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Abstract

This thesis deals with Radon measures and how they can be used to extend nonlinear
structured population models from the classical Euclidean state spaces to abstract
Polish metric spaces. To this end, we first investigate the functional analytic proper-
ties of the space of Radon measures under the flat norm and show that in some sense
the latter generalises the well-known Wasserstein distance W from the conservative
to the unbalanced case. We then apply variational inequality theory to derive an
explicit formula for the flat distance between a linear combination of Dirac deltas

and a fixed Dirac measure.

The second part of the thesis deals with structured population models in measures.
As a start, we consider the Euclidean case and prove well-posedness of the linear
model, first without and then with state-independent influx, using Duhamel’s prin-
ciple. Subsequently, the nonlinear model is solved via a reduction to a linear model
with frozen measure arguments.

The gathered insights in the R? case enable us to abstract the necessary concepts so
that we can transfer the model formulation to general Polish metric spaces. However,
in the absence of a vector space structure, we cannot rely on a governing differen-
tial equation, and introduce a suitable implicit integral representation instead which
serves both as model and notion of solution. A major step towards well-posedness
of the involved Bochner integrals is given by the structure of the space of measures

and its favorable properties under the flat norm.

We conclude with various outlooks on the applicability of our theory. At first,
several ideas for promising models in measures that can fully exploit the abstract
Polish state spaces are sketched. Afterwards, we show how to incorporate measure
differential equations and - with a minimal adaptation- also the class of coagulation-
fragmentation models into our framework. Finally, it is proven that our flat norm
is closely related to a transport type distance developed by Fournier and Perthame

to study the asymptotics of nonexpanding transport processes.
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Zusammenfassung

Diese Arbeit befasst sich mit der Erweiterung nichtlinearer strukturierter Bevol-
kerungsmodelle von den klassischen euklidischen Zustandsrdumen auf polnische me-
trische Raume. Zu diesem Zweck nutzen wir eine Formulierung in Mafen und unter-
suchen die Eigenschaften des Raums der Radon Mafe unter der flachen Norm. Weit-
erhin zeigen wir, dass die flache Norm im gewissen Sinne die bekannte Wasserstein-
Distanz W; vom konservativen zum unausgewogenen Fall verallgemeinert. An-
schliefend wenden wir die Theorie der Variationsungleichungen an, um eine explizite
Formel fiir den flachen Abstand zwischen einer Linearkombination von Dirac-Deltas

und einem festen Dirac-Maf herzuleiten.

Der zweite Teil der Arbeit beschiftigt sich mit strukturierten Populationsmod-
ellen in Mafen. Zun&chst betrachten wir den euklidischen Fall und beweisen die
Wohldefiniertheit des linearen Modells, zunéchst ohne und dann, unter Verwendung
des Duhamelschen Prinzips, mit zustandsunabhéngigem Zufluss. Anschliefend wird
das nichtlineare Modell durch eine Reduktion auf ein lineares Modell mit eingefrore-
nen MaRargumenten gelost. Die gewonnenen Erkenntnisse im R9-Fall ermdglichen
es uns dann, die notwendigen Konzepte soweit zu abstrahieren, dass wir die Mod-
ellformulierung auf allgemeine polnische metrische Raume {ibertragen konnen. In
Ermangelung einer Vektorraumstruktur kénnen wir uns jedoch nicht auf eine Dif-
ferentialgleichung berufen und fiihren stattdessen eine geeignete implizite Integral-

darstellung ein, die sowohl als Modell als auch als Losungsbegriff dient.

Abschliefsend geben wir verschiedene Ausblicke auf die Anwendbarkeit unserer The-
orie. Dafiir werden zunéchst einige Ideen fiir Modelle in Mafsen skizziert, die die
abstrakten polnischen Zustandsrdume voll ausnutzen kénnen. Danach zeigen wir,
wie Mafkdifferentialgleichungen und - mit einer minimalen Anpassung - auch die
Klasse der Koagulations-Fragmentierungsmodelle in unserem Ansatz mit einbezo-
gen werden konnen. Zum Schluss untersuchen wir die enge Verwandschaft unserer
flachen Norm zu einer Transportdistanz, die von Fournier und Perthame fiir das

Studium der Asymptotik nicht expandierender Transportprozesse entwickelt wurde.






Acknowledgements

First of all, T want to express my deepest gratitude to my supervisor Prof. Dr.
Anna Marciniak-Czochra who, without knowing me, immediately accepted me into
her working group. I still greatly appreciate the opportunity she gave me as a young
Master’s graduate to co-author a scientific textbook. This honor is not given to
many doctoral students and the decision influenced my entire doctoral career from
the fruitful collaborations with Warsaw to my teaching at university all the way to
the topics of this thesis. Even in more chaotic times, such as the Corona pandemic
or the birth of my children, she always supported me and allowed me to complete
my projects and duties in my own way and at my pace.

I would also like to thank the countless people I have had the pleasure of meeting
during my time at the faculty, especially Chris, Maria, Filip, Frits, Finn, Denis,
Carolin and Theo. It was the shared conversations, Christmas parties, lunches and
(mathematical) discussions that made my time here come alive. Outside of Heidel-
berg University, I especially would like to thank Kuba, who was always open to my

problems and who more than once pointed me in the right direction.

Last but not least, I want to thank my family for their constant support, not only
during my doctoral studies but also during my entire time in Heidelberg. Because of
you, I never lost the ground under my feet and also got some much needed distraction
when my mathematical problems seemed unsolvable. Special thanks goes to my wife
for being my soul mate and strong partner in all situations. Without you, I might
have never knocked on Anna’s office door in the first place. I hope that we will have

many more adventures together.

vii



viil



Notation

Basics
N, Ny
R, R*, R
®£\;1 A
B(S)
diam(X)
B, ()
B,(A)
lin(A)
supp(f)
supp (1)

Special Functions

1

XA

fi
b

C

Xy
(,0’(/),t

Special Measures

)\d
0

D)\d,u
Lo

Set of all natural numbers; Ny := NU {0}

Set of all real numbers; R* = [0,00); R := R U {400}

Cartesian product of the sets 4;, i =1,.... N

Borel sigma algebra of the set .S

Diameter of the metric space (X, d); diam(X) = sup, ,c5d(7,y)
Open ball of radius r around z; B.(z) :={y € S | d(z,y) < r}
Open r-neighbourhood of A; B.(A) :={y € S| d(y,A) <r}
Linear span of A; lin(A) = {>;_, ayxi | n € N,ay € R,z € A}
Support of the function f, supp(f) ={z € S| f(z) # 0}
Support of the measure p; supp(pu) = {A € B | u(A4) # 0}

Counstant 1 function

. . 1, z€A
Characteristic function of the set A; ya(z) =

0, else
Positive resp. negative part of the function f; f* := max{=£f, 0}
Vector field of the transport term
Linear growth term
Mutation kernel
State-independent influx
Flow of the vector field b; solution to the ODE (3.2.1)
Solution to the dual problem (3.3.1)

Lebesgue measure on RY

) 1, z€A
Dirac measure located at z, §,(A) =

0, else
(Radon-Nikodym) Density of u with respect to A%
Short for {/u: }eo,n

Push-forward of p under the map T; Tyu(-) = u(T1())

X



(Semi-) Norms and Metrics

]

|f|Lip> |f‘Lipd

1 loo
1fllBL

[
1f11x.g
|1l(A)
ey
el pr

Wl(ﬂa l/)
7] 2,

Spaces

CHX;Y), C¥(X)

Ct; Cy
Co(X)

LY ()
BL(X;Y)

Standard Euclidean norm on R or R?

Lipschitz constant of f: (S,d) — R;

iy 1= sup,, Ll

Supremum norm of f: (S,d) = R; || f]l« := sup,eg | f(2)]
Bounded Lipschitz norm of f: (S,d) — R;

1/l 5 := max{]| flloc, [ f|Lip}

Bielecki norm; || f]|x = sup(, »)eporyxre € 7| f (7, 2))|
Generalised Bielecki norm; see (4.2.7)

Variation of u; see Definition 2.1.2

Total variation norm; ||u||ry = |u|(S)

Flat norm and corresponding flat metric;

el e = supyyy <1 [ du

Wasserstein-1 distance; Wi (u,v) = SUD || ipes fsw d(p —v)

T
L' norm of n; H77HL1T(BL(S;M+)) = fo 1m(t, )| BLesmey di

Space of k-times continuously differentiable functions X — Y
C*(X) := CHX;R)

C* functions which are compactly supported resp. bounded
Space of continuous functions X — R vanishing at infinity
Space of functions which are integrable with respect to u
Space of bounded Lipschitz functions X — Y

Dual space of X; X*:={T: X — R | T linear and bounded}
Space of positive linear functionals on BL(S);

BL(S)} :={T € BL(S)" | T(v) > 0Vy € BL(S),v > 0}
Space of finite and signed Borel measures on S

Space of probability measures on S

Cone of nonnegative finite Borel measures on S

MT(S) measures with integrable first moment;

ME(S) = {pe MH(S) | [yd(z, o) du < oo}

Closure of M(S) under the flat norm; £ := WH'”BL*(S)
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1 Introduction

Mathematical methods and in particular differential equations have long been an in-
tegral and successful component in the modelling and analysis of physical, chemical
and biological systems. They allow an abstract view of the underlying mechanisms
and are often able to identify the essential components of the involved processes.
Conversely, mathematical methods must constantly adapt to new research topics
and experiments of the applied sciences. From time to time these even provide
impulses for the development of new mathematical concepts when the existing ap-
proaches are insufficient.

Specifically, in this thesis we consider problems that address the dynamics of het-
erogeneous populations such as cells, animals and plants which can be structured
with respect to an underlying structuring or state variable [40], so called structured
population models. As it stands, these kind of models are used in a broad spectrum
of applications ranging from cell biology [157, 160], immunology [110], epidemiology
[30, 41] and stage of cell differentiation [42, 72, 78, 168| to demography [20, 57, 116],
ecology (86, 116] and environmental economics |8|.

Typically, structured population models apply ordinary differential equations (ODEs),
stochastic differential equations (SDEs) or partial differential equations (PDEs) to
describe the evolution of the population and use the structuring variable to incorpo-
rate information on physical or biological properties. A common distinction is drawn
between intrinsic state variables, which often describe physiological characteristics
of the individuals in the population including age [32, 68|, size |5, 42, 47, 82] or stage
of infection [108, 162|, and extrinsic variables, such as spatial distribution induced
by heterogeneity of the environment [6, 16, 74, 91].

For simplicity, in many cases the structured variable is assumed to be discrete, which
leads to compartmental models describing birth-death processes with transitions be-
tween the different discrete states. Despite the limiting assumption of discrete states,
compartmental models are still powerful enough to capture the essential aspects of
many processes |36, 139, 144|. For example, in Refs. [115, 142, 163] compartmen-
tal models significantly contributed to the quantification of stem cell traits such as

proliferation, self-renewal or quiescence in developmental and regeneration processes



1 Introduction

and in cancer, see also [105, 145|. Furthermore, they revealed novel aspects of the
role of systemic and microenvironmental feedback loops and highlighted heterogene-
ity [143], clonal evolution [141] and cell-cell interactions [93, 134, 146].

However, due to the recent advances in high dimensional data acquisition, like single
cell sequencing methods, biologists are now able to collect data on an unprecedented
scale which occasionally challenges established knowledge or puts it in a different
context. For example, it was long assumed that populations of cells in the same
cell state were homogeneous, but in view of the new data resolution they turned
out to be remarkably heterogeneous. Even more, ordering transcriptomes along a
one-dimensional “pseudotime” curve using statistical data analysis as well as in silico
pathway analysis and functional assays, showed that certain functionally different
cell states exhibit a fair degree transcriptional similarity, suggesting the existence of
some continuous cell state transitions [61, 84].

Classically, continuous transitions are either modelled by transport-type PDEs or us-
ing delay differential equations (DDEs). The latter apply ODEs together with delays
to express, for example, duration of immunity [11|, maturation time |5, 71, 83, 165]
or effect of predation [127|. Due to the delayed time dependence DDE systems are
inherently infinite dimensional. Specifially for structured population models, the
corresponding delay formulation has enabled new techniques for the analysis of lin-
earised stability and Hopf bifurcations |20, 38, 39].

That said, the analysis of single-cell data also revealed several aspects that cannot
be directly addressed in a classical PDE or DDE setting, such as the coexistence of
continuous and discrete (jump) transitions 78], loops or multiple structures. Con-
sequently, linking the single cell data to mechanistic mathematical modelling of the
underlying processes requires a new formulation of the models admitting the envi-
sioned complexity of the cell state space [36].

Hence, in this thesis, we focus on a promising approach that has undergone a strong
development in recent years, namely formulating PDE models in the space of Radon
measures [1, 23, 55, 56, 81, 150, 151, 152|. Measures have the advantage that they
can not only represent discrete and continuous structures but also mixtures of both
[2], thus allowing for irregular behaviour such as jumps or concentration effects.
Furthermore, the underlying state spaces for measures require very little structure
which makes them ideal candidates for formulating models on non-Euclidean spaces,
including graphs, networks or manifolds. For a convenient usage of measures in the
PDE models, though, a unified well-posedness theory for such problems was missing

and so existence and uniqueness of solutions had to be shown for each new problem



individually [3, 54, 65, 66, 79, 80]. This changed with the publication of the book

Ref. [44] which extended a broad class of structured population models of the form

815[’61? + V- (b<t7 Z, ,ut):ut) = C(tv L, Mt)l’bt + fRd n(tu Z, Mt)(y) d:ut<y) + N(tv /'Lt)u
Ho =V,
(1.1.1)

to generalised models on proper metric spaces and established a suitable well-
posedness theory. We refer to Remark 2.3.5 for a definition of properness and
to the beginning of Chapter 3 for a thorough description of the model functions.
Since metric spaces S generally lack a linear structure, the concept of derivatives
is unavailable and thus the PDE (1.1.1) does not make sense on the state space S.
So instead of characterising the transport process using a differential equation, we
establish an explicit description using a push-forward operator. This results in an
implicit integral representation which is motivated by the method of characteristics

in the Euclidean case,

X(t 0, ,No) (,uo( )efocs , X (5,0, o), pis) ds >
/X T bt (/ WT’%NT)(')}duT(y)eﬁC(S’X“’Twm%“s)ds) dr  (1.1.2)

+ /0' X(t77—7 ) ,LL.)# (N(T7 ILLT)<.> f C(S X(S T, ,Ho) ) dT

On the abstract state space, the implicit representation serves both as the model
and as the notion of solution, see Chapter 4 for a detailed description. However, the
assumption that the underlying space is proper turns out to be quite strong. Suppose
for a moment that the space is actually normed. In this case, basic functional
analysis yields that S is necessarily finite dimensional {131, 1.22]. In order to avoid
this limitation, the subsequent paper Ref. [46] showed that separable and complete
metric spaces, so-called Polish metric spaces, are already sufficient to guarantee well-
posedness of the generalised model (1.1.2) and thus allowing for infinite-dimensional
state spaces. The results obtained in Refs. [44, 46] serve as the basis for this
thesis and as a starting point for further studies which extend or complement the
existing theory. A detailed description of the results is given in the Section Scientific

Contribution.

From the modelling perspective, a unified well-posedness theory for models defined

on a rich class of state spaces provides some interesting possibilities. On the one
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hand, there are already several approaches to infer governing PDEs from data with
the help of deep neural networks [103, 104, 140]. In this setting, our framework could
form the basis for learning discrete as well as continuous processes simultaneously
without having prior knowledge or limiting assumptions regarding the structure of
the process. At the same time, our theory also allows us to investigate the influ-
ence of the state space on the resulting models. For example, recently two similar
cell state models have been compared, which differ only in being formulated on
an underlying continuous or graph-based state space [29]. However, due the lack
of a uniform setting both alternative models had to be studied separately. In the
future, such questions could hopefully be addressed with the help of inverse prob-
lems using mechanistic models of biological processes and associated data. For the
analysis of single cell data, the question of the state space structure is essential,
and in this context, model-based approaches can be a valuable instrument alongside
the topology-based [112, 125, 128], geometric [95] or statistical techniques currently
used for data analysis.

From a mathematical viewpoint, our framework is designed to generalise transport-
type PDEs to models beyond the classical R? setting and is thus not limited to
models of mathematical biology, but can also be used in the fields of pedestrian
flows, crowd dynamics [13, 14, 15| or fluid motion [90]. There are currently several
approaches considering pedestrian flows on (road) networks [22, 88| and ideal fluids
have already been studied in a noneuclidean setting, at least on spheres [137]. So
the possibility of allowing for more general state spaces, such as the torus, could
enable a plethora of new interesting research topics.

Furthermore, the model formulation in measures on Polish metric spaces creates a
connection to concepts and methods developed in stochastic modelling, in particular
to the theory of concentrating Feller operators. These provide encouraging results
for the asymptotic analysis of measure solutions [99, 147, 148, 153]. For example,
the asymptotics of transport-type equations can be linked to ergodic properties of
Markov processes [85|. Further asymptotic results of certain measure valued solu-
tions can be found in Ref. [58, 67].

In addition to the generalised modelling framework, the implicit integral represen-
tation (1.1.2) reveals an intriguing relationship to the theory of optimal transport
(OT) problems. For simplicity, consider the conservative case with ¢,n, N = 0 in
which the initial measure pq is just moved according to the map X (t,-,0). In this
scenario, formula (1.1.2) reduces to pu; = X(¢,-,0)xp, i.e. the solution s solves an
OT problem with transport map X (t,-,0) (see [159, p.16-17]). Differently speak-



ing, from an OT perspective formula (1.1.2) provides a substantial extension to the
simple (linear) transport case by introducing several additional effects that can in-
fluence the movement of the optimal flow. For instance, this allows growth processes
to be incorporated in order to consider unbalanced OT problems, such as those used
to determine cell fate trajectories [133, 167]. Conversely, if at some point methods
for parameter estimation are available for our framework, it raises the hope that for
explicit processes appearing in applications it will be possible to distinguish which

effects are responsible for which part of the flow dynamics.

A similar, but slightly different approach to the one discussed in this thesis is given
by the theory of measure differential equations (MDEs) [21, 24, 45, 119, 123] which
use a measure-valued transport velocity to describe for example pedestrian flows in
the Euclidean space. The transport velocity is prescribed by a so-called measure
vector field (MVF), a nonnegative measure on the tangent space of R? that assigns
a distribution of possible transport velocities to each point z € R?. So in contrast
to the usual transport models, MVFs allow for more general directions in each
point. This can be particularly interesting for modelling RNA velocities, which
were previously limited to one main direction of movement [98, 106]. Newer methods
based on deep neural networks instead calculate empirical posterior distributions of
RNA velocities and thus achieve better and more stable results [69]. However, as
we show in Section 5.2 most MVFs can be represented by a particular choice of the

flow b, and thus MDEs are merely a special case of our framework.

Scientific Contribution

With this dissertation I extend and complement the results that have been developed
in Refs. [44, 46]. The first part of this thesis is thus devoted to the space of Radon
measures M™ under the flat norm and its general functional analytical properties.
To better understand the behaviour of the flat norm, Piccoli’s alternative character-
isation [121], which connects the flat metric with the total variation norm and the
Wasserstein distance W, is extended from R? to general proper spaces. This then

enables to derive a closed formula for the flat distance between measures of the form

N
PF (C(Sxoa Z bzaxz)

=1
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using variational inequality theory [70]. A closed formula for the distance between
any two linear combinations of Dirac measures is unfortunately out of reach due to
the lack of a corresponding result for the Wasserstein distance. This part of the
thesis then concludes with a detailed summary of the preprint Ref. [135] which uses
a neural network (NN) to compute the flat norm between two arbitrary measures.
As a starting point, we use the results of Anil, Lucas and Grosse, which apply a
NN to calculate the Wasserstein distance W; between two measures [9]. Due to
the similarity of the Kantorovich-Rubinstein duality with the definition of the flat
metric, we are in the position to preserve the structure of the original network and
only modify the corresponding loss function.

The second part of the thesis addresses well-posedness theory of structured popula-
tion models in measures. In this context, I first focus on models in R? of the form
(1.1.1), which have not yet been investigated in this generality. In particular, the
state independent influx N ensures that the associated differential operator is not
linear in the solution p;, and thus passing to the corresponding adjoint operator is
not possible. To overcome this problem, I first consider the linear version of the
model without the disturbing state-independent influx. In this case, the dual prob-
lem can be solved with the method of characteristics and a fixed point argument,
providing an implicit representation formula for the dual solution ¢y, ;, see Proposi-
tion 3.3.1. However, in contrast to the model analysed in Chapter 2 of [44], in this
thesis the model functions are assumed to be time-dependent, and thus the con-
struction of a measure solution to the primal problem from ¢, ; requires additional
effort. In particular, Fréchet differentiability of the map ¢ +— ¢, is needed to show
that the measure solution p, actually satisfies the weak formulation. The necessary
regularity is established in Proposition 3.3.16 using the Implicit Function Theorem
in Banach spaces. Subsequently, well-posedness as well as Lipschitz continuity re-
sults are shown.

In a second step, the state-independent influx is added to the linear model. Using
Duhamel’s principle, a solution to the modified problem is constructed and the cor-
responding regularity assumptions are transferred. At this point, one can also prove
uniqueness of the solution to the full linear problem by resorting to a suitably cho-
sen dual problem. In analogy to the procedure in Ref. [44], the nonlinear problem
is then solved via a reduction to a linear problem. To this end, the time interval
is divided into an equidistant grid and the nonlinearities are frozen, resulting in a
linear problem. Using the established estimates of the linear case, one can show

that the approximative solutions form a Cauchy sequence and thus converge to a



solution of the nonlinear problem. However, this approach only provides existence
and continuous dependence of the solution, whereas uniqueness will only follow from
the methods in Chapter 4.

The treatment of the Fuclidean case concludes with the observation that the solu-
tions constructed here are bounded on the considered time interval [0, 7] for any
T, and therefore the measure solution p; can be continued for all times. However,
in this situation the mass may escape to infinity. To prevent this undesirable be-
haviour, the whole family of solutions {y; | ¢ € [0,00)} has to be tight which in the
linear case can be achieved by the Theorem of Prokhorov together with upgraded
regularity assumptions to establish bounds uniform in 7. The tight extension of
the measure solution for all times is the first step for analysing the asymptotics of
measure solutions using the methods developed for concentrating Feller operators,
see [99, 147, 148]. Though, this will only be the subject of future studies.

The next part of the thesis focuses on the extension of models in measures to Polish
metric spaces, where the presented results led to the publication Ref. [46]. Metric
spaces generally lack a linear structure so that one cannot rely on the method of
characteristics for constructing solutions. Consequently, there is also no need to en-
sure sufficient regularity of the dual solution and thus the model functions manage
with less regularity assumptions in time, compared to Chapter 3. Instead of the
PDE (1.1.1), the implicit integral representation (1.1.2) is used both as a model and
notion of solution. In the formula, X denotes the generalisation of the flow of the
vector field X, which in turn is the solution of the ODE

atXb(tv T, T, :u0> = b(t7 Xb<t7 T,T, ,LL.), :ut) Xb(T; T,T, ,U.) = .

The assumptions that were placed on X in Ref. [46] were strongly inspired by
the properties of the flow X,. In this thesis, however, it turned out that Lipschitz
continuity of X provides sufficient regularity for all the proofs, so that the former
assumption of a bi-Lipschitz homeomorphism could be relaxed significantly. Using
a fixed point argument and the implicit integral representation (1.1.2), unique gen-
eralised solutions can be constructed to both the linear and the nonlinear model.
Furthermore, it is shown that the new framework is indeed a natural extension of
the PDE model since the generalised and the measure solution to the PDE (1.1.1)
coincide in the Fuclidean case.

The last part of the thesis deals with possible applications of the presented theory.

After sketching a few potential models, I demonstrate that the concept of measure
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differential equations (MDEs) introduced by Piccoli in [119, 123], can already be
reproduced by the theory presented in this thesis. More precisely, central element
of the MDEs is the measure-valued transport velocity, called measure vector field
(MVF) which can be seen as a velocity distribution at each location. Using Dis-
integration Theorem together with a suitable choice of the flow b can mimic the
modelling effect of a MVF.

Another important class of models, the coagulation-fragmentation models, cannot
be realised directly by the framework discussed in Chapter 3, and so Lyons, Ackleh
an Saintier had to establish a separate- but quite elegant- well-posedness theory
[2]. One of the key model functions in this type of equation is the coagulation
kernel, which describes how particles of size x coagulate with particles of size y.
This simultaneous x and y dependence translates to the test functions of the weak
formulation which is not intended in the framework described above. However, I
modified the weak formulation by adding a slightly adapted mutation kernel n which
can account for this kind of dependencies. Fortunately, the modification does not
significantly change the estimates of the original framework, so that the coagulation-
fragmentation models can now be treated without any problems. Additionally, the
established results on the continuous dependency of solutions by can also be applied
directly to the model treated in [2].

Finally, I consider the transport distance 7, developed by Fournier and Perthame
for the study of nonexpanding transport equations. In the cases in which 7, is ac-
tually a metric, it is a modified version of the Wasserstein distance W;. I was able
to show that 7, is strongly equivalent to a flat metric with an adapted distance on
the underlying state space. Furthermore, the classical flat metric and the transport
distance are both complete and metricise the narrow topology and are thus at least
topologically equivalent. This is another important intermediate step for asymptotic

analysis of measure solutions.

Outline of the thesis

In Chapter 2 we shortly introduce the most important concepts from measure theory
that are necessary for the remainder of this thesis and prove basic properties of the
space measures under the flat norm. Furthermore, we explore the connection of the
flat norm to optimal transport theory by generalising the alternative characterisa-
tion of Piccoli to proper metric spaces. Afterwards, a closed formula for the flat

distance between a Dirac delta and a linear combination of Diracs is proven using



variational inequality theory. We conclude this chapter by a summary of preprint
which exploits machine learning to compute the flat distance between arbitrary dis-
tributions when no analytical ground truth is available.

The heart of this thesis deals with structured population models in measures, first on
R? (Chapter 3), where we can work with a PDE formulation and then on arbitrary
Polish metric spaces (Chapter 4). To solve the Euclidean case, we first consider
a linear version of the PDE without state independent influx N in Section 3.3, so
that the differential operator is linear in the solution and we can thus pass to the
corresponding adjoint operator, i.e. the dual problem. The method of character-
istics provides an implicit integral representation, and hence a unique solution to
the dual problem can be constructed with a fixed point argument. We then use
the dual problem and its solution to solve the primal problem. In Section 3.4, the
state-independent influx NV is added and a corresponding solution is constructed
using Duhamel’s principle. Furthermore, uniqueness for the linear model is estab-
lished. In order to solve the nonlinear case in Section 3.5, we first divide the time
interval into subintervals and freeze the nonlinearities which leads to a linear model.
Using the already established results from the linear case, it can be shown that the
approximative solutions form a Cauchy sequence and thus converge to a solution of
the nonlinear problem by completeness. Note, however, that at this point unique-
ness for the nonlinear case is out of reach, but will only result from the methods
developed in Chapter 4. At the end of Chaper 3, we prove tightness of solutions to
the linear model for all times. To this end, we have to upgrade the assumptions to
get estimates which are uniform in 7.

In Chapter 4, we utilize the insights from the previous chapters to abstract the rele-
vant concepts as far as possible and are thus able to formulate a generalised version
of the structured population model for Polish metric spaces which does not rely on
differential equations. Instead of a PDE model, we use an implicit integral repre-
sentation. Here, the convenient functional analytic properties of the space of Radon
measures M™ under the flat norm guarantee that the occuring Bochner integrals
are well-defined. Existence and uniqueness are proven by a fixed point argument,
first in the linear (Section 4.2) and then in the nonlinear case (Section 4.3). The
chapter is concluded with Section 4.4, where it is shown that both modelling ap-
proaches coincide in the R? case and, while simultaneously, establishing the missing
uniqueness for the PDE model of Chapter 3.

In Chapter 5 we place the new framework in the context of current research. To this

end, we sketch several model applications which make full use of the abstract state



1 Introduction

spaces. Additionally, we show how we can include the concept of measure differen-
tial equations. By a minimal modification of the mutation kernel 7, we can even
incorporate the class of coagulation-fragmentation models into our framework, see
Section 5.3. Finally, we show that our flat norm is strongly related to a transport
distance introduced by Fournier and Perthame in [65] for nonexpansive transport

equations.
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2 The space of measures

In this chapter we introduce the main concepts of measure theory that are essential
for the rest of this thesis. Apart from basic measure theoretic principles, we study
the functional analytic properties of the space measures under the flat norm and
examine the behaviour of the corresponding flat metric.

As always, continuous functions from a space X to a space Y are denoted by
CY(X;Y). The subset of bounded continuous functions is indicated with a sub-
script b, i.e. C(X;Y), and similarly compactly supported functions are denoted by
CYX;Y). f Y = R, we omit the second argument and write C°(X). Unless stated
otherwise, we will consider a metric space (5, d) which is assumed to be Polish, i.e.

separable and complete.

2.1 Basic measure theory

In this thesis we will work with signed Borel measures on (S, d) and we refer to |62,
Chapter 3.1| for basic definitions. In view of Hahn-Jordan Decomposition Theorem,
any signed measure p has a unique representation p = ut — p~, where u™, u= are
nonnegative measures which are mutually singular. If both p*(S), u=(S) < oo,
p is said to be finite and the space of all finite Borel measures on (S,d) is
denoted by M(S). According to [94, Theorem 13.6] those measures are Radon.

The corresponding cone of nonnegative measures is defined as
MT(S) = {p e M(S) | p =0},

where the partial ordering "<" on M(S) is given setwise, i.e. p < viff u(A) < v(A)
for all A € B(S).

In some cases, we have to consider the subspace of nonnegative measures with
integrable first moment which is given by

/Sd(x,xo) dp < oo} ,

MF(S) = {M e M*(S)

11



2 The space of measures

and o € S being an arbitray point. It is easy to see that M7 (S) does not depend
on the choice of zy. As usual, for any p € M(S) the space L'(u) denotes the set of
functions S — R which are integrable with respect to p.

When treating measures in M(S), we will use the following notion of convergence.

Definition 2.1.1. A sequence of measures (fn)nen C M(S) converges narrowly
to a measure p € M(S), if the sequence converges in duality with all continuous and

bounded functions, i.e.

lim [ ¢(z)du,(z /¢ ) dp(z Vi € Cy(S).

n—o0 S

A map pe 2 [0, T] = M(S), t = uy is called narrowly continuous if e is contin-

uwous with respect to narrow convergence, i.e.
lim [ ¢(z)dps(x /w ) dpy (e Vi € Cy(S) and ¥t € [0,T).

Definition 2.1.2. (i) For a measure p € M(S) with corresponding Hahn-Jordan
decomposition u*, u~ the variation |u| of p is defined by

ul(A) =" (A) +p(4) VA€ B(9).

(i) A set N C M(S) is called tight if for each ¢ > 0 there exists a compact set
K C S with

(SN K) <e VpeN,

In particular, a sequence (ji,)nen C M(S) is tight, if N .= {u, | n € N} is
tight and a single measure p is tight, if {u} is tight.

The famous Theorem of Prokhorov provides an important connection between tight-
ness and sequential compactness in the topology induced by narrow convergence. We
omit the proof here and instead refer to [44, 1.55] where we presented the elegant
proofs of |35, Theorem 2.3| and [96, Theorem 8.9].

Theorem 2.1.3. Let (S,d) be Polish and F C M™(S) with sup u(S) < co. Then

neF
the following statements are equivalent.

i) F is tight.

12



2.1 Basic measure theory

ii) The closure of F with respect to narrow convergence is sequentially compact.

Corollary 2.1.4. Let (S,d) be Polish and (pin)ney € MFT(RY). If p, — p €
MT(R?) narrowly, then {u, | n € N} is tight.

Proof. Narrow convergence implies that

un(S)Z/ldun%/lduzu(Skoo,
S S

and in particular sup, ey n(S) < o0o. By construction the set {p, | n € N} is
relatively sequentially compact with respect to narrow convergence so that Theorem
2.1.3 yields the claim. O]

Next, we introduce the concept of push-forwards which shift measures from one

space onto another via a measurable map.

Definition 2.1.5. [18, §3.6] Let (X, A) and (Y,B) be two measure spaces and let
T: (X, A) — (Y,B) be a measurable map. For a measure p € M*(X) we define
the push - forward of n under T by

Tyu(B) = u(T\(B) VBeB
In particular, Typ € MT(Y).

By a standard approximation of measurable function, one can prove the following

change-of-variables formula (cf. Theorem 3.6.1 in [18]):

Proposition 2.1.6. Under notation of Definition 2.1.5, a measurable map f:Y —
R is integrable with respect to Ty if and only if the composition f o T is integrable

with respect to . In this the case the following change of variable formula holds

/de(T#u):/Xfonu. (2.1.1)

By choosing f in (2.1.1) to be a characteristic function we see that the push-forward

measure T p is uniquely defined on (Y, B).

Remark 2.1.7. Among other areas of applications, push-forward measures appear
in optimal transport theory to represent deterministic couplings of measures under

an optimal transport map T, see (see [159, p.16-17]).

13



2 The space of measures

Now, we introduce the concept of separating families for subsets of measures. In
short, separating families indicate which subclass of test functions already contains

enough information to uniquely distinguish all measures of a given set.

Definition 2.1.8. [9/, 13.9] Let N C M(S). A family F of measurable maps is
called separating for N if for all p,v € N the following implication holds:

(/SfdMZ/Sfdu VfEfﬁLl(u)ﬂLl(u)>:M:u

In case of the Fuclidean space the next result provides a powerful separating family

for the space of finite Borel measures.
Proposition 2.1.9. C°(R?) is separating for M(R?).

Proof. Let p,v € M(RY) with [o, fdpu = [p. fdv for all f € C(R?). The inner
regularity (see e.g. [94, 13.3]) of p implies that for all A € B(R?)

u(A) = sup {u(K) | K A}

and similarly for v. In particular, it is sufficient to check equality of p and v on
compact sets K C R% Let K C R? be compact. According to the C* Urysohn
Lemma (see |63, 8.18]) there exists a sequence of functions (f,)ney C C°(RY) with
0< f, <1, f=1on K, supp(fn) € Bi/n(K) and f, = xx pointwise. Here

Bijn(K) = {x e R | d(z,K) < %}

denotes the open 1/n environment of K. As supp(f,) C Bi(K) for all n € N,
we have f, < XE () and we can apply Dominated Convergence Theorem, which

together with the assumption yields

() = [ edp= [ lim fudp= im [ fdu
Rd Rd

Rd P00 n—oo

= lim fndI/:/ lim fndyz/ xx dv =v(K).
R R

n—o0 R4 d N—00

We conclude p = v as desired. O]

Lemma 2.1.10. Let f € C(R?) and define f* := max{+f,0}. Then there ex-
ist sequences of nonnegative functions (f,Ei))neN C O%(RY) such that FE

14



2.2 The flat norm

uniformly. Furthermore, the sequences (f,Si))neN are uniformly compactly supported

and uniformly bounded.

Proof. By assumption f € C%®(RY), so f* is continuous and compactly supported,
ie. fT e C.C Cy(RY). The space C°(R?) is dense in (Co(R?), || - [|s) by definition
and thus there exist a sequence (f7(L+))nEN C C>*(R?) converging uniformly to f7.
As f* > 0 the functions f,(f) can also be chosen to be nonnegative as the approx-
imating sequence is constructed by convolution with a nonnegative kernel. Due to

the uniform convergence we can assume that the sequence is uniformly bounded by
1£ P oo < 20/ loo < 2 flle ¥neN.

Furthermore, the uniform convergence together with the compact support of f*
implies that we can find a compact set K which contains the supports of all f7(L+),

i.e.
suppf\ ¢ K VneN.

This finishes the proof as the case of f~ is completely similar. m

2.2 The flat norm

On M(S) there are several norms, the most famous being the total variation norm

- flv
lellzy = [pl(S) = p™(S) + u™(9),

where |- | denotes the variation of x and pt, = arise from the Hahn-Jordan decom-
position. It is well-known that (M(S), ||-||rv) is a Banach space [44, Theorem 1.20].
If the metric space (S, d) is locally compact and separable, then the total variation
norm also has a variational representation |7, Proposition 1.47|, i.e. for p € M(S)
and A C S open

() =sup { [ v \ b € CHA) Il < 1} (22.1)

Yet, the corresponding topology is too strong and completely ignores the underlying

geometry, so that the || - ||z norm is not viable for applications. For instance the

15



2 The space of measures
distance between two Dirac measures is given by

100 — dll7y = 6a(S) + 0(S) =2 Va,b e S,a # b, (2.2.2)
so that 0, - 0, even if @ — b. Furthermore, (2.2.2) implies that M(S) is not sepa-

rable for uncountable S.

Instead, we will use the weaker flat norm (or bounded Lipschitz norm, Fortet-

Mourier norm)

le = vl pre := sup {[g¢d(u —v) [ ¢ € BL(S), |4 e < 1} (2.2.3)

and the corresponding (flat) metric pr. The space of test functions is given by the

bounded Lipschitz functions
BL(S) = {f € C°(S) | Ifllpr < oo},

with the (semi-)norms

115z = max {1 f o [ Flusn} s [ flloe = sup |F@)] |l = sup L =IO
eSS TH#Y d(x,y)

Unless stated otherwise, the spaces M(.S) and M™(S) will always be equipped with

the flat metric and all topological properties refer to the corresponding topology.

In contrast to the ||-||7y norm, the flat metric respects the geometry of the underlying

space, at least locally. This can be seen in the following lemma.

Lemma 2.2.1. [}4, 1.32] Let (S,d) be a metric space. Let x,y € S. Then

H(SxHBL* =1 and

pr(0s,0y) = min{2, d(z,y)}.

In particular, 0, — 0, in pp if T — Y.
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2.3 The space of measures under the Hat norm

2.3 The space of measures under the flat norm

The space of measures equipped with the flat norm has several convenient properties
which will be essential for our generalised model setting in Section 4. We present
these aspects in an (almost) self-contained way and highlight the results which will

be important later.

Theorem 2.3.1. Let (S,d) be separable. Then the spaces M(S) and M™(S) are

separable with countable dense set given by the linear span lin{ds}scs.

We only sketch the main idea of the proof and refer to [44, 1.37] for a complete
proof. First, one shows that we can approximate all measures in M(S) in the flat
metric by the linear span of Dirac measures concentrated in the dense subset of S.
Then, we restrict the weights to be rational so that the approximation set becomes
countable while still being dense. A further restriction to nonnegative weights yields
the claim for M*(S).

Next, we characterise the predual space of the bounded Lipschitz function which

will be helpful for the treatment of the Bochner integrals appearing in Section 4.

Theorem 2.3.2. Let (S, d) be separable and denote E = (S)”'HBL*. Then it holds
that E* = BL(S).

Proof. Let D C M(S) be the linear space spanned by Dirac deltas, i.e.

D :=1lin{é, | s € S} = {Zakd;k |neN o, € R, sy GS}.

k=1

The corresponding (functional analyic) dual space is denoted by D*. In part one of
the proof, we show that we can identify D* with BL(S). The conclusion will then
follow by density of D in M(S). To prove the claim, for f € BL(S) define the linear
and bounded functional Ty € D* via

Ty: D — R, Tf(,u):/sfd,u.

Note that by linearity any functional 7" € D* is uniquely defined by the values T'(d5)
for s € S and thus we identify 7" with the function

f:S—R, s+ T(s).

17



2 The space of measures

We claim that f € BL(S). Indeed, if f is not bounded, there exists a sequence

(Sn)nen With lim f(s,) = co. But then
n—oo

lim T'(6s,) = lim f(s,) = oo,

n—o0 n—oo

so the functional can not be bounded as well. On the other hand, if f is not Lipschitz

continuous we can assume that there are sequences (s, )nen, (tn)nen such that

- f(sa) = f(tn) _
St

Define the sequence of measures (i, )nen With g, = f;(’;;f:; and note that

T(5sn) - T((Stn) f(5n> - f(tn)
Tn) = =63y~ deaty)

However, for all n € N

il = sup —F——" <1,
IYllpr<1 d<5n>tn)

so T can not be bounded. We conclude that we can indeed identify D* with BL(.S).
By Theorem 2.3.1, D is dense in £/ and we can thus extend any 7" € D* uniquely
to a functional in T € E* (independent of the approximating sequence) completing
the proof. O

Now, we investigate under which conditions the measure spaces are complete with
respect to the flat norm as this will be crucial for the application of Banach Fixed
Point Theorem. Unfortunately, M(.S) is in general not complete since according to
Theorem 1.36 in Ref. [44] the space is only complete iff S is uniformly discrete, i.e.
if inf 2, d(z,y) > 0.
z,y€S

However, we don’t want to restrict ourselves to uniformly discrete metric spaces,
so we have to find another way for achieving completeness. In the following, we
will thus focus on the cone M™(S). We start with a theorem which shows that
on M*(S) narrow convergence is compatible with the topology induced by the flat
metric. We omit the proof here, as it is based on even more auxiliary results which
would distract from the main part of this section. Instead, we refer to Theorem 1.57

in Ref. [44].
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2.3 The space of measures under the Hat norm

Theorem 2.3.3. Let (S,d) be a Polish metric space. Then || - | g~ metricizes the

narrow topology on M*(S), i.e. we have
fn, — po narrowly <= ||, — pl||r — 0.

With the help of Theorem 2.3.3 we can formulate a variant of the Prokhorov Theorem

for the flat metric.

Theorem 2.3.4. Let (S,d) be a Polish metric space and let (jin)nen be a tight se-
quence in MT(S) with sup p,(S) < 0o. Then (fn)nen has a converging subsequence

neN
in € MF(S).

Proof. Applying the Theorem of Prokhorov 2.1.3 yields a narrowly converging subse-
quence with limit in M™(S). By Theorem 2.3.3 narrow convergence and convergence

with respect to the flat metric are equivalent. O

Remark 2.3.5. If S is compact, then Theorem 2.3.4 implies that every bounded
and closed subset of M™(S) is compact. This property is called proper. Proper

metric spaces are separable and complete by Proposition A.15 in Ref. [44].

By definition of the flat norm, we have for all u, v € M™*(S) an estimate of the form

(4 v)(5) = / 1d(p - v)() < |- vllse-

Unfortunately, a comparable estimate for arbitrary Borel subsets of S it is in general

wrong. Let p = d; and v = d;/5. Then according to Lemma 2.2.1

1
p(R) —v(R) =0< 3= I —vlBL,
but for A = (1,00) € B(R)
1
nw(A) —v(d)=1-02= 5= [ = vl

However, the following lemma provides pseudo triangle inequality which essentially

controls the deviation from the upper bound ||p — V|| gLs-
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2 The space of measures

Lemma 2.3.6. Let § € (0,1], T € B(S). Then for p,v € M*(S)
H(T) < v(BS(T) + 5 = vl
P8\ BA(T)) < w(S\T) + 5l — -

Here Bs(T) :={x € S| d(z,T) < 6} denotes the -neighborhood of T

Proof. Consider the function n: .S — [0, 1]

T = 4w, S\ Bs(T)) + d(z, T)

According to Lemma 2.1 in Ref. [81], n is Lipschitz continous with Lipschitz constant
bounded by 1/6, so that ||n||gr < 1/0. Furthermore, by construction n = 1 on T
and n=0on S\ Bs(T). Thus,

1 1
WD) < [0 <5 = vlow + [ < 5 ln = vl +v(B:(T))
For the other estimate, we switch the roles of T" and S \ Bs(T). O

Proposition 2.3.7. Let (S,d) be a Polish metric space. If N C M™*(S) is totally
bounded with respect to || - || g+, then N is tight.

Proof. The main idea of this proof is based on the reasoning from Ref. [81] but with
more explanations to increase the readability. Let N' C M™(S) be a totally bounded
set of measures. In a first step, we discretize N using the total boundedness, i.e. for
e € (0,1), there exists a finite subset N” C A such that

N € | Boju(v) =: Bopu(N). (2.3.1)

veN

As S is a Polish metric space, {u} is tight for any finite measure yu, c¢f. Remark
13.27 in Ref. [94], so that the finite set A/ is tight. In particular, there exists a
compact set K C S such that v(S\ K) < /2 for all v € N. Next, we discretize
K. As K is compact, we cover K with finitely many sets of the form B, s(z;) with
x; € '=F, C K. Note that still

v(S\ B.p(F) <v(S\K)<e/2 WweN,
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Let 1 € N be arbitrary with corresponding approximating measure v € N such
that ||p—v||pr- < /4. Triangle inequality implies B, /o(B./2(F)) C B.(F'), so that
with Lemma 2.3.6

p(S\ Be(F)) < pu(S'\ Beja(Beo(F))) < w(S\ Beya(F)) + g I —vllBre <e.

In particular, for each ¢ € (0,1) we constructed a finite set F. C S such that
(S \ B-(F:)) < e forall p e N.

We conclude the proof by using the family of sets {F.}..1 to construct a suitable
compact set to prove tightness of V. Let 6 € (0, 1] be arbitrary and for n € N set
e, = 027" With the considerations above we obtain for each n € N a finite set
F, = F,, such that

u(S\ B, (I) <en VYupeN.

The infinite intersection of closed sets Ks := (), cnBe, (F7) is closed and totally

bounded by construction, i.e. compact. Furthermore, we have for all u € N

p(S\ Ks) < <U S\Ban(Fn)> < ZN(S\BEn<Fn)) < Zgn = 522—71 = 0.

neN

In particular, NV is tight. O
Combining the above results, we can prove the desired completeness of the cone.

Theorem 2.3.8. Let (S,d) be a Polish metric space. Then M™(S) is complete with

respect to the flat norm.

Proof. Let (fin)nen be a Cauchy sequence. Then the set N := {u, | n € N} is totally
bounded and we conclude tightness of N from Proposition 2.3.7. Since (g, )nen i8
Cauchy, the real valued sequence (p,(S))nen is bounded, so that we can apply
Theorem 2.3.4 to extract a converging subsequence. However, a Cauchy sequence

with a converging subsequence is already convergent which was to show. 0

We conclude this subsection with a different characterisation of the cone M™(S)
by the means of positive functionals on BL(S). These functionals appear naturally
in limiting procedures such as the construction of the Bochner integral on F =
WHIHBL* in Proposition 4.2.4. In general, M(S) C E so not all elements in £

are measures but only abstract elements in the closure. Fortunately, according to
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a result from [87] it turns out that positive functionals are actually nonnegative

measures.

Theorem 2.3.9. Consider the space of positive linear functionals on BL(S)
given by BL(S)} = {T € BL(S)" | T(¢) > 0¥y € BL(S),¢ > 0}. Then it holds
that

ENBL(S). = M™(S). (2.3.2)

Proof. We follow the reasoning from Ref. [87] but streamline the ideas. First, note
that any 7" € BL* (S) is monotone, i.e.

T@W)>T(p)  Vi,p€ BL(S) with ¢ > ¢,

which follows directly from the positivity and the linearity of the operator.

We show (2.3.2). It is directly clear that M*(S) € E N BL(S)%. For the other
inclusion, assume by way of contradiction that there is 7" € £ N BL(S)?% such that
T ¢ M*(S). Let 1 € BL(S) be the constant function with value 1. We claim that
if T' vanishes for 1, then it must already vanish for all v € BL(S). Indeed, as T is

linear and monotone, we compute

T() = T@") =TE) <T@+ TW) =TW") +T(%")
=T +47) =T(]) < T[]l - 1) = [[$lT(1) =0,

where ¢ = max{41,0}. Hence, T = 0 € M™(S), which is a contradiction. Hence,
for the remainder of the proof we assume 7'(1) > 0. Theorem 2.3.8 implies that
MT(S) is complete with respect to the flat norm, so that in particular M™(S) is a
closed subset of E. We apply the Hyperplane Separation Theorem to the closed and
convex set M™(S) and strictly separate it from {T'} € M*(S) in E. Consequently,
there is f € E* = BL(S) (see Theorem 2.3.2) and « € R such that

(i, f) <a VYpe M™(S) and (T,f)=T(f)> a. (2.3.3)
As T(1)6, € MT(S) for all x € S, we get

a>(T(1)0,, f)=T1)f(x) forall z € S
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and thus, f < ﬁ Using the positivity of T

T(f)ST(%> =a

yields a contradiction to (2.3.3) and hence E N BL(S)% = M*(S). O

2.4 The flat norm as a distance for unbalanced

optimal transport

In this section, we will explain that the flat norm has some remarkable similarities
with the Wasserstein metrics known from optimal transport theory. In particular,
the definition of the flat metric (2.2.3) resembles the Kantorovich-Rubinstein duality

of the Wasserstein distance W7, i.e.

Wi(p,v) = sup /fd — V) (2.4.1)
|flLip<1

The Wasserstein metrics define distances between probability measures which take
into account the geometry of the underlying state space [33, 158, 159]. Conse-
quently, distances with respect to the Wasserstein metrics are more robust which
makes it a suitable candidate for various machine learning tasks [76, 77, 102, 118].
The Wasserstein distances scale with the total mass of the measures p, and are
thus not necessarily restricted to probability measures. However, by construction
the distances are only applicable in conservative problems, i.e. only if u(S) = v(5),
as otherwise no optimal transport plan exists, see e.g. [156, Remark 1.18].

In cases where the measures or data distributions can not be normalised as the mass
differences are meaningful, see e.g. color transfer, other approaches are necessary
to handle these so-called unbalanced optimal transport tasks. See |28, 117] for an
overview of several approaches on unbalanced optimal transport. As the flat metric
pr defines a distance on M™(S), it is a suitable candidate for this kind of problem as
well. This claim is supported by the following result, which provides an alternative
characterisation of the flat metric for spaces with more structure via a primal for-
mulation- in contrast to the dual formulation (2.2.3). The original result of Piccoli
and Rossi in the case S = R? (cf. [120, Theorem 13]) can be extended to proper

metric spaces.
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Theorem 2.4.1. Let (S,d) be a proper metric space and p,v € M{(S). Then

prlv) = inf_ lu—jilly + v = ollev + Wali, 7). (2.4.2)

p<p, v<v
lallrv=I2lTv
Here, W1 denotes the classical 1— Wasserstein distance with respect to the cost func-

tion c(z,y) = d(z,y).

Remark 2.4.2. The decomposition into terms with total variation norm and the
term with Wasserstein distance admits a heuristic interpretation of mass deletion
versus mass transportation: Any share du of the mass of 11 can either be transported
from p to v at cost Wi (du,dv) or removed at cost ||dp||7y. As such, the minimal
"sub-measures" fi, 7 achieve an optimal compromise between mass transportation

and cancellation.

Remark 2.4.3. Theorem 2.4.1 shows that in a way the flat metric is a suitable
generalisation of the 1-Wasserstein distance W) for unbalanced tasks and as such

distances with respect to pp are also geometrically faithful, at least locally (see
Lemma 2.2.1).

We adapt the proof from [121] for the R? case to proper metric spaces. To this end,
we first recall some definitions and results on convex functionals which will appear

in the proof.

Definition 2.4.4. Let X be a Banach space and F : X — R a function. The
conjugate function F* : X* — R is defined by

F*(y) .= sup (y,z) — F(x)),

where (-,-) denotes the usual dual pairing.

Definition 2.4.5. Let X be a Banach space. A function F : X — R is called closed
if the sublevel sets {x € X | F(x) < k} are closed in X for all k € R.

The following technical theorem allows us to efficiently compute the conjugate func-
tion of a sum of two functions. For more details and a proof see [129, Theorem
20.¢].

Theorem 2.4.6. Let X be a Banach space and let Fy, Fy : X — RU{oo} be convex
and closed. Assume that there exists a neighbourhood U of 0 € X, an open set
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2.4 The flat norm as a distance for unbalanced optimal transport
M C X* and a constant K such that for all sets
Vo i={(,y2) | ys € dom F} y1 +yo € M, FY (y1) + F5 (y2) < a}

it holds that

sup (y1 +y2,7) < K.
IGU, (y1,y2)€Va

Here dom F} denotes the domain of F. Then the conjugate function F* of F' =
Fy + F5 satisfies

Fr(y) = min (Fy(y1) + F5(y2)).

Y1+y2=y

Proof of Theorem 2.4.1. Consider the following functionals on X = (Cy(S), || - ||c0)

0, o <1 0, ip <1
Fi(v) = vl Fa(v) i= Vi =1

400, else 400, else

As proper spaces are locally compact and separable, the Riesz Representation The-
orem [62, 7.17] implies that

M(S) = Co(X)* = X*,

Note that by the dual formulation of the total variation norm (2.2.1) and as C?(S5)

is dense in Cy(S) we have

Fi(p— —zgg(/wd —v) F1<w>)=zgg{/gwd<u—v>

_ up{/wdm—u) 1l < 1,weco<s>} =il
S

For the Wasserstein distance there exists an analogous dual formulation which is

lolle < 1}

(2.4.3)

a variant of the Kantorovich-Rubinstein duality for proper metric spaces (see [44,
1.85]), i.e. for u,v € M{(S) with ||ul7v = ||v||rv it holds that

Wi(p,v) = sup {/Swd(u —v) ’ Y € CL |Y|Lip < 1} . (2.4.4)
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2 The space of measures

Similarly to (2.4.3), using (2.4.4) we see that Fy(u —v) = Wi(u,v).

In the next step we define F' := I} 4+ F; and see by the definition of the conjugate

function that

Fr(u—v) = wp{/¢d (- ) M%n§1Whm<1}—pﬂm ).

PpeX

Note that we used [44, 1.26] in the last step which states that for S proper the space
of test functions for the flat metric can be restricted to BL(S) N CY(S).

We conclude the proof by proving that F*(u — v) is actually the RHS of (2.4.2).
By construction, the functions F; are closed and convex. Furthermore, F;(¢) > —oo
for all v € X and F;(X) # 0, i.e. the F; are proper in the sense of [129]. We choose

U={YeX|¥lew<e}, M={neM(S)|lplrv <e}

and K = 2. Then the conditions of Theorem 2.4.6 are satisfied, i.e. in the notation

of the theorem we have for

(1, o) € Voo = {(v1,12) | [lh + wallrv < &, Fy (1) + F5 (1) < a}

that
sup  {fn + pig, ) = sup Yd(pr + p2) < U)ol + pallry < €%
e, lloo<e, JRn
(B1, H2)EVa (11, 12)EVa

Applying Theorem 2.4.6 thus concludes the proof

F*(,U—I/) = min (Ff(lul—l/l)—i—Fz*(M2—y2))
(p1—v1)+(p2—v2)=p—v
lp2llrv=Ilv2llTv

= min (leer — vallrv + Wi (e, va))
(p1—v1)+(p2—v2)=p—v
lp2llTv=Ilv2llTv

— min  (Jp—ji— (= )lv) + Wilii. )

a<p, v<v
Iallrv=1Zl7v
= min  (lu—flloy + v = Zlrv) + Wi, 9)
lallrv=IZllrv

Note that we used the additivity of || - |y on M™*(S) and set py = fi, o = . In

particular, as Wy (pa, 12) < oo we deduced ||p2||7v = ||v2||rv and thus fi and o have
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2.4 The flat norm as a distance for unbalanced optimal transport

the same mass. O

In Lemma 2.2.1 the flat metric becomes constant if the supports of the Dirac mea-
sures are too far apart. In view of Remark 2.4.2 this corresponds to pure mass
generation/ removal without any transport. This observation also holds for general

measures.
Proposition 2.4.7. Let p,v € M*(S) with dist(supp(u), supp(v)) > 2. Then

pr(p,v) = |pllev + [[v||zv.

Proof. On the one hand, we have for all || f||p, <1

/ Fd(u—v) < / Ll —v] = = vliry = llley + [l
S S

where we used properties of the variation of a measure and of the total variation
norm. On the other hand, as dist(supp(u), supp(r)) > 2 we can consider a test
function f* which satisfies f* = 1 on supp(u), f* = —1 on supp(v) and || f*||pr < 1.
Such a function can be found for example by linearly interpolating between both
supports. Note that it is crucial for the construction of f* that the supports of both

measures are sufficiently distinct. With this choice of f* we compute

/fd(u— V) :/ 1du—/ “1dv = llzy + 7]l
S supp(p) supp(v)

concluding the proof. O]

We conclude this subsection with a generalisation of Lemma 2.2.1 to more elaborate

combinations of Dirac deltas.

Proposition 2.4.8. Let N € N and ¢ € R*. Consider points xg,x1,....,xxy € S
which are ordered with increasing distance to xg, i.e. for d; = d(xo,x;) we have
dy <dy <---<dy andletl € {0,...,N} be such that

dz§27 ZSZ,

d; > 2, i>l'

Furthermore, for i = 1,...,n consider weights b; € R*. Then the flat distance
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2 The space of measures

between the measures |1 = co,, and v = Zf\il bio, is given by

I* I*
pr(p,v) = Zbidi + <min {07 sz} - bi) dr1 +
i=1 ' i=1

=1

l

C_Zbl

i=1

N
+ ) b,

1=[+1

(2.4.5)

where

I
I :max{fe {0,..., 1} | Zbi < c}.
i=1

To clarify formula (2.4.5), we explain the different terms and provide two examples
before we start with the proof. From Theorem 2.4.1 we see that the cost of trans-
portation is directly related to the covered distance, so that an optimal-transport-
mass-deletion plan should favour closer points for transportation. However, in view
of Proposition 2.4.7 mass transport from p, i.e. from the point x(, to some point
x; € supp(v) is only a good strategy, if d(xg,z;) < 2. In any other case, mass
deletion/ creation is cheaper and should be preferred. Thus, we are specifically in-
terested in the share of mass of v which is located within this distance to xo, marked
by the first [ support points. However, due to mass imbalances within the circle of
radius 2 it can happen that additional mass has to be created or superfluous mass
needs to be deleted, even though transport would be more efficient. After all, mass
transportation needs both enough mass at the starting point and at the designated
end point(s). The auxiliary constant I* classifies the support points of v, which
together have just less mass than we can send from p. The next closest point x«
does either not receive any mass via transportation or just a fraction of the desired
mass with the rest being assigned by mass generation. All these effects are reflected

in formula (2.4.5) as follows:

e The last term Z%’LH b; denotes the part of the mass of v which lies outside

the efficient distance of transportation and thus has to be created in any case.

e With the term )c — 22:1 bi’ we compute the mass imbalance inside the circle
of radius 2. This mass has either to be created as u does not provide enough

mass to start with or is superfluous and thus needs to be deleted.

e The sum Zle b;d; represents the mass which will be completely transported
from xy to points x; € supp(v) within the range of efficient transportation. In

other words, the support points xy, ..., x+ receive their mass exclusively via
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2.4 The flat norm as a distance for unbalanced optimal transport

transportation. If there is still mass remaining, this is taken into account by
the second term in (2.4.5).

The most complicated term is given by (min {c, 22:1 bi} — Zl[zl bi> dr«+1 and clar-
ifies the mass imbalance between p and v within the circle of radius 2. If y outweighs
v inside the circle (i.e. if ¢ > Zizl b;), then I* = [ and the whole term vanishes. In
this case, the superfluous mass is deleted and the cost have already been accounted

for completely by the term ‘c - 22:1 b;

. However, if v outweighs p inside the circle

(i.e. 22:1 b; > ¢), then we transport the remaining mass of u, given by

to the next closest point x;«,; within the circle. By construction, this amount of
mass is smaller than by« 1, so that part of the mass at x;~,1 has to be created. We
provide two simple example which will further illustrate the application of formula
(2.4.5).

Example 2.4.9. e Let =50y and v = 23:1 Oz, where d; < 2 fori=1,...,4

and d; > 2 for © = 5,6,7. See Figure 2.1. Then ¢ = 5, [ = 4, b; = 1 for
i=1,.,7and I* = 4. Consequently, formula (2.4.5) reads

4 4 4
pr(p, V) szri‘ (min{f),Zl} — Z1> ds +
=1 i=1 i=1
4 4
=N di+143=>d+4.
=1 i=1

4

5-> 1

=1

7

+) 1

1=5

o Let 1 =15/20) and v = Zle 0s,, where d; < 2 for ¢ = 1,2,3 and dy > 2. See
Figure 2.2. In this case, ¢ = 5/2, 1 =3, b; = 1 fori = 1,...,4 and [* = 2.
Thus, formula (2.4.5) yields
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. // \\ // 5 \\
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Figure 2.1: c=5,1=4, N=7,1*=4  Figure 2.2: ¢ =5/2, 1 =3, N =4, [* =

Proof of Proposition 2.4.8. We apply the alternative characterisation of Piccoli
and Rossi from Theorem 2.4.1 and consequently have to find the optimal submea-
sures fi, . As u is a Dirac measure located at x, any submeasure of y is of the form
flo, = 0y, for some o € [O, min {c, Zf\il blH The parameter a denotes the share
of the mass located at zy which we want to transport to v, and « is thus a priori

bounded by the minimum of the total masses of x4 and v. We directly compute

|1 — frallrv = (¢ = @)[0z ||l 7v = ¢ — cv. (2.4.6)

As v is a linear combination of Diracs, its submeasures © are slightly more difficult.
However, any 0 is definitely of the form 7, 5 = Zfil Bid., with weights §; € [0, b;]
satisfying Zf\il B; = a as both submeasures need to have the same total mass. The
weights (; indicate how much of the mass located at z; comes via transportation

from xq, whereas the rest b; — 3; has to be created. We compute

N N N

|V = Vagllrv = Z(bz = Billoz, |lrv = Z(bi —Bi) = Z bi — a, (2.4.7)

=1 =1 i=1

where we used that the total variation norm behaves linearly for nonnegative mea-
sures and that ||0,||rv = 1.
Next, we need to check the Wasserstein distance between fi, and 7, 45. If @ = 0,

then clearly Wi (fia, a,s) = 0, so let a > 0 for the upcoming computation

N N N
Wi(fia: Va5) = Wi (mo, > ﬁicsxi> = /ﬂ d(xo,y) d [Z @»%] (y) = Bid(o, ;).
=1 =1 i=1

(2.4.8)

Here we used that the Wasserstein distance between a Dirac measure and an arbi-
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2.4 The flat norm as a distance for unbalanced optimal transport

trary probability measure n is given by

Wi, 8u,) = / Az, ) dn(y).

S

In view of identity (2.4.2), we combine (2.4.6), (2.4.7) and (2.4.8) to get the following

estimate

pr(p,v) <||p — follrv + |V = Pagllry + Wilfia; Va,s)

N N 2.4.9
:c+zbi—2a+25idi:3F(a»ﬁ)> ( )
i—1 i—1

with a = ZZJL Bi so that the case a = 0 is included. As all possible submeasures
are of the form fi,, 7,3 we reduced the problem to minimizing F' subject to the

constraint o = ZZNZI Bi. We claim that the global minimum is attained in (o, 5*)

where
bi, 1 < I*,
!
a* = min {c, Zbl} and B =< a* — 25:1 b, i=1"+1, (2.4.10)
i=1
0, else

and I* = max{] c{0,.., 1} | b < c}. In Remark 2.4.10 we give a heuristic
for this specific parameter choice. Before we prove the optimality, we show that
(2.4.10) leads to (2.4.5). So we plug in (a*, 5*) into F' and treat both cases of o*
separately.

Case 1: a* =c¢

In this case ¢ < Zlizl b; < Zfil b;, so that

N N

N I* I*
. =1 Iz*zl =1 l =1 N =1
:Zbldz+ (C—Zbl> d1*+1+ + Z bl
=1 =1

C — E bl
i=l+1
as claimed.

i=1
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2 The space of measures

Case 2: a* = b;

In this case we have I* = [ so that
N l N
F(a*, B%) :C+Zbi — QZbi +Zﬁ:di
z]:vl 'L:ll z;l l
=c+ > bi—2) bi+ Y bidi+ <a* — Zbl) dres1
. =1 z:ll =1 N =1
i=1 i=1

1=l+1

as desired.
We are left to prove that (a*, 8*) yields the global minimum of F'. To show this, we

invoke variational inequality theory. First note that the domain of F

X = {(Oévﬂ) S [O,C] X ®[O7bi] ’ Q—Zﬁi_()} CRN+1

is nonempty, closed and convex. Furthermore, ' : X — R is smooth, linear and
thus convex. Let z* := (a*,*). According to [70, 7.5] the point z* is a global

minimum of F' if z* solves the variational inequality
VIP(X,VF):=VF@") (z —2")>0 VrecX. (2.4.11)

We compute for some x = (o, 8) € X

T
-2 o — o

dl 61_6>1k al (A *

*

dn By — By

32



2.4 The flat norm as a distance for unbalanced optimal transport

Plugging in g* yields
VE (") (2 — %)

I I N
= Z(dz —2)(Bi — b;) + (dr=41 — 2) <5]*+1 —a" + Z@) + Z (di — 2)85;.
=1 =1

i=I*42
(2.4.12)

To see that (2.4.12) is actually nonnegative for all x € X we have to distinguish
cases for a*.

Case 1: o* =1 b;

Then I* = [ and (2.4.12) reads

VE (@) (x — x%)

I ! ! N
= Z(dz —2)(Bi — b;) + (dit1 — 2) <5z+1 - Zbi + Z bi) + Z (di —2)B;
i=1 i=1 i=1 i=1+2
! N
= (di —2) (Bi — b;) + (di —2)3; >0 V(a, B) € X.

In particular, z* solves the variational inequality (2.4.11) and is thus the global
minimum of F.

Case 2: a* =c¢

In this case we have I* < [ but we can assume without loss of generality that
I*+1 <[ as otherwise I* = [ and thus ¢ = 2221 b; which has already been covered
in the first case. Hence, (2.4.12) reads

VE(x*) (v — z%)

= Z(di —2)(Bi — di) + (dr-41 — 2) <5l*+1 —c+ sz> + Z (di —2)p;

i=I%+2
I* *

= Z(dz - 2)(@‘ - bi) + (d1*+1 - 2) (5}*“ —Cc—+ Z bi>
i=1

i=1
l N
+ 3 (di—-2)Bi+ Y (di - 2)B.
i=I*42 i=l+1

(2.4.13)

In this case bounding the right-hand side from below is not as easy as the ; are
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linked together via the constraint Zf\il B; = a. Nevertheless, the last term is non-
negative for all § € X, whereas all the terms in the first three terms of the sum are
monotonically decreasing in 3; and Sj«,1, respectively. Consequently, we set 5; = 0

for ¢ > [ which monotonically increases the values of the remaining 5; and thus
VE(@@*) (z — 2%)

Z(d —2)(Bi = bi) + (dr-41 — 2) <51*+1 —c+ Zb> + Z (di —2)B;

i=1 i=I*+2
I* I* I*
:Z (B — bi) —QZﬁi+22bi+dl*+1 (6[*+1+Zbi_c
i=1 ' ' i=1
l
—2/31*+1+2c—zzb + Z difi—2 ) B
i=I*42 i=I*42
:deﬁi— —2Z@+d1 4 (ﬁf +1+sz—c> +2c+ Z dif3
i=1 i=I*42
I+
szi(ﬁi —b;) +2(c— ) +dpya <5l*+1 + Zb — C) + Z d; B,
=1 i=1*42

where we used the improved constraint 2221 B; = a. Using the constraint again

and rearranging terms gives

VF(I*)T(I — ")

I
>Zd Bi—b) +2(c—a) +dp i1 (a—Zﬁz Z BﬁZb —c>+ > dip;
i=1 i=1*42 i=I*42
1

l
_Zd +2(C—Oé)+d[*+1(Oé—C>+d]*+1Z + Z d _dI*Jrl

=1 i=I1*+2
I
= Z dres1 —d;) (b — Bi)+(c—a) (2 —dps1) + Z (di —dpe41) i >0
W—’ —_— N N
>0 >0 >0 >0 =I"+2 >0

(2.4.14)

for all z € X. Note that we used once more that [* + 1 < [, so that dj-y; < 2.
From (2.4.14) we conclude that =* solves the variational inequality (2.4.11) also in

the case a* = ¢ and x* is thus the global minimum of F. 0

Remark 2.4.10. Now we give a heuristic for the optimal choice (a*, 5*) given in
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equation (2.4.10). In a first step, we fix the amount of mass a that we want to
transport and look for the optimal weights 8 given a. As f; =0foralli=1,...,n

if & =0, we will only consider @ > 0. According to (2.4.9) we have the estimate

N N
pr(pv) Sc+ > bi—2a+ Y Bid;. (2.4.15)
=1 =1

As the Wasserstein distance scales with the transported distance, it is clearly optimal
to transport mass as shortly as possible. Since the d; are ordered increasingly, this
means that we prioritize lower indices over higher ones when assigning mass for

transportation. To this end, let

I
I, = max{] €{0,...,N}| Zbl- < a},
i=1

i.e. I, denotes the index up to which we can assign the maximal value to g;,
i.e. [; = b;, as there is still sufficient mass left assigned for transportation. The
remaining mass a—Zfil b; is then delegated to the next entry I,+1. All other entries

are set to zero, so that this scheme yields the following weight vector §* = 5*(«):

bia { S [aa
Bi=qa—te by, i=1,+1, (2.4.16)
0, else.

We note that distributing the mass in any other way by choosing different (3; can
not yield a better overall transportation cost Wi (fia, Va,) as we would potentially
transport more mass to locations further away at the expense of nearer locations.
However, equally efficient transport plans might be possible if there are points with
the same distance to xy so that mass transportation is indifferent between those
locations.

Now we are left to find the optimal choice of o which minimizes (2.4.15). So we

35



2 The space of measures

define
N N
F(a) =F(a,f") =c+ Y _ b—2a+ Y pid;
N i:l[a i=1 .
:c+Zbi—2a+Zbidi+ (a—;bi) dr. (2.417)
—0—0—219 —i—Zb (di —2) + (dry 41— 2) (a_lzabz)
=1

=K

and want to minimize with respect to a.
We claim that « is actually bounded by 22:1 b;, so that

l I
a < min {C,sz} and I, = max {I € {0,...,1} | Zbi < a} . (2.4.18)
i=1 i=1

To this end, first consider the case that o > 22:1 b;. Then clearly I, > (. If I, =1,

then we see

I
F = F(a) :K+Zbi(di —2)+ (diy1 — 2) (a— Zzlbz>

>0
>0 (2.4.19)
! l
i=1 i=1
so that choosing a = Zizl b; leads to a smaller value. On the other hand, if
I, > 1+ 1, then due to the monotonicity of the d;
! I
Fo) =K+ bi(d; — 2 Z bi(d; — 2) + (df, 11 — 2) (a—ZbZ)
i=1 i= z+1 i=1
l I
K+ bi(d; Zb + (dpsy — 2) <a—Zbi>
i=1 i=1+1 '
l I
=K + Y bi(d; — 2) + (dig1 — 2) (a—Zb)+Zb =) (dir = 2)b;
i=1 i=l+1 i=l+1
Io
=F + Z b (di — di11) > F.
—-
>0
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As we have seen in (2.4.19) Fj can not be minimal and therefore neither any a with
I, > 1+ 1. We conclude that indeed (2.4.18) holds.

We come back to minimizing £ in (2.4.17) and claim that F' is monotonically de-
creasing for o € [O, min {c, Zlizl bZH which will conclude this proof. Indeed, if F is
montonically decreasing, it takes its minimum at the right hand side of the interval
and thus o* = min {c, S bi}.

For the proof of monotonicity, we first note that without loss of generality we can
assume I, + 1 <[, so that in the last term of (2.4.17) we have d; 1 < 2. Indeed,
I, +1 > 1 implies I, > 1 — 1, or rather I, = [ and thus o = 2221 b; with the third
term vanishing completely in this case.
Now we turn to the monotonicity of F. Let a; < oy < min {c, Z§:1 bi}. If
I,, = 1,, =: 1, then
F(ozl) — F(ag) = (dry1 — 2)(a1 —an) >0,

N

<0

so [ is indeed monotonically decreasing in this case. If I, < I,, <, then

F(a) — F(ay)
Ioy Iay

:K+Zbi(di_2)+<dlal+l —2) a —sz
i=1

T, Ioy
—K—sz<dz—2> — (d[a2+1 —2) Oég—Zbi
=1 =1
oy oy lay
= — Z bldz + (dfal—l-l - 2)0&1 - dlal-i-l Zbl — (d]a2+1 - 2)0(2 + d[a2+1 Z bz
i=Iay +1 i=1 =1
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We rearrange and both add and substract auxiliary terms which leads to

F(ap) — F(as)

Lo, Iay Io,
S SN SUREIND ST D VNS
i=Ioy+1 i=1
+ (dr,, 11 — dr,, 1) +dp,, 1 (ar — ag) + 2(a — aq)
Tay Ia, Tay
SRR URT) EYANE o R
i=Toy +1 i=Iaq+1

+ (o — a1)(2 — dp,,41)

Ial IO‘Q

=(droy+1 — dr,, +1) Z bi—on | + (a1 —dig41) > b

i= [a1+1
Loy
Y bildr e = d) + (@0 = an)(2 = di )
=Ty +1

Ial Ia2

=(dr,,+1 — d1,,+1) Z bi—on | + Z bi(dr,,+1 —di) + (g — 1) (2 — dy, 1)
i=1 i=Tay +1

Now using that 21“1

monotonically decreasing in this case

b; — a3 > 0 by definition of I,,, we conclude that F is also

Fay) — F(ag)

Tag+1
= (dr, 01 = dry 1) Z bi —on | + Z bi(dray+1 — di) + (a2 — 1)(2 = dp, 1)
h N i=lay +2 e
>0 >0

v
e

It is important to note that this approach just provides a heuristic for the global
minimum (o*, 5*) and that a proof for the optimality is still necessary. In this

remark we computed

min mﬁin F(a, B) instead of mlﬁn F(a, p)

under the constraint Zf\il B; = a. In general, the second term is smaller than the
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first.

2.5 Computing the flat metric

So far, our studies concerning the flat metric have been purely theoretical. However,
if we want to capitalize on the similarity to the Wasserstein distances for applica-
tions in unbalanced optimal transport tasks, we need a way to explicitly calculate
the flat distance between measures pu, v € M (R?). As we have seen in Proposition
2.4.8, closed analytical expressions are complicated even for Dirac measures, and
are in general unattainable. Thus, instead we apply machine learning to calculate
the flat distance. The method is based on the work by Cem Anil, James Lucas and
Roger Grosse 9] which uses the Kantorovich-Rubinstein duality (2.4.1) to compute
the Wasserstein distance ;. Since the (dual) formulation (2.2.3) of the flat metric
is of a similar structure, we were able to adjust the concepts to our setting [135].

We summarize the most important points of the paper as a thorough introduc-
tion to the topic and applied methods would go beyond the scope of this thesis.
The complete code as well as examples and visualisation tools can be found at
https://github.com/hs42/flat_metric. The main idea is to train a neural net-
work fo to find the optimal test function realizing the flat distance between p and
v in (2.2.3). The network is given by a multi-layer perceptron with two fully
connected hidden layers having 64 neurons each and the Adam optimizer [92]. We
deliberately choose a shallow network architecture as it provides sufficiently good
results whereas moving to larger networks results in instabilities or even failures
during training due to limited training data. Indeed, in our setting, training data
for the network is given by the support points of the measures u, v which are usually
sparse for the (mostly discrete) measures appearing applications. Despite the shal-
low architecture, the Universal Approximation Theorem proven in [9] guarantees
that the entire space BL(R?) can be accessed via the network if the architectural

constraints are chosen appropriately, so that we can expect meaningful results.

For two given measures p, v € MT(R?) we make the ansatz ¢ = fo and model the
optimal bounded Lipschitz test function by the neural network. To ensure that fg
is indeed admissible to the optimisation problem (2.2.3), i.e. that it is a bounded
Lipschitz function with || - ||g, norm bounded by 1, we use a mixed approach of
architectural constraints and regularisation. More precisely, we adopt the architec-

tural approach introduced in [9] to guarantee Lipschitz continuity whereas we use

39


https://github.com/hs42/flat_metric

2 The space of measures

additional regularisational constraints to enforce boundedness of fg.
Architectural constraints: The method introduced in [9] to calculate the Wasser-
stein distance W, takes advantage of the fact that Lipschitz continuity is closed
under compositions, so that it is sufficient to control the Lipschitz constant of each
individual layer and each activation function to achieve Lipschitz continuity of the
output. In the paper [9], the authors Anil, Lucas and Grosse normalise each layer
A; using Bjorck orthonormalisation [17] and use the nonlinear 1-Lipschitz shuffling
operator GroupSort [26] as activation function. The Bjorck orthonormalisation
ensures that the linear transformation induced by layer A; is in fact isometric, thus
strictly enforcing |A;|rip = 1. However, in contrast to the Wasserstein distance
where the optimal test function will always be exactly 1-Lipschitz, the optimal
test function for the flat metric often has a smaller Lipschitz constant, rendering
the Bjorck orthonormalisation too restrictive for our purposes. Thus, in our im-
plementation we apply a spectral normalisation leading to ||A4;||2 = 1 instead.
This guarantees that the largest singular value is exactly 1 but there may be other
eigenspaces with smaller absolute singular values. Consequently, layer A; is not
necessarily 1-Lipschitz in every direction but only satisfies |A;|Lip < 1. In the cases
we considered, both Bjorck and spectral normalisation provided similar results, but
from a theoretical perspective spectral normalisation does not preserve the gradient
norm, unlike Bjorck orthonormalisation, which potentially leads to diminishing gra-
dient norms of the network during backpropagation and thus to a slower convergence
of the network, see [9, B.2|]. We remark that as a side effect, Lipschitz constrained
neural networks are proven to be adversarially robust which means that the change
in output under small adversarial perturbations is bounded [155].

Regularisation constraints: Since the networks architecture ensures Lipschitz
continuity of the output, we need to introduce a loss term that both renders fg
admissible the optimisation problem (2.2.3) as well as yields the optimal value for

the flat metric. To this end, our total loss term L consists of two parts
L:= L, + \y. (2.5.1)

Such an approach of having one loss term for the problem and one for the admissibil-
ity is commonly employed, e.g in the implementation of Wasserstein gradient-penalty

adversarial networks [77]. The metric loss term £, corresponds to minimising the
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negative of (2.2.3) and is given by

L, :=— g fo(z) du(x) + g fo(z) dv(z). (2.5.2)

Thus, after training £,, approximately yields the negative value of the flat distance
pr(u,v). Additionally, we have the bound loss term which serves as a penalty

term to bound fg

c (Lmu, B+ (h, h,,)) . (2.5.3)
[eellry v]lrv

Here, h, := max,.(|fo(z)| — M,0), where M denotes the desired upper bound of
|| folloo; in our setting M = 1. In contrast to the obvious choice of simply considering
the maximal value || fo|lo, We choose this approach to reduce the effect of outliers
in the data and thus to simplify training of the network.

The functions h, encode in which areas fg deviates from its target bound evaluated
each on the support points of K = p and k = v respectively. If such a deflection
|fo| > M occurs, the corresponding h, will have non-vanishing values and h,, serves
as a penalty. The penalties are then accumulated over the whole space by the inner
product (-,-) which thus measures how much fg violates the bound when evaluated
with respect to p and v respectively. The loss term should not favour measures
with larger total masses, so that each contribution is normalised by its respective
total variation ensuring that the penalty terms remain invariant under scaling of the
total mass. This has the useful side effect that it is not important for our imple-
mentation whether the same empiric distribution is represented using 100 or 1000
data points. Finally, the penalty contributions with respect to p and v are com-
bined to give the overall penalty L£,. In practice, strictly enforcing the ideal bound of

a vanishing £ is not possible and hence we strive for small values of the loss instead.

Note that the two loss contributions £, and L, of £ in (2.5.1) are balanced by an
enforcing parameter A = A(¢) depending on elapsed training time ¢. Specifically, A
is chosen adaptively so that each freshly trained network is approximately bound
by the same constant ||fo|lcc < M while simultaneously having comparable rela-
tive loss contributions of £,, and L, regardless of the input distributions. This is
particularly important for our setting as we want to establish pairwise comparisons
of neural networks which have been trained independently and/or on different data

sets, so that the output of the network should be ordinal. This occurs for example,
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when computing pairwise distances between subdistributions. Without dynamically
balancing the loss terms, the resulting fg will adhere more or less strict to the || ||«
bound, depending on the currently dominating loss term, leading to biased results.
Notably, different networks would solve different optimisation problems (2.2.3) yield-

ing their actual outcomes to be incomparable to each other.

We performed several experiments varying data dimensions and network parame-
ters to test our method against available ground truth (see Proposition 2.4.8). The
results were satisfying and showed that we were able to capture the important as-
pects of the flat metric. For more information, we refer to [135]. To conclude this
summary, we present an exemplary experiment which also demonstrates fields of
applications for the method.

As a first step, we simulate high dimensional single-cell (sc) transcriptomics data
using the R-software package Splatter which has been developed by Zappia et al.
|166] to generate simulated scRNA sequencing count data of differentiation trajec-
tories or of populations with one or multiple cell types. In this setting, analytical
ground truth is unavailable, but we still have the possibility to monitor qualitative
changes of the implementation via appropriate parameter choices in the Splatter
framework. In particular, we modelled 10 000 cells, distributed over five different
cell groups with varying sample sizes and genetic expression profiles, i.e. locations
in gene space. After preprocessing and reducing the generated data to the first
50 principal dimensions, we determined the flat distances between the individual
groups, see Table 2.1. For comparison, we computed the corresponding Wasser-
stein distances of the normalised distributions as well. For visualisation, we further

reduced the data to 2 dimensions and generated a t-SNE plot, see Figure 2.3.

Table 2.1: Flat distances (first entry of each cell) between the clusters for dimension 50.
For comparison the respective Wasserstein distances using the same net archi-
tecture are displayed as well (second entry of each cell)

Group 1 Group 2 Group 3 Group 4 Group 5
Group 1 (0.00, 0.00) (3.15, 0.35)  (2.17, 6.77) (5.15, 6.85) (2.25, 9.75)
Group 2 (3.16, 0.35) (0.00, 0.00)  (5.16, 6.76) (2.16, 6.85) (4.79, 9.76)
Group 3 (2.17, 6.77) (5.15, 6.76)  (0.00, 0.00) (5.21, 9.51)  (2.26, 11.86)
Group 4 (5.15, 6.85) (2.16, 6.68)  (5.20, 9.51) (0.00, 0.00)  (4.83, 12.05)
Group 5 (2.25, 9.75) (4.79,9.76) (2.27, 11.86) (4.84, 12.05)  (0.00, 0.00)

42



2.5 Computing the flat metric
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Figure 2.3: 2D t-SNE plot of mRNA counts for 5 distributions generated by Splatter.

Table 2.1 shows the systematic differences between the flat metric and the Wasser-
stein distance. As the latter is insensitive to population size, distributions 1 (blue)
and 2 (brown) are nearly identical in Wasserstein space whereas they are clearly
distinguishable with respect to the flat metric due to the large mass difference. The
mass imbalances thus significantly influence the neighbouring relation of the groups.
So, in situations in which differences in cluster sizes are not only an effect of sampling
but rather play a relevant role for the underlying question, we highly recommend

using a method for unnormalised data distributions such as our flat metric.
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In this chapter we will investigate a generic structured population model in an Eu-
clidean setting. Starting from a classical PDE model, we derive a weak formulation
in measures using the Theorem of Radon-Nikodym. Sections 3.3 and 3.4 deal with
existence and uniqueness of solutions to a linear version of the model, whereas the

general nonlinear model will be considered in Section 3.5.

3.1 From a PDE model to a weak formulation

In the first part of this chapter we treat a linear structured population model on
[0, 7] x R? of the form

{ Oyt + V- (b<t7 x):ut) = C(t7 I)Mt + fRd T](tv x)(y) th<y) + N(t)’ (3.1.1)

Ho =V,
where v € M*(R?) and

[0,7] x R? — RY, c:[0,T] x R - R,

b: |0,
n:[0,T] x R - MFT(RY), N :[0,7] = M (R?).

Function c represents a growth term, n can be interpreted as spread of hetero-
geneity (such as a mutation kernel), N is a state-independent influx and b
denotes the vector field which is responsible for the transformation dynamic of the

individual states.

Unless individual results assume a different regularity, we assume the following for

our model functions.
Assumptions 3.1.1. The model functions ¢, n and X satisfy
(i) b e C([0,T]; BL(R% RY)),

(ii) ¢ € C°([0,T]; BL(R?)),
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3.1 From a PDE model to a weak formulation

(ili) n € C°([0,T]; BL(R%; MT(RY))),
(iv) N € C’O([O,T};MJ’(Rd)).

Notation 3.1.2. To explain the technical assumptions on the model functions, we
elaborate the most complicated assumption (iii) from a computational point of view.
For fized t € [0,T] and v € R%, n(t,x) is a measure in M (R?), whereas for fived t
the map x +— n(t,z) € MT(R?) is bounded and Lipschitz continuous, i.e.

n(t, ')|Lip} < 00,

It M) = max { sup e,
z€eR

where the Lipschitz constant is given by

(0, Yy = sup W20 =0 2
’ ® T1F£T2 |ZL’1 - x2’

Finally, t — ||n(t,-)|| prram+y is continuous so that
[7]]oo 1= sup |[[n(t, ')HBL(Rd;/vH) < o0.
te[0,7]
In a similar vein, we introduce the following for abbreviation
1blloo := sup |[b(¢,-)||5L < o0,

te[0,7)

[clloo == sup_|[c(t, )] Br < o0,
te[0,7)

[Nloo := sup |[N(?)||pr- < 0.
t€[0,T]

We start with deriving the weak formulation of (3.1.1). To this end we first assume

higher regularity, i.e. we don’t consider measures but rather the problem

Opur(x) + Vi - (b(t, 2)ue(z)) = c(t, 2)ug(z) + 2t 2)ug(x) + N(t) € 1[0,T] x R?
uo(x) = h(z),
(3.1.2)

where w(x) == u(t,z) and v € C*([0,T] x R?). Multiplying (3.1.2) with a test
function ¢ € BL([0,T] x RY) N CY([0,T] x R?) and integrating over the whole
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3 PDFE models on the Fuclidean space

domain yields

/ /@ut o(t,x) + V- (b(t, x)u(x))p(t, z) de dt
Rd (3.1.3)

/ /Rd (t, z)uy(2)(t, ) + 7t )uy(2)@(t, ) + N(t)o(t, z) dz dt.

For the first term on the left hand side of (3.1.3) we apply Fubini’s Theorem twice
and integrate by parts which gives

/ / Oyug(x)(t, x) de dt = //(Zut o(t,z)dtdz
R4 Rd

__ /Rd/o u(x)Opp(t, ) dtda:+/Rd[ut(x)<p(t,x)]0de (3.1.4)
_ /OT /Rd u(2)0yp(t, ) dz dt + /Rd ur(z)o(T, z) — uo(z)(0, z) dz.

The second term on the left hand side of (3.1.3) can be rewritten with Green’s

identity

//Rd (b(t, x)us(x))p(t, r) dz dt = //Rd (t, z)u () - Vyoo(t, ) da dt.

(3.1.5)
Plugging both (3.1.4) and (3.1.5) into (3.1.3) and rearranging yields
| url@)o(7.0) = wa(a)p(0,2) da
/ /Rd u(2)Op(t, ) + b(t, v)u(x) - Vap(t, x) + c(t, v)u(x)e(t, x) dedt (3.1.6)

o[ [ tauereta + Sstnarar

In a second step, we assume that u,; is actually the density of a measure p; with
respect to the Lebesgue measure A\? according to Radon-Nikodym Theorem |7, The-

orem 1.28]. In particular, we have

u(@) = Dyapu(x).
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3.1 From a PDE model to a weak formulation
Furthermore, the model functions 71 and N are supposed to be densities as well, i.e.
n(t,z) = D, vi(x) and N(t) = DN (1),

where v4(y) = U]Rd n(t, x) dut(x)} (y). Note that it is necessary to apply the Radon-
Nikodym Theorem for Banach spaces to treat n(t,z) (see [126]).
Using basic properties of the Radon-Nikodym density (see [44, .22 |), we can rewrite

the terms in (3.1.6) as follows

o [ ur(x)p(T,x) — uo(x)p(0, z) dz =
X J

Rd

/ / ur(x)O0p(t, ) de dt = / Orvp(t, x) du(x) dt,
R4 R4
/ / (t,x)us(x) - Vet x) dedt = / / (t,x) - Vyo(t,x) du(z) dt,
Rd Rd

. /O [ N(ett.) dea = /0 /R ol ) AN (1) () .

It remains to rewrite the term involving n. As linear operations commute with the
Bochner integral (see [164, V.5. Corollary 2|), we see that

//Rd (t, 2)ug(2) p(t, ) dz dt = //Rl it 2)p(t, z) dpe(x) dt
. / [ et a)amayae= / [ ettg)ango)
-/ ! [ etena| [ o] wa
=[] [ etenante i et

Plugging (3.1.7) and (3.1.8) into (3.1.6) yields for any test function

AT) (o) = [ l0.0) dpoo),

(3.1.7)

(3.1.8)
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¢ € BL([0,T] x RY) N C([0,T] x RY)

/R (T ) dpr () - / p(0.2) dpola) = / Bup(t, ) dpe(z)

R4

[ ] Tttt + ot 0) et ) dpta)

+/OT /Rd (/Rdso(t,y)d[n(t,a:)] (y)) dpu () dt+/0T /Rdgo(t,at)d[N(t)}(x) dt,
(3.1.9)

which is the weak formulation of (3.1.1).

Based on (3.1.9) we introduce the following notion of weak solution to (3.1.1).

Definition 3.1.3. A family of measures pie := {t }1eppr) € MT(R?) is a measure
solution to (3.1.1) provided t — u; is narrowly continuous and satisfies (3.1.9) for
any ¢ € BL([0,T] x RY) N C'([0,T] x R?).

We first note that narrow continuity of the measure solution implies that we can

replace T with any s € [0,7] in the weak formulation 3.1.9. More precisely,

Lemma 3.1.4. Let s € [0,T] and let pe be a measure solution to (3.1.9). Then i

satisfies

/Rd o(s,z) dus(z) — /Rd ©(0,z) dpg(z) = /0S } Avp(t, x) dpy(z) dt
" /0 /R (Vaplt2) - blt,2) + ot x) et ) dpu(a)

[ ( [ ¢t dinte. ) <y>) dda)dt+ [ [ pltn) AV

Proof. Let ¢ € BL([0,T] x RY) N CY([0,T] x RY). For € > 0 consider a cut-off
function h. : [0,T] — [0, 1] which satisfies h. |jo,q= 1 and h. decreases linearly to 0
in [s,s +¢]. We plug the \4"l-a.e. continuously differentiable function (¢, z)h.(t)
into the LHS of (3.1.9) and see

/R (T a)he(T) dpr () / (0, 2)he(0) dpo(a) = / (0, 2) djio(x) (3.1.10)

Rd

For the RHS we consider the terms separately. We start with the term involving
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3.1 From a PDE model to a weak formulation

the time derivative

[ [ et am i a
/ R4 8#,0 t JJ )+<p(t I)(;ith (t) dﬂt(l’) dt

1
/ (Opp(t, ) dpe(x) dt +/ (Opp(t,x))he(t) — @(t,x)— dps(x) dt
R4 R4 9

=A; + Ay + As.

Note that (9;p(t, x))h.(t) is bounded due to the Lipschitz continuity of ¢, so that
Ay — 0 for e — 0 by dominated convergence. For A3 we apply Lebesgue’s Differen-

tiation Theorem and use narrow continuity of pe which leads to

1 s+e
Ag = ——/ / o(t, ) dpy(z) dt — — o(s,x) dus(x),
€ Js Rd Rd
so that in total we have the convergence
T s
| [ ataneauna - [ ] @ettnduwa- [ o0 duo.
0o Jrd 0 JRrd Rd
(3.1.11)

The other terms on the RHS of (3.1.9) are actually simpler as they do not involve

time derivatives. We use Dominated Convergence Theorem again which yields

/ﬁwmwmmmwwmwmmmmmmww

Vi (p(t,x)) - b(t, z) + o(t, z) c(t, x) dp(z) dt
R (3.1.12)

s+e
/ Rd ,x)) - b(t,z) + @(t,x)h(t) c(t, z) dp(z) di
—>/0 V. (ot x)) - b(t,x) + o(t, x) c(t, z) duy(x) dt (e = 0).

R4
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Similarly, one can show that for ¢ — 0

/OT /R (Adw(t,y)hs(t)d[n(t,x)] (y)) dps () dt+/0T /Rdcp(t,x)hg(t)d[]\/(t)}(x) dt

=[] ( [ ety dinte,a) <y>) dida)dt+ [ [ plta) AN O)) dr
(3.1.13)

Combining (3.1.10) with (3.1.11), (3.1.12) and (3.1.13) yields the claim. O

In order to construct a unique solution to (3.1.1) and to prove continuous dependency
on model parameters as well as initial measures we proceed in several steps. First,
in Section 3.2 we prepare basic statemens on the flow of the vector field b. As a
second step, in Section 3.3 we set the state-independent influx N to zero, so that the
PDE (3.1.1) is linear in g;. This allows us to move to the adjoint problem by duality
theory and to explicitly find a unique solution with the method of characteristics
and Banach Fixed Point Theorem. In Section 3.4, we apply Duhamel’s principle to
construct a solution to problems with non-vanishing influx V.

The general nonlinear version of (3.1.1) in which the model functions can depend

on the solution i is treated in Section 3.5.

3.2 The flow of a vector field

In the construction of the measure solution we will apply the flow which is generated
by the vector field b. To this end, we collect here several basic properties and
estimates concerning the flow so that they don’t disturb the presentation in the

next sections.

Definition 3.2.1. Let b as in Assumptions 3.1.1 and let s,7 € [0,T]. Then we
denote the unique solution of the ODE

0s Xp(s;1,2) = b(s, Xp(s;7,x)) Xp(m;m2) =2 (3.2.1)
by X, : [0,T] x [0,T] x R* = R? and call it the flow of the vector field b.

Remark 3.2.2. Basic results from ODE theory guarantee that X, indeed exists and
is unique. In particular, Picard-Lindel6f Theorem (cf. [161, I1.§6.1]) gives a locally
unique C' solution s — Xj(s; 7, ) which according to [149, Cororllary 2.6] can be
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3.2 The flow of a vector field

extended to the whole interval [0, 7] as

T T
/ b(s, ) ip ds < / 165, Iz, ds < Tbflos < 0.
0 0

The flow ist Lipschitz continuous in all arguments as we show in the next lemma.
Since we will later restrict the domain of the flow to intervals of the form [0, ¢] with

0 <t < T, we present a slightly more general result to get sharper estimates.

Lemma 3.2.3. Let b as in Assumptions 3.1.1 and let t € [0,T] be arbitrary. Then
the following statements hold

i) For all s,7 € [0,t] the map R? > x + X,(s;7,2) is Lipschitz continuous, i.e.

| Xy (s;7, 1) — Xp(s:7, 00)| < |21 — ao|tPllee (3.2.2)

i) For all (1,z) € [0,t] x R? the map [0,t] 3 s — X,(s; 7, ) is Lipschitz contin-

Uous, i.€.

| Xp(s1;7,x) — Xp(s2;7,2)| < [|b]|o]S1 — S2- (3.2.3)

ii) For all (s,x) € [0,t] x R the map [0,t] > 7 — Xy(s;7,2) is Lipschilz contin-

UoUS, 1.e.

| Xy (85711, 2) — Xp(s;70,2)] < HbHooet”b”“]ﬁ — Tl. (3.2.4)

Proof. i) We have

Xp(s;7m,21) — Xp(s; 7, 2)
x1) — Xp (157, 21) + Xo (757, 2) — Xy (557, 22) + 21 — X9

—Xb
/ Op [ Xp(o; 7, 21) — Xop(o; 7, 29)] do + 21 — o
—/ b(o, Xp(o;7,21)) — b(o, Xp(0; T, 22)) do + x1 — za.

T

If 7 <'s, then

| Xp (557, 21) — Xp(s5 7, 22)] S/ b(, ) |Lip| Xo(o; 7, 21) — Xp(0; 7, 29) | do + |21 — 24,
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3 PDFE models on the Fuclidean space
so that Gronwall’s inequality yields
| Xy (57, 21) — Xp(s:7, 20)| <|wy — aa|elr POivde <15 gy HPlloe
If 7 > s, we have
| Xo(s;7,21) — Xp(s;7,29)| < /T 1b(o, ) |Lip| Xo(o; 7, 21) — Xy (057, 29) | do + |21 — 24,

and we can proceed analogously to get the same bound. Similarly, X, is Lipschitz

continuous in s since for s; < s9

| Xy (8957, 2) — Xp(s1;7,2)| =

s2
/ b0, Xy(o57,2)) do| < [blaclse — 51,

S1

which shows ii). To prove iii) let 71, 75 € [0,¢] and without loss of generality 75 < 71.
Then

Xp(s;11,2) — Xp(s;72, ) = Xp(s5711, ) — Xp(115 71, ) + Xp (12572, ) — Xop(s; 72, 2)

:/S b(o, Xy(o; 11, 7)) do — /S b(o, Xp(0;72,2)) do

T1 T2
S

T1
= [ blo,Xy(o;m,2)) — blo, Xp(0;712,2))do — / b(o, Xp(o; 72, 2)) do.

If s > 7, then

| Xy (8571, 2) — Xp(s; 72, 2)|
< / " b0, aipl X 03 71, 2) — Xo(o:79,2) [ o+ (71 — 72) bl
<t [ Xalori72) = Xs{o572,2) do + 7 = oo
Then Gronwall’s inequality yields
X (53 71, 2) — X (5372, 2)| < Bl — 7ol

The same bound can be established if s < 7. O

Proposition 3.2.4. Let t € [0,T] be arbitrary and let b,b as in Assumptions 3.1.1
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3.3 The case without state-independent influx
with corresponding solutions Xy, X; to the ODE (3.2.1). Then for all s, € [0,1]
1X4(5: 7. ) = X557, oo < 11— Blloc t 1P,

Proof. Let x € R%. With (3.2.1) and triangle inequality we see

Os[Xp(s; 7, 2) — Xj(s; 7, 2)] = b(s; Xo(s;7,2)) — b(s; Xz(s;7,2))
=b(s, Xp(s;7,2)) — b(s, Xp(s;7, ) + b(s, Xy (s;7, ) — b(s, Xj(s;1,2))
<[[b(s, ) = b(s, oo + [b(s, ) wip| Xo(s; 7, ) — Xz(s;7, 7))
<16 = Blloc + [[Blloc| Xo(s; 7, 2) — Xz(s57, 7).

If s > 7, then integrating from 7 to s yields
Xp(s;m,2) — Xj(s;7,2) = / 05| Xp(o;7,2) — Xj(o; 7, 7) | do
<Ilb— Bt + HBHOO/ Xo(0:7,2) — X307, )| do.

According to a variant of the classical Gronwall’s inequality [114, Theorem 3.2.1]

(with L(o, x) := ||z|| and M := 1), this gives the following estimate
Xy(s;7,2) — Xz(s;7,2) < [|b— b|ot + HBHOO/ b — b||sotels 1Blloc 47 g7
<= Bloct |1+ [Bllace!™<"s] < 16 = Bllte ™= |1+ [Bllt ]| < 16— Bllcte™ P,

where we used that 1 + x < e* for all x. An application of the supremum norm

yields the claim.

For s < 7 we integrate from s to 7 and proceed analogously to get the same bound.
O

3.3 The case without state-independent influx

We are now ready to treat the linear model (3.1.1) on [0, 7] x R¢ with the state-

independent influx N set to zero, i.e.

{ at/ﬁt +V,- (b(t, :C),ut) = C(t, l’)/Lt + fRd 77(t> x)(y) dﬂt(y)v (3.3.1)

Ho =V,
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3 PDFE models on the Fuclidean space

As a first step, we will establish a solution to the corresponding dual problem and
then later use it to define a measure solution to the (primal) problem (3.3.1). For
t € [0,7] and an arbitrary test function ¢y € BL(R?) N C'(R?) the dual problem
corresponding to (3.3.1) is given by

Orppi +0-Vapyi+cops+ Joaui(my)dn(r,2)] (y) =0 in [0,¢] x R,
()O’lb,t(ta ) - ¢ in ]Rd7

(3.3.2)

In order to solve (3.3.2), we first derive an implicit integral equation for the solution

¢y which we infer from the the method of characteristics.
Proposition 3.3.1. Let ¢ € BL(RY).
(i) There exists a bounded Lipschitz continuous solution @y to (3.3.2).

(ii) Let oy € BL([0,t]xR%) be a solution to (3.3.2). Then il satisfies the following

representation formula
90¢7t(7‘, l’) @/) t T, x))ef c(r,Xp(rim,x)) dr

# [ ustsdints, Xt ma)lp)el x0m s
(3.3.3)

where Xy, is the flow of b as introduced in Definition 3.2.1.

Proof. Before we treat the terminal value problem (3.3.2), we first consider the

following initial value problem analysed in Ref. [31]. For ¢t > 0 let

Y

{ 0,8(7, ) + A(r, 2) - Vol(r,2) — B(r,2)é(r,2) — C(r,2) =0 in [0,1] x RY
£(0,-) =¢ in R
(3.3.4)

Assume that the model functions A, B, C' satisfy
(a) A€ C[0,t]; BL(RYRY)),

(b) A satisfies condition M, i.e. there exists a nonnegative function K € L'([0,T1])
such that

(@ —y A(r,z) — A(r,y)) = —K(t)llz —y[|* V(r.2).(r,y) € [0,¢] xR,
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3.3 The case without state-independent influx

(¢) B,C € BL([0,#] x RY).

As we assumed A to be continuous [31, Corollary| implies that there exists a bounded
Lipschitz function £ : [0,¢] x R? — R solving (3.3.4) A"l almost everywhere and
which is given explicitly by

£<T7 I) =1 (XA(O; T, :(,’)) efoT B(r,X s(r;T,)) dr

! (3.3.5)

+/ C (s, Xa(s;7,2)) els Br-Xama)dr qq
0

To derive the representation formula for {(7,x) the model functions are suitably
mollified so that the method of characteristics can be applied which leads to a
formula in the higher regularity case. Then a limiting procedure yields (3.3.5).

By substituting (7, x) := £{(t — 7, z) we construct a solution to the terminal value
problem on [0,¢] x R?

o-o(r,x) — At — 1,2) - Vep(r,2) + B(t — 1, 2)p(1,2) + C(t — 1,2) =0

olt, ) —
(3.3.6)

As before, for any ¢ € BL(R?), there exists a bounded Lipschitz solution ¢ :
[0,¢] x RY — R solving (3.3.6) A4™! almost everywhere. This shows (i). Now we can
derive a representation formula for ¢ via ¢(7,x) = £(t — 7, z). To this end, we note
that

t—T7 t
/ B(r, Xa(r;t —7,x))dr = / Bt —r, XAt —r;t—7,2))dr
0 T
and

C(s, Xa(s;t —7,2))els  BrXalri—ra)dr g

Ct—s,Xa(t—s;t—, x))eff B(t=—rXa(t=rit—rz))dr q o

/
t—T
:/ C(S, XA(S; t— T, :L’))ef: B(t—r,X a(t—r;it—7,2)) dr ds
0
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3 PDFE models on the Fuclidean space

Thus, using (3.3.5) the representation formula is explicitly given by

o(r,x) =&t —7,2) =(Xa (05t — 7, x))ef: B(t=r.Xa(t=rit-rz))dr

t
+ / C(t — s, Xa(t — st —, :L‘))effs Bt=rXa(t=rit=r.z))dr qq

Now we set

At —1,2) == —b(T,2),
Blt—7,2) = c(r, 1), (337
Clt=ro):= [ elr) din(r.a)l)

By Assumption 3.1.1 the model functions b, ¢, provide enough regularity that as-
sumptions (a) and (c) are satisfied so that we are left to check assumption (b), i.e.
condition M. To this end let (7,z),(7,y) € [0,#] x R then using the Lipschitz

continuity of b

(x =y, Al 2) = A(T,9)) = (x =y, =b(t = 7,2) + b(t = 7,y))

d
Z it =7,y) = bi(t = 7.2)) = = )| = yllbilt = 7,y) = bi(t — 7. 2)
i1 i=1
> — Z |2 = yillbi(t = 7, )wiple — yl = = [Ibl|ocl2 — y[*.
=1
We are left to check how the representation formula changes with the specific choices

of the model functions. In particular, we have to transform X 4 accordingly. Unique-
ness of the ODE (3.2.1) s € [0, T yields that

Xa(rss,2) = Xp(t — 15t — 5, 2), (3.3.8)

which can be checked quickly. Plugging (3.3.7) into model (3.3.6) leads to the PDE
problem (3.3.2). The the corresponding representation formula can be transformed

using (3.3.8) which gives
§0¢7t(7,$) @b t T, :13)) f c(r,Xp(r;T,z)) dr

/ / @wt s,y)d[n(s, Xy(s; T, x))](y)eff o(r, Xp(rime)) dr ¢
R4
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3.3 The case without state-independent influx

as desired. [

Remark 3.3.2. Since all model functions are actually defined on [0, 7] and hence
also X; by Remark 3.2.2, any function ¢, ; defined by the representation formula
(3.3.3) can be naturally extended to the whole interval [0,7]. Note however, that
the extension will not necessarily be related to the dual problem (3.3.4) on [¢,T.

As a first step in constructing a solution to the dual problem (3.3.2), we construct
a unique solution to the representation formula (3.3.3) on [0, 7] via Banach Fixed

Point Theorem.

Proposition 3.3.3. Let t € [0,T] and ¢p € C°(R?). Then there exists a unique
solution @, € C°([0,T] x RY) to the implicit integral representation (3.3.3).

Proof. We want to argue with Banach Fixed Point Theorem. To this end, consider
the operator L : C°([0, 7] x R?) — C°(]0,T] x R?) given by the right-hand side of
(3.3.3), i.e. for g € C°([0,T] x RY)

L(g)(T, ZL‘) t T, :L,))eftc(rXb(rTx))dr

/ / s,y) dn(s, Xp(s; 1, 2))](y )ef e(rXp(rime)) dr qq.
Rd

Due to the continuity of all the model functions as well as of ¢ and X, (c¢f. Lemma
3.2.3) it is a standard computation to check that L(g) is indeed continuous.
In the following, for A > 0 we use the Bielecki norm on C°([0, 7] x R?)

gl =" sup e g(r,2)| (3.3.9)
(m,2)€[0,T]x R4

A short computation reveals that || - || is equivalent to the norm || - ||o.
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3 PDFE models on the Fuclidean space

To show that L is a contraction let g1, go € C°([0,T] x R%).

1 L(g1) — L(g2)lIx.z

=  sup e M7

(1,x) E[O T)xRd

91 5,9) — ga(s,v) d[n(s, Xp(s; 7, )] (y)elr crXolrmaldr g

t
SeT"C"w sup AT / / 19105, ) — ga(s, )] dln(s, Xo(s: 7 2))) () ds
T JRA

(1,x)€[0,T] xR

t
<eTlele sup e““’/ / lgr = gally T dln(s, Xifss )] () ds
T R

(7,2)€[0,T] xR

t
<™l ||g, — gl nlloe suD € / e ds
i

T€[0,T]
—AT —At
. e —e
=1 gy — golly e sup X
T€[0,T1]
eT”CHOO Moo At eTHCHOO M| o
S Wl g, gy sup (e < W gy
T€[0,7T
So if we choose A > 2¢e”lel=||y||, then L is a contraction with respect to || - ||, and
hence we conclude by Banach Fixed Point Theorem. O

Now that we established a unique solution ¢y, ; to the implicit representation formula
(3.3.3), we will concentrate on constructing a solution to the dual problem (3.3.2).
To this end, we restrict the domain of 7 to [0,¢] where ¢, actually corresponds
to the PDE, i.e. we consider ¢y, € C°([0,¢] x R?). Nevertheless, it will be quite
helpful later to remember that ¢, is defined for all 7 € [0, 7.

Proposition 3.3.4. Let v € BL(R?) and t € [0,T]. Then the unique solution
ot € CO[0,t] x RY) to the implicit representation formula (3.3.3) is bounded by

@ tllos < [[t)]|soetIeloctlmlloe).

Proof. We first bound the z-component. If 7 € [0, ], then

t
Poalra)l < [llee + [ [ fouuls, )l dins Xasim, o))(g)els e~ ds,
T JR
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3.3 The case without state-independent influx
so that

t
sup [valr ) e+ [ sup [ lpudow)labi D)1 as

ZER? FeRd JRA

t
<[ lloe Ml + /Sup |90w,t(37g>|Sup/Rdd[n(S,i‘)](y)e(s_T)C|°°d3

JERT ZeRd

t
<Y o etllielles / sup |<Pw,t(8,ﬂ)|||77|!ooe(s_T)||cll°° ds

yERL

t
Sl + e [ sup (s, et ds

jERd

Note that the map 7 > [|¢)]|oce* el is monotonically increasing, so that with

Gronwall’s inequality applied to 7~ eIl sup; pa |y (7, 7)| we conclude

7 llelloo sup |y (T, )] < ||t o tFMelloe glt=mlnlloc < |4 || o e EF T Iello0 gtlinlloe
Z€R

or equivalently

sup |y (7, 2)| < ||9]] soetelloetllec).

ZER4

If we consider ¢, as a function on [0,7] x R? then we can get a similar bound

which is independent of ¢.

Corollary 3.3.5. Let ¢ € BL(RY) and t € [0,T]. Then @y, € C°([0,T] x RY) can
be bound independently of t by

I@stlloo < [[26]]soeT Nellcotlnllec)

Proof. In view of Proposition 3.3.4 we have already a sharper bound ¢y, if 7 < .
In the case of t < 7 < T we can get a slightly weaker but similar estimate of the

form

:
s [0 (7 )] <0l e [ sup s, ) e s,
Z€ER4 t geRd

29



3 PDFE models on the Fuclidean space

7l

which with Gronwall’s inequality applied to 7 + e7lléll sup. pa [y, (7, )| leads to

orlelloo sup (7, )| <[[]oue Tl glrBlmloe. < 14| T+ lellse Tlloo
zeR

or reformulated to

sup \s%,t(T, :g)‘ < WHOOeT(HcHooJrIInHoo)_
Z€R4

In particular, we get a uniform bound for all 7 € [0,7] and thus the statement
follows. [

Our next step is to establish Lipschitz continuity of ¢, and for this we need the
following regularity statements which are based on [44, Lemma 3.17], however with
upgraded regularity in time of the model functions. For the convenience of the

reader, we sketch the arguments.

Lemma 3.3.6. Let ¢ € BL(R?) and define
Gv;_b,t : Rd N R, T ¢(Xb(t7 T, I))(?f: C(T’,Xb(T;T,(E))dT‘

Then the following statements hold:

i) Fort € [0,T] and 7 € [0,t] the map x — G¥*(z) is in BL(RY) with

|G (1) — G¥(x2)| <) preUPllet2lelo)|qy — ). (3.3.10)

i) For t € [0,T] and all x € R? the map [0,t] > 7 — GY'(x) is Lipschitz

continuous with

G54 () = GEH ()] < el (lBlloe + llelloo)e Ity — 7). (3.3.11)

i) For all 7 € [0,T] and all x € RY the map [0,T] > t — GY*' is Lipschitz

continuous with

G2 () = G2 (@) < [@lsr(blloe + llelloo)e™ M=ty — 1o (3.3.12)

Proof. Before we show i), we note that the map x — e” is Lipschitz continuous on

compact sets K with Lipschitz constant bounded by es"Pzex 7l Hence, we compute
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3.3 The case without state-independent influx

with (3.2.2) for z1, 75 € R?

‘ef c(r, Xp(rsmyer))dr ef_: c(r, Xp(r;mx2)) dr

<et”c°°/ le(r, Xy (r; 7, 21)) — c(r, Xp(r; 7, 22))| dr
(3.3.13)

<€t||«:oo/ (7, i | Xo (3 7, 21) — Xy(r; 7, 2)| dr

Set”CHm||C||Oot€tHbH°°|1’1 — x| < et(”b||°°+”0”°°)|]c|]oot\xl — Zo|.
Now we turn to the Lipschitz continuity of G¥* in z: With (3.2.2) and (3.3.13),

(G2 (1) = G (w2)| |1 — wo [ [uipe el 4 g oce! 1Pl el ]| o ¢]
<Jwr = wo|[[[|pre =+l [1 4 |l o]

<|z1 — xo|||0)|| pretClcloetblo)
which shows i). Next, we show ii). From (3.2.4) we conclude
[0(Xo(t; 71,2)) = (Xt 72, 2))] < [Wlwipl D™y — 7], (3.3.14)

so that similarly to i) we get for all 74,7 € [0,¢]

’€f:1 e(r, Xy (rsm,2)) dr ef‘rtg c(r,Xp(r;m2,z)) dr

t t
SetHCHOO / C(?"7 Xb(T;Tl,iL'>>d7a _/ C(T7 Xb(r;TQ?x))dr
T1 T2
t
< [l = mllel + [ TellalXa(rim1,0) - Xifri 7 )] | (33.15)
T2

<e 0 {|7, — malllclloc + tllello Dl — 7]
<€1tHcHoo‘T2 — 71|Hc||ooet”b”°°(1 + t]b]| o) < ||c|’ooetHbIIooet(HcHooJrIIbHoo)|72 — 7|

<|le|lsoe t(]l¢ll oo +2/b] |00 ’7.2 — 7.

Note that we used the estimate 1 + 2 < e” in the last step. From (3.3.14) and
(3.3.15) we conclude

G2 () = Gt ()] < [[9]iplblloce el [l gl o W20 |y — 7y
<[llsL(Blloc + llelloo)e el 20y — ],
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3 PDFE models on the Fuclidean space

which was to show. To prove iii) we compute for t1,t; € [0,T]

)effl c(r,Xp(rym))dr GI:Z c(r,Xp(r;7,z)) dr

SeT”C”oo

/t1 c(ry Xp(r;7,2)) dr — /t2 c(r, Xy(r; 7, z)) dr (3.3.16)

<ellelt; —to]lc]l -

Furthermore, estimate (3.2.3) for t = T yields
(X (t; 7, 2)) = (X (t2; 7, 2)) | < [Plnip [l co| 1 — T2l (3.3.17)
so that with (3.3.16)

(G2 (@) = G2()] <lwipblloolts — o] + [ ]loce™ I [t1 — tal[1clloc
<[llsz(blloc + llelloo)e™ I [t — 1.

Proposition 3.3.7. Let v € BL(R?) and t € [0,T]. Then py,, € BL([0,t] x RY),

i.e. Lipschilz conlinuous in 7 and x, with

“‘pw,t”BL S O||¢||BLGCt.

Proof. We first prove Lipschitz continuity in x. Let 7 € [0,¢]. First, with (3.2.2) we

consider the difference

| [ podts dtnts, Xatsimo0) = nls, Xilsim 20)]) ds

t
Slls%,tHoo/ (s, ) BLlXp(s; 7, 21) = Xp(s; 7, 22)] ds (3.3.18)

t
<llpy lloolmlloc |21 — fvzl/ eWl= ds < [l gyellocllnlloct €11y — 2].
T
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3.3 The case without state-independent influx
Combining (3.3.10), (3.3.18) and (3.3.13) with some triangle inequalities yields

[Pt (T, 21) — Py (T, 22))|
<|zy — 4] [W||BL€t(Hb||oo+2HcHoo) + 1wl ool cot etlbllco+llelloo)

+ | wtllsolllloot [lc]l oot et Pt lclioe)]

<Jar = wo|e Wl=*2IN) [l + llylloo Moo t + llpwelloolnllsollelloo 7]

Using Proposition 3.3.4 this can be simplified to

|§%,t(7'a 1) — Pyu(T, T2)|
<|zy — l‘2|€t(HbH°°+2HCH°°)||1/)||BL [1 + et(||c‘|°°+”"”°°)||n||oo t+ et(”c'|°°+H"”°°)||77||oo||0||oo tQ}
<|a1 — wole!Wleet3lelletllee) g g1 [1 4 [[l]oo t + Illoollelloo 7] -
(3.3.19)

Analogously, we can prove Lipschitz continuity in 7. Let 71,7 € [0,¢]. Again, we
first look at the difference

| [ eetsmints Xatsmanl)ds = [ [ outs. dints, Xalsia, o)) ds
< [ Jeweta m)ldints, Xigsim, 2] () ds

+

t
[ st dlnts Xats o) = s ot )|
70 JR
t
<l =l + wale | I, aul oo ) = X, )] s,
T2

Using (3.2.4) we continue and see

| [ wostsdins XatsmaDlwas = [ [ oo, dinto, Xilsi m )l (0) s

<l = 7ol ll@willoclnlloo + lop.dllocllloct [Blloce ™™ 1 — 7|
=l = 7olllpwelloollnlloe (1 + ¢ [[b]loce™™>)

<|11 = 7ol @p.tlloclnlloce® el

(3.3.20)

Now we can show Lipschitz continuity of ¢y, in 7 with the estimates (3.3.11),
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3 PDFE models on the Fuclidean space
(3.3.20) and (3.3.16)

|(p¢,t(7—17 l‘) - §0¢’t(T2, :L‘)|

<ir1 = 7al [0l + lllloo)e =1 s o211l

+ 111 = 7o [ 9wt loollnlloot [|c] et It Hicllo)]

<J7i = el eloe) [llgpl| 51 (bl + llelloe) + luelloolllloc + 10 tlloc Moot llclloc]

Again with Proposition 3.3.4 this can be simplified to

|g01f1,t(7—17 .ZU) - ¢¢,t<727 x)l

<7y — Taef bl Hlelx) [r|w||BL<||b||oo llelloo) + Nl oottt )
eIl ||c||oo]

< = A A1 [+ el + e+ el |-

(3.3.21)

The boundedness follows directly from Proposition 3.3.4. [

Remark 3.3.8. With similar computations as in the proof of Proposition 3.3.7 we
could even show that ¢y, € BL([0,T] x R?) if we additionally consider 7 > ¢ and
replace all factors ¢ by T'. In particular, in view of the (adjusted) estimates (3.3.19),
(3.3.21) and Corollary 3.3.5 the BL norm of ¢, is bounded independently of ¢ by

lowillpr < CllvllpLe™

for some constant C' > 0 depending on 7" and norms of the model functions. How-
ever, for the construction of the solution to the nonlinear model in Subsection 3.5

we will need the sharper estimates from Proposition 3.3.7.

Lemma 3.3.9. Let v € BL(RY). Then the map [0,T] > t — @y, is Lipschitz

continuous, i.e. for all (1,z) € [0,T] x R4
00,1 (75 ) = @y (T, 2)| < CllPll LIt — 2ol

Proof. Let t1,ty € [0,T], without loss of generality let t; > t5. Then for 7 € [0, 7]
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3.3 The case without state-independent influx
arbitrary

sup |90¢,t1 (T7 ZL‘) — Pty (T’ :L‘)|
r€R4

1/}(Xb (tl, T I‘))Gfll c(r,Xp(riT,z))dr ¢<Xb (t2, T, x))ef:2 c(r,Xp(r;7,x)) dr

< sup
xERA

+ sup
zcRd

t1
/ / Ppan (5,9) dln(s, Xp(s; 7, 2))](y)el- X rmaldr 4
to R4

to
wsup | [ ] pun(s0) = Gonn(sy) dnfs. Xals 7)) (g)el? e ds
zeR T R

=A+B+C.

The term A can be estimated by (3.3.12)
Al <[l blloo + llelloc)e™= [t —to] < Cllellpre [t — tal. (3.3.22)
With Remark 3.3.8 we can bound the term B by
|B] < llewullsrlnllce =ty —ta] < Clll|pre™ft — tal. (3.3.23)

For the term C' we assume 7 < t5 but notice that a comparable estimate can be

established if 7 > t5 by switching the integral boundaries

t2
€ =T sup [ [ Jouis () = puaals. )l (s, Xofsi )] 0) s
FAS T

(3.3.24)

to
Se”c”wTHnHoo/ SUD [0y, (5, 4) = @uoea(s,y)] ds.
T yeRd

So combining (3.3.22), (3.3.23) and (3.3.24) gives

sup |90¢,t1 (Tv l’) = Pty (7_7 ZL’)l
rcRd

[
SC’h - tQ‘ HwHBL + ellc”OOTHnHOO/ SU% ‘901/17751 (87 y) - 901%152(87 y)’ d37
T yeR

which together with Gronwall’s inequality leads to

SUD |94,y (7, ) = Pua (7, 2)] < Clty — ol [l 52 exp (=T 1]l ootz — 1)
zeR

<Clt: — ta||¥|| 5z exp (elI=T ||| T) = C|[¥||rlts — ta|-
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3 PDFE models on the Fuclidean space

As the right hand-side is independent of 7 the claim follows. O
We conclude this paragraph with an observation.

Corollary 3.3.10. Let ¢ € BL(R?). Then the solution @, € BL([0,t] x R?) to the
implicit representation formula (3.3.3) solves the dual problem (3.3.2) X1 almost

everywhere.

Proof. According to Proposition 3.3.1 (ii) any solution ¢,, € BL([0,t] x R?) to
the dual problem (3.3.2) will also satisfy the implicit representation formula (3.3.3).
However, (3.3.3) has a unique solution ¢, € BL([0,t] x R?) (see Propositions 3.3.3
and 3.3.7). In particular, we conclude that the dual problem (3.3.2) has at most one
bounded Lipschitz continuous solution, i.e. uniqueness of the problem. As existence

has already been established in Proposition 3.3.1 (i), the claim follows. [

Remark 3.3.11. The fact that ¢, only solves (3.3.2) A"l almost everywhere is
not problematic for the construction of our measure solution. Actually, we are only
interested in solving the dual problem at the boundary 7 = ¢, so that we assume
Y € BL(RY) N CY(R?) and we thus have sufficient regularity where we need it.

Constructing a measure solution: Now we want to use the solution to the dual
problem (3.3.2) to construct a measure solution to the primal problem (3.1.9) with
N = 0. To this end, we plug ¢y, into (3.1.9) with N = 0 and time ¢ which yields
for the left-hand side

[ ouitt o) due) = [ puat0.0)dala) = [ o) dple) = [ peal0,) dn(a)
R4 R4 R4 R4
and for the right-hand side
t
| [ @cuatra) + Vagoutria) -briz) + sl el ) dpo o) dr
0 R

+/Ot /Rd /Rd wua(r,y) dn(r, )] (y) dpr (z) dr. (3.3.25)

As ¢y, solves the dual problem, the right-hand side (3.3.25) vanishes for almost
every x € R? so we define for all ¢ € [0, 7]

i Y(x) dpy(r) = /]Rd ©y1(0, 2) dpo(z). (3.3.26)
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3.3 The case without state-independent influx

Lemma 3.3.12. Let y; be defined by (3.3.26). Then for all v € BL(R?) and all
0<s<t<T

[ 0@ @) = [ podts.) (o) (3.3.27)

Proof. Let s € [0,t] and let £(7,x) be the solution to the dual problem (3.3.2)
with final time s and boundary value &£(s,z) = @y (s, x). We directly conclude
E(T,2) = py (T, x) for all 7 € [0, s] by uniqueness of the dual problem (see Corollary
3.3.10). Applying (3.3.26) twice yields

[ v@ o) = [ oul0.00dn@) = [ e0.0)dul@) = [ ols. 0 dua)

[
Lemma 3.3.13. Let p; be defined by (3.3.26). Then u; € M*(R?) for all t € [0, T).

Proof. In view of (3.3.26) we can prove nonnegativity of y; if we can show that ¢ > 0
implies ¢, > 0. So using the representation formula (3.3.3) we see for arbitrary
T € [0,¢]

t
Pyt(T,T) Z/ / ©ua(5,y) dn(s, Xo(s; 7, 2))](y)elr Cr-Xolrmaddr qg (3.3 98)
T JR4
Now we consider the convex and nonincreasing map
|- R =Ry, x — max{—z,0}

and apply it to both sides of (3.3.28) with Jensen’s inequality

t
peatrall <| [ [ puals.pdints, Xulssm o) (g)el e 0eman ds
T - (3.3.29)
S// [pui(s:y)|_ dln(s, Xo(s; 7, 2))] (y)elr 00 g,
T JRd
Note that [Az|- = Az|- for A > 0. Taking the supremum over x on both sides
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3 PDFE models on the Fuclidean space

yields
sup |y (7, )| < Sup/ [ua(s, )| dln(s, Xo(s; 7, )] (y)el Xelrmddr g
Z€R4 ZeRd R4

S/ sup |0y4(5,9)|_ sup [|n(s, )| preel =t ds
T §ERC ZER4

t
SHnHoo/ sup |@p.(s, )] eldl=t-") ds.

JERL
So with Gronwall’s inequality we conclude supgcpa |py (7, Z)|- = 0 which implies
@pi(T,2) > 0 for all z € RY. This was to show. O

Proposition 3.3.14. Let p; be defined by (3.3.26). Then the following statements
hold.

i) p is bounded in total variation norm, i.e.

t(llelloo Il

pellrv < e OO)HMOHTV-

ii) The map t w— p; is narrowly continuous. Furthermore, the map t — y is

Lipschitz continuous.

Proof. To show i) we apply the variational characterisation of the total variation
norm (see e.g. [44, F.24]), (3.3.26) and Proposition 3.3.4 which yields

(%)
|pellrv = sup () dp(r) = sup Y(z) dpe(z)
»eC(RY) JRY eCH(RY) JRE
IPllo<1 IYllo<1

— swp [ 00 o) < sup [ 1T gy
YpeC(RY) JRY YeCH(RY)
Illoo<1 IY]lo <1

—etllellos+Inlleo) Il ol -

In (%) we used that C!(RY) is dense in Cy(R?) by Stone-Weierstrass Theorem.
Before we prove ii), we show that for all v € BL(R?) the map t Jga 0 dpe s
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3.3 The case without state-independent influx

Lipschitz continuous. Indeed, let s; > so, then with Lemmata 3.3.12 and 3.3.9

w((l?) dfpes, — prs,)(

\ / sy (33, 7) — Do (52, 7) djiny ()

/ |51 (52, %) — Py sy (82, 7) | dptsy () < Clsy — sal|| V|| Ll sy | 7v (3.3.30)

<C|s1 = sol||¥||BL || ol v -

Note that we used i) in the last step. The Lipschitz continuity of the map ¢t —
Jga ¥ dpy(2) directly implies that for all ¢ € [0, 7] and all ¢» € BL(R?)

lim x) dus(x / Y(x) dpy(z

s—t

which is equivalent to narrow continuity according to Portemanteau Theorem (see
e.g. [44, G.14|). The Lipschitz continuity follows from (3.3.30) as well, i.e.

pF(/JJSuHSz) = Sup w(@ d[usl - M32}<x> < C"Sl - 52"|M0‘|TV'

l¥llpL<1JRY

]

Our next goal is to show that the family of measures {ji}cjo,r) actually satisfies
the weak formulation. However, in the proof we will need Fréchet differentiability
of @y +(7,2) in t. As this regularity proof is quite involved, the result is presented
separately. In the following we adjust the proof of [138, 3.9 to our purposes. As a

start we simplify the notation and introduce

p(t,T, ) w(Xb(t T, ZL’)) f C(T’X},(T’Tm))df’ 9(877717) ef c(rXb(rTac))dr’

(3.3.31)
f(t’ T, Zl?) :90111715(7—’ QS),

so that we can rewrite the representation formula (3.3.3) to

f(t,,x) =p(t,T,x) +/ /Rd ft,s,y)dn(s, Xo(s;m,2))|(y)g(s, 7,x)ds.  (3.3.32)

To derive the Fréchet differentiability, we will now only work with the identity

(3.3.32). As a start, we will need a generalisation of Proposition 3.3.3.

Lemma 3.3.15. Let g as defined in (3.3.31) and let ¢ € CY([0,T] x R?). For
to € [0,T] fized there there exists a unique continuous map f* € CP([0,T] x RY)
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which solves the implicit equation

f(r,x) = —q(r,z) + / i g f(s,y)d[n(s, Xp(s;m,2))|(y)g(s, 7,2)ds.  (3.3.33)

Proof. We show existence and uniqueness with Banach Fixed Point Theorem and

thus for A > 0 employ the Bielecki norm

I£llx = sup e T f(7, 2)].
7€[0,T]
z€R?

Now let L : C2([0,T] x R?) — CP([0, T] x RY) be defined by

Litra) = gty + [ [ Fsmints, Xatsima))g(s,m ) ds
i.e. the RHS of (3.3.33). We have

| Lf1 = Lfollx

—X(T-71)

[ o) = o) dnto, Xt 72D 7.2 s

= sup e
(1,2)€[0,T]x R4

to
<ol sp [ Bl dints, (s <)o) ds

(,2)€[0,T] xR

1— 67)\(15077)

to
<llgllsclinllooll fr = f2llx sup e”/ e ds = [lgllclinllocll fr = follx sUD ————
T7€[0,T T 7€[0,T]

SRS
<lolleltlee 1, —

So choosing A > 2||g|lso||nlee vields a strict contraction and (3.3.33) has a unique
fixed point f* in CP([0,T] x RY). O

Now, we can focus on the Fréchet differentiability of the map t — ¢y ;.

Proposition 3.3.16. Let f,p,g as in (3.3.31). Then the function [0,T] > t —
f(t,-,-) is Fréchet differentiable in CP([0,T] x R?), i.e. for all ty € [0,T] there exists
Oif(t, ) li=to € CP([0,T] x RY) such that

— 0 as At — 0.

e}

Hf(to +AL--) — [t ) —Ouf(t, ;) li=t

At

Proof. Our goal is to apply the Implicit Function Theorem in Banach spaces and
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3.3 The case without state-independent influx

thus we rewrite (3.3.32) to an equation which has to be solved in CP([0,T] x R?)

0=—o¢(r,z) +p(t,7,2) + / » o(s,y) dn(s, Xp(s; 1, 2)|(y)g(s, 7, x) ds

= F(t,¢)(r, ),

where I : [0,T] x CP([0,T] x RY) — CP([0,T] x R?) and we denoted ¢(7,z) :=
f(t,7,2). As continuity is clear, we refer to the proof of Proposition 3.3.4 to see
that F'¢ will be bounded for all ¢ € CP and thus F indeed maps into the correct
function space.

As a first step of the proof, we show that F' is Fréchet differentiable. Let (7,z) €
[0,7] x RY

[F(t+ At, ¢ + Ap) — F(t,¢)|(1, )
=—o(r,x) — A¢(T,x) + p(t + At, 7, x)

t+AL
/ / 6(s, ) + Ag(s,y) dl(s, Xo(s; 7, 2))(w)g (s, 7, 2) ds

#o(r) = plt )~ [ [ 605.0) s, Xotsi )0t ) s

p(t+ At, 7, 2) — p(t, T, ) At
At

+ /t g o(s,y)dn(s, Xy(s;7,2)](y)g(s, 7, ) ds

=— A¢(r,x) +

t+At
+/ qub(s,y)d[n(s,Xb(s;T, x)|(y)g(s, 7,2)ds
T R
=:A+B+C.
We consider the terms A, B and C separately. Before we consider term A, we note

that p is differentiable in ¢ since ¢ € C! and all the others functions involved also

have sufficient regularity. Hence, we see

p(t+ At, 7, z) — p(t, 7, )
At

A=—Ao(r,z) +pie(t, 7, 2) At + —pe(t, T, x) | At

= — A¢(7,x) + pe(t, 7, x) At 4+ o( At).
(3.3.34)
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3 PDFE models on the Fuclidean space

Next, we treat term B.

p= [ [ ot dbte Xt ot .00 s

-~

=:a(s)
t+At
=a(t)At + /t a(s) — a(t)ds.

We note that s — a(s) is continuous and thus bounded on [0,7]. Hence,

t+At t+At
/ a(s) — a(t) ds < 2||a||oo/ ds = 2]jaf|w At € o(AY).
t t
In particular we get
B —a(t)At + o(At). (3.3.35)
Term C can be rewritten as follows
t
c= [ [ astsg)dints, Xulsim. o) g(s,7.) ds
T R
t+At
s [ [ dts) dins Xasim 0)w)gs, ) ds
t R
We observe that
t+At
[ 2ot dints Xt malw)als, ) ds
t R
t+At
SHgHooHAWooH??Hoo/ ds = ||gllccl| AP [Inllcc At € o(AL, Ag).
t

Consequently,
C= [ [ Aot )t Xt ml)gls, ) 4+ oA 8). (3330
Combining the estimates (3.3.34), (3.3.35) and (3.3.36) yields
F(t+ At, ¢+ Ap) — F(t,¢) = DF(t, 9)[At, Ad| + o(At, Ad),

where DF(t,¢) : [0,T] x CY([0,T] x RY) — CP([0,T] x R?) is a bounded linear
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3.3 The case without state-independent influx

operator defined by

DF(t,¢)[At, Ag|(T,x)
=— AP(1,x) + pi(t, 7, 2) At + At a(t) + / /Rd Ap(s,y)dn(s, Xp(s; 7, 2)](y)g(s, T, z)ds
= — A@(1,x) + pe(t, 7, 2) At + At /Rd o(t,y) dn(t, Xp(t; T, 2)](y)g(t, T, )

‘f‘/T /Rd A¢(S,y) (1[77(5,)(1)(8;7‘7 q;)](y)g(sﬂ-, ZE) ds.

We remark that the continuity of the derivative V1 secretly plays a significant role

in the form of p, for ensuring that DF maps into the correct function space.

In the second step, we want to conclude Fréchet differentiability of ¢, ;. To this end,
we fix some to € [0,7]. Our goal is to use the Implicit Function Theorem in Banach
spaces |37, 5.1.29] applied to the the map (¢, ) — F(t, ¢) to express ¢ as a function
of ¢ in a small neighbourhood of ¢;. We first observe that in view of Proposition
3.3.3 there exists a unique solution ¢* € CP([0, T] x R?) which satisfies T'(to, ¢*) = 0,
namely ¢y ,. As we already established Fréchet differentiability of F' in the first
step, we are left to show invertibility of the operator DF'(ty, ¢)[0, A¢]. To this end,
let R: CY([0,T] x RY) — CP([0,T] x R?) be the linear bounded operator defined by

(Bn)(r0) = <hr)+ [ [ his)dints, Xafsim o) w)a(s o) s,

so that DF(ty,¢)[0,A¢] = RA¢. According to Inverse Mapping Theorem, it is
sufficient to check that R is invertible which is equivalent to the existence and

uniqueness of continuous solutions to the equation
(Rh)(r,z) = q(T,x) Vg€ CY([0,T] x RY).

By Lemma 3.3.15 this equation is uniquely solvable, so that R and thus DF'(to, ¢)[0, A¢]
are invertible. By the Implicit Function Theorem there exists some neighbourhood
U of ty and a Fréchet differentiable function ¢(¢)(7, z), so that

F(t,o(t)(r,z)) =0 vt e U.
On the other hand this equation is already uniquely solved by ¢, = f(¢,-,), so

that ¢ — ¢y (7,2) = f(t,7,2) is indeed Fréchet differentiable. O
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3 PDFE models on the Fuclidean space

Now we are well prepared to show that y, is actually a weak solution in the sense
of Definition 3.1.3. We already established nonnegativity (c¢f. Lemma 3.3.13) and
narrow continuity (cf. Proposition 3.3.14), so that we are left to check the weak

formulation.

Proposition 3.3.17. The family of measures {ju }co.r) be defined by (3.3.26) sat-
isfies the weak formulation (3.1.9) with N = 0.

Proof. Let o € BL([0,T] x RY) N CL([0,T] x RY) and consider the function
F:[0,T] x [0,T] —» R, F(s,t) ::/ (s, x) dpg(z).
Rd

Our goal is to compute the derivative of 0, F (7, 7) which will yield the claim. How-
ever, we first show that for all ¢» € BL(R?) N C'(R%) and all t € [0, 7]

tim [l dloc = )0
- /Rd [Wﬂt) Vet (@) +elt,api(@) + [ () dlnlt 2))(w) | due).
(3.3.37)

Using (3.3.27) and the fact that ¢, ; solves the dual problem (3.3.2), we see that for
all t € [0, T

1 N (@) d[pe — p_n](z) _/Rd Oy i(t —h, x})l — @yt ) dpe_n ()

h (3.3.38)

— — / Orpy (T, ) =t dpu () (h —0).
]Rd

More explicitly:

t, xT) — t— ha x
/ Pyt 2) iw’t( ) dpg—pn(x) — / Orpy (T, @) |r=t dpae()
R Re

< /]Rd 8790¢,t(7'v ) = [ — p—p) ()
t,x) — t—h,x
+ / 6790¢,t<7', -T) ’th _pr,t< ) f%t( ) d/Lt_h(.CIZ)
R4
=:A+ B.

According to Proposition 3.3.7 ¢y, € BL([0,T] x R?) and consequently ¢, is A

a.e. differentiable in 7 according to Rademacher’s Theorem and the derivative is
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3.3 The case without state-independent influx

a.e. bounded. However, we explicitly need differentiability for 7 = ¢t. By con-
struction oy ,(t,-) = ¥ € BL(R?Y) N CY(RY) so that we can indeed conclude dif-
ferentiability of ¢y, in 7 = ¢, and the derivative is even bounded. In particular,
Oroypi(T,+) |r=t€ Cy(RY) so that we conclude by narrow continuity |A| — 0 for
h — 0.

Before we estimate term B, we note that according to Corollary 2.1.4 narrow con-
tinuity of the map ¢ +— p, implies that the family {p;—p, | h > 0} is tight. Thus, for
e > 0 there exists a compact set K C R? such that

pi—n(K) <e Vh > 0.

Using K we split the integral of B

t,x) — t—h,x
| B S/ O0r 0yt (T, %) |r=t _%%,t( ) iw’t( ) dpy—p(z)
K
t — t—nh
e e Pt}
R\ K h

Remember that difference quotients converge uniformly to the derivative. Hence,

for h small enough

Oy t(t, ) — @y i(t — h, )

; <1 for all x € R?

aﬂ%},t(ﬂ l’) ’th -

and we continue to estimate for small A

t.) — @yt —h, -
rpyalr,) o — Py (B K,

Lo (K)

|B| <

Since py_p, € MT(R?) for all h (see Lemma 3.3.13) we have with Proposition 3.3.14
e (K) < py_p(RY) < etlliellectlmllce) )i < o0,

so that we conclude with the uniform convergence of the difference quotient and

tightness

limsup |B| < ¢,
h—0

i.e. |B| — 0 for h — 0 proving (3.3.38).
With the formulation of the dual problem (3.3.2) we conclude (3.3.37) for all ¢ €
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0,71
%h () e — (@ /aﬁowxnwdut()

(3.3.39)
= [ blt) Vuts(o) + el a)ote) + [ o) dinta))) ),

We still need to prove a similar statement with the limit from above, i.e. that for
all t € [0, T

}111{% N %D( ) dlppern — ) ()

= /R d [b(t,x)-Vm¢(w)+c(t,x)1/}($)+ Rd¢(y)d[n(t,x)](y) dpe().
(3.3.40)

Note however, that ¢y, does not satisfy a semigroup property for 7 > ¢, so that
we can not proceed as before. Instead, we rewrite the terms differently by applying
(3.3.27) again which yields

%/Rd @D(a?) d[l’[’t-‘rh - Mt](l') = % /Rd S0¢7t+h(t + h, 1’) dﬂt-l—h(x) — % /Rd szb,t(t, 1,) dﬂt(x)

t,r)— t, T
:/ gpwi-i-h( )h 501%75( )d/ﬁt(«x)
Rd

(3.3.41)

According to Proposition 3.3.16 the map ¢ — ¢, (7, z) is Fréchet differentiable so

that we compute with representation formula (3.3.3)

at%pw,t(ﬂ QL')
VLKt ) - Bt Kt 7 ) e Kot
UKl )l T (15 7,2)

* / eualtyy) dln(t, Xt 7, x))](y)elr crXelrima)) dr
R

t
+/ 3t90w,t(8,y) dn(s, Xp(s; 1, 2))](y )ef e(r, Xp(rs7,2)) dr ds,
7 JR4

which implies

Oy (T, ) |(r0)=(t.) =Vt () - b(t, ) + p(x)c(t, 2) + Rd¢(y)d[n(t,x)](y)-
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Plugging this into (3.3.41) we see

7 [ o e, = ) = [ ool ZEollt) g

h h

—>/Rd 8,5901/,7,5(7', x) |(‘r,z):(t,x) dﬂt(.it) (3342)
::jéd[V@ﬁ%x)-b@,x)%¢0@0@,m)+ Rd¢(y%ﬂn@,xﬂ@”}dﬂxx%

proving (3.3.40). Combining (3.3.39) and (3.3.40) we conclude with Leibniz rule for
all € [0, 7]

0. F(7,T)
= [ oetra) 8700 Vaptro + clropptraa) + [ ot dinr )| e o),
so integrating from 7 = 0 to 7 = T yields (3.1.9) with N = 0. O

Remark 3.3.18. Note that if the model functions ¢, b, are autonomous, i.e. time
independent, it is not necessary to prove Fréchet differentiability in (3.3.41). In
this case uniqueness of the dual problem (3.3.2) implies that for h > 0 and all
te[0,T — hl

Pyarn(T2) = ui(T —h,x)  Y(r,x) € [h,t 4+ h] x RY.

Consequently, we can rewrite (3.3.41) to

3 [ v e ) = [ 2R Z ) gy )

o= [ 0pudra) [ diue)  (h0),
R

where the limit ~ — 0 can be computed analogously to term A in the first case. As
we have already seen in (3.3.39) this implies (3.3.40).

Next, we show that the solutions to (3.3.1) are actually unique.

Lemma 3.3.19. If ug = 0, then any measure solution e to (3.3.1) has to be the

zero measure. In particular, solutions to (3.3.1) are unique.

Proof. The idea of the proof follows [44, 3.39]. Let p, be a measure solution to
(3.3.1). As pp = 0 and N = 0 the weak formulation (3.1.9) reads for any test
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function ¢ € BL([0,T] x RY) N C([0,T] x R?)

/ p(T,x) dpr(z) = / L Oup(t, ) dp () dt
/ /Rd Vaip(t,x) - b(t, @) + (t o) oft, ) dp(w) dt (3.3.43)

+/0 /Rd (/Rd o(t,y)dn(t, z)] (y)) () dt,

Now let v € BL([0,T] x RY) N C*([0,T] x RY) be arbitrary and define oy (¢, ) as

the unique solution of the dual problem

Orpyr +0-Vopyur+copr + [pappr(t,y)dnt )] (y) =+ in [0,T] xRY,
op1r(T,-) =0 in R4
(3.3.44)

Note the subtle differences to the dual problem (3.3.2) in the right hand side and the
boundary condition. The solution ¢, 7 to (3.3.44) can be constructed similarly to
the solution of (3.3.2) and has the same regularity ¢, € BL([0,T] x R?). Testing
(3.3.43) with ¢, r we obtain

T

/ Yt x)dp(z)dt =0 Vo € BL([0,T] x RY) N C([0,T] x RY). (3.3.45)
Ra

To conclude that p, is actually the zero measure, we restrict ourselves to test func-

tions which are of the form ¥(t, ) = ¢(t)&(x) with ¢ € C>([0,T]) and £ € C>(RY).
So instead of (3.3.45) we consider

/OTgp(t) » E(x)dpg(z)dt =0 Y € ([0, 1)), V¢ € C=(R?). (3.3.46)

From the Fundamental Lemma of Calculus of Variations and continuity of the map
t = [ga &(x) dpy(x) we obtain

E(x)dp(z) =0 V&€ CP(RY),Vt € ]0,T), (3.3.47)

i.e. that we can neglect the outer time integral. In this case, we conclude p; = 0 for
all t € [0,T] as C°(R?) is separating for M™(R?) by Proposition 2.1.9. O

We want to conclude this section by proving continuity of solutions with respect to
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model functions and the initial measure. To this end, we first prove continuity of
the solution to the dual problem (3.3.2).

Proposition 3.3.20. Let t € [0,7] and let (b,c,n), (b,&,7) be two triples of model

functions satisfying Assumption 3.1.1 with corresponding solutions gofljcgn,gofp’i’ﬁ €

BL([0,1] x RY) to (3.3.2). Then
b,c,n

b,&,7 7 - -
0" = o loo < tmax{[[¢] L, TY([1b = blloo + lle = élloo + 7 — 7illoc) e,

where C' denotes a constant depending on the norms of all model functions.

Proof. We first note that for f, f € BL(R?) and s,7 € [0,1]

1f (X5 7 2) = F(X(sim )| SIS = Flloo + fuip [ Xo(s: 7, 2) = X (s 7, 2)]
SIS = Flloo + | flipllb = Dlote®! 1=,

(3.3.48)
where we used Proposition 3.2.4.
Secondly, for f, f € BL([0,T] x R?) we see with (3.3.48)
ef: F(u,Xp(uzs,z))du ef; Flus X (w;s,2)) du
<=1 [* s o ,2) ~ it 5,0) (3.3.49)

<tetlf o+ Flloc) [“f — Flloe + | f|Lipllb — g}HOOeZHBIIoott]

where we used again that the exponential function z — e” is Lipschitz continuous
on compact sets. Now we turn to the difference SOZ;’?{” — @fft" For A > 0 to be chosen

later we apply the usual Bielecki norm || - |5 on C°([0,¢] x RY)

lgllx=" sup e g(r,z)| (3.3.50)
(r,7)€[0,t] xR
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Using (3.3.3) with triangle inequalities yields

ngfbctn - 9%, th)\
< sup e M (Xt T 2)) — (Xt T, @) | el

(r,2)€[0,t] x R4

+ sup 67/\(1577-) Hw”oo ‘ef: c(r,Xp(rymyz))dr ef: &(r, Xy (rs7,z)) dr
(1,x)€[0,t] x R4
—A(t—7)

tllelloo

+ sup e
(r,x)€[0,t] x R4

t 7 ~ ~
[ i) = L) dlnts, Xafsim o)) ds e

v osup e XD otlclloo

(1,x)€[0,t] x R4

/Rd gpi’i’ﬁ(s, y)d[n(s, Xo(s;7,2)) — 1(s, Xj(s; 7, 2))](y) ds

+ sup e—A(t—T) ¢ ”Sow c('r Xp(rimyz))dr efTS &(r, Xy (i) dr

(1,x)€[0,t] x R4

(3.3.51)

In the following, whenever we don’t need the exponential factor of the Bielecki norm,
we estimate it by 1. For the first two terms we notice with (3.3.48), (3.3.49) and
Proposition 3.2.4

Sup ‘w(Xb<t77—, l’)) — w(Xl;(t77—? x))’ et”C”oo
(1,2)€[0,t] xR

+ sup ||w”oo ‘ef: c(r,Xp(r;myx))dr ef: é(r, X5 (rymx)) dr
(r,x)€[0,t] x R4

<[ laspllb — Bllcte PP ) 4[] et WA= [l — gl g + ol — Blloce™ P12

<t et @l H1) (1~ Blog + fle = Ello + llellocllt = Bllct )

(3.3.52)
The fourth term can be estimated by
sup / / fbctn d[n(s, Xp(s; 7, 2)) — (s, Xz(s; 7, 2))] (y) ds| el
(r,x)€[0,t] x R4 Rd
<tleh5 ool — 7l oMl
(3.3.53)
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3.3 The case without state-independent influx

For the fifth term we apply (3.3.49) again

c(r,Xp(r;myz))dr eff &(r, X5 (rymyx)) dr

sup 1 ol e
(1,x)€[0,t] x R4

<ty oellloe (#0100 e = elloe + flellocllp = Blloce®Pl12| ) (3:3-54)

<o |7l o PP oot 0) i — o + el b — Blloct|

It remains to estimate the third term in (3.3.51).

sup e M) / [ i) = G 0) s, X)) ds| 11
(r2)€[0,t] xRY
Clloo bC " 8
Zetllel ||‘P 4 S%tn||/\||77||oo sup ¢ / "
T€[0,¢]
el gt — e sup
TE[OT] >\
AT tllelloo
clloo ||, Sb5C — € € H77Hoo b,
<etllel ||<p ! Spqpth/\HnHoo \ = A H wtn—%ptnn
(3.3.55)

Choosing A = 2¢l¢l=||n||s and plugging (3.3.52), (3.3.53), (3.3.54) and (3.3.55) into
(3.3.51) yields

b K
”Sowctn - 90¢ th)\

<t max{[|¢|pz. LY(|Ib = Dllos + lle = Elloc + 11 = 7illoc) e + —||90

b )
5 — b

or equivalently
b,c,
b — @ < 2t max{ sz, 1316 — Blloo + e = Elloo + 17— iilloa)e®

As ||gllx > e7|g]|s this yields the claim. O

Now we are able to prove continuity of y; with respect to intial measure and model

functions.

Proposition 3.3.21. Let the model functions b,c,n satisfy Assumption 3.1.1 and
let o € M (RY) be any initial measure. Then the corresponding measure solution
e to (3.3.1) is Lipschitz continuous with respect to the initial measure and the model

functions. More precisely,
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i) Let pg, vy be solutions to (3.3.1) with initial measures o, vo € MT(R?) respec-
tively. Then

pr (e, vy) < e pruo, o),

for some constant C' > 0 depending on the model functions b, c,n but indepen-

dent on g, V.

ii) Let (b,e,nm), (13, ¢,m) be two triples of model functions, satisfying Assumption
3.1.1, and let u?’c’”,uf’a’ﬁ be the corresponding solutions to (3.3.1) with initial

measure [y. Then

b,c, 5,5,” 7 ~ -
pr (1 57 < 10—l + lle = elle + 11 = llc)e ™ ollrv.

where C' denotes a constant depending on the norms of all model functions.

Proof. 1) Using (3.3.26) and Proposition 3.3.4 we compute

petpe) = sup [ (@) =)@ = s [ pual0.0) =)@

¥l BL<1 [l BL<1

< sup H%,tHoo/d 1d(po — o) (x) < e pr(po, o).
R

IYllBr<1

i) Similarly, using (3.3.26) and Proposition 3.3.20 we have an estimate of the

form

pr(p ™) = sup / (@) d (T = i) (a)
R

Il BL<1

= s [ 00) - A0.0) duof)
R

l¥llBL<1

b,c, E,E,~
< sup g0, ) = 5" (0, ) ool ol v

IYllBr<1

<t([1b = blloo + lle = elloo + lln = 7illoc ) 0l v
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3.4 Adding state-independent influx to the model

3.4 Adding state-independent influx to the model

Now we consider the full linear model (3.1.1) with state-independent influx N. This
case is a bit trickier since we can not go to the dual problem as the primal problem is
not linear in p;. Instead we will invoke Duhamel’s principle to construct a solution.
In particular, let ¢y, be the solution to the dual problem (3.3.2), i.e. the dual
problem to (3.1.1) with N = 0. Then plugging ¢, into (3.1.9) for T =t yields for
the left-hand side

[ oectrardu) = [ ou0.0)dunte) = [ w@)duate) = [ puet0.)duala)

and for the right-hand side, using that ¢, solves (3.3.2),

| [ @patria) + Vasstraa) - bra) + oalr) e 0) (@) e

d
) /Ot </Rd /Rd pedra il ) /]Rd ua(T,7) d[N(T)](m>) dr
- /ot /Rd ppe(, ) A[N (7)) (z) dT.

So in accordance with (3.3.26) we define for all ¢ € [0, T

(3.4.1)

Rddj(x)d,ut(x):/ 200(0, ) dp(x //Rd% £ ) AN (@) dr. (3.4.2)

Lemma 3.4.1. Let y; be defined by (3.4.2). Then for all v € BL(R?) and all
0<s<t<T
@) = [ puilsa)duta / | eutr V@@ (343
R R
Proof. Let s € [0,t] and let £(7,x) be the solution to the dual problem (3.3.2)

terminating at time s with value £(s,z) = @y (s, ). We directly conclude £(7,2) =

@y (7, z) for all 7 € [0, s] by uniqueness of the dual problem. Applying (3.4.2) twice
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3 PDFE models on the Fuclidean space

yields

Rdwx)dut(x):/ Pual0,) due // Pualr,2) AIN()(@) dr
[ 0.0 dte / o) d7+// 07, 2) AN (7)) (2) dr

_/%(swdus /R/Wx IN())(x) dr

as desired. O

Lemma 3.4.2. Let y; be defined by (3.4.2). Then for all v € BL(R?) and all
t € [0,T] the measure yu; € M*(R?).

Proof. In the proof of Lemma 3.3.13 we showed that ¢» > 0 implies ¢,; > 0. As
both pg and N(t) are in M*(R?) for all ¢ € [0, 7], we conclude by (3.4.2). O

Similarly to Proposition 3.3.14 we can prove:

Proposition 3.4.3. Let u; be definded by (3.4.2). Then the following statements
hold.

i) p is bounded in total variation norm, i.e.
lpellzy < e Wl (gl + | N|oct).

ii) The map t w— p; is narrowly continuous. Furthermore, the map t — py is

Lipschitz continuous.

Proof. The proof of i) is similar to the proof corresponding to Proposition 3.3.14.
Just note that the extra term including N can be bounded with Proposition 3.3.4
by

sup / / ua(r, ) AIN (7)) (2) dr < el | N,
Rd

»eCL(RY)
||¢||oo<1

so that

il < A=) gy + |V o).

To show the narrow continuity, analogously to the proof of Proposition 3.3.14 ii) we
prove that for all ¢ € BL(RY) the map t — Jga ¥ dpy is Lipschitz continuous. This
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3.4 Adding state-independent influx to the model

then implies narrow continuity by Portemanteau Theorem.
To check the Lipschitz continuity let s; > s9, then with Lemmata 3.4.1 and 3.3.9

g Y(x) dlps, — s, ()

[ o lo2,) A / /wsmx N (7))(2) dr — / 52 (52 7) Aty ()

P (72) [N (7)] () d7

/ ‘901/) S1 827 907,1),82 (527 | d:uSg

<Cl|sy = sol||¥|lBL || ptsy | B~ + ||90¢,sl||BL||N||oo’51 - 52|-

So using i) and Proposition 3.3.4 we get the desired Lipschitz continuity

< Cl[¥]BLlst — sal.

R ¢(x) d[:uﬂ - /J“52]($)

As in the proof of Proposition 3.3.14, this implies Lipschitz continuity of the map
t— Lt s i.e.

Pr(fhsy, fhsy) = SUP Y(x) dlps, — psy](z) < Clsy — sa].
¥l <1.JR4

Now, similarly to Proposition 3.3.17 we can show that pu, is actually a solution to
(3.1.1) in the sense of Definition 3.1.3.

Proposition 3.4.4. The family of measures {1 }1cjo.1) be defined by (3.4.2) satisfies
the weak formulation (3.1.9).

Proof. We adjust the proof of Proposition 3.3.17 to account for the additional term.
Let ¢ € BL([0,T] x R?) and consider the function

f:00,7T] x [0, 7] — R, f(s,t) = /]Rd o(s, z) dp(z).
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We first show that for all v € BL(R?) and a.e. t € [0,7]]

1
]111{% . Y(x) dlpe — pre—n(2)

— /R d [b(t,x).vxw(x)+c(t,x)w(x)+ Rdw(y)d[n(t,x)](y) dpg(x)  (3.4.4)

/. () AN (8)](2).

Indeed, using the fact that ¢, solves the dual problem (3.3.2) and Lemma 3.4.1,
we see that for a.e. ¢ € [0,7]

1

h o V() dlpe — pe—n)(z)

— /Rd yi(t = h, x})L — pyu(t, @) dpe—n(r) + % /th /Rd 0y (T, ) d[N(7)](x) dr.

(3.4.5)

According to the proof of Proposition 3.3.17 we already know that

lim S%,t(t — h, 33) - S%,t(t; x)

— /R d [b(t,x)-Vx¢($)+c(t,x)¢($)+ Rdw(y)d[n(t,x)](y) (),

dpeg—p ()

so we only have to consider the second term in (3.4.5). By Assumptions 3.1.1 and
Proposition 3.3.7 we see that the map 7 — [5, 0y (7,2) d[N(7)](2) is continuous,

so that we can apply Lebesgue’s Differentiation Theorem which yields

1
lim

H\OELzﬁhjﬁd¢w¢@3x>dUV<rﬂ<x>dT

(3.4.6)
_ /R puelt: D) ANON() = | () AN@](),

proving (3.4.4). Analogously, we show

tim ~ [ @) e — (@)

N0 I Jpa
— /Rd [b(t,x) -Veb(x) + c(t, x)(x) + » U(y) d[n(t,x)](y)} dp () (3.4.7)

/. d(x) dAIN (@) ().
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3.4 Adding state-independent influx to the model

To this end, again applying Lemma 3.4.1 we see

% e (@) d[pen — ) ()

1 1
:_/ Py pen(t + h, @) dptpen(x) — —/ 1 (t, z) dp ()
h R4 h R4

:/Rd S%’Hh(t’x)h_ Yy (t, ) () + %/t /Rd Oyiin(T, ) A[N(7)](x) dr.

(3.4.8)

The first term has already been treated in the proof of Proposition 3.3.17, see
(3.3.42), which yields

t,x)— t,x
/ Pt )h o) g2y - / Orpyt (T, @) |(ray= () dpe()
Rd Re

(3.4.9)
- /R ) [wb(x)~b(t,x)+w<x>c(t,x>+ | ) dn2))(y) | dua).

We turn to the second term in (3.4.8).

P eeenmo @ i
- / / pu(r, 1) AN (@) dr (3.4.10)

t+h O 14 (T, ) — @yt (T, )
" /t /Rd n d[N(7)](x)dr.

The first term can be handled similarly to (3.4.6) with Lebesgue’s Differentiation
Theorem yielding

1

t+h
s [ [ o dN@@dr = [ s@dNele. @

According to Proposition 3.3.16 the map ¢ — ¢y, is Fréchet differentiable with

@w,t+h(77$)—@w,t(7,$)
h

is uniformly bounded for small A and thus with Dominated Convergence Theorem

Lultl—2ul converging uniformly to the derivative. In particular,

/t+h / @u.irn(T, :c)h— Py (T, ) A[N(D)](z)dr =0  (h—0). (3.4.12)
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Hence, plugging (3.4.11) and (3.4.12) into (3.4.10) yields
% /t /R [ Peen(T,2) AIN(7))(z) dT — Rdz/;(:c)d[N(t)](:c) (h = 0)

which together with (3.4.9) in (3.4.8) leads to
7 o) A = @) = [ Vovta) - bt) + wla)eta) dun(o)

[ [ pwdnt ol au + [ s@dvel@ k-0

proving (3.4.7).
We combine (3.4.4) and (3.4.7) and conclude with Leibniz rule for a.e. 7 € [0, 7]
0.4(7.7) = [ [0rplr.o) +U(r.2) - Vap(r.2) + elr, ) (r.2)) dn (1)
Rd

+ /Rd /]Rd o(r,y) d[n(r, 2)|(y) du-(z) + /Rd (1, 2)d[N(7)](z),

so integrating from 7 = 0 to 7 = T yields (3.1.9). O
The uniqueness result Lemma 3.3.19 of the previous section with N = 0 also implies
uniqueness of solutions to the full linear model (3.1.1).

Lemma 3.4.5. Under Assumptions 3.1.1 solutions to (3.1.1) are unique.

Proof. Let fie, fie be two solutions to (3.1.1) with initial measure py. Then a di-
rect computation reveals that i, — fie solves (3.3.1) with initial measure fip = 0.

According to Lemma 3.3.19 pe — fie = 0 which yields the claim. [
As a last step, we generalise the continuity result Proposition 3.3.21 to the case with
state-independent influx.

Proposition 3.4.6. Let the model functions b,c,n, N satisfy Assumption 3.1.1 and
let po € M (RY) be any initial measure. Then the corresponding measure solution
e to (3.1.1) is Lipschitz continuous with respect to the initial measure and the model

functions. More precisely,

i) Let pg, vy be solutions to (3.1.1) with initial measures o, vy € MT(R?) respec-
tively. Then

pr (s ) < €Ct,0F(/L0, ),
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3.4 Adding state-independent influx to the model

for some constant C' > 0 depending on the norms of model functions b, c,n but

independent on L, Vg.

i) Let (b,c,n, N), (b, ¢ 0, N) be two vectors of model functions, satisfying Assump-
tion 3.1.1, and let p>"" u?cn N e the corresponding solutions to (3.1.1) with

wnitial measure py. Then
pre (1 b ) <46 (b = Blow + lle = Elloe + I = illoc + IV = Nl ),

where C' denotes a constant depending on norms of all model functions and

Ho-

Proof. We first show i). A direct computation with (3.4.2) yields

pr(fe, ) = sup () d(pe — ) ()
Il <1 JR4

" lollorer [/w #0(0,7) duola / /]Rd Pualre) ANl ) dr

_/Rd%t(ox ) duolz //Rd%@wtm N(r))(x) dr

= /Rd ©p.¢(0,2) d(po — o) ().

So similarly to the proof of Proposition 3.3.21 we apply Proposition 3.3.4 to see

pr(peve) < sup l@pelloo /d Ld(po — 0)(x) < € pr (g0, 10)-
R

I¥llBL<1

Before we show ii) in a similar computation as before, note that by construction

the solution ¢, to the dual problem (3.3.2) only depends on the model functions
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(b, ¢,m). Hence, we compute with (3.4.2)

e %) = s [ () a8
l¥llBr<1 JRE

= swn [ 0.0) = F0.0) duota)

¥l BL<1

//Rd@fpi" ) d[V( dT—//Rd P07, ) d]

¢

b,c, l;, ,”
< sup lg"(0,) = 5" (0, ) ool ol v

21

(7))(z) dr

1Yl Br<1
v s [ ] ) - ) AN )
BL<1 R
w [ [ A [Nm—N(T)] (x)dr
HwHBL<1 R4

We apply Proposition 3.3.20 to bound the first two terms and use Proposition 3.3.4
to estimate the third term, i.e.

pio (o™ | pbem N

<t(|[b = Dlloo + lle = lloo + [l = lloc)e™* [l 0|7

b,c b,é,7 b,,7
+ sup ([0} — @i ol Nlloot + sup o5 oo s IN(7) = N()|| e t

IYllBr<1 YllpL<1 TE

(o= Blloe + lle = oo + lln = iloe + IN = Nlao)

We conclude the treatment of the linear model (3.1.1) with a theorem combining

the results of this section.

Theorem 3.4.7. Under Assumptions 3.1.1 there exists a unique Lipschitz continu-
ous measure solution p1 : [0, T] — M™*(R?) to model (3.1.1) in the sense of Definition
3.1.3. The solution e is Lipschitz continuous with respect to model functions and

the initial measure L.
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3.5 The nonlinear case

Now we construct a solution to the nonlinear version of (3.1.1) on [0, 7] x RY, i.e.

O + Vo - (b(t, x, o) pe) = (b, p) e + Joa 1t 2, 1) (y) dpee(y) + N (2, 1),
Ho =V,
(3.5.1)

where v € M*(R?) and

b:[0,T] x R x MT(RY) — RY, c:[0,T] x R x MT(R?) — R,
0 [0,T] x R x MH(RY) = MH(RY), N :[0,T] x M*(RY) = M*(RY).

For any ¢ € BL([0,T] x RY)NC([0, T] x R?) the corresponding weak formulation

is given by

]£d¢<fnx>du1<x>—-]£d¢«o,x>duocr>::j( Bup(t, ) dpn(x) dt

R4

+ /0 /Rd (Vm@(t, x) - b(t,z, ) + ¢(t, ) c(t, z, ,Ut)) Ay (z) dt

+/OT /R (/R e(t,y) d[n(t, z, )] (y)> Ay () dt+/OT /R o(t, 2) d[N(t, )] (z) dt.
(3.5.2)

We need the following regularity of our model functions.

Assumptions 3.5.1 (Nonlinear model). The model functions b, ¢, and N should

satisfy the following conditions.

(i) For any p € MT(R?), the model functions b(-,-, u),c(:, - 1), n(-, -, p) and

N (-, u) satisfy Assumption 3.1.1. Moreover, we have uniform bounds

T
[ s [letrnmll+ 51wt . llsse + [N )| dr < o
0 peMT(RY) y€ERd

and for any R > 0

T
[ s (10t mllsn + et sl + (7. s )llsseeaes dr < o
0 lpllpr+<R

(ii) For any R > 0, there exists a nonnegative function Lg, in C°(0,T) so that if
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[te, Ve are narrowly continuous and ||| gL+, [|[V||pr- < R, then

16CE, - 1) = b, - V) loo < Lrs(t)pr (V).

(iii) For any R > 0, there exists a nonnegative function Lg. € C°(0,T) so that for
vllpre < R

12l B~

HC(t, '7:“) - C(tv 5 V)Hoo < LR,c(t)pF(:ua V)'

(iv) For any R > 0, there exists a nonnegative function Ly, € C°(0,T) so that for
lellsLe IVl < R

SUp pr (n(t,y, ), n(t,y,v)) < Lry(t) pr(p, v).
ye

(v) For any R > 0, there exists a nonnegative function Lg y € C°(0,T) so that if
il e V][ < R

sup pr (N(t, 1), N(£,)) < Li(t) prps,v).

y€ERd

In this section we will construct solutions to (3.5.1) by reducing the nonlinear model
to a linear model. To this end, we split the time interval into subintervals on
which we freeze the arguments of the nonlinearities. More precisely, fix £ € N and
divide [0, 7] into 2 intervals of the form [IT/2% (1 +1)T/2%], 1 =0,...,2%¥ — 1. For
t € [IT/2%, (1+1)T/2%] we define the k-th approximation yuf recursively as solution

to the [inear problem

Dot + Vo (b <t, . M) ut)

(3.5.3)
=c (t,x,/u) i + / 7 (t%/@) (y) dpe(y) + N (t,u@)
ok R ok ok

with initial condition fi|;—yr/ox = fyr/or Which we obtain from solving the corre-

sponding problem on the previous interval [(l - 1)T/2%, ZT/2’“]. Naturally, we set
27 |t:0: Ho-

We will show that (uf), . defines a Cauchy sequence in C°([0, T], M*(R?)) which

converges to the solution of (3.5.1). To this end, we first need the following simple
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lemma.

Lemma 3.5.2. [/4, 2.22] Let a and b be arbitrary positive constants. If a sequence
(w)ien, C R satisfies the inequality,

lwer| <alwy|+06, 1=0,1,2,..., (3.5.4)

Then, it holds

al—1
bt 1
] < alfuo| +4 =10 fore#l
lb for a =1.

(3.5.5)

Now we turn to study the sequence (,uf) and notice that it is uniformly bounded

in MT(R?).

keN

Lemma 3.5.3. The family of measures {ﬂf}fe[o,:r] satisfies

ligllzy < (liollzy + 2]V [l T)e ™

for some constant C' > 0 depending on norms of model functions but independent of

k.

Proof. Let k € N, [ € {0, ..., 2%} and observe that according to Proposition 3.4.3 we
have for t € [IT/2%, (1 + 1)T/2¥]

l+10)7T IT [ESR
Ity < gl + ¥l (55 - 55 ) 782
2

2k 2k

T (3.5.6)

CcT

= [HHJ}ZEHTV + ||N||oo?] e2r .

Applying Lemma 3.5.2 for ¢ = (“;# to u; = ||M’?%||Tv yields
2
CTl
on e2* —1 cr T
Ik v < 2 lpollry + —zr——e [N oo (3.5.7)
2 e2r —1

We further estimate inequality (3.5.7) by noticing that for > 1 we have 2! — 1 =
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(x — 1) 32124 @ so that

r—1
=1
) cr
Thus, we get with x = e2*
crt T
Iy v < Mol + [Nllcte 2 5z < e llnollrv + [N[lT], (3.5.8)

which implies the assertion for t = IT/2%, | = 0,...,2%. Applying (3.5.8) to (3.5.6)
yields the claim for all ¢ € [0, T

T| cr T
it < bl + 11| <% < [e€7 Dol + INT] + 1] <7

< [luollrv + 2Nl T].

Lemma 3.5.4. There exists a constant C > depending on norms of model functions

but independent of k such that we have

pr (pih pf) <027,

Proof. We adjust to proof of [44, 2.24] to our purposes.

Let k € N and [ € {0,...,2" — 1}. Furthermore, let t € [IT/2%, (I + 1)T/2%] =: A,.
As the interval A; gets split in the iteration step k£ — &k + 1 we denote by A, and
A} the left and right half of A; respectively. In particular, we introduce

r
t* o

= ? and tm = t* +

2k+1’

so that A; = [t.,t,]. As a first step, let ¢ € A;. We introduce an intermediate
measure jif which starts at ¢, with initial datum gf similarly to g} but evolves with
the nonlinearities of f ™, i.e. the nonlinearities are evaluated at p;*'. To facili-
tate understanding of the following calculations, we have summarised the various

measures here once again
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Measure initial value at ¢, | evolves with model functions

ue . b(-, s pig. )y eCcyms ptg )y s 1), N g,

if, 1y b, ) ey ™) ), NG ™)
pet T b(s s i)y ey ) (s ), N ()

This allows us to apply triangle inequality as well as the continuity results of Propo-
sition 3.4.6 to get

pr (™) < pe (™ i8) + pr (A 1)

<Ot p (b, k)
(- t*)eC(t—t*) (||b (.7 ',Mf*) —b (.7 .7Mf*+1) o + |l (.7 ',Mf*) —c (.7 '>Mf*+1) ||oo)
+ (=) (In Copmf) =0 Co ™) oo + IN (opf) = N (o) [oo) -

According to Lemma 3.5.3 ||uf||7v is uniformly bounded by some R > 0 for all k
and with the same lemma also ||ji¥||7y. Hence, with Assumptions 3.5.1 (ii)-(v) we

estimate

pr (1t 1y)

— (k1)
§€C2 PF (,uzlf:rla H)Iti)
_ — (k1)
| (k1) C2- (k41 . (uf:rl, Mf*) st] [Lrp(T) + Lre(T) + Lp,y(7) + Len(T)]
T7€[0,T

<e“2 Y pp (Y k) 4 027 BN O (R

c2~(k+1) k+1  k
<e PF (Nt* a/lt*) .

(3.5.9)

Now let t € A", Similarly to before, we introduce an intermediate measure jif but
this time starting at t,, with initial measure ufm but evolving with nonlinearities

evaluated at ;.
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3 PDFE models on the Fuclidean space

Measure initial value at t,, | evolves with model functions

e ., b(, - it )y Cyy i )smCss 1)s N (s )

i, i, b(esy i)l )y i) N Cpg )
! g O(-, - et ) el i)y et ), N (s )

Similar to the case ¢ € A; we apply triangle inequality as well as the continuity

results of Proposition 3.4.6 to see

pr (™ uwy) < pr (™ 05 + pr (07, 1)

<eCU=t) pp (bt gk )
+ (=) (b () = (o Y oo + e (o r) = ¢ (o ) Nloc)
+ (=t (I (o mk) = o ) oo + IN (optf) = N (o) Nloo) -

We again apply Assumptions 3.5.1 (ii)-(v) and see

pr (1™ p1y)

C2—(k+1) k+1 &
<e pr (e e,

_ —(
N (T Tl Sl[lp} [Lrp(T) + Lro(T) + Lpy(T) + Lrn(T)]
7€|0,T

_ —(k+1)
ptt k) 027 DO (Ut

C27(k+1)
<e PF (

(3.5.10)

With triangle inequality, Lipschitz continuity in time (see Proposition 3.4.3) and
(3.5.9) for t =t,, € A we see that

pr (b, i) <pr (b, ) + o (k1) < Cltm — ] 4+ ¢ o (' 1)
§02_("7+1) + eC2*<k+1>pF (ij%ﬂi) _
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3.5 'The nonlinear case
We insert this estimate into (3.5.10) and apply (3.5.9) again which leads to

pr (™ )
SGCT(HI),OF (ﬂerla Mf ) + 027(k+1)602*(k+1) [CQ*(’CJFU . 6027(k+1)pF (qu+1’ /Lf )}
<eCT N pp (Ui k) O (27 (D) 02
(3.5.11)

for all ¢ € A, Combining (3.5.9) and (3.5.11) yields that for all ¢ € A,

*

pr (i) < O pp (i k) + € (270D e, (3.5.12)

Next, we set t = (m + 1)T/2* and apply Lemma 3.5.2 to the sequence u,, :=
PF (uﬁ#ﬂk, MS@T/Q’“) to deduce

(k41
emC’2 ) 1

P (,uk—H,MO) + W

—o—(k+1) 9~ (k+1) <€m02*<k+1> B 1) C2 (D) (3.5.13)
€C2 (k+1) 1

<mCam D P C (2—(k+1))2 02+

§27(k+1)<60 . 1)60.

In the last step, we used z + 1 < €%, m < 2% and that the limit lim,_,o2/(e® — 1)

exists. This yields the claim for all ¢ of the form mT/2*. For all other t we invoke
(3.5.12) together with (3.5.13) to see

pr (P k) <9 pp (Ui ) 4+ € (270 ) T 02
§602—(k+1)2—(k+1)(60 )e —|—C( k+1)) 602—(k+1)<c2 (k1)

as desired. n

Now with the above results, we are able to prove the existence of solutions to the

nonlinear model.

Theorem 3.5.5. Under Assumptions 3.5.1 there exists a Lipschitz continuous solu-
tion e : [0,T) = MT(R?) to (3.5.1). The solution depends Lipschitz continuously

on the initial measure as well as on the model functions.

Proof. Let n € N. For m > n we compute, using Lemma 3.5.4

pr(u 1f) < pe(uf m ™)+ pe(up ) < C 27V L 427 <0227
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3 PDFE models on the Fuclidean space

where C' is the constant from Lemma 3.5.4 which is independent of ¢ € [0, 7.
Thus, (uf)ken is a Cauchy sequence in C° ([0,T]; MT(R?)) and as such, there is
e € C° ([0, T]; MT(R?)) such that

W iy in C° ([0, T); MF(RY)).

By construction y; satisfies the same bound in ||-||7v as p¥ which is given in Lemma
3.5.3. Therefore, with Assumptions 3.5.1 (ii) we have

16 (o) = (e i) [|oo < S Lro(7) pr(ps, i) < Cpp (pf, ) (3.5.14)
T€|(0,

and similar estimates for the other model functions ¢, n, N. Thus, we can pass to the
limit in the weak formulation of (3.5.3) proving that y satisfies the weak formulation
(3.5.2). More precisely, let ¢ € BL([0,T] x R?) N C([0,T] x R%) and consider the
RHS of (3.5.2)

/OT /Rd Ayp(t, x) dpy () dt

+/0 /Rd (wa(t,x) b(t, 2, pe) + o(t, x) C(t7gj”ut>) dpug () dt

v ) L (L et it o) duae+ | ' [ ety an e

=A+B+C+ D.

We introduce the approximation ¥ and compute

A :/0 » Ovp(t, ) d[py — pf)(x) dt + /o Ovp(t, o) duk (z) dt

R4

T T
<o | petuptars [ [ ocetta)andi@ar
0

<C sup pp(pe, pf) //datsotfﬂdut z) dt.
R

t€[0,T]

In order to rewrite term B we remember that ¢ — 4, is continuous so that sup,epo 7 ||| 5L+
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3.5 The nonlinear case

is bounded and use the estimates of the form (3.5.14).

B
:/0 5 (Vap(t, ) - (b(t, 2, pue) — b(t, 2, 1)) + p(t, ) (c(t, x, ) — ct, x, py) dpy(x) dt
[ (V) bt ) ) el ) — )

(vx¢(t’ ZL’) ’ b(ta Z, :uf) + Qp(tv [E) C(t’ Z, :uf)) d:uf(x) de

<llllsr [IBC,se) = b 1) oo + el - pae) = €,y 1) oo s el =T

te[0,T

[
/

R4

T

bl + ell) [ ol s
T

+ / / (Vap(t, z) - bt z, ) 4+ o(t, x) cft, ,uf)) dpf(z) dt
0 Jre

T
<C sup pF(Mt,Mf)Jr/ /d (Vap(t, @) - b(t, @, p1y) + p(t, ) et @, 1)) dpg () dt.
0 R

te[0,7

Similarly, we can bound the terms C and D by

«C <C sup pr(u, iy) //(/ (t,y) d[n(t, z, uy)) (y)>duf(l’)dt,
t€[0,7] Rd \JRd

D <C sup pr(ue, i) // (¢, 2) [N (t, 1)) () dt.
R

t€[0,T)

Combinig the bounds on A, B, C, D with the fact that i solves the weak formulation

leads to

A+ B+CH+D<C sup prlu i) + / (T, ) dyl(z) — / (0, 2) duk (@),
R4 R4

te[0,7

Next, we use that uf = pip and another triangle inequality to see

A+B+C+D

<C sup pr(u i) + [ o(Ta)dur(e) ~ [ p0.0)dpo(o) + [ o(Ta) il = pr(a)
R4 R4 R4

t€(0,T)

<C sup pr(pe, ) + | (T, 2)dpr(z) — /dsO(O,x) dpo(z) + Cpr(pr, 1)
R

t€[0,T]

<C sup pr(p, pf) +
t€[0,T]

(T, 2) dur(z) — / o(0,) dao ().
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3 PDFE models on the Fuclidean space

By construction, uf converges uniformly to p; for k — oo so that p; indeed satisfies
the weak formulation (3.5.3).

We conclude the proof by noticing that the Lipschitz continuity of ¥ with respect to
time, as well as with respect to initial measure and model functions (see Propositions

3.4.3 and 3.4.6 respectively) is transferred to p; via a similar limiting procedure. [

Remark 3.5.6. Note carefully that Theorem 3.5.5 does not guarantee uniqueness
of the model solution. In Theorem 4.4.6 we will provide a proof for the missing
uniqueness which is based on the theory for generalised models on Polish metric

spaces.

3.6 An extension of the linear case- uniform

tightness

We conclude this chapter with the study of uniform tightness of solutions to the
linear model (3.1.9). In view of Proposition 3.4.3 i) we know that ||i|| s+ remains
bounded for all ¢ € [0,7]. As T > 0 is arbitrary, we can exclude blow-ups in finite
time and are thus able to extend the measure solution from [0, 7] to [0, co).

Our goal is to show that the family {u; | t € [0,00)} € MT(R?) is tight, i.e. that
te defines a uniformly tight family. We note that for finite and fixed 7T, tightness
follows directly from Proposition 3.4.3 ii) together with the Theorem of Prokhorov
2.1.3. However, for infinite 7" the mass of the family could still escape towards
infinity preventing tightness. To circumvent this, we need to upgrade the regularity
of the model functions. In particular, we need uniform L' regularity in time, i.e. we

assume

Assumptions 3.6.1. The model functions satisfy Assumptions 3.1.1 for all 7" > 0,

(i) b€ CY([0,00); BL(R%:RY)),

(ii) ¢ € C([0,00); BL(RY)),
(iii) 5 € CY ([0, 00); BL(R% M*+(R%))),
(iv) N € C)([0, 00); M*(RY)).

Additionally, we need that
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3.6 An extension of the linear case- uniform tightness

/ sup |c(r, z)| dr =: K. < oo,
0

rER4

/ [In(r, ')||BL(Rd;M+) dr =: K, < 00,
0

(vii)

/ HN(T)HBL*dT:I KN<OO
0

Remark 3.6.2. Note that in constrast to Assumptions 3.1.1 we explicitly need
to assume boundedness in time of the model functions as the time interval is not

compact anymore.

Tightness of the measure solutions for all ¢ > 0 requires uniform boundedness. As
we constructed our measure solution via the dual problem (3.3.2), we first bound

¢y uniformly in ¢ by modifying Proposition 3.3.4.

Proposition 3.6.3. Let ¢ € BL(RY) and let the model functions satisfy Assump-
tions 3.6.1. Then the solution @y to the dual problem (3.3.2) is bounded indepen-
dently of t by

leu.tlloo < 1¥lloo exp(e™ Ky + K).

Proof. Similar to the proof of Proposition 3.3.4 we first bound the x-component
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3 PDFE models on the Fuclidean space

using representation formula (3.3.3). Let 7 € [0,¢]. Then
sup |oy(7, )]
ZeRd

t
SHw”ooefT Sup cpd lc(r,a)|dr + / Su% d wwt(&y)‘ d[n(s,fc)](y)eff SUp, cpd le(r,a)| dr ds
T TeR R

t
<l 4 e [ sup oyl ) sup [ dnts D)(w)ds
R

T gERL Z€ERL

t
<[l + e [ sup lpuels DIs,sziesacr) ds
T yeR

t
<l 4 e [ sp (5.5 e, ds.
T gER

Hence, by Gronwall’s inequality

¢ Syt . effe e
ool M szt s < 9o exp(Ke o+ €K,

sup |y (7, 7)| <ee
z€RI

as desired. O

We are now able to formulate the main result of this section.

Theorem 3.6.4. Let yu, : [0,00) — M*(R?) be the measure solution to (3.1.9) for
all T > 0. Under Assumptions 3.6.1 the following statements hold.

(i) The family F := {p |t € [0,00)} is uniformly bounded in the flat norm.
(ii) For all A € B(R?) let
froo(A) = lim p1,(A).

Then pioe € MT(RY) and the closure F of F with respect to narrow convergence
is given by F = F U {lioo }.

(iii) The family F is tight.
Proof. (i) With the help of Proposition 3.6.3 we can improve the proof of Proposition

3.4.3 or rather of Proposition 3.3.14. In particular, we apply the variational charac-

terisation of the total variation norm (see e.g. [44, F.24]), (3.4.2) and Proposition
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3.6.3 which yields

bl = s ([ v@an@+ [ [ outrayave i)

[¥]loe <1

i;%%@d(w D) + [ [ puilra N )ar )

l1?%]]0 <1

< sup / ood(0,2) dpo(@) + sup [ puellpe / IN | z- dr
peCl(RY) JRE YeCL(RY) 0
l]] oo <1 l]lco <1

<exp(Ke + e K,)||pollrv + exp(K.e + e K,)) Ky
=exp(e™ K, + K.) (||uollrv + Kn) =: C < .

In (%) we used that C!(R?) is dense in Cy(R?) by Stone-Weierstrass Theorem. This
proves the uniform boundedness of the family F.

(ii) We first note that (narrow) continuity of the map ¢ — p; (cf. Proposition 3.4.3)
implies independence of i, from limit sequences ¢,, — oo and 4, is thus well-defined
if the limit exists. Clearly the nonnegativity of the p, is transfered to p... However,
it is & priori not clear that ., is o-additive and hence a measure, as the proof of
o-additivity would involve interchanging two limiting procedures. Instead, this will
follow from the Vitali-Hahn-Saks Theorem |18, 4.6.3] if we show that lim; . ¢ (A)
exists for all A € B(R?) and is finite. According to (i) the family F is uniformly
bounded by some constant C' > 0. We compute for all A € B(R?)

=1 =1 < li <1 « <
po(4) = Jim ju(4) = Jim [ 1) < Jin [ (o) < Jim o < C

In particular, the limit lim; . 1i(A) = 100 (A) exists and is finite. Hence, the Vitali-
Hahn-Saks Theorem [18, 4.6.3| implies that p, indeed defines a measure and is thus
in M*(R?).

Narrow continuity of the map ¢ — s, implies that F is the closure of F.

(iii) We claim that F is sequentially compact with respect to narrow convergence, so
that tightness follows from the Theorem of Prokhorov 2.1.3. Let (p,),cy C F be a
sequence. If there is a subsequence (f,)nen such that £, — oo, then by construction
Mg, — Hoo € F and we are done. If no such subsequence exists, then there exists
T > 0 such that t,, € [0,7] for all n. By compactness the sequence (t,)nen C [0, 7]
has a converging subsequence (th)neN with £, — ¢ € [0,T]. Then again by narrow
continuity p; — p; € F and F is sequentially compact. O
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4 Models on Polish metric spaces

In this chapter, we will use the insights gained from the theory established in Section
3 to develop a precise concept for structured population models on abstract Polish
metric spaces (S, d). To this end, we need on the one hand the profound functional
analytic knowledge on the spaces M and M™ from Section 2. On the other hand,
we have to take into account that in general abstract metric spaces do not possess
a linear structure. Consequently, we can not rely on the notion of derivatives, in
particular not on the method of characteristics which we used to construct the
solution of the transport process in (3.3.2). Therefore, we will try to relax the
regularity assumptions from Section 3 as much as possible and concentrate on the
essential properties and concepts. The ideas presented in this section are based on
[46]. We start with generalising the flow of the vector field b.

4.1 Two-parameter families of Lipschitz maps

Definition 4.1.1. Let (S,d) be a separable metric space. For every pair (t,7) € R?
we define a two-parameter family of Lipschitz maps X(t,7,-) : S — S such
that

(i) the map t — X(t,7,-) is uniformly continuous, i.e.

supsupd(X (t1,7,z), X(to, 7, 2)) < wx(|t; — t2])
TER z€S

with a modulus of continuity wx (wx : [0,00] — [0,00] is continuous in 0 and
satisfies wx(0) = 0).

(ii) limy . X (¢, 7,-) =Id in C°(S), i.e. limy_,, sup,.gd(X(¢,7,7),2) =0,
(1ii) X (ta,7,-) = X(ta,t1,-) 0 X(t1,7,) for every ty,ts € R,

(iv) there exists a locally bounded function Lx(-) with

d(X(t,7,21), X(t,7,29)) < Lx(t —7) d(z1, 22).
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4.2 The generalised linear structured population model

We may also restrict the domain of the time arguments T and t to some open or
closed interval of the form (0,T) or [0,T].

Remark 4.1.2. The two-parameter family of Lipschitz maps captures the for us
essential properties of flows generated by vector fields b on R? without having to
work with an underlying ODE as in (3.2.1). Consequently, the family of Lipschitz
maps can be seen as the natural generalisation of flows from R? to generic metric
spaces (S,d). In contrast to [46], we only assume Lipschitz continuity of X and
not that it is actually a bi-Lipschitz homeomorphism. The latter assumption was
strongly inspired by the properties of the flow X, but proved to be far more than

sufficient.

Remark 4.1.3. In accordance with our notation for flows of vector fields, we inter-
pret t and 7 in X (¢, 7, x) as current time and as initial time point, respectively,
while x represents initial position. Note that we did not assume 7 < t, so that we

can represent backward flows using ¢ < 7.

Our first lemma shows that the flow of a vector field is indeed an example of a
two-parameter family of Lipschitz maps. The result follows from the more general

Lemma 4.4.2 for the nonlinear case and thus we omit the proof here.

Lemma 4.1.4. Let b € L'((0,7); BL(RY)), i.e. [i |[b(t,")||prdt < co. Then the

unique solution X,(t;7,z) of
O Xp(t;T,z) = b(t, Xp(t; 7, ), Xp(m;m2) =2

defines a two-parameter family of Lipschitz maps on R<.

4.2 The generalised linear structured population

model

Now that we introduced a suitable generalisation of the flow, our next step is to
formulate and investigate a corresponding version of the population model (3.5.1)
for Polish metric spaces (5, d) as underlying state space. Due to the lack of a vector
space structure, it is not possible to formulate an explicit PDE model on (S, d). We

thus have to find a different approach that works without differential equations.
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4 Models on Polish metric spaces

Analogously to Section 3 we first treat the simpler linear case and introduce the

following model functions

c:[0,T] xR x MH(RY) - R, n:[0,T] xS — M*(S),
N :[0,T) = M*(S), X:[0,T] x [0,T] x S — 5.

Without a PDE model to rely on, the model functions first have to stand alone
without a governing equation that gives them meaning. However, as they are clearly
inspired by the models introduced in Section 3, the interpretation of ¢, and N is
similar to their counterparts in the Euclidean setting. In particular, ¢ represents a
growth term, 7 is a spread of heterogeneity and N is a state-independent
influx. Function X is the generalisation of the flow of the vector field b in

the sense of Definition 4.1.1. Our model functions should satisfy the following:
Assumptions 4.2.1 (Linear Model). The model functions ¢, n, N and X satisfy
(i) c€ L'((0,T); BL(9)),
(i) » € L' ((0,T); BL(S; M*(5))),
(iii) N e L' ((0,T); MT(9)),
(iv) X is a two-parameter family of Lipschitz maps on (5, d).

Note that in comparison to Assumption 3.1.1 the abstract setting requires less reg-
ularity in time of the model functions. Similar to Notation 3.1.2 we shortly explain

the assumptions.

Notation 4.2.2. Again we restrict ourselves to the most complicated model function
n. For fited t € (0,T) and x € S, n(t,z) is a measure in M™T(S), and for fived t
the map x — n(t,x) € M*(S) is bounded Lipschitz, i.e.

I sy = e {sup (e ) . g < o
Te

with Lipschitz constant given by

pF(n(t7ml)777(t7x2>>
t,')|Lip = Su
|77( )|Lp 11751;0)2 d(l‘l,l’g)
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4.2 The generalised linear structured population model

Furthermore, ||n(t,-)|| BLis;m+y @8 integrable in time, i.e.

T
7l 21 (BL(s M) 12/ (¢, M Brisme dt < oo.
0

Consequently, for a.e. t € (0,T) the expression ||n(t,-)|| sris;m+y @8 also finite.

In the Euclidean case S = R? we can directly use the flow generated by the vector
field b instead of considering the two-parameter family of Lipschitz maps. In As-
sumption 4.4.1 we provide assumptions on b in the nonlinear case which are similar
but slightly weaker than Assumptions 3.5.1.

As a next step, we introduce the generalised version of the linear structured pop-
ulation model. The basic idea is that we omit the model formulation completely
and simply state a suitable notion of solution to our generalised problem which is
motivated by the implicit integral representation (3.3.3). See Remark 4.4.7 for a

discussion.

Definition 4.2.3 (Generalised Model). Let (S,d) be Polish metric space. A family
of measures fio := { it }rcpo,r) C MT(S) is called o (generalised) solution to the
linear structured population model on (S,d) with initial measure g € M*(S)
and model functions (c,n, N, X) satisfying Assumptions 4.2.1, if t — p is narrowly

continuous and p; satisfies

= X(1,0,")4 ( o()e focs)qs,o,.))dS)

/X (t,T, (/ (7, 9)(")] duf(y)eﬁC(S’X(S’T"”ds) dr (4.2.1)
# [ X7 (NS0 ar

The integrals appearing in the second and third term of formula (4.2.1) should be
understood in the Bochner sense. They are well-defined according to the following

proposition.

Proposition 4.2.4 (Rigorous definition of integrals). Under Assumptions 4.2.1 the

inner and outer Bochner integrals appearing in (4.2.1) are well-defined measures in

M*(S).

Proof. We need to ensure that the conditions for all appearing functions to be
Bochner integrable are met. In order to avoid the associated technical subtleties

such as strong measurability, we assume that the target spaces of our functions are
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4 Models on Polish metric spaces

separable Banach spaces. In this case Pettis Theorem [164, Theorem, Section V,
§4] guarantees that the concept of strong measurability coincides with the easier to
handle weak measurability. Now according to the Theorems 2.3.1 and 2.3.8 from
Section 2 M™(S) is a Polish metric space, but not a vector space and as such not

Banach. Hence, instead we will work in the space
B— WH'HBL(S)*’

i.e. the closure of M(S) as a subspace of BL(S)*. By construction, E is a separable
Banach space as the closure of a separable space and as a closed subset of the
Banach space BL(S)*. As already pointed out above, the concepts of weak and
strong measurability hence coincide on E. In Theorem 2.3.2 we characterised its
dual space to be E* = BL(S5).

We start with the inner integral of the second term in (4.2.1) and have to check that
the map S 3 z — n(t,x) € E is weakly measurable, i.e. that for any f € E* and
a.e. t € (0,T), the map

Sz (f,nt.z)eE

is measurable where (-, -) g« p denotes the usual dual pairing. As 7 is assumed to be
in BL(S; M*(S)), this map is not only measurable but even Lipschitz continuous

since for all x1, 29 € S

‘<f7n(t’x1) - 77(t7$2)>E*7E| S||f|
<||/]

e ||n(t, x1) — n(t, $2)||BL(S)*

g n(t, ) |Lip d(z1, 22).

Hence, we conclude that S 5 x — n(t,z) is strongly measurable. Additionally, we
see that

/ In(t, 2) || e dpe(z) < Ints )l BLismn el s < o0 (4.2.2)
S
which is finite as the narrow continuity of [0, 7] > 7 = i, implies sup, (o 7y [|[ft- || B+ <

00. So according to Theorem 1 in Section V §5 in Ref. [164]| the map x — n(t, z) is
py-integrable for a.e. t € (0,T) and for a.e. 7€ (0,7), I(1) = [4[n(7.y)(-)] dpe-(y)
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is a well defined Bochner integral on E. From (4.2.2) we also conclude that

< |In(t, ) Brispm el BL=-
BL*

178))1 5. = H [ tt2) duate)

So far, we have proven that I(7) € E. Nevertheless, for (4.2.1) to make sense, we
need I(7) € M*(S). Thus, we invoke Theorem 2.3.9 to show that I(7) is actually
a nonnegative measure. To this end, we first show I(7) € BL(S)%. Let f € BL(S)
with f > 0. As Bochner integrals commute with bounded, linear operators (see
[164, V §5, Corollary 2]), we compute for any v € M™(S)

< /S"W)(') du(z), f> = / (16, 2) (), e,y W) > 0,

since n(t,x) € M*(S). So I(1) € E N BL(S): which happens to be M*(S) by
Theorem 2.3.9. This concludes the proof for the inner integral of the second term

in (4.2.1). However, we can proceed analogously with the outer integral
' t
J = / X(t7’7"-)# [I(T)(-)@frC(S7X(577—7‘))d8:| dr.
0

In particular, the map 7 — X(¢,7,-)x [I(T)(-)ef: C(S’X(S’T"))ds} is weakly measurable
and the map

7o (LX) [I() (el X mnas] )

E*E

is continuous. A similar argument as for /(7) shows that .J is also a nonnegative
Radon measure on S. The integrals appearing in the third term in (4.2.1) can be

analysed analogously. O

Remark 4.2.5. Consider the conservative case when ¢,n, N = 0, i.e. the initial
measure [ is just moved according to the map X (¢,-,0). In this case the solution
e satisfies p; = X (¢, -,0) 40 which is exactly the solution to the optimal transport
problem with transport map X(¢,-,0) (see [159, p.16-17]). So from an optimal
transport perspective formula (4.2.1) provides a substantial generalisation to the

simple optimal transport case.

The implicit formulation for p; appearing in Definition 4.2.3 is quite impractical
to explicitly calculate integrals with it. So before we treat the well-posedness the-

ory for our generalised model, we first show how to compute integrals of the form
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Js¥(x) dpy () for measures p; given by the implicit equation (4.2.1). To this end,
we decouple the left and the right hand side of (4.2.1).

Lemma 4.2.6. Consider a narrowly continuous map v, : [0,T] — M™T(S) and let
po € MT(S). Fort € [0,T] we define a family of measures p; by

pe = X(1,0,)4 (uo(-)efé C<87X<570f>>d8>

# [ X0 ([ ) O] e e X6 an (123)
+ /0 X(6 704 (N(r)( el et Xemnas) qr.

Then for any ¢ € BL(S) the integral with respect to p; can be computed as follows

/1/1 ) dp(x /¢ tO.I))fOCSXSOx 9 Qg ()
*/ / / GX(t 7 )el CXETDE Al )] (y) dve(2)dr (4.2.4)
/ / VX (t 7, ))el X Em DS AN (o) dr

Proof. We treat each term of y; individually and start with the first one. A direct
application of the change of variable formula (2.1.1) for push-forward measures to
the first term in (4.2.3) leads to the first term on the right-hand side of (4.2.4).

Before we continue, we note that according to Theorem 2.3.2 ¢ € BL(S) implies
Y € E*. Hence, as linear operations commute with the Bochner integral (see [164,

V §5, Corollary 2|), we compute

[vw) d{ / X(t ) ( [ ) avn()e” C<S’X<S”~>>ds) df] )

= [ [ st ([ bl aner o) ) ar

— [ [ wxtra| [ o)) @t xeme] g ar
[/ / |

= /0 /5~/5v¢(X(t’ T, y))ef: c(s, X (s,7,y))ds d[?](T, ZL’)] (y) dI/T(;E) dr

The third term can be handled in a similar manner. Il

Analogously to Lemma 3.3.6 in the Euclidean case, we need some auxiliary regularity

and boundedness results to streamline the upcoming computations. The ideas of
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4.2 The generalised linear structured population model

the proofs are sufficiently close, so that we omit the calculations here and instead
refer to Lemma 3.17 in Ref. [44].

Lemma 4.2.7. Suppose functions X and c satisfy Assumption 4.2.1. For all test
functions 1 with ||| gL < 1.

(i) The map [1,T) >t — GwXC( ) = Y(X(t, T, m))ef (s X(s2)ds s yuniformly

continuous, i.e. there exists a modulus of continuity wx . such that

Gw,X,C(Q:) _ GdJ,X,C(x) < Wx.e (|t2 _ tl’) . (4.2.5)

T,t2 T,t1

(i) For any 0 < 7 < t < T, the map S > = — GwXC( ) is in BL(S) and
HGwXCHBL can be bounded independently of 1 by

C’ft’c = el llefs)llso ds [ (t—1) / lc(s, )|uip Lx (s — 7)ds|,  (4.2.6)

where he function Lx has been introduced in Definition 4.1.1.

We will establish existence and uniqueness of the generalised solutions with the help
of Banach Fixed Point Theorem applied to an operator built on (4.2.1). Due to
the low L' regularity in time of the model functions, the standard Bielecki metric is
insufficient for proving contractivity in this case. Thus, based on the idea introduced
in Ref. [97] we define a new complete metric on C°([0,T]; M*(S)) as follows: For
an a.e. nonnegative f € L'(0,7) and A > 0 we introduce

t
pas(tresva) = sup [e Mo T4 (1) (4.2.7)
te[0,7)

Choosing f = 1 reduces (4.2.7) to a metric related to the standard Bielecki norm,
see (3.3.50).

Theorem 2.3.8 states that the space (M™(S), pr) is complete and consequently also
C°([0, T); M™(S)) equipped with the natural metric

Poo(fle, V) := sup pp(e, ). (4.2.8)

te[0,T

The equivalence of p)  to the metric p,, directly implies that the space

(C°([0, T); M*(S)), pas)
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is complete as well. We remark that the completeness of (M™(S), pr) is crucial
here: As we have mentioned in Section 2.3 the space of signed measures M(S) is
only complete under the flat metric if S is uniformly discrete, so that in general we
can not work with C°([0, T]; M(S)).

Now that we have a suitable complete metric space, we construct our generalised

solution as a fixed point of the following operator
F = C%([0, T M*(S)) — C*([0,T]; M*(8)).

For a measure-valued map p, € C°([0,T]; M*(S)), define (Fpe)s by the right-hand
side of (4.2.1), i.e

(Fpa)y = X (8,0, ) (pro(c)eho el X0 )
/‘Xt7‘ (/fmnyx»MMAykﬁ“&X““”“)dT (12.9)

# [ X7 (Ve e dr

First, we will show that that (Fje)e : [0, 7] — M™(S) is continuous.

Lemma 4.2.8. Let ju, € C°([0,T]); MT(S)) and let (Fue)e be defined via (4.2.9).
Then, t — (Fle); is continuous as well, i.e. (Fua)e € CO([0,T]; MT(S)).

Proof. Let p, € C°([0,T]; MT(S)) and ¢ € BL(S) with [|¢||gr. < 1. Moreover, for
0<t; <ty <Tlet Gﬁ’tx’c be as in Lemma 4.2.7. Then we compute with (4.2.4)

rewritten in terms of Gﬁ}xvc
/wwﬂwmw%ﬂmm> [ et - 6 @) drala)
o S

/ / / Gy (y) dln(r, 2))(y) due (x) dr
/ //G%{C (7, 2)](y) dp-(x) dr
[ ferr@aven@ar [7 ] ] e w e o

f:A+Bl—Cl+B2—CQ.
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4.2 The generalised linear structured population model
Due to estimate (4.2.5),

|Al < wxe (Ita — t1]) |10l B2

so that A — 0 as ty — t;, independently of ¢ with ||¢||p; < 1.

Next, we rewrite the term By — C; as

B~ C = / / / G¥<(y) dn(r, 2))(y) dyar () dr

/ / / (GY(y) = GLY“ ()] dln(r,2)](y) dpr (x) dr o= By + Dy,

The term E; can be estimated by bound (4.2.6)

Bos [ [ et o noyar < [0 sup ol | s ar
FS

t1

s(/ In(m, M s dT> sup O s e
t1

TEt1, t2]

By Assumptions 4.2.1 or rather Definition 4.1.1 Ly is locally bounded so that
SUD e[t 1] CXe s is finite. Furthermore, the map 7 — |[n(7,-)||pr(sL) is in L'(0,7)
and Sup, e, 11 [|#4-|| B2+ 18 finite by the continuity assumption on p,. From this we
conclude with Dominated Convergence Theorem that E; — 0 as t — t; indepen-
dently of ¢ with ||¢||gr < 1. Finally, using (4.2.5)

t1
IDy] <wye (|f2 — 1) / / (7, @) sz duy () dr
0 S

<wx ([t2 — ta) ||77||L1T(BL(BL*)) sup ||prllBL,
T7€[0,t1]

implying that also F; — 0 as t; — t;, independently of ¢ with ||¢||gy, < 1. The
same procedure can be applied to the term (B — C3). As the above computations
are independent of ¢ € BL(S) with ||¢||gr- < 1 equation (4.2.10) implies that

lim PF ((F:U’>t27 (Fﬂ)tl) - 07

to—t1

showing that indeed (Fu,)e € C°([0, T]; MT(S)). O

We are ready able to show existence and uniqueness of generalised solutions for the
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linear model (4.2.1).

Theorem 4.2.9. Under Assumption 4.2.1, there exists a unique solution to the

linear problem (4.2.1) with initial measure g € M™(S).

Proof. Our goal is to show that F' defined by (4.2.9) is a contraction, so that exis-
tence and uniqueness follow directly from Banach Fixed Point Theorem.
Thus, consider two measure-valued maps ", u& € C0([0, T); M*(S)) with initial

measure
1 2
ps? =l = o € M*(9).

We first note that Assumption 4.2.1 implies for all » € BL(S) and all ¢ € [0, T] that
the map

Ssazes / (y) dl(t,2)](y) (4.2.11)

isin BL(S). The corresponding |[|-|| . norm can be bounded by ||¢| 5L [|17(t, ) || BL(sM1+)-
Thus, we compute using (4.2.4) and the bound (4.2.6)

pr (FulD)e, (Fu),)

sup ///w (t,7,9)) e Xm0 gl (e ))(y) d 1 — 4] (@) dr

||¢||BL<1

< / 2C5° n(r, M prissvey pr (1D, 1@) dr.
0

Let C' = supg<;<r SUDg<, < C’f . which is finite as Ly is locally bounded by Assump-
tions 4.2.1. Then

pr((Fu)e, (Fu)) < € / 97, Msacssy o (6, @) dr.

In the next step, we apply the generalised Bielecki norm p, s introduced in (4.2.7),
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4.2 The generalised linear structured population model
where suitable A > 0 and f € L'(0,7T) are chosen later. We compute

t
oo (Fuld, Fu®) = . [6‘”0 T dup (P, (F M(Q))t)]
te[o,

t

t

<C sup e f(“)du/ 1n(7 N Brsmsy pr (p, 1?) dr
t€[0,T] 0

<Cpas (), p?) sup Mo F)du /t In(r, Ml sLisipry Mo 704 dr.
t€[0,T) 0

We remark that the integral can be simplified by a clever choice of f. Indeed, for

(1) = In(r, )l Brism+y € LH(0,T)) we note that the map 7 — Af(7)erfo /(W) du

is the derivative of 7 — e*Jo /W dv due to Lebesgue Differentiation Theorem (see

Theorem 6 in Appendix E in Ref. [52]), so that

ot (Fi, F®) < Sy (), 1) sup e 10 [6”5 fluydu _ 1}

A t€[0,T]
C - ¢ u u C - T u u
=S o) s 1= ] = L 02 [1 000
S )
C
<Sons(id) nd).
Setting A = 2 C' finishes the proof. ]

Next, we prove an & priori bound on the generalised solution before we show the

continuous dependency of solutions on initial conditions.

Lemma 4.2.10. Suppose [0,T] > t — pu € M(S) is the generalised solution to
(4.2.1). Then ||p||pr+ is uniformly bounded for all t € [0, T].

Proof. We plug ¢ = 1 into formula (4.2.4) which yields

t
1te| B < |lpto]| pr- o letelloe ds

t
-/ (sup () s
0 €S

so that the claim follows by Gronwall’s inequality. [

t

Proposition 4.2.11. Let ., Vs be generalised solutions to (4.2.1) with initial mea-
sures po and vy respectively. Then there exists a constant C' depending on X and c
such that

pF(ﬂh Vt) < CpF(:“O» VO) 60[5 Hn(T7.)||BL<S;M+) dTv
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1.e. the solutions are continuous with respect to initial conditions.

Proof. We apply identity (4.2.4), the bound (4.2.6) and use the boundedness of
(4.2.11) to see

prlpe ) < sup [ 90,0l 0D Ay — ) 2)

l¥llzr<1

sup / / / X (L7, )l X Cm D e 2] (y) dlps — 7] (2) dr

HwHBL<1

< C 0,t PF Mo,Vo / CXCHTI HBL(SM+) PF(MT,VT)d

< C pp(po, o) + C/ [7(7, ) BLsimry pr(pr, vr)dr,
0

where C' = SUpy<; <7 SUPg<, < CTt which is finite as Lx is locally bounded by As-
sumptions 4.2.1. We thus conclude the proof with an application of Gronwall’s

inequality. O]

With similar computations (and many triangle inequalites) we can prove that the
generalised solutions also depend continuously on the model functions. We omit the

proof here and simply state the result. The lengthy computations can be found in
[44, Lemma 3.26].

Proposition 4.2.12. Let "X and ,uéﬁNX be the two generalised solutions of
G — SN — g€ ME(S) but different sets of
model functions (c,n, N, X) and (¢,7, N, X) satisfying Assumption 4.2.1. Then

(4.2.1) with initial condition fi

o ¢ B
o (1, ui’"’N’X> <0 [ [sup e (r. i)+ m (V). 5) | ar
0

yeS

—l—C/H T, )oodr + C  sup HX(TQ,Tl,‘)_X(TQ,Tl,')HOO,

0<m1 <1<t

i.e. the solutions are continuous with respect to model functions.
Combining the above results yields the following theorem.

Theorem 4.2.13 (Well-posedness of the linear model). Under Assumption 4.2.1,
there exists a unique solution to the linear problem (4.2.1) with initial measure g €
MT(S). Furthermore, the solution is continuous with respect to initial conditions

and model functions.
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4.3 The generalised nonlinear model
4.3 The generalised nonlinear model

Now that we solved the linear model (4.2.1), we go one step further and allow for

nonlinearities, i.e. we consider the model functions of the form

c:[0,T] x S x M*T(S) > R, n:[0,7T] x S x M*(S) = M*(S),
N :[0,T] x MH(S) = M*(S), X :[0,T]x[0,T] xS x ([0,T] = M*(S)) — S.
(4.3.1)

Remark 4.3.1. We require that the two-parameter family of Lipschitz maps X de-
pends on a whole measure valued map [0, 7] — M™(S) rather than on an individual
measure in M™(S). This assumption is based on the following observation: Recall
that the map X is the generalisation of the flow of a vector field on R? given by a

nonlinear ODE of the form
O Xp(t; 7, ) = b(t, Xp(t; 7, ), y), Xp(r;71,2) = ) (4.3.2)

where b: [0, 7] x R? x MT(R?) — R? is a vector field and p, : [0, 7] — MT(R?) is

a measure-valued map. Integrating (4.3.2) from 7 to ¢ yields

t
Xp(t;12) = —i—/ b(s, Xp(s;7,x), us) ds,
so that X,(t, 7, z) generally depends on values of u, for time arguments 7 < s < t.

We assume the following regularity for our model functions. Similar to the linear
case, the generalised nonlinear model requires less regularity than the nonlinear

Euclidean case; compare with Assumptions 3.5.1.

Assumptions 4.3.2 (Nonlinear model). The model functions ¢,n and N satisfy

the following regularity assumptions:

(i) For any u € M™(S), the model functions c(-, -, 1), n(-, -, n) and N(-, p) fulfill

Assumption 4.2.1. Moreover, we have uniform bounds

T
[ sup [ler el + sup (.. llsse + [N )| dr < o
0 pEMT(S) yeS

(4.3.3)
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and for any R > 0

T
[ s [letr s plaan + I ) pugsn ] dr < .
0

el <R

(ii) For all narrowly continuous maps e : [0,7] — M™T(S), X(t, 7,2, ie) is a
two-parameter family of Lipschitz maps in ¢ and 7. Moreover, for any R
and any ji, with sup,cio 7y ||l s+ < R, there exists a modulus of continuity

wx,r : [0,00] = [0, 00] and a locally bounded function Ly r : R — R satisfying

supsup d(X (t1, 7, @, pe), X (t2, 7, 7, o)) < wx r([t1 — t2l),
TGR JCES (434)
d(X<t7 T, xl?ﬂ')a X(ta T, X2, ,U.)) < LX,R(t - T) d(xla $2)7

In other words, X uniformly satisfies the properties of a two-parameter family

of Lipschitz maps for each ball in the space of measures.

(iii) Forany R > 0, there exists a function Lg . € L'(0,T) which is a.e. nonnegative

and so that for ||ul|gr+, ||V < R

le(t, - pw) — c(t, s V)]|loo < Lre(t)pr(p, v) for a.e. t € [0, 7).

(iv) For any R > 0, there exists a function Lg, € L*(0,T) which is a.e. nonnega-
Yl < R

tive and so that for ||u| s,

Sug PF (n(t7 Y :u)v n(t7 Y, V)) < LRvW(t) pF(:u7 V) forae. t € [O, T]
ye

(v) For any R > 0, there exists a function Lg y € L'(0,T) which is a.e. nonnega-
Wllpr- < R

tive and so that for |||/ s,

sup pp (N(t, 1), N(t,v)) < Lr n(t) pp(p, v) for a.e. t €10,7].

yes

(vi) For any R > 0, there exists a function Lr x € L'(0,T) which is a.e. nonnega-

tive and so that for supcpo 1 |l L, SUPyeo 7y [¥ellBL- < R

t2
”X(t27t17 'auo) - X(t27t17 ) Vo)”oo S / LR,X(T) PF(/JT, VT) dr th,tg S [OaT]

t1
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4.3 The generalised nonlinear model

With condition (4.3.3) we can bound the generalised solutions in the total variation

norm so that all other bounds can be assumed to hold only locally.

We start with the notion of solution to model (4.3.1).

Definition 4.3.3. We say that pe : [0,T] — M™T(S) is a (generalised) solution
to the nonlinear structured population model on (S,d) with initial measure
po € MT(S) and model functions c,n, N, X satisfying Assumption 4.3.2, if pe is

narrowly continuous and satisfies

= X(,0,-, tte) ( of-)e Jo e(s, X(s,0,-, pra), ) ds )
/ A A B LR

+/ X(t,T,-,'U/.)# (N(T7ILLT)< )ef C(S X(S T,,No ,us )d’T
0

Remark 4.3.4. For actually calculating integrals with measures of the form (4.3.5)

we can again refer to Lemma 4.2.6 which naturally translates to the nonlinear case.

Similar to the Euclidean case, we show existence and uniqueness of the nonlinear
model by a reduction to a linear version with fixed measure arguments. In contrast
to Section 3.5, however, we do not conclude by a completeness argument of Cauchy

sequences but rather invoke fixed point theory again.

Theorem 4.3.5. Consider an initial measure g € M™1(S) and model functions
(¢,n, N, X) satisfying Assumptions 4.3.2. Then there exists a unique generalised
solution of the nonlinear structured population model on (S,d) which is continuous
with respect to initial conditions and model functions. More precisely, let (¢,n, N, X)
and (¢,17, N )N() be two sets of model functions which both satisfy Assumption 4.3.2

en,N,X

and let g and py’ E1NX e the solutions to the corresponding nonlinear structured
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population models with initial measure po. Then the following estimate holds

o~ t
pp(u,f’"’N’X, uf’"’N’X) < C/ sup |le(r, -, v) — (7, v)||oo dT
0 VEMF(S)
t

+ C [ sup sup pr(n(r,y,v),7(1,y,v))dr

0 yeS veM*(S) (4.3.6)
¢

+ C’/ sup  pr (N(T, v), N(r, V)) dr
0 veMt(S)

+ C sup sup || X (72,71, - Ve) — X (T2, 71, -, Va) || so-

Ve €CO([0,t]; MT(S)) 0<T1 <2<t

Similarly, if ,u,gl) and u§2) are generalised solutions to the nonlinear structured pop-
ulation model with model functions (c,n, N, X) but different initial conditions u(()l)

and ,u(()2)7 then there is a constant Cyy such that

pr(ut), 1) < Cag (e, ). (4.3.7)

Proof. As already mentioned above, the key idea of the proof is to reduce the nonlin-
ear model to a linear version with fixed the measure argument. Consider a measure
valued map g, in C°([0, T]; M*(S)) and define the operator Fi, := v,, where v, is

the unique solution of the linear equation
v= X (40,0, ) (o)l oo X0 )
! t
+ [ Xrm ( [ g ) el c@,X(S,T,.,M.),HS)ds) ar
0 s

t
+ / X(ty T, ) ,u.)# <N(T’ MT)(')efT C(S,X(S,T,',/Jo):#s)dS) dT
0

Existence and uniqueness of such a measure valued map v, € C°([0,T]; ML(S))
follows from Theorem 4.2.13 if the adjusted model functions satisfy Assumptions
4.2.1. In particular, we need to check that c(t,z, u;), n(t,z, p)(-) and N (&, ) (+)
are integrable with respect to time. By assumption, the map p, is continuous and
hence supc(o 7y [|11tl| B =@ R < oo. Thus, we conclude the integrability condition
from the uniform bounds (4.3.3) in Assumptions 4.3.2. Similar to Lemma 4.2.8 in
the linear case, we can show that v, is in C°([0,T]; M™(S)) and uniformly bounded
by Lemma 4.2.10. However, we need to guarantee that the iterative application of

I preserves the uniform boundedness of the measure valued maps. To this end, we
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4.3 The generalised nonlinear model

introduce the set

Ke = {ve € C°([0, T); MT(S)) | vo = po, sup ||vi]lsr- < C}.
te[0,7
Recall that the bounds from condition (4.3.3) hold uniformly and not only for mea-
sures p with ||u||pr+ < R for some R > 0. Applying these bounds to the uniform
bound in Lemma 4.2.10 implies that we can choose C' sufficiently large to achieve
F:Kc— Ke.
Next, we show that F' is contractive. To this end, consider two generalised solutions

p 1P e 00, T]; M*(S)) with plh = ,u((f) = o and let v = F(ut), and
U = F(/LEQ)).. By Proposition 4.2.12 the generalised solutions are continuous with

respect to model functions which leads to

t
1 2
PF (Vt( )’Vt( )) S C]\/[/ Sup pr (77(7'7?/aM(Tl))m(TayaHg))) dr
0

yes
t
+ CM/ [IOF (N(T7 Msl)% N(Tv MS—Q))) + ||C(Tv i :ugl)) - C(Tv '7#52))”00] dr
0

+CM sup ”X(7—277-17'7M£1)) _X(T277—17'7M£2))”00'

0<m1 <1<t

We apply Assumptions 4.3.2 with R = C' and see

t

e ("47) < ot [ (Lieg(7) + Liear) + Lol pr(u )
0

T2
+Cy sup / Lpx (1) pre(pt?, p@) dr

0<mi<me<tJn

T2

< Cy  sup / Lr(7) pr(ul?, i) dr,
0<m <7<t Jn

with the a.e nonnegative function Lr = Lp, + Lgn + Lr.+ Lrx € L'(0,T). We

apply the generalised Bielecki norm (4.2.7) once more with some A > 0 and f = Ly

and see that

t
IOA,LR(VSI)W?)) < sup [e*)‘fo LR(U)dupF(Vt(I),I/t(2))]
t€[0,T]

T2
< Cyy sup e Mo baldn gup / Le(T)pr(ps?, i?) dr
t€[0,7] 0<m1<m<tJn

T2
< Cu p)\,LR(MEI)?MSZ)) sup 6’_”& La(u)du sup / Lg(T) Mo brtdu qr

tE[U,T] 0<m1 <1<t T
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For 0 <7 <7, <t we can estimate the last factor as

)

/ : LR(T)G’\ Jo Lr(w)du g

[e’\ J3? Lr(w)ydu _ A f7* Lr(u) du} <
T1

[e,\fg Lg(u)du _ 1}

> =

1
A
so that we obtain the final estimate

C
PaLa (VD) < = oy () ) sup e Mo Lr(wdu [6”5 L) du _ 1]

te[0,T
Cu 2T Lp(w) du Cu
= () p) |1 = Mo brtd ] < e, i),
In particular, F' is contractive for A = 2C'y; and thus we conclude existence and
uniqueness by Banach Fixed Point Theorem.
We complete the proof with the continuity estimates (4.3.6) and (4.3.7). These follow
directly from the corresponding results for the linear problem, i.e. Propositions
4.2.11 and 4.2.12. O

4.4 Model equivalence in the Euclidean case

We introduced the concept of generalised solutions to extend the structured popu-
lation models to Polish metric spaces. In this section, we verify that in the R? case
the generalised solution and the measure solution to (3.5.1) are indeed equivalent.
We choose the flow of the vector field b given by the unique solution of the ODE

O Xp(t; 7,2, pre) = b(t, Xp(t; 7, 2, o), 1) Xo(T57, 2, pte) = . (4.4.1)

as two-parameter family of Lipschitz maps. Our first lemma shows that under mild
assumptions this is actually a legit choice, i.e. that X, satisfies (ii) and (vi) in
Assumption 4.3.2 and is thus an explicit example for a two-parameter family of

Lipschitz maps.
Assumptions 4.4.1 (Special case RY). The assumptions on the model functions
¢, n and N remain unchanged, i.e. they still satisfy Assumptions 4.3.2. However,

hypotheses (ii) and (vi) on X are replaced by the following assumptions on b :
[0, 7] x RY x MT(RY) — R%:

(i) For any p € M™(R?), the function b(-, -, i) is in L((0,T); BL(R%; R?)). More-
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4.4 Model equivalence in the Euclidean case

over, for any R > 0

T
/ sup ||b(T, -, p)||pr dT < 0.
0

lullp+<R

(ii) For any R > 0, there exists a function Lgy € L'(0,T) which is a.e. nonnegative

and so that if j,, Vs are narrowly continuous and sup,e(o 7 ||l L+, ||Vl Br- <

R, then
|6(t, -, 1) — b(t, -, V)||oo < Lrp(t)pr(p,v) for a.e. t € [0,7].
Note that in comparison to Assumptions 3.5.1 model function b needs slightly
less regularity in the time argument. In particular, we only need to assume that

Lry € L*(0,T). This is consistent with the assumptions made on the other model

functions in Assumptions 4.3.2.

Now we show that two-parameter families of Lipschitz maps indeed generalise the

situation known for classical flows of vector fields.

Lemma 4.4.2. Suppose that b: [0,T] x R x MT(RY) — R? satisfies Assumption
4.4.1. Furthermore, let u, be a narrowly continuous family in M*(R?) and let
Xp(t; 7, x, o) be defined as the unique solution of the ODE (4.4.1). Then X, satisfies
(ii) and (vi) in Assumptions 4.3.2.

Proof. We start with condition (ii) in Assumption 4.3.2, so let R > 0 and consider a
narrowly continuous family pe C M™*(S) with sup,cio 7 |l 5L+ < R. We compute

|Xb(t;7', xl,,u.) - Xb(t§77 $2a/ﬁ-)|

t
< / |b(87 Xb(S; T, 21, ,u.), ,U/S> - b(S, Xb(S; T, T2, HW)’ ﬂs)| ds + ’1'1 - .ZU2|
t
S / |b(57 Y /’LS)|Lip ‘Xb(su T,T1, M') - Xb(37 T, T2, ,LL.)‘ ds + ’xl - xZ‘
and thus we conclude

| Xp(t, 7,21, pte) — Xp(t, 7,22, pte)| < Lx,p(t —7) |21 — 22
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with Gronwall’s inequality and a suitable function Lx g given by

to
Lyn()=exp | sup / sup  [|b(s, - 1)z ds
t1,t2€[0, 7] Jt1 |lpllpr*<R
[t1—t2|<t

To show the first estimate of (ii), let ¢, > ¢; and compute

[2)
/ b(s, Xy(s; T, , lte), i1s) ds

t1

to t+|t2_t1‘
< [Cswppsspldss s | sup[b(s, - 1) ds.
t t

1 z€R t: t+[ta—t1|<T Il g <R

|Xb(t1’ T, Z, M.) - Xb(t27 T, T, No)l <

By Assumptions 4.4.1, the function s — supy, . . <z [16(s, -, p)ll 5, is in L'(0,T), so
that b is uniformly integrable and thus

t+r
wxp(r) = sup / sup  [b(s, - m)lluds =0 (r—0).
t i+r<T Jt lullpr-<R

In particular, wx g(r) is a well-defined modulus of continuity and conditions (4.3.4)
are fulfilled.

We are still left to check Assumption 4.3.2 (vi). So let ue,vs C M*(R?) be two
\v]lr < R. Then using (ii)

narrowly continuous families with supyeo 7y ||l 5z,

and (i) of Assumptions 4.4.1 we compute

’Xb(t; T,T, ,U.) - Xb(t; T, T, V')‘

=|Xp(t; 7,2, pte) — Xo(T; 7,2, o) + X (757, 2, v8) — Xop(t; 7, 2, 1) |
< /t 1b(s, Xp(8; 7,2, e ), pts) — b(s, Xp(s;7, 2, 1), Vs)| ds
< [ 1000, Xl 7)) s, ol 7,2, 1) 2]
[t a7, 10, 2) — B, Kol 7,0, 2) s
< [ Enalslortpn )

t
+/ ( sup ‘b(S, 'ay)‘Lip> ‘Xb(S;T,fL’,,u.) - Xb(S;T,JZ‘, I/')’ ds.

lvllpr+<R
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4.4 Model equivalence in the Euclidean case

Applying Gronwall’s inequality again concludes the proof. O]

Theorem 4.4.3. Suppose Assumptions 4.4.1 hold true. Let uy € M*(R?) and let
Xy(t, 7,2, pe) be defined by (4.4.1). Then the generalised solution given by represen-
tation formula (4.3.5) satisfies the weak formulation (3.5.2) and is in particular a

measure solution to (3.5.1).

Proof. Using an approximation argument we can assume that the test functions are
compactly supported in space. We refer to Remark 4.4.4 for the details. According
to the density result Theorem D.5 in Ref. [44] we can further restrict the class of
test functions to functions of the form f(t,z) = () (x) with ¢ € CY([0,T]) N
Whe([0,T]) and ¢ € CH(R?).

We claim that the theorem will follow if we show that the map
0,T]3t— F(t) = ) U(x) dpg(z)
R
is differentiable a.e. in ¢ with derivative

‘F/(t) = Vmi/)(l‘) ’ b(tv L, Ht) + ¢($) C(t, T, Mt) dﬂt(‘x)
e (4.4.2)

w [ (L v o) duto) + [ ot dv w @)

Let us assume for the moment that (4.4.2) holds. In this case, Assumption 4.3.2
implies that F’ is integrable and consequently F € W1([0,T]), i.e. F is absolutely
continuous. Due to the Fundamental Theorem of Calculus and the product rule we

/R T ) dpr () - / F(0,2) duo(w) = @(T)F(T) — 9(0)F(0)
_ / AWl (t)F ()] dt = / Oip(t) F (1) + (1) F (1) t,

which is exactly the right-hand side of (3.5.2) with test function f(t,2) = ¢(t)y(x).
We still have to show (4.4.2). To simplify the upcoming computations we introduce

the following abbreviations

Xt,T(w) = Xb(ta T, T, ,uo)a St,T(x) = ef: C(S7XS’T(I)7MS)dsa
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which brings (the nonlinear version of) (4.2.4) in the form

/w ) dpe(x /w)(to ) Erolz) dpo(z)
+/o o) ) dlntr. 1) 0) e (0) e (14.3)
et e o) e

To prove formula (4.4.2) each term on the right- hand side of (4.4.3) has to be
differentiated. We start with the first term and use (4.4.1) to compute

d
dt

— [ 9 i0@)) b Hrala) )] Enale) o)

U(Xo(@)) Ero(w) c(t, Xio(2), pe) dpo(x) =2 A+ B.

R4

[ B(Fao(2)) Exole) drao(2)

The treatment of the second term of (4.4.3) requires differentiation under the Bochner
integral so that we have to apply the Dominated Convergence Theorem for Bochner
integrals (see e.g. Theorem H.7 in Ref. [44]) which yields

%{ /0 /Rd Rd¢(Xt,r(y))5t,r(y)d[n(T,fmuT)](y) dpir (@) dr
:/Rd Rdw(y)d[n(t,w,ut)](y) dpu(z)
/ /Rd /Rd V(X (y)) - b(t, Xer(y), )] Er(y) din(, z, pr)](y) dpr (z) d7
+/0 / [ e () 8 9) et (), ) Al 2,1 )(9) bt 1)

=C+D+FE.
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4.4 Model equivalence in the Euclidean case

The third term in (4.4.3) can be computed analogously to be

% U [ (@) Eur () AIN (T, ) () dr
= Rdw(:c)d[N(t,ut)](x)
4 /0 /R Vot (Xir () - b(t, Ko (2), 1)) € () AIN (7, p17)] () d

+ /O » (X () Exr(2) et Xir (), ) AIN (T, p17) () AT

= F+G+H.

We collect all terms involving V.1 - b and use formula (4.2.4) which leads to the

following simplification

A+D+G= [ Vu(x)-b(t,x,u)dux), (4.4.4)

R4

and similarly for all terms with v ¢

B+E+H= [ 9¥()ct,z, pu) du(z). (4.4.5)

Rd
Combining (4.4.4) and (4.4.5) with the remaining terms C' and F leads to formula
(4.4.2) as desired. O

Remark 4.4.4. We claim that during the analysis of the PDE model (3.5.2) it is
actually sufficient to consider test functions which are compactly supported in space.
Let ¢ € BL([0,T] x RY) N C([0,T] x R?) be a test function and let £ € C°(R?) be
a smooth cut-off function with £ =1 on B;(0), 0 < & <1 and supp(§) € By(0). For

n € N we introduce the following sequence of functions

T

pult,z) = plt2)€ (T ).

where each component of x is multiplied with the scalar 1/n. By construction
©n — p as well as 0y, — Oy for n — oo pointwise and by Dominated Convergence

also in L'. Thus, the only term in the weak formulation (3.5.2) which needs special
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attention is the term involving V,.¢. We compute for arbitrary n € N

Van(t ) — Vap(t, )] - b(t, 2, ) dpa(e) dt'

Rd

Van(t. ) — Vaiplt, )] - bt 2, ) dpa(e) dt\

R4\ By, (0)

Voot ) — Voot )] - bt 2, o) () dt\

B2, (0)

Vooltsz) - bt o ) () dt\

R4\ Ba,, (0)

Vao(t0)€ () +o(t0)926 () = Duptt )] 00, ) (o)

Ban (0)
= A+ B.

As V., is bounded and by Assumption 4.4.1 b(-,-, u) € L* for all p € M*(R?) we
can apply Dominated Convergence Theorem to see that A — 0 for n — oo.

We continue with the term B

B</ /B [ mgptx)f(%)—l—go(t,x) £(G )——vw(t x)]-b(t,x,ut)

<Nl / /
BZn

.I'
el [ / ) — 1] b6t ) ()
Ban( ”

:IBl + BQ.

dpe(z) dt

1
—‘ b(t, 2, pue)| dpe () dit

For the first term B; we note that V,¢ is bounded for all z € R? Furthermore,
narrow continuity of the generalised solution ji, implies sup,c(o 7y [|12t]| B~ =: R < o0.

Thus, we compute

1 T
B S—I!folloo\lso\lwm/ 16, - k)| Bl el - A

—/ sup ||b(t, -, 1)||pr dt — 0 (n — o0)

lellpr-<R
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4.4 Model equivalence in the Euclidean case

by Assumption 4.4.1. Concerning By we see that £(-/n) = 1 on B,(0), so that

T X

Ba<lplwis [ [ Je () = 1] bt ) o)
0 JB2n\Bn(0) n
T

<ol / sup  [1b(t, 1)1z e (Baw \ Ba(0)) dl

lulpr+<R

T
<llellwre sup p (an\Bn(O))/ sup [t -, )| L At
0

t€[0,77] lellsrs<R

=C sup p (Bay, \ Br(0)).
t€[0,T]

In particular, By — 0 if supc(o 7y pe (B2n \ Bn(0)) — 0 for n — oo.
To see this, we first remember that the the map ¢ — p; is narrowly continuous and
thus the set F = {u; | t € [0,7]} is closed with respect to narrow convergence.
We furthermore claim that F is even sequentially compact with respect to narrow
convergence. Indeed, let (p14,),, oy C F be a sequence. By compactness the sequence
of time points (£,)nen C [0, 7] has a converging subsequence (fn)neN with ¢, —> t €
[0,T]. Thus, by narrow continuity p; — puz € F and F is sequentially compact.
Now the Theorem of Prokhorov 2.1.3 implies that F is tight so that clearly

sup i (Ban \ Bn(0)) — 0 (n — o0)
t€[0,T]

as desired. This yields By — 0 and in particular

| [ anlti) = Vaplt ) b, o) )

Hence, the approximation is indeed valid in the limit.

We conclude this subsection with the missing uniqueness to the nonlinear PDE
model (3.5.1). Together with Theorem 4.4.3 this will yield the desired equivalence
of both the PDE and the generalised model. Before we start, we have to establish

a regularity result.

Lemma 4.4.5. Under Assumption 4.4.1 any measure solution pe to model (3.5.1)

induces an absolutely continuous map [0,T] >t — p, i.e. there exists a nonnegative
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function L, € L'(0,T) such that for any 0 <7<t <T

pr(fir, pie) < /t Ly(s)ds. (4.4.6)

Furthermore, if pe and fie are two measure solution to (3.5.1), then the map [0,T] >

t v pr(pe, fir) s also absolutely continuous.

Proof. The proof is similar to [44, Lemma 2.25] but adapted to the case R
For ¢ € BL(RY) NCY(RY), 0 < 51 < 85 < T and € > 0 we use (3.5.2) with the test

function

0 ift 0,5 — ¢
(t_Sl + 1) W(x) ift € [sg —e, 5]
p=(t,2) = { Y(x if t € [s1,50] (4.4.7)
(2= + 1) Y(x) ift € [s2,80 +¢]
0 ift € [sy+e,T]

and obtain

T
/ ¢e(T, ) dpr(z / ©e(0,7) dpo(z) = / Dppe(t, ) dpy () dt
R4 0 R4
b [ (Fupelta) b0, 0) ) el .0) )
R

" / / ( [ et dint, ) <y>) )t + | ' [ ety aiv e i) at,

(4.4.8)

We first note that by construction for € small enough, we have

/R e (T,) dpir(a) = /]R e(0,2) dpg() = 0.
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4.4 Model equivalence in the Euclidean case

Furthermore,

T
/ / Oype(t, ) dpuy () dt
0 Rd
S1 Ss2+¢€
! / [ v@dn@a—2 [T [ @t

2

= [ @@~ [ s i@ 60

by Lebesgue’s Differentiation Theorem and continuity of the map s — [o, ¢(z) dps.
The other terms in (4.4.8) can be treated with Dominated Convergence Theorem
as supeioy ||pellpr =1 R < oo by narrow continuity. As an example, we treat the

second term

T
/ Vo () - bt a0) dpu()
0 R4

51 t—s S92
_/ / - lvx90<ta x) - b(t, z, py) dpe(x) dt +/ Voot x) - b(t, x, py) dpg () dt
S81—¢€ Rd 81 ]Rd

s2+e ¢
s [ ] ) bt ) (o)
S9 R4 9

=A+B+C.

We apply Lebesgue’s Differentiation Theorem

3

At / _ (51 — ) /R Vol ) bt ) dp )
—(s1—s1) | Vap(t,x) - b(t, z, ) dps, (z) =0 (e = 0).

Rd

A similar computation shows C' — 0 so that we conclude for ¢ — 0

T S92
/ Voo (t,2) - blt, ) dpae(r) dt — / / Vap(t, ) - bit, o, ) dug(2) dt.
0 Rd s1 Rd
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Combining the above computations, we see that sending ¢ — 0 in (4.4.8) leads to

x)dps, (x / Y(x) dps, (x
/ / V(@) - bty 7, 1) + (@) clt, 2, 1)) dpa(x) dt

n / /R ( [ vttt (y)) dpuy () dt + / [ @) AN e )

(4.4.9)

By Assumption 4.4.1 we have a bound

/sl /Rd < Rﬂ’ n(t, @, )] (y)> dp () dt

S/|WM&mM@mem*
S1

z€R4

pell pr- dt

52

smwm/ sup  sup [n(t, 2, )| o dt.

1 el <R zeRd

Now, similar computations can be applied to the other terms appearing on the (RHS)
of (4.4.9). Therefore, taking supremum over all ¢ € BL(R?) with |||l < 1 we

prove (4.4.6). An analogous argument works when s; = 0 or sy = T..

Now consider two measure solutions s, fie to (3.5.1) and let ¢ > 7. Then we compute

by triangle inequality and with (4.4.6)

t t
pmmmszm»ﬁ/m@®+/me&
t t
pF(:UTa /17') SpF(Mta lat) + / LM(S) ds + / L,}(S) dS,

which can be combined to

o s ) — pr(pe ) < [ (B4(6) + La(s) s

In particular, the map t — pp(u, fi¢) is absolutely continuous. ]
We are now in the position to prove uniqueness of solutions to model (3.5.1).

Theorem 4.4.6. Under Assumptions 3.5.1 (which are slightly stronger than As-

sumptions 4.4.1) measure solution to model (3.5.1) with initial condition uy €
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MF(RY) are unique.

Proof. Let " and u? be two measure solutions to (3.5.1) with initial condition

to. By carefully modifying the model functions to

b0 2) = b (o), i) =c(t ),

n(t,z) =1 (t, z, uil)) ., NO@=N (t, uil))

we see that ,usl) can be interpreted as a measure solution to a linear model and

similarly for u?). Due to the already established uniqueness in the linear case,
see Lemma 3.4.5, together with Theorem 4.4.3, u. ) and ,u. are also (generalised)
solutions to representation formula (4.2.1) with model functions ¢, 5@ N and
Lipschitz maps X given by the flow of vector fields b, i = 1, 2.

Furthermore, according to Proposition 4.2.12 the solutions are continuous with re-

spect to model functions so that

t
PF (;u)g )7“1? > <C/ sup pg <77 <7',3§,M§1)> » 1 <T,ZL’,M§2)>> dr
0 z€Rd
—I—C’/pF T,U,t)>,N<T/Lt ))dT
( T, 7#15 )) <T7.’M§Q))Hood7_

+C  sup HX(l)(TQ;Tl,')—X(2)<T2;7'17')H

0<m <1<t

+C
0

o
We take a closer look at the last term and notice it can be simplified to

C sup HX(I)(TQ;TI,')_X(2)(7_2;7—1,')HOO
0<m1 <7<t

<C' sup

O<'r1 <7<t

/ ’ b (7’, X(l)(T; 1, )) —p® (7', X(2)<T; 1, )) dr

,,uil) b(ﬂnﬂ@)“ dr.

e}

Applying the bounds from Assumption 4.4.1 hence implies

Pr (ut e <C/ (1D, u) dr
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for some L € L'(0,T), so that

2)

pF (uil),ut )=0 (4.4.10)

for a.e. t € [0,7] by Gronwall’s inequality. As t — pF(ug ),,ug )) is continuous by
Lemma 4.4.5 we conclude that (4.4.10) holds for all ¢ € [0, T'], establishing uniqueness
and thus finishing the proof. O

We conclude this chapter with a discussion on the validity of the implicit notion of

solution in Definition 4.2.3.

Remark 4.4.7. If we insert the implicit integral representation (3.3.3) of ¢, into
the defining equation (3.4.2) for p; , we get for any ¢ € BL(R?)

[ 0w @) = [ pua0. )t + [ [ oot AN b0
w(Xb(t 0 :C))efom"xb (r;0,2)) deu (z)
/Rd/ /Rd 901/175 S y (SaXb(S;O,x))](y)efoSC(T,Xb(7“%07x))d7“ ds d,u()(l‘)

’ / (X (t: 7,2 XD QN ()] () dr
0 R4

t t
+/ / / / i (5,9) dn(s, Xo(s; 7, 2))(y)elr 0w 45 d[N (7)) () dr
0 JRdJr JRd
=A+B+C+D.

So if n = 0, this representation coincides with the implicit solution formula (4.2.4),
i.e. the terms A and C appear in both cases. To ensure consistency of both repre-

sentations in the presence of 7, we would need that

B+ D

t
:/ / / Pue(s,9) d[n(s, Xo(s; 0, 2))](y)elo X024 ds dpg ()
rd Jo JRd
t t
* / / / / it (5, 9) dn(s, Xy (s; 7, )| (y)elr X0 ds d[N (7)) () dr
0 JRd Jr JRd

il / | / G(X(t; 7, y) el XD d (7, )] (y) dpe () d
0 JR4 JR4
(4.4.11)

However, proving this identity turns out to be difficult, which admits two distinct
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interpretations. Should (4.4.11) be true, then formula (4.2.4) or rather (4.2.1) indeed
reflects all occurring effects which influence the behaviour of the solution p;. In
this case, the proof of (4.4.11) presumably requires a change of variable formula in
the spirit of (3.4.2) for general functions f instead of ¢, on the right-hand side.
Unfortunately, such a result is beyond the scope of this thesis.

Alternatively, it could also be that identity (4.4.11) fails to hold since formula (4.2.1)
does not capture all relevant interactions of the model functions. In particular, term
D contains an integral over 1 as well as over N. This could indicate that, apart from
the individual effects of the mutation n (term B) and the state-independent influx N
(term C'), there is also an additional non-separable interaction effect between both
terms. This is not entirely unlikely, as a similar behaviour can be observed for the
flow X, and the growth term ¢, which appear in all summands A — D. So in this
case, formula (4.2.1) would have to be adjusted accordingly. However, the fact that
the generalised solution coincides with the measure solution in the FEuclidean case

suggests otherwise.
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other publications

In this chapter, we demonstrate how the developed theory can affect current research
and point our future perspectives for further studies. As a start, we outline several
model applications that can fully exploit the setting of non-Euclidean state spaces.
More precisely, we present two examples that require a Polish metric space since
they are inherently infinite dimensional as well as an additional example using a
proper metric space. The latter is interesting in its own right due to its importance
in differential geometry. Since the focus of this thesis is on theory and not on
modelling, we only sketch the ideas without discussing explicit model functions. In
the second part, we show how we can incorporate the concept of measure differential
equations developed by Piccoli and the class of coagulation-fragmentation models
into our framework. For the latter, we will need a minor adaptation of our theory, but
are rewarded with a significant extension of our theory beyond structured population
models. We conclude this chapter with a comparison of our flat metric to a transport

type distance introduced by Fournier and Perthame.

5.1 Model examples motivated by applications

Example 5.1.1. One promising application of the new setting are structured pop-
ulation models that are based on functions or its trajectories instead of single indi-
viduals or population densities. In such a scenario, one would consider metric spaces

of the form
(S,d) = (C°([0,T]; X), || - llo) (5.1.1)

with some target space X, e.g. R% or N&. According to basic functional analysis,
the space (5, d) is both separable and complete but not proper. If we want to study
not only continuous but also discontinuous trajectories, we can simply consider the

space S = LP([0,T]; X) instead of (5.1.1).
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Such a modelling approach can be used, among other things, for inferring develop-
mental trajectories of cellular differentiation from single-cell RNA-sequencing data
(scRNA-seq data). The current biological consensus is that during differentiation an
individual cell follows a continuous path in a gene expression space X, the so-called
indiwidual cell trajectory. Together, all these trajectories form a metric space of the
form (5.1.1). However, due to heterogeneity, cells of a particular cell type do not
necessarily have a common developmental trajectory, but rather follow a cell type
specific trajectory distribution u € MT(C°([0,T]; X)). This trajectory distribution
can be expected to change as a result of biological processes, external influences or

rapid epigenetic mutations [27].

Example 5.1.2. In this example we are interested in the pseudotemporal develop-
ment of a specific gene, see also the related approach [124]. Thus, we modify the
setting of the previous example by taking the average trajectory of a given cell type
instead of the cell type specific trajectory distribution. The resulting pseudotime
trajectory v : [0,T] — X hence roughly describes the differentiation process of the
cells with the given cell type. Along the whole developmental path v, the intensity
of the expressed gene varies, e.g. represented by a change in absolute gene counts.
Due to inherent cell heterogeneities one would however rather expect a gene expres-
sion distribution among all cells, y; € M™*(S) with S = Nj or S = R™.

If we want to consider more than one gene following the trajectory -, there is a distri-
bution i € M™(S) for each pseudotime point ¢ € [0,7] and each gene i = 1,..., N.
In this situation, the evolution of all gene distributions along the trajectory ~ can
be represented by a measure on M™(S), e.g. in the discrete case here by a measure

of the form

N
MN =) " ai(t)D,; € MHMF(S)),
i=1
where D, € M*T(M™(S)) denotes the Dirac measure on M™*(S) located in . More
elaborate measures on M™(.S), such as measures without atoms, could occur in the
limit N — co. Although it is possible to model such objects by products of measure

spaces, the number of genes N may be very large and thus it might be convenient
to consider the limit of MY in MT(MT(S)) as N — co.

Our last example stems from the field of differential geometry. Although it cannot
make full use of the new framework in its complete generality, it is at least set on a

proper metric space. We refer to Chapter 6 in Ref. [101] for precise definitions and
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further information on Riemannian geometry.

Example 5.1.3. For a finite dimensional smooth manifold S consider a Riemannian
metric g such that the pair (.5, g) is a connected and geodesically complete Rieman-
nian manifold. Well-known examples of the latter include the torus, the sphere or
the hyperbolic space. A natural metric on S is given by the corresponding Rieman-
nian distance function dg, which measures the length of the shortest path between
two points. According to the Theorem of Hopf-Rinow [89], geodesical completeness
implies that the metric space (S, dg) is proper (see Remark 2.3.5). This enables the
formulation of structured population models on (S, dg), such as those appearing in
[21, 122, 130].

Remark 5.1.4. In addition to the above examples, our framework is also suitable
for operating on discrete structures which are inherently Polish spaces if equipped
with a suitable metric. For example, Refs. |[107, 111] consider structured population
models on graphs to investigate mutual cooperation. Similarly, in the field of image
processing and high-dimensional data analysis, graph or network-like structures are
very common as graphs provide a suitable ambient space for representing or clas-
sifying data [12, 73, 154|. In this setting, PDEs can be applied to simplify data
processing or support semi-supervised learning approaches [19, 49, 109]. At this
point we especially highlight the papers [50, 51] that study nonlocal measure-valued

continuity equations on graphs, although under the total variation norm.

5.2 Connection to measure differential equations

In this section we turn to an alternative but related modelling approach based on
so called measure differential equations (MDEs). MDEs have been introduced by

Piccoli for pedestrian flows in terms of a conservative transport equation [119],

fu =V, (5.2.1)

and thus provide a generalisation of the concept of ordinary differential equations
to spaces of measures. In this approach, the evolution of a measure p is governed
by a measure vector field (MVF) V[u] which is a measure on R? x R%. Tts first
coordinate represents spatial position z and the second denotes admissible values of
velocity v. The measure V'[u| has marginal p on the first coordinate, i.e. it satisfies
74, V{u] = p for all p € M*(R?). Here 7! denotes the projection to the first (spatial)
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5.2 Connection to measure differential equations

coordinate and the subscript # denotes the push-forward operator (see Definition
2.1.5). Roughly speaking, if (x,v) belongs to the support of V{u], u at position z
evolves with velocity v. We refer to [119, Section 7.1] for examples of measure vector
fields. In the follow-up paper [123] by Piccoli and Rossi equation (5.2.1) has been
extended by a nonnegative source term s : M*(R?) — MT(R?)

Lo = V] © sl (5.2.2)

so that the framework was able to cope with mass differences. Unfortunately, model
(5.2.2) with source terms solely valued in M™(R?) can not account for birth/death
processes of individuals or cell divisions and transitions as we demonstrate in Ex-
ample B.4 in Ref. [45]. To extend the framework to population dynamics we thus
introduced an additional nonlinear growth /decay function ¢ : R4 x M*(R?%) — R,
so that the model is of the form

fro = Vpe] @ (-, pre) pe B g (5.2.3)

The notion @ is applied to depict a summation of various effects, in this case trans-
port, source and growth /decay processes. The rigorous meaning of (5.2.3) is based
on the weak formulation of the problem, see Definition 5.2.1. The topic is con-
stantly studied and we refer to [75] for a superposition principle, to [21] for a work
on numerical schemes and to [48] for results on asymptotic stability and a Lyapunov

function approach.

Definition 5.2.1. We say that a continuous curve pq : [0,T] — (M (R?), ||-||5r-) is
a solution to (5.2.3) with initial condition py € M*(R?) if for all f € C*(RY)
and for all t € [0,T], it holds

2) d(a / £ (@) dpuolz

/ / ) v dVipm](a.v)dr + / (&)l 1) dpr ()
w [ sl

Remark 5.2.2. Although it may not immediately appear so, we can incoporate
MDEs into the framework studied in Chapter 3 as in most cases the dynamics of
MDEs simplifies to a transport equation in the spaces of measures. More specifically,

we note that by Disintegration Theorem, see e.g. [53, Theorem 1.45|, there exists a
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family of probability measures {v4},erd teo,r] Such that

/Ot /RdXRd Vf(x)-vdVu](z,v)dr = /Ot 9 V() - {/Rdvdyx”"(v)] de dr

so that Definition 5.2.1 boils down to measure solutions for transport equation with

velocity

Vit ) = l /R d vdz/m(v)] | (5.2.4)

From the MDE perspective, this representation provides no new insights as [ fRd v dl/m(v)}
cannot be computed explicitly in general. However, by a specific choice of b we can

achieve a transport velocity in the spirit of (5.2.4), i.e. for model functions 3; € BL
and v; € M7 define

Jga Bi(7y 2, 0) v (7, 2, 410)) (v)
b(T,z, ) = :
Jpa Ba(T, 2, 0) d[va(7, 2, )] (v)

So instead of prescribing a measure vector field V' with corresponding (unknown)
disintegrated measures v, ,, we chose the opposite direction and prescribe the disin-
tegrated measures which will then form a measure similar to the measure vector field.
In this case, the ith component of b can be interpreted as a distribution of velocities
in the ith dimension at point z € R? and time point ¢ € [0,7]. As usual, we are

however not restricted to probability distributions. If we assume for all 1 =1, ...,d
e 3 € BL([0,T] x R? x RY),
e v; € BL([0,T] x RY x M*(R); M+ (R?)),
e for all R > 0 we have
sup w7, -, 1)l prs < 00,

te[0,T)
lellpr<R

then it can be easily checked that b satisfies Assumptions 3.5.1.
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5.3 A structured coagulation-fragmentation equation

5.3 A structured coagulation-fragmentation

equation

In this section we show that a small adjustment of our theory enables to incorpo-
rate coagulation-fragmentation processes. Coagulation-fragmentation phenomena
appear in various areas of science such as Physics |25, 43|, Chemistry [169], Biology
[10, 113] or Astronomy [132] and is still a very active field of research [59, 60, 100].
See [34] for a mathematical overview to the theory and numerous approaches.

In short, coagulation describes the process of mass (or size) accumulation of particles
by their collision with other similar but smaller particles. In contrast, fragmentation

characterises the break-up of a bigger particle into two or more smaller ones.

Usually, coagulation-fragmentation models are formulated with either a continuous
or discrete structuring variable in R%. However, recently in [2] the authors trans-
lated the model formulation to the space of Radon measures under the flat norm
and were thus able to unify both modelling approaches. Unfortunately, our setting -
as presented in Section 3.5 - does not provide the correct model setup for formulat-
ing the coagulation-fragmentation model, so that the authors in [2] had to use the
well-posedness theory developed in [3, 4]. To highlight where our model setup fails,
we first introduce the notion of a weak solution to the coagulation-fragmentation
model as it is presented in [2].

A map p, € C([0,T); (MT(RT), || - |lpr+)) is called a weak solution to the
coagulation-fragmentation model if for all ¢ € BL([0, T] x RT)NC([0, T] x RT)
and for all ¢ € [0,7] the following holds

/R+<P(tx)dﬂt() /+ ©(0, ) duo(x //ﬂy@sgosxd,us()d

/ / 95, 1) (@)Bap(5, ) — (s, 1) (£)p(5, ) dpua ) ds

/ /R+ /]R+ (y, ( (s, +y) — 90(571')) dps(y) dps(z) ds (5.3.1)
+/0 /R+ K/O @(s,y)d[b(z)]@)) a(z) — a(m)go(s,x)} dpts(z) ds
+/Ot /R ©(5,0)8(s, ps) () dps(x) ds,
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where

g,d,B:[0,T] x M"(R") = BL(R"), a:R" — R
b:R* = M*T(RY). k:RT x Rt — RY,

As usual the functions g, d, 8 represent growth, death and birth functions and
the symmetric coagulation kernel x(z,y) indicates the rate at which particles of size
x and y coagulate. The function a(z) denotes the global fragmentation rate of
particles with size  and the measure b(z)(A) supported in [0, x] represents how

many particles of size x fragment into a particle with size in the set A.

At first glance the notion of solutions fits almost perfectly to our framework. In
view of Theorem 2.3.3 narrow convergence coincides with continuity in the space
(M, pp) and in view of Lemma 3.1.4 it doesn’t matter if we consider the weak
formulation for all ¢ € [0, 7] or for fixed t =T

The main reason for the failure of our setup lies in the coagulation term and the
collision-with-smaller-particles constraint. Note that the test function ¢ is evaluated
at the point x + y which can not be covered by any mutation kernel 7 in our weak
formulation (3.5.2). To see where this stems from, we derive the weak formulation
for the coagulation term by following [2]. In the continuous setting coagulation of

particles with density u is usually described by a coagulation term of the form

1

K(lel = [ 5t = yhute — pulp)dy — uta) [ sl a)aty) do

Due to the collision-with-smaller-particles contraint x depends both on y and on
x —y. We multiply by a suitable smooth test function ¢, integrate over the whole

domain and apply Fubini Theorem
/ /-wyw— (x—)()@@(ﬂm—/mmww@/m(%@M@@Mw

//‘“y“’""><><x—>dw )dy - // Ky, 2)u(y) dy p(e)u(x) do
- [ ] et nu) deuyay= [ [T ot oty an

(5.3.2)

We continue by assuming that u is actually the density of a measure p with respect

to the Lebesgue measure, i.e. u(x) = Dyu(z) and use basic properties of the Radon-
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5.3 A structured coagulation-fragmentation equation

Nikodym derivative (see [44, F.22 |) to rewrite (5.3.2) to

//_W, oz + ) dule) du(y // wly. ) duly) () du(x).

We notice that the argument = — y in s transformed to a shifted evaluation of the
test function ¢ at the point x + y. As mentioned earlier, we can not choose 1 ac-

cordingly to account for (nonconstant) shifts in the evaluation of test functions.

Hence, a modification of our setup is necessary if we want to include coagulation-
fragmentation models. In particular, we introduce an additional term which is
similar to n but reflects the evaluation of test functions at a linear combination
of variables. To this end, we first modify the weak formulation in the linear case
(3.1.9) without state-independent influx N to

A(Tx)dﬂT() / (0, ) dpo(w //Rd&ggotxdut()d

// Vaplt,2) - b(t, @) + p(t, @) clt,)) dpu (o)

+/0 /Rd (/Rdso(t,y)d[n(t,x)} (y)) djug() dt

i /OT /Rd /Rd p(t, an + azy) d[ Koy 0 (1, 2)](y) dpe() dt,

(5.3.3)

where a1, a3 € R and K, o, : [0, T] x R* — MT(R?) satisfies the same assumptions
as 7, see Assumptions 3.5.1. Of course, it is possible to include several terms of
the form K, a,, K3, g,, ... in the formulation. The bounds of the theory will adapt
accordingly as we show in the next paragraph. Note that choosing a; = ay = 1

exactly covers the case which we need for the coagulation-fragmentation model.

Constructing a solution to the extended model:
We can solve (5.3.3) similar to (3.1.9) in Section 3.3 by considering the corresponding

dual problem which in this case is given by

Oryt +0-Vaopyi+cppr+ [pa e y) din(r, )] (y)
+ Jga P (T, 1 + gy) d[Ka, 0, (T, 2)](y =0 in [0,#] x RY,
Pya(t,) =1 in R
(5.3.4)
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for some ¢ € [0, 7] and a fixed ¢» € BL(R?). Via the method of characteristics, we

get the following implicit integral equation for the solution ¢y
g%t T, x ¢(Xb(t T, x))ef c(r, Xy (r;m,x)) dr
/ / Spwt S y (S, Xb(s; T, x))](y)ef: o(r, Xp(rim@)) dr ¢

+/ / Pua(s, 01 Xy(557, ) + ay) A[Ka, 0, (5, Xp (53 7, 2))] () el Xl dr g,
T JR4

by defining

Clt=r) = [ poura) dbraln) + [ oulrins + ) Al om0

R4

in the proof of Proposition 3.3.1. As before, X}, denotes the flow generated by the
vector field b which is defined as the unique solution of the ODE (3.2.1).

The subsequent proofs in Section 3.3 can be modified accordingly as the additional
term basically behaves as the term involving 7. In particular, after some calculations
we can simply replace the term ||7||oc With [|7]|co + || Kay.00 /oo in all estimates and
get results which are comparable to 3.3.3 - 3.3.21.

Only for the nonnegativity proof of y; in Lemma 3.3.13 we remark that the intro-
duced nonincreasing map |- |- : R — R*, x — max{—=x,0} satisfies a triangle

inequality, i.e. for all a,b € R
la+ b < lal_+ b,

so that the additional term involving K can be separated in (3.3.29) and treated inde-

pendently which eventually leads again to an estimate of the form ||9]]oo+ || Koy as || co-

As our modified linear model satisfies similar results to the ones obtained in Section
3.3, the generalisation of model (5.3.3) to the case with state-independent influx
N in Section 3.4 and to the nonlinear model in Section 3.5 follows the very same
lines as the proofs in the corresponding sections- apart from |||/« being replaced

by [|1]lce + 1|5 ay.0s ||co- For completeness, we provide the adjusted weak formulation
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5.3 A structured coagulation-fragmentation equation

in the nonlinear case, i.e. for ¢ € BL([0,T] x R%) N CY([0,T] x R?)

v f ' L (L et el o) duar+ | ) [ ety an e

" /OT /Rd (/Rd p(t, an + azy) d[Kay 0, (T, 2, Mt)](y)) dpty(z) At
(5.3.5)

Remark 5.3.1. With the adjusted weak formulation (5.3.5) we are now able to
transfer the coagulation-fragmention model from [2] to our setting. As domain we
pick RT and set

b<t7 z, :ut) :g(tv :ut)(x)v
(b2, ) = — d(t, ) () — / kg, ) dpuy) — alo),

n(t, @, pu)(-)

a(2)b(x) () + B(t, 1) (2)do(-) € MF(RT), (5.3.6)
N(t, ) =0 € MH(RY),

Kt 1)) =g, )i () € MO(R),

where we abused the notation of the Radon-Nikodym derivative in K;;. More
precisely, we assume that 1/2k(-,xz) = D, Ki1(t,z, 1) so that for all Borel sets
A e B(RT)
1
Kl,l(tv x?ﬂt) = §K(y7$) d:ut(y)
A

Consequently, by basic properties of the Radon-Nikodym derivative (see [44, F.22 |)

| ettat i mlo) = [ ot igrmadn. (6537

We plug the model functions (5.3.6) into (5.3.5) adjusted for the R* setting. Fur-

145



5 Future perspectives and connection to other publications

thermore, we use (5.3.7) and rearrange terms which leads to

/R (T ) dpn ) - / 0,0 dpola) = / [ optt. ) am(a) o

T / [ ouetta)g(t, () (o)

/ /R (t,2) ( d(t, pe) () - /R f(yaw)dut(y)—a(x)) dp () dt
w0 et de@po) + 5 @50) ) ) e
+/ /R+ (/ (t “y)dB ("x)ut(-)} (y)) djug() dt
0ot sl gl ) — ) @) o)
F [ [ (ot
+ / / [( / p(t.y)a(x) d[b(x) (y)) —go(t,x)a(x)} Ay ()l
v [ 05t @ i

This is exactly the weak model formulation (5.3.1) if we take into account that the

I
S—

_|_

measure b(z) is only supported in [0, 2] by assumption.

5.4 A nonexpanding transport distance

We conclude this chapter by studying the transport distance introduced in the series
of papers |64, 65]. The authors Fournier and Perthame used it to investigate the
asymptotics of transport-type equations on a state space J, in particular to prove
nonexpansiveness of the semigroup of solutions. As it turns out, in most cases the
new distance is equivalent to a variant of the flat metric. In view of the concepts
and methods developed in stochastic modelling, in particular the theory of concen-
trating Feller operators, the nonexpansiveness offers encouraging possibilities for the

asymptotic analysis of measure solutions, see [99, 147, 148, 153].

In [65], the authors consider several transport-type models and for each equation

introduce a model-specific distance to show nonexpansiveness. To this end, they
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5.4 A nonexpanding transport distance

require a cost function p:J x J — [0,00) which satisfies
e p(z,z) =0,
e p(x,y) = p(y,x) > 0 for v #y.

Typically, the cost function will be of the form p,(z,y) = min{a,|z — y|} for a
suitably chosen a > 0. In accordance with optimal transport theory the authors then
introduce a transport cost for probability measures related to the cost function p,

i.e for py, pe € P(J) they consider

7;(:“17 MQ) = ianGH(/,Lth) fJ fJ p(éB, y) V(d.ﬁlf, dy)7

(5.4.1)
H(pa, p2) == {v € P(J x J) with marginals p; and po}

Note that 7, defines a distance on P(J) if p is a metric on J.

We start with the following simple but important observation.
Lemma 5.4.1. Let (J,d) be a metric space.

i) For a > 0 consider the cost function p,(x,y) := min{a,d(x,y)}. Then p,

defines a distance on J as well.
i) If (J,d) is a Polish metric space, then (J, p,) is also a Polish metric space.

Proof. i) Positive definitness and symmetry directly follow from the respective prop-

erties of d. To prove the triangle inequality let z,y, z € J and we compute
pa(z,y) =min{a, d(x,y)} < min{a,d(z, 2) + d(z,y)}
(%)
< min{a, d(z, 2)} + min{a, d(2,y)} = pa(@, 2) + pa(2,y),

where (x) follows by a simple case distinction.

ii) The second statement follows immediately as for all (x,),en C J and z € J
d(zp,z) = 0 & Pa(Tn,x) =0 (n — o0) (5.4.2)

so that d and p, induce the same topology. O

Remark 5.4.2. Let (J, d) be a Polish metric space and let p, be as in Lemma 5.4.1.
As (J, p,) is also a Polish metric space by the previous lemma, the Kantorovich-
Rubinstein duality (cf. [159, Remark 6.5]) implies that 7,, is a Wasserstein distance
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for all pq, uo € P1(J) with representation

Toa (i1, p12) = Wiy, pio) = S / U(z fi2) (). (5.4.3)

Iw'Llpp

Note, however, that the test functions ¢ will be 1-Lipschitz continuous with respect
to p, and not with respect to d which we indicate by | - |Lip, . To emphasize
the different set of test functions, we denote the resulting Wasserstein distance by
W,. Theorem 6.16 in [159] together with Lemma 5.4.1 implies that (Py(J), W;) =
(P1(J),T,,) is also a Polish metric space.

We are now able to formulate our first equivalence result.

Proposition 5.4.3. Let (J,d) be a Polish metric space and let pr denote the flat

metric with underlying metric pq, i.e.

gt pn) =sup{ [ 6 =) 1 < Llola, <1f. Ga)
J
Then for all py, po € P1(J)
or(pn, 12) < Ty, (i1, p2) € ———— e, 1)
PR\, H2) = Sp (M1, H2) < max{a,l}pF My ph2)-

In particular, the distances T,, and pr are strongly equivalent on Pi(J).

Proof. Let py, us € P1(J). According to Remark 5.4.2 we have the representation

7;(1(#17,!!2) WI(M17N2 sup /lb p2) ().
[¥lLip,, <1

This directly implies (5.4.4)

Pr (s p2) < Ty, (1, p2)-

For the other direction let ¢ be a test function for 7,, with |¢[rpp < 1. We show
that ¢ also corresponds to a test function for pr by proving that the test functions
are actually uniformly bounded. Indeed, without loss of generality the test functions

for Wi can be assumed to vanish uniformly at a prescribed point xg € J. This is
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due to the fact that p; and py are both probability measures, so that

Wi (i, piz) =sup{/de(u1 — p2) | [¢]Lip,, < 1}
—sup{ [~ vla0) s = ) | o, <1}
—sup{ [ 6 ) |10, < 1,0000) =0}
Now let ¢ with |¢[rsp < 1 and ¢(a) = 0. Then for all z € J

()] < [9(x) = ¥(zo)| + [¥(x0)| < palz,y) + [¢(20)] < @,

so the test functions of Wi are uniformly bounded. This leads to

Tpa (11, p12) ZWl(Ml,,Uz) = sup {[]¢d(ﬂ1 — p2) | |@/J|Lippa < 1,¢(x0) = O}

:sup{ [t = ) | ol < 0. o, < 1}

1
<
~max{a, 1}
B 1
~ max{a, 1}

sup{ [ =) | 191 <1, 6, < 1}

pr(p, pa).

Remark 5.4.4. One could ask also how the metric 7,, relates to the “classical”
flat metric (with respect to the underlying metric d). We first note that any test
function which is 1-Lipschitz with respect to p, is also 1-Lipschitz with respect to d

since for all z,y € J

[(x) = ()| < palz,y) < d(z,y).

Following the proof of Proposition 5.4.3 the test functions for W, can be assumed

to vanish uniformly at an arbitrary point xq € J and are thus uniformly bounded.
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Thus,

Tpa (b1, p2) =Wi (411, p12) = sup {[]¢d(ﬂl — o) | [Y|Lip,, < 1,9(m0) = O}
—sup{ [ v - ) |10, < 1101 <
<sup{ [ v = ) | 1ohap, < 110 < 0}

sSup{ [t = ) | Wl < max{a,l}}

1

IWPF(M, M2)-

In particular, the flat metric (with respect to the basic metric d) is stronger than
Tp.- A reverse inequality is in general out of scope as Lipschitz continuity with
respect to d does not imply Lipschitz continuity with respect to p,, see also [136,
3.5]. However, if J is bounded, then the flat metric and the metric 7,, are strongly
equivalent on Py (J).

To see this, we first note that for bounded J all metrics of the form p,(z,y) =
min{a,d(x,y)} are strongly equivalent. More precisely, for 0 < a < b < oo a short

case distinction reveals

zM%wSm@MSSm@w- (5.4.5)

Now, we prove the equivalence of pp and 7,,. Without loss of generality we assume
that a < diam(J) as we we could otherwise just consider some multiple of the
diameter. Let ¢ be a test function for the flat metric, i.e. |[¢||gr < 1. Then we
compute for all z,y € J with (5.4.5)

diam(J)

[(x) —¥(y)| < d(z,y) < min{diam(J),d(z,y)} < pa(T,Y),

so that the test functions are also Lipschitz continuous with respect to p,. Hence
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we see

pr (i, o) =sup {/Jlbd(m — ) | [Y]loe <1, [¥|Lip, < 1}

di J
Ssup{[]¢d(ﬂl —p2) | Y]l <1, |¢|Lippa < &()}

a
Sﬁu)s‘m {/J¢d(u1 = t2) | Wluip,, < 1}
%Z&(Mb/@)-

~ diam
Proposition 5.4.5. Let (S,d) be a Polish metric space. Then T,, metricises the
narrow topology on Pi(J) (both with respect to p, and d) and is thus (topologically)

equivalent to pp.

Proof. According to Theorem 2.3.3, the flat metric pr metricises the narrow topol-
ogy on M™T(S), and thus also on P;(S). On the other hand, Theorem 6.8 in Ref.
[159] yields that the Wasserstein metric Wi, i.e. 7,,, induces the narrow topology
on Pi(S). We remark that a priori the underlying test functions for narrow con-
vergence differ in their notion of continuity for both metrics. More precisely, the
test functions to check narrow continuity of pp are continuous with respect to d,
whereas the test functions for 7,, are continuous for p,. However, in view of (5.4.2)
the topologies generated by p, and d coincide, so there is no need to distiguish be-
tween the underlying metrics. In particular, 7,, and pr induces the same narrow

topology. O

Example 5.4.6. The result of Proposition 5.4.3 can be applied to almost all exam-
ples in [65].

1. For the general renewal equation or growth-fragmentation on J = [0, 00) with
transport cost p(z,y) = min{a, d(x,y)} the above results are directly applica-
ble.

2. Similarly, this follows immediately for the space and age structure on J =
[0,00) x R? with transport cost p(x,z,y,r) = min{a,|z — y| + |z — r|} as

|z — y| + |2 — r| defines a metric on R4+,

3. The same is true for the multiple time renewal equation on J = {(x1,z5) €
[0,00)% | 23 > 1} with transport cost p(zy,To, T1,T2) = min{a, 2|z, — T1| +

|I2 —532|}
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4. Consider the case of the system of renewal equations on J = [0,00) X T
with 7" = {1,...,I} being the discrete Torus. The transport cost is given
by p(z,i,y,7) = min{a, d(z,y) }x{i=j} + aX{iz;}- This corresponds to the set-
ting of J being I copies of the interval [0,00) and the copies have uniform

distance a from each other, so that we introduce

I o . .
J 7 i : d JZZ, v y 1 =
J=@o).  with  dahy) = Y T
= a, else

Then d is clearly a metric J and we can apply the above results.

Among the examples discussed in [65] the only transport cost which does not define a
metric on J = R% is in the case of sexually structured populations with cost p(z,y) =
|z—y|P for some p > 1. p not being a metric implies that the Kantorovich-Rubinstein
duality does not provide the useful representation (5.4.3) for 7,. Consequently, the
concept introduced by Fournier and Perthame is a true generalisation to our setting

in this case.
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6 Conclusion and outlook

The aim of this thesis was the study of first order nonlinear PDEs of the form

{ Ot + Vo - (bt 0, ) = et 2, )ity + Jaanlt, 2, 1) (y) dpu(y) + N (¢, pe),

Ko =V,

and how they can be appropriately extended to Polish metric spaces. To this end,
first of all, key functional analytical properties of the space of Radon measures un-
der the flat norm were established. Furthermore, the behaviour of the flat norm
could be characterised more accurately by several results, such as the closed formula
provided in Proposition 2.4.8 for the distance between a Dirac measure and a linear
combination thereof. In most cases, however, the explicit calculation of the flat norm
is difficult in the absence of a general analytical ground truth. This problem has
been addressed by a recent approach using neural networks, with the main concepts
briefly discussed here in this thesis.

In the second part of the thesis, the above PDE was examined on the Euclidean
space R? in a weak sense. To start with, a linear version of the model was consid-
ered that exhibited no state-independent influx N, which results in the associated
differential operator being linear. Consequently, one could pass to the dual problem
and derive an implicit integral representation for the dual solution ¢, using the
method of characteristics. The dual problem was then solved by a fixed point argu-
ment and its solution ¢, ; was used to construct a solution to the primal problem.
However, since the model functions are not autonomous, delicate regularity results
for ¢y were required for this step. In particular, one had to establish Fréchet
differentiability of ¢, in the parameter ¢ using the Implicit Function Theorem in
order to show that the constructed solution p; is indeed solving the weak formula-
tion. Subsequently, using Duhamel’s principle, a solution to the linear model with
state-independent influx /N was established, and uniqueness of solutions was proven.
Finally, the non-linear problem could be solved through a reduction to a suitable
linear problem.

The next chapter of the thesis dealt with the extension of the model to Polish metric
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6 Conclusion and outlook

spaces and the corresponding well-posedness theory. For this purpose, a model for-
mulation based on an implicit integral representation has been introduced to avoid
the generally unavailable concept of PDEs. With this representation it was then
possible to construct unique (generalised) solutions, first in the linear and then in
the nonlinear case. It was also shown that the generalised modelling concept is a
real extension of the PDE model, as both coincide in the Euclidean case.

In the final part of the thesis, the developed framework was then examined regard-
ing applications. In addition to various sketches of modelling examples, it was also
shown that measure differential equations can be represented. By a small modifica-
tion of the weak formulation it is even possible to treat coagulation-fragmentation
models.

In summary, this thesis has thoroughly explored the well-posedness of nonlinear
models in measures, both for the first order nonlinear PDE version as well as the
generalised approach on Polish metric spaces. The natural next step is now to in-
vestigate the asymptotics of measure solutions in more detail. In particular, the
theory of concentrating Feller operators developed in Refs. [99, 147, 148] offers a
promising ansatz for exploring the long-time behaviour of measures on Polish met-
ric spaces. The foundation for this has already been laid by several results in this
thesis. For example, uniform tightness of the solutions was established for all times
under stronger modelling assumptions. Furthermore, it has been shown that the
flat metric is topologically equivalent to the transport distance 7, introduced by
Fournier and Perthame in Refs. [64, 65] to prove nonexpansiveness of conservative
transport-type equations. Nonexpansiveness is a key property in Feller theory for
proving the existence of an invariant measure, which in turn is the most promising
candidate for an asymptotic limit of measure solutions. As an alternative approach,
we mention the recently published paper Ref. [48] which deals with asymptotic sta-
bility of MDE solutions and Lyapunov functions. Possibly, these concepts can also

be transfered to the framework considered in this thesis.
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Most of the results presented in Chapters 2 and 4 as well as Section 5.1 have already

been presented in the following publications

C. Diill, P. Gwiazda, A. Marciniak-Czochra, J. Skrzeczkowski (2021)

Spaces of Measures and their Applications to Structured Population Models.
Cambridge Monographs on Applied and Computational Mathematics, Cam-
bridge University Press,

C. Diill, P. Gwiazda, A. Marciniak-Czochra, J. Skrzeczkowski (2024) Struc-

tured Population Models on Polish spaces: A unified Approach including Graphs,
Riemannian Manifolds and Measure Spaces to describe Dynamics of Hetero-

geneous Populations. Mathematical Models and Methods in Applied Sciences,

34 (1), p.109-143.

Section 2.5 summarises the content of the following preprint

H. Schmidt and C. Diill (2023) Computing the distance between unbalanced
distributions - the flat metric. arXiv preprint:2308.01039, 2023.

Additionally, the following paper was produced during my doctoral studies and
briefly addressed in Section 5.2

C. Diill, P. Gwiazda, A. Marciniak-Czochra, J. Skrzeczkowski (2023) Measure
differential equation with a nonlinear growth/decay term. Nonlinear Analysis:

Real World Applications, 73, 103917.
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