the follow-up paper [123] by Piccoli and Rossi equation (5.2.1) has been

extended by a nonnegative source term s : M+(Rd) → M+(Rd)

µ̇t = V [µt]⊕ s[µt], (5.2.2)

so that the framework was able to cope with mass di�erences. Unfortunately, model

(5.2.2) with source terms solely valued in M+(Rd) can not account for birth/death

processes of individuals or cell divisions and transitions as we demonstrate in Ex-

ample B.4 in Ref. [45]. To extend the framework to population dynamics we thus

introduced an additional nonlinear growth/decay function c : Rd ×M+(Rd) → R,
so that the model is of the form

µ̇t = V [µt]⊕ c(·, µt)µt ⊕ s[µt]. (5.2.3)

The notion ⊕ is applied to depict a summation of various e�ects, in this case trans-

port, source and growth/decay processes. The rigorous meaning of (5.2.3) is based

on the weak formulation of the problem, see De�nition 5.2.1. The topic is con-

stantly studied and we refer to [75] for a superposition principle, to [21] for a work

on numerical schemes and to [48] for results on asymptotic stability and a Lyapunov

function approach.

De�nition 5.2.1. We say that a continuous curve µ• : [0, T ] → (M+(Rd), ∥·∥BL∗) is

a solution to (5.2.3) with initial condition µ0 ∈ M+(Rd) if for all f ∈ C∞
c (Rd)

and for all t ∈ [0, T ], it holds∫
Rd
f(x) dµt(x)−

∫
Rd
f(x) dµ0(x)

=

∫ t

0

∫
Rd×Rd

∇f(x) · v dV [µr](x, v) dr +

∫ t

0

∫
Rd
f(x) c(x, µr) dµr(x) dr

+

∫ t

0

∫
Rd
f(x) ds[µr](x) dr.

Remark 5.2.2. Although it may not immediately appear so, we can incoporate

MDEs into the framework studied in Chapter 3 as in most cases the dynamics of

MDEs simpli�es to a transport equation in the spaces of measures. More speci�cally,

we note that by Disintegration Theorem, see e.g. [53, Theorem 1.45], there exists a
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family of probability measures {νx,t}x∈Rd,t∈[0,T ] such that∫ t

0

∫
Rd×Rd

∇f(x) · v dV [µr](x, v) dr =

∫ t

0

∫
Rd

∇f(x) ·
[∫

Rd
v dνx,r(v)

]
dx dr

so that De�nition 5.2.1 boils down to measure solutions for transport equation with

velocity

V(t, x) :=
[∫

Rd
v dνx,t(v)

]
. (5.2.4)

From the MDE perspective, this representation provides no new insights as
[∫

Rd v dνx,t(v)
]

cannot be computed explicitly in general. However, by a speci�c choice of b we can

achieve a transport velocity in the spirit of (5.2.4), i.e. for model functions βi ∈ BL

and νi ∈ M+ de�ne

b(τ, x, µt) =


∫
Rd β1(τ, x, v) d[ν1(τ, x, µt)](v)

...∫
Rd βd(τ, x, v) d[νd(τ, x, µt)](v)

 .

So instead of prescribing a measure vector �eld V with corresponding (unknown)

disintegrated measures νx,r, we chose the opposite direction and prescribe the disin-

tegrated measures which will then form a measure similar to the measure vector �eld.

In this case, the ith component of b can be interpreted as a distribution of velocities

in the ith dimension at point x ∈ Rd and time point t ∈ [0, T ]. As usual, we are

however not restricted to probability distributions. If we assume for all i = 1, ..., d

� βi ∈ BL([0, T ]× Rd × Rd),

� νi ∈ BL([0, T ]× Rd ×M+(Rd);M+(Rd)),

� for all R > 0 we have

sup
t∈[0,T ]

∥µ∥BL∗≤R

∥νi(τ, ·, µ)∥BL∗ <∞,

then it can be easily checked that b satis�es Assumptions 3.5.1.
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5.3 A structured coagulation-fragmentation equation

5.3 A structured coagulation-fragmentation

equation

In this section we show that a small adjustment of our theory enables to incorpo-

rate coagulation-fragmentation processes. Coagulation-fragmentation phenomena

appear in various areas of science such as Physics [25, 43], Chemistry [169], Biology

[10, 113] or Astronomy [132] and is still a very active �eld of research [59, 60, 100].

See [34] for a mathematical overview to the theory and numerous approaches.

In short, coagulation describes the process of mass (or size) accumulation of particles

by their collision with other similar but smaller particles. In contrast, fragmentation

characterises the break-up of a bigger particle into two or more smaller ones.

Usually, coagulation-fragmentation models are formulated with either a continuous

or discrete structuring variable in Rd. However, recently in [2] the authors trans-

lated the model formulation to the space of Radon measures under the �at norm

and were thus able to unify both modelling approaches. Unfortunately, our setting -

as presented in Section 3.5 - does not provide the correct model setup for formulat-

ing the coagulation-fragmentation model, so that the authors in [2] had to use the

well-posedness theory developed in [3, 4]. To highlight where our model setup fails,

we �rst introduce the notion of a weak solution to the coagulation-fragmentation

model as it is presented in [2].

A map µ• ∈ C([0, T ]; (M+(R+), ∥ · ∥BL∗)) is called a weak solution to the

coagulation-fragmentation model if for all φ ∈ BL([0, T ]×R+)∩C1([0, T ]×R+)

and for all t ∈ [0, T ] the following holds∫
R+

φ(t, x) dµt(x)−
∫
R+

φ(0, x) dµ0(x) =

∫ t

0

∫
R+

∂sφ(s, x) dµs(x) ds

+

∫ t

0

∫
R+

g(s, µs)(x)∂xφ(s, x)− d(s, µs)(x)φ(s, x) dµs(x) ds

+

∫ t

0

∫
R+

∫
R+

κ(y, x)

(
1

2
φ(s, x+ y)− φ(s, x)

)
dµs(y) dµs(x) ds

+

∫ t

0

∫
R+

[(∫ x

0

φ(s, y) d[b(x)](y)

)
a(x)− a(x)φ(s, x)

]
dµs(x) ds

+

∫ t

0

∫
R+

φ(s, 0)β(s, µs)(x) dµs(x) ds,

(5.3.1)
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where

g, d, β : [0, T ]×M+(R+) → BL(R+), a : R+ → R+

b : R+ → M+(R+). κ : R+ × R+ → R+,

As usual the functions g, d, β represent growth, death and birth functions and

the symmetric coagulation kernel κ(x, y) indicates the rate at which particles of size

x and y coagulate. The function a(x) denotes the global fragmentation rate of

particles with size x and the measure b(x)(A) supported in [0, x] represents how

many particles of size x fragment into a particle with size in the set A.

At �rst glance the notion of solutions �ts almost perfectly to our framework. In

view of Theorem 2.3.3 narrow convergence coincides with continuity in the space

(M+, ρF ) and in view of Lemma 3.1.4 it doesn't matter if we consider the weak

formulation for all t ∈ [0, T ] or for �xed t = T .

The main reason for the failure of our setup lies in the coagulation term and the

collision-with-smaller-particles constraint. Note that the test function φ is evaluated

at the point x + y which can not be covered by any mutation kernel η in our weak

formulation (3.5.2). To see where this stems from, we derive the weak formulation

for the coagulation term by following [2]. In the continuous setting coagulation of

particles with density u is usually described by a coagulation term of the form

K(u)[x] =

∫ x

0

1

2
κ(y, x− y)u(x− y)u(y) dy − u(x)

∫ ∞

0

κ(y, x)u(y) dy,

Due to the collision-with-smaller-particles contraint κ depends both on y and on

x − y. We multiply by a suitable smooth test function φ, integrate over the whole

domain and apply Fubini Theorem∫ ∞

0

∫ x

0

1

2
κ(y, x− y)u(x− y)u(y) dy φ(x) dx−

∫ ∞

0

u(x)φ(x)

∫ ∞

0

κ(y, x)u(y) dy dx

=

∫ ∞

0

∫ ∞

y

1

2
κ(y, x− y)φ(x)u(x− y) dxu(y) dy −

∫ ∞

0

∫ ∞

0

κ(y, x)u(y) dy φ(x)u(x) dx

=

∫ ∞

0

∫ ∞

0

1

2
κ(y, x)φ(x+ y)u(x) dxu(y) dy −

∫ ∞

0

∫ ∞

0

κ(y, x)u(y) dy φ(x)u(x) dx.

(5.3.2)

We continue by assuming that u is actually the density of a measure µ with respect

to the Lebesgue measure, i.e. u(x) = Dλµ(x) and use basic properties of the Radon-
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Nikodým derivative (see [44, F.22 ]) to rewrite (5.3.2) to∫ ∞

0

∫ ∞

0

1

2
κ(y, x)φ(x+ y) dµ(x) dµ(y)−

∫ ∞

0

∫ ∞

0

κ(y, x) dµ(y)φ(x) dµ(x).

We notice that the argument x − y in κ transformed to a shifted evaluation of the

test function φ at the point x + y. As mentioned earlier, we can not choose η ac-

cordingly to account for (nonconstant) shifts in the evaluation of test functions.

Hence, a modi�cation of our setup is necessary if we want to include coagulation-

fragmentation models. In particular, we introduce an additional term which is

similar to η but re�ects the evaluation of test functions at a linear combination

of variables. To this end, we �rst modify the weak formulation in the linear case

(3.1.9) without state-independent in�ux N to∫
Rd
φ(T, x) dµT (x)−

∫
Rd
φ(0, x) dµ0(x) =

∫ T

0

∫
Rd
∂tφ(t, x) dµt(x) dt

+

∫ T

0

∫
Rd

(
∇xφ(t, x) · b(t, x) + φ(t, x) c(t, x)

)
dµt(x) dt

+

∫ T

0

∫
Rd

(∫
Rd
φ(t, y) d[η(t, x)] (y)

)
dµt(x) dt

+

∫ T

0

∫
Rd

∫
Rd
φ(t, α1x+ α2y) d[Kα1,α2(t, x)](y) dµt(x) dt,

(5.3.3)

where α1, α2 ∈ R and Kα1,α2 : [0, T ]×Rd → M+(Rd) satis�es the same assumptions

as η, see Assumptions 3.5.1. Of course, it is possible to include several terms of

the form Kα1,α2 , Kβ1,β2 , ... in the formulation. The bounds of the theory will adapt

accordingly as we show in the next paragraph. Note that choosing α1 = α2 = 1

exactly covers the case which we need for the coagulation-fragmentation model.

Constructing a solution to the extended model:

We can solve (5.3.3) similar to (3.1.9) in Section 3.3 by considering the corresponding

dual problem which in this case is given by
∂τφψ,t + b · ∇x φψ,t + c φψ,t +

∫
Rd φψ,t(τ, y) d[η(τ, x)] (y)

+
∫
Rd φψ,t(τ, α1x+ α2y) d[Kα1,α2(τ, x)](y) = 0 in [0, t]× Rd,

φψ,t(t, ·) = ψ in Rd,

(5.3.4)
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for some t ∈ [0, T ] and a �xed ψ ∈ BL(Rd). Via the method of characteristics, we

get the following implicit integral equation for the solution φψ,t

φψ,t(τ, x) = ψ(Xb(t; τ, x))e
∫ t
τ c(r,Xb(r;τ,x)) dr

+

∫ t

τ

∫
Rd
φψ,t(s, y) d[η(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds

+

∫ t

τ

∫
Rd
φψ,t(s, α1Xb(s; τ, x) + α2y) d[Kα1,α2(s,Xb(s; τ, x))](y)e

∫ s
τ c(r,Xb(r;τ,x)) dr ds,

by de�ning

C(t− τ, x) =

∫
Rd
φψ,t(τ, y) d[η(τ, x)](y) +

∫
Rd
φψ,t(τ, α1x+ α2y) d[Kα1,α2(τ, x)](y)

in the proof of Proposition 3.3.1. As before, Xb denotes the �ow generated by the

vector �eld b which is de�ned as the unique solution of the ODE (3.2.1).

The subsequent proofs in Section 3.3 can be modi�ed accordingly as the additional

term basically behaves as the term involving η. In particular, after some calculations

we can simply replace the term ∥η∥∞ with ∥η∥∞ + ∥Kα1,α2∥∞ in all estimates and

get results which are comparable to 3.3.3 - 3.3.21.

Only for the nonnegativity proof of µt in Lemma 3.3.13 we remark that the intro-

duced nonincreasing map | · |− : R → R+, x 7→ max{−x, 0} satis�es a triangle

inequality, i.e. for all a, b ∈ R

|a+ b|− ≤ |a|− + |b|−,

so that the additional term involvingK can be separated in (3.3.29) and treated inde-

pendently which eventually leads again to an estimate of the form ∥η∥∞+∥Kα1,α2∥∞.

As our modi�ed linear model satis�es similar results to the ones obtained in Section

3.3, the generalisation of model (5.3.3) to the case with state-independent in�ux

N in Section 3.4 and to the nonlinear model in Section 3.5 follows the very same

lines as the proofs in the corresponding sections- apart from ∥η∥∞ being replaced

by ∥η∥∞ + ∥Kα1,α2∥∞. For completeness, we provide the adjusted weak formulation
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in the nonlinear case, i.e. for φ ∈ BL([0, T ]× Rd) ∩ C1([0, T ]× Rd)∫
Rd
φ(T, x) dµT (x)−

∫
Rd
φ(0, x) dµ0(x) =

∫ T

0

∫
Rd
∂tφ(t, x) dµt(x) dt

+

∫ T

0

∫
Rd

(
∇xφ(t, x) · b(t, x, µt) + φ(t, x) c(t, x, µt)

)
dµt(x) dt

+

∫ T

0

∫
Rd

(∫
Rd
φ(t, y) d[η(t, x, µt)] (y)

)
dµt(x) dt+

∫ T

0

∫
Rd
φ(t, x) d[N(t, µt)](x) dt

+

∫ T

0

∫
Rd

(∫
Rd
φ(t, α1x+ α2y) d[Kα1,α2(t, x, µt)](y)

)
dµt(x) dt.

(5.3.5)

Remark 5.3.1. With the adjusted weak formulation (5.3.5) we are now able to

transfer the coagulation-fragmention model from [2] to our setting. As domain we

pick R+ and set

b(t, x, µt) =g(t, µt)(x),

c(t, x, µt) =− d(t, µt)(x)−
∫
R+

κ(y, x) dµt(y)− a(x),

η(t, x, µt)(·) =a(x)b(x)(·) + β(t, µt)(x)δ0(·) ∈ M+(R+),

N(t, µt) =0 ∈ M+(R+),

K1,1(t, x, µt)(·) =
1

2
κ(·, x)µt(·) ∈ M+(R+),

(5.3.6)

where we abused the notation of the Radon-Nikodým derivative in K1,1. More

precisely, we assume that 1/2κ(·, x) = DµtK1,1(t, x, µt) so that for all Borel sets

A ∈ B(R+)

K1,1(t, x, µt) =

∫
A

1

2
κ(y, x) dµt(y).

Consequently, by basic properties of the Radon-Nikodým derivative (see [44, F.22 ])

we see∫
R+

φ(t, x+ y) d[K1,1(t, x, µt)](y) =

∫
R+

φ(t, x+ y)
1

2
κ(y, x) dµt(y). (5.3.7)

We plug the model functions (5.3.6) into (5.3.5) adjusted for the R+ setting. Fur-
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thermore, we use (5.3.7) and rearrange terms which leads to∫
R+

φ(T, x) dµT (x)−
∫
R+

φ(0, x) dµ0(x) =

∫ T

0

∫
R+

∂tφ(t, x) dµt(x) dt

+

∫ T

0

∫
R+

∂xφ(t, x)g(t, µt)(x) dµt(x) dt

+

∫ T

0

∫
R+

φ(t, x)

(
−d(t, µt)(x)−

∫
R+

κ(y, x) dµt(y)− a(x)

)
dµt(x) dt

+

∫ T

0

∫
R+

(∫
R+

φ(t, y) d[a(x)b(x)(·) + β(t, µt)(x)δ0(·)] (y)
)
dµt(x) dt

+

∫ T

0

∫
R+

(∫
R+

φ(t, x+ y) d

[
1

2
κ(·, x)µt(·)

]
(y)

)
dµt(x) dt

=

∫ T

0

∫
R+

∂tφ(t, x) + ∂xφ(t, x)g(t, µt)(x)− d(t, µt)(x)φ(t, x) dµt(x) dt

+

∫ T

0

∫
R+

∫
R+

κ(y, x)

(
1

2
φ(t, x+ y)− φ(t, x)

)
dµt(y) dµt(x) dt

+

∫ T

0

∫
R+

[(∫
R+

φ(t, y)a(x) d[b(x)] (y)

)
− φ(t, x)a(x)

]
dµt(x) dt

+

∫ T

0

∫
R+

φ(t, 0)β(t, µt)(x)µt(x) dt.

This is exactly the weak model formulation (5.3.1) if we take into account that the

measure b(x) is only supported in [0, x] by assumption.

5.4 A nonexpanding transport distance

We conclude this chapter by studying the transport distance introduced in the series

of papers [64, 65]. The authors Fournier and Perthame used it to investigate the

asymptotics of transport-type equations on a state space J , in particular to prove

nonexpansiveness of the semigroup of solutions. As it turns out, in most cases the

new distance is equivalent to a variant of the �at metric. In view of the concepts

and methods developed in stochastic modelling, in particular the theory of concen-

trating Feller operators, the nonexpansiveness o�ers encouraging possibilities for the

asymptotic analysis of measure solutions, see [99, 147, 148, 153].

In [65], the authors consider several transport-type models and for each equation

introduce a model-speci�c distance to show nonexpansiveness. To this end, they
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require a cost function ρ : J × J 7→ [0,∞) which satis�es

� ρ(x, x) = 0,

� ρ(x, y) = ρ(y, x) > 0 for x ̸= y.

Typically, the cost function will be of the form ρa(x, y) = min{a, |x − y|} for a

suitably chosen a > 0. In accordance with optimal transport theory the authors then

introduce a transport cost for probability measures related to the cost function ρ,

i.e for µ1, µ2 ∈ P(J) they considerTρ(µ1, µ2) = infν∈H(µ1,µ2)

∫
J

∫
J
ρ(x, y) ν(dx, dy),

H(µ1, µ2) := {ν ∈ P(J × J) with marginals µ1 and µ2}
(5.4.1)

Note that Tρ de�nes a distance on P(J) if ρ is a metric on J .

We start with the following simple but important observation.

Lemma 5.4.1. Let (J, d) be a metric space.

i) For a > 0 consider the cost function ρa(x, y) := min{a, d(x, y)}. Then ρa

de�nes a distance on J as well.

ii) If (J, d) is a Polish metric space, then (J, ρa) is also a Polish metric space.

Proof. i) Positive de�nitness and symmetry directly follow from the respective prop-

erties of d. To prove the triangle inequality let x, y, z ∈ J and we compute

ρa(x, y) =min{a, d(x, y)} ≤ min{a, d(x, z) + d(z, y)}
(∗)
≤min{a, d(x, z)}+min{a, d(z, y)} = ρa(x, z) + ρa(z, y),

where (∗) follows by a simple case distinction.

ii) The second statement follows immediately as for all (xn)n∈N ⊂ J and x ∈ J

d(xn, x) → 0 ⇔ ρa(xn, x) → 0 (n→ ∞) (5.4.2)

so that d and ρa induce the same topology.

Remark 5.4.2. Let (J, d) be a Polish metric space and let ρa be as in Lemma 5.4.1.

As (J, ρa) is also a Polish metric space by the previous lemma, the Kantorovich-

Rubinstein duality (cf. [159, Remark 6.5]) implies that Tρa is a Wasserstein distance
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for all µ1, µ2 ∈ P1(J) with representation

Tρa(µ1, µ2) = W̃1(µ1, µ2) := sup
|ψ|Lipρa

≤1

∫
J

ψ(x) d(µ1 − µ2)(x). (5.4.3)

Note, however, that the test functions ψ will be 1-Lipschitz continuous with respect

to ρa and not with respect to d which we indicate by | · |Lipρa . To emphasize

the di�erent set of test functions, we denote the resulting Wasserstein distance by

W̃1. Theorem 6.16 in [159] together with Lemma 5.4.1 implies that (P1(J), W̃1) =

(P1(J), Tρa) is also a Polish metric space.

We are now able to formulate our �rst equivalence result.

Proposition 5.4.3. Let (J, d) be a Polish metric space and let ρ̃F denote the �at

metric with underlying metric ρa, i.e.

ρ̃F (µ1, µ2) = sup

{∫
J

ψ d(µ1 − µ2) | ∥ψ∥∞ ≤ 1, |ψ|Lipρa ≤ 1

}
. (5.4.4)

Then for all µ1, µ2 ∈ P1(J)

ρ̃F (µ1, µ2) ≤ Tρa(µ1, µ2) ≤
1

max{a, 1}
ρ̃F (µ1, µ2).

In particular, the distances Tρa and ρ̃F are strongly equivalent on P1(J).

Proof. Let µ1, µ2 ∈ P1(J). According to Remark 5.4.2 we have the representation

Tρa(µ1, µ2) = W̃1(µ1, µ2) = sup
|ψ|Lipρa

≤1

∫
J

ψ(x) d(µ1 − µ2)(x).

This directly implies (5.4.4)

ρ̃F (µ1, µ2) ≤ Tρa(µ1, µ2).

For the other direction let ψ be a test function for Tρa with |ψ|Lipρa ≤ 1. We show

that ψ also corresponds to a test function for ρ̃F by proving that the test functions

are actually uniformly bounded. Indeed, without loss of generality the test functions

for W̃1 can be assumed to vanish uniformly at a prescribed point x0 ∈ J . This is
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due to the fact that µ1 and µ2 are both probability measures, so that

W̃1(µ1, µ2) = sup

{∫
J

ψ d(µ1 − µ2) | |ψ|Lipρa ≤ 1

}
=sup

{∫
J

ψ − ψ(x0) d(µ1 − µ2) | |ψ|Lipρa ≤ 1

}
=sup

{∫
J

ψ d(µ1 − µ2) | |ψ|Lipρa ≤ 1, ψ(x0) = 0

}
.

Now let ψ with |ψ|Lipρ ≤ 1 and ψ(x0) = 0. Then for all x ∈ J

|ψ(x)| ≤ |ψ(x)− ψ(x0)|+ |ψ(x0)| ≤ ρa(x, y) + |ψ(x0)| ≤ a,

so the test functions of W̃1 are uniformly bounded. This leads to

Tρa(µ1, µ2) =W̃1(µ1, µ2) = sup

{∫
J

ψ d(µ1 − µ2) | |ψ|Lipρa ≤ 1, ψ(x0) = 0

}
=sup

{∫
J

ψ d(µ1 − µ2) | ∥ψ∥∞ ≤ a, |ψ|Lipρa ≤ 1

}
≤ 1

max{a, 1}
sup

{∫
J

ψ d(µ1 − µ2) | ∥ψ∥∞ ≤ 1, |ψ|Lipρa ≤ 1

}
=

1

max{a, 1}
ρ̃F (µ1, µ2).

Remark 5.4.4. One could ask also how the metric Tρa relates to the �classical�

�at metric (with respect to the underlying metric d). We �rst note that any test

function which is 1-Lipschitz with respect to ρa is also 1-Lipschitz with respect to d

since for all x, y ∈ J

|ψ(x)− ψ(y)| ≤ ρa(x, y) ≤ d(x, y).

Following the proof of Proposition 5.4.3 the test functions for W̃1 can be assumed

to vanish uniformly at an arbitrary point x0 ∈ J and are thus uniformly bounded.
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Thus,

Tρa(µ1, µ2) =W̃1(µ1, µ2) = sup

{∫
J

ψ d(µ1 − µ2) | |ψ|Lipρa ≤ 1, ψ(x0) = 0

}
=sup

{∫
J

ψ d(µ1 − µ2) | |ψ|Lipρa ≤ 1, ∥ψ∥∞ ≤ a

}
≤ sup

{∫
J

ψ d(µ1 − µ2) | |ψ|Lipd ≤ 1, ∥ψ∥∞ ≤ a

}
≤ sup

{∫
J

ψ d(µ1 − µ2) | ∥ψ∥BL ≤ max{a, 1}
}

=
1

max{a, 1}
ρF (µ1, µ2).

In particular, the �at metric (with respect to the basic metric d) is stronger than

Tρa . A reverse inequality is in general out of scope as Lipschitz continuity with

respect to d does not imply Lipschitz continuity with respect to ρa, see also [136,

3.5]. However, if J is bounded, then the �at metric and the metric Tρa are strongly
equivalent on P1(J).

To see this, we �rst note that for bounded J all metrics of the form ρa(x, y) =

min{a, d(x, y)} are strongly equivalent. More precisely, for 0 < a ≤ b < ∞ a short

case distinction reveals

ρa(x, y) ≤ ρb(x, y) ≤
b

a
ρa(x, y). (5.4.5)

Now, we prove the equivalence of ρF and Tρa . Without loss of generality we assume

that a ≤ diam(J) as we we could otherwise just consider some multiple of the

diameter. Let ψ be a test function for the �at metric, i.e. ∥ψ∥BL ≤ 1. Then we

compute for all x, y ∈ J with (5.4.5)

|ψ(x)− ψ(y)| ≤ d(x, y) ≤ min{diam(J), d(x, y)} ≤ diam(J)

a
ρa(x, y),

so that the test functions are also Lipschitz continuous with respect to ρa. Hence
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we see

ρF (µ1, µ2) = sup

{∫
J

ψ d(µ1 − µ2) | ∥ψ∥∞ ≤ 1, |ψ|Lipd ≤ 1

}
≤ sup

{∫
J

ψ d(µ1 − µ2) | ∥ψ∥∞ ≤ 1, |ψ|Lipρa ≤ diam(J)

a

}
≤ a

diam(J)
sup

{∫
J

ψ d(µ1 − µ2) | |ψ|Lipρa ≤ 1

}
=

a

diam(J)
Tρa(µ1, µ2).

Proposition 5.4.5. Let (S, d) be a Polish metric space. Then Tρa metricises the

narrow topology on P1(J) (both with respect to ρa and d) and is thus (topologically)

equivalent to ρF .

Proof. According to Theorem 2.3.3, the �at metric ρF metricises the narrow topol-

ogy on M+(S), and thus also on P1(S). On the other hand, Theorem 6.8 in Ref.

[159] yields that the Wasserstein metric W̃1, i.e. Tρa , induces the narrow topology

on P1(S). We remark that à priori the underlying test functions for narrow con-

vergence di�er in their notion of continuity for both metrics. More precisely, the

test functions to check narrow continuity of ρF are continuous with respect to d,

whereas the test functions for Tρa are continuous for ρa. However, in view of (5.4.2)

the topologies generated by ρa and d coincide, so there is no need to distiguish be-

tween the underlying metrics. In particular, Tρa and ρF induces the same narrow

topology.

Example 5.4.6. The result of Proposition 5.4.3 can be applied to almost all exam-

ples in [65].

1. For the general renewal equation or growth-fragmentation on J = [0,∞) with

transport cost ρ(x, y) = min{a, d(x, y)} the above results are directly applica-

ble.

2. Similarly, this follows immediately for the space and age structure on J =

[0,∞) × Rd with transport cost ρ(x, z, y, r) = min{a, |x − y| + |z − r|} as

|x− y|+ |z − r| de�nes a metric on Rd+1.

3. The same is true for the multiple time renewal equation on J = {(x1, x2) ∈
[0,∞)2 | x2 > x1} with transport cost ρ(x1, x2, x̃1, x̃2) = min{a, 2|x1 − x̃1| +
|x2 − x̃2|}.
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5 Future perspectives and connection to other publications

4. Consider the case of the system of renewal equations on J = [0,∞) × T

with T = {1, ..., I} being the discrete Torus. The transport cost is given

by ρ(x, i, y, j) = min{a, d(x, y)}χ{i=j} + aχ{i ̸=j}. This corresponds to the set-

ting of J being I copies of the interval [0,∞) and the copies have uniform

distance a from each other, so that we introduce

J̃ =
I⊗
i=1

[0,∞), with d̃(xi, yj) =

d(xi, yi), i = j

a, else

Then d̃ is clearly a metric J̃ and we can apply the above results.

Among the examples discussed in [65] the only transport cost which does not de�ne a

metric on J = Rd is in the case of sexually structured populations with cost ρ(x, y) =

|x−y|p for some p > 1. ρ not being a metric implies that the Kantorovich-Rubinstein

duality does not provide the useful representation (5.4.3) for Tρ. Consequently, the
concept introduced by Fournier and Perthame is a true generalisation to our setting

in this case.
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6 Conclusion and outlook

The aim of this thesis was the study of �rst order nonlinear PDEs of the form{
∂tµt +∇x · (b(t, x, µt)µt) = c(t, x, µt)µt +

∫
Rd η(t, x, µt)(y) dµt(y) +N(t, µt),

µ0 = ν,

and how they can be appropriately extended to Polish metric spaces. To this end,

�rst of all, key functional analytical properties of the space of Radon measures un-

der the �at norm were established. Furthermore, the behaviour of the �at norm

could be characterised more accurately by several results, such as the closed formula

provided in Proposition 2.4.8 for the distance between a Dirac measure and a linear

combination thereof. In most cases, however, the explicit calculation of the �at norm

is di�cult in the absence of a general analytical ground truth. This problem has

been addressed by a recent approach using neural networks, with the main concepts

brie�y discussed here in this thesis.

In the second part of the thesis, the above PDE was examined on the Euclidean

space Rd in a weak sense. To start with, a linear version of the model was consid-

ered that exhibited no state-independent in�ux N , which results in the associated

di�erential operator being linear. Consequently, one could pass to the dual problem

and derive an implicit integral representation for the dual solution φψ,t using the

method of characteristics. The dual problem was then solved by a �xed point argu-

ment and its solution φψ,t was used to construct a solution to the primal problem.

However, since the model functions are not autonomous, delicate regularity results

for φψ,t were required for this step. In particular, one had to establish Fréchet

di�erentiability of φψ,t in the parameter t using the Implicit Function Theorem in

order to show that the constructed solution µt is indeed solving the weak formula-

tion. Subsequently, using Duhamel's principle, a solution to the linear model with

state-independent in�ux N was established, and uniqueness of solutions was proven.

Finally, the non-linear problem could be solved through a reduction to a suitable

linear problem.

The next chapter of the thesis dealt with the extension of the model to Polish metric
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6 Conclusion and outlook

spaces and the corresponding well-posedness theory. For this purpose, a model for-

mulation based on an implicit integral representation has been introduced to avoid

the generally unavailable concept of PDEs. With this representation it was then

possible to construct unique (generalised) solutions, �rst in the linear and then in

the nonlinear case. It was also shown that the generalised modelling concept is a

real extension of the PDE model, as both coincide in the Euclidean case.

In the �nal part of the thesis, the developed framework was then examined regard-

ing applications. In addition to various sketches of modelling examples, it was also

shown that measure di�erential equations can be represented. By a small modi�ca-

tion of the weak formulation it is even possible to treat coagulation-fragmentation

models.

In summary, this thesis has thoroughly explored the well-posedness of nonlinear

models in measures, both for the �rst order nonlinear PDE version as well as the

generalised approach on Polish metric spaces. The natural next step is now to in-

vestigate the asymptotics of measure solutions in more detail. In particular, the

theory of concentrating Feller operators developed in Refs. [99, 147, 148] o�ers a

promising ansatz for exploring the long-time behaviour of measures on Polish met-

ric spaces. The foundation for this has already been laid by several results in this

thesis. For example, uniform tightness of the solutions was established for all times

under stronger modelling assumptions. Furthermore, it has been shown that the

�at metric is topologically equivalent to the transport distance Tρ introduced by

Fournier and Perthame in Refs. [64, 65] to prove nonexpansiveness of conservative

transport-type equations. Nonexpansiveness is a key property in Feller theory for

proving the existence of an invariant measure, which in turn is the most promising

candidate for an asymptotic limit of measure solutions. As an alternative approach,

we mention the recently published paper Ref. [48] which deals with asymptotic sta-

bility of MDE solutions and Lyapunov functions. Possibly, these concepts can also

be transfered to the framework considered in this thesis.
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Related publications

Most of the results presented in Chapters 2 and 4 as well as Section 5.1 have already

been presented in the following publications

C. Düll, P. Gwiazda, A. Marciniak-Czochra, J. Skrzeczkowski (2021)

Spaces of Measures and their Applications to Structured Population Models.

Cambridge Monographs on Applied and Computational Mathematics, Cam-

bridge University Press,

C. Düll, P. Gwiazda, A. Marciniak-Czochra, J. Skrzeczkowski (2024) Struc-

tured Population Models on Polish spaces: A uni�ed Approach including Graphs,

Riemannian Manifolds and Measure Spaces to describe Dynamics of Hetero-

geneous Populations. Mathematical Models and Methods in Applied Sciences,

34 (1), p.109-143.

Section 2.5 summarises the content of the following preprint

H. Schmidt and C. Düll (2023) Computing the distance between unbalanced

distributions - the �at metric. arXiv preprint:2308.01039, 2023.

Additionally, the following paper was produced during my doctoral studies and

brie�y addressed in Section 5.2

C. Düll, P. Gwiazda, A. Marciniak-Czochra, J. Skrzeczkowski (2023) Measure

di�erential equation with a nonlinear growth/decay term. Nonlinear Analysis:

Real World Applications, 73, 103917.
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